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Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 ( l ) , p p .  1—15 (1967)

ON THE ROLE OF AUXILIARY ELECTRODES 
IN A.C. DISCHARGES*

By

J .  B it ó

IN D U STR IA L R ESEA RCH  IN ST IT U T E  FO R  ELECTRO N ICS, BU DA PEST 

(P resented  by  G. Szigeti — Received 19. X . 1965)

O nly the phenom ena tak ing  place near th e  discharge-heated, oxide-coated electrode 
of low-pressure m ercury-argon arcs are trea ted  by  th e  au thor for th e  case when tw o auxiliary  
electrodes of the same surface area, arranged parallel to each o ther pro trude into th e  space 
around th e  electrode. The rad ial m ovem ent of the  auxiliary electrodes and exam ination  of 
the influence thereof on th e  space surrounding the electrode is fac ilita ted  by a discharge tube  
of special design made especially for th is purpose. The cu rren t consum ption of th e  auxiliary  
electrodes in their various positions is determ ined and the to ta l cu rren ts as well as th e  v a ri­
ations of the  tube voltage are measured. S tarting  from  th e  resu lts thus obtained, th e  influ­
ence of th e  auxiliary electrodes used in a.c. discharges on th e  space around th e  electrode is 
discussed. Using tim e d is tribu tion  th rough  th e  previously em ployed a.c. probe m easurem ents, 
the instan taneous value of cathode fall and  the  m ean value ob tained  from th e  cathode fall 
and anode fall relative to  one half period are determ ined as functions of the position of the 
auxiliary electrodes. The resu lts and functions obtained are com pared w ith  th e  relationships 
derived from  the tests  carried ou t h itherto  w ith  d.c. discharges.

1. Introduction

W hile  th e  p h en o m en a  in  th e  p o sitiv e  co lum n o f v a rio u s  gas a n d  v a p o u r  
d ischarges can  be ch a rac te rized  w ith  m ore or less accu racy  th ro u g h  th e  su f­
fic ien tly  ex ac t d e te rm in a tio n  o f th e  re le v a n t m icro  a n d  m acro  p a ra m e te rs , 
th e  d esc rip tio n  o f th e  spaces su rro u n d in g  th e  e lec trode  gives rise to  som e d iffi­
cu lties s tro n g ly  re s tr ic tin g  th e  accu racy  of th e  re su lts  o f  th e  m easu rem en ts . 
To ch a rac te rize  th e  p la sm a  of th e  p o sitiv e  co lum n, th e re  are  severa l a p p ro x i­
m a tin g  m ethods av a ilab le  w hich are  re la tiv e ly  q u ick  an d  p ro v id e  also for 
th e  gen era l p lasm a d iagnosis. H ow ever, th e  d esc rip tio n  o f th e  spaces a ro u n d  
th e  e lec trodes, an d  th e  “ tra n s itio n  spaces”  b e tw een  th e  regions o f th e  p o sitiv e  
co lum n an d  th e  e lec trodes invo lves sev era l p rob lem s cau sed  by  th e  c h a ra c te r  
an d  size o f th e  spaces th em selves. A t th e  sam e tim e , th e se  spaces a re  o f  p r i­
m a ry  im p o rtan ce  as to  th e  m a in ten an ce  an d  design o f th e  d ischarge b u t  m an y , 
re la tiv e ly  un c lear p h en o m en a  are  en co u n te red  due to  th e  d ifficu lties in  te s tin g  
(above all th e  p rob lem  o f m easu rem en t free o f p e r tu rb a tio n s  w h ich  could 
a ffec t th e  d ischarge). O ne o f th ese  p rob lem s is th e  in flu en ce  of th e  a u x ilia ry  
e lec trodes m ade of co n d u c tiv e  m a te r ia l an d  p ro tru d in g  in to  th e  p ro x im ity

* Lecture delivered a t  th e  3rd Czechoslovak Conference on Electronics and  V acuum  
Physics. Sept. 1965.

1 Acta Physica Academiae Scientiarum Hungaricae 23, 1967



2 J. BITÓ

o f th e  e lec trodes on th e  d isch arg e  region. T h o u g h  p rev io u s p ap ers  [1, 2] 
c o n ta in e d  in te re s tin g  s ta te m e n ts , em phasiz ing  th e  considerab le  in fluence  of 
th e  a u x ilia ry  e lec trodes in  som e cases, d e ta ile d  ex p e rim en ta l, o r th eo re tica l 
re su lts  h av e  n o t  b een  pu b lish ed  u p  to  now .

H i n m a n  an d  F o x  [ 1 ]  p o in te d  o u t th a t  a u x ilia ry  e lec trodes co n v en ien tly  
a rra n g e d  n e a r  th e  electrode m a y  decrease th e  v o ltag e  fall across th e  region 
a h e a d  o f th e  e lec tro d e  — an d  th u s  also th e  p ow er loss ta k in g  p lace  across th e  
e lec tro d e  — a n d  th is  effect w o u ld  be p ro p o rtio n a l to  th e  a u x ilia ry  electrode 
su rface  a rea  w ith in  a ce rta in  ran g e . B u t th is  p a p e r  [1] c o n ta in s  no answ er 
as to  w h e th e r th e  p h enom ena  occu rring  in  th e  p ro x im ity  o f th e  electrode are  
su b je c t to  m ore  sign ifican t in flu en ce  o f th e  a u x ilia ry  e lec trode  a t  th e  ca th o d e  
side  or anode side o f  th e  a.c. d isch arg e . T his s ta te m e n t has n o t  b een  su p p o rted  
b y  m ore  d e ta ile d  d a ta  o b ta in e d  e ith e r  th e o re tic a lly  or ex p e rim en ta lly . T he 
a u th o r  p a r t ic ip a te d  earlier in  ex p erim en ts  [2] ca rried  o u t to  classify  th e  
in flu en ce  o f th e  au x ilia ry  e lec tro d es on th e  ca th o d e  fall in  th e  case o f a.c . 
d ischarge . B y  m ean s of th ese  in v e s tig a tio n s  [2] i t  could be show n th a t  in  th e  
c a th o d e  h a lf  cycle th e  au x ilia ry  e lec trode  h as  a considerab le  e ffec t because i t  
red u ces th e  c a th o d e  fall. In  th e  sam e p a p e r [2] th e  fu n c tio n  o f  th e  au x ilia ry  
e lec trodes in  d .c . d ischarges h a s  also been  tr e a te d .

T he p u rp o se  o f th e  p re se n t p a p e r  is to  re p o r t  th e  resu lts  o f  fu r th e r  in v estig ­
a tio n s , d e te rm in in g  th e  c u rre n t co n su m p tio n  o f th e  a u x ilia ry  electrodes of 
g iven  size, a r ra n g e d  sy m m etrica lly  to  th e  m a in  elec trode , m o v ab le  in  rad ia l 
d ire c tio n , o f e q u a l surface a rea , sh ap e  an d  m a te r ia l, th e ir  in flu en ce  in  th e  case 
o f th e  d .c. d isch arg e  b o th  a t  th e  ca th o d e  a n d  th e  anode sides, th e  v a ria tio n s  
on  th e  tu b e  v o lta g e  caused b y  th e  above in flu en ce  and  f in a lly , th e  m ain  d ev i­
a tio n s  of th e  a .c . d ischarges w h ich  w ould ta k e  p lace in  th e  ca th o d e  h a lf­
cycle  re la tiv e  to  th e  exam ined  e lec tro d e , likew ise due  to  th e  ab o v e  phenom ena . 2

2. Experim ental conditions, m easuring methods

T h e design  o f  th e  specia l tu b e  used  in  th e  m easu rem en ts  is show n in 
F ig . 1. G lass-w all d ischarge tu b e  T  has an  in n e r  d iam ete r o f  36 m m  an d  an  
in te re le c tro d e  d is tan ce  of 1090 m m . A t b o th  ends o f th e  tu b e , th e re  are tw o 
tu n g s te n  doub le  sp ira ls  o f th e  sam e design c o a te d  w ith  th e  e lec tro n  e m ittin g  
m a te r ia l  S  to  fo rm  th e  e lec trodes to g e th e r  w ith  th e  co rresp o n d in g  c u rre n t 
in le ts  I .  N ear th e  f irs t e lec tro d e  tw o  ra d ia lly  m ovab le  a u x ilia ry  electrodes 
a re  b u ilt  in . T hese  p la te -lik e  a u x ilia ry  e lec trodes are m ad e  o f  n ickel, w ith  
a th ick n ess  o f 0,1 m m  and  w ith  7 an d  12 m m  sides. T h ey  a re  b u ilt  sy m m e tri­
ca lly  in  th e  d ire c tio n  of th e  sp ira l ax is. T hey  are  d isp laced  b y  an  e lec tro m ag n et 
th ro u g h  th e  iro n  cores fa s ten ed  to  th em . A n y  tu rn in g  is p re v e n te d  b y  an  iron  
sh o u ld e r m a tc h in g  in to  th e  gu id e  groove fo rm ed  in  th e  glass. H av in g  been
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a d ju s te d  to  th e  req u ired  p osition , th e  m ag n e t was rem o v ed  from  th e  space 
of d ischarge . C om plete in tro d u c tio n  in to  th e  d ischarge reg ion  was also  p re ­
v e n te d  b y  a reduced  glass sec to r a long  th e  guide slo t. T h e  au x ilia ry  e lec trodes 
could be a d ju s te d  a rb itra r ily  to  th e  ra d ia l  d istance  from  th e  sp iral b e tw een  2 
an d  17 m m . This a d ju s tm e n t was ch eck ed  b y  a read in g  device w ith  m m  d iv i­
sions designed  especially  fo r th is  p u rp o se .

Fig. 1. Scheme of the discharge tu b e  used fo r th e  experim ents. T  — glass wall of th e  tube 
S — double spiral forming the  electrode, I — cu rren t inlets of the  electrode, — I and I I  — two 

movable auxiliary  electrodes, P l — P 6 — cylindrical probes

In  ad d itio n  six p ro b es were p laced  in to  th e  d isch arg e  tu b e , th e  ac tiv e  
p a r ts  o f w hich  w ere m ade o f  nickel, a n d  h a d  a len g th  o f  2 m m  and  a d ia m e te r  
o f 0,2 m m . T he cy lind rica l probes w ere  a rran g ed  in  th e  d ischarge reg io n  in 
th e  m an n e r th a t  th e  d isch arg e  tu b e  ax is  w ould  d iv ide th e  2 m m  c u rre n t p ic-up  
p a r t  of th e  probes in to  tw o  halves. B esides, th e  a rra n g e m en t of th e  p robes 
w as d e te rm in ed  accord ing  to  th e  co n sid e ra tio n s : on one h an d , th e y  h a d  to  
p ro tru d e  in to  th e  po sitiv e  colum n to  b e  ta k e n  for hom ogeneous in t h a t  case, 
an d  on th e  o th e r, th e ir  a rra n g e m en t h a d  to  enable  th e  e n tire  d ischarge  reg ion  
to  be ch a rac te rized  as a c c u ra te ly  as po ssib le  in  th e  ran g e  betw een  th e  ca th o d e  
fall and  th e  anode fall.

T he m easu rem en ts  w ere ca rried  o u t a t  m ercu ry -a rg o n  d isch arg e  in 
q u ie t a tm o sp h eric  co n d itio n s, a t  25 z b  1° C a ir te m p e ra tu re . A cco rd ing ly , 
th e  low est w all te m p e ra tu re  o f  th e  d isch arg e  tu b e  a m o u n te d  to  ab o u t 40 z b  1° C 
in  th e  m idd le  of th e  glass w all, w hich  re su lte d  in  a m e rc u ry  v ap o u r p ressu re  
o f ab o u t 6 z b  0,5 • 10~3 m m H g. T he p ressu re  o f th e  a rg o n  gas in  th e  tu b e  
was 3 m m H g. T he glass p a r ts  w hich se rv ed  fo r th e  d isp lacem en t of th e  a u x ilia ry  
electrodes — in o rder to  decrease th e  u n d esirab le  osc illa tions of th e  v a p o u r  
p ressu re  — h av e  been m a in ta in ed  c o n s ta n tly  a t  th e  te m p e ra tu re  o f  50° C.
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T h e c irc u it d iag ram  used  in  th e  o p e ra tio n  o f th e  tu b e  is show n in F ig . 2. 
D ischarge  tu b e  T  w as fed b y  sou rce  SP S  o f s tab ilized  v o ltag e  supp lied  in  each  
case b y  an  50 c/s a .c ., or a d .c. v o lta g e  source a n d  accord ing ly  lim itin g  resis tan ce  
Z  h ad  an  in d u c tiv e  o r p u re  ohm ic c h a ra c te r . B o th  th e  a.c . a n d  d.c. m easu re ­
m en ts  w ere c a rr ie d  o u t a t a d isch arg e  c u rre n t o f  430 mA. A u x ilia ry  electrodes I  
a n d  I I  cou ld  b e  in te rc o n n e c ted  w ith  an y  a rb i t r a ry  te rm in a ls  o f th e  sp ira ls  
o f  sw itches K \  a n d  K u, re sp ec tiv e ly . B efore th e  beg inn ing  o f  each m easu re ­
m e n t th e  d isch a rg e  tu b e  w as o p e ra te d  u n d e r  th e  te s t co n d itio n s specified fo r

—0 ^ —

S.PS.

Fig. 2. Scheme of th e  electrical circuit: Am m eters i\ and  i{j measure th e  cu rren t of the rele­
v an t auxiliary  electrodes; ij-— th e  discharge cu rren t, V j  — the tube  voltage, Z — restric tive  

im pedance, K j, К ц  — three-position  sw itch, S P S  — stabilized vo ltage source

a d u ra tio n  o f 20 m in u tes  w ith  th e  re su lts  t h a t  th e  p a ra m e te rs  in ten d ed  fo r 
m easu rem en t co u ld  stab ilize  to  th e  n ecessa ry  e x te n t.

B o th  fo r  th e  d.c. an d  a .c . p ro b e  m easu rem en ts , th e  m easu rin g  m e th o d  
developed  b y  th e  a u th o r  [ 4 ]  on th e  basis o f th e  W a y m o u t h  pu lse  tech n iq u e  [ 3 ]  

w as ap p lied . T h e  b en efits  o f  th is  p ro b e  m easu rem en t m e th o d  w ere p r im a rily  
a p p a re n t fo r th e  a .c . m easu rem en ts  in  v iew  o f th e  su ita b le  tim e  reso lu tio n . 
T he accu racy  o f  th e  p rocedure  w as i  0,2 V. 3

3. Test results

T he a u x ilia ry  electrodes m oving  in  th e  d ischarge reg io n  consum e d iffe r­
e n t c u rre n ts  d ep en d in g  u p o n  th e ir  p o sitio n  re la tiv e  to  th e  sp ira l ta k e n  fo r 
th e  m ain  e lec tro d e . T he re le v a n t ex p erim en ts  ca rried  o u t b y  th e  a u th o r  w ere 
p u b lish ed  in  a n o th e r  p a p e r [5]. In  th e  p re se n t case, on ly  th e  m an ip u la tio n s  
n e a r  one e lec tro d e  of th e  a .c . d ischarge  w ill b e  show n, th e  essen tia l re su lts  
be ing  p lo tte d  in  F ig . 3. T he h o riz o n ta l ax is o f  Fig. 3 in d ic a te s  d is tan ce  d  o f
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ROLE OF AUXILIARY ELECTRODES IN A.C. DISCHARGES 5

th e  e lec trodes considered  from  th e  sp ira l ax is  w hereas th e  v e r tic a l ax is show s 
th e  c u rre n t consum ed  b y  th e  a u x ilia ry  e lec trodes in  m A . O f th e  m a rk s  of 
th e  p a ra m e te rs  n e a r th e  cu rves, I  an d  I I  d is tin g u ish es  th e  tw o  au x ilia ry  e le c tro d ­
es an d  in d e x  s ind ica tes th e  s ta te  w hen  th e  au x ilia ry  e lec tro d e  is co n n ec ted  
to  th a t  sp ira l end  n ea r w hich  th e  arc is lo ca ted .

Fig. 3. C urrent p lo tted  for 430 mA discharge cu rren t produced by  auxiliary  electrodes a t 
various distances from  the spiral in a.c. discharge. i\, ijj — the cu rren t consum ed by  aux iliary  
electrodes I  and I I ;  ij+jj — the sum  of the above cu rren ts, s gives th e  position  of th e  aux iliary  
electrode connected to  the spiral te rm inal closer to  th e  arc spot w hereas th e  characteristics 
n o t m arked characterize the connection of th e  aux iliary  electrodes a ttached  to  th e  o ther 
spiral end. The horizontal axis contains the d istance of the individual auxiliary electrodes

from  the sp ira l end

As b o th  o f th e  a u x ilia ry  electrodes a re  o f sam e su rface  a rea , sh ap e  an d  
m a te ria l, one could  expec t t h a t  in  a p o s itio n  equal in  re la tio n  to  th e  sp ira l, 
also th e ir  su rface  c u rren t d e n s ity  w ould  b e  equal. B u t as i t  is ev id en t from  
a com parison  o f curves ij a n d  in  in  F ig . 3 , even th e  sam e p a ra m e te rs  do n o t 
re su lt in  eq u a l c u rren t d e n s ity  a t  th e  su rfaces of th e  a u x ilia ry  e lec trodes; 
in  th e  given case, th e  au x ilia ry  electrode m a rk e d  I I  alw ays consum es a c u r re n t 
in te n s ity  h ig h e r th a n  I. As show n b y  a n  o p tica l ex p e rim en t, th e  p o sitio n  of 
th e  d ischarge  a rc  sp o t is in  o u r case of a sy m m e tric a l a rra n g e m e n t to  th e  sp ira l 
ax is, co n seq u en tly  i t  is lo ca ted  m uch  closer to  th e  a u x ilia ry  e lectrode I I  th a n
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to  I .  As th e  a rc  sp o t has b een  d isplaced a long  th e  sp ira l ax is  during  th e  s u b ­
seq u e n t in v e s tig a tio n s , its  p o s itio n  becam e sy m m etrica l a n d  th e n  asy m m etrica l 
ag a in , b u t  in  th e  opposite  sense, i.e. in  t h a t  case w ith  th e  spo t being closer 
to  au x ilia ry  e lec tro d e  I . In  th e  course of th e  sp o t m o v em en t, value i ( eq u a ls  
in in  th e  sy m m e try  co n d itio n  an d  m oving fu r th e r , up  to  th e  ex trem e a s y m ­
m e trica l p o s itio n , i t  was a lre a d y  ц  w hich to o k  a h igher c u rre n t co n su m p tio n  
th a n  1ц in  th e  co rrespond ing  position . In  a d d itio n  to  th e  above, Fig. 3 m ak es  
also ev id en t th a t ,  w ith  th e  g iven  a u x ilia ry  e lectrode co nnec ted  e lec trica lly  
to  th e  p o in t o f  th e  sp ira l u sed  fo r m ain  e lec trode  a t  w hich th e  arc  spo t is lo c a te d , 
th e  c u rre n t co n su m p tio n  o f th e  au x ilia ry  e lec tro d e  is h ig h e r th a n  in  th e  case 
w hen  its  p o te n tia l  is eq u a l to  th e  p o te n tia l  o f  th e  o th e r  sp ira l end. T h is is 
because  a considerab le  v o lta g e  d ifference ex is ts  b e tw een  th e  tw o sp ira l e n d s , 
n am ely  in  th e  ca th o d e  h a lf  cycle th e  ions a re  falling  m a in ly  in to  th e  c a th o d e  
sp o t an d  th is  rep resen ts  th e  co n d u c tiv e  p a r t  o f  low est p o te n tia l. T he a u x ilia ry  
e lec trode  co n n ec ted  to  th is  p a r t  will ta k e  th e  sam e p o te n tia l . The o th e r sp ira l 
en d  has a h ig h e r p o te n tia l a n d  th u s  also th e  au x ilia ry  e lec trode  co nnec ted  to  
i t  will be m ore  p ositive  th a n  th e  au x ilia ry  e lec trode  co nnec ted  to  th e  sp ira l 
en d  w here th e  ca th o d e  sp o t is to  be found . T h e  consequence is th a t  th e  l a t t e r  
a u x ilia ry  e lec tro d e  absorbs less positive ions from  th e  d ischarge . T aken  th is  
co n d itio n  fo r o u tgo ing  basis, one can deduce som e v e ry  in te re s tin g  conclusions. 
N am ely , i t  is easy  to  s ta te  t h a t  th e  c u r re n t difference o f  th e  tw o a u x ilia ry  
electrodes co n n ec ted  to  b o th  o f  th e  sp ira l en d s is p ro p o rtio n a l to  th e  p o te n tia l  
difference o f th e  tw o sp ira l ends and  th is  in  tu rn  is in  good ap p ro x im a tio n  
p ro p o rtio n a l to  th e  av erag e  te m p e ra tu re  o f  th e  sp iral. T h is gives a fu r th e r  
p o ssib ility  to  d e te rm in e  th e  av erag e  sp ira l te m p e ra tu re .

D u rin g  th e  in v e s tig a tio n s  m easu rem en ts  were u n d e r ta k e n  in a co n n ec ­
tio n  schem e in  w hich b o th  o f  th e  au x ilia ry  electrodes w ere connected  a t  th e  
sam e tim e  to  th e  sam e sp ira l end . T he curves o b ta in ed  from  such  m easu rem en ts  
are  g iven b y  cu rves in + in  a n d  i(i+n)S in  F ig . 3 to  w hich  in d e x  s in  th e  l a t t e r  
n o ta tio n  in d ic a te s  co n n ec tio n  to  th e  sp ira l en d  n ea r th e  a rc  spo t. F ro m  th e  
c u rre n t c o n su m p tio n  of th e  au x ilia ry  e lec trodes an d  fro m  th e  to ta l  c u r re n t  
v a lu e , it  is ev id e n t th a t

F ro m  th e  ab o v e  co n sid e ra tio n s i t  will be e v id e n t even in  th e  case of a rb i t r a ry  
sp ira l su rface  a rea  F  an d  a u x ilia ry  su rface  a rea  re la tio n sh ip s  f v  f 2 — w h ich  
in  tu rn ,  d e te rm in e  th e  c u r re n t con su m p tio n  — th a t  in eq u a litie s  (1) an d  (2) a re  
co rrec t, n a m e ly  th ese  a re  sa tis f ied  w hen in e q u a lity

l i +  l n  >  t(i + il) ( 1 )
an d

ils +  ius >  i(I + II)S . ( 2 )

f i  +  F  ^  Â  +  F  ^  ( Л  + f 2) +  F
( 3)
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is tru e . B u t th is  la t te r  co n d itio n  can  be  p ro v e d  even w ith  th eo re tica l co n si­
d e ra tio n s  ta k in g  in to  acco u n t t h a t  each оf / 15/ 2 an d  F  is a p o s itiv e  real n u m b e r  
d iffering  from  0. N am ely

f i  +  /2  __________ /1__________ I_________ /2

F  +  (/1 +  /2) F  +  (fi  + /2 )  F  +  (/1  +  f i)
(4)

an d  because of

f i
F  +  ( f i + f 2)

an d

/2
F  +  ( f + Â )

we have

f i  + / 2  <
F  +  ( f i + f 2)

F + f i

<;- /2

^ + / 2

/1 ______ I______ /2

i ’ +  Zi ' ^  +  /2

(5)

(6)

(7)

T he role o f th e  aux ilia ry  e lec trodes b o th  in  th e  case of th e  ca th o d e  an d  th e  
anode regions is m ost c o n v en ien tly  in v e s tig a te d  th ro u g h  th e  c u rre n t m e a su re ­
m en ts  in d ic a te d  above, th ro u g h  th e  p ro b e  m easu rem en ts  a n d  th ro u g h  th e  
te m p e ra tu re  m easu rem en ts a t  th e  e lec tro d e  surfaces.

T he in fluence  ta k e n  fo r d .c. m ercu ry -a rg o n  arcs a t  430 mA d isch arg e  
c u rre n t is show n in F ig . 4 fo r th e  c a th o d e  region. T he a u x ilia ry  e lec trodes 
m o v in g  in  th e  ca th o d e  reg io n  have  a c e r ta in  in fluence o n  th e  tu b e  v o lta g e , 
m a in ly , h ow ever, on th e  ca th o d e  fall a n d  th ro u g h  i t  o n  th e  tu b e  v o lta g e . 
I n  F ig . 4, th e  in te r ru p te d  v e rtic a l axis in d ic a te s  th e  v o lta g e  values in  V . 
T h e curve  m a rk e d  V т show s th e  changes in  th e  tu b e  v o lta g e  w hereas cu rv e  
V та gives th e  case in  w h ich  th e  tw o a u x ilia ry  electrodes a re  co n n ec ted  to  
b o th  o f th e  te rm in a ls  o f th e  ca th o d e  sp ira l. I t  is to  be seen  th a t  in  th e  la t t e r  
case th e  tu b e  v o ltage  is low er b y  ap p ro x . 0,5 — 1 V. As n e ith e r  th e  g ra d ie n t 
o f th e  po sitiv e  colum n (here  n o t  show n) n o r  th e  anode fa ll V a have co n si­
de rab le  changes, i t  can be supposed  th a t  th e  tu b e  vo ltag e  h as  d im in ished  due  
to  th e  in fluence  exerted  b y  th e  a u x ilia ry  electrodes on th e  ca thode reg io n  
because of th e  fac t th a t  th e  au x ilia ry  e lec tro d es are c o n n e c te d  to  th e  sam e 
p o te n tia l w h ich  th e  ca th o d e  sp ira l has a t  b o th  of its  en d s. F ro m  Fig. 4 is to  
be  seen th a t  such  an  in flu en ce  in  th e  c a th o d e  region causes no v a r ia tio n  in  
th e  anode reg ion  and  m oreover — as sh o w n  b y  th e  m easu rem en ts  — n e i th e r  
th e  g rad ien t o f th e  p o sitive  colum n is c h an g ed  b y  it. T h e  ac tiv e  p resen ce  o f 
th e  au x ilia ry  electrode in  th e  ca th o d e  reg io n  w ould, u n d e r  such  co n d itio n s , 
som ew hat red u ce  th e  ca th o d e  fa ll and  th ro u g h  i t  th e  tu b e  v o lta g e , too. M ark in g  
a gives th e  v o ltag e  co n d itions p roduced  b y  th e  au x ilia ry  e lec trode  co n n ec ted
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e lec trica lly  to  th e  sp ira l a n d  th e  m ark in g  in  b rack e ts  in d ic a te s  th e  m easu rin g  
p o in ts  p e r ta in in g  to  th e  co rrespond ing  cu rv es . I f  th e re  is no index  a a t  th e  
c h a ra c te r is tic  in  qu estio n , th is  m eans t h a t  th e  a u x ilia ry  electrode is m o v in g  
in  th e  c a th o d e  region b u t  is n o t co n n ec ted  to  th e  sp ira l an d  has a n e g a tiv e  
“ w all p o te n t ia l”  an d  th ro u g h  i t  only  th e  w all ch a rg in g  cu rren t is flow ing . 
T h e  sam e n o ta tio n s  ap p ly  to  th e  su b se q u e n t d iagram s.

V
!Volt]
и 110 

100 

90

VTIA>

valo)

Fig. 4. In fluence of auxiliary electrodes, m oving rad ia lly  a t the ca thode  side of the discharge, 
on tube  vo ltage F 7-, cathode fall Vj^ and anode fall V\ \ . Marks in b rack e ts  are m easured po in ts; 

index a indicates the aux iliary  electrode w iring connected electrically  to  th e  spiral

T he ex p e rim en ts  to  d e te rm in e  th e  an o d e  side in flu en ce  of th e  a u x ilia ry  
e lec trodes w ith  th e  above co n d itio n s w ere also  carried  o u t  u n d e r d .c .d isc h a rg e  
co n d itio n s. T h e  resu lts  a re  show n in  F ig . 5. S trik ing ly , th e  anode side show s 
a m ore  sen s itiv e  reac tio n  to  th e  in fluence  th a n  th e  c a th o d e  side, w hich  is also  
a p p a re n t f ro m  th e  a u x ilia ry  e lec trode  c u r re n t  ch a ra c te ris tic s  [4]. A p a r t fro m  
th e  la rg e r d ifference  due to  5 m m  d is tan ce  betw een  sp ira l an d  au x ilia ry  e lec­
tro d e s , i t  c a n  b e  s ta te d  w ith  good ap p ro x im a tio n  th a t  also  th e  tu b e  v o lta g e  
follow s th e  changes in  th e  anode  fall a n d  sim ilarly , th e  au x ilia ry  e lec tro d es.
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BOLE OF AUXILIARY ELECTRODES IN A.C. DISCHARGES 9

w hich  h av e  th e  p o te n tia ls  o f th e  sp ira l te rm in a ls  p a r tic ip a tin g  ac tive ly  in  th e  
d ischarge , m a y  in  some cases red u ce  th e  tu b e  vo ltage  th ro u g h  th e  anode fa ll. 
F ro m  th e  re su lts  o f Fig. 4 i t  is ev id en t h e re  to o , th a t  th e  in fluence  th ro u g h  
a u x ilia ry  e lec trodes a t one end  of th e  d isch a rg e  tu b e  causes n o  change in  th e  
reg ions of th e  o th e r  tu b e  end. T he c a th o d e  fa ll curves V K V Ka a n d  V Ka o f F ig . 5 
are  n ea rly  co in c id en t, th e ir  shape  is n o t co n sid e rab ly  a ffec ted  b y  th e  in flu en ce

Lmm1
Fig. 5. Influence of auxiliary electrodes, m oving rad ia lly  a t the anode side, on tube vo ltage VT,

cathode fall VK and anode fall Vд

a t  th e  anode side in  e ith e r case. T he d e te rm in a tio n  of th e  c a th o d e  and  a n o d e  
falls w as e ffec ted  in  b o th  cases b y  p ro b e  m easu rem en t [4].

T he sam e p ro b e  m easu ring  m eth o d  [4] h a s  given th e  p o ss ib ility  o f m o re  
d e ta iled  a.c . in v estig a tio n s. T h e  d e te rm in a tio n  o f th e  p a ra m e te rs  w hich  can  
he  m easu red  b y  p ro b e  m easu rem en t, w as c a rr ie d  ou t in  e v e ry  10° phase  sh if t 
w ith in  a se lec ted  h a f  cycle i.e. in  18 in s ta n ts .  In  th is  case, th e  ca lcu la tio n  o f 
th e  ca th o d e  an d  anode falls w as m ade w ith  th e  use of th e  in s ta n ta n e o u s  v a lu e s  
of th e  p lasm a  p o te n tia ls  m easu red  a t  th e  p o in ts  o f the  p ro b es  p ro tru d in g  in to  
th e  d ischarge  th ro u g h  lin ear e x tra p o la tio n  an d  th u s, f ro m  th is  th e  t im e
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dependence  th e re o f  an d  th e  shape o f th e  ca thode a n d  anode falls w ith in  
a h a lf  cycle cou ld  he o b ta in e d . S ta rtin g  fro m  th e  c h a ra c te r is tic  p lo tte d  fro m  
th e  m ean  in te g ra l va lue  o f th is  curve re la te d  to  th e  h a lf  cycle and p u b lish e d  
earlie r [2], th e  b eh av io u r o f  th e  electrode u n d e r  co n sid e ra tio n  could be  e s tim ­
a te d  in  th e  g iven  period . T o  in d ica te  th e  ca th o d e  fa ll, a lso  requ ired  d e sc r ip ­
tio n s  of th e  in s ta n ta n e o u s  v a lu e s  of th e  tu b e  v o ltag e  an d  o f  th e  changes in  le n g th

Fig. 6. In fluence of auxiliary electrodes, moving in  th e  region of one m ain electrode of a.c. 
discharge, on th e  tu b e  voltage, V j,  cathode fall t  /v- and anode fa ll 1 \  in the ca thode half

cycle o f the re levant m ain  electrode

o f th e  c a th o d e  fa ll ran g e . T h e  in s ta n ta n e o u s  values o f  th e  tu b e  v o ltag e  cou ld  
b e  ta k e n  osc illoscopically  w hereas th e  t im e  dependence  o f th e  c a th o d e  fall 
re la te d  to  a h a lf  cycle cou ld  be p lo tted  b y  m eans of a p h ase -sh ifte r c o n tro lle d  
stroboscope  [6 ]. T he d esc rip tio n  of th e  re le v a n t p a r t ia l  resu lts  and  th e  tim e  
d ependence  o f  th e  c a th o d e  d a rk  space w ill n o t be d esc rib ed  in  th e  p re s e n t 
p a p e r  as th e y  h a v e  been  p u b lish ed  elsew here [6].

T h u s, F ig . 6 show s th e  ca th o d e  fall a n d  anode fall av e rag e  values o b ta in e d  
in  th e  w ay  describ ed  ab o v e  an d  re la te d  to  th e  h a lf  cycle  to g e th e r w ith  th e  
average  v a lu e s  ca lcu la ted  in  a sim ilar w a y  from  th e  in s ta n ta n e o u s  v a lu e s  of 
th e  tu b e  v o lta g e . I t  is w orth w h ile  to  m e n tio n  th a t  th e  la t te r  va lu e  d iffers 
from  th e  tu b e  v o ltag e  v a lu e s  to  be m e a su re d  b y  m e a n s  of a F -m e te r , on ly  
in  th e  a d d itiv e  c o n s ta n t. T h e  shape o f  b o th  th e  c h a ra c te ris tic s  V t p lo t te d  
w ith  th e  m e th o d s  above, a re  sim ilar.
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T he values o f th e  tu b e  v o lta g e  — in  co n fo rm ity  w ith  l i te ra tu re  d a ta  — 
are  su b jec t to  th e  ap p lica tio n  o f  th e  a u x ilia ry  electrode ev en  in  th is  case. 
I t  can  be o bserved  th a t  even th e  sim ple m o tio n  o f th e  a u x ilia ry  electrode n o t  
co nnec ted  to  th e  sp ira l ends sensitive ly  in flu en ces th e  tu b e  vo ltage . I f  o n ly  
th is figu re  (F ig . 6) w ere ta k e n  in to  co n sid e ra tio n , th e  idea m ig h t arise th a t  th e  
tu b e  v o ltage  f lu c tu a tio n  a p p a re n t  from  F ig . 6 is only d u e  to  th e  sc a tte rin g  
o f th e  m easu red  d a ta  and  p e rh a p s  b o th  ch a rac te ris tic s  m a y  be rep re sen ted  
b y  a s tra ig h t line  w ith  p ositive  ta n g e n t. T his m ean s th a t  th e  c lo ser th e  a u x ilia ry  
e lec trode  is to  th e  ca th o d e , — reg ard in g  t h a t  su b seq u en tly  th e  ex p erim en ts  
a re  re s tr ic te d  on ly  to  th e  c a th o d e  h a lf  cycle an d  th is sha ll n o t  be especially  
m en tio n ed  la te r  on — th e  low er will be th e  tu b e  vo ltage . T h is  lin ea riza tio n , 
how ever, shou ld  be  avoided , on  th e  one h a n d  because i t  w o u ld  involve neglec- 
tio n s  con sid erab ly  h igher th a n  th e  m easu rin g  accuracy  a n d , on th e  o th e r , 
s itu a tio n s  c o n tra d ic to ry  to  th e  v a ria tio n s  o f  th e  ca thode fa ll an d  the  te m p e ­
ra tu re  o f th e  ca th o d e  spo t cou ld  arise. T h e  m in im um  o f th e  tu b e  v o ltag e  
occurs in b o th  cases w hen  u s in g  au x ilia ry  electrodes a r ra n g e d  close to  th e  
ca th o d e  sp ira l w ith  th e  a u x ilia ry  electrode a t  2 — 3 m m  fro m  th e  spiral ax is . 
A m ong th e  d.c. cases show n p rev io u sly  co m p ariso n  should  b e  d raw n w ith  th e  
tu b e  vo ltag e  sh ap e  p lo tte d  fo r th e  ca th o d e-sid e  aux ilia ry  e lec tro d e  as show n 
in  F ig . 4. A p p a re n tly  th e  ca th o d e-sid e  in flu en ce  of th e  a u x ilia ry  e lec trodes 
w ill be m uch m ore considerab le  fo r th e  a .c . th a n  it  was fo r th e  d.c. m easu re ­
m en ts  an d  a t  th e  sam e tim e , also  th e  shape o f  th e  c h a ra c te ris tic s  will be m ore  
in tr ic a te .

In  com paring  th e  an o d e  fall ch a ra c te ris tic s  — as show n  in F igs. 4 
an d  6 — som e ag reem en t can  lie found . T h e  in tro d u c tio n  o f th e  aux ilia ry  e lec ­
tro d es  a t  th e  ca th o d e  side h as  no sign ifican t in fluence on th e  vo ltage  fa ll o f  
th e  anode reg ion , n o t even in  a .c . d ischarge ju s t  as in th e  d .c . case. The sh ap e  
o f  th e  d.c. a n d  a .c . d ischarges is like in  th e  d .c. case. T h e  sh ap e  of th e  d .c . 
a n d  a.c. d ischarge  c h a rac te ris tic s  show n b e fo re  — Figs. 3 , 4 , 5, 6 — g ives 
re la tio n sh ip s  w h ich  have  n o t been  pu b lish ed  u p  to  now  a n d  th e ir  know ledge 
m ay  lead  to  fu r th e r  useful d iscussions. H o w ev er, th e  m ost in te re s tin g  of th e se  
c h a rac te ris tic s  is th e  d ependence  of th e  c a th o d e  fall of th e  electrode a c tin g  
as ca th o d e  in  th e  h a lf  cycle o f  a.c. d isch arg e  on th e  p o s itio n  of a u x ilia ry  
elec trodes. T he shape of ch a rac te ris tic s  V к  show n in F ig . 6 is sim ilar to  th e  
shape  o f th e  tu b e  vo ltag e  ch a rac te ris tic s  w h ich  can be m ore  o r less ex p ec ted  
w hen  know ing  th e  anode fa ll ch a rac te ris tic s  a n d  th e  p o te n tia l  g rad ien t c u rv e  
o f th e  p ositive  co lum n w hich  changes re la tiv e ly  little  in  sp ite  of th e  in te r ­
v en tio n .

T he ca th o d e  fall c h a rac te ris tic s  p lo tte d  for a.c. d isch a rg e  (see F ig . 6) 
essen tia lly  d iffer from  th e  co rrespond ing  ch a rac te ris tic s  o f  F ig . 4. N am ely , 
in  th e  case of d .c . d ischarge, th e  curve o f  th e  aux ilia ry  e lec trodes of w all 
p o te n tia l  an d  m oving  in  ra d ia l  d irec tion , is s im ilar to  th e  ca th o d e  fall ch a-
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ra c te r is tic  o b ta in e d  for a u x ilia ry  e lec trodes connected  to  th e  ca thode te rm in a ls . 
F o r  a.c . d isch arg e , th e  sh ap e  o f th e  tw o  c h a rac te ris tic s  is opposite  to  each 
o th e r. W hile  fo r d.c. d isch arg e  th e  m a x im u m  of th e  c a th o d e  fall ch a rac te ris tic s  
lies a t  an  a u x ilia ry  e lec tro d e  d is tan ce  o f  10 m m  a t  each  side, here a d e fin ite  
m in im u m  ta k e s  place a t  th e  sam e d is ta n c e .

Fig. 7. Influence of auxiliary electrode, m oving in  the region of one main electrode of a.c. 
discharge, on cathode fall Vk  and  cathode spo t tem pera tu re  T$ of th e  relevant m ain electrode 

in th e  cathode half cycle o f th e  same m ain electrode

In  o rd e r  to  give a m ore  d e ta iled  analysis  o f th e  ca th o d e  fall c h a ra c te r ­
istics u n d e r  th e  ca th o d e  fa ll c h a ra c te r is tic s  ta k e n  fro m  F ig . 6, F ig . 7 show s 
th e  te m p e ra tu re  in  °C o f th e  re le v a n t ca th o d e  sp o t m easu red  b y  m e a n s  of 
a n  o p tica l p y ro m e te r . C om parison  o f th e  co rrespond ing  ch a rac te ris tic s  show s 
th a t  a n y  a p p ro x im a tio n  o f  th e  tu b e  v o lta g e  ch a rac te ris tic s  th ro u g h  a s tra ig h t  
line w ould  b e  w rong as th e n  th e  sam e w ould  h av e  b e e n  necessary  fo r  th e  
ca th o d e  fa ll c h a ra c te ris tic  to  w hich th e  d ev e lopm en t o f  th e  spo t te m p e ra tu re s  
w as c o n tra d ic to ry . As th e  te m p e ra tu re  o f  th e  c a th o d e  sp o t could n o t  be 
m easu red  w ith  th e  sam e tim e  reso lu tio n  as th e  ca th o d e  fa ll, i t  is assum ed  th a t
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th e  m easu red  sp o t te m p e ra tu re s  w ould  change a t  leas t p ro p o rtio n a lly  to  th e  
changes in  th e  rea l c a th o d e  sp o t te m p e ra tu re  n o t  o n ly  in  re sp ec t o f  th e  possib le 
m easu rin g  in accu racy  h u t  also in  sp ite  of th e  te m p e ra tu re  v a r ia tio n s  ta k in g  
p lace  in  each  h a lf  cycle due to  th e  v a ria tio n s  o f  th e  ca th o d e  a n d  anode h a lf  
cycles ( tak in g  a h a lf  cycle d u ra tio n  of 0,01 sec in to  account). T h e  correctness 
o f  th e  la t te r  a ssu m p tio n  has b een  p roved  b y  su b seq u en t ex p e rim en ts .

W here  th e  ca th o d e  fall c h a ra c te ris tic  has i ts  m in im um , th e  ca th o d e  sp o t 
te m p e ra tu re  cu rve  h as  its  m ax im u m  for b o th  o f  th e  c h a rac te ris tic s  pa irs show n 
in  F ig . 7 a n d  v ice v e rsa . I t  is supposed  th a t  th e  v a r ia tio n  o f th e  ca th o d e  sp o t 
te m p e ra tu re  is a p rim a ry  ph en o m en o n  and  as its  consequence, th e  ca th o d e  
fa ll changes in  th e  sam e p ro p o rtio n  in  a m a n n e r  t h a t  th e  c a th o d e  region can  
su p p ly  th e  e lec tro n  q u a n ti ty  n ecessary  for th e  d ischarge in  ea c h  position  o f 
th e  a u x ilia ry  e lec trode . I t  is v e ry  in te re s tin g  to  observe t h a t  th e  au x ilia ry  
e lec tro d e  co n n ec ted  e lec trica lly  to  th e  sp iral a n d  th u s  h av in g  ca th o d e  p o te n ­
t ia l ,  reduces to  a considerab le  e x te n t  th e  ca th o d e  sp o t te m p e ra tu re  even w ith o u t 
a n y  m e ta l c o n ta c t in  th e  d isch arg e  region — m ere ly  th ro u g h  th e  e lec trical 
co n n ec tio n ; th u s , in  th a t  case th e  h ea t co n d u c tio n  betw een  th e  m eta l co n ­
d u c tiv e  p a r ts  could  n o t p a r tic ip a te  in  th e  p rocess.

T he spo t te m p e ra tu re  ch a rac te ris tic s  h as  th re e  m ax im a. T h e ir  positions 
are  in  a ll p ro b a b ility  re la te d  to  th e  shape a n d  size of th e  d ischarge  space  
a ro u n d  th e  ca th o d e , an d  to  th e  fea tu re s  of th e  sp ace  charge ra n g e  form ed n e a r  
th e  ca th o d e  spo t a t  th e  side o f th e  ca thode. O f course, th e  a u x ilia ry  e lectrode 
p ro tru d in g  in to  th e se  spaces in fluences also th e ir  shape a n d  dim ensions [6]. 
A p p ro x im a te ly , i t  can  be s ta te d  t h a t  a t  th e  e n t r y  from  th e  im m e d ia te  p ro x i­
m ity  o f th e  d ischarge w all in to  th e  ca th o d e  d ischarge  reg io n , and  a t  th e  
p ro tru d in g  p o in t in to  th e  im m ed ia te  p ro x im ity  o f th e  ca th o d e , th e  ca th o d e  
sp o t te m p e ra tu re  p ro b a b ly  v a rie s  m ore co n sid erab ly . This o u g h t to  be a p p a re n t 
also from  th e  pow er co n su m p tio n  o f th e  a u x ilia ry  electrodes, i t  is in te re s tin g , 
how ever, th a t  i t  c an n o t be seen in  F ig . 3.

To describe th e  changes ta k in g  p lace in  th e  ca th o d e  fa ll a n d  th e  ca th o d e  
sp o t  te m p e ra tu re  ce rta in  ap p ro x im a te  e lec tro n o p tica l co n sid era tio n s a re  
re q u ire d . Two m odels m ay  be co n stru c ted . I n  th e  f irs t th e  p a ra lle l a u x ilia ry  
e lec trodes have  a p p ro x im a te ly  th e  sam e a m o u n t o f wall p o te n tia l  w hich is 
low er th a n  th e  ca th o d e  p o te n tia l. T hen , th e  a u x ilia ry  e lec trodes behave like 
focusing  lenses fo r th e  elec trons a n d  accelera te  th e  ions to w a rd s  th e  ca th o d e .

In  th e  second m odel each  o f th e  tw o a u x ilia ry  electrodes h a v e  th e  p o te n ­
t ia l  o f one end o f th e  ca th o d e . B etw een  th e m , a n  a p p ro x im a te ly  p lan e -sy m ­
m e tric a l e lec trical fie ld  occurs, w hich , how ever, is d is to rted  n o t  o n ly  b y  b o u n d ­
a ry  su rface  p h en o m en a  b u t  also b y  th e  p resen ce  of th e  c a th o d e  spo t a n d  
th e  ca th o d e  sp ira l. T he fie ld  s tre n g th  th u s  p ro d u c e d  is d e te rm in e d  b y  th e  
ca th o d e  fa ll ( ta k e n  along th e  sp ira l axis) a n d  th e  d istance  o f  th e  au x ilia ry  
elec trodes.
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B o th  of th e  above e lec tro n o p tica l m odels are d iff ic u lt to  h an d le  n o t  only 
due  to  th e  v a r ie ty  o f th e  charge  ca rr ie rs  and  n e u tra l  a tom s b u t  a lso  to  th e  
b a d ly  p e r tu rb e d  p o te n tia l cond itions. O n th e  basis o f  th e  above m o d el, how ­
ever, i t  can  be im ag ined  th a t  closer conclusions can  b e  m ade re g a rd in g  th is  
in flu en ce  on th e  ca th o d e  space. As a f i r s t  step , th e  id e a  can be a d o p te d  th a t  
th e  a p p ro a c h  of th e  a u x ilia ry  electrodes to  th e  sp ira l m a y  resu lt in  acce lera tio n  
a n d  d e v ia tio n  w ith  o p tim u m  co n d itio n s th e  u lt im a te  re su lt o f w h ich  m ay 
be  t h a t  th e  ca th o d e  sp o t te m p e ra tu re  a n d  th ro u g h  i t  th e  ca thode fa ll change 
to  su ch  e x te n t.

4. Conclusions

O n th e  basis o f th e  ex p erim en ts  ca rried  o u t so fa r  it  is a p p a re n t  th a t  
u n d e r  th e  d ischarge  co n d itio n s describ ed  in  th is p a p e r  b o th  in  d .c . a n d  a.c. 
m ercu ry -a rg o n  arcs th e  tu b e  v o ltag e , a n d  th e  c a th o d e  fall for ca th o d e-sid e  
in flu en ce  o r th e  anode fa ll for d.c. anode-side in flu en ce  depend  on  th e  p re ­
sence a n d  position  of th e  au x ilia ry  e lec trodes to  v a r io u s  ex ten ts . D u rin g  th e  
course o f  th e  ex p erim en ts  ca rried  o u t h e re  these  h a v e  an  electrical in fluence  
on th e  d ischarge  reg ion , as could  be o b se rv ed  in  th e  case  o f  a.c. d isch arg e  w hen 
th e y  e lec trica lly  cooled th e  ca th o d e  sp o t. F o r a.c. d isch arg e , a close re la tio n ­
sh ip  cou ld  be e stab lish ed  betw een  th e  te m p e ra tu re  o f  th e  ca th o d e  sp o t and  
th e  c a th o d e  fall an d  th is  could  p ro b a b ly  be in te rp re te d  in  m ore d e ta il on th e  
basis  o f a p p ro x im a te  e lec tro n o p tica l co n sidera tions.
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О РО ЛИ  В СП О М ОГАТЕЛЬН Ы Х  Э Л Е К ТРО Д О В , П РИ М ЕН Я ЕМ Ы Х  
В Р А ЗРЯ Д А Х  П ЕРЕ М Е Н Н О ГО  ТОКА 

Я. БИТО

Р е з ю м е
Автором исследуется протекающие явления в разряде ртутны х паров-аргона 

низкого давления при электродах, нагреваемых только разрядом и обладающих нанесен­
ным слоем окиси, в том случае, когда в близлежащее к  электроду пространство вводятся 
два параллельных вспомодательных электрода равной поверхности. Радиальное дви­
жение вспомогательных электродов и наблюдение их воздействия на смежные с электро­
дами области осуществляется изготовленной для этой цели специальной разрядной труб­
кой. Автором определяются токи на вспомогательных электродах в различных их поло­
ж ениях, измеряются суммарные токи, а  такж е изменения напряж ения горения. На основе 
полученных результатов дискутируется влияние вспомогательных электродов, приме­
няемых в разрядах переменного тока, на смежное с электродами поле. Разработанным 
раньше измерительным методом зонд переменного тока, применяя разлож ение по вре­
мени, определяется мгновенное значение катодного падения, далее зависимость среднего 
значения катодного и анодного падений в полупериоде от расположения вспомогательных 
электродов. Полученные результаты сравниваются с данными опытов по разрядам по­
стоянного тока.

A da Physica Academiae Scientiarum Hungaricae 23, 1967





Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 (1 ) , p p . 17—27 (1967)

SPONTANEOUS SYMMETRY BREAKING AND 
CONSTANT GAUGE TRANSFORMATIONS

By

K . L. N a g y

IN ST IT U T E  F O R  T H EO R ET IC A L PH Y SICS, RO LA ND  EÖTVÖS U N IV E R S IT Y , BU DA PEST 

(P resented  b y  IC. F . N ovobátzky. — Received 10. I I I .  1966)

Sym m etry breaking solutions of several m odel theories are investiga ted  w ith th e  resu lt 
th a t  constan t gauge transform ations of th e  fields describing zero m ass Goldstone particles 
are responsible for th e  form al possibility  of the spontaneous sym m etry  breaking.

1. W e w ish  to  deal h ere  w ith  a c e r ta in  ty p e  of sp o n ta n e o u s  sy m m e try  
b reak in g  so lu tions o f severa l m odel theories described  b y  som e fie ld  eq u a tio n s

D Ф,- = F, [Ф]

an d  equal tim e  co m m u ta tio n  re la tio n s  p o ssib ly  o rig ina ting  fro m  a L ag ran g ian . 
F  deno tes som e fu n c tio n a l a n d  D  a d iffe ren tia l op era to r. U n d e r  th e  so lu tio n  
of th e  p rob lem  we m ean  to  fin d  a re p re se n ta tio n  of th e  f ie ld  Ф as an  o p e ra to r  
d is tr ib u tio n  over th e  F o ck  space of th e  free  incom ing o r ou tgo ing  fie ld s. 
F u rth e rm o re  we req u ire  th a t  th e  p ro p er L o ren tz  group sh o u ld  be  rep re sen ted  
b y  u n ita ry  o p era to rs . U n d e r th ese  c ircu m stan ces — w hich  ca n  be fo rm u la te d  
m ore p recisely  [1] — th e  so lu tio n  o f th e  f ie ld  equations w ill be  rep re se n te d  
b y  a Y o lte rra  expansion  o f th e  n o rm al p ro d u c ts  of th e  free inco m in g  (outgoing) 
fields

<Pi =  *i +  cij <Pj +  Е ф  [: <p (x) <p (y) :] +  F<'> [: <p (x) <p (y) cp (z) :] -j------- (1)

here  xi, Cij a re  c-num bers in d e p e n d e n t o f x, :: denotes a n o rm a l p ro d u c t. 
(fi-s are  free fie lds w ith

( □  — m‘j) (Pi =  0, [(Pi (x), (Pj (y)] =  — iôtJ A { x  — y;  m,.j fo r bosons,
and

(y;i 3;J +  Mj) <Pj =  0, \q>j (x), (pk (y)} =  i Ö]k S (x — y ; Mj)  fo r ferm ions.

W hen th e  p ro p e r L o ren tz  g roup  is rep re se n te d  i t  follows 

< 0  I Ф,- I 0 >  =  fo r ferm ions, -v ec to rs , -tensors, e tc .

< 0  I Ф,- I 0 >  =  c o n s ta n t c n u m b er =  pq- fo r scalar, (p seudosca la r) bosons.
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W hen we re q u ire  th a t  also th e  space re flec tio n  should  be  rep resen ted , we h av e  
% =  0 fo r  p seu d o sca la r, к =  c o n s ta n t, n o t  necessarily  zero , fo r sca lar bosons.
I 0 >  d en o te s  th e  v acu u m  s ta te  o f th e  rep re sen tin g  F o c k  space | 0 >  =  
=  0, fo r a ll i  < 0  I 0 >  =  1.

T u rn in g  from  classical to  q u a n tu m  th eo ry , th e  r ig h t  h an d  side fu n c ­
tion a ls  in  th e  fie ld  eq u a tio n s  are  in  g enera l n o t  well d efin ed . Since th e  d efin itio n  
o f  th em  as n o rm a l p ro d u c ts  in  th e  fie lds <pi in tro d u ces a non-local th e o ry  an d  
especially  a  n o n -u n ita ry  S -m a tr ix  [1], w'e keep th e m  as th e y  s ta n d , e.g. 
g Ф2(x) =  g T ( 0 2(x)) an d  n o t  : Ф2(х) :, m ean in g  th a t  w h en  in  solving th e  fie ld  
eq u a tio n s  w e m eet w ith  th e  te rm  F [0 ] ,  ta d p o le  d iag ram s o ften  and necessarily  
ap p ear.

F ro m  th e  p o in t o f v iew  of th e  sy m m e try  p ro p e rtie s  o f  th e  th eo rie s  th e  
follow ing n o m en c la tu re  is u sed : I f  we f in d  th a t  th e  f ie ld  equa tions (a n d  th e  
c o m m u ta tio n  re la tions) a re  in v a r ia n t u n d e r  th e  s u b s titu tio n

0 t - + 0 i  =  F [ 0 ]

w e sp eak  o f  a lgebraic  o r s u b s ti tu tio n a l in v a rian ce . W h e n  th e  field eq u a tio n s  
an d  th e  e q u a l tim e  c o m m u ta tio n  re la tio n s  are  d eriv ed  fro m  a L ag ran g ian , 
from  q u ite  g enera l th eo rem s (e.g. for co n tin u o u s  tra n s fo rm a tio n s  from  N o e th e r’s 
theo rem ) i t  follow s th a t  th is  tra n s fo rm a tio n  is p erfo rm ed  b y  a tim e-in d ep en d ­
e n t form  U  w h ich  is a fu n c tio n a l o f Ф

; U 0 t IT- 1 =  Ф \ .

W e sp eak  o f  a sp o n tan eo u s sy m m e try  b reak in g  i f  U  is n o t  rep re sen ted  b y  
a tim e -in d e p e n d e n t u n i ta ry  o p e ra to r  on th e  F ock  sp ace  o f  th e  free fie ld s çj,-. 
F o r q u a n tu m  fie ld  th eo rie s , w here th e  n u m b e r of degrees o f freedom  o f th e  
system  is in f in ite , th is  p o ss ib ility  is a llow ed. W e know , a n d  we shall see la te r  
th a t  fro m  к =f= 0 th e  sp o n tan eo u s  sy m m e try  b re a k in g  follows. T h e  t r a n s ­
fo rm a tio n  Ф — Ф' induces a tra n s fo rm a tio n  q> —у cp' on  cp th ro u g h  th e  so lu tio n  
o f th e  f ie ld  eq u a tio n s  (1). T h is  tra n s fo rm a tio n  need  n o t  h a v e  th e  sam e form  
as th a t  fo r  Ф. T h is w as ca lled  fo rm erly  th e  sp o n tan eo u s b reak d o w n  of th e  form  
o f th e  sy m m e try  [ 2 ]  or in  a m uch  m ore  suggestive w ay  b y  U m e z a w a  [ 3 ]  as 
th e  d y n a m ic a l re a rra n g e m e n t of th e  sy m m etry .

I n  so lv ing  th e  fie ld  eq u a tio n s  th e  sim plest, N a m b u ’s or U m e z a w a ’s, 
a p p ro x im a tio n  [4] is used , w h ere  we n eg lec t th e  h igher o rd e r te rm s F\‘\  Pip, . . . 
an d  th e n  w e ta k e  < 0  | 0 >  a n d < 0 j  one p a rtic le  >  m a tr ix  elem ents. T h is co r­
responds to  tad p o le  d iag ram s +  pole a p p ro x im a tio n .

T h e  a im  o f th is  p a p e r  is to  em phasise  b y  m eans o f  sim ple  or even ra th e r  
well k n o w n  m odels th e  m ean in g  of th e  G oldstone  th e o re m  a n d  th e  im p o rtan ce  
o f th e  c o n s ta n t  gauge tra n s fo rm a tio n  asso c ia ted  w ith  th e  fie lds correspond ing  
to  zero m ass partic les  [3, 5 ].
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2. As a f irs t m odel we consider th e  sy s te m  o f tw o  re a l sp in  zero bosons 
coup led  b ilin ea rly  described  b y  th e  fie ld  e q u a tio n s  and  c o m m u ta tio n  re la tio n s

( □  — 112)ФХ = g 0 2,

( □  - / * г)Ф2 (2)

[01 (.X), 0 j  =  Ô (X — x') Ôij .

T his m odel w as a lread y  s tu d ie d  [6] w ith  a n o th e r  m ethod . H ere  for fin d in g  
th e  so lu tion  we suppose

Ф1 =  pq 4 - cn  <pL +  c12 y>2 ,

0 2 = X 2 +  C21 <Pl +  C22 4>2 » ( 3 )

w here x, c a re  re a l c-num bers in d e p e n d e n t o f  x, cp1 and  rp2 tw o  free  fields w ith  
th e  m asses m1 an d  m 2 sa tis fy in g  usu a l free  field  c o m m u ta tio n  re la tio n s . 
T hese fie lds are  supposed  to  describe  th e  re a l p artic les . O w ing to  th e  s im p lic ity  
o f th e  m odel, h igher o rd er te rm s  in  (3) do n o t  occur. S u b s titu tin g  (3) in to  (1), 
ta k in g  in to  acco u n t w h a t we h a v e  req u ired  on x and  cp, we g e t from  th e  fie ld  
equ a tio n s

4 2 *1 +  g *2 =  0 »
g 4  +  /i2x2 =  0 ,  (4)

cji =  c |x , c\2 =  c\2, (5)

w hereas th e  m asses have  to  be  given b y

9 9  I C21 2 о I C 1 2
m l =  £  —~  i m 2 = i “  +  g ------  »

C11  C22

an d  from  th e  co m m u ta tio n  re la tio n s  we h a v e

c j  1 +  =  c | x +  c | 2 =  1 ,  C1 1  C21 4"  c 12 c 22 =  0  ■ ( 6 )

T h e n ecessary  cond ition  fo r a n o n tr iv ia l so lu tio n  for x is

44 — g2 =  0 > i-e. И? =  ±  g ■ (7)
I f

42 =  g » x1 =  — x2 =  x , (8,a)

[x2 =  g , pí1 =  pí2 = ? í ? (3Д*)

X  is a rb itra ry . T h e  sy m m etry  p ro p e rtie s  o f th e  m odel fo r X  =  0 were s tu d ie d  
elsew here [2 ], here  th e  case x =f= 0, w hen one u sua lly  speaks a b o u t th e  sp o n ­
tan eo u s  b reak d o w n  of th e  sy m m e try , will b e  s tu d ied . W e m e n tio n  th a t  w h e th e r
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20 К. L. NAGY

sp o n tan eo u s sy m m e try  b reak in g  is possib le  or n o t dep en d s on th e  special 
s tru c tu re  a n d  on th e  specific  dynam ics o f th e  th e o ry . A nalyzing  e q u a tio n s  
( 5 ) — (8) we f in d  for x =f= 0:

(i) one o f th e  re a l m asses is zero (G oldstone th e o re m ), th e  o th e r  m ass 
m- =  2 pc2,

(ii) on th e  r ig h t h a n d  side of (3) th e  zero m ass fie ld  ap p ears  for th e  case 
o f  (8a) w ith  opposite , fo r th e  case o f (8b) w ith  th e  sam e sign . T hus w ith  m\  =  0, 

=  2 fi2 i.e . w ith
□  9*1 =  0 ,  ( □  -  2M2) <p2 =  0

fo r  m2 — g

01 = * + T f  ^  + ^  ’

ф2 =  -  « -  y= =  (9>i -  9>*), (9)

fo r m2 =  —g

0 1 = * + T f  ~  ^  ’

ф ъ =  х +  Y^-  (94 +  <Рг) (10)

are  so lu tio n s .T h u s  th e  p ro b lem  is com ple te ly  solved; e .g .th e  original L a g ra n g ia n

L  (Ф1? Ф2) =  _  i -  [(a„ Ф,)2 +  f  Ф\ +  (9ИФ,)2 +  И2 Щ  ~ ё ф 1 & 2
Z

expressed  b y  cp-s is

L  (?*i, 9*г) =  [(9„ 94)2 +  (Э„ 94)2 +  2/г2 9*1].
Zi

O f course th e  a sy m p to tic  co n d itio n  does n o t follow in  th e  usual fo rm  since

<  0 I Ф (x) I 0 >  ф  0 .

(1) o r (11) is in v a r ia n t  u n d e r th e  tra n sfo rm a tio n s

(С) ФХ-> Ф 2 , Ф*-+Фх,

( - C )  Фх- > - Ф 2 , Ф2- ^ - Ф 1 .

(“ C harge c o n ju g a tio n ” ). T hese  tra n sfo rm a tio n s  give fo r rea l p a rtic le  fields 
in  case (9)

(С) 94 “ > — 94 — 2 V~2” « , 9*2 " 9*2,

(— C) 9 * i 9 * i ,  9>2- >  — 9>2 .
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an d  in  case (10)
(C) <p2

(— C) 9?! ->  — 9?! — 2 f  2 X , <p2->(p2 .

W e see t h a t  th ese  tra n s fo rm a tio n s  possess q u ite  d iffe ren t form s in  te rm s  of 
b a re  or real fields. T he sam e happens also  w ith  th e  sy m m e try  tra n s fo rm a tio n

( Р ) ф 1_> _ ф 1, ф 2^ _ ф 25

w here in b o th  cases

(P) — (p1 - 2 f Y x ,  <p2- + - c p 2 .

W e observe, th a t  in  all of th e se  tra n s fo rm a tio n s  th e  G o ld sto n e  p a rtic le  u n d e r ­
goes besides th e  ex isting  a n d  w ell defined  o rd in a ry  tra n s fo rm a tio n s  (px — 
also a c o n s ta n t gauge tra n s fo rm a tio n . T h is  w as a lread y  fo u n d  in  o th e r m odels 
to  th e  d iscussion o f w hich we com e b a c k  la te r .

N ow  we proceed  to  t r e a t  th e  sim p lest one-field  non  tr iv ia l  exam ple

( П  _ /г2) ф = я ф2 (11)

a lth o u g h  such  a m odel is n o t expected  to  h a v e  a low est energy  s ta te . I n  th e  
ap p ro x im a tio n  specified befo re

Ф =  X +  <p, ( □  — m2) 9? =  0 ,
one gets

— ц2х +  (m2 — fi2)(p =  g (x 2 +  992 +  2x9?) =  g (x2 +  : <p2: +  ~  A F (0, m) +  2xqs),
Cl

from  w hich, ta k in g  m a tr ix  elem ents

—  ju2x =  g x 2 +  - ^ - A F ( 0 , m) ,  

m2 =  ^  4 -  2gx

follows. W e see th a t  x =  0 is n o t a so lu tio n  an d

— f p ±  IV 4 — 2g A p { 0 ,  m)
4  ’

and

m2 =  i  Yfi* — 2g A F 10, m ) .

To o b ta in  a p h ysica l re su lt one m u st h av e

0 < , ^  — 2gA F (0 , m) <  CO
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a n d  only  th e  +  sign is allow ed, m =  0 is n o t  a t  all necessa ry , x 0 is co m ­
p e n sa te d  u su a lly  b y  an  a d d itio n a l re n o rm a liza tio n  c o n s ta n t [1], th u s  tr e a t in g  
th e  eq u a tio n

( □  -  ц2)Ф =  g 0 2 +  c

in s te a d  o f (11). I f  we ta k e , how ever, (11) a t  a face v alue  x ^  0 follows in  a n y  
o rd e r o f g. T h is  im plies as a consequence  t h a t  a large class o f  tra n s fo rm a tio n s  
o f Ф in d u ces a  c o n s ta n t gauge tra n s fo rm a tio n  on cp. A m ong  th em , h o w ev er, 
w e c a n n o t f in d  here  an y  sy m m e try  tra n sfo rm a tio n s .

T h e  m a in  consequences o f th e  ab o v e  m odel also fo llow  for th e  sc a la r  
coupling  o f  ferm ions

( y ^ ll +  K ) 'F  =  g 0 V ,

( □  - / I 2 ) 0 = g W W .
W ith

Ф =  X +  cp, Ч1 =  4 \

( □ - 0 ^  =  0 , (ум8 м +  М ) ^ 0 =  0 ,
one gets

x =  - ^ M  A f ( 0 , M ) ,
Ц2

M  =  K  +  ^ M A F ( 0 , M ) ,
fl2

m2 =  fi2 .

W e m en tio n  t h a t  th is  a p p ro x im a tio n  fo r

w ith  Q c o n ta in in g  odd  n u m b e rs  o f у -s g ives x =  О, M  =  K ;  th u s  e.g. w ith  
Q  =  у-,  Ф p seu d o sca la r, th e  p a r i ty  c a n n o t be sp o n ta n e o u s ly  v io la te d  b y  
X ^  0 u n less К  =  0.

T he re su lts  o f th is  a p p ro x im a tio n  fo r  th e  firs t G o ldstone  m odel

( П - ^ ) Ф  =  ё Ф \
Ф =  X -)- cp , ( □  — m2)<p =  0 ,

are  w idely  k n o w n  [5, 7, 8]:

x [ g x 2 +  [i2 -\- g ^ - A F (0 ,m )\  =  0 ,

m2 =  fA2 +  3g [x2 +  —  ZlF (0 , m ) ] , 
2
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w ith  th e  consequence th a t  íí ^  0 does n o t im p ly  m2 =  0. T h e  sy m m etry  
tra n sfo rm a tio n

Ф ->  — Ф
gives fo r (p

— (p — 2x

w hich is again  a c o n s ta n t gauge tra n s fo rm a tio n  b u t  now for a non-zero  m ass 
p a rtic le . T he sam e consequences follow  also fo r  th e  second G o ld sto n e  m odel

( □  - ^ ) ф .  =  ^ [ ф 2 +  ф 2] ф . 5 i  =  1 , 2  .

R eq u irin g  [5]

im plies

Ф1 =  х +  <р1, ( П  — т1)<Р1 =  в ,

Ф2 =  <Р2 1 ( □  — mî) Vi =  0

g x 2 + / t 2 +  g - ^ - z l F (0 , mi) +  g ЛF(0, m2)
Ci Ci

=  0 ,

ml =  /л2 +  2gx2 +  g

ml =  i*  +  g

-)------ ^ F (0, trijJ -)-------d F (0, m 2)

к1 -\------ A p (0, m2) -|— — Ap (0, mj)
2 2

( 12 )

w ith  th e  re su lt th a t  from  x ^  0 does n o t follow  т г- =  0. The sy m m e try  t r a n s ­
fo rm atio n s

Ф1 — Ф1 :> Ф ^ Ф  а , Ф2->Фг

e .t.c . ag a in  induce  a c o n s ta n t g auge  tra n s fo rm a tio n

<Px - » ------- (Px —  2 x ;  cpx <p2 —  X  ,  <p2 - v  +  «

w hile th e  co n tin u o u s sy m m etry  tra n s fo rm a tio n

Ф —> e ,01Ф , Ф =  (S i), r  =  (?"')

co rrespond ing  to  th e  conserved  c u rre n t 

3  ф
jV =  ~ i a - -----т Ф  =  с ^ Ф ^ Ф ,  - Ф 2Э)ХФ1] ,  9 ^  =  0 ,

[J,
expressed  b y  9? is

< p е‘фт <p +  (е‘фт — 1) X , 9? =  (£ ;), * =  (S)-
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B ecause o f  th e  lack  o f a G oldstone p a r tic le , and  a m ass  sp littin g , in  th is  ap p ro x ­
im a tio n  j ß is n o t conserved . In d eed

=  a  [ x  m l  <p2 +  ( m 2 —  тп\) <рг <p2)] (13

x =  0, o f  course, gives a conserved c u rre n t since th e n  also m\ =  m\.  These 
re su lts  a re  n o t  consequences of th e  a sy m m etric  a ssu m p tio n  (12), w h ich  can 
b e  re q u ire d  w ith o u t loss o f  g en e ra lity  owing to  th e  a p p a re n t R(2) sy m m etry .

T h e  above a p p ro x im a tio n  m e th o d  seem s to  b e  m ore su itab le  in  case of 
th e  p a ir  in te ra c tio n  th e o ry

(П-?)Ф = 28¥7Ф,

S upposing  here

one gets

( у Л  +  х ) ,р  =  - « ф 2 у -

Ф == X -f- ç?, ( □  — m2) <p =  0 ,

Y  =  Y 0, (уЛ  +  М ) У 0 =  0

х (ц 2 - 4 g M  A p (0,M))  =  0 , 

m2 =  /л2 — 4g M  Ap (0, M ) ,

M  =  К  — g X 2 -|------ AF(0,m)
2

w hich  fo r X  0 gives m2 =  0, th u s  a G oldstone  boso n  appears. T h e  sy m m etry  
tra n s fo rm a tio n

Ф - >  -  Ф
induces

<P —  <p —  2 x .

3. H av in g  an a ly sed  these  m odels we find  tw o  ty p e s  of tra n s fo rm a tio n s . 
Since a f te r  so lv ing th e  p ro b lem  th e y  a re  app lied  to  free  fields, one can  w rite  
th e m  dow n exp lic ite ly . I n  th e  f irs t g ro u p  one f in d s  w ell-know n tra n s fo rm a ­
tio n s  like

<P ->  <P' =  ±  <P » <Pi,i 4>' =  ±  ? 2 д » <p-+<p' =  eiez 9p,

e tc . In  th e  case o f x ^  0 th e y  ap p e a r to g e th e r  w ith  a c o n s ta n t fie ld  tra n s la tio n  
(second g roup). T h u s th e  o p e ra to r  p e rfo rm in g  th e  w hole  tra n s fo rm a tio n

consists o f tw o  p a r ts
U ( P U - 1 =  <p'

u  =  v u .
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U pe rfo rm ing  th e  tra n s la tio n , V th e  m ore fa m ilia r  rem ain ing  tra n s fo rm a tio n . 
L e t us s ta r t  w ith  U, w hich is th e  necessary  consequence  of я ^  0 . T he so lu tio n  
o f th e  free-field  e q u a tio n  can  be  w ritte n  as

w (X) = ------------ Г — - — (я (к) elkx -)- a* (к) e~,kx) dk ,
'  (2n f 2 J f2fc0(fe) V '  W  '

k0 (k) =  ]fk2 +  m2 (14)

O n th e  algebra  o f th e  c rea tio n  a n d  a n n ih ila tio n  o p era to rs  c h a ra c te r iz e d  b y  
th e  u su a l c o m m u ta tio n  re la tio n s  th e  tra n s fo rm a tio n

U a ( k ) U +  =  a { k ) + f ( k ) ,

Ua* (k) U*  =  a* ( k ) + f *  (k ) ,

w here  f(k)  is a c -n u m b er fu n c tio n  is perfo rm ed  b y  th e  fo rm ally  u n ita ry  fo rm  

17 =  es , В  =  j  ( / •  (к) а (к) -  f ( k )  а* (к)) dk . (15)

U is a u n ita ry  o p e ra to r  over th e  F ock  space o f  <p th e n  and  o n ly  th e n  if

j | / ( f e ) | 2d f e < - .  (16)
<P —y <P x req u ires

f ( k )  =  (2л)3'2 УЩ (кУ^ eik«(k)xo J L  b (k).

I f  m2 7Í 0, U  possesses a w ell-defined fo rm , b u t since f  is n o t sq u a re  
in te g ra b le , i t  is n o t  a u n ita ry  o p e ra to r  over th e  F ock  space. T h u s of course 
e.g. U I 0 >  [ 0 > .  M oreover in  th is  case U is time-dependent. T h u s  a t  th e  sam e
tim e  w hen x ^  0 does no t im p ly  m2 =  0, th a t  is w hen  th e  G o ldstone  th eo rem  
is n o t  va lid , U no longer has th e  priv ilege to  b e  associa ted  w ith  an y  conserved  
q u a n ti ty .

F ro m  th is  p o in t o f view  G o n d sto n e’s th e o re m  m ust be n ecessarily  v a lid , 
m ak in g  f irs t U t im e -in d e p e n d e n t. B u t if  so, i.e . if  m2 =  0, U — an d  as a 
m a t te r  of fa c t (14) — fo rm ally  ( th a t  is a lre a d y  algebra) is n o t  well d efined , 
an d  can n o t be d efin ed  in  a sim p le  w ay. F o r ex am p le  tu rn in g  in s te a d  o f (14) 
to  f in ite  vo lum e a n d  exem p tin g  th e  zero m ode does no t help  m uch . One can  
v isualise  th ings here  b y  some k in d  of lim iting  p ro cess; th is m a y  be  e.g. m2 — 0 . 
A n o th e r  possib ility  w hich w as w orked  o u t f ro m  an o th e r p o in t  of v iew  in  
m ore  d e ta il is to  f ix  m2 =  0, b u t  to  allow to  change x s lig h tly  on x. M ore 
ac c u ra te ly , we keep  f(k)  c o n c e n tra ted  around  zero  in such a w ay  th a t

j - | / ( k ) | 2dfc =  o o ,
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b u t
$ \ k \\f (k )\*d k <  oo  .

T h en  th e  fo llow ing h ap p en s [9]: U  is a w ell-defined  tim e-in d ep en d en t 
u n i ta ry  fo rm  on th e  a lg eb ra  b u t  b ecau se  o f (16), i t  is n o t  defined as u n ita ry  
o p e ra to r  over th e  F o ck  space  of th e  a(k)-s; U  j 0 >  ^  | 0 > .  On th e  F o c k  space, 
o f  course, th e  L o ren tz  g roup  is re p re se n te d  possessing a no rm alised  v acu u m  
s ta te  I 0 > .  T h e  a lg eb ra  o f th e  a(k)-s, <p a n d  also th e  tr a n s la tio n  g ro u p  is rep re ­
se n te d  on th e  F o ck  space o f th e  o p e ra to rs , b(k) =  a(k) -j- f(k),b(k)  [ 0 > (, =  0, 
ü < 0 | 0 > j = l  b u t  h e re  P 0 =  H  does n o t  have  a n y  norm alised  e ig en sta te . 
F u r th e rm o re , fo r p h y sica lly  observab le  q uasilocal o p e ra to rs  th ese  tw o  rep re ­
se n ta tio n s  a re  eq u iv a le n t. F o rm ally

I 0 > 6 =  [/ I 0 >  ,

th u s  U can  be  re g a rd e d  as an  o p e ra to r  connec ting  tw o  physica lly  e q u iv a len t 
re p re se n ta tio n  spaces. P h y sica lly  th e  s itu a tio n  is e x tre m e ly  sim ple fro m  the  
b eg in n in g . U  J 0 >  co rresponds to  a s ta te ,  w here a n  in f in ite  n u m b e r o f  zero 
m ass zero m o m e n tu m  p a rtic le s  are sw arm in g  a ro u n d , w hich  from  e v e ry  p ra c ­
tic a l  p o in t o f  v iew  c a n n o t be  d is tin g u ish ed  from  th e  e m p ty  v acu u m , b u t  th is  
s ta te  is n o t c o n ta in e d  in  th e  Fock  space.

A t th e  end  th e  fa c t rem ains, t h a t  i i x  ф  0, [7 | 0 >  ^  | 0 >  th e re fo re  th e  
u su a l n o m en c la tu re  as “ sp o n tan eo u s sy m m e try  b re a k in g ”  is ju s tif ie d .

In  th e  ab o v e  exam ples th e  o th e r  c o n s titu e n ts  o f  th e  tra n s fo rm a tio n s  
a re  m uch  m ore  fam ilia r. V  h as  to  be also  t im e -in d e p e n d e n t. T hus e.g . V  c an n o t 
p e rfo rm  an  exchange  o f  tw o  fields <pi w ith  d iffe ren t m asses.

F ro m  th e  p o in t o f  v iew  of our exam ples in  th e  f i r s t  ex ac tly  so lu b le  m odel 
e v e ry th in g  is fu lfilled . In  th e  second G o ldstone  m odel th e  ap p ro x im a tio n  (12) 
d e s tro y e d  co m p le te ly  th e  sy m m etry . H ere

(i) because  o f th e  lack  of th e  G o ldstone  hoson U  becom es tim e -d e p e n d e n t,
(ii) since ml ^  m22, V  pe rfo rm ing

V (pV* =  е‘вт cp ,

V  =  e‘F@, F  =  i J  (pr <pdx,

becom es tim e -d e p e n d e n t [cf. (13)] n o n -ex is tin g  o p e ra to r  over th e  F o c k  space.
In  th e  m o st gen era l case x ^  0, th e  tra n s fo rm a tio n  Ф — Ф' p roduces 

a ch an g e  x ->  x' =  a n o th e r  c n u m b e r. T h is can  h a rd ly  be p ro d u ced  o th e r­
w ise th a n  b y  a c o n s ta n t gauge tra n s fo rm a tio n  of th e  <p fields. T h u s  th e  role 
o f  th e  G o ld sto n e  p a rtic le  is to  p ro d u ce  a tim e-in d ep en d en t u n i ta r y  form  
w h ich  is n o t  re p re se n te d  on  th e  F o ck  space.
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СПОНТАННОЕ НАРУШ ЕНИЕ СИММЕТРИИ И ПОСТОЯННЫЕ 
КАЛИБРОВОЧНОГО ПРЕОБРАЗОВАНИЯ 

К. л . НАДЬ

Р е з ю м е
Исследуются решения нескольких модельных теорий, нарушающие симметрию с 

результатом, согласно которому постоянные калибровочного преобразования полей 
описывающих частиц Голдстона нулевой массы, ответственны за формальную возмож­
ность спонтанного нарушения симметрии.
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MAGNETIC GROUND STATE SPIN CONFIGURATIONS 
IN FACE-CENTRED CUBIC AND Cu3Au-TYPE

CRYSTALS

By

M .  P Ó S C I I  a n d  E .  K r É N

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  B U D A P E S T  

(P resented  by L. Pál — R eceived 31. I I I .  1966)

Assuming various in terac tion  pairs, the  generalized L u t t i n g e r — T i s z a  m ethod (GLTM) 
is used to determ ine th e  ground s ta te  spin configurations in face-centred cubic and Cu3A u-type 
lattices. The configurations assigned as obtained in  term s of m agnetic interactions include, 
w ith a few exceptions, every m agnetic structure  observed in the above types of crystal la ttices 
and perm it for system s w ith  various ground s ta te  spin configurations to  establish un am b i­
guously the predom inant in teractions and to estim ate  their sign as well as their re la tive  
m agnitudes. F inally  some experim ental observations are discussed in  th e  light of th e  resu lts 
obtained by th e  GLT m ethod.

T he g row ing  n u m b e r o f m ag n e tic  s tru c tu re s  o b serv ed  in  ex p e rim en ts  
has s tim u la te d  th e  th e o re tic a l fo rm u la tio n  o f th e  p ro b lem . T he possib le m a g ­
n e tic  s tru c tu re s  can be  e v a lu a te d  e ith e r  f ro m  th e  L a n d a u — L i f s h i t z  th e o ry  
o f second o rd e r phase  tra n sfo rm a tio n s , m in im izing  th e  free  energy se t up  
from  sy m m e try  co n sid era tio n s or w ith  th e  use of a phenom enolog ical H a m il­
to n ia n  fo rm u la te d  from  a c tu a l m agnetic  in te rac tio n s  [1].

U sing th e  L u t t i n g e r — T i s z a  m e th o d  generalized  b y  L y o n s  a n d  K a p ­

l a n  [2], it  is possib le to  m in im ize th e  H e i s e n b e r g  exch an g e  energy

E ex= - ^ I fgSf Sg -
f , g

E x cep t fo r som e cases th e  possible g ro u n d  s ta te  sp in  con fig u ra tio n s c a n  be 
o b ta in ed  as fu n c tio n s o f  m ag n e tic  in te ra c tio n s  from  th e  m in im ized  en e rg y  in  
te rm s of th e ir  F o u rie r com p o n en ts  a t  T  =  0 °K . The m a g n e tic  m om ent o f  th e  
r- th  a to m  in  th e  га-th  cell is

Snv =  ^ S ke1̂ .
к

F o r given c ry s ta l s tru c tu re s  th e  sp in  co n fig u ra tio n s can  be  specified b y  th e  
w ave vec to rs к =  (kx, ky, fc,) an d  b y  th e  d irec tions Sk (k is given in  u n its  of
71
— , w here a is th e  la ttic e  p a ram e te r) . 
a

T he GLTM  was used  fo r th e  e v a lu a tio n  of m ag n etic  s tru c tu re s  in  face- 
cen tred  cubic an d  Cu3A u -ty p e  c ry s ta l la ttic e s  b y  considering  in te ra c tio n  p a irs
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fo rm ed  from  in te ra c tio n s  b e tw e e n  f irs t, second  and  th ird  ne ighbours, sy m b o l­
ized  b y  J v  J 2 a n d  J 3, re sp ec tiv e ly . J  <[ 0 is ta k e n  to  be  fe rro m ag n e tic , J  0 
a n tife rro m a g n e tic  in te ra c tio n . T he fo llow ing cases w ere in v e s tig a te d :

1) F a c e -c e n tre d  cubic la t t ic e  w ith  J X, J 2 in te ra c tio n ;
2) C u3A u -ty p e  la ttic e

a) J  2, J  % in te ra c tio n , w ith  S =  0;
b) J 1} J 2 in te ra c tio n , w ith  S  <  1 (w here S is th e  abso lu te  v a lu e  o f 

th e  ra tio  o f m o m e n ts  of face -cen tre  to  c o rn e r la ttic e  sites).

Fig. 1. G round s ta te  spin configurations in face-centred  cubic la ttice  w ith  J ,  and J 2 in te r ­
actions. The angles betw een m agnetic  mom ents and  crystallographic axes and th e  angles 

betw een non-parallel magnetic m om ents are a rb itra ry

T he g ro u n d  s ta te  sp in  co n fig u ra tio n s assigned in  te rm s  o f m ag n e tic  
in te ra c tio n s  to  face -cen tred  cu b ic  and  Cu3A u -ty p e  la ttic e s  a re  seen in  F igs 1, 2 
a n d  3, re sp e c tiv e ly . Fig. 2 i l lu s tra te s  a t  th e  sam e tim e  th e  s tru c tu re s  in  p r i ­
m itiv e  m a g n e tic  la ttic e  w ith  f i r s t  and  second  neighbour in te ra c tio n s . F o r  th e  
face -cen tred  cu b ic  la ttic e  i t  w ou ld  be ea sy  to  o b ta in  th e  re su lts  also fo r  th e  
com b in a tio n s J v  J 3, b u t  J s in te ra c tio n  does n o t seem  lik e ly  for p h y sica l 
reasons.

The s tru c tu re s  o b ta in ed  can  be c h a rac te rized  as follow s.
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In  b o th  th e  face -cen tred  cubic a n d  th e  Cu3A u -ty p e  la ttic e s  th e  [000] 
s tru c tu re  is co llinear fe rro m ag n e tic . T h e  [000]* s tru c tu re  is collinear fe rr i-  
m ag n etic  ( th e  asterisk*  in d ic a te s  th a t  th e  d irec tio n s S* in  th e  face-cen tres are  
opposite  to  th o se  in  th e  [000] s tru c tu re ) .

T he co n fig u ra tio n s [100], [110] a n d  [200] are ch a rac te rized  b y  a n t i ­
para lle l coupling  of th e  fe rro m ag n etic  p la n e s  (100), (110) a n d  (200).

4 *

Fig. 2. Ground sta te  spin configurations in Cu3A u ty p e  lattice w ith  J „  and J 3 in terac tions, 
S =  0. The angles betw een m agnetic m om ents and  crystallographic axes are a rb itra ry

F o r th e  [111] co n fig u ra tio n  in  Cu3A u -ty p e  la ttice  th e  second n e ig h b o u rs  
(first ne ighbours in  th e  p rim itiv e  la ttice ) a re  o rien ted  in a n tip a ra lle l d irec tio n s . 
In  face -cen tred  la ttic e s  th e  co n fig u ra tio n  [111] is com posed  of fou r [111] 
su b la ttic e s  o rien ted  in d e p e n d e n tly  of one a n o th e r, th e  s tru c tu re  is g e n e ra lly  
non-co llinear.

T he s tru c tu re  [210] is a co m b in a tio n  o f  fou r su b la ttic e s , th ree  o f  th e m  
being  o f [100], w hile one o f [001] ty p e , co llinearly  coup led  p e r p a ir a n d  th e  
tw o pa irs  m ay  h av e  an y  re la tiv e  o rien ta tio n s .
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In  th e  co n fig u ra tio n  [[000] +  [111]] and  [[000]*  +  [111]], a [111] 
s tru c tu re  is a d d e d  norm al to  one of th e  su b la ttic e s  (a t th e  corner) of th e  [000] 
a n d  th e  [000]* s tru c tu re s , re spec tive ly .

In  th e  v a c a n t  area  sh o w n  in Fig. 3 th e  GLT m e th o d  d id  n o t y ie ld  a n d  
re su lt.

T he ang les betw een  th e  d irections o f  th e  c ry sta llo g rap h ic  axes a n d  th e  
m ag n e tic  m o m e n ts  an d  in  m a n y  cases ev e n  th e  re la tiv e  positions of th e  su b -

Fig. 3. G round s ta te  spin configurations in Cu3A u ty p e  lattice w ith  J x and .) > in terac tions, 
S <  1. T he angles between m agnetic  m om ents an d  crystallographic axes are a rb itra ry

l a t t i c e s  c a n n o t  b e  d e t e r m i n e d  f r o m  t h e  m i n i m i z e d  H e i s e n b e r g  e n e r g y ,  t h e s e  

c o u l d  b e  e v a l u a t e d  b y  t a k i n g  a c c o u n t  o f  t h e  a n i s o t r o p i c  e n e r g y  t o o .

F o r in te ra c tio n s  a t  th e  boundaries th e  tw o d iffe re n t con figu ra tions as 
w ell as th e  co m p lex  s tru c tu re s  o b ta in ab le  f ro m  th em  h a v e  th e  sam e ex ch an g e  
energies. T h e  s tru c tu re  w h ich  is ac tu a lly  rea lized  is a g a in  d e te rm in ed  b y  th e  
neg lec ted  second  o rder en e rg y  te rm s. S ince a t  th e  b o u n d a rie s  th e  in te ra c tio n s  
a re  b a la n c e d , w eak  an d  long  range  in te ra c tio n s  as w ell as o th e r  p e r tu rb a tio n s  
m a y  also a s s e r t  them selves a n d  p roduce  m odified  an d  u n s ta b le  versions of 
th e  above s tru c tu re s .
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T he ca lcu la tions w ere p erfo rm ed  fo r T  =  0°K . Since i t  has been show n 
b y  S m a r t  [3] t h a t  fo r a single species of m ag n e tic  a to m  th e  s tru c tu re s  o b ta in e d  
in  th e  m olecu lar field  a p p ro x im a tio n  from  b o th  th e  m in im ized  free a n d  th e  
m inim ized m ag n e tic  energies are  id en tica l, if  th e  m ag n e tic  in te rac tio n s  a re  
assum ed to  be  c o n s ta n t, F igs. 1, 2 an d  3 h o ld  u p  to  th e  C urie p o in t. I t  follow s 
th a t  th e  re su lts  can  be co m p ared  w ith  ex p e rim en ta l d a ta  o b ta in ed  a t  Г  >  0 
in  th e  cases w here  no p h ase  tra n s fo rm a tio n  occurs below  th e  te m p e ra tu re  T.

T he re su lts  su m m arized  in  F igs. 1, 2 a n d  3 enable one to  select u n a m ­
b iguously  th e  d o m in an t in te ra c tio n s  an d  to  e s tim a te  th e ir  sign  and  m a g n itu d e

Fig. 4. V ariation  of m agnetic in teractions in E u  com pounds

in  system s w here  th e  g ro u n d  s ta te  sp in  co n fig u ra tio n  ( th e  m agnetic  s tru c tu re  
m easured  a t  low  te m p e ra tu re s )  is o bserved  to  v a ry  w ith  th e  chem ical co m ­
p osition . In  th e  follow ing som e ex p erim en ts  w ill be considered  in  th is  lig h t.

T he E u O , E u S , E u S e , E uT e series (N aC l-type  c ry s ta l, face-cen tred  cub ic  
m agnetic  la ttic e )  w as in v e s tig a te d  b y  M c G u i r e  et al. [ 4 ] .  E uO  an d  E u S  are  
ferrom agnetic , E uT e [111] an tife rro m ag n e tic , w hile E uS e is a m odified  [111] 
s tru c tu re  w hich  tran sfo rm s in  e x te rn a l m ag n e tic  field f ir s t  to  th e  co m b in a tio n  
o f [ H I ]  an d  [000] s tru c tu re s , th e n  to  p u re  [000] [5]. I n  F ig . 1 th e  tra n s i t io n  
observed  in  th e  m ag n etic  s tru c tu re  is w ell a p p a re n t an d  show s th a t  th is  series 
can  be described  b y  p re d o m in a n tly  J v  J 2 in te rac tio n s  w hile th e  in te ra c tio n s  
in  E uS e seem  to  lie on th e  b o u n d a ry  be tw een  th e  [000] a n d  [111] con fig u ra tio n s. 
I t  can  be seen from  th e  F ig u re  th a t  b y  going from  EuS to w a rd s  EuT e (increasing  
th e  la ttic e  p a ra m e te r)  th e  ra tio  J 2/J\  increases. T he v a lu es  o f J 1 an d  J 2 c a l­
cu la ted  from  th e  ex p e rim en ta l d a ta  [4] in  m olecu lar fie ld  a p p ro x im a tio n  
have  been p lo tte d  in  F ig . 4 .  T he p ic tu re  is seen to  be in  ag reem en t w ith  th e  
pred ic tions.

A sim ilar tra n s it io n  in  m ag n etic  s tru c tu re  is observ ab le  in  th e  N aC l-ty p e  
com pounds o f  ra re  e a r th  m eta ls  w ith  n itro g e n  group e lem en ts. T he n itr id e s
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a re  fe rro m ag n e tic  (som ew hat m o d u la ted ) th e  phosph ides are  e ith er co m b in ­
a tio n s o f [000] an d  [111] s tru c tu re s  (H o P , D y P ), or p u re  [111] ty p e  (E rP , 
T b P ), w hile th e  an tim o n id es are  of [111] s tru c tu re  [6]. T h e  s tru c tu re s  of 
phosph ides a re  u n s tab le  a n d  tra n sfo rm  in  ex te rn a l m ag n e tic  fie ld  to  fe rro ­
m agnetic . T h e se  com pounds to o  can be  described  b y  J v  J 2 in te rac tio n s . In  
phosph ides a n d , to  a sm aller e x te n t, in  n itr id e s  th e  in te ra c tio n s  are  assum ed  
to  be close to  th e  b o u n d a ry . T h e  com plex (can ted ) s tru c tu re s  of H oP  an d  D y P  
a re  s tab ilized  b y  d ipo lar fo rces [7].

T he c h an g e  in  m ag n e tic  s tru c tu re , o b serv ed  also in  th e  group of M nS 2, 
M nSe2, M n T e2 (F e S 2-type) com pounds [8], can  be in te rp re te d  in  a s im ila r 
w ay  from  J 3 a n d  J 2 in te ra c tio n s  b y  m ak in g  use of F ig . 1. M nS2 is o f [210], 
M nT e2 o f [200], w hile M nSe2 o f an  in te rm e d ia te  s tru c tu re  o f  th e  [210] k in d , 
n o t  illu s tra te d  in  th e  F ig u re .

T he v a r ia t io n  of th e  exch an g e  in te ra c tio n s  in  th e  ab o v e  exam ples m ay  
b e  a t tr ib u te d  to  a change in  la ttic e  p a ra m e te r .

T he e ffec t o f  an iso tro p y  energy  w h ich  has n o t b een  ta k e n  in to  a cco u n t 
in  p resen t ca lcu la tio n s , is w ell m an ifested  b y  th e  FeO , N iO , M nS, M nSe, CoO 
g roup  o f N aC l-ty p e  com pounds. T heir m ag n e tic  s tru c tu re s  are  of th e  [111] 
ty p e , b u t  w ith  d ifferen t o r ie n ta tio n s  o f m ag n e tic  m o m en ts  re la tiv e  to  th e  
c ry s ta llo g ra p h ic  axes [8], m o reo v er, c o n tra ry  to  th e  o th e r  com pounds o f  th e  
series, CoO is n o n -co llin ear, th e  four su b la ttic e s  ly ing  a t  ob lique  angles to  one 
a n o th e r  [9].

The co n fig u ra tio n s  in  F ig s  1, 2 an d  3 inc lu d e  th u s  all s tru c tu re s  o bserved  
in  face -cen tred  cubic an d  C u3A u -ty p e  la tt ic e s  to  ou r know ledge, w ith  th e  
o n ly  ex cep tio n  o f  CrN  [10] w h ich  has N aC l-ty p e  c ry sta l a n d  collinear m ag n e tic  
s tru c tu re  co n sis tin g  of fou r [110] su b la ttic e s . This ty p e  o f  s tru c tu re  can  be 
w ell in te rp re te d  fo r face -cen te red  cubic la t t ic e  from  J 2 a n d  J 3 in te ra c tio n s , 
b u t  th e  a s su m p tio n  o f J 3 in te ra c tio n  does n o t  seem  to  be  reasonab le .

In  s p i t e  o f  t h e  k n o w n  l i m i t a t i o n s  o f  t h e  H e i s e n b e r g  m o d e l  t h e  a b o v e  

c a l c u l a t i o n s  p r o v e  t o  b e  u s e f u l  i f  q u a l i t a t i v e  i n f e r e n c e s  a r e  t o  b e  d r a w n  f r o m  

e x p e r i m e n t a l  d a t a .
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МАГНИТНОЕ ОСНОВНОЕ СОСТОЯНИЕ СПИН-КОНФИГУРАЦИИ 
В ГРАНЕЦЕНТРИРОВАННЫ Х КУБИЧЕСКИХ КРИСТАЛЛАХ И В КРИСТАЛЛАХ

ТИПА Cu3Au
М. ПОШ и Е. КРЕН

Р е з ю м е
Предполагая разные взаимодействующие пары, для определения спин-конфигура­

ций основного состояния в гранецентрированных кубических решетках и в решетках типа 
Cu3Au используется обобщенный метод Луттингера—Тисы (ОМЛТ). Конфигурации, по­
лученные на основе магнитных взаимодействий, содержат с некоторыми исключениями 
все магнитные структуры, обнаруженные в кристаллических решетках упомянутых 
выше типов и разрешат для систем с разными спин-конфигурациями основного состояния 
определять однозначно преобладающие взаимодействия и судить как  об их знаке, так и 
об их относительной величине. Наконец, используются несколько экспериментальных 
наблюдений в свете результатов ОМЛТ.
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ALGEBRAIC METHODS IN THE THEORY
OF SPECIAL UNITARY GROUPS

II . QUASISPIN AND M U LTIPLET STRUCTURE

By

A.  S e b e s t y é n  a n d  J .  N y í r i

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  B U D A P E S T  

(P resented  by L. Jánossy . — Received 31. I I I .  1966)

In  this paper a simple m ethod revealing th e  m ultip let struc tu re  of irreducible rep resen t, 
ations of SU(3) is discussed.

In  th e  p reced ing  p a p e r [1] we ca lcu la ted  th e  g en e ra to r  m a tr ix  e lem en ts  
of S U (3 ). U sing th e  sam e algebraic  tech n iq u es , we now  tu rn  to  th e  m u ltip le t 
s tru c tu re  of th e  irred u c ib le  re p re se n ta tio n  (I. R .) o f S U (3). H ow ever, befo re  
doing so, we in tro d u c e  som e genera l n o tio n s w hich  sha ll be u sed  in  th is  an d  
th e  fo llow ing papers. T hese genera l re m a rk s  w ill be m ade in  S ection  1, w hile 
in  S ection  2 we shall dea l w ith  th e  m u ltip le t s tru c tu re  o f w eights in  an  I .  R . 
of S U (3 ). W e shall d e riv e  fo rm ulae  fo r d im ensions, n u m b e r o f w eig h ts  an d  
excess.

I t  is well know n th a t  th e  g en e ra to rs  of an y  co m p ac t sem isim ple Lie 
a lgeb ra  m ay  be a rran g ed  in  such a m an n e r, t h a t  th e y  fu lfill th e  follow ing com ­
m u ta tio n  ru les:

All th e  re la te d  n o tions (ran k , ro o t v ec to rs  e .t.c .) and p ro p ertie s  o f s tru c tu re  
c o n s ta n ts  can  be fo u n d  in  e.g. [2]. I n  th e  case o f S U (3 ) th e  re la tio n s  be tw een  
th is  basis  and  th e  g en era to rs  in tro d u c e d  in  [1] a re  th e  follow ing

1.

[ Hh H k] = 0 ,  i , k  =  1, - • • ,1,

[H, Ea\  =  r  (a) E „  Я  =  ( Н 15- • - , Hi ) ,

[Ea, E _ a\ =  r (a)H,  f (a )  =  ( r x (a ) , ■ • • ,r,  (a)), r ( — a) =  — f  (a) E + =

[ E „ E ß] =  N i ßE v. (( 1 )

( 2)
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г (1 )

7(2)

: » О
VT  

=  Í _ J _  J _ |
\ 2 У У ’ 2 ? »  =

:(3) =  -
2 ]Аз ’ 2

W e in tro d u ce  now  th e  no tio n  o f  quasisp in . W e define th e  o p era to rs

S ± (« )  =
( 7  (a )  r(oc))

E+ac,

sz(*) ( Н * ) И )  .
( 7  ( а )  7  ( а ) )

A s i t  is easily  seen from  re la tio n s  (1), th e se  q u a n titie s  sa tisfy

[S+ (« ), S _  (a ) ]  — 2 SZ (a ) ,

[S 2(a ) ,  S ± («)] =  ±  S ± (a)

w h ich  are  th e  w ell know n ru les o f th e  SU (2) a lg eb ra . W e call S + (a) an d  S2(a) 
th e  g enera to rs o f  th e  а -th  q u asisp in  of th e  L ie  a lgeb ra . In  [1], fo r th e  case 
o f  S U (3), we h a v e  in tro d u ced  a labelling  sy s tem  | T, M,  Y  >  of an  I .  R . Now 
w e see th a t  fo r a f ix e d  v alue  o f  Y  we have  ach iev ed  a c tu a lly  th e  a rra n g e m en t 
o f  s ta te s  acco rd ing  to  th e  f i r s t  quasisp in  (so-called  7-spin) m u ltip le ts  o f 
S U (3 ) as

S ± ( l )  = l / _  2 _
I  (r( l)r (l) )

E±  1 =  7 ±  »

S A  i )  =
(г(1)Я)

(r( l) r ( l ) ) =  P Я 1 = 7г,

w here  we h av e  u se d  re la tio n s (2).
N a tu ra lly , i t  is possible to  a rran g e  th e  s ta te s  o f an  I . R . o f SU (3) accord ing  

to  its  second o r th i rd  q u asisp in  m u ltip le t, w h ich  are  called  V-  an d  f7-spin, 
re spec tive ly . T h a t  w ould  co rresp o n d  to  d iffe ren t choices of SU (2) su b g ro u p s of 
S U (3 ) in  B i e d e n h a r n ’ s  labe llin g  th eo rem . (See [ 3 ]  an d  Section  1  o f [ 1 ] . )  T he 
d iffe ren t q u as isp in  re p re se n ta tio n s  are re la te d  to  each  o th e r b y  th e  W eyl 
reflec tio n s; th is  p ro b lem  will be  d iscussed in  d e ta il in  th e  n e x t p ap er.
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2 .

In  th is  section  w e consider th e  m u ltip le t s tru c tu re  o f a n  I . R . o f SU (3) 
specified b y  X and  ц,  d en o ted  b y  D(X, /л) in  th e  follow ing. W e m ake use o f  th e  
g enera to rs o f [1], fo r w hich  we fin d

[IZ, I ±] =  ± I ± , [I+, I - ]  =  2 I Z, (3)

[I+, F_]  =  F + , [Iz, F ±] =  ± ± F ± , (4)

[I+,GJ\  =  G+ , [Iz, G±] =  ± l - G ± , (5)
A

[ Y , F ±] =  F ± , [ Y, G±} =  — G± , (6)

[F±,G±] =  T I ± ,  [F±, G ^ ] ^ I Z± ~ Y .  (7)

All th e  o th e r  c o m m u ta to rs  are  zero.

У  \ T , M , Y  >  =  Y \ T , M , Y  >  , (8)

P  I T, M,  Y  >  =  T (T +  1) I T, M,  Y  >  ,
IZ\ T , M , Y  >  =  M \ T , M , Y  >  , (9)

I ± \ T , M , Y >  =  ]f(T =F M) (T ±  M  +  1) [ T, M,  Y  > ,

F + \ T ,  M,  Y  >

T ± M  +  1 
2T~+T~~ « (Т У ) Т  +  ^ - , М ± - ^ - ^ + 1 \ т

т ^ м
2T +  1 ß ( T Y ) T - ± ' M ± ± , Y + l \

( 10)

G± I T,  M,  Y  >  =

= T
T  =F M

2 T Т - - У - ! T - ~ , M ±  ± - , Y - l ) ~

T  ±  M + _ 1 _ J T  _  !
2 Г  +  2 4  2 ! T  +  ± - , M ± ± - , Y -  1 ),
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а ( Т У )  =

' /Л — fl Y
о + Г + — + 1  3 2

2Я -|- f i   j ,  
3 2

я +  +  T + Z .  +  2
3 2

y2

ß ( T Y )  =
7 2Я +  /Í y

+  T ------- +  1
3 2

2 T  +  2

■£— - + Г - — i f я +  2^  - T + — +  1 У2

2 T
( И )

F ir s t  we m ak e  a few  general re m a rk s . ¥ e  ca ll a p a ir  (M , У ) occu rring  in  an  I . R . 
a w eigh t. W e em phasise  t h a t  th is  d e fin itio n  differs slig h tly  from  th a t  used  
in  th e  g enera l canon ical schem e o f Lie a lgeb ras.

W e say , t h a t  ( M v  У х) is h ig h er th a n  (M.2, У 2), if

a) M 1 >  M 2 or

b) i f  M 1 =  Mo  th e n  Y 1 >  У 2 .

L e t us suppose  t h a t  a g e n e ra to r  Z  has th e  follow ing p ro p e rty  fo r a s ta te
I T,  M ,  y >

Z I T,  M ,  Y  >  =  e I T ,  M ,  Y  >  ,

w here  g is a n u m b e r  and  i t  m a y  be  zero.
T hen  th e  expression

А 1А г - • • A , Z A /+1 • • ^ „ | Г , М , У  >  ,

w here  A j  are  a rb i t r a ry  g en era to rs , an d  can  be  reduced  in  th e  follow ing w ay :

A x A 2 . • - A t Z A l+у  • - A n \ T , M , Y >  =

— ^  A x A 2 • • ■ A r_ 1 [Z, A r] A r+1 ■ • ■ A n I T , M ,  У  >  +
r= i+ 1

+  A t A 2- • - A n Z \ T , M , Y >  =

=  2  A , A o _- ■ - A r_ x [ Z , A ^ A r +x- ■ - A n \ T , M , Y >  +
r= i+ 1

6 А г • • • A n I T ,  M ,  Y  > .

O bviously , th e  n u m b e r of g en e ra to rs  is less b y  one th a n  in  th e  in itia l ex p res­
sion. I f  in  a te rm  o f th e  sum  Z  is still p re se n t th is  re d u c tio n  can  be  rep ea ted . 
W e m ay  conclude  th a t  th e  effect o f any  o p e ra to r  Z  of a p ro d u c t o f g enera to rs
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on th e  s ta te  | T, M,  Y >  is eq u iv a len t to  th e  effect o f a sum  o f p ro d u c ts  o f 
g enera to rs co n ta in in g  no Z.

N ow  we t r y  to  o b ta in  th e  values Y  occurring  in  D( a, /t). W e h av e  show n 
[1] th a t  th e re  is a s ta te

_Я_ Я +  2 n \
T ’ T *  3 /

co rrespond ing  to  th e  la rg e s t v a lue  o f Y  in  D(X, fi)

Я +  2 [г

for w hich

Y  =m a x

Я Я Я 4 - 2[л \  р, Я Я Я —(— 2/г 
2 ’  2 ’

=  F

3 /  2 2
Я Я Я -{- 2 /i
2 2

Я Я Я -j-  2 [а
2 ’ 2 ’ 3

=  0 ,

Я Я Я -j“ 2 /i  
2 ’ 2 ’ 3

у ; я  Я Я +  2/1 \  _  Я +  2/1 Я Я +  2ц
2 ’ 2 ’ 3 /  3 S 2 ’ 2 ’ 3

B ecause o f irre d u c ib ility  a n y  s ta te  | T, M,  Y >  m ay  be o b ta in e d  in  th e  fo rm  of 
linear com b in a tio n s of s ta te s

I I  Ga_ Gl
Я.
2

Я.
2

Я +  2fi
( 12)

W e n o te  here  th a t  F +, F_ ,  I +, I z a n d  Y  are  n o t in c lu d ed  as th e y  fu lfill th e  
cond itions o f our genera l theo rem . O ne m ig h t argue th a t  th e  place o f  / _  re la ­
tiv e  to  G+ is re le v a n t, b u t  i t  is alw ays possib le  to  m ake a d e q u a te  co m m u ta tio n s  
and  get th e  form  (12).

N ow  th e  v alue  Y  o f (12) is
Я 4~ 2/1 

3
a — X,  as th e  g enera to rs G+ low er

Y  b y  one [see (6)], an d  I _  com m utes w ith  Y. This w ay  in  search ing  fo r  th e  
possible va lu es  o f Y  i t  is enough to  con sid er th e  s ta te s

Ga_ G ; Я Я Я -)- 2 [I

O ur aim  is now  to  d e te rm in e  those  v a lu es  o f a an d  r  fo r w hich

A — , А , - я- + ¥ . \  =  о
1 2 2 3 /
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F o r  th is  en d  w e shall c a lcu la te  th e  sq u are  o f  th e  norm  /(cr, z) of th is  s ta te

f(a,  r )  =  ( —  i y (  — , . A  +  2 ^  \ FLFa+G°_ G i l  A ,  A ,  A i A ^ \  =

\  2  2  3  1 2  2  3  /

= ( -  \y(-  A ,  A ,  A A A  f i  F ^ y c J i ,  + А у | с г г~ 1| g\  A ,  A ,  A ± A f \  =
\  2  2  3  f è o \  2  J  2  2  3 /

= ( _ ! ) * / A ,  A ,  ^ A ^ I F l F ^ G l ^ G i j A ,  А ,  Я ± 2 '“ У у ( Я + а < _ 2 ( Т _ т + 2 г + 2 ) =

\ 2  2  3  1 2  2  3  / i t о

=  /(c r  — 1, т) а  (Л +  /I — cr — r  +  1 ),

w here we m a d e  u se  o f re la tio n s  (7) an d

(G ± )+  =  = F F t ,

I z G L G i \ T , M , Y  >  =  M  +  A  G i Ĝ + | T, M,  Y  >  ,
2 I

Y  G i  G^ I T, M, Y  >  =  (У  -  a -  ß) G l  G$. | T, M,  Y  >  ,

[ th e  la s t tw o  b e in g  th e  consequences of (5), (6)]. T hus we h av e  a recu rsion  
re la tio n  fo r /(cr, r )  in  a w hich m a y  be solved g iv ing

/(c r, r) =  / (  0, r)  cr!---- A T) !------ .
(A +  iM _ ( c r  +  T ) ) !

In  th e  la s t e q u a tio n  / (0 ,  r )  is th e  sq u are  o f th e  n o rm  of th e  s ta te

G T  A  A  ^ 4~ 2/1 \
+  2  ’ 2  ’  3  /

This q u a n t i ty  can be  o b ta in e d  b y  m a k in g  use o f a s im ila r recu rsion  
p rocedure

/ ( 0 ,  t) =  t ! -  ■
(/I — r )  !

F in a lly

/(c r , г) =  cr! r ! ______ ^ !(Я +  ^ ~ Т)!_______.
(/X — r)l (À +  fi — (cr +  т))!
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F ro m  th is  we can  see th a t  fo r т ß  and  т -f- a  >  A +  /x we have f  (a, r)  =  0, 
th a t  is,

Ga_ G\  А ,  А ,  A+_ A _ \  =  0 .
2 2 3 /

T h u s th e  sm allest v a lu e  of Y  co rrespond ing  to  D(A, /x) is

Ущ. n = A d ^ _ (A + ̂ ) = _  JAiiL.

W e see th a t  fo r th e  values of Y  occurring  in  D(A, ß)  th e  fo llow ing s ta te m e n ts  
a re  va lid .

a) T hey  d iffer from  each o th e r  by  in teg e r va lues.
u w  ^ +  2/x v  2A +  ^ t _
b )  Y  m a x  = --------------------  >  1  > -------------------------- —  1  m i r n

О  О

c) T he n u m b e r o f possib le  va lues of Y  is N Y — F^max — Ymin +  1 =
— A +  /x +  1.

M aking use o f  th ese  resu lts  w e co n stru c t th e  s ta te  w ith  th e  la rg e s t v a lue  of 
T  a n d  M  equal to  T  for a v a lu e  o f Y  =  Ymax — r ,  w here r  is in teger; th e

A A A +  2 / ( \  .
o p e ra to r  leading to  th is  s ta te  fro m  — > — >-------------  ) m ust n o t  co n ta in  I_

F B 2 2 3 /
an d  G_ as these  low er th e  v alue  o f  M.  Thus th e  o p e ra to r  in  q u e s tio n  is GT+,  an d

( - 1 ) - Y J W r J j T , T, я + -A - - T >  =  G ;  A , A , A ± A f _ ) ,  (13)

w here
j ,  _  A -f- T 

_  2

is a consequence o f  th e  fac t t h a t  w henever G + ac ts  on a s ta te  [ T , T ,  Y > ,

th e n  G i  j T, T, Y  >  has a d e fin ite  value T' =  T  -\- —  as i t  m ig h t be seen
2

from  (10).
T h is p ro ced u re  can be co n tin u e d  up to  x =  ß.

r i _ A A A +  2/x \  _  t A +  /x A -f- /x A — /x \
I 2 2  3 /  2 2 3 /

th e  s ta te  on th e  r ig h t  h an d  side has th e  p ro p e rtie s

p  | A -f- /x A —|— /x A — /x \   g  A -f- /x A +  x̂ A — ß  \
" A  ’ —  2 ’ 3 /  + 2 ’ 2 ’ 3 /

=  7+ A ± i L  , A ± Ä , A n i L \  о (14)
2 2 3 /

vicia Physica Academiae Scientiarum Hungaricae 23, 1967



4 4 A. SEBESTYÉN and J . NYÍRI

w h a t can be  ve rified  e.g. b y  th e  in sp ec tio n  of th e  e x p lic it form s (9), (10) and
Я -}- Д

(11). As F +, G + , I + all ra ise  th e  v a lu e  o f  M  b y  one, th e  w eig h t ---------- » -------- —
2 3

Я —)~ Ц Я ~ j j j  Я — ju \  '
o f th e  s ta te  ---- ----- » ------------>----- -----  ) is th e  h ighest w eig h t of D(X, (i). A fur-

2 2 3 /
th e r  low ering o f  th e  v a lu e  o f У  can  be  ca rried  o u t b y  th e  ap p lica tio n  o f G _ , giving 
suceesively

Gl \  * ± J L , ± ± J L , ± Z J L \  =  ] f a l - .  Я! Т , Т , — ~ P - - a \ ,  (15)
j 2 2 3 /  (X — a)\ 3 /

w h ere  th e  n o rm a liz a tio n  fa c to r  can  be  ca lcu la ted  b y  m eans o f recursion* 
a n d  we h av e

^ ^ __
~  2 2

an d

I + G i  A ± J L t A ± J L > ± z J L \  =  o G ° - 1 G+ Л +JL, A ± Í L ,A z l !L\ =  o
2 2 3 /  2 2 3 /

as G _ low ers th e  v a lu e  of M  b y  one half. T he la rg e s t possible v a lu e  o f a is 
a — X and

QX ^ A* ^ 4~ f1 A — fi \ _д jà̂  2X Ц \
2 ’ 2 ’ 3 /  2 ’ 2 ’ 3 / ’

th u s  we h a v e  re a c h e d  Ymin.
W e h a v e  c o n s tru c te d  now  th e  possib le  m ax im al T  values TY lo r  a fixed  

Y  =  Yrnax — n (n in teg e r). T h e  successive action  o f  I _ on th ese  s ta te s  will 
le ad  to  an y  M  occu rrin g  in  D(X, ц).

W e give now  a g rap h ica l re p re se n ta tio n  of th e  possib le  w eigh ts (M , Y) 
in  a co o rd in a te  sy s tem  w ith  axes M,  Y.  T he so-called  w eight d ia g ra m  will 
b e  re p re se n te d  b y  a la ttic e , h av in g  X -f- [x -(- 1 row s correspond ing  to  th e  
possib le  va lu es  Y,  an d  each  row  is d isp laced  sy m m etrica lly  to  th e  Y  axis, 
w ith  th e  h ig h e s t M  =  T Y an d  th e  low est M  =  — T Y. In  F igu re  1 w e have 
w o rk ed  o u t th e  re p re se n ta tio n  X =  7, ц  =  4 w ith  th e  h ighest row  Ушах =

Х - \ - 2ц  2X Ц
= ------------- =  5 , an d  th e  low est row  F mm = — ------------- = — о . T h e  T Y is

3 3
X 7 X +  fi 11

in creasin g  from  —  =  —  to  -------  = -----. T he p o in t A  is th e  h ighest w eigh t of
6 2 2 2 2  6

гл, ч , ( x +  fi X —  ft \ /11 1
D( 7 ,4 ) ,  th a t  is   ---- ’ ~ ~ з -----1 =  ----- »1 in  our case. T he s ta te s  (13) are

d isp laced  a long  th e  line  AB w hile th e  s ta te s  (15) c a n  be found  a long  AC.
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T a k in g  in to  consid era tio n  th e  se lec tion  ru les:

A M  =  ±  — , A Y  =  1 fo r F ±;A M =  ± — , z l Y = l f o r G + ; 
2 “ 2

A M  =  i z l ,  A Y  — 0 fo r I +, th e  effect o f  th ese  g en era to rs  can  be re p re se n te d  
b y  steps co rrepond ing  to  six d iffe ren t d irec tio n s as i t  is in d ica ted  b y  arrow s.

I t  is possib le now  to  de te rm ine  th e  n u m b er o f w eigh ts in  D(X, /л). T he 
n u m b er o f  adm issib le va lu es  o f M  in  a  row  Y,  M  =  2 T Y 1 for th e  s ta te s  
(13) up  to  T =  |U — 1 is

2  (2Ту +  1) =  2  2 +  1 =  -f-(2A +  !Л +  1) ;

fo r th e  s ta te s  (15) u p  to  a =  Я

^ ( 2 Г у + 1 ) = ^ 2  Я +  ^ ~ Г +  1 =  ~~~ ~~(^  +  2/t -f  2 ).

T hus th e  to ta l  n u m b er o f w eights is:

N w =  ■—  (2Я +  /“ + ! ) +  — (Я -f- 2ji +  2) =
Zi &

=  (4Я,м +  Я2 I«2 +  3/t +  ЗЯ 2 ).

In  our case th is  is equal to  106.
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H ow ever, th e  n u m b e r o f s ta te s  genera lly  exceeds th e  n u m b e r of w eights 
o f  D(X, fi). T h is  can  he seen as follows. L e t us consider a s ta te  \T,T,  Y >
i.e . I + I T, T, Y >  =  0. F o r th e  s ta te  G + | T , T ,  Y >  we h av e

G+ | T , T, Y  >

( ~  m eans: e q u a l to , a p a r t  fro m  a n o rm a liza tio n  fac to r). T h is is t ru e  because 
o f  th e  re la tio n s

I z G+ \ T , T , Y  >  = T + - Y \ G + \ T , T , Y >  ,

Y G + \ T , T , Y >  = { Y -  1) G+ I T, T, Y  >

a n d  I +G+ I T , T, Y >  =  0.
So fo r I - G + I T , T ,  Y >  we have

J_ G  + IT , T,  Y > ~  | t + —  , T  ~ ~ , Y  -  l ) .

N ow  th e  s ta te G _ —
2 T +  1

I -  G , T, T, Y  >  has also th e  sam e w eigh t

as J_G  , I T , T , Y >  :

G _ —
2 T +  1

I - G , T, T,  Y  >

T -
1

G _ —
2 T +  1

7 _ G 4 T , T , Y  >  ,

G_ —
2 T +  1

i - G 4 T , T , Y  >

(Y  — 1) G_
2 T +  1

H ow ever, th e  ap p lica tio n  o f J + gives zero:

7 _ G , I T, T, Y  >

G _ -
2 T +  1

I - G , T , T , Y  >  =  G + -----------------
1 2 T + 1

I z G+ i T, T, Y  >  =

=  |G + -  -2Г- +  1 G+ 11 T , T , Y  >  = 0 .  
2 T + 1

T h a t m eans

G_
2 Г +  1

/ - G 4 T, T, Y  > T  — —  , T  — — , Y — 1 \  .
2 2
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G 1 I G , ) А А Я -[- \ A — 1 A — 1 A +  2/z
A +  1 + J 2 ’ 2 ’ 3 / 2 ’ 2 ’ 3

-  1

Y  =  2 M  — —  (A — «) . 
3

(17)
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So th e  s ta te s  I _G , I T, T, Y >  an d  (g _ ----------------- f _ G + I T, T , Y  >  h av e  th e
+ 1 ( 2 T +  1 j

sam e w eight b u t  th e y  are o rth o g o n a l to  each o th e r . T he w eight | T -----— , Y  — 1 j

is a t  least a doub le  w eight, i.e. th e re  are a t  le a s t tw o o rth o g o n a l s ta te s  w ith
( 1

th e  sam e w eight T -----— , Y  — 1 j . In  th is  defin ition  of m u ltip le  w eights it

w ould  be enough to  say  ‘lin e a r ly  in d e p e n d e n t’ in s te a d  of th e  a t t r ib u te  ‘o rth o g o ­

n a l’. I t  is ju s t  th e  o p e ra to r  G _ ----— — - I _ G +) t h a t  will re v e a l th e  com plete

s tru c tu re  o f m u ltip le  w eights in  X)(A, fi). In d e e d , app ly ing  th is  o p e ra to r  to  th e
A A A  2̂ н \  _ A

s ta te  —  . —  , ------------- ) w ith  T  =  —  , we h av e
2 2 3 /  2

j  ^ _j
T h e  rep ea ted  ap p lica tio n  o f G _ — ------------ I -  G+ now  w ith  T = -----------

r  2 T + I  J 2
w ill give

G _ - —  i _ g + ]( g _ -------- -— f _ G + 1 A , A , 1 +  \  ^
A + J A — 1 + J 2 2 3 /

A — 2 A — 2 A +  2 ^  0 \
1 i ^ )

2 2 3 /

a n d  generally

/ / (g _ ----------- -— i _ g +) A , A
>=1 A + 2 — r 1. 2  2 3 /

~  A z ^ . , A - _ ^ , A + A l _ A .  (16)
2 2 3 /

A — и A -j- 2ц 1
All th e  w eights ----------->■------------------o’ o f th e  s ta te s  on th e  r ig h t h a n d  side of

2 3 j
th e  la s t re la tio n  a re  s itu a te d  a long  a s tra ig h t line  on th e  w eigh t d iag ram  w hich 
has th e  eq u a tio n
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T he m ax im a l v a lu e  o f о in  (16) can be easily  o b ta in ed  b y  ca lcu la tin g  th e  norm  
o f th e  s ta te  on th e  le ft h a n d  side b y  m eans of a recu rsio n  p rocedure .

П G_  —
Я +

I - G ,
Я Я Я —{- 2 [а 
2~ ’ 2 ’ 3 ~

Я !о!(Я  +  ,м +  1 ) ! ( Я - о + 1 ) !

(Я — а)! (Я ^  — сг +  1)! (Я +  1) ! J

H ere  th e  r ig h t h a n d  side van ish es  un less о <  Я. F o r a  =  Я we see from  (16) th a t

1
П G _ —

Я +  2 — r

Я A_ Я +  2ц 
2 ’ 2 ’ 3

°> °» у  (/“ — Я) >,

w hich  show s th a t  th e  w eigh t ° ’ — ^ alw ays ap p e a rs  in  D(X, ц) w ith

T =  0. In  F ig . 1 p o in t D  h as  th is  w eig h t [in our case i t  is (0, —2)], a n d  th e  
line co rresp o n d in g  to  (17) is th e  one w h ich  connects В  an d  D.  T he fa c t  th a t  
a v a lu e  T  =  0 alw ays occurs in  Н(Я, ц),  will be w id e ly  u tilized  in  th e  n e x t 
p a p e r  in  th e  d e te rm in a tio n  o f phases o f th e  W eyl reflec tions.

N ow , s ta r tin g  from  a n y  s ta te  on th e  r ig h t h a n d  side of (16), a sequence 
o f s ta te s  m ig h t be  b u ilt  u p  in  th e  form

Я — а Я — a X 2/л
— a r  =  1,2 , . . .

w h ich  h av e , as i t  w as a lre a d y  show n, a defin ite  v a lu e  o f  T,  i.e.

X — а Я — а Я +  2 /л
2 2 3

Я — er -j- т  Я — сг —J— т" Я +  2 ц
— а — т

(18)

T h e  m ax im al v a lu e  of г  m ig h t be o b ta in e d  b y  c a lcu la tin g  th e  no rm  o f th e  left 
h a n d  side o f (18).

X —  a X — a X - \ - 2 [ jl

2 2 3

(Я — o +  l )  (Я +  r  +  1) ! r  ! [i ! (A — a) !
L (Я +  T — o + l )  (Я +  1)! (fi — т)!  (Я — о  +  т)! J

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



ALGEBRAIC METHODS IN THE THEORY OF SPECIAL UNITARY GROUPS II 49

T h e la s t q u a n t i ty  v an ish es  unless x ц.  T he w eights

( A  —  g  x  A -f- 2tju 
{ 2 ’ 3

lie all a long  th e  p a ra lle l lines

У  =  -  2 M  +  —  (2A +  /л) -  2 a , 
3

0 <  a  <  A.

(< * + *)j

(19)

In  Fig. 1 th e  line co n n ec tin g  po in ts D  an d  C is th e  one  from  se t (19) w hich 
corresponds to  a — A. F o r  a =  0 we g e t th e  line co n n ec tin g  В an d  A.  I t  can  
be seen easily  also th a t  A C  is para lle l to  BD.  T hus th e  w eights

A +  2 Ц
3 ° , y  О * -  A)

2A -f
an d A +  fx A — / 4

3 2 ’ 3 J
(in  our case B,  D,  C a n d  A)  define a p a ra lle lo g ram  on  th e  w eight d iag ram , 
w hich has th e  follow ing p ro p e rty : fo r a n y  w eight (M , Y)  ly ing in sid e  o r on 
th e  b o u n d a ry  o f i t  th e re  ex ists  such a  s ta te  |T, T, Y >  t h a t  T  =  M.  So th is  
s ta te  is th e  s ta te  w ith  th e  h ighest e igenvalue  of Iz o f  a n  J-sp in  m u ltip le t . All 
th e  s ta te s  o f th is  m u ltip le t  can  be c o n s tru c te d  b y  th e  successive a p p lic a ­
tio n  of I_ .

F o r a f ix e d  v a lu e  o f  Y  th e  w e ig h t (iff, У) w ith  M  =  T Y is a sim ple 
w eigh t, as th e  s ta te  I Ту,  T Y, Y >  is one  o f th e  s ta te s  o f  e ither (13) o r (15). 
These are th e  s ta te s  on th e  r ig h t h a n d  side b o u n d a ry  o f  our p a ra lle lo g ram . 
( AB  or AC  in  F ig . 1.) M ak ing  one step  to  th e  left in  th e  sam e row , th e  w eigh t 
(Ту — 1, У ) is obv iously  a double w eig h t as

1_ I T Y, Ту, Y  >  ~  I Ту, Ту -  1, У  >

an d , as i t  is a w eight o f  o u r p a ra lle lo g ram , th ere  is a lso  a T =  T Y — 1, i.e. 
a s ta te  \TY — 1, TY — 1, У > .  M aking fu r th e r  steps to  th e  left, th e  m u lti­
p lic ity  is a lw ays increasing  b y  one. A f te r  we have re a c h e d  th e  le ft h a n d  side 
b o u n d a ry  o f th e  p a ra lle lo g ram  (BD or DC),  th e  m u ltip lic ity  rem ains c o n s ta n t, 
as fa r  as we reach  th e  w e ig h t (M,  Y),  w h ere  M  has th e  sm allest possib le  n o n ­
n eg a tiv e  v a lu e  in th a t  row . A chieving th is  p rocedure  fo r  every  row , th e  m u l­
tip le t  s tru c tu re  of th e  r ig h t  h a lf  of th e  w eigh t d iag ram  can be c o n s tru c te d . 
T he left h a n d  side m u ltip lic itie s  are o b ta in e d  by  re flec tio n  of th e  r ig h t hand  
side m u ltip lic ities  w ith  re sp e c t to  th e  У  axis, as e v e ry  J-sp in  m u ltip le t  is 
d isp laced  sy m m etrica lly  to  th e  У  axis.
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In  F ig . 2 w e show  th e  w e ig h t d iag ram  to g e th e r  w ith  th e  m u ltip le t s tru c ­
tu re  of 0 (7 ,4 ) , th e  so-called s ta te  d iag ram . N ow  we proceed to  de te rm ine  th e  
n u m b e r o f s ta te s  ( th e  d im ension) N s of D(X, p).  F ig . 2 shows t h a t  a com plete  
s ta te  d iag ram  can  be o b ta in e d  b y  o v erlap p in g  hexagonals, th e  g rea test of 
w h ich  has sides co n ta in in g  p o in ts  X -j- 1 an d  p  +  1 and  th e  sm alle st of w hich  
is an  e q u ila te ra l tr ian g le  h av in g  a side o f  | X — /t | +  1 p o in ts . T he n u m b er

X + 1 = S

Fig. 2

of p o in ts  o f  each  hexagonal can  be ca lcu la ted  a n d  th e  sum  o f  th ese  n u m b ers  
gives

jy  _  (^ +  1) (j» +  1) (^ +  /Ц +  2)

N s  exceeds N tt

£ =  N.c N w =
Xju (X +  p)

£ v an ish es  i f  X =  0 or p — 0, m ean ing  th a t  in  D(0, p)  a n d  D(X, 0) ev e ry  
w eigh t is a sim p le  w eigh t. T h e  w eigh t d iag ram s of these  I .  R .-s  have a t r i a n ­
g u la r shape .

T h u s  th e  m u ltip le t s tru c tu re  o f D(X, p)  is com plete ly  clarified . S ta te  
d iag ram s like  t h a t  of .0(7.4) in  F ig . 2 are  f re q u e n tly  used in  g ra p h ic a l re p re se n t­
a tio n  o f  K ro n e c k e r p ro d u c ts  o f I . R .-s a n d  in  th e  ap p lic a tio n  of th e  th e o ry  
o f  W eyl c h a ra c te rs . T hese p ro b lem s will also  be  discussed la te r .
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АЛГЕБРАИЧЕСКИЕ МЕТОДЫ В ТЕОРИИ СПЕЦИАЛЬНЫ Х УНИТАРНЫХ
ГРУПП II

Квазиспин и структура мультиплетов
А .  Ш Е Б Е Ш Т Е Н £ и  Ю .  Н И Р И

Р е з ю м е
В данной работе с помощью простого метода определяется структура мультипле­

тов неприводимых представлений группы SU(3).
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THE LORENTZ PRINCIPLE AND THE GENERAL 
THEORY OF RELATIVITY IV

By

L. J Á N O S S Y

C E N T R A L  R E S E A R C H  I N S T I T U T E  O F  P H Y S I C S ,  B U D A P E S T  

(Received 3. У. 1966)

I t  is shown th a t  the L orentz transform ation  as defined in P a r ts  I —II I  is am biguous 
regarding term s of higher order. The am biguity  canno t be elim inated m athem atically ; i t  is 
shown th a t  th is am biguity  reflects upon the fact, th a t  th e  behaviour o f an extended physical 
system  in a g rav ita tional field is affected by its inner structure.

§ 1. In  th e  p reced ing  P a r ts  I , I I  a n d  I I I  [1] we h a v e  shown t h a t  th e  
fo rm alism  o f th e  general th e o ry  o f re la t iv i ty  can  be d e r iv e d  from  th e  g en e ­
ra lized  L o ren tz  p rinc ip le . T h e  L oren tz  p rin c ip le  can he fo rm u la te d  considering  
som e physica l sy stem  Cl; we can  c o n s tru c t a new  system

G * =  JS?q ( Q ) , (1)

corresponding  to  Cl w here deno tes a L o re n tz  tra n s fo rm a tio n  ch a rac te rized  
b y  p a ra m e te rs  q.

T he L o ren tz  p rinc ip le  can  be s ta te d  p o stu la tin g  t h a t  p rovided  ö  is a 
rea l physica l sy stem , th e n  Cl* is a possib le  system  (ob ey in g  th e  sam e law s 
as Cl), — fu r th e r  i t  can  be  a d d ed  th a t  as th e  re su lt of an  a d ia b a tic  in te rfe ren ce  
a system  Cl changes in to  L o ren tz  defo rm ed  s ta te s  Cl*.

T h e  p ro b lem  we d e a lt w ith  in  p a r t ic u la r  in  P a r t  I I  o f  th is  series w as to  
give a defin itio n  o f th e  L o ren tz  tra n s fo rm a tio n  in  reg ions w here n o ticeab le  
g ra v ita tio n a l fie lds are  p re se n t.

So as to  be able to  define  th e  L o re n tz  tra n s fo rm a tio n  generalized  for 
such  regions, i t  is necessary  to  consider rep re sen ta tio n s  o f  th e  system s Cl. 
W e suppose, t h a t  Q, consists o f a n u m b e r o f  po in ts ф х, $Ц2, . . ., th e  fo u r 
coo rd inates o f  w hich  can  be  w ritte n  £x, £ 2, • • an d  in  a re p re se n ta tio n
К  we have

К  (£„) =  xv , (2)
w here

x„ == r,, í, V  — 1, 2, . . .  , IV .
More p recisely  th e  o rb it o f a p o in t c an  be  given in  a p a ra m e tric  re p re s e n t­
a tio n  in th e  form

х* =  гЛ р )> l (p L  (3)
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w here dtr(p)/dp 0 and  th u s  v a ry in g  th e  p a ra m e te r  p  e q u . (3) describes in  
a p a ra m e tric  re p re se n ta tio n  th e  m o tion  o f  th e  po in ts $ß,, in  th e  re p re se n ta ­
tio n  K.

§ 2. I t  is conven ien t to  single o u t a fo u rp o in t £ in  th e  cen tre  o f  th e  
reg ion  in side  w h ich  Q  is c o n ta in e d . In tro d u c in g  d istances fro m  th e  cen tre  o f 
th e  reg ion , w e m a y  also w rite  in  place o f  (3)

a n d  *„ =  *  +  ? , * =  '•■  I (4)

A  co o rd in a te  tra n s fo rm a tio n  lead ing  from  th e  re p re se n ta tio n  К  in to  a n o th e r  
re p re se n ta tio n  K '  can  be o b ta in e d  w ith  th e  help of fo u r-fu n c tio n s in  th e  
fo rm

x ' + Ç '  =  f ( x  +  Ç ) .  ( 5 )

W e shall also  w rite

x '  =  f ( x )  =  x  +  p , ,  ( 6 )

a n d  also

f ( x +  Ç ) - f ( x ) =  4>(Ç).
a n d  (7)

Ç' =  4>(Ç)-

T he L o re n tz  tra n sfo rm a tio n s  m u st them selves h av e  th e  form  o f co o r­
d in a te  tra n s fo rm a tio n s  as o therw ise  re la tio n  (1) could n o t  be fo rm u la ted  
in d e p e n d e n tly  o f  th e  p a r tic u la r  re p re se n ta tio n .

So as to  o b ta in  those co o rd in a te  tra n sfo rm a tio n s  w h ich  can be reg a rd ed  
to  rep re sen t L o ren tz  tra n sfo rm a tio n s , we consider th e  rep re se n ta tio n  o f  g 
th e  p ro p a g a tio n  tenso r. S up p o se  th u s

*  (e) =  g(x +  5).

T h e p ro p a g a tio n  o f ligh t obeys th u s  th e  fo llow ing d iffe ren tia l equation

d \ { p )
dp g ( x +  5) _ o

d p
( 8 )

w h ere  th e  fo u r-co o rd in a tes  Ç(p) =  p(p), t ( p )  describe th e  o rb it  of a b eam  o f 
lig h t in  th e  v ic in ity  of x.

W e n o te  t h a t  (8) p ro v id es  only a n ec e ssa ry  cond itions fo r orb its o f l ig h t 
— indeed , (8) p rov ides one e q u a tio n  for th e  fo u r com ponen ts of Ç(p) th u s  (8) 
does n o t d e te rm in e  th e  o rb its  o f beam s o f  lig h t — n o t ev en , if  in itia l co n ­
d itions are  a d d e d  to  (8).
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S u b jec tin g  (8) to  a tra n sfo rm a tio n  o f  coord inates, w e o b ta in  fo r th e  
re p re se n ta tio n  of (8) re la tiv e  to  a system  K '

dp  dp
(9)

w here we h av e

g ' (* ' +  ? ')  =  S - 1 (?) g ( X  +  ?) S-1 (?) (10)

an d  S(?) is a m a tr ix  w ith  e lem en ts

5 ^ )  =  % ^ ,  V, a* =  1 ,2 ,3 ,4 .  (11)

§ 3. One m ig h t (in acco rd  w ith  P a r t  I I )  t ry  to  d e fin e  as a L o re n tz  
tra n s fo rm a tio n  such  c o o rd in a te  tra n sfo rm a tio n s  w hich le a v e  th e  re p re se n t­
a tio n  o f g un ch an g ed . T h u s we m ight p o s tu la te  th a t  th e  re p re se n ta tio n s  К  
an d  K ’ are connected  b y  a L o ren tz  tra n s fo rm a tio n  if  we f in d  t h a t  K(g) =  K ' ( g) 
or m ore exp lic itly  w ritten

g'(x' +  ?') =  g(x +  ?), (12)

w here th e  tran sfo rm ed  q u a n titie s  are to  b e  ta k e n  in  acco rd  w ith  (5), (6), (7) 
an d  (10). W e m ig h t req u ire  th u s

M -4 ? )g (x  +  S)M-i ( ? ) = g (*' +  ? ') ,
w here

Mvll(ïi) =  ^ P -  , V, a* = 1 , 2 , 3 ,  4

and
Ç '  =  X  ( ? )  ,  x '  =  X  +  (A

for a L o ren tz  tra n sfo rm a tio n .
T he above d e fin ition  o f th e  L oren tz  tra n s fo rm a tio n  is, how ever, to o  n a r ­

row . In d eed , in  genera l fo r g iven  g(x -j- ? ) re la tio n s  (13), (14) an d  (15) c a n n o t 
be sa tisfied  s im u ltaneously . R ela tio n s (13) give ten e q u a tio n s  w hich th e  four  
com ponen ts o f X(?) h av e  to  obey , th u s  (13) prov ides in g en era l an o v e rd e te r­
m ined  system .

I n  th e  p a r tic u la r  case, how ever, w h en

g (x +  ?) =  c o n s ta n t  =  g0 , (16)

(13)

(14)

(15)
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e la tio n  (13) is satisfied  b y  c o n s ta n t m a tric e s  M(ij) =  M 0 su ch  th a t

M 0g 0 M 0 =  g o . (17)

T h u s  in  th is  p a r t ic u la r  case w e a re  led to  th e  original d e fin itio n  of th e  L o re n tz  
tra n s fo rm a tio n . F u rth e r , i f  l ig h t is p ro p a g a te d  hom ogeneously  in th e  v ic in ity  
o f  £ b u t  К  g ives a cu rv ilin ear re p re se n ta tio n , th e n  th e re  e x is ts  alw ays a t r a n s ­
fo rm a tio n  cp(£) w ith  m a trices  S(^) such t h a t

S-i(Ç)g(x +  Ç)S-4 Ç) =  g0, (18)

a n d  ap p ly in g  th e  sam e tra n s fo rm a tio n  to  a p o in t X' +  %' w e have also

S “ 1  ( Ç ' )  g  ( x '  +  %') S - 1  ( Ç ' )  =  g 0  . (19)

T h u s  w ith  th e  help  of (17), (18) and  (19) w e find  th a t  th e  m atrices

M (Ç ) =  S -1 (Ç ')M 0 S(Ç)

sa tis fy  (13). T h u s  in  th e  case w here  lig h t is p ro p a g a te d  hom ogeneously , re la tio n  
(13) defines th e  o rd in a ry  L o re n tz  tra n sfo rm a tio n s  in  a fo rm  in d ep en d en t o f 
th e  re p re se n ta tio n .

§ 4. I n  a  reg ion  w here  a no ticeab le  g ra v ita tio n a l f ie ld  ac ts , no t r a n s ­
fo rm a tio n  o f th e  ty p e  (18) ex is ts  and  th e re fo re  i t  is im possib le  to  req u ire  t h a t  
a L o ren tz  tra n s fo rm a tio n  sh o u ld  sa tisfy  (13) in  th e  w hole  o f  th e  v ic in ity  o f 
a p o in t £. A  w e a k e r p o s tu la te , i.e.

M ( Ç ) g ( x '  +  Ç ' ) M ( Ç )  =  g ( *  +  Ç )  fo r Ç =  0 ,  (20)

can , how ever, a lw ays be sa tis fied . T he l a t t e r  re la tion  co rresp o n d s to  th e  d e f i­
n itio n  we h a d  in  m ind , w h en  w ritin g  P a r t  I I .  D efin ition  (20) can be  m ad e  
m o re  precise  b y  requ iring , t h a t  a p a r t  from  (20) also its  f i r s t  d e riv a tiv e  in  th e  
p o in t Ç =  0 sh o u ld  give a c o rre c t re la tio n . T h u s  we m ay  a d d  to  th e  co n d itio n  
(20) th e  fu r th e r  conditions

^ ( â ( Ç ) g ( x '  +  Ç ') M ( Ç ) - g ( x  +  Ç)) =  0 fo r Ç =  0 .  (21)

R e la tio n s  (21) can  alw ays b e  fulfilled. So as to  o b ta in  ex p lic it expressions, 
w e develop th e  tra n s fo rm a tio n  fu n c tio n s X(Ç) in to  pow ers o f  We w rite

Ç '= X ( Ç )  =  M Ç  +  —  B<2>Ç2 +  —  B<3> ç» _ |_ ____ (22)
2 ó
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an d  also

M (Ç) = ^ ^  =  M +  B(2)Ç +  —  B<3>Ç2 +  
9Ç 2

F ro m  (20) it follows th a t

M g 'M  =  g ,

(23)

(24)

th e re fo re  M is a c o n s ta n t m a tr ix  depend ing  o n ly  on x th e  co o rd in a te  o f  th e  
cen tre  o f th e  region, an d  x ' =  x  -{- p, th e  tra n s fo rm e d  m easu re  o f £, th e  c e n tre  
co o rd in a te  of th e  reg ion  considered .

R e la tio n  (24) defines a six  p a ra m e te r  g roup  for th e  m atrices  M, th e  
la t te r  w as considered  in  som e d e ta il in  P a r t  I .  U sing th e  n o ta t io n  (22), (23) 
we o b ta in  from  (21)

ë ë 8 | '  8Ç
(25)

In  (25) we h av e  w ritte n  B (2̂ fo r  th e  th ree-d im en sio n a l m a tr ix  w ith  e lem en ts

BUI =  B i n
F u r th e r  we w ro te

9gg ' =  g (* ') . g  =  g W  an d  - ÿ

Fi nail y we have  m ade use o f  th e  re la tion  

(8 g (x ' +  Ç')

8 g (x  +  Ç)

5 = o

a ç '
М ( |) \ 3g (x +  V)

J 5=0 3? 5=0

w hich  re la tio n  can  be  w ritte n  sh o r t as

9^ M = 9i .
aç '  3Ç

* W hen we are dealing w ith m atrices of various dimensions, we shall take the p roduc t 
always as the  sum over th e  last suffix of the m atrix  to  th e  left w ith th e  f irs t suffix of th e  
m a trix  to  the right, e.g. if B<2) is a three-dim ensional m a trix  w ith elem ents -Вйя

( в  (гЧ)т =  2
A

or B(2̂  £2 =  (B ^  $) $ to be a vector w ith elements (B<2) E?)v =  H  Similarly if we
tak e  e.g. B(3) to be a four-dim ensional m atrix  w ith elem ents ВЦ{а and

(B(3> =  V , (BÖ) =  2  B £ l  £„ i k £„ .
Act y.XiT
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F ro m  (25) i t  follows th a t

B(2) =  g '- l M -1 +  A
9Ç 8 |

w here A is a th ree -d im en sio n a l m a tr ix  w h ich  is a n tisy m m e tric  in th e  second  
an d  th ird  su ffix , i.e.

