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ON THE ROLE OF AUXILIARY ELECTRODES
IN AC. DISCHARGES*

By
J. Bité

INDUSTRIAL RESEARCH INSTITUTE FOR ELECTRONICS, BUDAPEST

(Presented by G. Szigeti — Received 19. X. 1965)

Only the phenomena taking place near the discharge-heated, oxide-coated electrode
of low-pressure mercury-argon arcs are treated by the author for the case when two auxiliary
electrodes of the same surface area, arranged parallel to each other protrude into the space
around the electrode. The radial movement of the auxiliary electrodes and examination of
the influence thereof on the space surrounding the electrode is facilitated by a discharge tube
of special design made especially for this purpose. The current consumption of the auxiliary
electrodes in their various positions is determined and the total currents as well as the vari-
ations of the tube voltage are measured. Starting from the results thus obtained, the influ-
ence of the auxiliary electrodes used in a.c. discharges on the space around the electrode is
discussed. Using time distribution through the previously employed a.c. probe measurements,
the instantaneous value of cathode fall and the mean value obtained from the cathode fall
and anode fall relative to one half period are determined as functions of the position of the
auxiliary electrodes. The results and functions obtained are compared with the relationships
derived from the tests carried out hitherto with d.c. discharges.

1. Introduction

W hile the phenomena in the positive column of various gas and vapour
discharges can be characterized with more or less accuracy through the suf-
ficiently exact determination of the relevant micro and macro parameters,
the description of the spaces surrounding the electrode gives rise to some diffi-
culties strongly restricting the accuracy of the results of the measurements.
To characterize the plasma of the positive column, there are several approxi-
mating methods available which are relatively quick and provide also for
the general plasma diagnosis. However, the description of the spaces around
the electrodes, and the “transition spaces” between the regions of the positive
column and the electrodes involves several problems caused by the character
and size of the spaces themselves. At the same time, these spaces are of pri-
mary importance as to the maintenance and design of the discharge but many,
relatively unclear phenomena are encountered due to the difficulties in testing
(above all the problem of measurement free of perturbations which could
affect the discharge). One of these problems is the influence of the auxiliary
electrodes made of conductive material and protruding into the proximity

* Lecture delivered at the 3rd Czechoslovak Conference on Electronics and Vacuum
Physics. Sept. 1965.
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2 J. BITO

of the electrodes on the discharge region. Though previous papers [1, 2]
contained interesting statements, emphasizing the considerable influence of
the auxiliary electrodes in some cases, detailed experimental, or theoretical
results have not been published up to now.

Hinman and Fox [1] pointed out that auxiliary electrodes conveniently
arranged near the electrode may decrease the voltage fall across the region
ahead of the electrode — and thus also the power loss taking place across the
electrode — and this effect would be proportional to the auxiliary electrode
surface area within a certain range. But this paper [1] contains no answer
as to whether the phenomena occurring in the proximity of the electrode are
subject to more significant influence of the auxiliary electrode at the cathode
side or anode side of the a.c. discharge. This statement has not been supported
by more detailed data obtained either theoretically or experimentally. The
author participated earlier in experiments [2] carried out to classify the
influence of the auxiliary electrodes on the cathode fall in the case of a.c.
discharge. By means of these investigations [2] it could be shown that in the
cathode half cycle the auxiliary electrode has a considerable effect because it
reduces the cathode fall. In the same paper [2] the function of the auxiliary
electrodes in d.c. discharges has also been treated.

The purpose ofthe present paper isto report the results of further investig-
ations, determining the current consumption of the auxiliary electrodes of
given size, arranged symmetrically to the main electrode, movable in radial
direction, of equal surface area, shape and material, their influence in the case
of the d.c. discharge both at the cathode and the anode sides, the variations
on the tube voltage caused by the above influence and finally, the main devi-
ations of the a.c. discharges which would take place in the cathode half-
cycle relative to the examined electrode, likewise due to the above phenomena.2

2. Experimental conditions, measuring methods

The design of the special tube used in the measurements is shown in
Fig. 1. Glass-wall discharge tube T has an inner diameter of 36 mm and an
interelectrode distance of 1090 mm. At both ends of the tube, there are two
tungsten double spirals of the same design coated with the electron emitting
material S to form the electrodes together with the corresponding current
inlets 1. Near the first electrode two radially movable auxiliary electrodes
are built in. These plate-like auxiliary electrodes are made of nickel, with
a thickness of 0,1 mm and with 7 and 12 mm sides. They are built symmetri-
cally in the direction of the spiral axis. They are displaced by an electromagnet
through the iron cores fastened to them. Any turning is prevented by an iron
shoulder matching into the guide groove formed in the glass. Having been
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ROLE OF AUXILIARY ELECTRODES IN A.C. DISCHARGES 3

adjusted to the required position, the magnet was removed from the space
of discharge. Complete introduction into the discharge region was also pre-
vented by a reduced glass sector along the guide slot. The auxiliary electrodes
could be adjusted arbitrarily to the radial distance from the spiral between 2
and 17 mm. This adjustment was checked by a reading device with mm divi-
sions designed especially for this purpose.

Fig. 1. Scheme of the discharge tube used for the experiments. T — glass wall of the tube
S — double spiral forming the electrode, | — current inlets of the electrode, —1 and Il — two
movable auxiliary electrodes, Pl — P6 — cylindrical probes

In addition six probes were placed into the discharge tube, the active
parts of which were made of nickel, and had a length of 2 mm and a diameter
of 0,2 mm. The cylindrical probes were arranged in the discharge region in
the manner that the discharge tube axis would divide the 2 mm current pic-up
part of the probes into two halves. Besides, the arrangement of the probes
was determined according to the considerations: on one hand, they had to
protrude into the positive column to be taken for homogeneous in that case,
and on the other, their arrangement had to enable the entire discharge region
to be characterized as accurately as possible in the range between the cathode
fall and the anode fall.

The measurements were carried out at mercury-argon discharge in
quiet atmospheric conditions, at 25 .. 1° C air temperature. Accordingly,
the lowest wall temperature of the discharge tube amounted to about 40 ., 1° C
in the middle of the glass wall, which resulted in a mercury vapour pressure
of about 6., 0,5 «10~3 mmHg. The pressure of the argon gas in the tube
was 3mmHg. The glass parts which served for the displacement ofthe auxiliary
electrodes — in order to decrease the undesirable oscillations of the vapour
pressure — have been maintained constantly at the temperature of 50° C.

1 Acta Physica Academiae Scientiarum Hungaricae 23, 1967



4 J. BITO

The circuit diagram used in the operation of the tube is shown in Fig. 2.
Discharge tube T was fed by source SPS of stabilized voltage supplied in each
case by an 50 c/s a.c., or ad.c. voltage source and accordingly limiting resistance
Z had an inductive or pure ohmic character. Both the a.c. and d.c. measure-
ments were carried out at a discharge current of 430 mA. Auxiliary electrodes |
and Il could be interconnected with any arbitrary terminals of the spirals
of switches K\ and Ku, respectively. Before the beginning of each measure-
ment the discharge tube was operated under the test conditions specified for

S.PS.

Fig. 2. Scheme of the electrical circuit: Ammeters i\ and i{j measure the current of the rele-
vant auxiliary electrodes; ij-— the discharge current, Vj — the tube voltage, Z —restrictive
impedance, Kj, Ku — three-position switch, SPS — stabilized voltage source

a duration of 20 minutes with the results that the parameters intended for
measurement could stabilize to the necessary extent.

Both for the d.c. and a.c. probe measurements, the measuring method
developed by the author 47 on the basis of the w aymouen pulse technique [3]
was applied. The benefits of this probe measurement method were primarily
apparent for the a.c. measurements in view of the suitable time resolution.
The accuracy of the procedure was i 0,2 V.3

3. Test results

The auxiliary electrodes moving in the discharge region consume differ-
ent currents depending upon their position relative to the spiral taken for
the main electrode. The relevant experiments carried out by the author were
published in another paper [5]. In the present case, only the manipulations
near one electrode of the a.c. discharge will be shown, the essential results
being plotted in Fig. 3. The horizontal axis of Fig. 3 indicates distance d of
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ROLE OF AUXILIARY ELECTRODES IN AC. DISCHARGES 5

the electrodes considered from the spiral axis whereas the vertical axis shows
the current consumed by the auxiliary electrodes in mA. Of the marks of
the parameters near the curves, | and |1 distinguishes the two auxiliary electrod-
es and index s indicates the state when the auxiliary electrode is connected
to that spiral end near which the arc is located.

Fig. 3. Current plotted for 430 mA discharge current produced by auxiliary electrodes at

various distances from the spiral in a.c. discharge. i\, ijj — the current consumed by auxiliary

electrodes | and II; ij+jj — the sum of the above currents, s gives the position of the auxiliary

electrode connected to the spiral terminal closer to the arc spot whereas the characteristics

not marked characterize the connection of the auxiliary electrodes attached to the other

spiral end. The horizontal axis contains the distance of the individual auxiliary electrodes
from the spiral end

As both of the auxiliary electrodes are of same surface area, shape and
material, one could expect that in a position equal in relation to the spiral,
also their surface current density would be equal. But as it is evident from
a comparison of curves ij and in in Fig. 3, even the same parameters do not
result in equal current density at the surfaces of the auxiliary electrodes;
in the given case, the auxiliary electrode marked Il always consumes a current
intensity higher than I. As shown by an optical experiment, the position of
the discharge arc spotis in our case of asymmetrical arrangement to the spiral
axis, consequently it is located much closer to the auxiliary electrode Il than
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6 J. BITO

to I. As the arc spot has been displaced along the spiral axis during the sub-
sequent investigations, its position became symmetrical and then asymmetrical
again, but in the opposite sense, i.e. in that case with the spot being closer
to auxiliary electrode I. In the course of the spot movement, value i( equals
in in the symmetry condition and moving further, up to the extreme asym -
metrical position, it was already U which took a higher current consumption
than 1y in the corresponding position. In addition to the above, Fig. 3 makes
also evident that, with the given auxiliary electrode connected electrically
to the point of the spiral used for main electrode at which the arc spotis located,
the current consumption of the auxiliary electrode is higher than in the case
when its potential is equal to the potential of the other spiral end. This is
because a considerable voltage difference exists between the two spiral ends,
namely in the cathode half cycle the ions are falling mainly into the cathode
spot and this represents the conductive part of lowest potential. The auxiliary
electrode connected to this part will take the same potential. The other spiral
end has a higher potential and thus also the auxiliary electrode connected to
it will be more positive than the auxiliary electrode connected to the spiral
end where the cathode spot is to be found. The consequence is that the latter
auxiliary electrode absorbs less positive ions from the discharge. Taken this
condition for outgoing basis, one can deduce some very interesting conclusions.
Namely, it is easy to state that the current difference of the two auxiliary
electrodes connected to both of the spiral ends is proportional to the potential
difference of the two spiral ends and this in turn is in good approximation
proportional to the average temperature of the spiral. This gives a further
possibility to determine the average spiral temperature.

During the investigations measurements were undertaken in a connec-
tion scheme in which both of the auxiliary electrodes were connected at the
same time to the same spiral end. The curves obtained from such measurements
are given by curves in+in and i(i+n)Sin Fig. 3 to which index s in the latter
notation indicates connection to the spiral end near the arc spot. From the
current consumption of the auxiliary electrodes and from the total current
value, it is evident that

li+ In> t(i +il) (1)
and
ils+ ius> i(l +11)S. (2)

From the above considerations it will be evident even in the case of arbitrary
spiral surface area F and auxiliary surface area relationships fvf2 — which
in turn, determine the current consumption — that inequalities (1) and (2) are
correct, namely these are satisfied when inequality

- 3
fi+F ~ A+F " (n+f2)+F <
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is true. But this latter condition can be proved even with theoretical consi-
derations taking into account that each of/ 15 2and F is a positive real number
differing from 0. Namely

fi + /2 /1 | 12 (4)
F+ (1+ 172 F+ (fi +/2) F+ @1+ fi)
and because of
fi
g . ®)
F+ (fi+f2 F+fi
and
/2 B /2
] ) (6)
F+ (f+A) Ny [2
we have
fi +/2 < /1 I 12 )
F+ (fi+f2 i+ zZi N+ 2

The role of the auxiliary electrodes both in the case of the cathode and the
anode regions is most conveniently investigated through the current measure-
ments indicated above, through the probe measurements and through the
temperature measurements at the electrode surfaces.

The influence taken for d.c. mercury-argon arcs at 430 mA discharge
current is shown in Fig. 4 for the cathode region. The auxiliary electrodes
moving in the cathode region have a certain influence on the tube voltage,
mainly, however, on the cathode fall and through it on the tube voltage.
In Fig. 4, the interrupted vertical axis indicates the voltage values in V.
The curve marked V Tshows the changes in the tube voltage whereas curve
V T1a gives the case in which the two auxiliary electrodes are connected to
both of the terminals of the cathode spiral. It is to be seen that in the latter
case the tube voltage is lower by approx. 0,5—1 V. As neither the gradient
of the positive column (here not shown) nor the anode fall Va have consi-
derable changes, it can be supposed that the tube voltage has diminished due
to the influence exerted by the auxiliary electrodes on the cathode region
because of the fact that the auxiliary electrodes are connected to the same
potential which the cathode spiral has at both of its ends. From Fig. 4 is to
be seen that such an influence in the cathode region causes no variation in
the anode region and moreover — as shown by the measurements — neither
the gradient of the positive column is changed by it. The active presence of
the auxiliary electrode in the cathode region would, under such conditions,
somewhat reduce the cathode fall and through it the tube voltage, too. Marking
a gives the voltage conditions produced by the auxiliary electrode connected
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electrically to the spiral and the marking in brackets indicates the measuring
points pertaining to the corresponding curves. If there is no index a at the
characteristic in question, this means that the auxiliary electrode is moving
in the cathode region but is not connected to the spiral and has a negative
“wall potential” and through it only the wall charging current is flowing.
The same notations apply to the subsequent diagrams.

\Y
Wolt]
n 110
100 Ve
\alo)
90

Fig. 4. Influence of auxiliary electrodes, moving radially at the cathode side of the discharge,
on tube voltage F7-, cathode fall Vj* and anode fall V\\. Marks in brackets are measured points;
index a indicates the auxiliary electrode wiring connected electrically to the spiral

The experiments to determine the anode side influence of the auxiliary
electrodes with the above conditions were also carried out under d.c.discharge
conditions. The results are shown in Fig. 5. Strikingly, the anode side shows
a more sensitive reaction to the influence than the cathode side, which is also
apparent from the auxiliary electrode current characteristics [4]. Apart from
the larger difference due to 5 mm distance between spiral and auxiliary elec-
trodes, it can be stated with good approximation that also the tube voltage
follows the changes in the anode fall and similarly, the auxiliary electrodes.
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which have the potentials of the spiral terminals participating actively in the
discharge, may in some cases reduce the tube voltage through the anode fall.
From the results of Fig. 4 it is evident here too, that the influence through
auxiliary electrodes at one end of the discharge tube causes no change in the
regions of the othertube end. The cathode fall curves VKV Kaand VKaof Fig. 5
are nearly coincident, their shape is not considerably affected by the influence

Ll

Fig. 5. Influence of auxiliary electrodes, moving radially at the anode side, on tube voltage VT,
cathode fall VK and anode fall Vg

at the anode side in either case. The determination of the cathode and anode
falls was effected in both cases by probe measurement [4].

The same probe measuring method [4] has given the possibility of more
detailed a.c. investigations. The determination of the parameters which can
he measured by probe measurement, was carried out in every 10° phase shift
within a selected haf cycle i.e. in 18 instants. In this case, the calculation of
the cathode and anode falls was made with the use of the instantaneous values
of the plasma potentials measured at the points of the probes protruding into
the discharge through linear extrapolation and thus, from this the time

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



10 j. BITO

dependence thereof and the shape of the cathode and anode falls within
a half cycle could he obtained. Starting from the characteristic plotted from
the mean integral value of this curve related to the half cycle and published
earlier [2], the behaviour of the electrode under consideration could be estim -
ated in the given period. To indicate the cathode fall, also required descrip-
tions of the instantaneous values ofthe tube voltage and ofthe changesin length

Fig. 6. Influence of auxiliary electrodes, moving in the region of one main electrode of a.c.
discharge, on the tube voltage, Vj, cathode fall t A+and anode fall 1\ in the cathode half
cycle of the relevant main electrode

of the cathode fall range. The instantaneous values of the tube voltage could
be taken oscilloscopically whereas the time dependence of the cathode fall
related to a half cycle could be plotted by means of a phase-shifter controlled
stroboscope [6]. The description of the relevant partial results and the time
dependence of the cathode dark space will not be described in the present
paper as they have been published elsewhere [6].

Thus, Fig. 6 shows the cathode fall and anode fall average values obtained
in the way described above and related to the half cycle together with the
average values calculated in a similar way from the instantaneous values of
the tube voltage. It is worthwhile to mention that the latter value differs
from the tube voltage values to be measured by means of a F-meter, only
in the additive constant. The shape of both the characteristics Vt plotted
with the methods above, are similar.
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The values of the tube voltage — in conformity with literature data —
are subject to the application of the auxiliary electrode even in this case.
It can be observed that even the simple motion of the auxiliary electrode not
connected to the spiral ends sensitively influences the tube voltage. If only
this figure (Fig. 6) were taken into consideration, the idea might arise that the
tube voltage fluctuation apparent from Fig. 6 is only due to the scattering
of the measured data and perhaps both characteristics may be represented
by a straight line with positive tangent. This means that the closer the auxiliary
electrode is to the cathode, — regarding that subsequently the experiments
are restricted only to the cathode half cycle and this shall not be especially
mentioned later on — the lower will be the tube voltage. This linearization,
however, should be avoided, on the one hand because it would involve neglec-
tions considerably higher than the measuring accuracy and, on the other,
situations contradictory to the variations of the cathode fall and the tempe-
rature of the cathode spot could arise. The minimum of the tube voltage
occurs in both cases when using auxiliary electrodes arranged close to the
cathode spiral with the auxiliary electrode at 2—3 mm from the spiral axis.
Among the d.c. cases shown previously comparison should be drawn with the
tube voltage shape plotted for the cathode-side auxiliary electrode as shown
in Fig. 4. Apparently the cathode-side influence of the auxiliary electrodes
will be much more considerable for the a.c. than it was for the d.c. measure-
ments and at the same time, also the shape of the characteristics will be more
intricate.

In comparing the anode fall characteristics — as shown in Figs. 4
and 6 — some agreement can lie found. The introduction of the auxiliary elec-
trodes at the cathode side has no significant influence on the voltage fall of
the anode region, not even in a.c. discharge just as in the d.c. case. The shape
of the d.c. and a.c. discharges is like in the d.c. case. The shape of the d.c.
and a.c. discharge characteristics shown before — Figs. 3, 4,5, 6 — gives
relationships which have not been published up to now and their knowledge
may lead to further useful discussions. However, the most interesting of these
characteristics is the dependence of the cathode fall of the electrode acting
as cathode in the half cycle of a.c. discharge on the position of auxiliary
electrodes. The shape of characteristics V kK shown in Fig. 6 is similar to the
shape of the tube voltage characteristics which can be more or less expected
when knowing the anode fall characteristics and the potential gradient curve
of the positive column which changes relatively little in spite of the inter-
vention.

The cathode fall characteristics plotted for a.c. discharge (see Fig. 6)
essentially differ from the corresponding characteristics of Fig. 4. Namely,
in the case of d.c. discharge, the curve of the auxiliary electrodes of wall
potential and moving in radial direction, is similar to the cathode fall cha-
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racteristic obtained for auxiliary electrodes connected to the cathode terminals.
For a.c. discharge, the shape of the two characteristics is opposite to each
other. While for d.c. discharge the maximum of the cathode fall characteristics
lies at an auxiliary electrode distance of 10 mm at each side, here a definite
minimum takes place at the same distance.

Fig. 7. Influence of auxiliary electrode, moving in the region of one main electrode of a.c.
discharge, on cathode fall Vk and cathode spot temperature T$ of the relevant main electrode
in the cathode half cycle of the same main electrode

In order to give a more detailed analysis of the cathode fall character-
istics under the cathode fall characteristics taken from Fig. 6, Fig. 7 shows
the temperature in °C of the relevant cathode spot measured by means of
an optical pyrometer. Comparison of the corresponding characteristics shows
that any approximation of the tube voltage characteristics through a straight
line would be wrong as then the same would have been necessary for the
cathode fall characteristic to which the development of the spot temperatures
was contradictory. As the temperature of the cathode spot could not be
measured with the same time resolution as the cathode fall, it is assumed that
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the measured spot temperatures would change at least proportionally to the
changes in the real cathode spot temperature not only in respect of the possible
measuring inaccuracy hut also in spite of the temperature variations taking
place in each half cycle due to the variations of the cathode and anode half
cycles (taking a half cycle duration of 0,01 sec into account). The correctness
of the latter assumption has been proved by subsequent experiments.

W here the cathode fall characteristic has its minimum, the cathode spot
temperature curve has its maximum for both of the characteristics pairs shown
in Fig. 7 and vice versa. It is supposed that the variation of the cathode spot
temperature is a primary phenomenon and as its consequence, the cathode
fall changes in the same proportion in a manner that the cathode region can
supply the electron quantity necessary for the discharge in each position of
the auxiliary electrode. It is very interesting to observe that the auxiliary
electrode connected electrically to the spiral and thus having cathode poten-
tial, reduces to a considerable extent the cathode spottemperature evenwithout
any metal contact in the discharge region — merely through the electrical
connection; thus, in that case the heat conduction between the metal con-
ductive parts could not participate in the process.

The spot temperature characteristics has three maxima. Their positions
are in all probability related to the shape and size of the discharge space
around the cathode, and to the features of the space charge range formed near
the cathode spot at the side of the cathode. Of course, the auxiliary electrode
protruding into these spaces influences also their shape and dimensions [6].
Approximately, it can be stated that at the entry from the immediate proxi-
mity of the discharge wall into the cathode discharge region, and at the
protruding point into the immediate proximity of the cathode, the cathode
spot temperature probably varies more considerably. This ought to be apparent
also from the power consumption of the auxiliary electrodes, it is interesting,
however, that it cannot be seen in Fig. 3.

To describe the changes taking place in the cathode fall and the cathode
spot temperature certain approximate electronoptical considerations are
required. Two models may be constructed. In the first the parallel auxiliary
electrodes have approximately the same amount of wall potential which is
lower than the cathode potential. Then, the auxiliary electrodes behave like
focusing lenses for the electrons and accelerate the ions towards the cathode.

In the second model each of the two auxiliary electrodes have the poten-
tial of one end of the cathode. Between them, an approximately plane-sym-
metrical electrical field occurs, which, however, is distorted not only by bound-
ary surface phenomena but also by the presence of the cathode spot and
the cathode spiral. The field strength thus produced is determined by the
cathode fall (taken along the spiral axis) and the distance of the auxiliary
electrodes.
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Both of the above electronoptical models are difficult to handle not only
due to the variety of the charge carriers and neutral atoms but also to the
badly perturbed potential conditions. On the basis of the above model, how-
ever, it can be imagined that closer conclusions can be made regarding this
influence on the cathode space. As a first step, the idea can be adopted that
the approach of the auxiliary electrodes to the spiral may result in acceleration
and deviation with optimum conditions the ultimate result of which may
be that the cathode spot temperature and through it the cathode fall change
to such extent.

4. Conclusions

On the basis of the experiments carried out so far it is apparent that
under the discharge conditions described in this paper both in d.c. and a.c.
mercury-argon arcs the tube voltage, and the cathode fall for cathode-side
influence or the anode fall for d.c. anode-side influence depend on the pre-
sence and position of the auxiliary electrodes to various extents. During the
course of the experiments carried out here these have an electrical influence
on the discharge region, as could be observed in the case of a.c. discharge when
they electrically cooled the cathode spot. For a.c. discharge, a close relation-
ship could be established between the temperature of the cathode spot and
the cathode fall and this could probably be interpreted in more detail on the
basis of approximate electronoptical considerations.
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O PO BCIMOMOTIATENbHbBIX SNEKTPOAOB, MPUMEHAEMBbIX
B PA3PAAAX MEPEMEHHOIO TOKA

A. BUTO

Peswome

ABTOpPOM McCnefyeTcs npoTekalouwue sBAeHWs B paspsafe PTYTHbIX MNapoB-aproHa
HW3KOTO [aBJeHMs MpU 3NeKTpojax, HarpesaemMblX TONbKO PaspsAoM U 06/1a4aolinx HaHEeCceH-
HbIM C/I0EM OKWUCU, B TOM c/ydae, Korfa B 6/1M3nexaliee K 31eKTpoAy NPOCTPaHCTBO BBOAATCA
ABa napaniefbHblX BCMNOMOAATeNbHbIX 3MEKTPOAa PaBHOW noBepxHoOCcTU. PagnanbHoe ABM-
XeHWe BCMOMOraTe/lbHbIX 3MeKTPOAOB M HabMofeHne UX BO3LEACTBUA HA CMEXHble C 3eKTPO-
AaMun 061acTu OCYLLECTBNAETCA W3rOTOBJEHHON ANA 3TOi Lenu cneyvansbHoii paspsgHoii Tpy6-
KOl. ABTOPOM OMpefensoTca TOKW Ha BCNOMOraTe/bHbIX 3/1eKTPOAAX B PasfMUHbIX UX MOMO-
XEeHUAX, NU3MepAITCA CYMMapHble TOKW, a TakXe W3MeHeHUs HanpsXXeHWUs ropeHns. Ha ocHoBe
MONy4YeHHbIX Pe3ynbTaToOB AUCKYTMpyeTCcs BAUSHWE BCMOMOTraTeNbHbIX 3MeKTPOAOB, Npume-
HAeMbIX B pas3psfax MepemMeHHOro TOKa, Ha CMeXHoe C 3feKTpojaMu none. Pa3pa6oTaHHbIM
paHblue W3MepUTENbHbIM METOAOM 30H[ MEepPeMEHHOro TOoKa, MPUMEHSs pas3fNoXeHue Mo Bpe-
MEeHW, onpefensieTcs MrHOBEHHOe 3HauYeHMe KAaTOAHOro MajeHus, Aanee 3aBUCMMOCTb CPELHero
3HAUeHMA KaTOAHOIO U aHOAHOTO MajeHuidi B NONynepuoje OT PacrnonoXeHUs BCMOMOTaTebHbIX
aNeKTpofoB. [MonyuyeHHble pe3ynbTaTbl CPAaBHMBAKOTCA C AaHHbIMW OMLITOB MO paspsgam no-
CTOSIHHOTO TOKa.
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Symmetry breaking solutions of several model theories are investigated with the result
that constant gauge transformations of the fields describing zero mass Goldstone particles
are responsible for the formal possibility of the spontaneous symmetry breaking.

1. We wish to deal here with a certain type of spontaneous symmetry
breaking solutions of several model theories described by some field equations

D& = F [¢]

and equal time commutation relations possibly originating from a Lagrangian.
F denotes some functional and D a differential operator. Under the solution
of the problem we mean to find a representation of the field ® as an operator
distribution over the Fock space of the free incoming or outgoing fields.
Furthermore we require that the proper Lorentz group should be represented
by unitary operators. Under these circumstances — which can be formulated
more precisely [1] — the solution of the field equations will be represented
by a Yolterra expansion of the normal products of the free incoming (outgoing)
fields

A= Hi+ cjHr EQ DM DY) T+ F<>[PX) DY) Q) ] (1)

here xi, dj are c-numbers independent of x, :: denotes a normal product.
(fi-s are free fields with

(O —mp)@E =0, [FX), B{)]= —i0tJA{x —y; m,j for bosons,
and

(yi3Jd+ Mj)<ei= 0, \>j (X), (k(y)} = igkS (x —y; Mj) for fermions.
When the proper Lorentz group is represented it follows
<0 I®d-10> = for fermions, -vectors, -tensors, etc.

<0 I®- 10> = constantcnumber = pr for scalar, (pseudoscalar) bosons.
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When we require that also the space reflection should be represented, we have
%= 0 for pseudoscalar, K = constant, not necessarily zero, for scalar bosons.
I 0> denotes the vacuum state of the representing Fock space |0> =
= 0, foralli <0 10> = 1.

Turning from classical to quantum theory, the right hand side func-
tionals in the field equations are in general not well defined. Since the definition
of them as normal products in the fields i introduces a non-local theory and
especially a non-unitary S-matrix [1], w'e keep them as they stand, e.g.
g ®2Ax) = gT(02(x)) and not :P2x) :, meaning that when in solving the field
equations we meet with the term F[0], tadpole diagrams often and necessarily
appear.

From the point of view of the symmetry properties of the theories the
following nomenclature is used: If we find that the field equations (and the
commutation relations) are invariant under the substitution

0t-+0i = F[O]

we speak of algebraic or substitutional invariance. When the field equations
and the equal time commutation relations are derived from a Lagrangian,
from quite general theorems (e.g. for continuous transformations from Noether’s
theorem) it follows that this transformation is performed by atime-independ-
ent form U which is a functional of ®

; UotiT-1= &\,

We speak of a spontaneous symmetry breaking if U is not represented by
a time-independent unitary operator on the Fock space of the free fields gj-
For quantum field theories, where the number of degrees of freedom of the
system is infinite, this possibility is allowed. We know, and we shall see later
that from Kk =f=0 the spontaneous symmetry breaking follows. The trans-
formation @ — @' induces a transformation ¢p—y @ on @ through the solution
of the field equations (1). This transformation need not have the same form
as that for @. This was called formerly the spontaneous breakdown of the form
of the symmetry (27 or in a much more suggestive way by Umezawa [3] @S
the dynamical rearrangement of the symmetry.

In solving the field equations the simplest, Nambu’s or Umezawa’s,
approximation [4] is used, where we neglect the higher order terms F\\ Pip, . ..
and then we take <0 |0> and<0j one particle > matrix elements. This cor-
responds to tadpole diagrams + pole approximation.

The aim of this paper is to emphasise by means of simple or even rather
well known models the meaning of the Goldstone theorem and the importance
of the constant gauge transformation associated with the fields corresponding
to zero mass particles [3, 5].
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2. As a first model we consider the system of two real spin zero bosons
coupled bilinearly described by the field equations and commutation relations

(0 —1)dX=g 0 2,
(a -1* o2 2)
[01 (X, Oj = O(X—x") Gj.

This model was already studied [6] with another method. Here for finding
the solution we suppose

dl= pgd-cn 9+ cl2y?,

02= X2+ C2L<Pl+ C2242» (3)

where X, ¢ are real c-numbers independent of X, gil and rp2two free fields with
the masses ml and m?2 satisfying usual free field commutation relations.
These fields are supposed to describe the real particles. Owing to the simplicity
of the model, higher order terms in (3) do not occur. Substituting (3) into (1),
taking into account what we have required on x and o we get from the field
equations
42*1+ g*2= 0»
g4 + [i2x2= 0, 4)
cji = cJx, c\2= c\2, (5)

whereas the masses have to be given by

si 9 | Cc21 . 22 .. 0 | c12
ml = £E— 1 m2=1* + g -—- »
C11 C22

and from the commutation relations we have

cj1+ = ¢c|x+ c|2= 1, Ci1C214" cl2c22= 0 m (6)

The necessary condition for a nontrivial solution for X is

44— g2= 0> j-e. WP= +gm (7)

I f
42=g» xl= —x2= X, (8,a)
[)Q: g, pil= pi2=721{? (3|D|*)

x is arbitrary. The symmetry properties of the model for x = 0 were studied
elsewhere [2], here the case x ==0, when one usually speaks about the spon-
taneous breakdown ofthe symmetry, will be studied. We mention that whether
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spontaneous symmetry breaking is possible or not depends on the special
structure and on the specific dynamics of the theory. Analyzing equations
(s)—(8) we find for x ==0:

(i) one of the real masses is zero (Goldstone theorem), the other mass
m- = 2p2
(ii) on the right hand side of (3)the zero mass field appears for the case
of (8a) with opposite, for the case of (8b) with the same sign. Thus with m\ = 0,
= 2fi2 i.e. with
O 9l=0, (O - 2M)9R2= 0
for m2—g
A=*+Tfr +~ >
h2= - «- y== @i- %), )
for m2= —g
01l=*+ Tf ~ N
Phb= X+ Y- (94 + <F) (10)

are solutions.Thus the problem is completely solved; e.g.the original Lagrangian
L(@red2= _ i- [(a, D)2+ f O\ + (MND,)2+ L ~ & g2
z
expressed by @s is

L (7%, 9) = 9, 94)2 + (3,94)2+ 2/r29*1].

4 [
Of course the asymptotic condition does not follow in the usual form since

<0IO(X) 10> ¢ 0.

(1) or (11) is invariant under the transformations
(C) oX>02, D*-+Dx,
(-C) dx->-d 2, O2-7-d 1.
(“Charge conjugation”). These transformations give for real particle fields
in case (9)
(C) 94> —94 —2\V2"«, 92" 9%
(—C 9*i9*i, 92-> —92.
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and in case (10)
© ®
(—C) M->—P—2f2X, 2->(p2.

We see that these transformations possess quite different forms in terms of
bare or real fields. The same happens also with the symmetry transformation

(P)wl >_d1l1, @20 _d 25

where in both cases
(P) —@El-2fY x, 9-+-cp2.

We observe, that in all of these transformations the Goldstone particle under-
goes besides the existing and well defined ordinary transformations (px—
also a constant gauge transformation. This was already found in other models
to the discussion of which we come back later.

Now we proceed to treat the simplest one-field non trivial example

(n _/2d=2a d2 (11)

although such a model is not expected to have a lowest energy state. In the
approximation specified before
= X+ < (@O —m2P=0,
one gets
—u2x+ (M2—fid(p= g(x2+ @+ 2xP) = g (x2+ :q2:+ ~ AF(0, m) + 2xqs),
a
from which, taking matrix elements
_ jx = gx2+ -~-AF(0,m),

m2- ~ 4. 2gX

follows. We see that x = 0 is not a solution and

—fpt IV4— 2gAp{0, m)
4 ’
and

m2= i Yfi*x—29AF10,m).
To obtain a physical result one must have

0<,~ —2gAF(0, m) < @
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and only the + sign is allowed, m = 0 is not at all necessary, X 0is com-
pensated usually by an additional renormalization constant [1], thus treating
the equation

(O - ydd = g02+ ¢

instead of (11). If we take, however, (11) at a face value x ~ 0 follows in any
order of g. This implies as a consequence that a large class of transformations
of @ induces a constant gauge transformation on @ Among them, however,
we cannot find here any symmetry transformations.

The main consequences of the above model also follow for the scalar
coupling of fermions

(y~lIl+ K)Y'F=gO0V,

(O -/11220=gWW.
W ith

®= X+ ¢cp 4= 4\

(0 -0 ~=0, (yMm+ M)A0= 0,
one gets

X= -~ M Af(0,M),
Lp

M=K+~2~"M A F(0,M),
fl2
m2 = fi2.

We mention that this approximation for

with Q containing odd numbers of y-s gives x = O, M = K; thus e.g. with
Q = y-, @ pseudoscalar, the parity cannot be spontaneously violated by
XA~ Ounless K = 0.

The results of this approximation for the first Goldstone model

(M-")d = &b\
®= X))@, (O —m2p=0,

are widely known [5, 7, 8]:
x[gx2+ [i2\-g~-AF(O,m)\ =0,

m2= fR+ 3g[x2+ > ZIF(0,m)],
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with the consequence that it # 0 does not imply m2= 0. The symmetry
transformation

->—0
gives for p
— (p—2x

which is again a constant gauge transformation but now for a non-zero mass
particle. The same consequences follow also for the second Goldstone model

(0 -2)d . = ~[d2+ 20 .5 i= 1,2.
Requiring [5]

dl= x + 91, (N —T<Pl = B8,

®2= 1 (0 —m)Vi= 0 (12)
implies

gx2+/t2+ g-~-zIF (0, mi)+ g NFO, m2 = 0,
a G
ml = /R+ 2gx2+ g D ANF (O, trijd -)------- dF (0, m2
ml=i*+ g Kl -\--—-é-Ap(O, m2) -|—EAp (0, mj)

with the result that from x ™ 0 does not follow T F= 0. The symmetry trans-
formations

Pl —Pl> ® D a, P2->Pr
e.t.c. again induce a constant gauge transformation
Phor - (PX— 2X; X R x. Py o+«
while the continuous symmetry transformation
®—>e0ld, D= (Si), r= (2"

corresponding to the conserved current

30
V= ~ia-—T® = crhd "D, -d 29PI, 9~ = 0,

Y
expressed by Q@is

< p et (EPr— X, P= (£), *= ()
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Because of the lack of a Goldstone particle, and a mass splitting, in this approx-
imation jRis not conserved. Indeed

= axmlgR+ (m2— Tn\)<r )] (13

X = 0, of course, gives a conserved current since then also m\ = m\. These
results are not consequences of the asymmetric assumption (12), which can
be required without loss of generality owing to the apparent R(2) symmetry.

The above approximation method seems to be more suitable in case of
the pair interaction theory

(M-?)D =B¥TD,

(yn +x)p=-«dp2y-
Supposing here
O =X-f¢?, (O —m2Yp= 0,

Y = Y0, (y1 + M)Y0= 0
one gets
x(u2-4gM Ap(0,M)) = 0,

m2= /2—4gM Ap (0, M),

M=K —g xz -|----é-AF(O,m)

which for x 0 gives m2= 0, thus a Goldstone boson appears. The symmetry
transformation
o->- P
induces
P - P- 2x.

3. Having analysed these models we find two types of transformations.
Since after solving the problem they are applied to free fields, one can write
them down explicitely. In the first group one finds well-known transforma-
tions like

P->P= £ Pr» Pii = + 22a0» <p+<p' = eierH,

etc. In the case of x ™ 0 they appear together with a constant field translation
(second group). Thus the operator performing the whole transformation

U(Pu-1= ¢
consists of two parts
us= vu.
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U performing the translation, V the more familiar remaining transformation.
Let us start with U, which is the necessary consequence ofa ~ 0. The solution
of the free-field equation can be written as

SR — [—- — Ikx -)- a* (K) e~,kx) dk
v (2nt2 ] f2fcO(fe) @/(K)'e ra (\}(\)e' ) dk

kO(k) = ]Jfke+ m2 (14)

On the algebra of the creation and annihilation operators characterized by
the usual commutation relations the transformation

Ua(k)U+ = a{k)+f(k),
Ua* (K)U* = a* (k)+f* (k),

where f(k) is a c-number function is performed by the formally unitary form
17=9es, B=1j (/s (Ka(k) - f(k)a* (k) dk . (15)
U is a unitary operator over the Fock space of pthen and only then if

jl/(fe)|2d fe<-. (16)
-y X requires

f(k) = (2n)32YLLL (kY eikqkxoJL b(K).

If m27i 0, U possesses a well-defined form, but since f is not square
integrable, it is not a unitary operator over the Fock space. Thus of course
e.g. Ul0> [0>. Moreover in this case U is time-dependent. Thus atthe same
time when x A~ 0 does not imply m2= 0, that is when the Goldstone theorem
is not valid, U no longer has the privilege to be associated with any conserved
quantity.

From this point of view Gondstone’s theorem must be necessarily valid,
making first U time-independent. But if so, i.e. if m2= 0, U — and as a
m atter of fact (14) — formally (that is already algebra) is not well defined,
and cannot be defined in a simple way. For example turning instead of (14)
to finite volume and exempting the zero mode does not help much. One can
visualise things here by some kind of limiting process; this may be e.g. m2— 0.
An other possibility which was worked out from an other point of view in
more detail is to fix m2= 0, but to allow to change x slightly on x. More
accurately, we keep f(k) concentrated around zero in such a way that

j-1/(k)|2dfc = oo,
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but
$\k \\f (k)\*d k < o0 .

Then the following happens [9]: U is a well-defined time-independent
unitary form on the algebra but because of (16), it is not defined as unitary
operator overthe Fock space of the a(k)-s; U jo> ~ |0 >. Onthe Fock space,
of course, the Lorentz group is represented possessing a normalised vacuum
state 10>. The algebra of the a(k)-s, pand also the translation group is repre-
sented on the Fock space of the operators, b(k) = a(k) -j- f(k),b(k) [0 >(, = O,
i <0]0>j=1 buthere PO= H doesnot have any normalised eigenstate.
Furthermore, for physically observable quasilocal operators these two repre-
sentations are equivalent. Formally

10>6= [/ 10>,

thus U can be regarded as an operator connecting two physically equivalent
representation spaces. Physically the situation is extremely simple from the
beginning. U JO > correspondsto a state, where an infinite number of zero
mass zero momentum particles are swarming around, which from every prac-
tical point of view cannot be distinguished from the empty vacuum, but this
state is not contained in the Fock space.

At the end the fact remains, that iix ¢ 0, [7]0> ”~ |0> therefore the
usual nomenclature as “spontaneous symmetry breaking” is justified.

In the above examples the other constituents of the transformations
are much more familiar. V has to be also time-independent. Thus e.g. V cannot
perform an exchange of two fields i with different masses.

From the point of view of our examples in the first exactly soluble model
everything is fulfilled. In the second Goldstone model the approximation (12)
destroyed completely the symmetry. Here

(i) because ofthe lack ofthe Goldstone hoson U becomes time-dependent,

(ii) since ml ™~ m2, V performing

V (pV* = eBTO,
V = eF@ F = iJ (pr<pdx,

becomes time-dependent [cf. (13)] non-existing operator over the Fock space.

In the most general case x ™~ 0, the transformation ® — @' produces
a change x -> X' = another c number. This can hardly be produced other-
wise than by a constant gauge transformation of the < fields. Thus the role
of the Goldstone particle is to produce a time-independent unitary form
which is not represented on the Fock space.
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CENOTRONE
IOOSIVPIAC

CNOHTAHHOE HAPYWEHWE CUMMETPUN N NMOCTOAHHBIE
KANMNEPOBOYHOIO NMPEOEPA3OBAHNA

K. n. HAIb

Pesome

MccnefytoTcs pelieHnst HecKONbKMX MOfeNbHbIX TEOPUid, Hapyllialouiue CUMMETPUID C
pe3ynbTaToM, COF/IaCHO KOTOPOMY MOCTOSIHHblE KanMGPOBOYHOTO npeo6pasoBaHMs nonei
OnuCbIBaOLWMX YacTul, FoNACTOHA HYNeBOM MacChbl, OTBETCTBEHHbI 3a (HOPMalbHYI BO3MOX-
HOCTb CMOHTAHHOIO HapYLIEHWUs CUMMETPUMU.
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MAGNETIC GROUND STATE SPIN CONFIGURATIONS
IN FACE-CENTRED CUBIC AND Cu3Au-TYPE
CRYSTALS

By
M. POSCIlI and E. K rEN

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Presented by L. Pal — Received 31.111. 1966)

Assuming various interaction pairs, the generalized Luttinger— Tisza method (GLTM)
is used to determine the ground state spin configurations in face-centred cubic and Cu3Au-type
lattices. The configurations assigned as obtained in terms of magnetic interactions include,
with a few exceptions, every magnetic structure observed in the above types of crystal lattices
and permit for systems with various ground state spin configurations to establish unambi-
guously the predominant interactions and to estimate their sign as well as their relative
magnitudes. Finally some experimental observations are discussed in the light of the results
obtained by the GLT method.

The growing number of magnetic structures observed in experiments
has stimulated the theoretical formulation of the problem. The possible mag-
netic structures can be evaluated either from the Landau— Lifshitz theory
of second order phase transformations, minimizing the free energy set up
from symmetry considerations or with the use of a phenomenological Hamil-
tonian formulated from actual magnetic interactions [1].

Using the Luttinger—Tisza method generalized by Lyons and k ap-
1tan [2], it is possible to minimize the H eisenberg exchange energy

Eex= - ™ | fgSfSg-
f.g

Except for some cases the possible ground state spin configurations can be
obtained as functions of magnetic interactions from the minimized energy in
terms of their Fourier components at T = 0 °K. The magnetic moment ofthe
r-th atom in the rath cell is

Srw= ~ S keD* .

K

For given crystal structures the spin configurations can be specified by the

wave vectors K = (kx, ky, fc,) and by the directions Sk (k is given in units of

7L
— , where a is the lattice parameter).
a

The GLTM was used for the evaluation of magnetic structures in face-
centred cubic and Cu3Au-type crystal lattices by considering interaction pairs
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formed from interactions between first, second and third neighbours, symbol-
ized by Jv J2and J3 respectively. J <[ 0 is taken to be ferromagnetic, J 0
antiferromagnetic interaction. The following cases were investigated:
1) Face-centred cubic lattice with JXJ 2 interaction;
2) Cu3Au-type lattice
a) J2 J%interaction, with S = 0;
b) JJJ 2interaction, with S < 1 (where S is the absolute value of
the ratio of moments of face-centre to corner lattice sites).

Fig. 1. Ground state spin configurations in face-centred cubic lattice with J, and J 2 inter-
actions. The angles between magnetic moments and crystallographic axes and the angles
between non-parallel magnetic moments are arbitrary

The ground state spin configurations assigned in terms of magnetic
interactions to face-centred cubic and Cu3Au-type lattices are seen in Figs 1, 2
and 3, respectively. Fig. 2 illustrates at the same time the structures in pri-
mitive magnetic lattice with first and second neighbour interactions. For the
face-centred cubic lattice it would be easy to obtain the results also for the
combinations Jv J3 but Js interaction does not seem likely for physical
reasons.

The structures obtained can be characterized as follows.
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In both the face-centred cubic and the Cu3Au-type lattices the [000]
structure is collinear ferromagnetic. The [000]* structure is collinear ferri-
magnetic (the asterisk* indicates that the directions S* in the face-centres are
opposite to those in the [000] structure).

The configurations [100], [110] and [200] are characterized by anti-
parallel coupling of the ferromagnetic planes (100), (110) and (200).

4*

Fig. 2. Ground state spin configurations in Cu3Au type lattice with J,, and J3interactions,
S = 0. The angles between magnetic moments and crystallographic axes are arbitrary

For the [111] configuration in Cu3Au-type lattice the second neighbours
(first neighbours in the primitive lattice) are oriented in antiparallel directions.
In face-centred lattices the configuration [111] is composed of four [111]
sublattices oriented independently of one another, the structure is generally
non-collinear.

The structure [210] is a combination of four sublattices, three of them
being of [100], while one of [001] type, collinearly coupled per pair and the
two pairs may have any relative orientations.
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In the configuration [[000] + [111]] and [[000]* + [111]], a [111]
structure is added normal to one of the sublattices (at the corner) of the [000]
and the [000]* structures, respectively.

In the vacant area shown in Fig. 3 the GLT method did not yield and
result.

The angles between the directions of the crystallographic axes and the
magnetic moments and in many cases even the relative positions of the sub-

Fig. 3. Ground state spin configurations in Cu3Au type lattice with Jx and .) >interactions,
S < 1. The angles between magnetic moments and crystallographic axes are arbitrary

lattices cannot be determined from the minimized Heisenberg energy, these
could be evaluated by taking account of the anisotropic energy too.

For interactions at the boundaries the two different configurations as
well as the complex structures obtainable from them have the same exchange
energies. The structure which is actually realized is again determined by the
neglected second order energy terms. Since at the boundaries the interactions
are balanced, weak and long range interactions as well as other perturbations
may also assert themselves and produce modified and unstable versions of
the above structures.
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The calculations were performed for T = 0°K. Since it has been shown
by smare [3] that for a single species of magnetic atom the structures obtained
in the molecular field approximation from both the minimized free and the
minimized magnetic energies are identical, if the magnetic interactions are
assumed to be constant, Figs. 1, 2 and 3 hold up to the Curie point. It follows
that the results can be compared with experimental data obtained at I > 0
in the cases where no phase transformation occurs below the temperature T.

The results summarized in Figs. 1, 2 and 3 enable one to select unam -
biguously the dominant interactions and to estimate their sign and magnitude

Fig. 4. Variation of magnetic interactions in Eu compounds

in systems where the ground state spin configuration (the magnetic structure
measured at low temperatures) is observed to vary with the chemical com-
position. In the following some experiments will be considered in this light.

The EuO, EuS, EuSe, EuTe series (NaCl-type crystal, face-centred cubic
magnetic lattice) was investigated by mccuire et al. [47. EuO and EuS are
ferromagnetic, EuTe [111] antiferromagnetic, while EuSe is a modified [111]
structure which transforms in external magnetic field first to the combination
of [HI] and [000] structures, then to pure [000] [5]. In Fig. 1 the transition
observed in the magnetic structure is well apparent and shows that this series
can be described by predominantly Jv J2 interactions while the interactions
in EuSe seem to lie on the boundary between the [000] and [111] configurations.
It can be seen from the Figure that by going from EuS towards EuTe (increasing
the lattice parameter) the ratio J2J\ increases. The values of J1and J2cal-
culated from the experimental data [4] in molecular field approximation
have been plotted in Fig. 4. The picture is seen to be in agreement with the
predictions.

A similar transition in magnetic structure is observable in the NaCl-type
compounds of rare earth metals with nitrogen group elements. The nitrides
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are ferromagnetic (somewhat modulated) the phosphides are either combin-
ations of [000] and [111] structures (HoP, DyP), or pure [111] type (ErP,
ThbP), while the antimonides are of [111] structure [6]. The structures of
phosphides are unstable and transform in external magnetic field to ferro-
magnetic. These compounds too can be described by Jv J2 interactions. In
phosphides and, to a smaller extent, in nitrides the interactions are assumed
to be close to the boundary. The complex (canted) structures of HoP and DyP
are stabilized by dipolar forces [7].

The change in magnetic structure, observed also in the group of MnS2
MnSe2 MnTe2 (FeS2type) compounds [8], can be interpreted in a similar
way from J3 and J2interactions by making use of Fig. 1. MnS2is of [210],
MnTe2 of [200], while MnSe2 of an intermediate structure of the [210] kind,
not illustrated in the Figure.

The variation of the exchange interactions in the above examples may
be attributed to a change in lattice parameter.

The effect of anisotropy energy which has not been taken into account
in present calculations, is well manifested by the FeO, NiO, MnS, MnSe, CoO
group of NaCl-type compounds. Their magnetic structures are of the [111]
type, but with different orientations of magnetic moments relative to the
crystallographic axes [8], moreover, contrary to the other compounds of the
series, CoO is non-collinear, the four sublattices lying at oblique angles to one
another [9].

The configurations in Figs 1, 2 and 3 include thus all structures observed
in face-centred cubic and Cu3Au-type lattices to our knowledge, with the
only exception of CrN [10] which has NaCl-type crystal and collinear magnetic
structure consisting of four [110] sublattices. This type of structure can be
well interpreted for face-centered cubic lattice from J2 and J3 interactions,
but the assumption of J3interaction does not seem to be reasonable.

In spite of the known Ilimitations of the Heisenberg model the above
calculations prove to be useful if qualitative inferences are to be drawn from

experimental data.
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MATHUTHOE OCHOBHOE COCTOAHWE CMUH-KOH®UTYPALWN
B FrPAHEUEHTPUPOBAHHbBIX KYBUWUYECKUX KPUCTANNAX W B KPUCTANNAX
TWUNA Cu3Au

M. MO n E. KPEH

Peswome

Mpeanonaras pasHble B3aMMOAeNCTBYIOLME Napbl, A8 OMpefeneHns CruH-KoOH(Urypa-
L1l OCHOBHOTO COCTOSIHUA B TPaHELeHTPUPOBaHHbIX KYBMUECKMX pelleTKax U B pelueTkax Tuna
Cu3Au ucnonb3yetrca 0600LWeHHbIA MeTod JTyTTuHrepa—Tucol (OMJAIT). KoHgurypaymm, no-
NyYeHHble Ha OCHOBE MAarHUTHbIX B3aMMOEWCTBMWIA, cOfepXaT C HEKOTOPbIMU WUCKIOYEHUAMU
BCE MAarHWTHbIe CTPYKTYpbl, O6GHapyXXeHHble B KPUCTa//IMYECKUX peLleTKaxX YNOMSAHYTbIX
BbllUe TUMOB W paspeLuaT 4151 CUCTEM C Pa3HbIMU CMUH-KOHQUTYpaLMsAMU OCHOBHOTO COCTOSHUA
onpefensTb 0AHO3HAYHO Mpeo6nafarollne B3aMMOAEWCTBUA U CYAUTb KaK 06 WX 3HaKe, TaK W
06 MX OTHOCUTENbHON BenMyMHe. HakKOHeL, MCMNONb3YKTCA HECKOSbKO 3KCMepuMeHTaNlbHbIX
HabnofeHuii B cBeTe pesynbtatos OMIJIT.
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ALGEBRAIC METHODS IN THE THEORY
OF SPECIAL UNITARY GROUPS

I. QUASISPIN AND MULTIPLET STRUCTURE
By
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In this paper a simple method revealing the multiplet structure of irreducible represent,
ations of SU(3) is discussed.

In the preceding paper [1] we calculated the generator matrix elements
of SU(3). Using the same algebraic techniques, we now turn to the multiplet
structure of the irreducible representation (I. R.) of SU(3). However, before
doing so, we introduce some general notions which shall be used in this and
the following papers. These general remarks will be made in Section 1, while
in Section 2 we shall deal with the multiplet structure of weights in an I. R.
of SU(3). We shall derive formulae for dimensions, number of weights and
eXCess.

1.

It is well known that the generators of any compact semisimple Lie
algebra may be arranged in such a manner, that they fulfill the following com-
mutation rules:

[HhHK] =0, ik=1,-9¢1,
[H, E& = r(a)E,, A = (H15-«-,Hi),
[EaE_a\ = r(a)H, f(a) = (rx(a), mee,r,(a)), r(—a)= —f@) E+=
[E,,EB] = NiBEv. (1)

All the related notions (rank, root vectors e.t.c.) and properties of structure
constants can be found in e.g. [2]. In the case of SU(3)the relations between
this basis and the generators introduced in [1] are the following

(2)
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»0
W vT
7= 1_3_ J_| 2 » =
2YYy’ 2
@)= - 21/ 2

We introduce now the notion of quasispin. We define the operators

S+(«) = E+ac,
(7 (a) r(oc))

(H*)n)
SZ() w7

As it is easily seen from relations (1), these quantities satisfy
[S+ («),S_(a)] —: SZ(a),
[S2(a), St («)] = £ Sz (a)

which are the well known rules of the SU(2) algebra. We call S+(a) and S2(a)
the generators of the a-th quasispin of the Lie algebra. In [1], for the case
of SU(3), we have introduced a labelling system | T, M, Y > of an I. R. Now
we see that for a fixed value of Y we have achieved actually the arrangement
of states according to the first quasispin (so-called 7-spin) multiplets of
SU(3) as

s=0 =V ey BT
rs) )
SAD = (r(yr(l)) Pai=r7,

where we have used relations (2).

Naturally, it is possible to arrange the states ofan I. R. of SU(3) according
to its second or third quasispin multiplet, which are called V- and f7-spin,
respectively. That would correspond to different choices of SU(2) subgroups of
SU(3)inBiedennarn’slabelling theorem. (See [37 and Section 1 of [17.) The
different quasispin representations are related to each other by the Weyl
reflections; this problem will be discussed in detail in the next paper.
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2.

In this section we consider the multiplet structure of an I. R. of SU(3)
specified by X and u, denoted by D(X, /n) in the following. We make use of the
generators of [1], for which we find

[1Zz1x] = =1, [1+1-]1 = 21Z (3)
[I+,F_] = F+ [IzF+]= + + F *, (4)
[1+,GI\ = G+, [1z,Gx] = = -AG t, (5)
[Y,Fx]= F=x, [Y,Gx}= —Gx, 6)
[F£,Gx]= TI%, [F£, G M]IMIZx ~ Y . @)
All the other commutators are zero.
Y\T,M,Y > = Y\T,M,Y >, (8)

PITMY>=T(T+ DIT, MY >,
I2T,M,Y > = M\T,M,Y > , )
I+\T,M,Y> = Jf(T=FM) (T M+ [T, M, Y >,

F+\T, M, Y >
TeM v 1 TY) T+ ~A-,M£-"~-"~+ 11\
2T-+7~~ “<(T¥) M EST T
rou B(TY) T-£'M =+ ,Y + I\
2T + 1
(10)
GxIT,M, Y > =
=T T;';M T--Y -1 T-~ M=% +-,Y-1)~
T+ M+_1_JT !
- - - T+ - Mzx+-,Y-1),

2r + 2 4 2 !
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a(Ty) =
I — i Y 29-fi |,
F 4 — 41 | J a + + T+z.+2 W
8 2 3 2 3 2
2T + 2
B(TY) =
AN e Y e o ifas 2 T — 1 P
3 2
27

(n)

First we make a few general remarks. ¥ e call apair (M, ¥) occurringin an I. R.
a weight. We emphasise that this definition differs slightly from that used
in the general canonical scheme of Lie algebras.

We say, that (Mv ¥X) is higher than (M.2, ¥2), if

a) M1> M2 or
b) if M1= Mo then Y1> Y2.

Let us suppose that a generator Z has the following property for a state
[T, M, y>
ZIT,M,Y > = ¢elT, M, Y >

where gis a number and it may be zero.
Then the expression

AlAT-ecA ZA+lee N T, M,Y >

where Aj are arbitrary generators, and can be reduced in the following way:
AxA2. *-AtZAl+y ¢-An\T , M ,Y> =

— N AXA2cmAr_1[Z,Ar]Ar+lmemANnIT , M, Y > +
r=i+1

+ AtA2-¢-AnZ\T , M ,Y> =

= 2 A, Ao-m-Ar_X[Z,ANAr+x-m-An\T , M ,Y > +
r=i+1

6ATeeeANnIT, M, Y >.

Obviously, the number of generators is less by one than in the initial expres-
sion. If in a term of the sum Z is still present this reduction can be repeated.
We may conclude that the effect of any operator Z of a product of generators
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on the state | T, M, Y > is equivalent to the effect of a sum of products of

generators containing no Z.
Now we try to obtain the values Y occurring in D(a, /t). We have shown

[1] that there is a state
A A+ 2n\

T T* 3 /

corresponding to the largest value of Y in D(X, fi)

Y o= A+ 2[r
for which
A4  d4-2n\ p. A A A-£2r
2. 3 |/ 2 2
a 4 a-{2i
= F = 0,
2 2
A4 a9 94 2@ a a a4 2/
22 3 272 3
ya 94 4+ 20y _ a4+ 21 4 A+ 2y
22" 3 3 S22 3

Because of irreducibility any state | T, M, Y > may be obtained in the form of
linear combinations of states

4 9 a9+ 2
Il Ga Gl (12)
2 2

We note here that F+, F_, I+, 1zand Y are not included as they fulfill the
conditions of our general theorem. One might argue that the place of /_ rela-
tive to G+ is relevant, but it is always possible to make adequate commutations

and get the form (12).
A4~ 2/1

Now the value Y of (12) is 3 a — X as the generators G+ lower
Y by one [see (6)], and |_ commutes with Y. This way in searching for the
possible values of Y it is enough to consider the states
9 9 9920

GaG;

Our aim is now to determine those values of a and r for which

A— A -3+ ¥ . \=o0
12 2 3 /
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For this end we shall calculate the square of the norm /(cr, z) of this state

f(a,l): (— iy(— B A+ 2N \FLF&G>_GIIA‘ A A i A Y

2 2 3 l 2 2 3 !

O A R R R VI PSRN

= (_t')y*IA , A, ~A AMNILFIF™~»G I™~G ijA , A, A+ 2‘“

(+ a<_ 2(T_ v+ 2¢+ 2)=

=/(cr—1,1nal+ /l —a—r + 1),
where we made use of relations (7) and

(G)+ = =FFt,

1zGLGI\T,M,Y > M + A GiG+|T,M, Y >,
2 1

YGiGMIT,MY > = (Y- a- B)GIGS|T, M, Y > ,

[the last two being the consequences of (5), (6)]. Thus we have a recursion
relation for/(cr, r) in a which may be solved giving

/(cr,r) = /(0,r)crl—a T) b .
(A+ iM_(cr + T))!

In the last equation /(0, r) isthe square ofthe norm ofthe state

G T A A A4~2/1\

+ 2 ' 2 N 3 1

This quantity can be obtained by making use of a similar recursion
procedure

/(0, = ¢! -
(0. 0=1 n—r)!

Finally

I(cr,r) = olr! AlE+ A~ T

TX=nl A+ fi — @&+ )T
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From this we can see that for T B and 7 -f~a > A+ /Xwe havef(a r) = 0,
that is,

GaG\ A, A, A+ A _\=0.
2 2 3 /

Thus the smallest value of Y corresponding to D(A, /X) is
Myn=A d~_ A= _ JAIIL.

We see that for the values of Y occurring in D(A, B) the following statements
are valid.

a) They differ from each other by integer values.

uw N+ 20X Y 2A+ Nt

b)Y max = s >0 1 > e — 1 mirn

(o} o

¢) The number of possible values of Y is NY— F'max — Ymin + 1 =
— A+ K+ L

Making use of these results we construct the state with the largest value of
T and M equal to T for a value of Y = Ymax — r, where r is integer; the

. . A A A+ 2/(\ .

OEerator Ieadln%to this state from > >? > /)must not contain |_

and G_ as these lower the value of M. Thus the operator in question is GF, and

(-1)-YIWTrJjT,T, a+-A-- T> =G; A, A, A+xAf_), (13)
where
j, _ AT
2

is a consequence of the fact that whenever G+ acts on a state [T, T, Y>,

then Gi jT, T, Y > has a definite value T"' = T -\- 3 as it might be seen

from (10).
This procedure can be continued up to x = 8.
ri_. A A A+ 2x\ _ t A+ x Af Nk A—I\
12 2 3 2 2 3

the state on the right hand side has the properties
p | AfXx A+ A—IKx\ g Af X A+ X A—R\
"A — 2 3 + 2 ’ 2 3

= 7+ A+iL,A+A AniL\ o (14)
2 2 3 /

vicia Physica Academiae Scientiarum Hungaricae 23, 1967



44 A. SEBESTYEN and J. NYIiRI

what can be verified e.g. by the inspection of the explicit forms (9), (10) and

Aq-
(11). As F+,G+, | +all raise the value of M by one, the weight ---- }é_- -—- >>--£|'----—

A A~jijj A—jul
ofthe state ----_é)j-l-_}» ------ JJJ> ------- el /) is the highest weight of D(X, (i). A fur-
ther lowering ofthe value of ¥ can be carried out by the application of G _, giving
suceesively

GI\ *+JL,++JL,+ZJL\ = Jfal-, st T,T,—~P --a\, (15)
i 2 2 3 X— a)\ 3 /

where the normalization factor can be calculated by means of recursion*
and we have

and

1+Gi A+JLtA+JL>t2JL\ = 0G°-1G+ J1+JL, A+iL,Az1'L\=o
2 2 3/ 2 2 3/

as G_ lowers the value of M by one half. The largest possible value of a is
a — X and
X ~ A ~4-fL A—Afi\ _np Iz 2X U\
2 ’ 2 ’ 3 2727 3 !’

thus we have reached Ymin.

We have constructed now the possible maximal T values TY lor a fixed
Y = Ymax —n (n integer). The successive action of |_ on these states will
lead to any M occurring in D(X, u).

We give now a graphical representation of the possible weights (M, Y)
in a coordinate system with axes M, Y. The so-called weight diagram will
be represented by a lattice, having X-f- [x-(- 1 rows corresponding to the
possible values Y, and each row is displaced symmetrically to the Y axis,

with the highest M = TY and the lowest M = —TY. In Figure 1 we have
worked out the representation X= 7, 4 = 4 with the highest row Ywax =
X-\-21 2X U _
= e = 5,and the lowestrow Fmm= — -——-- é,""": —o0. The TY is
. . X 7 X+ fi 11 . . . .
increasing from — = > to 5 2= ----- . The point A is the h|g6hest weight of
I y C(x+ fi X—=1ft\ /11 1
Dr%7,4), that is et Rl »1 in our case. The states (13) are

displaced along the line AB while the states (15) can be found along AC.
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Taking into consideration the selection rules:

AM= = , AY = 1for Ft;AM= ¢+ , zlY=I1forG +;

2 2

AM = izl, AY —O0 for | +, the effect of these generators can be represented
by steps correponding to six different directions as it is indicated by arrows.

It is possible now to determine the number of weights in D(X, /n). The
number of admissible values of M inarow Y, M= 2TY 1 for the states
(3) upto T= U—1is

2 @Ty+ 1)=2 2 + 1= -f-A + N+ 1);
for the states (15) up to a= 4
AN2Ty+1)="r2 A+ A" ~T + 1= ~~~~~ "+ 2/it-f 2).

Thus the total number of weights is:

Nw= m 29+ F+1)+ — aA-f- 2ji + 2) =
Z( ) 2 ( j )

= @m+ 2 Kk+ 3t+ 341 2).

In our case this is equal to 106.
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However, the number of states generally exceeds the number of weights
of D(X, fi). This can he seen as follows. Let us consider a state \T,T, Y>
ie. I+ 1T, T, Y> = 0. For the state G+ | T, T, Y> we have

G+ |T, T,Y >
(~ means: equal to, apart from a normalization factor). This is true because
of the relations

1zG+\T, T,Y > = T+-Y\G+\T, T,Y>,

YG+\T, T,Y> ={Y - 1)G+IT, T, Y >

and 1+G+ IT, T, Y> = 0.
So for I-G+ IT,T, Y> we have

JG+IT, T, Y >~ |t+ — T ~~,Y - 1).
Now the state G_ — I- G, T,T,Y > has also the same weight
2T+ 1
as J_ G, IT, T, Y>:
G_— -G, T, T,Y >
2T+ 1
1
T - G_— 7.G4 T,T,Y >,
2T+ 1
G_— i-G4 T,T,Y >
2T+ 1
(Y —1) G_ 7. G, IT, T, Y >
2T+ 1

However, the application of J+ gives zero:

G _- 1-G, T,T,Y > = G+ - 1zG+ iT,T,Y > =
2T+ 1 1 2T+1

= |G+- -2-+ 1 G+UT,T,Y > =0.
2T+1

That means

G_ /[-G4 T, T,Y > T—— T —— , Y —1\.
2r+ 1 2
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So the statesl_G, IT, T, Y> and (g_ ------—--------- f_G+ IT, T,Y > have the
+1 2T+ 1 ]

same weight but they are orthogonal to each other. The weight| T ---- —, Y —1j
is at least a double weight, i.e. there are at least two orthogonal states with
the same weight (T }----—, Y — 1j . In this definition of multiple weights it
would be enough to say ‘linearly independent’instead ofthe attribute ‘orthogo-
nal’. Itisjustthe operator G _--— —-1_G+) that will reveal the complete

structure of multiple weights in X)(A, fi). Indeed, applying this operator to the

A AA M\ A
state — .— , -memmemmeee- ) with T = — | we have
2 2 3/ 2
G 1 IG,+) A A ﬂ[ \ A—1 A—1 A+2/z_l
A+ | J 272" 3 2 2 3
N
The repeated application of G_ — ---—-—---- - G+ now with T = -——mmv
r 2T +1 J 2
will give
G_-—i_g+J(g_ --------- — f_G+1 A A, 1+ \ A
A t A—1 +J 2 2 3 /
A—2 A—2 A+ 27 0\
i )
2 2 3 /
and generally
Il (g_ - — i_gt+t) A A
>= A+ 2 —r 1.2 3 /
~ Az " . A -_"NA+AI1_A . (16)
2 2 3 /
. A—wn A-j-2y4 1 . .
All the weights = o’ of the states on the right hand side of

2 3 ]
the last relation are situated along a straight line on the weight diagram which
has the equation

Y = 2M ——3 A— «) . 17)
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The maximal value of o in (16) can be easily obtained by calculating the norm
of the state on the left hand side by means of a recursion procedure.

A4 494 4 2
M 6 — -G, + 2k
A+ -2 3~

Alol(Ad + m+ 1)!1(A-0+1)!
@—a)y@E@ ~—at 1@E DY

Here the right hand side vanishes unless 0 < A Fora= fAwe see from (16) that

1 4 A A+ 24
A+ 2 —r 22 3

ne.—

>%y (' — 9 >,

which shows that the weight , always appears in D(X, u) with

N

T = 0.1In Fig. 1 point D has this weight [in our case it is (0, —2)], and the
line corresponding to (17) is the one which connects B and D. The fact that
a value T = 0 always occurs in H(H,u), will be widely utilized in the next
paper in the determination of phases of the Weyl reflections.

Now, starting from any state on the right hand side of (16), a sequence
of states might be built up in the form

A—a d—a X 2n
—a r=12,...

which have, as it was already shown, a definite value of T, i.e.

X—a Hd—a 4d+ 2n
2 2 3
(18)

A—e-j-171 A— a3+ A+ 24
—a—T

The maximal value of r might be obtained by calculating the norm of the left
hand side of (18).

X—a X—a X-\-2[j
2 2 3

HA—o+ 1) A+ r+ DiIrlilA—a)!
LA+ T—o+1) @+ NFi—7)!@—o0+ 1)1J
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The last quantity vanishes unless X U. The weights

(A — g X A 2u

¢ 2 3 (<*+9)]
lie all along the parallel lines
Y=-2M+ — 2A+ /n- 2a,
3

(19)
0O<ac< A

In Fig. 1 the line connecting points D and C is the one from set (19) which
corresponds to a — A For a = 0 we get the line connecting B and A. It can
be seen easily also that AC is parallel to BD. Thus the weights

A+ 2L oy 0% A 2A -f and A+fx’A_/4
3 3 2 3

(in our case B, D, C and A) define a parallelogram on the weight diagram,
which has the following property: for any weight (M, Y) lying inside or on
the boundary of it there exists such a state |T, T, Y > that T = M. So this
state is the state with the highest eigenvalue of 1z of an J-spin multiplet. All
the states of this multiplet can be constructed by the successive applica-
tion of I_.

For a fixed value of Y the weight (iff, ¥) with M = TY is a simple
weight, as the state ITy, TY, Y> is one of the states of either (13) or (15).
These are the states on the right hand side boundary of our parallelogram.
(AB or AC in Fig. 1.) Making one step to the left in the same row, the weight
(Ty — 1, ¥) is obviously a double weight as

1 ITY, Ty, Y > ~ 1Ty, Ty - 1,¥Y >

and, as it is a weight of our parallelogram, there is also a T= TY — 1, i.e.
a state \TY — 1, TY— 1, ¥ >. Making further steps to the left, the multi-
plicity is always increasing by one. After we have reached the left hand side
boundary of the parallelogram (BD or DC), the multiplicity remains constant,
as far as we reach the weight (M, Y), where M has the smallest possible non-
negative value in that row. Achieving this procedure for every row, the mul-
tiplet structure of the right half of the weight diagram can be constructed.
The left hand side multiplicities are obtained by reflection of the right hand
side multiplicities with respect to the ¥ axis, as every J-spin multiplet is
displaced symmetrically to the Y axis.
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In Fig. 2 we show the weight diagram together with the multiplet struc-
ture of 0(7,4), the so-called state diagram. Now we proceed to determine the
number of states (the dimension) Ns of D(X, p). Fig. 2 showsthat a complete
state diagram can be obtained by overlapping hexagonals, the greatest of
which has sides containing points X-j- 1 and p + 1 and the smallest of which
is an equilateral triangle having a side of | X—/t |+ 1 points. The number

X+1=S§

Fig. 2

of points of each hexagonal can be calculated and the sum of these numbers
gives

jy -+ D0+ D+ M+ 2

Ns exceeds Nt
Xu (X + p)

£ vanishes if X= 0 or p — 0, meaning that in D(0, p) and D(X, 0) every
weight is a simple weight. The weight diagrams of these I. R.-s have a trian-
gular shape.

Thus the multiplet structure of D(X, p) is completely clarified. State
diagrams like that of .0(7.4) in Fig. 2 are frequently used in graphical represent-
ation of Kronecker products of I. R.-s and in the application of the theory
of Weyl characters. These problems will also be discussed later.
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It is shown that the Lorentz transformation as defined in Parts I—IIIl is ambiguous
regarding terms of higher order. The ambiguity cannot be eliminated mathematically; it is
shown that this ambiguity reflects upon the fact, that the behaviour of an extended physical
system in a gravitational field is affected by its inner structure.

8 1. In the preceding Parts I, Il and Ill [1] we have shown that the
formalism of the general theory of relativity can be derived from the gene-
ralized Lorentz principle. The Lorentz principle can he formulated considering
some physical system CI; we can construct a new system

G* = JS7q (Q), 1)

corresponding to Cl where denotes a Lorentz transformation characterized
by parameters q.

The Lorentz principle can be stated postulating that provided ¢ is a
real physical system, then CI* is a possible system (obeying the same laws
as Cl), — further it can be added that as the result of an adiabatic interference
a system Cl changes into Lorentz deformed states CI*.

The problem we dealt with in particular in Part Il of this series was to
give a definition of the Lorentz transformation in regions where noticeable
gravitational fields are present.

So as to be able to define the Lorentz transformation generalized for
such regions, it is necessary to consider representations of the systems CL
We suppose, that Q, consists of a number of points ¢ x $LI2, . . ., the four
coordinates of which can be written £x, £2, o and in a representation
K we have

K (£,) = xv, (2)
where
X,=r,, I, v—1,2 ... ,IV.

More precisely the orbit of a point can be given in a parametric represent-
ation in the form

x*= flp)> 1 (pL (3)
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where dtr(p)/dp 0 and thus varying the parameter p equ. (3) describes in
a parametric representation the motion of the points $, in the representa-
tion K.

82. It is convenient to single out a fourpoint £ in the centre of the
region inside which Q is contained. Introducing distances from the centre of
the region, we may also write in place of (3)

and X o= %+ 09 *= l'em I (4)

A coordinate transformation leading from the representation K into another
representation K' can be obtained with the help of four-functions in the
form

We shall also write

and also

i f(x + G)-f(x)= 4>(C). -

C' = 4>(C)-

The Lorentz transformations must themselves have the form of coor-
dinate transformations as otherwise relation (1) could not be formulated
independently of the particular representation.

So as to obtain those coordinate transformations which can be regarded
to represent Lorentz transformations, we consider the representation of g
the propagation tensor. Suppose thus

* (&)= g(x + 5).

The propagation of light obeys thus the following differential equation

d\{p) 0
- 8
dp g(x+ 5) dp (38)

where the four-coordinates C(p) = p(p), t(p) describe the orbit of a beam of
light in the vicinity of x.

We note that (8) provides only a necessary conditions for orbits of light
— indeed, (8) provides one equation for the four components of C(p) thus (8)
does not determine the orbits of beams of light — not even, if initial con-
ditions are added to (8).
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Subjecting (8) to a transformation of coordinates, we obtain for the
representation of (8) relative to a system K"

9
dp dp ©)
where we have
g (*'+ ?)=S-1(7gx + ?)S-1(?) (10)
and S(?) is a matrix with elements
5A) =% A, V= 1,2,3,4. (11)

§83. One might (in accord with Part Il) try to define as a Lorentz
transformation such coordinate transformations which leave the represent-
ation of g unchanged. Thus we might postulate that the representations K
and K “are connected by a Lorentz transformation if we find that K(g) = K'(g)
or more explicitly written

g'(x" + ?7) = g(x + ?), (12)

where the transformed quantities are to be taken in accord with (5), (6), (7)
and (10). We might require thus

M-4?2)g(x + S)M-i (?)=g(*' + ?), (13)
where
MvIl(iiy= ~ P - | V,a#=1,2,3,4 (14)
and
¢t ox (7)), x'= X+ (A (15)

for a Lorentz transformation.

The above definition of the Lorentz transformation is, however, too nar-
row. Indeed, in general for given g(x -j- ?) relations (13), (14) and (15) cannot
be satisfied simultaneously. Relations (13) give ten equations which the four
components of X(?) have to obey, thus (13) provides in general an overdeter-
mined system.

In the particular case, however, when

g(x+ ?)= constant = g0, (16)
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elation (13) is satisfied by constant matrices M(ij) = MO such that

MO0gOMO= go. (17)

Thus in this particular case we are led to the original definition of the Lorentz
transformation. Further, if light is propagated homogeneously in the vicinity
of £ but K gives a curvilinear representation, then there exists always a trans-
formation cp(£) with matrices S(*) such that

S-i(G)g(x + C)S-4 Q = g0, (18)

and applying the same transformation to a point X + % we have also
se1en e (cr v A)s aen = g0 (19)
Thus with the help of (17), (18) and (19) we find that the matrices
M(C) = S-1(C)MOS(C)

satisfy (13). Thus in the case where light is propagated homogeneously, relation
(13) defines the ordinary Lorentz transformations in a form independent of
the representation.

84. In a region where a noticeable gravitational field acts, no trans-
formation of the type (18) exists and therefore it is impossible to require that
a Lorentz transformation should satisfy (13) in the whole of the vicinity of
a point £. A weaker postulate, i.e.

Mg (x teme) = o t oo for ¢= 0, (20)

can, however, always be satisfied. The latter relation corresponds to the defi-
nition we had in mind, when writing Part Il. Definition (20) can be made
more precise by requiring, that apart from (20) also its first derivative in the
point C= 0 should give a correctrelation. Thus we may add to the condition
(20) the further conditions

"a(C)g(x'+ CIM(C)-g(x + €)= 0 for €= 0. (21)

Relations (21) can always be fulfilled. So as to obtain explicit expressions,
we develop the transformation functions X(C) into powers of We write

C=X(C) = MG + —BDG2+ —BBe | (22)
0
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and also

M(C)= ~ A~ = M+ B(2)C + — B<3>C2+ (23)
9C 2

From (20) it follows that
Mg'M = g, (24)

therefore M is a constant matrix depending only on x the coordinate of the
centre of the region, and x' = x -{- p, the transformed measure of £, the centre
coordinate of the region considered.

Relation (24) defines a six parameter group for the matrices M, the
latter was considered in some detail in Part I. Using the notation (22), (23)
we obtain from (21)

(25)
8 8 8" 8C

In (25) we have written B for the three-dimensional matrix with elements

BUI = Bin

Further we wrote

, , 9 8g(x + Q)

9'=9g(*). g= gW and -y

5=0
Finaily we have made use of the relation
(8g(x" + C) 3g (x +
ac' J5=0 3? 5=0

which relation can be written short as

N M = 9.
ac' 3C
*When we are dealing with matrices of various dimensions, we shall take the product

always as the sum over the last suffix of the matrix to the left with the first suffix of the
matrix to the right, e.g. if BQis a three-dimensional matrix with elements -Biis

B(U)T= 2
(BT =2,
or B£2= (B~ $)$ to be a vector with elements (B<2 E?v = H Similarly if we
take e.g. B(3 to be a four-dimensional matrix with elements BL/{a and
(B3> =V , B9) = 2 BEIL,ikE,.
At yXIT
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From (25) it follows that

B2 = g'-1 m-1 + A
9C 8

where A is a three-dimensional matrix which is antisymmetric in the second
and third suffix, i.e.

- A,

We may write in place of the above relation

B® = Mgl 99 - %9 A
% 8¢

where A' has symmetry properties similar to those of A. Taking the symmetry
properties of both A' and B"> we can determine A' uniquely, we thus find

B® = Mg-1{& — &)

where & has components
0o _ |

(5 1H 1] lmT )K n

The components of & are obtained from those of &€ by replacing the deriva-

tive, _ by —

8 5. The transformations (22), (23) cannot be further restricted in a
simple manner. Indeed, we cannot require, e.g. in addition to (20) and (21)
that

N MO+ AV)M Q) - gX+ G)= 0
for k= 2,34, ... ,C=0

(26)

because in general relations (26) give an overdetermined set of equations.
In particular for K = 2 (26) gives one hundred conditions for the eighty
independent components of B1) and therefore relations (26) in general cannot
be satisfied for k — 2. For jt> 2 the relations give an even more strongly
overdetermined set.

It follows from (26), as we have shown e.g. in Part Ill, that from the
fact that (26) is overdetermined for Kk = 2 it follows that there exist twenty
expressions built up of the components of g and its first and second deriva-
tives, such that these expressions do not change their values at C= 0, if we
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carry out a coordinate transformation satisfying (20) and(21). The latter twenty
quantities can he represented by the twenty independent components of the
Riemann—Christoffel tensor.

It follows therefore that we cannot restrict the definition of the Lorentz
transformation by requiring that it should not change the values of the second
derivatives of g, i.e. we cannot require, that Lorentz transformations should
satisfy (26) for kK = 2. The weaker requirement that a Lorentz transformation
should not change the components of the Riemann—Christoffel tensor at
A = 0 is automatically fulfilled, if transformations satisfying (20) and (21) are
considered and therefore the latter requirement does not restrict the coeffi-
cients B(3>in any way. It seems that no simple condition can be found which
would restrict the coefficients B(™* and those of the still higher order terms.

We see thus that the transformation function X(C) determining Lorentz
transformation can only be fixed up to terms of second order in the higher
order terms remain ambiguous. The ambiguity contained in the definition of
the Lorentz transformation appears at first sight as a deficiency of our con-
siderations. However, examining the problem further, we find, that the latter
ambiguity has its deep physical significance.

8 6. The significance of the ambiguity of the transformation functions
X(i;) becomes apparent, if we consider the Lorentz transformations not as
coordinate transformations, but as deformation operators, which define to
a physical system iQ a deformed system £I*.

The contents of (1) can be made more precise supposing that £1 consists
of a number of points "™ M2 ... represented by coordinates relative to a
system K as

KOP*) = x + C* *= 12, ...

The deformed system JQ* consists of points 5Rj*, 582*, « . « represented relative
to K by coordinates

K (spPT) = x * + ¢ 1, « = 1,2, ...
where

X* = X + [X, S* = A (Gft) , (27)

and X(lj) is a transformation function satisfying (20) and (21).

The function X(G) depends on six parameters, i.e. the (constant) inde-
pendent components of M and the transformation depends also on the four
components of p.. Thus the transformation depends on ten parameters, like
the Lorentz transformation in the homogeneous case. Apart from this, the
transformation depends on the higher order terms of X(C), i.e. on the coefficients
B@3), B@, . ...

If we consider a given object iQ shift it by an amount p. turn it round
and accelerate it to amounts described by the six independent components
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of M, then we expect that the resulting deformation is uniquely determined,
However, the deformation which results in this way can only be expected
to be uniquely determined by M and p.for one given system jQ, and it is to

be expected that having different systems jQ, jQ, jQ, . . . they will suffer some-
what different deformations when subjected to the same shift p., M.
8§ 7. The fact that systems jQ, jQ, ... etc. subjected to one and the same

shift p., M react differently, can be seen easily. Consider e.g. a stellar body
placed into an inhomogeneous gravitational field. The field will try to acce-
lerate the elements of the system differently and the system can only be kept
together by inside forces which compensate the inhomogeneous part of the
gravitational action. The equilibrium configuration which results, depends
on both the variation of gravitational field and the nature of the inner forces,
which establish the equilibrium.

If we consider two different systems jQ and Q in a homogeneous region,
then no stresses compensating the gravitational action are to be expected.
If we move in an adiabatic manner, both jQ and Q into an inhomogeneous
region, then they will deform. Part of the deformations are the Lorentz
deformations which deformations are common to all physical systems in the
case of adiabatic shift, and these deformations are uniquely determined by
the parameters of M and p.. Apart from this, both systems will suffer deform-
ations producing inner stresses which stresses in their turn compensate the
inhomogeneous part of the gravitational action in the new surroundings.
The latter stresses and deformations depend on the mechanical and other
inner properties of the systems Cl and jQ, therefore the deformations suffered
by jQ and those by jQ will differ from each other. Roughly speaking a softer
body will deform more strongly than a harder one if both are brought into
the same inhomogeneous gravitational field.

Returning to the problem of the Lorentz transformation, we conclude:
Even if we were to succeed in defining uniquely some functions X(M, p,; C)
which we were to regard as to determine the Lorentz transformations as
functions of the ten usual parameters M and p., we could not expect these
functions to describe the real Lorentz deformations of arbitrary physical
systems. Indeed, as we have seen by the example of the two stellar bodies,
physical systems react on shifts M, p. differently in accord with their inner
structure.

It seems reasonable to suppose that while a given system jQ deforms,
say, according to (27) with transformation functions X(*) depending on M
and p., another system Q deforms according to

4
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where the ) are functions differing from the A. It seems thus, that the trans-
formations (27) or (28) can be restricted to such an extent only, that the
respective transformation functions A resp. A obey (20) and (21), but they
may differ as regards to higher order terms. The latter terms depend on the
inner structure of the systems £ or O, which is being subjected to deformation.

The ambiguity of the definition leaves thus room for the different
behaviour of physical systems of different inner structure; if an unambiguous
mathematical definition of the transformation was given, then the latter
transformation would apply only to some kind of “ideal” matter and thus it
would be void of interest, as we are in practice only interested as how real
matter of a specified kind behaves, when moved about. From the empirical
fact, that different type of matter reacts differently on being moved about,
it follows that no general law for the exact behaviour of “matter as such”
can be given.

§ 8. It seems, however, that the fact that we can determine at least the
lower order terms of the transformation functions A(§) implies, that all types
of matter have certain common features which are reflected by the lower
terms of the transformation functions. These common features of various
types of physical systems can be further elucidated as follows.

In a homogeneous region any closed physical system, if accelerated
adiabatically, suffers the same length contraction — no matter what the parti-
cular inner properties of the system are. Thus the length contraction is a general
feature to all physical systems.

However, it is necessary to note, that even when regarding the length
contraction of a system we cannot quite forget about its inner properties.
Indeed, the contraction takes place independent of the inner structure of the
system — however, whether or not a given rate of acceleration can be regarded
as adiabatic, depends on the particular properties of the system.

Considering for the sake of example the relativistic slowing down of
a system instead of the length contraction, — we know that an atom can be
accelerated during a very short period of time, so as to move with a velocity
comparable that of light and the inner period of the atom thus accelerated
will slow down adiabatically, as can be seen e.g. from the observation of the
perpendicular Doppler effect. A real watch accelerated at a similar rate would
obviously go to pieces and would not show the slowing down which is shown
by simple atoms.

If a physical system is subjected to an adiabatic shift in an inhomoge-
neous region, then it will suffer the Lorentz deformations which it were to
suffer in a homogeneous region — apart from that it adjusts itself adiabatically
to the change of gravitational surrounding. The latter adjustment consists
of certain deformations and the change of inner rhythms. This latter effect
appears e.g. as the gravitational red shift of spectral lines. These deformations
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and changes can be derived from the lower order terms of the transformation
functions, thus these effects are fully determined by the parameters M and [A

Apart from the changes described above which are common to closed
systems moved about adiabatically, we expect further deformations which
depend on the reaction of the system to the inhomogeneity of the gravitational
field.

The inhomogeneity of the field is connected largely with the second
derivatives 929/8 C2 of g and therefore the amount of adjustment of a closed
physical system to the stress caused by the gravitational fields is of the order
of these derivatives. We can thus suppose that roughly speaking the B*3
describing the behaviour of a particular system are of the order of the second
derivatives of g — the exact values depending on the particular physical pro-
perties of the system.

89. The above statement must he made a little more precise. We note
that if we consider the systems jQ, Q placed in a homogeneous region, their
Lorentz deformations can be given in an unambiguous way, if we consider the
representations in a curvilinear representation K, then because of the peculiar
form of representation the second and higher derivatives of g are not zero.

Thus to obtain a formulation which gives the physical facts correctly,
we must distinguish clearly between curvilinear coordinates and the real
inhomogeneity of propagation of light.

No problem arises as long as we are concerned with the first derivatives
of g only. Regarding the second derivatives, we may look for a representation
in which the second derivatives are “as small as possible”. This means, they
may be supposed to be of the order of the components of the Riemann—
Christoffel tensor. We may therefore suppose, that the inner forces which
contribute to a deformation, are of the same order as the change of inhomo-
geneity of the gravitational field in the course of the displacement and there-
fore we may suppose that in a representation K, where the second derivatives
ofg are of the same order of magnitude as the components of the Riemann—
Christoffel tensor, in this representation the coefficients B(3> are of the order
of the change of the components of the Riemann—Christoffel tensor, which
occur during the shift p, M in the region occupied by the system Q.

The latter assumption permits just sufficient margin for the play of the
inner forces without determining them precisely. In particular in a homo-
geneous region, where the components of the Riemann—Christoffel tensor
are all zero, the above condition requires that in the representation where
g = constant we should have also B(3>= 0 as it must be expected. Physically
this means that in a region where gravitation produces no inner stress there
appear no inner forces to keep up the equilibrium with gravitational forces
and therefore the deformations produced by adiabatic shifts can be deter-
mined uniquely.
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In reality there exist no absolutely homogeneous regions therefore the
components of the Riemann—Christoffel tensor are never exactly equal to
zero. We may, however, regard for practical purposes a region to be homo-
geneous, if the second and higher order terms are too small to be noticeable.
Under such circumstances the laws for homogeneous regions are practically
valid.

8§ 10. The gravitational field in the vicinity of a point ¢ is characterized
only to a first approximation by the second derivatives of g. There exist also
invariants composed of the third and higher derivatives of g. With the help
of these higher invariants it is possible to restrict the orders of magnitudes
of the coefficients B< BN>, ... etc. — the above remark seems, however,
important only in principle, but it has no practical consequences, as the effects
connected with the third or higher derivatives of g seem to be negligibly small
under practical circumstances.

Summarizing we see thus, that the ambiguity of the definition of the
Lorentz transformation which remains if we accept the definition given by
(20) and (21) can be reasonably restricted when we suppose, that in a suitable
representation the coefficients of the higher order terms of the transformation
function are of the same order of magnitude as the corresponding invariants
of the gravitational field. This margin cannot be narrowed down further —
even if some mathematical method could be found to reduce the remaining
ambiguity — as the margin thus obtained for the transformations is necessary
to account for the different behaviour of systems of various inner structures.

Finally, it may be added that for the treatment of many practical
problems the ambiguous higher order terms can be neglected. Indeed, we are
usually dealing with closed systems of such small dimensions inside which
the gravitational field can be taken to be homogeneous. As an evident example
we mention the determination of the orbits of planets; these orbits can be
obtained with great precision from the Lorentz transformation in its ambiguous
form as this was shown e.g. in Part IlI.

We note, however, that considering the motion of planets in finer detail,
we expect that the orbits are affected to a small extent by the higher order
terms. Indeed, if a planet is not taken as a “point”, but if we consider its
inner structure then the gravitational force acting upon the system as a whole
is slightly affected by deformations of the planetary body.

Roughly speaking the orbit of the planet is affected by the tides the
body of the planet suffers in the inhomogeneous field of the central body.
The deviations from the orbit obtained for a mass point caused by the tides
inside the planet are very small, but they must be expected to depend strongly
on the inner structure of the planets. Indeed, the gravitational force acting
on the whole of the planet can be written

F= —grad 1 ®(r)a(r)d3r, (29)
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where ®(r) is the gravitational potential and a{r) gives the distribution of the
density of the planet. Denote the coordinate of the centre of gravity of the
planet by

R = 1ra(maslim, (30)

where m is the mass of the planet. We may thus write neglecting higher order
terms

1 82®dIiR1
O(R + p)= O(R) + p grad ®(R) + — p P+
| oKz
and thus
F—FO0-j-F2+ eem
where
1r 29 (R)
8R2

po(R + p)d3p

(The contribution Fx proportional to the first derivatives of @, i.e.
F, = — grad ®jQa(R -)-p)d3p= 10

vanishes as can be seen from (30).)

The mass distribution <r(R + p) in the inside of the planet adjusts itself
adiabatically to the gravitational field in the vicinity of R and thus the com-
ponent F2of the force acting on the centre of gravity is affected by the form
of the equilibrium configuration which comes about at various points of the
orbit. The latter configuration depends partly on the gravitational field but
also on the mechanical properties of the planet.

While the planet moves the adjustment changes slowly with the change
of gravitational field and thus affects the orbit to some extent. We expect
therefore, that there is a certain deviation between the orbit of the centre
of gravity of the planet and that of the orbit of a mass point situated at the
centre of gravity. The deviation between the latter two orbits depends on
the particular mechanical structure of the planet.

