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CAROLO NOVOBÁTZKY 
OCTOGENARIO



Prof. K .  F . Novobátzky



K. F. NOVOBÁTZKY EIGHTY YEARS OLD

On the 3rd o f  M arch 1964 K . F . N ovobátzky, Professor o f Theoretical 
P hysics, w ill celebrate his 80th birthday. On th is occasion all H ungarian  p h ys ic is ts  
as well as his fr ien d s  and colleagues abroad express their sincere adm ira tion  and  
devotion and w ish  h im  fu r th er  good health so that he m ay continue his f r u i t fu l  
work in  the f ie ld  o f  science.

K . F . Novobátzky was born in  Tem esvár in  1884. A fte r  the com pletion o f  
his studies at the normal secondary school in  Temesvár he continued his s tud ies at 
the D epartm ent o f  M athem atics and P hysics o f  the Faculty o f  Sciences o f  B u dapest 
U niversity, where at that tim e R oland  Eötvös was the professor o f experim en ta l 
physics. A fte r  the end o f  the f ir s t  w orld war, during which he served as an  
artillery officer, he taught fo r  a while in  the country, later in  B udapest in  
secondary schools. A fter the end o f the second world war in  1945 he was inv ited  
to occupy the vacant chair o f  the D epartm ent o f  Theoretical Physics o f  B udapest 
U niversity. T h is  post he has held ever since. I n  1949 he has been elected a M em ber, 
and in  1958 Vice-President o f  the H u n g a ria n  Academ y o f  Sciences.

The scien tific  activity o f  K . F . N ovobátzky has alw ays been closely related  
to the most interesting problem s. A s  h is particu lar f ie ld  o f  research he chose two 
o f the most modern subjects i.e. the p h y s ic s  o f  fie ld s and  the theory o f  re la tiv ity . 
In  his scien tific  papers he always considers some fu n d a m en ta l problem , solv
ing  it in  his characteristically sim ple and  always orig inal m anner. W hen  
Novobátzky began his researches he had  to rely completely on h im se lf as in  the 
theory o f  f ie ld s  and relativity there was no tradition in  H ungary .

I n  several publications N ovobátzky dealt with the fo rm u la tio n  o f  a u n ified  
fie ld  theory. A fte r  Albert E in ste in  had show n in  the general theory o f  rela tiv ity  
that gravita tion  is closely connected w ith  the geometrical structure o f space, inves
tigations attem pting a geometrical in terpreta tion  o f  the electromagnetic f ie ld  started.

l* Acta Phys. H ung. Тот. X V I I .  Fasc. 1 —2.
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The relevant p a p ers  o f  N ovobátzky are characterized by the endeavour to avoid  
the in troduction  o f  the p h ysica lly  non-interpretable new d im ensions and unobserv

able quantities. H e has clearly seen that such investigations m u st not be restricted  
only to electromagnetic fie ld s , but that they m u st now also be extended to the m eson  
f ie ld  accom panying the elem entary particles.

I n  the early thirties research turned towards the quan tum  theory o f  electro
magnetic radia tion . Here the q u a n tum  m echanical treatment becomes rather com plic

ated, because the f ie ld  quantities are not independent o f  one another. I t  is know n  
that the theory m akes use o f  subsid iary conditions in  order to elim inate the su p er
flu o u s  f ie ld  com ponents. N ovobátzky rejected the subsid iary conditions w hich  
are p h ysica lly  m eaningless and  showed that the f i e ld  equations themselves e lim inate  
the superfluous components.

D ealing w ith  the electromagnetic f ie ld  Novobátzky also made im portant 
contributions. B ased  on the electromagnetic theory o f  light he gave a rigorous fo u n d 
ation to, and  developed further, the K irch h o jf theory o f  light d iffraction . The sim ple  
solution he gave to the old d ispu te  in  the electrodynamics o f  m oving dielectrics, is  
characteristic o f  h is grasp o f  the essential. T he  question o f  energy-m om entum  
relations have been clarified by h is use o f the methods o f the theory o f  rela tivity . 
B y  dem onstrating the fac t that electromagnetic stresses,which are present in  v a c u u m , 
also accelerate m ass, nam ely the inertia l m ass o f  the electromagnetic radiation , 
he was able to derive the equations o f  motion o f  radiant energy.

D uring  the last ten years a great m any papers have been published by the 
most em inent p h ysic is ts  concerning the in terpretation o f  quan tu m  theory. N ovo
bátzky was am ong the f ir s t  researchers to jo in  these discussions. M a king  use o f  the 
variational p r in c ip le  he showed that one can arrive at the fu n d a m en ta l equation  
o f  quan tum  m echanics, the Schrôdinger equation, in  a p u re ly  mechanical w ay, 
ivithout a n y  recourse to optical or wave-theoretical analogies. The method proposed  
by N ovobátzky touches not only questions o f  interpretation as is shown by the 
fa c t that he was able to carry out a consistent sta tistica l treatm ent o f  the relativistic  
quantum  theory.

O nly some o f  the more im portant results o f  K . F. N ovobátzky’s sc ien tific  
activities are reviewed here. The analysis and detailed enum eration o f the whole 
o f  his work is not the task o f  th is short in troduction  all the more so as we m ay  
hope fo r  fu r th er  contributions.

T h is in troduction  would not be complete i f  it did not remember K . F . N ovo

bátzky, the teacher and pedagogue. Besides research work his long and active life

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.
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has been devoted to teaching. H is  pedagogic activ ity  is highly esteemed by a ll h is  

students.
H is  lectures at the U niversity  lead the students from  classical physics to the 

most advanced problems o f  modern physics. H e has written several text books and  
lecture-notes in  order to im prove university education. The in troduction o f  several 
subjects in  the curriculum  o f  H ungarian  u n iversity  studies is due to him . H e has 
gathered and educated a group o f  young a n d  enthusiastic researchers; some o f  
them now teach as professors and  carry on the researches in  the theory o f  f ie ld s  
and relativity in itia ted  by h im  in  H ungary.

T h is  issue o f  Acta P hysica  H ungarica  presenting the papers dedicated 
to h im  on his birthday by his students, coworkers, friends and  colleagues is m eant 
to serve as a tribute to Professor N ovobátzky’s services rendered to physics.

Budapest, 1964.
K . N agy

Acta Phys. H ung. Тот. X V I I . Fase. 1 —2.





THE EQUATIONS OF MOTION OF A RADIATING 
ELECTRON AND ITS LAGRANGIAN

B y

L. I n f e l d

INSTITUTE FOR THEORETICAL PHYSICS, WARSAW UNIVERSITY, WARSAW, POLAND 

(R eceived 23. X . 1963)

The equations of m otion of an electron m oving  in  an electrom agnetic field  are derived  
from a Lagrangian b y  taking into account the e lectron’s own retarded fie ld .

1. Introduction

W e consider th e  m o tion  of an  e lec tro n  in  an  ex te rn a l g iven  field. I f  w e 
re s tr ic t  ourselves to  th e  classical tre a tm e n t a n d  if  we do n o t ta k e  in to  a c c o u n t 
th e  ow n fie ld  of th e  e lec tron , th e n  th e  e q u a tio n s  of m otion  a re  sim ple. T h e y  
can  be easily  derived  from  a L ag ran g ian . W h a t h appens, i f  we tak e  in to  
acco u n t th e  own fie ld  of an  e lec tron?  T h e n , w e have  to  d is tin g u ish  b e tw een  
tw o possib ilities. 1. The ow n fie ld  is a s ta n d in g  field , th a t  is its  p o te n tia l is 
equal 1/2 ad v an ced  1/2 re ta rd e d . T hen  th e  eq u a tio n s  of m o tio n  are th e  sam e  
as i f  only th e  e x te rn a l fie ld  w ere p resen t a n d  th e re  is no ra d ia tio n . 2. T he f ie ld  
of th e  elec tron  can  be derived  from  e ith e r  a n  advanced  or re ta rd e d  p o te n tia l. 
T hen  th e  equ a tio n s of m o tion  change co n sid e rab ly . We a sk : could  th e  m o re  
com plica ted  eq u a tio n s of m o tio n  be d e riv ed  from  a L ag ran g ian ?

W e have asked  before [1] a sim ilar q u es tio n  concern ing  g ra v ita tio n a l 
ra d ia tio n  an d  we found  th e  L ag ran g ian  g iv in g  us the  ra d ia t iv e  term s. T h e  
considera tions here  w ill be som ew hat s im ila r. In d eed , th e y  ca n  be still fu r th e r  
generalized  so as to  include equ a tio n s of m o tio n  fo r any  field th e o ry  where r a d ia 
tio n  is p resen t. H ere, how ever, we shall r e s t r ic t  ourselves to  th e  case o f  an  
elec tron  in  a given e lec trom agnetic  fie ld . S ince all our consid era tio n s w ill be 
L oren tz  in v a r ia n t we shall use b o th  L a tin  a n d  G reek indices, th e  L atin  in d ices  
as su m m atio n  indices, and  th e  G reek as free  indices.

2. General remarks on the relativistic Lagrangian

W e assum e th e  re la tiv is tic  L a g ra n g ia n  fo r a m oving p artic le  as g iv en

L  •— - L ( x X s ) . ( 2 . 1)

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.
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H ere
dx  3

x'ß =  — ± - , dxa dxa —  — ds2 =  (d xa)2 , (2.2)
ds о

x 0 — ict , c — v e lo c ity  of lig h t =  1.

W hen  we v a r y  th e  in te g ra l

[ L  ds  (2.3)

w ith  re sp ec t to  x fl, w here Öxß vanishes a t  th e  end o f th e  eigentim e in te rv a l , 
we m u st n o t  fo rg e t th a t  th e  x ’t are no t a rb i t r a ry .  Indeed , th e y  fulfil th e  co n d itio n

* i * i + l  =  0 .  (2.4)

To o b ta in  a p ro p e r L ag ran g ian  in  w hich th e  x'ß can be  t r e a te d  as in d e p e n d e n t 
from  each o th e r  we m u st m odify  L  b y  a d d in g  to  i t  th e  le ft side o f th e  la s t  
eq u a tio n  m u ltip lie d  b y  a fa c to r , say  Л/2,

L *  — L  +  — (x ‘e x'e -f- 1) (2-5)
Zi

an d  change (2.3) in to

<5 J  L* ds =  0 , (2.6)
Si

w here th e  л a r ia tio n  has to  be p erfo rm ed  w ith  respect to  xß and  X. T h u s  ou r 
equ a tio n s o f  m o tio n  are:

w here
Y - ( X x ^ y  = 0 ,

=
QL T, — Э L

4
• -Lt*fif CD

(2.7)

(2.7a)

E q u a tio n s  (2.4) an d  (2.7) d e te rm in e  x ß and X. M u ltip ly ing  (2.7) b y  x ß 
we find  [2]:

xaIJ,a —  Xa(L,a,)' - f -  X' —  0  . ( 2 .8 )

I f  L  does n o t  depend  ex p lic itly  on s we c a n  in teg ra te  (2.8) and o b ta in

X =  x'a L ,a, =  L  +  c o n s tan t (2-9)

w hich re la tio n  rem inds us o f th e  energy  in te g ra l in  c lassica l m echanics.
As th e  m o s t tr iv ia l case we tak e  L  =  0. Then X =  const =  m  a n d  th e  

equ a tio n s (2.7) becom e sim p ly
m * ;  =  0 (2 .10)

Acta Phys. H ung. Torn. X V I I .  Fase. 1 —2.
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w hich  is th e  law  o f in e rtia . W e, therefo re , id e n tify  X w ith  th e  rest-m ass o f th e  
p a rtic le . I t  is c o n s ta n t, if  no ex te rn a l fie ld  is acting. In  th e  m ore genera l 
case, if  X =  m  depends on eigen tim e, X' — m ' is th e  change in  rest-m ass a n d  
X' х[, th e  change in  th e  energy m o m en tu m .

3. The Lagrangian for a m oving electron

W e assum e
L  =  e A a x ’a . (3.1)

H ere  e is th e  charge  of an  e lec tron  and  A  th e  fo u r-p o ten tia l o f th e  e lec tro 
m agnetic  field . T h en  ca lcu la tin g  X acco rd ing  to  (2.8) we f in d

X' =  0 (3.2)

an d  accord ing  to  our previous in te rp re ta tio n  o f X

X =  m  — c o n s ta n t. (3-3)

F o r our equ a tio n s of m o tio n  we f in d , because  A a is a  fu n c tio n  of x a :

mx'l =  e (A a,v — A v,a)x'a (3.4)
or

V ~  efv a x a •> fvg =  -A&,v A v,q, (3 .5)

w hich are  th e  w ell-know n eq u a tio n s of m o tio n  fo r  a charged p a r tic le  if  ra d ia tio n  
is n o t ta k e n  in to  accoun t. In d eed , in  th is  case  th e  change o f  th e  m echan ical 
energy  m o m en tu m  vanishes. F ro m  th e  law  o f conservation  o f  th e  m o m en ts  
we o b ta in  .the ra d ia tio n  v ec to r P

P„ =  X! x'v — 0 , (3.6)

W e now  ask : how  to  change th e  L ag ran g ian  in  order to  ge t th e  proper e q u a 
tions of m otion  i f  th e  own fie ld  o f th e  e lec tro n  w ith  the , say , r e ta rd e d  p o te n tia l 
is ta k e n  in to  acco u n t. T he eq u a tio n s of m o tio n  in  th is case, as i t  is well k n o w n , 
are :

m x"  =  e f va x'a +  —  e2 x " '
2
3

- « x a x a xv .

O r, because
(x'a x "a) ' =  0 =  x'á x'á +  x a x a -,

(3.7)

(3.8)

we can  w rite  (3.7) in  th e  form

m x" =  efva x a H------e2 x ’"  +  ■
3

e- xn (3.9)

w hich is en tire ly  eq u iv a len t to  (3.7).

A d a  Phys. Hung. Тот . X V I I .  Fuse. 1 - 2 .
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T he a d d e d  tw o la s t  expressions in  (3.7) and (3.9) on  the  r ig h th a n d  side 
are sm all (w e assum e) co m p ared  w ith  th e  firs t. L et us den o te  the  so lu tio n  of 
(3.5) b y  x v, x ' ,  x". T hen  i t  is im m ate ria l w h e th e r in  th e  la s t tw o exp ressions 
we in tro d u c e  x , x ',  x" o r x , x ',  x " .

T h ere fo re  we can w rite  instead  o f  x ' "  in  (3.7) x " ' :

Я Г  =  -  (L a Y  *« +  ~ L a  *a =   La,к »a *k +  ~ L a  (ЗЛО)
m m m  m

from  w hich  follows

mx"v =  efvax'a +  —-------- f VQ}b x'a x b
3 m

2
3

e°

m
/ * °n л О // // /

va x a ~T~ e x a x a x v (3.11)

I t  is ag a in  im m ate ria l w h e th e r  in  th e  la s t  th ree  exp ressions in  (3.11) w e p u t 
x , x ',  x"  o r x , x ’, x". E q u a tio n  (3.11) h a s  th e  a d v a n ta g e  over (3.7) a n d  (3.8) 
th a t  i t  does n o t co n ta in  h ig h er d e riv a tiv e s  w ith  re sp ec t to  s th a n  th e  second. 
T hus our p ro b lem  is to  f in d  a L a g ra n g ia n  giving us (3.11) when in  th e  la s t 
th ree  exp ressions th e  x , x ' ,  x" and  x , x ' ,  x" can be in te rch an g ed .

4. The Lagrangian leading to (3 .1 1 )

W e saw  in Section  3 th a t

L  =  e A a x'a (4.1)

w as th e  r ig h t  L ag rang ian  w hen  no ra d ia t io n  was p re se n t. In  the  case o f  r a d ia 
tio n  th e  co o rd in a tes  w ill b e  som ehow  in  th e  neighb o u rh o o d  of the  co o rd in a tes , 
w hen  ra d ia t io n  is n o t p re se n t. We assu m e  therefore  fo r  th e  case o f r e ta rd e d  
p o ten tia l

L (x  +  e a ) . (4-2)

H ere th e  a  a re  known  fu n c tio n s  of s, to  be  dete rm in ed  a t  th e  end of our c a lc u la 
tio n  an d  e is a sm all c o n s ta n t. N eg lec ting  consisten tly  a ll expressions p ro p o r
tio n a l to  £2 we m ay w rite  in s tead  of (4.2)

L (x )  +  eaa L ,a +  ea ' L ,a. =  e A a x ’a +  se A b a x'b aa +  ea'a e A a . (4.3)

W e s u b tr a c t  and  add
a a A 'a =  a a A a ,b x L  (4>4)

th e n  we h a v e

^ ( x )  =  L (x  +  ea) =  eA a x'a +  e e fab aa x'b +  (aa A a) ' . (4.5)

A d a  P hys. H ung . Тот. X V I I .  Fasc. 1 —2.
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A ssum ing th a t  th e  ôa, and  th e ir  d e riv a tiv es  v a n ish  a t  th e  end o f th e  eigentim e 
in te rv a l (Sj, s2), th is  is eq u iv a len t to

£>(x) =  e A a x'a +  sefab aa x b =  L +  A L ; A L  =  eeaaf ab x'b. (4.6)

W e fin d  th e  equ a tio n s of m otion  b y  c a lcu la tin g

( А Ц ъ  -  [ ( A L ) n ' \  =  s a a ef a b ,v x b —  £ (a a efa v )'  =

=  £ a a [e fa b ,.  +  efva ,b] x 'b ~  £ a a rfa v  =  £ и а ef vb,a 4  +  £4  e f va. (4 . 7 ) 

W e fin d , because of (2.8):

A' =  m' =  ea'a efab x'b . (4.8)

T herefo re  our equ a tio n s of m o tion  are

m x y =  ß fva Xa -(" efvb,a x b £Eia £f v a  £ a ci £fa b  x b x v  (^ * ^ )

W e see th a t  (4.9) an d  (3.11) are  id en tica l up  to  th e  order o f t 2 if  we rep lace
Fa by

2 e2
ea =  ---------

3 m

T hus as our r ig h t L ag rang ian  we fin d :

2 e3
3 >=  e A a x a +  —  ---- f a b  4  4  •

ó m

(4.10)

(4.11)

H ere th e  x ' have  to  be tre a te d  as know n fu n c tio n s . T hey  are g a in ed  b y  solv ing 
(3.5). T he L ag ran g ian  (4.11) gives us th e  r ig h t  equations o f  m o tion  for a 
ra d ia tin g  partic le . H ow ever, m, is n o t c o n s ta n t an d  m ' is d iffe ren t from  zero .

5. The Lagrangian leading to (3 .9)

Since th e  equ a tio n s of m o tion  c o n ta in  th ird  deriv a tiv es  w ith  re sp ec t 
to  e igen tim e we m u st consider a L a g ra n g ia n  w ith  second d e riv a tiv es  of x^ 
an d  assum e th a t  Ö x  as well as ô x '  van ish es  a t  th e  end of th e  in te rv a l (s15 s2) 
I f  L  is a fu n c tio n  of x v, x ' , x" th e n  th e  e q u a tio n s  of m otion a re :

К  -  ( К 'У  +  (L ,v-Y  -  W  =  0- (5.1)

E q u a tio n  (4.6) suggest for

J?{x) =  еА а  x'a +  га а х"а m . (5.2)

Acta Phys. Hung. Тот. X V I I .  Fase. 1 — 2.
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T herefore  th e  equa tions o f m otion  are

И T I  I И I I t l lmx„ =  ejva x a +  ema,. +  emaa x a x v. 

C om paring  th is  w ith  (3.9) we fin d  a g a in :

та" =  e- x " .

(5.3)

(5.4)

T herefo re  f in a lly  th e  eq u a tio n s  of m o tio n  following from  (5.3) a n d  (5.4) are 

mx"v =  efva x ’a +  e2 x "  +  ~  *e" x a x 'v (5 -5)

X' o b ta in ed  b y  m u ltip lica tio n  of (5.1) w ith  x'„ is

X' =  — em  a"a x'a.

B u t th e re  is one essen tia l d ifference betw een  (5.5) an d  (3.9). E q u a tio n s  
(3.9) are  o rd in a ry  d iffe ren tia l eq u a tio n s  o f the  th ird  o rd e r while (5.5) is o f the  
second o rd e r. T herefore som e of th e  k n o w n  d ifficu lties  connected  w ith  (3.9) 
are n o t p re se n t in  (5.5) w here x '"  is a w ell-know n fu n c tio n  defined  th ro u g h  
eq u a tio n s o f  m otion , w here ra d ia tio n  is absen t [3].

6. The transition o f  equations w ithout radiation to those w ith  it

L e t us go back  to  th e  consid era tio n s o f Section 4 . W e took  as one L ag ran - 
gian for m o tio n  w ith o u t rad ia tio n

L ( x , x ' ) = A ax'a (6.1)

an d  as th e  L ag rang ian  w ith  rad ia tio n

L (x  +  ea, x ' +  ea ') ^  e A a x'a +  eeaaf ab x ’b,
w here

(6 . 2)

(6.3)

T he sm all circles ab o v e  x , x \  A ,  L  re fe r to  th e  m o tio n  w ith o u t ra d ia tio n . 
T he sam e func tions an d  coo rd inates w ith o u t th e  circles to  th e  e q u a tio n s  of 
m o tion  w ith  rad ia tio n . T h e  eigentim e s is  th e  sam e in  b o th  these cases, since 
th e  change of

x  to  x  -)- ea (6.4)

Acta Phys. H ung. Тот. X V I I .  Fase. 1 —2.
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resu lts  in

x'a x'a in to  {Хц +  £«д) (x'a -f- ea'g) =  x ’a x'a , since x'a a'a ~  x'a x"a =  0 . (6 .5)

T herefo re  th e  tra n s it io n  from  a L ag ran g ian  w ith o u t ra d ia tio n  to  th a t  w ith  
one can  be ch a rac terized  b y  th e  following tra n s it io n :

X —у х  -f- a,

X x" =  rh x" —*■ m x"  =  Xx",

(6 .6 )

0 =  A' - 
2

~~ 3

i' =  A' =  —em an x n =  em an x n

о °г/ h 6~ X a X a
3 m 2

( f a b  x b)2 -

R em em bering  th e  defin itio n  o f L*  in  (2.5) we have as th e  defin ition  o f 
th e  energy -m om en tum  fou r-v ec to r:

=  L * ' =- e A fi +  m X L » (6.7)

=  L y  =  e A !, +  kxL -  ”  x'Jua  = e A n +  m*; -  ~  e2x"t .
6 m 6

T herefore

P L =  eA L +  [mx, +  / / m  * (6 .8 )

T he la s t expression in  (6.8) is responsib le  for th e  rad ia tio n . T h ere fo re  d en o ting  
th e  ra d ia tio n  fo u r-v ec to r by  Л P /t we have

A P '„ =  m ' x 'u =  —------ - (fab  x b)2 XL =  ~  e‘2 x a X "a XL-
6 m 1 6

(6.9)

To in te rp re t th e  re su lt physica lly  le t us in tro d u c e  c as th e  v e lo c ity  of lig h t. 
T he tran s itio n

» 2 e2 0
x  —*■ x  +  sa  =  x  -|--------- -— x ' , x0 =  ic t ;  ds2 =  — d x a d x a. (6.10)

W e deno te  by
3 me2

2 e2
3 me*

th e n  x  —>- x  -(- rx , (6 . 11)

w here r has th e  lin ear dim ensions o f th e  p a rtic le . Therefore, since

m e2 x'l =  efva x'a , (6 . 12)

Acta Phys. Hung. Тот. X V I I .  Fasc. 1 —2.
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we have

AP'„ =  ~  rmc x"a x"a x], =  —  r2 ( f ab x'bY  x\t
3 2 c

(6.13)

or in th e  u su a l th ree-d im ensiona l n o ta t io n , where th e  d o t denotes th e  diffe
re n tia tio n  w ith  respect to  tim e  and

have

/i2 ’ f i 3’ fi3~~y Н у, H x, V —> X, y , z,

/o n  /о2’ /оз ^  iE y , iE z,

(6.14)

1 - V2 l 3/ 2/ IP 'л р ; = 1 — E
3 .

E  +  —  (v xH )  
c

V2\3I2 V2 3 Í
С 1 — — A P ' = 1 ------- P =  —  r2

c2 J c2 2c )
£ + —  ( i  x H )  

c

2 1 - I
c2

(6.15)

2 - ± ( i . E )2\ v ,

w hich is th e  accep ted  expression  for ra d ia tio n  if  b y  r we denote 2/3 e2/mc2 
and  b y  E  th e  energy.
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У Р А В Н Е Н И Е  Д В И Ж Е Н И Я  И ЗЛ УЧАЮ Щ ЕГО  ЭЛ Е К Т РО Н А  И ЕГО Л А Г РА Н Ж И А Н

л. ИНФЕЛЬД

Р е з ю м е

При помощи функции Л агранж а выводится уравнение движ ения электрона, дви
ж ущ егося в электромагнитном поле, принимая во внимание собственное ретардированное  
поле электрона.
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BEITRAG ZUR RELATIVISTISCHEN KINEMATIK EINES 
STARREN PUNKTSYSTEMS

Von

T.  MÁTRAI

PHYSIKALISCHER LEHRSTUHL DER PÄDAGOGISCHEN HOCHSCHULE, EGER

(Vorgelegt von Z. Gyulai. — E ingegangen: 20. IX . 1963)

In einer vorläufigen M itteilung [1] gab der V erfasser bereits eine auf M. B o r n ’s G rundge
danken [2] beruhende Ableitung der L orentz-invarianten Bedingungen für die erzwungene B e 
wegung eines sich in endlicher E ntfernung voneinander befindenden starr verbundenen P u n k te
paares an. Es wurde hier untersucht, in  welcher W eise die klassisch-kinem atischen E igen 
schaften des starren Körpers durch das R elativ itätsprinzip  m odifiziert w erden , wenn der starre 
Körper nicht als M edium, sondern als aus Paaren von  M assenpunkten aufgebaut aufgefasst wird. 
Es gelang, auf elem entare W eise zu zeigen, dass das aus a llen möglichen V erbindungen zw ischen  
vier Punkten bestehende starre System  im allgem einen sechs und nicht drei Freiheitsgrade  
besitzt, wie dies auf Grund der HERGLOTZschen Überlegungen [3] aus den  sich auf M edien  
beziehenden BORNschen Bedingungen der erzwungenen Bewegung zu erw arten wäre. Mehr 
als vier Punkte jedoch können sich im  allgem einen n ich t so bewegen, dass jede Verbindung  
zwischen ihnen starr bleibt, ausgenom m en eben gerade den speziellen F a ll der sogenannten  
BORNschen Bewegung. E s gelang w eiter zu zeigen, dass in  dem  zuerst von  B o r n  beschriebenen  
starren Medium, dessen Punkte relativistische H yperbelbewegungen ausführen, notw endiger
weise euklidische innere Raum m etrik herrscht.

§ 1. Lorentz-invariante Bedingungen der erzw ungenen B ew egung eines starr 
verbundenen Punktepaares, und die Anzahl der Freiheitsgrade eines relativi

stischen starr verbundenen Punktepaares

Z ur B estim m u n g  des M asstensors m itte ls  m aterie ller M asstäbe u n d  
n a tü r lic h e r  U hren  m uss m an  jen e  allgem eine k o v a rian ten  B ed ingungen  fü r  
die erzw ungene B ew egung k en n en , w elchen die E n d p u n k te  des M asstabes, 
d . h. e in fach  ein s ta r r  v erb u n d en es P u n k tp a a r , b e i dem  m it d e r  L ängenm essung  
v e rb u n d en en  T ra n sp o rt genügen  m üssen. H erg lo tz  weist je d o c h  in  dem  o b en 
e rw äh n ten  P a rad o x o n  [3] d a ra u f  h in , dass d ie  B ornschen L o re n tz - in v a ria n te n  
G leichungen h öchstens h in re ich en d e  B ed in g u n g en  fü r die s ta r re  B ew egung des 
M edium s dars te llen . Z ur B estim m u n g  der zug le ich  no tw end igen  B edingungen  
is t es am  zw eckm ässigsten , die U n te rsu ch u n g en  zuerst a u f  das e in fachste  
P u n k tsy s te m , n äm lich  das eines P u n k te p a a re s , zu  b esch rän k en .

B o r n ’s B edingungen  fü r  die S ta rrh e it vere in fachen  sich  im  Falle eines 
P u n k te p a a re s  e in d eu tig  fo lgenderm assen: D ie Bewegung eines P unktes  P 2 
(r2 =  r2(0) kann  in  Bezug a u f  einen P u n k t Р г  (rt =  x f t ) )  als starr angesehen 
werden , wenn der von jedem  beliebigen, a u f  der W eltlinie von P.z gelegenen P u n k t  
Г2 =  r2(f>) m it der ( K oordinaten-)  Zeit t2 senkrecht a u f  die W eltlin ie  des P unktes
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P ± gezogene A bstand  s12 eine reelle nichtnegative K onstan te  ist, das h e is s t:

- % ^ - [ G ( G ) - G ( G ) ]  - c ^ [ h - t 2] =  0, (1,1)
ds1 ö S j

[G (*1) 2̂ (*2)]“ — C~ [G — *2] ' =  S12- (1»2)

In  d iesem  L o ren tz -in v a rian ten  F u n k tio n a l-G le ich u n g ssy stem  b e d e u te t  
s, den P a ra m e te r  der B ogen länge der W eltlin ie  des P u n k te s  P 1 bei jen em  W ert 
tx =  tyit.,) d e r  K o o rd in a te n z e it, der d u rc h  die sog. O rthogonalitätsbedingung
(1,1) e inem  gegebenen W e r t  von t2 »zugeordnet« w ird . D ie G leichung (1, 2) 
k an n  »sphärische« B edingung  genann t w erden .

In  d e r  R e la tiv itä ts th e o rie  bez ieh t s ich  also die D efin itio n  der S ta r rh e it  
n ich t a u f  d ie  R aum lage zw eier P u n k te  m it  gleicher K o o rd in a ten ze it.

D ie G leichung (1,1) k a n n  bei B erü ck sich tig u n g  d e r  B edingung r 2 <  c2 
auch  in  fo lgender e in fachen  (obwohl sch e in b ar n ich t in v a rian ten ) F o rm  a u f
geschrieben  w erden:

-dr^ -  [g  (Ü  -  G (G)] -  <2 [*i -  *2] =  0. (1,3)
dtj

W egen  d er E in w e rtig k e it der F u n k tio n  Xj =  Xj(t), j  =  1,2 k a n n  d*.2/d i1 
n ich t n e g a tiv  sein. M it d ie se r B ed ingung  lä ss t sich d ie  S ym m etrie  d e r fü r  j  
asy m m etrisch  e rsche inenden  B ed ingungen  (1,1) u n d  (1,2) le ich t zeigen. B ild e t 
m an  die A b le itu n g  der G l. (1,2) n ach  tx u n d  d iv id ie rt m a n  die so e rh a lte n e  
G leichung d u rc h  dt2/d iL, so e rh ä lt m an  u n te r  B erück sich tig u n g  von (1,3) die 
folgende G leichung:

[G (G) -  G (G)] -  e2 [G -  G] =  0. (1,4)
dt 2

D iese G leichung zu sam m en  m it d e r  »sphärischen« G leichung (1,2) d rü c k t 
dagegen d ie  a u f  den P u n k t  P 2 bezogene S ta rrh e it des P u n k te s  P 1 aus. I s t  also 
P 2 in  b ezu g  a u f  P j s ta r r , so  is t  auch u m g e k e h rt P x in  b ezu g  au f P 2 s ta r r ,  u n d  
da  die S ta r rh e it  w echselseitig  ist* k a n n  m an  ein fach  v o n  einem  sich  s ta r r  
bew egenden  P u n k te p a a r  sprechen .

D u rc h  S u b tra k tio n  v o n  (1,4) v o n  (1,3) e rh ä lt m a n  die sy m m etrisch e  
G leichung

[G (G) -  G (G)][G (g ) -  G (G)] =  Í1»5)

die e in fach  die re la tiv is tisch e  V erallgem einerung  d er k lassisch -k in em atisch en  
G leichung d e r erzw ungenen  B ew egung eines s ta rren  P u n k te p a a re s  P 15 P 2 d a r 
ste llt.

A d a  Phys. H ung. Тот. X V I I .  Fase. 1 —2.
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So wie in  der k lassischen  K in em atik  b e s i tz t  auch re la tiv is tisc h  ein starres 
P unktepaar  fü n f  F re ih e itsg rad e . N im m t m a n  näm lich  fü n f  R a u m k o o rd in a te n  
des P u n k tp a a re s , u . zw. alle d re i R au m k o o rd in a ten  des P u n k te s  P 15 je d o c h  
n u r  zwei des P u n k te s  P 2 als F u n k tio n e n  der (K oord ina ten -) Z e it als gegeben a n :

=  x i(th  У1 =  J i ( 0 .  zi =  2i(0> 

«2 =  X‘A Уг =  У'А1 ) »

( 1. 6)

so lä ss t sich die u n b e k a n n te  F u n k tio n  z2 —  z2(t) aus dem  G leichungssystem
(1,2), (1,3) m it H ilfe von  (1,6) fo lgenderw eise bestim m en. M it H ilfe von  (1,3) 
k a n n  die t =  »zugeordnete« K o o rd in a te  z2(t2) fo lgenderm assen  au sg ed rü ck t 
w erden :

— %(Ь) “1“ [m (íi )(m (íi ) xA h))  H-  ÿi{h )(y iih ) yA h))  

~~ c~(h li)]zi(b.) •
( 1, 7)

S e tz t m an  diesen A usdruck  fü r  z2(t2) in  (1,2) e in , so sind in  d er so e rh a lte n e n  
G leichung alle K o o rd in a ten  b e re its  b e k a n n te  F u n k tio n en  v o n  bzw. v o n  t2. 
S e tz t m an  die E x is ten z  einer u n d  n u r e iner reellen  W urzel i L voraus, so lä s s t  
sich aus dieser G leichung w enigstens im  P rin z ip  (falls n o tw en d ig  auch  m it  
H ilfe einer geeigneten  N äh erungsm ethode) je n e r  W ert d e r  K o o rd in a ten ze it 
I, des P u n k te s  P , e rm itte ln , dem  eben gerade  d er W ert t2 d e r  K o o rd in a ten ze it 
des P u n k te s  P 2 »entspricht« , also die F u n k tio n

h  =  h { h } -  (1 ,8)

S e tz t m an  dies n u n  w ieder in  (1,7) ein, so e rh ä lt  m an z2 =  z2(t2) bereits in  d e r  
gew ünsch ten  F o rm . Dieses V erfahren*  ü b e rzeu g t gleichzeitig au ch  davon, d a ss  
zu r B estim m u n g  von  z,(t) d ie A ngabe der fü n f  K o o rd in a ten , die in  (1,6) Vor
kom m en, n ich t n u r  h in re ich en d , sondern  a u c h  no tw endig  is t .  Die obige B e 
h a u p tu n g  bezüglich  der re la tiv is tisch en  K in e m a tik  daher als bew iesen b e tra c h 
te t  w erden k an n .

D a fü r xj =  0 (sowohl fü r  j  — 1 als a u c h  fü r j  =  2) R =  t2 ist, m uss die  
invariante Grösse s12 den A bsta n d  dl2 des P unktepaares voneinander bedeuten. 
K . N ovo batzk y  wies a u f  eine äqu ivalen t e, besonders e in fache  (sym m etrische) 
D efin itio n  der re la tiv is tisch  s ta r re n  B ew egung eines P u n k te p a a re s  h in . Sein er

* Hier und im  folgenden soll stets versucht w erden, die L ösung der sich ergebenden  
Funktionalgleichungssystem e auf die Bestim m ung der Lösung reeller Gleichungen zurück
zuführen, wobei die E xistenz von  reellen und einfachen Wurzeln s te ts  vorausgesetzt w ird. 
A uf die Untersuchung der Existenzbedingungen solcher Wurzeln kann hier nicht eingegangen  
werden.

2 A d a  Phys. Hung. Тот. X V I I .  Fase. 1 —2.
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D efin ition  nach ist ein P un k tep a a r im m er dann  als starr zu  betrachten, w enn  in  
jedem  A ugen b lick  ein Inertia lsystem  existiert, in  dem die klassische B ed ingung  
der Starrheit erfü llt ist, d. h. in  dem der A b sta n d  der zwei P u n k ten  voneinander  
zeitlich ko n sta n t ist. (E in  solches K o o rd in a ten sy stem  is t  z. B. ein S y stem , in 
dem  einer d e r  P u n k te  des P u n k te p a a re s  ru h t.)

Im  H in b lick  auf weiter u n ten  folgende Ausführungen sei hier bem erkt, dass die zehn 
Abstände dj^ zw ischen fünf im  euklidischen R a u m  ruhenden P unk ten  nicht unabhängig  
voneinander sind , sondern dass sie  die folgende D eterm inantengleichung stets befriedigen:

D et.(d fj +  dlk  -  d]k) =  0, j ,  к =  2 ,3 ,  4, 5. (1.9)

Dieser S atz  kann auch um gekehrt w erden: besteht (1,9) für beliebige fü n f P unkte  
eines ruhenden M edium s, so kan n  in  diesem M edium  die Metrik nur euklidisch sein.

§ 2. U ntersuchung einiger kinem atischen Beispiele

I. Bew egen sich zwei P unk te  P i, P 2 in  Bezug aufeinander a u f  einer in 
einem  In ertia lsystem  ruhenden Geraden m it gleicher und konstanter Geschwindig
keit b, so ist die Bewegung der beiden P u n k te  starr, u n d  ih re  R a u m v ek to ren  
befried igen  d ie  Gl. (1,2) u n d  (1,3). W ä h re n d  dieser B ew egung  zeigt n u n  das 
starre P u n k lep a a r  genau d ie  Lorentz— Fitzgeraldsche K ontraktion , also

=  d iV (l —  b2/c%  (2,1)

w obei je tz t  dl2 den A b s ta n d  jen e r zwei P u n k te  P 1 u n d  P 2 des In e rtia lsy s tem s 
b e d e u te t, d ie  zu  derselben  K o o rd in a te n z e it gehören.

II . Z w e i P unkte, die sich m it konstanter und gleicher Beschleunigung  
kollinear bewegen, können relativ zueinander nicht starr se in .

B ew eg t sich  näm lich  d e r  P u n k t P x m it  k o n s ta n te r  B esch leun igung  a e n t
lan g  der X-A chse  gem äss d e r  B ahng le ich u n g  x t =  at2/2, so kann  die B ah n  
x.ft.j) u n d  d a m it  auch d ie  B esch leun igung  a2 des sich  a u f  derselben A chse 
bew egenden  u n d  in  B ezug a u f  P 1 s ta rren  P u n k te s  P 2 m it d e m  im  Z usam m enhang  
m it den G in . (1,6)— (1,8) besch riebenen  V erfahren  a u f  elem entare  W eise 
b erech n e t w erd en . Die R e c h n u n g  e rg ib t

a = a . b +  s12-a (1 — 2 f -  2 /a)/c2  ̂
b +  s l z - a ( l  — f ) l c2

w obei
f  — aWjc2, b =  j / l  —/ 5.

L a u t d iesem  A usdruck  is t  f ü r  keinen ree llen  W ert von tx a2 — a, das b e d e u te t, 
d er in B ezug  a u f  den P u n k t P i  s ta rre  P u n k t  P 2 k ann  n ic h t d ie  gleiche B esch leu 
n igung  h a b e n  w ie Pv  D a m it  is t die obige B eh au p tu n g  bew iesen.

Acta Phys. H ung . Тот. X V I I .  Fase. 1 —2.
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Die obige A ussage f ü h r t  w eiter z u  der fo lgenden: I m  Gegensatz zu  der 
klassischen K in em a tik , ka n n  ke in  starres K oordinatensystem  konstruiert werden, 
in dem jeder beliebige P u n k t des System s sich in  Bezug a u f  das Inertia lsystem  
m it konstanter und  gleicher B eschleunigung bewegt.

I I I .  Das starre M ed iu m  m it Hyperbelbewegung u n d  seine innere M etrik

D er P u n k t P j bew ege sich  a u f  e in er re la tiv is tisch en  H y p e rb e lb ah n , d .h .  er 
bew ege sich z. B . en tlan g  d e r x -Achse des In e rtia lsy s te m s  in  der W eise, dass 
seine in  dem  augenb lick lichen  K o o rd in a ten sy stem  gem essene B esch leun igung  
s te ts  den k o n s ta n te n  W e rt a habe  [4]. V on einer a d d itiv e n  K o n s ta n te  ab g e 
sehen  e n tsp r ic h t dieser B ed ingung  die fo lgende B ahng le ichung :

c4
/ ----- +  C2-*2,

a 1
y 1 =  zi =  0- ( 2 ,2 )

(Die B ezeichnung  re la tiv is tisch e  H y p erbe lbew egung  s ta m m t b e k a n n tlic h  
d ah er, dass Gl. (2,2) in  d e r ( ict, я )-Е Ь епе eine W elth y p e rb e l d a rs te llt , de ren  
reelle H alb ach se  c2/a  u n d  d e ren  im ag in ä re  H albachse  cja  is t.)

B erechnen  w ir n u n  gleichfalls u n te r  A nw endung d e r im  Z u sam m en h an g  
m it den Gin. (1,7)— (1,8) angegebenen  M ethode die B ahng le ich u n g  des sich 
en tlan g  d er ж-A chse bew egenden  u n d  in  B ezug a u f  d en  P u n k t P x s ta r re n  
P u n k te s  P 2. D er A b stan d  zw ischen den  P u n k te n  P x u n d  P 2 sei s12. Die e lem en 
ta re  R echnung  e rg ib t

*2
/ c4 Y 1 aS12

a2 C2
+  c2 t2, J 2 =  *2 =  °-

(2,3)

E s zeig t sich in  Ü b ere in s tim m u n g  m it der F e s ts te llu n g  von M. B o r n , 
dass auch  P u n k t P 2 eine H y p erb e lb ew eg u n g  au sfü h rt, d ie reelle H a lb ach se

der H y p erb e l is t  jed o ch  n ic h t  c2/o, so n d ern ( l i 
as 12 /о. Die zw ei W erte

b ed eu ten , dass P u n k t  P 2 sich  en tw eder v o r  oder h in te r  d em  P u n k t P x b ew e
gen k an n .

E s soll n u n  w eiter u n te rsu c h t w erd en , ob die B ew egung  des sich  in  der 
(x, y )-E b en e  befin d en d en  P u n k te s  P 3, dessen  K o o rd in a ten

* 3  =  * 2 . У з —  d , Z3 =  0 (2,4)

s in d  —  w obei der P a ra m e te r  d  zeitlich  k o n s ta n t is t —  re la tiv  zu d em  sich 
en tlan g  d er ж-Achse bew egenden  P u n k t  P x als s ta rr  zu  b e tra c h te n  is t.

D ie linke  Seite  der fü r  die P u n k te  P x u n d  P 3 au fgesch riebenen  sp h ä r i
schen G leichung (1,2) e n th ä lt ,  w enn m a n  probew eise t3 =  t2 se tz t, im  V er

2* A da  Phys. H ung. Тот. X V I I .  Fase. 1 — 2.



20 т. mAtrai

gleich zu  dem  F a ll  der (ko llinearen) B ew egung von P , u n d  P 2 das zusätz liche  
G lied dr. Fo lg lich  is t Sj3 =  Sj2 +  d 2 k o n s ta n t u n d  erfü llt d ie sphärische G lei
ch u n g  (2,4). A usserdem  w ird  ab e r auch d ie  O rth o g o n alitä tsg le ich u n g  (1,4) 
b e fried ig t: D ie V erm u tu n g  t3 =  U b ew äh rte  sich  ja  bere its  b e i der E rfü llu n g  
d er sp h ärisch en  G leichung, u n d  da au sse rd em  y 3 =  z3 =  0, so d rü ck t die 
O rth o g o n a litä tsg le ich u n g  eb en  gerade die S ta r rh e it  der P u n k te  P 1 u n d  P , 
in  B ezug a u fe in an d e r aus.

D ie P a ra m e te r  s12 u n d  d  k ö n n en  als d ie  Z y lin d e rk o o rd in a ten  derjen igen  
re la tiv is tisc h e n  H y p erb e l u m  d ie x-Achse au fg e fasst w erden , a u f  der sich die 
P u n k te  des M edium s bew egen. G leichzeitig  i s t  auch  o ffensich tlich , dass zwei 
beliebige P u n k te  des M edium s, also auch  je d e s  aus belieb igen  fü n f P u n k te n  
geb ilde te  P u n k te p a a r , als s ta r r  zu  b e tra c h te n  is t.

A us (2,2) u n d  (2,4) e rg ib t sich  ferner, d ass  fü r  t =  0 d ie  G eschw indigkeit 
a ller fü n f  P u n k te  N ull is t. Z u  dieser Zeit m ü ssen  jedoch  säm tlich e  zw ischen 
den  fü n f  P u n k te n  b esteh en d en  E ig en ab stän d e  Sjk m it den R a u m a b s tä n d e n  der 
im  In e r tia lsy s te m  ru h en d en  P u n k te  ü b ere in stim m en . F ü r d iese m uss hingegen 
die B eziehung  (1,6) bestehen , w oraus fo lg t, dass die in  d e r  Z eit k o n s ta n te n  
E ig e n a b s tä n d e  Sjk auch (1,6) erfü llen  m üssen . Dies b e d e u te t,  dass in  dem  
starren K örper, dessen P u n kte  relativistische Hyperbelbewegungen ausführen, 
auch euklidische innere M etr ik  herrscht. D ieses E rgebnis is t  desw egen b em er
k en sw ert, da  es b e d e u te t, dass in  einem beschleunigten starren K asten die Geo
metrie durch die dort auftretende (In er tia l-)  K ra ft  nicht geändert wird.

IV . D as gleichförm ig rotierende starre M ed iu m  und seine innere M etrik

U n te rsu c h e n  w ir n u n  d ié B ew egung einer g leichförm ig  ro tie ren d en  
Scheibe, d. h . d ie  B ew egung eines M edium s, fü r  das die K o o rd in a te n  irg e n d 
eines seiner P u n k te  du rch  die G leichungen

X  =  r cos (cot - j-  a),

y  — r sin(cof +  a ), (2,5)

*  =  0

gegeben sind. D ie P a ra m e te r  r u n d  a k ö n n en  als ebene P o la rk o o rd in a ten  an g e 
sehen  w erden . Sie sowie die W inkelgeschw ind igkeit со h ä n g e n  hier von d er 
K o o rd in a te n z e it t n ich t ab.

D ie d u rc h  die K o n s ta n te n  ry, ay (j  —  1, 2) ch a ra k te ris ie rte n  beliebigen 
zw ei P u n k te  d e r Scheibe s in d  s ta r r . S e tz t m a n  näm lich  d ie  d u rch  Gin. (2,5) 
gegebenen K o o rd in a te n  in  (1,3) ein, so k a n n  d ie  so e rh a lten e  G leichung

Cff 2 у
------2 - 1  sin [« ( í j  — f2) - f  (a j — a ,)] =  co(t j — t2) (2,6)

c2
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n u r d an n  b esteh en , falls tx — 12 in  d e r Zeit k o n s ta n t  is t. (D iese K o n s ta n te  
k a n n  ab er n u r  d an n  reell sein, w enn  m h j j c 2 <  1.) D eshalb  is t d e r sich  aus
(1,2) ergebende A u sd ru ck

S32 =  r \  +  r \ — 2 r1r1 cos[co(t1 —  t2) +  (ax —  a 2)] —  c%tx —  t2) 2 (2,7)

ta tsä c h lic h  k o n s ta n t, u n d  säm tliche  B ed ingungen  d e r S ta rrh e it s in d  also be
fried ig t. B eliebige zw ei P u n k te  e in e r g leichförm ig ro tie ren d en  K reisscheibe 
sind  also in  B ezug a u f  e inander, d . h . auch in  d e r B ornschen  In te rp re ta 
tio n  s ta rr .

F ü r  r2 =  0 u n d  r1 =  r  is t s12 =  s — r, d ah er g ilt sco =  v, d . h . f ü r  eine 
gleichmässig rotierende Kreisscheibe besteht ein streng lineares »Geschwindigkeit- 
Abstandsgesetz«, in  Ü b ere in stim m u n g  m it dem  R e su lta t  von  € . W . B e h e n d  A [5] 
u n d  N . R o se n  [6], je d o c h  im  G egensatz  zu E . L . H il l  [7]. L e tz te re r  gab 
jedoch  fü r  die s ta rre  B ew egung eine v o n  der ob igen abw eichende D efin ition .

Die L o ren tz -in v a rian te  D efin itio n  der s ta rre n  B ew egung eines P u n k te 
p aares b ie te t  g leichzeitig  eine e inhe itliche  M ethode au ch  zur B estim m u n g  der 
inneren  M etrik  eines im  B ornschen  S inne s ta rren  M edium s. Diese M ethode  soll 
h ier b e i d er B erech n u n g  des zu  d en  in  P o la rk o o rd in a te n  gegebenen D ifferen
tia len  d r  u n d  da  gehörenden  (in d em  b e tra c h te te n  F alle  zw eid im ensionalen  
ebenen) B ogenelem ents ds einer Scheibe an g ew an d t w erden . F ü r  a x —  a 2 =  
=  da  e rg ib t sich aus (2,6) tl — 12 =  d t =  corxr2 da/(c2 — ft)2 r , r 2). S e tz t m a n  diesen 
A u sd ruck  fü r dt in  (2,7) ein u n d  b e n u tz t  m an fü r  d en  F a ll rx —  r., =  clr -> 0 
die B ezeichnung  r1 =  r, so e rg ib t sich  fü r  sf2 =  (ds)2 d er folgende ganz offen
sich tlich  n ich t-p y th ag o re isch e  A u sd ru ck

(ds)2 =  (dr)2 +  r2(da)2/ ( l  —  ß2); ß  =  ®/c, (2,8)

w iederum  in  vo llkom m ener Ü b ere in stim m u n g  m it BERENDAund R o s e n , jedoch  
im  G egensatz  zu  A. S. E d d in g t o n  [8] u n d  H . A . L orentz  [9], d ie  im  Falle 
der Scheibe aus der a llgem einen R e la tiv itä ts th e o rie  a u f  eine euk lid ische  innere 
M etrik  gefolgert h ab en .

§ 3. Die B ew egung einer durch ein starres Punktepaar bestim m ten
starren Geraden

D ie B ew egung zw eier n ic h t zu sam m enfa llender P u n k te  P 1 u n d  P 2 
re la tiv  zu  e in an d er sei s ta r r ,  d. h . die W eltk o o rd in a ten  dieser P u n k te  sollen 
die G in. (1,2) u n d  (1,3) erfüllen. D ie K o o rd in a ten  des P u n k te s  P 3 se ien  durch  
die fo lgenden  G leichungen  gegeben:

(3  =  *1 Í  (*1 t i ) Sn l S l2l

ü (G) =  ü (h ) i  Üi(h) ü (G )]s 1з/в121 ( ’ )

w obei s13 ( >  0) eine reelle K o n s ta n te  b ed eu ten  soll.
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U n te r  diesen B ed ingungen  —  wie dies a u f  e lem en ta re  W eise ersichtlich  
is t —  fü h ren  sow ohl die P u n k te  P 4 u n d  P 3 als a u c h  die P u n k te  P , und  P 3 
r e la tiv  zu  e in an d er s ta r re  B ew egungen  aus, w e ite rh in  is t

s 23 =  ( s 12 i  %з)2 5 (3,2)

A u f G rund  d ieser E ig en sch a ften  k an n  g esag t w erden, dass der P unkt 
P 3 a u f  einer durch das P unktepaar P 1, P 2 bestim m ten starren Geraden liegt.

G leichzeitig  s ie h t m an  auch , d ass  zw ischen d en  au f einer G erad en  liegen
den  P u n k te n  die »Zuordnung« d e r K o o rd in a te n z e it tra n s it iv  is t.

A u f G rund  d e r obigen F es ts te llu n g en  is t  es le ich t e inzusehen , dass die 
B ed in g u n g en  (1,2) u n d  (1,3) die fo lgenden  k lassisch -k in em atisch en  Sätze, von  
d en en  die e rsten  zw ei gleichzeitig  au c h  die m a th e m a tisc h e n  V orbed ingungen  
fü r  d ie  L äng en m essu n g  sind, u n v e rä n d e r t  lassen .

A) Die beliebig gewählten P u n k te  P 3 und  P 4 einer durch das starre P unkte
p a a r  P 4, P 2 bestim m ten starren Geraden bilden ebenfalls ein starres Punktepaar.

B) U m g ek eh rt: P u n k t P 4 is t dabei auch e in  P u n k t der starren Geraden, 
die durch das nicht zusam m enfa llende starre P u n k tep a a r  P 4 bestim m t wird.

C) I s t  (3,2) fü r  die P u n k te  P 2 u n d  P 3 —  die  in  Bezug a u f  d en  P u n k t P 4 
s ta r r  s in d  — e rfü llt, so g ib t (3,1) d ie  B ahn des P u n k te s  P 3.

D ) Sind die G eschw ind igkeiten  des P u n k te s  P 4 und  des in  B ezug a u f  
den  P u n k t  P , s ta r re n  P u n k te s  P 2 gleichzeitig  N u ll, so is t die G eschw indigkeit 
des P u n k te s  *3. d e r a u f  der d u rch  P 4 u n d  P 2 g eb ild e ten  s ta rre n  G eraden  lieg t, 
zu  d e r gleichen K o o rd in a ten ze it a u c h  Null.

§ 4. D ie B ew egungsfreiheit eines in  Bezug a u f zw ei Punkte vorgegebener
Bahn starren dritten Punktes

D ie O rtsv e k to re n  r, =  tx(t) u n d  t 2 =  r2(t) d e r  P u n k te  P L u n d  P 2 seien 
gegeben . V on dem  P u n k t  P 3 —  d e r  re la tiv  zu  d en  zw ei P u n k te n  P 4 und  P 2 
s ta r r  is t  —  sei je d o c h  n u r  die O rtsk o o rd in a te  x 3 =  x 3(t) b e k a n n t. Es sollen 
n u n  d ie  B ed in g u n g en , u n te r  d en en  die u n b e k a n n te n  F u n k tio n e n  y 3 =  y 3(t) 
u n d  z3 =  z3(t) b e s tim m t w erden  k ö n n en , u n te rsu c h t w erden. A us der B ed in 
gung , dass die P u n k te p a a re  P j, P 3 ( j  =  1, 2) s ta r r  s ind , e rg ib t sich

i j  (tj) ~  4  (*)} -  c2 {*j ~ t }  =  0, a)
j  — 1,2. (4,1)

( rj  (tj) -  h  (*)}2 -  c2 {tj -  0 2 =  s% • b)

I s t  z. В. гх(() =  so s in d  die G leichungen  des G leichungssystem s
(4,1) fü r  j  — 1 m it d enen  fü r jf =  2 id en tisch  u n d  y 3(t) und  z3(t) k ö nnen  aus 
d em  G le ichungssystem  n ich t b e s tim m t wrerden. S ch liesst m an  d iesen  Fall aus,
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so k ö n n en  y 3(t) u n d  z3(t) m it H ilfe d e r G leichungen b) des G leichungssystem s
(4,1) im  allgem einen in  der fo lgenden  F o rm  au sg ed rü ck t w erden:

Уз(0 =  Уз{(> 2з({) =  ZÁG  М г )  • (4 ,2)

S e tz t m an  n u n  (4,2) in  die G le ichungen  a) von  (4,1) ein, so s te h e n  fü r 
die U n b e k a n n te n  tL -- ij(i) u n d  i2 =  t2(t) gerade zwei G leichungen  z u r  V er
fügung ; b e s tim m t m an  aus diesen t f t )  u n d  t2(t) u n d  se tz t die e rh a lte n e n  W erte  
in  (4,2) ein , so e rh ä lt m an  у я u n d  z3 b e re its  in  der gew ünsch ten  F o rm .

D a der reelle W ert v o n  sJ3 0 is t ,  so kom m en —  wie dies a u f  G ru n d  
von  (4,1) le ich t einzusehen  is t  —  n u r  solche W erte  d er gesuch ten  F u n k tio n e n  
y 3(t) u n d  z3(t) in  B e tra c h t, fü r  die

(si3 +  s.a )2 ;>  or12 =  {x^t j )  —  r2(t2)}2 —  c2^  —  t2}2. (4,3)

S te llt w äh ren d  d er B ew egung zufälligerw eise diese B eziehung b e in ah e  
eine G leichheit d ar, so m uss auch  e>i2 ( >  0) in  der Z eit k o n s ta n t  sein u n d  w egen 
P u n k t C) des v o rh erg eh en d en  P a ra g ra p h e n  w erden d a n n  alle drei K o o rd in a 
te n  des P u n k te s  P 3 d u rch  die K o o rd in a te n  des s ta rre n  P u n k te p a a re s  P v  P2 
e in d eu tig  b estim m t.

Z usam m enfassend  k a n n  m an fe s ts te llen , dass ein  in  Bezug a u f  zw ei nicht 
zusam m enfallende P unkte  starrer dritter P u n k t ( m indestens und höchstens) 
einen Freiheitsgrad besitzt, angenom m en, dass dieser P u n k t sich nicht a u f  einer 
durch die zwei gegebenen P unkte  bestim m ten starren Geraden befindet.

§ 5. D ie kinem atischen E igenschaften dreier nicht au f einer Geraden liegenden  
und in Bezug au f einander starren Punkte (»starres Dreieck«)

D a die in  § 1 definierte »Zuordnung« der K oordinatenzeiten zwar reflexiv , jedoch  im  
allgem einen nicht transitiv  ist, m uss man im  F all der gegenseitig starren Bew egung v o n  mehr 
als zwei P unkten zur B ezeichnung der »zugeordneten« K ooordinatenzeiten auf die B enutzung  
don D oppelindizes übergehen. E s sei also tj^ jene K oordinatenzeit des Punktes P j,  die der 
K oordinatenzeit tjy des in  B ezug auf P j starren Punktes /V entspricht. Im  allgem einen ist 
ljk  э4 tkj.

D ie Glieder j  =  к spielen in den Starrheitsgleichungen keine Rolle; von  den im  Falle 
j, к =  1, 2, 3 übrigbleibenden sechs M atrixelem ten tji- können nur drei w illkürlich gewählt 
werden, da die weiteren drei E lem ente durch die der dreifachen Paarbildung der drei Punkte  
entsprechenden Starrheitsbedingungen bestim m t werden.

I . M a n  sieht, dass die A ngabe von sechs K oordinaten eines nicht in  eine Gerade 
entarteten starren Dreiecks zur Berechnung der übrigen K oordinaten  h inreichend

und  gleichzeitig notwendig ist

Y on den neun K oordinaten eines starren Dreiecks können die sechs K oordinaten auf 
mehrere W eisen ausgew ählt werden:

1. Es seien z. B. die K oordinaten x t  =  x^ t), У\ =  У\(ь), — 2 x(i) des P un k tes und
die K oordinaten хг =  x .it) , y 2 =  y 2(t) des P unk tes P 2, dagegen led iglich die K oordinate x3 =  
=  x3(t) des Punktes P 3 gegeben (dies ist der F all »3 +  2 +  I«). Gem äss der im  Zusam m enhang  
m it den Gin. (1,7) — (1,9) angegebenen M ethode sind diese K oordinaten notw en d ig  und
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hinreichend zur B estim m ung der K oordinate z2(t). D an ach  können m it H ilfe der im  § 4 erwähn
ten  M ethode dann auch  die w eiteren Koordinaten, d. h . y 3(t) und z3(t) bestim m t werden.

2. W erden jed o ch  je zwei K oordinaten der drei P unk te  als gegeben angenom m en, z. B . 
x j(t) , y j ( t ) ,  j  =  1, 2, 3 (d ies ist der F a ll »2 +  2 +  2«), so lassen  sich die fehlenden K oordinaten  
Z j ( t ), j  =  1, 2, 3 in  folgenden Schritten  berechnen:

Die V ariablen t  =  i12=  3 =  t 23 seien beliebig gew ählt. Dann können die Gleichungen
für die erzwungene starre Bewegung des Dreiecks auch folgenderm assen geschrieben werden:

i i ( « )  { r 2 ( 0  -  t 2( « 2 i ) }  -  c 2 { *  -  «2 1 }  =  0 , a )
(5Д )

{ t l W  I 2 ( t 2 l ) } 2 —  ° 2 { t  * 2 1  } 2 =  S î 2 » b)
r 2( t )  { Г z(t) -  Ï a ( t 3 2 ) }  -  c2 {t -  t32}  =  0 , a ) (5 ,2)
{ t 2( * )  ^ з ( * з г ) } 2  c 2 {*  * 3 2 } "  =  s 23> b )

M < )  { * i ( * )  -  r 3 ( * 3 i ) }  —  c 2 { *  —  * 3 1 }  -  0 , a ) (5 ,3)
0 t ( 0  1' 3 ( * 3 l ) } 2 ~ ~  c 2  {*  * 3 1 } "  =  S 1 3 - b )

E s sei w iederum  vorausgesetzt, dass die drei P un k te  nicht auf einer Geraden liegen . 
In den w eiteren Überlegungen wird auch die fo lgende aus den Gleichungen (5,1) ab le it

bare Gleichung gebraucht:

*2(^1) f e f e i )  «i(*)} — °2 ih i  0* (5,4)

Zur B estim m ung der F unktionen zj =  zj(t) w erden die m it b) bezeichneten Gleichungen  
der Reihe nach nach z2(t21), z3(«32) und s 3(i31) aufgelöst. D ie  so gewonnenen Ausdrücke, in denen  
t2i, «32, und i31 ex p liz it und ausserdem  nur bekannte F unktionen im plizit Vorkommen, werden 
in  die entsprechenden m it a) bezeichneten Gleichungen eingesetzt. D ie W urzeln f2l, i32 und «31 
des in  dieser W eise aufgeschriebenen G leichungssystem s werden nun m it einer geeigneten  
N äherungsm ethode bestim m t und die noch unbekannten W erte der F unktionen z l9 z2, z X9 z 2 
vorläufig  als P aram eter betrachtet. A ls Ergebnis erhält m an im  allgem einen die Funktionen  
in  folgender Form:

hi ~  t‘2i {*i(0* hiOi *i(0, *г(0* 0  »
Í32 “  3̂2 Üh(0» ^2(0’ * l(0 , ^2(0Î 0  9 (5,5)

*31 — ^31 (*i(0* Ä2(0» zi(0* *г(0» *} •
D ie erhaltenen F unk tionen  werden nun in die entsprechenden m it b) bezeichneten Gleichungen  
ein gesetzt und diese wiederum  nach z 2(t2l), z3(«32), z3(f31) aufgelöst. D iese Ausdrücke sam t den  
Funktionen (5,5) w erden in die ihnen entsprechenden m it a) bezeichneten Gleichungen (5,1), 
(5 ,2 ) und (5,3), w eiterh in  in die G leichung (5,4) eingesetzt. K eine der so erhaltenen Gleichungen  
en th ä lt nun die V eränderlichen f2l, «32 u nd i31, noch die ihnen  entsprechenden K oordinatenwerte, 
sondern nur t und  die dazugehörigen K oordinatenwerte, bzw. die W erte der Ableitungen. 
A us der aus den Gin. (5,2) und (5,3) abgeleiteten G leichung, sowie aus dem  in Bezug auf die 
unbekannten F unk tionen  zx(t) und z2(t) gekoppelten D iffercntialgleichungssystem  erster 
Ordnung können die Funktionen яг(г) und z2(t) b estim m t werden. D ie Lösung enthält n o t
wendigerweise zw ei unbestim m te Integrationskonstanten Cx, C2:

zi — zl(G ^ i , C2) , 
z2 == z2(i, Cj_, C2).

(5 ,6 )

Zur Bestim m ung der Integrationskonstanten setzt m an nun Gl. (5,6) in  die aus Gl. (5,1) und  
Gl. (5,4) in der beschriebenen W eise abgeleitete und bisher nicht benü tzte  Gleichung ein. 
D iese zwei G leichungen enthalten die noch unbekannte F unktion z3(t) n icht, so dass aus ihnen  
die K onstanten Cx und C2 berechnet werden können.

Die B ahnen der Punkte P t und P 2 sind nun bekannt, und es ist nur noch die unbekannte  
F unktion  z3(t) zu bestim m en. Dies kann jedoch nach der M ethode und unter den Bedingungen  
des vorhergehenden Paragraphen ohne W eiteres geschehen.

Aus dem  O bigen geht also auch hier hervor, dass die Vorgabe von  sechs (#, y )  K oordi
naten  (Fall »2 -f- 2 +  2«) die B estim m ung der fehlenden übrigen K oordinaten erm öglicht. 
D ies ist daher eine hinreichende B edingung. Sie ist aber gleichzeitig auch notw endig, da ja  
säm tliche (voneinander unabhängigen) B edingungsgleichungen verw andt wurden und m it
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weniger vorgegebenen K oordinaten die in  dem  Verfahren vorkom m enden G leichungen nicht 
hätten  gelöst werden können.

3. In  ähnlicher W eise folgert m an auch, wenn v o n  jed em  Punkt w i derűm  zwei von  
der Zeit abhängige K oordinaten gegeben werden, die jedoch  n icht einheitlich die x- und y- 
K oordinaten zu sein brauchen.

4. Der Fall, in  dem  sowohl von  P unk t P j wie auch v o n  Punkt P 2 alle drei Raum koordi
naten, v o n  Punkt P 3 jedoch keine einzige Raum koordinate gegeben ist, muss aus den vorlie
genden U ntersuchung auf Grund der im  letz ten  Satz des § 4 enthaltenen Aussage ausgeschlos
sen werden.

F ü r  ein s ta rre s  D reieck g ilt also das P a ra d o x o n  von  H e r g l o t z  [3] n ich t, 
n ach  dem  die B ew egung eines s ta rre n  K örpers b e re its  d u rch  die A ngabe dreier 
ze itab h än g ig er K o o rd in a ten  oder d u rch  die B ew egung  eines einzigen  P u n k tes  
b e s tim m t w äre.

I I .  D ie Bewegungen der drei Ecken eines sich zur Z e it t in  beliebiger Bewegung 
befindlichen starren Dreiecks können zu einer späteren, fü r  alle drei Ecken  

gleichen K oordinatenzeit x >  t zum  S tills tand  gebracht werden

E s is t b e k a n n t, dass die BoRNschen B ed ingungen  diese F o rd e ru n g  im  
a llgem einen  n ic h t befried igen  kö n n en . W eite re  in te re ssan te  E ig en sch aften  
der BoRNschen s ta r re n  B ew egung w urden  in  [10] e ingehend  u n te rsu c h t.

E h r e n f e s t  [11] h a t z.B . gezeigt, dass eine im  BoRNschen S inne sta rre  
gleichförm ig ro tie ren d e  Scheibe n ic h t so v e r la n g sa m t w erden  k a n n , dass sie 
d abei s ta r r  b le ib t. D ieses P a ra d o x o n  soll n u n  au ch  fü r  ein s ta rre s  D reieck 
u n te rs u c h t w erden .

D ie zu beweisende Behauptung beruht darauf, dass die die Bewegung eines starren 
Dreiecks bestim m enden, also auch willkürlich veränderbaren sechs R aum koordinaten x,(t), 
y,(l), Z[(i); y Z t)  und x f t )  von  irgendeinem  beliebigen Z eitpunkt T0 an als F unktionen der
Zeit so gew ählt werden können, dass die K oordinaten sich zur Zeit T0 nicht sprunghaft ändern, 
und dass ihre Geschwindigkeiten zu einer Zeit т verschwinden, zu der die folgende Determ inante  
ungleich N ull ist:

D =
Уз(т) — Уг(т) 

Уз(Н — У.Р)

Ф )  — Ф )  

Ф )  — Ф )
Ф 0. ( 5, 7)

Sind von der Zeit r0an die betrachteten K oordinaten durch Ausdrücke., die von  zweitem  
Grade sind und je drei K onstanten enthalten , gegeben, so können zur B estim m ung der 
K onstanten  auf Grund der obigen Voraussetzungen lineare Gleichungen aufgestellt werden, 
die in Bezug auf die in den sechs K oordinaten vorkom m enden 3 x 6  =  18 K onstanten  linear 
sind. U nd zwar: sechs Gleichungen, die den kontinuierlichen Übergang der Geschwindigkeiten  
der K oordinaten zur Zeit t =  r 0 berücksichtigen, w eitere sechs Gleichungen, die das Ver
schw inden der Geschwindigkeiten der K oordinaten zur Zeit t =  т berücksichtigen und zuletzt 
drei sich aus der Beschränkung (5,1) ergebende Gleichungen. (Die letzten  drei Gleichungen 
lassen sich z. B. in  folgender W eise aufschreiben:

falls зу(т) =  у 2(т), so ist z ,(r) =  z2(t) +  d; 

falls y 3(r) =  у 2(т), so ist y 3(r) =  y ,(r )  +  d; 

falls z3(r) =  z2(t), so ist z3(r) =  z, ( t) -j- d,

wo d  eine geeignet zu wählende nichtverschwindende K onstan te  ist. D iese G leichungen sind 
näm lich hinreichend für das N ichtverschw inden der D eterm inante D.)
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M an sieht, dass zur B estim m ung der 18 K onstanten , die in  den Ausdrücken zweiten  
Grades enthalten  sind , 15 lineare G leichungen zur V erfügung stehen, dem nach können die 
K onstan ten  in M ächtigkeit eines K ontinuum s widerspruchlos bestim m t werden.

M an hat nun nur noch zu beweisen, dass wenn die G eschwindigkeiten der Raum koordina
ten  x t , y , ,  zt ; x2, y 2; x 3 des starren Dreiecks P { P , P 3 zu einer Zeit т verschwinden, zu der gleich
zeitig  D  ф 0 ist, auch die G eschw indigkeiten der w eiteren K oordinaten zur selben Zeit т 
verschw inden.

B evor der B ew eis für die obige B ehauptung geführt wird, soll noch gezeigt werden, 
dass das Verschwinden zu ein und derselben Zeit r  von fü n f willkürlich wählbaren K oordinaten
geschw indigkeiten eines starren P unktepaares das Verschwinden der aus den fün f
K oordinaten berechenbaren G eschwindigkeit der sechsten K oordinate (§ 4) nach sich zieht. 
W egen i t  =  0 ist näm lich  tl2 =  t2l =  r  und daher hat m an auf Grund der Sym m etrieeigenschaft 
der B edingungsgleichungen (1,4):

t 2(r) {Г2(т) -  гДт)} =  0 .

Da hier i 2(r) =  у ,(т) =  0, so folgt aus der obigen G leichung z2(r) =  0. In ähnlicher W eise 
lässt sich  der Satz über das gleichzeitige Stehenbleiben der Eckpunkte eines starren Dreiecks 
aus der B edingungsgleichung (1,4) bew eisen . Es verschw inde die G eschw indigkeit der gege
benen sechs K oordinaten ж,(г), y 4((), z,(i); x 2(t), y 2(i) und *.,(() zur Zeit r. D ann ist  die K oordina
tenzeit des Punktes P x : t2l =  т und auch die dem  Punkt P„ entsprechende K oordinatenzeit 
t21 =  г , da tj =  0 und die Starrheitsbedingung (1,4) sym m etrisch  ist. L aut obiger Überlegung  
is t  daher

z2(r) =  0 . (5,8)

B ea ch tet m an, dass w egen (5,8) gleichzeitig auch die der im  P unk t P2 gem essenen K oordinaten
zeit t23 =  г entsprechende K oordinatenzeit im  Punkt P 3: t32 =  т ist, und dass w eiter auch die 
im  P u n k t 1\ gem essene Zeit tl3 =  т der Z eit t3l =  т im  P unk t P 3 entspricht, so kann man 
die G leichung (1,4) der Starrheit der Punktepaare P2, P 3 und P 4, P 3 zu der Zeit i23 =  т bzw. 
t 13 =  г  aufschreiben:

Уз(г ) {Уз(т) -  Уг(т) } +  Í3( t){z3( t) — z2(t)}  =  0 ,

Уз(т)(Уз(т) -  y i M )  +  *з(*){2з(т) — z ,(r )}  =  0 .

D iese zwei G leichungen stellen  ein hom ogenes lineares G leichungssystem  für y 3 und 
z3 dar, das eine von  N u ll verschiedene Lösung nur dann hat, falls die D eterm inante D  des 
G leichungssystem s N u ll ist. D ies ist jedoch  w egen der aus dem  Verschwinden der G eschwindig
keiten  der sechs K oordinaten folgenden B edingung (5,7) unm öglich.

Dadurch ist die am  Anfang dieses Paragraphen gem achte B ehauptung bewiesen. 
Aus der B ehauptung fo lgt auch gleichzeitig , dass das starre Dreieck in  einem  Inertialsystem  
für eine beliebige D auer zum  Stillstand gebracht werden kann, ohne dass er dabei seine Starr
heit auch nur für einen Augenblick verlieren würde.

§ 6. Zwei w ichtige k inem atische Eigenschaften eines aus vier Punkten  
bestehenden starren Punktsystem s (starres »Tetraeder«)

I. Berechnung der Bahn eines in  B ezug auf drei Punkte Pi, P «  P 3 starren vierten  
P unk tes P 4, wenn die B ahn der drei P unk te gegeben ist. U m  M issverständnissen vorzubeugen, 
sei erw ähnt, dass die gegenseitige Starrheit der drei Punkte ( / ’,, P 2, P 3) vorerst n ich t voraus
gesetzt wird. Mit der in  § 5 eingeführten B ezeichnungsweise kann m an die B edingungen für 
die Starrheit der Punktepaare P,-, P 4 (i =  1, 2, 3) folgenderm assen aufschreiben: W ählt man 
die Zeiten t41, i42, t43 gleich, d.h. t =  t4l =  I42 =  t13, so hat man

i i ( h i ) M tu )  -  ГД0} - C2 {*14 --  «} = 0 , a)
— U (0 }2 — c2{«14 - t } 2 =  S?4 • b)

i { t 2(t.„) -  r4(t)} -  ,:‘ {*24 ~- * }  = 0 , a)

{ 4 h ù -  t4(i)}2 -  C2{«24 - * } 2 — s2— "24 ! b)

i 3(h i){h (.h ù  -  ü(«)} - C2{*34 - 0  == 0 , a)

{^3(̂ 34) *d(0 }2 c2{*34 - О 2 =  S34* b)

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.



BEITRAG ZUR RELATIVISTISCHEN KINEMATIK EINES STARREN PUNKTSYSTEMS 27

In diesen Gleichungen seien die Y ektorfunktionen Е/ =  i =  1, 2, 3 als gegeben angenom 
m en, die Funktion t 4 =  r4(i) sei hingegen die gesuchte, unbekannte F unktion. Zu ihrer 
Bestim m ung lösen wir die m it a) bezeichneten Gleichungen, die ein lineares G leichungssystem  
darstellen, der Reihe nach für *4(i), y 4(i) und z4(i) auf. Die F unktion  t4(i) ergibt sich dann im  
allgem einen in  folgender Form:

r4 =  t 4( iu , i 21, t 34, t ) -  (6,4)
Die erhaltenen Ausdrücke werden nun in  die m it b) bezeichneten G leichungen eingesetzt, 
die je tz t  für die unbekannten Grössen i14, i24, i34 ein nur bekannte F unktionen enthaltendes 
G leichungssystem  bilden. W ird dieses m it H ilfe einer geeigneten  N äherungsm ethode gelöst, 
so ergeben sich die unbekannten Grössen tr-4 (i =  1, 2, 3) als F unktionen von  t :

h'4 =  ^ (0 ?  i  =  1, 2, 3 . —
Setzt m an diese nun bekannten F unktionen in  die Gl. (6,4) ein , so gelangt m an zu dem  gesuch
ten Ausdruck für r4: t4 =  t 4(i).

A uf Grund der beschriebenen M ethode können die m athem atischen Voraussetzungen  
für die Bestim m ung von  T4 auch festgestellt werden. Ohne in  E inzelheiten  einzugehen, soll hier 
nur darauf hingewiesen werden, dass sich die Bahn des P unktes P 4 sicherlich nicht bestim m en  
lässt, w enn von  den P unkten P t, P2, P 3 zw ei auf die Dauer zusam m enfallen. In diesem  Fall 
werden näm lich zwei von  den Gleichungen (6,1), (6,2), (6,3) identisch.

Aus dem  Obigen geht hervor, dass jede einzelne irgendeinem  Punkt aufgelegte neue, 
unabhängige Starrheitsbedingung den Freiheitsgrad des P unktes — wie das ja  auch in der 
klassischen K inem atik der Fall ist — um  einen Grad verringert.

Es sei nun der spezielle Fall betrachtet, in dem die Punkte P t, P 2, P 3 gegenseitig starr 
sind, und in dem der Punkt P 3 sich auf der gem äss Gleichung (3,1) bestim m ten starren Geraden 
befindet.

In  der klassischen kinem atik lässt sich  in diesem Falle die Bahn des Punktes P 4 aus der 
der Punkte P 4, P 2, P 3 n icht bestim m en. A uch in der relativ istischen  K inem atik tr itt eine 
Schwierigkeit auf, deren Ursache einfach darin liegt, dass die die Starrheit der Punktpaare Р /, 
P 4 ( j  — 1, 2, 3) ausdrückenden Gleichungen (6,1 — 3) m it den Gleichungen, laut denen die 
Eckpunkte Pi ,  p *  p 3 des Dreiecks in eine Gerade fallen, im  W iderspruch stehen können.

Im  allgem einen gibt es keinen Punkt P 4, der in  B ezug auf jede einzelnen der auf einer 
starren Geraden liegenden Punkte p 2, p 3. die gegenseitig starr sind, starr sein könnte. 
Gäbe es näm lich einen solchen Punkt /*,. so könnten im  Sinne der obigen Feststellungen  
(§ 5 II und § 6  II) in einem  Inertialsystem  alle vier Punkte auf die Dauer zum  Stillstand gebracht 
werden, ohne dass dabei in  der gegenseitigen Starrheit von irgendwelchen zwei Punkten , d. h. 
in dem  A bschnittsw ert sjд. auch nur für einen Augenblick eine Änderung eintreten würde. 
Dies würde jedoch bedeuten, dass zw ischen den sechs E ntfernungen (A bschnittsw erten), die 
durch die au f eine Gerade fallenden P unkte P4, P2, P3 sow ie durch den Punkt P4 bestim m t 
werden, dieselbe Beziehung besteht, w ie zwischen den A bständen der im  Inertialsystem  
ruhenden Punkte. D ies is t  jedoch unm öglich, da laut der in  § 2 Punkt IV bew iesenen F eststel
lung, die euklidische M assbestim m ung für eine sich gleichförm ig drehende Ebene nicht 
gültig ist.

A us dieser e lem en ta ren  Ü berlegung  folgt g leichzeitig , dass in  der relati
vistischen K in em a tik  im  allgem einen nicht von einer starren Achse gesprochen 
werden kann.

D ies is t  der G ru n d  d a fü r,w a ru m  in  dem  am  A n fan g , u n te r  I , s teh en d en  
S atze ausgeschlossen  w erden  m u sste , dass die P u n k te  a u f e iner G eraden  liegen 
können  u n d  w eiter, w aru m  die am  A nfang  des fo lgenden  P u n k te s , u n te r  I I ,  
s teh en d e  A ussage a u f  ausserhalb  d e r E bene der P u n k te  P v  P 2, P 3 liegende 
P u n k te  P 4 zu  b esch rän k en  ist.

I I .  G ibt es einen  solchen W e rt der K o o rd in a ten ze it, be i dem  irg en d 
einer d er P u n k te  eines n ich t in  eine G erade e n ta r te te n  s ta r re n  D reiecks 
P 1P 2P 3 s teh en  b le ib t, so b le ib t zu  d e r gleichen Z e it au ch  der ausserh a lb  der 
E bene des D reiecks liegende u n d  m it d en  zur R u h e  gekom m enen P u n k te n  s ta rr  
v erb u n d en e  P u n k t P 4 stehen . (D er d u rch  die P u n k te  P l5 P 2, P 3, P 4 gebildete  
s ta rre  K ö rp e r k an n  s ta rre s  T e tra e d e r  g en an n t w erden .)
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Vor dem  B ew eis der obigen B ehauptung soll noch auf folgenden Satz hingewiesen  
werden. E s seien P t , 1 *2. P 3 Punkte der in § 3 erwähnten sich starr bew egenden Gerade. 
B leiben  Pt und P2 bei dem  gleichen W ert der K oordinatenzeit stehen, so b le ib t zu derselben 
Zeit auch P3 stehen. (D ie R ichtigkeit dieses kinem atischen Satzes kann aus den nach der 
Zeit abgeleiteten  nur Raum koordinaten enthaltenden Gliedern des G leichungssystem s (6,3) 
gefolgert werden, fa lls man berücksichtigt, dass der im  Punkte P t und auch im  Punkte P 2 
gem essenen K oordinatenzeit т im  Punkte P 3 ebenfalls die Zeit т und nur die Zeit r  entspricht.)

Zum Beweis des am Anfang des gegenw ärtigen Punktes (II) stehenden Satzes bedenke 
m an, dass wegen der gem achten Voraussage

i j ( r )  =  0 , j  =  1, 2, 3., (6,5)

also entspricht im  P unk t P 4 gem essenen Zeit r  in  allen P unkten Pj ( j  =  1, 2, 3) auch die 
Zeit г. D am it m uss w egen der geforderten Starrheit des Punktes P 4 in  Bezug auf die Punkte 
P j  (j =  1, 2, 3) die folgende sym m etrische Gleichung (1,5) erfüllt werden, in der nach der in 
§ 5 gegebenen B ezeichnung tAj  =  r  zu setzen  ist:

{ i j  (т) — г4 (r)X tj (r) — r4 (t)} = 0 , j  =  1 , 2 , 3.

W egen der B edingung (6,5) kann für die drei K om ponenten von  i 4(r) folgendes homogene 
G leichungssystem  aufgeschrieben werden:

i 4( T ) { r j ( r )  —  r4( r ) }  =  0 , 1 , 2 , 3 .

D ieses G leichungssystem  hat nur dann eine von  Null verschiedene Lösung, falls die Determ in
ante D  des G leichungssystem s gleich N u ll ist. In unserem F all is t  aber:

D -
Ï/ (*) — L(T)

j  =  1, 2, 3
# 0.

D ie Forderung dieser Ungleichheit drückt aus, dass der Punkt P 4 weder einer der im  Inertial
sy stem  ruhenden Punkte ist, noch sich in  der durch die Punkte Pj  (j  =  1, 2, 3) bestim m ten  
E bene befindet. D a  dies ja gerade die V oraussetzung war, is t  gewiss, dass in  diesem  Falle 
í 4( t )  nur N ull sein kann, d.h. dass P unk t P 4 zur Zeit т ebenfalls ruht.

Is t D  =  0, so befindet sich P 4 zur Zeit т in  der durch die n icht in  eine Gerade fallenden 
P un k te  P t, P 2, P 3, P 4 zur Zeit r b estim m ten  Ruhebene. In diesem  Fall kann der oben angeführte 
Satz in  ähnlicher einfacher W eise unter der Beschränkung, dass irgendeiner der Punkte P ,,  
P 2, P 3 v o n  der Zeit т ab dauernd in R uhe bleibt, eingesehen werden.

§ 7. E ine von der klassischen abweichende Eigenschaft des starren Bitetraeders

Zwei nicht gemeinsame E ckp u n k te  von zwei Tetraedern m it gemeinsamer  
Grundfläche, d. h. Bitetraeder, können  in  Bezug zu einander im  allgemeinen nicht 
starr sein.

L a u t § 6 kön n en  n äm lich  säm tlich e  E c k p u n k te  eines B ite traed e rs  im  
In e r tia lsy s te m  d a u e rn d  zur R u h e  g eb rach t w erden , d .h .  alle fü n f  E ck p u n k te  
eines B ite tra e d e rs  können  a u f  ein  im  euk lid ischen  R au m  ru h en d es kongruen tes 
B ite tra e d e r  geleg t w erden , d .h .  d a ra u f  ab g eb ild e t w erden . F a lls , im  G egensatz 
zu  d er obigen B eh au p tu n g , zw ei n ic h t gem einsam en E c k p u n k te  des sich s ta rr  
bew egenden  B ite tra e d e rs  in  B ezug  au fe in an d er ebenfalls s ta r r  w ären , so w ür
de zw ischen  d en  zu  den zehn  P u n k te p a a re n  gehörenden  ze itlich  k o n s tan ten , 
in v a r ia n te n  R a u m a b s tä n d e n  djк w äh ren d  der B ew egung dieselbe die R au m 
m e tr ik  b e stim m en d e  B eziehung (1,9) b esteh en , die fü r das im  euklid ischen 
R a u m  ru h en d e  k o n g ru en te  B ite tra e d e r  g ü ltig  is t. E s w urde  jed o ch  bere its im
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§ 2 IY  gezeigt, dass fü r einen sich bew egenden  s ta rren  K ö rp e r au ch  eine n ic h t 
euk lid ische M etrik  gelten  k an n . D am it is t d ie  B eh au p tu n g  bew iesen, da m an  
so n st zu  einem  W id ersp ruch  g e fü h rt w ürde .

D a fü r  die BoRNsche s ta r re  B ew egung eine solche B esch rän k u n g  p e r 
def. n ich t b esteh en  k an n , is t es k la r , dass

a) die Bornschen Bedingungen f ü r  e in  aus mindestens f ü n f  P unk ten  
bestehendes P unktsystem  eine spezielle (3  Freiheitsgrade besitzende) Bewegung  
(  Bewegungsgruppe)  auswählen ,

b) die starre Bewegung eines aus mehr als vier Punkten bestehenden P u n k t 
systems (6  Freiheitsgrade) ,  bei der alle Paare nach der hier gegebenen Defin ition  
(1 .  1— 2 )  starr s in d , im  allgemeinen nicht verwirklicht werden kann .

H e rrn  P ro f . G. M a r x  sei fü r  sein an sp o rn en d es In te re sse  der D a n k  
des V erfassers ausgesprochen .
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О НЕКОТОРЫХ РЕЛЯТИВИСТСКИХ КИНЕМАТИЧЕСКИХ СВОЙСТВАХ 
ЖЕСТКОЙ ТОЧЕЧНОЙ СИСТЕМЫ

Т. МАТРАИ

Р е з ю м е

В предыдущей статье [1] сообщилось, что из основых соображений М. Борна [2] 
были выведены мною Лоренц-инвариантные принудительные условия для жесткого при
нужденного движения пар точек конечного расстояния. Твердое тело рассматривалось 
не как среда, а предпологалось построенным из пар точек. В такой концепции исследо
валось, каким образом видоизменяются классические кинематические свойства в спе
циальной теории относительности. Элементарным путем удалось показать, что жесткая 
система четырех точек в любом спаривании обладает не тремя, а шестью степенями сво
боды, как это можно ожидать на основе соображений Г. Герглоца [3], которые базиру
ются на принудительных условиях Борна, касающихся сред. Однако, движение точек, 
число которых больше четырёх, вообще не может осуществляться так, что любое спари
вание оставалось жестким, за исключением специального случая, так называемого дви
жения типа Борна. Между прочим, удалось доказать, что в жесткой среде релятивист
ского гиперболического движения, описанной первый раз Борном, по необходимости 
господствует внутренняя пространственная метрика Евклида.
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I t  is argued, after a short review  o f the problem, th a t  M a c h ’s principle, in an inter
pretation near to M a c h ’s original ideas, is not incorporated in  general re la tiv ity . On the other 
hand, one can form ulate a selection principle on the basis o f  which it is possib le to  divide the  
solutions of gravitational equations in to  tw o  classes. Those o f the first class do, those of the  
second do not contradict the reasonable content of M a c h ’s requirements. T hus, these latter  
solutions m ay perhaps rem ain perm issible even in the fu tu re , when a fuller know ledge proves 
the others to be an im perm issible extrapolation  beyond th e  dom ain of v a lid ity  o f E in s t e in ’s 
equations. W e form ulate a selection principle, which seem s to  be more general and flex ib le  
than  previous ones.

§ 1

T h e  ex istence o f num erous c o n trad ic to ry  approaches to  “ M a c h ’s p rin 
cip le”  in  general r e la tiv ity  in  i ts e lf  proves t h a t  here  tve are  faced  w ith  an  
u n so lved  problem . P a r t  o f th e  confusion  stem s from  th e  fa c t  t h a t  Ma c h ’s 
critic ism  of th e  basic  no tions o f  N ew ton ian  m ech an ics  p receded  th e  b ir th  of 
special re la tiv ity , th a t  is to  say , th e  recognition  o f  th e  fusion o f sp ace  and  tim e  
in to  four-space , an d  fu r th e r  th a t  M a c h  did n o t fo rm u la te  his ow n req u irem en ts  
su ffic ien tly  rigorously . T herefo re , i t  m ay be ju s tif ia b le  to  p re se n t a sh o rt 
h is to ric a l review .

T he v e ry  g en e ra lity  in  s ta tin g  th e  axiom s o f  dynam ics on  th e  one h an d  
an d  th e  law  of g ra v ita tio n  on th e  o ther led N e w t o n  to  an  e x tra o rd in a ry  
d iff ic u lty  in  th e  choice o f a re ference  system . In  r e la tio n  to  w h a t a re  th e  bodies 
acce le ra ted , if  a force ac ts  upon  th e m ?  To fin d  a g enera l answ er, v a lid  beyond  
th e  in d iv id u a l fea tu res  of single bod ies, N e w t o n  estab lished  (o r ra th e r  con
firm ed ) th e  no tion  of ab so lu te  space . T his, in  a c e r ta in  sense, h as  to  be  regarded  
as a re tu rn  to  th e  s ta tic  w orld p ic tu re  of a n t iq u i ty  (expressed b y  P t o l e m y ). 
In  th is  p ic tu re  th e  n a tu ra l  s ta te  of bodies is to  be  a t  re s t  in a p a r t ic u la r  position . 
T he s ta te m e n t th a t  th e  rigid a rra n g e m en t of b od ies is th e  n a tu r a l  one leads 
im m ed ia te ly  to  th e  n o tio n  of “ m ere  p laces” f illin g  u p  side b y  side in  e m p ty  
space. T im e p lays an  in ac tiv e  ro le, ru n n in g  u n ifo rm ly  and a t  th e  sam e ra te  a t  
all p laces. M otion ap p ea rs  as so m eth in g  d is tu rb in g , as seen in  th e  fam ous 
apories of Ze n o n , etc .
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I t  w as th is  “ g ra in e d ”  c h a ra c te r  of em p ty  sp ace , w hich is physica lly  
u n o b serv ab le  ( th e re  is no  p o ssib ility  o f id en tify in g  a defin ite  p o in t in  space 
a t  a la te r  tim e ), or r a th e r  th e  fa c t t h a t  i t  has no o th e r  physical m an ife s ta tio n  
th a n  to  m ake bodies re s is t acce lera tio n  ag a in st w h ich  E . M a c h  p ro te s ted  
W e rep ro d u ce  here  his critic ism  in a so m ew h at m ore m odern  form . L e t К  and 
K '  be tw o  C artesian  system s of reference , one of w h ich  is acce lera ted  re la tiv e  
to  th e  o th e r. E v e n ts  w ill be labelled  b y  th e  co o rd in a tes  x, y ,  z, t in  К  and 
x ' ,  y ' ,  z ',  t '  in  K ' . T h e  connection  b e tw een  th en  m a y  b e  som ething like

x '  =  x ----- — at2, x  =  x '  -f----—  a t '2,
2 2

у '  =
z '  =  z,

t '  =  t,

(This co rresponds to  th e  sim plest choice of acce lera tio n  and  d irec tio n  o f axes.) 
T h e  e q u a lity  t — t '  is n a tu ra l, since we have  a b so lu te  tim e. T he ro le  of the 
fram es К  an d  K '  is sy m m etrica l in  th e  above fo rm u lae . I f  we now  a sk  for the  
sp a tia l d is tan ce  b e tw een  tw o s im u ltan eo u s ev en ts , or for the  t im e  in te rv a l 
b e tw een  tw o  a rb itr a ry  even ts (in acco rdance  w ith  th e  concept o f  abso lu te  
tim e), we h av e  fo r К  a n d  K ' , re sp ec tiv e ly ,

d a 1 =  d x2 -f- d y2 +  dz2 =  d x '2 +  d y '2 4  d z '2 dt2 — d l '2. (2)

T h a t  is to  say , К  an d  K '  also show  e q u a l in trin sic  geom etric  p ro p e rtie s  w hich 
m eans th a t  th e y  are  com plete ly  e q u iv a len t. W e h a v e  no  reason to  s ta te  th a t  
th e  one is a t  ab so lu te  re s t and  th a t  th e  o th e r suffers a n  abso lu te acce lera tion . 
I f  u n d is tu rb e d  te s t  bodies d istin g u ish  one of th e  sy stem s of re fe ren ce , le t us 
say  K ,  b y  m ov ing  in  i t  un ifo rm ly  a long  s tra ig h t lines so th a t  we n e e d  forces 
to  d eflec t th e m , th e n  th is  m u st h av e  som e o ther d e te c ta b le  reason . M a c h  was 
conv inced  th a t  th e  e x p lan a tio n  of a ll in e rtia l p ro p e rtie s  can be fo u n d  in  the  
d is ta n t m asses of th e  U niverse . H e a tte m p te d  to  c o n s tru c t (w ith o u t success) 
a new  m echanics in  w h ich  in  th e  absence  of d is ta n t m asses te s t bod ies would 
n o t show  an y  te n d e n c y  in  th e ir  m o tio n  an d  w ould n o t  m ake a choice betw een 
К  an d  K ' .  O r, to  p u t  i t  in  an o th e r w ay , if, assum ing  th e  ex istence o f  d is tan t 
m asses, w ith  th e  help  o f th e  te s t  bodies К  is show n to  b e  an  in e rtia l fram e , th en  
a consequence of th is  shou ld  be th a t  th e  d is ta n t m asses, as a w ho le , do no t 
suffer a n y  acce lera tio n  in  K .  C onversely , i f  we need forces in K '  to  k eep  a te s t 
b o d y  in  th e  origo, th e n  th e  whole o f  th e  d is ta n t m asses should be  accelera ted  
in  K ' . All th e se  req u irem en ts  are  u su a lly  i llu s tra te d  in  connection  w ith  the  
w ell-know n ex am p le  o f th e  ro ta tin g  b u c k e t. To su m m arize  th e  p ro p e rtie s  of 
such  m echan ics: th e  d iffe ren t co o rd in a te  fram es, e x h ib itin g  E u c lid ean  ch a rac te r

J  =  J  . 

z =  z ', ( 1 )
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of space , are eq u iv a len t. B u t m o tio n s  and in e r t ia l  p roperties are  perfec tly  
re la tiv e . W e are a llow ed, for in s ta n c e , to  im ag in e  th e  U niverse ro ta tin g  as a 
rig id  w hole in  (E uclidean ) space w ith o u t fear o f  a n y  d isaster th ro u g h  cen tri
fugal effects.

§ 2

T he above c ritic ism  of th e  ab so lu te , by  p o in tin g  out th e  ro le  of d is ta n t 
m asses an d  lead ing  to  th e  concept o f  th e  re la t iv i ty  of m otion, m a y , how ever, 
in  sp ite  of its  c learness a t  f irs t s ig h t, be ob jec ted  to  in  several re sp ec ts . Com
p a rin g  th e  coo rd in a te  system s К  an d  K '  we t r e a te d  th em  as com pletely  
a b s tra c t reference fram es, and  we considered th e  m otion o f d is tan ce  an d  
sp a tia l s tru c tu re  in  a sim ilar m an n e r. B u t in  ph y sics  d istance  can  only be 
defined  b y  tools m ad e  of m a tte r  a n d  th is  invo lves dynam ics. O ne m igh t very  
well im ag ine  th a t  fo r th e  m a te ria l co n stru c tio n  o f  К  we w ould h a v e  a sim ple 
p resc rip tio n  w hereas th e  co n stru c tio n  of K '  in acco rdance  w ith  eq u . (1) could 
be ca rried  ou t on ly  in  a co m plica ted  and  c lu m sy  fashion. T h is a sy m m etry  
w ould th e n  correspond  to  th e  d iffe ren t b ehav iou r o f  freely  m oving  te s t  partic les 
w ith  re sp ec t to  К  an d  K ' . There is n o th in g  to  be o b je c te d  to  w hen i t  is supposed 
th a t  d y n am ica l law s ta k e  a p a rtic u la r ly  sim ple fo rm  in a fram e or in  a class 
of fram es w hich can  be c o n stru c ted  p a r tic u la rly  easily as th e y  obey these 
sam e d ynam ica l law s. ( I t  m ay be n o te d  th a t  L . L ang e , a co n te m p o ra ry  of 
E . M a c h , was able to  give an  essen tia lly  co rrec t d e fin ition  of in e r tia l  fram es, 
w ith o u t reference to  th e  d is ta n t m asses of the  U n iv erse .) I f  in  one such  fram e, 
d is tin g u ish ed  b y  th e  sim ple m e th o d  of its  co n s tru c tio n , the  p h y sica l laws show 
som e su itab le  sy m m etry , th is  th e n  in d ica tes  th a t  a w hole set o f eq u a lly  sim ple 
fram es of reference ex ist.

T he fac t is t h a t  in  classical physics no su ch  consistency ex is ts  betw een 
d y n am ica l laws in  g enera l on th e  one h an d , and  p re fe rred  system s o f reference 
(and  space s tru c tu re  defined  b y  th em ) on the  o th e r , (N e w t o n ’s ax iom s assum 
ing c o n s ta n t m ass are  in v a ria n t w ith  respect to  G a l il e i tra n sfo rm a tio n s ; 
M a x w e l l ’s equ a tio n s are n o t), a n d  th is c ircu m stan ce  again  m a y  ju s tify  
Ma c h ’s a tte m p t to  in tro d u ce  d is ta n t  masses. T h e  G a l il e i g ro u p  does n o t 
in d ica te  an y  lim ita tio n  in  re la tive  velocities, nor does i t  re jec t fro m  th e  beginn
ing th e  concept of a rb itra r ily  e la s tic  m easuring  ro d s  w ith  a rb itra r i ly  sm all 
m ass. T h u s th e  lack  o f consistency  explains to  a ce rta in  e x te n t th e  dem and  
fo r a d escrip tion  of n a tu re  such as w as ou tlined  a t  th e  end o f th e  foregoing 
section . O n the o th e r h a n d , Ma x w e l l ’s equations —  in  th e ir f in a l consequences 
—  h av e  led  to  special re la tiv ity .

T h e  recogn ition  th a t  space a n d  tim e  do no t re p re se n t tw o s e p a ra te  “ beds”  
for th e  flow  of p h ysica l even ts, b u t  t h a t  th e y  are  am alg am ated  to  a four-space 
of sp ace-tim e estab lishes fu ll consistency  betw een  th e  s tru c tu re  o f  space-tim e
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and  th e  d y n am ica l law s. L e t us d is re g a rd  g ra v ita tio n  for the m o m e n t. T hen 
th e  p h y sica lly  w ell-defined  m otion  w h ich  is in d e p e n d e n t of th e  cho ice  of co
o rd in a tes  leads to  th e  ab so lu te  s tra ig h t  (tim elike) lines of the  fo u r-m an ifo ld  
o f ev en ts . T he se p a ra te  d a 2 an d  dt2 in  (2) are th e n  rep laced  b y  th e  ab so lu te  
fo u r-d is tan ce  ds2 b e tw een  tw o ev en ts , m easured  b y  physica l c locks, and in  
c o n tra s t  to  th e  sy m m e try  o f equs. (2), К  and  K '  no  longer ap p ear geom etric 
a lly  e q u iv a le n t, ds2 b e ing  rep re sen ted  b y  th e  sim ple  expression ds2 =  dx2 -f- 
-j~ d y2 -f- dz2 —  rPdl2 in  K ,  b u t  by  a m o re  com p lica ted  one in  K ' . N o r a re  th e y  
e q u iv a le n t p h y sica lly . T h e  m ate ria l c o n s titu e n ts  o f К  a re  free-m oving , w hereas 
K '  m ay  tu rn  o u t to  be n o t  d irec tly  rea lizab le  a t  all. T h e  path s  of o th e r  free- 
m oving  te s t  bodies a p p e a r  u n cu rv ed  in  K ,  b u t  c u rv e d  in  K ' . T h e  re le v a n t 
in v a rian ce  group of th e  law s of n a tu re ,  as expressed  in  the  s im p lest possible 
fram es, is th e  L o ren tz -g ro u p , w hich in d ica tes  th e  co rresponding  se t of equi
v a le n t sim p le  fram es. A t th is  stage  th e  p ro te s t a g a in s t th e  ab so lu te  an d  th e  
reference to  th e  ro le o f th e  d is ta n t m asses appears to  b e  o u t of d a te . E p is te m o 
logically  we could  v e ry  well resign ourselves once fo r all to  the  M inkow skian  
s tru c tu re  o f sp ace-tim e as given b y  M in k o w s k i .

§ 3

T he ju s tif ic a tio n  fo r M a c h ’s d em an d s  has been  recognized by  th e  general 
th eo ry  o f re la tiv ity , w hich  has re v iv e d  th em  in a n ecessarily  m o d ifie d  form . 
E in s t e in ’s th e o ry  w as th e  f irs t to  succeed  in  acco u n tin g  for th e  s im p le  em piri
cal fa c t th a t  all bodies fa ll a t  th e  sam e  ra te . B o th  in  a lab o ra to ry  f lo a tin g  in  
space fa r  from  all m asses, an d  in  a n o th e r  passing b y  som e celestia l b o d y  and 
in flu en ced  b y  n o th in g  else th a n  th e  g ra v ita tio n  o f  th e  la tte r , th e  s ta te  o f 
w eightlessness p rev a ils  equally . T he m o s t concise re n d e rin g  of w h a t is com m on 
to  b o th  is to  say  th a t  in  b o th  cases m o tio n  is free. W e have now  co n n ec ted  
th e  n o tio n  of free m o tio n  w ith  th e  s tr a ig h t  lines o f space-tim e. T his im m ed ia te 
ly  leads to  th e  co n cep t of geodetics in  a cu rved  space-tim e, th e  c u rv a tu re  
d ep en d in g  on th e  d is tr ib u tio n  of m a t te r .  The local connection  b e tw e e n  curva
tu re  a n d  energy -stress d en sity  is g iv en  b y  th e  g ra v ita tio n a l e q u a tio n s

R-ik----- ~  8 ik R  — ~  x T ik. (3)
A

Once experience d isp roves th e  p re ju d ic e  th a t  space -tim e  is in d e p e n d e n t of 
m a tte r  th e  d em an d  fo r space-tim e to  be com ple te ly  de te rm ined  b y  m a tte r  
r ig h tly  arises anew , a d em an d  w h ich  is sim ilar e .g . to  the  ta c i t  a ssu m p tio n  
o f classical physics t h a t  all e lec tro m ag n etic  fie lds orig inate  (or p e rh a p s  te r 
m ina te ) in  m oving  charges or m ag n e tic  dipoles e tc . T h is new p rin c ip le , s ta te d
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b y  E in s t e in  and  called  b y  h im  M a c h ’s princip le , is th e  leg itim a te  successor 
to  M a c h ’s orig inal req u irem en ts . I f  th e y  could be  fu lfilled  w ith in  th e  fram e
w ork  of general r e la tiv ity , th is  w o u ld  m ean th a t  geodetics and  so th e  m otion 
of te s t  p artic les w ould  he u n iq u e ly  determ ined  b y  th e  m asses. B u t  th a t ,  i t  
m ust be em phasized , w ould  n o t m ean  th a t  “ m o tio n  is re la tiv e” . W e see th is  
m ost easily  in  th e  follow ing w ay. Suppose we d e flec t a partic le  fro m  its  geodetic 
p a th . To do th is , we need  some e x te rn a l force. O ne w ould p e rh ap s w ish to  fix  
a coo rd ina te  system  to  th is  p a rtic le , accelerated  in  th e  d irection  o f th e  ex te rn a l 
force to  fin d  th a t  in  th is  system  th e  partic le  is a t  re s t, and  th a t  th e  d is ta n t 
m asses are  acce lera ted  in  th e  opposite  direction . H ow ever, th is  desire re ta in s  
th e  n o tio n  of r ig id -ty p e  acce le ra ted  fram es, d esc rib ed  e.g. b y  eqs. (1) and  
a tta c h e d  to  th e  N ew to n ian  co n cep ts  of space a n d  tim e . I t  fa ils because  i t  is 
n o t u n iq u e ly  and  reaso n ab ly  possib le  even in  th e  case  of a M inkow skian p lane 
to  ex ten d  a sm all fra g m e n t of a coo rd in a te  s y s te m —accelera ted  locally  w ith  
re sp ec t to  a local in e r tia l fram e — to  th e  en tire  space-tim e m an ifo ld . I f  we 
give th e  te s t  bo d y  sh o rt pulses an d  m ake i t  v ib ra te , we can choose a periodic
a lly  deform ed reference  fram e, in  w hich the  t e s t  partic le  a n d  th e  d is ta n t 
m asses as well rem ain  a t  re s t. So long  as th e  la c k  o f absolute s im u lta n e ity  is 
d isregarded  th is  choice m ay  be declared  u n reaso n ab le , no ju s tif ic a tio n  fo r 
th e  re jec tio n  o f su ch  reference fram es can be fo u n d  in  a genera l space-tim e. 
T he tra d itio n a l c la im  for th e  re la t iv i ty  of m o tion  h as  been con fused  w ith  th e  
abso lu te  space-tim e of general r e la tiv ity  (see [1] fo r details) as fo r exam ple 
in  th e  fam ous ca lcu la tio n  of H . T h ir r in g  and J .  L e n s e , the  w ell-know n resu lt 
of w hich  was hailed  as a p a r tia l success and  w as p ra ised  by  E in s t e in  him self. 
H ow ever, all considera tions o f th is  ty p e  are m islead ing . A re a l app roach  to  
th e  co n cep t of th e  r e la tiv ity  of m o tio n  would n e e d  th e  following. F o r a m odel, 
in  w hich  a sm all te s t  b o d y  is r o ta t in g  “ in the  c e n tre ”  w ith  re sp ec t to  d is ta n t 
m asses a t  re s t in  a n ea rly  f la t  space  —  and  su c h  a m odel does ex is t -— we 
ough t f irs t of all to  f in d  an o th e r m odel, as a c o u n te rp a r t , in  w h ich  th ere  are 
b ig  m asses ro ta tin g  w ith  respect to  a com m on c e n tre  a rb itra rily  d is ta n t, again  
in  a n ea rly  f la t  un iverse . Such a m odel, how ever, c a n n o t ex ist w ith o u t co n tra 
d ic ting  th e  fie ld  eq u a tio n s.

T hus th e  d em an d  th a t  th e  s tru c tu re  of a b so lu te  space-tim e be  exclusively  
d e te rm in ed  b y  th e  m a tte r  in  th e  U n iverse , m ust h a v e  a deeper c o n te n t, d iffe ren t 
from  th a t  for th e  re la tiv ity  of m o tio n . B u t, su rp ris in g ly , i t  is v e ry  h a rd  to  
fo rm u la te  th is  p recisely . I t  c e rta in ly  will m e a n  som eth ing  lik e  th is : T h e  
d is tr ib u tio n  of m a tte r , th a t  is, th e  d is trib u tio n  o f  energy flow  a n d  d ensity  a t  
a g iven tim e  t u n iq u e ly  de te rm in es th e  c u rv a tu re , etc. of th e  w hole space- 
tim e , in  th e  p a s t as w ell as in  th e  fu tu re . B u t w h a t  does th e  te rm  “ a t  a g iven  
tim e ”  m ean ?  I t  can  only  m ean  a  space-like “ h y p ersu rface”  in  th e  cu rv ed  
space-tim e. P re sc rip tio n  of th e  d is tr ib u tio n  of m a t te r  on such a h y p crsu rface  
au to m a tic a lly  invo lves th e  p re sc rip tio n  of th e  hypersu rface  i ts e lf  w ith  a ll
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its  g eom etrica l p ro p e rtie s , so m eth in g  w hich we w ished  to  d educe  from  th e  
“ g iven  d is tr ib u tio n ”  o f  m a tte r . O f cou rse , as a consequence of th e  req u irem en t 
th a t  th e  g ra v ita tio n a l eq u a tio n  (3) shou ld  be sa tis f ied , th e  freed o m  in th e  
choice o f  th e  s tru c tu re  of th e  3-d im ensional hy p ersu rface  and  in  th e  choice 
o f th e  d is tr ib u tio n  o f m a tte r  m u tu a lly  re s tr ic t e ach  o ther, in  o th e r  words, 
in itia l va lu es  m u s t necessarily  be co n sis ten t. This m u tu a l re s tr ic tio n , toge ther 
w ith  th e  rem ain in g  freedom  show s th e  “ space-tim e  aspect”  a n d  “ m a tte r  
a sp e c t”  o f th is  in it ia l  va lue  p rob lem  to  be of eq u a l in trin sic  im p o rta n c e . I t  is 
tru e  t h a t  th e  in fo rm a tio n  ob ta in ed  b y  a given hy p ersu rface  for th e  s tru c tu re  
o f th e  fo u r-m an ifo ld  is n o t so la rge , as th a t  to  be o b ta in ed  from  th e  in trinsic  
g eo m etrica l p ro p ertie s  of th e  h y p e rsu rface . W e can  choose a v e ry  co m p lica ted  
h y p e rsu rface  in  a sm o o th  fou r-m an ifo ld . This im p lies th a t  th e  r e a l  freedom  
in  “ o rig in a tin g ”  a four-geom etry  fro m  a th ree -su rface  is sm aller th a n  th e  
a p p a re n t freedom  o f th e  th ree -su rface . N evertheless, th e re  is a c e r ta in  am oun t 
o f freedom  le ft, as is m o st easily  seen  b y  considering  tw o  in fin ite s im a lly  near 
n e ig h b o u rin g  th ree -su rfaces . The b e s t  approach  to  an  in te rp re ta tio n  of the  
M a c h — E in s t e in  re q u ire m e n t as a d em an d  for th e  possib ility  o f  defining 
a u n iq u e  in itia l v a lu e  prob lem , seem s to  have b een  th a t  of W h e e l e r  [2]. 
S ta r tin g  from  th e  assu m p tio n  th a t  fo r  a closed u n iv e rse  the  spec ifica tio n  of 
th e  th re e -g e o m etry  on  a th ree -su rface  an d  its  t im e  ra te  of ch an g e  un iquely  
d e te rm in es  th e  ex tr in s ic  cu rv a tu re  a n d , th ere fo re , th e  se lf-co n sis ten t in itia l 
v a lu e  d a ta  b y  w hich  th e  en tire  fo u r-g eo m etry  is com plete ly  d e te rm in e d , he 
a rriv es  a t  th e  fo llow ing conclusion, w h ich  a t  the  sam e  tim e  is th e  b e s t  possible 
fo rm u la tio n  of M a c h ’s princip le: fo r  a closed u n iv e rse  th e  spec ifica tio n  of 
su ffic ien tly  reg u la r th ree -d im en sio n a l geom etry  a t  tw o  in s ta n ts  im m ed ia te ly  
succeed ing  each o th e r  an d  th a t  o f th e  den sity  an d  flo iv  of energy de te rm in es 
th e  g eo m e try  o f sp ace -tim e  —- p a s t, p re se n t an d  fu tu re  —  and  th e re b y  th e  
in e r tia l p ro p ertie s  o f  every  in fin ite s im a l te s t p a r tic le . The m ost re m a rk a b le  
fe a tu re  o f th is co n jec tu re  is th a t  i t  a u to m a tic a lly  p o s tu la te s  a closed  universe  
in  o rd e r to  avoid  c e r ta in  am bigu ities in  th e  position  o f  th e  tw o th ree -su rfaces  
re la tiv e  to  each  o th e r, th a t  is, in  em b ed d in g  th em  in to  th e  en tire  fo u r-g eo m etry . 
N am ely , in  th e  case o f  open space-like surfaces w e shou ld  be faced  w ith  the  
p ro b lem  o f fin d in g  a p p ro p ria te  b o u n d a ry  co n d itio n s to  fix  th e  ex trinsic  
c u rv a tu re  a t  in f in ity , an d  th is  w ould  b y  no m eans b e  governed b y  th e  d is tri
b u tio n  o f m a tte r . T h is ap p ro ach  is u n sa tis fa c to ry  b ecau se , a p a r t f ro m  th e  lack 
o f  rigo rous proofs, ev en  th o u g h  i t  excludes c e r ta in  m odels of sp ace -tim e  in  
w hich  th e  presence o f  m a tte r  is s tr ik in g ly  in c id en ta l, one can n o t ap p rec ia te  
t h a t  m a t te r  p lays th e  m ost im p o r ta n t  ro le in  th e  rem ain in g  m odels, allowed 
b y  th e  ab o v e  m en tio n ed  in te rp re ta tio n  fo rm u la ted  in  te rm s  of an  in i t ia l  value 
p rob lem .

I t  seem s obv ious, therefo re , t h a t  th e  eq u a tio n s  (3) perm it th e  ex istence 
o f  a co m p le te ly  in d ep en d en t, in d iv id u a l space-tim e. As a m a tte r  o f  fa c t, th is
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is  show n m ost sim ply  b y  th e  fa c t th a t  th e  p e rfe c tly  em p ty  M inkow sk ian  space- 
tim e  is a so lu tion  o f (3). F o r a long  tim e  th e  v ag u e  hope su b s is te d  th a t  th e  
in d e p e n d e n t a spec t o f space-tim e is only  a p p a re n t  and  th a t  sp ace -tim e  does 
n o t  possess an y  re a l degree of freedom . N am ely , i t  h a d  been c o n jec tu red  th a t  
th e  only  reg u la r an d  com plete  so lu tion  of (3), w ith  an everyw here  van ish ing  
energy-stress ten so r, is th e  f la t  space-tim e o f M in k o w s k i . C learly  th is  w ould  
m ean , th a t  th e  v a r ia b ility  of th e  s tru c tu re  of sp ace -tim e  in  th e  so lu tio n  of (3) 
is a consequence o f th e  m a tte r  p resen t.*  T h is expec ted  consequence  of (3) 
has even been called  Mach ’s p rin c ip le  in  th e  l i te ra tu re  [3], b u t  th is  hope 
failed . N ow  m an y  so lu tions are  know n  (see fo r  exam ple [4]) w h ich  in  sp ite  
o f  th e ir  n o n -v an ish in g  R iem an n -ten so r describe m odel-un iverses com pletely  
e m p ty  an d  y e t com plete  and  w ith o u t s in g u la rities .

§ 4

O f course, one could  reaso n  as follows: i f  space-tim e is u n lik e ly  per se, 
to  lose its  ow n degrees of freedom , we can  force i t  to  do so b y  th e  req u irem en t 
o f  su itab le  b o u n d a ry  cond itions. I n  fa c t th is  w o u ld  be m erely a n  evasion  of th e  
p ro b lem , n o t its  so lu tion . T h e  undesirab le  re lease  of sp ace -tim e  s tru c tu re  
from  th e  in fluence  o f th e  d is tr ib u tio n  of m a t te r  w ould  th e n  b e  rep laced  b y  
th e  concep tual independence  o f  th e  b o u n d a ry  conditions. N o b o d y  w ould  
agree, for exam ple , th a t  in  an  a sy m p to tic a lly  f l a t  universe em b o d y in g  a f in ite  
a m o u n t of m ass, th e  geodetics are  p re d o m in a n tly  governed b y  m a tte r . W ith , 
o r w ith o u t b o u n d a ry  co n d itions, th e  fo llow ing conclusion is inescapab le . 
E q u a tio n s  (3) d eny  th e  possib ility  of a c o n s is te n t p ictu re  a b o u t  space-tim e 
an d  m a tte r , as sk e tch ed  a t  th e  en d  o f § 2, b u t  th e y  do no t p rem ise  th e  m onism  
o f m a tte r . T his p ro fo u n d  ep istem olog ical d if f ic u lty  m ay b eco m e a s ta r tin g  
p o in t for fu r th e r  d ev e lo p m en t o f th e  th eo ry . I t  suggests th a t  th e  g ra v ita tio n a l 
eq u a tio n s  (3) are n o t  ex ac t law s h av in g  genera l v a lid ity , b u t  a re  ap p ro x im 
atio n s, w orking w ell u n d er c ircum stances a c tu a lly  observed in  th e  U niverse 
(e.g. n ea rly  un ifo rm  d is tr ib u tio n  o f  m a tte r  in  th e  visib le reg ion , e tc .) b u t fa il
in g  for o th e r conceivab le  d is tr ib u tio n s  of m a t te r .  This w’o u ld  th e n  rem ove 
th e  necessity  o f exclu d in g  so lu tions like e m p ty  universes, w h ich  obviously  
c o n tra d ic t th e  sp ir i t  of th e  M a c h — E in s t e in  princip le  fro m  eq. (3) as th e  
ap p lica tio n  of (3) to  ex trem e d is tr ib u tio n s  of m a t te r  would th e n  b e  an  im p e r
m issible ex tra p o la tio n . All th ese  considera tions lead  to  tw o  im p o r ta n t con
sequences.

* W e will not touch  upon the case in  which th e  so-called cosm ological term  is added  
to the left-hand side o f (3) because at present there is  no reason to introduce this term  and  
besides, it  would be superfluous in our considerations.
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1. I t  is ju s tif ia b le  to  seek a )  fo r m ore d ire c t theo re tica l ind ica tio n s 
(m ore d ire c t th a n  th e  ab o v e  co n sidera tions) co n cern in g  the  lim ite d  v a lid ity  
o f e q u a tio n s  (3), b) fo r exp erim en ts , d e tec tin g  e v e n tu a l g ra v ita tio n a l effects 
o f d is ta n t  m asses w h ich  w ould  go b e y o n d  th e  b o u n d a rie s  of in te rp re ta tio n  
in  te rm s o f  R iem an n  g eo m etry .

2. I t  is desirab le to  have  a se lec tio n  p rincip le , w hich  lim its th e  app lic 
a b ility  o f  eq u a tio n  (3), since we h a v e  seen th a t  in  (3) th e  sim ple co n cep t of 
R iem an n ian  space-tim e m a y , a t a la te r  stage  of d e e p e r u n d e rs ta n d in g  of th e  
con n ec tio n  betw een  sp ace-tim e  and  m a tte r ,  p rove to  be  an erroneous e x tra 
p o la tion .

As to  1«, i t  seem s th a t  we can  h a v e  th e o re tic a l ind ica tions in  th e  sense 
m en tio n ed . Q uite  a p a r t  fro m  the  w ell-know n  a p p a re n t co n trad itio n s  invo lved  
in  an y  a t te m p t  to  a p p ly  E in s t e in ’s th e o ry  to  m icrophysics, it  is conceivab le , 
th a t  d ifficu lties  are en co u n te red  even in  th e  field  o f m acrophysics. W e m en tio n  
th e  p ro b lem  of th e  “ fa llin g  s ta r” , in v e s tig a te d  on th e  ground of reaso n ab le  
m odels b y  W h e e l e r  [2]. I t  has long b een  know n t h a t  under a n y  reaso n ab le  
a ssu m p tio n  re la tin g  to  th e  connection  betw een  d e n s ity  and p re ssu re , th e  
accu m u la tio n  of a su ffic ien tly  large a m o u n t of m ass to  form  a s ta r  w ould 
necessarily  lead  as a re s u lt  of eq u a tio n s  (3) to  a b reak d o w n  of m e tr ic  in  the  
cen tre  (n o t on th e  su rface) of th e  s ta r .  O f course, in  exp la in ing  th e  re su lts  of 
th is , in  p rin c ip le  we can  alw ays d isc o u n t, in  th e  fo rm  o f a su itab le  ra d ia tio n , 
th e  d an g ero u s energies w h ich  would m ak e  th e  s ta r  ex p lo d e . To in s is t u p o n  th e  
v a lid ity  o f  th e  con cep t o f  R iem ann ian  space-tim e a n d  equations (3) even in 
regions f ille d  w ith  m a t te r  in  such a n  ex trem e s ta te  w ould im pose a lm ost 
incred ib le  re s tric tio n s  on th e  b eh av io u r o f m a tte r .

As to  16 we o b se rv e  f irs t t h a t  a n u m b er o f  specu la tive  th eo rie s  on 
g ra v ita tio n , d ev ia tin g  to  a g rea ter o r lesser e x te n t fro m  equations (3) have 
been e n u n c ia te d  w ith o u t a n y  su p p o rtin g  ex p e rim en ta l resu lt. Som e o f  them  
(see [5] fo r exam ple a n d  fo r fu r th e r  references) m ak e  use  of the  f a c t  [6] th a t  
we can  t r e a t  g ra v ita tio n  as a long ran g e  fo rce  in  o rd in a ry  f la t  space, co rresp o n d 
ing  to  a zero  m ass boson  filled  in  u n iv e rsa l in te ra c tio n  w ith  all m a t te r .  The 
a ssu m p tio n  of th e  ex is ten ce  of o th e r zero  m ass b o so n  fields m ean s indeed , 
th a t  th e  u n iq u e  a t t r a c t io n  o f in te rp re tin g  th e  th e o ry  in  te rm s of R iem an n ian  
geo m etry  ceases. B u t th e  ex perim en ts perfo rm ed  so f a r  in th is d ire c tio n  (for 
exam ple  t h a t  o f H ug h es  an d  D r e v e r  [5] p lanned  to  in v estig a te  th e  sp a tia l 
an iso tro p y  o f in e rtia , o r t h a t  of K . T u r n e r  [7] in  an  a t te m p t  to  f in d  a n  effect 
o f  th e  m o tio n  o f th e  E a r th  against th e  w hole of th e  galax ies) have y ie ld e d  only 
n eg a tiv e  re su lts . I t  shou ld  n o t  be su rp ris in g  if  in  th e  n e a r  fu tu re  th e  in creasin g  
accu racy  o f  m easu rem en ts  should  on ly  lead  to  a s tre n g th e n in g  of th e  re lia b ility  
o f th e  fam o u s te s ts  o f  g enera l re la tiv ity .

In  v iew  of these  te s ts  a fa irly  la rg e  dom ain  o f  v a lid ity  for E in s t e in ’s 
eq u a tio n s  can  be ex p ec ted . This tu rn s  o u r a tte n tio n  to  p o in t 2, t h a t  is to  th e
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prob lem  of d is tin c tio n  b e tw een  tho se  so lu tio n s of e q u a tio n s  (3) w hich can , 
an d  th o se  w hich  can n o t, be reg a rd ed  as governed  p re d o m in a n tly  b y  m a tte r .  
I t  is clear th a t  such a d is tin c tio n  m u st b e  som eth ing  lik e  th is : “ I t  is n o t  
allow ed to  deal w ith  so lu tions of equa tions (3), w hich co rresp o n d  to  a un iv erse  
v e ry  d iffe ren t from  o u rs .”  In d eed , m an y  versions of th e  desired  se lec tion  
p rincip le  p o s tu la te  a com plete ly  hom ogeneous, iso trop ic  cosm ological b a c k 
g round , som etim es even w ith  everyw here c o n s ta n t c u rv a tu re . In  such m odels 
even th e  d efin itio n  of a special class of p a ram e te r-n e tw o rk s  m ay  tu rn  o u t to  
be possible, on pu re ly  m a th e m a tic a l g rounds, m aking use o f th e  high degree 
o f  u n ifo rm ity , w hich we m a y  reg ard  p h y sica lly  to  co rresp o n d  to  un ifo rm ly- 
accelera ted  coo rd ina te  sy stem s. In  th is  m a n n e r  we can p a r t ly  force o u t th e  
“ re la tiv ity  of m o tio n ”  (for th e  v e ry  a rtif ic ia l case of p e rm a n e n tly  c o n s ta n t 
acceleration).

In  our opinion, s im ila r approaches exaggera te  th e  re s tr ic tio n  on th e  
m u tu a l freedom  of space-tim e an d  m a tte r  follow ing fro m  th e  equations (3), 
an d  g rea tly  h in d er th e  th e o ry  from  develop ing  its  full effic iency .

W e propose th e  fo llow ing c rite rio n  fo r th e  se lec tion  of cosm ological 
so lu tions of th e  eq u a tio n s (3), w hich a re  d o m in a ted  b y  m a tte r :  A p h y sica l 
so lu tion  S, th a t  is a com plete  reg u la r space -tim e  w ith  an  everyw here  accep tab le  
(non-negative) m ass d en sity , e tc . obeying  equations (3) is perm issib le, i f  i t  
is im possib le to  give a se t S (p )  o f o th e r p h y sica l so lu tions, d ep en d in g  con tinous- 
ly  on th e  p a ra m e te r  p ,  an d  a se t 27Qo) o f space-tim e d o m ain s , w here 27(p) is 
a su itab ly  chosen dom ain o f S(p),  in  such  a m anner, t h a t  S ( p 0) =  27(р0) =  S  
an d  for som e o th e r value p x o f p  lim  £ ( p )  S F, w here S F describes a com -

P^Pi
p le te ly  em p ty  b u t  o therw ise  com plete  a n d  regular sp ace-tim e . In  sh o rt, 
m a tte r  dom ina tes a so lu tio n  if  i t  is “ essen tia lly  d iffe ren t”  from  an  e m p ty  
so lu tion  in  th e  above sense, th a t  is, if  i t  c a n n o t be d efo rm ed  th ro u g h  a series 
o f o th e r so lu tions in to  a m a tte r-fre e  one. T h e  notion  of co n tin u ity ’, as w ell as 
th e  m ean ing  of th e  lim it, occu rring  in  th e  above d e fin itio n , ought to  —  an d  
could  easily  — be ex p la ined  rigorously . B u t i t  is no t w o r th  while to  do th is , 
because o f th e  lack  of fo rm u lae  for th e  gen era l so lu tions o f  equations (3) a t  
p resen t. T he m ethod  has b een  app lied  to  spherically’ sy m m e tric  cosm ological 
m odels, w ith  th e  re s tr ic tio n , how ever, t h a t  S(p)  also sh o u ld  be sph erica lly  
sym m etric . H ere th e  m ean in g  of th e  above notions is c lea r. As a m a t te r  of 
fa c t, m ost o f these  m odels h av e  singu lar p o in ts  in  sp ace -tim e  (correspond ing  
to  th e  beg inn ing  of ex p an sio n  or to  th e  en d  o f th e  c o n tra c tio n ), p ro b ab ly  due  
to  th e  s tr ic t spherica l sy m m e try . B u t ou r crite rio n  can be  m ad e  effective also 
in  th ese  cases, a d m ittin g  th e  analogous s ingu larities also in  S(p).  I t  has b een  
fo und , th a t  closed m odels a re  allow ed, open  ones are n o t. T h is  is in  rem ark ab le  
ag reem en t w ith  th e  conclusion of W h e e l e r . O n the  o th e r  side, if  we co m p are  
ou r crite rio n  w ith  W h e e l e r ’s a tte m p t to  re g a rd  the Ma c h — E in s t e in  prin c ip le
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as a re q u ire m e n t for a s a tis fa c to ry  in itia l-v a lu e  prob lem , w e see, th a t  acco rd in g  
to  our d e fin itio n  th e  p rev a len ce  of m a t te r  does n o t m ean  th e  im p o sitio n  of 
freedom  a n d  v a r ia b ility  o f  th e  s tru c tu re  o f  space-tim e b u t  ra th e r  i t  s im p ly  
m eans t h a t  in  th is  ty p e  o f  so lu tion  th e  ex istence  of sp ace-tim e  p resupposes 
th e  ex istence  o f  m a tte r .
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ПРИНЦИП МАХА В ОБЩЕЙ ТЕОРИИ ОТНОСИТЕЛЬНОСТИ
Ф. КАРОЛЬХАЗИ

Р е з ю м е

После краткого обзора темы показывается, что принцип Маха в интерпретации, 
близкой к оригинальным соображениям Маха, не является следствием общей теории от
носительности. Однако можно формулировать такой принцип отбора, который разделяет 
решения уравнений гравитационного поля на две группы. Члены одной группы противо
речат, члены другой группы не противоречат рациональному содержанию требования 
Маха. Таким образом, может быть, что последние решения останутся разрешимыми и в 
будущем, когда на основе более глубокого понимания связи пространства-времени с 
веществом выяснится о других, что они являются экстраполяциями, выходящими за пре
делы применимости уравнений Эйнштейна. Формулируется принцип отбора, который 
кажется более общим и гибким, чем остальные.
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CLEBSCH-TRANSFORMATIONEN IN DER ALLGEMEINEN 
RELATIVITÄTSTHEORIE

Von

H a n s -G eo r g  S c h ö p f

INSTITUT FÜR THEORETISCHE PHYSIK DER ERNST—MORITZ — ARNDT-UNIVERSITÄT, GREIFSWALD, DDR

(E ingegangen: 20. IX . 1963)

E s werden CLEBSCH-Transformationen für relativ istische ideale F lüssigkeiten her
geleitet. D ie erhaltenen R esu ltate werden für den Fall verallgem einert, in  dem  die F lüssigkeit 
m it einem  elektrom agnetischen Feld in  W echselw irkung steht. Insbesondere wird ein Varia
tionsprinzip für D ielektrika angegeben.

§ 1. Einleitung

Die A rbeiten  von  A. Cl e b s c h  ü b e r die In te g ra tio n  der h y d ro d y n am isch en  
G leichungen liegen ü b er ein J a h rh u n d e r t  zu rü ck . 1857 v erö ffen tlich te  er eine 
e rs te  A rb e it [1], die sich a u f  eine ideale , inkom pressib le  und  s ta tio n ä re  F lüssig
k e it bezog. In  e iner zw eiten  A rb e it [2] w ird  die B ed ingung  d er S ta tio n a r i tä t  
fallengelassen . D ie B ed ingung  d e r In k o m p re ss ib ilitä t k an n  d u rch  die d e r  
B aro tro p ie  e rse tz t w erden . V ere in fach te  D ars te llu n g en  f in d e t m an  in  dem  
L eh rb u ch  von H . L a m b  [3], sowie in  dem  H a n d b u c h a rtik e l von  J .  Se r r in  [4].

M an k an n  den  G edankengang  dieser Ü berlegungen  in  v ie r S ch ritte  
g liedern . E rs ten s  s te llt m an fest, dass ein dreid im ensionales k o v a rian te s  
V ek to rfe ld  f ,- die D arste llu n g

v i =  % i  +  a / i„  ( 1 . 1 )

m it S k a la ren  ip, а, ц  g e s ta tte n  w ird .
(In  un se re r A rb e it nehm en  la te in isch e  Ind izes die W erte  1, 2, 3, griechische 
die W erte  1, 2, 3, 4 an. E in  K o m m a b e d e u te t die gew öhnliche p a rtie lle  A blei
tu n g  n ach  den K o o rd in a ten , w äh ren d  d u rch  ein  Sem ikolon die k o v a ria n te  
A b le itu n g  b eze ich n et w erden  w ird .)

U m  zu u n te rs tre ich en , dass die D ars te llu n g  (1.1) k o v a r ia n t is t und  
n ich ts  m it der M etrik  des R aum es zu  tu n  h a t ,  w ollen w ir a u f folgendes hin- 
w eisen: Sei eine k o n tra v a ria n te  o rien tie rte  V ek to rd ich te , w elche d ivergenz
frei is t,

% i  =  0 ,  (1.2)

so w ird  die allgem einste , zwei w illkürliche F u n k tio n e n  a und  /л e n th a lte n d e  
L ösung  von  (1.2)

^  =  eb* a,j ц ,к (1.3)
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la u te n , w obei das L ev i-C iv ita-S ym bol is t, w elches als o rie n tie rte  dre i
s tu fig e  T en so rd ich te  au fgefasst w erden  k an n . I s t  n u n  die R o ta tio n  eines 
V ek to rs  Vj

W =  eV*Vj,k ( 1-4)

w o m it (1.2) id en tisch  e rfü llt is t, so k a n n  du rch  In te g ra tio n  a u f (1.1) geschlossen 
w erden .

I n  der n ich tre la tiv is tisch en  H y d ro d y n a m ik  w ird  n u n  zw eitens m it 
dem  G eschw ind igke itsv ek to r id e n tif iz ie rt. D ie obigen S kalare m ü ssen  dann  
die Z e it als P a ra m e te r  e n th a lte n . Sie k ö n n en  so g ew äh lt w erden, dass verm öge 
d er B ew egungsgleichungen  die su b s tan tie llen  ze itlich en  A b le itu n g en  von  a 
u n d  [л verschw inden :

—  = 0 ,  - ^  =  0 .  (1.5)
dt dt

Z um  Bew eis dessen b ed ien t m an  sich  am  besten  d er L ag rangeschen  B e tra c h 
tungsw eise .

D ritte n s  k ö n n en  m it H ilfe v o n  (1.1) u n d  (1.5) die B ew egungsgleichungen 
in te g r ie r t  w erden . V iertens k a n n  ein V aria tio n sp rin z ip  fü r  die Theorie angegeben 
w erden . E s f in d e t sich  bere its  in  den A rb e iten  von  Cl e b s c h . E ine neu ere  A rbeit 
zu  d iesem  P u n k t s ta m m t von  H . I to [5], der den  en tsp rech en d en  k an on ischen  
F o rm alism u s en tw ick e lt.

I n  derselben  A rb e it w ird  au sserd em  die V orausse tzung  der B aro tro p ie  
d u rc h  th e rm o d y n am isch e  B e tra c h tu n g e n  etw as abgeschw äch t. E s is t  dann  
d e r geom etrische  P a ra m e te r  ц  d u rch  die spezifische E n tro p ie  rj zu  ersetzen , 
w ä h re n d  an  die S telle von  (1.5) die R ela tionen

*L  =  о
dt

( 1.6)

t re te n , w obei T  die T e m p e ra tu r  is t. D ie le tz te  B eziehung  is t in so fern  p lausibel, 
als be i V orh an d en se in  von  d iss ip a tiv en  E ffek ten  die E x is ten z  eines V a ria tio n s
p rin z ip s  n ich t zu  e rw arten  ist.

D ie B en u tzu n g  th e rm o d y n a m isc h e r R e la tio n en  schein t fü r  die E n t
w ick lu n g  eines re la tiv is tisch en  A nalogons der h ie r referierten  T heorie  von 
v o rn h e re in  no tw en d ig  zu  sein. D as b e s tä tig t  au ch  ein A rtik e l v o n  Z. K oba 
[6], in  w elchem  ein Spezialfall d er v o n  uns darzu legenden  Theorie k u rz  b eh an 
d e lt w ird . Im  § 2 fo rm en  w ir d ah e r die re la tiv is tisch en  B ew egungsgleichungen 
m itte ls  th e rm o d y n am isch e r R e la tio n en  fü r  unsere  Zw ecke um .

S o d an n  le iten  w ir in  § 3 CLEBSCH-Transformationen fü r eine ideale 
re la tiv is tisc h e  F lüssig k e it her. D ab e i b en u tzen  w ir zu n äch st eine d re id im en 
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sionale B etrach tu n g sw eise , in d e m  wir e in  m itbew egtes K o o rd in a ten sy stem  
verw enden. D iese K o o rd in a ten  können als L agrangesche K o o rd in a ten  an g e 
sehen w erden, so dass ein enger Z u sam m en h an g  m it d e r n ich tre la tiv is tisch en  
V erfahrensw eise b e s teh t.

A uf F rag en  der In te g ra tio n  der B ew egungsg le ichungen  gehen w ir n ic h t 
e in , sondern  w enden  uns in  § 4 dem  V aria tio n sp rin z ip  zu. B ei diesem  w erd en  
n eb en  anderen  Grössen die k o n tra v a r ia n te n  K o m p o n en ten  der V iere r
geschw ind igkeit uß, der m e trisc h e  Tensor g ßr sowie i/>, a, r] u n ab h än g ig  v o n e i
n a n d e r  v a riie rt. D iese M ethode u n te rsch e id e t sich v o n  e iner anderen , der 
»V ariation der W eltlin ien«, ü b e r  die w ir a n  an d erer S te lle  b e rich te t h ab e n  
[7 ]. Sie s ieh t ausser der V a ria tio n  der W eltlin ien  (und e v en tu e ll einer th e rm o 
d ynam ischen  Grösse a) n u r  die von g/w v o r . D aher w ird  h ie r u n te r  der le tz t 
g en an n ten  V a ria tio n  uß n ic h t k o n s ta n t z u  h a lte n  sein. W ä h re n d  das aus den  
CLEBSCH-Transformationen fliessende V aria tio n sp rin z ip  a u f  ideale F lü ssig 
k e ite n  b e sc h rä n k t is t, k a n n  die M ethode d er V aria tio n  d er W eltlin ien  fü r 
allgem eine k o n se rv a tiv e  m echanische K o n tin u a  an g ew an d t w erden.

In  den  le tz te n  beiden  P a ra g ra p h e n  ve ra llg em ein ern  w ir unsere E rg e b 
n isse  fü r  den  F a ll, dass eine K opp lung  d e r  F lüssigke it m it  einem  e lek tro m ag 
n e tisch en  Feld  b e s te h t. D ab e i w ird  insbesondere  eine B e s tä tig u n g  u n d  B ech t- 
fe rtig u n g  der U n te rsu ch u n g en  von  K. F . IN o \  o b a t z k y  [ 8 ]  erfolgen.

§ 2. Eine Um form ung der relativistischen B ew egungsgleichungen

Die B ew egungsgleichungen  für eine re la tiv is tisch e  ideale F lü ssig k e it,

t ;,, =  o ,  (2.1)

=  (u> p )u v -f- ö * p , (2.2)

fo rm en  w ir m it H ilfe ein iger th e rm o d y n am isch er G rössen und  B eziehungen  
u m . B ezüglich ih re r  n äh eren  E rlä u te ru n g  fü r  die re la tiv is tisch e  T heorie v e r
w eisen w ir a u f  eine frühere  A rb e it (1. c. [7 ]).

Z un äch st konzip ieren  w ir eine D ichte o, w elche der K o n tin u itä tsg le ic h u n g

(2.3)

(2.4)

i s t  das re la tiv is tisch e  A nalogon zum  spezifischen  V olum en . Die spezifische

genügt.
( q u v) . v =  0

—  =  V
Q
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E nerg ie  Ф g en ü g t den R e la tio n en

Q Ф =  W 7 (2 .5)

Э Ф

dv F  ’
(2 .6)

8 Ф
— T . (2 .7)

8 rj

D abei is t  rj d ie spezifische E n tro p ie  u n d  T  die T e m p e ra tu r . Schliesslich v e r 
w enden w ir die spezifische E n th a lp ie

h =  Ф +  p v  , (2 .8)

fü r w elche sich  gem äss (2.6), (2.7), (2.4)

h , = l ^  +  T Vu (2-9)

e rg ib t. Q, Ф , rj u n d  T  w erden  als skalare  G rössen angesehen . E s fo lg t so d a n n

T vfl =  Qu' hu jL +  d ’ p ,
u n d  m it (2.3) und

D ( . . . )

die B eziehung
ds 

Dhu

—  (• • •)-,v UV

-  +  =  0 •
ds

U n te r V erw en d u n g  von  (2.9) e rh a lte n  w ir schliesslich

Dhu,

ds
— — — k p  +  Tr

D u  Dh

- 1- 7 Г  +  и ^

Ü bersch ieb en  w ir diesen A u sd ru ck  m it uß, so erkennen  w ir, dass

Dr/

ds
=  0

( 2 . 10)

(2 . 11)

( 2 . 12)

(2 .13)

(2 .14)

gilt. D as F e h le n  einer E n tro p iee rzeu g u n g  is t  also eine F o lge  u nserer V o ra u s 
se tzu n g en  fü r  das d isk u tie rte  M edium .
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M it H ilfe des spezifischen  G ibbsschen  P o ten tia ls

k an n  (2.13) in  der F o rm
Ç =  h - T r ,

+  4 D T u * 
ds ds =

geschrieben w erden . D ie T heorie  von  K o ba  [6] b a s ie r t  a u f  d er speziellen 
A nnahm e, dass diese B eziehung  in

D^u * -  _  r- D T u n г
as as

au fsp a lte t.
(2.13) k a n n  m it d er A bkürzung

Ut =  huQ (2.15)
auch  in  die G esta lt

(U llie- U e^  =  Tf],ll (2.16)

g eb rach t w erden , indem  m an  näm lich  b e a c h te t, dass

und

is t.

=  К  и® +  Лме;)х uQ =

=  (Лые);/х Ue

^е;м ^ /* .e ^ e > i*

§ 3. Clebsch-Transformationen für relativistische Flüssigkeiten

W ir w äh len  zu n äch st e in  m itbew eg tes K o o rd in a ten sy stem  a", in  w elchem  
die W eltlin ien  d er F lü ssig k e it du rch  ak —  const, a4 =  v a riab e l, beschrieben  
w erden . G rössen in  diesem  S ystem  ken n ze ich n en  w ir d u rc h  einen Q uerstrich . 
Es g ilt (1. c. [7])

8 ß

insbesondere

~  у  ’ uß ~  i r  -  ■ ’I ~ g 44 V — gii

ü 4 =  —  l / ü 4 =  —  У -  g 44 .

Die G leichung (2.16) sch re ib t sich h ier

f  rj,r =  u 1 ( t 7 ,r 4  —  Н 4|Г)  =
=  « 4 ^г,4 +  h ,r +  Л u4 ü 4

(3.1)

(3.1a)

(3.2)

^4cia Phys. H ung. Тот. X V I I .  Fase. 1 —2.
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W ir fassen  fe rn e r eine b e s tim m te  A n fan g sm an n ig fa ltig k e it ins Auge, a4 =  a 4, 
u n d  beze ichnen  a u f  ih r  e rk lä r te  G rössen m it einem  zw eifachen  Q uerstrich . 
D en  d re id im en sio n a len  k o v a ria n te n  V ek to r U r denken  w ir u n s  gem äss (1.1) 
d a r  geste llt:
[" U r  =  ? u  +  « F . c  (3-3)

H ierbe i w ird  also a 4 als P a ra m e te r  e ingehen. W ir d ifferenzieren  nach  diesem  
P a ra m e te r  u n d  e rh a lte n  n ach  le ich te r U m form ung :

M47 J n 4 =  ( f  4 “ ,) v r- f > 4 “ V  +
+  a ,i  uA /л,г +  ä  /ü,ri ü 4. (3 .4)

G ehen w ir h ie rm it in  (3.2) fü r  a 4 =  a 4 cin, so sehen  w ir, dass die F eldg le ichun
gen a u f  d er A n fan g sm an n ig fa ltig k e it e rfü llt s ind , w enn w ir a u f  ih r fo lgende 
W ahl tre ffen :

^ =  rj =  ri- (3-5)

(E s is t  näm lich  n ach  (2.14) rj — rj (a1, a2, a 3) =  r}.)

ä ,4 M4 =  T ,  (3 .6)

f , 4 u 4 = — Й, (3 .7)
w oraus

? , 4Ä «4 =  174 (3 -8)
fo lg t.

] \u n m e h r  kön n en  w ir schliessen, dass diese D a rs te llu n g  fü r  alle a 4 b e n u tz t  
w erden  k a n n . E s is t  n äm lich  n ach  (3.2), (3.1a)

3 u r
0 a 4

w oraus d u rc h  In te g ra tio n

=  — tj,r T  ut -\- (h w4),r =

=  Пт M— g u  T  -  (]/— gu  h),r , 

a4

Ü r = U r — V’r J  T  daA +

a*o
a*J h w4da4| =

+  1 7

8
dar

s(a‘) s(a‘)

yj — j h ds -f- rj, r ä  -f- j* T  ds 

S(aî) a (*)

=  y),r +  a r j , r

(3 .9)
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fo lg t. D a ausserdem  eine B eziehung d e r  F o rm  (3.8) fü r  beliebige a 4 g ilt, k an n

U a =  V -a +  «»ba

u n d  w egen d er K ovarianz  d ieser G le ichung  allgem ein

Ua =y>, a +  at?,a
geschrieben w erden , w obei

is t.

Dxp
ds

(3.10)

(3.11)

§ 4. Das Y aria tio n sp rin z ip

Die G rundg le ichungen  der hier d isk u tie r te n  T h eo rie , einschliesslich  der 
E in ste in sch en  F eldg le ichungen  lassen sich  nun  aus fo lgendem  Y a ria tio n s
p rinzip  h e rle iten :

v ~ oK  — p +  ------ R
2x

dA X =  0 . (4.1)

H ierbei is t R  d e r R iem annsche K rü m m u n g ssk a la r, x  d ie E in ste in sche  G ra v ita 
tio n sk o n s ta n te  und

К я т ~ — 8 ^ (4.2)

U n ab h än g ig  vone in an d er v a r iie r t  w e rd en  die Grössen gßv, uß, yi, a, p  u n d  p .  
D ie B eziehung  uß uf‘ =  — 1 w ird  n ic h t v o rau sg ese tz t, so n d ern  soll au s  dem  
V aria tio n sp rin z ip  folgen, q u n d  h w erden  a ls  F u n k tio n en  von  p  u n d  7] angesehen , 
w obei w ir n u r  die G ü ltig k e it der th e rm o d y n am isch en  R ela tionen

dh _  1 dh _
-- , --  1

Qp g dp
v o rau sse tzen  [s. (2,9)].

Die V a ria tio n  bezüglich  y) e rg ib t d ie  K o n tin u itä tsg le ich u n g

=  0.

V ariieren  w ir bezüglich  a, sok  om m t

V ,, ,uß
D p

ds

(4.3)

(4.4)

(4.5)
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D ie V aria tio n  n a c h  lie fert

— h u ll +  y),l i+  ap, M =  0.
H ie rm it k a n n  fü r  К

К  =  —  u" +  1)
2

(4.6)

(4.7)

gesch rieben  w erd en . W ir v a riie ren  je tz t  b ezüg lich  p  u n d  e rh a lte n  z u n äch s t

d e
dp

K - ß
8 h i 1
dp  \ 2

- 1  =  0 . (4.8)

U n te r  V erw endung  von  (4.3) u n d  (4.7) e rg ib t sich

8 g h 1
(u u" +  1)

w oraus w ir a u f
9p

=  0,

1 (4.9)

schliessen, da  d e r zw eite F a k to r  n ich t a llgem ein  versch w in d en  w ird. B ei 
E rfü llu n g  d er F e ldg le ichungen  is t  also n ach  (4.7)

K  =  0 .

Schliesslich  v a riie ren  w ir bezüg lich  p. D as E rg eb n is  is t

K  — V  Q К  — !) ~  =  °-8?? 2 dp

B ei B each tu n g  v o n  (4.10), (4.9), (4.3) u n d  (4.4) re su ltie r t

T  =  uß a, =  .
ds

(4 .10)

(4.11)

I 'm  noch  die V a ria tio n  n ach  d e n g ^  a u szu fü h ren , b each ten  w ir die B eziehungen

(4 .12)

d\ ~ g R  =

E s e rg ib t sich d a n n

o =  _ Ö ! (— о K  +  p )  g'iv +  ß h u 1* u ” -)-------
Ti

fU ” ----- — e'"' R2 0
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d. h. w egen (4.10) erscheinen  die E in ste in sch en  F eldg leichungen

R"v — - ~ g " " R  =  — x i e h u ^ u '  +  pg JW). (4.13)

§ 5. Elektrisch geladene Flüssigkeit

W ir vera llgem einern  die T heorie  j e t z t  fü r den F a ll, dass die F lü ss ig k e it 
e lek trisch  geladen  is t, u n d  anstelle  v o n  (2.1) die B eziehung

T v — oeL F  и'-’A H\V C y.Q U (5.1)

m it dem  e lek tro m ag n e tisch en  F e ld s tä rk c n te n so r F  e u n d  der e lek trisch en  
L ad u n g sd ich te  Qe l gilt. B ehande ln  w ir die linke Seite  wie in § 2, so w erden  
w ir a n s ta t t  a u f  (2.13) a u f

ü h u P,‘i-
~ ~ -----— hi ,i +  Trj, +  - —  F Mg li
as--------------------------------------Q

(5.2)

g e füh rt, w oraus wegen d er A n tisy m m etrie  von  Fße w ieder Dri/ds =  0 fo lg t. 
W ir setzen

und gehen verm öge

e
m

^  ne

(5.3)

(5.4)

zum  V ie re rp o ten tia l A ß ü b e r. Aus (5.2) e rg ib t sich d an n  als A nalogon zu  (2.16):

(U M  -  U eJ  u Q = -----( A ^  -  A J  « * +  T r i , (5.5)

Es gelten  die M axw ellschen G le ichungen

F ,,v.v =  Qel- u",

w oraus die K o n tin u itä tsg le ich u n g  fü r  die L adung

(в“' u %  =  0

fo lg t, u n d  d a rau s  w iederum  zu sam m en  m it (2.3)

г ] De/m

ds
=  0.

(5.6)

(5.7)

(5.8)

4 Acta Phys. H ung. Тот. X V I I .  Fase. 1 - 2 .
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F ü r  unsere  Zw ecke is t es n ü tz lic h , die E ich u n g

A„  u" =  0 (5.9)

zu  w äh len , d. h . A t =  0. D as is t im m er e rre ich b ar. I s t  n äm lich  A± zu n äch st 
v o n  N ull ve rsch ied en , so fü h re  m a n  m it

die U m eichung
dB

8a"

d u rch , w o m it das G ew ünschte  e rre ic h t is t.
(5.8) u n d  (5.9) g e s ta tte n  es n u n , in  (5.5) a u f  der re c h te n  Seite  e/m u n te r  

die D iffe re n tia tio n  zu  ziehen. M it

V fl =  h %  +  - - A /X (5.10)
m

k a n n  n u n
( V ^ - V J u ^ T r , ^  (5 .11)

geschrieben  w erd en  in  vö lliger A nalogie zu  (2.16).
D ie Ü berlegungen  des § 3 k ö n n en  so d an n  w iederho lt w erd en  u n d  füh ren  

zu  dem  Schluss, dass die D ars te llu n g

V v. =  V. (5 Л 2 )

m it u n v e rä n d e r te r  B ed eu tu n g  v o n  ip u n d  a (s.(3.11)) m öglich  is t.
D ie e rw e ite rte  T heorie b e s itz t folgendes V aria tio n sp rin z ip :

5 [ ] T ^ g \ eM  -  P  +  4  F " ” +  - L  R  \d*x  =  0,
J  4 2x )

w obei

M =  — ~Z~ gpv w” +  —  A^ u" +  u" ( w  +  ar),ll) +
2i Ttl

h
2

(5.13)

(5.14)

is t. A usser d en  bei (4.2) angegebenen  G rössen w erden j e tz t  au ch  noch e/m  
u n d  die A ß v a r iie r t . D iese V a ria tio n e n  lie fern  die E ichg le ichung  (5.9) u n d , 
wie b e k a n n t is t, die M axw ellschen  G le ichungen  (5.6), w en n  w ir (5.3) a ls 
D efin itio n sg le ich u n g  fü r qeL b en u tzen . B ei d e r V aria tio n  v o n  y> u n d  a w irk t 
sich das in  M  im  V ergleich zu  К  a u f tre te n d e  Z usatzg lied  e/m A ß u" n ich t au s , 
so dass d ieselben  E rgebn isse  (4.4) u n d  (4.5) re su ltie ren . Die V a ria tio n  bezüglich
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v? e rg ib t j e tz t

— h u ^ ----- —  +  y>, p +  ar], p =  0, (5.15)
TTL

wie es sein  soll. [s. (5,12), (5,10).] I s t  (5.15) u n d  (5.9) e r fü ll t , so k o m m t in  
A nalogie zu  (4.7)

M  =  i - A ( Bjt u " +  1),

w as zu r F o lge h a t ,  dass auch  die V a ria tio n e n  bezüglich  p  u n d  ry d iese lben  
R e su lta te  w ie in  § 4 zeitigen , n äm lich  (4.9) u n d  (4.11). E b en so  w ird  b e i d e r 
V aria tio n  n a c h  den  g ^  zu sä tz lich  n u r der T e rm  ]/—g F uv F “v zum  E rg eb n is  
b e itrag en . D ieser B e itrag  is t  b ek an n tlich

J _  ^  8 *  aß paß_ ------! _  V — g l p »  F ve--- — «"’’F  ß F aß
4 àgfiV '  2 ' e 4 8  aß

D aher la u te n  die E in ste in sch en  F e ldg le ichungen  je tz t:

ohu" u" +  pg"v +  F 1' F VQ--------g!ir F aß F aß
4

R"r --------g"vR . (5.16)
2

W ir w ollen zu r P ro b e  b es tä tig en , dass aus d e n  G leichungen, d ie  aus dem  V a r ia 
tio n sp rin z ip  fliessen , ta tsä c h lic h  die A usgangsgleichungen  (5.2) re p ro d u z ie rb a r  
sind . Zu diesem  Zwecke verw eisen  w ir au f nach fo lgende R ech n u n g , a u f  deren  
K o m m en tie ru n g  w ir v erz ich ten  können:

D (hUlí +  e / m A J  
ds =  Vÿu. “ a V #  +  ar};iia в "  =

= = - h ^ + T fl ^ ~  (V ,a  +  a ^ a ) u a;il =

=  — h ^ +  Trj, ^ ----- —  A a ua;/l — h u a u a;/1 =
m

— — h, ^ Tr], p -)-------A a;/l ua,
rn

D hujL

ds
— h, +  Tr], -\------- (-4 — ^  a)u a.

m

E s sei n och  d a ra u f  h ingew iesen, dass das n ic h tre la tiv is tisc h e  A nalogon d ieser 
T heorie  d er ge ladenen  F lüssigke it in  einer A rb e i t  F . Möglich [9] zu  fin d e n  is t.
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§ 6. Variationsprinzip für Dielektrika

Die in  d er E in le itu n g  e rw äh n ten  U n te rsu ch u n g en  N ctvobatzkys [8] 
basieren  a u f  fo lgender Ü berlegung : Die k o v a ria n te n  M ateria lg le ichungen  eines 
iso tro p en  D ie lek trik u m s la u te n :

G"v =  —  {F"v +  k(u fl F"  -  u" F " )} . (6.1)
F

H ierbei is t  fj, die P e rm e a b ilitä t. (E ine V erw echslung  m it  der am  A n fan g  
dieser A rb e it b e n u tz te n  G rösse fi is t n ic h t zu  b e fü rch ten .)  F erner ist

F ” == F VQ uQ, (6 .2 )

1c =  ЕЦ — 1 , (6.3)

m it e =  D ie le k tr iz itä tsk o n s ta n te . Die M axw ellschen G leichungen s in d  —- 
neben  (5.4) —  in A bw esenheit von L ad u n g en  und  S trö m en

G r„  =  0 . (6 .4)

Lassen sich n u n  diese G leichungen aus e in em  V aria tio n sp rin z ip  in d e r F o rm

í E S U :  =  о (6.5)
>A,

herle iten , so so llte  der e lek tro m ag n e tisch e  E n erg ie -Im p u lsten so r aus

^ V ~  8  L el' _  1 y  y d . л» (6.6)
^  2 '  S

abzulesen  sein.
Gegen diese A rg u m e n ta tio n  Hesse s ich  e inw enden  [10], dass e ine  d e r

a rtig e  B estim m u n g  des E n erg ie -Im p u ls ten so rs  e igen tlich  n u r  fü r abg esch lo s
sene S ystem e vom  S ta n d p u n k t der a llgem einen  R e la tiv itä ts th e o rie  zu  rech t-  
fertigen  is t. In  unserem  F a ll is t  das e lek tro m ag n e tisch e  F e ld  aber n ic h t ab g e 
schlossen. E s b e fin d e t sich  v ie lm ehr in  W echselw irkung  m it der p h än o m en o lo 
gischen M aterie . M an so llte  d ah e r ein V aria tio n sp rin z ip  angeben , aus w elchem  
n ic h t n u r  d ie  M axw ellschen G leichungen (6 .4), sondern  d u rch  V a ria tio n  von  
G rössen, w elche fü r die phänom enolog ische  M aterie m assgebend  s in d , auch  
deren  B ew egungsgleichungen

T;,v = f ,  (6.7)

fliessen . D ie V a ria tio n sa b le itu n g  der g e sam ten  L ag ran g ed ich te  nach  gflv so llte  
d a n n  n ach  dem  b e k a n n te n  Schem a den  (d ivergenzfre ien ) E nerg ie-Im pu ls-
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ten so r des abgeschlossenen, aus e lek tro m ag n e tisch em  F e ld  und  p h än o m en o lo 
gischer M aterie b esteh en d en  S ystem s ergeben.

Z u r K o n s tru k tio n  einer so lchen  L ag ran g ed ich te  m üsste  e ig en tlich  die 
ponderom oto rische  K ra f t  f lt b e k a n n t sein, M ährend m an  sie doch  an d erse its  
e rs t verm öge

T e l - (6 .8)
zu b estim m en  w ünsch t.

N u n  wird aber, w ie  N o v o bá tz k y  1. c. [8] g ez e ig t  h at, (6.5) m it (6.4) 
id en tisch , w enn m an

L eL =
1

2/i
F aß F "ß — к F a F ‘ (6.9)

w äh lt. D ie gesam te L ag ran g ed ich te  fü r  das abgeschlossene S ystem  k a n n  also 
ausser (6.9) n u r solche v o n  A ß ab h än g ig en  T erm e Z  e n th a lte n , d e ren  V aria 
tio n sab le itu n g en  nach  A ß m odulo derjen igen  F eldg le ichungen  v ersch w in d en , 
w elche aus der V a ria tio n  der sich a u f  die phänom enologische M aterie  bezie
henden  Feldgrössen  fliessen . Die v o n  A ß freien T erm e m üssen  o ffen b ar m it der 
L ag ran g ed ich te  fü r die k rä fte fre ie  phänom enolog ische  M aterie id e n tisc h  sein.

I s t  n u n  die phänom enolog ische  M aterie eine id ea le  F lü ssig k e it, w ie w ir 
sie in  d ieser A rbeit b e h a n d e lt h a b e n , so dürfen  w ir die G ü ltigke it d e r F e ld 
gleichungen  (4.4), (4.5) u n d  (4.9) a n n eh m en , w äh ren d  (4.6) in  noch  u n b e k a n n 
te r  W eise m odifiz iert w erden  m uss. D as soll nun  so geschehen, in d em  in  dem  
A nsatz

L  =  g К  -  p  +  L a■ +  Z  (6.10)

Z  so g ew äh lt w ird, dass (4.4), (4.5), (4.9) und  (6.4) sich er aus dem  V aria tio n s
p rinzip  folgen. U nd das w iederum  is t  n u n  m it

Z = - ± ( l +gi i v  u" и-) F a F a , (6.11)

d. h.

u")Fa F°j (6.12)

d er F a ll.
W ie in  § 4 ergeben  die V a ria tio n e n  nach  ip u n d  a die B eziehungen  (4.4) 

u n d  (4.5). A nstelle v o n  (4.6) e rg ib t s ich  aber

L'' + z ~ T r { j F «  F " - ‘ <2 +  “-

e( — +  VV +  arl’J ------- (F " F a %  +  F aM F “ [2 +  “ X D  =  0 • (6-13)

F ü r  К  g ilt som it n ach  (4.2) bei E rfü llu n g  von (6.13)

К  =  (и ,и "  +  1 ) ( - 1 А + — F a F ° | .
( 2  Q U

(6.14)
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H ie rm it u n d  m it  H ilfe  d er u n v e rä n d e r t  gü ltig en  F orm el (4.8) k a n n  aber wie 
in  § 4 a u f  (4.9) geschlossen w erd en . D a n u n  be i E rfü llu n g  der F eldg le ichungen  
К  — 0, Z  —  0 is t ,  ergeben  die n o ch  a u ss teh en d en  V aria tio n en  n ach  i] u n d  
A  die B ez ieh u n g en  (4.11) u n d  (6.4). D ie V a ria tio n  von  (6.12) n a c h  g^  fü h rt 
n u n  gem äss

ô Y  —  g  ( I J L + z) _ _ Y  —  g  T  ,,v  
àg,v 2

(6.15)

zu  dem  A b rah am sch en  A u sd ru ck  fü r den  e lek tro m ag n e tisch en  Energie- 
Im p u ls te n so r:

1
Г /  =  —  ] F ,a F \  — F aß F aß +  к

[л I 4
F x u" u ” — F '‘ F v -)------g"v F x E ;

(6.16)

w ie b e re its  N o v o bÁtziíY 1. c. [8], gezeig t h a t .  D ie E in ste in seh en  F eld g le ich u n 
gen la u te n  d a h e r:

R>‘v -  g'w R  =  -  y.(ohu'' u" +  pg 'lv +  T Aflv) . 
2

(6.17)

N o v o bá tzk y  is t  in  seiner A rb e it von  (6 .6) zu (6.15) überg eg an g en , da (6.6) 
zu  einem  n ic h t ak z e p ta b len  e lek tro m ag n e tisch en  E n erg ie -Im p u ls ten so r fü h rt. 
D as is t  fre ilich  n u r  d a n n  der F a ll, w enn m a n  das k o n tra v a r ia n te  u~ bei der 
V a ria tio n  n a c h  g/iv k o n s ta n t  h ä lt .  V erw en d et m a n  die in  d er E in le itu n g  er
w ä h n te  M ethode d e r V a ria tio n  d er W eltlin ien , b e i der ô uxjb g^lv yí 0 is t, so 
e rh ä lt  m an  aus (6.6) fü r Т е1'м" ebenfa lls T A ”. ( l . c .  [10]). A nderse its  en tsp rich t 
die v o n e in a n d e r u n ab h än g ig e  V a ria tio n  v o n  u n d  g^v genau d em  V aria tions
p rin z ip  fü r  id ea le  F lü ssig k e iten , w ie es sich aus d en  Cl eв SCH-Transfo rm at)őrien 
e rg ib t. In  d iesem  F a ll ab er w ird  die A n n ah m e des NovoBÁTZiCYschen Z usa tz 
te rm s  Z  gerade  d ad u rch  g e re c h tfe rtig t, dass e r  in  der L ag ran g e fu n k tio n  L  
(6.15) fü r  das abgeschlossene S y stem  zu r E rfü llu n g  der n o tw en d ig  zu  fo rd e rn 
d en  R e la tio n  и^ u 1“ =  — 1 fü h r t .