A„— '

W e m ay  w rite  in  place o f th e  above re la tio n

B® =  M g^1 9g _  9g'_
Э5 8Ç'

A '

w here A ' h a s  sy m m etry  p ro p e rtie s  s im ila r to  those  of A. T a k in g  th e  sy m m e try  
p ro p e rtie s  o f  b o th  A ' a n d  B^> we can  d e te rm in e  A ' u n iq u e ly , we th u s  fin d

B® =  M g - 1 {& — & )

w here ë  h a s  com ponen ts

0  _ I
‘’“ “ "eftT Ж "

T he co m p o n en ts  o f &  a re  o b ta in e d  from  th o se  of ê  b y  rep lac in g  th e  d eriv a-

t i v e ,  _  b y  — .

§ 5. T h e  tra n s fo rm a tio n s  (22), (23) can n o t be fu r th e r  re s tr ic te d  in  a 
sim ple m a n n e r . In d eed , w e can n o t re q u ire , e.g. in a d d itio n  to  (20) a n d  (21) 
th a t

^  (M (Ç) g (x ' +  \ ’) M (Ç) -  g (X +  Ç)) =  0

for к =  2, 3 ,4 , . . .  , Ç =  0
(26)

b ecau se  in  general re la tio n s  (26) g ive a n  o v e rd e te rm in ed  set o f eq u a tio n s . 
I n  p a r t ic u la r  fo r к =  2 (26) gives one h u n d red  co n d itio n s  for th e  e ig h ty  
in d e p e n d e n t com ponen ts o f  В 1,) and  th e re fo re  re la tio n s (26) in general c an n o t 
be  sa tis f ie d  fo r k — 2. F o r  jfc >  2 th e  re la tio n s give a n  even m ore s tro n g ly  
o v e rd e te rm in ed  set.

I t  follow s from  (26), as we h a v e  show n e.g. in  P a r t  I I I ,  th a t  f ro m  th e  
fa c t t h a t  (26) is o v e rd e te rm in ed  fo r к =  2 i t  follows t h a t  th e re  ex is t tw e n ty  
expressions b u ilt  u p  of th e  com ponen ts o f  g and  its  f i r s t  an d  second d e riv a ­
tiv es , su ch  th a t  these  expressions do n o t  change th e ir  va lu es  a t  Ç =  0, if  we
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c a rry  o u t a co o rd in a te  tra n s fo rm a tio n  sa tisfy in g  (20) an d (2 1 ). T he la t te r  tw e n ty  
q u a n titie s  can  he  rep re se n te d  b y  th e  tw e n ty  in d e p e n d e n t com ponen ts o f th e  
R ie m a n n —C hristoffel ten so r.

I t  follows th e re fo re  th a t  we c a n n o t re s tr ic t  th e  d e fin itio n  o f th e  L o ren tz  
tra n s fo rm a tio n  b y  re q u ir in g  th a t  i t  shou ld  n o t change th e  values o f th e  second 
d e riv a tiv e s  of g, i.e. w e c a n n o t req u ire , t h a t  L o ren tz  tra n s fo rm a tio n s  shou ld  
sa tis fy  (26) for к =  2. T h e  w eaker re q u ire m e n t t h a t  a L o ren tz  tra n s fo rm a tio n  
shou ld  n o t change th e  com ponen ts o f th e  R ie m a n n — C hristoffel te n so r  a t  
^ =  0 is au to m a tica lly  fu lfilled , if  tra n sfo rm a tio n s  sa tis fy in g  (20) a n d  (21) are  
considered  an d  th e re fo re  th e  la t te r  re q u irem en t does n o t  re s tr ic t th e  coeffi­
c ien ts  B (3> in  an y  w ay . I t  seems th a t  no sim ple co n d itio n  can  be  fo u n d  w hich  
w ould  re s tr ic t th e  coeffic ien ts B ( '* a n d  th o se  of th e  s till h ig h er o rd e r te rm s .

W e see th u s  t h a t  th e  tra n s fo rm a tio n  fu n c tio n  X(Ç) d e te rm in in g  L o ren tz  
tra n s fo rm a tio n  can o n ly  be fixed  u p  to  te rm s  of second o rd e r in  th e  h ig h er 
o rd e r te rm s rem ain  am biguous. T h e  a m b ig u ity  co n ta in ed  in  th e  d e fin itio n  of 
th e  L o ren tz  tra n s fo rm a tio n  ap p ears  a t  f ir s t  s ig h t as a defic iency  o f  o u r con­
sid e ra tio n s. H ow ever, exam in ing  th e  p rob lem  fu r th e r , we fin d , th a t  th e  la t te r  
a m b ig u ity  has its  deep p h ysica l significance.

§ 6. T he sign ificance of th e  a m b ig u ity  of th e  tra n s fo rm a tio n  fu n c tio n s 
X(i;) becom es a p p a re n t, if  we consider th e  L o ren tz  tra n s fo rm a tio n s  n o t  as 
c o o rd in a te  tra n sfo rm a tio n s , b u t  as d e fo rm atio n  o p e ra to rs , w hich define  to  
a p h y sica l system  iQ a defo rm ed  sy s tem  £l*.

T h e  co n ten ts  o f (1) can  be  m ad e  m ore precise  su p p osing  th a t  £1 consists 
o f a n u m b e r of p o in ts  ^ß^ ^ß2, . . . re p re se n te d  b y  co o rd in a tes  re la tiv e  to  a 
sy stem  К  as

K 0 P * )  =  x +  Ç* * =  1 ,2 ,  . . . .

T he defo rm ed  system  JQ* consists o f p o in ts  5ßj*, 5ß2*, • . • rep re sen ted  re la tiv e  
to  К  b y  coord inates

K ( S P Î )  =  x * + Ç Î ,  * = 1 , 2 , . . .

w here
X *  =  X  +  [X , S *  =  Я ( Ç ft) ,  ( 2 7 )

and  X(lj) is a tra n s fo rm a tio n  fu n c tio n  sa tisfy ing  (20) an d  (21).
T he fu n c tio n  X(Ç) depends on six  p a ra m e te rs , i.e. th e  (co n stan t) in d e ­

p e n d e n t com ponen ts o f  M an d  th e  tra n s fo rm a tio n  depends also on th e  fo u r 
co m p o n en ts  o f p.. T h u s  th e  tra n s fo rm a tio n  depends on te n  p a ra m e te rs , like 
th e  L o ren tz  tra n s fo rm a tio n  in  th e  hom ogeneous case. A p a r t  from  th is , th e  
tra n s fo rm a tio n  depends on  th e  h igher o rd er te rm s  o f X(Ç), i.e . on th e  coeffic ien ts
B(3), B (4), . . . .

I f  we consider a g iven  o b jec t iQ sh ift i t  b y  an  a m o u n t p. tu rn  i t  ro u n d  
an d  acce lera te  i t  to  am o u n ts  described  b y  th e  six  in d e p e n d e n t com p o n en ts
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o f M , th e n  we e x p e c t th a t  th e  re su ltin g  d e fo rm a tio n  is u n iq u e ly  d e te rm in ed , 
H o w ev er, th e  d e fo rm a tio n  w h ich  resu lts  in th is  w ay  can  on ly  be ex p ec ted  
to  b e  u n iq u e ly  d e te rm in ed  b y  M an d  p. fo r one given sy stem  jQ, an d  it  is to  
b e  ex p ec ted  t h a t  h av in g  d iffe ren t system s jQ, jQ, jQ, . . . th e y  w ill su ffer som e­
w h a t d iffe ren t defo rm atio n s w h en  su b jec ted  to  th e  sam e sh if t p., M.

§ 7. T h e  fa c t  t h a t  sy stem s jQ, jQ, . . . e tc . su b jec ted  to  one an d  th e  sam e 
sh if t p., M re a c t d iffe ren tly , c a n  be seen easily . C onsider e.g. a s te lla r  b o d y  
p laced  in to  an  inhom ogeneous g ra v ita tio n a l fie ld . T he fie ld  w ill t r y  to  acce­
le ra te  th e  e lem en ts  o f the  sy s tem  d iffe ren tly  an d  th e  system  can  o n ly  be k e p t 
to g e th e r  b y  in sid e  forces w h ich  co m p en sa te  th e  inhom ogeneous p a r t  o f th e  
g ra v ita tio n a l a c tio n . The e q u ilib riu m  c o n fig u ra tio n  w hich  re su lts , depends 
on  b o th  th e  v a r ia t io n  of g ra v ita tio n a l fie ld  a n d  th e  n a tu re  o f  th e  in n e r forces, 
w h ich  e stab lish  th e  eq u ilib rium .

I f  we co n sid e r tw o d iffe ren t system s jQ a n d  Q  in a hom ogeneous region, 
th e n  no  stresses co m p en sa tin g  th e  g ra v ita tio n a l ac tion  a re  to  be  expected . 
I f  w e m ove in  a n  a d iab a tic  m a n n e r , b o th  jQ a n d  Q  in to  a n  inhom ogeneous 
reg io n , th e n  th e y  will deform . P a r t  o f th e  d e fo rm ations a re  th e  L oren tz  
d e fo rm a tio n s  w h ich  defo rm atio n s a re  com m on to  all p h ysica l sy stem s in  th e  
case o f a d ia b a tic  sh if t, an d  th e se  d e fo rm atio n s are u n iq u e ly  d e te rm in ed  b y  
th e  p a ra m e te rs  o f  M and  p.. A p a r t  from  th is , b o th  system s w ill su ffer d efo rm ­
a tio n s  p ro d u c in g  in n e r stresses w hich stresses in  th e ir  tu rn  co m p en sa te  th e  
inhom ogeneous p a r t  of th e  g ra v ita tio n a l ac tio n  in  th e  new  su rro u n d in g s. 
T h e  la t te r  s tre sses  and  d e fo rm a tio n s  d ep en d  on  th e  m echan ica l an d  o th e r 
in n e r  p ro p e rtie s  o f  th e  system s Cl an d  jQ, th e re fo re  th e  d e fo rm atio n s suffered  
b y  jQ an d  th o se  b y  jQ will d iffe r from  each  o th e r. R o u g h ly  speak in g  a so fte r 
b o d y  will d efo rm  m ore s tro n g ly  th a n  a h a rd e r  one if  b o th  are  b ro u g h t in to  
th e  sam e inhom ogeneous g ra v ita tio n a l fie ld .

R e tu rn in g  to  th e  p ro b lem  o f th e  L o ren tz  tra n s fo rm a tio n , we conclude: 
E v e n  i f  we w ere  to  succeed in  defin ing  u n iq u e ly  some fu n c tio n s  X(M, p,; Ç) 
w h ich  we w ere to  regard  as to  d e te rm in e  th e  L oren tz  tra n s fo rm a tio n s  as 
fu n c tio n s  o f  th e  te n  usual p a ra m e te rs  M a n d  p., we could  n o t  ex p ec t these  
fu n c tio n s  to  d escribe  th e  re a l L o ren tz  d e fo rm atio n s o f a rb itr a ry  physica l 
sy stem s. In d e e d , as we h av e  seen  b y  th e  ex am p le  of th e  tw o  s te lla r  bodies, 
p h y sica l sy stem s re a c t on sh if ts  M, p. d iffe ren tly  in  accord  w ith  th e ir  in n e r 
s tru c tu re .

I t  seem s reasonab le  to  su p p o se  th a t  w hile a given sy s tem  jQ deform s, 
say , acco rd ing  to  (27) w ith  tra n s fo rm a tio n  fu n c tio n s X(^) d ep en d in g  on M 
a n d  p., a n o th e r  sy s tem  Q  defo rm s accord ing  to

X *  =  X  - f  p .  , j (28)
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w here th e  X are fu n c tio n s  differing  from  th e  X. I t  seem s th u s , th a t  th e  t r a n s ­
fo rm atio n s (27) or (28) can  he re s tr ic te d  to  such  an  e x te n t  on ly , t h a t  th e  
re spec tive  tra n s fo rm a tio n  func tions X resp . X obey  (20) an d  (21), b u t  th e y  
m ay  d iffer as reg a rd s  to  h igher o rd e r te rm s. T he la t t e r  te rm s  depend  on  th e  
in n er s tru c tu re  of th e  system s JQ or jQ w hich  is b e ing  su b je c te d  to  d e fo rm ation .

T h e  am b ig u ity  o f  th e  d efin itio n  leaves th u s  room  fo r th e  d iffe ren t 
b e h av io u r o f p h ysica l system s of d iffe ren t inner s tru c tu re ;  if  an  u n am b ig u o u s 
m a th e m a tic a l d efin itio n  o f th e  tra n s fo rm a tio n  w as g iven , th e n  th e  la t te r  
tra n s fo rm a tio n  w ould  ap p ly  only to  som e k in d  o f “ id e a l”  m a tte r  an d  th u s  it  
w ould be  v o id  of in te re s t ,  as we are  in  p rac tice  o n ly  in te re s te d  as how  real 
m a tte r  o f  a specified k in d  behaves, w hen  m oved a b o u t. F ro m  th e  em pirica l 
fac t, t h a t  d ifferen t ty p e  of m a tte r  re a c ts  d iffe ren tly  on being  m oved a b o u t, 
i t  follow s th a t  no g enera l law  fo r th e  ex ac t b e h a v io u r  o f “ m a tte r  as su ch ” 
can  be g iven.

§ 8. I t  seem s, how ever, th a t  th e  fa c t th a t  we can  d e te rm in e  a t  le a s t th e  
low er o rd e r te rm s o f th e  tra n s fo rm a tio n  func tions X(Ç) im plies, th a t  a ll ty p es  
of m a tte r  h av e  c e r ta in  com m on fea tu re s  w hich a re  re flec ted  b y  th e  low er 
te rm s o f th e  tra n s fo rm a tio n  fu n c tio n s. T hese com m on  fea tu re s  o f v a rious 
ty p es  o f physica l sy stem s can  be fu r th e r  e lu c id a ted  as follows.

In  a hom ogeneous region an y  closed p h y sica l sy s tem , if  acce lera ted  
a d ia b a tic a lly , suffers th e  sam e len g th  co n trac tio n  — no  m a tte r  w h a t th e  p a r t i ­
cu lar in n e r p ro p ertie s  o f  th e  system  are . T hus th e  le n g th  co n tra c tio n  is a general 
fe a tu re  to  all p h y sica l system s.

H ow ever, i t  is n ecessary  to  n o te , th a t  even w h en  reg a rd in g  th e  len g th  
co n tra c tio n  of a sy s tem  we c an n o t q u ite  fo rget a b o u t its  in n e r p ro p ertie s . 
In d eed , th e  co n tra c tio n  ta k e s  p lace in d ep en d en t o f  th e  in n e r s tru c tu re  o f  th e  
system  — how ever, w h e th e r or n o t a g iven ra te  o f acce le ra tio n  can  be reg a rd ed  
as ad ia b a tic , depends on th e  p a r tic u la r  p ro p ertie s  o f th e  system .

C onsidering fo r th e  sake o f ex am p le  th e  re la tiv is tic  slow ing dow n of 
a sy stem  in s te a d  of th e  len g th  c o n tra c tio n , — we k now  th a t  an  a to m  can  be 
acce lera ted  d u rin g  a v e ry  sh o rt perio d  of tim e , so as to  m ove w ith  a v e lo c ity  
co m p arab le  th a t  o f lig h t and  th e  in n e r period  o f  th e  a to m  th u s  acce lera ted  
w ill slow  dow n ad ia b a tic a lly , as can  be  seen e.g. fro m  th e  o b se rv a tio n  o f  th e  
p e rp en d icu la r D o p p ler effect. A rea l w a tc h  acce le ra ted  a t  a sim ilar ra te  w ould  
obv iously  go to  pieces an d  w ould n o t  show  th e  slow ing dow n w hich is show n 
b y  sim ple atom s.

I f  a p h ysica l sy s tem  is su b jec ted  to  an  a d ia b a tic  sh if t in  an  inhom oge­
neous reg ion , th e n  i t  w ill suffer th e  L o ren tz  d e fo rm a tio n s  w hich  i t  w ere to  
suffer in  a hom ogeneous region — a p a r t  from  th a t  i t  a d ju s ts  itse lf  ad ia b a tic a lly  
to  th e  change of g ra v ita tio n a l su rro u n d in g . T he l a t te r  a d ju s tm e n t consists 
o f ce rta in  d e fo rm atio n s an d  th e  change o f in n e r rh y th m s . T h is la t te r  effect 
appears e.g. as th e  g ra v ita tio n a l re d  sh if t o f sp ec tra l lines. T hese d e fo rm ations
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a n d  changes can  be derived  fro m  th e  low er o rd e r te rm s o f  th e  tra n s fo rm a tio n  
fu n c tio n s , th u s  th e se  effects are  fu lly  d e te rm in ed  b y  th e  p a ra m e te rs  M and  [A.

A p a rt fro m  th e  changes described  ab o v e  w hich  a re  com m on to  closed 
sy stem s m o v ed  a b o u t a d ia b a tic a lly , we ex p ec t fu r th e r  d e fo rm atio n s w hich 
d ep en d  on th e  re a c tio n  of th e  sy s te m  to  th e  inh o m o g en eity  of th e  g ra v ita tio n a l 
fie ld .

T he in h o m o g en e ity  o f th e  fie ld  is co nnec ted  la rg e ly  w ith  th e  second 
d e riv a tiv e s  Э 2g/8 Ç2 o f g an d  th e re fo re  th e  a m o u n t of a d ju s tm e n t o f a closed 
p h y sica l sy s te m  to  th e  stress cau sed  b y  th e  g ra v ita tio n a l fie lds is o f th e  o rd er 
o f  th ese  d e r iv a tiv e s . W e can  th u s  suppose th a t  ro u g h ly  sp eak in g  th e  B*-3' 
d escrib ing  th e  b e h av io u r o f a p a r t ic u la r  sy stem  are  of th e  o rd e r o f  th e  second 
d e riv a tiv e s  o f  g — th e  ex ac t v a lu e s  d epend ing  on th e  p a r t ic u la r  p h ysica l p ro ­
p e r tie s  o f th e  sy stem .

§ 9. T h e  ab o v e  s ta te m e n t m u s t he m ade a l i ttle  m ore p rec ise . W e n o te  
t h a t  if  we con sid er th e  sy stem s jQ, Q p laced  in  a hom ogeneous region, th e ir  
L o re n tz  d e fo rm a tio n s  can be g iven  in  an  u n am b ig u o u s w ay , if  we consider th e  
re p re se n ta tio n s  in  a cu rv ilin ea r re p re se n ta tio n  K,  th e n  because  o f  th e  p ecu liar 
fo rm  o f re p re se n ta tio n  th e  second  an d  h ig h e r d e riv a tiv es  o f  g are  n o t zero.

T hus to  o b ta in  a fo rm u la tio n  w hich gives th e  p h y sica l fa c ts  correc tly , 
w e m u st d is tin g u ish  c learly  b e tw een  cu rv ilin ea r co o rd in a tes  a n d  th e  rea l 
in h o m o g en e ity  o f  p ro p a g a tio n  o f  lig h t.

No p ro b lem  arises as long  as we are  concerned  w ith  th e  f i r s t  deriv a tiv es  
o f  g only. R eg a rd in g  th e  second  d e riv a tiv e s , we m ay  look  fo r a re p re se n ta tio n  
in  w hich  th e  second  d e riv a tiv e s  a re  “ as sm all as possib le” . T h is  m eans, th e y  
m a y  be su p p o sed  to  be o f th e  o rd e r of th e  com ponen ts o f th e  R iem an n — 
C hristo ffel te n so r . W e m ay  th e re fo re  suppose , th a t  th e  in n e r  forces w hich 
c o n tr ib u te  to  a d efo rm atio n , a re  o f th e  sam e o rd e r as th e  ch an g e  of inhom o­
g e n e ity  of th e  g ra v ita tio n a l fie ld  in  th e  course o f th e  d isp lacem en t an d  th e re ­
fo re  we m a y  suppose  th a t  in  a re p re se n ta tio n  K ,  w here th e  second  deriv a tiv es  
o f  g are  of th e  sam e o rd er o f m a g n itu d e  as th e  com ponen ts o f  th e  R iem an n — 
C hristo ffel te n so r , in  th is  re p re se n ta tio n  th e  coefficien ts B (3> a re  o f  th e  o rd e r 
o f  th e  ch an g e  o f  th e  co m p o n en ts  o f  th e  R ie m a n n —C hristo ffel ten so r, w hich 
o ccu r d u rin g  th e  sh if t p , M in  th e  reg ion  occupied  b y  th e  sy s tem  Q.

T he la t t e r  a ssu m p tio n  p e rm its  ju s t  su ffic ien t m arg in  fo r th e  p lay  of th e  
in n e r  forces w ith o u t d e te rm in in g  th e m  precise ly . In  p a r t ic u la r  in  a hom o­
geneous reg ion , w here  th e  co m p o n en ts  o f th e  R ie m a n n —C hristoffel ten so r 
a re  all zero , th e  above co n d itio n  req u ires  t h a t  in  th e  re p re se n ta tio n  w here 
g =  c o n s ta n t w e shou ld  h av e  also  B(3> =  0 as i t  m u s t be ex p ec ted . P h ysica lly  
th is  m eans t h a t  in  a region w here  g ra v ita tio n  p roduces no in n e r  stress th e re  
a p p e a r  no in n e r  forces to  keep  u p  th e  eq u ilib riu m  w ith  g ra v ita tio n a l forces 
a n d  th e re fo re  th e  d e fo rm atio n s p ro d u ced  b y  ad ia b a tic  sh ifts  c an  be d e te r ­
m in e d  u n iq u e ly .
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In  re a lity  th e re  ex ist no ab so lu te ly  hom ogeneous reg ions th e re fo re  th e  
co m p o n en ts  of th e  R iem an n — C hristoffel te n so r  are n ev er e x a c tly  eq u a l to  
zero . W e m ay , how ever, reg a rd  fo r  p ra c tic a l purposes a reg io n  to  be ho m o ­
geneous, if  th e  second  an d  h ig h er o rd er te rm s  a re  too  sm all to  be  n o ticeab le . 
U n d e r such  c ircum stances th e  law s for hom ogeneous reg ions are  p ra c tic a lly  
va lid .

§ 10. T he g ra v ita tio n a l fie ld  in  th e  v ic in ity  of a p o in t ç is ch a rac te rized  
on ly  to  a f irs t a p p ro x im a tio n  b y  th e  second d e riv a tiv e s  o f g. T h ere  ex ist also 
in v a r ia n ts  com posed of th e  th ird  an d  h igher d e riv a tiv es  of g. W ith  th e  help  
o f th e se  h igher in v a ria n ts  i t  is possib le  to  re s tr ic t  th e  o rders o f m ag n itu d es  
o f th e  coefficien ts B <4>, B^J>, . . . e tc . — th e  ab o v e  rem ark  seem s, how ever, 
im p o r ta n t only in  p rinc ip le , b u t  i t  h as  no p ra c tic a l consequences, as th e  effects 
co n n ec ted  w ith  th e  th ird  or h ig h er d e riv a tiv es  o f  g seem to  be  neg lig ib ly  sm all 
u n d e r p rac tica l c ircum stances.

S um m ariz ing  we see th u s , t h a t  th e  a m b ig u ity  of th e  d e fin itio n  o f th e  
L o ren tz  tra n s fo rm a tio n  w hich rem a in s  if  w e accep t th e  d e fin itio n  g iven by  
(20) an d  (21) can  be  reaso n ab ly  re s tr ic te d  w hen  we suppose, t h a t  in  a su itab le  
re p re se n ta tio n  th e  coefficients o f  th e  h igher o rd e r te rm s o f th e  tra n s fo rm a tio n  
fu n c tio n  are of th e  sam e o rder o f  m ag n itu d e  as th e  co rrespond ing  in v a ria n ts  
o f th e  g ra v ita tio n a l field . This m arg in  c a n n o t be narrow ed  dow n fu r th e r  — 
even i f  som e m a th e m a tic a l m e th o d  could b e  fo u n d  to  red u ce  th e  rem ain in g  
am b ig u ity  — as th e  m arg in  th u s  o b ta in ed  fo r th e  tra n sfo rm a tio n s  is n ecessary  
to  acco u n t for th e  d iffe ren t b e h a v io u r  of sy stem s of various in n e r  s tru c tu re s .

F in a lly , i t  m a y  be a d d ed  th a t  for th e  t re a tm e n t o f m a n y  p ra c tic a l 
p rob lem s th e  am biguous h ig h er o rd e r te rm s can  be neg lected . In d e e d , we are  
u su a lly  dealing  w ith  closed sy stem s of su ch  sm all d im ensions inside w hich  
th e  g ra v ita tio n a l fie ld  can be ta k e n  to  be hom ogeneous. As an  e v id e n t exam ple  
we m en tio n  th e  d e te rm in a tio n  o f  th e  o rb its  o f  p lan e ts ; th e se  o rb its  can  be 
o b ta in e d  w ith  g re a t precision  from  th e  L o ren tz  tra n s fo rm a tio n  in  its  am biguous 
fo rm  as th is  w as show n e.g. in  P a r t  I I I .

W e n o te , how ever, th a t  considering  th e  m o tio n  of p la n e ts  in  fin er d e ta il, 
we ex p ec t th a t  th e  o rb its  are  a ffec ted  to  a sm all e x te n t b y  th e  h ig h er o rd er 
te rm s . In d eed , if  a p lan e t is n o t  ta k e n  as a “ p o in t” , b u t  if  w e consider its  
in n e r s tru c tu re  th e n  th e  g ra v ita tio n a l force a c tin g  upon  th e  sy s tem  as a w hole 
is s lig h tly  a ffec ted  b y  defo rm atio n s of th e  p la n e ta ry  body .

R ough ly  speak in g  th e  o rb it  o f th e  p la n e t is affec ted  b y  th e  tid es  th e  
b o d y  o f th e  p la n e t  suffers in  th e  inhom ogeneous field o f th e  ce n tra l b o d y . 
T he dev ia tio n s fro m  th e  o rb it o b ta in e d  for a m ass p o in t cau sed  b y  th e  tid e s  
inside th e  p la n e t a re  v e ry  sm all, b u t  th e y  m u s t be  expected  to  d ep en d  s tro n g ly  
on th e  inner s tru c tu re  of th e  p la n e ts . In d e e d , th e  g ra v ita tio n a l force ac tin g  
on th e  w hole o f th e  p la n e t can  be  w ritten

F  =  — g ra d  I Ф (r) a (r) d3 r  , (29)
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w here  Ф(r) is th e  g ra v ita tio n a l p o te n tia l an d  a{r) gives th e  d is tr ib u tio n  o f th e  
d e n s ity  o f  th e  p la n e t. D en o te  th e  co o rd in a te  o f th e  cen tre  of g ra v ity  o f the  
p la n e t  b y

R  =  J  r  a ( r )  d 3 r/m , (30)

w here  m is th e  m ass o f th e  p la n e t. W e m ay  th u s  w rite  neg lec ting  h ig h e r order 
te rm s

1 82 Ф ÍR1
0 ( R  +  p) =  0 ( R )  +  p g rad  Ф (R) +  —  p P +  •• •

Í  oKz
a n d  th u s

w here
F  — F 0 -j- F 2 +  • • ■

1 г  Э2 Ф (R)
8R 2

p o ( R  +  p )d 3p

(T he c o n tr ib u tio n  F x p ro p o rtio n a l to  th e  f irs t  d e riv a tiv e s  of Ф, i.e.

F , =  — g rad  Ф j Q a (R  -)- p) d3 p =  0 

v an ish es  as can  be  seen from  (30).)
T he m ass d is tr ib u tio n  <r(R +  p) in  th e  inside o f  th e  p la n e t a d ju s ts  itse lf 

a d ia b a tic a l ly  to  th e  g ra v ita tio n a l fie ld  in  th e  v ic in ity  o f  R  and  th u s  th e  com ­
p o n e n t F 2 o f th e  fo rce  ac tin g  on th e  cen tre  of g ra v ity  is affected  b y  th e  form  
o f th e  eq u ilib riu m  co n fig u ra tio n  w hich  com es a b o u t a t  various p o in ts  o f th e  
o rb it. T h e  la t te r  co n fig u ra tio n  depends p a r t ly  on th e  g ra v ita tio n a l f ie ld  b u t  
also on th e  m echan ica l p ro p e rtie s  o f th e  p lan e t.

W hile  th e  p la n e t m oves th e  a d ju s tm e n t changes slow ly w ith  th e  change 
o f  g ra v ita tio n a l fie ld  an d  th u s  affects th e  o rb it to  som e ex ten t. W e expect 
th e re fo re , th a t  th e re  is a c e r ta in  d ev ia tio n  be tw een  th e  o rb it of th e  cen tre  
o f  g ra v ity  of th e  p la n e t an d  th a t  o f th e  o rb it o f a m ass p o in t s i tu a te d  a t  th e  
c e n tre  o f g ra v ity . T h e  d e v ia tio n  be tw een  th e  la t te r  tw o  o rb its  dep en d s on 
th e  p a r tic u la r  m ech an ica l s tru c tu re  o f th e  p la n e t.

A s w as show n in  P a r t  I I ,  th e  o rb it o f a p la n e t c an  be  o b ta in ed  b y  m eans 
o f  a co n tin u o u s succession o f L o ren tz  d e fo rm atio n s. T h e  am b ig u ity  o f th e  
fu n c tio n  X(£) d efin ing  th e  L o ren tz  tra n s fo rm a tio n  leaves ju s t  room  fo r th e  
v a rio u s  p la n e ta ry  o rb its  o b ta in e d  fo r p lan e ts  w ith  d iffe ren t inner s tru c tu re s . 
E v e n  if  in  p rac tice  th e  tid a l effect th u s  described  is v e ry  sm all i t  is im p o r ta n t  
to  n o te  th a t  w ith  th e  help  o f th e  genera lized  L o ren tz  tra n s fo rm a tio n  th e  o rb it 
o f a  su ffic ien tly  sm all p la n e t can  be d e te rm in ed  p rec ise ly , w hile th e  d ev ia tio n s 
w h ich  a re  ex p ec ted  to  occur as soon as th e  size o f th e  p la n e t c an n o t anym ore  
b e  neg lec ted  a lto g e th e r , can  be  described  b y  a d ju s tin g  th e  am biguous h igher 
o rd e r te rm s o f X(^) p ro p e rly . T h e  la t te r  te rm s  h av e  to  b e  chosen so as to  describe 
a p p ro p r ia te ly  th e  a c tu a l m echan ical p ro p ertie s  of th e  p la n e t to  be considered .
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R E FE R E N C E S

1. L. J ánossy, A cta Phys. Hung. 21, 1, 17, 329, 1966.

ПРИНЦИП ЛОРЕНЦА И ОБЩАЯ ТЕОРИЯ ОТНОСИТЕЛЬНОСТИ

Часть IV 
л . ян ощ и

Р е з ю м е
Показано, что преобразование Лоренца, определённое в частях I—III,  неоднозначно 

для членов высшего порядка. Эту неоднозначность нельзя устранить математически; 
показано, что она отражает тот факт, что внутренняя структура протяжённой физиче­
ской системы влияет на поведение самой системы в гравитационном поле.
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RELATIVE INTENSITY AND CONVERSION 
COEFFICIENTS OF THE TRANSITIONS IN THE 

DECAY Zr59—Nb95—Mo95

By

N.  A.  E is s a

F A C U L T Y  O F  E N G I N E E R I N G ,  A L  A Z H A R  U N I V E R S I T Y ,  C A I R O ,  U A R

Z. M e l i g y

F A C U L T Y  O F  S C I E N C E ,  E I N  S H A M S  U N I V E R S I T Y ,  C A I R O ,  U A R  

and

A. H.  E l  F a r r a s h  and S.  G ir g is

U A R  A T O M I C  E N E R G Y  E S T A B L I S H M E N T ,  C A I R O ,  U A R  

(P resented  by A. Szalay. — R eceived 19. V. 1966)

The external and  in ternal conversion spectra in th e  decay of Zr95—N b95 were m easured 
in a double focusing be ta  spectrom eter. Applying the correction for th e  anisotropic d is tribu ­
tion  of the photoelectrons ejected from  a uranium  converto r it was possible to  determ ine 
accurately  the relative gam m a ray  in tensities of the 237, 726 and 757 keV transitions in N b96, 
and th e  762 and 765 keV transitions in Mo95. Applying th e  in ternal-external conversion m ethod, 
the absolute fe-conversion coefficients w ere determ ined fo r th e  above transitions. The 237 keV 
transition  was found to  be JVf4 transition  and  the 726 keV transition  is tran sitio n , while th e

7+
other ones are or E„ transitions. The spin of the level a t  726 keV in N b95 has value of ——  .

1. In tro d u c tio n

A  long lived  ra d io a c tiv ity  in  zirconium  w as  produced  as a fission  p ro d u c t 
from  u ran iu m  an d  w as f irs t o b ta in e d  in  1940 b y  A . G o sse  a n d  F . F oo th  [1]. 
Sa g a n e  e t al. [2] fo u n d  th a t  th e  h a lf  life o f  th e  a c tiv ity  w as 63 days an d  
asso c ia ted  i t  w ith  th e  iso tope o f m ass  93. S u b se q u e n t in v es tig a tio n s  have  show n 
th a t  th e  a c tiv ity  is m ore likely in  Z r95 w hich d e c a y s  to  th e  ra d io a c tiv e  d a u g h te r  
p ro d u c t N b95. In  1953 Co r k  e t  a l. [3] used a  sem icircu lar m a g n e tic  sp ec tro ­
m e te r  fo r th e  s tu d y  o f th e  b e ta  a n d  gam m a ra d ia tio n s  and th e  h a lf  life of th e  
d ecay . T hey  fo u n d  th a t  Zr95 em its  th ree  b e ta  ra y s  of energies 910, 405 an d  
360 keV  w ith  h a lf  life of 65,2 d ay s , each fo llow ed  by  a g a m m a  tra n s itio n  
lead in g  to  rad io a c tiv e  N b95. T h e  gam m a energ ies de te rm ined  b y  Co r k  w ere 
235, 725 and  758 keV . The N b 95 decays b y  165 keV e n d p o in t energy b e ta  
tra n s it io n  in to  Mo95 w ith  acco m p an y in g  g am m a  energies of 753 an d  768 keY. 
M it t e l m a n  [4] s tu d ie d  th e  Z r95 sp ec tra  w ith  a  double focusing  b e ta  ra y
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sp e c tro m e te r  an d  also m easu red  th e  coincidences b e tw e e n  b e ta  a n d  g am m a 
ra y s  in  cascade  to  th e  g ro u n d  s ta te  o f N b 95. H e fo u n d  th a t  the  d ecay  o f  Zr95 
p roceeds b y  th re e  b e ta -g a m m a  cascades, tw o  of th e  b e ta  tran s itio n s  o f  360 
a n d  396 keV  are  allow ed a n d  proceed  to  755 and  722 keV  levels and , th e  th ird  
b e ta  tra n s it io n  o f 885 keV to  th e  235 keV  level. F ro m  th e  К -conversion coeffi­
c ien t an d  th e  shell m odel, th e  722 an d  755 keV levels a re  b o th  assig n ed  even 

5 7 . . .  .
p a r i ty  an d  a sp in  o f — o r — . In  a succession  of in v es tig a tio n s  [5 —11] m an y

2 2
m easu rem en ts  h av e  been  ca rried  o u t o n  th e  b e ta  a n d  gam m a tra n s i t io n s  in 
th e  decay  processes w ith  r a th e r  w ide d ivergence  in  th e  expressed v a lu e s  as 
show n in  T ab le  1.

In  th e  p re se n t in v es tig a tio n  i t  w as decided to  s tu d y  th e  e x te rn a l  and  
in te rn a l conversion  sp e c tra  b y  a h igh  reso lu tio n  do u b le  focusing sp e c tro m e te r  
to  d e te rm in e  th e  re la tiv e  gam m a ra y  in te n s itie s  a n d  th e  abso lu te con v ersio n  
coeffic ien ts . T hese m e th o d s  w ere n o t ap p lied  before th e  p resen t w o rk  in  the  
s tu d y  o f th e  decay  o f Z r95—N b95—Mo95.

2. Apparatus and source preparation

Iro n -y o k e  doub le  focusing  sp e c tro m e te r  of 22,5 cm  rad ius, ty p e  П Б Б -2 , 
w as used  in  th e  p re se n t m easu rem en ts . T h e  sp e c tro m e te r  was o p e ra te d  a t a 
0 ,5 %  reso lu tio n  d u rin g  th e  p resen t s tu d y . The d e te c to r  was an en d  w indow
G. M. c o u n te r  filled  w ith  9 0 %  argon a n d  10%  e th y l a lcoho l w ith  1,8 m gm /cm 2 
m ica  w indow .

T he source  m a te r ia l u sed  in  all th e  m easu rem en ts  consisted  of a Z r95—N b95 
o x a la te  m ix tu re  o f h igh  rad iochem ical p u r i ty  w hich w as ob ta ined  fro m  A m er- 
sh am  R ad io ch em ica l C en tre . A b ou t e ig h t m illicurie source for in te rn a l  con­
version  sp e c tru m  s tu d y  w as p rep a red  b y  th e  liq u id  deposition  m e th o d  w ith  
in su lin  u sed  to  define a re c ta n g u la r  sou rce  area  of 3 X ^ 0  m m 2 and to  p ro m o te  
u n ifo rm  sp read in g  o f th e  a c tiv ity . T h e  source w as co v ered  w ith  a th in  zapon 
film . T he e x te rn a l conversion  source w as o f  ab o u t 40 m illicurie a c t iv i ty  w hich 
w as in tro d u c e d  in to  a p re sp ex  cy linder o f  1 m m  w all th ick n ess . I t  w as in se rted  
in to  a n o th e r  copper c y lin d e r of 1 m m  th ick n ess  to  absorb  th e  b e ta  rays. 
A  1,7 m gm /cm 2 u ra n iu m  co n v e rto r o f th e  sam e d im ensions as th o se  u sed  in 
case of th e  in te rn a l conversion  source w as fasten ed  on  th e  source h o ld e r.

T he m e th o d  o f e x te rn a l conversion  [12] was u se d  to  determ ine  th e  re la ­
tiv e  gam m a ra y  in te n s itie s  w hich can  be  app lied  n o w  w ith  good accu racy  
(2% ) in  even  com plex  d ecay  schem es. R e la tive  g a m m a  ray  in te n s itie s  are 
ca lcu la ted  from  th e  fo llow ing eq u a tio n  w hen re c ta n g u la r  source a n d  con­
v e r to r  are  used ,

1 = ---- (1)
T j - f j - c d
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w here (A ex)j is th e  in te n s ity  o f th e  e x te rn a l p h o to e lec tric  conversion  line 
from  th e  /-sh e ll o f th e  co n v e rto r. T his in te n s ity  was o b ta in e d  by  ca lcu la tin g  
th e  area  u n d e r  th e  sh ap ed  p e a k  profile e x te n d e d  to  five  h a lf  w id ths th e n  d iv id ­
ing b y  th e  co rrespond ing  H g value . Tj  is th e  p h o to e lec tric  cross-sec tion  for 
th e  jf-shell o f th e  co n v erto r. T h e  K -p h o to e lec tric  c ross-sec tion  Tk w as o b ta in e d  
from  th e  re c e n t ca lcu la tio n s of H u l t b e r g , N agal  a n d  O l sso n  [13]. c is th e  
sp ec tro m e te r  tran sm issio n  w hich  was k e p t  co n stan t d u rin g  all these  m e a su re ­
m en ts . d is th e  co n v erto r th ickness, f  j is th e  co rrection  fa c to r  w hich co rrec ts  
fo r th e  an iso tro p ica l d is tr ib u tio n  of th e  ph o to e lec tro n s fro m  th e  /‘-shell o f  th e  
co n v erto r. T hese f  fa c to rs  w ere co m p u te d  according to  th e  p re se n t ex p e ri­
m e n ta l g eo m etry , on th e  basis of th e o re tic a l p h o to e lec tric  angu lar fu n c tio n s  
on th e  Sw edish co m p u te r B esk,* for u ra n iu m  co n v erto r a t  d ifferen t energies 
an d  ta k in g  in to  acco u n t th e  ab so rp tio n  in  th e  copper cy lin d er used  fo r  b e ta  
ab so rp tio n . T h e  К -conversion  coeffic ien t а /c for th e  g am m a  tra n s itio n s  was 
ca lcu la ted  b y  th e  in te rn a l-e x te rn a l con v ersio n  (IEC ) m e th o d  [12, 14], w here 
oc/i is given b y :

aK =  — =  . • T K - S K - b - d - k , (2)
( ^ е х ) к  ( Л х к

w here (A in)K an d  (Aex)K a re  th e  areas o f  th e  in te rn a l a n d  ex te rn a l .К-co n v er­
sion lines fo r a given tra n s it io n , к is th e  re la tiv e  s tre n g th  o f th e  in te rn a l  and  
ex te rn a l conversion  sources, d is th e  c o n v e rto r  th ic k n e ss , b is a d im ension  
fac to r  an d  T K an d  FK are  defined  in  case  (1).

3. Results and  discussion

T he К -ex te rn a l p h o to e lec tric  a n d  in te rn a l conversion  lines o f th e  237, 
726, 756, 762 and  765 keV  tra n s itio n s  w ere  m easured  th re e  tim es each . The 
tra n s it io n  energies w ere a ccu ra te ly  d e te rm in ed  b y  m a k in g  a m ixed  source 
o f Csl37—Z r95 on a lu m in iu m  foil.

A ty p ic a l m easu rem en t o f th e  in te rn a l  and e x te rn a l conversion sp ec tra  
are  show n in  F igs. 1 an d  2. T h e  d im ensions of the  circles in  th e  F ig u res  a re  of 
th e  o rd er o f th e  s ta n d a rd  d ev ia tio n  in th e  counting  ra te s . T h e  shapes o f  p a r t i ­
a lly  un reso lv ed  lines w ere c o n stru c ted  o n  th e  basis of re so lu tio n  and  lin e  shapes 
o f o th e r  s ta n d a rd  lines.

I t  w as n o t n ecessary  to  co rrec t fo r  decay  th e  d a ta  show n in F igs. 1 an d  2 
since th e  tim e  fo r th e  m easu rem en t o f a n y  series of lines w as sh o rt in  c o m p a r­
ison w ith  th e  h a lf  life. H ow ever, th e  a re a  of each o f  th e  lines w as decay  
co rrec ted  to  th e  sam e tim e . T he decay  correc ted  a rea s  o f  each g am m a  ray

* C u rtesy  to  D r. S. H u l t b e r g  fo r do ing  th e s e  calcu la tions.
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Fig. 1. K  — in te rn a i conversion lines from  a Zr95—N bw source

N/600'

F ig. 2. K  — ex te rn a l conversion lines from a Zr95— N b95 source, using 1,7 mgm/cm2 u ran ium
convertor
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Table 1

Reference Transition energy 10s « i Multipolarity

i t 726 1,3 E 2 or М г
4 722 1,38 E 2 or M y
9 721 2,4
6 722 1,6 E 2 or M 1

11 760 1,8 E 2 or AT,
4 754 1,14 E 2 or M y
3 235 K /L M  =  4,5 AT4

15 232 K /L M  =  3,5 M 4
15 236 K /L  =  3,7 M 4

3 753 —
3 768 K /L M  =  7,6 E 2 or M j
5 770 2,05 —

11 770 K /L M  =  7,4 E 2 ОГ] ЛГ
15 775 K /L M  =  6,6 JE, or M ,

w ere av e rag ed  to  o b ta in  th e  va lu es  of A-ln a n d  A ex g iven in  T ab le  2. T h e  erro rs 
assigned  to  A-m an d  A ex w ere  e s tim a te d  f ro m  th e  possible lim itin g  cu rv es w hich  
m ay  be  d raw n  th ro u g h  th e  d a ta .

T h e  ab so lu te  conversion  coeffic ien t w as ca lcu la ted  accord ing  to  e q u a ­
tio n  (2). B u t as i t  was n o t ea sy  to  d e te rm in e  th e  re la tiv e  s tre n g th  К  o f th e  in te r ­
n a l an d  e x te rn a l sources, so th e  fo llow ing p rocedure  w as u se d  w hich is a  sligh t 
m o d ifica tio n  o f th e  in te rn a l-e x te rn a l con v ersio n  m e th o d . T h e  sam e o rig inal 
a c t iv i ty  w as u sed  for p re p a r in g  th e  e x te rn a l  an d  in te rn a l conversion  sources. 
T h en  th e  fc-external and  fe-in ternal c o n v e rs io n  lines fo r th e  237 keV tra n s i t io n  
w ere m easu red  an d  th e  re la tiv e  co n v ers io n  coefficient w as d e te rm in e d  from  
th e  К /L ra tio . T h is tra n s it io n  is very  w ell know n as a p u re  M i tra n s itio n [1 5 ] . 
T he o b ta in e d  va lu e  of w as s u b s t i tu te d  in  eq u a tio n  (2) in  th e  fo llow ing
form :

°K 237 =  В  237 -  • (T 'Л к  237 . (3)
( ^ е х ) к  23 7

w here В  is a c o n s tan t d ep en d in g  on th e  geom etry  o f  th e  sp ec tro m e te r , th e  
c o n v e rto r  th ick n ess  and  th e  re la tiv e  in te n s i ty  of th e  tw o  sources. A ll th ese  
fac to rs  w ere k e p t c o n s ta n t d u rin g  a ll th e  m easu rem en ts . A fte r k n o w in g  th e  
v a lu e  o f В  from  eq u a tio n  (3) th e  v a lu e  o f ocK for th e  o th e r  tra n s it io n s  was 
ca lcu la ted .

T h e  re su lts  of these  m e a su re m e n ts  a re  show n in  T a b le  2, to g e th e r  w ith  
th e  d a ta  u sed  in  th e  ca lcu la tio n s. T h e  726 keV tra n s i t io n  d e p o p u la tin g  th e
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Table 2

Transition 
occurring in

Transition
energy

keV

Relative
И « )*

C
TK I k

Relative
gamma

intensity

Internal 
IC-conversion 
line intensity

Theoretical 
values of <xg 
according to 

sliv and Band 
Xl0b

Experimental 
value of

XlO3
Multipolarity

Nb95

237,23 ±  0,41 350 ±  17 240 0,3980 8,56 ±  0,52 52 ±  3,5

3 (M 4) 
2 ,4x10  (M 4)

2,2 ±  0,18
M 2

726,38 ±  1,30 453 ±  22 16,4 0,6688 96,6 ±  5,8 405 ±  34 1,42 1,52 1,28 ±  0,13 M l

757,1 ±  1,30 428 ±  62 14,7 0,6825 100 ±  17 400 ±  69 1,40 1,43 1,42 ±  0,26 M i or jE2

Mo95
762,5 ±  2,0 78 ±  15 14,5 0,6840 7,7 ±  1,7 44 zb 4,5 1,33 1,34 1,32 ±  0,30 or E 2

765,6 ±  1,8 1000 ±  25 14,4 0,6843 1000 ±  270 400 ±  55 1,32 1,33 1,26 ±  0,25 M i or E 2

E
ISSA

 et 
al.
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726 keV level in  N b95 is m o st p ro b a b ly  an  M x t ra n s i t io n  w hich lead s  to  th e  
conclusion th a t  th is  level h as  spin 7 /2 + . T he m u ltip o la ritie s  o f th e  tra n s it io n s  
given in  T ab le  1 w ere d e te rm in ed  fo rm  th e  re la tiv e  conversion  coeffic ien ts . 
So, i t  w as n o t possible to  d iffe re n tia te  betw een  M x o r E 2. The tra n s it io n  
m u ltip o la ritie s  in  th e  p re se n t w ork w ere  de te rm in ed  on  th e  basis of th e  ab so lu te  
conversion  coefficien t d e te rm in a tio n  ap p ly in g  th e  (IE C ) m ethod  in  w hich 
th e  u n c e rta in tie s  in  th e  d is tr ib u tio n  o f  p h o to e lec tro n s e jec ted  by  th e  gam m a 
ray s w ere avo ided  an d  th e  accu racy  in  th e  d e te rm in ed  values reach es 5 %  in 
som e cases.

I t  is a p leasu re  to  express o u r g ra ti tu d e  to  P ro fesso r M. A. E l  N a d i ,  

H ead  o f th e  N uclear P h y sics  D e p a r tm e n t U A R  A to m ic  E nergy  E s ta b lis h ­
m en t, fo r his encourag ing  in te re s t in  th is  w ork.
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О ТН О С И ТЕЛ ЬН А Я  И НТЕН СИ ВН О СТЬ И КО Э Ф Ф И Ц И ЕН ТЫ  
П РЕ О Б РА ЗО В А Н И Я  П Е РЕ Х О Д О В  В РАСПАДЕ Z r95- N b 95- M o 95

Н. А. ИССА, 3 . МЕЛИГИ, А . X . ЭЛ ФАРРАШ и С. ГИРГИС 

Р е з ю м е
Бэта-спектрометром двойной фокусировки измерялись спектры внешней и внут­

ренней конверсий в распаде Zr95— Nb95. Используя коррекцию к  анизотропному распре­
делению фотоэлектронов, выступающих из уранового конвертера, имеется возможность 
для определения точного значения относительной интенсивности гамма-лучей переходов 
237, 726 и 757 Кэв в Nb95 и переходов 762, 765 Кэв в Mo95. При помощи метода внутренне­
внешней конверсии для упомянутых переходов определяется абсолютное значение коэф­
фициента конверсии к. Оказывается, что переход 237 Кэв является переходом М а, пере­
ход 726 Кэв — переходом М а, в то время как  другие переходы относятся или к  переходам

7+
типа M j, или к переходам Е2. Спин уровня при 726 Кэв в Nb95 имел з н а ч е н и е .
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DETERMINATION OF OPTICAL CONSTANTS AND 
THICKNESS OF ANISOTROPIC CRYSTAL PLATES 

FROM TRANSMISSION MEASUREMENTS

By

I.  H e v e s i

I N S T I T U T E  O F  E X P E R I M E N T A L  P H Y S I C S ,  J Ó Z S E F  A T T I L A  U N I V E R S I T Y ,  S Z E G E D  

(P resented  by A. B udó. — Received 7. VI. 1966)

A m ethod  for determ ining optical constan ts and thickness of th in , homogeneous 
weakly absorbing anisotropic crystal p lates is p resen ted . Calculations for orthorhom bic crystals 
are based on extrem e values of transm ission curves measured w ith linearly  polarized ligh t 
v ibrating  parallel to the crystallographic axes and  inc iden t a t righ t angles to  the crystal su r­
face. The m ethod can be applied to  crystals of in su la to rs and sem iconductors and has been 
tested  w ith plane parallel single crystal p lates of V 20 5. The m ethod p roved  to  work well and  
to  give valuable inform ation on the anisotropic op tica l behaviour of th e  crystals in ad eq u a te  
spectral ranges.

In tro d u c tio n

T he m e asu rem en t of o p tica l tra n sm iss io n  on lay e rs  o f  in su la to rs  a n d  
sem iconducto rs enables one to  d e te rm in e  sev era l im p o r ta n t o p tica l c h a ra c te r ­
istics an d  sem ico n d u c to r p a ra m e te rs . A g re a t  v a r ie ty  of m e th o d s  of e v a lu a tio n  
can  be fo u n d  in  th e  lite ra tu re , ow ing to  th e  d iffe ren t s im p lify in g  su p p o sitio n s 
an d  ap p ro x im a tio n s  u sed . A re la tiv e ly  sim p le  m eth o d , ap p licab le  to  th e  d e te r ­
m in a tio n  o f th e  op tica l c o n s ta n ts  an d  th ic k n e ss  of th in  la y e rs  (from  0,5 to  10/j 
th ick ) of iso tro p ic  in su la to rs  an d  sem ico n d u c to rs , has been g iv en  b y  L i a s h e n k o  

a n d  M i l o s l a v s k i  [1]. T h e ir a p p ro x im a te  calcu la tions a re  based  on in te r ­
ference m ax im a  an d  m in im a of tra n sm iss io n  curves. T he m e th o d  can be u sed  
in  sp ec tra l ranges fo r w hich  n^> к (i.e. a b so rp tio n  is w eak).

I t  seem ed desirab le  to  e x te n d  th e  m e th o d s  given in  [1] to  th e  case  of 
th in , w eak ly  abso rb ing  an iso trop ic  c ry s ta l p la te s . This w as th e  ob ject o f  o u r 
in v es tig a tio n s  rep o rted  in  th e  p re se n t p a p e r . T he m easu rem en ts  were m ad e  
on v an a d iu m  p en to x id e  because o f its  p ro p e rtie s , w hich seem ed fav o u rab le  
fo r ou r pu rpose .

V 20 5, crysta lliz in g  in  th e  o r th o rh o m b ic  system  [2], g ives b iré fr in g e n t, 
o p tica lly  in a c tiv e  b ia x ia l c ry sta ls . I t  is co m p a ra tiv e ly  easy  to  o b ta in  c ry s ta ls  
o f lam ella r s tru c tu re  b y  slow cooling of th e  m elt. F rom  th e se , p lane p a ra lle l 
c ry s ta l p la te s  of v a rious th ickness an d  (010) o rien ta tio n  can  b e  sp lit off. T h ese  
c ry s ta l p la te s  o f a few  m icrons th ick n ess  c a n  be very  w ell u sed  to  s tu d y  th e  
in te rfe ren ce  observed  in  tran sm issio n  m easu rem en ts  in  th e  visib le sp e c tra l  
range.
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E lec tr ic  an iso tro p y  o f  V 20 5 has b e e n  s tu d ied  b y  sev e ra l au tho rs [3 — 6], 
b u t  p u b lic a tio n s  on its  an iso tro p ic  o p tica l b eh av io u r c a n  h a rd ly  be fo u n d  in  
th e  l i te ra tu re  [7]. In  ea rlie r stud ies o f  o p tic a l tran sm iss io n , an iso tro p y  has 
n o t been ta k e n  in to  ac c o u n t [3 —4]. T h is le d  to  resu lts  w h ich  were n o t  s a t is ­
fac to rily  re p ro d u c ib le  an d  to  divergences b e tw een  th e  sh a p e  of curves o b ta in e d  
w ith  d iffe ren t sam ples. In  th e  course o f o u r  researches d esc rib ed  in  th e  p re se n t 
p a p e r  i t  p ro v e d  possible to  o b ta in  in fo rm a tio n s  on th e  an iso trop ic  o p tic a l 
b eh av io u r o f  V 20 5 in  th e  v isib le  sp ec tra l ran g e  by  ta k in g  in to  co n sid e ra tio n  
th e  o p tica l o r ie n ta tio n  o f th e  V 20 5 c ry s ta l  p la tes a n d  ap p ly in g  th e  m e th o d  
described  in  [1] to  o rth o rh o m b ic  c ry sta ls .

1. M ethod o f investiga tion

As is w ell-know n, l ig h t o f a rb itra ry  p o la riza tio n  in c id e n t on an  a n iso ­
tro p ic  c ry s ta l  p la te  w ill b e  sp lit up  in  th e  cry sta l in to  tw o  rays o f d e fin ite  
p o la riza tio n  (re fe rred  to  as “ 1”  and  “ 2 ” ). I f  th e  p lane o f  v ib ra tio n  o f a p o la r ­
ized  lig h t r a y  in c id en t a t  r ig h t angles on  a p lane p a ra lle l c ry sta l p la te  of 
th ick n ess  d  is chosen in  a  w ay  th a t  on ly  one of b o th  re fra c ted  p lane  w aves 
(“ 1”  or “ 2 ”  respec tive ly ) is p roduced , th e  tran sm issio n s T x and  T 2 o f th e  
p la te  for b o th  cases will b e  given b y  th e  re la tio n  (see in  [8])

2

(* =  1 .2 ) .  (1)

ns is a co m p lex  re frac tiv e  in d e x  defined  b y

ns =  ns — iks (s =  1 , 2 ) ,  (2)

w here ns m e a n s  th e  re sp ec tiv e  re frac tiv e  in d ex  and  ks th e  ex tin c tio n  coeffi­
c ien t. In  s e t t in g  u p  eq. (1) th e  p la te  w as supposed  to  b e  in  co n tac t w ith  a ir  
or v acu u m  o n  b o th  faces.

T he co n d itio n s  o f v a lid i ty  of eq. (1) a re  fulfilled fo r  exam ple if  th e  d ire c ­
tio n  of v ib ra t io n  of a lin e a rly  po larized  lig h t  ra y  in c id e n t a t  r ig h t angles on 
an  o r th o rh o m b ic  c ry s ta l coincides w ith  one of th e  th re e  c ry s ta llo g rap h ic  
axes. W e sh a ll re fer to  th e  case w hen th e  d irec tio n  of v ib ra tio n  of th e  lin e a r ly  
po larized  l ig h t  is p ara lle l to  th e  c or a ax is  o f th e  V 20 5 c ry s ta l p la te  o f  (010) 
o rie n ta tio n  as positio n  1 a n d  2 of th e  c ry s ta l , re sp ec tiv e ly .

L i a s h e n k o  a n d  M i l o s l a v s k i  c a l c u l a t e d  t h e  o p t i c a l  c o n s t a n t s  o f  i s o ­

t r o p i c ,  h o m o g e n e o u s ,  w e a k l y  a b s o r b i n g  l a y e r s  f r o m  t r a n s m i s s i o n  m a x i m a  a n d

2  n i

T  =1  s

4ws -e
n»d

4  л  i

(ns +  l )2 —K  —l)2-e
- n , i
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m in im a b y  successive a p p ro x im a tio n . In  th e  p re se n t p a p e r re la tiv e ly  sim ple 
fo rm ulas fo r th e  o p tica l co n stan ts  a re  g iven , w hich im m ed ia te ly  y ield  su ffi­
c ien tly  ex ac t resu lts  u n d e r  th e  g iv en  cond itions.

In  sem ico n d u c to r an d  in su la to r  c ry s ta ls , besides th e  ra n g e  of fu n d a ­
m e n ta l a b so rp tio n , th e re  genera lly  ex is t sp e c tra l ranges fo r w h ich  th e  co n ­
d itio n  ns ks is fu lfilled . In  th e  case re, Aq eq. (1) can  be  b ro u g h t in to  
th e  sim pler fo rm

rr 16 reft?! /оч
1 1 — " 4 ^  ’

K  +  l ) 4 +  К  — l ) 4 vl — 2 (nl — l ) 2 Vi cos - y -  ni d

w here

V i  = e • (4 )

P ro v id ed  th a t  besides n1 kv  v a lid  in  th e  sp e c tra l range u n d e r  in v es tig a tio n , 
a n o th e r  co n d ition  is fu lfilled , n a m e ly  th a t  re,, a n d  Aq v a ry  on ly  s lig h tly  w ith  A, 
th e  dependence  o f Т г on w av e len g th  will be  governed  b y  th e  cosinus fa c to r  
in  th e  d en o m in a to r o f eq. (3) an d  T , will re ach  its  ex trem e v a lu es  w hen

----- n1d =  m n  (m =  a n  in te g e r ) . (5)
A

T h u s we o b ta in  for th e  m ax im a a n d  m in im a o f tran sm issio n

T „ „  =  “ ü i î l - - - -  ( 6 )
[ K  +  i ) ’ - ( " i - i ) * 4 i l !

an d

T  _  ____________16 " i V i ___________  / 7 ч
lmin [ K  +  i )2 + К  — l )2^ ] 2

resp ec tiv e ly . F o r re1 a n d  r)1 th e  fo llow ing p h y sica lly  co n sis ten t so lu tions are  
o b ta in e d  from  eqs. (6) an d  (7):

4 ,  4" H i A x /о , \
ni =  ~ ------- — » Vi =  ------ ; 7 ~  . (8 a—b)Ai — В г L a , +

w here

a l  —  K l i m a x  »  W — K r i m i n  »

Ai =  Í K W  +  W - b \  +  K  6 i ) 2  .  H i  =  Yaf^Tbl .

U n d er th ese  cond itions nx and  rj1 can  be ca lc u la ted  from  eq. (8 a —b) in  th e  
ran g es of w av e len g th  de te rm in ed  b y  a m ax im u m  Tlmax an d  th e  su b seq u en t
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m in im u m  T i m jn (or in v erse ly ) of th e  tran sm iss io n  cu rv e  Т г(Х) if  th e se  ex trem e  
va lu es  a re  know n. T h e  know ledge o f th e  curve rex(A) a n d  o f th e  w av e len g th s  
belong ing  to  th e  ex tre m e  values enab les us to  ca lcu la te  th e  th ick n ess  d  o f th e  
p la te  w ith  eq. (5). O n th e  o th e r h a n d , know ing  r/1(A) an d  d, th e  cu rv e  kĴ X) 
can  be c o n s tru c te d  [see eq. (4)]. A nalogous resu lts  fo r  re2 a n d  î?2 can  b e  o b ta in ­
ed  from  T 2(A) if  th e  co n d itio n  n 2 ï :> k 2 is fulfilled.

I t  is to  be n o te d  th a t  only  th e  o p tica l c o n s ta n ts  nv  n2, Aq a n d  k 2 can 
he  d e te rm in e d  w ith  V 20 5 single c ry s ta l p la te s  of (010) o rien ta tio n . To ob ta in  
th e  re fra c tiv e  index  n3 an d  th e  e x tin c tio n  coeffic ien t k3 in  a s im ila r w ay, 
tra n sm iss io n  m easu rem en ts  shou ld  he  m ad e  on single c ry s ta l p la te s  o f  (100) 
or (001) o rien ta tio n . H o w ev er, th e  p re p a ra tio n  of p la te s  o f such o rien ta tio n s  
w ith  su rfaces of su ffic ien t d im ensions p resen ts  p ra c tic a lly  u n su rm o u n ta b le  
d ifficu lties .

2. E x p erim en ta l equ ipm ent an d  p rep ara tio n  o f sam ples

T h e  au to co llim a tin g  p lan e  g ra tin g  m o n o ch ro m ato r o f a single beam  
sp e c tro p h o to m e te r  T y p e  O p tica  M ilano CF4 was u se d  fo r m easu rem en ts  of 
tra n sm iss io n . M easu rem en ts w ere m a d e  a t  every  m ц in  th e  sp e c tra l range 
u n d e r  ex a m in a tio n  (0,48 to  0,85 (X) w ith  a c o n s ta n t s lit  a p e r tu re  o f 0 ,18 m m  
co rresp o n d in g  to  a h a n d  w id th  of 0,27 m,a. A tu n g s te n  f ila m e n t lam p  fed  from  
a s tab iliz ed  electron ic  pow er su p p ly  u n i t  served  as ligh t-sou rce . S eco n d ary  
sp e c tra  o f th e  g ra tin g  w ere e lim in a ted  b y  a red  f ilte r  in  th e  range of A 600 m (i. 
T h e d e te c tin g  in s tru m e n t w as an  en d  w indow  p h o to m u ltip lie r  T y p e  E M I 
9558A , fed  from  an  an o d e  b a tte ry ,  w ith  a co nnec ted  Zeiss “ S kalen-G alvano- 
m e te r”  h av in g  a sen s ib ility  o f 4 • 1 0 ~ l0 A m p. p e r scale d iv ision. To polarize  
th e  l ig h t b eam  a H ilg e r p o la ro id  f i l te r  w as in se rted  b e tw een  th e  e x it s lit of 
th e  m o n o ch ro m ato r an d  th e  sam ple.

V 20 5 pow der o f a n a ly tic a l re a g e n t g rade su p p lied  b y  th e  C hinoin-w orks 
w as u sed  as s ta r tin g  m a te r ia l. B y  h e a tin g  over th e  m e ltin g  p o in t in  a p la tin u m  
crucib le  and  by  slow cooling, c ry s ta l p la te s  of lam e lla r  s tru c tu re  an d  o f re la ti­
v e ly  g re a t d im ensions (6 to  10 cm 2, 1 to  2 m m  th ic k )  could  be grow n. I t  was 
easy  to  sp lit off c ry s ta l p la te s  of v a rio u s  th ickness (0,1 to  0,3 m m ) in  th e  (010) 
p la n e  fro m  th e  grow n c ry s ta l. H ow ever, th e  tran sm iss io n  of these  p la te s  was 
low  a n d  th e y  d id  n o t  show  th e  in te rfe ren ce  s tru c tu re  necessary  to  te s t  th e  
m e th o d .

A c o m p a ra tiv e ly  sim ple m e th o d  allow ed to  red u ce  th e  th ick n ess  o f th e  
p la te s  b y  a b o u t tw o  o rders of m a g n itu d e  and  to  p re p a re  sam ples 1 to  2 /i 
th ic k  a n d  even th in n e r . T h e  m eth o d  is b a sed  on th e  fa c t  th a t  p la te s  o f  various 
th ic k n e ss  (from  0,1 m m  to  0,5 fX) can  be  sp lit off fro m  th e  c ry s ta l w ith  th e  aid 
of a su b s ta n c e  s tro n g ly  s tick ing  to  i ts  lu stro u s su rface  (e.g. p a ra ff in e  h a lf 
congealed  on a glass slab ). T hose p a r ts  o f  these  c ry s ta l  p la te s  w hich  w ere no t
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in  c o n ta c t w ith  th e  s tick in g  m a te ria l c a n  be well u se d  as sam ples. T h ese  p lane 
p a ra lle l p la te s  (1 to  3 /л th ick ) d e te rm in e d  b y  tw o  n a tu ra l  c leavage planes 
[(010) p lanes] o f th e  c ry s ta l, are co n sid e rab ly  tr a n s p a re n t  in  th e  g re a te s t  p a r t  
o f th e  v isib le  sp ec tra l ran g e  an d  d isp la y  su ffic ien t hom ogeneity .

T he sam ples w ere fix ed  on a sam p le  ho lder w h ich  h a d  a c ircu la r a p e rtu re  
o f 2 to  6 m m  d iam e te r  a n d  w as in se r te d  betw een  th e  po laro id  f i l te r  a n d  th e  
p h o to m u ltip lie r . A  slid ing  su p p o rt en ab led  th e  sam p le  to  be rem o v ed  from  
th e  p a th w a y  of lig h t. T he sam ple h o ld e r  could be  ro ta te d  ro u n d  an  ax is  p e r­
p en d icu la r  to  th e  p lan e  o f th e  c ry s ta l p la te  an d  a d ju s te d  w ith  th e  a id  of a 
scale. B efore m easu rin g  th e  tran sm iss io n , th e  e x tin c tio n  positions (positions 
1 an d  2) o f th e  c ry s ta l w ere found  b e tw een  crossed  positions of th e  po laro id  
f i l te r  an d  a nicol in se rte d  in  th e  p lace  o f th e  p h o to m u ltip lie r , th e n  th e  nicol 
w as rem oved . P ositio n s d iffe ren t from  b o th  e x tin c tio n  positions, t h a t  is d irec­
tions o f v ib ra tio n  o f th e  po larized  l ig h t a t  angles to  th e  c ry s ta l axes, cou ld  be 
a d ju s te d  w ith  th e  a id  o f th e  scale. B esides th e  e x tin c tio n  positions, m easu re ­
m en ts  w ere m ade fo r ev e ry  10° of th e  angle sc b e tw e e n  th e  c ax is  an d  th e  
d irec tio n  of v ib ra tio n  o f lin ea rly  p o la rized  lig h t in c id e n t a t r ig h t angles to  
th e  su rface of th e  c ry s ta l p la te .

E x tin c tio n  angle , op tic  o r ie n ta tio n  and  sign o f  th e  c rysta ls  w ere  d e te r­
m ined  w ith  th e  a id  of a po lariz ing  m icroscope T ype  P a n p h o t. I t  could  be  s ta te d  
on th e  basis of th e  in te rfe ren ce  figu res th a t  th e  V 20 5 c ry s ta l p la te s  u sed  for 
tran sm iss io n  m easu rem en ts  w ere sec tio n s p e rp en d icu la r to  th e  acu te  b isec trix .

3. R esu lts

T he tran sm iss io n  curves Tv  T 2 a n d  T ib, o b ta in e d  w ith  a th in  sam ple 
in  th e  positions x =  0 (d irec tion  of v ib ra tio n  of th e  lig h t co inciden t w ith  th e  
c axis), x =  90° (d irec tio n  o f v ib ra tio n  o f th e  lig h t co in c id en t w ith  th e  a axis), 
a n d  X =  45° re sp ec tiv e ly  are  p lo tte d  w ith  solid lines in  Figs, l a ,  l b  an d  lc . 
O p tica l co n stan ts  nv  n2, kv  k 2 and  th ic k n e ss  d o f  th e  p la te  w ere d e te rm in ed  
on th e  basis o f th e  cu rves T x and  T 2. T h e  co n d itions o f  a p p licab ility  o f th e  
m e th o d  em ployed  w ere w ell fu lfilled  b e tw een  560 a n d  800 т/л, t h a t  is in  th e  
g re a te r  p a r t  o f th e  sp ec tra l range ex am in ed . A lte rn a tin g  ex trem e v a lu es  follow 
each o th e r a t  re la tiv e ly  sm all in te rv a ls  (8 to  18 m/i) a n d  there fo re  th e  e x tin c ­
tio n  coefficients an d  re fra c tiv e  indices can  be co n sid ered  as c o n s ta n t in  th e  
re sp ec tiv e  ranges o f w av e len g th . The h a l f  in te n s ity  o f  th e  bands o f in te rfe ren ce  
v aries be tw een  7 an d  20 т/л, i.e. it  is fa r  above th e  sp ec tra l h a lf-w id th  of th e  
a p p a ra tu s .

S im ilar o r h ig h er va lu es  of rj c an  b e  expec ted  from  eq. (6) ow ing to  th e  
tran sm iss io n  m ax im a  o f ^ 0 ,9  to  0,96. A ccord ing  to  eqs. (6) and  (7) i t  can  be 
in fe rred  from  th e  h igh  tran sm issio n  v a lu es  (rj n e a r  to  u n it) t h a t  rj w ill be
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Fig. la .  T ransm ission of a th in  crysta l p la te  in position 1. Values m easured for every m /i 
w avelength  represen ted  b y  a solid line, those  calculated w ith  Eq. 3 for every 5 th  m fi m arked

by  small circles

ch ie fly  d e te rm in e d  b y  T max a n d  n b y  T min. A ccord ing ly  th e  cu rv es  n(X) h av e  
b een  c o n s tru c te d  b y  co o rd in a tin g  th e  m ean  v a lu e s  o f tw o re f ra c tiv e  ind ices, 
c a lc u la te d  w ith  eq . (8a) from  a T mln an d  th e  tw o  neighb o u rin g  T max, to  th e  
m ean  o f th e  w av e len g th s  co rresp o n d in g  to  th e  tw o  T max’s. T hese m ean  values 
o f  n(A) are  m a rk e d  b y  circles on th e  curves n1 a n d  n 2 in  F ig . 3. T he ra th e r  
co n sid erab le  d ifferences b e tw een  n1 an d  n 2 w ere to  be  expec ted  in  consequence 
o f  th e  re la tiv e ly  g re a t differences b e tw een  th e  m in im a  of th e  cu rv es  Tx and  T 2, 
re sp ec tiv e ly . T h e  cu rves for r](X) w ere  c a lcu la ted  sim ilarly  w ith  eq . (8b) using  
tw o  T mln’s n e ig h b o u rin g  a Tmiu. T h e  th ick n ess  o f  th e  p la te  ca lc u la ted  w ith  
eq . (5) from  th e  re frac tiv e  ind ices  an d  w av e len g th s  belong ing  to  d iffe ren t 
e x tre m e  values o f  th e  tran sm iss io n  curves T 1 a n d  T 2 gave o n ly  s ligh t d ev i­
a tio n s , th e  m ean  b e ing  d  =  2,86 ц.  T he curves Aq(A) and  Zc2(A) in  F ig . 3 w ere 
c o n s tru c te d  in  th e  w ay  described  in  Section  1. I t  can  be seen t h a t  th e  c h a ra c te r  
o f th e se  curves co rresponds to  th e  T max v alues show n in F igs, l a  an d  lb ,  in  
acco rd an ce  w ith  w h a t has been  sa id  above.
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Fig. lb. Transm ission of a th in  crystal p la te  in  position 2. Values m easured for every m/j, 
w avelength represented  by a solid line, calculated  values for every 5 th  m/j. m arked  by small

circles

F igs. 2a a n d  2b show  th e  changes in  tra n sm iss io n  of a c ry s ta l  p la te  of 
d — 35 /г in  p o s itio n  1 an d  2, re sp ec tiv e ly  (th e  th ick n ess  was m easu red  w ith  
a m ech an ica l m e th o d ). A t g re a te r  w av e leng ths, in te rfe ren ce  causes random  
f lu c tu a tio n s  of a b o u t 4 to  10%  b e tw een  th e  tran sm iss io n  m in im a a n d  m axim a 
(see p o in ts  o f m easu rem en ts  m a rk e d  w ith  sm all circles b e tw een  th e  d o tted  
lines in  F igs. 2a a n d  2b). T hese f lu c tu a tio n s  decrease  w ith  in c reasin g  th ickness 
of th e  p la te s , a n d  fo r d >  a b o u t 0,14 m m  c o n tin u o u s  curves a re  o b ta ined .

T ran sm issio n  T X(A) has been  ca lcu la ted  b y  su b s titu tin g  nx(X), kx(X) and  
th e  th ick n ess  d =  2 ,86^ o b ta in ed  in to  eq. (3). T h e  resu lts  fo r ev e ry  f if th  (i 
are  show n in F ig . l a .  T he T 2(A) v a lu es  show n in  F ig . l b  w ere ca lcu la ted  in 
a s im ila r w ay . T h e  good acco rdance  be tw een  th e  re su lts  o f m easu rem en ts  
an d  ca lcu la tio n s, in  p a r tic u la r  fo r th e  ex trem e  v a lu es , p roves th e  efficiency 
of th e  m eth o d . I f  th e  d irec tio n  o f v ib ra tio n  of th e  p o la rized  lig h t is a t  an  angle 
a  to  th e  c ax is, th e  re la tio n  Tx =  T x cos2a  -)- T 2 s in 2a  w ill ho ld  fo r  th e  t r a n s ­
m ission [8]. A v e ry  good ag reem en t has been  o b ta in e d  b e tw een  th e  tr a n s ­
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m issions m easu red  w ith  d iffe ren t ang les tx and  th e  v a lu es  ca lcu la ted  w ith  th e  
ab o v e  re la tio n  fo r Ta fro m  m easu red  v a lu es  of Tx a n d  T 2. T he va lu es  ca lcu la ted

Ti +  T 2\
a re  show n b y  sm all circles in  F ig . lc .fo r 45° 7 V =

I t  can  be seen fro m  th e  sh ap e  o f  th e  curves n 1(A) and  n 2(A) t h a t ,  besides 
th e  n o rm a l d ispersion  o f th e  re fra c tiv e  indices, also th e  d ispersion  o f th e  bire-

Fig. lc. Transm ission of a  th in  crystal p la te  in  the position a =  45°. Values m easured for
T 4- T„

every m fi w avelength represented  by a solid line, values of —-— ----— calculated for every 5th m//

m arked  by  small circles

frin g en ce  appears. A ccord ing  to  [7] th e  p rin c ip a l re fra c tiv e  ind ices o f V 20 5 
fo r A =  589 mp are N m =  2,53, N s =  2 ,84 and  N p =  1,986. F o r th e  sam e w ave­
le n g th  o u r values o b ta in e d  fo r nl (co rrespond ing  to  N m) and  n 2 (co rrespond ing  
to  Ng) w ere nx =  2,53 an d  n 2 =  2 ,88 , re spec tive ly .

T h e  curves kx(?.) an d  fe2(A) show  th e  an iso tro p ic  ab so rp tio n  o f  th e  V 20 5 
c ry s ta l. A n iso tro p y  o f  a sim ilar c h a ra c te r  can  b e  in fe rred  from  th e  shape  of
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th e  tran sm iss io n  curves fo r th ic k  sam ples (F igs. 2a an d  2b ). T he v a lu es  of 
th e  a b so rp tio n  coeffic ien ts K^X)  and  K 2(?i) ca lcu la ted  fro m  E q . 4 v a r ie d  
betw een  0,85 • 102 c m -1  an d  3,9 • 102 c m - 1 . T hese v a lu es  ag ree in  o rd e r  of 
m a g n itu d e  w ith  th o se  given b y  A rseneva  a n d  K urchatov [3], who d id  n o t  
ta k e  in to  acco u n t th e  an iso tro p y  o f a b so rp tio n  and  d e te rm in e d  som e k in d  of 
m ean  a b so rp tio n .

Fig. 2a. Transm ission of a sample of d =  35 fi. V alues m easured in position  1 m arked by  sm all 
circles, values calculated w ith the optical constants o f th in  crystal p lates (d =  2,76 u) m arked

by  larger circles

Fig. 2b. T ransm ission of a sample of d =  35 /г. Values m easured in position 2 m arked by  sm all 
circles, values calculated w ith the optical constants o f th in  crystal p lates (d =  2,76 /г) m arked

by larger circles
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Fig. 3. O ptical constants n v  n 2, fc,, k 2 calculated from  transm ission curves (7 \, T 2) of thin
crystal p la tes

A good  ag reem en t w ith  th e  m easu red  values h as  b een  o b ta in ed  b y  c a l­
cu la tin g  th e  tran sm iss io n  o f  sam ples o f  som e 10 ~2 m m  th ickness w ith  th e  
ab so rp tio n  coeffic ien ts  a n d  re frac tiv e  in d ices  d e te rm in ed  from  th e  tra n sm iss io n  
curves o f  th in  sam ples (see e.g. th e  c a lc u la te d  values fo r  a sam ple of d =  35 (i 
p lo tte d  as a so lid  line in  F ig s . 2a and  2b ). I n  th e  case o f  p la te s  of sev e ra l 1 0 “ 1 
m m  th ic k n e ss  d ivergences b e tw een  c a lc u la te d  and  m e asu red  values a re  o b se rv ­
ed. T hese d ivergences c a n  be a t t r ib u te d  to  inhom ogeneities w hich becom e 
m ore p e rc e p tib le  in  p la te s  o f  such th ic k n e ss .

I t  is e v id e n t from  m easu rem en ts  a n d  th e  tra n sm iss io n  curves sh o w n  in 
th e  F ig u res  t h a t  th e  fu n d a m e n ta l reg io n  o f  ab so rp tio n  o f V 20 5 ^ es *n  t îe 
v isib le  s p e c tra l  range. F u r th e r ,  it  can  b e  seen  from  th e  cu rv es  th a t  th e  p o sitio n  
o f th e  fu n d a m e n ta l a b so rp tio n  edge seem s to  be d e p e n d e n t on th e  d irec tio n  
o f v ib ra tio n  o f  th e  lin ea rly  po la rized  lig h t. T h is p h en o m en o n  has been  o b serv ed  
in  o th e r  an iso tro p ic  c ry s ta ls  too  [9]. T h ese  p rob lem s, w hich  are  c o n n e c te d  
w ith  th e  d e te rm in a tio n  o f  th e  h an d  gap  w ill be d ea lt w ith  in  a fu r th e r  p a p e r.
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О ПРЕДЕЛЕНИЕ ОПТИЧЕСКИХ КОНСТАНТ И ТОЛЩИНЫ АНИЗОТРОПНЫХ 
КРИСТАЛЛИЧЕСКИХ ПЛАСТИНОК ПО ИЗМЕРЕНИЮ ПРОПУСКАНИЯ

И .  Х Е В Е Ш И  

Р е з ю м е
Излагается метод для определения оптических констант и толщины тонких, одно­

родных, слабо поглощающих анизотропных кристаллических пластинок. Разработка 
проводилась с помощью крайних значений кривых пропусканий. Метод проверен в случае 
монокристалла пятиокиси ванадия. Установлено, что этот метод хорошо оправдывается 
на практике и в определенной спектральной области дает полезные сведения о поведении 
оптической анизотропии кристаллов.
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INFLUENCE OF DIRECT INELASTIC SCATTERING 
ON (n, 2n )  CROSS SECTIONS

By
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I N S T I T U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  D E B R E C E N

and

G. P ető

I N S T I T U T E  F O R  E X P E R I M E N T A L  P H Y S I C S ,  D E B R E C E N  

(Presented by A. Szalay. — R eceived 8. VI. 1966)

The (re, 2re) cross sections were m easured for th e  nuclei N14, F 19, Ca48, Sc45, Mn55, N i58, 
Cu65, Zn64, Zn66, Se82, Rb85, Rb87, Y89, Zr90, Mo92, Sn112, Sm 144 a t  an excess energy 3 MeV above 
threshold. In  addition , the (re, 2re) cross sections for th e  nuclei Zn64, Zn70, Ga69, Ga71, As75, M o100, 
P b204 as well as th e  cross section of the process P b 204 (re, re’) Pb2Mm w ere determ ined a t  14,7 
MeV bom barding neutron energy. A t 3 MeV excess energy a strong N  — Z  dependence has 
been found in th e  (re, 2re) cross sections, valid for a b road  region of neu tron  num bers w hich 
can be accounted for by the influence of direct inelastic  scattering leading to  low lying levels 
of the ta rge t nucleus. An em pirical form ula is given for calculating (re, 2re) cross sections.

In tro d u c tio n

V arious tre n d s  have been  observed  in  (n,2n)  cross sec tions vs. N ,  Z  
or A  for n e u tro n s  of ab o u t 14 MeV [5 — 8]. N ear th e  th re sh o ld  th e  (n , 2 n) 
cross sec tion  depends s tro n g ly  on th e  d ifference  be tw een  b o m b a rd in g  an d  
th re sh o ld  energy , so th e  tre n d s  are  p re d o m in a n tly  d e te rm in ed  b y  th e  Ç -values 
(F ig . 1). I t  seem s in te re s tin g  to  exam ine th e  b e h a v io u r  o f (n, 2n) cross sec tions 
b y  n o rm alising  th e  ex c ita tio n  fu n c tio n s to  each  o ther, t h a t  is b y  ta k in g  co n ­
s ta n t  b o m b ard in g -th re sh o ld  energy  d ifference.

E xperim en ta l p rocedures an d  results

T he to ta l  (n , 2n) re a c tio n  cross sec tio n s w ere m easu red  w ith  th e  a c t iv a ­
tio n  m eth o d , choosing an  excess energy  o f  3 MeV above th e  th resh o ld . T h e  
n e u tro n s  w ere p roduced  b y  th e  300 keV  n e u tro n  g e n e ra to r  o f A T O M K I, 
in  D -f- T  reac tio n . The sam ples w ere p laced  a t  d iffe ren t ang les from  th e  d ire c ­
tio n  o f th e  b o m b ard in g  d eu te ro n  b eam  fo r v a ry in g  th e  n e u tro n  energy  (F ig . 2). 
T h e  ac tiv itie s  o f  th e  ir ra d ia te d  sam ples w ere  m easu red  b y  a N a l(T l)  sc in tilla ­
t io n  g am m a-sp ec tro m ete r co n n ec ted  w ith  a 100 and  128 ch an n e l a m p litu d e  
an a ly se r, resp ec tiv e ly , or b y  a m ica en d  w indow  GM c o u n te r . T he fo llow ing
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(n,2n) Excitation functions

Fig. 2. G eom etrical arrangem ent for irrad ia tion

s ta n d a rd  sources w ere u sed  fo r c a lib ra tio n : S r90 -|- Y 90, C14, Coeo, Cs137, P b 2l°, 
T l204 in  th e  case of th e  GM co u n te r, H g 203, Mn54, Cs137, Y 88 (IA E A  V ien n a) 
in  th e  case o f  th e  sc in tilla tio n  sp ec tro m e te r . T he re la tiv e  energy  effic iency  o f 
th e  g am m a sp e c tro m e te r  w as d e te rm in ed  b y  using  iso to p es of know n  d e cay  
schem e. T h e  n e u tro n  f lu x  w as m o n ito red  c o n tin u o u sly  b y  a B 10F 3 lo n g -co u n te r 
an d  a p la s tic  sc in tilla to r  d u rin g  th e  ir ra d ia tio n . T h e  reac tions A l27(n , a ) , 
A l27(re, p),  Cu63(re, 2n) an d  Cu65(n, 2n) w ere used  as m o n ito r  reac tio n s. T h e  
d a ta  fo r th e  decay  schem es h a v e  been  ta k e n  from  N u c lea r  D a ta  S heets. T h e  
re su lts  o b ta in e d  a t  3 MeV excess energy  a re  sum m arized  in  T ab le  1.
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Table 1

Cross sections m easured a t an excess energy of 3 MeV

T a r g e t R e a c t io n
E(hr

(M e V )
(2 5 )

°П,2П i  1 5 %
(m b )  a t  

Eexc~3 M e V
M o n i to r  r e a c t i o n M e th o d

Enriched
Ca48C03 Ca48(n, 2 re) Ca47 10,28 860 Al27(n, a) ; 117 mb ß

R b N 0 3 Rb85(n, 2n) Rb84 10,65 830
E„ =  14,1 MeV

99 ß
R b N 0 3 Rb87(n, 2n) Rb86 10,03 1290 99 ß
Y 20 3 Y89(re, 2n) Y88 11,99 1010 99 у  : 899 keV
Se Se82(re, 2n) Se81 9,29 1490* 99 ß
Sc Sc45(re, 2re) Sc44 11,57 320 Cu65(n, 2re) : 940 mb у  : 511 and

M n 0 2 Mn65(re, 2n) Mn54 10,41 750
at E n =  14,1 MeV 270 keV 

у  : 835 keV
Cu Cu65(re, 2n) Cu64 10,06 810 99 у  : 511 keV
Zn Zn66(n, 2re) Zn65 11,21 550 99 у  : 1114 keV
Zr Zr90(n, 2n) Zr89 12,07 800 99 у  : 511 and

Sr Sr8«(n, 2n) Sr85 11,59 570 99

915 keV 
у  : 514 keV

Ni Ni58( n , 2n) Ni57 12,40 45 Cu63(n, 2re) : 488 mb у  : 511

Cu Cu63(u, 2n) Cu62 11,01 495
at E n =  14,1 MeV

99 у  : 511 keV
Zn Zn64(re, 2re) Zn83 12,04 288 99 у  : 511 keV
Mo Mo92(n, 2n) Mo91 13,27 280* 99 у  : 511 keV
Sm Sml41(ra, 2n) Sm143 10,75 1600 99 у  : 511 keV
c 6h 12n 4 N 1 4 ( n ,  2re) N 13 11,31 8,2 99 у  : 511 keV
c f 2 F 19(n, 2ra) F 18 10,99 63 99 у  : 511 keV
Sn Snll2(n, 2n) Sn111 11,19 1530 99 у  : 511 keV

* E xtrapolated  to  3 MeV.

In  ad d itio n , th e  (n, 2n) cross sections a t  a n eu tro n  energy  of 14,7 MeV 
w ere d e te rm in ed  fo r some n u c le i for w hich  no  prev ious d a ta  are  av a ilab le  
(Zn70, P b 204) o r th e  ex isting  d a ta  are n o t u n am b ig u o u s. T h e  ex p e rim en ta l 
a rran g em en ts  w ere id en tica l w ith  tho se  d esc rib ed  above ex c e p t for th e  i r r a ­
d ia tio n  geo m etry . T he resu lts  o b ta in ed  are  in d ic a te d  in  T ab le  2.
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T able 2

Cross sections m easured a t a  neu tron  energy of 14,7 MeV

Target Reaction (Zn zn (m )̂
En = 14,7 ± 0,3 MeV

Monitor reaction 
En = 14,7 ± 0,3 MeY Method

Enriched
Zn70O
Enriched

Zn70(n, 2n) Zn69 1307 ±  130 Al27(ra, a) : 117 mb ß

Zn™0 Zn64(n, 2n) Zn63 225 ±  25 99 ß
Mo Mo100(n, 2n) Mo99 1762 ±  200 99 ß
G a20 3 Ga69(n, 2n) Ga68 1088 ±  100 Al27(n, p) : 73 mb ß
G a20 3 Ga71(n, 2n) Ga70 961 ±  100 99 ß
As20 3 As75(n, 2n) As74 1092 ±  120 Cu65(n, 2n) : 970 mb у  : 511 +  596 

keV
Pb Pb204(n, 2n) Pb2“3 1575 ±  160 99 у  : 279 keV
Pb P b204(u, n ’) P h2uim 76,5 ±  8 99 у : 899 +  912 

keV

D iscussion

In  acco rd an ce  w ith  th e  p rev io u s re su lts  [9] th e  cross sec tion  v a lu es  
m easu red  a t  3 MeV excess energy  w ere fo u n d  to  differ fro m  each  o th e r m a rk e d ly  
even  if  th e  n e u tro n  n u m b ers  a re  id e n tic a l. P lo ttin g  th e se  values a g a in s t 
N —Z  a t  g iven  N,  th e  d a ta  lie on a s tra ig h t  line (F ig . 3, do ts), in d e p e n d e n tly

Fig. 3. The cross section for th e  (n, 2n) reaction  as a function of N — Z  w ith  N  as a param eter. 
D ots: values m easured a t  E n =  Ец,г +  3 MeV; triangles: values m easured a t E n =  14,7 MeV 
and reduced to  E n — E ^ r=  3 MeV; crosses: values from references [2], [10—15], reduced

to E n — Etfa =  3 MeV
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of Z  being  even  or odd. T h e  s tra ig h t lines belonging  to  d iffe ren t N  a re  p a ra lle l 
to  each o th e r  in  a good ap p ro x im a tio n , ex cep t for N  =  28. F o r s tu d y in g  th is  
tre n d  it  is m ore  fav o u rab le  to  fix  N  r a th e r  th a n  Z  b ecau se  th is  p e rm its  to  
ex ten d  th e  in v es tig a tio n  to  m ore nuclei.

In  o rd e r to  e x te n d  th e  in v e s tig a tio n  to  a b ro a d e r  region, th e  d a ta  of 
T ab le  2 m easu red  in  th e  region Ethr(n, 2 re) <7 E n <7 Ety,r(n, 3re) as w ell as 
some d a ta  given by  o th e rs  (Ti16, F e54 [10], Ge70 [11], F e 56 [12], R h 103 [13], 
N d142 [14], B a 134“ , Ce140 [15] and Cs133 [2]) h av e  been red u ced  to  3 MeV excess 
energy b y  using  th e  “ W e i s s k o p f  e s tim a te ”  [17]:

- E Eexc
^nf2n Gn}M l  - 1 +  exc 

T
e T

w here is th e  n eu tro n  em ission cross sec tion , JSexc 4S th e  excess energy  ab o v e  
th e  th re sh o ld , T  is th e  te m p e ra tu re  o f  th e  in te rm e d ia te  re s id u a l nucleus. T h e  n u c ­

lea r te m p e ra tu re  has b een  ca lcu la ted  b y  m eans of th e  fo rm u la  T  =

[16]. As i t  h a s  been  fo u n d  [10], th e  ab o v e  fo rm ula  describes th e  fo rm  o f th e  
(re, 2re) ex c ita tio n  fu n c tio n s  well. P lo tt in g  these  cross sections to o  (F ig . 3, 
triang les a n d  crosses) i t  is seen th a t  th e  N  — Z  d ependence  of ап<2п is id en tica l 
in  a b ro ad  reg ion  of n e u tro n  n u m b ers .

On th is  basis a single fo rm ula can  be  given for c a lcu la tin g  (re, 2re) cross 
sections:

a ( Z ± A Z , N )  =  [ a ( Z , N ) T m  (E exc) A Z]  .

F o r Eexc =  3 MeV one fin d s  m(15exc) =  231 m b. I f  th e  v a lu e  o f Gr,m 4S k n o w n  
fo r a d e fin ite  N  and  Z , th is  fo rm ula  allow s to  ca lcu la te  а п>2П fo r o th e r  Z  v a lu es  
a t  th e  sam e N.  T he em p irica l fo rm u la  g ives good cross sec tion  values in  th e  
in te rv a l 30 <[ ЛГ 120 in v e s tig a te d . T h e  em pirical fo rm u la  g iven can  be  
applied  also to  o th e r energies by  using  th e  “ W e i s s k o p f  e s tim a te ”  for ta k in g  
in to  acco u n t th e  energy  dependence.

As i t  c an  be seen from  th e  d a ta  o f T ab le  1, th e  <7П|2п values d iffer g re a tly  
even for th e  sam e ta rg e t  n e u tro n  n u m b e r (e.g. th e  n ucle i N i58, F e56, M n55 
belonging  to  N  =  30 h a v e  th e  cross sec tio n  values 45 m b , 500 m b an d  750 m b , 
respective ly ), so no s ig n ifican t shell e ffec t can  be recogn ised  vs. th e  ta rg e t  
n eu tro n  or m ass n u m b er.

T he Q v a lues of th e  (re, 2re) reac tio n s  fo r N  — Z  =  const, show  a shell 
effect vs. n e u tro n  n u m b e r [18]. A cco rd ing  to  th e  W e i s s k o p f  re la tio n  th is  
shell effect m u s t a p p ea r in  th e  cross sec tions too . C hoosing a c o n s ta n t excess 
energy, th e  shell effect caused  by  th e  n e u tro n  b ind ing  en erg y  can  be e lim in a ted . 
This allows to  in v es tig a te  th e  o th e r tre n d s  th a t  m ay  a p p e a r  in  (re, 2re) cross 
section , u n d e r  c learer cond itions.

E„
0,115 A
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T he N —Z  d ependence  o f  <7„2„ m u s t be a t t r ib u te d  to  th e  q u a n t i ty  
°n,M: T he t r e n d  ap p ea rin g  in  th e  sam e m a n n e r  in  a b ro a d  reg io n  o f n e u tro n  
n u m b ers  c a n n o t be acco u n ted  fo r b y  c o n c u rre n t charged  p a r tic le  reac tio n s 
supposed  fo rm e rly  [7], since th e  tre n d  is in d e p e n d e n t of w h e th e r  th e  cross 
sec tions o f  c h a rg ed  p a rtic le  reac tio n s  are  h ig h  or low  as co m p ared  w ith  an 2n. 
T h e  N —Z  d ep en d en ce  c a n n o t be  ex p la in ed  b y  (n , y) re ac tio n s  e ith e r  because  
o f  th e  n eg lig ib ly  sm all cross sec tions. D ifferences in  th e  re la tiv e  excess energy

(arising  b ecau se  o f th e  d ifferences in  Q even  a t  th e  sam e excess energy) m a y  
in fluence  th e  (n , 2n) cross sec tion . H o w ev er, th e  p a irs  o f  n ucle i Zn70, G a71 
as well as Y 89, Z r90 e x h ib it th e  sam e N —Z  dependence  w h ich  w as o bserved  
fo r o th e r  n u c le i, a lth o u g h  th e ir  Q va lu es  a re  id en tica l.

T h e  n o n e la s tic  cross sec tio n  ane — ап,м +  On,charged +  <*п,у is a sm o o th  
fu n c tio n  o f  th e  m ass n u m b e r [26]. F o r  h e a v y  nuclei ane <rn>AI. Since ап,м — 
=  впп- +  <Уп'гпг on th e  basis  o f th e  s ta t is t ic a l  m odel <rn, 2n b as  a m ax im u m  
v a lu e , w here  an,2n{m ax) =  ап,м• T his m ean s th a t  one can  n eg lec t th e  cross 
sec tion  o f n o n e la s tic  sc a tte r in g  lead in g  to  low -ly ing  levels o f th e  ta rg e t  n u c leus 
[u n d er th e  b in d in g  energy  (B n) o f th e  la s t  n e u tro n ]  as w ell as th e  y -de-excit- 
a tio n  from  th e  levels above B n.

A cco rd in g  to  th e  e x p e rim e n ta l d a ta ,  th e  d ifference ane — (ffn,2n(m ax) +  
+  crn> charged +  ffn .y ) depends on N —Z  a n d  fo r a g iven N  i t  ten d s  to  zero  
w ith  in c rea s in g  N —Z  (see e.g. F ig . 4 ) .  T h e  v alues Gne\ ^ n ,  charged? & n,y
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<тП' 2П( т а х )  are  know n ex p e rim en ta lly  (e.g. fo r N  =  50), so th e  d ev ia tio n  can  
be  caused  b y  th e  (re, re’) p rocess, i.e. o>,i2n(m ax ) an,M‘ S upp o sin g  th a t  y-de- 
ex c ita tio n  from  th e  levels ab o v e  Bn is neg lig ib le  as c o m p ared  w ith  n e u tro n  
em ission (w hich  can  be ex p ec ted  in th e  en e rg y  region w h ere  On, 2/1 is n e a r  its  
m ax im u m  v a lu e  [19]), th e  cross sections fo r  (re, re’) p rocesses lead ing  to  levels 
u n d e r B n m u s t depend  on N —Z  an d  h a v e  to  be co n sid e rab ly  g re a te r  th a n  
ex p ec ted  on th e  basis of th e  s ta tis tic a l m o d el. T h is su p p o sitio n  is su p p o rte d  
b y  ex p e rim en ta l d a ta  on in e lastic  sc a tte rin g . E .g . оп>П' b e long ing  to  th e  f ir s t  
2 + s ta te  of F e 56 (20) an d  T h 232 (21) has a co nsiderab ly  la rg e  va lu e  even a t  a 
b o m b ard in g  n e u tro n  energy  o f  ab o u t 15 MeV. A ccording to  o u r m easu rem en ts , 
a t  E n =  14,7 MeV th e  cross sec tion  ra tio  fo r P b 204(n, 2re) P b 203 an d  P b 204(re, re’)
p b2°4m ig 21, w hile  th e  ra tio  p red ic ted  b y  th e  s ta tis tic a l m odel is g re a te r  th a n  
300. A ccord ing  to  th e  m easu rem en ts  o f S t e l s o n  e t al. [22] as well as P e a r l -  

s t e i n  an d  W i N H O L D  [23], th e  ex c ita tio n  o f  low  ly ing  co llec tive  levels is co n ­
siderab le  also a t  a n e u tro n  energy  of E n >  10 MeV and  does n o t  v a ry  s tro n g ly  
w ith  increasing  n e u tro n  energy . T he p eak s  co rrespond ing  to  th ese  levels 
a p p ea r s ig n ifican t in  th e  sp e c tru m  of s c a tte re d  n eu tro n s  in  a b ro a d  reg ion  of 
m ass n u m b er. T h e  cross sec tions for in e la s tic  sca tte rin g  w h ich  lead  to  th e  exci­
ta t io n  of co llec tive  levels h a v e  been successfu lly  in te rp re te d  b y  th e  P e r e y —  

B u c k  o p tica l p o te n tia l c o n ta in in g  N —Z  d ependence  [24].
A ccord ing  to  th e  ab o v e  co n sid e ra tio n s, th e  N —Z  dependence  o f  th e  

(re, 2re) cross sec tions can p ro b a b ly  be a c c o u n te d  for b y  th e  in fluence  o f d irec t 
ine lastic  sc a tte rin g .

W e are  in d e b te d  to  P ro fesso r A. S z a l a y  for his in te re s t  in  th e  p re se n t 
w ork  an d  fo r th e  excellen t w ork ing  co n d itio n s he p ro v id ed . T h e  au th o rs  th a n k
L. B u n k Ó C Z I  fo r  his a ss is tan ce  in  o p e ra tin g  th e  n eu tro n  g en era to r.
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ВЛИЯНИЕ ПРЯМОГО НЕУПРУГОГО РАССЕЯНИЯ НА 
СЕЧЕНИЕ (л , 2л)

Й .  Ч И К А И  и  Г .  П Е Т Э

Р е з ю м е
Измерялись сечения для реакции (п, 2л) для ядер N '4, F 19, Ca48, Sc45 Mn55, Ni58, 

Cu65, Zn64, Zn06, Se82, Rb8ä, Rb87, У89, Zr90, Mo92, Sn112, Sm144 с излишком энергии в 3 Мэв 
над порогом. Наряду с этим, сечения реакции (л, 2л) определялись как для ядер Zn64, 
Zn70, Ga69, Ga71, As75, Mo100, Pb204, так и для процесса РЬ204(л, л ') Pb204m энергии 14,7 Мэв 
бомбардирующих нейтронов. При излишней энергии 3 Мэв в сечении реакции (л, 2л) 
наблюдалась сильная N —Z  зависимость, действительная для широкого интервала числа 
нейтронов, о котором можно судить по влиянию прямого неупругого рассеяния, ведущего 
к  низко лежащим уровням ядер мишени. Дается эмпирическая формула для вычисления 
поперечных сечений реакции (л, 2л).
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ÜBER DIE NIVEAUDICHTE DER ATOMKERNE

Von

T h . N e u g e b a u e r

I N S T I T U T  F Ü R  T H E O R E T I S C H E  P H Y S I K  D E R  R O L A N D  E Ö T V Ö S - U N I V E R S I T Ä T ,  B U D A P E S T  

(Vorgelegt von K. F. N ovobátzky. — Eingegangen: 14. V I. 1966)

Nach einer kurzen Diskussion der F rage, w eshalb wir das e lem entare zwischen zwei 
Nukleonén wirkende K raftgesetz noch im m er n ich t kennen  und wofür haup tsäch lich  der M an­
gel an angeregten Niveaus der leichtesten K erne veran tw orlich  gemacht w ird, folgt die zuerst 
rein klassische Besprechung des Problem s, dass in w elchen Gebieten bei den in  der K ern ­
physik hauptsächlich in  Rede kom m enden P o ten tia lan sä tzen  die Energie negativ  sein kann. 
W eiter wird dann zuerst m it Hilfe der Bohrschen Theorie berechnet, ob es in  diesen Gebieten 
auch Q uantenzustände geben kann. Im  nächsten  P arag raphen  werden d an n  diese R esu lta te  
vom  S tandpunkte  der Q uantenm echanik aus b e trach te t. Im  letzten Teil w ird  endlich gezeigt, 
dass wenn es sich um  die W echselwirkung von vielen N ukleonén handelt, die Gebiete in denen 
die Energie negativ  ist, sehr wesentlich vergrössert w erden, die Q uantenbedingungen sich 
dagegen nur viel weniger ändern. Die U rsache dieses U m standes ist kurz, dass sich die po ten ­
tiellen Energien als Skalare, die K räfte  dagegen als V ektoren addieren. D ieser T atbestand  
erk lärt ganz ungezwungen das A uftreten  von verw ickelten Term schem aten bei schweren K e r­
nen, also von solchen Erscheinungen, die schon teilweise zu denen in der E lektronenhülle au f­
tre tenden  analog sind.

Einleitung

M an k a n n  es n ic h t leugnen , dass sich  die Theorie d e r  A to m k ern e , 
t ro tz  seh r v ie len  B em ü h u n g en , noch  im m er in  dem  b e d a u e rn sw e rten  
Z u stan d e  b e fin d e t, dass w ir die e lem en ta re  zw ischen  zwei N u k leo n én  a u f­
tre te n d e  W echselw irkung — w enn  w ir die a u c h  im  a llg em ein sten  Sinne des 
W o rtes  v e rs te h e n  — noch  g a rn ich t k en n en . B ezüg lich  der U rsa c h e  w eshalb  
th eo re tisch e  U n te rsu ch u n g en  h ie r k e in en  E rfo lg  geh ab t h a b e n , sei h ier n u r  
fo lgendes e rw ä h n t: In  d er P h y s ik  d e r E le k tro n e n h ü lle  is t se lb s tv e rs tä n d lic h  
das e in fach ste  P ro b lem  das des W asse rs to ffa to m s, der an a lo g e  e in fachste  
F a ll in  d er K e rn th eo rie  w äre  das D eu te ro n . V om  W asse rs to ffa to m  w aren  j e ­
doch  schon v o r d er E n td e c k u n g  d er e ig en tlich en  Q u a n ten th eo rie  d u tzen d e  
v o n  S p ek tra llin ien  b e k a n n t, das D eu te ro n  b e s itz t  dagegen g a r  ke in e  angereg­
te n  E n erg ien iv eau s , sondern  n u r  e inen  T rip le tt-G ru n d z u s ta n d  u n d  einen — 
jed o ch  n u r  m eh r v ir tu e llen  — an g ereg ten  S in g u le ttz u s ta n d . W en n  w ir also 
au ch  den  le tz te re n  noch  als genau  b e k a n n t b e tra c h te n , so s in d  au ch  das n u r  
zw ei D a te n  u n d  da  m an  w e ite r zu r E rk lä ru n g  d e r B indung  des D eu tero n s 
ein P o te n tia l  an n eh m en  m uss, dass sich  w en ig sten s in  grösseren E n tfe rn u n g e n  
seh r schnell ä n d e r t ,  so m uss solch ein P o te n tia la n s a tz  doch w en ig sten s zw ei
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K o n s ta n te n  e n th a lte n  u n d  w enn  d ieser A u sd ru ck  n u r  n ic h t  ganz u n g esch ick t 
g ew äh lt is t , so is t die B ed ig u n g  des A u ftre te n s  d e r e rw ä h n te n  zwei N iv eau s 
m a th e m a tish  im m er e rfü llb a r . Es is t z w a r w ahr, dass d a s  D eu teron  au sse rd em  
au ch  n o ch  e in  e lek trisch es Q u ad ru p o lm o m en t b e s i tz t .  Z u r E rk lä ru n g  von  
dem  m uss m a n  jed o ch  u n b e d in g t a n n e h m e n , dass die zw ischen  den zw ei N u k ­
leonén  w irk e n d e  K ra f t  n ic h t  ganz z e n tra l  is t u n d  d a z u  m uss im  P o te n t ia l ­
a n sa tz  d och  n o ch  w en ig sten s eine w e ite re  K o n s ta n te  e in g e fü h rt w erden , w elche 
d an n  w ied er so w ä h lb a r is t ,  dass d as  e rw äh n te  Q u a d ru p o lm o m en t rich tig  
h e ra u sk o m m t. D as m ag n e tisch e  D ip o lm o m en t des D e u te ro n s  w eich t dagegen  
n u r  so w en ig  v o n  d er a lg eb ra isch en  S u m m e der M o m en te  des P ro to n s  u n d  
des N e u tro n s  ab , dass m a n  d arau s k e in e  w ertvo lle  S ch lüsse  bezüglich  unseres 
P ro b lem s z iehen  k an n .

D ie n äch stfo lg en d en  e in fach sten  K e rn e  w ären  d a s  T rito n  u n d  d a s  3H e. 
D och s in d  d ie  schon D re ik ö rp e rp ro b lem e . Es is t  sch o n  w ahr, dass d iesem  
P ro b lem  d ie  Q u a n te n m e c h an ik  n ic h t so m ach tlo s g eg en ü b e rs teh t, w ie die 
k lassische T h eo rie  — das bew eisen  z. B . d ie  aus d er R iT zschen  M ethode ausge­
h en d en  B e rech u n n g en  v o n  H y l l e r a a s ,  w elche b e im  H e  die ex p erim en te lle  
G en au ig k e it e rre ichen  — doch  w ären  u m g e k e h rt so lche B erechnungen  k au m  
dazu  gee ig n e t aus ihnen  zw angsläufige  S ch lüsse  a u f  d as  a u f tre te n d e  K ra f tg e se tz  
zu ziehen . A n g ereg te  N iv eau s  b esitzen  diese K erne  eben fa lls  n ich t.

G egen u n se re  b ish e rig en  B e tra c h tu n g e n  k ö n n te  m a n  e inw enden , dass 
w enn a u c h  das D e u te ro n  keine a n g e re g te n  Z u s tän d e  b e s itz t, an  d en e n  m an  
einen an g en o m m en en  P o te n tia la n s a tz  au sp ro b ie ren  k ö n n te , m an  d o ch  an  
N u k leo n én  S treu v e rsu ch e  vo llfü h ren  k a n n  u n d  je  g rö sse re  E nerg ien  m a n  dabei 
an w en d e t, d esto  m ehr e r f ä h r t  m an d a rü b e r , wie sich  d as  P o te n tia l b e i k le inen  
E n tfe rn u n g e n  v e rh ä lt. D a s  is t zw eifellos rich tig , d och  m uss m an h ie r  d en  f o l ­
genden  U m s ta n d  b e a c h te n : Die S tre u k u rv e  is t se lb s tv e rs tä n d lic h  e ine  k o n ­
tin u ie rlic h e  F u n k tio n  u n d  au s der z ie h t m an  d an n  S chlüsse au f e ine  w eite re  
ebenfalls k o n tin u ie rlic h e  F u n k tio n , n ä m lic h  a u f  d en  P o te n tia la n sa tz . E s is t 
jed o ch  eine  b e k a n n te  m a th e m a tisc h e  E rfa h ru n g , d ass  an a ly tisch  s e h r  v e r­
sch ieden  au sseh en d e  F u n k tio n e n  —• w en igstens in  e in em  gewissen B ere ich  — 
p ra k tis c h  g an z  den  selben  F u n k tio n e n g a n g  besch re iben  k ö n n en . Im  v o rlieg en d en  
F a ll is t  es d esha lb  g a rn ic h t sicher, ob m a n  ein ta tsä c h lic h e s  N a tu rg e se tz  oder 
n u r  eine g esch ick te  In te rp o la tio n s fo rm e l gefunden  h a t .  In  der P h y s ik  d er 
E le k tro n e n h ü lle  w aren  d ie  V erh ä ltn isse  d ia m e tra l en tg eg en g ese tz t. D ie  B alm er- 
fo rm el, die n ic h t eine k o n tin u ie rlich e  F u n k tio n  so n d e rn  ein P u n k ts p e k tru m  
d a rs te ll t , h ä t te  ganz unm ö g lich  b loss eine gesch ick te  In te rp o la tio n sfo rm e l 
sein k ö n n e n , sondern  es w a r  gleich n a c h  ih re r E n td e c k u n g  k la r, d ass  sie ein 
d am als n o ch  u n b e k a n n te s  jed o ch  w irk liches N a tu rg e se tz  en th a lten  m u ss.
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1.

Z u erst w ollen w ir re in  k lassisch  die F ra g e  besp rechen , d ass  wo — b e i 
d e r A nnahm e v o n  v ersch ied en en  K ra ftg e se tz en  — ü b e rh a u p t n e g a tiv e  E n e rg ie ­
w erte  a u f tre te n  k ö n n en , w eil j a  das die e rs te  B e d in g u n g  d a fü r  i s t ,  dass es n a c h  
d e r Q u an ten m ech an ik  in  so lchen  G eb ie ten  s ta b ile  N iveaus g eb en  soll. B e tra c h ­
te n  w ir zu e rs t zu  d iesem  Z w ecke den  e in fa c h s te n  F all in  d e m  die au ftren d e  
K ra f t  zu einer n e g a tiv e n  P o te n z  d er E n tfe rn u n g  p ro p o rtio n a l is t ,  setzen  w ir 
also

K = ~ —  (1)
rn

u n d  nehm en  ausserdem  an , dass es sich  u m  K re isb ah n en  h a n d e lt .  Aus d e r  
G leichheit der z e n tr ip e ta len  u n d  z en tr ifu g a len  K ra f t  fo lg t d a n n  in  den ge­
w o h n ten  B ezeichnungen

A  =  . (2)

W eite r b e s te h t die E n erg ieg le ichnung

E =  — 1 ^
n — 1 r n —1

mv,2 . (3 )

u n d  d u rch  E lim in a tio n  von  v aus (2) u n d  (3) fo lg t

E  =
— 1 -  1 -П -1 (4)

n — 2 is t  se lb s tv e rs tän d lich  d e r B ohrsche  F a l l  des W assers to ffa to m s. B ei 
n =  3 is t E  bei a llen  W erten  v o n  r gleich N u ll u n d  w enn n >  3 is t , so w ird  E  
p o s itiv , m an  m ü sste  also E n e rg ie  zu fü h ren , d a m it  das T e ilch en  au f einem  
tie fe ren  N iveau  verw eilen  k a n n . Solche P o te n tia la n sä tz e  w ü rd e n  also zu e in er 
A rt K a ta s tro p h e  fü h re n ; das um k re isen d e  T e ilch en  m ü sste  in  das K r a f t ­
z e n tru m  h inein fa llen  u n d  d ab e i w ü rd e  eine u n en d lich  grosse E nerg ie fre i 
w erden . Im  fall n =  2 w ürde  zw ar b e im  H in e in fa llen  des T eilchens in  das K r a f t ­
z e n tru m  ebenfalls eine u n en d lich e  E n erg ie  a u f tr e te n , bei d iesem  K raftg ese tz  
k a n n  jed o ch  das u m k re isen d e  T eilchen  d a u e rn d  a u f  e iner s tab ilen  B a h n  
(tie fs te  Q u an ten b ah n ) verw eilen .

D en  ganz speziellen  F a ll n =  1 m üssen  w ir  noch  g eso n d e rt b e tra c h te n . 
D an n  h ab en  w ir n äm lich  fü r  die p o ten tie lle  E n e rg ie ;

V =  A  j  —  dr =  A  log r/5 ( 5 )
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also fü r  je d e n  W ert v o n  r 0
E =  — oo . (6)

S ta b ile  N iveaus k a n n  es also b e i d e r  G ü ltig k e it des K ra f ta n sa tz e s  (1) 
n u r  d a n n  geben , w enn 3 > n > l  is t. D as  A u ftre ten  v o n  gebrochenen  P o te n z e n  
in  (1), d as  j a  nach  den v o ran g eh en d en  G edankengang  zw ischen diesen G renzen  
m öglich  w äre , is t jed o ch  au s d im en sio n a len  G ründen  re c h t  u n w ah rsch e in lich , 
weil es sich  ja  d ann  u m  e in  N a tu rg e se tz  hande ln  m ü ss te , in  dem  a u c h  die 
D im ension  d e r K o n s ta n te  A  eine g eb rochene  P o te n z  d e r Länge e n th a lte n  
m ü sste . E s  b le ib t also a lle in  der W e rt n =  2 als v e rn ü n ftig e  L ö su n g  übrig  
u n d  ta ts ä c h lic h  is t (w en igstens im  E u clid isch en  R a u m ) n u r  dieses K ra f tg e ­
se tz  v e rw irk lic h t, wie ja  d as  das e lek trisch e , das m ag n e tisch e  u n d  d a s  G rav i­
ta tio n s fe ld  zeigen. M u ltip o lk rä fte  die sch e in b ar eine A usnahm e v o n  dieser 
R egel b ild e n  w ürden , k a n n  m an  ja  im m e r a u f  S in g u le ttp o lk rä fte  z u rü c k fü h re n , 
w eil j a  M ultipo le  bloss e ine  m a th e m a tisc h e  A b s tra k tio n  sind. Id e a le  M ulti­
pole g ib t es in  der N a tu r  n ic h t. Bei e lek trisch en  K rä f te n  is t diese B e h a u p tu n g  
u n m itte lb a r  ev id en t, a b e r  auch  im  m ag n e tisch en  F a lle  sieh t m an  es gleich, 
dass t r o tz  dem , dass die F e ld in te n s itä t  j e t z t  du rch  e in en  axialen  V e k to r  b e ­
sch rieben  w ird , m an z. B . das Feld  e in e r  S trom schleife  zw ar d u rch  e ine  D op­
p e lsch ich t beschre iben  k a n n , m an  k a n n  jedoch  diese flä ch en h a ft v e r te ilte  
D ip o lsch ich t n ich t in  e in  p u n k tfö rm ig es  (also m a th em a tisch es) D ip o l von  
end lichem  D ipo lm en t zu sam m en z ieh en . Im  Z u sam m en h an g  m it d ie se r F rag e  
is t es n o ch  in te re ssan t zu  erw ähnen , d a ss  nach  den  n e u e n  H o f s t a d t e r s c h e n  
u n d  W il s o n s c h e n  M essungen, sogar a u c h  das m ag n e tisch e  M om ent d e r  N u k ­
leonén in  einem  endlichen  V olum en v e r te i l t  is t. Die v a n  d e r  W a a l s s c h e  E nerg ie  
is t au sse rd em  auch n u r  e in  gew isser ze itlich e r M itte lw e rt von  den v o n  D ipo l­
k rä f te n  v e ru rsa c h te n  E n e rg ie ä n d eru n g e n . A usser d iesen  e rw ä h n te n  U m ­
s tä n d e n  b e s te h t  ja  se lb s tv e rs tä n d lic h  a u c h  die e lem en ta re  Regel, d ass  w enn 
sich irg en d  eine W irk u n g , die n ic h t verlo ren g eh en  k a n n , g leichm ässig  im  
R au m e v e r te i l t ,  deren  D ic h te  p ro p o rtio n a l zu 1/r2 ab n eh m en  m uss.

Z u r  E rg än zu n g  d e r  h ie r  g e sag ten  fü h ren  w ir n o c h  die k in e tisch e  E nerg ie
1

T — —  mv2 ein, d an n  h a b e n  w ir
2

E  =  Í— ----------—  2 T . (7)
V 2 n — 1

A lso fo lg t im  B o h rsch en  F alle  (n =  2)

E  =  — T  ; (8)

ist d agegen  n =  3, so h a b e n  w ir d a u e rn d

E  =  0 ,  (9)
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u n d  bei dem  A u ftre te n  eines lo g arith m isch en  P o te n tia ls  (n =  1)

( 10)

2 .

N ach diesen e lem en ta ren  B e tra c h tu n g e n  wollen w ir j e t z t  sehen, wie 
die analogen  V erh ä ltn isse  bei d en  h a lb em p irisch en , zur B esch re ib u n g  d er 
K e rn k rä f te  (also d er so g en an n ten  s ta rk e n  W echselw irkung) e in g e fü h rten  P o ­
te n tia la n sä tz e n  sein  w erden . B esonders v ie r F u n k tio n e n  h a b e n  bei der B e ­
sch re ib u n g  dieser W echselw irkung  eine gewisse B ed eu tu n g  e r la n g t, das einfache 
K a s te n p o te n tia l, das Y uK A W A -Potential, das G A U ss-P o ten tia l u n d  das E x p o - 
n e n tia lp o te n tia l. Z u e rs t w ollen w ir das w ah rsch e in lich  w ich tig s te  von  denen , 
dem  m an  ja  au ch  eine gewisse th eo re tisch e  B eg rü n d u n g  g eb en  k an n , das 
Y uK A W A -Potential, b e tra c h te n . A us dem  fo lg t fü r  die p o te n tie lle  E nergie

V  = -----—  e~br . (11)
r

A us der G leichheit d er zen trifu g a len  u n d  der z e n tr ip e ta len  K r a f t  e rh a lten  w ir 
w ieder

A_
T

+  b e- b r ( 12)

u n d  fü r  die ganze E nerg ie

E  =
r

(13)

E s können  also n u r  d o rt s ta b ile  N iveaus v o rh a n d e n  sein , w o 1/r b is t, 

a lso  bei k leinem  r. F ü h re n  w ir w ieder exp liz it d ie  k in e tische  E n e rg ie  T  =  —  m»s 

ein , so fo lg t

E =  -
1 +  br

T . (14)

I s t  r  so k le in , dass auch  n o ch  br 1 is t, so g eh t (14) in

E = - T  (15)

ü b e r, also in  u n se r  R e su lta t  (8). A u f die B esp rech u n g  der b e im  Y u k a w a - 
P o te n tia l  a u f tre te n d e n  w eite ren  V erh ä ltn issen  kom m en w ir  im  n äch sten  
P a ra g ra p h e n  noch  zu rück .
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Im  F a lle  des G A U ss-P o ten tia ls h a b e n  w ir

V = — A e - br\  (16)

u n d  aus d e r  G le ichheit d e r  K rä fte  b e i K re isb ah n en  fo lg t w ieder

^ - = 2  A b r e ~ br\  (17)
r

A us (16) u n d  (17) e rh a lte n  w ir also  fü r  die g an ze  Energie

E  =  V  +  y  mv2 =  A {br2 -  1) e- br2. (18)

S tab ile  N iveaus k a n n  es also n u r  d o r t  geben, w o 1/r2 > 6  is t, d . h . w ieder 
bei k le ine  r.

B ei d e r B e n ü tz u n g  eines e in fach en  E x p o n e n tia lp o te n tia ls  h a b e n  w ir

V =  — Ae -br

u n d  w e ite r w ieder be i K re isb ah n en

m ir =  Abe br

u n d

E = -  Ae - b r =  A br — 1 o —br

(19)

( 20)

( 21)

S tab ile  N iveaus k ö n n e n  also n u r  d o r t  a u f tre te n , wo r < / 2/6 is t .
In  d en  beiden  z u le tz t  b e tra c h te te n  F ällen  w o llen  w ir je tz t  w ied er die 

k in e tisch e  E nerg ie  e x p liz it e in füh ren . B ei einem  GAUSSschen P o te n t ia l  folgt 
d an n  aus (17),

Г  = —  mv2 =  Ab  r2 e -br2
2

( 22)

u n d  w e ite r  aus (18)

E  = br1 -  1 T
br2

(23)

W ird  w ieder r seh r k le in , so n ä h e r t  sich n a c h  (22) u n d  (23) E  d em  k o n ­
s ta n te n  W ert

E  =  -  A  (24)
u n d  T  zu

T = 0 .  (25)
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Bei d e r B en ü tzu n g  des e in fachen  E x p o n e n tia lp o te n tia ls  vom  T y p  (19) 
fo lg t dagegen , w enn w ir w ieder die k in e tisc h e  E nerg ie  T  e x p liz it e in führen

u n d  aus (21)

—  A b r e ~ br 
2

E  = T .

F ü r  seh r k leine r e rh ä lt m an  also a u c h  je tz t

T =  0 u n d  E  — — A .

Im  F a lle  eines e in fachen  K a s te n p o te n tia ls  h ä tte n  w ir

K ( r )  =
-  V 0 f ü r  r  <  b 

0 f ü r  r  >  b.

(26)

(27)

( 28)

(29)

T a tsäch lich  k a n n  m an  o ft die w irk lich  a u ftre te n d en  V erh ä ltn isse  m it  
H ilfe von  solch einem  P o te n tia l  p h en o m eno log isch  ganz r ic h tig  besch re iben , 
als w irkliches N a tu rg ese tz  w äre  jed o ch  so lch  ein P o te n tia la n sa tz  (wenn m a n  
n u r  n ic h t eine d isk on tinu ie rliche  R a u m s tru k tu r  an n eh m en  w ürde) h ö c h s t 
u n w ah rsch e in lich . N eg a tiv e  E nerg iew erte  k a n n  es nach  (29) se lb s tv e rs tä n d lic h  
ü b era ll geben, wo r <  b is t, u n d  fü r  die k in e tisc h e  Energie k a n n  maD k lassisch  
keinen  fix en  W e rt angeben , sie m uss n u r  k le in e r  als V0 sein.

S e lb s tv e rs tän d lich  k ö n n te  m an  sich  n o c h  seh r viele P o te n tia lty p e n  a u s ­
d enken , die m it abnehm endem  r seh r schnell (num erisch) g rö sser w erd en [1]. 
D ieser B ed ingung  w ürde  z. B . sogar au ch  d ie  p o ten tie lle  E n e rg ie

genügen . D an n  h ä tte n  w ir

und

oder

E  =  A

E

b
=  — Ae+ ~y (30)

Ab  ̂ ь
-  =  —— e+ ~r (31)

r2

1 b ,  ) , 1------------l e '  r (32)
2 r  )

1 -----— j T .
b

(33)
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S tab ile  N iveaus g ib t es in  diesem F a lle  also n u r im  G eb ie t, in  d em  —— 

>  1 is t, e in  fü r  die K e rn p h y s ik  ganz a b su rd e s  R e su lta t .

3.

W egen d e r  grossen W ic h tig k e it des Y uK A W A -Potentials kom m en w ir j e t z t  
no ch e in m al a u f  diese F ra g e  zurück . B e k a n n tlic h  k a n n  m a n  fü r diese W ech se l­
w irkung  eine A r t  th e o re tisc h e  H erle itu n g  geben. B e tra c h te n  wir n ä m lic h  die 
(skalare) K l e i n —GoRDONsche W elleng leichung  fü r  e in  Teilchen, d as  die 
M asse fi b e s i tz t ,  u n d  se tzen  w ir (ganz w illkü rlich ) die zw eite  A b le itung  n a c h  
d e r Z eit in  d ie se r G leichung  gleich N ull, so e rh a lten  w ir

4 jr^  //2
A W  -  1 —  W =  0 .  (34)

h2

Als L ö su n g  dieser D iffe ren tia lg le ich u n g  folgt b e k a n n tlic h  wie m a n  le ic h t 
n a c h re c h n e t,

W = ± ^ e ~  2 * ^ ' ,  (35)
r

w obei g2 eine  In te g ra tio n sk o n s ta n te  is t. (35) is t, abgesehen  von den b e n ü tz te n  
an d eren  B eze ichnungen , d ie  von  uns in  (11 ) e in g efü h rte  po ten tie lle  E n e rg ie

V = --------e~br. (36)
r

B erü ck sich tig en  w ir no ch , dass d ie  K e rn k rä f te  e ine  ungefähre R e ic h ­
w eite v o n  d em  klassischen  E le k tro n e n ra d iu s  (e2/mc2) h a b e n , also 1/b v o n  d ieser 
G rö ssen o rd n u n g  sein m uss, so folgt dass f l  u n g e fä h r d ie  G rösse einer M esonen­
m asse h a t .  D esh a lb  n im m t m a n  an, dass d a s  K ern fe ld  h a u p tsäch lich  л  -M esonen 
v e ru rsach en . Jed en fa lls  k a n n  diese Ü b e re in s tim m u n g  au ch  n u r ein  b lo sse r 
Z ufa ll se in , f ü r  unsere  B e tra c h tu n g e n  is t  jed o ch  d e r U m sta n d  sehr w ich tig , 
dass da a u f  d e r  rech ten  S e ite  von  (36) d e r exp o n en tie lle  F a k to r  eine d im en sio n s­
lose G rösse is t ,  A  no tw endigerw eise  d ie D im ension  v o n  dem  Q u a d ra t e in er 
e lek trisch en  L ad u n g  b e s itz e n  m uss. W e ite r  is t  es in te re s s a n t zu b em erk en , dass 
eben  die K e rn k rä f te  (also die so g en n an n te  s ta rk e  W echselw irkung) n u r  m it 
n ic h t g an z  zw ei G rössenordungen  die e lek tro m ag n e tisch e  W echselw irkung  
iib e rtr iff t. D agegen  is t d ie  schw ache W echse lw irkung  v o n  der e lek tro m a g n e ­
tischen  u n d  diese w ieder v o n  der G rav ita tio n sw ech se lw irk u n g  um  se h r  v iel 
m ehr G rö ssen o rd n u n g en  versch ieden .
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F ü h re n  w ir j e tz t  in  (36) s t a t t  A  die G rösse 1/31 =  о e in , w elche also d ie  
D im ension  e iner e lek trisch en  L ad u n g  b e s itz t ,  so können  w ir  s t a t t  der p o te n ­
tie llen  E nerg ie  V  das P o te n tia l

(p =  — e~br (37)
r

e in füh ren , cp g en ü g t se lb s tv e rs tän d lich  eben fa lls  u nserer D iffe ren tia lg le ich u n g  
(34), die w ir j e tz t  in  d er F o rm

Л е р  — b2<p =  0 (38)

sch re iben  können .
(38) h a t  jed o ch  v o lls tä n d in g  die F o rm  einer P o isso N sch en  D iffe ren tia l­

g leichung

A cp -f- 4л p =  0 . (39)

D u rch  V ergleich von  (38) u n d  (39) fo lg t also

4 л  p =  — b2cp (40)
u n d  d a rau s

62
e  =  — - — <p- ( 4 i )

4 71

S etzen  w ir h ie r noch  (37) e in , so fo lg t w e ite r

Q 4л; r
(42)

D iese v e rsch m ie rte  «L adungsdich te»  u m g ib t also das im  M itte lp u n k te  sich  
b e fin d en d e  K ra f tz e n tru m  von  d e r «Ladung» a u n d  schw äch t dessen Feld  v o n  
einem  co u lo m b artig en  a u f  das YuKAWAsche ab . I s t  diese B e h a u p tu n g  ta ts ä c h ­
lich  r ich tig , m uss die L a d u n g sd ich te  (42) d as  YuKAWAsche P o te n tia l  re p ro d u ­
zieren . In  e iner E n tfe rn u n g  r 0 v o m  Z en tru m  m üssen  w ir also n a c h  der P o te n ­
tia lth e o rie  das P o te n tia l

9 ( r 0) =  f -
'o

4л; q r2 dr  -)- 4 л  q rdr

b eo b ach ten .
T a tsäch lich  fo lg t, w enn w ir q aus (42) in  (43) e insetzen ,

(43)

9s ( r o) (44)

u n d  d a m it is t u n sere  B e h a u p tu n g  bew iesen.
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E rg ä n z e n d  w ollen w ir  noch  die g an ze  um  das Z e n tru m  h e ru m  v e r ­
sch m ie rte  «L adung» b e rech n en . W ir h a b e n

Q =  4л f g r~ dr  , (45)
о

u n d  se tzen  w ir  h ier w ieder q au s (42) e in , so fo lg t nach  e lem en ta ren  R ech n u n g en

Q =  - a .  (46)

Im  U n en d lich en  n e u tra lis ie r t  also d iese  v e rsch m ie rte  L ad u n g  die z e n tra le  
v o lls tä n d ig , p ra k tisc h  je d o c h  schon in  e in e r  E n tfe rn u n g , d ie  gross im  V erh ä ltn is  
z u r R e ich w eite  d er K e rn k rä f te  is t.

Im  Z u sam m en h an g  m it  d ieser F ra g e  is t es in te re s s a n t zu e rw äh n en , 
dass n a c h  d en  HoFSTADTERschen u n d  WiLSONschen U n te rsu c h u n g e n  [2] die 
N uk leo n én  k eine  DiRACschen T eilchen  sin d , also s ich e r n ich t als p u n k t ­
fö rm ig  b e t r a c h te t  w erden  k ö n n en , so n d e rn  eine rä u m lic h e  S tru k tu r  b e s itzen , 
deren  A u sd eh n u n g  v o n  d e r  selben G rö ssen o rd n u n g  w ie die R eichw eite  der 
K e rn k rä f te  is t .

W ir seh en  also, dass d as  Y uK A W A -Potential au ch  in  dieser H in s ic h t eine 
ganz ausg eze ich n ete  R olle sp ie lt. U nsere  P o te n tia la n sä tz e  (16) oder (19) w ü rd en  
z. B . eine so einfache u n d  p lausib le  phy sik a lisch e  In te rp re ta t io n  g a r  n ic h t 
zul assen.

4.

A lle u n se re  b ish erig en  B e tra c h tu n g e n  w aren re in  k lassisch . W ir w ollen  
j e tz t  seh en , w as an  u n se re n  R e su lta te n  ab zu än d ern  is t ,  w enn w ir zu e rs t 
d ie BoH Rsche Q u a n ten th eo rie  e in füh ren . Im  Falle u n se re s  K ra f ta n sa tz e s  (1), 
also

(47)

sind  (bei d e r  A nnahm e v o n  K re isb ah n en ) d ie  BoH R Schen Q u an ten b ed in g u n g en

2 л: m г V =  kh (48)

be i jed em  W e rt von  n e rfü llb a r. D och  e rh ä lt m an  s ta b ile  B ah n en , w ie wir 
das schon  im  § 1 b esp ro ch en  haben , n u r ,  w enn die U ng le ichung  3 ]>  n >  1 
b e s te h t, u n d  auch  von  d iesen  W e rte n  v o n  n w ird  w ahrsche in lich  n u r  das 
G esetz m it n =  2 eine n a tu rw isse n sc h a ftlic h e  R e a litä t  besitzen .
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Im  F alle  eines Y trKAW A-Potentials is t  d ie  Q u a n te lu n g  b e i K re isb ah n en  
ebenfalls m öglich. A us d er G leichsetzung  d er z e n trifu g a len  u n d  der z e n tr ip e ta ­
len  K ra f t  fo lg t

e—br (49)

F ü r  die E nerg ie  h ab e n  w ir also

E = V + T = — Ae~br (50)

W eite r e rh a lte n  w ir aus der Q u an ten b ed in g u n g  (48)

u n d  aus (49)

о  9
m ~  r~ V2 kh 2

2л

m 2 r2 v2 =  m  r 2 A \ ----------
I r

n—br

(51)

(52)

D ie G le ichsetzung  v o n  (51) u n d  (52) g ib t den  Z u sam m en h an g

fc2 h2 =  4л:2 m r 2 А —  +  fej е -Ьг. (53)

D u rch  E lim in a tio n  v o n  Ae br fo lg t w e ite r aus (50) u n d  (53) n ach  e lem en ­
ta re n  R echnungen

k2h2 Í _  2 •
8л2 m r2 I 1 +  b r

(54)

also dasselbe R e s u lta t ,  das schon v o n  R awls u n d  Schultz [3] h e rg e le ite t 
w urde . Setzen  w ir in  (54) 6 =  0, so e rh a lte n  w ir die R e s u lta te  der B o h r - 
schen  Theorie.

In  (54) is t es n ic h t ge lungen , r zu  e lim in ieren , das b e d e u te t  jedoch  n ic h t, 
dass diese G rösse noch  frei w ä h lb a r w äre , w eil deren  W e rt is t  schon d u rc h  
(48) u n d  (49) e in d eu tig  fes tg e leg t.

Im  F alle  eines G AUSS-Potentials k ö n n en  w ir w ieder u n te r  A n n ah m e 
von  K re isb ah n en  analog  v e rfah ren . N ach  (16) schre iben  w ir die dabei a u f ­
tre te n d e  p o ten tie lle  E nerg ie  in  der F o rm

V =  — Ae~br2 . (55)
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A nalog  zu (49) fo lg t d an n  w e ite r

2Ab r e -b r г (56)

F ü r  die E n e rg ie  e rh a lten  w ir  j e tz t

E =  V  -j------m V2 =  (br2 — 1) Ae~br2.
2

(57)

B erech n en  w ir w ieder m W  e in erse its  aus (48) u n d  an d ere rse its  au s  (56) 
u n d  se tzen  d iese  A u sd rücke  e in an d er g le ich , so fo lg t an a lo g  zu (53)

k2 h2 =  8л2 b m r4 Ae br2.

A us (57) u n d  (58) e rh a lten  w ir du rch  E lim in a tio n  von  A e~br*

E  =
k2h2

8л2 i 1 -
br2

B ei e in e m  ein fachen  E x p o n e n tia lp o te n tia l  h ab en  w ir n a c h  (19)

V =  — А n—br

u n d  ana lo g  zu  (49)

u n d  w e ite r  äh n lich  zu (53)

Abe -br

к2 h2 =  4 л 2 m r 3 b Ae -br

F ü r  die E n e rg ie  folgt

E  =  V  -)------mv2 =  —  br — 1 Aea-br

u n d , w enn  w ir Ae br w ied er aus (62) u n d  (63) e lim in ieren ,

k2h2 
8л2 m r2

1 —
br ,

(58)

(59)

(60) 

(61)

(62)

(63)

(64)

D ie B e rü ck sich tig u n g  v o n  E llip sen b ah n en  w äre in  d en  h ier besp ro ch en en  
F ä llen  m it seh r grossen m a th e m a tis c h e n  S chw ierigkeiten  v e rb u n d e n , da  ja  
dieses P ro b le m  auch schon  in  dem  B o uR schen  Fall n ic h t ganz  einfach  is t. M an

Acta Physica Academiae Scientiarum Hungariçae 23, 1967



ÜBER DIE NIVEAUDICHTE D ER ATOMKERNE 107

k ö n n te  es jed o ch  k a u m  e rw arten , dass aus so lchen  B erech n u n g en  etw as q u a li­
ta tiv e  w esen tlich  anderes h e rau sk o m m en  w ü rd e  als die h ie r  e rh a lten en  R e ­
su lta te .

E s sei n u r  noch  b e m e rk t, dass bei k le in e  W erte  von  r  im  Falle eines 
Y u k a w a - P o te n tia ls  die k in e tisch e  E nerg ie  T  n a c h  (15) in  die aus der B o h r -  

schen T heorie  fo lgende ü b e rg e h t, bei der B e n ü tz u n g  eines G a u s s s c h e n  oder 
eines e infach  ex p o n en tie llen  P o te n tia ls  g eh t dagegen  T  in  d iesem  Falle n a c h  
(25) u n d  (28) zu N ull. D a jed o ch  d an n  notw end igerw eise  au ch  die G eschw indig­
k e it V  zu  N ull gehen  m uss, so w erden  die Q u an ten b ed in g u n g en  u n e rfü llb a r . 
D ieser U m stan d  bew eist au ch  die grosse Ü berlegenhe it des YuKAW A-Poten- 
tia ls .

5.

J e tz t  w ollen w ir noch  die F rag e  b esp rech en , das w as die A nw endung  
d er Q u an ten m ech an ik  zu u n se ren  b isherigen  R esu lta ten  h in zu se tzen  k a n n . 
E rs ten s  k a n n  m a n  alle unsere  in  den v o rig en  P a ra g ra p h e n  e rh a lten en  E r ­
gebnisse m it H ilfe d e r W e n t z e l — B r i l l o u i n —KRAMERSschen A p p ro x im a tio n s­
m ethode  oder m it H ilfe v o n  e iner w e ite ren  V ervo llkom m nung  derse lben  
an g en äh e rt in  die Q u an ten m ech an ik  ü b e rtra g e n . Z u r ex ak ten  L ösung  der b e re its  
besprochenen  P ro b lem e  n ach  d er W ellenm echan ik  m uss m a n  jed o ch  fü r  
jed en  einzelnen F a ll eine an d ere  m a th e m a tisc h e  L ösungsm ethode  au sa rb e iten , 
u n d  e rh ä lt deshalb  g a rn ich t solch eine ein fache  Ü bersich t ü b e r  die a u f tr e te n ­
den  V erh ä ltn isse , wie n ach  d er BoHRschen T heorie .

I n  einigen ein fachen  F ä llen  k a n n  m a n  jed o ch  die W elleng le ichung , die 
e n ts te h t, w enn w ir fü r  die p o ten tie lle  E nerg ie  e inen  A u sd ru ck  von  denen , die 
w ir in  u n serem  §2 b esp rochen  h ab en , e in se tzen , im  k u g e lsy m m etrisch  an g e ­
nom m enen  G ru n d zu stan d e  ta tsä c h lic h  lösen. So erh ä lt m an  fü r  den F a ll des 
e infachen  K a s te n p o te n tia ls  in n e rh a lb  dieses »K astens« als L ösung  eine e in ­
fache S in u sfu n k tio n  u n d  au sse rh a lb  eine E x p o n e n tia lfu n k tio n  se lb s tv e rs tä n d ­
lich  m it n eg a tiv en  E x p o n e n te n . B ei der B e n ü tz u n g  eines e in fach en  E x p o n en - 
tia lp o te n tia ls  v o n  d e r F o rm  (19) k a n n  m an  d agegen  die e n ts te h e n d e  W ellen- 
g leichung m it H ilfe  von  B ESSEL-Funktionen p o sitiv e r O rd n u n g  lösen.

D as P ro b lem  des zu 1/r2 p ro p o rtio n a le n  P o ten tia ls  h a b e n  zu erst M o t t  
u n d  M a s s e y  [ 4 ]  q u an tem eeh an isch  b e tra c h te t .  N ach  ihnen  h a t  sich A a d n a  

O r e  [ 5 ]  m it d iesem  P ro b lem  b esch ä ftig t, u n d  w eiter d an n  C a s e  [ 6 ] .  U n te r  
B erück sich tig u n g  se iner R e su lta te  h a t  d an n  A a d n a  O r e  seine eigenen  etw as k o r ­
r ig ie rt. N ach  C a s e ,  d er ausser d e r ScHRÖDiNGERschen T heorie au ch  die D i r a c -  

sche an g ew an d t h a t ,  k ö nnen  bei einem  zu 1 /r2 p ro p o rtio n a len  P o te n tia l n u r  
d an n  E n erg ien iv eau s a u ftre te n , w enn  m an in  d ie  W ellen fu n k tio n  eine P h a se n ­
k o n s ta n te  В  e in fü h rt, die also fü r  kleine x in  d e r Form

и =  C x'  ̂ cos (А/ log n a t  x -j- B) (65)
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sch re ib t. A n sch au lich  e n ts p r ic h t das d e r  A n n ah m e, d ass  die G ü ltig k e it der 
P o te n tia lfu n k tio n  bei e in em  kleinen W e r t  von  r (r =  e) au fh ö rt. D e r  W e rt 
v o n  В  h ä n g t  d an n  u n m itte lb a r  m it d iesem  e zu sam m en . Sonst g ib t es in  
d iesem  F a ll  n a c h  dem  g e n a n n te n  V erfasser k e in e  N iv eau s, u n d  das is t d asse lbe  
R e su lta t , d as  w ir in  u n se re m  § 1 fü r d en  K ra f ta n sa tz

* = -  4  <66)rJ

a u f  e lem en ta rem  W ege h e rg e le ite t h a b e n . C a s e  e rh ie lt n a c h  seiner M eth o d e , 
w enn  er a u c h  die e rw ä h n te  P h a se n k o n s ta n te  e in fü h rte , ein p u n k ta r tig e s  
E n e rg ie sp e k tru m  v o n  m in u s  U nend lich  b is  N ull, wo ein  V e rd ic h tu n g sp u n k t 
a u f t r i t t  u n d  ü b e r  dem  ein  positives K o n tin u u m . E in  in te re ssa n te s  E rg e b n is  
d ieser B erech n u n g en  w a r n o ch , dass sich  m eh r E ig e n fu n k tio n e n  als d ie  zu r 
B ild u n g  e in e r  k o m p le tte n  o rth o g o n a len  F u n k tio n e n re ih e  genügenden  (also 
eine ü b e rk o m p le tte  R e ih e) ergeben h a b e n .

M it d em  so w ich tig en  P rob lem  d e r L ösung  d er ScHRÖDiNGERgleichung, 
w enn  m a n  fü r  die p o te n tie lle  E nergie d as  Y uK A W A -Potential (11) b e n ü tz t  
h a t  sich in  le tz te re r  Z eit H a r r i s  [ 7 ]  b e sc h ä ftig t. E r  b e n ü tz te  p e r tu rb  a tio n s- 
u n d  v a r ia tio n s te c h n isc h e  M ethoden  zu r a n g e n ä h e rten  L ö su n g  dieses P ro b lem s.

6 .

