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PAIS APPROXIMATE FORMULA FOR THE PHASE SHIFT 
AND ELECTRON SCATTERING IN THE THOMAS- 

FERMI THEORY

By

T . T ie t z

UNIVERSITY LÓD t,  DEPARTMENT OF THEORETICAL PHYSICS, LODZ, POLAND

(Presented by A. K ónya. — Received 5. X I. 1961)

In  this paper we calculate the phase shifts b y  means of a simplified P a is  m ethod fos 
the T hom as-F erm t and analytical H a r tr ee  potentials. The calculation presented in  th ir  
paper shows th a t  our method gives more accurate results for the phase shifts than  the B orn  
approxim ation, having moreover the advantage th a t  it  is much more practical th an  th e  
P ais method.

For the scattering o f electrons b y  a central field, the scattering am plitude  
/ ( $ ) ,  as know n, is given b y  the follow ing F a x e n — H oltzm ark  form ula [1]:

f(&)  =  - V ( 2 1 +  1) (e2<<s' — l ) P i(costf)
2 ik /To ( 1 )

—  У  (21 +  1) ô , - — P, +  . . . +  i r—w 1 ! I—
1 

O" +

к íTo 3 3 IJ
P;(cos #) .

The usual first B orn  approxim ation for th e  phase shift ô P  is obtained if  
<5/ is small; as is known the former has the form [2]

à\l> =  -  — - [  V(r,  (kr) r dr , (2)
0

where J l+  ̂ (kr) denotes the Bessel function characterizing the free particle  
solutions. The B orn  approxim ation for the phase shifts for small quantum  
number l does not give adequate num erical values. Therefore P a is  [3] gave  
another m ethod for the determ ination of the phase shifts ô ;. The P a is  m ethod  
consists in the following. W e write the radial wave equation  in the form

d- w, 
dr-

1(1 +  1) -  c2 
r2

W/ =  0 , ( 3 )

where c is  a constant. Since the solution W/ m ust satisfy  the follow ing boundary

1 Acta Phys. Hung. Тот. X V I .  Fase. 1



2 T. TIETZ

conditions

гоДО) =  0 and IV/ (со) —y sin  

the constant c fulfils the relation

kr -  —  +  ô, 
2

( 4 )

1 [ 1 2

+  “ 2".
— 2 0,/л = — c-

The phase shift d; m ust fu lfil the follow ing relation, as it  has been show n by  
P ais w ith  help of the variational m ethod and b y  the author [4] in another  
way:

21 +  1 — (2 0,/л) ô

2 l +  1 -  (4 ÔJn) ‘

ТП71
j  rV(r)  J 2i+^(_ 2d,/n) (kr) dr .

0

( 6)

For sm all quantum  num ber l the P a is  phase shifts d( are sign ificantly  better  
than the B orn  phases dP\ The P a is  m ethod has the disadvantage th a t  
in m any cases d; given by equ. (6) can be calculated on ly  num erically, since  
Öi fulfils a com plicated transcendental equation. Therefore it  is advantageous 
to represent the P a is  m ethod in such an approxim ation which allows to  
calculate d( by a sim ple m ethod. I f  we develop dj in a series in powers o f  the 
in teraction  potential V(r),  nam ely

Ô, =  dp> +  dp) +  . . . (7)

and d/ is sm all, then  dp) is given by

óp> =
d p )

21 +  1
dp), where

i_9dpM

l 9p )p=i+\
(8>

The B o rn  phase sh ifts b\l) appearing in equ. (8) are given b y  equ. (2). In th is  
paper, using form ulas (2), (7) and (8), we shall calculate the phase shifts  
for the T hom as— F er m i [5] and the analytical representation of H a r t r e e  
potentia ls and we shall com pare our results w ith  the results obtained num e
rically. The interaction  potentia l F(r) based on the T homas— F e r m i or 
H a r t r e e  schem e [6] m ay be w ritten

V { r ) =  (— Ze2/r) (Zp/Z).  (9)

The Coulomb potentia l o f the nucleus is m odified by the factor Zp/Z  represent
ing the screening effect o f  the orbital electrons on the nucleus. The function  
Zp/Z  satisfies the conditions Zp/Z  —> 1 as x -> 0 and Z pj Z  -»  0 as r —>-

Acta Phys. Hung. Тот. X V I .  Fasc. 1.



PAIS APPROXIMATE FORMULA FOR THE PHASE SHIFT 3

Tabulated num erical values o f  the quantity  Z p/Z  exist for a number o f atom s 
and ions. R tjakk [7], B y a tt  [8], R o zen ta l  [9] and M o lièr e  [10] have  
shown that Z pj Z  can he represented analy tica lly  as follow s:

Z p/Z — Z n cn e ~ h«x, (10)

where cn and bn are constants given in T able I.

Table I

Num erical values of th e  constants cn and bn according to equ. (10) for exponential f its  of 
Zp/Z  and th e  T homas-F e r m i function Ф (x )

Zp/Z (one term) Zp/Z (series of terms)

■T b, C2 гз b, К К

He 1.00 1.60 1.25 —0.25 — 1.75 3.845 _
Be — — 1.00 —0.48 0.48 0.574 1.081 3.06
C - — 1.25 —0.44 0.19 0.828 1.41 4.29
N 1.00 0.95 1.20 —0.32 0.12 0.904 1.43 9.65
0 1.00 0.919 1.25 —0.35 0.10 0.991 1.63 18.3
F 1.00 0.907 — — — — — —

Ne 1.00 0.978 — — — — — —
A* - — 0.84 —0.24 0.40 0.566 1.056 3.25
A — — 0.659 0.341 — 0.574 2.77 —
К — — 0.124 0.68 0.196 0.051.4 0.765 2.80
Ca — 0.20 0.56 0.24 0.195 0.770 3.08
Cr 1.00 0.731 1.00 —0.20 0.20 0.731 1.26 3.70
Fe — 0.25 0.56 0.19 0.335 0.828 3.76
Zn — — 0.22 0.78 — 0.319 1.081 —
Ge — — 0.22 0.78 — 0.263 1.165 —
As — — 0.295 0.705 — 0.387 1.295 —
Br — — 0.360 0.640 — 0.366 1.485 —
Kr* — — 0.335 0.60 0.065 0.290 1.33 7.00
Kr — — 0.415 0.51 0.075 0.378 1.48 7.00
W — — 0.19 0.72 0.09 0.216 0.970 15.00
Hg — — 0.19 0.56 0.25 0.257 0.779 3.16

Ф ( х )

R ozenthal _ _ 0.255 0.581 0.164 0.246 0.947 4.356
Ф ( Х )

Mo l iè r e
0.35 0.55 0.1 0.3 1.2 6.00

* These expressions contain a polarization correction. Some of th e  exponential f its  
Zp/Z  contain  the exchange correction and  some do n o t. Those of Z p/Z  w hich contain th e  
exchange correction can be found in A. J .  F reem a n , P hys. Rev., 91, 1410, 1953 as well as 
in D. R. H a r t r e e , R eports on Progress in  Physics (The Physical Society, London, 1946), Vol. 
11, p. 113. More details concerning the Z„/Z  are to be found in the paper of W. J . B y a t t , 
Phys. Rev., 104, 1298, 1956.

1 Acta Phys. Hung. Тот. X V I .  Fasc. 1.



4 1 TIETZ

The dim ensionless q u an tity  x appearing in  equ. (10) is related w ith  r 
as follows [11]:

r — xjfi and [г =  0 .88534 a J Z 1'3. (11)

Z  is the atom ic number and a a the first B ohr radius o f th e  hydrogen a tom . 
The potentia l V(r) appearing in  equ. (9) can be written b y  means of equ. (10) 
and (11) as

V ( r )  =  -  c n e

b„r

Since [12]
л/2

J l A kr) n
J 2l+^ (2kr  cos &) d d

and [12]
л/2

( 12)

(13)

z  I .
J 2l +i (2 kr  cos $) = ----- sin [2 kr  cos d sin гр] sin (2 1 +  1) ip dip, (14)

71 J

ai appearing in  formula (8) can be w ritten  as
л/2 л/2

a, =
8m Ze-

71%-
E n  Cn

_ b„r
e n dr ЯX

X гр sin [2 kr cos & sin  гр] cos (2 1 +  1 ) yd ipdd. 

The integrals over r and $  can be easily  carried out so that

4m Ze-
7l%-

л/2

- - Я
гр cos (2 1 +  l ) y

ln X

X

У ibnlv)2 +  4 fe sin2 гр

Y(bJ/x)2 -f- 4 fc2 sin2 гр -f- 2 к sin  ip 
Y(bn!pi)- +  4 k2 s in 2 гр — 2 к sin  гр

dy>.

(15)

(16)

The integral appearing in th e  last form ula can be calcu lated  only num erically. 
I f  we write the last form ula for О/ in atom ic units we obtain

л/2
4 Z r  f <p cos (2 1 + 1 ) 9 ?  

V(bnlf*)2 + Z E  s in 2T
X

j ]/(6n/lu)2 +  8 E  s in 2 cp + 2 ^ 2 E s i n ç )  ^
( 1 7 )

Y (bjfx)2 + 8  E  s in 2 9? — 2 Y ^ E  sin <P

Acta Phys. H ung. Тот. X V I .  Fasc. 1.



PAIS APPROXIMATE FORMULA FOR THE PHASE SHIFT 5

where E  is the energy o f the incident electrons and its unit equals tw ice the  
ionization  energy o f the normal s ta te  o f the hydrogen atom  and is 27,23 eV, 
and in  atom ic units it  is 0.88534 Z ~ 113. The constants bn and cn are to  be found  
in Table I. The B orn  approxim ation for the p oten tia l equ. (12) in atom ic 
units is given by

=
Z

][2E ^n cn Ql
_ _ К _ 2

\ ' 2 /г ]/2 E
(18)

where the Qi are Legendre polynom ials of the second kind. Form ulas (18), 
(17) and (8) allow us to  calculate the phase sh ifts bt given b y  equ. (7). In  
Table II we have collected  some num erical results for He for in cid en t electron  
energies in the voltage range 16 <! V  <  340.

Table II

A comparison of the phase shifts ôt equs. (7) and (8) w ith ój1* equ. (18) and num erical values

V o lta g e l <5}w (B o r n  e q u .  18 )
Our r e s u l t s  f o r  

0 1 = 0 \11+ 0 \ г/ 
e q u . (7 ) a n d  e q u .  (81

N u m e r ic a l  v a lu e s  fo r  
ôi (M e . D o u g a l l )

16 1 0.0536 0.0731 0.070

19 1 0.1340 0.1875 0.186

1 0.2276 0.2796 0.272

121 2 0.0892 0.0924 0.0946

3 0.0492 0.04917 -

340
1 0.2668 0.3389 0.308

2 0.1364 0.1415 0.1524

Table II shows that our results for ôt are significantly better than  th e  B o r n  
phases ô;1̂  and only a little  worse th an  the corresponding num erical values. 
E qu. (6) in our case can be presented analytically , but the phases fulfil a 
transcendental equation o f infinite order. Our form ula, equ. (17), is much  
sim pler for practical calculations th an  equ. (6). Table II shows th a t our results 
for <5| agree quite well w ith  the ex a ct M c D o u g a l l  [13] values. A t the high 
energies our results for d; are equ ivalent w ith the corresponding results } 
for the B o r n  approxim ation.
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ПРИБЛИЖЕННАЯ ФОРМУЛА ПАЙСА ДЛЯ СДВИГА ФАЗ И РАССЕЯНИЯ 
ЭЛЕКТРОНОВ В ТЕОРИИ ТОМАСА—ФЕРМИ 

т. титц

Р е з ю м е
В данной работе определяется сдвиг фаз упрощенным методом Пайса для потен

циала Томаса—Ферми и аналитического потенциала Хартри. Вычисления, проведённые 
в работе, показывают, что применённый нами метод даёт более точные результаты для 
сдвига фаз, чем борновское приближение. Данный метод имеет определённое преиму
щество перед методом Пайса, заключающееся в его практичности.
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THE SCATTERING AND POLARIZATION OF ELECTRONS 
BY HARTREE AND THOMAS-FERMI ATOMS

By

T . T ie t z

UNIVERSITY LÓDÍ,  DEPARTMENT OP THEORETICAL PHYSICS, LODZ, POLAND 

(Presented by A. K ónya. — R eceived 3. II. 1962)

Using the analytical fits for the effective nuclear charge and the theory  of scattering  
•of a beam  of particles by a centre of force in the re la tiv istic  case, we discuss the asym m etry  
in  double scattering. We have presented the theory in  such a simple m anner th a t the asym 
m etry  in  double scattering can be calculated w ithou t any  difficulty in  an analytical way. 
T his paper gives a generalization of the paper of M o h r  and T a s s i e .

In troduction

It is known that the scattering o f  electrons in gases and th in  foils provides 
inform ation on the interaction o f electrons w ith  atomic and nuclear fie ld s. 
E xperim ents have been carried out for different energies of in cid en t electrons. 
The experim ents have confirmed th at the th eory  of H a r t r e e  [1] and o f  
T hom as— F er m i [2] described very  well the atom ic field in  a great range 
of the energies of the incident electrons. U sing B y a t t ’s [3] fits  for the H a r tr ee  
field  as well as approxim ations for the T h o m a s— F erm i functions and th e  
theory  of electron scattering we shall d iscuss the scattering of polarized  
electrons b y  atom s in a relativistic case. To discuss the polarization of electrons 
by double scattering we use the D ir a c  theory for elastic scattering o f electrons 
by atom s.

Theory

W e start from  the D irac equation , w hich we write in th e  S ch rö d in g er  
form , nam ely [4]

d- G, 
dr-

+
1 ( 1 +  P

r -

2 m
ti-

V(r) G, =  0 , ( 1 )

w here m is the electron rest mass and / is the quantum  num ber: l =  0, 1, 2, 
3 , . . . .  The central potential V(r) is the m odified D irac p otentia l and can be 
exp ressed  in the follow ing form:

V  =  y  Z p eVr +  Z-p e4/2 me- -  3 a '2/4 a2 +  a"/2 a , (2)
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8 T. TIETZ

where
« =  (E  — V  -f- mc-)/Kc. (3)

E  is the to ta l energy, Z p is the effective nuclear charge at a distance r and 
the primes denote derivatives w ith respect to г . The sym bol у  appearing  
in  equ. (2) is given by

V =  (1 -  (4)

w here  v is th e  ve lo c ity  o f th e  in c id en t e lec tro n  and  c is th e  velocity  o f  lig h t. 
к ap p ea rin g  in  th e  D ira c  eq u . (1) m eans

к =  у  тт>1%. (5)

The charge o f  the electron is denoted b y  e and h is th e  Planck con stan t. In 
the D irac  th eory  the cross section for th e  scattering o f electrons by a tom s per 
u nit solid angle in the direction 9  of th e  beam o f unpolarized electrons is 
given as follow s [5]:

m = i / i 2 +  isi2, (6)

w here  th e  sc a tte rin g  a m p litu d e s  f (9)  a n d  g(9)  arc g iv en  in  th e  D irac  th e o ry  
b y  th e  fo llow ing fo rm u la :

2 ikf(&) =  2 ,  {(* +  1) [exp (2 Щ) - 1 ]  +  / [exp (2 £»?_,_,) -  l]}P ,(cos#). (7)
;

and

2 ikg ($) =  2  [e x P (2 1) — exp (2 P } ( cos 9).  (8)
i

Pi and P j  are the Legendre polynom ials, r/; and are the phase shifts
o f  the regular and irregular solutions o f  the D ira c  equation at the origin, 
w hich we denote by and G_/_j  . These solutions h ave the following asym p
to tic  form  for large r:

G/, - 1 - 1  ~  sin (kr — 1л/2 +  r j i - i - i )  ■ (9)

Taking in to  consideration the detailed theory o f double scattering worked  
out by M o tt  we can write the asym m etry in  double scattering in the T hom as—  
F e r m i and H a r tr ee  theory  as follows:

2<5 =  2 |_/g* —/ * g | 2/ ( | / | 2 +  |g |2)2 - (10)

To calculate the cross-section I (9) and the asym m etry in double scattering  
we m ust know  the scattering am plitudes f  (9) and g (9)  . Formulas (7) and (8)

Acla Phys. Hung. Тот. X V I .  Fasc. 1.



THE SCATTERING AND POLARIZATION OF ELECTRONS 9'

for /  (ft) and g (ft) show that i f  th e  phase sh ifts rj; and are known the
m entioned scattering am plitudes can be calculated . The further part of th is  
paper shows that it  is sufficient to  know  щ, since can be easily  calculated
directly  from ï]j . I t  is known th a t in case o f a pure Coulomb field  the phase 
shifts rf-i - 1 o f the irregular solution  Gc_;_1 can be represented analytically  
by the following formula [6] :

exp (2 i ^ - i - , )  =  - -----—
9i -  l Y i

Г ( д , +  1 — i y  i ) 

F(Q i +  1 +  *yi)
exp [— ni  ( qj Щ ( 11)

I f  we note that the phase shift o f  the regular solution exp (2 irfi) is obtained  
from (11) by replacing l by — l— 1 everywhere except in the la st factor which  
becom es exp [— ni  (gj+i— /)], this m eans that for rft we obtain the expression

exp (2 irii c) = ( — 1 — 1) -  iy[

9 - 1 - 1 -  i У i

Г  (9 - 1 - i +  1 — fr i)  
Г  (9-1-1 +  1 +  *7i)

exp [— ni  (p,+1— /)]. (12)

The sym bols appearing in formulas (11) and (12) have the fo llow ing m eaning

and further

a =  Ze2jflc and q =  (l~ — a2)1!2,

у  у =  Ze2jhv and y[ = i - - rc2

Ш2
Y i ■

(13)

(14)

For a Coulomb field  the phases rj] and r f- i- i  m ay  be readily calculated  from  
equ. (11) and (12). E qus. (11) and (12) allow us, as we shall see below, to  
correct the phase sh ifts in case o f  T homas— F e r m i and H a r t r e e  fields. The 
interaction potential F/y(r) based on the H a r t r e e  or T hom as— F e r m i scheme 
m ay be written in the non-relativistic case as

VH(r) =  ( ~  Ze2lr) (Zp/ Z ) . (15)

The Coulomb potentia l of the nucleus is m odified  by the factor Zp/Z  re
presenting the screening effect o f th e  orbital electrons on the nucleus. The 
function Zp/Z  satisfies the conditions ZpjZ  ->-1 as r -*■ 0 and Z p/Z  -a- 0 as 
r -> °o . Tabulated numerical values o f the q u an tity  Z pjZ  ex ist for a number 
of atom s and ions. According to R u a r k  [7] the screening effect o f  the orbital 
electron on the nucleus ZpjZ  can be represented as follows:

z p/ z  =  2 сп е~ЬяХ • (16>
n
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10 T. TI ETZ

T he constants cn appearing in equ. (13) m ust satisfy  th e  condition ^  cn =  1
n

but otherw ise the constants cn and bn are adjustable. The best values for the 
constants cn and bn after B y a tt  for several Z in case o f  a H a rtree  fie ld  as 
w ell as for the T hom as— F e r m i field  are to  be found in  Table I o f  [12]. 
T h e dim ensionless variable x  appearing in equ. (16) is related to r as follows:

X where fi
1

4
9n2 j1/3 a0 

~2 Z*/3
0.88534a()

Z 1/3
(17)

In  formula (17) Z is the atom ic number and a0 is the first radius of the hydrogen  
atom . Since it  is im possible to  solve e x a c tly  the D irac  equ. (1) for the potentia l 
(2) and to  obtain exact phase shifts rfo and we m ust apply som e re
strictions concerning the potentia l V  g iven  by equ. (2). I f  we neglect all the 
term s in Z p and a in equ. (2) as sm all in com parison w ith  the term  Z p we 
see that

V(r)  =  -  у VH(r) =  (;yZe*lr) (Zp/ Z ) , (18)

where у  is given b y  equ. (4). Substitu tin g  this p oten tia l into equ. (1) we 
obtain  the radial Sc h r ö d in g er  w ave equation m odified  by the factor у . 
The sim plified potentia l (18) allows us to calculate approxim ate values of 
the phase shifts . U sing the B orn  approxim ation w e obtain the follow ing  
form ula for the phase shifts in case o f  the potentia l (18):

V° i= (yZ lka 0) У  cn Q,
П

l + ±
Ь \2un

2 fik
(19)

In this form ula the Q[ are spherical harm onics of the second kind w hich may 
be calculated  for the low est l from exp licit expressions and then from  the 
recurrence form ula and for the higher l from the asym ptotic expansions. 
I f  we app ly  the W. К . B. m ethod for the phase sh ift we obtain using the 
potentia l (18) for the phase shifts rjl0 the following formula:

V°i =  (yZ/fca0) cn K o
П

( 20 )

Form ulas (19) and (20) are convenient for calcu lating rjf. The constants 
bn and cn appearing in  these form ulas can be found in  case of H a r t r e e  and 
T hom as— F e r m i fields in Table I o f  [12]. I f  we w ish  to  obtain m ore accurate 
values for the phase shifts in case o f  the potential (18) we can apply  the P ais 
form ula. In this case we m ust use th e  following expressions [8] :

2 l - f  1 — (2 t]fjn) p Tim Ç

2 1 +  1 -  (4 r ç f »  Vl ~  J
V  (r) J~+ i  (kr) r dr , ( 21)
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where the potential V  (r) is given b y  formula (18). The P ais form ula for the  
phase shifts r/i in case of small phase shifts goes over into form ula (19), i.e. 
in to  the B orn  approxim ation. Form ula (21) gives better values for the phase 
shifts but it  requires more num erical calculations. It has been shown th at  
the P a is  formula can be w ritten in the fo llow ing form [9]:

ПР\ =»?? +  • 2 / 4 - 1
«оni ■ where 9>?p0

dp
( 22 )

.P=l+i

In formula (22) гЦ is given  by equ. (19) or (20). rjf as given by th e  last formula 
is more convenient for the calculation of the phase shifts than  the original 
formula (21) given b y  P a is . N ow we can discuss the necessary correction to  
be added to  these phases to allow for the effect o f  spin, i.e. for the use of the  
com plete expression (2) for V. The phase shifts for the Coulomb field  ijj and 
rf-l—x as it has been said, m ay be easily  calcu lated  from equs. (11) and (12). 
T h ey  differ b y  a sm all am ount from  the phases r/° for a Coulomb field  w ith  
neglect of spin. The difference is nearly the same as the corresponding difference 
fer H a r t r e e  or T h o m a s— F e rm i fields, the error being unim portant for 
sm all /, while for large l the difference is sm all in  any case. The difference 
is added to  the value o f  rfi previously calculated, to  give the required phases 
rji and for the H artree  or T h o m as— F e r m i  field  w ith  spin .

C onclusion

It has been shown that it is possible to calcu late from the above theory  
the cross-section I  (&) for scattering per unit so lid  angle in th e  direction r\ 
o f the beam  of unpolarized electrons of rest m ass m, velocity  v,  and charge 
e given by formula (6), and further it has been show n that th e  presented  
procedure gives the m ethod for calculating the asym m etry  in double scattering  
given  by form ula (10). The author o f  this paper has shown previously  [10] 
that form ulas (19) and (20) give sensible results in  com parison w ith  the  
num erical results. This paper gives a generalization o f the scattering and 
polarization o f electrons by atoms calculated b y  M o h r  and T a s s ie  only for 
gold, since it allows to  calculate the asym m etry in  double scattering for any  
T h o m as— F er m i and som e H a r t r e e  atom s [11].
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РАССЕЯНИЕ И ПОЛЯРИЗАЦИЯ ЭЛЕКТРОНОВ АТОМАМИ ХАРТРИ И
ТОМАСА—ФЕРМИ 

т. титц

Р е з ю м е
Применяя аналитические формулы для эффективного заряда ядра, а также и для 

теории рассеяния потока частиц силовыми центрами в релятивистком случае, дискути
руется ассиметрия в двойном рассеянии. Излагается теория, дающая возможность для 
определения ассиметрии в двойном рассеянии аналитическими методами без каких-либо 
трудностей. В статье обобщается работа Мора и Тасси.
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TREATMENT OF THE H+-ION BY MEANS OF ONE- 
TWO- AND THREE-CENTER WAVE FUNCTIONS

By

I .  T a m ÁSSY-Le NTEI and Á . BÁBA

INSTITUTE OF THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN 

(P resented  by A. K ónya. — Received 28. IX . 1962)

The ground sta te  energy of Í1 «, is calculated w ith one- and  m ulti-center w ave functions 
by  m eans of the variational m ethod. By using hydrogen-like one-center wave functions a hound 
s ta te  is found even w ith Is function if i t  is centered near one of th e  nuclei. R esu lts can be 
im proved by taking the linear com bination of tw o or three of the one-center w ave functions 
of the ty p e  Is, 2s, 2p z, 3dz. B y varying the position of the center we get the best resu lts when 
the center is either located in  one of the nuclei or in the m iddle po in t between th e  nuclei. 
A b e tte r approxim ation can be obtained w ith  th e  two-center linear combination of Is type 
wave functions centered on th e  two nuclei. The results can be essentially im proved w ith  the 
three-center wave function which is a linear com bination of Is wave functions centered on 
th e  two nuclei and  on the  m iddle point. In  th is  case the energy and  the internuclear distance 
are E  =  —0.5972 e2/a 0 and  R  =  2a0, respectively, corresponding to  the ex ac t values 
— 0.60263 e2/ a o anc* 2 a 0 .

Properties o f m olecules cannot be calculated ex a c tly  in quantum  che
m istry  because of m athem atical d ifficu lties, but can be determ ined only  
approxim ately.

W hen deciding betw een different approxim ations one should always 
bear in  m ind tw o th ings: first, the necessary calculations should not be 
oversized; secondly, the results should possibly give good agreem ent w ith  
the experim ent. In actual cases one m ust find the right m iddle-w ay between  
these tw o contrary points o f view.

In w hat follows we shall in vestigate , in the case o f the one-electron  
H ^-ion, in w hat measure the results depend on the fact whether one- or 
m ore-center wave functions are used in the calculations.

I. Previously num erous calculations have been done with one-center  
wave functions in the case o f several m olecules, am ong others for H 2 [1]. 
The H am iltonian* of H ^ , as is well know n, is

H
1

r b
( 1 )

where a  and b denote the positions o f the protons. For the notations w e refer 
to the Figure.

* In  the following we use atomic units.
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In central approxim ation the actual form o f  the w ave function  and the  
position  of the centrum  is essentia l. We consider in the fo llow ing the w idely  
used hydrogenlike functions defined by

Wnlm =  R n l ( r ) Y l m ( » ,  95) , ( 2 )

-e

where R ni is th e  norm alized radial wave fu n ction , which can be expressed  
in term s o f the (2 I +  l)th  derivative of the (n +  Z)th Laguerre polynom ial 
as follows:

( n - l -  1)! | i l2 ( 2Z \ 3I2 - e-

w ith  Q =

Rn,(r) =

2Zr

[ ( n  +  Z ) ! ] 3 2 n (3)

nan
The spherical harmonic Y im —  the norm alized angular wave fu n c

tion —  is expressed in terms o f the associated Legendre polynom ial as follows:

Y lm( <P)
2 Z + 1  (Z —  m | ) !

4л (I -)- |m|)!
P}™1 (cos ê)  e im<p (4)

The ground sta te  o f hydrogen-like problems is obtained b y  putting n =  1, 
Z =  m =  0 . The w ave function  is in this case spherically sym m etrical:

V i s
Z l 1/2

( 5 )

In the hydrogen-like case Z JS obviously denotes the nuclear charge.
If, for the treatm ent o f H ^ , we choose (5) as a trial function th en  it  

is convenient to  regard Zls as a variational param eter and to  determ ine it from  
the variational requirem ent th a t the energy

E  =  j ip* Hip dv  (6)
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should be a m inim um  for the system . In th e  calculation o f the energy only  
simple one- or tw o-center integrals are in vo lved  which can be treated , for 
exam ple in elliptical coordinates, quite easily .

The question arises where to  put the centre of the w ave function  o f

the type (5). One possib ility  is the m iddle point X
R

2 .

betw een the tw o

nuclei. In this case there is no binding even  i f  both Z ls and R  are varied  
sim ultaneously, as it can be seen from Table I. We get a little  better result 
i f  we take for center one o f the nuclei (x =  0 or x  =  R).  N evertheless, there  
is no binding in this case either.

Table I

Energy values calculated w ith function (5) for the experim ental internuclear distance (R  =  2), 
after variation of R  for wave functions centered on th e  nucleus (x =  0), on the middle po in t

and for the position of the center which gives the lowest energy. Results are given

in atom ic units w ith the best variational param eter values. The corresponding exact va lues
are: E =  —0.60263, R  =  2 [6].

R 2 o o 3.1 1.8

X 0 0.2 R j  2 =  1 0 0.1

O
n

ОII

E —0.475356 —0.491132 —0.466864 — 0.5 —0.501408 — 0.470369

z ls l . t 1 0.9 1 1 0.95

The best result is obtained by varying Zls, R  and x  sim ultaneously . 
In this w ay we get stable m olecules, w ith center of the w ave function near 
the nucleus (x =  0.1) though the binding is extrem ely  w eak. That the center  
is not in the middle point in the case o f the best energy, as it  is to be expected  
from  sym m etry reasons, is obviously due to the fact that, though the attraction  
of the proton, which is farther aw ay, exercised on the electron is very sm all, 
the interaction w ith the other proton w ill be so strong th a t this results in 
a larger interaction energy than th at resulting from the equal attraction o f  
the tw o protons in the m iddle-centered case.

This is also understandable i f  we take in to  account the fact that the  
electron density is large in betw een and near the tw o protons. The function  
ipls centered on the m iddle point betw een th e  protons m akes the density  
large in this region, but docs not do so in the proxim ity  o f the protons. The 
im portance o f the value of the density  in the neighbourhood of the nuclei 
can be seen from the fact th at i f  the w ave function  is such that it is large 
in the neighbourhood of one of the nuclei but small at the other nucleus

(for x  = 0 .1 ) ,  we can explain binding, while in the case x — we cannot.
Li
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16 I. TAMÁSSY-LENTEI and Á. BÁBA

A  better value for the energy can be obtained i f  we take the linear 
com bination  o f hydrogen-like wave functions as it  has been done in [1]. Let 
us, besides (5), consider the further hydrogen-like functions

V>2S =

W . =

Wadz

Z U

3Z 2s

Zis z.ls Zls)

1/2 Z\s +  z 2. - 2 ..Г

32л:

1/2 z %nr
re 2 . cos d , (7)

1

81
Z l3dz
6л

1/2 _ Ziizr
r2 e 3 (3 cos2 ß — 1),

:(in case o f ip2s we used the Fock— Petrashen form orthogonal to  y ls) and 
take th e  w ave function  in the form

W — c‘ Vi ( i =  Is,  2s, 2p „  3d,). (8)
i

Here le t us take in to  account in th e  sum , besides ipis, one or tw o o f the 
functions enum erated.

The integrals appearing in the evaluation  of (6) are all w ell-know n  
one- and tw o-center integrals. The energy is obtained from  the usual secular 
equation

I t  Hik — E S ik || =  0 ,  (9)
where

Hik =  J  V>f Hyk dv  and S ik =  J  y>f y>k d v .

The results obtained from  the independent variation o f the param eters Z,, 
R  and X  are found in  Table II. N ow  the different w ave functions give the 
best result when centered either on one proton or on the middle point. In 
betw een , we would have at the m ost a sm all relative m inim um . D eviation  
from  th is was found only  in the case o f  the function  y>ls.

The best result is obtained from  the linear com bination o f y ls, y>2s and 
V3d b y  putting the center in the m iddle point. (Here for sym m etry reasons 
the function  ip2pz does not com bine w ith  the other functions.) A lthough  
w ith  the correct choice o f  the center, in  a one-center system , we can obtain  
a stable m olecule even  w ith  the ground state  wave function  ^ls, it  is obvious 
th a t the w ave functions !/.i2s and p lay  an im portant role in obtaining  
the correct w ave function  and contribute essentia lly  to  the low ering of the  
energy o f the m olecule. This is obviously  connected w ith  the fact th a t although

the linear com bination o f y ls, rp2s and ц>3̂ г in the case x =  —  m akes the

d en sity  large betw een the protons, it  increases, at the same time because of its
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Table II

E nergy values calculated w ith functions of type (8) for the experim ental internuclear distance 
(f? =  2), after varia tion  of R  for wave functions centered on the nucleus (x  — 0), on the

m iddle point =  -^ - j. ^ esu t̂s are given in atom ic units w ith the best varia tional param eter
values

TREATMENT OF THE Hg-ION

II x 0 K/2 =  1
'

0 R/2

i =  Is, 2s

R

E

2 oo 1.8

—0.47747 —0.515983 —0.5 —0.520526

7Zj\S 1 1.4 1 1.4

0.8 1.6 arb itrary 1.7

Is , 2p z

R

E

2 2.3

see Is—0.519592
see Is

—0.522577

z is

Z>P

1 1

2.3 2.1

Is , 3dz

R 2 3.6 2

E —0.483021 —0.518411 —0.500898 —0.518411

ẑ
1  s

Z 3d

1.1 0.9 l 0.9

1.4 6.4 3.1 6.4

Is , 2p2, 3dz

R

E

2 2.1

see Is , 3dz—0.54223
see Is, 3dz

— 0.5424

Zis 1 1

4 2.2 2.2

z 3d 4.3 see Is, 3dz 4.3 see Is, 3dz

Is , 2s, 3dz

R

E

2 3.6 1.9

—0.48547 —0.56919 —0.500057 —0.57040

Zis

Zu

0.9 1.1 0.9 1.1

0.8 2.2 0.8 2.2

Z3d 4.4 6.6 4.4 I 6.6
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form , the density also in the proxim ity  of the protons in com parison w ith  
the va lue obtained w ith  ipls.

B y  taking the linear com bination o f more w ave functions results can  
be im proved, as it can be seen from  (1), but the convergence is very  slow .

Thus in the case of one-center functions the nuclei and the middle 
point have a special significance: the best results are obtained i f  the functions 
are centered on these points. It can now be seen th a t the position o f th e  
center is very im portant.

II. In  the case o f m olecules it is quite natural th at one uses w ave  
functions centered on the nuclei, in  particular tw o-center functions for d iatom ic  
m olecules. For H i such a function  is

W =  caWa +  cb f b ,  ( Ю )
where

'Pi =
A; U/2

71  j
О (i =  a, b ) .

E ssen tia lly  the sam e m olecular orbital has already been used by F in k e l s t e in  
and H orow itz  [2]. In to  these calctilations also on ly  one- and tw o-center  
integrals enter and the energy can be obtained from  the corresponding secular  
equation.

From the sim ultaneous variation  of А,- and R  we get

Xa =  Xb =  1.24 , E  =  — 0.586505 , R  =  2 .

As it  is expected  ipa and y>b take part in the binding w ith  equal w eight. (The 
case Xa =h Xb, or th e  variation o f R  would give a change only in the fourth  
decim al.)

H ence, even  w ith  the sim plest hydrogen-like tw o-center w ave function  
y>ls, centered on nuclei, one can obtain reasonably good results. N evertheless, 
in  th is case the electron density  is not su ffic ien tly  large betw een the nuclei 
and, m oreover, it  is too high in  the neighbourhood o f the protons.

A better result can be obtained i f  also the w ave function  centered  
on the nuclei is considered to  be a linear com bination  o f hydrogen-like  
W’ave functions. So w ith a function  o f typ e

V =  N  [y>1Sa +  к у>2Рга +  +  к fop J

we obtain for the energy as a result of the variational process

E  =  - 0 .6 0 0 3 5

for the values Z ls =  1.25, Z 2Pz =  3 and R  =  2 (k =  0,13643).*

* These values are recalculation of the results of B. N . D ic k in so n  (J. Chem. Phys.„ 
1 , 317, 1933)
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I I I .  In the cases that have been considered the best results have  
been obtained w ith  the wave functions centered on the nuclei. Since w ith  
these wave functions the interproton densities are not su ffic ien tly  large, it 
is natural to try  to  im prove results by adding to  (10) a w ave function w hich  
is centered on the middle point.

To do this consider

V =  A  (fa +  Уь) +  B 4>c > (П )

a three-center function , where

/ \1/2 ,
y>i =  —! - |  e ( I =  a ,b , c )

and the origin of rc is in  the m iddle point o f th e  straight line connecting the  
protons.

The only three-center integral appearing in  the energy (6) is o f the type

№ v do
rb

The exact form of th is , for Xa =  Xc, can be found for exam ple in  P keuss [3].** 
The results o f the variation are

Xa =  Xb =- Xc =  1 .2 8 , E  =  — 0 .597201 , R =  2 .

H ence, exactly  the experim ental value is obtained for the internuclear d is
tance: moreover the energy is also greatly im proved.

The three-center integral (12) cannot be evaluated  exactly  for Xa Xc, 
but can be estim ated to  a high degree of accuracy (to w ithin  0.5% ) w ith  
the aid o f the Cizek  [4] approxim ation form ula. The integrals

( 12)

a n d

1, к  К  +  К  I
2 2

d i

1

1

-1

R X'-K

** On page 25 of the quoted  work the fac to r u, in the f irs t te rm  of form ula (3.22), is su p e r
fluous, as can be checked on hand of the  original paper of G. S. Gordadsf, (Zs. f. P hys., 
96, 542, 1935).
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entering the form ula are tabulated  for instance in M il l e r — Ge r h a l s e k —  
M a t s e n  [5]. For th e  experim ental internuclear d istance R  =  2 , A k and B t 
are g iven  for those values o f Xa and Xc w hich are sim ultaneously even  or 
odd m ultiples o f  0 .125. In such units the energy m inim um  is obtained for 
th e  values Xa — — Xc = 1 .2 5  w hich, o f course, approxim ates less sa tisfac
to r ily  th e  exact value than th at obtained for Xa =  Xb =  Xc = 1 .2 8  . O nly a 
v ery  little  im provem ent can he obtained, i f  in (11) y>a and iff, are not centered  
on the nuclei. The result is E  =  — 0.598389, if  x  =  0 .04, Xa =  Xb =  Xc =  1.27 
and R  =  2.

I t  seem s from  th e  ab ove co n sid era tio n s th a t  th e  num ber o f  centers  
o f  th e  w a v e  fu n ctio n  is im p o rta n t, s in ce th is  s tro n g ly  in flu en ces th e  va lu es  
o b ta in e d  for th e  en ergy . —  S im ilar tre a tm en t has b een  p rop osed  for m ole
cu la r  ca lcu la tio n s  b y  P arr  [7 ].

W e sh ou ld  lik e  to  exp ress our gra titu d e  to  J . Ciz ek  for m ak in g  ava ilab le  
h is re su lts  b efore p u b lica tion  an d  for h e lp in g  us in  th e  ev a lu a tio n  o f  th e  
in te g ra ls .
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ИССЛЕДОВАНИЕ ОСНОВНОГО СОСТОЯНИЯ ИОННОЙ МОЛЕКУЛЫ Щ  
ОДНО-, ДВУХ- И ТРЁХЦЕНТРОВЫМИ ВОЛНОВЫМИ ФУНКЦИЯМИ

И. ТАМАШИ-ЛЕНТЕИ и А. БАБА

Р е з ю м е
Для определения энергий основного состояния H j проводились вычисления 

одно- и многоцентровыми волновыми функциями с помощью вариационного метода. При
меняя водородоподобные одноцентровые волновые функции, для энергии связи довольно 
хорошее значение получается даже в случае единственной функции типа I s ,  центриро
ванной очень близко к одному из протонов. Результаты значительно улучшаются, если 
взять линейные комбинации двух или трёх одноцентровых функций типа Is , 2s, 2pz и 3dz; 
при вариации центра наилучшее значение получается в случае центрирования на одно 
из ядер и на центр. Линейной комбинацией двухцентровых волновых функций типа Is, 
центрированных на два ядра, можно добиться лучшего приближения. Значительное 
улучшение добивается трёхцентровой волновой функцией, полученной в случае линей
ной комбинации функций типа Is , и центрированной на два ядра и на центр. В данном 
случае для энергии получено Е =  — 0,5972 е-/а0, для расстояния между ядрами R =  2а0; 
точные значения — 0,60263 с'-/а0 и 2а0 соответственно.
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RADIOMETRIC IDENTIFICATION OF FISSION PRODUCT 
FRACTIONS NOT SORBED BY HUMIC ACIDS

By

M á r ia  Szilágyi

I.ViTITUTE OP NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES (ATOMKI), DEBRECEN 

(Presented by A. Szalay. — Received 1. X . 1962)

A lthough humic acids bind the g rea ter p art of U-fission products, it  had  been found 
th a t there  exist some fission products th a t  are no t fixed on hum ic preparations (e.g. N b — 95, 
J  —131). In  the course of our present investigations we have identified some fu rth e r fission 
products th a t  are not sorbed in our testing  conditions (R u —103, Te —127m, Se — 79, Sb —125). 
Their identification was carried out by  m eans of radiom etric methods.

In trodu ction

In an earlier paper [1] we have explained th at now adays there exists  
a very great chance th a t living m atter m ay be polluted  by fission  products. 
This m ay happen partly  through fission  products spreading at the tim e o f  
experim ental atom ic explosions, p artly  through the fission products contained  
in the industrial w aste of atom ic p lants.

In the course o f  their investigations Szalay  and his collaborators [1-—3] 
have proved that hum us substances occurring in nature in large quantities 
are exceptionally  suitable for the binding of fission products. This property  
of hum ic substances has first been investigated , using inactive substances, 
by m eans o f chem ical analytical procedure, and than  using radioactive isotopes  
by applying the tracer method [2, 3]. In order to  extend  our know ledge to  
the sorption properties of the possib le largest num ber of fission products, 
we have conducted investigations w ith  a com posite o f  fission products [ l] .T h e  
results obtained in th a t series of experim ents have been summarized in  Table I. 
In this Table only th ose fission products are show n the fission yield  o f  which  
reaches at least one per mille and the half-period o f which is longer than  one 
m onth. Our classification shows th a t of a large group of fission  products 
(first colum n) it has been possible to  establish w ithout any doubt that they  
get bound by hum ic preparations. There are references in the literature  
concerning the adsorption of fission  products on hum ic preparations [4], 
but as to  the question whether there ex ist fission products that w ill not be 
bound b y  humic substances — and i f  so which th ey  are —  we have found  
no inform ation. It appeared from our experim ents th a t there do ex ist such  
isotopes (Table I, m iddle column) and that the adsorption properties found
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Table I
G rouping according to  sorption  properties of fission products w ith  a longer half-period than 
30 days (on account of its  properties, J  —131 belongs to  the place m arked, b u t because of 

its short half-period it  is p u t in parentheses (A cta Phys. H ung., X III/4 , 1961)

Firmly fixed 
by humic acids Not fixed Not investigated

Sr—89 J — 129 R b—87
Sr—90 (J— 131) R u— 103
Y —91 N b—95 R u —106

Zn—93 K r—85 Cd— 115“
Cs— 135 Sn— 123
Cs— 137 Те— 127”
Ce— 141 Те— 129”
Ce—144 Тс—99

N d—144 Se—79
P m — 147 P d — 107
Sm —147 Sn— 121”
Sm—151 Sb— 125
E u —155 Те— 125

so far cannot be generalized for all fission products. Therefore, the isotopes 
show n in colum n 3 o f Table I w ill be in vestigated  in detail in th is paper in 
order to  get inform ation on their adsorption properties and to include them  
in  the appropriate colum n (1 or 2) of Table I.

The fission products needed for the exam inations were obtained by  
irradiating U 30 8 in  a reactor. The bulk o f the fission  products could be 
separated from uranium  through the ether-nitric acid so lven t extraction  
m ethod [1]. Since th e  sorption properties o f fission  products separated from  
uranium  had been dealt w ith before, we here in vestigate the sorption properties 
o f fission  products th at do not separate from  uranium during ether-nitric 
acid so lvent extraction , thus further enlarging Table I.

The investigations have been carried through b y  m aking a column  
o f  the hum ic preparation —  applying the m ethod well-known from the  
technique o f ion exchangers —  and by pouring on this colum n a drop of 
uranyl n itrate (In ) solution th a t contained the smaller q u an tity  o f fission  
products after the etheric extraction  [1]. According to  our hypothesis the 
hum ic preparation was to  b ind the uranyl ion, and of the fission  products 
those present in cation  form in the given experim ental conditions. On the  
other hand, those o f  anion form  could be eluted  o f the colum n b y  means o f  
а рн —  5 HC1 solution .

In the fo llow ing we shall report on the m ethod by which it was possible 
to  id en tify  the isotopes in the eluate fractions.
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E xp erim en ts

1. R u — 103. The eluate fraction w as evaporated and its y-spectrum  was 
in vestigated . The spectra are shown in F ig. 1. For th e  sake of com parison, 
the follow ing three y-spectra are show n together:

Discr. voltage

Fig. 1. “ a” : th e  y-spectrum  of the uranyl n itra te  solution after th e  etheric ex trac tion  of 
irrad ia ted  U 30 8. I t  contains some residual fission products, “ b” : th e  y-spectrum  (p H 5) 
o f the f irs t eluate  fraction gained after this had  flow n through a hum us colum n of th is u rany l 
n itra te , “ c” : th e  y-spectrum  of th e  same p rep a ra tio n  as th a t used for curve “ b” , b u t after 
a  period of 10 m onths. In  the  upper righ t corner of the  Figure in  a  sm aller scale th e  curve 
of K . L ie b s c h e r  [S] has been reproduced w hich was used for com parison when evaluating

our m easurem ents

The curve marked “ a” was obtained b y  photographing the y-spectrum  
of the uranyl nitrate solution  prior to  sorbing on hum us. Two characteristic 
lines are very well visible in  the spectrum  at 0.76 and 0.495 MeV.

The curve marked “ 6” was obtained b y  the y-spectrom etric m easuring  
of the eluate fraction prepared w ith  th e  p H^  5 HCl solution . It is seen  
from  the spectrum  that th e  in tensity  ratio  o f the 0.76 and 0.495 MeV lines 
has changed after sorption because th e  in ten sity  of the 0.76 M eV-energy 
radiation decreased.

The curve marked “ c” was obtained in  the following w ay: the preparation  
producing curve “ b” was left untouched for 10 m onths, th en  its y-spectrum  
w as taken in  measuring conditions id en tica l w ith the previous ones. It can  
be seen th at both  characteristic lines h ave alm ost en tirely disappeared.

For the evaluation and system atization  of these results we have found  
K . L ie b s c h e r ’s [5] and his collaborators’ work very helpfu l. In 1958 and 
1959 th ey  investigated  the fission  product content of natural waters in and
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around V ienna. The m easurem ents were carried out by evaporating the sam ples 
o f w ater and b y  identify ing  the com ponents o f its  activ ity  y-spectrom etrically . 
In  the right upper corner o f F ig. 1 a curve obtained by th em  is also show n  
for the sake o f  com parison. This y-spectrum  is very sim ilar, alm ost identical 
w ith  our m easurem ents m entioned above. W e also ascribe the 0.495 MeV- 
energy spectral line to  the presence o f isotope Ru— 103, as we had already  
identified  the isotopes Zr, N b and Ce in a previous in vestigation  [1].

Thus the sorption experim ent m ay he evaluated as follow s:
The uranyl n itrate stock  solution  used contains uranium  and its short

life decay products (U X1, UX2) w hich are in  balance w ith  it: in  addition o f  
th e  fission  products it contains the entire q u an tity  o f R u— 103. (Fig. 1, curve  
“ a” ). Passing through a hum us colum n, the uranyl ion  together w ith  i t s

Fig. 2. A m ore detailed investigation  in  the low '/-energy ranges of th e  spectra  shown in Fig. 1.. 
]2 The calibrating  energies are m arked on the abscissa a t the appropria te  points

radioactive daughter products, as well as the isotope Zr— 95 is bound b y  
the hum ic preparation. R u— 103 and N b— 95, the daughter elem ent of Zr— 95,. 
w ill not be bound, but collect in the receiver (F ig. 1, curve “ b ” ). I f  the spectrum  
of the preparation is photographed again after 10 m onths, in accordance 
w ith  the half-periods the disappearance o f  the tw o characteristic lines  
(F ig. 1, curve “ c” ) m ay be observed. R u— 103 w ill decay into isotope  
Rh— 103 w ith  a half-period o f T  — 39.8 days; Rh— 103 w ill, through isom eric  
transm utation  and em itting  40 K eV-energy y-radiation, transm ute in to  the  
stable isotope R h— 103 w ith  a half-period o f 57 m inutes. W e should like to  
m ention th at the isotope R h— 103 is alw ays present in  preparations th a t  
contain  R u— 103, but we do not discuss its  sorption on hum ic acids and its; 
y-spectrum  here.

2. Т е— 127m. In the follow ing we have carried out a more d eta iled  
in vestigation  in to  those parts o f the spectra in Fig. 1 w hich appear at low; 
у-energies. The results are show n in F ig. 2.
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This spectrum  shows a dom inating photopeak of sm all in ten sity  at 88 KeV.. 
Considering th at the presence o f an isotope w ith  a longer half-period has to  be 
reckoned w ith , we have taken as the other param eter the energy of the /3-radia- 
tion  rather than  the half-period. For this purpose we have first placed the prepar
ation in a solution , then gained through paper electrophoresis [6] the isotope  
th at em its the above-m entioned 88 K eV -energy y-radiation; then the /1-ab
sorption in alum inium  of th is preparation, containing b y  now but a single  
isotope, was determ ined. The results o f the m easurem ents are show n in  
Fig. 3. According to  the Figure, the half layer thickness is 220 m g/cm 2, w hich

Fig. 3. The /З-absorption curve in A1 of the p rep ara te  identified as isotope Те— 127m

corresponds to  a /1-radiation o f about 0.7 MeV energy. There is no isotope  
am ong the fission  products th a t em its 88 K eV  y- and 0.7 MeV /3-radiation. 
Looking, how ever, at the follow ing decay relation  the results o f m easurem ents 
w ill becom e understandable.

Taking into account the half-periods shown here, it  is ev id en t that the y-line  
o f 88 KeV energy belongs to  the isotope Т е— 127m, and the /1-radiation o f
0.7 MeV energy to  isotope Те— 127, considering the fact th a t the experim ents 
were begun 6 m onths after the neutron activation  of U 30 8.

3. Se— 79. In the course o f the paper-electrophoretic investigation  
m entioned above, we found at the side of the band extend ing  towards the  
anode an a ctiv ity  m axim um  w hich showed a 0.16 MeV energy /3-radiation 
only and w hich was not accom panied b y  y-radiation. Follow ing this we  
measured the in ten sity  of the preparation b y  means of a GM-tube counter

0 100 200 300 W0 500 600 mg/cm2

Те—127m 
(105d)

. ^ l  ^
I 127 (stabile)

Те—127 
(9.3h)
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for nearly a year, but were not able to  prove any notable decrease in a ctiv ity . 
Sum m ing up these findings, it  m ay be sta ted  th at here is an isotope behaving  
as an anion in  electrophoretic conditions, as well as show ing an anionic  
character in relation to  hum ic preparations, em itting no y-radiation, but very- 
soft 0.16 MeV /З-particles on ly , having a very  long life and being present in 
the fission  product com posite in very sm all quantities on ly . A lthough no 
Se— 79 will d irectly  be produced in fissions, its m other elem ent As— 79 will 
be produced w ith  a m axim um  yield (5.6 • 1 0 ~ 2%) in the course of the 4 hour 
activation  o f the U 30 8 in the reactor:

E valuating  th e  ^transmutation schem e show n here it appears that after the 
cessation o f the irradiation in  the reactor A s— 79 will transm ute into isotope  
Se— 79 in 1 to  2 hours. Thus at the tim e (chosen by us) o f  the investigation  
it  was possib le to id en tify  isotope Se— 79 only.

4. Sb— 125 and  R b— 87. The sorption properties o f  these isotopes were 
determ ined through the application of pure isotope preparations because 
their q u an tity  was too sm all to separate these isotopes from  th e above-m entioned  
com plete fission  product com posite. For tracer investigations preparations of 
the isotopes Sb— 124 and Rb— 86 were used. We have found th at in the 
conditions o f  our experim ents the isotope Sb showed an anionic character 
and the isotope Rb a cationic one.

These investigations show  th at there are a num ber o f isotopes am ong  
fission products th at w ill not bind on hum ic preparations (at p H ~  5), and 
th at belong, as regards their chem ical character, to the group of am photeric 
elem ents or to  those of a decidedly negative (anionic) character. T able II  
illustrates the new inform ation gained by the investigations detailed  
here o f th e  sorption properties o f fission  products w ith  respect to  hum ic 
preparations. This Table I I  shows the isotopes appearing in Table I , b u t in a 
different arrangem ent. Considering the fact that the different isotopes of 
any chem ical elem ent behave in the sam e w ay w ith respect to hum ic prepara
tions, we have, according to  the results o f the investigation  of the sorption  
properties o f  isotope R u— 103, transferred R u— 106 also to  the middle colum n  
■of this T able, etc.

Se—79"' 
(3,89 min)

As—79 
(9 min)

Se 7 9 ------- >-Br—79 stabile
(6 X101 years)

E valuation
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Table II

This Table shows fission products w ith a half-period longer than  30 days (w ith a fission yield 
>  1%0) grouped in accordance w ith our la te s t investigations

Well fixed Not fixed Under investigation

Sr—89 J — 129 Cd—115"
Sr—90 J — 131 Sn—123
Y —91 N b—95 T c—99
Zr—93 K r— 85 P d —107
Cs—135 Se—79 Sn—121m
Cs—137 R u — 103
Ce—141 R u— 106
Ce—144 Те— 127m

N d— 144 Т е— 129'“
Pm — 147 Sb— 125
Sm— 147 Т е— 125
Sin—151
E u— 155
R b—87

Finally I should like to  express m y gratitude to  Prof. A. Sza la y , Director 
o f  the Institu te of Nuclear Research o f the H ungarian A cadem y o f Sciences, 
for his interest in m y work, and to  all m y colleagues who have extended  help  
in m y experim ental work.
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РА ДИО М ЕТРИ ЧЕСКА Я И Д ЕН ТИ Ф И К А Ц И Я  П РОДУ КТО В Д Е Л Е Н И Я  УРАНА 
Н Е  А БС О РБИ РО ВА Н Н Ы Х  ГУМ ИНОВЫ М И КИСЛОТАМИ

М. СИЛАДЬИ

Р е з ю м е
Как раньше было установлено нами, некоторые продукты деления (Nb—95, 

J—131) не связываются на гумусовом препарате. В ходе настоящих исследований иден
тифицировались дальнейшие продукты деления, не показывающие сорбционные свойства 
при наших условиях опыта (R u—103, Т е—127m, Se—79, Sb—125). Идентификация 
производилась радиометрическим методом.
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TRANSIENT LIFETIME IN CASE OF RECOMBINATION 
THROUGH EXCITED STATES IN NON-DEGENERATED

SEMICONDUCTORS

By

G. P ataki

-RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 

(P resen ted  by G. Szigeti. — Received 10. X II. 1962)

The present paper deals w ith the m odel of recom bination given by A. V. R zhanov  [3], 
near equilibrium , in the tran sien t case. F rom  the approxim ative roots of the characteristic 
equation , r r renders th e  sta tionary  lifetim e given in [3] for an a rb itra ry  concentration  of 
recom bination centres, while the second root r ( gives the generalization of the transien t lifetime 
in the Sh o c k le  y -R ea d  m odel for the recom bination through excited states.