U m  die K o n sis ten z  u n se re r  T heorie  zu  e rh ä r te n , w ollenw ir noch die- 
B ew egungsg le ichungen  fü r  die F lü ss ig k e it au srech n en . IN ach  (6 .13), (4.9),
(4.5), (4.11), sow ie der d a n n  au s (6.13) d u rch  Ü bersch ieben  m it n ß u n v e rän 
d e r t  e rsch e in en d en  F o rm el xp,/t u ß =  — h fo lg t:

=  -  h, +  -  (v>» +  a ,K ) MV +
as

4------uv( F a F a U +  F  F a) -
w

_ J ^ { F ° F a U  + F  F - )  u\
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D a gem äss (4.4)
Q,vu'’ =  — Quv.v

u n d  gem äss (6.13), (4.9)

-  (У* +  ai7 =
juo

is t , h ab en  w ir

fxg
к

к
jug

u n d  schliesslich n ach  (2.9) u n d  (4.4)

(ghuv и^+<5;р).„
к

—  ( F a F a %  и '  +  F aii F a u % ,  (6,18)
[X

w obei die re c h s t s tehende K ra f td ic h te  in  d e r  T a t die d u rc h  die n eg a tiv e  
D ivergenz des A braham -T ensors defin ie rte  is t .
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ПРЕОБРАЗОВАНИЯ КЛЕБША В ОБЩЕЙ ТЕОРИИ ОТНОСИТЕЛЬНОСТИ

Устанавливаются преобразования Клебша для простой жидкости в общей теории 
относительности. Полученные результаты распространяются для жидкости, взаимодей
ствующей с электромагнитным полем. Главным образом истолкуется вариационный 
принцип диэлектриков.

L IT E R A T U R

Г. Г. ШЕПФ
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EINIGE BEMERKUNGEN ZUR THEORIE DER SPINOREN  
UND BISPINOREN IN DER GEKRÜMMTEN RAUM-ZEIT

Von

E r n s t  S chm utzer

THEORETISCH-PHYSIKALISCHES INSTITUT DER UNIVERSITÄT JENA, JENA, DDR 

(E ingegangen 20. IX . 1963)

D as P ostulat der Lorentzinvarianz der D iracschen Gleichung führt zu zwei Trans
form ationsversionen: 1. K onstanz der Dirac-M atrizen und daher das w ohlbekannte Trans
form ationsgesetz für Spinoren. 2. Auffassung der Dirac-M atrizen als Tensoren und In ter
pretation der W ellenfunktion als einer A rt von  Invarianten. In der vorliegenden Arbeit wird 
die Sachlage für die gekrüm m te R aum -Z eit untersucht. Zu diesem Zweck wird die Theorie  
der Spinoren und der Bispinoren in der gekrüm m ten R aum -Z eit kurz dargestellt.

§ 1. Einführung

G em äss dem  allgem einen R e la tiv itä tsp r in z ip  d a rf  es zu r B eschre ibung  
eines physikalischen  S ach v erh a ltes  ke in  V erbo t b e s tim m te r K o o rd in a te n  geben, 
d. h . die p h y sika lischen  G ru n d lag en  einer T h eo rie  m üssen a llgem ein-kova
r ia n t  fo rm u lie rb a r sein. Aus d iesem  G rund is t  m a n  seit J a h rz e h n te n  b em ü h t, 
dem  S p ino rka lkü l eine a llgem ein -kovarian te  F o rm  zu geben, d en n  die E x istenz  
von  S p in -E lek tro n en  in  der g ek rü m m ten  W elt is t  eine R e a litä t, d ie beschrieben  
w erden  m uss. D ennoch  ist die A u sa rb e itu n g  d er Theorie, d ie von  F ock , 
I w a n e n k o , I n f e l d , v a n  d e r  W a e r d e n , Sc h r ö d in g e r , B a r g m a n n  begonnen  
w urde  u n d  m it der sich  in  den le tz te n  Ja h re n  au sse ro rd en tlich  v iele P h y sik e r 
w ieder b e sch ä ftig t h ab en , noch  keinesw egs zu  einem  allgem einen  A bschluss 
gekom m en. W ir v e rz ich ten  h ier a u f  die Z itie ru n g  all dieser A rb e iten , sondern  
verw eisen  lediglich  a u f  einige eigene A rb e iten  zu  diesem  P ro b lem k re is , in  
w elchen  der L eser w eitere H inw eise f in d e t [1]. E in  a llg em ein -k o v arian te r 
S p in o ra p p a ra t is t v o r allem  auch  fü r  die T heorie  der E lem en ta rte ilch en  von  
grosser B ed eu tu n g , die b e k an n tlich  au f der G rund lage  der S p ino ren  au fzu 
b au en  is t.

§ 2. Skizzierung des kovarianten Spinorkalküls in  der gekrüm m ten R aum -Z eit

A nalog zu d em  T ransfo rm ationsgesetz

T  _ A m  TJ  m m ' -* n
Qxm ' 

dxm'
( 1)
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fü r  T enso ren , w ird  fü r S pinoren  das T ran sfo rm atio n sg ese tz

I m ' —  Л-м' Xm (2 )

g e fo rd e rt (kleine la te in isch e  In d izes  beziehen  sich a u f  den T en so rrau m  und 
lau fen  v o n  1 b is 4; grosse la te in ische  Ind izes beziehen  sich  au f den S p ino rraum  
u n d  lau fen  v o n  1 bis 2; P u n k tie ru n g  von  S p inorind izes b e d e u te t kom plexe 
K o n ju g a tio n ). D abei soll A m - den T ran sfo rm a tio n se ffek t b e in h a lten , d e r  durch  
die K o o rd in a te n tra n s fo rm a tio n  (A ™,) in d u z ie rt w ird . E in e  A ussage ü b e r  die 
S tru k tu r  v o n  Л м '  k ö nnen  w ir v o re rs t n ic h t m achen .

D as A nalogon zum  m etrisch en  T ensor gmn d e r T enso rtheo rie  is t  der in 
d iesem  F a ll an tisy m m etrisch e  m e trisch e  Spinor у м ы  —  — У NM-, >nil dem  die 
S p inorind izes wie fo lg t bew egt w erd en :

Vm n Xn ■ ( 3)

D ie k o v a ria n te  A b le itung  w ird  d u rch

Xa ;i =  X a , i — { a Ü X b  (4 )

d e fin ie r t, w obei von  den  S p in o ra ffin itä te n  {д;} Ü b ersch iebungsinvarianz  
g e fo rd e rt w ird . D er A usdruck

s a i b  =  ~ ( { a i , b } - { b i , a })  (5)

h e iss t T o rsions-S p in tenso r. F ü r  die k o v a ria n te  A b le itu n g  des m etrisch en  
S p ino rs p o stu lie ren  w ir

YdB;1 =  Î^i YdB i (6)

w obei Ф; ein  ree ller T ensor is t, d e r m it dem  elek tro m ag n etisch en  V ie re rp o ten 
t ia l  v e rk n ü p f t ist.

V o n  d en  v e ra llg em ein erten  P au li-M atrizen , d ie  m etrische  S p in ten so ren  
heissen , w ird  H e rm itiz itä t

akÄB  =  akBÀ  (?)

u n d  V erschw inden  der k o v a ria n te n  A b le itu n g  gefo rd ert:

a kÀB;l —  0  • (8 )

D ie gesam te  A lgebra d er m etrisch en  S p in tenso ren  lä s s t sich au f dem  A xiom

< A ОпВС = 8 т п У А с  ± - y r  emnrs ^  a ÈC (9 )
A
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au b fa u e n . In sbesondere  fo lg t d arau s so fo rt die gu t b e k a n n te  V e rtau sch u n g s
regel

a mA a nBC +  ° п Л °тВС =  Чтп (Ю)

{ e mnrs is t d er L evi-C iv itasche P se u d o te n so r bei d e r S ig n a tu r  +  +  + — )• 
Aus d e r eben k u rz  sk izz ierten  A x io m a tik  lä ss t sich  ein ex p liz ite r A us

d ru c k  fü r die S p in o ra ffin itä ten  h c rle ite n , näm lich

{ßfc} = ----- ~~ ° iA F  aj À B , k J r  ~ T aJ^ F а 1 А в { ] к }  — Yb1 [ A a4 4 Z

w obei Г  u n d  0  aus den  R ela tionen

А  =  ln  У у li y 12 ,  у i2 =  f y i á  y 12 ew
zu  en tn eh m en  sind.

+  ®>a)] >

( П )

( 12)

§ 3. Skizzierung des kovarianten Bispinorkalküls in der gekrüm m ten R aum -Z eit

E in  B isp inor w ird in  der fo lgenden  W eise aus zw ei Spinoren a u fg e b a u t:

^  = ($ ! ) •  ( i3 )

D urch  herm itische  K o n ju g a tio n  e n ts te h t

* + =  (XÄ <Pa ) -  (14)

S ofort e rk e n n t m an, dass die B ild u n g  \p+ y> keine K o v a ria n te  e rg ib t. D age
gen is t

W  =  <pA XA +  <PÀXA (13)

eine In v a r ia n te , wobei d e r a d ju n g ie rte  B isp inor d u rch

m it
W  =  W+ß (16)

ß =
0  yÁB

У вА 0
(17)

zu  b ilden  is t. A u f diese W eise w ird d er Ü b erg an g  von  einem  B isp inor zu  seinem  
ad ju n g ie rte n  eine k o v a ria n te  O p era tio n , im  G egensatz zu r ge läufigen  D efin i
t io n  ip =  %p+ y4, die y4 au szeichnet, w as  re la tiv is tisch  u n v e rs tä n d lic h  is t  u n d
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ausserdem  noch  zu  m anchen  S chw ierigkeiten  A nlass g ib t. D a m it w ird d as  
y4-D ilem m a b ese itig t. In  M in k o w sk i-K o o rd in a ten  lä ss t sich  du rch  Z ufa ll 
d u rch  die Id e n tif iz ie ru n g  ß =  y 4 die K o v a rian z  re tte n . E in e  Folge d ieser 
Id en tif iz ie ru n g  is t  aber d o rt die F o rd eru n g  d e r H e rm itiz itä t fü r  die D irac- 
schen  M atrizen , w äh ren d  h ie r die v e ra llg em ein erten  D irac-M atrizen , g en an n t 
m etrische  B isp in ten so ren  u n d  d e fin ie rt d u rch

y m =
-.m AB

«Ab 0
(18)

n ich t he rm itisch  gew ählt w erd en  m üssen. Von ß  u n d  y m w ird  V erschw inden  
d er k o v a ria n te n  A b le itung , also

ß , l  =  0, У т -, =  0 (19)
gefo rdert.

D urch  (9) is t  die A lgeb ra  d er m etrisch en  B isp in ten so ren  v o rb e s tim m tr

УтУп Smn ~t~ fmn УгУвУ ’ (20)
Ai

wobei

У =  л] .£птк,УпУт y k y ‘ (21)
4! I

die k o v a rien te  F o rm u lie ru n g  des y 5 d a rs te llt. E in e  Folge von  (20) is t die g u t  
b e k a n n te  V ertauschungsregel

УтУn УпУт 2§rnn • (22)

D ie F o rm el (4) z ieh t fü r die k o v a ria n te  A b le itu n g  eines B isp inors die B eziehung

=  +  (23)

n ach  sich, w obei die B isp in o ra ffin itä t die S tru k tu r

K ä} оГ,
e rh ä lt.

o - { % }

D er aus d e r G leichung

%A-,n\k XA;k;n =  Xc ^ A n k

d e fin ie rte  K rü m m u n g s-S p in ten so r

R -A n k  =  { a / J i r  { а п } *  +  { S n }  { д Л  —  { S k }  { A n }

(2 4 )

(25

(26)
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u n d  der aus d er G leichung

=  Г кп У

d e fin ie rte  K rü m m u n g s-B isp in ten so r

Гкп — Г п,к — Г к п 4- [Гк Г '„]

s in d  durch  die B eziehung

Г  - \ R BXn » 
kn 1 0  Rb äA kn

m ite in an d er v e rk n ü p ft. In  diesem  Z u sam m en h an g  is t d ie  R elation  

S pur Г кп =  2i Фкп =  2 i (Фп к -  Фк п)

( 2 7 )

(28)

(29)

(30)
in te re ssan t.

§ 4. Die Transform ationsproblem atik bei Koordinatentransform ationen  
für Spinoren und Bispinoren

Die k o v a ria n te  F orm  d er D irac-G leichung  la u te t:

y y  + J ^ y  =  0 . (31)
n

Spezia lisiert m an  a u f M in k o w sk i-K o o rd in a ten  und  v e rg le ich t m an m it der 
b e k a n n te n  G es ta lt der D irac-G leichung, so e rk en n t m an , dass die k o v a ria n te  
A b le itu n g  in die E ich ab le itu n g  e n ta r te t . In sbesondere  e rg ib t sich die R e la tio n

Ф , =  - ~ А , .  (32)
Tic

fü r  den Z usam m enhang  zw ischen dem  frü h e re in g e fü h r te n  T ensor Ф1 u n d  dem  
e lek tro m ag n e tisch en  V ie re rp o ten tia l A t.

Die K o v arian z  der D irac-G leichung  (31) gegenüber K o o rd in a te n tra n s 
fo rm a tio n en  is t gesichert, w enn  fo lgenderm assen  tra n s fo rm ie r t w ird:

Г '  =  8 Ф, y '1' =  A lm . (33)

D abei b e d e u te t der S trich  am  T enso rindex  d en  T ran sfo rm ationseffek t bezüg lich  
des T en so rin d ex  und  der S tr ic h  am  S y m b o l den T ran sfo rm atio n se ffek t b ez ü g 
lich  der bei B isp inoren  in  M atrizenschreibw eise v e rsch lu ck ten  S pinorind izes.
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D ie B isp in o r-T ran sfo rm a tio n sm a trix  § is t m it  den  in (2) e in g efü h rten  S p in o r- 
T ran sfo rm a tio n sk o e ffiz ien ten  d u rch  die F o rm e l

3 =
A f  0  

0  A % )
(34 )

v e rk n ü p f t.
S o m m e r f e l d  [2] sc h re ib t, dass es fü r  M inkow sk i-K oord inaten  zw e i 

V ersionen  zu r H erste llu n g  d e r  L o re n tz -In v aria n z  der D irac-G leichung g ib t :  
1. T ra n sfo rm a tio n  d er D irac-M atrizen  wie T ensoren  u n d  B eh an d lu n g  

d e r B isp ino ren  wie In v a r ia n te n :

y l' =  A ‘m y n 3 =  1 (A? =  di)i (35 )

2. K o n s ta n th a ltu n g  d e r D irac-M atrizen  u n d  d am it e ine  im plizite  D e fi
n itio n  des T ran sfo rm atio n sg ese tzes  fü r B isp ino ren :

Н / , y ‘ =  8 r m S - 1 A £ , . (3 6 )

D ie üb liche  A uffassung  d er S p ino ren  is t in  d e r  h isto rischen  E n tw ick lu n g  d e r  
K o n zep tio n  2 gefolgt. E rs t  k ü rz lich  k o n n te  L a n d h ä u s e r  [3] eine geschlossene 
F o rm  fü r die B isp in o rtran sfo rm a tio n  be i allgem einen en d lichen  L o ren tz - 
T ra n sfo rm a tio n e n  angeben. D e r G rund d a fü r  is t vor a llem  d e r g ru p p e n th e o 
re tisch en  U n te rsu ch u n g  d er L o ren tz -G ru p p e  u n d  deren D arste llungen  z u z u 
schreiben . E s zeig te  sich, dass die L o ren tzg ru p p e  zwei g ru n d sä tz lich  v e rsc h ie 
dene D ars te llu n g en , näm lich  die Tensor- u n d  die S p ino rd arste llu n g en  b e s i tz t .

Im  fo lgenden  gehen w ir d e r S itu a tio n  b e i beliebigen K o o rd in a ten  e tw a s  
g en au e r n ach :

W ir b e tra c h te n  die in fin ite s im a le  K o o rd in a te n -tra n sfo rm a tio n

x m' =  x m +  f m, (37)

w oraus fü r die T ran sfo rm atio n sk o effiz ien ten  bei T en so rtran sfo rm atio n en

А Г  =  0 % +  £m,n (38)

fo lg t. Im  F a lle  beliebiger K o o rd in a te n tra n s fo rm a tio n e n  h a b e n  w ir es bei d e r  
A u ffin d u n g  v o n  T ran sfo rm atio n sg ese tzen  fü r  geom etrische O bjek te  m it d e r  
1 6 -p a ram etrig en  reellen lin e a re n  G ruppe (38), deren D ars te llu n g en  w ir zu  
suchen  h ab en , zu  tu n . D ie e in fach ste  n ic h ttr iv ia le  D a rs te llu n g  is t die T e n so r
d a rs te llu n g  (S e lb std ars te llu n g )

W m'n) 1 +  К  £m-, (39)
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w obei die die in fin itesim alen  G ru ppene lem en te  sin d , die die F o rm

I <5m К  ■ ■ К  \
(40)

b esitzen . M it ih rer H ilfe gelingt die B estim m ung  d e r S lru k tu rp a ra m e te r  der 
u n te rsu c h te n  G ruppe:

<№  =  Я Г * * Л - Ф М 1, (41)

so dass die L ie-C artansche  In te g ra b ilitä tsb e d in g u n g  die G esta lt

[ Ц , Ц ] = 1 Г 0 ! - Ц 0 Ч  (42)

a n n im m t. E x istie ren  neben  den T enso ren  noch  a n d e re  geom etrische O b jek te  
U  m it dem  T ransfo rm ationsgese tz

U '  =  S (P ,„ )  U  , (43)

w obei fü r  in fin itesim ale  T ran sfo rm atio n en

S ( f " \ n) =  1 +  (4 4 )

gilt, so m üssen  die M atrizen  d e r L ie -C artan seh en  In te g ra b ilitä tsb e d in g u n g

[S?,Sn =  — Sf ÓJ- (45)
genügen .

D enken  wir speziell an  die M öglichkeit d er E x is ten z  von  B isp ino ren , so 
h ab e n  w ir fü r die G rössen Sjj, 4-4-reih ige M atrizen  anzusetzen . N u n  is t jed e  
4-4-reih ige M atrix  als L in ea rk o m b in a tio n  der 16 u n ab h än g ig en  M atrizen

ym. У m У» =  - ! - [ y „ y s] , у (46)
4

d a rs te llb a r , so dass d er a llgem einste  A nsatz d u rc h

s s, =  А* I  +  М Г  Ут +  N r  y m y  +  К Г " » m„ +  Ц у  (47)

m it d en  freien K oeffiz ien ten  A \ ,  M stm, N stm, =  —  K stnm, Lf gegeben is t.
G ehen w ir m it d iesem  A nsatz  in  (45) ein, so e rg eb en  sich d u rch  K o effiz ien ten 
verg le ich  nach  län g e re r R ech n u n g  die R esu lta te

A \  =  A ö st , (48)
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Ц  =  Lô? , (49)

M f  = ± N f ,  (50)

N s,m ôrt -  N rtm ôf ±  2 L (N \m ô\ -  N \ m ôst ) +

+  2gij (K f"J  IV)'■ - K \ mj N f )  =  0 , (5I )

K j mn ôrt -  K [ mn <5? +  2g!J ( K f n K y m -  K f m K j n) =  0 . (52)

O h n e  Schw ierigkeiten  erk en n en  w ir, dass neben  d e r T en so rd a rs te llu n g  (40) 
auch

Sfn — d'h 2Í (Щ belieb ige q u a d ra tisc h e  M atrix) (53)

eine D ars te llu n g  is t. Jed o ch  geling t es n ic h t, D asrte llu n g en  zu f in d e n , die m an 
als V era llgem einerungen  der S p in o rd ars te llu n g en  bei V erw endung  von 
M inkow sk i-K o o rd in a ten  in te rp re tie re n  k ö n n te . D as lieg t ganz im  Sinne der 
E rk e n n tn is , dass allgem eine T ra n sfo rm a tio n sg ru p p en  w eniger D arste llungen  
als spezielle T ran sfo rm a tio n sg ru p p en  besitzen .

W ir h ab en  bei unseren  U n te rsu ch u n g en  den W eg über die L ie-C artan- 
B ed ingungen  g ew äh lt, weil a u f  diese W eise die P ro b le m a tik  a u f  e in  a lgebrai
sches G le ichungssystem  red u z ie rt w ird , ohne dass besonders a b s tra k te  g rup 
p en th eo re tisch e  H ilfsm itte l e rfo rd erlich  w erden. A usserdem  e rsch ien  es uns 
in te re ssa n t, die S achlage e inm al von  d ieser Seite zu  b e leu ch ten . In  d e r g ruppen
th eo re tisch en  L ite ra tu r  f in d e t m an  den  allgem einen  Beweis, dass die allge
m eine lineare  reelle G ruppe n u r  T en so rd a rs te llu n g en  besitz t. D a b e i w erden 
ziem lich  schw erige g ru p p en th eo re tisch e  M ethoden b e n u tz t, w ovon  sich der 
L eser z. B. beim  S tu d iu m  des L eh rb u ch es von  B o e r n e r  [4] le ich t überzeugen  
k an n .

W ir h ab en  also die g ru n d sä tz lich e  E rk e n n tn is  gew onnen, d ass  es keine 
V era llgem einerung  der S p in o rtran sfo rm a tio n en  in  M inkow sk i-K oord inaten  
g ib t, som it der S p in o rb eg riff in  M in k o w sk i-K o o rd in a ten  n ich t a u f  beliebige 
K o o rd in a te n  v e ra llg em ein eru n g sfäh ig  is t. D ie h is to risch  e n ts ta n d e n e  B evor
zu g u n g  der frü h e r an g e fü h rten  V ersion  2 h a t  also gew isserm assen  in  eine 
S ackgasse ge fü h rt. D eshalb  b le ib t k e in  an d erer A usw eg, als die V ersion  1 als 
die e igen tliche , e iner k o n tin u ie rlich en  W eite ren tw ick lu n g  zugäng liche  K on
zeption von dem Charakter dieser neuen geometrischen Objekte, die m a n  Spinoren 
g e n a n n t h a t ,  zu  verfo lgen , sofern m an  n ic h t g ru n d sä tz lich  die ü b lich e  P la t t 
fo rm  v e rlä ss t u n d  e tw a  die T e tra d e n th eo rie  als p h y sika lische  B asis n im m t [5]. 
D ennoch  sind  die S pinoren  und  B isp ino ren  n ich t als In v a ria n te n  im  üblichen 
S inne, also als T ensoren  0 .  S tufe  oder S p inoren  0 .  S tu fe  au fzufassen , denn  für 
geom etrische  O b jek te  O. S tufe  fä llt die k o v a ria n te  A b le itu n g  m it d e r p artie llen  
A b le itu n g  en tsp rech en d  der gew äh lten  A x io m atik  zusam m en. H ingegen  ver-
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h a lte n  sich die Spinoren  in  d ieser H in s ich t w esentlich  an d e rs , wie aus (4) 
oder (23) h e rv o rg e h t. W ürde m an  näm lich  Ü b ere in s tim m u n g  der k o v a ria n te n  
u n d  der p a rtie llen  iVbleitung fü r  Spinoren fo rd e rn , so h ä tte  m a n  die S p in o ra ffi
n itä te n  N ull zu  setzen . D as ergäbe  aber d a n n  n a c h  (11) eine n ic h t v e rs tän d lich e  
D ifferen tia lg leichung  fü r die m etrischen  Sp in tensoren . S o m it sp ielen  die 
S p inoren , w enn  m an  sich a u f  den  von  uns als A usweg d a rg e leg ten  S ta n d p u n k t 
s te llt, eine Zw ischenrolle zw ischen In v a r ia n te n  (T ran sfo rm a tio n sv e rh a lten ) 
u n d  h ö h erstu fig en  geom etrischen  O b jek ten  (Ü b ertrag u n g sv erh a lten ).
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НЕКОТОРЫЕ ЗАМЕЧАНИЯ К ТЕОРИИ СПИНОРОВ И БИСПИНОРОВ В 
ИСКРИВЛЕННОМ ПРОСТРАНСТВЕ-ВРЕМЕНИ

Э. Ш МУЦЕР

Р е з ю м е

Предположение о лоренц-инвариантности уравнения Дирака приводит к двум 
трансформационным вариантам: 1. Постоянство матрицы Дирака и отсюда хорошо из
вестный закон преобразования для спиноров. 2. Трактовка матрицы Дирака как тензора 
и интерпретация волновой функции как вида инвариантности. В данной работе иссле
дуется положение вещей по отношению искривлённости пространства-времени. Для 
этой цели коротко рассматривается теория спиноров и биспиноров в искривлённом про
странстве-времени.
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SOME NEW RESULTS IN THE SPECTROSCOPIC 
INVESTIGATION OF DIATOMIC MOLECULES

B y
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(R eceived 20. IX . 1963)

The anom alous m ultip let sp littings observed in  the fine structure of the m ultip let 
m olecule states occurring m ost frequently in the spectra of m olecules are explained. A num ber  
o f theoretical and experim ental results are com pared and ex ce llen t agreem ent is  found  
throughout.

W ell-know n form ulae concerning th e  fine s tru c tu re  of the  m u ltip le t 
te rm s  o f d ia tom ic  m olecules h av e  long b een  estab lished  b a se d  on th e  a p p ro x im 
a tiv e  so lu tion  of th e  w ave equa tion  o f  th e  m olecule a n d  on p e r tu rb a tio n  
ca lcu la tio n s. These fo rm ulae  describe — fo r th e  m ost p a r t  in  ag reem ent w ith  
o b se rv a tio n  —  th e  position  o f  energy levels ta k e n  as a fu n c tio n  of th e  ro ta t io n a l  
q u a n tu m  n u m b er. T here  a re , how ever, a  few  m olecules fo r w hich th e  above- 
m en tioned  form ulae do n o t agree w ith  th e  e x p e rim en ta l re su lts , th a t  is to  say , 
la rg e r and  sm aller dev ia tio n s can  be observ ed . F or th e  p a s t few years p a r t  
of our th eo re tica l research  w ork  has b een  d irec ted  to w a rd s  find ing  a th e o 
re tica l ex p lan a tio n  for th e se  dev ia tions. I n  o th e r w ords, th e  a u th o r h as  tr ie d  
to  d iscover those  special causes th a t  g ive rise  to  these  d ev ia tio n s, an d  w h ich  
ren d e r i t  possible to  ex p la in  th ese  d ev ia tio n s  q u a n tita tiv e ly  as well, in  ag ree 
m en t w ith  exp erim en ta l re su lts . In  th is p a p e r  we shou ld  like to  discuss th ese  
questions.

Before com ing to  th e  m ain  po in ts o f  ou r d iscussion, how ever, we deem  
it  n ecessary  to  give a sh o rt in tro d u c tio n  concern ing  th e  b ases  of th e  m o lecu la r 
sp ec tra  in  o rder to  m ake th e  following m ore  com prehensib le  [1]. As is well- 
k now n , in  d ia tom ic  m olecules th e  e lec trons (like th e  a to m s) can  m ove on ly  
in  de fin ite  o rb its , and  th e  s ta te s  co rrespond ing  to  th e m  a re  classified a n a lo g 
ously  —  th o u g h  in  a s lig h tly  d ifferen t m a n n e r  — to  th o se  o f th e  atom s. In  th e  
a to m s, in  accordance w ith  th e  value o f th e  re su lta n t o rb ita l  angu lar m o m e n t 
o f e lectrons, S, P ,  D  . . . te rm s  are d is tin g u ish ed  acco rd in g  to  w h e th e r th is  
va lu e  is 0, 1, 2 . . ., resp ec tiv e ly . Since in  d ia to m ic  m olecules, in  c o n tra s t to  th e  
c e n tra l  fie ld  o f a to m s, a fie ld  of ax ia l sy m m e try  d irec ted  to w ard s  th e  m o lecu la r 
axis p revails , a specific d irec tio n  — aris in g  in  th e  case o f  a tom s only  in  th e  
presence of an  ex te rn a l m ag n e tic  field — is p resen t in  th e  case of m olecules 
even  w ith o u t such  a fie ld . C onsequen tly , th e  re su lta n t o rb ita l  angu lar m o m e n t 
o f  e lectrons in  th e  d irec tion  of th e  m o lecu la r axis can  o n ly  have q u a n tiz e d
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v alu es . D ep en d in g  on w h e th e r th is  q u a n tu m  n u m b e r is 0 ,1 ,  2 . . . we d is tin g u ish  
£ ,  П , A,  . . . e lec tro n  s ta te s  in  th e  m olecule. A gain , d epend ing  on w heth er th e  
v a lu e  of th e  r e s u lta n t  spin m o m e n t is 0 , 1 /2 , 1 . . . ,  we speak  o f  sing let, d o u b le t, 
a n d  tr ip le t  . . . s ta te s , re sp ec tiv e ly . H ow ever, to  th e  en e rg y  values of th e se  
e lec tron  s ta te s  energies due to  th e  v ib ra tio n  o f nuclei a re  a lw ay s added , a n d  
th e se  are  u su a lly  sm aller b y  one order o f  m ag n itu d e , a n d  alw ays assum e 
q u a n tiz e d  v a lu e s . In  a d d itio n  th e re  are en e rg y  values, b e long ing  to  e v e ry  
sing le  v ib ra t io n a l  s ta te , w h ich  are q u a n tiz e d  and  sm alle r b y  one o rd e r o f  
m a g n itu d e  a g a in , due to  th e  ro ta t io n  of th e  nucle i ro u n d  th e  ax is  w hich passes 
th ro u g h  th e  c e n tre  of g ra v ity  an d  w hich  is p e rp en d icu la r to  th e  m o lecu la r 
ax is . T hus, in  th e  m olecule th e re  are m an y  (som etim es h u n d re d s)  energy levels 
co rresp o n d in g  to  a single e n e rg y  level o f th e  a tom . Since th e  spec tru m  lines 
arise  (a t le a s t w ith in  th e  v is ib le  an d  u ltra -v io le t range) th ro u g h  th e  tra n s itio n s  
b e tw een  th e  v ib ra tio n a l an d  ro ta tio n a l levels o f tw o d iffe ren t e lectron s ta te s , 
i t  is easy to  u n d e rs ta n d  t h a t  one a tom ic sp e c tra l line is rep laced  here b y  a 
w hole, so -ca lled  b an d  sy stem . A  know ledge o f  th e  ro ta tio n a l f in e  s tru c tu re  o f 
m u ltip le t te rm s  is o f g reat im p o rta n c e  for th e  in v es tig a tio n  o f  th e  fine s tru c tu re  
o f  bands p ro d u c e d  b y  th e  tra n s it io n s  betw  een several ro ta t io n a l  levels of tw o  
v ib ra tio n a l leve ls  o f tw o e le c tro n  s ta te s ; in  o th e r  w ords, i t  is h igh ly  im p o r ta n t  
to  know  th e  dependence of th e  energy values on th e  ro ta tio n a l q u an tu m  n u m 
b e r. K n o w in g  th is , it  is p ossib le  to  p re d ic t  th e  s tru c tu re  o f  th e  re su ltin g  
b a n d , w h a t b ran ch es will o ccu r w ith in  th e  b ands, w h a t th e ir  position  w ill 
b e , e tc ., t h a t  is to  say, th e se  fa c ts  afford  a n  im p o rta n t s u p p o r t  for an a ly sis .

T he fo rm u la e  were d e riv ed  some 25 to  30 years ago  from  th e  w av e  
eq u a tio n  o f  th e  m olecule. F o r ,  b y  th e  om ission  of c e r ta in  te rm s , th e  w av e  
eq u a tio n  m a y  be  sep ara ted  in to  th ree  p a r ts :  a p a r t  c o n ta in in g  the  e lec tro n  
co -o rd in a te s , one  co n ta in in g  th e  ro ta tio n a l co -o rd inates, a n d  one th e  v ib ra t io n 
a l co -o rd in a te  (in te rn u c lear d is tan ce ). E n e rg y  values c a lc u la ted  from  th e  w av e  
eq u a tio n  in  th is  w av , h o w ev er, d id  n o t co rresp o n d  closely w ith  ex p e rim en ta l 
re su lts , a n d  in  o rd er to  o b ta in  resu lts  in  b e t te r  ag reem en t w ith  ex p erim en ta l 
ones, th e  te rm s  neglected  in  th e  sep a ra tio n  o f th e  w ave e q u a tio n  h ad  to  be  
ta k e n  in to  a c c o u n t by  m ean s  of th e  p e r tu rb a tio n  c a lc u la tio n , p a r tic u la r ly  
th o se  te rm s  w h ich  refer to  th e  m u tu a l p e r tu rb a tio n  of th e  neighb o u rin g  co m 
p o n en ts . C onsidering  all th e se  te rm s , fo rm u lae  were d eriv ed  fo r  th e  ro ta t io n a l  
energies, w h ich  in  m ost cases agreed w ith  ex p erim en ta l re su lts . T hus fo r 
m u ltip le t £  te rm s  the  fo llow ing  sim ple fo rm ulae  h av e  b een  given [2], [3 ],
[4], [5], [6 ]:

2S+) F j ( N )  =  B N ( N  -f- 1) + 2S+1f i  (N ) ,  (1 )

w here  2 S  -f- 1  m eans th e  m u ltip lic ity  o f th e  respective  £  te rm , th u s  i  =  1 , 
2 , . . . 2S  -f- 1, В  is the  ro ta t io n a l  c o n s ta n t, an d  N  th e  ro ta tio n a l q u a n tu m  
n u m b e r fo r th e  case w hen th e  re s u lta n t  sp in  m o m en tum  o f e lec trons —- e i th e r
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ow ing to  th e  lack  of o rb ita l angu lar m o m en t falling  in  th e  d irection  o f  th e  
m olecular ax is , or to  a s tro n g  ro ta tio n  — is coupled  n o t to  th e  m olecu lar axis 
b u t  to  th e  an g u la r m o m en t of th e  ro ta tio n . In  2S+1/}(iV) a p a rt from  th e  
ro ta tio n a l q u a n tu m  n u m b e r th e  c o n s ta n t e of th e  sp in -sp in  in te ra c tio n  a n d  
th e  c o n s ta n t y  o f th e  in te ra c tio n  betw een  ro ta tio n  an d  sp in , resp ec tiv e ly , also  
ap p ear.

A d ev ia tio n  appears, h ow ever, from  th is  form ula in  th e  ground s t a te  o f  
H g H , on th e  so-ca lled  X 2E + term  ob served  as early as 1928 b y  H u l t h ê n  [7], 
at th e  B 2E  term  o f Y O  ob served  b y  U h l e r  andÂKERLiND in  1961 [8 ], a t th e  
А 3Ец and B '?’Eu term s o f  th e  N2 m olecu le  observed  b y  Carroll  in  1952 [9] 
and 1960 [10], and at th e  7Y  term  o f M n H  observed  b y  INe v in  in  1942 [11]. 
T he b asic id ea  govern ing  th e  th eory  en u n c ia ted  to  a cc o u n t for these d ev ia tio n s  
is th is: a lread y at first s ig h t th e finer e ffec ts  can o b v io u s ly  be in terp reted  b y  
also tak in g  in to  accou n t th o se  term s n eg le c ted  at th e  sep ara tion  o f  th e  w a v e  
eq u ation , w h ich  describe n o t  on ly  th e m u tu a l p ertu rb ation s b etw een  th e  n e ig h 
b ouring com p on en ts o f  th e  sam e m u ltip le t, h u t w hich  a lso  in clu d e th e in flu e n c e  
o f m ore d ista n t term s. As th e se  term s u su a lly  lie far en o u g h  apart, th e ir  in te r 
action  m ay  b e tak en  in to  accou n t b y  m ean s o f  th e  p ertu rb ation  ca lcu la tio n  
o f n on d egen erate  sy stem s. As is w ell-k n ow n , th e  fo llo w in g  general form u la  
resu lts:

F'i (N )  =  F i ( N ) +  (2 )
к hvik

w here is th e  p e r tu rb a tio n  m a tr ix  e lem en t, and  !и’цс rep resen ts  th e  d is tan ce  
betw een  th e  tw o te rm s  p e rtu rb in g  each  o ther.

U pon in v e s tig a tin g  th ese  in te ra c tio n s  in  d e ta il w e are led to  th e  su r
p rising  re su lt th a t  th e  in flu en ce  of th e  E  an d  П  te rm s o f th e  sam e an d  d iffe ren t 
m u ltip lic ity  on th e  E  te rm s  resu lts  only  in  th e  change o f  th e  values of th e  con
s ta n ts  in  (1), b u t  th e  s tru c tu re  of th e  fo rm ulae  re m a in s  unchanged  [2], [13], 
[14], [12]. T hese c o n s ta n ts , how ever, c an n o t be th eo re tica lly  ca lc u la ted  
befo reh an d , unless th e  w av e  eq u a tio n  o f th e  m olecule is solved ex ac tly . U sing 
b o th  th e o ry  an d  e x p e rim en t th e  values o f these  c o n s ta n ts  are ca lcu la ted  from  
th e  observed  sp ec tra , an d  from  these su c h  c h a ra c te ris tic  d a ta  of th e  m o lecu la r 
s tru c tu re  are in fe rred  (i.e. nuclear d is tan ce , d issoc ia tion  energy , v ib ra tio n  and  
ro ta tio n  o f nuclei, m o tio n  of th e  e lec trons etc.) as c a n n o t possib ly  be o b ta in e d  
in  a pu re ly  th e o re tic a l w ay  owing to  m a th e m a tic a l d ifficu lties. T h u s , since 
th e  ex p e rim en ta l p h y sic is t de te rm ines th e se  c o n s ta n ts  from  the  sp e c tra , he is 
n o t able to  observe th e se  p e r tu rb a tio n s , th e  s tru c tu re  of fo rm ulae  being  
u n ch an g ed . T h is acco u n ts  fo r th e  fa c t t h a t  th e  fo rm u lae  derived fo rm erly  in  
a s im p le r  w ay  w ere in  m o st cases in  ag reem en t w ith  th e  observation .

T he e x p e rim e n ta l exam ples m en tio n ed  a lread y , how ever, im p ly  p e r
tu rb a tio n s  th a t  b rin g  a b o u t changes ev en  in  th e  s t ru c tu re  of fo rm u lae . W h a t
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is th e n  th e  rea so n  for such p e r tu rb a tio n s?  T h is  can  be an sw ered  if  we c r itic a lly  
exam ine th e  foregoing , e spec ia lly  fo rm ula  (2). O bviously  th is  fo rm ula  is v a lid  
on ly  in  th e  case w hen th e  second  te rm  on th e  r ig h t side is sm all an d , w ith in  
th is , th e  te rm  d istances in  th e  d en o m in a to r do n o t change con sid erab ly  w ith  
th e  ro ta t io n a l  q u a n tu m  n u m b e r. I t  can  be  show n b y  closer ex am in a tio n  t h a t  
th is  d e n o m in a to r  m u st be w r it te n  m ore rig o ro u sly  in  th e  f i r s t  a p p ro x im a tio n  
as:

hvik =  hv -\- (B , — B k) N ( N  -f- 1), (3)

w here  hv now  m ean s th e  c o n s ta n t d istance  o f  th e  v ib ra tio n a l levels w ith in  one 
b a n d , w hereas В,- and  B k a re  th e  ro ta tio n a l co n stan ts  o f th e  p e r tu rb e d  and  
p e r tu rb in g  level. A closer e x a m in a tio n  o f th is  re la tio n sh ip  show s th a t  w ith  
a change in  th e  ro ta tio n a l q u a n tu m  n u m b e r  dev ia tions o f 4 — 5 per c en t, or 
even  m ore in  c e r ta in  cases, a rise . C o n sequen tly , b y  th e  d ev e lo p m en t in  series 
o f th e  rec ip ro ca l value of (3) w e o b ta in  te rm s  con ta in in g  —  a lth o u g h  a f ix e d  
d is tan ce  o f th e  v ib ra tio n a l levels  appears in  th e  d e n o m in a to r —  co rrec tio n  
te rm s  as w ell, inverse ly  p ro p o rtio n a l to  th e  sq u are  of th is  d is tan ce . A m ong 
th e se  co rrec tio n  te rm s th e re  a re  sem e w hose dependence  on th e  ro ta tio n a l q u a n 
tu m  n u m b e r d iffers from  th a t  o f  th e  te rm s in  th e  orig inal fo rm u lae . T hus, te rm s  
occur w hich  do n o t f i t  in  to  a n y  of th e  te rm s  of th e  old fo rm u lae , in  o th e r  
w ords, a p a r t  from  th e  change o f  the values o f  th e  c o n s ta n ts  th e  s tru c tu re  o f  
th e  fo rm u lae  undergoes a ch an g e  as well. T h e  p o in t we w a n t  to  m ake is th is :  
i f  th e  d is tan ce  o f  tw o close ly in g  in te ra c tin g  s ta te s  ch an g es rap id ly  w ith  
increasin g  ro ta t io n a l  q u a n tu m  n u m b e r, th e  m u ltip le t sp littin g  w ill be d iffe ren t 
from  w h a t w ould  be ex p ec ted  on th e  basis o f  th e  usual m u ltip le t  fo rm ulae . 
T hese  th e o re tic a lly  ca lcu la ted  changes show , even  q u a n tita tiv e ly , a co m p le te  
a g re e m e n t w ith  ex p erim en ta l re su lts  [15], [12].

T he c o n s ta n ts  occurring  in  th e  fo rm u lae , can  be b ro u g h t in to  re la tio n  
w ith  th e  m o lecu la r co n stan ts  d e te rm in ed  fro m  o th e r m e a su re m e n ts  and  w ith  
th e  d is tan ce  o f  th e  p e r tu rb in g  te rm  (or to  be  m ore  precise, th e  co n stan ts  are  
in v e rse ly  p ro p o rtio n a l to  th e  sq u a re  of th e  la t te r ) .  T hus, i f  w e know  th e  te rm  
or te rm s  cau sin g  th e  p e r tu rb a tio n  (and th is  ca n  alw ays be e s tab lish ed  on th e  
basis  o f th e  te rm  schem e of th e  m olecule), w e can  m ake e s tim a te s  concern ing  
th e  o rder o f m a g n itu d e  of th e se  co n stan ts  a lso  based  on th e  th e o ry . A ccord- 
in g ly , in  case o f th e  ex p e rim en ta l exam ples ex am in ed  th e  c o n s ta n ts  o b ta in ed  
th e o re tic a lly  a re  of th e  sam e o rd e r of m a g n itu d e  as th e  v a lu e s  de te rm in ed  
e x p e rim e n ta lly . I n  ad d itio n , w e are  given a sim p le  e x p lan a tio n  as to  w hy th e  
a b so lu te  v a lu e  o f co n stan ts  increases w ith  th e  v ib ra tio n a l q u a n tu m  n u m b e r 
in  th o se  cases w here  these  d e v ia tio n s  h av e  b e e n  observed  on a n u m b e r of con
secu tiv e  v ib ra tio n a l s ta te s  o f th e  sam e e lec tro n  te rm . B o th  fo r  H g H  an d  N 2 

th e  p e r tu rb in g  te rm  lies h ig h er th a n  th e  p e r tu rb e d  one. F o r H g H  th is  c a n n o t 
b e  o therw ise  as th e  p e r tu rb e d  te rm  is th e  g ro u n d  s ta te  of th e  H g H  m olecule,

Acta Phys. H ung . Тот. X V I I .  Fase. 1 —2.



SPECTROSCOPIC INVESTIGATION OF DIATOMIC MOLECULES 71

w hereas for N2, to o , th e  p e rtu rb e d  te rm  is the  low est-ly ing  k n o w n  tr ip le t te rm  
o f th e  N 2 m olecule. In  th is  case, th e re fo re , th e  d is tan ce  b e tw een  th e  p e r tu rb 
ing  an d  p e rtu rb e d  te rm  g rad u a lly  decreases w ith  th e  increasin g  v ib ra tio n a l 
q u a n tu m  n u m b er, an d , since th e  sq u a re  of th is  decreasing  d is ta n c e  occurs in  
th e  den o m in a to rs  of th e  co n stan ts  m en tio n ed , i t  is clear th a t  th e i r  values will 
increase . T he degree of th e  increase corresponds to  th e  decrease in v o lv ed  in  th e  
increase  of th e  v ib ra tio n a l q u a n ta . Since o th e r te rm s  are o ccasionally  near, i t  
m ay  be assum ed  th a t  such  d ev ia tio n s  occur e lsew here  as well, a n d  in  all p ro 
b a b ility  th e y  do occur in  severa l o th e r  cases, a p a r t  from  th o se  m en tioned . 
T h is  su ffic ien tly  c larifies th e  anom alies found  fo r  th e  27 term s.

Now le t us consider th e  m u ltip le t sp littin g s  o f  the  П  an d  A  te rm s w hich  
a p a r t  from  th e  27 te rm s occur m ost freq u en tly  in  m olecular sp e c tra . In  co n 
nection  w ith  th e  ro ta tio n a l fine  s tru c tu re  of th e  m u ltip le t te rm s  (up to  th e  
4/7 te rm s) th e re  are also fo rm ulae  w hich  tak e  in to  acco u n t th e  m u tu a l  p e r tu rb 
a tio n s  o f a m ore co m p lica ted  s tru c tu re  b e tw een  th e  neighb o u rin g  com ponen ts, 
b u t ,  for th e  m ost p a r t ,  are in  close ag reem en t w ith  th e  e x p e rim e n ta l d a ta  [16], 
[17], [18]. F o r -П  te rm s th ese  fo rm u lae  agreed in  every  case w ith  th e  ex p eri
m e n t, b u t  for tr ip le t an d  q u a r te t  te rm s  d ev ia tio n s appeared  h e re , too , in a few  
cases. These dev ia tio n s h av e  a d iffe ren t c h a ra c te r  from  those  observed  fo r 27 
te rm s , and  the  m ain  p o in t is th a t  th e  m iddle c o m p o n en t or co m p o n en ts , ta k e n  
as th e  fu n c tio n  o f th e  ro ta tio n a l q u a n tu m  n u m b e r , lie elsew here th a n  th e y  
shou ld  accord ing  to  th e  tr ip le t  o r q u a r te t  fo rm u lae . This can  b e  found  a t one 
o f  th e  41  te rm s  o f th e  P H  [19] an d  N H  m olecu le  [20], re sp ec tiv e ly , a t th e  
41  te rm  of th e  O j  m olecule [21] an d  a t  th e  3A  te rm  of th e  CO m olecule [30].

T he questio n  w as ra ised : w h a t is th e  cau se  o f these d e v ia tio n s?  A t f i r s t  
s ig h t one qu ite  obv iously  th in k s  o f p e r tu rb a tio n , t h a t  is, th e  in flu en ce  of m ore  
d is ta n t  ly ing  te rm s . Since, how ever, i t  is only th e  m iddle co m p o n e n t or co m 
p o n en ts  th a t  are  d isp laced , tho se  p e r tu rb a tio n s  m a y  be tak en  in to  co n sid e ra tio n  
th a t  a ffect —  in  th e  f irs t  ap p ro x im a tio n  —- o n ly  these  co m p o n en ts . T hus, th e  
p e r tu rb a tio n s  of 4 1  te rm s in  th e  case o f 317 te rm s , th e  p e r tu rb a tio n s  of 2/7 te rm s  
in  th e  case of 4/7 te rm s an d  th o se  o f  XA  te rm s in  case of 3A  te rm s  had  to  be 
ex am ined . P e r tu rb a tio n s  of th is  k in d  can  be d iscussed  by  ta k in g  in to  acco u n t 
th e  sp in -o rb it in te ra c tio n  due to  th e  electron ic  p a r t  of the w ave e q u a tio n  of th e  
m olecule. This q u es tio n  w as t r e a te d  in  tw o o f o u r  earlier w orks [22]. B y ta k in g  
in to  acco u n t th ese  in te rc o m b in a tio n  p e r tu rb a tio n s  we succeeded  in in te r 
p re tin g  th e  d ev ia tio n s  observed  a t  th e  m u ltip le t  sp littings in  fu ll ag reem en t 
w ith  th e  ex p erim en ts  [23].

L a te r  on, how ever, i t  ap p e a re d  th a t  th e  observed d ev ia tio n s  m ay  be 
in te rp re te d  also b y  a m echan ism  q u ite  d iffe re n t from  th e  prev ious in te r 
p re ta tio n  in  th e  follow ing w ay : in  th e  case o f m u ltip le t 27 te rm s  th e  m u ltip le t 
sp littin g  is b ro u g h t ab o u t b y  th e  in fluence  o f th e  spin-spin  in te ra c tio n  as w ell 
as th e  in te ra c tio n  betw een  ro ta tio n  an d  spin . T h u s , a fter n eg lec tin g  these th e re
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w ould  be  no  m u ltip le t sp littin g  a t  th e  E  te rm s, w h e reas  the  sp in -o rb it in te r 
ac tio n  fo r П  te rm s b rin g s ab o u t a m ore  o r less m a rk e d  m u ltip le t s p li t t in g  even 
in  a ro ta tio n le ss  s ta te . I n  th e  ease o f  П  and A  te rm s  th e  d e te rm in a tio n  of th e  
fine  s tru c tu re  of th e  m u ltip le ts  m ean s th a t  we h a v e  to  in v es tig a te  how  th e  
m u ltip le t sp littin g  b ro u g h t ab o u t b y  th e  sp in -o rb it in te ra c tio n  is m o d ified  
owing to  ro ta t io n  w hile th e  re su lta n t sp in  m om ent b ecom es g rad u a lly  decoup led  
from  th e  m o lecu lar ax is  tow ards th e  a n g u la r  m o m e n t of th e  m ore  a n d  m ore 
in creasin g  ro ta tio n . E ssen tia lly , th is  is w h a t is in v o lv e d  w hen ta k in g  in to  
acco u n t th e  m u tu a l p e r tu rb a tio n  o f  th e  n e ig h b o u rin g  com ponen ts.

S ince th e  fo rm u lae  o b ta ined  a re  fo r  m ost cases in  ag reem en t w ith  th e  
o b se rv a tio n , th e  u su a l sp in -sp in  in te ra c tio n  in th e  case  of E  te rm s  as well as 
th e  in te ra c tio n  b e tw een  ro ta tio n  a n d  sp in  is no t u su a lly  tak en  in to  acco u n t 
here . I n  th e  case of th e  ex p erim en ta l d isag reem en ts  m en tioned  b e fo re , how 
ever, i t  is r a th e r  su rp ris in g  th a t  th e  d o u b le t fo rm ulae  h av e  been a n d  s till are  
in  a g re e m e n t w ith  th e  ex p e r;m en ta l d a ta .  As is w ell know n, d o u b le t te rm s 
come in to  bein g  w hen  th e re  is only  one e lectron  o u ts id e  the  closed  shell. In  
such cases, th e re fo re , w h en  sp in -sp in  in te ra c tio n  is o u t  of the  q u e s tio n  th e  
fo rm ulae  ag ree w ith  th e  observ a tio n , w hereas in  th e  case of h ig h e r  m u lti
p lic ity , t h a t  is, w hen  m ore  electrons a re  found o u ts id e  th e  closed sh e ll an d  an  
in te ra c tio n  be tw een  th e ir  spins is p o ssib le , th e re  a re  cases when th e  fo rm ulae  
are n o t in  ag reem en t w ith  th e  o b se rv a tio n . This su g g ested  the  in v e s tig a tio n  
of th e  re su lts  w hich w o u ld  be o b ta in ed  b y  tak in g  in to  accoun t th e  sp in -sp in  
in te ra c tio n  fo r П  an d  A  te rm s  of h ig h er m u ltip lic ity  [24]. S u rp rising ly  i t  tu rn e d  
o u t t h a t  b y  ta k in g  in to  accoun t th e  sp in -sp in  in te ra c tio n , ex ac tly  th e  sam e 
re su lt is o b ta in e d  as f ro m  th e  in te rco m b in a tio n  p e r tu rb a tio n s  tra n s m it te d  b y  
th e  sp in -o rb it in te ra c tio n ; in  o ther w o rd s , the  e x p e rim e n ta l d e v ia tio n s  can 
be in te rp re te d  equ a lly  w ell b y  th e  sp in -sp in  in te ra c tio n , th a t  is, b y  a  m echa
n ism  co m p le te ly  d iffe ren t from  th e  e a r lie r  one. T h u s w e canno t b u t  assum e 
th a t  th e  e x p e rim e n ta l dev ia tio n s a re  b ro u g h t a b o u t b y  the  jo in t  in flu en ce  
of th ese  tw o  in te ra c tio n s  [31].

O n th e  basis o f th e  ab o v e  co n sid e ra tio n s, in  th e  case  o f tr ip le t a n d  q u a r te t  
te rm s th e  fo llow ing fo rm u lae  resu lt for th e  p e r tu rb e d  va lu es  of t e r m s 1

2S
2S+1F'i ( J )  =  2S+1F , (J )  +  ß  S'fk ( i = l ,  2 . . . . 2 S + 1 ) ,

k= 2

w here J  m ean s th e  ro ta t io n a l  q u a n tu m  n u m b e r in  th e  case  when th e  re s u l ta n t  
spin m o m e n t is s till q u a n tiz e d  to  th e  o rb ita l  an g u la r m o m e n t p o in tin g  in  th e  
d irec tion  o f  th e  m o lecu la r axis, th a t  is, fo r slower ro ta t io n . The f i r s t  te rm  
on th e  r ig h t  side signifies th e  te rm  v a lu es  ca lcu la ted  on  th e  basis o f th e  tr ip le t  
an d  q u a r te t  fo rm ula , resp ec tiv e ly , th e  c o n s ta n t is th e  c o n s tan t o f th e  spin- 
sp in  in te ra c tio n  and  th a t  o f  the  m a tr ix  e lem ent of th e  p e r tu rb a tio n  w ith  the
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3/ 7 ,2/7 an d  X/1 te rm s , re sp ec tiv e ly , as well as th e  d is tan ce  o f th e  p e r tu rb in g  
te rm . T he S ifc-s m ean  th e  tra n s fo rm a tio n  m a tr ix  elem ents. T h ese  m a trix  
e lem en ts  are  th e  coeffic ien ts  of th o se  linear co m b in a tio n s b y  w h ic h  th e  p e r
tu rb e d  e igenfunctions —  o b ta in ed  b y  tak in g  in to  acco u n t th e  n e g lec ted  te rm s 
—  can  be p ro d u ced  fro m  th e  eigenfunctions re su ltin g  from  th e  se p a ra tio n  of 
th e  w ave eq u a tio n  [25], [32]. T hese depend , e spec ia lly  in  th e  case  of q u a rte t 
te rm s , in  a v e ry  co m p lica ted  m a n n e r  on the  ro ta t io n a l  q u a n tu m  n u m b e r, on 
th e  ro ta tio n a l an d  m u ltip le t s p littin g  co n stan t, th e re fo re  th e ir  c a lc u la tio n  fo r 
each  single q u a n tu m  n u m b er is labo rious and  le n g th y  [26]. I f  on  th e  basis 
o f th e  above fo rm ulae  th e  d ifferences betw een  th e  p e rtu rb ed  a n d  u n p e rtu rb e d  
m u ltip le t  sp littin g s  b e tw een  th e  n e ighbouring  co m p o n en ts  are  ca lc u la ted  and  
co m p ared  w ith  th o se  o f th e  m u ltip le t  sp littings e x p e rim en ta lly  observed  and  
ca lcu la ted  b y  th e  old th e o ry , th e  re su lts  o b ta in e d  show  an e x c e lle n t q u a n ti
ta t iv e  ag reem en t [27], [28], [23], [24], [29]. (D a ta  fo r th e  3zl te rm  of th e  CO 
m olecu le  will be p ub lished .)

T hese dev ia tio n s h av e  been o bserved  so fa r fo r  tw o  v ib ra tio n a l s ta te s  of th e  
P H  m olecule, for one v ib ra tio n a l s ta te  of th e  N H  (3/7), for seven  v ib ra tio n a l 
s ta te s  of th e  0(7 m olecule (4/7) an d  fo r tw o v ib ra tio n a l s ta te s  of th e  CO m olecule 
(3 /J), respective ly .

In  th is  paper o u r in te n tio n  h as  been  to  convey  only the  m a in  ideas of th e  
th e o ry ; m ore in fo rm a tio n  on th e  d e ta ils  will be fo u n d  in  the  l i te r a tu r e  quo ted .
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Н Е К О Т О РЫ Е  Н О В Ы Е  РЕ ЗУ Л Ь Т А Т Ы  В СПЕКТРОСКОПИЧЕСКОМ  
И С СЛ ЕДО ВАН И И  Д В У Х А Т О М Н Ы Х  М О Л ЕК У Л

И. КОВАЧ

Р е з ю м е

В работе дается интерпретация аномального мультиплетного расщ епления, наблю
даем ого в тонкой структуре мультиплетных молекулярны х состояний, часто встречаю
щ ихся в спектре молекул. Теоретические результаты сравниваются с рядом эксперимен
тальны х данных, они отлично согласую тся.
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MAGNETOHYDRODYNAMIC SHOCK WAVES

B y

J .  S z a b ó

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST* 

(Presented b y  Z. Gyulai. — R eceived  20. IX . 1963)

Starting from  the fundam ental equations o f m agnetohydrodynam ics we derive the  
conservation  laws for the case o f an ideal plasm a. B ased on these law s the fundam ental equa
tions — th a t govern the behaviour of m agnetohydrodynam ic (m hd) shock w aves along an 
arbitrary continuous surface of discontinuity — are obtained. It is show n that the m hd shock  
w aves — similar to those of gas dynam ics — are compression w aves. F inally  the properties of 
different kinds of m hd shock w aves are discussed.

I. Introduction

I t  is well know n th a t  in  gases sh o ck  w aves m a y  be  g enera ted  b y  su p e r
sonic flow s. T he shock w aves are  such su rfaces, along w h ich  th e  flow  v e lo c ity  
an d  th e  th e rm o d y n am ic  p a ra m e te rs  o f  th e  gas suffer a ju m p . In  r e a l i ty  th e  
shock w aves are n o t d isc o n tin u ity  su rfaces  b u t are su ch  regions w h ere  th e  
hyd ro - a n d  th e rm o d y n am ica l q u a n titie s  ch an g e  very  q u ick ly . One can e s tim a te  
the th ick n ess  of th e  shock fro m  th e  e q u a tio n s  of gas d y n am ics. In  m o s t cases 
th is  th ick n ess  is n o t g rea te r  th a n  th e  m e a n  free p a th  o f  th e  partic les  o f  th e  
gas. T herefo re  one m ay  reg a rd  th e  shock  w aves to  be su rfaces of d isc o n tin u ity  
in a good ap p ro x im atio n .

T he im p o rtan ce  of shock  w aves p ro p a g a tin g  in  a p la sm a  was d iscovered  
a few  years  ago. Since in  th e  in te rs te lla r  gas and  on th e  surface of th e  s ta rs  
flow s w ith  supersonic  velocities can  o fte n  be  observed , i t  is ev id en t t h a t  th e  
m hd shock  weaves p la y  an  im p o r ta n t ro le  in  m any  a s tro p h y s ic a l p h en o m en a  
[1]. T he m h d  shocks have  a special im p o rta n c e  in  th e  p rob lem s of co n tro lled  
th e rm o n u c lea r fusion , since a t  p resen t, th e  m ost p ow erfu l m ethod  o f h e a tin g  
th e  p lasm a is th e  gen era tio n  of shock w aves [2 ].

II. Conservation laws in  m agnetohydrodynam ics

In  th e  case of an  idea l p la sm a  th e  fu n d a m e n ta l eq u a tio n s  of m a g n e to 
h y d ro d y n am ics h av e  th e  fo rm  [3]:

d iv  H =  0 , (1)

* Present address: D epartm ent of P hysics. U niversity of th e  H eavy  Industry, M iskolc, 
Hungary.
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ЭН
dt

=  ro t [v X H ] ,

Эу 1
Q------ h í?(vgrad)v =  — gr a d  p --------- [H X ro t  H ] ,

9t 4 л

9 в------- h div(^v) =  0  ,
dt

d

dt
P
r f

v g ra d
Г

0 .

( 2)

( 3)

(4)

( 5 )

I n  these  e q u a tio n s  H  is th e  m ag n e tic  fie ld  s tre n g th , v th e  flow  velocity  of th e  
m ed iu m , g its  d e n s ity , p  i ts  p ressu re  and f in a lly  к  is th e  ra t io  o f th e  sp ec ific  
h e a ts .

In  o rd er to  derive th e  equ a tio n s o f m h d  shock w aves we w rite  th e  
sy s tem  of e q u a tio n s  (1)— (5) in  th e  form  o f co n se rv a tio n  law s. The eq. (1) is 
a lre a d y  in  th is  fo rm . I t  is u sefu l to  w rite  eq. (2) in  th e  fo rm

ЭН
at

=  (H  g rad )v  — (v g ra d )H  — H  div v . ( 6 )

T ak in g  eq. (1) in to  accoun t we c a n  w rite  th e  com ponen ts o f  eq . (6 ) as

9 H x 
Э t

8  H y
dt

9 H z
dt

+  d iv ( ifxv) =  d iv  (i>xH ) , 

+  d iv ( ifyv) =  d iv  (uyH ) , 

-{- d iv (H zx) =  d iv  ( fzH ) .

( 7 )

The e q u a tio n  of m o tion  (3) can  be tra n s fo rm e d  b y  m ean s o f th e  id e n titie s  
o f  v ec to r an a ly sis :

0V
о ------- 1-  q( \  g rad)v  =  — grad

dt
p  +

H -
8 л 4 л

(H  g rad )H  , ( 8 )

a n d  so th e  c o m p o n e n t e q u a tio n s  o f (8 ) c an  b e  w ritte n  in  th e  fo rm  of co n se r
v a tio n  laws m a k in g  use of eqs. (1) and (4):

d iv ( i f x H ) , 

d iv(iT vH , ) , (9)

d iv  (H . H ) .

9  (ovx) 
dt

-f- div (ovxx)  =
Э

dx
p  +

H 2

8тг
+

1

47t

9 ( e v y) -)- div(oj;vv) =
8

p  +
11-

+
1

dt 9 j 8 л 4 л

9(ov2) +  div(ot’2v) =
Э

p  +
H -

+
1

dt dz 8 л 4 л
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I t  is c lear th a t  th e  eqs. (9) express th e  conserva tion  o f  m o m en tu m  in  a diffe
re n tia l fo rm . In  a m ore concise form  we have

at
9 T ik
dx,.

(£ =  l , 2 , 3 ; f c = l , 2 ,  3 ,) , ( 10)

w here

T ik =  Qv i v k +
Я 2

8  n
àl k -  -  H , H k 

4 л

is th e  com plete  (th ree  d im ensional) s tre ss  ten so r, q VjVk is th e  k ine tic  te n so r  an d

H 1 , H , H k
8 л  ,k 4л

is th e  m axw ellian  s tress ten so r, Ь[к is th e  K ronecker sym bo l. S u m m atio n  con
v en tio n  is u n d ers to o d  to  re fe r to  ind ices occurring  tw ice .

N ow  we derive th e  d iffe ren tia l fo rm  of the  en e rg y  theo rem . T a k in g  th e  
sca la r p ro d u c t of th e  velo c ity  and  eq. (8 ), we have

OV V V
QY------- (- gv{(v grad)v} -j~ V g rad  p  -\--------g ra d H 2 ----------{(H  grad)H } =  0 . (11)

dt '  87Г 4 л

M aking use of th e  id e n tity

d iv fiA j A 3)A2} =  ( Aj A 3)div  A2 +  A1{(A2 grad)A 3} +  A 3{(A2 g rad)A j} 

an d  eqs. (1), (2), (4) a n d  (5), eq. (11) c a n  be w ritte n  in  th e  form

8
8 f

„2

e T  +  „ - l
Р Т +  _Я *

8  л

=  — d iv jv p
Я 2

8 л

d ív  j V Q

(vH)
4л:

X — 1

Я 2

8 л  ,
( 12)

Н

T his fo rm  of th e  en erg y  th eo rem  w ill be  used  in  th e  follow ing. In  o rd e r to  see 
clearly  its  physica l m ean ing , some fu r th e r  tra n s fo rm a tio n s  w ill be c a rr ie d  ou t.

A ccording to  ou r h y p o theses, th e  b eh av io u r o f th e  ideal p la sm a  is 
governed  b y  th e  eq u a tio n  of s ta te  o f  th e  ideal gases

F o r ideal gases we h a v e  also

=  R T  -
g

cp — cv =  R  ,

(13)

(14)

Acta P hys. H ung. Тот. X V I  . Fase. 1 —2.



78 J. SZABÓ

w h ere  cp a n d  cv a re  th e  specific  h e a ts  u n d e r  c o n s ta n t p ressu re  a n d  c o n s ta n t 
v o lu m e , re sp ec tiv e ly . F rom  th e  eqs. (13) an d  (14) we conclude  th a t

P
X — 1

c v q T  . (15}

On th e  le f t side of th e  en e rg y  th eo rem  th e  second te rm  in side  th e  b rack e ts  
is th e re fo re  th e  d e n s ity  of th e  in te rn a l energy  o f  th e  ideal p lasm a . W e note  th a t  
th e  eq. (1 2 ) h a s  a sim ilar fo rm  even  in  th e  case w hen th e  p la sm a  does n o t 
o b ey  th e  e q u a tio n  of s ta te  o f id e a l gases. In  th is  case one c a n n o t su b s ti tu te  
th e  concre te  fo rm  o f th e  en e rg y  d en sity  a n d  e n tro p y  d e n s ity  fo r  p (x  — l ) -1 - 
in  eq . (12) a n d  pQ~*  in  eq. (5), re spec tive ly .

I t  is easy  to  verify  th a t  th e  sum

H - (vH)
471

H  +
Я 2

8  71

o ccu rrin g  u n d e r  th e  divergence o p era tio n  in  th e  le f t and  r ig h t side of eq. (1 2 ),, 
is th e  P o y tin g  v ec to r. R em em b er th a t  in  a m ed ium , m ov ing  w ith  v e lo c ity  
V in  a m ag n e tic  f ie ld  H , O hm ’s law  is g iven b y

j  =  e cv +  p E -1— — [vX  H]
c

w h ere  j is th e  com plete  c u rre n t d en sity  v ec to r , gc v is th e  co n v ec tiv e  c u r re n t  
d e n s ity , a  is th e  electric  c o n d u c tiv ity  of th e  m ed ium , E  is th e  electric f ie ld  
s tre n g th , an d  c is th e  v e lo c ity  o f  lig h t in  v acu u m . Since, acco rd ing  to  o u r 
h y p o th es is , th e  electric  c o n d u c tiv ity  of th e  id e a l p lasm a is in fin ite ly  la rg e , 
th e  com plete  c u r re n t d ensity  rem a in s  fin ite  o n ly  in  th e  case w hen

E  = ------— [v X H ] .
c

M aking  use o f th e se  consid era tio n s, th e  P o y n tin g  v ec to r can  be  w ritte n  in  t h e  
fo rm

s  =  T “ [E x H ] =  - - Ц [ у х Н ] х Н ] =  ^  v - - L ( v H ) H .4тг 4tï 4тг 4тг

A fte r  these  ca lcu la tio n s, th e  p h y sica l m ean in g  of th e  eq. (12) is very  c le a r - 
I n  an  a rb itra ry  vo lum e e lem en t o f  th e  p lasm a th e  sum  of th e  k in e tic , in te rn a l 
a n d  m ag n etic  fie ld  energy can  ch an g e  only on  th e  effect o f flo w  o f these ty p e s  
o f energy  an d  th e  w ork done b y  th e  h y d ro d y n am ica l forces. I n  th e  e n e rg y
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MAGNETOHYDRODYNAMIC SHOCK WAVES 79-

theo rem  th e  electric  fie ld  energy  does n o t  occur because  in  th e  case o f in f in ite  
electric co n d u c tiv ity  i t  is negligible as co m p ared  to  th e  m agnetic  en e rg y  [4].

F in a lly , we w rite  dow n th e  eq u a tio n  o f c o n tin u ity , w hich expresses th e  
conservation  of m ass:

— |- d iv  (ov) =  0 . (16)
8 1

III . F u n d a m e n ta l equa tions o f m hd sh o ck  waves

A s tro n g  d isco n tin u ity  surface of a shock  w ave is a surface, on th e  d if
fe ren t sides of w hich th e  m h d  q u a n titie s  (H , v, p ,  q) h av e  d ifferen t v a lu e s , 
th a t  is to  say  along w hich th e  m hd  q u a n titie s  have a f in ite  ju m p . The e q u a tio n  
of the  d isco n tin u ity  surface is

<p(x, y , z , l )  = 0  . (17)

The velocity  of th e  su rface ch a rac te rized  b y  eq. (17) w ith  respect to  th e  co
o rd in a te  system  is given b y

dip

N =  —
91

Igrad ip\ '
(18)

T he velocity  of th e  d isco n tin u ity  su rface  w ith  re sp ec t to  the p la sm a  is

0  =  N  -  vn ,

w here vn is th e  p ro jec tio n  o f th e  p lasm a v e lo c ity  to  th e  n o rm a l of the  su rface  S. 
W e choose th e  o rien ta tio n  of th e  n o rm al so th a t

0  =  JV —  vn <  0 (19)

shou ld  ho ld . A long th e  su rface S , vn an d  th e re fo re  also 0  h av e  a ju m p . A  sim ple 
co nsidera tion  w ill convince us th a t  0  h a s  th e  sam e sign  on b o th  sides o f  th e  
surfaces. F o r po in ts  on d iffe ren t sides o f  th e  surfaces g iven  b y  (17), th e  values 
of if (x, y ,  z, t) are  o f d iffe ren t sign. T h a t  side of S  w ill be chosen to  be p o s itiv e , 
w here its  n o rm a l v ec to r  w ill be o rien ted .

D uring  th e  flow  of the  p lasm a, p la sm a  p artic les w ill get across th e  su rface  
S, say , from  th e  n eg a tiv e  to  th e  po sitiv e  side.

Consider a m hd  q u a n t i ty  Ф(х, у ,  z, t), its  l im it  ta k e n  on th e  p o sitiv e  
side w ill be deno ted  b y  Ф +, t h a t  on th e  n eg a tiv e  side b y  Ф _, and  th e  ex p ressio n

[Ф] =  Ф + — Ф_

Avili be called  th e  ju m p  of th e  q u a n tity  Ф.
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B ased on  th e  co n se rv a tio n  laws (1), (7), (9), (12) a n d  (16), one c a n  
derive  co n d itio n s th a t  d e te rm in e  ju m p s of th e  m h d  q u an titie s  a n d  th e  re la tiv e  
■velocity 0 .  I n  o rd e r to  d erive  these  d y n am ica l conditions, th e  fu n d a m e n ta l 
eq u a tio n s o f m h d  shock w av es, we p u t th e  conservation  law s in  in te g ra l 
fo rm . T herefo re  we in teg ra te  th e  d iffe ren tia l fo rm  of th e  co n se rv a tio n  law s 
o v er a vo lum e V  w hich m oves to g e th e r  w ith  th e  p lasm a. W e use the  fo rm u la

dt
0 d V  =

8  Ф 
9t

d iv  (Ф\) d V

a n d  th e  G auss theo rem , to  o b ta in  the  in te g ra l form s:

\ H n d f = 0 ,
F

Г H  dV  =  I V H n d f ,

A
dt

J e  y d v = -  j ' Ip  +  \ n d f + A -  j и  н п d f,

F

Qd V  =  0,

(vH)d

dt
Г(—— Q t’2 H— —
) [ 2  x - l

d
d t

H 2

8 л
d V

H 2

8 л 4тг

( 20 )

( 21)

( 22 )

(23)

H n\ df.  (24)

I n  th ese  e q u a tio n s  V  rep resen ts  a volum e m o v in g  to g e th e r w ith  th e  p lasm a , 
F  i ts  b o u n d a ry  surface, n  th e  o u te r  no rm al u n i t  vecto r of th e  su rface  F. T h e  
in te g ra l c o n se rv a tio n  laws (20)— (24) have  th e  com m on fo rm

V F

(25)

w h ere  e an d  ßn a re  expressions b u il t  up from  m h d  q u an titie s .
L e t us choose  the  vo lu m e V  so th a t  th e  d isco n tin u ity  su rface  S  is co n 

ta in e d  in  i t .  F ro m  th e  re q u ire m e n t th a t  th e  in te g ra l co n se rv a tio n  laws shou ld  
h o ld  even in  th e  case  w hen th e  d isc o n tin u ity  su rface  goes across th e  reg ion  of in te g 
r a t io n  of eq. (25) we ob tain  th e  fo llow ing exp ressio n  for th e  ju m p s  of th e  q u a n 
t i t ie s  e an d  ßn on  the  d isc o n tin u ity  surface [5]:

l>0 ] +  [ßn] =  о. (26)
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I f  we su b s titu te  e a n d  ßn b y  th e  co rrespond ing  q u a n titie s , we o b ta in  the  
fu n d a m e n ta l eq u a tio n s of m h d  shock  from  the  co n se rv a tio n  law s (20)— (24) 
in  th e  follow ing form :

[Hn] =  0 , (27)

[0 H ]  +  [v tf„ ] =  0 , (28)

[i0 0  v] p  +
W
8л

n H— [ Hn И]  =  0 ,
4л

© f i  0V 2 +  __P
1 2  X -  1

ÍQ&1 =  0,

P +
I P

8л
+

(vH )
9 л

(29) 

(30 * 

0 .  (31)

IV. Zem plén’s theorem  in m agnetohydrodynam ics

A ccord ing  to  Ze m p l é n ’s th eo rem  [6] in  h y d ro d y n am ics  on th e  positive  
side of th e  surface of a s tro n g  d isc o n tin u ity  surface th e  pressure a n d  d en sity  
are g rea te r  th a n  on th e  n eg a tiv e  side. T herefo re  in  h y d ro d y n am ics  th e  shock 
w aves can  be  only com pression  w aves.

W e shall show , m ak in g  use o f  th e  fu n d a m e n ta l equ a tio n s (27)— (31) 
o f m h d  shock  w aves, t h a t  Ze m p l é n ’s th eo rem  holds also  in  th e  case o f m hd  
shock  w aves.

Ze m p l é n ’s th eorem  in  m agn eto h y d ro d y n a m ics can  be fo rm u la ted  as 
fo llow s.

I f  0  =f= 0, i.e . i f  th e  surface o f s tro n g  d isco n tin u ity  m oves w ith  resp ect  
to  th e  p lasm a and th e  en tro p y  d en s ity  is greater on  th e  p ositive  s id e  o f  th e  
d isco n tin u ity  surface th an  on  its  n e g a tiv e  side, th en

Q + > Q ~ ,  p + > p -  (32)

a n d  th ere fo re  th e  m h d  shock  w aves a re  com pression w aves.
In  o rd er to  d e m o n s tra te  th is  th eo rem  we s ta r t  from  eq. (31). Since 

accord ing  to  (27) an d  (30), H n and  p 0  are  con tinuous on th e  d isc o n tin u ity  
surface, th ese  q u a n titie s  can  be p u t  befo re  th e  ju m p  sym bol [. . .]  in  every  
te rm . T ak in g  th is  in to  acco u n t we w rite  (31) in th e  fo rm

Q0 [v2]
0 0

1 L Q
+

Q0

8 .T

H„

H 2
-  [PVnl -

(33)

[Я* v l  +  - ^ [ ( v H ) ] = 0 .
8  n  4 n
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T h e n  if  we ta k e  th e  sca lar p ro d u c t o f eq. (29) w ith  (v + -f- v _ )  we o b ta in

Q 0  [v2] =  [p] (v n +  +  v n _ )  + Vn+  +  v n _
8л

H 2 _ ^ L [ H](v+ +  y_). (34) 
4 Л

S u b s titu tin g  th is  in  eq. (33) we ge t

!  [p ] k + + vnj )  +  g6?r
2 X  —  1

~ ~  [H] (v+ + v _ ) + - | ^  
8 л  8 л

Q

H -

-  [Pvn] +  - +v t - ~  [ ^ ]  -10Л

- - ^ [ № t „ ] + ^ [ ( v H ) ]  =  0. 
Q J 8л: 4тг

(35)

F irs t o f a ll we tran sfo rm  th e  term s n o t  c o n ta in in g  th e  m agnetic  fie ld  
s tre n g th . W ritin g  dow n th e  ju m p  sym bols in  d e ta il  accord ing  to  th e  de fin itio n , 
a f te r  sim ple ca lcu la tio n s we o b ta in  th e  fo llow ing id e n tity :

- ^ r  [p] K +  +  v n ~ )  H----- —2 X  —  1 Q
-  [pvn]

Qe
X —  1 p

1
-  у ( р +  + Р - Ж ] - (36)

S ince th e  velocity  N  o f the  d isc o n tin u ity  su rface is per defin itionem  co n tinuous, 
we have

К ]  =  -  [в]  =  - о в  f— 1 . (37)

U sin g  th is  re su lt in  (36) we get

-7 7- [/>] (Vn+ +  Vn- )  +  —g—-  [ — 1 -  [pvn] =2 л; — 1 L о J
o 0

x  — 1 +  ~ ( p +  +  p - )
(38)

Now we are  going to  tra n s fo rm  the  la s t  f iv e  te rm s in  eq . (35). W ritin g  
dow n th e  te rm s in  de ta il, a f te r  sim ple ca lcu la tio n s we o b ta in

Vn+ +  V„- 
1 6 л  
1

[ Щ  -  i  [H] (v+ +  v_) +  - ^ -
0 Л  0 Л

H 2

[ W v n ] +  ^  [(vH)] =  - i -  ( H l v n _  +  H %  v n _  -
О Л  47Г 1 0 Л

-  H i  v n +  -  H i  v n + )  +  ^  (H+ +  h _) (▼+ -  v_) +
8 л

( 3 9 )

+
8 л

H 2+ H I  

Q+ в -
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T his id e n tity  can  be tra n sfo rm e d  by  m ean s of eq . (28). T he eq u a tio n  (28) 
itse lf  shou ld  be p u t  in  a new  form , ta k in g  (27) an d  (30) in to  acco u n t:

o 9
I I ,  H _

Q+ e -
+  H n(y + -  v _ ) =  о . (40)

I f  we ta k e  th e  sca lar p ro d u c t of (H + -j- H  ) and  eq. (40) we o b ta in : 

H n(v + -  v _ )(H + +  H _ ) =  -
H \ H + H _ H + H L  H I

Q+ 2 -  e+ Q-

M aking use o f (37) an d  (41), eq. (39) c a n  be p u t in  th e  fo rm

vn+ +  v„_ H„ oQ

16я
[ Я 2] -  -~3L [H ](v + +  v_ ) +

8 я  о л

H 2

~  [ ^ 2 v n] +  [(VH)] =
oTC 4 7t I О71

Q

[H ]2 .

(41)

(42)

T he su b s titu tio n  of (38) an d  (42) in to  eq . (35) gives

(P+ +  P - )
1 11 \ p
Ô . +  K - l Q

+
16тг

[H ] 2 +  0 . (43)

W e h av e  chosen th e  o rien ta tio n  o f  th e  n o rm al of th e  d isc o n tin u ity  su r
face so th a t  (9 <  0 holds. D u rin g  th e  m o tio n  of th e  p lasm a  an d  th e  d isc o n tin u ity  
surface, p lasm a pa rtic le s  pass th e  d isc o n tin u ity  su rface  fro m  th e  n e g a tiv e  to  
the  p ositive  side. A ccord ing  to  th e  second  law  of th e rm o d y n a m ic s  w e h av e :

(44)

I f  th e  ra tio  p + ,(p_ is exp ressed  from  (43) an d  s u b s titu te d  in to  (44), we o b ta in  
th e  follow ing eq u a tio n :

_P_
6*

w here

and

6*

р _ Г ( к + 1 ) * - ( и - 1 )  + G - - - - - - - - x - 1 - - - - - - - - j ( 4 5 )
Q+ \ X +  1  —  ( и  —  \ ) x  X 1 — (x — l)x  I

X Q+
g _

(46)

G =
X —  1

8тг p _
[H ]2 . (47)
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A n e le m e n ta ry  c a lcu la tio n  show s th a t  th e  expression  in  th e  b ra c k e ts  o f  
(45) is p o s itiv e , or in  o th e r w ords eq. (44) ho lds only in  th e  case, w hen

x  — 1 p_
th erefo re

e+ >  e-  • (48)
T h e n  i t  follow s from  eq. (44), th a t

P+ > P -  • (49)

I t  w as show n b y  J .  L . S y n g e  th a t  in  th e  case of gasdynam ic  sh o ck  
w aves th e  te m p e ra tu re  is g re a te r  on  th e  p o sitiv e  th a n  on th e  n eg a tiv e  side [7]. 
B ased  on o u r re su lts  i t  c an  ea s ily  be show n th a t  in  m a g n e to h y d ro d y n a m ic s  
th e  ju m p  o f th e  te m p e ra tu re  obeys th e  in e q u a lity

T + >  T . . . (50)

As a m a t te r  o f fac t, we ca n  express th e  ju m p  o f th e  te m p e ra tu re  u sin g  
th e  e q u a tio n  o f  s ta te  (13):

m  =
P - P+ Q+

R o + P - 9 -  ,
(51)

F ro m  th e  in eq ua lities (44) an d  (48) we can  conclude sim p ly  th a t  th e  
r ig h t  side o f  (51) is positive , th e re fo re  [T ] >  0 .

V. The classification  o f m hd shock waves

In  o rd e r to  tran sfo rm  th e  fu n d a m e n ta l eq u a tio n s o f m h d  shocks, w e 
in tro d u c e  th e  follow ing n o ta tio n  [8 ]:

h  =  - L ( h + +  h _).
A

(52)

T h e n  m ak in g  use of eqs. (27) a n d  (37) th e  sy stem  of eqs. (28)— (30) can  be  
p u t  in  th e  fo llow ing form :

о т [ Н ] - Н К ] + Я п М = 0 ,  (53)

*[v ] - - ^ [ T j n -  - / - ( H [ H ] ) n + i [ H ]  =  0 , (54)
[t J 4 71 4 7Г

a[T]  -  ы  =  о , (55)
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w here
a  == o 0 .

I t  can  be observed  a t  once t h a t  th e  system  o f eq u a tio n s  d esc rib in g  
s tro n g  d isco n tinu ities can  be tran sfo rm ed  in to  th a t  d e te rm in in g  th e  a m p li
tu d es of w eak  d isco n tin u itie s  [3], if  we in tro d u c e  th e  follow ing co rresp o n d en ce  
betw een  th e  q u a n titie s :

a ^ Q( N - v n); г - * - —  ; H ^ H ;
9 [t ] g

[v] X  ; ; M  9~2 Áe ; И  -*• ^ H,

w here ~iv, an d  Xe re p re se n t the  ju m p s  of th e  d iffe ren tia l q u o tie n ts  o f  th e  
velocity , m ag n etic  fie ld  s tre n g th  an d  th e  den sity , re sp ec tiv e ly , on th e  w eak  
d isc o n tin u ity  surface.

In  th e  eqs. (53)— (55) we consider [v], [H] an d  [t]  as u n k n o w n  q u a n t i 
ties. T he q u a n ti ty  [p] [ r ] _1, how ever, w h ich  in  th e  lim it [p ] ->  0 an d  [r ]  ->  0 
has th e  lim itin g  value

— p2
dp

dg
* ^ -£ ?2=  - C l Q \

Q

can  be reg a rd ed  as a g iven  q u a n tity . T h e  sy stem  o f eq u a tio n s  (53)— (55) g ives 
n o n triv ia l so lu tions for M ,  [H] and  [t ] on ly  in  th e  case w hen  th e  d e te rm in a n t 
o f th e  sy s tem  of e q u a tio n s  vanishes. E x p a n d in g  th e  d e te rm in a n t, we o b ta in  
th e  follow ing algebraic  eq u a tio n  of th e  se v e n th  degree fo r th e  q u a n ti ty  a —  g 0  :

Tia г a-•2_
f f 2n

iff* -  [P] W
[г] 4л:

[p] т  I
[т] 4я  j

=  0 . (56)

I t  can  be verified  easily  th a t  in th e  tra n s it io n

e+ g_; v + -> v _ ;  H +—> H_;  p+  - > p _

th e  eq. (56) —  d isreg ard in g  a fac to r  —  goes over in to  th e  eq u a tio n  fo r th e  
velocity  o f  th e  w eak d isco n tin u ity  su rface  [3].

D iffe ren t so lu tions o f equa tions (53)— (55) be long  to  th e  d iffe ren t ro o ts  
of th e  eq u a tio n  (56). W e can  in v e s tig a te  d iffe ren t k in d s  of s tro n g  d isc o n ti
nu ities on th is  basis.

a) Sloiv and  fa s t  shocks

F irs t  o f all we consider th e  case, w hen  th e  la s t  te rm  on th e  le f t side of 
eq. (56) v an ishes. T h is eq u a tio n  can  b e  p u t  in  th e  fo rm

k  +  M ] H 29 11Пcrz ----------- =  (T2
Я 2 H 2

m J 4 л  r 4лг 4л: t
(57)
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or

T Q* [p]
M

(58)

T h e  eq. (57) h a s  tw o  positive  ro o ts , ay den o tes  th e  g rea te r  one, an d  as th e  sm a lle r  
one. R em em b erin g  th a t  acco rd in g  to  Ze m p l é n ’s th eo rem

M

M
[.p ]
[ q ]

e+ >  о (59)

from  eqs. (57) a n d  (58) we o b ta in  easily  th e  follow ing in eq u a litie s :

M
(60)

Я 2

4тгт
(6 i )

I f  a  sa tis f ie s  eq. (57) th e n  th e  so lu tio n  o f th e  eqs. (53)— (55), or in  o th e r  
w ords, th e  ju m p s  o f  th e  m hd  q u a n titie s  can  be expressed  in  th e  follow ing w ay :

[H ] =  a x a2 (H  — H n n ),

[v] =  — а x n ( — — H  - t o 2 n

[ r ]  =  — ax t a‘ —

(62)

Я 2

4 я

T h e  ju m p  o f th e  pressure  can  be d e te rm in ed  from  eq. (29). T ak in g  th e  sca la r 
p ro d u c t o f n  w ith  eq . (29), a n d  m ak in g  use o f  eq . (27), we derive  th e  re la tio n

[р ] =  Ф л ] - ^ ( Щ Н ] ) .

I f  we s u b s titu te  h e re  th e  v a lu e  o f  [v„] a n d  [H ] from  eq. (62) we o b ta in  th e  
ju m p  of th e  p re ssu re  in  th e  fo rm

H 2[p ] =  a r  и2 г a 2 —
4 n

(63)

W e h a v e  to  d e te rm in e  th e  ju m p  o f th e  ab so lu te  va lu e  o f th e  m agnetic  
f ie ld  s tre n g th . F ro m  th e  f i r s t  eq u a tio n  o f (62) we have

[Я 2] =  2 (H [H J) =  2a x  а2 (Я 2 -  Щ ) . (64)
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M aking use of th e  la s t eq u a tio n  of (62) w e o b ta in

h 2 -  m
[Я 2] =  -  2o2 [r]

r  ai
H 1-_ n

4л:

(65)

Since, accord ing  to  Ze m p l é n ’s theo rem , [t ] <  0 i t  follow s from  (61) an d  (65) 
th a t  in  a fa s t shock  w ave th e  m agnetic f ie ld  s tre n g th  in c reases , an d  decreases 
in  a slow shock  w ave. As th e  norm al co m p o n en t of th e  m ag n e tic  fie ld  s tre n g th  
is con tinuous on th e  d isc o n tin u ity  surface, we conclude, t h a t  th e  change o f th e  
tan g en tia l co m ponen t has th e  sam e sign as th a t  of th e  ju m p  o f th e  a b so lu te  
value.

A shock  w ave, w hich  p rop ag a tes  p e rp en d icu la rly  to  th e  d irec tion  o f  th e  
m agnetic  fie ld  s tre n g th  (H n =  0 ) is ca lled  a p e rp en d icu la r shock.

I t  follows from  eq. (28), th a t  along a  p e rp en d icu la r shock  th e  ta n g e n tia l  
com ponen t of th e  m agnetic  fie ld  s tre n g th  sa tisfies th e  eq u a tio n

H l+ в -  

Я , -  0 + '

A fu r th e r  re su lt concern ing  p e rp en d icu la r shocks can be o b ta in ed  from  eq. 
(28) or d irec tlv  from  (62):

[HJ = a r a 2 H .

F in a lly , if  th e  m ag n e tic  field  s tre n g th  is p ara lle l to  th e  no rm al o f th e  
d isco n tin u ity  surface, th e n  th e  d isco n tin u ity  surface is ca lled  a para lle l shock . 
In  th is  case, as i t  can  be seen easily u sing  eq. (37), th e  te rm s  con ta in in g  m ag 
n e tic  fie ld  s tre n g th s  cancel in  eq. (28)— (31), an d  so we a re  led  to  th e  eq u a tio n s  
of th e  o rd in a ry  h y d ro d y n am ic  shock w aves.

B ecause o f th is  c ircu m stan ce , th is  k in d  of m hd  sh o ck  w aves m a y  be 
called m agnetoacoustic  shocks.

b) Transverse shock waves

The d isco n tin u ity  su rface  belonging to  th e  roo t

m  и

1Я  I
(66)

of th e  eq. (56) is called  tran sv e rse  shock . T he ju m p s o f  th e  m hd  q u a n titie s  
along tran sv e rse  shocks can  be expressed  from  eqs. (53)— (55) in  th e  fo rm

[H ] =  acr H  X n ; [ v ] = a ^ H X n ^ T [ H ] | f | i ;  
4 л  \ 47Г

[r] =  0 ; [p]  =  0 .
(67)
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As in  th is  case th e  d en sity  is eq u a l on th e  tw o  sides o f th e  d isc o n tin u ity  s u r 
face, th e  ju m p s  of th e  v e lo c ity  can  be g iven  b y  th e  fo rm u la

M =  =F ( 68 )

T his fo rm u la  corresponds e x a c tly  to  th e  re la tio n  betw een  v a n d  H in  the case  
o f  A lfvén w aves.

T he la s t  eq u a tio n  o f (67) can be ded u ced  from  eq. (29). In d eed , i f  w e 
ta k e  th e  sca la r  p ro d u c t o f n  a n d  eq. (29), a n d  tak e  (27) a n d  (55) in to  a c c o u n t, 
w e o b ta in :

[P] +
H 2

8 л
=  0 . (69)

O n th e  o th e r  h a n d , because o f eq. (67):

[ Щ  =  2 H [H] =  0 ,
th ere fo re  [p ] =  0 .

I t  follow s from  eq. (67) an d  from  th e  id e n tity

(70)

(71)

th a t  a long  a tran sv e rse  m h d  shock  th e  e n tro p y  d en sity  is co n tin u o u s. H y d ro - 
d y n am ic  sh o ck  w aves, t h a t  w ould  co rresp o n d  to  th is  k in d  o f  m hd  sh o ck , 
do n o t ex is t. As a m a tte r  o f  fa c t, in  h y d ro d y n am ics , w h en  0  =f= 0, from  th e  
fa c t  th a t  th e  p ressu re  is c o n tin u o u s  i t  follow s th a t  ev e ry  o th e r  h y d ro d y n a -  
m ical q u a n t i ty  is co n tinuous.

As acco rd in g  to  (27) a n d  (70) b o th  th e  no rm al co m p o n en t and  th e  a b 
so lu te  v a lu e  o f th e  m ag n etic  fie ld  s tre n g th  is co n tinuous, th ere fo re  th e  o n ly  
change of th e  m agnetic  fie ld  s tre n g th  d u rin g  th e  tra n s itio n  across th e  d isco n 
t in u i ty  su rface  is a ro ta tio n  a ro u n d  th e  ax is  n.

c) Tangential discontinuity

F in a lly , we discuss th e  case, w hen  th e  d isc o n tin u ity  surface m o v es 
to g e th e r w ith  th e  p lasm a, i.e . w hen

0  =  IV —  vn =  0 (72)

I f  H„ =f= 0, th e n  i t  follows fro m  th e  eqs. (27)— (31), th a t

[v] =  0; [H] =  0; [p ] — 0; [g] a rb itra ry . (73)
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I f  H n =  0, th e n  only th e  n o rm a l com ponen t of th e  v e lo c ity  a n d  of th e  m ag n e tic  
field  s tre n g th  are  co n tin u o u s, b u t  th e  ta n g e n tia l  com ponen ts m ay  h a v e  a 
ju m p  on th e  d isco n tin u ity  surface. F ro m  eq. (29) in  th e  case of H n — 0 a n d  
0  =  0  we o b ta in

P +
H 2

8 тг
=  0 .
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МАГНЕТОГИДРОДИНАМИЧЕСКИЕ УДАРНЫЕ ВОЛНЫ
Я. САБО

Р е з ю м е

Исходя из основных уравнений магнетогидродинамики, для идеальной плазмы 
выводятся теоремы сохранения, а с их помощью выводятся основные уравнения магне- 
тогидродинамических ударных волн для произвольной непрерывной поверхности разрыва. 
Доказывается, что магнетогидродинамические ударные волны, подобно газодинамическим, 
являются скачками уплотнения. Наконец исследуются свойства ударных волн различ
ных типов.
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BASIC EQUATIONS OF MAGNETOFLUIDO-DYNAMICS IN
ANISOTROPIC MEDIA

By

I . A b o n y i

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by Z. G yulai. — R eceived  20. IX . 1963)

After giving a brief review  of the fundam ental equations of m agnetofluido-dynam ics 
and their lim its of v a lid ity , the basic equations are derived for the case o f m edia characterized  
b y  anisotropic condu ctiv ity , electric and m agnetic perm eability . The m aterial quantities are 
supposed to  be given tensor expressions w ith  a nonvanishing determ inant.

§ 1. Introduction

As is well kn o w n  th e  basic  eq u a tio n s o f  m agneto flu id o -d y n am ics h av e  
th e  fo rm :

9t)

8t

=  ro t (t) X £>) H------—  A $Q.
91 4 л  a (1)

d i v §  =  0, ( 2 )
c

1 =  —  ro t £  
4 71 ( 3 )

6  = ----- — Ü X ip H-----—  r o t £ ,c  4 n a
(4)

Qe= . d i v ( t i X § ) ,  
4тг c ( 5 )

i =  a  j e  +  ~  ö X § J , ( 6 )

'VP . X r o t §  +  rjAti  +  +  I  
4лд  ( 3

g rad  d iv  Ü, (7)

P = p { Q . T ) > ( 8 )

w here  th e  usual n o ta tio n  is app lied . These eq u a tio n s  are o b ta in e d  from  M ax
w ell’s eq u a tio n s, th e  eq u a tio n  of m o tio n  of th e  f lu id  (N av ier— Stokes eq ua tions) 
a n d  th e  eq u a tio n  o f  s ta te , u n d e r th e  follow ing re s tr ic tin g  assu m p tio n s [1]:
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a )  th e  d ie lec tric  c o n s ta n t e o f th e  m ed ium  is considered  to  be  a sca la r, 
w h ich  is, in  m a n y  cases, in d e p e n d e n t of tim e  an d  positio n ; th e  m ag n e tic  
p e rm e a b ility  ц  is a sca la r, to o , b u t  i ts  va lu e  is everyw here  u n ity .

b)  T h e  e lec tric  co n d u c tiv ity  a  o f th e  f lu id  is a sca lar, its  v a lu e  b e in g  
v e ry  la rg e . In  o rd e r to  assure  th e  sca la r  c h a ra c te r  of th e  electric  c o n d u c tiv ity  
one m u s t req u ire  th e  cy c lo tron  freq u en cy  coc =  e f i(m c )” 1 to  be v e ry  m uch 
sm a lle r  th a n  th e  collision freq u en cy  or th e  freq u en cy  o f th e  e lec tro m ag n etic  
w ave tra v e llin g  across th e  f lu id  [2].

c)  T he  co nvec tive  c u rre n t is neg lected  as co m p ared  to  th e  c o n d u c tiv e  
one, a n d  so is th e  d isp lacem en t c u rre n t. This tu rn s  o u t to  be a re q u ire m e n t 
as reg a rd s  th e  freq u en cy  of th e  e lec tro m ag n etic  process in  th e  f lu id , in  th e  
fo rm

eco i  n a  . (9)

d )  T he  re la tiv is tic  effects are  ex c lu d ed  in  th is  t re a tm e n t:  ß =  r e -1  1.
T h o u g h  th e  co n d itions o f th e se  ap p ro x im a tio n s  are  m ore or less rea liz 

ab le in  q u ite  a w ide ran g e  of th e  p h en o m en a  an d  th e re fo re  are accep tab le  for 
th e  m ag n e to flu id o -d y n am ic  th e o ry , th e y  ce rta in ly  exclude an  im p o r ta n t  
p ro b lem , i.e. th e  in h e re n t a n iso tro p y  of a m ag n e to flu id o -d y n am ic  m edium * 
B ased  on sim ple m odels one m a y  m ak e  d e fin ite  s ta te m e n ts  on th e  electric  
b e h a v io u r  o f th e  m ed ium , derive co n cre te  form ulae  for th e  electric  a n d  m ag
n e tic  p e rm e a b ility  and  th e  electric  co n d u c tiv ity . T hese m a te ria l q u a n tit ie s  
tu rn  o u t to  be o f a ten so ria l c h a ra c te r  (e.g. [2]).

T h e  p rim a ry  cause of th is  te n so ria l c h a ra c te r  —  a n d  th a t  is w h y  we a re  
sp eak in g  of in h e re n t an iso tro p y  o f  a m ag n e to flu id o -d y n am ic  m ed iu m  — is 
th e  e ffec t o f a m ag n etic  fie ld  s tro n g  en ough  to  o rie n ta te  th e  cy c lo tro n  m o tio n  
of th e  in d iv id u a l p a rtic le s . T h is o r ie n ta tio n  resu lts  in  an  an iso tro p y  unless 
i t  ceases v e ry  qu ick ly  th ro u g h  th e  effect o f B ro w n ian  m o tion  or e x te rn a l 
noises.

In  th e  follow ing th e  basic  eq u a tio n s  o f m ag n e to flu id o -d y n am ics a re  
d e riv ed  fo r th e  case of an  an iso trop ic  m ed ium , ch a rac te rized  b y  te n so r e lec tric  
an d  m ag n e tic  p e rm e a b ility  an d  te n so r  e lectric  co n d u c tiv ity , b u t  th e  o th e r  
m ag n e to flu id o -d y n am ic  assu m p tio n s c)  an d  d)  w ill be re ta in ed .

§ 2. The derivation o f the basic equations

W e shall use th e  follow ing n o ta tio n : d o t m eans d iffe re n tia tio n  w ith  
re sp e c t to  tim e , Э,- d iffe ren tia tio n  w ith  re sp ec t to  th e  co o rd in a te  Xj, th e  sum 
m a tio n  co n v en tio n  is u n d ers to o d  to  re fe r  to  indices occu rring  tw ice a n d  ru n n in g  
from  1 to  3. T he v e c to r  p ro d u c t o f  tw o  vec to rs is expressed  b y  m ean s o f th e  
L ev i-C iv ità  sym bo l вщ.
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W e w rite  dow n th e  s ta r tin g  eq u a tio n s. T he eq u a tio n s  o f m o tio n  are

QVi - f  Qvr 8r v t =  F f4 +  F p ,  ( 10)

w here  i ’f 1 an d  F p  d en o te  th e  forces o f  m echanical a n d  e lec tro m ag n etic  origin, 
re sp ec tiv e ly . In  th e  exp ression  of F p 1 one m ay  in c lude  also th e  te rm s  of th e  
N av ier-S tokes e q u a tio n , w hich  c o n ta in  th e  v iscosity . T he eq u a tio n  o f con
t in u ity  o f th e  flu id  m ass is given b y

Q +  dr (Qvr) =  0 , ( i i )

and  M axw ell’s eq u a tio n s  w ith  th e  ap p ro x im atio n s , lis ted  in c j a n d  d )  ru n :

_ rr 4тг .
e ikl %  H 1 =  Ji 5 

C
(12)

eikl ®k E i  =  В 1 , 
C

(13)

% D k =  4тгрЕ, (14)

9* B k —  9- (15)

T he m a te r ia l equ a tio n s are  given b y  th e  following eq u a tio n s:

D i =  £ik E k, (16)

B i  =  f*ik H k, (17)

j ,  =  a ,k E k =  a ik ! E k +  —  ekrs v r /} j  • 
! c )

(18)

O ur aim  is to  derive  a set of e q u a tio n s  from  th e  se t (10)— (18), in  w hich 
all th e  v ariab les  are ex p ressed  in  te rm s  of th e  m ech an ica l q u a n titie s  (p , g ,  

Vi) an d  th e  fie ld  v a riab les  of th e  m ag n e tic  field  (H,-, B ,).
As a f irs t s tep  w e derive  th e  e q u a tio n  for B,-.
L e t us in tro d u ce  th e  rec ip rocal te n so r Fik of Oik b y  th e  eq u a tio n

ai k ^ k l  =  ^il- (19)

T h e  c rite r io n  of ex istence  of such a te n so r  A,-* is

d e t {aik} ф 0 .  (20)

T h u s  we can exp ress th e  elec tric  fie ld  s tre n g th  E(  from  (18):

E p =  -  —  eprs v r B s +  F p s js -  (2 1 )c
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94 I. ABONYI

S u b s titu tin g  th is  in to  (13), we o b ta in :

B , -  eikr Qk (erps v p B s) =  ceikr Z rs 8kj s +  ceikrj s dk Z r 

M aking  use o f  (12) gives
£

j i  — —r~ eikl 9/i Hi  4tt

(2 2 )

(23)

in  (22). W e h a v e  ach ieved  th a t  th is  g roup  of M axw ell’s eq u a tio n s  h as  th e  desired 
p ro p e r ty :

Bi -  e iki d k (erps v p B s) -  ~  eikr espq Qk (Zrs 3p H q) =  0 . (24)

Since in  th e  u su a l iso trop ic  m ag n e to flu id o -d y n am ics th e  q u a n t i ty

m ( 2 5 )
4л: a

is in tro d u c e d  as th e  m ag n e tic  v iscosity , here  i t  is ad v an ta g e o u s  to  in tro d u ce

4тг
Zik  -- (26)

as th e  m ag n e tic  v iscosity  ten so r. W ith  th is  q u a n t i ty  (24) can  be w ritten  in  
th e  form

B i -  eikr 3k (erps v p B s )  -  eikr espq 3ft ( ^ r s  9P H q) =  0 .  (27)

F o r th e  sake  of hom ogeneous n o ta tio n  we m ay  express (27) in  te rm s 
o f Bj.  T h ere fo re  we h av e  to  in tro d u c e  th e  in v erse  ten so r m ik o f th e  m agnetic  
p e rm e a b ility  ^цк w ith  th e  d e fin itio n

f i i kmkl. =  ôii, (28)
p ro v id ed  th a t

d e t {fj,ik} =h 0 . (29)
So wTe h av e

H q  - m qr B r
an d  th e  f in a l fo rm  of (27) is:

B i eikr 3к {erps vp B s) eikr espq rs m qu B u) =  9  • (50)

W e h av e  to  tra n sfo rm  also th e  o th e r eq u a tio n s . S u b s titu tin g  (23) in to  
(21) we can  express th e  e lec tric  fie ld  s tre n g th :

1 „  . 1
Е,- e irs v r B s + # i s esk lQk ( m lr B r), (31)

fu r th e r , u sin g  (14) we can  g ive th e  desired  exp ression  for th e  charge  d en sity :

Q . 3r (&rs espq v p B q)
4s71C 4л C

Qr ( er sesk lQk ( m l p B p)) .  (32)
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§ 3. D iscussion

F in a lly  we w rite  dow n th e  se t o f  basic eq u a tio n s  o f m agneto flu ido -
dynam ics in  th e  case o f  an iso trop ic  m ed ia :

■®i e ikr Эк ( erps Vv B s) e ikr espq 3ft ( t rs 3q m qu В u) =  0 , (3 3 )

8SB S =  0, (34)

j i  —  e ikl Qk В  I, (35)

E i -----------—  e irs v r B s +  —  eSki ak ( m , r  B r) ,  (36)c c

QE =  - —  Qr ( e rs e ski 3к (mlp B p)) -  ~  dr ( e rs espq vp B q). (37)

One m ust ad d  to  these  m a te r ia l e q u a tio n s  th e  d e fin itio n  of th e  m ag n e tic  
v iscosity  te n so r cv#)*, th e  eq u a tio n  o f  s ta te  and  th e  eq u a tio n s  o f m o tio n . 
I t  m u st be stressed , h ow ever, th a t  in  th is  case th e  fo rce  o f e lec tro m ag n etic  
origin has n o t only one te rm , th e  L o re n tz  force, as in  (6), b u t  is g iven  b y  a 
generalized  expression [3]:

F f  = ------ (E s E r 3, £rs +  H sH r 8, firs) -------eikrj k B r, (38)
ОЛ c

tvhere the  te rm  oEE i is neg lec ted  because  o f th e  a p p ro x im a tio n  co n d itio n  d) .
The specia liza tion  o f equ a tio n s (33)— (37) for th e  case o f iso trop ic  m a te r ia l 

q u an titie s  gives again th e  se t o f eq u a tio n s  (1)— (8).
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ОСНОВНЫЕ УРАВНЕНИЯ МАГНЕТОГИДРОДИНАМИКИ 
В АНИЗОТРОПНЫХ СРЕДАХ

И. АБОНИ

Р е з ю м е

После обзора основных уравнений магнетогидродинамики и их условий действи
тельности выводятся магнетогидродинамические уравнения среды, обладающей завися
щей от места и времени анизотропными электрической проводимостью, диэлектрической 
и магнитной проницаемостями. Материальные величины представляются в виде заданных 
тензоров, детерминанты которых не равны нулю.
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GENERALIZED LIPPMANN-SCHWINGER EQUATIONS 
FOR THEORIES WITH MULTIPOLE GHOSTS

B y

K. L. N agy

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented b y  Z. Gyulai. — Received 20. IX . 1963)

Generalized Lippm ann-Schwinger equations are derived for theories where it is supposed  
th a t indefinite m etric and m ultipole ghost sta tes are present. It is show n that the adiabatic  
S-m atrix g ives the transition am plitude also in  th is case.

1. In  e lec trodynam ics th e  p o te n tia ls  them selves a re  n o t o b servab le  
physica l q u a n titie s . This w as th e  s ta r t in g  p o in t o f P ro f. N o v o b a t z k y ’s  ea rly  
in v estig a tio n s [1] aim ing  a t  th e  c o n s tru c tio n  of a q u a n tu m  elec tro d y n am ics 
w ith o u t th e  use of th e  co n cep t of p o te n tia ls . In v es tig a tio n s  o f th is  ty p e  w ere 
ca rried  o u t also m uch m ore recen tly  (see e.g. [2]).

Q u an tiza tio n  b y  m eans of p o te n tia ls , as i t  is u su a lly  done, how ever, 
possesses som e ad v an tag es : f ir s t  of a ll i t  is sim ple. B u t th is  s im p lic ity  goes 
only up  to  one specific p o in t; th e  q u a n tiz a tio n  necessarily  requires an  in d e 
f in ite  m e tric  in  th e  s ta te  v ec to r  space. T h is is called th e  G u p t a - B l e u l e r  
form alism  [3]. This is one m ain  case, w h ere  m ethods w ith  ind efin ite  m e tric  
h av e  been  in tro d u ced  in to  physics. S ince th e n  m any  o th e r  app lica tio n s h av e  
been  found .

One o f th e  m ost in te re s tin g  po in ts  in  a th eo ry  w ith  an  indefin ite  m e tric  
is (in q u a n tu m  elec trodynam ics a p p a re n tly  th is  is n o t th e  case) th a t  ev en  in  
a fin ite  d im ensional space i t  is n o t sure t h a t  th e  eigenvecto rs o f th e  H a m ilto n 
ia n  or in  genera l a H e rm itia n  o p e ra to r fo rm  a com plete sy s tem . I f  th is  h a p p e n s , 
in  o rder to  g e t a com plete  sy stem , beside  th e  eigensta tes

(Я  —  E)  I E  >  =  0 .

th e  dipole ghost s ta te s  j D  >  sa tisfy ing

( Я  — E ) | B >  =  E | £ > ,

th e  trip o le  ghost s ta te s , w ith

( Я —  E ) \ T >  =  E \ D >  ,

e tc . h av e  to  be included  in  th e  se t. H ow  fa r  th is  series of m u ltip o le  ghosts goes,
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depends on th e  specific th e o ry . H ere some re m a rk s  are m ad e  referring  to  th e  
fo rm al th e o ry  o f  sc a tte rin g  su p p osing  th e  p resence  of m u ltip o le  ghost s ta te s .

2. T h e  tr e a tm e n t  s ta r ts  w ith  a decom position  of th e  to ta l  H a m ilto n ian  
in to  an  u n p e r tu rb e d  p a r t  H °  a n d  an  in te ra c tio n  te rm  Я 1:

H =  Я 0 +  Я 1.

In  w h a t follow s i t  is assum ed  th a t  H°  a n d  Я  possess th e  sam e co n tin u o u s 
sp ec tru m , an d  Я 1 does n o t  cause  a level sh if t. W e d isreg a rd  sim ilarly  t h a t  
a “ d ressing”  o p e ra to r  a c tu a lly  does n o t ex is t, th is , a t  th e  en d , in  th e  a d ia b a tic  
S m a tr ix , lead s to  ren o rm a liza tio n  c o n stan ts .T h e  n ecessary  changes for a n  
o rd in a ry  fie ld  th e o ry  can be fo u n d  in  [4]. H e re , how ever, a m u ch  m ore im p o r t
a n t  new  fe a tu re  em erges. D ep en d in g  on th e  ac tu a l d eco m position  of Я  th e  
s ta te  v ec to r  sy s te m  m ay  h a v e  th e  sam e s tru c tu re  for H °  a n d  Я  w ith  a one to  
one co rrespondence  am ong u n p e rtu rb e d  a n d  p e r tu rb e d  s ta te  vectors, or i t  
m ay  n o t. M ore accu ra te ly , fo r each  H°  an d  Я  th e  e ig en v ec to r system  m ay  b e  
com ple te  or in co m p le te  w here  m ultipo le  gho sts  em erge. N ow  according to  th e  
a c tu a l decom position , all th e  fo u r co m b in a tio n s m ay  a p p e a r:

а) Я - > com pl., H° -> com pl.,

b) H com pl., Я 0 -> incom pl.,

с) Я - > incom pl., я °  -* com pl.,

d) Я  -> incom pl., н °  —> incom pl.

W e consider h ere  th e  fo u rth  case w ith  a one to  one correspondence, from  w hich  
d ro p p in g  te rm s  co rrespond ing  to  m ultipo le  ghosts, th e  w ell-know n firs t case  
arises as a specia l case. T he m ix ed  cases a re  to  be t r e a te d  elsewhere.

In  th is  case we have

( Я - Е п) |Е п >  =  0, (H° — E n)\ E n > °  =  0 ,

( H - E n) \ D n >  =  E n \En > ,  

( H  — E n) \ T n >  =  E n \ D n > ,

( H ° - E n) \ D n > »  =  E n \ E n >»,  

{ H * - E n) \ T n > «  =  E n \ D n > \

( 1 )

B y  ap p ly in g  (H» —  E n) on b o th  sides, one can  verify  t h a t  th e  following —  
generalized  —  L ip p m an n — Schw inger e q u a tio n s  are v a lid  (e -> +  0):

\Enout >  =  \ E n > °  +
E n -  я ° ±  is

Н Ц Е n  o u t > ,
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D  in * *> — I D  “> 0 4-, n out I ■Lfn ^ - W  \Dn '"a >  -

(E n —  H " ±  i e )

E n — H 0±  ie

n T T \  I ТГ in ^
n , -40 П  I ^nOUt >  *

\Tnlnut >  =  \Tn > °
1

- Я 1 | Г п ‘пи4>  -

( E n — H°  ±  ie)2

E „ — H ° ± i e

n T T )  I n  in ^  Ir . n  I U n o u t  >  г

( 2)

+
E 2

( E n -  # ° ±  i£)
й_______ m i r  inn , . П  l£ 'nO U t>5

Such  equ a tio n s w ere s tu d ied  in  special cases in  [5].
T he equ a tio n s possess th e  fo llow ing ite ra t iv e  solu tions:

1
IE n J,nut >  = 1 + Я 1 Я 1

E n -  H ° ±  ie E n -  H ° ±  is E n -  H ° ±  ie
H 1 +

+  . . . \ E n > °  =  A ( H « , H \ E n) \ E n ><>,

ID„ >  =  А  ( W , H \  E n) I D n > o  +  E n д Л (Н<̂ \ Е п) ^  >Q^
9 E n

Э A  (H°  H 1 E  1
I T n ‘I t  >  =  A  (H», H \  E n) \ T n > °  +  E n -  ^  " ■ |0 „  > °  +

E* 82A ( H o , H \ E n) ;
+  ^ -------- ж -------- |E ">  • (3)

N ex t we prove th a t
|Е „ ,т >  =  17,(0,-«*>)|En >o,
ID n, in  >  =  U,  (0, — ° o )  I D n > ° ,  

|T „ ,in  >  =  U , ( 0, — oo) IT n > ° ,

(4)

are  va lid  also in  th is  case, w here Ue (0, —  oo) deno tes th e  u s u a l ad iab a tic  
ev o lu tio n  o p era to r, sa tisfy ing

U e (t , t0) =  1 -  i  J  e - m  Я 1 (*') u e ( t ',  t0) Л '

w ith
H 1 (t) =  e i m  H 1 e - i m .

In d e e d  from  (4) fo r each  v ec to r

jin >  =  | ^>° — i j e ~ et' eiH>t’H 1 e ~ i m ' 11' >  d t ' .

(5)
(6)
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Since fro m  (1)
e~lH°‘ \En > °  =  e~iEnt \En ^>°,

e~iH°‘ \D„ > °  = \ D n  > °  +  | 8

9 E„
о Î Ent

e - i H ° t \  T„>o  =
Э Е 2 83

T  '> ° 4 - lD  —  И Е  > °  - _____ e~ iE«1
1 „ >  + |  п >  " э е „ 1 „ 2 ( )

th e  i te ra t iv e  so lu tion  o f (6) is ju s t  (3).
In  a sim ilar fa sh io n  one can  p ro v e

I o u t >  =  U e (0, + °o ) I > o  .

T h u s fo r  th e  S  m a tr ix  e lem ent <  o u t  | in  >  one g e ts

S mn =  <  m i o u t I n , in  >  =  ° <  m  I S e I n  > ° ,

S e b e in g  th e  ad iab a tic  S  m a trix :

Se =  U e ( +  00, — oo) .

A ccord ing  to  a w ell-know n fo rm u la  for U, U(t, 0) =  elH t ■ e~,Ht 
we o b ta in

S m n =  lim  ° <  m\e,H‘r e~,Hr |n , in  > .
V—>+ 00

T h u s fo r  |n , in  >  =  IE n, in  > ,  consid erin g  (7) an d  (2)

S mn —  lim  ° <  E m \ E n in  >  =

g i(E m E n)t
=  ° <  E m \En > °  +  lim  —------- ■ . ° <  E m \ m  IE n, in  >  =

E n - E m +  ie

=  ° < E m I E n > «  -  2n i  Ô (Em -  E„) R mn,

R mn =  ° <  Em \Hr IE n, in  >  =  o <  E m I R  IE n >0,

S ™  =  0 <  D m I E n > °  -  2 m  Ô (E rn -  E n) -  

-  2m  E m Ö' ( E rn -  E n) R mn,

Rmn =  ° <  Dm |№ | E n, in  >  =  o <  D m |Ä | E n > 0 ,

S (D  =  ° <  T m \ E n > °  — 2 n i ô ( E m — E n) R M  -  
- 2 n i E m ö' ( E m - E n) R M -

_ 2 n i ^ - ô " { E m - E n) R mn,

Rmn =  ° < T m \ H 1 \ E n, in  >  =  « <  T m |Д | E n > 0 ,
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N ote  th a t  in  th e  eq u a tio n s  h ig h er o rd er poles, d e riv a tiv e s  of th e  Ö functions, 
e tc ., ty p ic a l for m u ltip o le  ghosts [6], appear.

F u r th e r  consequences in  re sp ec t of the  a n a ly tic  p ro p erties  o f th e  am p li
tu d e s  can  be d raw n  ra th e r  easily , a n d  i t  is in te n d e d  to  deal w ith  th e m  to g e th e r 
w ith  th e  prob lem  o f th e  p ro b ab ilis tic  in te rp re ta t io n  and  th e  tw o  m issing 
a lte rn a tiv e s  in a su b seq u en t p ap e r.
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ОБОБЩЕННЫЕ УРАВНЕНИЯ ЛИППМАНА—ШВИНГЕРА 
В ТЕОРИИ ПОЛЯ С МУЛЬТИПОЛЬНЫМ ПРИЗРАЧНЫМ СОСТОЯНИЕМ

К. л. НАДЬ

Р е з ю м е

В работе выводятся обобщенные уравнения Липпмана—Швингера для теорий, в 
которых предполагается наличие индефинитной метрики и мультипольных призрачных 
состояний. Показывается, что и в этом случае переходные амплитуды даются элементами 
адиабатической S-матрицы.
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FERMION SELF-MASSES AND LEHMANN’S SPECTRAL
REPRESENTATION

B y

G. P ó c s iK
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(Presented by Z. G yulai. — R eceived  20. IX . 1963)

L e h m a n n  ’s theorem  is extended to  the case o f the spinor self-coupling. In a sim plified  
version  of the new theorem  the usual self-consistent m ass equation holds.

§ 1. Introduction

One of th e  e x a c t consequences of L e h m a n n ’s sp ec tra l re p re se n ta tio n  is 
th e  m ass theo rem . A ccording to  th is  th e o re m  th e re  ex ists an  e x a c t re la tio n  
be tw een  th e  b are  m ass and  th e  physica l m ass c o n ta in in g  on ly  th e  sp ec tra l 
fu n c tio n s. L e h m a n n ’s th eo rem  w as orig inally  p ro v e d  fo r th e  P S (P S )-th eo ry  [1]. 
T h e  re fin em en t of th e  p ro o f w as given b y  M o ffa t  [2]. Mo ffa t  in tro d u ced  
also  а АФ41 е гт  in to  th e  L ag ran g ian  and  p ro v ed  t h a t  th e  ЛФ4 co u p ling  p roduces 
m o st o f th e  observab le  m eson m ass. Le h m a n n ’s th eo rem  was in v e s tig a te d  for 
v e c to r  partic les, to o  [3]. On th e  o th e r h a n d , F o r d  has deduced  th e se  re la tio n s 
fro m  th e  h igh-energy  lim it o f th e  p ro p a g a to r  [4].

In  th is  p a p e r ferm ion  self-m asses w ill be  in v es tig a ted , especia lly  for 
a  sp in o r self-coupling, on th e  basis of th e  sp e c tra l re p re se n ta tio n  o f th e  p ro 
p a g a to r , th e  fie ld  eq u a tio n s an d  th e  eq u a l- tim e  a n tic o m m u ta to rs  (L orentz- 
in v a rian ce , sp e c tra lity , positive  d e fin ite  n o rm  in  H ilb e rt space, charge  con
ju g a tio n  and  p a r i ty  in v arian ce  are assum ed).

A ll th e  m eaningless in teg ra ls  over m o m e n tu m  space are d e fin ed  b y  using 
an  in v a r ia n t cu t-o ff. U nder such  c ircu m stan ces i t  is show n th a t  a la rge  self
m ass can  arise from  th e  sp inor self-coupling.

T he th eo rem  proved  is in  essence th e  sam e for general L ag ran g ian s w ith  
v an ish in g  h are  m ass an d  for y 5- in v a ria n t ones (using  only  c h ira lity  v io la tin g  
p ro p ag a to rs). N eg lecting  th e  con tin u o u s sp e c tru m  in th e  p ro p a g a to r , th e  
u su a l se lf-consisten t m ass eq u a tio n  rem a in  [5, 6].

§ 2. Ferm ion self-m asses

L e t us s ta r t  w ith  a v e ry  general f ie ld  e q u a tio n  of th e  sp in -h a lf  p artic les

(iy>‘ Эц -  m ) ф )  =  2 ;  Oj y){x) A> (x),  (1)
j
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w here A J is a fu n c tio n a l of fie lds in te ra c tin g  w ith  th e  fie ld  'ip(x). Oj m ean s th e  
u su a l lin e a rly  in d e p e n d e n t m a trices , 1, y ß, y 5, iy^  y5, 1/2 i iy^ y v —  y ß y v). T he  
fie ld  eq u a tio n  is co m p le ted  b y  th e  canon ical c o m m u ta tio n  ru les

W 4 f ( r ) U  =  ° .  (2)

M * )>  V>(y)}xo=y0 =  Уо 03 (x  — y)->

as w ell as th e  eq u a l-tim e  c o m m u ta to rs  of o th e r  fie ld s w ith  xp v a n ish in g . P ro 
ceed ing , we no te  th e  w ell-know n sp ec tra l re p re se n ta tio n s  of th e  tw o -p o in t 
fu n c tio n s  c o n s tru c te d  from  xp(x)

S ( >' (x)  =  f  d/г2 (ox (/г2) S A (x-,pi) +  Qi № )  Л ( ) (x; /г2) ) . (3)
0

H ere  S °  m eans d iffe ren t S*+*, S^ \  . . . fu n c tio n s, e tc . In  th e  fo llow ing  we 
shall s tu d y  th e  e q u a tio n s  (1, 2, 3).

F ir s t  of all, th e  positive  d efin iten ess  o f th e  n o rm  in  H ilb e rt space  leads 
to  th e  in eq u a litie s  дх([А) >  0, 2 /Ligx(/x2) >  д2( ^ 2) >  0- The o th e r  co n d itio n  
sa tis f ied  b y  дх((г2) follow s from  (2) an d  (3)

f  dV2 6i № )  =  1 • (4 )
6

N ow , le t us tu r n  to  th e  m ass th eo rem . F ro m  (1) we have

(iy" 9i i - m ) <  { f { x ) ,  г р ( у) }  > 0 =

=  Z  <  {° jW(x ) AJ (x ), V  (J )}  > o  ^ I { x , y ) -  
j

(5)
On th e  le f t h an d  side , th e  v acu u m  e x p e c ta tio n  v a lu e  can  be exp ressed  b y  (3). 
W ritin g  x {) =  у 0, we get

( Ц х ’У))х,=ул =  -  » J  dix2 [Pl (jt -  m) ( S ( x  — у  ; м))Хо=Уо +  
о

( 6 )+ Q2 ((*У„ 9” -  m) A (x  - у  ; /t2))X0=>,0] = y 0 ô3 (x -  y )  J d f i 2 [ox ( f i  —  m ) — p2] .
F o r  a large class o f fie ld  th eo rie s  (I (x,  j ) ) Xj=y0 van ishes. N am ely , i f  th e  

fu n c tio n a l A-i is in d e p e n d e n t from  xp an d  does n o t co n ta in  th e  b ilin ea r form  
o f a f ie ld , (6) gives fo r th e  self-m ass dm  =  x  —  m

d m =  \  d^i2 [(x — /г)дх + g2], (7)
6

w here x  deno tes th e  observable  fe rm ion  m ass. (7) has been p ro v ed  b y  L e h 
m a n n  fo r th e  P S (P S )-th eo ry  [1].
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I f  A 1 co n ta in s ip, A j  =  gj ipOj ip m ay  be w ritte n . In  th is  case we h a v e  

(Д*>у))х9=у„ =  2  \.°j <  v W v W  >o +
( 8 )

+  T r ( <  ip (x) y>(x) > 0 Of)] gj OJ y 0 Ó3 (x  -  y).

W e have used th e  canonical an tic o m m u ta to rs  (2). T he f irs t (second) expec t
a tio n  value is defined  as th e  lim it of a T -p ro d u c t tak en  fo r x 0 — y 0 4" 
-T 0(л0 — y 0 ->  —  0). In  th is  w ay  one arrives a t  th e  eq u a tio n

(Д*,у))хо=у, =  ~ 2 l - ° j  S 'f  (°) +  T r  ( ° j  S 'f  (°))] • g j  ° j  Го 03 (* -  У)- (9) 
L j

(9) can  be expressed  b y  th e  sp e c tra l functions. S ince S F(0; pi) =  — p i A F(0 ;  pi1) ,  

i t  is clear th a t  S)-(O) is a n u m b er,

S'F (0) =  [ ^ 2(o2 — A f {Q-, pi1),
o'

th ere fo re , (9) can  be rep laced  b y

(Д*»У))х0=ув = ----- ~  ( — 3£s f  +  gp  +

+  4ga +  16g/) Уо0 3  ( x  -  y )  s 'f  (0) •

( 10)

( 11)

H ere  gs m eans th e  coupling c o n s ta n t o f th e  sca la r  p a r t  of th e  se lf-ac tion , e tc . 
C om paring (6) w ith  (11) an d  m aking  use o f (10) i t  is fo u n d  th a t

m  =  J  dpi1 — Qi) (1 — G A P (0; pi1)) ,
0

w here

G =  - ( - 3 g s +  4gt, +  gp +  4 ga +  16g(),
Z

^ f (0 ;^2) = 7 ^ t ( (p2- i « 2 +  i ^ - ' d ' p  =
(2tï)4 J

A 2 — pi2 In U2 JJ

( 12)

(13)

A  is an  in v a ria n t cu t-o ff m o m en tu m . T he ex ten s io n  of Le h m a n n ’s theorem  
fo r sp ino r self-coupling is g iven b y  (12).

I f  th e re  ex ists an  asy m p to tic  fie ld  of m ass x  (there  is n o n e  fo r th e  T h i r - 

RING m odel, [7]) th e n  because o f invariance

Qi (/*2) =  z % 2 -  *2) +  ai  (i“ 2b (14)
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w here cq has no p o in tw ise  s in g u la rity  an d  in consequence  of th e  in eq u a lities  
co n cern in g  th e  sp ec tra l fu n c tio n s, th e  c o n s ta n t Z  is p o s itiv e , as well as 2 fj,a1 >  
>  q2 >  0. In s te a d  o f (4) we have

Z +  f  d/ t*o1 № )  =  l , (15)
(i-y

hence Z  <  1 (Z  =  1 is t ru e  only if  a1 =  q2 =  0). I f  (14) is valid , th e  physica l 
m ass is de te rm in ed  b y  (12). The co rrespond ing  self-m ass is

àm  =  f d/x2(a1 fi — q2)(GA f (0; fi2) — 1) +
(2*)*

+  x (  { d[i 2o1 +  Z G A F (<d;x2)).
(2d*

In  th e  f irs t ap p ro x im a tio n , w h en  th e  co n tin u o u s  p a r t  is neg lec ted  one 
can  w rite

ôm =  x G A F ( 0 ; k 2). (17)

T h is re su lt has b een  ob ta in ed  in  [6] by  using  th e  fu n c tio n a l in teg ra l 
m e th o d . F o r  a v an ish in g  b are  m ass (17) has th e  u su a l x  — 0 an d  x  =j= 0 solu
tio n s [5, 6 ]. I f  th e  L ag ran g ian  is y 6- in v a ria n t, th ese  conclusions re m a in  valid , 
p ro v id e d  th a t  (3) is u sed . T hus, we see how  the  t r e a tm e n t  based  on th e  Le h 
m a n n  re p re se n ta tio n  lead s to  N a m b u ’s self-consisten t ap p ro x im a tio n , a t  th e  
sam e tim e  we possess th e  ex ac t fo rm u la , (16), too .
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СОБСТВЕННЫЕ МАССЫ ФЕРМИ-ЧАСТИЦ И СПЕКТРАЛЬНОЕ 
ПРЕДСТАВЛЕНИЕ ЛЕМАН НА 

дь. почин 
Р е з ю м е

Теорема Леманна распространяется на случай спинорной самосвязи. В упрощён
ном варианте новой теоремы обычное самосогласованное уравнение масс удовлетворяется.
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ON THE BEHAVIOUR OF GREEN FUNCTIONS 
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The asym ptotic behaviour of the four-point Green fu n ctio n  at small d istan ces is inves
tigated . The behaviour depends critically on th e  renorm alizability  of the fie ld  theory. For 
nonrenorm alizahle interactions the B ethe-Salpeter equation  gives a w ell-defined solution, 
however, w ith  an essential singularity at the origin. The p h ysica l im plications o f  the results 
are discussed.

1. In tro d u c tio n

T he b eh av io u r of ce rta in  q u a n titie s  a t  sm all d istances as re su ltin g  from  
q u a n tu m  fie ld  theories has been th e  su b je c t of in v e s tig a tio n  by  m a n y  au th o rs , 
b o th  because o f th e  p rin c ip a l in te re s t o f th e  p ro b lem  and  for m o re  p rac tica l 
reasons, e.g. so as to  be ab le to  p red ic t th e  h ig h -en erg y  behav iou r o f  o bservab le  
q u a n titie s , like tra n s itio n  p ro bab ilities  e tc . No d e f in ite  and f in a l an sw er has 
been o b ta in ed  as y e t an d  i t  is com m only  believ ed  th a t  by  an sw erin g  th e  
question  as to  th e  h igh -energy  (or sm all-d istance) b e h a v io u r of G reen  functions 
(GF) or S -m a trix  e lem ents one w ould  se ttle  th e  p rob lem  of se lf-consistency  
of a q u a n tu m  field  th e o ry  as well.

I t  has been  know n for a long tim e  th a t  co n sis ten cy  req u irem en ts  im pose 
ra th e r  severe re s tric tio n s  on th e  tw o- a n d  th re e -p o in t GF [1] b u t  no such 
res tric tio n s  h av e  been  found  so far for h ig h e r-o rd e r G F ; in  p a r tic u la r , th e  four- 
p o in t G F  is o f special in te re s t, because o f its  co n n ec tio n  w ith  th e  S -m atrix  
elem ent o f e lastic  sc a tte r in g , and  so its  close re la tio n  to  ex p erim en ts .

In  th e  p re sen t a rtic le  we s tu d y  th e  four p o in t  field th e o re tic a l G F

G ( x  1 . . .  *4) =  <  0 I Г (Ф(%) . . .  Ф(я4)) I 0 >  ,

w here Ф(х)  is a sca la r fie ld , w ith  th e  h e lp  of the  B e th e-S a lp e te r (BS) eq u a tio n .
T ak in g  for th e  BS kernel th e  low est n o n v an ish in g  ap p ro x im a tio n , we 

find  a close connection  betw een  th e  b eh av io u r o f  th e  GF at sm a ll d istances 
an d  th e  ty p e  of th e  in te ra c tio n : W e f in d  d iffe ren t behaviours acco rd in g  to  
w h e th e r th e  d im ension  of th e  coup ling  c o n s ta n t in v o lv ed  is a n e g a tiv e  pow er
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of le n g th  (“ su p erren ó rm alizab le”  in te rac tio n s) , a positive p ow er o f le n g th  
(n o n ren o rm alizab le  in te rac tio n ) or d im ensionless (renorm alizab le  in te ra c tio n s ) .

A t th e  end  o f  th e  p ap er we d iscuss some possib le  physical im p lic a tio n s  
o f ou r re su lts .

2. Transform ation o f the B ethe-Salpeter equation

T he fo u r-p o in t G F  is tra n s la tio n - in v a r ia n t, th ere fo re  its  F o u r ie r  t r a n s 
fo rm  depends on th re e  in d e p e n d e n t m o m en ta . D eno ting  th e  o n e -p a rtic le  
m o m en ta  b y  p v  . . ., p 4 we w rite :

Pi P  +  ~ E ,

P i = — P  +  Y E ’

p 3 =  q — — E ,

P i =  — Ч - — Е ,

so  th a t  th e  F o u rie r  tran sfo rm  o f G(xv  . . ., лг4) is considered  to  d e p e n d  on p ,
4

q, E .  E n e rg y -m o m e n tu m  is co n serv ed : ^  pi  =  0, E  being th e  to ta l  fou r-
i о

m o m en ta  in  CMS. T h e  function  G(p,  q ! E ) sa tisfie s  th e  BS e q u a tio n :

1 'i2
P +  - E m- G ( p , q \ E )  =

=  à ( p -  q ) +  8 ( K{ p , p ' \ E) G{ p ' q E) d P' ,
(2л )Ч  J

(2 . 1)

W e are in te re s te d  in  th e  b eh av io u r o f  G(p, q \ E )  fo r  |p | -»■ oo. T h is m eans t h a t  
in  (2,1) we can  n eg lec t E  as com pared  to  P.  (W e do  n o t  neglect th e  m ass te rm s 
for th e  m o m en t, in o rd e r to  avo id  “ in fra red ”  d ifficu lties.) D ro p p in g  ev e ry 
w here  th e  v a riab le  E ,  we get

( p 2 — m2)2 G (p ,  q) = ô ( p  — q) +

+  — g —  • \ dP ' K ( p , p ' ) G ( p ' , q )
(2 л)Н )

(2 .2 )

W e now  w a n t to  go o v er to  an  E u c lid ean  m etric  in  (2.2), suggested  b y  W i c k

[2].
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T his is possible i f
K ( p , p ' \ E  =  0) =  K ( p , p ' )

considered  as a fu n c tio n  of p, p', p°,  p 0', is a n a ly tic  in  p°,  p 0’ in  th e  f irs t  and  
th ird  q u a d ra n ts  of th e  com plex p °  a n d  p ,r p lan es , for real va lu es  o f p, p'. 
W e c a n n o t prove th is  p ro p e rty  in  g enera l for a B S kernel; for th o se  typ es of 
kernels we are going to  use, th e  co n d itio n  is sa tis fied .

H ence , we o b ta in  in  E u c lid ean  m etric :

( p 2 +  m 2)2 G (p , q ) =  ó ( p  — q) +

+  ~ - r [ dp ' K ( p , p ' ) G ( p ' , q ) ,  (2-3)
(2тг)4 J

w here p ,  q a lready  m ean  E uclidean  vecto rs:

p-  =  p {)2 -)- p2 etc.

W e now  observe th a t  our eq. (2.3) is in v a ria n t u n d e r  th e  fou r-d im ensiona l 
ro ta tio n  group , R f, so i t  is n a tu ra l to  expand  G a n d  К  in  te rm s o f  th e  fou r
d im ensional spherical harm onics:

G (p,  q) =  2  Z Z  (p) Gnl (p \  q2) Z Z *  (? ) , (2.4)
nlm

w here Z^J(ê) is a no rm alized  four-d im ensional sp h e rica l harm o n ic , as defined  
e.g. in  re f. [2], depend ing  on th e  u n it  v ec to r ê.

In se r tin g  expansion  (2.4) an d  a  co rresp o n d in g  one for th e  k e rn e l in to  
eq. (2.3) we get for th e  rad ia l fu n c tio n s:

( p t +  m*)*Gnl( p , q ) = d{ÿ= -- +

+  - ~ T 7  I p 3 dP' K n, (p , p ' )  Gnl (p ' ,  q) , 
Jо

(2.5)

w here th e  le tte rs  p ,  p ' ,  q in  eq. (2.5) m ean  th e  m o d u li of th e  co rrespond ing  
fou r-vec to rs. In  w h a t follows, we specialize th e  k ern e ls  as m e n tio n e d  in  th e  
in tro d u c tio n  and  ana lyze  th e  p ro p e rtie s  of th e  so lu tio n s of (2.5).

3. Lowest-order kernels

O ur BS kernels are  defined  as th e  sum  of th e  co n trib u tio n s o f d iag ram s, 
reg u la r a t  th e  p o in t E 2 =  4 m2 in  th e  com plex E 2 p lane. A ssum ing  th a t  th e  
BS kernel

g 2
(2л) ч

K ( p , p ' \ E , g 2)
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can  be  ex p an d ed  in  pow ers o f th e  coupling  c o n s ta n t g2, th e  f i r s t  few te rm s 
o f  th e  ex p an sio n  are  g iven  b y  th e  c o n tr ib u tio n  o f  th e  d iag ram s of Fig. 1. 
T h e  d iag ram s o f F ig . 1 are  to  be u n d e rs to o d  in  a r a th e r  sym bolic sense: som e 
o f th e  te rm s  m ay  be ab sen t, in te rn a l lines m ay n o t  rep resen t th e  sam e  p artic le  
as th e  e x te rn a l ones e tc ., d ep en d in g  on the  ty p e  o f in te ra c tio n , w e assum e. 
N ev e rth e le ss , th e re  is one im p o r ta n t  fea tu re  o f th e  kernels in  lo w est o rd er,

Fig. 1

we can  im m ed ia te ly  read  off from  F ig . 1. This fe a tu re  is th a t  th e  low est-o rder 
ap p ro x im a tio n s  to  a BS kernel is e ith e r  of th e  form

К  (p,  p '  \E )  = f  ( E 2) P  (E ,  p ,  p ' )  (3.1)
or

K ( p ,  p ' I E )  =  g( (p  — p ' ) 2)Q(E,  P ,  P ' ) ,  (3.2)

w h ere  th e  fu n c tio n s  f  a n d  g possess a  sp ec tra l re p re se n ta tio n  of th e  form

/ ( * ) l  f  d x  i l m f ( x  +  i 0 ) ,
g(z)  ) л  I X  — z  I I m g  (x i  0 ) ,

Mo

(3.3)

w hile  P  a n d  Q a re  —  in v a r ia n t  —  po lynom ials  in  a ll o f th e ir  v a ria b le s . [In  (3.3) 
w e ig n o red  su b tra c tio n s  for th e  tim e  being.]

I t  h as  a lre a d y  been  show n in  ref. [3] t h a t  co n trib u tio n s  o f  th e  ty p e
(3.1) d iffer from  zero  a t  c e rta in  d isc re te  (n , l) v a lu es  only  and  ca n  b e  tre a te d  
se p a ra te ly  ( th e y  a re  essen tia lly  su b tra c tio n  te rm s  in  th e  G F), so w e confine 
our a t te n tio n  to  kernels  o f th e  ty p e  (3.2). I f  E  =  0, th en  Q is a po lynom ia  
in  th e  in v a r ia n ts  p 2, p ' 2 an d  p ,  p ' .  N ow , a fu n c tio n  o f th e  ty p e  (3.3) possesses 
a v e ry  sim p le  ex p an sio n  in  te rm s o f  our Z -fu n c tio n s.

In  fa c t, a f te r  a sim ple ca lcu la tio n  we o b ta in  [3]

g  ((p  - p ' Y ) =  2  z "< I p )** z ni* (p ) ■ (3-4)
nlm
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w here

w ith  th e  n o ta tio n

J n i . p r )  T/-. J n i p  0

0
GO

F  (r) =  i  J  dx X 3 у  (ж)

P r

K i (xr )
xr

/-0

y{x)  =-- Im g(x  +  iO)

(3.5>

(3 .6)

W ith  th e  help  o f eqs. (3.4)— (3.6) and  th e  id e n tity :

' a 2 ^  3 d  1 — n2 ]
dr2 r dr  r 2

we see th a t  a k e rn e l o f th e  ty p e  (3.2) a t  E  =  0 can be expressed  as th e  H a n k e l 
tra n sfo rm  of V(r) and its  d e riv a tiv e s : besides, we m ay no tice  t h a t  K ni does n o t  
d ep en d  on n and  l ex p lie ity  b u t  on n o n ly , consequen tly  so does Gnj as w ell.

4. The behaviour o f  the Green function  at sm all distances

R ep resen tin g  th e  G F in  the  form  a H a n k e l tran sfo rm , like (3.5), r e s u lts
in :

Gn ( P ’P')  =  J r* dr  j r'3d r ' y

X J n ( p ? L Gn (r>
(4 .1 )

Pr P r

W e see from  (3.7) th a t  Gn(r, r') sa tisfies a d iffe ren tia l e q u a tio n :

Щ  Gn —
d 2 | 3 d

dr2 r dr

à ( r - r ' )
\ r 3 r '3

C „ (r ,r ') =

( 2 л у
W ( r ) G ( r , r ' ) (4 .2)

I f  r'  is k e p t fix ed  a t  f in ite  v a lu es , th e n  in  o rd e r to  in v e s tig a te  th e  a sy m p to tic  
b eh av io u r fo r r  —> 0 we can  d ro p  th e  ő -fu n c tio n  in  (4.2). W(r)  is th e  “ effec tiv e  
p o te n tia l”  an d  is of th e  fo rm :

W(r)  =  Q ( D n) V ( r ) ,  (4 .3 }

w here Q(Dn) is som e p o ly n o m ia l in  th e  d iffe ren tia l o p e ra to r  defined  b y  (4.2)
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N ow , as i t  is well k n o w n , th e  a sy m p to tic  b eh av io u r o f G(r, r') fo r r  —»■ 0 
depends on th e  b eh av io u r o f  W(r)  for sm all r. The l a t te r  can  be found , h o w 
ev er, b y  sim p le  d im en sio n a l consid era tio n s. I n  fac t, as one can  see im m e d ia te ly  
from  (4.2) th e  q u a n tity  g2W(r)  m ust be o f  th e  d im ension  L ~ 4 (in u n its , w here  
H —■ c — 1). O n th e  o th e r h a n d , from  (3.6) an d  (4.3) one fin d s th a t  IV(r) m ay  
a sy m p to tic a lly  fo r r  ->  0 be  described b y  a  fu n c tio n  o f th e  following fo rm :

W(r)  =  0  ( r - 4- “) . (4 .4)

N ow , if  th e  coup ling  c o n s ta n t in  question  h as  th e  d im ension  ТА we im m e d ia te ly  
o b ta in :

a  =  2 (4.5)

O n th e  o th e r h a n d , as eq. (4.2) shows, G (r, r ')  for r ->  0 behaves like a p o w er 
fu n c tio n  if  a  <  0. F o r a >  0 G(r, r ')  has a n  essen tia l s in g u la rity  a t  th e  o rig in ; 
as show n in re f. [3] it  b eh av es  as follow s:

w ith
G (r , r ' ) ^ e x p f f r  0/4, ( r —>-0)

4g1/2 л
a  =  — —  ex p  i N  —  

a 2

(-ZV — in teg e r)  .

5. D iscussion

T he th re e  classes of so lu tions a  <  0, a  =  0, a  >  0 co rrespond  p h y sica lly  
b y  (4.5) to  su p erren o rm alizab le , ren o rm alizab le  and  n o n renorm alizab le  in te r 
ac tio n s. T he difference b e tw een  su perreno rm alizab le  a n d  reno rm alizab le  in te r 
ac tio n s is t h a t  fo r th e  la t te r  th e  in te ra c tio n  a t  sm all d is tan ces  is of th e  sam e  
o rd e r of m a g n itu d e  as th e  k in e tic  te rm : w hile  for th e  fo rm er th e  in te ra c tio n  
is w eaker an d  on ly  th e  k in e tic  te rm s su rv iv e  as r -»■ 0.

(M ath em atica lly  th e  d ifference ap p e a rs  in  th e  a n a ly tic  p roperties o f  Gn 
as a fu n c tio n  o f  n : for a <  0, Gn is m ero m o rp h ic  in  n,  fo r a  == 0 i t  has a series 
o f  b ra n c h  c u ts  [3]).

As an  ex am p le  of th e  th ird  class (a >  0), one can  consider th e  fo llow ing  
m odel. Tw o sca la r  p artic les in te ra c t th ro u g h  th e  exchange of a ferm ion p a ir . 
A ssum ing  th e  in te ra c tio n  to  be of th e  fo rm :

Jg*int =  / ( Ф  3 y /z ip) ,

one ob ta in s  a — 4 in  (4.4) an d

G ( r , r ' ) ~ e  

(q — dh 1> i  *) s
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depend ing  on th e  so lu tio n  we choose. A t any r a te ,  one can show  t h a t  there  is 
one an d  only  one so lu tio n  w hich sa tisfies  the  in te g ra l equa tion  (2 .5).

A so lu tio n  of th e  ty p e  in d ic a te d  above has, how ever, r a th e r  s tra n g e  and  
unu su a l p roperties. I t  is obviously  singu lar in th e  coupling c o n s ta n t, b u t th is  
is p ro b a b ly  n o t a p ro p e rty  one c a n  observe ex p e rim en ta lly . H o w ev er, when 
tra n sfo rm e d  b a c k  to  m o m en tum  space , one o b serves th a t  th e  co rrespond ing  
sc a tte r in g  am p litu d e  has an essen tia l s in g u la rity  in  the m o m en tu m  tran sfe r

F i g .  2

t (p  — p ') -  (eq u iv a len tly , by  a crossing  tra n sfo rm a tio n , one ca n  reg a rd  this 
fu n c tio n  as a m u ltip e rip h e ra l g ra p h , c o n tr ib u tin g  to  a high en e rg y  process —  
Fig . 2 —  w here p  p lay s  th e  role o f th e  CM m o m en tu m ). The s tra n g e  behav iou r 
o f th is  sc a tte rin g  a m p litu d e  •

T ( t )  =  T ( t , s ) \ s^ 0 ~ e i m

for t —> °o im plies th a t  th is  a m p litu d e  does n o t  sa tisfy  a d isp e rs io n  re la tion  
w ith  a f in ite  n u m b er of su b tra c tio n s . The s itu a tio n  rem inds one  o f th e  case 
of a h a rd  core p o te n tia l, w ith  ra d iu s  R  — Y f ;  f ro m  q u an tu m  m echan ics one 
know s th a t  i t  is n o t  th e  sc a tte rin g  am plitude  T( t)  itself, b u t  r a th e r  e~lkRT  
w hich sa tisfies a d ispersion  re la tio n . A t an y  ra te , one sees th a t  th e  coord inate- 
space m e th o d  gives a un ique  so lu tio n ; while i f  one  tried  to  i te r a te  th e  one- 
loop d iag ram , one w ould  need n ew  su b tra c tio n  constan ts  a t  e v e ry  step  of 
ite ra tio n .

I t  is fa irly  obvious th a t  o u r p rocedure o f  de term in ing  th e  asy m p to tic  
b eh av io u r of the G reen  func tion  is fa r from  b e in g  rigorous or com plete . (In  
p a r tic u la r , our ap p ro x im a tio n  to  th e  BS kernel is a t  least a t  f i r s t  sigh t- very  
crude , an d  one c a n n o t even e s tim a te  th e  effects o f  a “ b e tte r”  k e rn e l on th e  
so lu tion . N onetheless, we believe o u r results a re  qu ite  suggestive  as to  th e  
essen tia l d ifference b e tw een  in te ra c tio n s  of d iffe re n t types. I t  is n o t  excluded 
th a t  in  consequence o f sim ilar in v estig a tio n s one  has to  rev iew  th e  com m on 
opinion ab o u t th e  neglig ib le ro le o f  w eak in te ra c tio n s  in our “ u s u a l”  world.

T he au th o rs  w ould  like to  exp ress th e ir  s incere  th an k s to  P ro fs. D. I . 
B l o k h in t s e v  an d  N . N . B o g o l il bo v  for th e ir  in te re s t  in th e  p re se n t w ork.
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T hey  are  also g ra te fu l fo r a series o f  very  in te re s tin g  discussions w ith  P ro f. 
M. Cin i  d u rin g  h is v is it  to  D ubna a n d  have  le a rn t w ith  pleasure t h a t  a group 
o f I ta l ia n  physic is ts  h as  com e in d e p e n d e n tly  to  m u c h  th e  sam e conclusions [4] 
as th e  a u th o rs  in  [3] an d  in  th e  p re se n t work.
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О ПОВЕДЕНИИ ФУНКЦИИ ГРИНА НА МАЛЫХ РАССТОЯНИЯХ
Г. ДОМОКОШ и П. Ш УРАНИ

Р е з ю м е

Исследуется асимптотическое поведение четырёхполюсной функции Грина на 
малых расстояниях. Это поведение критически зависит от возможности ренормализации 
теории поля. Для неренормализуемых взаимодействий уравнение Бете—Сольпитера дает 
полностью определённое решение, однако последнее имеет значительную сингулярность 
при начале координат. Результаты дискутируются с физической точки зрения.
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ON A SLIGHT MODIFICATION OF HORFS STRONG
COUPLING METHOD

B y

G. H e b e r

JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR*

(R eceived 20. IX . 1963)

In order to be able to  perform in H o r i’s m ethod the necessary num ber of functional 
differentiations we propose to  expand the vacu u m  expectation value o f the S-m atrix (w ith  
external sources) and the generating functional o f the S-m atrix in Y olterra series. The coeffi
cients of the Volterra series for the generating functional Q  can be calculated  from fun ctional 
integrals b y  m aking extensive use of the d istribution-theoretical defin ition  of the products o f  
singular functions. The coefficients of the V olterra series for the S-m atrix , which have direct 
physical m eaning, appear as infinite series o f  certain integrals over th e  coefficients o f  the  
ß-series. The m ain d ifficu lty  is summing up th is series. Presently the author cannot so lve th is  
difficu lty , see, however [6].

1. In tro d u c tio n

P erfo rm in g  som e calcu la tions b y  m eans o f th e  H o r i  m ethod  [1 ]  th e  
a u th o r  fo u n d  th e  fo llow ing d ifficu lty  [2, 3 ]: In  o rder to  d educe  a p h y sica lly  
accep tab le  F ey n m an  am p litu d e  one h a s  to  o pera te  w ith  a b ig  n u m b e r o f 
fu n c tio n a l d iffe ren tia tio n s  (w ith  re sp e c t to  th e  e x te rn a l sources) o f th e  g e n e ra t
ing  fu n c tio n a l Q  of th e  v acu u m  e x p e c ta tio n  va lu e  of th e  S -m a trix . H ow ever, 
Q  depends in  in te re s tin g  cases in  a v e ry  com plica ted  w ay  on th e  e x te rn a l 
sources. T herefo re  one p rac tica lly  ca n  n o t  ca lcu la te  h ig h er o rders of F e y n m a n  
a m p litu d es  w ith  H o r i ’s m eth o d . H e re  th e  a u th o r  proposes to  m odify  th e  H o r i  

m eth o d  s lig h tly : Do n o t  ca lcu la te  th e  g en era tin g  fu n c tio n a l Q  in  a closed 
form  b u t  w rite  i t  as a Y o lte rra  series (w ith  resp ec t to  th e  e x te rn a l sources). 
T he coeffic ien ts of th is  series can  be  w r it te n  dow n as fu n c tio n a l in teg ra ls  an d  
ca lcu la ted  (in  our exam ple) ex ac tly  b y  m eans o f d is tr ib u tio n  analysis. I f  th e  
v acu u m -ex p ec ta tio n -v a lu e  of th e  S -m a tr ix  is also w ritte n  as a V o lte rra  series, 
th e  coeffic ien t func tions o f th is  series c a n  be rep resen ted  as in fin ite  series of, 
ce rta in  in teg ra ls  over th e  coefficient fu n c tio n s  of th e  fi-fu n c tio n a). T he m a in  
d ifficu lty  o f th e  p re sen t m e th o d  is to  su m  u p  th is  in fin ite  series. This d iff ic u lty  
we c a n n o t solve here.

* On leave of absence from U n iversity  o f Leipzig.
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2. V olterra  series fo r ß

I n  H o R l ’s  w o r k  [1 ]  t h e  g e n e r a t in g  f u n c t io n a l  ß  is  in t r o d u c e d ;  in  s o m e  

s im p le  e x a m p l e s ,  H o r i  c o u ld  g iv e  c lo s e d  e x p r e s s io n s  f o r  t h i s  f u n c t io n a l  b y  

m e a n s  o f  f u n c t i o n a l  in t e g r a t i o n .  — H o r n ’s d e f in i t io n  o f  Q  r e a d s  a s  fo l lo w s :

&[e,Q+J ]  =  J J J  e x p  [ —  i ^ ( gy )+ xp0  — Q+ y> — gy>+ — )Ф)  d* x] D(y>,y>+,0). ( 1 )

H ere  an d  th ro u g h o u t th is  w o rk  we use th e  exam ple of one rea l (Ф) an d  one 
com plex  {\p, y>+) sca la r fie ld , in te ra c tin g  b y  th e  te rm  gy>+y i0  in  th e  L ag ran g ian . 
T h e  te rm s Q+ip -\- Qip+ ~h ]Ф  rep re sen t th e  in te ra c tio n  o f th e  fields w ith  th e  
e x te rn a l sources g, g+ , j .  T h e  free L a g ra n g ia n  w ould  re a d  L 0 =  y + (Q  —- 
-— m 2)y> -)- Ф (П  —  ц 2)Ф. T h e  sym bol D(xp+ , у), Ф) in  (1) s ta n d s  fo r th e  in 
te g ra tio n  e lem en t in  th e  sp ace  o f th e  fu n c tio n s  y>, yi+ , Ф. As a lread y  s ta te d , 
w e propose to  rep re sen t ß  as a  V o lterra  series (see e.g. R zew u sk i [4]):

w ith

~ (lY+m+n r- r
=  ~T,— —̂ r \ - - - \ d i x l . . . d ' x n d iy 1. . . d i y l d i z1

l , m , n  = 0 l i m i n ' .  J  J

X <Pn.l.m(x  1 - ■ • x n i y i -  ■ -У/5 Z 1 ■ ■ ■ -zm)>

• d '  Zm X  

( 2 )

en , i , m ( x l-  • -*m) =  • ■ Q ( x n ) e + ( y i ) -  ■ -e+ (j/);(2i)- • -Л 2т)-

T h e  fu n c tio n s cpn< m (л:, . . . zm), of course, d e te rm in e  th e  fu n c tio n a l Ü.  T h ey  
are  sy m m etric  w ith  re sp ec t to  the  v a riab le s  xx . . . x n; y x . . . y h z1 . . . zm. 
(H ere  and  in  th e  follow ing w e assum e, t h a t  o u r V o lte rra  series converges u n i
fo rm ly  a t  th e  “ p o in t”  q — q+ =  j  =  0; w h e th e r  th is  is tru e ,  is, how ever, n o t 
c e rta in .)  B y  co m p arin g  eqs. (1) and  (2) one gets th e  expressions:

(i)m+,+m-<Pn, l,m (x1 . . . Z m) =
S ( n  + l + m ) Q

=  l i m ---------------------------------------------------------------------------------
/C °o dQ(XJ  • • • 0Q^  ' <3e+ ^  (У') ' dJ (zl) • ■ • ÔJ (zm)
7 - 0

=  ( i)n+l+m J J J  y>+ (* i) . . . f + ( x n) y>(yx) . . . y>(y,) Ф(г1) . . .

. . • Ф(*т ) exp  ( — i g j  y>+ у>Ф d* х)В(у>+,у>,Ф).  (3)

T h e  fu n c tio n a l in teg ra ls  (3) we shall ca lcu la te  d irec tly . T h e  re p re se n ta tio n  (2) 
fo r  ß  enab les one to  perfo rm  a n y  n u m b er o f  fu n c tio n a l in te g ra tio n s  of ß  v e ry  
easily . I t  is a lso  v e ry  useful, because  a t  th e  en d  of th e  ca lcu la tio n  of F e y n m a n  
am p litu d es  (w hich  alw ays is o u r aim , o f  course) alw ays th e  lim itin g  process 
q ->  0, g+ —> 0, j  —> 0 h as  to  be  perfo rm ed . L et us ca lcu la te  a t  f ir s t  <p000 
d efin ed  b y

<Pooo =  J J J  e x P ( —  *£ J  V+ Уф  d ' x) V .ф ) • (4 )
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U sing the  d e fin ition  of th e  Ô-functional

ö[ f ( x )] =  J  exp  ( — j / ( * 0  ф (х ) d * x ) # (Ф ) , (5)

we can a t  once p erfo rm  th e  fu n c tio n a l in te g ra tio n  w ith  re sp e c t to  Ф. This g iv es:

T’ooo — J J  ^
pr
°  w+ w 

2л
D(yi+,y>).

W ritin g  ip =  rela an d  in tro d u c in g  th e  la tt ic e  space x k in s te a d  of th e  c o n 
tin u o u s  «-space, one has

oo 2 71

<Pooo = lim  П l i f ä —  rl  ) rk drk dakк J  J g 1

(The sym bol lim  П  m ean s: T ake th e  p ro d u c t over all p o in ts  of th e  la t t ic e
к

space, th e n  go to  th e  lim it of th e  « -co n tin u u m .) T h a t is, we h ave: Ç9000 =  
=  lim  П(сок);

к  OO oo

Wk =  2 Л 1 0 - J L - A
J 2 n

k drk =  ~  j à ( y ) d y .
g  J

Now we w rite

j ô( y )d y  =  j" &(y)ô(y)dv ,  w here 9(y)
0 — OO

IT fo r у  >  0, 
[О fo r  y  <  0.

T he p ro d u c t o f th e  im p ro p er func tions ô(y)  an d  $(y) in  th e  in teg ran d  m u s t be  
tre a te d  b y  m eans of d is tr ib u tio n  analysis. In  th e  w ork  [5] o f G ü t t in g er  we 
find  the  ru le

Щ )  ■ =  -  c0 % )> (6)

w here c0 is a fin ite , b u t  q u ite  a rb itra ry  c o n s tan t. T h ere fo re  we get

and

2тг2
« А= ---------

g

<Pooo =  l imíJ (V

F ro m  (7) one w ould like to  conclude, th a t  <p000 is a h ig h ly  singu lar q u a n t i ty .  
B u t using  th e  ru les fo r p ro d u c ts  of th e  ty p e  lim  П [ ( х к) d e te rm in ed  in  [2 ], w e 
a rriv e  a t  th e  expression :

c\ In
2 л:2 W

T'ooo =  ex P co
g  II
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w here  cx i s  a n o th e r  fin ite , a rb itr a ry  c o n s ta n t, w h i c h  stem s from  G u t t i n g e r ’ s  

ru le  (see [5])
* < j )  =  c1 0(y) .  (9)

W e especially  p o in t ou t t h a t  q9000 for g  ->  0 and  a rb i t r a ry  cx, c0 is s in g u la r 
(see also [3]).

N ex t le t  us discuss th e  fu nc tion

9> iio(*i.y i) =  Ш г + Ю ^ ( У 1 ) ех Р ( -  i g § f + f<I, d i x)D(y>+,rp,<P). (10)

N o te  th a t  a ll functions o f ty p e  <pn,o,o (n =h 0) and  (fo,i,o (I 0) an d  cpn,i,o 
w ith  n =j= l a re  zero because  th e y  c o n ta in  a t  least one in te g ra l o f th e  ty p e
2n 2л
f e,ada. T h e  fu n c tio n  is zero  fo r  all x i =  yq, as in  th a t  case also  th e  in te g ra l j

о ia . . 0e,a da ap p e a rs  w hen  y> — re is in tro d u c e d . F o r x1 =  yq, how ever, one gets 
w ith  1/>(х,) =  rx e1"1

oo 2 n oo 2 л

Vila (*H *l) =  lim  4 ’ (ÍÍ
0 0

й -
! 2 л

rk drk d a k 'JM
0 D

g  
2 л

rx d / q  dcq .

(T he sym bo l П '  m eans: T a k e  th e  p ro d u c t over all po in ts  o f  th e  la ttic e  space  
w ith  th e  e x c e p tio n  of th e  p o in t  aq.) T h a t  m ean s , we can  w rite :

N ow  we h a v e

Ç’ilO  ( * ! »  * l )  —  Ç’oOO ‘

—j J У % )  % )  dy .

O nce m ore w e use fo rm ula  (6) and  get fo r our in teg ra l

C(\
2 л j à { y ) - y d y  =  0,

T h u s , we a r r iv e  a t  th e  re s u lt :

^no  (* l’J l )  =  0.

B y  a q u ite  s im ila r ca lcu la tio n  we can  sho w  th a t

Ул,п, о К - Г п )  =  0 fo r n =ф=0.

( И )

(12)
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N e x t we are  in te re s te d  in  th e  fu n c tio n

rP<№ (zi , z2) =  J J J  0(z j )  Ф(г2) exp ( -  ig J  у>+ у>Ф d i x) D(y>, y>+, Ф). 

L e t us f irs t  suppose гг =j= z2. T h en  we get

(13)

There

n „l 2n2
(Poo2 =  1]m / / ----------c0к a

d

ITC
j 0 ( l ) ( j ) d y

N ow  we have

^(l) ( y )  =  , Ч у ) ,  i.e . 
ay

Í ф к  exp ( -  2n i y  Фк) dФk =  - l -  Л d(y) 
J  2 л  dy

j  <5(1) ( y )  d y  =  J  Ч у )  <5(1) (y )  d y  —
6 - -

(see [5]). This leads to

(P 0 0 2  ( Zl ’ Z l )  —  Ç’oOO

T o r % =  г2, how ever, we get

-  c0 J  d(l> (y) d y  — cx j  0(y) dy

4 л 2 c2- T N h r  fo r  ч Ф ч -

- C1

(14a)

<PooÁzn zi) = l i m  П '
2л2

C0 í ----- -- í <5(2) (y) d y
g l 2g J

W ith  [5] we h av e

<5(2) % )  =  - =0 à(l) (y) - Cld(1)(y) - c 2ó(y)

(c0, cv  c2 f in ite , a rb itra ry  co n stan ts) , so t h a t  f ô(2\ y ) d y  =  — c2. F in a lly  we 
h av e : ®

Q
9̂ 002 (zi> zi) =  fooo ' * • (146)

4 tt2 c0

A s th e  la s t ex am p le  for th e  ca lcu la tio n  of coeffic ien ts  from  th e  Y o lte rra  series
(2) we tak e

?m (* iO T » * i» * a)= JJ jV +(* i)V,(Ji)0 M 0 (.z2) ex p  ( — f  Фdix)D(y>+,y>,Ф). (15)

T he fu n c tio n a l in te g ra tio n  over Ф can  be  p e rfo rm ed  in  th e  sam e m an n er as 
in  th e  fu n c tio n  <p002. B ecause o f  in te g ra tio n  o v er th e  phases o f th e  functions

*17" means: leave out the points xk =  z, and xk =  z2 from the product ! 
к
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ip+ an d  íj) we get th e  re su lt

<Pm =  0 fo r x x =f=yv

C alcu la tions s im ila r to  tho se  p e rfo rm ed  earlier show , th a t  cpU2 is d iffe ren t 
from  zero  only , i f  хг —  =  zx or x L =  y x =  z2 o r even x1 =  y x —  zx =  z2.
M ore e x a c tly  we ge t:

9^112 ( * n  У 15 2 i> 2 г )  —
Фооо

C1 fo r
2 n g c 0

0

=  J i  =  ;
=  J i  =
= У1 =  h  = 
otherw ise

or
or

(16)

H ig h er ^ -fu n c tio n s  can  be ca lcu la ted  in  a very  s im ila r m anner; th e y  all can  
be ca lc u la ted  ex ac tly .