In  d en  v o ra n g e h e n d e n  A b sc h n itte n  h ab e n  w ir es gesehen, dass b e i den 
in  der K e rn p h y s ik  in  e rs te r  L inie in  F ra g e  k o m m en d en  P o te n tia la n s ä tz e n  es 
n u r  sehr w en ig  stab ile  E n e rg ien iv eau s  g eben  k an n . D ie U rsach e  von d iesem  T a t­
b e s ta n d  is t  e rs ten s , dass d ie  G esam tenerg ie  n u r  in  v e rh ä ltn ism ä ss ig  b e s c h rä n k ­
te n  B ere ich en  n e g a tiv  is t , u n d  dazu k o m m t noch , dass d o r t  se lb s tv e rs tä n d lic h  
auch die Q u an ten b ed in g u n g en  erfü llt sein m üssen. T a tsäch lich  besitzen  au sse r dem  
D e u te ro n  a u c h  die b e k a n n te n  D re ik ö rp e rp ro b lem e  d e r K ern p h y sik  (das T rito n  
u n d  das 3H e) keine a n g e re g te n  Z u stän d e . B ezüglich  d e r E x is ten z  v o n  an g ereg ­
te n  N iv eau s des 4H e v e rw eisen  w ir a u f  d ie  neue k r itisc h e  B esp rechung  dieser 
F rag e  v o n  A r g a n ,  M a n t o v a n i ,  M a r a z z i n i ,  P i a z z o l i  u n d  S c a n n i c c h i o  [8]. 
D ie w e ite ren  K ern e  b e s itz e n  schon an g e reg te  Z u s tän d e , jed o ch  noch  re la tiv e  
w enige. D ie  D a te n  fü r  die K e rn e  von  A  =  5 bis A =  10 s in d  in  dem  z u sa m m e n ­
fassenden  B e ric h t vo n  L a u r i t s e n  u n d  A j z e n b e r g —  S e l o v e  [9] zu f in d e n . N  och 
w eitere  K e rn e  besitzen  sch o n  m ehr an g e reg te  Z u s tä n d e ; diesbezüglich  e rw äh ­
n en  w ir d ie  schon  ä lte re  A rb e it von  E n d t  u n d  v a n  d e r  L e u n  [10] fü r  die 
S y s te m n u m m e rn  von  11 b is  20. A n d e re rse its  h ab en  K e rn e , w elche au s v ie len  
N uk leo n én  a u fg e b a u t s in d , sehr v iele E n e rg ien iv eau s  u n d  m eistens z iem lich  
ve rw ick e lte  T e rm sc h e m a ta . Ü ber diese F ra g e  liegen in  d e r  F a c h li te ra tu r  sehr 
zah lre iche  V erö ffen tlich u n g en  vor.
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A u f G ru n d  u n se re r  b isherigen  B e tra c h tu n g e n  bezüg lich  der K e rn k rä f te , 
w ollen w ir je tz t  sehen , wie d ieser sch e in b are  W id e rsp ru ch  zu s tan d e  k o m m t. 
N ehm en  w ir z. B . fü r  die A n o rd n u n g  d e r N uk leonén  in  einem  schw eren  K ern  
eine k u b isch  d ich te s te  K u g e lp ack u n g  a n , so b e s itz t je d e s  T eilchen  12 u n m it te l ­
b a re  N a c h b a rn . So k ra ss  w ird  zw ar d ie  S ache bei an g e reg ten  Z u s tän d en  auch 
schon  deshalb  n ic h t sein , w eil e rs ten s  solche T eilchen  ja  g rössten te ils  a u f  der 
O berfläche des K ern es verw eilen  w erd en  u n d  zw eitens w eil ja  K e rn k rä f te  te i l­
weise e inen  A u s ta u sc h c h a ra k te r  b e s itz e n , doch w ird  die Z ahl d er u n m it te l ­
b a re n  N a c h b a rn  w esen tlich  g rösser a ls eins b le iben .

K rä f te  ad d ie ren  sich jed o ch  als V ek to ren , die P o te n tia le  d agegen  als 
sk a la re  G rössen. S ind also ta tsä c h lic h  m ehrere  u n m itte lb a re  N a c h b a rn  v o r­
h a n d e n  u n d  beze ichnen  w ir deren  Z ah l m it N,  k a n n  zw ar in  unseren  G le ich u n ­
gen (2), (12), (17), u n d  (20) bzw . (49), (56) u n d  (61), w elche die G le ichhe it der 
z e n tr ip e ta len  u n d  d er zen trifu g a len  K rä f te  au sd rü ck en  u n d  die w ir zu sa m m e n ­
fassend  in  d er F o rm

(67)

schre iben  kö n n en , die zen trifuga le  K ra f t  grösser w erd en . B erü ck sich tig en  w ir 
diesen U m stan d  m it H ilfe eines F a k t o r s / ,  so h ab e n  w ir s t a t t  (67)

N

y v ’i =  f
mv2

r
( 68)

doch w ird  f  im m er w esen tlich  k le in e r b leiben  als N.  A us (68) fo lg t, dass w ir 
je tz t  fü r  die k in e tisch e  E nerg ie  a n g e n ä h e rt

T =  f —  mv2
2

(69)

schre iben  m üssen. D ie h ie r a u f tre te n d e n  p o ten tie llen  E n erg ien  m u ltip liz ie ren  
sich dagegen  ein fach  m it N.  S ta t t  u n se re  G le ichungen  (3), (13), (18) u n d  (21) 
bzw . (50), (57) u n d  (63) h ab e n  w ir also

E  = N V + S \ m r . (70)

D a  wie w ir das jed o ch  schon b esp ro ch en  h ab en  f  w esen tlich  k le in er als N  
sein m uss, so w erden  j e tz t  die G eb ie te , in  denen  die E n erg ie  E  n eg a tiv  is t ,  b e ­
d eu ten d  grösser w erden . D ie Q u an ten b ed in g u n g en  ä n d e rn  sich  dagegen b e i w ei­
tem  n ic h t so w esen tlich , w eil ja  ]f f  ■ v v ie l w eniger vo n  v versch ieden  sein  w ird . 
Es k ö n n en  also schon deshalb  viel m e h r  s tab ile  N iv eau s a u ftre te n , u n d  d azu
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k o m m t noch, dass  au ch  viel m e h r T eilchen  v o rh a n d e n  sind . A lles das e rk lä r t 
g an z  un g ezw u n g en  die T a tsach e , dass aus w en ig  N ukleonén  a u fg e b a u te  K ern e  
k e in e  an g ereg ten  Z u stän d e  b e s itz e n , schw ere K ern e  dagegen  seh r viele an g e­
re g te  N iveaus u n d  deshalb  m e is ten s  ein v erw ick e ltes  T erm schem a h ab en .
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ПЛОТНОСТЬ ЭНЕРГЕТИЧЕСКИХ УРОВНЕЙ АТОМНЫХ ЯД ЕР
Т ,  Н А Й Г Е Б А Е Р

Р е з ю м е
В вводной части работы рассматривается вопрос, в чем заключается, на самом деле, 

причина того, что до сих пор мы не знаем элементарного закона сил, действующих между 
двумя нуклонами. Это мы считаем обусловленным полным отсутствием возбужденных 
уровней в самых простых атомных ядрах. После этого, исходя из чисто классических 
соображений, рассматривается, что в случае наиболее часто встречающихся в ядерной 
физике потенциальных функций в каких областях наблюдается отрицательная энергия; 
далее на основе теории Бора исследуется возможность появления квантовых состояний 
в данной области. В следующем параграфе данные вопросы рассматриваются на основе 
квантовой механики. Наконец, в последней части работы показывается, что в случае 
взаимодействия многих нуклонов области, обладающие отрицательной энергией, стано­
вятся намного большими (сильно расширяются), а квантовые условия изменяются во 
много меньшей мере. Данное обстоятельство обусловливается складыванием потенциаль­
ных энергий как  скалярных, а сил — как векторных величин. Данное обстоятельство 
без всяких усилий обьясняет появление очень сложных систем термов в тяжелых атом­
ных ядрах, то есть такого экспериментального факта, который частично подобен наблю­
даемому в физике электронных оболочек.
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C O M M U N I C A T I O N E S  B R E V E S

EINE WÄRMEIMPULSMETHODE ZUR 
BESTIMMUNG DER TEMPERATURLEITZAHL 

AN KURZEN PROBEN

Von

F . K e l e m e n

L E H R S T U H L  F Ü R  M E C H A N I K  U N D  W Ä R M E L E H R E  A N  D E R  B A B E S - B O L Y  A I - U N I V E R S I T Ä T ,
C L U J ,  R U M Ä N I E N

(Eingegangen: 17. II. 1966)

Einleitung.  D urch  M essung der T e m p e ra tu r le itz a h l (a) is t  es m ög lich , 
eine schnelle B estim m u n g  der W ärm e le itzah l (к) v o rzu n eh m en , w enn d ie  
D ich te  (q) u n d  spezifische W ärm e  (c) des K örpers b e k a n n t s ind  (k =  q ca).

In  jü n g s te r  Z eit w u rd en  fü r  die B estim m u n g  d er T e m p e ra tu r le itz a h l 
besonders d ie  W ärm ew ellen -M ethoden  en tw ic k e lt: 1) die so g en an n ten  A ng- 
s tröm -M ethoden , bei denen  die D äm p fu n g  d e r A m plitude  bzw . die V ersch ie ­
bu n g  der P h a se  der s inuso idalen  T em p era tu rw ellen  längs d e r  P robe o d e r in  
A b h än g ig k e it v o n  der F req u en z  gem essen w ird  [1 ]— [3]; 2) die W ärm eim p u ls- 
m eth o d en , be i denen eine T em p era tu rw elle  an  der V orderse ite  des P ro b e k ö r­
pers h e rv o rg eru fen  u n d  in  einem  P u n k t d e r  P ro b e  die ze itlich e  V erän d e ru n g  
der T e m p e ra tu r  b e s tim m t w ird  [4 ]— [7].

Es w u rd e  schon frü h e r  d a ra u f  h ingew iesen  [7], dass n a c h  den W ä rm e ­
im p u lsm eth o d en  reelle W erte  fü r  die T e m p e ra tu rle itz a h l n u r  d an n  gew onnen  
w erden  k ö n n en , w enn äh n lich  wie bei den A n g strö m -M eth o d en  auch h ie r d e r  
E in fluss des W ärm eü b erg an g s b ese itig t w ird . Dies k an n  p ra k tisc h  e r re ic h t 
w erden , a) w en n  bei dem  als u nend lich  la n g  angenom m enen  P ro b ek ö rp e r d ie  
T e m p e ra tu rv e rä n d e ru n g  in  zwei v e rsch ied en en  P u n k te n  re g is tr ie r t  w ird  [7, 8 ],
b) w enn eine so kurze P ro b e  v e rw en d e t w ird , dass in d e r z u r  R eg is trie ru n g  
der T e m p e ra tu rv e rä n d e ru n g  n ö tig en  Z eit d e r  E influss des W ärm eü b erg an g s  
v e rn ach läss ig t w erden  k a n n  [5, 6]. In  d iesem  F alle  m üssen  jed o ch  W ä rm e ­
im pulse von  1 0 -3  sec D au er h e rv o rg eru fen  u n d  T e m p e ra tu rv e rä n d e ru n g  v o n  
1 0 bi s 10 “ 2 sec re g is tr ie r t w erden . N a tü r lic h  b ea n sp ru c h t dieses V e rfah ren  
eine dem  e rw ä h n te n  Zw ecke en tsp rech en d e  m oderne  A p p a ra tu r . A usserdem  
erg ib t sich in  diesem  F alle  eine b e trä c h tlic h e  sy stem atisch e  F eh le rque lle  d u rc h  
die V e rsp ä tu n g  der T e m p e ra tu rv e rä n d e ru n g , w enn der K o n ta k t  zw ischen  
P ro b ek ö rp e r u n d  Schw eisstelle des T h erm oelem en tes n ic h t vo llkom m en is t .

In  v o rliegender A rb e it w ird  eine V a r ia n te  der W ärm e im p u lsm e th o d e  
beschrieben , d ie  es g e s ta t te t ,  die T e m p e ra tu rle itz a h l du rch  R eg is trie ren  e in e r
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einzigen T e m p e ra tu r-Z e it-K u rv e , bei V erw en d u n g  eines e in fachen  Messinstru-* 
m en tes, zu  b e s tim m e n . D iese M ethode k a n n  be i der U n te rsu c h u n g  d e r T e m ­
p e ra tu ra b h ä n g ig k e it  der T e m p e ra tu r le itz a h l an  festen  K ö rp e rn  je d e r  A r t 
(M etalle, H a lb le ite r , I so la to re n ) , an g ew an d t w erden . D ie P ro b ek ö rp er k ö n n e n  
je  nach  d e r  T e m p e ra tu r le itz a h l der zu  u n te rsu c h e n d e n  P ro b e n  re la tiv  k u rz  
(cca. 0,3 b is  3 cm  lang) sein.

Das Prinz ip  der Methode.  E s sei an g en o m m en , dass sich  der P ro b ek ö rp e r, 
d e r  die L än g e  l u n d  den  Q u e rsc h n itt  S  h a t ,  an  der h in te re n  O berfläche S 2 in  
K o n ta k t  m it  e inem  u n en d lich en  M edium  M  b e fin d e t u n d  d ass  an  der v o rd e re n  
O berfläche eine dünne S c h ic h t von d e r D ick e  £ l p lö tz lich  e rw ärm t w ird , 
indem  dem  K ö rp e r  ein W ärm eim p u ls  z u g e fü h r t  w ird  (A bb . 1). Aus d er L ö su n g

d e r D iffe ren tia lg le ich u n g  d e r  W ärm e le itu n g , die au ch  d en  W ärm eü b erg an g  
d u rch  die se itlich e  O berfläche  des P ro b e k ö rp e rs  b e rü c k s ic h tig t, e rg ib t s ich  [8], 
dass die T e m p e ra tu r le itz a h l d u rch  den A u sd ru ck

_ ________P

2*m (1 +  2bim)
( 1 )

b e s tim m t w ird . D abei s te ll t  tm die Zeit d a r , in  der die T e m p e ra tu r  an  d e r  O b e r­
fläche  S 2 n a c h  E rzeu g u n g  des W ärm eim pu lses ih re n  H ö ch stw ert e rre ic h t. 
(D ie T e m p e ra tu rv e rä n d e ru n g  w ird  m it H ilfe  des T herm o elem en tes  Те gem es­
sen.) D er K o e ffiz ien t b c h a ra k te ris ie r t d en  W ärm eü b e rg an g  du rch  die se itliche  
O berfläche des P ro b ek ö rp e rs . E r  e rre c h n e t sich zu

b =  h ^ — . (2)
e c s

wo h d ie W ärm eü b e rg an g szah l, S d en  Q u e rsch n itt, p  den  U m fang  dieses 
Q u e rsch n itte s , g die D ic h te  u n d  c die spezifische W ärm e  bezeichnet.

A us d e r  in  F u n k tio n  d e r  Zeit an  d e r  h in te ren  O berfläche  S 2 re g is tr ie r te n  
T e m p e ra tu rv e rä n d e ru n g  k a n n  die Z eit tm le ich t b e s t im m t w erden (A b b . 2),
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doch lä s s t sie sich m it g u te r  A n n äh e ru n g  auch  aus dem  A u sd ru ck

(m *2
iogn N  
N  — 1

(3)

b erech n en , in  dem  N  =  t,Jti is t , w äh ren d  t1 u n d  t 2 d ie  Z e itd a u e rn  b e d e u te n , 
die einem  b e s tim m te n  T e m p e ra tu rw e rt a u f  d er T e m p e ra tu r-Z e it-K u rv e  e n t ­
sp rechen  (s. A bb. 2). D ieser A u sd ru ck  s te llt  eine u m  so bessere  A n n äh e ru n g  
d a r, je  k le in e r die D ifferenz  zw ischen t1 u n d  t 2 ist.

I s t  d e r  P ro b e k ö rp e r n ic h t n u r  an  d e r h in te ren , so n d e rn  auch  an  d e r s e it­
lichen u n d  v o rd e ren  O berfläche  du rch  M edium  M  b e g re n z t, d a n n  k en n ze ich n e t 
d er A ß -T e il  d er T e m p e ra tu r-Z e it-K u rv e  die A b k ü h lu n g  des K örp ers  in  d iesem  
M edium . I n  diesem  F a lle  e rh ä lt m an  aus dem  NEWTONschen A b k ü h lu n g s­
gesetz u n te r  B erü ck sich tig u n g  von  Gl. (2)

D I  log T l l T 2
b =  --------- , (4)

S 0 *2 f l

w orin  S0 d ie  G esam to b erfläch e  der P ro b e  u n d  (t2 — 1х) das a u f  dem  A ß -T e il  
d e r T e m p e ra tu r-Z e it-K u rv e  e ingezeichnete  Z e itin te rv a ll b e d e u te t, in  dessen  
V erlau f die T e m p e ra tu r  v o n  Т г a u f  T 2 fä llt. D er A u sd ru c k  log T J T 2 e rg ib t 
eine ge rad lin ig e  ze itab h än g ig e  V e rän d e ru n g  (s. A bb . 2). B e s tim m t m a n  aus 
Gl. (4) den  K oeffiz ien ten  b u n d  m isst m a n  das tm, h a t  m a n  die M öglichkeit aus 
d er Gl. (1) die T e m p e ra tu rle itz a h l zu  berechnen .

Versuchsapparatur und Versuchsergebnisse. U m  die  G ü ltig k e it des m it 
Gl. (4) k o m b in ie rten  A u sd ruckes (1) exp erim en te ll zu  ü b e rp rü fen , w u rd en  
M essungen m it P ro b e k ö rp e rn  aus ro s tfre iem  S tah l u n d  S te in sa lz  d u rch g e fü h rt.
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D a s  Schem a d e r  V e rsu c h sa p p a ra tu r  is t in  A bb . 3 d a rg e s te llt. I h r  H a u p tte il  
b ild e n  zw ei k e ram isch e  B löcke A  u n d  B,  zw ischen die d e r P ro b ek ö rp e r in  
e in em  zy lin d erfö rm ig en  H o h lra u m  gelegt w ird . Die L änge des H oh lrau m es 
k a n n  v e rg rö sse rt w erden , in d em  zw ischen A  u n d  В ein  R in g  D  von  en tsp re-

B D А

e h en d e r L än g e  e in g efü h rt w ird , d er aus dem  gleichen k e ram isch en  M ateria l 
g e fe rtig t is t  w ie die B löcke A  u n d  B.  D er W ärm eim p u ls  an  der v o rd e ren  
O berfläche  d e r  P ro b e  w ird  m it H ilfe eines 0,1 m m  d icken  N ick e lin p lä ttch en s  
H  erzeu g t, w e n n  dieses cca. 0,5 sec lan g  v o n  S trom  d u rch flo ssen  w ird . D ie 
T e m p e ra tu rä n d e ru n g  an  d e r h in te re n  P ro b eo b erfläch e  w ird  m it ein E isen-
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K o n sta n ta n -T h e rm o e le m e n t Tex gem essen, an  das ein S ilb e rp lä ttc h e n  von  
0,2 m m  D icke angeschw eisst is t. D en  g u ten  K o n ta k t  zw ischen H eize lem en t 
u n d  P ro b e  bzw . zw ischen  P robe  u n d  S ilb e rp lä ttc h e n  sichert eine d ü n n e  S ch ich t 
S ilb erp aste . Die T e m p e ra tu rä n d e ru n g  w ird  m it einem  »M ultiflex«-G alvano- 
m e te r m it geringem  In n e n w id e rs ta n d  re g is tr ie r t.

D en  Z u sam m en h an g  zw ischen den  gem essenen T e m p e ra tu rle itz a h lw e rte n  
u n d  d e r  T e m p e ra tu r  v e ra n sc h a u lich t die A bb. 4.

I n  d ieser A b b ild u n g  sind  a u c h  die Y ersuchsergebnisse  d a rg e s te llt, die 
n ach  den  in  [7] bzw . [8] b esch rieb en en  M ethoden  e rm itte lt w u rd en . D ie D iffe­
renzen  zw ischen d en  n ach  diesen u n d  n ach  den an g e fü h rte n  M ethoden  b e s tim m ­
te n  W e rte n  ü b e rsch re iten  die G renzen  der ex p erim en te llen  F e h le r  n ic h t. 
E benso  stim m en  d ie von  uns gem essenen  W erte  m it jen en  a n d e re r  A u to ren  
an ro s tfre iem  S tah l [6] u n d  S te in sa lz  [9] ü bere in .

A usser an  d iesen  S toffen w u rd en  M essungen auch  an  ein igen H a lb le ite rn  
(H gSe, H gT e, ZnTe) u n te rn o m m en . A n diesen S to ffen  w urden  die M essungen 
auch u n te r  an d eren  ex p erim en te llen  B ed ingungen  w iederho lt: das die P ro b en  
u m gebende  M edium  w ar L u ft, u n d  d e r W ärm eim p u ls  w urde  d u rc h  (0,5 b is 
1,0 sec lange) B es trah lu n g  der v o rd e re n  P ro b eo b erfläch e  m it e inem  L ic h ts tra h l 
e rzeug t. E s  w urde eine gu te  Ü b e re in s tim m u n g  zw ischen den  T e m p e ra tu r le it­
zah lw erten  be ider ex p erim en te lle r V erfah ren  gefunden .

B ei k u rzen  P ro b e n , bei denen  die D auer des W ärm eim pulses t(- g egenüber 
der Z e it tm n ich t v e rn ach lä ss ig t w erd en  k an n , b e i denen also die B ed ingung  
£ <g l n ic h t erfü llt is t , e rh ä lt m an  n a c h  der Gl. (1) fü r die T e m p e ra tu r le itz a h l 
k leinere  W erte  als d ie reellen. D ie V ersuche zeigen, dass d e r E in flu ss  der 
W ärm eim p u lsd au er v e rn ach läss ig t w erden  k a n n , w enn 0,1.
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ON THE THERMAL EFFECTS OF AUXILIARY 
ELECTRODES ON H g -A  DISCHARGES

ВУ

J .  B i t ó

I N D U S T R I A L  R E S E A R C H  I N S T I T U T E  F O R  T E L E C O M M U N I C A T I O N  T E C H N I Q U E ,  B U D A P E S T

(Received 20. I I .  1966)

As is k n o w n  [1, 2] a u x ilia ry  electrodes a rran g ed  in  th e  space of d isch arg e  
electrodes m a y  ap p rec iab ly  a ffec t th e  d isch arg e  processes ta k in g  place in  th e ir  
en v iro n m en t, a n d  also th e  e lec trode  p h en o m en a .

T he a u th o r  of th is  p a p e r  d e te rm in ed  th e  effect o f  m ovab le  a u x ilia ry  
electrodes lo c a te d  a t  one o f th e  d ischarge  electrodes on th e  te m p e ra tu re  of 
th e  e lec trode  fo r d .c. an d  50 c/s a.c. d isch arg es, a t  an  a m b ie n t te m p e ra tu re  
o f  25 U  1 degrees cen tig rad e , a n d  a t  a c u r re n t  o f 430 m A . T h e  inner d ia m e te r  
o f th e  g lass-w alled  tu b e  used  fo r th e  e x p e rim e n t was 36 m illim etres, a n d  th e  
electrodes w ere spaced  1090 m illim etres a p a r t .  T he tu b e  w as filled  w ith  a b o u t 
50 m illig ram s o f m ercu ry  a n d  argon  of a p re ssu re  of 3 m illim e tres  of m ercu ry . 
T he a u x ilia ry  electrodes w ere 0,1 m illim etre  th ic k , 7 b y  12-m illim etre  n ick e l 
p la te s  a rran g ed  p ara lle l to  one a n o th e r a n d  to  th e  axis o f th e  e lectron  em ission  
m a te ria l, c o a te d  W  double sp ira ls  fo rm in g  th e  elec trodes. T h e  nickel p la te s  
could  be a c tu a te d  in  a ra d ia l d irec tion  b y  m eans of an  e lec tro m ag n et. T h e ir  
d is tan ce  from  th e  sp ira l ax is w as a d ju s ta b le  betw een  2 a n d  17 m illim etres , 
in d e p e n d e n tly  o f  one a n o th e r. A n op tica l p y ro m e te r  w as u sed  to  d e te rm in e  
th e  e lec trode  te m p e ra tu re , a n d  to  ca lcu la te  th e  p la te  a n d  ca thode d ro p s  
a p robe  m easu rem en t m e th o d  [3] was em p lo y ed . A llow ance was m ad e  fo r  
a d e q u a te  s ta b iliz a tio n , an d  m easu rem en ts  a n d  ca lcu la tio n s w ere m ade u n d e r  
s ta tio n a ry  d ischarge  an d  e n v iro n m en ta l co n d itio n s.

Fig. 1 show s th e  re su lts  o f  in te rv e n tio n  on th e  c a th o d e  side of th e  d .c. 
d ischarge , i.e . th e  v a ria tio n  o f th e  ca thode d ro p  owing to  th e  change of p o s itio n  
o f th e  a u x ilia ry  electrodes w ith  respect to  i t .  T he  ca th o d e  sp ira l was a t  p o in t 
d =  0. A t th e  sam e place th e  dependence o f  th e  ca thode sp o t te m p e ra tu re  Ts 
on th e  d is tan ce  o f th e  a u x ilia ry  electrodes is show n. D u rin g  th e  te s ts  th e re  
w as no m eta llic  c o n ta c t b e tw een  th e  a u x ilia ry  electrodes a n d  th e  sp iral in  th e  
d ischarge  space . I n  th e  f irs t case (V T s), th e  au x ilia ry  e lec trodes had  a w all 
p o te n tia l on ly , in  th e  second se t of te s ts , how ever, th e  e lec trodes w ere c o n ­
n e c te d  to  b o th  ends of th e  sp ira l ou tside  th e  d ischarge  tu b e , so t h a t  th e  e le c tro d ­
es h ad  th e  d iffe ren t p o te n tia ls  o f th e  co rresp o n d in g  sp ira l ends. W hereas th e  
sp o t te m p e ra tu re s  m easu red  in  th is  case w ere  sc a tte re d  w ith in  th e  m easu rin g
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in a ccu racy  fo r  au x ilia ry  e lec tro d es w ith  sp ira l p o ten tia ls  th e  values o b ta in e d  
a t  c a th o d e  d ro p  values w ere sm aller. T h e  h ig h es t v a lue  o f  th e  ca th o d e  d ro p  
w as 2 v o lts , i.e . an  average  o f  one v o lt. T h e  ca thode sp o t te m p e ra tu re  w as 
in flu en ced  n e ith e r  b y  th e  a u x ilia ry  e lec tro d es w ith  wall p o te n tia l ,  no r b y  th o se

Fig. 1. In fluence of the auxiliary  electrodes m oving in the d.c. ca thode space of th e  H g —A 
discharge on ca thode drop VK and  cathode spot tem pera tu re  T ^  w hen the auxiliary electrodes 
have wall p o ten tia l, and for cases V ^ a4 T ^ e, w hen the auxiliary electrodes have spiral-end 
potentials. T he distances m arked on th e  X-axis denote  the distance of each auxiliary electrode 
from  the sp iral axis. The section of the tes t tu b e  shown represents th e  arrangem ent o f the 

spiral S and of th e  radially  m ovable auxiliary electrodes a

h av in g  sp ira l  end  p o te n tia ls , so th a t  th e  v a lu e  of th e  te m p e ra tu re  co u ld  be 
considered  c o n s ta n t. W hen  th e  sam e in te rv e n tio n  to o k  p lace on th e  an o d e  
side of d .c . d ischarge, th e  anode d ro p  a n d  anode sp o t te m p e ra tu re  v a lu es  
show n in  F ig . 2 w ere o b ta in e d . T he a u x ilia ry  electrodes w ith  w all p o te n tia ls  
d id  n o t a ffe c t th e  te m p e ra tu re  o f th e  a n o d e  sp o t (TA s), a n d  excep t fo r a single 
cu rve  sec tio n  in  th e  n e ig h b o u rh o o d  o f th e  12-m illim etre  au x ilia ry  e lec tro d e
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d istan ce , th e  anode drop also rem ain ed  c o n s ta n t. H ow ever, th e  anode d ro p  
va lu e  VA o b ta in e d  a t  12 m illim etres co u ld  n o t  be a c c e p ted  as a m easu rin g  
e rro r, th e  accu racy  o f th e  p ro b e  m easu rin g  m eth o d  being  w ith in  i 0 , 2  v o lts . 
F ro m  a com parison  of F igs. 1 a n d  2 i t  w as e v id e n t th a t  fo r o therw ise u n ifo rm

l mm]
Fig. 2. Influence of the auxiliary electrodes m oving in  the anode space of the d.e. H g —A 

discharge on th e  anode drops VA, VA, and th e  anode spot tem pera tu res, Тд§, T A>a

te s t  co n d itions th e  te m p e ra tu re  o f  th e  an o d e  sp o t exceeded t h a t  of th e  c a th o d e  
sp o t b y  a b o u t 160 degrees cen tig rad e , N o so o n er had  th e  a u x ilia ry  e lec trodes 
m oving  in  th e  p la te  space reach ed  a p o te n tia l  co rrespond ing  to  th e  tw o  en d s 
of th e  sp ira l fo rm ing  th e  anode th a n , ow ing  to  th e  ex tra -d isch a rg e  m e ta llic  
co nnec tion , th e  te m p e ra tu re  o f th e  anode s p o t  d ropped  b y  300 to  400 deg rees 
cen tig rad e . T h is phenom enon  w as n o t o b se rv e d  w ith  c a th o d e  in te rfe ren ce , 
a lth o u g h  th e re , to o , th e  a u x ilia ry  e lec trodes consum ed c u r re n t  [4]. H o w ev er, 
th is  c u rre n t w as ap p rec iab ly  sm aller th a n  t h a t  o f th e  a u x ilia ry  e lec trodes 
m oving  in  th e  anode space. I t  w as in te re s tin g  to  note th e  lin e a r  drop o f  th e
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an o d e  spo t te m p e ra tu re  Т д  show n in F ig . 2 in  response  to  th e  a p p ro ach  of 
th e  sp o t to  th e  anode. T his co u ld  be ex p la in ed  in  all c e r ta in ty  b y  a s tro n g  rise  
o f  th e  e lec tro n  c u rren t ab so rb e d  b y  th e  au x ilia ry  e lec trodes m eanw hile . 
H ow ever, th is  rise  was in  an  in te re s tin g  w a y  in  excess o f  l in e a r  [4]. A p p a re n tly  
th e re  was no co rre la tio n  b e tw e e n  th e  t r e n d  o f th e  co rrespond ing  cu rv e  V у

Fig. 3. Influence o f the auxiliary electrodes m oving in  the space of th e  electrode in the cathodic  
half-cycle of th e  a.c. H g—A discharge on the ca thode  drops V ,̂ VKa, and the ca thode-spo t

tem peratures Ts,

a n d  th e  ea rlie r p a ra m e te rs . I n  an y  ev en t, in  th e  cu rves in  F ig . 2 re p re se n tin g  
tw o  anode d ro p s  in  th a t  fo r  th e  a u x ilia ry  electrodes co n n ec ted  to  th e  sp ira l, 
th e  anode d ro p s  w ere sm alle r. U nder su ch  cond itions th e  aux ilia ry  e lec tro d e  
w as able to  re d u c e  th e  a n o d e  drop  by  one o r  tw o v o lts .

T he re su lts  of th e  m easu rem en ts  m ad e  fo r  a 50 c/s a .c . d ischarge a t  430 m A  
a re  show n in  F ig . 3. The e lec tr ic  p a ra m e te rs  w ere  d e te rm in ed  b y  tim e d e fin itio n , 
in  th e  ha lf-cyc le  w hen th e  p re fe rred  e lec tro d e , i.e. th e  one  w here th e  in te r ­
ference  b y  m ean s of a u x ilia ry  electrodes to o k  place, p e rfo rm ed  ca th o d ic  fu n c ­
tio n s . A cco rd ing ly  th e  c a th o d e  drop values V K and V w ere , w ith  th e  n o ta t io n
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in tro d u c e d  earlie r, average  v a lu es  re fe rred  to  a half-cycle [2, 3]. On d e te r ­
m in ing  th e  sp o t te m p e ra tu re s  T s and  Tsy, a sso c ia ted  w ith  V к a n d  V% r e s p e c t­
ive ly , th e  tw o  half-cycles w ere n o t  se p a ra te d , on th e  a ssu m p tio n  th a t  th e  sp o t 
te m p e ra tu re s  m easu red  in  th is  m an n er w ere  a t  least p ro p o rtio n a l to  th e  
ca th o d e  sp o t te m p e ra tu re s  re su ltin g  a t in te rv a ls  o f a half-cycle. I n  th is  in s ta n c e  
th e  in fluence  o f th e  au x ilia ry  e lec trode  w as ap p rec iab ly  g re a te r  th a n  on  th e  
c a th o d e  side o f th e  d.c. d ischarge  show n in  F ig . 1. The a u x ilia ry  e lec tro d es 
h av in g  one p o te n tia l  of th e  co rrespond ing  sp ira l ends re d u c e s  th e  c a th o d e  
sp o t te m p e ra tu re  b y  m ore th a n  150 degrees cen tig rad e , a n d  th e  consequences 
o f th is  re d u c tio n  m an ifested  i ts e lf  also in  th e  tre n d  of th e  av e rag e  v a lu es  of 
th e  ca th o d e  d ro p . T h is tre n d  o f th e  c a th o d e  drop  was re la te d  to  th e  sp o t 
te m p e ra tu re : in  genera l low er sp o t te m p e ra tu re s  en ta iled  a  cathode d ro p  
o f h ig h er degree, a n d  vice v e rsa , h igher sp o t  te m p e ra tu re s  w ere  follow ed b y  
a sm aller c a th o d e  d rop  [2]. T h is  w as found  v a lid  for b o th  se ts  o f  curves show n  
in  th e  d iag ram s. F o r a d e ta iled  analysis o f  th e  tre n d  of th e  curves reco u rse  
has to  be ta k e n  to  e lec tro n -o p tica l m odels, w hen  th e  s ta r t  shou ld  be m a d e  
from  a p o te n tia l system  h av in g  an  acce le ra tin g , d ece le ra tin g  or d e flec tin g  
e ffec t on th e  ions, as th e  case m a y  be.

F ro m  th e  cu rves i t  w ill th e n  becom e ob v io u s th a t  in  a  d .c . d ischarge o f 
th is  ty p e  th e  te m p e ra tu re  o f th e  anode sp o t is in  all cases h ig h e r th a n  t h a t  
o f th e  ca th o d e  sp o t, w hile th e  te m p e ra tu re  o f  th e  ca thode s p o t is no t a ffec ted  
b y  th e  a u x ilia ry  electrodes to  th e  sam e e x te n t  as is th a t  o f  th e  anode sp o t. 
A t th e  sam e tim e  in  th e  ca th o d ic  half-cycle o f  a 50 c/s a.c. d isch arg e  b o th  th e  
p o sitio n  an d  th e  p o te n tia l o f th e  aux ilia ry  e lec trodes will h a v e  a strong  e ffec t 
on th e  sp o t te m p e ra tu re , an d  in  th is  case, th e  ca thode d ro p  w ill also v a r y  
in  co n fo rm ity  w ith  th e  v a r ia tio n s  of th e  s p o t te m p e ra tu re . S ince, during  th e  
m easu rem en ts , th e re  w as no m eta llic  c o n ta c t in  th e  d isch arg e  space b e tw een  
a u x ilia ry  e lec trodes an d  ca th o d e , or in th e  d .c . case, betw een  a u x ilia ry  e le c tro d ­
es an d  anode, th e  electrodes m odified  th e  an o d e  and  c a th o d e  drops an d  th e  
sp o t te m p e ra tu re s  exclusively  as a re su lt o f  th e i r  space ch a rg e  a n d  superfic ia l 
c u rre n t d e n s ity  effects, in  co n fo rm ity  w ith  th e i r  position  w ith  respect to  th e  
sp ira l as m ain  e lec trodes, an d  n o t  as a re su lt  o f th e ir  th e rm a l co n d u c tiv ity .
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MEASUREMENT OF AVERAGE TOTAL CROSS- 
SECTION FLUCTUATION FOR A1 AT 14 MeV 

NEUTRON ENERGY

By

I .  A n g e l i  an d  I .  H u n y a d i

IN ST IT U T E  OF NUCLEAR RESEA R C H  OF T H E  H U N G A R IA N  ACADEMY O F  SCIENCES, D E B R E C E N

(R eceived 12. V. 1966)

In  th e  ex p erim en ta l in v e s tig a tio n  o f cross sec tio n  f lu c tu a tio n s  one of 
th e  m o st c ritica l req u irem en ts  is th e  energy  reso lu tio n . As T s u k a d a  has 
p o in te d  o u t [1], in  m a n y  cases th e  h a lf-w id th  of th e  co rre la tio n  fu n c tio n  o b ­
ta in e d  ex p erim en ta lly  c an n o t he u n iq u e ly  id en tified  w ith  th e  average  ( Г у  line- 
w id th , as a re su lt o f poor energy  re so lu tio n . In  th e  sam e p a p e r he suggested  
th e  “ se lf-in d ica tio n ”  m e th o d  for d e te rm in in g  th e  sq u a re d  average  o f  to ta l  
c ross-sec tion  f lu c tu a tio n s , an d  — p ro v id e d  th a t  th e  sh a p e  — elastic  cross sec­
t io n  is know n  — so also fo r d e te rm in in g  th e  ( Г у /D-ra t io . T he essence o f  th e  
m e th o d  is as follows: A n e u tro n  b eam  o f  in te n s ity  I0 is a t te n u a te d  to  G  a n d  I 2 b y  
sam ples o f len g th  N  an d  2 N,  re sp ec tiv e ly . I f  th e  n e u tro n  b eam  w ere s tr ic t ly  
m ono-energetic , th e n  th e  eq u a tio n

a Ц
G  G

1

w ould ho ld , because o f th e  ex p o n en tia l in te n s ity -a tte n u a tio n . S h o u ld  th e  
in c id en t n e u tro n  beam  n o t be m ono-energe tic , th e  in te n s i ty  as a fu n c tio n  of 
sam ple le n g th  w ill n o t be  ex ac tly  e x p o n en tia l, th e re fo re  а  И 1.

T h e  sq u a red  average  of to ta l  c ross-section  f lu c tu a tio n  is

(A a^y
1

N 2

1 — a 1
2a — 1 ~  N 2

A ccord ing ly , on th e  basis o f th e  e q u a tio n

<4ag) = ______ <■А о\У_______ =  |_1_ _ 4 _ ]  / (ГУ

<g c>2 «o> >  — <<7Se » 2 З л 2 1/ D

( Г у /D can  he o b ta in ed .
T h e  m eth o d  described  above h as  been  em ployed  fo r in v e s tig a tin g  A1 

ta rg e t  m a te r ia l a t  a b o u t 14 MeV n e u tro n  energy.
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T he e x p e rim e n ta l a rra n g e m e n t was d esc rib ed  in  an  ea rlie r p ap e r [2]. 
T h e  energy  in h o m o g en e ity  o f  th e  n eu tro n  b e a m , i.e. th e  av e rag in g  in te rv aL  
w as a b o u t 160 — 200 keV. T h e  p u lses from  th e  n e u tro n  d e te c to r  w ere fed in to  
a 100-channel p u lse -h e ig h t a n a ly se r , and  fo r e v a lu a tio n  th e  so-called “ b ias- 
w in d o w ”  m e th o d  [3] was u sed  in  o rder to  e lim in a te  am p lif ica tio n  changes. 
B ack g ro u n d  a n d  in -sc a tte r in g  co rrec tions w ere ta k e n  in to  a cco u n t. O bviously  
e changes as N 2, th e re fo re  i t  is w o rth  using  th e  longest possib le  sam ples. T he 
use  o f v e ry  long  sam ples, on th e  o th e r h a n d , is lim ited  b y  p o o r co u n ting  s ta ­
tis tic s . T he sam p les  ex am in ed  w ere of 5, 10 a n d  20 cm  le n g th  an d  4 cm  
d iam e te r .

T he re su lt
e =  0,003 ( ± 0 ,0 0 3 )

w as o b ta in ed , w h ich  gives

(A  o f.) =  (0,17 b a rn )2.

B y  using  th e  d a ta  concern ing  ат an d  о$е [4, 5] we h ave: ( Г у / D =  13,2; an d  
as a low er lim it (co rresp o n d in g  to  e =  0,003 ±  0,003),

« Г У / D ) ^  6 ,6
w as  ob ta in ed .

T h an k s  a re  d u e  to  M r. L . B u n k Óczi fo r h is help d u rin g  th e  o p era tio n  
o f  th e  n eu tro n  g en e ra to r .
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HUBBLE’S EXPANSION IN VECTORS FORMED BY
.4-TENSORS

By

A. L . M e h r a

D E P A R T M E N T  O P  M A T H E M A T I C S ,  U N I V E R S I T Y  O F  J O D H P U R ,  J O D H P U R ,  I N D I A

(R eceived 12,V. 1966)

I t  is found  th a t  th e  tim e  co m p o n en ts  of th e  v ec to rs  fo rm ed  b y  Z l-tensors, 
co rrespond  to  H u b b l e ’s expansion .

1. In tro d u c tio n

T he C hristoffel th re e -in d e x  sym bols

j a ^ . a  =  ±  l i f e - +  i * a - A i l  (1,1)
1 '  2 ! Зх/  Эх* дхл ) y

and

=  ( 1.2 )

fo r th e  m e tric  of gen era l re la tiv ity

ds2 =  g„vdxJ‘dx’ (1.3)

are n o t ten so rs . I f  th e  C hristoffel th re e -in d e x  sym bols

[aß,X\  =  i - _  _8M |  (1.4)
2 Qxß дх* Эхл

and
n  =  (1 .5 )

co rrespond  to  a n o th e r m e tric
ds2 =  y ^ d x 11 dxr , (1.6)

th e n  one can  easily  p ro v e  th a t

=  (1.7)

is a te n so r. T he z l-tensors h av e  b een  used  b y  N a r l ik a r  an d  S in g h  [1] to
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e x p la in  th e  a p p e a ra n ce  of g ra v ita tio n a l force o f th e  N ew to n ian  th e o ry  in  th e  
g en era l th e o ry  o f  re la tiv ity . T h e y  h av e  also e v a lu a te d  som e v e c to rs  an d  sca lar 
in v a r ia n ts  fo rm ed  b y  zl-tensors fo r  som e s ta tic  m etrics. T h e y  fo u n d  th a t  th e  
th re e  space co m p o n en ts  of th e  v e c to rs  co rresp o n d  to  N ew to n ian  force w hereas 
th e  fo u rth  (tim e) co m p o n en t o f  each  o f th e  v e c to rs  does n o t  h a v e  N ew ton ian  
analogues.

In  th e  p re se n t p ap er th e  v e c to rs  are  e v a lu a te d  for som e n o n -s ta tic  cosm o­
log ica l m odels. I t  is found  t h a t  th e ir  tim e  co m p o n en ts  co rresp o n d  to  H u b b l e ’s 
ex p an sio n . T h e  im p o r ta n t  v e c to rs  fo r th e  p re se n t s tu d y  a re  [1]

K , a
К

( 1 .8 )

an d

S t =  A (1.9)

w here  К

2. Values of R„, and  S t in im portan t cosmological models

(a) Space-time conformally f la t  
I f  we ta k e  line-e lem en t [2]

ds2 =  [u> (t)]2 ( — d X2 — d y 2 — d z2 -f-d  t2) ( 2 . 1)

w ith  th e  co rresp o n d in g  m e tr ic  fo r  f la t  su b s tra tu m

da2 =  -  (dx2 +  d y2dz2) +  dt2 , (2 . 2 )

we fin d  th a t

gav =  d iag  [— w2, — w2, — w2, w2], 

gur - d iag  [ — w~2, — ie~2, — w>~2, ic-2] ,

У ^ =  d ia g [ — ^  — 1» — 1 .1 ]  ,
К  = icA ,

(2.3)
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T he H u b b l e ’s ex p an sio n  is g iven b y  [2]

1 1f cw  '
w 1[ dt

(2.4)

T he tim e  co m p o n en ts  R i an d  S 4, th e re fo re , co rrespond  to  H u b b l e ’s e x p a n ­
sion. T he o th e r  co m p o n en ts  R v  R 2, R s an d  S v  S 2, S3 a re  nu ll v ec to rs.

(b) Spatially isotropic Universe 

L et us ta k e  th e  m e tric  [3]

ds2 =  -  — R2-—  (d*2 +  dy2 +  dz2) +  dt2 , (2.5)
(1 +  ar-y

w here R  is a fu n c tio n  o f  tim e  alone an d  a  is a c o n s ta n t. I t s  co rrespond ing  
f la t  m etric  is given b y  (2.2). T hen

d ia g
R 1

(1 - f  a r 2)2 

(1 - f  a  r2)2 
R 2

R 2

( 1 + a r f

(1 +  a r2)2
R 2

____R y ___
(1 - f a r 2)2 

(1 - f a r 2)2
Д 2̂

, 1

, 1 ( 2 .6 )

=  diag [ -  1, — 1, — 1. 1] , 

R 3К
(1 - f a r 2)3

R~

S r

—  6 a x  — 6 a  у  — 6 a  г 3

1 - f a r 2 ’ 1 - f  a  r2 ’ 1 - f a r 2 ’ R
Э R

2 a  y. 2 a y 2 a z

0t

3 IdR
1 - f a r 2 1 +  a r2 1 - f a r 2 R  1 8t

The com ponen ts R 1T R 2, R 3 an d  S 2, S3 are p ro p o rtio n a l to  th e  co rre ­
sponding  com ponen ts o f  th e  force v ec to r  an d  th e  tim e  co m p o n en ts  R 4 an d  S 4

c o rre sp o n d  to  H u b b l e ’s e x p a n s io n
R

8R  
dt
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3. G ravitational force in  term s of R l and S t

( a )  Spatially isotropic Universe

L e t  u s  c o n s i d e r  t h e  m e t r i c

r f s 2 =  —   ----------- - ------------ [ d r 2 +  r2 d d 2 +  r2 s i n 2 d d < p 2] + d t 2 ( 3 . 1 )
( 1  +  a r 2 ) 2

w i t h  t h e  c o r r e s p o n d i n g  f l a t  m e t r i c  a s

d a 2 =  -  [ r f  r 2 +  r2d в 2 +  r 2 s i n 2 0 d cp2] +  d  t 2 .  ( 3 . 2 )

I n  t h i s  c a s e  w e  h a v e

. .  R2 R2 R 2 1
=  d i a g ----------------------------------- ,  — -------------------------------------------------------------------,  1  ,

M L (1 +  a y 2)2 ( 1 + a y 2)2 (1 +  ay2)2

r = d i a g  „  (i +  » y V  ( i f f f  f l + . f f  J  (3.3)
R 2 R 2 R2

y^v  =  d i a g  [ —  1 ,  —  r 2 ,  —  r 2 s i n 2 0 ,  1 ]  ,

R?_ ____ _____
~ ~  ( 1  + a r 2) 2 ’

д .  =  [ ~ 6 a \  . 0 . 0 . 4 . M . V ,
1  - ( -  a r 2 R \ d t

Si =  , 0 ,0 ,  -  —  (—  .
1  +  a  r 2 R  t  3 t  j j

T h e  c o m p o n e n t s  Д 4 a n d  S 4 c o r r e s p o n d  t o  t h e  g r a v i t a t i o n a l  f o r c e  a n d  

- R 4  a n d  S 4 c o r r e s p o n d  t o  H u b b l e ’ s  e x p a n s i o n .

(b) The well known Robertson— Walker line element

ds2 =  — ГД({)12[------ --------h r 2 d 0 2 +  r2 s in 2 6d<P2 ] + d t 2 (3.4)
[ l  +  K r 2

w i t h  t h e  c o r r e s p o n d i n g  f l a t  s p a c e  m e t r i c  ( 3 . 2 )  g i v e s

g  =  d i a g -----------— R  ■ , — R2 r2, — R2 r2 s i n 2 0 ,  1  ,
1  —  K r ~

„v г  I - K r 2 1  1  J

6 R? R2 r2 R2r2 s i n 2 в

У^  =  d i a g  [  —  1 ,  —  r2, —  r2 s i n 2 0 ,  1 ] , ( 3 . 5 )
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K  = R 3
( 1  —  K y 2) i

R„ =

S,=

K r
\ — K \

, 0 , 0 ,  _
dR

----- ^ ------, 0, 0, -  —
l — K r 2 R

Э t 

dR
Э t

A gain , th e  co m p o n en ts  R x an d  S-, correspond to  th e  g ra v ita tio n a l force 
and  R t an d  S 4 co rrespond  to  H u b b l e ’s expansion .

4. Conclusion

T h u s we m ay  conclude  th a t  th e  th re e  co m p o n en ts  (x1, x2, x3) o f th e  
g ra v ita tio n a l field  force are  along th e  space axes an d  th e  fo u rth  co m p o n en t 
(*4) co rresponds to  H u b b l e ’s exp an sio n .

Acknowledgements

M y th a n k s  are due to  P ro fessor R . S. K u s h w a h a  a n d  D r. P . K .  B h a t ia  
for th e ir  k in d  in te re s t in  th is  p aper.

R E F E R E N C E S

1. Y. Y. N a r l i k a r  and K. P. S i n g h ,  Proc. Ind . Acad. Sc., 1 7 , 311, 1951.
2. J . L. S y n g e ,  R elativ ity : th e  general theory , Interscience, New Y ork, p. 322, 1960.
3 .  J .  W e b e r ,  General re la tiv ity  and g rav ita tional waves, Interscience, New Y ork, 1 9 6 1 .

Acta Physica Academiae Scientiarum Hungaiicae 23, 1967





R E C E N S I O N E S

J .  H . Sa n d e r s : The V elocity o f  L ight

Pergam on Press (O xford—London—Edinburgh—N ew  Y ork—Paris—F ran k fu rt) 1965

In  th e  past few decades there has been an enormous increase in the num ber of phenom ena 
discovered, and theories elaborated in physics. This rap id  evolution confronts lecturers w ith 
th e  difficulty  of sum m arizing the m ain resu lts in a given fie ld  of physics and  of giving suitable 
inform ation about th e  m ethods applied in  related research  w ork within th e  lim ited  period of 
a course.

Collections of rep rin ts  of papers dealing w ith th e  m ost im portan t developm ents in 
physics m ay contribu te  largely in overcom ing this d ifficulty . Thanks are due to  th e  Pergam on 
Press for satisfying these educational dem ands by publishing a new series o f volum es en titled  
“ Selected Readings in Physics” .

One of th a t series is the book b y  J .  H. Sa n d ers  to  be reviewed here. In  P a r t 1 of th is 
book, after a short in troduction  describing the basic m ethods for m easuring the  velocity of 
ligh t, th e  au thor discusses the m ost appropriate  m easurem ents. This in troduc to ry  p a r t ends 
w ith  a short lis t of th e  re levan t lite ra tu re .

P a r t  2 contains rep rin ts of th e  papers on the th ree  m ost im portan t m easurem ents of 
th e  velocity  of light, those of Mic h e l s o n , P ea ce  and P e a r s o n , of E ssen  an d  G o rd o n -Sm it h , 
and , finally , of B e r g s t r a n d .

As about tw o-th irds of the book is m ade up of th e  papers on the th ree  basic m easure­
m ents, i t  is only the ir selection and th e  rem aining th ird  p a r t  which can be an  object of our 
com m ents.

In  P a r t 1 th e  problem  of m easuring the velocity of ligh t is discussed. No m ention is 
m ade, however, either of th e  fact th a t  Ga l il e i first proposed a method of m easuring the velo­
c ity  of light, or of the particu larly  rem arkable  m easurem ent o f R ömer (the only  direct m ethod, 
in  w hich th e  velocity of propagation o f a light signal passing  through a d istance of know n 
leng th  in only one d irection, was m easured).

I f  editorial requirem ents lim it th e  size of the volum es of the series, th u s  determ ining 
the num ber of reprin ts included in Sa n d e r s  book, then  th e  selection of th e  reproduced papers 
is justified . A tten tion  m ust be draw n, however, to th e  fa c t th a t there are  some im portan t 
m ethods of m easuring th e  velocity of ligh t, — most o f th em  closely re la ted  to  the experi­
m ental verification of th e  principles o f re la tiv ity  — w hich i t  would be useful to publish in 
a sim ilar volume.

In  conclusion it  should be em phasized th a t the book achieves its basic aim  in its p re ­
sen t form.

Zs. NÁRAY

R . A. R. T r ic k e r : E arly  E lectrodynam ics 

Pergam on Press (O xford—London—E dinburgh—New Y ork—Paris—F ran k fu rt)  1965.

This book deals w ith  the origin and  initial position of electrodynam ics. Many details 
m ake uselful and enjoyable reading n o t only for the physic ist b u t also for th e  laym an. The 
re s t is supported  by m athem atical form ulae a t university  level. P a rt 1 consists of four chapters 
and  comprises 110 pages. P a r t 2 gives th e  original p apers  of Oe r st e d , B io t  and Sa v a rt , 
A m p è r e  and finally of Grassm ann  in  an  English tran s la tio n  extending to  101 pages.

C hapter I  of P a r t  1 is entitled “T he Stage” . The prelim inaries and circum stances of th e  
developm ent of electrodynam ics are described here. The w rite r expounds th e  role of F r a n k l in ,
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P r ie s t l e y , Co u lo m b , V olta  and  D avy  in the science of e lec tric ity  and m agnetism  before 
1820, including the work of P o isso n  in the th ird  decade of the n in e teen th  century. A t th a t  time 
th e  fields of electrostatics and  m agnetism  were looked upon as en tire ly  distinct from  th e  other. 
They presented m any sim ilarities, b u t no connecting link had been  found. In  1820 th e  announ­
cem ent of O e r s t e d ’s discovery led to the rap id  developm ent of th e  electrodynam ics of steady 
currents.

C hapter I I  em bracing 10 pages has th e  ti tle  “ D ram atic Personae” . Oe r s t e d  is th e  first, 
of whom we learn th a t from  1797 he was a un iversity  professor a t  Copenhagen an d  though 
a m an  of genius he was an unhappy  experim enter. A fter his g rea t discovery he said  th a t  he 
has tum bled  over i t  by accident. B ut according to  L a g r a n g e : “ such accidents only  happen 
to  people who deserve th em ” . B io t  was a professor a t the College de France. As for his activ ity , 
he produced a num ber of m athem atical works, b u t it  is as an experim entalist on w hich his 
claims to fam e rest. F e l ix  S avart  collaborated w ith B io t  in  experim ents on th e  magnetic 
field of electric currents.

A n d r é  Ma r ie  Am p è r e  is the principal ac to r in the early  developm ent of e lec trodyna­
mics. As we can read  by th e  age of 50 he was a mem ber of m ost of the learned societies in 
E urope. In  spite of his scientific success, in his p rivate  life he presents a tru ly  trag ic  figure. 
In  addition  to  his contributions to  m athem atics and  physics he also w rote philosophical works. 
H is la s t m ajor work was on th e  classification of th e  sciences, in  w hich he was able to  employ 
his g rea t b read th  of knowledge.

C hapter I I I ,  “ C om m entary” , is the longest. I ts  sections correspond to those in to  which 
th e  ex trac ts from  the papers are grouped in P a r t  2 of this volum e.

A) The work of O e r s t e d  was the door for the opening of which the scientific world 
had  been w aiting. B. B io t  and  Savart in th e  sam e year announced the results of th e ir  expe­
rim ents by  w hich they  determ ined  forces. T hough B io t  and Sa v a r t  were extrem ely fine expe­
rim enters, th ey  were less successful in the theore tica l in te rp re ta tio n  of their resu lts , and  laid 
them selves open to  the criticism  of A m p è r e .

C) The early  work of Am p è r e  and his theory  of m agnetism  comprises th e  following 
line of reasoning. Oe r s t e d ’s experim ents dem onstrate  th a t  a m agnet is o rien ta ted  by an 
electric current. I t  is also o rien tated  by the E a rth . I f  the E a r th  is a great m agnet b y  virtue 
of curren ts which circulate in it, could not such curren ts also exp lain  the properties o f ordinary 
m agnets. A t th is stage Am p è r e  is obviously th ink ing  of m acroscopic currents r a th e r  th a n  the 
m olecular cu rren ts w hich he la te r  proposed. A m p è r e  proceeded to  tr y  to im itate th e  behaviour 
o f m agnets by  m eans of electric currents flow ing in helical coils of wire.

D) A m p è r e ’s philosophy of science is readab le  from th e  papers published a t  th e  Aca­
dem ie R oyale des Sciences. Though in this he set ou t to follow N ew to n  the  line w hich he 
actually  followed is ra th e r in  advance of th a t  w hich N ew to n  him self set out exp lic ity  in the 
Principia. The a ttitu d e  of N ew t o n  is one of severe empiricism. A m p è r e  writes as though  he 
accepted N e w t o n ’s position completely. In  th e  theory  of g rav ita tio n  New to n  w as already 
provided w ith  a knowledge of a range of phenom ena. A m p è r e  h ad  to discover th e  laws as 
well as provide th e  theory . M athem atics and physics were no t separa ted  in the m ind o f A m p è r e . 
H e looked upon his m athem atical investigations as applying to  th e  world of experience.

E )  The design of A m p è r e ’s basic experim ents is recorded in his paper. T he w riter of 
th is  book perform s one of the  four experim ents on th e  lines described in the Mémoire.

F) A m p e r e ’s theo ry  of th e  action of cu rren t elements w as th e  result of his experim ents. 
W e can read  the  form ula of A m p è r e  for th e  force between tw o cu rren t elements an d  we find 
exam ples of its use. This is followed by th e  verification of th e  iden tity  of th e  form ulae of 
A m p è r e  and  B io t -Sa va rt  w hen integrated  of a complete circuit. A fter this the w rite r provides 
a simple deduction  of th e  B io t -Savart form ula from the experim ental results o f A m pè r e  
and describes A m p è r e ’s theo ry  of the equivalen t m agnetic shell, from  which th e  well-known 
“ work ru le”  arises. Then we use A m p è r e ’s law  in  differential form  to  establish a v ec to r poten­
tia l. The represen tation  of th e  m agnetic field of an electric cu rren t by means of lines of force 
and the m agnetic induction  as a now -divergent vector is discussed here. This section  of the 
book concludes w ith  a reference to  the question of units and dimensions.

G) Am p è r e ’s q u an tita tiv e  theory  of m agnetism  rem ains th e  la s t section of th e  chapter. 
A m p è r e  looks on m agnets as assemblies of particles, all o rien ta ting  in the sam e direction 
round  w hich electric curren ts circulate. Am p è r e  shows th a t his law  of action of cu rren t ele­
m ents accounts satisfactorily  for the forces experienced by a m agnet. The effects o f currents 
in th e  in terio r of substances uniform ly m agnetized cancel each o th e r out. W hen th e  m agnetiz­
ation  is no t uniform , there  will be a current density  through th e  m aterial. As an  exam ple of 
the application  of the idea of Am pèrean cu rren ts th e  w riter considers the m agnetic  circuit.

C hapter IV is en titled  “ The Critics” . A m p è r e ’s in te rp re ta tio n  of the in te rac tion  of 
tw o electric circuits as being th e  sum of th e  in teractions in p a irs  of the constituen t current
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elem ents has since been criticized by  som e physicists. W e become acquinted  w ith  the criticism  
of Ma x w e l l , Gra ssm a n n , H e a v is id e , W h itta k k e r  an d  finally  th a t of B u il d e r  and R o s s e r . 
T hough an isolated elem ent of a stead y  current is a contradiction in  te rm s; nevertheless, 
as Ma x w e l l  said, i t  is perfectly leg itim ate  for purposes of m athem atical calculation.

Zs. Csom a

J .  R . Sc h r ie f f e r : T heory  of Superconductiv ity

Benjam in Inc ., New York, 1964, pp. 282

The author is one of the orig inators of the fundam en ta l BCS th eo ry  of superconduct­
iv ity  w hich followed On n e s ’ discovery of this phenom enon more th a n  50 years la ter and  
w hich has proved to  be highly successful in explaining th e  basic phenom ena observed in th e  
superconducting s ta te . The book is an  outgrow th of th e  series of lectures g iven by him a t  th e  
U niversity  of Pennsylvania in 1962. I t  comprises th e  fundam ental aspects of the theory of 
superconductivity  as well as a num ber of formal techniques developed for dealing w ith  
th e  superconducting s ta te . The aim  se t by the au th o r is no t prim arily  to  present a b road  
survey of the whole field  of superconductivity , bu t ra th e r  to  present m ateria l which can “ serve 
as a background for reading the lite ra tu re  in which d e ta iled  applications o f the microscopic 
theo ry  are made to specific problem s” . The book contains a basic tex t, indispensable to those 
concerned w ith the theoretical aspects of superconductivity .

C hapter 1 contains a survey o f th e  m ost im p o rtan t experim ental fac ts  about supercon­
ductors and the phenomenological theories conceived to  explain them . C hapter 2 gives an 
account of th e  pairing  theory  of superconductiv ity  of B a r d e e n , Co o per  an d  Sc h r ie f f e r  and  
C hapter 3 is devoted to  various applications of the pairing  theory: the calcu lation  of the acou­
stic a ttenua tion  ra te , nuclear spin re laxation  ra te , electrom agnetic abso rp tion  and electron 
tunnelling. In  C hapter 4 the coupled electron-phonon system  is tre a te d  w ith  the aim  of 
obtain ing a more com plete understand ing  of superconductiv ity . An in troduc tion  to field  
theoretic methods in  th e  m anybody problem  forms th e  subject of C hap ter 5. The Gr e e n ’s 
function  technique is trea ted  in detail. In  Chapter 6 th e  elem entary excita tions in norm al 
m etals are discussed in  the  fram ework of the random p h ase  approxim ation. T he field-theoretic 
m ethods developed in  previous C hapters (Chapter 4 — C hapter 6) are app lied  to supercon­
duc tiv ity  in C hapter 7 in order to  provide a more realistic  description of the supercon­
ducting  properties of rea l metals. The strong role p layed  by  retardation  an d  damping effects 
and  th e  consequent breakdow n of th e  quasiparticle p ic tu re  in the case of strong coupling 
superconductors is emphasized. In  the  final Chapter th e  electrom agnetic properties of super­
conductors are discussed. I t  is shown how the Me is s n e r  effect follows from  microscopic 
considerations and a discussion of th e  problem of gauge invariance in  th e  theory  is given. 
The collective excitations of the system  are treated  as well. In  the A ppendix  a sum m ary of 
second quantization  can be found.

The trea tm en t o f th e  book is system atic, clear an d  concise. The read e r is led from th e  
elem ents of the sub jec t to  the fron tiers of present-day research ac tiv ity  in  careful stages. 
The book published by  Benjam in Inc. will certainly becom e one of th e  m ost widely-used 
tex tbooks in the field of superconductivity .

P. S zÉ P F A L U S Y

A. B. A r o n s : D evelopm ent of C oncepts of P hysics 
from  th e  R a tio n a liza tio n  o f M echanics to  th e  F irst T h eo ry  of 

A tom ic  S tru c tu re

(Addison-W esley, Reading, M assachusetts, USA, 1965; X X  +  972 pages, $. 11.25)

In tended  for in troducto ry  courses, this excellent text-book presen ts general physics 
from  th e  17th-century rationalization  of mechanics to  th e  first theory o f atom ic structure. 
I t  emphasizes the historical and philosophical aspects o f scientific th o u g h t. The principal 
em phasis is, of course, on the sub ject m a tte r  of physics itself, bu t a tte n tio n  is paid to th e  
origin and significance of physical concepts; to the w ay in  which conceptual insights produce 
unification  of our view of apparen tly  un re la ted  phenom ena; to  the im pact o f science on in te l­
lectual h istory  and th e  w ay in w hich growing actual and  theoretical scientific knowledge
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has altered  m an’s view of him self and of th e  U niverse; to aspects o f sociology as reflected  in 
the m otivation  and behaviour of scientists. In  order to arouse th e  student’s in te re s t con­
siderable pains have been tak en  to  m otivate  each conceptual developm ent and to  show how 
various elem ents of knowledge were acquired: how we know w h a t we think we know ; why 
we accept a given conceptual or theoretical aspect; w hat is the role o f idealizations an d  approx­
im ations.

The m ain problem  of m odern physics teaching, to select th e  topics for a general in tro­
ductory  course, is solved by th e  au thor by  th e  fam iliar m ethod of having a one-year course 
for non-science m ajors including prospective teachers in mind, b u t the tex t can be used to 
supplem ent a tw o-year course for students of science and engineering. The book is m ath em ati­
cally self-contained, analy tical geom etry and  calculus being developed to ju s t th e  extent 
necessary to deal correctly w ith  problems involving continuous changes.

J .  I. H orváth

A l f r ed o  B a n o s , j r .: Dipole R ad ia tio n  in  th e  P resence of a 
C onducting H alf-Space

In ternational Series of M onographs in  E lectrom agnetic W aves, Vol. 9;
Pergam on Press L td ., Oxford, 1966; (Y II +  245 pages, 20 figures; 70 s)

Since S o m m er fel d ’s m em o ir p u b lish ed  in  1909, th e  p ro b le m  of e lec tro m ag n e tic  rad i­
a tio n  fro m  a n  e lem en ta ry  HERTzian d ipole in  th e  presence of a  d issip a tiv e  h a lf-sp ac e  based 
on  d iffe re n t m e th o d s  of th e  c lassical b o u n d a ry  v a lu e  prob lem  h a s  b een  developed b y  several 
d is tin g u ish e d  sc ien tis ts . T he u n d e rly in g  b asis  o f  th e  a u th o r’s t r e a tm e n t  is th e  a p p lic a tio n  of 
th e  d o ub le  sad d le -p o in t m e th o d  of in te g ra tio n  coupled , w hen  n ecessa ry , w ith  th e  tech n iq u e  
fo r th e  su b tra c t io n  of a f i r s t  o rd e r pole fro m  th e  v ic in ity  of a  sa d d le  point.

The book sta rts  w ith  Fourier integral representation  in C artesian  co-ordinates in con­
figuration  space as well as in transform  space, and  shows th a t  th e  au thor’s fo rm ulation  con­
ta ins all known form ulations in  either or b o th  configuration and  transform  space. T he two- 
m edia boundary  value problem  is reduced to  the evaluation of tw o  axially sym m etric founda- 
m ental integrals, by which th e  electrom agnetic field can be com puted  for all re lev an t cases 
of dipole rad iation : w hether th e  elem entary HERTzian dipole be electric or m agnetic, vertical 
or horizontal in respect of th e  plane interface separating the d ielectric above (air) from  the 
homogeneous and isotropic conducting m edium  below (earth, sea w ater); whether i t  is located 
in th e  a ir above or em bedded in the conductive medium, and fina lly , whether th e  point of 
observation  lies in the m edium  containing th e  source dipole or in  th e  opposite one. The next 
stage presents asym ptotic expansions which are valid  generally q u ite  for points of observation 
close to the  interface, as well as useful approxim ations valid in  th e  near, in term ed ia te  and 
far zones, respectively. The la s t chapter is devo ted  to the com puta tion  of the field  of dipoles 
em bedded in the conducting m edia w ith special reference to  th e  low frequency case fo r which 
the p resen t results are ideally suited.

This m onograph represen ts the synthesis and developm ent of the au thor’s researches 
of th e  las t ten  years insofar as the  So m m er fel d  problem is concerned and from several refer­
ences, to  earlier and m odern references it can  be checked th a t  th e  suggested general results 
contain  all know n form ulae as special cases.

J .  I. H orváth

G. B a r t o n : In tro d u c tio n  to  D ispersion  T echn iques in  Field T heory

W. A. B enjam in. Inc. 1965. New-York, A m sterdam

In  the las t decade dispersion techniques have become one of the most im p o rta n t tools 
of field theory . They are applied in all b ranches of physics w here the method of quantized 
fields is used, e.g. elem entary particle physics, nuclear physics, solid sta te  physics e tc . Several 
textbooks deal w ith  the problem  of proof o f dispersion relations or w ith their application  to 
scattering  processes, b u t very  few books system atically  deal w ith  th e  problem of th ree  point 
or vertex  functions. The analy tica l behaviour o f vertex functions p lays a very im p o rtan t role 
in electrom agnetic and w eak in teraction  theories, where the  form  factors appearing  alone 
determ ine th e  S-m atrix  elem ent.
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This book by G. B arton  is a very  clear and  elegant description of all the phenom ena 
connected w ith  the analytical p roperties of form  factors. The co n ten t of the book is based 
on lectures given to graduate studen ts a t  the U n iversity  of Sussex. T he m ain value of these 
lecture notes is th a t  they  provide a practical guide to  people m aking dynam ical calculations. 
Throughout the book illum inating exam ples are em ployed to classify and  elucidate th e  tex t. 
A prior knowledge of the elem ents of field theo ry  is required for read ing  the book.

The lecture notes contain some in troduc to ry  chapters on th e  elem ents of S -m atrix  
theory . S tates and fields are in troduced  axiom atically , and com plications connected w ith  
spin and charge are trea ted  in detail. The L e h m a n n — Sy m a n zik— Z im m erm a n n  reduc tion  
form ula is proved, un ita rity  and crossing sym m etry  of the S-m atrix are  discussed. The m ethods 
of dispersion theory  are represented in  the simple exam ple of two p o in t function. These ch ap ­
ters are followed by the m ost essential parts  of th e  book dealing w ith  form  factors. The b eh av ­
iour of scalar and vector form factors under L o r e n t z  transform ations (involving reflections) 
is discussed. The analytic properties o f form fac to rs are treated  system atically  (involving 
questions of spectral representations, asym pto tic  behaviour, etc.). T he author pays m uch 
a tten tion  to  th e  connection of form  factors and  scattering  am plitudes. The Om nés in teg ra l 
equation  for the form factor is solved in the tw o-partic le  approxim ation. As the solutions 
of the Om nés  equation depend on scattering  phase shifts, several approxim ations for th e  d e te r­
m ination of partia l wave am plitudes are presented. In  this connection th e  possible ty p es  of 
singularities of partia l wave am plitudes (including anom alous threshold) are analyzed. T he end 
of th e  book contains some applications such as th e  electrom agnetic s tru c tu re  of nucleons and 
partia l conservation of the axial vecto r current.

The book is published as th e  f irs t volume o f a series: Lecture N otes and Supplem ents 
in  Physics. There is no doubt th a t  th is book has achieved its purpose, to  provide g rad u a te  
studen ts w ith  a survey of the cu rren t literatu re . W e eagerly await subsequent volumes of this 
series after th is successful firs t one.

P. SuRÁNYI
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FISSION PRODUCT PRECIPITATION 
FROM THE ATMOSPHERE IN DEBRECEN, 

HUNGARY, BETWEEN 1963 AND 1965
By

A .  S zA L A Y  a n d  A .  KOVACH

I N S T I T U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,
( A T O M K I ) ,  D E B R E C E N

(Received 22. I I I .  1966)

In  the period investigated, m ost of the rad ioactive fallout o rig inated  from nuclear tests 
carried ou t in 1962, though the presence of fission products of previous origin could also he 
dem onstrated . Since the cessation of atm ospheric nuclear tests the ac tiv ity  of ra inw ater de­
creased again in 1965 to a low level sim ilar to th a t  obtained in 1961, th e  average decontam in­
ation half period being the same as determ ined in  our earlier works.

Fission products from the nuclear test on th e  16th October 1964 could be de tec ted  in 
th e  Debrecen ra inw ater by the significant increase of specific ac tiv ity  on the 25th O ctober and 
on the 18th N ovem ber 1964, the detec tab ility  on th e  25th  October being caused by tropospheric  
tran spo rt. The effect of the second te s t carried o u t on the 14th May 1965 could not he detected .

In troduction

M easurem en ts carried  o u t to  d e te rm in e  th e  fission  p ro d u c t c o n te n t  of 
a tm o sp h eric  p re c ip ita tio n  w as begun  a t  th is  In s ti tu te  in  1952 [1] [2] an d  
w as fo llow ed b y  th e  reg u la r a n d  u n in te r ru p te d  o b se rv a tio n  of to ta l  fission  
p ro d u c t b e ta  a c tiv ity  of p re c ip ita tio n  d u r in g  th e  follow ing y ea rs  [3, 4, 5, 6, 7].

T he tech n iq u es  of co llec ting , h a n d lin g  and  m easu rin g  th e  sam ples h av e  
rem ain ed  e ssen tia lly  u n ch an g ed  since 1952, excep t for a m in o r m o d ifica tio n  in 
1954. F o r a descrip tion  o f th e  te ch n iq u es  em ployed th e  re a d e r  is re fe rred  to  
o u r ea rlie r w orks [4]. The p ro ced u re  fo llow ed  enabled  us to  recover th e  w hole 
ra d io a c tiv e  c o n te n t of a tm o sp h e ric  p re c ip ita tio n  w ith o u t su b s ta n tia l losses 
in  th e  course o f collection a n d  p re p a ra tio n . Fission p ro d u c ts  from  ra in w a te r  
are  co llected  to  a b o u t 100% ; th e  d ry  fa llo u t deposited  w ith  d u s t and re p re s e n t­
ing only  a sm all p a r t  (less th a n  a b o u t 1 0 % ) of th e  to ta l  fa llo u t a c tiv ity  [8, 9] 
is recovered  w ith  an  e s tim a te d  effic iency  o f  ab o u t 7 5 % .

Results of m easurem ents

Fig. 1 show s th e  re su lts  o f our m easu rem en ts  c a rr ie d  o u t in th e  y ea rs  
1963 to  1965. As in  our p rev io u s  w orks [4, 6, 7] th e  a c tu a l  a c tiv ity  m e a su re ­
m en ts  m ade w ith  a c ircu la r co llection  su rface  of 40 cm  d iam e te r h a v e  been  
red u ced  to  th e  surface of a s ta n d a rd  m eteoro log ica l o m b ro m ete r, i. e. to  a
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Fig. 1. Fission p ro d u c t precip ita tion  from  the atm osphere in Debrecen, H ungary, betw een 
1963 and 1965. O rd inate  upw ards, r ig h t: activity  in  10_11 Curie un its , corrected for th e  geo­
m etry  of the counting equipm ent. O rdinate upw ards, le ft: activity  observed in cpm reduced  
to  1/50 m2 om brom eter surface. V ery large activities are  not shown linearly  bu t by n tim bers 
indicating cpm values. O rdinate downwards, righ t: one day’s ra infall expressed as w ate r 
volum e collected by  an  exposed a rea  of 1/50 m2. O rd ina te  downwards, le ft: one day’s ra in fa ll

in m m . Abscissa: ca lendar time 138
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co llection  surface o f 1/50 m 2. F ig . 1 illu s tra te s  n o t  only  th e  to ta l  m easured  b e ta  
a c tiv ity  p lo tte d  on  th e  o rd in a te  in  cpm  a n d  in  1 0 - n  C urie  u n its  b u t th e  
q u a n t i ty  of da ily  p re c ip ita tio n , dow nw ards on  th e  o rd ina te  in  m m  ra in fa ll a n d  
to ta l  collected  w a te r  vo lum e. A p a r t  from  th e  considerab le  a m o u n t of r a d io ­
ac tiv e  fa llo u t in  th e  f irs t  h a lf  o f 1963 th e  r e s u lts  ind ica te  a r a th e r  m ark ed  
decrease of a c tiv ity  from  1963 on, w ith  an  a v e rag e  d eco n ta m in a tio n  h a lf  p e rio d  
s im ila r to  th a t  d e te rm in ed  earlie r [6]. The e ffec t o f  increased  ex ch an g e  b e tw een  
th e  s tra to sp h e re  an d  tro p o sp h e re  during  sp rin g tim e  re su lts  in  a m a rk e d  
“ sp rin g  p e a k ”  in  to ta l  fa llo u t d u rin g  each y e a r ,  th e  peak  in  1963 being less 
p ro m in e n t because o f  th e  p resence  an d  decay  o f  sho rtliv ed  fiss io n  p ro d u c ts .

T he m o n th ly  to ta l  am o u n ts  o f fission p ro d u c ts  are g iven  in  Table 1 in  
m C /km 2 u n its , d e te rm in ed  b y  sum m ariz in g  th e  ac tiv ité s  of a ll sam ples in  th e  
g iven m o n th , w ith o u t ap p ly ing  a co rrec tion  to  rad io ac tiv e  d ecay .

T he m o n th ly  average  specific  a c tiv ity  o f  a tm ospheric  p rec ip ita tio n  is 
given in  T able 2 in  10 ~12 C/ml u n its , ca lcu la ted  o n  th e  basis o f th e  u n co rrec ted  
to ta l  m o n th ly  a c t iv i ty  an d  th e  to ta l  q u a n t i ty  of p re c ip ita tio n  during  th e  
m o n th . Since th e  p re c ip ita tio n  w a te r  sam ples collected b y  u s  also co n ta in  
th e  d ry  fa llo u t o f p rev ious days w ith o u t p re c ip ita tio n , th e  specific  a c tiv ity  
va lu es  are  p ro b a b ly  som ew hat h ig h e r (by  an  e s tim a te d  v a lu e  o f  a b o u t 10% ) 
th a n  th e  ac tu a l ones.

As can  be seen from  T ab le  2, a ra th e r  la rg e  increase in  specific  a c tiv ity  
w as observed  in  F e b ru a ry , 1965. T h is c o m p a ra tiv e ly  h igh v a lu e , how ever, is 
due to  a single sam ple  only , co llected  on th e  7 th  F e b ru a ry , re p re se n tin g  a b o u t

Table 1

M onthly to ta l quantities of fission products measured in th e  precipitation fallen over Debrecen

Month
1963 1964 1965

mC/km2 mC/km2 mC/km2

J anuary 35,2 0,62 2,52
February 31,5 5,69 5,87
March 35,2 9,16 2,73
April 32,8 12,99 6,49
May 72,8 14,79 9,18
June 59,1 10,23 13,69
Ju ly 31,3 4,40 2,37
August 29,2 5,15 1,82
Septem ber 18,8 2.69 0,79
October 8,9 3,96 0,21
November 5,4 2,33 2,28
December 3,0 1,96 1,16
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Table 2

V ariation of th e  average specific ac tiv ity  of precip ita tion  in D ebrecen between 1963 and  1965

Month
1963 1964 1965

pico C/ml pico C/ml pico C/ml

January 0,66 0,106 0,050
February 0,51 0,179 0,445
March 0,80 0,167 0,056
April 0,82 0,350 0,107
May 1,57 0,280 0,104
June 0,72 0,205 0,115
Ju ly 1,05 0,337 0,047
A ugust 0,48 0,097 0,020
Septem ber 0,49 0,036 0,033
October 0,26 0,055 0,038
November 0,27 0,089 0,027
December 0,07 0,022 0,016

9 0 %  of th e  to ta l  a c tiv ity  m easu red  d u rin g  th is  m o n th , th o u g h  th e  q u a n ti ty  
o f  p re c ip ita tio n  co rresp o n d ed  only to  1 4 ,5 %  of th e  to ta l  am o u n t o f  p re c ip it­
a tio n  in  F e b ru a ry . T his sam ple , d u rin g  th e  m easu rem en t of its  su b seq u en t 
d ecay , show ed  a re m a rk a b le  se lf-ac tiv a tio n  till th e  m idd le  of F e b ru a ry . This 
se lf-a c tiv a tio n  can  be s e m iq u a n tita tiv e ly  exp la ined  b y  th e  p resence o f  95Zr 
a n d  1,i7N d  to g e th e r  w ith  th e ir  decay  p ro d u c ts  in n e a r fission  yield p ro p o rtio n s , 
o rig in a tin g  fro m  th e  n u c lea r  te s t  ca rried  o u t in O ctober 1964, since th e  a c tiv ity  
o f th e  m ix tu re  o f th ese  nuclides in  fission  yield p ro p o rtio n s  reaches a m ax im u m  
in  a b o u t th re e  m o n th s a f te r  th e  exp losion . A sligh t en rich m en t of 147N d  w ith 
re sp ec t to  u5Z r can  sh ift th e  a c tiv ity  m ax im u m , as o bserved  in th is  case . We 
shou ld  like  to  em phasize, how ever, t h a t  th is  ex p la n a tio n  is only an  assu m p tio n  
since no rad io ch em ica l te s ts  have  b een  ca rried  o u t o n  th e  given sam p le .

Detection in Debrecen of the nuclear test of 16th October 1964

In  e a rlie r  years th e  m easu rem en t o f  th e  decay  o f to ta l fission  p ro d u c t 
a c tiv itie s  en ab led  us to  d e te rm in e  th e  d a te  of th e  n u c le a r  te s t su p p ly in g  the  
fission  p ro d u c ts  w ith  re m ark ab le  accu racy  [5]. A fte r  1958, h o w ev er, th e  
in te g ra l m easu rem en t o f  to ta l  a c tiv ity  decay  was n o  longer su itab le  fo r  th is  
p u rpose .

T he cessa tio n  o f n u c lea r  te s ts  b e tw e e n  1958 a n d  1961 led to  th e  conclusion  
th a t  th e  d e c o n ta m in a tio n  o f  th e  s tra to sp h e re  is m u ch  quicker th a n  w as a n ti­
c ip a ted  [6]. T h o u g h  in  th e  years  1961 an d  1962 a ra th e r  large a m o u n t of
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fission p ro d u c ts  (eq u iv a len t to  a to ta l  y ield  o f  a b o u t 230 MT) w as in jec ted  
in to  th e  s tra to sp h e re , from  th e  en d  o f  1962 on, th e  fa llo u t a c tiv ity  again  
s tro n g ly  decreased , a n d  as can be seen  from  T ab le  1, a t  th e  end  of 1964 th e  
to ta l  m o n th ly  a c tiv ity  decreased  to  a va lue  o f  on ly  2,5 — 3 m C /km 2. I t  could 
be ex p ec ted  th a t  even a low -yield n u c lea r te s t  c a rried  o u t fa r  from  E u ro p e  
m ig h t be d e tec ted  u n d e r such c ircu m stan ces . U n d er sim ilar b a c k g ro u n d  
cond itions th e  F ren ch  n u c lea r te s t  ca rr ied  o u t in  th e  S ah a ra  could  be d e tec ted  
in  C en tra l E u ro p e  in  1960 [11], th o u g h  fa llo u t from  th ese  te s ts  cou ld  n o t 
be tra c e d  in  D ebrecen .

0.6 -  
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1  03-
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Й .
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o 76. XI.

> 25.X.
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Fig. 2. The specific activ ity  of atm ospheric precip ita tion  as a function of daily rainfall q u an tity  
from  the 1st Septem ber till th e  30th N ovem ber 1964

T he f irs t a tm o sp h eric  nuclear te s t  of th e  Chinese P eo p le ’s R epub lic  
was ca rried  ou t on th e  16 th  O ctober 1963 in  th e  w este rn  d ese rt a rea  o f C hina. 
A ssum ing a s tra to sp h e ric  tra n sp o r t  in  an  e a s te rly  d irec tio n  fo r fa llo u t p a rtic le s , 
th e  ap p earan ce  o f a c tiv ity  o rig ina ting  from  th is  t e s t  w as n o t to  be ex p ec ted  in 
C en tral E u rope  earlie r th a n  th e  m idd le  o f N o v em b er.

No increase in  to ta l  b e ta  ra y  a c tiv i ty  w as d e te c te d  in  D ebrecen  a fte r  
th e  an n o u n ced  explosion  d a te  as show n in  F ig . 1. H ow ever, th e  p resen ce  of 
fresh fission  p ro d u c ts  could  be p ro v ed  from  th e  specific  a c tiv ity  of ra in w a ­
te r  [8].

I n  a prev ious w ork  S z a l a y  a n d  B e r é n y i  [4] d iscussed  th e  co rre la tio n  
b e tw een  specific a c tiv ity  an d  q u a n tity  o f ra in fa ll. L a te r  experience in  a period  
free from  nu c lear te s ts  show ed th a t  th e  c o rre la tio n  be tw een  th e  specific  
a c tiv ity  an d  th e  lo g a rith m  of ra in fa ll q u a n t i ty  is even  m ore p ro n o u n ced  [7].

As one can  see from  F ig . 2, a r a th e r  close co rre la tio n  b e tw een  specific  
a c tiv ity  an d  th e  lo g a rith m  of ra in fa ll ex is ted  in  th e  a u tu m n  o f 1964. T he 
m easu red  po in ts  in  th e  d iag ram  of F ig . 2 can  be  in te rp o la te d  w ith  a h y p e r ­
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b o lic  cu rve , o r w ith  th e  sum  o f tw o  lo g a rith m ic  fu n c tio n s. (The fo rm  o f th e  
in te rp o la tio n  fu n c tio n  is n o t d iscussed  here as i t  has no b ea rin g  on o u r re su lts .)

I t  could be  s ta te d  from  F ig . 2 th a t  th e  d ev ia tio n  o f th e  m easu red  p o in ts  
f ro m  th e  in te rp o la tio n  curve  fo r th e  2 5 th  O c to b er as well as fo r th e  16th  
N o v em b er can  be  reg a rd ed  as sig n ifican t, d e m o n s tra tin g  th a t  th e se  sam ples 
m ig h t co n ta in  som e ra d io a c tiv ity  in  excess o f th e ir  ex p ec ted  v a lu es , in  sp ite  
o f  th e  fa c t t h a t  th is  is n o t re fle c ted  in  th e  ab so lu te  va lues of ra d io a c tiv ity  
g iv en  in  Fig. 1. A lth o u g h  th e  to ta l  b e ta  ac tiv itie s  of these  sam ples w ere ra th e r  
low , a b o u t 300 a n d  170 dpm , re sp ec tiv e ly , th e  decay  of th e ir  a c tiv ity  h a s  been 
fo llow ed  over a lo n g e r period . U sin g  th e  W a y — W i g n e r  fo rm u la  [5] i t  could 
b e  s ta te d  th a t  th e  overw helm ing  p a r t  o f th e  a c tiv ity  of th e  sam ple  fro m  th e  
1 6 th  N ovem ber 1964 o rig in a ted  fro m  th e  n u c le a r  te s t  c a rried  o u t on  th e  16 th  
O c to b e r , w hile th e  sam ple fro m  th e  2 5 th  O c to b er co n ta in s  a b o u t 3 0 %  o f fresh  
fis s io n  p ro d u c ts  [8]. The ap p e a ra n ce  of fission  p ro d u c ts  from  th e  n u c le a r  te s t  
on  th e  16th  O c to b e r 1964 as e a rly  as th e  2 5 th  O ctober is con firm ed  b y  o th e r 
a u th o rs  too  [12, 13].

I t  is u n d o u b te d ly  su rp ris in g  th a t  fission  p ro d u c ts  from  a n u c le a r  te s t  
c a rr ie d  ou t in  th e  in n e r  p a r t  o f  A sia  could  be d e te c te d  in  C en tra l E u ro p e  9 days 
a f te r  th e  exp losion . This sh o r t in te rv a l ren d ers  i t  p ro b ab le  th a t  th e  ra d io a c ti­
v i ty  reach ed  th e  C a rp a th ia n  B asin  b y  w estb o u n d  tro p o sp h e ric  tr a n s p o r t ,  since 
o u r earlie r re su lts  h av e  show n t h a t  th e  ra d io a c tiv e  fa llo u t of n u c le a r  te s ts  
c a r r ie d  ou t in  th e  N o rth e rn  A m erican  c o n tin e n t reaches D ebrecen  w ith  a d e lay  
o f  8 — 10 days, w hile nuclear deb ris  from  S ov ie t te s ts  could  be d e te c te d  on ly  
a f te r  a b o u t 4 w eeks [5]. T h u s, assum ing  a s tra to sp h e ric  tra n s p o r t  in  W —E  
d ire c tio n , th e  in c rease  in  ra d io a c tiv i ty  w as to  be ex p ec ted  la te r , a b o u t th e  
m id d le  of N o v em b er 1964.

T he m eteo ro g ica l s itu a tio n  a t  th e  end  of O cto b er 1964, how ever, su p p o rts  
o u r  a ssu m p tio n  o f  tro p o sp h eric  t r a n s p o r t .  U n til th e  2 4 th  O cto b er A tla n tic  
a ir  m asses w ere d o m in a n t in  C en tra l E u ro p e , b u t  from  th e  2 4 th  O c to b er on, 
th e  an ticy c lo n a l s itu a tio n  fo rm ed  over th e  E u ro p e a n  p a r t  of th e  U .S .S .R . 
b ecam e  effec tive, to o . On th e  2 4 tli O ctober a M ed ite rran ean  f ro n t  in tru d e d  
in to  th e  C a rp a th ia n  B asin fro m  a n e a r  so u th e rly  d irec tio n , b u t  it  b ecam e  s ta g ­
n a tin g  and  d isso lved  during  th e  sam e d ay , a f te r  in flu en c in g  th e  m eteo ro log ica l 
s i tu a tio n  in  W e s te rn  H u n g a ry  on ly . In  th e  ev en in g  of th e  2 5 th  O c to b e r a cold 
f ro n t  p e n e tra te d  th e  C a rp a th ia n  B asin  in  an  E  — W  d irec tio n , causing  m o d e ra te  
p re c ip ita tio n , fro m  w hich our sam ple  o rig in a tes . T he tro p o sp h e ric  w ind  d irec­
t io n  d u rin g  th e  d a y  was c o n s ta n tly  E —W .

T his all m ean s th a t  d u rin g  th e  m eteoro log ica l changes causing  th e  p re ­
c ip ita tio n  on th e  even ing  o f th e  2 5 th  O ctober, a ir  m asses o f an  e a s te r ly  origin 
re a c h e d  th e  C a rp a th ia n  B asin . T ak in g  in to  co n sid e ra tio n  th a t  a t  th e  end  o f 
O c to b e r a s itu a tio n  co rrespond ing  to  th e  c o n tin e n ta l m onsoon  w as a lread y  
p re se n t in  W este rn  A sia, i t  is q u ite  p ro b ab le  th a t  fission  p ro d u c ts  from  th e
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nu c lea r te s t  ca rried  o u t  in  th e  w este rn  desert of th e  Chinese P eo p le ’s R epub lic  
could  h a v e  reached  th e  a ir  m asses in  th e  en v iro n m en t of th e  C asp ian  Sea by  
d irec t t ra n s p o r t .  T h e  effect of th e  cen trifu g a l m onsoon  is also su p p o rte d  by  
some p ress in fo rm a tio n , according to  w hich  th e  fission  p ro d u c ts  cou ld  be traced  
in  In d ia  sh o rtly  a f te r  th e  explosion.

T he fu r th e r  p a th  o f tro p o sp h eric  fa llo u t in  C en tra l an d  W este rn  E u ro p e  
was also w ell tra c e a b le . An a c tiv i ty  exceeding th e  to ta l  a m o u n t o f  fa llou t 
d ep o sited  d u rin g  th re e  m o n ths w as o b se rv ed  on th e  2 5 th  O cto b er in  B ra tis la v a  
[14] (possible presence o f  a ho t p a r tic le  ?) w hile in  th e  B a v a ria n  A lps th e  firs t 
rise in  a c tiv ity  was o bserved  on th e  2 6 th  O ctober [12]. In  D en m ark , th e  f irs t 
in d ica tio n  o f new fiss io n  p roducts w as found  in  an  a ir  f ilte r  exposed  betw een  
th e  2 3 —2 6 th  O ctober; f ilte rs  sam p led  on th e  2 8 th  an d  3 0 th  O c to b er gave an  
a c tiv ity  a b o u t 10 to  1000 tim es h ig h e r  [13].

T he ap p earan ce  o f fission p ro d u c ts  from  th e  C hinkiang  n u c lea r  te s t  in  
th e  p re c ip ita tio n  o f th e  16th  N o v em b er 1964 is c learly  due to  s tra to sp h e ric  
t ra n s p o r t ,  th e  a rr iv a l t im e  being in  good  acco rdance  w ith  th e  assu m ed  s t r a ­
to sp h eric  tra n s p o r t  d e lay , as a lre a d y  s ta te d . I n  th e  m iddle o f N ovem ber, 
A tla n tic  a ir  m asses in tru d e d  in to  th e  C a rp a th ia n  B asin ; j e t  s tre a m  cond itions 
w ere n o rm a l.

A ll th is  s tr ik in g ly  shows th a t  s tra to sp h e ric  tra n s p o r t  is th e  m a in  process 
b y  w hich  fission p ro d u c ts  are d is tr ib u te d  on a w orld-w ide scale, b u t  u n d er 
a p p ro p ria te  m eteoro logical cond itions th e  p o ssib ility  of d irec t tro p o sp h e ric  
tr a n s p o r t  in  an  E —W  direction  c a n n o t be excluded , even  a t  a considerab le  
d is tan ce  from  th e  n u c lea r  te s t site .

A second n u c lea r te s t  was c a rr ie d  o u t in  th e  sam e area  on th e  1 4 th  M ay, 
1965, b u t  o u r efforts to  d e tec t fission p ro d u c ts  from  th is  explosion  in  D ebrecen  
ra in w a te r  h av e  been unsuccessful.
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ОСАЖДЕНИЕ ПРОДУКТОВ Д ЕЛ ЕН И Я  ИЗ АТМОСФЕРЫ В Г. Д ЕБРЕЦ ЕН , 
ВЕНГРИЯ, В 1963—1965 ГГ.

А. САЛАИ и А. КОВАЧ

Р е з ю м е
В исследованном промежутке времени основная часть радиоактивного осадка про­

исходила из атомных взрывов произведенных в 1962 г., хотя можно показать и наличие 
продуктов деления более раннего происхождения. Со времени прекращения атмосфер­
ных атомных испытаний радиоактивность выпадения уменьшалось и в 1965 г. и достигла 
низкого значения замеченного в 1961 г. Период полудеконтаминации был подобен к опре­
деленному нами в опубликованных раньше работах.

Продукты деления атомного взрыва в 16 октября 1964 г. можно было наблюдать 
в дожде в Дебрецене по резкому возрастанию удельной радиоактивности в 25 октября 
и 18 ноября 1964 г. Появление продуктов деления в 25 октября было обусловлено тро­
посферным транспортом.

Влияние второго испитания произведенного в 14. мая 1965 г. не было замечено.
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GENERAL RELATIVISTIC THEORY 
OF LAGRANGIAN FUNCTIONS

PA RT I.

SCALAR AND VECTOR F IE L D S  IN  T H E  SPACE X ,

By
G. K n a p e c z

P H Y S I C A L  I N S T I T U T E  O F  T H E  U N I V E R S I T Y  O F  T E C H N I C A L  S C I E N C E S ,  B U D A P E S T  

(Presented by  A. K onya —  Received 26. IV. 1966)

A deductive method is given for the derivation  of general rela tiv istic  Lagrangian 
functions (densities). The m ethod consists of th e  solution of a functional equation w hich is 
equivalent to the Lie equation. Some exact solutions of this equation are given. W henever a 
Lagrangian density  of the supposed type does n o t exist, the m athem atical proof of the non­
existence is given.

1. In tro d u c tio n

1.1. S ym m etries p la y  an  im p o r ta n t ro le in  n a tu re , a n d  th ere fo re  th e  
sy m m etry  g roups (pseudogroups, g ru p p o id s , . . .) p la y  an  im p o r ta n t  ro le in  
th e  descrip tio n  of physica l p henom ena a n d  in  th e  c o n s tru c tio n  of p h y sica l 
theo ries.

T he o ldest know n e x a c t sy m m etry  [1] is th a t  of c o o rd in a te  sy m m e try , 
u su a lly  called  th e  p rincip le  o f  general re la t iv i ty . A ccord ing  to  th is  p rin c ip le  
th e  m a th e m a tic a l d esc rip tio n  of n a tu re  shou ld  be in v a r ia n t  u n d e r any  

1 dxk ( A  , .  r. ■ m .  • • ,d e t 0 co o rd in a te  tra n s fo rm a tio n . T h is is th e  gu id ing  p rincip le  of th e

genera l r e la tiv ity  th e o ry , a n d  is applied  in  th is  w ork  too .
1.2. M any d iffe ren t p h y sica l system s can  be described  b y  fie ld  v a riab les . 

F o r exam ple, th e  e lec tro m ag n etic  field m a y  be described  b y  an  a n tisy m m e tric  
co tensor fie ld  B,k (x ), th e  g ra v ita tio n a l f ie ld  b y  a sy m m etric  co tensor fie ld  
gik (я), e tc .

Tlie eq u a tio n s  of m o tio n  of th e  fie lds Фа {x) are m o stly  th e  E u le r e q u a ­
tions o f a L ag ran g ian  fu n c tio n  (density ) L  =  /(Ф а , Фа,к, • • •)• P h y sica l sy s ­
tem s of th is  k in d  th ro u g h o u t th is  w ork w ill be called “ L ag ran g ian  m odels” , 
or sim ply  “ m odels” .

The p ro p ertie s  an d  th e  b eh av io u r o f  th e  L ag ran g ian  m odels are  co n cen t­
ra te d  in  th e ir  L ag ran g ian  fu n c tio n  L. T h ere fo re  th e  L ag ran g ian  fu n c tio n  o f 
th e  m odel is its  basic  ch a rac te ris tic .

This p a p e r  deals w ith  th e  d e riv a tio n  o f  th e  general re la tiv is tic  L ag ran g ian  
densities.

1.3. R ecen tly , E d e l e n  [2] has e x a m in e d  th e  e q u a tio n  obeyed  b y  th e
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L a g ra n g ia n  fu n c tio n s  of a k in d  of L a g ra n g ia n  system s, called  b y  k im  “ v a r ia n t  
fie ld s”  a n d  “ fie ld  spaces” , i f  o n ly  th e  p rin c ip le  o f general re la t iv i ty  is p o s tu la te d .

In  th e  p re se n t p a p e r  a sim ilar p ro b lem  is d iscussed . W e se t u p  a n ew , 
genera l re la tiv is tic  fu n d a m e n ta l fu n c tio n a l eq u a tio n , w hich  shou ld  be sa tis f ied  
b y  th e  L a g ra n g ia n  fu n c tio n s , an d  we solve th is  e q u a tio n  in  a series o f  cases. 
I f  th e  fu n c tio n a l eq u a tio n  o f  a h y p o th e tic a l m odel h as  no  so lu tions a t  all, we 
give th e  m a th e m a tic a l p ro o f  o f  th e  no n -ex is ten ce  o f such  L ag ran g ian s.

In  th e  f i r s t  p a r t  o f th e  p a p e r th e re  is a sh o rt a cco u n t of th e  g eo m etric  
o b jec ts , a n d  th e  d ed u c tio n  o f th e  fu n d a m e n ta l eq u a tio n . T he second p a r t  
c o n ta in s  th e  d e riv a tio n  o f L ag ran g ian  fu n c tio n s  of m odels w hich  are em b ed d ed  
in  a one d im en sio n a l space X x (the  tim e ) . T he tw o -d im en sio n a l an d  th e  fo u r ­
d im en sio n a l cases w ill be t r e a te d  in  tw o  su b seq u en t p ap e rs .

1.4. I f  one com pares th e  p re se n t s ta tu s  of th e  th e o ry  of e le m e n ta ry  
p a rtic le s  a n d  th a t  of th e  th e o ry  of genera l re la tiv ity , one fin d s  som e u n p le a sa n t 
“ a n tico in c id en cy ”  am ong th e m . On th e  one h an d , we h a v e  a lo t o f e le m e n ta ry  
p a rtic le s , b u t  no  general re la tiv is tic  th e o ry  of th em . O n th e  o th e r h a n d  we h a v e  
a sa tis fa c to ry  general re la tiv is tic  th e o ry  o f g ra v ita tio n , b u t  th e  g rav ito n s  a re  
n o t fo u n d  e x p e rim en ta lly .

N ow  th e  follow ing q u estio n s a rise :
(i) a re  th e  e le m e n ta ry  pa rtic le s , o r th e  e lem en ta ry  fie lds belong ing  to  

th e m  ex p licab le  b y  a g en era l re la tiv is tic  th e o ry ?
(ii) D oes a general re la tiv is tic  th e o ry  o f e le m e n ta ry  fie lds ex is t a t  all,

i.e ., can  i t  be  co n s tru c te d  w ith in  th e  fram es of th e  g enera l re la tiv ity  th e o ry ?
(iii) W h a t are  th e  possib ilities  o f th e  general re la tiv is tic  th eo ries  ?
A lth o u g h  th e  gen era l r e la tiv ity  th e o ry  is f if ty  y e a rs  o ld, i t  seem s t h a t

these q u es tio n s  are so fa r  u n an sw ered . T herefo re , i t  seem s th a t  a g enera l r e la ­
tiv is tic  s tu d y  o f  th e  d e r iv a tio n  of th e  L ag ran g ian  fu n c tio n s  is n o t o n ly  o f  a 
m a th e m a tic a l, b u t  also o f  a p h y sica l in te re s t .  T he e x a m in a tio n  of th e  q u e s tio n , 
w h a t re s tr ic tio n s  follow  fro m  th e  o n ly  p rin c ip le  o f gen era l re la tiv ity , m a y  be  
on ly  usefu l.

I . The fu n d am en ta ls

2. The geom etric  objects

A cco rd in g  to  th e  m a th e m a tic a l fo rm u la tio n  of th e  p rinc ip le  o f g en era l 
re la t iv i ty  th e  p h y sica l p h en o m en a  sh o u ld  be described , a n d  th e  ph y sica l th e o ­
ries sh o u ld  be  fo rm u la ted  b y  geom etric  o b jec ts . As a lred y  m en tio n ed , g e o m e t­
ric  o b jec ts  a re , fo r ex am p le , th e  covec to rs A/,(x), th e  co tenso rs B i k { x )  or g i k ( x ) ,  

th e  co n n ec tio n s r ‘ki(x), th e  sca la rs s(x),  th e  o rd in a ry  d en sities d(x), e tc .
A cco rd in g  to  W u n d h e i l e r ’ s  d e fin itio n  [ 3 ]  (in p h y sica l te rm in o lo g y ) th e  

geom etric  o b jec ts  are th o se  en titie s  w h ich  h av e  th e  follow ing p ro p e r tie s :
(i) T h e  com ponen ts Фа(х) (A — 1, 2, . . ., M)  o f th e  o b jec t Ф are  fu n c tio n s  

o f th e  co o rd in a te s  xk o f sp ace-tim e .
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(ii) In  th e  case of a n  arbitrary c o o rd in a te  tra n s fo rm a tio n

xk = f k(xl) ,  de t — Ф  0 ,  k , l =  0 ,1 ,2 ,3 , ( 1 )

th e  com p o n en ts  o f th e  o b je c t should  be  tra n s fo rm e d  acco rd in g  to  a ru le

® a  Ы  =  Ф а  [ Ф в  ( * p )  ,Т-ы] ,  А , В =  1 , 2 , . . . ,  M  (2А)
w here Tw den o tes  a set o f  v ariab les  w h ich  d ep en d  on th e  c o o rd in a te  t r a n s fo r ­
m a tio n , i.e .,

dxk rfxk
dxl dxl dxm

(2B )

(iii) T he func tions WA obey  th e  t r a n s i t iv i ty  cond itio n .
The t r a n s i t iv i ty  co n d itio n  and  o th e r  de ta ils  on th e  geom etric  o b jec ts  

m ay  he fo u n d  in  [3] an d  [4]. Since in  th e  p re se n t p a p e r o n ly  th e  well k n o w n  
sca la r an d  co v ec to r fields a n d  th e ir  L ag ran g ian s  are s tu d ie d , i t  is su ff ic ie n t if 
we m en tio n  b rie fly  th e  fo llow ing:

A ccord ing  to  G o la b  [3 —4] geom etric  o b jec ts  m ay  be ch a ra c te riz e d  b y  
th ree  n u m b ers : (m, n, s). (i) m denotes th e  n u m b e r of th e  co m p o n en ts  o f  th e  
ob jec t. In  th e  case of a c o v a ria n t vec to r o f  fo u r  d im ensional sp ace tim e  m eq u a ls
4. In  th e  case o f a sca lar m equals 1. (ii) n d eno tes th e  d im en sio n a lity  o f  th e  
space in  q u estio n . In  th e  case of th e  p reced in g  ob jec ts  n equals 4. (iii) s is 
th e  “ class”  o f th e  ob jec t. I f  Tjÿ consists o f  Э хк/д x on ly , th e n  s equals 1. I f  
d2xkldxl dxm a lso  occurs in  th e  tra n s fo rm a tio n  fo rm ula  (2), th e n  s eq u a ls  2.

F o r ex am p le , th e  sca la rs  are of th e  ty p e  (1, 4, —). T he f irs t d e riv a tiv e s  
o f th e  scalars a n d  th e  covecto rs are of th e  ty p e  (4, 4, 1).

M ath em atic ian s h av e  fo u n d  a lo t o f  geom etric  o b jec ts  [3 —4]. I n  th e  
course of th is  series of p ap ers  we will give a  su rv ey  of th em , b u t  for th e  p u rp o ses  
o f th e  p re sen t p a p e r  it  is su ffic ien t if  we sa y  a few  w ords a b o u t th e  den sitie s  
of w eigh t 1.

Two k in d s  o f densities o f w eight one e x is t:  (i) th e  o rd in a ry  d en sities of 
w eight one, a n d  (ii) th e  W ey l densities o f  w eig h t one. B o th  o b jec ts  are  o f  th e  
ty p e  (1, n, 1). B o th  m ay  se rv e  as L ag ran g ian  densities, d ep en d in g  on how  th e  
vo lum e e lem en t is defined.

Definition 1. A n o rd in a ry  d ensity  d 0(x) o f  w eight one is a n  ob jec t o f th e  
ty p e  (1, n, 1), w h ich  in  th e  case of th e  c o o rd in a te  tra n s fo rm a tio n  (1) is t r a n s ­
form ed as follow s

do (xp) = de t
dxk
dxl ■do (Xp). (3. O rd)

Definition 2. A W eyl d en sity  d w{x) o f  w eight one is an  o b jec t, w h ich  
u n d er (1) is tran sfo rm ed  as follows

Qxk
d\v (xp) — d et

dx' ' d\v (xp) (3. W e y l)
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3. The physical fields

E v e ry  “ specific”  g eo m etric  o b jec t [3 —4] is a fie ld  in  th e  physica l sense 
o f th e  w ord .

I t  is k n o w n  from  th e  special re la tiv is tic  th e o ry  o f fie ld s, th a t  th e re  is 
som e co rresp o n d en ce  b e tw een  fields an d  e le m e n ta ry  p a rtic le s . To e le m e n ta ry  
partic les  o f d iffe ren t k in d s co rrespond  fie ld s of d iffe ren t k in d s, w hich be long  
to  some re p re se n ta tio n s  o f  th e  P oincaré  g ro u p  (of L o ren tz  group). S im ila rly , 
th e  geom etric  ob jec ts  be long  to  th e  g ru p p o id  of th e  gen era l coo rd ina te  t r a n s ­
fo rm atio n s (3 —4 ] .T hey  p la y  th e  sam e ro le in  th e  case o f th e  general re la tiv is tic  
d esc rip tio n  o f  th e  w orld as th e  ob jects o f th e  re p re se n ta tio n s  of th e  P o in ca ré  
g roup  ( th e  p seu d o sca la rs , th e  spinors, th e  v e c to rs , . . .) in  th e  case of th e  sp ec ia l 
re la tiv is tic  d esc rip tio n  o f ph y sica l p h en o m en a .

I f  one w ishes to  c o n s tru c t general re la tiv is tic  fie ld  th eo rie s , one sh o u ld  
solve th e  q u e s tio n  as to  w h a t L ag ran g ian s m a y  be c o n s tru c te d  from  a g iven  
se t of g eo m etric  ob jec ts Фа (х ) an d  th e ir  d e riv a tiv e s  u p  to  som e order.

As w ill be  seen, th e  answ er to  th is  q u es tio n  is in  th e  m a jo rity  o f cases 
a  n eg a tiv e  o n e : no L ag ran g ian s  can be c o n s tru c te d  fro m  som e h y p o th e tic a lly  
g iven se t o f  geom etric  o b jec ts . F o r tu n a te ly , how ever, th e re  are  cases w hen  th e  
answ er is a n  a ff irm a tiv e  one. The fu n d a m e n ta l eq u a tio n  in  th e  case o f som e 
h y p o th e tic a l co m b in a tio n s o f fields does h a v e  so lu tions. T h e  search  fo r th e se  
so lu tions is th e  aim  of th e  p re se n t w ork.

4. The fundam ental equation

4.1. (i) I f  th e  b e h a v io u r  of a system o f  fields Фа (х ) is co n c e n tra ted  in to  
a L ag ran g ian  L, th e n  acco rd in g  to  p h y sica l experience L shou ld  be a fu n c tio n  
o f  th e  Ф а ( х )  a n d  of th e ir  d e riv a tiv e s  up  to  som e o rder.

(ii) A cco rd in g  to  th e  p rincip le  of genera l re la tiv ity  th e  L ag ran g ian  sh o u ld  
be a g eo m etric  ob jec t.

T h ere fo re , in  th e  th e o ry  o f  L ag ran g ian  fu n c tio n s i t  is n ecessary  to  re q u ire :  
Postulate 1. The L a g ra n g ia n  shou ld  be  a co n c o m ita n t [3—4] o f th e  s e t  

of fields Фа (ж) an d  of th e ir  d e riv a tiv e s  ЭФд/ЭяД . . . ЭпФд/Эяск . . .  dxs (n^> 0 ), i.e .

L  =  l Ф А  ( * )  >
ЭФ А  ( * )

дхк
(4)

4.2. N o t ev e ry  c o n c o m ita n t of th e  k in d  (4) is a L ag ran g ian . If, acco rd in g  
to p h ysica l experience, we req u ire  th a t  th e  ac tio n  A  of th e  system  of fie lds

A j ' J j j L d F  (5)

should  be a n  in v a r ia n t w ith  resp ec t to  (1), th e n  we m u st se t up
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Postulate 2. T he  L ag ran g ian s  shou ld  h a v e  th e  tra n s fo rm a tio n  ru le

L — e- d e t
dxk i - 1
7 7 }

■ L, (6, L)

w here L  is th e  tra n sfo rm e d  L ag ran g ian , w h ich  belongs to  th e  new  co o rd in a te  
system , an d

e = 1
sign (d e t dx/dx)

(6, e)

depend ing  on how  d V  is d efined . I f  d V  is d efin ed  as an  o rd in a ry  d en sity  o f 
w eigh t —1, th e n  th e  L ag ran g ian  shou ld  be a n  o rd in a ry  d e n s ity  o f w eight one. 
T h en  e =  1. I f  th e  vo lum e e lem en t is defined  as a W eyl d e n s ity  o f  w eight —1, 
th e n  th e  L ag ran g ian  shou ld  be a W eyl d e n s ity  o f  w eight one. T h is question  will 
have  significance in  th e  case o f  th e  gauge sy m m etrie s  on ly . T herefo re , we do 
n o t go in to  fu r th e r  d e ta ils  here .

4 .3 . F ro m  th e  tw o  p o s tu la te s  i t  follow s th a t

1 [ФА (х р ) , ФА,к(хр ) т  • ■ ] = £ •
Яг'

d e t 7 7 \ ' 1 Ф̂а ’ 0 A -k 7 p) ’ • • • ] •  ( 7)

In se r tin g  (2) in to  (7) we get th e  n ecessary  co n d itio n  for l to  be a L ag ran g ian . 
T h is co n d ition  w ill be called  th e  

Fundamental equation:

I dxl '
а \ Ф в ( х р )  , T k i \ , -  ■ ■ ]  — £ * I d e t - ^ \ ' 1 [ Ф А {хр) ,Ф А к { х ) (8)

w here  Wa an d  7  — f k(xl) are  g iven , l is th e  u n k n o w n  fu n c tio n , an d  th e  s u b ­
sc rip t P  in  Xp an d  Xp d eno tes t h a t  xp ab d  xP a re  th e  co o rd in a te s  of th e  same 
in s ta n t-p o in t P  in  th e  old an d  new  c o o rd in a te  sy stem s, re sp ec tiv e ly .

T he so lu tio n  o f e q u a tio n  (8) is th e  n ecessa ry  ta sk .

4 .4 . E v e ry  so lu tion  l o f (8) is a d e n s ity  a n d  a c o n c o m ita n t o f th e  fie lds. 
B u t n o t all d e n s ity -co n co m itan ts  are  L ag ran g ian s . T here a re  densities w hose 
E u le r  eq u a tio n s  v an ish  id en tica lly . These so lu tio n s shou ld  be d isregarded . 
T herefo re  we se t up  th e

Supplementary condition: O n ly  th o se  so lu tio n s of (8) are  L ag ran g ian s 
w hose E u le r  e q u a tio n s  do n o t  v a n ish  id e n tic a lly .

E v e ry  so lu tio n  of th e  fu n d a m e n ta l e q u a tio n  w hich also  satisfies th e  
su p p le m e n ta ry  co n d ition  is a m a th e m a tic a lly  possible gen era l re la tiv is tic  
m odel of a sy s tem  of in te ra c tin g  fie lds. W h e th e r  i t  has a p h y sica l m ean ing , 
too , is a n o th e r q uestion .

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



150 G. KNAPECZ

5. The m athem atical problem

T h e m a th e m a tic a l so lu tio n  of (8) is a d ifficu lt p ro b lem  in  th e  case o f 
fields w h ich  h av e  a co m p lica ted  tra n s fo rm a tio n  ru le . T here fo re , in  th e  search  
fo r th e  so lu tio n s  of (8) w e sh a ll p roceed  s tep  b y  s tep , fro m  sim ple sy s tem s to  
m ore a n d  m ore  co m p lica ted  ones, fro m  th e  one d im en sio n a l tim e  X Y to  th e  
fo u r d im en sio n a l sp ace tim e  X^.

I n  th e  case o f th e  sp ace  X 1 th e re  a re  no m a th e m a tic a l d ifficu lties, an d  
th e  m e th o d  o f th e  d irec t d e r iv a tio n  o f gen era l re la tiv is tic  L ag ran g ian  fu n c tio n s  
ap p ears  c lea rly . As w ill b e  seen , th is  m e th o d  is m ore sim p le  th a n  th a t  o f L ie  
[5], Y a n g -M il l s  [6] an d  U t iy a m a - K ib b l e  [7], an d  E d e l e n  [2].

on tim e  x, a re  discussed. T h e  tim e  is assu m ed  to  be a space  X 1 [3-—4 ]. T he 
fields in  q u es tio n  a re , fo r  exam ple , th e  ca rte s ian  co o rd in a tes  x (т), у  (т), 
z (т) o f a m o v in g  m ass-p o in t, th e  a n g u la r  coo rd in a te  <p(r) o f  a ro ta tin g  b o d y , 
e tc .

Definition 3. T he p o in ts  o f th e  w ill be called  “ in s ta n ts ” .
Definition 4. T he g en era l re la tiv is tic  tim e  c o o rd in a te  x of X v  w h ich  has 

in  genera l n o  m etric  p ro p e rtie s , an d  th e re fo re  is on ly  a p a ra m e te r  (o r label) 
o f th e  in s ta n t ,  will be ca lled  “ p a ra tim e ”  (from  p a ra m e te r  an d  time).

Definition 5. I f  a geom etric  o b je c t is a fu n c tio n  o f several geom etric  
o b jec ts  i t  is u su a lly  called  a c o n c o m ita n t, o r sim ply  a c o m ita n t of th e m . I f  th e  
c o n c o m ita n t is a sca la r, i t  is u su a lly  ca lled  in v a r ia n t. I f  th e  c o m ita n t is an  
o rd in a ry  d e n s ity  of w eig h t one, i t  w ill be  called “ o rd in a ry  d e n s ita n t” (from  
density  a n d  com iiant).

Definition 6. T hose c o m ita n ts  w h ich  are W eyl den sitie s  of w eig h t one, 
w ill be  ca lled  “W eyl d e n s ita n ts ” .

T h e  la s t  ob jec ts , h o w ev er, w ill be  t r e a te d  in  th e  la te r  p u b lica tio n  only .

Definition 7. T he o b je c t v (x) w h ich , in  th e  case o f  an  a rb itra ry  c o o rd in a te  
tra n s fo rm a tio n

II. Fields in the  tim e X4

6. Prelim inaries

In  th is  p a r t  of th e  p a p e r  th e  “ fie ld s”  Ф(х) d ep en d in g  on  a single v a ria b le ,

7. Single vector field in X4

T = / ( - 0 . dx dx
(9)

is t ra n s fo rm e d  b y  th e  fo rm u la

v (xp) =  a r 1 v (xp) , ( 1 0 )
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Avili b e  ca lled  a “ co v ec to r” . In  th e  m a th e m a tic a l l i te ra tu re  i t  is called  an  o rd i­
n a ry  d e n s ity  of w eig h t one.

T h e  tra n s fo rm a tio n  fo rm ula  (10) m ay  be w r itte n

V =  ß1v, (11)
w here

/?х=  a f l =  drjdr . (12)

Theorem 1. T he  genera l d e n s ita n t of a co v ec to r fie ld  v (r)  is

l [v (т)] =  к ■ v ( r ) , (13)

w here /с is a sca la r c o n s ta n t. (P roo f. T he fu n d a m e n ta l eq u a tio n  (8) read s  as 
follows in  th is  case:

l \ v ( rp) ] ^ ß 1l[v(Tp)] .  (14)

T ak in g  in to  acco u n t (11) eq. (14) becom es

l [ß 1v ] =  ß j [ v ]  (15)

Avhich is a n  id e n tity  in  ß a n d  v. A m ong  th e  genera l c o o rd in a te  tra n s fo rm a tio n s  
th e re  a re  som e for w hich  a t  th e  g iven  in s ta n t  P

a (r p) — v ( tp) . (16)

U nder th e se  re s tr ic tio n s  (15) reduces to

l ( l )  =  v ~ 4 ( v ) ,  (17)
i.e.

l [ v ( r ) ] = v ( r ) - l ( l )  =  k - v ( r ) ,  (18)

where к is an  a rb itra ry  sca la r c o n s ta n t. Since no fu r th e r  re s tr ic tio n s  on l m a y  
be g iven , (18) is (as ca lled  in  th e  m a th e m a tic a l l i te ra tu re )  th e  genera l so lu tio n  
of (15).

W e m en tio n  th a t  th e  d eg en era te  so lu tions o f (8) w ill alw ays he d is re g a rd ­
ed.

T h u s  th e  th eo rem  is p roved).
Theorem 2. T he g enera l d e n s ita n t of a co v ec to r v an d  its  f ir s t  deriA 'ative

V, is
l [v ( r ) , (r)]  == к ■ V ( r ) , (19)

where к is  a n  a rb itra ry  sca la r c o n s ta n t. (P roof. W ith  th e  n o ta tio n s
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a n d

def
a—

def d  V (T) 
d  T

(2 0 )

ß .
def d2 T

d  T2
( 21)

a n d  ta k in g  in to  acco u n t th e  tra n s fo rm a tio n  fo rm u la  o f a (t)

ä(rp) =  ß l a (rp) +  ß 2 v ( t p )  (2 2 )

th e  fu n d a m e n ta l eq u a tio n  (8) read s

l (v ßlt a ß\  +  V ß2) =  ß11 (v, a ) . (23)

A m ong th e  general c o o rd in a te  tra n s fo rm a tio n s  (9) th e re  are  som e for 
w h ich  a t  th e  in s ta n t  P  th e  fo llow ing  re la tio n s  are  v a lid

v ß x =  1, i.e ., ß 1 =  v - 1 (24)
an d

a ß\-\- v ß2 =  0, i. e., ß2 =  — a v~3 . (25)

A t th is  p o in t P  eq . (23) reads

l (1,0) =  r -3 l (v, a)

T here fo re , th e  gen era l so lu tion  o f (23) is

d v (t )
v (t) ,

d T
=  v ■ l [1.0] =  к • v (т)

(26)

(27)

Q E D ).
Theorem 3. N o L ag ran g ian  o f th e  fo rm

L =  l { v , v z) (28)

ex is ts . (P roo f. (19) does n o t c o n ta in  vr).
Theorem 4. T he  genera l d e n s ita n t of v ( r ) , vr an d  vTZ is

l (v, vz, vzz) =  k v ,  (29)

w here к is an  a rb i t r a ry  sca la r c o n s ta n t. (P roof. T h e  tra n s fo rm a tio n  fo rm ula  of 
v is (11), t h a t  o f  vz is (23), a n d  th a t  o f v„  is
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i-r - =  ß \ v„  +  З Д ^  +  А® . (30)
w here

(3 1 )

T he fu n d a m e n ta l e q u a tio n  reads

1 (v ßi, vTßf +  v ß2, v„  ßl  +  3&  ß2 vx +  V ß3) =  ß11 (v, i)T, nIT) . (32)

A t a g iven in s ta n t  P  we m a y  take

v ß l== l ,  (33)

vTßl +  v ß 2 =  0 (34)
an d

vti ßi +  Зют ßx ß 2 +  v ß3 =  0 . (35)
T hen

/ ( 1 ,0 ,0 )  =  v - 4 ( v , v T, v zx) (36)

an d  th u s  th e  th eo rem  is p roved ).
Theorem 5. No L a g ra n g ia n  of th e  fo rm

L =  l [v  ( t ) ,  v t ( t ) ,  dtt(t)] (37)

ex ists. (P roo f. (29) does n o t co n ta in  v r a n d  vTT).
T here  is a s tro n g  p ro b a b ility  t h a t  no  L ag ran g ian  o f th e  form

L =  (38)
d r  d ru

ex ists.

8. Single scalar field in X t

Theorem 6. No d e n s ita n t  of a s c a la r  fie ld  s ( r )  ex is ts . (P roof. L e t us 
suppose t h a t  l ex ists. T h e n  in  th e  case o f  a tra n s fo rm a tio n  (9) one gets

[s(Tp)] =  ßLl [s (T p)].  (39)

Since s (t) is a scalar, i.e .,

s (fp) =  s ( r p) , (40)

(39) m ay  he  w ritten  as follow s
l =  ßxl .  (41)
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Since th is  m u s t b e  tru e  fo r a rb itr a ry  v a lu es  o f  ß v  l should  be  id en tica lly  zero

l [s (t)] =  0 . (42)

T h e  th eo rem  is n o w  p roved ).
Theorem 7. T h e  genera l d e n s ita n t o f a sca la r  s (r)  a n d  o f its  d e riv a tiv e  

s r ( t) is
l [s, sT] =  sT F  (s) (44)

w here  F  is an  in v a r ia n t . (P roo f. T he fu n d a m e n ta l eq u a tio n  (8) now  reads

, -  d s  1 „ 7  d s ]I s , — — — pxl s , -----  , (45)
d r  d r

i.e .
l { s , s T ßi) =  ß i l ( s , s T) . (46)

A t a g iven  in s ta n t  P,  one m a y  ta k e

A * x = l  (47)
a n d , th e re fo re ,

l / \ ds ( t )  d s j . . d s (r') / / \\ / л n\I a ( r ) ,  v = — Z ( s , l ) =  — ^ 2 _ F ( s ( r ) ) .  (48)
d r  d r  d r

Q E D ).
Theorem 8. N o L ag ran g ian  of th e  fo rm

L  — l [ s ( r ) ,  sT (t)] (49)

ex ists . (P roo f. T h e  d e n s ita n t in  q u estio n  is (48)

L =  sT F (s) . (48)

I ts  E u le r  e q u a tio n  id e n tic a lly  v an ishes:

i b - f i k ]  ( s o ,
3s 9sT jT d s d r  

T hus, th e  th e o re m  is p ro v ed ).
Theorem 9. T h e  g enera l d e n s ita n t o f a sc a la r  s (r)  an d  o f i ts  f irs t tw o d e r i­

vatives is o f th e  fo rm
l [ s , s T, s ZT] =  sr F  (s) ,  (51)

where F  is a n  in v a r ia n t . (P ro o f. As fo r th e o re m  3).
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Theorem, 10. No L ag ran g ian  of th e  fo rm

L =  l ( s , s r, s J  (52)

ex ists . (P roof. T he E u ler eq u a tio n  of (51) van ishes id en tica lly .)
I t  is h ig h ly  p ro b ab le  t h a t  no L a g ra n g ia n  of th e  fo rm

d s du sL = l s (  г) . . .  (53)
d  T  d  t u

ex ists .

9. Two covector fields in Xj

This sec tio n  also y ie ld s positive re su lts .
Theorem 11. The g enera l d e n s ita n t o f  tw o  covecto r fie lds v (r) a n d  w (r)

is *

l [ v { r ) , w ( r ) ]  = i ; ( r ) - F [ - ^ j T̂ l ,  (54)
v (t)

w here F  is an  a rb itra ry  in v a r ia n t. (P roof. E q . (8) now re a d s

l ( v ß v w ß 1) =  ß1- l ( v, w ) ,  (55)
A ssum ing th a t

v /3, =-• 1 , i. e., ßi =  v~l
we get

7 /  \  i l l  W \  ( 5 6 )l ( V ,  W )  = 1 )1  1,   = 1 7 ' i    .
I V I V .

Q E D ).
Theorem 12. The gen era l d e n s ita n t o f  th e  v ec to r fie ld s  v (t) an d  ui ( t), 

an d  th e ir  f ir s t  d e riv a tiv es  is o f th e  form

i t  ~i r. uj гег v  —  w v  / r _4l [ v , w , v 7, w r] =  v F  — , — ----------- - , (57)
V  V 3

where F  is an  a rb itra ry  in v a r ia n t  fu n c tio n . (P roof. In tro d u c in g  th e  n o ta t io n

a =  vT, b — wT (58)
eq. (8) reads

l (/9, v, ß1 w ,ß f a  +  ß2 v, ß{ b +  ß 2 w) =  ß11 (и, w, a, b ) . (59)
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A ssum ing  th a t

A »  =  i  (60)
an d

ß \ a  +  ß2v =  0 (61)
we get

ß1 =  » - 1 (62)
an d

ß2 — — a  v~3 . (63)

In se r tin g  (60) — (63) in to  (59) we get

l 1, —  , 0 , —---- =  V- 1 1 (v, w, a, b ) , (64)
V v2 v3 J

i.e.

/ ( r , tv, a, b) =  v F  (—  , ~  — — I (65)
V v v1 v3 f

Q E D .)
Theorem 13. The gen era l L ag ran g ian  o f tw o co v ec to r fields an d  th e ir  

f i r s t  d e r iv a tiv e s  is

L =  « f (— , VW' ~ - U1VA . (66)
v v3 I

(P roof. T he d e n s ita n t is (66). I t s  E u le r e q u a tio n  does n o t  v a n ish  id en tica lly .)

10. Tw o scalar fie lds in  X t

Theorem 14. T he gen era l L ag ran g ian  o f tw o  scalar fie ld s  s (r) a n d  r  ( r )  
an d  o f th e ir  f i r s t  d e riv a tiv e s  is of th e  fo rm

L =  sTF [ s , r , M ,  (67)

w here F  is an  a rb itr a ry  in v a r ia n t  fu n c tio n  o f  i ts  in v a ria n t (o r scalar) a rg u m e n ts . 
(P roof. T h e  fu n d a m e n ta l eq . in  th is  case is

l (s, r, ß x sx, ß1 rT) =  ß 11 (s, r, sr, rt) . (68)

As in  th e  case o f th eo rem  11 we get for th e  d e n s ita n t

l (s, r, sT, rT) =  sT / s, r, 1, — \ =  sTF  (s, r, — I . (69)
S j  l «r
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T h e E u le r eq u a tio n s  o f  th is  d e n s ita n t do no t v a n ish  id en tica lly . T h u s  (68) is 
a L ag ran g ian .)

In  th e  n e x t sec tio n  we shall g ive som e exam ples and  th e  in te rp re ta tio n  
o f m odels o f th e  ty p e  (67).

Theorem 15. T h e  genera l L a g ra n g ia n  of tw o  sca la r fields a n d  o f th e ir  
f ir s t  tw o d e riv a tiv e s  is o f  th e  form

L  =  l (s, r ,  sT, rT, sTT, rTT) =  sT F S , r ,
S T

(70)

(P roof. As fo r th eo rem  12.)
W e give w ith o u t p ro o f  th e  fo llow ing
Theorem 16. T h e  genera l L a g ra n g ia n  of tw o sca la r  fields a n d  th e ir  f irs t 

th re e  d e riv a tiv e s  is o f  th e  form

s ,F s, r, Stt( L t St —  r T S r r )
. (71)

w here s ( r )  an d  r (r) a re  th e  fields.

11. E xam ples

Example 1. L e t us consider a m oving  m ass-p o in t in  th e  E u c lid ean  
p lane. T he ca rte s ian  co o rd in a tes  o f th e  p o in t, x ( r )  a n d  y  (t),  a re  geom etric  
o b jec ts  w ith  resp ec t to  th e  general re la tiv is tic  p a ra tim e  tra n sfo rm a tio n s

r = f ( r  ) ,  4 ^ ° .  (9)
dr

B o th  x and  y  are sca la rs  w ith  resp ec t to  (9), because

*  (íp) =  X (rp) a n d  y  (rp) =  у  (тр) . (72)

L ag ran g ian s of th e  ty p e  l(x, y ,  x T, y T) are

L =  x, F x, y. Jx (67)

w here F  is an  a rb itra ry  in v a r ia n t fu n c tio n .
So m uch  for th e  th e o ry .
W ith  re g a rd  to  p h y sica l ex perience  we tak e  th e  L ag ran g ian  (67) to  be 

L =  m x z -(1 + y 1 l x 2' ) t , (73)
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î.e.
L =  m ' (*? +  J ? )* , (74)

w h ere  m is a sca la r  c o n s ta n t (th e  m ass) of th e  m o v in g  p o in t. T h e  E u le r  eq u a ­
tio n s  a re

d Í dxjdx I Q

H r \ { x %  +  y *)* J (75)

d  ( dyjdx j =  0 

dr  I (*? +  y?)± J
(76)

F ro m  (75) a n d  (75) one can  c o n s tru c t sev era l in v a r ia n t expressions. One 
o f  th e m  is

dy
—— =  c o n s t . 
dx

(77)

T h is  e q u a tio n  show s th e  c h a ra c te r  o f th e  so lu tio n s of g enera l re la tiv is tic  
e q u a tio n s  an d  t h a t  o f th e  g enera l re la tiv ity  th e o ry  itself.

(i) Since X is a label on ly , th e  E u le r  e q u a tio n s  (76) an d  (75) n eed  n o t be 
so lv ed  because  th e  so lu tions x (t) a n d  у  (т) c o n ta in  v e ry  l i t t le  in fo rm atio n . 
T h e  p h y sica l in fo rm a tio n  is c o n c e n tra te d  (co n ta in ed ) in  th e  relations be tw een  
th e  fie lds x (x) a n d y ( t ) .  If , in  th e  case of tw o  field v ariab les  a n d  one p a ra - 
v a r ia b le , one f in d s  one in v a r ia n t  re la tio n  b e tw een  th e  fields w h ich  is based  on 
th e  E u le r  e q u a tio n s , th e n  one h as  fo u n d  th e  t ru e  so lu tion  o f  th e  p rob lem . 
E q u a t io n  (77) is o f  th is  k in d . I t  is a tru e  re su lt.

(ii) I n  th is  ex am p le  th e  tw o  fie lds x (x) a n d  y  (x) are th e  described  p h y ­
sica l p h en o m en a . As seen from  (77) th e  re su lt o f th e  general re la tiv is tic  e q u a ­
tio n s  o f m o tio n  shou ld  be a comparison b e tw een  th e  p h ysica l phenom ena .

T he g enera l re la t iv i ty  th e o ry  is n o t designed  to  com pare , o r  to  express 
th e  p h y sica l p h en o m en a  (here x a n d  y)  w ith  th e  a lm o st e m p ty  p a ra q u a n tit ie s  
(h e re  t) because  th e y  are lab e ls  o n ly . The p a ra q u a n tit ie s  h a v e  a secondary , 
in te rm e d ia ry  ro le on ly .

N ow  we are  ab le  to  ex p la in  phy sica lly  w h y  no L ag ran g ian s o f th e  form

L =  l d x dr x 
d x  dx2

du x 
d xu

e x is t . A L a g ra n g ia n  of th is  ty p e , i.e . a single field c a n n o t be u sed  fo r co m p ari­
so n s, an d , th e re fo re , i t  c a n n o t e x p la in  a n y th in g . One single p h y s ica l p h en o ­
m en o n  w ith in  th e  fram es o f th e  general r e la t iv i ty  th e o ry  is eq u iv a len t to  
n o th in g .

(iii) T he e q u a tio n  (77) is a k in em a tic  re su lt . T his is also a ch a rac te ris tic  
o f  th e  genera l re la t iv i ty  th e o ry .
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Example 2. L e t us consider th e  sam e m oving m a ss-p o in t and  a  ro ta tin g  
b o d y , w hich  is considered  as a p h y sica l clock, an d  w h ich  is ch a ra c te riz e d  b y  
its  a z im u th  (p (t) .  All fie ld s, x ( r ) , y  ( t )  a n d  <p ( t ) are sca la rs  w ith  re sp ec t to  (9). 

L e t us ta k e  th e  co n cre te  L a g ra n g ia n  of ty p e  (67) in  th e  form

L  =  <px- [ * + W
2

+ A ] 2'
1 l <Pr\ <pJ  .

(78)

w here к is a sca lar. T he E u le ria n  e q u a tio n s  are

an d

d Xr __ j
d r ( k 9‘i +  xi  +  f ; ) i \

d Ат
d  г (■к <Pï +  x~ +  y 2T) i

d Ф т
d r \ ( k  rp\ +  x\  +  v;)i

=  0 , (79)

=  0 , (80)

=  0 . (81)

A n in v a r ia n t consequence is

d  x d у
----- =  ct a n d  —— =  c2 .
d <p dcp

(82)

T his m eans th a t  th e  metric ve lo c ity  o f  th e  m oving m ass-p o in t is an  in v a r ia n t  
an d  a c o n s ta n t of th e  m o tio n .

F ro m  (82) we ag a in  see th a t  in  th e  genera l re la t iv i ty  th e o ry  th e  in v a r ia n ts  
are th o se  expressions (q u a n titie s )  w h ich  co n ta in  th e  re su lts  o b ta in ed  b y  th e  
com p ariso n  of th e  p h y sica l p h en o m en a  an d  also th o se  o b ta in ed  b y  p h y sica l 
m easu rem en ts .

I t  seem s th a t  in  th e  genera l re la tiv is tic  th eo ry  of fie ld s  a t  least one o f th e  
fields (or p e rh ap s  one o f th e  co m p o n en ts  of a c e r ta in  field) is a lw ay s  that 
physical object w ith  w hich  all o th e r  o b jec ts  should  be co m p ared , to  w h ich  all 
th e  o th e r  ob jec ts  shou ld  be re la te d , a n d  b y  w hich all th e  o th e r o b jec ts  shou ld  
be m easu red  [8].
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О Б Щ Е Е  РЕ Л Я Т И В И ТС К А Я  Т Е О РИ Я  Л А ГРА Н Ж И А Н О В

Часть I.
Векторные и скалярны е поля в пространстве X .,

г .  К Н А П Е Ц

Р е з ю м е
Дается метод д л я  вывода обще релятивистских лагранж ианов на основе решения 

одного функционального уравнения, которое явл яется  эквивалентным уравнению Ли 
(S. L i e ). Выведены некоторые реш ения этого уравнения. Если лагран ж и ан  предполага­
емого типа не существует, дается математическое доказательство не-существования.
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ВЛИЯНИЕ ФЛУКТУАЦИИ ВНУТРЕННЕГО 
МАГНИТНОГО ПОЛЯ НА ЭФФЕКТ МЕССБАУЭРА

Л. ПАЛ
Ц Е Н Т Р А Л Ь Н Ы Й  И Н С Т И Т У Т  Ф И З И Ч Е С К И Х  И С С Л Е Д О В А Н И Й  

В Е Н Г Е Р С К О Й  А К А Д Е М И И  Н А У К ,  Б У Д А П Е Ш Т

(Поступило 5. V. 1966)

Рассматривается влияние флуктуации направления внутреннего поля на форму 
линий эффекта Мессбауэра. Доказывается, что с ростом «частоты» флуктуации линии сверх­
тонкого расщепления расширяются, смещаются и наконец сливаются в одну централь­
ную линию, которая — при дальнейшем росте «частоты» флуктуации — постепенно су­
жается. Сливание происходит тогда, когда «частота» флуктуации юк больше ларморовской 
частоты œL для сливающей пары линий. В момент сливания формы центральной линии 
заметно отличается от лоренцовской. Наличие внешнего магнитного поля приводит к 
изменению положения и ширины линий, а также процесса разрушения их сверхтонкой 
структуры.

В настоящей работе излагается простая вероятностная теория флук­
туации внутреннего поля и показывается влияние этой флуктуации на фор­
му линий эффекта Мессбауэра.

Как известно, при наличии внутреннего магнитного поля происходит 
земановское расщепление ядерных уровней. Если это поле флуктуирует 
между значениями +  Н  и -—Н ,  то в зависимости от «частоты» флуктуации 
меняется спектральная характеристика эффекта Мессбауэра. При случае, 
когда ларморовская частота œ L больше характерной «частоты» флуктуации 
coR , земановское расщепление сохраняется. Разрушение расщепления про­
исходит, если «частота» флуктуации больше ларморовской.

Наличие квадрупольного расщепления в основном не меняет картины, 
только при достаточно больших «частотах» флуктуации внутреннего маг­
нитного поля наблюдается асимметрия в квадрупольном расщеплении. Это 
естественно, так как вырожденный квадрупольный уровень ±  3/2 рас­
щепляется больше, чем уровень ±  1/2. Поскольку ларморовская частота 
для переходов ± 3 /2  -> ±  1/2 больше, чем для переходов ±  1/2 -> ±  1/2, 
±  1/2, то вполне возможно, что при некоторой «частоте» флуктуации рас­
щепление переходов ±  1/2 ±  1/2, ±  1/2 уже разрушается, но в то же
время этого не происходит в случае переходов ±  3/2 ±  1/2.

Как видно, влияние флуктуации внутреннего магнитного поля приво­
дит к весьма наглядным эффектам, теоретическое описание которых на пер­
вый взгляд не представляет никакой трудности. Несмотря на это, имеется 
лишь несколько теоретических работ, рассматривающих этот вопрос, хотя 
в теории ядерного магнитного резонанса аналогичные задачи уже давно 
известны и решены [1].
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После обнаружения сверхтонкой структуры линий Мессбауэра в слу­
чае некоторых парамагнитных окислов редкоземельных элементов [2] Афа­
насьев и Каган [3] развили квантовую теорию, учитывающую спин-реше- 
точную релаксацию магнитного момента электронной оболочки и объяснили 
главные черты экспериментальных фактов. Ван дер Воуд и Дэккер [4] 
показали, что сосуществование центральной и сверхтонких линий в грубых 
чертах может быть объяснено на основе стохастической модели магнитной 
релаксации Андерсона [1]. Вегенер [5], исходя из простого квантово-меха­
нического расчета, вывел приближенные формулы для расширения и сдвига 
линий эффекта Мессбауэра при наличии флуктуирующего внутреннего поля, 
но им не был исследован процесс разрушения сверхтонкой структуры. 
Блуме [6] указал на то, что асимметрия квадрупольного расщепления может 
быть рассчитана, используя метод Андерсона для магнитной релаксации. 
Бредфорд и Маршал [7] исследовали влияние релаксации спинового мо­
мента электронов на спектр Мессбауэра в случае быстрой релаксации и 
показали, что расширение линий поглощения обратно пропорционально 
времени релаксации.

Растущий интерес к явлениям, связанным с флуктуациями внутрен­
него магнитного поля, объясняется тем, что характерная «частота» флук­
туации и, особенно, ее температурная чувствительность дают ценную 
информацию о движении магнитного момента вблизи точки фазового прев­
ращения.

В разделе II данной работы излагается общая теория флуктуации 
внутреннего поля на основе вероятностной модели и показывается ее влия­
ние на спектральную плотность излучения мессбауэрского ядра. В разделе 
III рассмотрен самый простой случай, а, именно, релаксация атомного 
спина S  =  1/2 ; в разделе IV показана роль внешнего магнитного поля. На­
конец, в разделе V приводятся результаты и анализируется характер сдвига 
и расширения линий. Дополнительно, в Приложении I изложены отдельные 
детали вероятностной теории движения квазисвободного магнитного мо­
мента, а в Приложении II представлены некоторые соображения по флук­
туации внутреннего поля в случае S  >  1/2.

II. Постановка задачи

Ради простоты и конкретности рассмотрим мессбауэрское излучение 
ядра Fe57, схема уровней которого хорошо известна и только для нагляд­
ности изображена на рис. 1. При переходе из возбужденного состояния 
I  т 'Г  >  в основное | m l  >  излучается один гамма-квант, векторный потен­
циал которого может быть написан в следующем виде:
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t
—> т  1 , 0 )  =  А 0 (т ' I '  —>т  I ,  O ) f 0 (t) exp [i ô (m ', m) j  H  ( t ')  d t ' \ , (1)

0

/о  (i) =  exp {i К  +  ô (m ', m) H 0] t —\ Г  (m') t} . (1 ')

Cos1

137 К ЭВ

270ЛН ЕИ

l " - 5 / 2

, 0.96М1+ОШ2 >  >

-Iсо-7/2 
fj-+i,65vn

-3 /2  
- 1/2 
+ 1/2 
+3/2

+ 1/2 

- 1/2

1=3/2
fi'=-0.153 fin 
AE'=i.07.10~73B

1=1/2
fi =+0,0903 /jn 
AE= 1,90.10'73B

Рис. 1. Схема уровней ядра Fe57

I A g ( r r í l  -> m I 0 ) I2 определяет интенсивность излучения в направлении, об­
разующем угол 0  с направлением внешнего магнитного поля; Г (т’) —

Е '  - Е
ширина уровня т  и со0 =  ---- ----- , а фактор b(rrí, т ) имеет вид:

А

ô (т, т') =  — { m ' g ' +  m g ) , (2)
ft

где g’ и g гиромагнитные коэффициенты возбужденного и основного состоя­
ний. Через H (t)  обозначено флуктуирующее магнитное поле, а через И 0 
постоянное внешнее магнитное поле, действующее на ядро. Спектральная 
плотность излучения может быть определена из корреляционной функции

<  А  ( t ) А *  ( 0 )  >  =  Z  « V  <  А  ( t , m '  I '  m I ,  0 )  А *  ( 0 ,  m' I '  m I ,  0 )  >  , ( 3 )
т ,т '

где w m,, статистический вес состояния т ’. Спектральная плотность имеет 
вид:

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



164 Л . П А Л

I((o) =  —  R e S  (со) , (4)
n

=  f  e~iat <  A  (t) A*  (0) >  d t . (5)

Собственно говоря, задача полностью может быть сведена к вычислению 
выражения

f ( t )  =  <  exp [ iô  \ Н  (t') dt']  >  , (6)

так как
<  А  (í , т' I'  —> rn I, в )  А*  (0 , т' I '  —у т I, 0 )  >  —

=  \ A o ( m ' I ' - y m I , 0 ) \ * f o ( t ) f ( t ) .  (7)

В дальнейшем опускаем индексы т ’ и т ,  характеризующие переход, и по­
стараемся найти метод для вычисления среднего значения (6).