As was shown in Part Il, the orbit of a planet can be obtained by means
of a continuous succession of Lorentz deformations. The ambiguity of the
function X(£) defining the Lorentz transformation leaves just room for the
various planetary orbits obtained for planets with different inner structures.
Even if in practice the tidal effect thus described is very small it is important
to note that with the help of the generalized Lorentz transformation the orbit
of a sufficiently small planet can be determined precisely, while the deviations
which are expected to occur as soon as the size of the planet cannot anymore
be neglected altogether, can be described by adjusting the ambiguous higher
orderterms of X(*) properly. The latter terms have to be chosen so as to describe
appropriately the actual mechanical properties of the planet to be considered.
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nPHUMMN NOPEHUA N OBWAA TEOPUA OTHOCUTENIBHOCTU
Yacte IV
. aHowWwm

Pesome

Moka3aHo, 4To Npeobpa3oBaHue JSlopeHua, onpegenéHHoe B yactax |—I11, HeogHO3HAYHO
019 YNIEHOB BbLICLLEro nopsaAkKa. ATy HEO4HO3HAYHOCTb HeNb3f YCTPaHUTb MaTeMaTUYecKu;
NnoKasaHo, 4YTO OHa OTpaxkaeT TOT (haKT, YTO BHYTPEHHAA CTPYKTypa NPOTAXEHHON (usnye-
CKO cuCTeMbl BNUSAET Ha MOBefeHWe Camoil CUCTEMbl B FpaBMTaLMOHHOM MoOfe.
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The external and internal conversion spectra in the decay of Zr&—Nb% were measured
in a double focusing beta spectrometer. Applying the correction for the anisotropic distribu-
tion of the photoelectrons ejected from a uranium convertor it was possible to determine
accurately the relative gamma ray intensities of the 237, 726 and 757 keV transitions in Nb%,
and the 762 and 765 keV transitions in Mo9%. Applying the internal-external conversion method,
the absolute fe-conversion coefficients were determined for the above transitions. The 237 keV
transition was found to be JM4transition and the 726 keV transition is transition, while the

T+
other ones are or E,, transitions. The spin of the level at 726 keV in Nb%has value of —

1. Introduction

A long lived radioactivity in zirconium was produced as a fission product
from uranium and was first obtained in 1940 by A. Gosse and F. Footh [1].
Sagane et al. [2] found that the half life of the activity was 63 days and
associated it with the isotope of mass 93. Subsequent investigations have shown
that the activity is more likely in Zr®which decays to the radioactive daughter
product Nb%. In 1953 Cork et al. [3] used a semicircular magnetic spectro-
meter for the study of the beta and gamma radiations and the half life of the
decay. They found that Zr% emits three beta rays of energies 910, 405 and
360 keV with half life of 65,2 days, each followed by a gamma transition
leading to radioactive Nb% The gamma energies determined by Cork were
235, 725 and 758 keV. The Nb% decays by 165 keV endpoint energy beta
transition into Mo% with accompanying gamma energies of 753 and 768 keY.
Mittelman [4] studied the Zr% spectra with a double focusing beta ray
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spectrometer and also measured the coincidences between beta and gamma
rays in cascade to the ground state of Nb9%. He found that the decay of Zr%
proceeds by three beta-gamma cascades, two of the beta transitions of 360
and 396 keV are allowed and proceed to 755 and 722 keV levels and, the third
beta transition of 885 keV to the 235 keV level. From the K-conversion coeffi-
cient and the shell model, the 722 and 755 keV levels are both assigned even

5 7 o )
parity and aspin of—2 0r2— . In a succession of investigations [5—11] many

measurements have been carried out on the beta and gamma transitions in
the decay processes with rather wide divergence in the expressed values as
shown in Table 1.

In the present investigation it was decided to study the external and
internal conversion spectra by a high resolution double focusing spectrometer
to determine the relative gamma ray intensities and the absolute conversion
coefficients. These methods were not applied before the present work in the
study of the decay of Zr%5—Nb%B—Mo%.

2. Apparatus and source preparation

Iron-yoke double focusing spectrometer of 22,5 cm radius, type Nbb6-2,
was used in the present measurements. The spectrometer was operated at a
0,5% resolution during the present study. The detector was an end window
G. M. counter filled with 90% argon and 10% ethyl alcohol with 1,8 mgm/cm2
mica window.

The source material used in all the measurements consisted ofa Zr9%—Nb%
oxalate mixture of high radiochemical purity which was obtained from Amer-
sham Radiochemical Centre. About eight millicurie source for internal con-
version spectrum study was prepared by the liquid deposition method with
insulin used to define a rectangular source area of 3X”~0 mm2and to promote
uniform spreading of the activity. The source was covered with a thin zapon
film. The external conversion source was of about 40 millicurie activity which
was introduced into a prespex cylinder of 1 mm wall thickness. It was inserted
into another copper cylinder of 1 mm thickness to absorb the beta rays.
A 17 mgm/cm2 uranium convertor of the same dimensions as those used in
case of the internal conversion source was fastened on the source holder.

The method of external conversion [12] was used to determine the rela-
tive gamma ray intensities which can be applied now with good accuracy
(2%) in even complex decay schemes. Relative gamma ray intensities are
calculated from the following equation when rectangular source and con-
vertor are used,

1= —(1)
Tj-fj-cd
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where (Aex)j is the intensity of the external photoelectric conversion line
from the /-shell of the convertor. This intensity was obtained by calculating
the area under the shaped peak profile extended to five half widths then divid-
ing by the corresponding Hgvalue. Tj is the photoelectric cross-section for
the jf-shell of the convertor. The K-photoelectric cross-section Tk was obtained
from the recent calculations of Hultberg, Nagal and Olsson [13]. C is the
spectrometer transmission which was kept constant during all these measure-
ments. d is the convertor thickness, fj is the correction factor which corrects
for the anisotropical distribution ofthe photoelectrons from the /“shell of the
convertor. These f factors were computed according to the present experi-
mental geometry, on the basis of theoretical photoelectric angular functions
on the Swedish computer Besk,* for uranium convertor at different energies
and taking into account the absorption in the copper cylinder used for beta
absorption. The K-conversion coefficient ak for the gamma transitions was
calculated by the internal-external conversion (IEC) method [12, 14], where
odfi is given by:

aK= — = «TK-SK-b-d-k, )

("ex)k (N x K

where (AiINK and (Aex)K are the areas of the internal and external .K-conver-
sion lines for a given transition, K is the relative strength of the internal and
external conversion sources, d is the convertor thickness, b is a dimension
factor and TKand FKare defined in case (1).

3. Results and discussion

The K-external photoelectric and internal conversion lines of the 237,
726, 756, 762 and 765 keV transitions were measured three times each. The
transition energies were accurately determined by making a mixed source
of CsI37—Zr% on aluminium foil.

A typical measurement of the internal and external conversion spectra
are shown in Figs. 1 and 2. The dimensions of the circles in the Figures are of
the order of the standard deviation in the counting rates. The shapes of parti-
ally unresolved lines were constructed on the basis of resolution and line shapes
of other standard lines.

It was not necessary to correct for decay the data shown in Figs. 1 and 2
since the time for the measurement of any series of lines was short in compar-
ison with the half life. However, the area of each of the lines was decay
corrected to the same time. The decay corrected areas of each gamma ray

* Curtesy to Dr. S. Hultberg for doing these calculations.
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Fig. 1. K —internai conversion lines from a Zr%5—Nbw source

N/600*

Fig. 2. K — external conversion lines from a Zr%—Nb% source, using 1,7 mgm/cm2uranium
convertor
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Table 1
Reference Transition energy 10s « i Multipolarity
it 726 1,3 E2or Mr
4 722 1,38 E2o0r My
9 721 2,4
6 722 1,6 E2orM1
11 760 1,8 E 2or AT,
754 1,14 E2or My
235 K/LM = 45 AT4
15 232 K/LM = 35 M 4
15 236 K/IL = 37 M4
753 —
768 K/ILM = 76 E 2or Mj
770 2,05 —
11 770 K/ILM = 74 E207 r
15 775 K/LM = 6,6 JE, or M,

were averaged to obtain the values of A-Inand Aexgiven in Table 2. The errors
assigned to A-mand Aexwere estimated from the possible limiting curves which
may be drawn through the data.

The absolute conversion coefficient was calculated according to equa-
tion (2). But as it was not easy to determine the relative strength K ofthe inter-
nal and external sources, so the following procedure was used which is a slight
modification of the internal-external conversion method. The same original
activity was used for preparing the external and internal conversion sources.
Then the fc-external and fe-internal conversion lines for the 237 keV transition
were measured and the relative conversion coefficient was determined from
the K/L ratio. This transition is very well known as a pure M transition[15].
The obtained value of was substituted in equation (2) in the following
form:

°KZ7= B 287- « (T'Nk 23r1. ?3)
(Mex )k 237

where B is a constant depending on the geometry of the spectrometer, the
convertor thickness and the relative intensity of the two sources. All these
factors were kept constant during all the measurements. After knowing the
value of B from equation (3) the value of oK for the other transitions was

calculated.
The results of these measurements are shown in Table 2, together with
the data used in the calculations. The 726 keV transition depopulating the
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Table 2
. Theoretical i
Transition Transition Relative Relative Internal values of <g Exeaelrllén%r}tal S
occurring in energy N «)* TK 1k ~gamma 1C-conversion according to Multipolarity
keV c intensity line intensity sliv and Band X103
XI10b
3 (M9
2,4x10 (M4
237,23 + 0,41 350 + 17 240 0,3980 8,56 + 0,52 52 £ 35 22 + 0,18
M 2
Nb%
726,38 = 1,30 453 + 22 16,4 0,6688 96,6 £ 5,8 405 = 34 1,42 1,52 1,28 + 0,13 M
757,1 £ 1,30 428 + 62 14,7 0,6825 100 + 17 400 £+ 69 1,40 1,43 142 + 0,26 Mi or jE2
7625 £ 2,0 78 + 15 14,5 0,6840 7,7« 17 44 7zb 4.5 1,33 1,34 1,32 + 0,30 or E2
Mo%

7656 + 18 1000 = 25 14,4 0,6843 1000 + 270 400 + 55 132 1,33 1,26 + 0,25 MiorE2

‘le 18 VSSI3
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726 keV level in Nb% is most probably an Mxtransition which leads to the
conclusion that this level has spin 7/2+. The multipolarities of the transitions
given in Table 1 were determined form the relative conversion coefficients.
So, it was not possible to differentiate between Mx or E2 The transition
multipolarities in the present work were determined on the basis of the absolute
conversion coefficient determination applying the (IEC) method in which
the uncertainties in the distribution of photoelectrons ejected by the gamma
rays were avoided and the accuracy in the determined values reaches 5% in
some cases.

It is a pleasure to express our gratitude to Professor M. A. EI Naai,
Head of the Nuclear Physics Department UAR Atomic Energy Establish-
ment, for his encouraging interest in this work.
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OTHOCUTEJIbBHAA MHTEHCUMBHOCTb N KOS®POULUWMNEHTDLI
MPEOBPA3OBAHWA MEPEXOAOB B PACMNAALE Zr%NbHM 0%

H. A. UCCA, 3. MEJIUT U, A. X. 3T ®APPALL n C. TUPTNC

Peswome

baTa-cneKTpOMeTpOM [ABOMHOW (HOKYCMPOBKW WM3MEPSNUCH CMNEKTPbl BHELIHEA W BHYT-
peHHeli KoHBepcuii B pacnage Zr%—Nb% Mcnonb3ys KOpPeKUM0 K aHW30TPOMHOMY pacnpe-
feneHnto (hOTO3NEKTPOHOB, BbICTYNAKLWMX W3 YpPaHOBOrO0 KOHBepPTEpa, MMEETCHs BO3MOXHOCTb
4N onpefeneHns TOYHOrO 3HaYEHWUA OTHOCUTENbHOW WHTEHCMBHOCTU ramma-nydeil nepexonos
237, 726 n 757 Kag B Nb%u nepexogos 762, 765 Kag B Mo%. MNpu nomowyyM meTofa BHYTpPeHHe-
BHELLUHEN KOHBEPCMMW NS YNOMSHYTbIX NepexofoB onpegenseTca abcontoTHOe 3HavyeHne Koag-
(hmumeHTa KoHBepcum K. OKasbiBaeTcs, UTo nepexop 237 Kas ABnseTca nepexogom M a nepe-
X0[ 726 K3 — nepexogom Ma, B TO BpemMsa KakK Apyrue nepexofbl OTHOCATCA UM K neﬂexo,qam

TMna Mj, nnn k nepexogam E2 CnuH ypoBHA npu 726 KaB B Nb% umen 3HauyeHue.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967






Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 (1), pp. 75—85 (1967)

DETERMINATION OF OPTICAL CONSTANTS AND
THICKNESS OF ANISOTROPIC CRYSTAL PLATES
FROM TRANSMISSION MEASUREMENTS

By
I. HeEvEsI

INSTITUTE OF EXPERIMENTAL PHYSICS, JOZSEF ATTILA UNIVERSITY, SZEGED

(Presented by A. Budé. — Received 7. VI. 1966)

A method for determining optical constants and thickness of thin, homogeneous
weakly absorbing anisotropic crystal plates is presented. Calculations for orthorhombic crystals
are based on extreme values of transmission curves measured with linearly polarized light
vibrating parallel to the crystallographic axes and incident at right angles to the crystal sur-
face. The method can be applied to crystals of insulators and semiconductors and has been
tested with plane parallel single crystal plates of V,0,. The method proved to work well and
to give valuable information on the anisotropic optical behaviour of the crystals in adequate
spectral ranges.

Introduction

The measurement of optical transmission on layers of insulators and
semiconductors enables one to determine several important optical character-
istics and semiconductor parameters. A great variety of methods of evaluation
can be found in the literature, owing to the different simplifying suppositions
and approximations used. A relatively simple method, applicable to the deter-
mination of the optical constants and thickness of thin layers (from 0.5 to 10y
thick) of isotropic insulators and semiconductors, has been given by L1IASHENKO
and Mrirosvavskr [1]. Their approximate calculations are based on inter-
ference maxima and minima of transmission curves. The method can be used
in spectral ranges for which n > k (i.e. absorption is weak).

It seemed desirable to extend the methods given in [1] to the case of
thin, weakly absorbing anisotropic crystal plates. This was the object of our
investigations reported in the present paper. The measurements were made
on vanadium pentoxide because of its properties, which seemed favourable
for our purpose.

V,0;, crystallizing in the orthorhombic system [2], gives birefringent,
optically inactive biaxial crystals. It is comparatively easy to obtain crystals
of lamellar structure by slow cooling of the melt. From these, plane parallel
crystal plates of various thickness and (010) orientation can be split off. These
crystal plates of a few microns thickness can be very well used to study the
interference observed in transmission measurements in the visible spectral
range.
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Electric anisotropy of V20 5has been studied by several authors [3—6],
but publications on its anisotropic optical behaviour can hardly be found in
the literature [7]. In earlier studies of optical transmission, anisotropy has
not been taken into account [3—4]. This led to results which were not satis-
factorily reproducible and to divergences between the shape of curves obtained
with different samples. In the course of our researches described in the present
paper it proved possible to obtain informations on the anisotropic optical
behaviour of V20 5in the visible spectral range by taking into consideration
the optical orientation of the V2 5 crystal plates and applying the method
described in [1] to orthorhombic crystals.

1. Method of investigation

As is well-known, light of arbitrary polarization incident on an aniso-
tropic crystal plate will be split up in the crystal into two rays of definite
polarization (referred to as “1” and “2”). If the plane of vibration of a polar-
ized light ray incident at right angles on a plane parallel crystal plate of
thickness d is chosen in a way that only one of both refracted plane waves
(“1” or “2” respectively) is produced, the transmissions Tx and T2 of the
plate for both cases will be given by the relation (see in [8])

2ni z
! n»d

4ws -e
I.= ani (*= 1.2). (1)

(ns+ 1)2—K —I)2-e

nsis a complex refractive index defined by
ns= ns—iks (s= 1,2), (2)

where ns means the respective refractive index and ks the extinction coeffi-
cient. In setting up eq. (1) the plate was supposed to be in contact with air
or vacuum on both faces.

The conditions of validity of eq. (1) are fulfilled for example if the direc-
tion of vibration of a linearly polarized light ray incident at right angles on
an orthorhombic crystal coincides with one of the three crystallographic
axes. We shall refer to the case when the direction of vibration of the linearly
polarized light is parallel to the c or a axis of the V20 5crystal plate of (010)
orientation as position 1 and 2 of the crystal, respectively.

Liashenko and Miloslavski calculated the optical constants of iso-

tropic, homogeneous, weakly absorbing layers from transmission maxima and
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minima by successive approximation. In the present paper relatively simple
formulas for the optical constants are given, which immediately yield suffi-
ciently exact results under the given conditions.

In semiconductor and insulator crystals, besides the range of funda-
mental absorption, there generally exist spectral ranges for which the con-
dition ns ks is fulfilled. In the case re, Agq eq. (1) can be brought into
the simpler form

r 16 reft?! /oy
11 — " 41 ’
K + )4+ K —1)4vl —2 (nl —1)2Vi cos-y - nid

where
Vi= e . (4)

Provided that besides n1 kv valid in the spectral range under investigation,
another condition is fulfilled, namely that re, and Aqvary only slightly with A
the dependence of Tr on wavelength will be governed by the cosinus factor
in the denominator of eq. (3) and T, will reach its extreme values when

--Xn1d= mn (m= an integer). (%)

Thus we obtain for the maxima and minima of transmission

i

 Tem = AN
[K+ 1) -("1-1)*4il!
and

T 16 "i Vi /74

Imn [K + i)22+ K —1)2"]2

respectively. For rel and rlthe following physically consistent solutions are
obtained from eqgs. (6) and (7):

A aHE L Ax fo .\
ni = A-i--:-B—r » 1= L--a-’--:l-’ 7 . ( a— )
where
al — Klimax » W_Krlmln
Ai=TKW +W -b\. « ) wi- Yaf~rTbl

Under these conditions nx and rjl can be calculated from eq. (8a—b) in the
ranges of wavelength determined by a maximum TImax and the subsequent
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minimum 7' i, (or inversely) of the transmission curve T'(2) if these extreme
values are known. The knowledge of the curve n,(1) and of the wavelengths
belonging to the extreme values enables us to calculate the thickness d of the
plate with eq. (5). On the other hand, knowing 7,(1) and d, the curve k(1)
can be constructed [see eq. (4)]. Analogous results for n, and 17, can be obtain-
ed from T,(1) if the condition n, > k, is fulfilled.

It is to be noted that only the optical constants n,, n,, k, and k, can
be determined with V,0; single crystal plates of (010) orientation. To obtain
the refractive index n, and the extinction coefficient k, in a similar way,
transmission measurements should be made on single crystal plates of (100)
or (001) orientation. However, the preparation of plates of such orientations
with surfaces of sufficient dimensions presents practically unsurmountable
difficulties.

2. Experimental equipment and preparation of samples

The autocollimating plane grating monochromator of a single beam
spectrophotometer Type Optica Milano CF4 was used for measurements of
transmission. Measurements were made at every my in the spectral range
under examination (0,48 to 0,85 u) with a constant slit aperture of 0,18 mm
corresponding to a band width of 0,27 mu. A tungsten filament lamp fed from

" a stabilized electronic power supply unit served as light-source. Secondary
spectra of the grating were eliminated by a red filter in the range of 2 > 600 mu.
The detecting instrument was, an end window photomultiplier Type EMI
9558A, fed from an anode battery, with a connected Zeiss ““Skalen-Galvano-
meter” having a sensibility of 4 - 10-1o Amp. per scale division. To polarize
the light beam a Hilger polaroid filter was inserted between the exit slit of
the monochromator and the sample.

V,0; powder of analytical reagent grade supplied by the Chinoin-works
was used as starting material. By heating over the melting point in a platinum
crucible and by slow cooling, crystal plates of lamellar structure and of relati-
vely great dimensions (6 to 10 cm?, 1 to 2 mm thick) could be grown. It was
easy to split off crystal plates of various thickness (0,1 to 0,3 mm) in the (010)
plane from the grown crystal. However, the transmission of these plates was
low and they did not show the interference structure necessary to test the
method.

A comparatively simple method allowed to reduce the thickness of the
plates by about two orders of magnitude and to prepare samples 1 to 2 u
thick and even thinner. The method is based on the fact that plates of various
thickness (from 0,1 mm to 0,5 u) can be split off from the crystal with the aid
of a substance strongly sticking to its lustrous surface (e.g. paraffine half
congealed on a glass slab). Those parts of these crystal plates which were not
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in contact with the sticking material can be well used as samples. These plane
parallel plates (1 to 3 /nthick) determined by two natural cleavage planes
[(010) planes] of the crystal, are considerably transparent in the greatest part
of the visible spectral range and display sufficient homogeneity.

The samples were fixed on a sample holder which had a circular aperture
of 2 to 6 mm diameter and was inserted between the polaroid filter and the
photomultiplier. A sliding support enabled the sample to be removed from
the pathway of light. The sample holder could be rotated round an axis per-
pendicular to the plane of the crystal plate and adjusted with the aid of a
scale. Before measuring the transmission, the extinction positions (positions
1 and 2) of the crystal were found between crossed positions of the polaroid
filter and a nicol inserted in the place of the photomultiplier, then the nicol
was removed. Positions different from both extinction positions, that is direc-
tions of vibration of the polarized light at angles to the crystal axes, could be
adjusted with the aid of the scale. Besides the extinction positions, measure-
ments were made for every 10° of the angle < between the c¢ axis and the
direction of vibration of linearly polarized light incident at right angles to
the surface of the crystal plate.

Extinction angle, optic orientation and sign of the crystals were deter-
mined with the aid of a polarizing microscope Type Panphot. It could be stated
on the basis of the interference figures that the V20 5 crystal plates used for
transmission measurements were sections perpendicular to the acute bisectrix.

3. Results

The transmission curves Tv T2 and Tib, obtained with a thin sample
in the positions x = 0 (direction of vibration of the light coincident with the
c axis), X = 90° (direction of vibration of the light coincident with the a axis),
and X = 45° respectively are plotted with solid lines in Figs, la, Ib and Ic.
Optical constants nv n2 kv k2 and thickness d of the plate were determined
on the basis of the curves Txand T2 The conditions of applicability of the
method employed were well fulfilled between 560 and 800 T/n, that is in the
greater part of the spectral range examined. Alternating extreme values follow
each other at relatively small intervals (8 to 18 m/i) and therefore the extinc-
tion coefficients and refractive indices can be considered as constant in the
respective ranges of wavelength. The half intensity of the bands of interference
varies between 7 and 20 T/n, i.e. it is far above the spectral half-width of the
apparatus.

Similar or higher values of j can be expected from eq. (6) owing to the
transmission maxima of 20,9 to 0,96. According to eqs. (6) and (7) it can be
inferred from the high transmission values (fj near to unit) that rj will be

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



80 I. HEVESI

Fig. la. Transmission of a thin crystal plate in position 1. Values measured for every m/i
wavelength represented by a solid line, those calculated with Eq. 3 for every 5th mfi marked
by small circles

chiefly determined by Tmax and n by Tmin. Accordingly the curves n(X) have
been constructed by coordinating the mean values of two refractive indices,
calculated with eq. (8a) from a Tmin and the two neighbouring Tmax, to the
mean of the wavelengths corresponding to the two Tmax’s. These mean values
of n(A) are marked by circles on the curves nland n2in Fig. 3. The rather
considerable differences between nland n2were to be expected in consequence
of the relatively great differences between the minima of the curves Txand T2
respectively. The curves for r](X) were calculated similarly with eq. (8b) using
two Tmin’s neighbouring a Tmiu. The thickness of the plate calculated with
eq. (5) from the refractive indices and wavelengths belonging to different
extreme values of the transmission curves T1 and T2 gave only slight devi-
ations, the mean being d = 2,86 L. The curves Aq(A) and Z2(A) in Fig. 3 were
constructed in the way described in Section 1. It can be seen that the character
of these curves corresponds to the Tmax values shown in Figs, la and Ib, in
accordance with what has been said above.
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Fig. Ib. Transmission of a thin crystal plate in position 2. Values measured for every mfj,
wavelength represented by a solid line, calculated values for every 5th m/j. marked by small
circles

Figs. 2a and 2b show the changes in transmission of a crystal plate of
d — 35 /r in position 1 and 2, respectively (the thickness was measured with
a mechanical method). At greater wavelengths, interference causes random
fluctuations of about 4 to 10% between the transmission minima and maxima
(see points of measurements marked with small circles between the dotted
lines in Figs. 2a and 2b). These fluctuations decrease with increasing thickness
of the plates, and for d > about 0,14 mm continuous curves are obtained.

Transmission TXA) has been calculated by substituting nx(X), kx(X) and
the thickness d = 2,86" obtained into eq. (3). The results for every fifth (i
are shown in Fig. la. The T2A) values shown in Fig. Ib were calculated in
a similar way. The good accordance between the results of measurements
and calculations, in particular for the extreme values, proves the efficiency
of the method. If the direction of vibration of the polarized light is at an angle
a to the c axis, the relation Tx= Tx cos2a -)- T2sin2a will hold for the trans-
mission [8]. A very good agreement has been obtained between the trans-
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missions measured with different angles txand the values calculated with the
above relation for Tafrom measured values of Txand T2 The values calculated
Ti+ T2\ . . .
for 45° 7V = are shown by small circles in Fig. Ic.
It can be seen from the shape of the curves n1(A) and n2(A) that, besides
the normal dispersion of the refractive indices, also the dispersion of the bire-

Fig. Ic. Transmission of a thin crystal plate in the position a = 45°. Values measured for
every mfi wavelength represented by a solid line, values of —— —"calculated forevery 5th m//

marked by small circles

fringence appears. According to [7] the principal refractive indices of V25
for A= 589 mp are Nm= 2,53, Ns= 2,84 and Np= 1,986. For the same wave-
length our values obtained for nl (corresponding to Nm) and n2 (corresponding
to Ng) were nx= 2,53 and n2= 2,88, respectively.

The curves kx(?) and fe2(A) show the anisotropic absorption of the V20 5
crystal. Anisotropy of a similar character can be inferred from the shape of
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the transmission curves for thick samples (Figs. 2a and 2b). The values of
the absorption coefficients KAX) and K 2(?) calculated from Eq. 4 varied
between 0,85 102 cm-1 and 3,9 <102 cm-1. These values agree in order of
magnitude with those given by Arseneva and Kurchatov [3], who did not

take into account the anisotropy of absorption and determined some kind of
mean absorption.

Fig. 2a. Transmission of a sample of d = 35fi. Values measured in position 1 marked by small
circles, values calculated with the optical constants of thin crystal plates (d = 2,76 u) marked
by larger circles

Fig. 2b. Transmission of a sample of d = 35/r. Values measured in position 2 marked by small
circles, values calculated with the optical constants of thin crystal plates (d = 2,76 /r) marked
by larger circles
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Fig. 3. Optical constants nv n2 fc, k2 calculated from transmission curves (7\, T2 of thin
crystal plates

A good agreement with the measured values has been obtained by cal-
culating the transmission of samples of some 10~2 mm thickness with the
absorption coefficients and refractive indices determined from the transmission
curves of thin samples (see e.g. the calculated values for a sample of d = 35 (i
plotted as a solid line in Figs. 2a and 2b). In the case of plates of several 10“1
mm thickness divergences between calculated and measured values are observ-
ed. These divergences can be attributed to inhomogeneities which become
more perceptible in plates of such thickness.

It is evident from measurements and the transmission curves shown in
the Figures that the fundamental region of absorption of V205 “es *n tA4e
visible spectral range. Further, it can be seen from the curves that the position
of the fundamental absorption edge seems to be dependent on the direction
of vibration of the linearly polarized light. This phenomenon has been observed
in other anisotropic crystals too [9]. These problems, which are connected
with the determination of the hand gap will be dealt with in a further paper.
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©CONDITRWNE
“>ITO

OPZAS

OMPEAENEHWNE OMNTUYECKUX KOHCTAHT N TONWWHBI AHN3OTPOTMHbIX
KPUCTANMNNYECKNX MNACTUHOK MO N3MEPEHWIO MPOMYCKAHUA

n. XEBEW U

Pesome

WN3naraetcs mMeToA ANS onpeaeneHnst oNTUYECKUX KOHCTAHT U TOMLUHbI TOHKWUX, OfHO-
poOAHbIX, C€Na6o MOrNoWAoWMX aHU30TPOMHbLIX KPUCTANNUYeCKUX NNacTUHOK. Pa3paboTka
NpoBOAMNACH C MOMOLLLI0 KpaliiHWUX 3HaueHU A KPUBbLIX NPONyCKaHmMii. MeTog NpoBepeH B cnyuae
MOHOKpUCTaNa NATUOKUCK BaHaaWs. YCTaHOB/EHO, YTO 3TOT METO[ XOPOLWO ONpaBAbIBaeTcs
Ha MPaKTUKe W B ONpefieNeHHoli cneKkTpanbHO 061acTy faeT NonfesHble CBeAEHWS O NOBEAEHMUN
OMNTUYECKOI aHW30TPONMUKU KPUCTAaN/OB.
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The (re, 2re) cross sections were measured for the nuclei N14, F19 Ca48 Sc45 Mn55 Nis3
Cuéb, Zn#®4, Znds, Se&, Rb&, Rb87, Y&, Zr0, Mo®, Sn112 Sm1#M at an excess energy 3 MeV above
threshold. In addition, the (re, 2re) cross sections for the nuclei Zn64, Zn70, Ga6d, Ga7l, As7 Mo100,
Pb204 as well as the cross section of the process Pb2¥ (re, re’) Pb2Mm were determined at 14,7
MeV bombarding neutron energy. At 3 MeV excess energy a strong N — Z dependence has
been found in the (re, 2re) cross sections, valid for a broad region of neutron numbers which
can be accounted for by the influence of direct inelastic scattering leading to low lying levels
of the target nucleus. An empirical formula is given for calculating (re, 2re) cross sections.

Introduction

Various trends have been observed in (n,2n) cross sections vs. N, Z
or A for neutrons of about 14 MeV [56—8]. Near the threshold the (n, 2n)
cross section depends strongly on the difference between bombarding and
threshold energy, so the trends are predominantly determined by the C-values
(Fig. 1). It seems interesting to examine the behaviour of (n, 2n) cross sections
by normalising the excitation functions to each other, that is by taking con-
stant bombarding-threshold energy difference.

Experimental procedures and results

The total (n, 2n) reaction cross sections were measured with the activa-
tion method, choosing an excess energy of 3 MeV above the threshold. The
neutrons were produced by the 300 keV neutron generator of ATOMKI,
in D -f- T reaction. The samples were placed at different angles from the direc-
tion of the bombarding deuteron beam for varying the neutron energy (Fig. 2).
The activities of the irradiated samples were measured by a Nal(TI) scintilla-
tion gamma-spectrometer connected with a 100 and 128 channel amplitude
analyser, respectively, or by a mica end window GM counter. The following
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(n,2n) Excitation functions

Fig. 1. Excitation functions of (n, 2n) reactions

Fig. 2. Geometrical arrangement for irradiation

standard sources were used for calibration: Sr0 -|- Y90, C14, Coeo, Cs137, Pb2l°,
TI2¥4 in the case of the GM counter, Hg203, Mn54, Cs137, Y& (IAEA Vienna)
in the case of the scintillation spectrometer. The relative energy efficiency of
the gamma spectrometer was determined by using isotopes of known decay
scheme. The neutron flux was monitored continuously by a B10F3long-counter
and a plastic scintillator during the irradiation. The reactions AlZi(n, a),
AlZi(re, p), Cu63(re, 2n) and Cu6dn, 2n) were used as monitor reactions. The
data for the decay schemes have been taken from Nuclear Data Sheets. The
results obtained at 3 MeV excess energy are summarized in Table 1.
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Target

Enriched
Ca48C03

RbNO03
RbNO3
Y23
Se

Sc

Mno02
Cu
Zn
Zr

Sr
Ni

Cu
Zn

Sm

cbh 2n 4
cf2

Sn

* Extrapolated to 3 MeV.

INFLUENCE OF DIRECT INELASTIC SCATTERING

Table 1

Cross sections measured at an excess energy of 3 MeV

Reaction

Cad8(n, 2re) Cadl

Rb8&(n, 2n) Rb&
Rb87(n, 2n) Rb&
Y&re, 2n) Y&
Se&re, 2n) Sedl
Scére, 2re) Sc#

Mn65(re, 2n) Mn4
Cu6g(re, 2n) Cutt
Zne(n, 2re) Znb
Zr(n, 2n) Zr®

Sr8«(n, 2n) Sr&
Nis(n, 2n) Ni5/

Cub3(u, 2n) Cu
ZnbA(re, 2re) Zn&
Mo%2(n, 2n) Moad
Smldl(ra, 2n) Sm143
Niecn, 2re) N13
F19n, 2ra) F 18
Snll2(n, 2n) Sn1ll

Er
(MeV)
(25)

10,28

10,65
10,03
11,99

9,29
11,57

10,41
10,06
11,21
12,07

11,59
12,40

11,01
12,04
13,27
10,75
11,31
10,99
11,19

T 15%

(mb) at
Eexc~3 mev

860

830
1290
1010
1490*

320

750
810
550
800

570
45

495
288
280*
1600
8,2
63
1530

Monitor reaction

AlZi(n, a) ; 117 mb
E,, = 141 MeV
%

%

%

99
Cu6s(n, 2re) : 940 mb
at En= 14,1 MeV

CuB3(n, 2re) : 488 mb
at En= 14,1 MeV
%

%

%

%

%

%

99

< < < <

< <

< K <K K K <K <

89

Method

B
B

1 899 keV

B

1511 and

270 keV

: 835 keV
1511 keV
0 1114 keV
1511 and

915 keV

1 514 keV
1511

1511 keV
1511 keV
1511 keV
1 511 keV
1511 keV
1511 keV
1511 keV

In addition, the (n, 2n) cross sections at a neutron energy of 14,7 MeV
were determined for some nuclei for which no previous data are available
(Zn70, Pb204) or the existing data are not unambiguous. The experimental
arrangements were identical with those described above except for the irra-
diation geometry. The results obtained are indicated in Table 2.
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Table 2

Cross sections measured at a neutron energy of 14,7 MeV

Target Reaction En :@1,2'71 g_rm(,)\,)3 MeV En'\/lzorllizttc,)?r Le%c,goMneY Method

Enriched

Zn700 Zn70(n, 2n) Zne 1307 + 130 AlZ(ra, @) : 117 mb R

Enriched

Zn™0 ZnBAn, 2n) Zn&3 225 + 25 % 3

Mo Mo100(n, 2n) Mo% 1762 + 200 9 R

Gad3 Gatyn, 2n) Gaes 1088 + 100  AlZAn,p) : 73 mb R

Ga23 Ga7l(n, 2n) Ga™ 961 + 100 0 R

As2 3 AsTN, 2n) As74 1092 + 120  Cu€gn, 2n) : 970 mb vy :511 + 596
keV

Pb Pb2¥n, 2n) Ph23 1575 + 160 w y : 279 keV

Pb Pb20(u, n”) Ph2uim 76,5 £ 8 % y 1899 + 912
keV

Discussion

In accordance with the previous results [9] the cross section values
measured at 3 MeV excess energy were found to differ from each other markedly
even if the neutron numbers are identical. Plotting these values against
N —Z at given N, the data lie on a straight line (Fig. 3, dots), independently

Fig. 3. The cross section for the (n, 2n) reaction as a function of N—2Z with N as a parameter.

Dots: values measured at En = Eu,r + 3 MeV; triangles: values measured at En= 14,7 MeV

and reduced to En— E"r= 3 MeV, crosses: values from references [2], [L0—15], reduced
to En— Etfa = 3 MeV
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of Z being even or odd. The straight lines belonging to different N are parallel
to each other in a good approximation, except for N = 28. For studying this
trend it is more favourable to fix N rather than Z because this permits to
extend the investigation to more nuclei.

In order to extend the investigation to a broader region, the data of
Table 2 measured in the region Ethr(n, 2re) <7 En <7 Ety,r(n, 3re) as well as
some data given by others (Tilg Fe5 [10], Ge70 [11], Fe%[12], Rh103 [13],
Ndi®2 [14], Bal¥*, Celd0 [15] and Cs1 [2]) have been reduced to 3 MeV excess
energy by using the “w eissxopr estimate” [17]:

Eec

) E
Min Gim - 1+ exce T
T

where is the neutron emission cross section, JSexc 4Sthe excess energy above
the threshold, T isthe temperature ofthe intermediate residual nucleus. The nuc-
E.,

0,115 A
[16]. As it has been found [10], the above formula describes the form of the

(re, 2re) excitation functions well. Plotting these cross sections too (Fig. 3,
triangles and crosses) it is seen that the N — Z dependence of ar<2n is identical
in a broad region of neutron numbers.

On this basis a single formula can be given for calculating (re 2re) cross
sections:

lear temperature has been calculated by means of the formula T =

a(Z+AZ,N) = [a(Z,N)Tm (Eex) A Z] .

For Eexc= 3 MeV one finds m(15exc) = 231 mb. If the value of Gr,m 4Sknown
for a definite N and Z, this formula allows to calculate a1 for other Z values
at the same N. The empirical formula gives good cross section values in the
interval 30 <[ JT 120 investigated. The empirical formula given can be
applied also to other energies by using the “w eisskopr estimate” for taking
into account the energy dependence.

As it can be seen from the data of Table 1, the <f12n values differ greatly
even for the same target neutron number (e.g. the nuclei Ni58 Fe5% Mn%
belonging to N = 30 have the cross section values 45 mb, 500 mb and 750 mb,
respectively), so no significant shell effect can be recognised vs. the target
neutron or mass number.

The Q values of the (re, 2re) reactions for N — Z = const, show a shell
effect vs. neutron number [18]. According to the w eisskopr relation this
shell effect must appear in the cross sections too. Choosing a constant excess
energy, the shell effect caused by the neutron binding energy can be eliminated.
This allows to investigate the other trends that may appear in (re, 2re) cross
section, under clearer conditions.
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The N—Z dependence of <7,2, must be attributed to the quantity
°n,M: The trend appearing in the same manner in a broad region of neutron
numbers cannot be accounted for by concurrent charged particle reactions
supposed formerly [7], since the trend is independent of whether the cross
sections of charged particle reactions are high or low as compared with an2n.
The N—Z dependence cannot be explained by (n,y) reactions either because
of the negligibly small cross sections. Differences in the relative excess energy

(arising because of the differences in Q even at the same excess energy) may
influence the (n, 2n) cross section. However, the pairs of nuclei Zn70, Ga7l
as well as Y8, Zr®0 exhibit the same N —Z dependence which was observed
for other nuclei, although their Q values are identical.

The nonelastic cross section are — an,M + Oncharged + <*ny iS a smooth
function of the mass number [26]. For heavy nuclei are  <n>Al. Since an,Mm —
= Bnn- + M'rmr on the basis of the statistical model <n,2h bas a maximum
value, where an,2n{max) = an,me This means that one can neglect the cross
section of nonelastic scattering leading to low-lying levels of the target nucleus
[under the binding energy (Bn) of the last neutron] aswell as the y-de-excit-
ation from the levels above Bn.

According to the experimental data, the difference are — (ffn,2n(max) +
+ cm>charged + ffny) depends on N—Z and for a given N it tends to zero
with increasing N—Z (see e.g. Fig. 4). The values Gne\ ~n, charged? &ny
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M2 tax) are known experimentally (e.g. for N = 50), so the deviation can
be caused by the (re, re’) process, i.e. 0>ji2n(max) an,M‘ Supposing that y-de-
excitation from the levels above Bn is negligible as compared with neutron
emission (which can be expected in the energy region where On 2L is near its
maximum value [19]), the cross sections for (re re’) processes leading to levels
under Bn must depend on N—Z and have to be considerably greater than
expected on the basis of the statistical model. This supposition is supported
by experimental data on inelastic scattering. E.g. or™1 belonging to the first
2+ state of Fe%% (20) and Th2® (21) has a considerably large value even at a
bombarding neutron energy of about 15 MeV. According to our measurements,
at En=_ 14,7 MeV the cross section ratio for Pb204(n, 2re) Pb203 and P b204(re, re’)
pbZ4m ig 21, while the ratio predicted by the statistical model is greater than
300. According to the measurements of ste1son et al. [22] as well @S Pear-
stein and winnorLo [23], the excitation of low lying collective levels is con-
siderable also at a neutron energy of En > 10 MeV and does not vary strongly
with increasing neutron energy. The peaks corresponding to these levels
appear significant in the spectrum of scattered neutrons in a broad region of
mass number. The cross sections for inelastic scattering which lead to the exci-
tation of collective levels have been successfully interpreted by the perey —
Buck oOptical potential containing N—Z dependence [24].

According to the above considerations, the N —Z dependence of the
(re, 2re) cross sections can probably be accounted for by the influence of direct
inelastic scattering.

We are indebted to Professor A. s:a1ay for his interest in the present
work and for the excellent working conditions he provided. The authors thank
L. sunkoczi for his assistance in operating the neutron generator.
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BAUAHUE MPAMOIO HEYMPYIOro PACCEAHUA HA
CEYEHUE (n, 2n)

M. YNKAW uw . NET3

Pesome

M3mepsnucb ceveHus gns peakyun (n, 2n) ans agep N'4, F19 Ca48 Sch Mn% Nis3
Cu6b Zn#®4, Zn(G Se® Rb& Rb&7, ¥8, Zrd Mo® Snll2 SmMc u3nuwkom aHeprun B 3 MaB
Haj noporom. Hapsagy ¢ aTum, cevyeHus peakuuu (1, 2n) onpefensnucb Kak Ana agep Zn64
Zn7, Ga®, Ga7l, As’h Mol Pb2¥ Tak n ans npouecca Pb24(n, n') Pb204m 3sHeprumn 14,7 MaB
6oMbapaMpyOWMX HENTPOHOB. [pu um3nuwWwHen aHeprum 3 MaB B cevyeHuM peakuumu (n, 2n)
Habntoganacb cunbHas N—Z 3aBUCMMOCTb, AeiiCTBUTeNbHAaA ANA WWPOKOro WMHTepBana 4ucna
He/iTPOHOB, 0 KOTOPOM MOXHO CYAUTb N0 BAWUAHWIO MPAMOr0 HEYNPYroro paccesHus, BefyLlero
K HU3KO fieXKaliMmMm YpPOBHAM ffep MULLeHW. [laeTcsa amnupuyeckas gopmyna ANs BblYUCIEHUA
nonepeyHbIX CeYeHnn peakuum (n, 2n).
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UBER DIE NIVEAUDICHTE DER ATOMKERNE

Von

Th. Neugebauer

INSTITUT FUR THEORETISCHE PHYSIK DER ROLAND EOTVOS-UNIVERSITAT, BUDAPEST

(Vorgelegt von K. F. Novobatzky. — Eingegangen: 14. V1. 1966)

Nach einer kurzen Diskussion der Frage, weshalb wir das elementare zwischen zwei
Nukleonén wirkende Kraftgesetz noch immer nicht kennen und wofiir hauptsachlich der Man-
gel an angeregten Niveaus der leichtesten Kerne verantworlich gemacht wird, folgt die zuerst
rein klassische Besprechung des Problems, dass in welchen Gebieten bei den in der Kern-
physik hauptsdchlich in Rede kommenden Potentialansdtzen die Energie negativ sein kann.
Weiter wird dann zuerst mit Hilfe der Bohrschen Theorie berechnet, ob es in diesen Gebieten
auch Quantenzustdnde geben kann. Im nédchsten Paragraphen werden dann diese Resultate
vom Standpunkte der Quantenmechanik aus betrachtet. Im letzten Teil wird endlich gezeigt,
dass wenn es sich um die Wechselwirkung von vielen Nukleonén handelt, die Gebiete in denen
die Energie negativ ist, sehr wesentlich vergrdssert werden, die Quantenbedingungen sich
dagegen nur viel weniger dndern. Die Ursache dieses Umstandes ist kurz, dass sich die poten-
tiellen Energien als Skalare, die Krafte dagegen als Vektoren addieren. Dieser Tatbestand
erklart ganz ungezwungen das Auftreten von verwickelten Termschematen bei schweren Ker-
nen, also von solchen Erscheinungen, die schon teilweise zu denen in der Elektronenhille auf-
tretenden analog sind.

Einleitung

Man kann es nicht leugnen, dass sich die Theorie der Atomkerne,
trotz sehr vielen Bemiuhungen, noch immer in dem bedauernswerten
Zustande befindet, dass wir die elementare zwischen zwei Nukleonén auf-
tretende Wechselwirkung — wenn wir die auch im allgemeinsten Sinne des
W ortes verstehen — noch garnicht kennen. Beziglich der Ursache weshalb
theoretische Untersuchungen hier keinen Erfolg gehabt haben, sei hier nur
folgendes erwéhnt: In der Physik der Elektronenhulle ist selbstverstdndlich
das einfachste Problem das des Wasserstoffatoms, der analoge einfachste
Fall in der Kerntheorie wdre das Deuteron. Vom W asserstoffatom waren je-
doch schon vor der Entdeckung der eigentlichen Quantentheorie dutzende
von Spektrallinien bekannt, das Deuteron besitzt dagegen gar keine angereg-
ten Energieniveaus, sondern nur einen Triplett-Grundzustand und einen —
jedoch nur mehr virtuellen — angeregten Singulettzustand. Wenn wir also
auch den letzteren noch als genau bekannt betrachten, so sind auch das nur
zwei Daten und da man weiter zur Erkldrung der Bindung des Deuterons
ein Potential annehmen muss, dass sich wenigstens in grdsseren Entfernungen
sehr schnell &ndert, so muss solch ein Potentialansatz doch wenigstens zwei
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Konstanten enthalten und wenn dieser Ausdruck nur nicht ganz ungeschickt
gewadhlt ist, so ist die Bedigung des Auftretens der erwé&hnten zwei Niveaus
mathematish immer erfillbar. Es ist zwar wahr, dass das Deuteron ausserdem
auch noch ein elektrisches Quadrupolmoment besitzt. Zur Erkldrung von
dem muss man jedoch unbedingt annehmen, dass die zwischen den zwei Nuk-
leonén wirkende Kraft nicht ganz zentral ist und dazu muss im Potential-
ansatz doch noch wenigstens eine weitere Konstante eingefiihrt werden, welche
dann wieder so wadahlbar ist, dass das erwdhnte Quadrupolmoment richtig
herauskommt. Das magnetische Dipolmoment des Deuterons weicht dagegen
nur so wenig von der algebraischen Summe der Momente des Protons und
des Neutrons ab, dass man daraus keine wertvolle Schlisse bezuglich unseres
Problems ziehen kann.

Die nédchstfolgenden einfachsten Kerne waren das Triton und das 3He.
Doch sind die schon Dreikdrperprobleme. Es ist schon wahr, dass diesem
Problem die Quantenmechanik nicht so machtlos gegenilibersteht, wie die
klassische Theorie — das beweisen z. B. die aus der RiTzschen Methode ausge-
henden Berechunngen von Hyi11eraas, Welche beim He die experimentelle
Genauigkeit erreichen — doch wéren umgekehrt solche Berechnungen kaum
dazu geeignet aus ihnen zwangsldufige Schlisse auf das auftretende Kraftgesetz
zu ziehen. Angeregte Niveaus besitzen diese Kerne ebenfalls nicht.

Gegen unsere bisherigen Betrachtungen kdnnte man einwenden, dass
wenn auch das Deuteron keine angeregten Zustdnde besitzt, an denen man
einen angenommenen Potentialansatz ausprobieren kdénnte, man doch an
Nukleonén Streuversuche vollfihren kann und je grossere Energien man dabei
anwendet, desto mehr erfahrt man dartber, wie sich das Potential bei kleinen
Entfernungen verh&lt. Das ist zweifellos richtig, doch muss man hier den fol-
genden Umstand beachten: Die Streukurve ist selbstverstdndlich eine kon-
tinuierliche Funktion und aus der zieht man dann Schlisse auf eine weitere
ebenfalls kontinuierliche Funktion, namlich auf den Potentialansatz. Es ist
jedoch eine bekannte mathematische Erfahrung, dass analytisch sehr ver-
schieden aussehende Funktionen —e wenigstens in einem gewissen Bereich —
praktisch ganz den selben Funktionengang beschreiben kénnen. Im vorliegenden
Fall ist es deshalb garnicht sicher, ob man ein tatsdchliches Naturgesetz oder
nur eine geschickte Interpolationsformel gefunden hat. In der Physik der
Elektronenhille waren die Verh&ltnisse diametral entgegengesetzt. Die Balmer-
formel, die nicht eine kontinuierliche Funktion sondern ein Punktspektrum
darstellt, h&tte ganz unmdglich bloss eine geschickte Interpolationsformel
sein kdnnen, sondern es war gleich nach ihrer Entdeckung klar, dass sie ein
damals noch unbekanntes jedoch wirkliches Naturgesetz enthalten muss.
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1.

Zuerst wollen wir rein klassisch die Frage besprechen, dass wo — bei
der Annahme von verschiedenen Kraftgesetzen — lGberhaupt negative Energie-
werte auftreten kénnen, weil ja das die erste Bedingung dafur ist, dass es nach
der Quantenmechanik in solchen Gebieten stabile Niveaus geben soll. Betrach-
ten wir zuerst zu diesem Zwecke den einfachsten Fall in dem die auftrende
Kraft zu einer negativen Potenz der Entfernung proportional ist, setzen wir
also

K=~ — 1)

und nehmen ausserdem an, dass es sich um Kreisbahnen handelt. Aus der
Gleichheit der zentripetalen und zentrifugalen Kraft folgt dann in den ge-
wohnten Bezeichnungen

A = : )
W eiter besteht die Energiegleichnung

= — N 2 .
E= n i 1 rn—1 mv @)

und durch Elimination von v aus (2) und (3) folgt

E = (4)
- l - l _I_I '1

n — 2 ist selbstverstandlich der Bohrsche Fall des Wasserstoffatoms. Bei
n = 3ist E bei allen Werten von r gleich Null und wenn n> 3 ist, so wird E
positiv, man misste also Energie zufihren, damit das Teilchen auf einem
tieferen Niveau verweilen kann. Solche Potentialansédtze wirden also zu einer
Art Katastrophe fihren; das umkreisende Teilchen misste in das Kraft-
zentrum hineinfallen und dabei wirde eine unendlich grosse Energie frei
werden. Im falln= 2 wirde zwar beim Hineinfallen des Teilchens in das Kraft-
zentrum ebenfalls eine unendliche Energie auftreten, bei diesem Kraftgesetz
kann jedoch das umkreisende Teilchen dauernd auf einer stabilen Bahn
(tiefste Quantenbahn) verweilen.

Den ganz speziellen Fall n = 1 miissen wir noch gesondert betrachten.
Dann haben wir ndmlich fiir die potentielle Energie;

V=Aj—dr= A log r/5 (5)
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also fir jeden Wert von r0
E= —o0. (6)

Stabile Niveaus kann es also bei der Giultigkeit des Kraftansatzes (1)
nur dann geben, wenn 3 >n>1 ist. Das Auftreten von gebrochenen Potenzen
in (1), das ja nach den vorangehenden Gedankengang zwischen diesen Grenzen
maoglich ware, ist jedoch aus dimensionalen Grinden recht unwahrscheinlich,
weil es sich ja dann um ein Naturgesetz handeln misste, in dem auch die
Dimension der Konstante A eine gebrochene Potenz der L&nge enthalten
miisste. Es bleibt also allein der Wert n = 2 als verniunftige Lésung ubrig
und tatsdchlich ist (wenigstens im Euclidischen Raum) nur dieses Kraftge-
setz verwirklicht, wie ja das das elektrische, das magnetische und das Gravi-
tationsfeld zeigen. Multipolkréfte die scheinbar eine Ausnahme von dieser
Regel bilden wirden, kann man ja immer auf Singulettpolkré&fte zurtckfihren,
weil ja Multipole bloss eine mathematische Abstraktion sind. ldeale Multi-
pole gibt es in der Natur nicht. Bei elektrischen Kraften ist diese Behauptung
unmittelbar evident, aber auch im magnetischen Falle sieht man es gleich,
dass trotz dem, dass die Feldintensitdt jetzt durch einen axialen Vektor be-
schrieben wird, man z. B. das Feld einer Stromschleife zwar durch eine Dop-
pelschicht beschreiben kann, man kann jedoch diese flachenhaft verteilte
Dipolschicht nicht in ein punktféormiges (also mathematisches) Dipol von
endlichem Dipolment zusammenziehen. Im Zusammenhang mit dieser Frage
ist es noch interessant zu erwahnen, dass nach den neuen Hofstadterschen
und Wilsonschen Messungen, sogar auch das magnetische Moment der Nuk-
leonén in einem endlichen Volumen verteilt ist. Die van der Waalssche Energie
ist ausserdem auch nur ein gewisser zeitlicher Mittelwert von den von Dipol-
kraften verursachten Energiednderungen. Ausser diesen erwdhnten Um-
stdnden besteht ja selbstverstdndlich auch die elementare Regel, dass wenn
sich irgend eine Wirkung, die nicht verlorengehen kann, gleichmé&ssig im
Raume verteilt, deren Dichte proportional zu 1/r2 abnehmen muss.

Zur Ergdnzung der hier gesagten fihren wir noch die kinetische Energie

1
T — E mv2ein, dann haben wir

E= [— —emmm — 2T. )
V2 n—1

Also folgt im Bohrschen Falle (n = 2)
E= —T; (8)
ist dagegen n = 3, so haben wir dauernd
E=0, )
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und bei dem Auftreten eines logarithmischen Potentials (n = 1)

(10)

2.

Nach diesen elementaren Betrachtungen wollen wir jetzt sehen, wie
die analogen Verhdltnisse bei den halbempirischen, zur Beschreibung der
Kernkréfte (also der sogenannten starken Wechselwirkung) eingefiihrten Po-
tentialansdtzen sein werden. Besonders vier Funktionen haben bei der Be-
schreibung dieser Wechselwirkung eine gewisse Bedeutung erlangt, das einfache
Kastenpotential, das YuKAW A-Potential, das GAUss-Potential und das Expo-
nentialpotential. Zuerst wollen wir das wahrscheinlich wichtigste von denen,
dem man ja auch eine gewisse theoretische Begrindung geben kann, das
YuKAW A-Potential, betrachten. Aus dem folgt fir die potentielle Energie

V= — e~br. (11)

r

Aus der Gleichheit der zentrifugalen und der zentripetalen Kraft erhalten wir
wieder

A
- + b ebr (12)

T

und fur die ganze Energie
E = (13)

Es konnen also nur dort stabile Niveaus vorhanden sein, wo 1/r b ist,
also bei kleinem r. Fihren wir wieder explizit die kinetische Energie T = — m»s

ein, so folgt

E= - T. 14
1+ br (14)

Ist r so klein, dass auch noch br 1 ist, so geht (14) in

E=-T (15)

Uber, also in unser Resultat (8). Auf die Besprechung der beim Yukawa-
Potential auftretenden weiteren Verhdltnissen kommen wir im néchsten
Paragraphen noch zurick.
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Im Falle des GAUss-Potentials haben wir

V = —Ae-b (16)

und aus der Gleichheit der Krafte bei Kreisbahnen folgt wieder

N - =2 Abre~bn a7)
r

Aus (16) und (17) erhalten wir also fur die ganze Energie

E=V+y mv2= A {br2- 1)e-br2. (18)

Stabile Niveaus kann es also nur dort geben, wo 1/r2> 6 ist, d. h. wieder
bei kleine r.

Bei der Beniltzung eines einfachen Exponentialpotentials haben wir
V= —Aer (19)
und weiter wieder bei Kreisbahnen
= Abe br (20)

und

E = - Ae®r = A br—1 o (21)

Stabile Niveaus kénnen also nur dort auftreten, wo r </ 2/6 ist.

In den beiden zuletzt betrachteten F&llen wollen wir jetzt wieder die
kinetische Energie explizit einfihren. Bei einem GAUSSschen Potential folgt
dann aus (17),

r= —2 mv2= Ab r2e-b2 (22)
und weiter aus (18)
E - bri- 1T (23)
br2

W ird wieder r sehr klein, so nédhert sich nach (22) und (23) E dem kon-
stanten Wert

E= - A (24)
und T zu

T=0. (25)
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Bei der Beniltzung des einfachen Exponentialpotentials vom Typ (19)
folgt dagegen, wenn wir wieder die kinetische Energie T explizit einfihren

—2Abre~lf (26)

und aus (21)
E = T. 27)

Fur sehr kleine r erhdlt man also auch jetzt
T=0und E——A. (28)
Im Falle eines einfachen Kastenpotentials hdtten wir

K(r) = - VO fur r< b (29)
0 fur r> b

Tatsédchlich kann man oft die wirklich auftretenden Verhéltnisse mit
Hilfe von solch einem Potential phenomenologisch ganz richtig beschreiben,
als wirkliches Naturgesetz wdére jedoch solch ein Potentialansatz (wenn man
nur nicht eine diskontinuierliche Raumstruktur annehmen wirde) hdéchst
unwahrscheinlich. Negative Energiewerte kann es nach (29) selbstverstdndlich
Uberall geben, wo r < bist, und fur die kinetische Energie kann maD klassisch
keinen fixen Wert angeben, sie muss nur kleiner als VO sein.

Selbstverstandlich kénnte man sich noch sehr viele Potentialtypen aus-
denken, die mit abnehmendem r sehr schnell (numerisch) grésser werden[1].
Dieser Bedingung wiirde z. B. sogar auch die potentielle Energie

b
= —Ae+ ~y (30)
genugen. Dann hdtten wir
Ab b
- = ——e+ ~r (31)
r2
und
E=A LB ) 4 (32)
2 r )
oder
E 1 - E iT. (33)
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Stabile Niveaus gibt esin diesem Falle also nur im Gebiet, in dem —

> 1 ist, ein fir die Kernphysik ganz absurdes Resultat.

Wegen der grossen Wichtigkeit des YUKAW A-Potentials kommen wir jetzt
nocheinmal auf diese Frage zurlck. Bekanntlich kann man fir diese Wechsel-
wirkung eine Art theoretische Herleitung geben. Betrachten wir nd&mlich die
(skalare) «k 1ein —GORDONsche Wellengleichung fiur ein Teilchen, das die
Masse fi besitzt, und setzen wir (ganz willkirlich) die zweite Ableitung nach
der Zeit in dieser Gleichung gleich Null, so erhalten wir

4jrn 12
AW - 1 —wW=o0. (34)
h2

Als Losung dieser Differentialgleichung folgt bekanntlich wie man leicht
nachrechnet,

W=x/reg~2*n" (3%)
r

wobei g2eine Integrationskonstante ist. (35) ist, abgesehen von den benitzten
anderen Bezeichnungen, die von uns in (11) eingefuhrte potentielle Energie

V= oeees e~br. (36)

Bericksichtigen wir noch, dass die Kernkréfte eine ungefidhre Reich-
weite von dem klassischen Elektronenradius (e2Zmc2) haben, also 1/b von dieser
Grossenordnung sein muss, so folgt dass # ungefdhr die Grdsse einer Mesonen-
masse hat. Deshalb nimmt man an, dass das Kernfeld hauptsédchlich n -Mesonen
verursachen. Jedenfalls kann diese Ubereinstimmung auch nur ein blosser
Zufall sein, fur unsere Betrachtungen ist jedoch der Umstand sehr wichtig,
dass da auf der rechten Seite von (36) der exponentielle Faktor eine dimensions-
lose Grodsse ist, A notwendigerweise die Dimension von dem Quadrat einer
elektrischen Ladung besitzen muss. W eiter ist es interessant zu bemerken, dass
eben die Kernkréfte (also die sogennannte starke Wechselwirkung) nur mit
nicht ganz zwei Grdssenordungen die elektromagnetische Wechselwirkung
iibertrifft. Dagegen ist die schwache Wechselwirkung von der elektromagne-
tischen und diese wieder von der Gravitationswechselwirkung um sehr viel
mehr Grdssenordnungen verschieden.
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Fihren wir jetzt in (36) statt A die Grdsse 131 = o ein, welche also die
Dimension einer elektrischen Ladung besitzt, so kénnen wir statt der poten-
tiellen Energie V das Potential

(p= — e~br 37)
r

einfuhren, @ genugt selbstverstandlich ebenfalls unserer Differentialgleichung
(34), die wir jetzt in der Form

Jlep —b29p= 0 (38)

schreiben kénnen.

(38) hat jedoch vollstanding die Form einer PoissoNschen Differential-
gleichung

Amp-f-4np= 0. (39)

Durch Vergleich von (38) und (39) folgt also

dnp= —Db2@ (40)

und daraus
62 )
€= = g (41)

Setzen wir hier noch (37) ein, so folgt weiter

Q (42)

an;, r

Diese verschmierte «Ladungsdichte» umgibt also das im M ittelpunkte sich
befindende Kraftzentrum von der «Ladung» a und schwdacht dessen Feld von
einem coulombartigen auf das YuKAWAsche ab. Ist diese Behauptung tatsdch-
lich richtig, muss die Ladungsdichte (42) das YuKAWAsche Potential reprodu-
zieren. In einer Entfernung rOvom Zentrum mussen wir also nach der Poten-
tialtheorie das Potential

9(r0)= f 4n; gr2dr -)-4n qrdr (43)

0
beobachten.
Tatsdchlich folgt, wenn wir g aus (42) in (43) einsetzen,

9s (ro) (44)

und damit ist unsere Behauptung bewiesen.
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Ergédnzend wollen wir noch die ganze um das Zentrum herum ver-
schmierte «Ladung» berechnen. Wir haben

Q= 4n fgr~dr, (45)
0

und setzen wir hier wieder q aus (42) ein, so folgt nach elementaren Rechnungen
Q= -a. (46)

Im Unendlichen neutralisiert also diese verschmierte Ladung die zentrale
vollstdndig, praktisch jedoch schon in einer Entfernung, die gross im Verhéltnis
zur Reichweite der Kernkréfte ist.

Im Zusammenhang mit dieser Frage ist es interessant zu erwdhnen,
dass nach den HoFSTADTERschen und WIiLSONschen Untersuchungen [2] die
Nukleonén keine DiRACschen Teilchen sind, also sicher nicht als punkt-
formig betrachtet werden kénnen, sondern eine rdumliche Struktur besitzen,
deren Ausdehnung von der selben Gréssenordnung wie die Reichweite der
Kernkrafte ist.

Wir sehen also, dass das YuKAW A-Potential auch in dieser Hinsicht eine
ganz ausgezeichnete Rolle spielt. Unsere Potentialansdtze (16) oder (19) wiirden
z. B. eine so einfache und plausible physikalische Interpretation gar nicht
zulassen.

Alle unsere bisherigen Betrachtungen waren rein klassisch. Wir wollen
jetzt sehen, was an unseren Resultaten abzué&ndern ist, wenn wir zuerst
die BoHRsche Quantentheorie einfuhren. Im Falle unseres Kraftansatzes (1),
also

(47)

sind (bei der Annahme von Kreisbahnen) die BoHRSchen Quantenbedingungen
2n:mrV= kh (48)

bei jedem Wert von n erfillbar. Doch erhédlt man stabile Bahnen, wie wir
das schon im § 1 besprochen haben, nur, wenn die Ungleichung 3 ]> n > 1
besteht, und auch von diesen Werten von n wird wahrscheinlich nur das
Gesetz mit n = 2 eine naturwissenschaftliche Realitdt besitzen.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



UBER DIE NIVEAUDICHTE DER ATOMKERNE 105

Im Falle eines YtrKAW A-Potentials ist die Quantelung bei Kreisbahnen
ebenfalls modglich. Aus der Gleichsetzung der zentrifugalen und der zentripeta-
len Kraft folgt

g—or (49)
Fir die Energie haben wir also

E=V+T=— Ae~tr (50)

W eiter erhalten wir aus der Quantenbedingung (48)

aopye K2 (51)
2n

und aus (49)

m2r2v2= m 2 A \I n—br (52)
r

Die Gleichsetzung von (51) und (52) gibt den Zusammenhang
foh2= 4n2mr2A — + fge-br. (53)

Durch Elimination von Ae krfolgt weiter aus (50) und (53) nach elemen-
taren Rechnungen

k2h2 1 _ 2 . (54)
812m r2 1+ br

also dasselbe Resultat, das schon von Rawls und Schultz [3] hergeleitet

wurde. Setzen wir in (54) 6 = 0, so erhalten wir die Resultate der Bohr-

schen Theorie.

In (54) ist es nicht gelungen, r zu eliminieren, das bedeutet jedoch nicht,
dass diese Grosse noch frei wahlbar ware, weil deren Wert ist schon durch
(48) und (49) eindeutig festgelegt.

Im Falle eines GAUSS-Potentials kdnnen wir wieder unter Annahme
von Kreisbahnen analog verfahren. Nach (16) schreiben wir die dabei auf-
tretende potentielle Energie in der Form

= — Ae~b2. (55)
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Analog zu (49) folgt dann weiter

2Ab rer (56)

Fur die Energie erhalten wir jetzt
E=V sz vz = (br2— 1) Ae~br2. (57)

Berechnen wir wieder m W einerseits aus (48) und andererseits aus (56)
und setzen diese Ausdriicke einander gleich, so folgt analog zu (53)

k2h2= 8n2bm r4Ae br2. (58)

Aus (57) und (58) erhalten wir durch Elimination von Ae~br*

k2h2 1 (59)
82i br2

Bei einem einfachen Exponentialpotential haben wir nach (19)

V= —A n—br (60)
und analog zu (49)
Abe -br (61)
und weiter dhnlich zu (53)
kK2h2= 4n2mr3bAe " (62)
Fir die Energie folgt
E= V Jmv2= — br—1 Aedbr (63)

und, wenn wir Ae br wieder aus (62) und (63) eliminieren,

k2h2 1_ (64)
8n2mr2 br

Die Beriucksichtigung von Ellipsenbahnen wére in den hier besprochenen
Fallen mit sehr grossen mathematischen Schwierigkeiten verbunden, da ja
dieses Problem auch schon in dem BouRschen Fall nicht ganz einfach ist. Man
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kénnte es jedoch kaum erwarten, dass aus solchen Berechnungen etwas quali-
tative wesentlich anderes herauskommen wirde als die hier erhaltenen Re-
sultate.

Es sei nur noch bemerkt, dass bei kleine Werte von r im Falle eines
Yy ukawa-Potentials die kinetische Energie T nach (15) in die aus der sonr-
schen Theorie folgende Ubergeht, bei der Benilitzung eines caussscnen oOder
eines einfach exponentiellen Potentials geht dagegen T in diesem Falle nach
(25) und (28) zu Null. Da jedoch dann notwendigerweise auch die Geschwindig-
keit v zu Null gehen muss, so werden die Quantenbedingungen unerfillbar.
Dieser Umstand beweist auch die grosse Uberlegenheit des YuKAWA-Poten-
tials.

Jetzt wollen wir noch die Frage besprechen, das was die Anwendung
der Quantenmechanik zu unseren bisherigen Resultaten hinzusetzen kann.
Erstens kann man alle unsere in den vorigen Paragraphen erhaltenen Er-
gebnisse mit Hilfe derw entze1— B rit10uin —KRAMERSschen Approximations-
methode oder mit Hilfe von einer weiteren Vervollkommnung derselben
angendhert in die Quantenmechanik Gbertragen. Zur exakten Lésung der bereits
besprochenen Probleme nach der Wellenmechanik muss man jedoch fur
jeden einzelnen Fall eine andere mathematische Ldésungsmethode ausarbeiten,
und erhilt deshalb garnicht solch eine einfache Ubersicht Giber die auftreten-
den Verhdaltnisse, wie nach der BoHRschen Theorie.

In einigen einfachen Fé&llen kann man jedoch die Wellengleichung, die
entsteht, wenn wir fir die potentielle Energie einen Ausdruck von denen, die
wir in unserem 82 besprochen haben, einsetzen, im kugelsymmetrisch ange-
nommenen Grundzustande tatsdchlich l6sen. So erhédlt man fur den Fall des
einfachen Kastenpotentials innerhalb dieses »Kastens« als Ldsung eine ein-
fache Sinusfunktion und ausserhalb eine Exponentialfunktion selbstverstdnd-
lich mit negativen Exponenten. Bei der Beniitzung eines einfachen Exponen-
tialpotentials von der Form (19) kann man dagegen die entstehende Wellen-
gleichung mit Hilfe von BESSEL-Funktionen positiver Ordnung l6ésen.

Das Problem des zu 1/r2 proportionalen Potentials haben zuerst Mott
und massey [4] quantemeehanisch betrachtet. Nach ihnen hat sich Aaana
ore [5] Mit diesem Problem beschaftigt, und weiter dann case [61. Unter
Bertcksichtigung seiner Resultate hatdanna aana ore Seineeigenen etwas kor-
rigiert. Nach cas.. der ausser der SCHRODINGERschen Theorie auch die o irac-
sche angewandt hat, kénnen bei einem zu 1/r2 proportionalen Potential nur
dann Energieniveaus auftreten, wenn man in die Wellenfunktion eine Phasen-
konstante B einfiihrt, die also fir kleine X in der Form

n= Cx” cos (A log nat x -j- B) (65)
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schreibt. Anschaulich entspricht das der Annahme, dass die Giltigkeit der
Potentialfunktion bei einem kleinen Wert von r(r = e) aufhért. Der Wert
von B hédngt dann unmittelbar mit diesem e zusammen. Sonst gibt es in
diesem Fall nach dem genannten Verfasser keine Niveaus, und das ist dasselbe
Resultat, das wir in unserem § 1 fiir den Kraftansatz

* = 4rJ <66)

auf elementarem Wege hergeleitet haben. case erhielt nach seiner Methode,
wenn er auch die erwd&hnte Phasenkonstante einfiihrte, ein punktartiges
Energiespektrum von minus Unendlich bis Null, wo ein Verdichtungspunkt
auftritt und Uber dem ein positives Kontinuum. Ein interessantes Ergebnis
dieser Berechnungen war noch, dass sich mehr Eigenfunktionen als die zur
Bildung einer kompletten orthogonalen Funktionenreihe genigenden (also
eine Uberkomplette Reihe) ergeben haben.

Mit dem so wichtigen Problem der Lésung der SCHRODINGERgleichung,
wenn man fir die potentielle Energie das YuKAWA-Potential (11) beniitzt
hat sich in letzterer Zeit w arris [7] beschéftigt. Er benitzte perturbations-
und variationstechnische Methoden zur angenédherten Ldsung dieses Problems.

6.

In den vorangehenden Abschnitten haben wir es gesehen, dass bei den
in der Kernphysik in erster Linie in Frage kommenden Potentialansdtzen es
nur sehr wenig stabile Energieniveaus geben kann. Die Ursache von diesem T at-
bestand ist erstens, dass die Gesamtenergie nur in verhdltnisméssig beschrank-
ten Bereichen negativ ist, und dazu kommt noch, dass dort selbstverstdndlich
auch die Quantenbedingungen erfullt sein missen. Tatsédchlich besitzen ausser dem
Deuteron auch die bekannten Dreikdrperprobleme der Kernphysik (das Triton
und das 3He) keine angeregten Zustdnde. Beziliglich der Existenz von angereg-
ten Niveaus des 4He verweisen wir auf die neue kritische Besprechung dieser
Frage vOon Argan, Mantovani, Marazzini, Piazzoti UNd Scannicchio [8].
Die weiteren Kerne besitzen schon angeregte Zustdnde, jedoch noch relative
wenige. Die Daten fiir die Kernevon A = 5bisA = 10 sind in dem zusammen-
fassenden Berichtvon Lauritsen UNd Ajzenberg— setove [9] zufinden. Noch
weitere Kerne besitzen schon mehr angeregte Zustédnde; diesbeziiglich erwéh-
nen wir die schon dltere Arbeit von e nae UNd van aer Leun [10] fUr die
Systemnummern von 11 bis 20. Andererseits haben Kerne, welche aus vielen
Nukleonén aufgebaut sind, sehr viele Energieniveaus und meistens ziemlich
verwickelte Termschemata. Uber diese Frage liegen in der Fachliteratur sehr
zahlreiche Verdffentlichungen vor.
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Auf Grund unserer bisherigen Betrachtungen bezlglich der Kernkréfte,
wollen wir jetzt sehen, wie dieser scheinbare Widerspruch zustande kommt.
Nehmen wir z. B. fiir die Anordnung der Nukleonén in einem schweren Kern
eine kubisch dichteste Kugelpackung an, so besitzt jedes Teilchen 12 unm ittel-
bare Nachbarn. So krass wird zwar die Sache bei angeregten Zustdnden auch
schon deshalb nicht sein, weil erstens solche Teilchen ja groésstenteils auf der
Oberflache des Kernes verweilen werden und zweitens weil ja Kernkrafte teil-
weise einen Austauschcharakter besitzen, doch wird die Zahl der unmittel-
baren Nachbarn wesentlich grésser als eins bleiben.

Kré&fte addieren sich jedoch als Vektoren, die Potentiale dagegen als
skalare Grossen. Sind also tatsdchlich mehrere unmittelbare Nachbarn vor-
handen und bezeichnen wir deren Zahl mit N, kann zwar in unseren Gleichun-
gen (2), (12), (17), und (20) bzw. (49), (56) und (61), welche die Gleichheit der
zentripetalen und der zentrifugalen Krafte ausdriicken und die wir zusammen-
fassend in der Form

(67)

schreiben koénnen, die zentrifugale Kraft grosser werden. Beriicksichtigen wir
diesen Umstand mit Hilfe eines Faktors/, so haben wir statt (67)

N mv?2
yvi=f (68)

doch wird f immer wesentlich kleiner bleiben als N. Aus (68) folgt, dass wir
jetzt fur die kinetische Energie angendhert

T=f— mv2 (69)
2

schreiben missen. Die hier auftretenden potentiellen Energien multiplizieren
sich dagegen einfach mit N. Statt unsere Gleichungen (3), (13), (18) und (21)
bzw. (50), (57) und (63) haben wir also

E=NV+S\ mr. (70)

Da wie wir das jedoch schon besprochen haben f wesentlich kleiner als N
sein muss, so werden jetzt die Gebiete, in denen die Energie E negativ ist, be-
deutend grdsser werden. Die Quantenbedingungen dndern sich dagegen beiwei-
tem nicht so wesentlich, weil ja Jff mv viel wenigervon v verschieden sein wird.
Es konnen also schon deshalb viel mehr stabile Niveaus auftreten, und dazu
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kommt noch, dass auch viel mehr Teilchen vorhanden sind. Alles das erklart
ganz ungezwungen die Tatsache, dass aus wenig Nukleonén aufgebaute Kerne
keine angeregten Zustdnde besitzen, schwere Kerne dagegen sehr viele ange-
regte Niveaus und deshalb meistens ein verwickeltes Termschema haben.
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INFAINS

N ;g

MNOTHOCTb 3HEPFETUYECKUX YPOBHEW ATOMHbIX ALEP

T, HAWNTEBAEP

Pesome

B BBOAHOI YacTi pa6oTbl paccMaTPUBAETCS BOMPOC, B YeM 3aKN04aeTcs, Ha camMoMm fene,
npUYMHA TOFO, YTO [0 CUX MOP Mbl HE 3HAeM 3/1EMEHTAPHOTO 3aKOHA CUA, AefCTBYIOWMX MEXAY
ABYMS HYKNOHamu. STO Mbl CUMTaeM 06YCNOBAEHHbIM MOMHLIM OTCYTCTBMEM BO36YX/AEHHbIX
YPOBHE B CaMblX MPOCTbIX aTOMHbIX AfApax. [ocne 3aToro, UCXofAs M3 UUCTO KNAaCCUUECKUX
CO06PaXEHNI, paccmMaTpMBaeTCcs, YTo B CAy4yae Hambosiee 4acTO BCTpevalol|mMxcs B AAepHOM
(hU3nKe NOTEHLMANbHBIX QYHKUUA B KaKMX 061acTaX Habnogaetcs oTpuuaTenbHas aHeprus;
Jlafiee Ha OCHOBe Teopuu bopa uccneayeTcs BO3MOXHOCTb MOSBMEHMSI KBAHTOBbLIX COCTOSIHUM
B AaHHON o6nacTu. B cneayloulem naparpadge faHHble BOMPOChI PacCMaTpUBalOTCA Ha OCHOBE
KBAHTOBOW MexaHWKW. HakoHel, B MOCNefHei uyacTu paboTbl MOKa3bIBAETCH, YTO B Cly4ae
B3aMMO/eNCTBUA MHOTUX HYKNOHOB o6nacTu, o6nafalolline oTpULATeNbHON 3Heprueii, craHo-
BATCA HAMHOro 60MbLWIMMU (CMNLHO PacLIMPAIOTCA), a KBAHTOBble YC/MOBUS M3MEHAOTCA BO
MHOTO MeHblleit Mepe. [aHHoe 06CTOATeNbCTBO 06YC/0BNMBAETCSA CKNaAblBaHWEM NOTEHLMUANb-
HbIX 9HEPIrWii KakK CKanspHbIX, a CUN — KaK BEKTOPHbIX BenuuuH. [laHHOe 06CTOATENbCTBO
6e3 BCAKUX YCUINIA 0GbACHSAET MOSIBNEHME OUYeHb CMOXHbLIX CUCTEM TEPMOB B TSXKE/bIX aToM-
HbIX fiApax, TO ecTb TAaKOro 3KCMEepUMEHTaNbHOTO (haKTa, KOTOPbI YacTWYHO NOAoGEH Habito-
[aeMOMy B (hM3MKe 3MEeKTPOHHbIX 060/104YeK.
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COMMUNICATIONES BREVES

EINE WARMEIMPULSMETHODE ZUR
BESTIMMUNG DER TEMPERATURLEITZAHL
AN KURZEN PROBEN

Von

F. Kelemen

LEHRSTUHL FUR MECHANIK UND WARMELEHRE AN DER BABES-BOLYAI-UNIVERSITAT,
CLUJ, RUMANIEN

(Eingegangen: 17. 11. 1966)

Einleitung. Durch Messung der Temperaturleitzahl (a) ist es mdoglich,
eine schnelle Bestimmung der Warmeleitzahl (K) vorzunehmen, wenn die
Dichte (g) und spezifische Warme (c) des Kdérpers bekannt sind (k = gca).

In jingster Zeit wurden fir die Bestimmung der Temperaturleitzahl
besonders die Warmewellen-Methoden entwickelt: 1) die sogenannten Ang-
strom-Methoden, bei denen die Dampfung der Amplitude bzw. die Verschie-
bung der Phase der sinusoidalen Temperaturwellen ldngs der Probe oder in
Abhé&ngigkeit von der Frequenz gemessen wird [1]—[3]; 2) die W&rmeimpuls-
methoden, bei denen eine Temperaturwelle an der Vorderseite des Probekdr-
pers hervorgerufen und in einem Punkt der Probe die zeitliche Verdnderung
der Temperatur bestimmt wird [4]—[7].

Es wurde schon friher darauf hingewiesen [7], dass nach den Wdrme-
impulsmethoden reelle Werte fir die Temperaturleitzahl nur dann gewonnen
werden kénnen, wenn dhnlich wie bei den Angstrém-Methoden auch hier der
Einfluss des Warmelbergangs beseitigt wird. Dies kann praktisch erreicht
werden, a) wenn bei dem als unendlich lang angenommenen Probekdrper die
Temperaturverdnderung in zwei verschiedenen Punkten registriert wird [7, 8],
b) wenn eine so kurze Probe verwendet wird, dass in der zur Registrierung
der Temperaturverdnderung notigen Zeit der Einfluss des Wéa&rmeilbergangs
vernachldssigt werden kann [5, 6]. In diesem Falle missen jedoch Wédrme-
impulse von 10-3 sec Dauer hervorgerufen und Temperaturverdnderung von
1 0 bis 10“2 sec registriert werden. Natlrlich beansprucht dieses Verfahren
eine dem erwédhnten Zwecke entsprechende moderne Apparatur. Ausserdem
ergibt sich in diesem Falle eine betrdchtliche systematische Fehlerquelle durch
die Verspdtung der Temperaturverdnderung, wenn der Kontakt zwischen
Probekdérper und Schweisstelle des Thermoelementes nicht vollkommen ist.

In vorliegender Arbeit wird eine Variante der Wé&rmeimpulsmethode
beschrieben, die es gestattet, die Temperaturleitzahl durch Registrieren einer
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einzigen Temperatur-Zeit-Kurve, bei Verwendung eines einfachen Messinstru-*
mentes, zu bestimmen. Diese Methode kann bei der Untersuchung der Tem-
peraturabhdngigkeit der Temperaturleitzahl an festen Kdrpern jeder Art
(Metalle, Halbleiter, Isolatoren), angewandt werden. Die Probekdrper kénnen
je nach der Temperaturleitzahl der zu untersuchenden Proben relativ kurz
(cca. 0,3 bis 3 cm lang) sein.

Das Prinzip der Methode. Es sei angenommen, dass sich der Probekdrper,
der die Lange | und den Querschnitt S hat, an der hinteren Oberflache S2in
Kontakt mit einem unendlichen Medium M befindet und dass an der vorderen
Oberflache eine dinne Schicht von der Dicke £ | plotzlich erwéarmt wird,
indem dem Kdrper ein Warmeimpuls zugefihrt wird (Abb. 1). Aus der Lésung

der Differentialgleichung der Wadarmeleitung, die auch den Wadrmeilbergang
durch die seitliche Oberflache des Probekdrpers berlcksichtigt, ergibt sich [8],
dass die Temperaturleitzahl durch den Ausdruck

P
2m(L + 2bim

(1)

bestimmt wird. Dabei stellt tmdie Zeit dar, in der die Temperatur an der Ober-
flaiche S2 nach Erzeugung des Warmeimpulses ihren Hdchstwert erreicht.
(Die Temperaturverdnderung wird mit Hilfe des Thermoelementes Te gemes-
sen.) Der Koeffizient b charakterisiert den Warmetbergang durch die seitliche
Oberflaiche des Probekdrpers. Er errechnet sich zu

b= h» —. )
ecs

wo h die Warmetbergangszahl, S den Querschnitt, p den Umfang dieses
Querschnittes, g die Dichte und c die spezifische Wé&rme bezeichnet.

Aus der in Funktion der Zeit an der hinteren Oberfliche S2registrierten
Temperaturverdnderung kann die Zeit tm leicht bestimmt werden (Abb. 2),
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doch lasst sie sich mit guter Ann&dherung auch aus dem Ausdruck

(. o iogn N

N — 1 (3)

berechnen, in dem N = t,Jti ist, wahrend tlund t2 die Zeitdauern bedeuten,
die einem bestimmten Temperaturwert auf der Temperatur-Zeit-Kurve ent-
sprechen (s. Abb. 2). Dieser Ausdruck stellt eine um so bessere Anndherung
dar, je kleiner die Differenz zwischen tlund t2ist.

Ist der Probekdrper nicht nur an der hinteren, sondern auch an der seit-
lichen und vorderen Oberflache durch Medium M begrenzt, dann kennzeichnet
der AR-Teil der Temperatur-Zeit-Kurve die Abkihlung des Kdrpers in diesem
Medium. In diesem Falle erh&lt man aus dem NEWTONschen Abkthlungs-
gesetz unter Bertcksichtigung von Gl. (2)

pi log tnt2

b= 7 , ()

SO0 *2 fl

worin SO die Gesamtoberfliche der Probe und (t2— 1x) das auf dem AR-Teil
der Temperatur-Zeit-Kurve eingezeichnete Zeitintervall bedeutet, in dessen
Verlauf die Temperatur von Tr auf T2 fallt. Der Ausdruck log TJT2 ergibt
eine geradlinige zeitabh&ngige Verdnderung (s. Abb. 2). Bestimmt man aus
Gl. (4) den Koeffizienten b und misst man das tm, hat man die Mdglichkeit aus
der GI. (1) die Temperaturleitzahl zu berechnen.

Versuchsapparatur und Versuchsergebnisse. Um die Giltigkeit des mit
Gl. (4) kombinierten Ausdruckes (1) experimentell zu uberprifen, wurden
Messungen mit Probekdrpern aus rostfreiem Stahl und Steinsalz durchgefihrt.
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Das Schema der Versuchsapparatur ist in Abb. 3 dargestellt. Ihr Hauptteil
bilden zwei keramische Blocke A und B, zwischen die der Probekdrper in
einem zylinderférmigen Hohlraum gelegt wird. Die Ldnge des Hohlraumes
kann vergrdssert werden, indem zwischen A und B ein Ring D von entspre-

B DA

ehender Lénge eingefuhrt wird, der aus dem gleichen keramischen M aterial
gefertigt ist wie die Blocke A und B. Der Wéarmeimpuls an der vorderen
Oberflache der Probe wird mit Hilfe eines 0,1 mm dicken Nickelinpldttchens
H erzeugt, wenn dieses cca. 0,5 sec lang von Strom durchflossen wird. Die
Temperaturdnderung an der hinteren Probeoberfliche wird mit ein Eisen-
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Konstantan-Thermoelement Tex gemessen, an das ein Silberpldttchen von
0,2 mm Dicke angeschweisst ist. Den guten Kontakt zwischen Heizelement
und Probe bzw. zwischen Probe und Silberpldttchen sichert eine diinne Schicht
Silberpaste. Die Temperaturdnderung wird mit einem »Multiflex«-Galvano-
meter mit geringem Innenwiderstand registriert.

Den Zusammenhang zwischen den gemessenen Temperaturleitzahlwerten
und der Temperatur veranschaulicht die Abb. 4.

In dieser Abbildung sind auch die Yersuchsergebnisse dargestellt, die
nach den in [7] bzw. [8] beschriebenen Methoden ermittelt wurden. Die Diffe-
renzen zwischen den nach diesen und nach den angefiihrten Methoden bestimm -
ten Werten uUberschreiten die Grenzen der experimentellen Fehler nicht.
Ebenso stimmen die von uns gemessenen Werte mit jenen anderer Autoren
an rostfreiem Stahl [6] und Steinsalz [9] Uberein.

Ausser an diesen Stoffen wurden Messungen auch an einigen Halbleitern
(HgSe, HgTe, ZnTe) unternommen. An diesen Stoffen wurden die Messungen
auch unter anderen experimentellen Bedingungen wiederholt: das die Proben
umgebende Medium war Luft, und der Wa&rmeimpuls wurde durch (0,5 bis
1,0 sec lange) Bestrahlung der vorderen Probeoberfliche mit einem Lichtstrahl
erzeugt. Es wurde eine gute Ubereinstimmung zwischen den Temperaturleit-
zahlwerten beider experimenteller Verfahren gefunden.

Bei kurzen Proben, bei denen die Dauer des Wé&rmeimpulses t¢gegeniber
der Zeit tm nicht vernachldssigt werden kann, bei denen also die Bedingung
£ <g | nicht erfullt ist, erhdlt man nach der GI. (1) fur die Temperaturleitzahl
kleinere Werte als die reellen. Die Versuche zeigen, dass der Einfluss der
W é&rmeimpulsdauer vernachldssigt werden kann, wenn 0,1.
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ON THE THERMAL EFFECTS OF AUXILIARY
ELECTRODES ON Hg-A DISCHARGES

BY
J. Bito

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST
(Received 20. Il. 1966)

As is known [1, 2] auxiliary electrodes arranged in the space of discharge
electrodes may appreciably affect the discharge processes taking place in their
environment, and also the electrode phenomena.

The author of this paper determined the effect of movable auxiliary
electrodes located at one of the discharge electrodes on the temperature of
the electrode for d.c. and 50 c/s a.c. discharges, at an ambient temperature
of 25 U 1 degrees centigrade, and at a current of 430 mA. The inner diameter
of the glass-walled tube used for the experiment was 36 millimetres, and the
electrodes were spaced 1090 millimetres apart. The tube was filled with about
50 milligrams of mercury and argon of a pressure of 3 millimetres of mercury.
The auxiliary electrodes were 0,1 millimetre thick, 7 by 12-millimetre nickel
plates arranged parallel to one another and to the axis of the electron emission
material, coated W double spirals forming the electrodes. The nickel plates
could be actuated in a radial direction by means of an electromagnet. Their
distance from the spiral axis was adjustable between 2 and 17 millimetres,
independently of one another. An optical pyrometer was used to determine
the electrode temperature, and to calculate the plate and cathode drops
a probe measurement method [3] was employed. Allowance was made for
adequate stabilization, and measurements and calculations were made under
stationary discharge and environmental conditions.

Fig. 1 shows the results of intervention on the cathode side of the d.c.
discharge, i.e. the variation of the cathode drop owing to the change of position
of the auxiliary electrodes with respect to it. The cathode spiral was at point
d = 0. At the same place the dependence of the cathode spot temperature Ts
on the distance of the auxiliary electrodes is shown. During the tests there
was no metallic contact between the auxiliary electrodes and the spiral in the
discharge space. In the first case (V T s), the auxiliary electrodes had a wall
potential only, in the second set of tests, however, the electrodes were con-
nected to both ends of the spiral outside the discharge tube, so that the electrod-
es had the different potentials of the corresponding spiral ends. Whereas the
spot temperatures measured in this case were scattered within the measuring
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inaccuracy for auxiliary electrodes with spiral potentials the values obtained
at cathode drop values were smaller. The highest value of the cathode drop
was 2 volts, i.e. an average of one volt. The cathode spot temperature was
influenced neither by the auxiliary electrodes with wall potential, nor by those

Fig. 1. Influence of the auxiliary electrodes moving in the d.c. cathode space of the Hg—A

discharge on cathode drop VK and cathode spot temperature T » when the auxiliary electrodes

have wall potential, and for cases V*&T”"e, when the auxiliary electrodes have spiral-end

potentials. The distances marked on the X-axis denote the distance of each auxiliary electrode

from the spiral axis. The section of the test tube shown represents the arrangement of the
spiral S and of the radially movable auxiliary electrodes a

having spiral end potentials, so that the value of the temperature could be
considered constant. When the same intervention took place on the anode
side of d.c. discharge, the anode drop and anode spot temperature values
shown in Fig. 2 were obtained. The auxiliary electrodes with wall potentials
did not affect the temperature of the anode spot (TASs), and except for a single
curve section in the neighbourhood of the 12-millimetre auxiliary electrode
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distance, the anode drop also remained constant. However, the anode drop
value VA obtained at 12 millimetres could not be accepted as a measuring
error, the accuracy of the probe measuring method being within i0,2 volts.
From a comparison of Figs. 1 and 2 it was evident that for otherwise uniform

I
Fig. 2. Influence of the auxiliary electrodes moving in the anode space of the d.e. Hg—A
discharge on the anode drops VA, VA, and the anode spot temperatures, Ta§, TA=

test conditions the temperature of the anode spot exceeded that of the cathode
spot by about 160 degrees centigrade, No sooner had the auxiliary electrodes
moving in the plate space reached a potential corresponding to the two ends
of the spiral forming the anode than, owing to the extra-discharge metallic
connection, the temperature of the anode spot dropped by 300 to 400 degrees
centigrade. This phenomenon was not observed with cathode interference,
although there, too, the auxiliary electrodes consumed current [4]. However,
this current was appreciably smaller than that of the auxiliary electrodes
moving in the anode space. It was interesting to note the linear drop of the
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anode spot temperature Tg shown in Fig. 2 in response to the approach of
the spot to the anode. This could be explained in all certainty by a strong rise
of the electron current absorbed by the auxiliary electrodes meanwhile.
However, this rise was in an interesting way in excess of linear [4]. Apparently
there was no correlation between the trend of the corresponding curve Vy

Fig. 3. Influence of the auxiliary electrodes moving in the space of the electrode in the cathodic
half-cycle of the a.c. Hg—A discharge on the cathode drops V», VKa, and the cathode-spot
temperatures Ts,

and the earlier parameters. In any event, in the curves in Fig. 2 representing
two anode drops in that for the auxiliary electrodes connected to the spiral,
the anode drops were smaller. Under such conditions the auxiliary electrode
was able to reduce the anode drop by one or two volts.