3. Connection between the ^-functions and Feynm an am plitudes

I t  tu rn s  o u t to  be useful to  e x p a n d  also th e  v acu u m -e x p e c ta tio n -v a lu e  
of th e  S -m a trix  in  a Y o lte rra  series:

(;\n +l + m  г- г-
s vac[e>e + , j ]  =  —7 7 ;—г  • • • U 4*ln,i,m n \ /! ml J J  (1 7 )

X I n ,  t, m (*1’ ■ • • z m) en, l. m i x l* • • • > zm)

T he q u a n titie s  en> m are  th e  samer as in  equ. (2). T h e  functions Tn> m, o f 
course, d e te rm in e  th e  fu n c tio n a l S vac[p, g+ , j ] .  T h e y  are  (up to  a c o n s ta n t)  
a lread y  th e  F ey n m a n  am p litu d es, b ecau se  b y  d e fin itio n  e.g.

<52S V
Z(*l>Yl) =  lim  . . .  ,

ô9 (x i) ôô(yi)
®-7

ГЦ0 (*15 J l )

(18)

(H ere one can  see once m ore, th a t  th e  expansion  (17) is useful.)
T o  estab lish  th e  re la tio n  b e tw een  th e  coeffic ien ts Т п> m a n d  cpni m, 

we s ta r t  from  th e  eq u a tio n

w ith

ft» =
- B

Svac =  e x p  ( — iw )Q ,

0 G k (Х ’У )  . A  4 + 7 7 T ^ ( x , f )

(19)

ô q ( x ) Ô Q +  ( y )  ô j ( x ) f)j ( y )
d A x d A y
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an d
( x , y )  =  ô(x — y )  (D y  — Л2)

(see [1]).
C onsider now  th e  fu n c tio n a l

Фп,1,т [Q,Q+J ]  =  J- • -J<*4*f • ■di z m'Pn,l,m(x lT  ■ ■, zm) en, l, m (XV  ■ • • ^ m i 

l t  can  be p ro v ed  easily  th a t

do (лг)

an d

L' =  П J ’ • • 1^**2- ■ • ^  Zm • <P„, Í, m (*» *2»- • • >*m) en -l, /, m (*2’ • • • » zm)

О Т 7 Г  T T 7 T  d4 * d *y  Фп• '>m =J J  d g ( * )  0 g +  ( v )

=  n ■ l j-. . . I d 4 æ2. . . d* x n d 4 y 2 . ■ ■ d 4 y t d 4 z1..  . d 1 zm X 

X G(x,y)<pnt l im( x , x 2,.  . У ^ У ъ - . ^ У ь  *!»•••» *m) X

X 0 ( X 2) .  . .Q(xn)Q+ (y2). . . e +(y i ) j (* l ) ’ ■ '■J(Zm)•

U sing th is  fo rm ula  one can  w rite  u p  easily  for each  T n ( m a  series of th e  
follow ing ty p e :

T'ooo =  'Pooo +  » J I G /c ( ^ u J i )  <Piio ( * i ;  J i )  d* *1 d 4 j i  +

+  i J J  (zi,  zi) (Foo2 (z ,, z2) d 4 z1 d4 z2 -

-  JJJJ G'< (* i>yi) G/* (*1’ z2) <Pii2 (* u  J u  2,, z2) (Ji X1 d i J i d * Zi <Z4 z2 +  . . .  (20)

T 1’1’0 ( * ! , y i )  =  Ç>110 (* 1 , J i )  +  i  J J  Gfc (*2> Уг) •Ргго ( * ! .  * 2 i J i>  У2) «Z4 *2  <*4 У-г +

+  1 J J  Gn (*i> za) •Z’m  z i ,  z2) <Z4 z4 d 4 z2 —

-  \  JJJJ Gk (х 2’Уг) Gk (х з’Уз) rP:m (x n  х з'->УпУ2,Уз)d* x i d * х з (1ХУг & У з ~

-  J J J J  Gk (x2, y 2) G(i (zv  z2) cp222 (xj ,  x 2;y i , y 2; zv  z2) d4 x 2 d4 у 2 d4 zx d4 z2 -

Г" j J J J  Gp(z i ’ Z2) G^ (г 3, z4) <p114 ( * i ? y i ;  Zj, z2, z3, zt ) d4zx d ' z2 d 4 z3 d4 z 4 -f- - • .

( 21)

Acta Phys. Hung. Тот. X V I I .  Fase. 1 — 2.



122 G. HEBER

T h e ru le  fo r th e  c o n s tru c tio n  of th e se  in fin ite  series can  easily be concluded. 
I t  is o f n o  g rea t va lu e  to  w rite  up  th e  genera l series fo r T„ ; m, b u t  o f course, 
th is  cou ld  be done.

4. D iscussion

In  o rd e r to  ex am in e  th e  va lu e  o f  th e  form alism  proposed  above , we in tro 
duce  in to  (21) th e  ^ -fu n c tio n s  from  sec tio n  2 of th e  p re se n t p ap er an d  rem em b er, 
t h a t  T110 has (up  to  a c o n s ta n t, see (18)) th e  m ean in g  of th e  p ro p ag a tio n  
fu n c tio n  fo r the  ^ -p a rtic le s .

I n  th e  series (21) th e  ze ro th -o rd e r te rm  van ish es  (ç>110 =  0). F ro m  th e  
tw o  f irs t-o rd e r  te rm s o n ly  one does n o t  v an ish  (<fl [ 2 ) ,  b u t  i t  is d iffe ren t from  
zero  o n ly  fo r xx =  y r  T h a t  m eans, w e do n o t h av e  a n y  p ro p ag a tio n . T h is is 
w ell u n d e rs ta n d a b le : P ro p a g a tio n  is rep re sen ted  b y  th e  te rm  L 0 of th e  La- 
g ran g ian . W e have in  Q , how ever, o n ly  th e  in te ra c tio n  p a r t  o f L.  T h is p a r t  
does n o t  co n ta in  d e riv a tiv e s .

T h erefo re  p ro p a g a tio n  should  a p p e a r  only in  h ig h e r orders. I n  th e  n e x t 
o rder th e  te rm  <p330 =  0. <pu i is on ly  d iffe ren t from  zero , i f  x x =  y v  H ow ever, 
<p222 is d iffe ren t from  zero  also for x, =j= y v  nam ely  fo r x L =  y 2, x2 =  y v  B u t 
p e rfo rm in g  th e  in te g ra tio n s  over x2 a n d  y 2 th e  fa c to r  ô(x2 —  y 2) ap p ea rs  in  
Gk(x2, y 2). T h a t m eans, o n ly  th e  p o in ts  x 2 =  y 2 su rv iv e  an d  Тш  is also in  th is  
o rd e r d iffe re n t from  zero  only  for x1 =  y v

O ne can  prove th e  sam e p ro p e r ty  o f Tnu also in  h igher orders. I t  w ould  
m ean , t h a t  one can  ge t a re a l p ro p a g a tio n  fu n c tio n  o n ly  a f te r  sum m ing  u p  th e  
w hole in f in ite  series (21). H ow  to  e x t r a c t  p h ysica l in fo rm a tio n  in  sp ite  o f 
th is  d if f ic u lty , is show n in  [6].
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О НЕБОЛЬШОЙ МОДИФИКАЦИИ МЕТОДА СИЛЬНОЙ СВЯЗИ ХОРИ
Г. Х Е Б Е Р

Р е з ю м е

Для проведения необходимых операций функционального дифференцирования в 
методе Хори автором предлагается разложение вакуумного среднего значения S-матрицы 
(с внешними источниками) и производящего функционала S-матрицы в ряд Вольтерры. 
Коэффициенты ряда Вольтерры для производящего функционала Ü  могут быть вычис
лены из функциональных интегралов путём широкого применения определения произ
ведений особенных функций в теории обобщенных функций. Коэффициенты ряда Воль
терры для S-матрицы, имеющие прямой физический смысл, появляются в виде бесконеч
ного ряда некоторых интегралов по коэффициентам ряда Й. Основная трудность зак
лючается в суммировании данного ряда. Автор был не в силах сразу же решить эту 
проблему.
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MODEL WITH SUPERCONDUCTING SOLUTION IN 
QUANTUM FIELD THEORY II

B y

G. K u t i  and G. M a r x

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented b y  Z. G yulai. — Received 20. IX . 1963)

The energy spectrum  of a self-coupled scalar field  w ith  tw o separate ground states is 
calculated  using the variational m ethod of Ritz. Two types o f interacting particles are obtained. 
Their energies turn out to  be fin ite  after a su itable mass renorm alization. F inally  the possible 
physical consequences o f the m odel are discussed.

§ 1. In tro d u c tio n

Science, since its  b ir th , has been  search ing  fo r th e  u ltim a te  u n iq u e  
“ e le m e n t”  to  w hich  th e  w hole v a r ie ty  of m a tte r  in  th e  un iverse  m ay  be 
reduced . A fte r cen tu ries sp en t in  sp ecu la tio n , th e  th e o ry  of general re la tiv ity  
gave  th e  f irs t  rea listic  p rom ise to  ex p la in  besides th e  g ra v ita tio n a l fie ld  also 
th e  e lec tro m ag n etic  a n d  o ther m a t te r  fields. A lread y  one or tw o decades 
earlier, besides A. E in s t e in , H . W e y D, E . S c h r ö d in g e r  an d  o th e r em in en t 
sc ien tis ts , also K . F . N ovobI tzky  w as engaged in  th e  in v es tig a tio n  of th e  
m a th e m a tic a l possib ilités o f such a un ified  fie ld  theory  . N ow adays m an y  
sc ien tis ts  t ry  to  realize  th is  idea, w h ich  is th o u san d s  o f years  old, in  th e  f ra m e  
of th e  q u a n tu m  fie ld  th e o ry . Also th e  p resen t p a p e r  w as b o rn  u n d e r  th e  
in fluence  o f th is te n d e n c y : a sim ple exam ple  is in v e s tig a te d , w hich seem ed to  
be a p t  to  exp la in  tw o d iffe ren t p a rtic le s  as tw o form s o f one an d  th e  sam e fie ld .

L e t us consider a self-coupled sca la r fie ld  [1] w hich is described  byr th e  
f ie ld  eq u a tio n  (1):

□  <P +  y  Pa <P — Л%<Р3 =  0 . (1)

In  th e  classical fie ld  th e o ry  th is  h a s  several hom ogeneous —  force-free —  
ground  s ta te s , n am e ly  th e  so lu tions <p =  0 an d  <p =  ±  /xJÀо . T he la t te r  are
stab le . T h e  ex c ita tio n s of th e  fie ld  w ith  sm all energy  give rise to  oscillations 
o f  sm all am p litu d e  a ro u n d  th e  one or th e  o th e r s ta b le  g round  s ta te . I t  m ay  
be ex p ec ted  th a t  th e  q u a n tu m  fie ld  th eo re tica l t r e a tm e n t  w ill lead  to  th e  
conclusion  th a t  th e  sca la r fie ld  described  b y  (1) w ill a cco u n t for twro ty p e s  of 
p a rtic le s  (q u an ta ), w h ich  in te ra c t w ith  each o th e r. In v e s tig a tin g  a m odel 
w hich  in  p rincip le  is s im ilar D. J .  B l o k h in t se v  w as th e  f irs t  to  p ropose  th e
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use o f  th e  f ie ld  w ith  tw o  grou n d  s ta te s  for th e  d escrip tion  o f  tw o  different, 
e lem en ta r y  p artic les [2]. B lo k h im tsev  has m ad e use o f  th e  la t t ic e  sp ace  
a p p ro x im a tio n  w here in  th e  f ie ld  en ergy  o f  th e  ty p e

t f  =-J ^  +  ~(V<P)2 + V ( c p ) d 3 r ( 2>

th e  te rm  c o n ta in in g  (y<p)2 —  w h ich  p roduces th e  coup ling  b e tw e e n  th e  anhar- 
m onic o sc illa to rs , o scilla ting  in  d iffe ren t po in ts  o f th e  space —  is considered 
to  be a p e r tu rb a tio n .

In  a p rev io u s  p ap e r [3] w e considered  as a p e r tu rb a tio n  th e  te rm s <p3 
a n d  y 4 in  th e  expression  of V(<[) w hich  coup le  oscilla tors o f d iffe ren t w av e  
n u m b e r. I n  th is  t re a tm e n t th e  in te ra c tio n  in d u ced  by  th e  zero p o in t f lu c tu a 
tio n s  o f th e  fie ld  w as o m itte d . I t  w as n o t possib le  to  see w h a t k in d  o f in ference  
m ig h t be d ra w n  as regards o r th o g o n a lity  of one k in d  of p a r tic le  s ta te s  to  th e  
o th e r, as in fo rm a tio n  w as g iven  on ly  on th e  o r th o g o n a lity  of th e  u n p e rtu rb e d  
e ig en fu n c tio n s. In d eed , R . H aag  has show n [4] th a t  th e  “ d is ta n c e ”  betw een  
th e  e x a c t a n d  th e  u n p e rtu rb e d  e ig en sta tes  in  th e  space o f th e  s ta te s  m ay  be  
large , an d  i t  m a y  h ap p en , to o , th a t  th e  tw o  s ta te s  do n o t even  b e lo n g  to  th e  
sam e se p a ra b le  H ilb e rt space.

T he re su lts  o b ta in ed  b y  m a th e m a tic a l m e th o d s, w hich  w ere n o t com ple
te ly  sa tis fy in g , ca lled  th e  a t te n t io n  to  som e v e ry  excitin g  p h y sica l possib ilities. 
T he re su lts  o f  th e  ca lcu la tio n s h in te d  a t  th e  fa c t th a t  in te ra c tio n s  betw een  
pa rtic le s  o f  th e  sam e ty p e  a re  strong w hile th e y  are weak b e tw een  tw o d if
fe ren t p a rtic le s . One m ig h t th u s  hope to  f in d  th a t  besides th e  d ifferen t 
fam ilies o f  e le m e n ta ry  p a rtic le s  also th e  d iffe ren t ty p e s  o f couplings a re  
in h e re n t p ro p e rtie s  o f one a n d  th e  sam e fie ld . T h e  v a r ie ty  of th e  fo rm s o f s ta te s  
an d  in te ra c tio n s  h av e  th e n  to  be red u ced  to  th e  m u ltip lic ity  o f  th e  g ro u n d  
s ta te  o f  th e  fie ld .

W ith  th is  in  m ind  i t  seem s d esirab le  to  in v e s tig a te  th e  en e rg y  sp ec tru m  
o f th e  f ie ld  w ith  severa l g ro u n d  s ta te s , m ak in g  use of m ore e x a c t an d  m ore 
a c c u ra te  m a th e m a tic a l too ls th a n  th e  p e r tu rb a tio n  th e o ry . In  th e  p resen t 
p a p e r  th e  v a r ia tio n a l m e th o d  is ap p lied  to  th e  case of th e  self-coup led  sca la r 
fie ld  w ith  d eg en era te  g ro u n d  s ta te  th a t  has been  successfully  u sed  b y  L. I. 
S c h iff  [5] in  th e  case of th e  sca la r fie ld  w ith  n o n d eg en e ra te  g ro u n d  s ta te . 
T he m a th e m a tic a l s tru c tu re  o f th e  energy  eigen functions is re s tr ic te d  by  
sev era l a ssu m p tio n s . F ro m  am o n g  th e  re s tr ic te d  ensem ble o f fu n c tio n s th e  
o p tim a l e igen func tions of th e  H a m ilto n ia n  a re  d e te rm in ed . I t  w ill be show n 
in  th e  course  o f th e  ca lcu la tio n s th a t  th e  ex p an sio n  in  a series in  pow ers o f 
th e  co u p lin g  c o n s ta n t A0 can  be  av o ided . T h is expansion  is, as a m a tte r  o f 
fa c t, fo rb id d e n , as we h av e  p o in te d  o u t ea rlie r [3]. W e sh a ll see t h a t  th e  zero 
p o in t f lu c tu a tio n s  give rise  to  an  im p o r ta n t in te ra c tio n  am o n g  th e  fie ld  
o sc illa to rs  o f  d iffe ren t w ave n u m b e r.
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§ 2. The H am iltonian

T he L agrang ian  d e n s ity  of th e  f ie ld  eq u a tio n  (1) is given b y

L = - — - ^ 8  <?9 i-Ag<p4 , (3)
2 4 4

w here pi0 an d  A0 are rea l an d  p o sitive  co n stan ts . I t  is w o rth  w hile to  n o te  th a t  
th e  sign of th e  te rm  co n ta in in g  <p2 is d iffe ren t from  th e  usual one. T h e  o p e ra to r  
c o n ju g a ted  canon ically  to  99 (in th e  % — c =  1 sy s te m  o f un its) is

8 Lл  -  ---- =  w .
8 99

T he c o m m u ta tio n  re la tio n s  for th e  sam e  tim e a re  ta k e n  in  th e  u su a l fo rm :

[(p (r , t ) , c p (r ' , t )\ =  [7r(r,t),7r(r',t)] = 0 ,  

[99 (r, t), Л  (r', t)] =  i  <5 (r — r').
T he energy  o p era to r an d  th e  field m o m en tu m  are

H  =  (лф — L) d3 r = ^  +  ~  ( \ < P )2 -  ] / 4  +  ] -  ^0 7 4
2 2 4 4

d 3 r ,

( л  ■ S/cp +  \ 99 • л )  d 3 r  .

(4)

( 5 )

( 6)

T he L ag ran g ian  an d  th e  H a m ilto n ia n  a re  in v a r ia n t w ith  respect to  th e  sym 
m e try  tra n sfo rm a tio n

U ~ l cpU =  - < p ,  U - 1 л  U  =  — л . (7)

N a tu ra lly , U  is u n ita ry  a n d  U 2 =  1 th e re fo re  H e rm itia n . The o p e ra to rs  H , P  
an d  U  com m ute . O ur ta s k  is to  d e te rm in e  th e ir  eigenvalues a n d  com m on 
e igenfunctions.

T he te rm s of th e  H a m ilto n ian  (5) w hich do n o t  co n ta in  d iffe re n tia tio n , 
can  be  in te rp re te d  as a “ p o te n tia l en erg y  d e n s ity ”  curve re p re se n te d  b y :

V  (<p) =  -  1  fJ-l (p2 +  1 A g  9 9 *  .  ( 8 )
4 4

T he sh ap e  of th is  expression  is show n in  F ig . 1. O ne can  see th a t  in  th e  neigh
bou rh o o d  of th e  eq u ilib riu m  so lu tion  99 =  0 osc illa tions can n o t e x is t. L et us 
ca rry  o u t th e  su b s titu tio n :

^  ( X )  —  Ф  (*) 4" THF ~ ~  1 П ( х ) = - ^ - = : я ( х ) .  (9)
У2 A0 _ ЭФ
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T h e n  th e  “ p o te n tia l energy d e n s ity ”  has th e  fo rm

ПФ) =  - ^ 4  +  т ^ ф2- ^ фз +  т д°ф4- (10)16 1; 2 |/2 4

T h e  eq u ilib riu m  so lu tio n  Ф == 0 is a lread y  s ta b le  an d  u n d e r th e  effect of 
e x c ita tio n s  o f sm all am p litu d e  th e  field w ill o sc illa te  a ro u n d  Ф — 0.

L e t us enclose th e  fie ld  in  a cube of vo lum e Q  and re q u ire  periodicity- 
o n  its  b o u n d a ry . I n  th is  case th e  fie ld  energy h as  th e  form

h  =  — — — ß  +  
16 a§

—  №  +  —  ( \  Ф)2 +  JL „2 ф 2 _  фз +  JL XI ф1
2 2 2 1/2 4

T h e  fie ld  o p e ra to rs  are  ex p an d ed  in to  series:

d 3r.

( И )

Ф ( r , t) =

1
П  (r , i ) =  i r W  ‘

- 1 к • r

H ere  th e  n o ta tio n  

2 л
k r =

QV  3
S i ,  =

2л:
Î3V3

s 2, к
2л

а ч *
S 3 (S , =  0 , ± l , ± 2 ,  . . . )  (12)

is  u sed . T h e  o p era to rs  qk an d  p k a re  canon ical variab les w h ich  obey th e  
re s tr ic tio n s

Як =  Я~ь , P t  =  P -к

because  of th e  h e rm itic ity  of Ф an d  П .  In  order to  in tro d u ce  H e rm itia n  v ariab les 
le t  us decom pose th e  к space in  th e  follow ing w ay : I

I 1. k z >  0, k x an d  ky  a re  a rb itra ry  or 
k £ K  if  1 2. kz — 0 , k x >  0, ky is a rb itra ry  or 

[ 3 . k z =  k x =  0, ky >  0 .
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L et us now  in tro d u ce  th e  q u a n titie s

*k =  (gk +  ? -k )  » Jk =  - j ^ ( g - k - ? k ) »

«k =  -p -( .P k  +  /> -k b  ”k =  y = -  (Pk -  P-k) .

w here к  (  K , and
*n =  <lo

The v a riab les  Yk, y k, a k, uk, .r0 an d  y 0 are  H e rm itia n  opera to rs. O n th e  basis 
of th e  co m m u ta tio n  re la tio n s (4) w e have

K ,  uk,] =  [yk, r t ,] =  i  <W ,

all th e  o th e r co m m u ta to rs  van ish . T h e  field  o sc illa to rs  th e  w ave n u m b er of 
w hich  belongs to  К  h a v e  tw o, an d  th e  only w ave w ith  к  =  0 h as  one p o la ri
za tio n  s ta te .

In  th e  follow ing le t  us use th e  x — у  re p re se n ta tio n , in  w h ich  x k and 
y k a re  d iagonalized , uk and  vk a re  rep resen ted  b y  d ifferen tia l o p e ra to rs . I f

th e n
< х 0 . . ■ х к . . IIЛjâ - -гр(х0 . . .  х к . . . . Ук ■ ■ ■) 9

<  *0 . . .  х к . ■■Ук- • • 1 *к -1 >  = х к, гр(х0 . . .  х к . • • У к - - • Ь

. . .  х к . • • Ук ■•• | У к ' | >  = Ук' гр(х0 . . .  х к . • • У к - - • Ь

<  *о . . .  х к . ■ ■ У к ■

IIЛ3 . з
- г - -------V  (*о

0%'
• • • *к • • • Ук

<  *0 . . .  х к . ■■Ук ■• • 1 «к' 1 >  = • 8 !— i - —  у>(х0 . .■ • *к • • •Ук  •

S om etim es i t  is ad v an tag eo u s  to  u se  po lar co o rd in a tes  in s tead  o f  x k an d  yk

xk =  zk cos 0 k , y k =  zk sin (9k, * 0 =  *0 . (13)

W e shou ld  like to  express th e  o p era to rs  H, P  and  U in  te rm s of th e se  coord in 
a tes. To begin  w ith , le t  us consider th e  case of U. T ak in g  (7) a n d  (9) in to  
acco u n t:

1/ - 1 Ф [ / =  - Ф +  }Í2 и - ' П и ^ п

I / -1 x 0 U  — - x 0 + Y 2 ■ —  f ß  , U - 1 x k U =  -  x k, U ~ ' y k U = — y k ( k  £ K ) .
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M aking  U  a c t on th e  s ta te  fu n c tio n  resu lts  in  

Uy> (x0 . . .  x k . . . y k . . . )  =  y  ( — x 0 +  ][2 . . . — xk . . . — y k . . . )  (14)

th a t  m eans th a t  U  is of th e  fo llow ing  form :

U =  exp V 2 • 1fQ  ■
8*„

• P , (15)

w here  P  is th e  “ p a r i ty  o p e ra to r”  in  th e  x — y  sp ace , w hich re flec ts  th e  coord
in a te s  w ith  re sp ec t to  th e  origin.

N ow  le t us tu r n  to  th e  case o f th e  m o m e n tu m  o p era to r. T ak ing  (6) 
in to  acco u n t, we h av e

p  =  — I ( П -  УФ +  УФ- TI )d3r =  — i y ^ p k qk =  — i к (p k qk p _ k q_k). 
2 J  к

( I f  now  an d  in  th e  following we do n o t give th e  ra n g e  of th e  su m m a tio n , th is 
a lw ays refers to  K ) .  F ina lly , in tro d u c in g  th e  p o la r  coo rd inates (13), a fte r 
som e calcu la tio n s we o b ta in :

P =  V i  к
Эбк

(16)

F in a lly  le t us consider th e  o p e ra to r  H .  In tro d u c in g  p o la r coord inates 
also in  (11) we o b ta in  a fte r an  e lem en ta ry  c a lcu la tio n

H  1 P 0 ■ Q 1 82 1 ^ г 1 8 8

16 % 2 9*o
"1 ro x0

Zu 2 2 . 2k 8zk
Zk

8zk
+

1 Э2
+ --------------------------- (/4 +  Щ 4z l  8  01 ' + А  Г  ß 2 J ~X0 +  У  Zk cos (k  • г +  6 >k) d3r -

Í - 3/2 Ио í
п  ' J [2

x 0 +  У  zk cos (k • r  +  0 k) d3 j (17)

T h e  in te g ra tio n s  can  be p erfo rm ed  i f  we tak e  (17) in to  account. T h e  expression 
fo r th e  H a m ilto n ia n  ob ta in ed  in  th is  w ay , how ever, con ta ins to o  m a n y  term s, 
th e re fo re  its  e x a c t form  is g iven in  th e  A ppend ix .

N ow  we are  le f t w ith  th e  ta s k  o f d e te rm in in g  th e  com m on e igenfunctions 
a n d  th e  co rresp o n d in g  eigenvalues o f th e  o p e ra to rs  (15), (16) a n d  (17).
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§ 3. The separation o f the field oscillators

In  order to  determ ine the eigenfunctions of H ,  P  and U  we apply  a v er
sion of the  m ethod of R itz , adapted  b y  L. I. Schiff [5]. We wish to  choose 
the  optim al eigenfunction from the functions of the  form

W =  ip0 (x0) ■ П  f k (zk, Ok) . (18)
k £ K

W e ta k e  th e  co rre la tion  of th e  fie ld  o sc illa to rs  w ith  th e  w ave n u m b er к  an d  
— к  in to  acco u n t b u t suppose  th a t  in  f ir s t  ap p ro x im a tio n  th e  p a r tia l  w aves 
w ith  к  an d  k ' d iffering in  m ag n itu d e  or in  d irec tion  a re  in d ep en d en t of each  
o ther. T his is a reasonab le  assu m p tio n  i f  one w ishes th e  in v e s tig a te d  p ro b lem  
to  be p ra c tic a lly  solvable. T he n o rm a liza tio n  of (18) is secu red  b y  th e  v a lid ity  of

2 71 °o

<  Wk I Wk >  =  j  \  \ W k i z k > 0 k )  \2 ■ z^ d z k d e k =  l  (к  =  0 an d  к  £ К ) . (19)
b b

Since (18) h as  to  be an  e ig en sta te  o f P  th e  eigenvalue eq u a tio n

p v  =  2 i k '
3 0 L W If ■ к • V ЭУк

Эбк
К у

m u st be fu lfilled . This is th e  case if  ipk h as  th e  form

? k = / k ( s k )  • ( 2 0 )

w here nk is a co n stan t. T h e  expression  (18) co n s tru c te d  from  fu n c tio n s of th e  
fo rm  (20), is a m o m en tu m  e igen func tion  and

К  =  Z n k k  (21)

is th e  co rrespond ing  m o m en tu m  e igenvalue . B ecause of

W k  ( * k ,  ® k  +  Щ  =  W k  ( z k , & k )  ( 2 2 )

th e  n u m b ers  nk are in teg e rs  (nk =  0, Ü  ^ 2 ,  . . .) . S ince a t  th e  sam e tim e  
( 18) has to  be an  [ / - e i g e n f u n c t i o n ,  to o , th e re  is

Wo - Xo +  ] f 2 . - ^ y a — eo ' Wo ix o) * (eo — i l ) ?

Wk (2k> 0 k +  n) =  ek y>k (zk, 0 k) , (ek =  i  1) •

(23)

(24)

I f  we ta k e  (20) in to  acco u n t, (24) is a u to m a tic a lly  fu lfilled , £k =  (— l ) nk , 
th e re fo re  from  th e  v a lid ity  of (20) a n d  (23) i t  follows t h a t  th e  fu n c tio n  (18)
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is an  e ig en fu n c tio n  of U  an d

e =  £„ - ( - i p *  (25)

is th e  co rresp o n d in g  eigenvalue.
T he fu n c tio n  гр o b ta in ed  in  th is  w ay  w ill n o t be th e  e ig en fu n c tio n  o f th e  

H a m ilto n ia n , since H  p roduces coupling  b e tw e e n th e f ie ld o s c i l la to r s .l t  w ill be 
supposed , h ow ever, th a t  considering  one osc illa to r on ly , (i.e. p a rtic le  
s ta te s  d esc rib ed  b y  th e  m o m en tu m  p a ir  к  an d  — k) th e  fu n c tio n  (18) m ay  
give a good ap p ro x im a tio n . T he fu n c tio n s  rp0( x 0), f k(zk) a re  to  be ca lcu la ted  
so as to  o p tim ize  th is  a p p ro x im a tio n . In  o rd e r to  achieve th is  le t us ca lcu la te  
th e  average  en erg y . The v a lid ity  of (24) m akes th e  e v a lu a tio n  of th e  in te g ra l 
<C 'ip I H  I ip >  v e ry  easy , since th e n

2я
f  c o s  0 k I Wk ( 2 k ,  © k )  i2 d&k =  0  ,

Ô

2л
J  sin 0 k I Wk (гк, ® k ) I2 d & k =  0 .
о

I f  one ta k e s  th is  in to  acco u n t, a f te r  a longer c a lcu la tio n  b ased  on th e  A ppen d ix  
one ob ta ins

1 /у4 1 Я2 1
< i p \ H \ y> >  =  <  ip0  \ — -— - J L Q  — —  -— -  +  —  n l x l  —

16 A§ 2 Эж2 2

1  ‘Я °  _ | _  _ ^ L  x i  I n  >  _ | _  Z  <  грк  j

j/2 \ £ i  4 Q

1 Э2

1 1  8

C
O

2 z k  8  z k г  '  Ü  )

4 Q&l +  ~рГ №  +  к " )  z k +  — ■ ' ~  4 \ Vk ! >  +
Z о 12

ЗЯ2
~  У  У '  <  Wk I «к  I Vk >  <  Vk' i 4 - 1 v>k’ >  +  
412

+

(26)

3 A2
+  Y  ’ ~ È  <  Wo I In  <  Vk I I >

^ Mo Âp
/ 2  ][Q

<  Wo x o I Vo >  ■ У  <  V>k ! 4 \  Vk >  •

T he o p tim a l form  o f yi0 an d  ipk will be d e te rm in ed  b y  m in im izing  (26) 
u n d e r  th e  su b sid ia ry  co n d itio n  (19). D en o tin g  th e  L ag ran g e  m u ltip lica to rs  
b y  E q an d  E k, th e  co n d itio n  of th e  m in im u m  is

<  V I H I y> >  — E'o [ <  Vo I Vo >  — 1] — ^ E k [< у к I Vk >  — 1] =  min .
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ô <  \ H I y> >
=  E k ■ y>k . (27)

L e t us ta k e  (26) in to  acco u n t for к  — 0:

11 1 Iх oAq1
4 Q  0 (/2Й

A0
n • ( 2 141 Vk

4/4 +  3  —  2  <  Í 4  j yk >  I x%

J _ i £
16 4

(28)

V o ( * o )  =  E 'oVo(xo)>

an d  for к  Ç К :

I f i  9
2 I 2k 9zk 9zi

+ —--------^ - 1  +  1~ ^ + ^ к 2 +
k Z k  d&i j

• 2  <  V*k' I 4 '  I V k ' >  +  ^  <  %  I * 0  I %  > (29)

Q A0 
f 2 ß  

_3Af 
2 ß

<  Vo I * 0  > 0  > , 2  —*k

q; 2
- - ; - ^ < ^ | 4 к к > 4 + Vk (zk, 0k) =  E k ■ грк (zk, <9k) .

T he eqs. (28) an d  (29) fo rm  a coupled sy s tem  of eq u a tio n s  d e te rm in in g  th e  
func tions ip0(x 0) and  y k(zk, 0 k) —  or e s s e n t ia l ly /k(zk). Since on th e  left side th e  
expressions in  th e  b rack e ts  [. . . ] are H e rm itia n  o p era to rs  th e  num bers E k 
are real.

T he so lu tio n  of th e  sy stem  of eq u a tio n s  is a d ifficu lt ta s k  in  sp ite  o f  th e  
a p p ro x im a tio n  (18). T he so lu tio n  can n o t be o b ta in ed  w ith o u t a p p ro x im a tio n  
since (28) a n d  (29) describe anharm on ic  oscillators.

L e t us begin  w ith  th e  eq. (28). F o rm a lly  th is  is th e  S ch röd inger e q u a tio n  
o f a one-d im ensional an h arm o n ic  osc illa to r

2 d x о

w here th e  p o te n tia l energy

—  +  V ( * „ )  j  V o  (x0) =  F : ;  V o  W  > (30)

y t x ) ___ _________ L _  f4. Q  I ^  ^ 0  x 4
° 16 Ц  " 1 4 Q  U ]f2Q

/I° A° - x l  +  ^ - f 4 * l  +
1
2

+  B 3Ag I _
2Й  1 u An

ß

2 -j“o

(31)
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is co nsidered  to  be th e  su p erp o sitio n  o f a p a rab o la  of th e  fo u r th  o rder a n d  of 
a second one of second o rder. T he la t te r  is ch a rac te rized  b y  th e  q u a n t i ty

B  =  J Ï  < 4 ’k \ 4 \ v u > , (32)

or in  o th e r  w ords, i t  arises from  th e  zero p o in t f lu c tu a tio n  of th e  p a r tia l  
w aves w ith  к  =/= 0. L e t us perfo rm  a c o o rd in a te  tra n s fo rm a tio n  w hich  co rres
ponds to  th e  reverse  of (9), i.e. to  th e  d isp lacem en t o f th e  orig in  in to  u n s ta b le  
eq u ilib riu m :

To =  *o (33)

In  th e  new  co o rd in a te  sy s te m  th e  “ p o te n tia l  energy”  o f th e  fie ld  o sc illa to r 
w ith  к  =  0 is given b v

V  (* 0) =  V ( y 0) = В  To + A (34)

W e see t h a t  in  th e  case o f В  — 0 (neg lec ting  th e  o th e r  oscilla tors) L (y 0) 
has a m a x im u m  a t y 0 =  0 an d  tw o  m in im a  a t  y 0 =  ]Ай/2* T he g ro u n d
s ta te  o f th e  oscilla to r is deg en era te . T h is s itu a tio n  is m od ified  b y  th e  o ccu rr
ence o f B .  T he  in fluence  of th e  o th e r  oscilla tors if  ц 20 <  6 ?ÍqB/Q  show s 
itse lf  in  th e  p o te n tia l en erg y  h av in g  a single m in im um  a t  y u — 0, w ith  a 
decreased  v a lu e  V min — —  3pŐ.B/4 (F ig . 2). B u t if  /4  > 6 ^ 0 / 1 2  i.e. if  th e  
in fluence  o f  th e  o th e r o sc illa to rs is sm all, th e  tw o m in im a  rem ain , so lely  
th e y  w a n d e r  to w ard s th e  loca tio n  of th e  local m ax im u m  y 0 — 0 an d  th e ir  
d ep th s  are  so m ew hat decreased  (F ig. 3). In  th e  follow ing le t  us suppose th a t  
th e  p a ra m e te r  ц 0 occurring  in  th e  fie ld  eq u a tio n  (1) is so la rg e  th a t  th e  la t te r  
s itu a tio n  is rea lized , i.e. th e  d u p lica tio n  o f th e  g round  s ta te  su rv ives. L e t us 
in tro d u ce  th e  follow ing n o ta tio n s :

^  =  jM2 _ 6 A  . b > 0 ,  (35)
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and

V =
lx

2
(36)

M aking use o f th e  new  p a ra m e te rs  one gets

У(уо) =  - — р  
4

y % - j r 2 ■ y*0 +  3 B ( l + 3 y * B )

T he locations o f m in im a of V ( y 0) are j 0 =  ± y  1 and  here

V f t - 1) =  V i - y - 1) =  -  —  Ji2 ■ y ~ 2 -  —  Ji2 ■ В  (1 +  3 у 2 В)
8 4

I f  we w rite  В  =  0 (i.e. i f  we n eg lec t th e  in flu en ce  of th e  zero p o in t f lu c tu a tio n s  
o f th e  oscilla tors w ith  к  =J= 0 on th e  o sc illa to r w ith  к  =  0) (38) goes over 
in to  an  expression  th a t  m ay  be  o b ta in ed  b y  su b s titu tin g  Ф — П  =  0 in  (11); 
th is  is th e  g ro u n d  s ta te  energy  o f th e  classica l scalar fie ld :

lim  V (y_1) 
b =  и

■ Q  =  H  [Ф =  0, П  =  0].
16 X2

In tro d u c in g  th e  new  v a riab le

one o b ta in s

V ( y 0) =  V(S)

f  =To ±

1 -Jl2 l 2 T r  f 3 +  X- ÿ 2 • I 4
4

+  V ( y - i ) .

(37)

(38)

W e see th a t  th e  a n h a rm o n ic ity  in  th e  o sc illa to r, described  b y  eq. (30), o rig i
n a te s  in  y,  i.e. in  th e  ap p earen ce  of th e  co u p lin g  c o n s ta n t A0. B y  m eans o f 
th e  re n o rm a lisa tio n  (35) we to o k  in to  ac c o u n t th e  in fluence  o f th e  zero p o in t
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f lu c tu a tio n s  on th e  o th e r osc illa to rs. T h e  values of f i  a n d  у  depend  on th e  form  
o f ipk, as re su ltin g  from  B ,  th e re fo re  th e y  are  d iffe ren t in  d iffe ren t s ta te s  
o f  the  fie ld .

L e t us den o te  th e  ex c ita tio n  energy  of th e  o sc illa to r by  w ritin g

Eo =  E ' ~  .

U sing  th is  n o ta tio n  th e  eigenvalue eq u a tio n  for th e  o sc illa to r w ith  к  — 0 has 
th e  fo rm :

f 1 d 2

1 2 rfJo
+  ■ У2 (jo  -  У~ 2)2j  Vo (jo) =  E <> Vo (Jo) ■ (39)

Also in  th e  d iffe ren tia l eq u a tio n  of th e  o sc illa to r w ith  n o n v an ish in g  w ave 
n u m b e r th e  coeffic ien ts c o n ta in  %po a n d  xpw, th e re fo re  also th e  ipk is in flu en ced  
b y  th e  s ta te  of th e  o th e r w aves. On th e  o th e r h an d , th is  d ifferen tia l eq u a tio n  
is fo rm a lly  re la tiv e ly  sim ple:

1

I 3 - 2  —2
+  — И • У

4

zk 9zk 

1 
4

+
1

8zk

4  — <  Vk 14 1 Vk >  4

э2
I  ’ Q&Ï

+  wk ' zk +

(40)

■ Vk (zk> ©к) =  E k ■ y>k (zk, Qk) ,

w here

со2 =  k 2 +  fi* +  ^  [ <  Wo I *o I Vo >  +  Щ  -  <  Vo I *o I Vo >  •

L e t us ta k e  in to  acco u n t th a t  ip0 is th e  eigenfunction  o f [/, too , so:

th e re fo re
и  Го (jo) =  Vo ( - J o )  =  £o Vo (Jo) £0 =  ±  1 ,

r QI I  , , I tin / . , un
< V o \ x o \ V o >  =  < V o  (Jo) ! Jo +  I  —  I Vo (jo) >  =

Л) 2

Q_
~2

Vo I *o I Vo >  =  <  Vo (Jo) I Jo +  2y0 Fo Q  u l Q
+  —  —  I Vo ( Jo) >2 Я2 2

8 Q

an d  fin a lly

Ü  . __ 
4  2

o>\ — k 2 +  / i2

+  <  Vo I Jo I Vo >  .

!  — —  (1 -  y 2 < V o \ y l \ V o > ) (41)

B ased  on th e  fo rm er d iffe ren tia l equ a tio n s one can  determ ine  y>0 and  
ipk an d  co n s tru c t th e  e igen func tion  (18) fro m  th em  an d  one can e v a lu a te  th e
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ap p ro x im a te  va lu e  of the  energy . O n th e  basis o f (26)

W  =  <  ip I H I y> >  =  — ■ y - 2 +  E 0 +  J > E k +
8

+  -^-И2 • {<V>k 4  y>k » 2 - ( J £  < V k \ 4 \ V k > ) 2 — (42)

-  2  <  Vo IГ о \ n >  ■ J ?  <  v>k \ 4 1 n  > }  •

T he physica l m ean ing  of each te rm  of th e  fo rm u la  is ev id en t. T he f irs t  te rm  
describes th e  classical g round  s ta te  energy  (37) o f th e  scalar fie ld  in  a reno rm alized  
fo rm . T he E 0 an d  E k s ta n d  fo r th e  energy of th e  anharm onic  o sc illa to rs. F in a lly  
th e  te rm s s tan d in g  in  th e  {. . . } b ra c k e t a n d  p ro p o rtio n a l to  À2 describe th e  
in te ra c tio n  of th e  v ib ra tio n s  o f th e  d ifferen t o scilla to rs. In to  th is  te rm  th e  p ro 
d u c ts  o f th e  sq u ared  am p litu d es Й  y k>  o f th e  different (к  =  0 an d  k £  K )  
f ie ld  oscilla tors en te r.

T he fo rm ula  (42) m akes possible to  t r y  to  explore in  p ra c tic e  th e  energy  
sp ec tru m  of th e  sca la r field .

§ 4. T he g round  s ta te

O ur f irs t ta s k  is th e  e v a lu a tio n  of th e  energy  of th e  g ro u n d  s ta te . T he 
fu n c tio n , describ ing  th e  g ro u n d  s ta te  is:

v °  =  V o (y 0) ■ y/v4(*k.®k). (43)
k£K

T h e values of th e  s ta te -d e p e n d e n t p a ram e te rs  [л, В  an d  у  a re  d en o ted  in  th e  
g round  s ta te  b y  fi, В  an d  y ,  i.e.

b  =  2 « \ 4 \ v l > ,

íM2 =  /í2 _ 6 Ü  . B
Q

(44)

(45)

F u r th e r  le t us in tro d u ce  the n o ta tio n

g  =  - - h =
Уju3D  

Z  =  6/л В  .

7
y ï f i  ’

(46)

(47)
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O ne can  now  w rite

И2 = - *
1 + g 2Z

(48)

T h e p o te n tia l energy  of th e  fie ld  o sc illa to r (38) w ith  к  =  0 describes 
a h a rm o n ic  oscilla tor in  th e  case o f у  — 0, th e  e igen func tion  of w h ich  is of 
th e  fo rm

a n d  E 0 — yW/2 is th e  co rrespond ing  eigenvalue. T he f in i te  te rm s in  (39) p ro p o r
tio n a l to  y2 spoil th e  h a im o n ic ity . W e shou ld  like to  d e te rm in e  th e  en erg y  up 
to  th e  o rd er g2, th e re fo re  w'e m ake use o f  th e  f irs t  ap p ro x im a tio n  o f th e  p e r
tu rb a t io n  th eo ry . To s ta r t  w ith  we use as e ig en fu n c tio n  such a co m b in a tio n  
w h ich  is an  e igen func tion  also o f [/:

IV +  «о e - (eo =  ±  1) (49)

T his gives th e  value o f E 0 up to  th e  o rd er g2 co rrec tly :

<  Vo I — 4 " -7-,- +  F (Jo) -  V ( V ~ 1) \ W o >

E 0 =

w here

dyl

< W o W o >

1

’7 *
1 +  ~ i 2J + 0 (g4) + e 0 l̂o»

(50)

Л  =  о ( / ) ,  f

In s te a d  o f (50) we m a y  o b ta in  a m ore accu ra te  v a lu e  i f  in stead  o f (49) the  
fo rm  o f is ta k e n  in  th e  following w ay :

K )'o—y-1 )*n e 2 J ,

a 0 is g iven  b y  th e  req u irem en t

<  w° \ H  I w° >
------  —1--- —----------= m in  .

<  íp° I ip° >

This w ould  give an  expression  of th e  ty p e

a0 =  l  +  ag2 +  0 (g*).

O ne can  show , how ever, th a t  a in fluences th e  v a lu e  o f  W  only in  th e  order 
g4. So in  th e  given a p p ro x im a tio n  we m ay  choose a  — 1.
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K now ing  th a t  f°0 has th e  form  (49) one fin d s

<  Vo I Jo k o  >  =  J “ 2 +  ~ / m~ 1 +  £0 • ° ( / ) -  (5 l )

T ak in g  th is  in to  acco u n t we can  w rite  dow n th e  d ifferen tia l eq u a tio n  w hich 
de te rm ines y)k:

f 1 Г 1 8 8 , 1 32-----  • Zk • ----- H----r-
8 011 2 . *k

C
D

CO1

*k

+  -  2
H2g2 jL z4 _  

4 k
**Л**V II04

+  —  " k  zk +

y here

«к =  к 2 -f- Л2 1 +  — g2 
2

+  s0 • 0 ( / ) .

(52)

(53)

I f  we w rite  g  =  0 before th e  f in ite  expression, w e gain  the  S ch röd inger eq u a tio n  
o f a tw o-d im ensional harm on ic  oscillator, th e  so lu tion  of w h ich  is

w ith

VÍ
1 - V 42 • e 2

££ =  %  •

(54)

(55)

M aking use of (54) one can o b ta in  th e  co rrec t v a lue  of E £ u p  to  th e  o rder 
g2 b y  ev a lu a tin g  th e  m ean  v a lu e :

E ° =  <«t  1 +  0(g*) .

F u r th e r , also th e  m ean  v alue  o f zk m ay  be  ca lcu la ted  w h ich  we shall use 
in  th e  follow ing:

<  Vt 14 1 v£ >  =  —  • (56)

H ere , as a m a tte r  o f fac t, also th e  cok co n ta in  th e  coupling c o n s ta n t. A ccording 
to  (53):

<«k =  ek Н у ? 2
4 « J  .

+  % ‘ 0 ( / ) ,  (57)

w here (w ith g iven fj) is a lread y  in d e p e n d e n t of the  co u p lin g  c o n stan t:

£k =  l k 2 +  k 2 . (58)
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F in a lly , on  th e  basis o f (42) the  g ro u n d  s ta te  energy  correc t up to  th e  o rd er 
g2 can  be  ca lcu la ted :

W 0 =  <  гр° ] H I ip° >  =

3

- Ï* 2 +  —■ +  У, ek
16 g 2 2

F

+ - r fl У [Л
(59)

+  0(g*) +  e0 • 0 ( / )

This gives th e  value o f  th e  low est en erg y  level w ith  th e  p a rity  e =  - f - l. The 
energy  lev e l o f p a r ity  e —  — 1, w hich is also a d isc re te  one, is lo c a te d  above 
th e  fo rm er, th e  d ifference betw een  th e ir  energies b e ing

à  =  f* ■ 0 ( f ) .  (60)

T he en erg y  of th e  g ro u n d  s ta te  is g iven  —  as in  th e  case of all th e  fie ld s — 
b y  a d iv e rg e n t expression .

§ 5. The excited states

T he d ifferen tia l eq u a tio n s  (39) a n d  (40) w h ich  determ ine  th e  e igen 
fu n c tio n s, a re  fo rm ally  se p a ra te d  b u t  th e  p a ram ete rs  /и, an d  cok d ep e n d  on th e  
w ave fu n c tio n , so in  r e a l i ty  th ey  describe  a very  s tro n g  coupling o f th e  oscil
la to rs . T h is causes serious com plica tions especially  in  th e  d e te rm in a tio n  o f  th e  
exc ited  s ta te s :  i t  is v e ry  d ifficu lt to  ensu re  th e  o r th o g o n a lity  of th e  eigen
fu n c tio n s o f  h igher q u a n tu m  num bers to  those of sm alle r q u an tu m  n u m b ers , 
since b ecau se  of th e  e x c ita tio n  th e  se p a ra te d  energy o p e ra to r  of th e  o sc illa to r, 
and  th e re fo re  also the  fo rm  o f the  se p a ra te d  eigenvalue eq u a tio n  its e lf  changes 
v ia  th e  coup ling  am ong th e  oscillators h idden  in  th e  p a ram ete rs  ^  a n d  cok.

In  o rd e r to  e lu c id a te  th e  c ircum stances, le t us in tro d u ce  th e  q u a n ti t ie s  
Ц an d  g  in s te a d  of fi a n d  y  in to  th e  eq . (39) and  (40) w hich  are v a lid  also  for 
a rb itra ry  ex c ited  s ta te s . N a tu ra lly  w e have to  ta k e  in to  accoun t t h a t  th e  
m ean ing  o f  th ese  p a ra m e te rs  is g iven b y  m eans o f th e  functions щ  a n d  1pk, 
w hich are  ch a rac te ris tic  o f  th e  g round  s ta te . We o b ta in

! -

/72 nr2 il
+  (àZ  -  g - 2  +  2 g  y l f  I y>0(y0) =  -Бо У>»(Уо) »

2 dyl 16
(61)

1

9zt

+  —  g V  
2

к

1

+
82

-к I 

*21

*2“к 2
+  —  á l  ■ 4  +

—  2k — < П  *k % > « к
4

Э02

Wk (« к . 0 k ) =  E k rpk ( z k,  0 k ) ,
(6 2 )
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w here

œ î  =  col +  - -  ^ g ^ d X  +  ÔZ). (63)
2

U sing these  re su lts , th e  expression  of th e  fie ld  energy  is — acco rd in g  to  (42) —  
of th e  following form :

W = < y \ H \ w >  =  -  - f - ( l  -  g2 ÓZ)2 +  E 0+  2 E k +
16 g2

+  -7 g2 • e 3 (<  v’k ! 4 1 n  > ) 2 — <  Vk 14 1 %  > ) 2 — (64)4

— 2 <  щ\  J o k o >  < V k l Zk | V k > } >

an d  th e  ex c ita tio n  energy

IF , =  (E 0 -  E°0) +  У  (E k -  Eg) - É ^ J L z ( Ô X  +  ÓZ) +
—  24

(65)

+  [áY  -  2ÓX • ôZ  — 4 ÓZ2] + —  Ô Z - —  g2 • g 2ÓZ <  y g | j g [ y g >  , 
48 8 4

therefo re  in  f ir s t  ap p ro x im atio n

IUe =  (E 0 -  Eg) +  > ' (E k -  ££) -  Z  (ÓX +  ÓZ)

( 66 )

+  [ÓY -  2ÓX • ÓZ -  4óZ 2 -  6ÓZ] +  g 2 ÓZ • 0 ( / ) .
48

H ere
ÓX =  6g [ < ^ o | j o | V o >  — <У>о\Уо\У>о>]> (6 7 )

ÓY =  36g2^  [ ( <  ^ к | г £ ^ к > ) 2 — ( <  Wl\4\y>k  > ) 2] , (68)

ÓZ =  6g  [ <  %  ! 2£ I V»k >  — <  V l  I 4 1 y>l > ]  . (69)

Because of th e  s tro n g  coupling b e tw een  th e  field  o sc illa to rs  in it ia te d  
b y  these  p a ram e te rs  we do n o t u n d e rtak e  here  to  explore th e  a c c u ra te  ex c ita tio n  
spec trum . W e are  sa tisfied  to  give u p p er lim its  for the  e x c ita tio n  energies. 
This w ill be achieved if  we ca lcu la te  (\p I H  | yi) b y  m eans o f  co n v en ien tly  
orthogonalized  functions.

L e t us consider f irs t th e  ex c ita tio n  o f th e  oscillation w ith  к  =  0. T h e  
tw o functions, o rthogonal to  ip° will be c o n s tru c te d  in  th e  follow ing fo rm :

f (1,0) =  wl  (jo) • / 7 v £ ( * k . e k) ,  (70)
к ÇK
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Л h<

Wo (jo ) =  N  [(Jo +  r _1)
■.+y-‘)a

+  e ■ (Jo -  Y x) e b  (71)

and  N  is a c o n s ta n t o f n o rm aliza tio n .
T he fu n c tio n s y>k a re  n o t m odified  as com pared  to  the  g round  s ta te , 

is sp ite  o f th e  fac t, th a t  th e  excita tio n  o f  th e  osc illa to r w ith  к  =  0 m odifies 
also th e  eq. (62) th ro u g h  th e  p a ram ete rs  cok. T hus (70) is conven ien t exc lu siv e ly  
to  supp ly  an  u p p e r lim it fo r  th e  e x c ita tio n  energy. S ince th e  y>k rem ain  u n 
changed, ÖY =  ÔZ — 0. O n th e  o ther h a n d , because o f (71) one has

ÔX  =  6 +  e0 • 0 ( f ) .

C alcu la ting  th e  m ean v a lu e  o f the b ra c k e t {• • •} in  (61) w ith  the  use o f  (71) 
one o b ta in s

i +  v s2 +  °(s4) +  £ • °(/)о
=  E°0 +  /Х +  —  g 2 * ■ f* +  0(g4) +  e • 0 ( f ) .  

4

The d isp lacem en t of E k in  th is  ap p ro x im a tio n  is due to  th e  change in  cok,

E k - £ £  =  ■ -  (E>\ -  oßk) <  Wl  I z l  I f l  > = Ê - É - Ô X .
2 4w k

M aking use o f these  re su lts , we ca lcu la te  th e  ex c ita tio n  energy  on th e  basis  
o f (66). T h e  expressions X ( E k —  E k) a n d  Z  à X  are d iv e rg en t, b u t

2  ( E k -  E°k) -  J L J J L  . Z Ô X  =  0 .
24

So th e  u p p e r lim it of W e is

W e =  E 0 -  E°0 =  g l  +  - g * + 0 ( g * )  +  e ■ 0 ( f )  
4

(72)

T he e x c ite d  s ta te  o f an  oscillator w ith  к  =f= 0 w ill be  described b y  th e  
function

f (hk) =  V°o(y0) ■ ~ ~ ~  ■ Л  <■ 0 b ) .

w here
fk ( zk, @k) ь'ек

V i  ■ zk • e 2

(73)

(74)

This is an  e x a c t e igen func tion  of P  an d  U  w ith  k  and  —  e0 as respective e ig en 
values. T h e  fu n c tio n  (73) is ev iden tly  o rth o g o n al to  (43), (70) an d  also  to
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t/+k \  I t  supplies, how ever, only  an  upper l im it  for the  e n e rg y  eigenvalue, 
since i t  does n o t ta k e  in to  acco u n t th e  change o f  th e  sta te  o f  th e  o th e r oscilla»- 
to rs  due to  th e  coupling  w ith  th e  excited  o sc illa to r.

IN ow
ÔX  =  0 ,

<  Wk ! A 1 y>k >

th e re fo re  in  our ap p ro x im a tio n  (neglecting th e  te rm s of th e  o rd e r of g2)

ÔY =  12
2

1 d z  =  6 [ - ^ -
\ <’K

T he s tro n g ly  m odified  v a lu e  o f E k ob ta ined  as a m ean v a lu e  is

E k =  E k cok .

Also th e  E 0 an d  E k, change, b u t  only  due to  th e  m o d ifica tio n  o f Ji an d  шк, 
in  th e  o rd er of g2:

E , = E i + ± f . f l
4 coL

1 +  3

E k, =  E l  + 3  „ 2  ^  1 ( k + k ' ) .

Now" th e  d iv erg en t te rm s in  th e  fo rm ula (66) cancel again  since

2 ( E k, - E l ) - ^ — ^ Z - 0 Z = c o k - - g 2 ■ - £ l .
24 2 col

T hus th e  excita tio n  energy  up  to  th e  order o f  g 1 is

W e =  ek -
1 +  T g2

> 2

4 ek

W e see there fo re  th a t  in  th e  neighbourhood  o f W e =  p  c o n tin u o u s  sp ec tru m  
begins. So i t  is co rrec t to  consider (70) and  (73) as th e  o n e -q u a n tu m  excita tio n s 
o f th e  sca la r fie ld  w hile th e  tw o d iscre te  ip° s ta te s  describe a d e g e n e ra te  v acu u m  
s ta te . B ased  on our e s tim a tio n  one can s ta te  th a t  in th e  case of bo u n d ed  
Ц and  g  also th e  one-partic le  ex c ita tio n s are  b o u nded , th e re fo re  th e  su b s titu 
tio n  (48) has solved th e  m ass ren o rm a liza tio n , ц  is th e  ren o rm alized  m ass, 
a fin ite  v a lue , w hich in  a rea lis tic  th eo ry  m u s t  be d e te rm in ed , on th e  basis
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of experience. The Z  is, how ever, a d iv e rg e n t c o n s ta n t. C om paring (47), (44) 
an d  (55) we have

Z  = 6 f i  В  =  6 ,
<yk

or tra n sfo rm in g  th e  su m m a tio n  in to  in teg ra tio n

Z  = 6 [ i B  =  3 ^ '  —
all к « к

3 ß  Ц
(2 л:)3

d 3 k

|/k 2 +  jtt'2
- 3 ,

w hich  co n ta in s  a q u a d ra tic a lly  d iv e rg e n t in teg ra l b esid es  Q. T h is m eans 
th a t  b o th  p a ra m e te rs  f i0 a n d  A0, w hich  occur in  th e  f ie ld  equa tion  (1), c an n o t 
be chosen  f in ite  a t  th e  sam e  tim e  since (45) can n o t be sa tisfied  for f in i te  v a 
lues of fi, f i0 and  A0.

I f  w e excite  th e  o sc illa to r w ith  к  — 0 to  th e  q u a n tu m  n u m b er n 0,the  
oscilla tors w ith  к  =j= 0 to  th e  q u a n tu m  n u m b e r nk, i t  c a n  be  shown t h a t

E 0 =
1

2
i« +  0(g2)> <  Wo I Jo  I Wo >  =  +  y~* +  0 ( / ) ,

[Л

E k =  (1 +  nk) cok +  0(g2), <  Vk I zk I Vk > «k+i- +  0(g2) .

In  th e  case o f physica lly  rea lis tic  e x c ita tio n s

n0 -|- 2 n k <  oo .

T h en  th e  te rm s  of ÔX , ö Y ,  ÖZ and  L'(Ek —  E k) w hich  do  n o t c o n ta in  g , are 
f in ite . B ecause  of th e  ch an g e  in  cok, a ll th e  E k-s a re  d isp laced  b y  a n  ex tra  
am o u n t

Д E k =  —  {wl  — a>l) <  f k 1 4  I грк >  =
2

=  • ( â X  +  ÔZ) +  -g-2 ■ ** (ÔX +  ÔZ) ■ h ,
4 o;k 4 cok

th e  sum  o f w hich  ju s t  cancels th e  te rm  p ro p o rtio n a l to  Z  occurring in  eq . (66):

2  A E k =  ^  Z  (ÔX +  ÔY)  +  {ÔX +  ÖZ) -
24 4 o)k

W e see t h a t  th e  m ass ren o rm a liza tio n  m ak es also th e  h ig h e r  s ta te s  (w ith  severa l 
q u a n ta )  f in ite .

I t  is a v e ry  im p o r ta n t  fa c t th a t  th e  functions o f su c h  a sim ple fo rm  as 
(18) are n o t  su itab le  to  ta k e  in to  acco u n t th e  in te ra c tio n s  o f  physical p a rtic le s
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[6]. T he s ta te s  —  o b ta in ed  fro m  th e  so lu tio n s of th e  eqs. (61), (62) —  c o n ta in 
in g  m ore th a n  one q u a n ta  correspond to  “ dressed”  b u t  n o n in te ra c tin g  p a r t 
icles. I t  tu rn s  o u t from  th e  fa c t th a t  th e s e  s ta te s  are e igen func tions o f  th e

m o m en tu m  P  w ith  e igenvalue  e„ -k  (?£ can be i l )  an d  w ith  av e ra g e
к s=l

energy  n 0 co0 +  E  nk cak ab o v e  th e  v a c u u m  value a p a r t  fro m  term s o f  o rd e r 
0(g2) b u t  th e y  are  n o t e ig en sta tes  of th e  H am ilto n ian .

T he e x c ita tio n  energy  o f  th e  s ta te  c o n ta in in g  tw o n o n in te ra c tin g  p a r tic le s  
differs in  th e  o rd er 0(g2) from  th e  sum  o f  th e  ex c ita tio n  energies of th e  one-

~ T _/////////////,//////////////////////////////////,

-Л6У//////////, у.u. I

Fig.  4

p artic le  s ta te s . F u r th e r , ev e ry  s ta te  sp lits  u p  in to  tw o en e rg y  levels of o p p o s ite  
p a r i ty  an d  d iffering  in  th e  o rd e r 0(f). T h e  energy  sp e c tru m  of th e  n o n in te r 
ac tin g  p a rtic le s  is show n in  Fig. 4.

To in v e s tig a te  th e  tw o -p artic le  s c a tte r in g  i t  is n ecessa ry  to  use a w ave- 
p ack e t o f a m p litu d e  a(k, k ')  w hich is b u i l t  up  from  fu n c tio n s  co rrespond ing  
to  n o n in te ra c tin g  physica l p a rtic le -p a irs  w ith  m om enta к  a n d  k '.  One h a s  to  
fin d  such  a sc a tte rin g  a m p litu d e  a(k, k ')  th a t  m in im alizes th e  m ean  v a lu e  
of th e  H am ilto n ian . One can  in te rp re t th e  tw o -p a rtic le  sca tte rin g  w ith  
fin ite  A0, th e re fo re  g  —> 0 if  Q -> T h e  au th o rs  w ould lik e  to  re tu rn  to  th e  
problem  o f th e  tw o -p artic le  sca tte rin g  a n d  solutions o f th e  coupled eq . (61), 
(62) in  a su b seq u en t p a p e r (6].

§ 6. The w eak  in te rac tion

T he a p p ro x im a te  degeneracy  of th e  ground s ta te  (a n d  th e  n -p a r tic le  
excita tio n s) is a consequence of th e  “ p o te n tia l  b a r r ie r”  o f the  o sc illa to r  
w ith  к  =  0 show n in F ig . 3. B ecause o f  th is  <p(x) m ay  oscilla te  in  a s ta b le  
m an n er a ro u n d  th e  a m p litu d e  values

< | j o | > = ± y _1, <  | *k |  >  =  <  | j k |  >  =  o ,
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i.e . a ro u n d  th e  values

<  I <P(X)  I >  =  ■

<  I <P(X ) I >  =

1 fi

Í 2  Я0 ’

___
f 2  Я0

F o r  in s ta n c e  le t  us choose th e  w ave fu n c tio n  so th a t  in  th e  s ta te  ch a rac te rized  
th ro u g h

th e re  be a u n iq u e  partic le  ( th e  a -p artic le) o f  m om entum  k :

, r -lv(y»+Y-lr  j j
Va =  A • e i • 2k • e ~ ,Uk ■ ] 1  • e 2

к 'ÉK

I f  we w r i t e — } 1 in stead  o f  y -1 , we o b ta in  th e  p a rtic le  ( th e  /З-partic le ) y>ß
ex c ited  in  th e  s ta te  c h a rac te rized  th ro u g h

<  I Ф )  >  I = 1 fi

f 2

T h e  \pa an d  y)ß a re  no t e ig en sta te s  of th e  p a r i ty  opera to r U. One can c o n s tru c t 
th e  e ig en fu n c tio n s, co rresp o n d in g  to  th e  p a r i ty  va lu es  e — s ta r t in g
from  %pa a n d

V. =  - i  (Va -  E Vß) •

A ccord ing  to  th e  resu lts o b ta in e d  in  § 5 a n d  § 6:

н  V* =  (R^o +  " k  — e A k) .

T ak in g  th is  in to  accoun t, th e  so lu tion  o f  th e  wave e q u a tio n

H  y> =  i. Qy>
91

w hich  obeys th e  in itia l co n d itio n

V»(°) =  Va
h as  th e  fo rm

V(t) =  «
r(W„ + COk)i

[y>a ■ cos A x t iy>ß sin A x t]
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T herefo re  th e  a -p a rtic le  slow ly tra n sfo rm s  in to  a /З-p a rtic le , w ith  th e  p e rio d  
of th e  o rder

T =  ~ r  =  И ' 0 ( / _1) . 
A

This tra n s itio n , w hich is slow in  th e  case o f g  <  1 because o f f  <  1, is ca lled  
weak interaction in  our m odel. T he p e rio d  т ~  /i • / —1 can be  called th e  life tim e  
o f an  a -p a rtic le  (or /З-p a rtic le , re sp ec tiv e ly ). One can see, t h a t  th e  sam e n o n 
lin e a r ity , th e  sam e h are  coupling  c o n s ta n t p roduces tw o in te rac tio n s  in  ou r 
m odel, w ith  qu ite  d ifferen t o rders o f m a g n itu d e  and  c h a ra c te r . S u b s titu tin g  
b y  m eans of th e  eq. (36)— (46), one o b ta in s

/ =  e~ 4 - =  exp
4л:3 • /и3 ■ ó3(0)

<  Va  I V>ß >  •

This is th e  reno rm alized  coup ling  c o n s ta n t o f  th e  weak interaction. The q u e s tio n  
as to  th e  coupling  c o n s ta n t in  te rm s o f th e  Д0 o f th e  strong interaction o f  th e  a 
pa rtic le s  (or of th e  ß  partic le s , re sp ec tiv e ly ) can  be answ ered  only b y  th e  m ore  
d e ta iled  s tu d y  of th e  h ig h er e x c ita tio n s .

§ 7. The asy m m etric  m odel

In  th e  p a p e r [3] we h av e  m ade a m ore  d e ta iled  s tu d y  o f th e  case o f  th e  
a sy m m etric  p o te n tia l v a lley  w hen th e  n o n -lin ea r field  eq u a tio n

□  <P +  А*о <P +  К* <P3 =  0

has tw o  d iffe ren t s tab le  an d  c o n s ta n t so lu tio n s in  th e  classica l th eo ry . I n  th is  
case th e  sy m m etry  (7) does n o t occur (because of th e  q u a d ra tic  te rm ). T h en  
even i f  th e  m o m en ta  к  are  iden tica l, th e  energy  of th e  p a rtic le s  of th e  ty p e  
a w ill be essen tia lly  d iffe ren t from  th a t  o f  th e  partic les of th e  ty p e  b, th e re fo re  
th e  d egeneracy  o f th e  g round s ta te  lead s to  tw o typ es o f pa rtic le s  e sse n tia lly  
d iffe ren t from  each  o th e r w ith  d iffe ren t re s t  m asses. T he one is ex c ited  from  
th e  g ro u n d  s ta te  o f th e  ty p e  a, th e  o th e r  from  th e  g round  s ta te  of th e  ty p e  b 
b y  su b s titu tin g  H n(zk) • ex p (— czj;) in s te a d  o f exp(— czj;). T he m a th e m a tic a l 
t re a tm e n t o f th is  case is a con sid erab ly  m ore d ifficu lt p ro b lem : th e  ex p ressio n  
<i/i \H\ 1/;>  ca lcu la ted  b y  m eans of th e  su p p o sitio n  (18) tu rn s  ou t to  be  m u ch  
m ore in tr ic a te . In  th e  p re se n t w ork  wre do n o t deal w ith  th e  m a th e m a tic a l 
e lab o ra tio n  of such  an asy m m etric  m odel, b u t  we m ak e  som e re m a rk s  as 
to  th e  p ro p ertie s  to  he ex p ec ted  o f su ch  a m odel.

10* Acta Phys. H ung. Тот. X V I I .  Fase. 1 —2.



148 G. KUTI and G. MARX

One m a y  ex p ec t in  an  asy m m etric  m o d e l th a t  from  th e  ground  s ta te  
o f th e  ty p e  a th e  ex c ita tio n  sp ec tru m  o f th e  ty p e

E ^ W a +  Z n k Y J J + ~ k * \

an d  from  th e  g ro u n d  s ta te  o f  th e  ty p e  b th e  ex c ita tio n  sp ec tru m  of th e  ty p e

E  =  W „  +  Z  nk У М *  +  к2

m ay  be o b ta in e d , i f  the  in te ra c tio n  te rm s  p ro p o rtio n a l to  g2 are n eg lec ted . 
T he in te ra c tio n  o f  th e  g -p a rtic le s  w ith  each  o th e r, an d  th e  in te ra c tio n  o f th e  
M -p artic le s  w ith  each o th e r  is a s trong  one , ch a rac te rized  b y  th e  coup ling  
c o n s ta n t A0, w h ile  th e  M -p a rtic le s  can  tr a n s m u te  in to  th e  g -partic les v ia  a 
w eak  in te ra c tio n  ch a ra c te riz e d  b y  th e  co u p ling  c o n s ta n t f  =  exp(—g ~ 2).

T he e sse n tia l p ro p e rty  o f  th e  m odel is , t h a t  either ^ -p a rtic le s  or M -p a r t
icles occur in  th e  w orld , th e  tw o  types c a n n o t ex ist s im u ltan eo u sly . T h ere  is 
no  energy  e ig en v a lu e  of th e  ty p e  W a -f- |/)m2 +  У М 2 - f  k 2- I f  we s ta r t
w ith  a s ta te  o f  th e  field  ch a rac te rized  b y  < ( g >  =  0, th e n  all th e  e x c ita tio n s  
o f sm all en e rg y  co rrespond  to  partic les o f  th e  ty p e  M ( E  <  E cl-jt ). W e can  
a rran g e  th a t  th e  p o te n tia l o f  th e  field  is s tre ssed  up to  th e  value < < p >  =  a. 
T h is m eans a n  energy  su rp lu s  A  =  W a —  W b over th e  g ro u n d  s ta te . T h is 
su rp lus energy , how ever, c a n n o t be localized  in  th e  space (cp is c o n s ta n t also 
now ), is n o t co n n ec ted  w ith  m o m en tu m  a n d  is n o t o f a  q u an tized  n a tu re  
(Eh -f- 2zl, E b +  ЗА ,  . . .  a re  n o t  e igenvalues). T herefore  th e  g round s ta te  b 
c a n n o t be co n sid e red  to  be a s ta te  c o n ta in in g  a rea l p a rtic le  (it is a “ sp u rio n ” - 
s ta te ) . T he ex is ten ce  of th e  A  sp u rion , h o w ev er, is im p o r ta n t , because th e  re s t  
energy  o f th e  q u a n ta  of th e  f ie ld  change fro m  M  to  g  (because  of th e  “ pa rtic le - 
sp u rio n  in te ra c tio n ” ). I f  th e  sp u rio n  is p re se n t only th e  p a rtic le s  w ith  m ass 
[X occur, i f  i t  does n o t a p p e a r, th e y  occur o n ly  w ith  m ass M . Since th e  sp u rio n  
c a n n o t be loca lized , th is  is v a lid  for th e  w hole  space, u n iv e rsa lly . T his is th e  
o b stac le  in  th e  w a y  of th e  a t te m p ts  a t  an  ex p la n a tio n  of th e  tw o types of e le
m e n ta ry  p a r tic le s , w hich re a lly  do occur s im u ltan eo u sly  in  our un iverse , b y  
m eans o f such  a m odel.

In  his m o d e l in  th e  z e ro th  a p p ro x im a tio n  B l o k h in t se v  rem oves the  
coupling  of th e  an h arm o n ic  osc illa to rs, v ib ra t in g  a t  d iffe ren t po in ts  o f th e  space 
[2]. I t  is th u s  possib le  to  s t a r t  from  th e  fa c t  th a t  in  a do m ain  of th e  space, 
w here < ç> >  =  0 (ground s ta te  of th e  ty p e  b, th e re  is no  spurion) th e  p a rtic le s  
M  occur, w hile in  an o th e r reg io n  of th e  sp ace , w here = a  (the  sp u rio n
exists) th e  p a r tic le s  ц  occur. I n  th e  region o f  tra n s itio n , how ever, w here < < p >  
increases from  zero  to  a , th e  te rm  (p cp)2 p ro d u ces an en e rg y  d ensity , g re a tly  
d iffe ren t from  zero  in  a zone w hich in its  tu r n  iso lates th e  tw o  ty p es of p a r t 
icles b y  m eans o f  a zone o f am orphous m a tte r  (i.e. w h ich  has no p a rtic le
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s tru c tu re ) . Such a phenom enon  could  occur on ly  in  th e  je ts , b u t  n o t in  th e  
case of m e ta s ta b le  pa rtic le s .

I t  seem s to  be p ro b lem atic , how  one can  solve th e  an a logous prob lem  
in  o th e r spurion  th eo ries  (e.g. [7]). I f  th e  sp u rio n  h as  no m o m en tu m , i t  can n o t 
be  localized  in  th e  space an d  in  th is  case i t  is d ifficu lt to  im ag in e  how  it  can  
in te ra c t  d iffe ren tly  w ith  d iffe ren t partic les  (e.g. som e of th e  nucleons are 
ex c ited  b y  i t  to  becom e h y p ero n s w hile o th ers  a re  p rac tica lly  un in fluenced) 
w hen  i t  is “ eq u a lly  fa r  aw ay ”  from  each ty p e  o f partic le .

§ 8. Conclusion

A p ecu lia rity  of th e  n o n -lin ea r sca la r fie ld  described  b y  th e  fie ld  eq u a tio n  
(1) is th e  degeneracy  o f th e  g ro u n d  s ta te . In  th e  classical fie ld  th e o ry  b o th  
cp — 1 /^2  ftMo an<^ =  — 1 / / 2 H'J^o are  so lu tions o f th e  field  e q u a tio n , th e y  r e 
p re se n t th e  stab le  g ro u n d  s ta te s . Also in  q u a n tu m  fie ld  th eo ry  th e re  is an  app rox i
m a te  degeneracy  of th e  g round  s ta te  (and  of all th e  ex c ited  s ta te s ) . I n  th e  p resen t 
p a p e r th is  p rob lem  has been  t r e a te d  on th e  basis  o f an  assu m p tio n  proposed 
elsew here b y  L. I . S c h if f , th a t  th e  e igenfunctions can  he a p p ro x im a te d  b y  th e  
p ro d u c ts  o f fu n c tio n s th a t  describe  th e  d iffe ren t oscilla tors o f th e  fie ld . 
T h is m eans th a t  th e  co rre la tio n  o f th e  partic les  w ith  m om en tu m  к  an d  — к  is 
ta k e n  in to  acco u n t, th e  p a rtic le s  of d iffe ren t w av e  num bers к  in te ra c t w ith  
each  o th e r only b y  m eans o f th e ir  zero p o in t f lu c tu a tio n . T h is in te ra c tio n  is 
d iv e rg en t, b u t  one can  ta k e  i t  in to  acco u n t a f te r  a m ass ren o rm a liza tio n . 
(In  th is  re sp ec t we pass over th e  re su lts  ach ieved  in  p ap e r I .)

T he m odel m akes i t  possib le  to  describe tw o  k inds o f p a rtic le s  as th e  
e x c ita tio n s  of one a n d  th e  sam e fie ld . A fter th e  charge ren o rm a liza tio n  th e  
n o n -lin e a rity  A0 causes a s tro n g  in te rac tio n  b e tw een  th e  p a rtic le s  of th e  ty p e  
a an d  also b e tw een  th e  p a rtic le s  o f the  ty p e  b, b u t  th e  t ra n s m u ta tio n  of th e  
p a rtic le s  a  in to  p a rtic le s  b (or v ice versa) is a w eak  in te ra c tio n . T he p ap e r 
does n o t go in to  g re a te r  d e ta ils  as regards th e  m a th e m a tic a l analy sis  of th e  
in te ra c tio n s .

T he p h ysica l ap p lica tio n  o f th e  m odel is re s tr ic te d  b y  th e  fa c t th a t  th e  
fie ld  can  h av e  ex c ita tio n s  e ith e r  of th e  ty p e  b, o r th e  ty p e  a, b u t  n o t b o th  o f 
th e m  sim u ltan eo u sly . T his m a y  be a d ifficu lty  o f  all th e  th e o rie s , based  on 
v acu u m  degeneracy  (spurion  theo ries).

T he au th o rs  are  in d e b te d  to  P ro f. L . I . S c h iff  (S tan fo rd  U n iv ersity ), 
D r. F . K á r o l y h á z y  an d  D r. K . L . N ag y  (B u d a p e s t, L. E ö tv ö s  U n iversity ) 
fo r v a lu ab le  d iscussions.
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A ppendix

T h e  H a m ilto n ia n  is of th e  fo rm

Я =  — — - ^ 0 - — —  +  — / ! § * § - —  • У

+  -

16 2 Qxl 2

1 Э2

2

1
CO ’ CO

Zk -M
CO *k

8 z k ,

4  a e i
-  (A*о +  k2) zi Hint ;

w here

H ^  Íint --  ----- • 1
ß 2 J

K2

f 2
* o  +  S  zk c o s  (к • г  +  0 к )

£о А  Г 
“ К2 J W °

X ’ гк cos (к • г +  0 к)

d3 1

d3 г .

ß
3/2

W e in tro d u c e  th e  n o ta t io n  2 0 =  l / |/2  Л50. The syn tbo l denotes a su m m atio n
к

w hich  w ill be ex ten d ed  in  th e  fo llow ing also to  к  =  0, besides K .  P e rfo rm in g  
th e  ca lcu la tio n  of th e  co rrespond ing  powrers in  th e  in teg ra ls

H in t  =  A
ß 2

+  6 2 2  2 * - * * ’ к 1 m

■ zl • cos4 (k • r +  0 k) d3 r +  3 JV ^  z\ • zjf •
J  ТГ 1
ß

• cos2 (k  • r  +  0 k) cos2 (1 • r +  0 ,) d 3 r +
ß

• j cos2 (k  • г 4" ®k) cos (1 * r +  0j) cos (in • r - |- 0 m)d 3r -f-
ß

+  4 У? zk ' zi' I cos3 (k • r - f  0 k) • cos (1 • r  +  0 |)  d 3 r +  
к T "  J

ß

+  ^  J ?  ̂  ̂ zk • zi • zm zn - cos (k • Г +  0 k) cos (lr +  0,) cos (шг +
к  I n i n  J

ß

+  0 m) cos (nr +  0 n) d3 r

2 i3/2 /1„Д0 I cos3(k • r  +  0 k) d 3r +
к J  к !

Zk • Z|ß j f2
ß

• j cos2 (k  • г +  0 k) cos (1 • r  +  0 ,) d3 r

à

+  • zi • 2m • j cos (k ■ r  +  0 k) c os ( l  • r  +  0 ,) c o s ( m  ■ r + 0 m) d 3r
к 1 m J
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In  th e  sum s tw o o f th e  su m m atio n  ind ices m ay  n o t co incide. T he e v a lu a tio n  
of th e  trig o n o m etric  in teg ra ls  is sim ple b u t  o f considerab le  len g th . T he c a lcu la 
tions g ive:

I cos4 (k • r  - f  0 k) d3 r
—  Q  k ^ O ,  
8

Q  к  =  0 .
I f  к  ф \ :

I cos2 (k • r  -f- 0 k) cos2 (1 • r  +  0 ,)  d3 r
—  Q  1 =f= 0 an d  к  =/= 0 ,

1 Q  k  =  0 or 1 =  0 .
2

I f  к , 1, m  are d iffe ren t:

J cos2 (k - r -(- 0 k) cos (1 ■ r —( -  0 ,) • cos (m • r - f -  0 m) d 3 r =

=  —  Q  {cos 2 0 k • cos 0 , ■ cos 0 m [Ó (2k — 1 — m) -f- á (2k — 1 -j- m)] +
8 -)- ó (2k -f- 1 — m)] -(-

-f- sin 2 0 k • sin 0 , • cos 0 m ■ [ó(2k — I — m) -f- <5(2k — 1 -)- m) — (5(2k +  1 — m)] -|- 
+  sin 2 0 k cos 0 , • sin 0 m [<5(2k — 1 — m ) -f- <5(2k — m +  1) — <5(2k +  m  — /)] +  

-f- cos 2 0 k • sin 0 , • sin 0 m [ő(2k — 1 -f- m) +  á(2k +  1 — m) — ő(2k — 1 — ni)]},

w here

if к  =f=h

á(k  +  1 +  m ) =
1 k - ) - l - ) - m  =  0 ,  
0  k - f - l  +  m ^ O .

cos'1 (k

— Q  [cos 0 k • cos 2 0 k • cos 0 ,  • <3(3k — 1) — sin 0 k sin  2 0 k cos 0 ,  <5(3k — 1) +
8

0 k • sin 2 0 k sin 0 ,  • (5(3k — 1) +  sin 0 k • cos 2 0 k • sin 0 ,  ó(3k — 1)] .■ cos 0 k

W hen к , 1, m , n  are  d iffe ren t:

I cos (k  • r  +  0 k) cos (1 • r  +  0 ^  • cos (m  • r  +  0 m) • cos (n  • r  +  0 n) d 3 r =

=  —  Q  {cos 0 k cos 0 |  cos 0 m cos 0 „  [ő(k -)- 1 — m  — n) -f- ó(k — 1 — m  — n) 
8

-f- á(k — 1 -f- m  4- n) ó(k +  1 — m  +  n ) +  ó(k +  1 f- m  — n) +

+  ő(k — 1 — m  n) +  ó(k — 1 +  m  — n)]

Acta Phys. H ung. Тот. X V I I .  Fase. 1 —2.



152 G. KUTI and G. MARX

+  sin 0 k • sin 0 , • cos 0 m ■ cos 0 n • [<5(k — 1 — m  — n) -f- <5(k — 1 -f- ni 4~ n)

— <5(k +  I — m  — n) +  <5(k — 1 — m  -| n) 4* <5(k — 1 +  m  — n) —

— <5(k f l — m  -J- n) — <5(k 4-1 +  ni — n)]

4- sin 0 k • cos 0 , • sin 0 m • cos 0 n • [<5(k -(-1 — m — n) 4" <5(k — 1 — m — n)

— <5(k — 1 -|- m  4* n) 4" <3(k 4“ 1 — m  4- n) — <5(k 1 4- m  — n) +

4- <5(k — 1 — m  4 - n) — <5(k — 1 4- m  — n)]

4- cos 0 k • sin 0 , • sin 0 m • cos 0 n • [<5(k 4- 1 — ni — n) +  <3(1 — к  — m  — n)

— ô(l — к  4- m  4- n) 4- <3(k 4- 1 — m  +  n) — <5(k +  1 +  m  — n) 4-

4- <5(1 — к  — m n) — <5(1 — к  4- m  — n)] +

4- sin 0 k • cos 0 , • cos 0 Ш • sin 0 П • [<5(k 4-1 — m  — n) 4- <5(k — 1 — m  — n)

— <5(k — 1 4  m  4  n) 4- <5(k 4-1 — n 4  ni) — <5(k 4-1 — m - f  n )4 -  

4- <5(k — 1 4- ni — n) — <5(k — 1 — m  4- n)]

cos 0 k • sin 0 , • cos 0 m • sin 0 n • [<5(k 4~ 1 — m  — n) 4- <5(1 — к  — m  — n)

— <5(1 — к  4  ш  4- n) 4  <5(k 4- 1 4~ m  — n) —- <5(k 4-1 — m 4- n) 4-

4  5(1 — к  4 m  — n) — <5(1 — к  — m  4  n )] 4~

4- cos 0 k • cos 0 | • sin 0 m • sin 0 n • [<3(k 4-1 — m  4- n) 4- <5(k 4- 1 -j- m  — n)

4- <5(k — 1 — m  4- n) 4- <5(k — 1 m  — n) — <5(k 4-1 — ni — n) —

— <5(k — 1 — m  — n) — <5(k — 1 4- m  4  n )]

4- sin 0 k • sin 0 , • sin 0 m • sin 0 n • [<5(k — 1 — m  -4 n) 4- <5(k — 1 4- m — n)

— <5(k 4-1 — ra 4- n) — <5(k — 1 4- m  — n) — <5(k — 1 — m  — n) —

— <5(k — 1 4  m  4  n) 4  <5(k 4-1 — ni — n)]} ,

I f k ^ l :

J cos2 (k • r  4- 0k) ' cos (1 • г 4- 0<) d3 г =  Q  [2à(l) 4- cos 2 0 k • cos 0 , •

• <5(2k — 1) 4- sin 2 0 k • sin 0 , • <5(2k — 1)] .
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W hen  k , 1, m  are d iffe ren t:

J  cos (k  • г -f- 0 k) cos (1 • r  +  0 |) cos (m  • r  0 m) d 3 r  =

=  —  Q  {cos 0 k • cos 0 ,  • cos 0 m ■ [d(k + 1  — m) +  (5(k — 1 — m) <5(k — 1 +  m )] +  
4

+  sin 0 k • sin 0 , • cos 0 m • [d(k — 1 — m) +  ő(k — 1 +  m) — d(k +  1 — m)] +  

+  sin 0 k • cos 0 , ■ sin 0 m • [<5(k T l -  m) - f  <5(k — 1 — m) — <5(k — 1 +  m)] -j- 

+  cos 0 k • sin 0[ • sin 0 m • [<5(k -f- 1 — ra) +  <5(1 — к  — m) — <5(1 — к  +  m )]} . 

M aking use of these integrals -we obtain:

H int = 3 _
8  Q ^  Q  4 0  ß  ^

ЗА3 ЪХЪ

-I----- " У  J ?  z \  • 2 , • 2 m {cos 2 0 k • cos 0 ,  • cos 0 m • [<5(2k — 1 — m ) +
4 Í2 T" ж

+  <5(2k — 1 +  m ) +  <5(2k +  1 — m )] +

+  sin  2 0 k • sin 0 ,  cos 0 m [<5(2k — 1 — m ) +  <5(2k — 1 +  m ) — <5(2k +  1 — m )] +

-f- sin  2 0 k • cos 0 ,  • sin 0 m [<5(2k — 1 — m ) - f  <5(2k +  I — m) — <5(2k — 1 +  ra)] +

-j- cos 2 0 k • sin 0 , • sin 0 m [á(2 k  — 1 +  m) +  d(2 k  +  1 — m ) — <5(2k — 1 — m)] |  +  
32

-)----- — • ' S  ' S  zk • Z| {cos 0 k cos 2 0 k • cos 0 ,  • d(3k — 1) — sin 0 k • sin 2 0 k •
2ß  к 1

• cos 0 ,  <5(3k — 1) +  cos 0 k sin  2 0 k sin 0 { <5(3k — 1) -f- 

-f- sin 0 k • cos 2 0 k sin 0 , ó(3k — l)j -f-

-)— ^  ^  V  zk 2 , zm zn {cos 0 k cos 0 , cos 0 m cos 0 n • [<5(k + 1  — m  — n) -f-
8 ß  "IT T* ИГ ПГ

+  (5(k — 1 — ra — n) - f  <5(k — 1 +  ra -f- n) +  d(k -f-1 — m  -f- n) +

+  <5(k -|- 1 +  m  — n) +  <5(k — 1 — m  -f- n) +  d(k — 1 +  m  — n)] +

+  sin  0 k sin 0 ,  cos 0 m cos 0 n [<S(k — I — m  — n) +  <5(k — 1 -)- m  +  n) —

— <5(k - f  1 — m  — n) -f- <5(k — 1 — m  +  n) +  d(k — 1 +  m  — n) —

— ó(k +  1 — m  +  n) — <S(k - j - 1 +  m  — n)] -f-
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+  sin 0 k cos 0 ,  sin 0 Ш cos 0 n [<5(k + 1  — m  — n) +  à(k — 1 — m  — n) —

— <5(k — 1 +  m  +  n) +  <5(k +  1 — m  +  n) — <5(k +  I -|- m  — n) +

-(- (5(k — I — m  n) — (5(k — I -j- m  — n)] +

+  cos 0 k sin 0 |  sin 0 m cos 0 n [ô(k -)- 1 — ni — n) +  (5(1 — к — ш — n) —

— (5(1 — к +  m  +  n) +  (5(k 4 -1  — m  4- n) — <5(k + 1  +  m  — n) +

+  ô(l — к — ш  +  n) — 0(1 — к +  m  — n)] +

+  sin 0 k cos 0 ,  cos 0 m sin 0 n [ó(k +  1 — m  — n) +  (5(k — 1 — m — n) —

— <5(k — 1 +  m  +  n) +  (5(k +  1 +  m — n) — (5(k +  1 — m +  n) +

+  (5(k — 1 +  m — n) — ó(k — 1 — m  +  n)] +

+  cos 0 k sin 0 ,  cos 0 m sin 0 n [(5(k +  1 — ni — n) +  (5(1 — к — m  — n) —

— 0(1 — к +  m  +  n) +  ô(k +  1 +  m — n) — ő(k +  I — m +  n) +

+  (5(1 — к +  m  — n) — 6(1 — к — m  +  n)] +

+  cos 0 k cos 0 ,  sin 0 m sin 0 n [ô(k +  1 — m  +  n) +  ó(k +  1 +  m — n) +

+  <5(k — 1 — ni +  n) +  <3(k — 1 +  m — n) — (S(k +  I — m  — n) —

— (5(k — 1 — m  — n) — (5(k — 1 +  m  +  n)] +

+  sin 0 k sin 0 ,  sin 0 m sin 0 n [á(k — 1 — m +  n) +  <5(k — 1 +  ni — n) —

— <5(k +  1 — m  +  n) — ó(k +  1 +  m  — n) — Ü(k — 1 — m — n) —

— <5(k — 1 +  m  +  n) +  (5(k +  1 — m  — n)]} —

O . (“ o ^0  .3  q ^ 0  ^0 _ nsr. „2 V o  K  -%r, -V  .2  _

2  m  ° 3 t i t Zo 2  k ~ j w r 2  k 1

• [cos 2 0 k cos 0 ,  (5(2k — 1) +  sin 2 0 k sin 0 , • á(2k — 1)] —

— 2  ' Zk Z' 2™ ' {COS C0S 0 ' COS '2 I/SJ к 1 m

• [<5(k +  1 +  m) +  (5(k — 1 — m) +  (5(k — 1 +  m )] +

+  sin 0 k sin 0 ,  • cos 0 m • [ô(k — 1 — m) +  á(k — 1 +  m ) — è)(k +  1 — m)] +  

+  sin 0 k cos 0 |  sin 0 m ■ [à(k +  1 — m) +  (5(k — 1 — m) — (5(k — 1 +  m )] +

+  cos 0 k sin 0 ,  sin 0 m ■ [ő(k +  1 — m) +  (5(1 — к — m) — (5(1 — к +  m )]} .
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М ОДЕЛЬ С РЕШ ЕН И ЕМ  СВЕРХПРОВОДИМ ОСТИ  
В К ВА Н Т О В О Й  ТЕОРИИ П О Л Я . II.

Г. КУТИ и Г. МАРКС

Р е з ю м е

Рассматривается нелинейное скалярное поле, обладающее двумя различными 
основными состояниями. Основное и первое возбуждённое состояния скалярного поля 
определяются методом Ритца. Применяются функции состояния в виде произведения 
функций состояния отдельных парциальных волн. После ренормировки масс энергия 
покоя квантов скалярного поля оказывается конечной.
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REMARKS ON PION DECAY

B y

K . N agy

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by Z. G yulai. — Received 20. IX . 1963)

The branching ratio of the decay processess n~ -*■ e~  +  Î, n~ -*■ ц -  +  v, is determ ined, 
supposing th a t V  Ф v' and the m uon-neutrino mass mv, is  different from  zero. Numerical 
values are given for the m ass ratios =  5, 10, 20, 30 and 40. mv, ~  (5 — 10)m e seems to
be com patible w ith the recent experim ental results.

T he -a- e -  +  v decay  process was d iscovered  by  F a z z in i e t  al. [1] 
in  1958. T his ex p erim en t has given an  excellent p ro o f  for th e  ex is ten ce  of th e  
un iversa l F e rm i in te ra c tio n . N am ely , according to  th is  un iversa l V  —  A. in te r 
ac tion  th is  decay  process also ex is ts  and  is 10—4 tim es as ra re  as th e  usual 
n ~  —*■ Ц~ V  decay . T he process goes th ro u g h  a v ir tu a l nucleon  an tinuc leon  
pair, schem atica lly  in  th e  follow ing w ay

w here th e re  s tan d s in  A  a strong , in  D a  w eak v e r te x . Supposing t h a t  th e  w eak 
coupling  co n stan ts  (e v) and  (/iv ') a re  th e  sam e, th e  b ranch ing  ra t io  is in d e 
p e n d e n t o f  th e  s tro n g  p ion-nucleon  in te ra c tio n . T h is ra tio  has b een  ca lcu la t
ed f irs t  b y  F in k e l s t e in  an d  R u d e r m a n  [2]. T h e y  found

’ 7Г—>ev m 2e ml  — m l  \
n  -> /.iv' j к m l  —  m l )

( 1 )

S u b s titu tin g  th e  m ass values m ß =  206,771 me; m n =  273,183 m e respective ly , 
one o b ta in s  R  — 1,282 • 10 4. B e r m a n  [3] a n d  K in o sh it a  [4] la te r  have 
ta k e n  in to  acco u n t also h ig h er-o rd e r ra d ia tio n  corrections, fro m  w hich 
R  =  1,233 • 10~4. T he ex p e rim en ta l resu lts

R  xp =  (1,28 ±  0,30) • 10 4 A s h k in  e t  al. [5], 1959, 
R :xp — (1,21 0,07) • 1 0~ 4 A n d e r s o n  e t  al. [6], 1960,

confirm  th e  th e o re tic a l v a lu e  e x tre m e ly  well.
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In  th e  th e o re tic a l papers q u o te d  above i t  is supposed  th a t  th e  n eu tra l 
p a rtic le s  c rea ted  to g e th e r  w ith  th e  e lec tro n s an d  m u o n s are th e  sam e . A ccord
ing to  th e  m easu rem en ts  of D a n b y  e t  al. [7] th e  e lec tro n -n eu trin o  is d ifferen t 
from  th e  m u o n -n eu trin o . In  an  e a r lie r  paper [8] w e have  supposed  th a t  th e  
m uon  a n d  th e  m u o n -n eu trin o  possess also a n o th e r ty p e  of in te ra c tio n  produc
ing a m u o n -n eu tr in o  m ass d iffe ren t from  zero. W h e th e r  such an  in te ra c tio n  
does o r does n o t ex is t, has to  he d ecided  b y  fu r th e r  in v es tig a tio n s . A t any  
ra te  i t  seem s v e ry  te m p tin g  to  su p p o se  th a t  m v. =f= 0. W e wish to  f in d  here a 
lim it fo r  m v, from  an  a p p ro p ria te  ex p e rim en ta l re su lt. The b ra n c h in g  ra tio  
( л  ->  e v)j{n —>■ jUv') to o  seem s to  g ive  an  upper lim it  for mv, . In  th e  following 
th e  ra t io  R  (л  -> ev/ я  —> fiv') w ill be  de te rm in ed  supposing  th a t  v =f= v' and  
m„, is d iffe ren t from  zero.

L e t us s tu d y  f irs t  th e  process л  ~ -> e~ -j- v. T h e  tran s itio n  p ro b a b ility  
fo r th is  process is

w{n —> ev) ~  E  M  2 q(E)  , (2)

w here L  deno tes su m m a tio n  over th e  f in a l lep ton  sp in  s ta te s . M  is th e  tra n s itio n  
m a tr ix  e lem en t of th e  w eak  H am ilto n ia n  betw een  th e  in itia l and  f in a l  physical 
s ta te s  d e te rm in ed  b y  th e  s trong  in te ra c tio n :

M =  < e ~ , v  I t f weak \ тс> =  A a u ey a ( l  +  y 5) vv , (3)

w here ue an d  vv a re  th e  lep to n  sp in o r am p litu d es, A a is the  m a tr ix  e lem en t of 
th e  a x ia l v ec to r  c u rre n t betw een  th e  s ta te s  | j r >  a n d  | 0 > .  A a is p ro p o rtio n a l 
to  th e  fo u r-m o m en ta  P a of th e  p io n  [9]. F u rth e rm o re  in  th e  re s t  sy stem  of 
th e  p ion

M  =  A t  й е y 4 (1 -f- y 5) vv . (4)

T he su m m a tio n  over th e  sp in  s ta te s  c a n  be carried  o u t by m eans o f  th e  energy 
p ro je c tio n  o p e ra to r  as u sual, w h ich  gives:

V  IM  I2 =  I A x I2 — -—  (Spp  y4 q 7 i  +  SPP  Yi Yb 4  Yi) » (5 )
e,'v 2 P i 4 i

w here p a and  qß d en o te  th e  m o m en ta  o f  the e lec tro n  an d  a n tin e u tr in o , resp ec t
ive ly , p  =  p a y a, q — qß y ß.

U sing  th e  Avell-known rules

Y a Y ß + Y ß Y a = M aß,
SP Ya =  0 (« =  1 ,2 , 3 ,4 ) ,
Sp Y& =  0 , (6)

Sp {YaYß) = 4(5aj3»
Sp (у  m a trices  o f  an  odd n u m b e r)  =  0 ,
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th e  trace s  can he easily  ca lcu la ted , an d  th u s

2 1M  !2 ==
e, V

Л ! 2 2
p q c 2

E eE-v , '
( ? )

H ere  p  an d  q are th e  ab so lu te  v a lu es  of th e  co rrespond ing  m o m e n ta , E e th e  
e lec tro n  energy an d  Eÿ th e  a n tin e u tr in o  energy. In  th e  re s t sy stem  o f th e  pion 
p  — q. Since th e  m ass o f th e  e lec tro n -n eu trin o  is zero , E~ — cq, th u s

U sing

one ob ta in s

2 1 M  I2 =  I A t  I2 2 
e,r

m n c2 =  E e +  E~

^  IM  I2 =  I |24 -
e, V

pc

m l  +  m 2

L et us d e te rm in e  now  th e  d e n s ity  fu nc tion  o(E).

4 n V p 2 1e(E) =
Л3

d E

dp

d E  I

d p  ) e = e ,+ e -v

can be w ritte n  as
E = E e+ E f

( d E d E e t d E v dq

dp E = E e+Ea d p  dq dp e J

( 8)

(9)
( 10)

(И)

( 12)

U sing (9), (12), (11) gives
o(E)  ~  CK 2 -  m °ë) (m l  +  m 2e) ( ] 3 ,

8 m l

T he tra n s it io n  p ro b a b ility  is th e  p ro d u c t o f eq u . (10) and  (1 2 ):

c m  ̂
iv( n - * - e v ) ^  —  \ A i \2— — (mf — m 2)2 . (14)

2 m l

T he tra n s itio n  p ro b a b ility  fo r th e  process n ~  —> p~  -)- v' w ith  m v, =f= 0 
can  be ca lcu la ted  analogously . T h e  re su lt is:

w(n fiv') ~  —  IA 4 I2 —  [(ml  — m2)2 +  m2 (m I  -  2m \  — 2m 2)] X (15) 
2 m l

X [m2 ( m l  — m 2) +  m2 (2m2 +  m2 — m2,)] .

H ere  I I is, o f course, th e  sam e as in  (14).
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T h e b ra n c h in g  ra tio  is g iven  b y  th e  q u o tie n t of th e  tw o  tra n s itio n  
p ro b ab ilitie s , th e re fo re

R Í ^ eV =
7 t —> [XV'

= _______  _________ mf {ml  — mf)2____________________________
[(m 2—m2)2- f  m 2 (m2 — 2m2—2m 2)]1/2[m2(m 2 _ m 2)+ m 2(2m 2_[_m 2 _ m2)]‘ >

In  o rd e r to  get an  easily  co m p arab le  fo rm ula le t us w rite  a p p ro p ria te ly

^  ( n —» ev _
R \ ----------- 7 = R 0 r ,  (17)

\ 7 1 - >  JUV

w here  R {} is th e  ra t io  for m v, — 0:

j?o = :4 i i4 z l4 ) 2’ (i8)m n — m l  )

a n d  r expresses th e  co rrec tion  fro m  mv, ф  0:

- l  =  [ l  +  m 2 ,m2- - 27re- - 2m ^  l  +  m 2 ^ + - m- - OTH  (19)
r K - m 2 ) 2  m l  ( m l - m l )

T h e n u m erica l v a lu es  of r for d iffe ren t m v, are  ta b u la te d  below .

m jm , =  0 S 10 20 30 40
I -

r  =  j 1 0,99996 1,00001 1,00259 1,01621 1,05981

As one can  observe , for mr,/me =  5,10; r  ~  1, R  ~  R 0. F o r  т „ / т е =  20, 
R  =  1,32 • 10“ 4 w h ich  is a lread y  o u tside  th e  e x p e rim e n ta l ran g e  o f  accuracy , 
th u s  th is  v a lue  is defin ite ly  ex c lu d ed  b y  th e  ex p erim en ts . T h is is va lid  a 
fo rtio ri for h ig h er va lu es  of m v,. D u d z i a k  e t al. [10] m easu ring  th e  m ax im al 
en e rg y  of th e  e lec tro n s em erging fro m  a m uon  d e cay  and  using  th e  form ula

_  m l  ф  m l - m l
111 С т а х  л  C 9

h a v e  concluded , t h a t  m v, r~~> 8 m e. B a h c a l l  an d  C u r t i s  [11] conc luded  from  
th e  life tim e  of th e  m uon  th a t  th e  v alue  m,,. ~  5 m e is th e  m o s t p robab le .

T h e  above re su lts  do n o t p e rm it us to  d e te rm in e  th e  possib le  value of 
m v, u n am b ig u o u sly , b u t  th e  com p ariso n  w ith  th e  ex p erim en ta l re su lts  allows
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th e  ran g e  m„, ~  (5 —  10) m e in  acco rdance  w ith  [10] an d  [11] a n d  also w ith  
a n o th e r re su lt of ours [12] dealing  w ith  th e  en e rg y  sp ec tru m  of th e  electrons 
in  m uon  decay .

H ere  th e  h ig h er-o rd e r ra d ia tio n  co rrec tions h av e  n o t been  ta k e n  in to  
acco u n t. I t  is conceivab le  th a t  th e se  co rrec tions re s tr ic t  th e  v a lu e  of m„, 
m ore accu ra te ly . In v e s tig a tio n s  of th is  ty p e  are in  progress an d  w ill be p u b 
lished in  a su b seq u en t p ap er.
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ЗАМЕЧАНИЯ О РАСПАДЕ ПИОНОВ
К .  Н А Д Ь

Р е з ю м е

Определяется отношение переходных вероятностей распадов л ~—> е~ +  v  ,л ~ ^ > /г ~  +  v '  
с предположением, что v  ф  v '  и  масса мюон-нейтрино m v, отлична от нуля. Численное 
значение отношения распада определялось для значения масс то„,/те =  5, 10, 20, 30 и 40. 
по сравнению с экспериментальными данными вероятно, что т„, ~  (5—10) т е.
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(Presented by Z. G yulai — Received: 20. IX . 1963)

The energy spectrum  of the electrons originated in the m uon decay is calculated by  
assum ing a m uon-neutrino o f non-vanishing rest mass. The change of the spectrum  caused by  
this assum ption is also discussed.

In  recen t years m an y  p ap ers  h av e  d ea lt w ith  th e  p rob lem  of th e  m uon- 
n e u tr in o . I t  was f irs t  concluded  from  th e o re tic a l consid era tio n s t h a t  th e  
n e u tr in o s  o rig inating  from  th e  decay  n  ->  /t -}- v' an d  th e  /(-decay a re  d iffe ren t. 
L a s t y e a r  th e  a ssu m p tio n  of th e  ex istence  o f th e  tw o k in d s of n e u tr in o s  has 
been  ex p erim en ta lly  ju s tif ie d  b y  D a n b y  e t al. [1]. In  th e  la te s t  th e o re tic a l 
a rtic les several au th o rs  a tte m p t to  c o n s tru c t th e  th e o ry  o f w eak  in te ra c tio n s  
in c lu d in g  these d iffe ren t n eu trin o s  [2]. T here is hope th a t  on th e  basis o f th e  
new  th e o ry  one can  exp la in  the  sm alle r coupling  c o n s ta n t o f th e  s tran g en ess  
non -conserv ing  w eak  in te ra c tio n s  a n d  th e  e —  p  m ass d ifference.

T h e  question  arises as to  th e  fu n d a m e n ta l p ro p e r ty  in  w hich  th e  tw o 
n e u tr in o s  differ. In  re c e n t papers th e  possib ility  w as discussed th a t  th e  m uon  
d o u b le t (thus also th e  m u o n -n eu trin o ) p a r tic ip a te s  in  an  in te ra c tio n  h ith e r to  
u n k n o w n  and  co n seq u en tly  th e  r e s t  m ass m v, o f th e  m u o n -n eu trin o  is f in ite
[3]. P e rh ap s  th is  w ill lead  to  th e  u n d e rs ta n d in g  of th e  e —  p  m ass d ifference, 
too . A ccording to  th e  in v es tig a tio n s  [4], th e  p re se n t e x p e rim e n ta ld a ta  are 
c o n s is ten t w ith  th e  a ssu m p tio n  o f  m v. 0 an d  give m v, ~  (5 —  1 0 ) т е.

In  th e  follow ing we shall dea l w ith  th e  m u o n  decay  and  ex am in e  th e  
consequence of th e  assu m p tio n  m v. =j= 0 for th e  energy  sp ec tru m  o f th e  elec
tro n s  o rig in a tin g  from  th e  decay . I t  w ill be show n th a t  th e  p a r ts  o f h igh  energy  
of th e  sp ec tru m  d ep en d  v e ry  sen s itiv e ly  on th e  m u o n -n eu trin o  m ass.

T h u s we shall d e te rm in e  th e  tra n s itio n  p ro b a b ility  o f th e  process 
[jl~  —*■ -|- ~v  T" v ' as th e  fu n c tio n  o f  th e  energy  o f th e  ou tgo ing  e lec tro n . The
in te ra c tio n  is described  b y  th e  H am ilto n ia n

w here g  is th e  coup ling  c o n s ta n t, у,- (i =  e, /t, v, v') a re  th e  fie ld  o p era to rs

* ^  d V  4- herm . c o n j . , (1)
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o f th e  lep to n s p a r tic ip a tin g  in  th e  process, ÿ) =  y)+y t, y a (a — 1, 2, 3, 4) are 
th e  w ell-know n D irac  m atrices  an d  y 5 =  у ^ У зУ г  In  th e  re p re se n ta tio n  used 
h e re  all th e  y a a re  H e rm itian , y a =  y a. As u su a l, we ex p an d  th e  lep to n  fields

Vi =  -Г7= У, («k; u,(k) elk‘r +  b£. v,(k) e ik‘r) . (2)
V V ki

H ere  V  deno tes th e  n o rm a liza tio n  vo lum e, a (b) an n ih ila te s  a p a rtic le  (a n ti
p a rtic le )  an d  a + , b+ are th e  co rresp o n d in g  c re a tio n  o p era to rs.

In  th e  low est o rder of th e  p e r tu rb a tio n  th e o ry  th e  tra n s itio n  p ro b ab ility  
is g iven  b y

«  =  4 - | Я л | 2q( E ) .  (3)

Hfi  is th e  m a tr ix  e lem en t o f th e  tr a n s it io n  i -*■ f  an d  th e  dash  m eans 
a n  average  over in it ia l  and  a su m m atio n  over f in a l sp in  s ta te s . o(E)  deno tes 
th e  d e n s ity  of th e  f in a l s ta te s  w hich  can be easily  d e te rm in ed  b y  phase  space 
co n sid e ra tio n s. F ir s t  of all, le t us com pu te  th e  tra n s it io n  m a tr ix  e lem en t H ^.  
F ro m  (1) an d  (2) we have

H fi =  <  e , v, v' I H  I >  =

J L
V 2

I +  y5
ue У a ------ —  К

1 +  y 5
«V Ya—  - -  U,. pJ(kiL k,, k„ -kv)r (l  y  __

_8_

V
1 +  y&

Ue У a -------—  »,
1 +  y5

«V' Уа ----- — U.

H ere  we h av e  used  th a t  if
Ц , =  +  I v  (5)

th e n  th e  in te g ra l is equal to  V,  o therw ise i t  is zero. (5) expresses ju s t  th e  
m o m en tu m  co n se rv a tio n . N ow , we in tro d u ce  th e  follow ing a b b rev ia tio n s

=  p ; Щ  — q' ; ^K' =  q ; =  Pfi (6)

a n d  choose th e  r e s t  sy stem  o f th e  m uon  as th e  fram e of reference. T hen  p,, =  0. In  th is  f ra m e  of reference  in s tead  o f (5) one can  w rite

P +  q +  q ' =  0 . (7)

L e t us c a lc u la te  \Нц\2 av e rag e  over in it ia l  an d  sum  over f in a l sp in  
s ta te s ,  we o b ta in

H „  |2 =  - 5 -  k +82 L+  ! + У 5
/ ' V 2 У а У 4 Ue

— 1 +  У 5
ue Ур— ~—  », X

X 4- 1 +  Уя — 1 +  y*
Ul‘ У а У 4 *V 

A Uyf Уу 2 4 *

( 8 )
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H 2n !> !
=  1,2
> ' I2

128 V 2E - E E v,
Sp [(m , c2 -  i cp) y ß( 1 +  y &) q y4 ya y4] X (9)

X Sp [(mv. c2 — I eg) y ß( l  +  Уъ) УаУ4 ]

E ,  E~ an d  are  th e  energies of th e  e lectron , a n tin e u tr in o  a n d  m u o n -n eu trin o , 
resp ec tiv e ly . T he traces  can  be easily  e v a lu a te d  b y  using  th e  ru les

7 a 7 ß +  7 ß 7 a =  2öa ß ,

Sp {ya) =  0 Sp (y5) =  0 ,

Sp ( Г а  У/з) =  4 Ő a/3 S p (l)  =  4 ,

Sp (m atrices  o f an  odd  n u m b er)  =  0 ,

Sp (y5 • y a m a trices  of n u m b e r <  4) =  0 .

F in a lly , i t  follows th a t

Hji  l3 =
g~ C~P 
2 V 2 E  \ p c 2 E v,

cos (e, v')

( 10 )

( И )

w here  p  =  |p|, q == [qj an d  (e, v') denotes th e  angle  b e tw een  th e  m o m en ta  
o f th e  m u o n -n eu trin o  an d  th e  e lec tron  (F ig . 1). I t  seems to  be  exped ien t to  
exp ress (11) b y  cos(e, v). U sing (7), in  an e le m e n ta ry  w ay one gets  th e  re la tio n

w here & =  (e, v). S u b s titu tin g  (12) in to  (11) w e can  w rite

I f  12 _I t  f I 1 --- g “
2 V°-E

E  +
p c 2( p  -f- q1 cos Û)

E„.

( 12 ) .

(13)

In  th e  follow ing th e  d e n s ity  q( E 0) of th e  f in a l s ta te s  w ill be d e te rm in ed . 
H ere  E 0 m eans th e  to ta l  energy  of th e  le p to n s  o rig in a tin g  fro m  th e  decay
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w hich , because  of th e  energy  co n se rv a tio n , is equal to  th e  re s t en erg y  o f  the  
m uon

E ti =  " V  C 2  =  E  +  E v  +  E v ' ■ (14)

T he n u m b e r o f th e  s ta te s  in  u n it en e rg y  in te rv a l can  be easily  c o m p u te d  by  
m eans o f  th e  phase space : th e  co rresp o n d in g  phase vo lum e is d iv id ed  b y  the  
vo lum e o f th e  phase cell rep re sen tin g  th e  s ta te s . In  th is  m an n er we h a v e

/ J r 4  S n 2 V 2
Q(E o) =  — — P 2 dP4 - 

h6
dq'

d E n
sin  & dd . (15)

B y  using  th e  en erg y  eq u a tio n  q ’ can  be exp ressed  as a fu n c tio n  o f  E 0, 
E  an d  p  and  th e  d e riv a tio n  can be easily  accom plished . F rom

it follow s th a t
E 0 —  E  — E-  =  E v, = c  j/(p +  q ')2 +  m 2 c2

4 =
(E 0 — E ) 2 — c2 p 2 — m 2 c 1 

2c(E0 — E  +  cp cos &)
(16)

L e t us d iffe ren tia te  (16) w ith  re sp ec t to  E„ (p  is c o n s ta n t) , we get

I dq’ \ (Eg — E)2 4- c2 p 2 +  m 2, c4 +  2cp (E0 — E) cos & 
I dE0 Ip 2c (E0 — E  +  cp cos d)2

A t th is  s tag e  of th e  ca lcu la tio n  i t  is ex p ed ien t to  in tro d u ce  the follow ing 
a b b re v ia tio n s

2 ca =  (Eg — E)2 -f- c2p2 +  m ,̂c4, (18,a)

2 cb =  (Eg —  E )2 —  c2p 2 — m .̂c4 , (18,b)

A =  cp[E(E0 —  E) +  c2p2 +  be] , (18,c)

В =  E(Eg —  E )2 — Ebc (Eg — E)p2c2, (18,d)

C =  (Eg — E)cp,  (18,e)

D  — (E0 —  E)2 —  b e , (18,f)

X =  cos &.  (18 ,g)

N ow  we su b s titu te  (16), (17) an d  th e  ab b rev ia tio n s  (18,a)— (18,g) in to  (15). 
H ence

QiE o) =
№ V 2 , , , ,  [ a + ( E g - E ) p x ]  

h6 p  p  ( E 0 — E  +  cpx) '
d ( - x ) . (19)
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F u rth e rm o re , from  (18,a)— (18,g) i t  is c lear th a t

a +  p x ( E 0 - E )  =  1 (Cx  +  D ) ,
c

«
th e re fo re  (19) can be re w ritte n  in  th e  form

/E, 4 8л* F* 2L2 (Cx +  D )  j /  ч
?(Ê o) =  - П — p  b --------Ü  d( ~ x) ■h6 c (E 0 — £  +  cpx) '

B y using th e  a b b rev ia tio n s  (18,a)— (18,g), w e rew rite  a lso  (13)

Hf i !2 =
A x  4- В

2V 2 E  C x  +  D

( 20 )

( 2 1 )

T he tra n s itio n  p ro b a b ility  is g iven b y  (3), su b s titu tin g  (20) an d  (21) in to  
(3), i t  is found  th a t

16n ' g 2 b2p 2d p  í К dx

h? cE  I 2 ) ( cpx +  E 0 — E  )3
?o be j

dx
(cpx +  E 0 — ЕУ

rhere
К  =  E l  — т\с* — m 2 c4 .

A fte r h av in g  ca lcu la ted  th e  in teg ra ls , (22) h as  th e  form

, ( 2 2 )

(23)

(.E ) d E  =  у E 2 -  m \ c4 F 2\ K ( E 0- E )  -  ^ ° -  [3 (£ 0- E ) 2+  E 2—m2c4]}',
h~ I

F E n

here
E 2 — 2 E 0 E  +  m 2cx — m 2 c 

E l  — 2E„ E  +  m f c4

(24)

(25)

In  case of m„. =f= 0 e q u a tio n  (24) describes th e  en e rg y  spec tru m  o f th e  elec trons 
o rig in a tin g  from  th e  m uon decay .

In  th e  follow ing we shall exam ine th e  d o m a in  E  mec2. F o r  th is p u rpose  
we in tro d u ce  tw o  ab b rev ia tio n s :

E n
( 2 6 )

T he q u an titie s  K , F  defined  b y  (23) an d  (25) ca n  be expressed  by  e and  p.
In  case of E  m ec2 we h av e

K  =  E l ( l  -  p-) ,

F  =  1 —
p-

1 — 2e

(27)

( 2 8 )
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S u b s titu tin g  (26), (27) a n d  (28) in to  (24), an d  n eg lec tin g  th e  re s t e n e rg y  of th e  
e lec tro n  (m ec2 is sm all co m p ared  w ith  E) ,  we are led  to  th e  fo llow ing energy  
sp e c tru m  o f th e  e lec tro n :

4тг4
w (e) ds =  E 5U 1(e) de ,

ft7 c6
an d

J(e) =  e | l - - Г
2s

2

(1 —  A**) ( !  —  e )  — f l  ^
1 — 2e l 3 j j

(29) 

• (30)

Fig.  2

A t p re se n t we are  in te re s te d  m ain ly  in  th e  in fluence  o f th e  p a ra m e te r  ц  on 
th e  en erg y  sp ec tru m . I n  o rd e r to  m ak e  easier th e  su rv e y , we e x p a n d  1(e) in  
pow ers o f fß.  A v e ry  sim ple ca lcu la tio n  y ields th e  r e s u lt

1(e) — e2
( I  — 2 e)2 (1 — 2s)3

(31)

E q u a tio n  (31) shows v e ry  c learly  th e  dependence  o f th e  energy sp e c tru m  on 
th e  p a ra m e te r  (i. T he fu n c tio n s  1(e) be long ing  to  th e  values fi =  0 ; 0,05; 
0 ,075; 0,10 a n d  0,15 are  rep re se n te d  in  F ig . 2.

T h e  curves ц  =f= 0 fa ll off a t  th e  edge o f th e  sp e c tru m  and c u t th e  energy

ax is  befo re  th e  v alue  e is reach ed . I n  th e  gen era l case tre a te d  h e re  th e

m a x im u m  en erg y  of th e  e lec tro n  is as follows

E max
(m 2 +  m 2 — m 2.) c2 

2 "V
(32)
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F ro m  (32) i t  is obv ious th a t  if  th e  p a ra m e te r  /x increases, th e  energy  E max 
decreases, in  o th e r w ords, th e  cu rv es  belong ing  to  larger v a lu es  fx are  c u t o ff 
before  tho se  of sm alle r fx. The sh ap es of th e  cu rv es  are in  q u a lita tiv e  ag ree 
m en t w ith  those o f th e  em piric cu rv es  [5]; in d e e d , the  energy  sp ec tru m  falls 
off a t  h igh  energies in  c o n tra s t to  th e  th e o re tic a l curve co rresp o n d in g  to  th e  
case fx =  0. A t a n y  ra te , th is  show s th a t  th e  hypo thesis  m v, =f= 0 does n o t  
c o n tra d ic t to  th e  ex p erim en ts . A  ro u g h  co m p ariso n  w ith  th e  ex p e rim en ta l 
d a ta  leads to  th e  conclusion  th a t  th e  curves be lo n g in g  to  th e  sm alle r va lues 
Ц in d ica ted  above a re  n ea re r to  re a li ty . The m u o n -n eu trin o  m asses co rresp o n d 
ing to  th e  five va lu es  of fx m en tio n ed  above a re

- ^  =  0 ;  1 0 ,3 ; 1 5 ,4 ; 2 0 ,6 ;  30 ,9 .
m e

In  th e  ca lcu la tio n  of th e  tr a n s it io n  p ro b a b ili ty  rad ia tio n  co rrec tio n s h av e  
n o t been  tak en  in to  acco u n t. N a tu ra lly , the  th e o re tic a l e s tim a tio n  of th em  is 
needed  an d  one m a y  hope to  o b ta in  th e  co rrec t m ass m„, o n ly  i f  th e ir  co n 
tr ib u tio n s  are know n. These p rob lem s will be t r e a te d  in  a su b se q u e n t p ap e r.

W e m ention  m ere ly  th a t  th e  b ran ch in g  r a t io  ( л  -> e -j- v)/(n  —> -f- v')
[4] leads to  th e  conclusion  mp, <  10 m è-
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М Ю ОН-РАСПАД С Д В У М Я  Р А ЗЛ И Ч Н Ы М И  Н ЕЙТРИ НО

К. НАДЬ

Р е з ю м е

Предполагая массу покоя мюон-нейтрино отличной от нуля, рассматривается, 
что данное предположение к каким изменениям приводит в энергетическом спектре электро
нов, появляющихся в мюон-распаде.
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INTERSTELLAR NEUTRINO DENSITY AND COSMOGONY
B y

L. F o d o r ,* Zs . K ö v e s y ** and G. Ma r x

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by Z. Gyulai. — Received 20. IX . 1963)

The cosm ic neutrino density  hitherto produced by the stars is estim ated. E xperim ental 
determ ination of this qu antity  would be of great im portance and any discrepancy between  
estim ated and experim ental value would be of great consequence for cosm ogony. A brief 
review  o f the indirect (gravitational) and direct (atom physical) possibilities o f observation  
is given.

§ 1

R ecen tly  it has becom e ev id en t th a t  the  n e u tr in o s  p lay  an  im p o rta n t 
role in  ce rta in  periods of th e  evo lu tio n  of th e  s ta rs , a n d  th a t  th e y  h a v e  to  be 
considered  as one of th e  m ost com m on c o n s titu e n ts  of the  m a t te r  of the  
U niverse .

In  th e  s ta rs  h ea v y  e lem ents a re  being b u il t  up  from  h y d ro g en , th is  
process being  accom pan ied  b y  th e  re a c tio n

p + —> n e+ +  V . (1)

One can  e s tim a te  easily , how  m an y  n e u tr in o s  h av e  been  p roduced  b y  th e  sta rs  
up to  now . A ccording to  d a ta  o b ta in ed  b y  as tro n o m ica l o b se rv a tio n s  abo u t 
2/3 of th e  know n m a tte r  of th e  U n iverse  is h y d ro g en , th e  re s t is re p re se n te d  by  
th e  h e a v y  elem ents. T h is m eans, th a t  i f  fo rm erly  th e  baryon ic  ch a rg e  of the  
U n iverse  was carried  exclusively  b y  p ro to n s, u p  to  now  10— 2 0 %  of th em  
h av e  tra n sm u te d  in to  n eu tro n s . A ccord ing  to  (I) th e  b ir th  of every  n  is accom 
pan ied  b y  th e  b ir th  of a v. T he energy  o f the ß  n e u tr in o s  is g re a te r  th a n  or 
eq u a l to  1 MeV. C onsequen tly , th e  m ass c o n c e n tra tio n  of th e  n e u tr in o s  of 
th e rm o n u c le a r  origin (as com pared  to  th e  atom ic  m ass d en sity  q* ) is ab o u t 
0.1%o to d a y . Since, accord ing  to  th e  a s tro n o m ica l e s tim a tio n , q* ^  2 • 1 0 " 29 
g e m " 3, th e  m ass d e n s ity  of ß  n eu trin o s  tu rn s  o u t to  be Qß 10 “ 32 g cm""3, 
an d  th e  in te n s ity  Iß(v) of th e  overall n e u tr in o  ra d ia t io n  Ig(v) r̂ > 106 v c m " ^ " 1 
[!]•

* Perm anent address: Observatory of the H ungarian A cadem y of Sciences, Budapest- 
Szabadsághegy.

** Perm anent address: Central Research Institu te o f P hysics, B udapest.
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T he a c tu a l d e n s ity  is p ro b a b ly  o v e re s tim a te d  b y  h av in g  ta k e n  th e  m ean  
en erg y  o f th e  n e u tr in o s  to  be 1 MeV, because th e  energy  o f th e  n e u tr in o s , th e  
orig in  o f w hich  i s  fa r  from  here , m a y  be co n sid e rab ly  decreased b y  th e  D o p p l e r  

sh ift. B u t it  is n o t p ro b ab le  t h a t  th is  w ould  cau se  a change in  th e  o rder of 
m a g n itu d e .

N a tu ra lly , th e  ß + -decays acco m p an y in g  th e  th e rm o n u c le a r  reac tio n s 
are  n o t th e  u n iq u e ly  possib le  sources of th e  n e u tr in o s . In  th e  case  o f a d irec t 
(ev)(ev) in te ra c tio n  a considerab le  p a r t  o f th e  th e rm a l ra d ia tio n  in s id e  a celestia l 
b o d y  o f a te m p e ra tu re  above 108 °K  is ca rried  b y  v-v p a irs , in d e p e n d e n tly  
o f th e  chem ical com p o sitio n  [2, 3, 4 , 5]. L e t us e s tim a te  th e  n e u tr in o  con
tr ib u tio n  to  th is  th e rm a l r a d ia tio n  an d  th e  d e n s ity  of v o f th e rm a l origin. 
T he c a lcu la tio n  can  be  ca rried  o u t on th e  basis o f  a special s ta r  m odel. L e t us 
choose th e  m odel p ro p o sed  b y  C. H a y a s h i  a n d  R . C. C a m e r o n  a n d  w orked  
o u t b y  th e m  in  d e ta il fo r a g ia n t s ta r  of m ass 15.6 Mq  =  3.1 • 1034 g [6]. O n

Table

P e r io d
M ill io n
years

Щу) Eß(v) •EthO*) ZE
in 1050 ergs units

Contraction l _ _ _ _ _
H -  He 156 410 28 — — 440
He C 12 69 3 — IO -3 72
C Ne 0.05 60 10 — 10 80
Ne -  Fe IO -3 0.3 — — 24 24
Explosion io- 6 0.1 0.1 IO“ 3 — 0.2

h a n d  of th is  m odel, th e y  describe th e  d ev e lo p m en t in  th e  course o f tim e  of th e  
s te lla r  m a te ria l, fro m  th e  in itia l s ta te , con ta in in g  9 0 %  hy d ro g en , to  th e  su p e r
n o v a  explosion . T he n e u tr in o  lu m in o s ity  of th e  s ta r  is d e te rm in ed  fo r  ß  n e u tr i
nos b y  th e  th e rm o n u c le a r  reac tio n s  occurring  in  th e  sta rs  an d  fo r  th e  th e rm a l 
v-v p a ir  ra d ia tio n  b y  th e  d is tr ib u tio n  of th e  d e n s ity  and  te m p e ra tu re  in  th e  
c e n te r  o f th e  s ta r . I n  th e  su p e rn o v a  s ta te  also su ch  e lem ents a re  p ro d u ced  
(an d  e jec ted ) w hich  show  /?_ -d ecay , so th e y  a re  v-active (e.g. th e  n a tu ra l  
ra d io a c tiv e  e lem ents on th e  E a r th  a re  of th is  k in d ).

T he energies r a d ia te d  d u rin g  c e r ta in  p e riods o f th e  ev o lu tio n  of a g ian t 
s ta r ,  c a lcu la ted  acco rd in g  to  th e  H a y a s h i — C a m e r o n  m odel are  sum m arized  
in  th e  T ab le . I t  can  be  seen, t h a t  be tw een  th e  fo rm a tio n  of th e  s ta r  and  th e  
su p e rn o v a  exp losion  a lto g e th e r a b o u t 2%0 of th e  re s t  energy  o f  th e  s te lla r 
m a t te r  h as  been  lib e ra te d  as ra d ia tio n . T he ra d ia te d  energy is d is tr ib u te d  in  
th e  follow ing w ay : in  th e  fo rm  o f th e rm a l o p tic a l ra d ia tio n  540 • 1050 erg  
(8 8 % ), in  th e  form  o f ß  n e u tr in o s  42 • 1050 erg (7 % ), in  th e  fo rm  o f ß  a n t i 
n e u tr in o s  0.01 • 1050 erg  (<Si 1% ) a n d  in  th e  fo rm  o f th e rm a l n e u tr in o  p a irs
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34 • 1050 erg  (5% ). O ur re su lts  m ean  th a t  i f  all th e  s ta rs  obeyed th e  H a y a s h i—  
Ca m e r o n  m odel e x a c tly  an d  i f  all th e  s ta rs  re a c h e d  th e  fin a l s ta g e  of th e ir  
ev o lu tio n , th e  m ass d e n s ity  q( v) of th e  n e u tr in o  ra d ia tio n  b e in g  p re sen t in 
th e  U n iverse  w ould  be 4/3 tim es as g re a t as Qp(v), while th e  a n tin e u tr in o  
d en sity  g(v) w ould be 1/3 @ß(v).

M ost s ta rs  h av e  n o t y e t  reach ed  th e  fin a l s ta g e  of th e ir  e v o lu tio n , and  
th e  m o st com m on s ta rs  a re  dw arfs, th e  ev o lu tio n  o f  w hich is n o t  y e t  u n d er
stood  in  enough d e ta il to  allow  a com prehensive  ca lcu la tion . I t  is p robab le , 
how ever, th a t  in  th e  case of a d w a rf  s ta r  th e  te m p e ra tu re  is lo w er and  th e  
d egeneracy  is s tro n g er th a n  in  th e  case of a g ia n t  s ta r . T herefo re  th e  ra tio  
Eth (v~v)/Eß(v) is sm aller in  th e  case of th e  d w arf s ta r s  th a n  it  w ou ld  be acco rd 
ing to  th e  H a y a siii— Cam er o n  m odel. (The p rocesses of h igh v-v p ro d u c t
iv ity  a re  slowed dow n an d  o th e r processes o f sm all p ro d u c tiv ity  becom e 
d o m in a tin g  [7, 8, 9].) I t  seem s to  be c e r ta in  th a t

q ( v )  <  10~32 g cm “ 3, q ( v ) < ,  —  q ( v )  (2)
3

is a good estim a tio n  of th e  d en sity  of th e  n eu tr in o s  occurring  in  th e  U niverse. 
The av erag e  energy  o f a n eu tr in o  is n o t  g rea te r  th a n  1 MeV, o n ly  a sm all 
frac tio n  of th em  has energies of 2— 3 MeV. (W e sh o u ld  like to  g ive a m ore 
a c cu ra te  e s tim a tio n  in  a n o th e r p a p e r  [101.)

§ 2

O ne m ay  ask  w h e th e r th e re  is a n o th e r  possible source w hich m a y  m ake an  
essen tia l c o n tr ib u tio n  to  th e  p resen t n e u tr in o  d e n s ity ?  I t  is n o t p ro b ab le  th a t  
a n o th e r reac tio n  does ex is t, w hich h as  escaped  n o tic e  and w hich  could  p ro 
duce a th e rm a l v-T p a ir  ra d ia tio n  o f an  in te n s ity  g re a te r  th a n  1 erg  g _1 s_1 
in th e  c ircum stances t h a t  re ign  in  th e  in te rio r  of th e  d w arf s ta rs  (d egenera ted  
gas o f 107— 108 °K te m p e ra tu re ) . O ne can  ra th e r  im ag ine  t h a t  besides th e  
sh o rt-liv ed  p re -su p ern o v ae , th e re  is a consid erab le  am o u n t of m a t te r  in  th e  
U n iverse  w hich is in  th e  ideal gas s ta te  and is o f  a b o u t 109 °K te m p e ra tu re . 
H ere one m ay  th in k  o f ce rta in  ty p e s  o f v a ria b le  s ta rs  in  a c e r ta in  in te rv a l 
of th e  perio d  of th e ir  v a r ia tio n ; or r a th e r  of th e  c e n tra l  p a rts  o f o u r G alaxy 
or o th e r  galaxies. S ince th e  cen ters o f th e  galax ies m ake up a considerab le  
p a r t  o f th e  m a tte r  o f th e  U niverse , th e ir  c o n tr ib u tio n  to  g(i>) m ay  be  im p o rta n t.

A ccord ing  to  som e h y p o th eses , th e  s ta te  o f th e  m a tte r  in  th e  cen tra l 
regions o f th e  galaxies is y e t m ore s in g u la r th a n  t h a t  of su p ern o v ae . In  th e  
cen ters o f th e  galaxies th e  d en sity  m a y  be  h ig h er th a n  th a t  of n u c le a r  m a tte r  
and  th e  F e rm i energy  o f th e  nucleons m a y  be g re a te r  th a n  the  m ass o f  th e  pion 
or th e  m ass d ifference b e tw een  th e  h y p e ro n  and  th e  nucleon . (S ta te  o f  degener
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a te  h y p e ro n  gas [11].) A ccord ing  to  A m b a r t s l m ia n  [12] the  e v o lu tio n  of th e  
ga lac tic  cen te rs  leads to  th e  decay  o f th is s ta te , w h ile  in  H o y l e ’s o p in ion  [13] 
i t  leads to  th e  c a ta s tro p h ic  fo rm a tio n  of such a s ta te .  The o ccu rren ce  of such  
c a ta s tro p h ic  tra n s itio n s  seems to  b e  verified  b y  astro n o m ica l o b se rv a tio n s  
(e jec tion  o f m a t te r  o u t o f th e  c e n tra l reg ions of g a lax ies, the  s tra n g e  p ro p ertie s  
o f th e  ra d io  source 3C273B, e tc .). I f  te m p e ra tu re s  occu r w hich a re  c h a ra c te r iz 
ed  b y  th e  re la tio n  k T  m n • c2 a co n siderab le  p a r t  o f th e  m a tte r  c a n  go over 
in to  m esons, th e  decay  o f w hich p ro d u ces  h igh  en e rg y  n eu trin o s.

A ccord ing  to  som e o th e r th eo rie s  a ll th e  m a t te r  of th e  U n iv e rse  w as in 
such  a h o t s ta te  a b o u t 1010 years ago a n d  th e  decay  o f  th is  s ta te  co u ld  produce  
a h igh  n e u tr in o  in te n s i ty  [14, 2].

To p ro cu re  d ire c t o b se rv a tio n a l ev idence for th e  occurrence o f  such  a h o t 
s ta te  o f th e  cosm ic m a tte r  seems to  be  hopeless a t  f irs t sight. B u t  th e  cosm ic 
n e u tr in o  b a c k g ro u n d  m a y  offer a check  for th e  ex istence of th is  s ta te :  if  
g(r) tu rn s  o u t to  be la rg e r th a n  th e  v a lu e  given b y  [2], th is  fac t co u ld  scarcely  
be ex p la in ed  w ith o u t supposing  th e  ex is ten ce  of “ h o t  m a tte r” . A m o re  s tra ig h t
fo rw ard  p ro o f  o f i ts  ex istence  w o u ld  be th e  o b se rv a tio n  of cosm ic  m uon- 
n eu tr in o s , as th ese  are  p ro d u ced  o n ly  b y  processes, w here th e  en e rg y  invo lved  
is g re a te r  th a n  100 MeV. These n e u tr in o s  m o stly  a rise  from  th e  p io n  decay :

я + -*  P + +  V/n n ~  ->  p -  +  ^

p + - > e + +  V +  v„, e ~  +  * +  V

T he h o t m a t te r  th e re fo re  p roduces ß  n eu trin o s  an d  p  a n tin e u tr in o s  in  n u m b ers  
of eq u a l o rd e r of m ag n itu d e . O ne c a n n o t im agine a n  exception  fro m  th is  ru le . 
I n  m a t te r  o f h igh  a to m ic  n u m b er Z  a n d  in  w hich th e  e lectron  gas is d e g e n e ra t
ed, th e  c a p tu re  processes

-f- Z  —> (Z —  1) +  V

m ay  becom e p re d o m in a n t and  m a y  d im in ish  th e  1> rad ia tio n . T h e  v ra d ia tio n , 
how ever, su rv ives a lw ays besides th e  vß-vu ra d ia tio n . I t  could b e  d im in ished  
on ly  b y  th e  reac tio n s

P~ +  P+ - > ■  2  у

b u t  th is  w ould  need  an  u n im ag in ab ly  large  m uon  d e n s ity  (n >  1024 p ± cm 3). 
(The у  ra d ia tio n  w ould  be c o n v e rted  in to  v-v p a irs  even in  th is  case [8].)

§ 3

I f  th e  d e n s ity  of n eu trin o s is co m p arab le  to  t h a t  of th e  s te l la r  m a tte r , 
th e  g ra v ita tio n a l effect of th e  n e u tr in o s  m ay  p la y  an  im p o r ta n t ro le  in  th e  
fo rm a tio n  of th e  cosm ologie s tru c tu re  o f th e  U n iverse . On th e  o th e r  h a n d ,
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once th is  s tru c tu re  is es tab lish ed , i t  offers a new  p o ss ib ility  for th e  e stim ation  
of th e  v a lu e  of th e  a stro n o m ica lly  u n o b se rv ab le  m ass density  of th e  n eu trin o s. 
A ccep ting  th e  cosm ological m odel o f  general r e la t iv i ty , an d  ta k in g  in to  accoun t 
th e  H u b b l e  c o n s ta n t and  th e  low est lim it of th e  age of s ta r  sy s tem s, we are 
led to  th e  value [2]

(?(r) <  10 28 gem 3 .

In d e p e n d e n t o f th e  u n c e rta in  v a lid ity  of th e  hom ogeneous m odel th e  
n e u tr in o  d en sity  m ay  ap p ea r in  connection  w ith  th e  s ta b ility  o f  c lu ster of 
galax ies. A cluster o f galaxies o f m ass M , by  m ean s of its  g ra v ita tio n a l field , 
m a y  give rise to  an  in h o m o g en e ity  in  th e  o therw ise hom ogeneous n e u tr in o  sea. 
In  a reg ion  of th e  space  w ith  g ra v ita tio n a l p o te n tia l Ф(г) a n e u tr in o  w ith  
m o m en tu m  p  has th e  energy

e cp 1 + Ф(г) — Ф( oo) 
c2

T herefo re  th e  d e n s ity  of co m p le te ly  d eg en era te  n eu trin o  gas (th is as
su m p tio n  is m ade fo r th e  sake o f  sim plic ity ) is m od ified  by  th e  g ra v ita tio n a l 
p o te n tia l to

QÁr) =  QÁ°°)
Ф(г) — Ф (оо)

с*

Since th e  g ra v ita tio n a l p o te n tia l o f th e  c lu ste r w ith  m ass M  a t  a la rg e  d istance  
v aries accord ing  to

» . . , . h MФ*(г) — ф * ( ° ° )  ~ - - - - - - - - < s  c  »
r

(w here к is th e  g ra v ita tio n a l c o n s ta n t)  we o b ta in

e„(°°)
3k M  ^ (o o )

c2 r
(4)

T h erefo re  th e  inh o m o g en eity  c o n tr ib u te s  to  th e  g ra v ita tio n a l p o te n tia l  a t th e  
c e n te r  o f th e  c lu s te r by

D/2

Щ 0 ) ~  — AÍ g*(r ) ~  d V  ~  6rtA " M D q,,(oo) .
J r  c2
0

I f  th e re fo re  th ere  is on ly  one c lu ste r w ith  m ass M  in  th e  space a n d  th e  d iam ete r 
D  o f th e  region occup ied  b y  th e  n eu trin o s  te n d s  to  in fin ity , дФ(0) diverges. 
W e m a y  use, how ever, th e  m ean  d is tan ce  of th e  c lusters o f ga lax ies in stead  
o f D.  O n doing th is  we conclude t h a t  th e  c o n tr ib u tio n  of the  n e u tr in o  inhom o-
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g en e ity  to  th e  p o te n tia l  becom es co m p arab le  to  th e  p o te n tia l o f th e  c luster 
itse lf, if

Qv(°°) ----- ------- ~  10—24 g cm  3 .
4 n k D R

A ccord ing  to  s te lla r  s ta tis t ic a l  observ a tio n s som e clusters a re  stab le  in  
sp ite  o f th e  fa c t th a t  a n  in s ta b ili ty  w ould  follow fro m  th e ir  d y n a m ic a l d a ta  
(d e n s ity  an d  v e lo c ity  values) [15]. S upposing  0) ~  10 <?„.(()), th e  induced  
in h o m o g en e ity  of th e  n e u tr in o  sea ca n  exp la in  th e  s tab iliz a tio n . O ne has to  
s tre ss , how ever, t h a t  th is  req u ires  a n e u tr in o  d e n s ity  w hich is a m illio n  tim es 
as h ig h  as th e  o bserved  d en sity  o f  as tro n o m ica l m a tte r . A cco rd ing  to  th e  
op in ion  o f som e resea rch ers  such a h ig h  d en sity  c a n n o t be excluded  in  princip le . 
T he acce le ra tin g  role o f th e  in h o m o g en e ity  in th e  n e u tr in o  sea a t  a g ra v ita tio n a l 
co llapse w ould  be also w o rth  in v e s tig a tin g .

§ 4

F ro m  w h a t has b een  said  in  th e  foregoing p a rag rap h s , i t  is ev iden t 
t h a t  th e  em p irica l d e te rm in a tio n  o f th e  value an d  th e  ch a ra c te r  o f th e  a s tro 
n o m ica l n e u tr in o  d e n s ity  w ould  be v e ry  im p o rta n t.

P ontecorvo  an d  S m o r o d in sk y  [2] were th e  f ir s t  to  call th e  a tte n tio n  
to  th e  fa c t th a t  th e  b ack g ro u n d  v a lu es  of th e  ex p e rim en ts  of R e in e s  and  
Co w a n , a n d  of D a v is  give an  u p p e r lim it  fo r th e  d e n s ity  of v an d  v in  th e  region 
b e tw een  1 an d  10 MeV. T h ey  s ta te  t h a t  th is  is sm alle r th a n  1 0~ 24g c m  3. 
O ne c a n n o t, how ever, ex p ec t th e  en e rg y  of th e  n eu trin o s  of a s tro n o m ica l 
o rig in  to  be  so h igh . T he m en tio n ed  d a ta  do n o t g ive an y  in fo rm a tio n  as to  
th e  so ft co m p o n en t o f th e  n e u tr in o  ra d ia tio n . (E .g . p rov ided  th e  energy 
sp e c tru m  is a th e rm a l one, th e  m easu rem en ts  re fe rred  to  above w o u ld  allow 
a n e u tr in o  te m p e ra tu re  o f 20 • 10® °K , w hich lead s  to  an  in te g ra l n eu trin o  
d e n s ity  o(v) ~  91 g e m  3.) F o r th e  o b se rv a tio n  o f th e  soft co m p o n en t W e in 
b er g  [17] p roposed  th e  in v e s tig a tio n  o f th e  /l-sp ec tru m  of H 3; th e  occupied
V s ta te s  (because o f th e  P au li p rinc ip le ) slow do w n , w hereas th e  occupied
V s ta te s  (v ia  th e  forced  v H 3 ->■ H e3 -[- e~ decay) p re c ip ita te  th e  /?-decay 
an d  defo rm  its  sp e c tru m :

f ( E )  =  C F Z (E)  E  L ( E 0 -  E ) 2 [ 1 -  N „ ( E 0 -  E)],  if  E  <  E n ,

f ( E )  =  C F Z(E)  E  I  (Eo -  E f  N v (E  -  E) ,  if E  >  E 0 .

(H ere  E  is th e  energy  o f th e  e lec tro n , E 0 its  m a x im a l energy in  m 0c2 un its , 
N v an d  N-  rep re sen t th e  o ccu p a tio n  p ro b a b ility  o f  th e  v and  v s ta te s , and
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F z  is th e  C oulom b fac to r.)  C om parison w ith  th e  observed  /5-spectrum  o f tr i t iu m  
leads to  a n eu tr in o  te m p e ra tu re  of T  <  10® °K and  a d e n s ity  of th e  so ft co m 
p o n en t (in th e  KeY reg ion) o f g(v) +  q( v) <  10 9 g cm  3. Though th is  v a lue  
lies v e ry  fa r  from  th e  as tro n o m ica lly  in te re s tin g  reg ion , th e  m easu rem en t of 
th e  /5-spectrum  offers th e  b e s t possib ility  for th e  d e te c tio n  of th e  in te rs te lla r  
n eu trin o s  a n d  a n tin e u tr in o s  in  th e  reg io n  u n d er 1 MeV (F ig . 1).

M easurem ent o f th e  /З-sp ec tru m  is n o t su itab le  fo r th e  o b se rv a tio n  of 
th e  /j, n eu tr in o s . H ere th e  ex p e rim en ta l possib ilities are  m u ch  m ore re s tr ic te d . 
F ro m  th e  reac tio n

V  +  P + - > «  +  e+

one o b ta in s  for th e  d en sity  of th e  r^-s o f GeV en e rg y  th e  value g(vM) <  
<  10~28 g c m ~ 3 [18]. S uch  h igh  energ ies, how ever, c a n n o t occur w ith  a s tro 
nom ical ab u n d an ce  even  in  “ h o t”  m a t te r .  In  th e  case, w hen e(vß) <  m^c2, 
th e  only p o ssib ility  fo r th e  d irec t d e te c tio n  is g iven b y  th e  decay sp ec tru m  
o f th e  m uon  [16]. T he occu p a tio n  o f th e  vß s ta te s  acce le ra tes  the  ц + decay  
(v ia  th e  re a c tio n  vß -f- p + —> e+ -|- v), w hereas th e  occu p a tio n  o f th e  vß 
s ta te s  slows i t  dow n (because  of th e  P a u li  p rincip le). T h e  energy sp e c tru m  of 
th e  fi decay  (F ig. 2 a n d  en la rged  p a r ts  in  F ig . 3) is rep re sen ted  b y  

1/2

f ( E )  =  192 Г ( - ± -  +  E  +  F ) ( l - E - F ) ( l - N 7ii( F) ) d F, i f  E < ± - ,
1 / 2 -E
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СО

f ( E )  =  192 j ' ( i - _ E  +  F ) ( l - E  +  F ) iV v ( F ) d F ,  if  E  >  ~  . (5)

£+1/2

Fig. 2

H ere  F  is th e  energy  of th e  e m itte d  p o s itro n , F  is th e  en e rg y  o f th e  m uon- 
n e u tr in o  in  m;ic2 u n its . In  p rin c ip le , eq. (5) m akes possible to  de te rm ine  th e  
v/t an d  vß b a c k g ro u n d , b u t  th is  m e th o d  is v e ry  in accu ra te , th e  up p er lim it 
fo r th e  d e n s ity  o f th e  low  en erg y  m u o n -n eu trin o s  o b ta in ed  fro m  th e  p re se n t 
e x p e rim e n ta l d a ta s  being q( vm) g{vß) <  106 g e m -3 . O ne does n o t o b ta in  
a m ore a c c u ra te  value b y  co m p arin g  th e  m easu red  an d  c a lc u la ted  values o f 
th e  life tim e  o f ц  [16] e ith e r.

T ak in g  in to  accoun t t h a t  th e  d e tec tio n  m ethods are  fa r  m ore in accu ra te  
in  th e  case o f th e  [i neu trin o s th a n  in  th e  case o f ß  n eu trin o s , i t  is ev iden t th a t  
re sea rch  sh o u ld  be c o n c e n tra ted  on th e  la t te r .  The “ e v e ry d a y ”  v ra d ia tio n  
o f  th e  s ta rs  c a n  well be e s tim a te d  (§ 1), a n y  observed  d e p a r tu re  from  th is  
e s tim a te d  v a lu e  w ould p o in t to  th e  ex is ten ce  o f “ h o t m a t te r ” . As we h av e  
seen in  § 2 one c a n n o t im ag ine  such  w ith o u t v em ission. As a m a tte r  of fac t, 
in  th e  case o f  v m easu rem en ts  th e  Sun, in  th e  case of r m easu rem en ts  th e  E a r th ,
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causes u n p lea san t b ack g ro u n d  effects [1]. (T he v/t m easu rem en t is n o t d is tu rb e d  
b y  th e  a tm ospheric  b ack g ro u n d .) In  th is  re sp ec t the  h a rd n e ss  (e(v) g> 1 MeV) 
o f th e  V ra d ia tio n  em itted  b y  th e  “ h o t m a t te r ”  could h e lp .

In  o rder to  e s tim a te  o p tim istica lly  th e  p rac tica l p o ssib ilities , le t us co n 
sider e.g. th e  cen te r  of ou r G alaxy . A t o u r E a r th  an  in te n s i ty  I(v) ~  1010 v 
cm " 2 s~ 3 can be said  to be o bservab le  w ith  th e  help  of th e  p re se n t tech n iq u es  
for n eu trin o s of several MeV energy . (F o r n eu trin o s of a n  energy  ab o u t GeV

th e  ab so rp tio n  cross section  is a m illion tim es  as high as fo r n eu tr in o s  of en erg y  
ab o u t MeV.) T h is m eans t h a t  th e  n e u tr in o  ra d ia tio n  o f a h y p e rs ta r  a t  th e  
cen te r of our G alax y  could be observed, i f  its  n eu trin o  lu m in o s ity  w ould  be 
ab o u t 1048 —  1050 e r g s - 1 , w h ich  could be  supp lied  a lre a d y  b y  a specific  
energy  lib e ra tio n  ~  1010 erg  g -3  s -1 . Such  values c e rta in ly  occur in  c e r ta in  
periods of th e  ev o lu tion  of a h y p e rs ta r . (This needs a m ean  te m p e ra tu re  
1 —  2 • 109 °K inside th e  h y p e rs ta r .)

The n eu tr in o  pulse e m itte d  b y  a h y p e rn o v a  explosion could  be d e te c te d  
a t  a d istance  of a 100 m illion  lig h t y ea rs , i f  th e  n eu tr in o  lu m in o sity  o f th e  
h y p ern o v a  reach ed  th e  va lu e  1055 e r g s - 1 . T his is no t u n im ag in ab le  a t  all, 
since we know  th a t  th e  to ta l  en erg y  set free  in  such an  ex p losion  m ay  exceed
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th e  v a lu e  o f 1060 erg [20]. T h e  question  is only , w h e th e r th e  m ean free p a th  
o f  th e  ß  n e u tr in o s  is no t v e ry  sm all co m p ared  w ith  th e  d im ensions of th e  h y p e r 
s ta r . As Ch iu  h as  suggested  recen tly  [21 ], u n d e r special cond itions th e  m ean  
energy loss o f  a dense h y p e rs ta r  can be cau sed  b y  th e  m u o n -n eu trin o  lu m in o 
s ity . In  th is  case th e  p ossib ilities  of o b se rv a tio n  w ould  be  m uch m ore  u n 
fav o u rab le , as we have show n  ju s t  above. I n  sp ite  of all th e se  problem s, i t  can  
n o t be e x c lu d ed , th a t  th e  o b se rv a tio n  of n e u tr in o  ra d ia t io n  w ill give a d ire c t 
p ro o f o f th e  hypo th esis  o f  h y p e rn o v a  explosion  an d  g ra v ita tio n a l co llapse.

A ppendix
Neutrino production in the H ayash i—Cameron model

T he g ia n t s ta r  co nsidered  in  th e  H a y a s h i— Ca m e r o n  m odel rem a in s  in  
th e  m ain  sequence of th e  H e r t z spr u n g — R u ssel  d ia g ra m  during  its  f ir s t  
period  o f e v o lu tio n , for 1,56 • 108 y ears . T h e  te m p e ra tu re  in  its  cen tra l reg io n  
reaches o n ly  5,85 • 107 °K , there fo re  in  th is  period exc lusive ly  th e  H  —> H e 
tra n s m u ta t io n  produces n e u tr in o s . M eanw hile th e  h y d ro g e n  co n ten t o f  th e  
co nvec tive  core o f th e  s ta r  decreases from  th e  in itia l 90 %  to  62% . T his m ean s 
th a t  7,3 • 1033 g hyd rogen  is fusioned in to  helium , i.e. a b o u t N =  2,2 • 1057 
n e u tr in o s  a re  p roduced . A  n e u tr in o  o b ta in s  an  energy o f 0,4  ■ 10 6 erg in  th e  
p  — p  fu s io n  a n d  1,3 • 10 6 erg  in  th e  C— N cycle. Since in  th e  case of a g ia n t 
s ta r  th is  l a t t e r  process p lay s an  overw helm ing  role, from  th e  produced  en erg y  
o f 4,4 • 1052 e rg  an  a m o u n t o f E(v)  =  2,85 • 1051 erg is c a rr ie d  aw ay b y  th e  
n e u tr in o  ra d ia tio n .

W h en  th e  s ta r  has e x h a u s te d  its  c e n tra l H  c o n te n t th e  g ra v ita tio n a l 
c o n tra c tio n  b eg in s . W hen  th e  cen tra l te m p e ra tu re  reach es  1,5 • 108 °K , th e  
reac tio n  3 H e -a- C s ta r ts , w h ich  does n o t p ro d u ce  an y  n e u tr in o s . T herefo re  one 
needs to  ta k e  in to  accoun t o n ly  th e  n e u tr in o  p ro d u c tio n  o f  th e  H  shell w h ich  
su rro u n d s th e  H e shell. D u rin g  3,37 • 105 y ea rs  ab o u t 0,027 M© — 8,4 • 1032 g 
h y d ro g en  h as  been  tra n s fo rm e d  in to  h e liu m  exclusively  in  th e  C— N  cycle 
(since th e  te m p e ra tu re  is h ig h e r  th a n  1,6 • 107 °K in  th e  w hole  zone), th e re fo re  
E(v)  — 3,25 • 1050 erg. I f  th e  te m p e ra tu re  a t  th e  cen tre  is 3,16 • 108 °K  also 
th e  th e rm a l n e u tr in o  ra d ia tio n s  s ta r ts ,  b y  m eans of th e  C om pton n e u tr in o  
p ro d u c tio n :

y  - j - e '  -a  e "  v . (6)

T ak in g  in to  acco u n t th e  te m p e ra tu re  d is tr ib u tio n  g iven b y  d ifferen t m odels, 
a n d  th e  cross section  of th e  process (6) g iven  in  [6], we o b ta in  th e  e s tim a te

6,4 • IO46 erg <  E(v,  ~v) <  3 • 1048 erg.

T his is sca rce ly  5%  of th e  en e rg y  su p p lied  b y  th e  th e rm o n u c le a r  ß n e u tr in o s .

Acta Phys. H ung. Тот. X V I I .  Fuse. 1 - 2 .



INTERSTELLAR NEUTRINO DENSITY AND COSMOGONY 181

In  th e  cen tra l zone th e  e x h au s tio n  of He again  causes g ra v ita tio n a l con
tra c tio n . W ith  th e  in c reas in g  te m p e ra tu re  a g rea t v a r ie ty  of n uc lear reac tio n s 
s ta r ts ,  w hich  m akes th e  e s tim a tio n  of th e  n eu trin o  em ission  ra th e r  co m p lica ted . 
In  th is  period , w hich la s ts  ab o u t 5 • 104 years, th e  lu m in o s ity  of th e  s ta r  — 
supposing  a cen tra l zone co n ta in in g  o n ly  pu re  C12 or N e20 —  can be c h a ra c te r 
ized b y

L opt =  3.5 • 1028 erg s “ 1, or 4.6 • 1038 erg  s _1,

L„ =  1.02 • 1038 erg s 4, or 2.5 • 1039 erg  s _1.

T h u s th e  n eu trin o  em ission  reaches th e  o rder of m a g n itu d e  of th e  op tica l 
ra d ia tio n , an d  is a b o u t eq u a lly  com posed  of th e  processes (1) a n d  (6). The 
e m itte d  n eu tr in o  energy  d u rin g  th e  w hole period is

E s(v) ~  E th{v, v) V 1051 erg,

w hich  is n e a rly  4/3 of th e  o p tica l energy .
B etw een  8 • 108 °K  an d  109 °K  th e re  is no considerab le  lib e ra tio n  of 

nu c lear energy , th e  th e rm a l ra d ia tio n  of th e  s ta r  m u s t  be supp lied  b y  th e  
g ra v ita tio n a l c o n trac tio n . T he ev o lu tio n  is e x tra o rd in a r ily  quick, i t  scarcely  
la s ts  200 y ea rs . D u rin g  th is  tim e  th e  th e rm o n u c lea r /З-decays do n o t  p roduce  
n eu trin o s  a t  a ra te  w hich  could  be co m p ared  to  th a t  p ro d u c e d  during  th e  fo rm er 
periods, Eß(v) я« 0. On th e  o th e r h a n d , because o f (6)

>

E ih(v, v) =  3.5 • 10« erg.

( If  th e re  w ould  be a n u c le a r  energy  source , w hich cou ld  produce  th e  lu m in o sity  
given above of th e  s ta r  fo r a longer tim e , th e  period  o f  th e  evo lu tion  considered  
could  be ta k e n  to  h a v e  la s te d  longer a n d  th e n  l? th(r , v) would h a v e  a la rger 
va lue .

A t ce n tra l te m p e ra tu re  if  109 °K  th e  Ne ->Fe t r a n s i t io n  series is in it ia te d . 
C a lcu la ting  w ith  a n eon  core of m ass M  — 0.114 M q  — 3.42 • 1033 g, th e n  
Ne —> F e reac tio n  ch a in  rep resen ts  th e  lib e ra tio n  o f  2.4 • 1051 e rg  energy . 
T he o p tica l lu m in o sity  o f th e  s ta r  co re  is sm aller b y  an  order o f m a g n itu d e  
th a n  its  n eu tr in o  lu m in o sity , th e re fo re  th e  process (6) an d  th e  reac tio n s

y  +  Z  -> Z  +  e"  -f- e + ,  e~ +  e ->  v +  v

are th e  m a in  form s o f th e  energy  em ission . T hus in  th is  period

E th(v, v) =  2.4 • 1051 erg.
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D u rin g  th e  fo rm atio n  o f th e  Fe-core of m ass  0.11 M © —  0.15 M© w hich 
is th e  f in a l period  o f the  s te lla r  ev o lu tio n  th e  n e u tro n  ra tio  increases  to  m ore 
th a n  5 0 % , th e re fo re  th e  th e rm o n u c le a r  reac tio n s  are acco m p ain ed  again b y  
/1-decays. T he n u m b e r of th e  n e u tr in o s  p ro d u ced  in  these decays c a n  be neg lec t
ed as co m p ared  to  th a t  of th e  o th e r  processes. T h e  core is h e a te d  from  109 °K 
to  5 • 109 °K , th e  ce n tra l d e n s ity  increases from  105 g em  3 to  125 • 105g c m  3 
an d  th e  in te rn a l energy  increases from  6.1 • 1016 erg  g _1 to  30.5 • 1016 erg g “ 1. 
T h is co rresponds to  a to ta l en e rg y  increase o f 1.2 • 105L erg . B ecause of th e  
v ir ia l th eo rem  th is  is ju s t  eq u a l to  th e  e m itte d  energy  o f w h ich  only a few 
p e rc e n t is o p tica l ra d ia tio n . T herefo re

E th(v, v) =  1.2 • 1051 e rg .

A t th is  s tag e  th e  supernova  exp losion  m ay  o ccu r, during  w h ich  also h eav y  
e lem ents (and  th e  neu tro n s) are  p roduced . T hese  em it i>-radiation. B u t if  we 
suppose  t h a t  th e  co n cen tra tio n  o f th e  h eav y  e lem en ts  inside a s ta r ,  th e  m ass 
o f w hich  is sev era l tim es th a t  o f th e  sun, is s im ila r to  th e  te r re s tr ia l  one, th e  
r a te  o f p ro d u c tio n  o f th e  e lem ents heav ie r th a n  F e  is so slow t h a t  Eß(v), due 
to  th e ir  p ro d u c tio n , and  Eß(v), due to  th e ir  su b seq u en t ra d io a c tiv e  decay  
(e.g. n a tu ra l  te r re s tr ia l  ra d io a c tiv ity ) , are v e ry  sm all:

Eß(v) <  1049 erg, Eß(v) <  1018 e rg .

T he values o b ta in e d  here are su m m arized  in  th e  T ab le  a t th e  en d  of § 4.

Note  added in proof: T he  m o st accu ra te  u p p e r  lim it o f  th e  cosmic n e u 
tr in o  f lu x  in  th e  MeV region is g iven  b y  th e  re c e n t m easu rem en t o f  R a y m o n d  
D a v is  (B N L -P re p rin t No. 7660): p(r) <  10 “8 g cm ^3-
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КОСМИЧЕСКАЯ ЧАСТОТА НЕЙТРИНО И КОСМОГОНИЯ
Л. Ф ОДОР, Ж . КОВЕШ И и Г. МАРКС 

Р е з ю м е

Оценивается плотность космических нейтрино как продуктов термоядерных 
реакций звёзд и супернов. Наблюдение большей плотности нейтрино указывало бы на 
сигнулярное (дозвездное) состояние материи. Подробно истолкуются гравитационное 
влияние нейтринного фона и непосредственные возможности наблюдения мягкой ком
поненты нейтринного излучения двух видов.
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D E T E R M I N A T I O N  O F  N U C L E A R  M A T R I X  E L E M E N T S  

F R O M  T H E  M E A S U R E M E N T  O F  s/ß+

By

I . MONTVAY

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by Z. G yulai. — R eceived  20. IX . 1963)

The calculation of transition probabilities of /З-decay  in the case o f forbidden transitions  
— m ostly  o f higher forbidden ones — w ill be simpler, i f  we use m atrix elem ents, containing  
only  the radial part o f  nuclear w ave functions, in stead  of the traditional reduced m atrix  
elem ents. In  this w ay also the ratio e /ß + can be calculated  in all the cases; respectively the  
m easurem ent of the ratio e//S + can be used for the determ ination of nuclear m atrix elem ents.

1. Introduction

T he ra tio  of e lec tro n  c a p tu re  to  p o sitro n  em ission can  co n ta in  v a lu ab le  
in fo rm a tio n  concern ing  th e  n ucle i w hich ta k e  p a r t  in th e  d ecay . I t  is th u s  
im p o r ta n t to  know  th e  p red ic tio n  of th e  th e o ry  for th e  v a lu e  of th e  ra tio  
e!ß+. In  th e  case o f allow ed tra n s itio n s  th is  r a t io  is in d e p e n d e n t o f th e  n u c lea r  
m a tr ix  elem ents an d  th ere fo re  th e  ca lcu la tion  does no t en c o u n te r  d ifficu lties. 
T he s itu a tio n  is co m ple te ly  d iffe ren t in th e  case of fo rb id d en  tra n s itio n s . 
I t  w as p o in ted  o u t fo r exam ple  b y  P. D e p o m m ie r  and  R . B ouchez  [8] t h a t  
th e  ra tio  is in d ep en d en t of m a tr ix  elem ents also  fo r un iq u e-fo rb id d en  t r a n s i t 
ions. A ccording to  th e  p o in t o f v iew  of H . B r y sic  and M. E . R ose  [7] i t  is 
n o t possible to  give an  ex ac t v a lu e  for elß+ in  th e  case of h ig h e r, non -u n iq u e  
fo rb id d en  tra n s itio n s , because o f th e  g rea t n u m b e r  of u n k n o w n  m a tr ix  e le
m en ts . T hese au th o rs  have  fo u n d  th a t  in g enera l th e  ra tio  e /ß+ m u st increase  
fo r fo rb id d en  tra n s itio n s  in  com parison  w ith  th e  allowed v a lu e . H ere too , a n d  
in  o th e r  papers (see for exam ple  [9]) genera lly , th e re  are e x a c t ca lcu la tio n s 
o f th e  ra tio  s /ß+ fo r allow ed a n d  u n iq u e-fo rb id d en  cases, re liab le  e s tim a tio n s 
fo r f irs t non -u n iq u e  fo rb idden  tran s itio n s , a n d  on ly  ap p ro x im a te  s ta te m e n ts  
fo r h igher fo rb id d en  ones. In  th is  case th e  g re a t  num ber o f  reduced  m a tr ix  
e lem en ts gives rise to  th e  d ifficu lties.