As it is well know n, in the Sh o c k l e y — R ea d  [1] and R . N . H a ll  [2] 
theory o f  the recom bination it is an essential assum ption that the electrons 
or holes rem ain in the recom bination centres only for a negligibly short tim e. 
A generalization of the model S— R , where th e  recom bination takes place 
through excited  sta tes was given in A. Y. R zh a n o v ’s paper [3], thus the 
trapping tim e can be essential in the lifetim e determ ination. G eneralization  
in this respect is o f special im portance as M. L ax  [4] was successful in  giving  
the correct orders o f m agnitude o f the capture cross-sections supposing the  
cascade process to take place through the excited sta tes. S tudying the existence  
of the excited  levels, la te ly  B on tch— B r u ev itch  and G lasko  [5] referred 
to the fact that it is not im possible to  capture the electron through one level, 
provided the m axim um  phonon energy is su ffic ien tly  great relative to  the 
binding energy of the excited  level. The “ simple cascade” m odel, exam ined  
in  [3] considers tw o excited  states (one for the electrons, one for the holes) 
and gives a corrected form  of the lifetim e at a sm all concentration N t o f the 
recom bination centres, for a steady sta te . Fig. 1 show s the levels and the 
possible transitions supposed by this model.

The present paper deals w ith th e  exam ination o f this m odel in the 
transient case. We write down the approxim ative expression o f the tw o first 
lifetim es in  case of sm all excitation  and at an arbitrary concentration N t 
o f  centres. From these the first one, Tr, gives the stationary  lifetim e, described  
b y  R zhanov  for a sm all N t; while th e  second root, t t, of the characteristic  
equation is the generalization of the transient lifetim e for the above m odel, 
which was determ ined in the papers o f  D. J. Sa n d if o r d  [6], G. K . W e r t - 
h eim  [7] and G. P a ta k i [8].

On the basis o f [3] the tim e dependence of the recom bination can be 
described as follows:
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dn

dt

dp
dt

dn*
--------  --  У-'П

dt

Cn (TV, — TV,** — p  -)- n) n — n0
N *

*5-71*

( p - n -  n * ) p  — p ü »<0
N f *

■ TV,**

(TV, — TV** — p  +  n) n — n0
N *

«Lnjf

( p - n -  n*)
( 1 )

d N t**
dt

=  C r { p  PuJ h ^ N * *
N**

TV**
TV**-  (TV, -  N f * - P  +  n)

N *  i y t о

Avhere —  besides the usual n otation  —  the concentrations correspond to the 
fo llow ing sta tes o f the recom bination  centres: 

щ electrons in the ground state,
nt electrons in the excited  E t sta te ,
TV; the ground sta te  is not filled,
TV, hole in the excited  E**  state and
Cn, Cp the param eters o f transitions from  the conduction  or valence  

band to  the excited  states,
rn, rp the param eters o f transitions from  the excited  sta tes to the  

ground state (see F ig. 1).

Fig. 1. Model of recom bination  through excited sta tes (after R zhanov)
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TRA N SIEN T LIFET IM E IN  CASE OF RECOM BINATION 31'

Index zero indicates the equilibrium  va lu es. In w riting down the above  
equations the follow ing tw o conditions were taken in to  consideration:

nt 4- n f  -f- N*  4- N f *  =  N, , (2)

nt -f- n f  -{- n =  p  , (3)

o f which the m eaning o f the first one is obvious, equ. (3) expresses the con 
dition of electrical neutrality . For the sake o f  definiteness th e  charge condition  
of the recom bination centres was taken as neutral.1

For the case of equilibrium  the electron  distribution over the different 
excited states and charge conditions was given  in thepaper o f  W . Sh o c k ley  and 
J .T .L ast [9], as well as P . T. L a n d sb er g  [10], while the values concerning the  
above model are given in  paper [3], equ. (3). The equs. (1) represent a system  
o f non-linear differential equations for the concentrations to  be determined^  
After linearization the system  o f equations can be expressed in m atrix  
form in the following way:

à +  A a  =  0 , (4)

where the elem ents of the colum n-vector a  are: bn, bp , bn*, bNf*  and th e  
m atrix A  (after some m anipulation) is:

a'A, -  A,, — A  —L — A,

ß’A t

— a’A,

A p ( l + P )

A„ — ;

P s}t ¥

L_
P»

• (5)
л n\A  --- — —  7*n * fl 1 4

71,1
*Tii

ß ’Ap A p ( l + ß ' ) - r p
A p

A Pl  - + rл р  i ' p [ l +  - & - [
P » F i  J - i

1 More generally, in case the num ber of charges a t  a lower charge condition is s and 
a t an upper charge condition s -|- 1 (e.g. s >> 0 is equivalent to the negative and s <  0 to 
the positive charge) the condition of neu trality  becomes

(* +  1)(™ +  щ)  +  s(A* +  N**) +  n p ,
which can, on the basis of (2), be brought into the form

sN t -f- -f- П[ -f- n =  p  .

As sN t is constant, the cases s =  0 and s Ф 0 lead to  the same condition of neu trality  for 
the quantities ón, öp , ön^ Óra*, i.e. even if recom bination takes place th rough  different charge 
states (and accordingly if different mechanisms are possible) the lifetim es are given by sim ilar 
phenomenological relations.
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'The fo llow ing notations were introduced:

A n  = Cn «0  ; A p

a '  =
N *

t o  .
1 ß '

n0

n* = « 0
A*o .

n i

p * *  = Po n « L . P iNfa*

A  =  Cpp a,

P  о

P 0

N*

iVfo

(6)

f r o m  the n otations (6) it can be seen th a t nv  p v  are the electron or hole  
concentration  i f  the Ferm i leve l is E t. S im ilarly n*, p** m ean the electron  
or hole concentration  if  F 0 — E*  or F 0 = E * * .  The characteristic equation  
for the lifetim e r is:

=  0 , (7)

where A  is m atrix (5) and I  is the idem  m atrix.
A fter doing the sim ple but long calculation , the coefficients o f  the  

equation o f the fourth degree can be determ ined. For sim plicity’s sake the  
•coefficients are given for th e  case when the conditions

< § 1 , Pi

P i*
^ 1 ( 8)

are fu lfilled , and as the excited  states (E*.  E**)  are far from the E t level, 
the inequalities (8) are valid  in general. Taking into account what has been  
said above the coefficients o f the equation

are
T 4 +  6 j  T 3 +  b 2 T 2 +  &3 г  +  6 4 =  0 (9)

bo A  n A pr nr p a ' l l + P ± +  ß ' +  a ' ß '
l Pol ” o J

A n l  +  a ' +  -ni- (1 +  à) +  A l + ß ' + P±.
n o Po

Ь2 =  + rn rp [ l  +  e +   ̂ +  e<̂ ] 1

b3 —

f>4 =  + 1 ,

A | l + « ' + - ^  ) +  A p 1 + | 9 '  +
n0 / { Po

Pi

«) i 

( 10)
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where the follow ing notations were introduced:

A n n l  _  C n n l  . Л _  A p P i *

Гп « 0  rn ' rpp 0

The roots o f equ. (9) of the fourth degree can be determ ined exactly  and 
num erically as well. In this wray, howe /er , the results are not perspicuous. 
Therefore we shall give the tw o roots of eq u . (9) approxim ately. It is well 
know n that if  the roots of equ. (9) are essen tia lly  different ( t4 g> r2 §> r3 §> r4) 
th e  following approxim ation is valid:

( П )

As the first tw o roots are known to  be very  different from  each other and  
from  the others (the mean lifetim e and the filling tim e o f the centre) the  
first tw o roots, Tr and r t lifetim es can be determ ined on the basis of (11). 
A t present we neglect the other tw o lifetim es, as they  are essentia lly  shorter. 
According to  equ. (11) making use o f the coefficients given in  (10) we get

| l + a ' + ^ k (1 +  à)-{-Ap l + ß ' + ( 1 + e )
l nn Po

a' (l +  - ^ + ß ' i i + ^ l +  a 'ß '
_ Po » 0

( 12)

1 +  e -)- <5—)— f«5

l  +  a ' + - ^ | ( l + « 5 )  +  A„ 1 + 0 ' - P i

Po
( 1 + e )

(13)

I f  we take into consideration that the relations

n0 a' — N, 1 + Pi

Po

P*ß' =  N' i  +  ^ r
ntj J

valid  in  case o f e =  0, 0 = 0  rem ain correct in good approxim ation when
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e =j= 0, b =f= O,2 we obtain after some transform ations

Cn U o  +  ni +  N, t  + - — f l ( l + à )  +  Cp Po +  P t +  N t [ ! + — ]
— 1"

( 1  + e )
L Pol « 0

(14)

1 -J- e +  d +  eô

N , C n Cp " o + P o +  N t ^-L
—1

( i + ^ n
Po na ]

t t ^

Щ +  n,  -f- 1V( ( 1 +  >̂1
—V

(1 + à ) + C p P o +  P i +  N, 1 + ^
—1

l  Po «0

(15)

Thus equ. (14) and (15) give the tw o longer lifetim es o f  recom bination through  
excited  states. Expression (14) renders the stationary lifetim e for sm all values 
o f N t, given b y  R z h a n o v  in  paper [3 ] .I t is  obvious th at i f  the new param eters 
(e and Ô) o f the theory are zero, we obtain  the respective expressions o f  the 
S— R model (e.g. [8], equ. (8), (9)).

The lifetim es (14) and (15) are form ally identica l w ith the lifetim es  
o f the S— R m odel, i f  we replace Cn and Cp by  effective capture constants  
as follow s:

these give account o f the inner transitions, too. A ccordingly

c ; < c „  and c ; < c p ( e > 0 ; < 5 > 0 ) .

W hile the capture from the conduction band is determ ined by Cn, th e  value  
of rn lim its the rate o f transition to  the ground sta te . E xam ining the process 
o f the whole recom bination (on the basis o f  the m odel represented in  Fig. 1) 
it  is seen th at both  Cn and rn (i.e. Cp and rp) are figuring in the actually  
m easurable lifetim e. Thus the last step  has also to  be considered and the 
energy loss o f the electron m ust be provided for (by excita tion  of one or more 
phonons^ perhaps b y  som e other m echanism ), as e .g . in the tem perature  
dependence o f Cn', Cp', e and Ô m ust be taken in to  account as w ell.

L ifetim es (14) and (15) refer to  bulk recom bination. We should  like 
to  deal w ith  the question o f surface recom bination centres at another occasion.

n* jY**
2 I t  is sufficient to rem ark th a t because of condition (8) —— <g 1 and  —^ — <g 1

n t о ™ to
similarly. T hat m eans, th a t in  a therm al equilibrium  the excited states can be neglected in 
comparison w ith  the ground states.
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НЕСТАЦ ИО НА РН ОЕ В РЕМ Я  Ж И ЗН И  В СЛУЧАЕ РЕК О М БИ Н А Ц И И , ПРОИСХО- 
ДЯЩ ЕЙ СЯ Ч Е Р Е З В О ЗБ У Ж Д Е Н Н Ы Е  СОСТОЯНИЯ В Н Е В Ы Р О Ж Д Е Н Н Ы Х

П О Л У П РО В О Д Н И К А Х
Г. ПАТАКИ

Р е з ю м е
В статье была исследована модель рекомбинации, данная А. В. Рж ановы м в работе 

[3], вблизи равновесия, в нестационарном случае. И з приближенных корней хар ак 
теристического уравнения тг дает стационарное время ж изни, полученное в [3], при 
любой концентрации рекомбинационных центров, в то время как  т, дает обобщение не
стационарного времени ж изни модели Ш окли—Рида на случай рекомбинации происхо- 
дящ ейся через возбужденные состояния.
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THE HYDRODYNAMICAL MODEL 
OF WAVE MECHANICS I

T H E  MOTION OF A SINGLE PA R T IC L E  IN A PO TEN TIA L F IE L D

By

L. J Á N O S S Y  a n d  M. Z lE G L E R

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

(Received 11. X II. 1962)

The problem  is investigated as to how fa r the wave equation  representing a quan tum - 
mechanical system  can be transform ed by  change of variables in to  a system of equations 
which have th e  form of the classical equation of m otion of a deform able medium. In  th e  p resen t 
paper we carry  ou t this investigation in th e  case of a single charged particle m oving u nder 
the influence of an outside potential.

I. Basic conceptions

§ 1. The difficulties connected w ith  the physical interpretation o f the 
wave function y> have renew ed interest in the hydrodynam ical m odel o f  wave  
m echanics, i.e . in a m odel in which th e  fundam ental equations o f  m otion  
refer to  classical quantities b y  which y> m ay  be replaced. Summarizing our con
siderations to be presented in  a number o f papers, ave shall analyse the problem  
o f how far it  is possible to  replace th e  wave m echanical description o f a 
system  b y  one m athem atically  eq u ivalent and of th e  form  of the classical 
equations o f  m otion o f an elastic m edium .

Our a ttem pt is not new , similar considerations h ave been given already  
e.g. b y  Madelu n g  [1] and later b y  E h r e n fe st  [2] and T a k a b a y a si [3]. 
(See also our short com m unication [4].) Further a num ber of papers have  
been published in connection  with th e  classical analogy o f  quantum  m ech a
nics which are to a certain degree sim ilar to ours as regards th e  m a th e 
m atical form alism  but wrhich are d ifferent as regards their  aim. (W e m en 
tion  here e.g. L. de  B ro g lie  [5] and K. N ovobátzky  [6].) On another  
occasion wTe shall sum m arize the w ide literature on th e  subject.

§ 2. The sim plest case, i.e. the m otion  of a particle of mass m  and 
charge e under the influence o f forces w hich can be derived from a p o ten tia l 
V  can be described by the Sc h r ö d in g e r  w ave equation

h 2 „ . .  dip
-------------- V ~ i p + V y ) = i h  — - ,  ( 1 )

2 m 31

where the w ave function ip is a function o f the coordinates and of the tim e . 
We m ay wrrite for short ip (r , t) =  ip . S im ilarly V  m ay d tp en d  on both  Г and 
i, thus we m ay wrrite V  (r,  l) — V.
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According to  the generally accepted interpretation  of th e  w ave function  
I ip j2 is a probability  density, i.e . \ip 2 d t  is the probability to  fin d  the particle 
(w hich is supposed to  be pointlike) inside the volum e elem ent d r  [7 ] .S chrÖ- 
d in g e r ’s original idea [8] was th a t j  ip |2 represents a true d en sity , i.e. the  
particle is sm eared over space w ith  a mass d en sity  nm and electric charge 
d en sity  Qe so th a t

Qm =  mo , Qe — eQ w ith  q =  \ip\2.. (2)

Later, relu ctan tly , Sch rö d in g er  had to give up his original idea and to  
accept B o r n ’s probability interpretation.

The considerations connected with the hydrodynam ical model au to
m atica lly  renew the question as to  the interpretation  of I ip j2.T he density defined  
b y  (2) appears as one of the variables of th e  hydrodynam ical model, thus  
th e  classical picture of the system  described b y  th e  wave fu n ction  corresponds 
to  a m edium  w ith  density q =  g(r,  i) spread out over space and m oving  
under the in fluence of outer forces, the e lastic  stresses occurring inside the  
m edium .

§ 3. Sc h r ö d in g er  a lre a d y  p o in ted  o u t  th a t  th e  v e lo c ity  of flow  c a n  
be exp ressed  in  te rm s  of ip as follow s:

QV = ----- — — (ip* grad ip — ip grad ip*). (3)
2m

The quantities defined b y  (2) and (3) satisfy togeth er  with (1) the  
follow ing relation

d iv  (qv) -\---- — =  0 .
dt

(4)

This is the so-called con tin u ity  equation, w hich can be derived from the  
Sc h r ö d in g er  equation. Thus v  and q can be taken to describe velocity  and  
density  distribution  of a m oving medium .

It should be noted th a t adding a term  rot /  (where /  is some arbitrary  
vector q u antity) to  the defin ition  (3) of V , th e  continuity  equation (4) w ould  
also be sa tisfied . In the present approxim ation we m ay take this term  to  
be zero. We shall return to  the exact determ ination o f th e  form of % w hen  
dealing w ith  th e  hydrodynam ical model describing the electron having spin  
and m agnetic m om ent, i.e . w hen can be determ ined b y  comparison w ith  
the experim ental results.

M ultip lying (4) by m and e, resp ectively , we ob ta in  the con tin u ity

equation for th e  flow  of m ass d iv  p  -j- -
dt

0 and th a t for the electric

Acta Phys. H ung. Тот. X V I . Fase. 1.



TH E  HYDRODYNAM ICAL M O D EL OF WAVE M ECHANICS 39

current d iv  i  + 3 i
=  0 , we m erely have to suppose

p  — mov  =  om V, 

i  =  ear  =  Qe v , (5)

where p  is the density o f m om entum  and i the d en sity  o f electric current 
in suitable units.

Integrating (4) over the whole o f  space (changing in the second term  
the order o f integration and differentiation  and supposing that pi’ tends 
su ffic ien tly  strongly to  zero at in fin ity ), we find

---- I Q dr =  0 .
dt J '

Thus the density  integrated over the w hole space is constant in tim e and 
-— to  be com patible w ith  the wave eq u ation  -— has to be g iven  the value 1, i.e.

( pdr =  1 . (6)

U sing the norm alization (6) we obtain for tota l mass and to ta l charge o f  the 
medium the initially  given values m and e.

II. Equation o f  motion

§ 4. So as to obtain a dynam ical description of our system  it is necessary  
to  consider the acceleration of the elem ents of the m edium . According to  
hydrodynam ics the acceleration of an elem ent of a m oving medium is given  
b y  the to ta l derivative o f the v e loc ity , i.e .

d v  9i’
a  =  —  =  —  +  (v  grad) V , (7)

dt dt

where the

in a fixed  
con tinu ity

dV
partial d e r iv a tiv e ------expresses the rate of change of ve lo c ity

dt
point. Instead o f (7) we can also write, tak in g  into account the  
equation (4):

Q
d v
h t

Э (gr) 
dt

+  D iv  ( q v o v ) , ( 8 )

where D iv  is the tensor divergence and о designates the direct product.
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D ifferentiating (3) w ith respect to  tim e and expressing th e  tim e derivat
ives o f  ip* and ip in  term s o f their spatial derivatives w ith  help of the w ave  
equ. (1), we get from (8):

9 m - ~  =  - Q  grad (v  +  Q)
dt

w ith

<? =  -
%2 у 2 p1/'2
2m 0!/2

(9)

( 10)

In  place o f (9) and (10) one m ay also write

Q m  —— =  —  6  grad V  — D iv Q,, 
dt

(9a)

w ith  the tensor given by the relation

h2
D = --------- p(v ° y ) I n Q

4 m
(10a)

or w riting down the i, k-th  com ponent o f th e  tensor

л  h2Que =  -  6
Э2 ln Q

4 m Зя:, 3%i.

W e find th at equs. (9), (10) [or (9a) and (10a)] together w ith  the con tin u ity  
equation (4) give a com plete set o f equations o f  m otion. Indeed , if  we im pose  
an in itia l condition  upon V and g

v ( r , 0 )  =  v 0 (r)  and e ( r ,  0) =  Qo(r)

their tim e distribution can be determ ined uniquely from  the above sy stem  
o f equations.

§ 5. The equs. (4), (9) and (10) are ex a ctly  of the form  which is to  be  
expected  for the classical equations of m otion of an e lastic  medium. Q p lays  
the role o f an inner potentia l and

Pi =  — grad Q ( И )

is the stress appearing as the result of deform ation.
That Fj as given b y  (11) can be regarded as classical stress can be seen  

from  the follow ing remarks:
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1. I f  Q =  const., then Q — const, and i )  =  0 , th u s stress appears- 
only at places where the density  o f the m edium  is non-uniform . In a g iv en  
point, Q depends only upon the density  in th is  point and the spatial derivatives  
of the density, thus we m ay say  that Q in  a given point is determ ined b y  
the density distribution in the im m ediate v ic in ity  of th a t point, just as is 
to be expected  in an elastic m edium .

2. It follows from (11) and (10) [or (10a)] that

J 6 F,  dr =  0 , (12)

i.e . the inner forces resulting from  the stress have no resu ltant. Thus th e  
rate o f change o f  m om entum  o f the system  is given by the integral over the  
outer forces only; or denoting by

R  =  \ gr  dr

the coordinate vector of the centre o f grav ity  of our system , we find

m R  =  F  =  J  gF0 d r ,  (13)

where

F0 =  — grad  V  . (1 3 a )

E q u a tio n  (13) expresses th e  law  of E h r e n f e s t .
3. The m om ent of force produced by th e  inner forces can be w ritten

It, =  [ о [г  X d r  =  — j [ rx Div Cl] d r .

Integrating b y  parts, we find, rem em bering th a t C l  is a sym m etric tensor  
[see (10a)]:

K i — o •

Thus the inner forces produce no m om ent o f force. We find therefore for th e  
to ta l m om ent o f  force o f the system  in analogy to (13):

К  =  j g [ г  X F 0] d r ,  (14)

i.e. the change o f angular m om entum  is caused by the m om ent of the outer  
forces only. In particular, we note th at the angular m om entum  o f the system  
will change continuously provided the outer forces produce a non-vanishing  
m om ent.
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Taking together the three remarks m ade above, we see that the equs 
■(4), (9) and (10) describing the m otion o f our medium  are indeed of the typ e  
o f  classical equations of m otion. The fact th at the con stan t h appears in  the  
expression  g iv ing the potentia l Q does not affect the classical nature o f  the 
equation. Indeed , A m ay be regarded as a constant characteristic o f  the  
elastic properties o f an atom ic system . O bviously no description can be 
successful w hich does not m ake use o f A .

III. Connection between hvdrodynainical equations and the wave equation

§ 6. In  the follow ing we discuss how  far it is possible to estab lish  a 
one to one correspondence betw een the descriptions o f  a system  by a wave  
function on the one hand and the hydrodynam ical variables q and v  on 
the other.

For th is purpose it is convenient to  express the w ave function ip w ith  
help o f tw o  real functions R  =  R  (r, t) and S =  S  (r, t) in the form

ip =  Re, s . (15)

Introducing (15) into the expressions for the density  (2) we find

g =  R 2 (16a)

and further from equ. (3) for the v e lo c ity  of flow

V — g r a d S . (16b)
m

( I t  should be noted th at the above expression for V  is valid  only for points 
in which g =/= 0; at points where g — 0 , V  m ay h ave singularities.)

If, how ever, we w ant to determ ine from given distributions o f  g and 
v  the w ave function ip satisfy ing the w ave equation, we have to  express R  
and S  through g and V  . Reversing (16) we obtain

R  =  Ге, (17a)

r

J  v  d r  +  S „ , (17b)

Г»

where i ’0 is a constant vector and S 0 a function o f tim e only. Thus from a 
given distribution of g and V functions R  and S  m ay be determ ined on the
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basis o f (17), and further using (15) the corresponding ip function  fulfilling  
the w ave equation m ay be built up. I f  we require ip to  be a single-valued  
function  of the coordinates according to (15) V may still be m ulti-valued  
having  values differing by integer m ultiples o f  2 n  from each  other, i.e.

Фv d r  =  2n% к — 0 , i  1, , (18)

where the path o f  integration m ust avoid poin ts for which g =  0 , otherwise 
it m ay be an arbitrary closed path . The expression  (18) relating to  the velocity , 
together w ith the norm alization (6) of the d en sity  m ay be regarded as in itia l 
conditions. Indeed (as can be show n easily), i f  they are fu lfilled  at a tim e  
t  =  0 th ey  rem ain so for all later tim es.

E qu. (18) is equal to T hom son’s law  o f  vortices in a fie ld .
§ 7. So as to  check w hether ip constructed from th e distributions o f  

(j and V obeys indeed the wave equation , we insert the ip function  thus obtained  
into the wave equation. Doing so we find th a t the wave equation  is indeed  
fulfilled, provided we take r 0 to  be an arbitrary vector independent of tim e  
and put

t

So=-t J E( t ) d t
о

with

E  = Q m r

Th us the explicit expression for ip satisfying (1) can be w ritten

ip =  Yq exp
r

j  E  (t) d t .

о

W e see thus th a t owing to  the arbitrary value of r 0, ip is determ ined  
except for a constant phase factor; thus ip m a y  be replaced b y  ip' =  y>e’ 
(w ith V y  = > ’ = 0 ) ,  ip' corresponding to  the sam e hydrodynam ical distribution  
as ip . H ow ever, in  the usual considerations o f  w ave m echanics such a phase 
factor is regarded as unim portant, thus we can conclude th at essentia lly  there 
exists a one to one correspondence between th e  solutions of the w ave equation  
and the hydrodynam ical equations (4), (9) provided only solutions obeying  
initial conditions (6), (18) are considered.
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IV. Stationary states

§ 8. The Schrödinger w ave equation (1) adm its so-called sta tion ary  
solutions o f  the form

~ T Etrp(r,t) =  <p(r)e (19)

w hen the potentia l energy V(r)  does not depend on th e  tim e.
The am plitude o f  the n-th stationary  solution is determ ined b y  the  

equation

h2
— ——  V2 <Pn +  V Vn =  E n<pn , (20)

2m

w here the constants E n are the energy eigenvalues and the functions (pn 
are the norm alized eigenfunctions.

The corresponding hydrodynam ical variables are o f  course independent 
o f tim e, i.e . introducing (19) into (2) and (3) we get for the d en sity  and 
velo c ity  o f  flow , respectively:

Q =  <p* (r) <pn (r) ,

Q V  =  -  f  Ы  (О V <Pn  И  -V<P% (r) 9on (r)] . 
2m

(21)

a) Let us consider first the case w hen the am plitude of the stationary  
solution  is real, i.e . (pn(r) =cp*(r) .  (It should be noted  that a fu nction  ip of 
real am plitude m ultip lied  b y  a constant phase factor can also be regarded  
as a real so lution  in  accordance w ith w hat we have said above.) As can be 
seen from  (21) in th is case

=  0 and V =  0 ,
dï

w hich m eans th at the real stationary solutions correspond to states in  which 
the m edium  representing the particle considered is at rest. The inner potentia l 
can be expressed w ith  help of the am plitude fu n ction , taking in to  account 
(2), (10) and (19) in the form

Q =  V2 <Pn (0
2m (f n (r)

U sing the am plitude equation (20) we have

Q = ß n - y
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or form ing the gradient and tak ing  into account (11), (13)

F„ +  F, =  0 ,

i.e . the stress produced b y  the inner forces ex a c tly  balances th e  outer forces 
arising from  the poten tia l V.

A  well-known exam ple for th is case is provided by the ground state  
o f the H -atom . The inner p oten tia l corresponding to the w ave function

Г

99j(r) =  Ce r« has the form

Q = V ( r ) ,

where E x is the energy constant o f  the ground sta te  and V(r) represents the 
Coulomb potential. As can be seen Q obtained for th is case produces a stress 
which exactly  com pensates the Coulomb attraction o f the nucleus. The medium  
is in a state  of stress but does not m ove.

b) E ssentially  com plex solutions o f the am plitude equation (20) corres
pond to  sta tes, where

V  =
ih

2m
grad In <Pn (r)

<Pn(r)

In such a state V =/= 0, but —  =  0 , these are characteristic expressions 

for a stationary flow .
As both  the charge density Qe and the current density i are constant 

in tim e, such a configuration produces stationary electric and m agnetic fields, 
it does, however, not radiate.

For such a d istribution grad ( V  Q) =f= 0, i.e . the inner stress does 
not com pensate ex a ctly  the outer force. We find w ith  help o f  (7) and (9):

m  (v grad) v  — — grad ( V  +  Q).

As can be seen easily , the uncom pensated stress produces forces which are 
necessary to  m aintain the state o f  stationary flow .

A sim ple exam ple for th is case is provided by th e  2 p 1 state o f  th e  H -atom  
to  which belongs the w ave function

/ 4 r  x  +  i y  — r—- <p2 (r) =  C --------- e 2rB.
2fH

We find in this case

v  +  q  =  e 2
Ä2 1 

2m x2 +  y 2
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(w ith  the energy constant of the 2 p 1 state: E 2 = -----gp, j . Thus as can be

seen easily  from  this equation the inner and outer forces do not com pensate  
each other and there rem ains an uncom pensated attractive force, w hich varies 
proportional to  (X2 -f- y2)-3/2_

We find  further, introducing cp2 (r) into (3), th a t the m edium  rotates 
around the г-axis. The angular ve lo c ity  in a point r  is given by

П 1
m X 2 +  y 2

The centripetal force, which is needed to  make the elem ents m ove along 
circular paths w ith  such velocities is provided by th a t part of the stress which  
is not com pensated b y  the Coulomb attraction o f th e  nucleus and which has 
the form

Fc =  mco2 (x2 +  y 2)1'2 =  —  (*2 +  у 2)"3/2.
m

§ 9. Solutions o f  the wave equation (1) can be represented as linear 
com binations o f stationary  solutions. Thus a solution  y> (r, t) can be written  
in the form:

-  -j;- E v t

w i r ,  t) = 2 !  cv<Pv(r )e ( 22)

where the stationary  solutions form  a norm alized set. The corresponding 
charge and current densities can be obtained w hen introducing (22) into (2) 
and (3); we get thus:

9 =  1  Qvp. cos K a * +  % ) ’ (2 3 )

where

(24)

and qVß, аР/л are functions of the coordinates on ly , i.e.

ft**

aVfX

=  К  c n  <Pv (»*) (r ) | .

-  1 In ce c* (Pe (P* 
2 i c*  cv <p* cpv

Sim ilarly we find
9V =  2 ’ P Vß cos (mvfL t +  ß Vfi) , (25)

where the p v/1 and ß vß can be also expressed exp lic itly  in term s o f the c„ and
<P, ■
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E qus. (23), (24) and (25) show th a t the m edium  in the non-stationary  
state vibrates w ith frequencies cov/1, w hich  are e x a c tly  the Bohr frequencies. 
The term s w ith  p =  /i represent a con stan t charge and current d en sity . This 
stationary m otion is superim posed b y  the oscillation.

We see thus th a t the fluid representing the particle under in vestigation  
has its equilibrium  configurations g iven  by the eigenfunctions of the stationary  
states.

On the effect o f som e outer disturbance the m edium  starts to  oscillate  
w ith  frequencies a>v/, around its equilibrium  configuration  and as the m edium  
is charged it  em its electrom agnetic radiation  of th ose frequencies. The to ta l 
dipole m om ent which is responsible for the em itted radiation can be written  
in the form:

<lVii =  -  2c„cu e j' rqfcp^dT .

Frequencies belonging to  a vanishing dipole m om ent do not occur in  first 
approxim ation. Indeed, th e  current distribution inside the atom  in a state  
described b y  the w ave function

-  T Elt .y) =  c1<p1 e y  c2<p2e

in the case (l12 =  0 is such that part o f  the medium oscillates w ith  frequency  
cd12, the phases of the oscillation being distributed in  such a w ay th a t the  
radiation em itted  by one part of the charged m edium  is opposite in  phase 
to that em itted  by the rem aining part and in a first approxim ation the 
radiations em itted  by th e  tw o parts extinguish  each  other by interference.

Considering the second approxim ation we obtain  the so-called quadru- 
pole radiation. Such a quadrupole radiation  with its characteristic distribution  
of in ten sity  and polarization is indeed observed in case o f the forbidden lines 
when i/v;, =  0 .

We note that the hydrodynam ical model accounts also for th e  “ elas
tica lly  bound electron” w hich was postu lated  by H e r t z  to  explain th e  optical 
properties o f  atom s.

The m ain d ifficu lty  encountered b y  H ertz w as to  explain how  it is 
possible th at an electron could be ex c ited  so as to  v ibrate with a series o f  
frequencies.

This d ifficu lty  is overcom e by th e  hydrodynam ical concept. It is seen  
that the elastic  forces derived from th e inner potentia l Q together w ith  the 
outside p otentia l V  provide a dynam ical system , the characteristic frequencies 
of wdiich are exactly  the optical frequencies. Further, th e  modes o f v ibration
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o f th is system  are in accordance w ith  the polarization and in ten sity  distri
bution  of the observed spectral lines.

In a later article we shall present our considerations for th e  case when  
the electrom agnetic field is also taken into account. Follow ing on this we 
shall deal w ith  th e  hydrodynam ical model o f  the electron w ith  spin.
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ 1
Л. ЯНОЩИ и М. ЦИГЛЕР

Р е з ю м е
Рассматривается проблема о возможностях преобразования, путём замены пере

менных, волнового уравнения квантовомеханической системы в систему уравнений, об
ладающую формой классического уравнения движения деформирующейся среды. В пред
ставленной работе мы изучаем этот вопрос для одной заряженной частицы, движущейся 
под влиянием внешнего потенциала.
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DIE BERECHNUNGEN DER lW S-ZU STÄ N D E DES 
WASSERSTOFFMOLEKÜLS AUF GRUND DER METHODE 

DER MOLEKÜLBAHNEN

Von

F. B er en c z

JÓZSEF ATTILA UNIVERSITÄT, INSTITUT FÜR THEORETISCHE PHYSIK, SZEGED

(Уorgelegt von A. Kónya. — Eingegangen: 10. I. 1963)

Es wird die Bindungsenergie des ls2s1S-Zustandes des W asserstoffm oleküls au f G rund 
der Methode der M olekülbahnen berechnet, w eiterhin werden M olekülintegrale zwischen ls- 
und  2s-Elektronen angegeben.

Einleitung

Es ist w ohlbekannt, dass die W ellenfunktion der E lektronenkonfigu
ration eines Moleküls au f Grund von zw ei verschiedenen und einander ergän
zenden N äherungsm ethoden berechnet werden kann. Die erste M ethode 
geht von den separierten A tom en und von den E lektronenbahnen der A tom e 
aus und berücksichtigt nachträglich, dass im  M olekülbindungszustand die 
Elektronenw olken der A tom e sich um richten. Diese M ethode ist die sogenannte  
VB (Valence-Bond)-M ethode [1]. Diese M ethode liefert offenbar dann gute 
R esultate, wenn die E ntfernung der A tom e gross ist, denn in diesem  Falle 
kann die U m richtung der Atom hülle wirklich als Perturbation angesehen  
werden. Da in den M olekülen die E ntfernung der A tom e im allgem einen  
klein ist, kann die Y B-M ethode kein befriedigendes R esu ltat geben. D ie andere 
M ethode geht von der Anordnung der Atom kerne des schon fertigen Moleküls 
aus und untersucht das Verhalten der einzelnen E lektronen in dem  durch
schnittlichen, von den positiven Kernen und den anderen Elektronen hervor
gerufenen sogenannten Self-C onsistent-Potentialfeld . D iese Methode ist die 
sogenannte MO (Molecular O rbital)-M ethode, zu deren A usarbeitung H u n d  [2], 
M u l l ik e n  [3], H ü ck el  [4] und Le n n a r d - J ones [5] beigetragen haben. 
Diese M ethode ist zur B estim m ung der E igenschaften  der Moleküle mit 
starker Bindung geeignet. Die Annahme näm lich, dass die einzelnen E lektronen  
sich in dem  durchschnittlichen, von den positiven K ernen und den anderen  
Elektronen hervorgerufenen Potentialfeld  bew egen, ist um soweniger erfüllt, 
je grösser die A tom entfernungen sind. A uf Grund der MO-Methode w urden  
viele Rechnungen bezüglich  des W asserstoffm oleküls durchgeführt, Co u lso n  
[6] konnte sogar feststellen , dass 3,63 eV der beste W ert der Bindungsenergie 
sei, der sich auf Grund der M olekülbahnrechnungen ergeben könne. Durch  
diesen Erfolg wurden viel später F rost und B r a u n st e in  [7j zur Einführung  
der CMO (Correlated M olecular Orbitalj-M ethode angeregt. Im  folgenden wer

4 Acta Phys. H ung. Torn. X V I .  Fuse. 1.
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den die M olekülbahnrechnungen a u f die lsres1S-Zustände (n 2> 2) des W asser- 
stoffm oleküls ausgedehnt und dann mit H ilfe der CMO-Methode erw eitert. 
Mit diesen R echnungen verm ehrt sich die Zahl der bekannten M olekülintegrale  
zw ischen ls -  und ns-E lektronen in  grossem M asse.

D ie Rechenm ethode

B ezeichnet m an die M olekülbahnen der einzelnen, das Molekül auf
bauenden E lektronen  mit ip2, . . . , ipn, so kann man gem äss H u n d , M tjl- 
l ik e n , H ück el  und Le n n a r d -J o nes die E igenfunktion des Moleküls a u f  
Grund des M odells der E igenfunktionen der freien System e in folgender 
W eise konstruieren:

V> =  V>i -W i- ' - W n -  i 1)

D ie M olekülbahnen der einzelnen Elektronen lassen sich aber auf Grund 
der LCAO (Linear Com bination o f Atom ic O rbitals)-M ethode [8] als Linear
kom binationen der einzelnen A tom bahnen aufschreiben.

Die W asserstoffeigenfunktionen der ns-Zustände w erden durch den  
folgenden Zusam m enhang geliefert:

wo

К  (r) -  1

ns(r) =
1 Í r R n (r) ,

n3l2 У Я 1 n

/1— 1
Í 2r f  (n

1 ) (n — 2) Í 2r
1 ! 2! \ n 2! 3! \  n

(2)

(3)

D ie auf Grund der LCAO-Methode aufgeschriebenen M olekülbahnen des ersten  
Elektrons im  Grundzustande und des zw eiten  Elektrons im  angeregten  
Zustande haben nach (2) und (3) die folgende Gestalt:

l s (r<n) +  l s (rf>i) =  17^ [ f x P ( ~ r«i) + e x p ( — rM) ] ,
IIn

' ( r a l )  +  2 s  ( r b l ) 2 У 2л
exp

2

exp

1 --------r ,

'bl
'bl

(4)

(5)

U nter B erücksichtigung von  (4) und (5) kann die M olekülbahn des l s 2 s 1S- 
Zustandes des W asserstoffm oleküls nach (1) in  der folgenden Form angegeben

Acta Phys. Hung. Тот. X V I .  Fase. 1.



D IE BERECH N U N G EN  D E R  lsns'S-ZUSTÄNDE 51

werden:

V2 =
1

2 ]/2тг
[ e x p ( -  ral)

( 6 )

Die Elektronenenergie wird dann auf Grund des folgenden Zusam m enhanges 
berechnet:

wo

und

E  =  J  Щ  H i p 2 d r  

I  i p j d r

H H„ +  H h

H  =

1 1 1

Tb l r a l  r i2

1 . 1
—  A .
2

i ’ 
r a i

1 1

1
R

(7)

( 8 )

(9)

Mit der M olekülbahn (6) ergab sich bei 1,32 Â  K ernabstand für die B in d u n gs
energie der W ert 1,52 eV.

Hs * *

Ich danke auch an dieser Stelle Fräulein E . Gy ö r y  fü r  die Hilfe bei den  
num erischen Rechnungen.

Anhang

B ei der Berechnung der EJektronenenergie m ussten mehrere Integrale  
bestim m t werden, welche bisher in der L iteratur noch n ich t vorgekom m en  
sind. Es sei bem erkt, dass Sugiura  [9] als erster Zw eizentrenintegrale für  
ls-E lektronen  berechnete, weiterhin treten bei R osen [10] Integrale für 2s- 
und 2p-Elektronen auf. Bei D el b r ü c k  [11] befinden sich in  den M olekülen- 
integralen schon 2s2-E lektronen, bei B a r t l e t t  und F u r r y  [12] aber 2s2-, 
2s-, 2/>-Elektronen. B a rtlett  [13] gab auch Integrale zw ischen 2j3-Elektronen 
an. A ustauschintegrale zwischen 2s2-, 2s-, 2p-  und 2p2-E lektronen fin d e t  
man bei B leich  und Ma y er  [14], bei Sk lar  und Ly d d a n e  [16], sowie bei 
W h ea tley  und L in n e t t  [17]. P arr  und Craw ford  [18] sowie H ir s c h 
fe l d e r  und L in n e t t  [19] beschäftigen sich mit Integralen zwischen 2p-

4* Acta Phys. H ung. Torn. X V I . Fase. 1.
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E lektronen. F r o st  und B r a u n s t e in  [7], B erencz  [20] und P aun cz  [21] 
berechneten zahlreiche Integrale m it ls-E lek tron en  und K o pin e c k  [22] m it 
2s- und 2/>-Elektronen. Zum Schluss sei die Arbeit von K o t a n i, A m e m iy a  
und S imose [23] erwähnt, die zahlreiche H ilfsintegrale zur Berechnung von  
A ustausch- und anderen W echselw irkungsintegralen tabelliert haben.

Bei der Berechnung des ls2 s1S-Z ustandes des W asserstoffm oleküls 
kom m en In tegrale  zwischen ls -  und 2s-E lektronen vor. D iese seien folgender- 
m assen bezeichnet:

I  (a , ß,  y ,  d, s, t, n, v) exp ( — a r al

1
( 10)

— ß гы) exp ( — У ra2 — drb2) rsal r*bl rua2 rvb l----- d r1 dxa .
r 12

B ei der B erechnung der Integrale wird die M ethode von K o ta n i und seinen  
M itarbeitern b en u tzt. Der Integrand wird in  elliptischen K oordinaten darge
ste llt  und die gegenseitige E ntfernung der beiden E lektronen wird durch  
die NEUMANN’sche R eihenentw icklung berücksichtigt. U nsere Integrale w ur
den mit H ilfe der folgenden H ilfsintegrale ausgedrückt:

A ( « )

B A ß )

=  I e a/l fin d/л , 
1

+  1

=  I e ’̂1 vn dt' ,
— l

G:(l,ß) =  j i Pl(vi) e - ^ v ‘l (l vj) 2 dv , ,

( 11 )

Щ  (i, a, k, ß) =  j  J e e^ ''2 À  fx\ Q l  (/“ +) p l (/*-)  X 
Í Ï

V V

X(/ zf  — l ) 2 (/t| — 1) “

Die neuen Integrale ergaben sich wie fo lg t:

/ ( 2 , 0 ,  1 ,0 ,  0 , 0, 0, 0) =

=  - -  [H°0 (2, R;  2 , 1 R)  Go (0, R) G“ (0, \  R)  +  Q  -
о

-  H l  (2, R,  0, \ R)  Gq (0. R)  G° (2, \  R)  -  C2 —

-  H l  (0, R,  2 , 1 R)  Gq (2, R) G°0 (0, |  R) -  C3 +  

+  H°0  (0, R: 0, \ R)  Gq (2, R) G°0 (2, f  R)  +  C J .
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1 (2, 0, 1, 0, 0, 0, 1, 0) =

R6
=  —  [ K  (2, ff; 3 ,1  R) G°0 (0, R) G°0 (0, i f f )  +  C5 +

+  H°0 (2, R-, 2, Ï ff) Gl (0, R)  Go (1, § R)  +  C6 —

-  f f“ (2, ff; 1, 1 ff) Go (0, ff) Go (2, ! ff) -  C7 —

-  f f 0° (2, ff; О, I ff) GS (0, ff) GS (3, Í ff) -  C8 —

-  ffS (0, ff; 3, |  ff) GS (2, ff) G„° (0, Ï ff) -  C9 —

-  ffS (0, ff; 2 , 1 ff) GS (2, ff) GS ( 1 ,1 ff) -  C10 +

+  HS (0, ff; 1 , 1 ff) GS (2, ff) GS (2, |  ff) +  Cn  +

+  H l  (0, ff; О, I ff) GS (2, ff) GS (3, ’ ff) +  CM] .

/  (2, 0, 1, 0, 0, 0, 2, 0) =

=  ~  [H°0 (2, ff; 4, ' ff) GS (0, ff) GS (0, } ff) +  Cu  +

+  2 H l  (2, ff; 3, \  ff) GS (0, ff) GS (1, \  ff) +  2 C14 -

-  2 H l  (2, ff; 1 ,1  ff) GS (0, ff) GS (3, Ï ff) -  2 C15 -

-  ffS (2, ff; 0, § ff) GS (0, ff) GS (4, § ff) -  C16 —

-  H l  (0, ff ; 4 , 1 ff) GS (2, ff) GS (О, I ff) -  C17 —

-  2 Я 0° (0, ff; 3, Ï ff) GS (2, ff) GS (1 , 1 ff) -  2 C,s +

+  2 Я 0° (0, ff; 1, i  ff) GS (2, ff) GS (3, |  ff) +  2 C19 +

+  ffS (0, ff; О, I ff) GS (2, ff) GS (4, |  ff) +  C2Ü].

7 (1 , 1, 1 ,0 ,  0 ,0 ,0 ,  0) =  

ff5
=  —  {[3 H l  (2, ff; 2 ,1  ff) -  ffS (0, ff; 2, ’ ff)] GS (0, |  ff) —  

- [ 3  H l  (2, ff; 0 ,1  ff) -  Я 0° (0, ff; О, I ff)] GS (2, ! ff) -

-  2 H l  (0, ff; 2, J2 ff) GS (0, ! ff) —

-  2 H°2 (0, ff ; 0, i ff) GS (2, i f f ) } .

7 (1 , 1, 1 ,0 ,  0 ,0 ,  1 ,0 )  =  

ff6
= —  {[3 H l  (2, ff; 3, i  ff) -  Я 0° (0, ff; 3 ,1  ff)] GS (О, I ff) +  

+  [3 77S (2, ff; 2,1  R )  —  H l  (0, ff; 2 , 1 f f ) ]  GS (1, |  ff) -
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-  [ 3  H g  ( 2 ,  Д ;  1 , 1  R )  —  H g  ( 0 ,  Д ;  1 ,  \  R ) ]  G g  ( 2 ,  §  R )  -

-  [ 3  H l  ( 2 ,  R ;  O ,  J -  R )  -  H g  ( 0 .  Д ;  0 , 1  Д ) ]  G g  ( 3 ,  |  Д )  -

-  2  H g  ( О ,  Д ;  3 , 1  Д )  G g  ( 0 ,  \  Д )  —  2  H g  ( О ,  Д ;  2 ,  |  Д )  G g  ( 1 ,  |  Д )  +

+  2  H g  ( О ,  Д ;  1 , 1  Д )  G g  ( 2 , 1  Д )  +  2  H g  ( О ,  Д ;  0 ,  \  Д )  G g  ( 3 ,  |  Д ) }  .

/ ( 1,  1 , 1,  о ,  О ,  0 ,  2 , 0 )  =

=  ^ { [ 3 H S  ( 2 ,  Д ;  4 , 1  Д )  —  H l  ( О ,  Д ;  4 ,  |  Д ) ]  G g  ( 0 ,  |  Д )  +
4о

+  2 [ 3  Н 0°  ( 2 ,  Д ;  3 , 1  Д )  -  H g  ( О ,  Д ;  3 ,  |  Д ) ]  G g  ( 1 ,  \  Д )  -

-  2 [ 3  Н 0°  ( 2 ,  Д ;  1 , 1  Д )  —  H g  ( О ,  Д ;  1 ,  |  Д ) ]  G g  ( 3 ,  §  Д )  -

-  [ 3  H g  ( 2 j  Д ;  0 ,  !  Д )  —  H g  ( О ,  Д ;  0 ,  |  Д ) ]  G g  ( 4 ,  |  Д )  -

- 2  H g  ( О ,  Д :  4 ,  \  R )  G g  ( 0 ,  |  Д )  —  4  H g  ( О ,  Д ;  3 ,  |  Д )  G g  ( 1 ,  |  Д )  +  

+  4  H g  ( 0 ,  2 ;  1 ,  !  Д )  G g  ( 3 , 1  Д )  +  2  H g  ( О ,  Д ;  0 ,  §  R )  G g  ( 4 ,  §  Д ) } .  

1 ( 2 ,  0 , 1 , 1 ,  О ,  0 ,  0 , 0 )  =

д°
=  —  { [ 3 H g ( 2 ,  Д ; 2 , 1 Д )  —  H g  ( 2 ,  Д ; 0 , 1 Д ) ]  G g  ( О ,  Д )  —

-  [ 3  H g  ( О ,  Д ;  2 , 1  Д )  —  H g  ( О ,  Д ;  0 ,  \  Д ) ]  G g  ( 2 ,  Д )  —

-  2  H g  ( 2 ,  Д :  0 , 1  Д )  G g  ( О ,  Д )  +  2  H g  ( О ,  Д ;  0 ,  |  Д )  G g  ( 2 .  Д ) } .

1 ( 2 ,  0 ,  | , 1 ,  О ,  0 ,  1 , 0 )  =

дв
=  —  { 5 [ 3  H g  ( 2 ,  Д ;  3 , 1  Д )  —  H g  ( 2 ,  Д ;  1 ,  \  Д ) ]  G g  ( О ,  Д )  -

-  5 [ 3  H g  ( О ,  Д ;  3 , 1  Д )  —  H g  ( О ,  Д ;  1 ,  |  Д ) ]  G g  ( 2 ,  Д )  +

+  3 [ 5  H g  ( 2 ,  Д ;  2 , 1  Д )  —  3  H g  ( 2 ,  Д ;  0 ,  |  Д ) ]  G ?  ( О ,  Д )  —

-  3  [ 5  H g  ( О ,  Д ;  2 , 1  Д )  -  3  H g  ( О ,  Д ;  0 ,  g  Д ) ]  G g  ( 2 ,  Д )  -

-  1 0  H g  ( 2 ,  Д ;  1 , 1  Д )  G g  ( О ,  Д )  +  Ю  H g  ( О ,  Д ;  1 ,  |  Д )  G g  ( 2 ,  Д )  -

-  6  H g  ( 2 ,  Д ;  0 , 1  Д )  C g  ( О ,  Д )  +  6  H g  ( О ,  Д ;  0 ,  |  Д )  G g  ( 2 ,  Д ) } .

/ ( 2 ,  0 , 1 , 1 ;  0 , 0 ,  О ,  1 )  =

/?6
=  - ^ { 5 [ 3  я о  ( 2 ,  Д ;  3 , 1  Д )  -  H g  ( 2 ,  Д ;  1 ,  |  Д ) ]  G g  ( О ,  Д )  -

-  5 [ 3  H g  ( О ,  Д ;  3 , 1  Д )  -  H g  ( О ,  Д ;  1 ,  |  Д ) ]  G g  ( 2 ,  Д )  -

-  3 [ 5  H g  ( 2 ,  Д ;  2 ,  g  Д )  —  3  H g  ( 2 ,  Д ;  0 ,  |  Д ) ]  G g  ( О ,  Д )  +

ylcfa Phys. H ung. Torn. X V I .  Fase. 1.



D IE BERECH N U N G EN  D ER  bns>S-ZUSTÄNDE 55

+  3 [5 H'l (0, R ; 2 , \ R )  —  3 Я? (0, Я; 0 ,}  R)] Gl  (2, R)  -  

-  10 H°2 (2. Я; 1 ,1 R) Gl  (0, R)  +  10 Я® (0, Я; 1, |  R)  G® (2, Я) +

+  6 Я,® (2, Я; 0 , 1 Я) G® (0. R)  —  6 Я® (0. Я; 0, \  R) G°3 (2, R)} .

I  (2, 0, f, §, 0, 0, 1, 1) =

=  , ^  {[105 Я® (2, Я; i , \ R )  —  70 Я® (2, Я; 2 , 7, R)  +
I 0 0

+  21 Яд (2, R;  0 , |Я ) ]  G® (0, R)  —

—  [105 Я£ (0, Я; 4 ,1  Я) —  70 H°0 (0, R;  2, f  R)  +

+  21 Я® (О, Я; 0, \  R)]  Go (2, Я) -

—  [140 H l  (2, Я; 2, |  Я) —  60 Н \  (2. Я: 0, \  Я)] G°2 (0. Я) +

+  [140 H l  (О, Я: 2, ! Я) —  60 Я.® (О, Я: 0. i  Я)] Gg (2. Я) +

+  24 Я? (2, Я; О, I Я) G4 (О, Я) —

—  24 Я® (О, Я: 0, f Я) С®4 (2, Я)} .

1 ( 1 , 4 4  0 ’ ° ’ 0 ’ °) =

=  [45 Я® (2, Я; 2, § Я) -  15 Я® (2, Я: 0, |  Я)

—  15 Н°0 (О, Я; 2, i  Я) +  5 Я® (0. Я; 0 , \  Я) +

+  4 Н°, (О, Я: 0. ! Я)] .

1 (1, 1 ,1 , о, 0 ,1 ,0 )  =
Я 6

-  —  [45 Я® (2, Я; 3 , 1 Я) —  15 Я® (2, Я; 1, { Я) —
1 oU

—  15 Н°0 (О, Я; 3, \ Я) +  5 я £  (О, Я: 1 ,1  Я) +

+  4 Я® (О, Я; 1 ,1  Я)] .

í ( i , i , | 4 , o , o ,  1 , 1 ) =

=  2f 2Q [315 Я® (2, Я: 4, i  Я) -  210 Я® (2, Я: 2, |  Я) +

+  63 Н°0 (2. Я; 0, i  Я) —  105 Я® (О, Я; 4, |  Я) +

+  70 Я® (О, Я: 2, i  Я) —  21 Я{[ (О, Я: 0, § Я) +

+  56 Я,® (О, Я; 2 ,1  Я) —  24 Н°2 (О, Я; 0, |  Я)] .

Ci =  3 Я? G? G? +  5 fljjGjGS +  7 AgCgCg +  9 H \G \G \ m it den A rgum enten  
in  den betreffenden Reihen.
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ОПРЕДЕЛЕНИЕ 1 s2sJ S-СОСТОЯ H ИЯ МОЛЕКУЛЫ ВОДОРОДА 
МЕТОДОМ МОЛЕКУЛЯРНЫХ ОРБИТ

Ф. Б Е Р Е Н Ц

Р е з ю м е
Применением метода молекулярных орбит в работе определяется энергия связи 

1s2s1S-coctohhhh молекулы водорода. Определяются молекулярные интегралы между 
Is- и 25-электронами.
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RELAXATION OF THE LONG-RANGE ORDER PARA
METER IN THE DOMAINS OF ORDER OF THE ALLOY

Cu3Au*

By

H.  E lk h o ly

PHYSICS DEPARTMENT, FACULTY OF SCIENCE, CAIRO UNIVERSITY, EGYPT -  U. A. R. 

(Presented by Z. Gyulai Received 17. I. 1963)

D ata are reported , which describe the isotherm al tim e variation of the Hall constan t 
and the electrical resistance of an annealed specimen following a quench from different high 
tem peratures (below T c) to  approxim ately  the same low tem perature. I t  was found th a t  
the kinetical equations of N o w ic k  and  W e is b e r g  failed to  in terp re t th e  results, and instead 
it was shown th a t the kinetics of ordering inside a dom ain depends on bo th  the lower and th e  
higher tem peratures of the heat trea tm en t and can be described by a function of the form
V  (Г 2, T ,) у  (t).