The results ofthe measurements made for a 50 ¢/s a.c. discharge at 430 mA
are shown in Fig. 3. The electric parameters were determined by time definition,
in the half-cycle when the preferred electrode, i.e. the one where the inter-
ference by means of auxiliary electrodes took place, performed cathodic func-
tions. Accordingly the cathode drop values VKand V  were, with the notation
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introduced earlier, average values referred to a half-cycle [2, 3]. On deter-
mining the spot temperatures Ts and Tsy, associated with VKand V% respect-
ively, the two half-cycles were not separated, on the assumption that the spot
temperatures measured in this manner were at least proportional to the
cathode spot temperatures resulting at intervals of a half-cycle. In this instance
the influence of the auxiliary electrode was appreciably greater than on the
cathode side of the d.c. discharge shown in Fig. 1. The auxiliary electrodes
having one potential of the corresponding spiral ends reduces the cathode
spot temperature by more than 150 degrees centigrade, and the consequences
of this reduction manifested itself also in the trend of the average values of
the cathode drop. This trend of the cathode drop was related to the spot
temperature: in general lower spot temperatures entailed a cathode drop
of higher degree, and vice versa, higher spot temperatures were followed by
a smaller cathode drop [2]. This was found valid for both sets of curves shown
in the diagrams. For a detailed analysis of the trend of the curves recourse
has to be taken to electron-optical models, when the start should be made
from a potential system having an accelerating, decelerating or deflecting
effect on the ions, as the case may be.

From the curves it will then become obvious that in a d.c. discharge of
this type the temperature of the anode spot is in all cases higher than that
of the cathode spot, while the temperature of the cathode spot is not affected
by the auxiliary electrodes to the same extent as is that of the anode spot.
At the same time in the cathodic half-cycle of a 50 c/s a.c. discharge both the
position and the potential of the auxiliary electrodes will have a strong effect
on the spot temperature, and in this case, the cathode drop will also vary
in conformity with the variations of the spot temperature. Since, during the
measurements, there was no metallic contact in the discharge space between
auxiliary electrodes and cathode, or inthe d.c. case, between auxiliary electrod-
es and anode, the electrodes modified the anode and cathode drops and the
spot temperatures exclusively as a result of their space charge and superficial
current density effects, in conformity with their position with respect to the
spiral as main electrodes, and not as a result of their thermal conductivity.
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MEASUREMENT OF AVERAGE TOTAL CROSS-
SECTION FLUCTUATION FOR Al AT 14 MeV
NEUTRON ENERGY

By
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INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN

(Received 12.V. 1966)

In the experimental investigation of cross section fluctuations one of
the most critical requirements is the energy resolution. As Tsukada has
pointed out [1], in many cases the half-width of the correlation function ob-
tained experimentally cannot he uniquely identified with the average (I'y line-
width, as a result of poor energy resolution. In the same paper he suggested
the “self-indication” method for determining the squared average of total
cross-section fluctuations, and — provided that the shape —elastic cross sec-
tion is known — so also for determining the (['y/D-ratio. The essence of the
method is as follows: A neutron beam ofintensity 10is attenuated to G and |2by
samples of length N and 2 N, respectively. If the neutron beam were strictly
mono-energetic, then the equation

would hold, because of the exponential intensity-attenuation. Should the
incident neutron beam not be mono-energetic, the intensity as a function of
sample length will not be exactly exponential, therefore a N 1.

The squared average of total cross-section fluctuation is

1 l1—a 1

(A a%y
N2 2a—1 ~ N2
Accordingly, on the basis of the equation

<4ag) = M oY =1 _4_1/1 Ty
<g c>2 «0>> — <Se» 2 3n21/ D

(I'y/D can he obtained.
The method described above has been employed for investigating Al

target material at about 14 MeV neutron energy.
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The experimental arrangement was described in an earlier paper [2].
The energy inhomogeneity of the neutron beam, i.e. the averaging intervalL
was about 160—200 keV. The pulses from the neutron detector were fed into
a 100-channel pulse-height analyser, and for evaluation the so-called “bias-
window” method [3] was used in order to eliminate amplification changes.
Background and in-scattering corrections were taken into account. Obviously
e changes as N2 therefore it is worth using the longest possible samples. The
use of very long samples, on the other hand, is limited by poor counting sta-
tistics. The samples examined were of 5, 10 and 20 cm length and 4 cm
diameter.

The result

e= 0,003 (+£0,003)

was obtained, which gives

(A of.) = (0,17 barn)2

By using the data concerning aT and o$e [4, 5] we have: (I'y/D = 13,2; and
as a lower limit (corresponding to e = 0,003 = 0,003),

«FY/D)™ 6,6
was obtained.
Thanks are due to Mr. L. BunkOczi for his help during the operation
of the neutron generator.
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It is found that the time components of the vectors formed by Zl-tensors,
correspond to Hubble’s expansion.

1. Introduction

The Christoffel three-index symbols

jar.a = = life-+ i*a-A il (1,1)
1 2 1 3x/ Ix* oxn) y
and
= (1.2)

for the metric of general relativity
ds2= g,vdxJ‘dx’ (1.3)

are not tensors. If the Christoffel three-index symbols

[aB,X\= i - _ 8M | (1.4)
2 OQxB ox* axn
and
e (1.5)
correspond to another metric
ds2= y~dxldxr, (1.6)

then one can easily prove that
= 1.7)
is a tensor. The zl-tensorshave been used byNarlikar and Singh [1] to
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explain the appearance of gravitational force of the Newtonian theory in the
general theory of relativity. They have also evaluated some vectors and scalar
invariants formed by zl-tensors for some static metrics. They found that the
three space components of the vectors correspond to Newtonian force whereas
the fourth (time) component of each of the vectors does not have Newtonian
analogues.

In the present paper the vectors are evaluated for some non-static cosmo-
logical models. It is found that their time components correspond to Hubble’s
expansion. The important vectors for the present study are [1]

K,a

(1.8)
K
and
St= A (1.9)
where K
2. Values of R, and St in important cosmological models
(a) Space-time conformally flat
If we take line-element [2]
ds2= [ (1)]2(—dX—dy2—d z2-f-dt2) (2.1
with the corresponding metric for flat substratum
da2= - (dx2+ dy2dz2) + dt2, (2.2)
we find that
gav= diag [—w2 —w2 —w2 w7,
gur - diag [—w~2 —ie~2, — w2 ic-2], (2.3)

YA= diag [—® —1»—1.1],
K =i,
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The Hubble’s expansion is given by [2]
1 few’
(2.4)
w [ dt

The time components Ri and S4, therefore, correspond to Hubble’s expan-
sion. The other components Rv R2 Rs and Sv S2 S3are null vectors.

(b) Spatially isotropic Universe

Let us take the metric [3]

ds2= - — R2-—

(d*2+ dy2+ dz2) + dt2, (2.5)
1+ ar-y

where R is a function of time alone and a is a constant. Its corresponding
flat metric is given by (2.2). Then

. R1 R2 Ry
diag - T 1
(1 -far22 (L+arf 1-far22
1-far22 1+ ar2?2 1-far22
(@-fargz 2 (1-fargz 2.6
R2 R2 a2
= diag [- 1, —1,—1.1],
K R3
1-far2s3
— 6ax — 6ay —6ar 3 R
R..

1-far2’ 1-far2’ 1-far2’ R ot

2ay. 2ay 2az 3 IdR

l1-far2 1+ ar2 1-far2 R 18t

Sr

The components RITR 2 R3 and S2 S3are proportional to the corre-
sponding components of the force vector and the time components R4and S4

8R
correspond to Hubble’s expansion it
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3. Gravitational force in terms of Rl and St
(a) Spatially isotropic Universe

Let us consider the metric

IS Y I T — ------------[dr2+ r12dd2+ r2 sin2 dd<p2] +dt2 (3.1)

(1 + ar2)2

with the corresponding flat metric as

daz2- - [rfr2+ r2d B2 + r2 sin20de2]+ dr. (3.2)

In this case we have

» R2 R2 R2 1
M AT ay?2 | (1+ay?2? (1« ayd?
r=diag , (i+»yV (i fff fl+ . ff J (3.3)
R2 R2 R2
yAV = diag [— 1, — r2, — r2 sin2 0, 1] ,
R?

~~ (1 + ar 22

a.=[ ~6a\ .0.0.4. M.V,
1 (- ar2 R\dt

Si = ,0,0,- — (—

1+ ar2 Rl3tjj

The components 44 and S 4 correspond to the gravitational force and

-R4 and S 4 correspond to H ubble’s expansion.

(b) The well known Robertson— Walker line element

ds2= — F,Cl,({)th——;—— P—(-;-é--hr2d02+ r2 sin2 6d<P2] +dt2 (3.4)

with the corresponding flat space metric (3.2) gives

g = d iag - -—R n ,—R2r2,—R2r2 sin2 0, 1
1 — Kr~
R r l-Kr?2 1 1 J
6 R? R2r2 R2r2 sin2 B
YA = diag [— 1, — r2, — r2 sin2 0, 11, (3.5)
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‘- R3
(1 — Ky 2i
K R
R, = o0,
\—K\
S= dR
Y S — 0,0, - —
! | —Kr2 R &

Again, the components Rxand S-, correspond to the gravitational force
and Rt and S4 correspond to Hubble’s expansion.

4. Conclusion

Thus we may conclude that the three components (x1, x2 x3) of the
gravitational field force are along the space axes and the fourth component
(*4) corresponds to Hubble’s expansion.
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J. H. Sanders: The Velocity of Light
Pergamon Press (Oxford—London—Edinburgh—New Y ork—Paris—Frankfurt) 1965

In the past few decades there has been an enormous increase in the number of phenomena
discovered, and theories elaborated in physics. This rapid evolution confronts lecturers with
the difficulty of summarizing the main results in a given field of physics and of giving suitable
information about the methods applied in related research work within the limited period of
a course.

Collections of reprints of papers dealing with the most important developments in
physics may contribute largely in overcoming this difficulty. Thanks are due to the Pergamon
Press for satisfying these educational demands by publishing a new series of volumes entitled
“Selected Readings in Physics”.

One of that series is the book by J. H. Sanders to be reviewed here. In Part 1 of this
book, after a short introduction describing the basic methods for measuring the velocity of
light, the author discusses the most appropriate measurements. This introductory part ends
with a short list of the relevant literature.

Part 2 contains reprints of the papers on the three most important measurements of
the velocity of light, those of Michelson, Peace and Pearson, of Essen and Gordon-Smith,
and, finally, of Bergstrand.

As about two-thirds of the book is made up of the papers on the three basic measure-
ments, it is only their selection and the remaining third part which can be an object of our
comments.

In Part 1 the problem of measuring the velocity of light is discussed. No mention is
made, however, either of the fact that Galtilei first proposed a method of measuring the velo-
city of light, or of the particularly remarkable measurement of R smer (the only direct method,
in which the velocity of propagation of a light signal passing through a distance of known
length in only one direction, was measured).

If editorial requirements limit the size of the volumes of the series, thus determining
the number of reprints included in Sanders book, then the selection of the reproduced papers
is justified. Attention must be drawn, however, to the fact that there are some important
methods of measuring the velocity of light, — most of them closely related to the experi-
mental verification of the principles of relativity — which it would be useful to publish in
a similar volume.

In conclusion it should be emphasized that the book achieves its basic aim in its pre-
sent form.

Zs. NARAY

R. A.R. Tricker: Early Electrodynamics

Pergamon Press (Oxford—London—Edinburgh—New Y ork—Paris—Frankfurt) 1965.

This book deals with the origin and initial position of electrodynamics. Many details
make uselful and enjoyable reading not only for the physicist but also for the layman. The
restis supported by mathematical formulae at university level. Part 1 consists of four chapters
and comprises 110 pages. Part 2 gives the original papers of Oersted, Biot and Savart,
Ampeére and finally of Grassmann in an English translation extending to 101 pages.

Chapter | of Part 1 is entitled “The Stage”.The preliminaries and circumstances of the
development of electrodynamics are described here. The writer expounds the role of Franktin,
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PriesTLEY, CouromB, VoLTA and DAvy in the science of electricity and magnetism before
1820, including the work of Po1sson in the third decade of the nineteenth century. At that time
the fields of electrostatics and magnetism were looked upon as entirely distinct from the other.
They presented many similarities, but no connecting link had been found. In 1820 the announ-
cement of OERSTED’s discovery led to the rapid development of the electrodynamics of steady
currents.

Chapter IT embracing 10 pages has the title “‘Dramatic Personae”. OERSTED is the first,
of whom we learn that from 1797 he was a university professor at Copenhagen and though
a man of genius he was an unhappy experimenter. After his great discovery he said that he
has tumbled over it by accident. But according to LAGRANGE: ““such accidents only happen
to people who deserve them”. B1oT was a professor at the College de France. As for his activity,
he produced a number of mathematical works, but it is as an experimentalist on which his
claims to fame rest. FELIX SAVART collaborated with B1oT in experiments on the magnetic
field of electric currents.

ANDRE MARIE AMPERE is the principal actor in the early development of electrodyna-
mics. As we can read by the age of 50 he was a member of most of the learned societies in
Europe. In spite of his scientific success, in his private life he presents a truly tragic figure.
In addition to his contributions to mathematics and physics he also wrote philosophical works.
His last major work was on the classification of the sciences, in which he was able to employ
his great breadth of knowledge. :

Chapter III, “Commentary”, is the longest. Its sections correspond to those into which
the extracts from the papers are grouped in Part 2 of this volume.

A) The work of OERSTED was the door for the opening of which the scientific world
had been waiting. B. Bror and SAVART in the same year announced the results of their expe-
riments by which they determined forces. Though BioT and SAVART were extremely fine expe-
rimenters, they were less successful in the theoretical interpretation of their results, and laid
themselves open to the criticism of AMPERE.

C) The early work of AMPERE and his theory of magnetism comprises the following
line of reasoning. OERSTED’s experiments demonstrate that a magnet is orientated by an
electric current. It is also orientated by the Earth. If the Earth is a great magnet by virtue
of currents which circulate in it, could not such currents also explain the properties of ordinary
magnets. At this stage AMPERE is obviously thinking of macroscopic currents rather than the
molecular currents which he later proposed. AMPERE proceeded to try to imitate the behaviour
of magnets by means of electric currents flowing in helical coils of wire.

D) AmpERrEe’s philosophy of science is readable from the papers published at the Aca-
demie Royale des Sciences. Though in this he set out to follow NEwroN the line which he
actually followed is rather in advance of that which NewtoN himself set out explicity in the
Principia. The attitude of NEWTON is one of severe empiricism. AMPERE writes as though he
accepted NEWTON’s position completely. In the theory of gravitation NEWTON was already
provided with a knowledge of a range of phenomena. AMPERE had to discover the laws as
well as provide the theory. Mathematics and physics were not separated in the mind of AMPERE.
He looked upon his mathematical investigations as applying to the world of experience.

E) The design of AMPERE’s basic experiments is recorded in his paper. The writer of
this book performs one of the four experiments on the lines described in the Mémoire.

F) AmpERE’s theory of the action of current elements was the result of his experiments.
We can read the formula of AMPERE for the force between two current elements and we find
examples of its use. This is followed by the verification of the identity of the formulae of
AmpPERE and B1oT-SAVART when integrated of a complete circuit. After this the writer provides
a simple deduction of the B1oT-SAvART formula from the experimental results of AMPERE
and describes AMPERE’s theory of the equivalent magnetic shell, from which the well-known
“work rule’” arises. Then we use AMPERE’s law in differential form to establish a vector poten-
tial. The representation of the magnetic field of an electric current by means of lines of force
and the magnetic induction as a now-divergent vector is discussed here. This section of the
book concludes with a reference to the question of units and dimensions.

G) AMPERE’s quantitative theory of magnetism remains the last section of the chapter.
AMmPERE looks on magnets as assemblies of particles, all orientating in the same direction
round which electric currents circulate. AMPERE shows that his law of action of current ele-
ments accounts satisfactorily for the forces experienced by a magnet. The effects of currents
in the interior of substances uniformly magnetized cancel each other out. When the magnetiz-
ation is not uniform, there will be a current density through the material. As an example of
the application of the idea of Ampérean currents the writer considers the magnetic circuit.

Chapter IV is entitled “The Critics”. AMPERE’s interpretation of the interaction of
two electric circuits as being the sum of the interactions in pairs of the constituent current
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elements has since been criticized by some physicists. We become acquinted with the criticism
of Maxwell, Grassmann, Heaviside, W hittakker and finally that of Buitder and Rosser.
Though an isolated element of a steady current is a contradiction in terms; nevertheless,
as Maxwell said, it is perfectly legitimate for purposes of mathematical calculation.

Zs. Csoma

J. R. Schrieffer: Theory of Superconductivity

Benjamin Inc., New York, 1964, pp. 282

The author is one of the originators of the fundamental BCS theory of superconduct-
ivity which followed Onnes’ discovery of this phenomenon more than 50 years later and
which has proved to be highly successful in explaining the basic phenomena observed in the
superconducting state. The book is an outgrowth of the series of lectures given by him at the
University of Pennsylvania in 1962. It comprises the fundamental aspects of the theory of
superconductivity as well as a number of formal techniques developed for dealing with
the superconducting state. The aim set by the author is not primarily to present a broad
survey of the whole field of superconductivity, but rather to present material which can “serve
as a background for reading the literature in which detailed applications of the microscopic
theory are made to specific problems”. The book contains a basic text, indispensable to those
concerned with the theoretical aspects of superconductivity.

Chapter 1 contains a survey ofthe mostimportant experimental facts about supercon-
ductors and the phenomenological theories conceived to explain them. Chapter 2 gives an
account of the pairing theory of superconductivity of Bardeen, Cooper and Schrieffer and
Chapter 3 is devoted to various applications of the pairing theory: the calculation of the acou-
stic attenuation rate, nuclear spin relaxation rate, electromagnetic absorption and electron
tunnelling. In Chapter 4 the coupled electron-phonon system is treated with the aim of
obtaining a more complete understanding of superconductivity. An introduction to field
theoretic methods in the manybody problem forms the subject of Chapter 5. The Green’s
function technique is treated in detail. In Chapter 6 the elementary excitations in normal
metals are discussed in the framework of the random phase approximation. The field-theoretic
methods developed in previous Chapters (Chapter 4—Chapter 6) are applied to supercon-
ductivity in Chapter 7 in order to provide a more realistic description of the supercon-
ducting properties of real metals. The strong role played by retardation and damping effects
and the consequent breakdown of the quasiparticle picture in the case of strong coupling
superconductors is emphasized. In the final Chapter the electromagnetic properties of super-
conductors are discussed. It is shown how the Meissner effect follows from microscopic
considerations and a discussion of the problem of gauge invariance in the theory is given.
The collective excitations ofthe system are treated as well. In the Appendix a summary of
second quantization can be found.

The treatment of the book is systematic, clear and concise. The reader is led from the
elements of the subject to the frontiers of present-day research activity in careful stages.
The book published by Benjamin Inc. will certainly become one of the most widely-used
textbooks in the field of superconductivity.

P. szEPFALUSY

A. B. Arons: Development of Concepts of Physics
from the Rationalization of Mechanics to the First Theory of
Atomic Structure

(Addison-Wesley, Reading, Massachusetts, USA, 1965; XX + 972 pages, $. 11.25)

Intended for introductory courses, this excellent text-book presents general physics
from the 17th-century rationalization of mechanics to the first theory of atomic structure.
It emphasizes the historical and philosophical aspects of scientific thought. The principal
emphasis is, of course, on the subject matter of physics itself, but attention is paid to the
origin and significance of physical concepts; to the way in which conceptual insights produce
unification of our view of apparently unrelated phenomena; to the impact of science on intel-
lectual history and the way in which growing actual and theoretical scientific knowledge
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has altered man’s view of himself and of the Universe; to aspects of sociology as reflected in
the motivation and behaviour of scientists. In order to arouse the student’s interest con-
siderable pains have been taken to motivate each conceptual development and to show how
various elements of knowledge were acquired: how we know what we think we know; why
we accept a given conceptual or theoretical aspect; what is the role of idealizations and approx-
imations.

The main problem of modern physics teaching, to select the topics for a general intro-
ductory course, is solved by the author by the familiar method of having a one-year course
for non-science majors including prospective teachers in mind, but the text can be used to
supplement a two-year course for students of science and engineering. The book is mathemati-
cally self-contained, analytical geometry and calculus being developed to just the extent
necessary to deal correctly with problems involving continuous changes.

J. I. Horvath

Alfredo Banos, jr.. Dipole Radiation in the Presence of a
Conducting Half-Space

International Series of Monographs in Electromagnetic Waves, Vol. 9;
Pergamon Press Ltd., Oxford, 1966; (Y Il + 245 pages, 20 figures; 70 s)

Since Sommerfeld’s memoir published in 1909, the problem of electromagnetic radi-
ation from an elementary HERTzian dipole in the presence of a dissipative half-space based
on different methods of the classical boundary value problem has been developed by several
distinguished scientists. The underlying basis of the author’s treatment is the application of
the double saddle-point method of integration coupled, when necessary, with the technique
for the subtraction of a first order pole from the vicinity of a saddle point.

The book starts with Fourier integral representation in Cartesian co-ordinates in con-
figuration space as well as in transform space, and shows that the author’s formulation con-
tains all known formulations in either or both configuration and transform space. The two-
media boundary value problem is reduced to the evaluation of two axially symmetric founda-
mental integrals, by which the electromagnetic field can be computed for all relevant cases
of dipole radiation: whether the elementary HERTzian dipole be electric or magnetic, vertical
or horizontal in respect of the plane interface separating the dielectric above (air) from the
homogeneous and isotropic conducting medium below (earth, sea water); whether it is located
in the air above or embedded in the conductive medium, and finally, whether the point of
observation lies in the medium containing the source dipole or in the opposite one. The next
stage presents asymptotic expansions which are valid generally quite for points of observation
close to the interface, as well as useful approximations valid in the near, intermediate and
far zones, respectively. The last chapter is devoted to the computation of the field of dipoles
embedded in the conducting media with special reference to the low frequency case for which
the present results are ideally suited.

This monograph represents the synthesis and development of the author’s researches
of the last ten years insofar as the Sommerfeld problem is concerned and from several refer-
ences, to earlier and modern references it can be checked that the suggested general results
contain all known formulae as special cases.

J. I. Horvath

G. Barton: Introduction to Dispersion Techniques in Field Theory

W. A. Benjamin. Inc. 1965. New-York, Amsterdam

In the last decade dispersion techniques have become one of the most important tools
of field theory. They are applied in all branches of physics where the method of quantized
fields is used, e.g. elementary particle physics, nuclear physics, solid state physics etc. Several
textbooks deal with the problem of proof of dispersion relations or with their application to
scattering processes, but very few books systematically deal with the problem of three point
or vertex functions. The analytical behaviour of vertex functions plays a very important role
in electromagnetic and weak interaction theories, where the form factors appearing alone
determine the S-matrix element.
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This book by G. Barton is a very clear and elegant description of all the phenomena
connected with the analytical properties of form factors. The content of the book is based
on lectures given to graduate students at the University of Sussex. The main value of these
lecture notes is that they provide a practical guide to people making dynamical calculations.
Throughout the book illuminating examples are employed to classify and elucidate the text.
A prior knowledge of the elements of field theory is required for reading the book.

The lecture notes contain some introductory chapters on the elements of S-matrix
theory. States and fields are introduced axiomatically, and complications connected with
spin and charge are treated in detail. The Lehmann—Symanzik—Zimmermann reduction
formula is proved, unitarity and crossing symmetry of the S-matrix are discussed. The methods
of dispersion theory are represented in the simple example of two point function. These chap-
ters are followed by the most essential parts of the book dealing with form factors. The behav-
iour of scalar and vector form factors under Lorentz transformations (involving reflections)
is discussed. The analytic properties of form factors are treated systematically (involving
questions of spectral representations, asymptotic behaviour, etc.). The author pays much
attention to the connection of form factors and scattering amplitudes. The Omnés integral
equation for the form factor is solved in the two-particle approximation. As the solutions
of the Omnés equation depend on scattering phase shifts, several approximations for the deter-
mination of partial wave amplitudes are presented. In this connection the possible types of
singularities of partial wave amplitudes (including anomalous threshold) are analyzed. The end
of the book contains some applications such as the electromagnetic structure of nucleons and
partial conservation of the axial vector current.

The book is published as the first volume of a series: Lecture Notes and Supplements
in Physics. There is no doubt that this book has achieved its purpose, to provide graduate
students with a survey of the current literature. We eagerly await subsequent volumes of this
series after this successful first one.

P. SURANYI
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FISSION PRODUCT PRECIPITATION
FROM THE ATMOSPHERE IN DEBRECEN,
HUNGARY, BETWEEN 1963 AND 1965

By

A. SzZALAY and A. KOVACH

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES,
(ATOMKI), DEBRECEN

(Received 22. Il1. 1966)

In the period investigated, most of the radioactive fallout originated from nuclear tests
carried out in 1962, though the presence of fission products of previous origin could also he
demonstrated. Since the cessation of atmospheric nuclear tests the activity of rainwater de-
creased again in 1965 to a low level similar to that obtained in 1961, the average decontamin-
ation half period being the same as determined in our earlier works.

Fission products from the nuclear test on the 16th October 1964 could be detected in
the Debrecen rainwater by the significant increase of specific activity on the 25th October and
on the 18th November 1964, the detectability on the 25th October being caused by tropospheric
transport. The effect of the second test carried out on the 14th May 1965 could not he detected.

Introduction

Measurements carried out to determine the fission product content of
atmospheric precipitation was begun at this Institute in 1952 [1] [2] and
was followed by the regular and uninterrupted observation of total fission
product beta activity of precipitation during the following years [3, 4, 5, 6, 7].

The techniques of collecting, handling and measuring the samples have
remained essentially unchanged since 1952, except for a minor modification in
1954. For a description of the techniques employed the reader is referred to
our earlier works [4]. The procedure followed enabled us to recover the whole
radioactive content of atmospheric precipitation without substantial losses
in the course of collection and preparation. Fission products from rainwater
are collected to about 100%; the dry fallout deposited with dust and represent-
ing only a small part (less than about 10%) of the total fallout activity [8, 9]
is recovered with an estimated efficiency of about 75%.

Results of measurements

Fig. 1 shows the results of our measurements carried out in the years
1963 to 1965. As in our previous works [4, 6, 7] the actual activity measure-
ments made with a circular collection surface of 40 cm diameter have been
reduced to the surface of a standard meteorological ombrometer, i. e. to a
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Fig. 1. Fission product precipitation from the atmosphere in Debrecen, Hungary, between
1963 and 1965. Ordinate upwards, right: activity in 10_11 Curie units, corrected for the geo-
metry of the counting equipment. Ordinate upwards, left: activity observed in cpm reduced
to 1/50 m2 ombrometer surface. Very large activities are not shown linearly but by ntimbers
indicating cpm values. Ordinate downwards, right: one day’s rainfall expressed as water
volume collected by an exposed area of 1/50 m2 Ordinate downwards, left: one day’s rainfall

in mm. Abscissa: calendar time 138
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FISSION PRODUCT PRECIPITATION 139.

collection surface of 1/50 m2 Fig. 1 illustrates not only the total measured beta
activity plotted on the ordinate in cpm and in 10-n Curie units but the
quantity of daily precipitation, downwards on the ordinate in mm rainfall and
total collected water volume. Apart from the considerable amount of radio-
active fallout in the first half of 1963 the results indicate a rather marked
decrease of activity from 1963 on, with an average decontamination half period
similar to that determined earlier [6]. The effect of increased exchange between
the stratosphere and troposphere during springtime results in a marked
“spring peak” in total fallout during each year, the peak in 1963 being less
prominent because of the presence and decay of shortlived fission products.

The monthly total amounts of fission products are given in Table 1 in
mC/km2units, determined by summarizing the activités of all samples in the
given month, without applying a correction to radioactive decay.

The monthly average specific activity of atmospheric precipitation is
given in Table 2 in 10 ~12C/ml units, calculated on the basis of the uncorrected
total monthly activity and the total quantity of precipitation during the
month. Since the precipitation water samples collected by us also contain
the dry fallout of previous days without precipitation, the specific activity
values are probably somewhat higher (by an estimated value of about 10%)
than the actual ones.

As can be seen from Table 2, a rather large increase in specific activity
was observed in February, 1965. This comparatively high value, however, is
due to asingle sample only, collected on the 7th February, representing about

Table 1

Monthly total quantities of fission products measured in the precipitation fallen over Debrecen

Month 1963 1964 1965
mC/km2 mC/km2 mC/km2
January 35,2 0,62 2,52
February 31,5 5,69 5,87
March 35,2 9,16 2,73
April 32,8 12,99 6,49
May 72,8 14,79 9,18
June 59,1 10,23 13,69
July 31,3 4,40 2,37
August 29,2 5,15 1,82
September 18,8 2.69 0,79
October 8,9 3,96 0,21
November 54 2,33 2,28
December 3,0 1,96 1,16
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Table 2

Variation of the average specific activity of precipitation in Debrecen between 1963 and 1965

Morth 1963 1964 1965

pico C/ml pico C/ml pico C/ml
January 0,66 0,106 0,050
February 0,51 0,179 0,445
March 0,80 0,167 0,056
April 0,82 0,350 0,107
May 1,57 0,280 0,104
June 0,72 0,205 0,115
July 1,05 0,337 0,047
August 0,48 0,097 0,020
September 0,49 0,036 0,033
October 0,26 0,055 0,038
November 0,27 0,089 0,027
December 0,07 0,022 0,016

90% of the total activity measured during this month, though the quantity
of precipitation corresponded only to 14,5% of the total amount of precipit-
ation in February. This sample, during the measurement of its subsequent
decay, showed a remarkable self-activation till the middle of February. This
self-activation can be semiquantitatively explained by the presence of ®&Zr
and 1i™Nd together with their decay products in near fission yield proportions,
originating from the nuclear test carried out in October 1964, since the activity
of the mixture of these nuclides in fission yield proportions reaches a maximum
in about three months after the explosion. A slight enrichment of 14/Nd with
respect to usZr can shift the activity maximum, as observed in this case. We
should like to emphasize, however, that this explanation is only an assumption
since no radiochemical tests have been carried out on the given sample.

Detection in Debrecen of the nuclear test of 16th October 1964

In earlier years the measurement of the decay of total fission product
activities enabled us to determine the date of the nuclear test supplying the
fission products with remarkable accuracy [5]. After 1958, however, the
integral measurement of total activity decay was no longer suitable for this
purpose.

The cessation of nuclear tests between 1958 and 1961 led to the conclusion
that the decontamination of the stratosphere is much quicker than was anti-
cipated [6]. Though in the years 1961 and 1962 a rather large amount of
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fission products (equivalent to a total yield of about 230 MT) was injected
into the stratosphere, from the end of 1962 on, the fallout activity again
strongly decreased, and as can be seen from Table 1, at the end of 1964 the
total monthly activity decreased to a value of only 2,5—3 mC/km2 It could
be expected that even a low-yield nuclear test carried out far from Europe
might be detected under such circumstances. Under similar background
conditions the French nuclear test carried out in the Sahara could be detected
in Central Europe in 1960 [11], though fallout from these tests could not
be traced in Debrecen.

06-
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bO

1 03-
b,oz, 25 X.
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n
0.7-
—0--0—o0

05 70 20 5.0 70 20 50
Precipitation (mm)

Fig. 2. The specific activity of atmospheric precipitation as a function of daily rainfall quantity
from the 1st September till the 30th November 1964

The first atmospheric nuclear test of the Chinese People’s Republic
was carried out on the 16th October 1963 in the western desert area of China.
Assuming a stratospheric transport in an easterly direction for fallout particles,
the appearance of activity originating from this test was not to be expected in
Central Europe earlier than the middle of November.

No increase in total beta ray activity was detected in Debrecen after
the announced explosion date as shown in Fig. 1. However, the presence of
fresh fission products could be proved from the specific activity of rainwa-
ter [8].

In a previous work Szatlay and Bereényi [4] discussed the correlation
between specific activity and quantity of rainfall. Later experience in a period
free from nuclear tests showed that the correlation between the specific
activity and the logarithm of rainfall quantity is even more pronounced [7].

As one can see from Fig. 2, a rather close correlation between specific
activity and the logarithm of rainfall existed in the autumn of 1964. The
measured points in the diagram of Fig. 2 can be interpolated with a hyper-
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bolic curve, or with the sum of two logarithmic functions. (The form of the
interpolation function is not discussed here as it has no bearing on our results.}

It could be stated from Fig. 2 that the deviation of the measured points
from the interpolation curve for the 25th October as well as for the 16th
November can be regarded as significant, demonstrating that these samples
might contain some radioactivity in excess of their expected values, in spite
of the fact that this is not reflected in the absolute values of radioactivity
given in Fig, 1. Although the total beta activities of these samples were rather
low, about 300 and 170 dpm, respectively, the decay of their activity has been
followed over a longer period. Using the WAy — WIGNER formula [5] it could
be stated that the overwhelming part of the activity of the sample from the
16th November 1964 originated from the nuclear test carried out on the 16th
October, while the sample from the 25th October contains about 309, of fresh
fission products [8]. The appearance of fission products from the nuclear test
on the 16th October 1964 as early as the 25th October is confirmed by other
authors too [12, 13].

It is undoubtedly surprising that fission products from a nuclear test
carried out in the inner part of Asia could be detected in Central Europe 9 days
after the explosion. This short interval renders it probable that the radioacti-
vity reached the Carpathian Basin by westbound tropospheric transport, since
our earlier results have shown that the radioactive fallout of nuclear tests
carried out in the Northern American continent reaches Debrecen with a delay
of 8—10 days, while nuclear debris from Soviet tests could be detected only
after about 4 weeks [5]. Thus, assuming a stratospheric transport in W—E
direction, the increase in radioactivity was to be expected later, about the
middle of November 1964.

The meteorogical situation at the end of October 1964, however, supports
our assumption of tropospheric transport. Until the 24th October Atlantic
air masses were dominant in Central Europe, but from the 24th October on,
the anticyclonal situation formed over the European part of the U.S.S.R.
became effective, too. On the 24th October a Mediterranean front intruded
into the Carpathian Basin from a near southerly direction, but it became stag-
nating and dissolved during the same day, after influencing the meteorological
situation in Western Hungary only. In the evening of the 25th October a cold
front penetrated the Carpathian Basin in an E—W direction, causing moderate
precipitation, from which our sample originates. The tropospheric wind direc-
tion during the day was constantly E—W.

This all means that during the meteorological changes causing the pre-
cipitation on the evening of the 25th October, air masses of an easterly origin
reached the Carpathian Basin. Taking into consideration that at the end of
October a situation corresponding to the continental monsoon was already
present in Western Asia, it is quite probable that fission products from the
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nuclear test carried out in the western desert of the Chinese People’s Republic
could have reached the air masses in the environment of the Caspian Sea by
direct transport. The effect of the centrifugal monsoon is also supported by
some press information, according to which the fission products could be traced
in India shortly after the explosion.

The further path of tropospheric fallout in Central and W estern Europe
was also well traceable. An activity exceeding the total amount of fallout
deposited during three months was observed on the 25th October in Bratislava
[14] (possible presence of a hot particle ?) while in the Bavarian Alps the first
rise in activity was observed on the 26th October [12]. In Denmark, the first
indication of new fission products was found in an air filter exposed between
the 23—26th October; filters sampled on the 28th and 30th October gave an
activity about 10 to 1000 times higher [13].

The appearance of fission products from the Chinkiang nuclear test in
the precipitation of the 16th November 1964 is clearly due to stratospheric
transport, the arrival time being in good accordance with the assumed stra-
tospheric transport delay, as already stated. In the middle of November,
Atlantic air masses intruded into the Carpathian Basin; jet stream conditions
were normal.

All this strikingly shows that stratospheric transport is the main process
by which fission products are distributed on a world-wide scale, but under
appropriate meteorological conditions the possibility of direct tropospheric
transport in an E—W direction cannot be excluded, even at a considerable
distance from the nuclear test site.

A second nuclear test was carried out in the same area on the 14th May,
1965, but our efforts to detect fission products from this explosion in Debrecen
rainwater have been unsuccessful.
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OCAXAEHWE MPOAYKTOB AENEHNA N3 ATMOC®EPbLI B I JEEPELLEH,
BEHIPUA, B 1963—1965 IT.

A. CANAN n A. KOBAY

Pesome

B uccnefoBaHHOM MPOMEXYTKe BPEMEHW OCHOBHas 4acCTb pafMOakTUBHOIO ocajka npo-
McxXoamnna M3 aToMHbIX B3pbIBOB NPOM3BEAEHHbIX B 1962 r., XO0TA MOXHO NoKasaTb W Hanuuue
NPOAYKTOB fiefieHns 0onee paHHEro npoucxoxpgenus. Co BpeMeHW nNpekpaweHus aTmocdep-
HbIX aTOMHbIX UCMNbITAHWI PagMOaKTUBHOCTb BbiNafeHUs YMeHbLllanocb u B 1965 r. u gocturna
HW3KOr0 3Ha4YeHUs 3ameveHHoro B 1961 r. Mepuof nonygeKkoHTaMuUHaUUK 6bla Nogo6GeH K onpe-
[eNeHHOMY HaMW B OMy6/IMKOBaHHbIX paHblie paboTax.

MpofyKTbl feneHns aTOMHOro B3pbiBa B 16 okTA6ps 1964 r. MOXHO 6b110 HabnAaTbh
B foXae B [lebpelieHe No pe3KoMy BO3pacTaHWIO YAeNbHON pafuMoakTUBHOCTM B 25 OKTA6pS
n 18 Hos6ps 1964 r. MosABneHne NPOAYKTOB AeneHus B 25 oKTA6ps 6bIn0 06yCNOBNEHO TPO-

nocgepHbIM TPAHCMOPTOM.
BnusHne BTOpOro mcnutaHus npousBegeHHoro B 14. masa 1965 r. He OblN0 3ameyeHo.
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A deductive method is given for the derivation of general relativistic Lagrangian
functions (densities). The method consists of the solution of a functional equation which is
equivalent to the Lie equation. Some exact solutions of this equation are given. Whenever a
Lagrangian density of the supposed type does not exist, the mathematical proof of the non-
existence is given.

1. Introduction

1.1. Symmetries play an important role in nature, and therefore the
symmetry groups (pseudogroups, gruppoids, ...) play an important role in
the description of physical phenomena and in the construction of physical
theories.

The oldest known exact symmetry [1] is that of coordinate symmetry,
usually called the principle of general relativity. According to this principle
the mathematical description of nature should be invariant under any

alet dxk ( 6‘ coordinate transfr(:eratl'on. This is the guiding principle of the

general relativity theory, and is applied in this work too.

1.2. Many different physical systems can be described by field variables.
For example, the electromagnetic field may be described by an antisymmetric
cotensor field B,k (x), the gravitational field by a symmetric cotensor field
gik (5), etc.

Tlie equations of motion of the fields ®a{x) are mostly the Euler equa-
tions of a Lagrangian function (density) L = /(P a, Pa,k ¢+ Physical sys-
tems of this kind throughout this work will be called “Lagrangian models”,
or simply “models”.

The properties and the behaviour of the Lagrangian models are concent-
rated in their Lagrangian function L. Therefore the Lagrangian function of
the model is its basic characteristic.

This paper deals with the derivation of the general relativistic Lagrangian
densities.

1.3. Recently, Edelen [2] has examined the equation obeyed by the
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Lagrangian functions of a kind of Lagrangian systems, called by kim “variant
fields” and “field spaces”,if only the principle of general relativity is postulated.

In the present paper a similar problem is discussed. We set up a new,
general relativistic fundamental functional equation, which should be satisfied
by the Lagrangian functions, and we solve this equation in a series of cases.
If the functional equation of a hypothetical model has no solutions at all, we
give the mathematical proof of the non-existence of such Lagrangians.

In the first part of the paper there is a short account of the geometric
objects, and the deduction of the fundamental equation. The second part
contains the derivation of Lagrangian functions of models which are embedded
in a one dimensional space X X (the time). The two-dimensional and the four-
dimensional cases will be treated in two subsequent papers.

1.4. If one compares the present status of the theory of elementary
particles and that of the theory of general relativity, one finds some unpleasant
“anticoincidency” among them. On the one hand, we have a lot of elementary
particles, but no general relativistic theory of them. On the other hand we have
a satisfactory general relativistic theory of gravitation, but the gravitons are
not found experimentally.

Now the following questions arise:

(i) are the elementary particles, or the elementary fields belonging to
them explicable by a general relativistic theory?

(i) Does a general relativistic theory of elementary fields exist at all,
i.e.,, can it be constructed within the frames of the general relativity theory?

(iii) W hat are the possibilities of the general relativistic theories ?

Although the general relativity theory is fifty years old, it seems that
these questions are so far unanswered. Therefore, it seems that a general rela-
tivistic study of the derivation of the Lagrangian functions is not only of a
mathematical, but also of a physical interest. The examination of the question,
what restrictions follow from the only principle of general relativity, may be
only useful.

I. The fundamentals
2. The geometric objects

According to the mathematical formulation of the principle of general
relativity the physical phenomena should be described, and the physical theo-
ries should be formulated by geometric objects. As alredy mentioned, geomet-
ric objects are, for example, the covectors A/,(X), the cotensors sik{x) OF gik(x),
the connections r Kki(x), the scalars s(x), the ordinary densities d(x), etc.

According to w unaneirters definition sy (in physical terminology) the
geometric objects are those entities which have the following properties:

(i) The components ®a(x) (A — 1,2,..., M) ofthe object dare functions
of the coordinates xk of space-time.
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(ii) In the case of an arbitrary coordinate transformation

xk= fk(xl), det — @ 0, k,I= 0,1,2,3, 0

the components of the object should be transformed according to a rule

ea bl = o4 [0 (vp),T-bl], A,B=1,2,.... M (2A)
where Tw denotes a set of variables which depend on the coordinate transfor-

mation, i.e.,
dxk  rfxk

dxl dxldxm

(2B)

(iii) The functions WA obey the transitivity condition.

The transitivity condition and other details on the geometric objects
may he found in [3] and [4]. Since in the present paper only the well known
scalar and covector fields and their Lagrangians are studied, it is sufficient if
we mention briefly the following:

According to Golab [3—4] geometric objects may be characterized by
three numbers: (m, n, s). (i) m denotes the number of the components of the
object. In the case of a covariant vector of four dimensional spacetime m equals
4. In the case of a scalar m equals 1. (ii) n denotes the dimensionality of the
space in question. In the case of the preceding objects n equals 4. (iii) s is
the “class” of the object. If Tjy consists of 3xKg x only, then s equals 1. If
dxKdxl dxm also occurs in the transformation formula (2), then s equals 2.

For example, the scalars are of the type (1, 4, —). The first derivatives
of the scalars and the covectors are of the type (4, 4, 1).

M athematicians have found a lot of geometric objects [3—4]. In the
course ofthis series of papers we will give a survey ofthem, but for the purposes
of the present paper it is sufficient if we say a few words about the densities
of weight 1.

Two kinds of densities of weight one exist: (i) the ordinary densities of
weight one, and (ii) the Weyl densities of weight one. Both objects are of the
type (1, n, 1). Both may serve as Lagrangian densities, depending on how the
volume element is defined.

Definition 1. An ordinary density dO(x) of weight one is an object of the
type (1, n, 1), which in the case of the coordinate transformation (1) is trans-
formed as follows

dxk
do (xp) = det dxl mdo (Xp). (3. Ord)

Definition 2. A Weyl density dw{x) of weight one is an object, which
under (1) is transformed as follows

XK
d\v (xp) — det (3x' "d\v (xp) (3. Weyl)
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3. The physical fields

Every “specific” geometric object [3—4] is a field in the physical sense
of the word.

It is known from the special relativistic theory of fields, that there is
some correspondence between fields and elementary particles. To elementary
particles of different kinds correspond fields of different kinds, which belong
to some representations of the Poincaré group (of Lorentz group). Similarly,
the geometric objects belong to the gruppoid of the general coordinate trans-
formations (3—4].They play the same role in the case of the general relativistic
description of the world as the objects of the representations of the Poincaré
group (the pseudoscalars, the spinors, the vectors, . ..) in the case ofthe special
relativistic description of physical phenomena.

If one wishes to construct general relativistic field theories, one should
solve the question as to what Lagrangians may be constructed from a given
set of geometric objects ®a(x) and their derivatives up to some order.

As will be seen, the answer to this question is in the majority of cases
a negative one: no Lagrangians can be constructed from some hypothetically
given set of geometric objects. Fortunately, however, there are cases when the
answer is an affirmative one. The fundamental equation in the case of some
hypothetical combinations of fields does have solutions. The search for these
solutions is the aim of the present work.

4. The fundamental equation

4.1. (i) If the behaviour of a system of fields ®a(x) is concentrated into
a Lagrangian L, then according to physical experience L should be a function
of the o a(x) and of their derivatives up to some order.
(if) According to the principle of general relativity the Lagrangian should
be a geometric object.
Therefore, in the theory of Lagrangian functions it is necessary to require:
Postulate 1. The Lagrangian should be a concomitant [3—4] of the set
offields ®a(x) and oftheir derivatives 3da/3a . .. andg/Asck... dxs (n™> 0), i.e.

L= 1 gays ") 4)
LXK
4.2. Not every concomitant of the kind (4) is a Lagrangian. If, according

to physical experience, we require that the action A of the system of fields
Aj'JjjLdF (5)
should be an invariant with respect to (1), then we must set up
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Postulate 2. The Lagrangians should have the transformation rule

dxki-1
L —e- det L, (6, L)
77}
where L is the transformed Lagrangian, which belongs to the new coordinate
system, and
e= 1 (6, €)
sign (det dx/dx)

depending on how dV is defined. If dV is defined as an ordinary density of
weight —1, then the Lagrangian should be an ordinary density of weight one.
Then e = 1. If the volume element is defined as a Weyl density of weight —1,
then the Lagrangian should be a Weyl density of weight one. This question will
have significance in the case of the gauge symmetries only. Therefore, we do
not go into further details here.

4.3. From the two postulates it follows that

Aar'
L[®A (xp) PAK(XP)T *m]=£+ (ot 7 7 \'1/da  *0AKT7 p)’ess]e  (7)

Inserting (2) into (7) we get the necessary condition for | to be a Lagrangian.
This condition will be called the
Fundamental equation:

I dxl '
atws (xp), Tkit,- mm] — £*Idet -*\'"1[D A{xp),PAK{ X ) (8)

where Wa and 7 —f k(xI) are given, | is the unknown function, and the sub-
script P in Xp and Xp denotes that xp abd xP are the coordinates of the same
instant-point P in the old and new coordinate systems, respectively.

The solution of equation (8) is the necessary task.

4.4, Every solution | of (8) is a density and a concomitant of the fields.
But not all density-concomitants are Lagrangians. There are densities whose
Euler equations vanish identically. These solutions should be disregarded.
Therefore we set up the

Supplementary condition: Only those solutions of (8) are Lagrangians
whose Euler equations do not vanish identically.

Every solution of the fundamental equation which also satisfies the
supplementary condition is a mathematically possible general relativistic
model of a system of interacting fields. W hether it has a physical meaning,
too, is another question.
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5. The mathematical problem

The mathematical solution of (8) is a difficult problem in the case of
fields which have a complicated transformation rule. Therefore, in the search
for the solutions of (8) we shall proceed step by step, from simple systems to
more and more complicated ones, from the one dimensional time X Yto the
four dimensional spacetime X",

In the case of the space X1there are no mathematical difficulties, and
the method of the direct derivation of general relativistic Lagrangian functions
appears clearly. As will be seen, this method is more simple than that of Lie
[5], Yang-Mills [6] and Utiyama-Kibble [7], and Edelen [2].

Il. Fields in the time X4

6. Preliminaries

In this part ofthe paper the “fields” ®(x) depending on a single variable,
on time X, are discussed. The time is assumed to be a space X1 [3-—4]. The
fields in question are, for example, the cartesian coordinates X (1), y (T),
z (1) of a moving mass-point, the angular coordinate <p(r) of a rotating body,
etc.

Definition 3. The points of the will be called “instants”.

Definition 4. The general relativistic time coordinate x of Xv which has
in general no metric properties, and therefore is only a parameter (or label)
of the instant, will be called “paratime” (from parameter and time).

Definition 5. If a geometric object is a function of several geometric
objects it is usually called a concomitant, or simply a comitant of them. If the
concomitant is a scalar, it is usually called invariant. If the comitant is an
ordinary density of weight one, it will be called “ordinary densitant” (from
density and comiiant).

Definition 6. Those comitants which are Weyl densities of weight one,
will be called “Weyl densitants”.

The last objects, however, will be treated in the later publication only.

7. Single vector field in X4

Definition 7. The object v (x) which, in the case of an arbitrary coordinate
transformation

T=1/(-0. (9)

dx dx
is transformed by the formula
v (xp) = arlv (xp), (10)
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Avili be called a “covector”. In the mathematical literature it is called an ordi-
nary density of weight one.
The transformation formula (10) may be written

V= R1lv, (1)
where
%= afl = drjdr. (12)

Theorem 1. The general densitant of a covector field v (r) is
Iv(m] = kmw(r), (13)

where /c is a scalar constant. (Proof. The fundamental equation (8) reads as
follows in this case:

I\v(rp) 1~ B 1I[v(Tp)]. (14)

Taking into account (11) eq. (14) becomes
I[R1v]= Rj[v] (15)

Avhich is an identity in 8 and v. Among the general coordinate transformations
there are some for which at the given instant P

a(rp) — v (tp). (16)

Under these restrictions (15) reduces to

(1) = v~4(v), 17)

ILv(r)I=v(r)-1(l) = k-v(r), (18)

where K is an arbitrary scalar constant. Since no further restrictions on | may
be given, (18) is (as called in the mathematical literature) the general solution
of (15).

We mention that the degenerate solutions of (8) will always he disregard-
ed.

Thus the theorem is proved).

Theorem 2. The general densitant of a covector v and its first deriA'ative
V, is

Iv(r), (M] =«km(r), (19)

where K is an arbitrary scalar constant. (Proof. With the notations
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ag af d v (T)
dT
and

def d27
dT2

and taking into account the transformation formula of a (t)
a(rp) = Bla(rp) + Bav (xp)

the fundamental equation (8) reads

| (vRltaR\. vR2. RLL(,a).

(20)

(21)

(22)

(23)

Among the general coordinate transformations (9) there are some for

which at the instant P the following relations are valid

vRx= 1, ie., Rl= v-1
and

al\-\-vR2= 0, i.e, R2= —av-~3.
At this point P eq. (23) reads
1(1,0) = r-31(v, a)
Therefore, the general solution of (23) is

v, YO o= kv
dT

QED).
Theorem 3. No Lagrangian of the form

L = I{v,v2)

exists. (Proof. (19) does not contain vr).
Theorem 4. The general densitant of v (r), vrand vTZis

I (v, vz,vzz) = kv,

(24)

(25)

(26)

(27)

(28)

(29)

where K is an arbitrary scalar constant. (Proof. The transformation formula of

v is (11), that of vzis (23), and that ofv,, is
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ir-=RB\v,,+ 3404 " + A®.
where

The fundamental equation reads

(v Bi, vTIRf + v B2 v, Bl + 3& B2vx+ VB3 = B11(v, i)T, nIT).

At a given instant P we may take

vRI==1,
VIRl + vR2= 0
and
vt Bi + 3otRXxB2+ vR3= 0.
Then

/(1,0,0) = v-4(v,vTv®)

and thus the theorem is proved).
Theorem 5. No Lagrangian of the form

L= I[V (), ve(r), det(t)]

exists. (Proof. (29) does not contain vr and vTI).
There is a strong probability that no Lagrangian of the form

dr dru
exists.

8. Single scalar field in Xt

153

(30)

(31)

(32)

(33)

(34)

(3%)

(36)

(87

(38)

Theorem 6. No densitant of a scalar field s (r) exists. (Proof. Let us

suppose that | exists. Then in the case of a transformation (9) one gets

[s(Tp)] = BLI[s(Tp)].

Since s (t) is a scalar, i.e.,
s(fp) = s(rp),
(39) may he written as follows
I = Bxl.

(39)

(40)

(41)
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Since this must be true for arbitrary values of Bv | should be identically zero
I[s()]= 0. (42)

The theorem is now proved).
Theorem 7. The general densitant of a scalar s (r) and of its derivative
sr(t) is
I[s, sT] = sTF (s) (44)

where F is an invariant. (Proof. The fundamental equation (8) now reads

- ds 1 7 ds]
I s,—— —Pxl s, , 45
dr P dr (49)
i.e.
I{s,sTRi) = Bil(s,sT). (46)
At a given instant P, one may take
A*x=1 (47)

and, therefore,
[ afe), 98— Ady= — ~8sfhh /Y (45)
dr dr dr

QED).
Theorem 8. No Lagrangian of the form

L —I[s(r), sT(x)] (49)
exists. (Proof. The densitant in question is (48)
L = sTF (s). (48)

Its Euler equation identically vanishes:

ib-fik] (so,
3s 9sTjT ds dr

Thus, the theorem is proved).
Theorem 9. The general densitant of a scalar s (r) and of its first two deri-
vatives is of the form

I[s,sT,sZ] = srF (s), (51)
where F is an invariant. (Proof. As for theorem 3).
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Theorem, 10. No Lagrangian of the form
L= I(s,sr,sJ (52)

exists. (Proof. The Euler equation of (51) vanishes identically.)
It is highly probable that no Lagrangian of the form

L=is(r 45  dus (53)
dT dtu

exists.

9. Two covector fields in Xj

This section also yields positive results.
Theorem 11. The general densitant of two covector fields v (r) and w (r)
is *

Iv{r).w(r)] =i;(r)-F[-~jTI, (54)
v (1)

where F is an arbitrary invariant. (Proof. Eq. (8) now reads

I(vBv wB1) = RB1-1(v,w), (55)
Assuming that

Vi3 =1, i.e., Ri= v~I
we get

fv, wy =1)1"11, WY =17 . (56)

I VI V.
QED).
Theorem 12. The general densitant of the vector fields v (t) and ui (t),

and their first derivatives is of the form

”v,w,v?,wr] = VEYL e - ég'?")4

\ V3
where F is an arbitrary invariant function. (Proof. Introducing the notation

a= VT, b —wT (58)
eq. (8) reads

19 v, Blw,Bfa + B2v,R{b+ R2w) = B1l(n, w, a, b). (59)
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Assuming that

A» = i (60)
and
B\a + R2v =0 (61)
we get
Bl= »-1 (62)
and
R2— —av~3. (63)

Inserting (60)—(63) into (59) we get

|1, —,0,——= V-11(v,w, a, b), 64
v V2 v3J ( ) (64)
i.e.
/(r,tv, a,b)= VF (— , ~ —— | 65
( ) S/v vl v3 f (83
QED))

Theorem 13. The general Lagrangian of two covector fields and their
first derivatives is

L= «f (—, VW ~-UM. (66)
v v3 |

(Proof. The densitant is (66). Its Euler equation does not vanish identically.)

10. Two scalar fields in Xt

Theorem 14. The general Lagrangian of two scalar fields s (r) and r (r)
and of their first derivatives is of the form

L=sTF[s,r,M, (67)

where Fis an arbitrary invariant function ofits invariant (or scalar) arguments.
(Proof. The fundamental eq. in this case is

I (s, r, Bxsx B1rTy = B11(s,r,sr, rt). (68)

As in the case of theorem 11 we get for the densitant

I(s, r,sTrT)= sT/ s, r,1,—\ = sTF (s, r,— I. (69)
Sj | «r
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The Euler equations of this densitant do not vanish identically. Thus (68) is
a Lagrangian.)

In the next section we shall give some examples and the interpretation
of models of the type (67).

Theorem 15. The general Lagrangian of two scalar fields and of their
first two derivatives is of the form

L= I(s,r, sTrTsT,rT = sTF s,r, ST (70)

(Proof. As for theorem 12.)

We give without proof the following

Theorem 16. The general Lagrangian of two scalar fields and their first
three derivatives is of the form

s,F s, T, Stt(L€St— rTSrr) . (71)

where s (r) and r (r) are the fields.

11. Examples

Example 1. Let us consider a moving mass-point in the Euclidean
plane. The cartesian coordinates of the point, x (r) and y (t), are geometric
objects with respect to the general relativistic paratime transformations

r=f(r), 4drA ° . 9)

Both x and y are scalars with respect to (9), because

* (ip) = X(rp) and y (rp) =y (M) . (72)

Lagrangians of the type I(X,y, xT yT) are

X

L=xF x€y. ! (67)

where F is an arbitrary invariant function.
So much for the theory.
W ith regard to physical experience we take the Lagrangian (67) to be

L = mxz-(1 +ylIx2)t, (73)
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L= m'(*?+ J?)*, (74)

where m is a scalar constant (the mass) of the moving point. The Euler equa-
tions are

d Il dxjdx 1 Q 75)
Hr\{x% + y*)*\]

and
d ( dyjdx j=0 (76)

dr 1 (*? + y?)z J

From (75) and (75) one can construct several invariant expressions. One
of them is

= const. 77)

This equation shows the character of the solutions of general relativistic
equations and that of the general relativity theory itself.

(i) Since Xis a label only, the Euler equations (76) and (75) need not be
solved because the solutions x (t) and y (1) contain very little information.
The physical information is concentrated (contained) in the relations between
the fields x (x) andy(t). If, in the case of two field variables and one para-
variable, one finds one invariant relation between the fields which is based on
the Euler equations, then one has found the true solution of the problem.
Equation (77) is of this kind. It is a true result.

(ii) In this example the two fields x (xX) and y (x) are the described phy-
sical phenomena. As seen from (77) the result of the general relativistic equa-
tions of motion should be a comparison between the physical phenomena.

The general relativity theory is not designed to compare, or to express
the physical phenomena (here x and y) with the almost empty paraquantities
(here t) because they are labels only. The paraquantities have a secondary,
intermediary role only.

Now we are able to explain physically why no Lagrangians of the form

dx drx dux
dx dx2 d xu

L=1

exist. A Lagrangian of this type, i.e. a single field cannot be used for compari-
sons, and, therefore, it cannot explain anything. One single physical pheno-
menon within the frames of the general relativity theory is equivalent to
nothing.

(iii) The equation (77) is a kinematic result. This is also a characteristic
of the general relativity theory.
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Example 2. Let us consider the same moving mass-point and a rotating
body, which is considered as a physical clock, and which is characterized by
its azimuth (p(t). All fields, x (r),y (t) and <(t) are scalars with respect to (9).

Let us take the concrete Lagrangian oftype (67) in the form

2
L= 9-[*+W + A12 (78)
1 | <Pn\ oJ

where K is a scalar. The Eulerian equations are

d o J=o, (79)
dr (k9i+ xi+ f;)i\

d AT =0, (80)
dr &<A+ x~+ ydi

and
d P = 0. (81)
dri(k m+ x\ + v))i
An invariant consequence is

—(—j——)E: ct and ﬂ: c2. (82)
do dcp

This means that the metric velocity of the moving mass-point is an invariant
and a constant of the motion.

From (82) we again see that in the general relativity theory the invariants
are those expressions (quantities) which contain the results obtained by the
comparison of the physical phenomena and also those obtained by physical
measurements.

It seems that in the general relativistic theory of fields at least one of the
fields (or perhaps one of the components of a certain field) is always that
physical object with which all other objects should be compared, to which all
the other objects should be related, and by which all the other objects should
be measured [8].
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OBWEE PENATUBUTCKAA TEOPUA NATPAHXWAHOB

Yactb .
BekTOopHble M cKansfpHble Nons B npocTpaHcTeBe X.,

r. KHANEL
Pe3ome

[LaeTcs mMeToq ANs BbiBOZa 06Lie PeNATUBMCTCKUX NarpaHXMaHOB Ha OCHOBE pelleHus
04HOTO (YHKLMOHANLHOTO YpaBHEHWS, KOTOPOE SBNSETCS IKBUBANEHTHbIM YypaBHEHWO Jlu
(S. Lie). BbiBefeHbl HeKoTOpble peLieHWs 3TOro ypaBHeHWs. ECMM narpaHxuaH npegnonara-
eMoro TWna He CyLLecTByeT, [aeTCH MaTeMaTMueckoe [A0Ka3aTeNbCTBO He-CYL|eCcTBOBaHMUS.
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B/IMAHVNE ®PNYKTYAUNN BHYTPEHHEIO
MAIHUTHOIO MOJ1IA HA 3PDEKT MECCBAY3SPA

n. nAn

LUEHTPANbHbBIA MHCTUTYT ®UN3NYECKUX UCCNEJOBAHWUN
BEHFEPCKOW AKAALZEMWW HAYK, BYAATNMEWT

(Moctynuno 5. V. 1966)

PaccmaTpuBaeTcs BAUSHME (YKTyaLUW HanpasneHWs BHYTPEHHero nons Ha (opmy
NWHWI adthekTa Meccbayapa. [LoKasblBaeTCs, UTO C POCTOM «YacTOTbi» (YKTYaLuKU TIMHUN CBEPX-
TOHKOFO pAacLLenneHns paclmpsaioTcs, CMEeLLaloTCa W HaKOHEel, CWMBAOTCS B OAHY LEHTPasb-
HYI0 NIMHWIO, KOTOpas — MNpW AanbHEMWeM POCTe «4acTOTbl» (MAYKTyauuu — MOCTENeHHO CY-
Xaetcs. CnuMBaHMe NPOUCXOANUT TOTAA, KOTAa «uacToTa» PAYKTyaLun oK 60Mblie 1apMOPOBCKOM
yacToThbl eL ANs cnvBaiolieit napbl NUMHUA. B MOMEHT CMMBAHWA (HOPMbI LEHTPaNbHON NUHUK
3aMeTHO OT/IMYAEeTCA OT MIOPEHLOBCKOM. Hanuume BHELWIHEro MarHUTHOro Mons npueBoauT K
M3MEHEHUIO MONOXEHWUS W LUMPUHLI INHUIA, @ TaKXe MpoLiecca paspylleHus UX CBEPXTOHKON

CTPYKTYpBbI.

B HacTosILeli paboTe M3naraeTcs npocTast BEPOSTHOCTHas Teopust pryk-
Tyaumn BHYTPEHHEro nons v nokasbIBaeTcs BAWSHWE 3TOM (hayKTyauumn Ha dop-
My HWIA adchekTa Meccbayspa.

Kak ©3BeCTHO, MpU Ha/MuMn BHYTPEHHEr0 MarHWTHOIO MO/ MPOMCXOAUT
3eMaHOBCKOE pacLLern/ieHne SAepHbIX YPOBHEeR. Ecnn 3To none nykTympyet
MeX[y 3HaYeHUsMU + H U —H, TO B 3aBUCUMOCTU OT «HacTOTbb (HIYyKTyaLmu
MEHSIeTCA CneKTpasibHas XapakTepucTuka addekta Meccbayspa. Mpu cnydae,
Korga NapMOpOoBCKasi YacToTa e L 00/blle XapaKTEPHOM «4acToTbk (hIyKTyaumm
CcOR, 3eMAHOBCKOe pacLUernsieHne coxpaHsieTcs. PaspylueHWe pacLuensieHus npo-
UCXOANUT, €eCcnn «4yacToTa» (QIyKTyauun 6osblie NapMOPOBCKOMA.

Hannuve KBagpynosbHOro pacLLUensieHUsi B OCHOBHOM HE MEHSIET KapTUHBbI,
TONMbKO NPV JOCTAaTOMHO 60MbLUMX «YacToTax» (UIYKTyaumu BHYTPEHHEro mar-
HUTHOrO Mons HabnlofaeTcs acMMMETPUS B KBaJpYNoSbHOM pacluensieHUun. 3To
€CTECTBEHHO, TaK KaK BbIPOXAEHHbIA KBajpyro/ibHblA ypoBeHb + 3/2 pac-
wennseTcs 6onblue, YeM ypoBeHb + 1/2. TMOCKOMbKY NapMOpPOBCKasi 4acToTa
onsa nepexogoB +3/2 -> + 1/2 60nblue, Yem NS nepexogoB + 12 -> + 1/2,
+ 12, TO BMOMHE BO3MOXHO, YTO MPU HEKOTOPOM «4acToTe» (hIyKTyauumn pac-
LiensieHne nepexogoB = 12 = 12, + 1/2 y)Ke paspywlaetcs, HO B TO Xe
BpeMs 3TOro He MPOMCXOAUT B Cydae nepexofgoB = 3/2  + 1/2.

Kak BUgHo, BNsHWE (NyKTyalmMn BHYTPEHHEro MarHUTHOro rons rnpueo-
OWUT K BECbMa HarfsgHbIM 3heKTam, TeOPETUHECKOE OMMcaHne KOTOpbIX Ha nep-
BbIA B3rNS4 He MPeACTaBNseT HUKAKOW TPyLHOCTM. HecmoTps Ha 370, MMeeTcs
JWLLb HECKOSIbKO TeOpPeTMYECKMX pPaboT, paccMaTpuBatoLLmMx 3TOT BOMPOC, XOTHA
B TEOpUM SIAEPHOr0 MarHWTHOrO Pe30HaHca aHa/lorMuyHble 3afaun yXke AaBHO
M3BECTHbI M pelueHbl [1].

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



162 n. nAn

Mocne 0GHapPY>XeHMS CBEPXTOHKOW CTPYKTYPbl IMHMIA Meccbayapa B cny-
Yae HeKOTOpbIX MapamMarHUTHbIX OKWUCMOB PeAKOo3eMeSIbHbIX 3/1eMeHToB [2] Ada-
HacbeB M KaraH [3] pasBuivM KBaHTOBYIO TEOPUIO, YUUTLIBAIOLLYIO CrWH-peLLe-
TOUHYHO pefiakcaLyio MarHUTHOr0 MOMEHTA 3/IEKTPOHHOM 000/104KM U 0OBSACHUN
rMaBHble YepTbl 3KCMepuMeHTa/IbHbIX (hakToB. BaH gep Boyg n Oskkep [4]
NoKasain, YTO COCYLLIECTBOBAHUE LIEHTPa/IbHOM U CBEPXTOHKUX NIMHWIA B rpy6bIX
yepTax MOXeT Oblb 06BACHEHO Ha OCHOBE CTOXaCTUYECKOW MOAE/N MarHWUTHOM
penakcaumm AnfepcoHa [1]. BereHep [5], ucxoas m3 MpocToro KBaHTOBO-MeXa-
HWYeCKOro pacyeTa, BbIBe/1 MPUOMKEHHBbIE (hOpMY/bl A1 PacLUMPEHNs U cABUra
nmHWiA athchekTa Meccbayaspa npy Hamumm GyKTYUPYHOLLIENO BHYTPEHHErO Mosis,
HO MM He ObUT ucCMefoBaH MPOLECC PaspyLUEHUs CBEPXTOHKOW CTPYKTYpPb.
Bnyme [6] ykaszan Ha To, UTO acCMMETPUS KBaAPYMo/IbHOr0 pacLUensieHns MoXeT
ObITb paccumMTaHa, WCNosb3ys MeTo4 AHAEpPCOHa A1 MarHUTHOW penakcauuu.
Bpeatops v Mapwan [7] uvccnefoBanv BAWSHWE penakcaumy CrvHOBOro Mo-
MEHTa 3/IEKTPOHOB Ha creKTp Meccbayspa B criyvae ObICTPOA peniakcauum u
noKasasin, 4YTO pacLUMpeHue SIMHUIA MOFOLLEHNST 06paTHO MPOMOPLMOHAILHO
BpeMeHW penakcaLmu.

PacTywimii nHTepec K SIBMEHMSIM, CBSI3aHHbIM C (UIYKTyauMsiMU BHYTPEH-
Hero MarHWTHOro rofif, OGbACHSETCA TeM, YTO XapakTepHas «4acToTa» (IyK-
Tyaumm W, OCOBEHHO, ee TemnepaTypHas uyBCTBUTE/IbHOCTb [AOT LEHHYHO
WHopMaLmo 0 ABVXKEHUN MarHUTHOrO MOMeEHTa BOAM3M TOUKM (ha3oBOro Mpes-
paLLeHus.

B pasgene |l pgaHHoi paboTbl M3naraeTca obwas Teopust hnyKTyaumm
BHYTPEHHEro nosisi Ha OCHOBE BEPOSTHOCTHOW MOAE/IN W MOKa3bIBAeTCA ee BUS-
HVe Ha CMeKTpasibHYH0 MI0THOCTL M3NydeHUs Meccbayapckoro sapa. B pasgene
Il paccmoTpeH cambii MPOCTOW Cnyyail, a, WMMEHHO, pefakcaumsi aTOMHOro
cnvHa s = 1/2 ; B pasgene IV nokasaHa posfib BHELUHEro MarHuTHoro nons. Ha-
KOHeLl, B pasfene V NpuBOAATCA pe3y/bTaTbl U aHa/IM3MPYeTCA XapaKTep caBura
N pacLUMpPEeHnNst UHWIA. oNoAHUTeNbHO, B MNpunoxeHnn | n3noxeHbl 0TAeMbHbIE
JeTann BepPOATHOCTHOW TeopuWM [ABUXKEHWUS KBa3UCBOOOAHOrO MarHWTHOro Mo-
MeHTa, a B MpunoxeHun |l npeacTaBnieHbl HEKOTOPble COOBPaKEHMA MO (HNyK-
TyaumMn BHYTPEHHEro nosns B cnyyae S > 1/2.

Il. lNocTaHOBKa 3ajayu

Pagy npocToTbl M KOHKPETHOCTM PaccMOTPUM MeccGay3pcKoe U3fydeHue
sapa FeS7, cxema YpoBHe KOTOPOro XOPOLLO M3BECTHA W TOMbKO ANSt Harnsag-
HOCTV M306paxkeHa Ha puc. 1 [Mpu nepexoge W3 BO3GYXKAEHHOr0 COCTOSIHUS
T'FC > B OCHOBHOE |m | > M3/ly4yaeTcs OAVH FraMMa-KBaHT, BEKTOPHbIA MOTEH-
LMan KOTOPOro MOXET GbITb HanucaH B C/EAyOLLEM BUAE:
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t
AitmT—=T11,0)=Aa0(T"1'—=T1T1, O)fO(t) exp [i6(M", m)b H (t") dt"\, (1)

rge
Jo(i)= exp{iK + 6(m" m)HOIt—\T (m") t}. (&)
Cosl
-lco-7/2
fj-+i,65vn
270NHEWN
137K 3B "5/

0.9§M1+OIJ.I2

-3/2 1=3/2

.12 fi=-0.153fin
+1/2 AE=.07.10~73B
+3/2

+12 1=1/2
fi =+0,0003/jn
. 12 AE=1,90.1073B

Puc. 1L Cxema ypoBHein sigpa Fey

lag(rril -> m10) R onpeaensieT MHTEHCUBHOCTb M3/ydYeHVs! B Hanpas/ieHun, 06-

pasyloleM Yrosi 0 C HanpaB/ieHWeM BHELUHero marHutHoro nonst; I (T7) —
E'-E
LMPUHA YPOBHA T M 0D = - --—- , @ (haKTop b(rri, T) MMeeT BUA;
A

o(T, T) = —ﬂ{m'g'+ mg), )

roe g’ v g rMpoMarHUTHble KO3(hMLMEHTbI BO36Y>KAEHHOMO0 1 OCHOBHOIO COCTOSI-
HUIA. Yepe3 H(t) 0603HA4YeHO (NYKTYMPYHOLLEe MarHWTHOE MOMe, a 4yepe3 W0
MOCTOSIHHOE BHELLHee MarHWTHOe Mofe, AencTBytoLlee Ha A4po. CnekTpasibHas
M/IOTHOCTb U3/TyUeHNs1 MOXET ObITb OMpeAenieHa M3 KOPPEeNsUMOHHON (hyHKLUN

< A (1)A* (0)> = Z «V < A (t,m" 1" ml,o)Ax o, m"I ml,o) >, (3)

T, T

roe wm, CTaTUCTUYECKMIA BEC COCTOSIHUS T °. CreKTpasibHasi MN/IOTHOCTL MMEET
BAL;
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1((0) = - ReS (co), (4)
rae
= fe-ist< A () A*(0) > dt. (5)

Co6CTBEHHO TOBOPSI, 3afaya MOMHOCTLIO MOXET OblTb CBeAeHA K BbIYMC/IEHUHO
BbIpaXKeHWst

f(t) = < exp [i6 \H (t")dt'] > , (6)

TaK Kak
<AGGTI"—=mlLB)A*O, T'I'"¥yTI,0) > —

= \Ao(m'I'-ym1,0)\*fo(t)f(t). @)

B panbHellem OryckaeM WHAEKCbl T° U T, XapaKTepusylolime repexod, U mno-
cTapaeMcsl HaiiTU METOA AN BbIUUC/IEHUSI CPefHero 3HaueHus (6).

MpegnonoxmMm, 4Uto (PAyKTyaumss MarHUTHOMO MOAs, [AeACTBYHOLLEro Ha
A0pO, CBA3aHa C (NYKTyauusiMM MarHWTHOrO MOMEHTa 3M1eKTPOHHOM 060M10UKN.
PaccmoTpym  criyyaid, KOrfia MarHWTHbIA MOMEHT artoma O06YCMOB/EH UYWCTbIM
CMWHOBbLIM MarHeTM3MoOM. Ecnn HeKOMMEHCMPOBaHHbIA CMWH 3MEKTPOHHON 060-
IOYKM MPUHUMAET 3HayeHre S, TO BO MHOMMX C/y4yasiX 3aKOHHO MPeSnonoXuTb,
yTo

H(t) = HmaxM i -, (8)

rae Sz(t) MPOeKUMsi ClMHA Ha HarnpaB/ieHWe BHELLHEro Mnosisi B MOMEHT BPeMeHU
t, @ H 1rax — MaKCUMaslbHOE BHYTPEHHee Mose, AeCTBYHOLLEE Ha sApo. VMetoTces
BCEro 2S + 1 pasHbIX NPOEKLNIA, KaXaas M3 KOTOPbIX XapaKTepu3yeT COCTOsSIHME
MarHMTHOr0O MOMEHTa 3/1eKTPOHHOM 060M104KN. B cocTosiHUM « MNpoeKumst 51
nveeT 3HadeHne s -f 1— k. O6o3HauMMm uyepe3 n(k’, kK)At + O(At) BEPOSTHOCTb
TOro, UTO Sz B TEYEHWE BPEMEHU At MEPEXOAMT M3 COCTOSHUSA k’ B COCTOSIHME K.
Mpegnonarasi, 4to MOryT ObITb paspeLleHbl Mepexoibl TOMbKO B COCeAHWE CO-
CTOSAHWSA, U(K’, k) OT/IMYHA OT HyNA, ecnn | kK’ — k \ = 1. COCTOsAHME MarHUTHOro
MOMEHTa XapaKTepu3yeTCcsa CrlyyaiiHOM BEeIMUYMHONA v(t), KOTOpas MOXET MpUHU-
MaTb LE/I0MUCNEHHble 3HayeHua 1,2,..., 2s -f 1 Jlerko nokasaTb, 4T0 Mat-
pyua v onpegensieT AUHaMUYECKOe MOBEAEHME MarHWTHOrO MOMeEHTa W, pac-
cMaTpuBasi ABWXKEHME Sz KaK MapKOBCKWMIA MPOLECC, MOXEM MO/yUUTb BCHO
HeobX0AMMYHO MHGopMaLM0 0 PYKTyaumax Sz. B «MpunoxeHun b» nsnoxeHa
OCHOBHasl Maes BEPOSATHOCTHOM TEOPUN ABMDKEHUS Sz.
[Ona Toro, 4ytobbl BbIMUCAUTL (YHKUMIO

f(t)= oxp ESSH(t)dt'] > ,
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noTpebyeTca (YHKUUA pacrpefenieHns CryyaiiHol Be/MYMHbI

(
c(0 =~ ~ (X (9)
0

KoTopasi Mo CBOEMY XapaKTepy SBASETCS (ha3oil, MCMbITbIBAOLLIEA CyYaiiHble
U3/10Mb.
MNycTb
P{x< C(t) X-hdX]V(0)= f}= pk(t, x)dx (10)

BEPOSATHOCTb TOrO, YTO C/y4aiiHasi Be/iumHa ( (I B MOMEHT BpeMeHu t > [ npu-
H/MaET 3HayeHWe, fexxallee B UHTepBane (X, X -f- dx), npu ycnosun, 4to B MO-
MeHT t = 0 MPOeKUMsi CMHA Haxoawiacb B COCTOSIHUM k. YPaBHEHMe A0St pk(t, x)
NIErKO BbIBOAWTCSA, €C/IN YYeCTb, UTO MeXAy ABYMSI COCEAHMMU Nepexofamu hasza
JINHENHO pacTeT co BpeMeHeM. Hanpumep, B COCTOSHUM k [0 CledytoLero nepe-
Xoga (asa MMeeT BWL:

-l — —
c:)LI—r|’Tax-—‘5——'—-'— ————— K1= mL--§—f1'—--} ————— K1= XK (t) . (11)

TakK KaK BeposiTHOCTb TOro, YTO B UHTepBasie BpeMeHu (O, t) COCTOSIHME k COXpa-
HSETCS, BbIPaXKAETCH Uepes e~‘®w Iae

MK= n(K—yK—1) - n (Kk—>»kK -p 1),
TO
Pk (*,x) = e-"kta(x — xkt)+
t
+ Je-w [U(K-yK—1D)pk_ I (t —t"',x — xkt) +

- 1 (K—mK - 1)Pk+i (t —t', X — xki)] d t' (12)
(fc= 1,2....... 2S+ 1).

CnepyeTt 3amMeTUTb, 4TO

M= bi(l— 2), U2SH — u (25 + 1->25), (13)
TaK KaK
u(l->0) = u(2S+1->2S + 2)= 0. (14)

3Has nNAOTHOCTL pacnpefeneHus pk(t, X), WMHTEPECYIOLLYD Hac (yHKUMIO f{t)
MOXEM BbIUMCINTD.
25+1 25+1 4%
I(*) = 2, Qkfk (0= 27 Qk I eixPk (*x)dx. (15)
k=1 k=1 “-»0
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rge Qk BepOSATHOCTb TOrO, YTO B MPOW3BOJILHO BbIGPAHHBIA MOMEHT BpeMeHW
MPOEKUMA CNUHa HaxoguTcs B cocTosHUM k. OnpegeneHve Qk nMpvBOAUTCA B
«[punoxkeHnn I».

Mocne 3TOro OCTaeTCsA TO/IbKO MPOBEAEHME 3/1EMEHTApPHbIX Orepauumii, a
MMEHHO BbIYMC/IEHNE VHTErpasia

o
GmMmun = — Re (t)dt (16)
n J
o
N cocTaB/ieHNe psiga
In =2 «VIA (T'1'—=mml, B) pc T.T(CO). 17)

TakMM 06pa3om, B paMKax MOAENW, Bbl6paHHOM Hamu, 3agadva MoHOCThHO
cthopmynmpoBaHa. CrefyeT 3aMeTUTb, YTO PacCMOTpeHve (yKTyauum BHYTPEH-
Hero nonsi Ha OcHOBe ypaBHeHUA (12) aABnsfeTcs NPUBAMKEHWEM aHa/I0rMYHbLIM
KVHETUYECKOMY YPaBHEHMIO, KOTOPOE MOXET ObMb MOMy4YeHO — rMpy onpefe-
NEHHbIX YCNOBUSAX — M3 TOYHOIO ypPaBHEHWS A1 CTaTMCTUYECKOro omeparopa.

111, PnykTyaums BHYTPEHHEro noss B ciy4yae S = 1/2

B KauecTBe WMOCTPALMM OCHOBHbIX 3(hDEKTOB PacCMOTPUM Cry4aid, Co-
OTBETCTBYIOLLMIA (HNYKTyaUMsIM MarHUTHOrO MOMEHTa 3/1EKTPOHHOW 060/104KM

CO CMWHOM S= - HekoTopble npobnemMbl O6LLEro ciy4vas co CiMHOM S > -

o6cyxpatotca B «[MpunoxeHnn ll». Ncexoas wm3 ypaBHeHnsA (12) M yuntbiBas
ycpeaHeHne (15) ana dyHKumid fkt) (x = 1,2), MOXXEM HanmcaTb CrieaytoLme
YpaBHEHUS:

t
fi (0= exp [—K —icob)t] + mt( exp [- (ux- icob)t']f2(t- t)dt',

" 18
f2(t)= exp [—(m2+ icoL)t] + UZé exp [— (u2+ icol)t'] fx(t—t")dt". (18)
OTV ypaBHEHUS NErKO PeLLarTCs U MOXHO Cpasy XKe HamucaTtb, YTo
f(t) = 0 g (0,
rae
d
ez (19,

f(h= |, - ungw
/>>(OJ ezt
JNeMeHTbl MaTpUUbl Q OMNpPeaensitoTcs CReayoLWIMA  BbIPaXKEHUSMU:

Ad i Physica Academiae Scientiarum Hungaricae 23, 1967



BANAHWNE ®NYKTYAUUN BHYTPEHHEIO MATHUTHOIO Nongd 167

Pli «+ U+ icoL z2-f-un+ icoL

() |_ J—
* 22— 2

.. z1+ U—icoL z.,-\-n—iceL

02— > Q- (19")
224 3 Z

21 N Z0 SIBNSOTCA KOPHSIMW XapaKTepPUCTUYECKOro YpaBHEHUS

r2 mnz+ o\—i=IuuM= 0,
rae

, n

M= ny-f-uz M M = v —. (20
BenvunmHy M MOXHO paccMaTpmBaTb KaK OTHOCUTENIbHYH) HamMarHU4YeHHOCTb.
Ha camom fgene, mpy Ha/MuMW BHELLHENO W HEKOTOPOro 3(PEKTUBHOIO MNoss,

YUMTBIBAIOLLIEr0 B3aMMOAECTBME MEXAY MarHUTHbIMMA MOMEHTamMK aToMoB, ANA
OTHOLLEHVSI ud u-1 MOXKEM HammcaTb CriefytoLLee BbIPKEHME:

«2AM = exp [g/m (HO+ HelkT] (21)
13 KOTOPOrO CriedyeT, uTo

M = th-gi“B +
2Kk T

dyKTyauyst MarHATHOTO MOMEHTA 3/1EKTPOHHOM 060/I0YKM  XapaKTepu3yeTcs
BpEMeHEM periaKcaLum

rR= (u/2)-1 = m~re (22)

PaccmoTpum BHauvarne camblii MPOCTON Cny4yaid: cBOGOAHYH penakcauuio MarHuT-
Horo momeHTa. Mpwn atom %= n2 n Tak M = 0. KopHu ypaBHeHusa (20) moryT
ObITb HanucaHbl B CrefytoLLein opme:

2 A -MVLA+icoLf\l — Ai\, ecm A 1
"™ —eLA wL @1—A21 em A>1

roe ans ygobecrea 6buia BBedeHa Ge3pasmepHasi BeiMuMHa
A=— =1/, (24)

Kak 1 MOXHO 6bU10 0)KMAaTb, K eCTECTBEHHOM LWMpWHe 1/2 I pobaBnsieTcs penak-
CauMoHHasi LUMpUHa
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2rrR —wR (25)

N BMECTO O,Cl,HOI7I JIMHUWM ¢ YacToTo o) NosIBASIOTCS aBe JIMHUN C YacTtoTamMun

wi2= £ Mi— 1 (26)

B TOM cny4ae, ecqim [, < 1, T. e. ecin penakcalmoHHas 4vacrtota MeHbLLIe
NapMOpPOBCKOW coL. PacLiernneHne paspyLuaetcs, ecim eR = coL. Mpn A > 1
nosBNAIOTCA [BE LUMPUHBbI penakcauun:

[/2r*=wL(A £y\rA~r\, (27)

0fHa W3 KOTOPbIX MOHMXAETCA [0 HY/IEBOr0 3HaYeHWs, C POCTOM pefiaKcalyoH-
HOI YacToThl (o r, a Apyras yBe/MumnBaeTcsa W, TaKUM 00pa3oM, BOCCTaHaB/MBaETCA
YMCTO JIOPEHLIOBCKAsA (hopMa OCHOBHOW NIMHUW. 3TO ABMEHWME XOPOLLIO W3BECTHO
13 TEOPUU SAEPHOT0 MarHUTHONO Pe30HaHCa, KaK CY>KeHMEe Pe30HaHCHbIX JIMHUIA,
BO3HUKalOLLee BCMeACTBUE (PYKTyaLmu.

[Jo cux nop Hamm Obl1 PacCMOTPEH TOMbKO OAWH Mepexof Mexiy cocTosi-
HAAMU lin'T > 1 Im1 >. TIpy¥ HaMYMN He OYeHb (IYKTYUPYIOLLEr0 BHYTPEH-
Hero MarHMTHOro noss B crydae Agpa FeS vMeloTca LWecTb Mepexofos, CUM-
METPUYHO PAacrofIOKEHHbIX BOKPYr OCHOBHOIO rMepexofa ¢ 4actotoin o). Ans
NPOCTOTbI BBOAWMM  CredytoLne 0603HaYEHUS:

13/23/2 > ->] 1212 > *a>1?|1/23/2 > -* j— 12 1/2 >-+co4
11/23/2 > —=wmj1/21/2 > ->a j—1/23/2 > -*[- 1/21/2> cos
- 1232> ->;1212> ->w3|—3/23/2 > j—1212> -+we

7
A= - aw.
HanomHum eule, 4yTto
Aab=- Acx, Ao—- Aa2, Acd= - Ao3
7
\Acol\— oo, (1) > TAo@R1= wL(2)> IA«) |= ws(}).

Ecnu BHYyTpeHHee none (IyKTYUPYeT, TO JIMHUA Ao cMeLLaeTcs Ha Acod U co3-
[laeTcs ee 3epKasibHasd Mapa Ha MecTe JIMHUW — J~ 3, OfHOBPEMEHHO JINHUSA
— Aco3 CMeLL@eTcd Ha — fico3 W CO3JaeTCs ee Mapa Ha MecTe A w4, AHaNornyHas
cUTyauusi BO3HUKaeT M NS APYTMX CUMMETPUYHO PacrofioXKeHHbIX JIMHWUIA
Aab; - Aa®? « Acos; - Aev Ecnv gna xapakTepHOM «4acToTbky (hyKTyauum
BbINOSHSAETCA YC/0BUE

bH@B) = eL(3) 1
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TO paspyLUaeTcsl pacLuern/ieHue BHYTPEeHHel Mapbl MHUIA M MOSIBASETCA LEHT-
pasibHas NMHUA ¢ vactoTol odl. B 3ToM criydae HabnogaeTcs COCyLLEecTBOBaHME
LEHTPa/IbHOM («MapaMarHUTHOM») U CBEPXTOHKUX SIMHWIA. Tpn «vacToTax» (iykK-
Tyaumm @9 = ol(2) n = auy(l) cnmealoTcA CHadana NMMHUN AwS U —A w2,
a MOTOM Aco6 M —Stli- OTO O3HAYaET, UTO MPU «dacToTax» IYKTyauun cofi >
> ool(l) umeeTcst BCero ofHa UeHTpasibHast IMHKA € «dacToTom» o, hopma KoTo-
poii cornacHo copmyne (27) onpegenaetca ABYMS XapaKTepHbIMU LUMPUHAMM.

HakoHew, onpegenvm CReKTpasibHYt0 MIOTHOCTb M3MTyyeHus. Ha ocHoBe
(15), (16), (19) wn (23) mMOXem HanucaTb, 4TO

G(,= L[V2r (1 +s)- 8W [p- “o- (V)1 ,
2n: { [1/2T (1 + $)]24-[co— o0 — wL (A,Y)]2
(28)
1/2-ra o+ [co — co0 +

[1/2T (1 + $)]2 - [co -)- co0-f- co™(A,y)]2
ecm A<; 2co1 (j) /T — Xj,
G (@@= — a—gyA)]lv2 + 9+ Ayl
' 2mr [12T 1+ D+ eL(Ay)]+ (©0- 00?2
(29)

, [L+ e MI[12r 1+ D— (HAY)]
[12r A+ - ooL(Ay)]2+ (0- )2 °

ecnm A> 2 (j)/r = X]j.
B dopmynax (28) wn (29) BBeaeHbl cregytoLime 0603HaYEHMS:

A= niT (30)

S2(A) = <MPFII-(W |5 gW=-Fdazm, (31)

Jerko y6eamTbcs B TOM, 4TO

. r/2
tim Gj (co) =
I (F/2)2+ (co - co00)2

1 L )
7t [F/2 + coL(j)]2+ (co- co0)2
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1 2cot (jf) [T/2 -f- (oL (j)]2

n o {[r/2+ wL()]2+ (v - 1)

[Ns NpakTUYecKUX Lieneit LienecoobpasHo 1CMosib3oBaTb HOPMMPOBAHHYHO CMEKT-
pasibHYH0 MIOTHOCTL M BBECTU Criefytolyie 0603HAYeHMS:

a>—fn=V

Vi(X) = Vjy\l-(kBjf\. (32)

B 3ToM cnyyae BMecCTO 1(8) MOXeM HanmcaTb, YTO

G(v)= ZW jGj(v), (33)
rpe
G v 11 U2y (1+ - gj(v- Vi) o LIy (L A) e giv + Hy)
! Dy op [Ty (Tt w12t v 1)1 (UL y (Lt ALt (14 vipe |’
(34)
ecnm
A< 2vB = Ay
G.(V)____(1-@Jy)[|/2y(l+A)+3;]+(1—9;)[1/23/(1+ A —pyl
5 24 [12y @1+ A+ vj\2+ t2 [172y (@1 + A - Vj]2+ v
(35)
ecnmu

A> 2Mjly = A,

MpeXxpae 4Yem 06CYAWUTH MOJyYeHHble Pe3yNbTaTbl, PACCMOTPUM BIMSIHUE
BHELLHEro MarHWTHOro nossi Ha (ayKTyauum.

IV. BnnsiHWe BHELUHEro MarHWTHOro noss Ha (hyKTyauuu
BHYTPEHHero nons B cnyyae s = 1/2

BHelLHee MarHWTHOe Mosie MPUBOAUT K BO3HWMKHOBEHMIO HEKOTOPOro Mar-
HWTHOIO ynopsigoveHns 1 noatomy M ~ 0. B 3TOM c/lyyae KOpPHU ypaBHEHMS
(20) wvMmetOT criegytoLLMA  BUA:

2+ = ~ 12T$ [IiioL. (36)
roe
1/27] = cwL(A+ 1), aL= oLR(A,M), A= M A/R (1, M) (37)
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R{A, M) = y=\Y(A2— )2+ 4A2M2- | Al- 1] (38)

BWaHO, 4YTO Npu yABOEHWM JIMHWIA MOSIBASKOTCA ABE LUMPUHbI penakcauun; ofHa
AN «npaBoii», Apyras Ans «/1eBo» SIMHWW, HO acUMMETPUM He HabnopaeTcs,
TakK Kak 3epKa/lbHasi napa paccMaTpuUBaeMON IMHUM y[BavBaeTCs aHa/IorMyHo.
Ecnm «uyacToTa» (PrIyKTyauum BHYTPEHHEro Mons COBMajaeT C JlapMOPOBCKOWA
yacToToi, T. e. A = 1, Torga

1 /2 =cL(lx YmM5, = (oL YM.

[na nonHOTbI Hanulem el /-Tblii KOMMOHEHT CMEKTPasibHOW MI0THOCTU MpU
TeX Xe YCOBUSX KakK B criydae M = 0, TO/IbKO Y4UTbIBaEM, YTo Qx = 1/2(1 +7W)
M Q = 1/2(1 — Ai). lNocne anemMeHTapHOro pacyeta Moslydaem, 4TO

G(r). 1 /Zrfil+KA-Ljjv-v/)

24 [2yjt + (»- vt
(39)
2yl (@Q- Kj)+ Lj(y+ vj-)}
[12yjf + v+ vi)2 J’
roe
Yt=y[l + HIx M j)] (40)
n
K=M (112yr- + vj L = 12y4ay@Q—wmj) (41)
1 112y Wy +vj * y 12y am | + vj
B atnx opmynax 6bUM UCNOMb30BaHbI CheaytoLne 0603HaUeHNS:
Vio (42)
ViR - M o= §40— , My= M/4 — M
J Vjo 50 y 4 a:
'Tak Kak
lim 9 Kl —Ase , ecom A< 5
M->0 ) ecm A> HA-

3* JNicta Physica Academiae Scientiarum Hungaricae 23, 1967'



172 n. nNAn

N panee

limM;=f ° eC™
M-0 /1 — @& /A2 , ecnn A< Sy

TO HETPYAHO MoKasaTb, UTo B c/lydae M = O BbIpaxeHue (39) ceogutes K dop-
mynam (34) n (35).