In  th e  nucleus th e  nucleons are in  energy , p a r i ty  and a n g u la r  m o m en tu m  
e ig en sta te . C onsequen tly , th e  on ly  unknow ns in  th e  w ave fu n c tio n s  are th e  
ra d ia l p a r ts  of sm all an d  large com ponen ts, re sp ec tiv e ly , since we do n o t k now  
th e  ex ac t shape o f  th e  p o te n tia l va lley , re p re se n tin g  th e  n u c leu s. As only th e  
in teg ra ls  of w ave fu n c tio n s a p p e a r  in  th e  tra n s i t io n  p ro b ab ilitie s , th e  m ean
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life of a n uc leus depends on the  fo llow ing four in te g ra ls :

R x =  R (v k )  =  \  (lr r- M ^ ‘*(r) M ‘klk{r) ,
ó

R 2 =  R(vk ')  =  [  dr r 2 M ü l°*(r) Nf t lk(r) , 
о

(1)
R s =  R(v'  k) =  f dr  r 2 N t f * ( r )  М{к,к(г) , 

b

й 4 =  R (v '  k')  =  J  dr  Г2 N%l°*(r) N f k( r ) . 
о

H ere М*р1к(г) and  N ^ k(r) a re  the  ra d ia l  p a r ts  of th e  w ave fu n c tio n  o f  the 
p ro to n  in  th e  in itia l s ta te . S im ilarly , th e  ra d ia l fu n c tio n s  M„ "(r) a n d  N „ v(r) 
belong to  th e  n e u tro n  in  th e  final s ta te . (W e shall deal in  m ore d e ta il w ith  the  
w ave fu n c tio n s  of p a rtic le s , tak in g  p a r t  in  th e  decay, in  th e  following sec tion .) 
The q u a n tit ie s  R k are  re a l, if  we choose th e  phase fa c to rs  of e igen v ec to rs  in 
th e  u su a l w ay . The u p p er lim it  of th e  in te g ra tio n  R  is th e  rad iu s  of th e  nucleus. 
We n o te  t h a t  th e  tra n s it io n  p ro b a b ility  does n o t depend  on in teg ra ls  like

f  dr r2 M ÿ * ( r )  M i klk( r ) f ( r ) .
0

I f  we ca lcu la te  th e  tra n s itio n  p ro b a b ili ty  of (3-decay —  in  a llow ed  and  
also in  fo rb id d en  cases —  we m ust c o m p u te  th e  coeffic ien ts  of th e  q u a n titie s  
R(vk),  R ( v k ' ) ,  R ( v ’k), R ( v 'k ' ) .  In  th e  fo llow ing  sections w e shall deal f i r s t  w ith  
ß  tra n s itio n s  in  general, la te r  w ith th e  h e lp  of th e  re su lts  o b ta ined  we ca lcu la te  
th e  va lu e  o f  th e  ra tio  s /ß + in  a case o f  a rb itra ry  fo rb iddenness. F in a lly , we 
exam ine th e  possib ility  o f using  the  m easu red  value o f  th e  ra tio  e /ß+ fo r th e  
d e te rm in a tio n  of th e  ra d ia l  m a trix  e lem en ts  R k.

2. Transitions betw een angular m om entum  and parity eigenstates

L e t us deal f irs t w ith  processes, w hen  besides tb e  nucleons also  the  
lep tons a re  in  angu la r m o m en tu m , p a r i ty  (and  n a tu ra lly )  energy e ig en sta te s . 
F o r ex am p le  th e  w ave fu n c tio n  of an  e lec tro n , b ound  in  th e  Coulomb fie ld  and 
hav in g  an  en e rg y  e1 and  p a r i ty  (— 1)!% a n  ab so lu te  v a lu e  o f  angu lar m o m en tu m  
j 2, w ith  th e  z -com ponen t M 2 [1] has th e  form

ig n \ ( r )

- f n ! ( r )
( 2 )

1 W e use units, where fi =  c = me =  1 (me =  electron m ass).
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w here

( lm  —--------— I j M )  Y  ! (r)
V 2 2 l’M —2

(lm —-------— I j M)  Y  x(r)
v 2 2 '.M + ;

( 3 )

and  h en cefo rth  alw ays i  =  2 j —  l as well

r =  -
l + eГГ(2у 2 4 - re' +  1)_ _ _ _ _ _

F(2y2 +  1) f r Y T  l' 4IV (IV -  *2j
2Z

IVa„

X —  n'  F
9 7 r  \

r a + l » 2 y a  +  l ; -  \ + ( N  *2  ) F _ ' 9  1 1  2 Z r
«  A y 2 +  i ;N a J оeг;

3/2 Zr / 9 ,7 , r \ v  
e JVa„ — X

(iV a0 !

,  ( 4 )

/ №  =
У Г ( 2 у 2 +  п '  +  1 ) 1  -  e 2 Z 3I> I 2 Z r

Г ( 2 у 2 +  1 ) ] / п ' \ 1 4 N ( N  — x t ) N a 0 1
ys- i

X

X n'  F
, , „ , 2 Z r l

n  +  1» 2y2 -f- 1,
/ 9 7 r yi

- f  (IV — x2) F  — n' ,  2y2 -f- 1 ; ———-
iVa0 J 1 N a 0 j\

The possible va lues of th e  energy

e

ami

1 + (Z a)2

(n2 — I * 2 I +  K* 2  — ( Z a )2 ) 2

Z2 — 1 if  j 2 — I*. ~T

if j l  =  Z2

n2 =  1, 2, 3, . . . I2 =  0, 1, . . n2 —  1

1 3  1  Л Т  ■ I 1—  —  1 —  ■> • ■ • î n 2 4 4 2 —  j 2 ,  j 2 ~i~ 1, . . . , j 2 .
z  z  z

The w ave fu n c tio n s o f s ta te s  w ith  con tinuous e n e rg y  are:

fjih ir\ — " (r) Mi

(5a)

( 6)
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w here

g t h (r) =
ie”2 1 r (y2 +  iv) I —  -  s' (2pr)Yt X

р лг Г  (2y2 +  1)

X 2 F e  [в-Ь»ч-«(у2 +  iv) F  (y 2 +  1 +  iv, 2 y 2 - f  1; 2 ip r] ,

f i ih ( r ) =
ie”2 ! Д г 2 +  « 0  I ----- f ï  +  I  (2p r)yz X

р лг Д 2 у 2 +  1)

X 2i I m  [e~‘Pr+is(y 2 +  iv) F  (y 2 +  1 +  iv, 2y2 +  1; 2 ip r ) ] . 

W e used  th e  n o ta tio n s

y 2 =  — («Z)2 ; n =  n 9 — 2 I ’

IV =  I nf — 2 n ' ( I ж21 — ]АД — (aZ )2 ) ; lx
Z a

1/е2 -  1

V =  — Z a
| f c - T  ’

e2ii =  * 2 - 4 *
У г +  tv

( 7 )

(7а)

I t  is v e ry  ad v an ta g e o u s  for our ca lcu la tio n s , t h a t  (2) and  (6) are  o f  en tire ly  
th e  sam e fo rm , m o reo v er th e  w ave fu n c tio n s  of th e  n e u tr in o  and th e  nucleons 
can  be  b ro u g h t to  th is  form  too :

Л 1'1" 1 (г ) =  (2л:)“ 3/2 ч

w here

1 S h ( 4 r ) Q h h M l

K 2  [ - g i [ ( q r ) ^ j Li[ M l .

gi (x ) —  (2 ^ )’/= i l J [+i (x) ■ X  2

( 8 )

(9)
an d  E v — q is th e  en e rg y  of th e  n e u tr in o . The w av e  functions of th e  nucleons 
are  th e  fo llow ing:

JpjvlpMv
” n ( r )

M ^ ( r ) Q jvlvMv _

JVÄ- ( r ) û w ^ .
( 10)

F'pkMk (r)
K ,k( r ) ü j mMk-

(r )ÜMÍMk '

H ere  yx, M 1? (— l ) ll; j v, M v, (— l / ' ;  Д , M*, (— l/*  a re  th e  abso lu te  v a lu e  and z- 
co m p o n en t of th e  a n g u la r  m o m en tu m  an d  the  p a r i ty  of th e  n e u tr in o , n eu tro n  
an d  p ro to n , re sp ec tiv e ly .
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T he tra n s itio n  p ro b a b ility  p er u n it tim e  is:

w ba =  2тг Ő (JE) I iVfba|2, 

an d  if  we use (6), (8) and  (10) we get

M h G

( И )

=  -Щ I ( F ^ M°+ (r) y4 ya (1 +  Ay5) i f  (r)) (r) y4 ya X

X (1 +  y s) fe ' 'M’ (r)) d v . (12)

L e t us in tro d u ce  th e  follow ing rea l q u a n titie s :

Г - £ ,*(*) =  G ( l ) ;  r l' - ' g U R )  =  F (  1 ') ;

& ( R )  =  g (  2); f ? ( R ) = f (  2')-
(13)

U sing th e  fac t t h a t  r2 tim es th e  rad ia l p a r t  o f  th e  lep to n  w ave functions 
rem ains inside th e  co m p ara tiv e ly  sm all nucleus u n a lte re d , a n d  fu r th e r  ta k in g  
in to  acco u n t th e  re la tio n

У , У а ( 1 + Aő) = ° a
À -  1 

-  1 À
+  M  O’a (1 ~

1 1 
1 1

(14a)

d ie re
G — (t(74, id2, J ) 5

we get from  (12) an d  (1) th e  fo rm  of M ba. 
In tro d u c in g  th e  sim ple n o ta tio n s2

f i  M
f i (  y) = f i ( x ) f 2 ( y ) f ( x y )

. / (  )
an d

MM AM A MAM b i  (x) 1 a i (X)a2(y) XЬ2 (У) = °2 (У) 1 ̂2 (У) = h (У) 1 «2(y)a ( ) b ( ) « ( )IM ) b ( )l«( )

2 The properties o f these “ qu antities” (the calculation rules) can be easily  seen from the  
definition .
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we ca n  w rite

M ba i) 1 + 1
2(2 л)3 /2

R ( vk) -f- R (y' k')
(G (l) +  iF(  1')) (g(2) -
A < >  +  (1 — A) < > 4

i/(2 '))  +

th u s

j M bo j

— H (vk ') -  R (v 'k )

(G (l)  +  i F ( l ' ) ) ( g ( 2 ) - i / ( 2 ' ) )
— i  О  4" *(1 — О  4

G2?2
4(2тг)3

'F(vk) +  Z?(v' к ') I R(vk) +  R (v '  к')
[G (l)g (2 ) +  F ( l ' ) f ( 2 ' )  I G (l)g (2 ) +  F ( l ' ) / ( 2 ') ]  +
A O  -f- (1 — A ) 0 4 | A < >  +  (1 — A) 0 4

I [F ( l ')g (2 )  -  G (l) /(2 ')  I F ( l ' )  g(2) -  G (l) /(2 ')]  +

R ( y k') +  R ( V  к) I R (v k ' )  +  R ( V k) 
[G( l )g(2)  +  F ( l ' ) / ( 2 ' )  I G (l)g (2 ) +  F ( l ' ) / ( 2 ' ) ]  +  
+  [F ( l ')g (2 )  -  G ( l) / (2 /) I F ( l')g (2 )  -  G (l) /(2 )]
-  < >  +  (1 -  A ) 0 4 | — < >  +  (1 -  A) < > „

J?(vk) -f~ jR(v ' к') I jR(vk') -f- F (v 'k )
2 { [ F ( l ,)g(2) -  C (l) /(2 ')  I G (l) g(2) +  F ( l ' ) / ( 2 ' ) ]  -  
-  [G (l)g (2 ) +  F ( l ' ) / ( 2 ' )  I F ( l ')g (2 )  -  G (l) /(2 ')]}
A o  -t- (1 — A) 4 1 — о  -|-(1  — A) < > 4

H ere we h a v e  in tro d u c e d  for th e  a n g u la r  in teg ra ls  th e  n o ta tio n s :3

< C v k l 2 >  =  j d r( Q +  oa Q k) ( Q f  Ga ü , )  =

=  (2^)'-‘ 2  ( h ) ~ 1Tn ( v k 12/« ' ) U v M vj k-  M k \ j 3-  x) X
a ’j  aX

X М , , Ц , х ) ( - ) м ^ м \
w here

=  QjvivMv an d  so on.

In  (15) w e h av e  used  also  th e  fo llow ing n o ta tio n s :

O') =  (2 j  +  l ) 1/*
as w ell as

Tj ,  (vk  1 2 1 a') =  2  (Уз) 0» 0 lk О I a' 0) ( / , 0 Z2 0 |a' 0) IF ( j ,  I J ,  a )
a £

X W(lv lk 1, Z2; a’ a) W  ( j k lk j 2 12; - ^ - a ) X  

X W ( j vj kj l j 2-,ji a) ( j r) ( j k ) ( j , )  ( j 2) ( lv) ( Zft) (Z4) (Z2);

3 The com putation of these  integrals is briefly outlined in the Appendix.

(14b)

(14)

(15)

X

( 16 )
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S im ilarly
< v k  1 2 > 4 =  I dr(Q+ аАй к) [ й ^  <т4 ß 2) =

= (2Я )-12 '  (Ja )-1 Sy,(®Ä 12) ( - ) Ml+Mk ( j DM ,'jk  — M l{\ j3— x) ( j \  M J 2- M 2\ j3 «),
Уз*

and

Sy, (®* 12) =  ( -р+ Л + Л + Л + А - J _  ( / ,0  lk О Iy3 0) (/, 0 Z2 0 | j 3 0) X (18)
п 7 з )

X в7 (А Л  A А ; A  ^  ) w (A A  A A ; A  —A  ’ (A )(A ) (A ) (A ) A )  (A) (A) (A )•

In  (14) w hich gives w ith  (11) th e  tra n s itio n  p ro b a b ility  betw een  a n g u la r  
m o m en tu m  an d  p a r ity  e ig en sta tes , besides th e  in teg ra ls  (15) an d  (17) also 
o thers occur:

< v k  12'>  =  j  dr (Q+ oa Q k) (Ü+ oa Q r );

< v ' k ' 1 2 >  =  § d r ( Q + o a Q k. ) ( Q f  aa Q 2);

< v '  к' V  2 > 4 =  j  dr (Q+, a t Q k.) {Qf, a 4 Q 2);

О '  к ’ Г  2 '>  , =  j  dr(Q+, cr4 ü k,)(ü+  u4 Q 2,)

and  so on. H ere fo r exam ple  Qv, =  For th e se  in teg ra ls  we can
im m ed ia te ly  m ake use o f (15) an d  (17) ta k in g  care to  use th e  a p p ro p ria te  /.

3. Selection ru les

L e t us exam ine th e  case w hen  o n ly  one nucleon ta k e s  p a r t  in  th e  d e c a y 1 
(th is nucleon  being  o u ts id e  a closed shell, w hich applies b o th  to  n e u tro n  an d  
p ro to n ) an d  in v es tig a te  w hich values o f  an g u la r m o m en tu m  and  p a r i ty  are  
possible fo r lep tons i f  th e  an g u la r m o m en tu m  and  p a r i ty  of th e  n uc leon  is 
given in  th e  in itia l an d  th e  f in a l s ta te . I n  o th e r w ords fo r fix ed  j v, lv, j k, lk 
we look for A , A’ A ’ A va lues, for w hich th e  tra n s itio n  p ro b a b ility  (1) can  be 
d iffe ren t from  zero.

T hese selection  ru les , expressing  th e  con serv a tio n  law  of th e  a n g u la r  
m o m en tu m  an d  p a r ity , can  be read  from  th e  form  (16) a n d  (18) of Tys(rfc l2 /a ') 
an d  Sj (vk l2 )  re sp ec tiv e ly . W e deal w ith  th e  follow ing cases:

( Л1 = r thus I A — AI =  '■ and IA — Al =  [A — AI =  r (19)
G : 1

J 1 - f  ЛП  =  (— l ) r and I/ ' —  lk \ =  r  ±  1 th u s  \lv — lk \ =  r ^  1

4 T he p ro b lem  of m ore com plicated  nuclei can  be reduced to  th is  case.

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.



192 I. MONTV AY

( th e  u p p er sy m b o l is th e  Grh th e  low er th e  Gr case).

Í A I  =  r thus Ij v — j kI =  r an d  \l'v —  lk \ =  \lv —  lk \ =  r (20)
M r:

I 1 +  A H  =  (— l ) r+1 an d  I lv —  lk \ =  r ± l  th u s  |/ ' —  Щ == r T  1

(th e  u p p er sy m b o l is th e  M r‘ , th e  low er th e  M r-  case).
T he c o n n ec tio n  b e tw een  o u r n o ta tio n  an d  th e  d e n o m in a tio n  used g en era l

ly  in  th e  l i te ra tu re  is th e  fo llow ing:

Table 1

N o t a t i o n A I А П D e n o m in a t io n

G„ 0 no allowed

M u 0 yes first, non-unique forbidden

G l 1 yes first, non-unique forbidden

M , 1 no allowed
G„ 2 no second, non-unique forbidden

M 2 2 yes first, unique forbidden

G3 3 yes third, non-unique forbidden
M 3

and so on
3 no second, unique forbidden

On th e  b as is  o f th e  p ro p e rtie s  of C lebsch— G ordan  a n d  R acah  coeffic ien ts 
a n d  from  (18) SJi(t:fel2) can  be  no  zero, if

l„ —  lk j 3 +  an  even  n u m b e r; —  l2 — j 3 -f- an  ev en  n um ber (21)

a n d  th e  fo llow ing  trian g les  ex is t:

Л ( * Л Л ) .  4 j r j k j : t ) i  K h h j s , ) i  H j i j i j s ) -

In  th e  sam e w ay  from  (16): T j3(vk l2 /a ')  =f= 0 is possible, if

lv—  lk — a '  -)- an  ev en  n u m b er;

Zt —  l2 — a '  an  even  n u m b er
an d

A(lr lk a'), A ( j vj kj 3), A( /, l2 a'), A ( j J 2j 3)
as well as

A { j v j l  a )> A ( h l i a )i A ( lk h a ) a n d  A U k J 2 a )
ex is t.

( 22 )

(22a)

Acta Phys. H ung. Тот. X V I I .  Fasc. 1 —2.
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I t  can  be seen th a t  if  (22) is fu lfilled , th e re  is alw ays an  a fo r w hich 
(22a) is v a lid , so th e  selection  ru les fo r T) (v k l2 ja ') can  be read  from  (22) alone.

I t  is n a tu ra l ,  th a t  if  we are  in te re s te d  in  se lec tion  ru les for Sj (v 'k l2 )  
fo r in s ta n c e , th e n  we m u st w rite  l'v in  (21) in s te a d  o f  lv, b u t  th is  w ould  be th e  
on ly  change . T h u s i t  is enough to  ex am in e  (21) a n d  (22). The resu lts  a re  sum 
m arized  in  T ab le  2.

4. The d e te rm in a tio n  o f  s /ß +

W e use ou r re su lts  o b ta in ed  in  th e  second sec tion  for th e  c a lcu la tio n  
o f th e  tra n s it io n  p ro b a b ility  o f /1+ -d ecay  an d  JC -capture. I f  w ba is th e  t r a n s i t 
ion  p ro b a b ility  in to  a s ta te  w ith  fix e d  value of th e  an g u la r m o m en tu m  and  
p a r i ty , th e  to ta l  p ro b a b ility  of th e  ß + -decay , for u n p o la rized  nuclei is given b y

Гр+  =  Ï d E v 2  (2À +  I ) ' 1 2  J  dE wba• (23)
M vMk J , í, AÍ,

A  U M,

Since My, M 2, M m M k a p p ea r only  in  < r f c l 2 >  a n d  < t> fc l2 > 4 we can  sum  
over th e m  w ith  th e  help  of (15) a n d  (17):

2  < v k  1 2 >  < v k  1 2 >  =  (2л)~ 2 2  T j»  (vk  12K )  T h  (v k  12|«");
М^М2М„Мц a'a"j\

2  < v k  1 2 >  < v k  1 2 > 4 =  (2тг)-2 2 T j Á v k  12| a ')  S;s (vk  12); (24)

2  < v k  1 2 > 4 < v k  1 2 > 4 =  (2л)~*2 S j A v k  12) Sh (vk  12).
М^гМ^М* Л

T he sam e holds fo r i> 'feT'2' too  (on ly  we h av e  to  w rite  v ',  fe', 1 ', 2 ' in s tead  
o f v, к , 1, 2). W e can  in te g ra te  w ith  th e  help of th e  d-function , an d  get

E v =  q =  e0 —  E, p  =  |/e2 — 1 , (25)

w here e0 m eans th e  energy  d ifference betw een  th e  in itia l an d  th e  f in a l s ta te  
of th e  nucleus.

In  (23) we m u st sum  over j \  a n d  j ,  from  0 to  oo, R em em bering  th a t  i f  
a te rm  o f th e  sum  is n o t zero, i t  is b y  a t  leas t tw o  orders of m a g n itu d e  la rger 
th a n  th e  follow ing, i t  is enough to  re ta in  th e  f ir s t  te rm  w hich is n o t  equal to  
zero, th e  follow ing ones are  neglig ib le.

W e now  e s tim a te  th e  o rder o f m ag n itu d e  o f th e  te rm s. F o r th is  purpose 
we ca lcu la te  G2, F 2, g2 a n d / 2. U sing  th e  fac t t h a t  fo r th e  energies occu rring

A cta  Phys. Hung. Тот. X V I I .  Fasc. 1 —2.
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p R  <g 1, qR  1 an d  th a t

1

n

! X  2 k

v  i : 1̂
° k i n l +  k  +

2
_ ,  . , a a( a | 1 ) x 2
Í  (a, a; x)  =  1 -)------ x  -)------ --------------------f- . . .

a a(a  +  1) 2!

(26a)

(26 b)

we get w ith  th e  help  of (7), (9) and  (13)

16л2
G- =  

F~ =

[(21, +  1 )!!]2
16л2

{qR)2h + 0[(gli)2il+2J;

- ( q R ) 2"> +  0 [ (qR )2li+2];
[ ( 2 / Í + 1 ) ! ! ] 2

§~ =  P ( e  -  l ) ( p R ) 2v*~2r ~ 2(2y2 +  1 )2 * » • ’"IГ ( у 2 +  + )j2X 

x  - 1 Hr z +  *2)2 +  0  +  p f  -  n 2 p R —  [ (У г  +  * г )  (v — p) +
71 \ 2 y2 +  1

+  2v(y2 4- x2)2 +  2v(v +  p f  — (y2 — x2) (v +  p)\  +

(p R )21(2/2 +  I ) ' 2 [(У2 -  *a)2 +  (P -  VT  +  4>- (72 +  *2)2 +  4v2(/i -  t)2 +

+  4f (y2 +  x2) (v ~  P ) ~  4v (y2 — *2) 0  +  P)]
272 +  5 

27г +  1
[f2(72 +  ?Í2)2 +[ (7 2  +  * 2)2 +  ( "  +  / 4 2] +  — - — ■ - -  ,(27г + 1)(7г + 1)

+  v2(v +  p f  +  v(y2 +  2)(y2 +  x 2)(v — p) —

-  v (72 + 2) (72 - **) O' + A*)]JJ + 0 [(рД)̂ +1]; (26)
P  =  p(e +  1) (pH)*»"» Г - 2 (2y2 +  l)22y* e -  |Г(у2 +  iv)|2 —  \(y2 -  x2Y +

n

+  i?  -  p Y  -  - - “ / > й -- -  [ (7 2  -  « 2 ) O ' +  / 0  +  2 ^ ( 7 2  -  * 2)2 +
272 +  1

+  2v(v -  /i)2 -  (y2 +  x2) (v -  p)] +  (pRY  1(2 f -  + l ) - 2[(73 +  *2)2 +

+  (P +  * )2 +  4 f2 ( 7 2  — x2Y  +  4t2 (/t +  v)2 +  4v (y2 — x2) (v +  p) 

-  4t (y2 +  *2) 0  -  /0] -  + v  [(72 -  *2)2 +  O' — /4 2] +

+

2 7 2  +  1 

[v2 (y2 — x2Y +  V2 (v — p Y  +
(272 +  1) (72 Jr 1)

+  472 +  2) (72 -  *2) 0  +  p)  — 472 +  2) (72 +

+  *2) (* -/* )]}}+  0[(рД)2’'*+1].
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W e can  see from  (25) th a t ,  as a f irs t ap p ro x im a tio n , i t  is enough to  r e ta in  
o n ly  th e  low est pow er o f (p R ) and  (q R ), re sp ec tiv e ly , b ecau se  x R  <  1 0 “ 2 is 
alw ays fu lfilled  (for sm all Z  in  (26) i t  is b e t te r  to  ta k e  in to  account th e  f ir s t  
th re e  pow ers o f (p R ), since i f  Z  ten d s to  zero , th e  coeffic ien ts  of th e  f i r s t  tw o  
te rm s  do so too ). I f  we consider th e  low est pow ers, th e  o rd e r of m a g n itu d e  
fo r ex am p le  o f G2(g2 + / 2) is de te rm in ed  b y  th e  n u m b er 2(ZX -f- y2 —  1), since 
(xR)  is to  th is  pow er. So th e  o rd e r of m a g n itu d e  is d e te rm in ed  a p p ro x im a te ly  b y

к =
h  +  h  i f  h  — h  +  “  » 

h  +  h  +  1 i f  h  = h ---- -- •

(27)

N ow  we can  tu rn  to  th e  ca lcu la tio n  o f th e  p ro b a b ili ty  of ß + d ecay . 
W e in tro d u c e  th e  n o ta tio n :

^ ß+ —
G2

2(2*)*  (À )2

so we get fro m  (23), (24) a n d  (1)

(28)

Г ß +  —  ^4ß +  ( r l l  R f  2 r14 R 1 R 4 -f" r44 R i  "Ь r 22 "f" ^ r 2S ^ 3 "h гзз Т з̂)

R  (vk) +  R  (▼' к') I R  (vk) +  R  (v ' k ')

2  J  de [G (1)  g (2) I G (1)  g (2) +  G ( 1 ) / (2 ') | G ( 1 ) / (2')]

2Ц2 TjA |e') +  ( i - A ) s y.( )\л2 Tjt( \a") +  (1 — я)sja( )]
i ,  a '  a "

(29)

+

R  (v k ')  +  R  (v 'k ) IR  (v k ')  +  R  (v 'k )

. 2  J  de [G (1) g (2 ) I G (1) (2) +  G ( l ) / ( 2 ' )  | G ( l ) / ( 2 ') ]
j  1^1 j  2^2

2 [ - 2 T J t ( | a ' )  +  ( l - X ) S J t (  ) | - 2 T h (  I a " )  +  (1 A)Syj( )]
U a' a "

— 2

R  (vk) +  R  (v' к') IR  (vk') +  R  (v' k)

2  S de [G (1) g(2) I G ( l) /(2 ')  -  G (1) / ( 2') | G (1) g (2)]
jiLijïL а

2 [ l 2 T h ( I a')  +  (1  — A) S j 3 ( ) | - 2 T j , (  | a " )  +  ( l - A ) S ;, (  )]
j» a' a"
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T hus fo r exam ple
rn  =  r (v k  vk)  =

1 (v k )I l(v k )

J  de [G (1) g (2) I G (1) g (2) +  G ( 1 ) /  (2') | G ( l ) / ( 2 ' ) ]

2 V 2 T h { I a ')  +  (1 — A) S j3 ( ) |  X 2 T h ( | a " )  +  ( l - A ) S „ (  )]

(30)

w here
l(t»fc) =  1.

H ere  th e  sum m ation  ru n s  over v a lu es  o f j 2, L y, L 2, a, j 3 w h ich  sa tisfy  
th e  se lection  ru les in c lu d ed  in  T ab le  2. N a tu ra lly  on th e  basis of (27) we m u st 
ta k e  in to  acco u n t o n ly  th e  f irs t n o n v an ish in g  te rm , fo r th is  к is th e  least.

T he p ro b a b ility  o f th e  f f -c a p tu re  can  be c a lc u la te d  in  e n tire ly  th e  sam e 
w ay  fo r th e  w ave fu n c tio n s  (2) an d  (6) are  of co m p le te ly  th e  sam e fo rm :

Г К =  J  d E v V  (2j k +  l ) - 1 V  (2j 2 +  I ) - » w ba . (31)
M , Mk J\ 1, Ai, M,

W ith  th e  help  of (11), (14) and  (24) a n d  in te g ra tin g  o v er th e  n e u tr in o  energy 
E v we get q =  E v =  (e0 -(- 1) (1 —  6/1 +  e0), (w here 6 is th e  b in d in g  energy  
of th e  e lec tro n  on th e  К  shell). The exp ression  Г к  fo r  th e  tra n s itio n  p ro b a b ility  
w ay, o f JC -capture is s im ila r to

Г к  =  A  к (pu  R{ +  2 Qu R i  R i  +  Qu R i  - f  q2 % Щ  +  2 p23 R 2 R 3 +  q33 RI)  

R  (vk) +  R  (v' к ') I R  (vk) +  R  (v' k')

1 — e ~
— A k- V  [G (1) 1 (К )  I G ( l ) l  (K)] +  ^  V  [G (1) 1 (К ')  I G (1) 1 (K ')]

M i 1 +  ei M,

2 \ l 2 T h( | a ')  +  ( l - A ) S y. (  ) |A  2 T h ( 1 ° " )  +  ( 1  — A) S j!s ( ) ]

R  (vk') +  R  (y' к) I R  (y  k') +  R  (y ' k) (32)

2  [G (1) 1 (К ) I G (1) 1 (K )] +  — — 1 2  [G (1) 1 (К ')  I G (1) 1 (K ') ]  ,
M i 4 +  £x jjL,

2 [ - 2 T j , (  I a ’) +  (1 — A) S Jt ( ) | - 2 T h ( I a " )  +  (1 A) SJ3 ( )]

+  2

R  (vk) - f  R  (v' к') I R  (vk') R  (v' k)
1|2 2|1

[G (1) 1 (К ) I G (1) 1 (K')] -  2  ( ! )1 (K') I G ( ! ) 1 (K)l 1 - H
1 +  Eiji ji

2 1 à 2 t jA | «o +  ( i - A ) s y, (  ) | I a ' ) "t- (4 — A)Sj3( )]
js a' a"

Acta P hys. Hung. Тот. X V I I .  Fase. 1 —2.
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H ere

an d

as w ell as

a n d  using  (4)

h ere

l ( K )  =  l | / 2 =  - ,  /2 =  0 |  =  1

A k

1 (K ')  =  1

G2gTl (R)2

h  =  ~ ,  z2 =  1 1 =  1 ;

2 (Â )2(2^)4
(«о +  l ) 2

1 +  eo

g r 4 r )
2 Z  fb r 1 -f- £1 —Í1/2 *1—1

e ?i ;2 Г ( е + 1 )

/г1 (r) = — т х ^  е г ‘ (г)1 +  ег

£x =  f l  — (aZy- and  o4 =
2 Zr

(33)

(34)

In  (32) we m u st su m  accord ing  to  th e  selection  ru les  given in  T ab le  2. Since
n o w  j 2 =  1/2, Z2 =  0 a n d  Z2 = .  1 are  fixed , we m u s t  sum  only  o v e r j l and  L4,

1
in  p a r tic u la r  fo r v a lu es  w here j 2 =  1/2 an d  L 2 =  0 in  the  case o f  (because
th e se  te rm s  a re  co n n ec ted  w ith  g2), a n d  w ith  th e  co n d itio n  j 2 =  1/2 an d  L2=  1

2
in  th e  case o f ^  ( th ese  te rm s are  co nnec ted  w ith  f 2).

W e can  see fro m  th e  ex p ressio n  (32) an d  (29) th a t  th e  ra t io  of th e  
K -c a p tu re  to  th e  p o s itro n  em ission is n o t in d e p e n d e n t of th e  n u c le a r  m a trix  
e lem en ts  in  th e  g en era l case. N am ely

w here

g u  R j  +  2g14 R x R t 4- вы R j  +  Q22 R j  +  2q23 R 2 R 3 +  ваз R j 
r n  R i  +  2r14 R x R 4 - f  r44 R i  +  r 22 R 2 +  2 t23 R 2 R 3 + r 33 R \

A t =
lß+

yiTW( l + e0)2 (35a)

T h u s  i f  we w a n t to  g e t th e  ra tio  e /ß+ for a co n cre te  nucleus, we m u s t com pute  
th e  coeffic ien ts Qn< a n d  r,* an d  th e n  form  th e  fo llow ing q u a n tit ie s :

6 u /r ii» 4/r i4» Qulr i i '  ?2г/г22’ Ргз/Г23’ 9зз/гзз • (36a)

I t  is easy  to  p ro v e  th a t

A ,  • m in  -^L  <  4 , - m a x  -^L  (36)
rik " rik
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co n s titu te s  (in special cases possib ly  narrow ) lim its  for Г .  T h e  th e o ry  does 
n o t p re d ic t an y  m ore th a n  th is  in e q u a lity  fo r th e  ra tio  e/ß+ w h en  th e  nu c lea r 
m a tr ix  e lem ents are n o t know n. A t m ost we can  add  th a t  Г  is p ro b ab ly  
n ea re r  to  A t ■ Qn /rn  th a n , for exam ple , to  A t • p44/r44, since the  f i r s t  v a lu e  belongs 
to  in teg ra ls  c o n ta in in g  th e  large  com p o n en ts  o f w ave fu n c tio n s , w hile th e  
second belongs to  in teg ra ls  co n ta in in g  on ly  sm all co m p o n en ts . (N a tu ra lly  
i t  is possible to  give for s/ß+ a m ore ex ac t v a lu e , if  one o f  th e  coefficients 

an d  th e  co rrespond ing  r,* are  la rg e r th a n  th e  o thers b y  o rd e rs  o f m ag n i
tu d e ).

T he n u m erica l re su lts  are g iven  for th e  case o f 33As71- ^ 32Ge71* tra n s itio n . 
(T his is a 5 /2 “  —>■ 5/2^ tra n s itio n : [10]— [11]. So j k =  5/2, lk —  3 an d  j v =  5/2, 
lv — 3 co n seq u en tly  th is  is a G0 tra n s itio n , T ab le  1.)

T h u s

an d

A t =  1,17 • 10 -1 7 •>

ru  = 2,06- io - -17•> ru =  - 2 , 4 L 1 0 - 17, r !4 = 4,71- IO -17.

r22 = 7,42- 10 -16•> r23 =  1,85 • 10—161 Г33 = 3,28 • i o - 17

Qu = 6,02, 014 =  - 7 , 05, 044 = 13,8,

022 = 1,93 •10 -1•> 023 =  4,82 • 10 9 033 = 8,52- 1 0 - 1.

A 011 = A , ^ _ =  3,41
( r ll r l4 Г44

A r @22■ = A r 023__ A r £?33 _ 3,02 -10 - 3  s
Г22 Г23 гзз

(37a)

(37 b)

The m easu red  value of Г  is 1.76. T his is m uch  n ea re r to  th e  firs t v a lue  
th a n  to  th e  second one. This fa c t is easy  to  u n d e rs ta n d , because  th e  v a lu e  
3.41 is o b ta in ed  from  th e  coefficients of in te g ra ls , co n ta in in g  only  th e  large  
co m p o n en ts  of th e  w ave fu n c tio n s.

U sing th e  m easu red  va lu e  o f Г  we g e t th e  folloving re la tio n  b e tw een  
th e  nu c lea r m a tr ix  e lem ents:

Щ  +  2R ,  R 3 • 0,25 +  Щ  ■ 4 ,4  =  R(  • 0,026 +  2R 1 0 ,03 +  R j  ■ 0,1 . (37)

L a te ly  a w hole series o f artic les h a v e  d ea lt w ith  th e  M a tra n s itio n s  
[3]— [6]. H ere  th e re  occur also 50%  differences betw een  th e  m easu red  an d  
ca lcu la ted  values. T he sim p lest M 0 tra n s it io n  is:

jv  =  K =  jk  — “9 - » ~  1 •

A cta  Phys. Hung. Тот . X V I I .  Fasc. 1 —2.
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Such a tra n s i t io n  h as  as y e t  n o t b een  observed , th u s  th e  values Z  =  81 and  
A  — 200 a re  ta k e n  from  th e  d a ta  o f th e  decay  o f  T l200 show ing a 2 ~  —> 2 + 
tra n s itio n ). In  th is  case we ge t for th e  coefficients th e  values

A t ^ Y L  =  0 ,305 ; A , ■ Qu_ =  0,068; A ,  =  0,321;
r i i r !4 '44

A t ^ -  =  3 ,57 ; A , Qi3 =  3 ,64; A t ^ L  =  4 ,3 6 .
Г22 r 23 r 33

I n  th e  cases, w h en  Г  depends on th e  m a tr ix  e lem en ts , we can  use  th e  
m easu rem en t of th e  ra tio  e/ß 1 to  d e te rm in e  th e  n u c le r.rm a trix  e lem ents (see (37)). 
T here  are  o n ly  four u n k n o w n  m a tr ix  e lem en ts, th u s  i t  is enough to  m ake 
four in d e p e n d e n t m easu rem en ts  to  d e te rm in e  th e ir  v a lu es . (F or ex am p le : 
lg /* , e/ß+ , th e  energy  sp ec tru m , a n g u la r  c o rre la tio n .)  A t th e  sam e tim e  
th ese  fo u r q u a n titie s  re p re se n t th e  m ax im a l in fo rm a tio n  concern ing  th e  n u c lea r 
s tru c tu re  a n d  availab le  fro m  /J-decay, since in  th e  tra n s itio n  p ro b ab ilitie s  
th e re  a re  o n ly  these  fo u r q u a n titie s  ch a rac te riz in g  th e  nucleus.

I  sh o u ld  like to  th a n k  D r. K . N ag y  an d  D r. G. M a r x  for m a n y  help fu l 
d iscussions a n d  adv ice, w h ich  have  m ad e  i t  possible fo r m e to  w rite  m y  d ip lo m a 
w ork  a n d  th is  a rtic le .

A ppendix

< v k  12 >  =  J dr (Q+ oa Q k) ( Q f  oa Q 2) =

=  5 dr 2  У ш Л г )  Y f imi(r) Y l t m (f)  Y ltmk( r ) x  

X (Z„ m v - i -  [iv I j v M v) (lk m k - i -  fik\ j kM k)  (lx —  fi± \jk M ,) X

X (l2 m 2 - i -  ц 2 \ j 2 M 2) oa (fiv /лк) aa ц 2),

because
aa(luvluk ) —  th e  ^ v[ik — th  e lem en t o f  era;

°a (.Mvt*k) ao.(/hAi) =  4 ~ у--»'-"!ô_^  /(i д_ю,
and

Y limi ( f)  ¥ 1гтг (f) =  2  4 = 7 ~  (Zi 0 h  0 ! L  0) (1, m , l2 m 2 \L M ) Y LM (f),

and
Y *m =  ( — )m Y , _ m as well as j  dr Y fm Y Vm, =  à,,, ômm,.
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W e can w rite
<ivk  1 2 >  =  (2л)  1 (lv) (lk) (lk) (l2) ^  (lv 0 lk 0 IУз 0) (ix 0 /2 0 | jf'3 0) ( j 3)~2 X

j*

X J ?  ( — )1~ ^ 2~mi~rnV v m v^ r ^ 1 \ j vM v)(lkm k-^-/j,2 \ jk M k)(l1 m 1~ ---- М г)
/гг/лгх  Z Z Z

тхтгт9тк

X (Z2 m 2 ^  Ih  M -i) (h  — m v K m k lis  x ) (h -  m i h  m 2 lis — x).

A ccording to  [2]

2 : ’ ( • • • )  =  Uv) и  к) (Л ) (is )  ( is )2 ( - ) ,i+ !*+i*+í’+A+M„+Ai1 x
,«1̂2*

mtm2mvmk
(-» м ->  ы ->

(+) lv (+) h  (+)
T he g rap h  can  be d raw n  in  th e  follow ing w ay:

(-)
Acta Phys. H ung. Тот. X V I I .  Fasc. 1 —2►



202 I. MONTVAY

U sing th is  a n d  ta k in g  in to  acco u n t

and

'(+) = {J1 J2 J3

h  l < hi
=  ( - ) Л + Л + Ь + * .  W ( j \ j 2 /2 / l5 y 3 /„),

(-)

h  4
=

h

=  (  У з ) “ 1 (  -  У 2 Л + т 3  (  У I " h  У'2 m 2 I У з ™ з )  

we get (15). <Cvk 12> 4 can  be ca lcu la ted  in  a sim ilar w ay .
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ОПРЕДЕЛЕНИЕ МАТРИЧНЫХ ЭЛЕМЕНТОВ ЯДРА ПО ИЗМЕРЕНИЮ e / ß +

И. МОНТВАЙ

Р е з ю м е
Подсчёт переходных вероятностей ^-переходов, запрещённых в произвольном 

порядке — главным образом в высшем — принципиально упрощается в случае исполь
зования вместо приведённых матричных элементов таких, в которые входят в различных 
комбинациях просто радиальные части волновых функций нуклона. В таких случаях 
всегда имеется возможность для вычисления отношения «//3+, то-есть определение мат
ричных элементов ядра сводится к измерению отношения e / ß +.
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ZU DEM PROBLEM DES ABSOLUTEN DIAMAGNETISMUS 
UND DER SUPRALEITUNG

Von

T h . N e u g e b a u e r

INSTITUT FÜR THEORETISCHE PHYSIK DER ROLAND EÖTVÖS UNIVERSITÄT, BUDAPEST 

(Vorgelegt von Z. G yulai. — E ingegangen 20. IX . 1963)

Alle bis je tz t  veröffentlichten Theorien der Supraleitung trachteten  nur die unendliche  
L eitfäh igkeit zu erklären, der absolute D iam agnetism us wurde dann entw eder durch w eitere  
A nnahm en in das M odell eingeführt, oder es wurde durch verwickelte analytische M ethoden  
gezeigt, dass die Theorie auch diesen erklärt. Die vorliegende Arbeit geht dagegen direkt von  
dem  M e i s s n e r —O cH SEN FELD -Effekt aus und untersucht zuerst die F rage, ob ein Übergang  
zwischen den gewöhnlichen diam agnetischen Erscheinungen und dem absoluten  D iam agne
tism us m öglich ist. D as Verhalten der kondensierten arom atischen V erbindungen und des 
Graphits wird diesbezüglich betrachtet. Danach wird au f eine neue R egel bezüglich der Ver
teilung der supraleitenden E igenschaften im  periodischem  System  aufm erksam  gem acht, m it 
deren Hilfe und der bezüglich des D iam agnetism us im  ersten Teil erhaltenen Ergebnisse eine  
neue Theorie des absoluten  D iam agnetism us und der Supraleitung fo lgt.

E in le itung

Z ur n a tu rw issen sch aftlich en  E rk lä ru n g  d er S u pra le itungsersche inungen  
w u rd en  schon seh r viele T heorien  au fgeste llt, u n d  es w äre d esh a lb  ganz u n m ö g 
lich , diese h ier alle auch  n u r ganz kurz zu besp rechen . W ir verw eisen deshalb  
a u f  die über d iesen  G egenstand  ersch ienenen  zah lreichen  zu sam m enfassenden  
D arste llu n g en  u n d  w ollen je tz t n u r  einige w esen tliche P u n k te  h e rv o rh eb en :

M an k an n  sagen , dass alle bis je tz t  v e rö ffen tlich ten  T h eo rien  der u n e n d 
lich  grossen L e itfäh ig k e it von  zw ei versch iedenen  G ru n d an n ah m en  ausgegan
gen sind. Die e rs te  solche H y p o th ese  w ar, dass im  su p ra le iten d en  Z u stan d  
B ohrsche Q u an ten b ah n en  irgendw ie m akroskop ische  D im ensionen  an n eh m en . 
D a sich ein E le k tro n  im  G ru n d zu stan d e  a u f  solch einer B ah n  se lb s tv e rs tä n d 
lich  eine u n en d lich  lange Z eit h in d u rch  bew egen kann , ohne  dabei E nerg ie  
zu  verlieren , so is t d am it die unen d lich  grosse L e itfäh ig k e it e rk lä r t. Die e rs te  
solche T heorie, die noch v o r d er E n td e c k u n g  der Q u an ten m ech an ik  v e r 
ö ffen tlich t w u rd e , is t die von  B e n e d i c k s  [1]. S e lb stv e rs tän d lich  ist diese 
schon  län g st v e ra lte t , aber die m eisten  m o d ern en  T heorien  gehen ebenfalls 
v o n  diesem  G rundgedanken  aus. E ine  zw eite solche A uffassung  w ar, dass die 
L e itu n g se lek tro n en  u n te rh a lb  des S p ru n g p u n k te s  eine A rt fes tes  K r is ta llg itte r  
au fb au en . Dieses G itte r  k an n  m an  d ann  in n e rh a lb  des G itte rs  der M etallionen 
w iderstan d slo s  versch ieben . A us dieser A uffassung  w ürde also w ieder eine
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u n en d lich  grosse L e itfäh ig k e it folgen. D er S p ru n g p u n k t d er S u p ra le ite r w äre  
d an n  d e r »Schm elzpunkt«  dieses E le k tro n e n g itte rs , ober d en  d an n  info lge der 
a u f tre te n d e n  U n o rd n u n g  d er O hm sche W id e rs tan d  e rsch e in t. Diese T heorie  
r ü h r t  v o n  R . de  L. K r o nig  [2] her. In  seinen sp ä te re n  V eröffen tlichungen  
ü b e r d iesen  G egenstand  n a h m  d an n  d er e rw äh n te  V erfasser an, dass n ic h t  ein 
ganzes E le k tro n e n g itte r , so n d ern  n u r  lin ea re  E le k tro n e n k e tte n  im  S u p ra le ite r  
v o rh a n d e n  sind . Alles das w ar noch  v o r d er E n td e c k u n g  der F erm i— D irac- 
schen  S ta t is t ik  u n d  der N u llp u n k tsen erg ie . Die H e is e NBERGsche T h eo rie  [3] 
is t  e igen tlich  eine M odern isierung  d ieser H y p o th ese , n a c h  der angenom m en 
w ird , dass n ic h t alle L e itu n g se lek tro n en , sondern  n u r  d ie jen igen , w elche die 
g rö ssten  E n e rg ien  besitzen  u n d  deshalb  v o n  den  E in sch rän k u n g en  d er F erm i- 
s ta t is t ik  schon  ziem lich fre i sind , ein  Ü b e rg itte r  im  S u p ra le ite r  au fb au en . D er 
S p ru n g p u n k t is t d an n  w ieder der S ch m elzp u n k t dieses Ü b erg itte rs .

D ie LoNDONsche T heorie  [4] u n d  ih re  E rg än zu n g en  d u rch  La u e  [5] und  
an d ere  A u to ren  lie fert dagegen  keine n a tu rw issen sch aftlich e  E rk lä ru n g  fü r 
die S u p ra le itu n g , u n d  das w ar ja  auch  n ic h t ih r Ziel, so n d e rn  t r a c h te t  n u r  die 
M axw ellschen  D ifferen tia lg leichungen  in n e rh a lb  des S u p ra le ite rs  r ic h tig  zu 
fo rm u lie ren  u n d  dabei au ch  den Me is s n e r — OcHSENFELD-Effekt in  dieses 
G le ichungssystem  e in zu arb e iten .

J e tz t  h ab en  die P h y s ik e r das g rösste  V ertrau en  zu  der T heorie  von 
B a r d e e n , Cooper  und  S c h r ie ffe r  [6 ], deren  G rund g ed an k e  es is t, dass ein 
sich in  d e r N ähe der F e rm io b e rflâche befindendes E le k tro n  ein v ir tu e lle s  
P h o n o n  e m it t ie r t  u n d  dieses dann  v o n  einem  zw eiten  E lek tro n  a b so rb ie rt 
w ird , w obei le tz te res  en tsp rech en d  dem  Im p u lse rh a ltu n g ssa tz  g e s treu t w ird . 
D as e n tsp r ic h t e iner Z w eiteilchenw echselw irkung  der e rw äh n ten  E le k tro n e n  
u n d  diese is t  anziehend  (wie das von  d en  V erfassern  gezeig t w ird), w en n  die 
E nerg ied ifferen z  zw ischen den  zwei be i d iesem  Prozess eine Rolle sp ie lenden  
E le k tro n e n z u s tä n d en  k le in e r als die E n erg ie  des v irtu e llen  Phonons is t. I n  die
sem  F a lle  k a n n  also die e rw äh n te  W echselw irkung  d ie C ou lom babstossung  
ü b erk o m p en sie ren  u n d  so die S u p ra le itu n g se rsch e in u n g en  erk lären . T a tsä c h 
lich  e rk lä r t  diese T heorie  v o n  B a r d e e n , Cooper  u n d  S c h r ie ffe r  viele  sich 
a u f  die S u p ra le ite r  b eziehenden  E rfa h ru n g e n  ganz einw andfre i. W ir wollen 
h ie r n u r  zw ei solche E rsch e in u n g en  e rw äh n en : E in e rse its  den  von  Ma x w e l l  
u n d  u n a b h ä n g ig  von  ihm  v o n  R e y n o l d s  u n d  seinen M ita rb e ite rn  [7] e n td e c k 
te n  Iso to p en e ffek t, n ach  dem  T c p rop . is t, wo T c d ie  S p ru n g p u n k te  und
M  d ie M assen d er A tom e d er zu dem selben  chem ischen E lem en t gehörenden  
Iso to p e n  b e d e u te t. E ine  zw eite solche w ich tige  E rfa h ru n g  is t die, dass be i der 
A n reg u n g  von  E le k tro n e n  aus dem  su p ra le iten d en  in  d en  N o rm a lzu stan d  ein 
end liches E n e rg ie in te rv a ll a u f tr i t t .  A m  S p ru n g p u n k t v ersch w in d e t d a n n  diese 
E n erg ied ifferen z . E ig en tlich  k an n  m an  a u c h  diese z u le tz t besprochene T heorie 
in  die e rw ä h n te n  G edankengänge e in o rd n en , w elche d ie S u p ra le itu n g  d u rch  
das M akroskop ischw erden  von  B ohrschen  B ahnen  zu e rk lä re n  tra c h te n . N ach
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■dieser A uffassung  w erden  also Q u an ten ersch ein u n g en  im  su p ra le iten d en  
Z u s tan d e  in  u nserer m akroskop ischen  W e lt b em erk b ar. V o lls tän d ig k e itsh a lb e r 
sei n u r  n och  e rw äh n t, dass m an  auch o ft versu ch t h a t ,  die S u p erflu id itä ts- 
e rscheinungen  des flüssigen  H elium s irgendw ie  m it den  S upra le itu n g sersch e i
n u n g en  in  Z u sam m en h an g  zu  bringen .

Alle die e rw äh n ten  T heorien  tr a c h te te n  u rsp rüng lich  n u r d an ach  die 
unend lich  grosse L e itfäh ig k e it zu  e rk lä ren . Den Me is s n e r — Oc h s e n f e l d - 
E ffek t (nach dem  der e in fach  zusam m enhängende  S u p ra le ite r  im  su p ra le ite n 
den  Z u stan d  alle m agnetischen  K ra f tlin ie n  aus seinem  In n e re n  v e rd rä n g t) , 
en th ie lten  sie n ich t. Z ur E rk lä ru n g  des MEISSNER-Effektes m usste  m an  e n t
w eder w eitere  zusätzliche H y p o th esen  e in fü h ren  oder a b e r es gelang n u r  d u rch  
verw ickelte  an a ly tisch e  B e tra c h tu n g e n  n a c h trä g lic h  zu  zeigen oder w enigstens 
w ahrschein lich  zu m achen , dass das e in g e fü h rte  M odell des S u p ra le ite rs  auch  
den Me is s n e r — O c h s e n f e l d -E ffek t e rk lä r t .  E s is t jed o ch  ganz sicher, dass 
der Me is s n e r — OcHSENFELD-Effekt eine ebenso fu n d a m e n ta le  E rfa h ru n g  
bezüglich des su p ra le iten d en  Z ustandes is t  wie das V erschw inden  des O h m 
schen W id erstan d es. (D ie E rfah ru n g , dass in  die su p ra le iten d en  L eg ierungen  
einige m agnetische  K ra ftlin ie n  h in e in frie ren , h a t  n u r sek u n d ä re  U rsach en  u n d  
r ü h r t  daher, dass L eg ierungen  doch n ich t ganz hom ogen sind .) D ass m an  zu e rs t 
die u n en d lich  grosse L e itfäh ig k e it der S u p ra le ite r  u n d  e rs t v iel s p ä te r  den  
MEissiNER-Effekt e n td e c k t h a t ,  is t n u r  eine Folge d a v o n , dass e lek trische  
M essungen am  le ich testen  d u rc h fü h rb a r  sind . W ir w ollen  h ier jed o ch  den  
u m g ek eh rten  W eg e inschlagen  und  d en  ganzen E rsch e in u n g sk o m p lex  der 
S u p ra le itu n g  ausgehend  v o n  dem  Me is s n e r — OcHSENFELD-Effekt, also von  
dem  ab so lu ten  D iam agnetism us der S u p ra le ite r , b e tra c h te n .

§ 1

Die e rs te  F rage , die w ir b e a n tw o rte n  m üssen, is t  die, ob der ab so lu te  
D iam agnetism us der S u p ra le ite r u n d  die gew öhnlichen d iam ag n etisch en  E rsch e i
n u n g en , die ja  eine allgem eine E ig en sch a ft jed er M aterie  sind , zwei ih rem  
physik a lisch en  In h a lte  n a c h  ganz versch iedene  E rsch e in u n g en  sind, die n u r  
w egen dem  ü b e re in s tim m en d en  V orzeichen  der S u sz e p tib ilitä t zu e in an d e r 
m a th em a tisch  analog  sin d , oder ob es sich  bei beiden u m  w esen tlich  die selbe 
physikalische  E rsch e in u n g  h a n d e lt u n d  deshalb  Ü bergänge  zw ischen ih n en  
m öglich sein  w ürden .

D a ein S u p ra le ite r alle m ag n e tisch en  K ra ftlin ien  aus seinem  In n e re n  
h e rau sw irft, so m uss b ek an n te rw e ise  in  ih m  die P e rm e a b ili tä t  ц  =  0 sein. 
A lso h ab en  w ir

/ i = l  +  4 л% =  0 (1)
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u n d  d a rau s  fo lg t fü r  die S u sz e p tib ilitä t des a b so lu t d iam ag n e tisch en  K ö rp e rs  
das b e k a n n te  R e su lta t

X = (2

D ie gew öhnliche d iam ag n etisch e  S u sz e p tib ilitä t is t dem gegenüber im m e r 
u m  viele G rössenordnungen  k le iner. In  d er L ite ra tu r  w ird  m eistens die d ia- 
m ag n etisch e  S u sz e p tib ilitä t v o n  einem  G ram m ato m  oder einem  G ram m ole
k ü l M aterie  angegeben , u n d  diese is t d a n n  v o n  der G rössenordnung  10~5—  
— 10 6. F ü r  A rgon b e trä g t sie z. B. -—21,5 • 10" 6, w oraus fü r  ein A rg o n a to m  
— 3,55 • 10 29 (in cg s-E inhe iten ) fo lg t. B erech n en  w ir dagegen  die S u szep tib i
l i tä t  von  e inem  cm 3 feste r M aterie  [um  sie m it (2) verg le ichen  zu k ö n n e n ], 
so e rh a lte n  w ir das R e s u lta t ,  dass diese höch sten s von  d e r G rössenordnung  
10-6  —- 1 0 ~ 7 sein  k an n . D a ra u s  fo lg t also, dass zw ischen d en  e rw äh n ten  zw ei 
E rsch e in u n g en  ein w en igstens fü n f G rössenordnungen  b e trag en d e r U n te r 
sch ied  b e s te h t.

B ev o r w ir noch  die F ra g e  besp rechen , dass u n te r  w elchen  U m stä n d e n  
der gew öhnliche D iam ag n etism u s w esen tlich  grösser w erd en  k ö n n te , w ollen  
w ir noch  das P ro b lem  b e tra c h te n , ob m an  (2) auch  aus den fü r  den g ew ö h n 
lichen D iam ag n e tism u s h e rg e le ite ten  F o rm eln  e rh a lten  k ö n n te . B ezeichnen  
w ir m it x  die d iam ag n etisch e  S u sz e p tib ilitä t eines Teilchens (eines A tom s, e ines 
M oleküls usw .) u n d  m it N  d ie Z ah l d ieser T eilchen  in  d er Y o lu m en ein h e it, so 
fo lg t b ek an n te rw e ise  fü r  die S u sz e p tib ilitä t v o n  einem  cm 3

X =
x N

. 4л:
1 --------- x N

3

W ird  je tz t  X eine sehr grosse n eg a tiv e  Z ah l, so e rh ä lt m an

( 3 )

X =  — 3/4л , (4)

also ein R e s u lta t ,  das zw ar g rössenordnungsm ässig  m it (2) ü b e re in s tim m t, 
jed o ch  einen  a n d e ren  n u m erisch en  F a k to r  e n th ä lt .  D och is t d ieser W id e rsp ru ch  
n u r  sch e in b ar, wie w ir das gleich zeigen w ollen. D er F a k to r  4я /3  im  N en n e r 
von  (3) r ü h r t  vom  L o ren tzsch en  inneren  F e ld e  her. B ek an n terw eise  h ab en  w ir  
n äm lich , w en n  w ir an n eh m en , dass ein A to m  in  einem  kugelfö rm igen  H o h l
ra u m  e n th a lte n  is t, fü r die a u f  dieses A to m  einw irkende m agnetische  F e ld 
in te n s itä t

Я , = Я  +  ^ М ,  (5)

wo Я  das äussere  m agnetische  Feld  u n d  M  das in  der Y o lum eneinheit in d u 
zierte  m ag n e tisch e  M om ent is t. D as zw eite G lied a u f  d er rech ten  Seite v o n
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(5) is t das L oren tzsche  innere  F eld . B ek an n te rw e ise  k ann  m an  aus (5) die 
F orm el (3) le ich t lierle iten .

A bgesehen d av o n , dass der W e rt d e r K o n s ta n te  des L o ren tzsch en  in n e
ren  F eldes auch  im  e in fachen  Fall eines kuge lfö rm igen  H oh lraum s frag lich  is t , 
wie das neuere besonders im  Z u sam m en h an g  m it d er Theorie d er fe rro e lek tri
schen E rsche inungen  u n te rn o m m en e  U n te rsu c h u n g e n  zeigen, w ird  die A n n ah 
me eines kugelfö rm igen  H ohlraum es in  unserem  F a lle , in  dem  w ir a n n eh m en , 
dass die S u szep tib ilitä t seh r gross is t, re c h t  sch lech t sein. E ine grosse diam ag- 
netische  S u sz e p tib ilitä t v e rlan g t n ä m lic h  eine seh r ausgedehn te  E le k tro n e n 
b ah n , also ein flaches G ebilde. Es w ird  also jed en fa lls  eine d en  ta tsä c h lic h  
a u ftre te n d en  V erhä ltn issen  viel n ä h e r  s tehende  H ypo these  sein, w enn w ir 
an n eh m en , dass unser fragliches T eilchen  in  einem  in  der R ich tu n g  d er K ra f t
lin ien  seh r ku rzen  u n d  in  d er d a ra u f sen k rech ten  R ich tu n g  sehr b re ite n  H o h l
rau m  lieg t. In  dessen In n e re n  hab en  w ir b ek an n te rw e ise  jedoch  s t a t t  (5) fü r  
die F e ld in te n s itä t

Я ,  =  Н  +  4 я М .  (6 )

B each ten  w ir je tz t  w e ite r, dass M  =  %H u n d  ausserdem , dass M  =  xHjN 
is t, so e rh a lte n  w ir, w enn  w ir diese zw ei F o rm eln  e inander g leichsetzen  und  
d an n  fü r  Я , (6) e in füh ren ,

xN
1 — 4-л xN (7)

W enn  w ir je tz t  w ieder den  G renzübergang  d u rch fü h ren , dass x eine seh r 
grosse n eg a tiv e  Z ahl w ird , so folgt s t a t t  (4)

X =  — 1/4л, (8)

also ta tsä c h lic h  ein m it (2) übere in stim m en d es R e su lta t. D am it h ab en  w ir 
also bew iesen, dass m a n  die Form el fü r  die S u szep tib ilitä t des a b so lu t d iam ag- 
netisch en  K örpers au ch  aus der T h eo rie  des gew öhnlichen D iam ag n e tism u s 
he rle iten  kan n .

A us (7) w ürde fo lgen, dass m a n  d a rau s (8) auch  d an n  e rh ä lt , w enn x 
eine sehr grosse jed o ch  positive  Z ahl is t  u n d  d a ra u s  w ürde w e ite r das ab su rd e  
R e su lta t folgen, dass au ch  eine sehr grosse p a ram ag n e tisch e  S u sz e p tib ilitä t einen 
ab so lu ten  D iam agnetism us v e ru rsach en  kan n . D ieses P a rad o x o n  is t  jed o ch  
n u r sche inbar. D er P a ram ag n e tism u s is t  näm lich  ein  O rien tie rungseffek t, bei 
dem  S ä ttig u n g sersch e in u n g en  a u f tre te n  m üssen , also sind in  d iesem  F alle  
unsere Form eln  n ich t m eh r an w en d b ar.

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.



208 TH. NEUGEBAUER

§ 2

W ir w ollen je tz t  im  Z u sam m en h an g  m it unserem  P ro b lem  die F älle  
b e tra c h te n , in  den en  die d iam ag n e tisch e  S u sz e p tib ilitä t (num erisch) v e rh ä lt
n ism ässig  gross is t . B ei a lip h a tisch en  V erb in d u n g en  bew äh rt s ich  in  g u te r 
N äh e ru n g  die R egel, dass sich  ihre d iam ag n e tisch e  S u szep tib ilitä t a d d itiv  aus 
denen  ih re r A to m e oder Io n en  a u fb a u t. Bei K e tten m o lek ü len  (besonders bei 
so lchen , in  w elchen  keine oder n u r w enig  D op p elb in d u n g en  e n th a lte n  sind) is t 
die S u sz e p tib ilitä t en tlan g  d er A chse (num erisch) ein  ganz w enig grösser, sen k 
re c h t d a ra u f  dagegen  ein w enig  k le iner. W ir sehen  also, dass a lip h a tisch e  V er
b in d u n g en  b ezüg lich  unseres P rob lem s ganz u n in te re ssa n t sind.

G anz an d e rs  sind  je d o c h  die V erhä ltn isse  be i a ro m atisch en  V erb in d u n 
gen. In  u n se re r T abe lle  [8] bezeichnen  w ir m it yA d ie S u szep tib ilitä ten  eines Mols 
sen k rech t zu r E b en e  der M oleküle (also in  sen k re c h te r  R ich tu n g  a u f  die B enzol
rin g e), m it %2 d ie jen igen  en tlan g  ih re r  L ängsachse  u n d  m it %3 d e ren  W erte  
sen k rech t zu d ieser L ängsachse in  d er E bene des M oleküls.О

Хг . 1 0 + б  x 2 . 1 0 + 6 * з - Ю +6
B enzol .....................  —  91,2 — 37,3 — 37,3
N a p h ta lin  ..............  — 187,2 — 39,4 — 43,0
A n th racen  ..............  — 275,5 — 45,9 — 52,7

W ir sehen  also, dass die d iam ag n etisch e  S u szep tib ilitä t d ieser k o n d en 
s ie rten  a ro m a tisch en  V erb in d u n g en  sen k rech t zu r M olekülebene ab n o rm al 
gross is t. N ach  dem  K ekuléschen  M odell e n th ä lt  d e r B enzolring abw echselnd  
ein fache  u n d  D o p p elb in d u n g en . J e tz t  w issen w ir es jed o ch  bere its  au s  q u a n te n 
m echan ischen  Ü berlegungen , dass diese D o ppelb indungen  ta ts ä c h lic h  n ich t 
v o rh a n d e n  sin d . Sie sind  v iel m ehr en tlan g  des ganzen  R inges v e rsch m ie rt. 
E b e n  die d iam ag n e tisch e  A n iso trop ie  is t  ein  in te re ssa n te r  B ew eis fü r diese 
A uffassung . D ie ü b erzäh lig en  B in d u n g en  v e ru rsach en d en  E le k tro n e n  (die 
so g en an n ten  я -E lek tro n en ) bew egen sich frei e n tla n g  des R inges, besch re iben  
also eine v iel grössere B ah n  als die ein A tom  um kre isen d en  E le k tro n e n . A us 
d e r b e k a n n te n  F o rm el von  P asca l fü r  die d iam ag n etisch e  S u sz e p tib ilitä t eines 
Mols

Х м  —  —
e2L  
6m  c2

(9)
in  der alle S ym bole  die gew ohnte B ed eu tu n g  h a b e n , sehen w ir g leich , dass, 
w en n  die E le k tro n e n  eine grössere B ah n  besch re iben , der ab so lu te  W ert d er 
d iam ag n e tisch en  S u sz e p tib ilitä t d a n n  ebenfalls v ie l grösser w ird . I n  unserem  
F a lle  is t be im  A n th racen  diese B ah n  am  g rö ssten , w eil dieser aus d re i zusam 
m engew achsenen  B enzo lringen  b es teh t.
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E ig en tlich  is t unsere  Form el (9) ü b e r alle O rien tie ru n g en  der E le k tro n e n 
b ah n en  g e m itte lt u n d  b ez ieh t sich d esh a lb  au f G ase. In  dem  h ier b e tra c h te te n  
Fall so llte  m an eigentlich  s ta t t  (9) d ie  noch n ich t g em itte lte  F o rm el

Х м  — —
e2L

4 mc
( 10)

b en ü tzen . D as ä n d e rt jed o ch  n ich ts a m  W esen d er Sache. E s w äre in te re ssa n t, 
w enn uns auch  die S u szep tib ilitä ten  v o n  aus noch  m eh r zusam m enw achsenen  
B enzolringen  au fg eb au ten  V erb in d u n g en , also z. B . von  P y ren  u n d  C hrysen 
(4 R inge), v o n  B enzpyren  und  P e ry len  (5 Ringe) oder sogar von  C oronen und 
O valen  [9] b e k a n n t w ären . Doch sch e in en  solche M essungen abgesehen  von 
d er e rw äh n ten  einen A usnahm e n ic h t vorzu liegen . N ach  u nserer A uffassung  
re p rä se n tie re n  die e n tla n g  der R inge sich  bew egenden  E le k tro n e n  e igentlich  
einen »Suprastrom « v o n  m oleku larer D im ension . U n m itte lb a r  k ö nnen  w ir den
selben se lb s tv e rs tän d lich  n ich t m essen, weil wir ja  an  ein M olekül keine E lek 
tro d e n  an legen  kö n n en . E s is t n o ch  in te re ssa n t zu  bem erken , dass dieser 
»Suprastrom « auch n o ch  be i Z im m ertem p era tu r  f lie ss t. D as r ü h r t  d a h e r, dass 
diese B enzolringe d u rc h  V a len zk rä fte  zu sam m en g eh a lten  w erden , u n d  die 
s ind  so s ta rk , dass sie be i norm aler T e m p e ra tu r  von  d er th erm ischen  B ew egung 
noch  n ic h t zerrissen w erden .

A usser den e rw ä h n te n  B eispielen  bezüglich d e r anom al grossen d iam ag- 
n e tisch en  S u sz e p tib ilitä t g ib t es n o c h  zwei feste  K ö rp e r, w elche ab n o rm a l 
s ta rk  d iam ag n etisch  sin d . D er eine is t  das W ism ut u n d  der andere  d er G rap h it. 
B eim  W ism u t w ird diese E rsche inung  von  der B rillo u in z o n e n s tru k tu r v e ru r
sa c h t u n d  is t  deshalb  bezüglich  unseres Problem s u n in te re ssa n t. D er G rap h it 
b e s itz t dagegen  ein S ch ich ten g itte r u n d  die ihn  au fb a u e n d e n  e inzelnen  sen k 
re c h t zu r hexagonalen  A chse o rie n tie rte n  S ch ich ten  besteh en  e igen tlich  aus 
la u te r  zusam m engew achsenen  B enzo lringen . Diese S ch ich ten  rep rä se n tie re n  
also e igen tlich  ein E x tre m u m  einer k o n d en sie rten  a ro m atisch en  V erb indung . 
E in  U n te rsch ied  b e s te h t jed o ch  in  e in em  gewissen S inne darin , dass die e rw äh n 
te n  überschüssigen  E lek tro n en  hier fü r  die die einzelnen  S ch ich ten  zu sam m en 
h a lte n d e n  K rä fte  v e ran tw o rtlich  sind . T a tsäch lich  b e trä g t  die d iam agnetische  
S u sz e p tib ilitä t des G rap h its  en tlang  d e r hexag o n alen  Achse (also sen k rech t 
zu r E b en e  d er B enzolringe) nach  den  M essungen v o n  K r is h n a n  u n d  Ga n g u l i 
[10] — 22 • 10 6 u n d  sen k rech t zu d ieser n u r — 0,5 • 10~ e. D er G ra p h it is t 
also d iam ag n etisch  e x tre m  an iso trop , w ie w ir das n a c h  unseren  th eo re tisch en  
B e tra c h tu n g e n  auch e rw a r te t  haben . E s  sei n u r noch  e rw äh n t, dass die en tlan g  
der hexagonalen  Achse gem essene S u sz e p tib ilitä t e tw as ungew iss is t, u n d  von 
dem  m eh r oder w eniger p erfek ten  A u fb a u  des K ris ta lls  a b h än g t, ganz im  E in 
klänge m it u nserer A uffassung . E in ige A u to ren  h a b e n  ta tsäch lich  au ch  schon 
eine sechzigfache A n iso trop ie  gem essen.
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D ie L e itfäh ig k e it des G rap h its  is t noch e x tre m e r an iso trop . E b en fa lls  nach  
d en  M essungen  v o n  K r is h n a n  u n d  Ga n g u l i [11] u n d  au ch  n ach  ande
re n  A u to ren  b e s itz t der G ra p h it sen k rech t zu r h ex ag o n alen  A chse (also in  d er 
E b en e  d e r B enzolringe) eine z e h n ta u se n d m a l so grosse L e itfäh ig k e it als 
p a ra lle l zu  d ieser A chse. D esha lb  h a b e n  schon m eh rere  F o rscher das e lek trische  
V e rh a lte n  des G rap h its  als das eines zw eid im ensionalen  M etalls, als eines 
H a lb le ite rs  m it d er A nregungsenerg ie  gleich N u ll usw . zu  d e u te n  versu ch t.

N ach  u n se re r A uffassung  w äre  dagegen d e r G ra p h it, w enn die sich in  den  
v o n  den  B enzo lringen  zu sam m en g ese tz ten  S ch ich ten  bew egenden  E le k tro 
n en  n ic h t au ch  diese S ch ich ten  Z usam m en h alten  w ürden , e in  zw eid im en
siona le r S u p ra le ite r  (u n d  zw ar au c h  bei n o rm a le r  T em p era tu r). Infolge d er 
e rw ä h n te n  U rsach e  k a n n  jed o ch  w eder die d iam ag n etisch e  S u sz e p tib ilitä t 
n och  die e lek trisch e  L e itfäh ig k e it ih re n  ex tre m e n  W ert e rre ichen , jed o ch  sind  
ab e r beide an o m a l gross. D er G ra p h it  is t n ach  u n se re r  A uffassung  e igen tlich  die 
e x tre m  k o n d en sie rte  a ro m atisch e  »V erbindung«, a n f  dessen »M olekülen« w ir 
schon  ta ts ä c h lic h  E le k tro d e n  an legen  u n d  so ih re  L e itfäh ig k e it m essen  können .

§ 3

J e tz t  w ollen w ir die F rag e  besp rechen , ob w ir die im  v o ran g eh en d en  
e rh a lte n e n  E rg eb n isse  doch  irgendw ie  zur E rk lä ru n g  der bei den ta tsäch lich en  
S u p ra le ite rn  a u ftre te n d e n  V erh ä ltn issen  h e ran z ieh en  k ö n n ten . D ie e rste  F rage , 
die w ir b esp rech en  m üssen , is t  d ie , wie sich die S up ra le itu n g se rsch e in u n g en  
im  perio d isch en  S ystem  v e rte ilen . E in e  Z usam m en fassu n g  u n se re r  diesbezüg
lichen  K en n tn isse  w urde  v o n  Ma t t h ia s  [12] v e rö ffen tlich t. W ir w ollen  dagegen 
h ie r a u f  eine n och  k a u m  b e a c h te te  T a tsach e  bezüglich  der su p ra le iten d en  
E lem en te  au fm e rk sa m  m ach en : B ek an n te rw e ise  k a n n  m an  in  e in er gewissen 
N äh e ru n g  doch  R ad ien  fü r  die in  einem  M etall in  die E lek tro n en flü ss ig k e it 
e in g e b e tte te n  M etallionen  an geben . W enn  w ir j e tz t  von  dem  A to m v o lu m en  
des M etalls diese V o lum ina d er Io n e n  su b tra h ie re n , so e rh a lten  w ir  den  fü r die 
L e itu n g se lek tro n en  zu r V erfügung  s teh en d en  R au m . W enn  w ir d en  L e tz te ren  
noch  d u rch  die Z ah l der L e itu n g se lek tro n en  p ro  M etallion  d iv id ie ren , so e rh a l
te n  w ir den  B egriff des E lek tro n en v o lu m en s VE im  M etall. W ir en tn eh m en  die 
in  d er fo lgenden  T abelle  e n th a lte n e n  d iesbezüglichen  D a te n  aus dem  W erke 
v o n  B iltz  [13], die w ir m it n o ch  einer S p a lte  e rg än z t h a b e n , w elche die 
S p ru n g p u n k te  T c d e r S u p ra le ite r  aus dem  W erke von  S ch o en berg  [14] e n th ä lt.

E s w u rd e  schon  v o n  Me is s n e r  u n d  S c h u b e r t  [15] d a ra u f  au fm erk sam  
g em ach t, dass das A tom v o lu m en  der S u p ra le ite r  zw ischen engen  G renzen 
sch w an k t. A us un se re r T abelle  k a n n  m an  dagegen  die noch  v iel au ffa llendere  
R egel ab lesen , dass die E lek tro n e n v o lu m in a  d er S u p ra le ite r alle  rech t k lein  
sind . D as b e d e u te t also, dass in  ih n en  die Io n en  (A tom rüm pfe) zu e in an d er 
re c h t n a h e  k o m m en , oder an sch au lich  gesprochen , sich b e rü h re n . Bei den
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M e ta l l A to m v o lu m e n I o n e n  v o lu m e n z v a Ve Тс

Li 12,6 1,5 11 11
Na 22,8 6,5 16 16 —

К 43,1 16,0 27 27 —

Rb 53,1 20.0 33 33 —

Cs 65,9 26,0 40 40 —

Cu 7,0 5,0 2 2 _
Ag 10,1 9.0 1 1 —

Au 10,1 — — — —

Be 4,8 0 5 2,5 _
M g 13,8 2 12 6 .------
Ca 25,6 6.5 19 9,5 —

Sr 33.2 11.0 22 11,0 —

Ba 37,3 16 21 10,5 —

Zn 8,9 3 6 3 0,91
CH 12,7 6 7 3,5 0,56
Hg 13,8 8 6 3 4,152

A l 9,9 0 10 3,3 1,20
Sc (15) 2 13 4,3 —

Y 20,2 6 14 4,7 —

La 22,8 8 14 4,7 4,37

Ga 11,7 2 10 3,3 1,10
In 15,3 4 11 3,7 3,37
TI 16,9 6 11 3,7 2,38

Ti 10,7 1 10 2,5 0,53
Zr 13,9 2,5 11,5 2,9 0,70
Hf 13,4 2,5 11 2,8 0,35
Th 19,7 6 14 3,5 1,39

Ge 13,5 1 12,5 3,1 _
Sn 16,0 2 14 3,5 3,73
Pb 17,9 5 13 3,2 7,22

V 8,2 _ 8 1,6 5,1
Nb 10,8 — П 2,2 8,0
Ta 10,9 — 11 2,2 4,4

E lem en ten  dagegen, die ty p isc h  keine S u p ra le ite r  w erd en  (z. B. A lkalien  u n d  
E rd a lk a lien ), sind  diese Io n en  weit v o n e in an d e r e n tfe rn t in die E le k tro n e n 
flüssigkeit e in g eb e tte t. S e lb s tv e rs tän d lich  g ib t es au ch  A usnahm en  v o n  d ieser 
Regel, so w erden  z. B. v o n  den M eta llen  m it n ic h t oder gerade n u r  abge
schlossenen d-Schalen n ic h t alle S u p ra le ite r , was sie n a c h  der h ier gefundenen  
R egel sein so llten . Diese A usnahm en  h a b e n  jedoch  re c h t p lausib le  p h y sika lische  
U rsachen . A usserdem  sind  ja  die Io n e n ra d ie n  g a rn ich t g u t defin ierte  G rössen , 
und  es is t au ch  oft frag lich , welche E le k tro n e n  schon zu  den L e itu n g se lek tro 
nen rechnen  u n d  w elche noch  zu den  A to m rü m p fen  usw . W ir w ollen je d o c h  
a u f  diese E inzelheiten  h ie r n ich t n ä h e r  eingehen.

14* Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.
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§ 4

T a tsa c h e  is t  jedoch , dass diese e rw ä h n te n  Io n en  (oder v ie lle ich t r ic h tig e r  
gesag t A to m rü m p fe ) p o la ris ie rb a r sind . K o m m en  sie also e in an d e r rech t n a h e , 
so kön n en  sie sich  gegenseitig  beein flu ssen . U m  zu sehen, w as d a n n  gesch ieh t, 
w ollen w ir eine lin eare  K e tte  v o n  solchen p o la ris ie rb a ren  T eilchen  b e tra c h te n . 
N ehm en  w ir an , dass diese K e tte  schon p o la ris ie rt is t u n d  bezeichnen  das in  
e inem  T e ilch en  in d u z ie rte  M o m en t m it P . A u f ein Glied d er unen d lich  la n g  
angen o m m en en  K e tte  w ird d a n n  infolge der P o la ris ie rth e it d er ü b rig en  T eilchen  
die e lek trische  F e ld in te n s itä t

® =  2 e  =  2
2 P

1 +  ^ +  133
+

1
43

=  4 i ^ P ( И )

einw irken . B ezeichnen  w ir ausserdem  die P o la ris ie rb a rk e it eines K etten g lied es  
m it a, so h a b e n  w ir, w enn ke in  äusseres F e ld  v o rh an d en  is t,

P  =  a® . (12)

U nser aus (11) u n d  (12) besteh en d es G le ichungssystem  h a t  (abgesehen v o n  
dem  p h y sik a lisch  u n in te re ssa n te n  F all, dass die K oeffiz ien ten  in  den zw ei 
G le ichungen  gerad e  e in an d er gleich  sind) n u r  die Lösungen P  —  @ =  0 u n d  
P  =  (g =  oo. D as e rste  L ösungssystem  e n tsp r ic h t dem  gew öhnlichen  F a ll, 
dass ohne e in  äusseres F e ld  die K e tte  n ic h t p o la ris ie rt is t. D er zw eite F a ll 
e n ts te h t  d agegen  d an n , w enn die p o la ris ie rb a ren  Teilchen zu e in an d er so n ah e  
k o m m en , dass eine » P o la risa tio n sk a tas tro p h e«  e in tr i t t .  S e lb s tv e rs tän d lich  
k a n n  die E rsc h e in u n g  n ic h t so k rass w erd en , w eil j a  der lin ea re  Z usam m en
h a n g  (12) n u r  b is zu  einer gew issen F e ld in te n s itä t  an g en äh ert g ü ltig  sein k a n n . 
D as A u ftre te n  d e r » P o la risa tio n sk a tastro p h e«  d rü c k t jed o ch  den  p h y sik a li
schen  S a c h v e rh a lt aus, dass die Io n en lad u n g en  in  diesem  F a ll  zusam m en- 
fliessen. E s w u rd e  jed o ch  schon  von  F r e n k e l  d a ra u f  au fm erk sam  g em ach t, 
dass eine u n e n d lic h  grosse P o la ris ie rb a rk e it m it  einer u n en d lich  grossen L e it
fä h ig k e it ä q u iv a le n t is t. E ig e n tlic h  sollte m a n  in  (11), w eil die A to m rü m p fe  
zu e in an d e r g an z  n ah e  k o m m en , auch  n och  höhere  G lieder b erü ck sich tig en . 
D iese F ra g e  w ollen  w ir jed o ch  in  einer w e ite re n  A rb e it besp rechen ,

W enn  w ir also ta tsä c h lic h  n ach  dem  v o rh e r  G esagten  an n eh m en , dass in  
d en  S u p ra le ite rn  solche b is zu r S ä ttig u n g  po la ris ie rte  Io n e n k e tte n  e n ts teh en , 
so k ö nnen  w ir  a u f  die d ieselben  G edankengänge anw enden , m it H ilfe d e ren  
w ir bei d e r B esp rech u n g  d er A to m k e tte n  d e r arom atisch en  V erb in d u n g en  
gezeigt h a b e n , dass d o rt zu  d em  ab so lu ten  D iam agnetism us u n d  der S u p ra 
le itu n g  äh n lich e  E rsch e in u n g en  a u ftre te n . I n  unseren  P o la r isa tio n sk e tte n  
w erden  diese a b e r  ta tsä c h lic h  vo ll en tw ick e lt sein. Die A to m k e tte n  in  den  
k o n d e n s ie rte n  a ro m atisch en  V erb in d u n g en  w erden  jedoch  d u rch  s ta rk e  V alenz
k rä f te  zu sam m en g eh a lten , w elche bei n o rm a le r  T e m p era tu r  die th e rm isch e  
B ew egung n o ch  n ic h t zerreisen  k an n , unsere  in  den  S u pra le ite rn  a u ftre te n d en
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P o la risa tio n sk e tte n  w erd en  dagegen n u r  d u rch  schw ache P o la r isa tio n sk rä f te  
zu sam m en g eh a lten  u n d  es is t deshalb  le ic h t begreiflich , dass diese schon  am  
S p ru n g p u n k t der S u p ra le ite r  von der th e rm isch en  B ew egung  z e rs tö rt w erd en . 
B erü ck sich tig en  w ir noch , dass wie w ir  d ies schon e rw ä h n t h ab en , die n o rm a le  
d iam ag n e tisch e  S u szep tib ilitä t von e in em  cm 3 fester M aterie  die G rössenord
n u n g  — 1 0 ~ 7 b es itz t, die S u sz e p tib ilitä t d er abso lu t d iam ag n e tisch en  K ö rp e r 
dagegen  ^ =  — 1 /4 тг is t , so sehen w ir u n te r  B erück sich tig u n g  der F o rm el (10), 
dass es zu r E rk lä ru n g  des A uftre tens des abso lu ten  D iam ag n e tism u s g en ü g t, 
w enn  unsere  P o la risa tio n sk e tte n  a u f  ein ige h u n d e rt A to m e au sg ed eh n t ange
nom m en  w erden .

Z um  Schluss w ollen w ir noch ze igen , wie einfach z. B . der Iso to p en e ffek t 
aus der neu en  Theorie fo lg t. Die W ah rsch e in lich k e it d e r th e rm isch en  A nregung  
am  S p ru n g p u n k t T c b e sch re ib t der B o ltz m a n n -fa k to r

h v

e . (13)

A ndererseits ist die S chw ingungsfrequenz eines O szilla to rs so k lassisch  wie 
au ch  q u an ten m ech an isch

1
2it

к 2 
M

(14)

S etzen  w ir je tz t  (14) in  (13) e in  u n d  berü ck sich tig en , dass be i den  zu 
dem selben  E lem en t gehörenden  v e rsch ied en en  Iso to p en  am  S p ru n g p u n k t die 
W ah rsch e in lich k e iten  (d e r Z erreissung d e r P o la risa tio n sk e tten ) e in an d er gleich 
sein m üssen , so folgt

f M  • T c =  k o n s t, (15)
also

T . p r o p M - 1/2. (16)
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О ПРОБЛЕМЕ АБСОЛЮТНОГО ДИАМАГНЕТИЗМА И СВЕРХПРОВОДИМОСТИ
Т. Н А Й ГЕБА ЕР

Р е з ю м е

В рамках всей созданной до настоящего времени теории сверхпроводимости сдела
лась попытка для объяснения бесконечно большой проводимости. Свойства сверхпро
водников вытеснять из своих внутренних частей магнитные трубные линии, то-есть явле
ние абсолютного диамагнетизма, удалось вводить в теорию либо с помощью дальнейших 
гипотез, либо путём сложнейших математических выводов удалось доказать, или, по 
крайней мере, представлять вероятным, что разработанная теория сверхпроводимости 
способна объяснять явление абсолютного диамагнетизма. В противоположность этому 
данная работа непосредственно исходит из эффекта Мейсснера—Оксенфельда. Предметом 
первоначального исследования в ней является вопрос о возможности перехода между 
обычными диамагнитными явлениями и абсолютным диамагнетизмом сверхпроводников. 
С этой точки зрения особенным вниманием исследуется поведение конденсированных аро
матических соединений и графита. Далее говорится об одном новом правиле распреде
ления явлений сверхпроводимости в периодической системе элементов. Из этого правила 
и результатов, полученных в первой части статьи для диамагнетизма, вытекает новая 
теория для объяснения явлений абсолютного диамагнетизма и сверхпроводимости.
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MEHRTEILCHENPROBLEM
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INSTITUT FÜR THEORETISCHE PHYSIK DER TECHNISCHEN UNIVERSITÄT, DRESDEN, DDR 

(Eingegangen: 20. IX . 1963)

Der S-Operator — und dam it auch der G rundzustand Ф, E  und die E inteilchen-A us
breitungsfunktion G(x, x')  — eines quantenm echanischen M ehrteilchensystem s H  =  H °  +  V  
m it quasistatisch ein- und ausgeschalteter W echselw irkung V  wird in  einfacher W eise ganz  
allgem ein durch nur zusam m enhängende Graphen (Verbundgraphen) dargestellt.

E in le itu n g

Z ur B eh an d lu n g  q u an ten m ech an isch e r M ehrteilchenproblem e w ird  oft 
d er S -M atrix -F orm alism us herangezogen  [1— 6]. D as S ystem  w ird  d ab e i 
beschrieben  d u rc h  H  =  11° -j- V  u n d  e n th ä l t  e inen  A nteil H °  w echselw irkungs
freier T eilchen u n d  eine stö ren d e  T eilchenw echselw irkung  V. L etz tere  d e n k t 
m an  sich gew öhnlich  im  Z e ita b la u f w äh re n d  einer Z e itd au e r r  q u as is ta tisch  
ein- u n d  n ach  A b lau f eines langen  Z e itin te rv a lls  T  §> r  w ied er au sg esch a lte t. 
Zu B eginn des E in sch a lten s  möge sich  d as  System  in einem  E ig en zu stan d  
des u n g estö rten  A nteils H °  be finden . F a lls  d ieser E ig en zu stan d  von  H °  n ic h t 
e n ta r te t  is t —  eine V orausse tzung , die o ft n u r  au f den G ru n d zu stan d  Ф0, E°  
z u tr if f t  -— u n d  falls d u rch  V  n ich t en tsp rech en d e  E rh a ltu n g ssä tz e  v e r le tz t  
w erden , en tw ick e lt sich im  Z e itab lau f a u f  G rund  der S chröd ingerg le ichung  
aus dem  u n g es tö rten  G ru n d zu s tan d  Ф0, E °  b e i q u asis ta tisch en  E in sch a lten  d er 
g estö rte  G ru n d zu stan d  Ф, E .  D er Z e ita b la u f  w ird  einfach d u rc h  den so g en an n 
te n  S -O p era to r beschrieben , der w iederum  w ie üblich  d u rch  eine alle m öglichen  
v irtu e llen  Prozesse w iedergebende G rap h en su m m e ü b e rs ich tlich  a b g e k ü rz t 
w ird . D a n u n  Ф u n d  E  sow ie auch  belieb ige  E rw a rtu n g sw e rte  im  Z u s ta n d  Ф, 
insbesondere D ic h tem a trizen  und  A u sb re itu n g sfu n k tio n en , d u rch  den S -O pe
ra to r  b e s tim m t sind , w erd en  auch  alle d iese  in te ressie ren d en  Grössen d u rc h  
G raphen  d a rg es te llt. Im  folgenden w ird  d e r S -O p era to r allgem ein d u rc h  
zu sam m en h än g en d e  G rap h en  ( =  V e rb u n d g rap h en ) d a rg e s te llt, w oraus so fo rt 
die bere its von  Ge l l -Ma n n  u n d  L ow  [7], H u b b a r d  [2] u .a . angegebene V e rb u n d 
g rap h en d arste llu n g  von  Ф, E ,  ab e r au c h  beliebiger E rw a rtu n g sw e rte  im  
Z u stan d  Ф fo lg t.
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1. E x p o n en tia ld a rs te llu n g  von S

D er S -O p e ra to r  eines beliebigen S ystem s H  =  H °  V  v e rm itte l t  
b e k a n n tlic h  in  d er S ch rö d in g erd a rste llu n g  fo lgenderm assen  die E n tw ic k lu n g  
eines belieb igen  A n fan gszustandes P(t):

- f m  ~  H“ r
W(t) =  U{t,t')V{t'), U ( t , t ' )  =  e S(t,  {') e H . (1)

D a W(t) im  Z e ita b la u f  die S ch röd ingerg le ichung  erfü llt, e rg ib t sich fü r  S  d ie  
D arste llu n g  als ze itgeo rdnetes P ro d u k t

S(t,  t') =  Pe
dt" Vtt")

V (t) Ve
-  — H°tn

( 2 )

Im  F o rm alism u s der W ellen q u an te lu n g  h ä n g t n u n  der S -O p era to r ü b e r die 
T eilchenw echselw irkung  V  v o n  den  E rzeugungs- und  V ern ich tu n g so p e ra to ren  
y>+ , tp bzw . n a c h  deren  Z erlegung tp+ =  ip+ -|- ip~ u n d  tp — y>+ -\- v o n
den  E rzeu g u n g s- u n d  V ern ich tu n g so p era to ren  \pX, tp± ab . D a fü r die n e u e n  
V ern ich tu n g so p e ra to ren  ip± d e r u n g es tö rte  G ru n d zu stan d  Ф0 =  >  oder <  als 
V ak u u m  e rsch e in t, also ^ ± >  =  < y j ± =  0 g ilt, u n d  da g e rad e  die A n w en d u n g  
v o n  S  a u f  Ф0 in te re ss ie rt, em p fieh lt es sich , alle V ern ich tu n g so p era to ren  y>+ 
n ach  re c h ts  zu  tau sch en , d. h . das so g en an n te  N o rm a lp ro d u k t h e rzu ste llen . 
D a die ip + m it  den  1p l  n ic h t v e r ta u sc h b a r  bzw . a n tiv e r ta u sc h b a r  sind , e n t 
steh en  d a b e i alle m öglichen  V erk n ü p fu n g en  der W echsel W irkungen, d ie  
gew öhnlich d u rc h  G raphen  a b g ek ü rz t w erd en . So w ird  S  au s  einem  ze itg eo rd 
n e ten  P ro d u k t  (2) in  eine S um m e von  N o rm a lp ro d u k te n  u n d  d am it in  e ine  
Graphensumme  ü b e rfü h rt (WiCKSches T h eo rem  [8]):

S =  1 +  27G ,

G =  I $ d x i d x [ .  . .  d y1 dy[ . . . rp i (Xl) . .  -ViCZi)- • •

. . . f r (x lX [ . . .  ) f r , {yi y [ . . . ) . . .  v>± (r í) -  • • 4>± (x 'i) ■■■ (3)

N G  =  G , N S  =  S .

G b e s te h t im  allgem einen aus m eh reren  vone in an d er v ö llig  u n ab h ä n g ig e n , 
m ite in a n d e r n ic h t v e rk n ü p fte n , aber au ch  n ic h t w eiter in  e infachere G ra p h e n  
zerlegbare Verbundgraphen Г .  E in  b e s tim m te r  V erb u n d g rap h  Г  lie fe rt e in 
schliesslich a lle r seiner n ic h tv e rk n ü p fte n  P o ten zen  zum  S -O p e ra to r  den B e itra g

S r  =  N S r  =  N  У —  = N e r . (4)
n = d n\

D abei v e rh in d e r t  die N o rm alp ro d u k t-V o rsch rift N  V erknüpfungen  d e r Г  
m ite in an d e r. D er F a k to r  n  ! b e d e u te t die Z ah l der P e rm u ta tio n e n  der n  g le ichen
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V erb u n d g rap h en  Г  u n d  sorgt d a fü r, dass in sg esam t jeder G rap h  genau  e inm al 
v o rk o m m t. F ü r den  gesam ten  S -O p era to r als Sum m e der n ic h tv e rk n ü p f te n  
P o te n z p ro d u k te  a lle r V erb u n d g rap h en  e rg ib t s ich  dam it

S  =  N S  =  N n  S r  =  N i l e r  =  N eEr. ( 5 )

(5) g ib t die a llgem eine E x p o n en tia l-  oder V e rb u n d g ra p h e n -d a r Stellung des 
S -O p era to rs  w ieder.

B ezeichnen die Г + die V erb u n d g rap h en , d ie zw ar E rzeu g u n g so p era to ren  
y>.t ab er keine V ern ich tu n g so p e ra to ren  ip± e n th a lte n , die Г ~  d ie V e rb u n d 
g rap h en , die zw ar V e rn ich tu n g so p era to ren  y)± ab e r keine E rzeu g u n g so p e ra 
to ren  \ p \ .  e n th a lte n , u n d  die Г и die V ak u u m v erb u n d g rap h en , so lie fe rt d ie  
A nw endung  von S a u f  den V a k u u m zu stan d

< S >  =  e<s r > =  e r r °, S  >  =  aLr°+Er+ , <  S  =  <  е*г °+ЕГ~. (6)

2. V erb u n d g rap h en d arste llu n g  von  Ф und E

W ä h lt m an in  (1,1) als A n fan g szu stan d  — o o )  =  Ф0 u n d sc h a lte t d ie
W echselw irkung  m it der in  A bb . 1 w iedergegebenen  F u n k tio n  |( t )  ein (u n d  
aus), so en tw ick e lt sich  im  Z e ita b la u f  aus d e m  u n g estö rten  G ru n d z u s ta n d  
Ф0, E°  be i q u as is ta tisch en  E in sc h a lte n  т н - o o  der gestö rte  G ru n d z u s ta n d  
Ф, E .  U m g ek eh rt en tw ick e lt sich  beim  A u ssch a lten  w ieder Ф0, E °  aus Ф. E .  
D ab e i is t v o rau sg ese tz t, dass d iese Z u stän d e  n ic h t  e n ta r te t s in d  u n d  dass d ie  
W echselw irkung die G ü ltig k e it e n tsp rech en d er E rh a ltu n g ssä tz e  g a ra n tie r t 
d ie  Ü bergänge in  an d ere  Z u stän d e  v e rh in d ern .

F ü r  T  g >  T —> o o  gilt also

U ± — ,
2

Ф °-> Ф , \Ф ,Ф )  =  (Ф°,Ф°) =  1, ( 1 )

bis a u f  P h asen fak to ren  exp ( ^  i Л E  xjh), d ie w egen r T  gegenüber d en  
in te rfe rie ren d en  F a k to re n  exp ( ±  i А E  TjK) z u  v ernach lässigen  sind . Im  
Z e itin te rv a ll zw ischen — T/2 u n d  + Г / 2  is t V  v o ll e ingescha lte t, also H  n ic h t 
m eh r ze itab h än g ig , so dass

- ± H ( h - t 2) T
U (tj,t2) =  e f ü r | t J 2 | < —  (2)

2

g ilt. D a U  gem äss (1,1) einfach m it S  zu sam m en h än g t, lassen  sich  Ф u n d  E
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d u rc h  S  au sd rü ck en . A us (1) u n d  (2) fo lg t m it [ / ( 0 ,  J^oo)  =  17(0, i T / 2 )  • 
• U ( ± T / 2, A oo) so fo rt

S(  0 ,

[7(0, ±  oo) e

)Ф° =

- T E° (d ±  z )  -  - ^ E ‘( ±  ~ )  ±  ~  E
> фО V „ Ä 2 / „ Ä Ф =  e

i . B T—  A E  —  Л 2 Ф . (3)

D abei b e d e u te t zl E  =  E  —  E 0 die E n erg iev ersch ieb u n g  des G ru n d zu stan d s . 
D u rch  L in k sm u ltip lik a tio n  m it Ф0 lä ss t sich  der P h a se n fa k to r  e lim in ieren :

i T

< S ( 0 , ± ° o  ) > ^ e  1' ЛЕ^ ( Ф \ Ф ) ,  (4)

so dass fü r  Ф en d g ü ltig

S ( ° ,  ±  ° ° )  фо у ___ ? ___ =  ф ’ ( ф о ф ' ) = 1
< S ( 0 , ± o o ) >  (Ф °,Ф )

(5)
e n ts te h t . D ie A n w en d u n g  von  S  =  S (oo , — со) a u f  Ф 0 dagegen lie fe r t

М т +* ) г г - - К т + * )S  Ф° =  e w  ' Ue  

w o rau s sich fü r  die E n erg iev ersch ieb u n g  А E

E ° T  -  - r  E T  -  Л Е Т
Ф ° - у е  e * Ф ° = е  * Ф°, (6)

< S >
-  - г  Л Е Тп ( 7 )

e rg ib t. E in  V erg leich  v o n  (5) u n d  (7) m it (1,6) ze ig t: D ie E nerg ieversch iebung  
А E  is t  bis a u f  e inen  F a k to r  — H/iT  d u rc h  die V a k u u m v e rb u n d g ra p h en  И Г 0 
gegeben:

/1Е =  -  4 -  • (8 )
i r
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W e ite r  w ird  d er Z u s ta n d  Ф als R e c h ts  v e k to r n u r  du rch  die V e rb u n d g rap h en  
Е Г +, d ie zw ar ab e r keine ip± en h a lten , u n d  der Z u s ta n d  Ф als L in k s
v e k to r  n u r  d u rch  die V e rb u n d g rap h en  Е Г ~ ,  d ie zw ar y>±, a b e r keine xpX 
en h a lte n  b e s tim m t, siehe auch  G e l l -Ma n n  u n d  L o w  [7], S u c h e r  [3], R o d 
b e r g  [4 ], H u b b a r d  [2 ].

3. Verbundgraphendarstellung von Erwartungswerten, Dichtem atrizen  
und A usbreitungsfunktionen

D en E rw a rtu n g sw e rt e iner beliebigen physik a lisch en  G rösse A  im  
Z u s ta n d  Ф =  oder k an n  m a n  m it (2.5) schreiben  als

<síA ís> =
< S  ( o o ,  0) A S (0 ,  — o o ) >

< s >
=  < C T A S x S >  1, S  =  S ( o o ,  —  o o ) ,

( 1 )

w obei S(t,  t ')  =  S +(t, t ') v e rw en d e t is t und  T  d en  O p era to r A  =  A ( 0) in  
das Z e itin te rv a ll d e r S -M atrix  h in e in o rd n e t. F a lls  A  n u r au s  E in te ilc h e n 
o p e ra to ren  a (a ', x )  =  d (t' — e) a (r', r) ö(t)  m it e >  0 au fg eb au t is t , lau ten  
O p e ra to r  A  u n d  E rw a rtu n g sw e rt <^A§> au sfü h rlich

A  =  j  \ dv' d t  yj+ ( r ')  a ( r ',  r) y>(r) =  [ I d x ' d x  f +(x') a (x ' , x)  y>(x),

— S p a g  =  iS p a  G, (2)

w obei Einteilchendichtematrix q u n d  Einteilchenausbreitungsfunhtion G des 
Z u stan d es  ähn lich  (1) d u rch  die S -M atrix  au sg e d rü c k t w erden  können:

ß ( r , r ' ) =  <ztp+ (r ')  y(r)§> =  <  7 > +  (x')-ip(x) S >  < S > _ 1 , t ' = = t - f - 0

'  H t  - E n t  Е н г  -  [  н г
G (x ,x ')  =  i <g T(e y>(t) e ) (е Л ( t ')  e ‘ )^> =

=  i <T ip(x)  y>+ (* ')  S >  < S > _ 1 .

In  (2) e n th ä lt  die zw eite S purb ild u n g  au ch  die en tsp rech en d en  Z e itin teg ra tio n en  . 
B ei feh lender T eilchenw echselw irkung, d. h. V  —> 0, also H  ->  H°, Ф —>Ф°, 
S ->  1 en ts te h e n  jew eils die u n g e s tö rte n  A usd rücke <4A§>° =  < A > ,  
e° (r, t ') ,  G° (x, x ') .

M it der V e rb u n d g rap h en d ars te llu n g  (1,5) d e r  S -M atrix  is t die G rap h en 
d ars te llu n g  von  G, u n d  d a m it au ch  von  q und  <^Ap> le ich t a b le sb a r:

♦
G(x, x ')  =  i <  Ty>{x) y>+ (x ') N exr  >  е~£Г° =  i <Ty>(x) yi+ (V) 1V(1 -f- 2’F 1)> .(4)
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D ab e i lie fern  n a c h  dem  W iCKschen T h eo rem  n u r solche T erm e Г х d e r G rap h en 
sum m e S  < S >  _1 =  V  exp  ( Z Г  —  27 Г 0) B e iträge , die gerade  ein O p e ra to re n 
p a a r  y>+ y) e n th a lte n , also alle G raphen , die du rch  A ufschneiden  v o n  V ak u u m 
v e rb  un d g rap h en  e n ts te h e n :

T X =  N  J j  d x i dx i У>+ (* i) i r i (* i, *2) V>{x i ) ■ (5 )

(5) in  (4) e in g e se tz t  lie fert d ie Verbundgraphendarstellung von G (s ieh e  auch  
z . B . B o g o ljubo w  u n d  S h ib k o w  [9]):

G(x, x ')  =  G° (x, x ')  dxx d x 2 Gn (x, x x) Z T X ( x x, x 2) G (x2, x ') . ( 6)

D a m it is t au ch  p u n d  <gA§> allein  d u rc h  V erb u n d g rap h en  d a rg e s te llt:

o ( r , r ' )  =  e ° ( r , t ' )  +  J j d x 1d x , G ° ( r ,  t\x1)zr(x1,x2) G°(x2;x',t) +  . . . ,

<gA^> =  < A >  +  i S p a G ° Z T X G° +  . . . ,  (7)

* Г !(*!, x 2) =  — d{xx — x 2) j  d x [ v { x 1,x'1) (  — i ) G° ( t j ,  t[; r j; t[ +  0) +

+  ®(*i, x i) (— i) G° (*15 x 2) + -----

Bis zu r e rs ten  O rd n u n g  h a t  I \  die angegebene F o rm .
D ie G rap h en  d er E in te ilch en -A u sb re itu n g sfu n k tio n  hängen  üb rigens 

topo log isch  in  e in fach er W eise m it den  V a k u u m v e rb u n d g ra p h en  zu sam 
m en . W ü rd e  in  (3) n äm lich  n ich t d e r  O p era to r T m,,+ a u f  die S -M a trix  w ir
k en , so e n ts tü n d e n  bei d er E rw a rtu n g sw e rtb ild u n g  die V a k u u m g rap h en  
< S > .  D er O p e ra to r  Т,рч,,+ b ew irk t n u n , dass in  dem  aus T eilchenw echselw irkun
gen v (x , x ') u n d  u n g e s tö r te n  A u sb re itu n g sfu n k tio n en  G°(x, x ')  a u fg e b a u te n  
< S >  d e r R e ihe  n ach  an  allen  m öglichen  S tellen  je  e ine  A u sb re itu n g sfu n k tio n  
G° z e rsc h n itte n , d . h . gem äss G° (1, 2) =  i < T v>lV,+ >  iVlV+ e rs e tz t  w ird . 
D ie G rap h en  d er E in te ilch en -A u sb re itu n g sfu n k tio n  en ts teh en  au s den V a
k u u m v e rb u n d g ra p h e n  also d u rch  sukzessives Z erschneiden  der u n g e s tö r te n  
A u sb re itu n g sfu n k tio n en  G°, w as d u rc h  die G leichung

Ô ln  < S >  
ÔG0 (x2, x x)

Z  Г х (xx, x 2) (8 )

zum  A u sd ru ck  k o m m t.
Schliesslich sei n och  eine w eitere  einfache topo log ische  E ig en sch a ft d er 

V ak u u m  V erb undgraphen  F 0 und  d er E in te ilc h e n g ra p h en  i \  e rw äh n t. B e k a n n t
lich  e n th ä lt  je d e r  G rap h  Г  einen S y m m e trie fa k to r  1 /g(-F). D abei s te ll t  g(F )  
d ie Z ah l v o n  P e rm u ta tio n e n  der In te g ra tio n sv a ria b le n  ( =  B ezeichnungen  
in n e re r  P u n k te )  d a r , die den  G rap h en  Г  völlig  in v a r ia n t  lassen. D a  n u n  die 
G rap h en  von  G(x, x ')  äussere  P u n k te  b esitzen , d e ren  B ezeichnungen  x, x r
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n ic h tin te g rie r te  V a riab le  b ed eu ten , kön n en  diese G rap h en  ke in e rle i S ym m etrie  
aufw eisen , d. h. ke ine  P e rm u ta tio n  von  B ezeichnungen  in n ere r P u n k te  k a n n  
diese G rap h en  in  sich  spiegeln, so dass fü r die S y m m e trie fa k to re n  der E in te il
ch en g rap h en  g { r x) =  1 gilt. D a ra u s  fo lg t in  V e rb in d u n g  m it (8 ), dass be im  
sukzessiven  Z erschneiden  eines V ak u u m  V erbundgraphen  Г 0, d e r  einen S ym 
m e trie fa k to r  1 / g { r o) e n th ä lt , o ffen b ar gerade a n  g en au  &(Г0) gew issen S tellen  
ein b e s tim m te r G rap h  Г 1 e n ts te h t. D a  beim  n ich tre la tiv is tisch en  M chrteilchen- 
p rob lem  ein V a k u u m v e rb u n d g ra p h  Г 0 der O rd n u n g  г ( Г п) gerade  2 г ( Г 0) A us
b re itu n g sfu n k tio n e n  G0 ( =  Z erschneidem ög lichkeiten ) besitz t, e n ts te h e n  aus 
einem  Г 0 genau  п ( Г  0) =  2 r(G 0)/g(G 0) versch ied en e  E in te ilch en g rap h en  
I \ ,  Г[, Г[,  . . _T<n<ioW, aber jed e r genau  g ( r o)  m a l:

п ( Г о ) ё ( Г 0) =  2 г ( Г 0) . (9)

D arau s fo lg t an d erse its  fü r die S y m m etrie fak to ren  d e r V a k u u m v erb u n d g rap h en  
d ie  E igenschaft

п ( Г о )  <  g { T 0 ) < 2 г ( Г 0) . ( 10)

F a lls  Г 0 keinerle i S ym m etrie  au fw eist, g ilt g ( r 0) =  1, falls Г 0 die in  d er 
O rd n u n g  г ( Г 0) grösstm ögliche S y m m etrie  au fw e ist, g ilt g ( / 10) — 2г ( Г и). Bei 
te ilw eiser S ym m etrie  lieg t g (E 0) zw ischen 1 u n d  2 г ( Г 0).

Die h ie r angegebene V e rb u n d g rap h en d ars te llu n g  der S -M atrix , des 
G ru n d zu stan d es Ф, E  sowie d e r A u sb re itu n g sfu n k tio n  G(x, x ' )  e rle ich te rt 
k o n k re te  stö ru n g sth eo re tisch e  U n tersu ch u n g en .
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С ВЯ ЗН О -ГРА Ф И Ч ЕС К О Е П РЕ Д С Т А В Л Е Н И Е  S -О ПЕРАТО РОВ В СЛУЧАЕ  
К ВАН ТО ВО М ЕХА Н И Ч ЕСК О Й  П РО БЛ ЕМ Ы  М НОГИХ ЧАСТИЦ

В. М А ККЕ и П. ЦИШЕ

Р е з ю м е
S-оператор данной квантогомеханической системы многих частиц — вместе с тем 

и основное состояние Ф, Е  и одночастичная обобщённая функция G(x,  х )  — I I  =  Я" +  V  
с  квазистатическим включённым и выключенным взаимодействиями V  представляется в 
общем случае простым методом через связых графиков.
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The exact equations concerning th e  spectral functions of the sim plest correlation  
functions appearing in the theory of superconductivity are derived. As an application  it  is 
shown th a t in the pole-approxim ation the equations lead to  G o r k o v ’s results.

§ 1. Introduction

One o f th e  sim p lest an d  m ost co n v en ien t m e th o d s  for th e  t r e a tm e n t  of 
th e  p ro p ertie s  of a sy s tem  of ferm ions w ith  a t t r a c t iv e  in te ra c tio n  h as  been 
given b y  G orkov  [1]. T h e essence o f  G orkov’s m e th o d  is th a t  on th e  basis 
of th e  equ a tio n s of m o tio n  he estab lish es  a coup led  system  of e q u a tio n s  for 
th e  v a rious one-partic le  G reen’s fu n c tio n s , w hich can  be  solved e x a c tly  if  
only  th e  tw o -p artic le  G reen ’s fu n c tio n s are  considered  as th e  p ro d u c ts  o f su it
able one-partic le  G reen’s functions.

In  th e  p resen t p a p e r  a m ethod  is described  w hich  is based  on th e  eq u a tio n s  
of m otion  an d  th e  c o m m u ta tio n  re la tio n s  as is th e  m e th o d  b y Go r k o v , b u t 
here use is m ade of in te g ra l re la tio n s concern ing  th e  sp e c tra l fu n c tio n s o f  th e  
various co rre la tio n  fu n c tio n s . T hese in te g ra l re la tio n s  are  ex ac t ones and  
ap p ro x im a tio n  need o n ly  be ap p lied  in  th e  la s t  s te p  o f  th e  ca lc u la tio n . 
N am ely , i f  we assum e th a t  on ly  one s tab le  exc ited  s ta te  co n trib u te s  to  the 
sp ec tra l fu n c tio n s, we a re  led  to  G o r k o v ’s re su lts .

In  th e  co rrespond ing  q u a n tu m  fie ld -th eo re tica l case, th e  sam e m e th o d  
leads to  a self-m ass eq u a tio n  like th e  gap  e q u a tio n  [2 ].

§ 2. Equations for the spectral functions

In  th e  p resen t p a p e r  th e  m odel ch a rac te rized  b y  th e  H a m ilto n ia n

4
V>+ (*) — -  Ф )2m +  y  (y>+ (*) ( v + (*) Ф ) )  Ф ) ) d3x ( 1 )
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is  ex am ined . T h e  ro u n d  b ra c k e ts  deno te  sp in  sum m ations a n d  » <  0. E q . 
( 1 ) is co m p le ted  b y  th e  usual can o n ica l c o m m u ta tio n  rules

{Va(*}> Vß (*')} =  Öaß à(x  -  x ' ) ,
( * o  =  * ó )  ( 2 )

{fa(X), Vß (*')} =  °-

T h e  H a m ilto n ia n  (1) p rovides th e  equ a tio n s o f  m otion

Эа0 2 m
V(x ) =  g ( v +(x ) v ( x ) ) v ( x ),

9a,I 2 m

(3)

V+ (a ) =  — gy)+ (a) (y>+ (x)ip(x)).

In  th e  fo llow ing various co rre la tio n  fu n c tio n s  will be d efined . F irs t o f 
a ll, we in tro d u c e  tw o  corre la tion  func tions o f one-partic le  s tru c tu re

K *ß {x, x ’) =  <  N\  (a)y>ß (a')  \N  >  =  d„p K{ A, a ') ,  (4 .a)

K'aß{ x , x >) = < N \ V ß { x ' ) Vi ( x ) \ N > = ä aßK ' ( X t x ' ) ,  (4 .b)

w h ere  | iV >  is th e  g round  s ta te  o f th e  sy s tem  o f ferm ions. L e t th e  partic le  
n u m b e r N  be even . All th e  ca lcu la tio n s are  confined  to  zero te m p e ra tu re . 
W e m u st in tro d u c e  also th e  co rre la tio n  fu n c tio n

K<:>(A, a ') =  <  ЛГ| {Va+ (a ), Wß(a ' ) } \ N >  = ö aßK M  (A, a '). (5)

B esides, tw o anom alous co rre la tio n  func tions a re  defined by

n v  ( * > * ' ) =  < N - 2 \ { f a ( x ) , V„( x ' ) } \ N>,

F laß(x , x ') =  <  N ~  2 \ V a ( x ) y p ( x ' ) \ N  > .

T h e fu n c tio n s _F(+ ) and  F y can  be w ritte n  in  th e  form

П У  (*, * ')  =  e~2,EaXo F ÿ  (x  -  x ') ,
F laß (*, a ')  =  e -2i£»xo P laß (a -  a').

T h e  reason  fo r th is  is th a t  |JV >  a n d  | N — 2 >  are  n o t th e  sam e  s ta te s , b u t  
th e y  belong to  d iffe ren t energies

H \ N >  =-- En \ N >  ,

H \ N — 2 > = E n_ 2 \ N  —  2 > ,  (8 )

En — -En -2 =  2E „.

E 0 is ju s t  th e  u su a l chem ical p o te n tia l a t  zero  te m p e ra tu re .
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N ow , we derive an  e q u a tio n  fo r F o r th is  purpose le t us form

K 'aß ( X ,  X ' )
8 A11 

° 
« 
CO 2m

B y using  (3) we h av e  

Э _  A 
2mdt

K $ ( x , x ’) + (9)
+  < N  \ {yia+ (x)( f+(x)xp(x)) , ipp(x')} \ N  >  =  0.

The a n tic o m m u ta to r  in  (9) can be easily  sim plified  fo r x 0 =  Xq, w ith  regard  
to  (2 )

' 8  _  A
8 1 2m

K<+>(*, x ')
-t= о

(t =  x 0 -  x'o)

=  -  gà(x  -  x ' )  , ( 10 )

w here g denotes th e  d en sity  of th e  partic les. 
In  th e  sam e w ay  we get for F ^ 1 '

17. a A
1 7 7---- Ь  r, E \$  (x, x')

оЛ/.q 2 m
=  -  S0(x -  x ' ) F laß(x ,x ' ) . ( П )

t  — 0

I t  is v e ry  ex p ed ien t to  tra n sc rib e  (10) for sp e c tra l functions,

P 2
- E  +  V -

2m
(J(P ,E)  +  J ' ( P ,E))dE  =  - gQ

( 12)

Here J ( p ,  E) ,  J ' ( p ,  E)  m eans th e  F o u rie r  tran sfo rm  o f th e  spec tra l fu n c tio n  
J ( x ,  x ' , E) ,  J ' ( x ,  x ' ,  E )  of K(x ,  x ' ) ,  ( K ' ( x ,  x' )  and  fo r exam ple

K ( x , x ' ) =  \ J ( x , x ' , E)e,EI d E .  

E q . (11) can be w ritte n  as follow s

p i
2 E 0 — E

2m
L<0V (£ ,E ) d E  =

(13)

(14)

{ 2 n f
L iaß ( p ' , E ) d 3 p'  d E ,

w here we h av e  tak en  in to  accoun t eq. (7). Z/ ^(L1)den o tes  th e  F o u rie r tra n s fo rm  
o f F (+) ( F J .
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E q s. (12) a n d  (14) can be  fu r th e r  sim plified  b y  using th e  co m m u ta tio n  
re la tio n s . N am ely , from  (2), (5) a n d  (6 ) th e  cond itions

$ ( J ( p , E )  +  J ' ( p , E ) ) d E  =  1 (15)
an d

§L (+>( p , E ) d E  =  0 (16)

follow . T herefo re , in s te a d  of (12) a n d  (14) we can  w rite

J E ( J ( p ,E )  +  J '  (p, E ) ) d E = - ¥ - + g ± -  =  ep (17)
Z m  Z

an d

J  Е О Д р ,  E ) d E  =  - ~ ^ laß ( p \  E )  d 3  p' d E . (18)

£p expresses th e  ren o rm a liza tio n  o f th e  free p a rtic le  energy.
E qs. (15)— (18) can fo rm  th e  basis of th e  calcu la tions le ad in g  to  th e  

d e te rm in a tio n  o f th e  ex c ita tio n  sp ec tru m . In  th e  q u a n tu m  fie ld  th e o ry  such 
eq u a tio n s  lead  to  th e  m ass th eo rem .

§ 3. A pplication

In  o rder to  g e t some in fo rm a tio n  a b o u t th e  excita tio n  sp ec tru m  we m ust 
m ak e  use o f a p p ro x im a te  sp e c tra l functions.

F irs t o f all w e note  th e  ex p lic it form  o f th e  o p era to r ipa{x)

У А Ъ Ч )  =  — — | au (p. *o)e - ‘P ± d 3 p ,  (19)
(2л :)3' 2 J ~

th e n  th e  F o u rie r  tran sfo rm s o f th e  co rre la tio n  functions (4. a— b) are
< lV |a + (  —p, x0) aa( — p,xó) \N  >  a n d < iV |a a(p, x'0)a^(p,  * 0) |iV > . N ow , we assum e 
th a t

< N \ a + ( - p , x 0)aa( - p , x ' 0) \ N > =  (2 0 )

=  < N \ a +  { — p , x 0) I N  — 1, p >  <  N  — l , p | o a ( — p,x'0) j IV > ,

w here  | N  —  1, p >  is an  e x a c t energy  e ig en s ta te  c o n ta in in g  one-partic le  
ex c ita tio n . S im ilarly ,

< N \ a a ( p , x ' o) \ N  +  l , p > < l V +  l , p | <  (p,*o)|iV> =
=  < N \  a a ( p ,  x [ )  a +a (p, x 0) \ N >  .
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F o r a large sy s tem  th e  follow ing re la tio n s h o ld :

H \ N - l , p >  =  ( E N - E 0 +  E p) \ N - l , p > ,

H \ N + l , p >  — ( E n  -)- E 0 -\-Ep) ] iV +  l , p  >  .
( 22 )

In  consequence of th e  tim e-dependence  o f  th e  o p era to rs , th e  ap p ro x i
m a tio n  used here  consists in  w ritin g

J ( p , E )  =  v2 ô ( E - E 0 +  E p),

J \ p , E )  =  ú j , ó ( E - E 0 - E p).
H ere

vp = \ v ± pa\ , v pa =  < N  - l , p \ a a ( - p , 0 ) \ N > ,  

Up =  I и ±  pa I , upa =  <  N  +  l , p  I a+ (p, 0) I N  >  .

(23)

(24)

F u rth e rm o re , (15) g ives
u 2p  +  v j =  1. (25)

Also in  th e  case of L15 Z /+> we m ak e  use of th e  abo v e-m en tio n ed  ap p ro x i
m atio n . T hus, fo r exam ple

L i \ - \  (P, E )  =  u*pi vp_ 1 0(E - E 0 +  E p), (2 6 )
w here

Upi =  <  iV — 1, p  I a+ i (p, 0) I iV — 2 >  . (27)

F o r a large system  | upk \ — up .
F ro m  th e  co n sid e ra tio n  of th e  tim e-dependence  an d  (16) i t  is c lear th a t

L p . \ ( p , E ) upl- vp- 
2

(0(E - E 0 +  E p) -  0 (E - E 0 -  Ep)) . (28)

W  e see th a t  th e  con tinuous p a r ts  of th e  sp e c tra l func tions are  neg lected  
an d  on ly  th e  c o n tr ib u tio n  correspond ing  to  th e  one-partic le  ex c ita tio n  is 
m a in ta in ed .

O ur equ a tio n s co n ta in  d e fin ite  s ta te m e n ts  reg a rd in g  th e  p a ram e te rs  
Up, Ep.  E q s. (23), (25) an d  (17) give

E„

E p

E 0 .
(29)
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O n th e  o th e r h a n d  (18), (26) a n d  (28) lead  to  the  re su lt

2 E„ ïïpi vp_ 1 = -------- —  j и!.I vp,_ 1 d'A p' d E  =  A.
’ p pi  p г ( 2 n f )  P* P 2 r

H ere  zl is in d e p e n d e n t of p, hence th e  re la tiv e  p h ase  of üpi  and  
in d e p e n d e n t of p. I t  follows th a t

2 E PUPVP = - ^ $ Ur ' V’’' d3P' =  W -

F u rth e rm o re , th e  ex c ita tio n  energy  is

(30)

is also
y  2

(31)

(32)

an d  for th e  energy  gap we get

1 =  ~ 8  Г d3-
2(2tt)3 J ]A|zl|2 +  r 2

(33)

T hese re su lts  agree w ith  G o r k o v ’s . H ereb y  i t  is show n th a t  in  th e  pole- 
a p p ro x im a tio n  th e  ex ac t eq u a tio n s  o f  th e  vario u s sim ple sp e c tra l functions 
lead  to  th e  u su a l su p erco n d u c tin g  so lu tions.

T h e  s tu d y  o f o th e r  prob lem s is in  progress.
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МЕТОД ТЕОРИИ ПОЛЯ В ТЕОРИИ СВЕРХПРОВОДИМОСТИ
А. ЗАВАДОВСКИ и ДЬ. ПОЧИН

Р е з ю м е

Выводятся точные уравнения спектральных функций простейших корреляцион
ных функций, появляющихся в теории сверхпроводимости. В качестве их применения 
показывается, что в полюсном приближении эти уравнения приводят к результатам 
Горкова.
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PAIRING CORRELATION 
IN THE NUCLEAR SURFACE LAYER

By

P . S z é p f a l u s  y
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(Presented by Z. G yulai — R eceived  20. IX . 1963)

A nonuniform  system  of ferm ions in  superfluid state  is treated  starting from  the equa
tions for the one-particle Green’s function in the fram ework of the generalized H artree-Fock  
m ethod taking in to  account pairing correlation. E qu ations for determ ining the self-consistent, 
pairing potentia l and expressions for the phase space density o f tractable form are deduced  
w ith  the aid of an approxim ation m ethod w hich to  th e  lowest order g ives formulas o f sim ilar 
form to those of infinite system s, but the one-particle effective p oten tia l, and therefore all 
the other quantities too depend on the position. In  th a t approxim ation the phase space d ensity  
goes over into th a t o f the T hom as-Ferm i m odel i f  th e  pairing correlation is neglected.

B y  taking in to  account first- and second-order term s we derived inhom ogeneity correc
tions both  to  the phase space density and the equations determ ining the pair correlation. 
The presence of the pair correlation plays an intrinsic role in the eva lu ation  of the correction  
terms to the phase space density  from  the Green’s function . Thus the pairing correlation m ay  
have considerable effect on the density  distribution.

1. In tro d u c tio n

Since the; th e o ry  o f su p e rflu id ity  o f  ferm ion  sy stem s w as p roposed  [1] 
i t  has w idely  been  app lied  to  n uc lear p ro b lem s b y  m an y  a u th o rs . I t  w as fo u n d  
th a t  in  th e  shell m odel o f nucle i th e  effec ts o f th e  re s id u a l pa irin g  in te ra c tio n  
are v e ry  im p o r ta n t to  th e  u n d e rs ta n d in g  o f  m a n y  of th e  n u c le a r  p ro p ertie s  [2 ]. 
On th e  o th e r h a n d , using rea lis tic  nuc leon -nuc leon  forces, th e  pairing  c o rre la 
tio n  w as s tu d ie d  for n u c lea r  m a tte r , to o . B o g o l iu b o v  [3] an d  Co o p e r ,M i l i .s 
an d  Se s s l e r  [4] t re a te d  a m odel H a m ilto n ia n  assu m in g  in te ra c tio n  on ly  
betw een  p a irs  o f p a rtic le s  w ith  equal a n d  opposite  m o m en tu m  an d  ta k in g  
in to  acco u n t th e  effect o f th e  o th e r in te ra c tio n s  b y  a m o m e n tu m -d e p e n d e n t 
sing le-partic le  p o te n tia l w hich  d e te rm in es th e  in d e p e n d e n t-p a rtic le  m o tio n  
in  th e  n o rm a l s ta te  of th e  system . T he en e rg y  gap in  n u c lea r  m a tte r  as a 
fu n c tio n  of d en sity  w as ca lcu la ted  b y  E m e r y  and  Se s s l e r  [5]. T h ey  fo u n d  
th a t  th e  gap  is o f considerab le  m a g n itu d e  on ly  a t  den sitie s  c h a ra c te ris tic  of 
th e  nu c lea r surface lay e r. T h u s using  th e  T h o m as-F erm i gas m odel, one can  
e stim a te  th e  m ag n itu d e  o f th e  p a irin g  c o rre la tio n  for f in ite  nuclei. The T hom as- 
F erm i ap p ro x im a tio n , how ever, is a po o r one in  th e  su rface  region.

T he a im  o f th e  p re se n t p ap e r is to  d e riv e  in h o m o g en e ity  co rrec tions to  
th e  eq u a tio n s  of th e  T h o m as-F erm i gas m odel in  th e  p resence of p a ir in g

Acta Phys. H ung. Тот. X V I I .  Fase. 1 — 2.



230 P. SZÉPFALUSY

co rre la tio n . T h u s  also im p ro v ed  eq u a tio n s  ta k in g  in to  ac c o u n t g rad ien t te rm s , 
are  o b ta in e d  fo r d e te rm in in g  th e  p a ir in g  co rre la tio n .

W e s ta r t  from  th e  G reen ’s fu n c tio n  fo rm u la tio n  of th e  m a n y -p a rtic le  
p rob lem  w h ich  is well su ited  to  th e  e x a m in a tio n  of co rre la tio n  effec ts. In  
S ection  2 w e define th e  m odel an d  give th e  equ a tio n s to  be  tre a te d . S ec tio n  
3 co n ta in s  th e  z e ro th  o rd e r a p p ro x im a tio n : th e  T h o m as-F e rm i gas m odel 
genera lized  to  inc lude  th e  p a ir  co rre la tio n . T he h ig h e r-o rd e r co rrec tions are  
ca lcu la ted  in  th e  n e x t sec tion . In  th e  la s t  section  th e  re su lts  are d iscussed .

2. F o rm u la tio n

T he g en era liza tio n  o f th e  H a r tre e -F o c k  ap p ro x im a tio n  was d ev e lo p ed  
b y  B o g o liu bo v  [6 ] considering  th e  g enera l form  of th e  q u asi-p a rtic le  t r a n s 
fo rm a tio n . In v e s tig a tio n s  b y  V a l a t in  [7] h av e  given d eep er in sigh t in to  th e  
conn ec tio n  b e tw een  th e  o rig in a l an d  th e  generalized  H a rtre e -F o c k  m e th o d . 
In  th e  fra m e w o rk  o f th e  G reen ’s fu n c tio n  form alism  th e  m ost c o n v e n ie n t 
m e th o d  to  ta k e  in to  acco u n t th e  p a ir in g  co rre la tio n  w as po in ted  o u t  b y  
G orkov  [8 ] in tro d u c in g  in  a d d itio n  to  th e  co n v en tio n a l one p a rtic le  G reen ’s 
fu n c tio n

G ( l , l ' )  =  — i < 7 > ( l ) y + ( l ' ) > ,  (1)

th e  an o m alo u s G reen’s fu n c tio n

F ( l , l ' ) =  - i < 7 > + ( l ) v + ( l ' ) >  (2 )

to o . T he n u m e ric a l a rg u m en ts  den o te  th e  space co o rd in a tes , spin an d  tim e  
v a riab le s . (T he iso top ic  sp in  is n o t co nsidered  here b u t  i t  can  be ta k e n  in to  
acco u n t in  a s tra ig h tfo rw a rd  m an n er). T he o p era to rs  ip an d  y>+ are th e  a n n ih il
a tio n  a n d  c re a tio n  o p e ra to rs , re sp ec tiv e ly , expressed  in  th e  H eisenberg  r e 
p re se n ta tio n . T  in d ica tes  th e  tim e-o rd e red  p ro d u c t.

In  th e  fram ew o rk  of th e  genera lized  H a rtre e -F o c k  m e th o d  th e  e q u a tio n s  
fo r G a n d  F  a re  as follow s:

m  —  G ( l , l ' )  =  h ô (1 -  1 ') +  ( d(2)  [v(l, 2 ) G(2 , 1 ')  +
0 f i  .  ( 3 )

+  f i ( l , 2 ) F ( 2 , y ) \ ,

m  —  F (  1 , 1 ') =  -  |'d(2 )[iu * ( l , 2 )G(2 , l ' )  +  t '* ( l , 2 ) F ( 2 , l ') ] .  (4)
0 ÍX

T h e  se lf-co n sis ten t energy  v is defined  b y

fj2
V ( l , l ' ) =  -  —  Л?Л ( 1  - l ' ) +  fd (2 ) d ( 2 ' ) [ F ( l , 2 ; l ' , 2 ' ) -

2m

— V ( l ,  2, 2 ',  1 ')] h(2 , 2 ' ) - Я
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an d  th e  se lf-consisten t pa irin g  p o te n tia l ^  b y

w here
M l ,  r ) =  J  d (2) d  (2 ')  V  ( 1 ,1 ';  2 , 2 ') x  (2, 2 ') >

h ( ! ' ,  1 )  =  <  V +  ( 1 )  ( Г )  >  ,

Z ( 1 M )  =  < V ( 1 ) ? ( ! ' ) > ' •

(5)

T he ex p e c ta tio n  va lu es  are  fo rm ed  w ith  re sp e c t to  the  v a c u u m  s ta te  of th e  
genera l q u as i-p a rtic le  tra n sfo rm a tio n . A is th e  chem ical p o te n tia l. T he energy  
gap can  be ca lcu la ted  w ith  th e  aid  o f  v an d  ц  [7].

T he nucleon-nucleon  p o te n tia l has a h a rd  core w hich w o u ld  m ake th e  
se lf-consisten t p o te n tia l  energy  te rm  in  v in f in ite . To get a f in ite  expression  
we shou ld  have  to  go bey o n d  th e  gen era lized  H a rtre e -F o c k  a p p ro x im a tio n  
ta k in g  in to  acco u n t a t  le a s t fu r th e r  tw o -b o d y  corre la tions. F o r  th e  sake o f 
c la r ity  we Avant to  avo id  th e  com plica tions in v o lv e d  in  th e  d e te rm in a tio n  of th e  
se lf-consisten t p o te n tia l. T herefore  th is  w ill b e  rep laced  b y  som e m odel fie ld  
of force chosen in  su ch  a w ay  th a t  one m ay  h o p e  th a t  i t  w ill to  som e e x te n t 
a p p ro x im a te  th e  se lf—co n sis ten t p o te n tia l. W e assum e th is  m o d e l p o te n tia l 
to  be sp in  in d e p e n d e n t:

W e fu r th e r  sim plify  th e  prob lem  b y  ta k in g  in to  accoun t p a ir  co rre la tio n  on ly  
be tw een  pa rtic le s  o f  opposite  sp in . W e get f ro m  eqs. (3), (4) a n d  (5):

+  J  dr  2 [r(r i , r 2) G( r2, rí; tj — t[; f t  ) +

+  /“ K , r 2; f i  ) F (r2^r í ; íi — fi; I t ) ] ’2’ r n  h

( 6 )

( ? )

+  Ч г1’ r 2) F(  1’2, r í ;  íj — ti;  | t  )],

М Г1,К ;  f l  ) =  ^ F ( r 1 — rí ;  f i  , s ,  — s)%(r„rí;s, — s), ( 8 )
S

w here
ZÍr^rííS^sí) =  [% (1, !')]/.=«• (9)
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W e h av e  assum ed  a local, in s ta n ta n e o u s  tw o -b o d y  p o ten tia l. I t  is a p p a re n t 
t h a t  th e  exp ression  fo r th e  p a ir p o te n tia l  fx is m ean in g fu l even for a p o te n tia l  
w ith  h a rd  core.

W e tra n sfo rm  ou r eq u a tio n s to  th e  m ixed  p o sitio n -m o m en tu m  re p re 
se n ta tio n  b y  ta k in g  th e  F o u rie r  tra n s fo rm  w ith  re sp e c t to  rx —  r{ a n d  t3 —  t[ 
k eep in g  r  =  1/2 (rx -j- rf) fix ed . (N one o f  th e  fu n c tio n s  occurring  h ere  depends 
on -f- t'x). W e shall use th e  o p era to r 0  de fined  b y  B a r a f f  and  B o ro w itz  [9] as 
follow s. I f

* i ( r ,  *i, r 2 t.) =  j dr3 dt3 K 2( t l t l5 r313) K 3(r 3 t3, r2 «,),

th e n

Кг(т, p, со) =  0 [ K 2(r ,  p, со) K 3(г, p, со)],

w here

Kj(r,  p, со) =  Jd (r i  — r2) d(tx — t2) K J{r1 t j, r2 12) •

• exp  {— i [p(Fl — r 2) — со (fj — t2)]}

a n d  0  is a d iffe ren tia l o p e ra to r  of in f in ite  o rd e r1:

0 [ K 1K 2] =  lim  exp
ih V Э Э

CDCD

2 xyz *CD 9>Px 9Px 8*'
( 10)

K i(r ,p , со) X 2(r',p',c/j).

T h e su m m atio n  over x , y ,  z m eans t h a t  x , y , z  are to  rep lace  each o th e r  cy c lic 
ally . T he tra n sfo rm e d  form s of eqs. (6 ), (7) are

coG(r,  p,co) — 0 [r(r ,p )G (r ,p ,co )] — 0[,м(г, p) F (r , p, со)] =  (111

coF(r, p, œ)  -F & [ v ( r ,p )F ( r ,p ,  со)] — 0[/г*  (r, p) G(r, p, w)] =  0 , (12)

w here th e  sp in  ind ices are su ppressed , i.e .:

F u rth e rm o re

G(r,p,co) =  G(r, p, со; f f  ), 

F (r, p, to) =  F(r ,  p, со; I f  ), 

Mr, p) =  /t(r ,p ; f  I  ).

»’(r ,p ) =  -M-----f- U(r,  p) — X.

1 T h is fo rm  of О  can  be  fo u n d  in A p p en d ix  В of B a r a f f ’s p ap er [10].
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W e h av e  used th e  fac t, th a t

M rl SH r2 *2) =  — f * ( T 2 s 2’ r l s l) I
w hence

M r, -  p; I  f  ) =  - /x {r , p; f  I  ).

F ro m  th e  d e fin ition  (1 ) of G we o b ta in  for th e  d ensity  o f p a rtic le s  w ith  a 
g iven d irec tion  of the  sp in

n(r) ^ n ( r ,  f  ) =  — iG(rt  f  ,r t+  f  ) =  [ 7 - ^ 7 --- M *,P ), (13)
) (2 n n f

w here h(r, p) =  h(r, p, f f )  and  h(r,  p, sxs{) is th e  F o u rie r tra n s fo rm  (w ith  
re sp ec t to  r ,  —  r() of

h(ri Si, r is ( )  =  [M b  l ') ] a = d ’
i.e.

h{r, p) =  — i I - d °^r G(r, p , со) еш0+. (14)
J 2яП

h(r, p) can  he im ag in ed  as a jo in t  p o s itio n -m o m en tu m  p ro b a b ili ty  d is tr ib u tio n  
fu n c tio n  w hich i t  becom es in  th e  quasi-c lassica l lim it.

A ccording to  th e  defin itions (2) and  (9) th e  F o u rie r tra n sfo rm  of 
%(rx, r ( ;  l l )  w ith  re sp ec t to  rx — r{ becom es

%(r,p) =  * ( r ,p ;  t i  ) =
Г dco

J  2  nhi
F (г, p, со) e,m0+

*
(15)

3. The generalized  T hom as —F erm i approx im ation

As i t  w as p o in ted  o u t b y  B a r a f f  a n d  B orowitz [9] th e  o p era to r 0  
invo lv es  pow ers o f % in  series o f te rm s th e  re la tiv e  size o f w h ich  depends 
on th e  im p o rtan ce  o f th e  u n c e r ta in ty  p rin c ip le . The p h y sica lly  sig n ifican t 
p a ra m e te r  ex h ib ited  b y  0  is th e  fra c tio n a l v a r ia tio n  of th e  fu n c tio n s  on w hich  
0  o p e ra tes  w ith in  a cell of area fi in  th e  phase  p lan e . We define  th e  order o f a 
te rm  in  0  b y  th e  pow er o f % i t  co n ta in s .

T he zero th  o rder te rm  consists o f th e  p ro d u c t  of th e  q u a n tit ie s  on w hich  
0  o p e ra tes . W e f ir s t  neg lec t all th e  o th e r  te rm s  o f 0  excep t th e  one of ze ro th  
o rder. In  th is  case we o b ta in  from  eqs. (11) a n d  (12)

Gn =  K

F  о =  Пио »o

-------- ----------- + п — 11/01
со — Е 0 -j- iô со F 0 — iô

1 1

— E q —j— iô со —j- E q — ь0
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w here

E o =  P 2 +  |y« 0  I2

u 0 is re a l, v 0 is com plex  an d

E n

E n

«оv* = Po
2 E n

(17)

(18) 

(19)

( 16)

1 can  be d e te rm in ed  b y  su b s titu tin g  (17) in to  eq . (15). M aking u se  of eq 
(19) we o b ta in

/“ o(r ’ P)X o ( ^  P) =  -
2 E n( r ,  p)

( 20 )

w hich  to g e th e r  w ith  eq. (8 ), w ritin g  ц  =  / in, d e te rm in es f in. A fter s u b s ti tu t in g  
Ga in to  eq . (14) we get

h0(r, p )  =  I v 0(r ,  p ) I2,
w hich  gives for th e  d en sity

I f  th e re  is no p a irin g , i.e. p 0 =  0 we f in d

E 0 =  A

P *

p -

2m
U( r , p ) ,  if  |p| < [  P f -,

2m
U(r,V)  — if p >  p F ,

w here th e  F e rm i m o m en tu m  p f (r) is th e  m o m en tu m  o f th e  h ig h e s t filled 
s ta te  d e fin ed  b y

—  +  t / ( r ,  p F) =  X. 
2m

T he d e n s ity  is th e n  given by
1

6  n 1 h 3
Pf -

T hese a re  th e  eq u a tio n s  o f th e  T h o m as-F e rm i gas m odel [11] fo r nucleons 
m ov ing  in  a fie ld  w ith  th e  p o te n tia l l !(r , p ) .  T hus one can  refer to  th e  above
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ap p ro x im a tio n  w here th e  p a ir co rre la tio n  is ta k e n  in to  acco u n t as th e  gener
alized T h o m as-F erm i ap p ro x im atio n .

4. H igher-o rder app ro x im atio n s

I t  w ill prove usefu l to  define G<0> an d  i ' 1"’ in  a form  sim ilar to  t h a t  of G0 

and  F 0, re sp ec tiv e ly , b u t  to  rep lace / i t) b y  а ц  c a lc u la ted  in  th e  a p p ro x im a tio n  
in  q u estio n . A ccord ingly , we define E,  u, v b y  eq u a tio n s  sim ilar to  eqs. (16),
(17), (18), (19) and  rep lace  fi0 b y  [л ev e ry w h ere1. W e w rite

G =  G(0) +  G « ,

F  =  F ®  +  F&>,

and  re a rra n g e  th e  eqs. (1 1 ) an d  (1 2 ) as follow s:

G(i) =  Q(_w + v) + p f
со2 — E 2

p m  =  р ( ш  -  y )  +  Q  p *

со2 — E 2
w ith

Q =  0 6 ) [v, G<°> +  G « ] +  0 (1) [//, F(°) +  F 6 )],

P  — 0 6 ) [v, F (°) +  F 6 )] +  0 6 ) [//*, G(°) +  G6 )],
w here

0 6 ) [K,  K 2\ =  0  [ F ,  F 2] -  F x F 2.

( 21 )

( 22 )

(23)

(24)

The f irs t-o rd e r  te rm  o f 06) accord ing  to  eq. (10) com poses th e  P o isso n  b rack e t 
of th e  fu n c tio n s on w hich i t  o pera tes:

0 6 ) [ F j F J  =  —  i l K ^ K J ,
2

w here
[ K v  K 2] =  Vr F j  V„ F 2 -  Vp F t Vr F 2.

The f ir s t  co rrec tion  to  th e  T h o m as-F erm i ap p ro x im a tio n  consists  in  tak in g  
in to  acco u n t 0 f )  an d  neg lec ting  G6 ) an d  F 6 ) on th e  r ig h t-h a n d  sides o f eqs. (23) 
and  (24) th e y  being  considered  as co rrec tions to  G*0* and  F*0), re sp ec tiv e ly .

1 In  a certain approxim ation all these quantities ha v e  the same index as the // appear-
ing in the appropriate expressions (e.g. G(00) =  G0).
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T h u s we get
Q( 1) _  Ql (W +  V) +  P 1 +

1 CO2 -  E \

Fd) -  Pi (w — v) +  Qi /*f
1 eu2 -  F 2

w here •
<?i =  [V, Gf] +0W  [«,, F<®>],

P, =  -  [v, F<0>] +  0(D [/if, GW].

A s tra ig h tfo rw a rd  c a lcu la tio n  y ie lds:

w here

G +  = +
%2 со — F x +  i(5 (со — E x +  iá )2

6 , 6 .,+ _______i_______ I............... ... 2_______ 5
со +  E x — iá (со +  F x — iá ) 2

+

bi = — — - M/+ A*f] + /*î [v, +] + +  K , v]},
8 F f

®2 =  P 1 b i  +  [ / i l ,  / i f ]  ,
O-C/i

b2 — F j  b1
8  F , [/*1, F l]

■ F t « - -  —  [ , , / * ]  
4 F X (со -  F x +  iá ) 2 (со +  F x -  iá ) 2

E a c h  a„  iq is rea l a n d  is eq u a l to  zero i f  Ju1 is rea l.
B y  su b s titu tio n  in to  eq. (14) th e  phase  space  d e n s ity  becom es

К  (r, P) =  К  I2 +  Й V

I t  can  be seen from  eq. (15) th a t  F i  ’gives no c o n tr ib u tio n  to  ^ (i.e. j q = — + / 2 F +  
T herefo re  we h av e  /q  =  /с0 (i.e. F x =  F 0, tq =  t>0, Gi0) =  G0, F j0) =  F 0 in 
th e  p reced in g  eq u a tio n s).

I t  is an  im p o r ta n t  fe a tu re  o f G]3) an d  F j1* th a t  each  of th e ir  te rm s  con
ta in s  d e riv a tiv e s  o f /q  as a fac to r.

F o r an  in fin ite  sy stem  i t  is u su a lly  assum ed  t h a t  ц  is a slow ly  v a ry in g  
fu n c tio n  o f p in  th e  v ic in ity  of th e  F e rm i surface w here  i t  d iffers fro m  zero 
(th is  a ssu m p tio n  leads to  th e  lin ea riza tio n  of th e  gap eq u a tio n ). O ne m ay  
accep t th e  sam e assu m p tio n  for f in ite  system s n eg lec tin g  Vp ц.
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As for th e  g rad ien ts  y ry a n d  Vrlit, th ey  a re  nonzero  on ly  a t  th e  nu c lea r 
su rface  layer, p  changes th e re  from  a value o f  a p p ro x im a te ly  zero to  som e 
MeV, so one can ex p ec t th a t  th o se  co rrec tion  te rm s  will be o f g re a te r  im p o r t
ance w hich  co n ta in  th e  g rad ien t o f v only . S uch  te rm s  come fro m  h igher o rd er 
te rm s o f 0*1*. To g e t th e  low est-o rd er ones w e ta k e  in to  a c c o u n t th e  n e x t 
te rm  in  0 (1> neg lec ting  G^  an d  in  th e  c a lc u la tio n  of Q a n d  P.  M oreover, 
th e  ca lcu la tio n  is sim plified  b y  neg lec ting  c u rv a tu re  effects a n d  considering  
th e  case o f a p lan e  n u c lea r su rface  so as to  re d u c e  th e  v a r ia tio n  (w ith  re sp ec t 
to  r)  to  a one-d im ensional p ro b lem . A ccord ing ly  th e  co rrec tio n s to  an d  
F*°* are  w ritte n  as

Q(l) __ ( M *0  +  V) +  P 2P2
2 co2 -  E \

F (l) =  р Л ш ~  v) +  Qz F2
со2 — E l

yith

Q2 =  &{D K f ]  =  -  %2- 

P ,  =  -  0 d> [v p p ]  =  %2

1 d 2v dG(p d2v d2 G p
8 d x 2 d p i d p 2 d x 2

1 d2 v d2 F<°) d2 v 
d p 2

d2 F (2°>
8 d x 2 d p 2 d x 2

w here th e  expression  (10) of 0  w as used . L e t us w rite  v in  th e  effective m ass 
a p p ro x im a tio n  :

V - +  U(x) — A.
2m*

P erfo rm in g  th e  d iffe ren tia tio n s  in  Q2 an d  P2 a n d  regard ing  ц  as a c o n s ta n t

A ,
we get

1

■*/IIУ:

fi3 * —
7 = 1

w here

+
(w — E 2 iô)1 (to -f- E 2 — id)1

(25)

w ith

and

A i  =
j,M2 |2 3p d 2v 

1 6 jE | m* dx2
1

w  = p x 2 d 2 v 1 dv—— + -----
m* dx 2 m* d x

1 - F p = y l ______ _ + „ _ » / ______________(
h3 2 j í i  I (to -  E 2 +  iôy  (to +  E 2 -  iôy  I ’

( 2 6 )
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w here

c - - D  ^  [ il _  s — 1 d2v V V24 _ К W1̂ -- ly \ -- . I16E.ll 1 El m* dx2 ~ e [
O -- J

EI J
T h e o th e r  C 's  an d  D's  w ill n o t be n eed ed . S u b s titu tin g  eqs. (21), (22), (25) and  
(26) in to  eqs. (14) an d  (15) we get fo r th e  phase space  d en sity  an d  fo r th e  p a ir 
fie ld , re sp ec tiv e ly

hi ( * .P ) = T
1

i l  V * 2  l / ^ l 2 3r d2v
1 5  1,21

2 e 2 16E I m* dx2 E l
w

1 + Й 2
8 E ,2

1
E l )

1  d 2v 
m* dx-

3 - 5
E l

W

(27)

(28)

an d  fi2 is d e te rm in ed  b y  th e  eqs. (8 ) (w ith  ц — fi2) an d  (28). T h e y  alw ays 
h av e  th e  tr iv ia l  so lu tio n  /x2 =  0 d escrib in g  th e  n o rm a l s ta te . In  t h a t  case 
F  =  0 an d

G ^ N =  -
1

4
1 d 2v %3

m* d x 2 (со — V  -f- id a  (p) ) 3

1 ( ' Px 2 d^v  1 d v 2) Й3
4 ) m* d x 2 m* dx I (o> — v -f- iô a(v)Y

w here o(v) is th e  sign of v. T ak in g  in to  acco u n t ou r assu m p tio n s (m odel p o te n 
t ia l ,  e ffec tive  m ass ap p ro x im a tio n , one-d im ensional case) th is  re s u lt  is in  
ag reem en t w ith  t h a t  o f B a r a f f  an d  B o ro w itz  [9]1. I t  h a s  been show n b y  them  
th a t  th e  p h ase  space d e n s ity  has s in g u la ritie s  of f i r s t  an d  second d e riv a tiv es  
o f th e  d e lta  fu n c tio n  a t  th e  F e rm i su rface . In  c o n tra s t  th e  phase space  d ensity  
h as  no s in g u la ritie s  in  case o f th e  su p e rflu id  so lu tio n .

5. D iscussion

T h e  eq . (8 ) (w ith  /с =  ju„) an d  th e  eq. (20) o f  th e  generalized  T hom as- 
F e rm i a p p ro x im a tio n  are  o f th e  sam e fo rm  as th o se  fo r in fin ite  sy s tem s b u t 
th e  q u a n tit ie s  here  d ep en d  on r. T h is dependence  ca n  also be re p la c e d  b y  a 
d ependence  on th e  d en sity . T hus th e  ca lcu la tio n  o f  E m ery  an d  Se ss l e r  [5] 
fo r n u c lea r  m a t te r  of v a rio u s  d en sities is eq u iv a len t to  th e  so lu tio n  o f these 
eq u a tio n s .

T h e  ev a lu a tio n  o f th e  p a irin g  p o te n tia l  from  o u r eqs. (8 ) (w ith  fi =  /.i2) 
an d  (28) is m uch  m ore co m p lica ted  a n d  has n o t b een  done y e t. H o w ev er, an 
e s tim a te  o f  th e  co rrec tio n  te rm  w as m ad e  show ing th a t  th is  c o rrec tio n  m ay

1 T hey  found their first nonvanishing correction term  to  the Thom as-Ferm i density  
to be the sam e as the one found b y  K o m p a n e e t s  and P a v l o v s z k ii  [12] and K ir z h n it s  [13].
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co n sid e rab ly  a lte r  th e  m ag n itu d e  o f  th e  p a ir  co rre la tion  c a lc u la te d  in  th e  
ze ro th  o rder ap p ro x im a tio n  in th e  su rface  la y e r. W e note th a t  in  th e  n o rm al 
case, i.e. w hen  /i2 =  0 ou r co rrec tio n  te rm  in  th e  expression (27) o f  th e  phase 
space d e n s ity  becom es zero. In  t h a t  case, h o w ev er, such te rm s  w hich gave 
no c o n tr ib u tio n  in  case of th e  su p e rflu id  so lu tio n  will yield acco rd in g  to  eq. 
(29) th e  co rrec tion  te rm s . T hus th e  p a ir in g  c o rre la tio n  m ay p la y  an  im p o r ta n t 
role also in th e  ca lcu la tio n  of th e  d e n s ity  d is tr ib u tio n .
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ПАРНАЯ КОРРЕЛЯЦИЯ В ПОВЕРХНОСТНОМ СЛОЕ ЯДРА
П. СЕПФАЛУШ И

Р е з ю м е

В работе, исходя из уравнений одночастичной функции Грина, в рамках обобщён
ного то-есть принимающего во внимание парную корреляцию метода Хартри—Фока, 
обсуждается неоднородная система ферми-частиц в состоянии сверх текучести. При по
мощи приближённого метода выводятся простые уравнения, определяющие самосогласо
ванный парный потенциал, и выражения, относящиеся к плотности фазового простран
ства. Данный метод в наинизшем приближении даёт формулы, действительные в случае 
бесконечной системы. Отличительной чертой его является зависимость эффективного 
одночастичного потенциала (и всех других величин) от места. В этом приближении, пре
небрегая парной корреляцией, для плотности фазового пространства получается тот же 
результат, что и в модели Томаса—Ферми.

Принимая во внимание члены первого и второго порядка, выводятся поправки 
неоднородности как к плотности фазового пространства, так и к уравнениям, определяю
щим парную корреляцию. Наличие парной корреляции играет значительную роль при 
вычислении коррекций плотности фазового пространства на основе функций Грина. 
Следовательно, парная, корреляция может оказать зналительное влияние на распреде
ление плотности.
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THE GROUND STATE ENERGY OF 
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The ground state energy of odd ferm ion system s is determ ined by the BCS approxim a  
tion. An a ttem p t is made to  elim inate the error of the BCS m eth od  in  the case o f  sm all part 
icle number.

In  th e  la s t years  i t  becam e possib le  to  ex p la in  su p e rc o n d u c tiv ity  by  
supposing  a pa irin g  co rre la tio n  am o n g  th e  electrons. T h is led  to  th e  id ea  of 
in tro d u c in g  th e  p a irin g  co rre la tion  in  th e  case of n u c le i to o  [1]. W ith  th e  help 
o f th is  a ssu m p tio n  i t  w as possible to  determ ine  q u a n tita tiv e ly  num ero u s 
p ro p ertie s  o f nuclei a n d  th e  resu lts  ag reed  w ith  th e  ex p erim en ts  [2 ]. The 
difference in  th e  energy  sp ec tra  an d  in  th e  ground s ta te  energies o f  even  and  
odd nucle i becam e also u n d e rs ta n d a b le  by  the  in tro d u c tio n  of th e  pa irin g  
energy  [3], b u t  odd n ucle i were n o t  tre a te d  m a th e m a tic a lly  e x a c tly : the  
g round  s ta te  energy  a n d  ex c ita tio n  sp e c tra  of odd  nuclei has n o t y e t  been 
d e te rm in ed  w ith  th e  BCS m ethod  [4 ], th e  reason fo r  th is  being th a t  th e  BCS 
ap p ro x im a tio n  leads to  good resu lts  o n ly  in  the  case  of v e ry  la rg e  system s. 
T he e rro r of th e  m eth o d  is of the  o rd e r  of 1/Ü (Q  is th e  n u m b er o f possible 
s ta te s ) , an d  th e  d ifference betw een  e v e n  and  odd n u c le i m ay  be o f  th e  sam e 
order. In  th e  follow ing we shall d e te rm in e  the  g ro u n d  s ta te  energy  o f  an  odd 
ferm ion  system  w ith  th e  BCS a p p ro x im a tio n , we sh a ll e s tim a te  th e  e rro r of 
th e  re su lt an d  we shall t r y  to  e lim in a te  i t  as m uch as possible.

§ 2. The ground state o f an even ferm ion  system in the BCS approximation

In  th e  follow ing we shall deal fo r  th e  sake o f sim p lic ity  w ith  a very  
sim ple n u c lea r m odel: we ta k e  no n o tic e  of the  lo n g -ran g e  nuclear forces and 
we shall only  exam ine th e  effect of th e  pairing  co rre la tio n . The m odel H am il
to n ian  will be th e  follow ing:

(Presented b y  Z. G yulai. — Received 20. IX . 1963)

§ 1. Introduction

a r++ a ( 1 )
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H ere  ev is th e  k in e tic  energy in a v s ta te , an d  VVVk is th e  m a tr ix  e lem ent of th e  
p a ir in g  in te ra c tio n . The s im p lest su p p o sition  fo r th e  shape  o f  V V(V/t is th a t  
VVj?k — V  =  c o n st, i f  Vi an d  vk a re  s ta te s  in  th e  la s t  (open) shell,

V V k  =  V  if  Vi =  vk ,

Vvr =  0  in  o th e r  cases.
T he g ro u n d  s ta te  e ig en fu n c tio n  of th e  BCS th e o ry  is

ф о =  n v(uv +  vva++ a+J)  | 0  > ,  (2 )

w h ere  vv is c h a ra c te ris tic  fo r th e  filling  up , a n d  u,, fo r th e  em p tin ess  of th e  v 
s ta te .  B ecause o f  th e  n o rm a lity -c o n d itio n s

u l  +  v; =  1 .

I n  th e  case o f closed shells v2 =  1, и.  =  0 a n d  in  th e  case o f  em p ty  shells 
u v 1, v2 — 0. D e te rm in in g  th e  energy  w ith  th e  help  of th is  e igenfunction  
we get :

E '  =  <  Ф0 I H I Ф0 >  =  E 0 +  2 ev v \  —
V

> ' u „vvu t,,vv, -  V  У г * ,
V v ' V

( 3 )

w h ere  E 0 is th e  en erg y  of closed shells. T he su m m atio n  goes on ly  over th e  
s ta te s  o f th e  open  shell. W e m a y  de te rm ine  th e  va lu e  of i>„ b y  m in im izing  th e  
en erg y , ta k in g  in to  accoun t as a sub sid ia ry  co n d itio n  th e  co n stan cy  of th e  
p a rtic le  n u m b er

=  o, (4)
dvv

w h ere  E  =  E '  —  E 0 and  n  =  E 2  1\ .
L e t us in tro d u c e  th e  expressions A  =  V E u vvv, s —  Я +  V/2  -(- В  -f- x v, 

w here  B  =  (e" -)- e ') /2 — Я —  V/2  a n d  x v changes betw een  — A  =  —  (e" —  e ')/2  
a n d  - \ - A ( s "  a n d  s '  are  th e  en e rg y  b arrie rs  o f th e  open shell). So w ith  th e  help  
o f (4) we get th e  eq u a tio n :

2 (B  +  x v) =  -  V (1 -  2vl) . (5)
Uv К

T he fu r th e r  ca lcu la tions w ill be very  m u ch  sim plified , i f  we suppose th a t  
A V  and  A-  -f- В 2 =  C- g> 2 x„B x2v. T h e  la t te r  in e q u a lity  m eans t h a t  
x v is sm all co m p ared  to  C.* M ak ing  th e  ca lcu la tio n s to  seco n d -o rd e r approx im -

* This approxim ation is equal substantially  to  the strong interaction  approxim ation  
o f (2) ( ,  <  1).
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a tio n , i t  tu rn s  o u t th a t  

1 - B  x* (С* в - )  V B (C 2 ~ B 2) ;
C 2C3 2  C 4

+
5 F 2 B 3 (C2 - B 2) F 2 B 3 (C2 - B 2)

2  C7 4C 5

2 F B 2 (C2 -  B 2) F * v (C2 -  B 2) 3 B x \  (C2 -  B 2)

C6 2C‘ C 5

( 6)

So as to  d e te rm in e  th e  energy  we need th e  values of B(A)  an d  C(A),  re sp ec tiv e ly . 
F o r th is  purpose we tu rn  to  in te g ra tio n  in s te a d  o f  su m m atio n . F o r th e  sake 
of s im p lic ity  we sha ll suppose th a t  th e  en e rg y  level d e n s ity  is c o n s ta n t in  our
system , so

e* — e '
e” 2

У de q(e) = ~  fJ dx .

(Е'-в')

We h av e  now  tw o eq u a tio n s  for C an d  B , nam ely

w here

A

2

( V

( 8)

F rom  th ese  we  get in  second-order a p p ro x im a tio n :

V Q
[ l  1 Í1 -  " 2 +  — -  

2Ü-
1 - Tl~

2I 2 n n2

2 Ü Q Q 1"Î2" "~  ß 2

-  2 F 2
1 -  3 | l

Tl 2

3 F 2Í22 Q
•)

„  V Q Г n 1 (- n 4 A 2
1 n wВ  - 1 ----------------- 1 -------- -1------

2 Q  Q Q 3 V Q Q  J J
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N ow  we c a n  tu rn  to  th e  d e te rm in a tio n  o f  th e  energy:

E  = ----- - Г dx(e" +  e ' +  2x)  2 v2 --------------- [ d x  v* .
4 A  J V  2A  J

— A  - A

A fte r  in te g ra tio n  su b s titu tin g  th e  values o f C  an d  В  we g e t th e  fo llow ing

V
E  = — (e" +  e ') _  X ^ J L [ l

2  2

6  Q
1 —

2  Q

n

2Ü  , 

V n

2 Q

(9)

C om paring  o u r resu lts w ith  th e  fo rm u la  (6 8 ) of (2 ) g iven  for th e  case 
>/ <  1, we can  see t h a t  th e y  d iffe r on ly  in  th e  la s t  tw o te rm s. T hese  expressions 
h a v e  ap p ea red  h e re  because th e  te rm s  w ith  single su m m atio n  w ere  ta k e n  in to  
a cco u n t. In  (2) th e se  te rm s w ere neg lec ted . — V j2 n  is ju s t  th e  c o n tr ib u tio n  c o r
resp o n d in g  to  th e  in te ra c tio n  o f  partic les  w ith  opposite  a n g u la r  m o m en tu m . 
T h e  o th e r te rm  com es from  th e  e rro r  of th e  BCS ap p ro x im a tio n . W e see t h a t  
th e se  te rm s a re  o f  th e  o rder 1 JQ com pared  to  th e  m ain  te rm s.

§ 3. The corrections o f  the results o f  the BCS approximation  
in the case o f an even system

As i t  is w ell know n, th e  in ex ac tn ess  o f th e  BCS m odel, a p p ea rin g  in  th e  
case of sm all p a r tic le  n u m b er, com es from  th e  fa c t th a t  th e  w ave fu n c tio n
(2 ) used  here  is n o t  an ex ac t e igen fu n c tio n  o f  th e  partic le  n u m b e r o p e ra to r . 
F o r  th is  reaso n  in  th e  BCS m odel < IV 2>  an d  < IV > 2 are n o t e q u a l to  each o th e r , 
in  c o n tra s t to  th e  re a l physica l s itu a tio n , w here  th e  w av efu n c tio n  is a com m on  
e ig en fu n c tio n  o f  th e  energy a n d  p a rtic le  n u m b e r  opera to rs. W e m ay  co rrec t 
o u r re su lts , a r r iv e d  a t  b y  th e  BCS a p p ro x im a tio n , by  ad d in g  a n  expression  
—  F/4(zlIV ) 2 to  th e  tra n s fo rm a tio n , w here

{AN)2 =  < N 2>  —  < N > 2.

W ith  th is  m o d ifica tio n  i t  can  b e  show n t h a t  th e  energy exp ression  in  th e  
spec ia l case o f a m odel w ith  c o n s ta n t k in e tic  energy , w hich  case is e x a c tly  
so lvab le , gives th e  ex ac t en e rg y  value.