Introduction

At as early a date as 1936, a careful stu d y  of ordering kinetics in th e  
alloy Cu3Au by Sy k e s  and E vans  [1] showed th a t the process o f form ation  
of order from the disordered sta te  was far more com plex than  had originally  
been [2] supposed. I t  was show n that ordering took place by a process o f  
nucléation  and grow th.

R ecently , ex ten sive  work on Cu3Au alloy has been carried out by N agy  
and E lk h o ly  [3 ], [4] in an a ttem pt to separate the different phenom ena  
arising during the course o f ordering transform ation. T hey analysed th e  
kinetics of that a lloy  d ividing it  in to  several d istin ct steps, w hich were ascribed  
to  various physical processes. F irst an em bryo form ation process was observed. 
The second step w as due to the establishm ent o f equilibrium  order w ith in  
the dom ains them selves. The third process, w ith  an exponentia l tim e depen
dence, was found to  correspond to  domain w all elim ination.

The present w ork is a com pletion o f th e  above-m entioned work. It  
describes the change in  the k inetics of long-range order in an already long- 
range ordered specim en. This work differs from  th a t of B urns  and Q u im b y  [5] 
in  th a t it utilizes for the first tim e the Hall coefficient together w ith  resistiv ity  
m easurem ents, second in th at the investigation  is extended  to a range o f  
tim e m uch greater than  that used by other investigators [5], [6 ], and third  
in  th a t the results here could not be interpreted in term s of the k inetic equations  
predicted from the theory o f N ow ick  and W e isb e r g  [7].

* This work has been carried o u t by the au thor in B udapest in The Central R esearch 
In s titu te  of Physics during his leave of absence in H ungary  in 1961.
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Experim ental method*

An alloy o f atom ic com position o f 25.90 ^  0.05%  gold and 74.10 ^  0.05%  
copper served as our sam ple. This a lloy was prepared from pure gold and 
copper and was m elted  in a graphite crucible by high frequency technique. 
In order to  make the alloy more hom ogeneous it was rem elted several tim es. 
After rem elting, the alloy was hom ogenized b y  heating in hydrogen for 10 
hours at 800 °C. The resulting ingot was rolled to  a thickness o f 20 m icrons. 
After m achining, the sam ple was annealed in hydrogen for 10 hours at 700°C. 
The sam ple had the form o f a fla t p late 10 cm long, 1 cm  wide and 0.002 cm  
th ick . Three H all probes were cut from  the sam ple itself; tw o probes at one 
side and 4 mm apart, and one probe at the other side o f the sam ple. The 
sam ple and its holder were sealed in to  a glass bulb and evacuated up to  10-5  
m m  H g. The sam ple was heated by a 200 w atts electric furnace surrounding  
the glass bulb and controlled up to  ^  0.1°C b y  a proportional tem perature  
regulator. B oth  H all voltages and electrical resistance were m easured on 
the sam e sam ple. The H all voltages were m easured by a d .c. photocell galvano
m eter o f a m axim um  voltage sen sitiv ity  o f 2 X 10—8 vo lts  per one division  
o f a scale. A m agnetic field  o f 11.800 oersted and a sam ple current o f approx
im ately  2 A were used. The electrical resistance was determ ined by m easuring  
the current passing through the sam ple, and the potentia l drop betw een the  
tw o H all probes, ly in g  on one side of the sam ple, by m eans o f a potentiom eter— 
galvanom eter system .

Results and discussion

Figs. 1 and 2 show the isotherm al tim e variation o f the Hall coefficient 
(R h) and the electrical resistance (r) o f  an annealed specim en follow ing a 
quench from different high tem peratures, below  Tc (indicated at each  curve)

Fig. 1. Iso therm al tim e varia tion  of th e  H all constan t R H of an annealed specimen following 
a quench from  different indicated high tem pera tu res to approxim ately 267.5 °C

* For a detailed description of th e  experim ental arrangem ents, see reference [8].
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to  a fixed  lower tem perature o f approxim ately 267 .5°C (the exact values 
of the lower tem peratures are ind icated  at each curve). The quench to  the  
lower tem perature w as done after th e  sample had been annealed at the higher

Fig. 2. Iso therm al tim e varia tion  of th e  resistance r of an annealed specimen following a 
quench from differen t indicated h igh tem peratures to  approxim ately  267.5 °C

tem perature for several hours (ranging from 8 to  30 hours) till equilibrium  
was nearly obtained and a dom ain structure of equilibrium  order and average 
dom ain size was established. The follow ing features o f the graphs are parti
cularly to  be noted for future reference:

a) R oughly about 80% of th e  change in R H and r dependent on the  
total order occurs before the first observation is made: hence on ly  about 
20% of the com plete ordering process is observed. This m eans that m ost of 
the changes occur in the first 10 m inutes which we could not measure due 
to the construction o f the sample which prevents tem perature equilibrium  
to  be established before 5— 10 m inutes have elapsed.

b) The shape o f these graphs is radically different from th at o f single- 
step heat treatm ent reported in references [3, 4 ]. It is clear from the quick 
saturation shown b y  the graphs th a t the rate o f ordering here is rather large 
in com parison w ith the rate of ordering in a single-step  m easurem ent. A ctually  
these graphs describe the true kinetics of ordering free from dom ain growth  
phenom ena, and therefore correspond to the relaxation  o f the long-range 
order param eters S  in the dom ains.

c) The rate of ordering in a dom ain increases w ith  the decrease of the 
difference between the annealing tem perature (the higher tem perature) and 
the tem perature to  w hich the sam ple is quenched (the lower tem perature).

d) It is clear from  Figs. 1 and 2 th at, as th e  tem perature of annealing  
(the higher tem perature) increases, the equilibrium  values o f — R ^  and r 
successively  decrease. Here the sam ple was quenched to  the same lower 
tem perature (approxim ately 267.5°C) which m eans that the function o f the  
long-range order param eter S  is the sam e, and this difference in the equilibrium  
values o f — R h and r is m ainly due to  the effect o f the higher tem perature,
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resp. to  the effect o f dom ain size. This fact is conclusive evidence for the sup
position  o f N agy  and E l k h o l y  [3, 4] th at the higher the tem perature o f  
ordering, the bigger the dom ain size and the less the dom ain w all density  
(decrease o f the values of — and r).

It should be m entioned th a t the kinetic equations o f N o w ic k  and W e is - 
b e r g  failed to  f it  the data represented b y  Figs. 1 and 2. A nyhow , from the 
fo llow ing sim ple m athem atical considerations, one finds that the kinetics 
o f  ordering inside a dom ain m ay be described by a function o f the form

Consider the curves o f  F ig. 2, and suppose th at the k inetics here can 
be expressed in the form:

where С ( Т г) corresponds to  the effect o f domain size, ip (T 2, Тг) corresponds 
to  the effect o f  the equilibrium  long-range order param eter S  at the lower 
and the higher tem peratures, and <p (t) is the universal function o f tim e.

Consider tw o m easurem ents at different higher tem peratures and T [, 
quenched to  the same lower tem perature T 2 (as is the case in our measure
m ents). In th is case we have:

y> (Tv Ti) r  (0-

( i )

r { T 2 , t ) = C ( T 1) +  v ( T 2, T J v i t ) ( 2)

r ' ( T2 , t) =  C { T [ )  + 4>{T2 , T[)<p( t ) . ( 3 )

From  eq. (3) we have

(4)

Substitu tin g  eq. (4) into eq . (2) we get

(5)

where

and

y>(T2 , T x) 

v ( T a , T [ )
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Therefore, i f  the kinetics o f  ordering in sid e a domain can  be represented  
by a function of the form v ( T 2, Tx) <p (t), th en  there must be a linear relation 
sh ip  betw een the resistiv ity  values at the sam e instant. This was in fact

Fig. 3. A  p lot showing the linear relationship  between r a t  352.5 °C and r a t  different ind icated
tem peratures, a t the sam e time

found, and is clear from Fig. 3 w hich shows th e  relations betw een  r at 352.5°C 
and r at different tem peratures at the sam e tim e.
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РЕЛАКСАЦИЯ ДАЛЬНОДЕЙСТВУЮЩИХ ПАРАМЕТРОВ В ДОМЕНАХ, 
ПОДОБНЫХ СПЛАВУ Cu3Au 

г. эл ьк ол и

Р е з ю м е
Приводятся данные, описывающие изотермическое временное изменение постоян

ной Холла и электрического сопротивления размягчённого образца, последовательно 
охлаждённого от различных высоких температур (ниже Тс) приближённо до той же 
низкой температуры. Найдено, что кинетическое уравнение Новика и Вайсберга не даёт 
интерпретации результатов. Показывается далее, что кинетика упорядочения внутри 
домена как при низшей, так и при высшей температурах зависит от термической обра
ботки и имеет форму Tx)<p(t).
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For the m anufacture of sem iconductor devices the production  of Ge 
single crystals o f high purity and hom ogeneity is required; a dem and w hich  
seem ed to  he satisfied  by the usual m ethods. H ow ever, in th e  last ten years 
a fuller knowledge o f  the characteristics of Ge show ed that in “ hom ogeneous”  
single crystals there are considerable local fluctuations and m icro-inhom o
geneities. These fluctuations appear above all in  the local variations of the  
concentration of the dopping m aterial. The phenom enon w as first observed  
b y  P f a n n  and Sc a ff  [1], and later others also dealt w ith th is  problem [2, 
3, 4 ]. The presence o f  the inhom ogeneities in  Ge single crystals is o f great 
im portance, since the internal electric field strength  arising under the influence  
of the concentration gradient is comparable to  e.g . the drawing field  of the  
diffusion transistor and on the other hand the exam ination o f th e  flu ctuations  
can give fuller inform ation on the growing m echanism  of the single crystals. 
Our investigations were carried out on Ge single crystals produced b y  horizontal 
zone m elting. From the single crysta ls, parallel to  the growing direction (111), 
slices were cut out w hich were exam ined  after grinding and chem ical polishing. 
The best result concerning the detection  of th e  striations w as obtained b y  
the anodic etching o f  Ge in 10%  K O H  solution at 70°C. The optim al value  
of the current density  was 0.6— 1 А/cm 2. Som e minutes are necessary for 
the striations to appear. The duration o f the anodic etching changes depending  
of the surface treatm ent. The characteristic lines o f  the m icro-inhom ogeneities 
appear:

on an original Ge surface after one m inute,
on a surface ground and etched  in CP— 4 after two m inutes,
on a surface m echanically polished (surface roughness approxim ately  

1 p) after five m inutes.
On a surface ground A120 3 (of a fineness of 305), striations do not appear, 
even after ten  m inutes.

During this series of tests an unam biguous relation was found between  
surface quality  and etching tim e. Striations can be developed on the surface 
of a Ge sam ple only i f  the surface layer dam aged in  the course o f  the prépara-
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tion  o f the sam ple is first rem oved. The form ation of th e  lines can be explained  
by the fact that the change of the rate o f  anodic so lu tion  of Ge depends on 
the concentration  of the dopping m aterial.

Such a difference appears, how ever, only in case o f  an undam aged lattice 
structure.

The experim ental results are show n in Figs. 1 and 2, where striations 
developed b y  the above-m entioned m ethod can be seen  on Ge single crystals 
-of n- and p -typ e . The striation d istance in case o f Ge o f n-type w as found

Fig. 1

to  be 100p, in case o f  Ge of p -typ e 10 p. The m ethod  by which, a t a sim ul
taneous heating o f Ge and of the m eta l plate p laced on it, the evaporation  
o f the inhom ogeneous Ge gives a picture of a striated  structure on th e  metal, 
is less su itable. U sing n ickel on Ge o f n -type the effect of the striations coidd 
be observed.
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For the detection  of m icro-inhom ogeneities electrically th e  m ost obvious  
m ethod seem s to  be m icro-scanning of one probe. Onto the ends o f  a chem ically  
polished sam ple ohm ic contacts were soldered and then the sam ple was con 
nected to  the term inals of a direct current generator. The p oten tia l difference 
betw een one of the end contacts and the probe placed on th e  surface w as 
m easured. The needle was put on the surface and m oved in step s of 20,« b y  
means o f a m icro-m anipulator keeping the needle pressure con stan t. A lthough  
in  principle the change of the resistiv ity  of the sam ple can be calculated from  
the differentiated curve of the potential, it can n ot be used for evaluation  
purposes because o f  the large errors arising from  the uncertainty  of the point 
contact.

Fig. 3

In order to elim inate the errors of the above-m entioned m ethod, a 
continuous sliding device of four probes was developed. The sample was 
fix ed  on the m icroscope stage. The micrometer screw of the stage, geared 
dow n, was operated continuously by an asynchronous m otor. Thus, the
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displacem ent rate of the sam ple was variable within th e  speed range o f  1— 50  
p/sec. The four tungsten  needles em bedded in resin  and arranged in  one 
plane, were put at an angle of 45° onto  the surface o f  the sam ple. The two> 
exterior needles were connected  to  th e  term inals o f a current generator and 
the vo ltage  appearing on the tw o inner needles was measured b y  th e  com
pensation  m ethod.

In F ig . 3 beside th e  current o f constant value (curve 3a) the potential 
difference appearing on the inner needles (curve 3b) can  be seen. These values; 
were registered sim ultaneously by a com pensograph. The m easurem ent can 
be effectuated  also v isu a lly , by occasional readings o f  the null-reading gal
vanom eter o f the bridge com pensated to  the average.

According to  our m easurem ents the flu ctu ation  of the resistiv ity  
reaches 50% .

The striations detected  by us appeared on th e  whole cross-section o f  
the single crystal, w ith  various periodicities even i f  th e  parameters o f  growing 
were changed. The distance o f the striations was found to  depend linearly on. 
the rate o f  crystal grow th and to be inversely  proportional to the tem perature  
gradient at the boundary surface o f  grow th. It is rem arkable and interesting  
th at single crystals o f n- and p -type containing donor and acceptor impurities- 
show periodicities differing by orders o f  m agnitude from each other. From.

this we cam e to the conclusion th a t th e  cause o f  th e  micro-inhomogeneities; 
found b y  us must lie in  the m echanism  of crystal growth. In th e  course o f  
the exam ination of the m icro-inhom ogeneities arising from inner reasons 
o f crysta l growth H. U e d a  [5] found a relation betw een  the striation  period 
and th e  parameters o f  growth. This relation is on ly  partly verified  by our 
experim ents. On the other hand, it  is definitely refuted  by the periodicities 
o f th e  striations found on Ge of n- and p-type. Our statem ent is supported  
by the results of our experim ents in w hich  Ge single crystals were grown under  
ab so lu tely  the same conditions and on ly  the chem ical nature o f  th e  dopping 
m aterial was changed in the grow th o f the single crystals..
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Our results contradict the m icro-inhom ogeneities detected  and stud ied  
b y  some authors [2, 3, 4].

These latter m icro-inhom ogeneities are undoubtedly caused b y  the  
m echanical instab ility  of the crystal growing device (this is shown b y  the  
fact that the m icro-inhom ogeneities are to  be found only w ith in  the surface  
layer of the single crystal ingots), resp. its heat asym m etry (th is is ind icated  
by the m icro-inhom ogeneities o f spiral arrangem ent).

The aim of our further investigations is to  clear up the causes of striation  
form ation, w ith the help of the m ethods developed by us and others reported  
in the literature.
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The negative /i-m esons in m atter are captured atom ically  and w ith  
X -ray em ission th ey  reach the Is state  in a very short tim e. The bound m uons 
disappear either by spontaneous decay or b y  nuclear capture.

A ccording to  the m easurem ents [1] the decay rate of the n egative  
m uons (A_) is different from th at o f / .+ -m esons (A+ ): A_ (Z <  10) ^  A+, 
for h eavy  elem ents the ratio R  = Я~^/А + considerably decreases, and near 
Z  =  26, R  >  1. The Z-dependence o f the decay rate m ay be exp ected  on 
a theoretical basis as w ell: on the one hand the binding reduces the phase 
space, and on the other hand the m uon has a certain m om entum  distribution  
w hich results in tim e dilatation  —  these effects tend to decrease A_(Z) m onoton- 
ically . A t the same tim e the w ave function  o f the decay electron cannot be 
considered a plane w ave, the effect o f the Coulomb field increases its am plitude  
near the nucleus. This latter effect tends to  increase A_(Z), so we m ay expect 
that R  w ill have a m axim um  at a certain Z.

R ecently , some efforts have been m ade to explain  the m easured  
data more exactly . Ü b e r a l l  [2] used an approxim ation o f the form : R  =

=  1
137

Z
137

but the coefficien t o f the linear term  turned out

to be zero, i.e. (b being negative) R  decreases m onotonically  w ith  Z. The more 
recent calculations [3, 4, 5] have been m ade w ith  more exact electron and 
muon w ave functions. T hey have taken  in to  account the fin ite  size o f  the 
nucleus, nevertheless the results do not differ essentially  from those obtained  
b y  Ü b e r a l l : the theoretical A_(Z)-curve decreases m onotonically , and for 
h eavy  elem ents its decrease is less strong than  it can be expected  from  the  
experim ents. P algi [6] performed a calculation  with the assum ption o f the  
interm ediate boson, but he could not account for the m axim um  either.

H u f f  [5] tried to  explain the disagreem ent betw een the experim ental 
and theoretical curves by the conditions o f  the m easurem ent. According to  
his explanation  the discrepancy for h eavy  elem ents is caused by the fact 
th at in the case o f the bound m uons the decay electrons are detected  
w ith  reduced efficiency in consequence o f  the considerable m odification o f
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their energy spectrum . To account for the m axim um  he assum es th at th e  
^-capture y-rays p lay  a special role near iron. A recent m easurem ent [7], 
according to  w hich there is no essential difference in  the ,u-capture y-spectra  
o f iron and the neighbouring elem ents, contradicts th is assum ption.

N ow  we shall exam ine w hether we can fin d  a better explanation  for th e  
experim ental data , i f  we assum e th a t the rest m ass o f one o f  the decay neutrinos 
differs from  zero. I t  is know n th a t to exclude the p ossib ility  of the decay  
p  —> e -f- y it  has been assum ed that tw o different kinds o f neutrinos ex ist, 
one of which is connected  w ith  the m uon, and the other w ith  the electron [8, 9]. 
Som e considerations [10] show  that the rest mass of the so-called m uon- 
neutrino (m m) can be assum ed to  be different from  zero. The possible upper 
lim it o f  m m is about 8 electron rest m asses.

In the follow ing we shall restrict ourselves to the question w hether  
we get a non-zero linear term  in the approxim ation used by Ü b e r a l l , i f  
mut - f  0. W e tak e the follow ing form o f interaction:

Я  =  2 ]/2 / ( y e Ou y>v) ( 7 И Oa \ p j  - f  he .

For the d ecay  rate we get (see F ig. 1):

A _  =  4  / 2  I М * ( 2 л ) * д ( р +  a +  t - g )  Í S j V d é d t  
J 4 (2jt)12

where

M  2 =  1------- ( dr dr' A aß (r, r') S p  B nß (r, r') e'f(r'-r),
Ö I Pu  <0 s o J

A ,tP (t, r') =  у ;  (фц (r') Öß (mB -  it) Oa <yu (r ) ) ,
Я

B aß ( ï .  Г') =  (me - i p ) P ( i ) O J P ( x ' ) O ß ,

s  =  y a sa , Ö  =  y 4 0 + y 4  ,  

к  =  s  t , q  =  p  - f -  к .

Acta Phys. Hung. Тот. X V I .  Fase. 1.



T H E  EFFEC T OF T H E  NON-ZERO N EU TR IN O  R EST MASS 71

The corresponding functions are:

9 > (ï)  = M0 1

P (r ) =  e ~ ‘v: -  ( p j  +  m .y 4 +  v ) / 7  (r) ,

where

a =  m“ 7’
n =

ei8( r ' - r )

§ 2  —  p 2  —  it]
V ( i ' )  e - ! p d x \

F ( r )  = - - - - - - - —  e ~ ß r ,  f j - > 0 ,  / J - * 0
r

and

(!) (°\
0 1

u0 =
o

or 0
oj {oJ

In  the approxim ation used here:

A_ =  +  £_ у  .

Perform ing the calculations we obtain:

л ° _ = А + ,  л1_ = 0 ,

where A+ is the decay rate of the positive m uon, calculated w ith  т ю ф  0 and 
mc ф  0 .

Thus we com e to  the conclusion that the assum ption mal ф  0 also fails 
to explain  the m axim um  of the R (Z )  curve near Z  =  26.

Note. A new m easurem ent has been reported in [11], in  which no  
anom alously high decay  rate has been found.

* * *
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(Received 27. X I. 1962)

R ecently , T ietz  [1] has proposed an analytical expression for the  
dotential energy o f d iatom ic m olecules. The function is represented b y

U (r)  =  D e
В

r ( l  +  Ar)

C
(1 +  Ar)  ’

where De is the dissociation energy and А ,  В, C are constants. The fu nction  
fulfils the necessary conditions that any P . E . function m ust satisfy and as 
a consequence gives the relations

С =  1 +  2 A r e , B =  A rse and K e = --------------------  ,
re ( l + A r e)

thus connecting А , В, C w ith  the known m olecular constants ke • re and D e . 
It is claim ed by the author that this sim ple function is one among th e  few  
that are convenient to solve the Schrôdinger equation when applying the  
perturbation m ethod. Considering this m erit o f the expression , it was th ou gh t  
worth while to investigate its applicability  and w orkability  in connection  
w ith  other problem s, v iz . prediction of m olecular constants and construction  
of P. E. curves. The present note records a few  observations in  this connection .

Follow ing Y a r s h n i ’s [2] analysis o f P . E . functions, th e  above expression  
yields the follow ing relations for ae and a>e xe:

6 B] 4 1 -  A2 W

Ba

where Are =  — —-— and A is Su t h e r l a n d ’s parameter. The values o f ae and

œexe have been evaluated  from these relations in the case o f 23 diatom ic  
molecules. The relevant m olecular constants have been taken  from H e r z - 
berg  [3]. The nature o f the results obtained does not warrant their p resen t
ation here, how ever, it m ay be remarked th a t the values o f ae derived are
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higher than  th ose  due to  the relation  from M o r s e ’s function , which function  
has been assessed b y  V a r s h n i  [2] as giving h ighest percentage errors am ong  
th e  various functions considered by him. The relation for coexe gives negative  
va lu es and is thus not applicable to any d iatom ic m olecule.

The con stan ts A , В, C  involved  in th e  above expression  have been  
evalu ated  for all the m olecules under consideration here, and in all th ese  
cases the three constants turned out to be n egative . For iV2 th e  P. E . function  
U(r) is represented by the equation

U (r) =  D e
1.258 r — 1.237 

r ( 1 — 1.033 r) J ’

w hich  gives n egative values for certain values of r, w hich is m eaningless. 
A  similar behaviour is found for a number o f m olecules. Thus the P. E. function  
proposed b y  T ietz  is unsuitable for the ty p e  o f study indicated  above. 

A nother function

U (r)  =  D e e~ar

w hich is a m odification of th e  one above, has been suggested  by T ietz  [4]- 
Prelim inary calculations show  that it  overcom es the defects of the first 
expression . In  general its perform ance is sim ilar to  that o f th e  function proposed  
b y  F rost  and M u s u l i n  [2].
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R E C E N S I O N E S

R. C o u r a n t , Methods of M athem atical Physics

Vol. I I ., S. X X II +  830, J . Wiley, N ew  York. London, 1962.

Es ist dies n ich t eine Neuauflage sondern eine von Courant verfasste Neuausgabe des 
zweiten Bandes des berühm ten und  von den theoretischen Physikern so hoch geschätzten 
»Courant-H ilbert«. Diese N euausgabe, die 25 Jahre n ach  der ersten A usgabe (in 1937) erschien, 
trä g t naturgem äss der seither erfolgten Entw icklung der M athem atik R echnung und u n te r
scheidet sich vom  deutschen Original, vom  II. Band »M ethoden der m athem atischen P hysik« , 
fast in  allen w esentlichen Teilen, wie dies der Verfasser selbst im V orw ort der N euausgabe 
feststellt. Das W erk befasst sich m it den partiellen D ifferentialgleichungen der theoretischen 
Physik und  en thält die folgenden K apitel. Nach dem  I. K apitel m it dem  Titel: Einige ein
leitende Bemerkungen folgt im II. K apitel: Die allgemeine Theorie der partie llen  D ifferential
gleichungen erster Ordnung und danach im III. K apite l: D ifferentialgleichungen höherer 
O rdnung. Dem folgen K apitel IV: Potentialtheorie un d  Elliptische D ifferentialgleichungen, 
K apitel V: H yperbolische Differentialgleichungen m it zwei unabhängigen Variablen und  
K apitel VI: H yperbolische Differentialgleichungen fü r m ehr als zwei unabhängige V ariablen.

Der Band is t weitgehend unabhängig von dem  im  selben Verlag erschienenen e rsten  
B and desselben Werkes. Den nun vorliegenden ersten  zwei Bänden soll auch ein d r i t te r  
B and folgen, der sich m it Existenzbeweisen und der K onstruktion der Lösungen befasst.

Die hervorragenden Eigenschaften, insbesondere die Präzisität un d  K larheit m it de 
die schwierigsten Problem e behandelt werden, die der berühm ten ersten Ausgabe eigen sind , 
kennzeichnen auch die Neuausgabe. So wie die erste Ausgabe dieses M eisterwerkes sich in  
einer der schönsten Epochen der theoretischen Physik  als grundlegend erwiesen hat, w ird 
dies auch für die N euausgabe in der je tz t stattfindenden ausserordentlich raschen E ntw icklung 
unseres W issensgebietes bestim m t der Fall sein.

P. Go m bá s

E u g e n  M e r z b a c h e r : Quantum  Mechanics

John  W iley and Sons, Inc., New York — London, 1961, 544 pages

N owadays, there  is hardly any branch of physics which can be approached w ithou t 
a knowledge of quan tum  mechanics. The purpose of M e r z b a c h e r ’s book is to  give students 
and working physicists a thorough knowledge of q u an tu m  mechanics, enabling them  to  
perform quantum  m echanical calculations and to read  current theoretical literature. T he 
presentation  of the subject is also simple enough to  be accessible for self-study and y e t  
sufficiently complete to  serve as a handbook for the research worker.

In  the first twelve chapters o rdinary  wave m echanics is developed inductively , enabling 
the reader to handle energy-level and scattering  problems. The discussion of spin as a system  
w ith only two basic sta tes is elaborated in  Chapter 13. I t  offers the reader an opportun ity  
to  make him self fam iliar w ith m atrix  mechanics and to  clarify the physical meaning of a 
quan tum  state. In  the nex t two chapters wave and m atrix  mechanics are u n ited  in the general 
D irac’s b ra-ket form ulation. This general form ulation of quan tum  dynam ics in  term s of s ta te  
vectors and  linear operators is subsequently  employed th roughou t the rem ainder of the book. 
The bound sta te  and tim e-dependent perturbation  theory  is more elaborate th an  usual; th e  
trea tm en t of the form al theory  of scattering is intended as a bridge from elem entary  quantum  
mechanics to  recent theoretical developm ents. The fina l chapter on the theo ry  of angular
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m om entum  should give an idea of th e  economies in w ork which group theoretical m ethods offer.
The 176 exercises are designed to illustrate and  supplem ent th e  tex t; the 77 problem s, 

w hich are given a t  the chapter endings, are extensions and applications of the subject. The 
exercises and  problem s form an in tegral p art of th e  book.

The book is a fine example of good textbook w riting for postg raduate  research studen ts 
and can be strongly  recommended.

D. K is d i

E. A. Mo e l w y n - H u g h e s : Physical Chemistry
Second revised edition, Pergam on Press, O xfo rd—London —New Y ork—Paris, 1961,

V II -j- 1333 pages, 84 s.

Physical chem istry is becom ing increasingly im portant n o t only in chemical and 
physical research  work, b u t also in  a num ber of m ore or less d is tin c t branches of science, 
such as biology. Consequently, th ere  is an increasing need for tex tbooks of physical chem istry, 
which, althôifgh no t completely elem entary, are still easily understandable  by un iversity  
studen ts as well as by  researchers and  engineers w ho do not w ant to  become deeply involved 
in  higher m athem atics.

One of th e  m ost im portan t virtues of M o e l w y n - H u g h e s ’ book is the relative sim p
licity  of its m athem atics together w ith an a lm ost unparalleled c la rity  of the te x t, which 
m akes the book useful not only for scientists w orking in physical chem istry, b u t also for 
anybody in te rested  in this subject. A lthough the size of the book (ab o u t 1300 pages) indicates 
th a t it involves considerably m ore th an  a non-specialist may need, th e  clear-cut arrangem ent 
of the chapters and sections m akes it  easy to select the essential from  the superfluous. For 
the same reason, the book can serve as an excellent textbook for university  s tu d en ts  who 
w an t to pursue th e  study of up -to -date  physical chem istry in g rea te r depth, as well as for 
a convenient handbook in physio-chemical research  work.

The book consists of 24 chapters. The firs t tw o chapters p resen t the kinetic-m olecular 
theory , the following two chapters contain a brief discussion of th e  fundam entals of quantum  
mechanics involving a discussion of some elem entary  problems. T he fifth  chapter deals with 
th e  properties of the chemical elem ents and th e  periodic table, and  it also involves some 
very  elem entary  nuclear physics. The sixth chap te r is devoted to  chemical therm odynam ics. 
The seventh deals w ith in term olecular energy, w hile the eighth chap te r discusses th e  main 
connection betw een micro- and  macrophysics: th e  partition function . The four following 
chapters are devoted to a discussion of the m ain  properties of isolated molecules. T he next 
seven chap te rs give a survey of the properties o f crystals, gases and liquids, involving a 
separate discussion of the m etallic, the dissolved, th e  ionic and th e  “ interfacial”  s ta te . The 
tw entie th  and  tw enty-first chap te rs deal w ith  th e  problem of chemical equilibria in  homo
geneous and  heterogeneous system s, while th e  la s t three chap te rs of the book are devoted 
to  the discussion of reaction kinetics.

In  every  p art of the book equal emphasis is given to th e  experim ental and theoretical 
side of th e  problem s. In  order to  facilitate th e  understanding of th e  tex t, some m ore involved 
m athem atica l deductions, w hich are of less physical im portance, are presented in the Appendix. 
A num ber o f questions are listed a t the end of each chapter in order to  enable the  reader to 
m ake certa in  th a t  the m a tte r  has been assim ilated.

E x cep t for the parts  o f th e  book presenting  the fundam entals of quantum  mechanics 
and nuclear physics, which are discussed in  a quite elem entary w ay, the book m ay  serve 
as a s ta rtin g  point in the understanding of m ore advanced m onographs and of th e  current 
literature.

In  sp ite  of its excellent didactical p roperties and its conceptual simplicity, the  book 
requires sem e elem entary prelim inary  know ledge of physical chem istry. This holds parti
cularly for therm odynam ics, where w ithout a kncwlcdge of th e  basic elements there  may be 
some d ifficu lty  in unders ta r ding seme parts  of the hcck. These requirem ents are, however, 
considerably  less than  the sub jec t-m atter furnished by the usual university lectures or any 
elem entary  textbook.

Pergam on Press has done good work in  editing this hook, which will certa in ly  become 
•one of the  m ost widely used standard  tex tbooks of physical chem istry.

T . SzONDY
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SPACE-TIME STRUCTURE AND MASS SPECTRUM 
OF ELEMENTARY PARTICLES

By

J.  I.  H orváth
DEPARTMENT OF THEORETICAL PHYSICS, UNIVERSITY OF SZEGED, SZEGED

(P resented  by  A. K ónya. —  Received 12. IX . 1961)

E xperim ents proving th e  violation of p a rity  conservation have recently  led to  the 
assum ption th a t  the s truc tu re  of the space-time continuum  — in  agreem ent w ith th e  m odern 
philosophical concept of th e  space-time world as being determ ined b y  real physical in te r
actions —  m ay be anisotropic. In  fact, th is assum ption can be also expressed by  saying th a t  
the physical fields excited in  such an anisotropic space have in te rna l degrees of freedom . 
In  this paper, firs t of all th e  derivation of th e  field equations is discussed for ferm ions, in 
particu lar considering second order equations. T hen, it  will be proved  th a t  a mass spectrum  
of elem entary particles exists and based on a provisional L agrangian of baryons th e  mass 
spectrum  of th e  la tte r  can be calculated in  good agreem ent w ith  the  experim ents. A t the 
same tim e an in te rp re ta tion  is suggested of th e  strangeness and  of the m ultip lic ity  of the 
different isodoublets.

§ 1. Introduction

The a priori  supposition  that the structure of the space-tim e continuum  
is pseudo-Euclidian, i.e. hom ogeneous and isotropic, is one o f the m ost generally  
accepted starting points o f current theories o f elem entary particles [1]. In order 
to see th at in fact rather this a priori  supposition m eets the outworn m eta 
physical concepts of space and tim e than the modern philosophical cathegory  
of the space-tim e world, le t us briefly discuss the philosophical concept o f the  
space-tim e continuum .

Independent of their concrete m aterial content, all events of the m aterial 
world take place in space (side b y  side) and in time (one after another) as w ell. 
This m eans, th at the events of the m aterial world can be characterized by  
four objective param eters: by three data m apping their relative positions  
(place) and by one determ ining their succession (tim e-point). As a m atter of 
fact, the whole of the m aterial events can be regarded as a four-dim ensional 
ensem ble o f events which in  term s of A. D . A l e x a n d r o v  [2] m ay be denoted  
as the space o f  events, or in the more usual term s of the theory of re la tiv ity  
— also considering th a t in  fact all m aterial events are continuously  dependent 
on each other — as the space-time continuum. From this p o in t of view  the space 
o f  events must be the absolute form  o f  existence o f  the material world.

The real physical events can only be truly m apped in this w ay i f  the  
geom etrical connections am ong the “ p o in ts” o f the space o f  events — which  
are realized in  the geom etrical structure o f  the space-tim e continuum  — are
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determ ined b y  objective connections am ong the corresponding event, i.e. by  
real m aterial interactions. This m eans, how ever, th a t the space-tim e continuum , 
or rather its geom etrical structure, depends on the concrete m aterial content,
i.e.  on special physica l in teraction s, of the m aterial world. As m atters stan d , 
th e  space-tim e continuum  and its  geom etrical structure, respectively , w hich  
correspond to  th e  whole of th e  m aterial events and their ob jective interactions  
as w ell, are un ified  in the d ia lectica l u n ity  o f  form  and con ten t. From th is  
p o in t o f v iew  the space of  events is relative: indeed , its structure is determ ined  
b y  the concrete features o f m atter .

To sum m arize, according to  these considerations the space o f even ts  
and the space-tim e continuum , respectively , h ave tob e regarded as the ob jective  
form  of ex isten ce  o f the m aterial world and by the philosophical cathegory o f  
space-time continuum the absolute and relative features o f  space and time are 
represented. T his can also be expressed b y  saying  that the space-tim e co n ti
nuum  — in  sp ite  o f the previous m etaphysical concept o f space and tim e  
according to  w hich  the E uclid ian  character o f  space and the absoluteness o f  
tim e would be an a priori  cathegory  of the hum an mind — cannot sim ply be a 
geom etrical background o f p h ysica l processes independent o f m atter, but th a t  
its  structure is determ ined b y  objective interactions. J .  B o l y a i  was the first  
scien tist w ho — already a hundred years ago — suggested th is idea; it  w as  
taken  up again  b y  R i e m a n n  and finally , as a principal idea of E i n s t e i n ’s  

theory  of grav ita tion  scored its  revolutional success in m acro-physics. So far, 
th is point o f  v iew  is generally accepted in  m odern physics.

N evertheless, the gravitation al in teractions can be neglected  in m icro
physics. T herefore, in the case o f  elem entary particles — according to E i n 

s t e i n ’s th eory  — it is usually  supposed th a t the structure o f the spacet-tim e  
world is pseudo-E uclid ian . H ence, if  we take seriously in to  account the su gg
ested  point o f  v iew , one can sa y  that the pseudo-E uclid ian character o f the  
space-tim e w orld, i.e. its hom ogeneity  and iso trop y , is rather a consequence o f  
th e  special sym m etry  properties of the actu a l interactions than  an a pr io r i  
feature o f space-tim e. In fa c t, i f  e.g., the v io la tion  o f parity  conservation can  
be regarded as a special property  o f weak in teractions, it  seem s that from the  
anisotropy o f  these interactions also the an isotropy o f the space m ay he inferred. 
The reason for the isotropic structure o f th e  space-tim e world, in m ost o f the  
cases, seem s to  be that the anisotropy o f th e  weak interactions is overlapped  
b y  the electrom agnetic and strong interactions which have higher or at least  
another sym m etry  character. This can also be expressed b y  saying th at the  
strict in sisten ce  on the a p r io r i  Euclidian (or pseudo-E uclidian) structure o f  
th e  space-tim e world can be regarded as a residue of the m etaphysical con 
cepts, as it  w as suggested above.

The im portant question arises how  th e  space-tim e anisotropy is to b e  
understood and whether it  can  be proved a t all?
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In fact, the spin and the linear polarization o f elem entary particles, as 
w ell as the various internal attributes of elem entary particles — such as 
baryon charge, isospin , hyper charge and isop arity  — associated  w ith the  
abstract concept o f isospace (isobaric spin space) and its transform ations  
ind icate th at there m ust he som e additional intrinsic property o f  th e  fields, an 
additional degree o f freedom , which has not been considered in term s of the  
usual form ulation o f the theory o f elem entary particles. E.g., th e  existence  
o f the spin shows in itse lf that, the point m odel o f elem entary particles associated  
w ith  the familiar local theory o f fields does not provide a com plete description  
o f the properties of the particles, since the rotational axis connected  with the 
spin angular m om entum  cannot be explained in a natural m anner. Further
m ore, the linear polarization — i.e. the space-independent correlation of the 
m om entum  and the spin angular m om entum  of ferm ions — proves that this 
distinguished direction m ay be in close connection w ith  the anisotropic internal 
structure o f particles which has not properly been considered previously . The 
intrinsic anisotropy o f particles appears first o f  all in their handedness by  
w hich the asym m etry o f right and le ft is expressed. Of course, on the basis 
of an extended particle m odel or based on a rigid-body model th is anisotropy  
could be characterized, but the relativ istic  form ulation of such a th eory  would 
be rather d ifficult and the results o f such theories could only be cum berously  
translated into the language o f field  theories. M oreover, taking in to  account 
the current m ethods o f the theory o f elem entary particles, it  can  be noticed  
th a t these m ethods have, from  certain points of v iew , tw o essentia lly  different 
features. Some o f them  are closely connected  w ith geom etry and lead to such 
physical laws as conservation o f energy and m om entum , etc.; th e  other are 
based rather on the abstract concept o f  the isospace than on current geo
m etrical terms and result in  such physical laws as the conservation o f charge 
or the conservation o f baryon num ber, etc. In other words, some o f  the groups 
of transform ations — like translations, rotations and inversions in  the four
dim ensional space-tim e continuum  — possess an im m ediate geom etrical 
m eaning, but some of the others —• such as e.g. gauge transform ation of first 
kind, charge conjugation, charge-sym m etry and m esoparity transform ation — 
possess none. H ow ever, the rea lity  o f these la tter attributes o f  elem entary  
particles indicates th at the angles o f isorotations as well as the planes 
o f isoreflexions are n ot located  in an abstract space, but w ith in  space- 
tim e itself. This is the reason w hy several in vestigation s have recen tly  been 
published to explain the internal degrees o f freedom  of p h ysica l fields 
as well as to interpret the isospace and its transform ations in geom etrical 
term s [ 6  —16]. These proposals are, o f course, very  different from  each 
other.

My recent investigations in this d irection [15, 16] have been based on the  
supposition th at in the anisotropic internal structure of the elem entary
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particles the anisotropy o f the space-tim e continuum  appears. This supposition  
m ay be illustrated  in  sim ple term s as follows:

In anisotropic spaces the structure o f the space is characterized not  
only  b y  its curvature, b u t by its torsion  too [21]. I f  the general idea could he 
accepted th at the an isotropy of th e  space-tim e world is determ ined by the  
anisotropy o f the in teractions, it  should  be supposed, o f  course, th a t the longi
tudinal polarization o f  the particles m ay be in d u ced  by the torsion  o f the  
anisotropic space-tim e world. Consider the fo llow ing analogy: In  th e  case o f  
the gravitational fie ld  the photon w ith  zero rest m ass in the m ost adequate  
te st particle which m oves on a geodetica l line o f  th e  space-tim e w orld. As a 
m atter o f fact, the deflexion  of lig h t in the neighbourhood o f th e  sun, e.g., 
proves the curvature o f  the space-tim e continuum . A nalogously, am ong the  
ferm ions the neutrino seem s to be a su itab le test particle similar to  the photon  
to  dem onstrate the torsion of the space-tim e w orld. Indeed, its  rest mass is 
zero — so th at during m otion it  perfectly  adapts itse lf  to the structure o f  
space-tim e — and its  longitudinal polarization is m axim al to such  an ex ten t  
th a t th e  tw o-com ponent theory o f neutrino adm its one kind o f neutrinos w ith  
h elic ity  ( — 1). In th ese  terms one m ay  say th at th e  longitudinal polarization  
o f elem entary particles dem onstrates the space-tim e asym m etry.

F ort his reason we have recen tly  [15, 16] suggested  the unfam iliar idea  
th a t the strict adherence to the a p r io r i ty  of the pseudo-E uclid ian space-tim e  
structure m ay be responsible for th e  problems connected  w ith  th e  vio lation  
of p arity  conservation  predicted b y  L ee  and Y ang  [3]. In other words, it  
m ay be deduced from  the anisotropic interactions th at the structure o f our 
physica l world is richer than it  w as previously supposed. It seem  rem arkable 
th a t i t  was possible to  suggest a reasonable so lu tion  of some problem s o f the  
elem entary particle theory, such as th e  geom etrical interpretation  o f isospace  
and its transform ations, etc. For th e  sa k eo f sim p licity  i t  was, how ever, suggested  
th a t the dynam ics o f  the local change of the space-tim e structure due to th e  
anisotropic in teractions need provisionally  not b e investigated; in  fact, on ly  
the consequences o f  th e  actual an isotropy o f th e  space-tim e world — in th e  
case o f different b u t specialized fie ld s — was d iscussed. Furtherm ore, it  was 
supposed that the anisotropy of th e  space-tim e continuum  can be characterized  
b y  the longitudinal polarization o f th e  field quanta which can be regarded as a 
con stan t anisotropy parameter a. H ow ever, th is  can be on ly  a provisional 
supposition . Indeed , in  a final th eory  — considering also the in teractions o f  
fields — this con stan t anisotropy param eter has to  b e replaced b y  an anisotropy  
param eter which depends on space and tim e: a =  a ^ J a n d  which is determ ined  
b y  the in teractions o f the fields to  be considered. This problem  w ill have to  
be discussed in detail.

In  the present paper it w ill be shown that w ith ou t any further supposition  
— having  the second order equations of ferm ions in mind [18 — 19] — th e
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mass spectrum  of baryons can be calculated  in good agreem ent w ith  the experi
m ents. A t the sam e tim e the strangeness and m u ltip lic ity  o f  isodoublets can  
be interpreted as w ell.

§ 2. Geometrical characterization of the space-time anisotropy

The natural geom etrical m odel o f  an anisotropic space is th e  line-elem ent 
geom etry [15, 20 — 22] which is th e  geom etry o f  an ensemble o f  line-elem ents 
{ x'\  u'“} rather than th a t of points as in current geom etries. { } mean the
position  co-ordinates o f  the line-elem ents and b y  the contravariant vector  
d en sity  { u“ } of order (—1), w ith  the transform ation law

, „ , dxu'
i t" ' =  -------- n"

dxß
dt

8 х и' 

dx"
(2, 1 )

the direction o f the line-elem ent { xß, иц } is characterized. Since only a 
direction is defined b y  the vector density it'1, th e  com ponents u,! are not 
independent of each other and only their proportions have m eaning. Therefore, 
it  is supposed that th e  m etrical fundam ental tensor of the space [i.e. gßv =  
=  g^fpF, it'')], the d ifferent geom etrical and p h ysica l quantities, respectively , 
are hom ogeneous functions of zero order of these so-called direction  co-ordi
nates u'\

The anisotropy o f th e  space in  a point { xß } can be characterized by the  
Carathéodorian ind icatrix

F  (*", V) =  1 , (2,2)

where F  =  u'‘jF  denote the com ponents of a vector  density o f  un it length  
}n the direction of the line-elem ent { x'\ uß } and

«a)u " u '}2/2 (2,3)

m eans the — so-called — scalar fundamental function  of the space  [15, 16].
I f  the gravitational interactions are neglected, the sp acem ayb e considered 

to be hom ogeneous and the m etrical fundam ental tensor does n o t depend  
on X 1' .  Indeed, for the sake of sim p lic ity  let us provisionally  suppose that 
g =  gßv (n“). Then, th e  explicit dependence o f gßV on u ‘ can be calculated  
easily  if  it  is assum ed th a t the an isotropy of the space-tim e world is induced  
b y  the anisotropy o f th e  interactions. In fact, i f  th e  anisotropy o f the inter
action  is determ ined b y  the anisotropy parameter a o f  the interaction considered, 
it  is found [15, 16] th a t

*00 =  1, goi =  0, g ik= -  <5 , 4 1  + «  «3 [ («1)2 +  („«)* +  («»)*]-!/*}-* (2 ,4)

(»,* =  1 ,2 ,3 ) .
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D ue to th is special form  o f the m etrical fundam ental tensor the Carathéodorian  
ind icatrix  (2 ,2 ) obeys th e  more ex p lic it  equation

( i r  +  g ikl‘ lk =  1. (2,5)

D enoting the co-ordinates of the end-poin t of l'1 b y  } we h ave:

O'0) 2 +  g lky ‘y k =  1 • (2 ,6 )

B y  cu ttin g  this surface o f the four-dim ensional space-tim e continuum  by the 
hyper-plane

У о =  У2 1

in the three-dim ensional “ spatia l”  subspace of th e  space-tim e continuum  
the tw o-dim ensional surface

{1 +  ay3 [(J1)2 +  (у2)2 +  (у3)2] - 1/2} 2 [(У1)2 +  (у2)2 +  (у3)2] =  1 (2,7)

can be obtained which has the param etric form:

y x — ( 1  -(- a cos $ ) sin & cos <p ,

у 2 =  ( 1  -|- a cos &) sin & sin cp , (2 ,8 )

у 3 =  ( 1  a cos $ )  cos $ ,

where {&, <p) are polar angles associated w ith  the three-dim ensional D escartesian  
fram e o f reference { y k }. Of course, (2,8) is a rotational surface which
distinguishes the d irection of the y 3-ax is of the { y  } subspace. I t  is obvious
th a t th e  distinction  o f this rotational axis — w hich can be identified  with the 
spin axis — is covariantly  form ulated in terms o f th e  Carathéodorian indi
catrix . This m eans, how ever, th a t th e  internal anisotropy o f th e  physical 
fields and the elem entary particles (as their quanta), respectively , associated  
w ith  the spin angular m om entum  m ay be characterized in th is w a y  merely 
in geom etrical term s.

In  order to take explicitly  in to  account in a covariant w ay th a t, in fact, 
the geom etrical and field  quantities, respectively , depend only on three inde
p endent direction co-ordinates, le t  us introduce three linearly independent 
vectors X'i (i =  1, 2, 3) o f unit len g th . Then, the three angles

0 , =  arc cos {g ^ V  1 )}

can be regarded as inhomogeneous direction co-ordinates.
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The directions o f  the vectors X1} can he given — from a geom etrical 
point o f v iew  — quite arbitrarily. For th e  sake of sim p lic ity  one can, how ever, 
suppose th at the X -̂s are orthogonal b y  pairs i.e.

g , ^ ï t t  =  àlk

form an orthogonal trieder, the so-called  X-trieder. From  the defin ition  o f the  
inhom ogeneous direction coordinates one can im m ediately  see th a t they  
depend on the orientation of the A-trieder. More recently  it  was suggested  that  
w ith help o f the A-trieder and the inhom ogeneous d irection co-ordinates so 
far unexpected  internal degrees o f freedom  of physical fields can be character
ized [16].

§ 3. Internal degrees o f  freedom  of physical fields

In current field  theories the p h ysica l fields are characterized b y  one or 
several space-tim e functions y(xtl), ipa(xM) etc. — fu lfilling certain partial 
differential equations, the so-called fie ld  equations — w hich have to  satisfy  
definite law s o f transform ation. In th e  case o f physical fie lds excited  in aniso
tropic spaces, the fields are analogously  characterized by such quantities  
fulfilling the field  equations (s. §4 and [15]) and obeying also defin ite laws of 
transform ation, how ever, these functions depend on the line-elem ents {pd\ }, 
i.e. y)(xu, u'1), xpa(xß, u“) etc. which are, o f course, hom ogeneous functions of 
zero degree o f the d irection co-ordinates uf‘.

Instead  of the hom ogeneous d irection  coordinates le t  us introduce the  
inhom ogeneous direction co-ordinates 0 ,- or — more su itab ly  — rather the  
quantities =  cos 0 ,-; then the fie ld  quantities depend on the position  
co-ordinates and on the |,- s  as well:

W a  =  V’a ( x , ‘ ; fn£-2>£3)- ( 3 , 1)

N ow , le t us take in to  consideration th a t the variables xf‘ and o f the  
field  qu an tity  %pa satisfy  special law s o f transform ation:

(i) The co-ordinates xfl are transform ed in the case of all co-ordinate  
transform ations

=  x!" (x")
dx11'

Эх"
^ 0 (3,2)

in the usual w ay, how ever, the inhom ogeneous direction  co-ordinates are 
pseudo-scalars o f the general group o f co-ordinate transform ations:

Г, =  л - ч , .  (3 ,3)
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L et us denote the group of co-ordinate transform ations in the follow ing b y  
4 x  and the co-ordinates { Xм } as the external co-ordinates o f  the field  ipa.

(i i ) On the other hand, th e  co-ordinates change in th e  case o f rotations  
o f th e  A-trieder as w ell as in the case o f inversions w ith  respect to  the A-trieder. 
N evertheless, th is group of transform ations — being isom orph w ith  the three- 
dim ensional rotary-reflexion group of transform ations — does not in vo lve  
an y  change in the case of the external co-ordinates x'1. The general group o f  
transform ations o f  | , - s

(3,4)

w ill be denoted  in th e  follow ing b y  and th e  inhom ogeneous direction с о  
ordinates £,• as th e  internal co-ordinates of th e  field  ipa m apping its interna- 
degrees o f  freedom .

Indeed, th is m eans last o f  all that the supposition introduced above  
— according to w hich  the structure of the space-tim e world is anisotropic — 
in  other, perhaps more p hysica l, terms corresponds to  th e  fundam ental 
assum ption th a t the physical f ie ld s  have also internal degrees o f  freedom cha
racterized by the internal co-ordinates.

As a m atter o f  fact, in the case of fields excited  in the anisotropic space- 
tim e continuum  — or in other words in the case o f  physical fie lds w ith internal 
degrees o f  freedom  — the general group o f transform ations is a product o f  
th ose  o f  external and internal co-ordinates, i.e. in the fo llow ing the group

4  =  4c • 4 t  (3,5)

m ust be considered. Both groups 4 x  and 4 $  h ave ev id en tly  representations  
w ith  im m ediate geom etrical m eaning and ju s t  th is recognition was the m ain  
p oin t o f the geom etrization o f the isospace and its transform ations suggested  
in th e  recent paper [16]. H ow ever, i f  these considerations are correct at a ll, 
one has to conclude that the integral o f  action o f  the f ie ld  — being the fu n 
dam ental q u an tity  o f the Lagrangian form alism  — must be an invariant o f  the 
general group 4  introduced above.

In order to  carry out the geom etrization  o f the isospace, le t that fram e  
o f reference be d istinguished in  w hich the m etrical fundam ental tensor o f the  
space-tim e continuum  does n o t depend on the external coordinates and w hich  
has the exp licit form  (2,4). In m ore physical term , this special frame o f reference  
m ay be taken to  be the rest sy stem  K° o f the particle, the tim e-axis o f w hich  
can be determ ined b y  the m om entum  four-vector o f the particle in a covariant 
w ay. Of course, i t  can be supposed [16], th at th e  vectors A;' are bare space-like  
vectors, i.e. { XI } =  { О, Д. } , and th at th e y  point in to  th e  directions o f
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the principal axes o f  the Carathéodorian ind icatrix  (2,2). Furtherm ore, i f  the  
spin o f the field  does n ot vanish  the d irection o f the vector A3 o f the A-trieder 
is the sam e th at o f  the spin vector  a o f  th e  field  which m akes a precession  
w ith the angle 0 3 =  const, about the m om entum  vector o f  th e  particle under  
consideration. In fact, it  can be supposed th a t

о l =  J}$r  (3 ,6)

where m eans the longitudinal polarization of the em itted  particle (1 ). 
Or, in term s of the theory o f re la tiv ity

=  (3 ’7 )

where a/u, is the spin tensor o f th e  field and f tlv denotes the surface elem ent, 
the norm al vector o f which is ju s t  the vector  density Г  ( {  a, /j, v } cyclica l 
perm utation).

The last supposition m eans, how ever, th at
(i) in the case of fields (or elem entary particles regarding these as th e  

quanta o f the fields) w ith  zero spin  the conditions (3,6) and (3 ,7 ), respectively , 
are m eaningless and, in fact, th e  situation  is expressed b y  saying th at no 
correlation between the external and internal degrees of  freedom  of the f ie ld s  
exists.

The isospace is in this case three-dim ensional
(ii) for fields w ith non-zero spin the condition  (3,6) — or (3,7) — reduces 

the internal degrees o f freedom b y  one and therefore the isospace is quasi-two- 
dim ensional. In fact, the internal degrees o f  freedom  can be characterized in  
this case, e.g., b y  the two internal co-ordinates, and | 9.

In the case o f fermions w ith  half-integer spin it  can he supposed th at th e  
xfA are the com ponents of a tw o-com ponent spinor [17— 19] and, e.g., for 
nucleons,

ip (xf‘ ; Vt (*"; 
n  (*" ;

f i ,  f  2) =  Va (*"; ! i , £ 2)

H  =  t , D -

(3 ,8)

As a m atter o f fact, it  can be concluded th a t, e.g., the bosons with zero  
spin are isotrip lets and the ferm ions w ith half-integer spin are isodoublets 
(s. later in § 6 ).

§ 4. Field equations

Let us suppose th a t the Lagrangian o f th e  field  depends on the m etrical 
fundam ental tensor, on the field  com ponents and their d erivatives. It seem s
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appropriate to  introduce th e  sym bols:

Va*  =  \ V a  =
8  Va . 
Эл;"

Va u  =  d*V A
д Ул

d i ,

Then, the Lagrangian can b e im plicitly  w ritten  as follow s:

S ’ =  \У\~112L  ( V > A ,  V>a , v  ■ ■ ■ V a u *  ■■■) ’

( 4 Д )

(4 ,2)

where у  den otes the determ inant of the m etrical fundam ental tensor o f  the  
in ternal space

y  =  det \y ik\ (4,3)

w ith the law  o f transform ation

8 i t  91,.
8 { ,  7" '

(4 ,4)

From  a geom etrical point o f  v iew  we h a v e , o f course, no a priori  restrictions  
for the structure of the in tern al space and its structure m ust be determ ined  
b y  physical factors. I t  seem s, however, th a t  it  can provisionally  be assum ed  
th a t the m etrical structure o f  the in ternal space is E uclid ian , i.e.