V. O6CyXaeHne U BbIBOdbI

HecmoTpsi Ha To, UTO BCE HalLM MpeAblAylye PacCcyXAeHUst HOCSAT Mosy-
KMNacCcUYecKuii xapakTep, MoslyYeHHble pe3ysbTaTbl MOFYT 6bMb MPUMEHEHbI B
GO/MbLUMHCTBE C/ly4YaeB, TakK Kak C/lyyaiiHoe BO3MYLLEHVe MepexofgoB | T°'r > ->
Im1 > OCyLIeCTBNSETCA CTaUMOHAPHLIMK (YKTYaUMsIMU  «OKPYXXEHWST» pacc-
MaTpuBaeMoro sigpa. MOXHO MOKasaTb, UYTO MPU He OYeHb XKECTKMX YCIIO-
BUSIX 3TU (HNyKTyaumm MOryT ObMb MpunucaHbl MapKoBCKOMY npoueccy. [Mo-
NIe3H0 OTMETWTb, YTO MOMYK/IACCUYECKUIA METOZ, WUCMOMb3yeMblii HamK, WUMeeT
OfHO SIBHOE MPEUMYLLECTBO MO CPABHEHMIO C TOYHbIMM METOAAMW: OH MPUBOAUT
K MOIHOMY PELLEHMIO 334l B paMKax BbIGPaHHOV MOAENN, YTO HeMb3si CKasaTb
0 TOYHbIX MeTofax.

CHavania Mbl pacCMOTPUM HEKOTOpPble BbIBOAbI B C/lyYae OTCYTCTBMSI BHELL-
HEro MarHWTHOro Moss.

Ecnn HanpaBneHne BHYTPEHHEro Monsi pacrpefensieTcs M30TPOMHO OT-
HOCMTENIbHO BOJIHOBOFO BEKTOpa ramma-KBaHTa, TO

[nsa 3Toro cnyyas Ha pvc. 2 NpuBeAeHbl XapaKTepHble KpYBble HOPMUPOBAHHOM
CMEKTPa/IbHOM MMIOTHOCTU G(v) MPU PasHbIX 3HaYeHMsIX napaMetpa A B uwncren-
HbIX pacuyeTax ObU WMCMOMb30BaHbl CMEAyHOWME 3HAYEHUs] AN MOCTOSIHHbIX:

U2y — 474+10-2 cek-1; \ = $6= 2240, 2= 5= 1272 B= = 364.

Kak BMAHO, yXXe MNpu «yacToTax» (PAyKTyaumm, 61mM3KuUX K NTapMOPOBCKOIA
yacToTe co}3) (T. e. Mpy 3HaYeHUSX H B/IM3KNX K3HaYeHUO $B), BCe IMHWM CUNBbHO
pacwmpsitoTes. ocne cnmBaHUs ABYX BHYTPEHHUX IMHWIA OCTa/TbHbIE IMHUM TaK
pasMbIBatOTCA, UTO UX CTYMEHYATOe CMBaHWeE efBa /M MOXHO HabnogaThb aKcne-
PYMEHTa/IbHO.

CnepyeT 3aMeTUTb, UTO Ha OCHOBe M3MepeHuA Harna, ®payeHgensgepa u
apyrux [8] MOXHO cuMTaTb, YTO B YUCTbIX (DEPPOMarHUTHBLIX MeTasnax (Hanpu-
mep B Fe, Ni 1 Co) npu Temnepatype Kopu nNpoucxoauT BHe3arnHoe UcHe3HOoBe-
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HVe CBEPXTOHKOW CTPYKTYpbl. OfHaKo, B HEKOTOPbIX HeMEeTa//IMYeCKUX Mar-
HUTHBIX coefiMHeHusX [9], [10] B6NM3M TemnepaTypbl MarHUTHOIO MpeBpaLleHnst
ObU10 O0OGHAPY>XEHO UYETKOe COCYLLIECTBOBaHME LEHTpasibHOM (NapamarHUTHOI)
N CBEPXTOHKUX JfIMHWA, YTO CBUAETENIbCTBYET O BO3MOXHOCTM MOCTEMEHHOr0
paspyLUeHNss CBEPXTOHKON CTPYKTypbl. B kayecTBe wnnocTpaumMnm Ha puc. 3
npeacTaBneHbl KpuBble CNEKTPOB M3y4veHUs Meccbayspa m3 paboTbl [9] ans

Puc. 2. CnekTpanbHaa NAOTHOCTb M3NYYEHUA NPU pasHbIX 3HAYeHUAX napameTpa A, xapak-
Tepusywuiero «4actoTbel» penakcayun MarHUTHOro MOMEHTa

coeanHeHnss LiFe02, MMEIOLEero ynopsifoyeHHy0 TeTparoHasibHyl0 CTPYKTYpY.
B6nm3un Toukm Heensa (M/1~300°K) noMmmo 4eTbipex 60KOBbLIX SIMHWIA MOSIB-
nsieTcs ueHTpanbHas inHus. Kprsasi, n3obpadkeHHas Ha puc. 3, Mo cBoeld hopmyre
COBMaJaeT C TEOPETUYECKON KpmBOA (puc. 2. A~ 40), paccumTaHHO Mo chopme
(33). OTcyTCcTBME 3KCMEPUMEHTA/IbHBIX [aHHbIX O MOCTEMEHHOM pa3pyLUeHUN
CBEPXTOHKOW CTPYKTYPbl B C/ly4ae YUMCTbIX MarHWTHbIX METa//I0B, BEPOSTHO,
CBSI3aHO C BeCbMa Y3KUM TeMMepaTypHbIM WMHTEPBA/IOM, B KOTOPOM «4acTOTa»
(NyKTyaumMm MarHUTHOr0 MOMEHTa MOXKET MPUHUMATL 3HaYeHWsl, 6M3KMe fap-
MOPOBCKOI uacToTe. [N yCMeLwHOro usyyeHnsi CBEPXTOHKOIO pacLLensieHnsl B
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UMCTbIX MeTasilax BOM3N ToukM Kiopy 0gHUMM U3 BaXKHEWLUMX YCMoBUIA ABNS-
eTCA 3HAa4YNTE/NIbHOE YBE/IMYEHME TOUHOCTUM W3MEPEHWsl, CTabWIbHOCTU U FOMO-
reHHOCTN TemmnepaTypbl UCC/efyemMoro Martepuana.

Xoyapg v gpyrve [11] HegaBHO NoKasasu, YTO MpUMecHble sigpa FeS7 B
HUKene B6M3N Toukn Kiopu (T = Tc—0,7 °K) Haxogatca B penakcupyroLemM
nosie, MpPM KOTOPOM OGHAPYXXMBAETCA MOCTEMNEHHbIA XapakTep WCYe3HOBEHWS

Puc. 3. Cnektp Meccbayapa sigep Fe57 B coeanHeHmmn LiFe02c ynopsgo4eHHON TeTparoHanb-
HOM CTPYKTYpoOil npu Temnepatypax BOAM3M TOuku Heens

CBEPXTOHKOWN CTPYKTYpbl. OAHAKO, CrefyeT 3aMeTUTb, YTO Ha/MuMe MPUMECHBIX
aTOMOB B HVIKe/le MOXET OKas3aTb CU/IbHOE B/INSIHME HA TOHKME OCOGEHHOCTM Mar-
HWTHOrO MpeBpaLLieHns, MO3TOMY faHHble Xoaypfa Hafo paccMaTpuBaTb C He-
KOTOPOIA OCTOPOXHOCThHO.

B crnnaBe Fe3Al npu TemnepaType Bbillle TeMmnepaTypbl YNopsifouveHus,
HO HEMHOIO HWke Touku Kiopu Takke Obi10 06HApY>KeHO COCYLLECTBOBaHME
LUEHTPa/IbHOA U CBEPXTOHKUX NMHWIA (puc. 4). OpHako, B 3TOM C/lyyae Hajo
y4ecTb, UYTO BOKpPYr atomoB Fe uucio atomoB Al qiyKTympyeT, 4uTo, MO BCel
BEPOSTHOCTM, MPUBOAUT K MPOCTPAHCTBEHHOWN AMCMEPCUN «4acTOTb penakcaLlum.
3Ta gucnepcusi, HECOMHEHHO, CMOCOOCTBYET MOSIB/IEHMIO YacTOT, BbI3bIBAOLLMX
COCYLLIECTBOBaHUE LEHTPa/IbHOM U 6GOKOBbIX /MHUIA B cnekTpe Meccbayapa.
BoobLue, nocTeneHHOe UCYE3HOBEHWE CBEPXTOHKOM CTPYKTYPbI (Yepe3 COCTOsIHME,
MOKa3bIBaOLLEE COCYLLIECTBOBaHME LIEHTPa/IbHOM M GOKOBbLIX JIMHWIA) 4acTo CBS-
3aHO C Ha/M4MeM pasHbIX HEeoAHOPOAHOCTeN (MMKPOMIYKTyauusi B COCTaBe,
fethekTbl) B Kpuctanne [13].
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Puc. 4. Cnektp Meccbayapa sigep Fers B cnnaBe FelAl npu Te.mnepatype T = 833 °K

Puc. 5. 3aBMCMMOCTb CMEKTpanbHOW NAoTHoCTM G(v) mpu v = 0 OT napameTpa penakcauuu A

Ha puc. 5 n3obparkeHa WHTEHCUBHOCTb M3My4veHUs npu « = 0 B 3aBUCK-
MOCTM OT napameTpa X, XapakKTepusyloLLero 4actoty penakcauuun. BugHo, 4to
yBenuyeHne MHTeHCUBHOCTU C(0) HauMHaeTcs yxKe MNpu 3HaYeHUsIX X X3. 310
CBUAETENIbCTBYET 0 YyBCTBMTENbHOCTU G(0) K 4acToTe penakcauumu.

PaccMOTpUM eLLe MexaHU3M CY>KEHUSI SIMHUM MpU BOMbLUMX YacToTax pe-
NlaKcauMn MarHMTHOrO MOMeHTa. Kak y»Xe YMOMWHa/IOCb paHblle B CBSA3UN C
chopmyroin (27) wmpnHa 12y += 12y (1 + S + Vj pacTeT /IMHEAHO C POCTOM 2.,
ecm A Xi, a WwW1puHa
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12yF = 12y @+ - vi= WR2y+ [FAy- KEOL)2- 1]

B TO XK& BPEMsI CTPEMUTCS K eCTECTBEHHOM LUMPVHE 1/2y Mo 3aKOHY

12 — 12y + vjly N.
(n89)

3TOT pesynbTaT MO CBOEMY (DU3NYECKOMY COLEPXaHWIO COBMajaeT C pesysibTa-
Tom Bpeadopga n Mapwana [7]. OpHako, cnefgyeT 3aMeTUTb, YTO — HECMOTpS
Ha MPOCTOTY Halleld mogenn — Hawwm dopmysbl (34) u (35) saBnsawTca 6onee
obwwmmmn, vem thopmynbl bpegdopaa n Mapliana, u MoryT 6bITb NPUMEHEHbI NPU
MHOObIX 3HAYEHWSX YacTOTbl penakcaumu, Yero Heb3st ckasaTb O (hopMynax
Bpeatopga v Mapwana, MNpUMEHMMOCTb KOTOPbIX OrpaHu4veHa TOMbKO /1A
60NbLUMX YaCTOT penakcalumu.
W3 BbipakeHns (35) npy 1 S Haxogum, 4To

1 1/2 y + »J1?* _ (43)

Gj(v
Jv) no 12y -)-vjlysa2 2

MpUMeCHble aToMbl XKesesa B HEMarHWTHbIX KpUcTasisiax MoryT paccMaTpuBaThbCs
KaK KBa3n-CBOGOAHO PeslakCHpYHOLEe MarHUTHbIE MOMEHTbI M MOXHO OXWUAATb,
YTO MPW JOCTATOYHO HM3KMX TeMmrepaTypax 3Ta penakcaums B/USIET Ha LUMPUHY
NMHWIA 13NyYeHns. M3yyasi USMeHeHWe LLMPVHBI JIMHAN B 3aBUCUMMOCTU OT TeM-
nepaTypbl, MOXeM MOMY4YnTb LEHHYH MH(OPMaLMI0 O MexaHu3Me pe/akcaumm
130/IMPOBAHHOIN0 MarHUTHOrO MOMEHTA.

HakoHeL, paccMOTPVM BAINSIHME BHELLHErO MarHWTHOIO Mo/ Ha Meccbayap-
CKOE W3/lyYeHne Mpu ycrnoBusix yKTyaumuy BHYTPEHHEro nons. Mpeanosioxum,
YTO OTHOCWUTENIbHAA HaMarHWYeHHOCTb M 1 W, MpeXae BCEro, OnpeaesnMm
CABWI NIVHWIA, BOSHUKAOLLMIA BCNEACTBME MAarHUTHOIO nopsigka. J1erko Haxoaum,
yTo

2l
ho-T T (1+ &l M2+ ecm O Ly
Vi - Vi 1- (A4nH2 (44)
— A M+ L. ecm O [
@san2 1

BraHo, UTO NOMOXeHWEe NNHWIA BCerga 3aBUCUT OT MarHUTHOMO Mopsiika BOMpeKu
yTBepXaeHno [akKepa [4], KoTopbliA yTBep)KAaeT, uTo B ciydvae [<g [ Takas
3aBUCMMOCTb He CYLLECTBYeT. ECTeCTBEHHO, MNPV MasibIX 3HAYeHUAX M 3Kcnepu-
MeHTa/IbHOe O0OHapyXeHWe KBaApaTU4YHOIO 4fieHa SBNSIETCS TPYAHOW 3afaudeil.
LLMpUHBLI MHWIA Takke W3MEHSIOTCS:
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1+ (M+ ...), ecrm X <8 Xj
yl -y Ti- (W)2 . (45)
ny 1+ - (w 1+ W T M2+ L Lecm A X
(W -1 -

dopmynbl (44) n (45) He npumeHVMbI, eciv A= $. B aTOM criydae — Kak Ha
3TO YXKe YKasblBaJloCb —

Vi = V-Km " yf —y+ 2vi(lx \M). (46)

HakoHel, HamueM TakXe COOTBETCTBYIOLLE BbIPKEHUSI O/ BEPOSITHOCTEN
jVi. BcnegcTBue BblAeNeHHOr0 HarpaB/eHWsl, BOSHUKAIOLLETO MPW Ha/IMUMK BHELL-
Hero MarHWTHOro nonsi (C KOTOPbIM COBMaJAeT Hamnpas/ieHVWe M), HapyLlaeTcs
M30TPOMHOE pacrpefenieHe BHYTPEHHErO oS M Mo3ToMy

wy + _6 M c0s20;

M)+gM sin2 B ,

W3= U, L + — M cos2 B. (47)
12 18

MNpn Manbix 3HAYEHUAX M cna6bo Bblpa’kaeTcA 3aBUCUMOCTb WMHTEHCUMBHOCTU OT-
[eNbHbIX JIMHWIA OT yrna 6 Mexpay Hanpas/ieHWEM BHeELLHEro MarHMTHOro noss
N BOJ/IHOBbIM BEKTOPOM TramMmma-mnsny4eHus.

MNpunoxkeHuve |

BeposiTHocTHaA Teopusi O/IyKTyalun KBasuCBOGOAHOM0 MarHWUTHOro
MOMEHTa

PaccmoTpyM  penakcauuio nouTv U30NMPOBAHHOIO MAarHUTHOMO MOMEHTa
KaK MapKOBCKMI MPOLIECC C KOHEUHbIM UMC/IOM COCTOSIHWIA. [peanonoXmnm, YTo
WMEETCA HEeKOTOpOe Bblde/IeHHOe HanpasfieHWe (Harnpumep, HanpasfieHWe BHeLL-
HEro MarHWTHOrO Mosis), OTHOCUTE/IbHO KOTOPOrO0 MarHWTHbLIA MOMEHT MOXET
npuHMMaTb 2S -f- 1 pasHbIX MNOMOXKeHWA. [10N0XKEHME MarHWTHOr0 MOMEHTA
OMWCbIBAETCA C/ly4YaliHOW BEIMHMMHOM V(t), KOTopas B 060/ MOMEHT BPEMEHU
NPVHUMAET OAHO W3 CMEeAyHLMX LEMOUYNC/IEHHbIX 3HadeHud: 1,2,..., 2S + 1
Ecnn v(t) = «, TO MOXXHO CKasaTb, YTO paccMaTpuBaemMas CUCTemMa HaxoauTca B
COCTOSAHUM k. BepoATHOCTb nepexofa 3a efuHWLy BPeMeHW U3 COCTOSHUA K’
B COCTOSIHME k 0603HAYMM Yepe3 wu(k’ -> K).
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MycTb
p {v(i) = KIV(0) = i} = Q(t, k\i) n

BEPOSATHOCTb TOFO, YTO CUCTEMa HaxOAUTCA B COCTOSIHWMM k B MOMEHT BpEMEHU
t > 0 npuv ycnoBun, 4YTo B MOMEHT BPeMeHU t — 0 OHa Haxoguiacb B COCTOSIHWM T.
Be3 0cobbIx 00BACHEHMI ACHO, YTO Q(t,  |I) YAOBIETBOPSET ypPaBHEHUAM:

dAQ(t K i) = - UIQ(LK\I) + u(i-+i —1) Q(t K\i —1) +
dt

u(t—si+ 1)t fe i -¢ 1) @)

n

dQ(;'tK") — ukQ(t, K5i) + 1 (k—1—>k) Q(i,K—1]i) -

Enk 1K) Q(t K- 11i), ©®)

rge
uk= u(k—-k— 1)+ u(k—k + 1). (4)

YpaBHeHe (2) MOXET ObITb HanMUcaHO B MHTerpasibHOi opme, T. e.

Q(t,k\i) = e~ aik +

t
f-j e~urJu (i=¥i —1) Qt—t' k\i —1) u(i—mi+ 1)Q(t—t', k\i+ 1)}dt'.
0

(2)
B cnyyae KpaTKOBpeMeHHOM penakcaumn yaobHee Monb3oBaThCsl YPaBHEHUAMM
(2) n (2), a gna onpegeneHNsa acMMNTOTUYECKOro noeefeHns Q(t, k 11) npu 6onb-
Wwnx t uenecoobpasHee WCMoOMAb30BaTb ypaBHeHMe (3). Jlerko AokaszaTb, 4TO
lim Q(t kji) = Qk (5)
t-K~
N Tak

—ukQk + u(k—1—y k) Qk-1+ u(k-f-1— k) Qk+tl= 0O (6)

PeLUeHVe 3TOTO PEKYPPEHTHOrO YpaBHEHMS WMEET CriefyHoLniA BUa;:

25+1
K= 2i i 7
rge
M(L—m2)n(2—=3)...n(K— 1—>K
ME—=>1)nE—2)...nK=kK—1 )
n

Z1= 1.
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OTHoLLeHVE
QkIQk- 1= n (K —1-+K)/n (k->Kk — 1)

MOXXHO BbIpasuUTb Yepe3 dunca 3amnonHeHnsa Nk m Nk b Tak Kak

QKIQk- 1= = e-BIEr-Ek.* |
roe
R= (kT)~1. (9)

VIHTEpPeCHO OTMETUTb, YTO B C/lyyae MPUBIMKEHUS MOMEKY/SIPHOIO Moss

EK—EO—g/B(S+ 1—K) (HO+ He) (10)
N TakMM 06pa3om
M(K—1— K)/mn (&—vfc—1) = e—BXBH— T,

rge
H = Hn+ d,. (11)

He3aBMCUMOCTb OTHOLLEHUS n(k — 1-> k)/u(k -> k — 1) OT MHAEKCA Kk NPUBOAUT
K TOMy, YTO ANns1 Qk MOXHO HanmcaTb MPOCTYHO hopmysy:

rk-1
Qk = oS (12
meeo+ T
C MOMOLLBI KOTOpPOIA — WCMO/b3yst METOoA Mpou3BOAsLleid (hyHKUUN — JIerko

NoKa3aTb, 4TO OTHOCWUTEe/IbHasdA HamMarHM4YeHHOCTb

k= <»

k=1

WNMEET TOT Xe Camblii Bua, KaKk 1 B SﬂeMeHTapHOVI Teopnn MONEKYNAPHOro nons,
T. €

2S + 1 25+1
cth —1cth—ly.

2S 2S 2S 2S

roe
X= BRgf*BSH

HakoHeL, MOKaXem METOA HaxOXKAeHMWS CTaLMOHApPHON KOPPensLVOHHOM
(YHKLMAW, XapaKTepu3ytoLLein MarHUTHYO penakcauuwto. Mo onpegeneHuio, Kop-
pensunoHHas QyHKUMA

K ()= (n()/n()> — <+>2, (13)
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K BbIUYMC/IEHVIO KOTOpOW MoTpebyeTcss (DyHKUMA pacnpefesieHns
P{v@®) =k V()= i}= QtKi).
Ecnm cucTeMa HaxoauTcst B CTAUMOHAPHOM COCTOSIHWAW, TO
Q(tk i) = Qi Q(t,k\i) (14)

b = 25112?1‘ 3 +A—| S I Gk, (15)

B kauectBe wnnocTpauum Hanvwem K(t) B cnyyae S = 1/2. Ha ocHose (15)
nocsie 3/1eMeHTapHOro pacyeTa Mony4YaeM, uTo

K@= 1—M2e-~ut,
rfe (16)
M—unl—=2)+ n2—v1l).

He npegctaBnseT TpyaHocTn nonyuntb K(t) magna S > 1/2.

MpunoxkeHve I

®dnyKTyaumsi BHYTPEHHEro ronsi B ciydyae S > 1/2

AHaNIOrM4YHO ypaBHeHUAM (18) B cnyyae S > 1/2 nonyyaem CrieqytoLLyto
CUCTEMY YPaBHEHWIA:

[*(*) = exP [—(**—»**)*] +
+ ] exp [0 iXKU] e+ —1) /M ag—t) +
+u(kAk+ 1) FkH(t-t') dt\ (k= 1,2,..2S+ 1), (1)

rge
XK= —*2542 * . (2)

OObLuee pelleHVe cuCTeMbl ypaBHeHUA (1) opMasibHO MOXET ObITb HanMcaHo B
BUIe:
25+

& , (3)

rge zi (1= 1,2,..., 2S + 1) sABAAIOTCA KOPHSAMU XapaKTepPUCTMYECKOro ypas-
HeHusA:
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D1, vi2 1 0o ,
U219 d2, M23 1 =0, (30
! O, U2s+12 5 » Doas+1
rae
Dk= z+ uk—ixk. (3"
OTMETUM, YTO
25+1
12_j1 &kl — 1 (k=1,2,...,2S + 1). (4)

B obwem cnyuyae

Zi— —1/2

N NO3TOMY CreKTpasibHasi MAOTHOCTb G (W) MOXeT ObMMb BbIpaXKeHa Creayto-
LWMM 06pasom:

| 25+1 25+1
G ()= — V Qk ¥ Re « bi(])
J no-, 1=1 172[F+ r$ N+ I[co— ®g - (y)]

(5)

rfe VHOeKc / xapakTepusyeT OfVH U3 LLIECTU paspeLleHHbIX Nepexosos |r!r >->
IT1 > un 0= 6jHO. Ecnm Bce 5;(/) OTAMYUHBLI OT HynsA, TO MOABISETCHA
CMeKTP, cocToAWMiA 13 6S + 3 M 6S -f 1 IMHWIA B 3aBUCUMOCTU OT TOrO, YTO S
nonyuenoe wavM uence ymcno. Mpy 06bIYHBLIX 3KCMEPUMEHTA/IbHBIX YC0BUSIX,
K COXaJIEHUIO, BPSAL NI MOXHO HafeATbCA Ha TO, YTO 3TW JIMHUU pa3peLlatoTcs.
CneflyeT 3aMeTUTb, YTO 3TO Pa3MHOXEHMWE NIMHUI OXUAAETCA B TOM C/lyyae, ec/iv
(hNyKTyaunsi BHyTPEHHEr0 MarHUTHOTO MOSSi OCYLLUECTBASIETCH B BUOE CKAYKO-
06pa3HbIX MepexofoB MeXAy AWUCKPETHLIMW COCTOSHUSIMA.

Ecnn BHellHee nosie HO = 0 1 penakcaumst MarHUTHOroO MoMeHTa CBO60Ha,
TO n(k >k —1)= u(x «k+ 1)= 1L2u. B3TOM C/lyyae XapaKTepuCTUYECKOe
ypaBHeHVe MMeeT 60nee MPOCTOA BWA, @ MMEHHO

cx, —1, 0,...
—l, c2, —1, —

0O, 1, cos+15
roe

ck=—(r- ixk+ 2-ek
"
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MpY JOCTAaTOUHO 60MbLLIOM 3HAUEHUWN «4YacTOTbl Penakcalyn Bce KOpHU ByayT
BELLECTBEHHbIMY, YTO O3HAYaeT TMOJHOE PaspyLUeHUe CBEPXTOHKOFO pacLuen/ie-
HUsl. OBO3HAUMM Yepes nc KPUTUYECKOE 3HAYeHMEe «YacTOTbk penlakcauum u Ha-

MULLEM, YTO

1/2 uc=
roe

1,00, ecn s = 1/2,

154, ecrm S= 1,

3,62, ecrm s = 3/2.

BeposiTHO, UTO C POCTOM S 3HaueHMe As PacTeT A0BO/bHO BbICTPO, HO, K COXa-
NIEHVIO, 3aBUCKMMOCTb As OT S TMOKa He W3BECTHA.
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EFFECT OF FLUCTUATIONS OF THE INTERNAL MAGNETIC FIELD ON
MOSSBAUER SPECTRA

L. PAL

Summary

The effect of directional fluctuations of the internal magnetic field on the shape of
Mdssbauer spectra has been investigated. It has been found that for increasing frequency of
fluctuations first the lines of hyperfine splitting broaden, then shift and finally merge into a
central line narrowing gradually as the frequency continues to increase. The disappearance of
the splitting takes place when the frequency co#of the fluctuations exceeds the Larmor frequency
uj* ofthe lines involved. At the instant of coalescence the central line exhibits a substantial devi-
ation from the Lorentzian shape. The position and width of each line as well as the mechanism
of coalescence are appreciably affected by an external magnetic field.
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THE CROCCO—VAZSONY! EQUATION
IN RELATIVISTIC HYDRODYNAMICS
OF IDEAL FLUIDS

By
I. Abonyi

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST

(Presented by K. F. Novobatzky — Received 12. V. 1966.)

The relativistic Crocco—Vazsonyi equation is based on, and derived from the energy-
momentum tensor of an ideal fluid given by Taub. The contribution of a possible external
field is taken into account. Three of the four components of the Crocco—Vazsonyi equation
are the corresponding classical ones with corrections of the order c-2. The fourth component
equation provides the equation of continuity for the specific entropy.

Introduction

The problems of relativistic hydrodynamics have been dealt with in
quite a number of reports and books (see €. g. Lichnenhowicz [1],Taub [2]).
It seems to us, however, that in spite of the numerous contributions some
questions of the relativity theory of fluid motion have remained unclarified
or even untouched. The problem of vorticity has also been investigated but
almost exclusively for the case of an ideal fluid on which no external fields
different from the electromagnetic one act (e. g. [1], [3], [4]). The relativistic
circulation theorem has been formulated by chnau-chnin w ei [5], [6], fOor a
fluid moving in an external electromagnetic field.

From a theoretical point of view the free flow of arelativistic fluid —in
the sense of there being no external fields acting on it — seems to be the
unique area of relativistic hydrodynamics where the meaning of the physical
quantities can be seen unambiguously. The reason for this statement can be
clarified when we remember the line of thought followed in relativistic hydro-
dynamics.

The basic theorem that serves as a starting point is that the energy-
momentum-tensor of the whole system, (fluid plus fields acting on it) is
divergence-free :*

3&Tik= 0. )

This theorem, as is well known, incorporates the general conservation laws of
energy and momentum (and also that of angular momentum, too) for the whole
system. If there is no external field, TJ* = Tjk will refer only to the fluid.

* Latin indices run from 1to 4, summation convention being understood. stands for

dxk

4 Acta Physica Academiae Scientiarum Hungaricae 23, 1967



186 I. ABONYI

W hen, however, it is necessary to speak of an external field, e. g. in the
case of the flow of a charged fluid in an electromagnetic field, one is confronted
with the difficulty of the splitting up of the energy-momentum-tensor of the
system (fluid -|- field) into two parts, namely, one belonging only to the
fluid and the other belonging only to the field, and one would have to do this
in an objective and invariant manner. This is a very difficult task since a fluid
capable of interaction with a field is naturally some kind of source of that field
and, therefore, the field should be split into two parts. This problem seems to
be unsolved as yet, and as a matter of fact leads outside the framework of
phenomenological hydrodynamics, since it involves the microstructure of the
fluid and the precise knowledge of what is going on in a macroscopic system
composed of a very large number of mutually interacting elementary consti-
tuents.

In spite of this fundamental problem the clarification of some situations
would require the use of the concept “fluid interacting with an external field”.
It is natural that one disregards some features of the internal constitution of
the fluid and one has to try to draw the limits of this fluid model.

Here we are concerned with some basic statements of relativistic vortex
flows in the presence of external fields.

The fundamental equations of relativistic hydrodynamics
in ideal media

An ideal fluid will be considered which is described by the energy-moment-
um tensor

Tik=H? 1+ + uiuk+ <&EkP -

c*fjp

where /n° is the particle density, (number of particles in unit proper volume)
and e° is the specific internal energy. In the proper frame of reference, this
tensor reduces to a diagonal stress tensor and the rest energy density of the
fluid in the proper frame is given by

Ttt=f* (3)

The use of [i° as a particle density is advantageous since the equation of conti-
nuity
9” /\ouA) - o° (4)

expresses only that the total number of particles does not change, which will
be provided for.
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The splitting of T4 in the form (3) is clarified by the observation (see
e.g. Eckart [7], Harris [8], Taub [2]) that the thermodynamic relations hold
in the form.

de>+ Pd 0ds, )
where 0 is the absolute temperature and the enthalpy is

= e+ — . (6)
M
We remark that p°, s°, s, wand p are invariant with respect to Lorentz trans-
formations.
The external field will be described by the energy-momentum tensor
Eik which will be specialized later on.
The conservation laws (1) now take the form

+ 9iP = — pgkEih,

P “ A 1+ A + Quo} (")

where use has been made of (4). This is the Euler equation in relativistic hydro-
dynamics. Apart from the continuity equation, the requirement

“fuk= — c2 (8)

gives a further equation to be satisfied in order to ensure the interpretation of
Wk as a four vector velocity.

Equations (4) (7) and (8) constitute the fundamental system of hydro-
dynamic equations. They are six for seven unknowns so that one needs either
an equation of state or the relations governing the heat flow, and so one cuts
the chain of equations at a later stage.

The Crocco—Vazsonyi equation

The form of the Euler equation (7) suggests the introduction of the quan-

o B[t &4 LM - ol 4o+ 5 e )

If we use (9) in (7), we see that

tity

®ik K |[I + ~]ui —9; 14-—-| uk . (10)
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In other words Qjkis the generalization of the vorticity vector of ordinary
hydrodynamics, which can be inferred if we take the limit of c — oo0.
The Euler equations expressed in terms of Qjkhave the form

ukQik= — — btp — uk3 |+ — + -i. uk
feo c2 c2ju°
Here we write
ukdi + — + = - Q!
! Q Qfi° 2 1 Q Q

as a consequence of (8). Then by means of (5) we obtain

UKA *= &3.s- ~ dkEik.

(v)
M

This equation may he considered as the relativistic Crocco—VAzsonyi equa-
tion, generalized so as to include the contribution of the external field.

First we show that equation (11), when projected to the world line of
the fluid element, provides the equation of continuity of entropy density:

WukQik= B ut3-s --—- ;m,dkEIk
u

Since Qik = —Qkis we have

&U3s= — u, KEik (12)
e

In the case of the free flow of the fluid (E,k= 0) we obtain
Uss=0 (13)

stating that there is no energy dissipation along the world line of the fluid
element. The same inference can also be drawn when Ejk==0 is such that

LWXKEik= 0 (14)

is satisfied. But when condition (14) is not valid, the entropy will change accord-
ing to (12). Remembering that 3kEjk—/mis the force density four vector and
using (5) we have

de°
dr + P dr Uifi
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In other words the extra dissipation enters just because of the peculiar feature
of the external force: it,// ~h 0. The réle and consequences of fields of this type
have been investigated by Marx [9], and Marx and Szamosi [10]. In general,
the pressure contributes to the internal energy change, butthere is a clear situa-
tion, namely that of the incompressible fluid (9rur— 0), where the internal
energy changes directly because of u/,- 4= 0, since in this case d = o.
r

Now we take the normal component of equation (11) to the direction

Ui by using the projection tensor

1

n,k — gk + < (16)

and we show that there are only three equations obtained
Mjk urQir—s 9ms -f ~ 9rEirl = u, Qkr AAkgA-—~ Ekr
\% |
reduces to the Crocco—Vazsonyi equations in the classical limit.

Inserting (10) into (11) we obtain

8-w 1+7 uk (ax Ul — 3-uk) + :| u, uk9kw = e 9,s + ;/; (17)

as another form of Crocco—VAzsoNYi-equation. For i = 1, 2, 3 these equa-
tions will be written using the notation

U =

and a relation

V n4 V (r)2
which is a consequence of (8). After these substitutions we take the limit c
tends to infinity. In this limit the quantity v evidently reduces to the ordinary

velocity vector of classical hydrodynamics, while /n° approaches the classical
density of mass g. Finally we obtain

d‘i s v W21 _uX(vXV) = 0ys-l——»/. (18)
Q

This equation, with vanishing f is known in the literature as the Crocco—
VAzsoNYi equation, (see e. g. Liepmann—Roshko [11].)

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



190 I. ABONYI

Application to the case of a charged fluid moving in an external
electromagnetic field

Let us notv consider the case of the external electromagnetic field, then

|
- = — Fie!: e "~ ﬁl— *Frs—— rs* 19
E [ 4]1 k4 k _16]1 k F ( )

where Pu:is the electromagnetic tensor governed by Maxwell’s equations:

stFke+ aeFei+ or Fik— o, (20)
ilg)?r = 4n Ji.» (21)
c
where
ji=e[Puim (22

The force density is given by

fi = — /PukFik= — /P uk(8tAi —9-AK),
c c

where Ai is the vector potential.

Now the substitution into the form (11) of the Crocco—Vazsonyi
equation

uk 1+ 3. = 0 Q$—— uk(KAi —0-AK
C

suggests the regrouping of the terms:
uk —00-s. (23)
This equation states that the quantity
Gik — Qik H---;;-Fik

plays an important réle in the flow of a charged fluid, since all the vorticity
theorems obtainable from the Crocco—Vazsonyi equation will he valid for

Gjk; the hydrodynamic vorticity will be coupled to the electromagnetic field
strengths.
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It should be mentioned that equation (23) is analogous to that obtained
by Chau-Chin Wei [5]. The form obtained by Chau-Chin W ei differs by using
another interpretation of the thermodynamic quantities involved and the
relation between equation (23) and the Crocco—VAZSONYI equation is not
observed.
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YPABHEHUE KPOKKO—BAXOHW B PENATUBNCTCKON TUAPOAUHAMUKE
NOEANBHOWM XUAKOCTU

N. ABOHM
Pesome
Ha ocHoBe TeH30pa 3Heprum-umnynbca naeanbHO XUAKOCTU, AaHHOTro Tay6oM, BbiBe-
[IeHO PensTUBUCTCKOE YypaBHEHMe KPOKKO —BaKoHW. YuuTbiBaeTcsd fAo06aBKa BO3MOXHOFO

BHELIHero nons. TPpW KOMMOHEHTa ypaBHeHUs MpeACTaBnAlT co6oii ypaBHeHUs KpPOKKO—
BaXOHW, a 4eTBepThlii — ypaBHEHWE HenpepbIBHOCTU AN YAeNbHOW SHTPONUM.
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In the first chapter the author discusses briefly some characteristic features of the
gravitational waves and in the second the present technique of the calculation of the velocity
of the propagation of the gravitational waves by means of the small perturbation technique.
In the third chapter the author calculates a counter-example which shows that the perturbation
technique gives the calculated velocity of the gravitational waves different from the velocity of
the propagation of light which seems to imply that the technique in question may not be
strong enough to furnish the correct answer.

1. Remarks on gravitational waves

Einstein (see [12], p. 218) based his approach to the problem of gravi-
tational waves upon his general theory of relativity. He concluded “that every
change in the distribution of matter produces a gravitational effect which is
propagated in space with the velocity of light. Oscillating masses produce
gravitational waves. Nowhere in the nature accessible to us do mass-oscillations
of sufficient power occur to allow the resulting gravitational waves to be ob-
served.” Regarding the general conclusions derived by Einstein, one must
keep deeply in his mind that Einstein based his derivation of both theories
of relativity fundamentally upon the concept of the velocity of light in vacuum
as the maximum possible velocity attainable by any matterfull or matterless
medium.

Rice ([8], p. 293) writes that “the field of a single gravitating centre is
a static field from the point of view of an observer in the same frame of refer-
ence as the centre. The field of a number of centres, such as a planetary system,
will alter with time. This is, of course, also true in Newtonian theory. But where-
as in the latter case the conception of an absolute space and an absolute time
is vital to the theory (for the potential at an assigned point and an assigned
instant is calculated from the simultaneous positions of the gravitating bodies
and so gravitation is regarded as an influence which is propagated at an in-
finite speed), it cannot be so in any law of gravitation consistent with the

* Space Seminar. Presented before the 1965 Summer Meeting of the American Physical
Society, University of Hawaii, Honolulu, Hawaii, 2—4, September 1965. The work was sup-

ported by the Research Department, Michigan State University, under the Chairmanship of Mr.
J. w. Horrman, Which is gratefully acknowledged.
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relativity principle.” Again Rice ([8] p. 296) concludes that “gravitational
changes should he propagated with the speed of light, but it must be very
definitely borne in mind that this conclusion is valid under two very restrictive
limitations introduced above, viz., that we are considering the matter from
the point of view of a specially chosen frame of reference, and we are neglecting
squares, etc., of hBv (where + hBV, bfNo= o ir 4 =hv, 6v— — 1 if
fi= V= 1 2,3, bfva 1 isfi= v= 4y~

paurti ([7], p. 173) repeats the statement that the gravitational effects
are propagated with the velocity of light, just as electromagnetic disturbances.
Fock ([5], p. 175) writes that “briefly, one can* (!) say that gravitation is
propagated with the speed of light.”

Eddington IN 1923 ([3], pp. 94, 147) assumes that the gravitation is
propagated with the speed of light. But in his excellent mathematical repre-
sentation of the theory of relativity, he expressed the opinion that “ ... the
deviations of the gravitational potentials are propagated as waves with the
velocity of light. But it must be remembered that this representation of the
propagation, though always permissible, is not unique.” In replacing a system
of equations by another one, as e aaington did, there is introduced a restric-
tion — as he concludes — which amounts to choosing a special coordinate
system. “Other solutions are possible, corresponding to other coordinate sys-
tems. The potentials g/fPpertain not only to the gravitational influence which
has objective reality, but also to the coordinate system which we select arbi-
trarily. We can “propagate” coordinate changes with the speed of thought,
and these may be mixed up at will with the more dilatory propagation discussed
above. There does not seem to be any way of distinguishing a physical and
a conventional partinthe changes of the g”.** The statement that in the relat-
ivity theory gravitational waves are propagated with the speed of light has,
I believe, been based entirely on the foregoing investigation; but it will be
seen that it is only true in a very conventional sense. If coordinates are chosen
so as to satisfy a certain condition which has no very clear geometrical import-
ance, the speed is that of light; if the coordinates are slightly different the
speed is altogether different from that of light. The result stands or falls by
the choice of coordinates and, as far as can be judged, the coordinates here
used were purposely introduced in order to obtain the simplification which
results from representing the propagation as occuring with the speed of light.
The argument thus follows a vicious circle.” e daaington coONtinues: “ ... must
we then conclude that the speed of propagation of gravitation is necessarily
a conventional conception without absolute meaning? | think not. The speed
of gravitation is quite definite; only the problem of determining it does not
seem to have yet been tackled correctly.”

*The exclamation sign was put down by the author of the present paper.
** These remarks can he found also in Rice’s hook (cited above), p. 299.
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Ssynge ([10], P. 228) States that in ordinary parlance, we may say that
gravitational shock waves travel with the speed of light. But, he continues,
such statement must be taken cum grano salis. As arelativist, familiar with the
idea that no casual effect can travel faster than light, sygne admits (p. 343)
that we would “guess that the change in the gravitational field ofa moving body
travels out into the space with the speed oflight. And we would call this moving
disturbance a gravitational wave. Thus, on a very general basis, we mustregard
physical existence of gravitational waves as self-evident. Confusion enters,
however, through the fact that the word wave implies repetition and sometimes
does not. When we seek a general understanding of gravitational waves due
to a phenomenon on a scale of a vast astronomical catastrophe, it is well to
recognize that we are not concerned with the solution of well formulated mathe-
matical problems, but rather with classes of fields satisfying certain conditions.
In default of exact solutions, we may fall back on approximations. Here we
must be cautious. Mathematically, we have no assurance that any suitable
solution exist; but, physically, we do. We set up some definite system of approx-
imation, we cut off the approximation at some step and claim that we have
a good approximation to some exact solution, which (physically, but not mathe-
matically) we have reason to believe exists. But such a claim is too vague to
argue about, one way or the other, since no linear approximation is likely to
satisfy the physical test.”

2. Calculation of the velocity of the propagation
of the gravitational waves

WC cite below the results obtained by E instein in 1916 (see [4]). L&t us
begin with Einstein’s equation in the general relativity:

c;-|hc=-8pT7;. (2.1

In the limiting case of very weak fields we set:

1 (2-2)
where Ofivrepresents Galilean values, and hfivis a small quantity of the first
order whose squares are neglected. After inserting Eq. (2.2) into Eq. (2.1),

performing various operations, correct to the first order, one gets the equation
of wave-motion

U =2 4 . = — 16n: T%, (2.3)

82 a2 a2 a2
O = =cemmmmee (24)
at2 %2 Q2 2’
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+ having dimension of xby means of a multiplication by the velocity of light.
The well-known solution of Eq. (2.3) is:

= 161 TD' (r')-1d V' . (2.5)

Some further simplifications reduce Eq. (2.3) to:

o (2.6)

which in empty space has zero on the right hand side. This shows that the
deviations of the gravitational potentials are propagated as waves with unit
velocity, i.e., the velocity of light.

3. Velocity of the propagation of the gravitational waves
(Counter-Examples)
Assume a four dimensional space-time, x1,i — 1to 4, with x*,i = 1,2, 3,

having dimensions of length, x4= ct, with ¢ denoting the velocity of light.
We write e instein-s field equation of the general relativity in the form:

R',v---—--z-e,,VR = Ky TRy, (3.1)

(Fock, [5] pp- 194, 198), where:
yy= 8mK c-2, (3.2)
K being the gravitational constant. We assume ping1e’s [1] Metric:
(ds)2= - A (dx1)2- B (dx22- C(dx32+ D (dx4)2, (3.3)

where A, B, C, D, can be any functions of the coordinates, all four of them
being regarded as essentially positive quantities so that x1, x2 x3are space like
coordinates and x4time-like. The Christoffel symbols corresponding to the line
element (3.3) have been computed by o ingi1e [1], are cited by Toi1man ([11],
p. 253), etc. We introduce some simplifications:

A= 14 (X2, a3, ad) ; B = 1 Bj= const.; (3-4)
C= 1-(-Cx= const.; D

1+ DI10K, X3, xd), (3-5)

where Av By, Cv Dxare small quantities of the first order. The energy-momen-
tum tensor, whose components contain only terms of the first order, with
higher order terms neglected, and with (AD) _1Qd1, (AC2~Xuw 1, etc., has the
form (in which the subscripts in AVD™are omitted and g2A/g (x2)2= A,22, etc.):
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™ _ . 8nK)-1e2X

+ D, 0 0 0]
0 —N44 + N33) ~ (V23 + @) Ay
X L(3.6)
O 0 - ' YN '
R ) (A'22 —N44 + N22) i A-
0 irogm - 1A, 1

Our next assumption is:

A —a (92 94) - B (xs, ) + y (@2, 93); D= m2A, T2— const. (3.7)

This leads to:
T;= - (81 K)-1c2X
-M2(x22 B 33 -+ 0 0
+ Y2+ Y'33)
0 — [(! v- m2QR'33~ B4 (1+1y-m3 !
X S (1 ™M)y s3]
— -i(l+m 2)7-23 [+ T w22 —cu -2 B3

IB.H+ (1 + 12) y<22]

"24 ~ («22+ BB+ Y2+ Y3
T*1 2 !

(3.8)
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From Fock ([5], pp. 103 to 105), Pauli ([7], p. 133), Synge ([10], p. 303),
Tolman ([11], p. 217) we get:

T'v= pu~un’—pc 29,v, p= Q+ Pc~2 P = QfQ-adp, (3.9)

where the standard notation is used, and n1 = dx7ds. The question, what kind

of tensor the symbol T in our case of the small perturbation procedure

should represent, is actually an open one. We may quote Pauli ([7], p. 172)

that Einstein ([4], p. 688) (see above) has indicated a method by which the

G-field for masses moving with arbitrary velocities can he determined approxi-
mately, provided the masses are sufficiently small. For in this case, the gu/s
differ only slightly from their normal values so that the squares of these devia-
tions can be neglected. Also, only the linear part of the differential equation

(3.1) ofthe gravitational field need be retained, so that they can be integrated
very easily. With T’ = gdlBT*v one gets to the first order approximation

(with the magnitude Alneglected with respect to unity):

—[pd2 pcl] —pulu2 —p ulu3 —puln4

—pu2ux —[p (u22+ pc~2] —pu2ul —pu2unl

—pu3nl —pu3n2 —[p W32+ pc-2] —pu3u*
pu* nl p n2na pu3un* p (n*)2—p c-2

(3.10)

It may be of a little importance to attempt to consider the order of magnitude
of the components of the tensor (3.10), since anyhow in the final stage we ope-
rate in a completely empty space.

Comparing tensors (3.8) and (3.10) we obtain a system of equations:

pc 2= c2T2(16nK)~1(L2+ R33+ y-r+ ¥33); nl= 0; (3.11)
p (M22= c2(16n: X )-1[— (T2x-2 + a<d) + 333 —
— RBoas — ™Y+ Y'33] ; (3.12)
p(MI2= c2(161 X)-1 [X.2 —a<hl — (T2B-B+R'U) + y-2— T2y<33] ; (3,
p(M4h2= c2(16nX)-1 (T2- 1)(@2+ BB+ y2+ yn). (3.14)

We discount the possibility m2= 1. Next we get from Eqgs. (3.8) to (3.14):
(TH2= [- (M2x-2+ X.Uu)-FRB—RBN - Mm2Y2+ y-3R\»
e[a,2— M4 — (M2R.B-f [344) + y'2— m2y-3R] = (1 + m2(y-2B)2; (3.15)
(Ti)2= [—(m2a-2+ a-44) + B-BB—RB-u —mM2y-2+ y-33] (m2- 1)

L@2+ was + YR+ YAz iX2A2m (3.16)
(Ti)2= [«r, —«44 — (M2R'B+ R'4as) + Y22 - Y'33] m
c(@2+ 33 + Y22+ yua) == (r3i)2e (3-17)
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Eqgs. (3.15) to (3.17) give three relations for three unknown functions a, B, vy.
The condition ul— 0 implies dx1= 0, ml1= constant, and reduces the metric
(3.3) to three terms only. Let us divide Eq. (3.3) by (ds)2 thus obtaining to
the first order of approximation:

1+ (U22+ (U3)2— (ud)2= 0or/i [(uh2- (U2— (U3 = n. (3.18)
Using Eqgs. (3.12) to (3.14) in Eq. (3.18) yields:
LU—c2(8aK)—2[(m2 1) (Xx22 +B-33+ Yoo+ ¥Y33)+ i*Uu + R'u)]- (3-19)

Addition of the tensor components, T\, T3, Eq. (3.8), furnishes

V2A - 2[(1+ m2c-1Aft= - 16nK [(1 + mQcA“1(F2+ T3), (3.20)
V2U - 2[1 + m2c2-4D-lt= - 16n KT 2[1 + m2c-1(F|+ T3, (3.21)
V2A = GB2+' 5B+ Y2+ Y3, (3.22)

Attt — cc'tt + Rt e (3.23)

This implies that in an empty space a gravitational wave propagates with a
velocity G, G2= -~ (1+ m2) c-, where m is any arbitrary number (positive, say)

different from one. Briefly, one obtains infinitely many velocities of the propa-
gation of the gravitational waves in an empty space, which seems to be a very
odd result. One can easily verify that using Tj,j = 1to 4, one gets:

yoA — [ Fmdc] 1A%t= —8rK [ 4 indcd-1 © T{+ %

(3.24)
T3+ T\

Attention is called to the following aspects of the calculations performed above:
we have seven equations from Eqs. (3.8) and (3.10). We have seven unknown
variables: a, B, y, u2 u3, p, g. This obviously implies that the pressure —density
relation is uniquely defined by the system itself. Hence, it may not be necessar-
ily an isentropic fluid relation. Obviously, the whole approach is based upon
a possibility of obtaining a solution of the system of nonlinear equations (3.15)
to (3.17).

We may propose more examples of this character. Consider the metric:

(0 8)2= - (1+ A)(d.U)2- (1 + B)(d*22- (1+ C)(dX3)2+ (L + D) (d*42,
(3.25)

where A, B, C, D, are essentially positive functions of x* (i = 1, 2, 3, 4) and
are small of the first order in comparison with unity. Neglecting the terms of
higher orders, the tensor TJ, takes the form:
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Let us use a representation:
A = a (. xt) + B (22, 1) + p (23, x8) + o (21, 2%) + A (2% 23) + o (21, 2x3) . (3.28)

We obtain from Eqgs. (3.10) and (3.27) a system of ten equations in eleven
unknown dependent variables: «, f, v, 0, 4, 0, u', u?, u®, p, p. This implies that
the (p, p) —relation can be chosen arbitrarily. An addition of the diagonal ele-
ments in the form (3.26) furnishes:

4
vA—3[2(Q+m¥)etdy=—4xKc2 3 T}, (3.29)
Jj=1

which shows that the propagation of the gravitational waves in an empty space
is equal to [2 (1 + m?)/3]1 2, i.e., it can take any value. The calculated counter-
examples show clearly that the small perturbation technique does not furnish
any definite results at all. Practically, both velocities may be equal but the small
perturbation is too weak to guarantee this result.

Pavrr ([7], p. 143) stated that the special theory of relativity can only
be correct in the absence of gravitational fields, because of the dependence
of the light velocity on the gravitational potential. Once the gravitational
potential is introduced as a physical quantity, the physical laws have to be
considered as relations between the other physical quantities and the gravita-
tional potential. But, in another place (p. 182) PAuLl says that in perfectly
empty space, no G- field exists at all. The propagation of light would then be
impossible. Fock ([5] p. 168 in the Ist edition, p. 184 in the 2nd edition) begins
with the equation of wave front propagation ¢ 2 (».;)* = (grad w)*, which shows
that light is propagated in straight lines. But light possesses energy and by
the law of proportionality of mass and energy all energy is indissolubly con-
nected with mass. Therefore, light must possess mass. On the other hand, by
the law of universal gravitation, any mass located in a gravitational field
must experience the action of that field and in general its motion will not be
rectilinear. Ience it follows that in a gravitational field the law of wave front
propagation must have a form somewhat different from the one given above.
But the equation of wave front propagation is a basic characteristic of the
properties of space and time. Hence Fock concludes that the presence of the
gravitational field must affect the properties of space and time. As it is known,
Fock ([5,] p. 169) derives a metric form which takes into account the aspects
mentioned above.

Concerning the speed of propagation of gravitation Fock begins his dis-
cussion of EINSTEIN’s gravitation equations with the derivation of the first
order equation for their characteristics. He concludes that the system of equa-
tions of gravitation has the same characteristics (which represent the propaga-
tion of the wave front of a gravitational wave) as D’ALEMBERT’s equation

-
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QVy7= 0 (the generalized wave equation). This leads to the equation indenti-
cal to that one for the front of a light wave in an empty space. The reasoning
of Fock seems to be stronger than the above small perturbation technique in
Section 2, which is open to counter-examples constructed in Section 3.
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Som~o

FTPABUTALUVNOHHBIE BOJIHbI

M. 3. KP3bIBOBJIOLLKW

Pesome

B nepBoil rnase aBTOPOM KPaTKO AMCKYTMPYIOTCA HEKOTOpble XapakTepHble CBOWCTBA
rpPaBWTaLMOHHbLIX BO/H, BO BTOPOI rNaBe OMMUCHLIBAETCS COBPEMEHHAs TeXHUKa onpefeneHus
CKOPOCTW PacnpocTpaHeHus rpaBUTaLMOHHbLIX BOJH C MOMOLLBIO TEXHUKM HEBONbLIOrO BO3MY-
eHus. B TpeTbeil rnase aBTOp pPeLUAeT YMCMEHHYH 3ajady, MOKasbiBalolLyl, UYTO TeXHUKa
BO3MYLLEHNA Pe3yNbTUPYeT A/ CKOPOCTW TFPaBMTALMOHHONM BOMHLI OTMYHOE M OT CKOPOCTM
pacnpocTpaHeHMsl CBeTa 3HauyeHue. ITO TOBOPUT O TOM, YTO MPUMEHEHME AAHHOM TEXHWUKU He
MOXET CUMTaTbCs [OCTATOYHO CTPOTUM ANS MOMYYEHUS TOUHOrO OTBETA.
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SYMMETRY THEORY OF THE EQUATIONS
OF MOTION

PART I
SYSTEM OF POINT PARTICLES IN THE E.2 SPACE

By
G. Knapecz

PHYSICAL INSTITUTE OF THE UNIVERSITY OF TECHNICAL SCIENCES, BUDAPEST

(Presented by A. Kénya Received 3. VIII. 1966)

By solving a system of functional equations ([11] and [12]) it is shown that the validity
of the Euclidean invariance (symmetry) group ([3] and [4]) restricts the form of the force
functions of the dynamical law ([1] and [2]) of a system of point particles embedded in the
Euclidean space E, to the form given by the expressions [32]—[35].

1. Introduction

The symmetry (invariance) principles are fundamental laws of nature
[1]. They do not directly determine the states, or histories of physical systems,
but they do specify the form of the dynamic and other laws of nature.

The present paper deals with the question as to what equations of motion
of classical point particles are allowed by the known Euclidean symmetry of
the space. More precisely the problem is as follows.

2. The physical problem

Let there be N point particles imbedded in the two dimensional Eucli-
dean space E 2 [2]. According t0 Houtapper, van Dam and w igner [1] the

states of this system are given by the initial data Xj(t), Ji(t), x,(t) and
dx

y(t), where x = - and i —1, 2,..., N, and the history (the motion) of

system is determined by the following equations of motion

= Fi(xkykxkyklk= 1,2,.. 1v) 1)

and
yi ~  Xoyk xityitlk = 1,2,..., 1V), 2)
where i = 1,2,. .. N, and the force functions Fkand Gk have 4N arguments.

It is a known fact that the equations of motion (1,2) should be covariant
under the three parameter Euclidean group, whose elements are

Xi—a - X cos a -f-yt sin a, 3)
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yi= b—X sin a f-yt cos a, (4)

where a, b and a are arbitrary constants.

Now the question arises: what functional forms of Fj and G, are allowed
by this covariance (i. e. symmetry) requirement? The purpose of this paper is
a discussion of this problem and its mathematical solution. The solution is
given by equations (32)—(35).

The content of the present paper (i e. the problem stated above together
with its subsequent solution) may he considered as the continuation or as the
generalization both of Chapter 3.1d. of the paper [1], and of Chapter Il. of
the paper by Currie [3].

3. The mathematical formulation of the problem

3.1 The mathematical problem

The accelerations and forces under the group (3,4) should be transformed
as follows

Xk ==xk cos a -\-yk sin a (5)

and
yk= —xk sin a -f-yk cos a, (6)

i. e
Fk= Fkcos a -f- Gk sin a M)

and
Gk= — Fk sin a -)- Gk cos a . (8)

Since the force functions should preserve their functional form under
the group (3,4), F’and G’ should have the form

Fk= Fk(xhYhxhyi\l= 1,2,..., N) 9)
and
Gk= Gk(x',y', il,y;\I= 1,2,..., N). (10)

On the basis of (3,4) and (9,10) the mathematical problem is as follows:
we have to find the vector concomitants of the coordinates xu{t), y k(t) and
of the velocity vectors xk(t), yk{t).

3.2 The basic functional equation

The vector concomitants in question obey a functional equation which
may be derived from (7) and (8) if we take into account (9) and (10). This
equation reads as follows
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Fk(a-\-Xi cos x -f-y; sin x, b—xlI sin x + yt cos X, x( cos x-\-yt sin a, —
—Xg sin x+ j, cosx\1_- 1,2,...,N) =
= Fk{xi,yi,x,,yi\l = 1,..., N) cos x -
+ Gk{x,,y,xLyl\l = 1,2,. .,,N) sin x (11)

and

Gk(a + xt cos x -f-ytsin a, b —xt sin x -\-¥i cos X, xt cos x -\-yi sill x, —

—xI sin a + ji cos x\I= 1,2,...,TV=
= —F«XxbyYn ji\l= 1,2,..., N) sin a +
+ Ckixi>Yb*bY11l= cos X. (12)

This system of functional equations, where the unknown functions are
Fkand Gfc, must identically hold for arbitrary values of a, b, x, xi, yi, xi and
yi, = 1,2, ..., N. It is now necessary to solve equations (11, 12).

This will he acomplished by the methods of the theory of functional
equations [4] in the next Chapter.

4. The mathematical solution of the problem
4.1 The first step

Let us, for a moment, suppose that x = 0. In this case equations (11)
and (12) reduce to the following system of functional equations
Fk(@a+ x, b+y,, x,jr,\l—1,...,N) = FKk(X,,y,,X,yt,\I = 1,...,1V) (13)

and

Gk(a+ Xi>b+ vy, x,,y\Ml=1,2,.. . ,N) = Gk(xlLy,,x.,yl\l = 1,2, - N). (14)

These equations must hold for arbitrary a, b, x;,y\, xtand jb /=1,2, ...N.
If the equations (13) and (14) are valid for arbitrary values of a and b,
then they are valid also in the special case when

a+ xXA= 0 (15)
and

b+YK = °, (16)

where xkand y kare exactly the coordinates of that particle whose force func-
tions Fk and Gk we are going to determine. From (15) and (16) it follows that

« = —Xk (17)
and
b= ~yk- (18)
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Inserting (17) and (18) into (13) and (14) one gets

PK(Xi*Yb*»Y11ll—1,2,..., V) —
= fk {xi— xk,¥Y1~Yk,xT, YT 11= 1,2,.. ., ft — 1,*+ 1,.. . N;
m=1,2,...,N) (19

and
E&K(xbYbxbY1\1= 1,2,...,1V) =

gk(xl~ xk>yi — Yk*xT,¥yT\1l= 1,2,..., ft— I, ft + 1, — ,1V;

o= 1,2,.. .,1V), (20)

where/fc and gk are arbitrary functions of their 4N —2 arguments. The system
(19) and (20) is the general solution of (13) and (14).
4.2 The second step

Inserting (19) and (20) into (11) and (12), and introducing the abbrevia
tions

— (21)
and

a- M (22)
we obtain the following system of functional equations

fk(xik cos x j-ylk sin sc, —xIk sin sc+ ylk cos scxm cos s<j- jm sin <,
—xm sin <-f-jm cos ) =

= fk (xikeYik, xnpjm) cos a + gk(xlkylk xmym) sin « (23)
and

gk (xik cos a + Ylk sin a, —xlk sin a + YIk COS x,xm cos * + jm Sin G
—xm Sin «+ jmcos a) =
= —fk(xIk,yik,xm,ym) Sl1 a + Sk{xlk ¥Ym, xm ¥T) OO SC (24)
wherem= 1,2, ..., N,and |l = 1,2, ..., k—1 ft+% ... N.

Since the system (23) and (24) must hold for arbitrary sc, xi, yi, xm and
jm, it holds, of course, in the special case when

— xk sin X+ YK cos a= 0, (25)

i. e
tg = ykixk sin = ykirk, and cos = xKkl'K, (26)

where
re= (M jh)i. (27)
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Inserting (26) into (23) and (24) we get a system of algebraic equations

YK h e Xk
a2 v YK s xR Py sty g YR
| K rK rK K r,. rK
e — XN ¥Y—fyt~«,®I/= 1,2,...,.c—Dfc—1,..., jvl =
—YxloylkexmyTir 1,...,A 1L fef1,...,TV;:Tl 1,...0v* “f-
gk (*/ki Y- *m>YT |/ = 1=, K— 1,fc+ LN;m= 1,..., N)eA (28)
and
i oxe.o, yf yA xk .ox.o, L
YK Xik T-——--h Yik ~r~"* */k t h Y/k >X T~ =mmn hyl &~
| r rk rk rk r rk
eyl rAW—1,. . K—1AF1,. .., iV —
rk
— SkXIYWxmwYmi* 1,k LA41...N t—1,., VX
+ gk(xik,yik,xm,ym\l = b -. A- 1A+ 1,...,TV)- (29)

rk

where gk and ykare arbitrary functions of their 4iv—3 arguments, and fk and
gk are the unknown force functions.
The functions fk and gk may be evaluated from (28) and (29). We get

f = xk Pk — YKY (30)

ind

qu YKGK + XKYK (31)

Taking into consideration that both gk and yu are explicit functions of
rk, the denominators of (30) and (31) can be amalgamated into gk and yk
Consequently the mathematical solution of the problem stated in Chapter 2 of
this paper reads as follows

Fk(xnYuxuyi) = xkAk—ykBk (32)

and
Gk(xnYuxuyi) = YkAk+ xkBKk, (33)

where Akand Bkare arbitrary functions of their 4iv'—3 invariant arguments.
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Ak — AKk(rk, xlkxk + ylky k, — xlky k+ yikxk, x, xk  yiyk,

,— Xl + yi*k\l= 1,2, . . k—Il,k+ 1 ,..N) (34)
and

Bk= Bk(rk, xlkxk+ ylkyk, - xlkyk+ ylkxk x,xk+ ¥y ,yk,
,—*Iyk+ Yi*k\l = 1,2..... &—1,k+ 1,...1V). (35)

5. The physical content of the solution (32)—(35)
5.1 The basic forces in E2

First of all, let us remark that in spite of the fact that from the physical
point of view the functions (F;, G,) are not force functions but acceleration
functions, we will call them force functions in what follows, and in this sense
we shall speak about forces.

The arguments of (32) —(35) are the invariants

h = rk= (xl+yl)i, (36)
12= x,xk+ y,yk, (37)
13= ~KkY,~ X,yKk, (38)
li = (xi —xk)xk+ (y,~yKyk (39)
and
h = (yi — YK xk— (x, —xK)y k. (40)

These invariants are the basic force expressions in the two dimensional Eucli-
dean space E2 They are all velocity-dependent.
Apparently the well known distance-dependent forces

IB= (*; —xkf + (y, —ykf = rfk (41)

are not contained among them. But this is not true, because J6 may he expres-
sed in terms of J4, J6 and Ix as follows

/.-m ata, <42)

Xi — xkf + (y, —yk)2=

= [(*;—Ak)xk'i' (y, —yKyky T [(X—y K) xk — (x, — xk)jrk]2
xk+ yl
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Relations (42) and (43) allow the interpretation that the distance-
dependent forces (41) are not ,elementary“ forces, hut ,composed“ ones and
they have a velocity-dependent dynamism.

5.2 The transformation character of Ak and Bk

The force functions Fkand Gkare the components of the vector (Fk, Gk).
On the basis 0f (32) and (33) they may be represented in matrix form as follows:

Fk :AK(*K o — Bk *.k

+

Gk ly | Bk o yk.

It is seen from (44) that, in accordance with (34), Ak is an invariant.

On the basis of (35) Bk should also be an invariant. In view of the fact
that the single component of an antisymmetric tensor (in E2) is invariant un-
der the group (3, 4), the equation (44) does not conflict with the expression
(35). Thus Bk is also an invariant.

Since, on the one hand, both functions Akand Bkare invariants and, on
the other, xk and ykare components of vectors, all Fkand Gkare components

of vectors.

5.3 The “magnetic* forces

Finally, we remark that the second term in (44), i. e.

[Fk _ fo-Bftl Xk
£k © 8 ° jk

is of magnetic (Lorentz) type.

6. Conclusion

It is seen from (44), (34) and (35) that the validity of a symmetry law
in fact restricts theform of the dynamic laws of physical systems.
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TEOPNA YPABHEHWA OBMXXEHWA HA OCHOBE CUMMETPUN
MPOCTPAHCTBA

YacTtb |
CuncTeMa TOYE€YHbIX YacTul, B npocTpaHcTee E,,

r. KHAMEL,
Peswome

PelweHnem cucteMbl yHKUMOHaNbHbIX ypaBHeHuin [(N) n (12)] pokasbiBaetcs, 4TO B

CUNy 3BKNMAOBONM cummeTpum npocTpaHcTBa Er [(3) n (4)] dopma cunosbix yHkunid [(32) —

(35)] auHamuueckoro 3akoHa [(1) n (2)] cucTeMbl TOUYEYHbIX YaCcTWL ABAAETCA ONpeaeneHHON,
TO eCTb He MOXeT O6biTb NMPOWU3BONILHOMN.
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DAS ELEKTRONENBANDENSPEKTRUM DES
CsD-MOLEKULS IM SICHTBAREN SPEKTRALGEBIET

Von

M. L. Csaszar
ZENTRALFORSCHUNGSINSTITUT FUR PHYSIK, BUDAPEST
und
E. Koczkas
ATOMPHYSIKALISCHER LEHRSTUHL DER TECHNISCHEN UNIVERSITAT, BUDAPEST
(Vorgelegt von I. Kovacs. — Eingegangen: 5. VII. 1966)

Das Spektrum des CsD-Molekiils wurde zwischen 4500 A und 6250 A aufgenommen und
die Rotationsaualyse von 17 Banden durchgefiuhrt. Auf Grund dieser Analyse wurden mit
Hilfe des Isotopie-Effektes die von Aimy und Rassweiter flir den angeregten Zustand des
CsH-Molekils angegebenen v' Quantenzahlen um drei Einheiten korrigiert.

Das Elektronenbandenspektrum des CsH-Molekils wurde von Ailmy
und Rassweiler im Jahre 1938 in Absorption aufgenommen [1]. Im Spektral-
bereich zwischen 4500 A und 6250 A erschien das Viellinienspektrum von
31 kantenlosen Banden. Die Analyse bewies, dass das aufgenommene Banden-
system dem Ubergang entspricht. In den Konstanten des oberen
Zustandes zeigte sich dieselbe Anomalie wie bei den anderen Alkalihydriden.
Die genauere Bestimmung der Konstanten aber erschwert der Umstand, dass
die Vibrations-Analyse selbst von Aimy und Rassweiler als unsicher beur-
teilt wurde. Es schien daher interessant das Spektrum des CsD-Molekiils zu
untersuchen.

Experimentelles

Mit Hilfe des bei Absorptionsaufnamen der Alkalihydride allgemein
(auch von Aimy und Rassweiler) benltzten Eisenrohres konnte ein reines
CsD-Spektrum nicht photographiert werden. Um ein hydridfreies CsD-
Spektrum aufnehmen zu kdénnen, haben wir ein Verfahren mit einem ge-
schlossenen Absorptionsrohr aus ziemlich alkalibestdndigem Supremaxglas
entwickelt. [2] An seinen Enden hatte dieses Rohr keine Quarzfenster, wir
begnigten uns mit Supremaxglasfenstern, da doch das CsD-Spektrum in das
sichtbare Spektralgebiet fallt. Das Rohr war 110 cm lang mit 1,5 cm lichter
Weite, in der Mitte mit einem kurzen Seitenrohr versehen, (siehe Abb. 1).
Dieses Seitenrohr diente zur Einfuhrung des Cs-Metalls und des D 2-Gases.
Das Cs-Metall wurde aus Caesiumazid durch thermische Dissoziation und
durch nachfolgende Vakuum-destillation in das Rohr eingefiihrt. [3] Danach
wurde das D 2Gas elektrolytisch aus schwerem Wasser (mit 99,9% D20) her-
gestellt und durch eine Pd-Kapillare ebenfalls in das Rohr gefiihrt. Beim
gewlinschten D 2Druck wurde das Seitenrohr zugeschmolzen.
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Zur Herstellung des CsD-s musste das Gemisch auf 600 °C erhitzt werden.
Die Heizung erfolgte mit isolierten Kanthaidrdahten. Der grof3te Teil des Cae-
siums sammelte sich im Seitenrohr, das bei den Aufnahmen nach unten zu lag.
Es wurde von den anderen Teilen getrennt geheizt, um in das Hauptrohr
mehr oder weniger Cs-Dampf hineinlassen zu kénnen.

Der Cs-Gehalt betrug etwa 4 g. Am Anfang des Ausheizens, von etwa
370 °C an, machten die dunkelgrinen Cs-Dampfe eine Aufnahme noch
unmdglich. Die CsD-Banden, die wir hauptsdchlich im grinen Wellenldngen-
bereich mit dem Handspektroskop wahrnehmen konnten, erschienen erst

nach einigen Stunden bei 550° 0220 °C. Als kontinuierliche Lichtquelle diente
eine Xenon-Hochdrucklampe von 300 W. Zu den Aufnahmen benitzten wir
einen Konkavgitterspektrographen mit 1,3 A/mm reziproker Dispersion. Die
Expositionszeiten schwankten zwischen 2 und 4 Stunden.

Im allgemeinen beobachteten wir dass die jeweilige Aufnahme einen
Wellenbereich umfaRt, an dessen Grenzen die Spektrallinien rechts und links
diffuse und schwéacher werden, um dann ganz zu verschwinden. Die Banden des
Cs2-Molekils verursachten keine Stérungen.

Analyse

Auf unseren Aufnahmen konnten ca. 600 Linien (ungefdhr 95% sdm t-
licher von uns beobachteten Linien) gemessen werden. Die Messgenauigkeit
betrdgt im Durchschnitt etwa 0,03 A, jedoch nur 0,1 A bei den diffuseren und
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schwicheren Linien. Es ist uns gelungen, diese Linien auf Grund einer Rota-
tionsanalyse in Banden einzureihen. Insgesamt fanden wir 12 Bande mit v’
= 0 und 5 Bande mit »"" =1 unterem Zustand.

Wie zu erwarten war, zeigte das CsD-Spektrum die gleiche Struktur wie
die Alkalihydride (LiH, NaH, KH, RbH, CsH) und die bisher bekannten
Alkalideuteride (LiD, NaD, KD): 12 1% Ubergang, ziemlich offene, schwer
zu erkennende Bandenstruktur. Infolge des Isotopieeffektes, der eine Verdich-
tung der Linien bewirkt, sind jedoch einzelne Banden leichter wahrnehmbar
als beim CsH-Spektrum.

Die Vibrationsanalyse konnten wir jedoch erst nach Beendigung der
Rotationsanalyse vornehmen. In mehreren Banden war ein Teil der einzelnen
Zweige gut erkennbar, so 10 bis 15 Linien. Es war maglich, die 4ot des CsD-
Molekiils, d. h. die Wellenzahlen-Differenzen der aufeinander folgenden
Linien mit den CsH-Rotationskonstanten aus der Arbeit von Army und
RAsswEILER und mit der p-Zahl aus der Formel

e (2 o L} Afl L)
. MD+MCS]/ (,M}PLMCS

rechnerisch zu bestimmen. v

Die aus den so ermittelten und aus den im Spektrum gefundenen Linien
gebildeten Apyo¢ -Differenzen zeigen eine gute ﬁbereinstimmung. Als Beispiel
diene die Tabelle I, in der die Wellenzahlendifferenzen der (12,0) Bande zu-
sammengefasst sind. Auf Grund dieser Ubereinstimmung war die J-Numerie-
rung eindeutig gegeben. Mit Hilfe von Av.¢ liessen sich auch die weniger
charakteristischen Zweige erkennen. Es ist uns gelungen, die 600 beobachteten
Linien in 17 Bande einzureihen. Indes ist die Anderung der B, Konstante
mit v’ so klein, dass die auf die verschiedenen Vibrationsniveaus bezogenen
Avrot-Werte innerhalb der Messfehler iibereinstimmen und somit keine Grund-
lage fiir die Numerierung der v’ abgeben kénnen.

Die Intensitdt der Linien steigt innerhalb der einzelnen Banden mit
wachsender Quantenzahl, d. h. bis zu etwa J — 4 sind die Linien noch schwach,
von da ab bis etwa J = 24—30 sind sie von guter Intensitit. Die Tabelle
IT enthilt die Wellenzahlen der Bandenlinien.

Die Richtigkeit der Rotationsanalyse wurde mit den Kombinations-
differenzen fiir die gleichen unteren Zustinde kontrolliert.

Die Rotationskonstanten B, und D, berechneten wir nach der aus der
Literatur bekannten graphischen Methode [4] (Tabelle III.)

Die Rotationsanalyse hat bewiesen, dass 12 bzw. 5 der Banden den glei-
chen unteren Zustand haben. Da es sich um eine Absorptionsaufnahme han-
delt, sind diese Zustinde offenbar v’ = 0 und »’’ = 1. Da weiterhin die Rota-
tionskonstanten der Schwingungsniveaus im angeregten (oberen) Zustand
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einander sehr ahnliche Werte haben, lasst sich auf Grund der Kombinations-
differenzen nicht eindeutig bestimmen, welchen Banden mit dem unteren
Zustand v = 1 bzw. v"" — 0 der gleiche obere Zustand zugehdrt. Zur Feststel-
lung der Numerierung war die Schwingungsanalyse erforderlich. Die genauen
Werte der einzelnen Bandenkanten bestimmten wir nach der bekannten
graphischen Methode. Sie gestattet es die Schwingungsdifferenzen AG' rech-
nerisch zu ermitteln.

Auf Grund der Schwingungsdifferenzen ZIG' konnte es nun leicht entschie-
den werden, welche Bande mit verschiedenem unteren Zustand denselben
oberen Zustand besitzen.

In der Annahme, dass die Analyse von Almy und Rassweiler richtig
ist, bestimmten wir mit ihren Schwingungskonstanten und mit der Zahl p auf
Grund der Gleichung [4]

o s 2 1 2
= ot QW + — —p2cotxe V' + = + ...
2 2

die Werte der zu erwartenden Bandenkanten des CsD-Molekils und waéhlten
V' so, dass der Unterschied zwischen den gefundenen und den berechneten
Bandenkanten mdglichst klein sei. Doch auch im gunstigsten Falle ergab sich
eine Abweichung des berechneten Wertes vom gemessenen um etwa 30 cm -1.
Offensichtlich muss die Numerierung Almys und Rasswejlers gedndert
werden.

Die richtige Numerierung suchten wir durch den Vergleich der AG'-
Werte im angeregten Zustand des CsH-Molekiils mit jenem des CsD-Molekiils
zu ermitteln.

In Betracht zu ziehen ist die Tatsache, dass im Sinne der Theorie des
Isotopie-Effektes

ANCsD (v+ 1) = BAGesH (Qlv + 1])

ist, dass also die zZGcsd-W erte im angeregten Zustand des CsD-Molekils aus
den analogen ZIGcH-Werten des CsH-Molekils und mit Hilfe der Zahl p
berechnet werden kénnen [5] [6].

Natdrlich ist das nur dann richtig, wenn man mit der entsprechenden
n'-Numerierung arbeitet. Die auf CsD bezogenen ZIG'csD'Werte berechneten
wir zuerst auf Grund dieser Gleichung und der Numerierung von Aimy und
Rassweiler, dann auch so, dass wir die v' Werte im Vergleich zu dieser Nume-
rierung um 1, 2, 3, 4, 5. Einheiten hdoher wahlten.
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Die Differenzen der gemessenen Werte AG'mund der mit den CsH Konstanten berechneten
Werte AG'r des CsD-Molekiils im Falle, wenn:
a) die Berechnung auf Grund von Atmy und R assweilers v’ Numerierung ausgefiihrt wird;
by v’ im Vergleich zur Numerierung von Aimy Und Rassweilers Um 1; ¢) um 2; d) um s;
e) um 4; f) um 5; g) um 6 vergrossert ist.

h) Die Werte von £ (zZIG'm— J1G'r)2in den oberen spezifizierten Fallen.

An der Abbildung 2 l&sst sich gut erkennen, dass sich zwischen den
gemessenen und berechnten AG'CsD-Werten die beste Ubereinstimmung zeigt,
wenn man diet/-Numerierung von Aimy und Rassweiler bei den CsH-Banden
um 3 Einheiten erhéht. Damit wird auch die Vibrationsnumerierung der Ban-
den des CsD-Molekiils bestimmt.

Die Tabelle IV enthédlt die Bandenkanten des CsD-Molekiils mit der
richtigen ~'-Numerierung.
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Auf die Bestimmung der Vibrationskonstanten und die Untersuchung
des Isotopieeffektes werden wir in einer spdteren Arbeit kommen.

Zum Schluss sprechen wir Herrn Prof. I. Kovacs unseren aufrichtigen
Dank aus. Herrn Prof. T. Matrai danken wir verbindlichst fur die Anregung
zu dieser Arbeit und fur sein wohlwollendes Interesse. Wir danken ferner
Herrn K. Ro6zsa fur die Herstellung des Caesiums und fir seine Mitarbeit bei
den Aufnahmen.

Tabelle |

Gemessene und berechnete Rotationstermdifferenzen der (12,0) Bande des CsD-Molekils

P-Zweig P-Zweig
J zlivot n'ym nrot Anrot
(gemessen) (berechnet) —zdi'rot (gemessen) (berechnet) -ZIrrot
1
9 15 1,9 —0,4 39 43 —0,4
3,9 3,4 + 0,5 53 57 -0,4
5,0 5,0 0 7,8 73 + 05
6,6 6,5 +01 8,5 8,9 -0,4
Z 7,9 8,0 —01 10,6 104 +0,.2
9,7 9,6 +0,1 12,1 11,9 +0,2
11,0 111 —0,1 133 13,5 -0,2
12,7 12,7 0 15,0 15,0 0
141 14,0 +01 16,5 16,5 0
10 15,9 15,6 + 0,3 18,0 17,8 + 0.2
1 17,2 17,2 0 19,5 19,4 +01
1 18,7 18,7 0 21,1 21,0 0
13 20,4 20,2 + 0,2 22,6 22,5 + 0,1
1 21,8 21,8 0 24,0 23,9 +0,1
B 23,3 23,1 +0,2 25,5 25,4 +0,1
10 24,9 24,8 +01 27,2 27,0 + 0,2
i; 26,4 26,2 +0,2 28,6 28,5 +0,1
28,1 27,9 +0,2 30,2 29,9 + 03
;z 29,5 29,5 0 31,7 31,5 +0,2
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Tabelle 11

Wellenzahlen der Bandenlinien

Die Bande (8,0)

P-Zweig
i
18755,3
751,0
745,8
738,0
729,3
718,6
706,8
693,6
678,9
661,9
643,6
623,2
603,1
580,4
555,9
530,5
503,1
4742

412,5

307,9

P-Zweig

18761,6
760,1
757,3
753,5

741,9
733,9
724,2
713,5
700,2
686,0
670,4
652,9
634,1
613,7
591,6
568,4
543,1
516,3
488,3
458,5
427,17

Die Bande (9,0)

P-Zweig

18920,6
916,0
910,6
903,5
894,4
883,7
871,9
858,7
843,3
826,7
808,8
789,0
768,2
7458
7216
695,9
668,8
640,1
610,3
578,4
544,8
510,4
474,2
4371

P-Zweig

18924,1
922,1
919,3
913,8
907,3
899,0
889,7
878,2
865,5
851,2
835,4
818,1
799,3
778,9
757,3
733,9
709,0
682,5
653,8
624,8
593,9
561,5
527,3

Die Bande (10,0)

P-Zweig

19088,5
083,7
070,5
075,0
062,1
051,6
039,8
026,4
011,6

18995,0
977,0
957,5
936,8
913,8
889,7
864,2
836,8
808,1
778,0
746,8
7135
678,2
642,5
604,6
565,6
525,2
4833
440,7

P-Zweig

19089,6
086,3
081,1
074,7
066,7
057,2
046,2
033,6
019,4
003,8

18986,5
967,7
947,4
925,6
902,4
877,3
850,6
822,6
793,0
762,4
729,3
695,8
660,3
623,2
586,1
5448
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Die Bande (11,0)

J P-Zweig
0
1
2 19254,7
3 248,8
4 241,6
5 232,8
6 222,4
7 210,6
8 197,0
9 182,1
10 165,6
11 147,5
12 128,0
13 106,8
14 084,2
15 060,0
16 034,7
17 007,6
18 18978,9
19 948,9
20 917,3
21 883,9
22 849,1
23 813,1
24 775,7
22 736,6
26 695,9
27 653,8
28 610,3
29 565,6
30 519,0
31 4711
32 4211
33
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P-Zweig

19261,9
260,5
256,8
252,2
245,3
237,6
228,0
2171
204,3
190,0
1743
157,1
138,2
117,9
096,1
072,4
047,7
021,3

18993,5
964,1
933,1
900,6
866,7
830,7
793,9
755,3
715,5
673,8
630,9
586,1
540,4

Tabelle 11 (Fortsetzung)

Die Bande (12,0)

P-Zweig

19431,0
427,1
421,8
414,0
405,5
394,9
382,8
369,5
354,5
338,0
320,0
300,5
279,4
256,8
232,8
207,3
180,1
151,5
121,3
089,6
056,2
021,8

18985,7
948,2
909,1
868,3

P-Zweig

19435,0
433,1
429,6
424,6
418,0
410,1
400,4
389,4
376,7
362,6
346,7
329,5
310,8
290,4
268,6
245,3
220,4
194,0
165,6
136,4
105,4
072,4
038,9
003,3

Die Bande (13,0)

P-Zweig

19605,8

595,7
588,0
579,4
569,2
557,1
543,8
528,8
512,3
494,1
474,6
453,5
431,0
406,8
381,1
354,2
325,4
295,3
263,6
230,6
195,8
159,6
122,0
082,9
042,1
000,2
18956,7
911,8
865,5
817,0
768,2
717,0

P-Zweig

19610,2
609,2
607,3
603,9
598,8
592,2
584.,4
574,7
563,6
551,0
536,7
520,9
503,6
484.9
464,3
442,6
419,2
394,3
367,8
339,8
310,3
279,4
246,9
212,9
1772
140,0
101,7
061,3
019,8

18977,0
932,6
886,0
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DAS ELEKTRONENBANDENSPEKTRUM DES CsD-MOLEKULS

Die Bande (14,0)

P-Zweig

19777,2
770,8
763,9
755,2
7449
7329
719,4
704,4
687,9
669,8
650,3
629,1
606,5
582,3
556,5
529,4
500,7
470,5
438,7
405,5
370,9
334,8
297,0
257,8
217,1
1751
131,4
086,3
039,8

18991,8
942,4
891,3
838,6

R-Zweig

19785,0
783,0
779,6
774,4
768,2
760,1
750,3
739,1
726,4
712,2
696,4
679,2
660,4
639,9
618,1
594,5
569,6
543,0
515,0
485,4
454,4
421,8
387,7
352,2
314,9
276,4
236,2
194,7
151,5
106,8
060,7
013,1

18964,3
913,8

Tabelle 11 (Fortsetzung)

Die Bande (15,0)

P-Zweig

19948,0
940,6
932,0
921,6
909,9
896,4
881,2
864,5
846,7
826,7
805,8
783,0
758,7
732,9
705,7
677,1
646,8
615,1
581,6
546,9
510,6
472,9
433,7
392,9
350,7
306,9
261,9
215,2
167,0
117,5

R-Zweig

19962,2
960,0

951,3
944,8
936,8
927,1
916,0
903,2
888,9
873,1
855,7
836,7
816,3
794,4
770,8
745,8
719,4
691,1
661,6
630,4
597,6
563,6
527,9
490,7
452,0
4117
370,1
326,9
282,1
236,2
188,3
139,2

Die Bande (16,0)

P-Zweig

20118,7
109,7
099,4
087,4
073,7
058,7
041,8
024,0
004,2

19983,1
960,0
936,0
910,3
883,0
854,2
823,8
791,9
758,7
723,6
687,1
649,5
610,2
569,2
526,7
483,2
437,8
3911
342,9
293,3
242,1

P-Zweig

20138,1
134,2
129,3
1225
114,3
104,6
093,6
080,7
066,5
050,3
033,1
014,0

19993,7
971,4
948,0
9227
896,4
868,1
838,2
807,1
774,3
740,0
704,4
666,9
628,1
587,4
545,9
502,6
457,8
411,7
363,8
3145
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Tabelle Il (Fortsetzung)

Die Bande (17,0) Die Bande (18,0 Die Bande (19,0)
P-Zweig JR-Zweig P-Zweig P-Zweig P-Zweig P-Zweig

0 J

1 20316,5

2

3 20303,4 312,1

4 307,4

5 287,9 301,0

6 277,8 292,7 20456,0

7 265,9 282,9 4441 20461,6

8 251,3 271,3 430,8 450,0

9 237,0 258,8 416,6 437,3
10 220,4 2444 422.,8
11 202,2 228,6 380,5 406,7
12 182,5 210,9 360,4 389,0
13 161,1 192,1 339,0 370,1
14 138,1 171,3 316,5 349,4
15 113,7 149,1 327,2
16 087,9 125,7 265,9 303,4 204442
17 060,6 100,3 238,6 271,8 416,6 20456,0
18 031,4 073,7 209,7 251,3 387,4 428,8
19 001,2 045,1 179,1 357,1 400,3
20 19969,3 015,5 146,9 192,9 324,6 370,2
21 936,0 984,3 113,7 161,1 291,0 339,0
22 900,8 951,3 078,4 128,3 255,9 305,6
23 864,5 916,8 041,8 093,6 2189 271,3
24 826,7 881,2 003,7 057,6 180,9
25 786,9 843,5 19963,9 020,3 141,0 197,2
26 745,8 804,8 922,7 19981,3 099,4 157,6
27 703,4 764,1 881,2 940,6 056,9 116,8
28 659,4 722,0 835,9 898,3 012,5
29 614,2 678,8 790,4 854,2
30 567,1 633,8 743,6 809,9
31 518,9 587,4 695,1
32 469,2 539,4 645,5 7148
33 418,0 490,1 593,7 665,3
34 365,1 540,6 615,1
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Tabelle 11 (Fortsetzung)

Die Bande (8»)) Die Bande (9,1)
P-Zweig P-Zweig P-Zweig P-Zweig
18302,9
18290,4 298,3
284,1 294,1
274,6 287,7
18114,8 264,7 279,8
18087,7 105,2 253,1 270,5
074,6 094,5 239,8 259,7
060,1 081,8 225,3 2475
044,6 068,3 209,3 233,6
026,2 052,9 191,6 218,4
007,4 036,1 172,5 201,7
17986,3 018,0 152,1 183,2
964,4 17997,8 130,0 163,5
941,1 976,7 106,8 1423
916,2 954,0 081,8 119,6
929,7 055,3 095,5
027,3 069,7
17997,8 042,5
967,1 013,9
934,8 17983,7
901,1 951,8
918,8
884,2

Die Bande (10,1)

P-Zweig

18466,7
463,6
458,5
4514

432,6
421,0
408,0
3931
3774
359,9
340,8
320,2
298,3
274,6
249,8
223,7
195,6
166,2
1355
1034
069,7
034,4
17997,8
959,6
920,1

P-Zweig

184719
470,0
466,7
461,8
455,6
4479
438,4
427,7
415,3
401,7
386,4
369,9
351,5
3319
310,5
287,7
263,6
238,1
211,0
182,1
152,1
120,7
087,7
052,9
017,0

17979,5
941,1
901.1
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Tabelle 1l (Fortsetzung)

Die Bande (11,1) Die Bande (12,1)
P-Zweig R-Zweig P-Zweig R-Zweig
0
1 18638,9 18815,1
2 634,1 18640,1 18805,3 812,3
3 628,6 637,3 801,4 808,8
4 621,4 632,3 793,9 804,7
5 613,7 626,2 785,6 798,6
6 603,1 618,3 775,4 790,8
7 591,6 609,2 764,2 781,2
8 578,3 598,3 751,1 770,5
9 563,9 586,1 736,6 758,7
10 547,8 572,3 745,0
il 530,5 557,0 702,7 729,3
12 511,2 540,4 683,5 712,8
13 490,7 522,0 663,3 694,7
14 468,7 502,4 641,4 675,0
15 4452 481,3 617,9 653,8
16 420,4 458,5 592,9 630,9
17 394,1 434,4 566,5 6u6,9
18 366,2 408,6 538,6 581,2
19 336,6 381,5 509,3 554,0
20 306,1 352,9 478,6 525,2
21 273,9 322,8 446,3 495,3
22 239,8 291,3 4125 463,6
23 205,0 258,2 3774 430,7
24 168,4 223,7 340,8 396,1
25 130,0 187,9 302,9 359,9
26 091,2 150,4 263,6 322,8
27 050,1 111,6 222,4 283,1
28 007,4 071,3 180,3 243,6
29 17964,4 029,1 1355
30 918,8 17986,3 091,2 158,6
31 943,3 044,0 113,6
32 17997,8 068,3
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Tabelle 111

Rotationskonstanten des CsD-Molekiils

v K

8 0,58
9 0,58
10 0,58
ikl 0,58
12 0,58
13 0,58
14 0,59
15 0,58
16 0,58
17 0,58

\ ft B
0 1,35
1 1,33

Tabelle 1V

Bandenkanten und Schwingungsdifferenzen des CsD-Molekils

v' v'=10 ITI': I AG"*
8 18758,1 1652
9 18923,3 18304,0 1679

10 19091,0 18472,0 17016
n 19261,6 18642,5 172'5
12 18815,0 '

2w

14 19784’l 1758

' 177,0

15 19961,1

16 20139,0 177.9

17 20317’2 1782

' 178,4

18 20495,6

19

AG ™ ! 619,1
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CMEKTP 3/IEKTPOHHOW CBA3M MOJIEKY/Ibl CsD B BUAWUMOW OBNACTU
M. 1. YACAP un 3. KOLIKALL

Pesome

NaeTca cnekTp monekynbl CsD B uHTepsane 4500 A n 6250 A, npoBogMTCA poTaLMOH-
HbIA aHanu3 ana 17 cBA3ei.
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NON-RELATIVISTIC APPROXIMATION OF THE
DIRAC CURRENT
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By making use of the Fot1dy-W outhuysen transformation the non-relativistic charge
and current density is derived from the Dirac equation up to the second order in p/mc. The
terms obtained in addition to non-relativistic Pauli charge and current density are interpreted
as follows. The moving magnetic dipole corresponds to an electric one interacting with the
electric field like a polarization charge (?,,=—div . The current corresponding to this polariza-

tion charge appears in the usual form -'A . The Thomas precession gives the contributions

Q& —- tI'Y 3and jr= — - t0 the charge and current density, respectively, and, thus,

only half of the polarization charge and current is effective. An EXc type term arises in the
current since the mechanical and canonical momenta are not now simply related through

TYyy —p —-- c_A' An additional Darwin type term arises in the charge density which cannot

be interpreted classically.

Introduction

The familiar method for the transition to nonrealtivistic approximation
of the Dirac equation is as follows [1]:

We separate the equation for the four-component spinor W = (cpl €2
yl X2) into two simultaneous equations for the two-component spinors
(yl4r) an<l (%i /Cr)- Then by expanding <pand y in powers of p/mc up to a
certain order the component y can be successively eliminated. Thus, in the
first step we obtain the Pauli equation. In the following step we also get a
Schrédinger type equation which, however, cannot be interpreted as a wave
equation since it contains a non-Hermitean Hamiltonian and consequently the
norm of the wave function implied is not conserved. This difficulty can be
removed by introducing a new wave function <p'= A(pinstead of (p and a new
Hamiltonian H' = AHA -1 where A is a nonunitary operator which can be
found from the requirement that H' should be Hermitean. The Foldy-
Wouthuysen method, on the other hand, uses unitary transformations only
so it seems to be a more direct and elegant method for the transition to non-
realtivistic approximation [2].