P e rfo rm in g  th e  m o d ifica tio n  m en tio n ed  above  in  th e  exp ression  (3) we 
g e t th e  fo llow ing  sim ple fo rm u la :

E  =  X  W  ( E v - X -  F / 2 ) -  V  V £  u„ vv í v  t y  . (10)
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M inim izing th is , th e  v a lu e  of v\  tu rn s  o u t to  be

1 —
В C2 -  B 2

■ * v  +

3 B x i  (C2 -  B 2)

С C3 ' 2

Solving th e  equ a tio n s (6 ) and  (7) w e ge t

C5

r  V Q i - A
A 2

1 — 3 i l  -
n 2 “

2 3 V 2Q 2

В
V Q

2
1 —

Q
an d  for th e  energy

E  =  T (e" +  £,)

V Q n
1 -

2 Ü

1 + ± A1.
3 V Q

2 A 2 n

3 V  Q
1 -

2 Q
V

- T M 11)

I t  is easily  seen th a t  th e  d ifference betw een  (9) a n d  (11) is on ly  th e  te rm  
V
— n ( l  —  nj2 Q).  In  th e  case of c o n s ta n t  k inetic  en e rg y  th e  ex ac t expression 

is (5):

W  = n Q  1
n

2 Q
1

Q
( 12)

Now we can see th a t  if  e" =  e ' — e, (11) becom es equal to  (12), so really  
we h av e  go t b ack  th e  ex ac t re su lts .

§ 4. The g ro u n d  s ta te  o f an  odd fe rm io n  system  in  th e  BCS approx im ation

A fte r dealing  w ith  even sy stem s le t  us tu rn  to  th e  e x am in a tio n  of odd 
ones. T he H am ilto n ian  w ill again be  g iv en  by  (1), b u t  th e  g round  s ta te  wave- 
fu n c tio n  will differ from  (2). In  th e  sense of the  BCS m odel we m a y  in tro d u ce  
th e  follow ing w av efu n c tio n :

П  =  n v (uv +  rv a;+ +  vv a ;  a,f ) | 0  > ,  (13)

w here rf, is th e  p ro b a b ility  th a t  th e  v s ta te  is filled w ith  a single p a r tic le . (13) is 
n o t e x a c tly  an  odd p a r tic le  n u m b e r w ave fu n c tio n , beside odd te rm s  th ere  
w ill be even  te rm s too , b u t  w ith  th e  tw o  sub sid ia ry  cond itions

E(2vl  +  r 2) =  n (14)

Z r 2v =  1 (15)
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w e can  ach ieve th a t  th e  m ost c h a ra c te r is tic  p a r t  o f th e  w ave fu n c tio n  will be 
an  odd  one. C a lcu la tin g  th e  en e rg y  we get

(16)
E odd =  (r? +  2 vl) ev — V j £ ^ u v v„ u'vv'v —

V v '

- V ^ v l  +  V y u *  vl .

F ro m  th e  n o rm a liz a tio n  o f th e  w av e  fu nc tion  we ge t th e  fo llow ing re la tion

u l  +  vl  +  r2 =  1 .

L e t u s  e lim in a te  r2 fro m  th e  ex p ressio n  to  be m in im ized

E  (1 — u 2 — i >2 ) ( e „  — A) — 2  u v Vv u v- t y  —

-  E j £ v 2v +  V ^ u l  vl -

V V

V

~ \  ^ ? ( i - « г - ® » .

H ere  a V/2 is th e  L ag ran g e  m u ltip lic a to r  of th e  second su b s id ia ry  condition . 
F o r  u v an d  vv we g e t th e  fo llow ing expressions:

a — В

V

a +  В  4 -  x„

A
У a* — (B  +  x vf  

A

— 1

— 1
У a2 — (B  +  x vf  

В  a n d  x v m ean  here  th e  sam e as a b o v e  and  A  is g iven  b y

A — V  Zu„v„ .

(17)

(18)

(19)

W e m a y  see th a t  th is  so lu tion  of th e  v a r ia tio n a l p ro b lem  fo r uv a n d  vv is co r
re c t  o n ly  i f  a  —  В  >  |ж,|. I f  th e  in e q u a lity  is n o t  fu lfilled , th e  so lu tion  will 
d iffer from  (17) a n d  (18), as i t  w ill b e  seen la te r . I f  th e  in e q u a lity  is fulfilled, 
(14), (15) an d  (19) g ive th re e  e q u a tio n s  for th e  d e te rm in a tio n  o f  a , В  and A.  
T a k in g  in to  acco u n t (17) and  (18), th e se  eq u a tio n s  w ill be th e  follow ing:

V ( Q  -  n)
=  У ( х *  +  В )

A

2 a Q  +  V ( Q  — 1 )
2 a

f a 2 — ( B  +  x vf

>►’ -  A
-  у  a2 ~ ( B  +  xvf

A = J j  У ^ f a 2 - ( B + * v)2 .

(14a)

(15a)

(19a)
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L et us solve these  eq ua tions. In tro d u c in g  th e  expression  a- —  B '  =  C2 
an d  ex p an d in g  in  a pow er series of x v w e get

d  =  - 0 - c [ i - L ^ L l .
1 2 - 1  L 6 c 4

, Q  A 2 B 21
a =  — ---------- — 1 -------------------,

2 Q  l 3 C4

„ V(Q — n) ( Q— 1) , Ü  A 2 a2 1
£ J  --- - X

2Ü [ 3 C 4

W ith  th e  help  of these  w e can d e te rm in e  th e  energy :

E odd =  J ?  ( 1  +  W2 — u2) xv +  — X e_ i — 1  _  A - - - - - - L  ( n — 1 ) 4 -

+  V  £ и 2 v l  =  —  (£" + £ ' ) - —  ( П - 1 ) -
2 2

(20)
V  ( n V  n
2 212 2 2f2

(е» - е Т  (12 - n ) 2 + V Q ___

1 2 V  ü 2 - ( ü  — n)2 2 4

T he energy  difference o f th e  even a n d  o d d  system  w ill b e  th e  follow ing

<m -  =Tfi- T + ‘ w 3 1 11 - 2 11 -  5 ) - (‘ -  i ) T (21)
W e m ay  in te rp re t our re su lt  easily. T h e  f irs t tw o  te rm s  occur b ecau se  th e  
single p a rtic le  does n o t ta k e  p a r t in  th e  pa irin g  c o rre la tio n  and th e  n u m b e rs  
of th e  possib le s ta te s  w h ich  can be o ccu p ied  by  p a irs  is reduced  b y  one (the  
te rm s p ro p o rtio n a l to  (e" —  e ' ) 2 are n o t  so easily  u n d e rs ta n d a b le ) .

The p ro b a b ility  t h a t  a s ta te  w ill be filled w ith  a single p a r tic le  is th e  
follow ing:

+  « l ± l » i  .
D C 2 6  C4

W e see th a t  rv has a lm o st a sm ooth  d is tr ib u tio n .
I f  th e  in eq u a lity

a —  В  >  2 A
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is n o t  fu lfilled , th e  v a ria tio n a l p rob lem  h as o n ly  a tr iv ia l so lu tio n , n am ely  
rv =  0 i f  r  =f= v0 a n d  rvo =  1. In  th is  case th e  w ave fu n c tio n  is rea lly  an  odd  
one , n am ely

Ф0 =  1 1  (uv +  Vvat+ « i t )  a to r I 0 >  . (13a)

C alcu la tin g  th e  en erg y  w ith  th e  he lp  of (13a), w e get

E'odd = Z W  +  e0( l  -  2vl) -  V Z Z  uv vv К  <  -
( 22 )

— V Z v l +  2 V  u0 v0Z u v vv — V vg(l — 2vl).

T h e  ca lcu la tio n s p roceed  in  ju s t  th e  sam e w ay  as in  th e  case o f even  sy s tem s, 
o n ly  now

A  =  V [ Z u vvv —  u 0 r 0] , 

n  =  Z 2 v \  +  (1 — 2 ug).

S o lv ing  th e  e q u a tio n s  we get fo r  th e  energy

E ' n  /—  (£ 2
" +  e’) -

V Q n n \ n — 1 ) +odd
2 2 Q  ]

+
V n

i l  П +
V n 1 _ n 1 V  Q

2 2 Q 2 Q 2Ü
1

2

3
V  - — (e" — f 

6

' ) 2 n
Í 1 -

n
+ i - J L

4 Q 1 2Ü 2 Q

(23)

T h is  has its  m in im u m  value i f  th e  la s t te rm  is

( * ’ - e ’)

4

W e m ay  now  determ ine  th e  energy d ifference  of even a n d  odd  system s. 
T a k in g  in to  a c c o u n t (9) and (23) we get

ó(*> =  e :odd
г  _
i ^even Ü û _ 2 1  +  Z j l [ i _ _ j l _

2 4 2 Q  2Q
(24)

C om paring  (21) a n d  (24) we see t h a t  th e ir  d ifference  depends on  th e  re la tio n  
o f  V  an d  e" —  e ' a n d  on th e  n u m b ers  of p a r tic le s  in th e  o pen  shell. I f  n  is 
v e ry  sm all, (24) w ill be la rger th a n  (21), in  th is  case th e  single p a rtic le  w ill be 
in  a w e ll-d e te rm in ed  s ta te , w hile  for large n  a n d  V  th e  sm o o th  d is tr ib u tio n  
w ill occur.
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tj 5. The correction of the BCS approximation in the case o f  an odd fermion system

I f  we co rrec t th e  re su lts  o f th e  BCS ap p ro x im a tio n  in  th e  w ay d iscussed  
in  § 2  th e  en erg y  w ill be  th e  folloYving:

E  =  (r2v +  2v2) £„ — V  ^  uv K  u v’ V  “

-  V у  V* -  У{1 -  « ;  -  и 2) ( u l  +  v l ) .
■*“  4

(25)

I t  is easily  seen th a t  in  th is  w ay  we do n o t  ge t exact re su lts  even  in  th e  s im p le s t 
case. N am ely , i f  th e  k in e tic  energy  is e q u a l to  zero, from  th e  re la tions E r 2 — 1 
an d  E2 V2 —  n —  1 we g e t:

n  —• 1
u 2 =  1

n I 1

2Ü2Ü  2 Q  Ü

T he energy  in  th e  co rrec ted  BCS a p p ro x im a tio n  will be th e  follow ing:

V
E=-- — (n -  1 )

2
Q  — 1 ----------- -- +  1 1

1

~Q

T he ex ac t energy  in  th e  case of zero k in e tic  energy is th e  folloYving :

W  = V ( Q— 1) (и -  1) n  — 1

2 (Ü -  1) ( » - ! ) ■

(26)

(27)

(26) differs from  (27) b u t  th e  error in  th e  original BCS ap p ro x im a tio n  is 
Vj2(n  — 1)(1 —  n  -f- 1/2Q)  an d  now  it  is o n ly  F /4 (l —  1 /ß ) ,  so i t  seem s to  be 
b e tte r  to  ca lcu la te  w ith  th e  co rrec ted  expression .

U sing th e  m e th o d  d iscussed  in  § 4 ta k in g  in to  ac c o u n t th e  su b s id ia rv  
cond itions (14), (15) we get

« +  В  +  x v 
a V

a — В  — x„
a V

(a -j- В  -)- xv) 

(a  +  B  T- xv)

A

(/a2 — (В  +  X , ) 2

A

l''V  -  (П + x j 2

1 +

— 1

T he eq u a tio n s  (14), (15), (19) w ill be th e  follow ing:

a V  (Q — n) у (В  +  *„) (a +  В  +  x v)

+  X ,,)2 a +  В  +

A

\  a2 — (B  +  x v)2

4

V
4

V  
4

(Q — 2) — ^  (a -f- В  -f- x v)
) [ а ^ Г ( В  + x v)2

— 1 

- 1

V
4
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S olv ing  ag a in  th e se  eq u a tio n s , we get fo r th e  energy

E  =  —  (e" +  £ ' ) -  —  n i l  1 ------—
2  2  2 Q T (" “ 1) +

[W e neglect th e  te rm s p ro p o rtio n a l to  ( e "  —  e ' ) 2 as th e y  a re  n o t im p o r ta n t 
co m p ared  to  th e  e rro r of th e  m e th o d .] T h e  energy  d ifference  o f an even a n d  
o d d  system  in  th e  co rrec ted  m e th o d  will th u s  be

<5<3' =  —  Q  +  (e" — e ' ) 2 ( . . . ) .
2

I f  we ex am in e  now th e  re su lts  o b ta in e d  for th e  v a lu e  of th e  p a ir in g  
en erg y  b we m a y  say  th a t  a lth o u g h  th e  e rro rs  of th e  BCS m eth o d  an d  th e  
p a irin g  energy  are  of th e  sam e  order o f m ag n itu d e , in  f ir s t  ap p ro x im a tio n  
th e  erro r is th e  sam e for ev en  a n d  odd sy s tem s  and  so th e  m a in  term s o f th e  
p a ir in g  energy  are  co rrec t. W ith  tw o d iffe ren t H am ilto n ian s  we have o b ta in e d  
th e  sam e re su lt. T his in d ic a te s  th a t  even  w ith  th e  n o n -e x a c t BCS m e th o d  
w e o b ta in  r a th e r  good re su lts  fo r  th e  p a ir in g  energy , an d  i t  seem s w orth  w hile  
to  de te rm ine  th e  level d e n s ity  o f  odd nucle i w ith  th e  sam e m e th o d . C om paring  
th e  level d e n s ity  re la tio n  o f o d d  and  even n u c le i w ith  th e  ex p erim en ta l re su lts , 
i t  is possible to  check th e  b as ic  idea of o u r v e ry  sim ple m odel.

A ppendix

I f  we w a n t to  exam ine a pu re  odd sy s te m , we h a v e  to  use th e  fo llow ing  
w ave fu n c tio n

ф о =  2 2  r 'v a v++ 7 /  (u„ +  vv a + a+)  | 0 ),
v '  v'=fiv

w ith  th e  su b s id ia ry  co n d itio n s
ul  +  t>2 =  1 ,

Г г2 =  1 ,

Г « 2 ( 1  — г2) =  и I-

( A l )

( А  2) 

( A3 )

H ere  rv is a g a in  th e  p ro b a b ili ty  th a t  th e  v s ta te  is filled  w ith  a single n u c leon . 
D e te rm in in g  w ith  (HI )  th e  en erg y  in th e  BCS ap p ro x im a tio n  we get

E  =  E 2 ev r v2( l  -  r 2) +  I e v r 2 -  V E E  uv vv <  v2p( l  -  

-  r2 -  r '2) +  VEu'îvK 1 -  2 r2) -  V E v l ( l  -  rjr).
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In  th e  case o f c o n s ta n t k in e tic  energy

n  — 1
r ?  == 1 / Q ,  V2 =

2(Q -  1 )
1 — 1

E  =  ere--------( re — 1 )
2

Q — 1
re — 1

2

2(Q — 13) 

re — 1

2(Ü -  1)

(A  5)

so th e  e rro r is e x a c tly  as m u ch  as in  th e  case o f § 4. B u t if  we im p ro v e  again  
th e  BCS ap p ro x im a tio n  in  th e  w ay  d iscussed  in  § 3, we get

(AN)*  =  -  EEv* V?  r* r■•* -  E v \( 1 -  2r?) +  2w*(l -  r*).

E ’ =  E  -  - -  ( A N Y  =  2'2е„ v%l -  г») +  2 4  r* -  
4

-  V E E u v vv и ; < ( 1  -  r* -  r?) -  V E v 2 +

+  V E E v l v ?  rlr?,

(A  6 )

an d  in  th e  case of c o n s ta n t k in e tic  en erg y

E '  =  ere-------- (re — 1)
2

ß — 1 — +  1 ( A l )

w hich  is ju s t  th e  ex ac t energy  re su lt. So i t  is p ro b ab le  th a t  we can  g e t th e  b est 
re su lts  for th e  odd system  using  th e  (^41) w ave fu n c tio n  and th e  (A 7 ) energy 
expressions, b u t  th e  v a r ia tio n  process w ill th e n  be  v e ry  co m p lica ted  so th a t  
w e d id  n o t use i t  fo r th e  f ir s t  a p p ro x im a tio n .
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ОСНОВНОЕ СОСТОЯНИЕ ЭНЕРГИИ НЕЧЕТНЫХ СИСТЕМ ФЕРМИ—ЧАСТИЦ
й . НЕЙМ ЕТ

Р е з ю м е

BCS-аппроксимацией определяется основное энергетическое состояние нечетных 
систем Ферми-частиц. Сделалась попытка для ликвидации ошибки в метода BCS в случае 
небольшого числа частиц.
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(Presented by Z. G yulai. — Received 20. IX . 1963)

The cross-section o f the y  +  t -»■ n - f  о - f  j> reaction  has been calcu lated , taking  
in to  account the interaction  of the tw o neutrons in the f in a l sta te . The proton spectrum  is 
found to be sensitively dependent on th e  1S a neutron-neutron scattering len gth  in  the neigh
bourhood of its upper lim it.

A ta sk  of fu n d a m e n ta l im p o rta n c e  in  n u c lea r  physics is to  in v es tig a te  
th e  forces ac tin g  in  tw o-nucleon  system s. Since th e re  is no ev id en ce  for th e  
ex istence  of a d in eu tro n , and  n e u tro n  ta rg e ts  are n o t  availab le  a t  p re se n t, th e  
p rob lem  o f re —  n forces can n o t be  app roached  in  th e  sam e d irec t w ay  as th a t 
of n — p  an d  p —p  forces. In  a re c e n t e legant ex p erim en t Ju g o s la v  w or
kers  [1] chose th e

n - \ - d ^ n - \ - n - \ - p  (1 )
re a c tio n  to  in v es tig a te  th e  in fluence  o f fina l s ta te  in te ra c tio n  o f tw o  n eu tro n s 
on th e  energy  d is tr ib u tio n  of p ro to n s . C alculations described  in  th e  p resen t 
p a p e r  concern  th e  th re e -p a rtic le  p h o to d is in te g ra tio n  o f tr i to n ,

y  -f- t - >  n -)- n -f- p  (2 )
a re a c tio n  lead ing  to  f in a l p ro d u c ts  id en tica l w ith  th o se  o f re a c tio n  (1). In  our 
o p in ion  reac tio n  (2) deserves a t te n t io n  for th e  fo llow ing  reasons. In  th e  w ork 
q u o ted  above ca lcu la tio n s co ncern ing  reaction  (1) w ere p e rfo rm ed  using 
a k in d  of B orn ap p ro x im a tio n  in  w hich th e  p r im a ry  in te ra c tio n s  betw een 
th e  in c id e n t n e u tro n  a n d  nucleons in  th e  d eu te ron  a re  tre a te d  as th e  p e r tu rb 
ing  p o te n tia l. T here  is no a priori  ju s tif ic a tio n  to  do so for (1) is a strong  
n u c lea r  process an d , in d eed , th e re  is a d iscrepancy  in  th e  ab so lu te  v a lu e  of th e  
cross section . On th e  o th e r h a n d , i t  is en tire ly  ju s t if ie d  to  use p e r tu rb a tio n  
m eth o d s  in  th e  case o f  reac tio n  (2) as th is  is an  e lec tro m ag n etic  process. I t  
shou ld  be m en tio n ed  th a t  in  th e  f in a l s ta te  a square-w ell in te ra c tio n  betw een 
th e  tw o  n eu tro n s is ta k e n  in to  ac c o u n t exac tly  b o th  in  w ork  [1] a n d , following 
th e  sam e m ethod , in  ou r ca lcu la tio n s. A no ther p o in t  of in te re s t  is th a t  in 
[1] th e  in te ra c tio n  b e tw een  th e  p ro to n  and  e ith e r  n e u tro n  in  th e  f in a l s ta te  
has b een  neg lected . T here  are  c e r ta in  q u a lita tiv e  a rg u m en ts  acco rd ing  to  
w h ich  th is  a p p ro x im a tio n  shou ld  be  expected  to  b e  good for th e  h igh-energy
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p a r t  o f  th e  p ro to n  sp e c tru m . O ne does n o t know , how ever, how  la rg e  th e  error 
in tro d u c e d  in  th is  w a y  is. As fa r as th is  a p p ro x im a tio n  is co n cern ed , reac tion  
(2) h a s  th e  a d v a n ta g e  th a t  in  th e  electric  d ipo le  tra n s it io n  w h ich  is to  be 
e x p e c te d  to  p red o m in a te , Lhe p ro to n  em erges in  a p  s ta te  re la tiv e  to  th e  cen ter 
of m ass o f the  tw o n eu tro n s , w hile  in  (1) em ission o f s s ta te  p ro to n s  occurs. 
W e c a n n o t give, e ith e r , th e  m a g n itu d e  of th e  e rro r  in v o lved  in  th is  ap p ro x im 
a tio n , w e believe, h o w ev er, th a t  i t  is ra th e r  m ore ju s tif ie d  to  use i t  in  th e  case 
of re a c tio n  (2) th a n  in  th e  case o f  reac tio n  (1). O n th e  o th e r h a n d , we th in k  
th a t  i t  is o f im p o rta n c e  to  in v e s tig a te  th e  role o f  th e  in te ra c tio n s  neglected.* 
In  th is  p ap er, h ow ever, no such  a t te m p t  is m ad e . T h e  f irs t  w ho considered 
re a c tio n  (2) were M. V e r d e  [2], as well as J .  C. G u n n  an d  J .  I r v in g  [3]. 
C a lcu la tions were p erfo rm ed  using  osc illa to r w ave fu n c tio n s fo r th e  tr i to n  and  
free w aves for th e  p ro d u c t p a rtic le s . In  [3] i t  is a rg u ed  th a t  in  v iew  of th e  
g re a te r  phase  space av a ilab le  th e  th re e -p a rtic le  d is in te g ra tio n  m ode  m igh t be 
ex p ec ted  to  p re d o m in a te  over th e  tw o -p artic le  m o d e . T he n ecess ity  of an 
a llow ance for d is to r tio n  of th e  o u tg o in g  w aves w as stressed  b y  th e  au thors 
q u o te d , b u t  in  v iew  o f th e  d ifficu ltie s  th e ir  t r e a tm e n t  w as co n fin ed  to  free 
o u tg o in g  w aves. F in a l s ta te  in te ra c tio n  form alism  suggested  b y  К . M. W a tso n  
[4] a n d  used  by  th e  Ju g o s la v  g ro u p  in  th e ir  an a ly s is  o f re a c tio n  (1), how ever, 
seem ed  to  us to  offer a p o ssib ility  to  fill th is  gap  in  fo rm er t re a tm e n ts . In  our 
c a lc u la tio n , too , an  o sc illa to r w av e  fu nc tion  is u se d  for th e  t r i to n .  We are 
aw are  o f  th e  lim ita tio n s  arising  fro m  th e  a sv m p to tic  b eh av io u r o f  such  a func
tio n  w h ich  does n o t  co rrespond  to  re a lity . On th e  o th e r  h an d  th e  calcu lations 
w h ich  a re  m ade possib le  by  th e  u se  o f th is  sim ple fu n c tio n  en ab le  us to  form  
a c lea r physica l p ic tu re  of th e  p rocess and give a n  idea  a b o u t th e  ch a rac ter 
of th e  effect to  he ex p ec ted . P ro b a b ly  for a co m p ariso n  w ith  th e  experim en t 
ca lcu la tio n s  will be  need ed  w h ich  use m ore re a lis tic  tr i to n  w av e  functions. 
E x p e rim e n ta l d a ta  on  (2), w h ich , to  our know ledge, are n o t  availab le  a t 
p re se n t, w ould be h ig h ly  d esirab le .

T o  ca lcu la te  th e  d iffe ren tia l cross section da  o f  th e  elec tric  d ipo le  abso rp 
tio n  process (1) g iv in g  rise  to  p ro to n s  of energies in  th e  in te rv a l  (E p, E p -j- 

-j- dEp),  we s ta r t  fro m  th e  ex p ressio n

da =  | ( Ф / ,  D p  Ф.) |2  e {E, E p) dEp,  (3)
c

w here  со is the  f req u en cy  of th e  in c id e n t p h o to n , Dp is th e  c o m p o n en t of electric 
d ipo le  m om en t o f th e  p ro to n  a long  th e  d irec tio n  of p h o to n  p o la riza tion , 
q(E,  Ep)dEdEp is th e  n u m b er o f f in a l  s ta te s  in  th e  in te rv a ls  (E, E  dE) and  
(Ep, Ep -)- dEp) o f to ta l  and  p ro to n  energies, Ф, a n d  Ф  ̂ are  w av e  functions

* This point has been  particularly em phasised by Professor N. A u s t e r n  in  discussions 
w ith  him .
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o f th e  in itia l a n d  fina l s ta te s , re sp ec tiv e ly ; c is th e  velocity  o f  lig h t. The (n o rm 
alized) tr i to n  w ave func tion  is assum ed to  be  of the  form

Ф,=
4a2 I 3 / ,  -  ï a [ ( r i  - r a ) ! + ( r ! - r 3) ! + ( r a - r 1) s ]

------1 4 e
Зл:2

w hich  can be w ritte n  a lte rn a tiv e ly  as

Ф ,  =  V,  (r) Л ,  ( r ') ,

Vi (r) = «  YV.
я

-  r*

7 l i ( v ' )  =

2 a

4 ° ' V T
Зл

(4)

(5)
( 6 )

г, an d  л,- be ing  norm alized  fu n c tio n s. H ere  r  is a vecto r jo in in g  th e  tw o n e u t 
ro n s, while r' is th e  position  v ec to r of th e  p ro to n  w ith  re sp e c t to  th e  c e n te r  
o f  m ass of th e  tw o  n eu tro n s. In  our a s su m p tio n  (4) th e  m a g n e tic  dipole t r a n s 
itio n  is fo rb id d en . The f in a l s ta te  is w r it te n  as follows:

*V(r ) =
1

2 TiR

1

2 a R

0 f = v f (r) nf (r'),
1/o , sin (kd 4 - Ó) sin Kr

2 -e'e -k-  ----- i----——— --------------(r <  d),

1l ‘t  . e10 ■ к-

sin  K d  

sin (kr +  Ô) 
kr

kr

n,  (r ')
2

^  ■ k'  •
sin k'  r ' cos k' r'

R ’ (k’ r’f k'  r’ ~

(Г >  d ) ,

<P').

( 7 )

( 8 )

(9)
( 10 )

As a lread y  m en tio n ed  above, in  th e  f in a l s ta te  a square-w ell in te ra c tio n  of th e  
tw o  n eu tro n s is ta k e n  in to  acco u n t e x a c tly . T h e  rad ius of th is  w ell is d, w hile  
i ts  d e p th  V0 is re la ted  to  th e  in n e r an d  o u te r  w ave n u m b ers  th ro u g h

K 2 =  K 2 +  k \  K 2 =  M V J K \  (11)

w here M  den o tes  th e  n uc leon  m ass. S u b s t i tu te  now  th e  w av e  func tions (5) 
a n d  (7) in to  (3) an d  use th e  expression

в(Е, E p)
R R '  M

2 л Ч 2 ]/Ер ( 2 Е - Ъ Е р)
( 12 )

fo r th e  d e n s ity  of final sp h erica l w ave s ta te s ;  here R  a n d  R '  denote  ra d ii  
o f n o rm a liza tio n  spheres in  r  a n d  r '  spaces, re spec tive ly . T he fo rm u la  o b ta in ed  
in  th is  w ay  fo r th e  d iffe ren tia l cross sec tion  a 1 == da/dEp d iffers  from  th e  v a lu e  
(T0' v a lid  for V g =  0 in a re la tiv e ly  sim ple fa c to r  F(E; Ep):

da
d E p

=  F( E ; E p)
da0_
d E p

(13)
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d(70 =  ^ — |/2 4  — ( е + е т )е®/2 j e -----^ - e pW2 e edep, (14)
Пс a 2

M E  M E d M E t . . . .
£ =  - — , e„ =  — — ет =  — — ( J 5)

■ Ä2 a  %2 a %2 a

here E r m eans th e  tr i to n  b in d in g  energy . F a c to r  F ( E ; E p) rep resen ts th e  ra t io  
o f th e  sq u a re d  n e u tro n  o v e rlap  in teg ra ls  w ith  and  w ith o u t fina l s ta te  in te r 
ac tio n :

F ( E ; E p) = M \  (16)
1 n

I 1  =  J vf  (r) v t ( r ) d v ’ Iün = ,К(Г) v i ( r )  d v .  (17)

H ere  Vf d eno tes a free tw o -n e u tro n  fu n c tio n  w hich is o b ta in e d  from  (9) p u t t 
ing  Ö — d =  0. T he o v erlap  in teg ra ls  a re :

г - “ г1 N l 2л  \3I -
1® =  JV re “ sin kr dr =  —  \ —  /a ke 2a , (18)

J 4 л  a
о

I  = f °  +  iv{ f ( t1 +  i k f W \ sin k d  +  cos k d  . ?in K r  _
( J  sin  K d

о

’~ \ r' r  -  \  r* )

' r d , + k m i e" ’  ' r d r \a

(iV =  4л  — 1—j1̂ 2 f— . (19)
1 2 n R  [ л ]  ,

T he n —  n  sc a tte rin g  am p litu d e  f (k)  h as  been in tro d u c e d  here in s te a d  of 
th e  phase  sh if t <5, th e  co n n ec tio n  be tw een  th em  b e ing  expressed  by

f (k)  = -----e10 sin ô . (20)
к

F o r th e  la t te r  q u a n titie s  th e  e ffec tive-range a p p ro x im a tio n  has been  u sed :

к ctg  (3 = ------L  +  (21)
a 2

f ( k )  = -------T------ - --------------  . (22)
— —  +  —0 k2 -  ika 2

T he fa c to r  F  has been  e v a lu a te d  n u m erica lly  for sev e ra l cases.
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In  F igs. 1, 2 and  3 re su lts  for a'  =  dajdEp are show n a n d , in  o rd e r to  
e x h ib it th e  in fluence  of f in a l s ta te  in te ra c tio n , com pared  w ith  th e  co rresp o n d 
in g  curves fo r a'0 =  da jdE p,  ca lcu la ted  b y  using  free-w ave f in a l s ta te s . T h e

v a lu e  of th e  p a ra m e te r  a co rrespond ing  to  F ig . 1 was o b ta in e d  b y  id en tify in g  
th e  d ifference in  th e  b in d in g  energies o f  H 3 a n d  H e3- w ith  th e  H e3 C oulom b 
energy . In  F igs. 2 an d  3 tw o  o th e r  values w ere  used  w hich w ere also considered  
in  th e  w ork  o f G u n n  and  I r v i n g . R esu lts  a re  n o t sensitive  to  th e  value of th e  
effective ran g e ; th e  figure r 0 =  2.4 • 10 13 cm  w as a d o p te d  th ro u g h o u t th e  
w hole ca lcu la tio n . Values o f th e  to ta l e n e rg y  E  (equal to  th e  gam m a en erg y

1 7 Acta Phys. Hung. Тот. X V I I .  Fasc. 1 —2.
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EpíMeV) 

Fig. 3

m inus th e  t r i to n  b in d in g  energy) w ere chosen  in  th e  reg ions o f m ax im um  to ta l  
cross sec tio n  for th e  re sp ec tiv e  p a ra m e te r  values. T h e  sh a rp  m ax im a  in  a'  
o b ta in ed  n e x t  to  th e  h igh -energy  lim it o f th e  p ro to n  sp e c tru m  are v e ry  s e n s it
ive  to  th e  v a lu e  of th e  n —  n s c a tte rin g  le n g th . To e x h ib it th is  th e  h ig h -en e rg y  
p a r t  o f th e  a'  curves is show n in F igs. 4 , 5 an d  6 for th re e  d ifferen t v a lu e s  o f 
th e  s c a tte r in g  len g th . C om paring  th is  p a r t  of th e  ca lcu la ted  sp ec tru m  w ith
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th e  ex p erim en t an  a tte m p t m ig h t be m ade to  de te rm ine  th e  х5!0 n —  n s c a t te r 
in g  len g th . In  F ig . 7 th e  in fluence  of th e  f in a l s ta te  in te ra c tio n  on th e  en erg y

iE
dependence  o f th e  to ta l cross sec tion  cr(E) =  j a'dEp is ex h ib ited . T h e

ó
positio n  of th e  m ax im um  o f cu rve  a(E)  is s tro n g ly  d e p e n d e n t on a, w h ich  
m eans th a t  ex p erim en ta l d a ta  concern ing  th is  p o in t can  p ro v id e  in fo rm a tio n  
on th e  value o f th is  p a ra m e te r.

17» Acta Phys. Hung. Тот. X V I I .  Fasc. 1 — 2.
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One o f th e  au th o rs  (G . Gy .) is in d e b te d  to  P ro fesso rs N . A u s t e r n  a n d  
A. d e Sh a l it  fo r v a lu ab le  rem ark s . T h a n k s  are  due to  M r. G. N ém eth  fo r 
p e rfo rm ing  n u m erica l co m p u ta tio n s .

cr(10'27cm!l

L IT E R A T U R E

1. K. Ilakovac, L. G. Kuo, M. Petravic and I. Slaus, Proc. Rutherford Jubilee Internat.
Conf., M anchester 1961, p. 157; Phys. R ev ., 124, 1923, 1961.

2. M. Verde, H elvetica  P hysica  A cta , 23, 453, 1950.
3. J . C. Gunn and J. Irving, P hil. Mag., 42, 1353, 1951.
4. K. M. Watson, P hys. R ev ., 88, 1163, 1952.

ВЗАИМОДЕЙСТВИЕ re—re В КОНЕЧНОМ СОСТОЯНИИ В ТРЁХЧАСТИЧНОМ
ФОТОРАСПАДЕ ТРИТОНА

Г. ДЬЕРДИ и П. ХРАШКО

Р е з ю м е
Работа ознакомливает читателя с определением эффективного сечения у +  í —> 

—> п  +  п  +  р  реакции, принимая во внимание взаимодействие двух нейтронов в конечном 
состоянии. Результаты указывают на то, что спектр протона в соседстве верхнего предела 
чувствительно зависит от значения длины нейтрон-нейтронного рассеяния 'So-
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DIE STATISTISCHE THEORIE DES ATOMKERNS
V. T E IL

Von

P . G o m b á s  und D . K i s d i

PHYSIKALISCHES INSTITUT DER UNIVERSITÄT FÜR TECHNISCHE WISSENSCHAFTEN, BUDAPEST

Die D ichte Verteilungen, der N ukleonén werden für die in den vorangehenden T eilen  
dieser Arbeit entw ickelten  statistischen K ernm odelle für verschiedene W echselw irkungs
energien und zwar für eine YuKAWAsche, eine exponentielle  und eine GAUSS-sche W echselw ir
kung der N ukleonén diskutiert. Ausserdem  werden für diese verschiedenen W echselw irkungen  
der Nukleonén für einige Kerne die elektrostatischen equivalenten K ernradien, die D icke der 
O berflächenschicht, sowie die »half-w ay«-R adien berechnet und m iteinander verglichen. Es 
zeigt sich, dass die m it der exponentiellen oder GAUSS-schen W echselw irkung berechneten  
D aten  und die diesen zugrunde liegenden D ichteverteilungen der N ukleonén im  Falle einer 
exponentiellen oder GAUSS-schen W echselw irkung zwischen den N ukleonén bedeutend besser  
m it der Erfahrung übereinstim m en als im  Falle der YuKAWAschen W echselwirkung.

Das Ziel d er vorliegenden  A rb e it is t  die D ich tev e rte ilu n g  der N uk leo n én  
sowie einige m it d er K erngrösse u n d  K ern fo rm  im  Z u sam m en h an g  s te h e n d e  
D a te n  und  zw ar den  e lek tro s ta tisch en  e q u iv a len ten  R ad iu s , die D icke d e r 
O b erfläch en sch ich t u n d  den  » h a lf-w ay « -R ad iu s  fü r die in  d en  Teilen I  b is  IV 1 
en tw ick e lten  s ta tis tisc h e n  K ernm odelle  zu  u n te rsu ch en . D ie B ezeichnungen  
sind  h ierbei d ieselben  wie die in  den e b e n g en an n ten  v o ran g eh en d en  A rb e iten .

Es sei b e to n t , dass das zug runde liegende s ta tis tisc h e  M odell n u r  eine 
seh r grobe N äh e ru n g  d a rzu ste llen  v e rm ag , denn  in  d iesem  w urden  fü r  d ie  
W echse lw irkungsk räfte  zw ischen den  N uk leo n én  e in fache  MAjORANAsche 
K rä fte  an g ese tz t. D ie B erechnungen  w u rd en  in  den frü h e re n  A rbeiten  fü r  die 
fo lgenden  T y p en  der W echselw irkungsenerg ie  zw eier N uk leo n én  d u rc h g e fü h rt

1. für d ie YuKAWAsche W ech selw irk u n g

und
FORSCHUNGSGRUPPE FÜR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE DER 

WISSENSCHAFTEN, BUDAPEST

(Eingegangen. 20. IX . 1963)

J Á r )  =  -  £ i  ;
rlr 0

e ~ rlr°
( 1 )

2. fü r  die exponen tie lle  W echselw irkung

( 2 )

3. für d ie GAUSS-sche W ech selw irk u n g

T3(r) =  — e 3 e  (rlra)\ (3)

1 P. G o m b á s , A cta Phys. H ung. 1, 329, 1952.
P. G o m b á s , A cta Phys. H ung. 2, 223, 1952.
P. G o m b á s , E . M á g o r i , В. M o l n á r , É. S z a b ó , A cta P hys. H ung. 4, 267, 1954. 
P. G o m b á s , P. Sz é p f a l u s y , E. M á g o r i , A cta P hys. H ung. 7, 251, 1957.
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wo wir die Reichweite r0 der K ernkräfte  m it der CoMPTON-Wellenlänge der 
тг-Mesonen gleichsetzten: r0 — 1,355 • 10_ls cm  und die K opplungskonstan te 
Si{i =  1, 2, 3) so festse tz ten , dass die berechneten K ernenergien m it den 
gemessenen am  besten übereinstim m en. H ieraus ergab sich

e1 =  71,28 M eV, % =  91,17 M eV, p3 =  104,27 MeV (4)

F ü r  d ie  N eu tro n e n d ic h te  gn u n d  P ro to n e n d ic h te  gp w u rd en  in  den  v o ra n 
gehenden  A rb e iten  in  zw e ite r N äh eru n g  d ie  A nsätze g em ach t

Qn —  £?no e -a 4  2 1 -I------ yd1 r2
3

-a'*r 2 у  а2 г2

( 5 )

( 6 )

wo дп0 u n d  Qp0 N o rm ie ru n g sk o n stan ten  s in d  u n d  a sowie у  V a ria tio n sp a ra m e 
te r  b eze ich n en , die aus d er M in im u m sfo rd eru n g  der E n erg ie  b e s tim m t w u rd en . 
Z ur b esseren  Ü b ersich t s in d  die P a ra m e te rw e rte  fü r  einige K erne  in  den 
T abellen  1, 2 u n d  3 zu sam m en g este llt.

Tabelle 1

W erte v o n  a  und у  für die YuKAWAsche W echselw irkung, a  in  1013 c m '1 E inheiten

A z ■ У

i6 8 0,607 0,00
40 19 0,576 0,0025
80 37 0,507 0,11

120 54 0,481 0,29
200 85 0,428 0,45
240 99 0,403 0,49

Tabelle 2

W erte v o n  a  und у  für die exponentielle W echselw irkung, a  in  1013 cm -1 E inheiten

А Z a У

i6 8 0,500 0,54
80 36 0,362 1,4

200 82 0,271 1,8
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Tabelle 3

Werte von a und y  für die GAUSS-sche Wechselwirkung, a in 1013 cm 1 Einheiten

Fig. 1. Verlauf der N ukleonendichte Q =  Qn Qp für die Isobaren tiefster E nergie m it der 
M assenzahl A  =  16. r in 10“13 cm, Q in  1039 cm -3 Einheiten.

m it der YukawAschen W echselw irkung J , berechnet,
----------- m it der exponentiellen  W echselw irkung J 2 berechnet,
----------mit der GAUSS-schen Wechselwirkung J3 berechnet.

Fig. 2. Verlauf der N ukleonendichte Q =  Qn -f- Qp für die Isobaren tiefster Energie m it der 
M assenzahl A  =  80. r in  IO“ 13 cm, Q in  1039 cm -3 Einheiten.

mit der YuKAWAschen Wechselwirkung J t berechnet,
----------- m it der exponentiellen W echselw irkung J 2 berechnet,
— • — •— mit der GAUSS-schen Wechselwirkung J 3 berechnet.
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D ie G esam td ich te  q =  qn +  Qp d e r N uk leonén  is t  fü r einige K ern e  fü r 
die v e rsch ied en en  d re i W echse lw irkungen  in  den  F ig u ren  1, 2 u n d  3 d a rg es te llt.

D ie in  den  F ig u ren  1 bis 3 d a rg e s te llte n  D ich tev e rte ilu n g en  d e r N uk leo 
n én  k ö n n en  m angels em pirischer D a te n  m it der E rfa h ru n g  n ich t u n m itte lb a r  
ve rg lich en  w erden . M an k a n n  je d o c h  a u f  G rund  d er D ich tev e rte ilu n g en  der 
N u k leo n én  einige P a ra m e te r  sowie d en  e le k tro s ta tisc h e n  e q u iv a len ten  K ern-

F ig. 3. V erlauf der N ukleonendichte Q — Qn +  Op für die Isobaren tiefster Energie m it der 
M assenzahl A  =  200. r in  10-13 cm, д in  IO39 cm -3 Einheiten.

-  m it der YuKAWAschen W echselw irkung J x berechnet,
----------- m it der exponentiellen  W echselw irkung J 2 berechnet,
— -------- m it der GAUSS-schen W echselw irkung ./;  berechnet.

ra d iu s , die D icke d er O b erfläch en sch ich t, bzw. den  so g en an n ten  »half-w ay«- 
R ad iu s  des K ern s, w e ite rh in  den  m ax im alen  W ert d e r N u k leo n en d ich te  ein
fach  b e rech n en  u n d  m it den  en tsp rech en d en  em pirisch en  W erten  verg le ichen , 
w o d u rch  in  B ezug a u f  die th eo re tisch en  D ich tev erte ilu n g en  Schlüsse gezogen 
w erden  kö n n en .

W ir w ollen n u n  diese P a ra m e te r  m it unseren  D ich tev e rte ilu n g en  der 
R eihe  n a c h  b erechnen .

D er e le k tro s ta tisc h e  éq u iv a len te  K e rn rad iu s  is t  fo lgenderm assen  defin ie rt

R- =  [ k i s '-r U j !‘ -(V

M it d er s ta tis tisc h e n  D ich tev e rte ilu n g  (6) e rg ib t sich  h ie rfü r

(5 Pe(y)
2 P o ( r )

V* 1 (8)
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wo P e(y) und  P 0(y) d ie fo lgenden A usdrücke beze ichnen

P , (Y )  =  l  +  - i r V +  Y2 “f~ ~zr У3 1 (9)2 12 24

Po(y) =  1 +  — y +  —  y2 +  ~ y 3 - (10)

U n te r  der D icke R s der O b erflächensch ich t des K erns v e rs te h t m an  die 
B re ite  derjen igen  S ch ich t, in n e rh a lb  w elcher d ie  N u k leo n en d ich te  v o n  90%  
a u f 10%  desjenigen W ertes  a b fä llt , d en  die N u k leo n en d ich te  im  K ern in n eren  
aufw eist. D er »ha lf-w ay«-R ad ius R c is t  d iejenige E n tfe rn u n g  vom  K e rn m itte l
p u n k t, b e i w elcher die N u k leo n en d ich te  au f 50 %  des W ertes im  K ern inneren  
a b fä llt.

M it den s ta tis tisc h e n  D ich tev erte ilu n g en  (5) u n d  (6) der N uk leonén  e rh ä lt 
m an  fü r  R c und  R s d ie fo lgenden A usdrücke

Rc=v з^ ;—, (и)
a

ÄS =  K3( УчГо-УъГо)—, (12)а

wo xn (n =  1/2, 1/10, 9/10) die W u rze ln  der fo lgenden  tra n sc e n d e n ten  G leichung 
sind

( 1 -)- yxn) e~xu =  n1 3. (13)

F ü r  den m ax im alen  W ert d er N u k leo n en d ich te  e rg ib t sich m it den  s ta t is 
tisch en  V erte ilungen  (5) u n d  (6) d e r A usdruck

wo

i?max
«  3S(y) A 

n * V P ü (? )

[1

S(y) = Q Г  —  1y a exp —  o---------------

У

fü r  у  <  1

fü r  у  >  1

(14)

(15)

ist.
D ie m it d iesen  F o rm eln  b e re c h n e ten  W erte  von  R e, R c, R s u n d  pmax 

h ab en  w ir in  den F ig u ren  4— 7 g rap h isch  d a rg e s te llt;  zum  V erg leich  sind  auch  
die h a lb em p irisch en  W erte  von  E l t o n 2 angegeben. B ei allen  v ie r G rössen lässt

2 L. R. B .  E l t o n ,  Nuclear Sizes, S. 31, Oxford U n iversity  Press, L ond on , 19 61.

Acta Phys. Hung. Тот. X V I I .  Fase. 1 —2.



266 P. GOMBÁS und D. KISDI

sich  ein  w esen tlicher U n tersch ied  zw ischen den  a u f  G ru n d  der W echselw irkung  
J 1 e inerse its  u n d  den  au f G ru n d  d e r W echselw irkungen  J 2 u n d  andererse its  
b e re c h n e ten  W e rte n  festste llen  u n d  zw ar fallen die h a lb em p irisch en  W erte  in 
a llen  v ie r F ä llen  zw ischen den  m it d en  W echselw irkungen  J 2 u n d  berechne
te n  W erten , w äh ren d  die a u f  G ru n d  der YuKAWAschen W echselw irkung  J 1

Fig. 4. R e als F unktion  von  A  in  10 13 cm  Einheiten. 
О  m it der YuKAWAschen W echselw irkung berechnet, 
□  m it der exponentiellen  W echselw irkung J2 berechnet, 
V  m it der GAUSS-schen W echselw irkung J3 berechnet. 
— halbem pirische D aten  v o n  E l t o n .
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b e re c h n e ten  W erte  v o n  den  halbem p irisch en  s ta rk  abw eichen . B esonders 
augen fä llig  is t dies b e i pmax, m a n  vg l. F ig. 7.

D er grosse U n te rsch ied  zw ischen den m it  d e r YuKAWAschen W echsel
w irk u n g  J 1 e inerseits u n d  den  W echselw irkungen  J 2 u n d  J 3 a n d e re rse its  b e rech 
n e te n  o b en g en an n ten  P a ra m e te rw erte n , sowie d en  en tsp rech en d en  N ukleo- 
n e n d ic h te n  is t d a ra u f  zu rü ck zu fü h ren , dass die W echse lw irkung  J 1 bei r — 0

F i g .  5. R c als Funktion von A  in 10 13 cm Einheiten. 
О  mit der YuKAWAschen Wechselwirkung berechnet,
□  mit der exponentiellen Wechselwirkung ,/2 berechnet, 
V mit der GAUSS-schen Wechselwirkung J 3 berechnet, 
— halbempirische Daten von Elton.
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eine S in g u la r itä t von  d e r  O rd n u n g  1/r aufw eist, w ä h re n d  bei d e n  anderen  
b e id en  W echse lw irkungen  dies n ic h t d e r  F a ll is t. In  d iesem  v e re in fa ch te n  s ta 
tis tisc h e n  M odell, in  w elchem  zw ischen  den N uk leo n én  n u r  K rä f te  vom  
MAjORANAschen T y p  in  B e tra c h t gezogen w urden , e rg ib t sich also m it  den  sin-

0.1 ■--- .____1______ !______ 1____________________i__
0 16 Ul 80 120 200 210 A

Fig. 6. R s als Funktion, v o n  1 in 10-13 cm  Einheiten.
О  mit der YtTKAWAschen Wechselwirkung J, berechnet,
□  m it der exponentiellen W echselw irkung J 2 berechnet,
V  mit der GAUSS-schen Wechselwirkung J 3 berechnet,
— halbem pirische D aten  v o n  E l t o n .

g u la r itä ts fre ien  W echselw irkungen  J 2 u n d  J 3 eine b e d e u te n d  bessere  Ü bere in 
s tim m u n g  m it d er E rfa h ru n g  als m it J v

Zw ischen den  m it den  W echselw irkungen  J 2 u n d  J 3 b e re c h n e ten  D aten  
b e s te h e n  keine grossen U n te rsch ied e . E in e  genauere  U n te rsu ch u n g  d e r  in  den 
F ig u re n  4 b is 7 d a rg e s te llte n  W e rte  ze ig t jedoch , d ass  die m it d e r  W echsel
w irk u n g  J 3 b e rech n e ten  D a te n  m it d en  h a lb em p irisch en  W erten  e tw a s  besser 
ü b e re in s tim m en  als d ie , die m an  a u f  G ru n d  der W echselw irkung  J 2 e rh ä lt.
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9 max

1.5 1

____ 1 :_____ :----------- ------1------------------ i--------- ----- !---------- -------; 1----------------- ;—
0 16 40 80 120 200 240 А

F ig. 7. É>max als F unk tion  von A  in 1039 cm -3 Einheiten.
О  mit der YuKAWAschen Wechselwirkung berechnet,
□  m it der exponentiellen W echselw irkung berechnet,
V mit der GüASS-schen Wechselwirkung jT3 berechnet,
— halbem pirische D aten  von E l t o n .

СТАТИСТИЧЕСКАЯ ТЕОРИЯ АТОМНОГО ЯДРА. ЧАСТЬ V.
П. ГОМБАШ и Д. К И Ш ДИ

Р е з ю м е
В работе дискутируется распределение плотности нуклонов в ядерной модели, раз

работанной авторами в предыдущих частях данной серии работ для различных энергий 
взаимодействия между нуклонами, а именно для взаимодействия Юкава, электромаг
нитного и Гаусса. Кроме этого, для этих различных взаимодействий нуклонов в случае 
одного ядра определяются и сравниваются между собой электростатический эквивалент
ный радиус ядра, толщина поверхностного слоя, а также и радиус «полпути». Оказывается, 
что вычисленные данные при помощи экспоненциального и гауссовского взаимодействий, 
в основе которых лежит распределение плотности нуклонов в случае взаимодействий 
Гаусса и экспоненциального, значительно лучше согласуются с результатами экспери
мента, чем в случае взаимодействия Юкава.
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T H E  I N F L U E N C E  O F  T H E  A M B I E N T  T E M P E R A T U R E  

O N  T H E  M O V I N G  S T R I A T I O N  P R O C E S S E S  O F  L O W  

P R E S S U R E  D I S C H A R G E S

B y

G. L a k a t o s  and J .  B it ó

I N D U S T R I A L  R E S E A R C H  I N S T I T U T E  F O R  T E L E C O M M U N IC A T IO N  T E C H N I Q U E ,  B U D A P E S T  

(Presented b y  G. Szigeti — R eceived 30. У . 1963)

T he inform ation available so far in respect o f m oving and stationary striation processes 
is presented by the authors. The tem perature dependence in  the range o f 20 — 40° C o f the  
more im portant characteristics o f m oving striations was investigated  in  low-pressure H g —A 
direct current discharges. In these investigations the whole discharge tube was surrounded  
b y  a stabilized water jacket.

The dependence o f th e  striation frequency on the am bient tem perature is given  and 
reference is m ade to the part p layed by the external and internal param eters in  the d evelop 
m ent o f the striation. W ith the help of an equivalent circuit the influence of the external 
param eters on the developm ent o f oscillations is discussed theoretically .

1. Introduction

T h e d iffe ren t gas a n d  v ap o u r d ischarges are g en era lly  accom pan ied  b y  
a n u m b e r o f oscillation  effects. U n d er th e  sim p lest co n d itio n s , even in  th e  case 
of d ire c t c u rre n t d ischarges, severa l d ischarge  an iso tro p ies  an d /o r in s ta b ilitie s  
a rising  in  th e  eq u ilib riu m  o f th e  p la sm a  ex is t th a t  m a y  be th e  cause o f  th e  
g en e ra tio n  of oscilla tions.

O u ts ta n d in g  am ong  these  osc illa tions is th e  so-called  p lasm a osc illa tio n , 
w hich is to  be considered  as th e  m o st reg u la r  one, a n d  w hich  has been  show n 
to  e x is t a lread y  b y  L a n g m u i r  an d  T o n k s  an d  t r e a te d  th e o re tic a lly  b y  th e m
[1]. T hese  oscillations a re  c h a ra c te ris tic  o f th e  g iven d ischarge  p lasm as, th e y  
acco m p an y  every  d ischarge  an d  th e ir  ex istence  can  be d e m o n s tra te d  b y  th e  
L echer p a ir  of w ires in  th e  positive  co lum n o f th e  d isch arg e . T heir freq u en cy  
is g iven b y  th e  fo llow ing re la tio n  [1]:

ne
Г N 1- e1 1х/2

•>
n  • m e ( i )

w here n e is th e  freq u en cy , N e th e  c o n c e n tra tio n  of th e  e lec tro n s, e th e  ch arg e  
of th e  e lec tro n s, me th e  m ass of th e  e lec trons.

T h e  v e ry  sam e re la tio n sh ip  m a y  be app lied  to  th e  case of ions as w ell, 
w hen th e  co rrespond ing  q u a n titie s  a re  s u b s ti tu te d . T h e  freq u en cy  o f e lec tro n  
osc illa tions in  case o f an  elec tron  c o n c e n tra tio n  o f 1010 e lec tro n /cm 3 a n d  on 
th e  basis  o f th e  re la tio n sh ip  (1) is fo u n d  to  h av e  a v a lu e  a ro u n d  101 cps. T he
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freq u en cy  o f ion  oscilla tions is m uch  sm alle r th a n  th is , on acco u n t of th e  
b ig g er m ass an d  th e  co n c e n tra tio n  of th e  ions w hich  has to  be  assum ed to  be 
sm alle r th a n  th e  e lec tron  c o n c e n tra tio n  in  ev e ry  case.

In  a d d itio n  to  these  ty p ic a l  p lasm a oscilla tions (e lec tron  an d  ion os
c illa tio n s) a n o th e r  process m a y  be  m en tio n ed  t h a t  w ill also acco m p an y  reg u la rly  
th e  d ire c t c u r re n t d ischarges. T h is process is know n  u n d e r th e  n am e o f “ s t r i 
a t io n ” . W e d is tin g u ish  tw o  fo rm s of i t  [2], th e  s ta tio n a ry  an d  th e  m oving 
s tr ia tio n .

W ith  re sp e c t to  its  fre q u e n c y  th e  s tr ia tio n  can  be in v e s tig a te d  b y  sim pler 
m ean s th a n  th e  so-called  p la sm a  oscilla tion , since  in  th is  case th e  freq u en cy  
is fo u n d  to  be  in  th e  range  o f  102—TO4 cps. T h e  re su lts  co n n ec ted  w ith  th is  and  
w h ich  h av e  b een  re p o rte d  in  th e  l i te ra tu re , h a v e  been describ ed  in  d e ta il in  
a p rev io u s w o rk  [2] b y  one o f th e  au th o rs .

In  th e  te c h n ic a l jo u rn a ls  m a n y  a u th o rs  d ea l w ith  th e  s tr ia tio n  and  search  
fo r  i ts  o rig in  b y  v a ry in g  th e  e x p e rim e n ta l co n d itio n s . In  th is  re sp ec t no opinion 
t h a t  w ould  h a v e  b een  u n an im o u s ly  accep ted  h as  as y e t  been  fo rm ed . Some are 
sea rch in g  fo r th e  a n iso tro p y  b rin g in g  a b o u t th e  process o f s tr ia tio n  — w hich 
as a ru le  is accom pan ied  b y  l ig h t f lu c tu a tio n  a n d  w hich can  be well show n 
to  occur in  th e  po sitiv e  co lum n  — in th e  processes ta k in g  p lace  in  th e  n e ig h 
b o u rh o o d  o f th e  e lec trodes, o th e rs  in  th e  v a r ia tio n  in  tim e  o f th e  basic  p ro 
cesses) (g en e ra tio n , d iffusion , co n c e n tra tio n  f lu c tu a tio n  o f m e ta s ta b le  a to m s, 
re c o m b in a tio n , io n iza tio n , e tc .)  o f th e  p o sitiv e  co lum n.

F u r th e r , m a n y  a u th o rs  s tu d y  th e  p a ra m e te rs  w hich  in flu en ce  these  
s tr ia tio n s  [2, 3, 4 ] an d  a t te m p t  to  com e th e re b y  to  conclusions reg a rd in g  th e ir  
p h y sica l n a tu re .

T he s tr ia t io n  — w hich  m a y  b o th  e x te n d  ax ia lly  in  th e  po sitiv e  co lum n 
a n d  develop  in  a s ta t io n a ry  w ay  — m ay  be considered  also as a space charge 
w av e , th e  d ev e lo p m en t o f w h ich  m ay  be in flu en ced  b y  fa c to rs  b o th  inside an d  
o u ts id e  th e  d isch arg e  [2, 3, 4 ] , T h u s am ong o th e rs  in  th e  case o f th e  P en n in g  
gas (e.g. w ith  th e  m e rc u ry —arg o n  gas b len d ) i t  w ill p re su m a b ly  be possible 
to  in flu en ce  th e  p rocess o f s tr ia tio n  also b y  th e  v a ria tio n  o f th e  e x te rn a l p a ra 
m e te r , th e  a m b ie n t te m p e ra tu re , th ro u g h  th e  v a r ia tio n  of th e  m ercu ry  v ap o u r 
p re ssu re  a n d  th e re b y  th ro u g h  t h a t  o f th e  c o n c e n tra tio n  o f th e  n e u tra l  a to m s. 
N am ely , i t  is g en era lly  k n o w n  th a t  in  m e rc u ry  v a p o u r d isch arg es th e  co n 
c e n tra tio n  o f th e  m ercu ry  a to m s in  th e  d isch arg e  is d e te rm in e d , th ro u g h  th e  
p a r t ia l  p ressu re  re su ltin g  fro m  th e  s a tu ra te d  v a p o u r  p ressu re  o f  th e  m ercu ry , 
b y  th e  w all te m p e ra tu re  o f th e  d ischarge  vessel.

T he o b je c t o f  th e  p re se n t in v e s tig a tio n s  is to  s tu d y  in  th e  case of th e  
P e n n in g  gas th e  in fluence  o f th e  a m b ie n t te m p e ra tu re  on th e  m oving  s tr ia tio n  
o f  th e  d ire c t c u r re n t  m ercu ry  d isch arg e , as w ell as to  in te rp re t  th e  dependence 
o f  th e  s tr ia tio n  on e x te rn a l an d  in te rn a l p a ra m e te rs  b y  u tiliz in g  th e  eq u iv a len t 
c irc u it.
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So fa r  no  te s ts  are  k n o w n  in  th e  av a ila b le  reference m a te r ia l th a t  — d ea lin g  
w ith  th e  e x te rn a l p a ra m e te rs  of th e  m o v in g  s tr ia tio n  — w ould  ex am in e  th e  
p a r t  p lay ed  b y  th e  te m p e ra tu re  in  p a r t ic u la r . This m ay  be exp la ined  b y  th e  
c h a ra c te r  o f th e  m ercu ry  v ap o u r d isch arg e  in  th is  ty p e  o f  d irec t c u rre n t d is 
charge.

T he oscilla tion  p h enom enon  will be described  h ere  follow ing th e  co n 
s id e ra tio n s  o f K a pz o w  [1] an d  use w ill be m ade of h is c o m p u ta tio n s  b ased  
on an  e q u iv a le n t c ircu it.

2. M easuring m ethod, test conditions

In  th e ir  m easu rem en ts  th e  a u th o rs  h av e  em ployed a m easu ring  m e th o d  
w hich w as o u tlin ed  in  one o f  th e ir  e a rlie r  w orks [3]. T he in v es tig a tio n  o f  th e  
frequency , node, lig h t m ax im a  of th e  m ov ing  s tr ia tio n  h as  been effec ted  b y  
th e  p h o to ce ll m eth o d , w here  i t  has b een  possible to  observe  oscilloscopically  
th e  signals o f  th e  p h o to -ce ll am plified  w ith  th e  help of an  am plify ing  s ta g e . 
T h rough  th e  use of th e  oscilloscope i t  h a s  been possible to  o b ta in  th e  w ave 
len g th  an d  th e  freq u en cy  (by  th e  L issa jo u x  curve  m eth o d ), o f  th e  lig h t in te n 
s ity  o f th e  s t r a ta  develop ing  in  th e  cou rse  o f s tr ia tio n  as w ell as to  in v e s t i 
ga te  th is  a long  th e  le n g th  o f th e  d isch arg e  tu b e , as fu n c tio n  of lo ca tio n .

The d ischarge  has been  m a in ta in e d  b y  a s tab ilized  d ire c t c u rre n t v o ltag e  
su p p ly  source and  th e  d ischarge  c u rre n t h as  been lim ited  b y  sy m m etrica lly  
a rran g ed  ohm ic a d a p te rs .

The le n g th  of th e  d ischarge  tu b e  o f  a w all th ickness o f 1 m m , w as 1200 
m m , its d ia m e te r  38 m m , an d  a fte r  p ro p e r  v acu u m  tech n ica l t r e a tm e n t  it  
w as charged  w ith  3 m m H g pressure  a rg o n  gas and  m ercu ry  o f ab o u t 60 m g 
w eigh t. In  o rd er to  ensu re  th e  s ta b ility  o f  th e  p ressure  o f m ercu ry  v a p o u r  th e  
w hole d ischarge  tu b e  w as p laced  in  a w a te r  ja c k e t th ro u g h  w hich  w a te r  w as 
flow ing all th e  tim e , a t  a w ell-defined v e lo c ity . B y th e  use o f an  u ltra - th e rm o 
s ta te  th e  te m p e ra tu re  o f th e  w a te r used  fo r th e rm o s ta tio n  could be a d ju s te d  
to  th e  desired  v alue  w ith  a precision  o f  ± 0 ,0 2 °  C.

In  th e  course of th e  ex p erim en ts  no  e x te rn a l m ag n e tic  field has been 
em ployed .

The te s ts  took  p lace a f te r  20 m in u te s  opera tio n  o f th e  d ischarge  tu b e  
d u rin g  w hich  its  p erfo rm ance  could be considered  to  h av e  been s ta tio n a ry  a t  
th e  re sp ec tiv e  stab ilized  te m p e ra tu re s  o f  20, 25 an d  40° C se t in a d v a n c e .

3. R esults

Fig. 1 show s th e  tu b e  v o ltage  Vt a n d  th e  d ischarge  c u rre n t c h a ra c te r 
istics I, o f  th e  d ischarge  tu b e  reco rd ed  a t  a stab ilized  w all te m p e ra tu re  o f
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25° C. I t  m a y  b e  seen th a t  a t  low  c u rre n t in te n s itie s  th e  c h a rac te ris tic s  is v e ry  
s teep  an d  o f a n eg a tiv e  c h a ra c te r .

T he d ep en d en ce  o f th e  freq u en cy  o f th e  m oving s tr ia tio n  on th e  d is 
ch arg e  c u r re n t  a t  a s tab ilized  w all te m p e ra tu re  of 25°C is show n in  F ig . 2. 
T h e  m e a su re m e n ts  have  b een  effected  in  th e  5 —200 m A  c u rre n t range . T he 
c u rre n t scale p lo tte d  on th e  abscissa  of F ig . 2 is lo g a rith m ic .

F i g .  1.  Discharge current (7() — tube voltage ( V t ) characteristics of the discharge tube,record 
at a stabilized wall temperature of 25° C

In  th e  c u r re n t  sec to r b e tw een  5 —20 m A  th e  ap p lied  e x te rn a l lim itin g  
res is tan ce  in flu en ced  th e  freq u en cy  [4].

T he f re q u e n c y  b re a k in g  p o in t a p p e a rin g  w hen th e  d ischarge c u r re n t 
h a s  a v a lu e  o f  120 m A  cou ld  be  found  a t  a ll th e  th re e  te s te d  te m p e ra tu re s  
(20, 25, 40° C) a t  th e  v e ry  sam e value  of th e  c u rre n t.

T he c u r re n t  d ependence  o f th e  s tr ia t io n  freq u en cy  follow s th e  c h a ra c te r  
o f  th e  cu rv e  show n  in  F ig . 2 w hich  refers to  a te m p e ra tu re  o f 25° C, also in  
th e  case o f  th e  o th e r  tw o te m p e ra tu re s  in v e s tig a te d . T he te m p e ra tu re  d e p e n d 
ence o f th e  fre q u e n c y  a t  th e  in d iv id u a l d isch arg e  c u rre n ts  is show n in F ig . 3. 
T h e  te m p e ra tu re  dependence  in  case o f  c u rre n ts  low er th a n  120 m A  is o f  a 
d im in ish in g  c h a ra c te r ;  w ith  in c reasin g  w all te m p e ra tu re  th e  freq u en cy  o f th e  
s tr ia tio n s  w ill be  reduced .

A t 120 m A  (w here th e  b re a k in g  o f th e  freq u en cy  c u r re n t  ch a rac te ris tic s  
show n in  F ig . 2 tak es  p lace) th e  c h a ra c te r  o f th e  te m p e ra tu re  dependence  
show n in  F ig . 3 a lread y  ch an g es; from  th e n  onw ards a t  h ig h e r cu rren ts  th e  
freq u en cy  o f  th e  s tr ia tio n  grow s w ith  th e  in c rea s in g  w all te m p e ra tu re .

As a lre a d y  p o in ted  o u t ab o v e , th e  m a in te n a n c e  o f th e  w all te m p e ra tu re  
a t  a c o n s ta n t v a lu e  m eans k eep in g  th e  v a lu e  o f c o n c e n tra tio n  of th e  m ercu ry
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a to m s p a r tic ip a tin g  decisively  in  th e  d isch arg e  fixed. N a m e ly  on a c c o u n t of 
th e ir  h igher g en era tio n  an d  io n iza tio n  p o te n tia l  th e  argon a to m s  are re p re se n te d  
to  a lesser e x te n t  in  th e  b asic  processes o f th e  s ta tio n a ry  d ischarge  in  a s ta te  
o f  equ ilib riu m  th a n  are th e  m ercu ry  a to m s.

Fig. 2. Dependence of frequency of the m oving striation on discharge current

tep si

0 ----------------------------L.___  __________ 1____
10 2 0  iO  T  [ X J

Fig. 3. Tem perature-dependence o f the frequency o f th e  m oving striation at various discharge
currents

T he s a tu ra te d  v ap o u r p ressu re  and  th e  n u m b e r of th e  m ercu ry  a to m s 
a t  th e  in d iv id u a l te m p e ra tu re s  in v es tig a ted  a re  show n in T a b le  I  [7].

Table I

20° C 25° C 40° C

Vapour pressure of mercury atoms 0 _ 3 m m H g  

Concentration of mercury atoms, atom /cm 3
1,201

3,95 • 1013
1,85

5,94 • Ю13
6,07 

2 0 -1013
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T he w ell-know n ra p id  increase  o f th e  co n c e n tra tio n  o f  m ercu ry  a to m s  is 
s tr ik in g  in  th e  ran g e  b e tw een  th e  te m p e ra tu re s  of 25 a n d  40° C.

4. D iscussion

B efore s ta r t in g  th e  d iscussion  o f th e  re su lts  o b ta in e d  i t  is w o rth  w hile 
to  p a y  a t te n tio n  to  c e r ta in  ty p ic a l sec tio n s of th e  c u rre n t-v o lta g e  c h a ra c 
te ris tic s  show n in  F ig . 1. A t low  c u rre n ts  th e  c h a ra c te ris tic s  have a n e g a tiv e  
slope, w hile  a t  c u rre n ts  h ig h e r  th a n  20 m A  th e y  are in  som e sections o f  a p o si
tiv e , in  som e sections o f a n eg a tiv e  ty p e .

T h e  c h a ra c te r  of th e  cu rve  re p re se n tin g  th e  c u r re n t  dependence o f  th e  
s tr ia tio n  freq u en cy  show n in  F ig . 2 can  h e  in te rp re te d  th ro u g h  th e  specific  
fea tu re s  o f th e  ch a ra c te ris tic s  described  a b o v e , as well as th ro u g h  th e  in fluence  
o f th e  in te rn a l  p a ra m e te rs  o f  th e  d isch arg e . In  th is  conn ec tio n  th e  a u th o rs  
h av e  exp ressed  th e ir  o p in ion  in  an  ea rlie r lec tu re  [4] in  w hich th e y  p o in te d  
o u t t h a t  in  th e  c u rre n t ra n g e  ex ten d in g  u p  to  20 mA, th e  e x te rn a l p a ra m e te rs  
— m a in ly  th e  va lu e  of th e  lim itin g  re s is ta n c e  — exercise a decisive in flu en ce  
on th e  freq u en cy  o f s tr ia tio n  w hile a t  c u rre n ts  above 20 m A th e  freq u en cy  
o f s tr ia tio n  is m o stly  d e te rm in e d  b y  th e  in te rn a l  p a ra m e te rs . The a u th o rs  have  
also p o in te d  o u t in  [4] t h a t  th e  th e o re tic a l descrip tion  o f  th e  in fluence o f  the  
e x te rn a l p a ra m e te rs  m ay  b e  effected  b y  th e  m ethod  o f th e  eq u iv a len t c ircu it 
in tro d u c e d  b y  K apzo w  [1 ]. T his w ill be  d o n e  fu r th e r  o n .

In  each  curve  rep re se n tin g  th e  d ep en d en ce  of th e  frequencies on c u rre n t 
a t  th e  th re e  te m p e ra tu re s  given above  (F ig . 2) one b reak in g  p o in t  m ay 
be fo u n d  a t  120 m A . H ere  th e  fre q u e n c y  decreases b y  200—300 cp s. F o r 
c u rre n ts  h ig h e r th a n  120 m A  up  to  200 m A  th e  curve in c reases  m o n o to n ica lly  
fro m  th e  o rig in a l f req u en cy  va lu e  to  th e  v a lu e  co rresp o n d in g  to  th e  b reak in g  
p o in t, in  a n e a r  lin ea r  w ay . T he te m p e ra tu re  d ep en d en ce  of th is  freq u en cy  
b reak -d o w n  is d e m o n s tra te d  in  Fig. 3 b y  th e  curve in d ic a te d  by  th e  p a ra m e te r  
v a lu e  o f  120 m A . T he th e o re tic a l re la tio n sh ip s  e x p la in in g  th e  in flu en ce  of 
th e  te m p e ra tu re  as show n in  F ig . 3 m a y  b e  estab lished  on  th e  basis o f  fu r th e r  
in v e s tig a tio n s  only .

W h a t can  he e s tab lish ed  in  a n y  case w ith o u t fu r th e r  in v e s tig a tio n s  
is t h a t  th e  in flu en ce  of th e  am b ien t te m p e ra tu re  m ay  b e  connected  w ith  th e  
ch an g e  o f  th e  c o n c e n tra tio n  o f th e  n e u tra l  m ercu ry  a to m s accord ing  to  T ab le  I. 
A consequence  o f th is  m a y  he for in s ta n c e  th a t  a t  c u r r e n t  in ten sitie s  o f  less 
th a n  120 m A , th e  freq u en cy  o f th e  s tr ia tio n  dim inishes w ith  increasing  m ercu ry  
a to m  c o n c e n tra tio n .

T he fa c t  t h a t  w ith  th e  increase o f th e  c o n c e n tra tio n  of m ercu ry  atom s 
th e  d irec tio n  o f th e  ch an g e  o f th e  fre q u e n c y  will b e  reversed  a t  120 mA, 
ad m its  o f th e  conclusion t h a t  on acco u n t o f  th e  h igher en e rg y  losses belong ing
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to  th e  h igher c u rre n t in te n s ity , over and a b o v e  th is  c u rre n t in te n s ity  th e  
change in  q u a lity  o f th e  d ischarge  has to  be t ra c e d  back  to  th e  r a te  of the  h e a t  
d iss ip a tio n . T his m ig h t a ffec t am ong  o th e rs  th e  course o f th e  te m p e ra tu re  
dependence  of th e  s tr ia tio n  freq u en cy .

In  th e  d ev e lo p m en t o f th e  m oving  s tr ia t io n  th e  in fluence  o f  th e  te m p e r
a tu re  should  be considered  as an  e x te rn a l fa c to r . As has been m en tio n ed  ea rlie r 
[4 — 6] am ong th e  e x te rn a l p a ra m e te rs  th e  re s is ta n c e , c a p a c ity  a n d  in d u c tio n

T

R

~ 2

F ig. 4a  E lectric circuit of the discharge tube
C —  overall capacity o f the circuit, R  — the overall ohm ic and induction resistance, E  —  th e  

direct current vo ltage  m aintaining th e  discharge

Fig. 4b. Section o f the discharge tube characteristics

of th e  e x te rn a l e lec tric  c ircu it p la y  a v e ry  im p o r ta n t  p a r t  in  th e  single sectors 
of th e  in v e s tig a te d  c u rre n t ran g e .

T he m eth o d  fo r th e  d iscussion  o f th is  h a s  been  given b y  K apzow  [1] 
w ho derived  a second-o rder d iffe ren tia l e q u a tio n  fo r an  eq u iv a le n t c ircu it an d  
on h a n d  of its  so lu tio n  d iscussed  th e  cond itions o f  oscillation .

A ccord ingly , in  th e  p re sen t in v es tig a tio n s  th e  electric c irc u it  o f  the  d is 
charge m ay  be ch a rac te rized  b y  th e  e q u iv a len t c irc u it show n in  F ig . 4, w here 
C is th e  overa ll c a p a c ity  o f th e  w a te r  ja c k e t, en v e lo p in g  th e  d isch arg e  c ircu it 
an d  th e  tu b e  an d  in flu en c in g  th e  d ischarge , R  is th e  overall re s is ta n c e  of th e
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e x te rn a l c irc u it , L  is th e  to ta l  in d u c tio n  supp lied  b y  th e s e  resistances a n d  o ther 
c irc u it e le m e n ts , E  is th e  v o ltag e  of th e  d irec t c u r re n t  vo ltage  su p p ly  source 
m a in ta in in g  th e  d ischarge .

In  th e  o sc illa tion-free  eq u ilib riu m  o f th e  d isch arg e  th e  follow ing re la tio n 
sh ip  can  b e  w ritte n  dow n fo r th e  d isch a rg e  c ircu it show n  in Fig. 4:

E  =  I  ■ R  +  U0, (2)

w here U 0 is th e  tu b e  v o lta g e  o f th e  d isch arg e  a t  th e  c u rre n t I .
S h o u ld  th e  c u rre n t o f  th e  d isch arg e  change to  th e  value I  -f- i  th ro u g h  

th e  s ta r t in g  o f som e p rocess of o sc illa tio n , th en  co rresp o n d in g  to  th e  d ischarge  
c h a ra c te r is tic s  o f slope U,  show n in F ig . 4 , th e  v o lta g e  o f  th e  tu b e  w ill ch a rg e  
to  th e  v a lu e  o f  Uv

O n a c c o u n t o f th e  ex is tin g  osc illa tio n s th e  c u r re n t  flow ing th ro u g h  the 
co n d en ser C will be a n d  also th e  c u r re n t  flow ing  th ro u g h  th e  e q u iv a le n t 
ch a in  R  L  w ill be ch an g ed  to  som e v a lu e  i2.

T h e follow ing c u r re n t  c ircu it re la tio n  m ay  h e  w ritte n  dow n , sim ilarly  
to  th e  e q u . (2):

e  =  u  ! +  я [ / +  ;2] + l 4 4
dt

(3)

since

u ± =  U 0 +  AU (4)

a i l

A U  =  U'  -  i,

as w ell as

( 6)

and  fro m  th is

CU' ■ i =  j" ij dt,

( 8)

S u b s ti tu t in g  th is in to  eq u . (3) and  ta k in g  in to  co n sid e ra tio n  th a t

i2 =  i +  i (9)
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th e  fo llow ing re la tio n sh ip s  are o b ta in e d :

E  =  U 0 +  U '  i +  R I  +  R i  +  R i r +  L  —  +  L  ,
dt dt

E = U 0 +  U ' i  +  R I  +  R i  +  R C U '  —  +  L  —  +  L
dt  dt dt

II
d 2

E C U '  —L . 
dt2

( 10)

( 11)

B y  re -a rran g in g  eq u s . (10) and  (11) th e  fo llow ing d iffe ren tia l eq u a tio n  is o b 
ta in e d :

LC  U'  +  ( R C U '  +  L)  - f  (R +  U') i +  R I  +  U 0 -  E  =  0, (12)
dt2 dt  ------- --------

d2i RCU'  +  L  di_ 
dto LCU'  dt

R  +  U'  . 
L C U '

=  0 .

L ooking  fo r th e  so lu tio n  of (13) in  th e  form

i =  A x exp  (rx t) - f  A 2 exp  ( — r2 t),

(13)

(14)

w here A v  A 2 are c o n s ta n ts , th e  follow ing ex p ressio n  co n ta in in g  a square ro o t 
is o b ta in e d  for r:

_  _  J _  RCU'  +  L 

2 ECU'

w hich  m ay  be b ro u g h t in to  a c lea re r form

RCU'
L C U '

К  +  U 
E C U '

(15)

r
Id

L
1

LC
(16)

a) In  case th e  q u a n ti ty  u n d e r  th e  roo t is p o s itiv e  th e  c u r re n t  flu c tu a tio n  
is p eriod ic , th e  rx, r2 are  rea l. In  th is  case th e  cond ition  o f  s ta b il i ty  is t h a t

tj  <  o, (17)

r2 <  0. (18)

T h is m ay  be realized  if  f irs t o f all

R  1
(19)—  + --------- >  o,

L  CU’
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an d  seco n d ly  if  th e  a b so lu te  value o f  th e  te rm  u n d e r th e  square ro o t  is sm aller 
th a n  th e  sq u are  o f th e  f i r s t  te rm . O th erw ise  also a p o s itiv e  r w ould b e  possible. 
T h ere fo re  in  order to  fu lfil th e  c o n d itio n s  (17, 18) i t  is necessary  t h a t

1
R +  1 1

2 1 R  , ! 1 Г R  +  1 1 ]
4 L  ' C U ' LC [ U ' +  \ 1 2 L  C U ' J

th a t  is t h a t  the  in e q u a lity

1

LC

ex is ts . S ince L and  C a re  positive

~  +  l > 0 .  (2 2 )

b) In  case th e  q u a n t i ty  u n d e r th e  ro o t of e q u . (16) is n e g a tiv e , th e  sol
u tio n s  can  be found  in  th e  form

К

U 7
> 0 ( 21)

i =  A x e x p  (— bt jo ) t )  - f  А г exp ( — b t — j a t ),

w here  A v  A 2 are c o n s ta n ts ,

1 Г R

j  IV =

Ô =

—  +  —  
L  C U— TC U ' J

1

C U 7

1

LC
R

U 7
+  1

V«

(23)

(24)

(25)

T he co n d itio n  of s ta b il i ty  is th a t  b >  0 , therefo re  also  th e  r ig h t-h an d  expression 
o f (24) sh o u ld  be la rg e r th a n  zero, t h a t  is th e  in e q u a lity

R

L

1

C U ’
> 0 (26)

shou ld  b e  fu lfilled. S h o u ld  b o th  c o n d itio n s  (22) a n d  (26)ex ist s im u ltan eo u sly , 
the e x te rn a l  p a ra m e te rs  w ill n o t cau se  in s ta b ility  in  th e  d ischarge.

O n th e  basis o f th e  re la tio n sh ip  (25) i t  is p o ssib le  to  d e te rm in e  th e  fre 
q u en cy  oscilla tions a t  w o rk p o in t w h ich  m ay  g e n e ra te  m oving s tr ia tio n s .

B y  su b s titu tin g  th e  values o f  th e  ex te rn a l c irc u it  e lem ents app earin g  
in  th e  re la tio n sh ip  (25) an d  th e  slo p e  o f the  c h a ra c te ris tic s  b e lo n g in g  to  the 
re sp e c tiv e  c u rren t v a lu e , a q u a n t i ta t iv e  re la tio n sh ip  is o b ta in ed , according 
to  w h ich  th e  frequencies o f  th e  o sc illa tio n s are in  f a c t  in  th e  range b e tw een  1 0 0  

an d  1000 H z.
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F o r th is  c o m p u ta tio n  th e  ohm ic res is tan ce , th e  c a p a c ity  as w ell as th e  
in d u c tiv ity  o f th e  e x te rn a l e lectric  c irc u it  applied  in  th e  course of th e  p re sen t 
in v e s tig a tio n s , has been  d e te rm in ed . T h e  in d u c tiv ity  re fe rred  to  re su lte d  
fro m  th e  se lf-in d u c tan ce  o f  th e  ohm ic resis tan ce .

T he c a p a c ity  o f th e  w a te r  ja c k e t su rro u n d in g  th e  d isch arg e  tu b e  h a d  to  be 
ca lcu la ted  se p a ra te ly  an d  i t  w as found  t h a t  beside th e  la t te r  th e  o th e r  c a p a 
c itive  e lem en ts of th e  c irc u it could be  neg lec ted . T ab le  I I  p resen ts th e  p a ra 
m eters  o f th e  c ircu it belong ing  to  th e  d isch arg e  c u rren t o f  SO m A  and  th e  v alue  
of th e  slope ( [ / ')  o f th e  ch a ra c te ris tic s  ta k e n  from  F ig . 1.

Table II

R
C c u-c i r c u i t w a te r  j a c k e t

3440 ohm 1 4 - 1 0 - 12 F 2,05 • 1 0 - 8 F 1 2 -1 0 - 3 H y 150 ohm

T he v alue  of th e  frequencies is s tro n g ly  in fluenced  by  th e  v a lu e  of V  an d  th a t  
o f R , L  changes to  a sm all e x te n t  o n ly , w hile C m ay  b e  considered  as a con
s ta n t  in  th is  case (w ate r ja c k e t) .

D epend ing  on th e  slope and  c h a ra c te r  of the c h a ra c te ris tic s , in  th e  case 
of th e  v a rio u s cu rren ts  d iffe re n t f req u en cy  values will r e s u lt  from  eq u a tio n  (25) 
w hich, how ever, as reg a rd s  th e  o rder o f  m ag n itu d e , a re  in  ag reem en t w ith  
th e  frequencies found  ex p erim en ta lly .

S um m ariz ing , i t  ap p ea rs  from  o u r in v estig a tio n s t h a t  th e  e x te rn a l p a ra 
m eters , an d  am ong th e m  th e  te m p e ra tu re , to g e th e r w ith  th e  e lem ents o f  th e  
e x te rn a l e lectric  c ircu it h a v e  considerab le  influence on th e  s tr ia tio n  p rocesses. 
F u r th e r  in v es tig a tio n s  a re  needed  to  o b ta in  more in fo rm a tio n  on th e  basic  
p h en o m en a  ta k in g  place in  th e  p lasm a .
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ВЛИЯНИЕ ТЕМПЕРАТУРЫ ОКРУЖАЮЩЕЙ СРЕДЫ НА ПРОЦЕССЫ 
ПОДВИЖНОГО СЛОЕОБРАЗОВАНИЯ РАЗРЯДОВ ПРИ НИЗКИХ

ДАВЛЕНИЯХ
ДЬ. ЛАКАТОШ и Й. БИТО

Р е з ю м е

Авторы ознакомливают читателя со встречающимися до настоящего времени в 
яитературе материалами по отношению подвижного и неподвижного слоеобразователь- 
лых процессов. В Hg—А разряде постоянного тока при низких давлениях исследуется 
немпературная зависимость главных параметров подвижного слоеобразования в области 
температур 20 —40° С при стабилизированных экспериментальных условиях с водяной 
тубашкой. Даётся зависимость частоты слоеобразования от температуры окружающей 
рреды. Рассматривается роль внешних и внутренних параметров разряда при формиро- 
сании слоеобразования. Применяя эквивалентную схему, теоретически истолкуется 
лияние внешних параметров на формирование колебаний.
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B y

J .  B i t ó

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 

(Presented b y  G. Szigeti — Received 10. X . 1963)

The author presents a survey of the available literature dealing w ith  the experim en ta l 
results obtained so far in  connection w ith  the oscillation effects appearing on the anodic side 
of discharges. Experim ents were carried out b y  the author in  the case o f direct current m er
cury-argon discharges and the experim ental m ethods and the m easuring conditions are de
scribed. A special anode construction suggested b y  G. Sz ig e t i  w as used and the observed  
oscillation phenom ena were influenced externally  through an electric circuit. Conclusions 
are drawn concerning the p ossib ility  of increasing the stab ility  o f the anode space.

1. Survey of the available literature

As is know n [1 — 8 ] even th e  s im p le s t d ischarge p rocesses are  g en era lly  
acco m p an ied  b y  in s ta b ilitie s  an d  o sc illa tion  effects o f  v a rio u s  c h a ra c te r . In  
re c e n t y ea rs  research  w orkers d ea ling  w ith  th e  in v e s tig a tio n  of gas d ischarges 
h av e  p a id  close a tte n tio n  also to  th e  o scilla tion  effects w h ich  o rig in a te  in  th e  
space a ro u n d  th e  e lec trodes (ca th o d e , anode , p robes, a u x ilia ry  e lec trodes) 
or in  th e  electrodes th em se lv es , [1 — 101]. T o-day  a t te n tio n  is focused m ain ly  
on th e  osc illa tion  p rocesses going on in  th e  p lasm a of th e  p o sitiv e  co lu m n  (in 
th e  p resence  o f an e x te rn a l m agnetic  fie ld  an d  w ith o u t i t ) ,  th e  v a rious aspec ts  
o f ap p lic a tio n  alw ays b e ing  k e p t in  m in d . The oscilla tion  effects a p p e a rin g  in  
th e  d isch arg es m ay  be in flu en ced  b o th  th ro u g h  th e  v a r ia tio n  of som e o f  th e  
p a ra m e te rs  o f th e  space a ro u n d  th e  e lec trodes and  b y  t h a t  o f  som e o f th e  in te r 
n a l or e x te rn a l p a ra m e te rs  o f th e  d isch arg e  [54, 57, 58, 63, 64, 79, 80 ]. The 
d ev e lo p m en t o f an y  osc illa tion  an d  i ts  ch a rac te ris tisc  is d e te rm in ed  n o t  on ly  
b y  a d isch arg e  a n iso tro p y  or o th e r single fac to r  [64], b u t  in  a m an n er t h a t  is 
n o t  as y e t  co m ple te ly  u n d e rs to o d , th e se  fac to rs  in  th e ir  to ta l i ty  e x e r t  an  in 
fluence  to  a lesser or h ig h er degree u p o n  th e  oscillation  p h en o m en a  of th e  d is
charge .

A ccord ing ly  th e  orig in  of th e  v ib ra tio n a l s ta te  an d  th e  s tr ia tio n s , m ov ing  
or s ta t io n a ry , in  th e  p o sitiv e  co lum n o f th e  d ischarge c a n n o t be d ecided  upon  
unam b ig u o u sly  e ith e r [1, 12, 29, 32, 38, 40, 41, 48, 50 — 60].

Som e au th o rs  [56] a tte m p te d  to  tra c e  th e  origin o f  th e  in s tab ilitie s  b ack  
to  th e  space-charg ing  p h en o m en a  in  th e  sy n th e tized  p la sm a . These in v estig -
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a tio n s  based  on som e m odel, h ow ever, d id  n o t  p rov ide  a su ffic ien tly  general 
p ic tu re .

Also th e  p a r t  p layed  b y  th e  e lectrodes in  th e  d ev e lo p m en t of these  
v ib ra tio n s  has n o t  been u n a m b ig u o u sly  assessed  b y  th e  re sea rch  w orkers
[ 3 9 - 5 0 ,  54, 59].

I t  is e v id e n t, how ever, t h a t  oscillations m a y  ap p ea r in  b o th  th e  ca th o d e  
space  [99 — 101] a n d  th e  anode space , and  b o th  can  be th e  source  of periodic 
o r aperiod ic  a n iso tro p y .

T hese p h en o m en a  m ay be ex p la ined  also  th e o re tic a lly  w hen  a M axwell — 
B o ltzm an n  or F e rm i d is tr ib u tio n  is assum ed — as th is  h as  been  done also 
b y  K o v r i z s n i k h  in  th e  case o f th e  e lec tron-ion  p lasm a [76] — b y  solving th e  
d isp ers io n  e q u a tio n s . O ptical a n d  acoustic  (e lec tro n  and  ion) o scilla tions ap p ea r 
in  case th e  w ave n u m b e r v e c to r  has a sm all v a lu e , while in  case i t  has a large 
v a lu e  th e re  are  o n ly  acoustic  osc illa tions. H o w ev er, the  freq u en c ies  to  be ca l
c u la te d  th e o re tic a lly  in  th is  w ay  form  only  a p a r t  of th e  f re q u e n c y  sp ec tru m  
w ith in  w hich osc illa tions can  b e  ex p e rim en ta lly  show n to  o ccu r. This ad m its  
o f  th e  conclusion  th a t  in  a d d itio n  to  th e  fa c to rs  considered  here  th e re  are 
s ti l l  o th e rs  t h a t  in fluence  th e  o scilla tions or t h a t  th em selv es  can  give rise to  
su ch  period ic  or aperiod ic  a n iso tro p y  in  th e  space  a ro u n d  th e  anode. As is 
k n o w n  such  fa c to rs  m ay be th e  anode sp o t [ 6 6  — 6 8 , 70— 74, 78], th e  shape 
a n d  c o n s tru c tio n  o f  th e  anode [71], th e  a rra n g e m e n t of th e  an o d e  as a g a in s t 
th e  w all of th e  d ischarge  vessel [73], th e  v a r ia tio n  of th e  v a lu e  o f th e  anode fall 
d is ta n c e  [52] d is tu rb a n c e s  o f  v a rio u s c h a ra c te r  arising  in  th e  energy eq u i
lib r iu m  of th e  a n o d e  [70], p e rio d ic  anode em ission  [52], e tc .

S everal re sea rch  w orkers h av e  co n n ec ted  also th e  fo rm atio n  of th e  
m o v in g  lay e r w ith  th e  p h en o m en o n  of th e  an o d e  sp o t a p p e a rin g  on th e  anode 
[34, 60, 6 6 , 6 8 , 8 1 —84]. T ests  ca rr ied  o u t w ith  d ischarges w ith o u t th e  positive  
co lum n  have show n  [28] th a t  as soon as one o r m ore anode sp o ts  develop on 
th e  an o d e  su rface , oscilla tions w ill s ta r t ,  th e  ex istence  o f  w h ich  m ay  be d e 
m o n s tra te d  b y  th e  f lu c tu a tio n  o f  th e  lig h t e m itte d  b y  th e  d isch arg e  or by  th a t  
o f th e  d ischarge  c u rre n t. In  a c e r ta in  p ressu re  ra n g e  th e  an o d e  sp o t w ill a p p ea r 
a t  a given c u r re n t  in te n s ity  a n d  upon its  ap p e a ra n ce  th e  v a lu e  of th e  anode 
fa ll w ill be re d u c e d  [6 6 , 61, 82 ]. W ith  th e  in c rease  of p re ssu re  th e  n u m b er 
o f  anode  spo ts w ill increase a n d  th e ir  d im ensions w ill decrease  as fa r as th e  
n e g a tiv e  space-charge  reg ion  b efo re  the  a n o d e , w here th e y  w ill d isappear a l
to g e th e r  [6 6 , 81, 82].

A ccord ing  to  probe m easu rem en ts  [6 6 , 81, 82] in  som e cases upon  th e  
ap p e a ra n ce  o f th e  anode sp o t th e  anode fa ll is found  to  co n sis t of tw o p a r ts . 
T h e  f irs t  p a r t  is th e  section  o f  p o sitive  anode fa ll betw een  th e  end of th e  posi
t iv e  co lum n an d  th e  anode s p o t, while th e  second  is th e  reg ion  of n eg a tiv e  
an o d e  fall b e tw een  th e  anode sp o t and  th e  an o d e . A ccord ing  to  K l a r f e l d  
a n d  N e r e t i n a  [66] th e  g en e ra tio n  of th e  an o d e  oscilla tions ap p earin g  in  th e
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sound freq u en cy  range  ta k e s  p lace v e ry  in ten s iv e ly  in th e  f ir s t  sec tion  (betw een  
th e  po sitiv e  co lum n and  th e  anode sp o t), a n d  v e ry  m uch w eak er in  th e  second  
section .

Z a j t s e v  [85] p o in ts  o u t th a t  also th e  s tr ia tio n  p h en o m en a  of th e  d is 
charges m ay  o rig in a te  in  c e r ta in  cases in  anode in s ta b ilitie s , anode sp o ts , 
anodic  p h en o m en a , and  th e se  fea tu re s  o f th e  anode s tro n g ly  in flu en ce  th e  
oscilla tions. O b serva tions o f  a sim ilar c h a ra c te r  have b een  m ade b y  o th e rs  
as well [ 5 0 - 5 3 ,  8 6 - 9 4 ] .

N ö l l e  ascribes th e  orig in  o f th e  osc illa tions to  th e  an o d e  fa ll v a r ia tio n s  
[69]. H e w as ab le  to  d e m o n s tra te  th e  occurrence  of ty p ic a l K ip p  o sc illa tions. 
He tra c e s  th e  v a ria tio n s  o f th e  anode fa ll b a c k  to  space-charge  a n iso tro p y  
[69]: if  before  th e  anode a la rge  n eg a tiv e  space-charge  ap p e a rs  fo r an  in s ta n t ,  
th e  v a lu e  o f th e  anode fa ll w ill increase an d  co n seq u en tly  th e  e lec trons g e ttin g  
in to  th e  anode space  will be con sid erab ly  acce le ra ted  and w ill ionize once m ore 
in  th e ir  p rogress to w ard s th e  anode. S hould  a su ffic ien tly  la rg e  n u m b e r o f 
positive  ions be  form ed b y  th is  process th e se  w ill f irs t red u ce  an d  th en  c o m 
p en sa te  th e  n e g a tiv e  space charge . C o n sequen tly , th e  v a lu e  o f th e  anode fa ll 
w ill d im in ish  a n d  i t  m ay  even  becom e n e g a tiv e , while th e  an o d e  w ill rep u lse  
th e  p o sitiv e  ions. This p rocess m ay  occur p erio d ica lly  its  f req u en cy  d ep en d in g  
on th e  p a r tic u la r  co n d itio n s [92 — 94].

R o h n e r , in  one of h is p ap ers  [52] suggests  th e  follow ing m echan ism  fo r 
th e  occurrence o f  oscillations in  th e  case o f anodes e m ittin g  ions. I f  th e  ions 
are  e m itted  b y  th e  anode (e.g. if  th e  io n iza tio n  p o te n tia l o f th e  gas is sm alle r 
th a n  th e  w ork  fu n c tio n  o f  th e  anode, as in  th e  case of Cs s te a m  an d  W  an o d e  
[98], th e  e lec trons c rea te  re la tiv e ly  less ions on th e  anode side o f  th e  reg ion  
of anode fa ll. T h ereb y  th e  anode fa ll m ay  d im in ish , n a m e ly  in  th is  w ay  a 
sm aller acce le ra tin g  space is req u ired  for th e  crea tio n  o f th e  sm alle r n u m b e r 
o f ions. I t  m ay  h ap p en  th a t  in  th e  course o f th e  d ischarge  th e  em ission o f th e  
anode changes (if i t  d id  n o t  em it ions in it ia lly  th e n  for in s ta n c e , on ac c o u n t 
of th e  s tro n g  h e a tin g  up  i t  m ay  becom e cap ab le  o f em ission), a n d  th is  in  a cco rd 
ance w ith  th e  above w ill b r in g  a b o u t th e  ch an g in g  of th e  an o d e  fa ll, its  d is 
ap p earan ce  an d  possib ly  its  becom ing  n e g a tiv e . Should th e  an o d e  fall be r e 
duced  because o f th e  a d d itio n a l ions e m itte d  b y  th e  an o d e , th e  energy  o f th e  
elec trons acce lera ted  in  th e  anode  space w ill be reduced  too  an d  fo r th is  reason  
a sm aller n u m b e r of io n iza tio n s  w ill occur, in  consequence o f  w hich  th e  o r i
ginal d ischarge eq u ilib riu m  will be re s to red . A fte r a c e r ta in  tim e , h o w ever, 
th e  te m p e ra tu re  o f  th e  anode w ill becom e low er because , ow ing to  th e  red u ced  
anode fa ll, th e  e lec trons in c id e n t on th e  su rface  o f th e  an o d e  h av e  a sm alle r 
energy . T h e reb y  th e  em ission o f th e  anode w ill d im in ish  or even  s to p , w hich  
n ecessita tes  th e  increase o f th e  anode fall to  i ts  in itia l v a lu e . T h is p rocess is 
again  o f a period ic  c h a ra c te r , th e  period  being  s tro n g ly  in flu en ced  b y  th e  h e a t  
c a p a c ity  co n d itio n s of th e  an o d e  [52].
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In  a d d it io n  to  th e  m ore  im p o r ta n t v ib ra tio n a l m echan ism s d iscussed  here  
b rie fly , th e  fo llow ing  fa c to rs  h av e  also  b een  in v e s tig a te d : th e  in flu en ce  of 
th e  a n o d e -ca th o d e  d is ta n c e  up o n  th e  a n o d e  osc illa tions [29 , 67]; th e  effect 
o f  th e  an o d e  h e a tin g  up o n  th e  o scilla tion  freq u en cy  ( th e  o scilla tion  freq u en cy  
increases w ith  in c reasin g  an o d e  te m p e ra tu re  [2 , 5 2 ]), th e  e ffec t of th e  d ischarge  
tu b e  w all [73 ] an d  th e  e ffec t o f th e  a u x ilia ry  anodes a rra n g e d  b y  th e  side 
o f  th e  an o d e  [71 , 50 , 53] as w ell as th e  p a r t  p la y e d  b y  th e  d im ensions an d  shape 
o f  th e  a n o d e  su rface  [70, 7 1 ].

T h e co n d itio n  of o sc illa tio n  e s tab lish ed  in  th is  w ay  in  th e  anode space  is 
p ro p a g a te d  [65] as a m o d u la tio n  o f th e  sp ace  charge w ave [64], in  th e  d ire c 
tio n  of th e  c a th o d e , th ro u g h  th e  flow  o f th e  po sitiv e  ions.

In v e s tig a tio n s  h av e  also  been m ad e  co n cern in g  th e  p o ss ib ility  o f u tiliz in g  
th e  o sc illa tio n s o f th e  a n o d e  space. Og a w a  [35] b y  m ak in g  use o f c e r ta in  
fav o u rab le  p ro p e rtie s  o f  th e  osc illa tions c o n s tru c te d  a glim m  d isch arg e  
anode o sc illa tro n  tu b e . R u b t s i n s k i  a n d  h is co llab o ra to rs  [6 8 ] ap p lied  th e  
process o f  o sc illa tio n  go ing  on on th e  sm all-su rface  an o d e  fo r m easu rin g  v a 
p o u r p re ssu re  b y  m ak in g  use  o f  th e  w e ll-rep roduc ib le  d ep en d en ce  of th e  a m p li
tu d e  on th e  v a p o u r  p re ssu re  o f th e  d isch arg e  space.

In  th e  p re se n t a r tic le  th e  a u th o r  re p o r ts  th e  re su lts  o f in v e s tig a tio n s  
ca rried  o u t  w ith  a u x ilia ry  e lectrodes o f  d iffe re n t p o te n tia ls  and  shap es and  
w ith  sp ec ia l anode  co n s tru c tio n s  for in flu en c in g  th e  o scilla tions a ro u n d  th e  
anode. T h e  o b je c t o f th e  ex p e rim en ts  w as th e  in v e s tig a tio n  of th e  s ta b ili ty  
co n d itio n s in  th e  space a ro u n d  th e  an o d e , as w ell as th e  d e m o n s tra tio n  o f  th e  
p o ss ib ility  o f  in flu en c in g  — fro m  th e  an o d e  side — th e  p ro p ertie s  o f m ov ing  
s tr ia tio n s  a p p e a rin g  in  d ire c t  c u rre n t d isch arg es.

2. Experimental method

T he b lo c k  d iag ram  o f  th e  e lec tric  se tu p  ap p lied  in  th e  in v es tig a tio n s  
is show n in  F ig . 1. T he d ire c t  c u rre n t w as p ro v id ed  b y  th e  stab ilized  d irec t 
c u rre n t v o lta g e  su p p ly  so u rce  SDC. T h e  c u rre n t o f th e  d ischarge  tu b e  T  was 
lim ited  b y  th e  sy m m e tric a lly  in se rted  ohm ic  resis tan ces  R v  R 2. T he  v o ltag e  
o f th e  d isc h a rg e  tu b e  T  co u ld  be read  on th e  in s tru m e n t V t, i ts  d ischarge c u rre n t 
on th e  in s tru m e n t  I t.

T h e  e lec tric  c irc u it co n n ec ted  to  th e  ca th o d e  К  p ro v id ed  th e  e x te rn a l 
h e a tin g  o f  th e  ca th o d e . T h e  h e a tin g  c u r re n t  o f th e  h e a tin g  c ircu it to  be re a d  on 
th e  in s t r u m e n t  I h could  b e  a d ju s te d  th ro u g h  th e  choice o f th e  h e a tin g  v o ltag e  
Vf, a n d  th e  v a r ia tio n  o f  R ^. T he  e x p e rim e n ts  w ere co n d u c te d  p a r t ly  w ith  ex 
te rn a lly  h e a te d  ca th o d es  a n d  p a r tly  w ith  ca th o d es  w ith o u t e x te rn a l h e a tin g . 
In  one p a r t  o f  th e  in v e s tig a tio n s  th e  e x te rn a l  h e a tin g  w as p ro v id ed  b y  a s ta 
b ilized  a l te rn a t in g  c u r re n t  vo ltag e  so u rce , in  th e  o th e r  b y  a s tab ilized  d irec t 
c u rre n t v o lta g e  source, d ep en d in g  on th e  p h en o m en o n  to  be in v e s tig a te d .
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To th e  anode A  a sep a ra te  a u x ilia ry  electric  c irc u it w as co n n ec ted  w ith  
th e  help  o f w hich i t  w as possible to  in flu en ce  th e  an o d e  oscilla tions an d  th e  
m oving s tr ia tio n s  — w h ich  was th e  o b je c t of th e  in v e s tig a tio n s . T he a u x ilia ry  
c ircu it w as fed  by  a s tab iliz ed  d irec t c u r re n t  vo ltage  p o w er source A PS w hich  
in  its  tu r n  w as fed  b y  a  se p a ra tin g  tra n sfo rm e r. T h e  c u rre n t flow ing  in  th e  
a u x ilia ry  c irc u it could  be  re a d  on th e  in s tru m e n t I a, th e  v o ltag e  d ifference  
betw een  th e  ou tle ts  on th e  in s tru m e n t V 0. T he c u rre n t I a flow ing in  th e  c irc u it

220 V

Fig. 1. Circuit diagram o f th e  experim ental arrangem ent used in  the investigation  of the
anode oscillations

could be a d ju s te d  to  th e  desired  value th ro u g h  th e  v a r ia tio n  of th e  s tab ilized  
vo ltage  source APS w hich  could be co n tro lled  co n tin u o u sly , an d  th e  re s is tan ce  R a.

T hree  tra d itio n a l m eth o d s are  kn o w n  for th e  d e te c tio n  of th e  osc illa tions 
[12, 29, 64]: th e  ro ta ry  m irro r , th e  ro ta ry  disc p ro v id ed  w ith  slo ts o f th e  p ro p e r 
n u m b er an d  d im ensions, an d  th e  oscilloscopic m e th o d s (o b se rv a tio n  o f  c u rre n t 
f lu c tu a tio n , lum inous f lu x  f lu c tu a tio n ). In  th e  p re se n t in v es tig a tio n s  th e  tw o  
la t te r  m e th o d s have  been  em ployed . W ith  th e  help  o f  th e  m eth o d  w here  a 
ro ta ry  disc is used low er freq u en cy  osc illa tions could be  show n to  occur. Series 
o f  discs o f  d iffe ren t sh ap es , d im ensions an d  n u m b e r o f  slo ts w ere c o n s tru c te d  
fo r th e  ob se rv a tio n s.

T he oscilloscopic o b se rv a tio n  se rv ed  for th e  d e tec tio n  o f osc illa tions 
ap p earin g  in  th e  d isch arg e  c u rre n t o r lu m inous f lu x . In  th e  in v e s tig a tio n  of 
c u rre n t o scilla tions th e  v o ltag e  d ifference ap p earin g  on th e  v e rtic a l in p u t  o f 
oscilloscope О cam e fro m  th e  te rm in a ls  o f th e  re s is tan ces  R a or R 2, w hile on 
th e  h o riz o n ta l in p u t th e  certify in g  freq u en cy  of th e  so u n d  freq u en cy  g e n e ra to r  
G ap p ea red .
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T he o sc illa tio n s of th e  an o d e  space an d  th e  p o sitiv e  co lu m n  are  as a ru le  
a lso  show n b y  th e  period ic  c h a ra c te r  o f th e  g en e ra tio n  p rocesses as w ell as b y  
t h a t  of th e  l ig h t  em ission. T he re su lts  o f th e  p rev io u s in v e s tig a tio n s  have  show n 
[53, 57, 58, 64] t h a t  th e  freq u en cy  o f  th e  osc illa tions to  be fo u n d  in  th e  d ischarge  
c u r re n t g en e ra lly  agrees w ith  th e  freq u en cy  o f  th e  lig h t f lu c tu a tio n s . T h is 
em p irica l f a c t  w as again  checked  a n d  acco rd ing ly  in  a p a r t  o f th e  m easu rem en ts  
o n ly  th e  fre q u e n c y  an d  th e  a m p litu d e  o f th e  l ig h t f lu c tu a tio n  w ere reco rded  
[12]. In  th e  case  o f  r a th e r  h igh  freq u en c ies  th e  p h o to ce ll P  se rv ed  fo r freq u en cy  
m e a su re m e n ts . I t  w as illu m in a te d  th ro u g h  th e  s lit S b y  lig h t em erg ing  from  
th e  d isch arg e  sp ace  to  be in v e s tig a te d . T he f lu c tu a tio n  o f th e  p h o to ce ll c u rre n t 
w as in te n s if ie d  b y  th e  am p lifie r A  an d  th e re a f te r  th e  signal p a ssed  to  th e  v e r 
tic a l  in p u t  o f  th e  oscilloscope 0 .  I n  such  a m an n e r i t  w as possib le  to  in v es tig a te  
th e  sh ap e  as w ell as th e  a m p litu d e  o f  th e  lig h t f lu c tu a tio n . T he so u n d  frequency  
g e n e ra to r  G se rv ed  for th e  d e te rm in a tio n  o f th e  freq u en cy . T h e  freq u en cy  
o f  th e  o sc illa tio n  w as estab lish ed  b y  th e  L issa jo u x  curve  m e th o d .

3. E x p erim en ta l conditions

T he m easu rem en ts  w ere ca rried  o u t in  an  a m b ie n t te m p e ra tu re  o f 
25 J ;  1° C. T h e  len g th  o f th e  em p lo y ed  g lass-w alled  d ischarge  tu b e  was 500 
m m , th e  in te rn a l  rad iu s  36 m m  a n d  th e  w all th ick n ess  1 m m . A  w o lfram  double  
sp ira l p ro v id e d  w ith  a co a tin g  to  p ro m o te  e lec tro n  em ission w as used as th e  
c a th o d e  o f th e  d ischarge  tu b e . O n th e  tw o sides o f th e  ca th o d e  a t  a d is tan ce  
o f  3 m m  a u x ilia ry  e lectrodes o f th ick n ess  0,2 m m , w id th  5 m m  a n d  len tg h  14 
m m  each  a n d  o f  p o te n tia ls  id e n tic a l w ith  t h a t  o f th e  sp ira l w ere  p laced .

T he a n o d e  o f  th e  tu b e  co n sis ted  o f tw o  p a r ts . In  some o f th e  te s ts , tu b e s  
w ere em p lo y ed  th e  anodes o f w h ich  w ere fo rm ed  b y  a cy lin d er in  w hich a disc 
w as p laced  p e rp e n d ic u la rly  to  th e  an o d e -ca th o d e  d irec tio n , w h ile  th e  anode 
em p lo y ed  in  th e  fu r th e r  m easu rem en ts  co n sis ted  o f a cy lin d er in  w hich a ro d  
p laced  p a ra lle l to  th e  axis o f th e  c y lin d e r and  p o in tin g  to w ard s  th e  positive  co 
lu m n  o f th e  d isch arg e  se rv ed  as a n  a u x ilia ry  an o d e . T hese an o d e  co n stru c tio n s  
a re  show n in  F ig s . 2/a an d  2/b w hile  th e ir  c h a ra c te r is tic  d im ensions are show n 
in  th e  co rresp o n d in g  section  d iag ram s F igs. 2/c an d  2/d. T he m a te r ia l of th e  
an o d e  a n d  t h a t  o f  th e  a u x ilia ry  an o d e  w as n ick e l. T he w all th ick n ess  o f th e  
c y lin d e r  u sed  as anode w as 2  m m , th e  th ic k n e ss  of th e  n ick e l disc show n 
in  F ig . 2/a w as s im ila rly  2 m m . T h e  in d iv id u a l p a r ts  o f th e  e lec tro d e  w ere p ro 
v id ed  w ith  s e p a ra te  o u tle ts .

T he d isch a rg e  tu b e  passed  th ro u g h  th e  u su a l v acu u m  tr e a tm e n t ,  a t  th e  
e n d  o f w h ich  i t  w as filled  w ith  3 m m H g p ressu re  argon  a n d  som e 60 m g of 
m ercu ry . D u rin g  th e  ex p e rim en ts  th e  gas p ressu re  an d  th e  k in d  o f  gas rem ain ed  
u n a lte re d . T h e  gas p ressu re  of th e  d ischarge  tu b e s  could be a d ju s te d  to  a p re-
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cisioii o f ± 0 ,0 5  m m H g . T he p ressu re  o f  th e  m e rc u ry  v ap o u r w as d e te rm in ed  
b y  th e  low est w all te m p e ra tu re  o f  th e  discharge tu b e , w hich, co rrespond ing  
to  th e  v a ria tio n s  o f th e  a m b ie n t te m p e ra tu re , co u ld  f lu c tu a te  w ith in  ± 1 ° C.

Fig. 2. The em ployed n ickel anode constructions (a, b ) and their more im portant
dim ensions (c, d)

P rio r  to  s ta r tin g  th e  m easu rem en ts  th e  d isch arg e  tu b e  was o p e ra te d  for 
30 m in u te s  u n d e r s tab iliz ed  co n d itio n s. T he d ischarge  w as s ta r te d  a f te r  p roper 
ca th o d e  h e a tin g  and  th e  h ig h  fre q u e n c y  p re io n iza tio n  o f th e  d isch arg e  space.

4. R esults

a) Connection between the light flu c tu a tio n s  and the current fluc tu a tio n s

T he oscilloscope te s t  m eth o d  described  ab o v e  served  for a sce rta in in g  
w h e th e r o r n o t  th ere  is som e co n n ec tio n  betw een th e  ch a ra c te ris tic s  (frequency  
an d  am p litu d e ) of th e  l ig h t  f lu c tu a tio n s  appearing  in  th e  anode space  an d  th e  
c h a ra c te r is tic s  of th e  o scilla tions a p p e a rin g  (for in s ta n c e , w hen th e re  is no 
v o ltag e  d ifference b e tw een  th e  te rm in a ls  o f th e  re s is ta n c e  R a) in  th e  d ischarge 
c irc u it c u rre n t. I t  w^as fo u n d  th a t  th e  frequencies o f  th e  l ig h t f lu c tu a tio n s  and  
c u rre n t f lu c tu a tio n s  ta l ly  in  th is  case to o , th e y  h a v e  m ore or less id en tica l
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h a rm o n ie  o sc illa tions an d  th e ir  am p litu d es  are  p ro p o rtio n a l to  each  o ther. 
T h u s  i t  w as possib le  to  d e m o n s tra te  u n d e r  th e  p re s se n t te s t  c o n d itio n s  as well, 
th e  co n n ec tio n  be tw een  th e  l ig h t f lu c tu a tio n  an d  th e  d ischarge  c u rre n t flu c
tu a t io n , re fe rence  to  w hich  h a d  b een  m ade earlie r b y  several a u th o rs  [53, 57, 
58, 64]. N o deep er th e o re tic a l in te rp re ta t io n  w ill be offered in  th is  paper. 
T h e  re su lt  h as  been  u tiliz ed  in  th e  course  of th e  in v e s tig a tio n s  as a possib ility  
fo r d o u b le  o b se rv a tio n  an d  c o n tro l on ly .

Fig. 3. T ypical tube voltage-d ischarge current characteristics o f the tested  discharge tubes

A  ty p ic a l v o lta g e -c u rre n t ch a rac te ris tic s  o f  th e  d ischarge tu b e s  investig 
a te d , w h ich  tu rn e d  o u t to  be th e  sam e for b o th  an o d e  c o n s tru c tio n s , m ay be 
seen in  F ig . 3. A t th e  low er d isch arg e  c u rre n t th e  c h a rac te ris tic s  a re  very  steep  
a n d  h a v e  a ty p ic a l in flex ion  p o in t a t  30 mA. A fte r  40 mA th e y  m a y  be ch arac
te r iz e d  b y  a s tr a ig h t  sec tion  o f  n e a r ly  c o n s ta n t n eg a tiv e  slope.

b )  In flu en ce  o f  the anode construction on the oscillation

A  com p ariso n  w as m ade , a t  id en tica l d isch arg e  and  h e a tin g  cu rren ts , 
o f  th e  in flu en ce  ex e rted  b y  th e  an o d e  c o n s tru c tio n s  a an d  b, re spec tive ly , 
show n in  F ig . 2, on th e  space a ro u n d  th e  anode. T he low er frequenc ies were 
d e te rm in e d  b y  th e  ab o v e -m en tio n ed  ro ta ry  d isc m e th o d , an d  th e  h igher ones 
b y  th e  p h o to -ce ll m e th o d .

W h en  th e  c y lin d e r an d  th e  disc (or rod) p laced  inside th e  cy linder h ad  
id e n tic a l p o te n tia l ,  th e  p o sitiv e  co lum n of th e  d ischarge  e x te n d e d  w ith  its  
in i t ia l  w id th  as fa r  as th e  anode c y lin d e r. T here  w as no s ig n if ic a n t genera tion  
o f  l ig h t a ro u n d  a n d  b eh in d  th e  cy lin d e r. U nder th e se  co n d itions th e  frequency  
o f th e  o sc illa tions observed  w as fo u n d  to  a m o u n t to  1350 cps.
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I f  th e  cy linder w as n o t  p a r t  o f  th e  electric c irc u it  arid only  th e  disc or 
th e  rod  a c te d  as an o d e , th e n  lig h t g en era tio n  to o k  p lace  also a t  th e  end of 
th e  tu b e  beh in d  th e  c y lin d e r. D irec tly  b efo re  th e  an o d e , oscillations o f  1350 cps 
freq u en cy  could be show n in th e  case o f  th e  disc m e th o d  (F ig . 2/a) a n d  of 5400 
cps freq u en cy  in  th e  case of th e  ro d  anode  (the co n s tru c tio n s  show n  in Fig. 
2 /b). T he freq u en cy  d e te rm in a tio n s  w ere  carried o u t  a t  a d ischarge  cu rren t 
o f 400 m A  in  th e  case o f  a feed v o lta g e  of 200 V . A  considerab le  difference 
ap p ea red  betw en  th e  am p litu d es  as w ell. In  th e  case  w hen a ro d  h a d  been 
a rran g ed  in th e  inside o f  th e  anode cy lin d e r as th e  sole anode (F ig . 2/b) the  
a m p litu d e  o f th e  v ib ra tio n s  was fo u n d  to  be the  5 — 6  fold of th e  am p litu d e  
observed  in  th e  case o f th e  o th e r co n s tru c tio n  (Fig. 2 /a).

As has been m en tio n ed  in  the  In tro d u c tio n  s im ila r effects had  b een  found 
earlie r an d  in  th is  con n ec tio n  th e  conclusion  had  b een  d raw n  th a t  th e  ch a rac 
te ris tic s  of th e  anode oscilla tions can a lso  depend on th e  shape and  dim ensions 
o f th e  anode  [70, 71]. On th is  b a s is  R u b t s in s k i  an d  his co llab o ra to rs  
[6 8 ] a c tu a lly  c o n s tru c te d  a v a p o u r  pressure  m e te r  o f su itab le  sen siti
veness.

So fa r  no ex p lan a tio n s  have  b een  offered for th e  effects o b serv ed  here. 
In  th e  op in ion  of th e  a u th o r  an  e x p la n a tio n  can p o ssib ly  be found th ro u g h  the  
m echan ism  o f th e  anode  fall. Co b i n e  in  a d iscussion o f th e  an o d e  effects, 
observes t h a t  th e  su rface  o f th e  an o d e  m ay  in fluence  th e  d im ensions of th e  
anode fa ll as well. Shou ld  th e  size o f  th e  surface o f  th e  anode be sm alle r or 
la rg e r th a n  a c ritica l v a lu e , anode fall sh iftings m ay a p p e a r .

S ta r tin g  from  th is  an d  reg a rd in g  th e  anode as a p robe  p laced  in to  the 
d ischarge  space , th e  fo llow ing e x p la n a tio n  m ay be offered  in  re sp e c t o f the  
observed  p h en o m en a , i.e . w hen  osc illa tions of re la tiv e ly  h igh a m p litu d e s  and 
c o m p a ra tiv e ly  h igh frequenc ies a p p e a r  in  th e  case o f  sm all anode surfaces. 
In  th e  case of a sm all anode  surface — i f  its  size is be low  a c ritica l v a lu e  — 
th e  anode will lim it th e  e lec tron  c u rre n t w hich m ay flo w  in to  th e  e x te rn a l  c ir
c u it, no c u rre n t o f th e  in te n s ity  re q u ire d  b y  the c irc u it  elem ents a n d  b y  the  
d ischarge  itse lf  will be ab le  to  flow . T o  overcom e th is ,  accord ing  to  Co b in e  
[70], a space charge w ill develop  by  th e  side of the  a n o d e  an d  th is sp ace  charge 
w ill a c t as an  au x ilia ry  an o d e . T hus th e  p ickup  su rface  o f th e  anode  w ill in 
crease acco rd ing ly . T h is increase , h o w ev er, will be accom pan ied  also  b y  th e  
increase  o f th e  anode fa ll. Since th e  c o n c e n tra tio n  o f th e  space charge n e a r  the 
anode w ill f lu c tu a te  acco rd in g  to  th e  f lu c tu a tio n s  of th e  d ischarge c u r re n t , also 
th e  value  o f th e  anode fa ll w ill change w ith  a sim ilar p e rio d ic ity . T h e  energy 
o f th e  e lec trons in c id e n t on th e  anode w ill sim ilarly  v a ry  as fu n c tio n  o f the  
v alue  o f th e  anode fa ll, an d  i t  m ay h a p p e n  th a t  th e  elec trons e n te r in g  the  
anode space w ill acqu ire  so m uch en erg y  th a t  th ey  a re  ab le  to  ionize once m ore 
th e re . T his w ill cause th e  increase  of th e  d ischarge c u r re n t , on acco u n t o f  w hich 
th e  a d d itio n a l space-charge  co n c e n tra tio n  developing b y  th e  side of th e  anode
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w ill ag a in  be red u ced , an d  so w ill th e  value o f  th e  anode fa ll. T h erea fte r th e  
p ro cess  describ ed  here  w ill be re p e a te d .

S im ilar e ffec ts  m ay  a p p e a r  if  th e  size of th e  su rface o f th e  anode is la rger 
th a n  a c ritic a l v a lu e , in  th is  case a positive space-charge  lay e r w ill be form ed 
close to  th e  su rface  of th e  anode  a n d  a re ta rd in g  p o te n tia l co rrespond ing  to  
th e  sp ace -ch arg e  w ill reduce  th e  v a lu e  of th e  a n o d e  fall, w h ich  th e n  leads to  
th e  m ech an ism  described  fo rm erly .

T herefo re  i t  m ay  be s ta te d  t h a t  th e  o sc illa tion  of h ig h e r  frequency , 
as w ell as o f h ig h e r am p litu d e  ex p erien ced  in  th e  case of th e  ro d -sh ap ed  anode, 
is co n n ec ted  w ith  th e  d im ensions o f th e  anode  surface. W ith  th e  reduction  
o f  th e  anode su rface  — along  a c e r ta in  su rface  region — th e  increase  of th e  
fre q u e n c y  an d  a m p litu d e  o f o sc illa tio n  m ay be ex p ec ted . T his m a y  he assum ed 
b ecau se  o f  th e  n eg a tiv e  space c h a rg e  invo lv ing  m ore  u n c e r ta in ty . To confirm  
th e  re su lts  o b ta in e d  u p  to  now  m ore ex p e rim en ts  will be re q u ire d .

T he p reced in g  re p o rt m ay  h a v e  show n how  m an y  d iffe re n t conditions o f 
o sc illa tio n s re su lte d  in  th e  a n o d e  space, in  th e  case of tw o k in d s  of anode 
c o n s tru c tio n s  em ployed  here .

In  th e  sec tio n a l d raw in g  o f  th e  anode c o n s tru c tio n  show n  in  Fig. 2 /a , 
th re e  casing  h e ig h t values are  g iv en  a t  th e  side  o f  th e  anode  cy linder. T ests  
h a v e  been  c o n d u c ted  u n d e r p e rfe c tly  id en tica l cond itio n s, to  f in d  ou t w h a t 
v a r ia tio n s  can  be  observed  in  th e  oscillations o f  th e  anode sp ace  in  th e  case 
o f  th e se  th re e  h e ig h ts . W h a t re su lte d  was th a t  w ith  th e  in c rease  o f th e  casing  
h e ig h t th e  freq u en cy  o f th e  o sc illa tio n s did n o t  change, few er h arm o n ic  oscill
a tio n s  could  be show n to  occur a n d  th e  am p litu d e  o f th e  o sc illa tions d im inished. 
A lso in  th is  case th e  anode c y lin d e r  was on a p o te n tia l  id e n tic a l w ith  th a t  of 
th e  d isc p laced  in  i t ,  th e  d im en sio n s and  th e  p o sitio n  of w h ich  w ere c o n s ta n t 
d u r in g  th e se  ex p e rim en ts . On th e  basis  of th e  a b o v e  find ings one m ay suppose 
t h a t  th e  in crease  o f  th e  surface o f  th e  anode h as  n o t  been of su ch  a m easure as 
to  a ffec t th e  ch an g e  in  th e  v a lu e  o f  th e  anode fa ll. The su rface  o f th e  anode 
co u ld  h ere  h a v e  been  o f a size b e tw een  th e  tw o  c ritic a l su rface  sizes m entioned  
b y  Co b i n I  [70]. In  an y  case i t  m a y  be seen, t h a t  th e  in c rease  o f the  anode  
su rface  to  such  an  e x te n t a c ted  in  a stab iliz in g  w ay  upon  th e  oscillations.

c) The dependence o f  oscillation frequency  and am plitude on the discharge current

T he d ependence  o f th e  o sc illa tion  freq u en cy  of th e  a n o d e  space on th e  
d isch arg e  c u r re n t can  be seen in  F ig . 4. The re su lts  show n in  th e  F igure h a v e  
b een  o b ta in e d  in  th e  case o f u n h e a te d  ca th o d e  d ischarges, a n d  w ith  the anode 
c o n s tru c tio n  o u tlin ed  in  F ig . 2 /a . The osc illa tions could he  show n to  occur 
in  th e  freq u en cy  ran g e  o f 500 — 2500 cps. The o sc illa tion  fre q u e n c y  was grow ing 
w ith  th e  in crease  o f th e  d isch a rg e  c u rren t. F in d in g s  of a s im ila r ch a rac te r, 
o b ta in e d  u n d e r  d iffe ren t d isch a rg e  co n d itio n s, in  re sp ec t o f  th e  positive
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co lum n  o f th e  d isch arg e , h av e  b een  know n from  th e  re le v a n t l i te ra tu re  [79, 
80]. T he th ree  curves show n belong  to  th ree  d iffe ren t va lu es  of th e  feed  voltage 
(200 Y, 300 Y, 400 V). T h e  fa c t t h a t  also th e  o sc illa tio n s of th e  an o d e  space 
d ep en d  on th e  d im ensions of th e  ohm ic re s tr ic tio n  e lem ents o f th e  ex te rn a l 
c irc u it, ad m its  of th e  conclusion  t h a t  th e re  is a connec tion  b e tw een  these 
anode  oscilla tions an d  th e  s tr ia tio n  processes g en era lly  ap p ea rin g  in  th e  posi
t iv e  co lum n in  th e  case o f d ire c t c u rre n t d ischarges. T his w ill b e  discussed 
in  m ore d e ta il fu r th e r  below .

i c p s ]

Fig. 4. The dependence of the frequency n o f the anode oscillations on the discharge current it

T he curves show n in  F ig . 4 h a v e  a c h a ra c te r is tic  freq u en cy  b reakdow n  
a t  a d ischarge  c u rre n t o f 160 m A  w h ich  w ith  the  in c rea se  of th e  a p p lie d  feed 
v o ltag e  (i.e. w ith  th e  in crease  o f th e  ang le  of th e  v o lta g e -c u rren t ch a ra c te ris tic s  
an d  th e  lim itin g  resis tan ce ) w ill m ore or less f la tte n  o u t.

T he c u rre n t d ependence  of th e  am p litu d e  A  re co rd ed  u n d e r s im ila r con
d itio n s , can  be seen in  F ig . 5. The h ig h e s t am p litu d es h a v e  been o b ta in e d  when 
th e  ex p erim en ts  were ca rried  o u t a t  a feed voltage o f  200 V. Also th e se  curves 
h av e  a ch a ra c te ris tic  p o in t a t  160 m A  discharge c u r re n t . T he a m p litu d e  of the  
o sc illa tion  is here  m ax im u m  a t  le a s t  inside th e  in v e s tig a te d  c u r re n t  range. 
S ince th e  c h a rac te ris tic s  show n in  F ig . 3 do n o t h a v e  a d is tin g u ish ed  p o in t 
in  th e  reg ion  o f th e  d ischarge  c u r re n t of 160 m A , th e  c h a ra c te r is tic  p o in t 
o f th e  curves show n in  F igs. 4 an d  5 ap p earin g  a t  th is  v a lue  o f th e  c u rren t, 
can  be  ex p la in ed  n e ith e r  b y  th e  p ecu lia ritie s  of th e  ch a ra c te ris tic s  n o r  b y  th e  
in flu en ce  of th e  app lied  e x te rn a l re s is tan ce . F rom  th e  m ax im u m  o f th e  am pli
tu d e  to  be found  a t  a d ischarge  c u r re n t o f 160 m A  one m ay in fe r  psosible 
reso n an ce  effects co nnec ted  w ith  th e  pecu liarities o f  th e  anode sp a c e , w hich
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re so n an ce  effects a re  c h a ra c te r is tic  of th e  g iven  anode co n d itio n s  arising 
in  th e  case of th e  p a r tic u la r  v a lu e  o f  th e  c u rre n t d e n s ity  — an d  th a t  o f th e  
an o d e  fa ll — b e long ing  to  th e  d isch a rg e  cu rren t o f  160 mA.

W h en  in v e s tig a tin g  th e  o sc illa tions of th e  p o sitive  co lu m n  several 
a u th o rs  h av e  s tu d ie d  th e  d ep en d en ce  o f th e  fre q u e n c y  of th e  o scilla tions on 
th e  d isch arg e  c u rre n t [32, 33, 64, 79 ]. T hey  s ta te d  t h a t  also th e  frequency  of 
th e  osc illa tions in c reases  w ith  th e  increase  of th e  d ischarge  c u rre n t. A t th e

arb units

Fig. 5. T he dependence o f  the am plitude A  o f the anode oscillations on the discharge current
it m easured in  arbitrary u n its

sam e tim e  in  som e o f th e  ex p e rim en ts  [79, 80] g en e ra lly  a c h a ra c te r is tic  b re a k 
dow n p o in t  could be fo u n d  on th e  freq u en cy  cu rv e , w hich  ap p ea red  a t  a ce rta in  
d isch a rg e  c u rre n t, th e  position  o f  th is  b reak d o w n  p o in t b e ing  in d ep en d en t 
o f  th e  e x te rn a l p a ra m e te rs  of th e  d ischarge. As w as show n ab o v e , a cu rren t 
d ep en d en ce  of a p e rfe c tly  s im ila r c h a ra c te r  w as fo u n d  also in  th e  case of th e  
freq u en c ies  arising  in  th e  anode sp ace  and  m o reo v er th e  fre q u e n c y  b reak ing  
p o in t  th e re  as w ell rem ain ed  a t  a  given c u r re n t v a lu e  in d e p e n d e n t of th e  
p a ra m e te rs  of th e  e x te rn a l c u r re n t  c ircu it. H ere  th e  d ependence  on tem p er
a tu re ,  as an  e x te rn a l p a ra m e te r , h a s  n o t been in v e s tig a te d . In  a n y  case th e  
s im ila r ity  found  b e tw een  th e  c u r re n t  dependence o f  oscilla tions o f  th e  positive 
co lu m n  w ith  th e  c u r re n t  d ep en d en ce  o f osc illa tions of th e  a n o d e  space, allows 
one to  in fe r th a t  th e re  is some co n n ec tio n  b e tw een  th em .

d) The influence o f  the a u x ilia ry  electric circuit o f  the anode 
on the anode oscillations

In  th e  a u x ilia ry  elec tric  c irc u it  connected  to  th e  anode a n d  reproduced  
in  F ig . 1, th e  p e r tu rb in g  vo ltag e  w as p rov ided  b y  th e  stab ilized  d ire c t cu rren t 
p o w er source A PS . In  these  in v e s tig a tio n s  th e  an o d e  c o n s tru c tio n  show'n in
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F ig . 2/a w as em ployed , w ith  a n ickel c y lin d e r of 10 cm  casing  h e ig h t. I n  a p a r t  
o f th e  m easu rem en ts  th e  disc p laced  in  th e  cy linder w as on a h ig h er p o te n tia l 
th a n  th e  anode cy lin d e r. A fte r th e  in te rch an g e  o f  th e  poles of th e  pow er 
source A PS th e  ex p e rim en ts  were co n tin u e d  w ith  th e  anode cy lin d e r on a 
h ig h er p ositive  p o te n tia l  th a n  th e  d isc  p laced  in i t .

O therw ise th e se  tw o  series o f  m easu rem en ts w ere c o n d u c ted  under 
p e rfec tly  id en tica l co n d itio n s. The sw itch in g  of p o la r ity  a t  a given p e r tu rb in g

Fig. 6. The dependence o f the frequency n o f the anode oscillations on the direct current v o lt
age Уд ex isting between the anode cylinder and the anode disc

v o ltag e  d id  n o t m ean  a change in  th e  freq u en cy  o f th e  ap p earin g  osc illa tions. 
In  th e  case w hen th e  d isc in  th e  in te r io r  o f th e  cy lin d er w as on a h ig h e r p o te n 
tia l, th e  n u m b e r o f h a rm o n ic  o scilla tions increased  a n d  i t  w as possib le  a t  the  
sam e tim e  to  show  su b s ta n tia lly  low er frequencies as w ell, in  th e  freq u en cy  
ran g e  b e tw een  6 — 10 cps. A gainst th is  th e  am p litu d e  o f th e  o sc illa tions in 
creased  tw ofo ld  in  th e  la t te r  case.

In  b o th  cases th e  frequency  of th e  anode osc illa tions varied  in th e  sam e 
w ay  w ith  th e  p e r tu rb in g  vo ltage . T h e  dependence o f  th e  freq u en cy  V a  on 
th e  p e r tu rb in g  v o ltage  is show n in F ig . 6 . T he freq u en cy  reach ed  its  m ax im u m  
h e ig h t a ro u n d  10 V, an d  w ith  th e  fu r th e r  increase o f  th e  p e r tu rb in g  v o ltag e  
i t  w as red u ced  to  a v a lu e  a ro u n d  10 cps. Then a lu m in o s ity  f lu c tu a tio n  of 
reg u la r period  and  w hich  could be fo llow ed b y  th e  n a k e d  eye ap p e a re d  a t  
th e  end  o f th e  anode cy lin d er facing  th e  positive co lu m n . All th is  in d ica tes  
th a t  w ith  th e  help o f th e  ex te rn a l e lec tric  circu it an d  w ith  th e  anode  con
s tru c tio n  used  here i t  is possible to  in flu en ce  th e  freq u en cy  of th e  o scilla tions 
a ro u n d  th e  anode, an d  w h a t is m ore, th ro u g h  th e  em p lo y m en t of a co rre sp o n d 
ing ly  h igh  v o ltage  (200 V) a v e ry  considerab le  re d u c tio n  o f th e  freq u en cy  
(1900 cps — 10 cps) can  be ach ieved .
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T he m easu rem en ts  have  b een  effected a t  a d ischarge c u r re n t  of 500 m A , 
in  th e  case of a feed  vo ltage  o f 300 У . In  th e  case w hen  th e  e x te rn a l  p e rtu rb in g  
v o lta g e  w as o f zero  v a lu e , a v o lta g e  d ifference o f  10 У  could be m easured  w ith  
th e  V A s ta tic  v o lta g e  m easu rin g  in s tru m e n t show n in  F ig . 1 . T h e  frequency  
o f  th e  anode osc illa tions a m o u n ted  also in th is  case to  1900 cps. B y  the  ap p lic 
a t io n  o f a p e r tu rb in g  v o ltage  low er th a n  1 0  V  a re la tiv e ly  s tab iliz in g  effect 
co u ld  be ach ieved , expressing  its e lf  in  the  local m in im um  o f th e  curve p lo tted  
in  F ig . 6  (freq u en cy  b reak d o w n  to  500 cps).

A t o th e r v a lu es  o f th e  p e r tu rb in g  v o ltag e  th e  v ib ra tio n  am p litu d e  as 
co m p ared  to  th e  am p litu d e  b e lo n g in g  to  th e  v a lu e  VA — 0  w as reduced  b y  
som e 50% .

e) The influence o f  the shape o f  the anode upon the space around the anode

T he in v e s tig a tio n  of th e  in flu en ce  ex e rted  b y  th e  shape  a n d  th e  d im en 
sions o f th e  a n o d e  upon  th e  sp ace  a round  th e  anode , w ith o u t a n y  e x te rn a l 
e lec tr ic  c ircu it on th e  anode side , w as carried  th ro u g h  a t  a d ischarge  c u rre n t 
o f  400 m A  an d  a feed  vo ltag e  o f  200 V. The m easu rem en ts  h a v e  been carried  
o u t  w ith  th e  e lec tric  se tu p  show n in  Fig. 1, a n d  w ith  th e  an o d e  co n stru c tio n  
p lo tte d  in  F ig . 2 /a , b y  th e  m e th o d  described  ab o v e  and  u n d e r th e  know n co n 
d itio n s .

In  th e  course  of th e  in v e s tig a tio n  f irs t  th e  anode cy lin d e r w as used as 
a n o d e  an d  e lec trica lly  connected  to  th e  e x te rn a l e lec tric  c irc u it, th e n  the  anode 
d isc  p laced  in sid e  th e  cy linder a n d  f in a lly  th e  tw o  jo in tly  co n n ec ted  conductive- 
ly . I n  th e  f irs t  tw o  cases th e  a n o d e  disc an d  th e  anode cy lin d e r, re spec tive ly , 
w ere  n o t  co n n ec ted  e lec trically , a n d  th en  th e ir  o u tle ts  w ere in  th e  air.

In  all th re e  cases th e  fre q u e n c y  of th e  anode  oscilla tions w as 1350 cps. 
W h en  th e  cy lin d e r ac ted  alone as an  anode or th e  cy linder a n d  th e  disc p laced  
in  th e  cy lin d er w ere co nnec ted  a n d  jo in tly  fo rm ed  th e  an o d e , th e  p ositive  
co lu m n  e x ten d ed  as fa r  as th e  cy linder. N o oscilla tion  or l ig h t f lu c tu a tio n  
cou ld  be show n in  th e  space b e h in d  th e  cy lin d er. T he shape o f th e  anode space 
in  th is  case can  be  seen on th e  p h o to g ra p h  in  F ig . 8 . In  th is  case the  anode 
d isc  h ad  been c o a te d  b y  glow lig h t b o th  on th e  side facing  th e  p ositive  colum n 
a n d  on th a t  fac in g  th e  end o f th e  tu b e , w h ereb y  i t  ap p eared  as i f  b o th  p la te s  
( th e  f ro n t an d  th e  b a c k  p la te )  o f  th e  anode w h ich  h ad  been  p laced  p e rp en d ic 
u la r ly  to  th e  ax is  o f  th e  d ischarge  w ould p a r tic ip a te  in  th e  d isch arg e . The glow 
l ig h t  on th e  side o f  th e  cy lin d er fac in g  the  tu b e  end  f lu c tu a te d  w ith  an irreg u la r 
freq u en cy  an d  th e se  frequenc ies could be show n to  ex is t a lso  am ong th e  
frequenc ies o f th e  oscillations b efo re  th e  an o d e . T he freq u en cy  of th e  glow 
lig h t  a t  th e  tu b e  en d  v a ried  up  to  2 —30 cps w ith o u t show ing  a n y  reg u la rity .

As m ay be seen from  a com parison  of F igs. 7 and  8  th e  sh a p e , d im ensions 
a n d  a rra n g e m en t o f  th e  anode in flu en ced  in th is  case su b s ta n tia lly  and  v is ib ly
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the  c h a ra c te r  o f th e  anode space. A  s itu a tio n  s im ila r  to  th a t  show n on th e  p h o 
to g ra p h  in  Fig. 8  developed  a ro u n d  th e  an o d e  also w hen th e  ro d  show n in  
F ig . 3/b was p laced  inside th e  c y lin d e r and  a c te d  as anode. In  th is  case, how -

Fig. 7. Im age of the anode space in the case when the cylinder acts as the anode, or when the  
cylinder and the disc are on the sam e potential and are connected to act as the anode

Fig. 8. Im age of the anode space in the case when the disc inside the anode cylinder acts as 
the anode; the cylinder itse lf is not connected  to the circuit

ever, th e  frequency  of th e  o scilla tions develop ing  a t  th e  tu b e  en d  w ere h igher, 
th e  oscillations bceam e even m ore irreg u la r a n d  th e ir  am p litu d es  w ere ab o u t 
th e  four-fivefold  o f  those  found in  th e  cases described  above.
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j )  The connection between the anode oscillations and  the striations 
o f  the p ositive  colum n

As h as been  observed  in  th e  In tro d u c tio n  th e re  are  m any  w ho believe 
th e  c a th o d e  space [99 —101] to  he th e  source of th e  s tr ia tio n  process ap p e a rin g  
in  th e  p o sitiv e  co lu m n , w hile m an y  o th e rs  are o f th e  opinion th a t  i t  is the  
anode space  [1 — 9, 6 6 —6 8 , 70 — 74, 78].

In  th e  op in ion  o f th e  a u th o r  th e  m ov ing  s tr ia tio n  trav e llin g  in  th e  posi
tiv e  co lu m n  an d  co n sis tin g  o f space charges o f d iffe re n t signs is in flu en ced  
b o th  b y  th e  ca th o d e  an d  b y  th e  an o d e  spaces a n d  th e  origin o f th e se  space- 
ch arg e  w aves m a y  also be  tra c e d  b a c k  to  th e  spaces befo re  the  co rresp o n d in g  
e lec tro d es.

S z i g e t i  ca rried  o u t m easu rem en ts  in  th is  con n ec tio n  [50] a lre a d y  in  
1930 a n d  show ed t h a t  th e  o scilla tions o f  th e  p o sitiv e  co lum n can he in flu en ced  
fro m  th e  anode side. In  his m easu rem en ts  he em p lo y ed  th e  e lec tro d e  con
s tru c tio n  used  a n d  ex p la in ed  here .

S tu d ie s  h av e  been  m ade also in  th e  course o f th e  p resen t in v e s tig a tio n s  
o f  th e  in flu en ce  e x e rte d  b y  th e  an o d e  space on th e  m oving  s tr ia tio n  of th e  
p o sitiv e  co lum n.

A lread y  d u rin g  th e  d esc rip tio n  o f  th e  p reced in g  ex p erim en ts  m en tio n  
h as  b een  m ade o f  som e s im ila rities b e tw een  th e  s tr ia tio n s  of th e  p ositive  
co lum n  a n d  th e  osc illa tions o f th e  an o d e  space. In  th e  re le v a n t m easu rem en ts  
one p h o to -ce ll d e te c te d  th e  o sc illa tions o f th e  anode space , w hile a n o th e r  one 
show ed th e  o sc illa tions occurring  in  th e  m iddle  o f  th e  positive c o lu m n . The 
c u rre n t f lu c tu a tio n s  supp lied  b y  th e  ph o to ce lls , am p lified  to  th e  sam e  degree 
w ere p assed  to  th e  v e rtic a l an d  h o riz o n ta l in p u ts  o f an  oscilloscope, w here 
fre q u e n c y  id e n tif ic a tio n  w as effec ted  b y  th e  L issa jo u x  cu rve  m ethod  described  
above .

W ith  th e  he lp  of th is  m easu rin g  m eth o d  in  w h ich  tw o ph o to -ce lls  were 
em p lo y ed  i t  w as possib le  to  d e m o n s tra te  th a t  th e  freq u en cy  o f  th e  anode 
osc illa tio n s m odified  an d  d e te rm in ed  b y  th e  d iffe ren t anod ic  in flu en ces, agrees 
w ith  th e  freq u en cy  o f th e  w ave of th e  m o v ing  s tr ia tio n  trav e llin g  in  th e  positive  
co lum n to w ard s  th e  ca th o d e .

In  th is  w ay  i t  has been  p ro v ed  th a t  u n d e r th e  p resen t co n d itio n s  o f  
in v e s tig a tio n , th e  ch a ra c te ris tic s  o f one of th e  sp ace-ch arg e  w aves (positive  
sp ace-ch arg e  w ave) o f  th e  m oving  s tr ia t io n  m ay  he in flu en ced  from  th e  anode 
side , th ro u g h  th e  anode osc illa tions. A lso o th e r o sc illa tions were fo u n d  in  th e  
case o f  th e  space-charg ing  w ave of m o v in g  s tr ia tio n , th e se  rep ea ted  th em selv es  
ir re g u la r ly  or th e ir  a m p litu d es  could  be  neg lec ted  as a g a in s t th e  ab o v e -m en 
tio n ed  o sc illa tions.
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f) S ta b ility  o f  the anode space

As can  be seen from  th e  ex p erim en ta l re su lts  u n d e r th e  cond itions 
described  here  i t  is ex p ed ien t fro m  th e  p o in t o f  v iew  of th e  s ta b ili ty  of th e  
anode space, to  em ploy  re la tiv e ly  large-surface an o d es . The a m p litu d e s  of th e  
ap p ea rin g  oscillations are sm alle st in  th is  case.

T he freq u en cy  o f th e  an o d e  oscillations a n d  also  th e ir  a m p litu d e  can be  
red u ced  th ro u g h  th e  ap p lica tio n  o f th e  e x te rn a l an o d e  c ircu it show n in F ig . 
1 w hen  a su ffic ien tly  h igh  v o ltag e  (200 Y) is a p p lie d . In  th is  case  th e  e x te rn a l 
anode c irc u it ac ts  as a s tab iliz in g  circu it. A v e ry  in te re s tin g  re su lt  was o b 
ta in e d  show ing th a t  also in  th e  case of an an o d e  c irc u it v o ltag e  o f  a few V olts 
(2 — 3 V olts) v e ry  good s ta b iliz a tio n  can be ach iev ed .

I t  can  be seen th a t  th e  sh ap e  of the  an o d e  con sid erab ly  in fluences th e  
osc illa tion  cond itio n s. S im ilar s ta te m e n ts  h av e  b een  m ade in  th e  lite ra tu re  
fo r th e  case of anodes of a sp ira l shape .

T he question  o f  th e  s ta b il i ty  o f th e  anode space  is im p o r ta n t  n o t on ly  
in  o rd e r to  ensure th e  co n d itions o f local eq u ilib riu m  b u t, as h a s  been show n, 
th e  oscillations a ris in g  here  w ill e x te n d  fu r th e r  in  th e  positive co lu m n  and m a y  
in crease  th e  energy  losses th ro u g h  th e  in fluence  th e y  exert on th e  lam in a tio n  
processes.
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tin u o u s  gu idance  as w ell as to  G. L a k a to s  for h is  v a lu ab le  re m a rk s  in  connec
tio n  w ith  th e  ex p erim en ts .
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АНОДНЫЕ КОЛЕБАНИЯ РАЗРЯДОВ
Й . Б И Т О

Р е з ю м е
Автором статьи даётся литературный обзор о результатах исследования колеба

тельных явлений, появляющихся в анодной части разрядов. Излагаются условия изме
рений и метод исследования, применённый автором. Опыты проводились при ртутно- 
аргонном разряде постоянного тока. При опытах применялась специальная анодная 
конструкция, предложенная Сигети; воздействие на наблюдаемые колебательные явлении 
осуществляется извне электрической цепью. Сделается вывод по отношению возможности 
увеличения стабильности анодного пространства.
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RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
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(Presented by A. K ónya. — R eceived  13. X I. 1963)

I t  is possible to determ ine an approxim ate w ave function  of a m olecular system  b y  th e  
requirem ent th a t the wave function should be invariant under certain kinds o f  im provem ents. 
This possib ility  is used for developing a m ethod for th e  determ ination o f  m olecular w ave  
functions. The m ethod m akes possible a)  to avoid a considerable part o f  the d ifficu lt
ies o f integration o f the usual quantum chem ical calculations, b) to  ob ta in  in  some cases  
qualitative inform ation about the accuracy of the w ave  function in certain  regions o f th e  
configurational space, c) to find relations between different variational m ethods used in  
quantum chem ical calculations. It is  rem arkable, th a t  alm ost all the variational m ethods  
applied so far to  problems of quantum  chem istry —  e. g. the m ethod o f energy variation  
and the m ethod of local energies — can be form ulated also in  terms of th e  present m ethod.

1. Introductory rem arks

A v a r ia tio n a l m eth o d  fo r th e  d e te rm in a tio n  of m olecular w av e  fu n c tio n s 
w ill be considered  [1]. In  o rd er to  o b ta in  a c lea r p ic tu re  o f th e  a d v an tag es  
as w ell as th e  shortcom ings of th e  m e th o d , le t  us f irs t reca ll th e  m ain  s tep s  
in  th e  d e te rm in a tio n  of a m olecular w ave fu n c tio n  b y  some u su a l v a r ia tio n a l 
m eth o d  o f q u a n tu m  ch em is try  e.g . th e  m e th o d  o f energy v a r ia tio n  (MEY) [2].

1. T he choice of th e  v a r ia tio n a l fu n c tio n . As no rig o ro u s  m ethod  is 
know n  fo r th e  e stim a tio n  o f th e  (p o ten tia l)  a cc u ra cy  of a g iv en  v a r ia tio n a l 
fu n c tio n , th e  choice m u st be b ased  a )  on a — genera lly  q u a li ta t iv e  — m a th 
em a tica l in v e s tig a tio n  o f th e  p ro b lem , b) on  th e  resu lts  o f e x a c tly  so lvable  
m odel p rob lem s [3], c)  on th e  re su lts  o f s im ila r  a p p ro x im a te  ca lcu la tio n s 
a lre a d y  ca rried  o u t for re la te d  sy s tem s, d) on  ex p e rim en ta l in fo rm a tio n  a b o u t 
th e  considered  sy stem  or re la te d  ones, e )  on  th e  ac tu a l c o m p u ta tio n a l 
possib ilities.

2. The d e te rm in a tio n  o f th e  values o f  th e  v a ria tio n a l p a ra m e te rs .
3. T he checking  of th e  re su lts . As no  non-em pirica l m e th o d  is know n 

so fa r , w hich  w ould  be p ra c tic a lly  usefu l for th is  p u rpose  in  th e  case of system s 
th a t  a re  n o t ex trem e ly  sim ple, g enera lly  th e  b e s t th a t  can be  d o n e  is to  co m 
p are  th e  ca lcu la ted  values o f som e care fu lly  chosen  p ro p erties  o f th e  sy stem  
w ith  th e  em p irica l d a ta . A lthough  in  general n o  rigorous conclusions can he  
d raw n  from  th ese  d a ta  concern ing  th e  accu racy  o f  o th e r  physica l q u a n titie s  [4],
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th e y  can  g ive  a r a th e r  re liab le  p ic tu re  o f  th e  accu racy  o f  th e  o b ta in ed  a p p ro 
x im a te  w av e  fu n c tio n .

In  th is  p ap er we sh a ll  be concerned  w ith  s tep  2. In  p a r tic u la r , o u r aim  
w ill be to  red u ce  th e  re s tr ic tio n s  on th e  choice o f th e  v a ria tio n a l fu n c tio n  
w hich a re  fo rced  u p o n  u s  by  d iff ic u ltie s  of in te g ra tio n .

2. The method o f  the m om enta

L e t H  be th e  e lec tro n ic  H a m ilto n ia n  of th e  considered  sy s te m , ip an 
e ig en fu n c tio n  of H  b e lo n g in g  to  th e  e ig en v a lu e  E,  a n d  le t  ç>(a) be a v a r ia tio n a l 
w ave fu n c tio n  in v o lv in g  a  se t of v a r ia t io n a l  p a ra m e te rs  a 0, a ,, . . ., am b rie fly  
d en o ted  b y  a . I t  w ill b e  assum ed, t h a t  th e re  ex is ts  some dom ain  D in 
th e  space  o f  th e  ctj’s w ith  the  p ro p e r ty , th a t  i f  a£ D , <p(a) can  be re g a rd 
ed as a good  a p p ro x im a tio n  to  ip, a n d  our a im  w ill be to  f in d  such 
an  a £ D.  O ur co n sid e ra tio n s  will b e  re s tr ic te d  to  re a l H am ilto n ian s  and  
w ave fu n c tio n s  [5] an d  i t  w ill be a ssu m e d , th a t  th e  s e t  a includes a lso  the  
n o rm a liz a tio n  fac to r o f  ep.

L et w v  w2, . . ., wn (n >  m) be a se t of lin e a r ly  in d ep en d en t fu n c tio n s  
o f  th e  (s p a tia l  and  sp in ) coo rd inates o f  th e  e lectrons o f  th e  system  sa tis fy in g  
th e  sam e sy m m e try , d iffe re n tia b ility  a n d  b o u n d a ry  co n d itions as cp. L e t us 
consider th e  (norm alized) w ave fu n c tio n

X( a , ß )  =  ( l  +  ß 0) <p(a) +  2 ß lWi  ( 1 )
* — I

a t  som e fix e d  values o f  th e  a, ’s as a fu n c tio n  of th e  s e t  o f v a r ia tio n a l p a ra 
m eters ß 0, ß . ,  . . ., ß n b r ie f ly  deno ted  b y  ß.  D e te rm in in g  th e  values o f th e  ß t ’s 
b y  M EV, w e o b ta in  th e  s e t  of eq u a tio n s

<  (f{a) \H — e| <p(a) >  (1 +  ß0) +  У  <  <p{a) \H —  e| w, >  /3,- =  0, (2 a)
1 =  1

<  Wj H — e\ <p(a) >  (1 +  ß 0) +  <  u'j I Я  — e| w, >  ß ,• =  0 , (2 b)
1 =  1

(j =  1 , 2 , . . ., n),

E d e n o tin g  th a t  ro o t o f  th e  secular e q u a tio n  of (2), w hich belongs to  the 
s ta te  ip. W e  assum e, t h a t  for the  « ’s to  be considered , such a ro o t ex is ts .

E v id e n tly  th e  /3,- ’s sa tisfy ing  (2) depend  on th e  values of th e  a,- ’s.
I t  can  b e  ex p ec ted , t h a t  th e  b e t te r  a n  a p p ro x im a tio n  is <p(a) to  ip, the 
less can  i t  be  im p ro v ed  fu r th e r , i.e. th e  sm aller w ill be  th e  ab so lu te  values 
o f  th e  ß j  ’s sa tisfy in g  (2). I t  seem s th u s  to  be  reaso n ab le  to  d e te rm in e
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th e  “ b e s t”  va lues o f th e  a, ’s b y  th e  req u irem en t t h a t  th e  im p ro v e m e n t due
n

to  th e  fu n c tio n  'S  ß^ wi shou ld  be as sm a ll as possib le .
i=i

In  g enera l, th e  sm alle r the  a b so lu te  values o f  th e  in teg ra ls  < и ), |I I  — 
— e| qo(a)> , th e  sm aller w ill he th e  a b so lu te  values o f  th e  ßi ’s d e te rm in e d  b y
(2). More rigo rous s ta te m e n ts  a b o u t th e  values of th e  /3, ’s can  be m ad e  in 
gen era l on ly  b y  a ca re fu l in v e s tig a tio n  o f  eq. (2). N o su ch  prob lem  a rises , how 
ever, if  i t  can  be ach ieved  by  a su ita b le  choice o f th e  a,- ’s th a t  <p(a) sa tis 
fies th e  eq u a tio n s

<i®, \H  — e| <p ( a ) > =  0, (За)

<<p(a)|<p(a)> =  1, (3b)

(i =  1 , 2 , . . ., n).

In  th is  case we o b ta in  n am e ly  ß 0 =  ß 1 =  . . .  =  ß n =  0 th u s  <p(a) c a n n o t be 
im p ro v ed  w ith in  th e  fram ew ork  o f  M EV  by  ad d in g  to  i t  any  l in e a r  com-

П

b in a tio n  o f th e  form  в  n <p(a) 4- У  ßi U’i. I t  should  be n o ted  th a t  i f  th e  w t ’s
i ' = i

are  chosen accord ing  to  th e  p rincip les to  be  discussed la te r , th e  c o m p a tib ility  
o f eqs. (3) is genera lly  a u to m a tic a lly  en su red  for th e  case m  =  n.

W e sh a ll refer to  th e  in teg ra ls  < г е , \H  — e|<p> as m omenta  o f  (H  — e)cp 
w ith  th e  weight fu n c tio n s  Wj, and  we sh a ll regard  (3) as th e  basic e q u a tio n  of a 
v a r ia tio n a l m eth o d  fo r th e  d e te rm in a tio n  of m o lecu la r w ave fu n c tio n s , 
called  b rie fly  the method o f  the m om enta  (MM).

A possib le g en era liza tio n  of (3) fo r  th e  case n  >• m , w hen th e  e q u a tio n s  
^3) are  genera lly  c o n tra d ic to ry , is

n
^  с , 1 <  Wj IH  — e|<p(a) >  I2 =  m in , (4a)
i=l

< < l(a )|(p (a )>  =  1, (4b)

th e  c, ’s d en o tin g  som e su ita b ly  ch o sen  positive w e ig h t fac to rs . E q s . (4) 
w ill n o t be considered  in  d e ta il in th is  p a p e r [6 ].

A n im p o r ta n t p ro p e r ty  of MM follow s d irec tly  fro m  th e  w ay i t  has been 
in tro d u ced . I f  a w ave fu n c tio n  can n o t be  im proved  by  th e  in tro d u c tio n  o f  som e 
new  v a ria tio n a l p a ra m e te rs , th is  can p ro v id e  in fo rm atio n  a b o u t its  a c c u ra c y  in 
c e r ta in  regions o f th e  co n fig u ra tio n a l sp ace . L et us a ssu m e , for ex am p le , th a t  
th e  se t w v  w2, . . ., wn c o n ta in s  a su b s e t w ^, w,2, . . ., i®,- w ith  th e  p ro p e r ty

к
th a t  ^ f ß i .  Wj is h igh ly  flex ib le  in som e dom ain  of th e  c o n fig u ra tio n a l space, 

J=i
an d  has v e ry  sm all va lues o u tside  it. A s qp(a) has th e  p ro p e r ty  th a t  i t  c a n n o tb e
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к
im p ro v e d  b y  a d d in g  to  i t  a n y  l in e a r  co m b in a tio n  ^ ß i ,  Wi i t  c a n  be expec ted ,

J = \
t h a t  i t  is itse lf  a p a r tic u la r ly  good ap p ro x im a tio n  to  ip in  th e  co nsidered  dom ain . 
T h e re  m ay  even  e x is t  th e  p o ss ib ility  th a t  b y  th e  su itab le  choice o f  th e  w eigh t 
fu n c tio n s  we m a y  — to  som e e x te n t  — p resc rib e  th e  reg ions in  w hich th e  
a c c u ra c y  of 95(a) sh o u ld  be p a r t ic u la r ly  h igh. E v id e n tly  such  a “ guided  a p p ro 
x im a tio n ”  (P r e u s s  [7]) w ill be successful o n ly  i f  95(a) c o n ta in s  p a ram e te rs , 
w h ich  m ake possib le  a p a r tic u la r ly  good a p p ro x im a tio n  to  ip in  th e  considered 
reg io n . More g en e ra lly , i t  seem s to  be n ecessary  in  an y  ap p lic a tio n  of MM to

П

en su re  th a t  th e  reg ion s o f  h ig h  f le x ib il ity  o f  95(a) and ß t мз,- sh ou ld  at le a st
1 =  1

ro u g h ly  co incide. T h e  p rincip les fo r  th e  c o n s tru c tio n  of w eig h t fu n c tio n s to  be 
co n sid ered  in  th e  n e x t  sections g en era lly  a u to m a tic a lly  sa tis fy  th is  req u irem en t.

L e t us a ssu m e  now  th a t  w e h a v e  a se t o f  w e ig h t fu n c tio n s w v  w2, . . ., wn, 
a n d  we h av e  som e good reaso n  to  expec t t h a t  th e y  lead  to  a w ave fu n c tio n  
95(a) w hich  is a good a p p ro x im a tio n  to  th e  e x a c t one in  th o se  regions of th e  
c o n fig u ra tio n a l sp ace  w hich a re  im p o r ta n t  fo r o u r ac tu a l p u rp o ses . The w eigh t 
fu n c tio n s  Wi a re , how ever, o f  an  in c o n v en ien t m a th e m a tic a l form  w h ich  
— because  o f th e  p ra c tic a l d ifficu ltie s  in v o lv ed  — p rev en ts  th e  co m p u ta tio n  
o f  th e  in teg ra ls  <«;,■ |H  — e|95> .  I f  sim ilar d ifficu lties are  m e t in  th e  case o f  
o th e r  v a r ia tio n a l m eth o d s o f  q u a n tu m  ch e m is try , generally  th e  b es t th a t  can  
b e  done is to  m ak e  neg lections in  e ith e r H  o r 93. In  th e  f ir s t  case th is  m eans 
t h a t  we s tu d y  a m odel p ro b lem  in s te a d  of th e  a c tu a l  one, in  th e  second case we 
m u s t c o n te n t ourse lves w ith  a ro u g h e r ap p ro x im a tio n  to  th e  w ave fu n c tio n . 
In  th e  case o f MM, on th e  o th e r  h a n d , i t  is o ften  possible to  r e s t r ic t  the  necess
a r y  s im p lifica tio n s to  th e  w e ig h t fu n c tio n s, w h ich  have  n o  d ire c t physica l 
m ean in g , b u t  w h ich  p lay  on ly  a ra th e r  q u a lita tiv e  role. R ep lac in g  th e  w ,• ’s 
b y  som e m a th e m a tic a lly  m ore c o n v en ien t a p p ro x im a tio n s  w; w t we o b ta in  
th e  w ave fu n c tio n  95(a) in s te a d  o f  95(a). As 95(a) m u st be in sen sitiv e , b y  d e f i
n i t io n , to  im p ro v em en ts  s im ila r to  those o f  95(a), it  m ay  be  expected , t h a t  
95(a) w ill d iffer on ly  s lig h tly  f ro m  95(a). ( I t  sh o u ld  be rem em b ered , th a t  b o th  
95(a) an d  95(a) a re  th e  e x a c t so lu tio n s  of an o rd in a ry  M EV ap p ro x im a tio n  to  
ip, ca rried  o u t w ith  tw o v e ry  s im ila r  v a ria tio n a l w ave fu n c tio n s , respectively .)*

T his re la tiv e  freedom  in  th e  choice o f th e  w eigh t fu n c tio n s  is one of th e  
m o st im p o r ta n t fe a tu re s  of MM in  its  p ra c tic a l u se . In  th e  n e x t  section  re la tio n s  
o f  MM to  o th e r  v a r ia tio n a l m e th o d s  w ill be d iscussed , an d  i t  w ill becom e p o s 
sib le  to  fin d  h ig h ly  reliab le  se ts  o f  гг,- ’s an d  in  th is  w ay  a considerab le  p a r t  o f 
th e  a rb itra r in e ss  in  th e  choice o f  th e  w eight fu n c tio n s  can be  e lim in a ted . T hese

* N ote  added  in proof. T he conditions under w hich this expectation  is justified  
w ill he investigated  in  more detail in  the next part o f  this paper. I f  th e  w eight functions 
are no approxim ations to some h ig h ly  reliable ’s bu t are “ chosen a t random” , the  
reliab ility  o f MM m ay  he com pared w ith  that o f the m ethod of loca l energies.
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ív, ’s a re , how ever, genera lly  d ifficu lt to  h an d le , an d  b y  rep lacing  th e m  b y  
m ore co n v en ien t a p p ro x im a tio n s  w,, we m a y  o b ta in  a n  a p p ro x im a te  so lu tio n  
to  th e  o rig inal v a r ia tio n a l p rob lem .