Yik =  ôik , (4 ,5)

where m ean the com ponents of K ronecker’s tensor.
A ccording to these considerations th e  integral o f  action can be w ritten  

in the form :
j r  =  H & d * x d ? i .  (4,6)

The dom ain o f integration  for the external co-ordinates is a four-dim ensional 
dom ain E 4, and for th e  in ternal co-ordinates —1 <7 + 1  (i =  1, 2 , 3).

On th e  basis o f our fundam ental supposition th e  integral o f action  is 
an in varian t o f the group <4 introduced in  equ. (3,5). In  fact, if  we tak e into  
account o n ly  linear transform ations, in  the external and internal space as 
w ell, the Jacobians A and A*  respectively , are constants. These transform ations 
are general enough to in clu d e such transform ations as th e  Lorentz-transforma- 
tions and th e  rotary-reflexion group o f th e  A-trieder. A s a m atter o f fact — due 
to  (3,2) and (3,4) — we h ave in this case

d * x 'd l F  =  A “ 2 (4 ,7)

and consequently  one obtains for the Lagrangian th e  law  of transform ation

J27' (A" ; i i )  =  A"1 A * - 1 .S ’ (*" ; £, ) .  (4 ,8 )
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B u t we have
| / | l / 2 = Z l * - l | y |l/2 (4,9)

and, in fact,
L '  ( * " '  ; Ы  =  A 2 A*~*L(x>‘ ; S ,). (4,10)

This m eans, th at if  the explicit form  o f the Lagrangian is given, th e  law  of 
transform ation for the field  com ponents is determ ined b y  (4,10).

The derivation o f the field equations and th a t o f the in fin itesim al laws 
o f  conservation has been discussed in d eta il in several papers (e.g. [15, 21, 22]); 
hence, it  is not necessary to deal w ith  these problem s again.

In respect of the derivation o f th e  field  equations we only m ention that 
the variation ofJ?7— w hich is an invariant of the group — has to van ish , i.e.

■JOT0  У ?  =  11 IУI 1/2 2  ( v - L -  ô V a  +  7— — ô W a , ¥ 
a  [ dVA,n

+
3L

dVAli
dtp ah } d4* d3 1  =  0  .

(4,11)

In  fact, as usual, ЬгрА has to vanish a t the lim its o f th e  integration dom ains, 
therefore, b y  partial integration  one obtains

JJ |y | - 1/2 2 '
A qVa  1 s Wa ,u

df
3 L

qVai
ôipA d4 x<P |  =  0 (4,12)

for all variations of the field  com ponents ô ^ a n d  fin a lly , we get the field  
equations:

Я 7, Я T.  Я T,
(4,13)- 9 L - _ 6  

3 Va

9 L dL
------------d f ---------- =  0  .
9 qVa \í

§ 5. The field equations of ferm ions with half-integer spin

In order to apply the theory to a particular case, le t us suppose th a t the 
Lagrangian has the follow ing explicit form :

L  =  — 2  9 У’А dvfA +  y ik 9* Va 3* Va  +  £Va  v ) » (5Д)
A

which corresponds to the tw o-com ponent fermion field  w ith ou t any interactions  
[17— 19]. Substituting this Lagrangian in to  the integral o f action one obtains 
by variation w ith  respect to TpA the fie ld  equations

3" 3 . Va +  3*1' df  yA — eipA =  0 , (5,2)
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w here
Qf* == gw  0  ̂ and d*‘ =  y ,k d%. (5 ,3)

As a m atter o f fa c t, if  we suppose that

V a  (*" ; £i) =  X A  (* ") S A (I ,) (5,4)

equ . (5,2) can be separated:

•Хд1 {Э" 9̂  X A} =  -  Яя1 {a*1' 9f Ял -  £ЯЛ}, (5,5)
and, fin a lly , i f  the constant o f  separation is denoted by x2, we have

{9" 9̂  — x2} Хл =  0 , 5 6̂
{9*'9f +  (*2- £)}Яд =  0.

One can im m ediately  observe that the resu lt obtained is qu ite analogous 
to  th a t derived previously in  the case of the bilocal theory o f  fields [15]. 
H ow ever, one has to take in to  consideration th a t now the variables have a 
quite different m eaning.

The second equation o f (5 ,6) is the w ell-know n differential equation o f  
an eigenvalue problem  for the con stan t of separatioit x2, the spectrum  of which  
— taking in to  account its m eaning in the first equation o f (5,6) — becom es 
th e  m ass-spectrum  of the ferm ions under consideration (h =  c =  1 ).

The eigenvalue problem  corresponding to  the second equation of (5,6) 
can exp licitly  he w ritten as follow s:

{9*2 +  0*2 +  (*2 - £)}Я А =  О. (5 ,7)

This equation is , indeed, the d ifferential equation of the eigenvalue problem  
o f th e  tw o-dim ensional rotator w hich m ay be called isorotator.

In term s o f polar co-ordinates

£1 =  rcos<p, f 2 =  rsin<p (r =  \ 2 J  =  con st.) (5 ,8)

equ. (5,7) can be w ritten in the form

{ т г ~ ^ + (*2- £)} “А(9>) =  ° ,  (* =  1) (5,9)

w here J  m eans the m om ent o f inertia. Considering the usual condition o f  
periodicity 0  <  <p <  2л  the follow ing eigenvalues and eigenfunctions can be  
obtained:

*1 =  E +  ■
2 J

(n — 0 , i  1 , i  2 , . .  . ) (5,10)

=  (2л) V2 exp (5,11)
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The case n =  0 has to  be excluded, nam ely, for n =  0 the eigenfunction  
Ед* would not depend on the internal co-ordinates; th is is in contradiction  
w ith the general supposition  that all physical quantities have to depend on 
the internal co-ordinates too. In fact, to  express th is circum stance exp lic itly , 
we introduce the notation

n =  S  +  l ,  (S =  0 , l , 2 ,  . . . ) .  (5,12)

U nfortunately , in  the expression (5,8) of th e  constants e  and J  are 
unknow n and we h ave not y e t an y  possibility o f  obtaining their a pr ior i  
values. This would on ly  be possible in  the framework o f a non-linear theory  
where also the in teractions of fields are taken into consideration. N evertheless, 
one can im m ediately  observe that for in  the case S  7> 2 the relation

* 1  =  * 5  +  4 -  [ < s  + 1 ) 2 -  * 1  ( * ï  -  * 8 )  ( 5 Д З )j

can be obtained. In fact, for a fam ily o f  particles i f  th e  masses o f th e  first 
two isodoublets are know n, the m asses of the heavier isodoublets can be 
calculated b y  means o f (5,13). This is th e  case for haryons as it  will be shown  
in the n ex t paragraph.

§ 6. The mass spectrum of haryons

According to our previous result review ed in § 3 o f  this paper, th e  fer
mions form  isodoublets. In fact, this resu lt does n o t agree with th e  usual 
supposition according to  which the 27-mesons form an isotriplet and the 
Л 0 particle is an isosinglet. It is, how ever, in full agreem ent with th e  h y p o 
thesis of the global baryon-pion interaction  suggested b y  G e l l - M a n n  [23]. 
In form ulating this principle, one has to  consider th a t  the pion in teraction  
of hyperons o f first order (A 0, 27+ ,27°, -27“ ) shows three-dim ensional isotropic  
invariance both  if  the four particles are divided into tw o doublets and i f  they  
form a singlet and trip let. This rem arkable fact has been  emphasized also by  
S c h w i n g e r  [24] who at the same tim e proposed a possib le explanation in the 
frame o f the four-dim ensional isospace. In order to overcom e the d ifficu lty  
of S c h w i n g e r ’s schem e th a t in the case o f baryons of even  order (p , n, E ° , E ~ )  
another subgroup o f the six-param etric sym m etry group m ust be id entified  
with the three-dim ensional sym m etry group o f kaons as in  the case of baryons 
of odd order (/1°, 27+, 27°, 27“ ), G e l l - M a n n ’s idea has been more recen tly  
reinvestigated  by K á r o l y h Á z y  and M a r x  [25], whose th eory  reproduces the  
im portant results of G e l l - M a n n , S c h w i n g e r  and others, but is free from  
this d ifficu lty .
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The theory  o f  K á r o l y h Á z y  and M a r x  has been b u ilt up on a four
dim ensional m athem atical schem e proposed for particles stron gly  interacting  
w ith  each other. To describe th e  pions and th e  nucleons th ey  need three and 
tw o  independent com ponents, respectively; therefore, the form er are repre
sented  by the spinor =  ni  and th e  latter b y  a spinor B a. For th e  description  
o f the hyperons o f  first order (/1°, 27+ , 27°, 27~) a spinor B a v was suggested. 
In fact, p ions, and nucleons h ave nothing to  do with dotted  indices, hence, 
i t  can be supposed that the num ber of dotted  indices is related to  the absolute  
values of the strangeness of the baryon (which brings K r o l i k o w s k y ’s theory  
[26] to mind):

\S\ = 0; в*  ; P, n,

\S\ = 1; Ba-a ; Л°,27+,27°, 27_ , (6,1)

\S\ =  2; Bßn ; S° ,E- ,Q + ,Q ° ,Q ~ ,Q — ,

As a m atter o f  fact, the baryons are split in to  doublets:

В  i) P B n 27+ B n

b J ll
•>

B n

О410 9

В  22

Г 2 ^ °  +  Л °) 
27“

etc. ( 6 , 2)

A ntibaryons are represented b y  the com plex conjugate o f the corresponding  
spinors, B* etc.

Bearing th e  classification (6,1) of baryons in mind, one observes that the 
quantum number S of our isorotator introduced in the last paragraph can be 
interpreted as the absolute value o f  the strangeness and the excitation o f  the isorolator 
n =  S -f- 1 agrees with the number o f  isodoublets o f  type ( 6 ,2 ) .  Furtherm ore, 
one sees th a t due to the double sign of the quantum  num ber n in equ. (5,10) 
and (5,11), respectively , +  (| n j — 1) — w ith  n =f= 0 — can im m ediately  be  
identified  w ith  the strangeness o f the particles and the double degeneracy  
o f isorotator sta tes m ay be associated w ith  th e  w ell-known property o f th e  
schem e o f Ge l l -Ma n n — N i s h i j i m a  that the strangeness o f baryons and anti- 
baryons h ave opposite signs.

So far, as on ly  pion-in ter actions are considered, the m asses of the d if
ferent isodoublets are the sam e and the m ass spectrum o f baryons can be  
described b y  th e  relation (5 ,13). Let us suppose that x 0 and are equal to  
th e  averages o f  the mass o f nucleons and to  th at of hyperons of first order, 
then  from equ. (5,13) the m ass average o f  th e  hyperons o f  second order can  
be obtained. Our calculations are sum m arized in Table 1 (the unit of m ass is 
the mass of th e  electron).
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The agreem ent is satisfactory. The calcu lated  average va lu e  o f the m ass o f  
hyperons o f second order differs by 12% from  that of x ions. As m atters stan d , 
this difference m ay be reasonable, nam ely , the m ass-average o f these hyperons 
m ust be expected  to be som ew hat larger than the m ass-average of x io n s .

Table I

Elementary Observed mass
Mass-average

particle observed calculated

p 1836,03 ±  0,02 1837 —
n 1938,56 ±  0,02

л ° 2182,39 ±  0,24
V+

z °
2327,4 ±  0,69 
2329

2295 —

X - 2342 00 ± 1

£7o 2585 ±  1 2590 2901,92
ű ~~ 2595 ±  39

Indeed, in calculating the m ass-average o f th e  hyperons o f  second order — 
m entioned as the observed m ass-average o f  xions in Table 1 — the m asses  
o f the hypothetical Q  particles could n o t be considered.

The sp litting  of the degenerate baryon sta tes into isom ultip lets is caused  
first o f all b y  kaon interactions (A — 27 m ass-splitting). E lectrom agnetic  
interactions w ill go a step further and d istingu ish  the / 3 ax is o f the A-trieder 
and thus only the invariance w ith  respect to the rotations about this axis  
rem ains. Indeed, the electrom agnetic in teractions cause further mass sp litting: 
p  — n, 27+ — 27°, 5 °  — E ~ , etc.

The Ű  particles are hypothetica l ones, their mass is ab ou t the sum  o f  
the xion- and pion-m ass. If actu ally  the Q  — E  mass difference is larger than  
the E  m ass, then the Q  hyperons decay in a very  short tim e (about 10 22 sec) 
into xions, and this is practically  unobservable. N evertheless, it  cannot be  
om itted  from  our schem e, as the 27° hyperons the lifetim e o f which is lo n 
ger b y  only a few  orders p lay also a decisive role.

I t  is, o f course, an in teresting problem  whether the other isodoublets 
suggested for S  7> 2 by the form ula (5,13) w ill be observed in the future.

In order to find also the fin e  structure o f  the mass spectrum , one has to  
consider the interactions of fields too. This w ill be discussed in  a future paper.
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ПРОСТРАНСТВЕННО-ВРЕМЕННАЯ СТРУКТУРА И МАСС-СПЕКТР 
ЭЛЕМЕНТАРНЫХ ЧАСТИЦ 

Я. и. Х О Р В А Т

Р е з ю м е

На основе экспериментальных данных, свидетельствующих о нарушении сохра
нения паритета, делается предположение, по которому структура пространственно-вре
менных континуумов — в полном согласии с современной философской концепцией о 
пространственно-временном мире, определённом реальными физическими взаимодей
ствиями — может быть анизотропной. На самом деле, данное предположение эквива
лентно тому, что физическое поле, возбуждённое в таком анизотропном пространстве, 
имеет внутренние степени свободы. В данной работе прежде всего выводится уравнение 
поля для фермионов, являющееся уравнением второго порядка. Далее доказывается, что 
масс-спектр элементарных частиц существует и, основываясь на приближенном Лагран
жиане барионов, он может быть определён в хорошем согласии с опытными данными. 
Здесь же предлагается интерпретация редкости и кратности различных изодуплетов.
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INVESTIGATION ON THE EXCITATION FUNCTION 
OF THE NUCLEAR REACTION Be9(d, n)B10 

BY ARTIFICIALLY ACCELERATED PARTICLES 
IN THE 0 ,5 -1 ,6  MeV ENERGY RANGE

B y

E. KOLTAY
INSTITUTE FOR EXPERIMENTAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN 

(Presented by A. Szalay. — Received 19. У. 1962)

The excitation  function  of th e  Be9(d ,n )B 10 nuclear reaction has been taken  by an energy- 
independent neu tron  detector in th e  0,5— 1,6 MeV bom barding energy range. The b road  peak  
found near 1 MeV is probably due to  concurrent processes of high in tensity , tak ing  place 
above 1 MeV.

In trodu ction

The nuclear reaction B e9(rf, n )B 10 is equally sign ificant from the p oin t 
of v iew  o f fundam ental nuclear physics and technically . T he fact th a t the  
la st neutron o f the target nucleus and the neutron of the deuteron are both  
very  loosely  bound (1,667 MeV and 2,226 MeV, respectively) creates specia l 
circum stances for the m echanism  of the nuclear reaction on the one hand, 
and on the other it  facilitates high neutron yield  when bom barding w ith  an  
artificia lly  accelerated deuteron beam . The investigation  o f the process from  
the fundam ental point o f v iew , i.e. b y  interpreting the excitation  curves, 
neutron threshold curves, neutron energy spectra taken w ith  various m easuring  
techniques and the angular distribution curves of the different neutron  
groups has been in progress for a considerable tim e, but recen t investigations  
in  this field  gave rise to new problems as regards the m echanism  of the process.

Our investigations are concerned w ith  the following problem : in contrast 
to conclusions drawn from  previous m easurem ents suggesting th a t the process 
takes place in  such a w ay th at a com pound nucleus and deuteron stripping  
appear sim ultaneously, B ard es  and Ow e n  [1] conclude from  their in v estig a 
tions published in 1960 th at the neutrons are partly due to deuteron stripping  
and partly to a “h eavy particle stripping” process. As regards the va lid ity  o f  
their conclusion they  point out the follow ing problem. On th e  one hand th ey  
consider it  possible th at when the analysis w hich they  carried out in the Born  
approxim ation is replaced by a more accurate d istorted-w ave calculation , 
th e  observed increase o f the backward direction neutron in ten sity  can be  
obtained if  on ly  deuteron stripping is assum ed, on the other hand they note  
th at the excitation  curve shows a dip near 1 MeV. The ex istence o f a resonance 
would suggest a process taking place through the com pound nucleus,
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which contradicts the form er assum ption. In spite o f th is , their assertion on  
th e  m echanism  o f the reaction  can still h e adm itted , th e  reason for w hich is 
th a t the resu lts o f the m easurem ents carried out by various authors to deter
m ine the ex isten ce  and character of the change observed in the cross-section  
curve contrad ict each other [2, 3, 4, 5, 6 ].

I t  can be assumed th a t  this effect is due to the increase taking p lace  
in  the cross section  of e lastic  deuteron scatterin g  in th e  corresponding energy  
range, as th e  increased probab ility  o f th e  new  process would decrease the  
cross-section o f the (d , n) reaction  and in  th is  case the shape of the excita tion  
function m entioned  above w ould not m ean uniquely th a t the (d , n) reaction  
takes place w ith  com pound nucleus m echanism .

The excita tion  functions measured a t thin targets, published h itherto  
in  the literature, do not provide a su fficien t basis for th e  determ ination o f the  
existence and origin of th e  resonance in question . This is due to the fact th a t  
the d etectin g  efficiency o f  the m ethods used for d etectin g  neutrons is to  a 
large ex ten t energy-dependent and thus owing to th e  com plex structure  
o f the energy spectrum  o f  neutrons em itted  in the process the shape o f the  
curves tak en  b y  various authors with various experim ental techniques greatly  
deviate from  each other and supply no reliable inform ation on the accurate  
shape o f th e  excitation  curve.

To in v estig a te  the problem  experim entally  we h ave taken the excitation  
function o f th e  nuclear reaction  Be9(d, re)B10 in  the 0,5 — 1,6 MeV bom barding  
energy range b y  using an energy-independent gamma background-free neutron  
in ten sity  m easuring techn ique of 4л  geom etry . In th is w a y  we have succeeded  
in elim inating the above d ifficu lties underlying the contradiction of m easured  
data.

E xp erim en ta l m ethod

The bom barding deuteron beam  w as produced in the 2МУ nom inal 
voltage V an de Graaff generator of th e  In stitu te  for E xperim ental P h ysics, 
K ossuth Lajos U n iversity , Debrecen. T he description o f the generator was 
published elsewhere [7, 8 ].

Measurement o f  bombarding particles

The energy of the bom barding particles was m easured by a new  reference 
field  generating voltm eter calibrated b y  nuclear reaction . A t the ou tput o f  the  
two channels obtained b y  separating th e  conventional stator p late system  
into tw o independent parts the basic signal proportional to the vo ltage o f  the 
generator and a reference signal proportional to th e  in tensity  o f the field  
generated b y  a reference p late appear separately. T he error signal obtained
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from  the difference of the tw o signals controls the input o f  the slow  vo ltage  
stabilizer acting through the charging current regulator [9]. The regulating  
circuit used here w ill serve later on as the slow  regulating circu it of the planned  
precision energy stabilizer. B y  m eans of the apparatus used here it  was possib le  
to measure the accelerating voltage inside an error lim it o f  1.5% , i.e . it  was 
stabilized to such a degree. These data sa tisfy  the requirem ents of our in v e s t i
gations.

To determ ine the num ber o f bom barding particles w e have built a target- 
current integrator follow ing E lm ore and Sa nds  [10]. The linearity o f  th is  
device is better than 1% over a wide range o f current.

The m easurem ents have been carried out with a beam  not analyzed  
for e/m.

Measurement o f  emitted neutrons

For the energy-independent m easurem ent of the absolute num ber of 
neutrons em itted  in the nuclear process w e have used th e  so-called p h ysica l 
integration m easurem ent of neutron in ten sity  [11, 12, 13]. To determ ine the  
in ten sity  o f the neutron source th is m ethod em ploys th e  absolute a c tiv ity  
m easurem ent o f the artificial radioactive isotope generated in the nuclear  
reaction by the neutrons to be counted. To prevent the large variation  of 
the cross section  of the detecting  reaction along the energy spectrum  o f  
em itted neutrons from causing an error in the m easurem ent we have em ployed  
in  each case neutrons therm alized in a m oderator for the generation of charged  
particle a c tiv ity .

The com m on basic principle of the m easuring m ethods using therm alized  
neutrons is th at the num ber o f neutrons em itted  by the source per unit tim e  
— assum ing an infin ite m oderator — equals the total num ber of neutrons 
absorbed in the m edium  per un it tim e. As th e  density of the therm al neutrons 
determ ining the number o f neutrons absorbed in the m oderator is a function  
of the distance from the source, the num ber of neutrons captured b y  each  
volum e elem ent of the m oderator and the a c tiv ity  of the activation  neutron  
detectors at various points o f the moderator vary from poin t to point. A ccord
ingly, the number Q o f neutrons absorbed in the total volum e/un it tim e can  
be obtained by in tegrating over the effects represented by th e  volum e e lem en ts. 
I f  the m oderator is a m ixture o f n com ponents, each o f a concentration o f  
N k atom s/cm 3 and obeying the rule l/t>, the absolute in ten sity  of the source  
is given by the equation

Q =  \ n v t f g  N a kkt I q ( t )  t- d t ,  (1)
k  =  1 J0
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where t is th e  neutron capture cross section  o f the k-th com ponent m easured  
at a therm al neutron v e lo c ity  v t, and g(r) is the spatia l d en sity  of therm al 
neutrons.

The nuclear process o f  neutron absorption occurring in the com ponent 
labelled b y  in d ex  D  produces a radioactive fin a l product o f  in ten sity  I(r), then  
according to  equation

Д г) =  e(rb, °b «Û (2)

the source in ten sity  is g iven b y

2  aKt ç
<2 =  4 т г ^ — ------  I(r )r> dr .  (3)

a D n D  ■'0

In p h ysica l in tegration  m ethods th e  com bined task  o f m oderator and 
detector is perform ed by th e  diluted so lu tion  o f a com pound containing nuclei 
transform ing under the effect of therm al neutrons in to  beta-active isotopes 
o f  an appropriate half-life. In  such a case b y  thorough stirring during or after 
irradiation th e  a ctiv ity  va lu es originally vary in g  w ith r are averaged and the 
average a c t iv ity  o f the so lu tion  in the to ta l volum e d irectly  equals th e  to ta l 
number o f neutrons absorbed by the d etector nuclei per unit tim e. Instead  
o f m easuring th e  overall a c tiv ity  of th e  solution  we can easily  m easure the 
absolute a c tiv ity  of the a c tiv e  nuclei present in a sam ple of known volum e  
taken from  th e solution, i f  Mn55 detector nuclei are carried into the solution  
in  the form  o f K M n04. In  th is case the m easurem ents are nam ely facilitated  
by the circum stance th at ow ing to the Szilárd — Chalmers process connected  
w ith  the gam m a em ission tak ing place in  th e  detecting reaction Mn55 -)-?» =  
=  Mn56 +  У the active Mn56 nuclei are obtained in the M n 0 2 m olecule which  
can be sim p ly  filtered from  the solution so that the specific  activ ity  o f  Mn56 
obtained in  th is w ay can be considerably increased.

I f  the absolute in ten sity  o f the preparate obtained on the filter is m easured  
by an end-w indow  Geiger — Müller counter calibrated w ith  a U 30 8 standard  
preparate th e  in ten sity  Q o f  the source can be given in  the follow ing form

Q _  I ú3o8 a____  амп N Mn +  а н N H___________ SA_________
q ' i> ( l—w) ' t, orMnN Mn ” (1 e-AT) ( l —е-Лт) e~u  ’

where Iúj08 is the absolute a ctiv ity  of th e  u n it mass o f th e  standard preparate,

q is the num ber o f pulses g iven  b y  the u n it m ass of the standard  
preparate,

a is a factor correcting for th e  energy-dependence o f window  
absorption,
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p  is the efficiency o f filtration ,
w  is the probability o f neutron escape due to the fin ite  dim ensions 

o f the m oderator,
v /V  is the relative volum e of the sam ple,
A is the decay con stan t o f Mn56,

S  is the average num ber o f pulses detected  during tim e T,
% is the tim e of activation ,
t is the tim e at which the m easurem ent began, m easured from th e

com pletion  o f activation .

In our m easurem ent (Fig. 1) the role o f  moderator containing a m an 
ganese absorbent was played by about 180 litres o f K M n04 solution  of 1,8%  
concentration . The solution was stored in a sta in less steel container of cylindri
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cal shape, 62 cm  in diam eter, filled up to a height of 62 cm . Thorough stirring  
of the so lu tion  was perform ed by means o f  a centrifugal pum p. The target was 
at the b o ttom  o f a Faraday cage o f 70 cm depth  in the centre of the m oderator. 
To facilitate th e  m easurem ent of the target current, the target tube was in su 
lated w ith  p lex i from the solution  which w as at earth p otentia l. Connection to  
the vacuum  system  was provided, applying suitable in su la tion , by a collim ator  
tube 60 cm lon g , w ith apertures, through a freeze-out trap filled w ith  liquid  
nitrogen. U sing  F i e b i g e r ’s [14] results th e  parts exposed to deuteron b om 
bardm ent w ere made o f iron to decrease the “ Selbst-target” effect.

The target was a beryllium  layer o f  a thickness o f  50 fig/cm2.

Results

H avin g  com pleted th e  experim ental apparatus and elaborated the m easur
ing  technique, we m easured the excita tion  function o f the process in  the  
energy range 0,5 to 1,6 MeV. B etw een 1,05 and 1,35 MeV the curve shows 
a dip, then  after a m inim um  reached a t 1,35 MeV it  rises again; up to a b om 
barding energy of 0,9 MeV it runs parallel w ith  the G am ow penetration curve  
calculated in  W K B approxim ation. In F ig . 2 the m easured points have been  
connected b y  a continuous line.

Our m easurem ents prove unam biguously the ex istence of the dip on 
the excita tion  curve, considering th a t th e  m ethod used for the detection  
of neutrons is also sen sitive to the threshold  neutron groups appearing near 
1 MeV according to the m easurem ents o f  B o n n e r  and C o o k  [15]. Thus the  
appearance o f  the dip cannot be interpreted — in contrast to all previous m ea
surem ents — by the in sen sitiv ity  of th e  neutron detecting  m ethod in  this 
energy range. As for the origin of the dip on the curve a comparison betw een  
the excita tion  curve and th e  Gamow penetration  curve suggests th at the dip 
is due to  th e  appearance o f  a concurrent process, or processes, rather than  to  
the ex istence o f a resonance of the assum ed com pound nucleus.

The data  available for the possible concurrent processes are also shown  
in Fig. 2.

1. A t the M anchester conference in  Septem ber 1961 K n i t t e r  and  
W ä f f l e r  [16] reported on the 200 keV broad resonance found at 1,29 MeV 
in the excita tion  curve o f the reaction B e9(d, y )B u .

2 .  T he investigations of J u r i c  and C i r i l o v  in 1956 showed th a t at 
bom barding energies o f 1,162 and 1,358 MeV resonances can be observed in 
the excita tion  curve o f th e  elastic scatterin g  process B e9(d, d)Be9 [17].

3. In 1957 McCa r r y  and co-workers found a broad resonance at 1.3 MeV 
in the excita tion  curve of th e  gamma group em itted in th e  reaction B e9(d, jo)Be10 
the energy o f which was E y  =  3,37 MeV characterized b y  Q =  1,22 MeV [18].
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I t  should be noted that the ordinates belonging to each curve are not 
show n on identical scales but in  arbitrary in ten sity  units.

According to w hat we have said above all four concurrent processes show  
an increased in ten sity  above th e  broad dip found b y  us, and cross 
the resonance peak close to the abscissa of the m inim um . To decide w hether  
the in ten sity  decrease found in the excitation  curve can be com pletely  ascribed  
to  the elastic scattering of deuterons — as assum ed by B a r d e s  and O w e n  —

and w hether the energetically possible concurrent processes are respon
sible for the dip o f the curve, we plan to carry ou t further m easurem ents.

My thanks are due to Prof. A . S z a l a y , D octor of Physical Sciences, for 
having  supported m y work and for his continued interest, and to  Mr. L. M e d - 

V E C Z K Y  for having prepared the beryllium  targets used in the investigations.
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ИССЛЕДОВАНИЕ ФУНКЦИИ ВОЗБУЖДЕНИЯ ЯДЕРНОГО ПРОЦЕССА Вe9/d, п/В10 
ИСКУССТВЕННО УСКОРЕННЫМИ ЧАСТИЦАМИ В ЭНЕРГЕТИЧЕСКОЙ 

ОБЛАСТИ 0 ,5 — 1,6 MeV 
Е. КОЛТАИ

Р е з ю м е

Применением независимого от энергии нейтронного детектора определена кривая 
возбуждения ядерного процесса Вe9/d, л/В10 в энергетической области бомбардировки 
от 0,5 до 1,6 MeV. За появление широкого пика, обнаруженного в области около 1 MeV, 
по всей вероятности, вызывает конкурирующий процесс высокой интенсивности, появля
ющийся выше 1 MeV.
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THE SECOND ORDER NON-UNIQUE FORBIDDEN  
DECAY OF Cl33 INTO S36

By

D. B e r é n y i
INSTITUTE FOR NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

(Presented by  A. Szalay. — R eceived 20. X I. 1962)

The in ternal brem sstrahlung spectrum  accom panying the electron-capture decay of Cl36 
which had not yet been subject to  investigation, was studied  w ith scin tilla tion  techniques. 
For the  m axim um  energy the value of 1159 i  45 keV has been ob ta ined  which is, w ith in  
experim ental errors, in good agreem ent w ith  the value obtained from th resho ld  m easurem ents 
of the (p, n) reaction. The J a u c h  diagram  of the in te rn a l brem sstrahlung spectrum  is linear 
from  700 keV to the maxim um  energy.

From  the stu d y  of the annih ila tion  peak superim posed on the b rem sstrah lung  spectrum  
we definitely established th e  presence of /З-decay positrons in the decay of Cl36, in  contradiction  
to  cu rren t views. The branching ra tio  o f positive /З-decay present in th e  decay  of Cl36 is (2,3 ±  
±  0 ,9) • 10 3%  and  th e  value of log f t  is 14,3. By accepting  a value of 1 ,7%  for th e  branching 
ra tio  of electron cap tu re , th e  e^//3J ra tio  is found to  be (7,5 3,0) • 102. T his is th e  f irs t experi
m en ta l confirm ation of th e  theore tica l prediction th a t  for second or h igher order forbidden 
transitions th e  ratio  is increased and  is larger th a n  th e  corresponding value for the
allowed transitions (th is is ~  90 in  th e  presen t case as com pared w ith th e  experim ental value 
of 750).

1. Introduction

It  is known th at Cl36 decays predom inantly (98 ,9% ) w ith  ß  -decay  
in to  A 36 and partly  (1 ,7% ) w ith  electron capture into S36 [1 — 3]. H ow ever, 
according to the recent tables o f  K önig , Ma ttu c h  and W a p s t r a  [4] and the  
ground state energy system atics o f Y am ada  and Matum oto  [5], the to ta l 
disintegration energy for the transition  Cl3e—*- S36 is 1138 and 1140 keV, res
pectively ; thus the positive /З-decay is also possib le energetically .

As to the sp ins, the va lue o f 2 and 0 can be attributed to the ground  
sta te  o f Cl36 and S 36, respectively , d irectly from  m icro-w ave absorption m easure
m ents [6]. A t the sam e tim e the parity of the Cl36 ground s ta te  is plus  as can  
be established from  the shape o f  the /9_ -spectrum  leading to  th e  ground sta te  
o f A 36; the parity o f  S36 is also p lu s  since, on th e  one-hand w e are concerned  
here w ith  the ground state o f an even-even nucleus, on the other hand log f t  =  
=  13,5 for the electron capture process w hich corresponds to  a second order 
forbidden transition  [6]. H ence for Cl36—>-S36 we have A I  =  2, Ал — -j-1 
i.e . we have to do w ith  a 2 + —> 0 3 non-unique second forbidden transition .

The theory cannot say m uch about the occurrence of positrons in higher  
order forbidden transitions. For the case of allow ed transitions the calculations
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o f  Zw e if e l  [7—8] give the ratio o f electron capture to  positron em ission as 
function  o f the energy and atom ic num ber b y  taking in to  account the K -sbell 
only. There have also been som e calculations, and in som e cases m easurem ents, 
for d ifferent types o f first forbidden transitions hut no m easurem ent is available  
at higher order forbidden transitions [9 — 12]. N um erical calculations for 
non-unique higher forbidden transitions also do not ex ist because o f th e  lack  
o f know ledge o f nuclear m atrix  elem ents. In any case theoretical consideratior s 
d efin ite ly  ind icate th a t for higher order forbidden transitions an increase  
of the ratio e /ß+ is to be expected  [11 — 12].

To return to the case o f Cl36 one can , because o f  th e  forbidden nature  
of the transition , expect fewer positrons than given b y  Zw e if e l  [7— 8] at 
th is energy and atom ic num ber.

There are no reliable data show ing the presence o f  positrons in th e  decay  
of Cl36. As far back as 1941 G raham e  and W a lk e  [13] observed positron tracks 
in  a cloud cham ber originating in a Cl36 preparation; how ever, W u et al. [14] 
criticized the va lid ity  o f th is conclusion on the grounds that from a thick  
source there appear positrons even i f  the sam ple is purely  electron em ittin g . 
T hese authors, from  m easurem ents w ith  a m agnetic spectrom eter, p u t the 
upper lim it for the ratio o f  the num ber o f positrons to  electrons a t 10~4.

Considering these circum stances it  seem s desirable to search, in  the  
case o f Cl36, for positrons b y  means o f the scin tilla tion  technique w hich is 
m ore prom ising as regards the detection  o f low -in ten sity  positrons. In  this 
case, where y-radiation is n o t present, it  can be expected  th at a possib le low- 
in ten sity  annihilation peak  w ill re latively  easily be detected .

D r ev er  a n d  Mo l jk  p e rfo rm ed  som e m easu rem en ts  on th e  y -ray  sp e c tru m  
o f  C13G, b u t  th e  p re se n t in v e s tig a tio n s  h a v e  been  p e rfo rm ed  un d er m ore fa v o u r
ab le  c ircu m stan ces .

F irst we shall exam ine the in ternal brem sstrahlung spectrum  o f Cl36 
produced by electron capture in order to corroborate th e  energy differences 
betw een the ground sta tes o f Cl36 and S3ß as given b y  K önig et al. [4].

F irst o f all we give a brief sum m ary o f the experim ental arrangem ent 
and conditions.

2. Experim ental details

A  cylindrical N al(T l) crystal o f upper diam eter o f  66 mm and o f  lower 
diam eter of 42 m m  has been used. Its  height is 45 m m . This is connected  to 
a RCA 6342A m ultiplier.*

The pulses pass from  the m ultiplier through a cathode-follow er in to  a 
w ide-band am plifier o f am plification  ^ 1 0 0  and o f hand-w ith  4 — 5 Me. The

* The container o f th e  c ry s ta l has been m ade b y  Mr. G y . M á t h é  in our In s titu te , while 
th e  c ry s ta l has been produced a t  th e  In s titu te  fo r Medical Physics in  Budapest.
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am plified signals were analysed b y  m eans o f a single channel d ifferential 
discrim inator (t ~  2 .1 0 ~ 5 sec) and counted w ith  a f iv e  stage decatron u n it. 
The am plifier, the decatron unit and h igh-voltage supp ly  are contained in a 
single box. The arrangem ent is a som ew hat m odified version of that described  
in ref. [15 — 16].

During the m easurem ent a w ell-type crystal has also been em ployed w ith  
a similar am plifier and other electronic com ponents as described above. 
The height, upper diam eter and lower diam eter of the w ell-typ e crystal is 65, 
65 and 45 m m , respectively , while the d iam eter and depth  o f the hole is 19 and  
36 m m , re ip ectively .

The crystal and m ultiplier have been shielded w ith  a lead (5 cm  th ick) 
and an iron (1 cm thick) cylinder.

The m easurem ents have been perform ed w ith tw o Cl36 sam ples. One o f  
them  been received from  “ СоызхимЭКСПОрт” (of 54 /лС/g specific a c tiv ity )  
and the other from the Amersham “ R adiochem ical Centre” (of 391/iC /g  
specific activ ity ). Good specific a c tiv ity  is not essential in  these m easure
m ents. B oth sources used were of ^  50jUC, the Am ersham  one was, according  
to the original calibration, o f (50,5 +  7% )/iC . In order to  ensure a reproducible  
geom etry in sp ite of the bad specific activ ities, the powder sources have been  
placed in containers show n in Fig. 1. The source of better specific a c tiv ity  has 
been placed in to  the container, w ith  longer plexiglass plug. The wall o f  the  
plexiglass container and the alum inium  cover o f the crysta l together absorbed  
all the /3_ -radiation present.

The source-holder has been placed, except when w orking w ith the w ell- 
ty p e  crystals, in  the m iddle of the upper cover of the crysta l’s alum inium  
container. The distance betw een the upper plane of the crysta l and the upper  
plane of the alum inium  cover is 4,5 m m .

3. Investigation of the internal bremsstrahlung

The internal brem sstrahlung originating in the electron capture decay  
of Cl36 has not y e t been subject to in vestigation . Such experim ents are d ifficu lt  
to  perform because of the intense in ternal and external brem sstrahlung w hich  
has its origin in  the n egative /З-decay o f Cl36 since, as it  has been m entioned, 
this latter one is the predom inant form  o f the decay o f Cl36.

H ow ever, the m axim um  energy o f the Cl36 ß~  spectrum  is 715 keV [2] 
w hile, on grounds of the energy available for the Cl36 —► S36 transition [4] 
the m axim um  energy o f the electron-capture internal brem sstrahlung should  
be expected to  be about 1140 keV. Thus there seems to  be no d ifficu lty  to  
investigate the electron-capture brem sstrahlung in order to  confirm  the to ta l 
decay energy value of th e  Cl36—S36 transition  known from  nuclear reaction  
investigations.

SECOND O R D E R  N ON -U NIQ U E F O R B ID D E N  DECAY OF Cl”  IN TO  S”  103
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Fig 2. E x p erim en ta l in ternal b rem sstralilung o f Cl30 w ithout any  correction, except for the 
sub traction  of background. F or th e  J a u c h  diagram  every necessary correction has been p e r
form ed (here th e  errors due to th e  corrections m igh t be essentially  larger th a n  th e  d ia 
m eters of th e  circles which approxim ately  correspond to  the m agnitude of the sta tistica l

error)

Acta Phys. H ung. Тот. X V I .  Fasc. 2.

Fig. 1. The containers used for th e  radioactive sam ples



SECOND O R D E R  N ON -U NIQ U E F O R B ID D EN  DECAY OF Cl»8 IN T O  S38 105

To check the apparatus and the experim ental arrangem ent we took  
the internal brem sstrahlung o f Fe55 under th e  sam e experim ental conditions 
as w ith  Cl36. (B y m ixing NaCl to  the sam ple we got th e  sam e had specific  
a ctiv ity  as th a t o f Cl36.) On the basis o f th e  J a u c h  diagram  [17 —18], th e  
m axim um  energy o f the brem sstrahlung spectrum  has been found to be 225 +  
^ 1 0  keV which is in good agreem ent w ith  experim ental data [3]. On the J a u c h  
diagram under 100 keV the points are not on a straight line w hich also agrees 
both  w ith  theoretical expectations [19—20] and experim ental data [21].

The experim ental brem sstrahlung spectrum  of Cl36, from  about 600 keV  
to  the m axim um  energy, can he seen in  F ig. 2, w ithout any correction, excep t  
for the subtraction o f background. Individual points correspond to the sum  o f  
ten  m easurem ents lasting  fiv e  m inutes each, i.e . to m easurem ents lasting 50 
m inutes.

Counts
400

300

200

100

Tim

40

760 keV

I

70 V

Fig. 3. Check for the presence of superposition in th e  brem sstrahlung m easurem ent. In  th e  
case of T l204, under conditions identical w ith  those of Cl36, no significant counting ra te  above 
th e  background has been found over the m axim um  energy of the /1-spectrum (background

subtracted)

H ow ever, the experim ental spectrum  does not give d irectly  the energy  
distribution o f the continuous y-ray spectrum  since, to th e  m onoenergetic  
y-radiation there corresponds, in the scin tilla tion  spectrom eter, a distribution  
consisting o f a photopeak (total energy peak) and a Com pton distribution. 
Further circum stances, such as the dependence o f the sen sitiv ity  o f the crystal 
on the energy, also contribute to the distortion  o f the actu al spectrum .

In the given case we first of all in vestigated  whether, in  the presence o f  
strong ß~  decay, superposition or som e other effects w ill n o t lead to the  
distortion o f the spectrum  also above the m axim um  of th e  ß ~  spectrum . 
For a check we used Tl204, the m axim um  of the ß~  spectrum  o f which is a t 
760 keV. I t  decays also w ith  electron capture (2,6% ) but the available energy  
for this process is only 376 keV [2, 3 ]. B y p u ttin g  a 50jU Csam ple of this in to  
the container o f type a ) ,  m ixing it  w ith  N a S 0 4, we realized th e  same experi
m ental conditions as w ith  Cl36. F ig. 3 shows th a t there is no effect present 
above the m axim um  of the ß ~  spectrum  (cf the caption to  F ig . 3).

In general in studies o f  internal brem sstrahlung the fo llow ing corrections 
are taken into account: 1. background correction (see for exam ple [23, 24]); 
2. correction for the Compton distribution present in the scin tilla tion  spectrum
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[23, 25, 26]; 3. correction for the energy-dependence o f  detection efficiency  
[23 — 25, 27 , 28]; 4. correction for fin ite  resolution [23, 27 , 29]; 5. correction  
for the absorption in the m aterial betw een  crystal and th e  source [21, 24, 29] 
and fin a lly , 6. for the escape of the K X -rays of iodine.

The la st tw o of these becom e sign ifican t only a t v ery  low energies, thus 
in our case, where at any rate one can n ot measure under 714 keV th ey  can be 
disregarded. Background has been m easured under th e  sam e conditions and 
for the sam e tim e intervals as the to ta l effect and has been  subtracted in  each 
case from  th e corresponding value o f the la tter. The corrections for the Compton 
distribution  and the energy-dependence o f  the detection  efficiency was deter
m ined in  th e  follow ing w a y . From th e analysis o f standard spectra (H g203, 
Cs137, Z n65) we determ ined the relative positions and height as functions of 
the energy, o f  the characteristic points (e.g . the m inim um  between the p hoto
peak and Compton distribution , h eigh t of Compton plateau, etc.) o f the 
scin tilla tion  spectrum  and compared th em  w ith the photopeak (total energy). 
W ith th e  aid o f this we decom posed, starting  from th e high-energy part, into  
com ponents the in ternal brem sstrahlung spectrum  b y  means o f successive  
subtraction . The d ifferent com ponents, the photopeaks having been increased  
corresponding to the decrease of relative detection  effic ien cy  and the m agnitude  
of the Com pton d istribution  were th en  again added. For these corrections the 
graphs from  Nuclear D ata  Tables [22] were used. F in a lly , the brem sstrahlung  
spectrum , corrected in  th is  w ay, was corrected for th e  fin ite  resolution  by  
using th e  relation

N corr(E) =  N e(E) -  K N ' ( E )  - J L k e n : ( E )  ,
L i

where N Con{E) is the corrected spectrum , N e, N'e and N'é are the experim ental 
spectrum  in  our case including all corrections except th e  correction for fin ite  
reso lu tion , and the first and second derivatives a t  different points of the  
experim ental spectrum , respectively .

K  =  TF2(Ê)/(0,693 • 2E),  in w hich JV(E) is the half-w idth for a mono- 
energetic y-radiation o f energy E.  The derivatives required were determ ined  
according to  P a l m e r  and L a s l e t t , b y  means o f th e  so-called 7-m ultiplier  
m ethod, w hich is based on the fittin g  o f  the best third-order curve [31].

T he J a u c h  diagram , which represents the linearised spectrum  of the 
in ternal brem sstrahlung, was constructed  w ith  these corrected data. In Fig. 2 
it  can be seen  that the corrected points f i t  very w ell a straight line w hich in ter
sects th e  Æ-axis at 1159 keV. From th is, b y  adding th e  binding energy of the  
X -shell o f  Cl, we get 1162 +  45 for th e  to ta l decay energy of the transition  
Cl36—> S 3e. E stim ation  o f  the error g iven  above show s th is to be rather large 
which m ay  be explained b y  the fact th a t the error o f  the ind iv idu l points
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m ay be sign ificantly  greater than the size o f the circles representing them  in the  
Figure (the diam eter o f the circles nam ely  approxim ately corresponding to th e  
experim ental standard deviation). One can say th a t the value o f the to ta l decay  
energy agrees, w ith in  experim ental error, w ith  nuclear reaction data [4, 32] 
and w ith the value given by the energy system atics of nuclear ground sta tes.

I t  can be seen from Fig. 2 th at the d eviation  from the stra ight line on 
the J auch  diagram  starts at about 700 keV w here, however, the presence o f  
the ß~  spectrum  m ight have a perturbing effect. The corrected experim ental 
points lie on a straight line though as it  has been m entioned, their error m ight 
he considerable because of the d ifferent corrections. This m eans, th a t in  spite  
o f the fact, th at we have in the case o f the electron-capture decay o f Cl36 a 
second order forbidden transition , the shape o f  the internal brem sstrahlung  
spectrum  accom panying the electron capture follow s the original M orriso n  — 
Sc h if f  theory in the region under study [33].

This fact is irréconciliable neither w ith present theory concerning the  
internal brem sstrahlung accom panying electron capture nor w ith  available  
experim ental evidence. N am ely those theoretica l correction w hich m odify  
the original Mo r r iso n —Sc h if f  theory (electron capture from  higher shells, 
the use of better electron w ave functions, e tc .), are above all effective in the  
lower energy dom ain of the brem sstrahlung spectrum  and at higher energies 
th ey  p lay a role on ly  in the case o f nuclei of larger Z  [19, 20, 34]. From  this 
it  m ay be expected  th at in the case o f Cl36 (the atom ic number o f Cl36 is lower 
than  th at o f any other nucleus the internal brem sstrahlung o f w hich has been  
experim entally  investigated) these effects w ill n o t be present in  the higher  
energy regions o f the spectrum . On the other hand the Cl36—> S 3U transition  
is forbidden in the second order, and thus the in ternal brem sstrahlung spectrum  
m ust also be forbidden in the second order [35].

Further the recent studies of H a y a sh i and Com erford  on the internal 
brem sstrahlung o f N i59 also show  th at the higher energy part o f  the J auch  
diagram  does not deviate from the straight line. The N i59—»-Co59 3 /2“ —>- 7/2 
transition is also forbidden in the second order and the in vestigation  of the  
brem sstrahlung is not m ade difficu lt b y  electron em ission and y-radiation  
is not present either. The m axim um  energy o f the internal brem sstrahlung  
is 1062 keV, so th at this is also near to th a t o f Cl36; further its atom ic number 
is not very different from th a t o f Cl36. Under these conditions the J auch  
diagram  of the internal brem sstrahlung o f N i59 d eviates sign ificantly  from th e  
straight line only from about 700 keV dow nw ards.

We finally  note th at in the case o f N i59 it  is the uncorrected J auch  
diagram  which shows the above-m entioned properties. Our J a uch  diagram  
w ith  uncorrected data (not show n in the figure) shows essentia lly  the same 
picture as th at w ith  the corrected ones, excep t th a t it  intersects the x-axis. 
a t higher energies in  the corrected case.
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Besides on hand o f the J a u c h  diagram  we checked also w ith  another  
m ethod w hether the M o r r iso n —S c h if f  theory describes correctly th e  internal 
brem sstrahlung o f Cl36 in  the energy range o f our investigation .

According to  the Mo r r is o n —Sc h if f  theory the energy d istribution  
o f the brem sstrahlung is described b y  the relation [28]

N { W )  d W  =  - ^ L  (B7o _  W ) 2 W d W ,
n W l

where n is the to ta l num ber o f IC-capture decays, a  is the fine structure con 
sta n t, and W 0 the end point of th e  spectrum  ( W 0 and W  are g iven  in units  
o f  m e2).

We set the differcntiald iscrim inator to such a region of the brem sstrahlung  
spectrum  where the spectrum  is certa in ly  not disturbed by the brem sstrahlung  
from  the electrons, but where the num ber o f pulses is high enough to  get a good 
sta tistic s . W ith a 8 У  channel w id th  we covered the range betw een  770 and  
880 keV, the m iddle o f  which is a t 830 keV (see F ig. 2). Integrating th e  energy  
distribution , as g iven b y  the M o r r is o n —Sc h if f  form ula over th is  in terval

1,72

c [ ( W 0 — W y W d W ,  c =  ———— =  co n st.,
J n W 0

1,51

where the constant c can be determ ined from  the know n source a c tiv ity  (50,5  
jtiC), th e  A -capture ratio (1,7% ) and the m axim um  energy o f th e  spectrum  
(1140 keV), we obtain  the num ber o f  quanta falling according to theory , in to  
the chosen energy in terval. The calculated  value was found to be 1,95 quan- 
tum /sec.

W e were m easuring for 30 X 10 m inutes as has been described above at a 
settin g  where the channel width is equal to the ha lf w idth  of the m onoenergetic  
line ly in g  in the centre o f the channel w idth i.e . a t 830 keV. B ackground has 
been m easured for the sam e tim e interval. After subtracting background the  
to ta l num ber o f pulses was 25571, i.e . 1,42/sec. A fter correcting b y  the aid  
of the tables o f ref. [32, 37] for the photopeak, to ta l spectrum  and th e  absolute  
effic ien cy  we obtained for the experim ental value 26,83 pulses/sec. W e note  
th a t b y  choosing the channel w idth  to  be equal to the h a lf w idth o f  the corres
ponding m onoenergetic photopeak, we approxim ately counted the pulse num 
ber fa lling in the com plete photopeak  of corresponding energy.

Comparing the experim ental and theoretical values we see that the  
experim ental value is m any tim es larger than the theoretical one calculated  
w id th  the Mo r r is o n —Sc h iff  form ula. This rem ains to also w hen applying  
further corrections (e .g .for the Com pton distribution o f internal brem sstrahlung
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o f higher energy), though the m agnitude o f th e  ratio of experim ental and 
theoretical value w ill be lower.

Sa r a f  [40] found th at also in the case o f N i59 the experim ental in tensity  
is larger especially in the h igh-energy part of the spectrum  than th e  M o r r is o n —- 
S c h if f  values.

Fig. 4. Scintillation y-spectrum  of Cl36 around  500 keV. The different points correspond to the 
sum  of six independent series of m easurem ents (in the series we were m easuring for 5 minutes 
in each point). Background (m easured for th e  same tim e-in terval as the  to ta l effect) is sub

trac ted  a t each point

4. The presence o f positrons and the eKlß+  ratio

Above we reported on the investigation  o f th a t region o f th e  brem sstrah- 
lung spectrum  where more or less on ly  the in tern al brem sstrahlung spectrum  
is present. Fig. 4 shows the region o f the scin tilla tion  y spectrum  around 
500 keV under th e  experim ental circum stances explained above, w ith the  
Am ersham  source contained in a b)  type container shown in F ig . 1. Super
im posed on the brem sstrahlung spectrum  we h ave peak a t 503 +  10 keV, 
w hich probably originates in the annihilation o f  positrons. To prove that 
positrons are present in the Cl36 —*■ S36 transition  we have to  show  that the
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peak in  question is n o t caused by im purities and th a t it  is in fact o f an annihila
tion  character. H ow ever, first o f all w e m ust exclude the possib ility  considered  
in connection  w ith cloud cham ber experim ents, according to w hich positrons 
m ay be present in  sm all num bers even  in the case o f nuclei em ittin g  only  
electrons. (W e note th a t in  our opinion this possib ility  arises on ly  in  the case 
of spectra o f which the m axim um  energy is above 1,02 MeV). For th is purpose 
the already em ployed Tl204 seems to  be m ost su itab le. As it  has been explained  
Tl204, as w ell as Cl36 decays predom inantly w ith n egative  ß  decay (into Pb204) 
and also in  a sm all ratio  (~-2 ,6% ) i t  decays into H g204 by electron capture [2]. 
The m axim um  energy o f its n egative ß  spectrum  is also very near to  the 714 
keV m axim um  energy o f Cl36 (760 keV). H ow ever, unlike the case of Cl36, 
th e  to ta l decay energy o f Tl204 —>• H g204 is, according to  both nuclearspectro- 
scopic m easurem ents and the m ost recent mass d ata , under 400 keV . On this 
account the possib ility  o f  the presence o f  positive decay  positrons is energeti
ca lly  excluded. F ig. 5 show s the scin tilla tion  spectrum  o f Tl204 under th e  experi
m ental conditions described above, in  the same energy interval in w hich the  
spectrum  o f Cl36 is seen in  Fig. 4. The m easurem ent clearly shows th a t under 
the g iven  experim ental conditions th e  peak in  question  cannot com e from  
electrons, since in th e  case of Tl204 nothing sim ilar is found.

T hat the peak is n o t due to  im purities is proved by the follow ing:
1. The peak is present in the spectrum  obtained from different sources 

(Соызхимэкспсжт, M oscow and R adiochem ical Centre, Am ersham , England) 
w hich were of different specific a c tiv ity .

2. B y purifying the source in  a cation-exchange column th e  in tensity  
of th e  source rem ains unchanged.

3. H alf-life investigations did n o t lead to  a separation o f th e  peak from  
Cl36. A fter more than  tw o and h a lf m onths the height of the peak  did not 
show  an y  decrease.

4 . Am ong nuclei o f  re latively  long half-life none is know n which is 
purely /3+ -em itting; further none is know n to em it predom inantly y-radiation  
around 500 keV, rela tive  to w hich other m onoenergetic y-radiations, if  any, 
are negligible.

There is, how ever, an experim ental and a theoretical argum ent in favour 
of th e  annihilation character o f th e  peak.

Theoretically, it  is wholly im probable that there should be a leve l around 
500 keV in an even-even  nucleus, as is S36, of m agic neutron num ber. Looking 
at th e  ligh t nuclei up to  A  =  48 [6] th e  first excita tion  levels o f th e  even-even  
(i.e. even  number o f protons and neutrons) nuclei are all above 1 MeV with  
a jum p a t m agic num bers (Fig. 6). In  the Figure w e marked also th e  position  
of S36 (there are no experim ental data  on the fir st excited sta te  o f  S36 [6]. 
Therefore the 503 keV peak o f th e  у spectrum  o f Cl36 cannot com e from the 
deexcita tion  of the excited  level o f  S36.
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To prove the annihilation character o f a 511 keV y-radiation it  is cu sto
m ary to  use the fact th a t the probability  is largest for the tw o annihilation  
quanta to f ly  apart at 180°. W e also exploited  this in a very  sim ple w ay b y  
the use o f the w ell-type crystal.