The following conventions and notations will be used. For the Dirac
matrices j/1(fi — 0, 1, 2, 3) we adopt the representation where y° is diagonal
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and Hermitean and yly-, y3are anti-Hermitean. The explicit form of yAis given
in [3]. We define also three matrices

2k= *=1,2.3),

where .« are the Pauli matrices. The three dimensional vectors , «, Ek, (¢« will

be denoted by ,, E and ., respectively. For the gauge invariant momentum

e ] e .
e A= —y - A we write P.

Letcq and ¢p2be two arbitrary spinors and a an operator. Then, operators
a, a and a are defined by

Fa@E= (fiap., <gfagxR—(@@Hc2, <= —2(6+ am

Derivation of the non-relativistic current

Let us consider operators acting upon the four-component spinors.
Following Foldy we call the operators of type

0= 71, E=\A"~°
B 0 \0 Bg
odd and even, respectively, in the given representation of the y matrices.
Here A and B are arbitrary 2 x 2 matrices. An odd operator mixes the two
upper and lower components of Dirac spinors, while an even one does not.
Thus, e. g. ykis an odd operator while Ekkis an even one.
We start from the Dirac equation

ih mt (cyOyP y°mc2-)-ed)W= HW (1)
3

and introduce the transform of W as
yI() = e-AS(r,() (75

where e~;Sis a unitary operator to be defined later, while Ais chosen to be
—1/2 me2
satisfies the equation

avm)
i%— — = H(>+Fd),
dt
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where

= |h de—As eAS g—AS JngS_ (2)

<
Expanding these terms in powers of A one gets
(Oe~AS BS A [c 3S A - ds
y— S, g’ + oo
0ot dt 0ot ©oa ot J
and (3)
g'AS = [SIH] + - [S! [Sv LL'|] - - [Sr [Sr[Sr#]]]+ .

Let the odd part of the Hamiltonian in the n-th step be O”, then the ope-
rator S will be defined in the (n-|-1)-st step as

g(n+1) _ yO Q(.n) _

The result of this special form of S{@>and the above value of Ais that at every
step we get a new Hamiltonian which contains lowest order odd terms propor-
tional successively to at least one order higher power in A Thus the odd terms
can be eliminated from the Hamiltonian up to any desired order in Awhich is

just the non-relativistic approximation. The odd part of the zero order
Hamiltonian (1) is

O(0) —cy°y P
and, thus, the operator for the first transformation is
S =y°0(0= cyP.

W ith the help of equations (2) and (3), in the first step we obtain the wave
function and Hamiltonian of the form

JL yP
W@ = e-Asd) W= e’ W,

pfi

A<e= y°mc2+ ed + — y° P2--- — Y°£ B +
2m 2me
. : (4)
— 2'PXE- EXP)-——— divE +
8m 22 8m 2:2

le" yE ——-— yO(y P)3,
2me 6m2c
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1 3A

where E = —y @ - (—j—t--and B = rot A are the electric and magnetic field
c

strengths, respectively. Selecting the odd terms from we get the second

transformation function

S<2>= yo0« = — yOyE-—-—-- — (yp)s3.
2m 6m2c

Let us introduce the wave function

ys(2) _ e-AS<2> W (1),

which is related to the original one by

+

2me 4m2c3 Chdrfe P2 i (Px Py L (5)

The corresponding Hamiltonian H” has the form

4 ()= yOm €2 _|_J _ yoP2 |_ed -———I1L 2 1B +
2m 2me
+ eHd ~"(PXE-EXP ) -——- — div E. (6)
8m2c2 8m2c2

This Hamiltonian necessarily does not contain any odd term. Such an even
operator has the property that if the wave function is given ati = 0 as

W = (9 <20, 0) = (Cp, 0) (1)

the lower components remain constantly zero. Thusifacts upon the two
component spinor essentially and, therefore, it can he rewritten as

H <2>= m c2 + p2+ e — a B +
2m 2mc
+ — a(PXE-EXP) - N2—divE+o(— 1. (8)
8m2c2 8m2c2 \'m3,

Let us proceed now to derive the expressions for the charge and current
density. The Dirac charge and current densities are

Q= ek +4f jhceV+yOyw. 9
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We therefore need W expressed through It can he verified that the inverse
of equation (5) is:

A=1- yP- 1l
m

r YOYE - P2+ il (P XP))1Y «. (10)
2mc cz

N
2 Dm2

The charge and current densities are obtained by substituting equation (10)
into (9). Remembering the form of as given by equation (7) it is easily
seen that the expression 4j(IX 0 ™*® vanishes where O is an arbitrary odd
operator.

Proceeding in this way we obtain for the charge density in terms of the
two component spinor (p

Q= epro+ — = A@QTP)—— — div gp+ —A .
8m2cl 4mlc- L 1 c j m1l

The value for the charge density has been obtained by L. D. Landau [4] N
a slightly different form and was also obtained in a different manner by
A. Zawadowski [6] and W. Hanus [8].

For the current density we get, similarly,

j= <p+p g + jJL xot (99+a¢g>) + -~-<p+(E Xo)(p+ 0 4 . (12)
m 2m 2mlcl 5

It can be easily seen that gand j are, of necessity, real quantities.
W ith the aid of the Schrédinger equation corresponding to the Hamil-
tonian (8) the following identity can be easily verified

9 eh \ (» e — e2fi
ARl 2 o —¢c A xa(p  4m-c2P (E x a)(p-

By Writing-?-----?-f-i---(p+ p ——A"'Xa$ and -—- ¢S+ (E X d)<p for the
9i 4m2c2 { c J 4m2c2

last term in equation (12) we obtain:
j = — <Ppr¥<p + 47- rot (<p+o<p)+ ell oy+ (E x a)<p +
m 2m 4mV

rgT'er7 9 LP ‘A (is
+ + P oo < .
0f ' 4m ¢h o xasp )

The reason for performing this transformation will be discussed later.
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The classical current

For the interpretation of the results obtained let us consider a particle
with charge e, mass m, angular momentum s and magnetic moment m, where s
and m are connected by

m = Xs where *= - .

eh
We shall assume that mis of order of magnitude------- . It must be emphasized
e

that m and s are considered to be given a priori. Thus it is not assumed that
they arise from any motion. Their ratio could have been prescribed arbitrarily.

This particle interacts with the electromagnetic field through its charge
on the one hand, through its magnetic moment and angular momentum on the
other hand.

The interaction energy of the magnetic moment with the field is — m B.
W hen the particle moves with velocity vthe magnetic field strength arising in
its rest system is

B'A B--—VXE.

Thus, the interaction energy of the magnetic moment with the electromagnetic
field is given by

E——mB+ —m(v XE) . (14)
c

(14) can be interpreted alternatively as follows. When a magnetic moment
moves there appears and additional electric motnent of the form

n"r —v Xm (15)
c

interacting with the electric field. Now the interaction energy is
E= —mB--- —E (v X m),
c

which is identical with (14).

In addition to electromagnetic interaction an interaction occurs as a
result of the Thomas precession. Let the particle move in a system of reference
Sxat time t with velocity v and at time t At with velocity v Av.Let S2
and S3be the rest systems of the particle at times t and t -f- At. Even if the

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



NON-RELATIVISTIC APPROXIMATION OF THE DIRAC CURRENT 231

Lorentz transformations from the system Sj to S2 and similarly from S2to
S3do not contain any rotation the transformation from S3to S3generally does.
Thus the angular momentum of the particle must rotate by a certain angle
while it moves from the system Sxto S3. The angular velocity of this preces-
sion has been given by thomas as (see e.g. (s1)

1 dv
cun -y X ---—-- — VXE.
2c2 dt 2m c2
The energy due to tn0 can be written as
1
E —sw0 e n (v X E). (16)

(16) is of a form similar to the second term in (14) butis of quite a differ-
ent origin.

Before writing the action principle we must deal with with the kinetic
energy corresponding to the angular momentum s. Since s and m are given
a priori, we cannot find a kinetic energy function. Following i. Frenker [7]
we give only its variation as

0* T=SO0<X> = — m<s5u>, (17)

Y.

where 6u> is the variation of the angular velocity and the asterisk means
that there exists no function T with the total differential (17).

The variation ofthe action integral for the particle and the electromag-
netic field can be written as

0S = JL {- 6* Up) d3rdt,

where
L=Up+Up+ Up+ Up+ UP
with
Up = — -mc26(r—r0, y= 1—
Up = - E2- B2,
p 8”( )

Up =z | —Av—e®Id6(r—r0),

Up W B e m(y XE) afr- 11},
C
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L\»>= — m(v X E)(5(r —r0),
2C

6*Up —— msws (r —r0) .
X

ro(i) represents the position of the particle. L}2and lip are the Lagrangeans of
the particle and the free electromagnetic field, respectively. L,P and L(* des-
ribe the interaction of the magnetic moment with the field. Up is the energy
term arising from the Thomas precession.

Since m is a vector of constant absolute value, its variation is Om =
= 6cp Xm where oOtp is the angular vector of the rotation.

Performing the variation and assuming that all quantities vanish at the
limit of integration, one finds that

6S= 1d3rdtI&sD A div E—ed(r—r0 — div [v Xmo(r—r0)]—
n c

----- — div [v Xm 6 (r —r0)] -\-

2c
OA —-— -t 10t B - —Vv 0 (r —10) + rot [m @(r —r0)]
4 nc 91 4n c
19 .
[v X'm O(r —r0) I ----— — [vXmao(r-. I
c2 dt 2c2 Q roj]
+ 0ro(t) —y (Av) —eVd+ Vim j®@ — v x E + Vllm 2J-v XE 4(- ro+
¢ 1
. e | 1
v myveje A — e B XM B XM g (e ey
¢ c 2c

1
+<SpmX |B - v X E H-——é——m X(VXE) O—ro+
c c

+ fadi— mo(r —r0)1l. (18)
X
It is to be noted that we have intentionally separated terms arising from

the second part of Lp and bP.
From (18) it is easy to get the canonical momentum conjugated to r as

= — jLPr=myv-f—A - EXm.
9vJ 2c
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Thus, the momentum of the particle can be expressed as
e
myVs= p--——- A -] EXm. (19)

Arguments of A and E must be taken at the position of the particle.
Equation (18) gives the two Maxwell equations containing the effective
charge and current density.

Substituting (19) into (18) we find

e = o6+ v et = eo( Q- -— div Xm<5(r —r0)
Q Q. 0 ( ) Zme
€ A
j=je+jm+j* + jr " 0(r—r0Q -f-crot (m&(r rg)) +
e Xmé(r—r0 ,
2me &t
where
Q@=, eO@r —r0)
= e div P—eA XmO(r—rj
me c
Qr= — div p-—-- A Xm$(r—r0
2me c
d -
m (r ro)

jm= c rot (mO(r —r0)

g %o c X v

me 3t
1 8 e \ N
iT = 2me Gt p . Xm 6 (r — o) (20)

It is to be noted that equation (18) also contains the equations of motion for
the particle, but they are not required here.

It is possible to interpret the classical charge and current densities
(eq. (20)) as follows:

a) @ is, obviously, the static charge density and

is the convection current expressed in terms of the canonical momentum p.

7 Acta Physica Academiae Scientiarum Hungaricae 23, 1967



234 M. HUSZAR

b) crot (m & (r—rQ) is the effective current due to magnetic moment m.
c) According to equation (15) the moving magnetic moment corresponds
to an additional electrical moment of the form

4= — (p—-a|] Xmod(r—r0.
me c

It is known from electrodynamics that this is equivalent to a charge distribu-

tion = —div Tt. The variation of the polarization in time gives a contribution
an
L =
dt

to the effective current.
d) It has been shown in equations (18) and (20) that terms of the same

type arise as a result of the Thomas precession: i.e.
Xmoé(r—r0 ,

1. 18

- X mo(r—r0)
2in - 2me s.

The total contributions from the Thomas effective charge and polarization
charge and, similarly, from the Thomas effective current and polarization
current are

n+ or ——on - div Xm&b(r—r0) ,
© © a® 2me
1 8
b Jt 2 X m&(r —r0) ,
2TC 81

respectively.
It is seen that as a result of the Thomas precession only half the polari-

zation charge and current is effective. Thus, all terms of the classical charge
and current have been interpreted.

Interpretation of the quantum mechanical charge and current

The correspondence with the quantum mechanical expressions given
in equations (11) and (12) can be stated by taking into account the relations

m-—>-_a p->p=

eh « h
Zmc i
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It is now obvious why the termz——c‘%'l'(E X a) (p was divided into
m.

eh

3 ,,
two parts in equation (13). The term ------—- —9%B+(P X <9 is the polariz-
al 4nr c2

ation current while

——-¢>+ (E X 0) @ belongs to the expression of the vei-
éin2c2

ocity.
The term in the charge density which still has to be interpreted is

h2
Q — A+ 21)

m 2 c-

Foldy has shown that in the Foldy—Wouthuysen transformation
the electron interacts with the field non-locally. In the present approximation
this fact is manifested by the contribution of the above term. The interaction
of the charge (21) with the electromagnetic field corresponds to the non-
local type Darwin term in the Hamiltonian in the static case, since

r eh2 T
Jgd ®@d3r = — 193+ div E 9d3r .

Thus, we have succeeded in giving the interpretation of the terms of the
charge and current density in the above approximation. The characteristic
feature of further approximations is, in addition to the classical terms, the
appearance of higher and higher derivatives of the field strengths which
corresponds to the non-local interaction of the particle with the electromag-
netic field.

Finally, it is to be noted that the procedure can be extended to arbitrary
values of spin and also to anomalous magnetic moments.
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HEPENATUBWUCTCKOE MPUBNTNXEHWE TOKA AOVWPAKA

M. TYCAP

Pesome

MpumeHss npeo6pasoBaHue ®ongn—BoTxoli3eHa K ypaBHeHWO [upaka BbiBOAATCA
HepenaTUBUCTCKME BbIpaXeHMsA MJOTHOCTM 3apsfa W TOKa C TOYHOCTbIO 40 BTOPOro nopsjka B

UneHbl NonyyeHHble CBeEpX Hepel’lﬂTMBMCTCKOVI NNOTHOCTU 3apafa v Toka lMaynu uHtep-

npeTupyloTcsa cnefylownm o6pasoM. ABUMXKYLLUIACA MarHUTHbIA AWNONb COOTBETCTBYET 3/EK-
TPUUYECKOMY, B3aUMOAENCTBYIOLLEMY C 3/1eKTPUUYECKUM MNOMeM KakK MoNspu3aLuoHHbIi 3apag
an — — div . CoOTBETCTBYIOLUI 3TOMY NONAPNU3ALMOHHOMY 3apAy TOK NOSABNAETCSH B 0GbIUHOM

thopme —it - Mpeueccus Tomaca AaéT BKNAJ B NNOTHOCTb 3apAAa 1 TOKa BT = uf diva njT =

= — 4EF COOTBETCTBEHHO, N CfiefAoBaTe/IbHO S(hqfeKTI/IBHOVI ABNAETCA TONbKO NO/I0OBUHA NonAa-

pu3aLMOoHHbLIX 3apafia U ToKa. B ToKe nodBndeTcA uyneH Tuna E xa MNOCKONbKY COOTHOLWIEHUe
Mexay MexaHW4eCKMM W KaHOHWYEeCKUM MMNYyNbCOM B Hallem [cnyqae He NpocTo myv= p —

- A. TMosBnsetcs eweé uneH TMna [apeBuHa B MAOTHOCTU 3apsfa, KOTOPbIA He WHTep-

npeTnpoBaTb KnaCCUYECKHU.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 (2), pp. 237—245 (1967)

COMMUNICATIONES BREVES

DIE FLUORESZENZ
YON 4,4’-BIS-TRIAZINILAMINOSTILBEN-2,2’-
DISULFONSAUREDERIVATEN

Yon

A. Székely

FORSCHUNGSINSTITUT FUR DIE TEXTILINDUSTRIE, BUDAPEST

(Eingegangen 12. Y. 1966)

Die Derivate 4,4’-bis-Triazinilaminostilben-2,2’-Disulfonsdure (im weite-
ren Triazinilflavonsduren) sind die Wirkstoffe der in der Textil-, Papier- und
W aschmittelindustrie am hé&ufigsten gebrauchten optischen Aufheller.

Ilhre Wirkung Gben sie vor allem dann aus, wenn sie auf ein Substrat
(z. B. Papier) aufgetragen werden [1]. Das Substrat beeinflusst die Form und
die Wellenzahl des Maximums nach den Literaturangaben [2] und eigenen
Prifungen nicht oder kaum.

Einige Literaturangaben [3, 4, 5] beweisen, dass der wichtigste jener
Faktoren, die die Fluoreszenzfarbe der Aufheller, d. h. die Verteilung der
Emission im Spektrum beeinflussen, von der Konzentration der Aufheller
abhéngig ist. Die Publikationen befassen sich aber mit dem Zusammenhang
zwischen den Emissionsspektren am Substrat und in wadssrigen Ld&sungen
nicht.

Experimenteller Teil

Zur eingehenderen Kldrung der letztgenannten Frage wurden einig.
Fluoreszenzmessungen an Aufhellern auf Basis der obengenannten Verbindun-
gen und an ihren Wirkstoffen ausgefihrt.

Die Messungen wurden an Aufhellern ,Optinol BA” und ,,Optinol BVS”
(Egyesilt Vegyimlvek, Ungarn) und an deren Wirkstoffen auf Chroma-
togrammpapier und in wéssriger Lé6sung vorgenommen. Das Chromatogramm -
papier hatte bei der gegebenen Belichtung keine eigene Emission, diente
nur als Substrat. Die beiden genannten Aufheller enthalten ausser Koch-
salz nur die im Triazin-Ring substituierte Triazinilflavonsdure als W irksub-
stanz. Das Emissionsspektrum der auf Chromatogrammpapier aufgetragenen
W irkstoffe zeigte praktisch keine Abweichung von der dieselbe Wirkstoff-
konzentration aufweisenden Handelsware. Die Gegenwart von Salz hatte also
keinen Einfluss auf das Emissionsspektrum.
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Der Wirkstoff des Aufhellers Optinol BA zeigte sich im Chromatogramm
in Butilazetat-Piridin-W asser als eine einheitliche Verbindung; im Chroma-
togramm von Optinol BVS wurden ausser dem Hauptfleck noch zwei blasse
Flecke festgestellt die aber gleichfalls von Derivaten der Triazinilflavonsdure
herrihren. Das Emissionsspektrum der chemisch nahestehenden Verbindun-
gen — auch dasjenige jener Verbindungen, die sich im Chromatogramm von
der Hauptsubstanz eventuell nicht loslésen —, weicht von dem der Wirksub-
stanz kaum ah, ihre (noch nicht gekléarte) Gegenwart oder ihr Fehlen kann also
die hier mitgeteilten Ergebnisse nicht wesentlich beeinflussen.

------- 0,05 g 11000 cmii W irkstoff -j
. . 01 g/1000 cm3
- 015 g/1000 cm3
-------- 0.9 a!1000 cm0
— — fl4 g/1000 cm3
— 0,6 g/1000 cm®

— 13 ¢/1000 cm3
————————— Messergebnisgrenzen fur

*/\\
VI \y\
11 f YY\
F\f |
— N\ N
fi{d 2 Y-
P/l a \
1T \
it
>N>
|Z'IIII:’< 1r N A
t\)/t\:/ \V Vv, 4

25°245 2i° 23s 230 225 22° 21s 21° 20s 20° 195 190 18s 18° 17s 170 16s 180 15 15° 103cn)-1

Abb. 1. Emissionsspektrum von Optinol BA auf Chromatogrammpapier

Das System auf dem Chromatogrammpapier verh&lt sich gemé&ss dem
Gesetz von Kubelka und Munk [6] bzw. dessen auf die Fluoreszenz ange-
wandte Variation [7]. Uber die Berechnung der Sekundéarabsorption und der
Sekundéarfluoreszenz in Lésungen finden sich Angaben in den Publikationen
von Budo und Mitarbeiter [8, 9].

Die hei Belichtung mit nm 365 gewonnenen Emissionsspektren von mit
Optinol BA imprégnierten Substraten (7 Konzentrationsvarianten) sind aus
Abb. 1, die entsprechenden Emissionsspektren der mit Optinol BVS imprégni-
erten Substrate aus Abb. 2 ersichtlich. Die entsprechenden Spektren der
wassrigen Ldésungen enthalten die Abbildungen 3 und 4. Die Normierung auf
gleiche Intensitdt erfolgte bei nm 440 (22,8 « 103 cm -1) fir Optinol BA und
nm 435 (23,0 «103 cm-1) fir Optinol BVS.
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Aus den ersten zwei Abbildungen geht hervor, dass die Kurven der
sechs niedrigeren Konzentrationen im Bereich der kleineren Wellenzahlen
(J> 22,8, bzw. 23,0 <103 +cm-1) — abgesehen von Streuungen 5% Inten-
sitdét und 1 nm) — keine Abweichungen aufweisen, wogegen der Ablauf
der Spektren der hdéchsten Konzentrationen merklich abweichend ist. Bei den
grosseren Wellenzahlen (>22,8, bzw. 23,0 «103 cm-1) ist eine klare kon-
zentrationsabhdngige Verschiebung des Spektrums zu beobachten.

Ein Vergleich der beiden Spektren-Serien liess erkennen, dass die beiden
nur in ihren Substituenten abweichenden Verbindungen voneinander abwei-

———————— \04 g11000 cm3 Wirkstoff
0,09 gl11000 cm3 g
-------0,16 ¢/1000 cm3 t
——————— 0,25 g11000 cm3 m
———————— 0,43 g/1000 cm3 n
----— 0,64 g/1000 cm3 1t —

________ 3,1 g/1000 cm3 n
A Messergebnisgrenzen

$ \ 0,04—0,64 g/1000 cm3 Wirkstoff
v =
/
f \
i . 4 \
. Y
1
fUI / V4
u // %
E LN
Y *
/ \
Na
; \
\
\Y N
mS..
—1
1

m25°2CS 2i° 23523° 22522° 21s 210 20520° 19s 19° 185 180 M5 /70 165 18° 10ecm 'l
Abb. 2. Emissionsspektren von Optinol BVS auf Chromatogrammpapier

chende Emissionsspektren liefern, was ubrigens fiir dhnliche Verbindungen
auch aus der Literatur [2] bekannt ist.

Die Rotverschiebung der wadssrigen Ldsungen mit steigender Konzentra-
tion ist mehr oder weniger gleichmdssig (Abb. 3 und 4).

In Abb. 5 wurden — um die Ubersichtlichkeit nicht noch weiter zu
erschweren —, von den Kurven in Abb. 1 nur drei aufgetragen (0,05, 0,15
und 1,3 g/1000 cm3 Wirksubstanz), wobei der Versuch unternommen wurde,
sie so in Gaussche Kurven[10] zu zerlegen, dass die Wellenzahl der Maxima fur
die drei Konzentrationen gleich bleibe. Das gelang auch bei zwei Teilbanden
(bezeichnet mit Il und IIl); bei den kirzestwelligen Teilbanden (I) zeigten
sich kleinere Deformationen. Bei den ldngstwelligen Teilbanden (IV) wich die
Wellenzahl des Maximums der einen Kurve von derjenigen der anderen ab,
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und Uberdies war die Deformation so gross, dass von Gausschen Kurven keine
Rede mehr sein konnte.

Abb. 6 veranschaulicht die Emissionskurven von Optinol BYS, dhnlich
wie die fur Optinol BA in Abb. 5 (Konzentrationen: 0,04, 0,16 und 3,1 g/1000 cm 3
W irksubstanz). Fur die Teilbanden gelten im grossen und ganzen die selben
Feststellungen wie im obigen Fall.

Aus dem Vergleich von Abb. 5 und 6 ergibt sich, dass die Kurven einen
&hnlichen Verlauf haben, dass dagegen die Wellenzahlen der Maxima der

11 1 1 1

» 0,039 a/1000ml Wirkstoff -
7 0.078 p/1000ml .
0,15 4/1000ml
¥ 0,39 4/1000ml
< 0.78 p/1000ml
J— b 15 4, /1000 ml .
'1 A *m3.9 4/1000ml
\ 378  £J1000 ml ]

Intensitét
ra
K

h fit . L
7 S
n
3
n
25° 245 24-° 235 23° 225 22° 21s 21° 20s 20° 195 19° 18s 18° Vs 17° 16s 16° 15s 103cm "1

Abb. 3. Emissionsspektrum von Optinol BA in wassriger Ldsung

entsprechenden Teilbanden voneinander abweichen. Die grésste Distanz wurde
zwischen den Tcilbandenmaxima |. ermittelt, die weiteren Tcilbandenmaxima
naherten sich mit steigender Ordnungszahl. (Ahnliche Zusammenhange wurden
bei Vergleich weiterer Triazinilflavonsduren gefunden.)

Das Verhdltnis der Intensitidt der Teilbanden &ndert sich mit der Kon-
zentration. Mit steigender Konzentration kann festgestellt werden, dass

IJn,1 Jn,i o 1N e
*J12 i 111 Ji11,2

Jn2~r Jn3 Ji12 ™ Jjn,a
fl,2 i 13 J11,2 i 11,3
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wobei J die relative Intensitdt der Teilbanden bei Maximum,
die romischen Zahlen im Index die in den Abbildungen
bezeichneten Teilbanden,
die arabischen Zahlen hingegen die Konzentration in der
Reihenfolge ihrer Zunahme bedeuten.
An den Abbildungen ist es zwar nicht zu erkennen, aus dem Vergleich
der nicht normierten Werte der Spektra hingegen (und noch mehr aus vorange-
gangenen Messungen [3]) kann festgestellt werden, dass die Intensitdt der

| - - bt =

* 0,033 g11000mI Wirkstoff
v 0.067 g/1000 ml
0 0.13 g/1000ml
4 -f 0.33 g/1000ml
X 0.67 g/1000 ml
1.3 g/1000 ml
A \ G3.3 g/1000ml
« 6,/ o1 ULimi

cF \

Intensitat

J I 4 [4
Y Jj

— — — - P —
2502is 2k° 23s 23°22s 22° 215210 20520° 1% 19° 18 18° M5 17° 16 16° 15 19 103cm~1

Abb. 4. Emissionsspektrum von Optinol BVS in waéssriger Ldsung

Teilbanden in absoluter Hinsicht mit steigender Konzentration anfangs zu-
nimmt, dann wieder abnimmt. Von den Brutto-Intensitaten der Fluoreszenz
ist diese Erscheinung l&ngst bekannt[11]; fiir beide Formen der Erscheinungen
liefern die Gleichungen von Kubelka—Muruk [6] die Erkl&rung.

Die Abb. 7 und 8 zeigen die Spektren der entsprechenden Ld&sungen, u.
zw., dhnlich wie in den Abb. 5. und 6, in Teilbanden zerlegt. Die Konzentra-
tionen wurden so gewé&hlt, dass die auf die Volumeinheit entfallenden W irk-
stoffmengen Molekulzahlen nahe hei jenen der in den Abbildungen 5 bzw. 6
veranschaulichten lagen.

Die so dargestellten Spektren konnten derart in Gaussche Kurven
aufgeldst werden, dass die Wellenzahlen ihrer Maxima im grdssten Teil der

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



242

Intensitat

A. SZEKELY

25° 2its 21° 23s 23° 225 22° 21s 21° 20s 20° 195 19° 18s 130 17s 17° 103cm'1

Abb. 5. Emissionsspektren von Optinol BA auf Chromatogrammpapier
(in Teilbanden zerlegt)

Abb. 6. Emissionspektren von Optinol BYS auf Chromatogrammpapier
(in Teilbauden zerlegt)
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Abb. 7. Emissionsspektren von Optinol BA in wassriger Ldsung
(in Teilbanden zerlegt)

Abb. 8. Emissionsspektren von Optinol BVS in wassriger Lésung
(in Teilbanden zerlegt)
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Fé&lle mit jenen der am Substrat gemessenen Spektren Ubereinstimmte. Bei
Optinol BA musste eine Teilbande ¥ aufgenommen werden, die Teilbanden
I fehlten in einigen Féllen ganz. Die Deformationen der Teilbanden | und IV
(bei Optinol BA von Teilbanden Y) waren von der gleichen Art wie diejenigen
der Teilbanden von den Aufhellern am Substrat. Ebenso zeigte die mit steigen-
der Konzentration eintretende Verschiebung der Intensitdtsverhdltnisse der
Teilbanden die gleiche Tendenz. In den Intensitdtsverhé&ltnissen der Teilbanden
der einander entsprechenden Konzentrationen am Substrat und in der Lésung
konnten dagegen wesentliche Unterschiede festgestellt werden.

Interpretation der beobachteten Erscheinungen

1. Die von UV-Strahlen ausgeldsten Spektren der auf Substrat und in
wassriger Lésung gepriften Triazinilfalvonsdure-Derivate konnten (abgesehen
von den in den Punkten 2. und 3. erwdhnten Einschrdnkungen) derart in
Gaussche Kurven zerlegt werden, dass sich die Wellenzahlen der Teilbanden-
Maxima flr dieselbe Verbindung im Bereich der gemessenen Konzentrationen
nicht dnderten.

2. Die deformation der Teilbanden | in den Abbildungen 5—8 kdnnen
der Sekundé&rabsorption zugeschrieben werden, die sich mit zunehmender
Konzentration immer stdrker bemerkbar macht. (Die Triazinilflavonsduren
absorbieren bekanntlich bis zu Wellenldngen von 410—420 nm.)

3. Die Teilbanden IV der Abbildungen 5,6 und 8 bzw. der Teilbanden V
in Abb. 7 kénnen nicht mehr als Gaussche Kurven angesehen werden, auch
die Wellenzahlen ihrer Maxima stimmen bei den einzelnen Konzentrationen
nicht ganz uberein. Dagegen verlaufen sie &hnlich wie andere Emissions-
kurven dhnlichen Charakters [13].

4. Vorausgesetzt, dass der Grund fir die mit zunehmender Konzentra-
tion eintretenden Rotverschiebung wie in vielen analogen Fdllen auch hier in
der Assoziation der Wirkstoffmolekile zu suchen ist und dass die aufgenom-
menen Teilbanden den einzelnen Assoziationsgraden zugeordnet werden kdn-
nen, kann festgestellt werden, dass bei gegebenen Verbindungen die wéssrige
Losung die Assoziation weit mehr fordert als das Substrat.

Dies zeigen auch die folgenden zahlenmé&ssigen Zusammenhénge:

Die Verhdltnisse der niedrigsten zu den hdchsten Konzentrationen in
den Abb. 5—8 sind etwa gleich gross (das 30- bis 70-fache). Das Intensi-
tatsverh&ltnis der Teilbanden I, Il und IIl verschiebt sich dagegen bei den
Loésungen weit stidrker, als bei den auf das Substrat aufgetragenen W irkstoffen.

Fur Optinol BA ist

.+xJmitLi= 00:1: 0.50

jtL2 JanLz2  joHILL2
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bli,si h7 b-illJ&E. = 2,7 :1: 0,77
Jis4 J Juns4

Im Falle Optinol BVS ist

oo :1:0,40

wo J die Intensitdat der Teilbanden-Maxima bedeutet, wahrend im Index

L die Ld6sung,

S den Aufheller am Substrat

die romischen Zahlen die Reilienzahlen der Teilbanden bezeichnen,

1 3,9 g/cm3 Wirkstoff,
= 0,078 g/cin3 Wirkstoff,
= 1,3 g/cm3 Wirkstoff,

0,05 g/cm3 Wirkstoff,
= 3,3 g/cm3 Wirkstoff,
= 0,067 g/cm3 W irkstoff,
= 3,1 g/cm3 Wirkstoff,

8 0,04 g/cm3 W irkstoff;

a, b, cund d bedeuten schliesslich Konstanten.

Die Arbeit wurde zum Teil im Forschungsinstitut flir die Textilindustrie
(TKI), zum Teil im Zentralforschungsinstitut fir Physik (KFKI), im Institut
fur Technische Physik (MFI) und bei der Firma Egyesilt Vegyimivek (EV)
ausgefihrt. Den Leitern der genannten Institute und der Firma sei hier fur
die Arbeitsmoglichkeit verbindlicher Dank ausgesprochen. Im weiteren sei
Dank gesagt Herrn A. Merényi (EV) fir die Muster am Substrat und fir
wertvolle Informationen, Frau L. Nagy (TKI) fur die prézise Herstellung und
Messung der Ldsungen, Herrn Dr. J. Széke flr die Zusammenstellung einer
Messanordnung, Herrn J. Schanda und Fri. E. Barta fur die Korrektions-
messungen und Herrn O. Lendvay (MFI) fir wertvolle Ratschlage.
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SUR LA SOLUTION DE L’EQUATION DE
BOLTZMANN RELATIVISTE SANS COLLISIONS
EN PRESENCE DE CERTAINS CHAMPS
EXTERIEURS

I. Abonyi

INSTITUT DE PHYSIQUE THEORIQUE DE L'UNIVERSITE ROLAND EOTVOS, BUDAPEST

(Regu le 17 V. 1966)

Considérons un systeme de particules identiques douées de masse au
repos mO0. Ce systéme soit soumis a une force extérieure dont le quadrivecteur
force se dérive d’un potentiel scalaire ® (x):

Fi= - 8f®, (1)

ou 9-représente le quadrivecteur gradient par rapport aux variables de posir
tion de I’espace-temps. (Dans ce qui suit, la sommation est sous-entendue su-
ies indices répétés de 1 a 4, et —ict.)

Nous nous intéresserons au probleme de I’intégration de I’équation de
Boltzmann relativiste pour le cas ou I'interaction mutuelle des particules peut
étre négligée (par exemple a cause de la densité tres faible). Cela veut dire
que le systéme sera décrit par I’équation

(PiQ + ™OFiVi)f{x,p) = 0, )

ou/ = f(x, p) est la fonction de distribution qui dépend de quadrivecteurs
position xret impulsion pr, et le symbole (7- signifie le quadrivecteur gradient
dans I’espace des pr. [1]

Il est bien connu (cf. par exemple [2]) que pour les particules libres, on
déduit la forme fonctionnelle de la solution de I’équation (2) a partir d’un
»théoréme H« en faisant I’'usage des invariants simples de collision. Nous
accepterons pour notre cas aussi que le nombre des particules et le quadrivec-
teur de I'impulsion sont conservés, c’est-a-dire nous allons construire la solution
de (2) sous la forme

f(x,p) = exp {a(x) + Br(x)pr}, ®)

ou les fonctions @ (x) et Br{x) jouent le réle des multiplicateurs de Lagrange
correspondant aux quantités conservées et RMr<CO pour assurer la conver-
gence des intégrales qui donnent les moyennes. Ici
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Br — (& T)~rur,

ou urest le quadrivecteur vitesse hydrodynamique, T la température absolue,
K la constante de Boltzmann.
La substitution de (3) dans (2) nous donne

prdrx(x) + prpsdrs(x) + mOFrRr(x) = 0. (4)

Si I'on exclut la rotation du systéeme comme corps rigide, rotation qui pent
étre cachée dans les parametres Br, il ne faut retenir des solutions de

9rBs(x) + GRr(x) = 0 (5)

que les quatre Brindépendants du quadrivecteur position.
Ce qui reste de I’équation (4) peut étre traité en multipliant par f(x, p)
et en intégrant sur I’espace des impulsions. Ainsi on obtiendra I’équation

\prf doo-drx(x) —nr0(gr®) Rr\fdo= 0, (6)

ot d o est I’élément invariant de volume dans I’espace des impulsions [2].
Etant donné que par définition

mOuer) — i\——-Prf(-j-r-T-] )
jfdw
on a tout de suite
«f{x) = (KT)-1®{x) (8)

a une constante additive pres.
Finalement la fonction de distribution prend la forme

f(*’P)= exP ~ {prur+ (x)} 9)

a un facteur de normalisation preés.
Dans un repére spécial ou le systeme est au repos macroscopiquement,
I’exponentielle se réduira a

1
exp (E+ @) |, (10)
Vt

ou E est I’énergie totale de la particule. Dans ce repéere, les modifications rela-
tivistes (sauf celle de la masse au repos) viennent de la forme invariante de
I’élément de volume d co.
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Malheureusement, la généralisation de la solution maxwellienne ne se
laisse pas réaliser quand le systeme est soumis a un champ électromagnétique,
ou le quadrivecteur force pondéromotrice est

F, = FikPu avec Fik= 8. .A, - 8-Ak. (H)
mnc

Ici Ai (X) représente le quadrivecteur potentiel. En effet, la condition d’exis-
tence d’une solution de la forme (3) de I’équation de Boltzmann

PsG + FikP,yj /(*,p)= 0 (12)
c
s écrit
Psds* (*) + PrPs9SRr(*) + — FikpkRBi(x) = 0. (13)
C

Si I’on veut exclure la rotation rigide du systéme, on doit poser (5) et ne retenir
que des Riindépendants du quadrivecteur position. Ainsi I’on a

PsK *(*) + Fis(x) Bi\ = 0. (14)

Donc, afin que cette équation puisse étre satisfaite pour n’importe quelle valeur
de pr, il faut que selon I’équation

95*(*):—?Fis(x) Bi (15)

I’expression F-s (x) Bi soit un quadrivecteur gradient complet. Cela veut dire
que le tenseur

Grs = (9,9, - 8SQ)« (*)=-Ri(8, FIr(x) - drFis(x))
c

doit disparaitre pour n’importe quelle paire d’indices r,s. Cette relation peut
étre aisément mise sous la forme:

fid,Frs(x)= 0. (16)

A cause de (16), une solution de la forme (3) de I’équation de Boltzmann
relativiste (2) ne peut exister que pour les champs FIS(x) qui sont constant sur les
lignes d’univers.
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Etant donné que Br est paralléle & ur, dans un repére ou le systéme est
macroscopiquement au repos, (15) a la forme

3Sx (x)= — F4SR4

ou autrement dit, Frs ne peut étre qu’un champ tel, dont les composantes
magnétiques s’annulent.
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RECENSIG

Collected Scientific Papers by Wolfgang Pauli

Interscience Publishers, John Wiley and Sons, Inc., New York—London Sidney, 1961.
Vol. I. XXVII -f 1133, Vol. IL XI1II + 1408.

In erster Linie die Physiker und auch die auf den Grenzgebienten der Physik arbeitenden
Wissenschaftler haben die Herausgabe der gesammelten wissenschaftlichen Arbeiten von
Wolfgang Pauli, eines des grdssten Physikers unseres Zeitalters, mit Freude und Genug-
tuung vernommen. Dieses monumentale Werk ist unter der Redaktion von R. K honig und
V. F. Weisskopf erschienen und umfasst zwei Bénde, der erste mit dem Untertitel »Books
and Contributions to Books«, der zweite mit dem Untertitel »Journal Articles, Conference
Reports and Contributions to Discussions«.

Pautis Arbeiten sind in der Physik grundlegend, daher allgemein bekannt, in der
Literatur der Physik standig zitiert und oftmals gewirdigt worden. Wir méchten hier deshalb
nur auf zwei seiner bekanntesten zusammenfassenden Arbeiten kurz zu sprechen kommen, die
auch heute noch als die unubertroffenen Standardwerke auf ihrem Gebiete gelten, obwohl
ihr Erscheinen 45, bzw. 33 Jahren zuriickliegt.

Die erste ist die »Relativitatstheorie«, die P a v 1i im Alter von 21 Jahren geschrieben hat
und die er in der Enzyklopaddie der Mathematischen Wissenschaften in 1921 verdffentlichte.
Den grossen Erfolg dieser berihmten Arbeit beweist, dass diese mit unverdndertem Text nur
mit einer im Verhéltnis zur ganzen kleinen Ergédnzung »Supplementary Notes by the Author«
im Jahre 1958 in englisch erschienen ist. Auch diese Ergédnzung ist in den vorliegenden gesam-
melten Werken von pPauti enthalten.

Einstein hat diese Arbeit in den Naturwissenschaften 10, 184, 1922 mit folgenden
Worten gewdrdigt, die auch im Vorwort der Collected Papers wiedergegeben sind:

»Wer dieses reife und gross angelegte Werk studiert, mdchte nicht glauben, dass der
Verfasser ein Mann von einundzwanzig Jahren ist. Man weiss nicht, was man am meisten
bewundern soll, das psychologische Verstandnis fir ldeeentwicklung, die Sicherheit der mathe-
matischen Deduktion, den tiefen physikalischen Blick, das Vermdgen Ubersichtlicher systema-
tischer Darstellung, die Literaturkenntnis, die sachliche Vollstdndigkeit, die Sicherbeit der
Kritik.«

Die zweite Arbeit, die ich hier kurz erwdhnen mdchte, ist Pau1is Handbuch-Beitrag
»Die allgemeinen Prinzipien der Wellenmechanik« in Geigek— Scheets Handbuch der Physik
Bd. XXIV/1, der in 1933 erschien und in der neuen Auflage des Handbuches (herausgegeben
vOoNn Fligge) in 1958 mit nur wenigen Anderungen und Ergdnzungen neu gedruckt wurde.
Allein hieraus ist das Genie P au1is ersichtlich, der es vermochte ein Gebiet der Physik, das
erst in 1926 entstand und sich in starker Entwicklung befand, kaum nach dessen Entstehen in
einer Weise darzustellen, die es nach einem Vierteljahrhundert als ein immer noch aktuelles
Meisterwerk kennzeichnet.

Die Arbeiten P autis, die in den beiden B&dnden zusammengestellt sind, scheinen voll-
stdndig zu sein. Den Herausgebern gebihrt Dank und Anerkennung. Mdge dieses Werk, das
eine erstaunliche Quelle schopferischen Geistes darstellt, auch in der jungen heranwachsenden

Generation von Physikern eine je grdssere Verbreitung finden.
P. Gombas
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QUADRATIC INTERACTIONS
IN QUANTUM FIELD THEORY™*

By
L. F. Landovitz

BELFER GRADUATE SCHOOL OF SCIENCE, YESHIVA UNIVERSITY, NEW YORK,
NEW YORK 10033, USA

(Presented by A. Kénya. — Received 5. VII. 1966)

The effects of a quadratic interaction term in a quantum field theory are studied.
It is found that the exact and bare Hilbert spaces are orthogonal. Thus, if such terms occur in
a theory, they must be treated exactly prior using the Dyson expansion to calculate the effects
of residual interactions.

In a recent paper, A. Frenkel [1] considered the problem ofafermion or
boson quantum field interacting with itself via a quadratic interaction, viz.

H=4d,+ Hi,
HO= 1 :W+[aep -f-B m] 4*:d3x,
Hl= mll: 1d3x,

LA (X, t), 4+ (x )= 6{x—*"),

(We shall only consider the fermion case: the boson case can be treated in a
similar manner.) He concluded that the renormalized wave-function was zero
and, thus, interpreted this to mean that the particles corresponding to the
field W have no asymptotic states. In a certain sense, which we shall shortly
specify, this conclusion is correct. However, the interpretation of the meaning
of this result is incorrect.

If we do not separate the Hamiltonian H into two parts HOand Hv it
is clear we can exactly diagonalize it and

H= 2 Ep,
where nU 1is the (diagonal) number operator for particles (antiparticles) of
momentum p and helicity s, and
* Supported in part by the National Science Foundation.
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254 L. F. LANDOVITZ

Ep: Yp2+ im+ mif

If we insist on treating H1las a perturbation, then, in terms of the eigenstates
of HO, the exact eigenstates of H have interesting, though familiar properties.
We shall treat the problem from this latter point of view. We shall see that
the representations of the fields for the two problems, HO and H, lead to

inequivalent representations.
Further, as can be seen, the spectra of H and Hgare not the same; but,
if the U matrix were unitary, the spectra would have to be the same.

In the representation in which HYyis diagonal,

HO— o (<ipSopS-b 6pShp9 £ (p),

{®ps’ bp's'} — {apslbp's'} 0
and

We can write
a = 2 '’ (ph),
ps
where

We now seek a unitary transformation U such that

U+ HU = 2 E(p) [a*sdps + bjsbpg + const.
ps
If we set
U= nUps
ps
and

then
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tan 2a,, = S-—— ----- —a&s tan 2

U+ a-sU = pScos oys 4- blp_s sin ajs,

U bpSL 6pS cos @p_s O_p_s sin cp-S.

The physical vacuum is the lowest eigenstate of H: thus, in terms of
the hare vacuum, the physical vacuum is

i°>= U jO0>= N UpsI0>= M (cos XpS+ ajsb+-_s sin xps) |0>.
P ps

Hence, the physical vacuum contains correlated pairs. Next let us consider
the overlap of the bare and physical vacua:

(0 0) = T cos xpg =TT cos2 xz

P os
S I COSZa
(010) = €7 loc cos = €127y d*p log 1
R = 1 Id3p log cos2 xp= lp 2dp log
2nf
rn rax
1+ cos 2Xp 1 T

Let us divide the integral into two parts: one from 0 to K and then another
from K to «
K

R= - p2dp log cos2ap+ p2dp log cos2a.
4n2] J

0 K

and choose K such that K g> m, mv Forp ]> K,

1 ml
1+ +
cosN X, 2>,
1 1 (m niy)2
+
Y ~p2

j* Acta Physica Academiac Scientiarum Hungaricae 23, 1967
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+ N4+
1+ ' 2 4p2—
1 (m-j- mx2
1+
- 1 o woow _1.JdIn + mo)2 P ]_- ___I:I_-'.
2 p2 p« 4 p2

If let
p2dp log cos2 ap =

then

Thus,

and the physical vacuum state is orthogonal to the bare vacuum —in fact, the
two Hilbert spaces for any finite number of particles are orthogonal [2]. Thus,
the particles do indeed disappear from the Hilbert space of bare states but this
does not make them disappear from the theory: it means that there has been
a misidentification of asymptotic states. The Dyson expansion has broken
down. The similarity of the form of the transformation from bare particles to
dressed particles to that of s o go1iubov [3] iSNOteworthy: the dressed particles

are just the Bogoliubov quasi-particles.
11

We can now consider a slightly generalized model which has many of
the same properties.

HO—j W+ [a-p -fB  R1d3x + fW+ [H’p + B m,] W2d*x,

= + W2W1:d2*.

If we consider the wave function renorm alization a la Frenkel

URI(P) = jl+ T-——-tm~7 7 b

+ m2

- - 1 T heeoJui (P) =
iym + m2iym + ntjiym+ m2 J
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1

= 1+ m2 ) + m4 ) +
(iyp + my)(iyp + ™) [(iyp + my) (iyp + m2Df
m L 1
ceaM ap 1+ m2
AT Ry s mi (iyp + m) (iyp + ma
+ m4 :
[(iyp + m)Gyp + majz U (M=
1
= M p)+
(iyp + mi)(iyp + m2
1
e Hi (p) =
iyp + m2j
(iyp + my)(iyp + m2
1 i .
) o [(iyp + my) (iyp + m2] +
iy + mi)(iyp + m2 —mz2
m 1 . .
. . . C(iym + my) (iy p+ m2uy(p) -
iyprp+ m2(iyp-f my)(iyp + m2 —ni

m .

: : . (iyp + my)

iyp-\-m2 (iyp + my)(iymw -f m2) — m2
(iyp+ m2uy(p) = 0

and we can see that uR2(p) = 0 as well. Again, this is clearly a result of a

misidentification of asymptotic fields of precisely the same kind. The true
asymptotic fields are linear combinations

Wy and ®2
U+dy U = dy cos a-)- P2 sin a.
U+ P2V = P2 cos a — dy sin a,
tan 2a = - 2 m
m2— ny
and

U+HU — 8§80 E£ [a-~p+ Bpy] dy<I3x + §OL [d-p + Bp2] d2<BX,

Py= —2 (Ty 4- T2 -|----é- Y(Ty —T224~ 4712,

p2= — (hij 4- T 4- — Y(TX—T 224- 472,
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Once again if we were to use creation and annihilation operators for the
“bare” particles, the Hilbert spaces for H and ifOwould become disjoint. Such
an interaction must be eliminated before perturbation theory is applied to the
rest of the Hamiltonian [4].

REFERENCES

1. A Frenkf.a, Acta Phys. Acad. Sei. Hung., 20, 167, 1966.

2. 1t is amusing to note that for one dimension, this phenomenon does not occur whereas for
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KBAAPATNUYHOE B3AI/IMO,£I,EI7ICTBVIE B KBAHTOBOW TEOPUW MONSA
NEOH 0. NAHAOBUL
Pestome

MN3yyatoTcs  3dekTbl, 06YCNOBMEHHbIE UNEHOM KBapaTU4YHOIO B3aMMOAEWCTBMS B
KBaHTOBOW Teopuu nons. HaligeHo, 4TO TOuHOe M rosnoe MAL6EPTOBO MpPOCTPAHCTBA OpPTO-
roHanbHbl. ATak, B ciyyae NOABMEHUS TaKUX Y/IEHOB B TEOPUM OHU JOMKHbI paccMaTpuBaTbCs
TOYHO, MPUMeHAA npexae Bcero gopmyny [aiicoHa fns onpegeneHuns 3heKTOB OCTATOUHbIX
B3aMMO/ENCTBMIA.
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PROBLEMATICS ON THE APPLICATION OF
DELAYED COINCIDENCE DEVICES
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N. A. Eissa* and Gy. Maté
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(Presented by A. Szalay. — Received 13. IX. 1966)

Coincidence circuits have a wide application in nuclear research. This paper deals with
their most important features and experiments that can be carried out with these circuits.
In this way we shall be concerned with such coincidence circuit parameters as the setting of
the delay and of the resolving time. Problems appearing during the application of the normal
and sum coincidence are presented. Finally, a description is given of the application of the
coincidence circuits for particle identification, for pile up elimination, and for measuring low-
energy gamma rays.

I. Introduction

Coincidence circuits are now widely applied in modern nuclear physics.
Generally, they are used to show the simultaneity of two or more events, and
for measuring very short time intervals. It is generally desirable to improve
the technical parameters of coincidence circuits of which the most important
is the resolving time. Not only the designer but also the physicist should be
thoroughly conversant with the properties of coincidence circuits so that the
optimum parameters can be chosen and the circuit used more flexibly.

Il. General problems related to coincidence circuits

In all coincidence arrangements, pulses are applied at different inputs
and a signal will appear at the circuit output if there is simultaneity of the
input pulses. The resolving time of the circuit depends strongly on the width of
the input pulses. If the input pulses are of square wave form an output pulse
will appear during complete and partial covering of the input pulses. More
accurately, if the input pulses are of equal time of duration T, then during a
time 2T, pulses will appear at the output of the circuit. This means that the
smaller the pulse width, the better the resolving time ofthe coincidence circuit.
In practice the inpuit pulses are produced by nuclear particle detectors.
These detector pulses are generally shaped in such a way that they can provide
good resolving power from the point of view of spectroscopic analysis but are

*0n leave from Al-Azhar University, Cairo, UAR.
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not suitable for triggering coincidence inputs as they are too wide and of
variable amplitude.

A typical shape of a detector pulse is shown in Fig. 1. The relatively wide
detector pulses can be used to trigger a fast coincidence circuit if we choose
that part of the pulse which accurately represents the time of occurrence of
the two events as, for example, the starting of the pulse. A very short and well
defined pulse shape can be produced which is suitable for triggering the fast
coincidence circuit. It is possible to shape the starting point ofthe pulse so that
the resulting pulse width varies from 10"7 to 10“9 sec. Coincidence circuits

difference

Fig. 1. Typical detector pulse shape. The larger pulse triggers the coincidence circuit earlie
than the smaller one although both pulses start simultaneously

having a resolving time of the order of 10 -12 can be produced [1] but, unfor-
tunately, it is impossible to make use of such a speed even with the fastest
detectors. The fastest detectors are scintillation counters for which the time
resolution is limited by the time uncertainty of the appearance of the pulses at
the photomultiplier anode. This is termed “Jitter” and its order of magnitude
is about 10 ~9 sec, or more.

The speed of the coincidence circuit is also limited by the fact that every
particle produces pulses having a finite rise time and having different ampli-
tudes. This will give rise to the following problem: In any coincidence circuit
an amplitude threshold exists and the input pulses should be higher than this
threshold in order to trigger the coincidence circuit. If we want to measure
coincidence between large and small pulses, then the large pulses trigger the
coincidence circuit earlier than do the small pulses even though both signals
are starting simultaneously (see Fig. 1). This difficulty can be partly solved
if the triggering level is decreased, but decreasing the threshold is limited by
the detector noise. The effect of this phenomenon is always observed at the
low energy parts of any spectrum and will he discussed later.

Sometimes it is required in many coincidence measurements to change
the resolving time, and this can be done in the following way. The output
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signal from the coincidence circuit is integrated and the suitable pulse is
chosen by an integral discriminator [2]. Smaller resolving time will be obtained
at a higher bias voltage of the discriminator because the output pulse from the
coincidence circuit is higher if the two input pulses cover each other completely,
and after integration the pulse will reach or exceed the high discrimination
level. At low discrimination level the resolving time is larger because in such
cases partial covering of the two input pulses will be sufficient to trigger the
discriminator. In this way the resolving time is changed by controlling the
discrimination level.

The resolving time of the coincidence circuit is measured in the following
way: At first, only one detector is used and the same pulses are applied to the
coincidence unit which is set at a certain resolving time. In this way it is
certain that to every pulse there corresponds another simultaneous pulse of
the same amplitude. Then, one of the pulses is delayed to different known va-
lues and the coincidence counting rate is measured in each case. The resulting
rate distribution is termed a “prompt-prompt” curve. A series of such curves
is obtained by changing the resolving time, and then measuring the counting
rate as a function of delay (Fig. 2a). The definition of the resolving time is:
the half width at half the maximum counting rate. The prompt-prompt
definition means that the two input pulses are completely the same, i.e there
is no time uncertainty between the two pulses, and the finite but equal thres-
hold at the coincidence input causes no difficulty because in this case coinci-
dences are always between signals of the same amplitude. If the above-men-
tioned curves are drawn in other cases where the pulses are produced by two
independent detectors which are detecting really coincident particles (such
as the annihilation radiation), then these curves are termed prompt coinci-
dence curves (Figs 2a and 2¢). The resolving time in this latter case is worse
than in the earlier one because the effect of the jitter appears here and there is
also the effect of coincidence between large and small amplitude pulses.

1. Basic units of a delayed coincidence circuit

The general problems mentioned above are usually solved in practice by
building a coincidence assembly which consists mainly of the following units
(see Fig. 3):

a) Pulse shaper: This produces a uniform short signal from the leading
edge of the detector pulses. This unit is generally a vacuum tube or a semicon-
ductor (tunnel diode) univibrator. The threshold of the coincidence circuit is
equal to the triggering level of this shaper.

b) Delay unit: This is used for measuring the coincidence curves: for
delayed coincidence measurements a delay unit must be inserted in both
channels. One of these delay units has a fixed value while the other is variable,
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and its value is double that of the fixed one in order that one of pulses can be
lagging or leading the other. The actual value ofthe delay must be higher than
the value of the worst adjustable resolving time. It is possible to place the
delay unit either after or before the pulse shaper. When it is placed after the

Delay time Delay time Delay time
a) b) C

Fig. 2. Characteristic coincidence curves of coincidence circuit: (a) prompt-prompt coincidence

curves; (b) prompt coincidence curve, both detectors detect a narrow energy band (differen-

tial mode of setting): (c) prompt coincidence curves, both detectors detect the whole energy
spectrum (integral mode of setting)

Fastinput II.

Fig. 3. Block diagram of the basic units of a delayed coincidence circuit. The differentiator
and phase invertor unit is used when the circuit is applied for pulse shape discrimination as
will be shown later

pulse shaper the delay unit should contain a further shaper to compensate for
the pulse distortion caused by the delay unit.

c) Coincidence unit: Different types of circuits exist the most common
feature of which is that the output pulse width or pulse height (after integra-
tion) depends on the common time interval of the two input pulses.

d) Integral discriminator: Its setting determines the resolving time of
the coincidence circuit as mentioned above.
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2. Factors, causing distortion of the coincidence curves

a) If the measured prompt-prompt coincidence curve is not symmetrical
this means that the instrument installation is not correct, as for example, if in
the basic coincidence circuit the triggering pulses are not identical and not
symmetrical. Another reason for distortion is that the threshold in the two
channels of the coincidence circuit are not the same.

b) If the measured integral coincidence curve (Fig. 2c) is distorted, but
the prompt-prompt curve is good, then this does not mean a fault, because the
curve shape depends on the intensity distribution of the coincidence curve

Fig. 4. Block diagram of a slow-fast coincidence system

actually measured. For correct installation only the trumpet curve (to be dis-
cussed later) must be used.

3. Slow-fast system

A system is termed slow-fast if the coincidence pulses are the same as
those which were formed for the energy measurements. It is termed fast-slow,
if the fast pulses are separately formed for triggering the fast coincidence unit.

Usually in coincidence measurements it is necessary to know not only
the existence of coincidence but also between which energies this coincidence
occurs. To fulfil this requirement the construction of the slow-fast coincidence
system was necessary. Its block diagram is shown in Fig. 4.

The principle of this system is that two coincidence circuits arc used,
a fast unit and a slow unit. The fast unit independently of the particle energy
determines the existence of coincidence, while the slow unit gives information
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about which energies were coincident in the fast unit. The fast unit emits a
pulse to the slow unit if two pulses arrive within its resolving time i. e. if the
coincidence condition is fulfilled. At the same time the amplitude analysers
are also sending pulses to the slow unit and, similarly, will indicate the fulfil-
ment of the amplitude condition.

The number of chance coincidences in slow-fast coincidence is determined
experimentally by applying in any branch a delay a few times greater than
the resolving time of the fast coincidence (about 5 7). The chance coincidences
in double coincidence can be calculated from the equation: N, = 27NN,
where 7 is the resolving time of the fast unit, NV, and N, are the counting rates
at the output of channels I and II. This equation is correct if IN; and NN, are
smaller than 1/7;, where 7, is the resolving time of the slow coincidence unit.
In practice this condition is always fulfilled.

In n-fold coincidence the equation is

Np=n NN, ..« N

4. Characteristic curves of the coincidence circuit and choice of the optimum
parameters ;

The most general question is whether coincidence exists or not. In prac-
tice this question is solved by setting both amplitude analysers integrally at
low level, then it is ascertained whether triple coincidence exists or not at the
slow unit. In other words, in this case each channel allows the whole spectrum
independent on between which energies in this coincidence. To determine the
energy distribution of the spectrum the following procedure is carried out.
Analyser II (sometimes called ““trigger channel”) is set at a definite energy line
of the measured spectrum (i.e. differentially), while by means of analyser I
(sometimes called ““analyser channel”) the whole spectrum is scanned to estab-
lish which energies are coincident with the energy defined by analyser II. As an
example, consider the case of Co°, where there is coincidence between the
1330 and the 1170 keV lines. Analyser 11 is set to detect only the 1330 keV line,
while analyser I is scanning the whole spectrum, and the triple coincidence
unit counts any radiation which is coincident with the 1330 keV line. In such
a way the measured coincidence spectrum includes only the energies originating
from the 1170 keV line as can be seen from Fig. 5.

During coincidence measurement the question arises: What is the opti-
mum value for resolving time and delay to be chosen during the measurements ?
The delay setting can be determined from the coincidence curves in Fig. 2 for
each mode of measurement. The optimum value is that corresponding to the
centre of the coincidence curve where the counting efficiency is maximum.
Concerning the resolving time, the aim is to decrease the chance coincidence
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rate as low as possible which necessitates a shorter resolving time without
counting losses.

As already mentioned, the resolving time is limited by the jitter of the
pulses and by their amplitude variation. The first problem can be partially
solved by using a faster detector. Aboutthe second problem, it has already been
mentioned (Fig. 1) that it is impossible to eliminate this phenomenon comple-
tely so its effect must be taken into consideration. Its effect can clearly be seen
from the difference between the curves in Figs. 2b and 2c where, at the diffe-

Pulse height

Fig. 5. Co®0 scintillation spectrum: (a) single spectrum; (b) coincident spectrum with the
1330 keV line at correct setting of the resolving time; (c) distorted coincidence spectrum due
to wrong setting of the resolving time

rential setting (2b) of the analysers much better resolving time can he achieved
than at the integral setting (Fig. 2c). In the differential mode, coincidences
were between a pulse of certain height and another pulse of the same height.
This is not always the case because, in general, pulses of different amplitudes
trigger the coincidence circuit resulting in a shift of the coincidence curve
which can be compensated by the proper setting of the delay lines.

The situation is completely different for the integral mode, where coin-
cidence is sometimes between equal amplitude pulses and at other times
between different amplitude pulses. This effect will appear as time fluctuation
in the triggering of the coincidence circuit resulting in a broadening of the
coincidence curve.

This phenomenon will be clearer after the following example. Adjust the
1330 ke"V line of Co60 at 90 volts pulse height — with small channel width —in
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the amplitude analyser of the trigger channel, while the other amplitude
analyser — with small channel width — is set at different values of pulse
heights between 0 and 80 volts, and in each setting coincidence curves are
measured. From the series of coincidence curves, plot the relation between
the delay corresponding to the centre of each coincidence curve and the pulse
height of the amplitude analyser. A curve similar to that in Fig. 6 is obtained

Delay

Fig. 6. The shift of the centres of the coincidence curve as a function of the pulse height,
“trumpet curves”

where 2r is drawn at each delay value. The series of these points will form a
band whose width shows a variation of 2t with pulse height. From these curves
the optimum parameters can be chosen for any actual measurement. The
centers of the coincidence curves coincide at high energies, but at low energies
they are shifted. If the role of the trigger and analyser channels are exchanged,
then a similar curve with reversed curvature will be obtained. The axis of
symmetry represents those cases where the two analysers are set at the same
pulse height. The optimum delay for any setting of the amplitude analyser
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can be calculated from these two curves. For example, the dashed curve
represents the case when analyser Il is set at 36 volts while analyser 1 is
scanning the range between 0 and 100 volts. The magnitude of the shift is
determined according to the rule that the curve must cross the symmetry
axis at the point where the bias of the two analysers is the same.

Fig. 7. The effect of energy on the resolving time. The 1330 keV line of Co60 was set at 90
volts in the trigger channel. In the other channel the mentioned energy values were set at 20
volts by changing the high tension of its photomultiplier

We shall call this curve “trumpet curve” because of its shape. A given
coincidence circuit is better if its curves are less ramified and if at the same
time its resolving time is small. The above-mentioned phenomena are effective
in those cases when it is desired to measure with much better resolving time
than the rise time of the detector pulses, for example, better than 10 ~7 sec
in case of Nal(TI) scintillation detectors. From the trumpet curves the follow-
ing conclusions can be deduced.
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a) The width ofthe band (2r) isincreased by decreasing the pulse height.
This effect is due partly to:

i) Instrumental effect: The large pulses cross the threshold level more
steeply than do the smaller pulses and this will cause uncertainty
in the triggering.

ii) At smaller energies, the rise time of the pulses fluctuates strictly
statistically.

For example, if we decrease the energy of one of the coinciding pulses from
300 to 30 keV, but the pulse height increases to have the same amplitude,
then the hand width will increase by a factor of two as shown in Fig. 7.

b) Ifitis desired to measure sothat both channels of the slow-fast system
should detect the whole spectrum integrally, then the resolving time of the
circuit is limited, and at an energy below a certain value the coincidence
spectrum will be cut off. For example, choosing 2t equal 160 nsec 50% of the
coincidence spectrum at 15 volts will be lost (at 15 volts the time difference
between the centres of the bands equals 160 nsec). In Fig. 5 curve ¢ shows how
the coincidence curve is distorted when too good resolving time is set.

c) The situation is much better if the measurements are carried out in
the differential mode because the required delay can always be adjusted. In
this case it is possible to achieve 10 times better resolving time which in
practice depends on the value of the jitter.

d) Anintermediate mode is that when one ofthe channels is differentially
set at a certain energy, while the other is set integrally. Such is the case if one
of the analysers is a multichannel analyser, and the other is detecting a certain
energy. In this mode the resolving time is improved by a factor of two relative
to the pure integral model. According to the earlier example, if a value of 2r
equal 80 psec is applied, then the coincidence spectrum at 15 volts will have
50% counting losses (there will also be the same order of losses at 90
volts).

The above-mentioned phenomenon can cause distortion of the coinci-
dence spectrum not only at the low energy part but also at the high energy
part depending on how the delay line is set.

e) The correct values of the delay time and resolving time, are easily
chosen according to the measuring mode, (i) Integral-integral mode: the delay
value is set at the value corresponding to the axis of the trumpet curves.
The resolving time is determined according to which part of the energy spec-
trum is involved, (ii) Differential-differential mode: the correct value of the
delay is the actual centre of the working band at the given energy. The value
of the resolving time is the band width itself (66% efficiency), (iii) Differential-
integral mode: the delay is set at the middle of the range between the axis
of the trumpet curve and the centre of the working band at the value corres-
ponding to the given energy. The resolving time value is equal to the time

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



APPLICATION OF DELAYED COINCIDENCE DEVICES 269

difference between the value corresponding to the axis of the trumpet curve
and the centre of the working hand at the given energy.

The shape of the trumpet curve is asymmetric if the rise times of the
pulses from the two detectors differ. For example, one detector is Nal(TI) and
the other is an organic scintillator (/5—y coincidence). The trumpet curve will
also he asymmetric if the triggering levels of the coincidence circuit are not
identical..

I1l. Field of applications of coincidence circuits and their
properties

In the following section we shall speak about a few problems which,
according to our experience can be solved by means of coincidence circuits:

1. Normal coincidence experience

In practice, the normal coincidence technique is widely used. The block
diagram of the circuit is shown in Fig. 4. We have already spoken about its
working mechanism, and we shall now show how to solve some interesting
problems.

In the case of unknown nuclear processes, it is advisable to start the
coincidence measurements by setting the trigger channel integrally at a very
low discrimination voltage in order to detect all the existing energies. Then
with the analyser channel we scan the whole spectrum getting the coincidence
spectrum which contains all coincident energies, but we cannot determine
which lines are coincident with each other. To determine this, a second series of
measurements should be carried out in which the trigger channel must be set
differentially at every single peak in the measured coincidence spectrum, and
with the analyser channel we can look for the coincident lines.

In both measurements, it is reasonable to choose a narrow channel
width (in the analyser channel) or to use a multichannel analyser in order
to secure good resolving power. In the second series of measurements, it is
reasonable to choose a large channel width such that the measured line should
lie within this width in order to get as high a counting rate as possible. One
must be careful to ensure that other lines do not lie within this channel width
otherwise false results would be obtained.

This method is in general use but has the disadvantage that it is not easy
to detect lines of very low intensity in the presence of other intense lines
(the trigger channel may miss this peak if it was not originally visible in the
first coincidence series). To overcome this problem the following method
can be used. The trigger channel, as in the first series, is set integrally but at the
highest energy, while the analyser channel is scanning the whole spectrum
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differentially. Then, with the trigger channel we proceed from the high energy
downwards in small steps resulting in a series of coincidence spectrum curves.
In these series new lines will continually appear as the trigger channel reaches
those lines in coincidence with its setting. A nice application of this method
can be found in the literature [3]. This method also has a disadvantage in that
it always needs a lot of measurements some of which are sometimes redundant.

2. Sum coincidence experience

Since 1958 an investigation method termed the ‘““sum coincidence
technique” has been used in gamma ray spectroscopy. The most important
property of this method is that only the full energy peaks will appear on the
measured coincidence spectrum i.e. the Compton part of the spectrum which is
always disturbing, completely disappears. Further, the resolution of the
spectral lines is much improved. We shall not speak of this method here in
detail since it has been described by HoocEnBoom [4], but we shall mention
some of the results obtained during the application of this method, especially
because some investigators are not well-acquainted with it.

The original HooGENBOOM sum coincidence circuit was a slow coinci-
dence system (10 ~© sec). In the present case we were applying a slow-fast sum
coincidence which provides better resolving time (10~ sec). In the case of the
slow technique the sum peak constantly appears (when the two gammas are
absorbed in the analyser crystal). In the slow-fast technique this sum peak
does not appear because each of the gammas must be absorbed in one crystal
in order to operate the fast coincidence unit. This is not a shortcoming but,
on the contrary, provides a good method for detecting a cascade of low-
energy gammas plus a high energy gamma (whose energy is approximately
equal to the sum of the two energies).

The most important condition is that both detectors should produce
signals of the same amplitude if the detected energies are the same, i.e. the
gain in both channels should be the same. To fulfil this condition, stable
multipliers and high voltage power supplies should be used. The best method
for setting the same pulse height in both channels is to choose a pronounced
intense line from the single spectrum (because the summing peak intensity
is generally weak and its position is shifted as a result of overloading or non-
linear reasons [5], and to set it at a previously chosen level of the sum channel.
The setting is carried out by changing the multiplier high tension. We can
decide whether the peak is lying in the chosen level or not by setting the ampli-
tude analyser 2 volts lower, then higher than the chosen level, and in both
cases we ought to get the same counting rate since in this case we are measuring
two symmetrical points on the gaussian distribution. If the peak itself is
slightly shifted then this will result in a large difference in the counting rate
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at these two points. Generally, this counting rate difference is so high that it is
sufficient to use a rate meter for the adjustment.

The measured spectrum must be installed independently in both channels,
which can be achieved by switching off the photomultiplier’s high tension of
either channel and adjusting the other, but this can cause a change in the gain
of that photomultiplier. So, it is better to remove the unrequired pulses by
shielding the scintillation head against the radiations from the source, or by
blocking the pulses themselves to prevent them from reaching the sum circuit.

The following errors may occur during measurements and always give
misleading results. If the amplitude analyser is not set at exactly the middle
of the sum peak, then the peaks in the sum coincidence spectrum will be shif-
ted i.e. the energy position will be incorrect. Also, if we set at a sum peak of
low energy then spurious peaks will appear as a result of high-energy cas-
cade transitions. A method for the determination of these peaks can be found
in references [6] and [7].

For angular correlation measurements these disadvantages are not
disturbing. So, in this field the sum coincidence techniques can be particularly
useful.

Chance coincidences cannot be calculated in the sum coincidence measure-
ments because we do not know the number of counts IV, and IN,. This can only
be measured if a certain delay is introduced into that part of the circuit which
is shown in the block diagram (Fig. 8). That is, we must take into consideration
that if we delay one pulse with respect to the other, then the pulse height will
change at the output of the sum circuit.

The optimum values of resolving time and delay are determined in a
similar way to normal coincidence, only here the sum channel plays the role
of the trigger channel.

The sum coincidence technique has been generally used until now for
the detection of two transitions cascades. It is worth showing here the sum
coincidence spectrum for three transition cascades. An example of the sum coinci-
dence spectrum for two and three transitions cascades is shown in Fig. 9. Pm44
decays by electron capture to Nd' levels which are de-excited by emission
of three gamma rays cascades of energies 695, 615 and 470 keV. In the case
of two gammas cascade, two peaks corresponding to the two gammas appear.
In the case of triple cascade transitions six peaks (forming two symmetrical
groups) appear. The mechanism of formation of these six peaks is that one
gamma cnergy is absorbed in one crystal, while the other two gamma energies
are absorbed simultaneously in the second crystal. So, the lower energy group
corresponds to the absorption of each of the three single gammas, while the
higher energy group corresponds to the absorption of the other two gammas.
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Fig. 8. Block diagram of the sum coincidence technique

3. Application of coincidence circuits for pulse shape discrimination
A) Identification of charged particles:

It has been well known that the properties of a scintillator are such
that its decay times depend on the type of particle absorbed. In the case of
CslI(TI) crystals the decay time of heavy particles (alphas) is shorter than
that of lighter particles (electrons). This will influence the rise time of the
pulses at the integrating circuit of the anode of the photomultiplier. The rise
time can he measured in the following way [8], (see Fig. 10). The pulses are
differentiated by RC circuit and the time difference between the leading edge
of the original pulse and the zero crossing point of the differentiated pulse is
measured. The crossing point for the shorter rise time is earlier than that for
the longer rise time (the position of the crossing point is independent of the
amplitude of the original pulse). This time difference is easily measured by
a coincidence circuit. The trailing edge of the original pulse triggers one of the
channels, while the crossing point of the differentiated pulse (at first, the diffe-
rentiated pulse is inverted and only the positive part is used) triggers the
second coincidence channel. The differentiator and phase invertor unit in Fig. 3
isused for this purpose. By changing the delay we shall obtain few coincidence
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Fig. 9. Pm14 sum coincidence spectrum: (a) two gammas cascade spectrum, the amplitude
analyser in the sum channel was set at 1360 keV; (b) a three gammas cascade spectrum, the
amplitude analyser in the sum channel was set at 1850 volts

Fig. 10. Detector pulse shape: (a) original shape; (b) differentiated shape. The differentiated
pulses cross the base line earlier when their rise time is shorter
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curves each of which will correspond to a certain type of particle as shown in
Fig. 11.

Fig. 11. The separation of different types of particles by a pulse shape discriminator as a
function of energy

Fig. 12. Pulse shape discriminator arrangement

The resolving time for a pulse shape discriminator is practically indepen-
dent of the pulse amplitude because in this case large pulses are always coinci-
dent with large ones, and small pulses with small ones. So, the resolving time
is much better, and is determined by the uncertainty in the shape ofthe pulses.
This fluctuation in the shape depends on the number of emitted photons
from the scintillator so, that at higher energies the resolving time is better
than at lower energies. In Fig. 11 the separation of different particles as a
function of energy is clear. The band widths are equalto 2t of the corresponding
coincidence curve.

The pulse shape discriminator is used for gating the measuring assembly,
to record only the pulses of the required shape. The block diagram for any
pulse shape measurements is shown in Fig. 12.
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B) The elimination of pile up pulses:

In nuclear spectroscopic measurements, it sometimes happens that it is
desired to measure a weak high-energy line in the presence of an intense lower-
energy line. In such a situation the intense low-energy pulses are superposed
giving spurious pulses which have spectral distribution in the higher energy
range. These pile-up pulses can be rejected by means of the above-mentioned
pulse shape discriminator method [9]. The result of the summing of two pulses
is generally a distorted pulse whose rise time is never shorter than the original
pulses. If we are choosing the good pulses by means ofthe pulse shape discrimi-

Channel number

Fig. 13. X-ray spectrum of Fe®% measured with pulse shape discriminator (broken line), and
without pulse shape discriminator (continuous line)

nator, then the apparatus rejects the superposed pulses. Similar to chance
coincidence, it can also happen that two pulses come within the resolving time
of the coincidence circuit and will produce a spurious pulse. These pulses can be
measured by carefully inserting a certain delay, because here the sum of the
two pulses will always result in a longer, and never shorter, rise time than
the original pulse.

Generally, the superposed pulses have a distribution of pulse heights
Teachings double the energy of the intense gamma transition. The probability
of triple superposition is always very small.
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C) Measurement of low energies:

The pulse shape discriminator can be used for the elimination of dark
current pulses, and in such a way that it is easy to measure very low energies.
If the shape of the scintillation pulse differs from that ofthe dark current,
then on the basis of the above-mentioned pulse shape discrimination, it is
possible to distinguish between both types. Generally, scintillators have relat-
ively longer decay, as Nal(Tl), CsI(Tl) and the new calcium iodide crystals,
and the pulse rise time is much longer than the rise of the dark current which is
generally produced by one electron from the photo-cathode. A typical example
is shown in Fig. 13, where the x-rays of Fe% (5,8 keV) are measured with, and
without, the use of a pulse shape discriminator.
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MPOBNEMATUKU MPUMEHEHWA NMPNEMOB 3AMA34bIBAOLWEIO COBNAAEHNA
H. A. 3UCCA n [b. MATEW

Pesome

CeTn CoBMaieHNs WWPOKO NPUMEHSIOTCA B UCCNeoBaHUM saep. B faHHON paboTe cym-
MUPYIOTCA KaK WX Hambonee BaKHble CBOICTBA, TaK W 3KCMEPUMEHTbI, NPOBEAEHHbIE AaHHbIMU
npuemMamu. Takum 06pa3oM, Mbl MOXEM paccMaTpuBaTb MapameTpbl CeTeil COBNafeHus Kak
CKeneT NS BpeMeH 3anasablBaHua v pacnageHus. MpeAcTaBnsoTcs Npo6iembl, BO3HUKaOLME
npu NPUMEHEHWM HOPManbHOM M CyMMapHoOi CoBnafeHuin. HakoHel, faeTcsa onucaHue npume-
HEHWA 4eTell COBMAfEHUN AN OTOXK/AECTBAEHMS YacTul, NUKBUAALUA HAKOMNEHMS U W3Me-
peHns ramma-nyyeii HU3KUX 3HEPTUN.
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The systcmatics of the shell and unified nuclear models have been investigated for the
nuclei of Lu, Ta, Re, Ir and Au, which represent the transition region from the spherical nuclei.
It was apparent from the comparison of the experimental and theoretical ratios of the first and
second excited collective levels, from the quadruple and magnetic moments that the unified
model is the most coherent one in this range too, as results from the present analysis. For
the Aul%nucleus it was possible to assign the spin 5/2+ and 7/2+ for the levels at 251 and 515
keV from the comparison with other nuclei.

The moment of inertia derived from the experimental results and from the hydrodyna-
mic approximation for the above-mentioned nuclei was compared with Migdal curves for the
moment of inertia based on the superfluid model. The results confirm the superfluid descrip-
tion of nuclear matter.

I. Introduction

Considerable data are available on the decay schemes and level syste-
matics of nuclei whose low-lying excitation spectra can be explained by either
the single particle or collective models. Much less data are available for the
nuclei in the so-called transition regions, i. e. those nuclei of mass 140—152
and 180—200. In the nuclei where the number of neutrons changed from 88 to
90 (A ~ 150) asudden variation ofthe properties was observed. The energy ofthe
first excited collective level change suddenly as well as the coulomb excitation
cross-section. This discontinuity indicates the passage from the exactly spheri-
cal form (Z ~ 50, N ~ 82) to the ellipsoidal form. It is interesting to know
whether the inverse transition exists when the region of magic numbers
z 82, N N 126 is approached.

We have been investigating the decay schemes of the iridium [1] isotopes
VAr19l and 1r193 and it is the purpose of this paper to investigate some of the
nuclear properties of these nuclei together with some other odd nuclei. The
chosen nuclei were:

7L ul/m, Lul7r, ,Talsl, 75Rel83 Re787, MAU1% Auld and Aul%nm
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The low-energy levels in these nuclei are quite well established and
the decay schemes for these nuclei have been taken from the Nuclear Data
Sheets [2]. It can be seen that these nuclei represent the passage from the
ellipsoidal form to the nearly spherical form.

I1. Nuclear properties

The investigated nuclear properties are the following:

1. Particle levels

According to experimental results, the deformation of the nuclei exhibits
an axial symmetry, and ~nii1sson [3] has calculated the energy states of the
single particles in a spheroidal potential as a function of the deformation bdefi-
ned by the intrinsic quadruple moment QO. The relation (3 between b and

Qo is:
(0= 0.8.Z.026jl +yoj -« (1)

Qo is determined from the Coulomb excitation cross-section.

2. Collective levels

In the case of deformed nuclei the values of the energies of a rotation
family based on a single particle ground level of a total angular momentum I,
are given by [3]:

1(7+1) + -1y I+ 2
E, (b s cDiv2 @

where J is the moment of inertia of the nuclear mass, its value lying between
that for a rotating rigid body and the hydrodynamic estimate of Bohr and

Mottetson [4]. The decoupling factor a vanishes if K =h— .

For rotational spectra given by the above formula the ratio of the
energies of the second and first excited states depends only on the ground
state spin JO, and for odd A nuclei is given by:

2,4 for 10=y
b.= 27+ 3 = 229 for lo= — 3)
E1 h + 1

2,22 for —
2
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3. Magnetic moments

The magnetic moment for a nucleon moving in a spherical potential

field [5] is given by:
1

u=jF_t5;;;wr4m} (1)

where G¢ and G; are the gyromagnetic ratios for the intrinsic and orbital
motions, respectively of the nucleon.

In the case of deformed nuclei the coupling of the nuclear surface with
the nucleon motion contributes to the magnetic moment, which is given by the

1
following relation [5] for I = Qp = K+ 5
]

Il =
s

[Go T + GRl, (5)

where Gy is the gyromagnetic ratio associated with the rotational motion of
uniformly charged nuclear matter; its value approximately equals Z .Ggis

associated with the intrinsic motion of nucleons.

4. Quadruple moments

A non-coupled proton with the total angular momentum j moving in a
spherical potential field gives rise to a quadruple moment

=—_2j+1 <. 6
=55 n 7 s

3
The average value for r* of the proton orbit is = R}, where R; =1 - 2 - A13 .

-+ 10 ~18em,

In the case of deformed nuclei the collective behaviour of the nucleons
results in quadiuple moments Qcoi;.. much larger than those associated with
the single particle Qs The observed quadruple moment Qg5 is of the form

Qobs. = Qcoll. = Qs.p. (7)

Qovs. is determined by atomic spectroscopy.

The relation between Q, s and Q, (given by equation 1) depends on the
nuclear coupling scheme. For strongly deformed nuclei (strong coupling) this
ratio is given by:
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Q obs. ! 21. 1
Cihe g ae1 20+ 3 @

5. Moments of inertia

The moment of inertia of the deformed nucleus Jelip can he determined
from equation (2). In the hydrodynamic approximation, the moment of inertia
is considered to be that of an incompressible fluid and is given by [4]

AR
J = MA LW (9)
Rn

where AR represents the difference between the major and minor semi-
axes of the spheroid. M denotes the nucleon mass and A is the nuclear mass.

In the above relation the quantity Jo= — MARI is the moment of

inertia of a spherical rigid body in the hydrodynamic approximation.

‘hydro. JOéZ, (10)
where

The most consistent theory ot the moment of inertia is based on the
superfluid model (6,7). In this model the existence of coupled pairs of nucleons
and the appropriate energy gap A in the level scheme of the nuclei is taken
into account. The moment of inertia can be expressed in terms of this energy
gap and the matrix elements of the interaction of the pairs of the nucleons.

Migdal [8] has well calculated the moment of inertia for an oscillation
potential and rectangular potential, as a function of a parameter Xn which is
given by:

N M

= 27
1+ — g1, A* Mot (M)

where is the ratio between the nucleon mass and its effective mass. In

Migdal’s calculations, this ratio is taken as unity. Anis the energy gap para-
meter of neutrons which is determined from the nuclear masses according to
the following formula:

An=1[Eo(N +1)-2Eo(N)+ Eu(N-1)], (12)
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rig. 1. Theoretical curves of the moment of inertia for oscillator potential (upper) and rectan-
gular potential (lower)

where EQ(N -f- 1), Eo(N) and JSO(N—1) are the binding energies of the nuclei
having (N -f- 1), (N) and (n — 1) neutrons, respectively. Migdal’s results are
shown in Fig. 1.

IIl. Results and discussion

1
1. Rotational levels over ground levels with K ~ —

The energies of the first and second excited rotational levels over the
ground state particle level are calculated according to relation (2), and their
ratio from relation (3). The results are given in Table (1) and are shown in
Fig. 2. It can be seen that a deviation exists only for the iridium and gold
nuclei which have small deformations.

Table 1
Ground
B GG eeen wewer (S0 G bl
«bul» 712 + 113 251 2,22 2,22 1,0 12,5 23,0
Lu1” 712 + 118 251 2,12 2,22 0,96 13,1 23,8
s Tal*l 712 + 136 301 2,21 2,22 1,0 15,1 20,7
5R e 183 5/2 + 114 260 2,28 2,29 1,0 16,3 19,2
Rel® 5/2 + 125 286 2,29 2,29 1,0 17,9 17,5
Rel8 5/2 + 134 301 2,23 2,29 0,98 19,2 16,3
7717191 3/2 + 129 352 2,70 2,24 1,20 23,8 12,0
ir193 3/2 + 139 362 2,60 2,24 1,16 27,7 11,3
7»Aulss 312 + 261 525 2,11 2,24 0,94 52,2 6,0
Au197 3/2 + 277 546 1,97 2,24 0,68 55,6 5,6
A u19 3/2 + 271 515 1.90 2,24 0,85 54,2 5,8
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Fig. 2. The experimental to theoretical ratios of the first and second excited collective levels
for the shown isotopes

Fig. 3. Variation of deformation with atomic mass

5+ 7+
It is worth mentioning here that for Aul®%the spins of -— and ---- can
2
be assigned to the levels at 251 and 515 keV, respectively, as they can be conside-
red asthe first and second rotational excited levels above the ground level of spin

3+ . . . .
on the basis of comparison with other nuclei.
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2. Moments of inertia

Jexp. was calculated from relation (2), and lowas calculated from rela-
tion (9), from whnich /nydro, was deduced according to Fig.s., due to Motter-
son [9]. The neutron energy gap An was calculated from Levy’s tables of
atomic masses [10].

Then the corresponding Xnwas calculated from relation (11). The results
are given in Table (2) and shown in Fig. 4.

Fig. 4. The calculated values of moment of inertia on Migaa1 curves. x denotes Jhydro./do»
O denotes J{pJJo»and O is for Gd154 and Nd15' from WM igda1’s paper [8]

It can be seen that the hydrodynamic approximation results in the lowest
values for the moment of inertia, Migdal had calculated the moment of inertia
for strongly deformed nuclei in the rare earth region on the basis of the super-
fluid model for two single cases of the potential. The experimental values of
(JUo) exp for these strongly deformed nuclei lie between the curves of these
potentials. The nuclei in the present investigation have small deformation.
The experimental values of (J/J0) exp lie close to the oscillator potential
curve. According to relation (11) as 6 increases, X n also increases, and the
experimental points approach the oscillator potential curve, and for larger
deformations the experimental values lie between the two curves.

The disagreement with Migdal theory is not large, and it is probable
that a closer correlation with the experimental data could be reached either
by asmall variation ofthe parameters in relation (11), or by taking into account
a more realistic potential than the oscillator or rectangular potentials. The
disagreement could also be due to errors in the experimental parameters.
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Table 2
Isotope 6 An *n llf;llB Ah){gg. J?O)gi -Ihyi;o Je‘%)
gra cm* gm cm2 gm cm2
nLu"5 0,26 1,435 0,66 53,2 3,66 25 0,069 0,47
Lul77 0,24 1,435 0,64 53,4 3,13 23,8 0,058 0,44
73Taisl 0,22 1,434 0,59 56,0 2,71 20,7 0,048 0,37
»Relx 0,19 1,434 0,50 56,5 2,04 19,2 0,036 0,34
Rel®b 0,18 1,434 0,475 57,6 1,87 17,5 0,033 0,305
Re 187 0,17 1,434 0,460 58,8 1,70 16,3 0,029 0,28
77b 191 0,13 1,436 0,36 60,8 1,026 12,0 0,017 0,20
iris 0,12 1,436 0,32 62,0 0,893 11,3 0,014 0,18
,S)AUI% 0,11 1,434 0,29 63,1 0,77 6,0 0,012 0,10
Auly 0,10 1,435 0,27 64,0 0,64 5.6 0,010 0,087
Aul® 0,09 1,436 0,25 65,2 0,53 5,8 0,008 0,089

3. Quadruple and magnetic moments

The experimental values for the nuclei for which fi and Q was measured,
are given in Table 3 together with the theoretical values calculated according
to the shell model and the unified model. From the Table it can be seen that
there is no distinction between the accordance of the experimentally measured
values and those resulting from the shell or unified models. However, from a
comparison of /*measured and /~Nilsson altd ~/strong coupling and ~measured It Can be
seen that the unified model is more coherent for these experimental data.

Table 3

stron

Isotope ! /~measured pshell MNIEROH 162 Qshell Qmeasured cQoupnn%
cm2
73ralgsL 712 2,1 1,72 1,50 6,91 0,20 2,70 3,2
,BRel1H 5/2 3,14 4,80 3,50 6,30 0,18 2,80 2,2
,iriol 3/2 0,16 0,12 0,02 3,16 0,14 1,50 0,5
. ir1B 3/2 0,16 0,12 0,02 3,22 0,14 1,50 0,5
79A u 197 3/2 0,14 0,12 0,03 5,60 0,14 0,56 0.4
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CUCTEMATWYHOCTb HEKOTOPbIX CBOWCTB HEYETHbIX ALEP
B OBNACTU, BAIU3IKMIA K MACCOBOMY UYUCNY 190

3. MEAUTYK n H. A. 3UCCA

Pesome

CuctematMyHOCTb 060104eUHOV U 06bEAUHEHHON AfEPHbIX MOAenei npeanaranach Ans
apep Lu, Ta, Re, Ir n Au, KoTopble NpeacTaBnaT cobon nepexofHyt o6nactb U3 chepuye-
CKux sgep. W3 cpaBHeHWS 3KCNepMMEHTaNbHbIX W TEOPeTUYECKUX OTHOLUEHWUW MEPBUYHO M
BTOPUYHO BO36YXAEHHbIX KOMMEKTUBHbIX YPOBHEN, U3 KBAAPYNONbHbIX W MarHUTHbIX MOMEH-
TOB BbIXOAMT, UYTO 0ObEAMHEHHAaA MOfeNb fBNSAETCH Hanbonee KOrepeHTHOW M B 3TOM OTHO-
LWIEeHUW, KaK pe3ynibTaT JaHHOro aHanu3a. M3 cpaBHeHuUs ¢ gpyrumu agpamun ans agpa Au—199
MOXHO 6bIfI0 OMNpeAennTb CNUH 5/2+ n 7/2+.

OnpefeneHHbI M3 3KCMEPUMEHTANbHbIX AaHHbIX W W3 TMAPOAUHAMWUYECKOro npuénu-
KEHUS MOMEHT WHepuuu ANs BbIWEYNOMAHYTbIX A[ep CpaBHWBANCA C KpuBbiMM Murpgana
ONS MOMEHTA WHepuuW, OCHOBAHHOIO Ha CBEpPXTEKyYel mMofenu. Pe3ynbTaTbl NOATBEPXKAAOT
CBEPXTeKyYee oOMucaHue SAEepHOW MaTepuun.
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ON THE EXCHANGE ENERGY IN A SCF METHOD
USING NON-ORTHOGONAL BASIS FUNCTIONS

By
Gy. Buti
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Presented by A. Kénya. — Received 20. X. 1966)

A method is developed for the calculation of exchange energy in a simple SCF method
or atomic one-electron eigenfunctions using non-orthogonal hasis functions.

Following some earlier works [1] — [7] a simple SCF method of cal-
culating atomic one-electron eigenfunctions was given in a recent paper [8]
by Gombas. The main features of this method are as follows.

1. A non-orthogonal set of Slater-type basis functions is used in an
analytic variational procedure.

2. The Pauli-principle is taken into account with a pseudopotential.

3. The exchange and correlation energy is calculated with a pseudo-
potential of Stater [9] and Gombas [10] in a semiempirical way.

We notice that recently extensive energy band calculations in solids
arc done in similar ways.

The aim of the present paper is to show that within a reasonable approx-
imation it is possible to calculate the exchange energy in the usual way
using the non-orthogonal set of basis functions.

The Hamiltonian of our SCF method for the shell with angular moment-
um quantum number | is

H = _ <P_+ h . 10+ U
8n:2m dr2 8n2m r2

. eVh - eVQ- eVa. eVes,

where Pcb is the SCF Coulomb potential including interaction within the
shell, Uco, Va and Uex are local pseudopotentials arising from the Coulomb
correlation, the Pauli principle and the antisymmetry of the wave function.