E v id e n tly  (3) an d  (4) genera lly  do n o t  loose th e ir  sense if  th e  w e ig h t 
fu n c tio n s do n o t  sa tisfy  a ll th e  d iffe re n tia b ility  a n d  b o u n d a ry  c o n d itio n s  
req u ired  o f  a w ave fu n c tio n . E .g . as (H  — e)cp v an ish es  ex p o n en tia lly  in  in 
f in ity , m o d era te  changes in  th e  a sy m p to tic  beh av io u r o f  th e  w eight fu n c tio n s  
genera lly  do n o t  m odify  th e  ro o ts  of (3) a n d  (4) co n sid e rab ly . This is a n  im 
p o r ta n t  c ircu m stan ce , as j u s t  those  ty p e s  o f  w eight fu n c tio n s , th a t  o ffer th e  
m ost considerab le  c o m p u ta tio n a l a d v a n ta g e s , have an  in c o rre c t a sy m p to tic  
b eh av io u r. T his show s also th a t  MM is a m ore g enera l m ethod  th a n  M EV . 
In  th e  n e x t sec tion  we shall see th a t  M EY can  be reg a rd ed  (n o t only in th e  case 
of lin ea r  p a ram e te rs )  as an  im p o r ta n t sp ec ia l case of MM.

So fa r  we h av e  d isreg a rd ed  a p ro b lem  of p rac tica l im p o rtan ce . T h e  d e 
te rm in a tio n  of th e  value o f e occurring  in  (3) and  (4) re q u ire s  nam ely  th e  co m 
p u ta tio n  o f ju s t  th o se  co m p lica ted  in teg ra ls  t h a t  we w a n te d  to  avoid. H o w ev e r, 
th e  sm aller th e  ab so lu te  v a lu es  o f the  in te g ra ls  th e  less the  ro o ts  o f
(3) an d  (4) d ep en d  on e. C onsequen tly , w e have  to  p re fe r  w eight fu n c tio n s , 
w hich — d ep en d in g  th em selv es  on a — sa tis fy  the  co n d itio n

< w t (a)I<p(a)> =  0. (5)

I t  can  be read ily  seen th a t  a ll ou r p rev ious co n sid era tio n s rem ain  v a lid  also  
fo r w eigh t fu n c tio n s d ep en d in g  on a, and  t h a t  (5) does n o t  re s tr ic t th e  g e n e ra 
li ty  o f MM. In  th e  follow ing (5) w ill tu rn  o u t  to  be q u ite  a n a tu ra l  re q u ire m e n t, 
a u to m a tic a lly  sa tisfied  b y  th e  m ost im p o r ta n t  ty p e  o f гг,- ’s.

E v id e n tly  i f  (5) is n o t  e x a c tly  sa tis f ie d , e m ost b e  rep laced  b y  som e 
ap p ro x im a te  v a lu e , e.g. th e  em pirica l v a lu e  of th e  e n e rg y  o f  the  sy s tem .

3. Relations between MM and other variational m ethods of quantum
chemistry

M any of th e  v a r ia tio n a l m ethods u sed  in  q u an tu m ch em ica l c a lcu la tio n s  
can  he fo rm u la te d  also in  te rm s  o f MM. A  few  exam ples o f  th is  k ind  w ill be  
considered  in  th is  sec tion . A t th e  sam e t im e  these re la tio n s  provide h ig h ly  
re liab le  sets o f гг,’s.

1. T he m eth o d  o f en e rg y  v a ria tio n . M EV  de te rm in es th e  values o f  th e  
v a r ia tio n a l p a ra m e te rs  from  th e  cond ition

«(«)
<  <P(a) \H\ <p(a) >  

<  <P(a) I <P(a) >
=  s ta tio n a ry  . (6 )
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D ifferentiating  (6 ) w ith respect to  a,-, and ta k in g  into account th a t 93 is real and  
Я  is self-ad jo in t, we obtain

<  893(01) /За, I Я  — e I 93(a) >  =  0 , (7)

( i =  0 , 1 , . .  m.)

I f  93(a) is norm alized

<<p(a) ! <p{a)> == 1 , (8)

one of the param eters of the se t  a 0, ax, . . a m, say a 0, can be expressed b y  
th e  others and thus we can drop one equation from (7), say  th e  Oth. From  th e  
com parison o f  (7) w ith (3a) it  follows im m ediately  that

te, =  893/За, , (9a)

( i =  1 , 2 , . . m)  ,

s =  e(a) . (9b)

D ifferentiation  o f (8 ) with respect to а,- leads to

<dcp(a)lda.j I 93(a )>  =  0  , ( 1 0 )

i.e . (5) is au tom atica lly  satisfied  by the w eight functions (9a).
The w eig h t functions (9a) seem to  be particularly suitable to serve  

as из,’s.
2. The P r e u s s  m ethod. This m ethod determines th e  wave function  

from  the condition

< f ( H  — e) cp{a) \ f ( H  —- e) 93(a) >  =  min , (11a)

< 93(a) I 93(a )>  =  i  , ( l i b )

where e d enotes the value s(a) satisfy ing (6 ) and /  is som e suitably chosen  
w eight function  (not to be confused w ith  th e  M3,’s) depending on the electron  
coordinates.

D ifferen tiatin g  (11a) w ith  respect to  a, we obtain sim ilarly to the for
mer case

п з ,=  / 2(Я  — е)Э9 з/За( . (12)

3. The loca l energy m ethod. Let x  stand for the spatial and spin  
coordinates o f  all the electrons of th e  system , and le t  x t be some fixed
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v a lu e  o f X.  T he basic  eq u a tio n  o f  th e  local en e rg y  m eth o d  can  be w ritten  
in th e  form

Ji?  с,- I <  S(x  — Xj) I H  — ej 99(a) >  |2 =  m in , (13a)
i=i

< 99(0 ) I 9 9 ( a )  >  =  1 , (13b)

th e  c,-’s d en o tin g  p o sitiv e  w eight fa c to rs , ô d en o tin g  D irac  ô -functions in  th e  
sp a tia l  and  K ro n eck er d’s in  th e  sp in  co o rd in a tes , w hile e deno tes som e a p 
p ro x im a tio n  to  th e  en e rg y  of th e  sy s tem . I t  follows im m ed ia te ly  t h a t

Wi =  0(x — Xi). (14)

4. T he m ethod  based  on th e  eq u a tio n s

<cp(a) — гр I 99(a) — y>> =  m in  , (13a)

< 99(0 ) I 99(a) >  =  1 . (13b)

(This m ethod  is closely re la te d  to  th e  m ethod  o f th e  n a tu ra l  sp in  o rb its  [8 ] 
an d  also to  th e  m eth o d s o f A. D a l g a r n o , J .  T . L e w i s  an d  C. S c h w a r t z  [9]). 
D iffe ren tia tin g  (15a) an d  (15b) w ith  re sp ec t to  a,-, we o b ta in

< Э 9)/За,| y>> =  0  , (16a)

< 899/8 0 ,1  99 >  =  0 . (16b)

F ro m  (16) i t  follows a f te r  som e co m p u ta tio n  th a t

< 899/8 0 ,1  1 — P  I 99(a) >  =  0 , (17)

1 — P  being th e  o p e ra to r  p ro jec tin g  o ff th e  s ta te  y>. M aking  use of th e  fa c t, th a t  
1 — P  is se lf-ad jo in t, we can rew rite  (17) and  o b ta in  th e  e q u a tio n

< { H  — e ) - 1  (1 — P ) 899/8 0 ,1  H  — e  I 99( a ) >  =  0  , (18)

e d e n o tin g  an y  a p p ro x im a tio n  to  E , o f  w hich  we assum e for the  sake  o f s im p 
lic ity , th a t  it  does n o t coincide w ith  a n y  eigenvalue E ' =f= E  of H . C om paring
(18) w ith  (3a) we find  th a t  (15) is e q u iv a le n t to  an MM ap p ro x im a tio n , th e  
w eigh t fu n c tio n s being  so lu tions o f th e  eq u a tio n

(H  — e) Wi =  (1 •— P ) 899/8 0 , . (19)
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4. Som e aspects concern ing  th e  co n stru c tio n  of th e  w t ’s

In this section  some typ es o f  functions w ill be considered, th at seem  to 
be particularly su itab le to serve as building elem ents of th e  ic;’s. It w ill be 
ta c itly  assum ed throughout the section  — if  n o t exp lic itly  indicated  other
wise — th a t cp is b u ilt  from determ inants o f single-particle spin-orbitals, the  
space-dependent parts of w hich are linear com binations o f  Slater functions 
centered at arbitrary fixed p o in ts , in general a t the nuclei. I f  n o t indicated  
otherw ise the w ave function is assum ed not to  include HYLLERAAS-type cor
relation  factors.

T h e fo llow ing ty p es of fu n c tio n s  seem  to  h av e  p a r tic u la r  ad v an tag es 
as b u ild in g  e lem en ts  of th e  ic,’s:

1. P o ly n o m ia ls  of th e  c a r te s ia n  co o rd in a te s  o f th e  e lec tro n s  w ith  spin- 
d e p e n d e n t coeffic ien ts . All th e  in te g ra ls  o ccu rrin g  in  th e  m o m e n ta  can  be 
o b ta in e d  in  th is  case  in  th e  fo rm  o f ra th e r  sim ple closed a n a ly tic a l expressions, 
th e  m o st co m p lica ted  te rm s b e in g  tw o -cen tre  C oulom b in te g ra ls . A ccording 
to  W e i e r s t r a s s ’ th eo rem , th e re  is no lim ita tio n  to  th e  acc u ra cy , w ith  w hich 
th e  tc,-’s can  a p p ro x im a te  to  th e  w, ’s, n a tu ra lly  a p a r t  from  th e ir  a sy m p to tica l 
b e h a v io u r . H o w ev er, — assu m in g  th e  sam e deg ree  o f a p p ro x im a tio n  — th e  
sm alle r th e  s p a tia l  ex tension  o f  th e  sy s tem  th e  sim p ler th e  exp ressions for th e  
ic,-’s. C o n seq u en tly  th is  ty p e  o f  w eig h t fu n c tio n s  seems to  be  p a rtic u la r ly  
a d v a n ta g e o u s  in  th e  case o f n o t  v e ry  large “ c o m p a c t”  m olecules, as m eth an e  
fo r exam ple .

2. P o ly n o m ia ls  and  G au ssian  fu n c tio n s o f  th e  c a r te s ia n  coo rd inates 
o f  th e  e lec trons w ith  sp in -d e p e n d e n t coeffic ien ts . E x p a n d in g  th e  S la te r 
fu n c tio n s  in to  series of G aussian  fu n c tio n s [10], th e  c o m p u ta tio n  of th e  
m o m en ta  req u ire s  — besides e le m e n ta ry  in te g ra tio n s  — o n ly  th e  co m p u ta 
tio n  o f one a n d  tw o -d im en sio n a l n u m erica l q u a d ra tu re s  re sp . cu b a tu re s . 
T h is is b y  fa r  less ted ious th a n  th e  c o m p u ta tio n  of th re e  an d  fou r-cen tre  
in te g ra ls  be tw een  S la te r o rb ita ls  [ I I ] .

3. d -func tions o f th e  e le c tro n  co o rd in a tes  as defined  in  3) o f  th e  prev ious 
sec tio n . T his sp ec ia l case of MM is e q u iv a le n t to  th e  m eth o d  o f local energies, 
a n d  is c o n se q u e n tly  lim ited  to  system s in v o lv in g  a v e ry  low  n u m b er of 
e lec tro n s.

4. L e t us consider now  w av e  fu n c tio n s consisting  o f  an tisy m m etrized  
p ro d u c ts  of tw o -e lec tro n  o rb ita ls  [12] in v o lv in g  HYLLERAAS-type corre la tion  
fa c to rs  be tw een  e lec trons b e lo n g in g  to  th e  sam e  o rb ita l, b u t  no  such fac to rs  
b e tw een  e lec tro n s belonging  to  d iffe ren t o rb ita ls . M EY lead s in  th is  case to  
in te g ra ls  in v o lv in g  th e  c o o rd in a te s  of a ll th e  e lec trons in se p a ra b ly . In  th e  
case o f MM, on th e  o ther h a n d , i f  th e  w e ig h t fu n c tio n s a re  b u il t  from  p ro 
d u c ts  of s in g le -p a rtic le  fu n c tio n s , th e  m o st d ifficu lt in te g ra ls  occurring  in  
th e  m o m en ta  in v o lv e  th e  co o rd in a te s  o f fo u r e lec trons.
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E v id e n tly  also  o th e r  ty p es o f w e ig h t fu n c tio n s (e.g . p lane w av es) m ay 
have — in  ce rta in  cases — considerab le  co m p u ta tio n a l a d v an tag es .

F in a lly  som e gen era l rem arks: MM seems to  b e  app licab le  also  to  tim e- 
d ep e n d e n t p rob lem s. C alcu lations a re  in  p re p a ra tio n  on th e  in e la s tic  s c a t
te r in g  o f  h y d ro g en  a to m s b y  a p p ro x im a te ly  so lv ing  th e  tim e -d e p e n d e n t 
Schröd inger e q u a tio n  fo r a tim e -d e p e n d e n t v a r ia tio n a l w ave fu n c tio n .

P ro b a b ly  sem iem p irica l c o rrec tio n s , s im ilar to  those  p ro p o sed  by  
A. Mu k h e r ji  an d  M. K a r p l u s  [13] fo r  th e  case o f М Е У  w ill be h ig h ly  useful 
also in  th e  case o f MM.

5. N um erical results

T he values o f th e  v a r ia tio n a l p a ra m e te rs  o f sim p le  v a ria tio n a l w ave 
fu n c tio n s fo r th e  g ro u n d  s ta te  of th e  h e liu m  atom  a n d  th e  hydrogen  m olecule 
have been  co m p u ted  b y  MM. B o th  th e  w ave and  th e  w e ig h t functions u sed  in 
th e  ca lcu la tio n s a re  e x tre m ly  sim ple ( th e  la t te r  can  b e  regarded  as “ chosen 
a t  ra n d o m ” ) an d  th e  re su lts  are o n ly  m e a n t as i llu s tra tio n s . The re su lts  of 
m ore e la b o ra te  ca lcu la tio n s w ill a p p e a r  in  su b seq u en t p apers.

T he v a r ia tio n a l fu n c tio n s used in  o u r ca lcu la tio n s were

<P =  а й e x p [—a i ( r l  +  r2)] (20)

for th e  h e lium  a to m , an d

<P =  «о {ex P [ —a i(rai +  r t2)] +  e x p [—a 1( rbl +  ra2)]} (21)

for th e  hyd ro g en  m olecule. The nuclei o f  th e  hydrogen  m olecule were assu m ed  
to  be a t  th e  fixed  d is ta n c e  of 1,40 a t .  u . (th e  e x p e rim e n ta l value of th e  eq u i
lib rium  d is tan ce).

a 0 is d e te rm in ed  b y  th e  n o rm a liza tio n  co n d itio n , and  co n seq u en tly  
one w eigh t fu n c tio n  w as needed  for each  c o m p u ta tio n . The c o m p u ta tio n s  
were carried  o u t s e p a ra te ly  w ith  th e  w e ig h t functions

=  co n st (2 2 a)
and

Ч 2) =  1 +  c(rf +  r\) (2 2 b)

for th e  h e liu m  a to m  an d  w ith  th e  w e ig h t functions

=  c o n s t (23a)
and

w i2) =  1 +  c{r2ax +  r2b2) +  c(r2bl +  r22) (23b)
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fo r  th e  h y d ro g en  m olecule. T he v a lu e  of th e  p a ra m e te r  c has been  dete rm in ed  
in  b o th  cases b y  th e  cond ition  (5)

<  Ц 2> I (f >  =  0. (24 )

In  th e  cases — const, w hen i t  is ev id en tly  im possib le to  s a tis fy  th e  o r th o 
g o n a lity  c o n d itio n , th e  ca lcu la tio n s  were ca rr ied  o u t se p a ra te ly  b y  f irs t ta k in g  
E  e q u a l to  th e  em p irica l va lue  a n d  th en  to  th e  value d e te rm in e d  b y  (6 ). T he 
re s u lts  o f th e  ca lcu la tio n s, to g e th e r  w ith  th e  resu lts  o f th e  co rrespond ing  
М Е У  ca lc u la tio n s  are listed  in  th e  T able.

Table

S y s te m W eig h t fu n c tio n e  ( a t .  u .) a x ( a t .  u .)

w)11 - 2 ,9 0 4 * 1,72

H e Mlj1* —  2,848** 1,69

M>{2> — 1,63
D eterm ined by MEV 1,69

«4l > -1 ,1 7 5 * 1,28
H„ -1 ,1 3 8 * * 1,25

U> i2> — 1,31

Determ ined by MEV 1,17

* The em pirical value.
** The value (6).

Note. T h e  re a d e r’s a t te n t io n  is d raw n  to  th e  p ap er o f  D . M. Sc h r a d e r  
a n d  S. P rag er  [1 4 ], where th e  basic  p ro b lem  o f th e  w ork p re se n te d  here, th e  
d ifficu lties o f  in te g ra tio n  in  q u a n tu m  c h e m is try , is a tta c k e d  from  a com ple
te ly  d iffe ren t a n d  very  a t t r a c t iv e  s ta r t in g  p o in t. I t  seem s, how ever, to  be  
to o  early  to  m ak e  any  co m p ariso n  of th e  usefu lness o f th e se  tw o m eth o d s .

In te re s t in g  resu lts  c o n ce rn in g  th e  p ro b le m  o f “ gu ided  a p p ro x im a tio n s”  
a re  c o n ta in e d  in  the  p ap e rs  o f  V e t c h i n k i n  [15]. T hese  re su lts  are  o f a 
considerab le  in te r e s t  also fo r  th e  prob lem s discussed in  th is  p ap er.

Acknow ledgem ent. The a u th o r  w ishes to  express his b e s t  th a n k s  to  h is 
w ife for m a n y  help fu l d iscussions.
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ОПРЕДЕЛЕНИЕ ВОЛНОВОЙ ФУНКЦИИ МОЛЕКУЛЯРНЫХ СИСТЕМ 
МЕТОДОМ МОМЕНТОВ

т. сонди  

Р е з ю м е

В принципе имеется возможность для определения волновой функции молекуляр
ной системы с соблюдением требования, согласно которому волновая функция при про
ведении исправлений определённого рода должна быть инвариантной. Использованием 
этой возможности в работе выводится метод для определения волновой функции моле
кулярной системы. Исследованный метод делает возможным а) избегать значительную 
часть трудностей интегрирования, имеющих место при применении обычных квантово
химических приближённых методов, б) в некоторых случаях получить качественные 
сведения о степени точности волновой функции в определённых областях конфигурацион
ного пространства, в) находить связь между различными вариационными методами, при
менёнными при квантовохимических вычислениях.
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ON THE NUCLEATION IN DIFFUSION CRYSTAL
GROWING

B y

E . L e n d v a y

RESEA RCH  IN STITU TE FO R TECHNICAL PHYSICS O F TH E  H UNGARIAN ACADEMY OF SCIENCES,
B U D A PEST

(Presented by G. Szigeti — Received: 2. I. 1964)

Practically  insoluble crystals can be grown from solutions b y  the m ethod o f diffusion  
ion transport. In this process first of all the concentrations of the different ions m u st reach  
values th a t are equal or higher than that o f th e  solubility product. W hen this has happened  
nucléation and growing begins. B y  the variation  of the diffusion circum stances (transport 
rate, ion sources, geom etry o f  the growing sy stem , etc.) one can regulate the in itial period and 
the coordinates resp. the rate o f  the solid phase separation. The m entioned factors are of  
decisive im portance in the m orphology of separating solids. This paper, starting from  the tim e- 
dependence o f  concentration distributions, in v estiga tes the role o f the factors influencing the  
diffusion transport and nucléation.

1. Introduction

M ost o f th e  c ry s ta l grow ing m e th o d s  are based  on th e  su p e rsa tu ra tio n  
p rinc ip le , an d  differ fro m  each o th e r o n ly  in  th e  m e th o d s b y  w hich  su p e r
sa tu ra tio n  is p roduced . G enerally , i f  th e  c rysta ls  are in so lub le , th e  grow ing 
m ethods becom e v e ry  d ifficu lt. In  th e se  m ethods h igh  te m p e ra tu re  or p ressu re  
or b o th  a re  used , (grow ing from  v a p o u r  p h ase , m elts, h y d ro th e rm a l grow ing , 
e tc .). T h is ren d ers  th e  techno logy  d iff ic u lt and  raises th e  p ro b a b ility  o f  d is 
agreeable im p u ritie s  b e in g  b u ilt  in to  th e  crysta ls .

M any  years  ago J o h n s t o n  an d  F r e n e l it j s  p re p a re d  som e c ry s ta ls  b y  
a m eth o d  in  w hich th e  fo rm atio n  o f inso lub le  c ry s ta ls  w as sim pler th a n  in  
th e  u su a l cases, m en tioned  above [1, 2 ] . T he p rincip le  o f th is  diffusion c ry s ta l 
grow ing is th e  chem ical p re c ip ita tio n  w ith  reg u la ted  ra te . T he p ro p e rtie s  of 
th e  se p a ra te d  solid p h ase  s tro n g ly  d ep en d  on th e  r a te  o f  m ass s e p a ra tio n . 
D uring  th e  u su a l chem ical p re c ip ita tio n  th is  process is to o  fa s t, th e re fo re  
th e  p re c ip ita te  has an  am orphous or m icro cry sta llin e  s tru c tu re . I f  th e  ra te  
o f p re c ip ita tio n  is re g u la te d  b y  th e  d iffusion  ion t r a n s p o r t  and  o n ly  low 
su p e rsa tu ra tio n  is p ro d u ced  in  th e  sy s te m , th e re  is a p o ss ib ility  th a t  a m a c ro 
cry sta llin e  solid phase is being  fo rm ed .

No w ork  has been p u b lished  d ea lin g  w ith  th is  m eth o d  in  d e ta il. In  th e  
p re sen t p a p e r  th e  d iffusion  n u c léa tio n  is in v es tig a ted  as a f ir s t  s tep  to w ard s  
a genera l c ry s ta l g row ing m ethod . M onocrysta ls (su lfides, c a rb o n a te s , Mn- 
p h ta la te , e tc .)  w ere p re p a re d  by  th e  d iffusion  m eth o d  an d  in  th is  w a y  th e
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th e o re tic a l s ta te m e n ts  w ere confirm ed b y  th e  rea l p rocesses. T he d e ta iled  
d esc rip tio n  o f  th e  m ethods an d  th e  m o n o c ry s ta ls  them selves does n o t fa ll 
w ith in  th e  scope o f  th is  p a p e r . W e hope to  r e tu rn  to  th is  in due  course.

2. The diffusion nucléation

W e in v e s tig a te  th e  fo rm a tio n  of in so lu b le  c ry sta llin e  phases. A ssum ing 
th a t  th e  L aw  o f Mass A ctio n  can be ap p lied  to  th is  p ro b lem , we base  o u r 
tre a tm e n t on th e  S o lub ility  P ro d u c t P rin c ip le .*  I f  th is  p ro v es to  be n ecessary , 
in  c o n c e n tra te d  so lu tions we shall ta k e  in to  acco u n t also th e  in fluence o f 
foreign ions. As in  th e  d iffusion  system  (reac tio n  volum e) th e  ions are g enera ted  
se p a ra te ly , th e  in fluence  o f th e  foreign ioT s can  be o f g rea t im p o rtan ce  in som e 
cases in  t h a t  reg io n  of th e  sy s tem , w here n u c léa tio n  beg ins. I f  th e  so lu b ility  
o f th e  fo rm ed  solid  is e x tre m e ly  low , th is  e ffec t is neglig ib le because th e  ion 
s tre n g th  a ro u n d  th e  nucleus is also sm all. A t h ig h er so lu b ilities , how ever, th e  
effect o f fo re ign  ions an d  th e  a c tiv ity  m u s t b e  considered .

A t th e  b eg in n in g  o f th e  g ro w irg  process th e  c ry s ta ls  or so lu tions of th e  
ra w  m a te ria ls  a re  p u t  in to  d e te rm in ed  p a r ts  o f  th e  sy s tem . T he rem ain in g  
p a r t  o f th e  sy s te m  is occup ied  b y  th e  p u re  so lv en t. A t th e  beg inn ing  of th e  
diffusion p rocesses no p a r t  o f  th e  system  c o n ta in s  b o th  ions o f th e  p re c ip ita te d  
com pound , th e re fo re  n u c lé a tio n  in  an y  p a r t  o f th e  sy s tem  is im possib le. 
As in  th e  w hole  system  th e  diffusion processes en d eav o u r to  balance th e  
c o n c e n tra tio n  d ifferences, a tim e -d e p e n d e n t c o n c e n tra tio n  p ro d u c t is 
o rig in a ted  ev e ry w h ere  in  th e  sy stem . I f  th e  c o n cen tra tio n  p ro d u c t reaches 
th e  so lu b ility  p ro d u c t in  a c e r ta in  p a r t  o f th e  sy s tem , n u c léa tio n  begins. As we 
sh a ll see la te r ,  th e  d im ensions o f th e  vo lum e in  w hich th e  process is s ta r te d  
depend  on th e  e x p e rim e n ta l c ircu m stan ces .

T he fu n d a m e n ta l d iffe ren tia l e q u a tio n  w hich d e te rm in es  th e  m ass 
tra n s p o r t  re sp . th e  fac to rs  o f  th e  c o n c e n tra tio n  p ro d u c t be longing  to  th e  
co rresp o n d in g  e lem en t o f  th e  vo lum e in  t im e  is

8  C

31 jx
d iv  (D  g rad  C). ( 1 )

I n  our cases th e  m ed ium  is genera lly  iso tro p ic  and  th e  d iffusion  coeffic ien t 
is c o n s ta n t.

T he t r e a tm e n t  of th e  th ree -d im en sio n a l cases even i f  th e  system  is of 
a ra th e r  sim p le  geom etry  is v e ry  d ifficu lt, th e re fo re  our s tu d ies  w ill be confined  
to  th e  t r e a tm e n t  of cases in  w hich  th e  o n e-d im ensiona l so lu tio n  is su ffic ien t. 
F o r th e  m a jo r i ty  of su ch  cases i t  is c h a ra c te r is tic  t h a t  th e  ion sources

* In very  d ilu te  solutions the activ ity  o f an ion is practically equal to its  concentration  
therefore w e m ay  substitu te concentrations for activ ities.
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are  p la n a r. T he p lanes o f th e  ion sources a re  paralle l an d  th e  ac tive  su rfaces  
are  equal or th e  p e rp en d icu la r cross-sec tion  o f  th e  system . I f  th e  cross-section  
o f th e  grow ing system  is c o n s ta n t, th e  c o n cen tra tio n  is c o n s ta n t in tim e  
in  th e  cases m en tio n ed  i.e. w hen  th e  p la n e s  are para lle l to  th e  ion so u rce  
su rfaces. M any p roblem s o f ra d ia l flow  in  a  sp h ere  can also h e  deduced im m e 
d ia te ly  from  th e  co rrespond ing  lin ear p ro b le m s, when th e  follow ing s u b s t i 
tu tio n  is in tro d u c e d :

U = C r ,  (2 )

w here C is th e  c o n cen tra tio n  a t  a p o in t a n d  r th e  rad ius v e c to r  p o in tin g  to  
t h a t  p o in t. W ith  th e  above su b s titu tio n  w e o b ta in  in s tead  o f  eq . (1)

=  D Э2 U  
d r ’-

(3)
E q . (3) is th e  w ell-know n F ick  L aw  for lin e a r  d iffusion  w ith  U , t an d  r, th e re fo re  
th is  th ree-d im en sio n a l p rob lem  can be re d u c e d  to  a lin e a r  one.

2.1. Solid-l iquid systems in case o f  uni form media

In  th e  sim ple case o f d iffusion  g row ing  th e  crystals o f th e  raw  m a te ria ls  
are  in  eq u ilib riu m  w ith  th e  so lv en t in  d e fin ite  p a r ts  of th e  sy s te m . This m ean s 
th a t  th e  ion sources are th e  s a tu ra te d  so lu tio n s  of su itab le  com p o u n d s. U n til  
th e  solid phases o f th e  raw  m a te ria ls  are  p re s e n t , the  c o n tin u o u s  d isso lu tion  
o f th e  solids ensures th e  c o n s ta n t c o n c e n tra tio n s  of th e  ion sou rces. In  th e se  
cases th e  in itia l d is tr ib u tio n  o f  all ty p es  o f io n s  is re s tric ted  to  a fin ite  reg io n  
and  we have an  in itia l s ta te  defined  b y

CA — c\ x =  0 , fo r  a ll t  >  0
CB  =  CB Я1 =  0 ,

CA = ° * >  0 , a t  t  =  0 ,

C B  =  0 x1 >  0 ,

w here x 1 =  f ( x )  is a tran sfo rm ed  c o o rd in a te . I f  th e  ion sources a re  a t  the  end  
p o in ts  o f a lin ea r  system  w ith  a le n g th  o f L , i t  is possible to  choose the  t r a n s 
fo rm atio n  / ( x) =  L  ■— x  =  . T he  so lu tion  o f  eq. (1) w ith  th e  m en tioned
in itia l  cond itions for an  ion co m p o n en t A  is [3]

CA (x, t) —  CA erfc
2 2 { D A tyi*

(4)
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T he sam e p ro c e d u re  m ay  be  app lied  to  th e  co m ponen t В  a n d  the so lu tio n  fo r 
В  is

CB ( x , t )  =  — - C°B erfc  
2

L  — X 

2 ( ö ß t ) 1/ 2 ’
( 5 )

w here C°A a n d  CB are th e  c o n s ta n t  (s a tu ra tio n )  co n c e n tra tio n s  of the ion so u rces , 
Т)д resp . D B a re  th e  d iffu sio n  coefficien ts in  the  m e d iu m . D e te rm in ing  th e

1 0
sa tu ra tio n  co n c e n tra tio n s  in  —  C”, th e  fa c to r  of 0,5 can  be  neg lected , as in

2
th e  p resence  o f  solid raw  m ate ria ls  for p ra c tic a lly  a ll t

x < 0  C A =  C°A a n d  x > L  CB =  C%.

T he fo rego ing  so lu tions a re  co rrespond ing  to  th e  in f in ite  m edium . B ecause  
o f  th e  low  so lu b ility  o f th e  form ing so lid  phase , b y  a su itab le  choice o f  th e  
len g th  o f th e  reac tio n  v o lu m e  i t  can b e  ach ieved  t h a t  th e  c o n c e n tra tio n  o f 
opposite  io n s  in  th e  n e ig h b o u rh o o d  of th e  ion  sources in  th e  nucléation  sp h e re  
is neg lig ib le . In  th is  case w e can n eg lec t th e  re flec tion  o f  the  ion flo w  fro m  
th e  b o u n d a rie s  and  b y  e q u s . (4) and (5) th e  co n c e n tra tio n  d is tr ib u tio n s , re sp . 
th e  c o n c e n tra tio n  p ro d u c t can  be describ ed  in  th e  w hole system . The c o n c e n 
tra tio n  p ro d u c t ,  K ( x ,  t), sh o u ld , th e re fo re , be  re p re se n te d  as a fu n c tio n  o f  x  
and  t b y  a n  eq u a tio n  o f  th e  type

K ( x , t )  =  (C0Ar ( C ° Br erfc
4 D A t ) T

erfc
L  — x

2 ( В Д 7 2

because th e  c o n cen tra tio n  p ro d u c t in  gen era l is

K { x , t ) =  (CA)m (CB)n.

T he v a lu e  o f  K (x ,  t) fo r a ll  x  is a t  t =  ° °

К(х,оо) =  (С°АГ(С0в)п

( 6 )

(V

( 8 )

co rresp o n d in g  to  th e  s a tu ra t io n  of th e  m ed ium . In  p ra c tic e  th is case is n ev e r 
rea lized  b ecau se  o f th e  chem ical re a c tio n  betw een  io n s A  and  В  a n d  th e  
se p a ra tio n  o f  solid A m B n from  th e  sy s tem .

As w e now  in v e s tig a te  the  p rocesses only in  th e  nucléation  s ta g e , th e  
m en tio n ed  p h ase  s e p a ra tio n  does n o t  d is tu rb  our tr e a tm e n t  a t all. A t t =  0 
th e  v a lu e  o f  K(x ,  0 ) fo r a ll x  is

K ( x ,  0) =  0 , 0 <  ж <  L.

I f  th e  c o n c e n tra tio n  o f  th e  sources a n d  th e  d iffusion  coefficients a re  eq u a l
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(C°A =  Cß a n d  D a  =  D B) th e  fu n c tio n  K ( x ,  t) h a s  a m ax im um  in  th e  in te rv a l  
0 <  X  <  L.  In  a so m ew h at sim ple, b u t  usual case  m  — n =  1, a n d  th e  co n cen 
tra t io n  p ro d u c t fu n c tio n  is sy m m etrica l. T h e  co n cen tra tio n  p ro d u c t a t  su c 
cessive tim es an d  u n d e r  th e  con d itio n s m e n tio n e d  is show n in  F ig . 1. T h e  
n u m b e r on th e  cu rves rep re sen t th e  values o f  2 (D t)1'2.

Fig. 1. The curves К (л . t)/(CA)m (C%)n in th e  range 0 >  x >  L. Num bers on  curves are th e  
values o f 2(Dt)V2. The value o f L  is 5,0 cm, D A =  and m =  n =  1

W e are  now  going to  in v es tig a te  a n o th e r  p henom enon , n a m e ly  th e  tim e- 
dependence  o f th e  m ax im u m  value of-K(*, t). T h is  fu nc tion  can be  seen in F ig .
2. I t  ap p ears  from  th is  F igu re  th a t  th e  increase  o f  th e  m ax im u m  is ex trem ely  
fa s t  a lread y  in  th e  m idd le  range o f th e  so lu b ility  o f th e  fo rm ed  c ry s ta ls  (th e  
so lu b ility  p ro d u c t is a b o u t 1 0 ~ e — 1 0 _ 1 0 g/JL). A t low er so lu b ilitie s  th is  in 
crease w ill be  m uch  fa s te r  th a n  in  th e  cases m en tio n ed . I f  th e  v a lu e  of th e  
so lu b ility  p ro d u c t is above 10 ~5, th e  increase  o f  th e  m ax im u m  o f K ( x , t )  as 
a fu n c tio n  of tim e  w ill be  slower. T he change o f  th e  m ax im um  v a lu e  o f  K (x ,  t) 
re su lts  in  th a t  in  th e  av erag e  so lu b ility  range th e  in it ia l  m o m en t o f  n u c léa tio n  
is th e  sam e fo r d iffe ren t com pounds even if  th e i r  so lub ility  p ro d u c ts  differ 
b y  4 — 5 orders o f m ag n itu d e . I f  th e  so lu b ility  p ro d u c t is above 10 ~ 5 a lready  
sm all so lu b ility  d ifferences cause a la rg e  tim e  d ifference b e tw een  th e  in itia l
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n u c lé a tio n  o f  d iffe ren t com p o u n d s. T h is  p h en o m en o n  is v e ry  im p o r ta n t  from  
th e  p o in t o f  v iew  of seg reg a tio n  p rocesses in  d iffusion  sy stem s. F o r th e  illus
t r a t io n  o f  th e  described  s ta te m e n ts  som e d a ta  r e la tin g  to  d iffe ren t co m p o u n d s 
a re  lis ted  in  T able I .  A ll d a ta  re fe r to  5 cm  re a c tio n  volum e le n g th s , equal

Fig. 2. T he tim e-dependence o f the m axim um  o f K(x, t) in  th e  system  characterized by the
data o f  F ig. 1

Table I

Compound CuS ZnS FeS B aS 04 CaC03 CaS04 CaCrO,

Solubility  
product [4] 8 ,0  • 1 0 - 17 7,0 • 10"26 3 ,7  • l o - 19 1,0  • i o - 10 1 ,0  • 1 0 - s 6,1 • IO“ 5 2,3 ■ IO -2

Initial tim e of 
nucléation tk 
(day) 0,025 0,060 0,067 0,016 0 ,2 1 0,33 1,56

io n -so u rce  co n c e n tra tio n s  (the  m o la r ity  of all ion -sources is th e  sam e) and  
d iffu sion  coeffic ien ts (D A =  D B). As th e  s a tu ra tio n  c o n cen tra tio n s  an d  d if
fusion  coeffic ien ts c a n  be ch an g ed  in  a w ide ra n g e  by  th e  su ita b le  choice 
o f  th e  ra w  m a te ria ls  a n d  m edia, th e  case m e n tio n e d  is n o t sp ec ific . I t  can 
be seen fro m  th e  d a ta  in  T ab le  I  t h a t  w hile th e  so lu b ility  p ro d u c ts  o f  ZnS and
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CuS d iffer b y  a b o u t 21 o rders of m a g n itu d e , th e  in i t ia l  n u c léa tio n  tim es  are 
v e ry  s im ila r to  each  o th e r . N a tu ra lly  th e  th e o re tic a lly  d e te rm in ed  va lu es  of 
t k are  on ly  ap p ro x im atio n s . Because o f  th e  slower increase  o f th e  m a x im u m  of 
K ( x ,  t) in  th e  reg ion  o f  h ig h er so lu b ility  (so lu b ility  p ro d u c t >  1 0  ~ 10)
e.g. in  th e  case o f B a S 0 4 and  C a S 0 4, a lread y  a difference o f  4 orders 
o f m ag n itu d e  raises th e  difference in  th e  in itia l n u c léa tio n  tim es fro m  0,16 
to  0,21 d ay s . A ccord ing  to  th e  curve o f  F ig . 2 in  th e  reg ion  of h ig h  so lu b ility  
(so lu b ility  p ro d u c t >  1 0 _4) a sm all c h a n g e  in  th e  so lu b ility  causes a  s trong  
sep a ra tio n  in  th e  in itia l n u c léa tio n  t im e s . In  th is  reg io n  th e  processes a re  very  
s im ila r to  th e  fra c tio n a l c ry s ta lliz a tio n  and  w hen th e  so lu b ility  is above 
1 0 ~ x th e  com ponen ts c ry sta llize  f ro m  th e  so lu tio n  a t  d iffe ren t se p a ra te d  
tim es. T he in d e fin ite  v a lu e  o f  tk in th is  ran g e  is r a th e r  a consequence  o f th e  
ap p ea ran ce  o f su p e rsa tu ra tio n  th an  th e  re su lt  o f th e  a p p ro x im a tiv e  c h a ra c te r  
of ou r m odel. T his su p e rsa tu ra tio n  e ffe c t, o f course, p ra c tic a lly  n e v e r  appears 
in  th e  low  so lu b ility  ra n g e .

F ro m  th e  tim e  d ependence  of th e  m ax im um  v a lu e  of K (x ,  t) a lso  o th e r 
conclusions m ay  he drawm. I f  the  n u c lé a tio n  p rocess begins a lre a d y  in  th e  
reg ion  o f ex trem e ly  low co n cen tra tio n , th e  slope o f th e  co n c e n tra tio n  p ro d u c t 
cu rve  n e a r  th e  m ax im u m  is sm all. T h is is th e  sim ple re su lt  of th e  h ig h  value 
of th e  a rg u m e n t o f th e  erfc function  a t  sm all d im ensions of g row ing  space. 
As a consequence o f th e  f la t  ch a rac te r o f  th e  m ax im u m , th e  vo lum e in  w hich 
th e  n u c léa tio n  ta k e s  p lace , is rap id ly  e x p a n d in g  in th e  sy stem . B ecause o f  th is 
th e  p ro b a b ility  th a t  m acro cry sta ls  w ill grow  decreases .

T he d e ta iled  s tu d y  o f th e  process w ill n o t be d iscussed  here . I t  is easy  
to  u n d e rs ta n d  th a t  th e  d im ensions o f th e  reac tion  vo lu m e are also o f  g rea t 
im p o rtan ce  in  th e  m en tio n ed  processes.

T he la t te r  e ffect p lay s a role ch ie fly  in  th a t  i t  chan g es th e  r a te  o f  m ass 
sep a ra tio n , th e re fo re  i t  is o f  im p o rtan ce  in  th e  g row ing  stage, too .

In  th e  exam ples m en tio n ed  we in v e s tig a te d  spec ia l cases. As th e  c h a r
a c te r  o f K ( x ,  t) in  a gen era l case is d e te rm in e d  b y  eq . (6 ) le t us ex am in e  th is  
fu n c tio n  in  d e ta il. B y th e  d iffe re n tia tio n  o f th is exp ression  w ith  re sp e c t to  
x,  we have

— I =  ( О Т Ч О ,) "  —
8 * t Qx

erfc
2  ( D A t Y

erfc
2( D B t ) 1'2

0, (9)

R e a rran g em en t o f eq. (9) leads to

exp
(L  -  x Y

erfc
X

4 D B t 2  ( В д * )1'2
x°-

erfc
L  — x

4 D a t 2  ( B ß t ) 1' 2

( 10)
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As a fu n d a m e n ta l a ssu m p tio n  w as t h a t  th e  so lu b ility  of A m B n is low , a t  th e  
o n se t o f n u c lé a tio n  th e  a rg u m e n t o f  th e  erfc fu n c tio n  m u st b e  h igher th a n  
u n i t .  T he erfc (z) fu n c tio n  a t  z g> 1 can be ex p a n d e d  in a se ries, th ere fo re

erfc (z)
n 1'2 . exp ( z2) 1 -

1
+

1.3 1.3.5
2 z2 (2 z2)2 (2 z2) 4

+ ( H )

S u b s titu tin g  th is  re s u lt  in to  eq . (10) th e  e x p o n e n tia ls  can be e lim in a ted , a n d  
th e  fo llow ing sim p le  re su lt is o b ta in e d :

m \ D B 't
o

1 t-4 1 « D a )
n D a D B )

( 12)

In  a g enera l case fro m  eq. (12) one o b ta in s  fo r th e  coo rd in a te  o f  th e  m ax im u m  
o f i q * ,  t)

X m
L

1 +
m D  B 
n D A

(13)

F ro m  eq. (13) i t  m a y  be seen t h a t  in  th e  cases o f  ce rta in  ion sources th e  m a x i
m u m  va lu e  o f K ( x ,  t) is in d e p e n d e n t of th e  t im e . I ts  va lue  is d e te rm in ed  b y  
th e  d im ensions o f  th e  reac tio n  v o lum e, th e  d iffusion  coeffic ien ts  o f c e r ta in  
io n s  an d  th e  s to ich io m etric  d a ta  o f th e  p re c ip ita te d  co m p o u n d  (m  an d  n ). 
N a tu ra lly , m  a n d  n  c an n o t b e  ch an g ed , th e re fo re  in  a given sy s te m  th e  v a lu e  
o f  x m can  be  c h an g ed  only  b y  choosing  th e  d iffusion  co effic ien ts  su ita b ly .

The d iffu sio n  coefficient d ep en d s  on th e  m ed iu m  an d  on th e  co m pounds 
w h ich  w ere u se d  as ion so u rces . L e t th e re  b e  A C  th e  ch em ica l com p o sitio n  
o f  one o f th e  com pounds o f th e  io n  sources a n d  D B  t h a t  o f  th e  o ther. F ro m  
th e  reac tio n

( A +  +  C~)  +  (D +  +  D ~ )  =  A B  +  D + C -

i t  ap p e a rs  as i f  D + and  C~  w o u ld  p lay  no  ro le  in  th e  re a c tio n , and  re m a in  
u n c h an g ed  in  th e  so lu tion . I n  r e a l  cases th e y  a re  n o t in d iffe re n t, and  in  so m e 
cases th e ir  in flu e n c e  on th e  n u c léa tio n  is v e ry  im p o rta n t. T h is  foreign  io n  
e ffec t ap p e a rs  n o t  Only in  th e  in flu en ce  o f io n s  on th e  ion s tr e n g th , b u t  in  th e  
v a lu e  o f th e  d iffu sion  coeffic ien ts , to o , i.e . th e  values o f th e  d iffusion  c o e ff i
c ien ts  in  a ll cases belong to  c e r ta in  co m p o u n d s, there fo re  D A a n d  D B are  c h a r 
a c te r is tic  o f  th e  com pounds o f  th e  ion  so u rces  and  n o t  o f  th e  single io n s . 
T h is  m eans t h a t  th e  d iffusion  coeffic ien t o f  th e  reac tin g  ions ( D A an d  D B) c a n  
b e  ch an g ed  w ith in  a w ide in te r v a l  b y  th e  v a r ia t io n  of th e  so -ca lled  in d if fe re n t 
io n s  (in  o u r  ex am p le  C~  an d  D  +). In  case o f  th e  c ry s ta llin e  p re c ip ita tio n  o f  Z nS  
we m a y  use  Z nC l2, Z n S 0 4 o r Z n -a c e ta te  as io n  source. I n  th e  la t te r  case th e
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d iffusion  coeffic ien t o f  Z n  + + ions is a b o u t a te n th  o f th e  d iffu s ib ility  o f  Zn + + 
w ith  C l-  an ions because  o f th e  sm all m o b ility  of C H 3COO~~ ions. S im ila rly , 
th e  d iffusion  coeffic ien t o f  S ions c a n  also be c h a n g e d  b y  ch a n g in g  th e  
ca tion  o f th e  soluble su lfid e . This m ean s th a t  th e  in d iffe re n t ions o f  th e  ion 
sources b y  chang ing  th e  so lu b ility  o f  th e  p re c ip ita te d  com pound  (A m B n) 
in fluence  th e  in itia l p e rio d  o f n u c léa tio n  an d  fu r th e rm o re , as th e y  d e te rm in e  
th e  d iffusion  coeffic ien ts in  a ce rta in  m ed iu m , th e y  re g u la te  th e  co o rd in a te s

Fig. 3. The tim e-independent coordinate o f the m axim um  of K (x ,  t)  as function of m D B/n D A
in linear system s

o f th e  in it ia l  n u c léa tio n , to o . B o th  effects h av e  a s tro n g  in fluence  on th e  p ro 
p e rtie s  o f th e  p re c ip ita te d , c ry sta llin e  p h a se  A m B n.

F ro m  w h a t has b een  said  it  follow s t h a t  the  loca l vo lum e of th e  in it ia l  
n u c léa tio n  in  a sy s tem  can  be ch an g ed  b y  chang ing  th e  len g th  o f L .T h is  
m akes focusing  of th e  n u c léa tio n  possib le . B y  choosing th e  d im ensions o f  th e  
grow ing  sy s te m , th e  m ed ia  an d  co m pounds o f the  ion sources in  a w ay  t h a t  
th e  fu n c tio n  K(X, t) h as  a su itab le , s h a rp  m ax im u m , in  p rincip le  w e can  
lim it th e  in it ia l  n u c léa tio n  to  an  e x trem e ly  sm all vo lum e o r p o in t in  th e  sy s te m , 
an d  fu r th e r  th is  p o in t o f  in it ia l  n u c léa tio n  m ay  be in te rc h a n g e d  for a n o th e r  
w ith o u t re s tr ic tio n  in  a g iv en  range o f th e  in te rv a l 0 <  x  <  L .  I f , in  th e  n o ta 
tio n  o f eq. (13), we d en o te  th e  p o in t o f  in i t ia l  n u c léa tio n  b y  x m, th e  v a lu e  of 
i t  show s a hyperbo lic  d ecay  as a fu n c tio n  o f  m D B/nDA. (See F ig . 3). T he tw o  
c h a ra c te ris tic  lim its  o f th e  fu nc tion  a re

lim  x rn= L  an d  l im x m =  0. (14)
mDB

nDA nDA ’
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F ro m  th e  above re la tio n s  i t  is c le a r  th a t  if  th e re  ex ists  an  e sse n tia l difference 
b e tw e e n  th e  d iffu sio n  coeffic ien ts , th e  m ax im u m  o f  K(x ,  t) m oves in  th e  d irec 
tio n  o f  th e  ion  sou rces w here th e re  is a slow er diffusion ion  flow . A bove a 
c e r ta in  lim it ( 1  : 8 ) th is  effect is d isa d v a n ta g e o u s  as th e  se p a ra tio n  of th e  
so lid  p h ase  ta k e s  p lace  in  th e  g row ing  sy s te m  on th e  ac tiv e  su rface of th e  
io n  source  itse lf. T h e  c ry sta llin e  p h a se , s e p a ra te d  on th e  ion so u rce  is generally  
a n  u n p e rm eab le  c ry s ta l  lay e r t h a t  p ra c tic a lly  s to p s  th e  p rocess en tire ly  in  
s h o r t  tim e .

Fig. 4. The fun ction  K (x ,  t) at X  =  X m in its dependence on diffusion and precipitation in  
case m — n =  1. The striated part o f  th e  figure corresponds to the uncertain ty  of the so lue  
b ility  product in  real system s. The tw o lim its, Kamorphous and K s are the concentration produ cts  
for am orphous phase in the presence o f strong electro ly tes and for m acrocrystals in  pur-

solvent resp.

In  th e  sim p le  case d esc rib ed , from  eq . (13) w ith  m =  n  =  1 and  Л д  =  D B 
th e  co o rd in a te  o f  th e  m a x im u m  o f x m is fo u n d  to  be 0,5 L . T h is  value c o rre s 
p o n d s  to  th e  cu rv es  o f F ig . 1. S u b s titu tin g  th e  t im e -in d e p e n d e n t value o f  th e  
m ax im u m  fro m  eq . (6 ), we h a v e

K ( x , t )  =  kz2 , (15)

w here k  =  C°A C°B and z =  e r f c ---- — ---- .
2(Dt)1l2
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As z is an  erfc fu n c tio n , i t  h as  a low er an d  u p p e r  lim it az  t — 0, z =  0, a n d  
t  =  z =  1,0 fo r  a ll va lu es  o f  L  an d  D.  T he  fu n c tio n  g iven  in  (15) is r e p re s e n t
ed b y  th e  cu rve  in  F ig  4. I f  in  th e  system  n o  reac tio n  ta k e s  place, th e  v a lu e  
o f th e  c o n c e n tra tio n  p ro d u c t rises along a p a ra b o la  and  a t  t — °°  i t  re a c h e s  
th e  m ax im u m  v a lu e , c°A c°B. L e t us deno te  th e  so lub ility  p r o d u c t  by  K s. A s a t  
a ce rta in  te m p e ra tu re  th e  so lid  phase is in  th e rm o d y n a m ic  eq u ilib riu m  w ith  
its  ow n d isso lu ted  ions a t  th e  co n cen tra tio n s  d e te rm in ed  b y  K s, the c o n c e n 
tra t io n  p ro d u c t curve is fo lloved closely  b y  th e  p a ra b o la  o n ly  u p  
to  th e  v a lu e  o f  K s. I f  th e  c o n c e n tra tio n  p ro d u c t  is e q u a l  to  th e  s o lu 
b ili ty  p ro d u c t, K ( x ,  t) =  K s, th e  cu rve  tu rn s  in to  a s t r a ig h t  line p a ra lle l to  
th e  «-ax is as a consequence  o f  m ass se p a ra tio n  from  th e  sy s tem .

I f  th e  so lu b ility  o f th e  se p a ra te d  solid fa lls  in to  th e  m id d le  range o f  th e  
so lu b ility  p ro d u c t (K s <  10 ~ 10) th e  value o f K s is in flu en ced  b y  th e  c o n c e n 
tr a t io n  of foreign  ions. In  th e se  cases — in a d d itio n  to  th e  effects caused  b y  
th e  ion  s tre n g th  ̂ -a  su p e rsa tu ra tio n  can also be  o rig in a ted , th e re fo re  the v a lu e  o f  
K s is n o t  well d efin ed . In  m ost cases th e  in itia l n u c lé a tio n  does n o t  begin a t  th e  
m o m en t w hen IC(x, t)  reaches th e  e x a c t value o f  th e  so lu b ility  p ro d u c t. The v a lu e  
m en tio n ed  is on ly  th e  low er lim it for the  in i t ia l  n u c léa tio n . T h is  can easily  be  
u n d ers to o d  because  th is  va lu e  corresponds r a th e r  to  th e  so lu b ility  of m a c ro 
c ry s ta ls  th a n  to  t h a t  of th e  n u c leu s. T he curve  K ( x ,  t) can a lso  exceed the  v a lu e  
o f  K s o f th e  m acro cry s ta ls  in  th e  cases, w hen th e  sep a ra ted  so lid  phase is n o t  
c ry s ta llin e . I t  is w ell know n th a t  th e  so lu b ility  o f  a m o rp h o u s  or fresh ly  p re 
c ip ita te d  m a te ria ls  is a lw ays h ig h e r th a n  th e  so lu b ility  o f  m acro cry sta ls  in  
p u re , ionfree m ed ia . In  F ig . 4 th e  s tr ia te d  p a r t  o f the  f ig u re  co rresponds to  
th e  m en tio n ed  u n c e r ta in ty . I t  can  be seen t h a t  th e  lower l im it  of th e  in i t ia l  
n u c léa tio n  period  is K s, th e  u p p e r  lim it is th e  so lu b ility  o f am o rp h o u s  p h a se s  
in  th e  p resence o f  s tro n g  e lec tro ly tes . The d iffe rence  b e tw e e n  th e  lim its  is

A K  —  -^amorphous K s , ( 1 7 )

w here ^amorphous an<l  F s co rresp o n d  to  the  m en tio n ed  so lu b ilitie s  and s o lu 
b ility  p ro d u c ts , re sp . I f  th e  d iffu sion  process re q u ire s  a lo n g e r  tim e, th e  r e a l  
so lu b ility  p ro d u c t is d e te rm in ed  b y  th e  ageing o f  th e  s e p a ra te d  solid p h a se . 
In  these  cases th e  cu rv e  K(x ,  t) possesses a m a x im u m  before th e  linear sec tio n  
o f  th e  cu rve  beg ins. A bove K s th e  increasing  p a r t  o f  the  cu rv e  is caused b y  th e  
v a ry in g  so lu b ility  o f  th e  n u c leu s, th e  d ecreasing  p a r t  is fo rm e d  in  co n seq u 
ence of ageing processes. In  cases of com pounds w ith  a h ig h e r  so lub ility  th e  
ion  s tre n g th  also p lay s an  im p o r ta n t  role. I t  is easy  to  u n d e rs ta n d  th a t  in  
d iffusion  system s an  in v erse  con n ec tio n  can be assum ed  b e tw e e n  th e  c ry s ta l
line  s ta te  an d  the  foreign ion  effec t. The c ry s ta llin e  nucleus can  be fo rm ed  
o n ly  w hen th e  ion tr a n s p o r t  is slow , therefo re  th e  c o n c e n tra tio n  o f in d iffe ren t 
ions a ro u n d  th e  n u c leus is sm all. In  case o f ra p id  ion  flow th e  fo rm ed  n u c leus
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is ra th e r  a m o rp h o u s  th a n  c ry s ta llin e , fu r th e rm o re , s tro n g  accu m u la tio n  and  
a d so rp tio n  o f  fo reign  ions ta k e s  place. T h e se  processes cau se  an in c rea se  in 
th e  ion s t r e n g th  and  raise th e  so lub ility  o f  th e  p re c ip ita te d  phases. T h e  th ird  
e ffec t w hich  h a s  an  in flu en ce  on the  sh a p e  o f  th e  rea l fu n c tio n  K ( x ,  t) is th e  
d ep en d en ce  o f  th e  ac tiv itie s  o f  th e  ion so u rce  com pounds on the  c o n c e n tra 
tio n . This d ep en d en ce  is d if fe re n t for d if fe re n t co m p o u n d s. As th e  r e s u l t  of 
th e  m en tio n ed  th ree  effects th e  m ax im u m  value of K ( x ,  t) in  th e  s tr ia te d  
in te rv a l  o f F ig . 4 m ay a p p e a r a t  d iffe ren t v a lu e s  of z, a cco rd in g  to  the  tra n s p o r t  
r a te  an d  io n  p a irs . The th r e e  effects a lw a y s  appear to g e th e r , th e re fo re  the  
m ax im u m  v a lu e  of K(x,  t) c a n  be v a ried  in s id e  th e  in te rv a l  A К  b y  v a ry in g  
th e  e x p e rim e n ta l c ircu m stan ces .

In  th e  case  tre a te d  th e  in it ia l  tim e  o f  m ass se p a ra tio n  can also he  d e te r 
m ined  a p p ro x im a te ly  from  e q . (15). T h is , o f  course, re fe rs  only to  th e  low er 
lim it of th e  so lu b ility  p ro d u c t. L e t us d e n o te  b y  tK the  in i t ia l  tim e o f n u c léa tio n  
a n d  b y  z K th e  co rrespond ing  erfc fu n c tio n . As

K *  W 2
(18)

i t  follows t h a t  z K changes m o n o to n ica lly  w ith  K s. I f  z K h a s  a large v a lu e , tK 
in  the  a rg u m e n t of erfc(z) is also la rg e . As

erfc
2  (Dtky i

K c 1/2
(19)

s u b s t i tu t in g  x m from  eq. (13) in to  eq . (19) we have

erfc
K c 1/2

4 D t k)1/2
( 20)

F o r к —  1 w e o b ta in  th e  d a ta  of T ab le  I .  In  Fig. 5 th e  connection  o f  in itia l 
n u c léa tio n  t im e  and  th e  so lu b ility  p ro d u c t  ( K s) can be  seen . The n u m b e rs  on 
th e  cu rv es  b e lo n g  to  th e  d iffe re n t v a lu es  o f  L/41)1̂2.

T h e  a b o v e  c a lcu la tio n  n a tu ra lly  d o es n o t allow  fo r  th e  effect o f  m ix ing , 
large d e n s ity  d ifferences, e tc . I f  th e se  a re  p resen t, th e  n u c léa tio n  begins 
earlie r th a n  g iven b y  th e  ca lcu la ted  v a lu e s .

A r a th e r  co m p lica ted  eq u a tio n  in  te rm s of th e  diffusion d is tr ib u tio n  
and  so lu b ility  p ro d u c t ca n  b e  o b ta in ed  w h en  tre a tin g  a gen era l case. S u b s ti tu t
ing  th e  c o o rd in a te  of th e  m ax im um  o f K ( x ,  t) in to  eq . (6 ) we have

K ( x , t ) x=Xn =  (C°Ar { C ° Br  erfc n A
D a

112) m
erfc  m A D  в  i1' 2’" ( 21)
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w here

2 ( n D A  +  ™ D B )

I f  th e  n u c léa tio n  begins a t  low  c o n c e n tra tio n s  (K s <  10—10) a n  a p p ro x im a te  
fo rm ula  can  be derived  from  eq. ( 1 1 ) from  w hich  the in i t ia l  n u c léa tio n  t im e

F i g .  5. The initial nucléation time (t к )  as a function of (K s/k ) ll2 at D A  =  D g  and m =  n =  1

(f^ ) can  be d e te rm in ed  for a g enera l case. T h is  is

m-f n

Щ х ,  t)x=xm =  c ' t  - ex p
В

t

w here c' an d  В  co n ta in  th e  c o n s ta n ts  of th e  ra w  m ateria ls

, (nDA +  mDBr+-(C°Ar(C°Br

and

В

nm mn D ^ 2D ^ 2L m+n

m n  L 2

4 nDA +  m D B)

( 22 )

(23)

(24)

Acta Phys. Hung. Тот . X V I I .  Fasc. 3.



328 E. LENDVAY

F o r th e  e x a m in e d  sim ple case  D A =  D B a n d  m  =  n  =  1 an d  we h av e

. iC°A C°B D
K (x ,  t)x„Xmm -------—-------t exp

L 2

8D t
( 2 5 )

F o r v e ry  la rg e  tim es th e  ex p o n en tia l in  eq . (25) m ay  be  rep laced  b y  u n it ,  
an d  th e  slo p e  o f th e  re su ltin g  s tra ig h t lin e  is d e te rm in e d  by  th e  d iffu sion  
coeffic ien t a n d  th e  g eo m etrica l c h a ra c te r is tic s  of th e  g row ing  sy stem .

2.2. Liquid- l iq u id  systems i n  case o f  u n i f o r m  media

The p re v io u s  so lu tio n s co rrespond  to  system s c o n ta in in g  solids o f  th e  
ra w  m a te r ia ls . S im ilar, b u t  m ore co m p lica ted  ca lcu la tio n s can  be carried  o u t  if  
th e  c o n c e n tra tio n  of th e  io n  sources co n tin u o u s ly  decreases during  th e  grow ing  
processes. T h e se  cases co rresp o n d  to  ion  sources c o n ta in in g  the  so lu tio n s  of 
th e  raw  m a te r ia ls  in  a l im ite d  volum e w ith o u t solid p h a se . The c o n tin u o u s  
decrease o f  th e  c o n c e n tra tio n  resu lts  f ro m  th e  d iffu sion  tra n sp o r t  a n d  th e  
se p a ra tio n  o f  th e  fo rm in g  com pound , A m B n.

S im ila rly  as in p a ra g ra p h  2 .1 , le t us a ssu m e  th a t  b ecau se  of th e  low  so lu 
b ility  o f th e  p re c ip ita te d  com pound  i t  is n o t  n ecessary  to  tak e  in to  ac c o u n t 
th e  re flex ions o f  th e  ion flow  a t  th e  b o u n d a rie s . In  th is  case the  in it ia l  co n d i
tio n s  for th e  so lu tion  o f eq . (1 ) for one o f  th e  co m p o n en ts  are

in — h <  X  <  h in te rv a l  C(x, t) =  CA ,

a t  t =  0  .

in  X  <  I h  I in te r v a l  C(x, t) =  0 .

F o r cases o f  ex ten d ed  sources in in f in ite  or sem i-in fin ite  m edia, w h ere  the  
th e  d iffu sin g  su b stan ce  in it ia lly  occupies th e  region — h  <  x  <  h th e  so lu tio n  
o f th e  p ro b le m  is [3] in  th e  case of u n ifo rm  co n c e n tra tio n  C0:

C(x, t) =  —  C. 
2

h  —  x

2 (D t)1/2
-f- erf

h  +  x  
2(Dt)112 _ '

(26)

T he ex p ress io n  is sy m m e tric a l w ith  r e s p e c t to  x  =  0 , therefo re  th e  sy s tem  
can  be c u t  in  h a lf  b y  a p la n e  x  =  0  w ith o u t a ffec ting  th e  d is tr ib u tio n .

U sing  th e  described  coo rd in a te  tra n s fo rm a tio n  a n d  the  re la tio n

e rf(—x) =  — erf(x),
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th e  co n cen tra tio n  p ro d u c t can be d esc rib ed  as a fu n c tio n  of th e  fo llow ing 
ty p e :

K ( x ,  t) ( С°а Уп(С°в)п
2 m+n

L  -f- h B

erf
X  -)- h y

%(Da  t)11
erf

2 ( D A t) 1/2

X I erf
2  ( D B t r

e rf
L  — h B - X 

2 ( D B t ) 1/2

X

(2 7 )

Fig. 6. The concentration product function for a system  containing ion sources w ith  tim e- 
dependent concentration. The num bers on the curves refer to the values o f 2(Dt)1/2 at D д =  D ß  

and m — n =  1. The length  of the reaction volum e is 3,0 cm

E q . (27) is m ore co m plica ted  th a n  eq. (6 ). F o r  a sim ple case hA — h B, m =  n  =  1 
a n d  D a  =  D B. The d e r iv a tiv e  o f eq. (27) in  case of QK/дх  =  0 is

wrhere

exp  ( — a2) — exp  ( — ß2) e rf  a  — e rf ß
exp ( — y2) — exp ( — <52) e r f  у — e rf  <5

a _  x m +  h ' x m — h  _
2 (Dt )1'0- ’ 2(Dt)112 ’

an d  d =  L ~ h± ^ _ _  
2(Dt) l l2

(28)

=  L  +  h  —  x m _

2  ( D t y i 2
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E q . (28) is sa tis f ie d  fo r x m =  L j 2 , n am ely  a f te r  th e  su b s ti tu tio n  of th is  v a lu e  
b o th  sides o f th e  eq u a tio n  w ill he  u n it. T h is m eans t h a t  th e  m ax im um  o f 
K ( x ,  t) s im ila rly  to  th e  so lid -liq u id  system s is in d e p e n d e n t o f  tim e  and  th a t  
i t  m oves to w a rd s  th e  ion sou rces in  cases o f  u n e q u a l D A a n d  D B.

In  F ig . 6  a series of so lu tio n s  of eq. (27) can  be seen. I t  is clear from  th e  
f ig u re  th a t  c o n tra ry  to  th e  so lid -liqu id  ex am p le  discussed earlie r, th e  va lu e  
o f  K (x ,  t) X  =  x m does n o t sho w  a m onoton ie  te n d e n c y  in  i ts  change. B ecause 
o f  th e  e x ten d ed  m o n o to n ica lly  decreasing  c o n c e n tra tio n  o f  th e  ion sources

Fig.  7. K (x ,  t)/k  a t x =  xm as a fun ction  of 2(D i)1/2 a t DA=  D B and m — n — 1 in case o f
tim e-dependent ion sources

th e  cu rve  K ( x ,  t)x=xm a t  f i r s t  increases an d  a f te r  p a ss in g  th ro u g h  a m a x i
m u m  show s a decreasing  te n d e n c y . W e h a v e

lim  K ( x ,  i)x_x„ =  lim  K ( x ,  t)x=XlH =  0. (29)
t—> 0 t  > ®°

K ( x m, t) as a fu n c tio n  o f 2 (D t) x' 2 is i l lu s tra te d  in  F ig . 7. F o r th e  ex am in ed  
special case u s in g  th e  so lu b ility  p ro d u c t, th e  v alue  o f tK, to o , can  be d e te r 
m ined . S u b s ti tu t in g  x m in to  eq . (27) we g e t a q u a d ra tic  eq u a tio n  s im ila r to  
eq. (15):

K (x ,t)x=Xm=  fc' ( z ' ) 2 (30)
w here

к =  C\C%
4 4
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an d

г '

F rom  th e  fa c t th a t  a t  t

„ L  -1-  2h Li — 2h
e r r ---------------- e r l -------------

2(Dt)112 2(Dt)112

2
4.K s 

к

1/2
(31)

th e  connec tion  betw een  tK and  th e  so lu b ility  p ro d u c t can b e  d e te rm in ed . F ro m  
curves, especia lly  fro m  K c— t^2 i t  can  be seen th a t  K (x , t )  reach es tw ice  th e  so lu 
b ility  p ro d u c t. T his o f course can be  rea lized  only  in  cases w hen th e  re a c tio n  
volum e co m p ared  to  th e  ion sources is an  in fin ite  or sem i-in fin ite  one. In  th is  
case from  eq . (30) one can  d e te rm in e  a p p ro x im a te ly  th e  in i t ia l  an d  f in a l m o m en t 
of th e  m ass se p a ra tio n .T h is  also m eans t h a t  b y  th e  v a r ia tio n  o f h an d  L  th e  
ra te  o f th e  sep a ra tio n  o f  th e  c ry s ta llin e  p h ase  can be  v a ried .

2.3. Systems with tivo immiscible l iqu id  phases

A n o th e r questio n  w h ich  we in v e s tig a te  is th e  an a ly s is  o f system s co n 
ta in in g  tw o  m edia w hich  are  inso lub le  in  each  o th e r. I f  we h av e  ion  sources 
w ith  c o n s ta n t co n c e n tra tio n s  (s a tu ra te d  so lu tions in  th e  p resence  o f so lid  ra w  
m ateria ls) an d  one o f th e  m edia belongs on ly  to  th e  ion  sources, th e  co n cen 
tra tio n s  o f th e  re a c tin g  ions w ill be d iffe re n t, b u t  c o n s ta n t a t  b o th  sides o f  th e  
b o u n d aries . T he co n cen tra tio n s  m en tio n ed  above a re  d e te rm in ed  b y  th e  
d is tr ib u tio n  eq u ilib riu m  betw een  th e  liq u id  phases:

CbB
X  . (32)

In  eq. (32) ind ices a a n d  b re fer to  th e  d iffe ren t so lv en ts  an d  x  to  th e  d is t r i 
b u tio n  coeffic ien t. In  th e  m a th e m a tic a l t r e a tm e n t i t  m u s t be ta k e n  in to  
acco u n t t h a t  th e  d iffusion  coefficients h a v e  a d isc o n tin u ity  a t  th e  b o u n d a rie s  
and  fo r th e se  th e  co o rd in a tes  x  =  0 re sp . x  =  L  w ere chosen.

In  th e  m ed ium  “ а ”  (я; >  0) th e  d iffusion  coeffic ien t is D lA an d  in  th e  
m ed ium  “ 6 ”  i t  is d.lA <  0 ), th e  fo llow ing cond itions are  sa tisfied  a t  th e  
b eg inn ing  o f th e  d iffusion  process fo r th e  co m p o n en t A

x  <  0 a t  t =  0 , ClA =  CA , 

x  >  0 a t  t — 0 , C2A --- 0 .

F irs t o f a ll th e  m en tio n ed  d is tr ib u tio n  ap p ea rs  a t  th e  b o u n d a rie s . A fte r th is  
i f  we assum e th a t  a t  th e  in te rface  th e re  is no accu m u la tio n  o f d iffusion  s u b 
stan ce , we h av e
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D
а с 1А

1А D а с

ах  )х=,0
2 А

__2 А
дх

T h is  eq u a tio n  co rresponds to  eq . (1). I ts  so lu tio n  u n d e r th e  co n d itions m en 
tio n e d  here  in  a sem i-fin ite  o r in fin ite  m ed iu m  is given [3] b y :

C 2A (* , l) =
2 A

\1 I2 erfc

1A .

(33)

In  th e  reg io n  x  <  0 th e  c o n c e n tra tio n  d is tr ib u tio n  is u n ifo rm  and  eq u a l 
to  th e  s a tu ra t io n  c o n c e n tra tio n  o f th e  ra w  m a te r ia l (ion source).

T he tim e -d e p e n d e n t d is tr ib u tio n  o f th e  co m p o n en t В  can  be described  
b y  a s im ila r exp ression , th e re fo re  th e  c o n c e n tra tio n  p ro d u c t is

K ( x,  t) =  c" erfc
2  (В 2д*)1/:

erfc
2(D 2B t)V*

(34)

T h is eq u a tio n  is q u ite  s im ila r to  eq. (6 ) a n d  differs from  i t  on ly  in  th e  c o n s ta n t 
fa c to r , b ecau se

G enera lly , th is  m eans t h a t  th e  p ro b lem  can  be red u ced  to  th o se  in  p a ra g 
ra p h  2 .1 .

S im ila r so lu tions can  be  gained  if  o n ly  one of th e  ion  sources co n ta in s  
an  im m iscib le  so lven t in  th e  grow ing sy s tem . N a tu ra lly , in  th is  case th e  
expression  fo r  th e  c o n s ta n t fac to r  is s im p le r th a n  th a t  given b y  eq. (35). 
I f  th e  c o n c e n tra tio n  of one or b o th  o f th e  ion  sources is ch an g in g , th e  su itab le  
so lu tions a re  s im ila r to  th o se  given in  2 .2 .

2.4. Liquid-gas systems

All th e  foregoing re m a rk s  re fer to  th e  so lid -liqu id  sy s tem s. A p a rt from  
these  th e  liq u id -g as  and  th e  so lid -liqu id -gas system s resp . shou ld  he m en tio n ed , 
too . In  th e se  sy stem s one o f  th e  re a c tin g  co m p o n en ts  is in  th e  liqu id  phase  an d  
th e  o th e r is in  th e  gaseous p h a se  or i t  is th e  gas itse lf. E .g . in  th e  p re p a ra tio n  
o f c a rb o n a te s  or sulfides th e  an ion  source  can  be C 0 2 an d  H 2S resp . as a gas. 
T he p a r t ia l  p ressu re  o f th e  gases d e te rm in es  th e  c o n c e n tra tio n  o f th e  ion  
source. A cco rd ing  to  H e n ry ’s general law  an d  using  th e  a c t iv i ty  coeffic ien t 
o f  yx we h a v e
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У х*Т (36)

w here X j  is th e  m ol frac tio n  o f so lved  gas a t  s a tu ra tio n , f t i ts  fu g ac ity  a n d  
к " is c o n s ta n t. T he p a r t ia l  p re ssu re  o f th e  so lved  gas m u s t he low  d u rin g  
th e  grow ing p rocess because th e  r a te  of n u c lé a tio n  m ust also be  low . S im ila rly  
to  th e  case o f d ilu te  so lu tions th e  fugacities f i can  be s u b s ti tu te d  b y  p a r t ia l  
p ressu res , or b y  choosing  fc" s u ita b ly ; i t  c an  be  expressed  in  a rb itr a ry  co n 
c e n tra tio n  u n its . I f  th e  m en tio n ed  cond itio n  is sa tisfied  th e  gas beh av es as a 
p e rfec t gas an d  we have

Pi  =  R T Ci (37)

an d  H e n ry ’s L aw  can be described  b y  th e  fo llow ing exp ression :
C s ° l

(3 8 )

w here is th e  O stw ald  a b so rp tio n  coeffic ien t for th e  i- th  co m p o n en t o f  
th e  gas.

T he sim p lest case occurs w hen th e  ion so u rce  in th e  liq u id  ph ase  co rres
ponds to  th e  f irs t  ty p e  o f ion source d iscussed  w ith  a c o n s ta n t c o n cen tra tio n  
(see 2.1). I f  we t r e a t  th e  gaseous p h ase  as an  in f in ite  m ed ium  (th e  re a c tin g  
com pound  is e.g . th e  C 0 2 o f th e  a ir) th e  w hole  p rob lem  is re d u ced  to  th a t  
t r e a te d  in  2.1 (see eqs. (6 ) and  (34). N am ely , in  th is  case th e  c o n cen tra tio n s  
o f b o th  ion sources are  c o n s ta n t in  tim e . T h e  co n cen tra tio n  o f  th e  ca tio n  
source is d e te rm in ed  b y  th e  so lu b ility  of th e  su ita b le  raw  m a te r ia l, th e  co n 
c e n tra tio n  of th e  an ion  source b y  H e n ry ’s Law'.

T hese con d itio n s often  are  n o t  fu lfilled  b ecau se  th e  re a c tio n  vo lum e is 
fin ite  an d  C°B g en era lly  has a sm all v a lu e , th e re fo re  we m ust ta k e  in to  acco u n t 
a re flec tio n  o f th e  ion  flow  d irec ted  to w ard s th e  so lu tion  in te rfa c e . I f  we w a n t 
to  e lim in a te  th e  re flec tio n  effec ts, th e  value o f  C fas m ust be ra ise d . G enerally  
th is  can  on ly  be ca rried  o u t b y  u sin g  a closed g row ing  a p p a ra tu s . I f  th e  gaseous 
p h ase  is fin ite , a t  th e  gas-liqu id  in te rfa c e  th e  c o n cen tra tio n  o f re a c tin g  gas 
c o n tin u o u sly  decreases because o f  its  d isso lu tio n . This decrease in  co n cen t
ra tio n  causes a d iffusion  d irec ted  to w ard s  th e  b o u n d a ry  an d  th is  m eans th a t  
th e  p ro b lem  is m a th e m a tic a lly  q u ite  sim ilar to  tho se  in v e s tig a te d  in  2.3.

As th e  d iffusion  coeffic ien ts m easured  in  gas an d  liq u id  essen tia lly  
d iffer from  each o th e r  i t  is possible to  ap p ly  eqs. (34) and (33) to  o u r p rob lem . 
T he so lu tion  for in f in ite  gas phase  is sim pler th a n  for the  m en tio n ed  liqu id- 
liqu id  p rob lem , because  if

D„
D

“3- <t 1,0 an d  Q <  1,0

th e  te rm s  Q
D l i q

/2
g a s

D
in  eq . (34) are  negligible.

g a s  .
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A fte r  th e  su b s ti tu t io n  o f su ita b le  values fo r th e  d is tr ib u tio n  o f  th e  
co m p o n en t o rig in a ted  fro m  th e  gas p h ase  in to  eq . (33), we have

Cliq (*> t) =  QCB erfc
X

2  (B Ilqi ) 1/2
(39)

an d  th e  c o n c e n tra tio n  p ro d u c t fu n c tio n  can  be c o n s tru c te d  b y  m u ltip lica tio n  
o f c e r ta in  d is tr ib u tio n s  o f th e  ty p es  m en tio n ed . G enera lly , th e  q u o tie n t  of

Fig .  8. The concentration  p roduct curves in  the range of 0 <  x  <  L  for system s containing 
tw o im m iscible liquids and a gas phase a t Х)2д =  D ß  and m =  n =  1,0

th e  d iffu sion  coeffic ien ts in  liq u id  a n d  gas is a b o u t 10 ~5. P ra c tic a lly  th is  
m eans t h a t  in  case th e  gas vo lum e is la rg e  en o u g h , th e  c o n c e n tra tio n  d is tr i
b u tio n  in  th e  gaseous p h ase  re m a in s  u n ch an g ed  fo r all t. T h ere fo re  th e  
so lu tio n  o f th e  p ro b lem  co rresponds to  eq . (6 ) a n d  (34), re sp ., and  d iffe rs  from  
th e m  in  th e  c o n s ta n t fac to r . In  som e cases th is  fa c to r  is sim ilar to  C11, b u t  i t  
c o n ta in s  O stw a ld ’s coeffic ien t in s te a d  o f  x.

I f  we com bine  system s w here  th e  c o n c e n tra tio n  of one ion  source is 
tim e  d e p e n d e n t (e.g. one of th e  io n  sources is a f in ite  volum e gas an d  th e  
o th e r  a  s a tu ra te d  so lu tio n  w ith  so lid  ra w  m a te ria l)  we ge t so lu tio n s  for th e  
c o n c e n tra tio n  p ro d u c t w hich  m a y  be  expressed  b y  func tions w h ich  were 
d esc rib ed  above. I f  one o f th e  ion sources co rresponds to  eq. (6 ) a n d  th e  o th e r 
to  eq . (26) th e  expression  d esc rib in g  th e  ion d is tr ib u tio n  is th e  follow ing:
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K ( x , t )  =
(C°A)m(QC°Br

2n
erfc

2  ( D a í )1'2
X

X erf
L + h

2  ( D B t)H
erf L  — h +  X l n

2 ( D B t)l s

(40)

w here  L  is th e  to ta l  h e ig h t of th e  sy stem , h is tw ic e  as high as th e  gas-cy linder 
a n d  D a  an d  D B a re  th e  d iffusion  coefficients.

In  case of sy stem s c o n ta in in g  im m iscible liq u id  m edia s im ila r  expressions 
can  be  gained  fo r th e  co n cen tra tio n  p ro d u c t ev en  i f  th e  co n c e n tra tio n  o f one 
o f  th e  ion sources is changing  in  tim e . In  th ese  expressions we c a n n o t neg lec t 
th e  te rm  (Д , / / ) , ) 1 2̂ because  I)2 D-y. For m =  n  =  1 and th e  ty p e  of co n c e n t
ra tio n  p ro d u c t fu n c tio n  is th e  follow ing:

K ( x ,  t) =
* C \  C%

1  - ( -  X
D , 
D

U/2

1A

í r  h + x  I r  h ~ x  1 r  L  — x{ e r l ------------------- f- e r i -----------------1 e r i c ----------------
I 2 (D B f)i« 2(DB t yi* J 2( D A t ) ^

(41)

T he cu rv es show n in  F ig . 8  co rrespond  to  eq. (41). T he n u m b ers  on th e  cu rves 
re fe r to  th e  d iffe ren t values o f 2 (D t)1̂2, th e  c o n s ta n t  CU 1 is th e  c o n s ta n t fa c to r  
befo re  th e  e rf an d  erfc fu nc tions in  eq. (41).

3. The reflection of the ion  flow

A ll m en tio n ed  so lu tions o f th e  d iffe ren tia l eq u a tio n  g o v ern in g  diffusion 
co rresp o n d  to  sem i-in fin ite  or in f in ite  m edia. T h e  foregoing  co n sid e ra tio n s 
are  s tr ic t ly  co rrec t in  th e  f irs t s ta g e  of n u c lé a tio n . I f  th e  so lu b ility  o f th e  
fo rm in g  com pound is h igh  or if  th e re  is a la rg e  difference b e tw een  th e  r a te s  
o f o p p o site ly  d irec ted  ion  flow s, th e  problem  is co m plica ted  b y  th e  reflec tions 
o f  th e  ion  flow s. T he re flec tio n  a p p e a rs  a t  th e  b o u n d a rie s  and  e n tire ly  changes 
th e  c o n cen tra tio n  d is tr ib u tio n . T h is  exp la ins w h y  a f te r  some tim e  th e  co n cen 
tr a t io n  p ro d u c t fu n c tio n  shows d iffe ren t, seco n d a ry  tim e -d e p e n d e n t m ax im a 
or m in im a .

In  th is  case th e  cond ition  t h a t  c should te n d  tow ards zero  i f  x  -> ° °  
m u s t be  changed  fo r th e  co n d ition  th a t  th ro u g h  th e  b o u n d aries  th e re  is no  
flow . T h e  cond ition  to  be sa tisfied  a t  the  im p erm eab le  b o u n d a ry  is

an d

a c A
Qx

=  0  a t  x  =  L  for c o m p o n e n t A ,

a C r 
8 *

=  0 a t  x  =  0 for c o m p o n e n t В  .
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T his co n d itio n  is sa tisfied  if  we re f le c t th e  co n c e n tra tio n  d is tr ib u tio n s  
a t  th e  b o u n d a rie s , a n d  superpose  th e m  on th e  o rig in a l d is tr ib u tio n . M ath e
m a tic a lly  th e  re su ltin g  reso lu tio n  is g iven  b y  an  in fin ite  series, w hich  converges 
q u ite  ra p id ly . As th e  d iffe re n tia l eq u a tio n  is lin ear, th e  superp o sitio n  is allow ed 
a n d  th e  re su ltin g  in f in ite  series is th e  so lu tio n  of th e  p rob lem .

F o r a d e ta ile d  s tu d y  i t  is a d v a n ta g e o u s  to  use  th e  L aplace tra n s fo rm  
Qf  th e  ex p ressio n . As

c (x, t) =  j" exp  ( — p t ) C ( x , t ) d t  (42)
6

th e  tra n sfo rm e d  fo rm  o f eq . (1 ) is

J 2 Q  _

—-—  =  q~ c in  th e  in te rv a l  0 <  x  <  L , (43)
d x 2

w here q2 =  P /D  an d  L is  th e  len g th  o f th e  grow ing sy s te m . F irs tly  w e in v e s ti
g a te  th e  case o f  ion sources w ith  c o n s ta n t  co n c e n tra tio n s  (see 2.1). A s i t  was 
d esc rib ed  in  2 . 1  co n d itio n s are

c =  c0, x  — 0  , i 0  ,

c =  0 , лс >  0  , i =  0 .

In  f in ite  sy stem s w ith  a le n g th  L a n d  w hen th e re  is re flec tio n  o f th e  ion  flows 
th e  m en tio n ed  co n d itio n s m u s t be co m p le ted  w ith  th e  cond ition  o f  im p erm e
ab le  b o u n d a rie s  described  above . In  th is  case th e  co n d itio n s for th e  solution 
o f  th e  tra n sfo rm e d  d iffe ren tia l e q u a tio n  for th e  co m p o n en t A  a re

dc A
------ =  0, a t  x  =  L ,
d x

cA — —  CA a t  x  — 0

P

an d  th e  e x a c t so lu tion  is

Ca°a c o s h qA (L — x)
С д  —  --------  •

p  cos h q A L

A  sim ila r so lu tio n  can be gained  fo r th e  c o m p o n en t B:

C°B coshqB x
Cß — ------  ■ •

p  cos/i qB L

(44)

(45)
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T he h yperbo lic  functions can  be expressed  in  term s o f  n e g a tiv e  expo
n e n tia ls  a n d  e x p an d ed  in  a series accord ing  to  th e  b inom inal th eo rem .

C°
cB =  —  {ex p [— qB (L  — x)\  +  exp  [ — qB (L +  *)]} x  

P

X —  V 'e x p ( - 2 j q B L )  
i »

A fter su itab le  m u ltip lica tio n  we h a v e

,  C°B ^  ( У  exp [ q B  [(2j  +  1 ) L - x \
P  ly=0

+  J f  ( ~ ) J e x p { —  qB [ ( 2 /  +  1 ) L  +  * ] }

7 = 0

(46)

(47)

As

—xp ( qx). _  e r fc . -
2 ( D t ) v 2

(48)

from  eq. (47) we get th e  solu tion  o f  eq . (1) for a f in ite  system  sa tis fy in g  th e  
co n d itions described  ab o v e . This is

CB ( * , i ) = c d v ( - У erfc M ± D l ! _ ? L
b=o 4D Btyr-

ÿ '  ( _ y  erfc  S 2L + 1) L +  *  
И  2  ( Í V ) 1' 2

T he so lu tio n  for th e  com ponen t A  is sim ilar

(49)

CA ( x , t )  =  C°A У ' ( - У  erfc -(2 j +  L -----^ +
и  4 D A t y i 2

+  ( — У erfc
i = o

(2j  +  1 ) L + ( L - x )
2  (DA tyi*

(50)

W ith  eqs. (49) an d  (50) th e  c o n c e n tra tio n  p ro d u c t can  be g iven . B o th  func
tio n s converge q u ite  ra p id ly  a t sm a ll va lues of D t / L 2.
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I f  D t / L 2 <  2, i t  is su ffic ien t to  p a y  a t te n tio n  to  th e  f irs t tw o  te rm s o f 
th e  in f in ite  series. F o r  D . / L 2= 1 th e  th i rd  te rm  o f eq . (49) is on ly  0,0008, for 
D t/L 2 =  0,25 a lre a d y  th e  second te rm  is only  0 ,0001.

In  F ig . 9 th e  c o n c e n tra tio n  p ro d u c t  c o n s tru c te d  from  eqs. (49) and 
(50) can  b e  seen fo r D a  =  D b . All c u rv e s  a re  n o rm a lised  to  th e  L/2 v a lu e  in  order 
to  m ak e  co m p ariso n  possib le . I t  can  b e  seen th a t  th e  reflexion e ffec ts  a t  f irs t 
cause th e  b ro a d e n in g  o f  th e  cu rves a n d  th e n  a s tro n g  rise  of th e  c u rv e s  can be 
observed  a t  th e  b o u n d a rie s . B ecause o f  th is  ra p id  in c rease  a t  th e  e n d  po in ts

Fig. 9. The concentration  product curves in  case of reflection  of the ion f lo w s. All curv
es are norm alized  to  the L /2 value. The num ber on th e  curves are the va lu es of 2 (D i)'/2 

at D a  =  D g  and m =  n — 1, The len g th  of the reaction  volum e is 5 ,0  cm

fo r la rg e  tim es th e  m ax im u m  cu rv e  changes to  th e  m in im um  c u rv e . F ro m  
th e  F ig u re  i t  is e v id e n t th a t  th e re  is a co n tin u o u s  tran s itio n  b e tw een  th e  
cu rv es in  tim e . D u rin g  th is  t ra n s i t io n , som e c o n c e n tra tio n  p ro d u c t  curves 
co rresp o n d in g  to  x  =  c o n s t, c a n  b e  found . I f  th e  so lub ility  p ro d u c t  falls 
w ith in  th e se  ran g es  o f  th e  cu rv es , a f te r  th e  s e p a ra tio n  on th e  io n  sources 
th e  n u c léa tio n  in  th e  w hole sy s te m  begins su d d e n ly . This is fav o u ra b le  for 
th e  fo rm a tio n  o f  hom od isperse  sy s te m s , in  c o n tr a s t  to  cases o f  com pounds 
w here th e  so lu b ility  p ro d u c t is a b o u t 1 0  ~10.

A  sim ila r t r e a tm e n t  can  be ap p lied  to  ion so u rces  w hen th e  c o n c e n tra tio n  
is tim e -d e p e n d e n t. T he so lu tion  co rresp o n d in g  to  eq . (26) and  ta k in g  re flec
tio n  in to  co n sid e ra tio n  is th e n  [3]

0 1.0 2.0 3.0 4.0 5.0

CA (:X, t) =
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F or th e  co m p o n en t В  th e  so lu tion  is

c B(x,t) =  —  c%2 '
Ä j  =  0

e rf
h  +  2 / L  — (L  — x)

2  ( Ö a í ) 1/2

+  e r f - ^
2j L  +  ( L - x )

2(PAt)1/2

E qs. (51) and  (52) sim ila rly  to  eqs. (49) a n d  (50) converge  rap id ly , th e re fo re  
in  th e  f irs t  perio d  of d iffu sion  grow ing th e  f irs t te rm s o f  th e  series d escribe

Fig. 10. The curves K (x ,  t ) /kl in  case of reflection  of the ion  flow s and tim e-dependent 
ion  sources. The numbers on the curves refer to  the values o f  th e  2(Dt)1/2. A ll th e  other 

data correspond to th e  data of F ig. 9

th e  process ex ac tly . T h e  fu n c tio n  K ( x , t ) co n stru c ted  from  th e  m en tio n ed  
functions can  he  seen in  F ig . 10. T h e  co n cen tra tio n  p ro d u c t cu rv es  show  
th e  d is tr ib u tio n s  a t  g iven va lu es  of 2(Dt)112 w ith  D A= D B. T he shape o f  K ( x ,  t) 
is sim ilar to  t h a t  in th e  fo regoing  case o f  reflection  d is tr ib u tio n , b u t  fo r th e  
tim e-d ep en d en t increase o f  th e  d ecreasing  c o n cen tra tio n  o f th e  ion  sources 
a t  x  =  0  a n d  x  — 1 in  tim e .

A m ong th e  c o n c e n tra tio n  p ro d u c t cu rves m en tio n ed  we fin d  som e w ith  
ex tensive  h o rizo n ta l sec tio n s as in  th e  foregoing re flec tio n  d is tr ib u tio n s . 
This m eans th a t  in  su ch  system s th e  ex ten d ed  n u c lé a tio n  and  fo rm a tio n  
of hom odisperse  partic le -s ize  d is tr ib u tio n s  is also p o ssib le .
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As we h a v e  m en tio n ed , th e  reflex ion  problem s a re  im p o r ta n t in  th e  
cases, w hen  th e  v alue  o f th e  so lu b ility  p ro d u c t  is above 10 ~3. As has a lre a d y  
been  d esc rib ed  in  th e  lin e a r  case th e  m a th e m a tic a l d esc rip tio n  is d iff icu lt. 
In  th re e  d im ensions th e  re flec tio n  d is tr ib u tio n s  are m ore co m p lica ted . As th e  
p ro b lem  occurs v e ry  ra re ly  in  th e  d iffusion  grow ing, we do  n o t exam ine i t  
in  d e ta il. I t  is su ffic ien t to  n o te  th a t  b y  th e  superp o sitio n  o f  erf and erfc  
fu n c tio n s  in  p rin c ip le  all th e  cases can be so lv ed .

C onclud ing , we shou ld  lik e  to  rem ark  t h a t  th e  p ro b lem  tre a te d  is o n ly  
th e  f irs t , b u t  v e ry  im p o r ta n t s ta g e  o f th e  g row ing  process. W ith o u t th e  k n o w 
ledge o f th e  fa c to rs  in flu en c in g  nu c léa tio n  th e  prob lem  o f grow ing  processes 
c a n n o t be  ex am in ed .
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ВОЗНИКНОВЕНИЕ КРИСТАЛЛИЧЕСКИХ ОЧАГОВ ПРИ ДИФФУЗИОННОМ 
ВЫРАЩИВАНИИ КРИСТАЛЛОВ

Э. ЛЕНДВАИ

Р е з ю м е

Из растворов диффузионным переносом вещества можно выращивать и практи
чески нерастворимые кристаллы. Как первый этап диффузионного процесса должны 
осуществляться такие распределения концентрации, произведение которых достигает 
или превышает произведение растворимости. При достижении произведения раствори
мости начинается выделение твёрдой фазы. При помощи диффузионного переноса, при
менением различных ионных источников и выбором соответствующей геометрии системы 
имеется возможность для регулировки времени начала, области и скорости образования 
очага. Все три фактора решительным образом влияют на морфологические свойства выде
ляющейся фазы. В работе, исходя из временной зависимости распределений концент
рации, исследуется роль параметров, оказывающих до начала образования очагов влия
ние на диффузионный перенос вещества.
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A RE-DETERMINATION OF THE HALF-LIFE 
OF RUBIDIUM-87

B y

A. K o v a c h

IN ST ITU TE OF NUCLEAR RESEA RCH  OF T H E  HUN G ARIA N  ACADEM Y O F SCIENCES,
D E B R E C E N

(Presented b y  A . Szalay. — R eceived 16. II. 1964)

A determ ination of the half-life o f rubidium -87 was made b y  liquid  scintillation tech 
niques, using natural rubidium. For the half-life a value of Т 1/г =  (4 ,77  +  0 ,10).1010 years 
was obtained.

Introduction

T he so-called  ru b id iu m -s tro n tiu m  m eth o d  has b ecom e o f g rea t im p o r t 
авсе in  ab so lu te  geochronology  d u rin g  th e  p a s t years. T h e  need  for in c rea sed  
accu racy  of ab so lu te  age d a ta ,  how ever, requ ires a m ore  precise know ledge 
o f  th e  decay  c o n s ta n t o f  ru b id iu m -8 7  th a n  has been o b ta in e d  up  to  now .

T here  are  essen tia lly  tw o  m eth o d s suggested  fo r th e  d e te rm in a tio n  of 
th e  half-life  o f ru b id ium -87  d iffering  fro m  each o th e r  in  basic p rin c ip les . 
T he decay  c o n s ta n t can be d e te rm in ed  e ith e r  by  th e  d ire c t  m easu rem en t of 
th e  specific a c tiv ity  of ru b id iu m -8 7  (o r t h a t  of th e  n a tu r a l  e lem ent) itse lf, 
or on th e  o th e r  h and  b y  d e te rm in in g  th e  am o u n t of rad io g en ic  s tro n tiu m -8 7  
form ed b y  th e  decay o f ru b id iu m -8 7  in  m inerals o f k n o w n  ab so lu te  age. 
T he v alue  o f th e  decay c o n s ta n t, su p p ly in g  th e  m easu red  p a re n t/d a u g h te r  
ra tio  th ro u g h  a know n tim e  in te rv a l c an  be d e te rm in ed  in  th is  case w ith  
th e  a id  o f th e  ex p o n en tia l law  o f ra d io a c tiv e  decay.

T he R b 87—Sr87 d ecay  is know n to  b e  a n o n -u n iq u e  th ird -fo rb id d e n  3 + 
b e ta  tra n s it io n . A lthough  th e  m ax im al en e rg y  of th e  b e ta  sp ec tru m  is r a th e r  
h igh , a b o u t 275 keV [1], because  o f th e  h igh ly  fo rb id d e n  sp ec tru m  shape 
m ost o f th e  em itted  b e ta  pa rtic le s  e x h ib it  low  energ ies, th e  average en erg y  
o f  th e  sp e c tru m  being less th a n  a b o u t 40 keV.

In v e s tig a tio n s  co ncern ing  th e  sh a p e  of th e  sp e c tru m  and  su p p ly in g  
u n ifo rm  resu lts  [1], [2], [3] show  a s te a d y  rise  o f th e  sp e c tru m  w ith  decreasin g  
energy . T he in v es tig a tio n s  quo ted  a b o v e  give re liab le  in fo rm atio n  a b o u t 
th e  sp e c tru m  shape dow n to  a b o u t 6 — 8  keV , b u t  th e re  is no  reason  to  suppose  
th a t  i t  w ould ex h ib it a b eh av io u r d iffe rin g  from  th e  g en era l p ic tu re  below  
th is  lim it.

T he d e te rm in a tio n  o f  th e  half-life  o f ru b id ium -87  w as th e  su b je c t of 
severa l in v es tig a tio n s  — b u t  th e re  is consid erab le  d isag reem en t in  th e  va lu es
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o b ta in e d  [1 ]— [29], these  ra n g in g  from  4,3  • 1010 y e a rs  to  ab o u t 6,5 • 10 10 

y e a rs , i f  tw o  o ld e r an d  m uch  h ig h e r va lues [6 ], [7] are  o m itte d . R ecen t in v e s 
t ig a tio n s  c a rr ie d  o u t on m in e ra ls  o f know n  ab so lu te  age [4], [5] in d ic a te  a 
v a lu e  o f  a b o u t 5 • 1010 y ea rs  to  be  th e  m ost p ro b ab le . T h e re  rem ain s, h o w ev er, 
th e  q u es tio n  w h e th e r  th e  basic  age values do  indeed  re p re s e n t th e  rea l age o f  
th e  m in era ls  in v e s tig a te d , or w h e th e r th e  v a lu e  above g ives only a “ g eo 
ch em ica l”  ha lf-life , su p p ly in g  c o n c o rd a n t age re su lts  as co m p ared  to  o th e r age  
e s tim a tio n  m e th o d s . A lth o u g h  a carefu l se lec tio n  of th e  m a te r ia l  to  be u sed  
e v id e n tly  p reced es in v e s tig a tio n s  o f  th is  k in d , th e  e rro r  o f  th e  fina l h a lf-life  
v a lu e  w ill a lw ays depend  on th e  u n c e r ta in tie s  of th e  o rig in a l age d a ta .

T he f ir s t  m easu rem en ts  concern ing  th e  d e te rm in a tio n  o f th e  specific  
a c t iv i ty  o f ru b id iu m  b y  p h y s ic a l m ethods h a v e  been c a rr ie d  o u t m ain ly  b y  
gas c o u n te rs . H ow ever, ow ing  to  th e  low  specific  a c t iv i ty  an d  to  th e  lo w  
av e rag e  en erg y  o f  th e  b e ta  p a r tic le s , g rea t d ifficu lties aro se  in  p rep arin g  th e  
sou rces, an d  la c k  o f  in fo rm a tio n  a b o u t th e  sh ap e  of th e  sp e c tru m  m ade th e  
co rrec tio n s  fo r ab so rp tio n  a n d  se lf-ab so rp tio n  losses in e v ita b ly  u n c e r ta in .

R ecen tly , sc in tilla tio n  m eth o d s  becam e p re v a le n t in  th e  s tu d y  o f th e  
specific  a c t iv i ty  o f  ru b id iu m . M uch low er energ ies can b e  m easured  b y  th is  
m e th o d  an d  a t  th e  sam e tim e  th e  g eom etrica l efficiency is a lso  n ea r to  1 0 0 %  
b ecau se  th e  source  is in c o rp o ra te d  in to  th e  d e te c to r  itse lf .

In  T ab le  1 av a ilab le  l i te r a tu r e  d a ta  on th e  half-life o f R b 87 are sum m arized  
q u o tin g  th e  n a m e  o f th e  a u th o r(s ) , y ea r o f  p u b lic a tio n  a n d  th e  m ethod  e m 
p lo y ed . C om plete  d a ta  on th e  so u rce  m a te ria l a re  given in  th e  references a t  th e  
en d  o f  th is  p a p e r .

F ro m  th e  d a ta  in c lu d ed  in  T ab le  1 i t  m ay  be seen t h a t  even re su lts  
o b ta in e d  in  th e  la s t  years b y  em ploy ing  a c c u ra te  m ethods are  in  considerab le  
d isag reem en t, th e  s c a tte r  o f v a lu es  being  b y  f a r  la rger th a n  th e  ex p e rim en ta l 
e rro rs  g iv en . I t  sh o u ld  be n o te d  how ever, t h a t  a t  th e  p re s e n t  tim e  th e  v a lu e  
g iven  b y  F l y n n  a n d  Gl e n d e n in  [1], o b ta in e d  b y  liq u id  sc in tilla tio n  te c h 
n iq u es  a n d  e q u a l to  4,7 • 1010 y e a rs  can  be  accep ted  as th e  m ost p ro b ab le  
o n e , a lth o u g h  th is  v a lue  needs s ti l l  fu r th e r  co n firm a tio n .

E x p erim en ta l m ethods

In  th e  m easu rem en ts  re p o r te d  here th e  d e te rm in a tio n  o f the  specific  
a c t iv i ty  o f ru b id iu m  has been c a rr ie d  o u t b y  m ean s o f liq u id sc in tilla tio n m e th o d s  
a n d  b y  em p lo y in g  an  R b-d o p ed  N E  220 (m ad e  b y  N u clear E n te rp rise s  L td . ,  
E n g la n d ) a n th ra c e n e  P O P O P  +  d ioxane liq u id  s c in tilla to r . In  o rd er to  
d im in ish  th e  q u en ch in g  effec t, ru b id iu m  w as b u i l t  in to  th e  sc in tilla to r  so lu tion  
in  th e  fo rm  o f R b -o c to a te  (R b  s a lt  fo rm ed  w ith  2 -e th y lcap ro ic  acid) w hich  
w as p rep a red  as follow s:
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Table 1
Literature data on the half-life  o f rubidium-87

Half-life 
in units of 
1010 years

Method
A uthor(s) and  year 

of pub lication

7,5 Measurement of Sr/Rb 
ratio in minerals of known 
age

O. H a h n —M. R o th en b a c h , 1919 [6]

12,0 Proportional counter W . M ü h lh o ff , 1930 [7]

4,4 Cloud chamber G. O rbá n , 1931 [8]

6,3 Measurement of Srs,/R b8T 
ratio in minerals o f known 
absolute age

F . Stbassm ann—Б . W a ll in g , 1938 [9]

7,5 Measurement of Sr/Rb 
ratio in  minerals o f known 
absolute age

P . H. Chau d hu ry , 1942 [10]

5,80 ±  1,00 GM counter S. E k l u n d , 1946 [11]
6,50 ±  0,60 2л  GM counter O. H a x e l —F. G. H o u term a n s—M. K e m 

m e r ic h , 1948 [12]
6,00 ±  0,60 2 л  GM counter M. K em m erich , 1949 [13]
6,15 ± 0 ,3 0 High pressure proportional 

counter
S. C. Cu rra n —D. D ix o n —H. W. W il s o n . 

1951 [14] [15]
5,90 ±  0,30 R b l(T l) scint. crystal G. M. L ew is , 1952 [16]
6,23 ±  0,30 Gas counter. Sample enrich

ed in Rb87
M. H . McGreg o r—M. L .W ie d e n b e c k , 1952 

[17] [18]
4,8 4л  GM counter I. Ge e s e -B änisch—E . H u st e r —W . W a l - 

c h e r , 1952 [19]

4,30 +  0,30 
-  0,20

4л  GM counter I. Ge e s e -B ä n isch—E . H u st er , 1954 [20] 
[21] [22]

6,10 ±  0,20 GM counter J .  F l in t a —S. E k l u n d , 1954 [23]

5,00 ±  0,20 Measurement of Sr87/R b87 
ratio in  minerals o f known 
absolute age determined 
by U/Pb m ethods

L. T . Aldrich  -  e t  al. 1956 [4] [24]

4,60 ±  0,50 Measurement o f Sr87/R b87 
ratio in minerals of known 
absolute age determined 
by the К /A  m ethod

K . F r it z e —F. Str a ssm a n n , 1956 [25]

4,88 ±  0,20 4л  GM counter W . F . L ib b y , 1957 [26]

4,70 ±  0,05 Rb-doped liquid scintillator K . F . F l y n n —L. E . G l e n d e n in , 1961 
[27] [1]

5,00 ±  0,20 Measurement of Sr*7/R b87 
ratio in minerals o f known 
absolute age determined 
by К /A  m ethod

G. B . Ov tshin n iko v a , 1960 [5]

5,82 ±  0,10 R b l(T l) scint. crystal E . E g elk ra u t—H . L e u t z , 1961 [2]

5,53 +  0,10 Rb-doped N a l(T l)  scint. 
crystal

G. B. B ea r d —W . H . K e l l y , 1961 [3]

5,25 +  0,10 4л  proprtional counter A . M cN a ir - H. W. W il s o n , 1961 [28]

5,80 +  0,12 R b l(T l) scint. crystal H . L e u t z—H. W e n n in g e r —K. Zie g l e r . 
1962 [29]
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An a n io n  exchange co lu m n  was m a d e  o f D owex 1 x 4 ;  50 —100 m esh  
an io n  ex ch an g e  resin , w h ich  w as tre a te d  w ith  10% N a O H  so lu tion  an d  th u s  
co n v erted  in to  alkaline fo rm . T hrough  th e  co lum n, in o rd e r  to  produce ru b i
d iu m  h y d ro x id e  a so lu tion  o f  RbCl (M erck , reagen t g ra d e ) was led . T h e  
ru b id iu m  h y d ro x id e  so lu tio n  o b ta ined  a t  th e  b o tto m  o f  th e  colum n a n d  
c o n ta in in g  n o  C l-  ions a t  a ll was e v a p o ra te d  under v a c u u m  to  a m in im a l 
vo lum e, an d  th e n  co n tac ted  w ith  ab o u t 1 0 %  excess of 2 -e th y lcap ro ic  (octo ic) 
ac id  (F lu k a , re a g e n t g rad e). T he R b -o c to a te  so lu tion  w as th en  e v a p o ra te d  
w ith  a b so lu te  e th an o l u n d e r  v acu u m  se v e ra l tim es to  rem o v e  the  re s id u a l 
w a te r  from  th e  p re p a ra tio n . T h e  R b -o c to a te  sam ple was o b ta in e d  in  th e  fo rm  
o f  a v e ry  v isco u s sy rup , w h ich  was d isso lv ed  in a sm all a m o u n t of N E  220 
liq u id  s c in ti l la to r  to  get a free  flow ing liq u id , as our p rev io u s  ex p e rim en ts  
h a v e  show n, t h a t  R b -o c to a te  is well so lu b le  in  d io x an e . T he stock  so lu 
tio n  o b ta in ed  in  th is  w ay  w as th en  used fo r  th e  m easu rem en ts  a fte r fu r th e r  
d ilu tio n  w ith  th e  liquid s c in tilla to r .

T he a c tiv it ie s  of th e  sam ples w ere m easu red  in  a n  ID L  2022 L iq u id  
M easuring H e a d , o rig inally  c o n stru c ted  fo r  tr i t iu m  an d  ca rbon-14  d e te rm in 
a tio n s . T h e  u sed  m easu rin g  head  c o n ta in s  tw o RCA  6292 p h o to e lec tric  
m u ltip lie rs  m o u n te d  in to  a le ad  shield ing a n d  “ view ing”  fro m  b o th  sides a 
f la t  glass c u v e tte  of 6  m m  in n e r  th ic k n e ss , 28 m m  in n e r  d iam ete r an d  o f  
a b o u t 1 m m  w a ll th ickness. T h e  volum e o f th e  cu v e tte  w as fo u n d  to  be 3 ccm .

Signals fro m  th e  tw o  m ultip liers  w ere  sum m ed b y  a sim ple a d d in g  
c ircu it. T he su m m ed  signals w ere led th ro u g h  a ca th o d e  follow er and  a f te r  
a b o u t 1 m icrosec . delay  to  a n  ID L  652 W id e  B and A m plifie r. A m plified  
signals w ere fed  in to  a N u c lea r  D ata  m u ltic h a n n e l a n a ly se r . Sum m ing th e  
pu lses from  b o th  sides re su lte d  in an im p ro v em en t in  th e  signal-to -noise  
ra t io , as pu lses o rig in a tin g  f ro m  sc in tilla tio n s in  the  so lu tio n  and  thus a p p e a r 
in g  on b o th  m u ltip lie rs  h a v e  go t d o u b led  am p litu d es, w hile  noise p u lses 
a p p e a r  on ly  w ith  single a m p litu d e s  — e x c e p t for th e  sp u rio u s  co incidences.

U n ifo rm  coincidence p u lses o b ta in e d  on an ID L  2032 Coincidence 
C on tro l U n it w ere  used a f te r  a p p ro p ria te  p u lse  shaping  to  o pera te  th e  g a te  
c irc u it o f th e  m u ltich an n e l an a ly se r. B y th e  use of th is  coincidence g a tin g  
th e  b a c k g ro u n d  due to  p h o to m u ltip lie r  n o ise  was e lim in a te d  — ex cep t o f  
course for th e  spurious co incidences, and  th e  to ta l b a c k g ro u n d  was red u ced  
to  b a ck g ro u n d  o rig in a tin g  f ro m  rad io ac tiv e  im p u rities  an d  cosm ic ra y  e ffec ts .

The b lo ck  schem e o f th e  m easuring  sy s te m  is d e m o n s tra te d  in F ig . 1.
The d e te rm in a tio n  o f th e  ac tu a l ru b id iu m -8 7  c o n te n t  o f th e  sam ples 

w as m ade su b se q u e n t to  th e  a c tiv ity  m easu rem en ts  w ith  th e  aid  of s ta b le  
iso to p e  d ilu tio n  techn iques. T h e  to ta l  a m o u n t of each sa m p le  solu tion  w as 
recovered  an d  ev ap o ra ted  to  d ry n ess , fo llow ing  th is th e  o rg an ic  c o n s titu e n ts  
w ere  d es tro y ed  b y  perchloric a n d  n itric  ac id s on a w ate r s te a m  b a th . R esid u a l 
perch lo ric  ac id  w as rem oved b y  m o d era te  h e a tin g  on a san d  b a th ,  and  ru b id iu m
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was co n v e rted  in to  a chloride form  b y  m u ltip le  e v a p o ra tio n  w ith  HC1. Prev ious 
in v es tig a tio n s  h av e  show n th a t  th e  p ro ced u re  a b o v e  does n o t cau se  a n o tice 
able loss o f ru b id iu m .

T he RbCl so lu tio n  was e v a p o ra te d  to  d ry n e ss , picked u p  ag a in  w ith  
som e w a te r  and  d ilu te d  to  a vo lum e d ep en d in g  on th e  e s tim a te d  ru b id iu m  
c o n te n t. T he d e te rm in a tio n  o f th e  e x a c t R b 87 c o n te n t  was m ade b y  th e  stab le  
iso tope  d ilu tio n  m eth o d , using  an  M I 1305 m ass sp ec tro m ete r w ith  a single

Fig.  1. B lock scheme of the apparatus used in  th e  activ ity  m easurem ents

f ila m e n t surface io n iza tio n  source. M olar a b u n d a n c e  of R b 87 in  th e  enriched 
sam p le  p roved  to  be^95 ,6% , th e  R b 87 c o n c e n tra tio n  of th e  en rich ed  spike sol 
ú tio n  w as 9,72 • 10 ~ 6 g R b 87/ccm . T he ru b id iu m  u sed  for our a c t iv i ty  m easure 
m en ts  p ro v ed  to  be o f n o rm a l iso top ic  co m p o sitio n . R e la tiv e  e rro r  in  th e  quan  
t i ta t iv e  R b 87 d e te rm in a tio n s  was less th a n  2 % .

Experimental results

T he in v es tig a tio n s  described  here  w ere n o t  u n d e rta k e n  in  an  e ffo rt to  
o b ta in  precise sp ec tru m  shapes, b y  ap p ly in g  a m u ltich an n e l a n a ly se r  only 
in te g ra l sp ec tra  offering  good possib ilities to  e x tra p o la te  in  th e  low  energy 
reg ion  h a d  to  be ach ieved . M easu rem en ts w ere c a rr ie d  ou t a t  th r e e  d ifferen t 
co n cen tra tio n  levels, o b ta in ed  b y  d ilu tin g  th e  s to c k  solu tion  in  a b o u t 1 : 1, 
1 : 2 an d  1 : 5 p ro p o rtio n s , b u t  th e  a c tu a l R b 87 c o n te n ts  were d e te rm in ed  in 
each  case in d ep en d en tly .

T he d ependence  of th e  quench ing  effect on th e  ru b id iu m  o c to a te  co n ten t 
o f th e  sc in tilla to r  so lu tion  w as in v e s tig a te d . As i t  is ra th e r  d ifficu lt to  ev a lu a te  
th e  b e ta  sp ec tru m  n e a r th e  m ax im al en erg y  an d  to  o b ta in  th e  e x a c t  en d -p o in t
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ih a n n e l n u m b e r th e  tra n s fo rm a tio n  o f th e  s p e c tra  in  a F e rm i—C urie p lo t 
s n e e d e d ; to  e v a lu a te  th e  re la tiv e  q u en ch in g  e ffec t an  e x te rn a l  ra d ia tio n  
ource w as  used.

A  C s137 source o f  a b o u t 10 mC source  s tre n g th  w as p laced  on to  th e  o u te r  
u rface  o f  th e  lead  sh ie ld in g  of a b o u t 6 cm  av erag e  th ickness a n d  c o n ta in in g

Fig. 2. R ela tive  am plitude heights obtained at various rubid ium  concentration levels. Rb- 
concentrations are expressed in  the actual R b 87 contents in  3 ccm  liquid scientillator. On a 

second ax is th e  corresponding am ount of rubidium  is shown

th e  c u v e tte  w ith  th e  R b-doped  liq u id  sc in tilla to r . B ecause o f th e  know n 
p ro p e rtie s  o f liq u id  sc in tilla to rs  n o  peaks d u e  to  ph o to effec t d id  a p p ea r 
in  th e  g a m m a -sp e c tra , b u t  th e  a b r u p t  f ro n t o f th e  C om pton edge w as v e ry  
easy  to  e v a lu a te . E n d -p o in t chan n e l v a lu es  w ith  re sp e c t to  th a t  o b ta in e d  w ith  
u n d o p ed  sc in tilla to r  y ie lded  a c o n v e n ie n t m easu re  o f  th e  q u en ch in g  effect. 
R e la tiv e  a m p litu d e  h e ig h ts  o b ta in ed  in  th is  w ay  a n d  re la ted  to  th e  a m p litu d e  
h e ig h ts  m easu red  w ith  u n d o p ed  N E  220 liqu id  sc in ti l la to r  are show n in  F ig . 2 
as fu n c tio n  o f th e  R b 87 co n cen tra tio n  (p ro p o rtio n a l to  th e  ac tu a l R b  concen 
tra tio n  as show n on a second axis) in  3 ccm  sc in ti l la to r  so lu tion .

T h e  e x p e rim e n ta l cu rve  g iven  in  Fig. 2 en a b le d  us to  d e te rm in e  th e  
b a c k g ro u n d  sp ec tra  app licab le  to  each  c o n c e n tra tio n  level as w ell. A  basic  
b a c k g ro u n d  sp ec tru m  w as tak en  w ith  an  u n d o p ed  N E  220 liqu id  sc in ti l la to r , 
an d  th is  sp e c tru m  w as quenched  to  v a rious levels accord ing  to  th e  a c tu a l 
R b 87 c o n te n t  of th e  sam p le , u sing  th e  q u en ch in g  fac to r  d e te rm in e d  from  
th e  cu rv e  in  F ig . 2. C arefu l e x p e rim e n ts  h av e  sh o w n , th a t  th e  R b -o c to a te  
so lu tio n  d id  n o t c o n ta in  a n y  im p u r ity  w hich  w ould  cause  th e  e lev a tio n  o f th e  
to ta l  b a c k g ro u n d  v a lu e s  w ith  re sp e c t to  th a t  o b ta in e d  w ith  an  u n d o p ed  
sc in ti l la to r . B y m ass sp ec tro m e trica l m ethods th e  p o tassiu m  c o n ta m in a tio n  
in  th e  ru b id iu m  sam p le  p roved  to  be  a b o u t 0 ,5%  a n d  owing to  th e  f a c t  th a t  
p o ta ss iu m  co n ta in s  th e  b e ta -a c tiv e  K 40 iso tope  o n ly  to  an  e x te n t o f  0 ,0118% , 
no co rrec tio n s  to  th is  im p u r ity  w ere found  to  be  necessary . T he to ta l  b a c k 
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g ro u n d  v alues — even in  th e  low est c o n c e n tra tio n  range in v e s tig a te d  — 
w ere n o t  h ig h er th a n  a b o u t 10%  o f th e  to ta l  c o u n tin g  ra te s .

T he w hole b e ta  sp ec tru m  w as m easured  in  each  case. A  ty p ic a l b e ta  
sp e c tru m  o b ta in ed  is show n in F ig . 3a,  w here th e  n u m b er of p u lses p ro  m in u te  
in  each  ch an n e l is p lo tte d  ag a in s t th e  channel n u m b e r . Fig. 3b show s th e  F erm i- 
C urie p lo t o f th e  sam e sp ec tru m , w here  also re p re se n ta tiv e  p o in ts  o f F K -p lo ts  
o b ta in e d  b y  F l y n n  an d  Gl e n d e n in  [1], E g e l k r a u t  an d  L e u t z  [2] an d  
B e a r y  an d  K e l l y  [3] are in c lu d ed  fo r co m p ariso n , norm alized  a t  th e  80 keV  
p o in t to  ou r sp ec tru m . I t  m ay  be seen , th a t  th e  sh a p e  of th e  sp e c tru m  m easured  
b y  us co rresponds to  th e  sp e c tru m  shapes o b ta in e d  by  th e  a u th o rs  q u o ted , 
g iv ing  th e  b e s t coincidence w ith  t h a t  of F l y n n  an d  Gl e n d e n in  [1].

D e te rm in a tio n  o f th e  to ta l  co u n tin g  r a te s  w as m ade b y  e x tra p o la tio n  
to  zero energy , u sing  in te g ra l sp e c tra  d ed u ced  from  th e  d iffe ren tia l ones 
o b ta in e d  w ith  th e  m u ltich an n e l analyser.

O ur e q u ip m e n t en ab led  us to  o b ta in  rea so n a b le  resu lts  d o w n  to  a b o u t 
15 keV . T his v a lu e  is som ew hat h ig h er th a n , fo r  exam ple, t h a t  of F l y n n  
a n d  Gl e n d e n in  [1] b u t  th e  o b ta in e d  sp e c tra  w ere very  su ita b le  for th e  
e x tra p o la tio n  th ro u g h  th e  low  en erg y  reg ion . E x tra p o la tio n  to  th e  to ta l  
c o u n tin g  ra te  w as m ade b y  using  th e  f irs t s ix  p o in ts  of th e  in te g ra l sp ec tra  
over 15 keV, b y  second order in te rp o la tio n . H ig h e r order in te rp o la tio n  w as 
n o t  n ecessary , because  th e  second o rder co rrec tio n  a lready  d id  c o n tr ib u te  
to  th e  to ta l  c o u n tin g  ra te  b y  less th a n  0,6%  in  each  case.

E x tra p o la tio n  to  zero b e ta  en erg y  was m ad e  w ith  re g a rd  to  th e  fa c t, 
th a t  — in d ic a te d  b y  in v es tig a tio n s  n o t  re fe rred  to  here  — th e  in tr in s ic  response 
o f th e  sc in tilla to r  needs ab o u t 2 keV  m inim al e n e rg y  for th e  a b so rb ed  partic les 
to  p ro d u ce  an y  m easu rab le  pu lse , i.e . to  p ro d u ce  a t  least one p h o to e lec tro n  on 
th e  p h o to ca th o d es  o f th e  m u ltip lie rs .

R esu lts  o f our m easu rem en ts  a re  su m m arized  in  Table 2 a n d  F ig . 4, w here 
e x tra p o la te d  to ta l  n e t  co u n tin g  ra te s  are p lo t te d  versus m easu red  am o u n ts  
o f R b 87 loaded  in to  th e  liqu id  sc in tilla to r  so lu tio n .

Table 2

R b87 contents o f sam ples and extrapolated to ta l net counting rates

No.
M easured am ount of R b 87 used for 

doping the  scintillator solution
E x trap o la ted  to ta l net counting  

ra te , background deduced

l . 3,50 ±  0,08 m g Rb87 664,4 ±  5 d/m in
2. 6,87 ±  0,12 mg Rb87 1342,7 i  40 d/m in

3. 7,38 ±  0,10 m g Rb87 1408,3 i  15 d/m in

4. 10,60 ±  0,15 mg R b87 2026,9 ±  10 d/m in
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Fig. 3. a )  T ypical differential beta  spectrum  obtained  w ith th e  apparatus shown in  Fig. 1 
b)  Ferm i-Curie plot o f the sam e spectrum  as shown under a ) .  R epresentative points of 
spectra obtained  by other authors [1] [2] [3] normalized to  our spectrum at th e  80 keV

point are also shown
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M easured po in ts  on F ig . 4 can b e  well in te rp o la te d  b y  a s tra ig h t  line, 
th e  slope o f w hich is y ie ld in g  the  specific  a c tiv ity  o f  ru b id ium -87 .

L in ear in te rp o la tio n  w as m ade u s in g  a leas t sq u a re s  f it  o f th e  p o in ts , 
tak in g  in to  acco u n t e rro rs  o rig in a tin g  from  b o th  c o o rd in a te  va lues. A  value 
of 191,6 ±  4,1 d/m in • m g R b 87 w as o b ta in e d  fo r th e  specific a c t iv i ty  of

F i g .  4 .  Extrapolated total net counting rates as function of the actual Rb87 content of the
scintillator solution

ru b id iu m -8 7  from  th e  le a s t squares e v a lu a tio n  o f  th e  m easu rem en t d a ta , 
co rrespond ing  to  a h a lf  life o f (4,77 ±  0,10) • 1010 y e a rs  an d  to  a d ecay  con
s ta n t  o f (1,45 i  0,03) • 1 0 _ n  y e a rs - 1 .

i
D iscussion

The v a lu e  o b ta in ed  fo r the  h a lf  life  o f ru b id iu m -8 7  confirm s th e  value  
given b y  F l y n n  and  G l e n d e n in  [1] w ith in  th e  lim its  o f  e rro r, a lth o u g h  it 
lies b y  a b o u t 1 ,5%  h ig h er. One should n o te , how ever, t h a t  errors g iven in  th is  
re p o rt a re  s ta tis t ic a l  e rro rs  only , and  d o  n o t inc lude  th o se  effects t h a t  m igh t 
cause a sy s te m a tic  u n d e re s tim a tio n  o f  th e  to ta l  co u n tin g  ra te s , i.e . th e  o v er
e stim a tio n  o f th e  h a lf  life , an d  w hich a re  ce rta in ly  ex is tin g . A ltho u g h  F l y n n  
and  Gl e n d e n in  [1] h a v e  show n th a t  liq u id  sc in tilla to rs  do e x h ib it a n e a r 
to  100%  c o u n tin g  effic iency  even a t  v e ry  low  energ ies, i t  is n o t im p ro b ab le  
th a t  som e losses in  th e  to ta l  co u n tin g  ra te s  could  occur due to  d ecreasing  
co u n tin g  efficiency in  th e  low' energy  reg ion . I t  sh o u ld  be m en tio n ed  here , 
th a t  th e  co u n tin g  effic iency  of the  m easu rin g  sy s te m  w as checked w ith  a 
ca lib ra ted  tr i t iu m  sam ple .
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A n o th e r  source of possib le  erro rs lies in  th e  fa c t t h a t  to ta l  co u n tin g  
ra te s  could  b e  ach ieved  b y  an  e x tra p o la tio n  m eth o d  on ly , c rossing  a reg ion  
w here  no in fo rm a tio n  is av a ilab le  on th e  sh ap e  o f th e  sp e c tru m , n o t even  a 
th e o re tic a l one . T he v a lid ity  o f th e  e x tra p o la tio n  is th u s  o n ly  p ro b ab le , an d  
su p p o rte d  b y  th e  m ono tonous increase  in  th e  d iffe ren tia l sp e c tru m  w ith  
decreasing  en e rg y .

As go ing  dow n to  low er energ ies th e  d iffe re n tia l sp e c tru m  gets a lw ays 
s teep e r, we ca n  assum e th a t  i f  th e  sp e c tru m  differs from  th e  gen era l p ic tu re  
p re d ic te d  on  th e  basis o f th e  kn o w n  en erg y  ran g es, i t  can  b e  only s teep e r 
th a n  th e  a ssu m ed  shape. T h is m ean s, t h a t  i f  th e  rea l v a lu e  o f  th e  specific 
a c t iv i ty  d iffe rs  from  th e  v a lu e  d e te rm in ed  b y  th e  e x tra p o la tio n  m eth o d , i t  
c an  be on ly  h ig h e r  th a t  th a t ,  a n d  co rresp o n d in g ly  th e  tru e  h a lf  life can  be 
o n ly  low er th a n  th e  one d e te rm in e d . In  th is  re sp ec t our r e s u lt  can  also be 
considered  like  an  u p p er lim it fo r  th e  h a lf  life .

E rro rs  o rig in a tin g  from  a n  u n c o rre c t d e te rm in a tio n  o f  b ack g ro u n d  
va lu es  are  la rg e ly  com p en sa ted  b y  th e  m e th o d  o f e v a lu a tio n , a lth o u g h  b a c k 
g ro u n d  m easu rem en ts  using  th e  in a c tiv e  R b 85 iso to p e  w ould be h ig h ly  d esirab le .
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T he m easu rem en ts  d e a lt w ith  in  th is  re p o r t  were m ade in  th e  a u tu m n  
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П О ВТО РН О Е О П Р Е Д Е Л Е Н И Е  П Е РИ О Д А  П О Л У РА С П А Д А  Р У Б И Д И Я -87

А .К О В А Ч  

Р е з ю м е

Период полураспада рубидия-87 был определен методом жидкой сцинтилля- 
ционной техники, с использованием рубидия естественного изотопного состава. По на
шим данным период полураспада составляет (4,77 ±  0,10) • 1010 лет.
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A FAST NEUTRON FLIGHT TIME SPECTROMETER 
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The fast neutron spectrom eter built for the investigation  o f nuclear reactions induced  
b y  the 14,7 MeV energy neutrons produced b y  a H 3(d, n)H e4 source is described. The zero 
tim e in the tim e-of-flight m easurem ent is determ ined by the recoil alpha particle. T his m ethod  
is com pared w ith  another conventional procedure in  fast neutron spectroscopy, where a pulsed  
neutron source is used. T he usual data and — in  order to illustrate the spectrom eter charac
teristics — measured fligh t tim e spectra of th e  C12(n, n’) neutrons are given.

In tro d u c tio n

In  n e u tro n  sc a tte r in g  ex p e rim en ts  an  ex ten s iv e ly  used  m e th o d  fo r d e 
te rm in in g  th e  energies in v o lv ed  is th e  m easu rem en t o f th e  f lig h t tim es  of 
th e  n e u tro n s . I f  the  n e u tro n s  are  g e n e ra te d  by  th e  f re q u e n tly  used H 3 (d , n )H e4 
re a c tio n , th e  recoil a lp h a  pa rtic le s  ca n  be  u tilized  fo r d e te rm in in g  th e  zero 
tim e  [1]. A n a lte rn a tiv e  m eth o d  is th e  use of a p u lsed  n e u tro n  so u rce  [2]. 
In  th e  p re se n t p ap er th e se  tw o m e th o d s  w ill be co m p ared  and  an  a p p a ra tu s , 
u tiliz in g  th e  associated  a lp h a  p a rtic le  described .

C om parison o f  th e  two m ethods

T h e  m ain  a d v a n ta g e  o f th e  a sso c ia ted  p a rtic le  m e th o d  lies in  t h a t  i t  does 
n o t  re q u ire  a n y  device fo r  co llim atin g  or a t te n u a tin g  th e  n e u tro n  b e a m . T he 
d irec tio n  o f  th e  e m itte d  n e u tro n s  is d e fin ite ly  re la te d  to  th a t  o f  th e  reco il 
a lp h a  p a r tic le , th u s th e  solid  angle r e la tin g  to  th e  a lp h a  p a rtic le s  e q u a lly  d e 
fines th e  d irec tio n  o f th e  n eu tro n s . T h e  n eu tro n s  f ly in g  o u ts id e  th is  so lid  ang le  
m ay  cause  b u t  ran d o m  coincidences a n d  c o n tr ib u te  in  th is  w ay  o n ly  to  th e  
b a c k g ro u n d . To be ab le  to  d ispense w ith  th e  need of co llim a tin g  th e  n e u tro n s  
is a co n siderab le  asse t, s ince  an  e ffic ien t co llim ation  or a t te n u a tio n  a t  su ch  h igh  
energ ies is know n to  be  v e ry  d ifficu lt. T he only  d ra w b a c k  o f th e  a sso c ia ted  
p a rtic le  m e th o d  is t h a t  th e  n eu tro n  y ie ld  availab le  fo r analysis  is l im ite d  b y  
th e  n u m b e r o f ran d o m  co incidences. I n  th e  case o f p u lsed  n e u tro n  sou rces, 
on th e  o th e r  h a n d , th e re  a re  no  o th e r  re s tr ic tio n s  on th e  in te n s ity  w h ich  m ay
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be app lied  th a n  th e  p e rfo rm an ce  o f  th e  a p p a ra tu s , i.e . th e  m ax im u m  a tta in a b le  
y ie ld  an d  th e  possib le  d e te c to r  lo ad . Y e t, w h en  using  th e  la t te r  m ethod , 
sy s te m a tic  co incidences m ay  b e  caused  b y  n e u tro n s  fly ing  in  ran d o m  d irec
tio n s . T h u s, th e  acce le ra tin g  assem bly , th e  s u p p o r t  of th e  sc a tte r in g  ta rg e t, 
e tc . a re  lik e ly  to  c o n tr ib u te  s ig n if ican tly  to  th e  b ack g ro u n d . T herefo re , th e  d e 
te c to rs  m u s t be su rro u n d e d  b y  co llim ato rs w h ich  increases th e  w eigh t and  th e  
size o f th e  s e tu p  a n d  im poses re s tr ic tio n s  u p o n  th e  p o sitio n in g  o f  th e  d e tec to rs 
e. g. in  a n g u la r  d is tr ib u tio n  m easu rem en ts .

F o r a q u a n ti ta t iv e  co m p ariso n  of th e  tw o  m ethods th e  re la tiv e  errors 
o b ta in ed  in  id e n tic a l ex p e rim en ts  over th e  sam e  m easu ring  tim e  w ill be co n 
sid e red . T h e  fo llow ing  sim p lify in g  a ssu m p tio n s  a n d  a p p ro x im a tio n s  w ill be  
u sed : T he so lid  angles o f th e  a lp h a  d e te c to r  a n d  th e  s c a tte r in g  ta rg e t w ith  
re sp e c t to  th e  n e u tro n  source a re  assum ed to  b e  equal (ß „ ) ;  th e  sc a tte rin g  
ta rg e t  is p laced  close to  th e  n e u tro n  source so as to  h av e  th e  solid  angle of th e  
n e u tro n  d e te c to r  (Q n) w ith  re sp e c t to  th e  s c a tte r in g  ta rg e t e q u a l to  th a t  to  th e  
n e u tro n  so u rce ; th e  energy  d ependence  of th e  efficiency (c„) o f th e  n e u tro n  
d e te c to r  is le f t  o u t  o f co n sid e ra tio n .

I f  one ap p lie s  th e  a sso c ia ted  p a rtic le  m e th o d , th e  n u m b e r o f sy stem atic  
coincidences w ill be  given b y

m = ^ - N 0Qa ü np e n, ( 1 )
4 л

w hile th e  n u m b e r  o f  b ack g ro u n d  i. e. ra n d o m  coincidences is

N l  =  - ^ — N l Q aQnenr. ( 2)
(4 n f

N 0 is th e  n e u tro n  y ie ld  fo r th e  asso c ia ted  p a r tic le  m e th o d , p  is th e  p ro b a b ility  
t h a t  in  th e  ta r g e t  th e  re a c tio n  in  question  ta k e s  place an d  t h a t  th e  n e u tro n  
leaves in  th e  g iven  d irec tio n  a t  u n i t  solid ang le  i ts  energy  b e ing  w ith in  an  energy  
in te rv a l  co rresp o n d in g  to  th e  selec ted  ch a n n e l, w hile r  is th e  tim e  in te rv a l 
co rresp o n d in g  to  a chan n e l in  th e  pulse h e ig h t an a ly se r.

U sing  a p u lsed  n e u tro n  sou rce , we h a v e

NP  =  - 1- v n Q a Q np e n, 
471

iV£ =  — -  V2 na Q n en г,

(3)
(4)

w here v is th e  re p e titio n  fre q u e n c y  of th e  n e u tro n  b u rs ts , n  is th e  n u m b er o f  
n e u tro n s  p e r  b u r s t ,  a is th e  a t te n u a tio n . H ere  we h av e  assu m ed  th a t  th e  n e u 
tro n s  a f te r  p a ss in g  th e  a t te n u a to r  a rriv e  a t  th e  d e te c to r  u n ifo rm ly  d is tr ib u te d  
in  tim e .
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In  th e  case of th e  Poisson  d is tr ib u tio n , th e  re la tiv e  e rro r  is g iven b y

][Ns + 2  N b (5)
U sing th e  assoc ia ted  p a rtic le  m ethod  th e  re la tiv e  erro r is seen to  decrease w ith
• . . . V2Nhincreasing  in te n s ity  an d  to  ap p ro ach  its  m in im um  va lu e  <5j„in — ' ®

№
h o w 

ever, a t  h ig h  in ten sities  i t  changes h u t  slow ly. The in te n s ity , how ever, shou ld  
n o t be chosen  too  h igh , since th e n  th e  n u m b e r o f sy s te m a tic  coincidences is 
o b ta in ed  as th e  d ifference betw een  h igh  co u n ts  and  in  th is  case in c reased  s t a 
b ility  is req u ired . T herefo re  th e  co n d itio n  N1 =  N% re p re se n ts  th e  m o st 
conv en ien t choice for th e  in te n s ity  in  th e  case o f th e  asso c ia ted  p a rtic le  m e th o d . 
In  th is  case we ob ta in

N ü = 2nP  an d  Ő“ =  f 3 /2 á “min.
T

( 6 )

M aking use o f  th e  above co n sid era tio n s, th e  ra tio  of th e  re la tiv e  erro rs can  be 
expressed  as

ôa __ 3 
ÔP ~  2л

vn Q a г  
Q a p  +  4v ax ( V

W e a p p ly  now  fo rm u la  (7) to  tw o cases: th e  4,45 MeV ex c ita tio n  level 
in  carbon  a n d  th e  m ax im u m , th a t  is a b o u t 1 MeV energy  lev e l, in th e  b ism u th  
ev ap o ra tio n  sp ec tru m  u sin g  th e  d a ta  from  [3] an d  [4] as w ell as tho se  o f  th e  
p resen t ex p e rim en ta l a p p a ra tu s , i .e .  Q a — 8,5 • 1 0 -2, v —  107, n  =  5, t  =  
=  7 • 10 ~ 10 sec and  a =  1,4 • 10 ~2. T he v a lu e  of p  d ep en d in g  on th e  m a te r ia l 
to  be an a ly sed  on th e  chosen  solid angle an d  on th e  en e rg y . In  th e  f irs t  case 
a t  an  angle o f 45° w ith  a 10 cm  long ca rb o n  ta rg e t  10 ~2 w as found  w hich  r e 
su lted  in  ő“/őp ~  1. In  th e  second case th e re  w as 4 • 10 _4 an d  bajbp
~  3. In  th e  f i r s t  case th e  tw o  m ethods a re  fo u n d  to  be e q u iv a le n t, in  th e  second 
one th e  p u lsed  m ethod  seem s to  be p re fe rab le . This com parison  , how ever, 
does n o t re v e a l a n y  s ig n if ican t d ifference. T h e  a sso c ia ted -p a rtic le  m e th o d  
appears to  be sim ple, m oreover i t  does n o t  req u ire  th e  use of a co llim a to r, a 
p a r tic u la r ly  a t tra c t iv e  fe a tu re  if  tw o d e te c to rs  have  to  be  used as in  th e  in 
v estig a tio n  o f  (n , 2 n) re ac tio n s .

T he p u lsed  and  th e  a lp h a  m ethods h a v e  also been  co m p ared  by  R e t h - 
m e i e r  e t a l. [5]. T hey  in fe r  from  th e ir  ex p erim en ts  th a t  th e  a lp h a  m e th o d  is 
h ig h ly  p re fe rab le  to  th e  p u lsed  source m e th o d . T heir p re fe rence , how ever, seem s 
n o t to  be fu lly  ju s tif ie d , since  in  th e ir  com parison  th e  a u th o rs  used  th e  o p tim u m
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in te n s ity  o f  th e  asso c ia ted  p a r tic le  m eth o d  also in  th e  p u lsed  source e x p e ri
m en ts , th o u g h  th e  la t te r  p e rm it th e  use o f  m u ch  h ig h er in te n s itie s .

A m e th o d  com bin ing  th e  a d v a n ta g e s  o f  th e  above tw o  m eth o d s has been 
w orked  o u t b y  th e  a u th o rs . I t  is described  elsew here [6].

D escrip tion  o f th e  ap p ara tu s

T he d e u te r iu m  b eam  feed ing  th e  H 3 (d, re) H e4 n e u tro n  source is o b ta in e d  
from  a 200 keV  C ockcroft — W alto n  ty p e  p a rtic le  acce le ra to r . T he a tom ic  ion 
co m p o n en t is b ro u g h t to  th e  ta rg e t  a f te r  m ag n e tic  d e flec tio n  (F ig. 1). F o r

Fig. 2. B lock diagram  o f the m easuring apparatus

a c cu ra te  d e fin itio n  of th e  a lp h a  solid ang le  a 2 m m  d ia m e te r  a p e r tu re  is app lied  
in  f ro n t o f  th e  ta rg e t . T h u s  o n ly  a 2 m m  d ia m e te r  su rface  area of th e  H 3 
ta rg e t  is a c tu a lly  exposed  to  th e  d e u te riu m  b eam , th o u g h  fo r b e t te r  ex p lo ita tio n  
o f  th e  ta r g e t  i t  can  he tu rn e d  u n d e r v a c u u m  to  v a ry  th e  a rea  o f  exposure . T he 
ta rg e t  is p a s te d  to  th e  acce le ra to r  tu b e  b y  a ra ld it .  To m in im ize th e  b a c k 
g ro u n d , th e  n e u tro n s  h a v e  to  cross o n ly  a 0,1 m m  th ic k  m o ly b d en u m  b ack in g  
w ith in  th e  so lid  angle d e te rm in e d  b y  th e  a lp h a  p a rtic le . T h e  a lpha  p a rtic le s , 
leav in g  th e  ta rg e t  a t  150° to  th e  d e u te r iu m  b eam , are  d e te c te d  b y  a p la s tic  
s c in tilla to r , 4,3 cm  in  d ia m e te r  an d  0,1 m m  th ic k , m o u n te d  on a RCA 6810/A

4cta P hys. H ung. Тот. X V I I .  Fasc. 3.

Fig. 1. Target arrangem ent
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p h o to m u ltip lie r . The l ig h t is sh u t off b y  a vacuum  d ep o s ited  a lu m in iu m  on 
p lastic  foil. In  o rd er to  in c rease  th e  possib le  co u n tin g  r a te ,  c a th o d e  fo llow er 
s tab iliz a tio n  is app lied  [7]. T he n e u tro n s  are  d e te c te d  b y  a n o th e r  p la s tic  
sc in tilla to r , 50 m m  in  d ia m e te r  an d  230 m m  long, co u p led  also to  a RCA  
6810/A m u ltip lie r.

The b lock  d iag ram  o f th e  co u n tin g  a p p a ra tu s  is show n in F ig . 2. T he 
f lig h t tim es a re  m easu red  w ith  th e  use o f  a 100 т/л sec tim e-to -p u lse  h e ig h t 
co n v e rte r an d  a 128 c h a n n e l pulse h e ig h t an a lyser. T h e  tim e  reso lu tio n  an d  
th e  lin e a rity  o f  th e  sy s tem  h av e  been checked  ag a in st th e  f lig h t tim e  sp e c tru m  
o f th e  14,7 MeV energy  p r im a ry  n e u tro n s  (F ig . 3). T h e  n e u tro n  d e te c to r  e ffi
ciency  has been  ex p e rim e n ta lly  d e te rm in ed  [8]. T h e  th re sh o ld  s e n s it iv ity

° f  th e  a p p a ra tu s , as m easu red  w ith  th e  u se  o f  th e  know n  pu lse  h e ig h t s p e c tra  
o f th e  gam m a ra d ia tio n s  fro m  N a22 and  C oeo, was fo u n d  to  be below  30 keV  
elec tro n  energy .

T he pulse h e ig h t sp e c tru m  of the  reco il a lp h a  p a r tic le s  is to  be seen in  
F ig . 4. The a lp h a  signals seem  to  em erge q u ite  well f ro m  th e  b a c k g ro u n d . 
T he large a m p litu d e  signals ap p ea rin g  in th e  sp ec tru m  a re  due  to  th e  2 ,6  MeV 
p ro to n s  from  th e  D (d, p )H 3 re a c tio n . The p ro to n  yield in c reases  w ith  in c rea s in g  
d e u te riu m  b u ild u p  in  th e  ta r g e t  and  w ith  in c reasin g  ta r g e t  w ear. I f  th e  ta r g e t  
can  be k e p t su ffic ien tly  c lean , no p ro to n  s igna ls  will a p p e a r  in  th e  a lp h a  pu lse  
h e ig h t sp ec tru m . T he d e u te r iu m  c o n ta m in a tio n  of th e  ta r g e t  m an ifests  i ts e lf  
u su a lly  only  a f te r  8 h o u rs  o f  op era tio n . T h e  abso lu te  v a lu e  of th e  n e u tro n  
y ie ld  is checked  b y  m eans o f  a d iffe ren tia l d isc rim in a to r  m o n ito r.

In  F ig . 5 th e  n u m b e r o f  n e u tro n -a lp h a  co incidences, c h a ra c te r is tic  fo r 
th e  d e te rm in a tio n  o f th e  so lid  angle is p lo t te d  as a fu n c tio n  of th e  ang le .
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Fig. 3. Curves to  check time resolution  and lin earity
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To i l lu s tr a te  th e  en erg y  reso lu tio n  o f  th e  sp ec tro m e te r  th e  shapes o f th e  
f l ig h t tim e  s p e c tra  m easu red  on n e u tro n s  s c a tte re d  in  carb o n  a t  45° are  show n 
fo r  f lig h t p a th s  b o th  of 1 a n d  2 m  (Fig. 6). F o r 1 m th e  9,6 MeV sc a tte r in g  
p e a k  o f th e  n e u tro n s  is w ell a p p a re n t  an d  also  th e  n e u tro n s  co rrespond ing  to

th e  7,7 MeV leve l can  be seen , th o u g h  fo r th e  la t te r  th e  s ta tis t ic s  are  r a th e r  
poo r. F o r 2 m  flig h t p a th  th e  10 MeV n e u tro n s  sc a tte re d  fro m  th e  f irs t level 
can  be w ell d is tin g u ish ed  fro m  th e  13,9 MeV n e u tro n s  due to  e lastic  sc a tte r in g .

T he a u th o rs  are in d e b te d  to  E . P á s z t o r  an d  to  th e  m em bers o f  th e ir  
te a m  fo r th e  excellen t o p e ra tio n  of th e  m easu rin g  a p p a ra tu s  and  th e  acce le r
a to r .
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Fig. 4. Pulse height distribution o f alpha particles

Fig. 5. Alpha solid angle
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F ig .  6 a .  C12 (n, n ' )  spectrum for L =  1 m

F i g .  6b . C12 (ra, n ’) spectrum for L =  2 m
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БЫСТРОНЕЙТРОННЫЙ СПЕКТРОМЕТР ВРЕМЕНИ ПРОЛЁТА ИСПОЛЬ
ЗУЮЩИЙ ОТБРОШЕННЫЕ НАЗАД а-ЧАСТИЦЫ

А. АДАМ, Г. ПАЛЛА и П. КВИТТНЕР
Р е з ю м е

Описывается быстронейтронный спектрометр, сконструированный для исследо
вания ядерных реакций, вызываемых нейтронами с энергией 14,7 МеВ и полученных пр- 
ядерной реакции H3(d, п )  Не4. При измерении времени пролёта нулевая точка измерения 
времени определяется отброшенной назад а-частицей. Данный метод сравнивается с 
другим приемом, — пульсацией источника нейтронов, — часто применяемым в спектро
скопии быстрых нейтронов. Для характеристики спектрометра наряду с техническими 
данными приводится и спектр пролётного времени нейтронов С12(п, п’).
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In  th e  in te rm e d ia te  boson th e o ry  of w eak  in te ra c tio n  one  generally  
ta k e s  th e  boson p ro p a g a to r  in  th e  fo rm

( 2 л у
K K \  1
M 2 ] M 2 — k-

( 1 )

T his p ro p a g a to r  has th e  m erit t h a t  i t  leads to  th e  fo u r—ferm ion  th e o ry  in all 
cases w hen  M v g> |fcj a n d  fu r th e r  t h a t  i t  resolves th e  p rob lem  o f th e  “ u n ita r ity  
c a ta s tro p h e ”  of th e  h ig h -en erg y  w eak  sca tte rin g  p rocesses. T h is is tru e , how 
ev e r, on ly  to  th e  f ir s t  n o n -v an ish in g  order of th e  p e r tu rb a tio n  expansion . 
H ig h e r-o rd e r te rm s c a n n o t be ca lcu la ted , b ecau se  th e  p ro p a g a to r  (1) leads 
to  a n o n -ren o rm alizab le  in te ra c tio n  an d  therefo re  a th e o ry  b ased  on (1) is n o t 
m u ch  b e tte r  th a n  th e  c o n v en tio n a l n o n -ren o rm alizab le  F erm i th e o ry .

T h e  possib ility  o f  th e  c o n s tru c tio n  of a ren o rm alizab le  v e c to r  boson 
th e o ry  (r.v .b . th e o ry  in  th e  follow ing) w ith  th e  b o so n  p ro p ag a to r

(2 A)4
K K

fc2
( 2 )

has been  em phasized  b y  B ia l y n ic k i— B ir u l a  [1 ]. T h e sam e fo rm  o f th e  vec
to r  boson  p ro p a g a to r  h as  also been  m entioned  b y  S ch w eber  in  [2 ]. T he p ro b 
lem  o f th e  c o m p a tib ility  o f such  a p ro p a g a to r  w ith  th e  basic p rin c ip le s  of th e

A cta  Phys. Hung. Тот. X V I I .  F  asc. 3.

A  renorm alizable vector boson theory  of weak in teraction  can be constructed  on the

basis o f  the boson propagator * |g uo — — L i  I --------- j - —  .  The m ain consequences o f) \ к J -My — k~
such a theory in allowed nuclear /1-decay are as follows:

1. The ratio o f the O14 and neutron half-lives gives for the ratio | A | o f  th e  axial vector
and vector coupling constants the value 1 | A | <; 1,1.

2. This theory gives a som ewhat better fit  for the unpolarized neutron  /3-spectrum  
than the Ferm i theory.

3. For the H 3 nucleus the theory reproduces the allow ed shape o f  th e  spectrum as 
well as does the Ferm i theory.

I f  further experim ental tests should  confirm the v a lid ity  o f the th eo ry  in nuclear 
/1-decay and in //-m eson decay , we w ould h a v e  a com pletely renorm alizable theory of ele
m entary particles.
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fie ld  th e o ry  has n o t b een  in v e s tig a te d  in  d e ta il b y  th e se  au th o rs . I n  sp ite  of 
th is  lack  in  m a th e m a tic a l rigor as to  th e  fo u n d a tio n s  o f  the  r .v .b . th e o ry , we 
s ta r te d  ca lcu la tio n s  on th e  basis o f  th e  p ro p a g a to r  (2), because th e  success 
or th e  fa ilu re  o f th e  r .v .b . th e o ry  in  f i t t in g  e x p e rim e n ta l d a ta  seem s to  be more 
im p o r ta n t  th a n  its  co n n ec tio n  w ith  th e  con testab le  ax io m s of p re se n t-d a y  field 
th e o ry .

F o r  M v P>\kp\ (2) gives- *Л
m i

and one im m ed ia te ly
(2я)4 Г  к2

sees t h a t  serious d e p a r tu re s  from  th e  F erm i th e o ry  m ay o ccu r. In  p a r t  I 
o f th is  p a p e r  th e  p red ic tio n s  of th e  r .v .b .  th eo ry  fo r th e  energy d is tr ib u tio n  of 
th e  /З-p a rtic le  in  allow ed nu c lea r /З-d e c a y  are co m p ared  w ith  th e  ex p e rim en t. 
In  p a r t  I I  som e th e o re tic a l co n sid e ra tio n s  and  suggestions are su m m arized . 

I .  L e t us w rite  th e  in te ra c tio n  L ag ran g ian  fo r th e  nuclear /З-d ecay  in  the
form

(1 iAy3)
L(x)  =  d:y>„ (x) - ----- - ------— y" y)p (x) (x) : +  h.c. +

Si

+  d:y>e (x) у» Wv (*) (x) : +  h.c.

H ere  y>n, ip'p, y>e, rp„ s ta n d  fo r the  n e u tro n , p ro to n , e le c tro n  and  n e u tr in o  fields, 
re sp ec tiv e ly . B /t (x) is th e  /t-th  co m p o n en t of th e  vecto r-b o so n  o p e ra to r , d is 
th e  d im ension less (H — c =  1) co u p lin g  c o n s ta n t o f  th e  w eak in te ra c tio n , h.c. 
s ta n d s  fo r th e  H e rm itia n  co n ju g a te . T h en  s tra ig h tfo rw a rd  lo w est-o rd e r ca l
cu la tio n  leads to  th e  follow ing re su lt  fo r th e  en e rg y  d is tr ib u tio n  W (x )  o f th e  
/З-p a rtic le , e m itte d  in  allow ed n u c lea r  /3-decay:*

/74 TTL̂
W(x)  = ------------ Г]<  1 > | 2  G f (x, a) +  № \ <  a  >  |* Ggt ( x , a)],

M*  16л3

-, , , ------ — a2 (a — x) ][x2 — 1
G f (x, a) =  (a — x)- x l/x 2 — 1 ------------------ —----------

2[l +  4 a ( a - x ) ]

3a2 — 4ox
8

In 1
4(a — x) ]/x2 — 1

1 -j- 2 (a — x) (x — \ x 2 — 1) }
( 3 )

GCT (*, a) =  (« -  *)2 * Ь 2 -  1 +  —---- ------------— (l
1 -j- 4a (a — x)

24
(1 — 4 a  x  4- 3a2) In { J.

* The condition M v S> \kp  \ has been m aintained and  th e  nucleus has been treated 
non-relativistically.
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In  (3) m e s ta n d s  fo r th e  elec tron  m ass, <1> and  fo r th e  F e rm i a n d  G am ow —
T eller n u c lea r m a tr ix  e lem en t, re sp ec tiv e ly , x  s ta n d s  for th e  to ta l  energy  of 
th e  o u tcom ing  /З-p a rtic le , while a den o tes  th e  e n d p o in t energy . B o th  x  and  a 
are d im ensionless an d  m easured  in  u n its  o f m e, so th a t  1 x  a. T he  m ean 
life tim e т is connect ed w ith  W(x)  b y  th e  fo rm ula

1
r

a

m eJ* W(x)  F(x ,  ±  Z )  dx,

i

(4)

or, going over from  th e  h =  с =  1 sy s tem  to th e  CGS system

a

— =  ( W (x )  F(x ,  ± Z ) d x  • sec-1 . (5)
г h J

1

In  (4) an d  (5) th e  C oulom b co rrec tion  function  F ( x ,  i Z )  has been  in tro d u ced .
I t  can  be seen, th a t  th e  f irs t te rm  in th e  fu n c tio n s  Gp and  GgT ís th e  well- 

know n F erm i-sp ec tru m  for allow ed /З-decay. T h e  new  term s a rise  from  th e  
te rm  кp k j k 2 of th e  p ro p a g a to r (2).

L e t us now  tu rn  to  th e  e x p e rim e n ta l te s t  o f  th e  r .v .b . th e o ry .

1. D ete rm ina tion  of th e  ra tio  d2/My

T h e  half-life — t 014ln 2 o f  th e  0 14 n u c leu s  accord ing  to  [3] equals 
(71,34 i  0,08) sec. In se r tin g  th is  v a lu e  in to  (5) a n d  tak in g  in to  a cco u n t th a t  
|<1>|2 =  2, |<ct>|2 =  0, J i  =  J f =  0 for O14, we f in d

------=  4 ,84  • 10-49 erg • c m 3. (6)
M l  ’

T his co rresponds to  a F erm i co u p ling  co n stan t

1 d 2
f  =  —  -----  =  1,71 • IO“49 e rg  • cm 3

у  8 M l  6

in s te a d  o f  /  =  1,4 • 1 0 -49 erg  ■ c m 3 resu ltin g  f ro m  th e  F erm i th e o ry . A com 
p ariso n  betw een  th e  tw o  c o n s ta n ts  is, how ever, o f  little  v a lu e  in  our case, 
since in  th e  r .v .b . th e o ry  th e  en e rg y  dependence  o f  th e  sp e c tru m  is m odified 
as co m p ared  to  th e  F e rm i th eo ry .
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2. D ete rm in a tio n  o f X

T h is p a ra m e te r  h as  been d e te rm in e d , as is d o n e  usually , f ro m  th e  ra tio  
^ 1/2 : T i j 2- T he  0 14 half-life  has been  ta k e n  from  [3]. F o r th e  n e u tro n  half-life 
th e re  a re  tw o  d a ta ,  re p o rte d  in [4 ]. T h e  early  m easu rem en t of R o b s o n  e t al. 
gives fo r th e  n e u tro n  life tim e . T ^ 2=  (12,8 i  2,5) m in ., w hile th e  m easu rem en t 
o f  S o sn o v sk y  e t a l. re su lted  in  (1,17 ±  0,3) m in . In se r tin g  th ese  d a ta  (and

1
va lu es  |<1>|2 =  1, K<7>| =  3, J t =  J f  =  — for th e  n e u tro n )  one g e ts

2

|A| =  1,02 for T  1j2 =  12,8 m in .,

|A| =  1,08 for T"^2 =  11 m in .

Fig. I.  E xperim ental and theoretica l K urie-plots for th e  neutron jS-decay.
a)  F erm i theory.
b) r.v .b . theory

B o th  th e se  va lu es  o f  |A| differ s ig n if ican tly  from  th e  value  of A =  1,25 given 
b y  th e  F e rm i th e o ry . T h e ir d ev ia tio n s  fro m  |A| =  1 m a y  be caused b y  seco n d ary  
u n k n o w n  fac to rs  in  th e  s tru c tu re  o f  th e  O 14 nuc leu s, o r b y  th e  e lec tro m ag n etic  
in te ra c tio n  o f  th e  in te rm e d ia te  boson  w ith  th e  n u c leu s  (see th e  end  o f  p a r t  I). 
T h ere fo re  in  th e  fo llow ing we accep t th e  value A =  1, i.e. th e  e q u a li ty  of th e  
v ec to r an d  ax ia l v e c to r  coupling  c o n s ta n ts . W e sh o u ld  also like to  p o in t o u t
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th a t  as show n by  ex p lic it n u m erica l ca lcu la tio n s, th e  shape  o f th e  /3-spectra 
are  r a th e r  in sensitive  to  th e  v a ria tio n  o f  th e  value o f A even  in  th e  r .v .b . th e o ry  
(in th e  F e rm i th e o ry  th e  shape  o f th e  allow ed tra n s it io n  sp ec tra  does n o t  d e 
pend  a t  a ll on A). F o r exam ple  th e  n e u tro n  sp ec tru m  w as also ca lc u la ted  w ith  
|A| =  1,25, and  p ra c tic a lly  th e  sam e sh ap e  w as o b ta in e d  as w ith  |A| =  1.

3. The /3-spec trum  o f the  n eu tro n  decay

T he b es t ex p e rim en ta l d a ta ,  p u b lish ed  in th e  l i te ra tu re , are  a p p a re n tly  
those  o f R o b s o n  from  1951, re p o rte d  in  [4]. W e re p ro d u ced  in F ig . 1 th e  e x 
p e r im e n ta l K u rie -p lo t an d  th e  s t r a ig h t  line of th e  F e rm i th e o ry  as g iven  b y  
R o b s o n , a n d  also o u r th e o re tic a l c u rv e . I t  m ay  be seen th a t  th e  r .v .b . th e o ry  
gives a som ew hat b e t te r  ag reem en t w ith  th e  m easu red  d a ta . The e rro rs  of th e  
e x p e rim e n ta l d a ta  a re  how ever so la rg e , th a t  no c le a r-cu t conclusion can  be 
d raw n . A  su ffic ien tly  precise m ea su re m e n t of th e  /З-sp ec tru m  of th e  n e u tro n  
m ay  p o ssib ly  decide betw een  th e  th o e rie s .

4. The /З-sp ec tru m  o f the  H 3 nucleus

O ne o f th e  o u ts ta n d in g  successes o f th e  F e rm i th e o ry  is its  exce llen t 
ag reem en t w ith  th e  e x p e rim e n ta l d a ta  for th e  H 3 d e c a y . To te s t  th e  r .v .b . 
th e o ry , we have ca lcu la ted  th e  fu n c tio n s  Gp  (x , a), G qt  (*5 a) fo r m a n y  x- 
va lues u p  to  6 figures and  c o n s tru c te d  th e  K urie  p lo t. T he d ev ia tio n s  from  
a s tr a ig h t  line are so sm all th a t  i t  is d iff ic u lt to  show  th is  g rap h ica lly . In s te a d , 
in  T ab le  1 we give th e  th e  f lu c tu a tio n s  o f th e  ra tio  W ( x ) ja  — x.  One f in d s  th a t  
these  f lu c tu a tio n s  are  o f th e  o rd e r o f  1/1000 fo r n e a rb y  p o in ts , and  o f  1/100 for 
d is ta n t ones. F rom  th is  one h as  to  conclude  th a t  w ith in  th e  e x p e rim e n ta l 
e rro rs b o th  theories are  equ a lly  a c c e p tab le  for th e  d esc rip tio n  of th e  H 3 d ecay .

T he m a th e m a tic a l reason  for th is  coincidence o f th e  tw o  th eo ries  m ay  be 
u n d e rs to o d  from  th e  follow ing p ro p e rtie s  of th e  fu n c tio n s  Gp  (ж, a), Gq t  (x , a):

a)  fo r x <1 a, i.e. a t  th e  h ig h -en e rg y  end of th e  sp e c tru m , in th e  e x p a n 
sion in  pow ers of a — x  o f th ese  fu n c tio n s  m any  can ce lla tio n s occur an d  th e  
f irs t  n o n -v an ish in g  te rm  in b o th  o f th e m  is p ro p o rtio n a l to  (a — x)2. So th e  
energy  dependence  a t  th e  h ig h -en erg y  end  is th e  sam e as in  th e  F e rm i th e o ry .

b)  fo r 1 <  x,  i.e. a t  th e  low -energy  end  of th e  sp e c tru m , th e  ex p an sio n  
of Gp  a n d  Gq t  in  pow ers of j/x 2— 1 gives a s im ila r re s u lt :  th e  e n e rg y  d e 
p endence  o f th e  f irs t n o n -v an ish in g  te rm  of b o th  Gp  a n d  G q T agrees h e re  also 
w ith  th e  energy  d ependence  o f th e  F e rm i d is tr ib u tio n .

c)  I t  is th ere fo re  n o t  su rp ris in g , th a t  w hen th e  en d -p o in t en e rg y  a is 
sm all e n o u g h , i.e. w hen  th e  tw o  co n d itio n s  1 ;<  x  an d  x  < | a are b o th  fu lfilled
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th e  w hole /S -spectrum  w ill show  th e  p ro p ertie s  o f  a F erm i sp e c tru m . More p re 
c ise ly , one can  r ig o ro u sly  show , t h a t  if

4 a (a  — x) <  1 for a ll 1 <[ x  a ,

w h ich  is e q u iv a le n t to  th e  co n d itio n

a < . 1 + J 2 ~ 1 , 2

(th is  cond ition  is la rg e ly  sa tis fied  fo r H 3, w here  a — 1,036), one fin d s for th e  
f i r s t  n o n -v an ish in g  te rm  of th e  fu n c tio n s:

Gf (x,  a) =  (a — x)2 ]/x2 — 1 [2a  — x] (a2 — 1) -f- . .  .

GCT (x, a) =  (a — x)2 ]/x 2 — 1 

T h e  K u rie -p lo t as g iven b y  th e se  te rm s is

<  1 >  |2 Gp -f- A21 <  a >  |2 Gqt

x  -1-------(a2 — 1) (2a — x)
3

1/2

+  •

X ]fx2 -  1

=  | (а2- 1 ) ^ ^ Ч < 1 > 12 +

+  A2 | < ( T > | 2 [ l  +  —  (a2 — 1) —  * 
3 x

+  •••
11/2

(а — ж)

(7)

a n d  i t  can easily  h e  seen t h a t  th e  x-dependence  o f th e  ra d ic a l is indeed  v e ry  
w eak  for e.g . a =  1,036.

I t  is, h o w ev e r, d ifficu lt to  e v a lu a te  th e  p rec ise  effect o f th e  o m itte d  te rm s, 
a n d  th is  is w h y  w e ca lcu la ted  th e  H 3 sp ec tru m  also  n u m erica lly .

5. General behaviour of the allowed /9-spectra

E x p lic it n u m erica l c o m p u ta tio n s  o f  th e  fu n c tio n s G(x, a) lead  to  th e  
fo llow ing conclusions fo r th e  sp e c tra l shapes o f  th e  allow ed tra n s itio n s :

a)  F o r sm a ll en d -p o in t en e rg y  th e  sp e c tru m  is o f th e  allow ed shape in  
case o f b o th  F e rm i-  an d  G am o w —T eller tra n s it io n s , as we h a v e  seen above 
fo r H 3.

b)  F o r la rg e  en d -p o in t en e rg y  only  th e  p u re  G am ow —T elle r tra n s itio n s  
le ad  to  n e a rly  th e  allow ed sh a p e , w hile th e  F e rm i tra n s itio n s  d ev ia te  from  it
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especia lly  a t  th e  low -energy  end  of th e  sp e c tru m . (To illu s tra te  th is  s ta te m e n t 
th e  K u rie -p lo ts  o f th e  fu n c tio n s G F (x , a) an d  GaT (x , a) for th re e  d iffe ren t 
va lues of a a re  show n in  F ig . 2.)

Since th e  d ev ia tio n s from  th e  allow ed sh ap e  a re  m ain ly  d u e  to  th e  p re 
sence of th e  F e rm i m a tr ix  e lem en t, a su ffic ien tly  precise m easu rem en t o f

Fig. 2. a)  The curve GF(x, a )for a" =  2.527, a F l7 =  4,420 and a0 l i  =  4,552  
b) The curve Gqt(x , a) for an =  2,527, a ^ 17 =  4,420 and a0 l i  =  4,552

allow ed ^ -sp e c tra  w ith  p u re  F e rm i tra n s it io n , o r  even of a m ixed  tran s itio n  
(as in  th e  case o f th e  n eu tro n ) m ay  be decisive in  checking  th e  r .v .b . th eo ry .