I t  can be seen qualitatively  th a t by p u ttin g  the source in  the hole, we 
m ust, when sum m ing the tw o annihilation radiations, get a peak  at 1022 keV,

Counts
хЮг

15 -

Tim
1

Fig. 5. The brem sstrahlung spectrum  of Tl204 in  the same energy region in w hich the spectrum  
of Cl3e was taken  (background subtracted)

Fig. 6. Positions of the first excited states of even-even nuclei up to A  =  48 as function of
mass num ber
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while i f  w e put the source on a sheet o f  paper ju st ab ove the hole w e should  
not get an y  peak at th is energy.

The effect is very defin itely  present in the case o f  the positron radiating  
N a22 at th e  experim ental conditions above. B y perform ing the experim ent 
on Cl36 w e obtained the resu lt show n in  F ig. 7.

A gain st this one m igh t object, th a t in the case o f Cl36 the 1020 keV  
peak in  th e  spectrum  tak en  with the source put in  th e  hole m ight h ave its

Fig. 7. Scintillation spectrum  of Cl36 above 1 MeV taken  w ith  w ell-type crystal. The individual 
points correspond to  20 m easurem ents 5 m inutes each, i.e. one p o in t is the re su lt of a m easure

m ent o f 100 m inutes (source ac tiv ity  50 /<C)

origin either in a very sm all-in tensity  y-radiation o f about 1020 keV, w hich is 
present on ly  because o f the solid angle being increased by putting the source 
in the h ole , or in tw o 500 keV radiations in a cascade originating in  the same 
nucleus.

These objections can be excluded q u an tita tively . Under ex a ctly  the  
same experim ental conditions we m easured the in ten sity  ratios for several 
standard у -lines above and in the hole (H g203, Cs137, Mn51, Zn65, N a22). This 
in ten sity  ratio is shown as function o f the energy in  F ig . 8. It can he seen from 
the Figure that the in ten sity  ratio m easured above and in the hole around 
1000 keV can only be 3 for a direct transition . It can also be easily seen that
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in the case o f cascade sum -peaks the in ten sity  ratio of the sum -peaks measured  
in and above the hole is given by the product of the in ten sity  ratios o f  the com po
nent peaks. This, in the case of tw o radiations o f about 500 keV, w ould be about 
10 as can be seen from  Fig. 8. I f  there are both  cascade and d irect transitions 
this value m ust be betw een 3 and 10. In our case, as it  can be seen from  Fig. 8, 
the ratio in question is d efin itely  above 10 even  i f  we take for the height of 
a possible peak the double standard deviation in the spectrum  taken  above 
the hole. W e m ay thus state  th a t positrons are present without doubt in the 
decay of Cl36. The m axim um  energy o f the positron spectrum , according to  
nuclear reaction data and confirm ed by our m easurem ents, is 116 keV.

B y  preparing from a Cs137 solution  a source o f  the same geom etry as th at  
of Cl30 and using the Nuclear D ata Tables (Part 3) [22] and the graphs of the 
H e a t h  y-spectrum  cathalogue [37], m ultip lying b y  the corresponding detection

Jh
6

4

3
2
1

500
— I_______I______ I_____ I—

tOOO keV

Fig. 8. In tensity  ra tio  of peaks for monoenergetic “/-rad ia tio n s measured a fter placing the
source in to  and above th e  hole

efficiency and the ratio o f peak and to ta l spectrum  we compared the areas of 
the Cl36 annihilation and the 660 keV total-energy peak of Cs137. From  this 
and from the know ledge of the activ ities of the standard and the Cl3(i sources 
the num ber of positrons per decay was found to  be (2,3 +  0,9) 10_ 3 %.

From this th e  value o f log f t  can be calculated with sligh t extrapola
tion  by means o f the MOs z k o v s z k i  m ethod [38], i f  we accept for th e  m axim um  
energy o f the positron spectrum  the value o f 116 keV and for the half-life 
of Cl30 the value o f  2.5 • 105 years [3].T hus we get log f t  = 1 4 ,3  w hich m eans 
a second order forbidden transition [39].

From  the num ber of positrons per decay and the electron-capture ratio  
(1 ,7%  according to  D rev er  and M o l j k  [1]) the ratio «к//3+ results in (7,5 +  
+  3,0) • 102 for the second order forbidden transition  Cl36 —»- S36. A t the same 
tim e, b y  extrapolating the graphs prepared w ith  th e  aid of Zw e if e l ’s calcula
tions concerning allowed transitions, we get a va lue of about 90. Thus our 
result is in agreem ent w ith the theoretical predicitions [11, 12], according 
to which a defin ite increase is to be expected for a higher order non-unique 
forbidden transition in  com parison w ith  allowed transitions.

Acta Phys. Hung. Тот. X V I .  Fasc. 2.



114 D. В E R É N Y I

A fter our m easurem ents were fin ished  a paper was published b y  D r e v e r  
et al. w ho m easured the K /L  ratio  in  the decay Cl36 —>■ S36 and w ho also did 
som e m easurem ents on the brem sstrahlung spectrum . T hey obtained for the  
m axim um  energy o f the internal brem sstrahlung spectrum  the value o f  1170 +  
- -  40 keV  which is in  good agreem ent w ith our resu lt. They also found the 
annih ilation  peak and the order o f m agnitude o f the ratio e^//3+ , calculated  
from  their data, is also in agreem ent w ith  our value.
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Thanks are due to  Dr. Cs. Ú j h e l y i  and Mr. E . B r ü c h e r  for the preparation  
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НЕОДНОЗНАЧНО 3  AEFE К Е Н Ь В Й  EO BICFCM ПОРЯДКЕ РАСПАД Cl36 В S36

Д .Б Е Р Е Н И

Р е з ю м е

Сцинтилляционной техникой исследуется спектр внутреннего тормозного излуче
ния, сопровождающий распад С136 с электронным захватом. Данный спектр до настоящего 
времени не являлся предметом изучения. Для максимальной энергии получено 1159 ±  
±  45 keV, которое в пределах погрешности хорошо согласуется с результатом пороговых 
измерений реакции (р, п). Диаграмма Яуха спектра внутреннего тормозного излучения 
в области энергии от 700 keV до максимальной представляет собой прямую.

На основании исследования аннигиляционного пика, накладывающегося на спектр 
тормозного излучения, неоспоримо было установлено присутствие позитронов /3-распада 
в распаде С136, что противоречит нынешней точке зрения. Доля участия положительного 
/3-распада в распаде С136 составляет (2,3 ±  0,9) • 10_3% , значение log ft равно 14,3. Взять 
для доли участия электронного захвата 1,7% (по литературным данным), отношение 
(^//3+ оказалось равным (7,5 ±  3,0) • 102. Это и есть первое экспериментальное доказа
тельство по отношению теоретического предсказания, согласно которому в случае запре
щённых во втором или более высоких приближениях переходов отношение eK/ß+ сильно 
увеличивается и превышает соответствующее значение для разрешенных переходов (по
следняя величина для данного случая равна ~  90, против найденного 750).
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y - y  ANGULAR CORRELATION MEASUREMENT 
ON THE 0.337 -> 1,10 MeV CASCADE IN THE DECAY OF Fe59

By

D . B e r é n y i , G y . Máth é  and T . S ch arbert
INSTITUTE FOR NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

(P resented  by A. Szalay. — Received 18. X II. 1962)

By applying th e  scintillation m ethod  and sum -coincidence circuit th e  authors carried 
o u t y—y  angular correlation m easurem ents on th e  sm allest in tensity  0,337 -> 1,10 MeV 
cascade in the  decay of Fe5’,after having reproduced th e  resu lts  known for th e  0,145 ->1,29 MeV 
cascade. F or the 0,337—>1,10 MeV cascade the angular correlation function  is W(ft) = 1  — 
(0,451 ^  0,156) P 2 (cos ft), which for th e  1,43, 1,29 and  1,10 MeV levels excludes th e  spin 
assignm ents 3/2, 5/2, 7/2; 5/2, 3/2, 7/2; 3/2, 1/2, 7/2 and  5/2, 1/2, 7/2.

In the decay o f Fe59 three y-cascades are known at present [1—4]. O f 
these the m ost in tense (0,192 —> 1,10 MeV) has an in ten sity  o f  only 2,5% as 
com pared to the number o f disintegrations o f Fe59 while th e  in tensities o f  
the 0,145 —>• 1,29 MeV and 0,337 - a- 1,10 MeV cascades are on ly  0,8%  and  
0,3% , respectively  [2]. y —y  angular correlation m easurem ents for the y- 
cascades occurring in the decay o f Fe59 h ave been reported in three cases 
[6, 7, 2]. Of these cascades on ly  the m ost in ten se  was known a t the tim e w hen  
the first two m easurem ents took  place [6, 7] th u s, naturally, th e  m easurem ents 
were concerned only  with th is one. R ecently , H eath  et al. have carried 
out m easurem ents not only for the 0,195 —> 1,10 MeV b u t also for the  
0,145 —> 1,29 MeV cascade. In  H eath  et a l.’s opinion, such m easurem ents 
in vo lve considerable difficulties which m ay be hard to elim inate by present 
techniques.

B y  using th e  scintillation  m ethod and sum -coincidence circuit [8] we 
succeeded in  carrying out angular correlation m easurem ents on the low est 
in ten sity  0,337 —»- 1 ,T0 MeV cascade,after having reproduced the values obtained  
by H eath  et al. on the 0,145 —>■ 1,29 MeV cascade [2] for the angular correlation  
coefficient.

W e have m odified the arrangem ent used  by us previously  (for block  
schem e see [3]) in such a way th a t after su itab le am plification one of the quick  
signals is given from  the trigger crystal d irectly  to the coincidence circuit, the  
sum m ing circuit being thus avoided [5]. In th e  sum -coincidence spectrum  so 
taken the sum  peak w ill be m issing. The dim ensions of the tw o N aJ(Tl)crystals 
used were 3,5 0  X 3,5 cm each, the resolving tim e of the coincidence circuit 
was ~ Л 0 ~ 7 sec. Here random coincidence m easurem ents require special care 
as the sm all in ten sity  peaks corresponding to  the cascades are superim posed
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on a very  in tense y-radiation background. Therefore, we have m easured  
the random  coincidences in  such a m anner th at the detectors were separated  
from  each other at a d istance to prevent true coincidences and in an arrange
m ent com pletely  identica l w ith th at o f  th e  corresponding angular correlation  
m easurem ent tw o independent Fe59 sources were used.

The source in  the form of ferrichlorid was placed in  a glass cylinder of 
1,5 m m  in  outer d iam eter and 0,5 m m  w all thickness. The source — detector  
separation  was 5 cm . The source w as adjusted in the centre w ithin 1% , i.e. 
the counting  rate o f the m ovable detector was con stan t w ithin 1% for all 
positions. The reliability  o f  the apparatus was checked b y  an angular correlation  
m easurem ent on the y-cascade o f Co60.

In the m easurem ents on the 0,337 —> 1,1 MeV cascade the standing counter 
was protected  by tw o lead plates 1 cm  th ick  each, in order th at in m easurem ents 
at 90° and at 120° the tw o crystals m ay  not “ see each other” and thus the 
Com pton scattering from  one crystal to  the other is prevented.

The m easured data were evaluated on the basis o f  the “ m axim um  likeli
hood” m ethod b y  m eans o f an “ U ral” ty p e  electronic com puter [9] at the 
D epartm ent of Com puting Techniques o f  the Central Research In stitu te  of 
P hysics o f  the H ungarian A cadem y o f Sciences.T he angular correlation function  
best f it t in g  the experim ental points for the 0 ,1 4 3 —> 1,3 MeV cascade is: 
W(d)  =  1 — (0,063 +  0,027) P 2 (cos $ ), whereas for the 0,33 —> 1,1 MeV 
cascade it  is: W(ft) =  1 — (0,451 +  0,156) P 2 (cos)?). W ithin the error lim it 
A i  =  0 in  both cases. The above values g iven  for A 2 in  th e  angular correlation  
function  are corrected for the fin ite  dim ension o f the detectors [10].

The value obtained b y  us for the A 2 angular correlation coefficien t in the 
case o f  th e  0,143 — 1,3 MeV cascade is in  su ffic ien tly  good agreem ent w ith  
the va lu e obtained b y  H ea th  et al [2].

The results give th e  following inform ation on th e  levels of Co59 and the 
transitions betw een them . The spin o f th e  gorund sta te  o f  Co59 obtained  from  
hyperfine structure and param agnetic resonance m easurem ents is 7/2 [11]. 
For the respective spins o f the first, second and third excited level, for the 
transitions o f which we have carried ou t our angular correlation investigations, 
th e  shell m odel predicts th a t these should be 1/2, 3/2 and 5/2 but it  fails to 
give in form ation  on the actual assignm ent of these values to the ind ividual 
levels [2]. On the basis o f  angular correlation m easurem ents and in ten sity  
ratio determ inations the spin values 5/2, 3/2 and 1/2 h ave so far been assigned  
to  the 1,10 MeV, 1,29 MeV and 1,43 MeV levels, resp ectively . This assignm ent 
is supported by our m easurem ent on th e  0,143 ->  1,3 MeV cascade, where, 
assum ing the above spin assignm ent, the theoretical value of A 2 calculated  
on the basis o f the table given by W a pst r a  et al [12] results in A 2 =  — 0.0715.

A t th e  sam e tim e th e  foregoing spin assignm ent w ould  give for th e  angular 
correlation  o f the 0,33 ->  1,1 MeV cascade the value A 2 =  —0,0717. H ow ever,
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the difference betw een this va lue and —0,451 measured b y  us is large, even  
i f  the significant error of the experim ental va lu e is taken in to  account. On the  
other hand, there is no doubt th a t am ong th e  other possible theoretical values
(3/2, 5/2, 7/2 -  0,0501; 1/2, 3/2, 7 / 2 ------- 0,0715; 5/2, 3 /2, 7 / 2 -------- 0,0143;
3/2, 1/2, 7/2 — 0; 5/2, 1/2, 7/2 — 0) the va lu e —0,0717 is still com paratively  
closest to the experim ental va lu e , excluding, how ever, the values 3/2, 5/2, 7/2; 
5/2, 3/2, 7/2; 3/2, 1/2, 7/2 and 5/2, 1/2, 7/2 assigned successively .

The discrepancy can probably be explained  by the fa ct th a t the 1,1 MeV 
y-radiation is m ixed w ith a large am ount o f  E 2. It did n o t seem  w orth-w hile  
to carry out a detailed  analysis owing to th e  large error o f  the experim ental 
values, but i f  the m ixing coefficien t is e.g . chosen to be ö — 0 ,5, calculating  
Ao we obtain A 2 =  —0,486 and the value A 4 resulting on this assum ption  
is consistent w ith  the fact th a t in our m easurem ents w e obtained A 4 =  0 
w ithin the error lim it.

Our thanks are due to  Prof. A. S z a l a y , Corresponding Member o f the  
H ungarian A cadem y o f Sciences, for excellen t working conditions and for 
exten sive support and to the D epartm ent o f  Computing Techniques o f the  
Central Research In stitu te  o f  Physics of th e  Hungarian A cadem y of Sciences 
for having carried out the num erical calculations and personally to our co l
league Mr. Z. ZÁMORI, for providing all necessary inform ation and assisting  
in  the com putations.
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ИЗМЕРЕНИЕ у  — у  УГЛОВОЙ КОРРЕЛЯЦИИ В КАСКАДЕ 0,337 -> 1 ,10  MtV
В РАСПАДЕ Fe59

Д . Б Е Р Е Н И , Д Ь . М А Т ЕЙ  и Т . Ш А Р Б Е Р Т
Р е з ю м е

Применением сцинтилляционного метода и схемы сум-совпадений после воспроиз
ведения результатов, известных в случае каскада 0,145 — 1,29 MeV удалось проводить 
измерения угловой корреляции у  — у на каскаде 0,337 <—1,10 MeV наименьшей интен
сивности, наблюдаемой в распаде Fe59.

Для каскада 0,337 -> 1,10 MeV функция угловой корреляции W(ff) = 1  — (0,451 ±  
± 0 ,156 ) Р 2 (cos ff), что по отношению уровней 1,43; 1,29 и 1,10 MeV исключает прикре
пление к ним спинов 3/2, 5/2, 7/2; 5/2, 3/2, 7/2; 3/2, 1/2, 7/2 и 5/2, 1/2, 7/2.
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EINE ERWEITERUNG DER THEORIE 
DER ÜBERGANGSSCHICHT

Von

Z. G y u l a i  und F. B u k o v s z k y *
INSTITUT FÜR EXPERIMENTALPHYSIK DER TECHNISCHEN HOCHSCHULE FÜR BAUTECHNIK 

UND VERKEHRSWESEN, BUDAPEST

(Eingegangen: 17. I. 1963)

M it Hilfe der Theorie der Ü bergangsschicht [11 lässt sich die KossELsche M olekularbe
trachtungsw eise des K ristallw achstum s au f die A usbildung von dickeren (m ehrere tau send  
Ionen enthaltende) Schichten und Spitzen erweitern. Sowohl für die A usbildung der Schichten 
wie auch der Spitzen skizzieren wir die Möglichkeit der A usbildung eines sogenannten K o s s e l - 
schen w iederholbaren Schrittes. Bei der Ausbildung eines solchen S chrittes beim Spitzen
w achstum  spielen auch Ionenpaare ein Rolle, deren grosse K onzentration in der Ü bergangs
schicht dazu reichlich Gelegenheit b ie te t. Im  Falle des W achsens aus D äm pfen besteht der 
D am pf schon von vornherein aus Ionenpaaren.

1. Das Ziel der Theorie der Ü bergangsschicht ist es, die von  K ossel  [2] 
en tw ick elte  M olekularbetrachtungsweise den  praktischen B eobachtungen  
näher zu bringen. K ossel  hat näm lich für das W achstum  der K ristalle eine  
sehr nützliche, sog. m olekulare B etrachtung ausgebildet. Zwischen den  
KosSELSchen m olekularen und den beobachteten  Vorgängen besteht aber 
ein grössenordnungsm ässiger U nterschied. D ie  im  Mikroskop beobachtbare  
W achstum sschicht ist m indestens 0,001 mm dick  und enthält ungefähr 10000 
Ionenschichten. Es muss also gefragt werden, au f welche A rt das von K o ssel  
für eine Ionenschicht bestim m te W achstum sgesetz auf die Anregung eines 
10000 Ionenschichten um fassenden Vorganges entscheidend einwirken kann. 
Es ist die Aufgabe der Theorie der Ü bergangsschicht diesen Unterschied in 
der Grössenordnung zu überbrücken.

2. Das B ild der Ü bergangsschicht ist das folgende: D er K ristall ist m it  
der gesättigten  Lösung in Berührung. Die Ionenkräfte reichen in  die Lösung  
hinein und binden dort einige Ionen und Ionenpaare an die Oberfläche des 
K ristalls. A u f der K ristalloberfläche befinden sich auch adsorbierte W asser
m oleküle, aber die K raftw irkungen der einzelnen  Ionen oder Ionenpaare 
reichen weiter in die Lösung h inein , und auch sie können ein ige w eitere Ionen  
au f die K ristallfläche binden. In  der unm ittelbaren Nähe des K ristalls setzen  
also kleine K ristallsp litter den K ristall fort, w ährend in einer Entfernung von  
einigen Mikronén allm ählich nur noch die gesättig te  Lösung vorhanden ist. 
Solange jedoch der K ristall w ächst, wird entsprechend der ausgeschiedenen  
Stoffm enge W asser frei und dieses verdünnt die Lösung in der N äh e der K ristall-

* G egenwärtige Adresse: The Federa l A dvanced Teachers’ College, Lagos, N igeria
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Oberfläche. So fin d et eine ständige D iffusion von den ferneren konzentrierten  
Stellen  in  diese verdünnte Schicht s ta tt . E infache D iffusionsprozesse können  
jedoch n ich t erklären, au f welche Art der gelöste S to ff  aus der verdünnten  
Schicht au f die K ristalloberfläche diffundieren kann, dam it dort infolge  
Ü berstättigung das W eiterw achsen des K ristalls m öglich  wird. D ieses D iffu
sionsproblem  wird durch die oben skizzierte V orstellung gelöst, nach welcher 
die Ionenkräfte die Ionen aus der L ösung auf die Oberfläche des K ristalls 
ziehen und dort binden.

Ma licsk ó  und D omokos haben m it Hilfe optischer Messungen [3] das 
V orhandensein der Ü bergangsschicht bew iesen und gezeigt, dass die Kon-

□_
г -

b.

--iL
-

c.

Abb. 1. Das W achstum  der K ristallecken durch die allmähliche A nlagerung der einzelnen Ionen

zentration  in der unm ittelbaren N ähe der K ristalloberfläche die Sättigungs
konzentration  auch um ein Vielfaches übersteigen kann. Das ist als N eben
ergebnis für sich allein auch sehr in teressant.

3. D as w eitere Problem  besteht darin zu verstehen , wie das von  K ossel 
theoretisch  vorausgesagte erste sich au f der K ristallsp itze anlagernde Ion 
das W achstum  anregt, sodass sich die D icke der beobachteten  Sch icht auf 
mehrere Mikronén ausdehnen kann.

Setzen wir unseren G edankengang im  KosSELschen Sinne fort. Wenn 
sich das erste Ion au f der Spitze festg esetzt hat (siehe Abb. la ), so beginnt 
daneben sofort die Anlagerung einer Ionenreihe, da das erste Ion schon  eine 
günstigere Lage zur Anlagerung eines neuen Ions geschaffen hat, w ie das der 
P feil ze ig t. W enn eine Ionenreihe sich neben diesem  Ion schon ausgebildet 
h at, dann entstehen daneben parallele R eihen, und nach einer gew issen  Zeit 
b ildet sich eine quadratische Ionenschicht auf dem  K ristall. Ist die erste 
Ionenebene bis zu einer gew issen E ntfernung gew achsen, so ergibt sich  über 
dem  ersten Ion wiederum  die M öglichkeit zur A nlagerung eines neuen  Ions 
(Abb. 16), w om it au f ähnliche W eise eine neue Ionenreihe sich auszubilden  
beginnt. D iese zw eite Ionenreihe b leib t im  Verhältnis zur ersten zurück, folgt 
ihr aber in  gew issem  A bstand. A uf ähnliche W eise se tz t  sich ein drittes Ion
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au f die Spitze an (Abb. lc ), und der Vorgang beginnt von n eu em . Der durch  
das erste Spitzenion angeregte Vorgang vergrössert also d ie D icke der sich  
auflagernden Ionenschicht in vollkom m en gleichen , sich im m er wiederholenden  
Schritten.

D as Ergebnis der B erechnungen nach der KossELsehen Theorie is t  in  
A bb. 2 zu sehen. Für die Ionen der darauffolgenden Ionenreihen sind ähnliche 
W erte gültig . B ei NaCl ist die Energieeinheit (die innere B indungsenergie  
eines Ionenpaares) 5,1 eV. In dieser E nergieeinheit drücken w ir alle E nergie
werte aus.

Abb. 2. D er Energiegewinn bei der A nlagerung von Ionen  in Reihen au f  der K ristallecke
(a =  zwei Ionenabstände im  Gitter)

Der in Abb. 1 dargestellte Vorgang dauert solange an, bis die Anlagerung  
eines neuen Ions an die Spitze infolge physikalischer U m stän d e aufhört. 
Im  Abbrechen der Anlagerung sp ie lt das freiwerdende W asser nach unserer 
M einung eine w ichtige B olle, aber auch die Verunreinigungen der Lösung  
können eine solche W irkung ausüben.

E s ist uns also gelungen, das im M ikroskop beobachtete Schichten
w achstum  zu erklären. A uf Grund des vorher Gesagten b esteh t also eine  
Schicht aus den in  A bb. 1 d  dargestellten stufenförm igen B eih en . Eine solche  
B eihe is t  als ein zusam m engesetzter KosSELscher wiederholbarer Schritt 
aufzufassen, w obei sich die schiefe Front in  Pfeilrichtung b ew egt, was im  
Mikroskop leicht zu beobachten is t .

4 . D aneben gib t es aber auch noch eine andere Form des K ristallw achs
tum s, die man sow ohl im  M ikroskop wie auch a u f  F ilm aufnahm en beobachten  
kann, und auf die einer von uns schon in einer früheren A rbeit hingewiesen  
hat [4]. D iese Erscheinung ist das sog. Spitzenw achstum , das darin b esteht,
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dass eine K ristallsp itze häufig  in der diagonalen R ich tu n g  zu beiden Seiten  
sym m etrisch  vorw ärtsschreitet, wie das die Abb. 3 ze ig t. Dieses W achstum  
der Spitze is t  bei der K ristallisation  aus einer L ösung oder aus D a m p f zu 
beobachten . Man fin d et es aber auch b e i der R ekristallisation in  der festen  
Phase [5].

Abb. 3. Zwei mikroskopische Aufnahm en als Beispiele des Spitzenw achstum s. K ristallisation
aus D am pf au f Glas

D ieses W achstum  der Spitze is t  o ft eine sehr vehem ente Erscheinung, 
wie m an das auf F ilm aufnahm en sehen kann, und w ie w ir das an den K ristallen  
aus K B r und Fixiersalz (N a2S20 3) schon  öfter gezeig t haben. Die F ilm e ver
anlassen uns zu der A n sich t, dass wir in d em S p itzen w ach stu m  eine sehr wichtige  
Erscheinung vor uns h a b en . Wir versuchen daher, uns über das Spitzenw achstum  
im  Sinne von  K o sse l  R echenschaft zu  geben. K o ss e l  erwähnt am E n d e seiner 
grossen A rbeit, dass am  K ristallw achstum  Ionenpaare, sogar auch m ehrfache 
Ionenpaare teilnehm en können. Die A nlagerung der Ionenpaare an den  Kristall 
in einem  Schritt muss m an auch deshalb  in E rw ägung ziehen, w eil bei der
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K ristallisation aus D am pf nur die Ionenpaare eine Rolle sp ielen , da der NaCl- 
D am pf, wie allgem ein bekannt is t , aus M olekülen besteht. D a die m ikroskopi
schen Aufnahm en der K ristallisation  aus Lösung und aus D am p f dieselben  
Form en zeigen, ist anzunehm en, dass der M echanism us des K ristallw achstum s  
in beiden Fällen ähnlich ist. Aber auch im Falle der K ristallisation  aus Lösung  
is t das Vorhandensein von NaCl-M olekülen wahrscheinlich. W eiterhin w ächst 
die W ahrscheinlichkeit der A nw esenheit von Ionenpaaren noch  stark an, da 
die Ionenkonzentration in der Ü bergangsschicht das Mehrfache der Sättigungs
konzentration erreichen kann.

5. Den A ufbau der Spitze aus Ionenpaaren stellen wir uns folgender- 
m assen vor. An der Spitze A  (siehe Abb. 4), lagert sich oben das Ionenpaar

Abb. 4. Der Energiegewinn bei der Anlagerung von Ionenpaaren  in der Reihenfolge la ,  b, c

Nr. 1 an. Daneben sind die drei günstigsten Stellen  (a, b, c) für die Anlagerung  
neuer Ionenpaare dargestellt.

D ie entsprechenden Energiewerte sind die folgenden:

für das Ionenpaar Nr. 1 0,2609,
für das Ionenpaar a 0,7199,
für das Ionenpaar b 0,5272,
für das Ionenpaar c 0,3304.

Aus den W erten fo lgt, dass die Anlagerung des folgenden Paares an der Stelle  
a erfolgt. Der Prozess w iederholt sich, und die weitere Anlagerung erfolgt 
entsprechend immer an der günstigsten  Stelle. A u f diese W eise fü llt sich die 
R eihe auf, und bringt die A usbildung paralleler Reihen m it sich, woraus 
schliesslich ein K ern m it quadratischer Oberfläche entsteht. Zur Fortsetzung  
der Spitze des so entstandenen Oberflächenkerns gibt es drei M öglichkeiten, 
näm lich entlang der einen der drei aufeinander senkrechten K anten , wie das 
Abb. 5 veranschaulicht. Falls die linearen A usm asse des quadratischen Kerns 
10 Ionenabstände betragen, so sind die Energiew erte der m öglichen P lätze  
die folgenden:

für den Platz a —>-0,2616, 
ß  0,2629, 
y  0,2607.
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Beim  W eiterw achsen kann das Ionenpaar zwischen den drei Lagen frei wählen, 
da die Energiew erte im  w esentlichen gleich  sind. H a t sich ein Ionenpaar an 
einer S telle  angelagert, so beginnt der in  Abb. 4 geschilderte Vorgang, und nach 
der A usbildung des Oberflächenkerns ste llt  sich wieder die A usgangslage ein. 
D a sich das Ionenpaar an allen drei Seiten  m it gleicher W ahrscheinlichkeit anla
gern kann, erfolgt die Anlagerung nach  allen R ichtungen m it der gleichen

Abb. 5. Die Fälle des a lternativen  Energiegewinns um  die W ürfelspitze nach der Ausbildung
des Oberflächenkeim s

В c

Abb. 6. Zweidimensionales schem atisches B ild des W achstum s e iner W ürfelspitze im  Falle der 
wechselnden Anlagerung der Ionenpaare. Sogenannte zweidimensionale w iederholbare Schritte

n a ch  K ö ssél

H äufigkeit, und so w ächst die Spitze nach allen Seiten  gleichförm ig, w ie das 
die F ilm aufnahm en zeigen . W enn der O berflächenkeim  w eiterw ächst, ver
schw inden die Energieunterschiede im m er mehr, und die in Abb. 5 gezeigten  
drei M öglichkeiten bleiben dem zufolge gleich wahrscheinlich. Die F olge davon  
is t, dass die Spitze in  der R ichtung der K örperdiagonale vorw ärtsschreitet.

M it diesen B etrachtungen stellten  wir also für das W achstum  der K ristall
sp itze einen sich wiederholbaren Schritt im  Sinne K o s s e l s  fest. Hier m uss man 
bem erken, dass beim  W eiterwachsen der Reihen sich einzelne Ionen  genauso
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wie Ionenpaare anlagern können, es ist nur nötig, dass jeder Schritt durch  
die Anlagerung eines Ionenpaares an die Spitze eingeleitet wird.

Zur besseren A nschaulichkeit haben wir in Abb. 6 die Spitzenschritte  
in zwei Dim ensionen dargestellt. D ie Anfangsschritte w iederholen sich, infolge  
der äusseren U m stände bleiben sie jedoch zeitweise steh en , und so en tsteh t  
die m akroskopische Treppenspitzenform  A B C D E .

Zum Aufbaum echanism us der beobachteten  W achstum sgebilde m uss 
man bem erken, dass das hier gegebene Schem a sehr v iele  V ariationen erlaubt, 
sodass es w ahrscheinlich is t , dass sich die Vorgänge in  der W irklichkeit auch  
so abspielen. Dabei können auch Spezialfälle, zu denen z .B . die D islocations
formen gehören, auftreten. Wir m öchten hier die B eobachtung von J e sz e n sz k y  
erwähnen, in der dieser neben dem KosSELschen Schichtenw achstum  auch  
die Spuren eines Spiralwachstum s nachwies [5].

D ie B eobachtungen zeigen, dass das Spitzenw achstum  m it ganz ver
schiedener In ten sitä t vor sich gehen kann. Man beob ach tet sehr schnelle  
Vorgänge, aber auch sehr langsam e. Das Grundschema verw irklicht sich  bei 
jeder G eschwindigkeit, und darin besteht eben seine theoretische B edeutung. 
Über die grosse In ten sität der Erscheinungen erhalten wir einen anschaulichen  
Eindruck, wenn wir sie im  Mikroskop beobachten oder im  Film  sehen.

Wir haben im  vorstehenden gezeigt, dass die A usbildung der Spitze  
eines der w ichtigsten  M om ente des K ristallw achstum s darstellt, und wir 
haben versucht, das ihm  zugrundeliegende Schema zu skizzieren.
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РАЗВИТИЕ ТЕОРИИ ПЕРЕХОДНОГО ГРАНИЧНОГО СЛОЯ
3. ДЮЛАИ и Ф. БУКОВСКИ

Р е з ю м е

Молекулярное воззрение Косселя роста кристаллов с использованием переходного 
слоя распространяется на более толстые слои (содержащие несколько тысяч ионов), 
а также и на формирование острия- Описывается возможность появления так называе
мого повторяющегося шага Косселя при формировании как слоя, так и острия. При 
формировании повторяющегося шага роста острия играют роль и ионные пары, однако 
большая концентрация, имеющаяся в переходном слое, доставляет изобильную возмож
ность. При росте из паров пар заранее состоит из пар ионов.
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The present paper deals w ith the application  of th e  m ethod of in tensity  sta tis tics  to  
the determ ination  of th e  crystal sym m etries in  th e  cases of th e  non-ideal, m ostly inorganic 
substances. I t  was found th a t  in  the case of th e  investigated  non-ideal substances the  curves 
of centric, respectively, acentric projections have the ir own characteristic  shapes w hich 
strongly differ from each other, as well as from  the  theoretical iV(z)-distribution functions. 
On the basis of these findings i t  is possible to  apply  these kinds of centric and acentric N (z)- 
curves to  decide w hether a centre of sym m etry  is p resen t or absen t in the investigated  
structures.

Introduction

The crystal structure of a-K 2Pb2Si20 7 was recently  determ ined in our 
laboratory [1]. The oscillation photographs and the powder diffractogram s 
showed no system atical absence of reflections o f the hexagonal crystal; thus  
a large num ber o f space groups was possible.

On the basis of geom etrical and crystal chem ical considerations and in  
agreem ent w ith the results o f McM u r d ie ’s previous investigations [2] we found  
P3 to be the m ost probable space group. To this we had to suppose the presence  
of a centre o f sym m etry in  the structure w ithout having exactly  verified it , as 
L ie b a u  was right in  pointing out [3].

D espite of the fact, th at our supposition was confirm ed by the results 
of the structure determ ination (R =  0,07), we w anted to  confirm the presence 
of a centre of sym m etry and so the reliab ility  o f the proposed space group, 
independently of the results of the structure determ ination.

For this re-investigation  we tried to com pute the probability d istribution  
of the reflection in tensities of a-K 2Pb2Si20 7.

The theoretical distribution functions o f in ten sities, introduced by  
H o w ells , P h il l ips  and R ogers [4], i.e.

iN(z)  =  1 — e x p ( -  z) 

for non-centrosym m etrical, and

I 1 H |2lN(z)  =  erf —  z
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for centrosym m etrical structures, are valid  on ly  i f  the substance in  question  
is ideally  sta tistica l, i.e. i f  there is a su ffic ien tly  large num ber of atom s w ith  
n ot too different atom ic scattering  factors random ly distributed in the unit 
cell.

These conditions are not satisfactorily  fu lfilled  in the case of a-K 2Pb2Si20 7 
because the u n it cell contains the h eavy ion  P b2+ and th e  to ta l num ber o f  
its ions am ounts on ly  to 13. Therefore we could not find full agreem ent betw een  
the theoretical curves and the experim ental one, calculated from  the supervised  
structure factors* o f 82 hOl reflections (F ig. 2/A ).

C alcu lations

W e tried also to apply S im ’s m ethod [6] which took  in to  consideration  
the presence o f a h eavy  atom  in general position  to correct the expected  d ev ia 
tion  of the experim ental lV(z)-curve. S im ’s functions maxlN(z ,  r) and maxjJV(*> r) 
for acentric and centric cases are given in  tab les as the functions o f z and r [7], 
where :

m 1
y f f 2

i =  l

Here f a  is the scattering factor o f the h eavy  atom  and / ,  is th at o f the other 
atom s num bering m.  Com puting S im ’s functions for the centric and acentric 
cases (r =  3,7) and com paring them  w ith  our experim ental curve, a disagree
m ent could be found again.

Four years ago K e g l e v ic h  [8 ] suggested  an experim ental “ analogous”  
m ethod for the determ ination o f sym m etry elem ents in cases, when the exam ined  
com pounds conta in  different kinds o f h eavy  and light atom s and when m ore
over their num ber is not too  high. To decide w hether SrS20 3 • 5H 20  belongs 
to  the space group Aa or A2/a K e g l e v ic h  com pared the experim ental N(z)-  
curve calcu lated  from  0kl  reflections n o t w ith  the theoretical functions, 
but w ith  the experim ental ones, obtained from  the sam e Okl reflections  
o f N a2S20 3 • 5H 20  (space group: P2Jc  [9]) and o f BaS20 3 • H 20  (space group: 
Pbcn [10]). As th e  curve o f  SrS20 3 • 5H 20  shows a sim ilar shape to  th at  
o f the tw o experim ental ones and lies betw een  them , in accordance w ith  the  
fact th at the electron num ber o f the Sr2+ ion lies betw een those of N a+ and 
B a2+, it  seem ed proved th a t the Okl zone o f  SrS20 3 • 5H 20  was also centro-

* F o r th e  ca lc u la tio n  o f th e  iV(z)-curve, as S im  p rev io u sly  su g g ested  [5], v a lu e s  of 
F calc w ere u sed . T h is  w as n ecessary  b ecau se  in  th e  sp ace  group  P 3  ( F hkl) Ф  ( F h k i )  a n d  th e re 
fore  th e  v a lu es  fo r  th em selv es c a n n o t b e  d e te rm in ed  fro m  th e  p o w d er d iag ram , o n ly  th e ir  
a r i th m e tic  m e a n  v a lu es .
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sym m etrical, i.e . th at its space group was A 2/a . This was in  agreem ent w ith  
the results o f  m orphological exam inations.

In the m eantim e the author had the opportunity (by th e  courtesy o f  
K . S a s v á r i) to  exam ine the in ten sity  sta tistics  of the m onoclinic A lN b 0 4. 
According to the observed extinctions and to  th e  L a u e  sym m etry , the possib le  
space groups were Cm and C2/m. The lV(z)-curve, calculated from 98 hOl 
in tensities showed a remarkable departure from  the ideal d istribution  functions, 
but its shape was similar to th at o f a-K 2Pb2Si20 7 and of the three thiosulphates  
irrespective o f the fact that the chem ical com position o f  th ese substances 
was quite different. This fact offers the possib ility  to determ ine w hether  
crystals o f non-ideal com pounds are centric or acentric irrespective of their  
com position, i f  we can show th a t the deviation  o f their curves from the ideal 
ones is characteristic and quite different for the centric and acentric cases, 
respectively.

This th ought called our a tten tion  to th e  investigation  o f the probability  
distribution o f the in tensities in a num ber o f cases, where the u n it cell contains 
h eavy atom s am ong light ones and the num ber o f the atom s in  the unit cell is 
sm all. We have exam ined more than  fifteen  such centric and acentric crystal 
structures. D ata belonging to these in vestigated  and m ostly  inorganic com 
pounds are given in Tables 1, 2 and 3.

We have com puted distribution curves on ly  for such projections w hich  
are apt to determ ine the presence or the absence o f centres o f sym m etry in the  
space group. I t  can be seen from Figs. 2 and 3 th a t in the case o f  th e  investigated  
substances the curves o f centric, respectively  acentric projections have their  
own characteristic shapes which firm ly differ from  each other, as well as from  
the ideal distribution functions.

The points of the acentric distribution curve are always below  the theore
tica l 4iV(z)-function for z <  0,5 +  0 ,1 . Then th e  experim ental curve crosses th e  
4iV(z)-function and rises above it . In  som e cases it  crosses th e  theoretical 
jlV(z)-function, too.

In the centric case the experim ental lV(z)-curve has a lw ays a steep slope  
up to about 2 = 0 ,1 .  Near z = 0 , l  it  shows an abrupt break, and then forms an 
alm ost straight line. W ith the exception  of on ly  a few  cases th e  height of the  
breaking point В  is inversely proportional to th e  electron num ber (scattering  
factor) of the h eavy atom , as it  is ev ident from  Fig. 1.

On the basis of these results we m ay regard the exam ined projections o f  
a- K 2Pb2Si2Ov and o f A lN b 0 4 (Fig. 2/33) to  be centrosym m etrical. This means th a t :

1. the space group o f lead-potassium -pyrosilicate is centric and th is  
fact confirms the space group to be P3;

2. the centricity  of the hOl zone o f A lN b 0 4 excludes th e  space group  
Cm. So only the space group C2/m is possible. This result was confirm ed in the  
m eantim e by P e d e r s e n  [11].
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This sta tem en t m akes i t  possible to  confirm also th e  reliability o f  the  
space group in  such cases in  which d ifficu lties arose in  the determ ination o f  
the presence or the absence o f  a centre o f  sym m etry.

Table 1

D ata  of p rojections which show centric d is tribu tion  curves

Compounds
Data of the unit cell Investigated

zones
Fig. Ref.

space group | a(Á) I b(Â) c(Á) j angle0 j Z hkO j 0Ы hOl

a-K 2Pb2Si20  7 q ,  -  P3 5,64 — 7,62 - 1 — - 82* 2/A [ i l

Co2Cl(OH)3
(atacam ite) C|jj — Pnam 6,01 9,13 6,84 - 4 65 - - 2/A [24J

(Mn,Fe)Be(PO,)(OH)
(väyrynenite) С?л -  P2,/a 5,41 14,49 4,73 102,8 4 210 - — 2/B [25J

CaAl2Si20 8
(anorthite) C> -  P I 8,18 12,87 14,17

93.1 
115,8
91.2

8 - 9 — 2/B [151

ScSi20 ,
(thortveitite) c In  — C2/m 6,54 8,52 4,67 102,5 2 35 - — 2/C [12]

[13]

A lN b04 С|л — C2/m 12,13 3,73 6,46 107,2 4 — - 98 2/B [11]

A1IC16 Cf -  P24 6,92 11,02 6,11 99,1 2 - - 74 2/C [26]

(CH3)3 • SI Cf h 5,94 8,00 8,92 126,5 2 - 77 75 2/D [14]

* The num ber of th e  used  reflections for th e  calculation of the JV(z)-cuves.

Table 2

D ata  of projections which show acentric d is tribu tion  curves

Compounds
Data of the unit cell Investigated

zones
Fig. Ref.

space group o(A) b(A) c(A) angle0 z hkO 0Ы hOl

Ba(C104 ) 2  • 3 H 20 Cg -  P 6 3 7,28 9,64 2 Calculated 
from h k l  
reflections 
b> the 
authors

3/A [П].

Al2Si,0 5 (0 H ) 4

(dickite) C | -  Cc 5,15 8,95 14,42 96,8 4 - — 46 3/B [2 1 ].

P 4S5 Ci -  P 2 4 6,41 10,94 6,69 111,7 2 70 8 6 - 3/C [27]

A1IC16 Ci -  P2 4 6,92 1 1 , 0 2 6 , 1 1 99,1 2 77 84 — 3/D [26],
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Table 3

D ata of projections which show hypercentric d istribution curves

Compounds
Data of the unit cell Investigated

zones
Fig. Ref.

space group a(A) b(A) c(A) angle0 z hkO Okl hOl

(N H 4)2 • w s 4 DjJj — Pnam 9,52 12,33 7,01 — 4 141 — — 4/A [28]

Cu(CI04)2 • 6 H 20 Cln -  P2./C 5,14 23,17 14,15 90 6 - 124 - 4/A [30]

Al2Si20 5(0 H )4
(dickite) C % -  Cc 5,15 8,95 14,42 96,8 4 - 63 — 4/B [21]

P A Cl -  P2j 16,41 10,94 6,69 111,7 2 - — 84 4/C [27]

N a2Al2Si3O10 • 2 H 20  
(natrolite) Cl? -  Fdd2 18,30 18,63 6,60 - 8 63 - — 4/D [29]

Fig. 1. The experim ental N (z)-curves fo r the 0kl zones of the following thiosulphates: 
N a2S20 3-5 H 20  (black circle), SrS20 3 • 5 H 20  (cross), B aS20 3 • H 20  (open circle). Curves 

a and b are the theoretical acentric lN (z) respectively centric jN (z)  functions [8]

3. R einvestigating the structure of th ortve itite  B a r c l a y , Co x  and 
L yn to n  [12] exam ined the in ten sity  statistics for hOl and 0kl  reflections. 
The results, which were not reported suggested th at both projections were 
acentric. From th at, the probable space group was Cm. On the basis of the  
result o f our N ( z ) - te st (Fig. 2/C) for hkO reflections the on ly  space group 
C2/m is possible. The final result o f the above structure re-investigation 113] 
also confirmed the space group to be C2/m.

4. The (V(z)-curves for Okl and hOl projections of trim ethylsulfonium  
iodide (Fig. 2/D) seem  to ju stify  the reliability  of space group P21/m [14].
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Fig. 2. The experim ental N (z)-curves of the centric projections 
A: hOl zone of a -K ,P b 2Si20 7 (black circle) and  hkO zone of atacam ite  (cross); curves a and 

b are as Fig. 1, e and /  are th e  calculated acentric and centric S i m ’s functions, respectively, 
for a -K 2P b2Si20 , .  M

B: hkO zone of väyrynenite  (cross) and Okl zone of anorth ite  (open circle) [15] and hOl 
zone of А Ш Ь04 (black circle)

C: hkO zone of tho rtve itite  (cross) and hOl zone of A1IC16 (black circle)
D: Okl (open circle) and hOl (black circle) zones of (Cl I3)3■ SI
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Fig. 3. The experim ental N (z)-curves for the acentric projections 
A: N(z) curve for hkl intensities of Ba(C104)2' 3 H 20  [17], curves e and f  are the calculated 

acentric and centric S im ’s ones 
B: hOl zone of dickite
C: hkO (cross) and  0kl (open circle) zones p f P 4Ss 
D: hkO (cross) and  Okl (open circle) zones of A1IC16
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Fig. 4. The experim ental N (z) curves for the hypercentric projections 
A: hkO zone of (N H 4)2WS4 (cross) and Okl zone of Cu(C104)2 ■ 6 H 20  (open circle)
B: Ofci zone of d ickite, C: hOl zone of P 4S5 . D: hkO zone of na tro lite ; curves b, c and  d are 

th e  theoretical cen tric , bicentric and  tricen tric  d is tribu tion  functions
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5. K e m p s t e r , Megaw  and R ado slo v ich  [15] recently  published the  
results of the iV(z)-test for Okl in tensities o f  the triclinic anorthite, w hich  
suggested the space group P I . This was n o t in agreem ent w ith  the resu lt o f  
the structure determ ination, while the P (y )  statistical te s t  (R a m a ch a n d ra n , 
Sr in iv a sa n  [16]) established the space group to be centric. In our opinion  
the curve obtained from the N (z )-test for the Okl projection  m ay also be 
regarded as revealing a centric distribution (Fig. 2/R).

6. Comparing the N ( z )-curve for hkl  intensities o f  the hexagonal 
Ba(C104)2 • 3H 20  calculated by Ma n i and R am aseshan  [17] w ith the ones 
for the Okl zone of AlICle, for the hOl zone of dickite and for the Okl 
and hkO projections of P4S5, we can d etect a likeness betw een  the characters 
of the N(z )-curves for the hkl  reflections o f  Ba(C104)2 • 3 H 20  and for the  
other four acentric projections. Consequently, the N(z )-curve for hkl in ten si
ties m ay be considered as being acentric and thus the real space group is P 6 3.

During the exam ination o f the experim ental d istribution  curves of  
different chem ical com pounds we frequently found hypercentric projections 
am ong the centric and acentric ones (F ig. 4). The reason for the different 
degrees of hypercentricity in  the inorganic structures (Table 3) is as in  the  
case of organic ones [18, 19, 20] probably the presence o f certain kinds of 
pseudo-centres o f sym m etry in the unit cell. The hkO projection o f (N H 4)2W S4 
(F ig. 4/A) shows a transition from the hypercentric to the exam ined non-ideal 
centric distribution. The shapes o f the hypercentric 7V(z)-curves for the hkO 
in tensities o f natrolite, the Okl zone o f d ick ite and for the hOl projection  
o f P4S5 are similar to each other. The Okl zone of Cu(C104)2 • 6H 20  shows 
a very strong hypercentricity, the reason for which is unknow n.

In the case o f dickite an odd phenom enon was found. Its space group  
was stated  [21] to be Cc. This means th a t its hkO, Okl and hOl projections 
ought to show acentric distributions. The N ( z )-curve for the hOl projection  
satisfied  this condition, but the Okl zone show ed a hypercentric distribution. 
These two results are inconsistent w ith each other. H a r g r e a v e s  and W a t s o n  
[22] describe a similar phenom enon shown b y  /J-naphtol, the space group of 
which is la . According to these authors the Okl reflections gave an acentric, 
the hOl reflections a hyper.centric distribution . This can be explained i f  
we suppose the presence o f a pseudo-centre of sym m etry betw een the ß- 
naphtol m olecules. K eeping in mind the probable reason for this h yp er
centricity  we can explain the odd behaviour o f  the Okl projection  of d ick ite, 
too.

Besides the hypercentric cases we h ave found, of course, such ones in  
which the iV(z)-curves were not similar to the centric and acentric ones d is
cussed above, o f  which only the harm otom e (Ba2Al4Si120 33 • 12H 20 )  should  
be m entioned here. On the basis o f the structure determ ination its m onoclinic 
space group is P2r  The authors S a d a n a g a , M a r u m o  and T a k e u c h i  [23] m ade
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a sta tistica l te s t  for the 0kl in tensities, b u t this h avin g  suggested rather  
the space group P21/m, than  P 2 X, we supervised their com putation  and found  
it  to be correct. W e have m oreover com puted the N ( z )-curve for the centric  
hOl zone. As i t  is to be seen  from  Table 4 the difference betw een these tw o  
curves is n o t significant enough to make it  possible to  s ta te  which o f them  is 
centric and w hich acentric.

Table 4

V alues of the N (z) curves for 0kl and  for hOl zones of harm otom e

. z 

Zone
0,05 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

0 kl 0,099 0,161 0,253 0,347 0,410 0,482 0,542 0,577 0,631 0,655 0,693

hOl 0,155 0,199 0,287 0,369 0,413 0,476 0,522 0,581 О 'on О 0,627 0,667

Discussion

The results given above concerning the probable in ten sity  d istributions 
of non-ideal substances confirm ed the in ten sity  sta tistica l test proposed by  
K eg lev ic h  to be a useful one and m ade possible a w ider application o f  this  
em pirical m ethod.

According to our investigations:
1. A  part o f the chem ical, m ostly  inorganic substances shows such  

iV(z)-curves which differ from  the theoretical functions, b u t have their own  
characteristic shapes, on the basis o f w hich centric and acentric structures 
or their projections in a lm ost every case can be d istinguished from each other.

2. The different com pounds show sim ilar centric and acentric d istribu
tion  curves, respectively , and thus the application o f the analogous m ethod  
is superfluous.

3. For a reliable com putation  o f the N ( z )-curves o f  an unknown structure  
or projection at least 60 to  70 independent reflections have to be used.
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О ПРИМЕНЕНИИ МЕТОДА СТАТИСТИЧЕСКОЙ ИНТЕНСИВНОСТИ 
РЕНТГЕНОВСКИХ ЛУЧЕЙ В СЛУЧАЕ НЕОРГАНИЧЕСКИХ ВЕЩЕСТВ

М ЕТО Д  О П Р Е Д Е Л Е Н И Я  К Р И С Т А Л Л И Ч Е С К О Й  С И М М Е Т РИ И  И П Р О С Т Р А Н С Т В Е Н Н Ы Х  Г Р У П П

А. К А Л Ь М А Н

Р е з ю м е

Данная работа занимается вопросом применения метода статистической интен
сивности для определения кристаллической симметрии в случае неидеальных, главным 
образом неорганических веществ. Найдено, что в случае рассмотренных неорганических 
веществ крывые центральной или нецентральной проекций обладают характеристиче
скими для них формами, которые резко отличаются Друг от друга, а также и от теорети
ческой функции распределения N(z). На основании данного обнаружения имеется воз
можность для применения этих центральных и нецентральных кривых N(z) для опре
деления наличия или отсутствия центров симметрии в исследованной структуре.

Acta Phys. H ung. Тот. X V I .  Fase. 2.





NEUTRINO RADIATION FROM DEGENERATED GASES

B y

G. Ma r x  and T . N agy
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(Presented b y  K. F. N ovobátzky —  Received 28. I .  1963)

The production  cross-section of neutrino-pairs in  the  nuclear Coulomb field is calcu lated . 
The Coulomb screening is also tak en  into account. A separate discussion is devoted to  th e  
presence of a degenerated electron gas. I ts  im portance is shown for low  energies. The resu lts  
m ay have some astrophysical consequences, esp. fo r th e  interior of degenerated stars, during 
the late period of their evolution, in th e  tem peratu re-in terval 108 ■— 109 °K.

During the longest period of th e  stellar evolu tion  neutrinos are 
produced in (ö-decays, accom panying fusion  reactions:

thus the to ta l number of p’s, radiated by th e  star, is nearly equal to the num ber  
o f neutrons in  the star; the p-radiation can be neglected. In such a case the  
neutrinos take aw ay no more than a few per cent of the to ta l radiation energy  
[1]. H ow ever, as the star tem perature approaches 109 °K , processes begin  
which produce p — p pairs at the expense o f  the inner therm al energy o f the  
stellar m atter. The m ost im portant reactions are:

§ 1. Thermal neutrino radiation of a hot plasma

z N A - > z _ 1N A +  e+ + p , ( 1 )

The analysis of these processes has show n, that the neutrino radiation  
m ay becom e significant and, b y  chance, for a short tim e even  predom inant in  
the late period o f the stellar evolution  [3, 7 ]. However, the situation  changes

e +  Л z - i A A +  v j URCA c [ 2 ] (2 )
z - i N A ^  z N A +  e~ +  v j

e~ +  ZN A ZN A T  +  p -f- V (Brem sstrahlung-neutrinos[5]) (3) 

у  -\- e~ —> e~ -f-P +  r (Com pton-neutrinos) (4)

I 1\JA  V ЛТА I о — I p~\~ I

1 (A nnihilation-neutrinos[6,7,8]) (5)
e~ +  e+ ->  V -j- V
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considerably in a degenerated electron gas. Here the electron states are filled  
up to  a high Ferm i level and therefore final sta tes , in which low  energy electrons  
occur, are forbidden. H ence th e  in ten sity  o f the neutrino radiation is d im i
nished b y  m an y  orders o f m agnitude. W e m ay  assum e th a t in  such cases i t  is 
th e  photoneutrino production which plays an im portant role. In this process 
th e  photons o f  the therm al radiation  transform  in to  v — v pairs and no electrons 
appear in the fin a l state . The m ost im portant reactions are:

У +  У - *  v +  v ,

У +  Z N A  - у  z N A  +  v  +  v ,  

У +  У - у y  +  v + v .

Fig. 1

( 6 )

( ? )

( 8 )

(The cross sections of th ese processes contain  a factor 1/137 as com pared  
w ith the reactions (3), (4), (5) and therefore their role can be neglected in  a 
normal gas.)