Предположим, что флуктуация магнитного поля, действующего на 
ядро, связана с флуктуациями магнитного момента электронной оболочки. 
Рассмотрим случай, когда магнитный момент атома обусловлен чистым 
спиновым магнетизмом. Если некомпенсированный спин электронной обо­
лочки принимает значение S ,  то во многих случаях законно предположить, 
что

H ( t )  =  H maxM i - ,  (8)

где S z(t) проекция спина на направление внешнего поля в момент времени 
t ,  а Н 1Гах — максимальное внутреннее поле, действующее на ядро. Имеются 
всего 2 S  +  1 разных проекций, каждая из которых характеризует состояние 
магнитного момента электронной оболочки. В состоянии к  проекция 5г 
имеет значение S  -f 1 — к. Обозначим через и (к ’, к ) A t  +  0 ( A t )  вероятность 
того, что S z в течение времени At переходит из состояния к ’ в состояние к. 
Предполагая, что могут быть разрешены переходы только в соседние со­
стояния, и(к’, к) отлична от нуля, если | к’ — к \ =  1. Состояние магнитного 
момента характеризуется случайной величиной v(t), которая может прини­
мать целочисленные значения 1 , 2 , . . . ,  2 S  -f 1. Легко показать, что мат­
рица и  определяет динамическое поведение магнитного момента и, рас­
сматривая движение S z как марковский процесс, можем получить всю 
необходимую информацию о флуктуациях S z. В «Приложении I» изложена 
основная идея вероятностной теории движения S z.

Для того, чтобы вычислить функцию

f ( t ) =  охр [£<5 § H ( t ' ) d t ' ]  >  ,
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потребуется функция распределения случайной величины

(

с ( 0  =  ^ ~ ( Х  (9)
о

которая по своему характеру является фазой, испытывающей случайные 
изломы.

Пусть
Р  {х <  С (t) X -ф d X ] V (0) =  fc} =  р к (t, х) d x  (10)

вероятность того, что случайная величина С ( 0  в момент времени t >  0  при­
нимает значение, лежащее в интервале (х, х -f- dx), при условии, что в мо­
мент t =  0 проекция спина находилась в состоянии к. Уравнение для pk(t, х )  
легко выводится, если учесть, что между двумя соседними переходами фаза 
линейно растет со временем. Например, в состоянии к  до следующего пере­
хода фаза имеет вид:

1 г, ■S'-!- ! — к S 4  1 — к , .x =  ó H тах ------- ------- 1 =  mL-------- ------- 1 =  х к (t) . (11)

Так как вероятность того, что в интервале времени (0, t) состояние к сохра­
няется, выражается через е ~ “к\  где

ик =  и (к —у к — 1) -ф и (к  —»- к  -ф 1 ) ,  
то

Р к  (*, х )  =  e ~ '  kt à ( x  —  х к t) +
t

+  J  е ~ и * '  [u  (к - у к — 1 )p k _ l  (t — t ' , x  —  x k t ' )  +

-ф и ( к —*■ к —(- 1 )Pk+i  (t — t ' , X — x k i ') ]  d  t'  (12)

(fc =  1 ,2 ........ 2 S +  1).

Следует заметить, что

Mi =  ы (1 — 2 ) ,  u 2S+i —  и  (2 S  +  1 —>• 2 S ) , (1 3 )
так как

u ( l - > 0 )  =  u ( 2 S + l - > 2 S  +  2) =  0 .  (14)

Зная плотность распределения pk(t, х), интересующую нас функцию f{t) 
можем вычислить.

2S+1 2S+1 4- °°
/(* )  =  2  Qkfk (0 =  2 ’ Qk Í eixPk (*, x ) d x .  (15)

k =  1 k =  1 -»о
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где Qk вероятность того, что в произвольно выбранный момент времени 
проекция спина находится в состоянии к. Определение Qk приводится в 
«Приложении I».

После этого остается только проведение элементарных операций, а 
именно вычисление интеграла

оо
Gm'm и  =  —  Re (t ) d t  (16)

Л  J  
о

и составление ряда

I  И  =  2  « V  I А  (т' I '  —*■ m l ,  в )  |» с т.т (со). (17)

Таким образом, в рамках модели, выбранной нами, задача полностью 
сформулирована. Следует заметить, что рассмотрение флуктуации внутрен­
него поля на основе уравнения (12) является приближением аналогичным 
кинетическому уравнению, которое может быть получено — при опреде­
ленных условиях — из точного уравнения для статистического оператора.

111. Флуктуация внутреннего поля в случае S  =  1/2

В качестве иллюстрации основных эффектов рассмотрим случай, со­
ответствующий флуктуациям магнитного момента электронной оболочки

со спином S =  — . Некоторые проблемы общего случая со спином S  >  — 2 2
обсуждаются в «Приложении II». Исходя из уравнения (12) и учитывая
усреднение (15) для функций f k(t) (к  =  1,2), можем написать следующие
уравнения:

t
f i  (0  =  ex p  [ — К  — icoL)t]  +  и± ( ex p  [ -  (ux -  i coL) t ' ] f 2 (t -  t ')  d t ' ,

' '  ( 18) 
f 2( t ) =  exp  [— ( m2 +  icoL) t] +  u2 j  exp  [ — (u2 +  i coL) t'] f x (t — t') d t '  .

o

Эти уравнения легко решаются и можно сразу же написать, что

f ( t)  =  û g ( 0 ,
где

f ( í )  =
т

/»(0J И g (t)
ezd
ez,t ( 19 )

Элементы матрицы Q  определяются следующими выражениями:
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•Pli —
«i +  U +  icoL *̂ 12 —

z2 -f- и +  i coL

Z1 *2 z2 — Z]_

Ü21 — z1 +  u — icoL
•> ■Q 90 --- z.,-\- и — i œL

Ẑ  ~~~ Zc) Z») Z

z1 и Zo являются корнями характеристического уравнения

г2 и z +  о)\ — i <*>l и М  =  0 ,  
где

. и , — и,
и =  иу -f- и 2 И м  =  ---------- — .

и

(1 9 " )

( 20 ')

Величину М  можно рассматривать как относительную намагниченность. 
На самом деле, при наличии внешнего и некоторого эффективного поля, 
учитывающего взаимодействие между магнитными моментами атомов, для 
отношения uJ u-l можем написать следующее выражение:

« 2/Mi =  exp  [g /лв (Н 0 +  Не)1к Т] (21)

из которого следует, что

М  =  th - g i“B +  .
2 к T

Флуктуация магнитного момента электронной оболочки характеризуется 
временем релаксации

rR =  (u/2)-1  =  m~r • (22)

Рассмотрим вначале самый простой случай: свободную релаксацию магнит­
ного момента. При этом %= и2 и так М  =  0. Корни уравнения (20) могут 
быть написаны в следующей форме:

2 ^  - M L A ± i c o L f \ l  —  A i \ ,  если А  1 

1’" — œ L А  w L ф| 1 — А 2 1, если А  >  1

где для удобства была введена безразмерная величина

А = —  =  ^ - .  (24)
2а> L a>L

Как и можно было ожидать, к естественной ширине 1/2 Г  добавляется релак­
сационная ширина
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1/2 Г  R — w R (25)

и вместо одной линии с частотой со0 появляются две линии с частотами

wi,2 =  ±  УГ1 — 1 (26)

в том случае, если Д <  1, т. е. если релаксационная частота меньше 
ларморовской coL. Расщепление разрушается, если œ R =  coL. При А  >  1 
появляются две ширины релаксации:

l / 2 r * = w L ( A ± y \ r ^ \ ,  (27)

одна из которых понижается до нулевого значения, с ростом релаксацион­
ной частоты (o r , а другая увеличивается и, таким образом, восстанавливается 
чисто лоренцовская форма основной линии. Это явление хорошо известно 
из теории ядерного магнитного резонанса, как сужение резонансных линий, 
возникающее вследствие флуктуации.

До сих пор нами был рассмотрен только один переход между состоя­
ниями I in 'Г  >  и I m l  > .  При наличии не очень флуктуирующего внутрен­
него магнитного поля в случае ядра Fe57 имеются шесть переходов, сим­
метрично расположенных вокруг основного перехода с частотой со0. Для 
простоты вводим следующие обозначения:

I 3/2 3/2 >  ->] 1/2 1/2 >  -*а>1? | 1/2 3/2 >  -* j — 1/2 1/2 > - + с о 4 

I 1/2 3/2 >  —*■ j 1/2 1/2 >  -> co2; j — 1/2 3/2 >  -* [ -  1/2 1/2 >  cos 

-  1/2 3/2 >  -> ; 1/2 1/2 >  ->w3; | — 3/2 3/2 >  j — 1/2 1/2 >  - + w 6

и

Напомним еще, что
А со j =  со j  —  а>и .

и
А а>6 =  —  А сох , А со- — —  А а>2, А со4 =  —  А со3 

\Асо1 \ — со, ( 1)  >  I А со21 =  w L (2) >  I A « g  I =  шь ( 3 ) .

Если внутреннее поле флуктуирует, то линия Ао>4 смещается на Асо4 и соз­
дается ее зеркальная пара на месте линии — J ^ 3, одновременно линия 
— Асо3 смещается на — Ясо3 и создается ее пара на месте А ш4. Аналогичная 
ситуация возникает и для других симметрично расположенных линий 
Асо5; — Асо2 и  Асов; — Aœv  Если для характерной «частоты» флуктуации 
выполняется условие

ЫЯ (3) =  œL (3) 1
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то разрушается расщепление внутренней пары линий и появляется цент­
ральная линия с частотой со0. В этом случае наблюдается сосуществование 
центральной («парамагнитной») и сверхтонких линий. При «частотах» флук­
туации со̂ 2) =  coL(2) и =  ащ(1) сливаются сначала линии Ä w 5 и —A w 2, 
а потом Асо6 и —Stüi- Это означает, что при «частотах» флуктуации cofí >  
>  coL(l) имеется всего одна центральная линия с «частотой» со0, форма кото­
рой согласно формуле (27) определается двумя характерными ширинами.

Наконец определим спектральную плотность излучения. На основе 
(15), (16), (19) и (23) можем написать, что

G ( , =  _L  [ V2 г  (! +  я) -  8j W [д> -  “о -  (*.У)1 ,
2л: { [1/2 Г  (1 +  Я)]24 - [ с о — со0 — wL (Я,У)]2

(28)
1/2 -Г (1 Я) +  [со — со0 +

[1/2 Г  (1 +  Я)]2 -f- [со -)- со0 -f- со^(Я,у)]2

если Я <; 2 col ( j ) / r  —  X j ,

G (со) =  — С1 — gy(A)][V2 +  Я) +  (Я,у)]
' 2тг [1/2 Г  (1 +  Я) +  œ L (Я,у)]2+  (со -  со0)2

(29)
, [1 +  ё]  M l [1/2 Г  (1 +  Я) — (Я, у)]

[1/2 Г  (1 +  Я) -  coL (Я, у)]2+  (со -  со,,)2 ’

если Я >  2col (j ) / r  =  X j .

В формулах (28) и (29) введены следующие обозначения:

Я =  и / Г  
и

Sz.(AJ) =  <Mj) f | l - ( W | ;  g; W =  - = 4 à = w/! 1 — ( я /я ,) 2

Легко убедиться в том, что

и

l i m  G j  ( с о )  =
1 Г /2
7t ( Г / 2 ) 2 +  ( с о  -  с о 0 ) 2

l i m  ( с о ) 1_____________ ш __________  ,
7t [Г /2  +  coL ( j ) ] 2 +  (со -  со0)2

(30)

(3 1 )
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+
1______2 col (jf) [Г/2 - f -  (oL (j)]2
n  { [Г/2  +  wL (j)]2 +  ( ш  -  w 0 ) 2 } 2

Для практических целей целесообразно использовать нормированную спект­
ральную плотность и ввести следующие обозначения:

а> — ft»n =  V

Vj(X) =  V j y \ l - ( k ß j f \ .  

В этом случае вместо 1(а>) можем написать, что

(32)

G ( v ) =  Z W j G j ( v) , (33)

где
G  (v) ^  1 f  1!2 у (1 +  —  gj ( v -  Vj) , 1 / 2 у ( 1  +  А )  +  g j ( v  +  t ? y )  j

7  2 я  j  [  1 / 2  y ( 1  +  y )]2 +  ( V  -  r , ) 2  [  1 / 2  y ( 1  +  A ) ] 2  +  ( r  +  V j ) 2  j ’
(34)

если

Gj (v) — —— 
J 2tî

A <  2 v ß  =  Ay

( 1 - g y )  [ l / 2 y ( l  +  A) +  3; ] +  (1 — g;) [1/2 y (1 +  A) — py]

если

[1/2 y (1 +  A) +  vj \2 +  t;2 [1/2 y (1 +  A) -  Vj]2+  v2]

A >  2Vj/у  =  A ,.

(35)

Прежде чем обсудить полученные результаты, рассмотрим влияние 
внешнего магнитного поля на флуктуации.

IV. Влияние внешнего магнитного поля на флуктуации 
внутреннего поля в случае S  =  1/2

Внешнее магнитное поле приводит к возникновению некоторого маг­
нитного упорядочения и поэтому М  ^  0. В этом случае корни уравнения 
(20) имеют следующий вид:

2± =  ~  1/2 Г$  Д; i  ioL . (36)
где

1 / 2 Г |  =  coL(A ±  Л ) ,  a>L =  coLR ( A , M ) ,  А =  М  A/R (1 , М ) (37)
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II

R{A,  М)  =  y = \Y (A 2 — I)2 +  4А2 М 2 - ( А2 -  1 ) (38)

Видно, что при удвоении линий появляются две ширины релаксации; одна 
для «правой», другая для «левой» линии, но асимметрии не наблюдается, 
так как зеркальная пара рассматриваемой линии удваивается аналогично. 
Если «частота» флуктуации внутреннего поля совпадает с ларморовской 
частотой, т. е. А  =  1, тогда

1 / 2 =  coL (1 ±  У м  )и 5 ,  =  (oL УМ.

Для полноты напишем еще /-тый компонент спектральной плотности при 
тех же условиях как и в случае М  =  0, только учитываем, что Qx =  1/2(1 +7И) 
и Qo =  1/2(1 — Ai). После элементарного расчета получаем, что

G ( г ) _  1 l / Z r f i l + K ^ - L j j v - v / )
2я [1/2 y j f  +  (» -  v / f

1/2 у / (1 -  К j) +  Lj  (у +  v j - ) }
[1/2 y j f  +  (V  +  v f  )2 J ’

где
Yj± =  y [ l  +  H l ± M j)] 

и
K = M  (11 2 y ^ -  +  v j  L  =  1/2 y  Я Sy (1 — M j )

1 1 (1/2 у Ш у  + v j  ’ y (1/2 y Я М /  +  vj

(39)

(40)

(41)

В этих формулах были использованы следующие обозначения:

vj о

VjR - ,М vj о =  <5; Я 0— , Му =  М /Д  — ,М  
Ы0 Я ;

'Гак как

lim Я
м->о

Kl — (А/Яу-)2 ,
О

если Я <; Яу- 
если Я >  Я;-

(42)

3* Л cta Physica Academiae Scientiarum Hungaricae 23, 1967'



1 72 Л . П А Л

и далее

lim M ; = f  ° eC™
м-о I /1  — (Я;/Я)2 , если Я <  Яу

то нетрудно показать, что в случае М  =  О, выражение (39) сводится к фор­
мулам (34) и (35).

V. Обсуждение и выводы

Несмотря на то, что все наши предыдущие рассуждения носят полу- 
классический характер, полученные результаты могут быть применены в 
большинстве случаев, так как случайное возмущение переходов | т’ Г  >  ->
I m l  >  осуществляется стационарными флуктуациями «окружения» расс­
матриваемого ядра. Можно показать, что при не очень жестких усло­
виях эти флуктуации могут быть приписаны марковскому процессу. По­
лезно отметить, что полуклассический метод, используемый нами, имеет 
одно явное преимущество по сравнению с точными методами: он приводит 
к полному решению задачи в рамках выбранной модели, что нельзя сказать 
о точных методах.

Сначала мы рассмотрим некоторые выводы в случае отсутствия внеш­
него магнитного поля.

Если направление внутреннего поля распределяется изотропно от­
носительно волнового вектора гамма-кванта, то

1 1 1
W,  =  W R —   , MI, =  W-  =    , w , =  w .  —    .

1 6 4 ° 6 3 4 12

Для этого случая на рис. 2 приведены характерные кривые нормированной 
спектральной плотности G (v)  при разных значениях параметра Я. В числен­
ных расчетах были использованы следующие значения для постоянных:

1/2 у  —  4,74 • 10-2 сек-1 ; \  =  Я6 =  224,0 , Я2 =  Я5 =  127,2 Я3 =  Я4 =  36,4 .

Как видно, уже при «частотах» флуктуации, близких к ларморовской 
частоте соДЗ) (т. е. при значениях Я, близких к значению Я3), все линии сильно 
расширяются. После сливания двух внутренних линий остальные линии так 
размываются, что их ступенчатое сливание едва ли можно наблюдать экспе­
риментально.

Следует заметить, что на основе измерений Нэгла, Фрауенфельдера и 
других [8] можно считать, что в чистых ферромагнитных металлах (напри­
мер в Fe, Ni и Со) при температуре Кюри происходит внезапное исчезнове-
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ние сверхтонкой структуры. Однако, в некоторых неметаллических маг­
нитных соединениях [9], [10] вблизи температуры магнитного превращения 
было обнаружено четкое сосуществование центральной (парамагнитной) 
и сверхтонких линий, что свидетельствует о возможности постепенного 
разрушения сверхтонкой структуры. В качестве иллюстрации на рис. 3 
представлены кривые спектров излучения Мессбауэра из работы [9] для

Р ис. 2 . С п е к т р а л ь н а я  п л о т н о с т ь  и з л у ч е н и я  п р и  р а з н ы х  з н а ч е н и я х  п а р а м е т р а  Я, х а р а к ­
т е р и з у ю щ е г о  «ч астоты » р е л а к с а ц и и  м а г н и т н о г о  м о м е н т а

соединения LiFe02, имеющего упорядоченную тетрагональную структуру. 
Вблизи точки Нееля (ГЛ, ~ 3 0 0 ° К )  помимо четырех боковых линий появ­
ляется центральная линия. Кривая, изображенная на рис. 3, по своей формуле 
совпадает с теоретической кривой (рис. 2. Я ~  40), рассчитанной по форме 
(33). Отсутствие экспериментальных данных о постепенном разрушении 
сверхтонкой структуры в случае чистых магнитных металлов, вероятно, 
связано с весьма узким температурным интервалом, в котором «частота» 
флуктуации магнитного момента может принимать значения, близкие лар- 
моровской частоте. Для успешного изучения сверхтонкого расщепления в
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чистых металлах вблизи точки Кюри одним из важнейших условий явля­
ется значительное увеличение точности измерения, стабильности и гомо­
генности температуры исследуемого материала.

Хоуард и другие [11] недавно показали, что примесные ядра Fe57 в 
никеле вблизи точки Кюри (Т  =  Т с — 0,7 °К) находятся в релаксирующем 
поле, при котором обнаруживается постепенный характер исчезновения

Рис. 3. Спектр Мессбауэра ядер Fe57 в соединении LiFe02 с упорядоченной тетрагональ­
ной структурой при температурах вблизи точки Нееля

сверхтонкой структуры. Однако, следует заметить, что наличие примесных 
атомов в никеле может оказать сильное влияние на тонкие особенности маг­
нитного превращения, поэтому данные Хоаурда надо рассматривать с не­
которой осторожностью.

В сплаве Fe3Al при температуре выше температуры упорядочения, 
но немного ниже точки Кюри также было обнаружено сосуществование 
центральной и сверхтонких линий (рис. 4). Однако, в этом случае надо 
учесть, что вокруг атомов Fe число атомов А1 флуктуирует, что, по всей 
вероятности, приводит к пространственной дисперсии «частоты» релаксации. 
Эта дисперсия, несомненно, способствует появлению частот, вызывающих 
сосуществование центральной и боковых линий в спектре Мессбауэра. 
Вообще, постепенное исчезновение сверхтонкой структуры (через состояние, 
показывающее сосуществование центральной и боковых линий) часто свя­
зано с наличием разных неоднородностей (микрофлуктуация в составе, 
дефекты) в кристалле [13].
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Рис. 4. Спектр Мессбауэра ядер Fer>: в сплаве Fe:lAI при те.мпературе Т =  833 °К

Рис. 5. Зависимость спектральной плотности G(v) при v =  0 от параметра релаксации А

На рис. 5 изображена интенсивность излучения при « =  0 в зависи­
мости от параметра X, характеризующего частоту релаксации. Видно, что 
увеличение интенсивности С(0) начинается уже при значениях X Х3. Это 
свидетельствует о чувствительности G(0) к частоте релаксации.

Рассмотрим еще механизм сужения линии при больших частотах ре­
лаксации магнитного момента. Как уже упоминалось раньше в связи с 
формулой (27) ширина 1/2 у + =  1/2 у  (1 +  Я) +  Vj растет линейно с ростом ?., 
если Я Xi, а ширина

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



176 Л . П А Л

1/2 уГ  =  1/2 у  (1 +  Я) -  v j  =  1/2 у +  [Я/Яу -  К(Д/Д,)2 -  1 ] 

в то же время стремится к естественной ширине 1/2у  по закону

1/2 -— 1/2 у  +  vj/у Л .

(Л §> Я,)

Этот результат по своему физическому содержанию совпадает с результа­
том Бредфорда и Маршала [7]. Однако, следует заметить, что — несмотря 
на простоту нашей модели — наши формулы (34) и (35) являются более 
общими, чем формулы Бредфорда и Маршала, и могут быть применены при 
любых значениях частоты релаксации, чего нельзя сказать о формулах 
Бредфорда и Маршала, применимость которых ограничена только для 
больших частот релаксации.

Из выражения (35) при Л Я;-; находим, что

Gj(v) 1 1/2 у +  »Л?*  _
л  (1/2 у  -)- vj/y Я)2 V2

(43)

Примесные атомы железа в немагнитных кристаллах могут рассматриваться 
как квази-свободно релаксирующие магнитные моменты и можно ожидать, 
что при достаточно низких температурах эта релаксация влияет на ширину 
линий излучения. Изучая изменение ширины линии в зависимости от тем­
пературы, можем получить ценную информацию о механизме релаксации 
изолированного магнитного момента.

Наконец рассмотрим влияние внешнего магнитного поля на мессбауэр- 
ское излучение при условиях флуктуации внутреннего поля. Предположим, 
что относительная намагниченность М  1 и, прежде всего, определим 
сдвиг линий, возникающий вследствие магнитного порядка. Легко находим, 
что

V j  — V j

п - т т  ( ! +

— ^  - м  +  . .
(Я/Я/)2 1

Я/Яу

1 -  (ЯД/)2
М 2 +  если Д Ду

если Д Д,
(44)

Видно, что положение линий всегда зависит от магнитного порядка вопреки 
утверждению Дэккера [4], который утверждает, что в случае Д <g Дj такая 
зависимость не существует. Естественно, при малых значениях М  экспери­
ментальное обнаружение квадратичного члена является трудной задачей. 
Ширины линий также изменяются:
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у /  -  у
Лу

1 ±

1 ±

1

T i  -  ( Щ ) 2

k i  -  ( W

( М +  . . . ) ,

1 + • щ  т  
. ( W - 1 -

если X <§ Xj

. (45)
М2 +  . . .  1, если Я >  Xj

Формулы (44) и (45) не применимы, если Я =  Я/. В этом случае — как на 
это уже указывалось —

Vj =  V,- Км и y f  — у  +  2v j  (1 ±  \ М ) . (46)

Наконец, напишем также соответствующие выражения для вероятностей 
jVj. Вследствие выделенного направления, возникающего при наличии внеш­
него магнитного поля (с которым совпадает направление М ) ,  нарушается 
изотропное распределение внутреннего поля и поэтому

w y + —  М  cos2©; 
6

М ) +  —  М  sin2 в  , 
3

W3 =  U),
1

12
+  —  М  cos2 

18
в . (47)

При малых значениях М  слабо выражается зависимость интенсивности от­
дельных линий от угла 6  между направлением внешнего магнитного поля 
и волновым вектором гамма-излучения.

Приложение I

Вероятностная теория флуктуации квазисвободного магнитного
момента

Рассмотрим релаксацию почти изолированного магнитного момента 
как марковский процесс с конечным числом состояний. Предположим, что 
имеется некоторое выделенное направление (например, направление внеш­
него магнитного поля), относительно которого магнитный момент может 
принимать 2S  -f- 1 разных положений. Положение магнитного момента 
описывается случайной величиной v(t), которая в любой момент времени 
принимает одно из следующих целочисленных значений: 1,2, . . . ,  2 S  +  1. 
Если v(t) =  к, то можно сказать, что рассматриваемая система находится в 
состоянии к. Вероятность перехода за единицу времени из состояния к ’ 
в состояние к  обозначим через и ( к ’ -> к).
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Пусть
р  {v(í) =  к I V (0) =  i} =  Q(t,  к \ i) (I)

вероятность того, что система находится в состоянии к  в момент времени 
t >  0 при условии, что в момент времени t — 0 она находилась в состоянии г. 
Без особых объяснений ясно, что Q(t, к  | г) удовлетворяет уравнениям:

d^Q(t, к , i) =  - UiQ ( t , k \ i )  +  u ( i - + i  — 1) Q (t, к \ i — 1) +  
dt

-(- u ( t  — >i  +  1) Q(t,  fej i -(- 1) (2)

и
d Q (t, к I i) 

dt
— uk Q (t, к 5 i) +  и (k — 1 —>- k) Q (i, к — 1 j i) -f-

{- и (k 1 —»- k) Q (t, к -f- 1 ] i ) , (3)
где

uk =  u ( k —>-k — 1) +  u ( k —>k  +  1 ) . (4)

Уравнение (2) может быть написано в интегральной форме, т. е.

Q ( t , k \ i )  =  е~и* àik +
t

-f- j  е~и‘г  |u  (i —y i  — 1) Q (t — t ' , k \ i  — 1) u ( i —*■ i  +  1) Q (t — t', k \ i  +  1)} d t ' .
о

( 2' )

В случае кратковременной релаксации удобнее пользоваться уравнениями 
(2) и (2’), а для определения асимптотического поведения Q(t, к 11) при боль­
ших t целесообразнее использовать уравнение (3). Легко доказать, что

и так
lim  Q (t, к j i) =  Qk
t-K~

— uk Qk +  u (k — 1 —y k) Qk- 1 +  u (k -f- 1 — k) Qk+1 =  O

( 5 )

(6)

Решение этого рекуррентного уравнения имеет следующий вид:

где

и

2S+1
Qk =  2j î

í= i

м (1 —>■ 2) и (2 —>- 3 ). . . и (к — 1 —>• к) 
и (2 —>-1) и (3 — 2). . . и (к —> к — 1)

Z 1 =  l .

(7)

( 8 )
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Отношение
QklQk- 1 =  и (к — 1 -+к)/и (к ->к  — 1)

можно выразить через числа заполнения N k и N k_b  так как

QklQk- 1 =  =  e-ßlEr-Ek.* ,
где

ß =  (kT )~1 . (9)

Интересно отметить, что в случае приближения молекулярного поля

Е к — Е 0 — g /гв (S +  1 — к) (Н 0 +  Не)

и таким образом

где
и (к — 1 — к)/и (& —v fc — 1) =  е—1в&'вН — т ,

н  =  н п +  Я „ .

( 10)

( 11)

Независимость отношения и (к  — 1 -> к) /и (к  -> к  — 1) от индекса к  приводит 
к тому, что для Qk можно написать простую формулу:

Qk =
гк-1

■ • • • +  Г
■2S ( 12)

с помощью которой — используя метод производящей функции — легко 
показать, что относительная намагниченность

к =  1
Qk =  < »

имеет тот же самый вид, как и в элементарной теории молекулярного поля, 
т. е.

2S +  1 , 2 5 + 1
------------cth ---------

2S 2 S
1 , 1—  cth —  у . 

2S 2S
где

X  =  ß g f * B S H .

Наконец, покажем метод нахождения стационарной корреляционной 
функции, характеризующей магнитную релаксацию. По определению, кор­
реляционная функция

К  (í) =  (/л (t) /л (0)> — <+>2, (13)

Acta Physica Academiae Scientiarum Hungaricae 23 , 1967



180 Л . ПАЛ

к вычислению которой потребуется функция распределения 

P  {v (t) =  к, v(0) =  i} =  Q (t, к, i ) .

Если система находится в стационарном состоянии, то

и
Q (t, к, i) =  Qi Q(t ,k\  i)

. , . /пчч 2S +1 2S+‘ S + l - i  S +  1 — к „ _ , , , .. <A*(*)A*(0)> =  2  2  ------ ----------------------QiQ(t ,k \ i ) .
i= 1 k =  1 ^

(14)

(15)

В качестве иллюстрации напишем K(t) в случае S =  1/2. На основе (15) 
после элементарного расчета получаем, что

где К (t) =  (1 — М 2) e~ut, 
и — и (1 —> 2) +  и (2 —v 1 ).

Не представляет трудности получить K(t) и для S >  1/2.

(16)

Приложение II

Флуктуация внутреннего поля в случае S > 1/2

Аналогично уравнениям (18) в случае S >  1/2 получаем следующую 
систему уравнений:

/*(*) =  ехР [— (“* — »**)*] +

+  j exp [— ( и к -  ixk)t'] { и ( к - + к  — l ) / ft_a(t — t') +
О

+  u ( k ^ k + l ) f k+1( t - t ' ) } d t \  (к =  1 , 2 , . . 2S +  1), (1)
где

х к =  — *2S+2_* . (2)

Общее решение системы уравнений (1) формально может быть написано в 
виде:

2S+!
Z  , ( 3 )i=i

где Zi (1 =  1,2, . . .  , 2S +  1) являются корнями характеристического урав­
нения:
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D1 , Ui2 1 0 ,
U 21 9 d 2, M23 1 =  0 ,  (30

I О, U 2S+1,2 S » D 2S+ 1

где

Отметим, что
D k =  z +  ик — ixk .

2S+1
2 j &kl — 1

1 = 1
( k = l , 2 , . . . , 2 S  +  l ) .

(3")

(4 )

В общем случае

zi — — 1 /2

и поэтому спектральная плотность G;(w) может быть выражена следую­
щим образом:

I 2S + 1 2S + 1
G (со) =  —  V  Qk У  R e ---------------« -------------ы (])

J л  - ,  1=1 1/2 [Г  +  Г $  (_/)] +  I [со — со,О i -  (У)]
(5 )

где индекс / характеризует один из шести разрешенных переходов | т! Г  > ->  
I т  I  >  и соу0 =  ôj Н0. Если все 5;(/) отличны от нуля, то появляется 
спектр, состоящий из 6S +  3 или 6S - f  1 линий в зависимости от того, что S 
полуцелое или целое число. При обычных экспериментальных условиях, 
к сожалению, вряд ли можно надеяться на то, что эти линии разрешаются. 
Следует заметить, что это размножение линий ожидается в том случае, если 
флуктуация внутреннего магнитного поля осуществляется в виде скачко­
образных переходов между дискретными состояниями.

Если внешнее поле Н0 =  0 и релаксация магнитного момента свободна, 
то и (к  -> к  — 1) =  и (к  к  +  1) =  1/2 и . В этом случае характеристическое 
уравнение имеет более простой вид, а именно

где

сх , — 1 ,  0 , . . .
— 1 ,  с.2 ,  —  1 , . .  . =  О,

О, 1 , C2S+1 5

( 6 )

с к  =  —  (г -  ixk) +  2 - е к 
и
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И

При достаточно большом значении «частоты» релаксации все корни будут 
вещественными, что означает полное разрушение сверхтонкого расщепле­
ния. Обозначим через пс критическое значение «частоты» релаксации и на­
пишем, что

Вероятно, что с ростом S значение As растет довольно быстро, но, к сожа­
лению, зависимость A s от S пока не известна.
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I /2 uc =

1,00, если S  =  1/2 , 
1,54, если S =  1 , 
3,62, если S  =  3/2 .

Л И ТЕРА ТУ РА
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E FFEC T  O F FLUCTUATIONS OF T H E  IN T ER N A L  MAGNETIC F IE L D  ON
M ÖSSBAUER SPECTRA

L .  P Á L

S u m m a r y

The effect of directional fluctuations of the in ternal m agnetic field on the shape of 
Mössbauer spectra  has been investigated. I t  has been found th a t  for increasing frequency of 
fluctuations firs t th e  lines of hyperfine splitting  broaden, then  shift and finally merge in to  a 
central line narrow ing gradually as the frequency continues to increase. The disappearance of 
the splitting  takes place when the frequency co# of the fluctuations exceeds the Larm or frequency 
üĵ oî the  lines involved. A t the in s tan t of coalescence the central line exhibits a substan tia l devi­
ation from  the Lorentzian shape. The position and w id th  of each line as well as the mechanism 
of coalescence are appreciably affected by an external magnetic field.
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THE CROCCO—VÁZSONYI EQUATION 
IN RELATIVISTIC HYDRODYNAMICS 

OF IDEAL FLUIDS
By

I. A b o n y i

IN STITU TE FO R TH EO R ET IC A L PH Y SICS, ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST 

(Presented b y  K . F . N ovobátzky  — Received 12. V. 1966.)

T h e  re la tiv is tic  Crocco— Vá zso n y i e q u a tio n  is b a sed  on , a n d  derived  fro m  th e  energy- 
m o m en tu m  ten so r o f an  id ea l f lu id  g iv en  b y  T a u b . T he c o n tr ib u tio n  o f a possib le  e x te rn a l 
fie ld  is ta k e n  in to  acco u n t. T h re e  of th e  fo u r com p o n en ts  o f th e  Crocco—V á zso n y i e q u a tio n  
are  th e  co rresponding  classical ones w ith  co rrec tio n s o f th e  o rd e r c-2 . T he fo u r th  co m p o n en t 
e q u a tio n  p ro v ides th e  e q u a tio n  o f c o n tin u ity  fo r th e  specific en tro p y .

Introduction

T he p rob lem s o f re la tiv is tic  h y d ro d y n am ics  h a v e  been  d e a lt w ith  in  
q u ite  a n u m b e r of re p o rts  an d  books (see e. g. L i c h n e h o w i c z  [ 1 ] , T a u b  [2]). 
I t  seem s to  us, how ever, t h a t  in  sp ite  of th e  n u m ero u s c o n tr ib u tio n s  som e 
q u estions o f th e  re la tiv ity  th e o ry  o f f lu id  m o tio n  h av e  rem ain ed  u n c la rified  
or even  u n to u ch ed . T he p ro b lem  o f v o r tic ity  has also b een  in v e s tig a te d  b u t  
a lm o st exclusively  for th e  case of an  idea l f lu id  on w hich  no e x te rn a l fields 
d iffe ren t from  th e  e lec tro m ag n etic  one a c t (e. g. [1], [3], [4]). T he re la tiv is tic  
c ircu la tio n  th e o re m  has b een  fo rm u la te d  b y  C h a u - C h i n  W e i  [5], [6], fo r a 
f lu id  m ov ing  in  an  e x te rn a l e lec tro m ag n e tic  field .

F ro m  a th e o re tic a l p o in t o f v iew  th e  free flow  of a re la tiv is tic  f lu id  — in  
th e  sense of th e re  being  no e x te rn a l fie ld s ac tin g  on i t  — seem s to  be  th e  
u n iq u e  a rea  of re la tiv is tic  h y d ro d y n a m ic s  w here th e  m ean in g  of th e  p h y sica l 
q u a n tit ie s  can  be seen u n am b ig u o u sly . T h e  reaso n  fo r th is  s ta te m e n t c a n  be 
c larified  w hen  we rem em ber th e  line o f th o u g h t follow ed in  re la tiv is tic  h y d ro ­
d ynam ics.

T he basic  th eo rem  th a t  serves as a s ta r t in g  p o in t is t h a t  th e  energy - 
m o m en tu m -ten so r o f th e  w hole sy s tem , (flu id  plus fie lds ac tin g  on it)  is 
d ivergence-free : *

3fc T'ik =  0 . (1)

This th eo rem , as is well know n, in co rp o ra te s  th e  general co n se rv a tio n  law s o f 
en erg y  an d  m o m en tu m  (and  also t h a t  of a n g u la r  m o m en tu m , too ) fo r th e  w hole 
sy stem . I f  th e re  is no  e x te rn a l f ie ld , TJ* =  Tjk w ill re fer on ly  to  th e  f lu id .

* L a tin  ind ices ru n  from  1 to  4, su m m atio n  co n v en tio n  being  u n d e rs to o d . s ta n d s  fo r
Э

dxk '
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W h e n , how ever, i t  is n ecessary  to  sp eak  o f an  e x te rn a l fie ld , e. g. in  th e  
case o f th e  flow  o f a c h a rg e d  flu id  in  a n  e lec tro m ag n etic  fie ld , one is co n fro n ted  
w ith  th e  d ifficu lty  o f th e  sp littin g  u p  o f th e  en e rg y -m o m en tu m -ten so r o f th e  
sy s te m  (flu id  -|- fie ld ) in to  tw o  p a r ts ,  n am ely , one belong ing  o n ly  to  th e  
f lu id  a n d  th e  o th e r  b e lo n g in g  on ly  to  th e  fie ld , a n d  one w ould  h av e  to  do th is  
in  a n  o b jec tiv e  a n d  in v a r ia n t  m an n e r. T h is is a v e ry  d ifficu lt ta s k  since a flu id  
c a p a b le  o f in te ra c tio n  w ith  a fie ld  is n a tu ra l ly  som e k in d  o f source o f  t h a t  fie ld  
a n d , th e re fo re , th e  f ie ld  shou ld  be sp lit  in to  tw o  p a r ts .  T h is p ro b lem  seem s to  
be  u n so lv ed  as y e t ,  a n d  as a m a t te r  o f  fa c t le ad s  o u ts id e  th e  fram ew o rk  of 
phen o m en o lo g ica l h y d ro d y n a m ic s , since i t  invo lves th e  m ic ro s tru c tu re  o f th e  
f lu id  a n d  th e  p rec ise  know ledge o f  w h a t is going on in  a m acroscop ic  system  
co m p o sed  of a v e ry  la rg e  n u m b e r o f m u tu a lly  in te ra c tin g  e le m e n ta ry  co n sti­
tu e n ts .

I n  sp ite  o f th is  fu n d a m e n ta l p rob lem  th e  c la rif ic a tio n  o f som e s itu a tio n s  
w o u ld  req u ire  th e  use o f th e  co n cep t “ flu id  in te ra c tin g  w ith  a n  e x te rn a l fie ld ” . 
I t  is n a tu ra l t h a t  one d isregards som e fea tu re s  o f th e  in te rn a l c o n s titu tio n  of 
th e  f lu id  an d  one h a s  to  t r y  to  d ra w  th e  lim its  o f th is  f lu id  m odel.

H ere we a re  concerned  w ith  som e basic  s ta te m e n ts  of re la tiv is tic  v o rte x  
flow s in  th e  p resen ce  of e x te rn a l fields.

The fundam ental equations of relativistic hydrodynamics 
in ideal media

A n id ea l f lu id  w ill be consid ered  w hich is describ ed  b y  th e  e n e rg y -m o m en t­
u m  ten so r

Tik=H?  1 + +
C“ f j P

ui uk +  <5ikP -

w here /л° is th e  p a rtic le  d e n s ity , (n u m b er o f  p a rtic le s  in  u n i t  p ro p e r vo lum e) 
a n d  e° is th e  specific  in te rn a l  energy . I n  th e  p ro p e r fram e  o f reference , th is  
te n so r red u ces  to  a d iag o n a l s tress te n so r  a n d  th e  re s t  en e rg y  d en sity  o f th e  
f lu id  in  th e  p ro p e r  fram e  is g iven b y

Tt t = f *
c-

(3 )

T he use o f  [i° as a p a r tic le  d e n s ity  is a d v a n ta g e o u s  since th e  eq u a tio n  o f c o n ti­
n u ity

9Л ^ ° “ А') =  °  (4 )

expresses on ly  th a t  th e  to ta l  n u m b e r  o f p a rtic le s  does n o t  change, w h ich  w ill 
be p ro v id e d  for.
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T he s p lit t in g  of Г 44 in  th e  fo rm  (3) is c larified  b y  th e  o b se rv a tio n  (see 
e.g . E ckart  [7 ], H a rris  [8], T a u b  [2]) t h a t  th e  th e rm o d y n a m ic  re la tio n s  h o ld  
in  th e  form .

d  e° +  P d 0  d s, (5)

w here  0  is th e  ab so lu te  te m p e ra tu re  and  th e  e n th a lp y  is

1® =  e° +  —  . (6)
M°

W e re m a rk  th a t  p°,  s°, s, w and  p  are  in v a ria n t w ith  re sp ec t to  L o ren tz  tr a n s ­
fo rm atio n s .

T he e x te rn a l f ie ld  w ill be described  b y  th e  en e rg y -m o m en tu m  ten so r 
Eik w hich  will be specialized  la te r  on.

T he co n se rv a tio n  law s (1) now  ta k e  th e  fo rm

P° “ A 1 +  ^  + С2 Ц 0 }
+  9iP  =  — дк E ih , (")

w here use has been  m ad e  o f (4). T his is th e  E u le r e q u a tio n  in  re la tiv is tic  h y d ro ­
dynam ics. A p a rt fro m  th e  c o n tin u ity  eq u a tio n , th e  re q u irem en t

“ ft uk =  — c2 (8)

gives a fu r th e r  e q u a tio n  to  be sa tisfied  in  o rd er to  en su re  th e  in te rp re ta t io n  of 
Uk as a fo u r v e c to r  v e lo c ity .

E q u a tio n s  (4) (7) a n d  (8) c o n s titu te  th e  fu n d a m e n ta l sy s tem  o f h y d ro - 
d y n am ic  eq u a tio n s . T h e y  a re  six  for sev en  unknow ns so t h a t  one needs e ith e r  
an  eq u a tio n  of s ta te  o r  th e  re la tions g o v ern ing  th e  h e a t  flow , an d  so one c u ts  
th e  chain  o f eq u a tio n s  a t  a la te r  s tage .

T he Crocco—V ázsonyi equation

The fo rm  of th e  E u le r  eq u a tio n  (7) suggests  th e  in tro d u c tio n  o f th e  q u a n ­
t i ty

Q iu =* ■8*[ (1 + 4 - + - f i M  -  a<- [ Í1 + 4 - + ~ L ) u*l • (9)( C- C~ fj.1) J LI c' Ll° C1)

I f  we use (9) in  (7), we see t h a t

®ik к | l  +  ~ |  ui — 9; 1 4 ---- - |  uk . (10)
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In  o th e r  w ords Qjk is th e  g en era liza tio n  of th e  v o r t ic i ty  v ec to r  o f o rd in a ry  
h y d ro d y n a m ic s , w h ich  can  be in fe rre d  i f  we ta k e  th e  lim it o f c — oo.

T h e  E u ler e q u a tio n s  exp ressed  in  te rm s  o f Qjk h a v e  th e  fo rm

u k Q ik =  — —  b t p  —  u k 3,-
i“ °

I + — + - Í
c2 c2 ju°

uk

H e re  w e w rite

ukdi 1 +  —  +C2 C2 f i°
=  -  c*Qj !

1 C2 C2

as a consequence o f  (8). T hen  b y  m eans of (5) we o b ta in

uk A  * =  & 3,. s -  ~  dk E ik .
Iм

( И )

T h is  eq u a tio n  m a y  he considered  as th e  re la tiv is tic  Cr o c c o —VÁz s o n y i  eq u a ­
t io n ,  genera lized  so as to  in c lu d e  th e  c o n tr ib u tio n  o f th e  e x te rn a l fie ld .

F irs t we show  th a t  e q u a tio n  (11), w h en  p ro je c te d  to  th e  w orld  line of 
th e  flu id  e le m e n t, p rov ides th e  eq u a tio n  o f c o n tin u ity  o f e n tro p y  den sity :

Щ uk Q ik =  в  ut 3,- s ------ - и, dk EIk.
u°

Since Qik =  — Qki9 we h av e

& Uj 3,- s =  —  u, Qk E ik. (12)
/*"

In  th e  case o f th e  free flow  o f th e  f lu id  (Е,к =  0) we o b ta in

Uj 3,- s =  0 (13)

s ta tin g  t h a t  th e re  is no  en e rg y  d iss ip a tio n  along  th e  w orld  line  of th e  f lu id  
e lem en t. T h e  sam e in fe ren ce  can  also b e  d raw n  w hen  Ejk =/= 0 is such  t h a t

Щ Qk E ik =  0 (14)

is sa tis fied . B u t w hen  co n d itio n  (14) is n o t  v a lid , th e  e n tro p y  w ill change a cco rd ­
ing to  (12). R em em b erin g  th a t  3kEjk — /,■ is th e  force d e n s ity  four v e c to r  an d  
using  (5) we have

d  e° 
d г

+  P
d г

Uifi (15)
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In  o th e r w ords th e  e x tra  d iss ip a tio n  e n te rs  ju s t  because o f  th e  pecu lia r fe a tu re  
o f th e  e x te rn a l  force: it,// ~h 0. T he rô le a n d  consequences o f  fields o f th is  ty p e  
h av e  been  in v e s tig a te d  b y  M a r x  [9], an d  M a r x  an d  Szamosi [10]. In  g en era l, 
th e  p ressu re  co n tr ib u te s  to  th e  in te rn a l e n e rg y  change, b u t  th e re  is a c lear s i tu a ­
tio n , n am e ly  t h a t  o f th e  incom pressib le  f lu id  (9rur — 0), w here  th e  in te rn a l

en erg y  ch an g es d irec tly  b ecau se  of u,/,- 4= 0 , since in  th is  case
d r

=  o.

N ow  w e ta k e  th e  n o rm a l com ponen t o f  eq u a tio n  (11) to  th e  d irec tio n  
Ui b y  using  th e  p ro jec tio n  te n so r

n,k — öjk +
1

<-

a n d  we show  t h a t  th e re  are o n ly  th ree  e q u a tio n s  o b ta in ed

(16)

П,ik ur Qir — в  9,■ s - f  ~  9r E irI =  u, Q kr 
V I

^ ^ k s ~\----~ E kr

red u ces to  th e  Cr o c c o—Vá zso n y i  eq u a tio n s in  th e  classical lim it. 
In se rtin g  (10) in to  (11) we o b ta in

8,- w 1 + 7 U k  (d k  Ui —  3,- uk) +  ~  u, uk 9 k w =  e  9, S +  —  / ;  (17)
c l  f l °

as a n o th e r  form  o f Crocco—V Á zsoN Y i-equation. F o r  i =  1, 2, 3 th e se  eq u a ­
tions w ill be w ritte n  using  th e  n o ta t io n

Ui =

and  a re la tio n

V и 4 V (г )2

w hich is a consequence o f (8). A fte r th e se  su b s titu tio n s  we tak e  th e  lim it c 
tends to  in f in ity . In  th is  lim it th e  q u a n t i ty  v ev id en tly  reduces to  th e  o rd in a ry  
velo c ity  v e c to r  of c lassical h y d ro d y n a m ic s , while /л° ap p ro ach es th e  classical 
d en sity  of m ass q. F in a lly  we o b ta in

dv 
91 +  V

, 1 -+2 W —j— --- IT — v X ( v X v )  =  0 y s - l ----- / .
Q

(18)

This e q u a tio n , w ith  v a n ish in g  f  is know n in  th e  l i te ra tu re  as th e  Crocco — 
VÁzsoNYi eq u a tio n , (see e. g. L ie p m a n n — R oshko  [11].)
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A pplication to  the case of a charged flu id  moving in  an  external
electrom agnetic field

L e t us notv consider th e  case o f th e  e x te rn a l e lec tro m ag n etic  field , th e n

E , = — F  F , ____ — ô-, F  F■L-'ik . ±  i e ±  k e  ,  ^  ^ i k *  r s - 1- r s *

l
4л 16л

(19)

w here  Рц: is th e  e lec tro m ag n etic  te n so r  governed  b y  M axw ell’s e q u a tio n s :

9 f F  ke +  Э/£ Fei +  Э г F  ik —  0  ,  ( 2 0 )

w h ere

T h e  force d e n s ity  is g iven  b y

я »? 4л ■9í F i r  =  -— J i  »
С

j i  =  e [P ui ■

( 21)

(22)

f i  =  —  /Р uk F ik =  —  /Р uk (8ft Ai — 9,- A k) , 
c c

w here  Ai  is th e  v e c to r  p o te n tia l.
N ow  th e  su b s titu tio n  in to  th e  form  (11) o f  th e  Cr o c c o —V á z s o n y i  

e q u a tio n

uk 1 + w
- Э , =  0  Q. $ — —  uk (Qk Ai  — 0,- A k) 

c

suggests  th e  reg ro u p in g  o f th e  te rm s :

uk — 0  0,- S . (23)

T h is  e q u a tio n  s ta te s  t h a t  th e  q u a n ti ty

Gik — Qik H----- F ik
c

p lay s  an  im p o r ta n t  rôle in  th e  flow  of a c h a rg ed  flu id , since a ll th e  v o r t ic i ty  
th eo rem s o b ta in ab le  from  th e  Cr o c c o —V á z s o n y i  e q u a tio n  w ill he v a lid  fo r 
Gjk; th e  h y d ro d y n a m ic  v o r t ic i ty  will be co u p led  to  th e  e lec tro m ag n etic  fie ld  
s tre n g th s .
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I t  shou ld  be m en tio n ed  th a t  e q u a tio n  (23) is an a lo g o u s to  th a t  o b ta in e d  
b y  Ch a u -Ch i n  W e i  [5]. T h e  fo rm  o b ta in e d  b y  Ch a u -Ch i n  W e i  differs b y  using  
a n o th e r  in te rp re ta t io n  o f  th e  th e rm o d y n a m ic  q u a n titie s  involved  a n d  th e  
re la tio n  b e tw een  eq u a tio n  (23) and  th e  C r o c c o —VÁZSONYI eq u a tio n  is n o t 
observed .
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УРАВНЕНИЕ KPOKKO—ВАЖОНИ В РЕЛЯТИВИСТСКОЙ ГИДРОДИНАМИКЕ
ИДЕАЛЬНОЙ ЖИДКОСТИ

И .  А Б О Н И

Р е з ю м е

На основе тензора энергии-импульса идеальной жидкости, данного Таубом, выве­
дено релятивистское уравнение Крокко —Важони. Учитывается добавка возможного 
внешнего поля. Три компонента уравнения представляют собой уравнения Крокко— 
Важони, а четвертый — уравнение непрерывности для удельной энтропии.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967





Acta Physica Academiae Scientiarum Hungaricae, Tomus 23 (2 ), pp . 193 —202 (1967)

GRAVITATIONAL WAVES
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(P resented  by  A. K ónya — Received 21. VI. 1966)

In  the first chap te r the au thor discusses briefly som e characteristic fea tu res of the 
g rav ita tional waves and  in  th e  second th e  present technique o f th e  calculation o f th e  velocity 
of th e  propagation of the gravitational w aves by  means of th e  small pertu rbation  technique. 
In  th e  th ird  chapter the au th o r calculates a counter-exam ple w hich shows th a t th e  perturbation  
technique gives the calculated  velocity of th e  gravitational w aves different from  th e  velocity of 
th e  propagation of ligh t w hich seems to  im ply  th a t the techn ique in question m ay  not be 
strong enough to furnish the  correct answer.

1. R em ark s o n  g rav ita tio n a l w aves

E i n s t e i n  (see [12], p . 218) b a sed  h is app roach  to  th e  prob lem  o f g rav i­
ta tio n a l w aves upon  his genera l th e o ry  o f  re la tiv ity . H e concluded  “ t h a t  every  
change in  th e  d is tr ib u tio n  o f m a tte r  p ro d u ces a g ra v ita tio n a l effect w h ich  is 
p ro p a g a te d  in  space w ith  th e  v e lo c ity  o f ligh t. O sc illa tin g  m asses p ro d u ce  
g ra v ita tio n a l w aves. N ow here  in  th e  n a tu re  accessible to  us do m ass-oscilla tions 
of su ffic ien t pow er occur to  allow  th e  re su ltin g  g ra v ita tio n a l waves to  b e  o b ­
se rv ed .”  R eg ard in g  th e  g enera l conclusions derived  b y  E i n s t e i n , one m u st 
keep  deep ly  in  his m ind  t h a t  E i n s t e i n  b a se d  his d e r iv a tio n  of b o th  th e o rie s  
o f re la t iv i ty  fu n d a m e n ta lly  u p o n  th e  c o n cep t of th e  v e lo c ity  o f lig h t in  v a c u u m  
as th e  m ax im u m  possible v e lo c ity  a tta in a b le  b y  any  m a tte r fu ll  or m a tte r le s s  
m ed ium .

R ic e  ([8 ], p . 293) w rite s  t h a t  “ th e  f ie ld  of a single g ra v ita tin g  c e n tre  is 
a s ta tic  fie ld  from  th e  p o in t o f  v iew  of an  o b se rv e r in  th e  sam e  fram e of r e fe r ­
ence as th e  cen tre . The fie ld  o f a n u m b e r o f c en tre s , such as a p la n e ta ry  sy s te m , 
w ill a lte r  w ith  tim e . This is, o f cou rse , also t ru e  in  N ew ton ian  th e o ry . B u t w h e re ­
as in  th e  la t te r  case th e  co n cep tio n  of an  a b so lu te  space an d  a n  abso lu te  t im e  
is v i ta l  to  th e  th e o ry  (for th e  p o te n tia l  a t  a n  assigned p o in t a n d  an  assigned  
in s ta n t  is c a lc u la ted  from  th e  simultaneous p o sitio n s of th e  g ra v ita tin g  bod ies 
an d  so g ra v ita tio n  is reg a rd ed  as a n  in fluence  w hich  is p ro p a g a te d  a t  an in ­
fin ite  speed), i t  c an n o t be so in  a n y  law  o f g ra v ita tio n  c o n s is te n t w ith  th e

* Space Seminar. Presented before th e  1965 Sum m er Meeting of the A m erican Physical 
Society, U niversity  of Hawaii, H onolulu, H aw aii, 2—4, Septem ber 1965. T he w ork was sup­
ported  by  th e  Research D epartm ent, M ichigan S tate U niversity , under the Chairm anship of Mr. 
J . W .  H o f f m a n ,  which is gratefully acknowledged.
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re la t iv i ty  p rin c ip le .”  A g a in  R ic e  ([8] p . 296) concludes t h a t  “ g ra v ita tio n a l 
changes sh o u ld  he p ro p a g a te d  w ith  th e  speed  of lig h t, b u t  it  m u s t b e  v e ry  
d e fin ite ly  b o rn e  in  m in d  t h a t  th is  conclusion  is valid  u n d e r  tw o very  re s tr ic tiv e  
l im ita tio n s  in tro d u c e d  ab o v e , v iz ., t h a t  we are co n sid e rin g  th e  m a t te r  from  
th e  p o in t  of view  of a sp ec ia lly  chosen f ra m e  of reference , an d  we are  n eg lec ting  
sq u a re s , e tc ., of h ßv (w here  +  h ßV, bf№ = 0  i f  ц  =h v,  ößv —  — 1  if
f i  =  V =  1 ,  2 ,  3 ,  b flv = 1  i f  f i  =  v  =  4 ) . ”

P a u l i  ([7], p . 173) rep ea ts  th e  s ta te m e n t t h a t  th e  g ra v ita tio n a l effects 
are  p ro p a g a te d  w ith  th e  velo c ity  o f l ig h t , ju s t  as e lec tro m ag n etic  d is tu rb an ces . 
F o c k  ([5 ], p . 175) w rite s  th a t  “ b r ie f ly , one can* (!) say  th a t  g ra v ita tio n  is 
p ro p a g a te d  w ith  th e  sp eed  of l ig h t .”

E d d i n g t o n  in  1923 ([3], p p . 94 , 147) assu m es th a t  th e  g ra v ita tio n  is 
p ro p a g a te d  w ith  th e  speed  of lig h t. B u t in  h is ex ce llen t m a th e m a tic a l rep re ­
s e n ta tio n  o f th e  th e o ry  of re la t iv i ty , he  exp ressed  th e  opinion t h a t  “  . . . th e  
d e v ia tio n s  of th e  g ra v ita tio n a l p o te n tia ls  are p ro p a g a te d  as w av es w ith  th e  
v e lo c ity  of lig h t. B u t i t  m u st be  rem em b ered  t h a t  th is  re p re se n ta tio n  of th e  
p ro p a g a tio n , th o u g h  alw ays perm issib le , is n o t u n iq u e .”  In  re p la c in g  a system  
o f eq u a tio n s  b y  a n o th e r  one, as E d d i n g t o n  d id , th e re  is in tro d u c e d  a re s tr ic ­
t io n  — as he concludes — w h ich  am o u n ts  to  choosing a sp ec ia l coord inate  
sy s tem . “ O th e r so lu tio n s are possib le , co rresp o n d in g  to  o th e r  coo rd inate  sy s­
te m s . The p o te n tia ls  g /tP p e r ta in  n o t  only to  th e  g ra v ita tio n a l in fluence  w hich  
h as  ob jec tiv e  r e a l i ty , b u t  also to  th e  c o o rd in a te  system  w h ich  we select a rb i­
tra r i ly . W e c a n  “ p ro p a g a te ”  co o rd in a te  ch an g es  w ith  th e  s p e e d  o f  t h o u g h t ,  
a n d  these  m a y  b e  m ixed up  a t  w ill w ith  th e  m o re  d ila to ry  p ro p a g a tio n  d iscussed  
above. T here  does n o t seem  to  be an y  w ay  o f  d is tin g u ish in g  a physica l a n d  
a c o n v en tio n a l p a r t  in  th e  ch an g es of th e  g ^ . * *  T he s ta te m e n t th a t  in  th e  r e la t ­
iv i ty  th e o ry  g ra v ita tio n a l w av es are p ro p a g a te d  w ith  th e  speed  of lig h t h a s , 
I  believe, b e e n  based  e n tire ly  on th e  fo reg o in g  in v e s tig a tio n ; b u t i t  w ill be 
seen th a t  i t  is on ly  tru e  in  a  v e ry  co n v e n tio n a l sense. I f  co o rd in a tes  are chosen  
so as to  s a tis fy  a ce rta in  co n d itio n  w hich h a s  no very  c lea r geom etrical im p o r t­
ance, th e  sp eed  is th a t  o f  l ig h t;  if  th e  co o rd in a tes  a re  s lig h tly  d iffe ren t th e  
speed  is a lto g e th e r  d iffe re n t from  th a t  o f  lig h t. The re s u l t  s tan d s or fa lls  b y  
th e  choice o f  co o rd in a tes  a n d , as fa r  as c a n  be ju d g e d , th e  co o rd in a tes  here  
used  w ere  p u rp o se ly  in tro d u c e d  in  o rd e r  to  o b ta in  th e  s im p lifica tion  w hich  
re su lts  f ro m  re p re se n tin g  th e  p ro p a g a tio n  as occuring w ith  th e  speed  o f  lig h t. 
T he a rg u m e n t th u s  fo llow s a vicious c irc le .”  E d d i n g t o n  con tinues: “  . . . m u st 
we th e n  conclude th a t  th e  speed o f p ro p a g a tio n  o f g ra v ita tio n  is n ecessarily  
a co n v e n tio n a l c o n cep tio n  w ith o u t a b so lu te  m ean in g ?  I  th in k  n o t. T h e  speed 
o f g ra v ita t io n  is q u ite  d e fin ite ; o n ly  th e  problem  o f  de te rm in in g  i t  does no t 
seem  to  h a v e  y e t b een  ta c k le d  c o rre c tly .”

* T h e  ex c lam atio n  sign  was p u t  d o w n  b y  th e  a u th o r  o f  th e  p resen t p ap er.
** T hese  rem ark s c a n  h e  found  also in  R ic e ’s hook (c ite d  above), p . 299.
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S y n g e  ( [ 1 0 ] ,  p. 2 2 8 )  s ta te s  th a t  in  o rd in a ry  p a rla n c e , we m ay  sa y  t h a t  
g ra v ita tio n a l shock  w aves tr a v e l  w ith  th e  speed  of l ig h t. B u t, he co n tin u e s , 
such s ta te m e n t m u s t be ta k e n  cum  grano  salis. As a re la t iv is t ,  fam ilia r w ith  th e  
idea t h a t  no casua l effect can  tra v e l fa s te r  th a n  lig h t, S y g n e  adm its  (p . 343) 
th a t  we w ould  “ guess th a t  th e  change in  th e  g ra v ita tio n a l f ie ld  o f a m oving  b o d y  
tra v e ls  o u t in to  th e  space w ith  th e  speed o f lig h t. A nd we w o u ld  call th is  m o v in g  
d is tu rb an ce  a g ra v ita tio n a l w av e . T h u s, on  a v e ry  general b a s is , we m u st re g a rd  
ph y sica l ex istence  of g ra v ita tio n a l w aves as se lf-ev iden t. Confusion e n te rs , 
how ever, th ro u g h  th e  fac t t h a t  th e  w ord w av e  im plies r e p e tit io n  and  som etim es 
does n o t. W hen  we seek a gen era l u n d e rs ta n d in g  of g ra v ita tio n a l w aves d u e  
to  a ph en o m en o n  on a scale o f a v a s t a s tro n o m ica l c a ta s tro p h e , it  is w ell to  
recognize th a t  we are  n o t concerned  w ith  th e  so lu tion  of w ell fo rm u la ted  m a th e ­
m a tica l p rob lem s, b u t  ra th e r  w ith  classes o f fie lds sa tisfy in g  ce rta in  co n d itio n s . 
In  d e fa u lt o f e x a c t so lu tions, we m ay  fa ll b a c k  on a p p ro x im a tio n s . H e re  we 
m u st be  cau tio u s. M a th em a tica lly , we h a v e  no assu rance  th a t  an y  su ita b le  
so lu tio n  ex is t; b u t ,  ph y sica lly , we do. W e se t u p  som e d e fin ite  system  of a p p ro x ­
im a tio n , we cu t o ff th e  a p p ro x im a tio n  a t  som e step  an d  c la im  th a t  we h a v e  
a good ap p ro x im a tio n  to  som e e x a c t so lu tio n , w hich  (p h y sica lly , b u t  n o t m a th e ­
m atica lly ) we h a v e  reason  to  believe  ex is ts . B u t such a c la im  is too  v a g u e  to  
argue a b o u t, one w ay  or th e  o th e r , since no  lin ea r a p p ro x im a tio n  is lik e ly  to  
sa tis fy  th e  p h y sica l te s t .”

2. Calculation of the velocity of the propagation 
of the  gravitational waves

W c c i t e  b e l o w  t h e  r e s u l t s  o b t a i n e d  b y  E i n s t e i n  i n  1 9 1 6  ( s e e  [ 4 ] ) .  L e t u s  

b e g i n  w i t h  E i n s t e i n ’ s  e q u a t i o n  i n  t h e  g e n e r a l  r e l a t i v i t y :

с ; - | й с = - 8 д т ; . ( 2 . 1)

In  th e  lim itin g  case of v e ry  w eak  fields we se t:

1 (2 -2)

w here ô/iv rep re sen ts  G alilean  v a lu es , an d  hfiv is a sm all q u a n t i ty  of th e  f i r s t  
o rder w hose sq u ares  are n eg lec ted . A fte r in se rtin g  E q . (2 .2) in to  E q . (2 .1 ), 
perfo rm ing  v a rio u s o p era tio n s, co rrec t to  th e  f irs t  order, one gets th e  e q u a tio n  
of w ave-m otion

□  = 2 ъ - =  — 16л: T% , (2 .3)

82 a2 a2 a2
(2 .4)□  = ---------a t2 Эх2 Qy2 Э22 ’
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t  hav in g  d im en sio n  of ж b y  m ean s  of a m u ltip lic a tio n  b y  th e  velocity  of lig h t. 
T h e  w ell-know n so lu tion  o f  E q . (2.3) is:

=  16тг TD' (r' )-1 d V'  . (2 .5 )

Som e fu r th e r  s im p lifica tions reduce E q . (2 .3) to :

□  ( 2 .6)

w hich  in  e m p ty  space has ze ro  on th e  r ig h t  h an d  side. T h is  shows th a t  th e  
d ev ia tio n s  o f  th e  g ra v ita tio n a l p o te n tia ls  a re  p ro p a g a te d  as w aves w ith  u n it 
ve lo c ity , i.e ., th e  velocity  o f  lig h t.

3. Velocity of the propagation of the gravitational waves 

(C ounter-Exam ples)

A ssum e a fo u r d im en sio n a l sp ace-tim e , x 1 , i — 1 to  4 , w ith  x ‘, i =  1 ,2 ,  3, 
h av in g  d im en sio n s of le n g th , x4 =  ct, w ith  c deno ting  th e  velo c ity  o f lig h t. 
W e w rite  E i n s t e i n ’ s  field  e q u a tio n  o f th e  genera l re la t iv i ty  in  th e  form :

R ',v------- e,,v R  =
2

к у Tßv, (3.1)

( F o c k ,  [5] p p . 194, 198), w h e re :

y.y =  8л: К  с- 2 , (3.2)

К  being th e  g ra v ita tio n a l c o n s ta n t. W e assu m e D i n g l e ’ s  [ 1 ]  m etric :

(ds)2 =  -  A (dx1)2 -  В (dx2)2 -  C (dx3)2 +  D (dx4)2 , (3.3)

w here A ,  B,  C, D,  can  be a n y  func tions o f  th e  co o rd in a tes , all four o f th e m  
being  re g a rd e d  as essen tia lly  positive  q u a n ti t ie s  so th a t  x 1, x2, x3 are space  like 
co o rd in a tes  a n d  x4 tim e-lik e . T he C hristoffel sym bols co rresp o n d in g  to  th e  line 
e lem ent (3 .3) h a v e  been c o m p u te d  b y  D i n g l e  [1], are c ite d  b y  T o l m a n  ([11], 
p . 253), e tc . W e in tro d u ce  som e sim p lifica tio n s:

A  =  1 -j- (x2, a:3, a4) ; В  =  1 -f- B j =  c o n st. ; (3-4)

С =  1 -(- Cx =  co n st. ; D  =  1 +  D 1 (ж2, ж3, ж4) , (3-5)

w here A v  B y, Cv  D x are sm a ll q u a n titie s  o f  th e  firs t o rd e r. T h e  energ y -m o m en ­
tu m  te n so r , w hose co m p o n en ts  co n ta in  o n ly  te rm s o f th e  f irs t o rd er, w ith  
h ig h er o rd e r  te rm s  n eg lec ted , an d  w ith  (A D)  _1 Qd 1, (A C 2)~X ш  1, e tc ., h a s  th e  
fo rm  (in w h ich  th e  su b sc rip ts  in  Â D̂j  ̂are o m itte d  an d  д2А/д  (ж2)2 =  A , 22, e tc .):
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X

rpv _ -  (8л К ) - 1 с2 X

+  D,33) 0 0 О

0 — ^'44 +  -^'зз) ~  (^'23 +  -®'2з) ± А .
2 21

0
- } < À+  -0'2з) ~( А'22  — ^'44 +  ^'22) j A -

0 - j r - 4 '“ -  1 А.
2 34 1

Our nex t assum ption is:

A — а  (я2, я:4) -f- ß (xs, лг4) +  у (яг2, я 3) ; D =  m2 А , т2 — c o n s t .  (3 .7 ) 

This leads to :
T; =  -  (8л К)-1  с2 X

X

- m 2 ( <Х' 22  ß .33  - f -

+  У' 22 +  У'зз)

О

о

—  [ ( !  ч -  m 2) ß '3 3 ~  ß'

-  « '  4 4  +  ( !  +  ™ 2 ) У ' з з ]  

— - i ( l + m 2)7 -23

44

О

( 1 + т 2) у-23

[ (1  + т ') «'22 — « ' и

' ' 2 4

■ ß .H  +  ( 1  +  т 2 )  у < 2 2 ]

Т * 1

. ( 3 . 6 )

- - - - - - - - - - ОС- 24

-  2  ß'3i

~  (« '2 2  +  ß ’33 +  У '22 +  У ' з з )
Z

( 3 . 8 )
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F ro m  F ock ([5 ], p p . 103 to  105), P auli ([7 ], p . 133), Sy n g e  ([10], p. 303), 
T olman ([11], p . 217) we g e t:

T '‘v =  pu^ и” — p c 2 g,'v, p  =  Q +  P  c~2, P  =  Q f Q—1 d p , (3 .9)

w here th e  s ta n d a rd  n o ta tio n  is u sed , an d  и =  dx‘/ds. The q u e s tio n , w h a t k in d  
o f  te n so r  th e  sy m b o l T^  in  o u r  case o f th e  sm all p e r tu rb a tio n  p ro ced u re  
sh o u ld  re p re se n t, is ac tu a lly  a n  open  one. W e m a y  quo te  P a u li ([7], p. 172) 
t h a t  E in s t e in  ([4 ] , p . 688) (see above) has in d ic a te d  a m e th o d  b y  w hich th e  
G -fie ld  for m asses m oving  w ith  a rb itra ry  v e lo c itie s  can  he d e te rm in e d  a p p ro x i­
m a te ly , p ro v id e d  th e  m asses a re  su ffic ien tly  sm all. F o r in  th is  case, th e  gu/ s 
d iffe r o n ly  s lig h tly  from  th e ir  n o rm a l values so t h a t  th e  sq u a re s  o f  these  d e v ia ­
tio n s  can  be n eg lec ted . A lso, o n ly  th e  lin e a r  p a r t  of th e  d iffe ren tia l eq u a tio n
(3.1) o f th e  g ra v ita tio n a l fie ld  n e e d  be re ta in e d , so th a t  th e y  c a n  be in te g ra te d  
v e ry  easily . W ith  T ’ =  gaLßT*v one gets to  th e  f irs t o rd e r a p p ro x im a tio n  
(w ith  th e  m a g n itu d e  A 1 n eg lec ted  w ith  re sp e c t to  u n ity ):

— [p (u 1)2 p  c1] — p  u1 u2 — p  u1 u3 — p u 1 n 4
— p u 2 ux — [p  (u2)2 +  p  c~2] — p u 2 и3 — p u 2 и1
— p u 3 и1 — p u 3 и2 — [р (и3)2 + р с -2 ] — p u 3 и*

pu* и1 р  и2 и4 p u 3 и* р  (и*)2 — р  с-2
(3.10)

I t  m a y  be o f a l i t t le  im p o rtan ce  to  a t te m p t to  consider th e  o rd e r of m ag n itu d e  
o f  th e  co m p o n en ts  o f  th e  te n so r  (3.10), since a n y h o w  in  th e  f in a l stage we o p e ­
r a te  in  a co m p le te ly  e m p ty  sp ace .

C om paring  ten so rs  (3.8) a n d  (3.10) we o b ta in  a sy s tem  o f eq u a tio n s:

p c  2 =  с2т2(1 6лК )~ 1 (oC'22 +  ß '33 +  у -гг +  У'зз) ; и1 =  0 ; (3.11)

р  (и2)2 =  с2 (16л: X ) - 1 [ — (т2 х-22 +  а<44) +  /З<33 —

— ß -44 — ™2 У'гг +  У'зз] ; (3.12)

р ( и 3)2 =  с2 (16л  X )-1  [х .22 — а<41 — (т2 ß-33 +ß'u)  +  у-22 — т2 у<33] ; (3,

р  (и4)2 =  с2(1 6 л Х )-1  (т2 -  1) (а-22 +  ß.33 +  у 22 +  у .и ) . (3 .14)

W e d isco u n t th e  p o ssib ility  m 2 =  1. N e x t w e get from  E q s . (3.8) to  (3 .14):

(T f)2 =  [ -  (m2 x-22 +  x.u ) - f  ß.33 — ß ^  -  m2 У'22 +  y-33\ •
• [a,22 — 0C'44 — (m2ß.33 - f  /3.44) +  у '22 — m2 y-33] =  (1 +  m2)2 (y-23)2 ; (3.15) 

(Ti)2 =  [— (m2a-22 +  a-44) +  ß-33 — ß-u  —m2 y-22 +  y-33] (m 2 -  1) •

' (a '22 +  ß '3 3  +  У'22 +  У'44̂  =  iX'2t)2 '■> (3 .16)

(T i)2 =  [«-г, — «'44 — (m2ß'33 +  ß'44) +  У'22 -  У'зз] ■
• (а-22 +  ß '3 3  +  У'22 +  У '4 4 )  == ( ß ’3 i ) 2 • (3-17)
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E q s. (3.15) to  (3.17) give th re e  re la tio n s  fo r th ree  u n k n o w n  fu n c tio n s a , ß, y. 
T he co n d itio n  u1 — 0 im plies dx1 =  0 , л:1 =  c o n s ta n t, a n d  reduces th e  m e tric  
(3.3) to  th re e  te rm s on ly . L e t us d iv id e  E q . (3.3) b y  (ds)2, th u s  o b ta in in g  to  
th e  f ir s t  o rd e r of a p p ro x im a tio n :

1 +  (u2)2 +  (u3)2 — (u4)2 =  0 o r / i  [(u4)2 -  (u2)2 — (u3)2] =  n . (3.18)

U sing E q s. (3.12) to  (3.14) in  E q . (3.18) y ie ld s:

Ц — c2 (8ti K ) —1 [(m2 1) ( x ' 2 2  + ß - 3 3 +  У'2 2  +  У'зз) +  i * ’u  +  ß ' u ) ] -  (3-!9)

A d d itio n  o f th e  te n so r co m p o n en ts , T\,  T 3, E q . (3.8), fu rn ish es

V2 A -  2 [(1 +  m2) c2] - 1 A ’ft =  -  16л К  [(1 +  m2) с2] “ 1 (Г 2 +  T 3) , (3.20) 

V2U  -  2 [(1 +  m2) с2] - 4 D-lt =  -  16л К т 2 [(1 +  m2) с2] - 1 ( Г | +  T 3) , (3 .21)

V2 A  =  OC-22 + ' /5-33 +  У'22 +  У'33 , (3.22)

A ’tt —  cc'tt +  ß ’it • (3 .23)

T his im plies t h a t  in  an  e m p ty  space a g ra v ita tio n a l w ave p ro p ag a te s  w ith  a

v e lo c ity  G, G2 = -^ (1 +  m2) c-, w here m is a n y  a rb itra ry  n u m b e r (positive , say )

d iffe ren t fro m  one. B riefly , one o b ta in s  in fin ite ly  m an y  ve loc ities of th e  p ro p a ­
g a tio n  of th e  g ra v ita tio n a l w aves in  a n  e m p ty  space, w hich  seem s to  be  a v e ry  
odd re su lt. One can  easily  v e r ify  th a t  u s in g  T j , j  =  1 to  4, one gets:

у 2 A  — [(1 -f- m2) c2] 1 A ‘lt =  — 8тг К  [(1 -f- in2) c2]- 1
1

T{ +  T%

T 33 + T\
(3.24)

A tte n tio n  is called  to  th e  fo llow ing  a sp ec ts  o f th e  ca lcu la tio n s p erfo rm ed  a b o v e : 
we h av e  seven  equ a tio n s fro m  E q s. (3.8) a n d  (3.10). W e h a v e  seven u n k n o w n  
v a riab le s : a , ß, y, u2, u 3, p,  q. T h is o b v io u sly  im plies th a t  th e  pressure  — d e n s ity  
re la tio n  is u n iq u e ly  defined  b y  th e  sy s tem  itse lf. H ence, i t  m a y  n o t be n e c e ssa r­
ily  an  isen tro p ic  flu id  re la tio n . O bv iously , th e  w hole a p p ro a c h  is b ased  u p o n  
a p o ss ib ility  o f o b ta in in g  a so lu tio n  of th e  sy s tem  of n o n lin e a r eq u a tio n s  (3.15) 
to  (3.17).

W e m a y  propose m ore exam p les  o f  th is  ch a rac te r. C onsider th e  m e tric :

( d  s)2 =  -  (1 +  A)  (d.U)2 -  (1 +  B) (d *2)2 -  (1 +  C) (d X3)2 +  (1 +  D) (d *4)2,
(3.25)

w here A ,  B, C, D,  are e sse n tia lly  p o sitiv e  fu n c tio n s of x ‘ (i =  1, 2, 3, 4) a n d  
are sm all o f th e  f irs t  o rd e r in  co m p ariso n  w ith  u n ity . N eg lec tin g  th e  te rm s  o f 
h igher o rd ers , th e  ten so r TJ, ta k e s  th e  fo rm :
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t ;  =  — ^ ( U n K ) - 1 X

X

(B-33—£ .44) +  (C 22- C ^ )

+  (^'22+-® 'зз)

— (C'i2 +  D'n)

— ( B n  +  D.13)

(B'u +  C.u )

~  (C'12 +  B 'i2)

(A'22~ A'U)-\-(C-n  — C tl) 
" К -^ 'и + ^ 'з з )

— ( A ' 23  +  D . ,  3)

( ^ ' 2 4  +  C '2 4 )

— (B 'is  +  D’l3)

—  M ' 2 3  +  D ' 2 3 )

(А.2. , - А . и) + ( В .п - В . и )
^ (D 'U-\-D;22)

(A ’34 +  В  34)

— (B'u  +  £ '14)

— (A-.,, -j- B ,24)

— (A .34 +  B '34)

M'22+ ^ 'з з )  +  (ß'11 +  ̂ 'зз) 
+ ( C 'n + C '22)

(3.26)

W e p u t :  A =  В — C — m~2D, th e n :

X

(1 4“ m~) (A '22 4~ ^'33)
— 2A '44 — (1 +  иг2) A'V,

— (1 4* иг2) A 'i2

-  (1 4- m2)A -13 

—2A'U

t ;  =  - ^ ( U n K ) - 1 X

(1 4- иг2) A -12

(1 4- иг2) (Л>п  4- 2Í '33) — 
— 2Л .44 — (1 +  иг2) А '23

— (1 4- m2) А-23 

2^'21

- ( 14-и г ‘2) ^ .13

— (1 4- иг2) А'.,3

(I  4~ и*2) (А'П 4- А '22) — 
-  2А.Л1

2 А-

2А ’0

2 А 34

. (3.27)

-2 А 34 2 (A  it 4- А '22 4" А-33)
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L et us use a re p re se n ta tio n :

A =  * (x1. x4) +  ß  (x2, X4) у  (x3, X4) -f- a (x1, x2) Я (x2, x3) -{- &> (x1, x 3) . (3.28)

W e o b ta in  from  E q s . (3.10) an d  (3.27) a system  o f te n  eq u a tio n s  in  eleven 
u n k n o w n  d ep en d en t v a ria b le s : a , ß, у ,  а, Я, со, и1, и2, и3, д, р .  This im p lies th a t  
th e  (p, g) —re la tio n  can  be chosen a rb itra r ily . A n a d d itio n  of th e  d iag o n a l ele­
m en ts in  th e  form  (3.26) fu rn ishes:

V 2 A  — 3 [2 (1 +  m 2) c2] -1  A'tt =  -  4ti K c t * 2 T L  13.29)
1=i

w hich  show s th a t  th e  p ro p a g a tio n  o f  th e  g ra v ita tio n a l w aves in  an  e m p ty  space 
is eq u a l to  [2 (1 -f- m2)/3 ]1 2c, i.e ., i t  c a n  ta k e  any  v a lu e . T he c a lcu la ted  c o u n te r­
exam p les  show  c lea rly  t h a t  th e  sm all p e r tu rb a tio n  te c h n iq u e  does n o t  fu rn ish  
a n y  d e fin ite  resu lts  a t  all. P ra c tic a lly , b o th  velocities m a y  be equal b u t  th e  sm all 
p e r tu rb a tio n  is to o  w eak  to  g u a ra n te e  th is  resu lt.

P a u l i  ( [ 7 ] ,  p . 1 4 3 )  s ta te d  th a t  th e  special th e o ry  of r e la tiv ity  ca n  only 
be co rrec t in  th e  absence  o f  g ra v ita tio n a l fields, b ecau se  of th e  d ependence  
o f th e  lig h t v e lo c ity  on  th e  g ra v ita tio n a l p o te n tia l. O nce th e  g ra v ita tio n a l 
p o te n tia l is in tro d u c e d  as a p h y sica l q u a n ti ty , th e  p h y sica l law s h a v e  to  be 
considered  as re la tio n s  b e tw een  th e  o th e r  physica l q u a n tit ie s  an d  th e  g ra v ita ­
tio n a l p o te n tia l. B u t, in  a n o th e r  p lace  (p . 1 8 2 )  P a u l i  says th a t  in  p e rfec tly  
e m p ty  sp ace , no G- f ie ld  ex is ts  a t  all. T h e  p ro p ag a tio n  of lig h t w ould  th e n  be 
im possib le . F o c k  ( [ 5 ]  p . 1 6 8  in  th e  1st ed itio n , p . 1 8 4  in  th e  2nd ed itio n ) begins 
w ith  th e  eq u a tio n  of w av e  fro n t p ro p a g a tio n  c _2 (co,t)2 =  (g rad  co)2, w h ich  shows 
th a t  l ig h t is p ro p a g a te d  in  s tra ig h t lines. B u t l ig h t possesses en e rg y  a n d  by  
th e  law  o f p ro p o r tio n a lity  of m ass a n d  energy  all en e rg y  is in d isso lu b ly  con­
n ec ted  w ith  m ass. T h erefo re , lig h t m u s t possess m ass. O n th e  o th e r h a n d , by  
th e  law  o f u n iv e rsa l g ra v ita tio n , a n y  m ass lo ca ted  in  a g ra v ita tio n a l field  
m u s t experience  th e  a c tio n  of th a t  f ie ld  an d  in  g enera l its  m otion  w ill n o t  be 
rec tilin ea r. H ence i t  follow s th a t  in  a g ra v ita tio n a l fie ld  th e  law  of w av e  fro n t 
p ro p a g a tio n  m u st h a v e  a fo rm  so m ew h at d ifferen t f ro m  th e  one g iv en  above. 
B u t th e  eq u a tio n  o f  w av e  fro n t p ro p a g a tio n  is a b a s ic  c h a ra c te ris tic  o f  th e  
p ro p e rtie s  o f space a n d  tim e . H ence F o c k  concludes t h a t  th e  p resence  o f  th e  
g ra v ita tio n a l fie ld  m u s t a ffec t th e  p ro p e rtie s  of space a n d  tim e . As i t  is know n, 
F o c k  ( [ 5 , ]  p . 1 6 9 )  d eriv es  a m etric  fo rm  w hich ta k e s  in to  acco u n t th e  aspects  
m en tio n ed  above.

C oncerning th e  speed  o f p ro p a g a tio n  of g ra v ita tio n  F o ck  begins h is  d is­
cussion of E i n s t e i n ’ s  g ra v ita tio n  e q u a tio n s  w ith  th e  d e riv a tio n  o f th e  f irs t 
o rd er e q u a tio n  for th e ir  c h a rac te ris tic s . H e concludes t h a t  th e  system  o f e q u a ­
tio n s of g ra v ita tio n  h as  th e  sam e ch a rac te ris tic s  (w hich  re p re se n t th e  p ro p a g a ­
tio n  of th e  w ave f ro n t  o f a g ra v ita tio n a l w ave) as d ’ A l e m b e r t ’ s  e q u a tio n
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Q ÿ 7 =  0 (the  genera lized  w ave eq u a tio n ). T h is le ad s  to  th e  e q u a tio n  in d en ti-  
ca l to  th a t  one fo r  th e  fro n t o f a l ig h t  w ave in  a n  e m p ty  space . T h e  reasoning  
o f F o c k  seems to  be  stro n g er th a n  th e  above sm all p e r tu rb a tio n  tech n iq u e  in 
S ec tio n  2, w hich is open  to  co u n te r-ex am p les  c o n s tru c te d  in  S ec tio n  3.
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ГРАВИТАЦИОННЫЕ ВОЛНЫ

М. 3 . К РЗЫ В0БЛ 0Ц КИ

Р е з ю м е

В первой главе автором кратко дискутируются некоторые характерные свойства 
гравитационных волн, во второй главе описывается современная техника определения 
скорости распространения гравитационных волн с помощью техники небольшого возму­
щения. В третьей главе автор решает численную задачу, показывающую, что техника 
возмущения результирует для скорости гравитационной волны отличное и от скорости 
распространения света значение. Это говорит о том, что применение данной техники не 
может считаться достаточно строгим для получения точного ответа.
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SYMMETRY THEORY OF THE EQUATIONS 
OF MOTION

PA R T I.

SYSTEM O F PO IN T PA R TIC LES IN  T H E  E.2 SPACE 

By

G .  K n a p e c z

P H Y S I C A L  I N S T I T U T E  O F  T H E  U N I V E R S I T Y  O F  T E C H N I C A L  S C I E N C E S ,  B U D A P E S T  

(Presented by  A. K ónya Received 3. V III. 1966)

By solving a system  of functional equations ([11] and [12]) it  is shown th a t th e  valid ity  
of the Euclidean invariance (sym m etry) group ([3] and [4]) restric ts th e  form of th e  force 
functions of th e  dynam ical law  ([1] and [2]) of a system  of point particles em bedded in  th e  
Euclidean space E ,  to the form  given by the expressions [32]— [35].

1. In tro d u c tio n

T he sy m m e try  (in v arian ce) p rin c ip les  are  fu n d a m e n ta l law s o f n a tu re  
[1]. T hey  do n o t d irec tly  d e te rm in e  th e  s ta te s , or h isto ries o f  p h ysica l sy s tem s , 
b u t  th e y  do specify  th e  fo rm  o f th e  d y n am ic  an d  o th e r law s o f n a tu re .

T he p re se n t p a p e r deals w ith  th e  q u e s tio n  as to  w h a t eq u a tio n s  of m o tio n  
o f  classical p o in t p a rtic le s  are  allow ed b y  th e  k n o w n  E u c lid ean  sy m m e try  o f  
th e  space. M ore prec ise ly  th e  p rob lem  is as follows.

2. The physical problem

L et th e re  be N  p o in t pa rtic le s  im b ed d ed  in  the  tw o d im ensional E u c li­
dean  space E 2 [2]. A ccord ing  to  H o u t a p p e l ,  V a n  D am a n d  W i g n e r  [1] th e  
s ta te s  of th is  sy stem  a re  g iven  b y  th e  in itia l d a ta  Xj(t ) ,  J i ( t ) ,  x , ( t )  a n d  

d x
y ( t ) ,  w here x  = ~  an d  i  — 1 ,  2, . . . , N ,  an d  th e  h is to ry  (th e  m o tion) of 

system  is d e te rm in ed  b y  th e  follow ing e q u a tio n s  o f m o tion

=  F i (xk, y k,x k, y k I к =  1 , 2 , . .  . , 1 V )  (1)
and

ÿi ~  (X/c, y  k, x it, y  it I к  =  1, 2 , . . . ,  IV), (2)

w here i  =  1,2,. . . N ,  a n d  th e  force fu n c tio n s  F  к a n d  Gk  h a v e  4 N  a rg u m e n ts .
I t  is a know n  fac t t h a t  th e  eq u a tio n s  o f m o tio n  (1,2) sh o u ld  be c o v a r ia n t 

u n d e r th e  th re e  p a ra m e te r  E u c lid ean  g ro u p , w hose e lem en ts are

x'i — a -f- Xj cos a  -f- y t s in  a , (3)
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y'i =  b — Xi sin  a  -f- y t cos a  , (4)

w h ere  a, b a n d  a  a re  a rb i t r a ry  co n stan ts .
N ow  th e  q u es tio n  arises: w h a t fu n c tio n a l form s o f Fj a n d  G, are  allow ed 

b y  th is  co v arian ce  (i. e. sy m m e try )  re q u ire m e n t?  T he p u rp o se  o f th is  p a p e r is 
a d iscussion  o f  th is  p ro b lem  a n d  its  m a th e m a tic a l so lu tio n . T he so lu tio n  is 
g iven  b y  e q u a tio n s  (32) — (35).

T he c o n te n t  o f th e  p re se n t p a p e r (i e. th e  p rob lem  s ta te d  above to g e th e r  
w ith  its  su b se q u e n t so lu tion) m a y  he co nsidered  as th e  c o n tin u a tio n  or as th e  
g en e ra liza tio n  b o th  o f C h a p te r  3.1d. o f th e  p a p e r  [1], a n d  o f C h ap te r I I .  o f  
th e  p a p e r b y  C u r r i e  [3].

3. The m athem atical form ulation of the problem

3.1 The mathematical problem

T he acce le ra tio n s a n d  forces u n d er th e  g roup  (3,4) sh o u ld  be tra n sfo rm e d
as follows

x'k == xk cos a  -\- ÿ k sin  a  (5)
an d

y k =  — xk sin  a  -f- y k cos a  , (6)
i. e.

F'k =  F k cos a  -f- Gk sin a  (7)
an d

G'k =  — F k sin  a  -)- Gk cos a  . (8)

S ince th e  force fu n c tio n s  shou ld  p re se rv e  th e ir  fu n c tio n a l form  u n d e r  
th e  g roup  (3 ,4), F ’ and  G’ sh o u ld  h av e  th e  fo rm

F  к =  F  к (x’h Уh x'h y í \ l =  1 , 2 , . . . ,  N )  (9)
an d

G'k =  Gk (x'„ y'„ i l ,  y; \ l =  1 , 2 , . . . ,  N ) .  (10)

O n th e  b as is  of (3 ,4) a n d  (9,10) th e  m a th e m a tic a l p ro b lem  is as follow s: 
we h av e  to  f in d  th e  v e c to r  co n co m itan ts  o f th e  co o rd in a te s  X u { t ) ,  y k ( t )  a n d  
o f th e  v e lo c ity  v ec to rs  X k ( t ) ,  ÿ k { t ) .

3.2 The basic functional equation

T he v e c to r  c o n co m itan ts  in  q u es tio n  obey  a fu n c tio n a l eq u a tio n  w h ich  
m ay  be d e riv e d  from  (7) a n d  (8) if  we ta k e  in to  ac c o u n t (9) a n d  (10). T h is 
eq u a tio n  re a d s  as follows
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F k (a-\-Xi  cos x -f- y ; sin  x, b — xl sin  x  +  y t cos x, x( cos x-\- y t s in  a , —

— X [ sin  x  +  j ,  cos x\1 —  1 , 2 , . . . ,  N)  =

=  F k{x i ,y i ,x „ ÿ i \ l  =  1 , . . . ,  N)  cos x -f-

+  Gk { x „ y „ x l, y l \l =  1 ,2 , .  . , , N )  sin  x (11)
an d

Gk (a +  xt cos x -f- y t sin  a , b — xt sin x -\- Уi cos x, xt cos x -\- ÿi  si11 x, —

— x l sin  a  +  j i  cos x \ l =  1, 2, .  . . ,  TV) =

=  — F  к  (xb Уп j i \ l =  1 , 2 , . . . ,  N)  sin  a  +

+  Gkixi>У ь*ьУ 1 11 =  cos x .  (12)

This sy s te m  of fu n c tio n a l eq u a tio n s , w here th e  u n k n o w n  fu n c tio n s a re  
F k an d  Gfc, m u s t identically hold for a rb i t r a ry  values o f a, b, x, xi, yi ,  xi an d  
ÿi,  l =  1, 2, . . ., N.  I t  is now  necessary  to  solve eq u a tio n s (11, 12).

T his w ill he  acom plished  b y  th e  m e th o d s  o f th e  th e o ry  of fu n c tio n a l 
eq u a tio n s  [4] in  th e  n e x t C h ap te r.

4. The m athem atical solution of the problem

4.1 The first  step

L et u s, fo r a m o m en t, suppose th a t  x =  0. In  th is  case eq u a tio n s (11) 
a n d  (12) red u ce  to  th e  fo llow ing sy stem  of fu n c tio n a l eq u a tio n s

F k (a +  x„ b + y „  x „ j r , \ l — l , . . . , N )  =  F k ( x „ y „ x „ y t, \ l  =  1 , . .  .,1V) (13)

an d

Gk(a +  Xi> b +  y„ x , ,y , \ l  =  1 , 2 , . .  . , N )  =  Gk (xl, y „ x . , y l \l  =  1 ,2 , -----N).  (14)

T hese eq u a tio n s  m u st hold  fo r a rb itra ry  a, b, x ;, y\,  xt an d  j b  / = 1 , 2 ,  . . .N.
I f  th e  e q u a tio n s  (13) a n d  (14) are v a lid  fo r a rb itra ry  va lu es  of a a n d  b, 

th e n  th e y  are  v a lid  also in  th e  special case w hen

a +  x A =  0 (15)
and

Ь + У к  =  ° ,  (16)

w here x k an d  y k a re  e x a c tly  th e  co o rd in a tes  o f  t h a t  p a rtic le  w hose force fu n c ­
tio n s Fk an d  Gk we are  going to  d e te rm in e . F ro m  (15) an d  (16) i t  follows t h a t

« = — x k (17)
an d

b =  ~ y k - (18)
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In s e r tin g  (17) an d  (18) in to  (13) a n d  (14) one gets

and

P  к (x i* Уь */» У1 11 — 1 , 2 , . . . ,  IV) —

=  f k  {x i —  х к , У 1 ~ У к ,  х т , У т  11 =  1 , 2 , . .  . , f t  —  1 , *  +  1 , . .  . N ;

m =  1,2, . .  . , N)

&к(х ь У ь хьУ1\1=  1,2,. . . ,1V) =
=  g k ( x l ~  x k > y i  —  У к * х т , У т \ 1 =  1 , 2 , . . . ,  f t —  l , f t  +  1 ,  —  , 1 V ;  

от =  1 , 2 , . .  . , 1 V ) ,

( 19)

( 20)

w here /fc  a n d  g k are  a rb i t r a ry  fu n c tio n s o f  th e ir  4 N —2 a rg u m en ts . T he sy s tem  
(19) a n d  (20) is th e  genera l so lu tio n  of (13) a n d  (14).

4.2  The second step

In s e r t in g  (19) a n d  (20) in to  (11) a n d  (12), an d  in tro d u c in g  th e  ab b re v ia
tions

1III (21)
and

1£III•iti (22)

we o b ta in  th e  follow ing sy s te m  of fu n c tio n a l eq u a tio n s

f k (x lk cos x  j -  y lk sin  sc, — x lk sin  sc +  y lk cos sc, x m cos sc j -  j m sin  sc ,

— x m sin  sc -f- j m cos sc) =

=  fk (xik> Уik, xm> jm ) cos a  +  gk (xlk, y lk, xm, y m) sin « (23)
and

gk (xik cos a +  У Ik sin a, — xlk sin a +  У Ik cos x, xm cos * +  jm  sin °C,

— X m  sin  « +  j m C O S  a) =

=  — f k ( xlk,yik,xm,ÿm) S111 a  +  S к {x lk, Ум, xm, Ут) COS SC, (24)

w here m =  1, 2, . . ., N,  a n d  l =  1, 2, . . ., к —1, ft—|—1, . . . N.
Since th e  sy s tem  (23) an d  (24) m u s t ho ld  for a rb i t r a ry  sc, xi, yi,  xm an d  

j m, i t  h o ld s , o f  course, in  th e  special case w hen

— xk sin  X +  У к cos a =  0 , (25)
i. e.

tg  sc =  y k/xk, sin  sc =  y klrk, an d  cos sc =  xkl'rk , (26)
w here

r* =  ( ^ + j l ) i .  (27)
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In se r tin g  (26) in to  (23) an d  (24) we get a sy s tem  o f a lgeb ra ic  e q u a tio n s

Ук Ук X h Xr . Ук„  „  II L , ,  J  It „  К  ■ ~ K  I ■ J  КФк \х1к  -----Г  У 1к ~ ~  » х1к -----г  У1к —  > Х 1 -----Г У/ 1
I Гк гк гк тк г,. гк

• — X/ У— -f- y t ~~к , тк I / =  1 , 2 , . . . , /с — 1» fc — 1 , . . . ,  jvl  =

— Ук (х1к» Уlk> хгтп Ут 1  ̂ 1 , .  . . ,  А 1, fe -f-  1 ,.  . . ,  TV ; ТП 1 , .  . . ,  ÍV) * "f-

gk (*/ki У/fc- *m> Ут | / = 1----- , к — 1, fc +  1, N; m  =  1 , . . . ,  N)  • ^  (28)

and
Í Xr .  , y fr ÿ A. , xk . X , .  , . y

У к \xik T-----h У ik ~r~ ’ “  */k t  h У/к > x î~ -----h У/ t
l rk rk rk rk rk r

У±
к

Ук y  I —- , г A ■ / — 1, 2 , . . . ,  к — 1, A -f- 1 , . . . ,  iV| —
rk

— Sk {xlki У Un xnv У mi I* 1 , . . . ,  к 1, A -j~ 1, .  . . ,  N  Til — 1 , . . . ,  TV) ■ Ук +

+  gk(xik,yik,xm,ÿm\l =  Ь  - . , А -  1,A +  1 , . . . , TV) -  (29)
rk

w here <pk a n d  y k are a rb i t r a ry  fu n c tio n s o f  th e ir  4iV—3 a rg u m e n ts , a n d  fk an d  
gk are  th e  u n k n o w n  force fu nc tions.

The fu n c tio n s  f k a n d  gk m ay  be e v a lu a te d  from  (28) an d  (29). W e get

fk =
xk Фк — УкУ

in d

gu
У к фк +  хк У к

(30)

(31)

T ak in g  in to  co n sid e ra tio n  th a t  b o th  cpk an d  yu a re  ex p lic it fu n c tio n s  of 
rk, th e  d en o m in a to rs  o f  (30) an d  (31) can  be a m a lg a m a te d  in to  cpk a n d  y k. 
C onsequen tly  th e  m a th e m a tic a l so lu tio n  o f th e  p ro b lem  s ta te d  in  C h ap te r  2 of 
th is  paper read s  as follow s

and
F к (x n У11 xu yi) =  xk A k — y k B k (32)

Gk (xn Уч хч yi) =  У к A  k +  xk B k , (33)

w here A k a n d  B k are a rb i t r a ry  fu n c tio n s o f th e ir  4iV'—3 in v a r ia n t a rg u m e n ts .
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A k — A k (rk, xlk xk +  y lky k, — xlky k +  yik xk, x, xk ÿ i ÿ k ,

, — Х1П  +  ÿ i * k \ l =  1 ,2 , . . к — l , k  +  1 , . . N )  (34)
an d

B k =  B k (rk, xlk xk +  y lky k, -  xlky k +  y lk xk, x ,xk + ÿ , y k ,

, — * /ÿ k +  ÿ i * k \ l  =  1 ,2 .........& — 1, k +  1 , . .  . ,1 V ) . (35)

5. The physical content of the  solution (3 2 )—(35)

5.1 The basic forces in E 2

F irs t  o f  all, le t us re m a rk  t h a t  in  sp ite  o f th e  fa c t th a t  fro m  th e  p h ysica l 
p o in t o f  v iew  th e  fu n c tio n s (F;,  G,) are  n o t  force fu n c tio n s  b u t  acce lera tio n  
fu n c tio n s , we w ill call th e m  fo rce  fu n c tio n s  in  w h a t follow s, a n d  in  th is  sense 
we shall sp e a k  a b o u t forces.

T he a rg u m e n ts  o f (32) — (35) are  th e  in v a r ia n ts

h  =  rk =  ( x l + y l ) i ,  (36)

12 =  x ,xk +  ÿ , ÿ k , (37)

13 =  ^к У ,~  x , y k , (38)

Ii =  (xi — xk) x k +  ( y , ~  y k) y k (39)
an d

h  =  (yi — У к) xk — (x, — xk) y k . (40)

T hese in v a r ia n ts  a re  th e  basic force expressions in  th e  tw o  d im ensional E u c li­
d ean  space  E 2. T h e y  are  all velocity-dependent.

A p p a re n tly  th e  well k n o w n  d is ta n c e -d e p en d e n t forces

I  в =  (*; — xkf  +  (y,  — y kf  =  rfk (41)

are  n o t c o n ta in e d  am ong  th e m . B u t th is  is n o t t ru e , because  J 6 m a y  he e x p re s ­
sed  in  te rm s  o f  J 4, J6 an d  I x as follows

/ . - ■ a t a ,  <42)

i. e.
(Xi  — x kf  +  ( y ,  — y k)2 =

=  [(*; — x k)  x k + ( y ,  — y k) y k Y  +  [(У; — y k )  x k —  ( x ,  —  x k ) j r k ] 2

xk +  y l
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R ela tio n s (42) and  (43) allow  th e  in te rp re ta t io n  t h a t  th e  d is tan ce - 
d ep e n d e n t forces (41) are n o t „ e le m e n ta ry “  forces, h u t „co m p o sed “  ones a n d  
th e y  h av e  a v e lo c ity -d ep en d en t dyn am ism .

5.2 The transformation character of  A k and B k

T he force fu n c tio n s  Fк a n d  Gk are  th e  co m p o n en ts  of th e  v e c to r  (Fk, Gk). 
O n th e  basis o f  (32) an d  (33) th e y  m a y  be re p re se n te d  in  m a tr ix  fo rm  as fo llow s:

F k =  А к ( * к +
o  —  B k •*k

G  к l y j ß k  0 y k .

I t  is seen from  (44) th a t ,  in  acco rd an ce  w ith  (34), A k is an  in v a r ia n t . 
O n th e  basis  o f (35) Bk sh o u ld  also b e  a n  in v a ria n t. I n  v iew  of th e  f a c t  

t h a t  th e  single co m p o n en t of an  a n tisy m m e tr ic  ten so r (in E 2) is in v a r ia n t u n ­
d e r th e  group  (3, 4), th e  e q u a tio n  (44) does n o t  conflict w ith  th e  expression  
(35). T hus Bk is also an  in v a r ia n t .

Since, on th e  one h a n d , b o th  fu n c tio n s A k an d  Bk are  in v a r ia n ts  a n d , on 
th e  o th e r , xk a n d  y k are  co m p o n en ts  of v e c to rs , all Fk an d  Gk a re  co m p o n en ts  
o f vec to rs .

5.3 The “ magnetic“  forces

F in a lly , we re m a rk  th a t  th e  second te rm  in  (44), i. e.

[Fk _  f o - B f t l Xk
£  к

0oá1

jk.

is o f  m ag n e tic  (L o ren tz ) ty p e .

6. Conclusion

I t  is seen fro m  (44), (34) a n d  (35) t h a t  th e  v a lid ity  o f  a sy m m etry  law  
in fact restricts the form o f th e  d y n am ic  law s o f  p h ysica l sy stem s.
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ТЕОРИЯ УРАВНЕНИЙ ДВИЖ ЕНИЯ НА ОСНОВЕ СИММЕТРИИ
ПРОСТРАНСТВА

Часть I
Система точечных частиц в пространстве Е„ 

г. КНАПЕЦ

Р е з ю м е

Решением системы функциональных уравнений [(И ) и (12)] доказывается, что в 
силу эвклидовой симметрии пространства Е.г [(3) и (4)] форма силовых функций [(32) — 
(35)] динамического закона [(1) и (2)] системы точечных частиц является определенной, 
то есть не может быть произвольной.
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DAS ELEKTRONENBANDENSPEKTRUM DES 
CsD-MOLEKÜLS IM SICHTBAREN SPEKTRALGEBIET

Von

M. L. Cs á s z á r

Z E N T R A L F O R S C H U N G S I N S T I T U T  F Ü R  P H Y S I K ,  B U D A P E S T  

und
E . K o c z k á s

A T O M P H Y S I K A L I S C H E R  L E H R S T U H L  D E R  T E C H N I S C H E N  U N I V E R S I T Ä T ,  B U D A P E S T  

(Vorgelegt von I. Kovács. — Eingegangen: 5. V II . 1966)

Das Spektrum  des CsD-Moleküls wurde zw ischen 4500 Â und  6250 Â aufgenom men und 
die R otationsaualyse von 17 B anden durchgeführt. Auf Grund dieser Analyse w urden  m it 
Hilfe des Isotopie-Effektes die von A l m y  und R a s s w e i l e r  für den angeregten Z ustand  des 
CsH-Moleküls angegebenen v ' Q uantenzahlen um  drei Einheiten korrig iert.

D as E le k tro n e n b a n d en sp ek tru m  des CsH -M oleküls w urde von  Al m y  
u n d  R a s s w e i l e r  im  J a h re  1938 in  A b so rp tio n  au fgenom m en  [1]. Im  S p e k tra l­
b ere ich  zw ischen 4500 Â  u n d  6250 Â  ersch ien  das V ie llin ien sp ek tru m  von  
31 k an te n lo se n  B anden . Die A nalyse b ew ies, dass das aufgenom m ene B a n d e n ­
sy stem  dem  Ü bergang  e n tsp r ic h t. In  den K o n s ta n te n  des o b e ren
Z u stan d es zeig te sich dieselbe A nom alie w ie bei den a n d e re n  A lk a lih y d rid en . 
Die genauere  B estim m ung  d e r K o n s ta n te n  ab e r e rschw ert d e r  U m stan d , dass 
die V ib ra tio n s-A n aly se  se lb st v o n  A l m y  u n d  R a s s w e i l e r  als unsicher b e u r ­
te il t  w u rd e . E s sch ien  d a h e r  in te re ssa n t das S p ek tru m  des CsD -M oleküls zu 
u n te rsu ch en .

Experim entelles

M it H ilfe des bei A b so rp tio n sa u fn a m e n  der A lk a lih y d rid e  a llg em ein  
(auch  von  A l m y  u n d  R a s s w e i l e r ) b e n ü tz te n  E isen roh res ko n n te  e in  re in es  
C sD -S p ek tru m  n ic h t p h o to g ra p h ie r t w e rd en . U m  e in  h yd rid fre ies CsD - 
S p e k tru m  au fn eh m en  zu k ö n n en , h a b e n  w ir ein V e rfa h ren  m it e in em  ge­
sch lossenen A b so rp tio n sro h r aus z iem lich  a lk a lib e s tän d ig em  S u p rem ax g las  
en tw ick e lt. [2] A n seinen E n d e n  h a tte  dieses R ohr k e in e  Q u arz fen ste r, w ir 
b eg n ü g ten  u ns m it S u p rem ax g la sfen s te rn , d a  doch das C sD -S p ek tru m  in  das 
s ich tb a re  S p ek tra lg eb ie t fä llt . D as R o h r w a r 110 cm la n g  m it 1,5 cm  l ic h te r  
W eite , in  d e r M itte  m it e in em  kurzen  S e iten ro h r v e rse h e n , (siehe A b b . 1). 
D ieses S e iten ro h r d ien te  zu r E in fü h ru n g  des Cs-M etalls u n d  des D 2-G ases. 
D as Cs-M etall w urde  aus C aesium azid  d u rc h  th e rm isch e  D issozia tion  u n d  
d u rch  nachfo lgende V ak u u m -d estilla tio n  in  das R ohr e in g e fü h rt. [3] D a n a c h  
w urde  das D 2-Gas e le k tro ly tisc h  aus sch w erem  W asser (m it 99 ,9%  D 20 )  h e r ­
g este llt u n d  d u rch  eine P d -K a p illa re  eb en fa lls  in  das R o h r  geführt. B eim  
gew ünsch ten  D 2-D ruck  w urde  das S e ite n ro h r zugeschm olzen .
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Z ur H e rs te llu n g  des CsD -s m usste  das G em isch au f 600 °C e rh itz t w e rd en . 
D ie H eizung  e rfo lg te  m it iso lie rte n  K a n th a id rä h te n . D er g rö ß te  Teil des C ae­
sium s sam m elte  sich  im  S e ite n ro h r, das bei d e n  A ufnahm en  n a c h  u n ten  zu  la g . 
E s w urde  v o n  d en  an d eren  T eilen  g e tre n n t geheizt, u m  in  das H a u p tro h r  
m e h r  oder w en ig e r C s-D am pf h inein lassen  zu  können .

D er C s-G ehalt b e tru g  e tw a  4 g. A m  A n fan g  des A usheizens, von  e tw a  
370 °C an , m a c h te n  die d u n k e lg rü n en  C s-D äm pfe e ine  A ufnahm e n o ch  
unm ög lich . D ie  C sD -B anden , d ie  w ir h a u p tsä c h lic h  im  g rü n e n  W ellen längen ­
bere ich  m it d e m  H an d sp e k tro sk o p  w ah rn e h m e n  k o n n te n , erschienen e r s t

n a c h  ein igen  S tu n d e n  bei 550° 0 ^ 2 0  °C. A ls k o n tin u ie rlich e  L ich tquelle  d ie n te  
eine X e n o n -H o c h d ru c k lam p e  von  300 W . Z u  den A u fn ah m en  b e n ü tz te n  w ir 
e in en  K o n k a v g itte rsp e k tro g ra p h e n  m it 1,3 Ä /m m  re z ip ro k e r  D ispersion. D ie 
E x p o s itio n sz e ite n  sc h w an k ten  zw ischen 2 u n d  4 S tu n d e n .

Im  a llgem einen  b e o b a c h te te n  w ir d a ss  die jew eilige  A ufnahm e e in e n  
W ellenbereich  u m fa ß t, an  dessen  G renzen d ie  S p ek tra llin ien  rech ts u n d  lin k s  
diffuse u n d  sch w äch er w e rd en , u m  d an n  g an z  zu  v ersch w in d en . Die B an d e n  des 
C s2-M oleküls v e ru rsa c h te n  k e in e  S tö ru n g en .

A nalyse

A u f u n se re n  A u fn ah m en  k o n n ten  ca . 600 L inien (u n g e fäh r 95%  s ä m t­
lich er v o n  u n s  b e o b a c h te te n  L inien) gem essen  w erden. D ie  M essgenau igkeit 
b e trä g t  im  D u rc h sc h n itt e tw a  0,03 Â, je d o c h  n u r  0,1 Â  b e i d en  d iffuseren  u n d
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sch w äch eren  L in ien . E s is t u ns gelungen , d iese  L in ien  a u f  G ru n d  einer R o ta ­
tio n sa n a ly se  in  B an d en  e in zu re ih en . In sg e sa m t fan d en  wir 12 B a n d e  m it v" =  
— 0 u n d  5 B an d e  m it v"  =  1 u n te re m  Z u s ta n d .

W ie zu  e rw a rte n  w ar, ze ig te  das C sD -S p ek tru m  die g leiche S tru k tu r  w ie 
die A lk a lih y d rid e  (L iH , N aH , K H , R b H , C sH ) u n d  die b ish e r  b e k a n n te n  
A lk a lid eu te rid e  (L iD , N aD , K D ): —1E  Ü b e rg an g , ziem lich  offene, sch w er
zu e rk en n en d e  B a n d e n s tru k tu r . In fo lge des Iso to p ieeffek tes , d e r  eine V erd ich ­
tu n g  d er L in ien  b e w irk t, sind  je d o c h  einzelne B an d en  le ic h te r  w a h rn e h m b a r 
als b e im  C sH -S p ek tru m .

D ie V ib ra tio n san a ly se  k o n n te n  w ir je d o c h  erst n ach  B eend igung  d e r 
R o ta tio n sa n a ly se  v o rn eh m en . In  m ehreren  B a n d e n  w ar ein T e il d e r e inzelnen  
Zweige g u t e rk e n n b a r, so 10 b is 15 L inien . E s  w a r  m öglich, d ie  Avrot des C sD - 
M oleküls, d . h . die W ellenzah len -D iffe renzen  der a u fe in a n d e r folgenden 
L in ien  m it den  C sH -R o ta tio n sk o n s ta n te n  au s  der A rbeit v o n  A lm y  u n d  
R a s s w e i l e r  u n d  m it d er g-Z ahl aus der F o rm e l

(—  +  —
[ m h m J

rech n erisch  zu  b estim m en .
Die aus den  so e rm itte lte n  u n d  aus den  im  S p ek tru m  g e fu n d en en  L in ien  

g eb ilde ten  Avrot -D ifferenzen  zeigen eine g u te  Ü b e re in s tim m u n g . Als B eisp iel 
diene die T abelle  I ,  in  der die W ellenzah lend ifferenzen  der (12 ,0) B ande z u ­
sam m en g efasst s ind . A u f G rund  d ieser Ü b ere in s tim m u n g  w ar d ie ./-N u m erie ­
ru n g  e in d eu tig  gegeben. M it H ilfe  von  Avrot Hessen sich a u c h  die w en iger 
c h a ra k te ris tisch e n  Zweige e rk en n en . E s is t u n s  gelungen , die 600 b e o b a c h te ten  
L in ien  in  17 B an d e  e inzu re ihen . In d es  is t d ie  Ä nderung  d e r B'v K o n s ta n te  
m it v' so k le in , dass die a u f  die v e rsch ied en en  V ib ra tio n sn iv eau s  bezogenen  
zürot-W erte in n e rh a lb  d er M essfehler ü b e re in s tim m e n  und  so m it keine G ru n d ­
lage fü r  die N u m erie ru n g  der v’ ab g eb en  k ö n n e n .

Die In te n s i tä t  d er L in ien  s te ig t in n e rh a lb  der e inzelnen  B anden  m it  
w achsender Q u a n te n z a h l, d. h . b is zu  e tw a J  =  4 sin d  die L in ien  n o ch  schw ach , 
v o n  da  ab  b is e tw a J  =  24—30 sind  sie v o n  g u te r  In te n s i tä t .  D ie T abelle  
I I  e n th ä lt  die W ellenzah len  der B an d en lin ien .

Die R ic h tig k e it d er R o ta tio n sa n a ly se  w u rd e  m it den  K o m b in a tio n s ­
d ifferenzen  fü r  die gleichen u n te re n  Z u stän d e  k o n tro llie r t.

Die R o ta tio n sk o n s ta n te n  B„ u n d  D„ b e re c h n e te n  w ir n a c h  d e r aus d e r  
L ite ra tu r  b e k a n n te n  g rap h isch en  M ethode [4] (Tabelle I I I .)

D ie R o ta tio n sa n a ly se  h a t  bew iesen , dass 12 bzw . 5 der B a n d e n  den g lei­
chen  u n te re n  Z u s ta n d  h ab en . D a  es sich u m  eine A b so rp tio n sau fn ah m e h a n ­
d e lt, sind  diese Z u s tän d e  o ffenbar v" =  0 u n d  v"  =  1. D a w e ite rh in  die R o ta ­
tio n sk o n s ta n te n  d er S chw ingungsn iveaus im  angereg ten  (o b eren ) Z u stan d

„2 __
Ж  + M,C s /
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e in an d e r se h r  ähn liche W e rte  haben , lä s s t  sich a u f  G ru n d  der K o m b in a tio n s ­
d ifferenzen  n ic h t e in d e u tig  b estim m en , w elchen B a n d e n  m it dem  u n te re n  
Z u s ta n d  v"  =  1 bzw . v" — 0 der gleiche obere  Z u s ta n d  zugehört. Z ur F e s ts te l ­
lu n g  der N u m erie ru n g  w ar die S chw ingungsanalyse  erfo rd erlich . Die gen au en  
W erte  d e r  e inzelnen  B a n d e n k a n te n  b e s tim m te n  w ir  nach  der b e k a n n te n  
g rap h isch en  M ethode. Sie g e s ta t te t  es d ie  S chw ingungsdifferenzen  AG' r e c h ­
nerisch  zu  e rm itte ln .

A u f G ru n d  der S ch w in g u n g sd iffe ren zen  ZlG' k o n n te  es nun  le ich t e n tsc h ie ­
den  w erd en , w elche B a n d e  m it v ersch ied en em  u n te re n  Z ustan d  d en se lb en  
oberen  Z u s ta n d  besitzen .

In  d e r  A n nahm e, d a ss  die A nalyse v o n  A l m y  u n d  R a s s w e i l e r  r ic h tig  
is t, b e s tim m te n  w ir m it ih re n  S ch w in g u n g sk o n stan ten  u n d  m it der Z ah l p a u f  
G rund  d e r G leichung [4]

, ( , 1 1 2+оII QCOe \v' +  — — p2 co’e x'e V' +  — +  . . .
l 2 2

1 1 0  ,  , ( 1 2  -
Q Me v +  V —  рг шехе \v" ------

2 1 I 2

die W erte  d e r  zu e rw a rte n d e n  B a n d e n k a n te n  des CsD -M oleküls u n d  w äh lten  
v' so, d ass  d e r  U n te rsch ied  zw ischen d e n  gefundenen  u n d  den b e rech n e ten  
B a n d e n k a n te n  m ög lichst k le in  sei. D o ch  au ch  im  g ü n s tig s te n  Falle  e rg a b  sich 
eine A bw eichung  des b e re c h n e ten  W e rte s  vom  gem essenen  um  e tw a 30 c m -1. 
O ffensich tlich  m uss die N u m erie ru n g  A lmys  u n d  R a s s w e j l e r s  g e ä n d e rt 
w erden.

Die rich tig e  N u m erie ru n g  su c h te n  w ir d u rch  d e n  V ergleich d e r  AG'- 
W erte  im  an g ereg ten  Z u s ta n d  des C sH -M oleküls m it je n e m  des C sD -M oleküls 
zu e rm itte ln .

In  B e tra c h t  zu z iehen  is t die T a tsa c h e , dass im  Sinne der T h eo rie  des 
Iso to p ie -E ffek tes

A ^CsD (v +  1) =  в A GcsH (Q \_v +  1])

is t, dass a lso  die zJG csd-W erte  im  a n g e re g te n  Z u s ta n d  des C sD -M oleküls aus 
den  an a lo g en  ZlG'cSH -W erten  des C sH -M oleküls u n d  m it Hilfe d er Z ah l p 
b e rech n e t w erden  k ö n n en  [5] [6].

N a tü r lic h  is t das n u r  dann  r ic h tig , w enn m a n  m it der e n tsp rech en d en  
n '-N u m e rie ru n g  a rb e ite t . D ie au f CsD bezogenen ZlG'csD'Werte b e rech n e ten  
w ir zu e rs t a u f  G rund  d ieser G leichung u n d  der N u m erie ru n g  von A l m y  und 
R a s s w e i l e r , d an n  au ch  so , dass w ir d ie  v' W erte  im  V ergleich  zu d ieser N um e­
rie ru n g  u m  1, 2, 3, 4, 5. E in h e ite n  h ö h e r  w äh lten .
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Die Differenzen der gemessenen W erte AG 'm und der m it den CsH K onstan ten  berechneten 
W erte AG'r des CsD-Moleküls im  F alle , wenn:

a) die Berechnung auf G rund von A l m y  und  R a s s w e i l e r s  v ’ N um erierung ausgeführt wird;
b )  v’ im  Vergleich zur N um erierung von A l m y  und R a s s w e i l e r s  um 1 ;  c) um  2 ;  d) um 3 ;  
e) um  4; f) um  5; g) um  6 vergrössert ist.
h) Die W erte von £  (zl G 'm — Л G 'r)2 in den oberen spezifizierten Fällen.

A n der A bb ild u n g  2 lä ss t sich  g u t e rk en n en , dass sich zw ischen  den 
gem essenen u n d  b e re c h n te n  AG'CsD-W erten  die b e s te  Ü b e re in s tim m u n g  zeigt, 
w enn  m an  die t / -N u m erie ru n g  von  A l m y  und  R a s s w e i l e r  bei den  C sH -B anden  
um  3 E in h e iten  e rh ö h t. D am it w ird  au ch  die V ib ra tio n sn u m e rie ru n g  d er B an ­
den  des CsD -M oleküls b e s tim m t.

Die T abelle IV  e n th ä lt  die B a n d e n k a n te n  des CsD -M oleküls m it der 
rich tig en  ^ '-N u m erie ru n g .
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A u f die B estim m u n g  der V ib ra tio n sk o n s ta n te n  u n d  die U n te rsu c h u n g  
des Iso to p iee ffek tes  w e rd e n  w ir in  e in e r  sp ä te ren  A rb e it kom m en.

Z u m  Schluss sp re c h e n  w ir H e r rn  P ro f. I . K o v á c s  unseren  au frich tig en  
D a n k  au s . H e rrn  P ro f. T . Má t r a i  d a n k e n  w ir v e rb in d lic h s t fü r  die A nregung  
zu  d ieser A rb e it u n d  fü r  sein w ohlw ollendes In te re sse . W ir d a n k e n  ferner 
H e rrn  K . R ózsa  fü r  die H e rs te llu n g  des C aesium s u n d  fü r  seine M ita rb e it  bei 
den  A u fn ah m en .

Tabelle I

Gemessene und  berechnete R otationsterm differenzen der (12,0) Bande des CsD-Moleküls

P-Zweig P-Zweig

J z l i ’r o t л 'Ч м ^ ' r o t ^ ^ r o t
(gemessen) (berechnet) — zdl'rot (gemessen) (berechnet) -Zlrrot

1
1,5 1,9 — 0,4 3,9 4,3 — 0,4

2
3,9 3,4 +  0,5 5,3 5,7 - 0 ,4
5,0 5,0 0 7,8 7,3 +  0,5
6,6 6,5 +  0,1 8,5 8,9 - 0 ,4

О
7,9 8,0 — 0,1 10,6 10,4 +  0,2

6
9,7 9,6 + 0 ,1 12,1 11,9 +  0,2

8
11,0 11,1 — 0,1 13,3 13,5 - 0 ,2
12,7 12,7 0 15,0 15,0 0

9
14,1 14,0 +  0,1 16,5 16,5 0

10
15,9 15,6 +  0,3 18,0 17,8 +  0.2

1 1
17,2 17,2 0 19,5 19,4 +  0,1

12
18,7 18,7 0 21,1 21,0 0

13
20,4 20,2 +  0,2 22,6 22,5 +  0,1

14
21,8 21,8 0 24,0 23,9 +0,1

15
16

23,3 23,1 + 0 ,2 25,5 25,4 +0,1
24,9 24,8 +  0,1 27,2 27,0 +  0,2

17
18
19

26,4 26,2 + 0 ,2 28,6 28,5 +0,1
28,1 27,9 +  0,2 30,2 29,9 +  0,3

29,5 29,5 0 31,7 31,5 +  0,2
20
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Tabelle II
W ellenzahlen der B andenlinien

Die Bande (8,0) Die Bande (9,0) Die Bande (10,0)

P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig

i; 18761,6
18755,3 760,1 18920,6 18924,1 19088,5

751,0 757,3 916,0 922,1 083,7 19089,6
745,8 753,5 910,6 919,3 070,5 086,3
738,0 903,5 913,8 075,0 081,1
729,3 741,9 894,4 907,3 062,1 074,7
718,6 733,9 883,7 899,0 051,6 066,7
706,8 724,2 871,9 889,7 039,8 057,2
693,6 713,5 858,7 878,2 026,4 046,2
678,9 700,2 843,3 865,5 011,6 033,6
661,9 686,0 826,7 851,2 18995,0 019,4
643,6 670,4 808,8 835,4 977,0 003,8
623,2 652,9 789,0 818,1 957,5 18986,5
603,1 634,1 768,2 799,3 936,8 967,7
580,4 613,7 745,8 778,9 913,8 947,4
555,9 591,6 721,6 757,3 889,7 925,6
530,5 568,4 695,9 733,9 864,2 902,4
503,1 543,1 668,8 709,0 836,8 877,3
474,2 516,3 640,1 682,5 808,1 850,6

488,3 610,3 653,8 778,0 822,6
412,5 458,5 578,4 624,8 746,8 793,0

427,7 544,8 593,9 713,5 762,4
510,4 561,5 678,2 729,3

307,9 474,2 527,3 642,5 695,8
437,1 604,6 660,3

565,6 623,2
525,2 586,1
483,3 544,8
440,7
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Tabelle I I  (Fortsetzung)

Die Bande (11,0) Die Bande (12,0) Die Bande (13,0)
J

P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig

0 19610,2

1 19261,9 19431,0 19435,0 19605,8 609,2

2 19254,7 260,5 427,1 433,1 607,3

3 248,8 256,8 421,8 429,6 595,7 603,9

4 241,6 252,2 414,0 424,6 588,0 598,8

5 232,8 245,3 405,5 418,0 579,4 592,2

6 222,4 237,6 394,9 410,1 569,2 584,4

7 210,6 228,0 382,8 400,4 557,1 574,7

8 197,0 217,1 369,5 389,4 543,8 563,6

9 182,1 204,3 354,5 376,7 528,8 551,0

10 165,6 190,0 338,0 362,6 512,3 536,7

11 147,5 174,3 320,0 346,7 494,1 520,9

12 128,0 157,1 300,5 329,5 474,6 503,6

13 106,8 138,2 279,4 310,8 453,5 484,9

14 084,2 117,9 256,8 290,4 431,0 464,3

15 060,0 096,1 232,8 268,6 406,8 442,6

16 034,7 072,4 207,3 245,3 381,1 419,2

17 007,6 047,7 180,1 220,4 354,2 394,3

18 18978,9 021,3 151,5 194,0 325,4 367,8

19 948,9 18993,5 121,3 165,6 295,3 339,8

20 917,3 964,1 089,6 136,4 263,6 310,3

21 883,9 933,1 056,2 105,4 230,6 279,4

22 849,1 900,6 021,8 072,4 195,8 246,9

23 813,1 866,7 18985,7 038,9 159,6 212,9

24 775,7 830,7 948,2 003,3 122,0 177,2

22 736,6 793,9 909,1 082,9 140,0

26 695,9 755,3 868,3 042,1 101,7

27 653,8 715,5 000,2 061,3

28 610,3 673,8 18956,7 019,8

29 565,6 630,9 911,8 18977,0

30 519,0 586,1 865,5 932,6

31 471,1 540,4 817,0 886,0

32 421,1 768,2

33 717,0
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Tabelle II  (Fortsetzung)

Die Bande (14,0) Die Bande (15,0) Die Bande (16,0)

P-Zweig R-Zweig P-Zweig R -Zweig P-Zweig P-Zweig

19785,0 19962,2
19777,2 783,0 960,0 20138,1

770,8 779,6 19948,0 134,2
763,9 774,4 940,6 951,3 20118,7 129,3
755,2 768,2 932,0 944,8 109,7 122,5
744,9 760,1 921,6 936,8 099,4 114,3
732,9 750,3 909,9 927,1 087,4 104,6
719,4 739,1 896,4 916,0 073,7 093,6
704,4 726,4 881,2 903,2 058,7 080,7
687,9 712,2 864,5 888,9 041,8 066,5
669,8 696,4 846,7 873,1 024,0 050,3
650,3 679,2 826,7 855,7 004,2 033,1
629,1 660,4 805,8 836,7 19983,1 014,0
606,5 639,9 783,0 816,3 960,0 19993,7
582,3 618,1 758,7 794,4 936,0 971,4
556,5 594,5 732,9 770,8 910,3 948,0
529,4 569,6 705,7 745,8 883,0 922,7
500,7 543,0 677,1 719,4 854,2 896,4
470,5 515,0 646,8 691,1 823,8 868,1
438,7 485,4 615,1 661,6 791,9 838,2
405,5 454,4 581,6 630,4 758,7 807,1
370,9 421,8 546,9 597,6 723,6 774,3
334,8 387,7 510,6 563,6 687,1 740,0
297,0 352,2 472,9 527,9 649,5 704,4
257,8 314,9 433,7 490,7 610,2 666,9
217,1 276,4 392,9 452,0 569,2 628,1
175,1 236,2 350,7 411,7 526,7 587,4
131,4 194,7 306,9 370,1 483,2 545,9
086,3 151,5 261,9 326,9 437,8 502,6
039,8 106,8 215,2 282,1 391,1 457,8

18991,8 060,7 167,0 236,2 342,9 411,7
942,4 013,1 117,5 188,3 293,3 363,8
891,3 18964,3 139,2 242,1 314,5
838,6 913,8
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Tabelle II (Fortsetzung)

Die Bande (17,0) Die Bande (18,0) Die Bande (19,0)

P- Zweig jR-Zweig P-Zweig P-Zweig P-Zweig P-Zweig

0 J
1 20316,5
2
3 20303,4 312,1
4 307,4
5 287,9 301,0
6 277,8 292,7 20456,0
7 265,9 282,9 444,1 20461,6
8 251,3 271,3 430,8 450,0
9 237,0 258,8 416,6 437,3

10 220,4 244,4 422,8
11 202,2 228,6 380,5 406,7
12 182,5 210,9 360,4 389,0
13 161,1 192,1 339,0 370,1
14 138,1 171,3 316,5 349,4
15 113,7 149,1 327,2
16 087,9 125,7 265,9 303,4 20444,2
17 060,6 100,3 238,6 277,8 416,6 20456,0
18 031,4 073,7 209,7 251,3 387,4 428,8
19 001,2 045,1 179,1 357,1 400,3
20 19969,3 015,5 146,9 192,9 324,6 370,2
21 936,0 984,3 113,7 161,1 291,0 339,0
22 900,8 951,3 078,4 128,3 255,9 305,6
23 864,5 916,8 041,8 093,6 218,9 271,3
24 826,7 881,2 003,7 057,6 180,9
25 786,9 843,5 19963,9 020,3 141,0 197,2
26 745,8 804,8 922,7 19981,3 099,4 157,6
27 703,4 764,1 881,2 940,6 056,9 116,8
28 659,4 722,0 835,9 898,3 012,5
29 614,2 678,8 790,4 854,2
30 567,1 633,8 743,6 809,9
31 518,9 587,4 695,1
32 469,2 539,4 645,5 714,8
33 418,0 490,1 593,7 665,3
34 365,1 540,6 615,1
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Tabelle II  (Fortsetzung)

Die Bande (8»1) Die Bande (9,1) Die Bande (10,1)
P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig P-Zweig

18466,7 18471,9
18302,9 463,6 470,0

18290,4 298,3 458,5 466,7
284,1 294,1 451,4 461,8
274,6 287,7 455,6

18114,8 264,7 279,8 432,6 447,9
18087,7 105,2 253,1 270,5 421,0 438,4

074,6 094,5 239,8 259,7 408,0 427,7
060,1 081,8 225,3 247,5 393,1 415,3
044,6 068,3 209,3 233,6 377,4 401,7
026,2 052,9 191,6 218,4 359,9 386,4
007,4 036,1 172,5 201,7 340,8 369,9

17986,3 018,0 152,1 183,2 320,2 351,5
964,4 17997,8 130,0 163,5 298,3 331,9
941,1 976,7 106,8 142,3 274,6 310,5
916,2 954,0 081,8 119,6 249,8 287,7

929,7 055,3 095,5 223,7 263,6
027,3 069,7 195,6 238,1

17997,8 042,5 166,2 211,0
967,1 013,9 135,5 182,1
934,8 17983,7 103,4 152,1
901,1 951,8 069,7 120,7

918,8 034,4 087,7
884,2 17997,8 052,9

959,6 017,0
920,1 17979,5

941,1
901.1
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Tabelle II (F o rtse tz u n g )

Die Bande (11,1) Die Bande (12,1)

P- Zweig R-Zweig P-Zweig R-Zweig

0
1 18638,9 18815,1
2 634,1 18640,1 18805,3 812,3
3 628,6 637,3 801,4 808,8
4 621,4 632,3 793,9 804,7
5 613,7 626,2 785,6 798,6
6 603,1 618,3 775,4 790,8
7 591,6 609,2 764,2 781,2
8 578,3 598,3 751,1 770,5
9 563,9 586,1 736,6 758,7

10 547,8 572,3 745,0
i l 530,5 557,0 702,7 729,3
12 511,2 540,4 683,5 712,8
13 490,7 522,0 663,3 694,7
14 468,7 502,4 641,4 675,0
15 445,2 481,3 617,9 653,8
16 420,4 458,5 592,9 630,9
17 394,1 434,4 566,5 6u6,9
18 366,2 408,6 538,6 581,2
19 336,6 381,5 509,3 554,0
20 306,1 352,9 478,6 525,2
21 273,9 322,8 446,3 495,3
22 239,8 291,3 412,5 463,6
23 205,0 258,2 377,4 430,7
24 168,4 223,7 340,8 396,1
25 130,0 187,9 302,9 359,9
26 091,2 150,4 263,6 322,8
27 050,1 111,6 222,4 283,1
28 007,4 071,3 180,3 243,6
29 17964,4 029,1 135,5
30 918,8 17986,3 091,2 158,6
31 943,3 044,0 113,6
32 17997,8 068,3
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Tabelle III

R o tationskonstan ten  des CsD-Moleküls

V ’ К

8 0,58
9 0,58

10 0,58
11 0,58
12 0,58
13 0,58
14 0,59
15 0,58
16 0,58
17 0,58

f  t
V В "

0 1,35
1 1,33

Tabelle IV

B andenkanten  und Schwingungsdifferenzen des CsD-Moleküls

v ' v " = 0 tl'r=l A G '

8 18758,1
165,2

9 18923,3 18304,0
167,9

10 19091,0 18472,0
170,6

11 19261,6 18642,5
172,5

12 19434,1 18815,0
174,2

13 19608,3
175,8

14 19784,1
177,0

15 19961,1
177,9

16 20139,0
178,2

17 20317,2
178,4

18 20495,6
19

A G "  ! 619,1
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СПЕКТР ЭЛЕКТРОННОЙ СВЯЗИ МОЛЕКУЛЫ CsD В ВИДИМОЙ ОБЛАСТИ
М. Л. ЧАСАР и Э. КОЦКАШ

Р е з ю м е
Дается спектр молекулы CsD в интервале 4500 À и 6250 Â, проводится ротацион­

ный анализ для 17 связей.
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NON-RELATIVISTIC APPROXIMATION OF THE 
DIRAC CURRENT

By

M. H uszár

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  B U D A P E S T  

(P resented  by L. Jánossy . — Received 23. V III . 1966)

By m aking use o f th e  F o l d y - W o u t h u y s e n  transform ation the non-relativ istic charge 
and cu rren t density  is derived from the D irac equation up  to  the  second order in  p/m c. The 
term s obtained  in addition  to  non-relativistic Pauli charge and  cu rren t density  are  interpreted  
as follows. The moving m agnetic dipole corresponds to an electric one in terac ting  w ith the 
electric field like a polarization charge (?„= — div гг. The cu rren t corresponding to  th is polariza­

tion charge appears in th e  usual form - 'A  . The Thomas precession gives the contributions

Qt  — ~ 2  tl'Y 31 and jr =  —' ~ 2  t0 the charge and current density , respectively, and , thus,
only half o f the  polarization charge and cu rren t is effective. A n E X c  type term  arises in the 
current since the m echanical and canonical m om enta are n o t now simply re la ted  through

т у  y — p -----— A. An additional Darwin ty p e  term  arises in  th e  charge density  w hich cannotc
be in terp re ted  classically.

Introduction

T he fam ilia r m e th o d  for th e  tra n s i t io n  to  n o n re a ltiv is tic  a p p ro x im a tio n  
of th e  D irac  eq u a tio n  is as follows [1]:

W e se p a ra te  th e  e q u a tio n  fo r th e  fo u r-co m p o n en t sp inor W =  (cp1 <f>2 
y1 X2) in to  tw o s im u ltan eo u s  e q u a tio n s  for th e  tw o -co m p o n en t spinors 
(y1 Ч’г) an<I (%i /Сг)- T h e n  b y  e x p an d in g  <p and  у in  pow ers of p/mc  u p  to  a 
ce rta in  o rd e r th e  co m p o n en t у can  be  successively  e lim in a ted . T h u s , in  th e  
f irs t  s tep  we o b ta in  th e  P au li e q u a tio n . In  th e  fo llow ing  step  we also  get a 
S ch rôd inger ty p e  e q u a tio n  w hich, h o w ev er, c a n n o t be  in te rp re te d  as a w ave 
eq u a tio n  since i t  c o n ta in s  a n o n -H e rm ite a n  H am ilto n ia n  an d  c o n seq u en tly  the  
n o rm  of th e  w ave fu n c tio n  im p lied  is n o t conserved . T his d iff ic u lty  can  be 
rem oved  b y  in tro d u c in g  a new  w ave fu n c tio n  <p'= A (p in s tead  of (p a n d  a new 
H a m ilto n ia n  H' =  A H A  -1 w here A  is a n o n u n ita ry  o p e ra to r w h ich  can  be 
fo u n d  fro m  th e  re q u ire m e n t th a t  H'  should  be H e rm ite a n . T h e  F o l d y -  
W o u t h u y s e n  m eth o d , on th e  o th e r h a n d , uses u n i ta ry  tra n s fo rm a tio n s  only 
so i t  seem s to  be a m ore  d irec t an d  e le g a n t m eth o d  fo r th e  tra n s it io n  to  n o n ­
re a ltiv is tic  a p p ro x im a tio n  [2].

T he follow ing con v en tio n s a n d  n o ta tio n s  w ill be  used. F o r  th e  D irac 
m atrices  j / 1 (fi — 0, 1, 2, 3) we a d o p t th e  re p re se n ta tio n  w here y °  is d iagonal
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a n d  H e rm ite a n  an d  y 1 y-, y 3 are a n ti-H e rm ite a n . T h e  exp lic it fo rm  o f yA is given 
in  [3]. W e define a lso  th re e  m a trices

2k = ( * = 1 , 2 , 3 ) ,

w here  a k  are th e  P a u li  m atrices . T h e  th ree  d im en sio n a l vecto rs y k , E k, (J k  will 
be  d en o ted  b y  y , E  an d  a , re sp ec tiv e ly . For th e  gauge in v a r ia n t m o m en tu m  

е й e
P -------A =  —  у --------A  we w rite  P .

c i c
L e t çq an d  cp2 b e  tw o a rb itr a ry  sp inors an d  a an  op era to r. T h e n , opera to rs 

a, a a n d  a are d e fin ed  b y

(Pi a (p2 =  (fi a Ip.,, <pf a <p2 — (а ср-̂ )+ ç>2 , <i =  —  (ô +  a) ■
2

D eriva tion  o f th e  n o n -re la tiv is tic  cu rren t

L e t us co n sid e r o p era to rs  a c tin g  upon  th e  fo u r-co m p o n en t sp inors. 
Fo llow ing  F o ld y  we call th e  o p e ra to rs  of ty p e

0  = i°  ^ 1 ,  E = \ A  °) 
В  0 \0 B)

o d d  a n d  even , re sp ec tiv e ly , in  th e  given re p re se n ta tio n  of th e  у  m atrices. 
H ere  A  an d  В a re  a rb itr a ry  2 x 2  m atrices. A n o d d  o p e ra to r m ixes the  tw o  
u p p e r  an d  low er co m p o n en ts  of D irac  sp inors, w hile  an  even one does n o t. 
T h u s , e. g. yk is an  o d d  o p e ra to r  w hile  Ek kis an  ev en  one.

W e s ta r t  fro m  th e  D irac e q u a tio n

i h
m '  
э  t

(с у0 у  P  y° m c2 -)- e Ф) W =  H W

a n d  in tro d u ce  th e  tra n s fo rm  of W as

( 1 )

y/( 1) =  e-ÂS(r,() (// 5

w here  e~ ;S is a u n i ta ry  o p e ra to r  to  be defined  la te r , while A is chosen  to  be 
-—1/2 m e2.

sa tisfies th e  e q u a tio n

avm )
i % — —  =  H (1> •F d ), 

dt
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w here

=  i h
de— AS

0<
e A S  g —A S  Jf  gA S  _ ( 2)

E x p a n d in g  th e se  te rm s in  pow ers of A, one gets 

(0e~AS'
0t

BS A2 [ c 3S A3 - о dS
dt

S ,—
0t "  3 Í

s , s,
0t J

+  •• •

and ( 3 )

g-As =  [S , H ] +  ~  [S, [S, Щ]  -  ~  [S , [S , [S , # ] ] ] + . .

L e t th e  odd p a r t  o f th e  H a m ilto n ian  in  th e  n -th  s tep  be O ^ ,  th en  th e  o p e ­
ra to r  S  w ill be defined  in  th e  (n - |- l) - s t  s te p  as

g ( n + l )  _  yO Q (.n ) _

The re su lt o f th is  special fo rm  o f S (f!> and  th e  above v alue  o f  A is th a t  a t  e v e ry  
s tep  we g e t a new  H a m ilto n ia n  w hich c o n ta in s  low est o rd e r o d d  te rm s p ro p o r ­
tio n a l successively  to  a t  le a s t one o rder h ig h e r  pow er in  A. T h u s  th e  odd te rm s  
can  be e lim in a ted  from  th e  H a m ilto n ian  u p  to  an y  desired  o rd e r in  A w h ich  is 
ju s t  th e  n o n -re la tiv is tic  a p p ro x im a tio n . T h e  odd p a r t  o f  th e  zero o rd e r  
H am ilto n ian  (1) is

O(0) — c y °  y  P

a n d , th u s , th e  o p e ra to r  for th e  f irs t  tra n s fo rm a tio n  is

S (1) =  y° 0 (o> =  c y  P  .

W ith  th e  help  of eq u a tio n s  (2) an d  (3), in  th e  f irs t s tep  we o b ta in  th e  w av e  
fu n c tio n  an d  H am ilto n ian  o f th e  form

J L yP
W(1) =  e-Asd) W =  e 2mc W ,

p f í
Я<х> =  y ° m c 2 +  е Ф  +  —  y°  P 2 ------—  y° £  В +

2m 2 me

■ — 2 '  (P  X  E  -  E X  P ) ------ —  d iv  E  +
8 m 2 c 2 8  m 2 c 2

(4)

1 e ^ у  E  — — -—  у 0 (у  P )3,
2 me 6m 2 c
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1 ЭА
w here  E  =  — у  Ф --------------a n d  В  =  ro t  A  a re  th e  e lec tric  a n d  m agnetic  f ie ld

c dt
s tre n g th s , re sp e c tiv e ly . S e lec tin g  th e  o d d  te rm s  from  we get th e  seco n d  
tra n s fo rm a tio n  fu n c tio n

S<2> =  yo 0 «  =  —  y O y E -------—  (у р)з .
2m 6m2 c

L e t us in tro d u c e  th e  w ave fu n c tio n

y s ( 2) _  e -AS<2> W ( 1 ) ,

w hich is re la te d  to  th e  o rig in a l one by

w '2 ) =  ! +  +  " ' 7 T T ^ P2  +  i ^ ( P  x P ) )  1 ^ .  ( 5 )2 me 4m 2 с3 ът1 c1

T he c o rre sp o n d in g  H a m ilto n ia n  H ^  h as  th e  form

Я (2) =  y O m  c 2 _ |_  J _  y 0 P 2 _ |_  e  ф --------- I L  2 1 В  +

2m 2 me

+  eH ^ ( P x E - E x P ) -------—  d iv  E . (6)
8m2 c2 8m2 c2

T his H a m ilto n ia n  n ecessarily  does n o t c o n ta in  an y  odd  te rm . Such an  ev e n  
o p e ra to r h a s  th e  p ro p e rty  t h a t  if  th e  w av e  fu n c tio n  is g iven  a t  i =  0 as

W  =  (<pv  <p2,  0 ,  0 )  =  (cp, 0 )  ( 7 )

th e  low er co m p o n en ts  re m a in  c o n s ta n tly  zero . T hus i f a c t s  upon  th e  tw o  
co m p o n en t sp in o r  e ssen tia lly  an d , th e re fo re , i t  can he re w r it te n  as

H <2> =  m  c 2 +  P 2 +  е Ф ---------- —  a  В  +
2m 2mc

+  — a ( P X E - E x P ) -------^ 2— d i v E + o ( —  ]. (8)
8m 2 c2 8m 2 с2 \ m3,

L et u s  p roceed  now  to  derive th e  expressions for th e  charge and  c u rre n t 
d en sity . T h e  D irac  ch arg e  a n d  c u rren t d en sities are

Q =  e xP + 4 f j ^ c e V + y O y W .  (9)
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W e th e re fo re  need  W exp ressed  th ro u g h  I t  can  he verified  th a t  th e  inverse
o f e q u a tio n  (5) is:

^  =  1 -  У P -  т Ц ^ г  У0 У E -  ( P 2 +  i  I  (P X P)) 1 У « . ( 10)
2mc dm'2 Dm2 cz

The charge  an d  c u rre n t densities are o b ta in e d  b y  su b s ti tu t in g  e q u a tio n  (10) 
in to  (9). R em em bering  th e  fo rm  of as g iven  b y  e q u a tio n  (7) i t  is easily  
seen th a t  th e  expression  4j('lX 0  ï*® v an ish es  w here О is an  a rb itr a ry  odd  
o p e ra to r.