Now instead of the semiempirical expression for the exchange energy
expression eVexgnim let us take the nonlocal exchange operator originating
from the Fock equations
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<PnTm'(£')<Pnim (£")<PnrT"' (f) dr

A<Pnim(£) - , - j r—r

(2)

where cprri'nd (i) are orthogonal spin-orbitals, the summation is over all quantum
numbers except nlm, and integration also includes a summation over spin
coordinates. However, it is not justified to use expression (2) in our SCF
procedure because we choose a non-orthogonal set of basis functions of the
form fni= Arxe~Afor the variational trial function. Therefore we are looking
for an operator A' such that

(<Pm,A<Pni) = (fnl,A "fnl), 3

for in this case wo can determine the expectation value of the exchange energy

with A' and the non-orthogonal set of basis functions in the usual way and

therefore the variational procedure can be carried through in the usual way.
The orthogonalized system of basis functions of the method is

onl — cnl [fnt (Wn'ltfnl) 9V/] 5
n'=1+1
where

h=1[1- 2 li."PnM19] - 1t~
n'=1+1

Because of the linearity of A we can write

Pn,A ql) = [c,.]2[(/n, Afnl)+ 2 2 1((prrh Inz) x

m=1+1k=1+
n—=1
X iSPhiJnl) (<Pml, A <PKI) - 2 (vmI'fni) (<Pml,Afnl) — (5)
m=1+1
n—1
— 2 (<PmBInl){fnhA<pml)].
m=1+1

Introducing the following notation

(Vmlifnl) — slnm 1
(<Pm,A qnl) = a,m, (6)
(Cmo A fnl) —alnm,

and taking into account the hermiticity of A we can write
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(fnh~'fn,) = (<Pnl,A<pn,)
n— n—1
= \cn\2 [(fnl* N fnl) + A " sinm s Ink almk (7)
m=1l+1k=1+1
n—
« o 9w *Inm@i«m] m
m=i+1

Since the overlap-integrals in (7) are small, as can be seen from (6)
(note that the summation is over overlap-integrals of orthogonal and non-
orthogonal basis functions differing in principal quantum number), expression
(7) is within a reasonable approximation

(fn,,A*fnl) A (f nhA fnl) @)

since Ic,/|]2 = 1 within the same approximation.

Thus the conclusion is that the exchange can be built in our simple
variational procedure by using the exchange operator constructed by the
orthogonalized one-electron eigenfunctions.

Note that equation (8) is exact within the framework of a procedure
introduced by Fényes, Szépfalusy, Kleinman and Phillips, etc. [11]—[19].
It can be very easily seen that the functions fni satisfy the equations

AH+ A)fnl+ ¢ On(r, r")fnl(r')dr' = entfnt,
0

where Hj1 is the Hartree operator and A ishandled in this caseinjustthe same
way. In the simple SCF method discussed in [8] the operator

Jodr' ®m(r, r') = dr’ (e, - B qn; (r) (p*; (')
0 0 n'=I1+1

is approximated with the local potential Vq in (1), (for a discussion see
especially[19]) and the error in (8) originates therein.

The author is indebted to Prof. P. Gombas for his interest in this work
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06 OBMEHHOW 3HEPIMW B METOLE CAMOCOT/IACOBAHHOIO Mon4,
MCMNOJIb3YIOWEM HEOPTOITOHAJIbHBIE BACUCHBIE ®YHKLUUN

Ab. BblTU

[aetca meToh onpegeneHus 06MeHHO 3HEpPrnn B METOAE CamoCOoriacoBaHHOro nosns
C MCNONIb30BaHNEM HEOPTOroHasbHbIX 6a3nCHbIX prHKuMM.
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THE LORENTZ PRINCIPLE AND THE GENERAL
THEORY OF RELATIVITY V

By
L. JANOSSY and P. KIRALY

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(Received: 26. 1. 1967)

The transformation is given explicitly with the help of which it is possible to obtain
a straight system of reference from an arbitrary curvilinear representation. Applying the
transformation to a representation in an inhomogeneous region it leads to a nearly straiggt
system of reference. Making use of the nearly straight representations the explicit form of the
Lorentz transformations in inhomogeneous regions is obtained.

Introduction

81 In anumber of previous publications [1]—[4] one of the authors (L. J.)
has shown how the Lorentz principle (see e.g. Part Il) can be extended so
as to cover problems of general relativity. The principle can be expressed as
follows. If O is a real physical system, then

Q* = M,,(C) (1)

is a possible system, where Mp stands for a Lorentz transformation with
parameters p.

To the principle thus expressed a dynamical principle has to be added
to the effect that a system Q,if adiabatically interfered with changes into a
Lorentz deformed system C*.

In the absence of gravitational fields the first part of the principle
expressed by (I) can be taken to be strictly valid (at least for the phenomena
we know at present) — the dynamical part must be taken to be valid only
in a good approximation; the dynamical principle contains a certain amount
of uncertainty, as it is not possible to determine precisely the limits inside
which interferences can be regarded to be adiabatic. In the presence of
gravitational fields the difficulties are further enhanced; even the first part
of the Lorentz principle can only be expressed in an approximate manner,
valid for small systems only. The formulation of the second part leads to
additional difficulties — it is even more difficult in the latter case to give
criteria for interferences to be adiabatic. Both difficulties can be overcome
if we limit ourselves to actually observed phenomena. However, it seems
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necessary to define the Lorentz transformations in a little more detail than
we have done it so far.

8§2. We denote (as in our previous work) the physical quantities themselves
by gothic symbols. These quantities can be described by measures if we choose
a particular representation. Thus in place of (1) we can also write

Q* = Mp(Q), @)

where

Q= K(0), Q*= K(Q*), p= K@)

thus Q, Q* and p are the representations of jQ, jQ*, £ relative to a system of
reference K .

The Lorentz transformation appears in any representation K in the
form of a coordinate transformation, although Mc is not a coordinate trans-
formation but describes a deformation of a physical system jQ into another

physical system jQ*. Indeed, if jQ consists of points L then
jQ* must be taken to consist of corresponding points oo Thus
the operation M* like a coordinate transformation gives to the coordinate
measures — of a set of points — a new set of coordinate measures.

In a representation K the orbits of the points ”~5* can be described by

four coordinates
\Y

Xft(p) =*k(p)> Kp) K= 1,2,...,N

where p is the independent parameter with the help of which we can obtain
the four-points giving the orbit of The four-coordinates of ~ are some
functions of the Xk(p), thus we may write

x*(i>) = U*k(p)) k= 1,2, ...,1V ©)

where X is the four-function describing the change jQ -> Q* in the represent-
ation K .

The relation (3) represents the deformation jQ -> Q* relative to a system
of reference K . We may express the relation (3) also with respect to a new
system of reference K' . The coordinate measures x may he taken to change
into measures

x'=f(x), (4

when changing the representation K into K' where we suppose f to be a revers-
ible four-function, thus with (4) we have also

X= f-1 (x).
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W ith the help of (4) and (5) we find that the transformation (3) can be expres-
sed in the representation K' as

4*(1>)=""(4(p))! (6a)
where
X'=fXf~1. (6b)

X' is thus the function which is obtained if one applies on to the variables
in order the functions f“1, X and f.

We may denote the four-function giving rise to a particular Lorentz
transformation by Xp where p stands for the parameters of the transformation.
The Lorentz transformations must be necessarily associative, i.e. together
with the successive Lorentz transformations X, X,, ..., X, also

Xp = XmXm .. .XA @)

is a Lorentz transformation and we may put brackets into the right hand
expression in an arbitrary way without changing Xp. The relation (7) if fulfilled
in one representation K is also fulfilled in any other representation K'. Indeed,
with the help of (6) we find from (7)

\ = -K (8a)
with
Xp= fXpf-i, XAr=fXp,f-1 (i=1,2, (8b)

§3. The functions Xp must be restricted suitably if we want relation (1) to
stand.

A neccessary condition for the form of the X-s can be obtained from
the requirement that light waves propagated inside a system Cl should be
transformed into corresponding ones propagated inside G*.

The orbit of a beam of light obeys the relation

*(p)d (p))*(p) = 0. (9)
The corresponding relation for the beam moving inside G* can thus be written

x*(p) g(x* (p)) X* (p) = 0. (10)

Comparing (9) and (10) we find

M (x)g(X*)M (x)=g(x), (lia)
vith
Mo 8°0) or My, = ® (1ib)
3X dx,,
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As we have pointed out previously (1la) and (11b) give ten equations
for the four unknown functions ,(x) and therefore the system (11) is in general
overdetermined. The system (11) admits solutions if there exist representations

K, such that

K, (g) = g, = independent of the coordinates. (12)

If a representation K satisfying (12) exists, we can take the region
N in which (12) is valid to be a homogeneous region, i.e. a region in which
light is propagated homogeneously. A representation K with

g(x) = K(g) (13)

in which g(x) depends on x can be taken to be a curved representation of the
homogeneous region N. The representation K, obeying (12) may be denoted
a straight representation of N. If, however, in a region R there exists no straight
representation K, then the region is really inhomogeneous and in such a
region the system (11) admits of no solution. In a really inhomogeneous region
one can construct approximate solutions of (11); we shall discuss the latter
in more detail.

§4. Consider the vicinity of a fixed four-point g. The points P, of a system
£ should all move in the vicinity of r and thus their four-coordinates in a
representation K can be written

where xk(P) :x+gk(P)’ (a) (]_4)
5 &« (p) =ex(p)-7(P)- (b)

x = K(z)

is the four-coordinate of the point . A transformation A changes the point
1 into a point r* with coordinates

x* =Ax)=x + . (15)

Thus the transformation shifts the centre of £ by a four-vector p. The deformed
system O* consists of points 5f all in the vicinity of x* and we may write

xi (p) =x* + & (p). (10)

Separating the four-dimensional shift from the homogeneous part of the
transformation, we may write

Ap (x +8) =p + Dy (B), (17a)
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and thus the homogeneous part of the transformation can be written

5% = AP(Q) with Ap (0) = 0. (17b)
Denoting

= M(5), (17¢)
3/\

the condition (Ha) may also be written

ME)g(x + p + SIM() = g(x + 5). (18)

The relation (18) being identical with (11) does not adm it exact solutions
apart from exceptional cases. However, we can take as approximate solutions
of (18) a four-function JIp(5) which for a fixed value of p. satisfy (18) in a good
approximation in a small vicinity of x. As was shown in Part IV we can
construct e.g. functions J1 (5) which satisfy (18) and its first derivative into
5for C =0 and we may take such functions JIp(5) as approximate solutions.

The above requirement does not, however, define the approximate
solutions with a sufficient accuracy. Indeed, the conditions

MgcM —g)=0 for 5= 0, &= 0,1, (19a)

where we have written short
M(5) = M,g(x+ 5) =g and g(x+ p+ 5% = g* (19b)

define together with (13) only the coefficients in the development of Xp(x 5)
up to the second order terms. The higher order terms remain arbitrary when
we take (19a, b) as the definition of the Lorentz transformation — the latter
terms may, however, affect the function Xp(x + 5) to an appreciable extent.
85. So as to restrict the ambiguity in the definition (19) one might require
the higher order terms to be “small”. However, the latter requirement has
no definite meaning, as it is not independent of the choice of representation.
Indeed, if we have a representation in which the higher order terms are small
(or for that matter even zero) then in another representation which is obtained
by a strongly non-linear coordinate transformation, the higher order terms
may become very large.

In the case of a homogeneous region we can extend the definition by
requiring that the coefficient of the higher order terms should be zero in a
straight representation. The latter definition brings us back to the definition
of the Lorentz transformation as given in Part I.
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The extension of the above definition to inhomogeneous regions can be
formulated by requiring that in an almost straight representation the terms
of the higher order coefficients should be small. The latter definition was
given in Part IV in a qualitative manner and the physical implications of
such a definition were discussed there. In this article we try to formulate the
concepts used in Part IV in a more quantitative manner.

The almost straight representation

§6. In a homogeneous region 91 in the vicinity of a fixed point J where
we have

K@O)=g9(*+ C), BA =x,

there exists a coordinate transformation

S'=1 ), F(O)=0
such that

M(G)IOM(G) = g(x + C), (20)

where g0 is an arbitrary propagation tensor. We may assume for the sake
of simplicity

go = g(*)> (20a)

i,e. we may suppose that the transformation does not change the value of g
in the point X

Expanding the various quantities into powers of C we may write
remembering also (20a)

1 (3) 1(4)

F(C)= C+ -£-F C*+-%-F I-3+ ... (21)
la (0]

w
where F is a k-dimensional matrix and we write short
r¢<+l) (k+1)
[ F = 2 . (21a)
Mi- n

Similarly we have

®3) 14
MCG)= 1+F C+ yF Q2+ - (21b)
Furthermore we may write also
" @ 1 (4)
M@G@)=1+ CF+-i-C*F+ ..., (21c)
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where the transposition sign on a matrix with several suffices is meant to
signify a cylic permutation of the suffices. Thus

(@) (AA
F = (1,2, F = cAF ,
where

ck= (»2, k)

i.e. (cis the operator giving rise to a cyclic permutation shifting the suffices
by one step to the right. Analogously ck will denote the operator shifting
the suffices by | steps to the right.

Similarly we may develop g as follows:

3 1@
s+ + V)=go+ o~ — 3 G2+ ome o (21e)

Using the series (21b)—(21e) we may develop both sides of (20) into a power

series and comparing the coefficients we obtain a recursion for the I (kK =
= 3,4, ...). Indeed, we find

0+2 (fc-1+2)

M©)gom©) = £ 2 T E T ke (22a)

The coefficients of (k — 1,2, ...) appearing inside the brackets on the right
hand side of (22a) are not necessarily symmetric in the last K suffices. However,
we may replace these coefficients by symmetric expressions.

*Concerning permutation operators the following conventions will be used:

1) A permutation operator P applied to an arbitrary matrix A gives rise to a new
matrix PA with elements

[PAJvb ia ..., = Ap [n,...r,]

where P[vlt v2 . . .vn] is a permutation of vI5 v2, « ¢ evn.
The successive application of two permutation operators P,, P2 gives in accord-
ance with the previous definition a matrix P2P,A with elements

[P2Pi A]*lv........ = [Pi A]P2Wb 12 = APIP2[H, ......... -l
thus the indices are permuted firstly by P2 and then by PIt i.e. in an order reversed to
that of the operators.
2) We use for permutation operators the cyclic notation, e.g.
[(!> 3, 2) AK irT,..,v, = AV2, v, VU .ot

Thus the primitive cyclic permutation of k indices applied in (21d) has the effect

@ ®
[QIF]'S. rommk —Frj, 1. oF, s,
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1 (k§2) 1 N/ 4 CL+2 (1%2) (k_Il‘1+2) 9 }J
el o 21: 1220 Nk—p & ) (22b)

without changing the numerical value of the right hand expression; X' is
P

supposed to be the summation over the k! permutations of the suffices
3,4,...,k + 2. (The two dashes on the summation sign indicate that the
first two suffices are not to be permuted.) Thus we have also

k+2)

B(E) g, ME) = 36 8 (23)

So as to obtain an explicit recursion from (22a) we remember the symmetry
(k+2) (k+3)
properties of the F,i.e. remember that it follows from (21a), (21b) that the F

have the symmetries

(k+2)  (k+2) ey
BAE = B for T B2 (24)
Rl D S
(k+2)
Also the g obey symmetries. We find from the definitions
(k+2) (k+2) (k12
(2) e =B ) sl =tg =45, .. k-2 (25)
From (24) and (25) it follows that
g (KT2) (k+2) ; (k+2)
ckro( F g) +8 F =0+c')(g F) (26)

where ¢, = (1, 2, 3) is the operator signifying the cyclic permutation of the
first three suffices of the matrix upon which it is applied and ¢3! denotes

its inverse.
(k+2)
Splitting off @ the terms with I = 0 and [ = k we may also write,

remembering the symmetry properties of the matrices involved and that
@
according to (21) F =1

(k+2) (k+2) (k+2
@ =1+ecglig F)+ @ (22¢)
with

(k+2) k—1 el A+ 4
A i IR S Tl 22d
~ | = I (k — D! 8o ( )

Introducing (22a) — (22¢) into (20) and comparing the coefficients on both
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sides we find thus with the help of (26)

(k+2) (k+2) (fc+2)
(!+¢c3l)g F)= g - o . (27)

(k+2)
So as to determine F from (27) we denote

(k+2) (k+2  (k+2)
xI= ¢c3"(@ F )» J;=¢8'(g — @ ),

where 1is the operator signifying the application of cjfl Z-times. We have
thus e.g. Gs3= 1. Applying cjfl successively upon (27) we obtain thus the
following set of equations
X0+ X = Jo
Xi+ x2=17i (28)
X 0 + x2= y2

and therefore

V=y(jOo-jl+j2) (c.p.)_3y0,
and
k+2) 1 (k+2)  (k+2)
F = —éml((cd)-38(g — ) Zc=1,2,3,..., (29)

where we use the symbol (r.p.)_3for summing over the cyclic permutations
of the first suffices with alternating signs. Thus we have

(c.p.) 3A= 1 —G1-fG2A.
(k+2)
87. The F as expressed by (29) satisfy the relation (27) and as it can
be seen easily also the symmetry relation (24) for 1=3. Thus we find from
(29) the identity

(k+2) (k+2
F =(2,3) F fc= 1,2,3, ... . (29a)
(k+2) _
However, (29) gives only a necessary condition for the values of the F if

k+2
K> 1. Indeed, the expression (29) for ( F) may or may not satisfy (24) for
I > 3. If (29) does not satisfy some of the latter conditions, then we arrive
at a contradiction and the system (20) admits of no solution.

Thus whether or not the symmetry conditions

k+2)  (k+2) l= 4.5 ... K42
@) F = F 2 K (30)
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(A4-2)

are fulfilled depends on the properties of the matrices g ; the values (29)
(A4-2)

for the F put into (21b) give then and only then a transformation matrix

M(C) fulfilling (20) provided they satisfy the conditions (30), i.e. if we have

(A42)  (A+2)
(r-¢2,/))(c.p.)_3C g - ® )=0 (31)

for /= 4,5 ..., K--2 fc= 2,3,... .

8§ 8. Considering K = 1 we find from (29) remembering that in accord with
&)
(22d) @ = 0

©) 1 e @)
F=ygd1l((c.p.)-39). (32)

3 ©))
Thus the F are identical with the Christoffel brackets. The F thus obtained
possess the proper symmetry properties.
For k= 2 we find from (22d)

4) ® ®
* = J?" ca(F goF )e
p

Since E™ can be replaced by 1 -f- (3, 4), taking into consideration the sym-

p
metries of the matrix under the sum we find also

4) , . () 3

® = ((2,4)+ (2,3)) (F guF) (33)
and

4 I (4) )

F = T Og<T1(c-P-)-3 (g ~ @)~ (34)

The above expression is symmetric in the second and third suffices but not
neccessarily in the second and fourth, respectively in the third and fourth
suffices. Thus (34) gives only then the second order coefficient of the develop-
ment of F(x) provided

1 (224) ((c.p.)_3(g —®)) = 0. (3%)
Considering the symmetry properties of the matrices involved (35) can also
be written

@ @
(cp)d(g-@ )= 0 (36)
with
Cp)d=1- ca1+ A2- c43= 1- A+ o - cf.
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The left hand expression is representing the Riemann—Christoffel tensor;
more precisely writing

* @ @ @ &

= (1- (24)(c.p)_3g —®) = (c.p)4(g-®) (36a)
one finds that
@ 1 @)
R=--(2,3)R1

gives the Riemann—Christoffel tensor in the usual definition. (The explicit
@)
expression for ® is given by (32) and (33)).

Thus (34) has then and only then the correct symmetry properties if

@
Rx= 0. (37)

For kK = 3 we find an expression for @; the latter has proper symmetry
properties provided apart from (37) we have also

where
©) G 6
Ri= (1- (2,/)«cp)-3(g—d), /=45

and similarly we find that (20) possesses solutions then and only then if

) 1-9 11 )
R'= 0 * T mee (38)
/= 1,2,...,% —1 ]

If the conditions (38) are satisfied then the transformation function
F(®) can be obtained from (21), (22d) and (29).
89. With the help of (38) we can thus find out whether ornot a representation

K(8) = g(x + ) (39)

of the propagation tensor represents a homogeneous region in terms of curvi-
linear coordinates or whether the region in which (39) is valid is truly in-

homogeneous.
(k+2)
In the case where not all the relations (38) hold, the matrices F

obtained from the recursion defined by (22d) and (29) do not possess the
required symmetry properties. We may introduce symmetrized matrices
1 (D) (fc+2)
2' F = n~n (40)
(x + 1) p

4 Nic*a Physica Academiae Scientiarum Hungaricae 23, 1967



302 L. JANOSSY and P. KIRALY

where £' stands for summation over the permutation of the last K -j- 1 suffices.

p(ft+ 2)

If the F as obtained from (29) are already symmetric in the last K -j- 1
suffices, then we have
(ft+2)  (fc+2)
F -

= Yy . (41)
From (40) and (41) it follows that
3 (3)
3r= F, (41a)
(ft+2) (ft+2;
therefore the coefficients F and ,9 differ only for k > 1. If, however, the
(ft+2) (ft+2)

F have not the suitable symmetries, then they differ from the 9r.
We may define a function F(C) putting

F(G)= G+ i-Sh?+... (42)

however, one finds independently of whether or not (41) holds that

(*+i) (*+i)
F lk= 9" %,

since the summation which is involved in forming the above products
(fc+i)
eliminates the non symmetric parts of F as can be seen with the help of

(21a). Thus (42) defines the same function as (21) together with (29) does.
However, the function F(*) thus defined is then and only then a solution
of (20), if (41) is satisfied. If (41) is not satisfied, then F(C) given by (42)can
be taken to be an approximate solution of (20), and the representation K"
obtained from K by putting

V= m (43)

can be taken to be an almost straight representation.
8. 10. So as to see the properties of the almost straight representation thus
obtained we may determine the representation

K'(0) = go(x'+ n

of 9 in the almost straight system of reference K'.
We start thus from the relation

M(1j)go(x' + CIM(C) = g(X+ C) (44)
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and take M(C) to be the transformation matrix associated with the approximate
transformation (43); thus (44) permits to determine the propagation matrix
so in the representation where its elements are almost constant.

Supposing

1 @3 1 @

C'=Ffls)=C+ ~ FQC+ — jry + ... (a)
®3) 1@
MC)=1+F % +— &?2+... (b)
45
@ O 1@ (42)
go (*' + £') = go + g 0 + — go \ "2 + (c)
®) 1@

g (x + ¢) = go + g C + — g C2 + (d)

we may insert (45) into (44) and compare coefficients of the developments

on both sides. We find from the comparison of the constant and the first
(©)
order terms using the definition of F

@) (©)

go = go 0. (46&)

Making use of (46a) the comparison of the second order terms gives

4) (4) 4) (4) ® O
r~g,+ go”n2 + go?2= g ¥ -2(C Fg,F O©),

thus using (33) one obtains

4) (4) @ @
go + (1 + CSl)(goy) = g— @ -
(4)
Since from the definition of F it follows that
4) @ @
(1+Cs))(goF) = g-,
we find
4) @ @
ge==-(1 + &) (go(~-F)). (46D)
But we find from (40)
@ @ o ) 4
F=- —((i—(24)+ (i —(3,4) F;
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remembering that

(23) 1—(24)(@23)= (1 —(34)

we have further making use also of (36a)

go(” - F)= - g 1+ (2,3)(1- (24) (90F) = - g’ (I+ (2 3)R.

(46c¢)
Introducing (46c) into (46b) we have

@ 1 » 4 (4)
go=-(l+cr(l + (2,3))R1. (46d)
6

@
From the definition (36a) we find easily the symmetry properties of Rt; one

finds thus

@
(1,4) (2,3)= (1,2)(34)=-(1,3) = -(2, 4)s1 mod RX,
@
where the = sign signifies that the operators applied to R, give the same

result. Making use of the above symmetries, we find that (46d) can be simpli-
fied; one finds as the result of a short calculation

4 1, v (4)

go = — (1 + (1.,2)) R i (466)
6

We see thus that the transformation (43) leads to a representation of
©)
g in which the first derivatives of g are equal to zero for %= = 0 and the

second derivatives (9 are of the order of the components of the Riemann—
4)

Christoffel tensor R. The latter representation (as long as we concern ourselves

with derivatives up to the second order only) can thus be regarded indeed

as a nearly straight representation.

As it was pointed out before at least some of the second derivatives(g
must be as great as of the order of the components of(g, since(g isobtained
as a linear combination of the components of S) Thus there cannot exist a
representation in Which(g]): 0, and the components of(g are essentially smaller

than the values given in (46d).

The transformation (43) is so defined that the coefficients «1’ of the
expansion terms of F(*) should be functions of the derivatives of g only;

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY, V. 305

and the transformation should lead to a straight representation K' if the
(*+2>
region considered is a homogeneous one. The coefficients of such a trans-

formation are defined by (29) and (40). It can be seen easily that further
transformations satisfying the above conditions can be constructed. Indeed,
we may put

® ® ®
'+ L,
() (ft)
where the elements of L are of the order of those of R; and the former vanish
with the latter. Thus the functions

_ (fc+i)
F=F()=4 & % (47)

can also be used to obtain a coordinate transformation which leads to a nearly
straight representation just as the functions F(C) do.
In particular we may suppose that

@) @@ @

L= (TR)) , (48)
(8)

where J1 is an eight-dimensional matrix and (48) stands short for

(8) (4)
Avjixiv( x A
VhhA
() . i
The components of /1 can be taken to be symmetric in the suffices /I X A
further they may be taken to have symmetries in the last suffices v'fi’x'X’
wo_ ()
similar to the symmetries of the components of R2; in this manner the N
can have 80 = 20 X 1600 independent components. The orders of the com-
® @
ponents of /1 should be taken such that the components of the L obtain
w
orders of magnitude not exceeding those of the Rt.
Using the transformation (47) in place of (43) we obtain a representation

g0 of g the second derivatives of which are given by

@ @ @
go= (*+ (1 2))(R,+ L)
0

The representations thus obtained can also be taken to be almost straight.
®
The various possible choices of J1 define the nearly straight representations

in the second order approximation for which the value of g0at ¢ = 0 is fixed.
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Submitting a nearly straight representation to a linear transformation
we obtain another nearly straight representation, where g is represented in
the centre J of the region by some matrix

gf£=.fi-igOM -i.

w
In the latter representation the Riemann—Christoffel tensor 91xis represented
4) @
by a four-dimensional matrix Rj and it is seen that the second derivatives go
@ @
of g6 will be of the order of the components of Rj if the components of g0

&
were of the order of Rr Thus a nearly straight representation subjected to
a linear transformation can still be considered as a nearly straight represent-
ation.

Summarizing the considerations of the last paragraph we can thus
construct transformations

Ffé) = MF(G) = M(F(C) + L(G)),

which lead from an arbitrary representation of a region to a nearly straight

representation. The matrices M have constant elements, the expansions of

Ne
the functions L(C) start with the second order terms and the coefficients L of

this expansion must not exceed the order of magnitude of the corresponding

N9

elements of the matrices Il/.

The generalized Lorentz transformation

811. Generalizing the considerations given above, we can now give explicit
expressions for the transformations which wc can consider as Lorentz trans-
formations in an inhomogeneous region.

We denote thus a Lorentz transformation a transformation which

associates to a four point x + C another point x* -j- with
X*= X+ (1 G- Np(G), (50)
where
Np(0)= 0

such that the relation

Mp (C)g*(x + C)MP(C)=g(x + C), (51)

with

g*r (x+ Q= g(x* + G
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is satisfied in as good an approximation as it is possible. Considering (51) for
C= 0 we find for

Mp = Mp(0)
the following explicit expressions:
Mp= a*-1/lpa, (52)

where Jlpis the matrix representing an ordinary Lorentz transformation in
an orthogonal representation, i.e. Jlpis a solution of the relation

Nplr Np= T

(see for notations e.g. Part 1), a and a* are matrices satisfying

(2) (2)
“Ta=g(xX)= 0, a*la* = g(x-j-p)= g*.

W riting in particular

(53)
we may put
0
a (54)
Y
with
a  GiR vev
c(r+C)
b= —Y/cC, (54a)
Y= Clc,

and a similar expression can he obtained for a*. We may thus represent the

Mpin terms of elements G, ¥, —C2 of g together with those of G*, V*, —C*2

of g* and the parameter p is that of an ordinary Lorentz transformation Jlp.
We may thus put

Jip () = Mp F(C)

and developing in powers of C we may write

FG)= "+ iFC 2+ ... ¢ (55)
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Ne
From the relations (51) we can obtain a recursion for the coefficients F. The

latter recursion has the same form as that obtained in § 6. The relation (29)

can be taken to express the coefficients of the expression (55) if the definition
(*+2)
(22d) of the @ is generalized so as to read

(1+2) (m+2) (n+2)

(fc+2)
® Cfc+2 g* E (56)

= 2PT |+m2+n:k le n\

The transformations (50) thus defined satisfy (51) exactly if the latter relations
admit of solutions at all. In particular if x and x* both lie in a homogeneous
region then such solutions exist and are represented by (55).

In the cases where (51) does not admit of exact solutions then (55)
gives an approximate solution of (51) such that the difference of the two

sides of (51) when expanded in powers of C contains coefficients of the orders
(fc+2) (fc+2)

of the matrices R/ and Rf.

The coefficients of the expansion (55) are also of the order of these
matrices if we use a representation which is almost straight both in the
vicinities of x and of x*.

In this sense we can say that the coefficients of the higher order terms
of F(C) are small if we use an almost straight representation.

In a strongly curved representation the coefficients of the expansion
(55) may be large. These large coefficients arise from the curved representation
just in the same manner as the Lorentz transformations in a homogeneous
region deviate strongly from the linear form and contain large higher order
terms if we write them down in curvilinear coordinates.

We note further that the transformation (55) may also be extended
and replaced by

F(C) = F(C) + L(C),

where JL(C) is a function the coefficients of which are of the order of the elements
(fc+ 2) (fc+2)
of the R/ and the R* and L(®) is so constructed that it vanishes if the
(fc+2) (fc+ 2)
Ri and the R* vanish.

The L(C) give the explicit expression for the undeterminacy of the
Lorentz transformations the physical aspects of which were discussed in our
former publications.
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NPNHUWMNO NOPEHUA N OBWLAA TEOPUA OTHOCWUTENBHOCTMN
Yacte V

N.AHOW W wN. KUPAH

[llaétca aABHbI BUA npeo6pasoBaHus, ¢ NOMOW b0 KOTOPOTO MOXHO NONYYNTb B OAHO-
POAHOI 06NaCTM NPAMONUHEAHYIO CUCTEMY O0TCUETA U3 NMPOM3BONBLHOTO KPUBONUHEHOTO npej-
cTaBNeHns. MpuMeHeHMe 3TOro npeo6pasoBaHWs K NpeAcTaBAeHWUD B HEOJZHOPOAHON o6nacTu
NMPUBOAUT K MOYTM NpAMOTMHeliHON CUCTeMe OTCYETA. MONb3YsACU MOYTM MPAMONUHEHHbIMN
NPeAcTaBNeHUAMU Mbl NONYYUM ABHbIA BUA npeoGpasoBaHuii JlopeHlLa B HEOAHOPOAHBIX 006-
nactax.
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c om m umnicationes b r e v e s

ETUDE DE FORMALISME POUR METHODES
DE PERTURBATIONS

J. Ravatin et G. Mesnard
FACULTE DES SCIENCES, LYON, FRANCE

(Regu le 19. X. 1966)

Dans une précédente publication nous avons défini certains opérateurs
agissant sur des tableaux triangulaires de fonctions d’onde [1] renfermant
le potentiel d’information d’un systéme physique.

Ces générateurs étaient de la forme A XA appartenant & un espace
hermitien Ai? et A au corps des complexes 6.

Nous nous proposons, en utilisant I’équation de Schrodinger associée,
d’établir une autre équation permettant de traiter directement les problémes
de perturbation.

Au générateur Tpaf faisons correspondre, I¢lément WA,Xx = AQI0 +
-f- Afi0l que nous appellerons également générateur.

Nous avons:

®AN+ &A'\N' — "A+AT X+V?
fINA X = AnALiil (f1 £ ®).

Les Uli0et B 0;1 forment ainsi la base d’un espace vectoriel de dimension
2, U; 1'6lément neutre pour I’addition est QOIO.

Si A appartient &’ UA,X appartient a (Af X &) X U. 3i? et U et sont
2 espaces vectoriels construits sur le méme corps; ainsi leur produit est un
espace vectoriel. La multiplication définie sur les ' ne correspond pas & une
loi interne pour les Q.

Faisons le produit U X U= U2

La base du nouvel espace vectoriel est Uiy 0 uo QGil B 01 BIi0; &\
Nous identifions B 01 B 1i0 avec R 0>0; d’aprés la correspondance avec les [
c’est le vecteur nul.

Considérons les 3 vecteurs non nuis. Soit un espace vectoriel V et L(V)
I’ensemble des applications linéaires de V dans V. Celles-ci constituent égale-
ment un espace vectoriel auquel on donne une structure d’algébre A par une
loi multiplicative [2].

Considérons maintenant I’ensemble des applications linéaires de A dans
A, L (A) = Ascenouvel ensemble posséde une structure d’algébre appelée par
Crawford “super algébre” [3] et [4].
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Soit @ un élément de A; @ est sensé définir un état en Mécanique Quan-
tique. L’opérateur d’état va jouer le réle du vecteur d’état dans la représen-

tation habituelle.
Considérons le super opérateur hamiltonien K du systéme et I’observable s,

définis dans ~4S11 leur correspond dans A les opérateurs K et S; leurs générateurs
associés sont:

isi? ®s,b»
&k,17? ®K,1"

De I’équation

ib—dt = ih;l + [sfic]

et de la relation: [UAS, Ub,] = [A, B] 12jjo-f- (A — B)iihOi Gil ot A et
B CA ou As, on tire la relation

ihQ——, I8j,=ih Qo itil0+ [r29s 0kI] (s Kidlngot
dr or

. 8d e . .
et a I’¢quation lh——= K® on fait correspondre l|’é¢quation:
81

0d
ih— Qlo= \UKi,Aj>i] (K — ®)Q10Uol.
dt

Telle est I’écriture de I’équation de Schrdédinger en utilisant les 2 forma-
lismes, opérateur d’état et générateur.

Si U est l'opérateur statistique de von Neumann [3] (UE£A) alors
U= @2 et:

rn2-Qlo = [iwl, il @ ~ (U - ®) {1000l

Nous voyons, grace a ce formalisme, apparaitre la différence de deux
opérateurs d’état; ceci est intéressant pour une méthode de perturbation.
En particulier on peut s’arranger pour que K — ® — W, ou W est la partie
diagonale de l’opérateur “level-shift” de w atson [5].

De méme, le commutateur, dans cette méme équation, peut conduire
a des écritures entrant dans le cadre de I’algébre de Lie, en particulier pour
les développements du genre de ceux de Primas [3].

Ces techniques offrent I’avantage de fournir une approximation toujours
unitaire a tous les ordres.
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HIGHER DIMENSIONAL SPACES AND
SYMMETRIES ARISING ON GRAVITATIONAL FIELDS

By

M. Suaveges

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 4. XI. 1966)

It has been shown [1] that the linear pseudo-groups defined by Levi-
Civita transport (LCt) are physical invariance groups in gravitational fields,
supposed to be Riemannian manifolds Mn. Various consequences of this have
been discussed [1, 2, 8] and we now show how these symmetries give rise to
higher dimensional spaces and symmetries on an ordinary Mn. The point is
that the tangent space TX(Mn) at X is not simply a Euclidean space Enin the
ordinary sense but each TX(Mn) is provided with a superstructure defined by
the holonomy group (hg) [2, 3] UMMn) at X. The curvature tensor and its cova-
riant derivatives which vanish in En, just determine this superstructure since
their *-domains [4] span [2, 4] the Lie-algebra of the restricted hg ~(M n)
defined by the nullhomotopic class [3] of the loop space at X.

Now the group manifold Mrofthe r-parameter group is a metric
space with gab = C™T™ (Latin and Greek indices run from 1 to r and from 1 to
n) where ¢"marc the structure constants of 4X(Mn). Thus, we have an r-dimen-
sional metric space Mrat each X £ Mn [7] and the real problem is to determine
the groups induced on these spaces by LCt in Mn. This has been done in [10]
by applying the theorem of [1] to two distinct parallel vector fields along the
same curve X and we here summarize the results and work out some conse-
quences. The transformations are defined by a formal (non-integrable) parallel
transport, defined with an induced hybrid connection I'' [4], and they have
the properties: If eXare coordinates (infinitesimal transformations of Wx (Mn)
in the tangent space TX(MTr), with metric gab of Mr at the identity, the trans-
formations are of the form ey = a°(TyTX)ex with a“ invertible and ex arbitrary
for any curve T connecting X and Y C Mn. They define linear pseudo-groups
[5] and leave invariant the quadratic form gebeagbof Mr(in terms of [8] these
are just isometric mappings of holonomy fibres over different points into each
other). Also, gabof Mris a covariant constant [4] of the induced connection I\

W ith these results we can now discuss the dimensions and signatures
involved. The metric tensor geﬁof Mnis covariant constant, therefore if it has
signature (t,S),t-\-s = n, then 4% (Mn) is a subgroup of the compact or non-
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compact rotation group SOttS(n; R) and manifolds can be classified according
to these subgroups. If this subgroup FX {Mn) has r parameters then we have
Mr arising on Mnat each X and its signature (V, W), \' W = I, can be deter-
mined from the structure constants of WX (Mn). The classification is then
according to the dimension of Mrand its signature. The group Fx' (Mr) induced
on TXx(Mr) by Fx (Mn) is, of course, a subgroup of SOMW(r, R) since gab of Mr
is a covariant constant of ['. Moreover its Lie-algebra is spanned by the
A.domain of cla [4].

For the special case of Einstein manifolds the signature is (3, 1), therefore
X (M,,) is a subgroup of the restricted Lorentz group L _! and manifolds can
be classified in the usual way (for references see [6]). For anonvacuum Einstein
manifold FX (M,) has six parameters [6]. Therefore TX(MT) is six dimensional
and its signature is easily determined to be (3, 3). Consequently, the group
induced by FXx{Mn)is a subgroup of S033(6, R) acting on Tx(Me). If the linear
unimodular subgroup of GL (4; R) is realized by LCt then so is the full SO033(s;
R) since these groups are locally isomorphic [9]. In summary we have the fol-
lowing groups and spaces on a non-vacuum Einstein manifold: Fx (Mn)
(L]) acting on TXM4) (sign (3, 1)), Fx'(Me) (subgroup of SOM (6; R)) acting
on TXM6) sign (3,3)) for any X G M4, linear pseudogroups mapping TXM 4)
into TY(M4) and linear pseudogroups mapping Tx(Me) into TY(Me). Ty(M 4)
and TXMG6) are, of course, linearly independent at each X £ M| and TXM®6)
vanishes in a flat space.

It must be noted that these are local considerations reflected in the fact
that only the identity component FXx{Mn) of the hg has been considered.
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A SEMIEMPIRICAL METHOD FOR THE CALCULATION
OF THE EXCITED STATES OF MOLECULES
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J. Ladik

CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN ACADEMY OF SCIENCES,BUDAPEST

(Received 19. I. 1967)

Introduction

In the usual approach we calculate the excited states of molecules with
the aid of the unoccupied states obtained by the solution of the appropriate
matrix eigenvalue problem. This has been done in the most non-empirical
calculations and always in the case of the different semiempirical calculations
(for instance Huckel or P—P —P LCAO MO calculations). In all these cases
the excitation energies have been determined as the difference of the total
energy of the ground state and that of the excited state. The total energy
of the excited state has been calculated in all these methods also with the
aid of the eigenvalues and eigenvectors obtained for the ground state.

The purpose of the present paper is to point out that it is more correct
to use a completely different solution for each excited state, than for the
ground state and at the same time to propose a new method for the calculation
of the excitation energies of molecules. This method will take into account
that the ground state is usually a closed shell system, while the excited states
are open shell systems. Therefore the method essentially consists of the com-
bination of the closed and open shell SCF LCAO MO methods. In the present
paper it will be formulated in a semiempirical form for N1 electron systems
and in a subsequent one we shall give a non-empirical formulation.

Method

Let us suppose that we have solved the eigenvalue problem of the
matrix F (SC/, which has the elements in the Pariser—Parr—Pople
approximation [1, 2]

(1)

(2)
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Here I; and E; stand for the ionization potential and electronaffinity respect-
ively, of the th atom in its appropriate valence state, zs is the number of
@ electrons contributed by the sth atom and the f;s = << ¢ [H ™| g5 > the
resonance integral the method takes into account only between nearest neigh-

bours and treats as empirical parameter. The Coulomb integrals y,, =
1

@ips>>1,, are usually approximated in the P—P—P method in

=< (PKPS"_
12
such a way [1, 2, 3], which gives for them a value which is only about 2/3

of the theoretical value. The bond orders P,(,SSCF) are defined as

n
PECFT — ZC}§CF>C§39F> K, (3)

where K; denotes the number of electrons in the jth MO. Thus in a ground
state with closed shell we have K; = 2 for the first ny MO-s (n; denotes the
number of filled orbitals) and K; = 0 for the virtual MO-s.

Having the SCI' eigenvalues and eigenvectors we can calculate the
total energy of the molecule in its ground state with the aid of the expression

ounds 1 2 1 Al Y
1 =—2—2Ki Hi+ &)= ] [SPu(—15,— %)+
i=1 i

s#t
+ 2 Pi,s ﬁ[,s + ZKiei]’ (4«)
t,s#t i=1

where H; = <y HE [wi> (H®™ is the core Hamiltonian and p; stands
for the ith MO), ¢ is the ith eigenvalue. All other quantities have been defined
previously.

On the other hand we can calculate an arbitrary excited state using
a semiempirical version of the different orbitals for different spins method
proposed by DEWAR [4]. According to this method we have to determine
simultaneously the SCF eigenvalues and elgenvectors of the matrices F* and
F’” which have the elements

7,t= e Il + P{I(It_Et) +2.(P§,3+P£s—zs)71,s’ (5)
s#t
% ﬁt it S !s Yt S (6)
and
F'?,t ==l It oF P?,t (It = Et) + 2 (Pg,s S P;,s == zs) Vt,s0 (7)
s#t
&= ﬁt,s - P/?,s Vi (8)
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respectively. The elements of the charge-bond order matrices P* and P, are

defined as
Pts AV Kugyca ©)
J=1
and
ptf]is —V vB,;féj.rB . (10
j=1

respectively, where Kj and Ay are now either 1 or 0. All the other quantities
occurring in equations (5) and (6) were defined previously in connec-
tion with the simple P—P—P method.

It is clear that to begin the calculation we need a starting P“(0> and
PA°* matrix. If we are interested in a given excited state, we can use the
SCF eigenvectors of the previous closed shell P—P —P calculation of the
molecule to form the elements of the starting P50> and pAQ0 matrices with
the aid of expressions (9) and (10). In this way we can perform the starting
charge-bond order matrices for any excited state with any multiplicity.*

Having obtained the Cy and Cy SCF eigenvectors and the € and £
SCF eigenvalues belonging to the excited state under consideration, we can
calculate the total energy of the excited state with the aid of the expression

czlt%)t(e(\:ls ) /‘Trtotal E{ otal
o=ct,R 7=1
=V 2 2 KN/ 2, crt(- S
" & @BT= 1 t=1 it Snt y:s) (11
+ cit Cj,s Bt,s +
f,S#f

Finally combining (4) and (11) we obtain for the excitation energy
AE = \E%&-E$&>\. (12

* For instance, if we have an eight centre system with 10 s electrons, in the ground
state the first five MO-s (if we number them according to increasing energies) are doubly
filled with electrons. If we want to calculate for instance the triplet state arising from the
promotion of one electron from the 4th MO to the 6th, We can construct the elements of our
starting charge and bond order matrices Pa'0*and Pra® as follows:

A= 2 ctdcS p«n)= % clcS g suss
i=i j=1
In a similar way for the singlet excited state arising from the 4 >6 transition, we obtain

p&) = 7:11 Aycsr@T = 7:21 ctjcsj + c;54,5+ ctiicse
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Concluding remarks

In connection with the proposed method the difficulty should be men-
tioned that it is not sure that starting with matrices P*@ and P??, construct-
ed with the aid of the ground state solution, it will be possible to obtain
always a different solution for each excited state. According to the results
of preliminary calculations, however, it seems so that the method works
quite well for the first triplet excited state [5]. It can be hoped that on the basis
of further numerical calculations it will be possible to decide, in which cases
the suggested procedure can be applied with success.

Another disadvantage of the method is that we need a completely
different solution for each excited state. According to our experiences with
the semiempirical different orbitals for different spins method in the case
of the ground state of radicals, the SCF procedure converges in 10—40 iteration
steps [6]. This means that with the aid of an IBM 7090 computer we can
obtain a solution for a given excited state of a system with 10 centres within
less than a minute.

Finally it should be pointed out that the many electron wave function
obtained by DEWAR’s method is not an eigenfunction of the square of the
total spin operator S Therefore it would be necessary to project out of it
with the aid of the appropriate projection operator that component which
corresponds to the multiplicity of the excited state under consideration.
Since, however, the method is a semiempirical one (we treat the ff; integrals
as empirical parameters and the method of approximation of the integrals
¥1,s1s also only empirically justified), it seems to be not very important to carry
out the projection procedure. Of course in a non-empirical version of the
proposed method this cannot be avoided.
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I. E. Farquhar: Ergodic Theory in Statistical Mechanics

Interscience Publishers, London—New York—Sidney — 1964

This is a book written for “us, physicists” on that part of ergodic theory which we have
to know better than “they, mathematicians”. We must acknowledge at once that the author
fulfils this attractive claim with great mastery.

The book starts with a discussion of the aims of ergodic theory and its position within
the body of statistical mechanics. In the part devoted to classical statistical mechanics one
chapter describes purely mathematical results (theorems of Birkhoff, Lewis, von Neumann
and Hopf), the presentation containing just as many mathematical details as are necessary
to understand clearly the assumptions and results: then a separate chapter deals with the
application of these mathematical theorems to physical situations. This is followed by a review
of ergodic theories lying somewhat aside from the main current of the theory: those of Khinchin,
Uhthorn and the classical theory of Albertoni, Bocchieri and Loinger. The last part
devoted to quantal ergodic theories, starts with a critical exposition of von Neumann’s theory,
containing the author’s own results; finally the several recent approches to quantum ergodic
theory are described.

An attractive feature of the presentation is that it points out similarities and analogies
between apparently quite different theorems, finding classical counterparts of quantum state-
ments, and vice versa. The book offers an excellent opportunity to acquire a working know-
ledge about the evergrowing literature of ergodic theory, and provides a great aid in distinguish-
ing physical ideas against the background of sophisticated mathematics. However, the presen-
tation is perhaps somewhat more eclectic than is usual in the case of a monograph, and this
is undoubtedly due to the sceptical position taken by the author against the achievements of
ergodic theory (as expressed in the concluding remarks); that is, the author does not consider
any one of the existing theories worthy to have the presentation of the others grouped around
it. This is, of course, a matter of personal taste; let it be mentioned only that we regard the use
of van Hove’s diagonal singularity condition for an ergodicity criterion (as done by P rosperi
and by Golden and Longuet-Higgins) as a point of paramount importance, which permits
ergodic theory to be looked upon much more optimistically than the author does. Perhaps the
most physical statement of Khinchin “statistical concepts describe those properties of a
dynamical system that are independent of the initial conditions” (quoted on p. 63) would have
also merited the position of an organizing principle in writing the monograph. Nevertheless,
Farquhar’s book is highly recommended to anyone interested in the fundamental problems of
statistical mechanics.

T. Geszti

The Structure and Evolution of Galaxies

Proceedings ofthe 13th Solvay Conference on Physics, September 1964. Interscience Publishers,
London 1965, 174 pages.

Ambartsumian’s epoch-making ideas on the instability of the nuclei of galaxies were
the beginnings of a new cosmogony, which now constitutes the most interesting part of
astronomy. Development in this field is very rapid. Since the 1964 Solvay Conference several
symposia have been held on the same topic — the latest was at Biurakan in May, 1966 —
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and, therefore, some results presented in this book are already out of date. But the vivid
discussions, which followed every report, make the reading of the book profitable even now.
The introductory report was presented by AMBARTSUMIAN on the nuclei of galaxies
and their activity. This was followed by Oort’s lecture on the structure and evolution of
galaxies. The young Dutch astronomer, L. WoLTJER, discussed the problem of galactic
magnetic fields. After SPITZER’s and SALPETER’s reports on the formation and evolution of
stars, MinkowskI and HOYLE gave two lectures on supernovae and supernovae remnants.
The final topic was that of extragalactic radiosources, with reports by Borron, MARTIN
Scumipt and the BurBinGEs. The concluding general discussion was introduced by OPPEN-
HEIMER. He enumerated those astronomical problems dealt with at the conference, which
are not well understood by physicists.
The book can be recommended not only to astronomers, but also to all physicists inter-
ested in problems of very large energy sources.
L. DETRE

The Solar Wind

Edited by Robert J. Mackin, Jr. and Marcia Neugebauer, published by Pergamon Press’
Oxford— London—Edinburgh—New York—Paris—Frankfurt 1966, 420 pages, L 5 net

The book contains the proceedings of a conference held at the California Institute
of Technology Pasadena, on April 1—4, 1964 and sponsored by the Jet Propulsion Laboratory.
The topic of the book, is the supersonic plasma which originates in the solar corona and blows
out through the interplanetary space creating remarkable effects in the neighbourhood of
the Earth and at even greater distances from the Sun. The historical and philosophical per-
spective of the theme is provided by S. CHAPMAN’s illuminating Foreword. The experimental
data collected in Session I contain the most complete presentation of the interplanetary data
gathered by the Mariner—2 Venus spacecraft, together with early data from the IMP—1
satellite giving the first clear picture of the turbulent region created in the Earth’s magneto-
sphere by the solar wind. Session II deals with theories of the interplanetary plasma and
fields, and of energetic particles. Excellent contributions to Session III are F. L. SCARF’s
lecture on the origin of the solar wind and H. E. PETSCHEKs original suggestion of a wave-
propagation mechanism for the development of solar flares. Geophysicists will be mostly
interested in Session IV about the interaction of the solar wind and the magnetosphere. The
IMP—1 (Explorer 18) data are presented by E. F. Lyon (Mass. Inst. of Technology), and
N. F. NEss (Goddard Space Flight Center). Papers of the last Session discuss the interaction
of the solar wind with comets and with the Moon. N. F. NEss reported remarkable observ-
ations that indicated the existence, on the dark side of the Moon, of a long, field-free tail
which may be called a magnetic corpuscular eclipse region, bordered by an irregular mag-
netic field.

The participants of the Conference represented the fields of theoretical and experimental
interplanetary physics, plasma physics, aerodynamics, radio astronomy and astrophysics.
From the exchange of views between scientists with such different backgrounds always arise
significant physical insights, and this was the most impressive result of the Conference.

L. DETRE

D. Pines and Pu. Nozikres: Theory of Quantum Liquids, 1: Normal Fermi Liquids

Benjamin Inc.., New York, 1966

The book represents the first volume of a two volume work devoted to an important
and developing branch of physics. The first volume contains the theory of normal Fermi
liquids i.e. liquid He® and conduction electrons in metals which are not superconducting,
while in the second one the authors will be concerned with superfluid Bose systems and
superconductors,

”’Normal Fermi Liquids’ is an outstanding contribution to the subject providing a
unified yet simple account of the field. The authors have avoided the use of sophisticated
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mathematical techniques putting the emphasis on a detailed analysis and discussion of the
physical ideas involved. Thus, their monograph can be approached easily and is also useful
for experimentalists and non-specialist theoreticians. Moreover, the book is intended for
graduate students attending a course in quantum statistical mechanics, or low temperature
theory.

Normal' Fermi Liquids’ consists of five chapters.

In Ch. 1 after introducing the important physical concept of a quasiparticle, the
authors present the semiphenomenological Landau theory for neutral Fermi liquids. With
its help a number of macroscopic properties of the system are described in subsequent sections:
equilibrium properties, transport properties and response to long wavelength external per-
turbations. Finally, the theory is applied to liquid He?®.

Ch. 2 is devoted to the general theory of the response of a many-particle system to
weakly coupled macroscopic and microscopic external probes. The theory is applied to the
example of the density correlations in a neutral Fermi liquid. The formal description of response
and correlation in multi-particle systems at finite temperature is also given.

Chapters 3 and 4 are concerned with charged Fermi liquids which differ considerably from
the neutral ones owing to the long range of the Coulomb interaction. Ch. 3 is the analogue
of Ch. 1 in that it contains the generalization of the Landau theory to include the new physical
features caused by the Coulomb interaction. The notions of screening and plasma oscillation
are introuced and dealt with in detail.

Ch. 4, the analogue of Ch. 2, is devoted to response and correlations in homogeneous
electron systems. First the formal properties of dielectric response functions are established,
and the theory is then applied to various problems of physical interest such as the scattering
of fast electrons by an electron system, quantum plasma coupled to a longitudinal phonon
field, calculation of the net effective electron-electron interaction in the electron-phonon
system and coupling between the electron liquid and the transverse electromagnetic field.

A survey of the microscopic theories of the electron liquid is given in Ch. 5. The chapter
begins with the formulation of the Hartree-Fock approximation. The random phase approx-
imation and its application to the model problem of the high density electron gas are then
discussed in detail. The equation of motion method is introduced and used to establish the
generalized random phase approximation and, finally, approximations for metallic densities
are considered.

The Appendix contains an introduction to second quantization and every chapter is
completed with problems and a list of references.

This excellent book. published by Benjamin Inc. with a high standard of printing
will certainly become one of the most widely used texts in the field of quantum liquids.

P. SzZEPFALUSY

M. A. Preston: Physics of the Nucleus

Addison-Wesley Publishing Company, Inc., pp. X + 361, Reading, Massachusetts, Palo Alto,
London, 1962. Preis: 15.00 3.

Dies Buch gibt weder eine rein experimentelle noch eine rein theoretische Behandlung
der Kerne, sondern vereinigt beide Behandlungsweisen in einer sehr zufriedenstellenden Weise.
Der mathematische Apparat wird auf das méglichste Minimum reduziert. Der Autor entwickelt
die Grundgedanken und danach die Theorie der Kernmodelle, deduziert daraus wie sich der
Kern gegeniiber verschiedenen Experimenten verhilt und vergleicht schliesslich dieses Ver-
halten der Kerne mit dem empirischen Befund.

Der Inhalt zergliedert sich in die folgenden Teile: I. Grundlegende Eigenschaften der
AtomKerne, I1. Kernmodelle, ITI. Elektromagnetische Eigenschaften der Kerne, IV. Radio-
aktivitiit, V. Kernreaktionen.

Sowohl den Studierenden als dem auf diesem Gebiet arbeitenden Fachmann wird

dieses Buch ein sehr willkommenes Hilfsmittel bieten.
P. GoMBAS
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0. S. Beryland, R. |I. Gavrilova and A. P. Prudnikov:
Tables of Integral Error Functions and Hermite Polynomials

(19th volume of the Mathematical Tables Series), translated from the original in Russian by
P. Basu, pp. VI -f- 163, Pergamon Press, Oxford, London, New York, Paris, 1962. Price: L 5.

In a short introduction the authors summarize the fundamental properties of the
tabulated functions, the method of calculation, the special features of the tables, the arran-
gement of the tables and rules for using them. In the further part of the book the integral
error function and the Hermite polynominals are tabulated with an accuracy of six figures.

P. Gombas

J. M. Ziman: Principles of the Theory of Solids
Cambridge University Press, Cambridge, 1964. pp. XVI -(- 360, Price: 45 s.

The author gives an outline of the principles of the solid state without going into details.
In the Preface the author says: “This book aims to present as simply as possible, the elements
of the theory of the physics of perfect crystalline solids. It is a book full of ideas, not facts.
It is an exposition of principles, not a description of the phenomena.”

The book is divided into the following chapters: 1. Periodic Structure, 2. Lattice Waves,
3. Electron States, 4. Static Properties of Solids, 5. Electron-Electron Interaction, 6. Dynamics
of Electrons, 7. Transport Properties, 8. Optical Properties, 9. The Fermi Surface, 10. Mag-
netism, 11. Superconductivity.

The book can be recommended to everybody who is interested in the theory of solids.

P. Gombas

H. S. Green and C. A. Hurst: Order Disorder Phenomena

Monographs in Statistical Physics Vol. 5, Editor: I. Prigogine, pp. 10 + 363, Interscience
Publishers John Wiley and Sons, London—New York—Sidney, 1964.

This book presents a treatment of the statistical mechanics of phase transitions. Special
attention has been paid to the Ising model of two-dimensional lattices which is treated on
the basis of the Pfaffian technique.

The book is divided into the following chapters: 1. Introduction, 2. Applications (Theory
of Ferromagnetism, Antiferromagnetism, Binary Alloys, Lattice Models of Fluids and Solids,
Association Problems), 3. Rectangular lIsing Lattice, 4. General theory, 5. Some Special
Lattices, 6. Alternative Methods (Method of Onsager, Combinatorial Solution of the Two-
Dimensional Ising Problem), 7. Outstanding Problems (Lattice with Crossed Bonds; Second
Neighbour Interactions and the Three-Dimensional Model, Lattice in a Magnetic Field,) 8.
8. Mathematical Appendices.

Obviously, the book must have been limited in size and therefore, regrettably enough,
the authors could not include some important problems in this wide field of study. Never-
theless, the book covers tightly connected topics and is concise in itself. The exposition is
clear and easy to follow. | am sure those who read the book will be grateful to the authors
for this excellent work.

P. Gombas

P. B. Jones: The Optical Model in Nuclear and Particle Physics
Interscience Publishers, New York, London, pp. VIII + 118, 1963.

This is the 14th volume of the Interscience Tracts on Physics and Astronomy edited by
R. E. Marshak. The author meant this small book as an introduction to the principles of the
optical model of the nucleus. The book contains a short account of the giant resonances, the
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theory of Feshbach, Porter and W eisskopf, and the measurement of nuclear size. Further
the author discusses derivations of the model based on expansions of the scattering amplitude
in powers of the strength of the nucleon-nucleon potential and on the dispersion formalisms
for nuclear and potential scattering. The last chapter deals with the model at intermediate
and high nucleon energies and the determination of nuclear structure.

Though the style of the book is necessarily rather condensed, nevertheless the exposition
is always clear. The book is recommended for those who want to get an insight into this field
in a short time.

P. Gombas

Mukul R. Kundu: Solar Radio Astronomy

Interscience Publishers, New York, 1965, X f- 660 pages, $ 19.75

In 1942 H ey discovered solar radio emission at metre wavelengths associated with
sunspots. In the same year Southworth, Jr.,, detected the thermal microwave radiation
from the Sun. At present we are at the beginning of the third sunspot cycle during which
solar radio waves have been recorded and studied. The author of this monumental book
brings a complete synoptic picture of the nature of solar radio emission obtained with moderate
angular resolution over the now accessible spectrum. In the near future earth-based solar
observations will be supplemented by observations from space-craft from which the Sun
can be observed over most of the electromagnetic spectrum.

After introductory chapters on the optical features of the active sun, on propagation
and generation of radio waves in the solar atmospehere and on techniques of solar radio
observations, two chapters deal with the quiet sun radiation and the slowly varying component.
Nine chapters deal with bursts and their connections with X-ray emission, geomagnetic
storms, and solar cosmic rays. The author concludes his book with chapters on the outer
corona and on radar observations of the Sun. A bibliography of over 500 papers itself renders
the book indispensable.

This book will remain the leading work in its field for many years to come, and it can
be recommended not only to solar radio astronomers, but also to physicists and geophysicists
interested in radiophysics of magneto-ionic media, in the acceleration of electrons and ions
to cosmic ray energies by the Sun, in solar-terrestrial relationships, and in space science and
technology.

Julia Baléazs
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The Physical Principles
of Nuclear Radiation Measurements

In English « Approx. 900 pages ¢ 370figures, 29 tables « 17 X 24cm m Cloth

The introductory part of the book contains a short history
of nuclear radiation detection apparatus and methods,
and a brief summary of the new trends expectable in
this field. The special part details the interactions of
nuclear radiation and matter, and radiation penetration
through absorbers. The underlying physical principles of
particle counters and particle track detectors, their con-
struction and utilization in some of theirtypicalapplications
are then described. One appendix treats the role played
by particle counters and particle track detectors in the
discovery of new elementary particles, another one out-
lines the statistical methods of evaluation of counting re-
sults. A survey on electronic ancillary apparatus comple-

ments the book.
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Einfihrung in die Theorie der Elektronenoptik

Von Prof. Dr. Johannes Picht, Potsdam

3., erweiterte Auflage

1963. VI, 295 Seiten mit 89 Abbildungen

Leinen 41,60 MDN
Experimentelle Technik der Physik: ,,Das Wiedererscheinen der ,Einfihrung’ dirf-
te wohl von einem groRen Leserkreis dankbar begriiRt worden sein, sowohl von
dem Fachmann, der es schon aus der ersten Auflage kannte, als auch von den
Studenten, die in diesem Buch eine wirkliche Einfihrung in dieses nicht immer
ganz einfache Gebiet erhalten haben. Die sorgféltige, Ubersichtliche Darstellung
sowie die Vielfalt der beschriebenen Methoden, mit denen man bei elektronen-
optischen Problemen zum Ziel kommen kann, machten das Werk zu einem
guten Lehrbuch und Nachschlagewerk.”

Elektronenoptische Bildwandler und
Rontgenbildverstarker

Von Dr. Foiedrich Eckart, Bonn

2., Uberarbeitete Auflage

1962. VIII, 257 Seiten mit 239 Abbildungen
Leinen 42,80 MDN

Die Monographie will die Grundlagen, technischen Mdglichkeiten und Anwen-
dungsgebiete des Bildwandlers und Bildverstarkers zusammenfassend darstel-
len, die weitere technische Entwicklung anregen und den Einsatz der elektro-
nenoptischen Geréte in Forschung, Technik und Medizin fordern.

Elektrotechnische Zeitschrift: ,,Das Buch ist mit grofer Sachkenntnis geschrieben,
und wer sich fur dieses interessante, gegentber Elektronenmikroskop und Fern-
sehrohre wenig bekannte Elektronengerdt interessiert, besitzt nun eine solide
Darstellung, deren eingehende Schrifttumsangaben ihm besonders willkommen
sein werden.” E. Briiche

Bestellungen an den Buchhandel erbeten

JOHANN AMBROSIUS BARTH =+« LEIPZIG
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THERMAL NEUTRON FLUX DISTRIBUTION
AND FLUX TRAP EFFECT
IN THE ACTIVE CORE OF THE UA-RR-1 REACTOR

By
E. A. Saad N. A. Eissa
UAR ATOMIC ENERGY ESTABLISHMENT, AL-AZHAR UNIVERSITY, CAIRO, UAR
CAIRO, UAR
I. Bartchouk O. H. EI-Mofty
THE UKRAINIAN ACADEMY OF SCIENCE, UAR ATOMIC ENERGY ESTABLISHMENT,
KIEV, USSR CAIRO, UAR
and

A. F. E1-Bidewy

EIN SHAMS UNIVERSITY, CAIRO, UAR
(Presented by A. Szalay. — Received 13. IX. 1966)

The thermal neutron flux distribution at various points of the active core and irra-
diation channels of the UAR water-water reactor, was measured by the neutron activation
method of copper and gold foils. An increase in the thermal neutron flux in the active core
is achieved by creating a water cavity of 7 cm2section. The thermal neutron flux in the cavity
isincreased 2.3 and 2.6 times compared with that in the active core and the irradiation channels,
respectively.

1. Introduction

The knowledge of actual neutron flux distribution at various points of
the active core and reactor channels is strictly indispensable for defining opti-
mal conditions for sample irradiation by reactor neutrons and for calculating
the U2 burn up. In many cases it is often desirable to irradiate samples in
the reactor by high thermal neutron fluxes. Maximum neutron fluxes in the
reactor depend on its power and the volume of active core.

As arule, the sample irradiation channels in research reactors are beyond
the core at a distance from its boundary where the thermal neutron flux
created by the reflector is maximum. In water-water research reactors of the
MTR and WWR-M type [9, 10, 11], the use of a beryllium reflector enables
maximum thermal neutron fluxes in the reflector to be obtained 30% higher
than the maximum thermal neutron fluxes in the core.

Another possibilty for increasing the thermal flux in a reactor is the
creation of a cavity inside the core filled with the moderating material. Since
the cavity is surrounded on all sides by fissile material and the thermal neutron
life-time in the cavity is longer than that in the core, consequently, the thermal
neutron flux inside the cavity is higher than that in the core. In works [9, 10]
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it is shown that in this way the thermal neutron flux in the cavity of the
WWR-M type reactor is increased by 3—4 times compared with that in the
core. The value of the increase in the thermal neutron flux depends on the size
of the cavity and the character of the moderator in it. A great deal of research
has been devoted to a study of optimal cavities in the WWR-S type reactors.
Results have been given of theoretical and experimental investigations on
the dependence of the increase in the maximum thermal neutron flux for
a cylindrical cavity at the reactor core axis, on its diameter and the material
of the moderator in it [12]. Here, the location of the EK-10 fuel assemblies in
the core was the same as in the WW R-S reactors, a square lattice with para-
meter 17.7 mm. The cavities were filled with ordinary water, heavy water,
beryllium, and graphite, and were studied. From this work it follows that the
maximum increase in the thermal neutron flux (3.8 times higher than the flux
with no cavity) is obtained when the cavity has a diameter of 12 cm and
ordinary water is used as a moderator. Another work [13] also describes the
use of EK-10 fuel elements, but with a triangular lattice. Cavities filled with
ordinary water were created along the core axis. The core had the form of
a regular hexagon. Cavities of different dimensions for the pitches of the
triangular lattices a = 15 mm and a = 19 mm have been studied. As the
authors reported, all the measurements were normalized to an identical total
number of fissions in the core, though the core volumes were different. The
maximum flux in cavity with such normalization has been found to be |) — 8.7
cm at the cavity diameter for a= 19 mm and D= 9.6 cm for a= 15 mm
at the diameter.

To obtain the increase in the thermal neutron flux in the UA-RR-1
reactor, a water cavity of square section a= 7 cm was made by extracting
one fuel assembly. To determine the increase in the thermal neutron flux,
measurements of flux distribution in the core and cavity were performed.

The measurements show that the maximum thermal neutron flux in
the middle horizontal plane of the reactor at the cavity axis is 2.3 greater
than the thermal flux at the same point in an unperturbated reactor, and 2.6
as high as that in the irradiation channels.

Since the cavities studied in [12] and [13] are ideal both in form and
position in the core and cannot be realized in our reactor core owing to its
constructional characteristics, it is a matter of interest to study the possi-
bility of obtaining a cavity of optimal dimensions or to evaluate its differences
from the optimal one.

2. Some data on the UA—RR —1 reactor and the active core

The UA-RR-1 reactor at the U.A.R. atomic energy establishment is
a WWR-S type reactor. The construction and main characteristics of the
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WWR-S reactor have been given in a number of papers [1, 3, 4]. Its thermal
power is 2 MW, the neutron flux in the centre of the active core is about
2 1013 n/cm2esec at 2 MW. The core is constructed to have 51 sections of
fuel elements. Each section containes 15—16 fuel elements (EK-10 type)
made of 10% enriched U2% Ordinary water serves as a moderator, coolant,
and reflector. The reactor was loaded in 1961 and has been in operation since

Fig. la. Horizontal cross-section of active core

then. By the present time the energy generated amounts to 296 MW days.
Fig. la shows the active core configuration.

A technological section having fuel elements is shown in Fig. 2. At pre-
sent, the active core contains 42 fuel sections with fuel elements. In order to
obtain an increased thermal neutron flux for sample irradiation one of the
sections was replaced by a displacer [5]. Samples are usually irradiated inside
special channels filled with water and located at the comers of the active
area (1P 1P2 1P3, 1P4, 1P5 1P6, 1P7, 1P8, Fig. la) and displacers put in the
cells with no fuel elements present. Next to the 1P4 channel, there is a dry
channel Pd for short-time irradiation. This channel goes through the whole
reactor and is connected with a transport tube leading to the first hot cell.
There are nine horizontal channels radially approaching the active core centre.
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The graphite thermal column on one side of the active core is intended to
obtain pure thermal neutrons. Safety and control rods are in the active core
centre.

3. Method of measurements

The measurements of thermal neutron flux distribution in the core were
performed using the activation of copper foils. Copper foils were used as neutron
indicators for the following reasons:

There are no difficulties in the preparation of copper foils. The half life
of Cu64is rather long (T 1/2 = 12.8 hr) which is very useful to facilitate the
measurements. The copper activation cross-section (4.3 ~ 0.2 barn) has almost
no resonances below 200 eV and is close to the 1/V dependence over a wide
range of neutron energies.

The copper foils 0.2 mm thick, 3 mm diameter were stamped using
a special press. The foils were weighed within an accuracy of i0.5% . The
average weight of a foil is 3.2 mg. Variations in weights of the individual foils
were taken into consideration.

To put foils between the fuel elements in the core, the copper foils were
incorporated in holders made of plexiglass. The holders provide an easy method
of mounting and extracting foils and permit convenient loading and unloading.
Plexiglass also has nearly the same moderating properties as water. Therefore,
a fair amount of plexiglass in the active core does not cause any perturbation
in neutron flux or in reactivity. Apart from this, plexiglass is not subject to
neutron activation.

The copper foils were arranged in the holders so as to obtain the thermal
neutron flux distribution in the middle horizontal plane of the active core.
Another layer of foils covered with 0.6 mm cadmium cladding was arranged
at a distance of 2.5 cm up and down the middle plane. This layer was used
to determine the activity caused by neutrons having energies up to 0.4 eV
which is the cut-off energy of cadmium.

After irradiation the holders were extracted from the core and the foils
were arranged in special storage cells designed to prevent misplacement when
measuring the activity.

The foils’ activity was measured by an end window G. M. counter. The
window is about 5 mg/cm2thickness. The dead time of the counter was deter-
mined by an experimental method using two sources, and its stability was
checked using a standard source Sr90. To check up the indicator purity a decay
curve for one of the irradiated foils was built during the process of measure-
ment. The obtained halflife coincided with the tabulated data. All foils activity
was reduced to one and the same time (time of shutdown), corrections for foil
weight deviations and for counter dead-time were introduced.
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To obtain the thermal neutron flux in the measured points a relation
between the thermal neutron flux in the irradiation channels and the corres-
ponding thermal activity of copper foils was determined.

The thermal neutron flux in the UA-RR-1 reactor channels was measured
using the activation method of gold foils. The activation cross-section of Au 197
is 98.8 barns and its half life is 2.7 days. Both bare and cadmium covered
gold foils were prepared by the same method as the copper foils, and they
were arranged in the same holders in positions corresponding to the middle
horizontal plane of the active core. Irradiation of gold foils was carried out
for one hour at a reactor power of 2 kW. The gold foil activity was measured
using the B—y coincidence method described in [8]. After applying all cor-
rections, as for example, the screening effect of cadmium on neutrons of energy
higher than 0.4 eV and the screening effect of gold and cadmium on the
resonance of 5 eV of gold, the thermal neutron flux in the irradiation channels
was calculated at 2 MW.

4. Thermal neutron flux distribution

In order to obtain a full picture of the thermal flux distribution in the
active core, the foil holders were loaded along two core diagonals AB and CD
and along the sample irradiation channels axis (Fig. Ib). The numbers in
Fig. Ib are the serial numbers of the holders.

To obtain the thermal neutron flux distribution in the vertical direction,
along the fuel length and beyond the active core, and also in the cavity,
holders 10, 17,4 and 5 were made longer and were filled along their total
length with both bare and cadmium covered foils.

Results and discussion

Results of measurements given in Fig. 3 show the thermal neutron flux
distribution in the middle horizontal plane of the active core. The points
measured along the diagonal AB crossing a water cavity are drawn in a con-
tinous curve (holders from 2 to 13, Fig. Ib) and those measured along the
diagonal CD are drawn in a dotted curve (holders from 14 to 25, Fig. Ib).
The thermal neutron flux distribution along the diagonal CD represents,
as expected, a bell shaped curve. The curve shows a central depression which
is due to the neutron absorption caused by control rods. This effect is also
noticed in the curve representing the diagonal CD. At both ends of the curve
the thermal neutron flux increases again. These points correspond to the ther-
mal flux in the irradiation channels near each end in which the thermal flux
increases due to the neutron reflection in water. The thermal neutron flux
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Fig. Ib. Arrangement of holders in the active core and channels

Fig. lc. Different configurations of cavity in the core
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distribution along the diagonal AB shows a major difference from that along
the diagonal CD. At the points of the water cavity the thermal neutron flux
is higher than in the core. In the cavity centre the thermal neutron flux is
2.4 times as high as that in the reactor centre and about 2.6 times the neutron
flux in the sample channels.

Fuel rod

Fig. 2. Horizontal view of a fuel section filled with fuel rods

Fig. 3. Thermal neutron flux distribution in the centre of active core

Fig. 4a shows the thermal neutron flux distribution in the vertical
direction for the holders 10 and 17 (Fig. Ib). These holders lie at the same
distance from the control rods. The two curves have an identical character.
They are distorted cosine curves with maxima shifted towards the lower ends.
The shift of maxima down from the core middle plane is due to the effect
ofthe control rods. The peaks’rise at the ends ofthe curves is due to the neutron
reflection in water. This effect is well shown in the upper parts of the curves.
The dashed curve in Fig. 4a shows a theoretical distribution of thermal flux
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for an ideal core. This distribution was based on the three group theory cal-
culations ofthermal flux distribution [6]. The theoretical curve was normalized
to give the same area of that part covered by the length of the active core.
The observed difference in the reflector region can be explained as being due

Fig. 4a. Vertical distribution of thermal flux in the active core

Fig. 4b. Vertical distribution of thermal flux in the cavity

to the excess of structural materials and supports in this region which were
not taken into consideration in the theoretical calculations of the ideal core.
The deviation of the experimental curve from the theoretical one in the central
part is due to the effect of control rods which appear mainly as a depression
in the upper part of the curve making the observed shift of maximum below
the centre of the active core.

Fig. 4b shows the vertical distribution in the water cavity for holders
4 and 5 (Fig. Ib). The curve for holder 4 does not exhibit the reflector effect
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and in the curve of holder 5, the effect is not clearly revealed. This is because
of the absence of fuel elements in this position.

The flux distribution in one of the irradiation channels (1P7) is shown
in Fig. 5.

Fig. 5. Thermal flux distribution in the reactor channels

5. Thermal neutron flux trap effect

The construction of the UA-RR-1 reactor core (Fig. la) is such that
inside it the following restrictions limit the creation of water cavities similar
to those investigated previously.

1 — The assemblies are of square section having a dimension 60 X60 mm,
so the cavity can be only of a square or rectangular shape made
by extracting one or more (2 or 3) fuel assemblies.

2 — Since the regulating and safety rods are located in the core centre
between the fuel sections, the creation of a cavity on the core
axis or in places adjacent to control rods is rejected for practical
reasons. Such cavities can only be located in some definite places
of the core off the centre and away from the regulating and safety
rods.

It has been mentioned that works [12, 13] deal with a theoretical and
experimental study of cavities created along the core axis. For such cases,
theoretical calculations are much simplified, since the problem is reduced to
one dimension. For a cavity at an off centre position, the calculations are
complex in practice because of the Laplacian complication in the equations
of neutron diffusion that are usually employed for this purpose, so that the
problem becomes multidimensional.

In view of this we shall represent here the experimental study of increase
in the thermal neutron flux at different real configurations of cavities. The
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measurements of thermal neutron flux distribution have been made for five
cases (Fig. Ic).

Experiment Ne 1, when all fuel sections are present.

Experiment Ne 2, when fuel section Ne 1 is extracted, 2 and 3 are
present.

Experiment Ne 3, when fuel section 1 and 2 are extracted, and 3 is
present.

Experiment Ne 4, when fuel sections 1, 2 and 3 are extracted.

Experiment No 5, when fuel section Ne 2 is extracted, 1 and 3 are present.

The extracted assemblies were not completely withdrawn from the
reactor but were placed in other positions in the core at the corner opposite
lo the thermal column, i.e. the volume of the active core remains unchanged
in all experiments.

Fig. . Arrangement of holders in cavities

It was noticed that with such replacement ofthe fuel sections the neutron
fluxes are not changed in the channels 1PX 1P2 1P7 and 1P8 Accordingly,
the copper foils irradiated in these channels were used as monitors. The nor-
malization of fluxes in all experiments was made with respect to these foils.
Since the volume of the core in all experiments is unchanged, such a norma-
lization refers to both neutron flux and reactor power.

In place of the fuel assemblies extracted from the core, assemblies with
no fuel but having the holders with indicators were inserted.
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Fig. 6 shows the positions of indicators. These positions are sufficient
to build the curves of thermal neutron flux distribution in directions 1 —IV
for all experiments and for their comparison.

Results and discussion

Figs. 7—10 represent the curves of thermal neutron flux distribution
in all four directions for all experiments normalized to the same reactor power.

Fig. 7. Thermal neutron flux distribution for different configurations of cavity in direction |

Fig. s. Thermal neutron flux distribution for different configurations of cavity in direction Il

The zero point of the curves corresponds to the centre of the first cavity
except in Fig. 9 where the zero corresponds to the centre of the second section

removed.
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Fig. 7 represents the thermal neutron flux distribution in direction | for
all configurations. From the curves it is seen that the maximum flux in this
direction is obtained when only one fuel section is removed (cavity Ne 1),
where there is no great difference between cavities 2 and 3.

Fig. 9. Thermal neutron flux distribution for different configurations of cavity in direction 111

Fig. 10. Thermal neutron flux distribution for different configurations of cavity in direction TV

The same applies to direction Il which is shown in Fig. 8. Fig. 9 repre-
sents the thermal neutron flux distribution in direction Ill for cavities 2 and
3 only, since the other configurations cannot be represented in this direction.
Fig. 10 represents the effect of cavity on the thermal neutron flux in direction
IV as a function of distance along the axis.

All these curves show a negligible difference in increase in the neutron
flux with the cavities formed by extracting 2 and 3 fuel assemblies, but the
maximum thermal flux is obtained when only one fuel section (cavity Ne 1)
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is removed. So, such a cavity is suitable and gives the maximum peak in the
UR-RR-1 reactor.

The discrepancy between our data and data [12] is due to the fact that
the cavity created in [12] is an ideal one both in form and in position. The
difference between our data and data [13] may be explained as follows:
The curves obtained in [13] at various dimensions of cavity were normalized
to the same number of fissions in cores of different volumes.

6. Conclusion

From the data obtained it follows that for practical use to reach an
increase in thermal neutron flux in the active core of the UR-RR-1 reactor
(WWR-S type) the use of a water cavity created by extracting one fuel section
is the most preferable, i.e. the creation of a cavity having the dimensions
7x7 cms. Under these conditions the increase in the thermal neutron flux
is 2.3 as high as the thermal flux at the same point without perturbation,
and about 2.6 times the flux in the irradiation channels.
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PACMPELENEHWE MOTOKA TEM/IOBbIX HENTPOHOB W 3®®EKT JIOBYLLKU
MOTOKA B AKTVWBHOW 30HE PEAKTOPA UA-RR—I

E. A. CAL, H. A. 91CCA, U. BAPYY K, O. . 31I-MO®TUN u A. &. 3N-BANLABN

Pesome

PacnpegeneHve noToka TenjoBblIX HEATPOHOB B pPa3HblX TOUYKAX aKTUBHOW 30HbI U Ka-
Hana 061y4yeHUs BOAHO-BOAAHOr0 peaktopa UAR u3MepAanocb HeWTPOHHO-aKTUBALMOHHbLIM
MeTOAOM NpWU MOMOLLM NaTYHHOW U 3010TOW (honbrn. B akTUBHOW 30He JOCTUranocb 3amMeTHOe
yBeNMYeHne NOTOKa TEMNOBbIX HEATPOHOB CO3faHWeM BOLHOW MONOCTW MOMEPEYHOr0 CeyveHus
B 7 cM2 MOTOK TeNMOBbIX HEATPOHOB B NOMOCTM yBenmuunca B 2,3 1 2,6 pasa No CpaBHEHMIO CO
3HayeHMeM B aKTWBHOI 30He W B KaHane 06/1y4YeHWS COOTBETCTBEHHO.
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MEASUREMENT OF THE LIFETIME
OF ATOMIC EXCITED LEVELS BY TIME ANALYSER*

By
J. Bakos and J. Szigeti

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(Presented by L. Janossy. Received 20. 1X. 1966)

The lifetimes of atomic excited states in different noble gases have been measured
by the method of time analysis. Some of the lifetime values are those of the initial levels
of laser transitions (Aril), the others are those of the final levels of different gas lasers (Ne).
The principle of the measuring apparatus is considered and effects disturbing the measurement
are discussed.

In the search for newer laser material the most important characteristics
which are needed are the lifetime values of the initial and terminal levels of
the planned laser transition. For the measurement of the lifetime in gases
there is the very efficient coincidence method of H eron—Mcw nircer and
Rnhnoderick [5], and the modified form ofthis method wasused by sennerr [8]
in the measurement of the different neon levels planned as the initial level
ofthe He —Ne laser. Independently of that work, lifetime measuring apparatus
based on exactly the same principle as that of eennec« was built by us and
used for the determination of the lifetimes of the levels in various noble gases
namely He, Ne, Ar, Ar+ atoms. Recently, pendieton and Hugnes and
K 1ose [2, 10] have published data about He and Ne lifetime values measured
by the same method.

1. The measuring apparatus

Fig. 1 shows the block diagram of the measuring apparatus. The atoms
are excited in the glass tube (3) by the collimated electron beam originating
from the gun (A). The energy of the exciting electrons varies from 20 to 130 Y.
The continuous flow of the electrons is periodically interrupted by applying
negative voltage pulses from the inverter (2) to the control grid (B) of the
tube. The light of the excited atoms which propagates perpendicularly to the
electron beam is collimated to the entrance slit of the grating monochroma-
tor (5) by the lens (4). The monochromator selects the light of the proper
wavelength that belongs to the transition starting from the level the lifetime

* Lecture presented at Il. Ogolnopolska Konferencja Radiospektroskopia i Elektronika
Kwantowa in Posnan, 1966.
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of which is to be measured. The photomultiplier (6) responds to the arrival
of light quanta by voltage pulses which are amplified by the amplifier (7)
and fed to the input 1. of the time to height converter (8). The pulse gene-
rator (1) simultaneously drives the inverter of the control grid of the light
tube and the first grid ofthe converter tube in the time to the height converter.

The converter tube is “off” except for the time interval corresponding to the
width of the driving pulse. The current flowing through the converter tube in
the “on” state is arrested by the pulse of the multiplier. Thus, the charge on
the plate of the converter tube is proportional to the time difference between
the leading edge of the starting pulse and the stopping pulse of the photo-
multiplier. The time sequence of the pulses can be seen clearly in Fig. 2.
The amplitudes of the pulses from the plate of the converter tube are analyzed
by a 128-channel pulse-height analyzer. The probability of the appearance
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of light quanta depends exponentially on time and therefore the content (TV)
of the channels varies with the channel number (n) in the following manner

N = Mexp [— —.

One channel corresponds to one nanosecond, T is the mean lifetime of
the level measured in nanosecond units. Owing to the background (B) caused
by the dark current of the photomultiplier and the scattered light, the content

of the channels varies as

N = NOexp

Table 1

The lifetimes of He states

Singlet Triplet
S P D s P
|
7
6
S7+ 2(40)11]
5 U4+ 3 [2 79+ 6 [2] 113+ 4 [2] 235 =: 2 [2]
133 + 8.5 [3] 435+ 15 [3] 100 + 10 [3] 222 + 14.8 [3]
90 + 7 [1] 416 + 1.3 [1] 67 + 1.4 [1]
4
97+ 2 [2] 3%+ 4 [4] 68+ 1 [2] 165+ 1 [2]
87 + 7.5 [3] 47+ 5 [2] 675+« 1 [5] 153+ 2 [5]
333+ 55 [3] 64.6 + 4.17[3] 143 + 14.3 [3]
59 + 6 [4]
775+ 4 [6]
112 £ 6 [1]
3 542+ 3 [3] 18+ 5 [4] 408 + 0.8 [3]
6+ 2 [2 100 + 8 [7]
161 + 3.9 [3] 9+ 8 [4]
115+ 2 [2]
115+ 5 [5]
100+ 5 [3]
2 90.5 + 9.8 [3]
1 . x .

2 Acta Physica Academiae Scientiarum Hungaricae 23,

D
143 + 41 [3]
52.6 + 14 [3]
93:5 [
120+ 20 [4]
37+ 6 [2]
25+ 5 [4]
15+ 2 [2]
10+ 5 [5]
143 + 3.3 [3]
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Table 2

The lifetimes

Outer electron j 3P
Core (j) 1
12 32
J 0 1 1 2
[13] 51 118 no
46
[12] 39 85
[14] 15+ 1.0 19+ 2 19+ 1
[10] 147 + 0.6 16.3 £ 0.6 18.0 £ 0.9 2+ 1
Our results 13.26 = 0.48 45 + 3 262 + 2.6 301+ 18
(41) (21) (12) (40)
148 + 0.15 369 = 4 281+ 1
(7.6) ) an
Pi Pi T5 Pt

The results of the measurements, i.e. the contents of the channels are
fed subsequently to an electronic computer. The values of the parameters
NO, T and B are calculated by the maximum likelihood method. The response
of the apparatus to the sudden drop in light intensity is also taken into account
by measuring the time response and folding it with the probability of the
appearance of light quanta.

The response of the apparatus was determined by measuring the decay
curve of the 3 state of He at low gas pressure (2u), the lifetime of which
is theoretically known to be short (1.7 nsec). The measured mean decay time
used in the above-mentioned convolution integral was 4.7 nsec.2

2. Effects disturbing the measurement

Disturbing effects are the imprisonment of resonance radiation, the
excitation transfer in atom-atom collision and cascade transitions from over-
lying levels.

The imprisonment of resonance radiation usually causes the lifetime of
the resonance levels to be longer than the true one quenching the transition
to the ground level and hindering the measurement of the true lifetime of
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of Ne states

3P
12 3/2 5/2
0 1 1 2 2 3
115 109
<) 115 200
29 & 12
23+ 2 203 % 06 2+ 1 243 + 08 225+ 0.9
37+ 27 263+ 1.0 34.9 + 2.64 195 + 16
(40) (42) (42) (19.5)
282 + 0.85 28.4 + 1.28
(7.6) 22+ 06 (7.6)
332+ 1 (7.6) 322+ 17
(17.5) (7)
P3 Pio P, R Ps Ps

resonance levels at higher pressures of the gas. Therefore, efforts are made to
decrease the pressure as low as possible. Another way to minimize this effect
is to reduce the diameter of the excitation chamber (C) and of the tube.

The rate of atom-atom collision also depends strongly on gas pressure.
The consequence of the excitation transfer is the measurement of a lifetime
value, which depends on the lifetimes of the two coupled levels and the cross-
section of the collision.

Cascade effects must be taken into account in the evaluation of data
by taking the transition probabilities and the excitation cross-sections of the
levels from other measurements, or by theoretical considerations.

Pressure is usually reduced at the expense of the light intensity of the
tube. Moreover, since the spectrum is rather rich in lines, the width of the
monochromator slit must be narrowed to separate the lines from one another.
Therefore the exciting current density must be as high as possible.

In view of the facts mentioned above, the tube was constructed so that
the current density was 60 mA/cm2in the collimated electron beam with cross-
sectional diameter 0.8 mm. Thus, the measurement is possible in as rich a
spectrum as that of argon and in most cases the lines are separated from one
another. To minimize the imprisonment, the chamber diameter was chosen
to be 1 cm.
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3. The results of the measurements

At first we measured the lifetimes ofthe helium levels mainly for checking
the measuring set. The results agree well with the theoretical and experimental
lifetime values reported in the literature. In this part of the measurements
the results were calculated by the least square method (Table 1). Our results
are underlined in Table 1. The differences in the lifetime values of the levels
51D, 43D can be explained as due to disturbing effects [1].

Table 2 shows the results of the lifetime measurements of the levels of
Ne atoms. The results of other authors are listed in the upper part of the
rectangles. The results of our measurement are collected in the lower part of
the rectangles. The R acan’s notations of the levels are given at the top of the
Table. The Pasnen’s notations are at the bottom of the Table. Beside each
of our results the pressure values are indicated in brackets. The measured
levels are the terminal levels of the He—Ne red and infrared laser transitions.
The disagreement with osherovicn’s and crirfitn’s data can be explained
by the high gas pressure used in their measurements [16].

The measured lifetime values of ionized argon atoms can be seen in
Table 3. Here moore’s notation has been for identification of the levels. The
states marked by asterisks are the initial level of the argon blue laser. In the
measurements, the pressure of the gas was very low, therefore the disturbing
effects were negligible. The errors of measurements are less than 2% [15].

Table 3

The lifetimes of Ar+ states

Gas Lifetime
State Wavekngth Pressure r+ At Ref. [11] Remarks
M (nsec)

4p2P°3/2* 4764.89 1.4 85+0.14 9.4+ 05
4545.08 14 8.4+ 0.13

4p2D°3/2* 4965.12 14 99 +0.16 9.8+0.2

4p4P°3/2 4735.93 2.4 96 £0.11 Measured together with the
4726.91 A

V |V * 4657.94 14 8.0+ 0.13 87+0.3 (4s2P 312 — 4p2E>3/2) line

4p25°1/2* 4579.39 24 8.7 + 0.15 8.8+ 0.3 Measured together with the
4589.93 A

4papel,2* 4879.90 1.4 103 £ 0.20 (4s'2»3/2 — 4p'2F|/2) line

4p4I>05/2

4p4P°5/2 4806.07 20 103+0.19

4p'2P°7/2 4609.6 2.0 9.0 +£0.16

4p4D»7/2 4348.11 3.0 99 +0.17

1=
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ONPEAENEHME BPEMEHW XWM3HN ATOMHbIX BO3BYXAEHHbIX
YPOBHEMN BPEMEHHbIM AHA/IN3ATOPOM

PI. BAKOW u A. CUTETU

Pesome

MeToAOM BPEMEHHOr0 aHannM3a W3Mepsnoch BPEMS XKWU3HU aTOMHbIX BO36YXAEHHbIX
COCTOSIHUI B pasHbiX 6NaropoAHbiX razax. HekoTopble 3HaYeHMSt BPEMEHU XWU3HU C Haualb-
HbIMW YPOBHSIMM Na3epHbiX nepexogos (Ar 11), aopyrme — C KOHEUHbIMW YPOBHAMU PasHbIX
rasosblx nasepos (Ne). PaccmaTpuBaloTCA MPUHLWMBLI U3MEPUTENbHOM annapatypsl, AUCKYTK-
pyloTcs 3((eKTbl, BO3MYyLLaOLNE WU3MEPEHUS.
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DETERMINATION OF THE COUNTING EFFICIENCY
IN CASES OF RADIATION MEASUREMENT
OF THE WIDESPREAD SOLID ALPHA SOURCES

By
A. Toéth

MEV HEALTH SERVICE, PECS
(Presented by L. P4l. — Received 20. IX. 1966)

The dependence of alpha counting efficiency on energy, source thickness and instrument
constant are described in a more comprehensive manner than in former publications. The
efficiency value calculated theoretically is also supported by experiment.

1. Introduction

The determination of the total Q activity of extended, solid alpha
sources is a problem occurring frequently in many fields of science (e.g. exper-
imental nuclear physics, geology, geophysics, radiation protection, environ-
mental dosimetry, etc.). Difficulties arise in measurement practice owing to
the lack of a standard of identical parameters (e.g. radiation energy, source
thickness) with the samples of unknown alpha activity to be measured; either
no standard source is available or the parameters of the available source differ
from those of the samples to be measured rendering a conversion unavoidable.
This is why it is important to know the dependence of alpha-counting effi-
ciency on energy (or range), source thickness and instrument constant. An
illustrative example will be given to show the substantial dependence of effi-
ciency on energy and source thickness. These problems will be dealt with here
from a theoretical point of view, providing a more comprehensive picture
than do earlier publications, and the calculated efficiency value will be sup-
ported experimentally.

2. Definition of the total efficiency of alpha-counting

The total alpha-counting efficiency may be written in the form:
(1)

where n is the counting rate in [cpm] observable with a given instrument
under specified conditions (i.e., G/ 1; value of the just detectable alpha
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energy Emm, or range ifrnin; thickness of absorbent between radiation source
and detector; source thickness and alpha energy, or range); Q = total activity

U
of sample in 4tr solid angle, in [dpm]; G = 2—-= solid angle factor; /= *“par-
71

tial” counting efficiency, when G = 1. Otherwise, any counting rate for solid
angles G < 1 measurable by the instrument is: = G mn [cpm].