G e l l -M a n n  has show n that the reaction  (6) is forbidden for a local 
weak in teraction . The cross section o f th e  process (7) is larger by a factor Z z  
than th a t o f  (8). For this reason it was our purpose to trea t the cross section  
of reaction (7) in more d eta il. (Prelim inary report under [9].) The astronom ical 
aspects o f th e  results have been discussed elsewhere [10].

§ 2. The cross section of the photoneutrino production

The reaction (7), i.e . the transform ation y ->  v +  v in the nuclear 
Coulomb fie ld , can take p lace according to  the graphs o f  Fig. 1 and 2. The 
H am ilton ian , corresponding to the w eak corner, will be assumed to h ave the; 
follow ing form:

f  _  _
H  =  W e  У у .  (1 +  Y s )  VV. W  Í1 +  V b )  y > e .
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which, according to the Fiertz id en tity , can be rearranged as follows:

f  _  _
H  =  J = V e Y l i ( l  +  7!>)V>e.V’vV l i ( l + V b ) V ’v  ( 9 )

On the other hand, the electrom agnetic H am iltonian is

H  =  i e y t y l lVe( A ft +  A $  oui). (10)

On w riting down the corresponding S-m atrix elem ent one can see th a t  
for the vector part o f the w eak interaction (proportional to  ipeY/iVe) the sum  of 
the contributions from the tw o graphs cancel out on account o f the Furry theo- 
tem , while the contributions coming from  the axial vector part (proportional 
ro ÿ’eYttYsWe) are the sam e; thus the S-m atrix  elem ent of the process (7) is given by

s = ~ 7 2 ^ ^ (0’ r - <1 +  7 s K b , v
г  A (  1  ( 1 1 )•  I M ap ( k ,q )  -  . ô ( k r +  k ; + q -  k ) d * q .

J q2 +  f i 2
Here к  denotes the m om entum  of the in c id en t photon, q  is the m om entum  o f  
the virtual photon describing the Coulomb interaction, eß and ny stand for 
the photon polarization and tim e direction  unit vectors, respectively . The 
screened Coulomb potentia l of the nucleus is of the form

C oul Ze e r/r° Ze
nu-  —  =  nu~

‘ 4л  г (2л)3
- -  е“>х d i q
q2 +  r72

( 12)

Finally, we have for the contribution M aßö(k, q) o f the electron triangle:

M aßy (к, q) =  Tr J y 5 y a Sc (p  +  k) y ß Sc (p)  yy Sc ( p  — q) ■ d i p . (13)

On evaluating the la tter  integral one obtains logarithm ically  d ivergent 
expressions. N evertheless, b y  an explicit calcu lation  one can verify  th at th ese  
divergent constants vanish and M aßY is convergent. In  order to avoid the  
troublesom e calculations involved  in the evaluation  of the rem aining com p li
cated integral expressions, w e can make use the of equations

M aßykß =  0 ,  M aßyqy =  0 ,  (14)

expressing gauge invariance. Thus we get

M aßy =  4Ы1 m2 {eajSyil [A (î(i kg qs +  ZcR qQ qg) -

~ C ( q tLke qe - k llqe qe) +  (J5)

+  К  qr £aßai — Cky) +

+  Bayax [ M ß  -  Ckß) — £ßyr„  (Dqa +  Gka)]} ,
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w here m is th e  electron rest m ass, and A ,  C, D,  G can be constructed  from  th e  
follow ing in tegra l expressions:

l î - î
f  -  <r2 — f  VA  =

о о 
l i - f

1 +  m - 2 [qe qe ( |  -  £2) +  2kß qa £r]\

В  =

0 0
1 1-t:JJ i

1 +  m - 2 [qe qs ( f  -  | 2) +  2ke qe |iy]

7) — 7]2 — it]

™ -2 [q<Tqe( t - n  +  2Kqs W

dr] d Ç , (16)

dy  d Ç , (17)

dr/ d£

as follows:
D  =  A  +  2 B ,  G =  C +  2 B .

B y  using (13) w e can write dow n the to ta l cross section sum m ed over the spin  
directions o f  th e  neutrinos:

a  ГГГ M a a e M f i m

P0' 22 7t« JJJ (q 2 +  r02)2 M v o * io

• *5 (&„ +  +  1 — к) ■ (2kva k„ß — öaß k„e kÿe) •
• ô (qu) d4 h d3 kv d 3 k~ .

Two in tegrations can he carried out by m aking use of the following form ula:

d 3 k,  d 3 k-
j j  & {hv +  — p )  ■ (2km kVß — daß kvekye)

=  ~ ~ - ( P a P ß - P e P e Ô aß)'
Ö

кvO Ko (18)

W e can average over the polarization o f th e  incident photon  as well. F in a lly , 
in  order to  facilitate  the evaluation  o f th e  rem aining in tegrals we introduce  
the fo llow ing new  in tegration  variables:

У = !£ 2 i2E 2
(19)

where E  =  k j m  denotes th e  energy of th e  incident photon  in electron rest 
mass u n its. W ith these new  variables w e get

* Tÿ
a D (E)  =  a0 Z 2 D 4 E 10 j j [ A 2( - x 2y 2 +  4 xy2 -  y 3) +

0 3/2
+  4 В 2 ( — X* +  x2y )  +  4 A B  ( -  * зy  +  x y 2)] ■ (20)

• ------------------------ dx d v ,
6 (1 +  D2E2y)2
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■where

and

p m 2
1373 л 4

1,33 IO- 52 cm 2

D  =  mr0

( 21)

( 22>

is the param eter characterizing the degree o f the screening.
The formula (20) describes the cross section  of th e  processes, illu stra ted  

by F igs. 1 and 2 w ith ou t an y  approxim ation. The in tegration , however^  
cannot be carried out in full generality . N evertheless, th e  cross section, valid  
for low  energies (E  1), can easily  be obtained , because in  th is approxim ation
the expressions

A { 0 , x , y )  =  В  (0, X ,  у )  =  —

are constant and b y  su b stitu tin g  them  into (20) we have for the case w ith ou t  
screening ( D —>-°o);

М Я )  =  ~  <T0 Z 2 E* (1 +  0 (E 2)) , (23)
4860

or for fin ite  screening (E  1, E  £)_1)

2491
gd( E ) = ----------- auZ 2D 4E 10( l  + 0 ( E 2)).  (24)

17010 v v ’’ v '

The determ ination o f the high energy behaviour encounters m any m ore 
difficulties. In  any case, i t  can be seen from th e expression (20) th at Od behaves  
like ~ J 5 2 for £  >  1, £  >  Ű .

§ 3. Photoneutrinos from a degenerated gas

The electrons o f  the plasm a do not influence the m atrix  elem ent (11) 
of the process (7) show n in Figs. 1 and 2, because there are no real electrons 
in the fin a l sta te . N evertheless, in  the case o f  a dense electron gas one has to  
take in to  account th at on calculating the cross section one obtains a coherent 
contribution from  the process in which (7) is cathalized b y  th e  positive energy  
electrons o f the degenerated Ferm i gas and n ot by the n egative energy electrons 
o f the Dirac vacuum :

У +  e(i) +  ZN A ZN A +  eU) +  v + v , (25)
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where the electron  states e(I) and вф m u st be the sam e ow ing to the Pauli 
principle. T h u s, in  the presence of an electron gas background we have to  
consider the fo llow ing processes sim ultaneously:

S (3) =  S 0 +  2  s ß (Л ) +  2  2  s y (л *  p'e) • (26)
Pe Pe Pe'

For sim p lic ity , let us consider a com pletely  degenerated electron gas. 
T he sim plest w ay  to get the sum m arized S -m atrix  elem ent is to  re-define th e

fl
Fig. 3

f

vacuum  sta te  b y  raising th e  occupation lev e l from the Dirac level to a positive  
Fermi lev e l. This procedure can be expressed by the expansion operators 
ap of ipe as follow s:

< F W « , | r >  =  j 1’ i f  £ , < 0  ”  £ * > 0  a n d
(0, if  E v >  0 and |p| >  p F .

B y using th e  new Ferm i vacuum  w e define the electron propagator  

s c(x — У) =  <  F  \Tip (x) xp (y)| F  >  =  Sc (x y ) +  S C1 (x y ) , (27)

where Sc(x)  is the usual causal propagator and

S c i(* )  = (2я)3 Уц — т ) Е (Po) 0 (P2 +  ™2) eipx d' p  ■ (28)

l P l < P r

The W ick theorem  applies also in th is case, provided the normal products 
are referred to  the Ferm i vacuum . (I. e. we norm to  zero the ground state  
energy conta in ing  also th e  self energy o f the electron gas.) So we can 
im m ediately  write down th e  com m on m atrix  elem ent o f  the processes shown  
by F ig. 3 b y  considering on ly  the graphs o f Figs. 1 and 2, i.e. b y  starting
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from  a m atrix elem ent o f the ty p e  (11) and using the new S'c(x) in it  instead  
o f S q(x ).

Indeed, by su bstitu ting  (27) in to  the m atrix  elem ent o f the type

S<3> = . . . S ' c ( p  +  k) S'c (p ) S'c (p  +  q)ô  (q0) Ô ( K  +  b )  (29)

we get S (3) =  . . .  S c ( p  + к) Sc (p ) Sc ( p  +  q) +  S c ( p  +  к) Sc (p)  S C1 (p  +  q) +  

+  Sc (p  +  к) S C1 (p)  Sc ( p  -4- q) +  SC1 ( p  +  к) Sc (p) Sc ( p  +  q) +

+  S c (P +  к) S C1 (p) S Cl ( p  +  q) +  SC1 ( p  +  к) Sc (p) SC1 (p  +  ?) +

+  Set (P  +  к) SC1 (p)  Sc (p  -f- q) +  S a  (p  +  к) Sa  (p) SC1 ( p  +  q) •

• ô (q0) ô (k v +  k~ +  q — k ) .

Scx(p) includes a <5(p0 — ]/p2 -)- m2)-function , thus one can integrate over 
p ü in the terms containing Scv  A ll term s but one, containing m ore than  ju st  
one Sei,  vanish owing to  the conditions im posed b y  the ő-functions on p  and 
the external m om enta. One can readily  verify th a t the result obtained in this 
w ay is the same one w ould get by calcu lating th e  contributions o f the graphs 
of F ig. 3 in  a Dirac vacuum .

N ow  the exact form  o f the m atrix  elem ent is given by

S (3) =  2 ]/2fe2 1 +  75
M„7a-------------  V

where

2 ’) V2k0

A  ( 9 ) e!X ( K aii +  k a/Ji)  ,

2nd (k0 — fcv0 — b ) .

ts : \  d i P  rr_.. .. bPi — ™ .. i p - ™  .. i p 2 - ™A ...  =  i \ ---------l r y a y 5 - — -------- 7  4-7Г7----- 7 Удa /х

■̂ ад

(2ТГ)4

d 3 p

Pl  +  m* m 2 11 p l  +  m 2
(30)

l»l<Pe
(2л)3

Tr 1 +  7e ipi  — ™ ip  — m i p 2 — m
7a 7 Ö ! Г 7 i ‘

p l  +  m 2 2e p 2 +  m2

1 +  7s i p  — ™ ip3 ~ m v  iP> — m  I
2 2e  7 4 - 2 J l  - 2 7 l t  ~2 ' ‘

1 +  7s i P b  -  ™

PÎ +  ™

PÍ +  ™2 Pi  +  m
i p 6 — m ip  — m

У  4 Ö 7  У  a
2 "  p% +  m? ^ 2e

F  -
(31)

lt>l<Pr 

• Tr

ЛЗ n  _  _ ^ __________
-----—  ô (e — ]/(p — q)2 +  m 2)'
(2л:)2 v

1 +  7s ip  1 - ™  .. i p ~ ™  .. ip2
7 a ------7 ----------------7 --------- У  4 --------7 --------У.2e

_l v  1 + У 5  iPb -  ™ iPl
' '  a  _  „ . о f ,

2e

m

PÍ +  m2 14 2e У4

* Pi  +  ™2
ip  — m

+

2e
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furtherm ore

Pi =  P -  Ч .

р 2 =  р  — к ,

А ( ц ) = - Ze

q2 +  го2 ’

£ =  Ур2 +  т 2 , 

Ра =  Р  +  Ч .

Pi  =  Р  -  к +  g ,

Р5 = Р  +  к ~  Ч 1 

Рв =  р  +  к •

is the polarization vector o f  the incom ing photon . F  in L  designates 
th e  contributions o f  the graphs directed in opposite sense. These contributions 
can be obtained from  the given term s by the substitu tion  p  —> —p  and
1 +  У5 -* Г 5  — !•

I t  can be seen th a t S <3) is the sum  o f tw o term s:

S (3> =  S D +  S F ,

the first one describing the process (7) cathalized b y  the electrons o f the 
Dirac sea and the second one th a t cathalized b y  the electrons o f  the Fermi 
sea. A ccordingly, th e  cross section , proportional to  ] S <3> |2, can be w ritten  
as the sum  of three term s:

O ~  [S<3)|2 =  |S d |2 +  |S f |2 +  (SD s* +  S*D S F) ,
th a t is

a  =  a D  +  a F  +  ffin t •

A t a given energy SD and S p  generally differ b y  orders o f  m agnitude, 
therefore in  a w ide energy range S (3) coincides w ith  So,  о w ith  crß , calculated  
in  § 2. In another w ide energy range | S F \ | S o  |, then a  practically  coin 
cides w ith  o F, thus i t  can be calcu lated  from  S F, i .e . from L aß. F inally , there 
is a third, probably  narrow, energy range, where | S F | and | S D \ are o f  
th e  sam e order o f  m agnitude and where both стд, o F and the interference term  
C in t are to be taken  in to  account.

In  w hat follow s we shall calcu late o F. There where Of %>Oo we have  
о o F and w here Op Oo, о ^  о о • In the case Op ш  Oo the calculation  o f  
C in t  w ould he needed as w ell. H ow ever, in th is range we use in terpolation .

From (29) w e get

C p  —
8 / 2 e6 Z 2

2k0 ( 2 n f .
à(kv -\- k„ q — k)

(q2 +  го2)2

—  ^ | M F|2d3 kv d 3 k - d 3 q ,

( 3 2 )
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where

M p  =  — \uvy a 1 +  У 5 V V I 1-Ja p .

Integration  over kv and fc- yields

J L ^-2 e* Z 2 ~  f  (** N aa -  sa sp N aß -  2s2 N u  +  
\£7i) k0 j

d 3q

<J к — —
3(2?

+  2 st sa N ai)
(q2 +  г«2)2

where
N aß =  La, L ^  and s =  k — q.

The general evaluation  of the in tegral would be a hopeless task . L et us 
consider m erely the case when p F <§ m.  F irst we put k„ <§/)/? and

a — ► 1 .
2 k0 r0

Taking the low est approxim ation in  k and q we have from  (31)

К  =  - T ï W -  ÍY ) К  da4 -(2 т г )3 к 2

-  <50(x -  fc0 Ôa4 -  4 k  da4 <Vi) ’

2 /v  +  |q|

where

W
4 [q

(4p 2f -  q2) In
2 p f

+  n p F ,

Y  =  ■ (4F f -  q) & \ p F
4 I q I

е м » ) 1' i f  * > 0 -
(O, if  X <  0 . 

It can easily  be seen that 

Sa Lap =  0 ,

I q I

N a

N .

К  (2n f

4
>4 (2 n f

{ W 2 +  Y 2) (6kt  -  4k2 qf +  k2 q2 +  (qf)2) , 

. ( W 2 +  у 2) (2k* -  4fc2 qf +  k2 q2 +  (qf)2) .

(33)

(35)
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Introducing the notations

and

P F E _ - +  и = М

1 , a 2\ 1 X +  U ,W =  - - - - - ( X2 —  u2) I n - - - - - - - - - - - - - - 1- X ,
2 и x  — u

(36)

we obtain

у  = -----(x2 — u2) 0  (x — u) ,
2 и

Г  тп2 y 2
-= -Z 2 o0E 2 -  • J  -  (3 +  2 u - 1 8 u 2 + 1 2 u 3 +
9 J (u2 +  a2)2

0
-f- 2 u 4 — u6) u3 du ,

w here o 0 is the qu an tity  in troduced  in (21). Since x  u,

и? ^  2л:,

2 u

sim ilarly, in the denom inator o f  the integrand we m ay p u t sim ply a4 because 
o f  e g> 1. Thus Op is g iven b y

<rr (x 1, a 1) ^  o0 Z 2 £ e D 4 •

j  (w2 +  y 2) (3 +  2u -  18u2 +  12u3 +  2u4 -  u6) u 3 du  =

» (37)

— -Tt2Z 2 on - F-  E 2 D 4 1 + 0 1 +  0 1 V
90 m l X 2 a2 jj

D  is defined b y  (22). One can see th a t the cross section  goes to zero 
as E  —>  0.

N ow  le t  k 0 be §> p F and р р / к 0%>а. Since the in tegral over q contains

a denom inator o f  the form
4 k2

+  «2 , and a 1, the integrand’s m ost
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sign ificant contribution com es from th e range where ] q  ]/2k 0 a. Thus
in  L au we m ay restrict ourselves to the low est approxim ation in  q ,  because  
each higher power of q  gives a higher approxim ation in a.  T he approxim ation  
we apply depends on w hether | q | is sm aller or bigger th an  2pp.

i f  I q 1/2 ̂  Pp'f one obtains

b  ^ --------- —----
(2л)Ч0

Hence

where

( W ,  -  i Y J  ( K  Ô .  +  к àai -  к  < U  ■ (38)

Sa ^ =  О,

JV„„ =

=

(2лГ kl

4

(2л)6 kl

(Wf  +  Y l ) 6 k l ,  

[ W i + Y \ ) 2 k l ,

W 1 ^  2 n p f

Y ,

1 - J  __q2
12 P\

P f
q 2 1

I f ^ L > p  we have
2

L ^  —Cl[A

2 i

(2 n f k 0
W l (k< A l +  M a l  ~ k i Ôa J  ,

and

Sa ^  =  0 .

( 3 9 )

Лг„„ =
(2 n f k l

W 1 6 1 1 ,

where

iV4( =
(2 л)*к1

W l 2 k l ,

( l  +  - ^
3 q 2  I  5  q 2
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Introducing th e  notations used in (34) and (36) we get

X

л2
---- - и (я4 — 2u2 X2 +  u4) +

4
о

op  ( 1  X g >  a) a0 Z 2 E 2

+  4ж2 u3 1 - — —  
3 я:2

du

7 a 2 +  u2)2
+

Г А * « . 1
1 +

2 я:2
ditjJ 9

X

Я2 Z2 
—  Z  ffo 6

P f

m l
D 2 i  +  o |-

a2
7 J .

i.e . at high energies the cross section becom es constant.

(40)

§ 4. Conclusion

O wing to  the m athem atical com plications we fa iled  to determ ine in  
fu ll generality  the cross section  of the reaction  y  —> v -f- v taking place in  a 
degenerated electron gas. N evertheless, i t  can be concluded also from  the  
calculations performed for special cases th a t the transform ation cathalized  
b y  the F erm i sea predom inates at low  energies (E  1). In  such a case the
screening (D - 1  =f= 0) p lays an essential role. (We m ay u se  (37).) On th e  other  
hand, a t v ery  high energies (E  §> 1) th e  transform ation cathalized b y  the  
Dirac sea w ill be dom inating (this latter continues to increase while ap  becom es 
constant), and therefore w e m ay use the form ula (20). The screening becom es 
less im portant.

I t  should  he noted th a t  for low  energies the cross section of the process 
(7) has been  determ ined also by Ma t in y a n  [11] w ithout his taking into account 
th e  screening and the presence o f real electrons, and a resu lt different from  (23) 
has been obtained . This difference, how ever, refers to a practically  uninteresting  
case because a t  low  energies the screening (and as a rule also the degeneration) 
plays an im portant role.

The astronom ical consequences o f our results h a v e  been discussed else
where [10]. Here we m ention  only th a t below  109 °K and in  the case o f  strong  
degeneration  the role o f  th e  photoneutrino em ission can  be com peting w ith  
th at o f th e  Compton neutrinos. A t higher tem peratures the annihilation  
neutrinos becom e more significant.
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ИЗЛУЧЕНИЕ НЕЙТРИНО ПРИ ВЫРОЖДЕННОМ ГАЗЕ
Г . М А Р К С  и  Т  Н А Д Ь

Р е з ю м е

Определяется эффективное сечение образования пар нейтрино фотонами в кулонов
ском поле ядра. При вычислениях принималась во внимание и экранировка кулоновского 
поля, отдельно исследовалось влияние возможно присутствующего электронного газа. 
Данное влияние оказалось значительным при низких энергиях. Результаты могут иметь 
астрофизическое значение, в первую очередь для внутренней части поздних вырожден
ных звёзд в области температур 10* — 109 К°.
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THE ENERGY OF NEUTRONS 
FROM THE REACTION Be9(«, rc)C12

* By

L. M e d v e c z k y

NUCLEAR RESEARCH INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

(P resented  by  A. Szalay. •—- Received 21. I I . 1963)

The nuclear reaction was produced by  Po210 alpha-source. The energy o f th e  neutrons 
was m easured by  the photoem ulsion m ethod in  direction of 30°, 90°, 120°, 150° and 180° (in 
th e  labora to ry  system ). The differential cross section for form ation of th e  4,433 MeV sta te  
was found to  be 56; 24; 25; 29; and 30 m b/sr ^  20,4% respectively, in the above-m entioned 
five directions.

К.'
There are a great m any reports [1] on the nuclear reaction B e9(a, re)C12. 

Several workers investigated  the dependence o f  the in ten sity  o f  radiations 
from  the nuclear reaction on the energy of a-particles producing the reaction. 
The shape o f the excitation  curves is very similar for photons and neutrons, 
both  showing marked resonances characteristic o f the form ation o f the com 
pound nucleus.

There have been exten sive studies on the angular distribution o f neutrons 
as w ell as on the n — y angular correlation. The experim ental results generally 
ind icate anisotrope angular d istribution , the interpretation  o f w hich given  
b y  the authors, how ever, is d ivergent. In the v iew  o f J a m es , J o nes  and 
W il k in s o n  [2] as well as th a t o f R is s e r , P rice  and Class [3] the angular 
distribution o f ground sta te  neutrons o f  nucleus C12 when E a 5 MeV can 
be explained by the form ation of a com pound nucleus. T a n n e r ’s [4] angular 
correlation studies essentia lly  also support this v iew . Am ong recent exam ina
tions [5, 6, 7] Garg , Ca lv ert  and Ga le  interpret the angular distribution  
of neutrons arising from the reaction B e9(a, n)C12 and pertaining to  the 4,433 
MeV level o f the nucleus C12 by means o f a direct reaction  m echanism , although  
the possib ility  for the form ation of a com pound nucleus is not excluded either.

Interestingly, when a-particles o f higher energy are concerned (9 <  E a <  
14 MeV), the angular distribution of th ese neutrons greatly  varies a t different 
.Ea-energies [8]. This m ay be caused b y  the form ation o f a com pound nucleus. 
The angular distribution belonging to  the ground sta te  and second energy 
level o f C12 hardly changes in  a wide energy region, which is due to  a direct 
nuclear reaction m echanism  in addition to identical values of spin and parity  
(0+ ).

Investigations w ith a-particles o f  E a =  5,3 MeV energy, w hich we also 
applied in  the study reported here, w ere made on ly  b y  G u i e r , B e r t i n i  and
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R o b e r t s  [9]. T hey m easured th e  energy d istribution  of neutrons only in  
forward and backward directions. Our m easurem ents, how ever, were m ade 
under m ore favourable conditions, insofar as the geom etrical arrangem ent o f  
in vestigation s and naturally  the technique of m easurem ents are concerned. 
M oreover, the m easurem ents o f neutron energy w ere m ade also in  directions 
30°, 90°, 120° and 150° besides 180°.

E xp erim en ta l m eth od  and resu lts  

E xp osu re o f  th e p lates

For producing reaction  Po210, an alpha-source was used w hich had been  
prepared according to  the m ethod generally applied at this In stitu te  [10]. 
The in ten sity  o f the preparation volatilized  onto a Pt-Ir disk was 53,34 mC 
at the beginning o f th e  experim ents. The high grade o f purity o f  the alpha- 
source was checked b y  m easuring the energy distribution o f the em itted  
particles w ith  an electrom agnetic alpha spectrom eter [11].

The target consisted  o f a B e-layer evaporated upon a copper disk care
fu lly  burnished and electro lytica lly  polished. B oth  the alpha-source and the  
target were 3 m m  in  diam eter, and the d istance betw een them  w as 5 +  0,01 
m m . During an exposition  of about 3 weeks, th e  alpha-source and the target 
w ere enclosed in a glass vacuum  container coated  w ith  a copper fo il on the  
in side. The pressure in  the container was about 10“ 2 Hgm m  during irradiation.

The em itted  neutrons w ere detected  b y  th e  observation o f  the tracks 
m ade b y  recoil protons arising in  the nuclear em ulsions. The sm all surface 
o f the Po-source m ade it  possible for the 200/л th ick  Agfa K 2 nuclear p late  
to  be placed at a distance o f 30 m m  from the B e-target. W hile exposed, all 
th e  p lates were enclosed in a ligh t-p roof case cylindric in shape and m ade o f  
iron. The case was such that ensured the neutrons to  be observed from  different 
angles around the source. M easurem ents were m ade on p lates irradiated in  
directions o f 30°, 90°, 120°, 150° and 180° in the laboratory system . During 
irradiation, the source together w ith  the case o f  p lates was suspended by a wire. 
The m inim um  of other scattering m aterials in  the room was 110 cm .

The nuclear em ulsions w ere processed b y  tem perature-developm ent 
w ith  am idol [12]. T o reduce th e  shrinkage factor, an aqueous solution  of 10%  
glycerin was applied. The proton tracks were scanned in the usual w ay. For 
accuracy in m easuring the neutrons, the range-energy relation  o f Agfa K2 
nuclear em ulsions was calibrated [13].

R esu lts  o f  m easu rem en t

The energy distribution o f neutrons arising from  the reaction  B e9(a, re)C12 
was determ ined in  the above-m entioned fiv e  directions. Owing to the low
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d en sity  o f tracks, the energy d istribution  obtained from all directions was 
sum m arized from results in m easuring several p lates.

The scanned volum e o f em ulsions and num ber of tracks are shown  
in  Table I.

Table I

Direction
Laboratory

system

Scanned volumes 
of emulsion 
(in cc mm)

Number 
of recoil 

proton tracks
Background

Corrected 
number of 

proton tracks 
(neutrons)

оОСО 195 428 29 586
90° 292 385 46 491

120° 292 354 41 437
150° 292 389 46 472
180° 390 532 59 648

A bout 10 per cen t o f all the tracks, as determ ined by the com parative  
m esurem ent made on the non-irradiated plates, had to  be ascribed to the 
background.

The number o f protons corrected in the usual w ay — after background  
reduction — is p lotted  according to  each direction o f observation in F igs. 1 — 5. 
The neutron energy values calcu lated  on the basis o f  the levels o f  C12 are 
ind icated  by arrows. The ([-value o f  the ground sta te  of C12 for reaction  
B e9(a, n)C12 was taken as 5,704 MeV [14].

In the energy distribution m easured in each direction three different 
groups o f neutrons can be distinguished. Out of th ese, the one w ith  th e  highest 
in ten sity  is that which corresponds to the level o f 4,433 MeV, and the energy  
peaks as well as the calculated values designated b y  arrows are in good agree
m ent. For the energy o f neutrons pertaining to th e  ground sta te  and the 
7,656 MeV level, there is no longer such good agreem ent. Here, n o t on ly  the  
num ber o f events b u t also the resolving power o f m easuring m ethods is less. 
The uncertainty in  th e  determ ination of the num ber o f neutrons pertaining  
to the level of 7,656 MeV is sign ificant on ly  because o f the background observ
able at energies lower than 2,2 MeV, Therefore conclusions are drawn only  
for neutrons pertaining to the first excited  level o f C12.

U sing the m ost recent mass values [15] the ([-value for th is level is 
1,302 +  0,058 MeV, if  i t  is calculated b y  the neutron energy values obtained  
for reaction Be9(a, re)C12. This w eighted m ean value, w ith in  the given standard  
deviation , is in good agreem ent w ith  earlier data in  the literature.

The neutron intensities obtained in  various directions are presented in 
Fig. 6 in arbitrary u n its. The error o f  relative in tensities is determ ined by the 
uncertainty  of determ ining the volu m e of the em ulsion. In determ ining the
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C12(4.43)

F ig. 1. N eutron energy distribu tion  obtained a t 30° (in laboratory  system ). dN  is the 
corrected  num ber of neutrons in a 0,2 MeV in terval (dE). The arrows indicate the energy- 

level of Cu  to  w hich the neutron group corresponds

C12(4,43)

F ig . 2. N eutron energy-distribution observed a t 90° in  laboratory system . (For signs see
th e  caption of Fig. 1)
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Fig. 3. N eutron energy-distribution observed a t  120° in  laboratory  system . (For signs see
the caption of Fig. 1)

C12 (4.43)

F ig. 4. N eutron energy-distribution observed a t 150° in  laboratory system . (For signs see
the caption of Fig. 1)

6* Acta Phys. Hung. Тот . X V I .  Fasc. 2.



160 L. M EDVECZKY

Fig. 5. N eu tron  energy-distribution  observed a t  180° in labo ra to ry  system. (For signs see
the caption  of Fig. 1)

error o f  angles the fo llow ing factors w ere considered: a)  the straggling of 
a-particles, b)  the size o f  the target and c)  the point o f  observation. T he curve 
of d istribution  was obtained  by the m ethod of least squares f it , and it  can 
be expressed by the equation:

W  (m) =  Р 0 -)-а 1Р 1 +  а2 Р 2 - |- а з Р 3 ,
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where P 0, P v  P 2 and P 3 are Legendre polynom inals; the coefficients av  a2, a3 
are equal to 221,8245; 591,4016; 1,7224, respectively .

From  the results o f our m easurem ent, the d ifferential cross-section of the  
form ation o f the 4,433 MeV level o f C12 is 56 m b in 37° 30' d irection of the 
centre-of-m ass system . This d ifferential cross-section in other directions is 
less; th a t is 24 m b/sterrad at 105° 30'; 25 at 133°, 29 at 158° and 30 at 180°. 
The root m ean square error of the differential cross-section values is 20,4%

Fig. 6. A ngular d is tribu tion  of th e  neutrons perta in ing  to  the 4,433 MeV s ta te  of the 
nucleus C12, in the centre-of-m ass system

which is given by the follow ing uncertainty  factors: a)  5,6% in the number 
of a-particles; b)  10% in the thickness o f the target; c)  6% as the statistica l 
error; d)  10% attenuation  of neutrons in  the em ulsion and e)  5% as the error 
in determ ining the volum e of the em ulsion.

According to results reported in the literature (Fig. 7) a forward peak  
is observable in the angular distribution . From the angular d istribution  of 
neutrons, conclusions as to the m echanism  of the nuclear reaction have only 
been drawn b y  Garg  at al [7]. In their view , d irect reaction m echanism  is 
predom inant, although the com pound nucleus form ation also is possible.

The clarification o f the problem  is even more com plex. N am ely th e  widths 
of the level on which C13 m ay be form ed as a com pound nucleus can be com 
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pared to  the distance o f these energy levels. This reaction  m ay be produced  
even  through overlapping levels and so there is n o t necessarily a sym m etry  
in  case o f com pound nucleus form ation to the 90° centre-of-m ass angle in the 
angular distribution o f neutrons. Otherwise a detailed  evaluation is hindered  
also b y  the fact th a t the spin and parity  o f these levels o f C13 are not y e t  known.

Centre o t m ass angle in  degrees

Fig. 7. The relative in tensity  of neutrons pertaining to  th e  4,433 MeV level of C12 accord
ing to  th e  centre-of-m ass angles a t  d ifferent jEa-energies. (The num bers in  brackets after 
the £ a-values indicate the corresponding ordinal num ber of references.) The re lative in ten 

sities are norm alized for 90° centre-of-m ass angle

I wish to th an k  Prof. A . S z a l a y  for his in terest in  the subject and his 
help and for having  prepared the Po-source. The valuable discussions with  
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ЭНЕРГИЯ НЕЙТРОНОВ, ПОЛУЧЕННЫХ ОТ ЯДЕРНОГО ПРОЦЕССА
Ве9(а, л)С12 

Л. МЕДВЕЦКИ

Р е з ю м е

Исследованный ядерный процесс был создан a-источником Ро219 и тонкой ми
шенью Be. Энергия нейтронов была измерена фотоэмульсионным методом в направле
ниях 30°, 90°, 120°, 150° и 180° (в лабораторной системе). Относительно вышеупомянутых 
пяти направлений для дифференциального состояния 4,433 MeV найдены 56; 24; 25; 29 
и 30 миллибарн/стерадиан ±  20,4%.

Acta Phys. Hung. Тот. X V I .  Fase. 2.





СО M M U N  I C Á T  I O N  E S  B R E V E S

THE HELLMANN-F E Y N M A N  THEOREM 
IN THE VARIATIONAL METHOD

B y

R. Gá spá r

INSTITUTE FOR THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN
and

RESEARCH GROUP FOR THEORETICAL PHYSICS, HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(R eceiv ed  25. I . 1963)

Be the H am iltonian operator of the problem  given by H  and the variatio
nal trial function b y  Ф(£,), where the {,• are variational param eters. I f  Ф 
is norm alized then the approxim ate energy is

E =  < Ф \ Н \ Ф  >  . (1)

The best energy value w ill be given by the function Ф0, the param eters 
|,o  o f  which are determ ined from  the equations

3 p 0 0Ф
- - -  =  - A -  <  ф \H\ Ф >  =  <  A —  \H\ Ф >  +

0fi (2)

-\-  <  Ф \ H \ ------->  =  0 (i =  1, 2, . . n).
9 £<•

Of course, the H am iltonian H  does not contain  variational param eters. I f  a 
param eter i j  is contained in H  then Ф0 will also depend on th is param eter.

Ф0 m ay depend on rj in  tw o w ays; а)  Ф 0 m ay depend exp lic itly  on i j .  

The m ost usual case, how ever, is th a t when b)  Ф 0 depends on rj only through  
the m inim um  value, f ,0, of the variational param eter f,-. B u t for these values 
|,o (2) is satisfied  since e depends in the same w ay on | , 0 as on £,• i f  rj is constant. 
B y taking this in to  account we have

de ^6 ^ ,0 9e
dr] dr] f t i  3 f i0 dr] dr]

(3)

Thus, when differentiating e, we have to  take into account only the  
exp lic it dependence o f Ф on r i . Because of th is we have

de 3e
díj d í j

<  ф  !
ЭЯ
d r ]

Ф >  +  <
3 Ф
d í j

IН\ Ф >  +  <  Ф \Н\
3 Ф
d r ]

> (H
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and if  Ф does not depend exp licitly  on r]

de
dr]

d e

d r ]
=  < Ф

ЭЯ
Э г]

Ф > . (5)

E q u s . (4) an d  (5) give th e  fo rm  o f th e  H e l l m a n n —F ey n m a n  th eo rem  in  th e  
v a r ia tio n a l m e th o d .

As i t  is w ell know n , acco rd ing  to  th e  H e l l m a n n — F eynm an  th e o re m  [1], 
re la tio n  (5) ho lds fo r th e  eigenvalue E  a n d  th e  e igen fu n c tio n  ip of th e  e igenvalue  
p ro b lem  Hip =  Eip.

L e t th e  H a m ilto n ia n  o f th e  a to m ic  sy s te m  u n d e r co n sid e ra tio n  be  g iv e n b y

N N  „2 V

h  =  2 h , +  2  —  +  2
/= 1  i > / = l  r i j  k > l= l

Zk Zj e2
R kl

( 6)

H  -  n2 A 
' ~  2m ' 2 -

k  =  1 1 ki
( ? )

The nuclei can, in the adiabatic approxim ation, be considered to be a t rest. 
rij, rki, R kj denote in order the distances betw een the electrons, those betw een  
the kth  nucleus and the ith  electron, and la stly  beetw en the nuclei.

Z k is the atom ic num ber of the fcth nucleus, m th e  mass of the electron  
and e the elem entary charge.

I f  Г] — Z k then

QU v
-------- =  ------------ - +  ^  Z, e2/R kl = ------------ (- constant, (8)

dZk rki / = 1 rki

where the prim e m eans th a t there is no sum m ation for l =  k. From  th is, by  
the aid o f (5), we get for the isoelectronic series o f helium

m 2 Z ----- —
l ' variational 8

(9)

i f  the trial function  is Ф =  A  exp (— fr /o 0) and A  =  ( í 3/ ttoo)1,2ís the norm aliza
tion  factor. Further

E  = i 2 - 2 Z - A 1
8 ]

( 1 0 )

and the m inim um  is at the value =  Z  —
5

16 ’
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B y using th e  H y llera a s  ex p ressio n  [2] for th e  energy  of th e  isoelectron ic  
series o f helium

we ge t

Z2 ----- — Z  +  0,15744 — 0 ,00876—  +  0,00274 —  | —
8 Z  Z 2 a n

2Z  -  —  +  0,00876 —-----  0,00548 — | —
8 Z 3 Z 3 an

i —

exact

( И )

( 12)

Subtracting (9) from (12) we see from  the relation

l l
r exact Г v aria tio n a l

0,00876 y 2- — 0,00548 y y
1

ao
(13)

th a t the difference betw een the ex a c t average va lu e  and the one calculated  
w ith  the variational m ethod is v ery  small and tends to zero rapidly w ith  
increasing atomic num ber. Even in  the case of th e  H ~  ion the order of m agni
tude o f the difference is 0,00328 a ^ 1, and in the case o f the H e atom  0,00082,

Ïw hile the value of ----- in  the two cases is 1,375 aö and 3,375 ao ,
. T /v a r ia tio n a l

resp ectively .
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The H e l l m a n n  — F e y n m a n  theorem  [1] states th a t the exact w ave func
tion and energy of an atom  or a m olceule satisfies th e  follow ing relation

0 Е / Э Я = < 5 Р | 0 Я / Э Я | ? Р > .  (1)

The proof o f the above theorem  is rather sim ple, since the relation

ЭЕ/ЭЯ =  9 <  W I Я  ! W >/ЭЯ =  <  V  | ЭЯ/ЭЯ | 4> >  +

+  <  d W /d X  I я I ip  >  +  <  Ч> I я  I d W /d X  >

holds. B y  m aking use o f the herm iticity  o f Я  and of th e  relation

Я  4> =  E4> (3)
we get

ЭЕ/ЭЯ =  <  Ч* I 9Я/9Я I W >  +  E  { <  Э^/ЭЯ | V7 >  +  <  V  \ Э^/ЭЯ > .  (4)

Because o f the norm alisation condition

< ÿ / | ^ >  =  l  ( 5 )

we have b y  differentiation

<  W I дЧ' \ 9Я >  +  <  dW I ЭЯ I 4f  >  0 . (6)

Hence the sum  o f the last tw o term s in  (4) gives zero and relation (1) holds.
In (1) Я is any param eter contained in the H am iltonian of the system ; 

it  m ay, for exam ple, be the in ten sity  o f the electric or m agnetic fie ld , the 
internuclear distance or the angular coordinate determ ining the position  of 
the nuclei, which are all real continuously  variable param eters. B u t these  
param eters m ay describe also in teractions switched on adiabatically  or other 
atom ic constants, the values o f which change stepw ise, such as for exam ple  
the charge or mass o f a particle.
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The H e l l m a n n — F e y n m a n  theorem  can be applied to  H a r t r e e — F o c k  
w ave functions and tota l energies calculated w ith  these functions [2]. Be

=  I I  ° 1  (1) °2 (2) • • • an ( n )  I I  (7)

t h e  n o r m a liz e d  H a r t r e e  — F o c k  w a v e  fu n c t io n  a n d

E hf  =  < V h f \ H \ 4'h f >  (8)

t h e  H a r t r e e  — F o c k  to ta l  e n e r g y , w h ere  th e  a ,-s  are th e  o n e -e le c tr o n  w a v e  
fu n c t io n s .  B y  d if fe r e n t ia t in g  (8 ) w ith  r e s p e c t  t o  Я w e  g e t  t h e  ex p ress io n

dEHF | ЭЯ =  <  I dH I ЭЯ I 9ЯIH 1 У^е >  +  ^

■f" I H I ЭУ^р | ЭЯ >  .

D ifferentiating WHF with respect to Я, we have

ЭУн р/ЭЯ =  9а1/9Я а 2 . . . an || +  || ay 9а2/9Я . . . an || +  . . . +

+  И «1 a2 ■ ■ ■ 9а„/9Я | | .

B ecause o f th e  norm alisation condition

< а , | а , >  =  1 (11)

which holds for any Я, we h ave

Re  <  Эа,/ЭЯ | a t >  =  —— 9/ЭЯ <1 1 а,- >  =  0 . (12)
2

I f  а,- is com plex, then th e  im aginary part can he m ade zero by m u lti
p lying it  by  a phase-factor o f  m odulus un ity  [3]. Hence Эа,/0Я is orthogonal to  а/. 
E ven  m ore, i t  can be considered orthogonal also to the w ave function of every  
other occupied sta te  since, because o f a w ell-know n property o f determ inants, 
those com ponents of Эа,/0Я w hich contain the other orbitals do not influence  
the value o f th e  determ inant. Thus the m atrix  elem ents <  0У/ я р /ЭЯ|Н|У/я е  >  
and <  F h f  |f f |  0У/ не/ЭЯ >  are, according to  a theorem  o f B rillouin  [4], 
equal to  zero. H ence we have from  (9)

ЭЕ„р /ЭЯ =  <  У^р I ЭЯ/ЭЯ I У'нр >  , (13)

which is the desired result.
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I f  th e  corre la tion  energy is d efin ed  as th e  d ifference o f  th e  ex a c t (th e  
re la tiv is t ic  correction s su b tracted ) en ergy  an d  th e  H a r t h e e— F ock  one, from  
th e  com p arison  o f  (1) and (13) w e g e t  th e d ep en d en ce  on X o f  th e  correlation  
en ergy  as fo llow s

9E corr /8Я =  9 AE/dX =  ЭЕ/ЭЛ -  dEHF/dX =  . . . .
(14)

=  <  V  I QH/dX \ W > - <  W HF I ЭН/дХ I WHF > .

The H am iltonian o f the system  under consideration is

(15)

(16)

where the nuclei are, according to  th e  adiabatic approxim ation, considered 
to be a t rest. r(y, гki and R k[ denote th e  m utual d istances betw een th e  electrons, 
the fc-th nucleus and i-th  electron, and the nuclei, respectively. Z k is the atom ic 
number o f the fc-th nucleus, m the electron m ass and e the elem entary charge. 

I f  X =  Z k, then

d H /d Zk =  — 2  e2/rkl +  Z ,  e2/R kl =  — e2 У  1 jrki +  con stan t, (17)
1 =  1 I =  i  i  =  l

where the prime m eans th at there is no sum m ation for l — fc. In  taking into  
account (17) we have from (14)

9Ecoir/az fc =  —  e 2 2 { < w I l !rk i \ W > - < W H F \ 1 l r k i I^ HF > }  =  оч 
1=1 N l 18)

=  e ~ —  {(r / in e x a c t  ( г(а1) н р }  ^  0  •
i = l

This la st expression is approxim ately equal to zero since, according to expe
r ien ce,th e nucleus-electron distance calculated in th e  H a r t r e e — FoCKapproxi- 
m ation, differs very little  from the ex a ct value. H ence with th e  aid of the 
H e l l m a n n — F e y n m a n  theorem  we h ave proved th a t the d erivative of the 
correlation energy vanishes within an isoelectronic series, i.e. th a t th e  correla
tion energy is approxim ately constant. In Table I  w e collected th e  correlation  
energies as given b y  L ö w d in  [5] and F r ö m a n  [6], for the isoelectronic series of 
helium . In the Table are collected th e  differences o f  the experim ental and 
H a r t r e e  — F o ck  energies, the relativ istic  corrections calculated by F r ö m a n  with

and

N  N  p2 V

H =  У  H i +  2  —  +  2
i = l />7=1 «7 k > l  = 1

Hi =  J ^ A ^ y Ẑ -
2 m  À  rki

Z k %i1 
R h
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H a r t r e e  — F o c k  functions and the difference of th ese, i.e . the correlation energy. 
For the H -  ion it  gives the difference betw een the v ery  accurate calculations 
o f H y l l e r a a s  and the H a r t r e e  — F o c k  value. The T able shows very  clearly 
th e  con stan cy  o f the correlation energy within th is isoelectronic series.

Table I

Correlation energies of th e  isoelectronic series of He. Energies are given in  eV

^exp — E W F £rel E COTT

H -  ......... -1 ,0 8
H e ........... — 1,145, -0 ,0 0 3 R -1 ,1 4 2
Li+ ......... -1 ,1 9 7 —0,015 — 1,182
Be2+ ___ -1 ,2 5 0 -0 ,0 5 6 -1 ,1 9 4
B ei+ . . . -1 ,3 4 5 -0 ,1 4 9 -1 ,1 9 6
C*+ ......... — 1.521 —0.324 — 1.107

I would like to call atten tion  to  the great significance of th is empirical 
theorem  known for a long tim e past; relation (18) greatly  sim plifies molecular 
calculations in th a t the constancy, in a good approxim ation, of the correlation  
energy w ithin an isoelectronic series can he taken as w ell founded also theoreti
ca lly .
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For th e  purpose o f planned investigations o f th e  kinetics o f polym eriza
tion , we h ave calculated the atom ic localization energies for som e positions  
of the polycondensed arom atic hydrocarbons show n in  Fig. 1.

E xperim ental investigations perform ed in our Laboratory h ave shown  
th at not on ly  that position  of the hydrocarbon takes part in the reaction , to 
which the least atom ic localization energy belongs. Therefore we have calculated  
this q u antity  also for som e other positions of the m olecule still reactive enough  
which were chosen p artly  on the basis o f  their free valences and p artly  on the 
strengths o f  chem ical considerations. Only part o f these data we could find  
in  the literature.

The atom ic localization  energies ( E l.) have been determ ined as the 
difference o f  the tota l л  electron energy of the parent m olecule (Е Лр) and the  
to ta l electron energy o f th a t radical (ЕЛр) which w e get if  we om it th e  2p z 
orbital o f a C atom  from  the interaction:

E L =  E np- E nR. (1)

The tota l л  electron energies we have obtained in th e  usual w ay w ith  the aid 
of the expression:

E„ =  2 ^ 4 - ,  (2)
i

where £,■ denotes the energy o f the i-th  MO, and the sum m ation is to be extended  
over all the bonding MO-s.

The individual e (- values we have calculated in th e  sim ple H iickel approxi
m ation neglecting overlap. The solution o f the eigenvalue problem of the appro
priate m atrices has been obtained w ith the aid of the М3 electronic com puter.

Since th e  results m ay be useful also in other investigations, in Table I 
we give all the MO energies, the total л  electron energies and the localization  
energies for th e  calculated cases.
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Table I

MO energies and to ta l  n  electron energies of some polycyclic arom atic hydrocarbon  radicals 
and th e  atom ic localization energies of their p a re n t hydrocarbons in  ß  units

Radical
1/1*
1.

Enp =  25,190

1/3*

Е лр =  25,190

1/6*

Елр =  25,190

El =  0,000 е,- =  0,000 El =  0,000
0,596 0,651 0,606
0,834 0,798 0,812
1,166 1,126 1,133
1,257 1,246 1,217
1,335 1,515 1,475
1,670 1,590 1,667
2,162 2,054 2,060
2,401 2,466 2,452

Е л ^  =  22,841 E nR =  22,890 Е л к  =  22,843

E l =  2,349 E l  =  2,300 E l =  2,347

II/5*
1.

Е лр =  25,275

II/6*

Е лр =  25,275

III/12*
1.

Е лр =  25,101

IV/1*
1.

Е лр =  22,506

е,- =  0,000 El =  0,000 Et =  0,000 Ei =  0,000
0,684 0,684 0,653 0,636
0,775 0,816 1,000 0,893
1,130 1,000 1,000 1,213
1,286 1,286 1,246 1,329
1,341 1,317 1,361 1,590
1,787 1,819 1,749 1,991
1,970 1,970 2,131 2,463
2,476 2,509

EnR =  22,897 E nR =  22,798 E nR —  23,000 E j~zr  =  20,231

E l =  2,378 E l =  2,477 E l =  2,101 E l =  2,275

* The values of th e  atom ic localization energies for these cases are given by  K outecky  
e t al [4], h u t th ey  do not give th e  individual MO energies of the radicals. 

l .S e e  ref. [1].
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V/8* V/10* VI/5 VI/8
2.

Enp = 28,222 Enp = 28,222
3.

Елр = 34,030 Елр = 34,030

F.j =  0,000 £; =  0,000 Si =  0,000 Si =  0,000
0,605 0,682 0,664 0,500
1,000 0,811 1,000 1,000
1,000 1,000 1,000 1,000
1,000 1,177 1,000 1,000
1,353 1,260 1,000 1,000
1,572 1,652 1,310 1,364
1,831 1,775 1,522 1,526
2,126 2,136 1,750 1,695
2,542 2,541 2,045 2,030

2,155 2,191
2,576 2,601

E n R =  26,057 E.4R =  26,072 E nR =  32,045 E kr  =  31,814

E l =  2,165 £ l =  2,150 E l =  1,985 £ l =  2,216

VI/10 VII/1* VII/3* VII/6*

Ertp = 34,030
2.

Елр = 31,253 Елр = 31,253 E Лр = 31,253

Si =  0,000 st =  0,000 Si =  0,000 Si =  0,000
0,556 0,610 0,575 0,621
0,772 0,814 0,782 0,845
1,000 0,898 1,000 1,000
1,000 1,191 1,118 1,130
1,177 1,226 1,210 1,228
1,352 1,414 1,500 1,464
1,532 1,705 1,643 1,741
1,660 1,933 1,966 1,824
2,101 2,199 2,179 2,248
2,157 2,600 2,604 2,562
2,591

E nR =  31,796 E  nR =  29,178 EnR =  29,155 EnR =  29,325

E l =  2,234 E l =  2,075 E l =  2,098 E l =  1,928

* See footnote on 
2. See ref. [2].

page 174.

3. See ref. [3].
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VIII/1*
1 .

Елр =  28,245

VIII/3* 

Елр =  28,245

IX/2
1 .

Елр =  31,452

IX/3

Е лр =  31,452

е,- =  0,000 Sj =  0,000 =  0,000 £,• =  0,000
0,584 0,651 0,502 0,633
1,000 1,000 0,824 0,719
1,000 1,000 1,000 1,000
1,000 1,000 1,100 1,079
1,384 1,343 1,334 1,345
1,592 1,554 1,414 1,414
1,770 1,861 1,603 1,611
2,153 2,086 2,017 2,072
2,538 2,558 2,157 2,104

2,604 2,607

E nR =  26,042 EnR =  26,106 E tzr  =  29,115 E ttr  =  29,166

E l =  2,203 E l  =  21,39 E l =  2,337 E l =  2,286

IX/4 IX/6 X X/7

Enp =  31,452 ЕлТ  =  31,452 Елр  =  30,839 Е л р =  30,839

£,• =  0,000 e (- =  0,000 в,- =  0,405 е,- =  0,000

0,662 0,592 0,705 0,657

0,737 0,842 0,823 0,805

1,000 1,000 1,095 1,000

1,102 1,000 1,163 1,114

1,307 1,265 1,358 1,220

1,414 1,527 1,496 1,481

1,608 1,602 1,592 1,518

2,028 1,979 1,969 1,968

2,136 2,181 2,290 2,172

2,614 2,602 2,525 2,471

E n R  =  29,218 E i tr  =  29,179 E ttr  =  - E n R  =  28,819

E i  —  2,234 E l =  2,273 e l = - E l =  2,020

* See foo tno te  on page 174.
1. See ref. [1].
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X/12 XI/3 XI/5 XI/6

Enp = 30,839 Елр = 28,336 Елр = 28,336 Е лр = 28,336

ej =  0,000 Sj =  0,000 £(- =  0,000 е,- =  0,000
0,598 0,715 0,651 0,684
0,618 0,760 1,000 0,748
0,912 1,000 1,000 1,000
1,149 1,183 1,000 1,286
1,276 1,346 1,343 1,336
1,470 1,499 1,554 1,414
1,618 1,887 1,861 1,970
1,842 2,104 2,086 2,039
2,073 2,544 2,558 2,549
2,542

E txr  =  28,015 E ttr  =  26,072 EnR =  26,106 EnR =  26,052

E l =  2,824 E l =  2,264 E l =  2,230 E l =  2,284

X II XII/3 XII/6 X I1/7

Елр = 34,065 Елр = 34,065 Елр = 34,065 Елр = 34,065

е,- =  0,422 г,- =  0,000 et =  0,000 г,- =  0,000
0,742 0,716 0,502 0,666
0,821 0,788 0,748 0,749
1.000 1,000 0,905 0,823
1,128 1,000 1,125 1,102
1,232 1,173 1,227 1,217
1,398 1,293 1,379 1,317
1,575 1,499 1,414 1,490
1,756 1,748 1,723 1,748
2,090 2,034 2,034 1,977
2,245 2,201 2,230 2,245
2,623 2,556 2,573 2,582

1II«? E n R =  32,017 E ttr  = 3 1 ,7 1 9 Е лк  =  31,831

E L = - E l =  2,048 E l =  2,346 E l =  2,234
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XII/8 XII/10 XIII/1 XIII/4"

Е лр = 34,065 Елр  = 34,065
3.

Елр -= 33,954 Елр  = 33,954

Sj =  0,000 г,- =  0,000 в,- =  0,000 е,- =  0,000
0,616 0,598 0,454 0,469
0,783 0,742 0,740 0,803
1,000 1,000 1,000 1 000
1,000 1,000 1,000 1,000
1,183 1,166 1,236 1,221
1,271 1,378 1,351 1,290
1,575 1,512 1,579 1,569
1,702 1,662 1,626 1,755
1,975 2,064 2,000 1,922
2,233 2,200 2,301 2,247
2,595 2,585 2,542 2,588

E ttr  =  31,863 E nR =  31,816 E ttr  =  31,658 E nR =  31,726

E l =  2,202 E l =  2,249 E l =  2,296 E l =  2,228

XIII/5 XIII/6

Елр = 33,954 Елр = 33,954

=  0,000 ei =  0,000
0,627 0,562
1,000 0,682
1,000 1,000
1,000 1,000
1,000 1,209
1,319 1,384
1,528 1,544
1,751 1,680
2,000 1,947
2,223 2,306
2,554 2,555

E ^ r  =  32,005 Е лк  =  31,739

E l =  1,949 tq t“4 II to to сл

3. See ref. [3].
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In  the Table in  the row headed “ radical” th e  Rom an num bers denote 
the parent m olecules according to F ig . 1 and the A rabic num bers show , — 
using again the sam e num bering as in  F ig. 1 — th e position o f th e  C atom  
which is om itted from  the interaction .