T he th e o re tic a l life tim es ca lcu la ted  on th e  b as is  o f th e  r .v .b . th e o ry  are  
also m ore or less d iffe ren t from  those  given b y  th e  F e rm i th eo ry . In  m ost cases 
th e se  d iscrepancies are  o f  th e  sam e o rd e r o f m a g n itu d e  as th e  ex p e rim en ta l 
e rro rs  an d  th e  u n c e rta in tie s  arising  fro m  in su ffic ie n t know ledge o f th e  n uclear
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s tru c tu re . A  considerab le  effect m a y  a rise , how ever, fo r  /З-decay w h en  a <g 1,2 
an d  |<cr>|2 ^  0. In  th is  case th e  fo rm u la  (7) holds a n d  we o b ta in  w ith  |A| =  1

W r.v.b.(x ) = | <  1 >  |2 (a2 -  1 ) | —  _  1
X

1 +  —  (a2 - l ) ---------1
2 a (a — xy-xVx2 — 1,

w hile th e  F erm i th e o ry  resu lts  in

W p  (лс) =  { |<  1 >  I2 +  I <  a  >  I2} ( a  —  я)2 x  f x 2  — 1 . 

N ow  fo r a pu re  F e rm i tra n s itio n  w e h a v e

W t. b. (* )  = <  1 >  j2 (a2 -  1)
X

1 (a — я:)2 x Y x 2 — 1

I <  1 >  [2 (a — x ) 2 x  Yx2 — 1 =  W p  (x)

a n d  th e  life tim e  p re d ic te d  b y  th e  r .v .b .  th eo ry  tu rn s  o u t to  be la rg e r  b y  se
v e ra l o rd e rs  of m a g n itu d e  th a n  th e  life tim e  given b y  th e  F e rm i th e o ry . F o r 
tra n s it io n s  w here |<(cr>[2 n o t sm aH en o u g h  no su ch  a large d ifference  betw een  
th e  tw o  th eo ries  arises.

Table 1

The fluctuations in the slope of the Kurie-plot as given by the r. v. b. theory for H3

X W(x)la_x X

1,0025 1,7168 1,0200 1,7445
1,0050 1,7207 1,0225 1,7489
1,0075 1,7246 1,0250 1,7535
1,0100 1,7284 1,0275 1,7573
1,0125 1,7322 1,0300 1,7625
1,0150 1,7364 1,0325 1,7667
1,0175 1,7407 1,0350 1,7714

I t  m u s t be em p h asized , th a t  w h en  co m p arin g  th e  r .v .b . th e o ry  w ith  th e  
e x p e rim e n t, th e  C oulom b co rrec tio n s h av e  to  be h a n d le d  w ith  sp ec ia l care . 
T he p o in t  is th a t  in  th e  r .v .b . th e o ry  o n e  should in  p rin c ip le , ta k e  in to  acco u n t 
(in  a d d itio n  to  th e  u su a l Coulom b co rrec tio n  for th e  /З-partic le) th e  in te ra c tio n  
o f  th e  in te rm e d ia te  boson  w ith  th e  C oulom b fie ld  o f  th e  nuc leu s. T h e  need
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fo r su ch  a co rrec tio n  is in d ica ted  b y  th e  /3 -spectrum  of th e  F 17 nuc leu s. T h is 
is one o f th e  w ell-know n cases w here  th e  F e rm i th e o ry  fails to  describe th e  
e x p e rim e n ta l sp ec tra  [5 — 7]. I f  o n ly  th e  u su a l Coulom b co rrec tio n  is ap p lied , 
th e  r .v .b . th e o ry  does n o t give b e t te r  ag reem en t w ith  th e  e x p e rim e n t th a n  th e  
F e rm i th e o ry . I t  is possib le, how ever, th a t  b y  ta k in g  in to  ac c o u n t th e  e lec tro 
m ag n e tic  in te ra c tio n  o f th e  in te rm e d ia te  boson a g reem en t w ith  th e  ex p e rim en t 
w ill im prove.

W hile for th e  shape  of th e  sp e c tra  th e  C oulom b in te ra c tio n  o f  th e  boson 
m ay  be im p o r ta n t, th e  to ta l  a rea  u n d e r  th e  cu rv e  W(x)  is p re su m a b ly  n o t  
se rio u sly  changed  b y  i t .  T h a t is w h y  th e  v a lu es  o f a2/M* an d  |Д| c a lcu la ted  
from  th e  O 14 sp e c tru m  w ith  th e  u su a l C oulom b co rrec tion  o n ly , seem  to  be 
re liab le . W e shou ld  like to  p o in t o u t th a t  a sm a ll change in th e  n u m erica l 
va lu es  o f  these  c o n s ta n ts  does n o t a ffec t th e  m a in  conclusions re p o r te d  in th is  
p a p e r.

I I .  L e t us now  m ention  some o f th e  th e o re tic a l consequences o f  the  r .v .b . 
th e o ry  o f  th e  w eak  in te rac tio n .

a )  I f  fu r th e r  ex p e rim en ta l te s ts  should  c o n firm  th e  v a lid ity  o f  th e  r .v .b . 
th e o ry  in  n u c lea r /3-decay an d  in  /i-m eson d e c a y , we w ould h a v e  a co m p le te ly  
ren o rm alizab le  th e o ry  o f e le m e n ta ry  p a rtic le s , w here  th e  th re e  basic  in te r 
ac tio n s (w eak, e lec tro m ag n etic , s tro n g ) all w ould  b e  of th e  ferm ion  — ferm ion — 
boson  ty p e .

b)  T he conn ec tio n  betw een  th e  w eak a n d  th e  e lec tro m ag n etic  in te r 
ac tio n s becom es p a r tic u la r ly  close. O ne m ay , in d eed , say  t h a t  th e re  ex ists  
in n a tu re  a v ec to r  boson described  b y  p ro p a g a to r  (2), w hich in  its  n e u tra l

г 4 л
Оs ta te  p a r tic ip a te s  w ith  coupling  c o n s ta n t e =  j  ^ ■ an d  w ith  m ass M,

in p rocesses w here p a r i ty  is conserved , and  in  its  e lec trica lly  ch arg ed  s ta te s  
w ith  coup ling  c o n s ta n t d and  m ass M v §> m e in  processes w here p a r i ty  is n o t 
co n serv ed . Such a p ic tu re  m ay  p e rh a p s  be co n sid e red  as a re la iz a tio n  of th e  
d e g e n e ra ted  N a m b u  boson [8], w h ich  also h a s  one s ta te  w ith  m  =  0 an d  
a n o th e r  w ith  m  >  0, an d  th e  v e ry  ex istence  o f  w hich  is also co n n ec ted  w ith  
th e  d eg en eracy  o f  th e  v acuum .

c)  We m ay  now  in v es tig a te  th e  p o ss ib ility  o f  d =  e. T ak in g  in to  acco u n t

=  4 ,84 • 10 ~49 e rg  • cm 3 (th eth e  e x p e rim e n ta l v a lues e = an d
137 Щ

l a t te r  fo u n d  in  th e  p re se n t p ap e r fo r th e  ch a rg ed  v ec to r  boson), we g e t for th e  
m ass o f  th is  boson

M„ ~  4 7 М л 45 GeV.

Such  a boson m ig h t be found  a t  p re se n t only  in  cosm ic-ray  n u c le a r  em ulsion 
p la te s . I t  is p lausib le  th a t  th is  h ea v y  boson is h ig h ly  u n stab le  a n d  i f  i t  decays
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in to  m a n y  p a rtic le s , i t  m ay  im ita te  a j e t  w ith  an  u n ex p ec ted ly  h ig h  energy 
re lease , w here , how ever, th e  c h a ra c te r is tic  tw o-cone s tru c tu re  w ill he  m issing.

W e should  like to  s tre ss  th a t  th e  id e n tity  of d  w ith  e is n o t a t  a ll n ecessary  
for th e  v a lid ity  of th e  r .v .b . th e o ry , i t  is sim ply  a p o ss ib ility , w hich m a y  or m ay 
n o t  be rea lized .

*

T h e  au th o rs  a re  aw are  of th e  f a c t  th a t  th e  re su lts  rep o rted  in  p a r t  I  of 
th is  p a p e r  are  fa r from  p ro v id in g  a fu ll ex p e rim en ta l v e rifica tion  o f th e  r .v .b . 
th e o ry . B u t  th e  re su lts  o b ta in ed  so fa r  seem  to  be  p rom ising , an d  m oreover 
c e r ta in  a sp ec ts  of th e  new  th e o ry  a re  a t tr a c t iv e . T h u s  i t  appears t h a t  fu r th e r  
w ork  a lo n g  these  lines m a y  be of v a lu e . The a u th o rs  are  deep ly  in d e b te d  to  
D rs. G. B o z ó k i , E . F e n y v e s , L. I .  L a p i d u s  and  G. M a r x  for m a n y  in te re s tin g  
d iscu ssio n s on th e  su b je c t. T h anks a re  also  due to  M rs. T . GÁL, w ho h a s  carried  
o u t th e  ted io u s  n u m e ric a l c o m p u ta tio n s .
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ПЕРЕНОРМИРУЕМАЯ ТЕОРИЯ СЛАБЫХ ВЗАИМОДЕЙСТВИЙ
А. Ф РЕ Н К Е Л Ь  и П. ХРАШКО

Р е з ю м е

Перенормируемая теория слабых взаимодействий с промежуточным векторным 
бозоном может быть построена, если функцию распространения бозона взять в виде
- *^ ( g ^ g —  k p feg/fe2) - j ÿ p - —p -Главные следствия такой теории в области разрешенного
ядерного ß  —  распада следующие:

1. Отношение времен полураспада О14 и нейтрона дает для отношения |А| аксиал- 
векторной и векторной постоянной взаимодействия значение 1 <; |/-| <  1,1.

2. Перенормируемая теория согласуется с экспериментальным ß  — спектром 
неполяризованного нейтрона несколько лучше, чем теория Ферми (фиг. 1).

3. Для Н3 распада теория согласуется с разрешенным видом ß  — спектра так же 
хорошо, как теория Ферми.

Если дальнейшая экспериментальная проверка подтвердит состоятельность теории 
для ядерного ß  — распада и для распада /« — мезона, то вся теория элементарных частиц 
станет перенормируемой.
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HÖHERE NÄHERUNGEN DES STATISTISCHEN 
ATOMMODELLS IN WELCHEM DIE ELEKTRONEN NACH 

DER HAUPTQUANTENZAHL GRUPPIERT SIND II
Von

P .  G o m b á s  und T .  S z o n d y

PHYSIKALISCHES INSTITUT DER UNIVERSITÄT FÜR TECHNISCHE WISSENSCHAFTEN, BUDAFEST
und

FORSCHUNGSGRUPPE FÜR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE 
DER WISSENSCHAFTEN, BUDAPEST

(Eingegangen 7. V . 1964)

Für das statistische A tom m odell, in w elchem  die Elektronen nach der H auptquanten
zahl gruppiert sind, wird eine höhere Näherung en tw ickelt, indem für das Paulische B esetzu ngs
verbot-P otentia l, das dem Paulischen B esetzungsverbot der von den R um pfelektronen v o ll
besetzten  Q uantenzuständen R echnung trägt, ein genauerer Ausdruck verw endet wird. D ie 
Berechnungen der Elektronenverteilung für die A tom e Ne und Ar, sowie für das R b +-Ion  
führen zu R esu ltaten , die m it den Hartreeschen m erklich besser übereinstim m en als die in  
den vorangehenden Arbeiten erhaltenen, was sich  besonders bei den d iam agnetischen Sus
zeptib ilitäten stark bemerkbar m acht. In der E nergie der Atom e N e und Ar und in der des 
R b -Ions ergibt sich eine geringe Erhöhung.

D as s ta tis tisc h e  A tom m odell, in  w elchem  die E le k tro n e n  n a c h  d e r 
H a u p tq u a n te n z a h l g ru p p ie r t s ind , w u rd e  in  ein igen v o ran g eh en d en  A rb e iten  
a u sg e a rb e ite t.1 In  d iesem  M odell w erden  die E lek tro n en  in  den einzelnen  
E lek tro n en sch a len  von e in a n d e r g e so n d ert s ta tis tisc h  b e h a n d e lt. In  bezug  
a u f  ein  E le k tro n  in e inem  Q u a n te n z u s ta n d  m it der N e b e n q u a n te n  zah l / u n d  
d e r H a u p tq u a n te n z a h l n  (d .h . in d er n - te n  E lek tro n en sch a le ) w urde  das 
Pau lische  B ese tzu n g sv e rb o t der in n eren  (energetisch  tie fe ren ) E le k tro n e n 
zu stän d e  m it d e r N eb en q u an ten zah l l d u rc h  das n ich t-k lassisch e  A bstossungs- 
p o te n tia l, das sogen n an te  B e se tz u n g sv e rb o t-P o te n tia l2

G/"> =
7 t2

8(21 +  l ) 2
eaa D j  —

1
(1)

e rse tz t, wo D ; die Sum m e d e r rad ia len  D ich ten  der E le k tro n e n  m it d er N eb en 
q u a n te n z a h l l in  den E lek tro n en sch a len  m it d er H a u p tq u a n te n z a h l 1, 2, . . ., 
n — I b eze ich n e t; w e ite rh in  is t r die E n tfe rn u n g  v o m  K ern , e die p o sitiv e  
E le m e n ta rla d u n g  und  a 0 d e r erste  B ohrsche  W asse rs to ffrad iu s .

Aus den  P o te n tia le n  G\n) w ird fü r  d ie  global b e h a n d e lte n  E le k tro n e n  
d er ra-ten E lek tro n en sch a le  das m ittle re  B e se tz u n g sv e rb o t-P o te n tia l fol-

1 P. G o m b á s  u . K. L a d á n y i , A cta P hys. H ung. 5, 313, 1955; A cta  P hys. H ung. 
7, 255, 1957; A cta  Phys. H ung. 7, 263, 1957; A cta  Phys. H ung. 8, 301, 1958; Z eitschrift 
für Physik , 158, 261, 1960.

2 P . G o m b á s , A cta P h y s. Hung. 1, 285, 1952. Man vgl. auch P . G o m b á s , H andbuch  
der Physik , B d. 36/2, S. 168 ff. Berlin-G öttingen-H eidelberg, Springer, 1956.
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gen d erm assen  defin ie rt

G<"> =  —  2  n, G,<">, (2)
N n r

wo n, die A n z a h l derjen igen  E le k tro n e n  d er n -te n  E le k tro n e n sc h a le  b eze ich n e t, 
d ie  in  e in em  Q u a n te n z u s ta n d  m it der N e b e n q u a n te n za h l l g eb u n d en  s ind  u n d  
N n die g e sa m te  E le k tro n e n z a h l d er n - te n  E le k tro n en sch a le  is t.

Die E le k tro n e n d ic h te  d e r  n -ten  E le k tro n en sch a le  h a b e n  w ir in  der F o rm

Qn =  A nr2(’'»~1)e_2;“r (3)

an g e se tz t, w o A n einen N o rm ie ru n g sfa k to r u n d  r n sowie Xn V a r ia tio n s p a ra 
m ete r b e z e ic h n e n ,3 die aus d e m  E n erg iem in im u m  des A to m s b e s tim m t w erd en . 
B ezüglich  w e ite re r  E in ze lh e iten  verw eisen  w ir a u f  die e ingangs z itie rten  v o ra n 
gehenden  A rb e ite n .

In  d e r  vo rliegenden  A rb e it w ird  fü r  das B e se tz u n g sv e rb o t-P o te n tia l 
Gjn) ein  in zw isch en  h e rg e le ite te r4 g en au e re r A u sd ru ck  heran g ezo g en , d e r  in  
bezug  a u f  e in  E lek tro n  m it d e r  N e b e n q u a n te n za h l l u n d  d e r H a u p tq u a n te n 
zah l n fo lg en d e  G esta lt h a t

G,<"> = -----------— ------ ea0 (Df +  2D, P ,) -  —  e«0 —  , (4)
8(21 + 1 ) 2  4 r*

wo P , die im  w ellen m ech an isch en  S inne g e d eu te te  ra d ia le  D ich te  des B ezugs
e lek tro n s  (im  Q u a n te n z u s ta n d  n , /) b e d e u te t.  D ieses A b sto ssu n g sp o te n tia l 
u n te rsc h e id e t sich  von (1) d u rc h  das im  V erh ä ltn is  zu  D f k le in e  Glied 2D , P ,  
in  der K la m m e r , das zu  e in e r  k le inen  V erg rösserung  d e r A bsto ssu n g  f ü h r t ,  
d ie  in den  in n e re n  G eb ie ten  des A tom s u n b e d e u te n d  is t , je d o c h  in den R a n d 
g eb ie ten  d es  A tom s die A b sto ssu n g  m erk lich  v e rg rö sse rt. H ie rd u rch  w ird , 
w ie aus u n se re n  R e su lta te n  h e rv o rg e h t, d ie  in  den  v o ran g eh en d en  A rb e iten  
gew onnene E le k tro n e n d ic h te  im  rich tig en  S inne k o rrig ie rt, d a  d ie  E le k tro n e n 
d ich te  d u rc h  d iese V erg rö sseru n g  d er A b sto ssu n g  in  d en  äusseren  G eb ie ten  
des A tom s — wo sie sich in  d en  frü h e ren  A rb e iten  als zu  k le in  ergab — a n 
gehoben  w ird .

D ie B estim m u n g  d e r D ic h te v e rte ilu n g  d er E le k tro n e n  m it dem  B e 
se tz u n g sv e rb o t-P o te n tia l (4) w urde  fü r  die A tom e Ne u n d  A r und  fü r  das 
R b +-Ion d u rc h g e fü h r t  u n d  zw ar a u f  ganz ähn lich e  W eise w ie im  Teil I  d ieser 
A rb e it.5 F ü r  d ie  E x p o n e n te n  x n im  A u sd ru ck  d e r E le k tro n e n d ic h te n  w u rd en

3 Im  E x p o n en ten  von r  hab en  w ir hier den in  den vorangehenden Arbeiten in  n ich t  
konsequenter W eise m it n b ezeich n eten  Variationsparam eter m it xn bezeichnet.

4 P . Gombás, Zeitschrift für P hysik , 172, 293, 1963.
5 P . Gombás u. T. Szondy, A cta  P hys. H ung. 14, 335, 1962.
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die in  I  gew onnenen  W erte  (d o rt m it n beze ich n et) b e ib e h a lte n . D ie P a ra m e te r  
Яп im  A u sd ru ck  d er E le k tro n e n d ic h te  h ab en  w ir geradeso  w ie in  I  w ieder d u rch  
sim u ltan e  V aria tio n  aus d em  E n erg iem in im u m  des A tom s b e s tim m t.

Die h ie r gew onnenen  W erte  d er V a ria tio n sp a ra m e te r  s in d  in  d er T abe lle  1 
angegeben . Z um  V ergleich sin d  in d ieser T abe lle  auch  d ie jen ig en  W erte  d ieser 
P a ra m e te r  a n g e fü h rt, d ie w ir in  I  m it dem  A u sd ru ck  (1) des B ese tzu n g sv erb o t- 
P o te n tia ls  e rh ie lten .

Tabelle 1

W erte der Variationsparameter xn und 2 / (J, letzterer in l /a 0-Einheiten

R esu lta te  aus I  m it dem 
Besetzungs verbot-Potential (1)

H ier gewonnene R esu lta te  m it 
dem B esetzungsverbot-Poten

tia l (4)

2K *n 2Л.

Ne 1,0 19,65 1,0 19,74

1,5 4,11 1,5 4,01

1,0 36,65 1,0 37,11
Ar 2,0 13,36 2,0 12,87

3,0 4,79 3,0 4,43

1,0 77,33 1,0 79,06
R b+ 2,0 32,11 2,0 30,99

3,0 14,44 3,0 13,29
4,0 6,18 4,0 5,41

Die R e su lta te  fü r den  D ic h te v e rla u f der E le k tro n e n  s in d  in  den  F ig u ren  1, 
2 u n d  3 angegeben  und  zw ar is t  in  d iesen  d ie  g esam te  ra d ia le  E le k tro n e n d ic h te  
D(r)  =  4 л  T* £  6n (r ) als F u n k tio n  von r d a rg e s te llt . Z um  V erg leich  is t in den

n
F igu ren  au ch  d e r m it d em  in  I  b e n u tz te n  B e se tz u n g sv e rb o t-P o te n tia l (1) 
gew onnene u n d  d er m it d e r  M ethode des se lf-co n sis ten t f ie ld  e rm itte lte  H a r-  
treesche  ra d ia le  D ic h te v e rla u f6 e ingeze ichne t. W ie aus d en  F ig u ren  zu seh en  
is t, s tim m t d e r h ie r gew onnene D ic h te v e rla u f fü r  das A r-A to m  u n d  R b +-Ion  
m it dem  H artree sch en  du rchw eg  besser ü b e re in  als d e r in  I  b e rech n e te , b e 
sonders augen fä llig  is t  d ies in  g rösserer E n tfe rn u n g  v o m  K e rn . F ü r  das Ne- 
A tom  is t die Ü b ere in s tim m u n g  des h ie r gew onnenen  D ich tev e rlau fs  m it dem  
H artreesch en  fü r  r  >  2 o 0 ebenfalls besser als die des in  I  gew onnenen  D ic h te 
verlau fes. Im  In n e re n  des N e-A tom s is t dies n ic h t  der F a ll. E s  sei jed o ch  b e 
m erk t, dass d e r  h ier d a rg es te llte  H a rtree sch e  D ic h te v e rla u f  fü r  das In n e re

6 Für N e; F . W . B r o w n , P hys. R ev. (2) 44, 214, 1933. Für Ar: D . R. H a r t r e e  
u .  W . H a r t r e e , Proc. R oy. Soc. Lond. (A) 166, 450, 1938. Für R b +: D . R . H a r t r e e  u . 
W . H a r t r e e , Proc R oy. Soc. Lond. (A) 151, 96, 1935.
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des N e-A tom s k eine  ganz k o rre k te  V erg leichsbasis g ib t, d a  d ieser D ic h te v e r
la u f  m it B erü ck sich tig u n g  d er A u stau sch  W echselw irkung zw ischen den  ls- 
u n d  2 s -E le k tro n e n  b e re c h n e t w u rd e , w äh ren d  in  u n se rem  V erfah ren  der 
E le k tro n e n a u s ta u sc h  g än z lich  u n b e rü c k s ic h tig t b le ib t.

E s e rh eb en  sich  h ie r  n o ch  die fo lgenden  F ra g e n : e rs ten s  in  w elchem  
M asse d ie  v o n  uns m it d em  V aria tio n sv e rfah ren  e rm itte lte  L ösung die ex ak te

Fig. 1. V ergleich  der radialen E lek tron en dich ten  D  des N e-A tom s, r in  a u- und D  in  1 /a„-
E inheiten .

—----------- hier berechnet,
................. in  I berechnet,

---------------n a c h  H a r t b e e .

L ösung u n se res  P rob lem s a n n ä h e r t  u n d  zw eitens ob d ie  e x a k te  L ösung  von
d er H a rtre e sc h e n  n ic h t e tw a  s tä rk e r  ab w eich t als d ie  m it dem  V a ria tio n s 
v e rfa h re n  b e rech n e te  N äh e ru n g s lö su n g ?  Z ur B e a n tw o rtu n g  d ieser F rag en  
h ab en  w ir d ie  E le k tro n e n d ic h te  d e r äu sse rs ten  Schale  (iV-Schale) des R b +- 
Ions a u c h  e x a k t  b e re c h n e t, in d em  w ir d ie  m it dem  V a ria tio n sp ro b le m  é q u i
v a le n te  e rw e ite r te  S ch röd ingersche  D iffe ren tia lg le ich u n g  n u m erisch  e x a k t 
lö sten . D er a u f  diese W eise n ach  u n se re m  M odell e x a k t  b e rech n e te  rad ia le  
D ic h te v e r la u f  d e r E le k tro n e n  in  d e r  IV-Schale des R b +-Ions is t  zusam m en  
m it d em  m it d e r V a ria tio n sm e th o d e  b es tim m ten  u n d  dem  H a rtre e sc h en  
D ic h te v e rla u f  in  F ig . 4 d a rg e s te llt . W ie zu  sehen is t, s t im m t d er a u f  n u m e ri
schem  W ege e x a k t  b e re c h n e te  D ic h te v e rla u f  m it dem  H a rtre e sc h en  b ed e u te n d  
besser ü b e re in  als d er m it dem  V aria tio n sv e rfah ren  b e s tim m te . A u f G rund
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dieses R e su lta te s  u n d  ein iger f rü h e r  d u rc h g e fü h rte n  äh n lich en  K on tro ll- 
rech n u n g en  k an n  m an e rw a rte n , dass d ies a llgem ein  d er Fall is t .  D ie  m it u n se 
re m  V erfah ren  e x a k t b e rech n e ten  D ic h tev e rte ilu n g en  d ü rften  a lso  auch in  
allen  an d eren  F ällen  die H a rtree sch en  sehr g u t a n n äh e rn .

E inen  A ufschluss ü b e r die G ü te  des D ich tev erlau fes  in d en  äusseren  Ge
b ie te n  d er A tom e e rh ä lt  m an d u rch  V ergleich d e r  d iam ag n e tisch en  Suszepti-

Fig. 2. Vergleich der radialen E lektronendichten D  des A r-A tom s, r in a 0- und D  in l /a 0-
E inheiten .

--------------hier berechnet,
.................  in  I berechnet,
— --------- n a c h  H a r t r e e .

b ili tä te n  m it d er E rfa h ru n g , da  die d iam ag n e tisch e  S u sz e p tib ilitä t zum  M itte l
w e rt von r2 p ro p o rtio n a l is t , in  w elchem  die äu sse ren  Gebiete d es  A tom s s ta rk  
b e to n t  sind . D ie W erte  d e r  d iam ag n e tisch en  S u sz e p tib ilitä t, d ie  w ir  m it dem  
h ie r gew onnenen  D ic h te v e rla u f e rh ie lte n , sind  in  d er T abelle 2 angegeben . 
Z um  V ergleich sind  auch  d iejen igen  W e rte  der d iam ag n e tisch en  S u sz e p tib ilitä t 
a n g e fü h rt, d ie m an m it den  H artree sch en  V erte ilu n g en , sowie m it  den in I  e r 
h a lte n e n  V erte ilungen  e rh ä lt;  ausser diesen e n th ä l t  die Tabelle a u c h  die em pi
risch en  W e rte .7 W ie aus d e r T abelle ers ich tlich  is t ,  e rg ib t sich m it  d en  H a rtre e 
schen  W erten  in  allen d re i F ällen  u n d  m it den em pirischen W e rte n  für A r

7 L a n d o l t -B ö r n s t e in : Zahlenwerte und F unktionen , Atom und M olekularphysik, 
1. Teil, A tom e und Ionen. H erausgegeben von  A. E u c k e n , Springer-Vlg., B erlin-G öttingen- 
H eidelberg, 1950, S. 394 — 395.
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u n d  R b  + eine b e d e u te n d  bessere Ü b e re in s tim m u n g , w enn m an d ie  S u szep ti
b i l i tä t  m it  den  h ie r e rh a lte n e n  s t a t t  m it  den in  I  e rh a lte n e n  V erte ilu n g en  b e 
re c h n e t. D er h ie r b e re c h n e te  W ert d e r  d iam ag n e tisch en  S u sz e p tib ilitä t fü r  
Ne s tim m t m it dem  em pirischen  e tw a s  sch lech ter ü b e re in  als d e r m it  der in  
I  gew onnenen  V erte ilu n g  be rech n e te .

D ie E n erg ie  d e r  A to m e Ne u n d  A r und des R b +-Ions s in d  m it dem  
M in im um  d e r E nerg ie  a ls  F u n k tio n  d e r  V a ria tio n sp a ra m e te r  r n u n d  Xn g leich
zu se tzen . D ie h ie r gew onnenen  E n e rg iew erte  s in d  zusam m en m it  den in I

Tabelle 2

D iam agnetische Suszeptib ilität der Atom e N e  und Ar und des Rb+-Ions, i n — 1 0 ~ 6 cm3/m ol-
E inheiten

M it den  Dichte
verteilungen 

aus I berechnet

M it den  hier 
gew onnenen 
V erteilungen 

berechnet

Mit den  
H artreeschen 
V erteilungen 

berechnet

Empirische
Werte

Ne 7,6 7,9 8,0 7,2
Ar 16,5 19,2 24,8 19,4
Rb + 18,9 24,2 29,5 22,5

Acta Phys. Hung. Тот. X V I I .  Fase. 3.

Fig. 3. Vergleich der radialen E lektronendichten D  des R b ' -Ion s, r in au- un d  D  in l /a 0
E inheiten .

------——  hier berechnet,
................. in  I berechnet,
—  —  —  n a c h  H a r t h e e .
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b e rech n e ten  und  den  h a lb em p irisch en  W e rte n 8 in  d e r T abelle 3 angegeben . 
Zufolge d er e rh ö h ten  A bstossung  des Z u sa tz p o te n tia ls  (4) im  V erh ä ltn is  zu 
(1) liegen die h ie r m it dem  Z u sa tz p o te n tia l (4) b e rech n e ten  E n e rg ien  etw as 
h ö h er als die in  I  m it d em  Z u sa tz p o te n tia l (1) b e re c h n e ten . D iese geringe Er-

D lr

5  i

Fig. 4. Vergleich der radialen E lektronendichten D  der IV-Schale des R b + -Ions. r in a0- und
D  in  l / a 0-E inheiten.

................  hier m it dem  Variationsverfahren berechnet,
--------------hier auf num erischem  W ege ex a k t berechnet,

— -------------n a c h  H a r t r e e .

Tabelle 3

Energie der A tom e Ne und Ar und des Ions R b  + in e2/a-E inheiten

R esultate aus I
H ier gewonnene 

R esultate
Halbempirische

W erte

N e -  125,94 — 125,63 -  129,5
Ar -  521,44 -  517,15 — 525,4

Rb + - 2 9 2 5 ,7 — 2877,9 - 2 8 8 5 ,3

8 J. C. Sl a t e r , P h ys. R ev. 36, 57, 1930.

Acta Phys. Hung. Тот. X V I I .  Fase. 3.
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h ö h u n g  d e r E nerg ie  is t  seh r be fried ig en d , denn bei H in zu n ah m e d e r A u s tau sch 
w echselw irkung  u n d  d e r  K o rre la tio n  d e r E lek tro n en  in  den n ä c h s te n  N äh e ru n 
gen w ird  die E nerg ie  e tw as v e r tie f t, so dass ein zu  s ta rk e s  A bsinken  d e r E nergie 
in  den  w eite ren  N ä h e ru n g en  g e rad e  d u rch  die h ie r  gew onnene E n e rg ie 
e rh ö h u n g  v o ra u ss ic h tlic h  v erm ieden  w ird .

ВЫСШИЕ ПРИБЛИЖЕНИЯ СТАТИСТИЧЕСКОЙ МОДЕЛИ АТОМА, В КОТОРОЙ 
ЭЛЕКТРОНЫ СГРУППИРОВАНЫ ПО ГЛАВНЫМ КВАНТОВЫМ ЧИСЛАМ II

П. ГОМБАЩ и Т. СОНДИ
Р е з ю м е

Для статистической теории атома, сгруппирующей электроны по главным кванто
вым числам, разрабатывается одно высшее приближение, в котором применяется более 
точное выражение для потенциала запрета Паули, принимающего во внимание принцип 
запрета Паули для полностью заполненных электронами остова атома квантовых состоя
ний. Вычисление распределения электронов для атомов Ne, Ar и для иона ШГ приводят 
к результатам, намного лучше согласующимся с результатами Хартри, чем это наблю-- 
далось в предыдущих работах. Это особенно ярко выражается в случае диамагнитной 
восприимчивости. В энергии атомов Ne, Ar и иона Ш> наблюдается некоторое повышение

Acta Phys. Hung. Torn. X V I I .  Fase. 3.
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ON THE INSTABILITY OF CLUSTERS OF GALAXIES
By

G. P a á l

KONKOLY OBSERVATORY, BUDAPEST

(Received 20. III. 1963)

T he p ro b ab le  v a lu e  o f th e  cosm ological deceleration  p a ra m e te r  (q0) as 
d e te rm in ed  from  th e  red -sh ifts  o f e x tra g a la c tic  n eb u lae , is a b o u t  3 [1]. F ro m  
th is  th e  p ro b ab le  o rd e r of m ag n itu d e  o f  th e  cosm ical c o n s ta n t, Л,  o f th e  ge
n e ra l th e o ry  o f r e la t iv i ty  m ay  be e s tim a te d  to  be  A  — — 10 ~55 CGS. On th e  
o th e r  h a n d , acco rd in g  to  th e  re su lts  o f  S c h l ü t e r  [2 ], th e  law  o f  g ra v ita tio n a l 
a ttra c t io n  of a m ass spherica lly  d is tr ib u te d , in c lu d in g  th e  in flu en ce  of A ,  in  
“ N ew ton ian  a p p ro x im a tio n ”  can be  w ritten

F = - y ” - +  , , 1)
r2 3

w here F  is th e  ra d ia l  force p er u n it  m ass, r th e  ra d ia l d is ta n c e , y  th e  g ra v it
a tio n a l c o n s ta n t, M  th e  to ta l  m ass w ith in  th e  r a d ia l  d is tan ce  r , c th e  v e lo c ity  
o f lig h t in  vacuo . T his m eans th a t  th e  in flu en ce  o f A  is e q u iv a le n t to  an  a d d i
tio n a l g ra v ita tio n a l a t tra c t io n  o f a m a te r ia l h av in g  a d e n s ity  of gA =  — 

A c 2
-  --------1 0 " 28 CGS.

i n  y
I t  is know n th a t  in  sp ite  of all m o rp ho log ica l, s ta tis tic a l a n d  a s tro p h y sica l 

d a ta  in d ic a tin g  th e  s ta b ili ty  o f la rg e  g lo b u la r c lu ste rs  of g a lax ie s , d y n am ica l 
co n sid era tio n s m ak e  th e m  a p p e a r to  be e x tre m e ly  u n s ta b le  [3]. A ccord ing  
to  c o m p u ta tio n s , a d e n s ity  o f te n  to  f if ty  tim e s  higher th a n  th a t  re su ltin g  
from  d irec t m easu rem en ts  w ould be re q u ire d  to  ensure th e  s ta b ility  of th e  
c lu s te rs . Since th e  v alue  o f gA fo u n d  above is o f  th e  sam e o rd e r  of m a g n itu d e  
as th e  m issing d e n s ity , in  our op in ion  th e  in flu en ce  of th e  cosm ical c o n s ta n t 
m ay  m ake up  fo r th e  a t tra c t io n  o f th e  m a te r ia l  m issing in  th e  large c lu s te rs  
o f galax ies.

T he co n d itio n  o f s ta b ili ty  fo r a c lu s te r , also consid erin g  th e  in fluence  
of gA, obv iously  m ay  be w ritte n  as

V' max
R {4 n y

((?A +  (?)
1/2

( 2)
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380 G. PAÁL

w here V max is th e  m ax im u m  specific v e lo c ity  o f a ll e lem ents in  th e  c lu ste r 
o f g a lax ies , q th e  av e rag e  d e n s ity  o f  th e  c lu ste r, R  t h e  rad iu s  o f th e  c lu ste r. 
If , th e re fo re , g lo b u la r c lu s te rs  o f g a lax ies  a re  rea lly  s ta b le  and th e ir  s ta b ili ty  
is a co n seq u en ce  of th e  re la tiv is tic  e ffec t described  above, th e n  fo r  every

V
c lu s te r  th e  em p irica l r e l a t io n — —— =  c o n s ta n t m u s t h o ld  tru e , as (р л -f- q) ^ 2

R
m ay  b e  co nsidered  to  be  p ra c tic a lly  e q u a l  for th e  v a r io u s  clusters o f  ga lax ies. 
I f  we supp o se  t h a t  th e  v e lo c ity  d is tr ib u tio n  o f g a lax ie s  does n o t v a r y  sign i
f ic a n tly  fro m  c lu s te r  to  c lu s te r , our co n d itio n  m ay  b e  rep laced  b y  th e  re la tio n
a r

— - =  c o n s t. (crr is th e  lin e -o f-s ig h t v e lo c ity  d ispersion  o f  th e  e lem en ts  w ith in

th e  c lu s te r.)  W ith in  th e  lim its  o f a c c u ra c y  o f m e a su re m e n t i t  can  be  p roved  
th a t  a ll w ell-know n c lu s te rs  o f ga lax ies  o f reg u la r sh ap e  fu lfil th e  above 
re la tio n .

G lo b u la r c lu ste rs  w ith  m easu red  velocities are  th e  follow ing [1, 4 , 5, 6 ]:

or
n  ——  km /sec/M pc

Com a C luster ...............................  46 130 h
C orona B orealis C lu s t e r ...............  8 135 h
P eg asu s C lu s t e r ...............................  5 131 h
P erseus C luste r .............................  5 103 h
F o rn a x  C luste r ...............................  5 160 h
C ancer C lu s t e r ..................................  4 141 h

H
H ere  n  is th e  n u m b e r o f ga lax ies w ith  kn o w n  v e lo c ity , h  == ■ ° - , a n d  H 0

is th e  H u b b le  p a ra m e te r .

T h e  m ean  v a lu e  w e ig h ted  b y  th e  n u m b e r o f  m easu rem en ts  is —— =
R

=  133 h  km /sec/M pc. M ax im u m  re la tiv e  dev ia tio n s f ro m  th e  m ean  in  case 
o f in co m p le te  sam p lin g  (o f 4 —5 elem en ts  w ith  know n v e lo c ity ) is ± 2 2 % . The 
av erag e  o f  th e  q u o tien ts  o b ta in ed  f ro m  in com ple te  m easu rem en ts  (based

o~r
on 19 m easu rem en ts) is —  =  134 h , w h ich  shows a d e v ia tio n  of on ly  3 %  from

R
th e  v a lu e  d e te rm in e d  fo r th e  Coma C lu ste r from  46 m easu rem en ts .

I t  is seen th a t  th e  re la tio n sh ip  =  co n st, ho lds t r u e  for all su ff ic ien tly

know n  la rg e  g lobu la r c lu s te rs  o f g a lax ies , w hich em p irica lly  s u p p o r ts  our 
co n cep tio n  as to  th e  so lu tio n  o f th e  p ro b le m  of in s ta b i l i ty  o f c lu ste rs .

B ecause  o f th e  u n c e r ta in ty  re su ltin g  from  in su ff ic ie n t know ledge of 
th e  o r ie n ta tio n  o f c lu ste rs  in  space fo r e llip so ida l c louds o f  galaxies o f  reg u la r  
sh ap e  o n ly  a ro u g h  av erag e  va lu e  can be  g iven . B y u s in g  th e  averages o f  G.

Acta Phys. Hung. Тот. X V I I .  Fasc, 3.
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DE V a u c o u l e u r s  (G roup A2) [3] w e get
a.

—— ~  160 h km /sec/M pc. For
R

“ as

so c ia tio n -lik e” g roups inc lu d in g  also  b lue g ian t ga lax ies (G roup Al) we o b ta inby
-—-^■ 5 3 0  h  km /sec/M pc. As m ig h t be ex p ec ted , th e se  groups g en era lly  prove

u n s ta b le , even if  th e  /1-force is b e in g  taken  in to  accoun t. O u r co n sid era tio n s 
do n o t  a p p ly  to  su ch  groups o f ga lax ies of s ig n if ican tly  h ig h e r densities an d  
sm alle r d im ensions, as , for in s ta n c e , S te p h a n ’s Q u in te t.

W e w ish to  p o in t o u t th a t  th e  above in te rp re ta t io n  is n o t th e  only  possible 
one. All th a t  can be p roved  n o w ad ay s  b y  d y n a m ic a l co n sid era tio n s seems to  
be t h a t  th e  d en sity  o f th e  m a te ria l m issing in  th e  M etagalaxy  o n  th e  one h a n d  
an d  in  th e  c lu ste rs  o f  galaxies on th e  o ther h a n d  are  a p p ro x im a te ly  equal. 
C onsequen tly  our em pirica l d a ta  a llow  to  suppose  also  a really  e x is tin g  b u t n o t  
o b serv ab le  su b stan ce  (e.g. gas o f n e u trin o s) of a p p ro x im a te ly  c o n s ta n t  d en sity  
ev e ry w h ere  in  th e  M etaga laxy .

B o th  in te rp re ta tio n s  req u ire  a ce rta in  rev is io n  of some id e a s  in  c u rren t 
th eo rie s  o f cosm ology, b u t we do n o t in ten d  to  e n te r  here in to  th e  discussion 
o f th is  question  [7, 8].
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In  th is  n o te  we consider th e  s c a tte r in g  am p litu d e  o f h igh-energy  K l e in  — 
G o r d o n  an d  D ir a c  p a rtic le s . As k n o w n , th e  sc a tte rin g  am p litu d e  o f  h igh- 
energy  collisions gives in fo rm a tio n  ab o u t th e  in te ra c tio n s  o f  colliding p a r tic le s , 
and  ab o u t th e  reac tio n  p ro d u c ts  th ey  g e n e ra te . We w rite  th e  K l e in — G o r d o n  
eq u a tio n  in  th e  follow ing fo rm  [1]:

A 4 >  y ï ) +  [к2 -  2 E V (?) +  V -  (?)] W ( f )  =  0. (1)

H ere E  is th e  energy  of th e  in c id en t p a r tic le  and  к =  ( E 2 — m 2)1̂  is th e  m o 
m en tu m . E q . (1) has been w ritte n  in  re la tiv is tic  u n its , % =  c =  1. In  ou r t r e a t 
m en t we sh a ll assum e th a t  th e  p artic le  is h ig h ly  re la tiv is tic , E  m, a n d  we 
shall neg lec t m  as com pared  to  E.  In  th is  case eq. (1) h a s  th e  form

A W f i )  +  [k2 -  2к V ( f )  +  V 2 (r)] W(r) =  0. (2)

As th e  f irs t  s tep  in  th e  fo rm u la tio n  o f  an  in te g ra l e q u a tio n  we define  th e  
G r e e n ’s fu n c tio n , G(r, r'),  as a so lu tion  o f  th e  inhom ogeneous w ave e q u a tio n  
(A +  k2)G(r, r ')  =  b(r — r ') .  W e shall d e fin e  G(r, r ')  as th e  am p litu d e  w h ich  
co rresponds to  th e  ra d ia tio n  from  a co h e re n t source a t  r ' ,  so th a t  our G r e e n ’s 
function  is

Gyr
1 eik'r~r \

4 л  I? — Г I
( 3 )

T he in te g ra l eq u a tio n  for гр(г) is given b y

W{r) =  еГк ? +  J  G(r -  Г) [2k V f ' )  -  V 2 (?')] W (f') d f  . (4)

In  o rd e r to  o b ta in  th e  sc a tte r in g  a m p litu d e  f ( k l k )  we co n sid e r th e  lim itin g
] -  - / I  ? ' ,  rcase r —> °°  an d  n o te  th a t  |r — r ->  r — --------for large |r | =  r. The s c a tte r in g
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a m p litu d e  is th e n  given b y

f ( k ' , k )  =  -  - 1 f e - ‘*>'[2 к V(r )  -  V 2 (r)] • V'(r) dr  . (5)
47Г J

I f  ip(r) is g iven  one can ca lc u la te  th e  sc a tte r in g  am p litu d e /(fc ', k ) - U n fo rtu n a te ly , 
th e  K l e in  — G o r d o n  e q u a tio n  is e x a c tly  so lv ab le  only in  a v e ry  lim ited  n u m b e r  
o f  cases, th e re fo re  a good a p p ro x im a tio n  o f ’P (r)  is re q u ire d  fo r h igh ly  r e la t i 
v is tic  p a r tic le s . To i l lu s tra te  th e  m eth o d  b y  w hich  a good ap p ro x im a tio n  m a y  
be  o b ta in e d  fo r y (r)  we w rite  dow n th e  K l e in  — G o r d o n  eq u a tio n  in one d i 
m ension:

d 2
dx~

+  fc= У  (ж) =  (2k V ( x )  -  V 2 (*)) W (x ) . ( 6 )

T h e  so lu tio n  y>(x) we w rite  in  th e  follow ing fo rm : y>(x) =  e,kx cp(x), w here <p(x) 
is a fu n c tio n  w h ich  varies slow ly  over a p a rtic le  w ave le n g th . S u b s titu tio n  
o f  ip(x) in to  eq . (6) gives us th e  d iffe ren tia l e q u a tio n  for cp(x)

d d 2 \
2ik  T + T 7  ?»(*) =  ( 2k  -  V2 (*)) *(*) ax ax1 I

(V

Since cp(x) v a r ie s  on ly  slow ly o v e r a w ave le n g th  we can d ro p  o- . I n  th is  case
ax

w e o b ta in  fo r <p(x) th e  a p p ro x im a tio n

<P(X ) =  e
- i  S [ V (x ’) -  V1 (x')/2k] ex '

( 8 )

w h ich  fu lfils  th e  b o u n d a ry  co n d itio n  <p(— ° ° )  == 1. U sing th e  sam e m e th o d  
w e can o b ta in  a n  a p p ro x im a tio n  fo r y)(x, y ,  z)  in  th e  case o f  th ree -d im en s io n a l 
p ro b lem s, n a m e ly

xni \ ikz~ l S [ V(x, y, z') -  V’ (x, y, z')/2fc] :,'2' ( Q .W ( x , y , z )  =  e -»  . (9)

F o r  a p o te n tia l  w ith  a z im u th a l sy m m e try  we o b ta in  th e  fo llow ing ex p ressio n  
fro m  th e  K l e in  — G o r d o n  e q u a tio n  for th e  sc a tte rin g  a m p litu d e  / (# )  a f te r  
sim p le  c a lc u la tio n s  sim ilar to  tho se  w hich  h av e  been m a d e  b y  G l a u b e r  [2] 
n  th e  case  o f  th e  S ch rô d in g er eq u a tio n :

w h e re

x (b )  =  —  J  [ V  (b +  kz) —

[eix(S) - l ] b d b ,  

V 2 (b +  kz)/2k] dz .

( 10)

( И )

Acta Phys. H ung. Тот. X V I I .  Fasc. 3.



SCATTERING AMPLITUDE OF HIGH ENERGY PARTICLES 385

In  eq. (10) I 0 deno tes th e  z e ro th  order B essel fu n c tio n , ft is th e  s c a tte r in g  angle 
an d  ft =  |ft| is th e  im p a c t p a ra m e te r. I n  th e  la s t e q u a tio n  % is a u n it  v e c to r , 
jfe| =  1. A ny  position  v ec to r  r  m ay  be re so lv ed  in to  tw o co m p o n en ts  r  =  b +  k~~ 
w hich  m eans th a t  ft is a v ec to r  ly ing  in  a p la n e  p e rp e n d ic u la r  to  к, an d  th e  p o 
sitiv e  г-ax is lies in  th e  d irec tio n  of fc. T h e  la s t tw o fo rm u la s  are co n v en ien t 
for th e  ca lcu la tio n  o f th e  sc a tte rin g  a m p litu d e  of h ig h ly  re la tiv is tic  K l e in  — 
G o r d o n  p a rtic le s . T he expression  g iven b y  eq . (10) m a y  be  recognized as of 
th e  ty p e  o f fo rm ula  one w ould  use to  d iscuss th e  d iffra c tio n  b y  a tra n s p a re n t  
obstac le .

P a r z e n  [3] has d erived  a form ula w h ich  g ives a re la tion  b etw een  th e  
sc a tte r in g  am p litu d e o f  K l e in — Go r d o n  f(ft) and th a t  o f  D irac  f D (ft):

I d = f ( f t )co s - ( 12)

Since in  our case f(ft) is g iven  b y  equ . (10), one can c a lc u la te  th e  sc a tte r in g  
a m p litu d e  f(ft) in  th e  D irac  case for a p o te n tia l  w ith  a z im u th a l sy m m e try . 
The m eth o d  given in  th is  n o te  is b e t te r  su ited  to  p ra c tic a l ca lcu la tions th a n  
th e  m eth o d  given b y  th e  a u th o r  p rev io u sly  [4].

R E F E R E N C E S

1. D. R. R a t e s , Quantum  Theory, vol. 3, p. 44, Academ ic Press, N ew  York and London, 1962.
2. R. J. G l a u b e r , Lectures in  Theoretical P h y sic s , vol. I. p. 315, Interscience Publishers

Inc. N ew  York, 1959; for reference see also B. J. Ma le n k a , P h y s. R ev., 95, 522, 1956. 
and H . S. Y o l k , P hys. R ev ., 122, 931, 1961.

3. G. P a r z e n , P hys. R ev ., 104, 835, 1956.
4 . T. T ie t z , A cta P hys. H ung., 11, 85, 1960.

к* Acta Phys. H ung. Тот. X V I I .  Fasc. 3.





AVERAGE ENERGY, AVERAGE VELOCITY AND 
MEAN FREE PATH OF SLOW ELECTRONS 

IN HELIUM AND ARGON
B y

O. J .  O r ie n t

DEPARTMENT OP ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST 

(R eceived 28. I. 1964)

Introduction

R eg ard in g  th e  en erg y  d is tr ib u tio n  o f  slow  e lec trons f i r s t  A llen  [1 ] an d  
th e n  B a r b ie r e  [2] d id  co m p u ta tio n s .

A l l e n ’s w ork  re la te s  to  he lium , n eo n  an d  argon . In  h is c o m p u ta tio n s  
A l len  gave a tte n tio n  to  th e  fa c t th a t ,  as re su ltin g  from  R a m sa u e r ’s m e a su re 
m en ts [3 ] ,th e  cross sec tion  o f gases re la te d  to  e lectrons is a fu n c tio n  of e n e rg y . 
U sing th e  en erg y  d is tr ib u tio n s  co m p u ted  fo r th e  th re e  r a r e  gases m en tio n ed  
above A l le n  d e te rm in ed  d r if t  ve lo c ity  a n d  te m p e ra tu re  v alues for v a r io u s  
electric  fie ld  s tre n g th s . H ow ever, th e re  a re  d iscrepancies b e tw een  th e  re su lts  
of his c o m p u ta tio n s  an d  th o se  of m easu rem en ts .

F ro m  B a r b ie r e ’s t r a in  of th o u g h t i t  follows th a t  A l l e n  has fa iled  to  
n o tice  som e im p o r ta n t  p o in ts . F o r h e liu m  a n d  argon  B a r b ie r e  has d e te rm in e d

th e  d is tr ib u tio n  o f e lec tro n s from  — x  =  l t o  —  =  4 ------ ------------ (X is th e  elec-
p  p  cm  • m m  H g

trie  fie ld  s t r e n g th , / )  is th e  p ressure). In  th is  co m p u ta tio n  th e  following p o in ts  
were ta k e n  in to  co n sid e ra tio n : a)  as th e  m ass of gas m olecu les is f in ite , th e  
effect o f th e  m ass o f th e  m olecules c a n n o t be  neg lec ted ; b)  ine lastic  co llision  
ta k in g  place in  th e  course of th e  e x c ita tio n  o f  th e  m olecu les should  be ta k e n  
in to  a c c o u n t; c)  th e  sc a tte r in g  cross sec tion  (R a m sa u er ) is a fu n c tio n  of e n e rg y ;
d)  th e  su b s ti tu tio n  o f d iffusion  cross sec tio n  (m o m e n tu m -tra n s fe r  cross sec tio n ) 
for R a m sa u e r ’s sc a tte r in g  cross sec tion  g ives resu lts  o f  a  b e tte r  a c c u ra cy .

B a r b ie r e  b ased  his ca lcu la tions on H o l st e in ’s [4] re su lts  who d e riv e d  
the d iffe ren tia l eq u a tio n  defin ing  th e  en e rg y  d is tr ib u tio n  in  an  elec tric  fie ld  
betw een  p lan e -p a ra lle l e lec trodes, ta k in g  in to  acco u n t c o n d itio n s  a) ,  b) ,  c ) ,  d ) .  
F ro m  th e  d iffe re n tia l eq u a tio n  B a r b ie r e  d e te rm in ed  th e  en e rg y  d is tr ib u tio n  
func tion  as reg a rd s  in e la s tic  collisions, ta k in g  on ly  th e  f i r s t  ex c ita tio n  e n e rg y  
in to  co n sid e ra tio n . E lec tro n  d r if t  ve lo c ity  a n d  elec tron  te m p e ra tu re s  c o m p u te d  
b y  using  th e  en erg y  d is tr ib u tio n  w ere in  fa ir  ag reem en t w ith  th e  re su lts  o f

m easu rem en t (in th e  e lec tric  fie ld  s tre n g th  ra n g e  from  —  = 1  to  —  = 4  [2 ]).
P P

A l l e n ’s re su lts  are  in  b e tte r  a g reem en t w ith  th e  re s u lts  o f  m easu rem en ts  
in  th e  case o f he liu m , th a n  in  th a t  of a rg o n . In  th e  case o f  a rg o n  th e  d isc re p a n c y
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is  la rge  as h e re  th e  firs t e x c ita tio n  energy  is low  (Ex =  11.57 eV). For h e liu m  
th is  va lu e  is h ig h e r  (E x — 19.7 eV). In  th e  case of argon  th e  f irs t e x c ita tio n  
en e rg y  g re a tly  in fluences th e  en e rg y  d is tr ib u tio n  of th e  e le c tro n s .

B a r b ie r e  h a s  c o m p u te d  th e  e n e rg y  d is t r ib u t io n  f u n c t io n  o f e le c tro n s  
F ( E ) d E ,  (E  is  th e  en e rg y )  in  t h e  ca se  o f  h e l iu m  a n d  a r g o n ,  fo r  fo u r  v a lu e s

o f  th e  e le c tr ic  fie ld  s tre n g th
X
—  =  1, 2 , 3 , 4 
P

re p re se n tin g  th e  d is tr ib u tio n

fu n c tio n s  b y  g rap h ica l m e th o d s . T he a u th o r  o f the  p a p e r  p re sen ted  h ere  has 
m ad e  use o f  th e se  curves to  d e te rm in e  a v e ra g e  energy  E ,  av e rag e  v e lo c ity  v 
and m ean free  p a th  I  for h e liu m  an d  a rg o n , fo r  th e  four e le c tr ic  field s tre n g th s .

R esults

I f  th e  e n e rg y  d is tr ib u tio n  is know n th e  average  e n e rg y  m ay  he co m p u ted  
fro m  th e  fo rm u la :

j~ E  • F ( E )  d E
Ë  =  l —-----------------

f F ( E )  d E  
à

and w ith  th is  th e  ro o t-m e a n -sq u a re  v e lo c ity  m ay  be c o m p u te d  from  th e  fo r
m u la :

У«2 = Í 2 E  
m

(m  is th e  m ass o f  th e  e lec tro n ).
T he a v e ra g e  v e loc ity  v  m a y  be o b ta in e d  from  th e  e n e rg y  d is tr ib u tio n  as:

о

To c o m p u te  th e  m ean  free  p a th  th e  d iffusion  (m o m e n tu m -tra n sfe r)  free 
p a th  as a fu n c tio n  o f en erg y  m u s t  be k n o w n . T he re la tio n sh ip  betw een  d iffusion

cross se c tio n , QD, and  d iffu sio n  free p a th ,  Яд, is Яд =  -----. T he d im ension  of
Qd

Acta Phys. H ung. Тот. X V I I .  Fasc. 3.



AVERAGE ENERGY OF SLOW ELECTRONS 389

l D is cm , in  case o f 1 m m  H g p ressu re  an d  0° C te m p e ra tu re . T h e  d im ension 
o f Qd is cm 2/cm 3 in  case of 1 m m  H g p re ssu re  a n d  0° C te m p e ra tu re . In  h is  
p a p e r  B a r b ie r e  gives th e  d iffusion  cross sec tion  fo r helium  a n d  argon  on th e  
bases o f R a m s a u e r ’s m easu rem en ts  [3] fo r energ ies above 1 eV . F rom  th e se  
d a ta  v a lues of AD fo r energies h ig h er th a n  1 eV h a v e  been o b ta in e d  (Fig. 1).

A H e

Ао Ао

F o r energ ies low er th a n  1 eV, Ад has been  d e te rm in e d  as fo llow s: In  case o f  
such  low  energies th e  d ifference  b e tw een  d iffu sio n  cross sec tio n  and  to ta l  
cross sec tion  (R a m s a u e r  cross sec tion , Qr ) m a y  be neg lec ted  [5], i.e. QD —

— Q r . C onsidering  th is  —— h as been accep ted  as Ад. T he v a lu e s  o f  Q r  for he-
Qr

liu m  an d  argon  h av e  been ta k e n  from  re su lts  o f  m easu rem en ts  pub lished  in  
th e  l i te ra tu re  [6]. F ig . 1 re p re se n ts  th e  d ep en d en ce  o f Ад on e n e rg y  for h e liu m  
an d  argon  s ta r t in g  from  0,1 eV.

B y  using  th e  d iffusion  free p a th , th e  m ean  free p a th  is d e fin ed  as

I' <iD (E ) F  (E ) d E
)

f  F ( E )  d E

T he values o f E,  |( r2, v a n d  A co m p u ted  fo r helium  a re  lis te d  in T ab le  
1, for argon  in T ab le  2.
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Table 1

X  V  
p  cm  • m m  Hg

Ë e V
'  v  sec

_ cm 
v  —  sec Я cm

l 1 ,522 7 ,319  • 1 0 7 6 ,858  ■ 1 0 7 4 ,553 • 1 0 - 2

2 3 ,6 8 8 11,377 • 1 0 7 10,581 • 1 0 7 4 ,657  • 1 0 - 2

3 5 ,5 0 7 13,921 • 1 0 7 13,237 • 1 0 7 5,143 • 1 0 - 2

4 6 ,7 0 8 15,347 • 1 0 7 14,824 ■ 1 0 7 5 ,633 • 1 0 - 2

Table 2

A V  
p  cm  • m m  Hg E  eV

' v  sec
_ cm 
v —  sec Я cm

l 3 ,871 11,670 • 1 0 7 10,597 • 1 0 7 9,899 • 1 0 - 2

2 4 ,8 6 4 13,082 • 1 0 7 12,435 • 1 0 7 8 ,045 • 1 0 - 2

3 5 ,0 5 2 13,330 • 1 0 7 12,789 • 1 0 7 8,032 • 1 0 - 2

4 5 ,1 1 5 13,416 • 1 0 7 13,068 • 1 0 7 7,788 • 1 0 - 2

In te g ra ls  occu rring  in  th e  fo rm u lae  have been d e te rm in ed  b y  g rap h ica l 
m ethods. T h e  e rro r in  th e  c o m p u ta tio n s  can  safely b e  e s tim a te d  as b e in g  low er 
th a n  3 p e rc e n t  in  an y  o f  th e  d a ta .

C onclusions

F o r  v a lu e s  of E  a n d  v  d a ta  m a y  b e  found  in  th e  l i te ra tu re . T o w n s e n d  
and  B a i l e y  [7] have  c a lc u la te d  these  v a lu e s  from  th e  d r i f t  v e loc ity  o f  e lec trons 
an d  fro m  th e  m easu rem en t o f  th e  ra t io  o f  d iffusion c o n s ta n t  to  d r if t  v e lo c ity . 
T hey  a ssu m e d  M axw ell v e lo c ity  d is tr ib u tio n . These v a lu e s  are  a lso  fo u n d  in  
L o e b ’s b o o k  [8 ]. To m ak e  a  com parison  possib le, d a ta  fo u n d  in  th e  l i te ra tu re  
an d  th o se  co m p u te d  b y  u s  h av e  been re p re se n te d  in  th e  sam e fig u re .

V alues o f  E  fo r h e liu m  as fu n c tio n s  o f th e  f ie ld  s tre n g th  a re  show n in 
F ig . 2. C u rv e  a re p re se n ts  d a ta  g iven  b y  T o w n s e n d  a n d  B a i l e y , cu rv e  b 
shows o u r ow n resu lts . F ig . 3 rep resen ts  v a lu es  of Ä: c u rv e  a those o f T o w n s e n d  
an d  B a i l e y , cu rve  b o u rs . V alues E  fo r  argon a re  g iv en  in  F ig . 4 , cu rve  a 
T o w n s e n d ’s an d  B a il e y ’s d a ta , cu rv e  b ou rs. S im ila rly , F ig . 5 show s th e  tw o 
sets of X v a lu e s .

In  th e  case of h e liu m  n o  s ig n if ican t difference is fo u n d  be tw een  th e  tw o 
values o f  th e  average  e n e rg y . This m a y  b e  exp la ined  b y  QD and  XD n o t  be ing  
s tro n g ly  d e p e n d e n t on th e  energy , a n d  th e  f irs t e x c ita tio n  energy  b e in g  re la 
tiv e ly  h ig h  (19,7 eV). O w ing  to  th is  th e  d is tr ib u tio n  does n o t d iffe r g rea tly
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from  th e  M axw ell d is tr ib u tio n . T he largest d isc rep an cy  b e tw e e n  th e  v a lu es  
o f  I  is 10 p er cen t. T h e  values fo u n d  in  our w o rk  show  th a t  XD is n o t a lin e a r  
fu n c tio n  o f th e  e lec tric  field  s tre n g th . This is d u e  to  th e  d e p e n d e n c e  of ?.D on 
th e  energy .
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In  th e  case of a rg o n  average  en e rg ies  show v e ry  la rg e  d ev ia tio n s . This 
is due to  Qd (i.e. also AD) g rea tly  c h a n g in g  w ith  th e  e n e rg y  of th e  e lec tro n , 
an d  th e  f i r s t  ex c ita tio n  e n e rg y  being  re la tiv e ly  low (11 ,57  eV). T hese  c ircu m 
stan ces in flu en ce  th e  d is tr ib u tio n  fu n c tio n  to  a g r e a t  e x te n t an d  m ake it  
d iffer co n sid e rab ly  fro m  th e  M axw ell d is tr ib u tio n . A cco rd in g  to  T o w n s e n d

6 Helium

4 L------------ i---------- —1-------------1------------- 1 y
o 1 г з i f  

у
cm.mm. Hg 
F ig. 4

F ig. 5

and B a il e y  ab o v e  a f ie ld  s tren g th  o f —  = 1  the a v er a g e  en ergy  is h igh er  than
P

11,57 eV i.e . h igher th a n  th e  f irs t e x c ita t io n  energy. N o e x p lan a tio n  could  be 
fo u n d  fo r th is .  The d e v ia tio n  is h igh  a lso  fo r J. T he in c re a se  of th e  v a lu es  of 
Я c a n n o t b e  ex p la in ed  b y  th e  increase  o f  th e  field s t r e n g th . XD d ec reases  as 
th e  e n e rg y  increases, o w ing  to  w h ich  th e  value fo u n d  in  our c o m p u ta tio n  
also d ec reases  w ith  in c re a s in g  field s tr e n g th .
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F u r th e r  references reg a rd in g  th e  average  energy  o f e lec trons in  a rg o n  m ay
„ X

be fo u n d  in  th e  l i te ra tu re  [9], [10]. A ccord ing  to  th e se , in  case o f  —  =
P

V
=  0 .9 5 -------------------av e rag e  en erg y , E  — 8 eV. C onsidering B a r b ie b e ’s

cm  • m m  H g
s ta r t in g  assum p tio n s an d  c o m p u ta tio n  re su lts , th e se  values also a re  u n ju s t i
f ia b ly  h igh .

R E F E R E N C E S

1. H a r r ie t  W. A l l e n , P h ys. R ev ., 52, 707, 1937.
2. D . B a r b ie r e , P hys. R ev ., 84, 653, 1951.
3. C. R a m sa uer  and R. K o lla th , Ann. d. P h ys., 12, 529, 1932.
4. T. H o l s t e in , P hys. R ev ., 70, 367, 1946.
5. H . S. W . Ma ssey  and E. H . S. B u r h o p , Electronic and Ionic Im pact Phenom ena, 1956 ,

p. 15.
6. Sa n b o r n  C. B ro w n , B asic D ata  of P lasm a P hysics, J. W iley  and Sons, Inc. N ew  York,

1959, pp. 5 and 19.
7. J . T o w n se n d  and V. A . B a il e y , Phil. M ag., 46, 657, 1923.
8. L . B. L o e b , B asic Processes of G aseous E lectronics, U n iversity  o f California Press,

B erkeley, 1955, p. 328.
9. J . K . T h e o b a l d , Journ. Appl. P h ys., 24, 123, 1953.

10. R . H . H e a r l e y  and J .  W. R e e d , The B ehaviour of Slow E lectrons in G ases, 1941, p. 92 .

Acta Phys. Hung. Тот. X V I I .  Fasc. 3.
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T here  h as  been c o n tro v e rsy  am ong th e o re tic a l p h y sic is t w heth er th e  
“ clock p a ra d o x ”  [1] is rea lly  a consequence o f  re la t iv i ty  th e o ry . M ore re c e n tly , 
how ever, Cr a w f o r d  [2 ], F r e m l in  [3] and o th e rs  po in ted  o u t  th a t  e x p e ri
m e n ta l p ro o f o f th is  effect can  h e  p ieced to g e th e r  from  e x p e rim e n ts  th a t  h a d  
a lre a d y  been p e rfo rm ed . F r e m l in , in  p a r t ic u la r , uses e x p e rim e n ts  in v o lv in g  
m esons. H e considers tw o sy stem s o f m esons each  consisting  in itia lly  of th e  
sam e n u m b e r o f  m esons. I f  now  one o f the  sy s te m s  is m aking a ro u n d -tr ip  in  an  
acce le ra to r th e  d iffe ren t decay  ra te s  of th e  tw o  sy stem s will r e s u l t  in  d iffe ren t 
n u m b e rs  o f f in a l m esons. I f  one defines e lapsed  tim e  by  m eans o f  th e  n u m b e r 
o f  m esons, th e n  c learly  an  a sy m m e try  in  e la p se d  tim es is fo u n d . O bviously , 
in  p ro v in g  th e  clock p a ra d o x  th e  essen tia l p o in t  is th e  defin ition  o f  a clock t h a t  
m easures e lapsed  tim e , as opposed  to  the  r a te  o f  change of t im e . In  the  ab o v e  
e x p e rim en t th e  n u m b e r o f m esons serves as a “ c lo ck ”  for its m easu rem en t a n d  
th e  pu rpose  o f th e  p resen t n o te  is to  po in t o u t  t h a t  a sim ilar d e fin itio n  for th e  
m easu rem en t o f e lapsed  tim e  seem s to  be p o ssib le  also for b io log ica l sy stem s.

O bviously , one m ig h t t r y  to  define a c lo ck  for a b io log ica l system  in  a 
w ay  s im ila r to  th e  d e fin ition  in  th e  case o f m eso n s. One c o u ld , fo r exam ple , 
m easu re  th e  C11 c o n te n t of th e  sy s tem  and  d e fin e  its  e lapsed  tim e  by  m ean s 
o f  th e  n u m b e r o f C14 a to m s in  th e  sy stem . H o w ev e r, in  co n n ec tio n  w ith  b io lo 
gical sy stem s, th e  d e fin ition  shou ld  fu lfil th e  f u r th e r  re q u ire m e n t o f  in d ic a tin g  
e lapsed  tim e  also in  a b io logical sense, i.e. th e  defin ition  in tr in s ic a lly  sh o u ld  
im p ly  th a t  i f  one o f th e  system s h a d  longer e lap sed  tim e i t  w as nearer to  
bio logical d e a th . O bviously , th e  d e fin ition  b y  m eans of C14 w ould n o t, a 
p rio ri, s a tis fy  th is  re q u ire m e n t. R ecen tly  P e r — O lov  L ö w d in  [4] p u tfo r-  
w a rd  h is h y p o th es is  concern ing  th e  q u an tu m -m ech an ica l b a s is  o f  bio logical 
ageing  an d  we Avant to  p o in t o u t th a t  i t  allow s us to  define a “ clock”  fo r  
b io logical sy stem s in  such  a w ay  th a t  i t  s a tis f ie s  also the  a b o v e  re q u ire m e n t.

I t  has been  suggested  (see e.g . Y o c k e y  [5 ]) , th a t  b io log ica l ageing is 
th e  re su lt o f accu m u la ted  e rro rs  in  th e  g en e tic  code in  th e  tran sm issio n  o f  
genetic  in fo rm a tio n  an d  L ö w d in ’s h y p o th es is  is concerned w ith  the  orig in  
o f  th ese  erro rs.
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A cco rd in g  to  L ö w d in ’s q u a n tu m -m e c h a n ica l analysis o f th e  genetic  
code in  th e  W a tso n  — C r ic k  m odel o f  D N A , p u re  gene tic  m essage does no t 
ex is t, b u t  th e re  is a lw ay s a fin ite  p ro b a b il i ty  e rro r b u i l t  in to  even th e  g round 
s ta te  o f  th e  D N A  m olecu le . These e rro rs  w ill a c c u m u la te  and , in  th e  rep lica tio n  
of D N A , b io log ica lly  am p lified . T he re a so n  for th e  e rro rs  is th is . T h e  hydro g en  
bon d s b e tw een  b a se -p a irs  p lay  a fu n d a m e n ta l ro le  in  th e  c o m p le m e n ta r ity  
co n cep t developed  b y  W a t s o n  and  C r ic k  in  the  s te reo m o d e l of D N A . I n  DNA 
re p lic a tio n  th e  sequence o f  bases in  th e  new  s tran d  o f  th e  double h e lix  is d e te r
m ined  b y  th e  (co m p lem en ta ry ) co n fig u ra tio n s  of th o se  p ro tons in  th e  orig inal 
chain  w h ic h  will th e n  fo rm  th e  h y d ro g e n  bonds b e tw e e n  b ase-pa irs  a n d  the  
p ro b lem  o f  th e  s ta b ili ty  o f  th e  genetic  code is hence concerned  w ith  th e  question  
o f th e  m o tio n  and  s ta b i l i ty  of p ro to n s  in  the  h y d ro g e n  bonds. T h e  p ro b lem  
o f th e  m o tio n  of a p ro to n  in the  h y d ro g e n  bond is, in  a firs t rough  a p p ro x im 
a tio n , a o n e-p artic le  p ro b lem  in v o lv in g  a fixed tw o -c e n te r  p o te n tia l .  E ach 
e lec tro n  p a ir  of th e  h y d ro g en  bond a t t r a c t s  the  p ro to n  an d  th is  a t t r a c t io n  m ay 
be re p re se n te d  b y  a double-w ell p o te n t ia l .  In  th is  c la ss ica l a p p ro x im a tio n  one 
w ould co n sid e r on ly  p rocesses in v o lv in g  su ffic ien t en e rg y  to  ta k e  th e  p ro ton  
above th e  p o te n tia l b a r r ie r  and  th is  a p p ro x im a tio n  w o u ld  therefo re  co rresp o n d  
to  th e  “ p u r e ” , or s ta b le , genetic  code o f  th e  W a t s o n — Cr ic k  m odel. H ow ever, 
th e  q u a n tu m -m e c h a n ic a l analysis o f th e  w ave p a c k e t associa ted  w ith  th e  p ro 
to n  show s th a t ,  even in  th e  g round s t a te  o f the  m o lecu le , th e  gene tic  m essage 
can n e v e r  be  en tire ly  “ p u re ” , since t h e  w ave fu n c tio n  is such t h a t  th e re  is 
a lw ays a  f in ite  p ro b a b ili ty  of p ro to n  tu n n e llin g  in to  th e  o ther w ell. A s a con
sequence even  in  th e  g ro u n d  s ta te  o f  D N A  th e re  is a sm all p ro b a b il i ty  th a t  
som e o f th e  bases a re  in  th e ir  u n u s u a l  ta u to m e ric  form s. I f  th e  h y d ro g en  
bonds g e t re leased  in  th is  position , th e  r a re  ta u to m e ric  form s will lead  to  errors 
in  th e  n e x t  rep lica tio n , i.e . to  so m atic  m u ta tio n s . S in ce  th is  e rro r m a y  cause 
a c e r ta in  a m o u n t o f  loss of genetic  in fo rm a tio n  in  each  D N A  re p lic a tio n , 
P . 0 .  L ö w d in  p u ts  fo rw ard  the  h y p o th e s is  th a t  th e  phenom enon  o f  b io logical 
ageing  d ep e n d s  p r im a rily  on the  a c c u m u la tio n  o f su c h  loss of g en e tic  in fo rm 
a tio n . I n  o th e r  w ords th e  cause o f b io log ica l age in g  m ig h t be th e  q u a n tu m - 
m ech an ica l tu n n e l e ffec t.

T o  r e tu r n  to  th e  q u e s tio n  o f  t h e  d e f in i tio n  o f  a  b io lo g ica l c lo c k  i t  now  
seem s t h a t  th e  L ö w d in  h y p o th e s is  a l lo w s  o f  a  d e f in i t io n  w h ich  is c o m p le te ly  
a n a lo g o u s  to  t h a t  in  th e  ca se  o f  m e so n s  a n d ,  f u r th e r ,  w h ic h  s a tis f ie s  t h e  ab o v e  
r e q u i r e m e n t  c o n c e rn in g  b io lo g ica l s y s te m s .  O ne h a s  o n ly  to  d e fin e  a s  “ c lo c k ” , 
m e a s u r in g  e la p se d  t im e ,  th e  n u m b e r  o f  s o m a tic  m u ta t io n s  in  th e  s y s te m  c a u se d  
b y  th e  t u n n e l  e ffec t.

T h is  d e fin ition  h as  som e a d v a n ta g e s . F irs t, i t  p ro v id es  a d ire c t r e la tio n 
sh ip  b e tw e e n  th e  re la tiv is tic  tra n s fo rm a tio n  p ro p e rtie s  o f  tim e an d  th e  m echa
n ism  o f b io log ica l age ing . Since b io lo g ica l ageing is su p p o sed  to  d e p e n d  on the  
s tr ic tly  t im e -d e p e n d e n t tu n n e l e ffec t, i t  follows f ro m  th e  re la tiv is tic  tr a n s 
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fo rm a tio n  p ro p ertie s  o f  tim e  t h a t  th e  n u m b er o f  accu m u la ted  e rro rs  will be  
d iffe ren t fo r system s follow ing d iffe re n t w orld  lin es . In  p a r t ic u la r ,  i t  w ill he 
sm alle r for th e  sy s te m  m ak ing  th e  ro u n d -tr ip  a n d , c o n seq u en tly , i t  will be 
y o u n g e r also in  th e  bio logical sense of th e  w o rd . This is in  ag reem en t w ith  
w h a t w ould  be ex p ec ted  from  q u ite  general re la tiv is tic  co n sid e ra tio n s . Second, 
a d ire c t ex p e rim en ta l v e rifica tio n  o f th e  a sy m m e tric a l age in g  o f  biological 
sy stem s does n o t a t  p re se n t seem  to  be possible b ecau se  of th e  sm a ll velocities, 
re la tiv e  to  th a t  o f l ig h t , to  w hich b io logical sy s tem s can be acce le ra ted .H o w ev er, 
shou ld  th e  L ö w d in  h y p o th esis  b e  confirm ed on o th e r  grounds th e  asy m m etric  
ageing  effect of r e la t iv i ty  could th e n  be ta k e n  as ex p e rim e n ta lly  proved  also 
fo r b io logical sy stem s, since “ b io log ica l tim e ”  w ould  then  b e  id en tica l w ith  
“ ph y sica l t im e ”  an d  ageing w ould  th en  depend  on th e  tu n n e l e ffec t.

I n  co n c lu sio n  i t  m u s t  be s a id  t h a t  th e  b io lo g ic a l p ro b le m  o f  ag e in g  seem s 
to  b e  r a th e r  in v o lv e d  a n d  we do  n o t  w a n t to  d is c u s s  th is  h e re  b u t  o n ly  to  p o in t  
o u t  th e  r e la t iv is t ic  c o n se q u e n c e s  o f  th e  L ö w d in  h y p o th e s is  a n d  i ts  re le v a n c e  
to  th e  d e f in itio n  o f  a  b io lo g ica l “ c lo c k ” .

T he a u th o r  expresses his g ra ti tu d e  to  P ro f . G. Ma r x , D r. J .  L a d ik  
an d  T . S z o n d y  fo r v a lu ab le  d iscussions.
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A COMMENT ON: A NEW METHOD FOR FINDING THE 
PHASE SHIFTS FOR THE SCHRÖDINGER EQUATION

By

J o h n  W . S h e l d o n

LEWIS RESEARCH CENTER
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

CLEVELAND, OHIO, USA

(R eceived 29. V I. 1964)

D r . T ietz  in his co m m u n ica tio n  e n tit le d  “ A N ew  M ethod  fo r F in d in g  
th e  P h ase  Shifts fo r  th e  Schröd inger E q u a t io n ” 1 has o b ta in e d  phase  sh if ts  
by  w ritin g  th e  S ch röd inger eq u a tio n  as tw o  f irs t o rd e r  d iffe ren tia l e q u a 
tio n s  an d  o b ta in in g  a sy m p to tic  so lu tions fo r  th e  tw o new  d ep en d en t v a r ia b le s . 
H is re su lt  is rep o rted  in  te rm s  of a d ifference  b e tw een  phase  sh if ts :2 3

In te g ra tio n  of eq. (1) by  p a r ts  yields

Vi-i -  Vi+i =

/» 11
2л |/+  2 j

0 к

2 л  \l -f- •

k 2r Ii+K(br) U(r) dr.

U sing  th e  Bessel fu n c tio n  id e n tity

1 2
12 2 4 2

I,+-(kr) U - 1 {kr) Ii+\(kr)(kr)2

4 +À)kl. - I l+l ( k r ) I , _L( k r )

( 2 )

(3)

1 T. T ie t z , A cta P h ys. Acad. Sei. Hung. 16, 289-292 (1963). A new m ethod for fin d 
ing the phase sh ifts for the Schrödinger equation.

2 T h e  n o m e n c la tu r e  u se d  h e re  is  t h a t  o f  D r . T ie t z .
3 Eq. (16) of 1.

9 Acta Phys. H ung. Тот. X V I I .  Fasc. 3.



400 J. W. SHELDON

w e get

У i-i  - У  i+i = Y ,Jo M  (kr\  u{r)r dr +  Y Jol'I,+ï (kr) U(r)r dr (4)

w h ich  is reco g n ized  as th e  d ifference in  th e  phases a n d  rjl+2 in  th e
B o rn  a p p ro x im a tio n .4

4 A l b e r t  M e s s ia h , Q uantum  M echanics, V ol. I, North H olland Publishing Com pany, 
Am sterdam , 1961.
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H e r b e r t  Б .  Sa l z e r , N o r m a n  L e v in e

Table o f Sines and  Cosines to  T en  D ecim al P laces a t T housand ths
o f a  D egree

Pergam on Press, New York —Oxford — L ondon—Paris 1962. X1Y -f- 920 pp. $ 10.

As the title  fu lly  conveys the contents 
o f  the Tables, we m ay restrict ourselves to  
som e remarks concerning its  practical ap
plicab ility .

The use of the Tables is considerably  
facilitated  b y  the detailed discussion o f the  
interpolation m ethods given on the first few  
pages of the book. This discussion involves 
detailed  error estim ates for direct and 
inverse interpolation showing that linear  
interpolation  form ulae are su fficien t through
out the whole book, as more elaborate

form ulae lead to results, th e  errors o f which  
are of the sam e order of m agnitude as those  
of the linear ones.

The arrangem ent o f the entries is highly  
practical. The values o f  sine and cosine 
belonging to  the same argum ent are tab u 
lated side b y  side, m aking i t  easy to com pute  
values o f  tan  x and cot x. E ach  entry gives  
all d ig its, saving the w ork of looking for 
the first few  digits at other parts o f the  
page.

T. SzONDY
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ON THE RELATIONS 
BETWEEN SOME OF THE PARAMETERS 

OF THE DIRECT CURRENT MERCURY VAPOUR
DISCHARGES

B y

J. B itó

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 

(Presented by G. Szigeti, — R eceived 30. Y. 1964)

B y  th e  application o f the probe m easurem ent m ethod o f L a n g m u ir  the author was 
able to determ ine the dependence of the ax ia l gradient and the electron tem perature o f direct 
current discharges on the discharge current, in  the case o f heated and unheated cathodes. 
W ith the help of the N ö l l e  m ethod of evaluation , the potentia l distribution of the discharge  
w as determ ined through the m easurem ent o f th e  dependence of the cathode dark spaces on 
the current and through the m easurem ent o f  the plasm a poten tia ls. Further, in the present 
paper the dependence of the cathode and anode fa ll on the current is discussed. The phenom enon  
o f the ax ia l cataphorasis is then exam ined and the connection betw een the process o f  cata- 
phorasis and the change in  tim e of the electron tem perature is shown.

1. In tro d u c tio n

M uch research  preceded  th e  p re se n t ach iev em en ts  an d  m eth o d s o f p lasm a  
physics. T he su b jec t o f these  in v es tig a tio n s  has been  connected  in  th e  f irs t  
place w ith  th e  p lasm a o f th e  sim plest ty p e  o f d ischarge , th e  p ositive  co lum n 
of th e  d ire c t c u rren t d ischarge. T h ro u g h  th e  know ledge acq u ired  b y  th e  in 
v e s tig a tio n  of d irec t c u rre n t d ischarges i t  h as  becom e possible to  a p p ly  th e se  
w idely  to -d a y  b o th  for sc ien tific  an d  te c h n ic a l purposes.

T h e  physica l processes going on in  d ischarges o f th is  ty p e  an d  th e ir  
m ic ro -ch arac te ris tic s  are be ing  fu r th e r  in v e s tig a te d  also a t  th e  p re se n t tim e . 
T h u s am ong  o thers im p o r ta n t researches are  be ing  ca rried  on in to  th e  d isch arg e  
losses, a n d  th e  ra d ia tio n  an d  io n iza tio n  effects o f d ischarges. F o r th e se  in 
v es tig a tio n s  several m easu ring  m ethods m a y  be considered . O f these  th e  p robe  
m easu rem en t m ethods w orked  ou t b y  L a n g m u ir  [1 — 3] are  ap p lied  m o st 
ex ten s iv e ly . T he a d v a n ta g e  o f th e  L a n g m u ir  probe m easu rem en t m e th o d  is 
th a t ,  i f  a tte n tio n  is p a id  to  ce rta in  p o in ts , th e  m easu rem en t w ill d is tu rb  th e  
d ischarge p lasm a to  only  a sm all degree a n d  w ill n o t cause sign ifican t changes 
in i t ,  m a k in g  i t  th u s  possible to  d e te rm in e  th e  fu n d a m e n ta l p lasm a c h a ra c te r 
istics w h ich  otherw ise c a n n o t be m easu red  e x te rn a lly  w ith o u t in te rfe ren ce ; 
such a re  th e  te m p e ra tu re  T e o f th e  e lec tro n s, th e  e lec tron  co n c e n tra tio n  ne, 
th e  p la sm a  p o te n tia l Vp o f  th e  po sitiv e  co lum n a t  th e  p o in t in  q u es tio n , as 
well as th e  p o te n tia l g ra d ie n t E  o f th e  p o sitiv e  co lum n.
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I f  these  are  know n i t  is possib le  to  ca lcu la te  fu r th e r , r a th e r  im p o r ta n t 
m icro- an d  m ac ro -p a ram e te rs , th u s  th e  e x c ita tio n  p ro b ab ilitie s  o f th e  in d iv i
d u a l sp ec tra l lines, the  c h a ra c te ris tic s  o f  th e  v o lu m etric  an d  w all reco m b in 
a tio n  processes, d iffusion a n d  io n iza tio n  p rocesses an d  th e  co n d itions u n d e r  
w hich  th e  p h en o m en a  a ro u n d  th e  e lec trodes ta k e  th e ir  course.

In  th e  p re se n t artic le  th e  re la tio n s be tw een  som e o f th e  p a ra m e te rs  o f  
th e  d irec t c u r re n t m ercu ry  v a p o u r  d ischarges are  d iscussed. T h u s th e  d ep e n d 
ence o f th e  ca th o d e  fall an d  th e  anode fa ll on th e  c u rre n t is d e te rm in ed . 
F u r th e r  b y  ex te n d in g  th e  lim its  o f th e  c u rre n t range  in  w hich  th e  m ic ro 
c h a ra c te ris tic s  o f th e  po sitiv e  co lum n p la sm a  w ere fo rm erly  in v e s tig a te d  i t  is 
show n th a t  in  th is  ex ten d ed  ran g e  some ch a ra c te ris tic s  o f th e  d ischarge ta k e  
up  ex trem e  v a lu es . The p a r t  p la y e d  b y  th e  d iffe ren t fac to rs  in  th e  fo rm ing  
o f a p ositive  or neg a tiv e  c h a ra c te r is tic  o f  th e  d ischarge are  d iscussed  an d  in  
connec tion  w ith  th e  ex p la n a tio n  o f th e  ca ta p h o ra s is  ap p earin g  in  th e  d irec t 
c u rre n t d isch arg e , th e  p a r t  p lay ed  b y  th e  change o f th e  e lec tro n  te m p e ra tu re  
is p o in ted  o u t.

2. M easuring  m ethod

In  th e  p re se n t in v es tig a tio n s  — as w as m en tio n ed  above — th e  p ro b e  
m easu rem en t m e th o d  [1 — 3] developed  b y  L a n g m u ir  has been used . T he 
essence o f th is  m eth o d  is t h a t  w hen  a co n d u c tiv e  e lec trode  of sm all su rface  
an d  of a p o te n tia l  th a t  d iffers from  th a t  o f one o f th e  d ischarge  e lec trodes is 
p laced  in  a d isch arg e , th e n  th e  c u rre n t flow ing on th is  sm all-su rface e lec trode  — 
fu r th e r  called  p ro b e  — w ill be c h a ra c te ris tic  of th e  in v e s tig a te d  space o f  
th e  d ischarge . I f  d iffe ren t v o ltag es  are ap p lied  to  th e  p robe , th e  c u rre n t ta k e n  
up  from  th e  d ischarge  an d  flow ing  on th e  p ro b e  m ay  be p lo tte d  as a fu n c tio n  
o f  th e  v o ltag e  [1 — 3]. T his is called  p robe c h a rac te ris tic s . Such a p robe  c h a ra c 
te r is tic  is show n in  Fig. 1, w here  th e  p robe  c u rre n t J p w as p lo tte d  as a fu n c tio n  
o f  th e  p ro b e  v o ltag e  V p. L a n g m u ir  w orked  o u t n o t on ly  th e  e x p e rim e n ta l 
m e th o d  fo r th e  probe m easu rem en ts , b u t  jo in t ly  w ith  M o t t — S m it h  he in 
v e s tig a te d  also th e o re tic a lly  [2] th e  p h y sica l process ta k in g  place.

A ccord ing  to  his re su lts  th e  probe m easu rem en t cu rve  show n in  F ig . 1 
m a y  be in te rp re te d  as follow s: In  case o f  a n eg a tiv e  p robe  as ag a in s t th e  d is 
charge  space , th e  probe w ill ta k e  up  th e  po sitiv e  ions from  th e  d ischarge  
space (F ig . 1, sec tion  A B  “ n e g a tiv e  p ro b e  c u r re n t” ), th e n  w ith  th e  grow ing  
p ro b e  p o te n tia l  (passing th ro u g h  th e  cu rren t-free  p o in t E )  m ore an d  m ore 
e lec trons w ill re ach  th e  p ro b e  (section  EC) ,  u n ti l  th is  w ill h av e  reach ed  th e  
p o te n tia l  o f  th e  d ischarge space  (C). C o n tinued  increase o f th e  p robe  v o ltag e  
w ill n o t change th e  e lec tro n  c u rre n t t i l l  th e  beg inn ing  o f  ion iza tion  b efo re  
th e  p robe  (p o in t F).
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As w ill be exp la ined  la te r  th e  p lasm a  p o te n tia l Vg c an  be d e te rm in ed  
from  th e  p o sitio n  of p o in t C o f th e  p robe  c h a ra c te ris tic  described  above, w hile  
th e  e lec tro n  co n cen tra tio n  an d  th e  e lec tro n  te m p e ra tu re  can  be d e te rm in ed  
from  th e  slope of th e  section  EC-

T he follow ing fu n d am en ta l s tip u la tio n s  m u st be m ad e  for the m e th o d  
to  be app licab le  [4]:

1. T he surface o f th e  probe shou ld  be so sm all as n o t to  d is tu rb  sig n ific 
a n tly  th e  equ ilib rium  an d  th e  orig inal co n d itio n  of th e  d ischarge  space to  be 
in v es tig a ted .

F ig. 1. T y p ica l shape of p robe  ch arac te ris tics  in  th e  LANGMUiR-probe m easuring  m e th o d

2. T he velocity  of th e  e lec trons an d  ions should  follow  th e  M axw ell— 
B oltzm ann  d is tr ib u tio n .

3. In  th e  discharge th e  n u m b er of ca rrie rs  o f neg a tiv e  a n d  positive charges 
should  be n e a r equal (q u as in eu tra l p lasm a).

4. T he n egative  charge  carrie rs  shou ld  be  e lectrons o n ly , o ther n e g a tiv e  
ions shou ld  n o t ap p ear, a t  leas t n o t in  a s ig n ifican t c o n cen tra tio n .

5. T h e  c u rre n t ca rry in g  th e  p o sitive  charges should  be m ad e  up of p o s itiv e  
ions on ly , th a t  is re la tiv e  to  th e  singly  ion ized  atom s or m olecules th e  n u m b e r  
o f th e  m u ltip le  ionized ones shou ld  n o t be s ign ifican t.

6 . D u rin g  th e  m easu rem en t th e  w ork  fu n c tio n  of th e  probe shou ld  n o t 
change an d  its  surface should  n o t becom e c o n ta m in a te d .

T he lack  of an y  o f th e  m easu ring  co n d itio n s lis ted  h ere  or th e ir  n o t b e in g  
satisfied  to  th e  req u ired  e x te n t becom es also  a p p a re n t from  th e  shape o f  th e  
probe ch a rac te ris tic s  w hich  will th e n  d iffer m ark ed ly  from  th a t  of th e  id e a l 
one [4 — 6 ].
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I t  is u s u a l to  p lo t th e  probe c h a ra c te r is tic  in  a sem i-logarithm ic  scale 
an d  to  base  i ts  ev a lu a tio n  on  th e  M axw ell— B o ltzm an n  d is tr ib u tio n  fu n c tio n  
tak in g  th e  in i t ia l  cond itions in to  accoun t [4].

T he e lec tr ic  circu it em p lo y ed  in  th e  course of th e  te s ts  can  be seen  in  
F ig . 2, in  th e  fo rm  of a b lo ck  d iag ram . T h e  d ischarge tu b e  T  has been  fed  b y  
th e  s tab ilized  d ire c t c u rre n t v o ltage  su p p ly  source E  w ith  th e  sy m m etrica lly  
a rranged  ohm ic  resistances R x, R 2 a c tin g  as re s tr ic tin g  e lem en ts, th e  c u r re n t

Fig. 2. B lock diagram of th e  electrical arrangem ent applied in direct current probe
m easurem ents

an d  v o ltag e  o f  th e  d ischarge h av e  been sh o w n  b y  th e  in s tru m e n ts  I T a n d  V T, 
re sp ec tiv e ly . I n  those ex p e rim en ts  w here th e  ca thode К  o b ta in ed  se p a ra te  
e x te rn a l h e a tin g , th e  h e a tin g  c ircu it H  h as  b een  in se rted , th e  h ea tin g  c u r re n t 
an d  h e a tin g  v o ltag e  in  w h ich  w as show n b y  th e  in s tru m e n ts  I h an d  V h, re sp e c t
ive ly ; th e  h e a tin g  c u rren t cou ld  be a d ju s te d  w ith  th e  help  of th e  re s is tan ce  R h.

In  th e  in v es tig a tio n s  th e  probe c irc u it w as developed  w ith  re sp e c t to  
th e  ca th o d e . T h e  vo ltage re la tiv e  to  th e  ca th o d e  on th e  p robe  P  cou ld  be 
a d ju s te d  fro m  th e  d irec t c u r re n t  source A  th ro u g h  th e  v a r ia tio n  o f R p. T he 
c u rre n t ta k e n  u p  b y  th e  p ro b e  from  th e  d ischarge, as w ell as th e  v o ltag e  
o b ta in ed  b y  th e  probe could  be read  on th e  in s tru m e n ts  I p an d  Vp, re sp ec tiv e ly .

3. Test conditions

In  th e  te s ts  a cy lin d ric  d ischarge tu b e , leng th  1200 m m , e x te rn a l d ia 
m ete r 38 m m , m ad e  of glass o f  1 m m  w all th ick n ess  has b een  em ployed . A t th e  
ends o f th e  tu b e  tw o e lec tro d es were p laced  w hich w ere id en tica l b o th  as
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reg a rd s  co n stru c tio n  an d  a rra n g e m en t. T he electrodes consisted  of a w olfram  
d o u b le -sp ira l p ro v id ed  w ith  e lec tro n  em ission co a tin g  an d  of p ro te c tin g  
a u x ilia ry  electrodes p laced  n e x t to  th e  e lec trodes, as w ell as of the co rre sp o n d 
ing e lec tric  te rm in a l an d  su p p o rt. D u rin g  th e  te s t  th e  a u x ilia ry  e lec trodes have  
been on a p o te n tia l id en tica l w ith  t h a t  o f  th e  sp iral.

T h ree  probes w ere soldered in  th e  w all of th e  d ischarge  vessel; th e  tw o  
ex trem e  ones were each  a t  a d is tan ce  o f 200 m m  from  th e  ends o f th e  tu b e , 
w hile th e  th ird  was in  th e  cen tre  o f th e  d ischarge, in  th e  m id p o in t o f th e  
sec tion  b e tw een  th e  tw o  ex trem e p robes.

Fig. 3. Characteristic shape of the probe applied in the m easurem ents

T he probes reach ed  rad ia lly  up  to  th e  axis o f th e  d ischarge. A nickel 
w ire o f  2 m m  len g th , 0,95 m m  d ia m e te r , form ed th e ir  ac tiv e  p a r t  from  th e  
p o in t o f  v iew  o f th e  d ischarge . In  th is  w ay  th e  surface o f th e  casing o f th e  p robes 
has b een  la rg e r b y  oner o rder of m a g n itu d e  th a n  th e  su rface of th e  free base 
of th e  p ro b e  facing th e  d ischarge.

T h e  em ployed  p robes w ere m ad e  w ith  lead  glass in su la tio n , th e ir  shape 
is show n in  th e  p h o to g ra p h  in  F ig . 3.

Follow ing  th e  v acu u m  te c h n ic a l tre a tm e n t o f th e  d ischarge  tu b e  
developed  in  th is  w ay , th e  tu b e  w as filled  w ith  m ercu ry  o f som e 60 m g w eigh t 
p. a. a n d  3 m m H g p ressu re , F eB a a rc  p u rified  argon  gas.

T h e  m easu rem en ts  have  been ca rried  o u t a t  room  te m p e ra tu re , be tw een  
22,5 — 24° C w ith  th e  d ischarge  tu b e  p laced  in  a ir  su rro u n d in g s. In  th e  m easu re 
m en ts o f id en tica l c h a ra c te r  (i.e. w hen  th e  resu lts  w ere to  be rep ro d u c ib le ) 
th e  te m p e ra tu re  of th e  am b ien t a ir  d iffered  a t  m ost b y  ^ 0 ,5 °  C.

T h e  m easu rem en ts  w ere alw ays p receded  b y  a su rface  c lean ing  o f th e  
probe th ro u g h  elec tron  b o m b a rd m e n t, in o rder to  rem ove th e  co n tam in a tio n s  
and  to  keep th e  w ork fu nc tion  a t  a c o n s ta n t value.
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A ccord ing  to  experience [4] i t  ap p ea red  ex p ed ien t to  o p era te  th e  d is
charge  tu b e  w ith  sy m m etrica lly  in serted  lim itin g  elem ents. I t  was possible 
th e re b y  to  red u ce  fav o u rab ly  th e  d am ag ing  osc illa tions ap p ea rin g  in  th e  tu b e , 
a n d  th e  noise level.

T he h e a tin g  cycle H  developed  a t  th e  ca th o d e  К  has been  fed  b y  a 
d ire c t c u rre n t v o ltag e , th e  p o sitiv e  pole of w hich  has been on an  e a r th  p o te n tia l 
th e  arc  c u rre n t fin d in g  its  o u tle t  a t  th is  p o in t o f  th e  ca th o d e . T h e  m easu rem en t 
o f  th e  v o ltag e  V т o f th e  tu b e  w as effected  re la tiv e  to  th is  p o in t, an d  th e  p robe  
cycle in  th e  h e a te d  ca th o d e  m easu rem en ts  w as developed  also in  re sp ec t o f 
th is  p o in t.

In  th o se  m easu rem en ts  w here  th e  ca th o d e  h as  n o t been  se p a ra te ly  h ea ted  
th e  d ev e lo p m en t o f th e  p ro b e  cycle an d  also th e  p robe  m easu rem en t have  
b een  effected  com pared  to  th e  anode, fo r reaso n s of m easu rin g  tech n iq u e . 
T h is  d id  n o t m e a n  any  d e v ia tio n  from  th e  p rev io u s  series o f m easu rem en ts  as 
regards th e  m easu rin g  re su lts .

W hen m easu rin g  th e  p ro b e  c h a ra c te ris tic  th e  p robe  v o ltag e  could  be 
a d ju s te d  to  th e  desired  v alue  w ith  th e  help  o f th e  re sis tan ce  R p. B y  exchang ing  
th e  poles o f th e  app lied  d ire c t c u rre n t v o ltag e  source A p th e  p robe  could be 
p u t on low er an d  h igher p o te n tia ls  as com pared  to  th e  g iven e lec trode . F o r th e  
d e te rm in a tio n  o f  b o th  th e  p la sm a  p o te n tia ls  an d  th e  e lec tro n  te m p e ra tu re s  
it  is th e  e lec tro n  cu rren t sec tio n  o f th e  p ro b e  c h a ra c te ris tic  t h a t  has to  be 
in v es tig a ted , co n seq u en tly  from  th e  p o in t o f  v iew  o f th e  te s ts  th e  deve lopm en t 
o f  th e  s a tu ra tio n  section  o f th e  ion  c u rre n t is in d iffe ren t. A ccord ing ly , i t  w as 
n o t n ecessary  to  em ploy  a m u ch  m ore n eg a tiv e  p robe  as co m p ared  to  th e  
d ischarge  space.

In  th e  course of th e  p re - te s t  clean ing  o f  th e  probe su rfaces in v estig a tio n s 
have been  ca rried  ou t also concern ing  th e  c lean ing  effect of ion  b o m b ard m en t. 
T h is could be ach ieved  th ro u g h  th e  a d ju s tm e n t o f section  A B  o f th e  probe 
c h a ra c te ris tic  show n in F ig . 1. A  cleaning o f th is  c h a ra c te r  p ro v ed  to  be, on 
th e  one h a n d , r a th e r  le n g th y  an d  on th e  o th e r  h a n d  n o t so successful as th e  
su rface  clean ing  effected  b y  e lec tro n  c u rre n t. T h is w as show n b y  th e  f la tte n in g  
o u t o f elbow  C o f th e  ideal p ro b e  c h a ra c te ris tic  rep re sen ted  in  F ig . 1, and  from  
th e  ap p earan ce  o f  fu r th e r  elbow s in  th e  case o f th e  reco rd ed  ch arac te ris tic s .

4. R esults of m easurem ent

In  th e  f ir s t  p a r t  of th e  in v es tig a tio n s  th e  o b jec t h ad  been  th e  d e te rm in 
a tio n  o f th e  ch a rac te ris tic s  o f  th e  h ea ted  c a th o d e  d irec t c u rre n t d ischarges, 
b y  th e  p robe  m easu ring  m e th o d  b rie fly  ex p la in ed  above u n d e r  th e  described  
te s t cond itions.
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B y m easuring  th e  p lasm a  p o te n tia ls  on the  in d iv id u a l p robes, an d  w ith  
th e  know n d istances o f th e  probes fro m  th e  d ischarge , i t  was possib le  to  ca l
cu la te  th e  p o te n tia l g ra d ie n t of th e  p o s itiv e  colum n o f th e  in d iv id u a l d ischarge 
c u rre n ts . W hen  d e te rm in in g  th e  p o te n tia l  g rad ien t i t  is ta c itly  a ssu m ed  th a t  
th e  p o te n tia l  is linear a lo n g  th e  p o s itiv e  colum n o f th e  p lasm a, co n seq u en tly  
th a t  th e re  are  no such reg ions in  w h ich  th e  value o f  th e  electric  f ie ld  s tre n g th  
is h igher or low er th a n  t h a t  d e te rm in ed  on th e  av erag e . This is n o t so in  re a lity , 
since on acco u n t of th e  s ta tio n a ry  an d  m oving s tr ia tio n s  [7] acco m p an y in g  
th e  d ischarges th e  p a ra m e te rs  w hich  could  be consid ered  c o n s ta n t o therw ise, 
change a long  th e  axis o f  th e  po sitiv e  colum n. In  th e  case of fie ld  s tre n g th s , 
how ever, th is  change [7] can  be n eg lec ted  in  o rder o f m ag n itu d e  as a g a in s t th e  
ex is tin g  f ie ld  s tren g th s . T he sam e m a y  be said in  good a p p ro x im a tio n  o f th e  
e lec tro n  te m p e ra tu re s  a n d  elec tron  c o n cen tra tio n  as well, if  th e  cond itions 
a long  th e  ax is of th e  d ischarge  are considered . In  ra d ia l  d irec tion , because  of 
th e  w all diffusion c u rre n t, th e  sam e c a n n o t be said , h ere  th e  change o f electric  
field s tre n g th , e lec tron  te m p e ra tu re  an d  e lec tron  co n cen tra tio n  m u st be 
described  b y  a function  w h ich  is n o t o f  lin ea r shape. T h e  m easu rem en ts  show ed 
th a t  th e  e lec tric  field s tre n g th , th e  e le c tro n  te m p e ra tu re  and  th e  e le c tro n  con
c e n tra tio n  are  indeed c o n s ta n t — as s ta te d  by  L a n g m u ir  [1 — 3] — along  th e  
ax is o f th e  d ischarge in  th e  positive co lu m n  w hich m a y  be considered  as ho m o 
geneous a n d  in  a s ta te  o f  s ta tio n a ry  eq u ilib riu m . T h is re su lt m ay also h av e  been 
due  to  th e  fac t th a t  i t  is n o t possib le to  show th e  change a p p ea rin g  in  these  
p a ra m e te rs  w ith  th e  ap p lied  m easu rin g  m ethod , th e  change being v e ry  fa s t in 
tim e  y e t sm all in p e rcen tag e  as re g a rd s  its  m a g n itu d e  and  falling  o u ts id e  th e  
lim its  o f  accu racy  o f th e  m ethod .

T he m easu rem en ts  o f  th e  field  s tre n g th  have b een  carried  th ro u g h  in  th e  
d ischarge  range  of 100—420 mA w ith  d irec t c u r re n t discharges a n d  h ea ted  
ca th o d e . In  th e  course o f  these te s ts  th e  h ea ting  c u r re n t of th e  ca th o d e  has 
been  500 m A , its  h ea tin g  vo ltag e  5 Y . T he dependence  on th e  c u r re n t o b ta in ed  
is show n b y  th e  low er cu rv e  of F ig . 4 . T h e  values o f  th e  electric f ie ld  s tre n g th  
v a ry  in  th e  range of 0 ,9 —0,6 Y/cm . I t  m a y  be seen t h a t  th e  value o f th e  electric  
field  s tre n g th  dim inishes w ith  in c reasin g  discharge c u rre n t. V e r w Ei .t h a s  carried  
o u t m easu rem en ts  o f a s im ila r c h a ra c te r  [6 ], h ow ever, u n d er co n d itio n s  n o t 
co m p le te ly  id en tica l w ith  tho se  of th e  p re sen t te s ts . H e de te rm in ed  th e  d ep en d 
ence o f th e  electric field  s tre n g th  o n  th e  c u rren t fo r th e  v e ry  sam e c u rre n t 
range a n d  th is  dependence  m ay  be ch a ra c te riz e d  s im ila rly  b y  a cu rv e  o f falling  
c h a ra c te r . T he values o f  th e  g ra d ie n t m easured  b y  h im  are as re g a rd s  th e ir  
o rder o f m ag n itu d e  co rrespond ing  to  th e  values o f  th e  field  s tre n g th  show n in 
F ig . 4 b e tw een  1,0 — 0,7 V /cm . T he dependence o f  th e  p lasm a p o te n tia l  on 
th e  c u rre n t in  th is  ran g e  as well as th e  co rrespond ing  tu b e  vo ltages V T w hich 
w ere o b ta in e d  as th e  re su lt  o f the  p re se n t in v es tig a tio n s , are show n in  T ab le  1.
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Table 1

I T  (mA) V T  (Volt) V ,  (Volt)

100 135 64
200 119,5 57
300 112 51
420 102 49,5

T he p la sm a  p o te n tia ls  V g show n in  th e  T ab le  1 have been  m easu red  in  a 
p lasm a t h a t  could  be considered  as hom ogeneous, in  th e  m iddle o f  th e  d ischarge 
tu b e  an d  in  th e  ax is o f th e  d ischarge . I t  can be  seen th a t  th e  p o te n tia l  in  an

Fig. 4. The current dependence of the electron tem perature Te and electrical fie ld  strength E  
in  th e  case o f the direct current discharges w ithout externally heated cathodes

a rb itra ry  p o in t o f  th e  p lasm a decreases w ith  th e  increase o f th e  d ischarge 
c u rre n t, h o w ever, to  a lesser e x te n t  th a n  th e  v o ltag e  of th e  d ischarge  tu b e .

T h e  v a r ia tio n  of th e  e lec tro n  te m p e ra tu re  o f  th e  positive  colum n w ith  
th e  c u rre n t o f  th e  d ischarge is s im ila rly  show n in  Fig. 4. T he e lec tron  te m 
p e ra tu re  v a rie s  as l / I T w ith  th e  d ischarge  c u rre n t I T, a t  th e  b eg in n in g  of th e
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in v es tig a ted  ran g e  i t  decreases m ore in te n se ly  and  to w a rd s  th e  end  m ore  
slow ly. A s im ila r re la tio n sh ip  has been show n  b y  V e r w e ij  [6 ] to o , in  th e  v e ry  
sam e c u rre n t range. The e lec tro n  te m p e ra tu re s  v a ry  b e tw een  12 000° К  and  
15 000° К  w h ich  — co n v erted  in to  e lec tro n  energy  — re p re se n t th e  e lec tro n  
energies be tw een  1,4 and  2 eV.

M easu rem en ts of a sim ilar c h a ra c te r  h a v e  been  u n d e rta k e n  also in  th e  case 
o f  d irec t c u rre n t discharges, w here th e  ca th o d e  was no t h e a te d  e x te rn a lly , in

Fig. 5. The current dependence o f the electron tem perature 1? and electrical field  strength E 
in case o f the direct current discharges w ithou t externally heated cathodes

th e  c u rre n t ran g e  betw een  25 — 100 mA. T h e  resu lts  of th e  m easu rem en ts  m a y  
be seen in  F ig . 5. These m easu rem en ts  w ith  u n h ea ted  ca th o d e  are  v e ry  in te r 
esting  in  re sp ec t of th e  c u rre n t range. N a m e ly  in  th e  sec tio n  o f  th e  d ischarge  
c u rre n t w hich  w as in v es tig a ted  th e  b u rn in g  voltage  of th e  d ischarge show s a 
positive  ch a rac te ris tic . T he fa c t th a t  c o n tra ry  to  e x p e c ta tio n  th e  c h a ra c te r  
o f th e  cu rves T r. =  T, [Ip ]  a n d  E  =  £ [ f i ]  show n in Fig. 5 does n o t agree w ith  
th e  c h a ra c te r  o f th e  co rrespond ing  curves p lo tte d  in F ig . 4 m ay  be co n n ec ted  
w ith  th is .

In  o rd e r to  de term ine  also th e  anode an d  ca thode fall from  th e  m easu red  
p lasm a p o te n tia ls  and  th e  co rrespond ing  tu b e  vo ltages, i t  w as n ecessary  to
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d e te rm in e  th e  d is tan ce  b e tw een  th e  ca th o d e  an d  th e  p o sitiv e  colum n. N am ely , 
in  f irs t a p p ro x im a tio n  th e  len g th  of th e  ca th o d e  fall agrees w ith  th a t  d is ta n c e .

F ro m  th e  in v es tig a tio n s  described  above  we know  th e  v a ria tio n  o f  th e  
size o f th e  ca th o d e  d a rk  space (th e  d is tan ce  from  th e  ca th o d e  to  th e  ca th o d e - 
side m eniscus o f  th e  p o sitiv e  co lum n) an d  w ith  th is  i t  is possib le  — by  th e  help  
o f N ö l l e ’s m e th o d  [8 ] — to  d e te rm in e  th e  v a lu e  of th e  ca th o d e  fall b e long ing  
to  th e  in d iv id u a l c u rre n t va lues.

T he dependence  o f  th is  d is tan ce  on th e  c u rren t as d e te rm in ed  b y  su p p le 
m e n ta ry  te s ts  a t  a c o n s ta n t h ea tin g  c u rre n t of 400 m A  is show n in  F ig . 6 . 
T he  curve  dp p lo tte d  in  th e  F ig u re  show s th e  line of th e  ca thode-side  m en iscus 
of th e  po sitiv e  co lum n a t  th e  in d iv id u a l d ischarge  c u rre n ts , while th e  cu rv e  d p

Fig. 6. The current dependence of the cathodic end dp of the positive  colum n and the end </ . 
of the glim m -space at I /, =  400 m A constant dc cathode heating. I T =  tube current

show s th e  dependence  of th e  region of th e  glow lig h t su rro u n d in g  th e  ca th o d e  
on th e  c u rre n t. T he ca th o d e  is p laced  a t  0 m m . A se p a ra te  d iag ram  show s th e  
curves a t  c u rre n ts  low er th a n  10 mA.

In  th e  case of u n h e a te d  ca thodes th e  sh ifting  o f th e  spaces m a y  be 
rep re sen ted  b y  sim ilar cu rv es . T he d ifference w as m ere ly  th a t  here w ith  th e  
low er c u rre n ts  (under 20 m A ) i t  w as no lo n g er possible to  c a rry  o u t m e a su re 
m en ts  because  of th e  d iffusedness o f th e  spaces, fu r th e r  also in th e  case o f 
h igher c u rre n ts  th e re  is n o  sign ifican t re la tiv e  d ark -space  sh iftin g  in  th e  c u r re n t 
range  of 20 — 500 m A . T hese m easu rem en ts  w ere ca rried  o u t in  a d a rk  p lace  
w here th e  b a ck g ro u n d  p ro v id ed  a large c o n tra s t;  a m illim e te r scale d iv ision  
w as m ade use of.

T he sh ad ed  area  show n in  F ig . 6 can  in  p rac tice  be d istingu ished  as th e  
d a rk  space o f  th e  d ischarge . T he len g th  o f th e  anode fall sec tion  is b u t  a v e ry  
sm all f ra c tio n  o f th e  o vera ll len g th  of th e  d ischarge space . As a ru le th is  is
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neglected  [8 ] as i t  does n o t cause an y  considerab le  in a c c u ra cy  in  th e  re su lts  
o f m easu rem en ts  of th e  k ind  carried  ou t in  th e  p resen t in v estig a tio n s.

U n d e r th e  ab o v e-m en tio n ed  co n d itio n s, w ith  th e  h e lp  of the  N ö l l e  
m eth o d  [8 ] th e  v alue  of th e  ca th o d e  a n d  anode fall can  he  de te rm in ed  b y  
ex tra p o la tio n .

In  th e  case o f ca thodes n o t h ea ted  fro m  th e  outside th e  cu rve  rep resen tin g  
th e  p o te n tia l o f th e  d ischarge tu b e , u n d er th e  in v es tig a ted  cond itions a n d  a t  a 
d ischarge  c u rre n t o f 25 m A , is show n in F ig . 7.

140
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50^
40
30
20
10
0

Fig. 7. The potentia l distribution of the direct current discharges w ith  externally heated  
cathodes, a t I-p =  25 m A  tube current

T he p o in ts  m ark ed  A , В  an d  C on th e  h o rizon ta l s tr a ig h t  sec tion  c o r
resp o n d  to  th e  places w here th e  probes w ere applied . T h is  section  is t r u e  to - 
scale b e tw een  anode A an d  ca th o d e  K . T h e  leng th  D  co rrespond ing  to  th is  
c u rre n t an d  resu ltin g  from  p rev ious c a th o d e  space m easu rem en ts , is show n  a t 
ca th o d e  K , w hile th e  v o ltag e  scale in  v o lts  is show n p e rp en d icu la rly  to  th e  
sec tion  A K  correspond ing  to  th e  axis of th e  discharge tu b e .

T he v o ltag e  of th e  tu b e  a t  th e  c u rre n t in  question  w as fo u n d  to  be 130 Y. 
Since th e  p robe  m easu rem en t has been e ffec ted  as co m p ared  to  the  an o d e , 
also th e  p lasm a p o ten tia ls  o b ta in e d  a t p o in ts  А ,  В, C a re  show n acco rd ing ly  
in  F ig . 7. U n d e r th e  assu m p tio n s ex p la in ed  above th e  c a th o d e  fall re su ltin g  at 
th e  p o in t o f in te rsec tio n  is 28 Y, th e  anode fa ll of th e  o rd e r o f  8 V.

B y ex ten d in g  th is  m eth o d  of e v a lu a tio n  to  th e  c u rre n t range b e tw een  
25 — 100 m A , i t  has been possib le to  d e te rm in e  th e  d ep en d en ce  of th e  anode  
fall Va, th e  ca th o d e  fall Vk an d  th e  tu b e  v o ltage  VT on th e  cu rren t in  th is  
range . The resu lts  o b ta in ed  fo r th e  case o f  u n h ea ted  c a th o d e s  are show n  in
F ig . 8 .
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5. D iscussion

Figs. 4 a n d  5 show th e  dependence o f  th e  e lectron  te m p e ra tu re  T e a n d  
th a t  o f  th e  p o te n tia l g ra d ie n t E  on th e  c u rre n t for th e  case of h e a te d  a n d  
u n h e a te d  c a th o d e  d ischarges.

As m a y  b e  seen from  th e  F igure  th e  e lec tro n  te m p e ra tu re s  v a ry  b e tw een  
10 —16 000° K , w hich co rresp o n d s to  e lec tro n  energies b e tw een  1—2 eV. W ith

F ig .  8. The cu rren t dependence of th e  anode fall Va, cathode fall Vk and  tube  voltage VT in dc 
discharges w ithou t ex ternally  heated cathodes

these  values i t  is possible to  ca lcu la te  th e  a r ith m e tic a l m e a n  v of th e  v e lo c ity  
o f th e  e lec tro n s

v =
Ы Т е ]■/,
л  • m j ( i )

w here к is th e  B o ltzm ann  c o n s ta n t, Te th e  te m p e ra tu re  o f th e  e lec tro n s , 
m th e  m ass o f  th e  electrons.

F ro m  th is  re la tion  th e  a rith m e tic a l m e a n  velocity  o f  th e  electrons in  th e  
a b o v e -m en tio n ed  electron en e rg y  range w as found to  be  b e tw een  6.5 • 108— 
8 • 108 cm /sec.

As now  th e  m ean ve lo c itie s  and  th e  elec tron  energ ies are know n i t  is 
possible to  d e te rm in e  th e  e le c tro n  co n c e n tra tio n  from th e  p ro b e  c h a rac te ris tic s  
on th e  basis  o f  th e  follow ing re la tio n  [1 — 3 ]:

1 — r I eVte =  —  e- ne-v-J-  e x p -----—
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w here ie is th e  e lec tro n  c u rre n t w hich flows th ro u g h  the  p ro b e , 
e th e  charge of th e  e lec tro n ,
ne th e  e lec tron  co n cen tra tio n  a t th e  in v e s tig a te d  p o in t,
V e th e  a rith m e tic  m ean  v e lo c ity  of th e  electrons, 
f  th e  c u rre n t p ickup  su rface  of th e  p ro b e ,
V  th e  p o te n tia l o f th e  p robe  as co m p ared  to  the  p la sm a , 
к th e  B o ltzm an n  c o n s ta n t,
T e th e  e lec tro n  te m p e ra tu re .
The values ne o f th e  e lec tro n  co n cen tra tio n  ob ta ined  from  re la tio n  (2) w ere 

u n d er th e  given d ischarge cond itions — o f th e  order of 1 0 11 e lectrons/ cm 3. 
W hen  th e  e lec tro n  te m p e ra tu re  an d  th e  electron c o n cen tra tio n  a re  

know n i t  is possible to  d e te rm in e  th e  D e b y e  distance [9] fo r  th e  case o f  
e lec trons. As is k now n , th e  cond itions p rev a ilin g  in th e  p la sm a  in  m a n y  
resp ec ts  resem ble th o se  of s tro n g  e lec tro ly tes  [9]. C ertain  re la tio n s o f th e  
D e b y e — H ü c k e l  th e o ry  of s tro n g  e lec tro ly tes  can  th ere fo re  be  well ap p lied  
to  describe th e  p h en o m en a  in  th e  p lasm a. T h u s , am ong o th e rs , th e  phenom enon  
o f screening  a p p ea rin g  in  th e  case o f s tro n g  e lec tro ly tes ca n  be  found in  th e  
case o f ionized gases, i.e. in  th e  case of ch a rg ed  partic les, as w ell. As a re s u lt  
o f th e  ten d en cy  a t  n e u tra liz a tio n  a screening  cloud m ay d ev e lo p  a round  th e  
in d iv id u a l charged  pa rtic le s  so t h a t  beyond  a ce rta in  d is ta n c e  —- w hich a f te r  
i ts  d iscoverer is called  D e b y e  d istan ce  — th e  p a rtic le  and  th e  cloud a ro u n d  i t  
w ill n o t e x e r t a n y  influence on  th e  o th e r p a r tic le s , i.e. b ey o n d  th is  rad ius th e  
p a rtic le  w ill b eh av e  as a n e u tra l  a tom , w hile  upon  charged  partic les  in sid e  
th is  rad iu s  i t  w ill e x e r t th e  w ell-know n sh o rt-ran g e  force.

T he v alue  o f th is  D e b y e  rad iu s  le can  be  de term ined  on  th e  basis o f th e  
follow ing re la tio n  [9] :

4 л - п е-е2

w here к is th e  B o ltzm an n  c o n s ta n t, Te th e  electron te m p e ra tu re , ne th e  
e lec tro n  c o n c e n tra tio n , e th e  ch arg e  of th e  e lec tro n .

T he D e b y e  screening  ra d iu s  o b ta in ed  fro m  relation  (3) w as found to  be  
o f  th e  o rd e r o f 1 0 -3  cm .

W ith  th e  know ledge o f th e  basic  p la sm a  an d  discharge ch a rac te ris tic s  i t  
is possible to  d e te rm in e  fu r th e r  im p o rta n t p a ram é te re s , su ch  as th e  m o b ility  
[12] from  th e  L a n g e v in  e q u a tio n , th e  a m b ip o la r  d iffusion coefficients [13] 
from  th e  S c h o t t k y  re la tio n sh ip , th e  n u m b er o f  im p ac ts , th e  n u m b e r  of ion ized  
a tom s an d  th e  io n iza tio n  degree from  the  E g g e r t —Sa h a  e q u a tio n  [13], space  
charg ing  an d  v ib ra tio n  ch a rac te ris tic s , th e  n u m b e r  of e lec tro n s p e r 1 cm o f th e  
positive co lum n, th e  d is tr ib u tio n  functions o f  c u rre n t d en sity  [13], wall ch arg e  
d en sity , e tc .

(3)
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As th e  elec tron  energ ies are kn o w n  as well as t h a t  th e  p lasm a is q u as i
n e u tra l  i t  is possible to  ca lcu la te  also th e  velocity  o f th e  ions from  th e  law  of 
c o n se rv a tio n  o f energy:

2
(4)

w here m e a n d  ve are  th e  m ass  and  th e  v e lo c ity  of th e  e lec tro n  and  m , a n d  v, 
th e  co rresp o n d in g  q u a n tit ie s  referring  to  th e  ion.

In  th is  case such fo rm  o f th e  law  o f con serv a tio n  o f  energy  is n o t a p p lic 
able, because  th e  io n isa tio n  degree o f p la sm a  is too  low . I n  th e  in v e s tig a te d  
case th e  e lec tro n  te m p e ra tu re s  v a ried  b e tw een  10 000 — 16 000° K , th o se  o f 
th e  ions am o u n te d  to  3 2 0 —400° К  in  th e  axis o f th e  d ischarge.

A s no w  th e  ion te m p e ra tu re s  an d  io n  energies a re  know n, i t  is possib le 
— sim ila r to  th e  above ca lcu la tio n s  — to  d e te rm in e  v a lu e s  o f o ther p a ra m e te rs  
an d  processes c h a ra c te ris tic  o f th e  ions.

F igs. 5 an d  8 p re se n t th e  re su lts  o f  u n h ea ted  c a th o d e  m easu rem en ts  in 
th e  25 — 100 m A  cu rren t ra n g e . Fig. 8 show s, for th e  sa k e  of com parison , th e  
d ependence  o f  th e  tu b e  v o lta g e  on th e  c u rre n t. I t  m a y  b e  seen th a t  h e re  th e  
d ischarge  is ch a rac te rized  b y  a positive  ch a rac te ris tic .

As can  he seen from  F ig . 8 th e  c a th o d e  and an o d e  fall of th e  d ischarge  
has a m in im u m  in th e  ran g e  betw een  50 a n d  75 mA. A t th e  sam e tim e, h ow ever, 
acco rd ing  to  F ig . 5 th e  p o te n tia l  g ra d ie n t E  has a m a x im u m . This m ean s  th a t  
th e  v o lta g e  fa ll of th e  p o s itiv e  colum n is th e n  the  h ig h e s t. This ad m its  o f  the  
conclusion  th a t  in  th e  processes a round  th e  ca thode an d  th e  anode such chan g es 
have  o ccu rred  a t  th is  c u r re n t th a t  have ren d e red  su p erflu o u s th e  larger ca th o d ic  
an d  anod ic  falls belonging  to  th e  p rev ious cu rren ts.

T h e  v o ltag e  fall o f  th e  positive co lu m n  to g e th e r w ith  the ca th o d e  fall 
an d  th e  an o d e  fall m ake u p  jo in tly  th e  tu b e  vo ltage  o f  th e  d ischarge tu b e . 
P lo tt in g  th is  tu b e  vo ltage  (d en o ted  b y  V T in  Fig. 8) as fu n c tio n  of th e  d isch arg e  
c u rre n t th e  d ischarge c h a ra c te ris tic  is ca lled  positive o r n eg a tiv e  acco rd in g  to  
w h e th e r th e  d irec tion  ta n g e n t  of th e  cu rv e  is positive o r  negative. F ro m  th e  
com p ariso n  o f Fig. 5 and  8 i t  becom es c lea r th a t  in  c e r ta in  cu rren t ran g es  th e  
p ositive  o r n eg a tiv e  c h a ra c te r  of th e  d isch arg e  c h a ra c te r is tic  will be d e te rm in ed  
b y  th e  le n g th  o f th e  p o s itiv e  colum n. I t  seems n e c e ssa ry  to  p o in t th is  out 
because th is  question  is n o t  discussed su ffic ien tly  c lea rly  even  in  th e  re le v a n t 
te ch n ica l l i te ra tu re  [12 — 14].

T he dev e lo p m en t o f  tu b e  vo ltag e , g rad ien t, c a th o d e  fall and anode  fall 
o f th e  k in d  described  above d istingu ishes in  th e  p resen t case  the  c u rre n t ran g e  
b e tw een  50 — 70 m A  as a g a in s t th e  c u rre n ts  ( in v es tig a ted  up  to  25 m A ) o f 
so m ew h at h ig h e r or low er values.
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As is know n a phenom enon  ch a ra c te ris tic  fo r discharges fed  o ff  d irect 
c u rre n t v o ltage  is th e  c a ta p h o ra s is [10] w hich a t tim es  is used for gas sep a ra tio n . 
In  our case in  th e  m ercu ry  v a p o u r  d ischarges th e  ion ized  m ercu ry  a to m s  p ro 
ceed to w ard s  th e  ca th o d e  on acco u n t o f  th e ir  p ositive  charges and  th e re  becom e 
n eu tra lized . A diffusion  flow  d irec ted  to w ard s th e  an o d e  and  c a rry in g  m ercu ry  
atom s a tte m p ts  to  reduce th e  change o f c o n cen tra tio n  resu lting  in  th is  w ay. 
The co n cen tra tio n  of th e  n e u tra l m e rc u ry  and  t h a t  o f th e  argon a to m s will, 
because o f th e  c a tap h o ra s is , becom e p e rm an en t in  th e  n e ighbourhood  o f the 
ca th o d e  a fte r  a ce rta in  tim e  an d  in crease  up to  a c e r ta in  lim it, th e ir  p a r tia l 
p ressures will increase. This increase is considerab le  an d  of a m a g n itu d e  which 
can  be m easured .

In  th e  case of low  pressure  m e rc u ry  v ap o u r d ischarge  tu b es  fed  o ff the 
d irec t c u rre n t v o ltag e  th is  ph en o m en o n  w ill ap p ea r also in  a v isib le  fo rm  [10] . 
A d a rk  zone will be c rea ted  in  th e  n e ighbourhood  o f th e  anode a f te r  a certa in  
tim e, w hich  is due to  th e  fa c t th a t  th e  m ercu ry  reso n an ce  lines (1849 Á , 2537 Á) 
g en era ted  b y  th e  elec trons will n o t m ak e  th e ir  ap p ea ran ce  w ith  th e  form er 
in te n s ity . W ith  a 40 W  fed o u tp u t  tu b e  len g th  1200 m m  d iam ete r 38 m m  th is 
phenom enon  m ay  re su lt in  th e  com ple te  d a rk en in g  o f  th e  su rro u n d in g s  o f the 
anode [10] follow ing 18 h ours of b u rn in g .

In  th e  course o f th e  p re se n t in v estig a tio n s m easu rem en ts  h a v e  been 
carried  th ro u g h  also in  connection  w ith  th e  p h en o m en o n  of ca ta p h o ra s is , 
th ro u g h  com parison  of th e  p a ra m e te rs  w hich cou ld  he m easured  b y  probe 
m easu rem en t.

I n  th e  case of an  u n h e a te d  ca th o d e  th e  in v es tig a tio n s  have b e e n  carried  
ou t a t  a d ischarge c u rre n t o f 100 m A , in  s ta tio n a ry  d ischarge  p lasm a, record ing  
on th e  p robe  th e  p robe  c h a ra c te ris tic  an d  ca lcu la tin g  from  th is  th e  electron  
te m p e ra tu re  follow ing connection  o f th e  tu b e , u p o n  th e  e s ta b lish m e n t of the 
s ta te  o f equ ilib riu m  an d  a fte r  14 h o u rs  o f stab le  o p e ra tio n . The co n d itio n s  of 
th e  m easu rem en ts  an d  th e  c h a ra c te r is tic  of th e  d ischarge  tu b e  ag reed  w ith  
th a t  o b ta in ed  before.

A ccord ing  to  th e  l i te ra tu re  [10] in  th e  d ire c t c u rren t d isch arg es when 
th e  tu b e  is o p e ra ted  a t  a d ischarge c u rre n t of 420 m A  th e  re d u c tio n  o f the  
lum inous f lu x  m en tio n ed  earlie r a m o u n ts  a t  th e  anode  to  some 8 5 %  a fte r  14 
hours opera tio n .

A considerab le  red u c tio n  of th e  lum inous f lu x  was o b ta in ed  also  in  the 
course o f th e  p re sen t te s ts , how ever, th is  a m o u n ted  to  only a f ra c tio n  of the  
values g iven in  th e  l i te ra tu re  [10]. I t  seem s to  us t h a t  th is d ifference m ay  be 
ascribed  to  th e  d ev ia tio n  betw een  th e  discharge c u rre n ts . N am ely  i t  appears 
p lausib le  th a t  th e  difference in  c o n cen tra tio n  re su ltin g  from  th e  ca tap h o ra s is  
sets in  fa s te r  in  th e  case o f a h igher d ischarge  c u rre n t. W ith  th e  in c rease  o f the 
c u rre n t also th e  increase o f th e  n u m b e r o f positive ions a rriv ing  a t th e  cathode
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in  u n i t  tim e  m a y  be  ex p ec ted  a n d  a t  th e  sam e tim e  ions of h ig h e r  velocity  
e x e r t a h igher re s is ta n c e  ag a in st th e  n e u tra l a to m s  flow ing b a c k  to w ard s  th e  
c a th o d e . T hus in  th e  case of a h ig h e r  cu rren t th e  flow  of th e  ions ca n  m ain ta in  
th e  eq u ilib riu m  a g a in s t a h igher c o n c e n tra tio n  d ifference. In  th e  case o f m er
cu ry  v a p o u r  d isch arg es th e  n e u tra liz e d  pa rtic le s  a re  a tom s. I t  is im p o r ta n t to  
ta k e  th is  in to  a c c o u n t in  th e  m ass ra tio s  of th e  collisions in  an y  m a th e m a tic a l 
in te rp re ta t io n  o f  th e  phenom enon .

In  m easu rem en ts  carried  o u t  u n d e r id e n tic a l conditions b e tw een  w hich 
14 h o u rs  e lapsed  i t  w as found  t h a t  th e  te m p e ra tu re  of th e  e lec tro n s a t  th e  
anode  increased  b y  4270° K , w hile  a t  th e  c a th o d e  i t  decreased  b y  150° K . 
T h e  la t te r  is n o t a  sign ifican t v a lu e  and  is n e a r  to  th e  lim its  o f  accu racy  of 
th e  m easu rem en t.

In  the q u alita tive interpretation  of th e  results of the te sts  we have  
started  from the observation b y  L akatos [11] according to w hich the change 
of electron tem peratures o f such a character is connected  w ith the phenom enon  
of cataphorasis.

A ccord ing  to  th e  above in  th e  course o f  th e  ca tap h o ras is  th e  p a r tia l 
p re ssu re  of th e  n e u tra l  a tom s d im in ishes in  th e  su rround ings o f th e  ca thode, 
an d  th is  resu lts  in  th e  increase o f  th e  m ean free p a th .  T hus also th e  m ean  free 
p a th  o f  th e  e lec tro n s w ill increase  a n d  th e  e lec tro n s  will now  — on  iden tica l 
m ean  free p a th s  — collide less o ften  w ith  n e u tra l a to m s and  th u s  also  th e  energy  
t r a n s m itte d  b y  th e m  (elastic , u n e la s tic  collisions) w ill be red u ced , th e  energy  
co u p lin g  betw een  th e  partic les w ill becom e looser. Since in  th e  course of th e  
in v es tig a tio n s  th e  m ac ro -p a ram e te rs  of th e  d isch arg e  d id  n o t change (d is
ch arg e  cu rren t, p o te n tia l  d ev e lo p m en t), it  m ay  b e  assum ed  th a t  a lso  th e  space 
w here  th e  e lec trons w ere acce le ra ted  rem ained  u n a lte re d . This m ean s  th a t  on 
th e  sam e m ean  free  p a th s  th e  e lec tro n s  w ould g a in  th e  sam e a m o u n t o f energy. 
H o w ev er, w ith  th e  in se t of c a ta p h o ra s is  th e  m e a n  free p a th s  in c rease  and  th e  
av e rag e  k inetic  en e rg y  increases co rresp o n d in g ly . Since th e re  is a u n iq u e  con
n e c tio n  betw een  th e  k in e tic  en e rg y  an d  the  e le c tro n  te m p e ra tu re , th e  above- 
m en tio n ed  ex p e rim e n ta lly  o b se rv ed  increase o f  th e  elec tron  te m p e ra tu re  
a ro u n d  th e  ca th o d e  m a y  be in te rp re te d  in  th is  w ay .

I t  follows t h a t  also th e  en e rg y  tr a n s m itte d  p e r  u n it vo lum e to  th e  m er
cu ry  a to m s becom es sm aller. T h is , as a lread y  ex p la in ed  above, re su lts  in  a 
red u ced  ex c ita tio n  o f th e  m ercu ry  a to m s, w h ich  is also visible to  th e  n aked  
eye. I n  th e  d ischarge  — in a s ta t io n a ry  s ta te  — m a in ly  th e  m e rc u ry  atom s w ill 
ge t ex c ited  and  ion ized  because o f  th e ir  lower e x c ita tio n  and io n iza tio n  p o ten tia l 
as a g a in s t th e  a rg o n .

T h e  e x c ita tio n  o f th e  reso n an ce  lines of th e  m ercu ry  m ay  be  in v es tig a ted  
if  th e  ex c ita tio n  fu n c tio n  w hich h as  a  p ro b a b ility  c h a ra c te r , is k n o w n . A ccording 
to  th e  availab le  l i te ra tu re  [12] th is  ex c ita tio n  is a fu n c tio n  o f second  o rder o f
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th e  e lec tro n  energies an d  possesses a m ax im um . A s th e  e lec tron  energies change 
because o f  th e  re d u c tio n  in  th e  n u m b e r o f collisions th e  e x c ita tio n  of resonance 
lines w ill be sh ifted  from  th e  o p tim a l co n d itions o f  ex c ita tio n .

In  a ll p ro b a b ility  th e  m ore  d e ta iled  q u a n ti ta t iv e  in v e s tig a tio n  of th e  
c a ta p h o ra s is  can  be carried  o u t w ith  th e  h e lp  o f probe m easu rem en ts  b y  
a rran g in g  th e  e lec trodes (probes) m ore closely to  th e  anode a n d  th e  ca th o d e  
th a n  in  th e  p re sen t case m ak in g  th e m  reach  to  id en tica l d e p th s .

F u r th e r  in te re s tin g  resu lts  m a y  be o b ta in e d  b y  a re f in e m e n t of th e  m e a 
su rem en t w hich  m ay  m ake possib le th e  in te rp e ta tio n  of th e  p rocess of c a ta 
phorasis  b y  its  dependence  on th e  change of th e  elec tron  te m p e ra tu re  and th e  
e lec tro n  c o n c e n tra tio n  in  tim e  in  th e  n e ig h b o u rh o o d  of th e  anode  and  th e  
ca th o d e .

In  ad d itio n  to  th e  process exp la ined  h e re  w hich m ay  b e  called “ ax ia l 
c a ta p h o ra s is”  s im u ltan eo u sly  a “ ra d ia l c a ta p h o ra s is”  arises as w ell [6 ], betw een  
th e  axis an d  th e  w all.

B y  ta k in g  in to  co n sid e ra tio n  th e  am b ip o la r rad ia l d iffu sio n , th is  ra d ia l 
c a tap h o ra s is  m ay  be tre a te d  th e o re tic a lly  as w ell [ 6 ] .  V e r w e i j  has show n 
u n d e r  ce rta in  sim plify ing  co n d itions, th a t  th e  phenom enon  m a y  involve also a 
change in  c o n cen tra tio n  of som e 2 0 % : th e  co n cen tra tio n  of th e  m ercu ry  a tom s 
w ill d im in ish  to  th is  e x te n t a long  th e  axis of th e  discharge re la t iv e  to  th e  con
c e n tra tio n  of th e  m ercu ry  a to m s to  be found  b y  th e  wall.

T h ro u g h  a d iscussion o f th e  p a ram e te rs  described  in th e  p re se n t a rtic le , 
i t  w ill be possible to  give fu r th e r  re la tio n sh ip s  fo r th e  c h a ra c te r is tic  processes 
o f  th e  d irec t c u rre n t d ischarges. H ere  also i t  w ill be ex p ed ien t to  re ly  on th e  
va lu es  o b ta in ed  b y  p robe m easu rem en ts  w h ich  can  be c a r r ie d  ou t u n d e r 
p ro p erly  defined  cond itions.
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О ЗАВИСИМОСТИ МЕЖДУ НЕКОТОРЫМИ ПАРАМЕТРАМИ ПАРО-РТУТНОГО 
РАЗРЯДА ПОСТОЯННОГО ТОКА

й . БИТО

Р е з ю м е

Применяя метод измерения сондами Лэнгмюира, для случая нагретого и холодного 
катодов определяется зависимость аксиального градиента и электронной температуры 
разряда постоянного тока разряда. Применяя способ оценки по Нэлле, определением 
плазменного потенциала по зависимости катодных тёмных пространств от тока, автором 
даётся ход потенциала, характерного для разряда, излагается зависимость катодного 
и анодного падений от тока. Рассматриваются явления аксиального катодного форезиса, 
показывается зависимость между процессом катодного форезиса и временном изменении 
электронной температуры.
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OF MEASURING THE VELOCITY OF LIGHT
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The phenomena connected with the propagation of light are analysed with the purpose 
of re-examining as to what conclusions can be drawn from the relevant experiments. It is found, 
that a very clear picture can be obtained supposing — contrary to the usually accepted view — 
that electromagnetic waves possess a carrier which may be taken as the ether. The philo
sophical questions concerning the re-introduction of the ether as the carrier of electromag
netic waves is treated by the author in other articles [13].

In tro d u c to ry  rem ark s

§ 1. In  th is  a rtic le  we a t te m p t a renew ed an a ly sis  o f th e  m e th o d s  for the 
d e te rm in a tio n  o f th e  v e lo c ity  of lig h t. O n th e  one h a n d  we s ta r t  from  M a x w e l l ’s 
th e o ry  o f th e  e lec tro m ag n etic  field , a n d  on th e  o th e r  we shall m ake use o f well- 
know n resu lts  o f op tica l an d  e lec trom agnetic  ex p e rim en ts . W e shall en d eav o u r 
to  discuss th e  ex p erim en ts  in  th e  fo rm  in w hich th e y  w ere ac tu a lly  ca rried  ou t, 
avo id ing  basing  ou r conclusions on id ea l ex p erim en ts  (G edankenexperim en te). 
W e shall n o t m ak e  use of E in s t e i n ’s ideas on r e la t iv i ty  o f tim e  a n d  space — 
i t  is our aim  to  show  th a t  th e  p h en o m en a  d iscussed  here , keep ing  s tr ic tly  to  
th e  ex p e rim en ta lly  observed  fac ts , m ay  be th e o re tic a lly  exp la ined  en tire ly  
sa tis fac to rily  w ith o u t th e  concept o f re la tiv ity  o f  t im e  an d  space.

N a tu r a l ly ,  e v e ry  th e o ry  — a n d  th is  is t r u e  a lso  o f  th e  one p ro p o s e d  h e re  — 
re q u ire s  c e r ta in  a b s tra c t io n s .  I n  c o n t r a s t  to  E i n s t e i n ’s m e th o d  w e a t te m p t ,  
h o w e v e r, to  l im it  o u rse lv e s  to  id e a s  o f  su ch  a  k in d  as c o rre sp o n d  to  th e  
pre-E iN S T E iN ian  w a y  o f  th in k in g .

§ 2. T he n u m erica l va lue  c of th e  velocity  o f lig h t appears as c ritic a l velo
c ity  in  th e  M a x w e l l  eq u a tio n s, w h ich  can b e  d e te rm in ed  n u m erica lly  th ro u g h  
th e  com parison  o f e lec tro s ta tic  an d  e lec tro m ag n etic  u n its . I t  is in te re s tin g  to  
exam ine th e  role o f  th e  c ritica l v e lo c ity  in  so m ew hat m ore de ta il.

a) T he s ta tic  m easu re  o f  e lec tric  charge can  be  d e te rm in ed  w ith  th e  help 
o f th e  Coulom b law . C onsider a n u m b e r of charges ev  e2, . . .,en. T h e  force 
(m easured  in  dyne) w ith  w hich tw o charges, say  ek an d  e, a t  a d is tan ce  r, 
a c t on each o th e r is
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к , l — 1 , 2 , . . п. ( 1 )

C onsidering  th ree  ch arg es , say  ev  e2, e3, we m ay  m easu re  th e  forces F 12, F23, F31 
ac tin g  betw een  th e  th re e  pairs . W ith  th e  help  o f  (1) we fin d :

/  ^23 F 21
I Fzi ’

f  F  si F 32 
r F 12 • (2 )

In d eed , su b s titu tin g  (2) in  (1) a n  id e n tity  re su lts , p rov ided  th e  sign  o f th e  
ro o ts  is chosen a p p ro p ria te ly . I f  one o f  th e  charges is (a rb itra rily )  assigned  th e  
p o sitive  sign, th e  o th e rs  are u n am b ig u o u sly  d efin ed  an d  th u s  th e  m easu res of 
th e  charges are u n am b ig u o u sly  d e te rm in ed .

b ) The n u m erica l values o f  th e  m easures o f  m agnetic  pole s tren g th s  
mv, V —  1, 2 , . . . ,  n can  be d e te rm in e d  in  a s im ila r w ay  w ith  th e  h e lp  of th e  
C oulom b law  for m ag n e tic  poles

kl
mk m, ( 3 )

A  c e r ta in  com plica tion  is due to  th e  fa c t th a t  in  c o n tra s t  to  e lec trica l charges 
single m ag n e tic  poles do n o t ex is t in  n a tu re . H ow ever, a th in  b a r  m ag n e t ac ts 
as i f  m ag n e tic  charges o f  e q u a l m a g n itu d e  b u t  opposite  sign were
p laced  a t  its  ends, a n d  b y  m easu rin g  th e  effect o f b a r  m agnets on each  o th e r 
— s im ila r to  th e  case o f  electric  charges — th e  po le  s tre n g th  can be de te rm in ed . 
In s te a d  o f (3) one m ay  p u t

mk m,

reff

w here, i f  th e  tw o ro d s are fo rm ing  a s tra ig h t line :

1 1  1 ______ 2__

“  г2 (г +  W  (r  +  1Г '

r m ean s th e  d is tan ce  betw een  tw o  poles facing  each  o th e r an d  l th e  leng ths 
o f th e  rods.

c) E lec trica l charges a c t on m ag n e tic  poles on ly  w hen th e y  m ove  re la tive  
to  each  o ther. T he force w ith  w h ich  a charge ek m ov ing  w ith  a v e lo c ity  v acts 
on a m ag n e tic  po le  mi w hich is a t  re s t, m ay  be w ritte n
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F ki =  a
e,,m. V X г I

( 4 )

w here a  is a c o n s ta n t. C om paring  (4) w ith  (1) or (3) we see th a t  a m u s t have th e  
d im ension  o f a rec ip rocal v e lo c ity , i f  e* an d  m ; are  expressed  in  e lec tro s ta tic  
u n its . W e m ay  th u s  w rite

1/a  =  c ,
w here c is a ve locity .

The v a lu e  o f c can  be d e te rm in ed  e x p e rim en ta lly  b y  m easu rin g  th e  force 
w ith  w hich a m oving  charge ac ts  on a m a g n e t. Such m easu rem en ts  w ere 
carried  o u t b y  R o w la n d  an d  la te r  b y  E ic h e n w a l d  [1]. In  th e ir  in v es tig a 
tio n s  th e  effect o f a ro ta tin g , e lec trica lly  ch a rg ed  disc on a needle  m agnet w as 
m easured .

More e x a c t ex perim en ts w ere ca rried  o u t la te r , in  w h ich  a condenser 
w as period ica lly  charged  an d  d ischarged  a n d  c w as d e te rm in ed  w ith  th e  h e lp  
o f  th e  m ag n etic  effect o f th e  d ischarge c u rre n t.

T he d e ta iled  d escrip tion  o f th is  ex p e rim en t can  be re a d  in  tex tb o o k s . T h e  
v a lu e  of th e  c ritica l ve lo c ity  re su ltin g  from  th e se  m easu rem en ts  w as found  to  
be ex ac tly  eq u a l to  th e  v alue  o f th e  v e lo c ity  o f  p ro p ag a tio n  o f e lec tro m ag n etic  
w aves an d  to  th a t  of ligh t.

§ 3. F ro m  Ma x w e l l ’s eq u a tio n s  i t  follow s th a t  an  e lec tro m ag n etic  fie ld  
in  v acu u m  is p ro p a g a te d  w ith  th e  c ritica l v e lo c ity  c. Ma x w e l l  deduced  from  
th e  num erica l ag reem en t of th e  v a lu e  o f th e  c ritica l v e lo c ity  re su ltin g  fro m  
e lec trical an d  m ag n e tica l m easu rem en ts  on th e  one h a n d  w ith  t h a t  m easu red  
fo r th e  ve lo c ity  o f lig h t on th e  o th e r t h a t  lig h t consists o f  e lec tro m ag n etic  
w aves.

I t  m u st be em phasized , t h a t  i t  follows from  M a x w e l l ’s th e o ry  th a t  th e  
ve lo c ity  of p ro p ag a tio n  o f e lec tro m ag n etic  w aves is in d e p e n d e n t o f th e  s ta te  
o f m o tion  o f th e  source o f th e  w aves; th is  re su lt o f Ma x w e l l ’s th e o ry  is 
som etim es in co rrec tly  reg a rd ed  as a re su lt (or p o s tu la te ) o f  th e  th e o ry  o f  
re la tiv ity .

To avo id  m isu n d e rs tan d in g  we no te  t h a t  a ra d ia tin g  a to m  m oving  w ith  a 
c o n s ta n t v e lo c ity  v em its a t  ev e ry  m o m en t o f its  m o tio n  a new  spherica l w ave. 
T hese successively  e m itte d  sp h erica l w aves sp read  each  w ith  th e  v e lo c ity  c 
from  th e  p o in t from  w hich  th e y  w ere sen t o u t. B ecause o f th e  m o tion  o f th e  
e m ittin g  a to m  th e  g en era ted  w aves are n o t  co n cen tric  b u t  h a v e  a d is tr ib u tio n  
like th a t  show n in  F ig . 1.

The w ave tra in s  a rriv in g  successively  in  A  w ill a p p e a r  com pressed 
because o f th e  m o tio n  o f th e  lig h t source. A p o in t B,  how ever, from  w hich th e  
source m oves aw ay , w ill be reach ed  b y  th e  in d iv id u a l w ave fro n ts  in  lo n g e r  
tim e  in te rv a ls  th a n  those  b e tw een  th e  a c tu a l em issions o f th e  w ave fron ts..
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The p h en o m en o n  is th e  D oppLER-effect w hich  ind eed  depends on th e  s ta te  of 
m o tio n  o f  th e  source. H ow ever, th e  in d iv id u a l w ave fro n ts  w ill pass A  as well 
as В  w ith  th e  v e lo c ity  c in d e p e n d e n t o f  th e  s ta te  o f  m o tio n  o f th e  source.

M ethods for the m easurem ent o f  the velocity o f propagation o f light

§ 4 . O ne m ig h t p ropose  th e  fo llow ing m eth o d  fo r th e  m easu rem en t o f  th e  
v e lo c ity  o f  lig h t. A sh o rt signal is b e ing  se n t a t  t =  t y from  a source s i tu a te d  in  
th e  p o in t A .  The signal is observed  a t  a p o in t В  w h ich  lies a t  a d is tan ce  l from  
A .  I f  th e  signal arrives a t  t =  t2 one h as  fo r th e  v e lo c ity  o f p ro p ag a tio n

c =  ll(h  — h )  ■ (5)

§ 5. T h e  above m e th o d  can , h o w ev er, n o t be ca rried  o u t d irec tly , since in  
o rd e r to  m easu re  t } an d  t2 one needs tw o  synch ron ized  clocks, UA an d  UB, one 
n ea r A  a n d  th e  o th e r n e a r  B. In  p rin c ip le , one could  synchron ize  UA a n d  UB 
b y  o b se rv in g  th em  from  a p o in t C, w h ich  is a t  th e  sam e d is tan ce  fro m  b o th . 
I f  th e  p ic tu re s  of th e  clocks, U'A an d  UB, as seen from  C (e.g. in  a te lescope) 
do n o t  show  an y  phase sh if t one m a y  suppose  th a t  th e  tw o  clocks ru n  sy n c h ro n 
ously  a n d  th e  m easu rem en t of th e  p ro p a g a tio n  o f lig h t signals can  th e n  be 
c a rr ie d  th ro u g h  acco rd ing  to  equ . (5) w ith  th e  help  o f th e  clocks th u s  sy n c h ro n 
ized . U sin g  th is  m eth o d  we m u st assum e th a t  lig h t is p ro p a g a te d  along a ll th re e  
p a th s , n a m e ly  from  A  to  B,  from  A  to  C and  В  to  C w ith  th e  sam e v e lo c ity .
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H ow  far such an a ssu m p tio n  is ju s tif ie d , we sh a ll discuss la te r  on . T he m ethod  
ju s t  described  has, how ever, n o t  been  p u t  in to  p ra c tic e .

In  th e  follow ing we discuss th e  e x p e rim e n ta l m ethods b y  w h ich  th e  veloc
i ty  o f p ro p ag a tio n  o f lig h t w as m easu red .

In  th e  ex p erim en ts  w hich  h av e  been  c a rr ie d  o u t in p rac tice  th e  sy n ch ro n 
iza tio n  w as a tta in e d  in  tw o w ays.

M ethod of R öm er

§ 6 . One m ig h t synch ron ize  th e  clocks I/ 4 a n d  Ub b y  p lac in g  th em  n e x t 
to  each  o ther, synch ron iz ing  th e m , an d  th e n  v e ry  cau tio u sly  tra n s p o r tin g  th e  
one to  A  and  th e  o th e r  to  B,  in  th e  hope th a t  th e  tra n s p o r t  is n o t  d e tr im e n ta l 
to  th e  clock m echan ism . W e sh a ll discuss la te r , h o w  fa r  th is  “ h o p e ”  is realized .

A fte r p lacing  th e  clocks n e a r  th e  p o in ts  A  a n d  В  we m a y  reg a rd  som e 
g iven  positions of th e  p o in te rs  o f UA as th e  s ig n a l sen t ou t f ro m  A .  O bserv ing  
UA from  В  w ith  th e  help  of a te lescope a d e lay ed  p ic tu re  U'A o f  th e  clock UA 
ap p e a rs  because o f  th e  fin ite  v e lo c ity  of p ro p a g a tio n  of lig h t. D en o tin g  th e  
p h ase  difference b e tw een  th e  p ic tu re  U'A a n d  th e  clock Ub b y  At we h a v e

c =  IjAt .

UA m a y  be observed  from  p o in ts  a t  v a rio u s  d istan ces  l v l2, . . .  from  UA . 
A lw ays ta k in g  th e  clock Ub w ith  us, we observe  p h ase  differences A tv  At2,. . . 
b e tw een  th e  p ic tu re s  U'A, U"A,. . . an d  th e  clock  Ub and th e  v e lo c ity  of lig h t 
c an  be de te rm in ed  from  th e  change of th e  p h ase  differences w ith  th e  d is tan ce . 
W e h av e  c =  IJAtj^ =  lJA t2 = .  . .  an d  th u s

L  -  L
dtp  -  At,,

=  1, 2 ,. (6 )

E q u . (6) has th e  a d v a n ta g e  t h a t  i t  co n ta in s  o n ly  changes o f  th e  d is tan ces , 
l„ — Z,„ an d  changes o f th e  p h ases , Atß — At,,.

§ 7. The m e th o d  described  above co rresp o n d s in  princip le  to  th a t  used b y  
th e  astro n o m er O l a f  R ö m e r  fo r th e  f irs t  d e te rm in a tio n  o f th e  ve lo c ity  o f 
lig h t. R ö m er  b y  observ ing  th e  m o tio n  of th e  sa te llite s  of J u p i te r  fo u n d  a p p a re n t 
irreg u la ritie s  in  th e ir  periods o f rev o lu tio n  w h ich  obviously  w ere connected  
w ith  th e  v a ria tio n  o f th e  d is tan ce  betw een  E a r th  an d  Ju p ite r .

So as to  be ab le  to  ap p ly  o u r earlie r co n sid e ra tio n s we re g a rd  a clock on 
th e  E a r th  as th e  clock  Ub an d  J u p i te r  to g e th e r  w ith  its sa te llite s  as th e  clock 
UA. A t th e  tim e  t =  t0 suppose th e  E a r th  to  be  in  opposition  to  J u p ite r  an d  
th e ir  d istance  a p a r t  to  be l0. O bserv ing  now  th e  revo lu tio n s o f  one o f th e  s a te l
lite s  o f Ju p ite r  we o b ta in  tim es t 1, t 2, . . . , t n a t  w h ich  the  successive rev o lu tio n s 
o f th e  sa te llite  a p p e a r  co m p le ted  as seen fro m  th e  E a rth . T h e  correspond ing
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d istan ces  be l v  l2,. . ln. T he tim es t„, v =  1, 2, 3 ,. . n  observed on  th e  E a r th  
d iffer from  th e  tim es t'„ — t, — At,, v =  0, 1, 2 , . . n a t  w hich th e  rev o lu tio n s  
are  a c tu a lly  com ple ted . T he delays At, are  equal to  th e  tim es fo r  th e  lig h t 
to  tra v e l  from  J u p i te r  to  th e  E a r th .  T herefore

At, =  l,/с , v =  0, 1, 2 , ------  (7)

Suppose ln =  Z0, i.e. a t  th e  tim e  tn th e  E a r th  be ag a in  in  opposition  to  J u p i te r .  
O bserv ing  th e  sa te llite  a t  tim es t0 a n d  tn from  th e  sam e d istance  th e  co rrec tio n s

Fig. 2. A stronom ical determ ination of the v e lo c ity  o f ligh t. J, J \  J" subsequent positions
of Jupiter, E, E'  those of E arth

fo r th e  tim es  o f  tra v e l o f  th e  lig h t are  eq u a l in  b o th  cases: Atn =  Zlin, an d  we 
h av e  fo r th e  tim e  th e  sa te llite  ta k e s  in  effect to  com plete  n re v o lu tio n s : 
tn — t0 =  t’n — tg. T he tim e  T  for one rev o lu tio n  is th u s

=  " ( {n  ~ ~  * o )  Wn

an d  th e  p h ase  sh if t th e  clock [ / 4 on J u p i te r  show s a f te r  th e  r - th  re v o lu tio n  
becom es

A t ,  =  A t 0 +  (t, -  vT). (9)

W ith  th e  help  o f (7), (8 ) a n d  (9) th e  v e lo c ity  o f lig h t is th u s  found  to  be

C =  v̂ *° _ »̂ 0̂
At, — A t0 tv — vT

I f  v is chosen  so th a t  l, co rresponds to  th e  la rg est d is ta n c e  (in th e  cou rse  o f a 
yea r) b e tw een  E a r th  a n d  J u p ite r , we fin d

l, — l0 =  d ia m e te r  o f th e  E a r th ’s o rb it ^  3 ■ 108 km .
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A s a re su lt of o b se rv a tio n  one f in d s

t„ — V T  ^  1000 sec ,
th u s

c ^  300 000 k m /se c .

Methods o f  Fizeau and Foucault

§ 8 . The need  for th e  sy n ch ro n iza tio n  o f  clocks can  be  e lim ina ted  i f  
in s te a d  of using tw o  clocks one clock is co m p ared  w ith  its  im ag e  in  a d is ta n t 
m irro r.

L e t a clock UA be p laced  a t  th e  p o in t A ,  a t  th e  p o in t В  a t  a d is tan ce  l 
from  A  le t th e re  be  a m irro r n o rm a l to  th e  line  A B .  W ith  th e  h e lp  of a te le 
scope n e a r A we observe th e  im age U'A of UA. T rav e lin g  from  A  to  В  and  b a c k  
ag a in  to  A  th e  lig h t has gone a long  a p a th  o f le n g th  21, we th u s  h av e

c =  211 A t ,

w here  /It deno tes th e  phase sh if t observed  b e tw een  UA an d  i ts  im age U'A as 
seen th ro u g h  th e  telescope.

F iz e a u  ca rried  o u t th is  e x p e rim en t u sing  as clock a cogw heel w hich w as 
ro ta t in g  fa s t. W ith  th e  help o f a su itab le  o p tica l a rran g em en t th e  im age of th e  
co g tee th  of th e  cogw heel could be  observed th ro u g h  th e  te e th  o f  th e  ro ta tin g  
cogw heel. W hen  th e  velo c ity  o f  ro ta tio n  w as such  th a t  d u rin g  th e  tim e  
At =  2//c th e  w heel tu rn e d  b y  a  whole n u m b e r  of te e th  th e  im age o f th e  
co g tee th  ap p eared  lig h te r, w hereas for in te rm e d ia te  velocities i t  w as concealed  
b y  th e  te e th  of th e  ro ta tin g  cogw heel and  th u s  appeared  d a rk e r . O bserv ing  
th e  d a rk en in g  an d  ligh tin g  o f th e  im age of th e  co g tee th  as a fu n c tio n  of th e  
v e lo c ity  of ro ta tio n , one can d e te rm in e  th e  p h ase  sh ift At an d  th u s  th e  ve lo c ity  
o f  p ro p ag a tio n  o f lig h t c.

F o u c a u l t  im p ro v ed  F iz e a u ’s a rra n g e m en t b y  using as c lock  a ro ta tin g  
m irro r. A b eam  o f lig h t falling  on  th is  ro ta t in g  m irro r is re f le c ted  b y  i t  an d  
falls on a second fix ed  m irro r p laced  a t  a d is tan ce  l from  th e  f i r s t ,  w hich again  
re flec ts  th e  b eam  o f lig h t. T h is re flec ted  b eam  re tu rn s  to  th e  ro ta t in g  m irro r 
a f te r  a tim e  At. A s, how ever, d u rin g  th e  tim e  At  th e  m irro r h a s  tu rn e d  th ro u g h  
an  angle a =  coAt (w here со is th e  angu la r v e lo c ity  o f th e  m irro r) , th e  b eam  
re flec ted  anew  b y  th e  ro ta tin g  m irro r  leaves th e  a rra n g e m en t a t  an  angle a 
to  th e  d irec tion  o f  th e  in c id en t b eam . M easuring  th e  angle a  one o b ta in s  th e  
v a lu e  o f c:

2 col
c = -------.

a
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F o u c a u l t ’s ex p e rim en t fu rn ish ed  a v e ry  accu ra te  d e te rm in a tio n  o f th e  ligh t 
v e lo c ity . T h e  b e s t e x p e rim e n ta l v a lu e  is accord ing  to  B e r g s t r a n d  [2 ] (see 
a lso  Co h e n  e t  a l. [3])

с =  299 793,1 ^  0,32 k m  sec -1  (v e lo c ity  o f light).

T h is v a lu e  agrees — w ith in  th e  e x p e rim e n ta l e r ro r— w ith  th e  b est ex p e rim en ta l 
v a lu e  o f th e  c ritic a l v e lo c ity  d e te rm in ed  b y  th e  com p ariso n  of e le c tro s ta tic  and

42 S

s ta t io n a r y  m ir r o r

F ig .  3 .  S ch em e  o f  th e  F o u c a u l t  e x p e r im e n t

e lec tro m ag n etic  u n its  (see § 2). T h is la t te r  was fo u n d  to  be (acco rd ing  to  
R o s a — D o r s a y  [4])

c =  299 784 ^  15 k m  se c -1  (c ritica l v e lo c ity ).

The c a rr ie r  o f light

§ 9. W hen  we s ta te  t h a t  lig h t sp read s w ith  a v e lo c ity  c we c a n n o t avoid 
th e  q u es tio n : In  re la tio n  to  w h a t h as  th is  ve lo c ity  th e  v a lu e  c?

O ne m ig h t th in k  t h a t  th e  lig h t s ignal ta k e s  u p  th e  velocity  o f  th e  ligh t 
source b y  w h ich  i t  is e m itte d  a t  th e  m o m en t of em ission , and  th e n  c w ould  be 
th e  v e lo c ity  o f th e  signal re la tiv e  to  th e  lig h t source. T h is so-called “ ballis tic  
th e o ry ”  com pares th e  l ig h t to  a m issile fired  from  a gu n . The v e lo c ity  of th e  
m issile w ill be V =  v +  w , w hen  th e  gun  m oves w ith  a v e lo c ity  v  a t  th e  
m o m e n t o f  firin g  and  w here  w  is th e  v e lo c ity  re la tiv e  to  th e  gun th e  missile 
receives th ro u g h  th e  firin g .

As we h av e  a lre a d y  m en tio n ed  th e  b a llis tic  th e o ry  does n o t  a p p ly  to  
lig h t. A lig h t signal h a v in g  le ft its  source sp reads w ith  a ve lo c ity  w hich  is 
in d e p e n d e n t o f how  i t  o rig in a ted . T h is p h enom enon  can  be b es t u n d ers to o p  
suppo sin g , like M axw ell, th a t  th e  e lec tro m ag n etic  w aves are w aves o f th e
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e th e r  an d  th a t  th e  v e loc ity  c m eans th e  v e lo c ity  these w aves h av e  re la tiv e  to  
th e  e th e r.

T he questio n  of th e  e th e r  has in c o rre c tly  heen linked  w ith  th e  q u es tio n  
o f “ ab so lu te  r e s t” . I t  should  be  stressed  h e re , th a t  these  tw o  q u estions are  n o t  
rea lly  co nnec ted  w ith  each  o th e r. W e (fo llow ing M a x w e l l ) suppose  th e  e th e r  
to  be th e  ca rr ie r  o f e lec tro m ag n etic  w aves. I t  is o f no consequence  here w h e th e r  
th e  e th e r  is a t  re s t o r w h e th e r i t  m oves. I n  p a r tic u la r , s ta te m e n ts  accord ing  to  
w hich  th e  e th e r  has to  re p re se n t “ ab so lu te  r e s t”  are p u re ly  m e tap h y sica l a n d  
irre lev an t to  th e  th e o ry  of lig h t p h en o m en a .