P roceed ing  in  th is  w ay  we o b ta in  fo r th e  charge d e n s ity  in  te rm s  o f th e  
tw o co m p o n en t sp inor (p

e f t 1 .  , . ч e %  , .  , L  в V » ) , л  1Q =  e <p-r <p +  — —  A(q>T<p)— — —  d iv  g p + ------ A \ X a <p + 0  —-  .
8 m2 c1 4 m1 c- L I c j m1

( И )

T he v a lu e  fo r th e  charge  d e n s ity  has b een  o b ta in e d  b y  L .  D . L a n d a u  [ 4 ]  in  
a s lig h tly  d iffe ren t fo rm  a n d  was also  o b ta in e d  in  a d iffe ren t m a n n e r b y  
A. Z a w a d o w s k i  [5] a n d  W . H a n u s  [8].

F o r th e  cu rren t d e n s ity  we g e t, s im ila rly ,

j  =  <p+p q, +  j J L  xot  (99+aç>) +  - ^ - < p + ( E  X o)(p +  0  4  . (12)
m 2m 2 m1 c1 (m-5

I t  can  be easily  seen th a t  q an d  j  a re , o f n ecessity , re a l q u a n titie s . 
W ith  th e  aid  of th e  S ch rôd inger e q u a tio n  co rresp o n d in g  to  th e  H a m il­

to n ia n  (8) th e  follow ing id e n ti ty  can  be  easily  verified

9 eh \ ( „  e — e2fi
а~~л~Г2 ?  p  —  A  x a ( p  .  2(p (E  x  a)(p •9t 4m- c- ( c 4m- c1

9 efi e  v )  1  е 2 Й  _■_ „By w r i t in g ------------- (p+ p --------- A  X a <p an d  ---------- -ç>+ (E  X a)<p fo r  th e
9i 4m2 c2 { c J 4m2 c2

la s t te rm  in  eq u a tio n  (12) we o b ta in :

j  =  —  <p+¥<p +  4 ^ -  ro t  (<p+o<p)+ еП oy+  (E  x  a)<p +  
m 2m 4 m V

9 e í  Í  L  e * r)  , i n
+  Г Т Т 7  9 + P -------A xa<p  • (13)0í 4m 2 с2 c

T he reaso n  for perfo rm ing  th is  tra n s fo rm a tio n  will be d iscussed  la te r .
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T h e  classical c u rre n t

F o r th e  in te rp re ta t io n  o f th e  re su lts  o b ta in e d  le t us consider a p a rtic le  
w ith  charge  e, m ass m, a n g u la r  m o m en tu m  s  a n d  m ag n etic  m o m en t m , w here s 
an d  m  are  co n n ec ted  b y

m  =  X s w here * = -----.
me

eh
W e shall a ssu m e  th a t  m is  o f  o rd e r of m a g n i tu d e -------. I t  m u s t be em phasized

2 me
t h a t  m  a n d  s a re  considered  to  be given a p rio ri. T hus i t  is n o t assum ed  th a t  
th e y  arise fro m  a n y  m otion . T h e ir  ra tio  cou ld  h av e  been  p re sc rib ed  a rb itra r ily .

T his p a r tic le  in te ra c ts  w ith  th e  e lec tro m ag n e tic  fie ld  th ro u g h  its  charge  
on th e  one h a n d , th ro u g h  its  m ag n e tic  m o m e n t an d  a n g u la r  m o m en tu m  on th e  
o th e r  h a n d .

T he in te ra c tio n  en e rg y  o f th e  m ag n e tic  m o m en t w ith  th e  fie ld  is — m  B. 
W h en  th e  p a r tic le  m oves w ith  ve lo c ity  v th e  m ag n e tic  fie ld  s tre n g th  a rising  in  
i ts  re s t  sy s te m  is

В ' ^  В -----— V X E .
c

T h u s, th e  in te ra c tio n  en erg y  o f  th e  m ag n etic  m o m en t w ith  th e  e lec tro m ag n etic  
fie ld  is g iven  b y

E  — — m  В +  —  m  (v X E) . (14)
c

(14) can  be in te rp re te d  a lte rn a tiv e ly  as fo llow s. W hen  a m ag n e tic  m o m en t 
m oves th e re  a p p e a rs  and  a d d itio n a l e lec tric  m o tn en t o f th e  fo rm

л  ^  —  v X m  (15)
c

in te ra c tin g  w ith  th e  e lec tric  fie ld . Now th e  in te ra c tio n  en e rg y  is

E  =  — m B -----— E (v X m ) ,
c

w hich  is id e n tic a l w ith  (14).
In  a d d itio n  to  e lec tro m ag n e tic  in te ra c tio n  an  in te ra c tio n  occurs as a 

re su lt o f th e  T h o m as precession . L e t th e  p a r tic le  m ove in  a sy s tem  of reference  
S x a t  tim e  t w ith  velo c ity  v  a n d  a t  tim e  t A t w ith  v e lo c ity  v A v. L e t S 2 
a n d  S3 be  th e  r e s t  system s o f th e  p a rtic le  a t  tim es t an d  t -f- A t. E v en  if  th e
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L o ren tz  tra n s fo rm a tio n s  fro m  the  s y s te m  S j to  S 2 a n d  sim ilarly  fro m  S 2 to  
S3 do n o t co n ta in  an y  ro ta t io n  the tra n s fo rm a tio n  fro m  S 3 to  S3 g en era lly  does. 
T hus th e  a n g u la r  m o m e n tu m  of th e  p a r tic le  m u st r o ta te  b y  a c e r ta in  angle 
w hile i t  m oves from  th e  sy s tem  Sx to  S3. T he a n g u la r  ve lo c ity  o f th is  p reces­
sion has b een  given b y  T h o m a s  as (see e.g. [ 6 ] )

cun
1 d V

----vX  ------
2c2 d t

— V X E  .
2m c2

T he energy  due  to  tn0 ca n  be w ritte n  as

E  — s u>0
1- - - - - - m

2c
(v X E ) . ( 1 6 )

(16) is of a form  sim ila r to  the seco n d  te rm  in (14) b u t  is of q u ite  a d iffe r­
e n t origin.

B efore w ritin g  th e  ac tio n  p rin c ip le  we m ust dea l w ith  w ith  th e  k in e tic  
energy  co rrespond ing  to  th e  an g u la r m o m en tu m  s. S ince s an d  m  a re  given 
a p rio ri, we c a n n o t fin d  a k in e tic  e n e rg y  function . F o llow ing  J .  F r e n k e l  [ 7 ]  

we give on ly  its  v a r ia tio n  as

ô* T=sô<x>  =  —  m < 5 u > ,  ( 1 7 )
y.

w here őu> is th e  v a r ia tio n  o f th e  a n g u la r  ve locity  a n d  th e  a s te risk  m eans 
th a t  th e re  ex is ts  no fu n c tio n  T  w ith  th e  to ta l  d iffe ren tia l (17).

T he v a r ia tio n  of th e  ac tio n  in te g ra l fo r th e  p a r tic le  an d  th e  e le c tro m a g ­
n e tic  fie ld  can  be w ritte n  as

w here

w ith

ÔS =  J (<5 L -{- ô* U p) d3r d t ,

L  =  U p  +  U p  +  U p  +  U p  +  UP

U p  =  — - m c2 ô ( r  — r0) , y =  1 —

U p  = -----(E2 -  B 2) ,
8л

U p  = z  |— A V — e Ф I ô (r — r 0) ,

u p ш  В --------m  (у X E)
c

à ( г  —  r n  ) ,
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L \»>= — m (v  X E)(5(r — r 0), 
2c

ó* U p  — —  m  <5 w ó  (r — r0) .
X

r 0(í) rep re sen ts  th e  p o sitio n  o f th e  p a rtic le . L}2> a n d  l i p  are  th e  L ag ran g ean s o f  
th e  p a rtic le  a n d  th e  free e lec tro m ag n etic  f ie ld , re sp ec tiv e ly . L,P an d  L(/* des- 
r ib e  th e  in te ra c tio n  o f th e  m ag n e tic  m om en t w ith  th e  fie ld . U p  is th e  en erg y  
te rm  arising  fro m  th e  T hom as precession .

Since m  is a v ec to r  o f  c o n s ta n t ab so lu te  va lu e , its  v a r ia tio n  is Óm =  
=  ócp X m  w here  ótp is th e  a n g u la r  v ec to r o f th e  ro ta tio n .

P erfo rm in g  th e  v a r ia tio n  a n d  assum ing  t h a t  all q u a n titie s  v an ish  a t  th e  
l im it  o f in te g ra tio n , one fin d s t h a t

ó S =  1 d3 r dt I <5 Ф

ÖA

div  E — e ô (r — r0) —  d iv  [v X m ô (r — r0)] —
4л c

-----— d iv  [v X m  ô (r — r0)] -\-
2c

—------------  ̂ ro t B -j- — v  ô (r — r0) +  ro t  [m (3 (r — r0)] -f-
4 лс 91 4л c

1 Э
c2 dt

+  ô r0(t) 

+  <5 v 

+  <5<p

[v X m  Ö (r — r0) l ----—  —  [v X m  ô (r -
2c2 Qt - ro)] 1~T

—y  (A v) — e V Ф +  V | m  j® — ~̂v  x  E +  V Im J-v  X E
l 2c j j

á (r - ro) +

e l  1
m y v - j-----A — •— E X m  -|-------E X m

с c 2c

1
m  X | B -------v X E

c
H------ m  X (v X E)

2c

0  (r  -  r n) +

0 («• — r o) +

+  д cü —  m ô (r — r0) 1 .
X

(18)

I t  is to  be  n o te d  th a t  we h a v e  in te n tio n a lly  sep a ra ted  te rm s  arising fro m  
th e  second p a r t  o f L(p  an d  b P .

F ro m  (18) i t  is easy  to  g e t th e  can o n ica l m o m en tu m  co n ju g a ted  to  r  as

=  —  j L (P r  =  m  y v -f- —- A ------
9v J 2c

E X m  .
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T h u s, th e  m o m en tu m  o f  th e  p a rtic le  can  be ex p ressed  as

e 1
m y V =  p ------ A - |-------E X m .

c 2c
(19)

A rg u m en ts  of A a n d  E m u st b e  ta k e n  a t  th e  p o sitio n  of th e  p a rtic le . 
E q u a tio n  (18) gives th e  tw o  M axw ell equ a tio n s co n ta in in g  th e  effective 
charge  a n d  c u rre n t d en sity .

S u b s titu tin g  (19) in to  (18) we f in d

e  =  Q e  +  Q „  +  е т  =  e  0  ( r r 0) -  - —  div
Zmc

X m<5 (r — r 0) ,

j = j e + j m + j *  +  j r
e
m

ô (r — r 0) -f- c r o t  ( m <5 (r r o)) +

w here

+
1 Э

2 me Эt
X m  ô (r — r 0) ,

Qe =, e Ô (r — r 0)

Qn = ----------d ivme P ------ Ac

QT =  -----  d iv
2 me

p ------A
c

X m  ô (r  — r j  

X m  <5 (r — r0)

d (r  -  r o)
m c

j m =  c ro t  (m  Ó (r — r 0))

jjt 1 8 e a X 3 Oc 1 4 оme Эt P c

j  T =
1 8 e \ X m  ô (r — го)

2 me Qt P c
( 20)

I t  is to  be n o te d  th a t  e q u a tio n  (18) a lso  con ta in s th e  eq u a tio n s  of m o tio n  for 
th e  p a rtic le , b u t  th e y  a re  n o t  re q u ire d  here.

I t  is possib le to  in te rp re t  th e  classical ch a rg e  a n d  c u rre n t d en sities 
(eq. (20)) as follows:

a) Qe is, obv iously , th e  s ta tic  ch a rg e  d en sity  a n d

e e . ep ------ A H------- E X m
m c 2 me

is th e  convec tion  c u rre n t exp ressed  in  te rm s  of th e  canon ica l m o m e n tu m  p.
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b) с ro t  (m  ô ( r—r 0)) is th e  effective c u r re n t due to  m a g n e tic  m om ent m .
c)  A ccord ing  to  e q u a tio n  (15) th e  m oving  m ag n etic  m o m e n t corresponds 

to  an  a d d itio n a l e lec trical m o m e n t of th e  fo rm

я  =  —  ( p ---- - a | X m  ô (r — r 0) .
me c

I t  is know n  fro m  e lec tro d y n am ics t h a t  th is  is eq u iv a le n t to  a ch a rg e  d is tr ib u ­
t io n  Qn =  — d iv  Tt. T he v a ria tio n  o f  th e  p o la riza tio n  in  tim e gives a co n trib u tio n

L  =
дл
dt

to  th e  effec tive  c u rre n t.
d) I t  h as  b e e n  show n in  e q u a tio n s  (18) a n d  (20) th a t  te rm s  of th e  sam e 

ty p e  arise as a re s u lt  of th e  T h o m a s  precession : i.e.

X m  ô (r — r 0) ,

1_. ______1__8
2 in ~  2me  8 1

P X m  ô (r — r 0) .

T h e  to ta l  c o n tr ib u tio n s  from  th e  T hom a s  effec tiv e  charge a n d  p o la riza tio n  
c h a rg e  an d , s im ila rly , from  th e  T hom a s  effec tiv e  cu rren t a n d  p o la riza tio n  
c u r re n t  are

Q n  +  Q t  — — Q n
Ci

----------d iv
2 me

X m <5 (r — r0) ,

Jn J t 2
1 8

2 тс 81
X m  <5 (r — r 0) ,

r e s p e c t iv e ly .
I t  is se e n  t h a t  as a r e s u l t  o f  th e  T h o m a s  p re c e ss io n  o n ly  h a l f  th e  p o la r i­

z a t io n  c h a rg e  a n d  c u r r e n t  is e f fe c tiv e . T h u s , a l l  te rm s  o f  th e  c la ss ica l c h a rg e  
a n d  c u r r e n t  h a v e  b e e n  in te r p r e te d .

In terp re ta tio n  of the q u an tu m  m echanical charge and  current

T he correspondence  w ith  th e  q u a n tu m  m echan ical exp ressions g iven 
in  e q u a tio n s  (11) a n d  (12) can  be  s ta te d  b y  ta k in g  in to  a c c o u n t th e  re la tio n s

<----- >■
eh  «  h

m —> -  a,  p - > p = — V-
Zmc i
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I t  is now  obvious w h y  th e  t e r m — —  95"1" (E  X a) (p w as d iv id ed  in to
2 m -  C“

Э e h  „
tw o  p a r ts  in  eq u a tio n  (13). T he t e r m -------- ——95+ (P  X <7)9? is th e  po lariz­

ál 4 n r  c2
el fl

a tio n  c u rre n t w h ile———-ç>+ (E X o) cp belongs to  th e  expression  o f th e  v e i­
éin2 c2

oc ity .
T he te rm  in th e  ch arg e  d e n s ity  w hich  still h a s  to  be in te rp re te d  is

e h 2
Qd — 8 m 2 c -

A((p+(p). (21)

F o l d y  has show n th a t  in  th e  F o l d y — W o u t h u y s e n  tra n s fo rm a tio n  
th e  e lec tro n  in te ra c ts  w ith  th e  fie ld  non-locally . I n  th e  p resen t ap p ro x im a tio n  
th is  fa c t is m an ifested  b y  th e  c o n tr ib u tio n  of th e  a b o v e  te rm . T h e  in te ra c tio n  
o f th e  charge (21) w ith  th e  e lec tro m ag n etic  f ie ld  co rresponds to  th e  n o n ­
local ty p e  D arw in  te rm  in  th e  H a m ilto n ia n  in  th e  s ta t ic  case, since

Г e h2 Г
j qd Ф d3 r  =  — 1 93+ d iv  E  9? d3 r  .

T h u s, we h av e  succeeded  in  g iv ing  th e  in te rp re ta t io n  of th e  te rm s  of th e  
charge  a n d  c u rre n t d e n s ity  in  th e  ab o v e  a p p ro x im a tio n . The c h a ra c te ris tic  
fe a tu re  of fu r th e r  ap p ro x im a tio n s  is, in  ad d itio n  to  th e  classical te rm s, th e  
ap p ea ran ce  of h igher a n d  h igher d e riv a tiv e s  o f th e  field  s tre n g th s  w hich 
co rresponds to  th e  non-local in te ra c tio n  of th e  p a r tic le  w ith  th e  e lec tro m ag ­
n e tic  field .

F in a lly , i t  is to  be n o te d  th a t  th e  p rocedure  c a n  be  ex ten d ed  to  a rb itra ry  
va lu es  o f sp in  an d  also to  anom alous m agnetic  m o m en ts .
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Н ЕРЕЛ Я ТИ В И С ТС К О Е П Р И Б Л И Ж Е Н И Е  Т О К А  ДИ РАКА

М . Г У С А Р  

Р е з ю м е

П рименяя преобразование Ф олди—Вотхойзена к  уравнению Д и р ак а  выводятся 
нерелятивистские вы раж ения плотности заряда и тока с точностью до второго порядка в

. Члены полученные сверх нерелятивистской плотности заряда и тока П аули интер­

претирую тся следующим образом. Д виж ущ ийся магнитный диполь соответствует элек­
трическому, взаимодействующему с электрическим полем к ак  поляризационный заряд 
дл —  — d iv  я . Соответствующий этому поляризационному зар яд у  ток появляется в обычной

форме —  . Прецессия Томаса даёт вклад в плотность заряда и тока вт =  ц г d iv  я  и j T =dt 2
1 дж , ,=  — ------соответственно, и следовательно эффективной является только половина поля-2 91

ризационных заряда и тока. В токе появляется член типа Е х а  поскольку соотношение 
между механическим и каноническим импульсом в нашем [случае не просто m у  v =  р  —

— — А . П оявляется ешё член типа Д арвина в плотности заряда, который не интер- 
с

претировать классически.
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C O M M U N I C A T I O N E S  B R E V E S  

DIE FLUORESZENZ
YON 4,4’-BIS-TRIAZINILAMINOSTILBEN-2,2’- 

DISULFONSÄUREDERIVATEN
Yon

A . S z é k e l y

F O R S C H U N G S I N S T I T U T  F Ü R  D I E  T E X T I L I N D U S T R I E ,  B U D A P E S T  

(Eingegangen 12. У. 1966)

D ie D eriv a te  4 ,4 ’-b is-T riaz in ilam in o stilb en -2 ,2 ’-D isu lfonsäure  (im  w eite­
re n  T riaz in ilflav o n säu ren ) sind die W irk sto ffe  d er in  d e r T ex til-, P a p ie r-  und 
W asch m itte lin d u str ie  am  h äu fig s ten  g eb rau ch ten  o p tisch en  A ufhe lle r.

Ih re  W irkung  ü b e n  sie vor a llem  d an n  aus, w en n  sie a u f e in  S u b s tra t  
(z. B . P ap ie r) au fg e trag en  w erden [1 ]. D as S u b s tra t b ee in flu sst die F o rm  und  
die W ellenzah l des M axim um s n a c h  d en  L ite ra tu ra n g a b e n  [2] u n d  eigenen 
P rü fu n g e n  n ich t oder k a u m .

E in ige L ite ra tu ra n g a b e n  [3, 4 , 5] bew eisen, d ass  der w ich tig s te  jen e r 
F a k to re n , die die F lu o reszen zfarb e  d e r  A ufheller, d . h . die V e rte ilu n g  der 
E m ission  im  S p ek tru m  bee in flu ssen , v o n  der K o n z e n tra tio n  d er A ufheller 
ab h än g ig  is t. D ie P u b lik a tio n e n  b e fa sse n  sich ab e r m it dem  Z u sam m en h an g  
zw ischen den  E m issionsspek tren  a m  S u b s tra t u n d  in  w ässrigen L ösungen  
n ic h t.

E xperim en te ller Teil

Z ur e ingehenderen  K lä ru n g  d e r  le tz tg e n a n n te n  F rage  w u rd e n  einig. 
F luoreszenzm essungen  a n  A ufhellern  a u f  Basis der o b en g en an n ten  V e rb in d u n ­
gen u n d  an  ih ren  W irk sto ffen  a u sg e fü h rt.

D ie M essungen w u rd e n  an A u fh e lle rn  „O p tin o l B A ”  u n d  „ O p tin o l B V S”  
(E g y esü lt V egy im űvek , U ngarn) u n d  an  deren W irk s to ffen  a u f  C h ro m a­
to g ra m m p a p ie r  und  in  w ässrig e r L ö su n g  vo rgenom m en . D as C h ro m a to g ram m ­
p a p ie r  h a t te  bei der gegebenen B e lic h tu n g  keine eigene E m ission , d ien te  
n u r  als S u b s tra t. D ie beid en  g e n a n n te n  A ufheller e n th a lte n  au sse r K o ch ­
salz n u r  die im  T riaz in -R in g  su b s titu ie r te  T riaz in ilflav o n säu re  als W irk su b ­
s ta n z . D as E m issio n ssp ek tru m  der a u f  C h ro m ato g ram m p ap ie r au fg e trag en en  
W irk sto ffe  zeig te p ra k tis c h  keine A bw eichung  v o n  d e r  dieselbe W irk s to ff­
k o n z e n tra tio n  aufw eisenden  H an d e lsw are . Die G eg en w art von  Salz h a t t e  also 
k e in en  E in flu ss  au f d as  E m iss io n ssp ek tru m .
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D er W irk s to ff  des A ufhellers O ptino l BA ze ig te  sich im  C h ro m ato g ram m  
in  B u tila z e ta t-P ir id in -W a sse r  a ls eine e inh e itlich e  V erb in d u n g ; im  C hrom a­
to g ra m m  von  O p tin o l BVS w u rd e n  ausser dem  H a u p tfle c k  n o c h  zwei blasse 
F leck e  fe s tg e s te llt d ie  aber g leichfalls von  D e r iv a te n  der T riaz in ilflav o n säu re  
h e rrü h re n . D as E m iss io n ssp e k tru m  der chem isch  n ah e s te h e n d e n  V erb in d u n ­
gen  — auch  d as jen ig e  je n e r  V e rb in d u n g en , die sich  im  C h ro m ato g ram m  von  
d e r  H a u p ts u b s ta n z  ev en tu e ll n ic h t  loslösen — , w e ich t von  d em  d e r  W irk su b ­
s ta n z  k a u m  ah , ih re  (noch n ic h t g ek lä rte ) G eg en w art oder ih r  F e h le n  k an n  also 
d ie  h ie r m itg e te ilte n  E rgebn isse  n ic h t w esen tlich  beeinflussen .

-------  0,05 g l 1000 cmü W irk s to ff  - j
..........  0.1 g /1000 cm3

-------- 0,15 g /1000 cm3
--------  0.9 a !1000 cm0
— —  fl 4  g/1000 cm3

—  0,6 g/1000 cm°
—  1,3 g/1000 cm3

--------- M essergebnisgrenzen fur
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Abb. 1. Em issionsspektrum  von  Optinol BA au f C hrom atogram m papier

D as S y stem  a u f  dem  C h ro m a to g ram m p ap ie r  v e rh ä lt sich  gem äss dem  
G esetz  von  K u b e l k a  u n d  M u n k  [6] bzw . dessen  a u f die F luo reszenz  ange­
w a n d te  V a ria tio n  [7]. Ü ber die B erech n u n g  d e r S e k u n d ä ra b so rp tio n  und  d e r 
S ek u n d ärflu o reszen z  in  L ösungen  fin d en  sich A n g ab en  in  d en  P u b lik a tio n en  
v o n  B u d o  u n d  M ita rb e ite r  [8, 9 ].

D ie hei B e lich tu n g  m it n m  365 gew onnenen  E m iss io n ssp ek tren  von  m it 
O p tin o l BA im p rä g n ie r te n  S u b s tra te n  (7 K o n z e n tra tio n sv a ria n te n )  sind aus 
A b b . 1, die e n tsp re c h e n d en  E m iss io n ssp ek tren  d e r  m it O p tino l BV S im p räg n i­
e r te n  S u b s tra te  au s  A bb. 2 ersich tlich . D ie e n tsp rech en d en  S p ek tren  d e r 
w ässrigen  L ö su n g en  e n th a lte n  die A bb ild u n g en  3 u n d  4. D ie N o rm ieru n g  a u f  
g leiche I n te n s i tä t  erfo lg te  be i n m  440 (22,8 • 103 cm -1) fü r  O p tin o l BA u n d  
n m  435 (23,0 • 103 c m -1) fü r  O p tin o l BVS.
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A us den  e rs ten  zwei A b b ild u n g en  g e h t hervo r, d a ss  die K u rv e n  der 
sechs n ied rigeren  K o n zen tra tio n en  im  B ere ich  der k le in eren  W ellenzah len  
(]>  22,8, bzw . 23,0 • 103 • c m -1) — ab g eseh en  von  S tre u u n g e n  5 %  I n te n ­
s i tä t  u n d  1 nm ) — keine  A bw eichungen  aufw eisen, w ogegen der A b la u f  
d e r S p e k tre n  d er höchsten  K o n z e n tra tio n e n  m erklich  ab w eich en d  is t. B e i den 
grösseren  W ellenzahlen  ( > 2 2 ,8 ,  bzw . 23 ,0  • 103 c m -1) is t  eine k la re  k o n ­
zen tra tio n sab h än g ig e  V ersch iebung  des S p ek tru m s zu b e o b a c h te n .

E in  V ergleich der b e id en  S p ek tren -S erien  liess e rk e n n e n , dass die b e id en  
n u r  in  ih ren  S u b s titu e n te n  ab w eich en d en  V erb indungen  v o n e in an d e r abw ei-

------- - \0 4  g l 1000 cm3 W irk s to ff
........ 0,09 g l 1000 cm3 rr

--------0,16 g/1000 cm3 rt
------- 0,25 g l 1000 cm 3 rr
--------0,43 g/1000 cm3 n
---- — 0,64 g/1000 cm3 tt —
--------3,1 g/1000 cm3 n
------- Messergebnisgrenzen
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Abb. 2. Em issionsspektren von O ptinol BVS auf C hrom atogram m papier

chende E m issionsspek tren  lie fern , w as ü b rig en s  fü r äh n lich e  V erb in d u n g en  
au ch  aus d er L ite ra tu r  [2] b e k a n n t is t .

D ie R o tv e rsch ieb u n g  d e r w ässrigen  L ösungen  m it s te ig en d e r K o n z e n tra ­
tio n  is t m eh r oder w eniger g leichm ässig  (A b b . 3 und  4).

In  A bb . 5 w urden  — u m  die Ü b ers ich tlich k e it n ic h t  noch w e ite r  zu 
erschw eren  — , v o n  den K u rv e n  in  A b b . 1 n u r  drei a u fg e tra g en  (0,05, 0,15 
u n d  1,3 g/1000 cm 3 W irk su b stan z ), w obei d er V ersuch u n te rn o m m e n  w u rd e , 
sie so in  G aussche K urv en [1 0 ] zu  zerlegen , dass die W ellenzah l der M ax im a fü r  
die d re i K o n zen tra tio n en  g leich  b leibe. D as  gelang auch  b e i zwei T e ilb an d en  
(bezeichnet m it I I  und  I I I ) ;  be i den k ü rzestw elligen  T e ilb an d en  (I) z e ig ten  
sich k leinere  D efo rm ationen . B ei den läng stw ellig en  T e ilb an d en  (IV) w ich  die 
W ellenzah l des M axim um s d e r einen K u rv e  von  d e rjen ig en  der a n d e ren  ab ,
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u n d  überd ies w a r  die D e fo rm a tio n  so gross, d a ss  von  G au ssch en  K u rv en  k e in e  
R e d e  m ehr se in  k o n n te .

A bb. 6 v e ra n sc h a u lic h t d ie  E m issio n sk u rv en  von  O p tin o l BYS, äh n lich  
w ie die fü r O p tin o l B A  in A b b . 5 (K o n z e n tra tio n e n : 0,04, 0 ,16  u n d  3,1 g/1000 c m 3 
W irk su b s ta n z ). F ü r  die T e ilb a n d e n  gelten  im  grossen u n d  ganzen  die s e lb e n  
F e s ts te llu n g e n  w ie im  obigen F a ll.

Aus dem  V erg leich  v o n  A b b . 5 u n d  6 e rg ib t sich, d ass  die K u rv en  e in en  
äh n lich en  V e r la u f  haben , d a ss  dagegen d ie  W ellenzah len  d e r M axim a d e r

1 1 1 1 j 1
» 0,039 д /1000 ml Wirkstoff -  
7 0.078 д / 1000 ml •

0,15 д / 1000 ml 
¥ 0,39 д / 1000 ml 
< 0.78 д / 1000 ml 
ь 1,5 д / 1000 ml •
*■3.9 д / 1000 ml

__
'1 A

\

A S s ,
э 7,8 £J/1000 ml ■

к A X— « i

У
f i i

**

щ ».
X \7

h
f i t • L

7 s

и
n l

3 и
25° 245 24-° 235 23 ° 22s  22° 21s  21° 20s  20° 195 19° 18s  18° V s 17° 16s 16° 15s  103 c m '1

A b b . 3 .  Em issionsspektrum  von O ptinol BA in w ässriger Lösung

e n tsp re c h e n d en  T e ilb an d en  v o n e in an d e r abw eichen . Die g rö ss te  D istanz  w u rd e  
zw ischen den  T c ilb a n d e n m a x im a  I . e rm itte l t ,  die w eite ren  T c ilb an d en m ax im a  
n ä h e r te n  sich  m it  s te igender O rd n u n g szah l. (Ä hnliche Z u sam m en h än g e  w u rd e n  
b e i V ergleich w e ite re r  T riaz in ilflav o n säu ren  gefunden .)

D as V e rh ä ltn is  der I n te n s i tä t  der T e ilb an d en  ä n d e r t  sich m it d er K o n ­
z e n tra tio n . M it ste igender K o n z e n tra tio n  k a n n  fe s tg e s te llt w erden , dass

J  и, 1 J  n,i j  I I I ,  1 ^  j  111,2

•J 1,2 j  11,1 J 11,2

J  II, 2 ^  J II,  3 J  1 1 1 ,2  ^  Jjn,a
f l ,2 j  1,3 J  11,2 j 11,3
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w obei J  die re la tiv e  In te n s i tä t  der T e ilb a n d e n  bei M ax im u m , 
die röm ischen  Z ah len  im  In d e x  d ie  in  den A b b ild u n g en  
beze ich n eten  T e ilb an d en ,
die a rab isch en  Z ah len  h ingegen  d ie  K o n z e n tra tio n  in  der 
R eihenfolge ih re r  Z u n ah m e b e d e u te n .

A n den  A bb ildungen  is t  es zw ar n ic h t  zu  e rk en n en , au s  dem  V erg le ich  
d er n ic h t n o rm ie rte n  W erte  d e r S p e k tra  h in g eg en  (und n o ch  m eh r aus v o ra n g e ­
gangenen  M essungen [3]) k a n n  fe s tg e s te llt  w erden , dass d ie  In te n s i tä t  d e r

I 1
*

— \— 1— I— 1----- 1— г—
0,033 g l 1000 ml Wirkstoff -  
0.067 g/1000 ml 
0.13 g/1000ml 
0.33 g/1000ml 
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1.3 g/1000 ml
3.3 g/1000ml
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Abb. 4. Em issionsspektrum  von O ptinol BVS in wässriger Lösung

T eilb an d en  in  ab so lu te r H in s ic h t m it s te ig e n d e r K o n z e n tra tio n  an fangs z u ­
n im m t, d an n  w ieder ab n im m t. V on d en  B ru t to - In te n s i tä te n  der F luo reszenz  
is t  diese E rsch e in u n g  lä n g s t b e k a n n t [11]; fü r  beide F o rm en  d e r E rsch e in u n g en  
lie fern  die G leichungen  von  K u b e l k a —М игчк [6] die E rk lä ru n g .

Die A bb . 7 u n d  8 zeigen die S p e k tre n  d e r en tsp rech en d en  L ösungen , u . 
zw ., ähn lich  w ie in  den  A bb . 5. u n d  6, in  T e ilb an d en  ze rleg t. D ie K o n z e n tra ­
tio n e n  w u rd en  so gew äh lt, dass die a u f  d ie  V o lum einheit en tfa llen d en  W irk ­
sto ffm engen  M olekülzahlen  n a h e  hei je n e n  d e r in  den A b b ild u n g en  5 b zw . 6 
v e ra n sc h a u lich te n  lagen.

Die so d a rg es te llten  S p ek tren  k o n n te n  d e ra rt in  G aussche K u rv e n  
aufgelöst w erden , dass die W ellenzah len  ih re r  M axim a im  grössten  T eil d e r
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25° 2its  2Í° 23s 23° 22s 22° 21s 21° 20s 20° 195 19° 18s 130 17s 17° 103cm '1

Abb. 5. Em issionsspektren von Optinol B A  au f Chrom atogram m papier 
(in Teilbanden zerlegt)

Abb. 6. Em issionspektren von O ptinol BYS auf Chrom atogram m papier 
(in Teilbauden zerlegt)
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Abb. 7. Emissionsspektren von O ptinol BA in wässriger Lösung 
(in Teilbanden zerlegt)
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Abb. 8. Emissionsspektren von O ptinol BVS in wässriger Lösung 
(in Teilbanden zerlegt)
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F ä lle  m it je n e n  d er am  S u b s tra t  gem essenen  S p e k tre n  ü b e re in s tim m te . B ei 
O p tin o l B A  m u sste  eine T e ilb an d e  У  au fgenom m en  w erd en , die T e ilb a n d e n  
I  feh lten  in  e in igen  F ä llen  ganz . Die D efo rm atio n en  d e r  T e ilbanden  I  u n d  IV  
(bei O p tin o l B A  von T e ilb a n d e n  Y) w aren  v o n  der g le ich en  A rt wie d ie jen ig en  
d e r T e ilb an d en  von  den A u fh e lle rn  am  S u b s tra t .  E b en so  zeig te  die m it s te ig e n ­
d e r K o n z e n tra tio n  e in tre te n d e  V ersch ieb u n g  der In te n s itä ts v e rh ä ltn is s e  d er 
T e ilb an d en  d ie gleiche T en d en z . In  den  In te n s itä ts v e rh ä ltn is s e n  der T e ilb a n d e n  
d e r e in a n d e r e n tsp re c h e n d en  K o n z e n tra tio n e n  am  S u b s tr a t  und  in  d e r L ö su n g  
k o n n te n  d ag eg en  w esen tliche  U n te rsch ied e  fe s tg es te llt w erden.

In terpretation  der beobachteten Erscheinungen

1. D ie v o n  U V -S trah len  ausge lösten  S pek tren  d e r  a u f  S u b s tra t u n d  in  
w ässriger L ö su n g  g e p rü fte n  T riaz in ilfa lv o n säu re -D eriv a te  k o n n ten  (ab g eseh en  
v o n  den  in  d en  P u n k te n  2 . u n d  3. e rw ä h n te n  E in sch rän k u n g en ) d e r a r t  in  
G aussche K u rv e n  zerleg t w erd en , dass s ich  die W ellen zah len  der T e ilb an d en - 
M axim a fü r  dieselbe V erb in d u n g  im  B ere ich  der gem essenen  K o n z e n tra tio n e n  
n ic h t  ä n d e r te n .

2. D ie  d e fo rm a tio n  d e r  T e ilb an d en  I  in  den A b b ild u n g en  5 —8 k ö n n e n  
d e r S e k u n d ä ra b so rp tio n  zugesch rieben  w erd en , die s ich  m it zu n e h m e n d e r 
K o n z e n tra tio n  im m er s tä rk e r  b e m e rk b a r m ach t. (D ie  T riaz in ilflav o n säu ren  
ab so rb ie ren  b e k a n n tlic h  b is  zu  W ellen längen  von 4 1 0 —420 nm .)

3. D ie T e ilb an d en  IV  d e r A b b ild u n g en  5,6 u n d  8 bzw . der T e ilb a n d e n  V 
in  A bb . 7 k ö n n e n  n ic h t m e h r  als G aussche  K u rv en  angesehen  w erd en , au c h  
die W ellen zah len  ih re r  M ax im a s tim m en  bei den e in ze ln en  K o n z e n tra tio n e n  
n ic h t ganz  ü b ere in . D ag eg en  v e rlau fen  sie ähnlich  w ie andere E m iss io n s­
k u rv e n  ä h n lic h e n  C h a ra k te rs  [13].

4. V o rau sg ese tz t, d a ss  d er G ru n d  f ü r  die m it zu n eh m en d er K o n z e n tra ­
tio n  e in tre te n d e n  R o tv e rsch ieb u n g  wie in  v ielen  an a lo g en  Fällen  au ch  h ie r  in  
d e r A sso z ia tio n  der W irksto ffm o lekü le  z u  suchen is t  u n d  dass die a u fg e n o m ­
m enen  T e ilb an d en  den  e inze lnen  A ssoz ia tionsg raden  zu g eo rd n e t w erd en  k ö n ­
n en , k a n n  fe s tg e s te llt w e rd en , dass be i gegebenen V erb in d u n g en  die w ässrige  
L ösung  die A ssozia tion  w e it m ehr fö rd e r t  als das S u b s tra t .

D ies zeigen auch  d ie  fo lgenden zah len m ässig en  Z u sam m en h än g e:
D ie V erh ä ltn isse  d e r  n ied rig sten  z u  den  h ö c h s te n  K o n z e n tra tio n e n  in  

den  A bb . 5 — 8 sind  e tw a  gleich gross (d as  30- b is 70-fache). D as I n te n s i ­
tä ts v e rh ä ltn is  d er T e ilb a n d e n  I ,  I I  u n d  I I I  v e rsch ieb t sich  dagegen b e i  den  
L ösungen  w e it s tä rk e r , als b e i den a u f d a s  S u b s tra t au fg e trag en en  W irk s to ffen .

F ü r  O p tin o l BA is t

. ± J m tL,i =  0 0 : 1 :  0 .50
j t L, 2 J I I , L , 2 j I I I , L ,2
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DIE FLUORESZENZ VON TRIAZINILAMINOSTILBEN 2 4 5

b J i , s , 3  .  h 7 b-ilIJÆ.  =  2,7 : 1 : 0,77
J  I,S, 4 J J  III ,S, 4

Im  F a lle  O p tin o l BVS is t

oo : 1 : 0,40

wo J  d ie  In te n s i tä t  d er T e ilb an d en -M ax im a b e d e u te t, w ä h re n d  im  In d e x
L die L ösung,
S den  A ufheller am  S u b s tra t
die röm ischen  Z ah len  die R eilien zah len  d e r T eilb an d en  bezeichnen ,
1 =  3,9 g /cm 3 W irksto ff,
2 =  0,078 g /cin3 W irksto ff,
3 =  1,3 g/cm 3 W irksto ff,
4 =  0,05 g /cm 3 W irkstoff,
5 =  3,3 g /cm 3 W irksto ff,
6 =  0,067 g /cm 3 W irksto ff,
7 =  3,1 g /cm 3 W irksto ff,
8 =  0,04 g /cm 3 W irksto ff;

a, b, c u n d  d b e d e u te n  schliesslich K o n s ta n te n .
Die A rb e it w u rd e  zum  Teil im  F o rsc h u n g s in s titu t fü r d ie  T e x tilin d u s tr ie  

(T K I), zum  Teil im  Z e n tra lfo rsc h u n g s in s titu t f ü r  P hysik  (K F K I ) ,  im  I n s t i tu t  
fü r  T echn ische P h y s ik  (M FI) u n d  be i der F irm a  E gyesü lt V eg y im ű v ek  (E V ) 
au sg e fü h rt. D en L e ite rn  der g e n a n n te n  I n s t i tu te  u n d  der F irm a  sei h ier f ü r  
die A rb e itsm ö g lich k e it v e rb in d lich e r D an k  ausgesprochen . Im  w eiteren  sei 
D a n k  gesag t H e rrn  A . M e r é n y i  (EV ) fü r d ie  M uster am  S u b s tra t  und  f ü r  
w ertv o lle  In fo rm a tio n e n , F ra u  L. N a g y  (T K I) fü r  die präzise  H erste llu n g  u n d  
M essung d e r L ösungen , H e rrn  D r. J .  Sz ő k e  f ü r  die Z u sam m enste llung  e in e r  
M essanordnung , H e rrn  J .  Sc h a n d a  u n d  F ri. E . B ar ta  fü r  d ie  K o rre k tio n s­
m essungen  u n d  H e rrn  Ö. L e n d v a y  (M FI) f ü r  w ertvo lle  R a tsc h lä g e .

1. A. K l i n g - J .  K u r z ,  Melliaml, 41, 339, 1960.
2. M. P e s t e m e r ,  A. B e r g e r  and A. W a g n e r ,  SYF, 19, 420, 196 t.
3. I. R u s z n á k  and A. S z é k e l y ,  Melliand, 42, 923, 1961.
4. J .  L a n t e r ,  SVF, 19, 469, 1964.
5. A. M e r é n y i ,  Kotor. É rt., 7, 286, 1965.
6. P . K u b e l k a  u .  N. M u n k ,  Z. Techn. Physik  12, 593, 1931.
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9. Á. B u d ó  un d  J .  K e t s k e m é t y ,  Acta Phys. H ung., 7, 207, 1957.
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schaften  (Vorträge zum  Anlass des 125-jährigen Jub iläum s.) Akad. K iadó. 1951.
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Sons Inc . New Y ork, 1964. 2. Aufl. Bd 3. p . 737.
13. E . L e n d v a y ,  Acta Phys. H ung., 14, 187, 1962.
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SUR LA SOLUTION DE L’ÉQUATION DE 
BOLTZMANN RELATIVISTE SANS COLLISIONS 

EN PRÉSENCE DE CERTAINS CHAMPS 
EXTÉRIEURS

I . A b o n y i

I N S T I T U T  D E  P H Y S I Q U E  T H É O R I Q U E  D E  L ’U N I V E R S I T É  R O L A N D  E Ö T V Ö S ,  B U D A P E S T

(Reçu le 17 V. 1966)

Considérons u n  systèm e de p a rticu le s  id en tiq u es  d ouées de m asse a u  
rep o s  m 0. Ce sy s tèm e  so it soum is à  une fo rce  ex té rieu re  d o n t le q u a d riv e c te u r 
fo rce  se dérive d ’u n  p o te n tie l scalaire Ф (x ):

Fi =  -  8f Ф , (1 )

où  9,- rep résen te  le  q u a d riv e c te u r  g rad ien t p a r  ra p p o r t a u x  v a ria b le s  de p o s ir  
t io n  de l’espace-tem ps. (D ans ce qu i su it, la  so m m atio n  est so u s-en ten d u e  s u ­
ies indices rép é té s  de 1 à 4 , e t  — ic t.)

N ous nous in té resse ro n s a u  p rob lèm e de l ’in tég ra tio n  de l ’éq u a tio n  de 
B o ltzm an n  re la tiv is te  po u r le cas où l’in te ra c tio n  m utuelle  des p a rticu les  p e u t  
ê tre  négligée (p a r  exem ple à  cause de la  d e n s ité  très fa ib le). Cela v e u t d ire  
q u e  le systèm e se ra  d écrit p a r  l ’éq u a tio n

(PiQi +  ™0F i V i ) f { x , p )  =  0 , (2)

o ù /  =  f(x,  p)  es t la  fonction  de d is tr ib u tio n  qu i dépend de q u ad riv ec teu rs  
p o sitio n  xr e t im p u ls io n  p r, e t le sym bole (7,- sign ifie  le q u a d riv e c te u r  g ra d ie n t 
d an s  l ’espace des p r. [1]

Il est b ien  co n n u  (cf. p a r  exem ple [2]) que  po u r les p a r tic u le s  lib res, on 
d é d u it la  form e fo n c tionne lle  de la  so lu tio n  de l ’éq u a tio n  (2) à p a r t ir  d ’u n  
» théorèm e H « en  fa isa n t l ’u sage  des in v a r ia n ts  sim ples de  collision. N ous 
accep tero n s p o u r n o tre  cas au ssi que le n o m b re  des p a rticu les  e t le q u a d riv e c ­
te u r  de l’im pu lsion  so n t conservés, c’es t-à -d ire  n o u s allons c o n s tru ire  la  so lu tio n  
de (2) sous la  fo rm e
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f ( x ,p )  =  exp { a  (x) +  ß r (x)pr } , (3)

où les fonctions ce (x) e t ßr{x) jo u e n t  le rô le  des m u ltip lic a te u rs  de L ag ran g e  
co rre sp o n d an t a u x  q u a n tité s  conservées e t  ßrß r <C 0 pour a s su re r  la  co n v e r­
gence des in tég ra les  qui d o n n e n t les m o y en n es. Ic i
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ßr — (& Т)~г ur ,

où ur e s t le q u a d r iv e c te u r  v itesse  h y d ro d y n a m iq u e , T  la  te m p é ra tu re  ab so lu e , 
к la  c o n s ta n te  de B o ltz m a n n .

L a  su b s titu tio n  de (3) dans (2) n o u s donne

p rdrx (x )  +  p rp sdrßs (x) +  m0F rßr (x) =  0 .  (4)

Si l ’on e x c lu t la  ro ta t io n  d u  systèm e com m e corps r ig id e , ro ta tio n  q u i p e n t 
ê tre  cachée dan s les p a ra m è tre s  ßr, il ne f a u t  re te n ir  des so lu tions de

9 rßs(x) +  Qs ßr (x) =  0 (5)

q u e  les q u a tre  ßr in d é p e n d a n ts  du  q u a d riv e c te u r  p o sitio n .
Ce qu i re s te  de l ’é q u a tio n  (4) p e u t  ê tre  tr a i té  en  m u ltip lia n t p a r  f (x ,  p)  

e t  en in té g ra n t  su r l ’espace  des im p u lsio n s. A insi on o b tie n d ra  l ’é q u a tio n

\ p rf  d со -dr x(x)  — пг0 (дг Ф) ßr \ f  d со =  0 , ( 6 )

où d со e s t l ’é lém en t in v a r ia n t  de v o lu m e  dans l’esp ace  des im pu lsions [2]. 
É ta n t  donné que p a r  défin ition

on a to u t  de su ite

/ \ \ P r fd m  m0 ur (X) — i ——-----
j  f d w

)

« {x) =  (к T ) - 1 Ф {x) (8)

à  une  c o n s ta n te  a d d itiv e  p rès.
F in a le m e n t la  fo n c tio n  de d is tr ib u tio n  p ren d  la  fo rm e

f ( * ’P)  = exP ~ { p r ur +  ф (х) } (9)

à u n  fa c te u r  de n o rm a lisa tio n  près.
D an s u n  rep è re  spéc ia l où le sy s tèm e  est au  rep o s m acro sco p iq u em en t, 

l ’expo n en tie lle  se ré d u ira  à

exp
1

V t
(E +  Ф) , ( 10)

où  E  e s t l ’énergie to ta le  de la  p a rticu le . D an s ce rep è re , les m odifica tions r e la ­
tiv is te s  (sau f celle de la  m asse au  repos) v ien n en t de la  form e in v a r ia n te  de 
l ’é lém en t de vo lum e d со.
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M alheureusem en t, la  g én éra lisa tio n  de la  so lu tion  m axw ellienne  ne  se 
laisse pas réa lise r q u an d  le sy s tèm e  est soum is à u n  cham p  é lec tro m ag n étiq u e , 
où le q u a d riv e c te u r  force p o n d éro m o trice  e s t

F, =
mnc

F ik Pu avec Fik =  8,. A, -  8,- A k . ( H )

Ic i Ai  (X) rep ré sen te  le q u a d riv e c te u r  p o te n tie l. E n  effet, la  co n d ition  d ’ex is­
ten ce  d ’une so lu tio n  de la  fo rm e  (3) de l ’é q u a tio n  de B o ltz m a n n

PsQs +  F ikP,, y j
c

/ ( * ,  p) =  0

s écrit

Ps ds * (*) +  Pr Ps 9S ßr (*) +  — F ik p k ßi (x) =  0 .
C

( 12)

(13)

Si l’on v e u t ex c lu re  la  ro ta tio n  rig ide  du  sy s tèm e , on do it p o se r  (5) e t ne re te n ir  
que  des ßi in d é p e n d a n ts  d u  q u a d riv e c te u r p o sitio n . A insi l ’on  a

P s K * ( * )  + F is (x) ßi\ =  0 . (14)

D onc, afin  que c e tte  éq u a tio n  pu isse  ê tre  sa tis fa ite  pour n ’im p o r te  quelle v a le u r  
de p r, il fa u t que  selon l ’é q u a tio n

9s *  ( * ) = — — F is (x) ßi (15)
c

l ’expression  F,-s (x) ßi soit u n  q u a d riv e c te u r g ra d ie n t co m p le t. Cela v e u t d ire  
que  le ten seu r

Grs =  (9,9, -  8S Qr) « ( * ) = -  ßi (8, F lr (x) -  dr F is (x))
c

d o it d isp a ra ître  p o u r n ’im p o rte  quelle pa ire  d ’indices r,s . C e tte  re la tio n  p e u t 
ê tre  a isém ent m ise sous la fo rm e:

f i d , F rs(x) =  0 .  (16)

A cause de (16), une solution de la forme (3) de l’équation de Boltzmann 
relativiste (2) ne peut exister que pour les champs FIS (x) qui sont constant sur les 
lignes d ’univers.
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É ta n t  donné que ßr e s t para llè le  à ur, dans u n  re p è re  où le sy s tèm e  est 
m acro sco p iq u em en t au  rep o s , (15) a la  fo rm e

3S x ( x ) =  — F 4S ß4

ou a u tre m e n t d it, Frs ne p e u t ê tre  q u ’u n  cham p te l, d o n t  les co m p o san tes  
m ag n é tiq u es  s’an n u len t.

B IB L IO G R A P H IE

1. I. A b o n y i, Cahier de Physique, №s 171—172, 461, 1964.
2. W. Ishaei., Journal of Mathematical Physics, 4, 1163, 1963.
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R E C E N S I G

Collected Scientific Papers by Wolfgang P auli

Interscience Publishers, John  W iley and Sons, Inc., New Y ork— London Sidney, 1961. 
Vol. I. X X V II - f  1133, Vol. IL  X III  +  1408.

In  erster Linie die Physiker und auch die a u f  den Grenzgebienten der Physik arbeitenden 
W issenschaftler haben die H erausgabe der gesam m elten w issenschaftlichen A rbeiten  von 
W o l f g a n g  P a u l i ,  eines des grössten Physikers unseres Zeitalters, m it Freude un d  G enug­
tuung vernom m en. Dieses m onum entale W erk is t  u n te r der R edak tion  von R. K h o n i g  und 
V. F. W e i s s k o p f  erschienen u n d  um fasst zwei B ände, der erste m it dem  U ntertite l »Books 
and Contributions to  Books«, der zweite m it dem  U ntertite l »Journal Articles, Conference 
R eports and C ontributions to  Discussions«.

P a u l i s  A rbeiten sind in der Physik grundlegend, daher allgemein bekannt, in  der 
L itera tu r der Physik  ständig z itie rt und  oftmals gew ürdigt worden. W ir möchten hier deshalb 
nur au f zwei seiner bekanntesten  zusam m enfassenden Arbeiten kurz zu sprechen kom m en, die 
auch heute noch als die unübertroffenen S tandardw erke auf ihrem  Gebiete gelten, obwohl 
ihr Erscheinen 45, bzw. 33 Ja h re n  zurückliegt.

Die erste is t die »Relativitätstheorie«, die P a u l i  im  Alter von 21 Jah ren  geschrieben hat 
und die er in der Enzyklopädie der M athem atischen W issenschaften in  1921 veröffentlichte. 
Den grossen Erfolg dieser berühm ten  A rbeit bew eist, dass diese m it unverändertem  T ex t nur 
m it einer im V erhältnis zur ganzen kleinen E rgänzung  »Supplem entary Notes by the Author« 
im Jah re  1958 in  englisch erschienen ist. Auch diese Ergänzung is t in  den vorliegenden gesam ­
m elten W erken von P a u l i  en thalten .

E i n s t e i n  h a t diese A rbeit in  den N aturw issenschaften 1 0 , 184, 1922 m it folgenden 
W orten gew ürdigt, die auch im  V orw ort der Collected Papers w iedergegeben sind:

»Wer dieses reife und  gross angelegte W erk  studiert, m öchte n ich t glauben, dass der 
Verfasser ein M ann von einundzw anzig Jah ren  is t. Man weiss n ich t, was m an am  m eisten 
bewundern soll, das psychologische Verständnis fü r Ideeentwicklung, die Sicherheit der m a th e ­
m atischen D eduktion, den tiefen physikalischen B lick, das Vermögen übersichtlicher system a­
tischer D arstellung, die L itera tu rkenntn is, die sachliche V ollständigkeit, die Sicherbeit der 
Kritik.«

Die zweite A rbeit, die ich hier kurz erw ähnen möchte, is t P a u l i s  H andbuch-B eitrag  
»Die allgemeinen Prinzipien der W ellenmechanik« in  G e i g e k — S c h e e l s  H andbuch der Physik  
Bd. X X IV /1, der in 1933 erschien und  in der neuen  Auflage des H andbuches (herausgegeben 
von F l ü g g e )  in  1958 m it nu r wenigen Ä nderungen und  Ergänzungen neu gedruckt w urde. 
Allein hieraus is t das Genie P a u l i s  ersichtlich, der es verm ochte ein Gebiet der P hysik , das 
erst in 1926 en ts tan d  und sich in starker E ntw icklung befand, kaum  nach  dessen E n ts teh en  in 
einer Weise darzustellen, die es nach einem V ierte ljahrhundert als ein im mer noch aktuelles 
M eisterwerk kennzeichnet.

Die A rbeiten P a u l i s ,  die in den beiden B änden  zusam m engestellt sind, scheinen voll­
ständig zu sein. Den H erausgebern gebührt D ank  un d  Anerkennung. Möge dieses W erk , das 
eine erstaunliche Quelle schöpferischen Geistes dars te llt, auch in der jungen  heranw achsenden 
Generation von Physikern eine je  grössere V erbreitung finden.

P .  G o m b á s
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QUADRATIC INTERACTIONS 
IN QUANTUM FIELD THEORY*

B y

L. F.  L a n d o v it z

B E L F E R  G R A D U A T E  S C H O O L  O F  S C I E N C E ,  Y E S H I V A  U N I V E R S I T Y ,  N E W  Y O R K ,  
N E W  Y O R K  1 0 0 3 3 ,  U S A

(Presented by  A. K ónya. —  Received 5. V II. 1966)

The effects of a quadratic  in teraction  te rm  in a quan tum  field  theory are studied. 
I t  is found th a t  the exact and bare  H ilbert spaces are orthogonal. T hus, if  such term s occur in 
a theory, they  m ust be trea ted  exactly  prior using th e  Dyson expansion to  calculate th e  effects 
of residual in teractions.

In  a recen t p ap er, A. F r e n k e l  [1] considered  th e  p ro b lem  of a fe rm io n  or 
boson q u a n tu m  fie ld  in te ra c tin g  w ith  i ts e lf  v ia  a q u a d ra tic  in te ra c tio n , viz.

(W e shall o n ly  consider th e  ferm ion  case : th e  boson case  can  be t r e a te d  in  a 
sim ilar m an n er.)  H e concluded  th a t  th e  reno rm alized  w av e-fu n c tio n  w as zero 
an d , th u s , in te rp re te d  th is  to  m ean  t h a t  th e  partic les  co rrespond ing  to  th e  
fie ld  W h av e  no a sy m p to tic  s ta te s . In  a ce rta in  sense, w h ich  we shall sh o rtly  
specify , th is  conclusion is co rrec t. H ow ever, th e  in te rp re ta t io n  of th e  m ean in g  
o f th is  re su lt is in co rrec t.

I f  we do n o t se p a ra te  th e  H a m ilto n ia n  H  in to  tw o  p a r ts  H 0 a n d  H v  i t  
is clear we can  e x a c tly  d iagonalize  i t  a n d

I

H  =  Я „  +  H i ,

H 0 =  I : W + [a • p  -f- ß m] 4* : d3 x , 

H 1 =  m1 I : : d3 x ,

{'A (x , t), 4/+ (x t)J =  ö {x — * ') ,

H  =  2  E p ,
p

w here nU  1 is th e  (d iagonal) n u m b er o p e ra to r  for p a r tic le s  (a n tip a rtic le s )  of 
m o m en tu m  p  an d  h e lic ity  s, and

* Supported in p a rt by  th e  N ational Science Foundation.
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E p =  Yp 2 +  i m  +  m i f  •

I f  we in s is t on tr e a t in g  H 1 as a p e r tu rb a tio n , th e n , in  te rm s  o f  th e  e ig en sta tes  
o f  H 0, th e  e x a c t e ig en sta tes  o f  H  h av e  in te re s tin g , th o u g h  fa m ilia r  p ro p ertie s . 
W e shall t r e a t  th e  prob lem  fro m  th is  l a t te r  p o in t  of v iew . W e shall see t h a t  
th e  re p re se n ta tio n s  of th e  fie ld s  for th e  tw o  p rob lem s, H 0 an d  H, lead  to  
in e q u iv a le n t re p re se n ta tio n s .

F u r th e r , as can  be seen , th e  sp ec tra  o f  H  a n d  H g a re  n o t  th e  sam e; b u t ,  
i f  th e  U  m a tr ix  w ere u n ita ry , th e  sp ec tra  w o u ld  have to  be  th e  sam e.

I I

In  th e  re p re se n ta tio n  in  w hich  H ÿ is d iag o n a l,

H 0 — (<ipS o,pS -b 6pS bpS) £ ( p ) ,
P

{®ps’ b p ' s ' }  ---  {a psl b p ' s ' }  0

a n d

W e can  w rite
я  =  2 ' ^ ’ ( р 5) ,

ps
w here

W e now  seek  a u n ita ry  tra n s fo rm a tio n  U  such th a t

U+ H U  =  2  E ( p )  [a*s dps +  bjsbpS] +  c o n s t.
p s

I f  we set
U =  n U p s

p s

an d

th e n

Acta Physica Academiae Scicntiarum Hungaricae 23, 1967
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ta n  2a„„ =  s ----——  ------— ■ s ta n  2 ,
! m  m ]

U+ a-s U  =  OpS cos ccps 4- blp_s sin  a j s ,

U  ̂bpS L 6pS cos oc—p_s ö_p_s sin oc—p—s .

T he physica l v acu u m  is th e  low est e ig en sta te  o f H : th u s , in  te rm s  of 
th e  h a re  v acu u m , th e  p hysica l v acu u m  is

i °> =  U  j 0> =  П  U ps I 0> =  П  (cos XpS +  a j s b±-_s sin  xps) | 0> .
P ps

H ence, th e  p hysica l v acu u m  co n ta in s  c o rre la ted  pairs . N e x t le t us co n sid er 
th e  overlap  o f th e  b are  an d  p h ysica l v a c u a :

(0  0 )  =  П  cos xps =  П  cos2 x-zp̂s —
P ps

( 0  I 0 )  =  e ?  lo « cos'  =  e  l 2 ” ) '
S d*p log C O S2 a ]

R  = 1 f
(2 nf

j d3p  log cos2 xp =  | p 2 dp log

1 +  cos 2 Xp 1
rn rax

*  <E

L e t us d iv ide  th e  in teg ra l in to  tw o p a r ts :  one from  0 to  К  an d  th e n  a n o th e r  
from  К  to  «

К

R  = ------  p 2 dp  log cos2 ap +  p 2 dp  log cos2 a .
4л 2 J  J

о к

an d  choose К  such  th a t  К  g> m, mv  F o r  p  ]> K ,

cos^ x„
1 +

1 rri1
2 >  ,

+

1 +
1 ( m  n iy ) 2

Y ~ p 2

i* Acta Physica Academiac Scientiarum Hungaricae 23, 1967
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1 + ^ 4 +
1 +

1 +

2 p 2________
1 (m -j- mx)2

£?d - 1  l  _ _  J _  w  w , ______ 1 _  J / n  +  m , ) 2

2 p 2 P “

1 Щ1 -------------
4 p 2

I f

th e n

let

T hus,

1 2  1 mîlog cos2 a ^ ----- ------
4 p 2

4
p 2 dp  log cos2 ccp =

R  =  R/< — — Г—  
4  J P‘

К

p 2 dp =  -|----- m \ K  — oo

0 0> =  О

a n d  th e  p h y s ica l v acu u m  s ta te  is o rth o g o n a l to  th e  b are  v a c u u m —in fa c t, th e  
tw o  H ilb e rt sp aces  fo r a n y  f in ite  n u m b er o f p a rtic le s  are  o rth o g o n a l [2]. T h u s , 
th e  pa rtic le s  do in d eed  d isa p p e a r  from  th e  H ilb e r t  space o f b a re  s ta te s  b u t  th is  
does n o t m ak e  th e m  d isap p ea r from  th e  th e o ry :  i t  m eans t h a t  th e re  has b e e n  
a m is id e n tif ic a tio n  of a sy m p to tic  s ta te s . T h e  D yson e x p an sio n  has b ro k en  
dow n. T he s im ila r ity  of th e  fo rm  of th e  tra n s fo rm a tio n  fro m  bare  pa rtic le s  to  
d ressed  p a rtic le s  to  th a t  o f B o g o l i u b o v  [ 3 ]  is n o te w o rth y : th e  dressed p a rtic le s  
a re  ju s t  th e  B ogo liubov  q u asi-p a rtic le s .

I l l

W e can  n o w  consider a s lig h tly  g en era lized  m odel w hich  has m a n y  o f 
th e  sam e p ro p e rtie s .

H0 — j  W+ [ а -p -f  ß XP 1 d3x +  fW+ [H’p  +  ß m,] W2d*x,

=  +  W2 W1 : d2 * .

I f  w e  c o n s i d e r  t h e  w a v e  f u n c t i o n  r e n o r m a l i z a t i o n  à  l a  F r e n k e l

uRi (P) =  j 1 +  T-----—------- 1- m~ 7--------------7------ ---------- Ь

+  m2 —---------------------- 1------- T------ ---------- h • • • J ui (P) =
i y ■ p  +  m2 i y ■ p  +  ntj i y ■ p  +  m2 J
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=  1 +  m2
1

+  m4

+  • • •} Mi  ( p ) “I“  7

+  m 4

=  +

( i y p  +  m y ) ( i y p  +  TW2) [ ( i y p  +  my) (i y p  +  m.2) f

m L  , 1

+

i y ■ p  +  mi

1

1 +  m 2

[ ( i y p  +  my) (i y p  +  m 2)]2

1

( i y p  +  my) ( i y p  +  m 2)

• • •  U i  (p) =

+

M p ) +

+

( i y p  +  m i ) ( i y p  +  m2)
m 1

i y p  +  m2 j
Hi (p) =

( i y p  +  m y ) ( i y p  +  m2)

1

(i У ■ P  +  m i )  ( i y p  +  m2) — m2 

m 1

i y  P  +  m2( i y  p  - f  m y )  ( i y p  +  m 2) — n i  

m
i y p - \ - m  2

[ ( i y p  +  my) ( i y p  +  m2)] +

( i y  ■ p  +  my) ( i y  p  +  m2) uy (p) - 

( i y p  +  my)
( i y p  +  my) (i у ■ p  - f  m2) — m2

( i y p +  m2) u y ( p )  =  0

an d  we can  see t h a t  uR2 (p) =  0 as w ell. A gain, th is  is c learly  a r e s u lt  o f a 
m isid en tifica tio n  of a sy m p to tic  fie ld s o f precisely th e  sam e k ind . T h e  tru e  
a sy m p to tic  fields are lin e a r  co m b in a tio n s

Wy an d  Ф2
U + Фу U =  Фу cos a -)- Ф2 sin  a .

U + Ф 2 V  =  Ф2 cos a  — Фу sin  a  ,

2m
ta n  2a  = ----------------

m2 — my
and

U + H U  —  § Ф £  [ a  -~p +  ß p y ]  Ф у < 1 3 х  +  § Ф £  [ d - p  +  ß p 2] Ф2<13 X  ,

Ру =  —  (ту 4- т2) -|------ У (ту — т2)2 4~ 4 т 2 ,
2 2

р 2 =  —  (híj 4- т2) 4- —  У(тх — т 2)2 4- 4 т 2 .
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Once a g a in  i f  we were to  u se  c rea tio n  a n d  an n ih ila tio n  o p era to rs  fo r th e  
“ b a re ”  p a rtic le s , th e  H ilb e rt spaces for H  a n d  i f 0 w ould b ecom e d isjo in t. Such 
a n  in te ra c tio n  m u s t  be e lim in a te d  before p e r tu rb a tio n  th e o ry  is applied  to  th e  
r e s t  o f th e  H a m ilto n ia n  [4].
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КВАДРАТИЧНОЕ ВЗАИМОДЕЙСТВИЕ В КВАНТОВОЙ ТЕОРИИ ПОЛЯ
Л Е О Н  Ф .  Л А Н Д О В И Ц

Р е з ю м е
Изучаются эффекты, обусловленные членом квадратичного взаимодействия в 

квантовой теории поля. Найдено, что точное и голое Гильбертово пространства орто­
гональны. Итак, в случае появления таких членов в теории они должны рассматриваться 
точно, применяя прежде всего формулу Дайсона для определения эффектов остаточных 
взаимодействий.
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PROBLEMATICS ON THE APPLICATION OF 
DELAYED COINCIDENCE DEVICES

By

N . A . E i s s a * and G y . M á t é

N U C L E A R  R E S E A R C H  I N S T I T U T E  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  D E B R E C E N  

(Presented by A. Szalay. — R eceived 13. IX . 1966)

Coincidence circuits have a wide application  in  nuclear research. T his paper deals w ith  
the ir m ost im portan t features and experim ents th a t  can be carried o u t w ith  these circuits. 
In  th is w ay we shall be concerned w ith such coincidence circuit param eters as the se tting  of 
the  delay and of the resolving time. Problem s appearing during the application  of the no rm al 
and sum coincidence are presented. F inally , a descrip tion  is given of th e  application of th e  
coincidence circuits for particle identification, for pile up  elimination, and  for measuring low- 
energy gam m a rays.

I. In troduction

C oincidence c ircu its  are now  w idely  a p p lie d  in  m odern  n u c lea r  p h y sics . 
G enerally , th e y  are  u sed  to  show  th e  s im u lta n e ity  of tw o or m ore  even ts, a n d  
fo r m easu rin g  v e ry  sh o rt tim e  in te rv a ls . I t  is genera lly  d e s irab le  to  im p ro v e  
th e  tech n ica l p a ra m e te rs  of co incidence c irc u its  of w hich th e  m o st im p o r ta n t  
is th e  reso lv ing  tim e . N o t only  th e  designer b u t  also th e  p h y s ic is t should  be  
th o ro u g h ly  co n v e rsan t w ith  th e  p ro p e rtie s  o f  coincidence c irc u its  so th a t  th e  
o p tim u m  p a ra m e te rs  can  be chosen an d  th e  c irc u it used m ore  flex ib ly .

II. General problems related to  coincidence circuits

In  all co incidence a rra n g e m en ts , p u lses are  applied  a t  d iffe ren t in p u ts  
a n d  a signal w ill a p p e a r  a t  th e  c irc u it o u tp u t  if  th e re  is s im u lta n e ity  o f th e  
in p u t pu lses. T he reso lv ing  tim e o f th e  c ircu it depends s tro n g ly  on th e  w id th  o f  
th e  in p u t pu lses. I f  th e  in p u t pulses are  o f sq u a re  w ave fo rm  a n  o u tp u t p u lse  
w ill a p p ea r d u rin g  com ple te  an d  p a r t ia l  co v erin g  of th e  in p u t  pulses. M ore 
a ccu ra te ly , i f  th e  in p u t pulses are o f  eq u a l t im e  of d u ra tio n  T, th e n  d u rin g  a 
tim e  2T, pulses will a p p e a r a t th e  o u tp u t  o f  th e  c ircu it. T h is m eans th a t  th e  
sm aller th e  pu lse  w id th , th e  b e tte r  th e  reso lv in g  tim e  of th e  co incidence c irc u it. 
I n  p rac tice  th e  in p u it  pulses a re  p ro d u c e d  b y  nuclear p a r tic le  d e te c to rs . 
T hese d e te c to r  pulses a re  genera lly  sh ap ed  in  su ch  a w ay th a t  th e y  can p ro v id e  
good reso lv ing  pow er fro m  th e  p o in t o f v iew  o f  spectroscopic  analysis  b u t  a re

* On leave from Al-Azhar U niversity , Cairo, UAR.
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n o t su ita b le  fo r tr ig g e rin g  coincidence in p u ts  as th e y  are  too  w ide a n d  of 
v a riab le  a m p litu d e .

A ty p ic a l  shape of a d e te c to r  pu lse  is show n in  F ig . 1. The re la tiv e ly  w ide 
d e te c to r  p u lses  can be u sed  to  trig g er a fa s t  co incidence circu it if  we choose 
t h a t  p a r t  o f  th e  pulse w h ich  a c cu ra te ly  rep re sen ts  th e  tim e  of o ccu rren ce  of 
th e  tw o e v e n ts  as, fo r ex am p le , th e  s ta r t in g  o f the  p u lse . A  v e ry  sh o rt a n d  well 
defined  p u lse  shape can  be  produced  w h ich  is su itab le  fo r triggering  th e  fa s t 
co incidence c ircu it. I t  is possib le  to  sh ap e  th e  s ta r tin g  p o in t  o f th e  pu lse  so th a t  
th e  re su ltin g  pulse w id th  varies from  1 0 " 7 to  10“ 9 sec. Coincidence c ircu its

difference

Fig. 1. Typical detector pulse shape. The larger pulse triggers th e  coincidence circu it earlie 
th a n  the sm aller one although b o th  pulses s ta r t sim ultaneously

h av in g  a reso lv in g  tim e  o f th e  o rder o f 10 -12 can be p ro d u ced  [1] b u t ,  u n fo r­
tu n a te ly , i t  is im possib le  to  m ake use o f  such a sp eed  even w ith  th e  fa s te s t  
d e tec to rs . T h e  fa s te s t d e te c to rs  are sc in tilla tio n  c o u n te rs  for w hich th e  tim e  
reso lu tio n  is lim ited  b y  th e  tim e  u n c e r ta in ty  of th e  ap p e a ra n ce  of th e  p u lses  a t 
th e  p h o to m u ltip lie r  an o d e . This is te rm e d  “ J i t t e r ”  a n d  its  order of m a g n itu d e  
is a b o u t 10 ~9 sec, or m ore .

T he sp eed  of th e  coincidence c irc u it is also lim ite d  b y  th e  fac t t h a t  every  
p a rtic le  p ro d u ces  pulses h a v in g  a f in ite  rise  tim e  a n d  h a v in g  d iffe ren t a m p li­
tu d es . T h is w ill give rise  to  th e  fo llow ing p roblem : In  a n y  coincidence c ircu it 
an  a m p litu d e  th re sh o ld  e x is ts  and  th e  in p u t  pulses sh o u ld  be h igher th a n  th is  
th re sh o ld  in  o rder to  tr ig g e r  th e  co incidence  c ircu it. I f  we w an t to  m easu re  
co incidence be tw een  la rg e  a n d  sm all p u lse s , th e n  th e  la rg e  pulses tr ig g e r  th e  
co incidence c ircu it ea rlie r th a n  do th e  sm a ll pulses ev e n  th o u g h  b o th  signals 
are  s ta r t in g  s im u ltan eo u sly  (see F ig . 1). T h is d iff ic u lty  can  be p a r t ly  so lved  
i f  th e  tr ig g e rin g  level is decreased , b u t  d ecreasing  th e  th re sh o ld  is l im ite d  b y  
th e  d e te c to r  noise. T he e ffec t of th is  p h en o m en o n  is a lw ays observed  a t  th e  
low  en erg y  p a r ts  of a n y  sp ec tru m  an d  w ill he d iscussed  la te r .

S om etim es i t  is re q u ire d  in  m a n y  coincidence m easu rem en ts  to  change 
th e  re so lv in g  tim e , and  th is  can be d o n e  in  the  fo llow ing  w ay. T he o u tp u t
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signal from  th e  co incidence c ircu it is in te g ra te d  and  th e  su ita b le  pulse is 
chosen  b y  an  in teg ra l d isc rim in a to r [2]. S m aller reso lv ing  tim e  w ill be o b ta in ed  
a t  a h ig h er b ias v o ltag e  o f th e  d isc rim in a to r  b ecau se  th e  o u tp u t  pu lse  from  th e  
co incidence c ircu it is h ig h er if  th e  tw o  in p u t p u lses cover each o th e r  com plete ly , 
an d  a f te r  in te g ra tio n  th e  pulse w ill re ach  or exceed  th e  h igh  d isc rim in a tio n  
level. A t low  d isc rim in a tio n  level th e  reso lv ing  tim e  is la rg e r b ecau se  in such  
cases p a r tia l covering  of th e  tw o in p u t  pulses w ill be su ffic ien t to  trig g er th e  
d isc rim in a to r. In  th is  w ay  th e  re so lv in g  tim e  is changed  b y  con tro llin g  th e  
d isc rim in a tio n  level.

T he reso lv ing  tim e  of th e  co incidence c irc u it is m easured  in  th e  follow ing 
w ay : A t f irs t, on ly  one d e te c to r  is u se d  and  th e  sam e pulses a re  ap p lied  to  th e  
co incidence u n it  w hich  is set a t  a c e r ta in  reso lv in g  tim e . In  th is  w ay  i t  is 
c e r ta in  th a t  to  every  pu lse  th ere  co rresponds a n o th e r  s im u ltan eo u s  pulse of 
th e  sam e am p litu d e . T h en , one of th e  pulses is d e lay ed  to  d iffe re n t know n v a ­
lues a n d  th e  coincidence co u n ting  r a te  is m easu red  in  each case. T h e  resu ltin g  
ra te  d is tr ib u tio n  is te rm e d  a “ p ro m p t-p ro m p t”  cu rve . A series o f  such  curves 
is o b ta in ed  b y  chang ing  th e  reso lv ing  tim e , a n d  th e n  m easu rin g  th e  coun ting  
ra te  as a fu n c tio n  of d e lay  (Fig. 2a). T he d e fin itio n  of th e  re so lv in g  tim e is: 
th e  h a lf  w id th  a t  h a lf  th e  m ax im u m  c o u n tin g  ra te . T he p ro m p t-p ro m p t 
d e fin itio n  m eans th a t  th e  tw o in p u t pulses are com ple te ly  th e  sam e , i.e th e re  
is no tim e  u n c e r ta in ty  be tw een  th e  tw o  pulses, a n d  th e  fin ite  b u t  eq u a l th re s ­
ho ld  a t  th e  coincidence in p u t causes no d ifficu lty  because in  th is  case coinci­
dences are a lw ays b e tw een  signals o f th e  sam e am p litu d e . I f  th e  ab o v e-m en ­
tio n ed  curves are  d raw n  in  o ther cases w here th e  pulses are p ro d u c e d  b y  tw o 
in d ep en d en t d e tec to rs  w hich are d e te c tin g  re a lly  co inciden t p a rtic le s  (such 
as th e  an n ih ila tio n  ra d ia tio n ) , th e n  th e se  cu rv es  are  te rm ed  p ro m p t coinci­
dence curves (Figs 2a an d  2c). T he reso lv ing  tim e  in  th is  l a t t e r  case is w orse 
th a n  in  th e  earlie r one because th e  e ffec t of th e  j i t t e r  appears h e re  a n d  th e re  is 
also th e  effect o f coincidence b e tw een  large a n d  sm all a m p litu d e  pulses.

1. Basic units of a delayed coincidence circuit

T he genera l p rob lem s m en tio n ed  above a re  u su a lly  so lved  in  p rac tice  b y  
b u ild in g  a coincidence assem bly  w h ich  consists m a in ly  of th e  fo llow ing  u n its  
(see F ig . 3):

a)  P u lse  sh ap er: T his p roduces a u n ifo rm  sh o rt signal f ro m  th e  lead ing  
edge o f  th e  d e te c to r  pu lses. This u n it  is genera lly  a v acu u m  tu b e  o r a sem icon­
d u c to r  (tu n n e l diode) u n iv ib ra to r . T h e  th re sh o ld  o f th e  co incidence  circu it is 
equal to  th e  trig g e rin g  level of th is  sh ap er.

b)  D elay  u n it:  T h is is used fo r  m easu rin g  th e  coincidence curves: for 
d e lay ed  coincidence m easu rem en ts  a delay  u n i t  m u st be in s e r te d  in  b o th  
channe ls. One o f th ese  d e lay  un its h a s  a fixed  v a lu e  while th e  o th e r  is va riab le ,
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a n d  its  v a lu e  is doub le  t h a t  o f th e  f ix e d  one in  o rd e r t h a t  one of pu lses can  be 
lag g in g  o r lead ing  th e  o th e r. T he a c tu a l  v a lu e  of th e  d e la y  m u st be h ig h e r  th a n  
th e  v a lu e  o f th e  w o rs t a d ju s ta b le  reso lv in g  tim e . I t  is possible to  p lace  th e  
d e lay  u n i t  e ith e r a f te r  or before  th e  p u lse  shaper. W h e n  it  is p laced  a f te r  th e

D ela y  tim e Delay tim e Delay tim e

a) b) c,
Fig. 2. C haracteristic coincidence curves of coincidence circuit: (a) prom pt-prom pt coincidence 
curves; (b) p rom pt coincidence curve, bo th  detectors detec t a narrow  energy band  (differen­
tia l mode of setting): (c) p ro m p t coincidence curves, bo th  detec to rs detect the w hole energy

spectrum  (in tegra l mode of se tting )

Fast input II.

Fig. 3. B lock diagram  o f th e  basic un its  of a  delayed coincidence circuit. The d ifferentiator 
and phase invertor u n it is used when the c ircu it is applied fo r pulse shape discrim ination as

will be shown later

pu lse  sh a p e r  th e  d e la y  u n it  shou ld  c o n ta in  a fu r th e r  sh a p e r to  co m p en sa te  fo r 
th e  p u lse  d is to rtio n  cau sed  b y  th e  d e la y  u n it.

c) Coincidence u n i t :  D iffe ren t ty p e s  of c ircu its  ex is t th e  m o st com m on 
fe a tu re  o f  w hich is t h a t  th e  o u tp u t  p u lse  w id th  or p u lse  h e igh t (a f te r  in te g ra ­
tio n ) d ep en d s on th e  com m on tim e  in te rv a l o f th e  tw o  in p u t pu lses.

d)  In te g ra l d isc rim in a to r: I t s  s e tt in g  d e te rm in e s  th e  reso lv in g  tim e  o f 
th e  co incidence c irc u it as m en tio n ed  above.
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2. Factors, causing distortion of the coincidence curves

a)  I f  th e  m easu red  p ro m p t-p ro m p t co incidence curve  is n o t sy m m etrica l 
th is  m eans th a t  th e  in s tru m e n t in s ta lla tio n  is n o t  co rrec t, as fo r ex am p le , if  in  
th e  basic  coincidence c ircu it th e  tr ig g e rin g  p u lses are  n o t id e n tic a l an d  n o t 
sy m m etrica l. A n o th e r reaso n  for d is to r tio n  is t h a t  th e  th re sh o ld  in  th e  tw o 
channels of th e  co incidence circu it a re  n o t th e  sam e.

b)  I f  th e  m easu red  in te g ra l co incidence c u rv e  (Fig. 2c) is d is to r te d , b u t  
th e  p ro m p t-p ro m p t cu rve  is good, th e n  th is  does n o t  m ean  a fa u lt , because th e  
cu rve  shape dep en d s on th e  in te n s i ty  d is tr ib u tio n  of th e  co incidence curve

Fig. 4. Block diagram  of a  slow-fast coincidence system

a c tu a lly  m easu red . F o r co rrec t in s ta lla tio n  only th e  tru m p e t cu rve  (to  be d is­
cussed la te r)  m u st be  u sed .

3. Slow-fast system

A  sy stem  is te rm e d  slow -fast i f  th e  co incidence pulses are  th e  sam e as 
th o se  w hich  w ere fo rm ed  fo r  th e  en erg y  m easu rem en ts . I t  is te rm e d  fast-slow , 
i f  th e  fa s t  pulses are s e p a ra te ly  fo rm ed  fo r  tr ig g e rin g  th e  fa s t co incidence u n it.

U su a lly  in  co incidence m easu rem en ts  i t  is n ecessary  to  k n o w  n o t only 
th e  ex istence  o f co incidence b u t  also b e tw een  w h ich  energies th is  coincidence 
occurs. To fu lfil th is  re q u ire m e n t th e  c o n s tru c tio n  o f th e  slow -fast coincidence 
system  w as necessary . I ts  b lock  d iag ram  is show n  in  Fig. 4.

T he p rincip le  of th is  sy stem  is t h a t  tw o co incidence c ircu its  arc used, 
a fa s t  u n it  an d  a slow u n it .  T he fa s t u n i t  in d e p e n d e n tly  of th e  p a r tic le  energy 
de te rm in es th e  ex istence  o f co incidence, w hile th e  slow  u n it gives in fo rm atio n
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a b o u t w hich  energ ies w ere co in c id en t in  th e  fa s t  u n it .  The fa s t u n i t  em its a 
pu lse  to  th e  slow u n i t  if  tw o  pulses a rr iv e  w ith in  i ts  reso lv ing  tim e  i. e. if  th e  
co incidence  co n d itio n  is fu lfilled. A t th e  sam e tim e  th e  a m p litu d e  ana lysers 
a re  also send ing  pu lses to  th e  slow u n i t  and , s im ila rly , will in d ic a te  th e  fu lfil­
m en t o f th e  a m p litu d e  cond ition .

T h e  n u m b er o f chance  co incidences in  slow -fast coincidence is d e te rm in ed  
e x p e rim e n ta lly  b y  a p p ly in g  in  a n y  b ra n c h  a d e lay  a few  tim es g re a te r  th a n  
th e  reso lv in g  tim e  o f  th e  fa s t co incidence (ab o u t 5 t ) .  T he chance coincidences 
in  d o u b le  co incidence can  be c a lc u la te d  from  th e  eq u a tio n : N ch =  2 t N 1N 2 
w here  т is th e  reso lv in g  tim e  of th e  f a s t  u n it, N x a n d  iV2 are th e  c o u n tin g  ra te s  
a t  th e  o u tp u t  of chan n e ls  I  an d  I I .  T h is eq u a tio n  is co rrec t if  iVx a n d  N 2 are  
sm alle r th a n  l /т s, w here  rs is th e  reso lv in g  tim e  o f th e  slow co incidence u n it . 
In  p ra c tic e  th is  co n d itio n  is a lw ays fu lfilled.

I n  re-fold co incidence th e  e q u a tio n  is

N ch =  re . . . N n.

4. Characteristic curves of the coincidence circuit and choice of the optimum 
parameters

T h e m ost gen era l question  is w h e th e r  co incidence ex ists or n o t .  In  p ra c ­
tic e  th is  q u estio n  is so lved b y  se t t in g  b o th  a m p litu d e  analysers in te g ra lly  a t  
low  lev e l, th e n  i t  is a sce rta in ed  w h e th e r  trip le  co incidence ex ists or n o t  a t  th e  
slow  u n it .  In  o th e r  w ords, in  th is  case each  ch an n e l allows th e  w hole sp ec tru m  
in d e p e n d e n t on b e tw een  w hich energ ies in  th is  co incidence. To d e te rm in e  th e  
en e rg y  d is tr ib u tio n  o f th e  sp e c tru m  th e  follow ing p rocedure  is c a rr ied  o u t. 
A n a ly se r I I  (som etim es called “ tr ig g e r  channel” ) is se t a t a de fin ite  en e rg y  line  
of th e  m easu red  sp e c tru m  (i.e. d iffe ren tia lly ), w h ile  b y  m eans o f  an a ly se r I  
(som etim es called  “ an a ly se r ch an n e l” ) th e  w hole sp ec tru m  is scan n ed  to  e s ta b ­
lish  w hich  energies a re  co incident w ith  th e  energy  d efin ed  b y  a n a ly se r  I I .  As an  
ex am p le , consider th e  case of Co60, w here th e re  is coincidence b e tw een  th e  
1330 a n d  th e  1170 keV  lines. A n a ly se r I I  is set to  d e te c t only  th e  1330 keV line , 
w hile an a ly se r I  is scan n in g  th e  w ho le  sp ec tru m , an d  th e  tr ip le  co incidence 
u n it  co u n ts  an y  ra d ia tio n  w hich is co inc iden t w ith  th e  1330 keV lin e . In  such  
a w ay  th e  m easu red  coincidence sp e c tru m  includes o n ly  th e  energies o rig in a tin g  
fro m  th e  1170 keV  line  as can  be  seen  from  F ig . 5.

D u rin g  co incidence m e a su re m e n t th e  q u es tio n  arises: W h a t is th e  o p ti­
m u m  v a lu e  for reso lv in g  tim e  an d  d e la y  to  be chosen  d u rin g  th e  m easu rem en ts  ? 
T he d e la y  se ttin g  can  be d e te rm in ed  from  th e  co incidence curves in  F ig . 2 fo r 
each  m ode of m easu rem en t. T he o p tim u m  v alue  is th a t  co rresp o n d in g  to  th e  
c e n tre  o f th e  co incidence curve  w h ere  th e  c o u n tin g  efficiency is m ax im u m . 
C oncern ing  th e  reso lv in g  tim e , th e  a im  is to  decrease  th e  chance co incidence
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ra te  as low  as possib le  w hich n ecess ita te s  a sh o r te r  reso lv ing  tim e  w ith o u t 
c o u n tin g  losses.

As a lread y  m en tio n ed , th e  re so lv in g  tim e  is lim ited  b y  th e  j i t t e r  of th e  
pulses a n d  by  th e ir  am p litu d e  v a r ia tio n . The f i r s t  p rob lem  c a n  be  p a r tia lly  
so lved b y  using  a fa s te r  d e tec to r. A b o u t th e  second p rob lem , i t  has a lre a d y  been 
m en tio n ed  (Fig. 1) t h a t  it  is im possib le  to  e lim in a te  th is  p h en o m en o n  com ple­
te ly  so its  effect m u s t be ta k e n  in to  co n sid era tio n . I t s  effect can  c lea rly  be seen 
from  th e  difference be tw een  th e  cu rv es  in  F igs. 2b an d  2c w here, a t  th e  diffe-

Pulse height

Fig. 5. Co60 scintillation spectrum : (a) single spectrum ; (b) coincident spectrum  w ith the 
1330 keV line a t correct setting  of the resolving tim e; (c) d is to rted  coincidence spectrum  due 

to  wrong setting  of the resolving tim e

re n tia l se ttin g  (2b) o f th e  analysers m u ch  b e tte r  reso lv in g  tim e  can  he  achieved 
th a n  a t  th e  in te g ra l se ttin g  (Fig. 2c). In  th e  d iffe ren tia l m ode, coincidences 
were b e tw een  a pu lse  o f ce rta in  h e ig h t an d  a n o th e r  pulse of th e  sam e  heigh t. 
This is n o t alw ays th e  case because , in  general, pu lses of d iffe ren t am p litu d es 
tr ig g e r th e  co incidence c ircu it re su ltin g  in  a sh if t o f th e  co incidence curve 
w hich c a n  be co m p en sa ted  b y  th e  p ro p e r se ttin g  o f  th e  d elay  lines.

T h e  s itu a tio n  is com pletely  d iffe re n t for th e  in teg ra l m ode, w here coin­
cidence is som etim es betw een  e q u a l am p litu d e  pulses an d  a t  o th e r  tim es 
b e tw een  d iffe ren t a m p litu d e  pulses. T h is effect w ill a p p ea r as tim e  f lu c tu a tio n  
in  th e  trig g e rin g  of th e  coincidence c ircu it re su ltin g  in  a b ro a d e n in g  of th e  
co incidence curve.

T h is ph en o m en o n  w ill be c lea re r a f te r  th e  fo llow ing exam ple . A d ju s t th e  
1330 ke"V line of Co60 a t  90 vo lts pu lse  h e ig h t — w ith  sm all ch an n e l w id th  — in
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th e  a m p litu d e  a n a ly se r  of th e  tr ig g e r  channel, w hile  th e  o th e r am p litu d e  
a n a ly se r  — w ith  sm all channel w id th  — is se t a t  d iffe ren t va lu es  of pulse 
h e ig h ts  b e tw een  0 a n d  80 v o lts , a n d  in  each se t t in g  coincidence curves are 
m easu red . F ro m  th e  series of co incidence curves, p lo t th e  re la tio n  betw een  
th e  d e la y  co rresp o n d in g  to  th e  c e n tre  o f each co incidence curve a n d  th e  pulse 
h e ig h t o f th e  a m p litu d e  an a ly ser. A cu rv e  sim ilar to  th a t  in  F ig . 6 is o b ta in ed

Delay

F ig . 6. The shift of th e  centres of th e  coincidence curve as a function of the  pulse height,
“ tru m p e t curves”

w here 2 r  is d raw n  a t  each d e lay  v a lu e . The series o f  th ese  p o in ts  w ill form  a 
b a n d  w hose w id th  show s a v a r ia tio n  o f  2 t w ith  pu lse  h e ig h t. F ro m  th e se  curves 
th e  o p tim u m  p a ra m e te rs  can  be  chosen  for a n y  a c tu a l m easu rem en t. The 
c en te rs  of th e  co incidence curves coincide a t  h igh  energ ies, b u t  a t  low  energies 
th e y  a re  sh ifted . I f  th e  role of th e  tr ig g e r  and  a n a ly se r  channels are  exchanged , 
th e n  a sim ilar cu rv e  w ith  rev e rsed  c u rv a tu re  w ill be  ob ta in ed . T h e  axis of 
sy m m e try  re p re se n ts  tho se  cases w h ere  th e  tw o  an a ly se rs  are se t a t  th e  sam e 
pu lse  h e ig h t. T he o p tim u m  d e lay  fo r  an y  se tt in g  o f th e  a m p litu d e  analyser
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can  be ca lcu la ted  from  th ese  tw o c u rv es . F o r exam ple , th e  d ashed  cu rv e  
rep re sen ts  th e  case w hen  an a ly se r I I  is se t a t  36 v o lts  w hile  an a ly se r I  is 
scan n in g  th e  ran g e  be tw een  0 an d  100 v o lts . The m a g n itu d e  of th e  sh if t  is 
d e te rm in ed  accord ing  to  th e  ru le  t h a t  th e  cu rve  m u st cross th e  sy m m e try  
axis a t  th e  p o in t w here th e  b ias of th e  tw o  analysers is th e  sam e.

Fig. 7. The effect of energy on th e  resolving tim e. The 1330 keV line of Co60 was set a t  90 
volts in the trigger channel. In  th e  o ther channel th e  m entioned energy values were set a t  20 

volts by changing the high tension  of its photom ultiplier

W e shall call th is  cu rv e  “ tru m p e t c u rv e ”  because o f its  shape. A g iven  
coincidence c ircu it is b e t te r  if  its  cu rves are  less ram ified  a n d  if  a t  th e  sam e 
tim e  its  reso lv ing  tim e  is sm all. T he ab o v e-m en tio n ed  p h en o m en a  are e ffec tiv e  
in  th o se  cases w hen  i t  is d esired  to  m easu re  w ith  m uch b e t te r  reso lv ing  tim e  
th a n  th e  rise  tim e  of th e  d e te c to r  pu lses, fo r exam ple, b e t te r  th a n  10 ~7 sec 
in  case o f N a l(T l) sc in tilla tio n  d e tec to rs . F ro m  th e  tru m p e t curves th e  fo llow ­
ing conclusions can  be ded u ced .
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a)  T he  w id th  of th e  b a n d  (2 r) is in c rea sed  b y  decreasing  th e  pulse h e ig h t. 
T h is effect is d u e  p a r tly  to :

i)  I n s tru m e n ta l  e ffec t: T he large p u lses  cross th e  th re sh o ld  level m ore  
s te e p ly  th a n  do th e  sm aller p u lses a n d  th is  w ill cause u n c e r ta in ty  
in  th e  trig g erin g .

i i)  A t sm a lle r  energies, th e  rise tim e  o f th e  pu lses f lu c tu a te s  s tr ic t ly  
s ta tis t ic a lly .

F o r  exam ple , i f  we decrease th e  energy  o f  one of th e  co incid ing  pulses fro m  
300 to  30 keV , b u t  th e  pu lse  h e ig h t in c reases  to  have  th e  sam e a m p litu d e , 
th e n  th e  h a n d  w id th  will in c rease  b y  a f a c to r  o f tw o as show n in Fig. 7.

b) I f i t  is d esired  to  m easu re  so th a t  b o th  channels of th e  slow -fast sy s te m  
shou ld  d e te c t th e  w hole sp e c tru m  in te g ra lly , th e n  th e  reso lv ing  tim e  o f th e  
c irc u it is lim ite d , and  a t  a n  energy  below  a ce rta in  v a lu e  th e  co incidence 
sp e c tru m  w ill b e  c u t off. F o r  exam ple , ch oosing  2 t eq u a l 160 nsec 50%  o f th e  
coincidence sp e c tru m  a t 15 v o lts  will be lo s t  (a t 15 v o lts  th e  tim e  d ifference 
b e tw een  th e  c e n tre s  of th e  b a n d s  equals 160 nsec). In  F ig . 5 cu rve  c show s how  
th e  co incidence cu rv e  is d is to r te d  w hen to o  good reso lv ing  tim e  is se t.

c)  T he s i tu a tio n  is m u c h  b e tte r  if  th e  m easu rem en ts  a re  carried  o u t in  
th e  d iffe ren tia l m ode because  th e  req u ired  d e lay  can a lw ays be a d ju s te d . In  
th is  case i t  is possib le  to  ach iev e  10 tim e s  b e tte r  reso lv in g  tim e  w hich  in  
p rac tice  d ep en d s  on th e  v a lu e  of th e  j i t t e r .

d)  A n in te rm e d ia te  m ode  is th a t  w hen  one of th e  ch an n e ls  is d iffe ren tia lly  
se t a t  a c e r ta in  en erg y , w hile  th e  o ther is se t in teg ra lly . S u ch  is th e  case i f  one 
o f th e  an a ly sers  is a m u ltic h a n n e l analyser, a n d  th e  o th e r is d e tec tin g  a c e r ta in  
energy . In  th is  m ode  th e  re so lv in g  tim e  is im p ro v ed  b y  a fa c to r  of tw o re la tiv e  
to  th e  p u re  in te g ra l  m odel. A ccord ing  to  th e  earlie r e x a m p le , if  a v a lu e  o f 2 r  
eq u a l 80 psec is ap p lied , th e n  th e  co incidence sp ec tru m  a t  15 vo lts w ill h a v e  
5 0 %  c o u n tin g  losses (there  w ill also be th e  sam e o rd e r of losses a t  90 
v o lts).

T he a b o v e -m en tio n ed  p h en o m en o n  c a n  cause d is to r tio n  of th e  co inci­
dence sp e c tru m  n o t only a t  th e  low en erg y  p a r t  b u t  also  a t  th e  h igh en e rg y  
p a r t  d ep en d in g  on  how  th e  d e lay  line is se t.

e)  T he  c o rre c t values o f  th e  d elay  t im e  an d  reso lv in g  tim e , are  easily  
chosen  acco rd in g  to  th e  m easu rin g  m ode, (i) In te g ra l- in te g ra l m ode: th e  d e lay  
v a lu e  is se t a t  th e  value co rresp o n d in g  to  th e  axis o f th e  tru m p e t cu rv es . 
T h e  reso lv ing  tim e  is d e te rm in e d  acco rd ing  to  w hich p a r t  o f th e  en erg y  sp ec ­
t ru m  is in v o lv ed , (ii) D iffe ren tia l-d iffe ren tia l m ode: th e  co rrec t va lue  o f th e  
d e lay  is th e  a c tu a l  cen tre  o f  th e  w ork ing  b a n d  a t  th e  g iv en  energy. T he v a lu e  
o f th e  reso lv ing  tim e  is th e  b a n d  w id th  i ts e lf  (66%  effic iency), (iii) D iffe ren tia l-  
in te g ra l m ode: th e  d elay  is s e t  a t th e  m id d le  of th e  ra n g e  betw een  th e  ax is  
o f th e  tru m p e t cu rv e  an d  th e  cen tre  of th e  w ork ing  b a n d  a t  th e  v alue  co rres­
p o n d in g  to  th e  g iven  energy . T he reso lv ing  tim e  v alue  is equal to  th e  t im e
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difference be tw een  th e  v alue  co rrespond ing  to  th e  ax is  o f th e  t r u m p e t  curve 
an d  th e  cen tre  o f th e  w ork ing  h a n d  a t  th e  given en erg y .

T h e  shape o f th e  t ru m p e t cu rv e  is asy m m etric  i f  th e  rise tim es  o f th e  
pulses from  th e  tw o  d e tec to rs  differ. F o r  exam ple, one d e te c to r  is N a l(T l)  and 
th e  o th e r  is an  o rgan ic  sc in tilla to r  (/5—y  co incidence). T he tru m p e t cu rv e  will 
also he  asy m m etric  if  th e  trig g e rin g  levels of th e  co incidence c irc u it a re  n o t 
id en tica l..

III. Field of applications of coincidence circuits and their
properties

In  th e  fo llow ing sec tion  we sh a ll speak  a b o u t a few  p rob lem s w hich, 
acco rd ing  to  ou r ex perience  can  be so lved  by  m eans o f  coincidence c ircu its :

1. Normal coincidence experience

I n  p rac tice , th e  n o rm a l co incidence tech n iq u e  is w idely  used. T h e  block 
d iag ram  o f th e  c irc u it is show n in F ig . 4. We have  a lre a d y  spoken  a b o u t its 
w ork ing  m echan ism , a n d  we shall now  show  how  to  solve som e in te re s tin g  
p rob lem s.

In  th e  case o f u n k n o w n  n u c lea r processes, i t  is adv isab le  to  s ta r t  the  
coincidence m easu rem en ts  b y  se ttin g  th e  trig g er ch an n e l in teg ra lly  a t  a v e ry  
low d isc rim in a tio n  v o ltag e  in  o rder to  d e te c t all th e  ex is tin g  energ ies. T hen  
w ith  th e  an a ly se r ch an n e l we scan  th e  w hole sp ec tru m  g e ttin g  th e  co incidence 
sp e c tru m  w hich co n ta in s  all co in c id en t energies, b u t  we can n o t d e te rm in e  
w hich  lines are co in c id en t w ith  each o th e r . To d e te rm in e  th is , a second  series of 
m easu rem en ts  shou ld  be  ca rried  ou t in  w hich  th e  tr ig g e r  channel m u s t be set 
d iffe ren tia lly  a t ev e ry  single p eak  in  th e  m easured  co incidence sp e c tru m , and  
w ith  th e  an a ly se r ch an n e l we can  look  fo r th e  co in c id en t lines.

I n  b o th  m easu rem en ts , i t  is reaso n ab le  to  choose a n a rro w  channel 
w id th  (in  th e  an a ly se r channel) or to  use a m u ltich an n e l an a ly se r in  order 
to  secure good reso lv in g  pow er. In  th e  second series o f  m easu rem en ts , i t  is 
reaso n ab le  to  choose a la rg e  channel w id th  such th a t  th e  m easu red  lin e  shou ld  
lie w ith in  th is  w id th  in  o rd e r to  get as h igh  a c o u n tin g  ra te  as possib le . One 
m u st be carefu l to  en su re  th a t  o th e r lin es  do n o t lie w ith in  th is  ch an n e l w id th  
o therw ise  false re su lts  w ould  be o b ta in e d .

T h is m e th o d  is in  genera l use b u t  h as  th e  d isa d v a n ta g e  th a t  it  is n o t  easy  
to  d e te c t lines o f v e ry  low  in te n s ity  in  th e  presence o f o th e r in te n se  lines 
(th e  tr ig g e r chan n e l m a y  m iss th is  p e a k  if  i t  was n o t o rig ina lly  v isib le  in  th e  
f irs t  coincidence series). To overcom e th is  p rob lem  th e  follow ing m e th o d  
can  be used . The tr ig g e r ch an n e l, as in  th e  f irs t  series, is se t in teg ra lly  b u t  a t  th e  
h ig h est energy , w hile th e  an a ly ser ch an n e l is scan n in g  th e  whole sp e c tru m
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d iffe ren tia lly . T h e n , w ith  th e  tr ig g e r  channel we p roceed  from  th e  h igh energy  
d o w n w ard s in  sm a ll steps re su ltin g  in  a series o f  coincidence sp e c tru m  curves. 
I n  th e se  series n ew  lines w ill c o n tin u a lly  a p p e a r  as th e  tr ig g e r ch an n e l reaches 
th o s e  lines in  co incidence w ith  i ts  se ttin g . A  n ice  ap p lica tio n  o f th is  m eth o d  
c a n  be  found  in  th e  l i te ra tu re  [3]. T h is m e th o d  also  has a d isa d v a n ta g e  in  th a t  
i t  a lw ays needs a lo t  o f m easu rem en ts  some o f w h ich  are  som etim es re d u n d a n t.

2 . Sum coincidence experience

Since 1958 an  in v e s tig a tio n  m ethod  te rm e d  th e  “ su m  coincidence 
te c h n iq u e ”  h as  b e e n  used in  g am m a  ra y  sp ec tro sco p y . T he m o st im p o r ta n t 
p ro p e r ty  of th is  m e th o d  is t h a t  o n ly  the  fu ll en e rg y  peaks w ill ap p ea r on th e  
m easu red  co incidence  sp ec tru m  i.e . th e  C om pton  p a r t  of th e  sp e c tru m  w hich is 
a lw ay s  d is tu rb in g , co m ple te ly  d isap p ears . F u r th e r ,  th e  re so lu tio n  of th e  
sp e c tra l  lines is m u ch  im p ro v ed . W e shall n o t  sp eak  of th is  m e th o d  here  in  
d e ta i l  since i t  h a s  b een  describ ed  b y  H o o g e n b o o m  [4], b u t  we shall m en tio n  
som e of th e  re su lts  o b ta in ed  d u rin g  th e  ap p lic a tio n  of th is  m e th o d , especially  
b ecau se  som e in v e s tig a to rs  a re  n o t  w e ll-acq u a in ted  w ith  i t .

The o rig in a l H o o g e n b o o m  sum  co incidence c ircu it w as a slow coinci­
den ce  system  (10 “6 sec). In  th e  p re se n t case w e w ere ap p ly in g  a slow -fast sum  
co incidence w h ich  prov ides b e t te r  resolving tim e  (10 ~8 sec). I n  th e  case of th e  
slow  tech n iq u e  th e  sum  p e a k  c o n s ta n tly  a p p e a rs  (w hen th e  tw o  gam m as a re  
ab so rb ed  in  th e  an a ly se r c ry s ta l) . In  th e  slow -fast tech n iq u e  th is  sum  p e a k  
does n o t a p p e a r  because each  o f th e  gam m as m u s t be a b so rb ed  in  one c ry s ta l 
in  o rd e r to  o p e ra te  th e  fa s t co incidence u n it . T h is is n o t a sh o rtcom ing  b u t ,  
on  th e  c o n tra ry , p rov ides a good  m eth o d  fo r  d e tec tin g  a cascade of low - 
e n e rg y  gam m as p lu s  a h ig h  e n e rg y  gam m a (w hose en erg y  is a p p ro x im a te ly  
e q u a l to  th e  su m  o f th e  tw o  energies).

T he m o st im p o r ta n t  co n d itio n  is t h a t  b o th  d e tec to rs  shou ld  p ro d u ce  
s igna ls  of th e  sam e  am p litu d e  i f  th e  d e tec ted  energies are  th e  sam e, i.e. th e  
g a in  in  b o th  ch an n e ls  shou ld  b e  th e  sam e. T o  fulfil th is  con d itio n , s tab le  
m u ltip lie rs  a n d  h ig h  vo ltag e  p o w er supplies sh o u ld  be used . T h e  b est m e th o d  
fo r  se ttin g  th e  sam e pulse h e ig h t in  b o th  ch an n e ls  is to  choose a p ronounced  
in te n se  line fro m  th e  single sp e c tru m  (because  th e  sum m in g  p e a k  in te n s ity  
is genera lly  w eak  an d  its  p o s itio n  is sh ifted  as a re su lt o f overlo ad in g  or n o n ­
lin e a r  reasons [5], an d  to  se t i t  a t  a p rev iously  chosen  level o f th e  sum  channe l. 
T h e  se ttin g  is ca rr ied  ou t b y  chang ing  th e  m u ltip lie r  h igh  ten sio n . W e can  
decide  w h e th e r th e  p eak  is ly in g  in  th e  chosen lev e l or n o t b y  se tt in g  th e  a m p li­
tu d e  an a ly se r 2 v o lts  low er, th e n  h igher th a n  th e  chosen lev e l, and  in  b o th  
cases we o u g h t to  g e t th e  sam e c o u n tin g  ra te  since  in  th is  case we are  m easu ring  
tw o  sy m m etrica l po in ts  on th e  gaussian  d is tr ib u tio n . I f  th e  p eak  itse lf  is 
s lig h tly  sh ifted  th e n  th is  w ill re su lt  in a la rg e  difference in  th e  coun ting  ra te
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a t  th ese  tw o p o in ts . G enera lly , th is  co u n tin g  r a te  d ifference is so h igh  th a t  i t  is 
su ffic ien t to  use a ra te  m e te r  fo r th e  a d ju s tm e n t.

T he m easu red  sp ec tru m  m u s t be in s ta lle d  in d ep en d en tly  in  b o th  ch an n e ls , 
w h ich  can  be ach ieved  b y  sw itch in g  off th e  p h o to m u ltip lie r’s h ig h  ten sio n  o f 
e ith e r  channel an d  a d ju s tin g  th e  o th e r, b u t  th is  c an  cause a ch an g e  in  th e  g a in  
o f th a t  p h o to m u ltip lie r . So, i t  is b e tte r  to  rem o v e  th e  u n re q u ire d  pulses b y  
sh ield ing  th e  sc in tilla tio n  h e a d  ag a in s t th e  ra d ia tio n s  from  th e  source, or b y  
b lock ing  th e  pu lses th em selves to  p rev en t th e m  from  reach in g  th e  sum  c irc u it.

T he fo llow ing errors m a y  occur d u rin g  m easu rem en ts  a n d  alw ays g ive 
m islead ing  re su lts . I f  th e  a m p litu d e  an a ly se r is n o t set a t  e x a c tly  th e  m idd le  
o f th e  sum  p e a k , th e n  th e  p eak s  in  th e  sum  co incidence sp e c tru m  w ill be sh if ­
te d  i.e. th e  en erg y  position  w ill be inco rrec t. A lso , if  we se t a t  a sum  peak  of 
low  energy  th e n  spurious p eak s w ill ap p ea r as a re su lt o f h ig h -en erg y  c a s ­
cade  tra n s itio n s . A m eth o d  fo r th e  d e te rm in a tio n  of these  p eak s  can  be fo u n d  
in  references [6] an d  [7].

F o r a n g u la r  co rre la tio n  m easu rem en ts  th e se  d isa d v a n ta g e s  are n o t  
d is tu rb in g . So, in  th is  field  th e  sum  coincidence tech n iq u es can  be  p a r tic u la r ly  
useful.

Chance coincidences c a n n o t be ca lcu la ted  in  th e  sum  co incidence m easu re ­
m en ts  because we do n o t k now  th e  n u m b er o f  co u n ts  N x an d  N 2. T h is can  o n ly  
be  m easu red  i f  a ce rta in  de lay  is in tro d u ced  in to  th a t  p a r t  o f th e  c ircu it w h ich  
is show n in th e  b lock  d iag ram  (F ig . 8). T h a t is , w e m u st ta k e  in to  co n sid e ra tio n  
th a t  if  we d e lay  one pulse w ith  re sp ec t to  th e  o th e r , th e n  th e  pu lse  h e igh t w ill 
change a t  th e  o u tp u t  of th e  su m  circu it.

T he o p tim u m  values o f reso lv in g  tim e  a n d  delay  are  d e te rm in ed  in  a 
s im ila r w ay  to  n o rm al co incidence, only h ere  th e  sum  ch an n e l p lay s th e  ro le  
o f th e  tr ig g e r channel.

T he sum  coincidence te c h n iq u e  has b e e n  genera lly  u sed  u n til  now fo r 
th e  d e tec tio n  o f  tw o  tra n s itio n s  cascades. I t  is w o rth  show ing  here  th e  su m  
coincidence sp ec tru m  for th ree  tr a n s it io n  cascades. An exam ple o f  th e  sum  coinci­
dence sp ec tru m  fo r tw o  an d  th re e  tra n s itio n s  cascades is show n in  F ig . 9. P m 144 
decays b y  e lec tro n  cap tu re  to  N d 144 levels w h ic h  are  d e-ex c ited  b y  em ission 
o f th re e  g am m a ray s  cascades o f energies 695, 615 an d  470 keV . In  th e  case 
o f tw o  gam m as cascade, tw o p eak s  co rresp o n d in g  to  th e  tw o  gam m as a p p ea r. 
In  th e  case o f tr ip le  cascade tra n s itio n s  six  p e a k s  (form ing tw o  sy m m etrica l 
g roups) ap p ea r. T he m echan ism  o f fo rm a tio n  o f  th ese  six  p e a k s  is th a t  one 
g am m a energy  is abso rbed  in  one c ry s ta l, w hile th e  o th e r tw o  g am m a energies 
are  abso rbed  s im u ltan eo u sly  in  th e  second c ry s ta l . So, th e  lo w er energy  g roup  
corresponds to  th e  ab so rp tio n  o f each  of th e  th re e  single g am m as, while th e  
h ig h er energy  g roup  co rresponds to  th e  a b so rp tio n  o f th e  o th e r tw o  gam m as.
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Fig. 8. Block diagram  of th e  sum  coincidence technique

3. Application of coincidence circuits for pulse shape discrimination

A )  Identification of charged particles:

I t  h a s  been  w ell kn o w n  th a t  th e  p ro p ertie s  o f a sc in tilla to r  a re  such 
th a t  its  d e c a y  tim es d ep en d  on th e  ty p e  o f p a rtic le  ab so rb ed . In  th e  case of 
CsI(Tl) c ry s ta ls  th e  d ecay  tim e  of h e a v y  pa rtic le s  (a lphas) is s h o r te r  th a n  
th a t  o f  l ig h te r  pa rtic le s  (e lectrons). T h is  w ill in flu en ce  th e  rise tim e  o f th e  
pulses a t  th e  in te g ra tin g  c ircu it of th e  anode  of th e  p h o to m u ltip lie r . T h e  rise 
tim e  ca n  h e  m easu red  in  th e  fo llow ing w ay  [8], (see F ig . 10). T he p u lse s  are 
d iffe re n tia te d  b y  RC c irc u it an d  th e  t im e  difference b e tw een  th e  le a d in g  edge 
of th e  o rig in a l pu lse  a n d  th e  zero c rossing  p o in t o f th e  d iffe re n tia ted  pu lse  is 
m easu red . T he crossing p o in t fo r th e  s h o r te r  rise tim e  is earlier th a n  t h a t  for 
th e  lo n g e r rise  tim e  (th e  p o sition  o f th e  crossing p o in t is in d ep en d en t o f  the  
a m p litu d e  o f th e  o rig in a l pulse). T h is tim e  d ifference is easily  m e a su re d  b y  
a co incidence  c ircu it. T h e  tra ilin g  edge o f  th e  o rig inal pu lse  triggers one of the  
channe ls, w hile  th e  crossing  p o in t o f th e  d iffe re n tia ted  pu lse  (a t f irs t, th e  diffe­
re n tia te d  pu lse  is in v e r te d  an d  on ly  th e  positive  p a r t  is used) tr ig g e rs  the  
second co incidence ch an n e l. T he d if fe re n tia to r  an d  p h a se  in v e rto r  u n it  in  F ig . 3 
is u sed  fo r  th is  p u rpose . B y  chang ing  th e  d e lay  we sh a ll o b ta in  few  co incidence
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Fig. 9. P m 144 sum coincidence spectrum : (a) tw o gamm as cascade spectrum , the am plitude 
analyser in the sum  channel was set a t 1360 keV; (b) a three gamm as cascade spectrum , the 

am plitude analyser in the sum channel was set a t 1850 volts

Fig. 10. D etector pulse shape: (a) original shape; (b) differentiated shape. The d ifferentiated 
pulses cross the base line earlier w hen the ir rise tim e is shorter
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curves each  o f  w hich  w ill co rresp o n d  to  a c e r ta in  ty p e  o f p a r tic le  as show n in
F ig . 11.

Fig. 11. The separation  of d ifferent types of partic les by a pulse shape discrim inator as a
function o f energy

Fig. 12. Pulse shape d iscrim inator arrangem ent

T he re so lv in g  tim e  fo r  a  pulse sh ap e  d isc rim in a to r  is p ra c tic a lly  in d e p e n ­
d e n t o f th e  p u lse  a m p litu d e  because in  th is  case large  pu lses a re  alw ays co inci­
d e n t w ith  la rg e  ones, an d  sm all pulses w ith  sm all ones. So, th e  reso lv ing  tim e  
is m uch b e t te r ,  an d  is d e te rm in ed  b y  th e  u n c e r ta in ty  in  th e  sh ap e  of th e  pu lses . 
T h  is f lu c tu a tio n  in  th e  sh a p e  depends on th e  n u m b er o f  e m itted  p h o to n s  
from  th e  s c in tilla to r  so, t h a t  a t  h ig h er energ ies th e  re so lv in g  tim e  is b e t te r  
th a n  a t  lo w er energies. I n  F ig . 11 th e  se p a ra tio n  o f d iffe re n t pa rtic le s  as a 
fu n c tio n  o f en e rg y  is clear. T h e  b an d  w id th s  are  equal to  2t  o f  th e  co rrespond ing  
coincidence cu rv e .

T he p u lse  shape  d isc rim in a to r  is u se d  fo r g a tin g  th e  m easu ring  assem bly , 
to  reco rd  o n ly  th e  pulses o f  th e  re q u ire d  shape. T he b lo ck  d iag ram  fo r a n y  
pulse sh ap e  m easu rem en ts  is show n in  F ig . 12.

Acta PhysicX Academiae Scientiarum Hungaricae 23, 1967



A PPLICA TIO N  O F D ELA Y ED  COINCIDENCE DEVICES 275

В )  The elimination o f  pile up pulses:

I n  nu c lear spectro scop ic  m easu rem en ts , i t  som etim es h ap p e n s  th a t  i t  is 
desired  to  m easure a w eak  h ig h -en erg y  line in  th e  p resence o f an  in ten se  low er- 
en erg y  line. In  such  a  s itu a tio n  th e  in tense  low -energy  pulses a re  superposed  
g iv ing  spurious pu lses w hich  h a v e  sp ec tra l d is tr ib u tio n  in  th e  h ig h e r energy  
ran g e . T hese p ile-up  p u lses can b e  re jec ted  b y  m ean s of th e  a b o v e -m en tio n ed  
pulse  sh ap e  d isc rim in a to r  m eth o d  [9]. T he re su lt  o f th e  su m m ing  o f tw o  pulses 
is g en era lly  a d is to r te d  pu lse  w hose rise  tim e  is n e v e r  sh o rte r th a n  th e  o rig inal 
pu lses. I f  we are choosing  th e  good pulses b y  m ean s o f th e  pulse sh ap e  d iscrim i-

Channel number

Fig. 13. X -ray  spectrum  of Fe55 m easured w ith pulse shape discrim inator (broken line), and 
w ithou t pulse shape discrim inator (continuous line)

n a to r , th e n  th e  a p p a ra tu s  re jec ts  th e  su p erp o sed  pulses. S im ila r to  chance 
co incidence, i t  can  also  h ap p en  t h a t  tw o pulses com e w ith in  th e  reso lv in g  tim e  
o f th e  coincidence c irc u it an d  w ill p ro d u ce  a sp u rio u s  pulse. T hese pu lses can  be 
m easu red  b y  care fu lly  in se rtin g  a ce rta in  d e lay , because  here  th e  sum  o f th e  
tw o pulses will a lw ays re su lt in  a longer, an d  n e v e r  sh o rte r, rise  tim e  th a n  
th e  o rig inal pulse.

G enerally , th e  superposed  pu lses have  a d is tr ib u tio n  o f  pu lse  h e ig h ts  
Teachings double th e  en e rg y  of th e  in ten se  g am m a  tra n s itio n . T h e  p ro b a b ility  
of tr ip le  su p erp o sitio n  is alw ays v e ry  sm all.
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С)  Measurement of  low energies:

T he pu lse  sh ap e  d isc rim in a to r  can  be u sed  fo r th e  e lim in a tio n  o f d a rk  
c u rre n t pu lses, a n d  in  such  a w ay  th a t  i t  is easy  to  m easu re  v e ry  low  energies. 
I f  th e  sh ap e  o f  th e  sc in tilla tio n  pu lse  d iffers fro m  t h a t  o f th e  d a rk  c u rre n t, 
th e n  on th e  basis  o f  th e  ab o v e-m en tio n ed  pulse  sh ap e  d isc rim in a tio n , i t  is 
possib le  to  d is tin g u ish  be tw een  b o th  ty p e s . G enera lly , sc in tilla to rs  h a v e  re la t­
iv e ly  longer d ecay , as N a l(T l), C sI(T l) a n d  th e  new  calcium  io d ide  c ry s ta ls , 
a n d  th e  pu lse  rise  tim e  is m uch  lo n g er th a n  th e  rise o f th e  d a rk  c u rre n t w hich  is 
g en era lly  p ro d u c e d  b y  one e lec tro n  from  th e  p h o to -c a th o d e . A ty p ic a l exam ple 
is show n in  F ig . 13, w here th e  x -ray s  o f F e 55 (5,8 keV ) are  m easu red  w ith , and  
w ith o u t, th e  use o f a pu lse  shape d isc rim in a to r.
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ПРОБЛЕМАТИКИ ПРИМ ЕНЕНИЯ ПРИЕМОВ ЗАПАЗДЫВАЮЩЕГО СОВПАДЕНИЯ
Н. А. ЭИССА и ДЬ. МАТЕЙ

Р е з ю м е
Сети совпадения широко применяются в исследовании ядер. В данной работе сум­

мируются как их наиболее важные свойства, так и эксперименты, проведенные данными 
приемами. Таким образом, мы можем рассматривать параметры сетей совпадения как 
скелет для времен запаздывания и распадения. Представляются проблемы, возникающие 
при применении нормальной и суммарной совпадений. Наконец, дается описание приме­
нения четей совпадений для отождествления частиц, ликвидаций накопления и изме­
рения гамма-лучей низких энергий.
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SYSTEMATICS OF SOME NUCLEAR PROPERTIES OF 
THE ODD MASS NUCLEI IN THE REGION NEAR 

THE MASS NUMBER 190
By

Z. M e l ig y

E I N  S H A M S  U N I V E R S I T Y ,  F A C U L T Y  O F  S C I E N C E ,  C A I R O ,  U A R  

and

N.  A.  E is s a

A L - A Z H A R  U N I V E R S I T Y ,  F A C U L T Y  O F  E N G I N E E R I N G ,  C A I R O ,  U A R  

(P resen ted  by A. Szalay. — Received 4. X . 1966)

The systcm atics of the shell and unified  nuclear m odels have been investigated  for the 
nuclei o f Lu, Ta, Re, I r  and Au, which represen t the transition  region from the spherical nuclei. 
I t  was apparen t from  th e  comparison of the  experim ental and  theoretical ratios of th e  firs t and 
second excited collective levels, from the quadruple and m agnetic mom ents th a t  th e  unified 
model is th e  m ost coherent one in this range too, as resu lts from  the present analysis. For 
the A u195 nucleus i t  was possible to assign th e  spin 5/2 + and  7/2+ for the levels a t  251 and 515 
keV from  the comparison w ith  other nuclei.

The m om ent of inertia  derived from  the  experim ental results and from  th e  hydrodyna­
mic approxim ation for th e  above-m entioned nuclei was com pared w ith Migdal curves for the 
m om ent of inertia based on the superfluid model. The resu lts confirm  the superfluid descrip­
tion of nuclear m atte r.

I. In tro d u c tio n

C onsiderab le  d a ta  are av a ilab le  on th e  d e cay  schem es an d  leve l syste- 
m atics of nuclei w hose low -lying e x c ita tio n  sp e c tra  can  be ex p la in ed  b y  e ith e r 
th e  single p a rtic le  or collective m odels. M uch less d a ta  are av a ilab le  fo r th e  
nuclei in  th e  so-called  tra n s itio n  reg io n s, i. e. th o se  nuclei of m ass 140 —152 
an d  180 — 200. In  th e  nucle i w here th e  n u m b er o f  n e u tro n s  changed  fro m  88 to  
90 ( A ~  150) a su d d en  v a r ia tio n  of th e  p ro p erties  w as observed . T he en e rg y  o f th e  
f irs t ex c ited  collective level change su d d en ly  as w ell as th e  coulom b ex c ita tio n  
cross-section . This d isc o n tin u ity  in d ica te s  th e  passag e  from  th e  e x a c tly  sp h e ri­
cal fo rm  (Z ~  50, N  ~  82) to  th e  ellipsoidal fo rm . I t  is in te re s tin g  to  know  
w h e th e r th e  inverse  tra n s it io n  ex is ts  w hen th e  reg ion  of m ag ic  n u m b ers  
Z  82, N  ^  126 is ap p ro ach ed .

W e have  been  in v es tig a tin g  th e  decay  schem es o f th e  irid iu m  [1 ]  iso topes 
V7I r 191 an d  I r 193, a n d  i t  is th e  p u rp o se  o f th is  p a p e r  to  in v es tig a te  som e of th e  
n u c lea r  p ro p ertie s  o f th e se  nuclei to g e th e r  w ith  som e o th e r odd  nuc le i. The 
chosen nuclei w ere:

71L u175, L u 177, „ Т а 181, 75R e183, R e787, 70A u 195, A u197 an d  A u 199.
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T h e lo w -en erg y  levels in  th e se  nuclei a re  q u ite  well e s tab lish ed  an d  
th e  d ecay  schem es fo r  th ese  n u c le i h av e  b een  ta k e n  from  th e  N u c lea r D a ta  
S hee ts [2]. I t  c an  be  seen th a t  th e se  nuclei re p re se n t th e  p assage  from  th e  
e llip so ida l fo rm  to  th e  n ea rly  sp h erica l form .

II. Nuclear properties

T h e in v e s tig a te d  nu c lear p ro p e rtie s  are  th e  follow ing:

1. Particle levels

A ccord ing  to  ex p e rim en ta l re su lts , th e  d e fo rm a tio n  of th e  n u c le i exh ib its  
a n  a x ia l sy m m e try , an d  N i l s s o n  [ 3 ]  has c a lc u la ted  th e  energy  s ta te s  of th e  
single p a rtic le s  in  a sp hero ida l p o te n tia l  as a fu n c tio n  of th e  d e fo rm a tio n  b defi­
n ed  b y  th e  in tr in s ic  q u ad ru p le  m o m en t Q0. T h e  re la tio n  [ 3 ]  b e tw een  b an d

Qо is:

()0 =  0. 8. Z . Д 2. ó  j l  + y ó j  • ( 1 )

Q0 is d e te rm in e d  from  th e  C oulom b e x c ita tio n  cross-section .

2 .  Collective levels

I n  th e  case o f  defo rm ed  n u c le i th e  v a lu es  o f  th e  energies o f  a ro ta tio n  
fam ily  b ased  on a single p a rtic le  g ro u n d  level o f a to ta l  an g u la r m o m en tu m  I, 
a re  g iven  b y  [3] :

E , I ( 7 + l )  +  « ( - l ) I +  2
1  + t )2 ]

(2 )

w h e re  J  is th e  m o m e n t  o f  in e r t ia  o f  th e  n u c le a r  m a ss , i ts  v a lu e  ly in g  b e tw e e n  
t h a t  fo r  a  r o ta t in g  r ig id  b o d y  a n d  th e  h y d r o d y n a m ic  e s t im a te  o f  B o h r  a n d

M o t t e l s o n  [ 4 ] .  T h e decoup ling  fa c to r  a v an ish es  if  К  =h —  •

F o r ro ta t io n a l  sp ec tra  g iven  b y  th e  ab o v e  fo rm ula  th e  ra t io  of th e  
energ ies o f th e  second  an d  f irs t  e x c ite d  s ta te s  depends only  on th e  g round  
s ta te  sp in  J 0, a n d  fo r odd A  n ucle i is given b y :

2,4 fo r  I 0 =  y

b .  =  2 7° +  3-  =  2,29 fo r I 0 =  —  (3)
E 1 h  +  1 2

2,22 fo r —
2

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



SYSTEMATICS OF SOME NUCLEAR PROPERTIES 279

3. Magnetic moments

T he m agnetic  m o m en t fo r a nucleon  m o v in g  in  a sp h e rica l p o te n tia l 
fie ld  [5] is given b y :

Iх — Î Gj. ±
I

2 1 +  I
(Gs — Gt) , (4)

w here  Gs an d  G/ are  th e  g y ro m ag n e tic  ra tio s  fo r  th e  in tr in s ic  an d  o rb ita l 
m o tio n s, re sp ec tiv e ly  o f th e  nucleon .

In  th e  case o f  defo rm ed  n ucle i th e  coup ling  o f th e  n u c lea r  surface w ith  
th e  nucleon  m o tion  co n tr ib u te s  to  th e  m agnetic  m o m en t, w hich is g iven b y  th e

follow ing re la tio n  [5] for I  =  Q P =  К  4=

1 +  1
[Ga I  +  GK], (5)

w here  Gp is th e  g y ro m ag n e tic  ra tio  associa ted  w ith  th e  ro ta tio n a l m otion  of
Z

u n ifo rm ly  charged  n u c lea r m a t te r ;  its  v a lue  a p p ro x im a te ly  eq u a ls  ——. Gq is

asso c ia ted  w ith  th e  in trin s ic  m o tio n  o f nucleons.

4. Quadruple moments

A  non-coup led  p ro to n  w ith  th e  to ta l  a n g u la r  m o m en tu m  j  m oving  in  a 
sp h erica l p o te n tia l fie ld  gives rise  to  a q u a d ru p le  m om ent

2 ( j  +  1)
• 0 2> . (6 )

T he av erag e  value fo r r- of th e  p ro to n  o rb it is w here R 0 — 1 • 2 • A 1 3̂ •

• 10 -13 cm.
I n  th e  case o f defo rm ed  n ucle i th e  co llec tive  b eh av io u r o f  th e  nucleons 

re su lts  in  q u a d iu p le  m om en ts  (JCoii.. m uch  la rg e r  th a n  th o se  asso c ia ted  w ith  
th e  single p a rtic le  Qs_p_ T he o b serv ed  q u a d ru p le  m o m en t (lots, is ° f  th e  fo rm

Qobs. —  Qcoll. +  (?s.p. (^ )

Çobs. is d e te rm in ed  b y  a to m ic  spectroscopy .
T he re la tio n  be tw een  Q0 s. an£l Qo (given b y  eq u a tio n  1) d ep en d s on th e  

n u c le a r  coupling schem e. F o r s tro n g ly  defo rm ed  nucle i (s tro n g  coupling) th is  
ra tio  is given by :
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(^strong
coupling

Q  obs.

Qo

I

1  + 1

21  -  1
2 /  +  3 '

(8 )

5. Moments of inertia

T he m o m en t o f in e r tia  o f th e  defo rm ed  nucleus J elip can he d e te rm in ed  
fro m  e q u a tio n  (2). I n  th e  h y d ro d y n a m ic  a p p ro x im a tio n , th e  m o m en t o f  in e rtia  
is considered  to  be t h a t  o f an  incom pressib le  flu id  a n d  is given b y  [4]

J  = M A  Щ
A R

Rn
(9 )

w here  AR  rep re sen ts  th e  d ifference  betw een  th e  m a jo r an d  m in o r sem i­
axes o f th e  sphero id . M  deno tes th e  nucleon  m ass a n d  A  is th e  n u c le a r  m ass.

I n  th e  above re la tio n  th e  q u a n t i ty  J 0 =  — M A R l  is th e  m o m en t of

in e r tia  o f a spherica l rig id  b o d y  in  th e  h y d ro d y n a m ic  a p p ro x im a tio n .

w here
'  h y d r o . J 0 à2 , ( 10)

T he m ost co n s is ten t th e o ry  o t th e  m om en t o f  in e r tia  is b a se d  on th e  
su p erflu id  m odel (6,7). In  th is  m odel th e  ex istence o f  coupled  pairs o f  nucleons 
a n d  th e  a p p ro p ria te  en e rg y  gap  A in  th e  level schem e of th e  n u c le i is ta k e n  
in to  acco u n t. T he m o m en t o f in e r tia  can  be exp ressed  in  te rm s of th is  energy  
gap  a n d  th e  m a tr ix  e lem en ts  of th e  in te ra c tio n  o f th e  pairs of th e  nucleons.

M ig d a l  [8] h a s  w ell c a lc u la te d  th e  m o m e n t o f  in e r t ia  fo r  a n  o sc illa tio n  
p o te n t ia l  a n d  r e c ta n g u la r  p o te n t ia l ,  as a fu n c tio n  o f  a p a r a m e te r  X n w h ich  is 
g iv e n  b y :

=  27 1 +  —  д\Л„А*
N M

M,eff.
( П )

w here  ——— is th e  ra tio  be tw een  th e  nucleon  m ass a n d  its  e ffective m ass. In  
M  eff

M ig d a l ’s ca lcu la tio n s, th is  ra tio  is ta k e n  as u n ity . An is th e  en erg y  gap  p a ra ­
m e te r  o f n eu tro n s  w hich  is d e te rm in e d  from  th e  n u c le a r  m asses acco rd in g  to  
th e  follow ing fo rm u la :

An = l [ E 0 ( N + l ) - 2 E 0 (N)  +  E u( N - l ) ] ,  (12)
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F i g .  1 .  Theoretical curves of the moment of inertia for oscillator potential (upper) and rectan­
gular potential (lower)

w here E 0(N  -f- 1), E 0(N)  an d  JS0(N — 1) are th e  b in d in g  energ ies of th e  n u c le i 
h av in g  (N  -f- 1), (N ) an d  ( N  — 1) n eu tro n s, re sp ec tiv e ly . M i g d a l ’s resu lts  a re  
show n in  Fig. 1.

III. R esu lts  and d iscussion
1

1. Rotational levels over ground levels with К  ^  —

T he energies o f th e  f irs t a n d  second e x c ite d  ro ta tio n a l levels  over th e  
g ro u n d  s ta te  p a rtic le  level are  ca lcu la ted  acco rd in g  to  re la tio n  (2), and  th e ir  
ra tio  from  re la tio n  (3). The re su lts  are given in  T ab le  (1) a n d  are  show n in  
F ig . 2. I t  can  be seen th a t  a d e v ia tio n  ex ists o n ly  for th e  ir id iu m  and  gold 
nucle i w hich h av e  sm all d e fo rm ations.

Table 1

Isotopes

Ground
state
spin

/„

E ,
keV

e 2
keV ( E i / E l)ex p. (E2/£^i)theor

{ E í / E ^ qx p 
( E 2/ E j) theor

л * /у
keV

J  exp. 
1048 gm 

cm2

« b u 1» 7 /2  + 1 1 3 2 51 2 ,2 2 2 ,2 2 1 ,0 1 2 ,5 2 3 ,0

L u 1” 7 /2  + 1 1 8 2 5 1 2 ,1 2 2 ,2 2 0 ,9 6 1 3 ,1 2 3 ,8

„Та1*1 7 /2  + 1 3 6 3 0 1 2 ,2 1 2 ,2 2 1 ,0 1 5 ,1 2 0 ,7

, 5R e 183 5 /2  + 1 1 4 2 6 0 2 ,2 8 2 ,2 9 1 ,0 1 6 ,3 1 9 ,2

Re185 5 /2  + 1 2 5 2 8 6 2 ,2 9 2 ,2 9 1 ,0 1 7 ,9 1 7 ,5

Re187 5 /2  + 1 3 4 3 0 1 2 ,2 3 2 ,2 9 0 ,9 8 1 9 ,2 1 6 ,3

77I r 191 3 /2  + 1 2 9 3 5 2 2 ,7 0 2 ,2 4 1 ,2 0 2 3 ,8 1 2 ,0

í r 193 3 /2  + 1 3 9 3 6 2 2 ,6 0 2 ,2 4 1 ,1 6 2 7 ,7 1 1 ,3

7 » A u 195 3 /2  + 2 6 1 5 2 5 2 ,1 1 2 ,2 4 0 ,9 4 5 2 ,2 6 ,0

A u 197 3 /2  + 2 7 7 5 4 6 1 ,9 7 2 ,2 4 0 ,6 8 5 5 ,6 5 ,6

A u 199 3 /2  + 2 7 1 5 1 5 1 .9 0 2 ,2 4 0 ,8 5 5 4 ,2 5 ,8
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Fig. 2. The experim ental to  theoretical ratios o f th e  first and second excited collective levels
for the show n isotopes

Fig. 3. V ariation  of deform ation w ith atom ic mass

5+ 7+
I t  is w o rth  m e n tio n in g  here th a t  fo r  A u195 th e  sp in s  of ----  a n d  -----  can

2  2

be assigned  to  th e  levels a t  251 and  515 keV , re sp ec tiv e ly , as th e y  can  b e  conside­
re d  as th e  f irs t  an d  second  ro ta tio n a l e x c ite d  levels ab o v e  th e  ground lev e l o f spin
3+

on th e  basis  o f com parison  w ith  o th e r  nuclei.
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2. Moments of  inertia

Jexp. w as ca lcu la ted  from  re la tio n  (2), an d  I 0 w as ca lcu la ted  fro m  re la ­
tio n  ( 9 ) ,  fro m  w h i c h  / h y d r o ,  w as d educed  accord ing  to  F ig . 3 . ,  due to  M o t t e l - 

s o n  [ 9 ] .  T he n e u tro n  en e rg y  gap An w as ca lcu la ted  f ro m  L e v y ’s  ta b le s  of 
a tom ic  m asses [10].

T hen  th e  co rresp o n d in g  X n was c a lc u la ted  from  re la tio n  (11). T h e  re su lts  
are  given in  T ab le  (2) a n d  show n in F ig . 4.

Fig. 4. The calculated values of m om ent of in e rtia  on M i g d a l  curves. X  denotes Jhydro./do» 
О denotes JtXpJJo» and  □ is for Gd154 and  N d15" from M i g d a l ’ s  paper [8]

I t  can  be  seen th a t  th e  h y d ro d y n a m ic  a p p ro x im a tio n  resu lts  in  th e  low est 
va lues for th e  m om en t o f in e r tia , M i g d a l  h a d  ca lcu la ted  th e  m om ent o f  in e r tia  
fo r s tro n g ly  defo rm ed  n u c le i in  th e  ra re  e a r th  region on  th e  basis of th e  s u p e r­
flu id  m odel fo r tw o single cases of th e  p o te n tia l. T he ex p erim en ta l v a lu e s  of 
(J U  o) exp fo r  these  s tro n g ly  deform ed n u c le i lie b e tw een  th e  curves o f th ese  
p o ten tia ls . T he nuclei in  th e  p resen t in v es tig a tio n  h a v e  sm all d e fo rm a tio n . 
T he ex p e rim en ta l v a lu es  o f (J /J 0) exp  lie close to  th e  oscillator p o te n tia l  
cu rve . A ccord ing  to  re la tio n  (11) as ô increases, X n a lso  increases, a n d  th e  
ex p e rim en ta l po in ts  a p p ro a c h  th e  o sc illa to r p o te n tia l cu rv e , and  fo r la rg e r 
d efo rm ations th e  e x p e rim e n ta l values lie betw een  th e  tw o  curves.

The d isag reem en t w ith  M ig d a l  th e o ry  is no t la rg e , and  i t  is p ro b ab le  
th a t  a closer co rre la tio n  w ith  th e  e x p e rim en ta l d a ta  co u ld  be reach ed  e ith e r  
b y  a sm all v a r ia tio n  of th e  p a ram e te rs  in  re la tio n  (11), o r  b y  tak in g  in to  ac c o u n t 
a m ore rea lis tic  p o te n tia l  th a n  th e  o sc illa to r or re c ta n g u la r  p o te n tia ls . The 
d isag reem en t could also be  due to  e rro rs  in  th e  e x p e rim e n ta l p a ra m e te rs .
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Table 2

I s o to p e 6 An *n
Л

1048
gra cm*

^hydro. 
1048 

gm cm2

Jexp. 
1048 

gm cm2
•Ihydro

Jo
Jexp.

Jo

n L u " 5 0 ,2 6 1 ,4 3 5 0 ,6 6 5 3 ,2 3 , 6 6 25 0 ,0 6 9 0 , 4 7

Lu177 0 ,2 4 1 ,4 3 5 0 ,6 4 5 3 , 4 3 ,1 3 2 3 ,8 0 ,0 5 8 0 , 4 4

7зТа181 0 ,2 2 1 , 4 3 4 0 ,5 9 5 6 ,0 2 ,7 1 2 0 ,7 0 ,0 4 8 0 , 3 7

„ R e 183 0 ,1 9 1 ,4 3 4 0 ,5 0 5 6 ,5 2 ,0 4 1 9 ,2 0 ,0 3 6 0 , 3 4

R e185 0 ,1 8 1 ,4 3 4 0 ,4 7 5 5 7 , 6 1 ,8 7 1 7 ,5 0 ,0 3 3 0 ,3 0 5

Re187 0 ,1 7 1 , 4 3 4 0 ,4 6 0 5 8 ,8 1 ,7 0 1 6 ,3 0 ,0 2 9 0 ,2 8

77b 191 0 ,1 3 1 ,4 3 6 0 ,3 6 6 0 ,8 1 ,0 2 6 1 2 ,0 0 ,0 1 7 0 ,2 0

í r 193 0 ,1 2 1 ,4 3 6 0 ,3 2 6 2 ,0 0 ,8 9 3 1 1 ,3 0 ,0 1 4 0 ,1 8

,s)Au195 0 ,1 1 1 ,4 3 4 0 ,2 9 6 3 ,1 0 ,7 7 6 ,0 0 ,0 1 2 0 ,1 0

Au197 0 ,1 0 1 ,4 3 5 0 ,2 7 6 4 ,0 0 ,6 4 5 ,6 0 ,0 1 0 0 ,0 8 7

Au199 0 ,0 9 1 ,4 3 6 0 ,2 5 6 5 ,2 0 ,5 3 5 ,8 0 ,0 0 8 0 ,0 8 9

3. Quadruple and magnetic moments

T he e x p e rim e n ta l va lu es  fo r  th e  nuclei fo r w hich fi a n d  Q was m easu red , 
a re  given in  T a b le  3 to g e th e r  w ith  th e  th e o re tic a l values c a lc u la te d  acco rd ing  
to  th e  shell m odel and  th e  u n if ie d  m odel. F ro m  th e  T able i t  c a n  be seen th a t  
th e re  is no d is tin c tio n  be tw een  th e  acco rdance  o f th e  ex p e rim e n ta lly  m easu red  
v a lu es  an d  th o se  re su ltin g  fro m  th e  shell o r u n ified  m odels. H ow ever, from  a 
co m p ariso n  o f  /^measured an d  /^Nilsson aJtd  ^/strong coupling a n d ^ m e a s u re d  It Can be 
seen  th a t  th e  u n ified  m odel is m o re  co h e ren t fo r  these  e x p e rim e n ta l d a ta .

Table 3

I s o to p e I /^measured p s h e ll /■*•N118 8 OH
Qo10-24
c m 2

Q shell Qmeasured
Qstrong
c o u p l in g

73Ta181 7 /2 2 ,1 1 ,7 2 1 ,5 0 6 , 9 1 0 , 2 0 2 ,7 0 3 ,2

, 6Re185 5 /2 3 ,1 4 4 ,8 0 3 ,5 0 6 ,3 0 0 ,1 8 2 ,8 0 2 ,2

„ í r 191 3 /2 0 ,1 6 0 ,1 2 0 ,0 2 3 ,1 6 0 ,1 4 1 ,5 0 0 ,5

„ í r 193 3 /2 0 ,1 6 0 ,1 2 0 ,0 2 3 ,2 2 0 ,1 4 1 ,5 0 0 ,5

79A u 197 3 /2 0 ,1 4 0 ,1 2 0 ,0 3 5 ,6 0 0 ,1 4 0 ,5 6 0 , 4

R E F E R E N C E S

1. Z. Plajner and  N. A. Eissa, Czech. J. Phys., 13, 23, 1963.
2. N uclear D a ta  Sheets, Published by  USA Atomic E nergy  Comission, 1958, 1962.
3. S. N i l s s o n ,  D an. M at. Fys. M edd., 29, No. 16, 1955.
4. A. R o h r  and  B .  M o t t e l s o n ,  M at. Fys. Medd. D an. V id. selsk., 10, No. 1, 1955.
5. M. M a y e r  and  I. J e n s e n ,  E lem en tary  theory of nuclear shell theory, W iley and Sons, 1955.
6. B. B a r d e e n ,  L. C o o p e r  and I. S c h r i e f f e r ,  Phys. R ev., 108, 1175, 1957.