I. Chrysene

II. Triphenylene

III . 1,2-benzanthracene

/

Y. 3,4-benzpyrene

VI. 1,2,3,4-dibenzpyrene

VII. A nthanthrene

6

V III. Perylene

3

F ig. 1
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IX . 1,12-benzperylene X II. 1,2,4,5-dibenzpyrene

X. 3,4-benztetraphene X III . 3,4;9,10-dibenzpyrene

X I. 1,2-benzpyrene

F ig . 1 (continued)
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DIE GRÜNEISENSCHE KONSTANTE 
DES METALLISCHEN Cu-S

Von

I. B iró

PHYSIKALISCHES INSTITUT D ER UNIVERSITÄT FÜR TECHNISCHE WISSENSCHAFTEN, BUDAPEST*

(Eingegangen: 20. III . 1963)

In der vorliegenden A rbeit wird die GRÜNEiSENsche K on stan te  für das 
m etallische Kupfer sow ie deren D ruckabhängigkeit am  absoluten N ullpunkt 
der Tem peratur berechnet und zwar au f Grund des von  Gom bás ausgearbeiteten  
M etallm odells [1] au f ganz ähnliche W eise, w ie die vom  Verfasser durchge
führte ähnliche Berechnung für das m etallische A g [2]. Da die Berechnungen  
denen der zitierten  A rbeit w eitgehend parallel laufen , können wir uns au f  
diese beziehen.

Der Ausdruck für die G itterenergie [3] des m etallischen Cu kann in der 
U m gebung der G leichgew ichtslage als Funktion des Radius R  der E lem entar
kugel folgenderm assen dargestellt werden:

1 7 =  —
R

■+
R
R':

+  C , ( 1 )

wo die K onstanten A ,  R  und C die folgenden W erte haben:

A  = 1,3456 e2 ,

В  = 28,5498 e2 ag , (2)

С = -  0,04460 —  .

e is t  der B etrag der E lektronenladung und a 0 der kleinste Bohrsche W asser
stoffradius. Der E xp on en t der A bstossung n , h a t hier den W ert

/г =  6 .  (3)

n is t  also verglichen m it Ag (n =  11) hier w esentlich  kleiner.
Für y  als Funktion des Druckes P  am absoluten  N ullpunkt der Tempera-

* Hochschulartiges Technikum  fü r Fernm eldetechnik und  Meßlere.
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tur wurde in  [1] folgender Ausdruck abgeleitet:

У =  — , 1 ■ |(n  +  3) (n +  2) -  1 2 -----
6 (n  — 1) [

— 3 (re — 1) — 12] Xg P  

(wenn x0 P  1 ) ,

wo x 0 die K om pressib ilität am absoluten  N ullpunkt der Tem peratur beim  
Druck P  =  0 bedeutet; es ist also

1 _____ 1 _
Xg 12 JtP,

Rg b ed eu tet den R adius der E lem entarkugel in der G leichgew ichtslage. Mit 
(1) ergibt sich aus (5)

x0 =  19,90 =  0,0675 • 10“ 12 cm 2/dyn (6)
e2

und m it n — 6 aus (4)
у  =  2 — 2x0P,

wo für Xg der W ert (6) einzusetzen ist.
Für P  =  0 erhält m an den W ert

d “ U
d R 2 p= p

(5)

[(n 3) (re -f- 2) —
( 4 )

У =  2,

d e r m it d em  SbATERschen h a lb em p irisch en  W e rt [4] у  =  1,9 g u t  ü b e re in 
s tim m t.
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Obwohl in neuerer Zeit dieses Gebiet von 
m ehreren A utoren in  M onographien darge
ste llt w urde, ist das Erscheinen dieses W erkes 
besonders zu begrüssen, erstens wegen seiner 
klaren Darstellungsweise und  zweitens aus 
dem G runde, dass der V erfasser nu r sehr 
wenige K enntnisse vom  Leser voraussetzt und  
sich die Mühe nahm  den Stoff in einer Weise 
darzustellen der den Leser in dieses G ebiet 
e inführt und ihn nach D urcharbeitung der 
w ichtigsten M ethoden m it den aktuellen 
physikalischen A nwendungen bekann t m acht.

Die ersten fünf K apite l behandeln allge
meine Prinzipien der G ruppentheorie und  die 
R epresentation  von G ruppen. Die w eiteren 
sieben K apite l bringen hauptsächlich Anwen

dungen von  gruppentheoretischen Methoden 
auf physikalische Probleme. U n te r anderen 
ist die M ethode von Y o u n g  sowie die H u n d - 
sche M ethode ausführlich d isk u tie rt, dem fol
gen die kontinuierlichen G ruppen von L i e . 
Nach einigen Anwendungen au f K ristall
probleme w erden im K apitel 10 die linearen 
Gruppen im  тг-dimensionalen R aum  und die 
irreduciblen Tensoren behandelt. Dem folgen 
Anwendungen auf Atom- und  K ernproblem e 
und schliesslich einige R epresen tationen  von 
endlichen G ruppen.

Das B uch  is t sowohl dem  Studierenden 
als auch dem  auf diesem G ebiet tä tig en  F or
scher w ärm stens zu empfehlen.

P . G o m b á s

Festkörperphysik
R edakteure Prof. D r. P . G ö rlich  und D r. G. Sz ig e t i, 532 Seiten, A kadem ie Verlag,

Berlin, 1961. Gebunden DM 92.

Der B and verm itte lt den Stoff der V or
träge, die auf der gem einsam en K onferenz 
der E ötvös Loránd F izikai T ársu lat und  der 
Physikalischen Gesellschaft in der D eutschen 
D em okratischen R epublik  vom  14.— 20. Sep
tem ber in  B alatonfüred gehalten wurden.

Die V ortragenden der Konferenz w aren 
Mitglieder der beiden Physikalischen Gesell
schaften sowie einige G äste aus der Sow jet
union, der Tschechoslowakei, Bulgarien, 
Polen, F rankreich  und der D eutschen B undes
republik.

Die R edakteure des Bandes teilten  den 
Stoff nach  Them enkreisen in sechs Teile. 
In  dieser E inteilung en th ä lt der B and 55 
M itteilungen.

Die Them en der 22 M itteilungen der 
ersten Gruppe sind: K ristallw achstum , R e
kristallisation , K ris ta llstruk tu r, O rdnungs
vorgänge, O berflächenzustände. Mit den 
Fragen des K ristallw achstum s und  der K ris
tallisation  beschäftigten sich die folgenden 
V ortragenden: Z. G y u l a i  bespricht das

W achstum  der A lkalihaloide,T. A. H o f f m a n n  
eine Theorie der K ristallkeim bildung; A. 
S c h n e i d e r  m isst das orientierte K ristallw achs
tu m  von n-A lkylam inhydrochloriden, H. 
P o s e r  die K ondensation des Germaniums 
aus der D am pfphase, J . P r o h á s z k a , A. H o r 
v á t h  und  T h . M i l l n e r  die W achstum sge- 
schw indigkeit der K rista llite  w ährend der 
sekundären R ekristallisation  von  W olfram
drähten . L . B a r t h a , J . P r o h á s z k a  und 
T. M i l l n e r  untersuchen den E influss von 
F rem dsubstanzen auf die R ekristallisation  
der M etalle.

Die W irkung  der N eutronenbestrahlung 
untersuchen H . R z e w u s k i  und  B. B u r á s  an 
H albleitern , O. H a u s e r  und V . K ö h l e r  an 
C dS-K ristallen. L. I. P á l  und  G. N é m e t h  
besprechen eine Theorie der d u rch  energie
reiche Teilchen verursachten  G itterfehler.

E . N a g y  g ib t ein R eferat ü b e r den E in 
fluss der G itterfehler auf die T ranspo rt
eigenschaften der Metalle u n d  Legierungen. 
E . R ó z s a  u n tersuch t die W anderung  der
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L eerstellen  in  Ge und  J .  A u l e y t n e r  b e 
stim m t d ie  W inkelverteilung der M osaik
blöcke u n d  die V ersetzungsdichte in  Ge-Ein- 
k rista llen .

M it der Frage der O rdnungsvorgänge 
beschäftigen  sieb E . N a g y , I. N a g y  und
J .  T ó t h  an  Cu3Au, w eite rh in  L. P ál und  
T .  T a r n ó c z i  an Eisen-Alum inium legierungen.

I. S z é p  und M. N é m e t h  referieren über 
die O berflächeneigenschaften des G erm a
nium s, H . H . P l a g e m a n n  und  H . J . S c h n a 
b e l  über den E influss der um gebenden Gas
phase au f die K enndaten  von  p —n— p  Legie
rungstransisto ren  aus G erm anium . L. E r n s t  
w eist die A dsorption von Sauersto ff an W olf
ram  m it H ilfe eines Feldem issionsm ikroskops 
nach.

G. E . R . S c h u l z e  b erich te t über die 
S tapelfehler in LAVES-Phasen. P . S z a b ó  be
hande lt die röntgenographische N achw eisbar
ke it der U nordnung feink ris ta lliner K ohlen
stoffe. G. S c h u l t z  g ib t eine M ethode zur 
Messung der Absorption von  K ristallpulvern . 
Gy . T u r c s ä n y i  u n te rsu ch t die S paltbarkeit 
un d  D eform ation der N aC l-K ristalle, K . 
A r k o s i  u n d  Z. M o r l i n  befassen sich m it der 
B ildung von  Gleitquellen an Alkalihaloiden.

Die sieben A rtikel der zweiten G ruppe 
beschäftigen  sich m it den W irkungen der 
S törste llen  und m it der Reinigung. D er 
zusam m enfassende A rtike l von A. M u r i n  
behande lt die N atu r der chemischen F eh l
stellen in  Ionenkristallen . J . N e u g e b a u e r , 
L. I m r e  u n d  T h . M i l l n e r  untersuchen  die v e r
schiedenen E n tstehungsarten  des /3-Wolframs 
und  seine von F rem datom en  verursach ten  
E igenschaften . T h . M i l l n e r , J . P r o h á s z k a  
und J .  N e u g e b a u e r  d isku tieren  die Rolle 
der V erunreinigungen in  der sekundären R e
k ris ta llisa tion  des W olfram s. Ü .  R a y n e r  
beh an d e lt eine M öglichkeit zur B estim m ung 
der D otierungs-R andkonzen tra tion  in  der 
Basis eines D rifttran sis to rs  aus einfachen 
Strom -Spannungsm essungen. P .  S c h m i d t  e r
m itte lt den S törste llenzustand  von Ge-Ein- 
k ris ta llen  aus der T em peraturabhängigkeit 
der L eitfähigkeit. I .  S z é p , G. P á s z t o r  u n d  
J . P f e i f e r  messen die V erteilung der S tö r
stellen in  Ge m it H ilfe von  K ap az itä ts 
m essungen.

H . E .  L o n g o  u n d  K . S c h l a u b i t z  b e 
schreiben eine Zonenschm elzapparatur fü r 
W olfram , wobei das Schm elzen durch E lek 
tronenbeschuss geschieht.

D ie ach t M itteilungen der d ritten  G ruppe 
befassen sich m it optischen  und  lich te lek tri
schen U ntersuchungen  und  m it R ausch 
effekten . G y . T. B a u e r , G y . G e r g e l y  u n d  
J .  A d á m  messen die A bsorptionskante von  
einigen m ikrokristallinen Leuchtstoffen.
J .  B o r o s  schreibt über das Term schem a von  
NaCl. E . G r i l l o t  befasst sich m it den durch  
E xcitonen  bedingten optischen E igenschaf

ten  in H alb leitern . R . A n d r e j t s c h i n  berich te t 
über eine A b a rt der photovoltaischen Effekte 
die er zusam m en m it G . N a d j a k o w  gefunden 
h a t. P. G ö r l i c h  und  H. H o r a  untersuchen  
die Polarisationsabhängigkeit an  zusam 
m engesetzten Photokathoden . I . T a r j á n , 
R. V o s z k a  u n d  A. S o m l ó  te ilen  einige neue 
Ergebnisse ü b e r  die innere Photo leitfäh igkeit 
rö n tgenbestrah lte r NaCl K rista lle  m it. Das 
Them a von F . F i s c h e r  und I. P . V a l k ó  is t 
der Z usam m enhang zwischen der P orositä t 
der K athodenoberfläche und dem  Flicker
rauschen. O. L i t z m a n  behandelt das F re
quenzspektrum  u n d  die therm odynam ischen 
Funktionen der K rista llg itter m it Fehlstellen.

M it den Lum ineszenzerscheinungen be
schäftigen sich zehn A bhandlungen. Die 
H älfte der M itteilungen berich te t über Mess
ergebnisse an  ZnS. L. B a l á z s , L. P u s k á s , 
J . W e i s z b u r g  un d  J . S c h a n d a  referieren über 
den E influss der chemischen B ehandlung auf 
die physikalischen E igenschaften des elektro- 
lum ineszenten ZnS. Z. B o d ó , J .  W e i s z b u r g  
und J . S c h a n d a  berichten über neuere Mess
ergebnisse an  elektrolum ineszentem  ZnS. 
H . O r t m a n n  referiert über die G rün—Blau- 
Emission von  Zns— Cu-Lum inophoren. 
G. W e n d e l  berich te t über die E lektro- 
lum ineszenz des C u-aktivierten ZnS. Gy . 
G e r g e l y  un d  I. H a n g o s  bringen  Beiträge 
zur Photolyse von ZnS-Phosphoren. I. Sou- 
DEK m ach t A nm erkungen zum  Modell des 
Lumineszenzvorganges in anorganischen K ris
tallen.

Mit Lum ineszenzerscheinungen an anor
ganischen Stoffen befassten sich W .  T h i e l e 
m a n n , der einige durch In fluenz  bedingte 
Effekte un te rsuch te , und  H . W i t z m a n n , 
G . H e r z o g  u n d  E . G e g n e r , die das Em issions
verhalten  cerak tiv ierter S tron tium carbonat- 
m ischphosphore und  des S trontium cerates 
gemessen haben . M it der Lum ineszenz der 
organischen Stoffe beschäftigten sich L. H e r - 
f o r t h  u n d  H . H i l b i g . Sie haben  die E inw ir
kung von U V -Licht und /З-S trahlung auf das 
Lumineszenzverm ögen organischer Substan
zen in L ösung und in fester Form  un tersucht.

Vier V orträge befassten sich m it den th e r
mischen E igenschaften der F estkörper. B. Fo- 
GARASSY u n d  G . N é m e t h  teilen eine Methode 
zur B erechnung der spezifischen W ärm e und  
W ärm eausdehnung fester K ö rp e r m it. W. 
H e i n z e  zeigte, dass das B änderm odell der 
O xydkathode in  der Lage is t, die bei der
artigen K ath o d en  au ftre tenden  E lektron- 
emissionserscheinungen befriedigend zu erklä
ren. E . K r a n z  m isst therm oelektrische E r 
scheinungen im  U berlappungsgrenzgebiet auf
gedam pfter dünner Schichten. 0 . L u c k e  
behandelt die m etallische M odifikation der 
Materie u n te r  sehr hohem D ruck . E r weist 
d a rau fh in , dass m an solchen U ntersuchungen 
E rkenntn isse  über den A ufbau der Himmels-
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körper erw arten kann , da die M aterie in 
ihrem  Innern  in M etallm odifikation ist.

In  der letz ten  G ruppe sind die vierzehn 
A rtikel zusam m engefasst, die sich m it elek tri
scher Leitfähigkeit, m it der K atalyse und  m it 
m agnetischen und  ferroelektrischen E igen
schaften befassen. H . B e r g e r  bring t Beiträge 
zum  Ausheilen beim  A ufdam pfen en ts tan d e 
ner G itterstörungen in CdS-Schichten m it 
Hilfe der D unkelleitfähigkeit. Die zusam m en
fassende A bhandlung von K. W. B ö e r  behan 
delt die plasm aähnlichen R aum ladungser
scheinungen, die bei hohen elektrischen Feld
stärken  in H albleitern  auftreten . H. E i g l e r  
un tersuch t die U m verteilung der E lek tronen
dichte in CdS- und  G e-E inkristallen infolge 
der E inw irkung äusserer elektrischer Felder. 
Das Them a von C h . K l e i n t  sind die e lek tri
schen und optischen E igenschaften von 
Indium sulfid-E inkristallen. F. T h o m  m isst 
den R estw iderstand an plastisch verform tem  
K upfer. A. Z a r e b a  un tersuch t die E inw ir
kung der E lektronenbestrahlung au f die 
elektrische Leitfähigkeit des n— Ge. H . Ro-

THER schreib t über die E rscheinungen, die 
bei hohen Feldstärken in H albleitern auf
tre ten . W. L u d w i g  fü h r t Im pedanzm essun
gen an Selen durch. M. M á t y á s  befasst sich 
m it der m agnetischen Suszeptib ilität von 
H albleitern . II. E. M ü s e r  un tersuch t die 
U m polarisierung von ferroelektrischen Seig- 
nettesalzkristallen . H. W i t z m a n n , H. A n d e r 
s o n  und  K . K i n z n e r  berich ten  über die 
kata ly tischen  E igenschaften des Magnesium
oxyds und  seiner M ischphasen. In  den letz ten  
drei A rtikeln  befassen sich J .  S. Z h e l u d j e w  
m it Schwingungen der dielektrischen Pendel, 
Y. M e y e r  m it Festigkeitsm essungen an Cu- 
W hiskern und  L . M. B e l j a j e w  m it K ris ta ll
züchtung.

Die M itteilungen sind, abgesehen von 
zwei englischen, zwei russischen und einer 
französischen M itteilung, deutschsprachig.

Die sorgfältige A ussta ttung  des Bandes 
en tsp rich t dem guten R u f der deutschen 
Verlage.

J . B o r o s

J . F a g o t  and P u . M a g u e :

Frequency Modulation Theory
Pergam on Press, Oxford, London, New York, Paris, 1961

The authors aim  a t the presen tation , in 
one book, of problem s related  to  frequency 
m odulated radio transm ission. Accordingly 
th e  topics trea ted  range from the theo ry  of 
frequency m odulation to the techniques of 
radio transmission.

The book is divided into five chapters. 
The first deals w ith th e  propagation properties 
of m etre-, decim etre-, centim etre-w aves both  
in  optical and over-horizon transm ission. The 
second chapter presents th e  basic concepts of 
frequency m odulated system s and special 
emphasis is laid on the problem  of signal-to- 
noise ratio . The th ird  chap te r trea ts  different 
kinds of distortions of frequency m odulated

signals (e.g. those generated by  m ism atched 
waveguides).

A fter the  theoretical foundations, given 
by the f irs t three chap ters, th e  fourth  one 
trea ts  th e  transm ission properties of m u lti
channel telephone and television signals from 
the points of view of signal and  noise levels 
and d isto rtion . The las t chap te r gives a gene
ra l survey of radio relay techniques.

I t  is ap p aren t th a t the au tho rs  have tried  
to  give no t only a theoretical foundation of 
the subject b u t also practically  useful formulae 
and num erical da ta  for th e  use of design 
engineers.The book is com pleted by  numerous 
figures and diagrams.

P. R ó n a

W . B .  T h o m p s o n :

An Introduction to Plasm a Physics
Pergam on Press, O xford, London, New Y ork, Paris, 1962

In te rest in  plasm a physics and its 
application to  th e  problem s of therm onuclear 
energy production has grown rapidly during 
th e  last few years, w ith th e  result th a t  m any 
books on th is subject have been published 
recently . As plasm a physics embraces an 
extrem ely  wide field the subject m a tte r  of 
books dealing w ith it  is extrem ely varied

and depends largely on the  predilections of 
th e  author.

T h o m p s o n ’s book is one of th e  best books 
on plasm a physics; in  spite of its  being ra th er 
short, it  contains a concise in troduction  into 
the m odern theory  of th e  dynam ics of 
com pletely ionized gases. This book is based 
on a series of lectures given b y  th e  author
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a t th e  A tom ic E nergy R esearch E stablishm ent 
a t H arw ell, th e  Clarendon L aboratory  a t  
O xford and  the Theoretical Physics D ep art
m ent of Im perial College in  London.

This book is designed prim arily  for physics 
studen ts in  th e ir  final years and  to  physicists 
and engineers working on plasm a physics 
and  fusion problem s. E xperim en ta l results 
are dealt w ith  only briefly , th e  em phasis being 
on a tho rough  description of th e  basic theo re
tica l fea tu res of th e  plasm a. A knowledge of 
such a book as “ L ehrbuch der theoretischen 
Physik”  b y  Joos would be qu ite  sufficient to  
enable th e  reader to  unders tand  this book.The 
selection of the lite ra tu re  a t  th e  end of each 
chap te r is excellent.

The book contains eight chapters and an 
appendix  containing some im p o rtan t fo r
m ulae and  physical constan ts. The firs t 
chap te r outlines th e  sub jec t of plasm a 
physics, the  range of its  problem s and its  
applications. The second and  th ird  deal w ith  
th e  description of th e  m ost im p o rtan t 
properties of plasm a, th e ir  in terre lations 
and th e  experim ental realization  of th e

plasm a s ta te . The three following chapters 
contain th e  phenom enological, m agnetohydro- 
dynam ical th eo ry  of plasm a. A fter a short 
b u t thorough discussion of the basic equations 
of m agnetohydrodynam ics, some of their 
applications to  sim ple problems are presented 
followed by  an elegant trea tm en t of magneto- 
hydrodynam ical waves. The im p o rtan t p rob 
lem  of the s tab ility  of the plasm a is dealt w ith 
in  appropriate de ta il. The subject o f Chapter 
7 is the m otion of charged particles in  electro
m agnetic fields and  an  elem entary  trea tm en t 
of the dielectric properties of the plasm a. The 
last and m ost extensive chap te r is a very 
thorough in troduc tion  into th e  k inetic  theory  
of the plasm a. The au thor b riefly , b u t very 
clearly, sum m arizes the different m ethods of 
sta tistical descrip tion  of the plasm a and their 
m ost im p o rtan t applications. I t  is, however, 
a p ity  th a t  th e  G reen-function m ethod  is no t 
included.

The tre a tm e n t b y  the au th o r is always 
clear and th e  presen tation  of th e  book is 
exem plary.

J .  S z a b ó

Acta Phys. Hung. Тот. X V I .  Fasc. 2.
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THEORETICAL DETERMINATION OF THE 
INTERACTION ENERGY OF NOBLE GAS ATOMS II.

IN TER A C TIO N  OF N O B L E  GAS ATOMS OF D IF F E R E N T  
ATOMIC N U M BER S. IN T E R P O L A T IO N  PR O BLEM S

By

R . G á s p á r

INSTITUTE FOR THEORETICAL PHYSICS, KOSSUTH LAJOS UNIVERSITY, DEBRECEN
and

RESEARCH GROUP FOR THEORETICAL PHYSICS, HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 

(P resented  by A. K ónya — Received 28. I. 1963)

A m ethod described in a previous paper is generalized to  determ ine th e  interaction 
energy of unlike noble gas atom s. The m ethod  facilitates th e  developm ent of an  in terpolation 
procedure, b y  means of w hich the in terac tion  energy of un like noble gas atom s can  be determ in
ed from  th e  experim ental in teraction  energy of like noble gas atom s. The tre a tm e n t of th e  
He—A system  is followed by  a detailed analysis of the H e— He interaction p o ten tia l energy.

§ 1. Introduction

The collision o f  neutral atom s and m olecules has been th e  subject of 
rem arkable experim ental investigations for a considerable tim e [1]. From  
experim ents on high energy atom ic and m olecular beams th e  interaction  
potentia l energy o f atom s and m olecules can be determ ined. Our previous 
paper was concerned w ith  the theoretica l determ ination of the collision  poten
tia l energy of noble gas atoms [2].

In the calculations we used th e  sta tistica l m ethod, m ost suitable for 
use w ith  m any-electron system s. F irst, it  was show n that in a v ery  interesting  
w ay the collision energy of identical noble gas atom s is obtained in  th e  Thomas — 
Fermi approxim ation o f the sta tistica l theory of the atom  in a special coordinate 
system  as a universal function (independent o f  atom ic number). P lotting  the 
experim ental curves in  this coordinate system  it  was found th at in  the regions 
belonging to sm all and interm ediate internuclear distance values the shape 
of the curves was to a good approxim ation universal within an accuracy 
perm itted by the m ean error of the m easurem ents. Thus, in the region where 
electrostatic forces predom inate th e  theoretical conclusions are intrinsically  
confirm ed by experim ent. Second, i t  was shown th a t the form ulae o f  the sta
tistica l m ethod evaluated  with th e  density determ ined to an appropriate 
accuracy, correctly reflect the experim ental curves also for larger inter
nuclear distances.

In the present paper we w ish to investigate on the one hand whether 
our theory renders correctly the interaction  energy curves o f noble gas atoms 
of different atom ic num ber. On the other hand we wish to deal w ith in ter
polation problems.

! A d a  Phys. Hung. Тот. X V I .  Fasc. 3.
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§ 2. Calculation of interaction energy

To determ ine the interaction energy we h ave used the expression

u 12(ô) =  ( - a ,  +  ßi)  e2 (Ô) +  ß2 ei (à) , (1)

where qx and q2 are the densities o f  th e  neutral n ob le gas atom s interacting  
w ith  each other and

and

at =  4ne J y,(r) r2 dr 
о

( 2)

( 3 )

F i g . I .  P o te n tia l e n e rg y  o f th e  argon— a rg o n  in te ra c tio n . T h e  abscissa  is g iven  in  o0, an d  th e
o rd in a te  in  e2a0 a tom ic u n i t s

e is the elem entary charge and xk =  (3/10) (Зя2)2/3 e2a 0; a 0 is th e  first Bohr 
hydrogen radius. T he energy expression (1) is asym m etric w ith respect to the  
d en sity  d istributions o f the two a tom s, which w ould seem  to be rather peculiar, 
had thorough in vestigation s of the problem  n ot show n that the effect of th is  
on the interaction  energy is negligible [3]. H ow ever, to determ ine the in ter
action  energy, (1) can be easily replaced by a sym m etric expression. L et us com 
m ute in  (1) the indices 1 and 2 and add the expression so obtained , also 
giving U 12(ô) to (1). The new  expression of th e  interaction energy becomes

U n ( 0 )  =  1 / 2  { ( - a t  +  2 ß x) Q,(ô)  +  ( - a ,  +  2 ß 2)  e i ( d ) } .  ( 4 )

Acta Phys. Hung. Тот. X V I .  Fasc. 3.
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F i g .  2 .  T h e  en larg ed  cu rv e  o f F ig . 1

ô —>
F i g .  3 .  P o te n tia l  en e rg y  o f th e  he lium —h eliu m  in te ra c t io n . T h e  abscissa is g iv en  in  a 0, an d  th e

o rd in a te  in  e2o0 a to m ic  u n i t s

1* Acta Phys. Hung, Тот. X V I .  Fasc.^3.
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Let us assum e that we k now  the in teraction  energy o f  atom s 1 a n d l' w ith  the  
atom ic num ber Z x and o f  atom s 2 and 2'  w ith  the atom ic number Z 2

U 1(0) =  ( - a 1 +  2ß1) Ql(ö) ,  (5)

U 2(ö) =  ( - a 2 +  2ß2)g2(ö).  (6)

U sing (5) and (6), (4) can be transform ed in the fo llow ing manner

U 12(d) = ---  al +  2 f t  , I 1   «2 +  2/?2
2 - a 2 +  2ß2 Á  +  2 -  a , +  2ßx

U г(д). (?)

For sim p lic ity  (7) can be written in  th e  form

where

U 12(ô) =  ^ - \ y U 2(ô) +  - U 1( ô ) \ ,
2 y

У =
—  « 1  +  %ßi
--- a2 H~ 2^2

( 8 )

(9)

is con stan t and can be determ ined from  the theory on th e  basis o f (2) and (3).
T he question m ay arise w hether the constant у  m igh t be determ ined by  

using th e  experim ental data  only. T his is possible in th e  following w ay . M ulti
p lying th e  expression (5) b y  4 лд2 and integrating over <5, we obtain

f  4тг02 U x (ô) dó =  (— « 2 + 2 ^ )  f  6l (Ô) 4ttő2 dó =  (— ax +  2ßx) N x , (10)
о 0

where N x is the num ber o f electrons in  the atom  1. Form ula (10) show s that 
the va lu e o f  the q u a n tity  Uy{0) is required throughout the full range o f the 
value o f  ô. E xperim entally  Ußö)  is know n in m an y  cases up to  values o f  
ô a t w hich U x(ô) assum es very sm all va lues. So a problem  of som e significance  
is encountered only in  th e  neighbourhood of 0 = 0 ,  where U x(ô) behaves 
singularly . As at very  sm all values o f  ô the screening effect o f th e  electrons 
is negligib le

u y(0) (1 1 )
Ó

i.e . on ly  the repulsion o f  the two nuclei remains and so

4>лд2 и х(0) 4>л Zxe2 à . (1 í

On the basis of (2) th e  integrand can be estim ated w ith  su fficien t accuracy  
in th e  neighbourhood o f  ô — 0.

B y  graphical in terpolation  th e  overall shape o f  the integrand can be 
determ ined  in any region  required.
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In Figs. 1 and 2 the qu an tity  4<nô2 U(ô) is p lotted  for the noble gas atom  A. 
The double arrows mark the range o f internuclear distance over which the curves 
obtained from the experim ental data correspond to the experim ental resu lts. 
For illustration  we have listed  these data in T able 1. In the region not in v estig 
ated experim entally  the curve has been com pleted  by extrapolating the nearest

Fig. 4. P o ten tia l energy of th e  helium —argon in te rac tio n . The solid an d  the  dashed l in e 
represen t the  theoretical curves, th e  dashes and dots th e  curve obtained b y  in terpolating  th e 
experim ental helium —helium  and argon— argon p o ten tia l energy curves. The ordinate is 

log U(ô)a0e~-, w here U(6) and ö are p lo tted  in e-a„ and  a0 atom ic u n its , respectively

Table 1
The experim ental in teraction  potentials and  th e ir ranges of valid ity

U(r) in erg. the range in À

He -  He

4,62 ■ 1 0 - 12 
T 1,79

6,18 • exp( —4,65 • r) ■ 1 0 -10 
see Table la

0,52 < r  <  1.02 
1,27 <  r <, 2,30 
0,55 <  r <  1

21,9 • exp( —4,14 r) • lO“ 9 0,04 < ,r  1,02
A -  A 1,36 • 1 0 -9/r 8'33 2Д8 <; r <; 2,69

9,03 • 10_,0/ r 7's7 2,69 ^  r <, 2,98

experim ental curve. The greatly enlarged curve in Fig. 2 show's that th is  
extrapolation  does not involve too  great an error. In Fig. 1 th e  slope of th e  
A —A interaction potentia l is show n in a sm aller range of internuclear distance
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The stra ight line starting from  the origo is the one described by equ. (12). 
The solid curve has been obtained b y  extrapolating th e  experim ental curve. 
The dashed line is the one obtained b y  graphical in terpolation , which connects  
w ith  a continuous tangent th e  straight line in  the origo and the curve determ in
ed experim entally . The shaded  area show s the m axim um  deviation o f  the  
sector g iv in g  an uncertain contribution w hen in tegratin g  over th e  above  
curve in stead  o f over the curve extrapolated  experim entally .

In F ig . 3 the q u an tity  4nô2U(ô)  has been p lo tted  as a function  o f ô 
against th e  H e — He internuclear d istance.

Table l a

The experim ental in te rac tion  potentials and  their range of va lid ity . See Table 1

A U  in eV

0.55 14,6

0,60 11,5

0,65 9,2

0,70 7,5

0,80 5,1

0.90 4,0

1,0 3,5

O f th e  experim ental results those published in  th e  paper of A m d u r  [4] 
can be v ery  w ell f itted  to  the behaviour in the neighbourhood o f th e  origo 
described b y  equ. (12). H ow ever, the resu lts published in  an earlier paper of 
A m d u r  [5] deviate  from  th e  foregoing resu lts, which is clearly show n in the  
Figure. In  our opinion further experim ental work is required to facilita te  a 
com parison betw een the theoretical and th e  experim ental results. In  Table 2 
the va lues o f  the con stan ts determ ined b y  graphical integration are show n. 
The T able also includes th e  constants determ ined b y  m eans of the Hartree 
and H artree— Fock d en sity  distributions.

T he constants so obtained  can be used in the relation  (7) to determ ine  
the in teraction  energy o f  unlike noble gas atom s. In F ig . 4 the logarithm  o f the  
H e — A  interaction  p o ten tia l has been p lo tted  as a fu n ction  of the internuclear  
d istan ce.

T he solid  and dashed lines represent the theoretica l curves. Curve 1 has 
been obta ined  on the basis o f the asym m etric form ula (1) and the cu rve 2 on 
th e  basis o f the sym m etric formula (4) w ith  the aid o f  the H artree density  
d istribution  o f He and th e  Hartree — F ock  density d istribution  of A, respectively . 
The difference betw een th e  two theoretica l curves is v ery  slight. T he dashed  
and d o tted  curve represents the curve interpolated from  the H e— H e and A —
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Table 2

Theoretical and  experim ental values of the in terpo lation  constants

N (-0 + 2 /3 ) = $ 4mS« U(ô)dâ 
0

Author

Не -  Не theoretical 87,19 H a r t r e e  [6]

experim ental 25,5 A m d u r —H a r k n ess  [1]

Ne -  Ne theoretical 646,2 B r o w n  [7]

experimental 504 Am d u r —Ma so n—R ic e  [1]

А -  А theoretical 3148,6 H a r t r e e —H a r t r e e  [8]
experimental 1140 Am d u r —Ma so n —R ic e  [1]

A  in teraction  curves w ith  the aid o f  (7 ). The relative position  of the theoretical 
and interpolated curves is the sam e as th at o f the theoretical and experim ental 
interaction  curves o f identical atom s.

M y thanks are due to Mr. J . G a t h y  for carrying out the num erical 
ca lcu la tion s and for drawing the figures.
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ТЕОРЕТИЧЕСКОЕ ОПРЕДЕЛЕНИЕ ЭНЕРГИИ ВЗАИМОДЕЙСТВИЯ АТОМОВ
БЛАГОРОДНЫХ ГАЗОВ II.

В ЗА И М О Д Е Й С Т В И Е  А ТО М О В  Б Л А Г О Р О Д Н Ы Х  ГА ЗО В  С Р А З Л И Ч Н Ы М И  П О Р Я Д К О В Ы М И  
Н О М Е РА М И . И Н Т Е Р П О Л Я Ц И О Н Н Ы Е  П Р О Б Л Е М Ы

Р . Г А Ш П А Р

Р е з ю м е

Производится обобщение метода, изложенного в одной из предыдущих работ, на 
определение энергии взаимодействия атомов благородных газов с различными порядко
выми номерами. Метод даёт возможность для разработки интерполяционного приёма, 
с помощью которого из энергии взаимодействия атомов одинаковых благородных газов, 
определённой экспериментально, можно определить интерполяцией энергию взаимодей
ствия атомов различных благородных газов. После подробной дискуссии системы Не -  А 
дается детальный анализ потенциальной энергии взаимодействия Не — Не.
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ON THE CALCULATION OF THE ANGULAR RESOLUTION 
CORRECTION IN ANGULAR CORRELATION 

MEASUREMENTS

By

D . B e r é n y i  and T . B a l o g h

INSTITUTE FOR NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

(Presented by A. Szalay — Received 26. II. 1963)

Based in principle on R o s e ’s [1 ]  calculations closed formulae and tables are given,, 
from which, knowing certain data of the experimental angular resolution curve, the factors 
for the correction of the angular correlation coefficient for the finite dimensions of detectors 
are obtained.

In y — y angular correlation m easurem ents and in angular correlation  
and angular distribution m easurem ents in general, a correction has to  be 
applied owing to the fin ite dim ensions o f detectors. The theoretical foundations 
o f the problem  were established by B ose [1] in 1953. H ow ever, the actual 
correction procedure carried out on this basis is rather len gth y.

R o s e ’s calculations have been follow ed by other calculations and m ea
surem ents on the angular resolution correction [2, 3]. The procedure can be 
carried out with the aid of diagram s, also available for special crystal d im en
sions and arrangem ents [4]. Inspite of this the method o f Ch u r c h  and K r a u s 
h a a r  [5] is still being applied by m any authors, which m ay be due to the fact  
that know ing the h a lf w idth o f  the experim ental angular resolution curve it 
is sim ple to  calculate the values o f the correction factor b y  means o f closed  
formulae.

The m ethod used by Ch u r c h  and K r a u s h a a r , how ever, is a rather rough  
approxim ation, to be applied d irectly only i f  1. the tw o radiations are o f appro
x im ately  equal energy and the tw o detectors are approxim ately identica l, 
i.e. if  the shape of the angular resolution curve is approxim ately identical 
for the tw o detectors; further i f  2. the shape of the angular resolution curve  
can be approxim ated by a triangle or a Gaussian curve. O bviously, these  
restrictions are too stringent and do not sa tisfy  the requirem ents of present 
experim ental practice.

In v iew  o f this we have developed a procedure which, based in principle 
on the m ethod of R o s e , provides closed form ulae for the performance o f the  
angular resolution correction as in Ch u r c h  and K r a u s h a a r ’s m ethod, but 
this is done in a m uch more general form, w ithout applying their restrictive  
assum ptions.
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According to  R o se  [1] i f  Ä 2k is an uncorrected angular correlation coef
fic ien t, the corrected coefficient A 2k is obtained on the basis o f the formula

where

Q z k  —  J 2 k  ( 7 i )  J 2к  (У г) ’

( 1 )

(2)

H ere the single mark relates to  one o f the crystals and the double m ark to  
th e  other. The jT-s are obtained from the experim ental angular resolution curve 
m arked by e(a) b y  integration  in the follow ing manner

q»
2

•I2 k =  2 j  P ‘ik (cos a). e(a) j sin a j da . (3)
о

P 2k(x) is the appropriate 2fe-th order Legendre polynom ial, a 0 is the “basic  
w id th ” o f the angular resolution  curve (see F igs. 1 and 2).

The problem  actually  is how to  evaluate the integral (3). A pplying a 
suitable approxim ation for the experim ental angular resolution function e(a) 
no integration  b y  means o f  the clum sy planim eter is required to  calculate  
the correction, but closed form ulae can be used.

The function  e(a) has been approxim ated in three w ays corresponding  
to  the experim ental curves occurring in practice: b y  triangle, trapezoid and  
Gaussian curve. In the tw o former cases the integration is straightforward  
and so J 2k, i.e . J 0, J 2 and J i  actually  occurring in practice can be given b y  
m eans o f closed  formulae. In  the case o f the Gaussian curve expansion in  a series 
and approxim ation was necessary. In the following, form ulae obtained for 
J J J 2 and J 0IJA and in the approxim ation b y  the G aussian curve for J 0, J 2 
and J i are g iven  for the various approxim ations relating to  the shape o f  the  
e(a) curve.

Triangular approxim ation:

J n 6 (<S — sin Ô)

Jo sin3 <5
• (4)

J 0 120 (d — sin ô)
J i  20 sin3 d — 21 sin5 Ô
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F ig . 1. Angular resolution curve for 145 keV monoenergetic radiation. The radiation passed 
through a collimating lead channel 10 cm in length. The distance from the end of the colli
mator oriented towards the crystal to the crystal face was equal to the source-to-crystal 

distance in angular correlation measurements

F ig . 2 . Angular resolution curve for 1,33 MeV monoenergetic y-radiation. The experimental 
conditions are in every respect identical w ith those prevailing during taking the curve shown

in Fig. 1
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Trapezoid approxim ation:

Л
Jo

2 (S — A)  — 4 sin —-----— cos —
2 2

1 . ô — A  ô—  s in ---------- cos —
2 2 2

J»_
J4 J _  

32

2 (Ó — 4̂) — 4 :

1
6
d

Ô - A

- A  Ô
------ cos —
2 2

.(5 )

.  . Ô - A  0 , 5 .  , 0 - Л  ,  Ő 7 . - Й - Л  _ Ô2 s i n -------- c o s -----—  sin 3 ---------cos 3 ------------sin 5 ---------cos 5 —
2 2 3 2 2 5  2 2

Gaussian curve approxim ation

_  0,4275

J 0 =  0 ,6 7 7 6 4  Ô -  0,16295 Ó3 +  e 02 { -  0,60797 ô +  0,16295 <53) +  R 0 ,

J 2 =  0 ,67764 Ö -  1,62953 Ó3 +  2,13948 <$5 — 1,98670 Ó7 +
_  0,4275

+  e * 02 ( -  0,15063 Ô +  0,89641 Ó3 -  1,29003 0« +

+  1,98670 Ó') +

J 4 =  0,67764 6 -  5 ,05179 Ő3 +  19,42126 Ó5 -  51,14149 Ő7 +  (6)
+  103,27982 Ő9 -  169,79299 Ô11 +

0,4275

+  e (0,24977 «5 +  0,28591 ó3 -  4,78346 <55 +

+  22,50470 Ô7 -  30,68340 Ô9 +  169,79299 Ó11) +  R, ,

луЬеге R n j ^  0,003, R2 1 ^  0,003 and R4 [ 0,003.

In form ulae (4) and (5) ô denotes the to ta l halfw idth  (Fig. 1) while in  
form ula (6) th is m eans one h a lf o f the half-w idth (F ig . 2). A  is the length  
o f the upper straight line bounding the trapezoid (see Fig. 1). ö and A  are 
expressed in  radians or degrees. Thus the triangular and the G aussian curve 
approxim ation require one experim ental param eter each, while the trapezoid  
approxim ation requires tw o experim ental param eters.

The m ethod o f carrying out the correction is show n on the exam ple  
o f the 0,145 -> 1,29 MeV cascade occurring in  the d isintegration o f Fe59. 
First o f all it  is necessary to take the experim ental angular resolution  curve 
for the y-radiations, the energies o f  which are from  0,145 and 1,29 MeV. 
For the m ethod see [6, 7]. In our case these have been taken by using the 145 
keV y-radiation o f Ceu l and the 1,33 MeV y-radiation  o f Coeo (F igs. 1 and 2). 
R eading the corresponding data in F igs. 1 and 2 we obtain J 0/J 2 and J 0/J 4
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b y  m eans o f  form ulae (5) and (6). (In the actual case referred to above e.g. 
J J J i  is not necessary, as for nuclear physical reasons A t =  0.)

To facilitate the calculation o f the correction we have com piled  the 
values o f  J J J 2 and J q/ J i in Tables for the cases m ost frequently occurring in 
practice (trapezoid and Gaussian curve). B y tak ing  the angular resolution  
curve experim entally  the actual va lues o f the param eters are determ ined  
and by using the corresponding values shown in the Tables the correction factors 
are obtained sim ply b y  taking the product of the tw o quantities.

Table 1 Table 2

Trapezoid form Gaussian curve

A . a . J o lJ z J .I J . <5„ Jo/J2 J . U t

30 1,0574 1,2005 8 1,0430 1,1506
26 32 1,0649 1,10512 9 1,0546 1,1932

34 1,0754 1,2820 10 1,0679 1,2456
11 1.0827 1.3044

32 1,0626 1.0970 12 1.0989 1,3733
28 34 1,0732 1,2710 13 1,1169 1,4447

36 1.0820 7,3178 14 1,1361 1,5303

34 1,0751 1,2449 15 1,1567 1,6247

30 36 1,0795 1,3063 16 1,1793 1,7326

38 1,0921 1.3613 17 1,2006 1,8473
18 1,2245 1,9809
19 1,2447 2,1085
20 1,2663 2,2514
21 1,2874 2,4268
22 1,3075 2,5812

The angular correlation correction for the above cascade has also been 
carried out b y  in tegrating (3) graphically  by m eans o f a planim eter. For 
QJQ2 the result was 1,23, the Tables gave 1,22.

Our thanks are due to Prof. A . S za la y , Director o f  this In stitu te , for 
his support and excellen t working conditions.
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О ВВЕДЕНИИ КОРРЕКЦИИ УГЛОВОГО РАЗРЕШЕНИЯ ПРИ ИЗМЕРЕНИИ
УГЛОВОЙ КОРРЕЛЯЦИИ

Д . Б Е Р Е Н И  и Т . Б А Л О Г  

Р е з ю м е
На принципиальной основе вычислений Розе [1] даются закрытые формулы и таб

лицы. При их помощи, зная соответствующие данные определённой экспериментально 
кривой углового разрешения, вычисляются факторы, дающие возможность для поправки 
коэффициента угловой корреляции в случае детекторов конечных размеров.

Acta Phys. H ung. Тот. X V I .  Fase. 3.



INVESTIGATIONS ON y-RADIATION ACCOMPANYING 
THE BOMBARDMENT OF NUCLEUS Na-23 BY 

«-PARTICLES OF Po

By

I. A n g e l i

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

(Presented by  A. Szalay — Received 28. II. 1963)

The excitation function and  energy d is tribu tion  of “/-rad ia tio n  em itted by  a m eta l 
N a-target through th e  effect of Po a-particles were investigated. The obtained excita tion  
function made i t  possible to determ ine a new highly excited level (or group of levels) of th e  
nucleus Al27 w ith certa in ty  and ano ther w ith probability . From an investigation  of th e  ‘'-spec
trum  i t  has been deduced th a t  the excitation function  is re la ted  to  the  nuclear reaction  
Na23(a, p)Mg26. The experim ental result for the reaction  cross section e(a, p) is consisten t 
w ith the calculated value.

Introduction

The first suggestion o f the appearence o f  y-radiation due to the a-bom - 
barding o f N a23 was made by B o t h e  and B e c k e r  [1]. Furtherm ore W e b s t e r  [2] 
and Sa v e l  [3] proved the defin ite ex istence o f such y-radiation . Sa v e l  [3] 
determ ined the energy (E y ^  1,7 — 1,9 MeV) by absorption m ethod and  
measured the in ten sity  at fiv e  different energies. M. K o v á c s  [4] obtained  
a more detailed excitation  function , how ever, the curve gained by her does 
not show any step relating to the levels o f the com pound nucleus A l27. 
S l ä t is ’s m easurem ents [5] show ed sim ilar results. It was H e y d e n b u r g  and  
T e m m e r  [6], [7] who first found resonances in  the bom barding energy region  
E a =  1,5 -  3,6  MeV.

Our aim was to search for further resonances in  th e  energy in terva l 
E a =  3,6 — 5,3 MeV. The resonances appearing in the excitation  function  
give the highly excited  states o f  the com pound nucleus Al27. The d isintegration  
o f this nucleus yields a residual nucleus ex istin g  generally in  an excited sta te  
too and the transition into the ground state takes place b y  em ittin g  y-radiation.

We measured the in ten sity  o f the y-radiation as a function  o f the energy  
o f the im pinging a-particles (excitation funct ion) .  The y-spectrum  was in v es
tigated  too; th is was necessary for the id entification  o f th e  residual nucleus.

Experimental arrangements

The m easuring apparatus was essen tia lly  the sam e as that used b y  
E . Cso n g o r  [8], [14], [15] in her investigations o f a sim ilar k ind on separated  
Mg isotopes. Therefore we describe here on ly  its main features.
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The а -source prepared b y  Prof. A. S z a l a y  was a 4 0 —50 mC Po- 
preparatum  deposited into a P t — Ir disc 3 m m  in diam eter using the m ethod  
developed  b y  him  [9].

The target we applied to  determ ine the excitation  function consisted  
o f a 0 ,4  m g/cm 2 m etal Na layer prepared b y  means o f vacuum  evaporation  
The Po source was placed in  the centre o f  curvature o f  the spherical-calotte  
shaped target and so the a-particles arrived at every point o f  the surface to  
be radiated w ith  the same energy. It w as ea sy  to control the bom barding a- 
energy b y  altering the pressure of the argon gas present in the cham ber. 
T he energy resolving power was determ ined b y  the “ straggling” in the gas 
and the fin a l target th ickness. The resolving power curves p lotted  above the 
excita tion  function  show w hat shape the excita tion  function  would have been, 
i f  the reaction  had taken place only at a single resonance energy E r.

The y-radiation was detected  by a cylindrical N a J (T l) crystal o f 40 mm  
0  X 30 m m  dim ension, and the pulses com ing from the photom ultiplier  
reached th e  decatron tube scaler after passing through the am plifier and  
a discrim inator. In order to  elim inate the 0,8 MeV y-radiation of Po210 (which  
has an in ten sity  a hundred tim es greater than the effect to  be m easured) 
we counted only  the pulses originating from  y-rays h avin g  an energy higher 
than 1 MeV.

The y-spectrum  was m easured using a thick Na m etal layer; the calibra
tion o f the single-channel differential discrim inator for m easuring of y-energies 
was carried out by y-rays o f  Cs13", Po210, Co80 and ThC” .

Experim ental results

The excitation funct ion  (у-s of higher energy than  1 MeV vs. bom bard
ing energy) is presented in  F ig. 1. In the upper part o f the figure the resolving  
power curves are drawn.

A nalysing  sta tistica lly  the m easured data [10] it  can be shown that:
a) I t  is certain th at there exists a resonance (or group of resonances) 

at E„ =  5,00 +  0,05 MeV;
b) it  is probable th a t there ex ists a resonance (or group of resonances) 

at E a =  4,75 +  0,05 MeV;
c) it  is probable th a t the sharp rise above E a =  5,1 MeV originates 

from  resonance(s).
The y-spectrum was measured at three different vo ltages of the p h oto

m ultiplier; F ig. 2 shows the у -lines appearing in the excitation  function with  
appreciable in ten sity . The dotted line is the background spectrum.

It  can  be seen th a t the 1,84 MeV and 1,13 MeV lines are those which  
m ain ly  contribute to the y-spectrum  above 1 MeV. The in tensity  o f the 2,55
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MeV line is about one order o f  m agnitude lower. These three lines are responsible 
for the w ell-defined photo-peaks. Further low -in tensity  and rather uncertain  
“ peaks'” can be found at 2,93 MeV and 3,30 MeV.

J f imp/min

Fig. 1. E xcita tion  function of reaction N a!,/u, p/M g26.
Abscissa: Bombarding a-energy (Ea). O rdinate: y-intensity above the y-energy 1 MeV (Iy)

Evaluation of the experimental results

N atural Na consists o f  a single isotope Na23. This fact renders th e  ev a 
luation  o f the m easurem ents easier. I t  can be concluded from the resonances 
occurring in  the excitation function  th a t at the corresponding points th e  com 
pound nucleus Al27 has one or more energy levels ly in g  close to one another,
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Fig. 2. The energy spectrum  of the y-radiation. 
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but it  m ust be em phasized that the resolving power o f  our apparatus w as not 
sufficient to  resolve th em .

a) certain: E exc-(A127) =  14,35 MeV;
b) probable: E exc.(Al27) =  14,14 MeV;
c) probable: E exc,(Al27) =  14,4 MeV

(we have accepted 10,094 MeV as the b ind ing  energy o f  the a-particle accord
ing to  [11]).

Origin o f  the y-spectrum lines: Bom barding the nucleus N a23 b y  Po  
a-particles the following reactions can be taken into account:

N a23(a, p )  Mg28, Q =  + 1 ,8 4  MeV,
Na23(a, n) A l2fi, Q =  - 2 ,9 7  MeV.

W ithout doubt the 1,84 MeV and 1,13 MeV lines correspond to the transitions

and
1,83 -> 0,00  

2,97 1,83

o f the residual nucleus Mg26. As to the origin of the 2 ,55  MeV and 2 ,97 MeV 
y-radiations the m ost probable possibilities are

and
4,35 ->  1,83 

2,97 ->  0,00 ,

respectively. So it  can be seen that the y-radiation o f energies above 1 MeV 
corresponds alm ost entirely to  the transitions between th e  levels of the residu
al nucleus Mg26, th at is, th ey  come from  the reaction (a, p) .

The value of the cross section obtained from the experim ental data is

o* (a ,p )  =  5,5 +  2,2 m b.

An approxim ate calculation carried out on the basis of ref. [12] (not in clu d in g  
spin and parity) gives

7,4 mb <  o*(a , p )  <  8,8 m b .

o * ( a , p ) m eans th at the residual nucleus Mg26 was produced in an exc ited  
state. H ow ever, according to  the m easurem ents of M a y  and F o s t e r  [13] 
the percentage o f  the reaction  Na23(a, p)  Mg26 leading d irectly  to the ground  
state is very sm all (about 3 — 5% ), therefore we can say

o*(a, p) =  a(a,p)-

2* Acta Phys. H ung. Тот. X V I .  Fasc. 3.
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И С С Л ЕД О В А Н И Е  у-И ЗЛ У Ч Е Н И Я , СОПРОВОЖ ДАЮ Щ ЕГО БО М БА РД И РО В К У  
Я Д РА  Na-23 а-ЧАСТИЦАМИ Ро

И. А Н Г Е Л И

Р е з ю м е
Исследуется функция возбуждения и распределение энергии у-излучения, эмитти- 

руемого металлической Na-мишенью под действием бомбардировки а-частицами. Полу
ченная функция возбуждения дает возможность для определения нового сильно возбуж
денного уровня (или группы уровней) ядра А127 с уверенностью, а иного с некоторой веро
ятностью. На основании исследования у-спектра можно сделать вывод о том, что функция 
распределения связана с ядерной реакцией Na23 (a, p)Mg26. Экспериментальные резуль
таты для поперечного сечения реакции а(а, р) согласуются с вычисленными данными.
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ON THE TRANSMISSION FUNCTION 
OF NEUTRON CHOPPERS WITH STRAIGHT SLITS
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(Presented by L. P ál — Received 21. III. 1963)

The transm ission function  is derived for neutron choppers having s tra ig h t slits using 
geometrical considerations. M isalignment m anifests itself in  the shape of th e  transmission 
curve and th e  measured shape perm its to  locate and estim ate  any error in  alignm ent. The 
resu lts of th e  calculations are verified experim entally.

I. Introduction

The neutron spectrum  of a reactor m easured by means o f  a velocity  
selector has to be corrected for the deform ation due to the chopper. The 
transm ission function taking account o f this deform ation has been calculated  
for the case of choppers with straight slits b y  P . A. E g e l st a ff  [1], Y. I. 
Mostovoi et al. [2] and P . H raskó  [3].

The transm ission function determ ined theoretically  can be em ployed  
only in those cases w hen an ideal alignm ent of the collim ators, rotor and detec
tor is achieved. Considering now th a t the heights o f  the collim ator and rotor 
slits are in  general 0 ,2 —2 mm, while their length as a whole m ay reach even  
6 0 —80 cm  it  is rather hard, for low  slit heights even  im possible, to  obtain  
by conventional optical and m echanical means an alignm ent o f ideal precision.

A part from its im portance in neutron spectrum  m easurem ents, it is o f  
interest to know the ex ten t o f m isalignm ent, since such errors m ay cause sub
stantia l reduction in  the neutron in ten sity  and th is affects disadvantage- 
ously the neutron experim ents in vo lved .

In the following calculations o f  the transm ission function geom etrical 
considerations will be em ployed which enable us to  determine how  the shape 
of the transm ission curve is deformed b y  any error in  alignm ent. Then by  
considering the shape o f  the measured transm ission function it is possible to  
locate the area and ex ten t of m isalignm ent. Bringing about artificia l error in  
the alignm ent, the calculations are verified  by m easurem ents.