F u r th e r , th e re  is no need  to  suppose  th e  e th e r  to  he  “ r ig id ” . One can  
well im agine th a t  th e re  are reg ions of th e  e th e r  lo ca ted  in  d iffe re n t p a rts  o f  th e  
un iverse  w hich  are  in  m o tio n  re la tiv e  to  one a n o th e r, i.e. t h a t  th e  e th e r  c o n 
ta in s  cu rre n ts . Such c u rre n ts  w ould cause  d iffrac tio n  o f l ig h t w hich m ig h t 
possib ly  be d e tec ted  b y  astro n o m ica l o b se rv a tio n s . So as to  av o id  u n n ecessary  
specu la tio n  we n o te  th a t  fo r th e  in te rp re ta t io n  of tho se  ex p e rim en ts  w h ich  
h av e  been  ca rried  th ro u g h  in  p rac tice  i t  suffices to  su ppose  th a t  th e  e th e r  
flow s n ea rly  un ifo rm ly  in  th e  v ic in ity  o f th e  so lar system .

§ 10. In  §§ 4 —8 we d iscussed  th e  ex p e rim en ts  b y  w h ich  th e  v alue  o f  c 
has been  d e te rm in ed . In  th o se  co n sid e ra tio n s we have im p lie d  th a t  c is th e  
ve lo c ity  o f l ig h t re la tiv e  to  th e  m easu rin g  a p p a ra tu s . T his a ssu m p tio n  is j u s t i 
fied  on ly  if  th e  a p p a ra tu s  is a t  re s t re la tiv e  to  th e  e th e r. T h is  rem ark  seem s 
tr iv ia l;  because  o f th e  confusion  o f co n cep ts  we should , h o w ev er, like to  go 
in to  som e m ore  detail.

C onsider a system  of co o rd in a tes  K 0 w h ich  is a t  re s t re la tiv e  to  th e  e th e r . 
As possib ly  d iffe ren t regions o f th e  e th e r  a re  m oving  re la tiv e  to  each o th e r we 
suppose t h a t  th e  system  o f co o rd ina tes K 0 m oves to g e th e r  w ith  th e  e th e r  in  
th e  v ic in ity  o f th e  E a r th  an d  we lim it th e  sy stem  K 0 to  su ch  a region w h ere  
th e  m o tio n  o f d iffe ren t p a r ts  o f th e  e th e r  re la tiv e  to  each o th e r  can  be n eg lec ted .

§ 1 1 . C onsider f irs t tw o  p o in ts  A  a n d  В  w hich m ove a lo n g  th e  p o s itiv e  
x-ax is o f K 0 w ith  th e  sam e c o n s ta n t v e lo c ity  v >  0. A t th e  tim e  t =  =  0
le t A  be in  th e  origin of th e  co o rd in a te  sy s te m  K n e m ittin g  fro m  th e re  a l ig h t 
signal. W e ca lcu la te  th e  m o m en t t =  t2 a t  w h ich  th e  signal reach es  th e  p o in t B.  
As th e  signal m oves in d e p e n d e n tly  of th e  s ta te  of m o tion  o f  th e  source A ,  a t  
th e  tim e  t >  0 i t  w ill have  reach ed  th e  su rface  o f a sphere a ro u n d  th e  o rig in  o f 
th e  co o rd in a te  system  of ra d iu s  rs(t) =  ct. T h is  sphere in te rse c ts  th e  p o s itiv e  
x-ax is o f K 0 a t  th e  tim e t >  0 in  a p o in t w ith  x-coord inate

xs(t) =  c t . (10 )

A t tim e  t th e  x -coo rd ina te  o f  p o in t В  is

x B (t) =  l +  vt, ( 11 )
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w here / m e a n s  th e  (c o n s ta n t)  d is tan ce  b e tw een  p o in ts  A and B. A t tim e  
i(2°; =  4 C th e  signal reach es a p o in t B 0 th e  ^ -co o rd in a te  o f w hich is Z, i.e . i t  
reaches th e  lo ca tio n  a t  w h ich  p o in t В  w as a t  tim e  t =  0. H ow ever, a t  tim e  t  

a t  w hich  th e  signal has re a c h e d  B t), i.e. th e  orig inal lo c a tio n  o f В, В  its e lf  is a t  
a la rg e r d is ta n c e  from  th e  orig in  of th e  sy s te m  th a n  B 0. T h e  signal reaches В  
a t  a tim e  t 12 a t  w hich th e  fo llow ing re la tio n  is va lid :

Хв({и) ~  Xs(t 1 z) ■ (1 2 )

S u b s titu tin g  from  (10) a n d  (11) in  (12) w e o b ta in

an d  th u s
/  - j-  V t  ---  Ct  i2 (13)

F ro m  th is  i t  can  be seen  t h a t  — p ro v id ed  v >  0, — t 12 >  Z/c. T hus th e  s ig n a l 
reaches th e  p o in t B,  w h ich  is m oving , la te r  th a n  th e  p o in t B a, w hich is a t  re s t .

In tro d u c in g  a c o o rd in a te  system  K ,  th e  po in ts o f  w hich  all m ove w ith  
th e  sam e c o n s ta n t v e lo c ity  v pa ra lle l to  th e  x-axis o f  K 0, A  and  В  a re  tw o  
p o in ts  a t  a d is tan ce  Z w h ich  a re  a t  re s t  re la tiv e  to  K .  T he  v e lo c ity  c^. o f  
th e  lig h t s ig n a l re la tiv e  to  К  can  be d e te rm in ed  from

Z/f 12 =  C — V  — c + .

C onsidering  fu r th e r  th e  s ig n a l w hich goes from  В to  A  we find  b y  a s im ila r  
co n sid e ra tio n  fo r th e  t im e  th e  signal ta k e s  fo r th is  d is tan ce

Z
h i  —  •c +  v

T he v e lo c ity  c_ of th e  re tu rn in g  signal re la tiv e  to  К  is th u s

4 h i  = c + v = c_.
W e th u s  see, t h a t  re la tiv e  to  К  th e re  is c+ <  c_ , i.e . l ig h t does n o t sp re a d  
iso tro p ica lly  re la tiv e  to  K .

§ 12. F o r  th e  genera l case we consider tw o  po in ts  A  a n d  В  w ith  c o o rd in a te  
vecto rs Гд a n d  rB. So as to  in d ica te  th a t  A  a n d  В  m ove w e w rite  for th e  v a lu e s  
o f these  v e c to rs  a t tim e  t

T A ( t )  an d  r ß ( t ) .
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T he lig h t signal w hich w as e m itte d  a t  tim e  t =  t x from  p o in t A  reaches a t  tim e  
t >  th e  surface of a sphere , th e  p o in ts  o f  w hich  obey th e  fo llow ing re la tio n :

( r s ( t )  —  Га («1))2 =  c 2( t —  i j)2. (14)

T he signal reaches p o in t В  a t  th e  tim e  t — t2 a t  w hich  В  lies on th e  surface o f  
th e  sphere (14) so th a t

(rd h )  — rA(ti))2 =  -  *i)2- (15)

§ 13. W e are  in  p a r tic u la r  in te re s te d  in  th e  case in  w hich  A  an d  В  m ove 
w ith  th e  sam e c o n s ta n t v e lo c ity  v. In  th is  case we m ay  w rite  fo r  th e  co o rd in a te  
v ec to rs  of A  an d  В  a t tim e  t:

r a ( i )  =  a  +  v t  , r B ( t )  =  a +  1 +  v f ,

w here a and  1 m ean  c o n s ta n t v ec to rs. 1 is th e  v e c to r  w hich s ta r ts  in  A  and  p o in ts  
to  В  and  th e  abso lu te  v a lu e  of w hich is e q u a l to  th e  d is tan ce  A B  : [ 1 | =  l. 
W ritin g  112 =  — t r for th e  tim e  th e  sig n a l needs to  go from  A  to  B,  we o b ta in
su b s titu tin g  from  (13) an d  (15)

(1 +  vt12)2 =  c2 4 -  (16)

P u ttin g  Iv =  Iv cos a  we f in d  from  (16)

(e2 — v2)tl2 — 2Iv cos a (12 -  Í2 =  0 . (17)

a  is th e  angle su b ten d ed  b y  th e  v ec to r  1 w ith  th e  v ec to r o f ve lo c ity  v. The 
positive so lu tion  of (17) fo r f12 becom es:

v  cos « -p \ c 2 — v'z sin2 а

A sim ple rea rra n g em e n t leads to

h i  — IAc2 — V2 sin2 а  — v  cos а

(18)

(19)

I t  can  be seen from  (19) t h a t  lig h t signals sp read  an iso tro p ica lly  re la tiv e  to  
a coo rd in a te  sy stem  K ,  th e  p o in ts  of w h ich  m ove w ith  th e  c o n s ta n t v e lo c ity  v 
re la tiv e  to  K 0. T he v e loc ity  c(a) in  a d ire c tio n  w hich  su b ten d s  an  angle a w ith  v
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is given b y
c(a) =  Z/t12 =  j/c2 — V2 sin2 a — v cos a. 

71
In  p a r t ic u la r  , we have  fo r  a — 0 , —  a n d  jr, resp ec tiv e ly ,

c(0) =  c с(л)  =  c - f - o .

(201

( 21 )

M easurement o f  the velocity o f  light in m oving systems

§ 14. T h e  ex p e rim en t o f F iz e a u  as w ell as th a t  o f  F o u c a u l t  b y  w h ich  
th e  v e lo c ity  o f  lig h t, c, w as d e te rm in ed  w ere carried  th ro u g h  w ith  th e  h e lp  o f  
a p p a ra tu se s  fix ed  to  th e  E a r th .  I f  we do n o t  w an t to  suppose t h a t  th e  e th e r  
m oves to g e th e r  w ith  th e  E a r th ,  we h a v e  to  assum e, t h a t  th e  w hole a p p a ra tu s  
carries o u t a ro ta tio n a l as w ell as a tr a n s la tio n a l m o tio n  re la tiv e  to  th e  e th e r . 
W e th u s  h a v e  to  revise th e  co n sid era tio n s o f § 8 , w here  i t  was supposed  t h a t  
th e  v e lo c ity  o f  lig h t is c o n s ta n t re la tiv e  to  th e  m easu rin g  a rran g em en t.

T h e  co rrec tio n s w h ich  have to  be ex p ec ted  are , how ever, sm all: In  th e  
ex p e rim en ts  use is m ade o f  th e  tim e  a s ig n a l needs to  go to  an d  fro  b e tw een  
tw o p o in ts  A  an d  B.  D en o tin g  these  tim es  b y  t 12 and  t21, re sp ec tiv e ly , b o th  m a y  
be d e te rm in e d  from  (18) chan g in g  in  th e  one case th e  ro le o f A  an d  B.  T h is  
chang ing  o f  ro les co rresponds to  rep lac in g  a b y  л  — a , i.e . rep lac ing  cos a b y  
— cos a. T h u s  th e re  is

l 21
—  v cos a 4- Ус2 — V2

C2 —  V2
( 22 )

W ith  th e  h e lp  of (18) a n d  (22) one th u s  fin d s  for th e  tim e  th e  signal needs 
to  go from  A  to В  an d  b a c k  again  to  A  in  a tra n s la tio n a l system :

*12 “Ь *21 —
21

-----sim  a

1 —

E x p a n d in g  in  a series in  pow ers of v2/c2 one ob tains

*12 “Ь *21 —
21 L  1 . , V2— 1 + 1 -----------------sin 2 a
c 1 2 c2

te rm s  o f  h ig h er o rder.

P u t t in g  th e  o rder o f  m ag n itu d e  o f th e  suspected  tra n s la tio n a l m o tio n  o f 
th e  E a r th  a t

v ~  30 lcm /sec ,
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i.e . th e  o rb ita l v e lo c ity  of th e  E a r th  a ro u n d  th e  sun , one o b ta in s  v2/c2 ~  10 _8 
and  th e  re la tiv e  e rro r w hich arises fu r th e r  above w hen s im p ly  tak in g  th e  
ru n n in g  tim e  o f th e  signal to  be 2l/c is sm aller th a n  th e  re la tiv e  e rro r  of m easu re 
m en t o f  th e  m o st accu ra te  d e te rm in a tio n  o f  c (see § 8).

T he v e lo c ity  o f th e  so lar sy s tem  in th e  g a la x y  is e s tim a te d  a t  300 km /sec. 
S u b s titu tin g  for V  th is  va lue , one still o b ta in s  v e ry  sm all co rrec tions.

T he ro ta tio n  o f th e  sy s tem  to g e th e r w ith  th e  E a r th  does n o t lead  to  
co rrec tions as w ill be show n la te r .

Determ ination of motion relative to the ether o f an experim ental arrangement

§ 15. As we h av e  th u s  seen, th e  m easu rem en ts  w hich w ere  carried  o u t to  
d e te rm in e  th e  v e lo c ity  of lig h t w ere — fro m  th e  v e ry  beg in n in g  — m uch  to o  
in accu ra te  to  show  an y  possib le  effect w h ich  m ig h t arise fro m  th e  m o tio n  
re la tiv e  to  th e  e th e r  o f th e  m easu rin g  a rra n g e m en t. W e h av e , how ever, to  p u t  
th e  q u estio n , w h e th e r th is  m o tio n  m igh t n o t  be  d e te rm in ed  w ith  th e  help  o f  
o th e r m ore su itab le  exp erim en ts .

I f  we w a n t to  discuss th is  question  in  m ore  d e ta il we h a v e  to  d is tin g u ish  
betw een  ro ta tio n  an d  tra n s la tio n . To begin  w ith  we discuss th e  p ro p ertie s  o f  a 
system  ro ta tin g  w ith  respect to  th e  e ther.

§ 16. W e th u s  consider a  system  К  w h ich  ro ta te s  re la tiv e ly  to  A 0.T h e  
ro ta tio n  m ay  be described  b y  a v ec to r  w, th e  d irec tion  of w h ich  is para lle l to  
th e  axis o f ro ta tio n  and  th e  ab so lu te  va lue  o f  w hich  gives th e  a n g u la r  v e lo c ity  
o f th e  ro ta tio n . W e assum e th e  origin of К  to  be th e  sam e as th a t  of K n a n d  
th e  ax is of ro ta tio n  to  pass th ro u g h  the  com m on  origin. T he co o rd in a te  v e c to r  
rB of a p o in t В  m oving  to g e th e r w ith  К  is a v a r ia b le  vec to r w ith  respect to  K n. 
One finds

y  - — «J X r  B. (23)
dt

A signal leav ing  A  a t  th e  tim e  t =  t x reaches th e  p o in t В  a t  th e  tim e  t2, w here  
accord ing  to  § 12 equ . (15) th e  follow ing re la tio n  holds:

(M E ) — M E ))2 =  c2(t, — í j 2. (24)

C onsider now  th e  case in  w hich  A  is lo ca ted  on  th e  axis of ro ta t io n . In  th a t  case  
rA =  co n st., an d  th u s  in p a r tic u la r  гд(Е) =  га (С)

( M e ) -  M e ))2 =  ( M e ) — M e ))2 = 12 ■

F rom  (24) one fin d s th u s
^ 1 2 =  ^2 ^1 = =  Ijc  •>
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i.e . th e  tim e  o f tra v e l i 12 from  A  to  В  in  th is  case is n o t  in fluenced  b y  th e  
ro ta tio n .

T he re s u lt  is s im ila r in  th e  case w h en  th e  rece iv er В  lies on th e  ax is  of 
ro ta tio n , w h en  th u s  rB(t) — const. In  th is  case:

T h u s, i f  A  o r В  lie on th e  ax is  o f ro ta tio n  th e  tim es o f t r a v e l  to  go from  A  to  В  
an d  from  В  to  A  are e q u a l a n d  th e ir  v a lu e  is th a t  w h ich  one o b ta in s in  th e  case 
o f  a sy s te m  a t  rest.

§ 17. I n  th e  genera l case w hen  n e ith e r  A  no r В  lie on  th e  axis o f ro ta t io n  
w e can  so lve (24) b y  p u t t in g

m eans th e  v e c to r  going fro m  A  to  В  a t  th e  tim e  t. T he d is tan ce  A B  is c o n s ta n t , 
we h av e  th u s  a t  an y  tim e  t

*12 — *21 --  4 C-

M h )  —  гл(*1) =  l(*i) +  ( r B(t2) -  Гв(^)) , (25)

w here in  gen era l

i(0 = ra(0 — гл( о

12(0  =  /2 =  const. (26)

S u b s ti tu t in g  (25) in  (24) w e fin d  w ith  th e  help  o f (26)

В  +  2 1 ( 0  Ы О  -  r ß (* i)) +  Ы * 2) -  *B( h ) ) 2 =  c3(*2 -  *i)2 - (27 )

A ssum ing  t2 — *i =  *i2 to  b e a sh o rt t im e  an d  n eg lec ting  te rm s of second  an d  
h igher o rd e r  in  ft) f12 we h a v e  accord ing  to  (23)

dt1

W e can  no w  w rite  in s te a d  o f (27)

(28)

S im ilarly , we find  for th e  tim e  t2l o f th e  tr a v e l  back

( 2 9 )
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W e n o te  t h a t  accord ing  to  th e  ru les fo r th e  m u ltip lica tio n  o f  vec to rs

I(*i) (шХгв^)) =  ««(rs (tl)x l(tl))
an d  fu r th e r

I *-s (ti)  X l(íi)  I =  S 0AB,

w here SoAB m eans th e  a rea  o f th e  tr ia n g le  O A B ,  w hich is fo rm ed  b y  th e  p o in ts  
A ,  В  an d  th e  origin 0  o f th e  co o rd in a te  sy s tem . F u r th e r  we m a y  w rite

Ц г в ^ х К ^ ) )  =  2 cùS 'o a s  ,

w here S'OAB m eans th e  a rea  o f th e  p ro je c tio n  o f th e  trian g le  O A B  on to  a p la n e  
w hich is n o rm a l to  ro. T he  sign o f S'0AB h as  to  he chosen to  be p o sitive  or 
n eg a tiv e  acco rd ing  to  w h e th e r th e  cycle 0  —>• A  —> В  -> 0  co rresponds to  a 
ro ta tio n  w ith  positive  or n eg a tiv e  a n g u la r  ve lo c ity .

S im ila rly  we fin d

l( t i)  (ш Х г л ((])) =  2 со S'OAB

S u b tra c tin g  (28) from  (29) an d  d iv id ing  b y  i 12 -)- t2l we find

*12 *21 ~  “̂ co S qabIc • (30)

§ 18. T he re la tio n  (30) h as  th e  fo llow ing p hysica l m ean in g . W e d en o te  
th e  tim es o f tra v e l from  0  to  A  an d  b a c k  b y  t01 an d  i 10, re sp ec tiv e ly , and  s im i
la rly  th e  tim es  of tra v e l from  0  to  В  a n d  b a c k  b y  t02 an d  t20. A ligh t s ig n a l 
s ta r tin g  from  0  and  re flec ted  b y  su itab le  m irro rs  in  A  an d  В  needs th e  t im e  
t + =  t01 -f- t 12 -f- t20 to  tra v e l a ro u n d  O A B  i f  th e  d irec tio n  o f tra v e l is 
0  -> A  -> B  -s- 0 .

F o r th e  tim e  of tra v e l in  th e  oppo site  d irec tio n  one can  w rite

* =  *02 ~f" *21 ~ b  *10*

C onsidering th a t  accord ing  to  § 16 i01 =  i 10, i20 =  t02 we fin d

t + —  * -  =  ( 12 —  t21 =  4  CO S ’o a s / c2 .

T he d ifference in  th e  tim es o f  tra v e l  a ro u n d  O A B  in  th e  p o sitiv e  an d  n eg a tiv e  
d irec tion  is th u s  p ro p o rtio n a l to  th e  p ro je c tio n  S'OAB of th e  tr ia n g le  O A B  on  a 
p lane n o rm a l to  U) an d  p ro p o rtio n a l to  со.
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T his r e s u lt  can  easily  be  genera lized . Consider a po lygon  fo rm ed  b y  th e  
po in ts  О, А  г, A 2, . . . ,  A k w h ich  are a t  re s t  w ith  re sp ec t to  K.  D en o tin g  th e  
tim es of tr a v e l  from  A { to  A k, /, к =  1, 2 , .  . n b y  t/k an d  th e  tim es o f tra v e l  
from  0  to  A k a n d  from  A k to  0  b y  tok an d  tko, к  =  1, 2 n, re spec tive ly , one 
o b ta in s  fo r th e  tim es of tra v e l  a round  th e  polygon in oppo site  d irections

and
 ̂ — 0̂1 +  *12 +  2̂3 +  • • • +  n̂~ 1 n “Ь tno

t  —  *01 +  t n  П - 1  +  • • • +  *32 +  *21 " Ь  1 10 •

T he d ifference  in  th e  tim es o f  tra v e l  is th u s , using  re la tio n  (30) for th e  in d iv id u a l 
tim es o f t ra v e l ,

t '  — t~ =  ——- ( S q 12 +  SÓ23 +  • • • +  S<m-ln +  ■Soni)-
C“

T ak in g  in to  acco u n t th a t  th e  p ro jec tio n s Só/íft+x have  to  be ta k e n  as p o sitiv e  
and  n eg a iv e , re sp ec tiv e ly , acco rd ing  to  w h e th e r  th e  cycle О — A k — A k+1 — 0  
rep resen ts  a ro ta tio n  in  th e  p o sitive  or n e g a tiv e  d irec tio n  we conclude from  a 
sim ple g eo m etrica l co n sid e ra tio n  th a t  th e  su m  in th e  b ra c k e t on th e  r ig h t-h a n d  
side is e q u a l to  th e  area  S ’p, i.e. eq u a l to  th e  p ro jec tio n  of th e  area  o f  th e  
polygon on a p lane  w hich is n o rm al to  u>. W e have th u s  generally

(31)
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§ 19. T he re la tio n  (31) can be u n d e rs to o d  in th e  follow ing sim ple w ay . 
C onsider a d isk  w hich ro ta te s  a ro u n d  its  ow n axis w ith  an  an g u la r v e lo c ity  со 
and  a t  th e  p e rip h e ry  o f w hich  m irro rs  a re  located  ta n g e n tia lly . (F ig . 4 .) B y  
th e  help  o f th ese  m irro rs a lig h t signal s ta r t in g  in  a p o in t A  on th e  p e r ip h e ry  
is re flec ted  a ro u n d  th e  d isk  to  reach  A  again . I t  tra v e ls  along a po lygon  
w hich in  good ap p ro x im a tio n , how ever, m a y  be reg a rd ed  as a circle.

T he le n g th  of th e  c ircu la r p a th  is 2 л R  and  th e  tim e  o f tra v e l T  =  2 л  R /c , 
w here R  m eans th e  ra d iu s  o f th e  disk. I f  th e  disk does n o t ro ta te  th e  signal

Fig. 5. Tim e T  in  which a beam  starting in A„ again reaches th a t po in t after circling round  
the disk. Tim e / in  which a beam  starting in  the m oving point A  circles round the disk  

and catches up w ith  A . T  =  2nR/c, T  1 ' — (2л a>T+ )R/c

e m itte d  from  A. will com e b ack  to  A  a f te r  th e  tim e  T.  I f , how ever, th e  d isk  
ro ta te s , th e  p o in t A  m oves w ith  i t  and  a t  th e  tim e  T  th e  signal reaches o n ly  
th e  orig inal lo ca tion  A 0 o f  A ,  w hich  now  no  longer coincides w ith  A .  In  case 
th e  d irec tio n  of tra v e l is th e  sam e as t h a t  o f ro ta tio n , A  w ill have  h u rr ie d  in  
f ro n t o f th e  lig h t signal a n d  th e  tim e  t in  w hich  th e  signal reaches a c tu a lly  th e  
p o in t A  is longer th a n  T.

A nalogous to  th e  co n sid era tio n s o f § 11, w here th e  tra n s la tio n a l m o tio n  
was d ea lt w ith , we fin d  he re , th a t  th e  lig h t signal reaches th e  p o in t A  a t  t h a t  
tim e  a t  w hich  i t  has m ade up  for th e  le n g th  o f p a th  2л  R .  W e th u s  h av e

2n R  +  coRth =  ct

or 2 n R
t+ = -------------

c — m R

In  case th e  signal tra v e ls  a ro u n d  th e  d isk  in  a d irec tio n  opposite  to  th e  
ro ta tio n , th e  p o in t A  ru n s  to w ard s  i t  an d  th e  signal m eets th e  p o in t A  a t  a t im e

(32a)

3* Acta Phys. H ung. Тот. X V I I , F ast. 4 .



438 L. JÂNOSSY

t~  <  T. W e h av e

th u s
2 n R  — coRt — ct ,

_ 2 n R

c -f- 0)R

F ro m  (32a) a n d  (32b) we h a v e  a

4>nR2 m
t+ — t~  = ----------------- .

c2 — w 2 R 2

N eglecting  (coR)2 in  co m p ariso n  w ith  c2 we f in d

t + — Г  ~  4 со S /c2 ,

(32b)

(33)

(34)

w here S =  К 2л  is the  a rea  a ro u n d  w hich  th e  lig h t tra v e lle d . E q u . (34) is a 
p a r tic u la r  case  o f  th e  gen era l re la tio n  (33).

The Sagnac —M ichelson experiment

§ 2 0 . T h e  consid era tio n s o f §§16— 19 m a y  he used  to  de te rm ine  th e  
ro ta tio n a l m o tio n  of som e a rra n g e m en t re la tiv e  to  th e  e th e r . E x p e rim e n ts  
based  on th is  p rincip le  w ere a c tu a lly  c a rr ie d  o u t b y  Sa g n a c  [5 ], P o g á n y  [6] 
an d  Mic h e l s o n  and  Ga l e  [7] and  th e  schem e of one su ch  ex p e rim en ta l 
a rra n g e m en t is shown in F ig . 6.

A3

Acta Phys. H ung. Тот . X V I I .  Fasc. 4.
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A lig h t signal falls on a s e m itra n sp a re n t m irro r A x a t  an  angle o f  45° 
an d  here  is sp lit in to  tw o  com p o n en ts : th e  one passes th ro u g h  th e  m irro r, th e  
o th e r is re flec ted . T he co m p o n en t o f th e  b eam  w hich is t r a n s m itte d  is re flec ted  
b ack  to  A x w ith  help  o f  fu r th e r  (no t t ra n s p a re n t)  m irro rs  A 4, A 3 an d  A,, w h ich  
to g e th e r w ith  A 4 fo rm  th e  corners o f a sq u are . T he re tu rn in g  beam  is sp lit 
again  b y  A  v  th e  tra n s m itte d  co m ponen t fa lling  in  th e  te lescope F . The re flec ted  
com ponen t o f  th e  b eam  w hich  o rig inally  fell on A x tra v e ls  a ro u n d  th e  sq u are  
form ed b y  th e  m irrors in  th e  opposite  d irec tio n  to  th a t  o f  th e  tra n s m itte d  co m 
p o n en t o f th e  orig inal b eam . W ith  help  o f  in te rfe ro m e tric  m e th o d s  th e  m irro rs  
are  a d ju s te d  in  such  a w ay  th a t  th e  geom etric  p a th s  o f th e  l ig h t beam s tra v e llin g  
in  opposite  d irec tions a re  o f  eq u a l len g th . I f  th e  a rra n g e m en t does n o t ro ta te ,  
one th u s  ex p ec ts  th a t  th e  tim es  o f tra v e l o f  th e  tw o lig h t b eam s are eq u a l an d  
th a t  th e  tw o  beam s e n te r  th e  te lescope w ith  equal p h ase . In  case th e  beam  
in c id en t on  А  г is n a rro w , we observe in te rfe ren ce  fringes in  A v

M aking  th e  a rra n g e m en t ro ta te  ( to g e th e r  w ith  lig h t source and  te lescope), 
th e  lig h t b eam s trav e llin g  in  opposite  d irec tio n s  show  a p h ase  shift

AX =  c(f+ -  Г )

in  th e  ro ta t in g  system  an d  th e  in te rfe ren ce  fringes sh if t in  th e  te lescope F.
T he ex p e rim en t described  here  w as a c tu a lly  ca rried  o u t and  th e  p h ase  

sh ift was observed .
I t  occu rred  to  M ic h e l s o n  [8] to  d e m o n s tra te  th e  ro ta t io n  of th e  E a r th  

re la tiv e  to  th e  e th e r  w ith  help  o f th e  described  a rra n g e m en t. H e  succeeded (see
[9] an d  [7]), using  an  a rra n g e m en t of th e  k in d  show n in  F ig . 6 w hich w as fixed  
to  th e  E a r th ,  in  show ing th a t  th e re  is a  phase  sh ift AX w hich  co rresponds 
to  th e  a n g u la r  ve lo c ity  o f  th e  E a r th :

œ E =  2тг/1 d a y  ^  1 0 -4 sec - 1 .

W e m a y  re m a rk  th a t  in  th e  orig inal fo rm  o f th e  Sa g n a c  ex p erim en t th e  
a rra n g e m en t a t  f irs t is a t  re s t  re la tiv e  to  th e  E a r th  an d  is th e n  ro ta te d  w ith  a 
g re a t a n g u la r  ve loc ity , th e  p h ase  sh ift cau sed  b y  th e  ro ta t io n  being observed  
d irec tly . I n  th e  Mic h e l s o n — Sag nac  e x p e rim en t, how ever, such  a com parison  
can n o t be m ad e , as th e  a n g u la r  ro ta tio n  o f  th e  E a r th  is c o n s ta n t.

T h is d ifficu lty  w as overcom e b y  M ic h e l so n  b y  a d ju s tin g  in te rfe ro m e tri-  
cally  th e  in d iv id u a l p a th s  A XA 2, A 2A 3,.  . . .  T hese a d ju s tm e n ts  are n o t be ing  
influenced  b y  th e  ro ta tio n  o f  th e  E a r th ,  as only  such b eam s are  being  used , 
w hich tra v e l  to  an d  fro on  th e  sam e p a th ,  an d  w hich  th u s  do n o t enclose an y  
area . T his co rresponds th u s  to  th e  case S'p — 0 an d  th e re fo re  accord ing  to  
e q u . (31) as a re su lt o f th e  ro ta tio n  no p h ase  sh ift occurs b e tw een  th e  b eam s 
w hich w ere used  for th e  in d iv id u a l in te rfe ro m e tric  m easu rem en ts . T hus if  th e
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d istan ces  A  XA 2, A 2A 3. . . are  d e te rm in ed  an d  a d ju s te d  in te rfe ro m e trica lly  
th e  ro ta tio n  o f  th e  E a r th  is o f no a cco u n t. I t  is th u s  possib le  accu ra te ly  to  
a d ju s t th e  p o sitio n  of th e  m irro rs  A v  A 2, A 3 a n d  A t an d  th e n  — w ith  th e  help  o f 
th e  a rra n g e m e n t so a d ju s te d  — to  d e te rm in e  th e  e ffec t o f  ro ta tio n . T h e  
d e ta iled  d esc rip tio n  of th e  d ifficu lt e x p e rim e n t can  be fo u n d  e.g . in  th e  b o c k  
b y  L a u e  [10 ].

Experim ents for the determ ination o f the translational m otion

§ 21 . I t  follows from  th e  Sag nac  ex p e rim en t t h a t  th e  e th e r  n e a r th e  
E a r th  does n o t  ta k e  p a r t  in  th e  ro ta t io n  o f  th e  E a r th . O ne m a y  th u s  assum e 
th a t  th e  E a r th  does n o t ta k e  th e  e th e r  w ith  h e r  and  th a t  she is in  tra n s la tio n a l 
m otion  re la tiv e  to  th e  e th e r .

I t  seem s obvious to  ask  w h e th e r i t  is possible to  d e te rm in e  th e  t r a n s 
la tio n a l m o tio n  of som e a p p a ra tu s  re la tiv e  to  th e  e th e r  w ith  th e  help  o f  an  
ex p e rim en t o f  th e  ty p e  o f  th e  Sa g n a c —M ic h e l so n  e x p e rim en t.

E q u . (30) m akes i t  p la in  th a t  th is  is n o t  th e  case. A tra n s la tio n a l m o tio n  
m ay  be re g a rd e d  as th e  lim itin g  case o f ro ta t io n  w ith  d isap p ea rin g  a n g u la r  
v e loc ity  a n d  th u s  one concludes from  (30) t h a t  t H — t -  d isap p ea rs  in  th e  case 
o f  tra n s la tio n .

T he conclusion , how ever, is n o t q u ite  e x a c t as (30) w as derived  b y  n e g 
lecting  c e r ta in  q u a n titie s . H ow ever, t — t~ m ay  be d e te rm in ed  ex ac tly  from  
th e  s tr ic t  re la tio n s  (18) a n d  (22). S u b tra c tin g  th ese  e q u a tio n s  one finds a f te r  
a sim ple tra n s fo rm a tio n

*12 — *2i =  21v/(c2 — V2). (35)

C onsider th u s  th e  po lygon  A lr A 2, .  . . ,  A n in tro d u ced  in  § 18. A ssum ing th a t  
th e  po lygon  m oves w ith  th e  c o n s ta n t v e lo c ity  v re la tiv e  to  K 0 th e  d ifference 
in  th e  tim es  o f  tra v e l is fo u n d  to  be

* * =  *12 “H *23 “b • ■ • “b *n—in “b *nl

— (*21 +  *32 +  ■ • • +  *n n—1 +  *ln)* (3 6 )

D en o tin g  th e  v ec to r  p o in tin g  from  A h  to  Ah+i  b y  1* fe+i i t  follows from  (35) 
th a t

t k ,k + 1 l k  + l , k  =  21fr,*+ i V/(C2 V- ) ,

an d  th u s  acco rd in g  to  (36)

*+ — * =  2(1,a +  I23 +  • • • +  K - m  +  U  v/(c2 — v2)-
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A s, how ever, th e  sum  of th e  v ec to rs  in side  th e  b rack e t is zero for a closed  
po lygon , we f in d  th a t  in  case o f tra n s la tio n  th e  relation

t+ — Г  =  0
is v a lid  ex ac tly .

T hus, b y  com parison  of tim es of tra v e l no  in fo rm ation  can  be o b ta in ed  as 
to  th e  tra n s la tio n a l m otion  o f  th e  a p p a ra tu s .

Ma x w e l l  [11] proposed  an o th e r m e th o d , la te r  c a rr ie d  th ro u g h  b y  
Mic h e lso n  [12] b y  w hich i t  w as hoped to  be  able to  d e te rm in e  the m o tio n  
o f  th e  m easu rin g  a rran g em en t re la tiv e  to  th e  e th er. The e x p e rim e n t, h o w ev er, 
d id  n o t come u p  to  ex p e c ta tio n  an d  led to  a negative  re su lt. In  th e  fo llow ing 
we ana lyse  th e  ex p erim en t.

§ 22. C onsider th ree  p o in ts  A ,  В  a n d  C w hich are a t  re s t  re la tive  to  К , 
i.e . w hich m ove w ith  a c o n s ta n t ve lo c ity  v  re la tiv e  to  K 0. T he line A B  be 
p a ra lle l and A C  no rm al to  v . D eno ting  th e  d is tan ces  A B  =  A C  b y  / the tim e s  a 
signal needs s ta r t in g  from  A  to  reach  В  a n d  C, re spec tive ly , an d  to  r e tu rn  to  
A  are  given b y  th e  follow ing expressions:

T x —  í j  2 T~ *21 —

^ 2  —  *13 +  *31 —

l ie

c2 — v2

21
C2 —  V2

(37)

(co m p are  § 13 equ . (21)), th u s

T 2 -  T x
-  l l v 2 ____

(c2 — V2) (c +  I/с2 — l>2)

N eglecting  h ig h er pow ers o f n2/c2 we find  ap p ro x im a te ly

— Iv2
T 2 - T i ~ — -  • (38)

T he d ifference T 2 — Т г o f th e  tim es o f  tra v e l can  b e  m easu red  w ith  th e  
help  of in te rfe ren ce . P lace at А  я s e m i-tra n sp a re n t m ir ro r  w hich su b te n d s  
angles of 45° w ith  th e  line A B  an d  A C  (see F ig . 7) and in  В  and  C be p laced  
m irro rs w hich  are  n o rm al to  th e  lines A B  a n d  AC . A  l ig h t b eam  in c id e n t on 
A  a n d  p a ra lle l to  th e  d irec tio n  A C  is s p li t  in to  tw o co m p o n en ts . The t r a n s 
m itte d  co m p o n en t falls on th e  m irro r in  C  a n d  is reflec ted . T h is  reflected  b eam  
is ag a in  re flec ted  in  A  and falls in  th e  te le sco p e  F. The o rig in a l beam  re fle c ted  
in  A  falls on В  an d  is again  re flec ted  to  fa ll b ack  on A  a n d  is here  tra n s m itte d
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to  th e  te le sco p e  in  F.  T h e  beam s w hich reach ed  th e  te lescope  F  on tw o  d if
fe ren t p a th s  give an  in te rfe ren ce  p a tte rn .

P ro v id e d  th e  sy stem  m oves w ith  th e  ve lo c ity  v p a ra lle l  to  A  В  we e x p e c t 
accord ing  to  equ . (38) a p h a se  sh ift

AX =  c(T2 -  T J  =  

betw een th e  tw o  beam s fa llin g  in to  F.

C

Fig. 7. Scheme of th e  M i c h e l s o n  interferom eter. L lig h t source, Sc screen

§ 23. T h e  ex p erim en t d e a lt  w ith  a b o v e  canno t, h o w ev er, be c a rr ie d  o u t 
in  p rac tice . So as to  d raw  som e conclusion  from  th e  o b se rv ed  phase s h if t  as 
to  v we h a v e  to  ad ju s t th e  m irro rs  in  su ch  a  w ay  th a t  th e  d is tan ces  A B  a n d  A C  
are  e x a c tly  eq u a l. H ow ever, th e  only  a v a ila b le  m eth o d  to  ad ju s t d is tan ces  to  
th e  re q u ire d  accu racy  is j u s t  M ic h e l s o n ’s in te rfe ro m e tric  m e th o d  w hich  i ts e lf  
is in flu en ced  b y  th e  m o tio n  o f  th e  sy s te m . Thus, so as to  be able to  m ak e  
a s ta te m e n t concern ing  th e  v a lu e  of v one w o u ld  have to  m a k e  th e  d is tan ce  A  В  
an d  A C  e q u a l b y  some m e th o d  w hich is n o t  based  on th e  p ro p ag a tio n  o f  l ig h t.

I t  is in te re s tin g  here  to  com pare th e  p rob lem  of a d ju s tin g  th e  m irro rs , on 
th e  one h a n d  in  th e  e x p e rim e n t b y  Sa g n a c  and  in th e  ex p erim en t described  
above — on  th e  o ther. I n  th e  Sagnac e x p e rim e n t i t  is possib le  to  a d ju s t  th e  
m irro rs e x a c tly  w ith  th e  h e lp  of ligh t w h ic h  is re flec ted  th e re  and  b a c k , i.e . 
w ith  th e  h e lp  o f  in te rfe ren ce , as th is  k in d  o f  a d ju s tm e n t is n o t  d is tu rb ed  b y  th e
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ro ta tio n a l m o tio n  o f th e  a rra n g e m en t. Such a d ju s tm e n t o f th e  a rra n g e m en t 
o f F ig . 7 is, how ever, n o t possib le, as h ere  i t  is changed  on accoun t o f th e  t r a n s 
la tio n  b y  ju s t  th a t  a m o u n t w hich  we w ish  to  m easu re .

§ 24. T he d ifficu lty  described  above  m ay  a p p a re n tly  be overcom e in  th e  
follow ing w ay. To beg in  w ith  m irro rs В  an d  C are  a d ju s te d  so th a t  AX  =  0. 
In  case A B  is p ara lle l to  v, th e re  is AX — 0 for su ch  d istances A B  =  1г and 
A C  =  l2 fo r w hich T j =  T2, i.e. acco rd ing  to  equ. (37) if

h  =  h  n - v 2!<? ■ (39)

A d ju stin g  th e  a rra n g e m en t so th a t  AX =  0 we know  th a t  th e  len g th s  o f  th e  
arm s an d  l2 are re la te d  to  each  o th e r  accord ing  to  (39). T u rn in g  now  th ro u g h  
90° th e  a p p a ra tu s  w h ich  w as a d ju s te d  to  show no p h ase  sh ift, i.e. fo r w hich  
AX =  0, so th a t  now  A B  becom es n o rm a l, A C ,  how ever, p ara lle l to  v , th e  tim es 
o f tra v e l th e re  and  b a c k  shou ld  now  he  given by

rp i_ 2/2 c

T '  —1 2 —
2 /x

— 2Z2/c.
ĵ C2 —  V 2

The d ifference betw een  th e  tim es o f  tra v e l  a fte r th e  ro ta tio n  becom es thus

T 2 — T [ = -------- —^ ----- .
c(c2 -  V2)

W e th u s  ex p ec t th a t  as a re su lt of th e  ro ta tio n  th e  p h ase  shift becom es now

AX' =

T u rn in g  th e  a p p a ra tu s  th ro u g h  som e a rb itra ry  angle a  th e  phase sh ift s im ila rly  
tu rn s  o u t to  be

AX' (a) = -------—— sin2«. (40)
C2 —  V2

T hus slow ly tu rn in g  th e  a p p a ra tu s  one should  ex p ec t th e  in terference  p a tte rn  
seen in  th e  telescope to  w ander perio d ica lly  sidew ays.
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The experim ent by M ichelson and Morley

§ 25. T he ex p e rim en t a c tu a lly  carried  th ro u g h  by  M ic h e l s o n  and  M o r 
l e y  as well as th e  v e ry  ex ac t la te r  ex p e rim en ts  show ed th a t  c o n tra ry  to  ex p ec t
a tio n

zlA'(a) =  co n st.

T h e  accu racy  o f  th e  m easu rem en ts  w as such, t h a t  fringe sh ifts  (40) co rrespond
ing to  a v e lo c ity  v of th e  o rd e r o f  1 km /sec shou ld  still h av e  b een  observed. 
P h y s ic is ts  w ere g re a tly  su rp rised  a t  th e  n e g a tiv e  outcom e o f M ic h e l s o n ’s 
e x p e rim en t. H a d  n o t M ic h e l s o n  d u rin g  th e  m a n y  years in  w h ich  he p rep ared  
h is e x p e rim en t b een  regarded  as an  o d d ity , w ho tr ie d  to  p rove  th e  self-ev iden t, 
n a m e ly  th e  fringe sh ift?

T he M ic h e l s o n  e x p e rim en t, h ad  i t  b een  carried  o u t once only, could  
h a v e  been in te rp re te d  b y  th e  a ssu m p tio n , t h a t  b y  chance th e  E a r th  w as a t  
re s t  re la tiv e  to  th e  e th e r  a t  th e  v e ry  tim e  o f th e  ex p erim en t. I t  w ould th e n  
h a v e  been  possib le  to  assum e t h a t  th e  solar sy s tem  m oved w ith  su ch  a ve lo c ity  
(30 km /sec) re la tiv e  to  th e  e th e r  t h a t  a t th e  tim e  o f th e  e x p e rim e n t th e  m o tion  
o f th e  E a r th  ro u n d  th e  sun b y  chance  co m p en sa ted  th e  tra n s la tio n a l m otion  
o f th e  so lar sy s tem .

This a ssu m p tio n  is, how ever, n o t co rrec t, w hich follow s fro m  th e  fa c t, 
t h a t  th e  M ic h e l s o n  ex p e rim en t, re p e a te d  a t  v a rio u s  tim es o f th e  yea r, alw ays 
h a d  a n eg a tiv e  re su lt . H ad  b y  ch an ce  th e  E a r th  b een  a t re s t re la tiv e  to  th e  e th e r  
a t  th e  tim e  o f th e  f irs t ex p e rim e n t, her v e lo c ity  a fte r h a lf  a  y e a r  — w hen 
n a m e ly  th e  d irec tio n  of her m o tio n  was th e  opposite  — sh o u ld  have been 
60 km /sec  re la tiv e  to  th e  e th e r .

T he e x p la n a tio n  given b y  L o r e n t z  a n d  F it z g e r a l d  o f th e  neg a tiv e  
o u tco m e  o f th e  M ic h e l s o n  e x p e rim e n t is th e  m o st obvious, i t  w as, how ever, 
re je c te d  by  E in s t e i n  — for ph ilo soph ical reaso n s. T h a t th e  d ifference  betw een  
th e  tw o  concep ts is indeed on ly  a ph ilo soph ical one was show n elsw here [13].

Interpretation o f the M ichelson experiment

§ 26. W e e n d eav o u r in  th e  follow ing to  fo rm u la te  th e  id ea  o f L o r e n t z  
a n d  F it z g e r a l d  — som ew hat m o re  rigo rously  th a n  th is  w as d o n e  orig inally .

I f  th e re  is no fringe sh ift w hen  ro ta tin g  th e  in te rfe ro m e te r  a n d  the  c ircum 
stan ces  are such , th a t  from  sim ple g eom etrica l considera tions one would have  
to  ex p ec t such  a sh if t, th is  m u s t be ta k e n  as a proof, th a t  th e  len g th s  of th e  
a rm s  o f th e  in te rfe ro m e te r  c h an g ed  du ring  th e  ro ta tio n , th u s  com pensating
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th e  ex p ec ted  p h ase  sh if ts .In  th is  w ay  the M ichelson experiment m ay  be regardep 
as an interferometric measurement o f  the contraction and dilatation, respectively, 
o f  the arms o f  the interferometer.

The m easu rem en t of th e  d e fo rm atio n s o f th e  in te rfe ro m e te r  by  help  o f 
th e  M ic h e l s o n  ex p erim en t h as  certa in  flaw s an d  because o f  th e se , genera lly  
E in s t e i n ’s in te rp re ta tio n  of th e  effect has b e e n  preferred . W e a re  of the  op in ion  
th a t ,  a lth o u g h  th e se  defects m a y  be d ep lo rab le , th ey  do n o t  affect th e  c o n 
clusions.

§ 27. S uppose, th a t  a ro d  w hich  is in  tra n s la t io n  (e.g. one a rm  of an  in te r 
fe rom eter) changes its  len g th  w hen  ro ta te d . D en o te  its le n g th  b y  1(a) and  a  be 
th e  angle w hich th e  rod su b te n d s  w ith  th e  d irec tion  v o f its  tra n s la tio n a l 
m otion . The re su lt of the M ic h e l s o n  e x p e rim e n t m ay be u n d e rs to o d  if  one 
supposes th a t

l(a)/c(a) =  c o n s t. , (41)

w here c(a) is g iven b y  th e  exp ression  in eq u . (20) § 13. H ow ever, (41) can n o t be 
co rrec t, as it  leads to  th e  e x p e c ta tio n  1(a) l(n  — a). This w o u ld  m ean  t h a t  a 
rod  a fte r  ro ta tio n  th ro u g h  180°, i.e. by  a sim p le  reversion, h a s  to  change its  
len g th .

A re a so n a b le  a s s u m p tio n  re m o v in g  t h e  ab o v e  d if f ic u lty  a n d  s u ita b le  to  
e x p la in  th e  o u tc o m e  o f th e  M ic h e l s o n  e x p e r im e n t  is th e  fo llo w in g :

1(a)
c(a) с(л — a)

=  co n s t. (42)

I t  follows from  (42) w ith  the  h e lp  of equ. (20) § 13 choosing th e  c o n s ta n t su ita b ly

1(a) =  /

In s te a d  of (43) we m ay also w rite

(43)

Z2 = 1(a) cos a I I 1 -(- (1(a) sin a )2 (44)

I t  is obvious fro m  (43) th a t  l =  Z is th e  b iggest len g th  a  ro d  can ta k e  u p .

The g eom etrica l m ean ing  of (43) — as th is  can be seen  from  equ. (44) 
— is th e  follow ing. I f  the  le n g th  of th e  ro d  A B  is Z w hen th e  rod  is n o rm a l
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to  th e  d ire c tio n  o f v e lo c ity  v and  the ro d  is tu rn e d  in to  a d irection  w h ich  s u b 
te n d s  an  ang le  a w ith  v th e  co m ponen t w h ich  is n o rm a l to  v  rem ains u n a lte re d . 
T h e  c o m p o n en t, how ever, w h ich  is p a ra lle l to  v c o n tra c ts  b y  a fac to r j/l — r 2/c-- 

E q u . (43) and  (44) express th e  h y p o th es is  o f  c o n tra c tio n  of L o r e n t z  
an d  F it z g e r a l d .

W is h in g  m e re ly  t o  e x p la in  th e  M ic h e l s o n  e x p e r im e n t ,  in s te a d  o f  (42) 
on e  m ig h t  s t a r t  fro m  th e  m o re  g e n e ra l r e la t io n

1(a) ( 1 _ 1
=  l

/  1 I 1 \
1 c(a) . с (л  — a) ( 71

c --------a
V 1 2

1
c л  1------ r  «

2 J•(45)

C onsidering , how ever, in  ad d itio n  th e  re su lts  o f o th e r  ex perim en ts one m a y  
exclude th o se  g en era liza tio n s of (42) w h ich  are  c o n ta in e d  in  (45).

§ 28. A  b lem ish  o f  th e  above co n sid e ra tio n s, w h ich  has been  o v e r 
em phasized , is th a t  we c a n n o t d e te rm in e  th e  value o f  v ; 'i n  an  ac tu a l case  we 
th u s  c a n n o t ca lcu la te  b y  how  m uch th e  a rm  of an  in te rfe ro m e te r  ch an g es  
d u rin g  ro ta t io n ,

T h is b lem ish , h o w ev er deplo rab le  i t  m ay  be, does n o t a lte r th e  c o n 
sequences. E v e n  i f  we do  n o t  know  v, i.e . th e  velocity  o f  o u r ap p a ra tu s  r e la t iv e  
to  th e  c a rr ie r  o f  th e  e lec tro m ag n etic  w av es, an d  th is  m ean s re la tiv e  to  th e  e th e r ,  
we know  fo r ce rta in , t h a t  th is  v e lo c ity  h a s  changed  in  th e  course o f a y e a r . 
S ince v  is chan g in g  co n tin u o u sly  its  v a lu e  m u st d iffer from  zero fo r m o s t o f 
th e  y ea r. A t all tim es fo r  w hich  v =/= 0 th e  in te rfe ro m e te r  is being d e fo rm ed  
w hen  ro ta te d , as o therw ise  — th is  follow s from  th e  e le m e n ta ry  co n sid e ra tio n s  
w hich  w ere d iscussed  a t  le n g th  above — th e  ro ta tio n  sh o u ld  have caused  frin g e  
sh ifts .

T he re s u lt  o f th e  ex p e rim en ts  th u s  p ro v es, th a t  d e fo rm ations o f e .g . th e  
fo rm  (43) a rise , a lth o u g h  th e re  are no  w ay s  or m eans to  m easure th e  a c tu a l  
d e fo rm a tio n  p ro d u ced  in  a concrete  case.

T he ph ilo so p h ica l a sp e c t o f th is  q u es tio n  has b e e n  discussed in  d e ta i l  
elsew here [13], in  an y  case , i t  seems to  u s  m islead ing  to  d en y  th e  ex is ten ce  o f 
d e fo rm a tio n s , on ly  b ecau se  i t  is n o t possib le  in  a co n c re te  case to  d e te rm in e  
u n am b ig u o u sly  w hich am o n g  th e  d iffe re n t possib ilities is ac tua lly  re a liz e d .

Measurement of the critical velocity in the system K.

§ 29. W e have  show n a t  th e  b eg in n in g  of th is  a r tic le , th a t  th e  c r itic a l 
v e lo c ity  can  be d e te rm in ed  b y  m easu ring  th e  forces b e tw e e n  electrical ch a rg es  
an d  m ag n e tic  poles. T he q u es tio n  m ay  b e  asked , w h e th e r th e  described e x p e ri-
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m en ts  w hen ca rried  ou t in  a sy s tem  К  w h ich  m oves w ith  a v e lo c ity  v re la tiv e  
to  th e  e th e r, lead  to  th e  sam e re su lt as w h e n  carried  ou t in  K 0 w hich is a t  re s t  
w ith  re sp ec t o t th e  e ther.

W e discuss f irs t  a specific  p rob lem , n am ely  we ca lc u la te  th e  C oulom b 
effect o f a charge — e on a ch arg e  -\-e, w h en  b o th  are a t  r e s t  in  K ,  th u s  w h en  
b o th  m ove w ith  a co n stan t v e lo c ity  v w ith  re sp ec t to  K 0.

T he effect o f  a m oving ch arg e  — to  b e  e x a c t — would  h a v e  to  be c a lc u l
a te d  w ith  th e  help  of th e  re ta rd e d  p o te n tia ls . In  th e  fo llow ing for th e  sak e  o f  
sim p lic ity  we neg lec t th e  effect o f  r e ta rd a tio n , since th is , as is show n b y  a m o re  
e x a c t ca lcu la tio n , influences on ly  sligh tly  th e  effect u n d er co n sidera tion .

D eno te  b y  r  th e  v ec to r w hich  po in ts  fro m  — e to  -\-e. T h e  Coulomb fo rce  
w hich  ac ts  on -\-e is th en

B esides o f th e  C oulom b force th e  m ag n etic  fie ld  of th e  m o v in g  charge —e also  
ac ts  on -\-e. D en o tin g  by  H  th e  m agnetic  f ie ld  s tre n g th  th e  m ag n etic  fo rce  is

F m =  - ( v X H ).
C

On th e  o th e r h a n d  H  is g iven b y

H =  -  —  ( r x v ) / r 3,
c

th u s  th e  m ag n etic  force becom es

F M  — T T ( v X ( r X v ) )  = 
r 1 c-

e2 l v 2 r 
c2 r3

v(vr) i
r 3 J '

T he second te rm  in  th e  b ra c k e t in  the  la s t  expression g ives a com ponen t o f 
force p a ra lle l to  v w hich in  gen era l does n o t  p o in t in  th e  d ire c tio n  from  th e  one 
charge  to  th e  o th e r ; th is  co m p o n en t re su lts  in  a to rq u e  M. W ritin g  for th e  to ta l
force F  =  F c +  F M th e re  is

M =  r  X F  =
(r X v) (rv) 

r3

D en o tin g  fu r th e r  b y  a th e  angle su b te n d e d  b y  r w ith  v we m a y  w rite fo r th e  
ab so lu te  v a lue  o f th e  to rq u e

e2v2
-------sin  2a,

rc2
(46)
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The experim ent by Trouton and Noble

§ 30. E q u . (46) seem s to  provide a m ean s by  w h ich  th e  velocity  v  o f  a 
sy stem  re la tiv e  to  th e  e th e r  m a y  be d e te rm in e d . The fo llow ing  ex p erim en t h a d  
th is  a im  a n d  w as carried  o u t b y  T ro uto n  a n d  N o bl e .

A c h a rg e d  condenser w as hung  on a n  elastic  th re a d  in  such a w ay  t h a t  
th e  co n d en se r p la te s  su b te n d e d  an angle o f  45° w ith  th e  d ire c tio n  of th e  m o tio n  
o f th e  E a r th .  A fte r  a d ju s tin g  th e  position  o f  th e  condenser i t  was a rre s ted  w ith  
re sp ec t to  th e  fram e an d  to g e th e r  w ith  th e  fram e w as tu rn e d  th ro u g h  90° 
a ro u n d  a v e r tic a l axis. In  th e  new  position  th e  a rre s ta tio n  o f  th e  condenser w as 
th e n  re leased  a n d  i t  was in v e s tig a te d  w h e th e r  or no t th e  co ndenser rem a in ed  in  
th e  p o sitio n  in to  w hich i t  w as tu rn ed .

T he th e o ry  of the  e ffec t is as follow s: i f  th e  to rq u e  (eq u . 46) acts u p o n  th e  
condenser in  i ts  orig inal p o s itio n  th en  i t  w ill be n ecessary  to  give an  o p p o site  
to rq u e  to  th e  th re a d  up o n  w h ich  i t  is su sp en d ed , so as to  ach ieve eq u ilib riu m . 
T u rn in g  ro u n d  th e  a rra n g e m en t th e  e lec tric  to rq u e  sh o u ld  change its sign  an d  
th e re fo re  in  th e  new  p o sitio n , if  th e  e lastic  to rq u e  has re m a in e d  th e  sam e, th e  
e lastic  a n d  e lec tric  to rq u e s  shou ld  no lo n g e r com pensate  each  o ther a n d  th e  
condenser a f te r  release sh o u ld  tu rn  th ro u g h  a certa in  ang le .

T he re s u lt  of th e  ex p e rim en ts  w as, how ever, n e g a tiv e . W hen th e  w hole  
fram e w as ro ta te d  th e  co n d en se r rem ain ed  in  th e  sam e p o sitio n  re la tiv e  to  th e  
fram e th a t  i t  h a d  in th e  o rig in a l a rra n g e m en t.

§ 31. O ne m ay  be te m p te d  to  conclude  from  th e  n e g a tiv e  ou tcom e o f  th e  
T r o u t o n — N o bl e  e x p e rim en t th a t  th e  m o m en t (46) does no t ex ist a t  a ll. 
Such a conc lusion , how ever, does n o t a p p e a r  to  be ju s tif ie d . I f  th e  m om en t (46) 
w ould  n o t  e x is t, th is  w ould  be  in  c o n tra d ic tio n  to  Ma x w e l l ’s equations w h ich  
h av e  b een  v e rif ied  to  a h igh  degree of accu racy .

T h e  c o rre c t e x p lan a tio n  o f th e  n e g a tiv e  resu lt seem s to  be, th a t  a m o 
m en t M a n d  s im u ltan eo u sly  also an oppo site  m om ent —M arises in  th e  a r r a n 
g em en t, th e  la t te r  ex ac tly  co m p en sa tin g  th e  effect o f  th e  e lec tro m ag n etic  
m om en t.

A t c lo ser inspection  th is  is n o t so v e ry  surprising . T h e  effect of th e  fo rce  
ac tin g  b e tw een  th e  charges -f-e and  — e h a s  to  be e x a c tly  com p en sa ted  b y  
m ech an ica l forces to  keep th e  p la tes of th e  condenser a t  a co n stan t d is ta n c e . 
So as to  u n d e rs ta n d  th e  b e h a v io u r  of th e  sy s te m  when ro ta te d  we have to  c o n 
sider th e  e ffec t o f tra n s la tio n  n o t only on th e  e lectrical forces b u t  also on  th e  
m ech an ica l ones co m p en sa tin g  th e  fo rm er. I t  seems o b v io u s to  suppose t h a t  
th e  m ech an ica l forces w h ich  ex ac tly  co m p en sa te  the  e lec tro m ag n etic  forces in  
one a r ra n g e m e n t change — w hen th e  sy s te m  is ro ta te d  — in such a m a n n e r  
as to  co m p en sa te  these e x a c tly  also in th e  new  a rra n g e m en t so th a t  no o b se rv 
ab le effect rem ain s.
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§ 32. F rom  th e  gen era liza tion  o f  the n e g a tiv e  resu lts o f  th e  Mic h e l s o n , 
th e  T r o u t o n — N o ble  and a series o f s im ila r  ex p erim en ts, w h ich  aim ed a t  
d eterm in in g  th e  v e lo c ity  v o f  th e  apparatu s re la tiv e  to  th e  e th er , one su sp e c ts  
th a t  here w e do n o t h ave to  do w ith  a ser ies  o f  chance e v e n ts , b u t th a t  th e  
n eg a tiv e  resu lts are based on a general law  o f  nature.

T his law  o f  n atu re on w h ich  these p h en o m en a  are b a sed  has elsew h ere  
b een  form ulated  b y  us as th e  L orentz  p r in c ip le .

A d eta iled  an a lysis o f th e  L orentz  p r in cip le  shows th a t  th e  m easu rem en t  
o f  th e  cr itica l v e lo c ity  carried through  w ith  th e  help o f  an  arrangem en t in  
tran sla tion  re la tiv e  to  th e eth er  lead s to  th e  sam e resu lt as th a t  ob ta in ed  w ith  
h elp  o f  an arrangem en t th a t  rests  re la tive  t o  K 0.

A remark upon R im er’s experiment

§ 33. In  § 6 we have describ ed  the  m e th o d  of R ömer  w h ich  was used  to  
d e te rm in e  th e  v e lo c ity  of lig h t b y  observ ing  th e  sa tellites o f  J u p ite r .

In  th is  ex p erim en t th e  v e lo c ity  of th e  lig h t com ing fro m  J u p ite r  a n d  
reach in g  th e  E a r th  is m easured  re la tiv e  to  th e  so lar system .

I f  th e  so lar sy stem  m oves w ith  a v e lo c ity  w0 re la tive  to  th e  e th e r, one w ill 
have  to  ex p ec t t h a t  th e  re su lt o f th e  e x p e rim e n t depends on  th e  angle s u b 
te n d e d  b y  th e  d irec tio n  J u p i t e r —E a r th  w ith  th e  d irec tion  o f  th e  v e loc ity  wu 
a t  th e  tim e  o f ob serv a tio n . B ecause  of th e  o rb ita l  m otion o f J u p i te r  th is  ang le  
changes an d  th u s  one m igh t e x p e c t th a t  th e  values of th e  v e lo c ity  o f l ig h t 
re p e a te d ly  d e te rm in ed  by  th e  m ethod  o f R ömer during  one revo lu tion  o f  
J u p i te r  w ould  show  v a ria tio n s . If , for in s ta n c e , th e  solar sy s te m  m oves w ith  a 
ve lo c ity  w0 re la tiv e  to  the  e th e r  th e  tim e b y  w hich  th e  sa te llite s  o f J u p i te r  a re  
seem ingly  la te  d u rin g  h a lf a y e a r  is given b y

c — w0 e

H ere e m eans th e  u n ity  v ec to r w hich  po in ts  fro m  th e  E a r th  to  J u p i te r  an d  R  is 
th e  m ean  rad iu s  o f th e  o rb it o f  th e  E a r th . (T he  m otion  of J u p i te r  du ring  one  
rev o lu tio n  of th e  E a r th  is neg lec ted  here.)

D eno te  b y  w' th e  p ro jec tio n  of w0 on  th e  ecliptic. A t a tim e  a t  w hich  w' 
po in ts  in  th e  d irec tio n  E a r th —Ju p ite r  we haw e w0 e — w' a n d  th e  o b serv ed  
d e lay  has a m in im um  value:

T  =  --*• m in (47 )
2 R

c -f- it/
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A fter h a lf  a revo lu tion  o f J u p i te r  w ' p o in ts  in the o p p o site  d irection  a n d  we 
o b ta in  fo r th e  delay  T  th e  m ax im um  v a lu e

T max
2 R

c — w'

T he va lu e  o f  th e  d ifference

A T  =  TZ-J J- -----  j .  n
4 R w ' 4 R w '

(48)

(49)

shou ld  give in fo rm a tio n  on w '  an d  from  th e  co n fig u ra tio n s E a r th —J u p i te r  a t 
w hich  th e  d ifference h as  i ts  m ax im u m  a n d  m in im um  v a lu e , re sp ec tiv e ly , one 
shou ld  be ab le  to  d e te rm in e  th e  d irec tio n  o f  to'.

A cco rd in g  to  a s tro n o m ica l e s tim a te s  th e  velo c ity  w ith  w hich th e  so la r 
sy stem  m oves in  th e  G a la x y  is ab o u t 300 km /sec, a n d  i ts  p ro jec tion  o n  th e  
p lane  o f th e  ec lip tic  is a b o u t h a lf  th is  v a lu e . Id e n tify in g  th is  velocity  w ith  w 0 
we m a y  assu m e w' 7*4 150 km /sec an d  w ith  th is  va lu e  one  ob tains from  (49) 
A T  7*4 1 sec. T he accu racy  w ith  w hich th e  m o tio n  o f th e  sa te llites o f J u p i t e r  
can  be o b se rv ed  is a t  p re se n t n o t su ffic ien t to  d e te rm in e  w heth er th is  e ffec t 
ex ists.

§ 34. I n  th is  an a lysis  we have a im ed  a t  d iscussing  th e  resu lt o f su ch  
ex p e rim en ts  w hich  h av e  a c tu a lly  been c a rr ie d  o u t. T h e  ex p erim en t d esc rib ed  
above to  d e te rm in e  th e  tra n s la tio n a l m o tio n  w 0 of th e  so la r system  — i t  is 
t ru e  — has n o t  been  ca rried  o u t and  seem s to  be hopeless w ith  p re se n t-d a y  
tech n iq u es . A s th e  ex p e rim e n t, how ever, ta k e s  up  a p ro b lem  w hich is of p r in c ip 
al im p o rta n c e  we an a ly se  i t  here  — b a s in g  ourselves on  rea l ex p erim en ts  — 
a n d  m ake a  guess as to  i ts  ou tcom e. O ur suggestion  is t h a t  th e  velocity  o f  l ig h t 
as m easu red  b y  R ö m er’s ex p erim en t w o u ld  alw ays h a v e  th e  sam e v a lu e  
in d e p e n d e n t o f  th e  co n ste lla tio n  of J u p i te r  an d  th a t  th u s  th e  ex perim en ts are  
n o t  su itab le  fo r  a d e te rm in a tio n  o f th e  v a lu e  o f w 0.

§ 35. O u r suggestion  is based  on th e  assu m p tio n  th a t  th e  L o r e n t z  
princ ip le  is v a lid  also fo r th e  m echan ism  o f  th e  solar sy s tem . W ith  help  o f  th e  
L o rentz  p rin c ip le  i t  can  be  show n e x a c tly  th a t  th e  v a r io u s  effects re su ltin g  
from  th e  tra n s la t io n  of th e  so la r system  re la tiv e  to  th e  e th e r  fu lly  co m p en sa te  
each  o th e r, a n d  fu r th e r  t h a t  th e  ex p e rim en t o f  R ömer  w o u ld  be likely to  y ie ld  
th e  va lu e  c fo r  th e  v e lo c ity  o f  lig h t, in d e p e n d e n t of th e  tra n s la tio n a l m o tio n  
o f  th e  so la r sy stem .

W e do  n o t  rep ro d u ce  here  th e  e x a c t ca lcu la tio n , b u t  in stead  c o n te n t  
ourselves w ith  an  a p p ro x im a tiv e  co n sid e ra tio n , w hich a t  th e  sam e tim e  h a s  
th e  a d v a n ta g e  th a t  i t  m ak es m uch  c leare r th e  physica l m echan ism  b y  w h ic h  
th e  v a rio u s effec ts  co m p en sa te  each o th e r.
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§ 36. W e use  th e  ro ta t in g  E a r th  as c lock  in  a s tro n o m ica l observa tions.*  
If , how ever, th e  o rb ita l v e lo c ity  o f the  E a r t h  changes we h a v e  to  expec t t h a t  
th e  an g u la r v e lo c ity  of th e  ro ta t io n  also changes.

D eno ting  b y  m E(w) th e  m ass of th e  E a r th  we ex p ec t

m E  ( w )
™E (0)

У1 — w 2/c2

a t  a tim e  a t  w h ich  th e  v e lo c ity  o f  th e  E a r th  re la tiv e  to  th e  e th e r  is w. As th e  
m ass depends on  th e  v e loc ity  also  th e  m o m e n t of in e rtia  a n d  th u s  accord ing  to  
th e  p rincip le  o f conserva tion  o f  angu lar m o m e n tu m  also th e  an g u la r v e lo c ity  
со depend  on th e  velocity . W e expect

co(w) — co(0) ]/1 — и)2/c2. (50)

B y using  th e  ro ta tio n  of th e  E a r th  for th e  m easu rem en t o f tim e  th e  v a ria tio n s  
o f th e  an g u la r v e lo c ity  w hich a re  caused b y  th e  v a ria tio n s  o f  w  are  d isregarded . 
W e use as m easu re  of the  t im e , e.g.

i ( 0 )
co(w) dt ; (51)

t ' is th u s  th e  m easu re  of th e  t im e  elapsed b e tw een  an  a rb i t r a ry  m om ent t =  0 
an d  a m om en t t.

T he connec tion  betw een  th e  m easure t ' an d  t becom es clear w hen s u b 
s t i tu t in g  (50) in  (51) and n eg lec tin g  te rm s  o f  h igher o rd e r. W e find

t

- Í *2 C2 J
;2 dt.

§ 37. I f  th e  S un  m oves w ith  a  c o n s ta n t ve locity  w u, we m a y  p u t

w =  w0 +  V ,

w here v  m eans th e  velocity  o f th e  E a rth  in  h e r  o rb it a ro u n d  th e  Sun.
T ak in g  th e  o rb it of th e  E a r th  to  be c irc u la r , we m ay  p u t  v 2 =  v2 =  co n st. 

W e th e n  have
t

1
2c-i-J "2 d t  =  ~ ~  ( v 2 + < )  +  4" (w0 r), 2  с -  c1

* Thus we obtain the measure of stellar tim e which deviates to some extent from the 
measure of ephemeris time. We shall not discuss here the problem implied.
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w here  г — ( v  dt is th e  v e c to r  w hich  describes th e  d isp lacem en t of th e  E a r t h
о

re la tiv e  to  th e  S un  du ring  th e  tim e  in te rv a l 0 —> t. W e th u s  fin d

t ' =  t | l  — (v2 +  w§) j — - i -  (w0 r). (52)

T h e  m easu res  T ^in  and  T'max o f th e  tim es  T min and  T max as given in  (47) a n d  
(48) a re  o b ta in e d  — p u ttin g  in  (52) t =  T max, г  =  2R e  in  th e  f ir s t  and  t =  T mm, 
r  =  —2R e  in  th e  second case — as

T '  =-1 max
2 R

c — w
1 -------------(V2 - f  wl)

2c2
2 R w '

T ’min
2 („

c -f- w ' 2c2
(v2 -|- w2) +

2 R w '

E x p a n d in g  th e se  expressions in  series o f  pow ers of 1/c2 we find , n eg lec tin g  
te rm s  o f fo u r th  order

T>
x  max T '  ■± mm 0.

T he above an a ly sis  th u s  show s, th a t  th e  e ffec t w hich is to  be  expec ted  acco rd in g  
to  § 37 does n o t  m ake its e lf  fe lt in  th e  o bserved  m easu res, because th e  t r a n s 
la tio n  o f th e  so la r system  d is tu rb s  ou r m easu rem en t o f tim e  to  such a deg ree  
t h a t  th e  e rro rs  o f th e  d is tu rb e d  clocks e x a c tly  com pensate  th e  expected  e ffec t.

C oncluding rem ark s

§ 38. W e see from  th e  co n sid era tio n s p resen ted  here  t h a t  th e  e x p e rim en ta l 
re su lts  re la tin g  to  th e  v e lo c ity  of p ro p a g a tio n  of ligh t can  be  easily  u n d e rs to o d  
assum ing  t h a t  th e  p ro p a g a tio n  tak es  p lace  iso trop ica lly  w ith  th e  c ritica l v e lo 
c ity  c. T h e  p ro p a g a tio n  is iso tro p ic  re la tiv e  to  the  c a rr ie r  o f e lec tro m ag n etic  
w aves, th u s , as we are n o t a fra id  of th e  o ld-fash ioned  ex p ression , re la tiv e  to  th e  
e th e r.

B y  th e  a id  of m easu rem en ts  of th e  p ro p ag a tio n  o f  lig h t of th e  k in d  of 
S a g n a c ’s e x p e rim en t one can  d e te rm in e  w h e th e r the  a p p a ra tu s  ro ta te s  re la tiv e  
to  th e  e th e r . H ow ever, one c a n n o t d e te rm in e  w heth er th e  a p p a ra tu s  is in  t r a n s 
la tio n a l m o tio n  re la tiv e  to  th e  e th e r  or w h e th e r  it  is n o t.

T ra n s la tio n  a lth o u g h  in fluencing  th e  a p p a ra tu s  to  a no ticeable  deg ree  
does n o t m o d ify  th e  f in a l re su lts  o f m easu rem en t as th e  v a rio u s  effects b ro u g h t 
a b o u t b y  i t  com pensa te  each  o ther.
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T he m ech an ism  b y  w h ich  su ch  a com p en sa tio n  tak es p la ce  m ay  be u n d er 
sto o d  w ith  th e  h elp  o f  th e  L o k entz  p r in cip le , w hich  has n o t  been  d iscu ssed  
here.

§ 39. T h e conclusion w h ich  E in s t e in  h as d raw n from  th e  fac ts  is t h a t  
th e  effects, w h ich  com pensate  each  o th e r e x a c tly  and th u s  c a n n o t be observ ed , 
do n o t ex ist. T h u s  i t  is genera lly  concluded  accord ing  to  E in s t e i n  th a t  l ig h t is 
p ro p ag a ted  iso tro p ica lly  re la tiv e  to  ev e ry  sy s te m  of re fe rence  К  w hich does 
n o t show  ro ta tio n .

E in s t e in ’s conclusion, how ever, a p p e a rs  to  us w rong  ph ilo soph ically . 
A bove all th e  s ta te m e n t t h a t  lig h t is p ro p a g a te d  iso tro p ica lly  re la tiv e  to  ev e ry  
co o rd in a te  sy s tem  К  w hich  is in  tr a n s la tio n a l m otion , is such  as to  be re fu te d  
b y  p rim itiv e  k in em a tic  consid era tio n s (see §§ 9 — 13).

W e, o f course, do n o t w a n t to  su g g est, th a t  E in s t e in  w as n o t aw are  o f 
th ese  k in em a tic  con sid era tio n s. E in s t e in ’s a rg u m en t a m o u n ts  to  say in g  
— a lth o u g h  E in s t e in  h as u sed  a q u ite  d iffe ren t te rm in o lo g y  — th a t  i t  is 
possible to  in tro d u ce  in  a sy s tem  K ,  w h ich  is in  tra n s la tio n  re la tiv e  to  K 0, 
su ch  measures fo r coo rd inates a n d  tim es t h a t  one o b ta in s w ith  th ese  th e  sam e 
measures fo r th e  ve lo c ity  o f lig h t in  th e  v a r io u s  d irections.

T hus in tro d u c in g  in  th e  v a rio u s sy stem s К  d ifferen t co n v en tio n s fo r th e  
m easu rem en t we o b ta in , choosing these  co n v en tio n s su ita b ly , a p p a re n t iso 
t r o p y  in  th e  v a rio u s system s К ; we th e n  f in d  th a t

c'(e) =  in d e p e n d e n t o f e ,

w here c'(e) m eans th e  v e lo c ity  o f  p ro p a g a tio n  of lig h t in  th e  d irec tio n  e, 
m easu red  in  th e  u n it  o f th e  co rrespond ing  conven tions.

T hese co n v en tio n a l u n its  a re  o f g re a t p ra c tic a l va lu e , as th e y  well a d a p t  
them selves to  ce rta in  d y n am ic  p ro p ertie s  o f  m a t te r  an d  o f th e  e lec tro m ag n etic  
f ie ld . H ow ever, we m u st n o t deceive ourse lves as regards th e  follow ing: I f  th e  
p ro p a g a tio n  o f lig h t is found  to  be iso tro p ic  in  tw o system s K '  an d  K "  w h ich  
a re  in  m o tio n  re la tiv e  to  each  o th e r, so t h a t

c'(e) =  co n st, and  c"(e) == const. (53)

th is  can  solely be ascribed  to  th e  fa c t t h a t  th e  m easures in  К ' a n d  K "  h a d  b een  
chosen  in  such  a w ay  as to  conceal th e  d ifference  in th e  p ro p ag a tio n s  o f lig h t 
re la tiv e  to  K '  an d  K ",  re sp ec tiv e ly .

§ 40. C onsider again  M ic h e l s o n ’s in te rfe ro m e te r  e x p e rim en t. The re s u lt ,  
t h a t  th e  p ro p a g a tio n  of lig h t is iso trop ic  c a n  be deduced fro m  th e  in te rfe ro 
m e te r  ex p e rim en t on th e  assum ption  th a t  d u r in g  ro ta tio n  o f  th e  a p p a ra tu s  th e
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a rm s do n o t change th e ir  len g th s . I f  th u s  accord ing  to  th is  assu m p tio n  th e  
le n g th s  o f  th e  a rm s of th e  in te rfe ro m e te r  a re  ta k e n  to  be  th e  definition  o f  th e  
u n i t  o f le n g th  in  th e  v a rio u s  d irec tions, w e can  conclude th a t  using u n its  th u s  
d e fin ed  p ro p a g a tio n  o f  l ig h t  is found  to  be  iso trop ic  in  th e  sense of eq u . (45).

R e p e a tin g  now  th e  e x p e rim e n t a t  a n o th e r  tim e  o f  y e a r, a t  w h ich  th e  
tra n s la t io n  o f  th e  E a r th  d iffe rs  from  th a t  in  th e  f irs t  e x p e rim e n t, we m a y  a g a in  
define  th e  u n it  o f  le n g th  b y  th e  len g th  o f  th e  arm s o f  th e  in te rfe ro m e te r  a n d  w e 
ag a in  f in d  iso tro p y  in  th e  new  u n its .

T h e  s i tu a t io n  w hen  co m p arin g  th e  tw o  resu lts  o f  m easu rem en t ca n  be  
exp ressed  in  th e  w ay  o f  equ . (53). As, h o w ev er, th e  tw o  re su lts  are exp ressed  
in  d iffe re n t u n its  one c a n n o t conclude fro m  th em  th a t  n o th in g  has ch a n g e d . 
N o lo n g er ca n  we “ d e fin e ”  t h a t  th e  tw o  d e f in itio n s  o f  u n i ts  a re  id e n tic a l. I t  is 
no  lo n g er a q u e s tio n  o f  d e f in itio n s  b u t  o f  fa c ts , w h e th e r e. g. a rod a fte r  a c c e le r
a tio n  h as  o r h a s  n o t ch an g ed  its  in n e r p h y s ic a l s ta te  a n d  w ith  th is  a lso  i ts  
len g th .

I t  is j u s t  th e  n e g a tiv e  ou tco u m e o f  th e  M ic h e l s o n  ex p erim en t o b ta in e d  
a t  d iffe ren t t im e s  o f th e  y e a r  w hich  p ro v es  clearly  t h a t  th e  defin itions in t r o 
d u ced  a b o v e  a re  n o t id e n tic a l, an d  th a t  th e  d im ensions o f  th e  in te rfe ro m e te r  
change w h en  i ts  s ta te  o f  tra n s la t io n  ch an g es.

A p a r t  fro m  th e  re su lt  o f  th e  M ic h e l s o n  e x p e rim en t i t  follows from  p u re ly  
d y n a m ic  c o n s id e ra tio n s , t h a t  a closed p h y s ic a l sy s tem  suffers d e fo rm a tio n s  
w hen  its  s ta te  o f tr a n s la tio n  is being a lte re d . These considera tions w ere p re 
sen ted  in  a n o th e r  p a p e r. W e th u s  have  good reasons to  su sp ec t th a t  th e  ch an g e  
o f  th e  o rb ita l v e lo c ity  o f  th e  E a r th  is n o t  w ith o u t effect on  th e  in te rfe ro m e te r  
— an d  in  th is  w ay  we can  u n d e rs ta n d  th e  a p p a re n tly  pa rad o x ica l re s u lt  o f  
th e  M ic h e l s o n  ex p e rim en t.

§ 4 1 . T h e  m is tak e  in  th e  EiNSTEiNian a rg u m e n ta tio n  lies in t h a t  th e  
d ifference b e tw een  m easu re  an d  rea l le n g th  is being d en ied . In  our in te rp re ta tio n  
i t  is o f  u tm o s t  im p o rta n c e  to  d is tin g u ish  clearly  b e tw een  m easure a n d  th e  
o b jec t o f  m ea su re m e n t. T he d istance  b e tw een  tw o to w n s  is som eth ing  w h ich  
is o b jec tiv e , b u t  we m a y  express th is  d is tan ce  in  cm  o r km , and we o b ta in  
acco rd in g ly  d iffe ren t measures.

W e h ere  quo te  a ty p ic a l s ta te m e n t ta k e n  from  a p o p u la r a rtic le  on 
re la tiv ity  th e o ry :

“ I f  n a m e ly  th e  o lder ph y sic is t, an d  th u s  also L o r e n t z  ta lk ed  a b o u t th e  
le n g th  o f som e ro d  he w as convinced  t h a t  he  ta lk s  a b o u t an  in h eren t p ro p e r ty  
o f th e  ro d  w h ich  u n am b ig u o u sly  sticks to  i t  and  w h ich  ex ists w ith o u t an y  
m ea su re m e n t. N o th in g  is th u s  m ore n a tu ra l  th a n  th a t  L o r e n t z  could im ag ine  
th e  sh o rte n in g  o f th e  a rm  o f the in te rfe ro m e te r  only in  th e  w ay  th a t  in  th e  rod 
an  o b jec tiv e  p h y sica l change o f s ta te  occu rs . T o d ay , acco rd ing  to  E i n s t e i n ,. 
we a lre a d y  re g a rd  th is  in  a com plete ly  d iffe ren t w ay. B odies have no in h e re n t
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p ro p ertie s  w h a tso ev er w hich w ith o u t m easu rem en t could  even  be g iven  
m ean in g .”

T his q u o ta tio n  d e m o n s tra te s  th e  con fu sio n  betw een  m easu re  an d  a 
q u a n t i ty  w hich is o b jec tiv e ly  ex isting .

N a tu ra lly  — as th is  has b een  co rrec tly  seen by  L o r e n t z  and  m a n y  
o th e rs  — a rod  has a len g th  in d e p e n d e n t o f  th e  fa c t w h e th e r o r n o t we h a v e  
g iven  a d e fin ition  o f  len g th  — su ch  q u a n titie s  h av e  even e x is te d  long befo re  
th e re  w ere an y  h u m a n  beings a n d  professors w ho  th o u g h t i t  n ecessa ry  to  give 
defin itions.

I f  we w an t to  ch a rac te rize  o b jec tive ly  ex is tin g  q u a n titie s  b y  m easures, 
we h av e  to  m ake i t  q u ite  c lear b y  w hich m e th o d  we in te n d  to  o b ta in  th e  
m easures. D efin ition  is given a c e r ta in  la ti tu d e  b y  th e  c ircu m stan ce  th a t  th e  
m e th o d  o f m easu rem en t is n o t u n am b ig u o u sly  de te rm in ed . W e h av e , how ever, 
to  be w ary  o f defin itio n s w hich  do n o t co rresp o n d  to  the  in n e r  s tru c tu re  of th e  
o b jec t to  be m easu red  — such  defin itions le a d  to  c o n trad ic tio n s , as is th e  
case e.g. w hen choosing defin itio n s o f tim e a n d  space co o rd in a tes  w hich a re  
no t a p p ro p ria te .
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РАЗМЫШЛЕНИЯ О ПРОБЛЕМЕ ИЗМЕРЕНИЯ СКОРОСТИ СВЕТА
Л . ЯНОШИ

Р е з ю м е

Анализируются явления, связанные с распространением света чтобы заново рас
смотреть какие выводы могут быть сделаны из самих опытов. Мы приходим к выводу, 
что получается вполне ясная картина если, в противоположность обычно принятой точке 
зрения, предпологать, что электромагнитные волны имеют носитель, который можно 
принять за эфир. Философские вопросы, касающиеся введения вновь эфира как носителя 
электромагнитных волн рассмотрены автором в других статьях [6].
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A  C A L O R I C  M E T H O D  F O R  T H E  D E T E R M I N A T I O N  

O F  T H E  A N O D E  F A L L  O F  D I S C H A R G E S

By

G . S z ig e t i , G . L a k a to s  and J .  B itó

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST

(Received 17. XII. 1963)

A discharge without a positive column is produced by the authors and its cathode fall 
is determined by means of a caloric method. The surface current loading and the surface 
watt loading of the anode and cathode resp. are adjusted to a previously determined value. 
The experimental conditions are described and the theoretical and experimental principles of 
the testing method are discussed in detail. The authors examine the conditions under which 
the method can be applied and report their results obtained in the case of mercury-argon- 
neon-filled discharge tubes, which agree well with those of their previous examinations.

1. In tro d u c tio n

F o r th e  d e te rm in a tio n  of th e  anode fall of c e r ta in  discharge fo rm s various 
e lec tro n o p tica l- , p ro b e-, m easu rem en t- and  o th e r  exp erim en ta l m e th o d s  are 
know n [1]. G enera lly , th e  value o f th e  anode fa ll is only a fra c tio n  o f th a t  o f 
th e  ca th o d e  fall an d  a t  th e  sam e tim e  th e  reg ion  o f  th e  anode fa ll is confined 
to  a re la tiv e ly  sm all p a r t  o f th e  f ie ld . B ecause o f  th is  o ften  d ifficu lties arise in  
th e  course o f in v es tig a tio n s  w hich a im  a t  a m ore e x a c t know ledge o f  th e  basic  
processes ta k in g  p lace  a t  th e  an o d e  o f th e  d isch arg e  tubes a n d  th e  energy 
tra n sfe r-  an d  o sc illa tion -phenom ena  connected  w ith  them .

T he m eth o d s m o st generally  u sed  for th e  ex am in a tio n  of th e  anode fall 
are  th e  p ro b e  m easu rin g  p rocedures [1]. W ith  th e ir  he lp  th e  va lu e  o f  th e  anode 
fall can  be given to  d iffe ren t accu racies and  th e  d im ensions of th e  anode d a rk  
spaces c o n s titu tin g  th e  anode-fall reg ion  can be d e te rm in ed  b y  o p tic a l observ 
a tions. F ro m  th e  d im ensions of th e  anodic d a rk  spaces and  th e  e x te n t  of th e  
anode fa ll th e  e lec tric  fie ld  s tre n g th  w ith in  th is  d o m a in  can be d e te rm in ed  on 
th e  basis  of th e  follow ing re la tio n  g iven  b y  vo n  E n g e l  [2] w hich  rep resen ts  a 
p a ra b o la :

3 v a I 2x 1
2"

2 d d

where E x m eans th e  elec tric  fie ld  s tre n g th  in  th e  d irection  o f th e  d ischarge 
axis X  (V olt ■ c m -1 ), V a th e  v alue  o f  th e  anode fa ll (V olt), d th e  le n g th  of th e  
anodic d a rk  space (cm ), x  th e  d is tan ce  from  th e  an o d e  (cm). T h e  fu n c tio n  E x
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has a m a x im u m  in  th e  p o in t x  =  d/2  an d  its  va lu e  is zero in  th e  p o in ts  x  =  0 
(anode) an d  x  — d  (lim it o f th e  p o s itiv e  colum n a t  th e  anodic side).

T h e  ex am in a tio n s  perfo rm ed  u n ti l  now in d ic a te d  [1] t h a t  d ischarges 
o f p o s itiv e , n eg a tiv e  an d  zero anode fa ll are also possib le ; th e  c h a ra c te r  of th e  
d isch arg e  processes a ro u n d  th e  an o d e  v a ried  acco rd ing ly .

In  o rd er to  ex am in e  these  p rocesses m ore fu lly  th e  ex ac t know ledge of 
th e  an o d e  fa ll i ts e lf  is in d isp en sab le . In  th e  course o f  th is  a rtic le  a  th e rm a l 
m e th o d  is described  w hich  was u se d  fo r its  d e te rm in a tio n . In  th e se  in v estig 
a tions] th e  energy  ta k e n  up  b y  th e  io n s  arising  in c id e n ta lly  w ith in  th e  anodic 
fie ld  w as neg lec ted . In  ce rta in  cases i t  m a y  be im ag in ed  th a t  e.g. th e  electrons 
com ing  from  th e  p o sitiv e  colum n a n d  en te rin g  th e  anod ic  field , th e r e  o b ta in  
an  e n e rg y  such  th a t  d u rin g  th e ir  w a y  to  th e  a n o d e  th e y  are ab le  to  ionize 
once ag a in . T his occurs especially  in  case of d isch arg es w here th e  an o d e  fall is 
h igh  a n d  also th e  reg io n  of anode fa ll  is ex tensive  en ough  in  th e  d irec tio n  of 
th e  d r if t  c u rre n t. T h e n  th e  e lec trons c a n  o b ta in  a d e q u a te  energy fo r  th e  ioniz
a tio n  a n d  fu r th e r  i t  becom es v e ry  p ro b a b le  th a t  th e y  w ill collide w ith  n e u tra l 
a to m s w h en  tra v e rs in g  th e  ex ten siv e  anode fall sec tio n .

I n  o u r case th e  v a lu e  of th e  an o d e  fall w as a b o u t 3 Y, i.e. i t  w as sm all. 
T he d im ension  o f th e  anod ic  d a rk  sp ace  was of th e  o rd e r of some m m  and  th is 
is also a  re la tiv e ly  sm all d istance . T h ere fo re  th e  loss o f  energy of th e  electrons 
could  in d eed  be n eg lec ted  and  th e  m e th o d  led to  good resu lts.

T h e  m e th o d  describ ed  here can  a lso  be ap p lied  to  general cases. H ow ever, 
w hen  also  io n iza tio n  processes ta k e  p lace  w ith in  th e  anodic fie ld  th e  resu lts  
w ill be  o f  only  lim ite d  accuracy .

2. E x p erim en ta l conditions

T h e  ex am in a tio n s  w ere ca rr ied  o u t in  a m b ie n t a ir  of a te m p e ra tu re  of 
25 i  1° w ith  d isch arg e  tu b es  o f  38 m m  o u te r  d iam e te r an d  1 m m  w all 
th ic k n e ss . T he le n g th  o f th e  tu b es  w as  chosen in  su ch  a w ay th a t  w ith in  th e  
e x a m in e d  d ischarge  th e re  were o n ly  ca th o d e-fa ll a n d  anode-fall reg io n s. The 
p o s itiv e  co lum n w as m issing. The e lec tro d es p ro tru d e d  to  a d istance  o f  100 m m  
in to  th e  d ischarge  tu b e . The ca th o d e  consisted  o f  a  tu n g s te n  co iled  coil p ro 
v ided  w ith  an  e lec tro n -em ittin g  c o a tin g  and  on b o th  sides of th e  c a th o d e  there  
w ere n ick e l a u x ilia ry  electrodes p la c e d  para lle l to  each  o ther. T h e  au x ilia ry  
e lec trodes h ad  th e  sam e p o te n tia l as th e  ca thode coil.

T h e  anode o f th e  tu b e  was an  iro n  cy linder o f  high th e rm a l in ertn ess , 
7 m m  o u te r  and  1 m m  in n e r d ia m e te r  ja c k e t h e ig h t, in  th e  in te rio r o f  w hich an 
in su la te d  tu n g s te n  coil w as p laced  w h ich  was p ro v id e d  w ith  th e  necessary  
te rm in a ls .
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Also th e  anode reach ed  in to  th e  d ischarge tu b e , 100 m m  fro m  its  end. 
T he tu n g s te n  coil w ith in  th e  iron  cy lin d e r p ro v id ed  w ith  an  in su la tin g  cem ent 
co a tin g  w as a ca th o d e  used  for rad io  va lv es  of th e  ty p e  T u ngsram  E F  89 and 
its  te rm in a ls  w ere e lec trica lly  in su la te d  b y  m eans o f  q u a rtz  tu b e s .

T he h e a t c a p a c ity  o f th e  iron  cy lin d er was fo u n d  to  be 0,36 cal/degree.
D urin g  th e  u su a l v acu u m  te c h n ic a l t r e a tm e n t  60 m g m e rc u ry  and  a 

basic gas of 2 m m H g  p ressu re  w ere p u t  in to  th e  d ischarge  tu b e  th e  pressure 
o f  w hich  w as se t to  an  accu racy  o f  ^ 0 ,0 5  m m H g . As a s ta n d a rd  gas a gas 
m ix tu re  w as used c o n ta in in g  80%  n eo n  an d  20%  h e lium .

ru
Fig. 1. Circuit diagram applied in  the course o f the experim ents

T he ca th o d e  w as h ea ted  b y  a c o n s ta n t a.c. h e a tin g , the  v o ltag e  o f w hich 
w as supp lied  b y  a stab ilize r. The tu b e  w as s ta r te d  b y  a h ig h -freq u en cy  keep
alive v o ltag e , en su rin g  ad eq u a te  ca th o d e  h e a tin g .

F ig . 1 show s th e  electric  c ircu it d iag ram  of th e  ex p erim en ta l a rra n g e m en t. 
T h e  c o n s ta n t h e a tin g  of th e  ca th o d e  К  was a ssu re d  b y  th e  s tab iliz ed  a.c. 
v o ltag e  source SAC. T he h ea tin g  c u rre n t and  th e  h e a tin g  voltage  co u ld  be read  
on th e  in s tru m e n ts  I h, resp . V h. T h e  ohm ic re s is tan ce  R h served fo r  th e  ex ac t 
a d ju s tm e n t o f th e  h e a tin g  c u rre n t to  th e  desired  v a lu e .

T he d ischarge w as fed  b y  th e  d .c . source SD C an d  its  c u rre n t w as lim ited  
b y  th e  sy m m etrica lly  p laced  ohm ic resistances R t an d  R 2. D u rin g  th e  whole 
series o f m easu rem en ts  th e  d ischarge c u rren t h a d  a v a lue  of 760 m A  th ro u g h 
o u t. T he d ischarge c u rre n t could be re a d  on th e  in s tru m e n t I t an d  th e  bu rn in g  
vo ltag e  o f th e  d ischarge  on th e  in s tru m e n t Vt.
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T h e  h ea tin g  c u rre n t o f th e  c a th o d e  was chosen  in  such a w a y  th a t  th e  
to ta l  specific su rface  w a t t  load ing  a ris in g  from  th e  discharge a n d  th e  h ea tin g  
o f th e  ca th o d e  re a c h e d  a value d e te rm in e d  in  a d v a n c e . A ccord ing ly , th e  to ta l  
p ow er loss on th e  ca th o d e  was 6,2 W .

T h e  dim ensions o f  th e  an o d e  cy linder w ere chosen so t h a t  th e  specific 
su rface  c u rren t lo ad in g  o f th e  a n o d e  h ad  a v a lu e  d e te rm in ed  in  a d v an ce , i.e . 
2,6 m A /m m 2. B y  choosing  these  d im ensions th e  an o d e  fall g o v ern ed  b y  th e  
specific  surface c u r re n t  load ing  a ris in g  on th e  sp ira l e lectrode in  th e  anodic  
h a lf  p e rio d  could b e  a d ju s te d  and  d e te rm in ed  in  th e  case of a g iven  ty p e  o f a .c . 
su p p lied  flu o rescen t tu b e .

T h e  leng th  o f  th e  d ischarge sp ace  w hich — as was described  above — 
co n sis ted  of only  th e  anode-fall a n d  ca th o d e-fa ll sections, w as 23 m m , u n d e r 
th e  g iv en  d ischarge cond itions.

T h e  in su la ted  coil w ith in  th e  an o d e  cy linder w as chosen in  su c h  a m an n e r 
th a t  i ts  h e a t c a p a c ity  w as b y  som e o rders of m a g n itu d e  low er th a n  t h a t  o f th e  
anode cy linder in  o rd e r th a t  i t  sh o u ld  be ab le  to  follow sa tis fa c to rily  th e  
chan g es o f te m p e ra tu re  o f th e  anode  cy linder.

I n  th e  p re se n t case th e  ra tio  o f  th e  tw o h e a t  capac ities w as 1 : 540. Con
se q u e n tly , th e  coil cou ld  ta k e  u p  th e  te m p e ra tu re  o f th e  iron  cy lin d e r v e ry  
q u ick ly  an d  to  a good a p p ro x im a tio n  th e  te m p e ra tu re  of th e  coil ag reed  w ith  
th a t  o f  th e  iron  c y lin d e r.

A s th e  cold re s is tan ce  of th e  coil (the re s is tan ce  m easured  a t  20° C) w as 
k n o w n , th e  te m p e ra tu re  o f th e  coil co u ld  be d e te rm in e d  b y  m easu rin g  th e  h ea t 
re s is tan ces  arising  a t  th e  various te m p e ra tu re s  a n d  in  th is  w ay  th e  d e te rm in 
a tio n  o f  th e  te m p e ra tu re  of th e  iro n  cy linder co u ld  be reduced  to  m easu rin g  
th e  ch an g in g  coil re s is tan ce . This w as m easured  in  th e  bridge c irc u it В  show n 
in  F ig . 1, in  case o f  an  a .c . supp ly  v o ltag e . The m easu rem en t w as p reced ed  b y  
te s t  m easu rem en ts  w here  th e  change o f  th e  re s is tan ce  w as d e te rm in ed  a t  1 m A  
c u r re n t in te n s ity  b y  th e  a id  of an  in s tru m e n t w h ich  w as also supp lied  b y  a lte rn 
a tin g  c u rre n t.

A ll these m easu rem en ts  w ere p receded  b y  c o n tro l m easu rem en ts  w hich 
in d ic a te d  th a t  a t  a l te rn a tin g  c u rre n ts  o f th e  in te n s itie s  in questio n  th e  in d u c t
ance o f  th e  coil w as s till negligible beside th e  ohm ic  resistance. A t  a  cu rren t 
of 1 m A  no w arm in g  u p  could be o b se rv ed , th e re fo re  also in  th is  w a y  th e  cold 
re s is ta n c e  of th e  coil cou ld  be d e te rm in ed .

T h e  resis tan ce  m easu rem en ts  ex ecu ted  w ith  th e  help  of th e  b rid g e  circu it 
В a n d  rep re sen ted  in  F ig . 1 were rep ro d u c ib le  to  a sa tis fac to ry  accu racy .

B efore th e  b eg in n in g  of th e  m easu rem en ts  th e  d ischarge o p e ra te d  for 
30 m in u te s  u n d er th e  p rev iously  described  d isch arg e  c ircum stances and  th e  
co n d itio n s w hich w ere to  he in v e s tig a te d .
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3. M easuring  m ethod . R esults

T h e  anode fa ll m easu rin g  m e th o d  w as based  on th e  fa c t th a t  fro m  th e  
d ischarge  c u rre n t an d  fro m  th e  h e a t  energy  tra n sp o r te d  b y  th e  e lec tro n s 
to  th e  an o d e , w hich  c a n  be  m easu red , th e  p o te n tia l  difference a t  w hich 
th e  e lec tro n s acce lera te  to  th e  an o d e  can  be c a lc u la ted . T he p o te n tia l  
d ifference corresponds to  th e  anode  fa ll.

In  th e  course o f th e  ex ecu tio n  o f  th e  m easu rem en ts  the  change o f th e  
te m p e ra tu re  o f th e  anode h a d  to  be d e te rm in ed . T his h ap p en ed  w ith  th e  help  
of th e  abo v e-m en tio n ed  res is tan ce  m easu rin g  m e th o d  b y  d e te rm in in g  th e  
cooling o f  th e  anode cy lin d er w hich se t in  w hen  th e  d ischarge  was ex tin g u ish ed . 

T h e  course o f th e  m easu rem en ts  an d  ca lcu la tions w as th e  fo llow ing. 
W hen th e  ca th o d ic  w a tt  load ing  (w ith  a.c.) an d  anod ic  c u rre n t load ing  

(w ith  d .c . discharge) w ere a d ju s te d  to  th e  values g iven  above th e  d ischarge  
eq u ilib riu m  p rac tica lly  se t in  a fte r  30 m in u te s  u n d er th e  cond itions described . 
A ccord ing ly , th e  p a ra m e te rs  to  be ex am in ed , th e  anode te m p e ra tu re , th e  gas 
te m p e ra tu re  and  th e  anode fall, re p re se n te d  th e n  s ta t io n a ry  q u a n titie s . W hen  
th e  d ischarge  w as ex tin g u ish ed  th e  cooling curve o f th e  anode c y lin d e r was 
reco rded . The q u a n ti ty  o f  h e a t Q s to re d  b y  th e  iron  cy lin d er re la tiv e  to  th e  
a m b ie n t gas can be ca lcu la ted  from  th e  following expression :

Q =  c • M ( T  — Tg) , (2)
w here

c is th e  specific h e a t o f iron  (cal g ra m m -1  d eg ree -1 )
M  th e  m ass o f th e  iro n  anode cy lin d er (g)
T  th e  te m p e ra tu re  o f th e  anode  cy linder (degree)
Tg th e  te m p e ra tu re  o f th e  gas su rro u n d in g  th e  anode cy linder in  case of 

a s ta tio n a ry  d ischarge  (degree).
O ne p a r t  of th e  h e a t q u a n ti ty  ta k e n  up  from  th e  d ischarge an d  s to re d  b y  

th e  an o d e  a fte r  th e  s to p p in g  of th e  d ischarge  is g iven  o ff by  h e a t  t ra n s fe r  
th ro u g h  th e  surface o f th e  anode. T h is  q u a n tity  Q 1 (cal) m ay  be ca lc u la ted  
from  th e  re la tion

dQ 1 =  F  ■ a ( T  -  Tg) d t , (3)
w here

F  is th e  surface o f th e  anode cy lin d er (m m 2), th e  surface h e a t  tra n s fe r  
coefficien t o f th e  anode cy lin d er (cal. m m -2 sec -1  d e g re e -1 ) and  

dt th e  co rrespond ing  tim e  (sec).
The h e a t  q u a n tity  d iss ip a ted  b y  ra d ia tio n  is neg lec ted  in  th e  ca lcu la tio n s . 
D u rin g  th e  cooling th e  h e a t q u a n t i ty  dQ.2 lo s t b y  th e  anode cy linder in  th e  tim e  
dt is g iven  by

dQ2 =  c M d T  , (4)
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w here  d T  is th e  te m p e ra tu re  b y  w hich th e  an o d e  cy linder has cooled dow n. 
A s th e re  m u st be

d Q i =  dQ2 (5)
th e  re la tion

c ■ M  ■ d T  =  F  ■ a ( T  -  T g) ■ dt (6)

m u s t also ho ld . T ran sfo rm in g  equ . (6)

d T  F -a  1
------=  ---------dt . (7)

T  — T g c M K ’

In te g ra tio n  equ . (7) resu lts  in

r  =  exp(~5vTt + B ) +  :r*’ (8)
w h ere  В  is th e  in te g ra tio n  c o n s ta n t. I f  we d e n o te

F a
— —  =  A , (9)

re la tio n  (8) can  b e  w ritte n  in  th e  follow ing fo rm

T  =  ex p  (A t  -T B )  -f- T g . (10)

I f  we tak e  in to  acco u n t th a t  a t  th e  m om en t t =  0 th e  te m p e ra tu re  T 0 o f th e  
c y lin d e r c a n n o t b e  regarded  as eq u a l to  th e  te m p e ra tu re  T og o f th e  gas, th e  
v a lu e  of В  can  be  given from  th is  in itia l co n d itio n  as

T 0 =  exp В  +  T g0 , (11)

T o — T go =  exP B - (12)

F ro m  th is th e  e q u a tio n  of th e  cooling  curve o f th e  anode cy linder is found to  be :

T = ( T 0 -  T g0) exp A t  +  Tg , (13)
w h ere  generally

Tg0 Ф  T 0. (14)

T h e  ta n g e n t o f th e  curve is g iven  by

* d T
=  (T o -  T go) A  ■ ex p (A t) . ( 1 5 )

A s th e  aim  o f th e  p resen t in v es tig a tio n s  is th e  d e te rm in a tio n  of th e  h e a t 
en e rg y  tak en  u p  b y  th e  anode from  th e  d isch arg e , th e  va lu es  o f th e  cooling
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curve ta k e n  up  im m ed ia te ly  a fte r  th e  c u to ff  are im p o r ta n t, i.e.

lim  =  lim  [(T 0 — T  0) A  e x p  A T ]  , (16)
t^o dt t^o

lim  dy -  =  ( T  0 T g0) A .  (17)
i-̂ o dt

D eterm in ing  th e  lim itin g  values in  d iffe ren t po in ts  o f th e  cooling cu rv e  and 
p lo ttin g  th e  v a rious d ischarge curves, th e  v alue  of th e  th re e  unknow ns in  th e  
e q u a tio n  A ,  T s and  T 0 can be given. F ro m  th e  re la tio n

dQ =  F  ■ a ( T 0 -  Tg0) d T  (18)
follows

~T~ =  F  ' a ( T n — T g0) (19)
at

in  u n its  of cal sec-1 . C onverting  th is  in to  w a tts , th e  v a lu e  o f th e  anode fa ll can 
be given as th e  d ischarge  c u rre n t is k now n .

In  tho se  cases w hen  before th e  d ischarge  has s ta r te d  th e  te m p e ra tu re  of 
th e  gas agrees w ith  t h a t  of th e  iron  cy linder, th e  ca lcu la tio n  becom es even 
sim pler.

T he cooling cu rve  o f th e  anode cy linder m easu red  u n d er th e  d ischarge  
cond itions described  earlie r is to  be seen in  Fig. 2. T h e  scale to  th e  le f t  o f  th e  
v e rtic a l ax is gives th e  h e a t res is tan ce  R m o f th e  m easu rin g  coil in  ohm s, w hile 
th a t  to  th e  r ig h t gives th e  ra tio  o f th e  h e a t resistance  R m an d  th e  cold re s is tan ce  
R h as w ell as th e  te m p e ra tu re  of th e  cy lin d er T  ca lcu la ted  from  it  in  °K . O n th e  
h o rizo n ta l axis th e  cooling tim e  t is m ark ed  in  sec. T h e  cooling cu rv es were 
genera lly  reg is te red  d u rin g  a cooling tim e  of 5 m in u tes .

As on ly  th e  in itia l section  of th e  cu rves, i.e. th e  en v iro n m en t o f th e  p o in t 
co rrespond ing  to  t =  0 is im p o r ta n t from  th e  p o in t o f  v iew  o f th e  ca lcu la tio n s, 
in  F ig . 2 o n ly  th a t  p a r t  o f th e  m easu red  cooling cu rv es, i.e. th e  curves fo r th e  
tim e  im m ed ia te ly  a f te r  th e  sto p p in g  o f th e  d isch arg e  is rep re sen ted . The 
in itia l va lu es  belonging  to  th e  curves show n in F ig . 2 an d  th e  co rrespond ing  
resu lts  a re  sum m arized  in  T ab le  1, w ith  th e  n o ta tio n s  in tro d u ced  p rev io u sly .

Table 1

Discharge
current

h

Tube
voltage

Vi

H eating
voltage

Vx

H eating
current

h

Tem perature 
of the 

cylinder
T e

Tem perature 
of the  gas

T ,

Anode
performance

Wa

!
! Ajiode fall 

1 V°

760 mA 16,0 V 8,5 V 730 mA 317° C 71° C 2,66 W 3,5 V
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As can  be seen fro m  th e  T ab le  th e  value o f th e  anode fall o b ta in e d  by  m ean s 
o f  th e  described  m e th o d  w as V a =  3,5 V.

T he v a lu e  o f  3,5 Y for th e  anode fall ag rees well w ith  th e  re su lts  o f in 
v e s tig a tio n s  o f  a  d iffe ren t c h a ra c te r  p erfo rm ed  p rev iously  b y  th e  au th o rs . 
T he v a lu e  o f 12,5 fo r th e  ca th o d e  fa ll c a lcu la ted  in  th e  p re se n t case from  th e  
d ifference b e tw een  th e  b u rn in g  v o ltag e  an d  th e  anode fall is in  good ag reem en t 
w ith  th e  re su lts  o f  th e  p robe  m easu rem en ts  ca rried  ou t p rev io u sly  u n d er 
s im ila r c ircu m stan ces .

Uec]

2.34

t

Rm

2.17

2.0

1.83

Fig. 2.  Cooling curve o f  the iron anode cylinder. R m the  heat resistance in ohm s, R mjR h the  
ratio o f the heat and cold resistances, T  the  corresponding temperature in  °K , t the cooling

tim e in sec

In  th e  course  of th e  ex p e rim en ts  also su ch  m easu rem en ts  w ere carried  
o u t in  w hich in s te a d  o f  th e  a.c . ca th o d e  h e a tin g  d .c. ca th o d e  h e a tin g  of th e  
sam e in te n s ity  w as app lied . T he a im  of th e se  a d d itio n a l ex p erim en ts  w as to  
e s tab lish , w h e th e r th e  c h a ra c te r  o f  th e  ca th o d e  h e a tin g  influences th e  value of 
th e  anode fall. I n  ag reem en t w ith  th e  re su lts  o f in v estig a tio n s o f  a sim ilar 
c h a ra c te r  p erfo rm ed , how ever, u n d e r  d iffe ren t c ircum stances b y  S ag g au  [3] 
i t  w as found  here  also th a t  th e  v a lu e  of th e  an o d e  fa ll in  th is  case is n o t affected  
b y  th e  c h a ra c te r  o f  th e  ca th o d e  hea tin g .
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КАЛОРИЧЕСКИЙ МЕТОД ДЛЯ ОПРЕДЕЛЕНИЯ АНОДНОГО ПАДЕНИЯ
ГАЗОВЫХ РАЗРЯДОВ

Г. СИГЕТИ, Г. ЛАКАТОШ и Й. БИТО

Р е з ю м е

Авторами создается разряд без положительного столба, в котором определяется 
анодное падение калорическим методом. Значение поверхностного тока и ваттовая 
нагрузка анода и катода определяются заранее. Описываются экспериментальные условия, 
подробно анализируются теоретические и экспериментальные основы исследования. 
Рассматриваются условия применимости. Приводятся результаты, полученные в случае 
ртутно-аргонно-неонной разрядной трубки. Эти результаты хорошо согласуются с преды
дущими исследованиями авторов.
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PIEZOGALVANOMAGNETIC EFFECT 
IN rc-TAPE GERMANIUM

By

A . Z a w a d o w s k i*

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 

(Presented b y  G. Szigeti. — R eceived: 14. II. 1964)

The elastogalvanom agnetic coefficient o f re-type germ anium  has been calculated in  the  
H e r r in g —V o g t  relaxation tim e tensor approxim ation choosing the direction o f the sam ple  
and of the m agnetic field  to be [1, 0, 0] and [0, 1, 0 ] ,respectively . If the ratio o f the relaxation  
tim e tensor com ponents is energy-independent, the elastogalvanom agnetic constant is ex a ctly  
one. This assum ption is satisfied  for scattering purely on acoustic phonons or purely on im pu
rities. A  discrepancy can be expected  for in tervalley  scattering or for scattering on phonons 
and im purities. The latter effect decreases the e lastogalvanom agnetic coefficient by not more 
than a few  percent.

§ 1. In tro d u c tio n

T ra n sp o r t  p h en o m en a  due to  e lec trons and  holes in  sem iconducto rs can  
be a p p ro x im a te ly  described  b y  th e  BoLTZMANN-type tr a n s p o r t  e q u a tio n . In  
general th e  ex ac t so lu tio n  o f th e  B o l t z m a n n  eq u a tio n  c an n o t be g iven , b u t  
b y  in tro d u c in g  th e  co n cep t o f re lax a tio n  tim e  a good a p p ro x im a te  so lu tion  of 
th e  eq u a tio n  can be o b ta in e d  for severa l, p h y sica lly  in te re s tin g  cases. D u rin g  
th e  la s t decade e x p e rim e n ta l d a ta  supp lied  an  increasing  a m o u n t o f in fo rm 
atio n  on re la x a tio n  tim e . One g roup  o f th e  m easu rem en ts  w as d ev o ted  to  
m easu ring  th e  ga lv an o m ag n e tic  effect (m easu rem en t o f th e  v a r ia tio n  o f re s is ti
v ity , H all c o n s ta n t, m ag n e to resis tan ce  as a fu n c tio n  o f  te m p e ra tu re  in  m ag n e tic  
an d  e lec tric  fields o f v a rio u s  in tensities). T he o th e r m a jo r g roup  of m easu rem en ts  
was concerned  w ith  th e  effects due to  th e  m echan ical d e fo rm atio n  of m a t te r  
(the  v a r ia tio n  of p iezoelectric  re s is tan ce , acousto e lec tric  effect).

B . W . K e y e s  [1] w as th e  f irs t  to  in v es tig a te  th e  com bined  e ffec t of 
m echan ical stress an d  m ag n e tic  fie ld  on th e  co n d u c tiv ity  of n -ty p e  Ge. T he 
effect o f p u re ly  m echan ical d e fo rm ation  on th e  c o n d u c tiv ity  o f n -ty p e  g e rm a n 
ium  w as f irs t  observed  b y  C. S. Sm ith  [2]. T he th e o ry  o f th e  v a r ia tio n  o f  p iezo
resis tan ce  fo r m an y -v a lley  sem iconducto rs w as developed  b y  C. H e r r in g

[3], [4]. In  H e r r in g ’s th e o ry  th e  energy  o f th e  b o tto m  o f each  v a lley  is 
sh ifted  ow ing to  m ech an ica l d e fo rm atio n , w hich  has tw o  im p o r ta n t co n 
sequences:

* Present address: Central Research In stitu te  o f P hysics, Budapest.
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1. th e  p ro b a b ility  o f th e  sc a tte rin g  o f  th e  e lec trons from  one v a lley  to  th e  
o th e r ch an g es, an d  th u s  th e  re la x a tio n  tim e  describ ing  th e  so-called  in te rv a lle y  
sc a tte r in g  also  depends on s tress.

2. I n  th e  valleys o f low er energy  m ore  e lec trons are  lo ca ted  in  acco rdance  
w ith  th e rm a l d is tr ib u tio n . T h e  e lec trons o f  each  v a lley  c o n tr ib u te  to  c o n d u c ti 
v i ty  in  a  d iffe re n t w ay  co rrespond ing  to  th e  d irec tions o f  e x te rn a l fie lds, th u s  
c o n d u c tiv ity  is a fu n c tio n  o f  th e  n u m b er o f  e lec trons in  each  valley .

A t h ig h  te m p e ra tu re  th e  f ir s t  fa c to r  p rev a ils  an d  a t  low  te m p e ra tu re  th e  
second. T h e  tem p e ra tu re -d e p e n d e n c e  p re d ic te d  b y  th e  th e o ry  w as also e s ta b 
lished  e x p e rim e n ta lly  b y  F . S. M o r in , T . H . Ga b a l l e  an d  C. H e r r in g  [5]. 
H ow ever, i t  is d ifficu lt to  e s tim a te  th e  coup ling  c o n s ta n t o f in te rv a lle y  s c a t te r 
in g  from  th e se  m easu rem en ts . R . W . K e y e s  [1] s tre tc h e d  an  n - ty p e  g e rm an iu m  
sam ple  in  th e  d irec tio n  o f  i ts  ax is , an d  a p p ly in g  a tra n sv e rsa l m ag n e tic  fie ld  
p e rp e n d ic u la r  to  th is  d ire c tio n  m easu red  th e  re su ltin g  change o f re s is tiv ity  
(e la s to g a lv an o m ag n e tic  effect). T he d irec tio n  o f th e  sam ple w as [1, 0 , 0 ] and  
th a t  of th e  m a g n e tic  fie ld  [0 , 1, 0 ] . K e y e s  developed  th e  th e o ry  o f th e  e ffec t 
u n d e r  th e  a ssu m p tio n  th a t  th e  collisions can  be  described  b y  a sca la r re la x a tio n  
tim e . H e fo u n d  th a t  th e  p iezo g a lv an o m ag n e tic  coeffic ien t G in tro d u c e d  b y  
h im  w as e x a c tly  u n ity , w hen  th e  coup ling  c o n s ta n t W j  o f th e  in te rv a lle y  
sc a tte r in g  w as zero  an d  th a t  in  f irs t  a p p ro x im a tio n  th e  d ifference from  u n ity  
w as p ro p o rtio n a l to  th e  coup ling  c o n s ta n t W j.  In  his ca lcu la tio n s R . W . K e y e s  
e x p an d ed  in  series in  pow ers o f th e  m ag n e tic  fie ld  H  an d  d e te rm in ed  th e  te rm s  
p ro p o rtio n a l to  H 2. T hus in  his m easu rem en ts  th e  in te n s ity  o f th e  m ag n e tic  
f ie ld  h a d  to  be  re s tr ic te d . F ro m  his e x p e rim e n ta l re su lts  he e s tim a te d  th e  
coupling  c o n s ta n t  IVj.  L a te r  G. W e in r e ic h  a n d  his co llab o ra to rs  d e te rm in ed  
th e  value  W j  m ore  a c c u ra te ly  from  th e  re su lts  o f  th e  aco u sto e lec tric  effect [7],
( W ,  =  10 u  ±  0,3 sec - l

C. H e r r in g  and  E . V ogt [4], an d  la te r  S am oilo vich  an d  h is  c o lla b o ra t
ors show ed t h a t  a b e tte r  a p p ro x im a tio n  o f  th e  so lu tio n  o f th e  B oltzm ann  
eq u a tio n  can  be  given i f  a re la x a tio n  tim e  te n so r  is in tro d u c e d . T h e  a p p ro x im 
a tio n  fo r p h o n o n  sc a tte r in g  w as in v e s tig a te d  b y  a ll th e se  a u th o rs  an d  th e ir  
co llab o ra to rs  [4] [6] an d  [8]. C. H e r r in g  a n d  his co llab o ra to rs  fo u n d  th a t  th e

. г I
ra tio  o f th e  tw o  re la x a tio n  tim es  in tro d u c e d  i s ----=  1,18. F o r  s c a tte r in g  on

r t
an ion ized  im p u r ity  Sa m o ilo vich  and h is co llab orators [8 ], [9] ob ta in ed  for

T[
th e  va lu e  o f —  a resu lt b etw een  9 — 11, w h ich  is in  good agreem en t w ith  H a m ’s

[10] p rev io u s re su lt. I f  th e  r a t i o --- is en e rg y -in d ep en d en t, b y  m odify ing  th e
r t

v a lu es  o f  th e  effective m asses tr a n s p o r t  p h en o m en a  can  be tr e a te d  w ith  th e  
a id  o f th e  sc a la r  re la x a tio n  tim e .
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T he above resu lts  show  th a t  fo r sc a tte r in g  p u re ly  on an  ionized im p u r ity  
o r p u re ly  on a ph o n o n  th e  d ev ia tio n  o f  th e  e la sto g a lv an o m ag n etic  c o n s ta n t G 
from  u n ity  is s till p ro p o rtio n a l to  th e  coup ling  c o n s ta n t o f in te rv a lley  sc a tte rin g .

r,
H ere we h av e  assum ed t h a t  for s c a tte r in g  on ion ized  im p u ritie s  th e  ra t io  —

r t
is en e rg y -in d ep en d en t. H ow ever, th is  is only  va lid  to  an  accu racy  o f  ap p ro x . 
10% . S hou ld  th e  tw o  ty p e s  of s c a tte r in g  m echan ism s be m ixed , th e  c o n s ta n t
T,

—  sen sitiv e ly  depends on th e  energy .

In  th e  p resen t p a p e r  assum ing  a re la x a tio n -tim e  te n so r we h a v e  d e te r 
m ined th e  v alue  of G fo r th e  d irec tions o f th e  axis on th e  sam ple an d  th e  m ag 
netic  fie ld  as chosen b y  H . W . K e y e s . B ased  on th e se  ca lcu la tio n s th e  d ev ia tio n  
of th e  p iezo g a lv an o m ag n e tic  c o n s ta n t from  u n ity  is com posed of tw o  te rm s: 

1. th e  te rm  p ro p o rtio n a l to  th e  coupling c o n s ta n t W /,
r,

2. th e  te rm  due to  th e  energy-dependence  o f ---- .
r t

T he resu lts  o b ta in e d  w ill be ap p lied  to  th e  case w hen  th e  tw o  ty p e s  of 
sc a tte rin g  m echanism s (sca tte rin g  on  im p u rity  a n d  on phonon) a re  eq u a lly  
sig n ifican t. O ur ca lcu la tio n s are v a lid  up  to  m a g n e tic  field  in te n s itie s  a t  
w hich q u a n tu m  p h en o m en a  can s till be  neglected . I f  on ly  th e  energy  d ep en d 

ence o f —— is ta k e n  in to  accoun t, th e  d ev ia tion  from  u n ity  of th e  c o n s ta n t G 
r t

am o u n ts  to  a few p e rc e n t only , b u t  i t  is s till possible to  observe i t  e x p e rim e n t
ally b y  increasing  th e  in te n s ity  o f th e  m agnetic  fie ld . On th e  basis  o f th e  
th e o ry  g iven  here i t  can  be expec ted  t h a t  th e  e la s to g a lv an o m ag n etic  c o n s ta n t 
has a local m in im um  a t  th e  te m p e ra tu re  w here th e  tw o  sc a tte rin g  m echan ism s 
are m ix ed ; or, a t  a g iven  te m p e ra tu re , a t  th a t  im p u r ity  c o n cen tra tio n  w here 
th e  tw o  k inds of s c a tte r in g  m echan ism s are m ixed  to  th e  g re a te s t e x te n t .

§ 2. The Boltzm ann equation and its solution

F or th e  band  stru ctu re o f  germ an iu m  th e  m a n y -v a lle y  m odel is assu m ed . 
H e r r in g  andV oG T [4] described  th e  m o b ility  o f  e lec tro n s and h o le s ,r e sp e c t iv 
e ly , b y  a tran sp ort eq u a tio n  for th e  general case w h en  th e  sem icon d u ctor  
con ta in s N v en ergy  v a lle y s .

In  th e  co n d u c tio n  b a n d  of sem iconducto rs th e  equ ienergetic  surfaces 
n ear th e  energy  m in im u m  are generally ' ellipsoids; th e  effective m ass te n so r 
M(,), th e  com ponen ts o f  w hich are en e rg y -in d ep en d en t, can  he in te rp re te d  in  
th is  w ay  fo r th e  v a lley  (i). The en erg y  m easu red  from  th e  b o tto m  o f th e  energy  
v alley  is deno ted  b y  A s ^  and  (He) l(Ae) is th e  c u rre n t d en sity  due  to  th e
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e lec trons in  th e  v alley  (i) th e  energy  o f w hich  is in  th e  en e rg y  in te rv a l 
(As, A s  -f- d(zle)); fu r th e r  n (l> is th e  to ta l  n u m b e r  o f e lectrons in  th e  valley  (i). 
P  (As)  d eno tes th e  re la x a tio n  tim e  ten so r o f th e  v alley  (i), th e  p rin c ip a l axes 
o f w hich  agree w ith  th e  p rin c ip a l axes o f th e  effec tive  m ass te n so r . A ccording 
to  H e r r in g  an d  V ogt [4] in  th e  re la x a tio n  tim e  ten so r ap p ro x im a tio n  th e  
B o ltzm an n  e q u a tio n  is of th e  follow ing form :

ЭP  (As) 
91

2/1 AO
---------e2 n «  (As) -

3 k T

— —  M (')-1 d p  (As)  X H  — r - 1 (As) d p  (As) , 
c

( 1 )

w here к is th e  B oltzm ann  c o n s ta n t, T  is th e  te m p e ra tu re , e is th e  ab so lu te  value 
o f  th e  charge o f th e  e lectron , c is th e  v e loc ity  o f  lig h t, E  and  H  a re  th e  in te n 
sities o f th e  e lec tric  an d  th e  m ag n e tic  field , re sp ec tiv e ly . n<!> (As)  is th e  energy  
d is tr ib u tio n  o f th e  electrons in  th e  v a lley  (i), w h ich  in  th e  g iven ap p ro x im a tio n  
agrees w ith  th e  B o ltzm an n  d is tr ib u tio n . L e t us in tro d u ce  th e  fo llow ing sim pli
fy ing  n o ta tio n s :

(As)  =  r (i> (As) (2)
as well as

2e2
and II  =  h

ЪкТ c

an d  le t us define fo r th e  v a lley  (i) an d  th e  en erg y  A s  th e  c o n d u c tiv ity  a 1'1'1 (As)  
b y  th e  follow ing eq u a tio n :

p  (As) =  au> (As) E

w ith  w hich th e  p a r t ia l  c o n d u c tiv ity  o f th e  v a lley  (i) becom es

( 3 )

t(0 ( (As) d(As). (4)

T he co n d u c tiv ity  o f  th e  su b stan ce  is th e  sum  o f th e  p a r tia l c o n d u c tiv itie s , i.e.

N„
a  =  V 1 c;<!>.

;=i
( 5 )

T he so lu tion  o f  th e  B o ltzm an n  eq u a tio n  o f th e  fo rm  (1) for sm all e lec tric  field 
in ten s itie s , an d  fo r  a rb itra ry  m ag n e tic  fie ld  in te n s itie s  becom es th e n :

ct(') (As) =  XAsW n<'> (As) *(0 +  ^(* *Ь) X + A h o h  ^
l + A ( I i x - 4 i ) ( 6 )

1 Here X is th e  vector and о m eans th e  diadic p roduct.

A cta  Phys. Hung. Tom. X V I I .  Fasc. 4.
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w here
A(Ae) =  d e t x ^ U -  (?)

T h e  re s is tiv ity  p can  be d e te rm in e d  from  th e  recip rocal o f  th e  co n d u c tiv ity  
te n so r. M easuring th e  re s is tiv ity  in  th e  d irec tio n  o f th e  u n ity  v e c to r  e  we h a v e

Q, =  eo~1e. (8)

F o r  n -ty p e  g erm an iu m  th e  w ell-know n m odel o f  four energy  m in im a  is u sed . 
I n  th is  m odel th e  en erg y  su rfaces n e a r th e  m in im a  are e llipso ids of rev o lu tio n

a n d  th u s  tw o effective m asses a re  requ ired  to  charac terize  th e m . The effective 
m ass te n so r is tran sfo rm ed  to  th e  p rin c ip a l ax is  in  th e  form

0
0 \

M = 0 m t
0V о 0 m l J

T h e  en erg y  m in im a are n u m b ered  as show n in  F ig . 1.
T he form  of th e  m ass te n so r  fo r th e  v a rio u s  valleys is g iv en  in  th e  A ppend ix  

in  a coo rd in a te  sy stem  d e te rm in ed  b y  th e  c ry s ta l  axes. F ro m  sy m m etry  co n 
sid e ra tio n s i t  follow s th a t  th e  re la x a tio n  tim e  te n so r  is of a s im ila r  form  as th e  
m ass te n so r and  th u s  th e  te n so r  x  derived  fro m  th e  above tw o  tensors is also  
o f  th e  s tru c tu re  show n in th e  A ppend ix .
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L e t th e  re lax a tio n  t im e  ten so r tra n sfo rm e d  to  th e  p rincipal ax is  be  th e  
follow ing:

/ х , (А е )  о о la , ( A e )  о о ^
x(Ae)  =  о x t (Ae) о — x (Ае) о a t (Ae) о . (10)

V о о г. (А е)!  о о a ; (de),

г, (Je )
I f  th e  r a t i o -------— is in d e p e n d e n t o f A s ,  a t and Gtj can  b e  chosen to  be  energy-

Tt {Ae)
in d e p e n d e n t. F rom  th e  expression  (6) i t  can  be seen t h a t  th e  re s is itiv ity  only 
depends on  th e  ten so r x a n d  does n o t  d ep en d  s e p a ra te ly  e ither on r  o r on  M.

r i e)T hus, as fa r  a s -------—  is en erg y  in d e p e n d e n t, the  v a lu e  o f  co n d u c tiv ity  equals
T ,(de)

th e  v a lu e  ca lcu la ted  w ith  th e  scalar re la x a tio n  tim e , i f  th e  following s u b s ti tu 
tions a re  ca rried  ou t: 1. th e  re lax a tio n  tim e  is rep laced  b y  x(Ae); 2. th e  va lu es  
of th e  e ffec tive  m ass a re  m odified  to  be

m, m,m, —y - - - ,  Щ ~ * - - - .
at a,

K e y e s  [1] based  th e  th eo ry  o f  th e  e lasto g a lv an o m ag n etic  e ffec t on  th e  
a ssu m p tio n  o f scalar re la x a tio n  tim e . T h u s  i t  is o b v io u s  from  w h a t w e h av e

г,  (As)
said  ab o v e  th a t  his re su lts  can  easily  b e  generalized f o r ----- :— =  c o n s t, by

r,  (de)
c a rry in g  o u t  th e  a p p ro p r ia te  su b s titu tio n s . Thus, i f  the ratio o f  the components  
o f  the relaxation-time tensor is energy-independent and  the coupling constant W[ 
o f  intervalley scattering is zero, the value o f  the elastogalvanomagnetic constant G 
is one.

I n  th e  following w e shall be co n cern ed  w ith  th e  case when th e  ra t io  of 
th e  co m p o n en ts  of th e  re la x a tio n -tim e  ten so r is e n e rg y -d ep en d en t. F i r s t  we 
ca lcu la te  th e  value o f th e  v a ria tio n  o f  m ag n e to re s is tan ce  for th e  case  con
sidered .

§ 3. D eterm ination of the variation of magnetoresistance 
if  the m agnetic field  is o f direction [0 ,0 ,1 ]

A s reg ard s sy m m e try  tra n sfo rm a tio n s  th e  e n e rg y  valleys ta k e n  in to  
acco u n t in  undeform ed  sem ico n d u c tu rs  p la y  iden tical ro les  and  th u s  th e  n u m b e r  
o f e lec tro n s is th e  sam e in  each v a lley . A ccordingly , in  th e  u n d efo rm ed  case 
n^  (Ae) is in d ep en d en t o f  (i) and th e  in d e x  can be o m itte d .

T h e  co n d u c tiv ity  c a n  be given w ith  th e  aid of (4), (5) and (6). T h e  resu lt 
is, in  gen era l, ra th e r  in tr ic a te .  C onsiderab le  sim p lifica tio n  can he o b ta in e d  i f
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th e  v a lu e  o f th e  d en o m in a to rs  is an  id en tica l s c a la r  for each v a lle y . T hen  th e  
f in a l re su lt is th e  in te g ra l o f an  exp ression  s im ila r to  (6), w here th e  tensors и 
are rep laced  b y  m ean  values w hich  m a y  o b ta in e d  b y  th e  aid  o f  (A . 3). The 
d en o m in a to rs  can  be  m ade id en tica l b y  choosing th e  d irection  o f th e  m agnetic  
fie ld  to  be  [0, 0, 1], as in  th is  case th e  re la tiv e  p o sitio n  of th e  in d iv id u a l valleys 
w ith  re sp ec t to  th e  m ag n etic  fie ld  is iden tica l.

L e t us d e te rm in e  f irs t th e  v a lu e  of T he in te g ra tio n  in v o lv ed  in  i t  cor
resp o n d s to  a B o l t z m a n n  av erag in g  as th e  in te g ra n d  includes th e  electron  
d e n s ity  n <!) (As) w h ich  follows th e  B o l t z m a n n  d is tr ib u tio n . D en o tin g  th e  
B o l t z m a n n  average b y  <  >  we o b ta in  for (4) fro m  (6) th e  fo llow ing:

<T(0 =  ;.<P < ---------- ---------------(x(,) +  A (>:<')-1 h)  X +  A h  о h )  > ,  (11)
1 +  A (h  x (l) 1 h )

w here rew deno tes th e  to ta l  n u m b e r o f e lec trons in  th e  v alley  (i), w hich, ex 
pressed in  te rm s o f th e  d en sity  o f  co nduc tion  e lec trons in  th e  case w ith o u t 

re
d e fo rm a tio n  i s ----- . T he  expression  (5) o f c o n d u c tiv ity  b y  u s in g  (6) and

N v
(11) sim p ly  becom es

a  =  A  -|- B h x  - f  C/t о h ,

w here A ,  В  and  C a re  th e  follow ing sca la r expressions:

Are
Л =  —  У  <gx«r>,

N v i“ i °

Xn
B = t

i= i

C =  Are (g A } .

( 12)

(13)

H ere th e  fu n c tio n  g(As)  is

g(Ae) =
As

1 + A ( k x ~ 4 i )  ' 

F o r th e  re s is tiv ity  te n so r we o b ta in  from  (12)

A - B h X  +  —  A C  h  о h

(14)

- l _ A  +  С I h  I2 
A* +  B 2 \ h \ 2

(15)
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§ 4. T heory  of the  e lasto g a lv an o m ag n etic  effect

I n  ca lcu la tin g  th e  e la sto g a lv an o m ag n etic  e ffec t th e  geom etrica l a rran g e
m e n t is g iven in  a co o rd in a te  sy s tem , th e  axes o f  w h ich  are th e  c ry s ta l  axes. 
T he m ag n e tic  fie ld  in te n s ity  in  th e  a rra n g e m en t chosen  is [0, 0 ,1 ] .  T he axis 
o f th e  sam ple is, as show n in  F ig . 2, in  th e  p lan e  [0, 0, 1] and  su b te n d s  an  
angle <p w ith  th e  d ire c tio n  [1, 0, 0]. T h e  sam ple is p u lled  in  th e  d ire c tio n  of its  
axis.

O w ing to  d e fo rm a tio n  th e  e n e rg y  of the  b o tto m  of th e  energy  valleys is 
sh ifted . F o r sy m m etry  reasons th e  s h if t  is id en tica l fo r th e  valleys 1 an d  3, as 
w ell as fo r 2 and  4 , re sp ec tiv e ly . As a n  effect is o n ly  b ro u g h t ab o u t b y  re la tiv e  
d isp lacem en t, we can  w rite  for th e  sh if t  of th e  in d iv id u a l va lley s

=
— ôs if  1 = 1 ,  3, 
-(- ôe i =  2, 4.

( 16)

In  H e r r i n g ’s [3] [4] th e o ry  th e  ch an g e  of re s is tan ce  due to  d e fo rm atio n , as 
w as m en tio n ed  in  th e  In tro d u c tio n , is com posed o f  tw o  p a rts . T he f i r s t  p a r t  
re su lts  from  th e  ch an g e  o f  As th e  n follow th e  B o lt z m a n n  d is tr ib u tio n  
th e  m u ltip ly in g  fac to rs  co rrespond ing  to  the  to ta l  n u m b e r of p a rtic le s  will be 
d iffe re n t. I t  can  re a d ily  be seen th a t  i f  th e  energy  o f  th e  b o tto m  o f th e  valley  
(y) is sh ifted  by  ô e ^ \  th e  v a ria tio n  o f  n ^  is

8 n / 1
Эdeb) ~  — N v k T  ij ~  lÿ~v ’

w hence fo r th e  special case given b y  (16)

=  (— l)' S n , (17a)

Acta Phys. Hung. Тот. X V I I .  Fasc. 4.
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w here

ön =  —
ôe n

k T  N v '
(17b)

T he second p a r t  o f th e  change o f re s is tiv ity  is due to  th e  v a r ia tio n  o f th e  t r a n s 
itio n  p ro b a b ility  o f in te rv a lle y  sc a tte rin g . T he la t te r  c an  fo rm ally  be ta k e n  
in to  acco u n t in  th e  g iven  re la x a tio n  tim e  a p p ro x im a tio n  b y  m eans o f  th e  
change o f th e  re la x a tio n  tim e  ten so r. L e t th e re  be tint r th e  re lax a tio n  tim e  
ten so r o f th e  v a lley  (i) co rrespond ing  to  th e  elec tron  tra n s it io n s  betw een  th e  
va lleys, i.e . to  in te rv a lle y  sc a tte r in g  an d  T^tra th e  re la x a tio n  tim e  ten so r o f  an  
e lec tron  tra n s itio n  in  th e  v a lley , i.e. o f in te rv a lle y  sc a tte r in g . I t  is well k n o w n  
th a t  r (I) is a re su lta n t re la x a tio n  tim e  te n so r, w hich describes th e  effect of 
b o th  ty p es o f sc a tte rin g

r « -1 =  rffitä +  r^tra • (18)

The energy  sh ift of th e  b o tto m  of th e  valley s  resu lts  in  a lte r in g  th e  p ro b a b ility  
of in te rv a lle y  sca tte rin g . T he change o f th e  re la x a tio n  t im e  te n so r  of th e  v a lley  
(i) can  be g iven  w ith  th e  a id  of a ß  fu n c tio n , w hich can  easily  be o b ta ined  from  
th e  tra n s it io n  p ro b a b ility  o f in te rv a lle y  sc a tte rin g  [1]. T h u s

dr«)-1 Stater _ » 1
8de<fc) ав(и=о 9<5e(*) Г  ivj /31, (19)

w here we h av e  used th e  fa c t th a t  in te rv a lle y  sca tte rin g  can  be described  b y  a 
sca la r re la x a tio n  tim e  ten so r. T he fu n c tio n  ß  is an  in tr ic a te  fu nc tion  o f  th e  
energy  A s ^  p ro p o rtio n a l to  th e  coup ling  c o n s ta n t W j o f  in te rv a lle y  sc a tte r in g . 
T he r ig h t-h a n d  side o f expression  (19) can  be w ritte n  in  su ch  sim ple fo rm , 
only  i f  th e  re la tiv e  p o sitio n  o f an y  tw o  valleys is th e  sam e . F o r g erm an iu m  
th is  can  d ire c tly  be seen in  F ig . 1. A t th e  sam e tim e  fo r silicon th e  re la tiv e  
positions o f  th e  valleys a re  o f tw o  ty p e s , as th e  axes o f  th e  ellipsoids o f re v o 
lu tio n  correspond ing  to  th e  valleys are in  th e  d irec tion  [1, 0, 0] an d  th e  cen tre s  
of th e  valleys are  in  th e  in te r io r  o f th e  B rillou in  zone. F o r  th e  la t te r  m a te r ia l 
th e  r ig h t-h a n d  side of exp ression  (20) is m ore in tr ic a te  a n d  involves tw o  ß  
fu n c tions. T he change o f th e  fu n c tio n  g(Ae)  g iven b y  th e  ex p ressio n  (14) w h ich  
depends on r  w ill also be req u ired . B y  u sin g  th e  d e fin itio n  (14)

8 ( Ae) 

dde<f>
=  - f ( A e ) ß ( A e ) *ч -

\ here

f (A e )  =

■ L ) . (20a)
Я .1

S p u r (r))/i). (20b)(1 + /4 ( h x ~ l Л))2
The tw o  effects d e a lt w ith  in  d e ta il above eq ua lly  re su lt  in  th e  change o f  a. 
F ro m  th e  fo rm  given b y  expressions (12) an d  (11) o f th e  c o n d u c tiv ity  te n so r  о

Acta Phys. Hung. Tom. X V I I .  Fase. I .



476 A. ZAWADOWSKI

i t  can re a d ily  be  seen th a t  th e  change ôa o f  th e  co n d u c tiv ity  ten so r due to  d e 
fo rm atio n  can  be w ritten  in  th e  form

ôa  =  a  -f- (bit) X +  c/t о h , (21)

w hence th e  ch an g e  of th e  te n s o r  of re s is itiv ity  q  in  lin e a r  a p p ro x im a tio n  is

ôg =  ôa~} =  — с;-1  ô сто-1. (22)

T he lin ear ap p ro x im a tio n  is ju s tif ie d  fo r  stresses u su a lly  app lied , as ôa is 
su ffic ien tly  sm all. A ccord ing  to  expression  (8) th e  change ôg o f th e  specific  
re s is tiv ity  can  be expressed , b y  using (5), (11), (12), (13) a n d  (21) in  te rm s  of 
th e  ten so rs  a , b an d  c. U sing  th e  fac t t h a t  (eh)  is zero in  th e  a rra n g e m en t g iven  
in  Fig. 2 w e o b ta in

ô q  =  (eôa^1 e )  -

1 ----------( e i \ A * a  +  2 A B ( h h h ) ] +  (23)
(A* +  В 2 1 h  I2) V U J

+  [ — AB&  -  В 2 (hbh)  It X + h X  А В я  +  A -  (bit) X +  B 2ft X a l tX } e),

w here e  is th e  u n ity  v ec to r  p o in tin g  in  th e  d irec tio n  o f th e  ax is of th e  sam ple .
I t  can  be  seen th a t  b y  m ean s of th e  ten so rs  a and  b in  th e  expression  (21) 

o f the te n so r  Ôa th e  change o f  re s is itiv ity  due  to  d e fo rm a tio n  can be g iven . 
T h e  ten so r c does n o t a p p e a r  in  th e  exp ression  (23).

In  th e  follow ing ôa w ill be  given w h ich  consists o f tw o  p a r ts : àaWl due 
to  th e  change o f r (<> and  ôan due  to  th e  change of n (,). F ro m  (11), using  th e  
expressions (17), (19) an d  (20) i t  can  re a d ily  be seen th a t

t a  =  t a w,  +  t a n , (24)

ôan =  < ^  AónO) [x(,) -j- d(x<‘)-i It) X +  /1 h  ° It] g  )> =
i

У  л < g [ x <0 +  d (x (i)- 1 It) X +  lit ° It] > +  (25a)
i l i  у  К  J.

+  2 У  A - n Ô e  < g(*«> +  d(x<'>-1 h )  X +  A h  о  h )  > ,
1 = 1 , 3  k T N v

ôaw, =  ( у  [x(i> +  d (x (')-> h)  X +  A h  о l t ] g  } \ô £ (J) =
\  i j  dôev> y

=  { [x(‘> +  d(x<'>-1 It) X 4- d i t  о lt] g ] \  (îe —- (25b)

-  2 /  V  An« V  — —  { [*<0 +  d (x « >  4 ,) X +  d i t  о lt] g } \  ô e ,
\ w , 3  i V
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w h ere  th e  f irs t  te rm  of th e  exp ression  (25) is zero , because th e  id e n tic a l sh ift 
o f  th e  b o tto m  o f th e  valleys c a n n o t re su lt in  th e  change of a , as th e n  r^ te r  
describ ing  in te rv a lle y  sca tte rin g  does n o t  change, as th e  sc a tte r in g  p ro b a b ility  
does n o t change e ith e r . T hus, b y  com paring  th e  expression  (21) w ith  (24) and  
(25) resp ec tiv e ly , we o b ta in

- J -  =  — 2 ~ l ? r \  < g * ( i )  +  <T<0 * i 0 s ß  > +  <У° f ß  >] +de i~ i  N n [ k T  I
(26)

+ 2 2  <«*(0 > + <*(° *(° sß> + <*(° fß>
/= 1,з tVv I k l

w here th e  follow ing re la tio n  derived  from  (20a) as w ell as (2) a n d  (19) w as used:

Эк(0
9őcO)

-  x(i> т<'> /3
Ж

,iV „ =  4

To ca lcu la te  dOjy we shall req u ire  th e  follow ing tw o expressions of sim ilar 
c h a ra c te r

and

а л
- -4 (S pur r) ß jdiy-

QAX  ̂ i l
=  Л M ( I  -  T_1S pur r )  ß d - ------— .

8deO) r  JV j

T h  us for th e  expression  (25) of dax th e  follow ing is read ily  o b ta in e d

b
de

+  < gßAM .^  (I -  r(,)-1 S pur *«•>) > +  < Л / М 'Ы / >} + (27)

An 1
IV., k T

2 У ------  -----< g d x « )-1 > +  < gßA M ®  ( I  -  t^ ~ 1 S pu r r<'>) > +

O 3 z l/X(0-1>}.

In  th e  expression  o f b given here  sum s of te n so rs  are  co n ta in ed . T h e  concrete  
fo rm  o f th e  ten so rs  is given in  th e  A ppend ix . F ro m  th e  tenso rs in  (2) i t  is easy  
to  c o n s tru c t th e  expression  (27) w h ich  is ch a rac te rized  b y  th e  fa c t  th a t  w hen  
a v ec to r h of th e  d irec tio n  of th e  z  ax is is ap p lied  to  i t  i t  becom es zero . T hus in  
o u r  fu r th e r  expressions, of th e  ten so rs  a, b an d  c o n ly  a occurs in  th e  expression  
(23) o f  th e  change dp of re s is itiv ity . T he rem a in in g  v ec to r a n d  ten so r ex-
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pressions, resp ec tiv e ly , in  (23) can  be  sim plified  s till  fu r th e r  b y  ta k in g  in to  
acco u n t t h a t  in  th e  g eom etrica l a rra n g e m en t chosen  (e • h)  =  0. B y  in tro 
ducing  th e  n o ta tio n

h* =  h y e ,

( e , / iX  a e )  =  — {ea h*)
and

(e h  X a (It X e)) =  — h* ah*  

th e re fo re  expression  (23) of Ôq  is s im p lified  fu r th e r

ÔQ \ A 2 (eah*) -  B°-(h*  a/<*)}
A 2 +  B - 1 Л I2 1

In  th e  g eo m etrica l a rra n g e m en t show n in  Fig. 2

(28)

h  =  (0, 0 ,1 )  h

e  =  (cos <p, sin  <p, 0), (29)

h*  =  (— sin  <p,  cos <p, 0) h\.

In  th e  fo llow ing ÔQpfr a n d  ôgp m ean  th e  change of re s is tiv ity  due to  d e fo rm a tio n  
w ith  a n d  w ith o u t a m ag n e tic  field . ддрь c an  be d e te rm in e d  b y  th e  re la tio n s  (28),, 
(29), (26) and  (A. 2) o f th e  A p p en d ix . I n  th is  w ay :

ô9Ph =
1

A 2 +  B ^ | / t |2

ôs sin  2 <p.

(30)

In  th e  s im ila r exp ression  o f 0Qp i t  sh o u ld  be ta k e n  in to  accoun t th a t  fro m  (14) 
an d  (20), re sp ec tiv e ly , f  =  0 and  g  =  A s.  I f  we in tro d u c e  th e  n o ta tio n  А ^ =0 ■ 
=  A 0, ôqp is o b ta in ed  as a special case o f  ÔQPh i.e.

do, =  A z 2ÁnL Í A
\ k T

Aeß
r 2  T'Tt , F

—  +  —  
r  m,

ôe sin  2 <p.
(31)

llll

T he re s is tiv ity  q0 o f th e  sam ple  is o b ta in e d  from  (2):

Po =
1

A
( 3 2 )
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an d  its  m ag n e to resis tan ce  Qk from  (15):

Qh
A

A 2 +  В 2 1 h  J2

an d  th ere fo re  th e  change o f m ag n e to re s is tan ce  is

ÛQh — Qh —  Qo —
A 2 +  B 2 h \2

(33)

K e y e s  [1] in trod u ced  th e  e la sto g a lv a n o m a g n e tic  co n sta n t G  b y  u sing  th e  
fo llow in g  d efin ition :

G  =  JphÖQph — ôSp { ôQi,

ÔQP I
(34)

B y  su b s titu tin g  th e  co rrespond ing  expressions (30), (31), (32) an d  (33) we 
o b ta in

G  =  1 +  A ^ r +  A G \V r
v here

z,GT =  —  A . К  
3 к Т

T, Т /
V a

' T, T ,
----------- * -  +  - ! » 2 _I__1___ L

m t m, / \ m t m l

A t ■ —  +  -

A s
T. \  /  l  ~  r f T,1 1 e )\S|L Щ -

1

m j m l m l

A s
m, m,

and

A G w1 K A I

i , T , T, l A A r f  r f  J
/ ------- L  +  _ L +  \ s - Ae- rm, m I 1 A mt ml J]

I— — +  - A \ + / A e ß _*_iL .
i щ /  \ m ,  m l

w ith

К  =
1

(35)

(36)

(» '

A A 0 — ( A 2 +  B 2 h  j2)

In  expression  (35) A GW/ is d iffe ren t from  zero only  if  th e  coupling  c o n s ta n t 
W[ o f in te rv a lle y  sca tte rin g  is n o t equal to  zero. T hus i t  is ju s tif ie d  to  call
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A G Wj th e  te rm  due to  in te rv a lle y  sc a tte r in g . T his te rm  w as also d e te rm in ed  by  
K e y e s  [ i ] ;  his re su lts  a re  co n ta in ed  in  th e  re la tio n s d e riv ed  b y  us as a special

T)
case. T h e  te rm  A Gx is o b v io u sly  eq u a l to  zero, i f —  is an  en e rg y -in d ep en d en t

T i
co n sta n t;  th u s A Gr is ch aracter istic  o f  th e  en erg y -d ep en d en ce  o f —  . H e r r in g

and V ogt [4] as w ell as S am oilo vich  and  h is co llab ora tors [8] h a v e  sh ow n  
th a t  th is  co n d itio n  is eq u a lly  sa tisfied  for p h on on  sc a tter in g  and in good ap p rox-

. . . . .  r , .
im a tio n  fo r sc a tte rin g  on im p u iritie s , i.e . —  is en e rg y -in d ep en d en t. N ever-

T <

th e le ss , i f  th e  tw o  sc a tter in g  m ech an ism s p la y  eq u a lly  im p ortan t ro les , i.e .

b o th  sc a tte r in g  m echan ism s are effective a t  th e  sam e tim e , th e  ra tio m ay

sen sitiv e ly  depend  on th e  energy . T h is m eans th a t  in  relaxation time approx
imation only i f  the two scattering mechanisms are m ixed  can A Gr be regarded as a

_ Tf
new correction to Keyes results. N a tu ra lly , i f —  is e n e rg y -in d ep en d en t, th e  va lu e

r t
o f  th e  e ffec tiv e  m ass in  K e y e s ’ resu lts h as to  be m od ified  in  th e w ay  d escrib ed  
in  § 2 in  order to  arrive a t th e  resu lts o b ta in ed  b y  us.

K e y e s  sim plified  h is  re su lts  b y  ex p an d in g  in  series in  pow ers o f  th e  
m ag n e tic  fie ld  a n d  th e n  n eg lec tin g  th e  te rm s  o f h ig h er o rd e r th a n  H 2. I t  c an  be 
seen th a t  o u r re su lts  o b ta in e d  so fa r  a re  q u ite  in d e p e n d e n t of th e  in te n s i ty  of 
th e  m ag n e tic  fie ld . To d e te rm in e  each  te rm  n u m erica lly  we have also ca rried  
o u t th e  a p p ro p ria te  ex p an sio n  in  series.

§ 5. The part o f  the elastogalvanom agnetic coefficient G 
proportional to the square o f the intensity

W e now  ex p an d  th e  expression  fo r th e  e la sto g a lv an o m ag n etic  c o n s ta n t G 
in  series in  pow ers of th e  m ag n e tic  fie ld  in te n s ity  an d  ca lcu la te  th e  te rm s  p ro 
p o rtio n a l to  its  square . T h e  value o b ta in e d  for G in  th is  a p p ro x im a tio n  w ill be 
d en o ted  b y  G<2*. B y  e x p an d in g  in  series th e  re la tio n s (36) an d  (37) th e  ca lcu l
a tio n s give th e  follow ing re su lts :

g ^  =  i +  a g v  +  a g $ , ,

к here

ZIG<2> =
(Z +  V )  w

an d  AGwj  =
( Z  +  V)  w

(38)

(39)
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H ere th e  m ean ing  o f X ,  Y , V, W  an d  Z  is th e  fo llow ing:

(40a)

(40b)

(40c)

A fte r th e  su b situ tio n  A G Wj th e  exp ression  xt =  T; gives K e y e s ’ re su lts  [1]. 
In  w h a t follows we sh a ll e s tim a te  th e  correction  A GT. In  th e  d e n o m in a to r  of 
A GT th e  te rm s  due to  in te rv a lle y  s c a tte r in g  can be n eg lec ted , as a t  su ffic ien tly  
low te m p e ra tu re s  th e  in te rv a lley  s c a tte r in g  is in s ig n ifican t. In tro d u c in g  th e

ib b rev ia tio n  ( A s r t h *1 '
m, m,

=  <n , in') лее have accord ing  to  (39)

IGt w , ,

=  3

(41)

1 - 2<i,o>
<0,1>

<0,1> [<3,0> +  2<2,1>] -  <1,0> [<2,1> +  2<1,2>]

<1,0 /

<0,1>
(2<1,0> +  < 0 ,1 » (2 < 3 ,0 > + 5 < 2 ,1 > + 2 < 1 ,2 » -3 (2 < 2 ,0 >  +  <1,1»2

In  th e  follow ing we sh a ll tak e  th e  jo in t  effect o f  th e  phonon a n d  im p u rity  
s c a tte r in g  in to  acco u n t. T he re s u lta n t  re lax a tio n  t im e  ten so r is g iven  b y  th e  
a p p ro p ria te  tensors o f th e  tw o  sc a tte rin g s :

1
r„

t j  , (42)
1 p h a
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w here r,- and rp/, can  be ca lcu la ted  from  im p u r ity  and la t t ic e  sca tterin g , 
r e sp ec tiv e ly . H e r r in g  and h is co llaborators [6] ob ta in ed  for p h o n o n  scatterin g

=  1,18 (43)
p h

w h ile  Sam o ilo vich  and  h is co llab orators o b ta in ed  [8], [9]

h
r t

10. (44)

T he w ell-k n ow n  en erg y -d ep en d en ce  o f  th e  r e la x a tio n  tim e ten so r  com p onents  
is exp ressed  b y

r ia =  v i a  ^ e 3 ' 2  and rpha =  vpha A s  1,2 a =  t, l . 

W ith  th e  n o ta tio n s

p h  Jt vph)i

(45)

(46a)

and from  (43) an d  (44)

( v p h ) i  _

( * ' p h ) t

1,18 , ( v i ) i

( v i ) t

1 0 , A =  ß- =  ^  ^  8,5 (46b)
a 1,18

луе o b ta in  from  (42), (45) and (46) th e  com p on en ts o f  th e  re la x a tio n  tim e  tensor:

As312
=  ( v i ) i

r t  =  ( v i ) t

1 +  Xa{Asy 

As312

(47a)

(47b)
1 +  a(AsY

XI
I t  can  b e seen  th a t  th e  ratio  m a y  depend on  th e  energy. T o  characterize

r t
th is  en erg y -d ep en d en ce  le t  us in trod u ce  th e fo llo w in g  exp ression :

(48)

I Ae  2 E
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T his ra tio  a tta in s  i t  m ax im um  v a lu e  w hen £ ^ ax = ---- Тгт • F o r th e  values of E
2a \  X

given here  th e  v alue  o f th e  expression  (48) is 1,93. i.e . a t  the  en d  o f  th e  energy
T !

in te rv a l (E , 2E)  th e  v alue  o f decreases to  a lm o s t one h a lf  o f  th e  value
V  2

assum ed  a t th e  beg inn ing  o f th is  in te rv a l. N a tu ra lly , th e  value o f  E max sensi
tiv e ly  depends on th e  te m p e ra tu re , as th e  c o n s ta n t a  in  (47a) an d  (47b) g rea tly  
varies  w ith  te m p e ra tu re  and  im p u r ity  co n c e n tra tio n . In  o u r fo rm ulae  th e

T;
energy-dependence  of a tta in s  significance w h en  th e  m ax im u m  of th e

r t
en erg y  d is tr ib u tio n  of e lectrons is b e tw een  E  an d  2E ,  i.e. th e  sen s itiv e  energy-

r,
d ependence  o f—  ch arac te rized  b y  th e  expression  (48) is in such  a region of

r t
th e  energy  sp ec tru m  w here acco rd ing  to  th e  B o ltzm an n  d is tr ib u tio n  m an y  
e lec trons are lo ca ted . L e t us choose th e  te m p e ra tu re  or th e  im p u r ity  concen
t r a t io n  so th a t  E  =  k T ,  w here T  is th e  abso lu te  te m p e ra tu re  an d  t r e a t  th is  case 
n u m erica lly . L e t th e re  be in  g enera l

#max =  k T Y >

A s  =  Fornax X =  k T y x . (49)

In  th e  special case chosen b y  us у  =  1.
T he m ean  values to  be ca lcu la ted  can be w r it te n  in th e  fo llow ing  form :

<fc, l

Lt

r, l _ .
k T d(Ae) , (50)

► here C is th e  norm aliz ing  c o n s ta n t chosen to  be  u n ity .
T he concrete  fo rm  o f th e  in te g ra l can  be g iv en  w ith  the  a id  o f  (45)—(49)

< k ,l)y =  E 3l2(k + ‘ + i ' |2 i i  
m t

L e t th e re  fu r th e r  be

r3/2 ,

r312 \ l

1 _L
2

e~Xy d x  .

<fc, i> 7  =  £3/2(ft  +  l+ l )

1-3/2

1 + X ~

2\[X

k  +  l

< m > ;  •

(51)

(52)
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I t  can  read ily  be seen t h a t  in  ex p ressio n  (41) of A Gz -w hich  is to  he ca lcu la ted  
th e  m u ltip ly in g  fa c to r  o f  (k,V)*  in  (52) is cance lled . T herefore in  th e  case 
y  =  1 on ly  th e  c a lcu la tio n  o f th e  in te g ra ls  (k ,  l )* is requ ired . T h e  values of 
th e  effec tiv e  m ass a re  w ell-know n fro m  th e  l i te ra tu re  [11]:

m t =  0,0815 a n d  m/ =  1 ,588 .

T he n u m erica l va lu es  o f  th e  in teg ra ls  are  show n in  th e  following T a b le

In te g ra l

< 1 , 0 > * =1 2,044
< 0, 1 >*= ! 0,249
< 2 , 0 > * =1 3,618
< 3, o >*_ . 6,76
< 1, 1 >*_ t 0,390
< 2 , 1 > ? =1 0,681
< 1, 2 >*_ x 0,0757

S u b s titu tin g  these  v a lu e s  in  exp ression  (41) of A Gr we ob ta in

AGT\w,-: о =  — 0,023.

T h is v a lu e  corresponds to  th e  p a r tic u la r  te m p e ra tu re  or im p u rity  co n c e n tra tio n  
in  th e  case y  — 1. A t o th e r  values o f  y  th e  value o f  th is  expression m a y  exceed 
th e  one given above, i t  is, how ever, p robab le  t h a t  i t  will no t be la rg e r  th a n  
3 —4 % , as we h av e  a tte m p te d  to  se lec t th e  v a lu e  o f  y  so th a t  th e  average

v a lu es  v e ry  sen sitiv e ly  re a c t to  th e  en e rg y -d ep en d en ce  o f the  ra tio

§ 6. S um m ary

T h e  dev ia tio n  o f  th e  e la sto g a lv an o m ag n etic  coeffic ien t G f ro m  u n ity  can 
be a t t r ib u te d  to  tw o  p h en o m en a: th e  in te rv a lley  sc a tte rin g  an d  th e  energy-

d ep en d en ce  o f —  . T h e  fo rm er becom es ex trem ely  s tro n g  only a t  h ig h e r te rn y i
p e ra tu re s ;  a t  low te m p e ra tu re  a n d  a p p ro p ria te  im p u r ity  c o n c e n tra tio n  th e  
tw o  e ffec ts  are a p p ro x im a te ly  e q u a lly  strong . As th e  te rm  due to  th e  energy- 

r,
d ep en d en ce  o f —- can  a m o u n t to  o n ly  a few p e rc e n t, h igh precision  m easure-
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m en ts  are req u ired  fo r th e  ex p erim en ta l check . The acc u ra cy  of th e  m easu re 
m en t can  be im proved  b y  increasing  th e  in te n s ity  o f th e  m ag n etic  fie ld . 
K e y e s  ca rried  ou t his m easu rem en ts  a t  low  te m p e ra tu re  w ith  a m ag n e tic  
field o f an  in te n s ity  of 3000 G auss an d  th e  e rro r  of m e asu rem en t w as a p p ro x im 
a te ly  3 —4 p ercen t. T he m in im um  ch a rac te riz in g  th e  m ix in g  of th e  tw o  
sca tte rin g  m echanism s (e.g. a t  a given te m p e ra tu re , v a ry in g  th e  im p u r ity  
co n cen tra tio n ) am o u n ts  to  a few  p e rcen t, an d  so b y  tr ip lin g  th e  m ag n e tic  
field  in te n s ity  th e  v alue  o f th e  q u a n titie s  to  be m easu red  increase  b y  a fa c to r  
o f 8 to  9, an d  th e  e rro r decreases accord ing ly . In  a d d itio n  to  th e  m ixing o f th e  
tw o sc a tte rin g  m echan ism s th e  re la x a tio n  tim e  a p p ro x im a tio n  can also be  
checked b y  m easu ring  th e  e la sto g a lv an o m ag n etic  coeffic ien t in  th e  te m p e ra tu re  
range  of im p u rity  sc a tte rin g . A t su ffic ien tly  low  te m p e ra tu re s  th e  la t te r  ty p e

of co n d u c tio n  leads to  an  a p p ro x im a te ly  en erg y -in d ep en d en t r a t io —- so G

m u st be u n ity . F o r a possible d ev ia tio n  from  u n ity  th e  re la x a tio n  tim e  te n so r  
ap p ro x im a tio n  is responsib le .

M y th a n k s  are due to  P ro f. Z a l á n  B o d Ó, D o cto r o f P h y sica l Sciences, 
for num ero u s discussions on tra n s p o r t  p h en o m en a  an d  v a lu a b le  advice.

A ppendix

T he ten so rs  d iagonalized  in  th e  co o rd in a te  system  o f th e  re le v a n t v a lle y  
have th e  follow ing form

* -  ® h 0 '
' о о t t J

These w ill now  be tran sfo rm ed  to  th e  coo rd in a te  sy stem  d e te rm in ed  by  th e  
c ry s ta l axes. (The n u m b er of th e  valleys is illu s tra te d  b y  F ig . 1).

L e t th e re  he T(,) th e  a p p ro p ria te  te n so r  of th e  v a lley  (i), w hich can  be 
w ritten  in th e  form

21, —1— ti t,T(0

w here I is th e  u n ity  te n so r and  

T'(l) :

T'<3) =

T ' d ) ,

' о — 1 - 1 10 1 1 \
— 1 0 — 1 T'<2> =  1 0 - 1

1 — 1 0 ’ 1 — 1 o )

0 — 1 1 \ ( 0 1 - 1 \
— 1 0 1 , T'<4> = 1 0 1

l I 1 o) u 1 1 o)

( А Д )

(A ,2)
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O bviously  

an d  hence

w hich  m ean s th a t  th e  te n so r  T averaged  over th e  fo u r en erg y  m in im a is a 
sca lar.

I  T'<‘> == 0

27T«
4

+  t/ j (S pur T) I ,
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ПЬЕЗОГАЛЬВАНОМАГНИТНОЕ ЯВЛЕНИЕ ГЕРМАНИЯ ТИПА п

А .ЗА В А Д О В С К И

Р е з ю м е
Расчитан эластогальваномагнитный коэффициент германия типа л, при направлении 

магнитного поля и оси образца [1,0,0] и [0,1,0] соответственно с помощью приближения 
тензора времени релаксации Герринга—Фогта. Если отношение компонент тензора вре
мени релаксации не зависит от энергии, то эластогальваномагнитный коэффициент равен 
точно единице. Это условие выпольняется в случае чисто акустического рассеяния и при 
рассеянии только на примесях. Отклонения от этого ожидается в случае рассеяния 
между различными минимумами энергии или в случае смешивания рассеяния на фононах 
и на примесях. Последний эффект приводит в крайнем к несколько процентному уменьше
нию эластогальваномагнитного коэффициента.
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