A d a  Physica Academiae Scientiarum Hunçaricae 23, 1967



SYSTEMATICS OF SOME NUCLEAR PROPERTIES 285

7. B . B o go ly u bov , JE T F , 3, 58, 1958.
8. A. M i g d a l ,  Nucl. Phys., 13, 673, 1959.
9. B. M o t t e l s o n  and S. N i l s s o n ,  Phys. R ev., 99, 1615, 1955.

10. J . R id d e l l , A table of Levy’s empirical a tom ic masses, AECL No. 339.

СИСТЕМАТИЧНОСТЬ НЕКОТОРЫХ СВОЙСТВ Н ЕЧЕТН Ы Х  ЯДЕР 
В ОБЛАСТИ, БЛИЗКИЙ К МАССОВОМУ ЧИСЛУ 190

3 .  М Е Л И Г И  и  Н .  А .  Э Й С С А

Р е з ю м е

Систематичность оболочечной и объединенной ядерных моделей предлагалась для 
ядер Lu, Та, Re, Ir и Au, которые представляют собой переходную область из сфериче­
ских ядер. Из сравнения экспериментальных и теоретических отношений первично и 
вторично возбужденных коллективных уровней, из квадрупольных и магнитных момен­
тов выходит, что объединенная модель является наиболее когерентной и в этом отно­
шении, как результат данного анализа. Из сравнения с другими ядрами для ядра Au—199 
можно было определить спин 5/2+ и 7/2+.

Определенный из экспериментальных данных и из гидродинамического прибли­
жения момент инерции для вышеупомянутых ядер сравнивался с кривыми Мигдала 
для момента инерции, основанного на сверхтекучей модели. Результаты подтверждают 
сверхтекучее описание ядерной материи.
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ON THE EXCHANGE ENERGY IN A SCF METHOD 
USING NON-ORTHOGONAL BASIS FUNCTIONS

By

G y . B u t i
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 

(P resented  by A. K ónya. — Received 20. X. 1966)

A m ethod is developed for the calculation of exchange energy in a simple SCF m ethod 
or atom ic one-electron eigenfunctions using non-orthogonal hasis functions.

Follow ing  som e ea rlie r w orks [1] — [7] a sim ple  SCF m e th o d  o f ca l­
cu la tin g  a to m ic  one-e lec tron  e igen func tions was g iven  in  a recen t p a p e r  [8] 
b y  G o m b á s . T he m ain  fea tu re s  of th is  m eth o d  are as follows.

1. A  n o n -o rth o g o n a l set of S la te r- ty p e  basis fu n c tio n s is u sed  in  an 
an a ly tic  v a r ia tio n a l p ro ced u re .

2. T he P au li-p rin c ip le  is ta k e n  in to  accoun t w ith  a p seu d o p o ten tia l.
3. T he exchange a n d  co rre la tio n  energy  is ca lcu la ted  w ith  a pseudo- 

p o te n tia l o f S l a t e r  [9] a n d  G o m b á s  [10] in  a sem iem pirica l w ay.
W e no tice  th a t  re c e n tly  ex ten s iv e  energy b a n d  ca lcu la tions in  solids 

arc done in  sim ilar w ays.
T he aim  of th e  p re se n t pap er is to  show  th a t  w ith in  a reasonab le  a p p ro x ­

im a tio n  i t  is possible to  ca lcu la te  th e  exchange energy  in  th e  u su a l w ay  
using  th e  n o n -o rth o g o n a l se t of basis  fu n c tio n s.

T he H am ilto n ian  o f  our SCF m e th o d  for th e  shell w ith  an g u la r m o m e n t­
um  q u a n tu m  n u m b er l is

H  =  _  <P_ +  h' . 1(1 +  U  _
8л:2 m dr2 8 л 2 m r2

-  eVCb - eVCo -  eVa -  eVes, 
r

w here Рсь is th e  SCF C oulom b p o te n tia l  inc lud ing  in te ra c tio n  w ith in  th e  
shell, Uco, Va and  Uex a re  local p seu d o p o ten tia ls  a rising  from  th e  C oulom b 
co rre la tio n , th e  P au li p rin c ip le  an d  th e  a n tisy m m e try  o f  th e  w ave fu n c tio n .

N ow  in s te a d  of th e  sem iem pirica l expression  fo r th e  exchange energy  
expression  eVexcpnim le t us ta k e  th e  n on loca l exchange o p era to r o rig in a tin g  
from  th e  F ock  equ a tio n s
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A<Pnlm (£) =  2 - j
< P n T m ' ( £ ' ) < P n l m  ( £ ' ) < Р п Г т '  (f) d r ,

г — r
( 2 )

w here  cpn-i'm' ( i )  a re  o rth o g o n a l sp in -o rb ita ls , th e  su m m atio n  is over all q u a n tu m  
n u m b ers  e x c e p t nlm , and  in te g ra tio n  also  in c lu d es a su m m atio n  over sp in  
co o rd in a tes . H o w ev er, i t  is n o t  ju s tif ie d  to  u se  expression  (2) in  our SCF 
p ro ced u re  b ecau se  w e choose a n o n -o rth o g o n a l s e t  o f basis fu n c tio n s  of th e  
fo rm  f ni =  A rxe~ Ar fo r  th e  v a r ia tio n a l t r ia l  fu n c tio n . T herefo re  we are  looking 
fo r an  o p e ra to r  A '  such  th a t

( < P m , A < P n i )  =  ( f n l , A ' f n l ) , (3)

fo r in  th is  case wo ca n  d e te rm in e  th e  e x p e c ta tio n  v a lu e  of th e  exch an g e  energy  
w ith  A '  a n d  th e  n o n -o rth o g o n a l se t o f basis fu n c tio n s  in  th e  u su a l w ay  and  
th e re fo re  th e  v a r ia tio n a l p ro ced u re  can  be  c a rr ie d  th ro u g h  in  th e  u su a l w ay . 

T he o rth o g o n a lized  sy s tem  o f basis fu n c tio n s  of th e  m e th o d  is

Фп1 --  c n l  [ f n t  ( W n ' l t f n l )  9V/] 5
n ' = l +1

w here

Cn, =  [ l -  2  li.'PnM l9] - 11*-
n ' = l +1

B ecause o f th e  lin e a r ity  o f  A  we can  w rite

((Pn„ A  cpnl) =  |c„,|2 [ ( / n„ A f nl) + 2 2  ((pmh /nz) x
m = l  + 1 k = l  +1

n —1
X i S P h l J n l )  (<Pml, A  <Pkl) -  2 ( V m l ’ f n i )  ( < P m l , A f n l )  —

m = l +1
n — 1

— 2  (< P m l J n l ) { f n h A < p ml)].
m = l  +1

( 5 )

In tro d u c in g  th e  follow ing n o ta tio n

( V m l i f n l )  —  s l n m  1

(<Pm„ A  cpnl) =  a,mn , (6)

(Ç’mo A f nl) — a lnm,

an d  ta k in g  in to  acco u n t th e  h e rm itic ity  o f A  we can w rite
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( f n h ^ ' f n , )  =  ( < P n l , A < p n , )

П — 1 n —1
=  \c n l \ 2 [ ( f n l *  Л  f n l )  +  ^  ^  s i n m  s I n k  a lm k

m = l + 1 k = l + 1
л—1

“ 2 2 " *lnm
m=i + 1

®i«m] ■

( 7 )

Since th e  o v erlap -in teg ra ls  in  (7) are  sm all, as can  be seen fro m  (6) 
(no te  t h a t  th e  su m m a tio n  is over o v erlap -in teg ra ls  o f  o rthogonal a n d  non- 
o rth o g o n a l basis  fu n c tio n s  differing in principal quantum number), exp ression  
(7) is w ith in  a reaso n ab le  ap p ro x im a tio n

(.fn „ A 'fnl) ^ ( f nhA f nl) (8)

since I c„/|2 =  1 w ith in  th e  sam e a p p ro x im a tio n .
T h u s th e  conclusion  is th a t  th e  exchange c a n  be  b u ilt  in  o u r sim ple 

v a r ia tio n a l p ro ced u re  b y  using  th e  exchange o p e ra to r  c o n stru c ted  b y  th e  
orthogonalized o n e-e lec tron  e igenfunctions.

N o te  t h a t  e q u a tio n  (8) is ex ac t w ith in  th e  fram ew o rk  of a p ro ced u re  
in tro d u ced  b y  F é n y e s , S z é p f a l u s y , K l e i n m a n  an d  P h i l l i p s , etc. [1 1 ]— [19]. 
I t  can  be v e ry  easily  seen  th a t  th e  fu n c tio n s  f ni s a tis fy  th e  eq u a tio n s

(Я,н  +  A) f nl +  (' Фп1 (r, r ' ) f nl (r') dr' =  entf n t , 
ô

w here Hj1 is th e  H a r tre e  o p e ra to r  an d  A  is hand led  in  th is  case in  ju s t  th e  sam e 
w ay. In  th e  sim ple SC F  m ethod  d iscussed  in [8] th e  o p e ra to r

J  dr' Фп1 (r, r') =  dr' (e„, -  EnU) cpn;  (r) (p*; (r')
0 0 n ’= l + 1

is a p p ro x im a te d  w ith  th e  local p o te n tia l Vq in  (1), (for a d iscussion  see 
especially [19]) and  th e  e rro r in  (8) o rig in a tes  th e re in .

T h e  a u t h o r  i s  i n d e b t e d  t o  P r o f .  P .  G o m b á s  f o r  h i s  i n t e r e s t  i n  t h i s  w o r k
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О Б О БМ ЕН Н О Й  Э Н ЕРГИ И  В М ЕТОДЕ САМОСОГЛАСОВАННОГО ПОЛЯ, 
ИСПОЛЬЗУЮ Щ ЕМ  Н Е О РТ О Г О Н А Л Ь Н Ы Е  БАСИСНЫ Е Ф У Н К Ц И И

Д Ь .  Б Ы Т И

Дается метод определения обменной энергии в методе самосогласованного поля 
с использованием неортогональных базисных функций.
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THE LORENTZ PRINCIPLE AND THE GENERAL 
THEORY OF RELATIVITY V

B y

L . JÁNOSSY and P . K lR A L Y

CEN TRA L RESEA RCH  IN ST IT U T E  OF P H Y SIC S, BUDAPEST

(Received: 26. I. 1967)

The transform ation is given explicitly  w ith the help of which i t  is possible to  obtain 
a s tra ig h t system  of reference from  an  arb itra ry  curvilinear representation . Applying the 
transform ation  to  a representation  in an inhomogeneous region it  leads to  a  nearly straiggt 
system  of reference. M aking use of the nearly  straight represen tations the exp lic it form  of the 
Lorentz transform ations in inhomogeneous regions is obtained.

In tro d u c tio n

§ 1. I n  a n u m b er o f  p rev ious p u b lica tio n s  [1 ]— [4] one of th e  a u th o rs  (L. J .)  
has show n how  th e  L oren tz  p rin c ip le  (see e.g. P a r t  I I )  can  be  ex ten d ed  so 
as to  cover p rob lem s of general re la tiv ity . T he p rin c ip le  can be  expressed  as 
follow s. I f  О  is a re a l physica l sy s tem , th en

Q* =  M„(C) (1)

is a possib le  sy s tem , w here M p s ta n d s  for a L o ren tz  tra n s fo rm a tio n  w ith  
p a ra m e te rs  p.

T o  th e  p rin c ip le  th u s  expressed  a d y n am ica l p rincip le  h as  to  be added  
to  th e  effect th a t  a sy stem  Q, i f  a d iab a tica lly  in te rfe re d  w ith  ch an g es in to  a 
L o ren tz  deform ed sy s tem  C *.

I n  th e  absence  of g ra v ita tio n a l fields th e  f irs t  p a r t  of th e  princip le 
exp ressed  b y  (I) c an  be  ta k e n  to  b e  s tr ic tly  v a lid  (a t  le a s t for th e  p henom ena 
we k n o w  a t  p resen t) — th e  d y n am ica l p a r t  m u s t be ta k e n  to  b e  v a lid  only 
in  a good  a p p ro x im a tio n ; th e  d y n am ica l p rinc ip le  con ta in s a c e r ta in  am o u n t 
of u n c e r ta in ty , as i t  is n o t possib le  to  d e te rm in e  p recisely  th e  lim its  inside 
w hich in te rfe rences can  be reg a rd ed  to  be a d ia b a tic . In  th e  presence  of 
g ra v ita tio n a l fields th e  difficulties a re  fu rth e r  en h an ced ; even th e  f irs t  p a r t  
of th e  L o ren tz  p rin c ip le  can on ly  b e  expressed in  an  a p p ro x im a te  m anner, 
va lid  fo r sm all sy s tem s only. T h e  fo rm u la tio n  o f  th e  second p a r t  leads to  
a d d itio n a l d ifficu lties — it  is even  m ore  d ifficu lt in  th e  la t te r  case  to  give 
c rite ria  fo r in te rfe ren ces to  be a d ia b a tic . B o th  d ifficu lties can  b e  overcom e 
if  we lim it ourselves to  ac tu a lly  observed  p h en o m en a . H ow ever, i t  seems
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n ecessa ry  to  define th e  L o ren tz  tra n sfo rm a tio n s  in  a l i ttle  m ore d e ta il  th a n  
w e h a v e  done i t  so fa r.

§ 2. W e den o te  (as in  our p rev ious w ork ) th e  p h y s ica l q u an titie s  them selves 
b y  g o th ic  sym bols. T hese  q u a n titie s  c a n  be described  b y  m easures i f  we choose 
a p a r t ic u la r  re p re se n ta tio n . T hus in  p lace of (1) w e can  also w rite

Q* =  JVfp (Q ), (2)
w here

Q =  K ( 0 ) ,  Q* =  K (Q *), p =  K(J>);

th u s  Q, Q* and  p are  th e  re p re se n ta tio n s  of jQ, jQ*, £ re la tiv e  to  a system  of 
re fe ren ce  К  .

T h e  L oren tz  tra n s fo rm a tio n  appears in  a n y  re p re se n ta tio n  К  in  th e  
fo rm  o f a  co o rd in a te  tra n s fo rm a tio n , a lthough  M c is n o t a co o rd in a te  tra n s ­
fo rm a tio n  b u t  describes a d e fo rm a tio n  of a p h y s ica l system  jQ in to  an o th e r 
p h y s ica l sy stem  jQ*. In d eed , if  jQ consists o f p o in ts  • • • , th en
jQ* m u s t  be ta k e n  to  consist o f co rrespond ing  p o in ts  • • • , T hus
th e  o p e ra tio n  M* like a co o rd in a te  tra n s fo rm a tio n  gives to  th e  coord inate  
m easu res  — of a se t o f p o in ts  — a new  set of c o o rd in a te  m easu res .

I n  a re p re se n ta tio n  К  th e  o rb its  of th e  p o in ts  ^5* can be described  b y  
fo u r co o rd ina tes

V
Xft(p) =*k( p) > K p ) к = 1 , 2 , . . . , n

w here  p  is th e  in d e p e n d e n t p a ra m e te r  w ith  th e  h e lp  o f w hich we ca n  ob ta in  
th e  fo u r-p o in ts  g iv ing  th e  o rb it o f T he fo u r-co o rd in a tes  of ^  are some 
fu n c tio n s  of th e  Xk(p), th u s  we m a y  w rite

x*(i>) =  Ч * к (р ) )  к =  1 ,2 , . . . , 1 V  (3)

w here  X is th e  fo u r-fu n c tio n  d escrib ing  th e  change jQ -> Q* in  th e  re p re se n t­
a tio n  К  .

T h e  re la tio n  (3) rep resen ts  th e  d e fo rm ation  jQ ->  Q* re la tiv e  to  a system  
o f re fe ren ce  К  . W e m ay  express th e  re la tio n  (3) also  w ith  re sp e c t to  a new  
sy s te m  o f reference  K '  . T he  co o rd in a te  m easures x m ay  he  ta k e n  to  change 
in to  m easures

x ' = f ( x ) ,  (4

w h en  chang ing  th e  re p re se n ta tio n  К  in to  K '  w here  we suppose f  to  b e  a rev ers­
ib le  fo u r-fu n c tio n , th u s  w ith  (4) w e have also

X =  f -1  (x ') .
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W ith  th e  h e lp  of (4) and  (5) we fin d  th a t  th e  tra n sfo rm a tio n  (3) can b e  e x p re s ­
sed in  th e  re p re se n ta tio n  K '  as

4 * ( / > ) = ^ ' ( 4 ( p ) ) ! (6 a)
w here

X ' = f X f ~ 1 . (6b)

X' is th u s  th e  fu n c tio n  w hich  is o b ta in e d  i f  one app lies on  to  th e  v a ria b le s  
in  o rd er th e  fu n c tio n s f “ 1, X and  f  .

W e m a y  deno te  th e  fo u r-fu n c tio n  g iv ing  rise to  a  p a rtic u la r  L o re n tz  
tra n s fo rm a tio n  b y  Xp w here p s tan d s  fo r  th e  p aram eters  o f  th e  tra n sfo rm a tio n . 
T he L o ren tz  tra n sfo rm a tio n s  m u st be  n ecessarily  asso c ia tiv e , i.e. to g e th e r  
w ith  th e  successive L o ren tz  tra n s fo rm a tio n s  X„, X„ , . . . , X„ also

Xp =  XPn XPn l . . . XPi (7)

is a L o ren tz  tra n sfo rm a tio n  an d  we m a y  p u t  b rack e ts  in to  the  r ig h t h an d  
expression  in  an  a rb itra ry  w ay  w ith o u t ch an g in g  Xp. The re la tio n  (7) if  fu lfilled  
in  one re p re se n ta tio n  К  is also fulfilled in  a n y  o ther re p re se n ta tio n  K ' . In d e e d , 
w ith  th e  help  of (6) we f in d  from  (7)

\  =  - K  (8a)
w ith

Xp =  f Xp f - i ,  X ^ = f X p , f - 1 (i =  1 ,2 ,  (8b)

§ 3. The fu n c tio n s Xp m u st be re s tr ic te d  su itab ly  if  we w a n t re la tio n  (1) to  
s ta n d .

A neccessary  cond ition  fo r th e  fo rm  o f th e  X-s can  be o b ta in ed  from  
th e  re q u ire m e n t th a t  lig h t w aves p ro p a g a te d  inside a sy s te m  Cl sh o u ld  be 
tran sfo rm ed  in to  co rrespond ing  ones p ro p a g a te d  inside G * .

T he o rb it o f a beam  o f lig h t o beys th e  relation

* ( р ) ф ( р ) ) * ( р )  =  0 .  ( 9 )

T he co rrespond ing  re la tio n  fo r th e  beam  m o v in g  inside G* can  th u s  be w r it te n

x*(p) g(x* (p ))  X* (p )  =  0. 

C om paring  (9) an d  (10) we fin d

M (x )g (x * )M (x )= g (x ) ,
vith

M 8 * (» )
Э X

or M v„ = (x)
dx„

( 10)

( l i a )

( l i b )
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As we h a v e  p o in ted  o u t p rev iously  ( H a )  an d  ( l i b )  g ive ten  eq u a tio n s  
fo r  th e  fou r u n k n o w n  fu n c tio n s A„(x) and th e re fo re  th e  sy s te m  (11) is in  gen era l 
o v e rd e te rm in ed . T h e  system  (11) adm its  so lu tio n s  if  th ere  e x is t  rep re sen ta tio n s  
K 0 such  th a t

K Q (g) =  g0 =  in d e p e n d e n t o f  th e  co o rd in a tes . (12)

I f  a re p re se n ta tio n  K 0 sa tisfy in g  (12) ex ists , we c a n  ta k e  th e  reg io n  
91 in  w hich (12) is va lid  to  be  a hom ogeneous region, i.e . a region in w h ich  
lig h t  is p ro p a g a te d  hom ogeneously . A re p re se n ta tio n  К  w ith

g(*) =  m , ( i3 )

in  w hich  g(x) d ep en d s on x  c a n  be ta k e n  to  b e  a curved re p re se n ta tio n  o f th e  
hom ogeneous reg io n  91. T he re p re se n ta tio n  K 0 obeying (12) m ay  be d e n o te d  
a  straight re p re se n ta tio n  of 9Î. I f , how ever, in  a  reg ion  9Í th e re  ex ists no s t r a ig h t  
re p re se n ta tio n  K 0, th e n  th e  reg ion  is re a lly  inhom ogeneous and  in  su ch  a 
reg ion  th e  sy s te m  (11) ad m its  o f  no so lu tion . I n  a really  inhom ogeneous reg io n  
one can c o n s tru c t a p p ro x im a te  solu tions o f  (11); we sh a ll discuss th e  l a t t e r  
in  m ore d e ta il.
§ 4 . C onsider th e  v ic in ity  o f  a fixed  fo u r-p o in t £. T he p o in ts  ^  of a sy s te m  
О  should  a ll m o v e  in  th e  v ic in ity  of £ a n d  th u s  th e ir  fo u r-co o rd in a tes  in  a 
re p re se n ta tio n  К  can  be w r i t te n

w h ere  M P ) = *  +  Ç * (P ). W )  (14)
%k{p)  =Pf c ( p ) >T( p ) ,  (b)J

an d
X =  В Д

ie th e  fo u r-co o rd in a te  of th e  p o in t £. A tra n s fo rm a tio n  X changes th e  p o in t  
£ in to  a p o in t  £* w ith  co o rd in a tes

x * = X ( x )  =  x +  p .  (15)

T h u s th e  tra n s fo rm a tio n  sh if ts  th e  cen tre  o f  Q  b y  a fo u r-v ec to r  p . The d e fo rm ed  
sy s tem  О,* co n sis ts  of p o in ts  all in  th e  v ic in ity  of x* an d  we m ay  w rite

x* ( p )  =  x * +  %*(?)■ (1 6 )

S e p a ra tin g  th e  fou r-d iinensional sh if t fro m  the  hom ogeneous p a r t  o f  th e  
tra n s fo rm a tio n , we m ay  w rite

Хр (х +  ^) =  р  +  Л р (^) ,  (17a)
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an d  th u s  th e  hom ogeneous p a r t  of th e  tra n s fo rm a tio n  can  be  w ritte n

5* =  A P (Ç) w ith  Ap (0) =  0. (17b)
D eno ting

=  M(5), (17c)
3 ^

th e  cond ition  (H a )  m ay  also be  w ritten

M(5)g(x +  p +  5*)M(5) =  g(x +  5). (18)

T he re la tio n  (18) being  id e n tic a l w ith  (11) does n o t a d m it ex ac t so lu tions 
a p a r t  from  ex cep tio n a l cases. H ow ever, we c a n  ta k e  as a p p ro x im a te  so lu tions 
o f (18) a fo u r-fu n c tio n  Лр (5) w hich  fo r a fix ed  v a lu e  of p. sa tis fy  (18) in  a good 
ap p ro x im a tio n  in  a sm all v ic in ity  o f x. As w as show n in  P a r t  IV  we can  
c o n s tru c t e.g. fu n c tio n s Л_(5) w hich  sa tisfy  (18) an d  its  f i r s t  d e riv a tiv e  in to  
5 fo r Ç = 0  an d  we m ay  ta k e  su ch  fu n c tio n s Лр(5) as a p p ro x im a te  so lu tions.

T he above re q u ire m e n t does n o t, h o w ev er, define th e  a p p ro x im a te  
so lu tions w ith  a su ffic ien t accu racy . In d eed , th e  conditions

(M g* M — g) =  0 fo r 5 =  0, & =  0 ,1 ,  (19a)
0

w here we have  w ritte n  sh o rt

M(5) =  M, g(x +  5) =  g and  g(x +  p  +  5*) =  g* (19b)

define to g e th e r  w ith  (13) on ly  th e  coefficients in  th e  dev e lo p m en t of Xp (x 5) 
u p  to  th e  second o rd e r te rm s. T h e  h ig h er o rd e r te rm s  rem ain  a rb itr a ry  w hen  
we ta k e  (19a, b) as th e  d efin itio n  o f th e  L o ren tz  tra n s fo rm a tio n  — th e  la t te r  
te rm s  m ay , how ever, a ffect th e  fu n c tio n  Xp (x +  5) to  an  ap p rec iab le  e x te n t. 
§ 5. So as to  re s tr ic t  th e  a m b ig u ity  in  th e  d e fin itio n  (19) one m ig h t req u ire  
th e  h igher o rd er te rm s  to  be  “ sm a ll” . H ow ever, th e  la t te r  re q u ire m e n t has 
no defin ite  m ean ing , as i t  is n o t  in d ep en d en t o f  th e  choice o f  re p re se n ta tio n . 
In d eed , if  we h av e  a re p re se n ta tio n  in  w hich th e  h ig h er o rd e r te rm s  are sm all 
(or fo r th a t  m a tte r  even  zero) th e n  in  a n o th e r re p re se n ta tio n  w h ich  is o b ta in ed  
b y  a s tro n g ly  n o n -lin ea r c o o rd in a te  tra n s fo rm a tio n , the  h ig h e r o rd er te rm s 
m a y  becom e v e ry  large.

In  th e  case o f  a hom ogeneous region w e can  ex ten d  th e  d efin itio n  b y  
req u irin g  th a t  th e  coeffic ien t o f  th e  h igher o rd e r  te rm s shou ld  be  zero in  a 
straight re p re se n ta tio n . T he la t te r  d e fin ition  b rin g s  us back  to  th e  defin ition  
o f  th e  L oren tz  tra n s fo rm a tio n  as g iven  in  P a r t  I.
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T h e  ex ten sio n  o f th e  above d e fin itio n  to  inhom ogeneous regions c a n  be 
fo rm u la te d  b y  req u irin g  t h a t  in  an  almost straight re p re se n ta tio n  th e  te rm s  
of th e  h ig h e r o rd e r coeffic ien ts sh o u ld  be  small. T h e  la t te r  d e fin itio n  was 
g iven  in  P a r t  IV  in  a q u a lita tiv e  m a n n e r  and  th e  p h y s ica l im p lica tio n s  of 
such  a  d e fin itio n  w ere d iscussed  th e re . I n  th is  a rtic le  w e t r y  to  fo rm u la te  th e  
co ncep ts u sed  in  P a r t  IV  in  a m ore q u a n ti ta t iv e  m an n e r.

The almost straight representation

§ 6 . I n  a hom ogeneous reg ion  9Î in  th e  v ic in ity  o f  a fix ed  p o in t J  w here 
we h av e

K(0) =  g(* +  Ç), В Д  =  х,

th e re  ex is ts  a co o rd in a te  tra n s fo rm a tio n

S ' =  Щ ) , F (0) =  0,
such  th a t

M(Ç)g0M(Ç) =  g(x +  Ç), (20)

w here g 0 is an  a rb itr a ry  p ro p a g a tio n  ten so r. W e m a y  assum e fo r th e  sake 
o f s im p lic ity

go =  g(*)> (20a)

i,e . we m a y  suppose t h a t  th e  tra n s fo rm a tio n  does n o t  change th e  v a lu e  of g 
in  th e  p o in t X.

E x p a n d in g  th e  v a rio u s q u a n tit ie s  in to  pow ers o f Ç we m a y  w rite  
rem em b erin g  also (20a)

1 (3) 1 (4)
F(Ç) =  Ç +  -± -F  Ç * + - ± - F  !-з+  . . .  (21)

La О

W
w here F  is a k -d im ensiona l m a tr ix  a n d  we w rite  sh o rt 

r(*+l) ,  (k+l)
[ F  =  2  • (21a)

M i- n

S im ila rly  we have
(3) 1 (4)

M(Ç) =  1 + F  Ç +  y F  Ç2 + ------ (21Ь)

F u r th e rm o re  we m ay  w rite  also

^  (3) 1 (4)
M(Ç) =  l  +  Ç F + - i - Ç * F + . . . ,  (21c)
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w here th e  tra n sp o s itio n  sign  on a m a tr ix  w ith  several suffices is m e a n t to  
signify  a cylic p e rm u ta tio n  o f  th e  suffices. T hus

(~) (A) (A)
F  =  (1 ,2 , F  =  cÄ F  , * (21d)

w here
ck =  (1» 2 , k)

i.e. Cfc is th e  o p e ra to r  giv ing rise  to  a cyclic p e rm u ta tio n  sh iftin g  th e  suffices 
b y  one step  to  th e  r ig h t. A nalogously  ck w ill deno te  th e  o p e ra to r  sh iftin g  
th e  suffices b y  l steps to  th e  rig h t.

S im ilarly  we m ay  develop  g as follow s:

(3) 1 (4)
g ( *  +  V) = g o  +  g ^ +  —  g  Ç2 +  • ■ • • (21e)

U sing th e  series (21b) — (21e) we m ay  develop  b o th  sides o f  (20) in to  a pow er
(A)

series an d  com paring  th e  coeffic ien ts we o b ta in  a recu rsio n  fo r th e  Г  (к =  
=  3,4, . . .). In d eed , we fin d

M (Ç )g0 M(Ç) =  £
к

2
U = o

r lWt+2
ll(k -  1)1

0 + 2) (fc-l+2)'
F  g,, F \ k - (22a)

T he coefficients o f (к — 1,2, . . .) a p p ea rin g  inside th e  b ra c k e ts  on th e  r ig h t 
h a n d  side of (22a) are  n o t n ecessarily  sy m m etric  in  th e  la s t к suffices. H ow ever, 
we m ay  rep lace th e se  coefficien ts b y  sy m m etric  expressions.

* Concerning perm uta tion  operators the following conventions w ill be used:
1) A perm u ta tion  operator P  applied to an a rb itra ry  m atrix  A gives rise to a new 

m atrix  P A  w ith  elem ents

[PA]vb i-а, . . . ,  vn =  A p  [n , ..........r„] ,

w here P [vlt v2, . . . vn] is a perm u ta tion  of vl5 v2, • • • vn.
The successive application of two perm uta tion  operators P „  P 2 gives in accord­

ance w ith  the previous definition a m a trix  P 2P ,A  w ith  elements

[P 2 P i A]*!, V........ =  [P i A ]P2[vb 1-2, =  A P 1P2[1-1, .........-„I,

thus the indices are perm uted firs tly  by  P 2 and th en  by  P lt i.e. in  an  order reversed to  
th a t  of th e  operators.

2) We use for perm utation  operators the cyclic notation , e.g.

[(!> 3, 2) A K  i-г,..., v„ =  A v2, v._, vu  .............

Thus the prim itive cyclic perm uta tion  of к indices applied in (21d) has th e  effect

(A) (A)
[CJÍ F]”i. r2> ■■■> vk — Frj, П. •’г, •••, .
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bk+21 (Л+2) X k
—  0  = —  у  у  
k\ ki i ?  [£ i  ll (к -  iy.

(1 + 2) ( k - l + 2)

F  go F (22b)

w ith o u t chan g in g  th e  n u m erica l v a lu e  o f th e  r ig h t h a n d  expression ; £ "  is
p

su p p o sed  to  be  th e  su m m a tio n  over th e  к ! p e rm u ta tio n s  of th e  suffices 
3, 4 , . . . , к -j~ 2. (The tw o  dashes on th e  su m m atio n  sign  in d ica te  t h a t  th e  
f irs t  tw o  suffices are n o t to  be p e rm u te d .)  T hus we h a v e  also

~  1  (fc+ 2)
M(Ç) g0 M(Ç) =  у —  в  ç*.

к kl
(23)

So as to  o b ta in  an  ex p lic it recursion  from  (22a) we re m e m b e r th e  sy m m e try
(k+2) (fc+2)

p ro p e rtie s  o f  th e  F ,i .e . rem em b er th a t  i t  follow s from  (21a), (21b) th a t  th e  F  
h av e  th e  sym m etries

for * =  3 , 4 , . . . , * +  2
* =  1 ,2 , . . .  .

(k+ 2)
Also th e  g obey sy m m etrie s . W e f in d  from  th e  d e fin itio n s

(24)

(k+ 2 )  (k+2) (k+2)
(1 ,2 )  g =  (3, l) g =  g / =  4, 5, . . . , *  +  2 . (25)

F ro m  (24) an d  (25) i t  follow s th a t

(k+ 2 )  (k+2) (k+ 2)
Ck+2 ( F  g (J) +  go F  — (1 +  C3- 1) (g„ F  ) (26)

w here c3 =  (1, 2, 3) is th e  o p e ra to r  s ign ify ing  th e  cyclic  p e rm u ta tio n  o f  th e  
f irs t th re e  suffices o f th e  m a tr ix  u p o n  w hich  i t  is ap p lied  and  c j 1 d eno tes 
its  inverse .

(ft+2)
S p littin g  off 0  th e  te rm s w ith  1 = 0  an d  l =  к we m ay  also w rite , 

rem em b erin g  th e  sy m m e try  p ro p ertie s  o f th e  m a trices  involved  a n d  th a t
(2)acco rd ing  to  (21) F  =  1

w ith

( fc+2)  (fc+ 2)  (fc+2)
0  =  ( 1  +  С3-4 (gn F  ) +  Ф

W i+2
(fc+ 2 ) I k - 1

ф  =  У ” S '
p [ m  / ! ( * - / ) !

(1 +  2) ( k —l + 2)
F go F

(22c)

(22d)

In tro d u c in g  (22a) — (22c) in to  (20) a n d  com paring  th e  coefficients on  b o th
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sides we fin d  th u s  w ith  th e  help o f  (26)

(k + 2 ) (k + 2) (fc+ 2)
( !  + c3_1)(go F  ) =  g -  ф  . (27)

(k+2)
So as to  d e te rm in e  F  from  (27) w e denote

(k+2) (k+2 (k+ 2)
x/ =  c 3 ' (go F  ) » J ;  =  сз“ ' ( g — Ф  ) ,

w here 1 is th e  o p e ra to r  signify ing th e  ap p lica tio n  o f  cjf1 Z-times. W e have 
th u s  e.g . C3 3 =  1. A p p ly in g  cjf1 successively  u p o n  (27) we o b ta in  th u s  th e  
follow ing se t of eq u a tio n s

X0 +  Xl =  Jo
x i +  x2 = J i  (28)

x o +  x 2 =  y 2
an d  th e re fo re

*0 =  y ( j 0 - j l + j 2 ) (c .p . )_3y 0 ,

and
(k +  2) I (k + 2 ) (k+2)

F =  —  éTö-1 ((c- J0-)—3 ( g — ф ) Zc= 1 , 2 , 3 , . . . , (29)

w here we use th e  sym bol (r. p .)_3 fo r  sum m ing  over th e  cyclic p e rm u ta tio n s  
o f th e  f irs t  suffices w ith  a lte rn a tin g  signs. T hus we h a v e

(c. p .)_3 A =  (1 — C3 1 - f  C3 2) A .
(k+2)

§ 7. T he F  as exp ressed  b y  (29) sa tis fy  th e  re la tio n  (27) an d  as i t  can  
be seen easily  also th e  sy m m e try  re la tio n  (24) for 1 = 3 .  T hus we f in d  from  
(29) th e  id e n tity

(k+2) (k+2
F = ( 2 , 3 )  F  /с =  1 , 2 , 3 ,  . . .  . (29a)

(k+2) _
H ow ever, (29) gives on ly  a n ecessary  co n d ition  fo r th e  values of th e  F  if

(k +  2)
к >  1. In d eed , th e  exp ression  (29) fo r  F  m ay or m a y  n o t sa tisfy  (24) for 
l >  3. I f  (29) does n o t sa tis fy  some o f  th e  la t te r  co n d itio n s, th e n  we a rrive  
a t a c o n tra d ic tio n  an d  th e  system  (20) adm its  of no so lu tion .

T h u s w h e th e r or n o t  th e  sy m m e try  conditions

(k+2) (k+2)
(2, /) F  =  F

I =  4, 5, . . . ,  к -f- 2 
к =  2 ,3 , . . .

(30)
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(A4-2)
a re  fu lfilled  d ep en d s on th e  p ro p e rtie s  of th e  m a trices  g  ; th e  values (29)

(A4-2)
fo r  th e  F  p u t  in to  (21b) give th e n  an d  on ly  th e n  a tra n s fo rm a tio n  m a trix  
M(Ç) fu lfilling  (20) p ro v id ed  th e y  sa tis fy  th e  co n d itio n s (30), i.e . if  we h av e

(A4-2) (A +2)
( l - ( 2 , / ) ) ( ( c . p . ) _ 3( g -  Ф  )) =  0 (31)

fo r  /  =  4, 5 , . . . ,  к -|- 2 fc =  2, 3 , . . .  .

§ 8. C onsidering  к =  1 we f in d  fro m  (29) rem em b erin g  th a t  in  accord w ith
(3)

(22d) Ф  =  0
(3) 1 ,  (3)
F = y g ô 1( ( c . p . ) - 3 g ) .  (32)

(3) (3)
T h u s th e  F  a re  id e n tic a l w ith  th e  C hristoffel b ra c k e ts . T he F  th u s  o b ta in ed  
possess th e  p ro p e r  sy m m e try  p ro p e rtie s .

F o r к =  2 we fin d  from  (22d)

(4) (3) (3)
*  =  J?" C4 (F go F  )•

P

Since E "  can  be  rep laced  b y  1 -f- (3, 4), ta k in g  in to  co n sid e ra tio n  th e  sym -
p

m etrie s  o f  th e  m a tr ix  u n d e r th e  sum  we f in d  also

(4) ,  „ (3) (3)
Ф =  ((2 , 4) +  (2, 3)) (F  gu F  ) (33)

an d
(4) I (4) (4)
F  =  —  g<T1 (c- P-)-3 ( g ~  Ф) • (34)

Lu

T h e ab o v e  exp ression  is sy m m e tric  in  th e  second  and  th ird  suffices b u t n o t  
n eccessarily  in  th e  second a n d  fo u rth , re sp ec tiv e ly  in  th e  th i r d  and  fo u r th  
suffices. T h u s  (34) gives on ly  th e n  th e  second o rd e r coeffic ien t o f th e  develop­
m e n t o f  F(x) p ro v id ed

(1 (2? 4)) ((c. p .)_ 3 ('g — Ф )) =  0 . (35)

C onsidering th e  sy m m e try  p ro p e rtie s  of th e  m a trices  in v o lv ed  (35) can also  
be w ritte n

(4) (4)
(c .p .)4(g  - Ф ) =  0 (36)

w ith
(C. p.)4 =  1 -  C4 1 +  c4 2 -  c4- 3 =  1 -  c4 +  c \  -  cf.
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1

( k  +  1)!

(/£+2) (fc+2)
2 '  F  =  5̂̂

P
(40)

4 Лс*а Physica Academiae Scientiarum Hungaricae 23, 1967

T h e le ft h an d  expression  is rep resen tin g  th e  R iem ann — C h ris to ff  el te n so r; 
m ore  precisely  w ritin g

(4) (4) (4) (4) (4)
=  (1 -  ( 2 ,4 ))(c .p .)_ 3(g  — Ф ) =  (c .p .)4( g - Ф )  (36a)

one fin d s th a t
(4) 1 (4 )
R  =  - - ( 2 , 3 ) R 1

gives th e  R ie m a n n —C hristoffel ten so r in  th e  u su a l d e fin itio n . (The ex p lic it
(4)

expression  for Ф  is given b y  (32) an d  (33)).
T hus (34) h as  th e n  an d  o n ly  th e n  th e  co rrec t sy m m e try  p ro p erties  i f

(4)
R x =  0. (37)

(5)F o r к =  3 we fin d  an  exp ression  for F ;  th e  la tte r  has p ro p e r  sy m m e try  
p ro p e rtie s  p ro v id ed  a p a r t  from  (37) we h av e  also

(5) (5)
R t =  0 , R , =  0 ,

w here
(5) (5) (5)
R  i =  (1 -  (2, /)) ( C . p . ) - 3 ( g — ф ) , / =  4 ,5

a n d  sim ilarly  we f in d  th a t  (20) possesses so lu tio n s  th en  a n d  o n ly  th e n  if

(Л+2) 1 - 9  1 1 )
R , =  0 ’ ’ ’ ■•• (38)

/ =  1 , 2 , . . . , * :  — 1 J

I f  th e  co n d itions (38) a re  sa tisfied  th e n  th e  tra n s fo rm a tio n  fu n c tio n  
F (^) can  be o b ta in e d  from  (21), (22d) and  (29).
§ 9. W ith  th e  help  o f (38) we can  th u s  find  o u t w h e th e r or n o t  a re p re se n ta tio n

K (  8) =  g(x +  Ç) (39)

of th e  p ro p ag a tio n  ten so r re p re se n ts  a hom ogeneous region in  te rm s  of c u rv i­
lin e a r  coo rd inates or w h e th e r th e  region in  w h ich  (39) is v a lid  is tru ly  in ­
hom ogeneous.

( k + 2 )

In  th e  case w here n o t all th e  re la tio n s (38) hold, th e  m atrices F  
o b ta in ed  from  th e  recursion  d efin ed  b y  (22d) a n d  (29) do n o t  possess th e  
req u ired  sy m m e try  p ro p erties . W e m ay  in tro d u c e  sy m m etrized  m atrices
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how ever, one finds in d e p e n d e n tly  o f  w h e th e r or n o t  (41) holds t h a t

(*+i)
F

( * + i )
l k =  .9' %k ,

since th e  su m m atio n  w h ich  is in v o lv ed  in  fo rm in g  th e  above p ro d u c ts
(fc+i)

e lim in a tes  th e  n o n  sy m m etric  p a r ts  o f  F  as can  b e  seen w ith  th e  help  of 
(21a). T h u s  (42) defines th e  sam e fu n c tio n  as (21) to g e th e r  w ith  (29) does. 
H ow ever, th e  fu n c tio n  F (^) th u s  d efin ed  is th e n  a n d  only th e n  a so lu tion  
o f (20), i f  (41) is sa tis fied . I f  (41) is n o t  sa tisfied , th e n  F(Ç) given b y  (42) can 
be ta k e n  to  be an  approximate so lu tio n  of (20), a n d  th e  re p re se n ta tio n  K '  
o b ta in e d  from  К  b y  p u tt in g

V  =  m  (43)

can  be  ta k e n  to  be an  almost straight re p re se n ta tio n .
§. 10. So as to  see th e  p ro p erties  o f  th e  a lm ost s t r a ig h t  re p re se n ta tio n  th u s 
o b ta in e d  we m ay  d e te rm in e  th e  re p re se n ta tio n

K '  (0) =  g o (x ' +  n

o f 9 in  th e  alm ost s tr a ig h t  system  o f reference K '.
W e s ta r t  th u s  fro m  th e  re la tio n

M (lj)g0(x ' +  Ç')M (Ç) =  g(X +  Ç) (44)
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w here £ '  s ta n d s  fo r su m m a tio n  over th e  p e rm u ta tio n  o f  th e  la s t к -j- 1 suffices. 
p
(ft+ 2 )

I f  th e  F  as o b ta in e d  fro m  (29) are  a lread y  sy m m e tr ic  in  th e  la s t  к -j- 1 
suffices, th e n  we have

(ft+2) (fc+ 2)
F  =  У  . (41)

F ro m  (40) an d  (41) i t  follow s th a t

(3) (3)
3 r =  F , (41a)

(ft +  2) ( f t+ 2 ;

th e re fo re  th e  coefficien ts F  an d  , 9  d iffe r only  fo r к >  1. If, h o w ev e r, th e
(ft+ 2 ) (ft+ 2)

F  h av e  n o t th e  su ita b le  sym m etries , th e n  th e y  d iffe r  from  th e  ,9r.
W e m a y  define a fu n c tio n  F(Ç) p u ttin g

F(Ç) =  Ç +  i - S h ? + . . .  (42)
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and  ta k e  M(Ç) to  be th e  tra n s fo rm a tio n  m a trix  asso c ia ted  w ith  th e  a p p ro x im a te  
tra n s fo rm a tio n  (43); th u s  (44) p e rm its  to  d e te rm in e  th e  p ro p a g a tio n  m a trix  
g 0  in  th e  re p re se n ta tio n  w here its  e lem en ts are almost constant.

Supposing

1 (3) 1 (4)
Ç' =  Ffls) =  Ç +  ~  F  Ç2 +  —  j r y  +  . . . (a)

(3) 1 (4)
M(Ç) =  1 + F  % + — & ? + . . .  (b)

(2) (3) 1 (4)
g o  ( * '  +  £ ' )  =  g o  +  g o +  —  g o  \ ' 2  +  • • • ( c )

(3) 1 (4)
g ( x  +  Ç )  =  g o  +  g  Ç  +  ■—  g  Ç 2  +  • •  •  ( d )

(45)

we m ay  in se r t (45) in to  (44) an d  co m p are  coeffic ien ts of th e  d ev e lo p m en ts  
on b o th  sides. W e f in d  from  th e  co m p ariso n  of th e  c o n s ta n t a n d  th e  firs t

(3)
ord er te rm s  using th e  defin itio n  o f  F

( 2 )

g o  =  g o

(3)
0. (46a)

M aking use of (46a) th e  com parison  o f  th e  second o rd e r te rm s gives

(4) (4) (4) (4) (3) (3)
r ^ g ,  +  g o ^ 2 +  go?2 =  g ¥  - 2 ( Ç  F  g„ F Ç),

th u s  u sing  (33) one o b ta in s

(4) (4) (4) (4)
g o  +  ( 1  +  Cs 1)  ( g o  У )  =  g  —  Ф  •

(4)
Since from  th e  d efin itio n  of F  i t  fo llow s th a t

(4) (4) (4)

we find
( I + C 3- 1) (goF ) =  g - Ф ,

(4) (4) (4)
g« = = - ( l  +  c5-1) ( g o ( ^ - F ) ) . (46b)

B u t we f in d  from  (40)

(4) (4) 1 (4)
F =  -  —  ( ( i  — (2 , 4)) +  ( i  — (3, 4 ))) F* ;
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rem em b erin g  th a t

(2 ,3 )  (1 — (2 ,4 ) )  (2 ,3 ) =  (1  — (3 ,4 ))

w e h a v e  fu r th e r  m ak in g  use also  o f  (36a)

go ( ^  -  F ) =  -  -  (1 +  (2, 3)) (1 -  (2,4)) (g0 F ) =  -  -  ( l  +  (2, 3)) R,.
3  6

(46c)
In tro d u c in g  (46c) in to  (46b) w e h av e

(4) 1 „ 4 (4)
go =  - ( l + c r 1) ( l  +  ( 2 , 3 ) ) R 1. (46d)

6

(4)
F ro m  th e  d e fin itio n  (36a) we f in d  easily th e  sy m m e try  p ro p e rtie s  of R t; one 
f in d s  th u s

(4)
(1 ,4 )  (2, 3) =  (1, 2) (3 ,4 )  = - ( 1 , 3 )  =  - ( 2 ,  4 ) э 1  m o d  Rx,

(4)
w here  th e  =  sig n  signifies t h a t  th e  o p era to rs  app lied  to  R , g ive th e  sam e 
re su lt. M aking u se  o f th e  above  sym m etries , w e f in d  th a t  (46d) can  be s im p li­
f ie d ; one fin d s  as  th e  re su lt o f  a sh o rt c a lc u la tio n

(4) 1 ,  v (4)
g o  =  —  ( 1  +  ( 1 , 2 ) )  R i  

6
(46e)

W e see th u s  th a t  th e  tra n s fo rm a tio n  (43) leads to  a re p re se n ta tio n  o f
(3)

g in  w hich  th e  f i r s t  d e riv a tiv e s  o f  g  are e q u a l to  zero fo r % =  =  0 an d  th e
(4)second  d e riv a tiv e s  g are o f th e  o rd er of th e  com ponen ts o f  th e  R ie m a n n —

(4)
C hristoffel te n so r  R. The la t t e r  re p re se n ta tio n  (as long as we concern  ourselves 
w ith  d e riv a tiv e s  u p  to  th e  seco n d  order on ly ) can  th u s  b e  reg a rd ed  ind eed  
as a n ea rly  s t r a ig h t  re p re se n ta tio n .

(4)As i t  w as p o in te d  o u t b e fo re  a t  le a s t som e of th e  second  deriv a tiv es  g
(4) (4)

m u s t be  as g re a t as of th e  o rd e r  o f th e  co m p o n en ts  of R, since  R is o b ta in e d
(4)

as a lin ea r co m b in a tio n  o f th e  com ponen ts o f  g. T hus th e re  can n o t ex is t a
(3) (4)

re p re se n ta tio n  in  w hich g =  0, a n d  th e  co m p o n en ts  of g are  essen tia lly  sm alle r 
th a n  th e  v a lu es  given in  (46d).

<*)
T he tra n s fo rm a tio n  (43) is so defined  t h a t  th e  coeffic ien ts «Я” o f th e  

ex p ansion  te rm s  o f F(^) sh o u ld  be fu n c tio n s  of th e  d e riv a tiv e s  of g o n ly ;
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an d  th e  tra n s fo rm a tio n  shou ld  lead  to  a s tra ig h t re p re se n ta tio n  K '  i f  th e
( * + 2>

reg ion  considered  is a hom ogeneous one. T h e  coefficients o f such a t r a n s ­
fo rm a tio n  a re  defined  b y  (29) an d  (40). I t  can  be seen easily  th a t  fu r th e r  
tra n sfo rm a tio n s  sa tisfy in g  th e  above co n d itio n s  can be  c o n s tru c te d . In d e e d , 
we m a y  p u t

(*) (k) (ft)
■?'+  L ,

(k)  (ft)
w here th e  e lem en ts of L are  o f  th e  o rd er o f  th o se  of R; a n d  th e  fo rm er v a n ish  
w ith  th e  la t te r .  T h u s th e  fu n c tio n s

_  (fc+ i)

|*  =  F ( | ) = ^  &  %k (47)ft

can also be used  to  o b ta in  a co o rd in a te  tra n s fo rm a tio n  w h ich  leads to  a n e a r ly  
s tra ig h t re p re se n ta tio n  ju s t  as th e  fu n c tio n s F(Ç) do.

In  p a r tic u la r  we m ay  suppose  th a t

(4) (8) (4) (4)
L =  (Л  R j) , (48)

(8)
w here Л  is an  e ig h t-d im ensiona l m a tr ix  a n d  (48) s tan d s s h o r t  for

( 8 )

A
v'h'h'A'

Vjj.x'kv'(I X А/
( 4 )

(8)
T he com p o n en ts  o f Л  can  be  ta k e n  to  b e  sym m etric  in  th e  suffices /I x A,
fu r th e r  th e y  m ay  be ta k e n  to  h av e  sy m m etrie s  in  th e  la s t  suffices v'fi’x'X’

W _ _ (8)
sim ilar to  th e  sy m m etries  o f th e  co m p o n en ts  of R 2; in  th is  m an n er th e  Л
can h av e  80 =  20 X 1600 in d e p e n d e n t co m p o n en ts . The o rd e rs  o f th e  com -

(8) (4)
p o n en ts  o f Л  shou ld  be ta k e n  such  th a t  th e  com ponen ts o f  th e  L o b ta in

W
orders o f m a g n itu d e  n o t exceed ing  those  o f  th e  R t .

U sing th e  tra n s fo rm a tio n  (47) in  p lace o f  (43) we o b ta in  a re p re se n ta tio n  
g 0 o f g th e  second d e riv a tiv e s  o f w hich a re  g iven  by

(4) I  (4) (4)
g0 =  ( !  +  ( ! ,  2 ) ) ( R , +  L).

о

T he re p re se n ta tio n s  th u s  o b ta in e d  can also b e  ta k e n  to  b e  a lm o st s tra ig h t.
(8)

The v a rious possib le choices o f Л  define th e  n ea rly  s tra ig h t re p re se n ta tio n s  
in th e  second o rd e r ap p ro x im a tio n  fo r w hich th e  value of g 0 a t  Ç =  0 is fix ed .
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S u b m ittin g  a n ea rly  s tra ig h t  re p re se n ta tio n  to  a l in e a r  tra n s fo rm a tio n  
w e o b ta in  a n o th e r  n ea rly  s t r a ig h t  re p re se n ta tio n , w here  g is rep resen ted  in  
th e  cen tre  J o f  th e  reg ion  b y  som e m a tr ix

g £ = . f i - i g 0M - i .
w

I n  th e  la t te r  re p re se n ta tio n  th e  R iem ann  — C hristoffel te n s o r  91х is rep re se n te d
(4) (4)

b y  a fo u r-d im en sio n a l m a tr ix  R j and  i t  is seen  th a t  th e  second  d e riv a tiv e s  gó
(4) (4)

o f gó will be o f  th e  o rd er o f  th e  co m p o n en ts  of R j if  th e  com ponen ts o f  g 0 
(4)

w ere of th e  o rd e r  of R r  T h u s  a nearly  s tr a ig h t  re p re se n ta tio n  su b jec ted  to  
a linear tra n s fo rm a tio n  can  s till  be co n sid ered  as a n e a r ly  s tra ig h t re p re s e n t­
a tio n .

S u m m ariz in g  th e  co n sid e ra tio n s o f  th e  last p a ra g ra p h  we can  th u s  
c o n s tru c t tra n s fo rm a tio n s

Ffê) =  MF(Ç) =  M(F(Ç) +  L(Ç)),

w hich  lead  f ro m  an a rb i t r a ry  re p re se n ta tio n  o f a reg ion  to  a nearly  s tr a ig h t  
re p re se n ta tio n . T he m a tric e s  M have c o n s ta n t  e lem en ts , th e  ex p ansions of

№
th e  fu n c tio n s L(Ç) s ta r t  w ith  th e  second o rd e r  te rm s a n d  th e  coefficients L of

th is  ex p an sio n  m u st n o t ex ceed  th e  o rd e r o f  m ag n itu d e  o f  th e  co rrespond ing
№)

elem ents o f  th e  m atrices II/.

The generalized Lorentz transformation

§ 1 1 . G enera liz ing  th e  co n sid era tio n s g iv en  above, we c a n  now  give e x p lic it 
expressions fo r  th e  tra n s fo rm a tio n s  w h ich  wc can co n sid e r as L o ren tz  t r a n s ­
fo rm atio n s in  an  inhom ogeneous reg ion .

W e d e n o te  th u s  a L o ren tz  tra n s fo rm a tio n  a tra n s fo rm a tio n  w hich  
associates to  a  four p o in t x  +  Ç a n o th e r  p o in t x* -j- w ith

X* =  X +  (Л Ç* -  Л р (Ç), (50)
w here

Л р ( 0 ) =  0
such th a t  th e  re la tio n

Mp (Ç )g*(x  +  Ç)MP ( Ç )= g ( x  +  Ç), (51)
w ith

g* (x +  Ç) =  g(x* +  Ç*)
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is sa tisfied  in as good  an a p p ro x im a tio n  as it  is possib le. C onsiderin g (51) for  
Ç =  0 w e find  for

Mp =  Mp (0)

th e  fo llow in g  ex p lic it  exp ression s:

M p =  а * -1  Л р a  , (52 )

w here Л р is th e  m a tr ix  rep resen tin g  an ord in ary  L orentz tra n sfo rm a tio n  in 
an orth ogon al rep resen ta tio n , i.e . Л р is a so lu tio n  o f  th e  re la tio n

Л р Г Л р =  Г

(see for  n o ta tio n s e .g . P art I ) , a  and a* are m atr ices sa t is fy in g

( 2) (2)
“  Г a  =  g(x) =  g , a* Г a* =  g (x  -j- p.) =  g  * .

W ritin g  in  p articu lar

w e m a y  p u t

w ith

a

a
0

У.

G i/2 v °  V

C ( ^ + C )

b =  — У/ сС,

У =  С/ с ,

(53)

(54)

(54а)

an d  a sim ilar exp ression  can  h e ob ta in ed  for a * . W e m ay  th u s rep resen t th e  
Mp in  term s o f  e lem en ts G, У, — C2 o f g  to g eth er  w ith  th ose  o f  G *, V *, — C*2 
o f  g* and th e  p aram eter p is th a t  o f  an ord in ary  L oren tz tra n sfo rm a tio n  Л р. 

W e m a y  th u s p u t
Лр (Ç) =  Mp F(Ç)

an d  d evelop in g  in  pow ers o f  Ç w e m a y  w rite

F(Ç) =  ^ +  i F Ç 2 +  . . .  • (55)
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№
F rom  th e  re la tion s (51) w e can  o b ta in  a recursion  for th e  coeffic ien ts F . T h e  
la tte r  recu rsion  h as th e  sam e form  as th a t  ob ta in ed  in  § 6. T he re la tio n  (29) 
can  b e  ta k e n  to  exp ress th e  co e ffic ien ts  o f  th e  ex p ressio n  (55) i f  th e  d efin ition

(*+2)
(22d) o f  th e  Ф is gen era lized  so as to  read

( f c + 2 )
Ф =  2 T  2

P l+ m + n = k

Cfc + 2
V. m l n \

(1+2)  ( m + 2 )  ( n + 2 )
F g* F  . (56)

T h e tran sform ation s (50) th u s  d efin ed  sa tis fy  (51) e x a c t ly  i f  th e  la tte r  re la tion s  
a d m it o f  so lu tion s a t a ll. In  p articu lar i f  x  and x* b o th  lie  in  a h om ogen eou s  
reg ion  th e n  su ch  so lu tio n s  ex is t  an d  are rep resen ted  b y  (55).

In  th e  cases w h ere (51) d oes n o t  ad m it o f  e x a c t  so lu tion s th e n  (55) 
g iv e s  an  a p p rox im ate  so lu tio n  o f  (51) such  th a t  th e  d ifference o f  th e  tw o  
sid es o f  (51) w hen  ex p a n d ed  in p ow ers o f  Ç co n ta in s co effic ien ts  o f  th e  orders

(fc+2) (fc+2)
o f  th e  m atr ices R/ an d  R f.

T h e co e ffic ien ts  o f  th e  ex p a n sio n  (55) are a lso  o f  th e  order o f  th ese  
m atr ices i f  w e u se  a rep resen ta tion  w hich  is a lm o st stra igh t b o th  in  th e  
v ic in itie s  o f  x and o f  x* .

In  th is  sense w e  can  say  th a t  th e  coeffic ien ts o f  th e  h igher order term s  
o f  F(Ç) are sm all i f  w e u se  an a lm o st stra ig h t rep resen ta tion .

In  a stro n g ly  cu rved  rep resen ta tion  th e  co e ffic ie n ts  o f  th e  exp an sion  
(55) m a y  b e large. T h ese  large co e ffic ien ts  arise from  th e  cu rved  rep resen ta tion  
ju s t  in  th e  sam e m an n er as th e  L oren tz  tra n sfo rm a tio n s in  a h om ogen eou s  
reg ion  d ev ia te  s tro n g ly  from  th e  lin ear form  an d  co n ta in  large h igh er order 
term s i f  w e w rite th e m  d ow n  in  cu rv ilin ear co o rd in a tes .

W e n o te  fu r th er  th a t  th e  tran sform ation  (55) m a y  also b e ex ten d ed  
and  rep laced  b y

F(Ç) =  F(Ç) +  L(Ç),

w h ere JL(Ç) is a fu n c tio n  th e  co e ffic ien ts  o f  w hich  are o f  th e  order o f  th e  e lem en ts
(fc +  2) (fc+2)

o f  th e  R/ and th e  R* and L(^) is so con stru cted  th a t  it  v a n ish es  i f  th e
(fc+ 2 ) (fc +  2)

R í and  th e  R * v a n ish .
T h e L(Ç) g iv e  th e  ex p lic it  exp ression  for th e  u n d eterm in a cy  o f  th e  

L oren tz  tran sform ation s th e  p h y s ic a l a sp ects o f  w h ich  were d iscu ssed  in  our 
form er p u b lica tion s.
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П Р И Н Ц И П  Л О Р Е Н Ц А  И  О Б Щ А Я  Т Е О Р И Я  О Т Н О С И Т Е Л Ь Н О С Т И

Ч а с т ь  V

Л .  Я Н О Ш И  и  П .  К И Р А Й

Д а ё т с я  я в н ы й  в и д  п р е о б р а з о в а н и я , с  п о м о щ ь ю  к о т о р о г о  м о ж н о  п о л у ч и т ь  в о д н о ­
р о д н о й  о б л а с т и  п р я м о л и н е й н у ю  с и с т е м у  о т с ч ё т а  и з  п р о и з в о л ь н о г о  к р и в о л и н е й н о г о  п р е д ­
с т а в л е н и я . П р и м е н е н и е  э т о г о  п р е о б р а з о в а н и я  к  п р е д с т а в л е н и ю  в н е о д н о р о д н о й  о б л а с т и  
п р и в о д и т  к  почт и п ря м оли н ей н ой  с и с т е м е  о т с ч ё т а . П о л ь з у я с и  п о ч т и  п р я м о л и н е й н ы м и  
п р е д с т а в л е н и я м и  м ы  п о л у ч и м  я в н ы й  в и д  п р е о б р а з о в а н и й  Л о р е н ц а  в  н е о д н о р о д н ы х  о б ­
л а с т я х .
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ETUDE DE FORMALISME POUR METHODES 
DE PERTURBATIONS

J .  R a v a t in  et G. M e s n a r d
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(R eçu le 19. X. 1966)

D an s une p récéd en te  p u b lica tio n  nous a v o n s d éfin i certa in s opérateurs  
a g issan t sur des ta b le a u x  tr ian gu la ires de fo n c tio n s  d ’onde [1] renferm ant  
le  p o te n tie l d ’in fo rm a tio n  d ’un  sy stè m e  p h y siq u e .

Ces gén érateu rs é ta ien t de la  form e Гд x A  ap p arten an t à un  espace  
h erm itien  Ai? e t  A au  corps des com p lexes 6 .

N o u s nous p rop oson s, en  u tilisa n t l ’éq u a tio n  de Sch rôd inger associée , 
d ’étab lir  u ne autre éq u ation  p erm e tta n t de tra iter  d irectem en t les p rob lèm es  
de p ertu rb ation .

A u  gén érateu r T дд  fa ison s correspondre, l ’é lém en t йд,х =  AQ10 +  
-f- A fí01 que n ou s ap pellerons ég a lem en t gén érateu r.

N o u s avon s:

® A ,\ +  & A ',\ '  —  ^ A + A ',  X+V’ 

f l ^ A , X  =  ^ n A , i i l  ( f 1 £  ® ) .

L es ü li0 e t ß 0;1 form en t a in si la  b ase d ’u n  esp ace  v ec to r ie l d e d im ension  
2, U; l ’é lém en t n eu tr e  pour l ’a d d itio n  est Q0l0.

Si A  a p p a rtien t à ’, йд,х ap p artien t à ( A f  X ë )  X U. 3Í? e t  U e t son t  
2 esp aces v ecto r ie ls  con stru its sur le m êm e corp s; a insi leur p rod u it est un  
esp ace v ecto r ie l. L a m u ltip lica tio n  d éfin ie sur le s  Г  n e correspond  pas à une  
lo i in tern e  pour les Q.

F aison s le p rod u it U X U =  U2-
La b ase du n o u v e l espace v e c to r ie l est ü i y0; ü uo Q0il ß 01 ß li0; &о,\- 

N ous id en tifio n s ß 01 ß li0 avec ß 0>0; d ’après la  corresp ond ance a v ec  les Г  
c ’est le  vecteu r  n u l.

C onsidérons les 3 vecteu rs n on  n u is. Soit u n  esp ace v ec to r ie l V  e t  L(V) 
l ’en sem b le des a p p lica tio n s lin éa ires de V  dans V. C elles-ci co n st itu e n t  éga le­
m en t un  espace v e c to r ie l auquel on  donn e une stru ctu re d ’algèbre A  par u ne  
lo i m u ltip lic a tiv e  [2 ].

C onsidérons m a in ten a n t l ’en sem b le  des a p p lica tio n s lin éa ires de A dans 
A, L (A) =  A s ce n o u v e l en sem b le p ossèd e  une stru ctu re  d ’algèbre ap pelée par 
Cr a w f o r d  “ super a lg èb re”  [3] e t  [4 ].
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S o it  Ф u n  é lém en t de A; Ф est  sen sé  défin ir un  é ta t  en  M écan iq ue Q uan­
t iq u e . L ’o p éra teu r d ’é ta t  v a  jo u er  le rô le  du v ec teu r  d ’é ta t  dans la  représen ­
ta t io n  h a b itu e lle .

C onsidéron s le  su per op érateu r h a m ilto n ien  к du  sy stèm e  e t  l ’ob servab le  s, 
d éfin is  d an s ^4S.I1 leur correspond d ans A  les op érateurs K  e t S; leurs gén érateu rs  
a sso c iés  so n t:

ü s>î  ? ® s, 1»

&k, 1 ? ® K, 1"

D e l ’éq u ation

i b —  =  i h —  +  [s,fc]
dt 8 1

e t  de la re la tion : [ÜA>1, Üb,i ] =  [A, B] Î2jj0 -f- (A — B )ü h0ü 0il o ù  A et 
B  Ç A  ou  A s, on  tire  la  re la tio n

r i  e  0 e

ih  Q —— , l ß j  „ = ih  Q ----- , iü 10 +  [f2S)1, ü kl] (s k) ü ln ß 0>1
dr or

et  à l ’é q u a tio n
8Ф  , .l h ----- =  к Ф
8 1

on fa it  correspondre l ’éq u ation :

0 ф
i  h  —  Q \  о =  \ Ü K  i ,  A j>  i ]  ( K  —  Ф )  Q 1 0  Ü o l .

dt

T elle  est l ’écritu re de l ’éq u a tio n  de S ch rôd inger en  u tilisa n t les 2 form a­
lism e s , op érateu r d ’é ta t  e t  gén érateu r.

Si U est l ’op érateur s ta tis t iq u e  de V o n  N e u m a n n  [3] (U £ A)  alors 
U =  Ф2 et:

г П ^ -Q lo  =  [йиЛ, й ФЛ\ ~ ( U -  Ф) ü 10 ü 0l.
9 t

N o u s v o y o n s , grâce à ce form alism e, ap p ara ître  la  d ifféren ce de deu x  
op éra teu rs d ’é ta t;  ceci e s t  in té re ssa n t pour u ne m éth o d e de p ertu rb ation . 
E n  p a rticu lier  on  p eu t s ’arranger p ou r que K  — Ф — W, où W  e s t  la  partie  
d ia g o n a le  d e l ’op érateur “ le v e l-sh if t”  de W a t s o n  [ 5 ] .

D e m êm e, le  co m m u ta teu r , d an s c e tte  m êm e éq u ation , p eu t conduire  
à des écritu res en tra n t d ans le cad re de l ’algèbre de L ie, en p a rticu lier  pour  
les d év e lo p p em en ts  du  genre de c e u x  de P r i m a s  [ 3 ] .

Ces tech n iq u es offren t l ’a v a n ta g e  de fournir u n e a p p ro x im a tio n  toujours  
u n ita ire  à to u s  les ordres.
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HIGHER DIMENSIONAL SPACES AND 
SYMMETRIES ARISING ON GRAVITATIONAL FIELDS

By

M . S ü v e g e s

R E S E A R C H  G R O U P  F O R  T H E O R E T I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,
B U D A P E S T

(R eceived 4. X I. 1966)

I t  has b een  sh ow n  [1] th a t  th e  linear p seu d o-grou p s d e fin e d  b y  L ev i-  
C iv ita  tran sp ort (L C t) are p h y sic a l in varian ce groups in  g ra v ita tio n a l f ie ld s , 
su p p osed  to  be R iem an n ian  m an ifo ld s Mn. V ariou s con seq u en ces o f  th is h a v e  
b een  d iscu ssed  [1, 2 , 8] and w e n o w  show  h ow  th e se  sym m etr ies  g ive rise to  
h igh er d im en sion a l sp aces and sy m m etr ie s  on  an  ordinary M n. T h e p o in t is 
th a t  th e  ta n g e n t sp ace  T x(Mn) a t  x is n o t s im p ly  a E u clid ean  sp a ce  En in  th e  
ord in ary  sense b u t each  Tx(Mn) is  p rov id ed  w ith  a su p erstru ctu re d efin ed  b y  
th e  h o lo n o m y  group (hg) [2, 3] Ч^^Мп) a t x. T h e cu rvatu re ten so r  an d  its  c o v a ­
rian t d er iv a tiv es w h ich  van ish  in  En, ju s t  d eterm in e  th is su p erstru ctu re sin ce  
th e ir  * -dom ain s [4] sp an  [2, 4 ] th e  L ie-a lgeb ra  o f  th e  restr ic ted  hg ^ ( М л )  
d efin ed  b y  th e  n u llh o m o to p ic  cla ss [3] o f  th e  lo o p  sp ace at x.

N o w  th e  group m anifo ld  M r o f  th e  r-p aram eter group is a m etric
sp a ce  w ith  gab =  c™mc™n (L atin  an d  G reek in d ices run  from  1 to  r an d  from  1 to  
n) w here c"m arc th e  stru ctu re co n sta n ts  o f 4Jx(M n). T h u s, we h a v e  an r-d im en- 
s io n a l m etric  sp ace M r a t each x  £ M n [7] and th e  rea l problem  is  to  d eterm in e  
th e  groups in d u ced  on  th ese  sp aces b y  LCt in  M n. T h is has b een  d one in [10] 
b y  a p p ly in g  th e  th eo rem  o f [1] to  tw o  d istin ct p a ra lle l vector f ie ld s  a lon g  th e  
sam e cu rve x and w e here su m m arize th e  resu lts and work o u t  som e co n se­
q u en ces. T h e tran sform ation s are d efin ed  b y  a fo rm a l (n on -in tegrab le) p arallel 
tra n sp o r t, d efined  w ith  an in d u ced  h yb rid  co n n ectio n  Г'  [4 ], an d  th e y  h a v e  
th e  p rop erties: I f  ex are coord inates (in fin itesim a l tran sform ation s o f  Wx (M n) 
in  th e  ta n g e n t sp ace Tx(Mr), w ith  m etric  gab, o f  M r a t th e  id e n t i ty ,  th e  tra n s­
fo rm a tio n s are o f  th e  form  ey =  a°( TyTx)ex w ith  a “ in vertib le  an d  ex arb itrary  
for a n y  cu rve т co n n ectin g  x an d  y  Ç M n. T h e y  d efin e  linear p seu d o-grou p s  
[5] and lea v e  in v a r ia n t th e  q u ad ratic  form  gab eaeb o f  Mr(in term s o f  [8] th ese  
are ju s t  isom etr ic  m ap p in gs o f  h o lo n o m y  fibres o v er  d ifferent p o in ts  in to  each  
oth er). A lso , gab o f  M r is a covar ian t co n sta n t [4] o f  th e  in du ced  co n n ec tio n  Г \

W ith  th ese  resu lts  w e can  n o w  d iscuss th e  d im ensions an d  sign atu res  
in v o lv e d . T he m etric ten so r  gaß o f  M n is  co var ian t co n sta n t, th erefo re  if  it  has  
sign a tu re  (t, s), t -\- s =  n, th en  4*x ( M n) is a su b grou p  o f th e  co m p a c t  or non-
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co m p a ct r o ta t io n  group  SOttS (n ; R) an d  m an ifo ld s ca n  be c lassified  accord in g  
to  th e se  su b grou p s. I f  th is  subgroup  F x {Mn) has r p aram eters th e n  w e h ave  
M r arisin g  on  M n a t  ea ch  x  and its  s ig n a tu re  (v, w), v w = r, ca n  b e d eter­
m ined  from  th e  stru ctu re  co n sta n ts  o f  Wx (Mn). T h e  c la ssifica tio n  is th en  
accord in g  to  th e  d im en sio n  o f  Mr an d  it s  sign a tu re . T h e group lFx' ( M r) in d u ced  
on Tx(Mr) b y  F x ( M n) is , o f  course, a su b grou p  o f SOViW (r, R) s in ce gab o f  Mr 
is a co v a r ia n t c o n s ta n t  o f  Г'.  M oreover its  L ie-a lgeb ra  is sp a n n ed  b y  th e  
^-dom ain o f  cla [4 ].

F or th e  sp ec ia l ca se  o f  E in ste in  m an ifo ld s th e  sign a tu re  is (3 , 1 ), therefore  
F°x (M „) is a su b grou p  o f  th e  restr ic ted  L oren tz  grou p  L  _! and m a n ifo ld s can  
b e  c la ssified  in  th e  u su a l w a y  (for referen ces see [6 ]) . F o r  a n o n v a cu u m  E in ste in  
m an ifo ld  F x (M „) h as s ix  p aram eters [6 ]. T h erefore T x(Mr) is s ix  d im en sion a l 
an d  its  s ig n a tu re  is e a s ily  d eterm in ed  to  b e (3, 3 ). C on seq u en tly , th e  group  
in d u ced  b y  F x {Mn) is  a su bgroup  o f  S03t3 (6 , R) a c t in g  on T x(M e). I f  th e  linear  
u n im od u lar su b grou p  o f  GL (4; R) is rea lized  b y  L C t th e n  so is th e  fu ll  S03<3 (6; 
R) sin ce th e se  grou p s are lo c a lly  isom orp h ic  [9]. In  su m m ary  w e h a v e  th e  fo l­
lo w in g  grou p s an d  sp a ces on a n o n -v a cu u m  E in s te in  m an ifo ld : F x (Mn) 
( L | )  a c tin g  on  T X(M 4) (sign  (3, 1 )), F x'(M e) (su b grou p  o f S0M (6; R)) actin g  
on  TX(M6) s ign  (3 ,3 )) for a n y  x  Ç M 4, lin ear p seu d ogrou p s m a p p in g  T X(M 4) 
in to  Ty(M4) and  lin ea r  p seu d ogrou p s m ap p in g  T x( M e) in to  T y(Me). T y(M 4) 
an d  T X(M6) are, o f  cou rse, lin ear ly  in d e p e n d en t a t ea ch  x £ M l an d  T X(M 6) 
v a n ish e s  in  a f la t  sp a ce .

I t  m u st be n o te d  th a t  th ese  are lo c a l co n sid era tio n s re flec ted  in  th e  fa ct  
th a t  o n ly  th e  id e n t i ty  co m p o n en t F x{Mn) o f  th e  h g  has b een  con sid ered .
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A SEMIEMPIRICAL METHOD FOR THE CALCULATION 
OF THE EXCITED STATES OF MOLECULES

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  C H E M I S T R Y  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

the aid  o f  th e  u n occu p ied  s ta te s  ob ta in ed  b y  th e  so lu tion  o f  th e  ap p rop ria te  
m a tr ix  e ig en v a lu e  p rob lem . T h is has b een  d one in th e  m o st  n on -em p irica l 
ca lcu la tion s and a lw ays in  th e  case o f  th e  d ifferen t sem iem p ir ica l ca lcu la tio n s  
(for in sta n ce  H ü c k e l  or P — P — P  LCAO MO ca lcu la tion s). In  all th ese  cases  
th e  e x c ita tio n  energies h a v e  b een  d eterm in ed  as th e  d ifferen ce  o f  th e  to ta l  
en ergy  o f  th e  ground s ta te  an d  th a t  o f th e  ex c ited  s ta te . T h e to ta l en erg y  
o f  th e  ex c ited  s ta te  has b een  ca lcu la ted  in  a ll th ese  m eth o d s  also w ith  th e  
aid  o f  th e  e igen va lu es and eigen vectors o b ta in ed  for th e  grou n d  sta te .

T h e p urpose o f  th e  p resen t paper is to  p o in t out th a t  i t  is m ore correct  
to  use a co m p lete ly  d ifferen t so lu tion  for each  ex c ited  s ta te ,  th a n  for th e  
ground  s ta te  and a t th e  sam e tim e  to  propose a n ew  m eth od  for th e  ca lcu la tio n  
o f  th e  ex c ita tio n  energies o f  m olecu les. T h is m eth od  w ill ta k e  in to  a cc o u n t  
th a t  th e  ground s ta te  is u su a lly  a closed shell system, w h ile  th e  exc ited  s ta te s  
are open shell systems. T h erefore th e  m eth od  essen tia lly  c o n s is ts  o f  th e  c o m ­
b in a tio n  o f  th e  c losed  and op en  sh ell SCF LCAO  MO m eth o d s. In  th e  p resen t  
paper it  w ill be form u lated  in  a sem iem p ir ica l form  for л  e lectron  sy stem s  
and in  a su b seq u en t one w e sh all g ive a n on -em p irica l fo rm u la tio n .

By

J .  L a d i k

(R eceived  19. I .  1967)

Introduction

In  th e  u su a l approach  w e ca lcu la te  th e  ex c ited  s ta te s  o f  m olecu les w ith

Method

L et us su p p ose th a t  w e h a v e  so lved  th e  e igen va lu e  prob lem  o f  th e  
m a tr ix  F (SCF>, w hich  has th e  e lem en ts in  th e  P a r i s e r — P a r r — P o p l e  

ap p rox im ation  [1, 2]

( 2 )

( 1 )
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H ere It an d  Et stan d  for th e  io n iza tio n  p o te n tia l and e lec tr o n a ffin ity  r e sp e c t­
iv e ly , o f  th e  tth  a tom  in  i t s  ap propriate v a len ce  s ta te , zs is  th e  n u m b er of 
n  e lec tron s co n tr ib u ted  b y  th e  sth  a to m  an d  th e  ßtiS =  <  <pt |H core| <ps >  th e  
reson an ce in te g ra l th e  m e th o d  tak es in to  a cco u n t o n ly  b e tw e e n  n earest n e ig h ­
bours an d  tre a ts  as em p ir ica l p aram eter . T h e C oulom b  in tegrals yt,s —

=  <C<ptcps '-----(pt<fs> 1 , 2  are u su a lly  a p p ro x im a ted  in th e  P — P — P  m eth o d  in
Г12

su ch  a w a y  [1, 2 , 3 ], w h ich  g iv es for th e m  a va lu e w h ich  is on ly  a b o u t 2/3  
o f  th e  th e o r e tic a l v a lu e . T h e  bond  orders P(fßl) are d e fin e d  as

p \,!CF) =  2 C Î T F )C Ï Ï P) K j ,
j= 1

(3)

w here Kj  d en o tes  th e  n u m b er o f  e lec tro n s in  th e  jfth M O . T hus in a ground  
s ta te  w ith  c lo sed  sh ell w e h a v e  Kj =  2 for  th e  first nj M O -s (n/  d en o tes  th e  
n u m b er o f  f ille d  orb ita ls) an d  Kj =  0 for  th e  v ir tu a l M O -s.

H a v in g  th e  SCF e ig en v a lu es an d  e igen vectors w e  can  ca lcu la te  th e  
to ta l en er g y  o f  th e  m o lecu le  in  its  grou n d  s ta te  w ith  th e  a id  o f  th e exp ression

E[!ï°aiun d s-) = \  2  K' (H‘ +  « /)  =  ~  [ 2  p‘.< ( -  T‘ -  2 zsV<,°) +* i= 1  ̂ t Sĵ t

+  2  p t,s Pt,* +  2  ( 4 )t,S^t 1 — 1

w here if,- =  <ipi\ ]Jcme ( i f core is  th e  core H a m ilto n ia n  and у,- sta n d s
for th e  i th  M O ), e,- is th e  i t h  e ig en v a lu e . A ll other q u a n tit ie s  h ave b een  d efin ed  
p rev io u sly .

O n t h e  other h an d  w e can  ca lcu la te  an arb itrary  ex c ited  s ta te  u sing  
a sem iem p ir ica l version  o f  th e  d ifferen t orb itals for d ifferen t sp ins m eth o d  
p rop osed  b y  D e w a r  [ 4 ] .  A ccord ing  to  th is  m eth od  w e  h ave to  d eterm in e  
s im u lta n eo u s ly  th e  SCF e ig en v a lu es an d  eigen vectors o f  th e  m atrices F “ and  
¥ f> w h ich  h a v e  th e  e lem en ts

Fit = ~  It +  Pi, (I, -  E t) +  2  (p ls  +  Psis -  Zs) y,,s, (5)
s¥=t

FIs =  ßt,s — Pis yt,s (6)
and

F i,  =  ~  I, +  PI,, (It - E t) +  2  (p is  +  Pis  -  *s) y,,s, (?)
s¥=t

Fis =  ßt,s -P ls y , , s ,  (8)
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re sp ec tiv e ly . T he e lem en ts o f  th e  charge-bon d  order m atrices P* and  Р ,; are 
d efin ed  as

and

P«   "V K'J C  J C af l,s ^  4 , j
J'=1

pfi — V  vß, rß .rß .* t , s  — ^ t , j
j=1

(9)

( 10)

re sp ec tiv e ly , w here Kj  and  Ay are n ow  eith er 1 or 0. A ll th e  o th er q u a n titie s  
occurring  in eq u ation s (5) and (6) were d efin ed  p rev io u sly  in  co n n ec­
tio n  w ith  th e sim p le P — P — P m eth o d .

I t  is clear th a t  to  b eg in  th e  ca lcu la tion  w e n eed  a s ta rtin g  P“(0> and  
P^°* m a tr ix . I f  w e are in terested  in  a g iven  e x c ite d  s ta te , w e can  use th e  
SCF e igen vectors o f  th e  p revious closed  shell P — P — P ca lcu la tio n  o f  th e  
m olecu le  to  form  th e  e lem en ts o f  th e  startin g  P 5<<0> and p A 0) m atr ices w ith  
th e  aid  o f  exp ression s (9) and (10). In  th is w ay  w e can  perform  th e  sta rtin g  
ch arge-b on d  order m atr ices for a n y  ex c ited  s ta te  w ith  an y  m u ltip lic ity .*

H a v in g  ob ta in ed  th e  Cy an d  Cy SCF e ig en v ec to rs and th e  ej and £y 
SC F eigen va lu es b e lo n g in g  to  th e  ex c ite d  sta te  u n d er  con sid era tion , w e can  
ca lcu la te  th e  to ta l en ergy  o f  th e  e x c ite d  sta te  w ith  th e  aid  o f  th e  exp ression

c4exc.s.)   ТГto ta l  ^ to ta l E{ otal
"  ö=ct,ß 7=1

=  V  2  2  К П 2  cr,t ( -  y,,s)
"  <5 =  OC,/3 7 =  1 t = 1 S ^ t

( 11)

+ c i t  C j,s  ß t , s  +
f,S#f

F in a lly  com b in ing  (4) an d  (11) w e o b ta in  for th e  e x c ita tio n  en ergy

A E  =  \E% & -E$& >\. ( 12)

* F or instance, if we have an eight centre system  w ith  10 я: electrons, in the ground 
s ta te  th e  f irs t five МО-s (if we num ber them  according to  increasing energies) are doubly 
filled w ith  electrons. If  we w an t to calculate for instance th e  tr ip le t s ta te  arising from  the 
prom otion of one electron from  the 4th MO to the 6th, We can construct the elem ents of our 
s ta rting  charge and bond order matrices P a' 0̂  and P ra^  as follows:

Pl!s0) = 2  ctJcSJ, p«n)= % cLjcSJ
i = i  j= 1

Я 5 Us,5’

In  a sim ilar way for the singlet excited s ta te  arising from th e  4 -> 6 transition , we obtain

p&0) = 1  Я у cs,r pßtT = 2  ct,j csj + c;,5 Я,5 + ctfi cs>6.
7 = 1  7 = 1
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Concluding rem arks

In  co n n ectio n  w ith  th e  p rop osed  m eth o d  th e  d iff ic u lty  sh ou ld  be m en ­
t io n e d  th a t  it  is  n o t  sure th a t  s ta r tin g  w ith  m atr ices P “̂ 0) and P ^ 0), co n stru ct­
ed  w ith  th e  a id  o f  th e  grou n d  s ta te  so lu tio n , i t  w ill be p o ssib le  to  ob ta in  
a lw a y s  a d ifferen t so lu tion  for  each  ex c ited  s ta te . A ccord ing  to  th e  resu lts  
o f  p relim in ary  ca lcu la tio n s, h o w ev er , i t  seem s so th a t  th e  m eth o d  w orks 
q u ite  w ell for th e  f ir s t  tr ip le t  e x c ite d  s ta te  [5 ]. I t  can  b e h op ed  th a t  on  th e  basis 
o f  fu rth er  n u m er ica l ca lcu la tion s it  w ill be p ossib le  to  decide, in  w h ich  cases 
th e  su g g ested  p roced u re can  b e ap p lied  w ith  su ccess.

A n oth er  d isa d v a n ta g e  o f  th e  m eth od  is th a t  we n eed  a com p lete ly  
d ifferen t so lu tio n  for each  e x c ite d  s ta te . A ccord in g  to  our exp er ien ces w ith  
th e  sem iem p ir ica l d ifferen t orb ita ls for d ifferen t sp ins m eth o d  in  th e  case  
o f  th e  ground  s ta te  o f  rad ica ls, th e  SCF p rocedu re con verges in  10 — 40 iteration  
s tep s  [6 ]. T h is m ean s th a t  w ith  th e  aid  o f  an IB M  7090 co m p u ter  w e can  
o b ta in  a so lu tio n  for a g iven  e x c ite d  s ta te  o f  a sy ste m  w ith  10 cen tres w ith in  
le ss  th a n  a m in u te .

F in a lly  it  sh o u ld  be p o in ted  o u t th a t  th e  m a n y  elec tron  w a v e  fu n ction  
o b ta in ed  b y  D e w a r ’s m eth o d  is n o t  an  e ig en fu n ctio n  o f  th e  sq uare o f  th e  
to ta l  sp in  o p era tor S2. T h erefore i t  w ou ld  b e n ecessary  to  p ro jec t  ou t o f  it  
w ith  th e  aid  o f  th e  ap propriate p ro jec tion  op erator th a t co m p o n en t w hich  
corresp ond s to  th e  m u ltip lic ity  o f  th e  ex c ite d  s ta te  u nd er con sid eration . 
S in ce, h o w ev er , th e  m eth od  is a sem iem p ir ica l on e (w e trea t th e  ßtjS in tegrals  
as em p irica l p aram eters and th e  m eth o d  o f  a p p rox im ation  o f  th e  in tegrals  
yt s is also o n ly  em p irica lly  ju s t if ie d ) , i t  seem s to  b e  n o t  v er y  im p o r ta n t to  carry  
o u t th e  p ro jec tio n  procedure. O f course in  a n on -em p irica l v ersio n  o f  th e  
p rop osed  m eth o d  th is  can n ot be avo id ed .
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I. E .  F a r q u h a r : Ergodic Theory in Statistical Mechanics

Interscience Publishers, London—New Y ork—Sidney — 1964

This is a book w ritten  for “ us, physicists”  on th a t  p a rt of ergodic theory w hich we have 
to  know b e tte r  th an  “ they, m athem aticians” . W e m ust acknowledge a t  once th a t th e  au th o r 
fulfils this a ttra c tiv e  claim w ith  great m astery .

The book s ta rts  w ith a discussion of th e  aim s of ergodic th eo ry  and its position w ithin 
the body of sta tistical m echanics. In  the p a r t  devoted to classical statistical m echanics one 
chapter describes purely m athem atical results (theorem s of B ir k h o f f , L e w is , von  N e u m a n n  
and  H o pf ), th e  presentation  containing ju s t as m any  m athem atical details as are necessary 
to  understand  clearly the assum ptions and resu lts : then  a separa te  chapter deals w ith  the 
application of these m athem atical theorems to  physical situations. T his is followed b y  a review 
of ergodic theories lying som ew hat aside from th e  m ain current of th e  theory : those of K h in c h in , 
U h lh o rn  and  the classical theo ry  of Al b e r t o n i, B o cch ieri an d  L o in g er . The la s t p a rt 
devoted to  q u an ta l ergodic theories, starts  w ith  a critical exposition o f von N e u m a n n ’s theory , 
containing th e  au thor’s own resu lts; finally th e  several recent approches to quan tum  ergodic 
theory  are described.

An a ttrac tiv e  feature of th e  presentation  is th a t  it points o u t similarities and  analogies 
between apparen tly  quite d ifferent theorems, find ing  classical coun terparts  of q u an tum  s ta te ­
m ents, and vice versa. The book offers an excellent opportunity  to  acquire a w orking know ­
ledge about th e  evergrowing lite ra tu re  of ergodic theory , and provides a great aid in d istinguish­
ing physical ideas against the  background of sophisticated  m athem atics. However, th e  presen­
ta tio n  is perhaps som ewhat m ore eclectic th a n  is usual in the case of a monograph, an d  this 
is undoubtedly  due to the sceptical position ta k e n  by  the au thor against the achievem ents of 
ergodic theory  (as expressed in  th e  concluding rem arks); th a t is, th e  au thor does n o t consider 
any  one of th e  existing theories w orthy to have th e  presentation of th e  others grouped around 
it. This is, of course, a m atte r o f personal ta s te ; le t i t  be m entioned only th a t we regard  th e  use 
of v an  H o v e’s diagonal singularity  condition for an ergodicity criterion  (as done by  P r o s p e r i 
and by Go l d e n  and L o n g u et-H ig g in s ) as a p o in t of param ount im portance, w hich perm its 
ergodic theory  to  be looked upon m uch more optim istically  th an  th e  au thor does. P e rh ap s the 
m ost physical sta tem en t of K h in c h in  “ s ta tis tica l concepts describe those properties of a 
dynam ical system  th a t  are independent of the in itia l conditions”  (quo ted  on p. 63) w ould  have 
also m erited th e  position of an organizing princip le in writing th e  m onograph. N evertheless, 
F a r q u h a r ’s book is highly recom m ended to anyone interested in th e  fundam ental problem s of 
sta tistical m echanics.

T . G e s z t i

The S tructure and Evolution of Galaxies

Proceedings of th e  13th Solvay Conference on Physics, Septem ber 1964. Interscience P u b lish e rs ,
London 1965, 174 pages.

A m b a r t su m ia n ’s epoch-m aking ideas on th e  instability  of th e  nuclei of galaxies were 
the beginnings of a new cosmogony, which now  constitutes th e  m ost interesting p a r t  of 
astronom y. D evelopm ent in th is field is very rap id . Since the 1964 Solvay Conference several 
symposia have been held on the  same topic — th e  la test was a t  B iurakan  in M ay, 1966 —
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and , therefore, som e results presented in th is book are already out of da te . B ut the v iv id  
discussions, w hich followed every repo rt, m ake the read ing  of the book profitable even now.

The in troduc to ry  report was presented by A m b a r t s u m i a n  on th e  nuclei of galaxies 
and  their ac tiv ity . This was followed by O o r t ’ s  lec tu re  on the stru c tu re  and evolution of 
galaxies. The young  D utch astronom er, L. W o l t j e r ,  discussed the problem  of galactic 
m agnetic fields. A fter S p i t z e r ’ s  and  S a l p e t e r ’ s  repo rts  on the form ation and evolution of 
stars, M i n k o w s k i  and  H o y l e  gave tw o lectures on supernovae and supernovae rem nants. 
The final topic w as th a t  of ex tragalactic  radiosources, w ith reports by  B o l t o n ,  M a r t i n  
S c h m i d t  and th e  B u r b i d g e s .  The concluding general discussion was in troduced by O p p e n ­
h e i m e r .  He enum erated  those astronom ical problem s dealt with a t the  conference, which 
are no t well understood  by physicists.

The book can be recom m ended n o t only to astronom ers, bu t also to  all physicists in te r­
ested in problem s of very large energy sources.

L. D e t r e

The Solar W ind
E dited  by R obert J . Mackin, J r . and Marcia N eugebauer, published by  Pergamon Press’ 

O xford—L ondon—Edinburgh—New Y ork—P aris— F ran k fu rt 1966, 420 pages, L  5 net

The book contains the proceedings of a conference held a t th e  California In s titu te  
of Technology P asadena, on April 1 — 4, 1964 and sponsored by the J e t P ropulsion L aboratory . 
The topic of th e  book, is the supersonic plasm a w hich originates in the solar corona and blows 
ou t th rough  th e  in terp lanetary  space creating rem arkab le  effects in th e  neighbourhood of 
th e  E a rth  and a t  even greater d istances from the Sun. The historical and  philosophical p e r­
spective of the them e is provided by S. C h a p m a n ’ s  illum inating  Forew ord. The experim ental 
d a ta  collected in Session I contain the m ost com plete p resentation  of th e  in terp lanetary  d a ta  
gathered by  th e  M ariner—2 Venus spacecraft, to ge ther w ith early d a ta  from  the IM P— 1 
satellite  giving th e  firs t clear p icture  of the tu rb u len t region created in th e  E a rth ’s m agneto­
sphere by the solar wind. Session I I  deals w ith theories of the in te rp lane ta ry  plasm a and  
fields, and of energetic particles. Excellent con tribu tions to Session I I I  are F. L. S c a r f ’ s  
lecture on th e  origin of the solar w ind and H. E . P e t s c h e k ’ s  original suggestion of a wave- 
propagation m echanism  for the developm ent of solar flares. G eophysicists will be m ostly  
in terested  in Session IV about th e  in teraction  of th e  solar wind and th e  m agnetosphere. The 
IM P—1 (E xplorer 18) da ta  are p resented  by E. F . L y o n  (Mass. Inst, of Technology), and
N. F. N e s s  (G oddard  Space F ligh t Center). Papers o f th e  last Session discuss the in teraction  
of the solar w ind w ith  comets and  w ith  the Moon. N. F . N e s s  reported  rem arkable observ­
ations th a t indicated  the existence, on the dark  side of the Moon, o f a long, field-free ta il 
which m ay be called a magnetic corpuscular eclipse region, bordered by  an irregular m ag­
netic field.

The partic ip an ts  of the Conference represented th e  fields of theoretical and experim ental 
in terp lanetary  physics, plasm a physics, aerodynam ics, radio astronom y and astrophysics. 
From  the exchange of views betw een scientists w ith  such different backgrounds always arise 
significant physical insights, and th is was the m ost im pressive result of the Conference.

L .  D e t r e

D. P i n e s  and P h .  N o z i è r e s :  Theory of Q uantum  Liquids, Is N orm al Ferm i Liquids

B enjam in Inc., New Y ork , 1966

The book represents the f irs t volum e of a tw o volum e work devoted  to  an im p o rtan t 
and developing b ranch  of physics. The first volum e contains the th eo ry  of norm al Ferm i 
liquids i.e. liquid  H e3 and conduction electrons in m etals which are n o t superconducting, 
while in the second one the au thors will be concerned w ith superfluid Bose systems and  
superconductors.

’’N orm al Ferm i Liquids’ is an outstanding contribution  to th e  subject providing a 
unified y e t sim ple account of th e  field. The au thors have avoided th e  use of sophisticated
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m athem atical techniques p u ttin g  the emphasis on a detailed analysis and discussion of the 
physical ideas involved. Thus, the ir m onograph can be approached easily and is also useful 
for experim entalists and non-specialist theoreticians. Moreover, th e  book is in tended  for 
graduate  studen ts a ttending a course in q u an tum  statistical m echanics, or low tem pera tu re  
theory.

’’Normal* Ferm i L iquids’ consists of five chapters.
In  Ch. 1 after in troducing the im p o rtan t physical concept of a quasiparticle, the 

authors p resen t the semiphenomenological L andau  theory for n eu tra l Ferm i liquids. W ith 
its help a num ber of macroscopic properties of th e  system  are described in subsequent sections: 
equilibrium  properties, tran sp o rt properties and  response to long w avelength external per­
turbations. F inally , the theory  is applied to  liqu id  H e3.

Ch. 2 is devoted to  the general theory  of th e  response of a m any-particle system  to 
weakly coupled macroscopic and microscopic ex ternal probes. The theory  is applied to  the 
example of the density correlations in a neu tral Ferm i liquid. The form al description of response 
and correlation in m ulti-particle system s a t fin ite  tem perature is also given.

Chapters 3 and 4 are concerned w ith charged Ferm i liquids w hich differ considerably from 
the neutral ones owing to the long range of th e  Coulomb interaction. Ch. 3 is the analogue 
of Ch. 1 in th a t  it contains the generalization of th e  L andau theory to  include the new physical 
features caused by the Coulomb in teraction . The notions of screening and plasma oscillation 
are intro duced and dealt w ith in detail.

Ch. 4, the analogue of Ch. 2, is devoted to  response and correlations in homogeneous 
electron system s. F irst the formal properties of dielectric response functions are established, 
and the theory  is then applied to  various problem s of physical in te rest such as the scattering  
of fas t electrons by an electron system , quan tum  plasm a coupled to  a longitudinal phonon 
field, calculation of the ne t effective electron-electron interaction in the electron-phonon 
system  and coupling between th e  electron liquid and  the transverse electrom agnetic field.

A survey of the microscopic theories of th e  electron liquid is given in  Ch. 5. The chap te r 
begins w ith th e  form ulation of the  H artree-Fock approxim ation. The random  phase approx­
im ation and its application to the model problem  of the high density  electron gas are  then 
discussed in detail. The equation of motion m ethod  is introduced and  used to estab lish  the 
generalized random  phase approxim ation and, finally , approxim ations for metallic densities 
are considered.

The A ppendix contains an introduction to  second quantization  and every chap te r is 
completed w ith problems and a list of references.

This excellent book, published by B enjam in Inc. w ith a high standard  of p rin ting  
will certainly become one of the m ost widely used tex ts  in the field of quan tum  liquids.

P .  S Z É P F A L U S Y

M. A. P r e s t o n : P h y s ic s  o f  th e  N u c le u s

Addison-W esley Publishing Com pany, Inc., pp. X  -f- 361, Beading, M assachusetts, Palo Alto,
London, 1962. P reis: 15.00 $.

Dies Buch gibt weder eine rein experim entelle noch eine rein theoretische B ehandlung 
der Kerne, sondern vereinigt beide Behandlungsw eisen in einer sehr zufriedenstellenden Weise. 
Der m athem atische A pparat w ird auf das möglichste M inimum reduziert. D er A utor entw ickelt 
die G rundgedanken und danach die Theorie der K ernm odelle, deduziert daraus wie sich der 
Kern gegenüber verschiedenen E xperim enten v e rh ä lt und  vergleicht schliesslich dieses V er­
halten  der K erne m it dem em pirischen Befund.

Der In h a lt zergliedert sich in die folgenden Teile: I. G rundlegende E igenschaften der 
A tom kerne, II. Kernmodelle, I I I .  E lektrom agnetische Eigenschaften der Kerne, IV. R adio­
a k tiv itä t, V. K ernreaktionen.

Sowohl den Studierenden als dem auf diesem  Gebiet arbeitenden Fachm ann wird 
dieses Buch ein sehr willkommenes H ilfsm ittel b ieten.

P. G o m b á s
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O. S. B e r y l a n d , R . I. Gavrilova  a n d  A. P. P r u d n ik o v :

T ables o f  In tegra l Error Functions an d  H erm ite P o lyn om ia ls

(19th  volum e of th e  M athem atical Tables Series), tran s la ted  from the original in Russian by 
P. B asu, pp. V I -f- 163, Pergam on Press, Oxford, L ondon, New York, P aris, 1962. Price: L  5.

In  a short in troduction  th e  au thors sum m arize the fundam ental properties of th e  
tabu la ted  functions, th e  m ethod of calculation, the special features of th e  tables, the a rra n ­
gem ent of th e  tab les and rules for using them . In  th e  fu rther p a r t of th e  book the in tegral 
error function and th e  H erm ite polynom inals are tab u la ted  w ith an accuracy of six figures.

P. Gombás

J .  M. Zim a n : P rincip les o f  th e  T heory o f  Solids

Cambridge U niversity  Press, Cambridge, 1964. pp. XVI -(- 360, Price: 45 s.

The au tho r gives an outline of th e  principles of th e  solid s ta te  w ith o u t going into details. 
In  th e  Preface th e  au th o r says: “This book aims to p resen t as simply as possible, the elem ents 
of th e  theory  of th e  physics of perfec t crystalline solids. I t  is a book full of ideas, no t facts. 
I t  is an exposition of principles, n o t a description of the phenom ena.”

The book is divided into th e  following chapters: 1. Periodic S tru c tu re , 2. L attice W aves, 
3. E lectron S tates, 4. S ta tic  P roperties of Solids, 5. E lectron-E lectron In terac tion , 6. D ynam ics 
of E lectrons, 7. T ran sp o rt P roperties, 8. Optical P roperties, 9. The Ferm i Surface, 10. M ag­
netism , 11. Superconductivity .

The book can be recom m ended to  everybody who is in terested in  the theory of solids.

P . Gom bás

H. S. G r e e n  and C. A. H u r st : Order Disorder P h en om en a

M onographs in S ta tis tica l Physics Vol. 5, E ditor: I. Prigogine, pp. 10 +  363, Interscience 
Publishers John  W iley and  Sons, London— New Y ork—Sidney, 1964.

This book presents a tre a tm en t of the sta tistica l mechanics of phase transitions. Special 
a tten tio n  has been paid  to th e  Ising  model of tw o-dim ensional la ttices which is tre a te d  on 
the basis of th e  P faffian  technique.

The book is divided into th e  following chapters: 1. In troduction , 2. Applications (T heory 
of Ferrom agnetism , A ntiferrom agnetism , B inary A lloys, L attice Models of Fluids and Solids, 
Association Problem s), 3. R ectangular Ising L a ttice , 4. General theory , 5. Some Special 
L attices, 6. A lternative  Methods (M ethod of O nsager, Com binatorial Solution of th e  Two- 
D imensional Ising  Problem ), 7. O u tstanding  Problem s (L attice w ith  Crossed Bonds; Second 
N eighbour In te rac tions and th e  Three-D im ensional Model, L attice  in a Magnetic F ield,) 8. 
8. M athem atical Appendices.

O bviously, th e  book m ust have  been lim ited in  size and therefore, regrettab ly  enough, 
th e  au thors could n o t include some im portan t problem s in this wide field of study. N ever­
theless, the book covers tigh tly  connected topics and  is concise in itself. The exposition is 
clear and easy to  follow. I am sure those who read  th e  book will be grateful to the au tho rs  
for th is excellent work.

P . G om bás

P . B. J o n e s : The O ptical M odel in  N uclear and P a rtic le  P hysics

Interscience Publishers, New York, London, pp. V III  +  118, 1963.

This is th e  14th volume of th e  Interscience T rac ts  on Physics and  A stronom y ed ited  by  
R. E. Ma r sh a k . The au thor m ean t th is small book as an in troduction  to  the principles of th e  
optical model o f th e  nucleus. The book contains a sh o rt account of th e  g iant resonances, th e
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theory  of F e s h b a c h ,  P o r t e r  and W e i s s k o p f ,  and th e  m easurem ent o f nuclear size. F u rth e r 
the au thor discusses derivations of the model based on expansions o f th e  scattering am plitude 
in powers of the s treng th  of the  nucleon-nucleon po ten tia l and on th e  dispersion form alism s 
for nuclear and po ten tia l scattering. The last chap te r deals with th e  m odel a t in term ediate  
and high nucleon energies and th e  determ ination of nuclear struc tu re .

Though the style of the book is necessarily ra th e r  condensed, nevertheless the exposition 
is always clear. The book is recom m ended for those who w ant to get an  insight into th is  field  
in a short time.

P .  G o m b á s

M u k u l  R. K u n d u : Solar R adio  A stron om y

Interscience Publishers, New York, 1965, X I -f- 660 pages, $ 19.75

In  1942 H e y  discovered solar radio emission a t  metre w avelengths associated w ith 
sunspots. In  the same year S o u t h w o r t h ,  Jr ., detec ted  the therm al microwave rad ia tion  
from the Sun. A t present we are a t the beginning of the third sunspo t cycle during w hich 
solar radio waves have been recorded and studied. The author o f th is m onum ental book 
brings a complete synoptic p icture of the natu re  of solar radio emission obtained  w ith m oderate  
angular resolution over the now accessible spectrum . In  the near fu tu re  earth-based solar 
observations will be supplem ented by observations from  space-craft from which th e  Sun 
can be observed over m ost of th e  electrom agnetic spectrum.

A fter in troducto ry  chapters on th e  optical fea tu res of the ac tive  sun, on propagation  
and generation of radio waves in the solar atm ospehere and on techniques of solar radio  
observations, two chapters deal w ith  the quiet sun rad ia tion  and the slowly varying com ponent. 
Nine chapters deal w ith bursts and their connections w ith X -ray  emission, geom agnetic 
storm s, and solar cosmic rays. The au tho r concludes his book w ith  chapters on th e  o u te r 
corona and on rad a r observations of the Sun. A bibliography of over 500 papers itself renders 
the book indispensable.

This book will rem ain the leading work in its  field  for many years to  come, and i t  can 
be recom mended no t only to solar radio astronom ers, b u t also to physicists and geophysicists 
interested in radiophysics of m agneto-ionic media, in the acceleration of electrons and  ions 
to cosmic ray  energies by the Sun, in solar-terrestrial relationships, and  in space science and 
technology.

J ú l i a  B a l á z s
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E. Fenyves and O. Haiman

The Physical Principles 
of Nuclear Radiation Measurements
In English • Approx. 900 pages • 370 figures, 29 tables • 17 X 24cm ■ Cloth

The in tr o d u cto ry  p art o f  th e  book co n ta in s  a short h is to ry  

o f  n u c lea r  rad iation  d e tec tio n  a p p a ra tu s and m eth o d s , 

and a b r ie f  su m m ary o f  th e  n ew  tren d s ex p ec ta b le  in  

th is  f ie ld . The sp ec ia l p art d eta ils  th e  in tera c tio n s o f  

n uclear rad ia tion  an d  m a tter , and  rad ia tion  p en etra tio n  

th rou gh  absorbers. T h e u n d erly in g  p h y sic a l p rin cip les o f  

p artic le  cou n ters an d  p artic le  track  d etec tors, th e ir  co n ­

stru ction  an d  u tiliza tion  in  som e o f th e ir  ty p ic a l ap p lica tion s  

are th e n  d escribed . O n e ap p en d ix  tr e a ts  th e role p la y ed  

b y  p a r tic le  counters an d  particle  tr a c k  detectors in  th e  

d isco v e ry  o f  n ew  e lem en ta r y  p a r tic le s , another o n e  o u t ­

lines th e  s ta tis tica l m eth o d s o f  ev a lu a tio n  o f  co u n tin g  re ­

su lts. A  su rv e y  on e lec tr o n ic  a n c illa ry  apparatus c o m p le ­

m en ts t h e  book.

Akadémiai Kiadó
P u b lish in g  H ou se o f  th e  H u ngarian  A ca d em y  o f  S c ie n c es  

B u d a p e s t  502. P .O .B . 24
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Einführung in die Theorie der Elektronenoptik
Von Prof. Dr. J o h a n n e s  P i c h t ,  P otsdam

3., erw eiterte Auflage

1963. V II, 295 Seiten m it 89 A bbildungen 

Leinen 41,60 MDN

Experimentelle Technik der Physik: „D as W iedererscheinen der ,E in füh rung ’ dürf­
te  wohl von  einem großen Leserkreis dan k b ar begrüß t worden sein, sowohl von 
dem  Fachm ann, der es schon aus der ersten A uflage kannte, als auch  von den 
S tudenten , die in diesem B uch eine w irkliche E inführung in dieses n ich t immer 
ganz einfache Gebiet erhalten  haben. Die sorgfältige, übersichtliche Darstellung 
sowie die V ielfalt der beschriebenen M ethoden, m it denen m an bei elektronen­
optischen Problem en zum Ziel kom m en k an n , m achten  das W e rk  zu einem 
guten  Lehrbuch und  Nachschlagew erk.”

Elektronenoptische Bildwandler und 
Röntgenbildverstärker

V on Dr. F b i e d r i c h  E c k a r t ,  Bonn

2., überarbeite te  Auflage

1962. V III, 257 Seiten m it 239 A bbildungen 

Leinen 42,80 MDN

Die M onographie will die G rundlagen, technischen  Möglichkeiten u n d  Anwen­
dungsgebiete des Bildwandlers und  B ildverstärkers zusam m enfassend darstel­
len, die w eitere technische E ntw icklung anregen  und  den E insatz  der elektro­
nenoptischen G eräte in Forschung, Technik u n d  Medizin fördern. 
Elektrotechnische Zeitschrift: „D as Buch is t m it großer Sachkenntnis geschrieben, 
und  wer sich fü r dieses in teressan te , gegenüber E lektronenm ikroskop und  Fern­
sehröhre wenig bekannte  E lek tronengerät in teressiert, besitzt n u n  eine solide 
D arstellung, deren eingehende Schrifttum sangaben ihm besonders willkommen 
sein w erden.”  E . Brüche

Bestellungen an den Buchhandel erbeten

J O H A N N  A M B R O S I U S  B A R T H  • L E I P Z I G
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THERMAL NEUTRON FLUX DISTRIBUTION 
AND FLUX TRAP EFFECT

IN THE ACTIVE CORE OF THE U A -R R -I  REACTOR

By
E . A . S a a d  N . A . E i s s a

U A R  A T O M I C  E N E R G Y  E S T A B L I S H M E N T ,  A L - A Z H A R  U N I V E R S I T Y ,  C A I R O ,  U A R
C A I R O ,  U A R

I. B a r t c h o u k  O . H . E l -M o f t y

T H E  U K R A I N I A N  A C A D E M Y  O F  S C I E N C E ,  U A R  A T O M I C  E N E R G Y  E S T A B L I S H M E N T ,
K I E V ,  U S S R  C A I R O ,  U A R

and

A . F . E l - B i d e w y

E I N  S H A M S  U N I V E R S I T Y ,  C A I R O ,  U A R  

(P resented  by  A. Szalay. — Received 13. IX . 1966)

The therm al neu tron  flux d is tribu tion  a t various po in ts of the ac tive  core and irra ­
d ia tion  channels of th e  UAR w ater-w ater reactor, was m easured by th e  neu tron  activation  
m ethod  of copper and gold foils. An increase in the th erm al neutron flux  in  the active core 
is achieved by creating a w ater cavity  of 7 cm2 section. T he therm al neu tron  flux  in the cav ity  
is increased 2.3 and 2.6 tim es compared w ith  th a t in the ac tive core and the irrad ia tion  channels, 
respectively.

1 . Introduction

T h e k n ow led ge  o f  actu a l n eu tron  f lu x  d istr ib u tio n  at v a rio u s p o in ts o f  
th e  a c t iv e  core an d  reactor ch an n els is s tr ic t ly  in d isp en sab le  for  d efin in g  o p ti­
m a l con d ition s for sam p le irrad ia tion  b y  reactor n eu trons an d  for ca lcu la tin g  
th e  U 235 burn u p . In  m an y  cases it  is o ften  d esira b le  to  irra d ia te  sam ples in  
th e  reactor b y  h igh  therm al n eu tron  flu x es. M axim u m  n eu tron  f lu x e s  in  th e  
rea cto r  d epend  on  its  pow er an d  th e  vo lu m e o f  a c t iv e  core.

A s a ru le, th e  sam p le irrad ia tion  channels in  research reactors are b ey o n d  
th e  core at a d ista n ce  from  its  b ou n d ary  w h ere  th e  th erm a l n eu tron  f lu x  
crea ted  b y  th e  re flec to r  is m a x im u m . In  w a te r-w a te r  research reactors o f  th e  
M T R  and W W R -M  ty p e  [9, 10, 1 1 ], th e  use o f  a b erylliu m  re flec to r  en ab les  
m axim u m  th erm al n eu tron  f lu x e s  in  th e  re flec to r  to  be o b ta in ed  30%  h igh er  
th an  th e  m axim u m  th erm al n eu tro n  flu x es in  th e  core.

A nother p o ss ib ilty  for in creasin g  th e  th e r m a l f lu x  in  a reactor is th e  
crea tio n  o f  a c a v ity  in sid e th e  core filled  w ith  th e  m od erating  m ateria l. S ince  
th e  c a v ity  is surroun ded  on all s id es b y  fissile  m a te r ia l and th e  th erm a l n eu tron  
life -t im e  in th e  c a v ity  is longer th a n  th a t  in  th e  co re , co n seq u en tly , th e  th erm a l 
n eu tro n  f lu x  in sid e th e  c a v ity  is h igh er th an  th a t  in  th e  core. In  w orks [9, 10]
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it  is sh ow n  th a t  in  th is  w a y  th e  th erm a l n eu tron  f lu x  in  th e  c a v ity  o f  th e  
W W R -M  ty p e  reactor is in creased  b y  3 — 4 tim es com p ared  w ith  t h a t  in  th e  
core. T h e v a lu e  o f  th e  in crease in  th e  th erm a l n eu tron  f lu x  depends on  th e  size  
o f  th e  c a v ity  an d  th e  ch aracter o f  th e  m od erator in  it .  A  great deal o f  research  
h as b een  d ev o ted  to  a s tu d y  o f  o p tim a l ca v itie s  in  th e  W W R -S  ty p e  reactors. 
R esu lts  h a v e  b een  g iv en  o f  th e o re tic a l and ex p er im en ta l in v e stig a tio n s  on 
th e  d ep en d en ce  o f  th e  in crease in  th e  m ax im u m  th erm a l n eu tron  f lu x  for 
a cy lin d rica l c a v ity  at th e  reactor core a x is , on its  d ia m eter  and th e  m ateria l 
o f  th e  m od erator in  it  [12 ]. H ere, th e  lo c a tio n  o f  th e  E K -1 0  fuel a ssem b lies  in  
th e  core w as th e  sam e as in  th e  W W R -S  reactors, a sq u are la ttic e  w ith  para­
m eter  17 .7  m m . T h e c a v itie s  w ere fille d  w ith  ord in ary  w ater, h e a v y  w ater, 
b ery lliu m , and g ra p h ite , and  w ere stu d ie d . F rom  th is  w ork  it fo llow s th a t  th e  
m a x im u m  in crease in  th e  th erm al n eu tro n  f lu x  (3 .8  t im e s  h igher th a n  th e  f lu x  
w ith  no c a v ity )  is o b ta in ed  w hen  th e  c a v ity  has a d iam eter o f  12 cm  and  
ord in ary  w ater  is u sed  as a m od erator. A n oth er w ork  [13] also d escrib es th e  
use o f  E K -1 0  fuel e lem en ts , b u t w ith  a tr ian gu lar la t t ic e . C avities f ille d  w ith  
ord in ary  w ater  w ere created  a lon g  th e  core ax is. T h e core had th e  form  o f  
a regular h ex a g o n . C av ities o f  d ifferen t d im en sion s for th e  p itc h e s  o f  th e  
tr ian gu lar  la t t ic e s  a =  15 m m  and a =  19 m m  h a v e  b een  stu d ie d . As th e  
au th ors rep orted , all th e  m easu rem en ts w ere n orm alized  to  an id e n tic a l to ta l 
n u m b er o f  f iss io n s in  th e  core, th o u g h  th e  core v o lu m es were d iffer en t. T he  
m axim u m  f lu x  in c a v ity  w ith  su ch  n o rm a liza tio n  has b een  found  to  b e I) — 8.7  
cm  at th e  c a v ity  d iam eter for a =  19 m m  and D =  9 .6  cm  for a =  15 m m  
at th e  d iam eter.

T o o b ta in  th e  in crease in  th e  th erm a l n eu tron  f lu x  in th e  U A -R R -1  
reactor , a w ater  c a v ity  o f  square se c tio n  a =  7 cm  w a s m ade b y  ex tr a c t in g  
on e fu e l a ssem b ly . To d eterm in e th e  in crease in th e  therm al n eu tr o n  f lu x ,  
m easu rem en ts o f  f lu x  d istr ib u tio n  in  th e  core and c a v ity  w ere perform ed .

T he m easu rem en ts sh ow  th a t  th e  m axim u m  th erm a l n eu tro n  f lu x  in  
th e  m id d le  h orizon ta l p lan e  o f  th e  reactor at th e  c a v ity  axis is 2 .3  greater  
th a n  th e  th erm al f lu x  a t th e  sam e p o in t in  an u n p ertu rb ated  reactor, and 2 .6  
as h igh  as th a t  in  th e  irrad iation  ch an n els.

S ince th e  c a v itie s  stu d ied  in  [12] and [13] are id ea l b o th  in  form  and  
p o sitio n  in th e  core and can n ot b e rea lized  in our rea cto r  core o w in g  to  its  
co n stru ctio n a l ch aracter istics , it  is a m a tter  o f  in te re st  to  s tu d y  th e  p ossi­
b ility  o f  ob ta in in g  a c a v ity  o f  o p tim a l d im ensions or to  eva lu a te  its  d ifferen ces  
from  th e  op tim al one.

2. Some data on the U A — R R  — 1 reactor and the active core

T h e U A -R R -1  reactor at th e  U .A .R . a tom ic en ergy  es ta b lish m en t is  
a W W R -S  ty p e  reactor. The co n stru ctio n  and m ain  ch aracteristics o f  th e
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W W R -S  reactor h a v e  b een  given  in  a n um ber o f  papers [1, 3 , 4 ] .  I ts  th erm al 
pow er is 2 M W , th e  n eu tron  f lu x  in  th e  centre o f  th e  a c t iv e  core is ab out  
2 • 1013 n /cm 2 • sec a t 2 M W . The core is con stru cted  to  h a v e  51 sec tio n s o f  
fu e l e lem en ts . E ach  sec tio n  co n ta in es 15 — 16 fu e l e lem en ts (E K -1 0  ty p e )  
m ade o f  10%  en rich ed  U 235. O rdinary w ater serves as a m od erator, coo lan t, 
and reflec tor . The rea cto r  was lo a d ed  in  1961 and h as b een  in  op era tion  since

F i g .  l a .  H o rizo n ta l c ross-section  of a c tiv e  core

th en . B y  th e  present t im e  th e en erg y  gen erated  a m o u n ts to  296  M W  d ays. 
F ig . la  sh ow s th e a c t iv e  core con figu ra tion .

A  tech n o log ica l se c tio n  h av in g  fu e l e lem en ts is sh ow n  in F ig . 2 . A t p re­
sen t, th e  a c t iv e  core co n ta in s 42 fu e l sectio n s w ith  fu e l e lem en ts . In  order to  
ob ta in  an increased  th erm a l n eu tron  f lu x  for sam p le irrad ia tion  one o f  th e  
section s w as replaced  b y  a displacer [5 ]. Sam ples are u su a lly  irrad ia ted  in sid e  
special ch an n els filled  w ith  w ater an d  loca ted  at th e  com ers o f  th e  a c tiv e  
area (1P 15 1 P 2 1 P 3, 1 P 4, 1P 5, 1P6, 1 P 7, 1P 8, F ig . la )  and d isp lacers p u t in  th e  
cells w ith  no fuel e lem en ts  present. N e x t  to  th e  1 P 4 ch an n el, th ere  is a dry  
channel P d  for sh o r t-t im e  irrad iation . T his ch an nel goes th rou gh  th e  w hole  
reactor and is con n ected  w ith  a tra n sp o r t tu b e le a d in g  to  th e  f ir st h o t cell. 
There are n in e  h orizon ta l channels ra d ia lly  ap proach ing  th e  a c tiv e  core centre.

1* Acta Physica Academiae Scientiarum Hungaricae 23, 1967
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T h e  grap h ite  th e rm a l co lum n  on  on e sid e o f  th e  a c t iv e  core is in ten d ed  to  
o b ta in  p ure th e rm a l n eu tron s. S a fe ty  and con tro l rods are in  th e  a ctiv e  core 
cen tre .

3. M ethod  o f  m easu rem ents

T h e m easu rem en ts o f  th e rm a l n eu tron  f lu x  d istr ib u tio n  in  th e  core w ere  
p erform ed  u s in g  th e  a c tiv a t io n  o f  cop p er fo ils . C opper fo ils  w ere u sed  as n eu tron  
in d ica to rs  for th e  fo llow in g  reason s:

T here are n o  d ifficu ltie s  in  th e  p rep aration  o f  cop p er fo ils . T h e h a lf  life  
o f  Cu64 is ra th er  lo n g  (T 1/2 =  12 .8  hr) w h ich  is v e r y  u se fu l to  fa c ilita te  th e  
m ea su rem en ts . T h e copper a c t iv a t io n  cross-sec tion  (4 .3  ^  0 .2  b arn ) has a lm ost 
n o  reson an ces b e lo w  200 eV  an d  is  close to  th e  1/V  d ep en d en ce  over a w id e  
ra n g e  o f  n eu tro n  energies.

T h e cop p er  fo ils 0 .2 m m  th ic k , 3 m m  d ia m eter  w ere sta m p ed  u sin g  
a  sp ec ia l p ress . T h e fo ils w ere w eig h ed  w ith in  an  accu ra cy  o f  i 0 . 5 % .  T h e  
a v era g e  w e ig h t o f  a fo il is 3 .2  m g . V aria tion s in  w e ig h ts  o f  th e  in d iv id u a l fo ils  
w ere ta k en  in to  con sid era tion .

To p u t fo ils  b etw een  th e  fu e l e lem en ts in  th e  core, th e  cop p er fo ils w ere  
in co rp o ra ted  in  h olders m ad e o f  p lex ig la ss . T h e h o ld ers p rov id e an  ea sy  m eth od  
o f  m o u n tin g  an d  ex tr a ctin g  fo ils  an d  perm it co n v en ie n t lo a d in g  an d  u n load in g . 
P le x ig la ss  a lso  h as n early  th e  sa m e m od era tin g  p rop erties as w a te r . T herefore, 
a fa ir  am o u n t o f  p lex ig la ss  in  th e  a c t iv e  core d oes n o t cau se a n y  p ertu rb ation  
in  n eu tron  f lu x  or in  r e a c t iv ity . A p art from  th is , p lex ig la ss  is n o t  su bject to  
n eu tro n  a c t iv a t io n .

T h e cop p er  fo ils  w ere arranged  in  th e  h olders so as to  o b ta in  th e  th erm al 
n eu tro n  f lu x  d istr ib u tio n  in  th e  m id d le  h orizon ta l p lan e  o f  th e  a c tiv e  core. 
A n o th e r  la y e r  o f  fo ils  covered  w ith  0 .6  m m  cad m iu m  clad d in g  w as arranged  
a t  a d ista n ce  o f  2 .5  cm  up an d  d ow n  th e  m id d le  p lan e . T h is la y e r  w as u sed  
t o  d eterm in e  t h e  a c t iv ity  ca u sed  b y  n eu tron s h a v in g  en ergies up  to  0.4 eV  
w h ich  is th e  c u t-o f f  en ergy  o f  cad m iu m .

A fter  irrad ia tion  th e  h o ld ers w ere e x tr a c ted  from  th e  core an d  th e  fo ils  
w ere arranged  in  sp ec ia l sto ra g e  ce lls  d esign ed  to  p rev e n t m isp la cem en t w hen  
m easu rin g  th e  a c t iv ity .

T h e fo ils ’ a c t iv ity  w as m easu red  b y  an end  w in d ow  G. M. cou n ter. T h e  
w in d o w  is a b o u t 5 m g/cm 2 th ic k n e ss . T he dead  t im e  o f  th e  co u n ter  w as d eter ­
m in ed  b y  an  ex p er im en ta l m e th o d  u sin g  tw o  sou rces, and  it s  s ta b ility  w as  
ch eck ed  u sin g  a stan d ard  sou rce Sr90. T o ch eck  up  th e  in d ica to r  p u r ity  a d ecay  
cu rv e  for on e o f  th e  irrad ia ted  fo ils  w as b u ilt  d u rin g  th e  p rocess o f  m easu re­
m en t. T h e o b ta in ed  h a lf  life  co in c id ed  w ith  th e  ta b u la te d  d a ta . A ll fo ils a c t iv ity  
w a s redu ced  to  on e and th e  sam e tim e  (tim e o f  sh u td o w n ), correction s for fo il 
w eig h t d ev ia tio n s  and for co u n ter  d ead -tim e w ere in trod u ced .
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To o b ta in  th e  th erm al n eu tron  f lu x  in  th e  m easu red  p o in ts a re la tio n  
b etw een  th e  th erm al n eu tro n  f lu x  in th e  irrad ia tion  ch an n els  and th e  corres­
p on d in g  th erm a l a c t iv ity  o f  copper fo ils w a s d eterm in ed .

T he th erm al n eu tron  f lu x  in th e  U A -R R -1  reactor ch a n n e ls  w as m easu red  
u sing  th e  a c tiv a t io n  m eth od  o f  gold  fo ils. T h e  a ctiv a tio n  cross-sec tion  o f  A u  197  
is  98 .8  barns and its  h a lf  l ife  is 2 .7 d a y s . B o th  bare an d  cadm ium  co v ered  
gold  fo ils w ere prepared  b y  th e  sam e m e th o d  as th e  co p p er  fo ils, an d  th e y  
w ere arranged  in  th e  sam e h olders in  p o s it io n s  corresp on d in g  to  th e  m id d le  
h orizon ta l p la n e  o f  th e  a c t iv e  core. Irra d ia tio n  o f  gold  fo ils  w as carried  o u t  
for one hour a t a reactor p ow er o f  2 k W . T h e  gold  fo il a c t iv i ty  w as m easu red  
u sing th e  ß —y  co in cid en ce m eth od  d escrib ed  in  [8]. A fte r  ap p ly in g  a ll cor­
rection s, as for exam p le , th e  screen ing  e ffec t  o f  cadm ium  on  n eu trons o f  en ergy  
higher th a n  0 .4  eV and th e  screen ing e f fe c t  o f  gold an d  cadm ium  on  th e  
reson ance o f  5 eV  o f  go ld , th e  th erm al n eu tr o n  f lu x  in th e  irrad iation  ch an n els  
w as ca lcu la ted  a t 2 MW .

4. T h erm al neutron  f lu x  distribution

In  order to  ob ta in  a fu ll  p icture o f  th e  th erm al f lu x  d istr ib u tion  in  th e  
a c tiv e  core, th e  fo il h olders w ere load ed  a lo n g  tw o  core d iagon a ls A B  an d  CD 
and along th e  sam ple irrad ia tion  ch an n els ax is (F ig . l b ) .  T he n um bers in  
F ig . lb  are th e  seria l n u m b ers o f  th e  h o ld ers.

To o b ta in  th e  th erm al n eu tron  f lu x  d istr ib u tio n  in  th e  v ertica l d irec tio n , 
alon g th e  fu e l le n g th  an d  b ey o n d  th e  a c t iv e  core, an d  a lso  in  th e  c a v ity ,  
holders 10, 17, 4 and 5 w ere m ade lon ger an d  w ere f ille d  along th e ir  to ta l  
len g th  w ith  b o th  bare and cad m iu m  co v ered  fo ils .

Results and discussion

R esu lts  o f  m easu rem en ts g iven  in  F ig . 3 show  th e  th erm a l n eu tron  f lu x  
d istr ib u tion  in  th e  m idd le h orizon ta l p la n e  o f  th e  a c t iv e  core. T h e p o in ts  
m easured  a lon g  th e  d iagon al A B  crossing a w a ter  c a v ity  are draw n in  a con- 
tin o u s cu rve (holders from  2 to  13, F ig . lb )  and th o se  m easu red  a lo n g  th e  
d iagon al CD are draw n in  a d o tted  cu rv e  (holders from  14 to  25, F ig . lb ) .  
T he th erm al n eu tron  f lu x  d istr ib u tion  a lo n g  th e  d ia g o n a l CD rep resen ts , 
as ex p ec ted , a b e ll sh aped  cu rve . T he cu rv e  sh ow s a ce n tr a l depression  w h ich  
is  due to  th e  n eu tron  ab sorp tion  cau sed  b y  con tro l rod s. T h is effect is  a lso  
n o ticed  in  th e  cu rve rep resen tin g  th e  d ia g o n a l CD. A t b o th  ends o f  th e  cu rv e  
th e  th erm al n eu tron  f lu x  in creases again . T h ese  p o in ts corresp ond  to  th e  th e r ­
m al f lu x  in th e  irrad iation  ch an n els near ea ch  end in  w h ic h  th e  th erm al f lu x  
increases due to  th e  n eu tron  reflection  in  w ater . The th e rm a l n eu tron  f lu x
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Fig. lb . A rrangem ent of holders in the active core and channels

Fig. lc . D ifferent configurations of cavity in th e  core
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d is tr ib u tio n  along th e  d iagona l A B  show s a m ajo r d ifference  from  th a t  a long  
th e  d iagonal CD. A t th e  p o in ts  o f th e  w a te r  cav ity  th e  th e rm a l n e u tro n  f lu x  
is h ig h er th a n  in  th e  core. In  th e  c a v ity  cen tre  th e  th e rm a l  n eu tro n  f lu x  is 
2.4 tim es as h ig h  as th a t  in  th e  re a c to r  c e n tre  and  abou t 2 .6  tim es th e  n e u tro n  
flu x  in  th e  sam ple  channels.

Fuel rod

Fig. 2. H orizontal view of a fuel section filled w ith fuel rods

Fig. 4a  show s th e  th e rm a l n e u tro n  f lu x  d is tr ib u tio n  in  th e  v e r t ic a l  
d irec tio n  fo r th e  holders 10 an d  17 (F ig . lb ) .  These h o ld e rs  lie a t  th e  sam e  
d is tan ce  from  th e  con tro l rods. T he tw o  cu rv es have an  id en tica l c h a ra c te r . 
T h ey  are  d is to r te d  cosine cu rves w ith  m a x im a  sh ifted  to w a rd s  th e  low er en d s. 
T h e  sh ift o f m ax im a dow n from  th e  co re  m idd le  p lane is due  to  th e  e ffec t 
o f  th e  con tro l rods. The p e a k s’ rise a t  th e  en d s  of th e  curves is d u e  to  th e  n e u tro n  
re flec tio n  in  w a te r. This effect is w ell sh o w n  in  th e  u p p er p a r ts  of th e  cu rv e s . 
T h e  d ashed  cu rve  in Fig. 4a shows a th e o re tic a l d is tr ib u tio n  of th e rm a l f lu x
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fo r  an  ideal co re . This d is tr ib u tio n  was b a s e d  on th e  th r e e  group th e o ry  c a l­
cu la tio n s o f  th e rm a l  f lu x  d is tr ib u tio n  [6]. T h e  th e o re tic a l c u rv e  was n o rm alized  
to  give th e  sam e  area  of t h a t  p a r t  covered  b y  th e  le n g th  o f  th e  ac tive  co re . 
T h e  observed  d ifference in  th e  re flec to r re g io n  can be e x p la in e d  as b e ing  d u e

Fig. 4a. Vertical d istribu tion  of th e rm a l flux  in th e  ac tiv e  core

Fig. 4b. V ertical d istribution of th e rm al flux in th e  cavity

to  th e  excess o f  s tru c tu ra l m a te ria ls  a n d  su p p o rts  in  th is  region w hich  w ere  
n o t  ta k e n  in to  co n sid e ra tio n  in  th e  th e o re tic a l ca lcu la tio n s of th e  idea l co re . 
T h e  d e v ia tio n  o f  th e  e x p e rim e n ta l curve f ro m  th e  th e o re tic a l one in  th e  c e n tra l  
p a r t  is d u e  t o  th e  effect o f  co n tro l rods w h ic h  ap p ear m a in ly  as a d ep ress io n  
in  th e  u p p e r  p a r t  o f th e  c u rv e  m aking  th e  observed  sh if t o f m ax im um  b e lo w  
th e  cen tre  o f  th e  ac tive  co re .

F ig . 4 b  show s th e  v e r tic a l d is tr ib u tio n  in  th e  w a te r  cav ity  for h o ld e rs  
4 an d  5 (F ig . lb ) .  T he cu rv e  fo r ho lder 4 does n o t e x h ib it th e  re flec to r e ffec t
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a n d  in  th e  cu rve  o f ho ld er 5, th e  effect is n o t  c learly  rev ea led . T his is b ecau se  
o f th e  absence o f  fu e l elem ents in  th is  p o s itio n .

T he f lu x  d is tr ib u tio n  in  one o f th e  ir ra d ia tio n  ch anne ls (1P 7) is sh o w n  
in  F ig . 5.

Fig. 5. Therm al flux  d istribution  in  th e  reactor channels

5. Thermal neutron flu x  trap effect

T h e co n stru c tio n  of th e  U A -R R -1  r e a c to r  core (F ig . l a )  is such t h a t  
in side  i t  th e  follow ing re s tr ic tio n s  lim it th e  c rea tio n  of w a te r  cav ities s im ila r  
to  th o se  in v e s tig a te d  p rev iously .

1 — T he assem blies are o f sq u a re  sec tio n  h av in g  a d im en sio n  60 X 60 m m ,
so th e  c a v ity  can be  o n ly  of a sq u a re  or re c ta n g u la r  shape m a d e  
b y  e x tra c tin g  one or m ore  (2 o r  3) fuel assem blies.

2 — Since th e  re g u la tin g  a n d  sa fe ty  ro d s  are  lo ca ted  in  th e  core c e n tre
b e tw een  th e  fuel sec tio n s, th e  c re a tio n  of a c a v i ty  on th e  co re  
axis or in  places a d ja c e n t to  c o n tro l rods is re je c te d  for p ra c tic a l 
reasons. S uch  cav ities can  only b e  lo ca ted  in  som e defin ite  p laces  
o f th e  core off th e  c e n tre  and  a w a y  from  th e  re g u la tin g  and  s a fe ty  
rods.

I t  has been  m en tio n ed  t h a t  w orks [12, 13] deal w ith  a  th eo re tica l a n d  
ex p e rim en ta l s tu d y  o f  cav ities c re a te d  a lo n g  th e  core ax is . F o r  such cases , 
th e o re tic a l ca lcu la tio n s are  m uch  sim plified , since th e  p ro b le m  is reduced  to  
one d im ension . F o r  a cav ity  a t  a n  off c e n tre  position , th e  ca lcu la tions a re  
com plex  in  p rac tice  because o f th e  L ap lac ian  com plica tion  in  th e  eq u a tio n s  
o f  n e u tro n  d iffusion  th a t  are  u su a lly  em p lo y ed  fo r th is p u rp o se , so th a t  th e  
p ro b lem  becom es m u ltid im en sio n a l.

In  v iew  of th is  we shall re p re se n t here  th e  ex p erim en ta l s tu d y  of in c rea se  
in  th e  th e rm a l n e u tro n  flu x  a t  d iffe ren t re a l  con figu ra tions o f  cav ities. T h e
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m e a su re m e n ts  o f th e rm a l n e u tro n  f lu x  d is tr ib u tio n  h a v e  been  m ade fo r five 
cases (F ig . lc ) .

E x p e r im e n t №  1, w h en  all fuel sec tio n s are p re se n t.
E x p e r im e n t №  2, w h en  fuel sec tio n  №  1 is e x tra c te d , 2 an d  3 are 

p re sen t.
E x p e r im e n t №  3, w h en  fuel sec tio n  1 and  2 a re  e x tra c te d , a n d  3 is 

p re sen t.
E x p e r im e n t №  4, w h en  fuel sec tio n s 1, 2 and  3 a re  ex trac ted .
E x p e r im e n t №  5, w hen  fuel sec tion  №  2 is e x tra c te d , 1 and  3 are  p re se n t.

T h e  e x tra c te d  assem blies w ere n o t  com plete ly  w ith d raw n  fro m  th e  
reac to r  b u t  w ere p laced  in  o th e r  po sitio n s in  th e  core a t  th e  corner o p p o site  
Го th e  th e rm a l  colum n, i.e . th e  vo lum e o f th e  active co re  rem ains u n c h a n g e d  
in  all ex p e rim en ts .

Fig. 6 . A rrangem ent o f holders in cavities

I t  w as n o ticed  th a t  w ith  such re p la c e m en t of th e  fu e l sections th e  n e u tro n  
fluxes a re  n o t  changed  in  th e  channels 1 P X, 1P2, 1 P 7 a n d  1P8. A ccord ing ly , 
th e  co p p er fo ils ir ra d ia te d  in  th ese  c h an n e ls  were u sed  as m onitors. T h e  n o r­
m aliza tio n  o f  fluxes in  all ex p erim en ts  w as  m ade w ith  resp ec t to  th e s e  foils. 
S ince th e  v o lu m e  o f th e  co re  in  all e x p e rim e n ts  is u n c h a n g e d , such a n o rm a ­
liza tio n  re fe rs  to  b o th  n e u tro n  flu x  a n d  re a c to r  pow er.

In  p lace  of th e  fuel assem blies e x tra c te d  from  th e  core, assem blies w ith  
n o  fuel b u t  h a v in g  th e  h o ld e rs  w ith  in d ic a to rs  w ere in se rted .
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F ig . 6 show s th e  positions o f  in d ica to rs . T h ese  positions a re  suffic ien t 
to  b u ild  th e  cu rves of th e rm a l n e u tro n  flu x  d is tr ib u tio n  in  d irec tio n s  I  — IV  
fo r all ex p erim en ts  an d  fo r th e ir  com parison .

Results and discussion

Figs. 7 —10 re p re se n t th e  cu rv es  of th e rm a l n eu tro n  f lu x  d is tr ib u tio n  
in  all fou r d irec tions fo r all ex p erim en ts  n o rm alized  to  th e  sam e re a c to r  pow er.

Fig. 7. Therm al neutron  flux  distribution for different configurations of cav ity  in  direction I

Fig. 8 . Therm al neutron  flux  distribution for different configurations of cavity  in  direction II

T h e zero p o in t of th e  curves co rresponds to  th e  cen tre  of th e  f ir s t  c av ity  
excep t in  F ig . 9 w here th e  zero co rresponds to  th e  cen tre  of th e  second  section 
rem oved .
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F ig . 7 re p re se n ts  th e  th e rm a l n e u tro n  f lu x  d is tr ib u tio n  in  d ire c tio n  I  for 
a ll co n fig u ra tio n s . F ro m  th e  cu rves i t  is seen t h a t  th e  m ax im um  f lu x  in  th is  
d ire c tio n  is o b ta in e d  w hen  only  one  fuel sec tion  is rem oved (c a v ity  №  1), 
w here  th e re  is no  g re a t  difference b e tw een  cav ities 2 an d  3.

Fig. 9. T herm al neu tron  flux  d istribution  fo r different configurations of cavity  in  direction I I I

Fig. 10. Therm al neu tron  flux d istribu tion  for different configurations of cavity  in  direction TV

T h e sam e app lies  to  d irec tio n  I I  w hich is show n in F ig . 8. F ig . 9 re p re ­
sen ts  th e  th e rm a l n e u tro n  f lu x  d is tr ib u tio n  in  d irec tio n  I I I  for cav itie s  2 a n d  
3 o n ly , since th e  o th e r  co n fig u ra tio n s  can n o t be  re p re se n te d  in  th is  d irec tio n . 
F ig . 10 re p re se n ts  th e  effect of c a v ity  on th e  th e rm a l n e u tro n  f lu x  in  d irec tio n  
IV  as a  fu n c tio n  o f  d is tan ce  along th e  axis.

A ll th e se  cu rv es  show  a neg lig ib le  d ifference in  increase in  th e  n e u tro n  
f lu x  w ith  th e  cav itie s  form ed b y  e x tra c tin g  2 a n d  3 fuel assem blies, b u t  th e  
m ax im u m  th e rm a l f lu x  is o b ta in e d  w hen  only  one fuel section (c a v ity  №  1)
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is rem o v ed . So, such  a c a v ity  is s u ita b le  an d  gives th e  m ax im um  p e a k  in  th e  
U R -R R -1  reac to r.

T h e  d isc rep an cy  b e tw een  o u r d a ta  and  d a ta  [12] is due to  th e  fa c t th a t  
th e  c a v ity  c rea ted  in  [12] is an  id e a l one b o th  in  fo rm  and  in  p o s itio n . The 
d ifference betw een  o u r d a ta  an d  d a ta  [13] m a y  be  exp la ined  as follows: 
T he curves o b ta in ed  in  [13] a t v a r io u s  d im ensions o f  cav ity  w ere no rm alized  
to  th e  sam e n u m b er o f  fissions in  co res of d iffe ren t vo lum es.

6. Conclusion

F ro m  th e  d a ta  o b ta in ed  i t  follow s th a t  fo r  p ra c tic a l use to  reach  an 
increase in  th e rm a l n e u tro n  flux  in  th e  active co re  of th e  U R -R R -1  reac to r 
(W W R -S  ty p e ) th e  use o f a w ate r c a v i ty  crea ted  b y  e x tra c tin g  one fu e l section 
is th e  m o st p re fe rab le , i.e. th e  c re a tio n  of a c a v i ty  hav ing  th e  dim ensions 
7 x 7  cm s. U nder th e se  cond itions th e  increase in  th e  th e rm a l n e u tro n  flu x  
is 2.3 as h ig h  as th e  th e rm a l f lu x  a t  th e  sam e p o in t w ith o u t p e r tu rb a tio n , 
a n d  a b o u t 2.6 tim es th e  flu x  in th e  irrad ia tio n  ch an n e ls .
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РАСПРЕДЕЛЕН ИЕ ПОТОКА ТЕПЛОВЫ Х НЕЙТРОНОВ И ЭФФЕКТ ЛОВУШКИ 
ПОТОКА В АКТИВНОЙ ЗОНЕ РЕАКТОРА U A -R R —I

Е .  А .  С А Д ,  Н .  А .  Э Й С С А ,  И .  Б А Р Ч У К ,  О .  Г .  Э Л - М О Ф Т И  и  А .  Ф .  Э Л - Б А Й Д В И

Р е з ю м е
Распределение потока тепловых нейтронов в разных точках активной зоны и ка­

нала облучения водно-водяного реактора UAR измерялось нейтронно-активационным 
методом при помощи латунной и золотой фольги. В активной зоне достигалось заметное 
увеличение потока тепловых нейтронов созданием водной полости поперечного сечения 
в 7 см2. Поток тепловых нейтронов в полости увеличился в 2,3 и 2,6 раза по сравнению со 
значением в активной зоне и в канале облучения соответственно.
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MEASUREMENT OF THE LIFETIME 
OF ATOMIC EXCITED LEVELS BY TIME ANALYSER*

By

J .  B a k o s  a n d  J .  S z i g e t i

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 

(P resented  by  L. Jánossy . Received 20. IX . 1966)

The lifetim es of atom ic excited s ta te s  in different noble gases have been m easured 
by the m ethod of tim e analysis. Some of th e  lifetim e values are those of the in itia l levels 
of laser transitions (A ril), th e  others are those  of the final levels of different gas lasers (Ne). 
The principle of the m easuring apparatus is considered and effects d isturbing the m easurem ent 
are discussed.

In  th e  search  for n ew er laser m a te r ia l  th e  m ost im p o r ta n t c h a rac te ris tic s  
w hich are  n eed ed  are  th e  lifetim e v a lu e s  o f th e  in it ia l  a n d  te rm in a l levels of 
th e  p lan n ed  laser tra n s it io n . F or th e  m easu rem en t o f  th e  life tim e in  gases 
th e re  is th e  v e ry  e ffic ien t co incidence m eth o d  of H e r o n — M c W h i r t e r  and  
R h o d e r i c k  [ 5 ] ,  and  th e  m odified  fo rm  o f th is  m eth o d  w as used  b y  B e n n e t t  [ 8 ]  

in th e  m easu rem en t o f th e  d iffe ren t n eo n  levels p la n n e d  as th e  in i t ia l  level 
o f th e  H e — N e laser. In d e p e n d e n tly  o f  t h a t  w ork, life tim e  m easu ring  a p p a ra tu s  
based  on e x a c tly  th e  sam e  p rincip le  as th a t  o f B e n n e t t  w as b u ilt  b y  us and  
used for th e  d e te rm in a tio n  o f th e  life tim es  of th e  levels in  various n o b le  gases 
n am ely  H e, N e, A r, A r + atom s. R e c e n tly , P e n d l e t o n  an d  H u g h e s  an d  
K l o s e  [ 2 ,  1 0 ]  have  p u b lish ed  d a ta  a b o u t H e and N e life tim e  values m easu red  
by  th e  sam e m ethod .