For simplicity the increase of total efficiency due to alpha-particle
backscatter from the tray supporting the specimen will be neglected below.
(This backscatter should be not more than 5% in the worst case.) This neglect
is absolutely justified when the radiation of a not too thin alpha-source with
a low atomic number produced on an unpolished surface is registered [1].

Total alpha-counting efficiency may also he written in the form

R B
G dn cpm
S dR £ ; I(?lg))dE dzm @
f —~2min QAn"In

where R is the range ofthe alpha-particle in question in air [cm], and d — F mjn
the alpha-particle range [air cm] just detectable with the given measuring
apparatus. EO is the initial energy of alpha-particles, whereas Emm is the
energy corresponding to jRmjn.

3. Concept and importance of the universal figure of merit,
the just detectable range d of alpha-radiation measuring instruments

To be able to detect an alpha particle with a given measuring instrument,
alpha particles arriving at the sensitive surface (or in the volume) of the
instrument should have a certain energy Emmgreater than zero. In detectors
operating on the ionization principle it is a certain minimum ion number,
whereas in the case of scintillating instruments a certain minimum scintillating
photon number that corresponds to -Emin required to put the registering
instrument into action.

It seems to be expedient to substitute for ion or photon number “units’*
the range in air d = -Rmin corresponding to the given required alpha energy
of value Emin to determine the figure of merit of the measuring instrument,
since this will make it possible to include distances in the following efficiency
expressions (see Table 1) in identical dimensions in [air cm], referring to
normal conditions, d clearly represents a fictitious, not a real, distance.

The value of d depends on several factors [2]: 1) on the geometrical
factor G; 2) on the pressure and temperature of the air (therefore its value
should always be reduced to normal conditions); 3) on collection and, in the
case of multipliers, on accelerating voltage; 4) on the sensitivity and stability
of the electronic unit (amplifier-forming-recording circuit).
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It should be emphasized that the value of d does not depend on the
alpha energy EO[3]. This is a most important fact leading to the universality
of d: having determined d for actual measuring conditions (see the possibilities
for determining d hereafter), with the help of formulae as shown in Table 1,
the partial alpha-counting efficiency will be known for any alpha energy of
value EO and source thickness under otherwise unchanged conditions.

For alpha detectors operating with ZnS(Ag) the efficiency of detection
will increase [4] with the increased length of the path travelled by the alpha
particles in the ZnS(Ag) medium, and with the proximity of the ZnS(Ag)
grains to one another. This involves the requirement that the ZnS(Ag) layer
should be thick enough to absorb the total energy of alpha particles of the
highest energy to be measured; it is also desirable that alpha particles should
make impact on the phosphorus with the greatest possible energy.

It is clear that the ZnS(Ag) layer must not be so thick as to absorb its
own scintillating light to any considerable extent. Natural alpha-radiating
sources of the highest energy completely lose their energy in a 25 mg/cm2
thick ZnS(Ag) layer, a thickness of which the self-scintillation light absorption
is unimportant.

4. Data, designations and assumptions required for the calculation
of alpha-counting efficiency

Designations

X thickness of alpha source [air cm];

R range of given alpha particles in [air cm];

(t <i R) thickness of self-absorptionless alpha source [air cm];

(0 <[ T<CR) thickness of “thick”, i.e. self-absorbing alpha source
[air cm];

(t —R) thickness of “infinitely thick” alpha source [air cm];

(t > R) thickness of alpha source exceeding the “infinitely thick”

source thickness [air cm].

Remark: The last two designations are used to calculate the total emission
of alpha sources. When speaking of the effective alpha source thickness from
which alpha particles are instrumentally just detectable, the appropriate
designations are: r = [R —d —a], ort > [R — d — a]. The effective source
thickness is thus smaller than total source thickness.

a thickness of the absorbent between the active surface of the source

and the sensitive surface [air cm];

d range just detectable with the detector [air cm];

Al branching fraction (see explanation below).
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Assumptions

a) the geometrical factor is Gw 1;

b) the so-called “edge effect” is insignificant;

c) the range-straggling [6, 7] is negligible;

d) the detecting surface is disk-shaped, the detecting volume has cylind-
rical geometry (e.g. in case of a gas-flow proportional circulating gas
counter, where e w 0);

e) not more than one alpha particle will be emitted per disintegration
(thus Al < 1);

f) the alpha radiation source of a completely even and plain surface is
mono-energetic and activity distribution along source thickness and
source surface is homogeneous;

g) thickness a of the absorbent between source and detector surface
does not depend on the angle between the path direction of the
alpha particle and the normal of the source surface;

h) the detector absorbs the total energy of arriving alpha particles;

i) alpha-counting efficiency is independent of position on the detecting
surface;

j) stability in time of the alpha-counting efficiency and of the back-
ground is convenient [5].

5. Calculation of the alpha-counting efficiency

A given edge-effectless alpha source of thickness r [air cm], density
g [g/cm3], surface A [cmZ], having a homogeneous activity distribution along
its thickness emits in air under normal conditions (15 °C, 760 mmHg) a number
N of alpha particles of range R [cm] per gram and minute in solid angle 4n
(see Fig. 1, which, though referring to a special case, shows conditions and
designations). Values of stopping powers: for the material of the alpha-source:

Rf sR
S = _i:\_’_: R for the material between source and detector surface of thick-
. . Ra si.r ) _
ness a [air cm]: S§j= —-= — .Total ranges inthe material of the source:
Rf = sR [cm]; in the absorbent: Ra = *R [cm]. The just detectable range

should be d [air cm].

In a conveniently chosen coordinate system it is not difficult to prove
by plotting the volume element and the number of alpha-particles derived
from this volume element propagating in an appropriate solid angle element,
and finally integrating over the appropriate limits that the value of the
counting rate nz [cpm] as indicated by the detector for an alpha-source of
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thickness (0 < x <CR) [2, 6, 7, 8] will be:

NA gst 2(R —d—a) —%
(K

[cpm] @)

The counting rate for the source (r > [R —d — a]) of infinite thickness

will be:
np NAgs (R md—a)2" [cpm] . @)
4 (R~d) .

Since total activity of the source with a thickness (0 < r< R ) s in
solid angle 4tr:

Qt= NAgst [dpm], ®)

(Qz obviously depending neither on d, nor on a) the partial counting efficiency
for an alpha source of thickness (0 < r <CR) on the basis of equations (3)
and (5) will be:

nr 1 2(R—d—a) —X cpm

Qr 4 . R dpm

Since the total activity of the infinitely thick (i.e. SR air cm thick) alpha source
in 40 solid angle is:

Qr = NAgSR [dpm], @)

therefore on the basis of equations (4) and (7) thus the partial counting effi-
ciency for a source of infinite thickness (r = R) will be:

nR 1 (R—d —a)2 cpm

3 4 R(R- d) dpm )
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Remark: For the time being the solid angle factor is assumed to be

= 1.0.

Calculation of average alpha-counting efficiency when several types
of alpha-radiating elements are present in the alpha source

When the number of the alpha-active elements in the source isj >1,
and their Al branching (or activity) fractions are known, where

( alpha activity of the given daughter element 1
alpha activity of the parent element j

equations (3), (4), (6) and (8) may also be applied. In such cases the value nr
will be calculated separately for each alpha-emitting element, each value being
weighted according to Al activity fractions, and averaged. Thus the average,
partial alpha-counting efficiency is [2, 7]:

£ Al-rjj

Vi=-—j — = —Fj"Al-H]. (9)
y;AI J i=l

It should be noted [7] that for most of the more important alpha-
i
emitters ofthe U, AcU and Th series Al = 1. Therefore, in these cases Al = j,

while for ThC: zIZ= 0.35 and for ThC’: Al = 0.65.

6. Comparative survey of alpha-counting efficiency expressions applied
to measuring conditions (see paragraph 4) as dealt with in this paper

The survey of and orientation among the various cases is facilitated by
Table 1 based on equations (6), (8) and (9), from which all cases may be
deduced. When several genetically connected alpha-emitting elements forming a
radio-active series are present in an alpha source, the average efficiency will be
obtained by applying the operations as indicated in equation (9), to any equa-
tion satisfying the actual conditions selected from among those shown in
Table 1. E.g.: for the case R*">r">0; a 0 and d 0 [see equation (6)],

when Al = 1, average counting efficiency will he:
1
V= =2 ai~
2 j=1

where Rj: range in air oftheyth element of the radio-active decay series, in [cm].
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Table 1

The dependence of partial alpha-counting efficiency rj on thickness and range for various values

of absorbent thickness a and just detectable range d, in case of mono-energetic, homogeneous

alpha-sources (Range straggling, “edge-effect” and backscattering from radiation source support
are neglected)

Alpha counting efficiency!) [cpm/dpm]*

Thickness a> o, d> o a=o0,d>o0 a>o0d=o a=o0.d=o0
of alpha source

not ideal detector ideal detector

Infinitely thin i R —d — a 1 R -d IR
(T<sRr) 2 R - d ~ 2 R 2 R 2
1 R . * K
R > T>0 1 i T 1 | — ffil él:_ T 1
2 R - d 2 w L2 R J 2R\
(see equation (6))
Infinitely 1 R - da - a)2 1 R - d 1R - al2 1
thick 4 R-(R-d) 4 R 11 = J 4
(t= 9) (see equation (8))
(r > n) 1 (R -d - a)2 T - & 1 (r- 0)2 1 R
4 r-(R-d) 4 t 4 t ®WR 4 t

Remarks to Table 1
* (observed counting rate [cpm]/total alpha-decay rate of source in solid angle 44, [dpm]),

when G = 1;
** |In this case (r/2R) is the fraction of the alpha-particles absorbed by the source, i.e.

self-absorption. Therefore, condition r < (0.02fi) must be satisfied to reach less than 1% self-
absorption.

7. Possibilities for practical determination of factors required for
the calculation of alpha-counting efficiency (including some of the
author’s own measurement results)

It is clear from Table | that counting efficiency rj can only be calculated
when the following are known;

a) the air-equivalent source thickness t [air cm],

b) the absorbent thickness a [air cm],

c) just or minimum-detectable range d [air cm],

d) the range R of the alpha-particle (or ranges) of the alpha-particles

having a branching fraction Al [air cm],
e) in the case of decay series their j, and Al values.
All these will be investigated more closely below.
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a) Determination of thickness r of the alpha-emitting source in [air cm].
It is known [2], that the air-equivalent source thickness is

%= [air cm], (10)
$-Q

where Gp is the surface density of the alpha-source in [g/cm2]. Gp may easily
be determined by weight and surface measurements, while the product of
(s *qg) can be calculated from the Bragg—Kleeman approximate equation [9],
yielding

s-7A3,2-10-"-1T18, (11)

where W is the average atomic weight, derived on the “atomic fraction”
basis. However, the use of equation (11) will lead to results 5% to 30% lower
than the real values [9]. When substituting Z2!3, (Z being the atomic number),
for W1'2into equation (11), the error will decrease to 5% or less for elements
belonging to the upper part of the periodic system, while it will exceed 5%
for light elements.

Should the element composition of the sample or the appropriate W
be unknown, the goal may nevertheless be reached by an absorption measure-
ment [8], or by adding a material of known atomic weight [10] to the sample;
(s mg) will, thus be eliminated.

W hether sample thickness may be neglected (r «<*0) or not, should be
decided by weight or alpha-spectrum-measurement.

T may also be determined if both an extremely thin sample and also
a sample of finite t thickness [1, 12] of the given alpha-emitting source are
available.

b) Determination of thickness of the absorbent between alpha-source and detector
is no particular problem, as the absorbent will be air, or probably aluminium.
By measuring the surface density of aluminium, the appropriate air-equivalent
thickness can easily be calculated knowing that [11] 1 cm air 1.5 mg Allcm2
(However, for the experimental conditions of [1]: 1.63 mg Al/lcm2 1 cm air).
c¢) Experimental determination of the just (or minimum) detectable range d

Absorbing foils consisting of a known element (e.g. Al) increasing
in thickness are placed on a mono-energetic, infinite thin alpha-source (e.g.
P0210) to establish the dependence of the counting rate (or efficiency) na on
thickness a of the absorbent for the given measuring conditions (discrimination
level, amplification, voltages, geometry, etc.). There should be no holes in
the Al foil; the foil must also absorb alpha-particles emanating incidentally
from the edge of the alpha-source. At a certain adjustment of the utilized
portable transistorized scintillation alpha-counting instrument [18], with
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electromechanical and rate-meter registration, the following curve was obtai-

ned when placing Al absorbent foils on infinitely thin P0210 (Fig. 2).
nais the backgroundless counting rate observed for Al absorbent ofthickness a.

Thus, the section of the extension of the straight line and axis a, i.e. (R - d),

is 5.35 mg Al/cm2 Since the range of Po210 particles of 5.3 MeV energy and
a range of R — 3.83 [air cm] in Al is

R 3.83
= 2125 10 3 cm,
oL 1800 .
1. e..
Rai=5.74 MIAL
cm-

0 39
thus d=(5.74 —5.35) = 0.39 mg Al/lcm2= - = 0.26 [air cm

sL is the relative linear stopping power mentioned in connection with
the deduction of equations (3)—(8); its value was taken from [13].
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(A similar result with deviations of only a few per cent was obtained
for d when the Al absorption curve was derived from infinitely thin alpha-
sources composed of (U2B-j- U234).) In the above case it is not necessary to

know the absolute Q activity of the alpha-source. Yet when Q is known and
na

the efficiency 1j = is plotted against a, the tangent of the slope angle
of the obtained straight line will be the converse of (R — d); d can also be
derived in this way.

The value of d may be regarded as being essentially an integral discrimin-
ating level. In this context it is worth mentioning that great care should
be taken in the correct adjustment of the energy threshold Emin of the given
apparatus, since for infinitely thick (¢t = R) alpha-sources the average radiation
energy Em[15] represents only 27.4% of EQ. When EO= 5 MeVv, Em= 1.4
MeV, being approx. 0.73 [air cm]. Therefore d must be considerably smaller
than 0.73 air cm (background problems increase!). When measuring thin

T
sources (e.g. = being 0.1 and, thus, Em= 0.73 «EOQ) this adjustment is not

too critical.
d) and e) The ranges of alpha-emitting sources being sufficiently different,
the range(s) in air R of alpha particles emitted from a source of unknown
material composition can be determined by measuring the absorption in Al
or in air [1, 12], or by changing the pressure [14]. If, on the other hand, the
energies of alpha-active compounds of absolutely unknown composition do
not differ to a sufficient degree, the ionization or semi-conductor alpha spec-
trum of a very thin sample of the compound must be investigated. Every
single energy (including Rj-s) and even branching fractions (peak area propor-
tions) Al may be derived from the analysis of the alpha spectrum. Of course
the value ofj will similarly be known. Now equéation (9) may be applied to
any of the cases to calculate rj.

No particular difficulty should arise (this is, as a matter of fact, a very
common case in practice) when the element or elements composing the samples
are known; and when the measurementofmany ofthese samplesisroutine work.

8. Example to illustrate the dependence of efficiency on energy
and source thickness for identical a, d and G

Under identical conditions of measurement (G = 1, a— 0.2 [air cm],
d = 0.3 [air cm]) comparison is made between efficiency values obtained from
a single alpha emitter of great energy (RaC’, in this case R = 6.87 [air cm]),
in a thin (£ = 0.5 [air cm]) sample on the one hand, and on the other, between
the values of another single alpha em itter of low energy (U2®8) in an infinitely
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thick (¢= R = 2.69 [air cm] = 2.69x0.32x20.4 [mg/em2] = 17.6 [mg/cm2])
sample:

In this way either "(x = 0.5; R = 6.87) = 0.462;
ord = R = 2.69) = 0.187.

The latter efficiency is 2.5 times lower than for the great energy alpha
emitter in a thin sample !

Thus, experimental conditions must be carefully watched, as the depend-
ence of efficiency on energy and source thickness is extremely great.

9. Experimental check of calculated efficiencies

We had at our disposal a source (U28-)- U2 of GF = 0.0975 [mg/cm?Z2]
surface density which, therefore, could be considered as infinitely thin, with
known Q = 778 dpm/47t of absolute activity and 25 mm active surface dia-
meter. It was established by spectrum analysis [16] that no alpha-emitter
is to he found in the source other than those mentioned, and that these are
in radio-active equilibrium. Thus Al = 1 and j = 2. Air-equivalent source
thickness corresponding to the above surface density (taking Z23 instead
of W12 see equations (10) and (11)) is:

9,75-10-2 .
r = GP 0,015 [aircm)”™ O
0,32 223 0,32-20,4

which is negligibly small (representing only about 0.5% of the range in air).

As regards our equipment and normal conditions: d = 0.3 [air cm];
a = 0.2 [air cm]. Thus the operations as equation (9) are to be applied to
case (r= 0Qorr R;i > 0anda > 0) ofATabIe I.For this case the so-called

average “partial” efficiency when G= —— = 1 is:
-d - : : d—
m= --:-I.'-- J;Z_R _1:__9_____@_- = _1 n d R, a (12)
il Rj —d 4 RO—d

Since jRx= 2.685 [air cm] and R2= 3.260 [air cm], therefore,

= -1-(0.916 + 0.932) = 0.462 .
4

As, in fact, G < 1.0,total average alpha-counting efficiency on the basis
of equation (1) gives:
r,= 0.462x0.935 = 0.433 .
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The value of the solid angle corresponding to actual conditions was taken
from a curve constructed following the data of the Table of [17].

The total counting efficiency actually measured for the same source
with the same instrument under identical conditions amounted to rjit = 0.440.

0.007
The difference is unimportant: 100 q44 = With the aid of foreign

made U2B and UZH standards (diameter also = 25 mm, but a = 0.17 [air
cm]) the total alpha-counting efficiency was 0.45. One of the equations has
thus been supported experimentally by results within acceptable error
limits. Even a greater deviation would be tolerable, as the surface of the
alpha-source was only half (diameter = 25 mm) the sensitive surface (dia-
meter = 50 mm) of the detector. In turn it was established by moving a not
infinitely thin (UZ8-)- U234 source of 5 mm diameter horizontally under the
sensitive surface that the efficiency is substantially independent of the place
along the horizontal surface of a circle of 40 mm diameter drawn around
the axis of the detector. This being the case, the agreement between calculated
and measured efficiency is justified. It may be assumed that the other equations
of Table 1 will also lead to adequate results. On this assumption, when measur-
ing the counting rate n,; [cpm] of a sample of known material, but unknown
activity Q [dpm], with a knowledge of rjit under the given conditions, the
total alpha-activity sought for will be, on the basis of equation (1):

= — !#." L]
x= - ]
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OMPEAENEHUNE 3®PEKTUBHOCTU CUETA A/19 CAYUAA HETOUEUHbIX
TBEPAbIX a-M3NYUAKOLWNX NCTOUHUKOB

A TOT
Pestome

Co06LLeHNe 3HAKOMUT C 3aBUCMMOCTbIO 3(h(PEKTUBHOCTU CUéTa a-uyacTuL, OT SHEprum, —
TONWMHBI M3NyYalolero UCTOYHMKA, — W TakXe OT KOHCTaHT npuéopa.

3TV BOMPOChI PacCMaTPUBAOTCA C OXBATOM PaHHWUX COO6LLEHU. TeopeTnyeckn pacuu-
TaHHOE 3HaueHMe 3PEHEKTUBHOCTM MNOATBEPXKAAETCA OMbITHBIMU [aHHLIMU.
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In the present paper the effect of a high magnetic field on recombination is discussed
for three different recombination models: (i) simple Shockley—Read centres; (ii) S—R centres
plus traps for holes and (iii) recombination centres with two charge conditions. It is shown that
in all three models the lifetimes may vary markedly (by an order of magnitude) if the Fermi
level, with increasing magnetic field, goes through any energy level relevantin the recombin-
ation. The numerical calculations refer to re-type InSb and T = 130 °K, assuming, because
of lack of proper experimental data, recombination centres with hypothetical parameters.

Introduction

In recent years interest in the behaviour of semiconductors in high mag-
netic fields has increased markedly. The quantized motion of electrons in the
conduction band, the appearence of the Landau levels, leads to various
interesting effects. Among these are the oscillating character of galvano-
magnetic, thermomagnetic effects and the magneto-optical phenomena.
In AIHBV semiconducting compounds the quantization of conducting elec-
trons, because of their small effective masses, may be achieved much more
easily than in the classical semiconductors.

In the present paper the recombination is investigated in high magnetic
fields. In the case of radiative recombination, it has been shown by the
authors [1] that the matrix element of the electron transition between the
conduction band and an acceptor state does not depend on the magnetic
field in the first approximation if the “deformation” of acceptor states is
neglected. On the contrary, Kiiovarsky and chaykovsky [2] have found
that for radiationless recombination the lifetime may increase in high mag-
netic fields. In spite of their results, it will be assumed in the present paper
that the capture constants are independent of the magnetic field and only
the effect of the change in the density of states on recombination will be
considered.

Three recombination models are studied: (i) simple Shockley—Read
centre; (ii) S — R centre plus traps for holes and (iii) recombination centre with

*Part of this work was presented at a Conference on the “Physics of Semiconducting
Compounds” Swansea, Sep. 1966.
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two charge conditions. It is shown, for all cases treated, that one may obtain
a field-dependent lifetime if the Fermi level goes through any energy level
relevant in the recombination, with increasing magnetic field. Thus, with
the aid of the magnetic field a “mapping” of a part of the forbidden gap may
be achieved without changing the temperature. Owing to the lack of proper
experimental data, the numerical calculations were carried out with hypothe-
tical but realistic parameters for n-type InSb.

1. Lifetimes for the recombination models considered

Relatively few experimental data are available on recombination mecha-
nisms in AHIBV compounds. It is known, however, that at reduced tempera-
tures the recombination centres play an important role in the determination
of lifetime. Thus, Wertheim [3], Zitter et al. [4]. Laff and Fan [5],
Gulyaeva et al. [6] have shown that simple S — R centre and multi-electron
centres should be taken into account. Recently, Hagebber and Fan [7]
supposed the existence of traps with excited states in GaSb. On the basis of
the experimental evidence it seems to be useful to consider the models enumer-
ated in the Introduction. For the sake of completeness, the differential
equation system of recombination for multi-electron centre plus traps for
holes will be given. Omitting the simple but tedious calculations, only the final
expressions for lifetimes are reported here. Let Nr be the concentration of
recombination centres with possible charge conditions s (0, 1 ... M) and ns
that in the state “s” (in equilibrium ns0). The concentration of traps is 1V
The filled and empty traps are denoted by nt(nt0) and pt(pto), resp.The differ-
ential equation of recombination for the cases considered can easily be
obtained on the basis of a previous paper by one of the authors [8], if the
excited states are neglected and the term responsible for hole capture by the
traps is taken into account.*

dn M
UtHnN),
dt 2 :
dt S w1y o+ U () - vui (")- uia(e), 1)
o Af-l
-f-=- > W+Ll(p)-ut{p),
dt s=0

*Evidently, similar equations can also be obtained for electron traps and for traps
with excited states.
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where the net capture rates are given by

W~r (n) = (s- 1->s)[nn”~ —nOlT 1ns],
Ust1 (P)= <5 (s + 1->5) L/ms+l - m «+1 ns], 2
U, (P) = C,p[pn,—pOF,p,].

Here cn(s — 1 —»s) and cp(s -f- 1 —=s) are the electron and hole capture
parameters of the transitions (s — 1 —ms) and (s + 1 —»s) while c/p is the

capture parameter of the traps. '\ == nyUn/0; '/ sess —; n(n0) and p(pO0) are
Pto
the electron and hole concentrations, resp. Further equations can be obtained,

using the condition of electrical neutrality and the normalisation for the
possible states of the centres:

n+ £ Sns+ LW+ Na= p + Nd, 3)
S=0
M
Y ns= Nr,
s=0 (4)
nt+ Pt= N,.

Fully ionized donors and acceptors and neutral empty recombination centres
and traps have been assumed.

(i) Simple S—R model

If the trace and the determinant of the differential equation system for
this case are denoted by T(Ar) and D(ATr), respectively, then, assuming the
two lifetimes tr and x> to be well separated («r r/) one obtains (see e.g. [9]):

r 1
D(Ar) ' T(Ar)
and T(A)r and D(A)r are given by

T(Ar) N, a1 .Pro + crpNr Po i nro (5)

Nr Pro Nr

D(Ar)= cmcrpNr|n0+ Po+ —A

For our purposes, it was more suitable in Eqs. (5) to introduce the concentra-
tions nr0 and pr0instead of the usual parameters of the S—R model (n5p X).
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fii) Recombination centres plus traps for holes*

The steady state lifetime of this model has been given by w ereneim [10].
Both the steady state and transient lifetimes have been studied by Lesrinczy
et al. [11], where the model was applied for the kinetics of surface recombina-
tion. If the differential equation system (1) is linearized for the given case
(s[0, 11) and traps for holes, the lifetimes are easily obtained as the roots of
the equation of third degres: b3x3-f- 62r2 -f- brx -f- bO= 0, where the coeffi-
cients are given by

b»——1; = A, + T(Ar) 4- ctpnt0;
b3— [t T(Ar) -f- Apctpnto-f- D(Ar) -f- crnprQQpnl0-)- Anctp
bs = + [c,pnocmprOAp + A, D(AN].

Here T(Ar) and D(Ar) are given by Eq. (5) while the other notations are the
same as in [11] with the difference that here the quantities nrO,pro, etc. are
introduced, i.e.:

An= crnNr-U2-; Ap= crpNr : At= ctpNt *>-.
nro Pro Pto
- , b2 bl w ow
The lifetimes 1y and 71/ are given by xr* — — and X~ — e« with a similar
h

approximation as previously.

(iii) Centres with two charge conditions

This model was examined in detail for InSb in [5]. For the sake of
a better comparison we shall use the same notations as those in the paper
cited. Only the steady state lifetimes of electrons and holes (xn, tp) will be
given. Here, the traps will be omitted. The centres may have the charge con-
ditions s[0, 1,2]. If in Eq. (1) the notations are altered as follows:

M (0 ~*1) -— rcl 9 0)=

en(l->2)= rg; cp{2-> 1) -

*Note added in proof: In a recent paper by Horiis et al. [15] it was shown that
at reduced temperatures both the lifetime and Hall data may be quantitatively explained
using two sets of simple S—R centres. There is no difficulty in extending the present
calculations for this model.
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and the following abbreviations are used:

1 —FX (1 —Ff) . Ft(1 —F2(2 —Ft)
"[1-F2(Q -F t)a’ [1—F21 Fj)]2
1-F,
F,= 1+
P» Ft
where
F =
«00 “b «10 «10 + «20

then the the ratio of the lifetimes is

31+ i -ELA (1_Fj+ A (1_ F2ljx
I Po - hvi n2 B2 J
-1
X|i+ — A F, + A F,
Po  Bi Bo
and rnis given by

- er «0 1 1

Po l. F,

1r 1~ F2(1 —Fj)
+t F 1- F,

This expression for rnis slightly different from that of paper [5]. There, the

term — is multiplied by (1 — Fj) instead of F\. In our case, however,
B2
rCl(l — jFj) and rC¥1are proportional to rdn00 and rChw, respectively, as one

might expect.

2. Determination of the Fermi level and the filling of the centres

The expressions for the lifetimes have been given in the previous Section.
To use these formulae, both the capture parameters and the filling of the
centres are needed. In the absence of a magnetic field the following expressions
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can be used:

n0= N Ceexp nio —
1 (-exp
sFO- Es
S
nSO g exp kT
NT \ IsFO—E' ©)
X gsexp 1

kT

where FOis the Fermi level, and gsis the degeneracy of the level Es. (It is
assumed that gO= 1, gx— 2.) Inserting these expressions into the equation
of electrical neutrality, the Fermi level and, thus also, the concentrations
ns0, Nro, etc. can be determined. In a magnetic field the statistics of the elec-
trons in the conduction band changes markedly. For a nondegenerate band,
taking all Landau levels into account (n = 0,1,...) Anselm has given a
closed formula to determine the electron concentration [12]:

Nc —
=z % exp Ec—FO(H) (10,
z kT
shx Uwc .
where z = - and x = 2 Here wcis the cyclotron frequency of the con-
X

duction electrons with effective masses mn. A similar formula is valid also
for holes, but for the materials in question mp is much larger than m,,.Thus,
for the magnetic fields used their effect on the holes may be neglected. The
magnetic field may also change the states of the deep levels, but in this paper
this effect will be neglected. (A more detailed discussion is given in Sec. 4.)
Using Eq. (10) the magnetic field dependence of the Fermi level can be deter-
mined from the condition of electrical neutrality:

Ec FO(H)
kT
+ N snso(H) + nlo(H) + IVva—pO0(H) -f- Nd. (11)

S

Knowing FO(H) the concentrations nO(H), nSX(H), etc. can also be determined.

3. Results of the calculations

The calculations were carried out for n-type InSb. To obtain a significant
effect for p-type material either extremely high magnetic fields or very low
temperatures are needed, but in this last case the Fermi level is too far from
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any recombination centre which may be expected in InSh. From the equation
(10) it can be seen that assuming a fixed value for nQ, the Fermi level will
be shifted towards the conduction band if a magnetic field is applied. One
may expect a magnetic field-dependent lifetime if the Fermi level, with
increasing field, goes through the energy level of any centre taking part in
the recombination process. So, taking into account the previous remarks,

Relative

Fig. la. Magnetic field dependence of relative Fig. Ib. Magnetic field dependence of relative
lifetimes for model (ii). lifetimes for model (i).

the centre should be situated above the Fermi level at H = 0. The calculations
were carried out for T = 90 °K and for T = 130 °K but here only the results

for T = 90 °K are given because, if the lifetimes are plotted as a function

Tiooc
of the dimensionless parameter x — AT one obtains similar curves for both

temperatures. (Mfec= 1,16 10 H [eV] if H is expressed in oersteds).

and traps are present. In Fig. Ib the curves refer to the results of calculations
for model (i), using the same parameters as previously and omitting the traps
(Er= 0.022 eV; Nr=- 1013 10M4 cm-3; cm—crp; n0= 6.01 x O13 cm -3).
It can be seen that if Nr<(nOboth relative lifetimes are monotonie functions
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of the field, while for Nr >e n0, rr passes through a minimum. This difference
also appears in the behaviour of the Fermi level at these concentrations of
recombination centres as can be seen in Fig. 2, where the function FO(H) is
plotted. If Nr< nOthe Fermi level rises above Ec while if Nr nOit goes
through Er but remains below the bottom of the conduction band.

The magnetic field dependence of rp for centres with two charge condi-
tions (model (iii)) is given in Fig. 3. Donor type centres were assumed (nQ0
has two positive charges).

Fermi level

Fig. 2 Variation of the Fermi leveleinamag- rig. 3. Magnetic field dependence of relative
netic field for model (i). hele-lifetime for model (iii).]

For Ei = 0.12 eV and E2= 0.03 eV (energies are measured from the
conduction band); at a given value of Nr, the ratio of the capture parameters

~~ was varied. From the curves of Fig. 3it can be seen that the field depend-
n2

. - r,i
ence is very sensitive to the value of ----- .

4. Discussion of the results and conclusions

In the previous calculations the “deformation” of localized states in
a magnetic field, the magnetic field dependence of capture parameters and
the quantization of holes have been neglected.

The increase of the ionization energies of donor atoms in a magnetic
field, as was shown by Yafet and Keyes [13, 14] may lead to the “freezing

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



EFFECT OF A HIGH MAGNETIC FIELD 371

out” of the electrons from the conduction band and thus n0 may depend
directly on the magnetic field. It is not difficult to see, however, that at the
temperatures considered the donor atoms will be still fully ionized in spite
of increased ionization energies.

The correctness of the field-independent capture parameters should be
examined for each model separately. It was shown in [1] to be correct for
radiative recombination while for radiationless recombination with electron-
phonon interaction, this assumption is incorrect [2]. Calculations for Auger-
type recombination are in progress.

The deformation of lower lying states may lead to essential changes in
the capture cross-sections and ionization energies. This effect depends on the
parameter AaclEr which has a small value for moderate fields. In our case
the quantity AcodlV is not small. In spite of this, it seems interesting to
consider the effect of high magnetic fields on the recombination caused by
the change in the density of states, only, because it will take place whether
the capture parameters depend on the field explicitly or not. As for the quan-

0,

Ac
tization ofholes, at H = 100 k& and T = 90 °K --l-(-:l:—" 1 while for electrons

K WC
kT
[see Eq. (10)].

Spin splitting may also be neglected as it is connected with the free
electron mass mO m,,.

The previous calculations have shown that the lifetimes may vary by
an order of magnitude if the conditions are chosen properly. The same shift
of the Fermi level towards the conduction band can also be achieved by reduc-
ing the temperature. The two cases, however, may differ from each other
markedly. For example for model (ii) the lifetime increases with decreasing
temperature, which shows an activation energy characteristic for traps [11].
On the contrary, if a magnetic field is applied the lifetime decreases and the
energy level of the recombination centre can be determined.

The magnetic field dependence of lifetime Xxp is very sensitive to the
ratio rvJr\v2 (Fig. 3). If rvl/n2 is greater or less than unity the lifetime tp de-
creases or increases, respectively. In case of rvl/r2 = 1, it does not show any
magnetic field dependence. It should be remarked, however, that the case
r\irve <C 1 is very unlikely as the transition (s= 2-—>s= 1) has a probability
less than that of (s= 1—%s = 0) because of the Coulomb field of the centre.

As for the experimental check of the present calculations, the PME effect
seems to be too complex to determine the lifetimes because the effect of
a high magnetic field on the transport phenomena must also be taken into
account. Only direct methods seem to be suitable. The photoconductivity
decay method for InSb was used in [3]. From the experimental point of view

14. Thus, the changes in the statistics of the holes may be neglected

Acta Physica Acadcmiae Scientiarum Hungaricae 23, 1967



372 G. PATAKI and F. BELEZNAY

GaAs seems to be preferable because of the usual degeneracy of conduction
electrons in InSh.

In the present paper we have dealt with bulk recombination only,
but similar calculations may be carried out for surface recombination and
g — r noise. In case of g — r noise the filling of the centres will affect not only
through the lifetimes but also through other quantities, similarly to the trans-
ient photoconductivity decay where besides the lifetime the amplitude will
obviously depend on the concentration of empty centres as well.

Finally, the following conclusions may be drawn:

1) For all three models the lifetimes depend strongly on the magnetic
field if the Fermi level is driven through an energy level, relevant in the
recombination.

2) With the aid of the magnetic field a “mapping” of a part of the for-
bidden band is possible, without changing the temperature.

3) The magnetic field dependence of the lifetimes can be used to deter-
mine the parameters of the centres, e.g. concentrations and capture con-
stants.
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O BAVNAHWUW CUbHBIX MAFHWUTHbBIX MOJEA HA PEKOMBUHALMIO
nponcxogdwyto Yepe3 PEKOMBUWHALWMOHHBIE LEHTPbI

. MATAKU w & . BENE3ZHAM
Pesome

B HacToslell cTaTbe PacCMOTPEHO BIMSIHUE CU/IbHBIX MarHUTHbIX HOMel B ciyyvae TPéx
pasHbIX peKoMO6MHauMoHHbIX Mogenein; (i) Woknn—Pug ueHTpbl; (1) LW—P  ueHTpbI
NAKC NOBYWKWU ANA AblpoK u (iii) ABYKPaTHO 3apsXKEHHble LEeHTpbl. MokasaHo, 4YTO BO BCeEX
NepeynCieHHbIX Cay4vasX BpEMEeHa >KM3HW MOTyT 3HauuTenbHO (Ha NOpAfOK) U3MEeHATbCA,
€CNN YpOBeHb (hepMU — C yBeNUYEHWEM MArHUTHOFO NOAs - MEPexoAWuT Yepe3 Kakoi nnéo
3HepreTMYecKnii ypoBeHb WrparoLlWMii ponb B npouecce pekoMOBUHauMM. UWCNeHHble pe3ynb-
TaTbl OTHocATCS K InSb reTuna m T = 130°K, npegnosnoras — 3a HeJOCTaTKOM MPUTOAHbIX
9KCMEPUMEHTANbHbBIX AaHHbIX — PEKOMOUHALMOHHbIE LEHTPbI C FMMOTETUYECKMMMW MNapaMeT-
pamu.
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EXPERIMENTAL INVESTIGATION
OF THE SPATIAL COHERENCE OF A He-Ne LASER

By
L. Csillag, M. Janossy and K. Kantor

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(Presented by L. Janossy — Received 25. X. 1966)

Measurements have been carried out on the spatial coherence of a He—Ne laser with
the help of a Mach—Zehnder interferometer. The results obtained from the measurements
verify the complete spatial coherence expected from theory for single mode operation of
a laser.

1. Introduction

The multiple slit diffraction experiments performed with the first He —Ne
laser showed qualitatively that light radiated by a gas laser is spatially coherent
over the whole cross-section of the laser beam [1]. In connection with this,
the question arises how spatial coherence is actually generated in a laser.
The first fairly obvious assumption was that spatial coherence of laser radiation
is created by the process of stimulated emission in the laser cavity [2].

Later on, further considerations gave a quite different explanation of
the phenomenon. It has been shown by several authors [3, 4] that when mono-
chromatic light is reflected continuously to and fro between the mirrors of
the laser resonator, a steady state will be attained gradually in the resonator
as a result of the process of diffraction of light on the mirrors. For this reason
only certain wave forms, otherwise called modes, will remain in the laser
cavity, the frequency, the phase and amplitude distribution of which over the
mirrors is determined by the geometry of the laser resonator. It has been
assumed, here, that light is monochromatic. Thus, no problem of coherence
arises as monochromatic light is necessarily completely coherent. However,
it was shown by woirf [5] that quasi-monochromatic light which is initially
only partially space coherent or even incoherent will become completely
coherent in a similar way after a sufficient number of passes through the laser
resonator even though the resonator is passive in the sense that no light is
generated within it.

According to this consideration spatial coherence is created by diffrac-
tion of light waves on the laser mirrors in such a way that the w'aves with
inappropriate phases are gradually suppressed at the successive passes through
the resonator. The only role which stimulated emission plays in this connection
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is that it compensates in a coherent manner for losses of light in the resonator.
The spatial coherence will be complete if a single mode survives and the effect
of spontaneous emission is negligible. In that case spatial coherence of laser
radiation can be considered as ideal.

2. Measurements on spatial coherence

Quantitative measurements on spatial coherence of a gas laser have been
performed by Bertolotti, Daino and Sette on a He—Ne laser with the
help of a double slit [6]. According to the results obtained the degree of coher-
ence decreases considerably with increasing separation of the apertures.
As it turned out later on the reason for this was the multi-mode operation
of the laser. In a further experiment performed by the same authors the case
of single mode operation was also investigated and the degree of coherence
was found to be almost unity [7]. The report contains, however, no further
details.

We have carried out investigations on spatial coherence with the help
of a Mach—Zehnder interferometer which appeared to be more suitable than
the double slit arrangement generally used because it allows for measurements
of higher accuracy. Our first experiment [8] was carried out on a He—Ne
laser operating in the infrared at the wavelength A= 1.15 /0. The measurements
performed in three different transverse modes (TEMO00, TEM 10, TEM 30) showed
a high degree of coherence over the whole cross-section of the laser beam.
The degree of coherence obtained deviated in general, however, by a few
per cent from ideal coherence (| y122| was 0.94—0.97).

We therefore repeated our measurements under more favourable experi-
mental conditions with a laser operating now in the visible part ofthe spectrum
at the wavelength A= 0.6328 4 [9]. The results of the second measurement
quantitatively verify the theoretical results showing complete spatial coherence
in the case of single mode operation of the laser.

3. The principle of measurement

The degree of coherence |y12| between two points Px and P2 of the
electromagnetic field can be determined from the following relation [10]

N
lyed max | mm II" 12 (1)
Amax “b ~min  2Thh ~’

where Iland J2are the intensities of the beams emerging from P1 and P2
The first factor is the visibility of the interference pattern produced by the
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two beams. Jmax and Imyn denote the maximum and minimum intensity,
respectively.

Fig. 1 shows the Mach—Zehnder interferometer with which the two
points Paand P2 can easily be located anywhere on the cross-section of the
laser beam. The beam entering the interferometer is split into two parts
which finally interfere at the point of observation M. As can be seen from the

Fig. 1. Interference in the Mach—Zehnder interferometer, cases a) and b). F{and Fz denote
full mirrors, Sj and S2semi-transparent mirrors, M point of observation (left). The shaded part
on the cross-section of the two beams shows where interference arises (right)

Figure in case a) when the mirrors F1and P2are placed symmetrically, the
two points P1land P2 are identical, which means, that the beam emerging
from the point Pr= P2of the cross-section interferes with itself at point M.
W hereas, when the mirror Fxis displaced by the distance d into posi-
tion Flthe two points lie in different places of the laser beam, and the pro-
jection of their distance on the cross-section of the beam is also d. In the latter
case the interference arising at point M is produced by two beams emerging
from different points. Thus, by measuring the intensities Imax and |mjn of
the interference pattern and lv 12 of the interfering beams, the degree of
coherence |y12| between two points Pxand P2lying at a distance d from each
other on the cross-section of the laser beam can be determined. The point P2
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may be chosen by moving the detector along the cross-section of the laser
beam. is given by the position of mirror Fv

If the laser resonator consists of spherical mirrors the wave fronts of
the light radiated by the laser will also be spherical. Because of this, by chang-
ing the position of the mirror (i.e. by changing the distance d of the two
points), the path difference of the interfering beams changes by differing
amounts over the whole field where interference arises (Fig. 2). Accordingly,
the spacing of the interference fringes will be wider or narrower, and in this
way the value of the visibility obtained in the measurement will appreciably
depend on the size of the aperture of the detector. This difficulty can be over-

Fig. 2. The path difference between the interfering beams. Top left: spherical waves. Top
right: plane waves. Bottom: Plane waves can be produced with the help of a lens L. R denotes
the laser mirror through which the divergent beam is emerging

come by placing a lens in the path of the laser beam in such a way that the
focus of the inserted lens falls into the virtual focus of the divergent beam.
The waves thus become practically plane waves and in this way the path
difference of the interfering beam will be the same at every point of the
interference field. The interference pattern now consists of only a single wide
interference fringe which is dark or bright according to the path difference
of the beams. By slightly changing the path difference both the intensity
maxima Jmax and minima fmin of the interference pattern can be determined.
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4. The measuring arrangement

Fig. 3 shows the measuring arrangement. The d.c. laser operated at the
wave length A= 0.6328/t. The resonator consisted of two dielectrical
mirrors with a curvature of r = 75 cm, which were fixed with four invar
rods at a distance of 50 cm from one another. The length of the laser tube was
30 cm, and its inner diameter was 2 mm. By a suitable adjustment of the

M r =75cm
L, f -100om
L2 f =30cm
L3 f-5am

Fig. 3. Block diagram of the measuring arrangement. M r, M 2laser mirrors, L xlens for producing

a plane wave front; Ft, F2 full mirrors, S,, S2 semi-transparent mirrors of Mach—Zehnder

interferometer, L2 lens for enlarging the laser beam, A aperture, L3 lens to focus aperture on
photomultiplier cathode, PM photomultiplier, R registering galvanometer

mirrors and using an appropriate current density in the discharge tube, it was
possible to select the desired modes. The Mach—Zehnder interferometer was
mounted on a Hilger N200 interferometer. To overcome effects arising from
the finite size of the aperture of the detector the laser beam leaving the inter-
ferometer was enlarged with the aid of a lens of f = 30 c¢cm focal distance.
Thus, the diameter of 0.4 mm of the aperture of the detecting photomultiplier
(EM1 6256B) was equal to about 1/40th of the diameter of the laser beam.
The visibility of the interference pattern was determined from the registration
of four or five intensity maxima and minima obtained through the mirror F3
being slowly moved by a motor for a distance of about 3 u.

5. Discussion of the results

From the results of the measurements we determined |y12] according
to relation (1). In Fig. 4 we have plotted the values of |y12| obtained from
the measurements and the intensity distribution | of the corresponding modes
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indicating the position of the points P2 fixed in the origin of the coordinate
system, and P 1llying at a distance d from P2 It can be seen from the Figure
that the degree of coherence obtained in the mode TEMOQO is practically 1
and is 0.98 in the mode TEM10. The results of the measurements thus verify
the ideal spatial coherence expected from theory for single mode operation.

Fig. 4. The degree of coherence | y12 | obtained at various distances d between two points on
the cross-section of the laser beam (right) and the intensity distribution | of the modes (left)

The deviation of 2% from ideal coherence in the mode TEM10 may be
attributed to the effect of some other weakly excited transverse modes and
the same effect may also have been responsible for the deviation observed in
our previous measurement [8].

The decrease of spatial coherence when several transverse modes are
excited simultaneously may be explained in the following way: because the
frequencies of the individual transverse modes differ in general from one
another, the intensity of the observed interference pattern will be the sum of
the intensities of the single interference patterns produced by the various
modes. As the modes have different phases and different intensity distributions
compared with one another the single interference patterns do not completely
overlap each other. Thus the visibility of the resulting interference pattern
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will be lower than that of the single interference patterns. Since the degree
of coherence is related to the visibility of the interference fringes, a decrease
in the visibility also gives a decrease in the degree of coherence.
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9KCMNEPUMEHTA/IbHOE WCCNELOBAHWE MPOCTPAHCTBEHHON
KOFEPEHTHOCTW JIA3EPA He-Ne

N.YUNAAT, M. SHOW U n K. KAHTOP
Pesome
MpoBOANNUCH M3MEPEHNS B CBA3M C MPOCTPAHCTBEHHOW KOrepeHTHOCTbIO Jlazepa He—Ne
npu nomolwn unHTepdepomeTpa Maxa—LlaHaepa. [MonyyeHHble W3 W3MEPEHWIA pe3ynbTaThbl

NOATBEPXKAAKT COBEPLUEHHYIO MPOCTPAHCTBEHHYIO KOTEPEHTHOCTb, CMeaytollylo U3 Teopuu B
cnyyae NpocTbIX onepauui Jlasepa.
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3. BATAA

WHCTUTYT ALEPHB X WCCNELOBAHWMN BAH, JEGPELEH

(MepactaBneHo L. Canam — MMoctynuno 9. XI1. 1966)

MpoBefeH NOAPOGHLIA aHanM3 BO3MOXHOCTEM MPUMEHEHUs MeToga (R*y+) coBNafeHWI
Ansa onpegeneHns aheKTUBHOCTY pernctpaunu (S"N+) LeTeKTOpoB MO3MTPOHOB U NOCPELCTBOM
3TOro ANa onpefeneHnUs akTMBHOCTE npenapatos, MCNYCKaloWMX MO3UTPOHbI. Takoh aHanms
Heob6X0aMM, T. K. aHHUTUAALNOHHbIE KBAHTbl BOSHWUKAIOT B OMpeAesieHHOM 06beMe, U NS cny4vas
Henb3a MPUMEHUTb (OPMYy/bl ANA TOYEYHOr0 WMCTOYHMKA. YKasblBalOTCA BO3MOXHble MyTu
yyeTa WM YMEHbLUEHWA BAUAHUA 00bE.MHOr0 pacrnpefeneHus aHHUrUAALUK:

1) YncneHHoe MHTErpupoBaHue;

2) YBenuueHne paccTOAHUA MeXAy WCTOYHUKOM W [eTeKTOPOM aHHUTMAALUOHHbIX
KBaHTOB. lNpuMeHeHne R abcopbeHTa, U TakXe WUCNOoNb30BaHMe 3((eKTUBHOCTM permcTpalmm
SBr 6nn3ko 100%.

MpaBunbHbIA BbIGOP YCNOBUI WM3MEPEHUS Aal0T BO3MOXHOCTb YMEHbLIWTb BAUAHUE
06bEMHOIO pacnpefeneHns MecT aHHUTWAALMIA Ha TOYHOCTb OnpejeneHus 3PHEKTUBHOCTM
permcTpaunmn no3mTpoHoB (SV) Ao 10 3 M MeHbLe.

1. BsegeHwue

To CBOIACTBO MO3UTPOHOB, UTO OHW, COEAMHSISICH C 3/IEKTPOHAMW [ETEKTOpa,
W 3aMegNSIoLLEN cpedbl, 3a Bpems nopsigka 10-9 cek mcrnycKatoTcs B BUALE ABYX
(hO0TOHOB (0AHOCHOTOHHBLIM M3/lyHYEHNEM MOXHO MpeHebpeUb) BO3MOXHO WCMOSb-
30BaTb 15 onpefeneHns 3eKTUBHOCTA PerncTpauun AeTeKTOPOB MO3UTPOH-
HOr0 M31yyeHNs. SPMEKTUBHOCTLIO PErMCTPaLIMN UK CUETA Ha3bIBaeM OTHOLLIEHNE
PerucTpUpoBaHHbLIX Y BOSHUKAIOLLMXCHA YacTUL, B TO XXe Bpems 3peKTUBHOCTLIO
HasblBaeM OTHOLLEHME YUCET PErMCTPMPOBaHHbLIX U MOMAafaroLLMXCA B LETEKTOP
yacTul,. Mcnonb3oBaHWe MeTofa COBMafeHWi AaéT BO3MOXHOCTb M3beratb Kop-
peKuMK, YUMTbIBAKOLLME CreLnprUUecKe CBOMCTBA WCTOYHMKA W [ETeKTopa, W
TakMm 00pa3oM Mnony4nTb 605ee TOUHble Pe3y/bTaThbl.

OfHako MpVMEHeHME MeToda COBMAfeHWUiA (B+y+) 3aTPYAHEHO, MOTOMY
YTO faxe B C/lydae TOYEYHOr0 WCTOYHMKA MO3UTPOHOB MO3UTPOHbLI aHHUTMY-
PYIOTCA B KOHEYHOM 00BEME, IMHEVHbIE pa3Mepbl KOTOPOro B BO3A4yxe npy larm
COCTaB/ISIKOT HECKO/IbKO METPOB, B TBEPLOM Tesle HECKO/IbKO MM B 3aBMCUMOCTM
OT 3Hepruun. TakMM 06pa3oM WUCTOYHUK aHHWUMMISALMOHHBLIX KBaHTOB B 3aBUCU-
MOCTU OT YC/IOBUIA 3KCMEPUMEHTA MOXET WMETb 3HAYUTE/bHBLIA 06bEM. 3TUM
06BSACHSETCS, YTO B HACTOsILLIEe BPEMS MMEHOTCA TO/IbKO ABE MOMbITKX MUCMO/b30-
BaHWs 3Toro Metoga. A. Ynnsamcom [1] 6bln Mcnonb3oBaH MPOTEYHbIA NPONopLmo-
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Ha/bHbIA CYETUMK HEGOMbLUOr0 pasMepa, rAe MO3UTPOHbI aHHWUIMMPOBAIUCL B
OCHOBHOM B CTEHKE CYETUMKA. 3aBUCUMOCTb BEPOSITHOCTU AETEKTUPOBAHMS
AHHUMNSILMOHHBIX KBAaHTOB OT MECTa aHHUMMASILMM YYUTbIBasiacb NMyTéM M3Me-
PEHUST 3aBUCUMOCTW CYéTa COBMafeHUIA OT PacCTOsHUSI AeTEeKTopa OT MCTOYHMKA
N NPOM3BOAMIACE 3KCTPAnonsAuusi Ha GeCKOHEYHOE paccTosiHMe. B mM3aMepeHusX,
MPOBEAEHHbIX paHee aBTOPOM [2], yMeHbLUeHMEe 06bEMa aHHUMUASLMM MO3UTPO-
HOB NPOW3BeAeH B [OMOSHUTE/IBHOM W3MEPEHWW, B KOTOPOM WMMesics abcopbeHT
BOKPYI MCTOYHMKA. HecMOTpsi Ha TO, YTO HEKOTOpble CBOCTBa MeTofAa paccmoT-
peHbl B [3], 6onee MosHbIA aHaIM3 BO3MOXHOCTEN U YCI0BUIA NPUMEHEHUSA MeToAa
[0 HaCTOSILLEr0 BPEMEHM He MWIMEETCs.

2. Metog (B+ y+) coBnageHWii 1 yCnoBWUs €ro MPUMEHVMOCTU

OOLLIEV3BECTHBIN MeTOA coBMaaeHWiA [4], B ciydae TOYEYHOrO WMCTOYHMKA
051 CXeMbl pacnaja, MoKasaHHOro Ha puc. la, MoXeT ObITb XapaKTepu30BaH
CNEeLYIOLLNMY  BbIPKEHUAMMU:

Ny = DSy; NB-= DSR; NBy= DSySR. @

OTN 3KCNepUMeHTa/IbHbIE [aHHble AT BO3MOXHOCTb OMPeSennTb aKTUB-
HOCTb (D ) M 3(hheKTMBHOCTb [eTEKTUPOBaHMSA raMma (Sy) 1 6eTa (SR) AeTEeKTOPOB:
NyNR .
n= "7 (2)
NyR
KoppeKkuun, HeobxoaMble MK3-3a abcopOuun y KBaHTOB B R AETEKTOPE,
TakXke KOppeKUMM B cnydae 00sfiee CNOXHOW CXeMbl pacrafa, faHbl B paboTe
KamnuoHa [5].

Puc. 1 TMMpocTeiwmne cxembl a) B~ 1 6) B+ pacnaga, Aatowme BO3MOXHOCTb MPUMEHUTb METOA
coBnafeHunit

B cnyyae NpoTsHKEHHONO0 UCTOYHMKA, Takoke ANS Crlydas nepexofa B OCHOB-
HOe COCTOSIHME MyTEM 3MMUCCUMM MO3UTPOHOB (puc. 1. 6), MofobHble hopMysbl
MOFYT ObITb HamnMcaHbl TOIbKO 4151 JAHHON TOYKU «MCTOUHMKa» M3-3a 3aBUCUMOCTY
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3(htPeKTUBHOCTEN OT MecTa BO3HMKHOBEHUSI KBaHTa, M HEOOXOAMMO WHTErpupo-
BaTb N0 06LEMY A1 MOYYEHUSI MOSIHOFO YMCia MMMYJ/IbCOB.

Nwv= 1n(x,y,z) Syx(x,y, z)dv .

v

NB+ = I n(x,y, z) Sto(x,y,y)dv, (3)

\

Np+yt = J n(x,y, z) Sfl+(x,y, z) Syx(X,y, z) dv,

v

roe n (X,y, z) — MAOTHOCTb aHHUFUAALUUK, TMPUYEM

\ n(x,y, z) dv = DPR+,
v
Pp\. — BeposATHOCTb pacnaja sapa MyTem 3MUCCUM MO3UTPOHA.

Kak Hmxe NoKaxem, Mexay MecTOM aHHUTMNAUMM U (PaKToM peructpauum
Nno3nTpPoOHa B AETEKTOPE, OCHOBAHHOM Ha MOr/IOLLEHWUA 3HEPTUKN, MOXET ObiTb
YCTaHOB/IEHO OfHO3HaYHOe COOTBETCTBME. CUETUMKOM MO3UTPOHOB OyAyT 3ape-
rMCTPMPOBaHbI TOSIbKO Te YacTuubl, NOTEPS S3HEPTMM KOTOPbIX B YyBCTBUTE/IbHOM
o0beme cuyeTUMKa 6OfbLLUE HEKOTOPOro Moporosoro E,op. [pegnosoras, u4to
UCTOYHMK HaxXoQUTCA B MOMOXEHUW 21 WM An y [eTeKTopa, Torga He pgatoT
CYET Te MO3UTPOHbI, ANS1 KOTOPbIX E R+ < E nop (QHHUTMAMPYIOTCA BOGAM3N UCTOU-
HVKA), N PENSITUBUCTCKME MO3UTPOHbI, C Masioi yaenbHOM MOHM3aumMeld (aHHUMW-
JIpYIOTCS fasieKo OT WUCTOYHWMKA). JTOT 03Ha4aeT, yto 5™M+(s:, y, 1) = 0 B6M3n
WUCTOYHMKA W [eNeKo OT Hero, a B HeKOTOPOM TMPOMEXyTke SRHx, y, z) = 1
TO ecTb YMHOXeHME Ha SR+(x, y, I) MOA 3HAKOM WHTerpasia MoXeT ObITb 3aMe-
HEHO M3MeHeHWeM OObEMa WHTErpupoBaHus V ->V ,, eC/i YOOBNETBOPEHbI Crle-
JytoLyie COOTHOLLEHNS:

Sp+(x,y,z) = 0, ecm (x,y,z) | rl,

Sp+(x,y,z) = 1, ecnm (x,y,z) C vi.
TakyM 06pa3om ypaBHeHUS (3) OyayT WMMETb CreAyHoLWMiA BAL:
Nyt = j n(x,y, z) Sv+(X,y, z) dv,

NB+= J n(x,y,z) dv, (4)
v,

NB+y+ = j n(X,y, z) Sy+(X, x, z) dv.
v

B aTom 00LLeM crlyyae ypaBHeHUs Tvna (2) MoryT BbITb paccUUTaHbl TOSIbKO
NyTEM UWC/IEHHOTO WHTErpMpPOBaHUSI.
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OpfHako MOXHO MOKasaTb, YTO YC/IOBUS M3MEPEHW MOTYT ObMb BbIGpaHbI
TakvM 006pa3omM, YTOObl MOrpeLHOCTb, BHECEHHAs 3aBUCUMOCTBIO 3(hheKTUBHOCTH
y+ [JeTeKTopa OT MecTa aHHUIUAAUMK, Oblia MasleHbKOM WM JIErKo Mogjato-
LLieiica NoAcYéTy. W YCNoBMA Cnedytolime (CMm. puc. 2.).

1 a) HepernctpupoBaHHble MO3UTPOHbLI AO/DKHbLI MOroWAThCs B 06bEME
V2, NIMHelHble pasMepbl KOTOPOr0 HaMHOIO MeHbLLE PacCTOsHMA y+ AeTeKTopa
OT UCTOYHMKA. 3TO YC/0BUE MOXeT ObMb YAOBMETBOPEHO. B crnyyae An peTek-
TOPOB HE06X0AMMO BblOpaTb YyBCTBUTE/bHbIA 00bEM M Ernop TakKvM 06pasom,

Puc. 2. MecTo aHHUTUNALMM HEpPerncTPMpPoBaHHbIX (LUTPUXOBAHHAs 4acTb) U PErucTpupo-
BaHHbIX MO3UTPOHOB (HELITPUXOBAHHAA YacTb) B C/lyyae OAHOPOAHOIO MOT/OLIEHNS B CHETUMKE.
V=V1+ V2

UT0bb! JETEKTMPOBAINCL U PENATUBUCTCKUE 3/IEKTPOHBI, U B 3TOM C/lydae MosuT-
POHbI MaUs10i 3Hepruun (ER+ < E nop) aHHUTMAUPYIOT B6/IM3M UCTOUHUKA. B cnyyae
2n [eTeKTOpOB, KPOME BbIMOMHEHMS BbilLeyKasaHHbIX TPeGoBaHWiA, HeobX0AMMO
MOMeCTUTb /5-NOrMOTUTENlb Ha MPOTMBOMO/IOXKHOM C UYBCTBUTE/IbHbIM 06BHEMOM
CTOPOHY UCTOYHMKA, B KOTOPOM Ha HECKO/IbKO MM-0B MyTW MO3UTPOHbLI 3aTOPMO-

3aTcs. MPUMEHNTL AaHHBIA MeTof B C/lydyae, Korga R AeTeKTOp yAaiéH OT MCTOu-
HUKa, Henb3s.

YuutbiBasi 370, NvT MPUHMMAET CreaytoLmnin BUA;
Ny+= Jn(x,y, r) Srx(x,y, z2)dv + j n(x,y, z) Syx(x,y,z)dv m

Pasnaras BTOpoi uneH B psafg Taliopa ¢ OCTaTOYHbIM U/IEHOM MEPBOA CTe-
neHn n yuuTbiBas (4) nonydaem:

Nyt= NBHx-f n(x,y, z) Syx(0, 0, 0) -f- X Sy+ (0Ox, By, 0Oz) 4-
ax

(5)
+y Syt (BX, Oy, Az) 4-z Sy+ (&%, Oy, Qz) dv.
oy dz
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Bblgenss nepBblii YieH M3 MHTerpasia M npeobpasysi BbIpakKeHMe:

Nyt —NB+y+-= Sy+(0,0,0) I n(x,y, 2)dv + Ri, (6)

V,

rpe O< s < 1

1‘2” (x,y,z) dv. — 4MC/IO HEPErncTPUPOBaHHbLIX MO3UTPOHOB

— rONPaBOoYHbIA U/eH.
6) MpoBefem [OMONHUTE/IBHOE M3MEPEHVE, B KOTOPOM A1 BCEX MO3UTPO-
HOB BbIMO/IHAETCA YC/I0BUE, 3a4aHHOE B @), HO 06bEM MOXET ObITb pPas3/INYHbIM
(M3). 310 MOXET ObITb JOCTUIHYTO MyTEM MNPUIOXKEHUS R NOrSIOTUTENEA K UCTOY-
HUKY TaKXXe CO CTOPOHbI (CTOPOH) YyBCTBUTENbHOINO 06beMa. PasymeeTcs, npu
"'TOM He MPOUCXOAUT pernctpauusa nosuTPoHOB. YnMC0 MMMY/ILCOB B 3TOM Crly4ae:

lynot _ I, norn (8,y,Yy) Sy£(X,y, z) arom (x,y, z) dv ,
v,

rae arom {x, y, z) — AOMOMHWTENIbHOE MOrJIOLEHNE B B MOFMOTUTESE.
Paznaras v ato B psig Tainopa, No/lyyaeM BblpaXkeHWe, aHanormyHoe ¢ (6).

7Y"M = y+(0, 0,0)anorn (0,0,0)J nlo7 (x,y, z2)dv + R2, (7)
\3

roe Craom (x, y, z)dv — MO/IHOE UMC/IO MO3UTPOHOB.
\A

BblunTasi COOTBETCTBYHOLLIME OCTATOUHbIE Y/IEHbI C 060MX CTOPOH YpaBHEHWIA
(6) n (7), Takke pasgensasa ypaBHeHWe (6) ¢ ypaBHeHVeM (7) Mony4yaem BeposiT-
HOCTb TOrO, YTO MO3UTPOH He OyAeT 3aperMcTpupoBaH B B AETEKTOpe:

v, T

1 —S™ = anorm — forye

AP Ro ®

Mpu BbIBOAE 3TOM CHOPMY/bl He fenanv HUKakuxX NpubavkeHui. Ons
BbIUMC/IEHNS R x M Rz MOXHO fenaTb MpUG/vXeHUs, HO C 3TUM BOMPOCOM 3ali-
MEMCS TO/TbKO MPW PacCMOTPEHNN BO3MOXKHO TOUHOCTU MeToga. [Mpu npaBuibHOM
BbIOOpe YCMOBUIA 3KCMEPUMEHTA B HY/MEBOM MPUBAVKEHUM MOXKHO C HUMM Mpe-
Hebpeyb.

2) B cnydae npumveHeHWsi 6onee MAOTHOrO feTekTopa (CUMHTUNASLMOH-
HOr0 W MOYNPOBOAHMKOIO CYHETUMKAE, WA MPOMOPLMOHASILHOMO CYETUMKA Ma-
/Ior0 pasmepa) YC/0BMsI 3KCMepMMeHTa MOryT 6biTb BblopaHbl TakMM 06pasom,
yToObl YK€ MPU YC/IOBUSIX CHETA MO3UTPOHOB BCE MO3UTPOHbLI MOF0TUANCL B
06beme, JIMHeHbIE pasMepbl KOTOPOr0 HaMHOFO MeEHbLLUE PacCTOSHWUS y+ [eTeK-
Topa OT WCTOYHMKA.
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B atom cnyyae 1Y “IT1MOXeT 6bITb 3amMeHeHa Ha NV+.

Nyt — Sy+(0,0,0) \ n(x,y, r)dv + L m )

A

MpeobpasyeTca W ypaBHeHUs (8):

Ny+ — NR+y+_— R
1- S+ y Byt (10
Tv~"m

Jlerko BuaeTb, 4uto ecam J1, n RR B (10) npeHebpexxnmo Marbl, Torga (10)
NnepexoanT B TpeTbe ypaBHeHue (2), Ae/CTBUTE/IbHOE B C/lyYae COBMajeHWii C
TOYEYHBbIM MCTOUHMKOM.

3HaHve SR+ JaeT BO3MOXHOCTb OMpefeMTb aKTMBHOCTL MpenapaTa B
OTHOLLIEHWW UCNyCKaHWA MNO3UTPOoHa [TpeTbs topmyna (1)], 1 ecnn onpesfenivm
OPYTUM MyTeM aKTVMBHOCTb B OTHOLLEHMM 3axBaTa 3/1EKTPOHOB K3 aTOMHOW 060-
JIOUKW, MOXXHO OMpejennTb W MOMHYH aKTVBHOCTb WM OTHOLLEHME e/B+.

Ecnn pacnaf NpovcxoguT Ha BO36Y>XKAEHHbLIA YPOBEHb, A0MO/THUTENbLHOE
n3vepeHue (R+y) COBMAAEHWA, W 3HaHME SB+ JaeT BO3MOXHOCTb OMpedevTb
OTHOLLUEHME e/B+ (CM. Hanpumep [1,2]). B atom cnydae COOTBETCTBYHOLME ¢hop-
My/bl By yT:

rge PR+ — BEPOSITHOCTb MEpPexofa Ha [aHHbli YpPoBeHb MyTeM WCMyCKaHUs
Mo3NTPOHA Ha OAWH pacnaja.

HOI 060M104KM, U3 faHHbIX n3mepeHuid (B*y) nnn (B* y+) coBnageHnii oTaenbHO He MOTYT GbiTh

3amedaHve: Tak Kak MO3UTPOHHbIV pacnaj BCerga COMPOBOX/EH 3aXBaTOM 3EKTPOHOB aToM-
paccuuMTaHbl JaHHbIE, MOjyyaeMble M3 U3MepeHuid (R~Y) COBMafeHWiA.

3. TouHocTb meToga (B+y ) coBnageHwi

TOYHOCTbL MeTOfa OMpPesensieTcs BefMUMHOM OCTATOYHBLIX Y/IEHOB R x U
WM BO3MOXKHOCTBHO MX TOYHOro pacuyéta. BenmumHa jRj gaHa BblpadkeHuem (5)

Ona OoueHKN MakcMMaslbHOM BeNMUMHbI MHTErpasia B MeCTO OCTATOYHOrO
uneHa psga Tanopa sanuwem avddepeHUman 3MgEKTUBHOCTU perncTpaumm
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dSy+. YuutbiBasi Takke MNPUBIMKEHHOE paBeHCTBO Sy+ = e, roe U — Tene-
CHbIA yron, C — 3htheKTUBHOCTb, OCTATOYHbIA UieH NPUHUMAET CredytowmiA BUa;

K,= Inte~~dv 4-1nUe dv. (11)
J Q J e

12 V2

(Ons KpaTKoCTWM OnucaHus MepeMeHHble  OMyLLEHbL.)

Puc. 3. O6bsicHeHNe 0603HaYeHWA, BCTPEYAlOLMXCA MpY OMpefeNieHns raMma-aheKTBHOCTY
415 NPOTSAXXEHHOTr0 MCTOYHMKA

[JanbHelillee npnbnmkeHne Ha ocHoBe (OPMy/ibl TEJIECHOMO yrna no paboTte
[6] paéT:

d 3 o .
Q. 20, eemE e <1 (12
Q 2 72 a Z
Tak e no pesysibTaTam, OMNUCaHHbLIM B prUNoXeHUN:
de (13)
€
O6o3HauveHNs faHbl Ha puc. 3. MpoussBogsa 3Tu 3ameHbl B (11) nosnydaem:
N
Ri< 979 * J Q eq2dv + nOezdz. (14)

MepBblii UHTErpan SIBASETCH JOCTATOYHO Ma/biM, T. K. MPOMOPLMOHAsIEH
€ (¢Z)2 TMokaxeMm, YTO BTOPOM WMHTErpas UMeeT TaKoi >Xe MOPSAOK MasiocTu.
Ans aToli UenM 3anuLlemM NPUBVKEHHOE PaBEHCTBO
dQ de
O

e

Qe  (Me)0 1 +
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BO BTOPOIA MHTerpas. YuntbiBas (12) 1 (13) u npeHebperast ¢ yneHamMmn TPETbEro
nopsifika MasioCT¥ U Bbille, MOyYaeMm:

Jlerko nokasaTb, 4TO B C/Ny4yae OAHOPOAHOro abcopbeHTa MepBblii UHTErpan
paBeH Hysnbl. O6bLEM 2 ABASETCA CUMMETPUYHBIM OTHOCUTESIbHO MJI0CKOCTY
z = 0, a noguHTerpasibHas (PYyHKUUS HeveTHas T. K. (DyHKLUUSI pacrnpegeneHus
NAOTHOCTU aHHUMMALMM CUMMETPUYHAS, Z aCUMMETPUYHAsSA, a Qe)0 MOCTOsAHHAA
DYHKLMSA.

YuntbiBasi, UTo g ~ W g < paTax (14) MOXeT 6bMb NepenucaHo B Crieayto-
Lyt chiopmy:

BenuunHa wHTerpana pfaet MPUGIVXKEHHOE YWCI0 aHHUTUNSALMOHHBIX
KBaHTOB, KOTOPble BO3HUKa/IMCb B COOTBETCTBYHOLLEM 06beMe 1 ObUIN 3apernucTpu-
poBaHbl Yy* [OETEKTOPOM.

Mo 3TOMy ANSi OCTATOYHbIX YIEHOB AENCTBUTENbHBLI CriedytoLlyie OrpaHu-
YeHws:

(16)

BepxHAsi nMpucTaBKa y fTax 03Ha4aeT 00bEM, B KOTOPOM MaKCMMyM [0/1-
XKeH ObIMb B3AT. [Mocne aToro BblpakeHUs (8) m (10) mMoryT ObiTb HanucaHbl:

1-
(17a)

1 _ Sm=  » vi~ A RwE)  ~ UN)

Nvt(1l - K) (176)
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roe
Ri 11
< ©\2
N y+ —N B+y+ 27, (b

R.

K < 279 (Eax)2,

poowo y
T onwe o 2z27 T2 a92e

YuntbiBas 3TU pe3yibTaTbl, METOL (R+y +) COBMNaEHUA MOXET 6bITb Mpu-
MeHeH Mpu CNeayoLwmnx YCIoBUSX:

1) B cywHocT npu MiobbIX 3aflaHHbIX NapameTpax 3KcrepumeHTa ocTa-
TOYHblE YeHbl ™ T WU A MOryT ObITb paccuMTaHbl C HEOOXOAUMOW TOUHOCTHHO.
CoBpeMeHHble CHETHO-peLLatoLLIME MALLMHBLI MO3BO/ISKOT MPOBECTU TaKue PacyéTbl.

2) YcnoBusi 3KcnepuMeHTa MoryT 6bb BblopaHbl TakuMm 06pas3om, 4Tobbl
OCTaTO4Hble Y/leHbl ObUM Obl MPEHEOPEXMMbI NPY HEOOXOAMMOA TOYHOCTU. [Nns
npvMepa OLEHWM BEIMUUHY OCTaTOYHbIX Y/IEHOB B Criydae 41T CUMHTUNNALMOH-
HOro [eTeKTopa MO3UTPOHOB. B 3TOM criydae MakCUMasibHbI NpPoGer SABMsSeTCs
[OCTaTOYHO MasibIM, YTO AaéT BO3MOXXHOCTb MPUMEHWUTL BTOPO MeTog (yp. 176).
MpuHMMas grex= 5 MM, a = 25 MM 1 Z = 250 MM, TaKXe Yy4uTbIBasi, YTO Mpo-
Ger HeperucTpuUpoBaHHbIX MO3UTPOHOB HAaMHOMO MeHbLUE PEerucTPUpPOBaHHbIX
(Pukx <8 Rmex), B NepBoM MPUOGAMXKEHUMN OCTaTOYHbIE Y/ieHbl AatoT 5%-Hy0 Kop-
pekumo B onpegeneHun (I —sp+). OpHako owmnbka onpegeneHus SR+ ByaeT
HaMHOI0 MeHbLLE, ec/iM UCMoMb3yeM OosbLUMe 3HAYeHWUs SR+ Hanpumep npu
SR+790% , 1 Npn yKasaHHbIX BbilLie YCOBUSX MPEHEBPeXKeHNe ¢ OCTaTOYHbIMN
ysileHaMM MOXKET BHECTU CUCTEMATUYECKYHO OLLMOKY MeHbLle 0,5%, a npu SR+~
99% meHbLLe 0,05%.

B TO >ke Bpems Mo/yyveHHble Bbllle pe3y/ibTaTbl MOKa3bIBatoT, YTO Mpu Npu-
MEHEHUN MeTofa Heob6XO4UMO MOSIBUTL HEKOTOPYHD OCTOPOXXHOCTb, W MnpeHebpe-
ratb C OCTaTOYHbIMKU YfIEHAMM Pa3pPeLLaeTCs TOMbKO MPY XOPOLLEA reoMeTpun u
BbICOKOI 3()heKTMBHOCTW PErncTpaummn Mo3NTPOHOB.

ABTOp CUMTAET CBOMM MPUSATHBLIM JO/IFOM BbIpasuTb 6/1arofapHoCTb aka-
femuky LLL Canaw, aupekTtopy WHCTUTYTa, 3a obecrieyeHne XOopoLunxX padoumx
ycnoBuii U a-py [. BepeHn 3a nonesHble AMCKYCCUW.
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MpunoxkeHne
OueHka de/e

LlenecoobpasHbIM SIBASETCS NPUMEHEHME aHA/IMTUYECKOIO BbIPabKeHUs e-a,
KOTOPOr0 MOXEM MOoNyunTb U3 opMynbl, onybimMkoBaHHoW CreHadopaom u

PuBepcom B [7], 3aMeHOM h  Z M a*a = pcosw(- |[/a2 - o2sm2<p OBO3HaYe-
HMA cm. Ha puc. 3.

Takum 06pa3oM 3(hheKTUBHOCTb MPU AaHHBLIX T U q AAETCA BbIpaXKeHWEM:

e—é (I11+ 32,

roe

H(E) b

cos 0

Ji = 1- exp sin0d 0 = J ix(0)d

u(E) (Z - 2) B(E) (gcos p Ya2— Q@sin2@
cos 0 sin 0

sin 0dd = (i2(0)d0
0X= arctg- =m = 02= arctg —
0 Zz Zz

Mwem npousBOAHYO, YUWTbIBasi 3aBMCUMOCTb MPeAesioB MHTErPUPOBaHMS OT
Qun z.

A
de rijol, oL,
n + dtp
0Q ‘]O 00 0Q
Oi
A 60X A o
ort R |- on ) dd,
6Q 6Q U] 6Q
or2 roHLW
) = A@h(or) 1, 1 h( A dd.
Q oQ oQ ) aQ
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YunTblBass HenpepbIBHOCTb (yHKUMM nornoweHns ij(0) = ~(0Yy), Takxke
ero umcyesaHne Ha Kpasx Kpuctasina i202 = 0 mn HesasucumocTb ~(0) oT g
n z, To ectb 8il(0)/8p = 0, Nony4yaem credyroLlee BblpaXKeHUE:

e Asin2@
Ya2—pa2sin2@

vox a(E) (Z + % p(E) (gcos @-f- Ya2— g2sin @
P cos O sin O
OKCIMOHEHT MOKa3bIBaeT, KakKas 4aCTb raMma W3lyyeHWss MpPOoXoauT uyepes
Kpuctasin npn 0 ,< 0 < 02 Tak Kak 310 Bcerga ~ 1, MHTerpaa yBe/IMynBaeTcA
NPV 3aMeHe 3KCMOHEeHTa Ha efVHULLY.

gsin @
» ° d .
Ya2 — &sin29P 2 Y) dep
Mpn g<gawno, 6 <€ s MoOXKeM NPUMEHUTb Credytolme NpuoavmKeHns : 0 % ------- |

a
02~ —YunTbiBas pasnoXeHUs1 TOMbKO A0 KBafpaTMYHOrO 4YneHa Mo gla u alz
z

nosy4aem:
<71 p(E Q@
P(E) Z(b + 2)
AHa/I0r yHo:
oe . 2up(E) ba2
Z(b + Z)2
e~ np(E) ba2
b+ 2)2"

B nocnegHem cryyae yuuTbIBa/IM Pa3/iOXKeHME MOKAa3aTe/IbHOM (hyHKUMM
[0 MepBOr0 HEMCYE3AIoLLEro 4sieHa, W 4To B Hallem cnydae 12 Ip
HakoHel,
de 1 de
B +

e ~ e 9g
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ON THE USE OF THE (B+ y+*) COINCIDENCE METHOD IN INVESTIGATIONS
ON POSITRON EMITTING NUCLIDES

E. VATAI
Abstract

A detailed analysis of possibilities of the (8 +yx) coincidence method for determination
of positron detector counting efficiency (S8+), and accordingly possibilities for positron acti-
vity determinations of sources are given. Such analysis is necessary, because the annihilation
quanta are emitted from a finite volume, and the equations for a point source in this case are
not valid. The following ways to account or reduce the effect of the annihilation spatial distri-
bution are possible:

1) Numerical integration;

2) Increasing the distance between the source and detector of annihilation quanta.
The use of beta absorbent and high value of counting efficiency (SB+~ 100%).

The use of proper measurement parameters make possible to reduce the effect of spatial
distribution of annihilation on the accuracy of counting efficiency (So+) determination to
10" 3 or less.
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EFFECT OF DISLOCATIONS
ON GALVANOMAGNETIC PROPERTIES OF n-TYPE Ge

By
B. PODOR

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Presented by G. Szigeti. — Received 20. XI1. 1966)

In this paper the influence of dislocations on the carrier concentration and mobility
in n-type germanium single crystals is examined both experimentally and theoretically. Con-
ductivity and Hall effect was measured on plastically bent crystals over the temperature
range 80—300 °K. From the experimental results a dislocation acceptor level, 0.33 eV below
the conduction band edge is deduced. The electrostatic interaction energy of the captured
electrons along the dislocation line and its dependence on the occupation rate of these acceptor
centres is discussed. A theoretical formula for the scattering effect of charged dislocations is
deduced. The experimental values of electron mobility measured perpendicularly to the dislo-
cations are in reasonable agreement with the predictions of this formula.

1. Introduction

The dislocations generated by plastic deformation exert a strong influ-
ence on the electrical properties of semiconductor single crystals. There are
broken bonds in diamond type semiconductor single crystals along the edge
dislocation lines. Three of the valence electrons of the atoms situated on the
dislocation line are paired, the fourth is unpaired. These dangling bonds may
capture electrons from the conduction band, and they behave as acceptor
centres. This effect is particularly important in n-type semiconductors. More-
over, the dislocations scatter the conduction electrons, thus their mobility is
reduced.

In n-type semiconductors the mutual electrostatic interaction energy
of the captured electrons along the dislocation line influences strongly the
occupation statistics of these acceptor sites as pointed out by w . T. Reaa [1].
The distance between the broken bonds as well as between the acceptor centres
along the dislocation line is considerably smaller than the mean distance
between the dislocation lines. A mutual interaction exists between the elec-
trons captured along the dislocation line. Moreover, they interact with the
positive space charge formed around the negatively charged dislocation line.
The electrons are captured by dislocations from the conduction band until
the increase in electrostatic interaction energy of the electron prevents it.

The conduction electrons are scattered by the potential field of the nega-
tively charged dislocation line and that of the surrounding screening positive
space charge, and their mobility will be reduced.
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The validity of r eaa's model was proved to some extent by the Hall
effect and by the conductivity measurements on plastically bent 7:-type ger-
manium, respectively [3], [4], [5]. This also applies to the Hall effect and
magnetoresistivity measurements on 7ktype silicon single crystals deformed
by plastic compression [6]. Different values of energy levels of these acceptors
have been published by various authors: —0.2 eV [3], —0.18eV [4], —0.50
eV [s1. Fitting the theoretical curves based on r ecaa's model to the experi-
mental points, a dislocation density was considered, many times greater than
that calculated from the bending radius. According to the majority of recent
measurements the energy level associated with the dislocations in T7:type
germanium lies closer to the middle of the energy gap than stated in earlier
works [8].

The effect of edge dislocations on the electron concentration and mobility
in high purity 7:-type germanium has been examined in the present work.
The energy level of acceptor centres associated with the dislocations and the
interaction energy of electrons captured along the dislocation line has been
determined. According to Hall constant versus temperature measurements
the acceptor level associated with the dislocations lies about in the middle
of the forbidden hand. The experimental values of the electron mobility measu-
red perpendicularly to the dislocations are in reasonable agreement with those
calculated from the analysis ofthe scattering processes on charged dislocations.

2. Experimental techniques

Higli-purity Sb doped 7:ktype germanium single crystals grown in our
laboratory by the horizontal zone levelling method in direction [111] were
used. Room temperature resistivity determined by the four-point probe
technique was 25 Q c¢cm, donor concentration determined by low temperature
Hall measurements was 6.5 X013 ¢cm -3. The initial dislocation density deter-
mined by the counting of etch pits on as-grown crystals was about 3—5x
X103cm “3.

Dislocations were generated by plastic bending. A structure of parallel
dislocations can be generated in this way. Equation |§ = (rb) -1 shows the
dislocation density in terms of the bending radius and Burgers vector. Samples
with dimensions of 14x4.5x1-2 mm were cut from the crystal, the face with
dimensions of 14x1-2 mm was perpendicular to the [112] axis. The longest
edge formed an angle of 45° to the direction [111]. The bending axis was
parallel to direction [112], the slip plane was the plane [111], and the Burgers
vector was parallel to the direction [110] and perpendicular to the bending
axis, i.e. to the direction of the dislocations. Samples were bent in graphite
shapes of given curvature in a purified H2 stream at 730 °C. The nominal
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radii of curvature ofthe graphite shapes were 25, 50 and 150 mm, respectively,
the nominal dislocation densities were 107, 5X 106, and 1.6 X FO8cm _2,respect-
ively. Samples were plated with tin before deformation to prevent conta-
mination during high temperature treatment [7]. This tin layer was removed
by etching in hydrochloric acid after the deformation or heat treatment.

Samples were ground to 0.5 mm thickness after deformation. Potential
probes, Sb doped gold leads, two on each side, were attached by thermo-
compression to the side planes of the samples. Current leads were soldered to
the ends of the samples. Conductivity and Hall effect were measured by the
d.c. compensation method between 80 and 300 °K. The magnetic field was
3300 Gauss, the current was perpendicular to the bending axis (direction of
dislocations), and the magnetic field was perpendicular to both.

3. Experimental results

Typical results of our galvanomagnetic measurements on an as-grown,
a heat-treated and a deformed sample are plotted in Figs 1, 2 and 3. According
to these results acceptor centres were not produced merely by heat treatment.
Tin plating prevented the contamination of the samples during the heat
treatment. In bent crystals the electron concentration decreased as shown by

Fig. 1. Hall effect vs reciprocal temperature in deformed and undeformed samples.
93 — original, 92 — heat treated, 90 — bent sample, iVdjsi= 107cm-2
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Fig. 2. Conductivity vs reciprocal temperature in deformed and undeformed samples.
93 — original, 92 — heat treated, 90 — bent sample, = 107cm-2

Hall coefficient values of unbent and bent crystals. Edge dislocations generated
by plastic deformation introduced acceptor energy levels in the forbidden
energy gap. The occupation probability of these acceptor levels increases
with decreasing temperature as seen in Fig. 1. Because of the scattering effect
of dislocations the decrease of conductivity is greater than that of the carrier
concentration. The mobility of electrons perpendicular to the dislocations is
strongly reduced as shown in Fig. 3.

4. Interpretation of the experimental results

4.1. The change of the carrier concentration

In agreement with other publications [3], [4], [5], the results of our
measurements show that in n-type germanium single crystals acceptor centres
are introduced by plastic deformation. The occupation probability of these
acceptors is a function of the temperature as shown in Fig. 1.
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Fig. 3. Mobility vs temperature in deformed and undeformed samples.

93 — original, 92 — heat treated, 90 —bent sample, Mllsi= 107cm-3.
a — computed curve for the bent sample, based on eq. (11)

t

According to Read’s model the occupation probability of these acceptor
sites is controlled by the electrostatic interaction energy of the electrons along
the dislocation line, and by the energy level of these acceptor centres. The total
energy of electrons captured on the dislocation line is the sum of the acceptor
energy and of the interaction energy.

These acceptor centres are occupied at absolute zero temperature pro-
vided the total energy of a single captured electron does not exceed the energy
level of the shallow donor states below the conduction band. With rising tem -
perature an increasing number of captured electrons leaves the dislocation
states, and enters the conduction band, and the occupation probablility of
these acceptor sites decreases.

This process might be described by the statistical methods used in semi-
conductors. The energy of the captured electron consists of two parts, one of
which is the function of the occupation probability. The following model is
essentially identical with the model called “Fermi statistics” in [1].

Supposing there are shallow donor and deep acceptor levels in the for-
bidden band with densities Nd and Narespectively, we have to consider the
temperature range high enough to completely ionize the shallow donor levels.
Further, if it is not high enough to create a significant number of holes in the
valence band, then the Fermi level is far from the lower edge of the conduction
band, and Maxwell—Boltzmann statistics can be applied to the description
of the electrons in the conduction band and the contribution of holes can be
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neglected. The Fermi level may lie close to the deep acceptor levels, and for
describing their occupation probability, Fermi—Dirac statistics are to be used.

Electrons lost by the donors enter either the conduction band or the
deep acceptor states, and

Nd= n + na, (1)

where N is the concentration of the electrons in the conduction band, nais
the concentration of the electrons captured on the acceptor levels. Denoting

Fig. 4. Total energy of captured electrons on the dislocation vs temperature.
90 — bent sample, ivdisl = 107cm-2

the density of states at the lower edge of the conduction band by NC, we
obtain

n= Ncexp E'- 2
kT 9

The positive direction of energy points from the valence band to the con-
duction hand, and the lower edge of the conduction band is the zero level.
Denoting the total energy of the electrons captured at the acceptor sites
by Ea, then
N n
Ea- E,

1+ 1/2 XpP KT 3)

is obtained.
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The 1/2 factor in the denominator accounts for the degeneration accord-
ing to the spins [10]. From (1), (2) and (3).

n Na—Nd+ I (4)
Nd- n

Expression (4) was used to interpret the experimental results. Equating Na

with the donor concentration measured on the undeformed samples, and

determining Na from the dislocation density calculated from the bending

radius and from the distance between the broken bonds along the dislocation

line, we obtain

N uNdisl 1
c cbr

Carrier concentration has been determined from the Hall coefficient, measured
on bent samples.

The density of states at the lower edge of the conduction band with
meff = 0.39 m is, according to [10],

20 0 g KT 312
h2

N,= 2

The total energy of the captured electrons, Ea, was determined by this pro-
cedure in several samples at several temperature values. A typical set of
values is shown in Fig. 4. The Ea(T) curves in all samples considered are very
close to one another. The temperature dependence of the total energy, Ea,
is nearly linear in the temperature range 80—270 °K. Extrapolating this
straight line to T = 0 °K the energy axis is intersected at about E = 0 eV
energy at the lower edge of the conduction band. The temperature dependence
of the total energy of captured electrons can be approximated as

E,= —86¢10~4T

(Eain eV and T in °K). The value of this constant is in good agreement with
the value of —8.0xt0 ~4eV/°K deduced from a slightly different model [11].
But it differs significantly from the value of —4 x 10 -4 eV/°K, describing the
temperature dependence of the forbidden band in germanium. The fact that
the extrapolated values of Eaat absolute zero temperature are nearly equal
to zero justifies the validity of the basic assumptions of the model.

Plotting Ea versus the occupation probability of the acceptor sites, f,
and extrapolating it to the value of f = o, the energy of the acceptor levels
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and the electrostatic interaction energy can be separated, since the electro-

static energy becomes zero when/ = 0. The occupation probability, f, can be
deduced from the following expression
Nd-n
(Nd - n).
N a

A typical set of values of Eaversusf is plotted in Fig. 5. The points lie along
a straight line in a good approximation. The energy of the acceptor levels is

Ea eV

Fig. 5. Total energy of captured electrons on the dislocation vs occupation probability.
N90 — bent sample, Vsl = HO7cm-2

given by the intersection of this straight line with the energy axis, and the
electrostatic interaction energy is given by the slope of this straight line mul-
tiplied by f. The slopes of the different curves plotted for the different samples
are nearly equal, and the average value is

C= = (1,53 £ 0,5)eV.

The value of the constant of the interaction energy can be interpreted using
the following simple model. The screened potential of the charged dislocation
can be deduced from the Poisson equation as follows (c.f. [12]),

_ ef
u(r) =
(r) - (5)
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where e is the dielectric constant, KO(X) is the zero-order Bessel function of
the second kind, cis the distance between the acceptor centres along the dis-
location line, r is the distance measured from the dislocation line, and Ad is
the Debye length

ekT 12

e2n 6

The electrostatic energy of a captured electron in this potential field is

e2
T 2nsc

vl Kp

where d is a distance of the order of the lattice constant, characterizing the
localization of the captured electrons in the dislocation.

We obtain Ad = 6x10.s cm from equation (s), with the following
typical values for the parameters: s/e0= 16, T = 100 °K, N = 2xH 13 ¢m -3,
ifd= 6xlo-scm, which is nearly equal to the lattice constant, then d/Ao =
= 10~3. From the series expansion valid for small values of the argument
of Kh(X) we have

KO(10-3)¢* - 0,577 - hiiiLL at :.
2

Then we obtain from (5) with the value of ¢ = 4 X 10-s cm

C= = 3,1eV.

This value is of the same order of magnitude as the corresponding experi-
mental result. This agreement between the experimental and theoretical
values is not strongly influenced by the exact localization of the captured
electron because of the properties of the logarithmic function. We obtain the
energy of the acceptor level, Eao, extrapolating the Ea values to f = 0. The
mean value of this energy level is

Ed&= - (0,33 £ 0,07)eV.

This value of the energy level lies between the values published by other authors
obtained by Hall measurements on bent crystals (c.f. —0.2 eV [3;, —0.18
eV (41, —0.5 eV (51), and is very near to the value of —0.28 eV obtained
from the data of [11], extrapolating to f = 0. It is interesting to note that in
works (3] and (4] it was necessary in the analyses based on rR eada's model
to use 3 —s times greater dislocation densities than those calculated from the
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bending radius. Measurements of the lifetime of non-equilibrium minority
carriers in plastically deformed germanium resulted in an energy level about
in the middle of the forbidden band [13], and later —0.4 eV [s]. The result
of the measurement of the spectral response of photoconductivity in plasti-
cally deformed germanium at about 80 °K was —0.45 eV [9].

From recent measurements we concluded that the energy level of dislo-
cations lies closer to the middle of the conduction band than determined
in (31, (41 and [5] based on RrReada’s analysis.

5. Interpretation of the experimental results

4.2. Effect of dislocations on electron mobility

Electron mobility perpendicular to the dislocations is strongly reduced
below room temperature as shown in Fig. 3. The decrease in mobility is slightly
higher than that appearing in [3], [4], [14].

The decrease of electron mobility can be interpreted on the basis of the
scattering effect of the potential field around the charged dislocations. Scatter-
ing effect reduces the mean free path of the electrons perpendicular to the
dislocations, but has a negligible effect on the mean free path of electrons
parallel to the dislocations. Another mechanism appears to play a role, too,
as stated in [2]. According to this work, the macroscopic mobility of electrons
can be reduced because of the curved path of electrons avoiding the space
charge cylinders around the charged dislocations.