1. The m easuring apparatus

Fig. 1 show s th e  b lock  d iag ram  o f th e  m easu ring  a p p a ra tu s . T h e  atom s 
are exc ited  in  th e  glass tu b e  (3) b y  th e  co llim ated  e lec tro n  beam  o rig in a tin g  
from  th e  gun (A). T he en erg y  of th e  e x c itin g  electrons v a rie s  from  20 to  130 Y. 
T he co n tin u o u s flow  o f th e  electrons is period ica lly  in te r ru p te d  b y  ap p ly in g  
neg a tiv e  v o ltag e  pulses from  the  in v e r te r  (2) to  th e  co n tro l grid  (В) o f th e  
tu b e . T he lig h t of th e  ex c ited  atom s w h ich  p ro p ag a tes  p e rp en d icu la rly  to  th e  
elec tron  b eam  is co llim a ted  to  th e  e n tra n c e  slit of th e  g ra tin g  m o n o ch ro m a­
to r  (5) b y  th e  lens (4). T h e  m o n o ch ro m a to r selects th e  lig h t of th e  p ro p er 
w aveleng th  t h a t  belongs to  th e  tra n s i t io n  s ta r tin g  from  th e  level th e  life tim e

* Lecture presented a t  I I . Ogolnopolska Konferencja R adiospektroskopia i E lek tron ika 
Kwantowa in Posnan, 1966.
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o f  w h ich  is to  b e  m easu red . T h e  p h o to m u ltip lie r  (6) responds to  th e  arriva l 
o f  l ig h t q u a n ta  b y  v o ltag e  p u lses  w hich  a re  am p lified  b y  th e  am plifier (7) 
a n d  fed  to  th e  in p u t  1. of th e  t im e  to  h e ig h t co n v e rte r  (8). T h e  pulse gene­
r a to r  (1) s im u lta n e o u s ly  drives th e  in v e rte r  o f  th e  con tro l g rid  of th e  lig h t 
tu b e  an d  th e  f i r s t  g rid  of th e  c o n v e r te r  tu b e  in  th e  tim e  to  th e  h e ig h t co n v erte r.

T h e  co n v e rte r tu b e  is “ off”  e x c e p t for th e  tim e  in te rv a l co rrespond ing  to th e  
w id th  of th e  d r iv in g  pulse. T he c u rre n t flow ing  th ro u g h  th e  co n v e rte r  tu b e  in  
th e  “ on”  s ta te  is a rre s ted  b y  th e  pu lse  of th e  m u ltip lie r. T h u s , th e  charge on 
th e  p la te  of th e  co n v e rte r  tu b e  is p ro p o rtio n a l to  th e  tim e  d ifference b e tw een  
th e  lead ing  edge o f  th e  s ta r t in g  pulse  an d  th e  s topp ing  pu lse  of th e  p h o to ­
m u ltip lie r . T h e  tim e  sequence o f  th e  pu lses can  be seen c lea rly  in  Fig. 2. 
T h e  am p litu d es o f  th e  pulses fro m  th e  p la te  o f th e  co n v erte r tu b e  are an a ly zed  
b y  a 128-channel p u lse -he igh t an a ly ze r. T h e  p ro b a b ility  o f th e  ap p ea ran ce
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of lig h t q u a n ta  depends ex p o n en tia lly  o n  tim e  and  th e re fo re  th e  c o n te n t (TV) 
o f  th e  channels varies w ith  th e  chan n e l n u m b e r (n) in  th e  follow ing m a n n e r

N  =  2V0 ex p  Í ---- — .

One ch an n e l co rresponds to  one nanosecond , т is th e  m ean life tim e  o f 
th e  level m easu red  in  n anosecond  u n its . O w ing to  th e  b a c k g ro u n d  (B) cau sed  
b y  th e  d a rk  c u rre n t of th e  p h o to m u ltip lie r  an d  th e  s c a tte re d  lig h t, th e  c o n te n t 
o f th e  channels varies as

N  =  N 0 exp

Table 1

The lifetimes of He states

Singlet Triplet

S P D S P  I D

7
I '

143 ±  41 [3]

6

5 144 ±  3 [2] 
133 ±  8.5 [3]

S 7 ±  2(40)11]

79 ±  6 [2] 
43.5 ±  15 [3]

113 ±  4 [2] 
100 ±  10 [3]

235 ±  2 [2] 
222 ±  14.8 [3]

52.6 ±  14 [3]

4
90 ± 7  [1] 41.6 ±  1.3 [1] 67 ±  1.4 [1]

165 ±  1 [2] 
153 ±  2 [5] 
143 ±  14.3 [3]

93 ± 6  [1]

97 ±  2 [2] 
87 ±  7.5 [3]

35 ±  4 [4] 
47 ±  5 [2] 

33.3 ±  5.5 [3]

68 ±  1 [2]
67.5 ±  1 [5]
64.6 ±  4.17 [3] 

59 ±  6 [4]
77.5 ±  4 [6]

120 ±  20 [4]
37 ±  6 [2]

3 54.2 ±  3 [3] 18 ±  5 [4] 
16 ±  2 [2] 

16.1 ±  3.9 [3]

40.8 ±  0.8 [3]
1 1 2  ±  6  [1]

100 ±  8 [7] 
91 ±  8 [4] 

115 ±  2 [2] 
115 ±  5 [5] 
100 ±  5 [3]

25 ±  5 [4] 
15 ±  2 [2] 
10 ±  5 [5] 

14.3 ±  3.3 [3]

2
1 90.5 ±  9.8 [3]
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Table 2

The lifetimes

Outer electron j 3 P

Core (j)  I

1/2 3/2

J 0 1 1 2

[13] 51 118 n o
46

[12] 39 85
[14] 15 ±  1.0 19 ±  2 19 ±  1
[10] 14.7 ±  0.6 16.3 ±  0.6 18.0 ±  0.9 22 ±  1

Our results 13.26 ±  0.48 45 ±  3 26.2 ±  2.6 30.1 ±  1.8
(41) (21) (12) (40)

14.8 ±  0.15 36.9 ±  4 28.1 ±  1
(7.6) (47) (17)

Pi P i T 5 P t

T he re su lts  of th e  m easu rem en ts , i.e . th e  co n ten ts  o f th e  channels a re  
fed  su b se q u e n tly  to  an e lec tro n ic  c o m p u te r. T he v alues o f  th e  p a ra m e te rs  
N 0, T  an d  В  a re  ca lcu la ted  b y  th e  m ax im u m  likelihood  m e th o d . The resp o n se  
o f  th e  a p p a ra tu s  to  th e  su d d en  d ro p  in  lig h t in te n s i ty  is also ta k e n  in to  acco u n t 
b y  m easu rin g  th e  tim e  resp o n se  and  fo ld ing  i t  w ith  th e  p ro b a b ility  o f th e  
a p p e a ra n ce  o f  l ig h t q u a n ta .

T he re sp o n se  of th e  a p p a ra tu s  was d e te rm in e d  b y  m easu rin g  th e  d ecay  
cu rv e  of th e  3 s t a t e  of H e a t  low  gas p re ssu re  (2 ц), th e  life tim e of w h ich  
is th e o re tic a lly  know n to  be  sh o r t  (1.7 n sec). T h e  m easu red  m ean  decay  tim e  
used  in  th e  ab o v e-m en tio n ed  convo lu tio n  in te g ra l was 4 .7  nsec. 2

2. Effects disturbing the m easurem ent

D is tu rb in g  effects a re  th e  im p riso n m en t of re so n an ce  rad ia tio n , th e  
ex c ita tio n  tr a n s fe r  in  a to m -a to m  collision a n d  cascade tra n s it io n s  from  o v er- 
ly in g  levels.

T he im p riso n m en t o f  reso n an ce  ra d ia t io n  usually  causes th e  life tim e o f  
th e  reso n an ce  levels to  be  lo n g e r th a n  th e  t r u e  one q u en ch in g  th e  tra n s i t io n  
to  th e  g ro u n d  level and  h in d e rin g  th e  m easu rem en t of th e  tru e  life tim e  o f
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of Ne states

3P

1/2 3/2 5/2

0 1 1 2 2 3

115 109

90 115 200
29 ±  12

23 ±  2 20.3 ±  0.6 22 ±  1 24.3 ±  0.8 22.5 ±  0.9

37 ±  2.7 26.3 ±  1.0 34.9 ±  2.64 19.5 ±  1-6
(40) (42) (42) (19.5)

28.2 ±  0.85 28.4 ±  1.28
(7.6) 22 ±  0.6 (7.6)

33.2 ±  1 (7.6) 32.2 ±  1.7
(17.5) (47)

P 3 Pio P, Pc, Ps P 9

resonance  levels a t  h ig h er p ressu res o f th e  gas. T h erefo re , e ffo rts  a re  m ade to  
decrease th e  p ressu re  as low  as possib le . A n o th e r w ay  to  m in im ize  th is  effect 
is to  reduce  th e  d iam e te r  o f th e  e x c ita tio n  ch am b er (C) an d  o f th e  tu b e .

T he ra te  o f a to m -a to m  collision also depends s tro n g ly  on gas p ressu re . 
T h e  consequence o f th e  ex c ita tio n  tra n s fe r  is th e  m e asu rem en t o f a life tim e 
v a lu e , w hich depends on th e  life tim es o f  th e  tw o coup led  levels a n d  th e  cross- 
sec tio n  of th e  collision.

C ascade effects m u s t be ta k e n  in to  acco u n t in  th e  e v a lu a tio n  o f d a ta  
b y  ta k in g  th e  tra n s it io n  p ro b ab ilitie s  an d  th e  e x c ita tio n  cross-sections o f th e  
levels  from  o th e r  m easu rem en ts , or b y  th e o re tic a l co n sid e ra tio n s.

P ressu re  is u su a lly  red u ced  a t  th e  expense o f  th e  lig h t in te n s i ty  o f th e  
tu b e . M oreover, since th e  sp ec tru m  is r a th e r  rich  in  lines, th e  w id th  of th e  
m o n o ch ro m a to r slit m u st be  n a rro w ed  to  se p a ra te  th e  lines fro m  one a n o th e r. 
T herefo re  th e  exciting  c u rre n t d e n s ity  m u s t be  as h ig h  as possib le .

In  v iew  o f th e  fac ts  m en tio n ed  ab o v e , th e  tu b e  w as c o n s tru c te d  so th a t  
th e  c u rre n t d en sity  w as 60 m A /cm 2 in  th e  co llim ated  e lec tron  b eam  w ith  cross- 
sec tio n a l d iam e te r 0.8 m m . T h u s , th e  m easu rem en t is possib le  in  as r ich  a 
sp e c tru m  as th a t  of argon  an d  in  m o st cases th e  lines are  s e p a ra te d  from  one 
a n o th e r . To m in im ize th e  im p riso n m e n t, th e  ch am b er d ia m e te r  w as chosen 
to  be 1 cm.
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3. The resu lts  o f  th e  m easu rem en ts

A t f irs t  we m easu red  th e  life tim es of th e  h e liu m  levels m a in ly  fo r checking  
th e  m easu rin g  se t. T h e  re su lts  ag ree w ell w ith  th e  th e o re tic a l an d  ex p e rim en ta l 
life tim e  va lu es  re p o r te d  in  th e  l i te ra tu re . In  th is  p a r t  o f th e  m easu rem en ts  
th e  re su lts  w ere c a lc u la ted  b y  th e  le a s t  sq u are  m e th o d  (T able 1). O u r re su lts  
a re  u n d e rlin e d  in  T ab le  1. T he d ifferences in  th e  life tim e  va lu es  o f  th e  levels 
5ID , 4 3D  can  be ex p la in ed  as due  to  d is tu rb in g  effects [1].

T a b le  2 show s th e  resu lts  o f  th e  life tim e m easu rem en ts  o f th e  levels o f 
N e a to m s. T he re su lts  o f  o th e r  a u th o rs  are  l is te d  in  th e  u p p e r  p a r t  o f th e  
re c ta n g le s . T he re su lts  o f  ou r m ea su re m e n t are  co llec ted  in  th e  low er p a r t  o f 
th e  rec tan g le s . T he R a c a h ’ s  n o ta tio n s  o f th e  levels a re  g iven  a t  th e  to p  o f th e  
T ab le . T h e  P a s h e n ’ s  n o ta tio n s  a re  a t  th e  b o tto m  o f  th e  T ab le . B eside each  
o f  o u r  re su lts  th e  p re ssu re  va lu es  a re  in d ic a te d  in  b ra c k e ts . T h e  m easu red  
levels a re  th e  te rm in a l levels o f th e  H e —N e re d  a n d  in fra re d  la se r  tra n s itio n s . 
T h e  d isag reem en t w ith  O s h e r o v i c h ’ s  an d  G r i f f i t h ’ s  d a ta  can  b e  exp la ined  
b y  th e  h ig h  gas p re ssu re  used  in  th e i r  m easu rem en ts  [16].

T h e  m easu red  life tim e  v a lu es  o f ion ized  a rg o n  a to m s can  be  seen in  
T ab le  3 .  H ere  M o o r e ’ s  n o ta tio n  h a s  been  fo r id e n tif ic a tio n  of th e  levels. T he 
s ta te s  m a rk e d  b y  a s te risk s  are  th e  in it ia l  level o f th e  argon  b lu e  la se r . In  th e  
m easu rem en ts , th e  p re ssu re  of th e  gas w as v e ry  low , th e re fo re  th e  d is tu rb in g  
effects w ere neglig ib le . T h e  e rro rs  o f  m easu rem en ts  a re  less th a n  2 %  [15].

Table 3

The life tim es of A r+ states

State Wavelength
À

Gas
Pressure

M

Lifetime 
г ±  A t 
(nsec)

Ref. [11] Remarks

4р2Р°з/2* 4764.89 1.4 8.5 ± 0 .1 4 9.4 ±  0.5
4545.08 1.4 8.4 ±  0.13

4p2D°3/2* 4965.12 1.4 9.9 ± 0 .1 6 9.8 ± 0 .2

4р4Р°з/2 4735.93 2.4 9.6 ± 0 .1 1 Measured together w ith the

4726.91 Â

V / ’V * 4657.94 1.4 8.0 ±  0.13 8.7 ± 0 .3 (4s2P 3/2 — 4р2£>з/2) line

4p2S°1/2* 4579.39 2.4 8.7 ±  0.15 8.8 ±  0.3 Measured together w ith  the

4589.93 Â

4p4P°l,2* 4879.90 1.4 10.3 ±  0.20 (4 s' 2I»3/2 — 4p'2F |/2) line

4p4I>05/2
4p4P°5/2 4806.07 2.0 10.3 ± 0 .1 9
4p'2P °7/2 4609.6 2.0 9.0 ± 0 .1 6
4p4D»7/2 4348.11 3.0

1 ■
9.9 ± 0 .1 7
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ОПРЕДЕЛЕНИЕ ВРЕМЕНИ Ж И ЗН И  АТОМНЫХ ВОЗБУЖ ДЕННЫ Х 
УРОВНЕЙ ВРЕМЕННЫМ АНАЛИЗАТОРОМ 

Pl. БАКОШ и Я. СИГЕТИ 

Р е з ю м е

Методом временного анализа измерялось время жизни атомных возбужденных 
состояний в разных благородных газах. Некоторые значения времени жизни с началь­
ными уровнями лазерных переходов (Ar 11), другие — с конечными уровнями разных 
газовых лазеров (Ne). Рассматриваются принципы измерительной аппаратуры, дискути­
руются эффекты, возмущающие измерения.
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DETERMINATION OF THE COUNTING EFFICIENCY 
IN CASES OF RADIATION MEASUREMENT 

OF THE WIDESPREAD SOLID ALPHA SOURCES

By

A . T ó t h

MÉV HEALTH SERVICE, PÉCS 

(Presented by  L. Pál. — Received 20. IX . 1966)

The dependence of alpha counting efficiency on energy, source th ickness and instrum en t 
co n stan t are described in a more comprehensive m anner th an  in form er publications. The 
efficiency value calculated theoretically  is also supported  by  experim ent.

1. Introduction

The d e te rm in a tio n  of th e  to ta l  Q a c t iv i ty  of e x te n d e d , solid a lp h a  
sources is a p rob lem  occurring  fre q u e n tly  in  m a n y  fields o f science (e.g. e x p e r­
im e n ta l nu c lea r physics, geology, geophysics, ra d ia tio n  p ro te c tio n , en v iro n ­
m e n ta l d o sim etry , e tc .). D ifficu lties arise in  m easu rem en t p rac tice  owing to  
th e  lack  of a s ta n d a rd  of id e n tic a l p a ra m e te rs  (e.g. ra d ia tio n  energy, source  
th ickness) w ith  th e  sam ples o f un k n o w n  a lp h a  a c tiv ity  to  be  m easu red ; e ith e r  
no  s ta n d a rd  source is av a ilab le  or th e  p a ra m e te rs  of th e  a v a ila b le  source d iffe r 
from  those  of th e  sam ples to  be m easu red  ren d e rin g  a conversion  unav o id ab le . 
T h is is w hy it  is im p o r ta n t  to  know  th e  d ependence  of a lp h a -co u n tin g  e ff i­
c ien cy  on energy  (or ran g e), source th ick n ess  an d  in s tru m e n t co n stan t. A n 
il lu s tra tiv e  exam ple  w ill be given to  show th e  su b s ta n tia l d ependence  of e ff i­
c iency  on energy  an d  source th ick n ess . These p rob lem s w ill b e  d ea lt w ith  h ere  
from  a th e o re tic a l p o in t of v iew , p ro v id ing  a m ore co m p reh en siv e  p ic tu re  
th a n  do earlie r p u b lica tio n s , a n d  th e  ca lcu la ted  efficiency v a lu e  will be s u p ­
p o rte d  ex p erim en ta lly .

2. D efinition o f the total efficiency o f alpha-counting

T he to ta l  a lp h a -co u n tin g  efficiency m a y  be w ritten  in  th e  form :

( 1 )

w here n is th e  c o u n tin g  ra te  in  [cpm ] o b serv ab le  w ith  a g iven  in s tru m e n t 
u n d e r  specified  cond itions (i.e ., G ^  1; v a lu e  o f th e  ju s t  d e tec tab le  a lp h a
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energy  E m-m, or ran g e  ífrnin; th ick n ess  o f  ab so rb en t b e tw e e n  ra d ia tio n  source 
an d  d e te c to r ;  source th ic k n e ss  and  a lp h a  energy , or ra n g e ); Q =  to ta l  a c tiv ity

Ü
of sam p le  in  4тг solid ang le , in  [d p m ]; G =  -— - =  solid an g le  fac to r; r/ =  “ p ar-

271
t ia l”  c o u n tin g  efficiency, w h en  G =  1. O therw ise, a n y  c o u n tin g  ra te  fo r  solid 
angles G <  1 m easu rab le  b y  th e  in s tru m e n t is: =  G ■ n [cpm ].

F o r  s im p lic ity  th e  increase  o f  to ta l  efficiency d u e  to  a lp h a -p a rtic le  
b a c k s c a tte r  from  th e  t r a y  su p p o rtin g  th e  specim en w ill b e  neg lec ted  below . 
(This b a c k s c a tte r  shou ld  b e  n o t m ore th a n  5%  in th e  w o rs t case.) T h is neg lec t 
is a b so lu te ly  ju s tif ie d  w h en  th e  ra d ia tio n  of a n o t to o  th in  a lp h a-so u rce  w ith  
a low  a to m ic  n u m b e r p ro d u ced  on a n  unpo lished  su rfa c e  is reg is te red  [1]. 

T o ta l a lp h a -co u n tin g  efficiency m a y  also he w r i t te n  in th e  fo rm

R

G f dn
rjt =  ■—

Q dR
f  — ^?m ln

Eo
£  f l d n ) dE cp m

Q J
^min

dE) d p m
( 2)

w here  R  is th e  ran g e  o f th e  a lp h a -p a rtic le  in  question  in  a ir  [cm ], an d  d — F mjn 
th e  a lp h a -p a rtic le  ran g e  [a ir  cm ] ju s t  d e tec tab le  w ith  th e  given m easu rin g  
a p p a ra tu s . E 0 is th e  in i t ia l  energy  o f  a lp h a-p a rtic le s , w hereas E m-m is th e  
energy  co rrespond ing  to  jRmjn.

3. Concept and im portance o f the universal figure of merit, 
the ju st detectable range d  o f alpha-radiation m easuring instrum ents

T o be  ab le  to  d e te c t a n  a lpha  p a r tic le  w ith  a g iven  m easu rin g  in s tru m e n t, 
a lp h a  p a r tic le s  a rriv in g  a t  th e  sen s itiv e  surface (or in  th e  vo lum e) of th e  
in s tru m e n t shou ld  h a v e  a ce rta in  en e rg y  E m-m g rea te r  th a n  zero. I n  d e tec to rs  
o p e ra tin g  on  th e  io n iza tio n  p rinc ip le  i t  is a ce rta in  m in im u m  ion n u m b er, 
w hereas in  th e  case o f sc in tilla tin g  in s tru m e n ts  a c e r ta in  m in im um  sc in tilla tin g  
p h o to n  n u m b e r  t h a t  co rresponds to  -Emin req u ired  to  p u t  th e  re g is te r in g  
in s tru m e n t in to  ac tion .

I t  seem s to  be e x p e d ie n t to  s u b s t i tu te  for ion o r p h o to n  n u m b er “ u n its ’* 
th e  ra n g e  in  a ir  d =  -Rmin co rresp o n d in g  to  th e  g iven  re q u ire d  a lp h a  energy  
o f v a lu e  E min to  d e te rm in e  th e  fig u re  o f m erit o f th e  m easu rin g  in s tru m e n t, 
since th is  w ill m ake i t  p ossib le  to  in c lu d e  d istances in  th e  follow ing effic iency  
exp ressions (see T ab le  1) in  id e n tic a l d im ensions in  [a ir  cm ], re fe rr in g  to  
n o rm a l co n d itio n s, d c le a rly  rep re sen ts  a  fic titio u s, n o t  a rea l, d is tan ce .

T h e  v a lu e  of d d ep en d s on sev era l fac to rs [2]: 1) on th e  g eom etrica l 
fa c to r  G; 2) on th e  p re ssu re  an d  te m p e ra tu re  of th e  a ir  (therefo re  its  value 
shou ld  a lw ays be red u ced  to  n o rm al cond itions); 3) on collection  a n d , in  th e  
case o f m u ltip lie rs , on acce le ra tin g  v o lta g e ; 4) on th e  se n s itiv ity  an d  s ta b il i ty  
of th e  e lec tro n ic  u n it (am plifie r-fo rm ing-reco rd ing  c irc u it) .
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I t  shou ld  be  em phasized  t h a t  th e  va lu e  o f d  does n o t d ep en d  on  th e  
a lp h a  energy  E 0 [3]. T h is is a m o st im p o r ta n t fa c t  le ad in g  to  th e  u n iv e rsa lity  
o f d : h av in g  d e te rm in ed  d for a c tu a l m easu ring  co n d itions (see th e  possib ilities 
for d e te rm in in g  d h e re a fte r) , w ith  th e  help  o f fo rm u lae  as show n in  T ab le  1, 
th e  p a r t ia l  a lp h a -co u n tin g  effic iency  will be kn o w n  fo r an y  a lp h a  en erg y  of 
v a lu e  E 0 an d  source th ick n ess  u n d e r  o therw ise  u n ch an g ed  cond itions.

F o r a lp h a  d e tec to rs  o p e ra tin g  w ith  ZnS(A g) th e  efficiency o f d e tec tio n  
will increase [4] w ith  th e  increased  le n g th  of th e  p a th  tra v e lle d  b y  th e  a lp h a  
p a rtic le s  in  th e  ZnS(A g) m ed ium , an d  w ith  th e  p ro x im ity  o f th e  ZnS(A g) 
gra ins to  one a n o th e r. T his invo lves th e  re q u ire m e n t t h a t  th e  ZnS(A g) lay e r 
shou ld  be th ic k  enough  to  absorb  th e  to ta l  en erg y  o f a lp h a  p a rtic le s  o f th e  
h ig h es t energy  to  be m easu red ; i t  is also desirab le  t h a t  a lp h a  p a rtic le s  shou ld  
m ak e  im p a c t on th e  phosphorus w ith  th e  g re a te s t possib le  energy .

I t  is clear t h a t  th e  ZnS(Ag) la y e r  m u st n o t b e  so th ic k  as to  ab so rb  its  
ow n sc in tilla tin g  l ig h t to  any  considerab le  e x te n t. N a tu ra l a lp h a -ra d ia tin g  
sources of th e  h ig h est energy co m p le te ly  lose th e ir  energy  in  a 25 m g/cm 2 
th ic k  ZnS(Ag) lay e r, a th ickness o f w hich  th e  se lf-sc in tilla tio n  lig h t ab so rp tio n  
is u n im p o rta n t.

4. Data, designations and assum ptions required for the calculation  
of alpha-counting efficiency

Designations

X  th ick n ess  of a lp h a  source [air cm ];
R  ra n g e  of g iven a lp h a  p a rtic le s  in  [a ir cm ];
( t  <í R) th ick n ess  o f se lf-abso rp tion less a lp h a  source [a ir cm ];
(0 <[ T <C R) th ick n ess  o f “ th ic k ” , i.e. se lf-absorb ing  a lp h a  source 

[a ir cm ];
( t  — R) th ick n ess  of “ in fin ite ly  th ic k ”  a lp h a  source [air cm ];
(t >  R) th ick n ess  o f a lp h a  source exceed ing  th e  “ in fin ite ly  th ic k ”

source th ick n ess  [a ir cm ].
Remark: T he  la s t  tw o d esignations are  used  to  ca lcu la te  th e  to ta l  em ission 

of a lp h a  sources. W h en  speak ing  o f th e  effective a lp h a  source th ick n ess  from  
w hich  a lp h a  p a rtic le s  are  in s tru m e n ta lly  ju s t  d e te c ta b le , th e  a p p ro p r ia te  
designations are : r  =  [R — d — a], or t  >  [R — d — a ]. T he effec tive  source 
th ick n ess  is th u s  sm alle r th a n  to ta l  source th ick n ess .

a th ickness o f th e  ab so rb en t b e tw een  th e  ac tiv e  surface of th e  source 
and  th e  sen sitive  su rface [a ir cm ]; 

d range  ju s t  d e tec tab le  w ith  th e  d e te c to r  [a ir cm ];
Al b ran ch in g  fra c tio n  (see e x p lan a tio n  below ).
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Assumptions

a) th e  g eo m etrica l fa c to r  is G w  1;
b) th e  so -ca lled  “ edge e ffec t”  is in sig n ifican t;
c) th e  ran g e-s trag g lin g  [6, 7] is neg lig ib le;
d) th e  d e te c tin g  surface is d isk -sh ap ed , th e  d e tec tin g  vo lum e h as  cy lin d ­

rica l g e o m e try  (e.g. in  case o f a gas-flow  p ro p o rtio n a l c ircu la tin g  gas 
c o u n te r , w here  e w  0);

e) n o t m ore  th a n  one a lp h a  p a rtic le  w ill be e m itte d  p e r  d is in te g ra tio n  
(th u s  Al <  1);

f) th e  a lp h a  ra d ia tio n  sou rce  o f a co m p le te ly  even an d  p la in  su rface  is 
m o no-energe tic  an d  a c t iv i ty  d is tr ib u tio n  along source th ick n ess  and  
source su rface  is hom ogeneous;

g) th ick n ess  a o f th e  a b so rb e n t be tw een  source an d  d e te c to r  surface 
does n o t  depend  on th e  angle b e tw een  th e  p a th  d irec tio n  o f th e  
a lp h a  p a r tic le  an d  th e  n o rm a l o f th e  source su rface ;

h) th e  d e te c to r  absorbs th e  to ta l  en e rg y  o f a rriv in g  a lp h a  p a rtic le s ;
i) a lp h a -c o u n tin g  effic iency  is in d e p e n d e n t o f position  on th e  d e tec tin g  

su rface ;
j )  s ta b il i ty  in  tim e  of th e  a lp h a -co u n tin g  effic iency  an d  o f  th e  b a c k ­

g ro u n d  is conven ien t [5].

5. Calculation o f the alpha-counting efficiency

A given edge-effectless a lp h a  source o f th ick n ess  r  [a ir cm ], d en sity  
g [g /cm 3], su rface  A  [cm2], h a v in g  a hom ogeneous a c tiv ity  d is tr ib u tio n  along 
i t s  th ick n ess  em its  in  a ir u n d e r n o rm a l con d itio n s (15 °C, 760 m m H g) a n u m b er 
N  o f a lp h a  p a rtic le s  o f range R  [cm ] p e r g ram  a n d  m in u te  in  so lid  angle 4л  
(see F ig . 1, w h ich , th o u g h  re fe rr in g  to  a special case, show s co n d itio n s and  
desig n a tio n s). V alues of sto p p in g  pow ers: fo r th e  m a te ria l o f th e  a lp h a-so u rce : 

Rf sR
s = ---- = ------  fo r  th e  m a te ria l be tw een  source an d  d e te c to r  su rface  o f th ick -

R R
Ra s 1 • R

ness a [a ir cm ]: Sj =  — - = — ——.T o ta l  ranges in th e  m a te ria l of th e  source:

Rf  =  sR  [cm ]; in  th e  ab so rb en t: _Ra =  • R  [cm ]. T he ju s t  d e te c ta b le  ran g e
sh o u ld  be d [a ir cm ].

In  a c o n v en ien tly  chosen co o rd in a te  sy s tem  i t  is n o t d ifficu lt to  prove 
b y  p lo tt in g  th e  vo lum e e lem en t a n d  th e  n u m b e r o f a lp h a -p a rtic le s  derived  
from  th is  vo lu m e e lem ent p ro p a g a tin g  in  an  a p p ro p ria te  solid ang le  e lem ent, 
a n d  fin a lly  in te g ra tin g  over th e  a p p ro p ria te  lim its  th a t  th e  v a lu e  of th e  
c o u n tin g  ra te  nz [cpm ] as in d ic a te d  b y  th e  d e te c to r  for an  a lp h a-so u rce  o f
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th ick n ess  (0 <  x <C R) [2, 6, 7, 8] w ill be:

N A  g s t 2(R  — d — a) — %

(K
[cpm ] (3)

The co u n tin g  ra te  fo r th e  source  ( r  >  [R — d — a]) of in f in ite  th ickness 
will be:

n p N A qs

4
(R  ■— d — a)2 " 

( R ~ d )  .
[cpm ] . (4)

Since to ta l  a c tiv ity  o f th e  sou rce  w ith  a th ick n ess  (0 < r < R )  is in 
so lid  angle 4тг:

Qt =  N A q s t  [d p m ], (5)

(Qz obviously  depend ing  n e ith e r  on d, n o r  on a) the  p a r t ia l  coun ting  effic iency  
for an  a lp h a  source of th ick n ess  (0 <  r <C R) on th e  b as is  of eq u a tio n s  (3) 
an d  (5) will be:

nr 1 2 (R — d  — a) — X cpm

Qr 4 11 d p m

Since th e  to ta l  a c tiv ity  o f th e  in fin ite ly  th ic k  (i.e. sR a ir cm  th ick ) a lp h a  source 
in 4 л  solid ang le  is:

Qr =  N A q S R  [d p m ], (7)

th e re fo re  on th e  basis o f eq u a tio n s  (4) a n d  (7) th u s th e  p a r t ia l  co u n tin g  e ffi­
c iency  for a source of in fin ite  th ickness ( r  =  R) will be:

nR 1 (R — d — a)2 
>] 4 ' R ( R  -  d)

cpm
dpm

( 8 )
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Remark: F o r th e  tim e  bein g  th e  so lid  angle fa c to r  is assum ed to  be

=  1 .0 .

6. Comparative survey o f alpha-counting efficiency expressions applied 
to m easuring conditions (see  paragraph 4 ) as dealt w ith  in  this paper

T he su rv e y  o f an d  o r ie n ta tio n  am ong th e  various cases is fac ilita ted  b y  
T ab le  1 b a sed  on eq u a tio n s  (6), (8) an d  (9), from  w hich  a ll cases m ay  be  
d educed . W h en  severa l g en e tica lly  connected  a lp h a -e m ittin g  elem ents fo rm in g  a 
rad io -a c tiv e  series are  p re se n t in  an  a lpha  source , the  av e rag e  efficiency w ill be  
o b ta in ed  b y  ap p ly in g  th e  o p e ra tio n s  as in d ic a te d  in e q u a tio n  (9), to  an y  e q u a ­
tio n  sa tis fy in g  th e  a c tu a l cond itions se lec ted  from  am o n g  those show n in  
T ab le  1. E .g .: fo r th e  case R ^ > r ^ > 0 ;  a 0 an d  d 0 [see equa tion  (6)], 
w hen  Al =  1, average  c o u n tin g  efficiency will he:

V =
1

2j
■ 2 a i ~

j= 1

w here Rj: ran g e  in  a ir of th e y th  elem ent o f th e  rad io -ac tiv e  decay  series, in  [cm ].
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Calculation of average alpha-counting efficiency when several types 
o f alpha-radiating elements are present in the alpha source

W hen  th e  n u m b e r o f th e  a lp h a -a c tiv e  e lem en ts  in  th e  so u rce  is j  > 1 ,  
a n d  th e ir  Al b ra n c h in g  (or a c tiv ity )  frac tio n s a re  know n, w here

( a lp h a  a c tiv i ty  o f  th e  given d a u g h te r  e lem en t 1 
a lp h a  a c t iv i ty  o f  th e  p a re n t  e lem en t j

e q u a tio n s  (3), (4), (6) an d  (8) m a y  also be ap p lied . In  such cases th e  value r)r 
w ill be  c a lcu la ted  se p a ra te ly  fo r each  a lp h a -e m ittin g  elem ent, e ach  value being  
w e ig h ted  acco rd in g  to  Al a c t iv i ty  frac tio n s , a n d  averaged . T h u s  th e  average, 
p a r t ia l  a lp h a -c o u n tin g  effic iency  is [2, 7]:

£ Al-rjj
Vj =  - — j  — =  —r j ^ A l - H j .  (9)

y;A i J i=l
J'=l

I t  shou ld  be  n o te d  [7] t h a t  for m ost of th e  m ore im p o r ta n t a lp h a-
j

e m itte rs  o f th e  U , AcU an d  T h  series Al =  1. T herefo re , in  th e se  cases Al =  j ,  

w hile fo r T hC : zlZ =  0.35 a n d  fo r ThC ’: Al =  0.65.
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Table 1

The dependence of partial alpha-counting efficiency rj on thickness and range for various values  
of absorbent thickness a and ju st detectable range d, in  case of m ono-energetic, hom ogeneous 
alpha-sources (Range straggling, “ edge-effect” and backscattering from  radiation source support

are neglected)

Alpha counting efficiency!) [cpm/dpm]*
Thickness 

o f  alpha source a  >  0 ,  d >  0 a =  0, d >  0 a >  0,  d =  0 a =  0 ,  d =  0

not ideal detector ideal detector

Infinitely thin i R  — d  — a 1 R - d l R  —  a l

( T < S R ) 2 R - d ~  2 R 2 R 2

R  >  T >  0 1 I I i  T 1 l
R — f f i l 1 [ T  1  *  *

2 R - d 2
----1!s4

2 L R  J 2 L 2 R  \

(see equation (6))

Infinitely 1 0 R - d  -  a ) 2 1 R - d 1 I R  -  a  I2 1
thick 4 R -  ( R - d ) 4  R 1 1 R  J 4

( т  =  Я ) (see equation (8))

( т  >  Л ) 1 ( R - d -  a ) 2

13irH 1 ( R  -  o ) 2 1 R

4 r - ( R - d ) 4  t 4 t  ■ R 4  t

Remarks to Table 1
* (observed counting rate [cpm ]/total alpha-decay rate o f source in  solid angle 4я, [dp m ]), 

w hen G =  1;
** In this case (r/2R ) is the fraction of the alpha-particles absorbed b y  the source, i.e . 

self-absorption. Therefore, condition r <  (0.02 fi) m ust be satisfied to reach less than 1% self­
absorption.

7. Possibilities for practical determ ination o f factors required for 
the calculation of alpha-counting efficiency (including som e of the 

author’s ow n m easurem ent results)

I t  is clear from  T ab le  I  t h a t  coun ting  effic iency  rj can  o n ly  be ca lcu la ted  
w hen  th e  follow ing are  know n;

a) th e  a ir-eq u iv a len t sou rce  th ickness t  [a ir cm ],
b) th e  a b so rb e n t th ick n ess  a [air cm ],
c) ju s t  o r m in im u m -d e tec tab le  range d [a ir  cm ],
d) th e  ran g e  R  of th e  a lp h a -p a rtic le  (or ran g es) of th e  a lp h a -p a rtic le s  

hav ing  a  b ran ch in g  fra c tio n  Al [air cm ],
e) in  th e  case of decay  series th e ir  j ,  a n d  Al values.
A ll these  w ill be  in v e s tig a te d  m ore closely  below .
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a) Determination of thickness r of the alpha-emitting source in [a ir  cm].
I t  is k n o w n  [2], th a t  th e  a ir-e q u iv a len t source th ic k n e ss  is

% =  [a ir  c m ] , (10)
S - Q

w here Gp is th e  su rface  d e n s ity  o f th e  a lp h a-so u rce  in  [g /cm 2]. Gp m ay  easily  
be d e te rm in e d  b y  w eight a n d  surface m easu rem en ts , w h ile  th e  p ro d u c t o f 
(s • q) can  b e  ca lcu la ted  from  th e  B rag g — K leem an  a p p ro x im a te  e q u a tio n  [9], 
y ie ld ing

s- ^ 3 , 2 - 1 0 - ‘ -IT1/8, (11)

w here W  is th e  average  a to m ic  w eigh t, deriv ed  on th e  “ a tom ic f ra c t io n ”  
basis. H o w ev er, th e  use of eq u a tio n  (11) w ill lead  to  re su lts  5 %  to  30%  low er 
th a n  th e  re a l va lu es  [9]. W h en  su b s titu tin g  Z 2!3, (Z being  th e  a tom ic n u m b e r) , 
fo r W1'2 in to  eq u a tio n  (11), th e  e rro r w ill decrease to  5 %  o r less for e lem en ts  
be longing  to  th e  u p p e r p a r t  o f th e  p e rio d ic  system , w hile  i t  will exceed  5 %  
for lig h t e lem en ts .

S h o u ld  th e  e lem ent com position  o f th e  sam ple or th e  a p p ro p ria te  W  
be u n k n o w n , th e  goal m ay  n ev erth e less  b e  reach ed  b y  an  a b so rp tio n  m e a su re ­
m en t [8], o r b y  ad d in g  a m a te r ia l  of k n o w n  atom ic  w eigh t [10] to  th e  sam p le ; 
(s ■ q) w ill, th u s  be e lim in a ted .

W h e th e r  sam ple th ick n ess  m ay  be  neg lec ted  ( r  «=* 0) or n o t, sh o u ld  be 
decided  b y  w eig h t or a lp h a -sp ec tru m -m easu rem en t.

T m a y  also be d e te rm in ed  if  b o th  an  ex trem ely  th in  sam ple a n d  also 
a sam ple  o f  f in ite  t  th ick n ess  [1, 12] o f  th e  given a lp h a -e m ittin g  so u rce  are 
av ailab le .
b) Determination of thickness of the absorbent between alpha-source and detector 
is no p a r t ic u la r  p rob lem , as th e  a b so rb e n t w ill be air, or p ro b ab ly  a lu m in iu m . 
By m easu rin g  th e  surface d e n s ity  of a lu m in iu m , th e  a p p ro p r ia te  a ir-eq u iv a len t 
th ick n ess  can  easily  be c a lcu la ted  k n o w ing  th a t  [11] 1 cm  a ir  1.5 m g A l/cm 2. 
(H ow ever, fo r th e  ex p e rim en ta l co n d itio n s of [1]: 1.63 m g A l/cm 2 1 cm  air).
c) Experimental determination of the ju s t  (or minimum)  detectable range d

A b so rb in g  foils co n sisting  of a know n  e lem en t (e.g. Al) in creasin g  
in  th ic k n e ss  are  p laced  on  a m ono-energetic , in fin ite  th in  a lpha-sou rce  (e.g. 
P o 210) to  e s tab lish  th e  d ependence  o f th e  coun ting  r a te  (or efficiency) na on 
th ick n ess  a o f th e  a b so rb e n t fo r th e  g iven  m easuring  co n d itio n s (d isc rim in a tio n  
level, am p lif ic a tio n , v o ltag es , g eo m etry , e tc .). T here  shou ld  be no  holes in 
th e  A l fo il; th e  foil m u s t also abso rb  a lp h a-p a rtic le s  em an a tin g  in c id e n ta lly  
from  th e  edge o f th e  a lp h a-so u rce . A t a ce rta in  a d ju s tm e n t of th e  u tilized  
p o rta b le  tra n s is to r iz e d  sc in tilla tio n  a lp h a-co u n tin g  in s tru m e n t [18], w ith
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e lec trom echan ica l and  ra te -m e te r  re g is tra tio n , th e  fo llow ing  curve w as o b ta i­
n ed  w hen p lac in g  A1 a b so rb e n t foils on in f in ite ly  th in  P o 210 (Fig. 2). 
na is th e  background less c o u n tin g  ra te  o b se rv ed  for A1 a b so rb e n t of th ic k n e ss  a. 
T h u s, th e  sec tion  of th e  ex ten s io n  of th e  s tra ig h t  line a n d  ax is a, i.e. (R -  d),

is 5.35 m g A l/cm 2. Since th e  ra n g e  of Po210 p a rtic le s  of 5.3 M eV energy a n d  
a ran g e  o f R — 3.83 [air cm ] in  A1 is

R 3.83

SL 1800 .
=  2.125 10 3 cm ,

I .  e.:

R ai = 5 .7 4
mg A1

cm-

0 39
th u s  d = ( 5 .7 4  — 5.35) =  0 .39  m g A l/c m 2 = -------- =  0.26 [a ir  cm

sL is th e  re la tiv e  linear stopping power m en tio n ed  in  co n n ec tio n  w ith  
the  d ed u c tio n  of eq u a tio n s  (3) — (8); its  value w as ta k e n  from  [13].
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(A sim ila r  re su lt w ith  d ev ia tio n s  of o n ly  a few p e r c e n t was o b ta in e d  
fo r d w hen  th e  A1 ab so rp tio n  cu rve  w as d e riv e d  from  in f in ite ly  th in  a lp h a - 
sources co m posed  of (U238 -j- U 234).) In  th e  ab o v e  case i t  is n o t  n ecessary  to  
k n o w  th e  a b so lu te  Q a c tiv ity  o f  th e  a lp h a-so u rce . Y e t w h en  Q is know n a n d  

na
th e  effic iency  rj =  is p lo tte d  ag a in st a, th e  ta n g e n t o f  th e  slope an g le

o f th e  o b ta in e d  s tra ig h t lin e  w ill be th e  converse  of (R  — d); d can also  b e  
d e riv ed  in  th is  w ay.

T he v a lu e  o f d m ay  be reg a rd ed  as b e in g  essen tia lly  a n  in teg ra l d isc rim in ­
a tin g  level. I n  th is  c o n te x t i t  is w o rth  m en tio n in g  t h a t  g rea t care sh o u ld  
b e  ta k e n  in  th e  co rrect a d ju s tm e n t of th e  en e rg y  th re sh o ld  Emin of th e  g iv en  
a p p a ra tu s , s ince  for in fin ite ly  th ic k  (t =  R)  a lpha-sources th e  average ra d ia tio n  
en e rg y  Em [15] rep resen ts  o n ly  27.4%  o f  E 0. W hen E 0 =  5 MeV, Em =  1.4 
MeV, b e ing  ap p ro x . 0.73 [a ir  cm ]. T h ere fo re  d m ust b e  co nsiderab ly  sm alle r 
th a n  0.73 a ir  cm  (b ack g ro u n d  p rob lem s increase !). W h e n  m easuring  th in  

T
sources (e.g . —  being 0.1 a n d , th u s , Em =  0.73 • E0) th is  a d ju s tm e n t is n o t 

R
to o  c ritica l.
d) a n d  e) T h e  ranges o f  a lp h a -e m ittin g  sources being  su ffic ien tly  d iffe re n t, 
th e  ran g e(s) in  a ir R o f a lp h a  partic les  e m itte d  from  a source of u n k n o w n  
m a te r ia l co m position  can  b e  d e te rm in ed  b y  m easuring  th e  ab so rp tio n  in  A1 
o r in  a ir  [1, 12], or b y  ch an g in g  th e  p re ssu re  [14]. I f , o n  th e  o th e r h a n d , th e  
energ ies o f  a lp h a -ac tiv e  com pounds o f  ab so lu te ly  u n k n o w n  co m position  do 
n o t  d iffer to  a su ffic ien t degree , th e  io n iz a tio n  or sem i-co n d u cto r a lp h a  spec­
t ru m  o f a v e ry  th in  sam p le  o f th e  c o m p o u n d  m u st b e  in v es tig a ted . E v e ry  
single e n e rg y  (including  Rj-s) an d  even b ran ch in g  f ra c tio n s  (peak a rea  p ro p o r­
tio n s) Al m a y  be  deriv ed  fro m  th e  a n a ly s is  o f th e  a lp h a  sp ec tru m . O f course 
th e  v a lu e  o f  j  will s im ila rly  be know n. N ow  eq u á tio n  (9) m ay  be a p p lie d  to  
a n y  o f th e  cases to  ca lc u la te  rj.

N o p a r tic u la r  d iff ic u lty  should  a rise  (th is is, as a  m a tte r  of fa c t,  a very  
com m on  case  in  p rac tice ) w h en  th e  e le m e n t or e lem ents com posing th e  sam ples 
a re  k n o w n ; an d  w hen th e  m e asu rem en t o f  m a n y  of th e se  sam ples is ro u tin e  w ork.

8. Exam ple to illustrate the dependence of efficiency on energy  
and source thickness for identical a ,  d  and G

U n d e r  id en tica l co n d itions o f m easu rem en t (G =  1, a — 0.2 [a ir  cm ], 
d  =  0.3 [a ir  cm ]) co m p ariso n  is m ad e  b e tw een  e ffic iency  values o b ta in e d  from  
a single a lp h a  em itte r  o f  g rea t en e rg y  (R aC ’, in  th is  case R  =  6.87 [a ir  cm ]), 
in  a th in  (t =  0.5 [a ir cm ]) sam ple on  th e  one h a n d , a n d  on th e  o th e r , be tw een  
th e  v a lu e s  o f a n o th e r single a lpha  e m it te r  of low en e rg y  (U238) in  an  in fin ite ly
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th ic k  (t =  R  =  2.69 [a ir  cm ] =  2 .6 9 x 0 .3 2 x 2 0 .4  [m g /em 2] =  17.6 [m g /cm 2]) 
sam ple:

In  th is  w ay  e ith e r  r\(x =  0 .5; R  =  6.87) =  0 .462;
or ф  =  R =  2.69) =  0.187.

T he la t te r  efficiency is 2.5 tim es lo w er th a n  fo r th e  g rea t en e rg y  alpha 
e m itte r  in a th in  sam ple !

T hus, ex p e rim en ta l cond itions m u s t be carefu lly  w a tc h e d , as th e  d e p e n d ­
ence of efficiency on en erg y  an d  source th ick n ess  is e x tre m e ly  great.

9. Experim ental check o f calculated efficiencies

We h a d  a t  our d isposal a source (U 228 -)- U 234) o f GF =  0.0975 [m g /cm 2] 
su rface  d e n s ity  w hich , th e re fo re , could  b e  considered as in fin ite ly  th in ,  w ith  
know n  Q =  778 dpm /47t o f ab so lu te  a c t iv i ty  an d  25 m m  ac tiv e  su rface  d ia ­
m ete r. I t  w as e stab lish ed  b y  sp ec tru m  analy sis  [16] t h a t  no a lp h a -e m itte r  
is to  he found  in  th e  source o th e r th a n  th o se  m en tio n ed , an d  th a t  th e se  are  
in  rad io -ac tiv e  eq u ilib riu m . T hus Al =  1 a n d  j  =  2. A ir-eq u iv a len t so u rce  
th ickness co rrespond ing  to  th e  above su rface  d en sity  ( ta k in g  Z213 in s te a d  
o f  W112; see eq u a tio n s  (10) an d  (11)) is:

r  = GP
0,32 • Z 2/3

9 ,7 5 -1 0 -2
0 ,3 2 -2 0 ,4

0,015 [a ir  cm ) ^  0

w hich is neg lig ib ly  sm all (rep resen tin g  o n ly  a b o u t 0 .5%  o f  th e  range in  a ir ) .
As reg a rd s our eq u ip m en t an d  n o rm a l co n d itions: d =  0.3 [air c m ]; 

a  =  0.2 [air cm ]. T hus th e  o p era tio n s as eq u a tio n  (9) a re  to  be ap p lied  to  
case  ( r  =  0 or r  R ; í  >  0 an d  a  >  0) o f T a b le  l .F o r  th is  case th e  so -ca lled

Û
av erag e  “ p a r t ia l”  efficiency w hen G =  ——- =  1 is:

1 JZ2, R , - d - a  1■n = ----- >  — I-------------- =  —
2j  Rj — d 4

Since jRx =  2.685 [a ir cm ] an d  R 2 =  3 .260 [air cm ], th e re fo re ,

rj =  - 1 - (0.916 +  0.932) =  0.462 .
4

As, in  fac t, G <  1.0, to ta l  average  a lp h a -co u n tin g  effic iency  on th e  b as is  
o f  eq u a tio n  (1) g ives:

rj, =  0 .4 6 2 x 0 .9 3 5  =  0.433 .

л , et R., d — a
R 0 —  d

( 1 2 )
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T he v a lu e  o f  th e  solid angle co rresp o n d in g  to  ac tu a l c o n d itio n s  was ta k e n  
f ro m  a cu rve  c o n s tru c te d  fo llow ing  th e  d a ta  o f  th e  Table o f  [17].

T he to ta l  c o u n tin g  effic iency  a c tu a lly  m easu red  fo r th e  sam e source  
w ith  th e  sam e in s tru m e n t u n d e r  id en tica l co n d itio n s  am o u n te d  to  rjt =  0 .440.

0.007
T h e  d ifference is u n im p o rta n t: 100 q 44 =  W ith  th e  aid  of fo reign

m a d e  U233 a n d  U 235 s ta n d a rd s  (d iam ete r a lso  =  25 m m , b u t  a =  0.17 [a ir  
cm ]) th e  to ta l  a lp h a -co u n tin g  efficiency w as 0.45. One o f th e  equ a tio n s h as  
th u s  been su p p o r te d  e x p e rim en ta lly  b y  re su lts  w ith in  accep tab le  e rro r  
lim its . E v e n  a g rea te r  d e v ia tio n  w ould be  to le rab le , as th e  surface o f  th e  
a lp h a-so u rce  w as only  h a lf (d ia m e te r  =  25 m m ) th e  se n s itiv e  surface (d ia ­
m e te r  =  50 m m ) of th e  d e te c to r . In  tu rn  i t  w as estab lish ed  b y  m oving a n o t  
in fin ite ly  th in  (U 238 -)- U 234) so u rce  of 5 m m  d ia m e te r  h o riz o n ta lly  u n d e r th e  
sen sitiv e  su rfa c e  t h a t  th e  effic iency  is s u b s ta n tia lly  in d e p e n d e n t of th e  p lace  
a long  th e  h o riz o n ta l surface o f  a circle o f  40 m m  d ia m e te r  d raw n a ro u n d  
th e  axis o f th e  d e te c to r . This b e in g  th e  case, th e  ag reem ent b e tw een  ca lc u la ted  
a n d  m easu red  efficiency is ju s tif ie d . I t  m ay  b e  assum ed th a t  th e  o th e r e q u a tio n s  
o f  T ab le  1 w ill also  lead  to  a d e q u a te  re su lts . O n th is  a ssu m p tio n , w hen m e a su r­
ing  th e  c o u n tin g  ra te  n,-, [cpm ] o f a sam p le  o f  know n m a te r ia l ,  b u t u n k n o w n  
a c tiv ity  Q [d p m ], w ith  a know ledge of rjt u n d er th e  g iv en  cond itions, th e  
to ta l  a lp h a -a c tiv ity  sough t fo r  will be, on th e  basis of e q u a tio n  (1):

Qx =  —  !# •" ] •
Vt
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О П РЕДЕЛЕН ИЕ ЭФФЕКТИВНОСТИ СЧЁТА Д Л Я  СЛУЧАЯ НЕТОЧЕЧНЫ Х 
ТВЁРДЫ Х  а-ИЗЛУЧАЮЩИХ ИСТОЧНИКОВ 

А. то т

Р е з ю м е
Сообщение знакомит с зависимостью эффективности счёта а-частиц от энергии, — 

толщины излучающего источника, — и также от констант прибора.
Эти вопросы рассматриваются с охватом ранних сообщений. Теоретически расчи- 

танное значение эффективности подтверждается опытными данными.
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ON THE EFFECT OF A HIGH MAGNETIC FIELD 
ON RECOMBINATION THROUGH CENTRES*
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G. P a t a k i  and F . B e l e z n a y

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(P resented  by G. Szigeti. — Received 25. X . 1966)

In the present paper th e  effect of a h igh  magnetic field  on recom bination is discussed 
for three d ifferent recom bination models: (i) sim ple Shockley— R ead  centres; (ii) S — R  centres 
plus traps for holes and (iii) recom bination centres w ith two charge conditions. I t  is shown th a t 
in all three models the lifetim es m ay vary  m arkedly  (by an o rder of m agnitude) if  th e  Fermi 
level, w ith increasing m agnetic field, goes th ro u g h  any energy level relevant in th e  recom bin­
ation. The num erical calculations refer to re-type InSb and T  =  130 °K, assum ing, because 
of lack of proper experim ental d a ta , recom bination centres w ith  hypothetical param eters.

In tro d u c tio n

In  re c e n t years in te re s t  in  th e  b e h a v io u r  of sem ico n d u cto rs  in  h ig h  m ag ­
n e tic  fields h as  in creased  m ark ed ly . T h e  q u an tized  m o tio n  of e lec trons in  th e  
conduction  b a n d , th e  ap p earen ce  o f  th e  L an d au  lev e ls , leads to  v a rio u s 
in te re s tin g  effects. A m ong  th ese  a re  th e  o scilla ting  c h a ra c te r  o f  ga lvano- 
m agnetic , th e rm o m a g n e tic  effects a n d  th e  m ag n e to -o p tica l p h en o m en a . 
In  A IHB V sem ico n d u c tin g  com pounds th e  q u a n tiz a tio n  o f co n d u c tin g  elec­
tro n s , because  o f th e ir  sm all effective m asses, m ay  b e  ach ieved  m u c h  m ore 
easily  th a n  in  th e  classica l sem ico n d u cto rs .

In  th e  p re se n t p a p e r  th e  reco m b in a tio n  is in v e s tig a te d  in  h igh  m ag n e tic  
fields. In  th e  case o f ra d ia tiv e  reco m b in a tio n , i t  h a s  been  show n b y  th e  
au th o rs  [1] t h a t  th e  m a tr ix  e lem ent o f  th e  elec tron  tra n s i t io n  b e tw e e n  th e  
conduction  b a n d  an d  an  accep to r s ta te  does n o t d e p e n d  on th e  m ag n e tic  
fie ld  in  th e  f ir s t  ap p ro x im a tio n  i f  th e  “ d e fo rm atio n ”  o f  accep to r s ta te s  is 
neg lected . O n th e  c o n tra ry , K i i o v a r s k y  an d  C h a y k o v s k y  [ 2 ]  h a v e  fo u n d  
th a t  for rad ia tio n le ss  reco m b in a tio n  th e  life tim e  m a y  in crease  in  h ig h  m a g ­
n e tic  fields. I n  sp ite  o f th e ir  re su lts , i t  w ill be assum ed  in  th e  p re se n t p a p e r  
th a t  th e  c a p tu re  c o n s ta n ts  a re  in d e p e n d e n t of th e  m a g n e tic  field  a n d  on ly  
th e  effect o f  th e  change in  th e  d e n s ity  o f  s ta te s  on reco m b in a tio n  w ill be 
considered .

T hree  reco m b in a tio n  m odels are  s tu d ie d : (i) s im p le  S hockley— R e a d  
cen tre ; (ii) S  — R  c en tre  p lu s  tra p s  for ho les  a n d  (iii) re c o m b in a tio n  c e n tre  w ith

* P a rt of th is work was p resen ted  a t  a Conference on the “ Physics of Sem iconducting 
Compounds”  Swansea, Sep. 1966.
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tw o  ch arg e  co n d itio n s . I t  is show n, fo r  all cases t r e a te d , th a t  one  m a y  o b ta in  
a  f ie ld -d e p e n d en t life tim e  if  th e  F e rm i level goes th ro u g h  a n y  en erg y  level 
re le v a n t  in th e  reco m b in a tio n , w ith  increasing  m agnetic  f ie ld . T h u s, w ith  
th e  a id  of th e  m a g n e tic  field a “ m a p p in g ”  of a p a r t  o f th e  fo rb id d e n  gap m ay  
b e  ach iev ed  w ith o u t changing  th e  te m p e ra tu re . O w ing to  th e  la c k  o f p ro p er 
e x p e rim e n ta l d a ta ,  th e  num erica l ca lcu la tio n s w ere  carried  o u t w ith  h y p o th e ­
t ic a l  b u t  rea lis tic  p a ram e te rs  fo r n - ty p e  In S b .

1. L ifetim es for the recom bination m odels considered

R ela tiv e ly  few  ex p erim en ta l d a ta  are a v a ila b le  on reco m b in a tio n  m echa­
n ism s in  A HIB V com pounds. I t  is know n, h o w ev er, th a t  a t re d u c e d  te m p e ra ­
tu re s  th e  re c o m b in a tio n  cen tres p la y  an im p o r ta n t  role in th e  d e te rm in a tio n  
o f  life tim e . T h u s , W e r t h e im  [3 ], Z it t e r  e t  al. [4]. L a f f  a n d  F an  [5], 
G u ly a ev a  e t a l. [6] have  show n t h a t  sim ple S  — R  cen tre  an d  m u lti-e lec tro n  
c e n tre s  shou ld  b e  ta k e n  in to  a cco u n t. R e c e n tly , H a g e b b e r  an d  F an  [7] 
su p p o sed  th e  ex is ten ce  of tr a p s  w ith  excited  s ta te s  in  G aSb. O n  th e  basis o f  
th e  e x p e rim e n ta l evidence i t  seem s to  be usefu l to  consider th e  m odels en u m er­
a te d  in  th e  In tro d u c tio n . F o r  th e  sake o f com pleteness, th e  d iffe ren tia l 
e q u a tio n  sy s tem  o f reco m b in a tio n  for m u lti-e lec tro n  cen tre  p lu s tra p s  fo r 
ho les w ill be g iven . O m ittin g  th e  sim ple b u t te d io u s  ca lcu la tio n s, only  th e  f in a l 
expressions fo r life tim es are re p o r te d  here. L e t  N r be th e  c o n c e n tra tio n  o f  
reco m b in a tio n  c en tre s  w ith  p o ssib le  charge co n d itions s (0, 1 . . . M) an d  ns 
t h a t  in  th e  s ta te  “ s” (in eq u ilib riu m  ns0). T h e  c o n cen tra tio n  o f  trap s  is 1V(. 
T h e  filled  an d  e m p ty  tra p s  a re  d e n o ted  b y  nt(nt0) and  pt(pto), re sp .T h e  d iffe r­
e n tia l  e q u a tio n  o f  reco m b in a tio n  for th e  cases considered  can  easily  be 
o b ta in e d  on th e  basis of a p rev io u s  p ap er b y  one of th e  a u th o rs  [8], if  th e  
e x c ite d  s ta te s  a re  neg lected  a n d  th e  te rm  resp o n sib le  for ho le  ca p tu re  b y  th e  
t r a p s  is ta k e n  in to  account.*

dn
dt

M

2 U t H n ) ,

=  Щ - 1 ( n )  +  u r  ( p )  -  U U i  (") -  U 1 - 1  (P ) ,  (1)dt

d n  A f - l
- f -  =  -  >  W +1( p ) - u t { p ) ,
d t  s=0

* Evidently, similar equations can also be obtained for electron traps and for traps 
with excited states.
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w here  th e  n e t c a p tu re  ra te s  are g iven b y

Щ~г (n) =  (s -  1 - > s )  [ n n ^  — n0 Г Г 1 ns],

U ss +1 (p) =  c p  (s +  1 ->  s) L/ms+1 -  p0 r ss + 1  n s] , (2)

U, (P) =  c,p[pn, — p 0 Г ,p , ] .

H ere  cn(s — 1 —► s) an d  cp(s -f- 1 —*- s) a re  th e  e lec tro n  an d  hole c a p tu re  
p a ra m e te rs  of th e  tra n s itio n s  (s — 1 —»■ s) an d  (s +  1 —► s) w hile c/p is th e

c a p tu re  p a ra m e te r  of th e  tra p s . Г\  == ny0/n /0; Г/ ses —— ; n(n0) an d  p ( p 0) are
Pto

th e  e lec tron  an d  hole co n cen tra tio n s , re sp . F u r th e r  e q u a tio n s  can be o b ta in e d , 
using  th e  co n d ition  o f e lec trical n e u tra l i ty  and  th e  n o rm a lisa tio n  fo r th e  
possib le  s ta te s  of th e  cen tre s :

n +  £  Sns +  Щ +  N a =  p  +  N d ,
S=  0

M
У  ns =  N r ,

s=o

nt +  Pt =  N , .

(3)

(4)

F u lly  ion ized  donors a n d  accep to rs  an d  n e u tra l  em p ty  reco m b in a tio n  cen tre s  
an d  tra p s  h av e  been  assum ed .

( i )  Simple S — R model

I f  th e  tra c e  and  th e  d e te rm in a n t of th e  d iffe ren tia l e q u a tio n  sy s tem  for 
th is  case a re  deno ted  b y  T(A r) an d  D ( A r), re sp ec tiv e ly , th e n , assum ing  th e  
tw o  life tim es T r  an d  x >  to  be w ell se p a ra te d  ( t r  r /) one o b ta in s  (see e.g . [9]):

r 1
D(Ar) ’ ' T(Ar)

an d  T ( A ) r and  D ( A ) r a re  g iv en  b y

T(A r) ,N , 4L I .Pro
N r

+  crp N r Po _ j _  nro 
Pro N  r

( 5 )

D(Ar) =  crn crp N r |n 0 +  Po +  — ^  .

F o r our pu rposes, i t  w as m ore  su itab le  in  E q s . (5) to  in tro d u c e  th e  c o n c e n tra ­
tions nr0 an d  p r0 in s te a d  o f th e  u su a l p a ra m e te rs  o f th e  S —R  m odel (n 15 p x).
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f i i )  Recombination centres plus traps for holes*

T h e s te a d y  s ta te  lifetim e o f  th is  m odel h a s  b een  given b y  W e r t h e i m  [ 1 0 ] .  

B o th  th e  s te a d y  s ta te  and  t r a n s ie n t  life tim es h a v e  been s tu d ie d  b y  L ő r i n c z y  

e t a l. [11], w here  th e  m odel w as ap p lied  fo r th e  k ine tics  o f su rface  re c o m b in a ­
t io n . I f  th e  d iffe re n tia l e q u a tio n  system  (1) is linearized  fo r  th e  given case 
(s [0 , 1 ] )  an d  t r a p s  fo r holes, th e  life tim es a re  easily  o b ta in e d  as th e  ro o ts  o f  
th e  eq u a tio n  o f  th i r d  degres: b3x3 -f- 62r 2 -f- brx -f- b0 =  0, w here  th e  coeffi­
c ien ts  a re  g iven  b y

b» — — 1 ; =  A,  +  T ( A r) 4- ctp nt0 ;

b3 — [- t̂ T ( A r) -f- A p ctp nt0 -f- D(Ar) -f- crn p rQ Cfp nl0 -)- A n ctp ;

b s =  +  [c,p n, о crn p r0 Ap +  A, D(Ar) ] .

H e re  T(Ar) a n d  D ( A r) are g iv en  b y  E q . (5) w hile  th e  o th e r  n o ta tio n s  a re  th e  
sam e  as in  [11] w ith  th e  d iffe rence  th a t  h e re  th e  q u a n titie s  nr0, p ro, e tc . a re  
in tro d u c e d , i.e .:

(  i i i )  Centres with two charge conditions

T his m o d e l w as ex am in ed  in  d e ta il fo r  InS b  in  [5]. F o r th e  sak e  o f  
a b e t te r  co m p ariso n  we sh a ll use th e  sam e n o ta tio n s  as th o se  in th e  p a p e r  
c ite d . O nly  th e  s te a d y  s ta te  life tim es o f e lec tro n s an d  holes (xn, t p) w ill b e  
g iven . H ere , th e  tra p s  will b e  o m itte d . T h e  cen tre s  m ay  h a v e  th e  charge  co n ­
d itio n s  s[0 , 1 ,2 ]. I f  in  E q . (1) th e  n o ta tio n s  a re  a lte red  as follow s:

Cn (0  ~ ** 1 ) ---  rcl 9 0) =

cn (1 ->  2) =  rc2 ; cp { 2 -> 1) -

* Note added in  proof: In  a  recen t paper by  H o l l i s  e t al. [15] it  was shown th a t  
a t  reduced tem pera tu res both th e  lifetim e and H all da ta  m ay be quan tita tive ly  explained 
using two sets o f simple S —R  centres. There is no difficulty in  extending th e  presen t 
calculations for th is  model.
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T h e  life tim es ту a n d  т / are g iven  b y  xr ^  — —  an d  X: ^  — •—  w ith  a s im ila r

h  h
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an d  th e  follow ing a b b re v ia tio n s  are  used :

(1 — F x) ( l  — Ff) . 
' [ 1 - F 2 (] - F t)]a ’

F t (1 — F  2)(2 — F t)
[1 — F 2 (1 F j )]2

F , =  1 +
P»

1 - F ,

Ft

w here

« 0 0  “b  « 1 0

th e n  th e  th e  ra tio  o f th e  life tim es is

F , =
« 1 0  +  « 2 0

J l + i -ÍEL A  (1 _  F j )  +  A  (1 _  F 2)l j
l Po - rvi rv2 B 2 J

X

x | i +  —
Po

F ,  +  A  F ,A
B i Bo

—1

an d  rn is given b y

= Nr 1

+ t F‘

« 0  I 1

Po I .

_1 r 1 ~  F 2 (1 — F j)

F ,

1 -  F ,

T his expression  fo r r n is s lig h tly  d iffe ren t fro m  th a t  of p a p e r  [5]. T here , th e  

te rm  —— is m u ltip lied  b y  (1 — F j)  in s tead  of F\.  In  o u r  case, h o w ever,
B 2

rCl( l  — jFj) an d  rC2F 1 a re  p ro p o rtio n a l to  rCin 00 an d  rC2nw , re sp ec tiv e ly , as one 
m ig h t expect.

2. D eterm ination of the Ferm i level and the filling o f the  centres

T he expressions for th e  life tim es h av e  b een  given in  th e  p rev ious S ection . 
To use th ese  fo rm u lae , b o th  th e  ca p tu re  p a ra m e te rs  a n d  th e  filling o f th e  
cen tres  a re  needed . In  th e  absence  o f a m ag n e tic  fie ld  th e  fo llow ing  exp ressions
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c a n  be u sed :

n0 = N C • exp ni о —
1 -(- exp

nSO

N r

gs exp
sF 0 -  Es

kT
V  I s F 0 — E'
X gs exp  1

kT

(9)

w here F 0 is th e  F erm i lev e l, a n d  gs is th e  degeneracy  o f  th e  level Es. ( I t  is 
assum ed  t h a t  g 0 =  1, gx — 2 .) In se rtin g  th e se  expressions in to  th e  eq u a tio n  
o f  e lec trica l n e u tra li ty , th e  F e rm i level a n d , th u s  also, th e  co n cen tra tio n s 
n s0 , nro, e tc . c a n  be d e te rm in e d . In  a m a g n e tic  fie ld  th e  s ta tis t ic s  of th e  elec­
tro n s  in  th e  co n d u c tio n  b a n d  changes m ark e d ly . F o r a n o n d eg en e ra te  b a n d , 
ta k in g  all L a n d a u  levels in to  accoun t (n  =  0, 1, . . .) A n s e l m  has g iven  a 
closed fo rm u la  to  d e te rm in e  th e  elec tron  co n cen tra tio n  [12]:

N c
n0 =  ------ exp

z
E c — F 0 (H)

kT
( 10)

shx U wc
w here z = ------ and  x =  ——— . H ere  wc is th e  cy c lo tron  fre q u e n c y  of th e  con-

X  Z/£l
d u c tio n  e lec tro n s  w ith  e ffec tiv e  m asses mn. A sim ilar fo rm u la  is v a lid  also 
for holes, b u t  for th e  m a te r ia ls  in q u es tio n  mp is m uch  la rg e r  th a n  m „.Thus, 
fo r th e  m a g n e tic  fields u sed  th e ir  effect on th e  holes m a y  be  neg lec ted . The 
m ag n etic  f ie ld  m ay  also c h an g e  th e  s ta te s  o f th e  deep lev e ls , b u t  in  th is  p ap e r 
th is  effect w ill be n eg lec ted . (A m ore d e ta ile d  d iscussion  is given in  Sec. 4.) 
U sing E q . (10) th e  m ag n e tic  fie ld  d ep en d en ce  of th e  F e rm i level can  be  d e te r ­
m ined from  th e  cond ition  o f  e lectrical n e u tra li ty :

Ec F 0(H)
kT

+  ^  snso (H)  +  nl0 (H) +  IVa — p 0 (H) -f- N d. (11)
s

K now ing  F 0(H) th e  c o n c e n tra tio n s  n0(H), nS0(H),  e tc . can  also be d e te rm in ed .

3. R esu lts  o f th e  calcu lations

T he ca lcu la tio n s w ere  ca rried  o u t fo r n -ty p e  In S b . T o  o b ta in  a sign ifican t 
effect fo r p - ty p e  m a te r ia l e ith e r  e x tre m e ly  high m a g n e tic  fields or v e ry  low 
te m p e ra tu re s  are needed , b u t  in th is  la s t  case th e  F e rm i level is to o  fa r  from
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a n y  reco m b in a tio n  cen tre  w hich  m ay  be  ex p ec ted  in  In S b . F ro m  th e  e q u a tio n  
(10) i t  can  be seen th a t  assum ing  a fix ed  v a lu e  for n0, th e  F e rm i leve l w ill 
be sh ifted  to w ard s th e  co n d u c tio n  b a n d  if  a m ag n etic  f ie ld  is app lied . O ne 
m ay  expec t a m agnetic  f ie ld -d ep en d en t life tim e  if  th e  F e rm i level, w ith  
increasing  fie ld , goes th ro u g h  th e  energy  level of an y  c e n tre  ta k in g  p a r t  in  
th e  reco m b in a tio n  process. So, ta k in g  in to  acco u n t th e  p rev ious re m a rk s ,

Relative

Fig. la . M agnetic field dependence of relative 
lifetim es for model (ii).

Fig. lb. M agnetic field dependence of re la tive  
lifetim es for m odel (i).

th e  cen tre  shou ld  be s itu a te d  above th e  F e rm i level a t  H  =  0. T h e  ca lcu la tio n s 
w ere ca rried  o u t fo r T  =  90 °K  an d  for T  =  130 °K  b u t  h e re  on ly  th e  re su lts  
fo r T =  90 °K  are  g iven b ecause , if  th e  life tim es are  p lo tte d  as a fu n c tio n

Ti coc
o f th e  d im ensionless p a ra m e te r  x  — -------  one o b ta in s  s im ila r cu rves fo r b o th

ЗА’ 'I

te m p e ra tu re s . (Й ft>c =  1,16 • 10 H  [eV] if  H  is exp ressed  in  oersteds).

T ( f j )
In  F ig . l a  th e  m ag n etic  fie ld  d ependence  of re la tiv e  l i f e t im e s ----------

Tr ( 0 )
t , ( H )

an d  ---------  is show n accord ing  to  m odel (ii) w here  b o th  reco m b in a tio n  c en tre s
M 0 )

an d  tra p s  are  p re sen t. In  Fig. l b  th e  cu rves re fe r to  th e  re su lts  o f ca lcu la tio n s 
for m odel (i), u sing  th e  sam e p a ra m e te rs  as p rev io u sly  an d  o m ittin g  th e  tr a p s  
(Er =  0.022 eV; N r =  1013, 1014 c m -3; crn — crp; n0 =  6.01 X  Ю 13 c m -3). 
I t  can  be seen th a t  if  N r <( n0 b o th  re la tiv e  life tim es are m o n o to n ie  fu n c tio n s
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o f th e  fie ld , w h ile  fo r N r >• n 0, rr passes th ro u g h  a m in im u m . This d ifference 
also  ap p ea rs  in  th e  b e h a v io u r o f th e  F e rm i level a t  th e se  co n cen tra tio n s  o f 
re c o m b in a tio n  cen tres as can  b e  seen in  F ig . 2, w here  th e  fu n c tio n  F 0(H)  is 
p lo tte d . I f  N r <  n0 th e  F e rm i level rises ab o v e  Ec w hile  if  N r n0 i t  goes 
th ro u g h  E r b u t  rem ains below  th e  b o tto m  o f th e  c o n d u c tio n  b an d .

T he m a g n e tic  fie ld  d ependence  o f r p fo r cen tres w ith  tw o  charge co n d i­
tio n s  (m odel (iii)) is g iven  in  F ig . 3. D o n o r ty p e  cen tre s  w ere assum ed  (n 00 
h as tw o  p o s itiv e  charges).

Fermi l e v e l

F i g .  2  Variation of the Fermi levelein a mag­
netic field for model (i).

F o r  E i =  0.12 eV a n d  E 2 =  0.03 eV (energies a re  m easu red  fro m  th e  
co n d u c tio n  b a n d ); a t  a g iven  v a lu e  o f N r, th e  ra tio  o f  th e  c a p tu re  p a ra m e te rs

~ ~  w as v a r ie d . F rom  th e  cu rves of F ig . 3 i t  can  be seen th a t  th e  fie ld  dep en d -
rv2

r„i
ence is v e ry  sensitive  to  th e  v a lu e  o f -----•

4. Discussion of the results and conclusions

In  th e  p rev ious ca lcu la tio n s th e  “ d e fo rm a tio n ”  o f localized  s ta te s  in  
a m ag n e tic  fie ld , th e  m a g n e tic  fie ld  d ependence  o f c a p tu re  p a ra m e te rs  an d  
th e  q u a n tiz a tio n  o f holes h a v e  b een  neg lec ted .

T h e  in c rease  o f th e  io n iza tio n  energ ies of d o n o r a to m s in  a m ag n e tic  
fie ld , as w as show n b y  Y a f e t  an d  K e y e s  [13, 14] m a y  le a d  to  th e  “ freezing
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o u t”  o f th e  e lec trons fro m  th e  co n d u c tio n  b a n d  and  th u s  n 0 m ay  d e p e n d  
d ire c tly  on th e  m ag n e tic  f ie ld . I t  is n o t d iff ic u lt to  see, h o w ev er, th a t  a t  th e  
te m p e ra tu re s  considered  th e  donor a to m s w ill be s till fu lly  ionized in  sp ite  
o f  increased  io n iza tio n  energ ies.

T he correc tness of th e  f ie ld -in d ep en d en t cap tu re  p a ra m e te rs  shou ld  be 
ex am in ed  for each  m odel se p a ra te ly . I t  w as show n in  [1] to  be co rrec t fo r 
ra d ia tiv e  reco m b in a tio n  w hile  fo r rad ia tio n le ss  reco m b in a tio n  w ith  e lec tro n - 
p h o n o n  in te ra c tio n , th is  a ssu m p tio n  is in c o rre c t [2]. C a lcu la tio n s for A uger- 
ty p e  reco m b in a tio n  a re  in  p rogress.

T he d e fo rm atio n  o f low er ly ing  s ta te s  m a y  lead  to  e ssen tia l changes in  
th e  c a p tu re  cross-sections a n d  ion iza tion  energ ies. This e ffec t depends on th e  
p a ra m e te r  A a>cIEr w hich h as  a sm all v a lu e  fo r m o d era te  fie ld s . In  our case 
th e  q u a n ti ty  A coc/IV is n o t sm all. In  sp ite  o f  th is , i t  seem s in te re s tin g  to  
consider th e  effect o f h igh  m ag n e tic  fie lds on  th e  reco m b in a tio n  caused  b y  
th e  change in  th e  d en sity  o f  s ta te s , on ly , b ecau se  i t  w ill t a k e  place w h e th e r  
th e  c a p tu re  p a ra m e te rs  d ep en d  on th e  fie ld  ex p lic itly  or n o t .  As for th e  q u an -

„  A co,„
tiz a tio n  of holes, a t  H  =  100 kG an d  T =  90 °K  ------ — ^  1 w hile for e lec trons

kT
к wc 
kT

14. T hus, th e  changes in  th e  s ta tis t ic s  o f th e  holes m a y  be neg lec ted

[see E q . (10)].
Spin  sp littin g  m ay  also be  neg lec ted  as i t  is co n n ec ted  w ith  th e  free  

e lec tro n  m ass m0 m„.
T he prev ious ca lcu la tio n s h av e  show n th a t  th e  life tim es  m ay  v a ry  b y  

an  o rd e r o f m ag n itu d e  if  th e  cond itions a re  chosen  p ro p e rly . T he sam e sh if t 
o f  th e  F erm i level to w ard s  th e  co n duc tion  b a n d  can  also be  ach iev ed  b y  re d u c ­
in g  th e  te m p e ra tu re . T he tw o  cases, h o w ev er, m ay  differ fro m  each o th e r  
m ark ed ly . F o r ex am p le  fo r m odel (ii) th e  life tim e  increases w ith  decreasing  
te m p e ra tu re , w hich  shows an  a c tiv a tio n  en e rg y  c h a ra c te ris tic  fo r traps [11]. 
O n th e  c o n tra ry , if  a m ag n e tic  fie ld  is ap p lied  th e  life tim e decreases an d  th e  
en erg y  level o f th e  recombination centre can  b e  de te rm ined .

T he m agnetic  fie ld  d ependence  of life tim e  xp is v e ry  sensitive  to  th e  
ra tio  rvJ r v2 (F ig . 3). I f  rvl/rv2 is g rea te r or less th a n  u n ity  th e  life tim e t p d e ­
creases or increases, re sp ec tiv e ly . In  case o f rvl/rv2 =  1, i t  does n o t show  a n y  
m ag n e tic  field  dependence. I t  shou ld  be re m a rk e d , how ever, th a t  th e  case 
rv\lrv2 <C 1 is v e ry  u n like ly  as th e  tra n s itio n  (s =  2 —>-s =  l )  h a s  a p ro b a b ility  
less th a n  th a t  o f (s =  1 —► s =  0) because o f th e  Coulom b fie ld  o f th e  cen tre .

As for th e  ex p e rim en ta l check  o f th e  p re se n t ca lcu la tio n s, th e  PM E effect 
seem s to  be to o  com plex  to  d e te rm in e  th e  life tim es b ecau se  th e  effect o f 
a h igh  m agnetic  fie ld  on th e  tra n s p o r t  p h en o m en a  m ust a lso  be  ta k e n  in to  
acco u n t. O nly d irec t m e th o d s seem  to  be su ita b le . The p h o to c o n d u c tiv ity  
decay  m eth o d  for In S b  was u sed  in  [3]. F ro m  th e  ex p e rim en ta l p o in t o f v iew

Acta Physica Acadcmiae Scientiarum Hungaricae 23, 1967



3 7 2 G. PATAKI and F. BELEZNAY

G aA s seem s to  be p re fe rab le  because  of th e  usual d eg en e racy  of co n d u c tio n  
e lec tro n s in  In S b .

In  th e  p re se n t p a p e r w e have  d e a lt w ith  b u lk  reco m b in a tio n  o n ly , 
b u t  s im ilar ca lcu la tio n s m ay  be carried  o u t for su rface  reco m b in a tio n  an d  
g  — r noise. In  case of g — r noise th e  filling  o f  th e  cen tres  w ill affect n o t on ly  
th ro u g h  th e  life tim es b u t  also th ro u g h  o th e r  q u a n titie s , s im ila rly  to  th e  t r a n s ­
ie n t  p h o to c o n d u c tiv ity  d ecay  w here besides th e  life tim e  th e  am p litu d e  will 
o b v io u sly  d ep en d  on th e  c o n c e n tra tio n  o f e m p ty  cen tres  as well.

F in a lly , th e  follow ing conclusions m a y  be d raw n :
1) For all three models th e  life tim es depend  s tro n g ly  on th e  m ag n e tic  

fie ld  if  th e  F e rm i level is d riv en  th ro u g h  an  energy  le v e l, re lev an t in  th e  
re c o m b in a tio n .

2) W ith  th e  aid  o f th e  m agnetic  fie ld  a “ m ap p in g ”  o f  a p a r t  o f th e  fo r­
b id d en  b an d  is possible, w ith o u t chang ing  th e  te m p e ra tu re .

3) T h e  m ag n e tic  fie ld  dependence  o f th e  life tim es c a n  be used to  d e te r ­
m ine th e  p a ra m e te rs  o f th e  cen tres, e.g. co n cen tra tio n s  an d  c a p tu re  con­
s ta n ts .
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О ВЛИЯНИИ СИЛЬНЫ Х МАГНИТНЫХ ПОЛЕЙ НА РЕКОМБИНАЦИЮ 
ПРОИСХОДЯЩУЮ Ч Е РЕ З РЕКОМ БИНАЦИОННЫ Е ЦЕНТРЫ

Г .  П А Т А К И  и  Ф .  Б Е Л Е З Н А И

Р е з ю м е
В настоящей статье рассмотрено влияние сильных магнитных нолей в случае трёх 

разных рекомбинационных моделей; (i) Шокли—Рид центры; (й) Ш—Р центры 
плюс ловушки для дырок и (iii) двукратно заряжённые центры. Показано, что во всех 
перечисленных случаях времена жизни могут значительно (на порядок) изменяться, 
если уровень ферми — с увеличением магнитного поля - переходит через какой либо 
энергетический уровень играющий роль в процессе рекомбинации. Численные резуль­
таты относятся к InSb re-типа и Т =  130°К, предпологая — за недостатком пригодных 
экспериментальных данных — рекомбинационные центры с гипотетическими парамет­
рами.
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EXPERIMENTAL INVESTIGATION 
OF THE SPATIAL COHERENCE OF A H e-N e LASER

By

L.  C s il l a g , M. J á n o s s y  and  K . K á n t o r

C E N T R A L  R E S E A R C H  I N S T I T U T E  O F  P H Y S I C S ,  B U D A P E S T  

(Presented by L. Jánossy — R eceived 25. X. 1966)

M easurements have been carried o u t on the spatia l coherence of a H e—Ne laser w ith  
th e  help of a Mach— Zehnder interferom eter. The resu lts  obtained from  the m easurem ents 
verify the complete spatial coherence expected from  theory for single mode operation of 
a laser.

1. In tro d u c tio n

T he m u ltip le  s lit d iffrac tio n  ex p erim en ts  perform ed w ith  th e  firs t H e — N e 
la se r  show ed q u a lita tiv e ly  th a t  lig h t ra d ia te d  b y  a gas laser is sp a tia lly  co h e ren t 
o v er th e  w hole cross-section  o f th e  laser b e a m  [1]. In  co n n ec tio n  w ith  th is , 
th e  question  arises how  sp a tia l coherence is ac tu a lly  g e n e ra te d  in a la se r . 
T h e  f irs t  fa irly  obv ious assu m p tio n  was th a t  s p a tia l  coherence o f  lase r ra d ia tio n  
is c re a te d  by  th e  process of s t im u la te d  em ission in  the  laser c a v ity  [2].

L a te r  on , fu r th e r  consid era tio n s gave a q u ite  d iffe ren t ex p lan a tio n  o f  
th e  p henom enon . I t  has been show n by  sev e ra l au th o rs  [3, 4 ]  t h a t  w hen m o n o ­
c h ro m a tic  lig h t is reflec ted  con tin u o u sly  to  an d  fro b e tw een  th e  m irro rs o f 
th e  la se r re so n a to r, a s tead y  s ta te  will be a t ta in e d  g rad u a lly  in  th e  re so n a to r  
as a re su lt o f th e  process of d iffrac tio n  of l ig h t on th e  m irro rs . F o r th is  re a so n  
o n ly  ce rta in  w av e  form s, o th erw ise  called m odes, will re m a in  in th e  la se r  
c a v ity , th e  freq u en cy , th e  ph ase  a n d  a m p litu d e  d is trib u tio n  o f  w hich  over th e  
m irro rs  is d e te rm in ed  by  th e  g eo m etry  of th e  laser re so n a to r. I t  has b een  
assum ed , here , th a t  ligh t is m o n o ch ro m atic . T h u s , no p ro b lem  of coherence  
arises as m o n o ch ro m atic  lig h t is necessarily  com pletely  co h e re n t. H o w ev er, 
it  w as show n b y  W o l f  [5] th a t  q u asi-m o n o ch ro m atic  ligh t w h ich  is in itia lly  
o n ly  p a r tia lly  space  coheren t or even in c o h e re n t will b eco m e co m ple te ly  
co h e ren t in a s im ila r w ay  a fte r  a su ffic ien t n u m b e r  of passes th ro u g h  th e  la se r  
re so n a to r  even th o u g h  th e  re so n a to r  is p assiv e  in the sense t h a t  no ligh t is 
g en e ra ted  w ith in  it.

A ccording to  th is  co n sid e ra tio n  sp a tia l coherence is c re a te d  by  d iffra c ­
tio n  o f lig h t w aves on th e  lase r m irro rs in su c h  a wray th a t  th e  w'aves w ith  
in a p p ro p ria te  phases are  g rad u a lly  suppressed  a t  th e  successive passes th ro u g h  
th e  reso n a to r. T he o n ly  role w hich  s tim u la ted  em ission p lays in  th is  con n ec tio n
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is t h a t  i t  co m p en sa tes  in  a co h e re n t m a n n e r  fo r  losses o f  l ig h t in  th e  re so n a to r . 
T h e  sp a tia l coherence w ill be  com ple te  i f  a sing le  m ode su rv iv es  and  th e  e ffec t 
o f  sp o n tan eo u s  em ission is neg lig ib le . I n  t h a t  case s p a tia l  coherence o f  la se r  
ra d ia tio n  can  be  considered  as ideal.

2. M easurem ents on spatial coherence

Q u a n ti ta t iv e  m easu rem en ts  on s p a tia l  coherence o f  a gas laser h a v e  been  
p e rfo rm ed  b y  B e r t o l o t t i, D a in o  an d  Se t t e  on a H e — Ne laser w ith  th e  
he lp  of a d o u b le  s lit [6]. A cco rd ing  to  th e  re su lts  o b ta in e d  th e  degree o f  c o h e r­
ence decreases co n sid e rab ly  w ith  in c rea s in g  se p a ra tio n  of th e  a p e r tu re s . 
A s i t  tu rn e d  o u t la te r  on th e  reason fo r  th is  was th e  m u lti-m ode  o p e ra tio n  
o f  th e  la se r. In  a fu r th e r  ex p e rim en t p e rfo rm ed  b y  th e  sam e  au tho rs th e  case 
o f  single m ode  o p era tio n  w as also in v e s tig a te d  and  th e  degree of coherence  
w as fo u n d  to  be  alm ost u n i ty  [7]. T he re p o r t  co n ta in s , how ever, no fu r th e r  
d e ta ils .

W e h a v e  carried  o u t in v es tig a tio n s  on sp a tia l coherence  w ith  th e  help  
o f  a M ach — Z eh n d er in te rfe ro m e te r  w h ich  ap p eared  to  b e  m ore su ita b le  th a n  
th e  doub le  s lit a rra n g e m en t genera lly  u sed  because i t  allow s for m easu rem en ts  
o f  h ig h er accu racy . O ur f i r s t  ex p e rim en t [8] w as c a rr ie d  o u t on a H e  — Ne 
la se r  o p e ra tin g  in  th e  in f ra re d  a t  th e  w a v e le n g th  A =  1.15 /л. T he m easu rem en ts  
p e rfo rm ed  in  th re e  d iffe re n t tra n sv e rse  m odes (TEM 00, T E M 10, T E M 30) show ed 
a h igh  deg ree  of coherence  over th e  w h o le  cross-section  o f th e  la se r  beam . 
T h e  degree o f coherence o b ta in e d  d e v ia te d  in  g en era l, how ever, b y  a  few 
p e r  cen t fro m  idea l coherence  (| y 12 | w as 0 .9 4 —0.97).

W e th e re fo re  re p e a te d  o u r m easu rem en ts  u n d e r m o re  favourab le  e x p e ri­
m e n ta l co n d itio n s w ith  a la se r  o p era tin g  n o w  in th e  v is ib le  p a r t  of th e  sp e c tru m  
a t  th e  w a v e le n g th  A =  0 .6328 ц [9]. T h e  resu lts  o f th e  second m easu rem en t 
q u a n t i ta t iv e ly  v e rify  th e  th e o re tic a l re su lts  show ing co m p le te  sp a tia l coherence  
in  th e  case o f  single m ode o p era tio n  o f th e  laser.

3. The principle of m easurem ent

T h e degree of coherence  | y 12 | b e tw een  tw o p o in ts  P x and  P 2 o f  th e  
e lec tro m ag n e tic  fie ld  can  b e  d e te rm in ed  from  th e  fo llow ing  relation  [10]

ly«!
^max I  m m

^m ax  “Ь  ^ m in

II 12
2 ï h h  ’

(1)

w here I I a n d  J 2 are th e  in ten s itie s  o f th e  beam s em erg ing  from  P 1 a n d  P 2. 
T h e  f irs t  fa c to r  is th e  v is ib ility  of th e  in te rfe ren ce  p a t te r n  p roduced  b y  th e
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tw o  beam s. J max an d  I m-,n den o te  th e  m ax im um  an d  m in im um  in te n s ity , 
respective ly .

F ig . 1 show s th e  M ach—Z eh n d er in te rfe ro m e te r  w ith  w h ich  th e  tw o 
p o in ts  P a and  P 2 can  easily  be lo c a te d  anyw here on  th e  cross-section  of th e  
la se r beam . T he b eam  en te rin g  th e  in te rfe ro m e te r  is sp lit in to  tw o  p a rts  
w hich f in a lly  in te rfe re  a t  th e  p o in t o f  observ a tio n  M.  As can be seen  from  th e

Fig. 1. Interference in the M ach—Zehnder interferom eter, cases a) and b). F { and  F z denote 
full m irrors, Sj and S2 sem i-transparent m irrors, M  point of observation (left). The shaded p art 

on the cross-section of the two beams shows where interference arises (right)

F ig u re  in  case a) w hen  th e  m irro rs F 1 an d  P 2 are p laced  sy m m etrica lly , th e  
tw o  p o in ts  P 1 and  P 2 a re  id en tica l, w h ich  m eans, t h a t  th e  beam  em erg ing  
from  th e  p o in t Р г =  P 2 o f th e  cross-section  in te rfe res w ith  itse lf  a t  p o in t M.  
W hereas, w hen  th e  m irro r  F x is d isp laced  by  th e  d is tan ce  d in to  p osi­
tio n  F I th e  tw o p o in ts  lie in  d iffe ren t p laces of th e  la se r  beam , an d  th e  p ro ­
jec tio n  o f th e ir  d is tan ce  on th e  cross-section  of th e  b eam  is also d. In  th e  la t te r  
case th e  in te rfe ren ce  a rising  a t  p o in t M  is p roduced  b y  tw o  beam s em erg ing  
from  d iffe ren t p o in ts . T h u s , b y  m easu rin g  th e  in te n s itie s  I max an d  I mjn of 
th e  in te rfe ren ce  p a t te rn  an d  I v  I 2 o f th e  in te rfe rin g  b eam s, th e  deg ree  of 
coherence | y 12 | b e tw een  tw o  po in ts  P x a n d  P 2 ly ing  a t  a d is tan ce  d f ro m  each  
o th e r on th e  cross-section  o f th e  laser b eam  can be d e te rm in ed . The p o in t  P 2
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m a y  be chosen b y  m oving  th e  d e te c to r  along th e  cross-section  o f th e  la se r 
b eam . is g iven b y  th e  position  o f  m irro r F v

I f  th e  lase r re so n a to r  consists  of spherica l m irro rs th e  w av e  fro n ts  of 
th e  lig h t ra d ia te d  b y  th e  laser w ill also  be sph erica l. B ecause of th is , b y  ch an g ­
in g  th e  positio n  of th e  m irro r (i.e. b y  chan g in g  th e  d is tan ce  d o f th e  tw o  
p o in ts ) , th e  p a th  d ifference of th e  in te rfe rin g  b eam s changes b y  differing  
a m o u n ts  over th e  w ho le  field w h ere  in te rfe ren ce  arises (F ig. 2). A ccord ingly , 
th e  spac ing  of th e  in te rfe ren ce  fringes will be w id e r or n a rro w er, an d  in  th is  
w ay  th e  v a lu e  of th e  v isib ility  o b ta in e d  in  th e  m easu rem en t w ill ap p rec iab ly  
d ep en d  on th e  size o f th e  ap e rtu re  o f th e  d e te c to r . T h is d ifficu lty  can  be  over-

Fig. 2. The p a th  difference betw een th e  interfering beam s. Top left: spherical waves. Top 
righ t: plane waves. B ottom : Plane w aves can be produced w ith  the help o f a lens L. R  denotes 

the laser mirror th rough  which the d ivergent beam is emerging

com e by  p lac in g  a lens in th e  p a th  of th e  la se r  beam  in su ch  a w ay  th a t  th e  
focus o f th e  in se r te d  lens fa lls in to  th e  v ir tu a l  focus of th e  d iv e rg en t b eam . 
T h e  w aves th u s  becom e p ra c tic a lly  p lan e  w av es and in  th is  w ay  th e  p a th  
d ifference o f th e  in te rfe rin g  b e a m  will be  th e  sam e a t  e v e ry  p o in t o f th e  
in te rfe ren ce  fie ld . T he in te rfe ren ce  p a tte rn  n o w  consists o f o n ly  a single w ide 
in te rfe ren ce  frin g e  w hich is d a rk  or b rig h t accord ing  to  th e  p a th  d ifference 
o f  th e  beam s. B y  sligh tly  ch an g in g  th e  p a th  d ifference b o th  th e  in te n s ity  
m ax im a  J max a n d  m inim a f min o f  th e  in te rfe ren ce  p a tte rn  can  be d e te rm in ed .
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4. T he m easuring  a rran g em en t

Fig. 3 show s th e  m easu rin g  a rra n g e m en t. The d .c . la se r  o p era ted  a t  th e  
w ave len g th  A =  0.6328/t. T he re so n a to r  consisted  o f  tw o d ie le c tr ic a l 
m irro rs w ith  a c u rv a tu re  o f r  =  75 cm , w hich  w ere f ix e d  w ith  fo u r in v a r  
rods a t  a d is tan ce  of 50 cm  from  one a n o th e r . T he len g th  o f  th e  laser tu b e  w as 
30 cm , an d  its  in n e r d ia m e te r  w as 2 m m . B y  a su ita b le  a d ju s tm e n t o f  th e

Mt r = 75 cm 
L, f  -100 cm 
L2 f  =30cm 
L3 f  -  5 cm

Fig. 3. Block diagram  o f the m easuring arrangem ent. М г, M 2 laser m irrors, L x lens for producing  
a plane wave front; F t, F 2 full mirrors, S„  S2 sem i-transparent m irrors o f Mach— Zehnder 
interferom eter, L 2 lens for enlarging the laser beam , A  aperture, L 3 len s to focus aperture on  

photom ultip lier cathode, P M  photom ultip lier, R  registering galvanom eter

m irro rs an d  using  an  a p p ro p ria te  c u rre n t d e n s ity  in  th e  d isch a rg e  tu b e , i t  w as 
possible to  se lect th e  desired  m odes. The M a c h —Z ehnder in te rfe ro m e te r  w as 
m o u n ted  on a H ilger N200 in te rfe ro m e te r . T o  overcom e effec ts  arising  fro m  
th e  f in ite  size o f th e  a p e r tu re  o f th e  d e te c to r  th e  laser b e a m  leav in g  th e  in te r ­
fe rom eter w as en larged  w ith  th e  a id  of a lens of f  =  30 cm  focal d is tan ce . 
T hus, th e  d ia m e te r  o f 0.4 m m  o f th e  a p e r tu re  o f  th e  d e te c tin g  p h o to m u ltip lie r  
(E M I 6256B) w as equal to  a b o u t l /4 0 th  o f  th e  d iam ete r o f  th e  laser b eam . 
T he v is ib ility  o f  th e  in te rfe ren ce  p a tte rn  w as d e te rm in ed  f ro m  th e  re g is tra tio n  
of fou r or f iv e  in te n s ity  m ax im a  an d  m in im a o b ta in ed  th ro u g h  th e  m irro r F 3 
being  slow ly m oved  b y  a m o to r for a d is tan ce  o f abou t 3 ц.

5. D iscussion of th e  results

F rom  th e  re su lts  of th e  m easu rem en ts  w e d e te rm in ed  | y 12 ] acco rd in g  
to  re la tio n  (1). In  F ig . 4 we h a v e  p lo tte d  th e  values of | y 12 | o b ta in ed  fro m  
th e  m easu rem en ts  an d  th e  in te n s ity  d is tr ib u tio n  I  of th e  co rresp o n d in g  m odes
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in d ica tin g  th e  positio n  of th e  p o in ts  P 2, f ix e d  in  th e  o rig in  o f  th e  co o rd in a te  
sy s tem , an d  P 1 ly in g  a t a d is ta n c e  d from  P 2. I t  can be  seen  from  th e  F ig u re  
t h a t  th e  d eg ree  of coherence o b ta in ed  in  th e  m ode T E M 00 is p ra c tic a lly  1 
a n d  is 0.98 in  th e  m ode T E M 10. T he re su lts  o f  th e  m easu rem en ts  th u s  v e rify  
th e  ideal s p a tia l  coherence ex p ec ted  from  th e o ry  for sing le  m ode o p e ra tio n .

Fig. 4. The degree of coherence | y 12 | obtained a t  various distances d between two po in ts on 
the cross-section of the laser beam  (right) and th e  in tensity  d is tribu tion  I  of the modes (left)

T he d e v ia tio n  of 2 %  fro m  ideal coherence  in th e  m o d e  T E M 10 m a y  be 
a t tr ib u te d  to  th e  effect o f  som e o th e r w e a k ly  excited  tra n sv e rse  m odes and  
th e  sam e e ffec t m ay  also h a v e  been resp o n sib le  for th e  d ev ia tio n  o b serv ed  in 
ou r p rev io u s m easu rem en t [8 ].

T he decrease  of s p a tia l  coherence w hen  several tra n sv e rse  m odes are 
excited  s im u ltan eo u sly  m a y  b e  ex p la in ed  in  th e  fo llow ing  w ay: b ecau se  th e  
frequencies o f  th e  in d iv id u a l tra n sv e rse  m odes d iffer in  general fro m  one 
a n o th e r, th e  in te n s ity  o f th e  observed  in te rfe ren ce  p a t te r n  w ill be th e  su m  of 
th e  in te n s itie s  of th e  sing le  in te rfe ren ce  p a tte rn s  p ro d u c e d  b y  th e  v a rio u s 
m odes. As th e  m odes h av e  d iffe ren t p h ases  a n d  d ifferen t in te n s i ty  d is tr ib u tio n s  
com pared  w ith  one a n o th e r  th e  single in te rfe ren ce  p a t te rn s  do n o t co m p le te ly  
overlap  e ach  o th er. T hus th e  v is ib ility  o f  th e  re su ltin g  in te rfe rence  p a t te rn
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will be low er th a n  th a t  of th e  single in te rfe ren ce  p a tte rn s . Since th e  degree 
o f coherence is re la te d  to  th e  v is ib ility  o f th e  in te rfe ren ce  fringes, a decrease  
in  th e  v is ib ility  also gives a decrease in  th e  degree of coherence.
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ЭКСПЕРИМЕНТАЛЬНОЕ ИССЛЕДОВАНИЕ ПРОСТРАНСТВЕННОЙ 
КОГЕРЕНТНОСТИ ЛАЗЕРА Н е - Ne

Л .  Ч И Л Л А Г ,  М .  Я Н О Ш И  и  К .  К А Н Т О Р

Р е з ю м е

Проводились измерения в связи с пространственной когерентностью Лазера Не—Ne 
при помощи интерферометра Маха—Цандера. Полученные из измерений результаты 
подтверждают совершенную пространственную когерентность, следующую из теории в 
случае простых операций Лазера.
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И С П О Л Ь З О В А Н И Е  ( ß + y ± )  С О В П А Д Е Н И Й  П Р И  

И С С Л Е Д О В А Н И И  П О З И Т Р О Н Н О Г О  Р А С П А Д А  Я Д Е Р

Э. ВАТАИ
И Н С Т И Т У Т  Я Д Е Р Н Ы Х  И С С Л Е Д О В А Н И Й  В А Н ,  Д Е Б Р Е Ц Е Н

(Пердставлено Ш. Салаи — Поступило 9. XI. 1966)

Проведен подробный анализ возможностей применения метода (ß* у±) совпадений 
для определения эффективности регистрации (S^+) детекторов позитронов и посредством 
этого для определения активностей препаратов, испускающих позитроны. Такой анализ 
необходим, т. к. аннигиляционные кванты возникают в определенном объеме, и для случая 
нельзя применить формулы для точечного источника. Указываются возможные пути 
учета или уменьшения влияния объе.много распределения аннигиляции:

1) Численное интегрирование;
2) Увеличение расстояния между источником и детектором аннигиляционных 

квантов. Применение ß абсорбента, и также использование эффективности регистрации 
Sßr близко 100%.

Правильный выбор условий измерения дают возможность уменьшить влияние 
объемного распределения мест аннигиляций на точность определения эффективности 
регистрации позитронов (.SV ) до 10_3 и меньше.

1. Введение

То свойство позитронов, что они, соединяясь с электронами детектора, 
или замедляющей среды, за время порядка 10-9 сек испускаются в виде двух 
фотонов (однофотонным излучением можно пренебречь) возможно исполь­
зовать для определения эффективности регистрации детекторов позитрон­
ного излучения. Эффективностью регистрации или счета называем отношение 
регистрированных и возникающихся частиц, в то же время эффективностью 
называем отношение чисел регистрированных и попадающихся в детектор 
частиц. Использование метода совпадений даёт возможность избегать кор­
рекции, учитывающие специфические свойства источника и детектора, и 
таким образом получить более точные результаты.

Однако применение метода совпадений ( ß +y +) затруднено, потому 
что даже в случае точечного источника позитронов позитроны аннигили­
руются в конечном объёме, линейные размеры которого в воздухе при 1 а гм. 
составляют несколько метров, в твёрдом теле несколько мм в зависимости 
от энергии. Таким образом источник аннигиляционных квантов в зависи­
мости от условий эксперимента может иметь значительный объём. Этим 
объясняется, что в настоящее время имеются только две попытки использо­
вания этого метода. А. Уилямсом [1 ] был использован протечный пропорцио­
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нальный счётчик небольшого размера, где позитроны аннигилировались в 
основном в стенке счётчика. Зависимость вероятности детектирования 
аннигиляционных квантов от места аннигиляции учитывалась путём изме­
рения зависимости счёта совпадений от расстояния детектора от источника 
и производилась экстраполяция на бесконечное расстояние. В измерениях, 
проведенных ранее автором [2], уменьшение объёма аннигиляции позитро­
нов произведен в дополнительном измерении, в котором имелся абсорбент 
вокруг источника. Несмотря на то, что некоторые свойства метода рассмот­
рены в [3], более полный анализ возможностей и условий применения метода 
до настоящего времени не имеется.

2. Метод (ß+ y+) совпадений и условия его применимости

Общеизвестный метод совпадений [4], в случае точечного источника 
для схемы распада, показанного на рис. 1а., может быть характеризован 
следующими выражениями:

N y  =  D S y ; N ß -  =  D S ß  ; N ßy =  D S y S ß . (1)

Эти экспериментальные данные дают возможность определить актив­
ность (D ) и эффективность детектирования гамма ( S y) и бета (Sß) детекторов:

I) =
N y N ß . 

Nyß ’
( 2 )

Коррекции, необходимые из-за абсорбции у  квантов в ß  детекторе, 
также коррекции в случае более сложной схемы распада, даны в работе 
Кэмпиона [5].

Рис. 1. Простейшие схемы а) ß~ и б) ß+ распада, дающие возможность применить метод
совпадений

В случае протяжённого источника, также для случая перехода в основ­
ное состояние путём эмиссии позитронов (рис. 1. б), подобные формулы 
могут быть написаны только для данной точки «источника» из-за зависимости
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эффективностей от места возникновения кванта, и необходимо интегриро­
вать по объёму для получения полного числа импульсов.

N v± =  I n (x ,y , z ) Sy±(x,y, z)dv  .
V

Nß+ =  I  n(x,y,  z ) St5+ (x , y , y ) dv , (3)
V

Np+yt =  J n(x,y,  z) Sfl+ (x,y,  z) Sy± (X, y ,  z) dv ,
V

где n (X , y ,  z ) — плотность аннигиляции, причём

\ n(x, y,  z) dv =  DPß+.
V

Pp\. — вероятность распада ядра путем эмиссии позитрона.
Как ниже покажем, между местом аннигиляции и фактом регистрации 

позитрона в детекторе, основанном на поглощении энергии, может быть 
установлено однозначное соответствие. Счетчиком позитронов будут заре­
гистрированы только те частицы, потеря энергии которых в чувствительном 
объеме счетчика больше некоторого порогового Е „ор. Предпологая, что 
источник находится в положении 2л или Ал у  детектора, тогда не дают 
счёт те позитроны, для которых E ß+ <  Е пор (аннигилируются вблизи источ­
ника), и релятивистские позитроны, с малой удельной ионизацией (анниги­
лируются далеко от источника). Этот означает, что 5^+(я:, у,  г) =  0 вблизи 
источника и делеко от него, а в некотором промежутке Sß+(x, у ,  z) =  1. 
То есть умножение на Sß+(x, у ,  г) под знаком интеграла может быть заме­
нено изменением объёма интегрирования V  -> V ,, если удовлетворены сле­
дующие соотношения:

S p + ( x , y , z )  =  0 , если ( x , y , z )  |  г1,

Sp+(x,y,  z) =  1 , если (x ,y , z )  Ç v1.

Таким образом уравнения (3) будут иметь следующий вид:

N y± =  j  п(х,у,  z) Sv+ (х,у ,  z) dv,
V

N ß+ =  J n(x,y,z)  dv,  (4)
V,

Nß+y± =  j  n(x,y,  z) Sy+ (x, X ,  z) dv.
V1

В этом общем случае уравнения типа (2) могут быть рассчитаны только 
путём численного интегрирования.
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Однако можно показать, что условия измерений могут быть выбраны 
таким образом, чтобы погрешность, внесенная зависимостью эффективности 
у+ детектора от места аннигиляции, была маленькой или легко поддаю­
щейся подсчёту. Эти условия следующие (см. рис. 2.).

1. а) Нерегистрированные позитроны должны поглощаться в объёме 
V 2, линейные размеры которого намного меньше расстояния у+ детектора 
от источника. Это условие может быть удовлетворено. В случае Ал детек­
торов необходимо выбрать чувствительный объём и Е пор таким образом,

© __
__

__
__

__

0
■Í

©
4

—

Рис. 2. Место аннигиляции нерегистрированных (штрихованная часть) и регистриро­
ванных позитронов (нештрихованная часть) в случае однородного поглощения в счетчике.

V = V 1 +  V2

чтобы детектировались и релятивистские электроны, и в этом случае позит­
роны малой энергии (Eß+ <  Е пор) аннигилируют вблизи источника. В случае 
2л  детекторов, кроме выполнения вышеуказанных требований, необходимо 
поместить /5-поглотитель на противоположной с чувствительным объемом 
сторону источника, в котором на несколько мм-ов пути позитроны затормо­
зятся. Применить данный метод в случае, когда ß детектор удалён от источ­
ника, нельзя.

Учитывая это, N vт принимает следующий вид:
N у+ =  J  п(х, у,  г) Sr± (х, у ,  z) dv +  j  п(х, у , z) Sy± ( x , y , z ) d v  ■

Разлагая второй член в ряд Тэйлора с остаточным членом первой сте­
пени и учитывая (4) получаем:

N y± =  N ß+y± - f  п(х, у ,  z) Sy± (0, 0, 0) -f- X ----- Sy± (Ох , в у ,  Oz) 4-
дх

+  у  Sy± (вх ,  Oy, Az) 4- z Sy+ (&х, Oy, Qz) 
ду ' dz

(5)

d v .
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Выделяя первый член из интеграла и преобразуя выражение:

N y± — Nß+y± =  S y± (0,0,0) I п(х,у ,  z) dv +  R i , (6)
V,

где О <  в <  1

J п (x,y,z)  dv — число нерегистрированных позитронов
1 г

— поправочный член.
б) Проведем дополнительное измерение, в котором для всех позитро­

нов выполняется условие, заданное в а), но объем может быть различным 
(П3). Это может быть достигнуто путем приложения ß поглотителей к источ­
нику также со стороны (сторон) чувствительного объема. Разумеется, при 
"том не происходит регистрация позитронов. Число импульсов в этом случае:

]упот _  I „погл (я, у ,  у )  S y± (х ,у ,  z) апогл (х,у,  z) dv ,
V,

где апогл {х, у ,  z ) — дополнительное поглощение в ß  поглотителе.
Разлагая и это в ряд Тэйлора, получаем выражение, аналогичное с (б).

7У"?ГЛ =  у± (0, 0, 0 ) а погл (0, 0,0) J  л П0ГЛ (х,у,  z) dv +  R 2, (7 )
V3

где Ç гепогл (х, у ,  z )dv  — полное число позитронов.
Va

Вычитая соответствующие остаточные члены с обоих сторон уравнений 
(6) и (7), также разделяя уравнение (б) с уравнением (7) получаем вероят­
ность того, что позитрон не будет зарегистрирован в ß  детекторе:

ÍV.,,
1 — S^+ =  а погл —

Л'/ 3 + у ±

дгпогла У у+ Ro ( 8 )

При выводе этой формулы не делали никаких приближений. Для 
вычисления R x и R z можно делать приближения, но с этим вопросом зай­
мёмся только при рассмотрении возможной точности метода. При правильном 
выборе условий эксперимента в нулевом приближении можно с ними пре­
небречь.

2) В случае применения более плотного детектора (сцинтилляцион- 
ного и полупроводникого счётчика, или пропорционального счетчика ма­
лого размера) условия эксперимента могут быть выбраны таким образом, 
чтобы уже при условиях счета позитронов все позитроны поглотились в 
объеме, линейные размеры которого намного меньше расстояния у±  детек­
тора от источника.
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В этом случае 1У"°ГЛ может быть заменена на N v+.

Ny± — Sy± (0, 0, 0) \ п(х,у,  г) dv +  Щ ■ (9)
V

Преобразуется и уравнения (8):

1 -  S„+
Ny+ —  Nß+y± —  R

ï v ~ ^  m
( 10)

Легко видеть, что если Л, и R}2 в (10) пренебрежимо малы, тогда (10) 
переходит в третье уравнение (2), действительное в случае совпадений с 
точечным источником.

Знание S ß+ дает возможность определить активность препарата в 
отношении испускания позитрона [третья формула (1)], и если определим 
другим путем активность в отношении захвата электронов из атомной обо­
лочки, можно определить и полную активность и отношение e /ß+ .

Если распад происходит на возбужденный уровень, дополнительное 
измерение (ß +y ) совпадений, и знание S ß+ дает возможность определить 
отношение e /ß+ (см. например [1,2]). В этом случае соответствующие фор­
мулы будут:

где P ß+ — вероятность перехода на данный уровень путем испускания

Замечание: Так как позитронный распад всегда сопровождён захватом электронов атом­
ной оболочки, из данных измерений (ß* у) или (ß* у±) совпадений отдельно не могут быть 
рассчитаны данные, получаемые из измерений (ß~ у) совпадений.

Точность метода определяется величиной остаточных членов R x и 
или возможностью их точного расчёта. Величина jRj дана выражением (5)

Для оценки максимальной величины интеграла в место остаточного 
члена ряда Тэйлора запишем дифференциал эффективности регистрации

позитрона на один распада.

3. Точность метода (ß + у ) совпадений
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dSy+. Учитывая также приближённое равенство Sy+ =  й е , где Ü — теле­
сный угол, С — эффективность, остаточный член принимает следующий вид:

К, =  I n ü e ^ ^ d v  4 - I п Ü е dv. (11)
J Q J е
I 2  V 2

(Для краткости описания переменные опущены.)

Рис. 3. Объяснение обозначений, встречающихся при определения гамма-эффективности
для протяжённого источника

Дальнейшее приближение на основе формулы телесного угла по работе 
[6] даёт:

d Q  3 o’- q а-----~ -----— • если — и —  <í 1.
Q 2 Z2 a Z

( 12 )

Так же по результатам, описанным в Приложении:
de
е

(13)

Обозначения даны на рис. 3. Производя эти замены в (11) получаем:

R i < 2 Z2 + J”Q е q2 dv + п Ое z dz  . (14)

Первый интеграл является достаточно малым, т. к. пропорционален 
с (q/Z)2. Покажем, что второй интеграл имеет такой же порядок малости. 
Для этой цели запишем приближенное равенство

Qe (Пе)0 1 +
dQ
О

de
е
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во второй интеграл. Учитывая (12) и (13) и пренебрегая с членами третьего 
порядка малости и выше, получаем:

Легко показать, что в случае однородного абсорбента первый интеграл 
равен нулью. Объем г2 является симметричным относительно плоскости 
z  =  0, а подинтегральная функция нечетная т. к. функция распределения 
плотности аннигиляции симметричная, z асимметричная, a Qe)0 постоянная 
функция.

Учитывая, что g ~  и g <  дтах (14) может быть переписано в следую­
щую форму:

Величина интеграла дает приближенное число аннигиляционных 
квантов, которые возникались в соответствующем объеме и были зарегистри­
рованы у* детектором.

По этому для остаточных членов действительны следующие ограни­
чения:

Верхняя приставка у дтах означает объем, в котором максимум дол­
жен быть взят. После этого выражения (8) и (10) могут быть написаны:

(16)

1 -
(17а)

1 _  S ■+ =  ^ v± ~  ^ ß+v±)  ~  и)
N v± (  1 -  К ) ( 176)
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где
Ri

N y± — N ß+y±

R.

<
11

2 Z,

К

г, = щ
N v±

<

<

2 Z2 ci-

l l
+  ■2 Z2 a?

(pv‘ V2 

(Æ ax)2 , 

(Й,ах)2 •

Учитывая эти результаты, метод ( ß +y ±) совпадений может быть при­
менен при следующих условиях:

1) В сущности при любых заданных параметрах эксперимента оста­
точные члены ти  т.г и А  могут быть рассчитаны с необходимой точностью. 
Современные счётно-решающие машины позволяют провести такие расчёты.

2) Условия эксперимента могут быть выбраны таким образом, чтобы 
остаточные члены были бы пренебрежимы при необходимой точности. Для 
примера оценим величину остаточных членов в случае 4тг сцинтилляцион- 
ного детектора позитронов. В этом случае максимальный пробег является 
достаточно малым, что даёт возможность применить второй метод (ур. 176). 
Принимая gmax =  5 мм, а =  25 мм и Z =  250 мм, также учитывая, что про­
бег нерегистрированных позитронов намного меньше регистрированных 
(Ршкх <§ ßmax), в первом приближении остаточные члены дают 5%-ную кор­
рекцию в определении (I — S ß+). Однако ошибка определения S ß+ будет 
намного меньше, если используем большие значения S ß+. Например при 
S ß+ ^90% , и при указанных выше условиях пренебрежение с остаточными 
членами может внести систематическую ошибку меньше 0,5%, а при S ß+ ~  
99% меньше 0,05%.

В то же время полученные выше результаты показывают, что при при­
менении метода необходимо появить некоторую осторожность, и пренебре­
гать с остаточными членами разрешается только при хорошей геометрии и 
высокой эффективности регистрации позитронов.

Автор считает своим приятным долгом выразить благодарность ака­
демику Ш. Салаи, директору Института, за обеспечение хороших рабочих 
условий и д-ру Д. Берени за полезные дискуссии.
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Приложение

Оценка de/e

Целесообразным является применение аналитического выражения е-а, 
которого можем получить из формулы, опубликованной Стендфордом и 
Риверсом в [7], заменой h Z  и а ^ а  =  pcosц> ф- |/а2 - о2 s m 2 <p- Обозначе­
ния см. на рис. 3.

Таким образом эффективность при данных г и q даётся выражением:

е — J (I 1 +  J 2) d<p ,
6

где

J i  =  1 -  ехр Н(Е) Ь
cos 0

sin 0 d 0 =  J  ix (0) d

h  =  J  j  1  -  e x p

0i

ц(Е) (Z  -f- 2) ß(E) (q cos <p У a2 — Q2 s in2 cp
cos 0 sin 0

sin 0 d d  =  ( i2 (0) d 0

0X =  a rc tg  - ■ ■ ; 02 =  a rc tg  —  .
0  Z  Z

Ищем производную, учитывая зависимость пределов интегрирования от
Q И Z .

d e
2 я

Г  í ö l ,  ÓL,
d t p ,

ÔQ " J  - 0

+
Ô 0  ÔQ

Ôi
ÖI l Ô 0X

h  ( ö i )  +  Г Ô h  ( ° )

ÔQ ÔQ j
0

ÔQ

Ö I 2 СЯ 1II

h  ( 0 г )  ■ .  1 h  ( °
ÖQ ÔQ ÔQ

dd,

Г 0 Н Ш
) ÔQ

dd.
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Учитывая непрерывность функции поглощения ij(0) =  ^(ОУ), также 
его исчезание на краях кристалла i2(02) =  0 и независимость ^(0) от g 
и z, то есть 8i1(0)/8p =  0, получаем следующее выражение:

ôe
ÔQ

д sin2 ср 
У а2 — д2 s in2 ср

• ехр д(Е) (Z +  *)
cos О

р(Е) (g cos ср -f- У а2 — g2 sin cp 
sin О

Экспонент показывает, какая часть гамма излучения проходит через 
кристалл при 0 , <  0  <  0 2. Так как это всегда ^  1, интеграл увеличивается 
при замене экспонента на единицу.

g sin  cp
У а2 — <52 sin2 <р ( » 2 °У) dcp .

При g <g а и о, 6 <§ s можем применить следующие приближения : 0 Х~ ------- ■
b -T Z

а
0 2~  —Учитывая разложения только до квадратичного члена по gla и alz 

z
получаем:

I ôe
< 7 1  р(Е) Qb

Z(b +  Z)
Аналогично:

ôe 
ô z

<  2 tz p(E) ba2
Z(b +  Z)2

e ~  л p(E)
ba2

(b +  Z)2 '

В последнем случае учитывали разложение показательной функции 
до первого неисчезающего члена, и что в нашем случае I2 Ip 

Наконец
de  1
е ~  е

de 
9 g в +
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ON T H E  U SE OF T H E  (ß+ y±) COINCID EN CE M ETHOD IN  IN VESTIG ATIO NS 
ON PO SITRO N  EM ITTIN G  N U C LID ES

E. VAT AI 

A bstrac t

A detailed  analysis of possibilities of th e  (ß + y x ) coincidence m ethod for determ ination  
of positron detec tor counting efficiency (Sß+ ), and  accordingly possibilities for positron  acti­
v ity  determ inations of sources are given. Such analysis is necessary, because the annihilation 
quan ta  are em itted  from a fin ite  volume, and th e  equations for a p o in t source in th is case are 
no t valid. T he following w ays to  account or reduce the effect of th e  annihilation spatia l d is tri­
bution are  possible:

1) N um erical in tegration ;
2) Increasing the d istance between th e  source and detec to r of annihilation q u an ta . 

The use of be ta  absorbent and h igh value of counting efficiency (Sß+ ~  100%).
The use of proper m easurem ent param eters m ake possible to  reduce the effect of spatial 

d istribu tion  of annihilation on th e  accuracy of counting efficiency (So+) determ ination  to  
10" 3 or less.
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EFFECT OF DISLOCATIONS 
ON GALVANOMAGNETIC PROPERTIES OF и-TYPE Ge

By

B .  P Ő D Ö R

R E S E A R C H  I N S T I T U T E  F O R  T E C H N I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T  

(P resented  by G. Szigeti. — Received 20. X II. 1966)

In  this paper th e  influence of dislocations on the carrier concentration and mobility 
in n -type germ anium  single crystals is exam ined both  experim entally  and theoretically . Con­
duc tiv ity  and Hall effect was m easured on plastically b e n t crystals over th e  tem perature  
range 80— 300 °K. F rom  the experim ental results a dislocation acceptor level, 0.33 eV below 
th e  conduction band edge is deduced. The electrostatic in teraction  energy of th e  captured 
electrons along the dislocation line and its dependence on th e  occupation ra te  o f these acceptor 
centres is discussed. A theoretical form ula for the scattering  effect of charged dislocations is 
deduced. The experim ental values of electron mobility m easured perpendicularly  to  the dislo­
cations are in reasonable agreem ent w ith  the predictions of th is formula.

1. In tro d u c tio n

T he d islocations g en era ted  b y  p lastic  d e fo rm atio n  ex e rt a  s tro n g  in flu ­
ence on th e  e lec trical p ro p ertie s  o f  sem iconducto r single c ry s ta ls . T here  are  
b ro k en  bonds in  d iam o n d  ty p e  sem ico n d u cto r single c rysta ls  a long  th e  edge 
d is lo ca tio n  lines. T h ree  o f th e  va len ce  e lectrons o f  th e  atom s s i tu a te d  on th e  
d is lo ca tio n  line a re  p a ired , th e  fo u r th  is u n p a ired . T hese d an g lin g  bonds m ay  
c a p tu re  e lectrons fro m  th e  co n d u c tio n  b a n d , a n d  th e y  b e h av e  as accep to r 
cen tre s . This effect is p a r tic u la r ly  im p o rta n t in  n - ty p e  sem ico n d u cto rs . M ore­
o v er, th e  d islocations sc a tte r  th e  co nduc tion  e lec tro n s, th u s  th e i r  m ob ility  is 
red u ced .

In  n -ty p e  sem iconducto rs th e  m u tu a l e le c tro s ta tic  in te ra c tio n  energy 
o f  th e  cap tu red  elec trons along th e  d islocation  line in fluences s tro n g ly  th e  
o ccu p a tio n  s ta tis tic s  o f  th ese  acc e p to r sites as p o in te d  o u t b y  W .  T . R e a d  [ 1 ] .  

T h e d is tan ce  b e tw een  th e  b roken  b o n d s as w ell as b e tw een  th e  a c c e p to r cen tres 
a lo n g  th e  d isloca tion  line is con sid erab ly  sm alle r th a n  th e  m ean  d is tan ce  
b e tw een  th e  d isloca tion  lines. A m u tu a l in te ra c tio n  exists b e tw een  th e  elec­
tro n s  ca p tu re d  along  th e  d islo ca tio n  line. M oreover, th e y  in te r a c t  w ith  th e  
p o s itiv e  space charge  form ed a ro u n d  th e  n e g a tiv e ly  charged  d is lo ca tio n  line. 
T h e  e lec trons are  c a p tu re d  b y  d islocations fro m  th e  co n d u c tio n  b a n d  u n til 
th e  increase  in e le c tro s ta tic  in te ra c tio n  energy  o f  th e  e lec tron  p rev en ts  i t .

T he co nduction  electrons a re  sc a tte re d  b y  th e  p o ten tia l f ie ld  o f  th e  nega­
tiv e ly  charged  d islo ca tio n  line a n d  th a t  of th e  su rro u n d in g  sc reen in g  positive  
sp ace  charge, and  th e ir  m o b ility  w ill be reduced .

5* Acta Phyaica Academiae Scientiarum Hungaricae 23, 1967



394 В. PÖDÖR

T h e  v a lid ity  o f  R e a d ’ s  m odel w as p ro v ed  to  som e e x te n t b y  th e  H all 
e ffect a n d  b y  th e  c o n d u c tiv ity  m easu rem en ts  on p la s tic a lly  b e n t 71- ty p e  ger­
m a n iu m , re sp ec tiv e ly  [3], [4], [5]. T h is  also app lies to  th e  H a ll e ffect and  
m a g n e to re s is tiv ity  m easu rem en ts  o n  71-ty p e  silicon single c ry s ta ls  deform ed 
b y  p la s tic  com pression  [6]. D iffe ren t va lu es  of en e rg y  levels o f th e se  accep to rs 
h a v e  b e e n  pu b lish ed  b y  various a u th o rs :  —0.2 eV [3 ], — 0.18eV [4], —0.50 
eV [ 5 ] .  F it t in g  th e  th e o re tic a l cu rv es  based  on R e a d ’ s  m odel to  th e  experi­
m e n ta l p o in ts , a d is lo ca tio n  d e n s ity  w as considered , m a n y  tim es g re a te r  th a n  
th a t  c a lcu la ted  from  th e  bend ing  ra d iu s . A ccord ing  to  th e  m a jo r ity  o f recen t 
m easu rem en ts  th e  en e rg y  level a sso c ia ted  w ith  th e  d islocations in  71-type  
g e rm a n iu m  lies c loser to  th e  m idd le  o f th e  energy  g ap  th a n  s ta te d  in  earlier 
w orks [8].

T h e  effect o f ed g e  d islocations o n  th e  elec tron  c o n cen tra tio n  a n d  m obility  
in  h ig h  p u r ity  71- ty p e  g erm an iu m  h as  been  ex am in ed  in  th e  p re se n t w ork. 
T he en e rg y  level o f acc e p to r cen tres  associa ted  w ith  th e  d islocations an d  th e  
in te ra c tio n  energy o f  e lectrons c a p tu re d  along th e  d islocation  line  has been 
d e te rm in e d . A ccord ing  to  H all c o n s ta n t  versus te m p e ra tu re  m easu rem en ts  
th e  a c c e p to r  level a sso c ia ted  w ith  th e  d islocations lies ab o u t in  th e  m iddle 
of th e  fo rb id d en  h a n d . T h e  e x p e rim e n ta l values o f th e  e lec tron  m o b ility  m easu ­
red  p e rp e n d ic u la rly  to  th e  d islocations a re  in  rea so n ab le  ag reem en t w ith  those 
c a lc u la ted  from  th e  an a ly s is  of th e  s c a tte r in g  p rocesses on charged  d islocations.

2. E x p erim en ta l techniques

H ig li-p u rity  Sb doped  71-ty p e  germ an iu m  sin g le  crysta ls  g row n  in our 
la b o ra to ry  by  th e  h o riz o n ta l zone levelling  m e th o d  in  d irec tion  [111] were 
used . R oom  te m p e ra tu re  re s is tiv ity  d e te rm in ed  b y  th e  fo u r-p o in t probe 
te c h n iq u e  was 25 Q  cm , donor c o n c e n tra tio n  d e te rm in e d  b y  low  te m p e ra tu re  
H a ll m easu rem en ts  w as 6.5 X Ю13 c m -3. The in it ia l  d islocation  d e n s ity  d e te r­
m ined  b y  th e  c o u n tin g  o f e tch  p its  on  as-grow n c ry s ta ls  was a b o u t 3 — 5 x  
X 103cm  “3.

D islocations w ere  g en era ted  b y  p las tic  b en d in g . A s tru c tu re  o f para lle l 
d isloca tio n s can be g en e ra ted  in  th is  w ay . E q u a tio n  |S| =  (rb) -1 show s th e  
d is lo ca tio n  d en sity  in  te rm s  of th e  b en d in g  rad ius a n d  B urgers v ec to r . Sam ples 
w ith  d im ensions o f 1 4 x 4 .5 x 1 - 2  m m  w ere cu t fro m  th e  cry sta l, th e  face w ith  
d im ensions of 1 4 x 1 -2  m m  w as p e rp e n d ic u la r  to  th e  [112] axis. T h e  longest 
edge fo rm ed  an ang le  o f 45° to  th e  d irec tion  [111]. T he b en d in g  axis was 
p a ra lle l to  d irec tion  [112], th e  slip p la n e  was th e  p la n e  [111], an d  th e  B urgers 
v e c to r  w as para lle l to  th e  d irec tio n  [110] and  p e rp e n d ic u la r  to  th e  bend ing  
ax is, i.e . to  th e  d ire c tio n  of th e  d isloca tions. S am ples w ere b e n t in  g rap h ite  
shapes o f  given c u rv a tu re  in  a p u r if ie d  H 2 s tre a m  a t  730 °C. T h e  nom inal

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



EFFECT OF DISLOCATIONS ON GALVANOMAGNETIC PROPERTIES 395

ra d ii of c u rv a tu re  of th e  g rap h ite  shapes w ere  25, 50 an d  150 m m , resp ec tiv e ly , 
th e  no m in a l d islocation  densities w ere  107, 5 X 106, and  1.6 X Ю8 cm _2, r e s p e c t­
ively . Sam ples w ere p la te d  w ith  t in  b efo re  d efo rm atio n  to  p rev en t c o n ta ­
m in a tio n  d u rin g  h igh te m p e ra tu re  t r e a tm e n t  [7]. T his t in  la y e r  was rem o v ed  
b y  e tch ing  in  h y d roch lo ric  acid a f te r  th e  d e fo rm ation  o r h ea t tr e a tm e n t.

Sam ples were g ro u n d  to  0.5 m m  th ick n ess  a fte r  d e fo rm atio n . P o te n tia l  
p robes, Sb doped  gold leads, tw o on each  side, w ere a t ta c h e d  b y  th e rm o - 
com pression to  th e  side p lanes of th e  sam p les . C urren t le ad s  w ere so ldered  to  
th e  ends o f th e  sam ples. C o n d u c tiv ity  a n d  H all effect w ere  m easured  b y  th e  
d .c . com pensation  m e th o d  betw een  80 a n d  300 °K . T h e  m ag n etic  f ie ld  was 
3300 G auss, th e  c u rre n t w as p e rp e n d ic u la r  to  th e  b en d in g  axis (d irec tio n  of 
d islocations), and  th e  m ag n etic  fie ld  w as p e rp en d icu la r to  b o th .

3. E x p erim en ta l results

T y p ica l resu lts  o f o u r g a lv an o m ag n e tic  m easu rem en ts  on an  as-grow n, 
a h e a t- tre a te d  and a defo rm ed  sam ple a re  p lo tte d  in  F igs 1, 2 an d  3. A ccord ing  
to  these  re su lts  accep to r cen tres  w ere n o t  p ro d u ced  m ere ly  b y  h e a t t r e a tm e n t. 
T in  p la tin g  p rev en ted  th e  c o n ta m in a tio n  of th e  sam ples du ring  th e  h e a t 
t re a tm e n t. In  b en t c ry s ta ls  th e  e lec tron  co n cen tra tio n  dec reased  as show n b y

Fig. 1. H all effect vs reciprocal tem peratu re  in  deformed and undeform ed sam ples. 
93 — original, 92 — heat trea ted , 90 — ben t sample, iVdjsi =  107 cm -2
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Fig. 2. C onductivity  vs reciprocal tem perature  in  deformed and  undeform ed samples.
93 — original, 92 — h ea t trea ted , 90 — b en t sample, =  107 cm -2

H all coeffic ien t va lues of u n b e n t an d  b e n t c ry s ta ls . E dge d islocations g e n e ra te d  
b y  p la s tic  d e fo rm atio n  in tro d u c e d  ac c e p to r energy  levels  in  th e  fo rb id d e n  
energy  g ap . T h e  o ccu p a tio n  p ro b a b ility  o f  th ese  a c c e p to r  levels increases  
w ith  decreasin g  te m p e ra tu re  as seen in  F ig . 1. B ecause o f  th e  sc a tte rin g  e ffec t 
o f d isloca tions th e  decrease o f  c o n d u c tiv ity  is g rea te r th a n  th a t  of th e  c a rr ie r  
c o n c e n tra tio n . T he m o b ility  o f e lectrons p e rp en d icu la r  to  th e  d islocations is 
s tro n g ly  re d u ced  as show n in  F ig . 3.

4. In te rp re ta tio n  of the  experim en ta l re su lts  

4.1. The change of the carrier concentration

In  ag reem en t w ith  o th e r  p u b lica tio n s  [3], [4], [5], th e  re su lts  o f o u r 
m easu rem en ts  show  th a t  in  n - ty p e  g e rm an iu m  single c ry s ta ls  accep to r c e n tre s  
are  in tro d u c e d  b y  p la s tic  d e fo rm atio n . T h e  occu p a tio n  p ro b a b ility  of th e s e  
accep to rs  is a fu n c tio n  o f th e  te m p e ra tu re  as show n in F ig . 1.
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Fig. 3. Mobility vs tem perature  in  deform ed and undeform ed samples.
93 — original, 92 — heat tre a ted , 90 — b e n t sample, 7Vdlsi =  107 cm -3. 

a — com puted curve for th e  bent sam ple, based on eq. (11)

t

A ccord in g  to  R e a d ’s m odel th e  o ccu p a tio n  p rob ab ility  o f  th ese  a ccep to r  
sites  is con tro lled  b y  th e  e lec tro sta tic  in te ra c tio n  energy o f  th e  electrons a lo n g  
th e  d isloca tion  lin e , and  b y  th e  en erg y  le v e l o f  th e se  accep tor cen tres. The t o ta l  
en ergy  o f  e lectron s cap tu red  on th e  d is lo c a tio n  lin e  is th e  su m  o f  th e  a ccep to r  
en ergy  and o f  th e  in teraction  en ergy .

T h ese accep tor centres are occu p ied  a t  ab so lu te  zero tem p eratu re p r o ­
v id ed  th e  to ta l  en ergy  o f  a single cap tu red  e lec tr o n  does n o t  ex ceed  th e  en er g y  
le v e l o f  th e  sh a llo w  donor sta te s  b e lo w  th e  co n d u ctio n  b an d . W ith  rising t e m ­
p eratu re an in creasin g  num ber o f  cap tu red  electrons le a v e s  th e  d is lo ca tio n  
s ta te s , and en ters th e  con d u ction  b and , an d  th e  occu p ation  p rob ab lility  o f  
th e se  accep tor s ite s  decreases.

T his p rocess m igh t be d escrib ed  b y  th e  s ta tis t ic a l m eth o d s used in se m i­
con d u ctors. T h e en ergy  o f  th e  ca p tu red  e lec tr o n  con sists o f  tw o  parts, on e o f  
w h ich  is th e  fu n ctio n  o f  th e  o ccu p a tio n  p ro b a b ility . T he fo llo w in g  m od el is  
e ssen tia lly  id en tica l w ith  th e  m od el ca lled  “ F er m i s ta tis tic s”  in  [1].

S u p p osin g  th ere  are sh allow  donor an d  d eep  accep tor le v e ls  in  th e  fo r ­
b id d en  b and  w ith  d en sities Nd and  N a r e sp e c tiv e ly , w e h a v e  to  consider th e  
tem p era tu re  ran ge h igh  enough  to  c o m p le te ly  ion ize  th e  sh a llo w  donor le v e ls .  
F u rth er , i f  i t  is n o t h igh  enough to  create a s ig n ifica n t n u m b er o f  holes in  th e  
v a le n c e  b an d , th en  th e  Ferm i le v e l is far from  th e  low er ed ge o f  th e  co n d u ctio n  
b an d , and M a x w e ll— B oltzm an n  s ta tis tic s  ca n  b e applied  to  th e  d escrip tion  
o f th e  e lectron s in  th e  con d u ction  b an d  an d  th e  con trib u tion  o f  holes can  b e
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n eg le c ted . T h e F erm i le v e l m a y  lie c lo se  to  th e  deep a ccep to r  lev e ls , an d  for 
d escrib in g  th e ir  occu p ation  p ro b a b ility , F e r m i— D irac s ta t is t ic s  are to  b e  u sed .

E lec tro n s  lo s t  b y  th e  donors en ter  e ith er th e  co n d u ctio n  b and  or th e  
d eep  accep tor  s ta te s , and

N d =  n +  na, (1)

w h ere n is  th e  co n cen tra tio n  o f  th e  e lec tro n s  in  th e  co n d u ctio n  b a n d , na is 
th e  co n cen tra tio n  o f  th e  e lectron s ca p tu red  on th e  a ccep to r  levels . D e n o tin g

Fig. 4. T o tal energy of cap tured  electrons on the dislocation vs tem perature. 
90 — ben t sam ple, iVdlsI =  107 cm -2

th e  d en s ity  o f  s ta te s  at th e  low er ed ge o f  th e  co n d u ctio n  band b y  N c, we 
o b ta in

n = N c ex p E r_  
kT  ■

( 2)

T h e p o s it iv e  d irection  o f  en ergy  p o in ts  from  th e v a le n c e  band to  th e  con ­
d u ction  h a n d , and th e  low er edge o f  th e  con d u ction  b a n d  is th e  zero le v e l. 
D en o tin g  th e  to ta l en ergy  o f  th e  e lec tro n s  captured  a t  th e  accep tor  sites  
b y  Ea, th e n

N n

1  +  1 / 2  ex p
E a -  E,

k T
( 3)

is ob ta in ed .
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T h e 1/2 factor in  th e  d en om in ator  accou n ts for th e  d egen era tion  accord ­
in g  to  th e  sp ins [1 0 ]. From  (1), (2) and (3).

n  N a — N d +  П

Nd - n
(4 )

E xp ression  (4) w as u sed  to  in terp re t th e  ex p er im en ta l resu lts . E q u a tin g  Na 
w ith  th e  donor con cen tra tion  m easu red  on th e  u nd eform ed  sam p les, and  
d eterm in in g  Na from  th e  d is lo ca tio n  d en sity  ca lcu la ted  from  th e  b en d in g  
radius an d  from  th e  d istan ce b e tw e en  th e  b rok en  b onds a lon g  th e  d islocation  
lin e , w e obtain

N a
■Ndisl   1_

c cbr

Carrier con cen tra tion  has been d eterm in ed  from  th e  H all co e ffic ie n t, m easured  
on b en t sam ples.

T h e d en sity  o f  s ta te s  at th e  low er edge o f  th e  con d u ction  band  w ith  
m eff =  0 .3 9  m  is , accord in g  to  [1 0 ],

N ,=  2 2л  i ‘■eff

h 2

kT 3/2

T he to ta l energy o f  th e  captured  e lec tron s, Ea, w as d eterm in ed  b y  th is  p ro­
cedure in  several sam p les at se v er a l tem p era tu re  va lu es. A  ty p ic a l se t o f  
va lu es is sh ow n  in F ig . 4 . The Ea(T) curves in  a ll sam ples con sid ered  are v er y  
close to  on e an oth er. T h e tem p era tu re  d ep en d en ce o f  th e  to ta l  en ergy , Ea, 
is n ea rly  linear in  th e  tem p eratu re range 80 — 270 °K . E x tra p o la tin g  th is  
stra ig h t lin e  to  T  =  0 °K  th e  en er g y  axis is in te rse c ted  at a b o u t E  =  0 eV  
en ergy  a t th e  low er ed g e  o f  th e co n d u ctio n  b an d . T h e tem p era tu re d ep en d en ce  
o f  th e  to ta l energy o f  captured  e lec tro n s  can b e  ap p rox im ated  as

E „ =  — 8,6 • 10~4 T

(Ea in  eV and T in  °K ). T h e va lu e  o f  th is  co n sta n t is in  good agreem en t w ith  
th e  v a lu e  o f  — 8 . 0 х Ю ~ 4 eV/°K  d ed u ced  from  a s lig h tly  d ifferen t m od el [11]. 
B u t it  d iffers s ig n if ica n tly  from  th e  v a lu e  o f — 4 x l 0 ~ 4  eV /°K , d escrib in g  th e  
tem p era tu re  d ep en d en ce o f  th e fo rb id d en  b and  in  germ anium . T h e fa ct th a t  
th e  ex tra p o la ted  v a lu e s  o f  Ea a t a b so lu te  zero tem p era tu re  are n ea r ly  eq u a l 
to  zero ju st if ie s  th e  v a lid ity  o f th e  b a sic  assu m p tion s o f th e  m od el.

P lo t t in g  Ea v ersu s th e  o ccu p a tio n  p ro b a b ility  o f th e  accep tor  s ites , f ,  
and ex tra p o la tin g  it  to  th e  va lu e o f  f  =  0 , th e  en erg y  o f  th e  accep tor  le v e ls
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an d  th e  e lec tr o sta tic  in tera c tio n  en ergy  can  be sep a ra ted , since th e  e lec tro ­
s ta t ic  en erg y  b ecom es zero w h en  /  =  0. T h e o ccu p a tio n  p ro b a b ility , f ,  can be  
d ed u ced  from  th e  fo llo w in g  exp ression

N d - n
N a

(Nd -  n ) .

A  ty p ic a l se t  o f  v a lu es  o f  Ea v ersu s f  is  p lo tte d  in F ig . 5 . T he p o in ts  lie  along  
a  stra ig h t lin e  in  a good  a p p ro x im a tio n . T h e en ergy  o f  th e  accep tor le v e ls  is

Ea eV

Fig. 5. T otal energy of cap tured  electrons on the  dislocation vs occupation probability . 
^90 — b en t sam ple, iV îsl =  Ю7 cm -2

g iv e n  b y  th e  in te rse c tio n  o f  th is  s tra ig h t lin e  w ith  th e  energy a x is , and th e  
e lec tr o sta tic  in te ra c tio n  en ergy  is g iv en  b y  th e  slop e o f  th is  stra ig h t lin e  m ul­
t ip lie d  b y  f .  T h e slop es o f  th e  d ifferen t cu rves p lo tte d  for th e  d ifferen t sam ples  
are n ea r ly  eq u a l, an d  th e  average v a lu e  is

C = =  (1 ,5 3  ±  0 ,5 ) e V .