The scattering effect of the potential field of the dislocations has been
treated theoretically [18]. The scattering cross-section as well as the relaxation
time can be determined, with a knowledge of the scattering potential. Relaxa-
tion time can be expressed by the scattering cross-section, according to [15],
in the case of cylindrical symmetry as follow's

2n

TdA = Jvds.«L J m(1 - cos & IA (fi) Fd&, (7)
(0]

where | A(ff) | is the absolute value of the scattering amplitude, the square
of which is equal to the scattering cross-section, Vj_is the component of elec-
trons velocity perpendicular to the dislocations, and Najsi is the dislocation
density. The scattering amplitude can be determined using the Born approxi-
mation. Treating the cylindrical symmetric case similarly to the spherical
one (c.f. [16]), the scattering amplitude is obtained from the following expres-
sion

A (fl)] = mme? (WM 10k ktrsina | rdr, (s)
fez YK | b] )

2
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where mis the effective mass of electrons, K+ is the com ponent of the electron
wave number vector perpendicular to the dislocations, and 10(X) is the zero
order Bessel function of the first kind. Substituting the potential (5) into
expression (s), and integrating it, the scattering amplitude

meZX Y2n 1

\A(LL, =
(w 2n eah2Yk+

b 2 -f- 4fcy sin:

is obtained. Substituting this expression for the scattering amplitude into (7),
and integrating it, the following result is obtained:

h2 3/2
s €2 a2 M2 + Vg
4m. rf>
isl — 9
Tdisl iVdisle V 2 A0 ©)

The electron mobility can be obtained by solving the Boltzmann transport
equation. According to the usual method the electron mobility in an arbitrary
direction is

e Jrv2xfo# v

W7 Sfo~rv ’

where vx is the x component of electron velocity vector, f0, is the classical
distribution function of electrons (fO~ exp — EjKT). Substituting expres-
sion (9) for the relaxation time into (10), and performing the integration
approximately (in the temperature range considered the neglect of the first
term in the brackets in (9) does not cause serious errors), and for the electron
mobility perpendicular to the dislocations we obtain

30 Y2n e2a2(kT)32 nn
JW /M pm « ] <M)

This expression was used for the interpretation of the mobility measurements.
Equation (11) is slightly different from the corresponding expression given
in [16], based on a potential function, different from (5). Equation (11) indi-
cates a stronger scattering than the corresponding expression in [16] with
corresponding screening. The mobility given by (11) is smaller by an order
of magnitude than the expression given in [s], standing for the scattering
effect of the mechanical deformation field around the dislocation line. Since
the reciprocal values of the relaxation times resulting from different physical
mechanisms are additive, the scattering caused by the charge of dislocations
in n-type semiconductors gives the dominant effect below room temperature.
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The mobility measured on deformed samples is the resultant of the
scattering of electrons by acoustic phonons and by charged dislocations. The
resulting mobility in usual approximation is

f“def — indisl + /* lattice » (12)

The lattice mobility, /Nlattice? caused by the scattering of electrons by acoustic
phonons has been determined using the deformation potential theory [:10].
In n-type germanium this is equal to the mobility measured on relatively pure
samples, below room temperature. In our case it is equal to the mobility
measured on undeformed samples.

The mobility in deformed crystals was determined from the expressions
(11) and (12). The dislocation density, 2vdisi,w as calculated from the bending
radius, and the Debye length was calculated from carrier concentrations measu-
red on bent crystals. The following values of the parameters were used: e/eo =
= 16, m//nelectron = 0-3» ¢ = 3.5x10-s cm. The calculated curve for one
typical sample is plotted in Fig. 3 together with the measured values. The
difference between the calculated and measured values is less than a factor
of 2, therefore this agreement can be regarded as reasonable.

I wish to express my acknowledgement to Dr. Z. Bodo for valuable
discussions, and to Mr. T. Németh for having prepared the germanium crystals
and for his assistance in the course of the chemical work.
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BANAHUE ANCNOKALWA HA MJOTHOCTb W MOABUXHOCTb HOCUTENEN
TOKA TEPMAHWA re-TUMA

b MIP
Pesome

B atoin paboTe aKCNepMMEHTabHO W TEOPeTUYEeCKN PacCMOTPEHO BAUSHWE JUCNOKauui
Ha NAO0THOCTb U MOABWXXHOCTb HOCUTENEl TOKa B MOHOKpUCTannax repMaHmsa n-tuna. dnekTpo-
NPOBOAHOCTb M 3(h(eKT Xonna 6blan n3mepeHbl B 06nactu temnepatyp oT 80 go 300 °K Ha
NNacTUYHO M3OTHYTbIX KpucTannax. W3 akcnepumeHTanbHbIX Pe3ynbTaToB MOAYYEHO M0/0-
XEHWe aKUenTOPHbIX YPOBHeW, CBA3aHHbIX C AMUCAOKAaUMAMM, Ha paccTosHuMM 0,33 3B OT fAHa
30HblI MPOBOAUMOCTU. PaccMOTpeH BOMPOC 06 3/MEKTPOCTATUYECKOW 3Heprum B3auMOencTBUS
3/1EKTPOHOB Ha AWCNOKALMW U BONPOC O 3aBMCMMOCTW 3TON 3HEPrum OT CTeneHu 3amnofiHeHUs
BbILIEYNOMSAHYTbIX aKLenTOPHbIX YPOBHEN. TeopeTUyeckn NonyyeHo BbipaXeHue AN OnucaHuns
paccevBalollero LeCTBUSA 3apsHXKeHHbIX [AUCNOKauuii. OKCnepuMeHTalbHble 3HayeHWs noj-
BMXHOCTW 3N1EKTPOHOB, U3MepeHHble MepneHANKYNAPHO Ha AWCNOKauuW, Y4OBNETBOPUTENbHO
cornacyrTca € npeAckasaHHbIMW 3TON (HOPMYNON 3HAYEHUAMMU.
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The pulse shapes of e— p and p — reshow a wide variation if the range of the detected
particle exceeds the width of the depletion layer. Thus, long-range particles can be eliminated
from the spectrum with a pulse shape discriminator. Owing to local defects some detectors
supply pulses of less than the usual height, which results in the appearance of a “tail” in the
spectrum. These pulses can be eliminated from the spectrum with pulse shape discrimination.

Introduction

A general trend in modern nuclear particle detection is to obtain maxi-
mum information from the signals given by the detectors. Thus, the number
of detected particles can be determined from the number of counts and the
energy of the particles from the pulse height. With scintillation detectors
and ionization chambers the detected particles can be identified by the rise-
time of the pulses [1—4]. This concept of the possibility of obtaining informa-
tion about the nature of the particle was also raised when semiconductor
detectors first appeared. Based on theoretical considerations, several authors
calculated the rise-time of pulses to be expected with different kinds of detec-
tors [5—s]. Others determined experimentally the slope of the pulses as
a function of the voltage applied on the detector (s —10]. In the case of
lithium ion-drift detectors, C. A. J. Ammerelan et al. [11] and J. C. Legg [12]
succeeded in discriminating particles above the energy of s MeV by the aid
of pulse shape discriminators. It has been shown by several authors that in
the case of particles with a range longer than the depletion layer width of the
detector the rise-time of pulses obtained from the detectors became consi-
derably longer than the rise-time of pulses obtained when the particle remained
within the depletion layer [13, 14]. This phenomenon was later used by
J. 0. Funsten [15] to eliminate particles passing through the detector from
the energy spectrum.

In the course of our measurements we investigated by the aid of a base-
line cross-over type of pulse shape discriminator the properties of pulse shapes
given by p — nand h — p type detectors of different resistances. As a result
of the experiments we found, in agreement with the literature [11, 12], that
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at lower energies it was not possible to discriminate the particles owing to the
considerable fluctuation shown in pulse shape. We assume the fluctuation in
the rise-time of pulses to be the result of noises of various origin. Pulses passed
through amplifiers of limited band-width are probably not suitable for the
precise measurement of pulse rise-time.

Even under these restricted conditions the pulse shape discriminator
proved to be useful for the detection of pulses given out by particles with
a range even slightly longer than the depletion layer width, and for eliminating
them from the measured spectrum, if necessary. Another possibility was given
as well, namely, that with some detectors where presumably there was a dis-
continuity in the material which caused the appearance of tails on the low-
energy side of peaks, such pulses could be eliminated by their rise-time, which
differed from the usual rise-time.

Experimental conditions

In our investigations we attempted to discriminate alpha particles and
protons. The alpha particles were obtained from a Th(C -j- C’) source and the
required energy was reached by air damping. Protons were produced by the
reaction 10B(d, p)uB induced by deuterons obtained from the 700 kV cascade
generator of the Institute, and the required energy was reached by damping
with Al foils.

Fig. 1. The schematic block diagram of the measuring apparatus. The amplified signals of the

detector are converted by the PSD zero cross-over type pulse shape discriminator to pulses

proportional in height to the rise-time of pulses. The “time spectrum” is measured by a 100

channel amplitude analyser. The analyser is gated by a differential discriminator permitting
the analysis of a narrow energy interval only

The measurements were carried out on three different detectors. One
of them was an n-type detector with 200 mm:2 surface and 800 Ohm.cm resist-
ance, the second one with 16 mm: surface and 2000 Ohm.cm resistance was
a detector with a surface blocking layer prepared from n-type base material
and the third was a detector with a diffusion blocking layer, with a 7 mm:
surface and 10 000 Ohm.cm resistance prepared from p-type base material.
The schematic block diagram of the measuring apparatus can be seen in
Fig. 1.
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The pre-amplifier was constructed on the basis of principles worked out
by R. L. Cuaskg et al. [16]. In the measurements where the rise-time of pulses
given by the detector was studied, the charge-sensitive feed-back and boot-
strapping were disconnected from the pre-amplifier, because this decreased
the band-width of the system and caused it to depend on the voltage applied
on the detector. In the above conditions pulses with a rise-time of 0.1 usec
passed through the pre-amplifier without distortion.

The main amplifier is supplied with a single integrating and differen-
tiating circuit usual for semiconductor detectors. Without integration and
differentiation it transmits pulses with a rise-time of 0.2 usec without distortion.
When measuring rise-time we took great care not to change the parameters
of the amplifier within a set of measurements because variation of the amplifier
gain might lead to a slight variation of the amplifier band-width, and this
would falsify the results of the measurement.

The noise of the electronic system was 10 keV. Measuring the alpha
spectrum of the Th(C + C’) preparate we obtained a resolving power of
40 keV with the 200 mm? p — n detector, 20 keV with that of 16 mm? and
20 keV with the 7 mm® n — p detector.

TFor pulse shape discrimination the base-line-cross-over system was
applied, and this proved to be successful in the case of scintillation count-
ers [17]. By its aid even 1 nsec differences in the rise-time could be detected.
The system converts the differences in the rise-time to pulse-height variations
with a time-to-amplitude converter circuit. Thus, the amplitude spectrum
appearing at the output is the “time-spectrum’ of the rise-time of pulses
given by the detector.

The amplified signals of the detector are sent beside the pulse shape
discriminator to a differential discriminator and its signals are used to gate
the multi-channel analyser measuring the time spectrum. In this way we could
always select a narrow band from the relatively wide energy spectrum set by
the absorbents. Thus, the energy dependence could not influence the results
of measurements.

As has already been mentioned in the Introduction and as will be seen
later, particle identification is restricted by the fluctuation shown in rise-
time, because the fluctuation considerably widens the peaks of the time spec-
trum, so that the peaks belonging to different particles become undistinguish-
able. The question might be raised whether the widening of peaks is, perhaps,
the consequence of the selective properties of the pulse shape discriminator.
To answer this question we produced signals similar to the signal of the semi-
conductor detectors with a Hg relay, and investigated their rise-time for
different signal to noise ratios. The measurements proved that the broadening
was caused mainly by the noise of the detector and the amplifier.

In order to obtain quantitative data at the evaluation of time spectra
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on the differences shown in the rise-time, the signals of the calibrating pulse
generator were integrated in a different degree. Thus, data can be given on the
length of time corresponding to a channel on the time spectra. These values
are given in nsec in each Figure.

Experimental results

Before investigating the rise-time of pulses it is absolutely essential to
determine at a given voltage on the detector the maximum energy where the
proton still remains within the sensitive volume of the detector. For this

Fig. 2. The time spectrum of p—n 800 Ohm «cm detector for alpha particles and protons

purpose the pulse-height distribution was taken in dependence on the energy.
At the energy where there is a deviation from the straight line obtained, the
range of the particle is equal to the width of the depletion layer. At energies
above this a decrease in the pulse amplitude follows and a slow component
due to the diffusion of charge carriers [13] in the rise-time of the pulses.

Results obtained with the 800 Ohm.cm p — N detectors can be seen in
Fig. 2 and those obtained with the 10 000 Ohm.cm N — p detectors in Fig. 3.
The inset shows the energy-pulse height dependence for protons at a given
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Fig. 3. The time spectrum of n p 10 000 Ohm e« cm detector for alpha particles and protons

detector voltage. The results of the 2000 Ohm.cm detector are essentially
identical with those shown in Fig. 2 and, therefore, they are not presented
separately.

With p n detectors in the case of energies where the proton remains
within the depletion layer there is not even the slightest difference between
the rise-time of pulses given by alpha-particles and by protons. At the energy
where the length of the proton trace reaches and exceeds the width of the
detector, pulses of longer rise-time appear very sensitively. From the shape
of the proton time spectrum it follows also that at this critical energy some
particles remain wholly within the depletion layer, while the range of others
is already longer. This may be due to two causes, either the energy band chosen
is too wide, therefore there are particles with shorter and longer ranges as
well, or the width of the depletion layer is not homogeneous enough. In any
case, it can be seen that the applied pulse shape discrimination offers a sen-
sitiv«' method to study the width of the depletion layer.
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At higher energies where the range of protons exceeds the width of the
depletion layer the rise-time of the pvdses becomes longer and longer. On the
other hand, the rise-time of pulses given by alpha particles maintains a con-
stant value independent of their energy.

The fluctuation shown in the rise-time, i.e. the width of the peaks,
is considerably greater than the pulses having a diffusion origin.

p-n 800 Stem

Fig. 4. The time spectra of the signals given by the p—n 800 Ohm «cm detector at different
voltages on the detector, a) without charge sensitive feed-back, b) with charge sensitive feed-
back. The MeV alpha particles of Th(C -f- C’) were detected

With n —p detectors the results obtained were similar to the former case,
the only difference being that, in agreement with theoretical calculations [5, s],
here the protons could be separated from alpha particles even if the proton
remained inside the sensitive volume and its range approached the width
of the depletion layer. Unfortunately, the difference in the rise-time is so
small at the given energy and the fluctuation in the rise-time is so great that
this is not applicable for particle separation. The behaviour of the detector
was investigated at lower energies and according to expectations its separation
properties became worse. Because of its limited working data the detector
could not be used at higher energies to observe the separation of the alpha
peak from the proton peak.
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The rise-time of pulses given by alpha particles is independent of the
energy of the particles, as with p — N detectors. This fact makes it possible
to select, with the aid of a differential discriminator, those particles from the
spectra measured by semiconductor detectors, which remain inside the deple-
tion layer. However, it must be noted that the variation of the detector voltage
changes the rise-time of signals given by particles remaining inside the deple-

Fig. 5. a) The time spectrum of the pulses of a p—n detector. The surface of the detector was

irradiated with a collimated alpha beam at different places, b) The amplitude spectrum of

the same detector with PSD without and with gating. The whole surface of the detector was

irradiated with alpha particles of Th(C + C’) (Only the energies 6.047 and 6.086 MeV can be
seen expanded)

tion layer. The change is particularly strong in the case of charge sensitive
feed-back. This does not affect the separation of long range particles, since in real
measurements the voltage on the detector must be kept constant.

The effect of the voltage of the detector on the rise-time of pulses mea-
sured with a pre-amplifier both with and without charge sensitive feed-back
is shown in Fig. 4. The curves were obtained with s« MeV alpha particles and
with an 800 Ohm.cm p — n detector.

In the case of some semiconductor detectors the appearance of a tail
was observed in the amplitude spectra on the low energy side of the peaks.
This is due presumably to some irregularity in the material of the detector.
From the study of the signals of the detector it was found that the rise-time
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of pulses forming the tail was longer than the normal rise-time. Thus, it was
possible to eliminate the undesirable tail from the spectrum.

Fig. 5a shows the pulses of different rise-time obtained from the detector
when its different parts were irradiated with a collimated beam. The time
spectra show clearly that on the left side of the detector and on the parts
marked 1,2 and 3 pulses with long rise-times appear.

Selecting only the “good” pulses causes a considerable improvement in
the time spectrum. Fig. 5b shows the alpha spectrum of the Th(C + C’)
preparate both with and without pulse shape discrimination.

The author expresses his gratitude to Prof. A. Szalay, Director of the
Institute for enabling the work to be carried out, to Mr. B. Schlenk for operat-
ing the cascade, and to Professor Flerov, Director of the Joint Institute for
Nuclear Research, Dubna, for providing the detectors.
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NogrwNE

MCCNEAOBAHUWE ®OPMbl CUTHANA NMONYTNMPOBOAHNKOBbIX
OETEKTOPOB TUMA n- p N p- n ANCKPUMUHATOPOM VMMMYJ/IbCHbIX
®OPM

Ib. VAT

Pe3ome

dopma CUrHaNoB [eTEKTOPOB TMMa M —p W p — M NOKa3sbiBaeT 3aMeTHOe W3MeHeHue,
ecn npober pPerucTpUpoBaHHOW YacTWlibl MPEBbIIAET TOAWMHY €08 MNPOCTPAHCTBEHHOTO
3apaga. Takum 06pa3om, AUCKPUMUHATOPOM UMMYAbCHLIX POPM CUTHAMbI YacTuL, o6nagatolime
6oMbWKUM MPO6eromM, MOryT yaanaTbCs M3 CheKkTpa. HekoTopble [AeTeKTOPbl M3-3a MECTHbIX
[e(eKTOB faloT CUrHANbl MEHbLUINE HOPMaNbHbIX, YTO MPUBEAET K MOSBNEHUN <XBOCTa» B CMEKTpe.
3TN «XBOCTbI» MOFYT 6biTb OT(MUNLTPOBAHbI AUCKPUMUHALMEH WMMYNbCHLIX (OPM.
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Optical absorption coefficients of V20- single crystals in the region of the intrinsic
absorption edge have been calculated for different temperatures. Measurements at temperatures
above room temperature show a shift of the absorption curves towards longer wavelengths
with increasing temperature. From the analysis of the curves, the intrinsic absorption edge
was found to have an exponential dependence corresponding to direct forbidden transitions,
whereas its long wave tail seems to follow U rbach’s rule. Measurements with light polarized
parallel to the a and the c axis respectively lead to two distinct absorption curves, with two
intersections in the wavelength range investigated.

Introduction

The investigations described in two publications [1—2] dealing with
our work on optical absorption of V20 s single crystals differ from those publish-
ed by previous investigators [3—5] mainly in two points. First, our absorp-
tion measurements were made with polarized light, taking into consideration
the orientation of polarization to the crystallographic axes. This enabled us
to study the optically anisotropic behaviour of V20 5. Further, by using thin
crystal plates and extending our measurements over a greater temperature
range, we were able to study and analyse the absorption in the region of the
intrinsic edge. This made it possible to calculate the band gap and to deter-
mine its dependence on temperature.

Recently N. Kenny, C. R. Kannewurf and D. H. Whitmore [6] have
given an account of their researches on V205 made at room temperature,
contemporaneously with our work. For the wavelength range of our investig-
ations (4701~1—820m/!), their results are similar to ours. Deviations are
not significant, considering the differences in the methods of calculation and
the different ways of preparing the samples.

The importance of researches on the optical behaviour of V205 single
crystals, particularly in the region of the intrinsic edge, is accentuated by the
fact that the use of thermal methods for investigations on V205 in the intrinsic
region is impeded by the relatively great band gap width and low melting
point. It is to be expected from the present investigations and further pro-
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jected work to obtain a deeper insight into the band structure of V205 and
to contribute thereby to the understanding of its semiconductor properties.

In the present paper we wish to present some further results of our work
connected with our investigations briefly described in the short note [2].

1. Experimental equipment and method

The equipment used for measuring transmission at room temperature,
method of measurement and preparation of samples have been described
in [1]. The most important change introduced for our present measurements

Fig. la. Diagram of the optical arrangement. Q: light source; L,, L2 L 3: lenses; P,, P2 polaroid
filters; Dj, D.z: diaphragms; O; furnace; Th: thermocouple; B : power supply; G: galvanometer;
Ph: photomultiplier; F : glass filter. Fig. Ib. Section of the electric furnace

was to use an electric furnace for heating the sample holder to render possible
transmission measurements to be made at temperatures as high as 400 °C.
A diagram of the equipment is given in Fig. la. The polaroid filter P2 (repre-
sented by a broken line) has been used to adjust the extinction position of
the cry?tals, the filter F eliminating ultra-violet radiation for measurements
at wavelengths A> 600 MM (see [1]). The samples of different thickness were fix-
ed in aspecial sample holder which could be withdrawn from the interior ofthe
electric furnace 0 (see Fig. Ib). The furnace could be rotated round the beam
of light as axis, and removed from the path ofthe light on a sliding support.
Good thermal insulation and elimination ofundesirable air currents on both sides
of the sample holder were secured by the construction ofthe furnace device.
A copper-constantan thermocouple was used to measure the temperature.

To determine the absorption coefficients, transmission was measured
with plates of different thicknesses at various temperatures, with linearly
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polarized light perpendicularly incident to the (010) crystal plate, the direction
of vibration relative to the c axis being: 1) parallel to the c¢ axis (designed
as Upolarization), 2) parallel to the a axis, i.e. normally to thee axis (J_pola-
rization).

Fig. 2a. Dependence of transmission on the thickness of the sample for || polarization at dif-
ferent wavelengths. 2b. Dependence of transmission on the thickness of the sample for |
polarization at different wavelengths
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As described in [2], absorption coefficients in the region of the intrinsic
edge have been calculated on the basis of the following formula for the average
transmission:

Ta= Toexp (- Kd). (1)

The thickness d has been determined on the basis of the interference structure
of T(M) curves obtained with plates of some Yy thickness (see [1]). As average
values Taofthe transmission we used the mean of the envelopes of transmission
maxima and minima. The use of (1) for our calculations proved to be justified
by Figs. 2a and 2b, in which In Taversus d curves at room temperature are
plotted for Il and _j polarizations, respectively. Absorption coefficients K
and K-%for both polarizations, determined at different temperatures, were
calculated from the slopes of the straight lines obtained for every 5th Yy wave-
length in the spectral range investigated.

2. Results

Figs. 3 and 4 present typical results of measurements concerning the
dependence of transmission T(A) on the thickness of the sample and tempera-

Fig. 3. Transmission curves of a Y T), single crystal plate of thickness d= 0.82 /1, measured at
0 —20°C and 0 = 380 °C, for || and .L polarization
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Fig. 4. Transmission curves of a V2 5single crystal plate of thickness d = 65 fi, measured at
five different temperatures for || and J polarization

Fig. 5. Changes in transmission with different angles between the plane of vibration of the
polarized light and the c crystal axis, measured in a V205 single crystal plate of thickness
d= 0.82fi at A= 500 mi
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tire, obtained with a thinner (d= 0.82~) and a thicker (d = 65/r) V205
single crystal plate at various temperatures with |[ and J_polarization. Fig. 3
shows the transmission curves of the thinner sample for _L polarization,
measured from 48001,« to 820m~i wavelength at room temperature (solid
line), and at 380 °C (broken line). To avoid confusion, for || polarization only
the starting sections of the transmission curves obtained at the same tempe-

575 525 AdmulL 475

Fig. 6. Absorption curves in the region of the intrinsic absorption edge for || and ] polarization
at three temperatures

ratures are shown in this Figure. Fig. 4, containing results obtained with the
thicker plate, gives the ascending sections of transmission curves measured
at five different temperatures for u polarization (open circles) and _L polari-
zation (filled circles), respectively. It can be seen from the Figure that the
transmission curves show a considerable shift towards greater wavelengths
with increasing temperature.

Fig. 5 shows the transmission of the thinner plate (d = 0.82 /n) as a func-
tion of the angle a between the c crystal axis and the plane of vibration of the
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linearly polarized light beam perpendicularly incident on the surface of the
crystal. Transmission curves for J1= 500 m/t were measured at intervals of
five degrees, X = 0° corresponding to 1 polarization, and X —90° to pola-
rization respectively. The transmission Ta for an angle X can be expressed in

Fig. 7. Absorption curves for || and J_polarization, calculated with different methods for the
region of the intrinsic absorption edge and for greater wavelengths

terms of the transmission T and T1- (corresponding to « = 0° and X = 90°,
respectively) with the formula Ta= T1--f- (T» — T~") cosz2sc. The values cal-
culated with this formula (marked by crosses in the Figure) fit well to the
measured values. In our measurements, the above relation between Ta,
and T 1l-was found to be valid in the whole spectral range investigated and for
the temperatures considered.
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Absorption curves are presented in Figs. ¢ and 7. In Fig. s absorption
coefficients in the region of the intrinsic absorption edge are plotted for |]
and J_ polarization and three temperatures, showing the shift of the absorption
edge towards lower photon energies with increasing temperatures. Fig. 7
shows absorption curves jK”™A) and Ki(/—\), calculated with the method given
in [1] for A> 5601"« and with the method described in the present paper for
A <[ 560T,m. The curves plotted for both regions fit well in the connected
ranges (given with broken lines), and the curves calculated with both methods

Fig. 8. Temperature deFendence of transmission in a V..O- single crystal plate of thickness
d= 65 fi, measured at A= 575 ma for || and X polarization

show an intersection of K' and K~ at the same wavelength (A~ 6631 m).
It can be seen that KX is less than K" from ~555m it to ~650m [/T where the
curves have another intersection. With the known values of the refractive
indices and absorption coefficients for || and J_ polarization, it is to be expected
on the basis of (1) that for thicker samples and in the spectral range where
KX < k*' there will be a wavelength range for which T:1 > T . This is con-
firmed by an inspection of Fig. 4, where for 575m/t TJ >Til at room tem-
perature, while T-1 < Tu at 110 °C and 200 °C. The dependence of T "and TX
on temperature 0 (°C) is shown in intervals of 10 °C in Fig. s for A= 575 TLU.
The anisotropic behaviour of V205 is not restricted to the range of the intrinsic
absorption edge, as can be seen from Fig. 7.

It is to be noticed that in the K™ and KX curves for room temperature
published by N. Kenny, C. R. Kannewurf and D. H. Whitmore [s] no
intersection can be seen in the spectral range 480m/t—850T,m; only one is to
be found at about 1220T/n
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3. Discussion

The analysis of the curves measured in the region of the intrinsic absorp-
tion edge and presented in Fig. s has been given in the short note [2]. It was
found that the absorption coefficients in the long wave-tail of the absorption
edge follow Urbach’s rule K= KQexp g kh'\ll' [71, i.e. the absorption shows
an exponential dependence on both photon energy and temperature, whereas
the short wavelength range of the absorption spectrum fits well to the expo-
nential law Khvcc(hv — EQ)s2 describing forbidden direct band-to-band trans-
itions [s]. The dependence of the band gap width Eg on temperature was
found to obey the relation EQ= EQ -j- aT, where @a = —6.1 X 10 -4 eV/degree,
EQ= 249 ev, and a — —7.3x10-. eV/degree, EqD= 2.54 eV for || and J_
polarization, respectively.

The exponential energy dependence of the intrinsic absorption edge,
found also in several other materials (see e.g. [9]), can be attributed to energy
states tailing off into the forbidden gap [10—11]. These states, generally
ascribed to the presence of lattice disorders of different kinds, would allow
transitions at photon energies which are less than those corresponding to
direct band transitions. It seems probable that nonstoichiometric defects,
present in V20 s single crystals [¢], have arole in producing such energy states
in the band gap. Attempts at a theoretical interpretation (see e.g. [10—11])
of the exponential dependence of the intrinsic absorption edge (generally
referred to as Urbach’s rule) have not led to unambiguous results so far.
More theoretical and experimental researches will be needed to throw
further light on the mechanism of the band-to-band transition in V20 s single
crystals.

The theoretical interrelation of the existence of different absorption
edges for || and i_ polarization, respectively, appearing similarly in other
materials (see e.g. [9, 12 —13]), is also a problem to be solved. According to
Dresselhaus [14], a theoretical analysis of the fundamental absorption in
anisotropic crystals shows that, for indirect transitions, the shape of the
absorption edges would be the same both for allowed and forbidden transitions.
For direct transitions, however, the frequency dependence of absorption
should be different in both cases. Thus, the shift of the absorption edge could
be accounted for by a change in the shape of the edge. Dexter [10] suggested
that polarization dependence could be explained by a difference in the matiix
elements for || and s transitions. These models, however, do not seem to be
confirmed by the absorption curves for || and J_polarization found in our
investigation.

Absorption in the longer wavelength range beyond the intrinsic absorp-
tion edge has been dealt with in the paper of N. Kenny, C. R. Kannewurf
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and D. H. Whitmore [6] who extended their investigations to wavelengths
of 7.5/1.

For diffuse reflection spectra of V205 see [15].
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ONTUYECKWNE CBOWNCTBA IMOHOKPUCTANINOB MA'TUOKUCK BAHALUA
. XEBEWW

Pesome

Bbluncnsnucs KodPdMLUMEHTbl NOTNOWEHUS MOHOKPMCTANNoB NATUOKWCU BaHajus B
061acTh Kpas OCHOBHOW Nonockl NornoweHns. MonyyeHo, YTo KPUBbIe MOTNOL EHUSA CMELL a0 TCA
B ANNHHOBOMHOBYI0 CTOPOHY C POCTOM TemnepaTypbl. AHANN3 NOKa3blBaeT, YTO B KOPOTKOBON-
HOBOW o06nacTW Kpail OCHOBHOW MNoMoCbl NOrMOWeHMS chedyeT MO CTENEHHOMY 3aKOHY Ans
NpsAMbIX 3anpeleHHbIX NepexofoB, a B ANUHHOBONHOBOW o06nacTW Kpait OCHOBHOW monochl
nornoweHus cnegyetT mno npaBunam Yp6axta. Mcnonb3ys NUHeliHO NONAPU30BAHHbLIN CBET
napanneNbHO KPUCTANNMUeCKUM OCAM a W C, NONy4YalTCA ABe KPUBbLIE Kpas OCHOBHOI nonochl
MOrNoW eHNs.
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Calculations have been made with various forms of the universal potential field for the
ground state of the atom Fe and that of the ions Fe+, Fe3+, Fe5+ and for the 1s22s22p63s23p b
3d104 /excited state of the Cu atom.

In a series of investigations one of the authors [1] calculated atomic one-
electron eigenvalues and wave functions for the elements of the IB and VI
groups of the periodic table. The one-electron Schrédinger-equation was solved
with a potential field, which is a generalization of the self-consistent field.
The exchange potential was taken into account in its statistical approximate
form xq13, where g is the charge density and x = (3/g:)1s €2 is a constant.
The potential field has an analytical form and can be transformed to any
value of the atomic number Z by a simple scale transformation. In this sense
the potential field is called universal. In its original form the universal poten-
tial field was given for neutral atoms and the aim of the present paper is to
investigate the possibility of the generalization of including ions.

The universal potential field of a neutral atom has been given in [1] as

Z e B> AX
P —plU3= Ze

r1 AOX . e 1-f Ax (1)

where
C=x2Zusc (2)

A = 0,1837, A = 1,05, c= 3,1la,:z, a'= 0,04

- 0,885341
A=13 and it= -l an 3
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are constants and
X =r/n (4)

is a scaled variable, I is the distance of the electron from the nucleus.Zp, the
effective atomic number and gthe density are given by the relation (1). Z is
the atomic number, € the elementary charge and aOis the radius of Bohr’s
smallest atomic orbital in the H-atom. A simplified Fermi—Amaldi type
correction [2] was used to obtain the potential field of the ion from that of

the neutral atom. The potential energy of an ion with N — a electrons is
given:
fuxl t Z —xI E-AX
v f 2/ X<_Xa (5a)
X 27 i X 1+ AOX 1+ AX
VI=VX= , x > X0 (5b)

X

where XQis the value of X, when the values of (5a) and (5b) are equal and
= a+ 1
y =2ZRaf and £= 2xC0,8853412e~2. (s)

Using the potentials (1) or (5) the following one-electron Schrodinger equation
was solved

%L+ NVX— 11+ 1) -e ;= o (?)
X2

with the boundary conditions

/(0) = O,

I (-1)(0) = 0,

f (N(0) —const., (s)
lim f(r) =o.

The eigenvalue parameter is given by
e= 2Ef e~2f 9)

and E is the one-electron energy parameter of the nontransformed Schrodinger
equation.

The potential field (5) has been used for various values of the para-
meter a (See the Tables). For the value X = 0 (5) gives a modified form of (1)
which has been used earlier [3]. For a = 1 we get the Fermi—Amaldi type
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modification of (1) and for intermediate values allowance is made for a semi-
empirical adjustment of the potential.

Calculations have been made for the ground states of the ions Fe, Fe +,
Fe3+ and Fe5+ and for the 1s22s22pe3s23pe3s104/ excited configuration of
the Cu atom. In the Tables 1—13 we have displayed the values of the wave
functions calculated by this method and by the “self-consistent field” method,
where it was available. In Tables 14, 15 and 16 we give the one-electron energy
eigenvalues for the above mentioned ionic and atomic configurations.

The calculations were performed on the BESZM-2M computer of the
Lithuanian Academy of Sciences the use of which is gratefully acknowledged.
For the numerical integration of the differential equation (7) the extrapolation
formula

o = (AxY |/: + -L -e62/, (10)

was used. The starting interval at the integration had the value 0.006 and the
integration net was constructed by doubling the interval after each 20 steps.
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Table 1

One-electron eigenfunction fIs in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self consistent field

a) solution of the Hartree—Fock equation;

b) solution of the equation

Md2 -Apt
+ ‘0 W+ sp=o;
dx1 1+ AOx 1+ Ax
¢) solutions of the equation
i+ 1D §ip=o
with
JL -
L vaox * T 1+ Ax
X> x0
where a= 1, a=0 and a= 05;
X a 6 ,=1D ca=0) cla= 05)
0.00 0.000 0.000 0.000 0.000 0.000
0.03 1.797 1.860 1.861 1.860 1.861
0.06 2.874 2.949 2.950 2.949 2.949
0.09 3.449 3.506 3.508 3.506 3.507
0.12 3.682 3.708 3.709 3.708 3.709
0.18 3.545 3.504 3.505 3.504 3.505
0.24 3.041 2.950 2.950 2.950 2.950
0.30 2.451 2.333 2.332 2.333 2.333
0.36 1.900 1.775 1.773 1.775 1.774
0.48 1.064 0.956 0.954 0.956 0.955
0.60 0.564 0.486 0.484 0.486 0.485
0.72 0.289 0.238 0.237 0.238 0.238
0.84 0.145 0.114 0.114 0.114 0.114
1.08 0.036 0.025 0.025 0.025 0.025
1.32 0.009 0.005 0.005 0.005 0.005
1.56 0.002 0.001 0.001 0.001 0.001

1.80 0.001
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Table 2

429

One-electron eigenfunctions/2Sin the ground state configuration of the Fe atoms determined
by the modifisd universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

0.00
0.03
0.06
0.09
0.12
0.18
0.24
0.30
0.36
0.48
0.60
0.72
0.84
1.08
1.32
1.56
1.80
2.28
2.76
3.24
3.72
4.68
5.64

0.000
0.541
0.849
0.980
0.982
0.731
0.304
—0.176
—0.638
—1.380
—1.327
—2.016
-2.018
—1.715
—1.287
—0.898
—0.598
—0,245
—0.096
—0.033
—0.016
—0.003
—0.001

0.000
0.556
0.862
0.981
0.965
0.675
0.216
—0.284
-0.753
—1.476
—1.882
-2.026
-1.988
-1.639
—1.201
-0.824
—0.541
-0.216
—0.081
—0.030
—0.010
—0.001

cx=1

0.000
0.561
0.869
0.989
0.972
0.679
0.215
—0.290
-0.763
-1.491
-1.897
—2.037
—1.993
—1.633
—1.189
—0.809
—0.527
—0.207
—0.076
-0.027
—0.009
—0.001
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ca=0)

0.000
0.556
0.862
0.981
0.965
0.675
0.216
—0.284
-0.753
—1.476
—1.882
—2.026
—1.988
—1.639
—1.201
—0.824
—0.541
—0.216
—0.081
—0.030
—0.010
—0.001

c(a= 05)

0.000
0.559
0.866
0.985
0.969
0.677
0.215
—0.287
—0.758
—1.484
—1.890
—2.031
—1.991
—1.636
—1.195
—0.816
—0.534
—0.211
—0.079
—0.028
—0.010
—0.001
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Table 3

One-electron eigenfunction flp in the ground state configuration of the Fe atom determined
by the modified universal potential field and the self consistent field. For the meaning of the
various quantities see the heading of Table 1

x a b o =1 ca—0) ca- 0.5)
0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.035 0.039 0.039 0.039 0.039
0.06 0.125 0.138 0.140 0.138 0.139
0.09 0.252 0.277 0.281 0.277 0.279
0.12 0.402 0.440 0.446 0.440 0.443
0.18 0.732 0.792 0.802 0.792 0.797
0.24 1.057 1.129 1.143 1.129 1.136
0.30 1.345 1.420 1.437 1.420 1.428
0.36 1.582 1.651 1.670 1.651 1.661
0.48 1.389 1.923 1.950 1.933 1.941
0.60 2.001 2.009 2.022 2.009 2.016
0.72 1.971 1.944 1.950 1.944 1.947
0.84 1.847 1.792 1.792 1.792 1.792
1.08 1.473 1.389 1.378 1.389 1.384
1.32 1.082 0.997 0.981 0.997 0.989
1.56 0.754 0.683 0.665 0.683 0.674
1.80 0.507 0.453 0.437 0.453 0.445
2.28 0.215 0.188 0.177 0.188 0.183
2.76 0.089 0.075 0.068 0.075 0.071
3.24 0.038 0.029 0.026 0.029 0.027
3.72 0.017 0.011 0.009 0.011 0.010
4.68 0.003 0.001 0.001 0.001 0.001
5.64
6.60
7.56
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Table 4

One-electron eigenfunction f 35 in the ground state configuration of the Fe atom determined
by the modified universal potential field and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a b oa- 1) ca- 0 ca- 05)
0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.199 0.203 0.213 0.203 0.208
0.06 0.310 0.314 0.330 0.314 0.322
0.09 0.356 0.356 0.373 0.356 0.365
0.12 0.353 0.347 0.363 0.347 0.355
0.18 0.253 0.233 0.243 0.233 0.238
0.24 0.089 0.056 0,057 0.056 0.057
0.30 -0.093 -0.132 —0.141 —0.132 - 0.137
0.36 -0.263 -0.304 - 0321 —0.304 - 0.313
0.48 -0.518 —0.545 —0.573 —0.545 - 0.559
0.60 - 0.633 -0.633 - 0.661 -0.633 — 0.648
0.72 -0.619 —0.592 - 0612 - 0592 - 0.603
0.84 - 0.509 —0.458 — 0.466 -0.458 — 0.463
1.08 -0.124 -0.053 - 0.032 - 0.053 - 0.043
1.32 0.313 0.377 0.422 0.377 0.400
1.56 0.688 0.735 0.792 0.735 0.764
1.80 0.960 0.988 1.047 0.988 1.018
2.28 1.204 1.208 1.247 1.208 1.229
2.76 1.183 1171 1.178 1171 1.176
3.24 1.040 1.014 0.993 1.014 1.004
3.72 0.861 0.823 0.783 0.823 0.803
4.68 0.534 0.485 0.434 0.485 0.459
5.64 0.304 0.263 0.200 0.263 0.241
6.60 0.163 0.137 0.106 0.137 0.120
7.56 0.083 0.069 0.050 0.069 0.059
9.48 0.019 0.017 0.010 0.017 0.013
11.40 0.004 0.004 0.002 0.004 0.003
13.32 0.001 0.001 0.001 0.001
15,24
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Table 5

One-electron eigenfunction f3p in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a b o =1 c@a=0 ca= 05)
0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.012 0.014 0.015 0.014 0.014
0.06 0.044 0.048 0.052 0.048 0.050
0.09 0.089 0.097 0.104 0,097 0.101
0.12 0.142 0.153 0.165 0.153 0.159
0.18 0.257 0.273 0.294 0.273 0.284
0.24 0.367 0.385 0.413 0.385 0.399
0.30 0.459 0.474 0.508 0.474 0.492
0.36 0.528 0.537 0.575 0.537 0.557
0.48 0.587 0.580 0.617 0.580 0.599
0.60 0.554 0.528 0.555 0.528 0.542
0.72 0.450 0.407 0.419 0.407 0.414
0.84 0.299 0.244 0.239 0.244 0.242
1.08 —0.062 —0.128 —0.166 —0.128 —0.147
1.32 —0.417 —0.477 —0.540 —0.477 —0.509
1.56 —0.710 —0.755 —0.830 —0.755 —0.793
1.80 —0.923 —0.951 —1.027 —0.951 —0.991
2.28 —1131 —1.131 —1.184 —1.131 —1.159
2.76 —1.134 —1.116 —1.133 —1.116 —1.126
3.24 —1.030 —1.001 —0.986 —1.002 —0.995
3.72 —0.885 —0.851 —0.809 —0.851 —0.831
4.68 —0.594 —0.558 —0.493 —0.558 —0.525
5.64 —0.372 —0.341 —0.278 —0.341 —0.308
6,60 —0.223 —0.201 —0.150 —0.201 —0.173
7.56 —0.129 —0.115 —0.079 -0.115 —0.095
9,48 —0.040 —0.037 —0.021 —0.037 —0.028

11.40 —0.011 —0.011 —0.005 —0.012 —0.008
13.32 —0.003 —0.003 —0.001 —0.004 —0.002
15.24 —0.001 —0.001
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Table 6

433

One-electron eigenfunction/3 in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

0.00
0.03
0.06
0.09
0.12
0.18
0.24
0.30
0.36
0.48
0.60
0.72
0.84
1.08
1.32
1.56
1.80
2.28
2.76
3.24
3.72
4.68
5.64
6.60
7.56
9.48
11.40
13.32
15.24
19.08
22.92
26.76
30.60

0.000
0.000
0.001
0.002
0.004
0.011
0.024
0.041
0.063
0.119
0.187
0.260
0.336
0.478
0.600
0.694
0.763
0.836
0.846
0.819
0.774
0.666
0.567
0.482
0.410
0.298
0.217
0.157
0.112
0.053
0.023
0.009
0.003

0.000
0.000
0.001
0.002
0.004
0.013
0.027
0.046
0.070
0.128
0.197
0.271
0.346
0.487
0.609
0.705
0.776
0.856
0.873
0.850
0.805
0.686
0.563
0.455
0.363
0.230
0.145
0.091
0.058
0.023
0.009
0.004
0.002

cfoc = 1)

0.000
0.000
0.001
0.003
0.006
0.017
0.036
0.061
0.092
0.168
0.258
0.353
0.448
0.625
0.770
0.877
0.949
1.006
0.980
0.909
0.815
0.616
0.444
0.311
0.214
0.098
0.044
0.019
0.008
0.002
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ca= 0)

0.000
0.000
0.001
0.002
0.004
0.013
0.027
0.046
0.069
0.127
0.196
0.269
0.343
0.484
0.605
0.700
0.772
0.851
0.868
0.845
0.800
0.683
0.562
0.455
0.366
0.237
0.157
0.105
0.071
0.033
0.015
0.007
0.003

ca= 05)

0.000
0.000
0.001
0.002
0.005
0.015
0.032
0.054
0.082
0.150
0.230
0.316
0.402
0.563
0.698
0.802
0.876
0.946
0.942
0.894
0.822
0.658
0.504
0.377
0.278
0.148
0.077
0.040
0.020
0.005
0.001
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Table 7

One-electron eigenfunction f3S in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a c(s=1) c@a= 0) dx = 0.5)
0.00 0.000 0.000 0.000 0.000
0.03 0.199 0.223 0.203 0.213
0.06 0.311 0.344 0.314 0.330
0.09 0.357 0.389 0.355 0.373
0.12 0.353 0.379 0.346 0.363
0.18 0.253 0.253 0.232 0.243
0.24 0.089 0.058 0.056 0.057
0.30 —0.093 -0.150 —0.132 —0.141
0.36 —0.263 -0.338 —0.303 —0.321
0.48 —0.519 - —0.598 —0.544 —0.573
0.60 —0.634 —0.687 —0.633 —0.661
0.72 —0.620 —0.630 -0.591 —0.612
0.84 —0.510 —0.472 —0.458 —0.466
1.08 —0.125 —0.010 —0.053 —0.032
1.32 0.313 0.466 0.377 0.422
1.56 0.690 0.847 0.734 0.792
1.80 0.962 1.101 0.987 1.047
2.28 1.206 1.278 1.207 1.247
2.76 1.183 1.179 1.170 1.178
3.24 1.039 0.968 1.014 0.994
3.72 0.860 0.743 0.823 0.783
4.68 0.532 0.387 0.486 0.434
5.64 0.303 0.184 0.266 0.220
6.60 0.162 0.083 0.142 0.106
7.56 0.082 0.036 0.074 0.050
9.48 0.019 0.006 0.020 0.010

11.40 0.004 0.001 0.005 0.002
13.32 0.001 0.001
15.24
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Table 8

One-electron eigenfunction f3p in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a dec= 1) ««=0) c@a= 05
0.00 0.000 0.000 0.000 0.000
0.03 0.012 0.016 0.014 0.015
0.06 0.045 0.055 0.048 0.052
0.09 0.090 0.111 0.097 0.104
0.12 0.143 0.176 0.153 0.165
0.18 0.259 0.312 0.272 0.294
0.24 0.369 0.438 0.383 0.413
0.30 0.461 0.539 0.473 0.508
0.36 0.529 0.608 0.535 0.575
0.48 0.589 0.648 0.578 0.617
0.60 0.556 0.577 0.526 0.555
0.72 0.452 0.427 0.406 0.419
0.84 0.301 0.231 0.243 0.239
1.08 —0.062 —0.205 —0.127 —0.166
1.32 —0.419 -0.599 —0.475 —0.540
1.56 —0.712 —0.898 —0.752 —0.830
1.80 —0.926 —1.093 —0.948 —1.027
2.28 —1.135 -1.224 —1.127 —1.184
2.76 —1.136 —1.139 —1.113 —1.133
3.24 —1.030 —0.961 —0.999 —0.986
3.72 —0.883 —0.764 -0.850 —0.809
4.68 —0.590 —0.435 —0.560 —0.439
5.64 —0.368 —0.228 —0.347 —0.278
6.60 —0.220 —0.114 —0.210 —0.150
7.56 —0.127 —0.055 —0.126 —0.079
9.48 —0.039 —0.012 —0.044 —0.021

11.40 —0.011 -0.003 -0.015 —0.005
13.32 —0.003 —0.005 —0.001
15.24 —0.001 —0.002
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Table 9

One-electron eigenfunction/ 3in the ground state configuration of the Fe atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a «=1 c@a=0 cfx = 0.5)
0.00 0.000 0.000 0.000 0.000
0.03 0.202 0.239 0.190 0.222
0.06 0.316 0.370 0.293 0.344
0.09 0.363 0.418 0.332 0.389
0.12 0.360 0.406 0.324 0.379
0.18 0.259 0.269 0.217 0.252
0.24 0.091 0.058 0.053 0.058
0.30 —0.095 —0.166 —0.123 —0.150
0.36 —0.269 —0.368 —0.283 —0.338
0.48 -0.529 —0.644 —0.509 —0.598
0.60 —0.644 —0.731 —0.592 —0.686
0.72 —0.629 —0.658 —0.554 —0.630
0.84 -0.515 —0.476 —0.430 —0.472
1.08 -0.124 0.038 —0.053 —0.010
1.32 0.317 0.552 0.348 0.466
1.56 0.697 0.947 0.683 0.846
1.80 0.974 1.195 0.922 1.100
2.28 1.227 1.322 1.140 1.277
2.76 1.205 1.164 1.125 1.178
3.24 1.050 0.910 1.005 0.968
3.72 0.854 0.663 0.857 0.743
4.68 0.499 0.309 0.573 0.389
5.64 0.262 0.130 0.336 0.187
6.60 0.127 0.052 0.210 0.086
7.56 0.059 0.020 0.120 0.039
9.48 0.011 0.003 0.036 0.007

11.40 0.002 0.010 0.001
13.32 0.003
15.24 0.001
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Table 10

One-electron eigenfunction/3pin the ground state configuration of the Fe+3atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

X a ca=1) ca = 0) c(a = 05)
0.00 0.000 0.000 0.000 0.000
0.03 0.013 0.017 0.012 0.016
0.06 0.046 0.061 0.043 0.055
0.09 0.092 0.123 0.086 0.111
0.12 0.147 0.194 0.136 0.175
0.18 0.265 0.345 0.242 0.312
0.24 0.377 0.483 0.341 0.438
0.30 0.471 0.592 0.420 0.538
0.36 0.541 0.665 0.476 0.607
0.48 0.601 0.700 0.515 0.647
0.60 0.567 0.611 0.469 0.576
0.72 0.461 0.434 0.363 0.427
0.84 0.307 0.207 0.220 0.231
1.08 —0.064 -0.284 -0.108 —0.205
1.32 —0.430 -0.711 -0.417 —0.598
1.56 —0.732 1.019 0.666 —0.897
1.80 -0.951 —1.202 —0.844 —1.091
2.28 —1.157 -1.276 1.019 —1.222
2.76 —1.148 -1.124 -1.032 1.138
3.24 —1.030 —0.896 —0.965 -0.960
3.72 —0.872 -0.671 -0.871 0.764
4.68 —0.568 —0.336 -0.665 0.436
5.64 —0.343 —0.153 0.475 -0.232
6.60 —0.198 -0.066 -0.325 —0.119
7.56 —0.109 -0.028 —0.214 -0.060
9.48 —0.030 —0.004 —0.087 -0.014

11.40 —0.008 0.001 —0.033 -0.003
13.32 —0.002 -0.012
15.24 —0.004
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Table 11

One-electron eigenfunction fts in the ground state configuration of the Fe+5atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

a ca= 1) ca = 0) c@@a= 0.5) ca= 02
0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.208 0.254 0.165 0.229 0.192
0.06 0.326 0.393 0.255 0.354 0.297
0.09 0.374 0.444 0.288 0.400 0.336
0.12 0.371 0.431 0.281 0.389 0.328
0.18 0.266 0.283 0.189 0.259 0.219
0.24 0.093 0.057 0.046 0.057 0.052
0.30 — 0.098 —0.182 —0.106 -0.156 —0.127
0.36 —0.278 —0.396 —0.245 —0.350 —0.290
0.48 —0.545 —0.685 —0.442 -0.616 —0.516
0.60 —0.663 —0.768 —0.516 —0.703 —0.597
0.72 — 0.646 — 0.679 —0.486 —0.639 —0.554
0.84 — 0.528 —0.474 —0.382 — 0471 —0.423
1.08 —0.124 0.089 —0.062 0.013 —0.034
1.32 0.333 0.634 0.283 0.504 0.375
1.56 0.724 1.038 0.578 0.889 0.711
1.80 1.007 1.274 0.799 1.139 0.947
2.28 1.255 1.348 1.042 1.292 1.152
2.76 1.215 1.135 1.105 1.168 1.135
3.24 1.041 0.847 1.052 0.941 1.020
3.72 0.830 0.587 0.935 0.712 0.863
4.68 0.464 0.247 0.649 0.370 0.550
5.64 0.232 0.093 0.403 0.177 0.317
6.60 0.107 0.033 0.233 0.080 0.171
7.56 0.047 0.011 0.128 0.035 0.088
9.48 0.007 0.001 0.035 0.006 0.021
11.40 0.001 0.009 0.001 0.005
13.32 0.002 0.001

15.24
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Table 12

One-electron eigenfunction f 3 in the ground state configuration of the Fe+5atom determined
by the modified universal potential fields and the self-consistent field. For the meaning of the
various quantities see the heading of Table 1

x a dot= 1) e(* = 0) c@a= 05) ca-= 02
0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.013 0.019 0.010 0.016 0.013
0.06 0.048 0.067 0.036 0.058 0.045
0.09 0.096 0.134 0.073 0.116 0.090
0.12 0.153 0.211 0.115 0.183 0.143
0.18 0.277 0.374 0.205 0.325 0.254
0.24 0.393 0.523 0.289 0.455 0.357
0.30 0.491 0.639 0.356 0.558 0.440
0.36 0.563 0.714 0.404 0.628 0.497
0.48 0.625 0.743 0.439 0.666 0.534
0.60 0.589 0.634 0.403 0.587 0.482
0.72 0.478 0.431 0.317 0.426 0.366
0.84 0.316 0.176 0.198 0.217 0.211

1.08 —0.073 —0.363 —0.074 —0.240 -0.138

1.32 —0.456 —0.815 — 0.336 -0.646 — 0.461
1.56 — 0.769 —1.123 — 0.553 — 0.947 —0.715

1.80 —0.994 — 1.288 - 0.718 -1.135 —0.893

2.28 -1.195 - 1.300 - 0.920 -1.239 -1.059

2.76 -1.167 —1.090 — 1.005 -1.127 — 1.066
3.24 — 1.028 —0.824 — 1.003 — 0.931 — 0.996

3.72 -0.852 —0.584 —0.943 -0.729 — 0.886

4.68 -0.525 —0.259 —0.738 —0.412 -0.682

5.64 —0.295 —0.104 —0.519 -0.217 —0.410

6.60 —0.155 — 0.039 — 0.340 -0.109 — 0.250

7.56 —0.078 — 0.014 — 0.212 -0.053 — 0.146
9.48 -0.017 — 0.002 - 0.074 -0.011 -0.045
11.40 — 0.003 — 0.023 -0.002 - 0.013
13.32 — 0.001 — 0.007 -0.003
15.24 — 0.002

8 Acta Physica Academiae Scientiarum Hungaricae 23, 1967



440 A. JUCYS et al.

Table 13

One-electron eigenfunctions ftj in the excited state 1522s22p63s23pe3d10 4f of the Cu atom
determined by the modified universal potential fields and the self-consistent field. For the
meaning of the various quantities see the heading of Table 1

X a c@=1 cla= 0
0.00 0.000 0.000 0.000
0.24 0.000 0.000 0.000
0.48 0.000 0.000 0.000
0.72 0.000 0.000 0.000
1.08 0.000 0.000 0.000
1.32 0.000 0.001 0.000
1.56 0.000 0.001 0.000
1.80 0.000 0.002 0.000
2.28 0.000 0.003 0.000
2.76 0.000 0.005 0.000
3.24 0.000 0.007 0.000
3.72 0.000 0.009 0.001
4.68 0.001 0.015 0.001
5.64 0.001 0.022 0.002
6.60 0.002 0.030 0.002
7.56 0.003 0.040 0.003
9.48 0.006 0.063 0.007

11.40 0.011 0.089 0.012
13.32 0.018 0.118 0.019
15.24 0.027 0.148 0.028
19.08 0.051 0.207 0.051
22.92 0.080 0.257 0.081
26.76 0.111 0.292 0.113
30.60 0.147 0.311 0.147
38.28 0.207 0.308 0.207
45.96 0.247 0.269 0.247
53.32 0.264 0.215 0.264
61.32 0.259 0.162 0.259
76.69 0.209 0.081 0.209
92.04 0.143 0.036 0.144
107.40 0.087 0.015 0.088
122.76 0.051 0.006 0.050
153.48 0.014 0.001 0.013
184.20 0.003 0.003
214.92 0.001 0.001
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Table 14

One-electron eigenvalues in the atomic unit of the Fe atom in the ground state determined by
the modified universal potential fields and the self-consistent field. For the meaning ofthe various
quantities see the heading of Table 1

Is 2s » 3s P 3d
a 261.1 31.58 27.07 3.810 2411 0.2273 Fe ds 3F
b 259.2 29.19 25.24 3.406 2.239 0.3046
cla= 1) 262.3 31.25 27.44 4.500 3.312 1.250
s =©° 259.2 29.19 25.24 3.406 2.239 0.3063
ck =goc 260.8 30.22 26.34 3.950 2.770 0.7595
Table 15

One-electron eigenvalues in the atomic unit of the Fe+ion in the ground state determined by the
modified universal potential fields and the self-consistent field. For the meaning of the various
quantities see the heading of Table 1

Is 2s » 3s P 3d
a 261.4 31.98 27.46 4.231 2.828 0.6937 Fe+ dd'F
cla= 1) 265.3 33.32 29.64 5.623 4.426 2.303
cla= 0) 259.2 29.19 25.24 3.408 2.243 0.3714
c(a= 0.5) 262.3 31.25 27.44 4.500 3.312 1.250
Table 16

One-electron eigenvalues in the atomic unit of the Fe3+ and Fe5+ ions in the ground state and

the Cu atom in the excited state 1s22s22p23s23pe 3d10 4f determined by the modified universal

potential fields and the self-consistent field. For the meaning of the various quantities see the
heading of Table 1

Fe+3 Fe+6 Cu
3s P 3 3p \V;

a 5.529 4.092 Fe+3d56S 7.199 5.718 Fe+5d31F 0.06250
cla= 1) 7.943 6.758 10.35 9.204 0.04678
c(a= 0) 3.624 2.536 4.756 3.715 0.03126
e(@a= 0.5) 5.625 4.429 6.805 5.618
cla= 0.2) 5.267 4.154

MCCNEAOBAHNA MOANPNLUNPOBAHHBIMWN YHUBEPCAJIbHBIMNA
MOTEHUWANBHBIMW MONAMMU

A.lOymc, M. . TNEMBOLUKWNUC unu P. TAWMNAP
Pesome

BbluncneHnsa npoBOAUINCHL C MOMOLLbIO pasHblX BUAOB YHUBEPCANIbHOMO MOTEHLMANLHOTO
nons ANA OCHOBHbIX COCTOSIHMIA aToma Fe, gna woHoB Fe+, Fe3+, Fe5+ a Takxe W gNs BO3-
6yX[eHHOro cocTofHua 1s22s22p63s23p° 3d104/ atoma Cu.
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ZUR PRUFUNG DER PSEUDOPOTENTIALMETHODE
AM WASSERSTOFFATOM

Von

P. Gombas und O. Kunvari

FORSCHUNGSGRUPPE FUR THEORETISCHE PHYSIK, UNGARISCHE AKADEMIE DER
WISSENSCHAFTEN. BUDAPEST

(Eingegangen: 3. IV. 1967)

Es werden mit den verschiedenen Besetzungsverbotpotentialen sowohl mit den statis-
tischen als mit den wellenmechanischen einige Zustdnde des Wasserstoffatoms berechne-
und die Resultate mit einander verglichen. Hierbei zeigt sich, dass nicht nur das wellen-
mechanische Besetzungsverbotpotential, sondern auch die statistischen zu sehr guten Resul-
taten fuhren, obwohl bei den letzteren ein Versagen zu erwarten wére, da ja das Wasserstoff-
atom fir diese das extremste Beispiel darstellt.

Zur nédherungsweisen Ersetzung des Paulischen Besetzungsverbotes voll-
besetzter Elektronenzustdnde wurden verschiedene Pseudopotentiale herge-
leitet und zwar sowohl statistische als wellenmechanische.1 Um ein konkretes
Beispiel vor Augen zu haben, wollen wir ein Atom mit einem Valenzelektron,
also z.B. ein Alkaliatom, zugrunde legen, wo das Valenzelektron infolge des
Paulischen Besetzungsverbotes in die von den Rumpfelektronen vollbesetzten
Quantenzustdnde nicht hinabfallen kann. Dies l&sst sich ndherungsweise durch
Pseudopotentiale, die sogenannten Besetzungsverbotpotentiale beschreiben.
Diese sind Abstossungspotentiale, durch die das Hinabstlirzen des Valenz-
elektrons in die tieferen Rumpfelektronenzustdnde verhindert wird.

In chronologischer Reihenfolge wurden zuerst die statistischen Besetzungs-
verbotpotentiale hergeleitet, von denen zwei verschiedenen Formen bekannt
sind. Uns interessiert im folgenden das mit Gi bezeichnete Besetzungsverbot-
potential, das auf ein Elektron im Zustand mit der Nebenquantenzahl | wirkt
und folgende Gestalt hat2

n2ead nry op Py -
8(2/+ 1)2

(1)
Ulbedeutet die radiale Dichte der Rumpfelektronen mit der Nebenquantenzahl
/, P, die im wellenmechanischen Sinne gedeutete radiale Dichte des Valenz-
elektrons im betreffenden Zustand mit der Nebenquantenzahl /, und r die

1Man vgl. hierzu P. Gombas, Pseudopotentiale, Springer, Wien, New-Vork, 1967;
im folgenden als I. zitiert.
2Man vgl. hierzu I, S. 70 ff.
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Entfernung vom Kern; e ist die positive Elementarladung und a0 der erste
Bohrsche W asserstoffradius.

Die wellenmechanische Form fiir das Besetzungsverbotpotential (genauer
Besetzungsverbotoperator) ist ein nicht-lokales Pseudopotential, das folgende
Gestalt hat3

------- bl (r, 1) — £ (e — En')VNL(r) <p*l (). (2)
e e m—i+i

Hierbei wird vorausgesetzt, dass sich das Yalenzelektron im Quantenzustand
(n, 1) befindet, dessen Energie wir kurz mit e bezeichneten. und be-
deuten die Energien und die radialen Eigenfunktionen der Rumpfelektronen-
zustande (n’l).

Durch Heranziehen eines dieser Besetzungsverbotpotentiale wird der
Orthogonalisierung der Eigenfunktion des Valenzelektrons im Zustand (n, 1)
auf die Eigenfunktionen der energetisch tiefer liegenden Rumpfelektronen-
zustdande mit derselben Nebenquantenzahl | Rechnung getragen, man kann also
so vorgehen, als ob die Rumpfelektronen gar nicht existierten und fur das
Valenzelektron den energetisch absolut tiefsten Zustand in dem mit einem der
Pseudopotentiale erweiterten elektrostatischen Potential, dem sogenannten
modifizierten Potentialfeld, bestimmen.

Anstatt der Losung der Schrddingergleichung fur das modifizierte Poten-
tialfeld, ist es bei der hier angestrebten Genauigkeit zweckmaéssiger von dem
Ausdruck der Energie fir das Valenzelektron auszugehen und die Eigenfunk-
tion und den Energieeigenwert des Valenzelektrons aus dem Minimumsprinzip
der Energie zu bestimmen.

Fir die Energie e des Valenzelektrons in einem Zustand mit der Neben-
quantenzahl | ergibt sich mit der auf 1 normierten Eigenfunktion des Valenz-
elektrons im Falle des Pseudopotentials G;

e= —ena0 rf'4r + £-e*all(l+ 1) fdr -e j (V+ GJRdr, ?3)
2 J 2
0 0 0

w o/' die Ableitung von/ nach r bezeichnet und V das elektrostatische Poten-
tial des Atomrumpfes ist.

3Man vgl. hierzu I, S. 107 ff.
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Fir den Fall, dass man das wellenmechanische nichtlokale Pseudopoten-

tial -----—-- ¢ zugrunde legt, ergibt4sich fur die Energie des Valenzelektrons

e= | /* (r)H,f(r)dr+

+ 2 oL Ex o HF(r) dr (4)
i- 2 1wy U !

n'=1+1

— A [(<2V1,1)[2

n'=i+l
wo der erweiterte Hamilton Operator Hi folgende Bedeutung hat

J. oon d2

1.2 /(| + 1)
2 dr2 2

®Zan—--—--—-- eF (5)
und ((f'h f) Wde Ublich das Uberlappungsintegral bezeichnet, also

(Vn'id) = i taifdr (6)

ist.
Man kann nun in erster N&herung fiur/ den einfachen Ansatz machen

f= Ar’e-A, 7

wo A eine Normierungskonstante bedeutet und X sowie AV ariationsparameter
bezeichnen, die aus der Minimumsforderung der Energie zu bestimmen sind.

Mit diesem Ansatz wird die Energie schon gut approximiert. Fur die
Eigenfunktion erhdlt man jedoch nur fir das dusserste sogenannte Haupt-
maximum eine gute Ndherung, im Inneren des Atoms kann jedoch/2nur einen
Mittelwert des Verlaufes des exakten radialen Eigenfunktionsquadrates geben.
Eine auch im Inneren des Atoms sehr gute Approximation fiir die Eigen-
funktion ergibt sich, wenn man die Eigenfunktion (7) auf die Eigenfunktionen
der Rumpfelektronenzustdande mit gleicher Nebenquantenzahl orthogonalisiert.

Zur Prifung der Pseudopotentiale wollen wir das hier skizzierte Ver-
fahren in erster N&herung auf das W asserstoffatom anwenden, das allerdings
im Falle der statistischen Pseudopotentiale das extremste Beispiel darstellt;
fir dieses Atom wadre ein Versagen dieser Potentiale zu erwarten.5

4P. Gombas, I, S. 120.

5Berechnungen dieser Art fur das Wasserstoffatom mit einem Pseudopotential
das sich von (2) nur in Glieder, die von hdéherer Ordnung klein sind, unterscheidet, wurden
schon friher von antoncik (Czechosl. Journ. Phys. 7, 118, 1957) durchgefuhrt.
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Mit dem Pseudopotential (; gestalten sich die Termberechnungen ae»
W asserstoffatoms sehr einfach. Natlrlich sind hier nur die angeregten Terme
von Interesse, denn fiir die bei vorgegebener Nebenquantenzahl jeweils tiefsten
Terme, d.h. [§-, 2p-, 3d-, ... Zustande ist 6; = | und das Verfahren fiihrt in
diesen Fdallen bei dem Ansatz (7) der Eigenfunktion zu den exakten Energien
und Eigenfunktionen. Es kommen also nur die angeregten Zustadnde in Frage,
bei deren Berechnung man so zu verfahren hat, dass man annimmt, dass die
tiefer liegenden Zustdnde mit derselben Nebenquantenzahl, wie der zu be-
rechnende, voll besetzt sind. Man wird also z.B. bei der Berechnung des Js-
Zustandes des H-Atoms das Pseudopotential so wahlen, als ob die Zustdnde
[ und 15 voll (d.h. mit je zwei Elektronen) besetzt wéren.

Auf diese Weise haben wir mit dem statistischen Pseudopotential G/
die Energieniveaus 1§, 1§-, {§- und 3p- des H-Atoms und mit dem wellen-
mechanischen Pseudopotential-—-—-gl-d) .die Energieniveaus [§-,35- und 3p- des
H-Atoms bestimmt. Die Resultate sind fur die Variationsparameter der Funk-
tion (7) in der Tabelle 1 und fur die Energieigenwerte in Tabelle 2 zusammen-
gestellt. Zum Vergleich sind in der Tabelle 2 auch die empirischen Energien
angegeben.6

Tabelle |

Die Werte der Variationsparameter x und A; die Werte fir Ain l/a0-Einheiten

Mit @ berechnet Mit Q1 berechnet
X A « A
2s 2 0,374 2.8 0,565
3s 3 0,225, 3,8 0,341
45 4 0,159 —
3P 3 0,2685 3.8 0,355
Tabelle 11

Die Energien einiger Wasserstoffzustande mit G( und &Il berechnet und die empirischen
Energien; alle Energien in e2a0-Einheiten

e mit Gi berechnet e mit ®,a berechnet e empirisch
2s 0,1254 — 00,1249 — 0,12500
3s 0,0534 -0,0562 — 0,05555. .
4s 0,0292 — — 0,03125
3p 0,0581 0,05553 — 0,05555..

6Bei der Berechnung des 3p-Zustandes mit dem G(-Potential haben wir zunéchst
— um dem exakten Verlauf der Eigenfunktion fur kleine r-Werte Rechnung zu tragen —
X = 2 gesetzt, womit man e = —0,0560 e2a0 erhdlt.
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Aus einem Vergleich der in der Tabelle 2 angegebenen Energien mit den
empirischen Werten ist zu sehen, dass die Energien, die man mit dem Pseudo-
potential Gi erhalt, die empirischen fast ebensogut approximieren wie die

Energien, die sich mit dem wt-llenmechanischen Pseudopotential---—-- P,/ erge-
e

ben. Dies zeigt, dass in diesem Fall das sehr einfache statistische Pseudopotential
Gi fur das genauere, bedeutend kompliziertere wellenmechanische Pseudo-
potential einen sehr guten Ersatz darstellt. Dies ist fir den Fall des Wasser-
stoffatoms sehr Uberraschend, da sich in diesem Fall fir die tieferen Energie-
zustdnde das Besetzungsverbot immer nur auf wenige Zustdnde bezieht, deren
statistische Behandlungswcise, die dem Pseudopotential zugrunde liegt, nicht
begriindet werden kann.

Man kann nun noch weitergehen, indem man die so berechneten Eigen-
funktionen nach dem Schmidtschen Verfahren orthogonalisiert.7 Wenn man
die orthonormierten Eigenfunktionen mit gt bezeichnet, so hat man

n—
<pl fn- 22 (Pn-hfn) eni (8)
n'=1+1
wo Cni den Normierungsfaktor
1
Cnl 172 ©)
1 -V ;
n’=l+1

und (tpirhfn) wieder das Uberlappungsintegral bezeichnet, also

won-ian) = j <pwim dr (10)
0

ist.8
Auf diese Weise haben wir die Eigenfunktion des 2s- und 3s-Zustandes
in erster Ndherung berechnet. Es ergibt sich mit den auf Grund des Pseudo-

1
potentials------- dmlbestimmten Eigenfunktionen eine praktisch vollkommene

Ubereinstimmung mit den exakten Eigenfunktionen. Mit den auf Grund des
Pseudopotentials Gi bestimmten Eigenfunktionen ist die Ubereinstimmung in
dieser ersten Né&herung insbesondere in den &usseren Gebieten des Atoms
bedeutend schlechter.

Die Durchfuhrung des grdssten Teiles der numerischen Rechnungen ver-
danken wir Frl. Zs. Ozoréczy.

7Man vgl. hierzu I, S. 103 ff.
8Statt/ haben wir hier fn geschrieben, um anzudeuten, dass sich diese Eigenfunktion
auf den Zustand mit der Hauptquantenzahl n bezieht.
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OB WCMbITAHUN METOAA MCEBJOMOTEHLMANOB B CNYYAE
ATOMA BO/JIOPOJA

N.TOMBAW uw O. KYHBAPH

Pesome

Pa3NMuYHbIMM MOTEHLMANaM1 3anpeTa 3anofHeHUs, KakK CTaTUCTUYECKUM, TaK W BON-
HOBO-MEXaHWYECKUM, BbIYUCNAIOTCS HEKOTOPble COCTOSIHUS aToMa BOAOPOAA. Pe3ynbTaThbl Bbl-
UMCneHWii conocTaBnslOTCA. M3 cOMoCTaBNeHMs BbITEKAaeT, YTO Hapsgy C BOMHOBO-MeXaHu-
UecKMM MOTEHLMaNoM 3anpeTta 3anofHEHWs W CTaTUCTUYECKMIA BeAeT K OYeHb XOPOLIMM pe-
3ynbTatam, XoTs Yy NOCNefHEro MOXHO 6blN0 Gbl 0XWAATb O0TKa3a OT CMYX6bl, TaK Kak aToMm
BOZlOpOZA A8 3TOr0 NpeAcTaBNsfeT 3KCTPEHHbIN npumep.
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COMMUNICATION ES BREVES

EFFECT OF CONCENTRATION
ON FLUORESCENCE SPECTRUM OF EOSIN

By
S. S. RatHl and M. K. Machwe

DEPARTMENT OF PHYSICS AND ASTROPHYSICS, UNIVERSITY OF DELHI, DELHI-7, INDIA

(Received 12. 1. 1967)

Introduction

Frank and Vavilov [1], by assuming the configuration quenching to
be superimposed on collision quenching, were able to explain the experi-
mental results for the fluorescence yield in the presence of a foreign quencher.
This theory has also been used to explain the concentration quenching of
fluorescence. But in many instances the experimental results for self-quenching
show a deviation from the above theory. In order to explain the observed
self-quenching, F. Perrin [2], put forward the following relation:

Q= Q0-e-kG
where Q0 and Q are the yields of fluorescence in the unextinguished and extin-
guished states respectively, c is the concentration of the fluorescent substance
and K is a constant which determines the quenching probability of an excited
molecule by an unexcited molecule of the same kind.

Eosin in solution can exist as neutral molecules, monoanions, dianions
and dimers, and in a given solution the proportion of each variety will depend
upon the concentration of the dye. Hence, a change in the nature of the
fluorescence spectrum with concentration is expected. The present investig-
ation was undertaken to study the fluorescence spectrum for higher concen-
trations of Eosin and also to check the validity of Perrin’s formida under
these conditions.

Experimental

The experimental arrangement used for fluorescence intensity measure-
ments is the same as that employed in our earlier investigation [3]. The fluor-
escent and transmitted intensities are measured by the null method, using
photoelectric cells. The fluorescence of Eosin blue in Glycerine-W ater mixture
(50—50% by volume) excited by the mercury wave-length A= 5460 A is
recorded by a Hilger’s constant deviation spectrograph and the fluorescence
spectrum intensities obtained using a recording microphotometer.
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Results and discussion

Fig. 1 shows the spectrum of Eosin fluorescence for concentrations
1:75X10~6 g/c.c.,, 2:2.5x10-5 g/c.c. and 3:7.5x10"5 g/c.c. It can be
seen that there is a marked difference between the fluorescence spectra
for concentrations 1 and 3. It appears that the spectrum intensity curve
3 results from super-imposition of two intensity curves, one having its maxim-

A

Fig. 1. Microphotometer record of the fluorescence spectrum of Eosin for concentrations
1: 75x 10-Gg/c.c., 2: 25x 10_5g/c.c. and 3: 7.5x 10~5glc.c.

urn at A~ 5680 A in the same region as curve 1 and the other having
its maximum at O~ 6030 A on the longer wave-length side.

Parker [4] has observed a single maximum in the fluorescence spectrum
of Eosin in glycerine at A~ 5650 A. But he has reported two peaks in the
delayed fluorescence of Eosin, one at A~ 5650 A due to fluorescence and the
other at A~ 6890 A due to phosphorescence. The peak at A~ 5680 A in the
present investigation corresponds to rparker's peak due to fluorescence.
As the intensity of the peak at A~ 6030 A in the spectral intensity curve 3
is comparable to that of the peak at A® 5680 A and also, as the former does
not lie in the region of parxers Second peak, the possibility of this peak at
A~ 6030 A being interpreted as due to phosphorescence is ruled out. The peak
at A~ 5680 A obtained with lower concentrations may be due to Eosin
dianions as Eosin is known to exist in doubly ionised form in very dilute
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solution. But at higher concentrations there may he more monoanions and
dimers. These may be responsible for the peak at A~ 6030 A which appears
only at higher concentrations. The view is supported by the fact that the
intensity of this peak increases with increasing concentration. Parker’s
failure to observe the peak at A~ 6030 A may be due to the fact that the
concentrations used by him were not high enough.

Eosin in dilute solution ionises as 2 Na+ ions and the rest carrying two
negative charges, the addition of NaOH should, therefore, give rise to a

Congtgarid
Fig. 2. Dependence of the relative fluorescence yield of Eosin on its concentration in a glycerine-
water mixture (50—50% volume).--------- Experimental curve; - - - - calculated fromPerrin’s
formula

change in the nature of the fluorescence spectrum. However, we have ob-
served no change in the spectral nature ofthe fluorescence of Eosin on adding
NaOH to it. This rules out the possibility of the peak at A~ 6030 A being
interpreted as due to monoanions. So the peak at A~ 6030 A which
appears in higher concentrations of Eosin must be due to fluorescent Eosin
dimers.

Fig. 2 shows the variation of the fluorescence yield with the concentra-
tion of Eosin in solution. No set of parameters has been found to exist which
would make the experimental data agree with Perrin’s formula over the
entire range of concentration employed. The yield decay appears to follow
Perrin’s formula in the concentration range 6.0 X 10 ~eg/c.c. to 3.0 X fO ~5g/c.c.
beyond which the yield decay is much less than would be expected from this
formula. This can be explained by the fluorescent dimer formation. As both
the monomers and dimers fluoresce, with the dimer formation the effective
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concentration will be lower than the actual concentrationin Perrin’sformula.
And hence, the fluorescence yield decays less rapidly than is required by
Perrin’s formula.

Acknowledgement

The authors are grateful to Dr. K. Gopalakrishnan and Shri Jugal
Kishore for their help during the course of this work. One ofus, S. S. Rathi,
acknowledges with thanks the receipt of a C.S.I.R. fellowship.

REFERENCES

1. 1. M. Frank and S. I. Vavitov, Z f. PhySik, 69, 100, 1931.

2. F. Perrin, Ann. de Physique, 17, 283, 1932.

3. J. Kishore, et al, Ind. J. Phys., 8, 415, 1962.

4. C. A. Parker and C. G. Hatchard, Trans. Faraday Soc., 57, 1894, 1961.

Acta Physica Academiae Scientiarum JJungaricae 23, 1967



Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 (4), pp. 453—455, (1967)

RELATIVISTIC TRION MODEL FOR HADRONS

By
K. Ladanyi

RESEARCH GROUP FOR THEORETICAL PHYSICS, HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Received 11. V. 1967)

This note contains some remarks about an S06 model of strong inter-
actions. An appropriate description of the S06 model is provided by the
trién theory of s acry, Nuyts and van Hove [1, 2]. In this model the funda-
mental field is a (6 X 4)-component trién spinor tm(xx), where X(x = 1... 4)
and m(m = 1 ... 6)indicate the Dirac spinor and S06&spin indices, respectively.
According to H eisenberg’s Suggestions s, 47 it will be assumed that the
field operator tm(x x) satisfies a nonlinear spinor equation. In a previous
paper [5] we have considered the general symmetry properties characterizing
the field equation12

- iyl tm+ G°mnl 0<3 [T y>tn(tm.y /At < +
o [Ty>*tn(tm.yft.<)

+ Tiys5yftn(tm-iy5y, tn-)] "= 0" m

where T is Wick’s chronological operator and the local interaction term is
defined by the usual limiting procedure. The explicit form of the matrix (V>is

0<3>= 2

where 0 and 1 are three-dimensional null and unit matrices, respectively.
By going over to the “variables”

Xa(xx) = E [ta(x x) + t3+Q (x a)],

a=1,2,3 (3)

Vij+n (X X) —3 [ta(xX) — t3+a (x «)],

1The coupling constant G has the dimension of (length)2 and y5= y°yly2y3
2 Summation over repeated indices is understood.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



454 K. LADANYI

it can be readily verifed that eq. (1) is form-invariant under the transform-
ations of the SOe group3 In addition, the interaction Lagrangian is charac-
terized hy GL(6, C)( ® GL(6,C)” invariance4with GL(6,C /+)and GL (6, C)*~*
referring to the positive and negative chiral projections of the field operator
im, respectively [5].

The dynamical properties of the model may be discussed by using the
covariant Fock method [6]. Nonperturbative decompositions of the many-
point amplitudes result in appropriate ladderlike approximations. The ampli-
tudes of trion-antitrion pairs, characterized by rest energy X, spin s(s = 0, 1)
and representation R(R = 1, 15, 20") of SOB[7], may he considered in a
relatively simple way. The coupling of trions to these trion-antitrion pairs
are characterized by the coupling constants (*2). By requiring the exist-
ence of the local nonlinear interaction term of the field equation (1) we obtain
the following sum rules

Ss[oL) (2]2= M g (15(+2]2= ~ 2

4)
s*. [g(I'20>(*2; 7L

Sxi[g(O-]) (’2]22 N2 SXi[g1s) (*2)]2= y A 2,

®)
M s (0,2(r)(*2

where the symbol Sx2 denotes a complete summation over the subscript x2
(the summation includes an integration \dx2 over the continuous part of its
range).

Equation (1) is covariant under the transformations of the y5 and S06
groups. We may assume, along the lines suggested by Heisenberg [3, 4],
Nambu and Jona-Lasinio [8], Baker and Glashow [9] and many others,
that the breakdown of these symmetries is spontaneous. A generalized ladder
approximation may be obtained for the Fock amplitudes corresponding to
trion systems. The effective-mass operator and the generalized form factors
of trions are defined as the solutions of a variational problem resulting from
the requirement of the optimal convergence of higher approximations. Details
of these calculations will be given elsewhere [10].

3S06 is the group of real rotations with determinant one.
4The noncompact group GL(6, C) consists of all nonsingular complex linear trans-
formations in 6-dimensional space.
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Nucleon Structure

Proceedings of the International Conference at the Stanford University, June 24—27, 1963,
edited by R. Hofstadter u. L. J. Schiff, p. X + 421, Stanford University Press, Stanford, 1964.

The Conference at Stanford of which the lectures are contained in this book, was devoted
mainly to the structure of the proton and the neutron. The invited papers dealt with the theo-
retical background, nucleon form factors, relativistic deuteron theory, the most recent experi-
mental results on electron and positron scattering, theory of strong interactions, symmetry
properties of elementary particles and their interactions, electromagnetic and weak interaction
form factors, and anti-nucleon effects. One third of the book deals with contributed papers
on a wide variety of theoretical and experimental topics.

Thanks are due to the editors that with the publication of this volume they have made
these lectures, delivered by outstanding physicists, available to a large public.

P.Gombas

A. A. Sokolov: Elementary Particles

translated from original in Russian by W. E. Jones, p. VI + 75, Pergamon Press, Oxford etc.,
The Macmillan Company, New York, 1964. Price: 10.— s.

This little book gives an excellent survey of the experimental facts and the theory of
elementary particles with a minimum of mathematics. It contains the following chapters:
Prediction of the positron by Dirac and its experimental discovery; Nucleons and pions (nuclear
field quanta); Beta-disintegration and the discovery of the neutrino; The problem of the non-
conservation of the parity; “Abandoned and strange” particles, “resonons”.

It is written in a very clear style and can be recommended to all those who want to

gain an insight into this very important field of physics without becoming involved in too
much mathematics.

P.Gombas

R. Brout and P. Carruthers: Lectures on the Many-Electron Problem

(10th volume of the Interscience Monographs and Texts in Physics and Astronomy edited
by R. E. Marshak) VIII + 204, Interscience Publishers, New York, London, Sydney, 1963.

This book is based on a course given by R. Brout at Cornell University on the many-
body problem which dealt mainly with the following two subjects: the first is an introduction
to the linked cluster development of the many-body perturbation theory with a parallel deve-
lopment in classical statistics, quantum adiabatic zero temperature theory, and finally quantum
statistics; the second is a development of the many-electron problem from the plasma point
of view.

The book is divided into the following chapters: 1. The many-body problem in classical
mechanics, 2. Field theoretical methods; linked cluster expansion, 3. Electron correlation;
quantum mechanical treatment, 4. Dielectric formulation of the many-body problem, 5. Appli-
cation to the theory of metals.

The book is written very clearly and can be recommended warmly to all scientists
working in this field and also to students who want to become acquainted with this branch of
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study. The reader will only regret that the authors* as they say in the Preface, had neither
time nor space to write further on some of the more elegant developments of many-body
theory or on the beautiful applications that have been found in physical problems.

P. Gombas

P. Roman: Advanced Quantum Theory

XIV V35, Addison—Wesley Publishing Comp. Inc., Reading, Massachusetts, 1965.
Price: 17.50 $

The author explains the purpose of this book in the Preface as follows: “I observed
that there is dire need for a text which, although incomplete in many ways, is unified in style
and presentation and could lead the student, in a gentle manner, from the realm of basic
quantum mechanics (in which he has already acquired a working knowledge) to the peaks
of present day research methods and concepts.”

I think everybody teaching quantum mechanics would agree with the author, and |
think he has filled a real gap in the literature very successfully.

The book deals with the following topics, Part 1:1. The framework of Quantum Theory.
2. Elements of relativistic quantum mechanics. Part 1l: 3. Potential scattering. 4. General
formal theory of collision phenomena. Part Ill: 5. Symmetry transformations and conserv-
ation laws. 6. Some explicit applications of group theoretical methods in quantum theory.
Appendices: 1. Linear algebra of Hilbert space, 2. The rudiments of group theory, 3. Some
properties of the Dirac equation, 4. On Green’s functions.

P. Gombas

H. Muikhead: The Physics of Elementary Particles

XV -f- 738, Pergamon Press, Oxford, London, Edinburgh, New York, Paris, Frankfurt, 1965.
Price: i 7.

This is an excellent book for everybody who wants to get familiar, without too much
mathematical formalism, with the theory of elementary particles. It is intended for post-
graduate students and for experimentalists working in high energy nuclear physics.

The book deals with the following topics: The discovery and classification of elementary
particles, the intrinsic properties of the particles, preliminaries to a quantized field theory,
the quantum theory of non-interacting fields, the symmetry properties of free fields, the
interaction of fields (wave functions, phase shifts and potentials, the S-matrix, specific forms
for the S-matrix, the invariance properties of interacting systems, dispersion relation and
related topics), electromagnetic interactions, the weak interactions, strong interactions (reson-
ances and strange particles, reactions).

Although the physics of elementary particles is developing rapidly | am convinced
that this book will be a standard work in this field for a long time to come.

P. Gombas

A. A. Sokolow, J. M. Loskutow und |I. M. Ternow: Quantenmechanik

(aus dem Russischen lbersetzt von Dipl.-Phys. H. Fischer, in deutscher Sprache herausgegeben
von G. Heber), Akademie Verlag, Berlin, 1964.

Das Buch gibt eine systematische Darstellung der Quantenmechanik. Es zergliedert
sich in drei Kapitel. Das erste befasst sich mit der nicht relativistischen Wellenmechanik,
wobei viele Anwendungsmadglichkeiten behandelt werden und zwar nicht nur die Standard-
falle sondern auch andere, wie z. B. die Grundlagen der Theorie der Festkdrperphysik. Im
zweiten Kapitel werden die relativistische Quantenmechanik, die Theorie der Atome mit mehr-
eren Elektronen, sowie die Elemente der Theorie der Molekile gebracht. Das dritte Kapitel
behandelt die Grundzige der Kernphysik, der zweiten Quantelung und der Elementarteilchen-
theorie.

Die Grundlage dieses ausgezeichneten Lehrbuches bilden die Vortrdge von Professor
A. A. Sokolow, die er an der Physikalischen Fakultdt der Moskauer Staatlichen Lomonossow-
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Universitat seit 1945 hilt. Es enthélt eine Reihe von Ubungen in Form von sehr gut aus-
gewdéhlten Aufgaben, die dem Leser eine selbststdndige Mitarbeit ermdglichen. Das Buch ist
didaktisch vorziglich aufgebaut, die Darstellungsweise ist sehr leicht verstdndlich, die Probleme
sind bis in die Einzelheiten durchgerechnet. Es wird nicht nur den Studierenden, sondern auch
den Hochschullehrern zu ihren Vorlesungen sowie fir die Atomphysikern in ihrer
Forschungsarbeit ein erstklassiges Hilfsmittel darstellen; es reiht sich in die besten
Bucher auf diesem Gebiet ein. Durch die deutsche Auflage wird erfreulicherweise dieses hervor-
ragende Werk einem weiteren grossen Kreis von Physikern zugénglich gemacht.

P.Gombas

A. S. Davydov: Quantum Mechanics

(aus dem Russischen Ubersetzt von D. ter Haar), XIV + 680 S., Pergamon Press, Oxford,
London, Edinburg, New York, Paris, Frankfurt, 1965. Price: 90 s.

Dies ist eines der besten Biucher unter der grossen Auswahl von Biichern ber Quanten-
mechanik. Es wird darin ein grosses Gebiet der Quantentheorie in sehr tbersichtlicher und
grindlicher Weise bearbeitet. Die Ublichen Probleme bilden die Grundlage, an die sich viele
weitere anschliessen, die in Bichern Uber Quantenmechanik nur teilweise und selten oder
meistens Uberhaupt nicht vorzufinden sind. Von diesen mdchten wir nur die folgenden nennen:
die Dichtematrix und ihre Anwendungen, zero-Spin Teilchen in der relativistischen Quanten-
mechanik, S-matrix Theorie, Neutronenstreuung, Theorie der chemischen Kréfte, Grundlagen
der Theorie der Festkorperphysik, zweite Quantelung.

Vom Ubersetzer wurden cca 200 Aufgaben hinzugefiigt; die sehr gut ausgewdhlt sind
und zum Selbststudium wesentlich beitragen.

Es sei hier auch auf ein kleines Versehen hingewiesen. Auf S. 358 wird behauptet, dass
die zur Zeit genauste Losung der Thomas—Fermischen Gleichung die von B ush und Catdw el
(1931) sei. Dies ist jedoch nicht der Fall, denn seither existieren wesentlich genauere Ldsungen
(man vgl. Flugges Handbuch der Physik Bd. 36. S. 126 ff., Springer, Berlin—Gottingen—
Heidelberg 1956).

Dieses Buch wird sowohl fir den jungen Studierenden als auch fir den auf diesem
Gebiet arbeitenden Physiker ein &usserst wertvolles Hilfsmittel darstellen.

P.Gombas

T. A. Littlefield and N. Thorley: Atomic and Nuclear Physics

(An Introduction),
p. VIII + 436, D. Van Nostrand Company Ltd., London, Toronto, New York, Princeton
(New Jersey), 1963.

Die Verfasser setzen sich zum Ziel den Leser in die Physik der Atomhille und des
Atomkerns mit mdéglichst minimalem matematischen Apparat einzufihren. Es griindet sich
aufVorlesungen fur Stundenten in den ersten Semestern an der Universitdt Newcastle. In Anbe-
tracht der ungeheueren Fulle des Stoffes kdnnen natirlich in dem sehr eng begrenzten Volumen
tberall nur die grundlegenden Experimente und die empirischen Feststellungen gebracht
werden. Von den theoretischen Grundlagen werden hdchstens die elementarsten Begriffe und
Zusammenhédnge erwdhnt, was bei der bewussten Meidung des mathematischen Apparates,
auch nicht anders zu erwarten ist. Am Ende von jedem Kapitel befinden sich gut ausgewéhlte
Aufgaben, an Hand deren sich der Studierende in das Gebiet einarbeiten kann. Die Ver-
breitung des Buches wird sehr stark von den Ansprichen abhdngen, die die verschiedenen
Universitaten an ihre Studenten in den ersten Semestern stellen.

P.Gombas
W. A. Harrison: Pseudopotentials in the Theory of Metals
p., XVI . 336 W. A. Benjamin Inc., New York, Amsterdam, 1966. $ 12.00
Dies Buch gibt eine teilweise Ubersicht der Pseudopotentialmethode und deren viel-
seitigen Anwendungen auf dem Gebiete der Theorie der Metalle. Es ist leicht verstdndlich

geschrieben und umfasst eine grosse Fille von Anwendungen, woraus hervorgeht, dass die
Pseudopotentialmethode heute in der Metalltheorie eine der wichtigsten Methoden darstellt.
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Ausser diesen Vorzigen weist jedoch dieses Buch einen erheblichen Mangel auf: Nach
der Darstellung des Autors scheint die Pseudopotentialmethode mit den wellenmechanischen
Besetzungsverbotoperatoren durch pnittips und K 1einman (1959) begrindet worden zu sein.
Dass die Methode mit diesen Operatoren tatsdchlich schon bedeutend friher von Fényes
in 1943 begrindet und von Szeépfatusy in 1955 von der Wellenmechanik her fast auf dieselbe
Weise wie von Pnittips und K 1einman hergeleitet wurde, scheint dem Verfasser vollkommen
unbekannt zu sein.

Ebenso nimmt der Verfasser keinerlei Notiz davon, dass die keinesfalls unwichtigeren
statistischen Pseudopotentiale (die spdter die Veranlassung flr Fe¢nyes und Szépfalusy
fur die Herleitung der wellenmechanischen Besetzungsverbotoperatoren gegeben haben) von
anderen Autoren schon in 1935 entwickelt und seither wesentlich ausgebaut wurden. Auch
werden die zahlreichen Anwendungen dieser Pseudopotentiale insbesondere auf Metalle nir-
gends erwdhnt, obwohl die ganze einschlagige Literatur an einer allgemein zugénglichen Stelle
und zwar in der neuen Auflage des Handbuches d. Physik Bd. 36/2, S. 168 ff. u. S. 208 ff.
(Springer, Berlin, 1956) ausfuhrlich angegeben ist. Mann sollte bei einer zusammenfassenden
Darstellung eines Gebietes der Physik mit mehr Objektivitdt und Sorgfalt Vorgehen, denn sonst
bekommt der Leser von diesem nur ein sehr einseitiges Bild.

P.Gombas
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