T h e v a lu e  o f  th e  co n sta n t o f  th e  in tera c tio n  en ergy  can  be in terp re ted  using  
th e  fo llo w in g  s im p le  m od el. T h e screen ed  p o te n tia l o f  th e  charged  d isloca tion  
can  b e d ed u ced  from  th e  P o isso n  eq u a tio n  as fo llow s (c.f. [12]),

U(r) = ef
2ti ec (5)
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w here e is  th e  d ie lectric  con stan t, K 0(x) is th e  zero-ord er B esse l fu n c tio n  o f  
th e  secon d  k in d , c is th e  d istance b e tw e e n  th e  a ccep to r  centres a lon g  th e  d is­
lo ca tio n  lin e , r is th e  d ista n ce  m easu red  from  th e  d is lo c a tio n  lin e , an d  Ad  is 
th e  D eb y e  len g th

ekT
e2n .

1/2

( 6 )

T h e e lec tr o sta tic  en ergy  o f  a cap tu red  electron  in th is  p o te n tia l f ie ld  is

e2/ K nyel — -” -02л sc

where d is  a d istan ce o f  th e  order o f  th e  la ttice  c o n s ta n t , ch aracteriz in g  th e  
lo ca liza tio n  o f  th e  ca p tu red  electrons in  th e  d isloca tion .

W e o b ta in  Ad =  6 x l 0 - 5  cm  from  eq u ation  (6 ) , w ith  th e  fo llow in g  
ty p ic a l v a lu es  for th e  p aram eters: s/e0 =  16, T  =  100 °K , n =  2 х Ю 1 3  c m -3 , 
i f  d =  6 x l 0 ~ 8  cm , w h ich  is nearly e q u a l to  th e  la t t ic e  co n sta n t, th e n  d/Ao =  
=  1 0 ~3. F rom  th e  series exp an sion  v a lid  for sm all v a lu es  o f  th e  argu m en t  
o f K b(x) w e  h ave

K 0 ( 1 0 - 3) c* -  0 ,5 7 7  -  hi i i L L  at  7 .
2

T hen  w e o b ta in  from  (5) w ith  th e v a lu e  o f  c  =  4  X 10 ~ 8  cm

C =  =  3 ,1  eV.
/

T his v a lu e  is o f th e  sa m e  order o f  m a g n itu d e  as th e  corresp ond ing  ex p er i­
m en ta l re su lt. T his agreem en t b e tw e e n  th e  ex p er im en ta l and th e o re tic a l 
va lu es is n o t  stron g ly  in flu en ced  b y  th e  ex a c t lo c a liz a tio n  o f th e  cap tu red  
electron  b eca u se  o f  th e  p rop erties o f  th e  logarith m ic fu n ctio n . W e o b ta in  th e  
en ergy  o f  th e  accep tor le v e l,  Eao, e x tr a p o la tin g  th e  Ea v a lu es to  f  =  0 . T he  
m ean v a lu e  o f  th is en ergy  le v e l is

E a0 = -  (0 ,3 3  ±  0 ,07) e V .

T his va lu e o f  th e  en ergy  le v e l lies b e tw e e n  th e  va lu es p u b lish ed  b y  o th er au thors  
ob ta in ed  b y  H a ll m easu rem en ts on  b e n t  crysta ls (c .f. — 0.2 eV [ 3 ] ,  — 0.18  
eV [ 4 ] ,  — 0.5 eV [ 5 ] ) ,  an d  is very  n ea r  to  th e  v a lu e  o f  -—0.28  eV ob ta in ed  
from  th e  d a ta  o f  [11], ex tra p o la tin g  to  f  =  0. I t  is in te r e stin g  to  n o te  th a t  in  
w orks [ 3 ]  an d  [ 4 ]  it  w as n ecessary in  th e  an alyses b a sed  on R e a d ’ s  m odel 
to  use 3  — 8  tim es greater  d islocation  d en sities  th an  th o se  ca lcu la ted  from  th e
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b en d in g  rad iu s. M easu rem ents o f  th e  life tim e  o f  n on -eq u ilib r iu m  m in ority  
carriers in  p la s t ic a lly  deform ed  germ an iu m  resu lted  in  an en er g y  lev e l ab ou t  
in  th e  m id d le  o f  th e  forb id d en  b a n d  [13], an d  la ter  — 0.4 eV  [ 8 ] . The resu lt  
o f  th e  m easu rem en t o f  th e  sp ec tr a l resp onse o f  p h o to c o n d u c tiv ity  in  p la s t i­
c a l ly  deform ed  germ aniu m  a t a b o u t 80 °K  w as — 0.45 eV [9 ].

F rom  r e c e n t  m easu rem en ts w e con clu d ed  th a t  th e  en ergy  le v e l o f  d is lo ­
ca tio n s  lies closer  to  th e  m id d le  o f  th e  co n d u ctio n  b and  th a n  d eterm in ed  
in  [ 3 ] ,  [ 4 ]  and [ 5 ]  b ased  on R e a d ’ s  an alysis.

5. Interpretation o f the experim ental results

4.2. Effect of dislocations on electron mobility

E lec tro n  m o b ility  p erp en d icu lar to  th e  d isloca tion s is s tro n g ly  reduced  
b e lo w  room  tem p era tu re  as sh o w n  in  F ig . 3. T h e decrease in  m o b ility  is s lig h tly  
h ig h er  th a n  th a t  ap pearin g  in [3 ], [4 ], [14].

T he d ecrease o f  e lectron  m o b ility  can  b e in terp reted  on  th e  basis o f th e  
sc a tter in g  e ffe c t  o f  th e  p o te n tia l f ie ld  around th e  charged  d is lo c a tio n s . S ca tter ­
in g  effec t red u ces th e  m ean  free  p a th  o f  th e  e lectron s p erp en d icu lar to  th e  
d is lo c a tio n s , b u t  h as a n eg lig ib le  effec t on th e  m ean  free p a th  o f  electrons  
p a ra lle l to  th e  d is lo ca tio n s. A n o th e r  m ech an ism  appears to  p la y  a role, to o ,  
a s  sta te d  in  [2 ]. A ccord in g  to  th is  w ork , th e  m acroscop ic m o b ility  o f electrons  
can  be red u ced  b ecau se  o f  th e  cu rved  p a th  o f  electrons a v o id in g  th e  sp ace  
ch arge cy lin d ers around  th e  ch arged  d is loca tion s.

T h e sc a tte r in g  effec t o f  th e  p o te n tia l f ie ld  o f  th e  d is lo ca tio n s has b een  
tr e a te d  th e o r e tic a lly  [18]. T h e sc a tter in g  cross-sec tion  as w ell as th e  re la x a tio n  
t im e  can  b e d eterm in ed , w ith  a k n ow led ge  o f  th e  sca tter in g  p o te n tia l. R e la x a ­
t io n  tim e  can  b e  exp ressed  b y  th e  sca tter in g  cross-sec tion , accord in g  to  [1 5 ], 
in  th e  case o f  cy lin d rica l sy m m e tr y  as follow's

2 71

TdA =  JVd.8. «L J  ■ (1 -  cos &) IA (fi) I* d&, (7 )
ó

w here | A(ff) | is th e  ab so lu te  v a lu e  o f  th e  sc a tter in g  a m p litu d e , th e  sq uare  
o f  w h ich  is eq u a l to  th e  sc a tter in g  cro ss-sec tio n , Vj_ is th e  co m p o n en t o f  e le c ­
tro n s  v e lo c ity  p erp en d icu lar to  th e  d is lo ca tio n s, and Najsi is th e  d islocation  
d en sity . T h e sc a tter in g  a m p litu d e  can  be d eterm in ed  u sin g  th e  Born  a p p rox i­
m a tio n . T r ea tin g  th e  cy lin d r ica l sy m m etr ic  case  sim ilar ly  to  th e  sp herica l 
on e (c.f. [1 6 ]) , th e  sc a tte r in g  a m p litu d e  is o b ta in ed  from  th e  fo llow in g  ex p res­
sion

IA  (fl)| =  ■me ^  ('Щт) I 0 Í2  k± r sin  4 | г d r, ( 8 )
fe2 у к I J 2  )

о
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w here m is th e  e ffec tiv e  m ass o f  e lec tron s, k± is th e  co m p o n e n t o f  th e  elec tron  
w a v e  n um ber vec to r  p erp en d icu lar to  th e  d isloca tion s, an d  I 0(x) is th e  zero  
order B esse l fu n ction  o f  th e  first k in d . S u b stitu tin g  th e  p o ten tia l (5) in to  
exp ression  (8 ), and  in te g ra tin g  it , th e  sc a tter in g  a m p litu d e

\А(Щ =
me2 f  Y 2л 

2л ea h2 Yk±
1

Я0 2 -f- 4fcy s in 2
&

2

is ob ta in ed . S u b stitu tin g  th is  exp ression  for th e  sc a tter in g  am p litu d e in to  (7), 
an d  in teg ra tin g  it , th e  fo llo w in g  resu lt is ob ta in ed :

8 e2 a2 m2

Tdisl —

h 2

4m 2  rf>
+  0 

V1
3/2

iV disle V 2 A0
(9)

T h e electron  m o b ility  can  b e  ob ta in ed  b y  so lv in g  th e  B o ltzm a n n  tra n sp o r t  
eq u ation . A ccord in g  to  th e  u su a l m eth od  th e  electron  m o b ility  in  an arb itrary  
d irection  is

e J г V2 x f 0 #  V
’ W7 S f o ^ v  ’

w here vx is th e  x com p on en t o f e lec tron  v e lo c ity  v e c to r , f 0, is th e  c la ss ica l 
d istr ib u tion  fu n ctio n  o f  electron s (f 0 ~  ex p  — EjkT). S u b stitu tin g  ex p re s­
sion  (9) for th e  re laxa tion  tim e in to  (1 0 ), and p erform in g  th e  in te g ra tio n  
a p p ro x im a te ly  (in  th e  tem p era tu re ran ge  considered  th e  n eg lec t o f  th e  f ir s t  
term  in  th e  b ra ck ets  in  (9) d oes n ot ca u se  serious errors), an d  for th e  e lec tron  
m o b ility  p erp en d icu lar to  th e  d isloca tion s w e obtain

30 Y2л e2 а2 (кТ)3!2 n n
J W / M p m «  ■ < П )

T h is exp ression  w as used  for  th e  in te rp re ta tio n  o f  th e  m o b ility  m easu rem en ts. 
E q u ation  (11) is s lig h tly  d ifferen t from  th e  corresp ond ing  exp ression  g iv e n  
in  [16], based  on  a p o te n tia l fu n ction , d iffer en t from  (5 ). E q u a tio n  (11) in d i­
ca tes  a stron ger sca tter in g  th a n  th e  corresp on d in g  ex p ress io n  in  [16] w ith  
corresponding screen ing. T h e m ob ility  g iv e n  b y  (11) is sm aller  b y  an order  
o f  m agn itu d e th a n  th e  exp ression  g iv en  in  [8 ], sta n d in g  for th e  sc a tter in g  
effec t o f  th e  m ech an ica l d eform ation  f ie ld  around th e  d is lo ca tio n  lin e . S in ce  
th e  reciprocal v a lu es o f th e  re laxa tion  t im e s  resu lting  from  d ifferent p h y s ic a l  
m echan ism s are a d d itiv e , th e  sca tter in g  ca u sed  b y  th e  ch a rg e  o f d is lo ca tio n s  
in  n -ty p e  sem icon d u ctors g iv e s  the d o m in a n t effect b e lo w  room  tem p era tu re .
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T h e m o b ility  m easu red  on  d eform ed  sam ples is th e  resu lta n t o f  th e  
sc a tter in g  o f  e lec tro n s b y  a co u stic  p hon ons an d  b y  charged  d isloca tion s. T h e  
re su ltin g  m o b ility  in  u su a l a p p rox im ation  is

i“def — i^dlsl +  /“ lattice • (12)

T h e la t t ic e  m o b ility , /л lattice? cau sed  b y  th e  sca tter in g  o f  e lec tro n s b y  a co u stic  
p h on on s h as b een  d eterm in ed  u sing th e  d eform ation  p o te n t ia l th eory  [ 1 0 ]. 
In  n -ty p e  germ an iu m  th is  is eq u a l to  th e  m o b ility  m easured  on  re la tiv e ly  p u re  
sa m p les, b e lo w  room  tem p era tu re . In  our case  it  is eq u a l to  th e m o b ility  
m easu red  on  u n d eform ed  sa m p les.

T h e m o b ility  in  d eform ed  crysta ls w a s determ in ed  from  th e  exp ression s  
(11) and (1 2 ). T h e d is lo ca tio n  d en sity , 2VdiSi , w a s  ca lcu la ted  from  th e  b en d in g  
rad iu s, an d  th e  D eb y e  len g th  w as ca lcu la ted  from  carrier co n cen tra tio n s m ea su ­
red  on b en t cr y sta ls . T h e fo llo w in g  va lu es o f  th e  p aram eters w ere used: e /e 0  =  
=  16, m //nelectron =  0-3» c =  3 . 5 x l 0 ~ 8  cm . T h e ca lcu la ted  curve for o n e  
ty p ic a l sa m p le  is p lo tted  in F ig . 3 to g e th e r  w ith  th e  m easu red  v a lu es. T h e  
d ifferen ce b e tw e e n  th e  ca lcu la ted  and m easu red  va lu es is  le s s  than  a fa c to r  
o f  2 , th erefore th is  agreem en t can  be regard ed  as reason ab le .

I w ish  to  exp ress m y  a ck n o w led g em en t to  D r. Z. B odó  for v a lu a b le  
d iscu ssion s, an d  to  Mr. T . N é m e t h  for h a v in g  prepared  th e  germ anium  cr y sta ls  
and for h is a ss is ta n ce  in th e  course o f  th e  ch em ica l w ork .
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ВЛИЯНИЕ ДИСЛОКАЦИЙ НА ПЛОТНОСТЬ И ПОДВИЖНОСТЬ НОСИТЕЛЕЙ
ТОКА ГЕРМАНИЯ ге-ТИПА

Б. ПЭДЭР
Р е з ю м е

В этой работе экспериментально и теоретически рассмотрено влияние дислокаций 
на плотность и подвижность носителей тока в монокристаллах германия n-типа. Электро­
проводность и эффект Холла были измерены в области температур от 80 до 300 °К  на 
пластично изогнутых кристаллах. Из экспериментальных результатов получено поло­
жение акцепторных уровней, связанных с дислокациями, на расстоянии 0,33 эв от дна 
зоны проводимости. Рассмотрен вопрос об электростатической энергии взаимодействия 
электронов на дислокации и вопрос о зависимости этой энергии от степени заполнения 
вышеупомянутых акцепторных уровней. Теоретически получено выражение для описания 
рассеивающего действия заряженных дислокаций. Экспериментальные значения под­
вижности электронов, измеренные перпендикулярно на дислокации, удовлетворительно 
согласуются с предсказанными этой формулой значениями.
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INVESTIGATION OF THE SIGNAL SHAPE GIVEN 
BY n-p  AND p -n  TYPE SEMICONDUCTOR DETECTORS 

WITH PULSE SHAPE DISCRIMINATION

B y

G y . M á t h é

NUCLEAR RESEARCH INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN

(Presented b y  A. Szalay — Received 20. X II . 1966)

The pulse shapes of re — p  and p  — re show  a wide variation if th e  range of th e  detected 
particle exceeds the w idth of th e  depletion layer. Thus, long-range particles can be elim inated 
from the spectrum  w ith a pulse shape d iscrim inator. Owing to local defects some detectors 
supply pulses of less than  the usual height, w hich results in the appearance of a “ ta il”  in the 
spectrum . These pulses can be elim inated from  th e  spectrum w ith  pulse shape discrim ination.

In trodu ction

A general trend in m odern  n u clear p article d e tec tio n  is to  o b ta in  m a x i­
m um  in form ation  from  th e  signals g iv e n  b y  th e d etec to rs . T hus, th e  n um ber  
o f d etec ted  p articles can  b e  d eterm in ed  from  th e  n u m b er o f  cou n ts an d  th e  
energy o f  th e  particles from  th e  p u lse  h eigh t. W ith  sc in tilla tio n  d etec to rs  
and io n iza tio n  cham bers th e  d etec ted  p artic les can b e id en tified  b y  th e  rise­
tim e  o f th e  p u lses [1 —4 ] . T h is con cep t o f  th e  p o ssib ility  o f  ob ta in in g  in fo rm a ­
tio n  ab ou t th e  n atu re o f  th e  p artic le  w as also ra ised  w hen  sem icon d u ctor  
d etectors f ir s t  appeared . B a sed  on th e o r e tic a l con sid era tion s, severa l au thors  
ca lcu la ted  th e  rise-tim e o f  p u lses to  b e  ex p ec ted  w ith  d ifferen t k inds o f  d e tec ­
tors [5 — 8 ]. O thers d eterm in ed  ex p er im en ta lly  th e  s lo p e  o f th e  p u lse s  as 
a fu n ction  o f  th e  v o lta g e  applied  on  th e  d etector [ 8  — 10]. In  th e  case  o f  
lith iu m  ion -d rift d etec tors, C. A . J . A m m e r e l a n  et al. [11 ] and J. C. L e g g  [12] 
su cceed ed  in  d iscr im in atin g  p articles a b o v e  th e en ergy  o f  8  MeV b y  th e  aid  
o f  p u lse sh ap e d iscr im in ators. I t  has b e e n  show n b y  sev era l au thors th a t  in  
th e  case o f  p articles w ith  a range lon ger  th a n  th e  d ep le tio n  layer w id th  o f  th e  
d etector th e  rise-tim e o f  p u lses o b ta in ed  from  th e  d etec to rs b ecam e con si­
d erab ly  lon ger  th an  th e  r ise-tim e o f p u lse s  obtained  w h en  th e  particle  rem ain ed  
w ith in  th e  d ep letion  la y e r  [13, 14]. T h is  p h enom en on  w as la ter  u sed  b y  
J . 0 .  F u n s t e n  [15] to  e lim in a te  p a rtic les  passing th ro u g h  th e  d e tec to r  from  
th e  en ergy  sp ectrum .

In  th e  course o f  our m easu rem en ts w e in v estig a ted  b y  th e  aid  o f  a b a se­
lin e  cross-over ty p e  o f  p u lse  shape d iscr im in ator th e  p rop erties o f p u lse  shapes  
given  b y  p  — n and n — p  ty p e  d etec to r s  o f  d ifferent resistan ces. A s a resu lt  
o f  th e  ex p er im en ts w e fo u n d , in  ag reem en t w ith  th e  litera tu re  [1 1 , 1 2 ], th a t
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a t low er en erg ies it  w as n o t p o ssib le  to  d iscr im in ate  th e p a rtic les  ow ing to  t h e  
con sid erab le  f lu c tu a tio n  sh o w n  in  p u lse  sh a p e . W e assu m e th e  flu c tu a tio n  in  
th e  r ise-tim e o f  p u lses to  b e th e  resu lt o f  n o ises  o f  various orig in . Pulses p a ssed  
th ro u g h  am p lifiers  o f  lim ite d  b a n d -w id th  are p rob ab ly  n o t  su itab le  for t h e  
p recise m ea su rem en t o f  p u lse  r ise-tim e .

E v e n  u n d er th e se  re str ic te d  con d ition s th e  pulse sh a p e  d iscrim inator  
p roved  to  b e u se fu l for th e  d e tec tio n  o f  p u lse s  given  o u t b y  particles w ith  
a ran ge ev e n  s lig h t ly  lon ger th a n  th e  d ep letion  la y er  w id th , an d  for e lim in a tin g  
th e m  from  th e  m easu red  sp ec tr u m , i f  n ecessa ry . A nother p o ss ib ility  was g iv e n  
as w ell, n a m e ly , th a t  w ith  som e d etectors w h ere  p resu m ab ly  th ere  w as a d is ­
c o n tin u ity  in  th e  m ateria l w h ich  cau sed  th e  ap pearan ce o f  ta ils  on th e  lo w -  
en ergy  s id e  o f  p ea k s, su ch  p u lses  cou ld  be e lim in a ted  b y  th e ir  r ise-tim e, w h ich  
d iffered  from  th e  u su a l r ise -tim e .

E xp erim en ta l con d ition s

In  our in v e stig a tio n s  w e a tte m p te d  to  d iscr im in ate  a lp h a  particles an d  
p roton s. T h e a lp h a  p artic les w ere ob ta in ed  from  a Th(C -j- C’) source and th e  
requ ired  en erg y  w as reach ed  b y  air d am p in g . P roton s w ere produced  b y  th e  
rea ctio n  1 0 B (d , p ) u B in d u ced  b y  d eu teron s o b ta in ed  from  th e  700 kV cascad e  
gen erator o f  th e  In s t itu te , an d  th e  required  en ergy  w as rea ch ed  b y  d am p in g  
w ith  A1 fo ils .

Fig. 1. The schem atic block diagram  of the m easuring appara tus. The am plified signals of th e  
detec tor are converted  by  the PSD  zero cross-over ty p e  pulse shape discrim inator to pulses 
p roportional in  height to the rise-tim e of pulses. The “ tim e spectrum ”  is m easured by a 100 
channel am plitude analyser. The analyser is gated by  a differential d iscrim inator perm itting  

the analysis of a narrow  energy in terval only

T h e m easu rem en ts w ere carried  ou t on  th ree d ifferen t d etectors. O n e  
o f  th em  w as an  n -ty p e  d etec to r  w ith  200 m m 2  su rface and 8 0 0  O hm .cm  r e s is t ­
an ce, th e  seco n d  on e w ith  16 m m 2 surface an d  2000 O h m .cm  resistan ce w a s  
a d etec to r  w ith  a surface b lo ck in g  layer p rep ared  from  n -ty p e  base m ateria l 
an d  th e  th ird  w as a d etec to r  w ith  a d iffu sion  b lock in g  la y e r , w ith  a 7 m m 2  

su rface an d  10 000  O h m .cm  resistan ce  p rep ared  from  p - t y p e  b ase m ateria l. 
T h e sc h e m a tic  b lo ck  d iagram  o f  th e  m easu rin g  ap paratu s can  be seen  in
F ig . 1.
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T h e pre-am plifier w as co n stru cted  on th e  b asis o f  p rin cip les w ork ed  out 
b y  R . L. C h a s e  et al. [ 1 6 ] .  In  th e  m easu rem en ts w h ere  th e  r ise -t im e  o f  pulses  
g iv en  b y  th e  d etec tor w as stu d ied , th e  ch a rg e -sen sitiv e  feed -b a ck  an d  b o o t­
stra p p in g  w ere d isco n n ected  from  t h e  p re-am p lifier , b ecau se th is  d ecreased  
th e  b an d -w id th  o f  th e  sy s te m  and ca u sed  it  to  d ep en d  on th e  v o lta g e  applied  
on th e  d etector . In  th e  ab o v e  co n d itio n s  pulses w ith  a r ise-tim e o f  0 . 1  ju sec  
p assed  th rou gh  th e  p re-am p lifier  w ith o u t  d istortion .

T h e m ain  am p lifier  is su p p lied  w ith  a sin g le  in teg ra tin g  an d  d ifferen ­
t ia t in g  circu it u sual for sem ico n d u cto r  d etectors. W ith o u t in te g ra tio n  and  
d ifferen tia tio n  it  tra n sm its  p u lses w ith  a rise-tim e o f  0 .2 /isec  w ith o u t d istortion . 
W h en  m easu rin g  r ise-tim e w e to o k  g rea t care n o t to  ch an ge th e  p aram eters  
o f  th e  am plifier w ith in  a se t  o f  m easu rem en ts b ecau se va r ia tio n  o f  th e  am plifier  
ga in  m igh t lead  to  a s lig h t v a r ia tio n  o f  th e  am p lifier  b a n d -w id th , and th is  
w ould  fa ls ify  th e  resu lts o f  th e  m easu rem en t.

T h e n oise o f  th e  e lectron ic  s y s te m  was 10 k eV . M easuring th e  alpha  
sp ectru m  o f th e  Th(C -f- C’) p rep ara te  w e o b ta in ed  a reso lv in g  pow er o f  
40  keV  w ith  th e  200 m m 2  p  — n d e te c to r , 20 keV  w ith  th a t  o f  16 m m 2 and  
20 k eV  w ith  th e  7 m m 2 n — p  d e tec to r .

F or p u lse  shape d iscr im in ation  th e  b ase-lin e-cross-over sy s te m  w as  
ap p lied , and th is  p roved  to  be su cc essfu l in th e  case  o f  sc in tilla tio n  count - 
ers [17 ]. B y  its  aid  ev e n  1 nsec d ifferen ces in  th e  r ise -t im e  cou ld  b e  d etec ted . 
T h e sy stem  con verts th e  d ifferences in  th e  r ise-tim e to  p u lse -h e ig h t varia tion s  
w ith  a tim e -to -a m p litu d e  con verter  circu it. T h u s, th e  a m p litu d e  spectrum  
ap p earin g  at th e  o u tp u t is th e  “ tiin e -sp e c tru m ”  o f  th e  r ise-tim e o f  pulses 
g iven  b y  th e  d etector .

T h e am p lified  sign a ls o f  th e  d e tec to r  are se n t  b esid e th e  p u lse  shape  
d iscr im in ator to  a d ifferen tia l d iscr im in ator and it s  sign als are u sed  to  gate  
th e  m u lti-ch a n n el an a lyser m easu rin g  th e  tim e sp ectru m . In  th is w a y  w e  could  
a lw ays se lec t a narrow  b an d  from  th e  re la tiv e ly  w id e  en ergy  sp ec tru m  se t b y  
th e  ab sorb en ts. T h us, th e  en ergy  d ep en d en ce  cou ld  n o t  in flu en ce  th e  resu lts  
o f  m easu rem en ts.

A s has a lread y b een  m en tio n ed  in  th e  In tr o d u ctio n  and as w ill b e  seen  
la ter , p artic le  id en tific a tio n  is re str ic te d  b y  th e  f lu c tu a tio n  sh o w n  in  r ise­
t im e , b ecau se th e  f lu c tu a tio n  co n sid era b ly  w idens th e  peaks o f  th e  tim e  sp ec­
tru m , so th a t  th e  peaks b elon g in g  to  d ifferen t p a rtic les  b ecom e u n d istin g u ish -  
ab le. T h e q u estion  m igh t b e raised w h e th er  th e  w id en in g  o f  peak s is ,  perhaps, 
th e  con seq u en ce o f th e  se lec tiv e  p rop erties o f th e  p u lse  shape d iscr im in ator . 
To answ er th is q u estion  w e p rod uced  sign a ls sim ilar to  th e  sign al o f  th e  sem i­
con d u ctor d etectors w ith  a H g r e la y , and in v e s t ig a te d  their r ise -t im e  for 
d ifferen t sign a l to  n o ise  ra tio s . T he m easu rem en ts p ro v ed  th a t  th e  b road en in g  
w as cau sed  m ain ly  b y  th e  n oise o f  th e  d etec tor and  th e  am plifier.

In  order to  o b ta in  q u a n tita t iv e  d a ta  at th e  e v a lu a tio n  o f  t im e  spectra
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on th e  d ifferen ces sh ow n  in th e  r ise -tim e , th e  s ig n a ls  o f th e  ca lib r a tin g  p u lse  
gen erator were in te g ra ted  in a d ifferen t degree. T h u s , data  can  b e  g iven  on th e  
le n g th  o f  t im e corresp on d in g  to  a ch an nel on th e  tim e  sp ectra . T h ese  va lu es  
are g iv e n  in n sec in  each  F igu re.

E xp erim en ta l resu lts

B efore in v e s t ig a t in g  th e  r ise -t im e  o f p u lses i t  is a b so lu te ly  essen tia l to  
d eterm in e  at a g iv e n  v o lta g e  on th e  d etec tor  th e  m ax im u m  en er g y  w here th e  
p ro to n  st ill  rem ains w ith in  th e  se n s itiv e  v o lu m e  o f  th e  d e te c to r . For th is

Fig. 2. The tim e spectrum  of p — n 800 Ohm  • cm detec to r for alpha particles and protons

p u rp o se  th e  p u lse -h e ig h t d istr ib u tio n  w as ta k e n  in  d ep en d en ce on  th e  energy. 
A t th e  en ergy  w h ere th ere  is a d e v ia t io n  from  th e  stra igh t lin e  ob ta in ed , th e  
ran ge  o f  th e  p a rtic le  is equal to  th e  w id th  o f  th e  d ep letion  la y e r . A t energies 
a b o v e  th is  a d ecrease in  th e  p u lse  am p litu d e  fo llo w s and a s lo w  com p onent  
d u e to  th e  d iffu sion  o f  charge carriers [13] in  th e  r ise-tim e o f  th e  pu lses.

R esu lts  o b ta in ed  w ith  th e  800  O hm .cm  p  —• n d etectors can  be seen  in  
F ig . 2 and th o se  o b ta in ed  w ith  th e  10 000 O h m .cm  n — p  d e tec to r s  in  F ig . 3. 
T h e in se t  show s th e  en ergy-p u lse  h e igh t d ep en d en ce  for p ro ton s at a given
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Fig. 3. The tim e spectrum  of n p  10 000 O hm  • cm detector for alpha particles and  protons

d etec to r  v o lta g e . T h e resu lts o f th e  2000  O hm .cm  d e tec to r  are e s se n tia lly  
id en tica l w ith  th ose  sh ow n  in F ig. 2 an d , therefore, t h e y  are n ot p resen ted  
sep a ra te ly .

W ith  p n detectors in th e  case  o f  energies w here th e  proton  rem ains  
w ith in  th e  d ep letion  la y er  there is n o t  ev en  th e s lig h te s t  d ifference b etw een  
th e  r ise-tim e o f  pulses g iven  b y  a lp h a-p artic les  and b y  p ro to n s. A t th e  en ergy  
w here th e  len gth  o f  th e  proton  trace reach es and ex c ee d s  th e w id th  o f  th e  
d etec to r , p u lses o f  lon ger r ise-tim e ap p ear very  s e n s it iv e ly . From  th e  shape  
o f th e  p roton  tim e sp ectru m  it fo llow s a lso  th a t at th is  critica l en erg y  som e  
p artic les rem ain  w h o lly  w ith in  th e  d ep le tio n  layer, w h ile  th e  range o f  o thers  
is a lread y  longer. T his m a y  b e due to  tw o  cau ses, eith er th e  energy b an d  ch osen  
is too  w id e , therefore th ere  are p a rtic les  w ith  sh orter and longer ran ges as 
w ell, or th e  w id th  o f  th e  d ep letion  la y e r  is n ot h om ogen eou s en ou gh. In  any  
case, it  can b e seen th a t  th e  applied  p u lse  shape d iscr im in ation  offers a sen ­
sitiv«' m ethod  to  s tu d y  th e  w id th  o f  th e  dep letion  la y er .
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A t h igher en erg ies w here th e  range o f  p ro to n s  exceed s th e  w id th  o f  th e  
d ep le tio n  layer  th e  rise-tim e o f  th e  pvdses b eco m e s longer an d  lon ger. On th e  
o th e r  h an d , th e  r ise-tim e o f  p u lse s  g iven  b y  a lp h a  particles m a in ta in s a co n ­
s ta n t  v a lu e  in d e p e n d en t o f  th e ir  energy.

T h e f lu c tu a t io n  show n in  th e  r ise-tim e, i.e .  th e w id th  o f  th e  p eak s, 
is  co n sid era b ly  g rea ter  than  th e  p u lses h a v in g  a d iffu sion  or ig in .

p-n 800 Stem

Fig. 4. The tim e spec tra  of the signals given by the p — n  800 Ohm • cm detec tor at different 
voltages on the detec to r, a) w ithout charge sensitive feed-back, b) w ith  charge sensitive feed­

back. T he MeV alpha  particles of Th(C -f- C’) were detec ted

W ith  n — p  detectors th e  r e su lts  ob ta in ed  w ere sim ilar to  th e  form er case , 
th e  o n ly  d ifferen ce b ein g  th a t , in  agreem en t w ith  th eo retica l ca lcu la tion s [5, 6 ], 
h ere  th e  p roton s cou ld  be sep a ra ted  from  a lp h a  p articles ev e n  i f  th e  p ro ton  
rem ain ed  in sid e th e  sen sitive  v o lu m e and it s  range ap p roach ed  th e  w id th  
o f  th e  d ep letion  la y er . U n fo r tu n a te ly , th e  d ifferen ce in  th e  rise-tim e is so  
sm a ll a t th e  g iv en  energy and th e  flu c tu a tio n  in  th e  r ise-tim e is so great th a t  
th is  is n ot ap p lica b le  for p a rtic le  separation . T h e b eh av iou r o f  th e  d etec to r  
w as in v e stig a te d  a t  low er en erg ies and accord in g  to  ex p ec ta tio n s  its  separation  
p rop erties b eca m e w orse. B e c a u se  o f  its l im ite d  w orking d a ta  th e  d etec to r  
co u ld  n o t b e u sed  a t h igher en erg ies to  o b serv e  th e  sep a ra tio n  o f th e  a lp h a  
p ea k  from  th e  p ro to n  peak.

Acta Physica Academiae Scientiarum Hungaricae 23, 1967



INVESTIGATION OF THE SIGNAL SHAPE 413

T h e rise-tim e o f  pulses g iv e n  b y  alpha p artic les is in d ep en d en t o f  th e  
en er g y  o f  th e  p a rtic les , as w ith  p  — n d e tec to rs . T his fact m a k es it  p ossib le  
to  se lec t, w ith  th e  aid  o f  a d ifferen tia l d iscr im in ator , th ose  p a rtic les  from  th e  
sp ec tra  m easured  b y  sem icon d u ctor  d etectors, w h ich  rem ain  in s id e  th e  d ep le ­
t io n  la y er . H ow ever, it  m u st be n o te d  th a t th e  v a r ia tio n  o f th e  d etec to r  v o lta g e  
ch a n g es th e  rise-tim e o f  signals g iv e n  b y  p artic les rem ain ing in s id e  th e  d ep le-

Fig. 5. a) The tim e spectrum  of the pulses o f a p — n de tec tor. The surface of th e  detector was 
irrad ia ted  w ith  a collim ated alpha beam  a t  different places, b) The am plitude spectrum  of 
the  same detec tor w ith PSD  w ithout and w ith  gating. The whole surface of th e  detector was 
irrad ia ted  w ith  alpha particles of Th(C +  C’) (Only the energies 6.047 and 6.086 MeV can be

seen expanded)

t io n  la y er . T he ch an ge is p articu lar ly  strong in  th e  case o f  ch arge se n s itiv e  
feed -b a ck . T his does n o t a ffect th e sep ara tion  o f  lo n g  range p a rtic les , sin ce in  real 
m easu rem en ts th e  v o lta g e  on th e  d e tec to r  m u st b e k ep t co n sta n t.

T h e effec t o f  th e  v o lta g e  o f  th e  d etector on  th e  r ise-tim e o f  pu lses m ea ­
su red  w ith  a p re-am p lifier  b oth  w ith  and w ith o u t  charge s e n s it iv e  feed -b ack  
is sh ow n  in F ig . 4 . T h e curves w ere ob ta in ed  w ith  6  MeV a lp h a p articles and  
w ith  an 800 O hm .cm  p  — n d etec tor .

In  th e  case o f  so m e sem icon d u ctor d etec to r s  th e  ap p earan ce o f a ta il  
w as ob served  in th e  am p litu d e sp ec tr a  on th e  lo w  energy sid e o f  th e  p eak s. 
T h is is d ue p resu m ab ly  to  som e irreg u la r ity  in  th e  m aterial o f  th e  d etec tor . 
F rom  th e  s tu d y  o f  th e  sign als o f th e  d etector it  w as found th a t  th e  r ise-tim e
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o f  p u lses form in g  th e  ta il w as lon ger th a n  th e  n orm al r ise-tim e. T h u s, it  was 
p o ssib le  to  e lim in a te  th e  u n d esirab le  ta il  from  th e  sp ectru m .

F ig . 5a sh ow s th e  p u lses o f  d ifferen t r ise-tim e o b ta in ed  from  th e  d etec tor  
w h en  its  d ifferen t p arts w ere irrad ia ted  w ith  a c o llim a te d  beam . T h e  tim e  
sp ec tra  sh ow  c lea r ly  th a t  on  th e  le ft  sid e o f  th e  d e tec to r  and on th e  parts 
m ark ed  1, 2 and  3 pu lses w ith  lo n g  r ise-tim es appear.

S electin g  o n ly  th e  “ g o o d ”  p u lses cau ses a con sid erab le  im p ro v em en t in 
th e  tim e  sp ectru m . F ig . 5b sh ow s th e  a lp ha sp ec tru m  o f th e  T h(C  +  C’) 
p rep ara te  b o th  w ith  and w ith o u t p u lse  sh ap e d iscr im in ation .

T h e au th or exp resses h is g ra titu d e  to  Prof. A . S z a l a y , D ire c to r  o f th e  
In s t itu te  for en a b lin g  th e  w ork  to  be carried  o u t, to  M r. B . S c h l e n k  for op era t­
in g  th e  cascad e, and to  P rofessor F l e r o v , D irector o f  th e  Jo in t In s t itu te  for 
N u clea r  R esearch , D u b n a , for p ro v id in g  th e  d etec to rs .
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ИССЛЕДОВАНИЕ ФОРМЫ СИГНАЛА ПОЛУПРОВОДНИКОВЫХ 
ДЕТЕКТОРОВ ТИПА п -  р И р -  п ДИСКРИМИНАТОРОМ ИМПУЛЬСНЫХ

ФОРМ

ДЬ. МАТЭ
Р е з ю м е

Форма сигналов детекторов типа п — р  и р  — п показывает заметное изменение, 
если пробег регистрированной частицы превышает толщину слоя пространственного 
заряда. Таким образом, дискриминатором импульсных форм сигналы частиц, обладающие 
большим пробегом, могут удаляться из спектра. Некоторые детекторы из-за местных 
дефектов дают сигналы меньшие нормальных, что приведет к появлении <хвоста» в спектре. 
Эти «хвосты» могут быть отфильтрованы дискриминацией импульсных форм.
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ON THE OPTICAL PROPERTIES 
OF VANADIUM PENTOXIDE SINGLE CRYSTALS

By

I . H e v e s i

INSTITUTE OF EXPERIMENTAL PHYSICS, JÓZSEF ATTILA UNIVERSITY, SZEGED

(P resented  by A. B udó. — Received 2. I I . 1967)

O ptical absorption coefficients of V 20 -  single crystals in the region of the intrinsic 
absorption edge have been calculated for d ifferen t tem peratures. M easurements a t  tem peratures 
above room  tem perature show a shift o f th e  absorption curves tow ards longer w avelengths 
w ith increasing tem perature. From  the analysis of the curves, the intrinsic absorption  edge 
was found to  have an exponential dependence corresponding to  direct forbidden transitions, 
whereas its  long wave ta il seems to follow U r b a c h ’s rule. M easurem ents w ith  ligh t polarized 
parallel to  the a and the c axis respectively lead to two d is tinct absorption curves, w ith  two 
intersections in the w avelength range investigated .

In trod u ction

T h e in v estig a tio n s  described in  tw o  p u b lica tio n s [1 — 2] d ea lin g  w ith  
our w ork on op tica l ab sorp tion  o f  V 2 0 5  sin g le crysta ls d iffer from  th o se  p u b lish ­
ed b y  p rev iou s in v estig a to rs  [3 — 5] m a in ly  in tw o  p o in ts . F ir st, our ab sorp ­
tion  m easu rem en ts w ere m ade w ith  p olarized  lig h t, ta k in g  in to  con sid era tion  
th e  o r ien ta tio n  o f  p o lariza tion  to  th e  crysta llograp h ic  axes. T h is en ab led  us 
to  s tu d y  th e  o p tic a lly  an isotrop ic b eh a v io u r  o f  V 2 0 5. F urth er, b y  u sin g  th in  
crysta l p la tes  and e x te n d in g  our m easu rem en ts o v er  a greater tem p era tu re  
range, w e were able to  s tu d y  and a n a ly se  th e ab sorp tion  in th e  reg ion  o f  th e  
in tr in sic  edge. This m ad e it  p ossib le  to  ca lcu late th e  b an d  gap an d  to  d eter­
m ine its  depen dence on  tem p eratu re.

R e c e n tly  N . K e n n y , C. R. K a n n e w u r f  and D . H . W h i t m o r e  [6 ] h a v e  
given  an account o f  th e ir  researches on V 2 0 5, m ad e at room  tem p era tu re , 
con tem p oran eou sly  w ith  our w ork. F o r  th e  w a v e len g th  range o f  our in v e s t ig ­
ations (4701^1— 820m /!), their r e su lts  are sim ilar to  ours. D e v ia tio n s  are 
n ot s ig n ifica n t, con sid er in g  th e d ifferen ces in th e  m eth od s o f  ca lcu la tio n  and  
th e  d ifferen t w ays o f  preparing th e  sam p les.

T h e im portan ce o f  researches on  th e  op tica l b eh av iou r o f  V 2 0 5 sin g le  
cry sta ls , p articu larly  in th e  region o f  th e  in trinsic ed g e , is a ccen tu a ted  b y  th e  
fact th a t th e  use o f th erm a l m ethod s for in v estig a tio n s  on  V 2 0 5 in  th e  in tr in sic  
region is im peded  b y  th e  re la tiv e ly  great band gap  w id th  and lo w  m eltin g  
p o in t. I t  is to  be ex p ec ted  from  th e  p resen t in v estig a tio n s  and fu rth er pro-
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je c te d  w ork  to  o b ta in  a d eeper in s ig h t in to  th e  b a n d  stru ctu re o f  V 2 0 5 and  
to  co n tr ib u te  th e r e b y  to  th e  u n d erstan d in g  o f  its  sem icon d u ctor p rop erties.

In  th e  p resen t paper w e w ish  to  p resen t som e furth er resu lts o f  our w ork  
co n n ected  w ith  our in v e stig a tio n s  b r ie fly  d escrib ed  in th e  sh o rt n o te  [2 ].

1 . E xp erim en ta l eq u ipm ent and  m ethod

T h e eq u ip m en t u sed  for m easu rin g  tra n sm issio n  at room  tem p era tu re, 
m eth o d  o f  m easu rem en t and p rep aration  o f  sa m p les h ave b een  described  
in  [1 ]. T h e m o st im p o rta n t ch an ge in trod u ced  for our p resen t m easu rem ents

L , Q

Fig. la . D iagram  of th e  optical arrangem ent. Q: light source; L „  L 2, L 3: lenses; P „  P 2: polaroid 
filte rs ; D j, D.z: d iaphragm s; O; furnace; T h : therm ocouple; В : power supply; G: galvanom eter; 

Ph: photom ultip lier; F : glass filter. Fig. lb . Section of the electric furnace

w a s to  u se  an  e lec tr ic  furnace for h ea tin g  th e  sa m p le  holder to  render p ossib le  
tra n sm issio n  m easu rem en ts to  b e m ade at tem p era tu res as h igh  as 400 °C. 
A  d iagram  o f  th e  eq u ip m en t is g iv en  in  F ig . l a .  T h e polaroid  f ilte r  P 2 (repre­
se n te d  b y  a b rok en  line) h as b een  u sed  to  a d ju st th e  ex tin c t io n  p osition  o f  
th e  cry?ta ls, th e  f ilte r  F  e lim in a tin g  u ltr a -v io le t  rad ia tion  for m easu rem en ts  
a t w a v e le n g th s  A >  600  m/и, (see [1 ]). T he sam p les o f  d ifferen t th ic k n ess  were f ix ­
ed  in a sp ec ia l sam p le  holder w h ich  cou ld  b e w ith d raw n  from  th e  in terior o f  th e  
e lec tr ic  fu rn ace 0  (see F ig . lb ) .  T h e furnace co u ld  b e ro ta ted  rou n d  th e  b eam  
o f  lig h t as a x is , and  rem oved  from  th e  p a th  o f  th e  lig h t on a s lid in g  su pp ort. 
G ood th erm a l in su la tio n  and e lim in a tio n  o f  u n d esirab le  air currents on b oth  sides  
o f  th e  sam p le h o ld er w ere secu red  b y  th e  co n stru ctio n  o f  th e  fu rn ace d ev ice . 
A  co p p er-co n sta n ta n  th e rm o co u p le  w as u sed  to  m easu re th e  tem p era tu re .

T o d eterm in e  th e  ab sorp tion  co e ffic ie n ts , tran sm ission  w as m easured  
w ith  p la te s  o f  d ifferen t th ick n esses  at v a r io u s tem p era tu res, w ith  lin early
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polarized  lig h t p erp en d icu larly  in c id en t to  th e  (0 1 0 ) cr y sta l p la te , th e  d irection  
o f  v ib ra tio n  re la tiv e  to  th e  c ax is b e in g : 1 ) p ara lle l to  th e  c ax is (d esign ed  
as U p o lariza tion ), 2 ) p ara lle l to  th e  a a x is , i.e . n o rm a lly  to  t h e e  ax is ( J_ p o la ­
rization ).

Fig. 2a. Dependence of transm ission on the thickness of the sam ple for || polarization a t dif­
ferent wavelengths. 2b. Dependence of transm ission on the th ickness of the sam ple for _|_

polarization a t d ifferent wavelengths
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As d escrib ed  in [2], a b sorp tion  coeffic ien ts  in  th e  region  o f  th e  in trin sic  
ed g e  h a v e  b een  ca lcu la ted  on th e  b a sis  o f  th e  fo llo w in g  form ula  for th e  average  
tra n sm issio n :

Ta =  T 0  exp  ( -  Kd) . (1)

T h e  th ick n ess  d h as been  d eterm in ed  on th e  b asis o f  th e  in terferen ce  stru cture  
o f  T (Д) cu rves ob ta in ed  w ith  p la te s  o f  som e y  th ick n ess  (see [1 ]) . A s average  
v a lu e s  Ta o f  th e  tra n sm issio n  w e u sed  th e  m ean  o f  th e  en velop es o f  tran sm ission  
m a x im a  and  m in im a . The u se  o f  (1) for our ca lcu la tio n s p roved  to  b e ju stified  
b y  F igs. 2 a an d  2 b , in  w h ich  In Ta versus d cu rves at room  tem p era tu re  are 
p lo tte d  for II an d  _j_ p o la r iza tio n s, r e sp ec tiv e ly . A b sorp tion  co e ffic ie n ts  К  
an d  K-1- for b o th  p o la r iza tio n s, d eterm in ed  a t d ifferen t tem p era tu res , w ere  
ca lcu la ted  from  th e  slop es o f  th e  stra ig h t lin es ob ta in ed  for e v e r y  5 th  у  w a v e ­
le n g th  in th e  sp ec tra l range in v estig a ted .

2. R esu lts

F igs. 3 an d  4 p resen t ty p ic a l resu lts o f  m easu rem en ts con cern in g  th e  
d ep en d en ce  o f  tran sm ission  Т(Я) on  th e  th ic k n ess  o f  th e  sa m p le  and tem pera-
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Fig. 3. T ransm ission curves of a Y T ), single crystal p la te  of thickness d =  0.82 / I ,  measured a t 
0  — 20 °C and 0  =  380 °C, for || and .L polarization
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Fig. 4. Transm ission curves of a V20 5 single crystal plate  of thickness d =  65 fi, m easured at 
five different tem peratures for || and J  polarization

Fig. 5. Changes in transm ission w ith different angles betw een the plane of v ibration  of the 
polarized light and the c crystal axis, m easured in  a V20 5 single crysta l plate  of thickness

d =  0.82 fi a t A =  500 m/i
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tű re, o b ta in e d  w ith  a th in n e r  (d =  0 .82^ ) an d  a th ic k e r  (d =  65/г) V 2 0 5 

sin g le  cr y sta l p la te  a t v ar iou s tem p era tu res w ith  |[ and  J_ p o lariza tion . F ig . 3 
sh ow s th e  tra n sm issio n  cu rves o f  th e  th in n er  sam ple for  _L p o lar iza tion , 
m easu red  from  48001,« to  820m^i w a v e le n g th  at room  tem p era tu re  (so lid  
lin e ), an d  a t 380 °C (broken  lin e). To a v o id  con fu sion , for || p o larization  o n ly  
th e  s ta r tin g  sectio n s o f  th e  tra n sm issio n  cu rves ob ta in ed  a t  th e  sam e tem p e -

575 525 A d m u L  475

Fig. 6. A bsorption  curves in  the region of the in trinsic  absorption edge for || and _]_ polarization
a t three tem peratures

ratures are sh ow n  in th is  F igu re . F ig . 4 , co n ta in in g  resu lts  ob ta in ed  w ith  th e  
th ick er  p la te , g iv es th e  a scen d in g  se c tio n s  o f  tra n sm issio n  curves m easu red  
at f iv e  d ifferen t tem p era tu res for 11 p o lar iza tion  (open  circles) and _L p o la r i­
za tion  (fil le d  c irc les), r e sp ec tiv e ly . I t  can  b e  seen  from  th e  F igure th a t  th e  
tra n sm issio n  cu rves sh ow  a con sid erab le  sh ift  tow ard s greater w a v e le n g th s  
w ith  in crea sin g  tem p era tu re .

F ig . 5 sh ow s th e  tra n sm issio n  o f  th e  th in n er  p la te  (d =  0 .82 /л) as a fu n c ­
tion  o f  th e  an gle a  b etw een  th e  c cry sta l a x is  and th e  p lan e  o f  v ib ra tion  o f  th e
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lin ea r ly  polarized  lig h t beam  p erp en d icu larly  in c id en t on th e  surface o f  th e  
c r y sta l. T ransm ission  curves for Л =  500 m /t w ere m easu red  a t in terva ls  o f  
f iv e  degrees, x  =  0° corresp ond ing  to  11 p o la r iza tio n , and x — 90° to  p o la ­
r iza tio n  resp ec tiv e ly . T h e tra n sm issio n  Ta for an  angle x can  b e  exp ressed  in

Fig. 7. Absorption curves for || and  J_ polarization , calculated  w ith different m ethods for the 
region of the in trinsic absorption  edge and for greater wavelengths

term s o f  th e  tran sm ission  T* and T 1- (corresp on d in g  to  «  =  0° an d  x =  90°, 
re sp ec tiv e ly )  w ith  th e  form ula  Ta =  T 1- -f- (T^ — T ^ ) cos2 sc. T h e v a lu es ca l­
cu la ted  w ith  th is  form u la  (m arked  b y  crosses in  th e  F igure) f i t  w e ll to  th e  
m easu red  va lu es. In  our m easu rem en ts, th e  a b o v e  re la tion  b e tw e en  Ta, 
and T 1- w as foun d  to  b e  v a lid  in  th e  w h o le  sp ectra l range in v e s t ig a te d  and for 
th e  tem p eratu res con sid ered .
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A b sorp tion  cu rves are p resen ted  in  F igs. 6  an d  7. In  F ig . 6  a b so rp tio n  
c o e ffic ie n ts  in  th e  reg ion  o f  th e  in tr in sic  ab sorp tion  ed ge  are p lo tte d  for |] 
an d  J_ p o lariza tion  an d  th ree tem p era tu res, sh ow in g  th e  sh ift  o f  th e  a b so rp tio n  
ed ge  tow ard s low er p h o to n  en ergies w ith  in creasin g  tem p era tu res. F ig . 7 
sh ow s ab sorp tion  cu rves jK^(A) an d  K ±(À), ca lcu la ted  w ith  th e  m eth o d  g iven  
in  [1] for A >  5601^« and  w ith  th e  m eth o d  describ ed  in  th e  p resen t p a p er  for  
A < [ 560т ,м . T h e cu rves p lo tte d  for b o th  regions f i t  w e ll in  th e  c o n n ec te d  
ran ges (g iven  w ith  b rok en  lin es), and  th e  cu rves ca lcu la ted  w ith  b o th  m eth o d s

Fig. 8. Tem perature dependence of transm ission in a V..O- single crystal plate  of th ickness 
d =  65 fi, m easured a t A =  575 m a for || and X polarization

sh ow  an in te rse c tio n  o f K' and К ^ a t th e  sam e w a v e le n g th  (A ~  ббЗт^м). 
I t  can  be seen  th a t  K x  is less th a n  К " from  ~ 5 5 5 m 1tt to  ~ 6 5 0 m [Л, w here th e  
cu rv es h a v e  a n o th er  in tersectio n . W ith  th e  k n ow n  v a lu es  o f  th e  re fractive  
in d ices  and a b sorp tion  co e ffic ien ts  for || and  J_ p o la r iza tio n , it  is to  b e  ex p ec ted  
on th e  b asis o f  ( 1 ) th a t  for th ick er  sam p les and in  th e  sp ectra l ran ge w here  
K x  <  к*' th ere  w ill be a w a v e le n g th  range for w h ich  T 1  >  T  . T h is is con ­
firm ed  b y  an in sp e ctio n  o f  F ig . 4 , w here for 575m /t T J > T iI  a t room  te m ­
p eratu re, w h ile  T-1- <  T 11 at 110 °C and 200 °C. T h e d ep en dence o f  T  ' and T x 
on tem p era tu re 0  (°C) is sh ow n  in  in terv a ls  o f  10 °C in  F ig . 8  for A =  575 тц. 
T h e an iso trop ic  b eh a v io u r  o f  V 2 0 5 is n o t restr ic ted  to  th e  range o f  th e  in tr in sic  
ab sorp tion  ed ge, as can b e seen  from  F ig . 7.

I t  is to  b e n o tic ed  th a t  in  th e  K" and K x  cu rv es for room  tem p era tu re  
p u b lish ed  b y  N . K e n n y , C. R . K a n n e w u r f  an d  D . H . W h i t m o r e  [6 ] no  
in tersectio n  can  b e  seen  in  th e  sp ectra l range 4 8 0 m /t— 850т,м ; o n ly  one is to  
b e fou n d  at a b o u t 1 2 2 0 т / и
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3. D iscussion

T h e an alysis o f  th e  curves m easu red  in th e  reg ion  o f  th e  in tr in sic  ab sorp ­
t io n  ed ge and p resen ted  in  F ig. 6  h a s  been  g iv en  in  th e  sh ort n o te  [2 ]. I t  w as  
foun d  th a t  th e  ab sorp tion  co e ffic ien ts  in  th e  lo n g  w a v e -ta il o f  th e  ab sorp tion

hv
ed ge  fo llo w  U r b a c h ’s ru le  К  =  K 0 exp ß kT

[7 ], i.e . th e  a b sorp tion  sh ow s

an ex p o n en tia l d ep en d en ce on b o th  p h oton  en ergy  an d  tem p era tu re , w hereas  
th e  sh ort w a v e len g th  ran ge o f th e  ab sorp tion  sp ec tru m  f its  w e ll to  t h e  e x p o ­
n en tia l la w  Khvcc (hv — Eg) 3 / 2  d escrib in g  forb idd en  d irect b a n d -to -b a n d  tra n s­
ition s [ 8 ]. The d ep en d en ce o f th e  b and  gap w id th  Eg on tem p e ra tu r e  w as 
fou n d  to  o b ey  th e  re la tio n  Eg =  E g0 -j- aT, w here a =  — 6.1 X 10 ~ 4  eV /d egree, 
E g0 =  2 .49  eV, and a — — 7 . 3 x l 0 ~ 4  eV /degree, Eg0 =  2 .54  eV  for || and J_ 
p o la r iza tio n , re sp ec tiv e ly .

T h e exp on en tia l en ergy  d ep en d en ce  o f  th e  in tr in sic  ab sorp tion  ed ge, 
fou n d  a lso  in  several o th er  m ateria ls (see e.g . [9 ]) , can  b e a ttr ib u ted  to  en ergy  
s ta te s  ta ilin g  o ff in to  th e  forb id d en  gap [10 — 11]. T h ese s ta te s , gen era lly  
ascrib ed  to  th e  presen ce o f  la ttice  d isorders o f d ifferen t k in d s, w ou ld  a llow  
tra n s it io n s  at p h oton  energies w h ich  are less th a n  th o se  corresp on d in g  to  
d irect b an d  tra n sitio n s . I t  seem s p rob able th a t  n o n sto ic h io m etr ic  d e fec ts , 
p resen t in  V 2 0 5 single cry sta ls  [6 ] , h a v e  a role in  p rod u cin g  su ch  en ergy  s ta te s  
in  th e  b an d  gap. A tte m p ts  at a th e o re tic a l in terp re ta tio n  (see e .g . [10 — 11]) 
o f  th e  ex p o n en tia l d ep en d en ce o f  th e  in trin sic  ab sorp tion  ed ge (gen era lly  
referred to  as U r b a c h ’s rule) h a v e  n o t led  to  u n am b igu ou s resu lts  so far. 
M ore th eo re tica l and ex p er im en ta l researches w ill be n eed ed  to  th ro w  
furth er lig h t  on th e  m echan ism  o f th e  b an d -to -b an d  tran sition  in  V 2 0 5 s in g le  
c r y sta ls .

T h e th eoretica l in t e r r e la t io n  o f  th e  ex is te n c e  o f  d ifferen t ab sorp tion  
edges for || and J _  p olariza tion , r e sp e c tiv e ly , ap p earin g  s im ila r ly  in  o th er  
m ateria ls (see e.g . [9, 1 2  — 13]), is a lso  a problem  to  b e  so lv ed . A ccord in g  to  
D r e s s e l h a u s  [14], a th eo re tica l a n a ly s is  o f th e  fu n d a m en ta l a b sorp tion  in  
an iso trop ic  crysta ls sh ow s th a t, fo r  in d irect tra n sit io n s , th e  sh ap e o f  th e  
ab sorp tion  edges w ould  b e  th e  sam e b o th  for a llow ed  an d  forb id d en  tra n sit io n s . 
For d irect tra n sitio n s , h ow ever , t h e  frequ en cy  d ep en d en ce o f  ab sorp tion  
sh ou ld  b e d ifferen t in  b o th  cases. T h u s , th e  sh ift o f  th e  ab sorp tion  ed ge cou ld  
be a cco u n ted  for b y  a ch an ge in th e  sh a p e  o f  th e  ed ge. D e x t e r  [10] su g g ested  
th a t  p o lariza tion  d ep en d en ce could b e  exp la in ed  b y  a d ifferen ce in  th e  m a tiix  
e lem en ts  for || and J  tra n sitio n s . T h e se  m odels, h o w ev er , do n o t seem  to  be  
con firm ed  b y  th e  ab sorp tion  curves for  || and J__ p o la r iza tio n  fo u n d  in  our  
in v estig a tio n .

A b sorp tion  in th e  lon ger  w a v e le n g th  range b ey o n d  th e  in tr in sic  ab sorp ­
tion  ed ge has been  d ea lt w ith  in th e  p ap er o f  N . K e n n y , C. R . K a n n e w u r f
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an d  D . H . W hitmore [6] who extended their investigations to  w avelengths  
o f  7 .5 //.

F or d iffu se  re flec tion  sp ectra  o f  V 2 0 5 see [1 5 ].
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О П Т И Ч Е С К И Е  С В О Й С Т В А  1 М О Н О К Р И С Т А Л Л О В  П Я 'Г И О К И С И  В А Н А Д И Я
И. ХЕВЕШИ

Р е з ю м е

В ы ч и с л я л и с ь  к о эф ф и ц и е н т ы  п о г л о щ е н и я  м о н о к р и с т а л л о в  п я т и о к и с и  в а н а д и я  в  
о б л а с т и  к р а я  о с н о в н о й  п о л о сы  п о г л о щ е н и я . П о л у ч е н о , ч т о  к р и в ы е  п о г л о щ е н и я  с м е щ а ю т ся  
в  д л и н н о в о л н о в у ю  с т о р о н у  с  р о с т о м  т е м п е р а т у р ы . А н а л и з  п о к а зы в а е т , ч т о  в  к о р о т к о в о л ­
н о в о й  о б л а с т и  к р а й  о с н о в н о й  п о л о с ы  п о г л о щ е н и я  с л е д у е т  п о  с т е п е н н о м у  з а к о н у  д л я  
п р я м ы х  з а п р е щ е н н ы х  п е р е х о д о в , а  в д л и н н о в о л н о в о й  о б л а с т и  к р а й  о с н о в н о й  п о л о сы  
п о г л о щ е н и я  с л е д у е т  п о  п р а в и л а м  У р б а х т а .  И с п о л ь з у я  л и н е й н о  п о л я р и з о в а н н ы й  св ет  
п а р а л л е л ь н о  к р и с т а л л и ч е с к и м  о с я м  а и  с, п о л у ч а ю т с я  д в е  к р и в ы е  к р а я  о с н о в н о й  п о л о с ы  
п о г л о щ е н и я .
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Calculations have been made w ith various form s of the universal potential field  for the 
ground s ta te  of the atom  Fe and th a t  of the ions F e+ , Fe3+, Fe5+ and  for the Is2 2s2 2p 6 3s2 3p b 
3d10 4 / excited sta te  of the Cu atom .

In  a series o f  in v estig a tio n s  on e o f  th e  authors [1] ca lcu la ted  a to m ic  one-  
electron  eigen va lu es and w ave fu n c tio n s  for th e  e lem en ts o f  th e  IB  an d  V I  
groups o f  th e  periodic ta b le . T he o n e-e lectro n  S ch röd inger-eq uation  w a s so lved  
w ith  a p o te n tia l f ie ld , w hich  is a gen era liza tion  o f  th e  se lf-c o n sis te n t fie ld . 
T he ex ch a n g e  p o ten tia l w as tak en  in to  a ccou n t in  its  s ta t is t ic a l a p p ro x im a te  
form  x q 1 3, w here g is th e  charge d e n s ity  and x  =  (3 /я : ) 1 ^3  e2  is a co n sta n t .  
T h e p o te n tia l fie ld  h as an a n a ly tica l form  and can b e tran sform ed  to  a n y  
v a lu e  o f  th e  a tom ic n u m b er Z  b y  a s im p le  sca le tra n sfo rm a tio n . In  th is  sen se  
th e  p o te n tia l f ie ld  is ca lled  u n iversa l. In  its  original form  th e  u n iversa l p o te n ­
tia l field  w as g iven  for n eu tra l a tom s an d  th e  aim  o f  th e  presen t p ap er is  to  
in v e st ig a te  th e  p o ss ib ility  o f  th e  g en era liza tio n  o f in c lu d in g  ions.

T he u n iversa l p o te n tia l f ie ld  o f  a n eu tr a l atom  h as b een  g iven  in  [1 ] as

Z pe
—— p 1/3 =  Z e

r> A0x
+

where
r 1 A 0x e 1 - f -  Ax

c' =  x  Z 2 / 3  c

A0  =  0 ,1837 , A =  1 ,05 , c =  3,1 а„ 1 , a ' =  0,04

. „ , 0 ,885341A  =  9 and  it = ---------------- an
2 l/3

( 1 )

( 2)

( 3 )
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are co n sta n ts  an d
x =  r/n (4)

is  a sca led  v a r ia b le , r is th e  d is ta n c e  o f  th e  e lec tro n  from  th e  n u cleu s. Z p, th e  
e ffe c tiv e  a to m ic  n u m b er and q th e  d en sity  are g iven  b y  th e  re la tion  (1). Z  is 
th e  a tom ic n u m b e r , e th e  e lem en ta r y  ch arge an d  a0 is th e  rad iu s o f B o h r’s 
sm a lle st a to m ic  orb ita l in  th e  H -a to m . A  sim p lified  F e r m i— A m aldi ty p e  
correction  [2 ] w a s u sed  to  o b ta in  th e  p o te n t ia l f ie ld  o f  th e  ion  from  th a t  o f  
th e  n eu tra l a to m . T he p o te n t ia l en ergy  o f  an  ion  w ith  N  — a e lectrons is 
g iven :

V f
/u x l  t Z  — x I

( У
£ — AqX

X  2 Z ( 2x 1 +  A 0x 1  +  Ax
,x< _ xa (5a)

V f  =  V X =  ,  X  > x0 (5b)
X

w here xQ is  th e  v a lu e  o f x, w h en  th e  v a lu es  o f  (5a) and (5b) are equal an d  
I  =  a +  1

y  = 2 Z ß a f  an d  £ =  2x c 0 ,8853412 e~2 . ( 6 )

U sin g  th e  p o te n tia ls  (1) or (5) th e  fo llow in g  on e-electron  S ch rôd inger eq u a tio n  
w as solved

£L +
dx2

2VX— 1(1+  1) - e / =  o (?)

w ith  th e  b o u n d a r y  con d ition s

/ ( 0 )  =  0 ,

/ (' - 1)(0 ) =  0 ,

f (l)(0) — c o n s t . , ( 8 )

lim  f(r) =  0 .

T h e e ig en v a lu e  param eter is g iv en  b y

e =  2E f  e~2 f 1 (9)

and E  is th e  on e-electron  en erg y  p aram eter o f  th e  n on tran sform ed  S ch rôdinger  
eq u ation .

T he p o te n t ia l fie ld  (5) h as been  u sed  for various v a lu es  o f th e  p a ra ­
m eter a  (S ee th e  T ab les). F o r  th e  va lu e x  =  0 (5) g ives a m od ified  form  o f  (1) 
w h ich  has b een  used  earlier [3 ]. For a  =  1 w e get th e  F e r m i— A m aldi t y p e
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m o d ifica tio n  o f  (1) and for in term ed ia te  v a lu e s  a llow an ce is  m ad e for a sem i-  
em p irica l ad ju stm en t o f  th e  p o te n tia l.

C alcu lations h a v e  b een  m ade for th e  grou n d  sta te s  o f  th e  ion s F e , F e  + , 
F e 3+ and F e5+ and for th e  I s2 2 s2 2pe 3s2 3pe 3 s10 4 /  ex c ited  con figu ra tion  o f  
th e  Cu a tom . In  th e  T ables 1 — 13 w e  h a v e  d isp la y ed  th e  v a lu e s  o f  th e  w a v e  
fu n ctio n s  ca lcu la ted  b y  th is  m eth od  and  b y  t h e  “ se lf-co n sis ten t f ie ld ” m eth od , 
w h ere it  w as a v a ila b le . In  T ab les 14, 15 and 16 w e g ive  th e  o n e-e lec tro n  en ergy  
e ig en v a lu es for th e  ab ove m en tio n ed  ion ic an d  atom ic co n fig u ra tio n s.

T h e ca lcu la tio n s w ere perform ed  on t h e  B E SZ M -2M  co m p u ter  o f  th e  
L ith u an ian  A ca d em y  o f Sciences th e  use o f  w h ic h  is g ra te fu lly  ack n ow led ged . 
F or th e  n u m erica l in teg ra tio n  o f  th e  d ifferen tia l eq u ation  (7) th e  ex tra p o la tio n  
form u la

ó^  =  (A x Y  | / :  +  - L - ó2/ ' ; ( 10)

w as u sed . The sta r tin g  in te rv a l a t th e  in te g ra tio n  h ad  th e  v a lu e  0 .0 0 6  and th e  
in teg ra tio n  n et w as co n stru cted  b y  d ou b lin g  t h e  in terv a l a fter  each  20 step s .
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Table 1

One-electron eigenfunction f ls in  th e  ground s ta te  configuration of th e  Fe atom determ ined 
by  the modified universal potential fields and th e  self consistent field

a) solution of the H artree—Fock equation;
b) solution of the equation

M d2 
dx1 +

-Apt

1 +  A 0x +  Í-
Щ +  1)

1 +  A x
s j  P  =  0 ;

c) solutions of the equation

i(i + 1) sj  P  =  0

w ith

( J L  -

l  * 1 +  A 0X +  f 1 +  A x

where

X >  x 0

a =  1, a =  0 and a =  0.5 ;

X a 6 c(„ = 1) c(a = 0) c(a =  0.5)

0.00 0.000 0.000 0.000 0.000 0.000

0.03 1.797 1.860 1.861 1.860 1.861

0.06 2.874 2.949 2.950 2.949 2.949

0.09 3.449 3.506 3.508 3.506 3.507

0.12 3.682 3.708 3.709 3.708 3.709

0.18 3.545 3.504 3.505 3.504 3.505

0.24 3.041 2.950 2.950 2.950 2.950

0.30 2.451 2.333 2.332 2.333 2.333

0.36 1.900 1.775 1.773 1.775 1.774

0.48 1.064 0.956 0.954 0.956 0.955

0.60 0.564 0.486 0.484 0.486 0.485

0.72 0.289 0.238 0.237 0.238 0.238

0.84 0.145 0.114 0.114 0.114 0.114

1.08 0.036 0.025 0.025 0.025 0.025

1.32 0.009 0.005 0.005 0.005 0.005

1.56 0.002 0.001 0.001 0.001 0.001

1.80 0.001
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Table 2

One-electron e igenfunctions/2S in the ground state configuration of the Fe atom s determ ined 
by  th e  modifisd universal potential fields and  the self-consistent field. For th e  m eaning of the 

various quantities see the heading of Table 1

X a b c(x = 1) c(a = 0) c(a = 0.5)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.541 0.556 0.561 0.556 0.559
0.06 0.849 0.862 0.869 0.862 0.866
0.09 0.980 0.981 0.989 0.981 0.985
0.12 0.982 0.965 0.972 0.965 0.969
0.18 0.731 0.675 0.679 0.675 0.677
0.24 0.304 0.216 0.215 0.216 0.215
0.30 —0.176 —0.284 — 0.290 — 0.284 — 0.287
0.36 —0.638 -0 .7 5 3 -0 .7 6 3 -0 .7 5 3 — 0.758
0.48 — 1.380 — 1.476 -1 .4 9 1 — 1.476 — 1.484
0.60 — 1.327 — 1.882 -1 .8 9 7 — 1.882 — 1.890
0.72 — 2.016 -2 .0 2 6 — 2.037 — 2.026 — 2.031
0.84 -2 .0 1 8 -1 .9 8 8 — 1.993 — 1.988 — 1.991
1.08 — 1.715 -1 .6 3 9 — 1.633 — 1.639 — 1.636
1.32 — 1.287 — 1.201 — 1.189 — 1.201 — 1.195
1.56 —0.898 -0 .8 2 4 —0.809 — 0.824 — 0.816
1.80 — 0.598 — 0.541 —0.527 — 0.541 — 0.534
2.28 — 0,245 -0 .2 1 6 —0.207 — 0.216 — 0.211
2.76 — 0.096 — 0.081 — 0.076 — 0.081 — 0.079
3.24 — 0.033 —0.030 -0 .0 2 7 — 0.030 — 0.028
3.72 — 0.016 —0.010 — 0.009 — 0.010 — 0.010
4.68 — 0.003 — 0.001 — 0.001 — 0.001 — 0.001
5.64 — 0.001
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Table 3

One-electron eigenfunction f lp in the ground sta te  configuration of the Fe atom  determ ined 
by  the modified universal potential field and the  self consistent field. For the m eaning of the 

various quantities see the heading of Table 1

X a b ф  = l) c(a — 0) c(a -  0.5)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.035 0.039 0.039 0.039 0.039
0.06 0.125 0.138 0.140 0.138 0.139
0.09 0.252 0.277 0.281 0.277 0.279
0.12 0.402 0.440 0.446 0.440 0.443
0.18 0.732 0.792 0.802 0.792 0.797
0.24 1.057 1.129 1.143 1.129 1.136
0.30 1.345 1.420 1.437 1.420 1.428
0.36 1.582 1.651 1.670 1.651 1.661
0.48 1.389 1.923 1.950 1.933 1.941
0.60 2.001 2.009 2.022 2.009 2.016
0.72 1.971 1.944 1.950 1.944 1.947
0.84 1.847 1.792 1.792 1.792 1.792
1.08 1.473 1.389 1.378 1.389 1.384
1.32 1.082 0.997 0.981 0.997 0.989
1.56 0.754 0.683 0.665 0.683 0.674
1.80 0.507 0.453 0.437 0.453 0.445
2.28 0.215 0.188 0.177 0.188 0.183
2.76 0.089 0.075 0.068 0.075 0.071
3.24 0.038 0.029 0.026 0.029 0.027
3.72 0.017 0.011 0.009 0.011 0.010

4.68
5.64
6.60
7.56

0.003 0.001 0.001 0.001 0.001
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Table 4

One-electron eigenfunction f 3s in the ground sta te  configuration of the Fe atom  determined 
by the modified universal potential field and  the self-consistent field. For the meaning of the 

various quantities see the heading of Table 1

X a b c(ct =  1) c(a =  0) c(a =  0.5)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.199 0.203 0.213 0.203 0.208
0.06 0.310 0.314 0.330 0.314 0.322
0.09 0.356 0.356 0.373 0.356 0.365
0.12 0.353 0.347 0.363 0.347 0.355
0.18 0.253 0.233 0.243 0.233 0.238
0.24 0.089 0.056 0,057 0.056 0.057
0.30 -0 .0 9 3 -0 .1 3 2 — 0.141 —0.132 —  0.137
0.36 -0 .2 6 3 -0.304 —  0.321 — 0.304 —  0.313
0.48 -0 .5 1 8 —0.545 — 0.573 — 0.545 —  0.559
0.60 —  0.633 -0 .6 3 3 —  0.661 -0 .6 3 3 —  0.648
0.72 -0 .6 1 9 —0.592 —  0.612 —  0.592 —  0.603
0.84 —  0.509 —0.458 —  0.466 -0 .4 5 8 —  0.463
1.08 -0 .1 2 4 -0 .0 5 3 —  0.032 —  0.053 —  0.043
1.32 0.313 0.377 0.422 0.377 0.400
1.56 0.688 0.735 0.792 0.735 0.764
1.80 0.960 0.988 1.047 0.988 1.018
2.28 1.204 1.208 1.247 1.208 1.229
2.76 1.183 1.171 1.178 1.171 1.176
3.24 1.040 1.014 0.993 1.014 1.004
3.72 0.861 0.823 0.783 0.823 0.803
4.68 0.534 0.485 0.434 0.485 0.459
5.64 0.304 0.263 0.200 0.263 0.241
6.60 0.163 0.137 0.106 0.137 0.120
7.56 0.083 0.069 0.050 0.069 0.059
9.48 0.019 0.017 0.010 0.017 0.013

11.40 0.004 0.004 0.002 0.004 0.003
13.32 0.001 0.001 0.001 0.001
15,24
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Table 5

One-electron eigenfunction f 3p in the ground s ta te  configuration of the Fe atom  determined 
by  the  modified universal potential fields and the self-consistent field. For the meaning of the 

various quantities see the heading of Table 1

X a b Ф  = 1) c(a = 0) c(a = 0.5)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.012 0.014 0.015 0.014 0.014
0.06 0.044 0.048 0.052 0.048 0.050
0.09 0.089 0.097 0.104 0,097 0.101
0.12 0.142 0.153 0.165 0.153 0.159
0.18 0.257 0.273 0.294 0.273 0.284
0.24 0.367 0.385 0.413 0.385 0.399
0.30 0.459 0.474 0.508 0.474 0.492
0.36 0.528 0.537 0.575 0.537 0.557
0.48 0.587 0.580 0.617 0.580 0.599
0.60 0.554 0.528 0.555 0.528 0.542
0.72 0.450 0.407 0.419 0.407 0.414
0.84 0.299 0.244 0.239 0.244 0.242
1.08 —0.062 — 0.128 — 0.166 — 0.128 — 0.147
1.32 — 0.417 — 0.477 — 0.540 —0.477 — 0.509
1.56 —0.710 —0.755 — 0.830 —0.755 —0.793
1.80 — 0.923 —0.951 — 1.027 — 0.951 — 0.991
2.28 — 1.131 — 1.131 — 1.184 — 1.131 — 1.159
2.76 — 1.134 — 1.116 — 1.133 — 1.116 — 1.126
3.24 — 1.030 — 1.001 — 0.986 — 1.002 — 0.995
3.72 — 0.885 — 0.851 — 0.809 — 0.851 — 0.831
4.68 —0.594 —0.558 — 0.493 — 0.558 — 0.525
5.64 —0.372 —0.341 — 0.278 — 0.341 — 0.308
6,60 —0.223 —0.201 —0.150 — 0.201 — 0.173
7.56 — 0.129 — 0.115 — 0.079 -0 .1 1 5 — 0.095
9,48 — 0.040 — 0.037 — 0.021 — 0.037 — 0.028

11.40 — 0.011 — 0.011 — 0.005 — 0.012 — 0.008
13.32 — 0.003 — 0.003 — 0.001 — 0.004 — 0.002
15.24 — 0.001 — 0.001
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Table 6

One-electron e igenfunction /3<i in  the ground s ta te  configuration of the Fe atom  determ ined 
by the modified universal potential fields and th e  self-consistent field. For the meaning of the 

various quantities see the heading of Table 1

X a b cfoc = 1) c(a =  0) c(a =  0.5)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.000 0.000 0.000 0.000 0.000
0.06 0.001 0.001 0.001 0.001 0.001
0.09 0.002 0.002 0.003 0.002 0.002
0.12 0.004 0.004 0.006 0.004 0.005
0.18 0.011 0.013 0.017 0.013 0.015
0.24 0.024 0.027 0.036 0.027 0.032
0.30 0.041 0.046 0.061 0.046 0.054
0.36 0.063 0.070 0.092 0.069 0.082
0.48 0.119 0.128 0.168 0.127 0.150
0.60 0.187 0.197 0.258 0.196 0.230
0.72 0.260 0.271 0.353 0.269 0.316
0.84 0.336 0.346 0.448 0.343 0.402
1.08 0.478 0.487 0.625 0.484 0.563
1.32 0.600 0.609 0.770 0.605 0.698
1.56 0.694 0.705 0.877 0.700 0.802
1.80 0.763 0.776 0.949 0.772 0.876
2.28 0.836 0.856 1.006 0.851 0.946
2.76 0.846 0.873 0.980 0.868 0.942
3.24 0.819 0.850 0.909 0.845 0.894
3.72 0.774 0.805 0.815 0.800 0.822
4.68 0.666 0.686 0.616 0.683 0.658
5.64 0.567 0.563 0.444 0.562 0.504
6.60 0.482 0.455 0.311 0.455 0.377
7.56 0.410 0.363 0.214 0.366 0.278
9.48 0.298 0.230 0.098 0.237 0.148

11.40 0.217 0.145 0.044 0.157 0.077
13.32 0.157 0.091 0.019 0.105 0.040
15.24 0.112 0.058 0.008 0.071 0.020
19.08 0.053 0.023 0.002 0.033 0.005
22.92 0.023 0.009 0.015 0.001
26.76 0.009 0.004 0.007
30.60 0.003 0.002 0.003
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Table 7

One-electron eigenfunction f 3S in  th e  ground sta te  configuration of th e  F e atom  determ ined 
b y  the modified universal potential fields and the self-consistent field. F or the meaning of the 

various quantities see the heading of Table 1

X a c(s =  1) c(a =  0) c(<x = 0.5)

0.00 0.000 0.000 0.000 0.000

0.03 0.199 0.223 0.203 0.213

0.06 0.311 0.344 0.314 0.330

0.09 0.357 0.389 0.355 0.373
0.12 0.353 0.379 0.346 0.363
0.18 0.253 0.253 0.232 0.243
0.24 0.089 0.058 0.056 0.057
0.30 — 0.093 -0 .1 5 0 —0.132 — 0.141
0.36 —0.263 -0 .3 3 8 — 0.303 — 0.321

0.48 —0.519 - —0.598 —0.544 —0.573
0.60 —0.634 — 0.687 —0.633 — 0.661
0.72 —0.620 —0.630 -0 .5 9 1 —0.612
0.84 —0.510 —0.472 — 0.458 — 0.466

1.08 —0.125 —0.010 — 0.053 — 0.032
1.32 0.313 0.466 0.377 0.422
1.56 0.690 0.847 0.734 0.792

1.80 0.962 1.101 0.987 1.047

2.28 1.206 1.278 1.207 1.247

2.76 1.183 1.179 1.170 1.178

3.24 1.039 0.968 1.014 0.994

3.72 0.860 0.743 0.823 0.783

4.68 0.532 0.387 0.486 0.434

5.64 0.303 0.184 0.266 0.220

6.60 0.162 0.083 0.142 0.106

7.56 0.082 0.036 0.074 0.050

9.48 0.019 0.006 0.020 0.010

11.40
13.32
15.24

0.004
0.001

0.001 0.005
0.001

0.002
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Table 8

One-electron eigenfunction f 3p in the ground s ta te  configuration of th e  Fe atom  determ ined 
by  the modified universal potential fields and th e  self-consistent field. For the meaning of the 

various quantities see the  heading of Table 1

X a c(cc =  1) «(« = 0) c(a = 0.5)

0.00 0.000 0.000 0.000 0.000
0.03 0.012 0.016 0.014 0.015
0.06 0.045 0.055 0.048 0.052
0.09 0.090 0.111 0.097 0.104
0.12 0.143 0.176 0.153 0.165
0.18 0.259 0.312 0.272 0.294
0.24 0.369 0.438 0.383 0.413
0.30 0.461 0.539 0.473 0.508
0.36 0.529 0.608 0.535 0.575
0.48 0.589 0.648 0.578 0.617
0.60 0.556 0.577 0.526 0.555
0.72 0.452 0.427 0.406 0.419
0.84 0.301 0.231 0.243 0.239
1.08 —0.062 — 0.205 — 0.127 — 0.166
1.32 —0.419 -0 .5 9 9 — 0.475 — 0.540
1.56 — 0.712 —0.898 — 0.752 — 0.830
1.80 —0.926 — 1.093 — 0.948 — 1.027
2.28 — 1.135 -1 .2 2 4 — 1.127 — 1.184
2.76 — 1.136 — 1.139 — 1.113 — ] .133
3.24 — 1.030 —0.961 —0.999 — 0.986
3.72 — 0.883 — 0.764 -0 .8 5 0 — 0.809
4.68 — 0.590 — 0.435 — 0.560 — 0.439
5.64 —0.368 — 0.228 —0.347 — 0.278
6.60 — 0.220 —0.114 —0.210 —0.150
7.56 — 0.127 — 0.055 —0.126 — 0.079
9.48 — 0.039 — 0.012 — 0.044 — 0.021

11.40 — 0.011 -0 .0 0 3 -0 .0 1 5 — 0.005
13.32 —0.003 — 0.005 —0.001
15.24 — 0.001 — 0.002
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Table 9

One-electron eigenfunction/ 3S in  th e  ground sta te  configuration of the  Fe atom determ ined 
by  the modified universal potential fields and the self-consistent field. F or the meaning of th e  

various quantities see the heading of Table 1

X a «(« = 1) c(a = 0) cfx =  0.5)

0.00 0.000 0.000 0.000 0.000

0.03 0.202 0.239 0.190 0.222

0.06 0.316 0.370 0.293 0.344

0.09 0.363 0.418 0.332 0.389
0.12 0.360 0.406 0.324 0.379
0.18 0.259 0.269 0.217 0.252

0.24 0.091 0.058 0.053 0.058
0.30 — 0.095 — 0.166 — 0.123 — 0.150
0.36 — 0.269 — 0.368 — 0.283 — 0.338
0.48 -0 .5 2 9 — 0.644 —0.509 — 0.598

0.60 — 0.644 — 0.731 — 0.592 — 0.686
0.72 — 0.629 — 0.658 — 0.554 —0.630
0.84 -0 .5 1 5 — 0.476 — 0.430 — 0.472

1.08 -0 .1 2 4 0.038 — 0.053 — 0.010
1.32 0.317 0.552 0.348 0.466
1.56 0.697 0.947 0.683 0.846

1.80 0.974 1.195 0.922 1.100
2.28 1.227 1.322 1.140 1.277
2.76 1.205 1.164 1.125 1.178
3.24 1.050 0.910 1.005 0.968
3.72 0.854 0.663 0.857 0.743

4.68 0.499 0.309 0.573 0.389
5.64 0.262 0.130 0.336 0.187

6.60 0.127 0.052 0.210 0.086
7.56 0.059 0.020 0.120 0.039

9.48 0.011 0.003 0.036 0.007

11.40 0.002 0.010 0.001
13.32 0.003
15.24 0.001
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Table 10

One-electron eigenfunction / 3p in  the ground s ta te  configuration of th e  F e +3 atom  determ ined 
by the modified universal poten tia l fields and th e  self-consistent field. For the meaning of the 

various quantities see th e  heading of Table 1

X a c(a = 1) c(a = 0) c(a = 0.5)

0.00 0.000 0.000 0.000 0.000
0.03 0.013 0.017 0.012 0.016
0.06 0.046 0.061 0.043 0.055
0.09 0.092 0.123 0.086 0.111
0.12 0.147 0.194 0.136 0.175
0.18 0.265 0.345 0.242 0.312
0.24 0.377 0.483 0.341 0.438
0.30 0.471 0.592 0.420 0.538
0.36 0.541 0.665 0.476 0.607
0.48 0.601 0.700 0.515 0.647
0.60 0.567 0.611 0.469 0.576
0.72 0.461 0.434 0.363 0.427
0.84 0.307 0.207 0.220 0.231
1.08 — 0.064 -0 .2 8 4 -0.108 — 0.205
1.32 — 0.430 -0 .7 1 1 -0 .4 1 7 — 0.598
1.56 — 0.732 1.019 0.666 — 0.897
1.80 -0 .9 5 1 — 1.202 — 0.844 — 1.091
2.28 — 1.157 -1 .2 7 6 1.019 — 1.222
2.76 — 1.148 -1 .1 2 4 -1.032 1.138
3.24 — 1.030 — 0.896 — 0.965 -0.960
3.72 — 0.872 -0 .6 7 1 -0.871 0.764
4.68 — 0.568 —0.336 -0 .6 6 5 0.436
5.64 — 0.343 — 0.153 0.475 -0.232
6.60 — 0.198 -0 .0 6 6 -0 .3 2 5 — 0.119
7.56 — 0.109 -0 .0 2 8 — 0.214 -0.060
9.48 — 0.030 — 0.004 — 0.087 -0.014

11.40 —0.008 0.001 — 0.033 -0.003
13.32 — 0.002 -0 .0 1 2
15.24 —0.004
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T a b le  1 1

One-electron eigenfunction f ts in  th e  ground sta te  configuration of th e  F e +5 atom determ ined 
b y  the modified universal potential fields and the self-consistent field. F o r the meaning of th e  

various quan tities see the heading of Table 1

a c(a =  1) c( a  =  0) c( a =  0.5) c(a =  0.2)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.208 0.254 0.165 0.229 0.192

0.06 0.326 0.393 0.255 0.354 0.297

0.09 0.374 0.444 0.288 0.400 0.336
0.12 0.371 0.431 0.281 0.389 0.328
0.18 0.266 0.283 0.189 0.259 0.219
0.24 0.093 0.057 0.046 0.057 0.052

0.30 —  0.098 —  0.182 —  0.106 -0 .1 5 6 —0.127

0.36 — 0.278 — 0.396 —0.245 — 0.350 —0.290
0.48 — 0.545 — 0.685 — 0.442 -0 .6 1 6 —0.516

0.60 — 0.663 — 0.768 — 0.516 — 0.703 —0.597
0.72 —  0.646 —  0.679 —0.486 — 0.639 —0.554
0.84 —  0.528 —  0.474 —  0.382 — 0.471 — 0.423
1.08 —  0.124 0.089 —  0.062 0.013 —  0.034
1.32 0.333 0.634 0.283 0.504 0.375
1.56 0.724 1.038 0.578 0.889 0.711
1.80 1.007 1.274 0.799 1.139 0.947
2.28 1.255 1.348 1.042 1.292 1.152
2.76 1.215 1.135 1.105 1.168 1.135

3.24 1.041 0.847 1.052 0.941 1.020
3.72 0.830 0.587 0.935 0.712 0.863

4.68 0.464 0.247 0.649 0.370 0.550
5.64 0.232 0.093 0.403 0.177 0.317
6.60 0.107 0.033 0.233 0.080 0.171
7.56 0.047 0.011 0.128 0.035 0.088

9.48 0.007 0.001 0.035 0.006 0.021

11.40
13.32
15.24

0.001 0.009
0.002

0.001 0.005
0.001
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Table 12

One-electron eigenfunction f 3p in  th e  ground sta te  configuration of th e  F e+ 5 atom determ ined 
by  the modified universal potential fields and the self-consistent field. F or the meaning of th e  

various quantities see the heading of Table 1

X a c(ot =  1) е(* =  0) c(a =  0.5) c( a =  0.2)

0.00 0.000 0.000 0.000 0.000 0.000
0.03 0.013 0.019 0.010 0.016 0.013
0.06 0.048 0.067 0.036 0.058 0.045
0.09 0.096 0.134 0.073 0.116 0.090
0.12 0.153 0.211 0.115 0.183 0.143
0.18 0.277 0.374 0.205 0.325 0.254
0.24 0.393 0.523 0.289 0.455 0.357
0.30 0.491 0.639 0.356 0.558 0.440
0.36 0.563 0.714 0.404 0.628 0.497
0.48 0.625 0.743 0.439 0.666 0.534
0.60 0.589 0.634 0.403 0.587 0.482
0.72 0.478 0.431 0.317 0.426 0.366
0.84 0.316 0.176 0.198 0.217 0.211
1.08 — 0.073 — 0.363 —0.074 —0.240 -0 .1 3 8
1.32 —0.456 — 0.815 —  0.336 -0 .6 4 6 —  0.461
1.56 —  0.769 — 1.123 —  0.553 —  0.947 —0.715
1.80 —0.994 —  1.288 —  0.718 -1 .1 3 5 —0.893
2.28 -1 .1 9 5 —  1.300 —  0.920 -1 .2 3 9 -1 .0 5 9
2.76 -1 .1 6 7 — 1.090 —  1.005 -1 .1 2 7 —  1.066
3.24 —  1.028 — 0.824 —  1.003 —  0.931 —  0.996
3.72 -0.852 —0.584 — 0.943 -0 .7 2 9 —  0.886
4.68 -0 .5 2 5 —0.259 — 0.738 —0.412 -0 .6 8 2
5.64 —0.295 — 0.104 — 0.519 -0 .2 1 7 —0.410
6.60 — 0.155 —  0.039 —  0.340 -0 .1 0 9 —  0.250
7.56 —0.078 —  0.014 —  0.212 -0 .0 5 3 —  0.146
9.48 -0 .0 1 7 —  0.002 —  0.074 -0 .0 1 1 -0 .0 4 5

11.40 —  0.003 —  0.023 -0 .0 0 2 —  0.013
13.32 —  0.001 —  0.007 -0 .0 0 3
15.24 —  0.002
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Table 13

One-electron eigenfunctions f tj  in  th e  excited s ta te  Is2 2s2 2p 6 3s2 3p e 3d10 4f  of the Cu a tom  
determ ined b y  th e  modified universal potential fields and the self-consistent field. F o r th e  

meaning of the various quantities see the heading of T able 1

X a c(a = 1) c(a = 0)

0.00 0.000 0.000 0.000
0.24 0.000 0.000 0.000
0.48 0.000 0.000 0.000
0.72 0.000 0.000 0.000
1.08 0.000 0.000 0.000
1.32 0.000 0.001 0.000
1.56 0.000 0.001 0.000
1.80 0.000 0.002 0.000
2.28 0.000 0.003 0.000
2.76 0.000 0.005 0.000
3.24 0.000 0.007 0.000
3.72 0.000 0.009 0.001
4.68 0.001 0.015 0.001
5.64 0.001 0.022 0.002
6.60 0.002 0.030 0.002
7.56 0.003 0.040 0.003
9.48 0.006 0.063 0.007

11.40 0.011 0.089 0.012
13.32 0.018 0.118 0.019
15.24 0.027 0.148 0.028
19.08 0.051 0.207 0.051
22.92 0.080 0.257 0.081
26.76 0.111 0.292 0.113
30.60 0.147 0.311 0.147
38.28 0.207 0.308 0.207
45.96 0.247 0.269 0.247
53.32 0.264 0.215 0.264
61.32 0.259 0.162 0.259
76.69 0.209 0.081 0.209
92.04 0.143 0.036 0.144

107.40 0.087 0.015 0.088
122.76 0.051 0.006 0.050
153.48 0.014 0.001 0.013
184.20 0.003 0.003
214.92 0.001 0.001
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Table 14
One-electron eigenvalues in  the atom ic un it of the Fe a tom  in the ground s ta te  determined by  
the modified universal potential fields and the self-consistent field. For the m eaning of the various

quantities see the heading of Table 1

Is 2 s 2P 3s 3P 3d

a 261.1 31.58 27.07 3.810 2.411 0.2273 Fe ds 3F
b 259.2 29.19 25.24 3.406 2.239 0.3046

c(a =  1) 262.3 31.25 27.44 4.500 3.312 1.250

оIJи 259.2 29.19 25.24 3.406 2.239 0.3063

n IT II p In 260.8 30.22 26.34 3.950 2.770 0.7595

Table 15
One-electron eigenvalues in  the atom ic un it of the F e + ion in  the ground s ta te  determined b y  th e  
modified universal potential fields and the self-consistent field. For the m eaning of the various

quantities see the heading o f Table 1

Is 2 s 2P 3s 3p 3d

a 261.4 31.98 27.46 4.231 2.828 0.6937 Fe+ d d 'F
c(a =  1) 265.3 33.32 29.64 5.623 4.426 2.303
c(a =  0) 259.2 29.19 25.24 3.408 2.243 0.3714
c(a =  0.5) 262.3 31.25 27.44 4.500 3.312 1.250

Table 16
One-electron eigenvalues in the atom ic un it of the Fe3+ and  Fe5+ ions in th e  ground sta te  and  
the Cu atom  in the excited state Is2 2s2 2p2 3s2 3p e 3d10 4f  determined by th e  modified universal 
potential fields and th e  self-consistent field. For the m eaning of the various quantities see th e

heading of Table 1

Fe+3 Fe+6 Cu

3s 3P 3s 3p V

a 5.529 4.092 F e+ 3d56S 7.199 5.718 F e+ 5d31F 0.06250
c(a =  1) 7.943 6.758 10.35 9.204 0.04678
c( a =  0) 3.624 2.536 4.756 3.715 0.03126
e( a  =  0.5) 5.625 4.429 6.805 5.618
c( a  =  0.2) 5.267 4.154

ИССЛЕДО ВАН ИЯ М О Д И Ф И Ц И РО В А Н Н Ы М И  У Н И В ЕРС А Л ЬН Ы М И  
П О Т Е Н Ц И А Л ЬН Ы М И  ПОЛЯМ И

А .  Ю Ц И С ,  И .  И .  Г Л Е М Б О Ц К И С  и  Р .  Г А Ш П А Р

Р е з ю м е
Вычисления проводились с помощью разных видов универсального потенциального 

поля для  основных состояний атома Fe, для ионов F e+, Fe3+, Fe5+, а  такж е и дл я  воз­
бужденного состояния Is2 2s2 2р6 3s2 Зр° 3d10 4 /  атома Си.
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ZUR PRÜFUNG DER PSEUDOPOTENTIALMETHODE 
AM WASSERSTOFFATOM

Von

P . G o m b á s  und O . K u n v á r i

F O R S C H U N G S G R U P P E  F Ü R  T H E O R E T I S C H E  P H Y S I K ,  U N G A R I S C H E  A K A D E M I E  D E R  
W I S S E N S C H A F T E N .  B U D A P E S T

(Eingegangen: 3. IV . 1967)

Es werden m it den verschiedenen B esetzungsverbotpotentialen sowohl m it den s ta tis ­
tischen als m it den wellenm echanischen einige Z ustände des W asserstoffatom s berechne- 
un d  die R esultate m it einander verglichen. H ierbei zeigt sich, dass n ic h t nu r das w ellen­
mechanische B esetzungsverbotpotential, sondern auch  die statistischen zu sehr guten R esu l­
ta ten  führen, obwohl bei den letzteren ein Versagen zu erw arten wäre, da  ja  das W asserstoff­
atom  für diese das extrem ste Beispiel darstellt.

Z ur näherungsw eisen  E rse tz u n g  des P au lisch en  B ese tzu n g sv erb o tes  v o ll­
b e se tz te r  E lek tro n e n z u s tä n d e  w u rd en  versch ied en e  P seu d o p o ten tia le  h e rg e ­
le ite t  u n d  zw ar sow ohl s ta tis tisc h e  als w ellenm echan ische .1 U m  ein k o n k re te s  
B eispiel vo r A ugen  zu  h ab en , w ollen  w ir e in  A to m  m it e in em  V alen ze lek tro n , 
also z.B . ein A lk a lia to m , zu g ru n d e  legen, w o das V a len ze lek tro n  infolge des 
P au lisch en  B ese tzungsverbo tes in  die von d e n  R u m p fe lek tro n en  v o llb ese tz ten  
Q u an ten zu stän d e  n ic h t h in ab fa llen  k an n . D ies lä s s t sich n äherungsw eise  d u rc h  
P seu d o p o ten tia le , die so g en an n ten  B e se tz u n g sv e rb o tp o te n tia le  beschre iben . 
D iese sind A b sto ssu n g sp o ten tia le , du rch  d ie  das H in a b s tü rz e n  des V a len z­
e lek tro n s in  die tie fe ren  R u m p fe le k tro n e n z u s tän d e  v e rh in d e r t  w ird.

In  chronologischer R eihenfolge w urden  z u e rs t die s ta tis t is c h e n  B ese tzu n g s­
v e rb o tp o ten tia le  h e rg e le ite t, v o n  denen  zw ei versch iedenen  F o rm en  b e k a n n t 
sind . U ns in te re ss ie rt im  fo lgenden  das m it Gi bezeichnete  B e se tz u n g sv e rb o t­
p o te n tia l, das a u f  e in  E le k tro n  im  Z u stan d  m it  d er N eb en q u an ten zah l l w irk t 
u n d  folgende G e s ta lt h a t2

л 2 e a0
8 ( 2 / +  l ) 2

(Df +  2D, P,)  - ( 1 )

UI b e d e u te t die rad ia le  D ich te  d e r R u m p fe le k tro n e n  m it d er N e b e n q u a n te n za h l 
/, P,  die im  w ellenm echan ischen  Sinne g e d e u te te  rad iale  D ic h te  des V alenz- 
e lek tro n s im  b e tre ffen d en  Z u s ta n d  m it d e r  N e b en q u an ten zah l /, und  r  die

1 Man vgl. hierzu P . G o m b á s ,  Pseudopotentiale, Springer, W ien, New-Vork, 1967; 
im folgenden als I. z itiert.

2 Man vgl. hierzu I, S. 70 ff.
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E n tfe rn u n g  v o m  K ern ; e i s t  die p o s itiv e  E le m e n ta r la d u n g  und a 0 d e r  erste  
B ohrsche W asse rs to ffrad iu s .

D ie w ellenm echan ische  F o rm  fü r d a s  B ese tzu n g sv e rb o tp o ten tia l (genauer 
B e se tz u n g sv e rb o to p e ra to r)  is t  ein  n ich t-lo k a le s  P se u d o p o te n tia l, das fo lgende 
G esta lt h a t 3

------- фы (r, r')
e

—  £  ( e  —  £n'l) Vn’l (r) <p*l (r'). 
e n’—i+i

( 2)

H ierbei w ird  v o ra u sg e se tz t, dass sich d as  Y a len ze lek tro n  im  Q u a n te n z u s ta n d  
(n, l) b e f in d e t, dessen E n erg ie  w ir k u rz  m it e b eze ich n e ten . u n d  b e ­
d e u te n  d ie  E n erg ien  u n d  d ie  rad ia len  E ig en fu n k tio n en  d e r  R u m p fe lek tro n en ­
zu stän d e  (n ’l).

D u rc h  H eran z ieh en  eines d ieser B ese tzu n g sv e rb o tp o ten tia le  w ird  der 
O rth o g o n a lis ie ru n g  der E ig e n fu n k tio n  des V alen ze lek tro n s im  Z u s ta n d  (n, l) 
a u f  die E ig e n fu n k tio n e n  d e r  en e rg e tisch  tie fe r  lieg en d en  R u m p fe lek tro n en ­
zu stän d e  m it  derselben  N e b e n q u a n te n za h l l R echnung  g e trag en , m an k a n n  also 
so v o rg eh en , als ob die R u m p fe le k tro n e n  gar n ich t e x is tie r te n  u n d  fü r  das 
V a len ze lek tro n  den  en e rg e tisch  ab so lu t t ie fs te n  Z u stan d  in  dem  m it e in em  der 
P seu d o p o te n tia le  e rw e ite r te n  e le k tro s ta tisc h e n  P o te n tia l ,  dem  so g en an n ten  
m o d ifiz ie rten  P o te n tia lfe ld , bestim m en .

A n s ta t t  der L ösung d e r  S chröd ingerg le ichung  fü r  d a s  m odifiz ierte  P o te n ­
tia lfe ld , i s t  es bei d er h ie r  a n g e s tre b te n  G enau igkeit zw eckm ässiger v o n  dem  
A u sd ru ck  d e r E nerg ie  fü r  d as  V a len ze lek tro n  auszugehen  u n d  die E ig e n fu n k ­
tio n  u n d  d e n  E n erg iee ig en w ert des V alen ze lek tro n s aus d e m  M inim um sprinzip  
d er E n e rg ie  zu b es tim m en .

F ü r  d ie  E nerg ie  e des V a len ze lek tro n s in  einem  Z u s ta n d  m it d e r N eben- 
q u a n te n z a h l l e rg ib t sich  m it der a u f  1 n o rm ie rte n  E ig e n fu n k tio n  des V alenz- 
e lek trö n s im  F alle  des P se u d o p o te n tia ls  G;

0 0 0

w o / '  die A b le itu n g  von  / n a c h  r b e ze ich n e t u n d  V  das e le k tro s ta tisc h e  P o te n ­
t ia l  des A to m ru m p fes is t .

f d r  - e  j  (V +  G J ß d r ,  (3)e =  — e^a0 Гf ' 4 r  +  ±- e*a0l ( l +  1) 
2 J  2

3 M an vgl. hierzu I, S. 107 ff.
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F ü r  den  F a ll, dass m an  das w e llenm echan ische  n ich tlo k a le  P se u d o p o te n ­

t ia l  ------- фп[ zug runde  le g t, e rg ib t4 sich  fü r die E nerg ie  des V a len ze lek tro n s

e =

+

I / *  (r) H , f  (r) dr +

_________ 1_________

i -  2  l ( ? W ) l 2
n '= l+ 1

2  l ( W ) | 2  [  f *  ( r )  H,f(r)  dr
tï=i+ 1 J

— ^  |(<?V/,/)|2
n ' = i + l

w o d er e rw e ite rte  H a m ilto n  O p e ra to r  Hi  fo lgende B ed eu tu n g  h a t

J .  .  d 2
2

II, = ------- e2a0 - 1 2 /(/ +  1)■ ez a n —-------- - eF
d r2 2

u n d  ((fn’h f ) W4e üb lich  das U b e rla p p u n g s in te g ra l bezeichnet, also

(4)

(5)

(Vn'iJ) =  Í t ä i f d r  (6)
о

is t.
M an k an n  n u n  in  e rs te r  N äh e ru n g  f ü r /  d e n  einfachen  A n sa tz  m achen

f =  A r ” e~Ar, (7)

wo A  eine N o rm ie ru n g sk o n stan te  b e d e u te t u n d  x sowie Я V a ria tio n sp a ra m e te r  
bezeichnen , die aus d er M in im um sforderung  d e r  E nerg ie  zu b e s tim m e n  sind .

M it d iesem  A n sa tz  w ird  die E n erg ie  sch o n  g u t a p p ro x im ie r t. F ü r  die 
E ig e n fu n k tio n  e rh ä lt  m an  jed o ch  n u r  fü r das äu ssers te  so g en an n te  H a u p t­
m ax im u m  eine gu te  N äh eru n g , im  In n e re n  des A to m s kann  j e d o c h / 2 n u r  e inen  
M itte lw e rt des V erlaufes des e x a k te n  rad ia len  E ig e n fu n k tio n sq u a d ra te s  geben . 
E in e  auch  im  In n e re n  des A tom s seh r gu te  A p p ro x im a tio n  fü r  die E ig en ­
fu n k tio n  e rg ib t sich , w enn m an  die E ig e n fu n k tio n  (7) a u f die E ig e n fu n k tio n e n  
d e r  R u m p fe lek tro n en zu stän d e  m it g leicher N eb en q u an ten zah l o rth o g o n a lis ie rt.

Z ur P rü fu n g  d er P seu d o p o te n tia le  w ollen  w ir das h ie r sk izz ie rte  V er­
fa h re n  in  e rs te r  N äh eru n g  a u f  das W asse rs to ffa to m  anw enden , d as  a llerd ings 
im  F alle  der s ta tis tisc h e n  P seu d o p o ten tia le  das ex trem ste  B eisp ie l d a rs te llt;  
fü r  dieses A tom  w äre ein V ersagen  d ieser P o te n tia le  zu e rw a rte n .5

4 P. G o m b á s ,  I, S. 1 2 0 .

5 Berechnungen dieser A rt für das W asserstoffatom  m it einem Pseudopotential 
das sich von (2) nu r in Glieder, die von höherer O rdnung klein sind, un terscheidet, w urden 
schon früher von A n t o n c i k  (Czechosl. Jo u rn . Phys. 7, 118, 1957) durchgeführt.
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M it dem  P se u d o p o te n tia l G ;  g e s ta lte n  sich  d ie T erm b erech n u n g en  ae» 
W asse rs to ffa to m s se h r  e in fach . N a tü r lic h  sind  h ie r  n u r  die a n g e re g te n  Term e 
von  In te re sse , denn  fü r  die bei v o rg eg eb en er N e b e n q u an ten zah l jew eils  tie fs ten  
T erm e , d .h . l s - ,  2p-, 3d-,  . . . Z u s tän d e  is t  G ;  =  0  u n d  das V e rfah ren  fü h r t  in  
d iesen  F ä llen  bei d em  A n sa tz  (7) d e r  E ig e n fu n k tio n  zu  den e x a k te n  E n erg ien  
u n d  E ig e n fu n k tio n e n . E s  kom m en also  n u r  die a n g e reg ten  Z u s tän d e  in  F rage , 
be i d e re n  B erech n u n g  m a n  so zu v e rfa h re n  h a t, d ass  m an  a n n im m t, dass die 
t ie fe r  liegenden  Z u s tä n d e  m it d e rse lb en  N eb en q u an ten zah l, w ie d e r  zu b e ­
rech n en d e , voll b e se tz t  s ind . M an w ird  also z .B . b e i d er B erech n u n g  des 3 s -  
Z u sta n d e s  des H -A to m s das P se u d o p o te n tia l so w äh len , als ob d ie  Z u stän d e  
l s  u n d  2 s  vo ll (d .h . m it  je  zwei E le k tro n e n )  b e se tz t  w ären.

A u f diese W eise h ab e n  w ir m it  dem  s ta t is t is c h e n  P se u d o p o te n tia l G/ 
die E n erg ien iv eau s 2 s - ,  3 s - ,  4 s -  u n d  3p- des H -A to m s und  m it d em  wellen-

1m ech an isch en  P s e u d o p o te n t ia l------- ф  . die E n e rg ien iv eau s  2 s - ,  3 s -  u n d  3p- des
e

H -A to m s b e s tim m t. D ie R e su lta te  s in d  fü r  die V a r ia tio n sp a ra m e te r  d e r F u n k ­
tio n  (7) in  der T abe lle  1 u n d  fü r d ie  E n e rg ie ig en w erte  in  Tabelle 2 zu sam m en ­
g este llt. Z um  V erg leich  s ind  in  der T abe lle  2 au ch  d ie  em pirischen  E nerg ien  
a n g e g e b e n .6

Tabelle I

Die W erte der V ariationsparam eter x  und  A; die W erte fü r A in l/a 0-E inheiten

Mit Gi berechnet Mit Фп 1 berechnet

X Я
.

« А

2 s 2 0 , 3 7 4 2 , 8 0 , 5 6 5

3 s 3 0 , 2 2 5 , , 3 , 8 0 , 3 4 1

4 s 4 0 , 1 5 9 — —

3 P 3 0 , 2 6 8 5 3 . 8 0 , 3 5 5

Tabelle II

Die Energien einiger W asserstoffzustände m it G( und ФП1 berechnet und die empirischen 
Energien; alle E nergien in e2/a0-E inheiten

e m i t  Gi b e r e c h n e t e m i t  Ф,а b e r e c h n e t e e m p ir is c h

2 s 0 , 1 2 5 4 —  0 , 1 2 4 9 —  0 , 1 2 5 0 0

3 s 0 , 0 5 3 4 - 0 , 0 5 6 2 —  0 , 0 5 5 5 5 .  .

4 s 0 , 0 2 9 2 — —  0 , 0 3 1 2 5

3 p 0 , 0 5 8 1 0 , 0 5 5 5 3 —  0 , 0 5 5 5 5 . .

6 Bei der B erechnung des Зр-Zustandes m it dem G(-P o ten tia l haben w ir zunächst 
— um  dem  exakten V erlauf der E igenfunktion für kleine r-W erte Rechnung zu tragen — 
X =  2 gesetzt, w omit m an e =  —0,0560 e2/a0 erhält.
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A us einem  V erg leich  der in  d e r  Tabelle 2 angegebenen  E n e rg ie n  m it den  
em p irisch en  W erten  is t  zu  sehen, d a ss  die E n e rg ie n , die m an m it  dem  P seu d o ­
p o te n tia l  Gi e rh ä lt, d ie em p irisch en  fast eb en so g u t a p p ro x im ie ren  wie die

E n erg ien , die sich m it dem  w t-llenm echanischen P s e u d o p o te n t ia l------- Ф,,/ erge-
e

b en . D ies zeig t, dass in  d iesem  F a ll d a s  sehr ein fache s ta tis tisch e  P se u d o p o te n tia l 
Gi fü r  das genauere , b ed eu ten d  ko m p liz ie rte re  w ellenm echan ische  P seu d o ­
p o te n tia l  e inen  sehr g u te n  E rsa tz  d a rs te llt . D ies i s t  fü r den F a ll  des W asser­
s to ffa to m s sehr ü b e rra sch en d , d a  s ic h  in  diesem  F a ll  fü r die tie fe re n  E n e rg ie ­
z u s tä n d e  das B ese tzu n g sv erb o t im m e r n u r a u f  w en ige  Z ustän d e  b e z ie h t, deren  
s ta tis tisc h e  B ehandlungsw cise, die d em  P se u d o p o te n tia l zu g ru n d e  lieg t, n ic h t 
b e g rü n d e t w erden  k a n n .

M an k a n n  n u n  n o ch  w e ite rg eh en , indem  m a n  die so b e re c h n e ten  E ig en ­
fu n k tio n e n  nach  d em  S ch m id tsch en  V erfahren  o r th o g o n a lis ie rt.7 W enn  m an 
die o r th o n o rm ie rten  E ig e n fu n k tio n e n  m it <pnt b eze ich n e t, so h a t  m an

n — 1
<Pnl ' f n -  22 ((P n-h fn) cPn'l

n' =1+1
( 8 )

wo Cni den  N orm ieru n g sfak to r

Cnl
1

1 - V  ;
n’=l + 1

1 /2 (9)

u n d  (tpirhfn) w ieder das Ü b erlap p u n g sin teg ra l b eze ich n e t, also

W n - i J n )  =  j  < P % i , f n  dr  (10)
Ô

i s t .8
A u f diese W eise h ab en  w ir d ie  E ig e n fu n k tio n  des 2s- u n d  3s-Z ustandes 

in  e rs te r  N äh eru n g  b e re c h n e t. E s e rg ib t sich m it d en  au f G ru n d  des Pseudo- 
1

p o t e n t i a l s -------фп1 b e s tim m te n  E ig e n fu n k tio n e n  eine  p ra k tisc h  vollkom m ene

Ü b ere in s tim m u n g  m it den  e x a k te n  E ig en fu n k tio n e n . M it den a u f  G rund  des 
P seu d o p o ten tia ls  Gi b e s tim m te n  E ig e n fu n k tio n e n  is t  die Ü b ere in stim m u n g  in  
d ieser e rs te n  N ä h e ru n g  in sb eso n d ere  in  den äu sse ren  G eb ie ten  des A tom s 
b e d e u te n d  sch lech te r.

D ie D u rch fü h ru n g  des g rö ss ten  Teiles der n u m erisch en  R ech n u n g en  v e r ­
d a n k e n  w ir F rl. Zs. O zoróczy .

7 Man vgl. hierzu I , S. 103 ff.
8 S t a t t /  haben wir hier f n geschrieben, um anzudeuten , dass sich diese E igenfunktion 

au f den Z ustand m it der H aup tquan tenzah l n  bezieht.
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ОБ ИСПЫТАНИИ МЕТОДА ПСЕВДОПОТЕНЦИАЛОВ В СЛУЧАЕ 
АТОМА ВОДОРОДА

П .  Г О М Б А Ш  и  О .  К У Н В А Р И

Р е з ю м е

Различными потенциалами запрета заполнения, как  статистическим, так и вол­
ново-механическим, вычисляются некоторые состояния атома водорода. Результаты вы­
числений сопоставляются. Из сопоставления вытекает, что наряду с волново-механи­
ческим потенциалом запрета заполнения и статистический ведет к очень хорошим ре­
зультатам, хотя у последнего можно было бы ожидать отказа от службы, так  как атом 
водорода для этого представляет экстренный пример.
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C O M M U N I C A T I O N  E S  B R E V E S  

EFFECT OF CONCENTRATION 
ON FLUORESCENCE SPECTRUM OF EOSIN

By

S. S. R atHI and M. K . M achw e

D E P A R T M E N T  O F  P H Y S I C S  A N D  A S T R O P H Y S I C S ,  U N I V E R S I T Y  O F  D E L H I ,  D E L H I - 7 ,  I N D I A

(Received 12. I. 1967)

In troduction

F rank  an d  V avilov  [1], b y  assum ing  th e  c o n fig u ra tio n  quench ing  to  
b e  su p erim p o sed  on collision quen ch in g , w e re  ab le  to  e x p la in  th e  e x p e ri­
m e n ta l re su lts  fo r th e  fluorescence y ield  in th e  p resence of a fo re ign  q u en ch er. 
T h is  th e o ry  has also been  used  to  exp lain  th e  c o n c e n tra tio n  quench ing  o f  
fluorescence. B u t in  m an y  in stan ces th e  e x p e rim e n ta l resu lts fo r  self-quench ing  
show  a dev ia tio n  from  th e  above th eo ry . I n  o rd e r to  e x p la in  th e  observed  
se lf-quench ing , F . P e r r in  [2], p u t  fo rw ard  th e  following re la tio n :

Q =  Q0 - e - kC,

w here Q0 and  Q a re  th e  yields of fluorescence in  th e  u n ex tin g u ish ed  and  e x t in ­
g u ish ed  s ta te s  re sp ec tiv e ly , c is th e  c o n c e n tra tio n  of th e  f lu o re sc e n t su b s ta n c e  
a n d  к is a c o n s ta n t w hich d e te rm in es  th e  q u en ch in g  p ro b a b ili ty  of an ex c ited  
m olecule  b y  an  u n e x c ite d  m olecule o f th e  sa m e  k ind .

E osin  in  so lu tio n  can  ex is t as n e u tra l  m olecules, m o n o an io n s, d ian io n s 
a n d  d im ers, an d  in  a given so lu tio n  th e  p ro p o r tio n  of each v a r ie ty  will d ep en d  
u p o n  th e  c o n cen tra tio n  of th e  dye . H ence , a change in  th e  n a tu re  o f th e  
fluo rescence  sp e c tru m  w ith  co n c e n tra tio n  is expected . T h e  p re se n t in v e s tig ­
a tio n  was u n d e rta k e n  to  s tu d y  th e  flu o rescen ce  sp ec tru m  fo r  h igher co n cen ­
tra t io n s  of E o sin  an d  also to  check  th e  v a l id i ty  of P e r r in ’s fo rm ida u n d e r  
th e se  cond itions.

E xp erim en ta l

T he ex p e rim en ta l a rra n g e m en t used fo r  fluorescence in te n s i ty  m e a su re ­
m en ts  is th e  sam e as th a t  em ployed  in  our e a r lie r  in v es tig a tio n  [3]. T he f lu o r ­
escen t and  tra n s m itte d  in ten s itie s  are m e a su re d  b y  th e  n u ll  m ethod , u s in g  
p h o to e lec tric  cells. T he fluorescence  of E osin  b lu e  in  G ly ce rin e -W ate r m ix tu re  
(5 0 —50 %  b y  vo lum e) ex c ited  b y  th e  m e rc u ry  w av e-len g th  A =  5460 Á  is 
reco rd ed  b y  a H ilg e r’s c o n s ta n t d ev ia tio n  sp ec tro g rap h  a n d  th e  fluo rescence  
sp e c tru m  in ten s itie s  o b ta in ed  u sin g  a reco rd in g  m ic ro p h o to m ete r.
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R esu lts an d  d iscussion

F ig . 1 show s th e  sp ec tru m  o f E o sin  flu o rescen ce  for c o n cen tra tio n s  
1 : 7.5 X 10 ~6 g/c.c., 2 : 2 . 5 x l 0 -5 g /c .c . an d  3 : 7 . 5 x l 0 ^ 5 g/c.c. I t  can  be 
seen t h a t  th e re  is a m a rk e d  d ifference  betw een  th e  fluorescence  sp ec tra  
fo r c o n c e n tra tio n s  1 a n d  3. I t  a p p e a rs  th a t  th e  sp e c tru m  in te n s i ty  curve 
3 re su lts  fro m  su p er-im p o sitio n  of tw o  in te n s ity  cu rv es , one hav ing  i ts  m axim -

Д
Fig. 1. M icrophotom eter record of the fluorescence spectrum  o f Eosin for concentrations 

1: 7.5 X  10 -G g/c.c., 2: 2.5 X  10 _5 g/c.c. and 3: 7.5 X  10 ~5 g/c.c.

urn  a t  A ~  5680 A in  th e  sam e reg ion  as curve 1 a n d  th e  o th e r  h av in g  
its  m ax im u m  a t  Д ~  6030 A  on th e  lo n g er w av e-len g th  side.

P a r k e r  [ 4 ]  has o b se rv ed  a single m ax im u m  in th e  fluorescence sp e c tru m  
o f E osin  in  g lycerine  a t  A ~  5650 A .  B u t he has r e p o r te d  tw o p eak s  in  th e  
d e lay ed  fluo rescence  o f E o sin , one a t  A ~  5650 À due to  fluorescence a n d  the  
o th e r  a t  A ~  6890 A  due to  phosphorescence . T he p e a k  a t  Я ~  5680 A  in  th e  
p re se n t in v e s tig a tio n  co rresponds to  P a r k e r ’ s  p eak  d u e  to  fluorescence. 
As th e  in te n s i ty  o f th e  p e a k  a t  A ~  6030 A  in  th e  s p e c tra l  in te n s ity  cu rv e  3 
is co m p arab le  to  th a t  o f  th e  p eak  a t  A ^  5680 A an d  a lso , as th e  fo rm e r does 
n o t  lie in  th e  reg ion  of P a r k e r ’ s  second  p eak , th e  p o ss ib ility  of th is  p e a k  a t 
A ~  6030 A  b e ing  in te rp re te d  as due to  phosphorescence  is ru led  o u t. T h e  peak  
a t  A ~  5680 A o b ta in ed  w ith  low er co n cen tra tio n s  m a y  be due to  E osin  
d ian ions as E osin  is k n o w n  to  ex ist in  d o u b ly  ion ised  fo rm  in v e ry  d ilu te
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so lu tio n . B u t a t  h ig h e r c o n cen tra tio n s  th e re  m a y  he m ore m o n o an io n s a n d  
d im ers. T hese m ay  b e  responsib le  fo r  th e  p e a k  a t  Я ~  6030 Â  w h ich  ap p ears  
o n ly  a t  h igher co n cen tra tio n s . T h e  v iew  is su p p o r te d  by  th e  fa c t th a t  th e  
in te n s i ty  of th is  p e a k  increases w ith  in c reas in g  c o n c e n tra tio n . P a r k e r ’s 
fa ilu re  to  observe th e  p eak  a t  Я ~  6030 Â m a y  be  due to  th e  fa c t  th a t  th e  
c o n cen tra tio n s  used  b y  h im  w ere n o t  h igh en o u g h .

E osin  in  d ilu te  so lu tio n  ion ises as 2 N a + io n s  and  th e  r e s t  ca rry in g  tw o  
n e g a tiv e  charges, th e  ad d itio n  o f N aO H  sh o u ld , therefo re , g ive rise to  a

Conç.tg.ari3)

Fig. 2. Dependence of the relative fluorescence yield of E osin  on its concentration  in a glycerine-
w ater m ixture (50—50% vo lum e).---------E xperim ental cu rve; - - - - calculated  from P e r r i n ’ s

formula

ch an g e  in  th e  n a tu re  o f  th e  flu o rescen ce  sp e c tru m . H ow ever, we have o b ­
se rv ed  no change in  th e  sp ec tra l n a tu re  of th e  fluo rescence  of E o s in  on ad d in g  
N aO H  to  i t .  This ru le s  ou t th e  p o ssib ility  o f  th e  peak  a t  Я ~  6030 Â bein g  
in te rp re te d  as due to  m onoan ions. So th e  p e a k  a t Я ~  6030 Â w hich  
ap p e a rs  in  h igher co n cen tra tio n s  o f  Eosin m u s t  be due to  f lu o re sc e n t E osin  
d im ers.

F ig . 2 shows th e  v a ria tio n  o f  th e  fluo rescence  yield w ith  th e  co n cen tra ­
tio n  o f E osin  in so lu tio n . No se t o f  p a ram e te rs  h a s  been fo u n d  to  ex ist w hich  
w o u ld  m ake th e  e x p e rim en ta l d a ta  agree w ith  P e r r i n ’s fo rm u la  over th e  
e n tire  ran g e  of co n c e n tra tio n  em ployed . T he y ie ld  decay a p p e a rs  to  follow  
P e r r i n ’s fo rm ula in  th e  c o n c e n tra tio n  range 6 .0  X 10 ~e g/c.c. to  3.0  X Ю ~5 g/c.c. 
b ey o n d  w hich th e  y ie ld  decay is m u c h  less t h a n  w ould  be e x p e c te d  from  th is  
fo rm u la . This can be  exp la ined  b y  th e  flu o re sc e n t dim er fo rm a tio n . As b o th  
th e  m onom ers an d  d im ers fluo resce , w ith  th e  d im er fo rm a tio n  th e  effective
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c o n c e n tra tio n  w ill be  low er th a n  th e  a c tu a l  c o n c e n tra tio n  in  P e r r i n ’s fo rm ula . 
A n d  h ence , th e  fluo rescence  y ield  d ecay s less r a p id ly  th a n  is r e q u ire d  b y  
P e r r i n ’s fo rm u la .
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RELATIVISTIC TRIÓN MODEL FOR HADRONS

B y

K . L a d á n y i
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T his n o te  co n ta in s som e re m a rk s  ab o u t an  S 0 6 m odel of s tro n g  in te r ­
a c tio n s . A n a p p ro p ria te  descrip tio n  o f  th e  S 0 6 m o d e l is p ro v id e d  b y  th e  
tr ió n  th e o ry  o f B a c r y ,  N u y t s  and V a n  H o v e  [ 1 ,  2 ] .  In  th is  m odel th e  fu n d a ­
m e n ta l fie ld  is a (6 X 4 )-co m p o n en t t r ió n  spinor tm(xx), w here x(x =  1 . . .  4) 
an d  m(m =  1  . . .  6) in d ic a te  th e  D irac  sp in o r and  S 0 6-sp in  indices, re sp ec tiv e ly . 
A ccord ing  to  H e i s e n b e r g ’ s  suggestio n s [ 3 ,  4 ]  i t  w ill be assum ed  th a t  th e  
fie ld  o p e ra to r  tm(x x) sa tisfie s  a n o n lin e a r  sp in o r eq u a tio n . I n  a prev ious 
p a p e r [5] we have  co nsidered  th e  g e n e ra l sy m m e try  p ro p ertie s  ch a rac te riz in g  
th e  field eq u a tio n 1 2

-  i У'1 tm +  G°mnl 0<3  [T y>‘ tn (tm. y /t t„<) +
ОЛГ

+  T i y 5 yf‘ tn (tm- i y 5 y„ tn-)] "= 0 ’ ( ! )

w here T  is W ick ’s chronological o p e ra to r  and  th e  local in te ra c tio n  te rm  is 
defined  b y  th e  usual lim itin g  p ro ced u re . T he ex p lic it fo rm  of th e  m a tr ix  (VJ> is

0<3> = ( 2)

w here 0 an d  1 are th re e -d im e n s io n a l null and u n i t  m atrices, resp ec tiv e ly . 
B y  going over to  th e  “ v a riab le s”

X a (xx)  =  —  [ta (x x) +  t3+Q (x a )],
Zi

a = 1 , 2 , 3  ( 3 )

V j+n (x x) =  — —  [ta (x x) — t3+a (x «)],
Zi

1 The coupling constan t G has the dim ension of (leng th )2 and y5 =  y° y1 y2 y3
2 Sum m ation over repeated  indices is understood.
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i t  can  be  read ily  v erifed  th a t  eq . (1) is fo rm -in v a ria n t u n d er th e  tra n sfo rm ­
a tio n s o f th e  SOe g ro u p 3. In  a d d itio n , th e  in te ra c tio n  L ag ran g ian  is charac­
te rized  h y  GL(6, C)( ® GL(6, C ) ^  in v a rian ce4 w ith  GL(6, C / +) a n d  GL (6, C)*~*
re fe rrin g  to  th e  p o sitiv e  an d  n eg a tiv e  ch iral p ro jec tio n s  of th e  f ie ld  o pera to r 
im, re sp ec tiv e ly  [5].

T h e  d y n am ica l p ro p ertie s  o f th e  m odel m a y  b e  discussed b y  using th e  
c o v a r ia n t F ock  m e th o d  [6]. N o n p e rtu rb a tiv e  decom positions o f  th e  m any- 
p o in t a m p litu d e s  re su lt  in  a p p ro p ria te  ladderlike  ap p ro x im a tio n s . T h e  am pli­
tu d e s  o f  tr io n -a n ti tr io n  p a irs , c h a ra c te riz e d  b y  re s t  energy  x, sp in  s(s =  0, 1) 
an d  re p re se n ta tio n  R(R  =  1, 15, 2 0 " )  o f SOB [7], m ay  he consid ered  in  a 
re la tiv e ly  sim ple w ay . T he coup ling  o f tr io n s to  th e se  tr io n -a n ti tr io n  pairs 
are  c h a rac te rized  b y  th e  coup ling  c o n s ta n ts  (*:2). B y re q u ir in g  th e  ex is t­
ence o f  th e  local n o n lin ea r in te ra c tio n  te rm  o f th e  fie ld  e q u a tio n  (1) we o b ta in  
th e  fo llow ing sum  ru les

Sxs [g(1,1) (*2)]2 = ~
6

s*. [g(l'20'>(*2;

Sxi[g(0-1) (*2)]2 = ^ 2,

M s (0,2(r)(*2:

w here  th e  sym bol S x 2 d eno tes a com ple te  su m m a tio n  over th e  su b sc rip t x2 
( th e  su m m a tio n  in c ludes an  in te g ra tio n  \dx2 o v e r th e  con tinuous p a r t  of its  
range).

E q u a tio n  (1) is c o v a ria n t u n d e r  th e  tra n s fo rm a tio n s  of th e  y5 an d  S 0 6 
g roups. W e m a y  assum e, a long  th e  lines sugg ested  b y  H e is e n b e r g  [3, 4], 
N am bu  an d  J ona -L a sin io  [8], B a k e r  an d  Gla sh o w  [9] an d  m a n y  o thers, 
t h a t  th e  b reak d o w n  o f  th e se  sy m m etrie s  is sp o n tan eo u s . A gen era lized  ladder 
a p p ro x im a tio n  m a y  be  o b ta in ed  fo r  th e  F ock  a m p litu d e s  co rresp o n d in g  to  
tr ió n  sy stem s. T h e  effec tive-m ass o p e ra to r  an d  th e  genera lized  fo rm  factors 
o f tr io n s  a re  defined  as th e  so lu tions o f  a v a r ia tio n a l p roblem  re su ltin g  from  
th e  re q u ire m e n t o f  th e  o p tim a l convergence  of h ig h e r ap p ro x im a tio n s . D etails 
o f  th e se  ca lcu la tio n s  w ill be g iven  elsew here [10].

M g (1’15,(*2)]2 =  ^ 2,
(4)

- 71 .

Sxi [ g (0’15) ( * 2) ] 2 =  у Я 2,

(5)

3 S 0 6 is the  group of real ro ta tions w ith  determ inant one.
4 The noncom pact group GL(6, C) consists of all nonsingular com plex linear trans­

form ations in 6-dim ensional space.
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N ucleon Structure

Proceedings of the In ternational Conference a t  th e  Stanford U niversity , June 24— 27, 1963, 
edited by R. H ofstad ter u. L. J . Schiff, p. X  +  421, Stanford U niversity  Press, S tanford , 1964.

The Conference a t S tanford of which the lectures are contained in th is book, was devoted 
m ainly to the s tructu re  of the p ro ton  and the neu tron . The invited papers dealt w ith  th e  theo­
retical background, nucleon form  factors, re la tiv istic  deuteron theory , the most recen t experi­
m ental results on electron and positron sca ttering , theory of strong  interactions, sym m etry  
properties of elem entary particles and their in terac tions, electrom agnetic and weak in teraction  
form  factors, and  anti-nucleon effects. One th ird  of the book deals w ith  contributed  papers 
on a wide va rie ty  of theoretical and experim ental topics.

Thanks are due to the editors th a t w ith  th e  publication of th is volume they  have made 
these lectures, delivered by outstand ing  physicists, available to a large public.

P . G o m b á s

A. A . Sokolov : E lem en tary  P articles

translated  from  original in R ussian by  W. E. Jo n es , p. VI +  75, Pergam on Press, O xford etc., 
The Macmillan Company, New York, 1964. Price: 10.— s.

This little  book gives an excellent survey  of the experim ental facts and the theory  of 
elem entary particles w ith a m inim um  of m athem atics. I t  contains the following chapters: 
Prediction of th e  positron by D irac and its experim ental discovery; Nucleons and pions (nuclear 
field quanta); B eta-disintegration and the d iscovery of the neu trino ; The problem of the non­
conservation of th e  parity ; “ A bandoned and stran g e”  particles, “ resonons” .

I t  is w ritten  in a very clear style and can be recommended to  all those who w an t to 
gain an insight into this very im portan t field of physics w ithout becoming involved in too 
much m athem atics.

P. G o m b á s

R . B rout  a n d  P. Ca r r u t h e r s : L ectu res on  the M an y-E lectron  P rob lem

(10th volum e of the Interscience Monographs and  Texts in Physics and A stronom y edited 
by R. E. M arshak) V III +  204, Interscience Publishers, New Y ork, London, Sydney, 1963.

This book is based on a course given by  R . B r o u t  at Cornell U niversity  on th e  many- 
body problem  w hich dealt m ainly w ith the following two subjects: th e  firs t is an in troduction  
to  the linked cluster developm ent of the m any-body perturbation  theo ry  w ith a parallel deve­
lopm ent in classical statistics, quan tum  ad iabatic  zero tem perature theory , and finally quan tum  
statistics; th e  second is a developm ent of th e  m any-electron problem  from the plasm a point 
of view.

The book is divided into the following chap te rs: 1. The m any-body problem in classical 
mechanics, 2. Field theoretical methods; linked  cluster expansion, 3. Electron correlation; 
quantum  m echanical trea tm en t, 4. Dielectric form ulation  of the m any-body problem , 5. Appli­
cation to the theory  of m etals.

The book is w ritten  very  clearly and can be recommended w arm ly to all scientists 
working in th is field and also to students who w an t to become acquain ted  w ith this b ranch  of
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study. The reader will only regret th a t  the authors* as they  say in the  Preface, had neither 
tim e nor space to  w rite fu rther on some of the m ore elegant developm ents of m any-body 
theory  or on the beautifu l applications th a t have been found in physical problems.

P. G o m b á s

P. R o m a n : A dvanced Q u a n tu m  Theory

X IV  -f~ V35, A ddison—Wesley Publishing Comp. Inc., Reading, M assachusetts, 1965.
Price: 17.50 $

The au th o r explains the purpose of this book in the Preface as follows: “ I observed 
th a t  there is dire need for a te x t which, although incom plete in m any w ays, is unified in sty le 
and presen tation  and  could lead the studen t, in a gentle m anner, from  th e  realm of basic 
quan tum  m echanics (in which he has already acquired a working knowledge) to the peaks 
of present day  research  m ethods and  concepts.”

I th ink  everybody teaching q u an tum  m echanics would agree w ith  the author, and  I 
th ink  he has filled a real gap in th e  lite ra tu re  very  successfully.

The book deals w ith  the following topics, P a rt 1 :1 . The fram ew ork of Q uantum  Theory. 
2. E lem ents of re la tiv istic  quan tum  mechanics. P a rt I I :  3. Potential scattering. 4. General 
form al theory  of collision phenom ena. P a rt I I I :  5. Sym m etry  transform ations and conserv­
ation  laws. 6. Some explicit applications of group theoretical m ethods in  quantum  theory . 
A ppendices: 1. L inear algebra of H ilbert space, 2. The rudim ents of group theory, 3. Some 
properties of the D irac equation, 4. On Green’s functions.

P .  G o m b á s

H . M u i k h e a d : The Physics o f E lem en ta ry  P a rtic le s

X V I -f- 738, Pergam on Press, O xford, London, E d inburgh , New York, Paris , F rankfurt, 1965.
Price: í i  7.

This is an excellent book for everybody who w an ts to get fam iliar, w ithout too m uch 
m athem atical form alism , w ith th e  theory  of e lem entary  particles. I t  is intended for p o s t­
graduate  studen ts and  for experim entalists working in  high energy nuclear physics.

The book deals w ith  the following topics: The discovery and classification of elem entary 
particles, the in trinsic  properties of th e  particles, prelim inaries to  a quantized  field theory , 
the quan tum  theo ry  of non-in teracting  fields, the sym m etry  properties of free fields, the  
in teraction  of fields (wave functions, phase shifts and poten tia ls, the  S -m atrix , specific form s 
for the S -m atrix , th e  invariance properties of in terac ting  systems, dispersion relation and  
related  topics), electrom agnetic in teractions, the weak in teractions, strong  interactions (reson­
ances and strange particles, reactions).

A lthough the physics of e lem entary  particles is developing rap id ly  I am convinced 
th a t  this book will be a standard  w ork in this field for a long tim e to  come.

P .  G o m b á s

A. A. So k o l o w , J .  M. L o s k u t o w  und  I . M. T e r n o w : Q uan tenm echan ik

(aus dem Russischen übersetzt von D ipl.-Phys. H. Fischer, in deutscher Sprache herausgegeben 
von G. H eber), Akademie Verlag, Berlin, 1964.

Das Buch g ib t eine system atische D arstellung der Q uantenm echanik. Es zergliedert 
sich in drei K apite l. Das erste befasst sich m it der n ich t relativistischen W ellenmechanik, 
wobei viele A nw endungsm öglichkeiten behandelt w erden und zwar n ich t n u r die S tandard ­
fälle sondern auch andere, wie z. B. die Grundlagen der Theorie der Festkörperphysik. Im  
zweiten K apite l w erden die re lativ istische Q uantenm echanik, die Theorie der Atome m it m eh r­
eren E lektronen, sowie die E lem ente der Theorie der Moleküle gebracht. Das dritte  K ap ite l 
behandelt die G rundzüge der K ernphysik , der zweiten Q uantelung und der E lem entarteilchen­
theorie.

Die G rundlage dieses ausgezeichneten Lehrbuches bilden die V orträge von Professor 
A .  A .  S o k o l o w , die er an der Physikalischen F ak u ltä t der Moskauer S taatlichen  Lomonossow-
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U niversitä t seit 1945 h ä lt. Es en th ä lt eine Reihe von  Ü bungen in F o rm  von sehr gu t au s­
gew ählten Aufgaben, die dem Leser eine selbstständige M itarbeit erm öglichen. Das B uch is t 
d idak tisch  vorzüglich aufgebaut, die Darstellungsweise is t sehr leicht verständ lich , die Problem e 
sind bis in die E inzelheiten durchgerechnet. Es wird n ic h t nu r den S tudierenden, sondern auch 
den H ochschullehrern zu ihren Vorlesungen sowie fü r die A tom physikern  in ih rer 
Forschungsarbeit ein erstklassiges H ilfsm ittel dars te llen ; es re ih t sich in  die besten  
Bücher au f diesem G ebiet ein. D urch die deutsche A uflage w ird erfreulicherweise dieses hervor­
ragende W erk einem w eiteren grossen K reis von P hysikern  zugänglich gem acht.

P. G o m b á s

A. S. D a v y d o v : Q u an tu m  M echanics

(aus dem  Russischen übersetzt von D. te r  Haar), X IV  +  680 S., P ergam on  Press, O xford, 
London, E dinburg , New York, Paris, F ra n k fu rt, 1965. P rice : 90 s.

Dies is t eines der besten B ücher u n te r der grossen Auswahl von B üchern  über Q uanten­
m echanik. E s wird darin  ein grosses Gebiet der Q uantentheorie in sehr übersichtlicher un d  
gründlicher Weise bearbeite t. Die üblichen Probleme bilden die G rundlage, an die sich viele 
w eitere anschliessen, die in Büchern über Q uantenm echanik nur teilw eise und selten oder 
m eistens überhaup t n ich t vorzufinden sind. Von diesen m öchten wir n u r die folgenden nennen: 
die D ichtem atrix  und  ihre A nwendungen, zero-Spin Teilchen in der re la tiv istischen  Q uanten­
m echanik, S-m atrix  Theorie, N eutronenstreuung, Theorie der chemischen K räfte , G rundlagen 
der Theorie der Festkörperphysik, zweite Quantelung.

Vom Ü bersetzer wurden cca 200 Aufgaben hinzugefügt; die sehr g u t ausgewählt sind 
und  zum  Selbststudium  wesentlich beitragen.

Es sei hier auch auf ein kleines Versehen hingewiesen. Auf S. 358 w ird  behaupte t, dass 
die zur Zeit genauste Lösung der T hom as—Ferm ischen Gleichung die von  B u s h  und C a l d w e l l  
(1931) sei. Dies ist jedoch nicht der Fall, denn seither existieren wesentlich genauere Lösungen 
(m an vgl. Flügges H andbuch  der Physik  Bd. 36. S. 126 ff., Springer, B erlin—G öttingen— 
Heidelberg 1956).

Dieses B uch w ird sowohl fü r den jungen S tudierenden als auch  fü r den auf diesem  
Gebiet arbeitenden Physiker ein äusserst wertvolles H ilfsm ittel darstellen.

P. G o m b á s

T . A. L i t t l e f i e l d  a n d  N . T h o r l e y : A to m ic  and N u c lea r Physics

(An Introduction),
p. V III +  436, D. V an N ostrand Company L td ., London, Toronto, New York, P rinceton

(New Jersey), 1963.

Die Verfasser setzen sich zum  Ziel den Leser in  die Physik d e r A tomhülle und  des 
A tom kerns m it m öglichst m inim alem  m atem atischen A ppara t einzuführen. Es gründet sich 
au f Vorlesungen für S tundenten  in den ersten  Sem estern an  der U n iversitä t Newcastle. In  A nbe­
tra c h t der ungeheueren Fülle des Stoffes können n a tü rlich  in dem sehr eng begrenzten Volum en 
überall nu r die grundlegenden E xperim ente und die empirischen Feststellungen gebrach t 
w erden. Von den theoretischen G rundlagen werden höchstens die e lem en tarsten  Begriffe u n d  
Zusam m enhänge erw ähnt, was bei der bewussten M eidung des m athem atischen  A pparates, 
auch n ich t anders zu erw arten ist. Am Ende von jedem  K apitel befinden sich gu t ausgew ählte 
Aufgaben, an H and  deren sich der Studierende in das Gebiet e inarbeiten  kann. Die V er­
breitung des Buches w ird sehr sta rk  von den A nsprüchen abhängen, die die verschiedenen 
U niversitäten  an ihre S tudenten in  den ersten Sem estern stellen.

P. G o m b á s

W . A. H a r r i s o n : P seudopo ten tia ls  in  th e  Theory o f  M etals

p., XVI - j -  336 W. A. B enjam in Inc., New Y ork , A m sterdam , 1966. $ 12.00

Dies Buch g ib t eine teilweise Ü bersicht der P seudopotentialm ethode und deren v iel­
seitigen Anwendungen auf dem Gebiete der Theorie der Metalle. Es is t  leicht verständlich  
geschrieben und um fasst eine grosse Fülle von A nw endungen, w oraus hervorgeht, dass die 
Pseudopotentialm ethode heute in der M etalltheorie eine der w ichtigsten M ethoden dars te llt.
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A usser diesen Vorzügen w eist jedoch dieses Buch einen erheblichen Mangel au f: Nach 
der D arstellung des A utors scheint die Pseudopotentialm ethode m it den wellenmechanischen 
B esetzungsverbotoperatoren d u rch  P h i l l i p s  u n d  K l e i n m a n  (1959) begründet w orden zu  sein. 
Dass die M ethode m it diesen O peratoren ta tsäch lich  schon bedeu tend  früher von  F é n y e s  
in 1943 begründet und von S z é p f a l u s y  in 1955 von  der W ellenm echanik her fast au f  dieselbe 
Weise w ie von P h i l l i p s  und  K l e i n m a n  hergeleite t wurde, scheint dem  Verfasser vollkom m en 
unbekann t zu sein.

E benso nim m t der V erfasser keinerlei N otiz  davon, dass die keinesfalls unw ichtigeren 
sta tistischen  Pseudopotentiale (die später die V eranlassung fü r  F é n y e s  und S z é p f a l u s y  
fü r die H erleitung der wellenm echanischen B esetzungsverbotoperatoren  gegeben haben ) von 
anderen A utoren  schon in  1935 entw ickelt un d  seither w esentlich ausgebaut w urden. Auch 
werden die zahlreichen A nwendungen dieser Pseudopotentiale insbesondere au f M etalle nir­
gends erw ähnt, obwohl die ganze einschlägige L ite ra tu r an einer allgemein zugänglichen Stelle 
und zw ar in  der neuen Auflage des H andbuches d. Physik Bd. 36/2, S. 168 ff. u . S. 208 ff. 
(Springer, B erlin, 1956) ausführlich angegeben is t. Mann sollte bei einer zusam menfassenden 
D arstellung eines Gebietes der Physik  m it m ehr O b jek tiv itä t und  Sorgfalt Vorgehen, denn  sonst 
bekom m t der Leser von diesem nur ein sehr einseitiges Bild.

P . G o m b á s
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