II. The transmission function

For sim plicity, the rotor and the collim ators are each assum ed to have 
one slit on ly  (Fig. 1). h be the height o f  the slits, z 0 their w idth. We assume
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further the neutrons to  f ly  parallel to  one another w ith in  the beam  and the 
f lu x  o f  the neutrons o f  various velocities to  be uniform  and con stan t. The 
tim e is reckoned from  the in stan t at w hich the neutrons can start to  stream  
in to  the slit o f the rotor crossing the plane P v  th at is when the point b of the 
rotor reaches the poin t A  o f  the collim ator (position bA).  I f  t — t0 is the time 
at w hich the rotor gets in to  the position  cD, t0 is the tim e past w hich th e  neut
rons cannot leave the rotor. The v e lo c ity  o f the slow est neutrons passing through

2 R
th e  rotor is given b y  i>0 = ----- ; neutrons o f lower v e lo c ity  cannot reach the

*o
plane P 2.

Fig. 1. Cross-sectional view of ro to r and  collim ators norm al to  the axis o f ro tation

In  F ig. 2 the position  o f a neutron beam  w ith  velocity  v satisfy ing the 
con d ition  v 0 <  v <  2v0 is illustrated  in the course o f its passage through the 

*orotor. In  tim e —  the rotor slit gets in to  a position  parallel to the axis x  and
2

at th is  in stan t the neutrons fly in g  as high as y  — h m ay just get in to  the rotor, 
w h ile  the neutrons which entered at tim e t =  0 a t the position y  =  0 have

t0
already covered the distance x 0 =  v —  in the d irection x. U nder the above

2
con d ition  R  <  x 0 <  2R.  The plane 1 represents the front o f  neutrons w ith

*ov e lo c ity  v gettin g  into the rotor during the tim e - .  The volum e o f the rotor

con ta in in g  the neutrons is now given by
xnh

Acta P hys. Hung. Тот. X V I .  Fasc. 3.



ON T H E  TRANSM ISSION FUNCTION OF N EU TR O N  CHOPPERS 209

A t the tim e q  =
2 R

p a st — , the front o f  neutrons gets into the
2

position 2. During th is tim e the p o in t a of the rotor covers the d istance y v  
The neutrons being inside the rotor are now in th e  volum e confined b y  the  
planes 2 and 2/a.

f0
A t tim e ~  г L the neutrons start fly ing out o f  the rotor and are leav-

ing the slit in ever increasing num bers across the plane P2. The num ber of 
outgoing neutrons continues to increase until their front gets in to  a position

Fig. 2. The position of the neutrons w ith velocities from v0 to  2 r0 transm itted  b y  the rotor 
in  the plane (x , y ) a t the time t =  t0

— denoted by plane 3 — when it m eets the point c o f  the rotor. L et s2 be the 
distance in  the direction x  from the p lane 2 to the plane 3, i2 the tim e required 
to f ly  th is distance, and y 2 the ordinate belonging to  the abscissa 2 R  o f the 
plane 3.

From  the tim e ~  -|- tx -)- i2 there is a linear decrease in the num ber of

neutrons leaving the rotor across p lane P 2 until the com plete closing o f  the 
shutter. Let us denote th is period o f  decrease by t3. D uring this period, since 
t3 =  f2, the front o f the neutrons has progressed in the direction r t o  a further 
distance sv  The front is now  in the position  4. D enoting the density o f  neutrons 
having velocity  v by  u, the number o f  neutrons passing the rotor is

N l(V) =  T l(V) *0 u.
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Calculating now  the area Тг(г) o f  the triangle o f  base w idth 2s15 we find

N ^ v )  =  Rhz0 (1 -  2u +  u2) (0,5 <  и  <  1),

where the density  o f  neutrons w ith  ve loc ity  v 0 was taken to be equal to u n ity , 

thus u = ---- •

Fig. 3. The position of the  neutrons w ith  velocities v ^  2v0 tran sm itted  by  th e  ro tor in  th e
plane (X, y) a t the tim e t =  i0

From  sim ilar geom etrical considerations [4] the number o f  neutrons w ith
ve loc ity  v >  2t>0 w hich have passed through the rotor (F ig. 3) is obtained as

N 2(v) =  T 2(v) 2 0 и =  Rhz0 ---- n2j (0 <  u <  0 ,5 ) .

The num ber o f the neutrons o f infin ite v e lo c ity  transm itted  b y  the rotor
becom es

N(co) =  ~  Rhzn .

I t  follows from  the above th at the transm ission function  of the rotor 
has the form

_  N(v)  [1 -  2n2 (0 <  u <  0 ,5 ) ,
~  iV(oo) ’  ̂ (2 -  4u +  2u2 (0,5 <  и <  1 ) ,
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illustrated in Fig. 4. The transm ission function calculated by M ostovoi  is  
also shown in the figure. The difference betw een the two curves is due to our 
neglecting the effect of “ overtaking” [3] causing a further reduction in the 
number o f neutrons. Since this fact does not affect appreciably the following  
calculations we shall consider the approxim ate value of f (u)  determined  
above.

Fig. 4. The transm ission function taking in to  account the “ overtaking” effect (dotted  line) 
and neglecting th is effect (solid line)

III. The deformation of the transmission function

L et us now consider the cases in  which the collim ators placed in front and 
after the rotor are not precisely aligned or the placing of the detector is inade
quate.

A  m isalignm ent o f collim ators or detector is equivalent to a good align
m ent in  which a material opaque to  neutrons is put into the corresponding  
place o f the slit o f the collim ator. I f  th is place is in  the upper h a lf o f  the slit 
it  w ill be called upper screening, and lower screening i f  the lower h a lf is covered  
(Fig. 5). Let us consider the transm ission function in  the above tw o cases. 
The effect o f the interm ediate and com bined screenings can be calculated in 
a sim ilar w ay.

Since the num bers o f neutrons passing through the rotor are proportional 
to the areas Tx(v) and T2(v) illustrated  in Figs. 2 and 3, respectively , we have  
to determ ine the change in these areas due to screenings.
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1. Upper  screening

a) In  the ease o f  v 0 <  v <  2 v 0 even  the screening o f the w hole upper 
h a lf  o f  the slit does n o t affect the num ber of neutrons passing through the 
rotor, since the height o f  the triangle o f  area Tx(v) w ill not protrude in to  the 
upper h a lf  o f the slit even  i f  v =  2 v 0 (F ig . 2).

h) I f  v >  2v0, the screening lx cuts out o f the area T2(v) a triangle of 
area T3(v) o f  base w id th  s3 and height m3 (Fig. 3). For lx <  h — y 2 the triangle 
T 3(v) =  0 and the neutrons w ith v e lo c ity  v or less pass through the rotor w ithout 
being reduced in num ber. On the other hand, i f  lx >  h — y 2 we have T 3(v) >  0 
and the number o f neutrons w ith v e lo c ity  v will be proportional to  the area
T2(v) -  З Д .

Fig. 5. Cross-sectional view of ro tor, collim ators and detector norm al to the axis of rotation 
in  the case of m isalignm ent. Only the neu trons flying in the dashed strip can reach th e  counters

2Zi , . .
Introducing now  a =  ----- to  denote relative screening, the transm ission

h
fu n ction  as altered b y  the upper screening lx, has the form

/(17; u) =  1 -  —  a2 +  2a и -  4u2

2. Lower screening

a) In the case o f v 0 <  v <  2 v 0 (Fig. 2) the area T x(v) is reduced by the 
screening l2 to  a triangle having an area T 4(v) o f  base w idth s4 and height m4. 
The transm ission function  altered b y  the effect o f  the lower screening 12 has 
the form

f (L;u)

2 — 4n +  2u2 -|------a2 — 2a +  2a к
2

0

0,5 <  и <  1 -------
2

21,
w here a =  -—— 

h
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b) For V >  2v0 (Figs. 6 and 7), we find

/(L ;u )

1 -  2  i t 2 - -—  a2 — 2a и
2

2 — 4w 4- 2u2 +  —  a 2 — 2a  +  2a  и 
2

1 — a 

2

Fig. 6. The position of the neutrons w ith velocities v 2nn transm itted  by  the ro tor in  the 
plane (X, y) a t the  tim e t =  t0 when a screening of size L m was used (triangle shown by

heavy line)

For a =  0,5 and a =  1 the functions f (L;  u), f ( U ;  u) as well as f (u )  
are p lotted  in F ig. 8. It is apparent from th e expressions as w ell as from the  
figure that while an upper screening affects the shape o f  the function f (u)  
only  in  the range 0 <  и <  0,5, a lower screening changes the shape o f the  
function f (u)  over its whole ex ten t.

This phenom enon can be used for checking the alignm ent o f  the selector. 
I f  we com pare the measured transm ission curve with the theoretical one, the  
coincidence or difference o f the tw o curves indicates the precision or inaccuracy  
of the alignm ent. I t  is advisable to  measure the transm ission function  in either  
sense o f rotation , since it  m ay happen th a t for one sense o f  rotation a sm all 
upper screening ex ists, thus leaving  the shape of the transm ission function  
alm ost unaffected, although in the other sense o f rotation it  m anifests itse lf  
as a lower screening to  which the shape o f  the curve is m uch more sensitive. 
For satisfactory alignm ent the transm ission functions m easured in either sense
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o f  rotation show  the same shape. I f  the a lignm ent is poor, usually  two d ifferent 
transm ission functions are obtained which perm it to determ ine the character  
and exten t o f  the m isalignm ent.

F i g .  7. T he p o s itio n  of th e  n e u tro n s  w ith  v e loc ities v  2t!0 tr a n s m itte d  by  th e  ro to r  in  th e  
p la n e  ( x ,  y ) a t  th e  tim e  t  =  t 0 w hen  a screening o f  size l 2 <  m  w as u sed  (pen tag o n  show n  b y

h eav y  line)

F ig .  8 . T ran sm iss io n  curves in  th e  case of low er a n d  u p p e r screen ings corresponding  to  v a lu e s  
o f a  —  0,5 and  a  =  1, respectively
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IV. Experimental investigations

A  slow chopper w ith  straight slits [5] was used for the experim ental check  
o f the above results. The main features o f the chopper are the follow ing. The 
rotor is a 16 cm diam eter bakelité disc. The rotor and the 30 cm  long collim a
tors placed before and after the rotor and fixed to the rotor housing, have  
each three slits o f 2 X 20 m m 2 cross section  for the passage of neutrons.

F i g .  9 . C alcu la ted  and m easu red  tran sm issio n  fu n c tio n s

The detector consists o f three counter tubes filled w ith  B F 3 gas enriched  
in  B 10 and is placed vertica lly  in the path  of the neutron beam  at 8 m distance  
from  the rotor. The length  o f the counters covers the entire beam  o f neutrons 
tran sm itted  by the slit o f w idth h =  2 m m . In this w ay  any deform ation due 
to  the detector was avoided in  the transm ission curve. The detector signals 
are passed to  a 100-channel tim e analyser.

F irst the transm ission functions o f  the chopper were m easured rotating  
the rotor in  either sense. Subsequently the transm ission functions were m easured  
w ith artificial screenings corresponding to  a =  1.

The transm ission function  No. 1 (F ig . 9) was m easured for the clockwise 
and the curve N o. 2 for the anti-clockw ise rotation o f the rotor. The d if
ference betw een the tw o curves ind icates —- considering the set o f  curves in 
Fig. 8 — th a t the slits o f one o f the collim ators lie lower than  the slits o f  the  
rotor in  the fully opened position. E ven  the exten t o f  the screening can be
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calcu lated . We have to  com pute the ratio f ( U ;  u) to  f (L;  u) for a given value  
o f  u and m ake it  equal to the ratio obtained at the corresponding point of 
th e  m easured curves. The value o f  a  and from  this the size o f  the screening, 
can  he calculated from  this equation . In  the present case the size o f  the screen
in g  was found to  be 0,12 m m .

The curves N o . 3 and N o. 4 to  be seen in  F ig. 9 have been m easured b y  
insertion  o f bakelité plates w ith  h — 1 m m  in to  the upper parts o f  the colli
m ator slits and running the rotor first in one, then  in the other sense, thus 
bringing about upper and low er screening, respectively . The shape o f  each  
curve is in  good agreem ent w ith  the calculated one. The deviation  o f the curve 
N o. 3 from / (  17; u) is due to the 0,12 m m  m isalignm ent in  the original setting .
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ФУНКЦИЯ т р а н с м и с : и и  НЕЙТРОННОГО п р е р ы в а т е л я  с п р я м о й  щ е л ь ю

Т . Н А Д Ь , И . П А В Л И Ч Е К  и Л .  Н А Д Ь

Р е з ю м е

На основе геометрических соображений выводится функция трансмиссии для 
нейтронного прерывателя, имеющего прямую щель. О разрегулированности можно 
судить по форме кривой трансмиссии, и измеренная форма дает возможность для лока
лизации и определения любой ошибки в настройке. Правильность результатов вычисле
ния доказывается экспериментально.
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BERECHNUNG DER LICHTZERSTREUUNG 
MIT DOPPELTER FREQUENZ AUS DER SCHRÖDINGER-

GLEICHUNG

Von

T h . N e u g e b a u e r

INSTITUT FÜR THEORETISCHE PHYSIK DER ROI AND EÖTVÖS UNIVERSITÄT, BUDAPEST 

(V orgelegt von  K . F . N o v o b á tzk y  — E in g eg an g en : 14. IV . 1963)

A ls E in le itu n g  w ird  die F rage d e r K onvergenz d e r  ze itab h än g ig en  q u an ten m ech an isch en  
S tö ru n g srech n u n g  u n d  das P rob lem  d e r B rau ch b a rk e it d e r zw eiten N ä h e ru n g , auch  im  F a ll  
in  d em  dieses V erfah ren  n ich t m ehr k o n v e rg e n t is t, k u rz  besprochen . D a n a c h  w ird  das P r o b 
lem  d er V erein igung v o n  zwei P h o to n e n  gleicher F re q u e n z  an  M olekülen n a c h  der sk a la ren  
S chrödingerschen  T heorie  berechnet. U n sere  Form el (32) g ib t das e rh a lte n e  R e su lta t an . 
D a b e i diesem  V erfah ren  der m ag n e tisch e  V ek to r d e r L ich tw elle  u n d  re la tiv is tis c h e  E ffek te  
u n b e rü ck s ich tig t b le iben , u n d  es sich ausserdem  um  e in e n  E ffek t zw eite r O rd n u n g  h a n d e lt , 
so sind  zw ar die e rh a lten en  R e su lta te  d en en  von dem  V erfasser aus d e r K lein -G ordonschen  
G leichung b e rech n e ten  u n d  denen  in  d e r  fo lgenden A rb e it aus der au f d a s  ra-Teilchen problem  
vera llg em ein erten  D iracg le ichung  h e rg e le ite ten  w e itg eh e n d  analog, s tim m e n  jed o ch  m it 
d iesen  n ic h t v o lls tän d ig  ü berein . A uf d ie  bei diesem  n eu e n  E ffek t a u f tre te n d e n  A usw ah l
regeln , In te n s itä ts fra g e n , B eobach tu n g sm ö g lich k eiten  usw . w ird  in  d e r v o rlieg en d en  A rb e it 
n ic h t eingegangen, w eil diese am  E n d e  des in  d iesem  H e f t fo lgenden A rtik e l ausführlich  
b esp rochen  w erden .

Einleitung

Ziel der vorliegenden U ntersuchung ist die Berechnung der Intensität 
des m it doppelter Frequenz gestreuten L ichtes, um  theoretische R ichtlinien  
für den experim entellen Nachweis eines solchen E ffektes angeben zu können. 
Die ersten theoretischen U ntersuchungen bezüglich  der Berechnung der 
Streuung von Licht an Licht, also der W echselwirkung von zw ei L ichtquanten  
im  V akuum , rühren von  E u l e r  und G o ck el  [1] her. In unserem  Falle handelt 
es sich dagegen um  die W echselwirkung (die Vereinigung) vo n  zw ei L icht
quanten an M aterie, also um einen Effekt, der um  viele Grössenordnungen  
wahrscheinlicher ist.

D ie erste Frage, die hier beantw ortet w erden muss, ist d ie , ob es über
haupt noch einen Sinn hat, die quantenm echanische Störungstheorie in diesem  
Falle (zeitabhängiges Problem) b is zur zweiten N äherung zu erw eitern , bzw- 
ob dieses Verfahren noch konvergent ist. D iesbezüglich liegen erstens U nter
suchungen von W il s o n  [2] vor, der gezeigt h at, dass in den m eisten  der von  
ihm  untersuchten Fälle die zeitabhängige quantenm echanische Störungs
rechnung, wenn auch n icht konvergent, so doch w enigstens asym ptotisch  ist, 
ganz ebenso wie das nach P o in c a r é  bei der astronom ischen Störungstheorie  
der Fall ist. Es ist übrigens eine bekannte T atsache, dass einfache N äherungs
m ethoden oft auch dann noch brauchbare R esultate liefern, w enn die Anwend-
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barkeitskriterien dieser M ethoden n icht mehr erfüllt sind. Ein klassisches 
diesbezügliches B eispiel ist die H erleitung der Rutherfordschen Streuform el 
aus der Bornschen Näherung. Bezüglich dieser Frage seien die U ntersuchun
gen  von W ig n e r  [3], T r e e s  [4], G o l d h a m m e r  und F e e n b e r g  u . a. [5] erw ähnt. 
D as bekannteste Beispiel für die Brauchbarkeit von sem ikonvergenten Reihen  
in der P h ysik  sind jedenfalls die in der Theorie der D iffraktionserscheinungen  
b en u tzten  halbkonvergenten E ntw icklungen der Fresnelschen Integrale. 
Ü brigens zeig t auch die Erfahrung, dass die zweite N äherung der quanten
m echanischen Störungsrechnung m it der Erfahrung übereinstim m ende R esul
ta te  liefert, w enigstens in  dem  Falle, in  dem  es sich um  die W echselwirkung  
■von zwei Störungen handelt, und dabei die eine zeitunabhängig die andere 
dagegen  zeitabhängig ist. D iesbezüglich seien die Theorien des diam agneti- 
schen  Faraday-effektes [6], des elektrooptischen K err-effektes [7] und  die 
der R efraktionsverm inderung von E lektrolytlösungen [8] erwähnt. Beim  
K erreffekt handelt es sich eigentlich um  eine Störung noch höherer Ordnung, 
w eil dieser ja  schon in der konstanten F eld intensität quadratisch ist. Besonders 
das V oigtsche Glied dieses E ffektes (dessen Vorhandensein experim entell 
sichergestellt ist) ist ein typischer E ffekt dritter Ordnung, kann also nur 
m it H ilfe der zw eiten N äherung der E igenfunktion berechnet w erden. Ein 
E ffekt zw eiter Ordnung wäre ja schon der gewöhnliche (quadratische) Stark
effek t, doch handelt es sich dort um einen zeitunabhängigen Effekt, und ausser
dem  b en ü tzt m an zu seiner Berechnung bei A tom spektren ein ganz spezielles 
m athem atisches Verfahren.

D en erwähnten E ffekt hat der Verfasser zuerst aus der K lein— Gordon- 
schen  G leichung berechnet. Der theoretische G edankengang, der zu  dem  
R esu lta t führte, wurde bereits veröffentlicht [9]. A usserdem  wurde vo m  Ver
fasser die Lösung dieses Problem s aus der gewöhnlichen skalaren Schrödinger
gleichung und aus der au f das n-Teilchenproblem  verallgem einerten Dirac- 
gleichung berechnet, die erhaltenen R esultate sind (ohne H erleitungen) eben
falls erschienen [10].

Seit der V eröffentlichung der erwähnten A rbeiten des Verfassers haben 
sich  viele  Autoren m it dem  Problem  der Berechnung der Lichtzerstreuung  
m it doppelter Frequenz beschäftigt. W ir wollen hier in  erster Linie die Arbeiten  
von  K l e in m a n n  [11], B r a u n s t e i n  [12], H e n n e b e r g e r  [13] und A r m st r o n g , 
B l o e m b e r g e n , D u c u in g  und P e r s h a n  [14] erwähnen.

Im  folgenden wollen wir die H erleitung des erw ähnten E ffektes aus der 
Schrödingergleichung angeben. In dem  der vorliegenden Arbeit in  diesem  
H eft folgenden Artikel werden wir die von der a u f das n-Teilchenproblem  
verallgem einerten  D iracgleichung ausgehenden Berechnungen wiedergeben. 
B ekannterw eise erhält m an in der gew öhnlichen D ispersionstheorie und in der 
Theorie der Lichtzerstreuung form al genau dieselben R esultate, vo n  welcher 
der erw ähnten W ellengleichungen m an auch ausgeht. In unserem  Problem
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wird das dagegen, wie wir sehen werden, nicht m ehr der Fall sein , weil in dieser 
N äherung das m agnetische Feld  der Lichtwelle und relativistische Effekte  
n ich t mehr ganz unberücksichtigt bleiben können. Bezüglich der Berechnung  
aus der Diracschen Theorie wird hier der interessante Fall vorliegen, dass m an  
ein Problem  m it H ilfe der auf das n-Teilchenproblem  verallgem einerten Dirac- 
gleichung tatsächlich  ganz durchrechnen kann.

§ 1
U m  unser Problem  nach der Schrödingerschen Theorie behandeln  

zu können, führen wir die folgenden Bezeichnungen ein: u' sei die (zeitabhän
gige) antisym m etrische E igenfunktion unseres n-Körperproblem s (des Atom s 
oder M oleküls), V  die potentielle Energie des ganzen System s, m it A bezeichnen  
wir die Summe der sich auf alle n Teilchen beziehenden Laplaceschen Opera
toren und endlich m it @2 =  ©0 cos 2 nvt  den elektrischen Vektor der einfallen
den Lichtw elle. (Der m agnetische Vektor b leibt nach diesem Verfahren unbe
rücksichtigt.) Dann erhalten wir das folgende Störungsproblem :

Au
8л 2 m

h 2

n
V  +  e N 1 za &0 cos 2лП 

0  =  1

4л im 
h ( 1 )

Ganz allgem ein können wir

un — v'ne h " (2 )

schreiben. Zur Lösung von (1) m achen wir den bekannten A nsatz

«Л =  « 0  +  (3)

w o u 0 die E igenfunktion des ungestörten n-Körperproblems im Grundzustande  
b edeutet. Aus (1) und (3) folgt

8л:2 m  4л im dw  8л2 m „  „
A w --------------l í v -----------------—  = --------- e(A 2 ) là',, cos 2nv t . un

h 2 h  d t  h 2

4л2 m
h 2

(S0 e (E z) {е2лМ +  e~2nivt} u0 .

N ach der bekannten Methode sei

2 , i t ^ +hV
w  =  w  4_ e +  te_e

2nü E-°ThV

dann fo lgt aus (4) und (5), wenn wir noch zur Vereinfachung

2 л i ^ - thw e = v _

(4)

( 5 )

(6 )
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setzen

, 8л2 m , 8л - т  rr, , , . 4л2 т
A v ± ------- ~ Í ^ VV± + — J ^ ~ ^ ± h v ) v± = е ое (Г г )-ц 0 . (7)

Mit H ilfe der R eihenentw icklungen

folgt weiter

und

v± =  ^  ak± Vk 
к

2  Г  Ä {-v (fcO ) +  v}

=  J L  e  ® „ V '
2  f c  f c ( — » ( f c O )  — v }

• “ ft

• “ft »

(8)

(9)

( 10)

wo wir die B ezeichnung E k — E 0 =  hv(k0) eingeführt haben. D ie bei dem  
Ü bergange von  einem  angeregten in den G rundzustand em ittierten Frequenzen  
werden also positiv .

Für die ganze gestörte E igenfunktion erhalten wir daher das bekannte  
R esultat

u' =  u 0 +  —  @0 e j u0 27 z uk dr
2  ft J

02л ivt о~2л ivt

+
h {— V (feO) -f- v} h {— V (fcO) — v}

“ft- (И)

Der E igenw ertet ändert sich in  erster N äherung n icht, w eil es — abgese
hen von  A usnahm sfällen — keinen linearen Starkeffekt gibt.

Je tz t wollen wir die zweite N äherung berechnen. Es sei

“ ' =  “o +  — ®o e 2 Ï ' \ . dr
a2 nivt -2 nivt

h {— v (fcO) +  v} h {— v (&0) — v}
• (12)

Setzen wir (12) in  (1) ein , so folgt, w enn wir Glieder bis zur zw eiten  Ordnun g 
behalten

A f -
8л2 m 

h2
V f -

4 л i m 3 f  
h 9 1

m e ^  Ẑ  C0S V 1 * V  e ^  ) U°
E  z u k d t

p2nivt

h {— v (kO) +  r}
4-

-2 nivt
+ h {— v (A0) — v}

“ft. ( 11)
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B erücksichtigen wir noch in  (13), dass cos 2 nvt =  —  |е 2я,у( -f- e 2mvt\ i st,
2

so folgt w eiter
. . 8n2m 4tt im  9 f

Л f --------------V f -------------------
h2 h d t

- - ^ am  e 2 ^  (“  2 )  I m 0 2 7 z  d r
h {— t» (fcO) +  v) h {— V (fcO) i>}

+

p—4 nivt
4- +

h { — v (fcO) — v} h { — v (fcO) — v} u k

h- k

p — 4  T iiv t

h {— v (fcO) +  v} h {— v (fcO) — v}

2v (fcO)
—  (Z z ) \ u 0E z u kd T u k .

h {v2 (fcO) -  v2}

Zur Lösung dieser D ifferentialgleichung zerlegen wir f  in drei Glieder

/  =  / i ^ 4 / 2 e -w 4 / 3

(14)

(15)

Da die linke Seite von (14) in  f  linear ist, so zerfällt unsere Gleichung m it  
diesem  A nsatz in drei D ifferentialgleichungen. Es sei weiter

2лИ 2 M t E°~2hV 2 , Æ
Ai

/  — f lOe + / 2  Oe h +  / з о е • (16)

/ 10, f z 0 und / 3 0  entw ickeln wir je tz t nach den ungestörten E igenfunktionen :

f io  =  ^ bi V n  / 2 0  =  ci und f s o = y ^ d iV,i- (17)
i i i

Dann haben wir z. B.

'S  b,h {— v (10) -  2v} y)t =  —  e2 S '  (  u02J z йк d r  .
4 J

(Z z) uk
- 2  яа Щ. e h 1

h {— v (fcO) +  v}
(18)

und daraus fo lgt m it Hilfe der bekannten Fourierartigen M ethode für die
bi

6 J_g2e2 y , __ l ^ S z n ^ d r J 4 ^ d r ___
4 fc2{ _  v(fcO) +  v} ■ { - v (10) +  2v}
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und weiter endlich  für f 10

L « s s . * y — í m & h i i d i (20)
4 t f ,  h2 { - v (kO) +  v) ■ { - v (10) +  2v}

кф 1

A nalog erhalten  wir

f  _  J L <мP2 V ' ^ u qZ z d k d r - \ u kZ z ^ d x  - * ,«  Zl 
•'20 4 ° -Г, h2 { — V (ÄO) -  v} • { -  r (ZO) -  2r}

fc#/
« /  ( 21)

und

/зо =  _ L g 2 e2 y ,  2  Г * ц*<*т u‘ d_ L  e ~ * «■f  . U;.
/С, l
кф1

h2 {v2 (k0) — v2}v( l0)
(22)

In  zweiter N äherung erhalten  wir also für die ganze E igenfunktion aus (3), 
(5), (11), (16), (20), (21) und  (22)

u' =  u0 +  —  6 0 e ^ ' Г u0 Z z  uk dr  
2 k J

e2 ^ u 0Z z ü k d r  . j  ukZ z ü l dr

„ 2nivt -2nivt

+
h {— V (kO) -f- v} h { — v (Ä0) — v)

uk

0i  ”t

0—\nivt
+

h2 {— v (kO) -f- v} • {— v (ZO) +  2j>} 

2r (ZcO)

- +

+
h2 { _  v (fcO) -  v} ■ { -  v (10) -  2v} h2 {V2 (kO) — v 2 }  V (Ю)

щ . (23)

D iese gestörte E igenfunktion  ist noch  nicht norm iert. Die ungestörten  
E igenfunktionen  haben w ir zwar in  unseren B erechnungen als norm iert 
angenom m en, daraus fo lgt jedoch  noch n ich t, dass auch die gestörten norm iert 
sind. Für d ie E igenfunktion in  erster N äherung ist das zwar tatsächlich  der 
Fall, wie m an das ausgehend von der N orm iertheit der E igenfunktionen des 
ungestörten  Problem s le ich t zeigen kann. Für die zw eite Näherung verlangt 
die N orm ierungsbedingung erstens, dass im  dritten Gliede von (23) к =f= l 
sein soll. In  unserem  Problem  ist jedoch diese B edingung autom atisch erfüllt, 
weil im  F alle  von к — l das eine M atrizenelem ent in  diesem  Gliede verschw in
det. D iesen  Tatbestand kann  man auch so ausdrücken, dass er eine Folge 
davon is t ,  d ass es abgesehen von  A usnahm sfällen (die jedoch bezüglich unseres 
Problem s ganz uninteressant sind) keinen linearen Starkeffekt gibt. Zweitens 
würde eben  wegen der N orm ierung zu  (23) noch das Glied

'  j ( 5 0  e J u0Z z  uk dr
02 nivt

+
e—2 nivtl

h {— v (fcO) -f- v} h {— v (kO) — r}
(23a)

hinzutreten . Da jedoch in  der betrachteten  Näherung (23a) nicht das Auf
treten v o n  weiteren G liedern in p q verursachen würde, so wollen wir hier 
nicht w eiter auf diese Frage eingehen.
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E ndlich fo lgt aus (23) für das ganze induzierte M om ent (ebenfalls in  
zweiter Näherung)

— p q — e J  u' £  q ü' dr  =  J u0 Z  q ü0 dr

+  ©o®2 . j  u0 E z  uk d r  • j ukH q u 0dr

h { — v(kO) — r}

©2 e3 N ” z ü k d r -  ( u k Z z q U [ d r  ■ (и , 27 2  ü 0 cZr
4 f i  J J J

h { — v(k0)  +  v} ' 

c o s 2 t î  V  t

кф 1

+

h2 {—r(Z;0)-f-r} • {—p(Z0)4-p }

/,4л  Ы

Л2 {— V (ZcO) — v} ■ { — V (ZO) — p} h2 { — V (fcO) +  p} • {— p (Z0) — p}
+

p—if iM

+

h2 { — p (ZcO) — p } • { —  p  (ZO) - f -  p} 

—©2e3 ’S  \ щ ^  z u hdr  • \ u kZ z u l d r - [ u lE  q u 0d r \ \
4  m J  J J  {[.

кф1

+
h2 {— p (ZcO) — p} • { — p (ZO) — 2p} 

4p(fcO)

h2 {—p (Zc0)-(-*p} • {—p(Z0)+2p} 

2cos4tc p  t -f-

(24)
h 2 {p 2 (feO) -  p 2} p (ZO)

D as ganze vierte Glied von (24) kann man auch noch folgenderm assen schreiben

1
^■©2e3 ^ v I u0 Z z u k dr-  I ukE z u t d r  • | utE  q u 0 d r (25)

{2p (kO) v (ZO) -f~ 4p2} 2 cos 4л v t 4p (ZcO)
h2 {p 2 (ZcO) -  p 2} • {p 2 (ZO) -  4p2} h2 {v2 (ZcO) -  p 2} p  (ZO)

Im  dritten Gliede von (24) stehen in der eckigen K lam m er die ze it
abhängigen Glieder

g4 nivt Q-fcnivt
---- ;------------------ — ;------------------— und ----- -------------------- -------------------- —— , (26)
h 2 { — p(ZcO) +  v} • { — p (Z0) — p} Zi2{ — p(ZcO) — vj  ■ j — p (ZO) -j- p}

die m it dem F aktor

j u0 E  z üh d t  ■ j  uk S  q u, dr  ■ J  u, Z  z ü0 <Zr (27)

m ultipliziert sind.
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D ieses Produkt ist gegen eine V ertauschung von к und l unem pfindlich. 
B etrach ten  wir je tz t die in (26) stehenden Glieder and addieren wir 

zu  dem ersten  Gliede, das zu  einem  beliebigen Paare von  к und l gehört, ein  
zw eites, in  dem  к und l m iteinander vertauscht sind, so erhalten wir

------------------------------------------- — 2cos4jt v t ,
h2 { —  V (kO) v} • I —  V (10) —  vj

(28)

In einer analogen W eise fo lg t, wenn wir das zweite Glied in (26) m it einem  
so lchen ersten zusam m enziehen, in dem  ebenfalls к und l vertauscht sind

------------------------------------------------— 2cos4 rt v t .  (29)
h2 { — V ( Щ  — v} • { — v(/0) -|- r}

Addieren wir je tz t (28) und (29), so fo lgt

2v (kO) V (10) - 2v2 
h2 {V2 (kO) - V2) ■ {v2 (10) -  V2 }

2 c o s 4 n v t . (30)

Dieser A usdruck ist w ieder gegenüber einer V ertauschung von  к und / invariant, 
und d esh alb  können wir endlich das dritte Glied von  (24) folgenderm assen  
schreiben:

— ©g e3 'S '  j UqZ z u k dx ■ I uk 27 q ut dr  ■ j u,27z u0 dr • 
4 k J  J  J  J

кф1

2v (kO) v (10) -j- 2 v2 -f- [2v (kO) v (10) — 2v2J cos 4л vt 
h2 {v2 ( Щ  — v2} • {v2 (10) -  v2} ~

(31)

Aus (2 4 ) , (25) und (31) erhalten wir also für das induzierte M om ent die end
gültige Form el

p q =  e I u' 27 q u' d r  =  e j u0 27 q ü0 dr

- G 0 e * 2 '
к

■ '  j M0 27 S uA. dr  ■ J  uk 27 q un dr  —  -
2v (kO)
(kO) — r2J

cos 2л vt

-\------- S 2 e3 V '  j u0 E  z ~uk dr  ■ I uk 27 q Ù, dr  ■ I ы, 27 z u 0dr
4  k,i J J J

кф 1
2v (kO) v (10) +  2v2 -|- \2v (kO) v (10) — 2r2] cos 4 л  v t 

h2 {r2 (kO) — v2} ■ {v2 (10) — v2}

+  ^ -© 2e3 V ' I u02jZuk d r -  I ukZ z U [ d r  ■ I ut u0 dr  
4 f j  J J J

кф1

j [2v (kO) v (10) -)- 4v2] 2 cos 4л v t  4r(k0)
[ h 2 [v2 (fcO) — v2} ■ {т2 (/0) -  (2г)2У  h2 {v2 (kO) -  v2} v(l0)

( 3 2 )
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§2
U m  die Lichtzerstreuung m it doppelter Frequenz aus der K le in — 

Gordonschen Gleichung, oder richtiger ausgedrückt aus der Schrödingerglei
chung ergänzt durch die aus der K lein — Gordonschen Gleichung folgenden  
und das Y ektorpotential enthaltenden Gieder, berechnen zu können, m uss 
zuerst das Y ektorpotential

c ß* ( X ^
21 =  3l2 = ------ ——- sin 2л V | f --------1 (33)

2 n v  ( c )

eingeführt werden. Tatsächlich erhält m an aus (33)

und

=  COS 2 ТГ Г
X

c

igy =  — (£„ cos 2л V t —

(34)

(35)

Setzen wir (33) als Störglied in die erwähnte Gleichung ein, so erhalten  
wir die gestörte D ifferentialgleichung

. 4jt im du]
A u --------------------

h dt
8л2 m

h2
(E0 + U )  и

2 ie 
hv

®o sin 2л V (36)

E 0 =  mc2 ist hier die Ruheenergie des Elektrons und U  bedeutet die 
potentielle Energie. Die weiteren R echnungen sind denen, die im § 1 von  
(1) zu (32) geführt haben, w eitgehend analog [9], und m an erhält ein zu (32) 
ähnliches, jedoch dam it n icht ganz übereinstim m endes R esultat; da diese 
letztere Form el jedoch form al vollständig m it der in der folgenden Arbeit aus 
der Diracschen Theorie hergeleiteten übereinstim m t, so wollen wir hier n icht 
näher darauf eingehen. V ollständigkeitshalber sei nur noch erwähnt, dass 
wir bei der zitierten Rerechnung aus der K lein — Gordonschen Gleichung das 
entgegengesetzte Vorzeichen für die Eigenfrequenzen ben ü tzt haben, woraus 
sich das ebenfalls entgegensetzte Vorzeichen im  zweiten Gliede unserer Form el 
(32) und der Form el (58) in der erwähnten Arbeit erklärt.

A uf die bei dem neuen E ffekt auftretenden Auswahlregeln, In ten sitä ts
fragen, Eeobachtungsm öglichkeiten (besonders m it Hilfe der modernen Laser
technik) usw. wollen wir hier nicht eingehen, w eil diese am Ende der in diesem  
H eft folgenden Arbeit ausführlich besprochen werden und weil sie ohne 
jede Änderung auch auf die aus unserer Form el (32) her geleiteten R esultate  
anwendbar sind.
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ВЫЧИСЛЕНИЕ РАССЕЯНИЯ СВЕТА С ДВОЙНОЙ ЧАСТОТОЙ НА OCH ОВЕ 
УРАВНЕНИЯ ШРЕДИНГЕРА

Т . Н А Й Г Е Б А Е Р

Р е з ю м е
В введении в первую очередь рассматривается вопрос сходимости зависящегося 

от времени квантовомеханического пертурбационного исчисления. Далее уделяется вни
мание проблеме о применимости второго приближения в случае, когда приём не даёт 
сходящихся результатов. После этого на основании скалярного и нерелятивистского 
уравнения Шредингера дискутируется вопрос вероятности соединения двух фотонов на 
молекулах. Полученный результат содержится в уравнении (32). Так как в данном методе, 
с одной стороны, вектор магнитного поля света и релятивистские эффекты не принимаются 
во внимание, и речь идёт о второстепенных эффектах, с другой, полученные результаты 
хотя и аналогичны вычисленным автором на основе теории Клейна—Гордона и вычислен
ным здесь данным, которые в следующей за данной работой статье обобщены в теории 
Дирака для проблемы п-частиц, но полностью с ними они не совпадают. Появляющиеся 
при этом новом эффекте правила отбора, условия интенсивностей и возможности экспери
ментального наблюдения не дискутируются в данной работе, так как они являются пред
метом подробного анализа, даваемого автором в конце следующей его работы. Выведен
ные в упомянутой работе результаты могут быть перенесены без каких-либо изменений 
и на полученные здесь данные.
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BERECHNUNG DER LICHTZERSTREUUNG 
MIT DOPPELTER FREQUENZ AUS DER AUF 

DAS n-TEILCHENPROBLEM VERALLGEMEINERTEN
DIRACGLEICHUNG

Von
T h . N e u g e b a u e r

INSTITUT FÜR THEORETISCHE PHYSIK DER ROLAND EÖTVÖS UNIVERSITÄT, BUDAPEST 

(Vorgelegt von K. F. N ovobátzky — Eingegangen: 14. IV. 1963)

Die Vereinigung von zwei Photonen gleicher Frequenz an Materie wird aus der auf 
ein n-Körperproblem verallgemeinerten Diracschen Theorie berechnet, wobei der seltene 
Fall vorliegt, dass man ein Problem nach dieser Theorie tatsächlich ganz durchrechnen kann. 
Die Resultate enthalten die Formeln (54) und (57). Danach wird gezeigt, dass auch die in @0 
quadratischen und dabei zeitunabhängigen Glieder eine physikalische Realität besitzen. 
Im § 2 werden die Grössenordnungen der Intensitäten der Rayleighstreuung und die der 
Streuung mit doppelter Frequenz miteinander verglichen, und es wird die Frage besprochen, 
wie die streuenden Moleküle und die Versuchsbedingungen zu wählen sind, damit der neu 
berechnete Effekt möglichst gross wird. Am wichtigsten ist dabei das in (57) unterstrichene 
Glied, welches eine Resonanzverstärkung des neuen Effektes ohne gleichzeitige Verstärkung 
der Rayleighstreuung ermöglicht. Zuletzt (§ 3) werden noch die Auswahlregeln für die Doppel
frequenzstreuung hergeleitet. Bei Atomen, zweiatomigen homonuklearen Molekülen und 
symmetrisch gebauten mehratomigen Molekülen verschwindet der Effekt exakt. Am stärksten 
»doppelfrequenzaktiv« sind dagegen ganz unsymmetrische, mehratomige Moleküle. Mit Hilfe 
des optischen Masers ist es tatsächlich schon gelungen, das Auftreten des neuen Effektes 
an zusammenhängender Materie nachzuweisen, theoretisch am interessantesten wäre selbst
verständlich der an Molekülen auftretende Effekt, wozu in  erster Linie ebenfalls die Laser
technik die experimentelle Möglichkeit gibt.

Einleitung

In der vorangehenden A rbeit wurde die Lichtzerstreuung m it doppelter 
Frequenz ausgehend von  der skalaren und n ichtrelativistischen Schrödinger
gleichung berechnet. Ziel des vorliegenden A rtikels ist es dasselbe Problem  
nach der auf das n-Teilchenproblem  verallgem einerten Diracgleichung zu  
behandeln. Es sei gleich bem erkt, dass hier der ganz einzigartige F all vorliegt, 
dass es tatsächlich  m öglich ist, ein Problem  nach der auf das n.-Teilchenproblem  
verallgem einerten Diracschen Theorie ganz durchzurechnen. D ie erhaltenen  
R esultate wurden vom  Verfasser ohne deren H erleitung bereits veröffentlicht 
[1]. In der vorliegenden Arbeit so ll die R echnung, welche zu der erwähnten  
Form el geführt hat, ausführlich besprochen und ausserdem  am E nde der Arbeit 
die experim entellen M ethoden, die zum  Nachweis des neuen E ffektes dienen  
können, kritisch betrachtet werden. Die m oderne Lasertechnik liefert eine 
ganz ideale M öglichkeit dazu.

§ 1
Für ein Teilchen lautet die Diracsche G leichung in den gewohnten  

Bezeichnungen
[Po +  <*kp k -F cm a4] « =  0 , (1)

k = x y z
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W O

und

h 3 e
P o =  — - —:— —  H—  A2n ic dt c

h d e
Ph — 7 —  H A k2л i  ok c

(3)

(2)

is t . A  bedeutet das skalare P oten tia l und die A k die K om ponenten des Vektor
potentia ls.

Für ein allgem eines n-Teilchenproblem  kann m an bekannterweise die 
D iracsche G leichung folgenderm assen verallgem einern:

[Po +  2  2  aP  №  H c y m a a ^ +  B ] u  =  0 .
a = l k - x , y , z  <.=1

H ier bedeuten

P o =
h

2л ic
_3_
dt

und

Ä a) =
h

2л i
d

dha)

e

c
4 a),

(4)

(5)

( 6 )

w o A und die A ^  das skalare und die K om ponenten des Vektorpotentials 
am  Orte des о-ten  Teilchens bedeuten . Die W echselwirkungen der zu dem  
S ystem  gehörenden Teilchen haben wir alle im  Operator В  zusam m engefasst; 
dieser enthält also erstens säm tliche Glieder, die von  den skalaren Potentialen, 
die von  den Ladungen der einzelnen Teilchen verursacht sind, herrühren, also 
den Ausdruck

e
2c

У  A a> =
<4 = 1

— 2
2 c  a . b  r a b

(7)

den wir auch noch zu (5) h ätten  schreiben können und ausserdem die übrigen 
W echselw irkungen dieser T eilchen. A u f das Problem  der expliziten Form  dieser 
Glieder, das w ie bekannt, ein recht verw ickeltes Problem  ist, kom m en wir 
noch zurück.

Die E igenfunktion и hat hier 4 n K om ponenten. Die M atrizendifferential
gleichung entspricht also einem  aus 4 n Gleichungen bestehenden D ifferential
gleichungssystem . Wir haben z. B.

4

( * k V ) b l b t . . . b H =  •••»■• ( 8 )
A=1
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Die elektrische D ichte ist hier folgenderm assen definiert

4
Q =  П q '  =  — пегргр =  — ne V  щ,ь,...ь„У>ь,ь,...ьл - (9)

ft, b , . . . b„  1

Diese Summe besteht aus 4n Gliedern.
Für die Strom kom ponenten haben wir

_ w t
jfcd =  ceyafö^y) , и =  xp e " .  (10)

Hier bedeutet A: eine der drei Raum koordinaten und at das betreffende Teilchen, 
zu dem die Strom kom ponente gehört. Explizit h a t j  die Form

4

j k l) =  ce V  Vfti ft ,( (ai<"))bIAVft,fts...fti- 1Aft,+,...ft„- ( И )
ft, f t . . .  .ft„ я 1

J etz t wollen wir noch das berühm te Problem  der expliziten  Form des 
in  (4) eingeführten W echselwirkungsoperators В  kurz besprechen. Das erste 
Glied dieses Operators, die »naive Coulombsche W echselw irkung« der Ladun
gen ohne Retardierung, haben wir bereits in (7) angegeben. D ie ersten Ansätze 
zur Berücksichtigung der w eiteren Glieder nach dem Gedankengange der 
Diracschen Theorie rühren von Ga u n t  [2] her. A uf ein n-Körperproblem  verall
gem einert lautet seine Formel

B  =  — ~ ~  j ?  [1 — QaQb{<*aab)\ , (12)
“ c , ft r a b

wo die Q1 und die a D iracsche M atrizen sind. In der runden K lam m er steht ein 
aus M atrizenvektoren gebildetes skalares Produkt. D ie R etardierung ist jedoch  
in  der Form el von Ga u n t  noch n ich t berücksichtigt.

B re it  [3] erhielt, ausgehend von  einer älteren U ntersuchung von C. G. 
D a r w in  [4] bezüglich der richtigen relativistischen Form ulierung der klas
sischen Bewegungsgleichungen eines Zweielektronensystem s, eine genauere 
Form el. Wir geben hier sein Ergebnis ebenfalls au f ein ra-Teilchenproblem  
verallgem einert an:

e1 $  1 _ e2 n
V* ^  «la4 6) («(") r) (<#> r)

2c a,b r ab 4c a , b
' I

k = x . y , z r ab r 3rab
(13)

In  den runden K lam m ern stehen wieder skalare Produkte. D ie Form el von  
B re it  ist jedoch nur angenähert relativistisch  invariant. (Bis zu Gliedern von  
der Grössenordnung v2jc2.)
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Eine streng L orentzinvariante Form  des W echselw irkungsgliedes von  
zw ei Partikeln  rührt von  M 0 l l e r  [ 5 ]  her. Sein R esu ltat ist jedoch seinem  physi
kalischen Inhalte nach bloss annähernd und ist deshalb in erster Linie zur 
B ehandlung von  stark relativ istischen  Problem en (z. B . der Streuung von  
E lektronen  sehr grosser Energie usw .) geeignet, w o die E ntw icklung nach  
v2jc2 versagen würde.

E ine vierdim ensionale k om plett relativistische Gleichung für zwei in  
W echselw irkung stehende Ferm i—D iracsche Partikel, die sich in  gebundenen  
Z uständen befinden, haben ausgehend von dem von  F e y n m a n  [6] angegebe
nen Form alism us S a l p e t e r  und B e t h e  [ 7 ]  angegeben. E s sei nur noch bem erkt, 
dass G e l l — M a n n  und L ow  [8] die Gleichungen v o n  F e y n m a n  aus der 
Q uantenelektrodynam ik streng hergeleitet haben.

D ie B e t h e —SALPETERsche G le ich u n g  la u te t  fü r e in  Z w eikörperproblem , 
im  F a lle  d ass k ein  äusseres F eld  vo rh a n d en  is t , in  d en  B eze ich n u n gen  dieser  
V erfasser:

V
/1 m. m, P u +  р Л уР - im 1 c 2_ и

( m 2 p  „(2) . -  im 2 c W{xv)/А P f l \  Y f i  т г +  m 2 J

=  i G(xv) V(xv) . ( 1 4 )

H ier ist xv =  (r, ict), r =  rx — r2 und t =  — i2 ist »die relative Z eit« . Weiter
0

i s t Pfi =  — i f i -----  und P , bedeutet den M om ent-Energie-Vierervektor der
dxfX

B ew egung des M assenm ittelpunktes.
G(x„) is t  der e ig en tlich e  W ech selw irk u n gsop era tor, der je d o c h  nur als 

ein e  u n en d lich e  R eih e  d arstellbar is t .  Jed es Glied d ieser  R eihe is t  e in  L orentz- 
in v a r ia n ter  O perator und  k an n  aus der erw äh n ten  FEYNMANschen F orm ulie
ru n g  der Q u an ten elek trod yn am ik  h erg e le ite t w erd en . E s sei jed o ch  bem erkt, 
d ass d ie K o n v erg en z d ieser R eih e p rob lem atisch  is t .

E in e  w eitere  M ethod e zur B erü ck sich tig u n g  dieser W ech selw irk u n g  
rü h rt v o n  T a m m  [ 9 ]  u n d  D a n c o f f  [ 1 0 ]  her, die w ie Z i m m e r m a n n  [ 1 1 ]  gezeigt 
h a t, m it der B e t h e — SALPETERschen G leichung in  Z u sam m en h an g  gebracht 
w erd en  k an n .

B ei unserem  Problem  liegt jedoch der glückliche Fall vor, dass der W ech
selwirkungsoperator В  während unserer weiteren Rechnungen w eider heraus
fallen wird, sodass unsere R esultate so lange streng richtig b leiben, bis diese 
W echselwirkung überhaupt noch als ein au f die E igenfunktion u'  des Sys
tem s einwirkender Operator dargestellt werden kann.

Es sei nur noch bem erkt, dass wir hier der E infachheit halber angenom 
m en  haben, dass alle n Teilchen Elektronen sind. Je tz t wissen wir zwar aus 
den U ntersuchungen von R. H o f s t a d t e r , dass die Nukleonén keine Dirac- 
schen Teilchen sind, doch wird m an diese trotzdem  in  guter N äherung durch
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die Diracsche Theorie beschreiben können (selbstverständlich unter Berück
sichtigung des anom alen m agnetischen M om entes) und ausserdem  spielt ja  
in unseren Betrachtungen sowieso nur das Coulombfeld des K ernes eine Rolle, 
so dass dadurch die A llgem einheit unserer Betrachtungen nicht beeinträchtigt 
wird. Selbstverständlich würden b ei der W echselwirkung eines Elektrons und 
eines Protons unsere W echselwirkungsglieder ihr Vorzeichen ändern.

N ach diesen Vorbereitungen wollen wir je tz t  unser Störungsproblem  
tatsächlich  berechnen. In Form el (1) der vorangehenden A rbeit haben wir 
in  die skalare Schrödingersche W ellengleichung einfach den elektrischen Vektor 

*
eingesetzt, je tz t benötigen wir das dazu gehörende@г =  @0 cos 2л v t —

V ektorpotential

31 =  31, =  —
2л V

2л V t — cp — О (15)

Tatsächlich folgt aus (15) m it H ilfe der Formeln §  =  rot 31 und

6  =  — grad cp------ 3 1
c

und

=  ®o cos 2 ít V

§ у =  — C£0 cos 2л  V

t - - t4 , c x =  e y =  o

*
t — , öv  =  ö z =  о .

(16)

(17)

Setzen wir je tz t (15) in (4) ein, so fo lgt

h Э " J i _____9_
2л zс 0£ u=l k=x,y, z  2л i dk,

, ( a )
+  C 2  m ( a )  «4a) +  Ba k  T  «- ^  " i ( a )  U4 ' 

(a) a=l

=  - A  J V (o ) 2л V
X

t -------
(18)

wo wir zur Abkürzung

А =
2л V

(19)

gesetzt haben.
Die Eigenwerte und die E igenfunktionen der ungestörten Gleichung 

bezeichnen wir mit

W s und
2 71 i

us =  Vs
w.t 2.1 i

W s  e

E . t
( 20)
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letztere  b esitzt 4n K om ponenten, s bezeichnet die G esam theit aller einen Zustand 
charakterisierender Q uantenzahlen. D ie B ezeichnung — W s =  E s haben wir 
nur aus Bequem lichkeitsgründen eingeführt, um  n ich t überall das negative  
V orzeichen explizit hinschreiben zu m üssen. E s b edeutet also n ich t den 
E igenw ert in der D iracschen Theorie, sondern dessen negativen W ert.

D ie vollständige G leichung kann m an m it H ilfe des folgenden Ansatzes 
integrieren:

E J t
us =  xps e (21)

Setzen  wir je tz t (21) in  (18) ein und berücksichtigen wir, dass us die ungestörte 
G leichung befriedigt, so folgt

__h 9 " h 9

2Tzic 9t ü—l k=x, y , z  i
i p + c J ? m (a)a P +  В

a = 1
Wo

=  — A  JV а sin 2л v 
C <2 — 1

t — ( 22 )

Wir nehm en w eiter an (da es sich um sichtbares oder infrarotes Licht 
handelt), dass das fragliche M olekül klein im  V erhältnis zu Я ist, dann können  
wir das Glied auf der rechten Seite von  (22) wie fo lg t schreiben:

e
c

П
А  У  4 “)__

Ä  ' 2 i
(E ,+  h v )

2л it
— e n (Eg—hv)

V>s• (23)

Für w.  m achen wir den bekannten Ansatz

2л it

Wo =  Wo e
( . E , + h v )

2n it

— Wo e
(E g -h v )

(24)

Setzen wir je tz t (23) und (24) in (22) ein, so folgt
П

------- (E s ±  h v) +  ——
c 2m i = l  k = x , y , z  9 k ( fl)

еЛ n

X ’ 4 ° )
2 ic a = 1

0 4 a) +  c У  m ( a )  a 4a )  +  B

(25)

D ie w^  (die aus einer 4n K om ponenten besitzenden K olonnenm atrix bestehen) 
entw ickeln wir je tz t  in Reihen nach den ungestörten  E igenfunktionen (die 
ebenfalls K olonnenm atrizen sind und die selbe Zahl von E lem enten besitzen:

» S 1  =  2  W S S ' VV • (26)
s'
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Setzen wir dies in (25) ein , so folgt

-  ( E s  ±  h  v  ~ ] E s ‘)  « >Is’ W s’ =  У  a za) Ws
s' C 2 IC  i= i

(27)

В  is t hier herausgefallen, das problem atische W echselwirkungsglied tr itt  also 
im  R esultat explizit n ich t auf. Die G leichung (27) m ultiplizieren w ir je tz t  
m it rps, und integrieren dann über den ganzen K onfigurationsraum . Wir 
erhalten

1 p A  C n
------- (Es ± h v — E s.) w£s, =  ——  j ?  y>s, 4°> ips d x , (28)

c 2 ic J t=\

oder wegen (10)

-----— (Es ± h v  — E s,) =  -  A -  f ( «' )  dr  . (29)
c 2 ic2 J JTi

П
(ss') = j z{ss ) bedeutet die zu dem  Q uantensprung s ' —s>s gehörende

a=l

und von allen Partikeln herrührende Strom kom ponente; also haben wir

Da weiter

— —  {Es —  E s. ± h v )  M)±s, 
c

dir  j  - j --------- —  =  0
9 t

(30)

(31)

und dem zufolge (selbstverständlich u n ter  Benützung der zeitabhängigen  
E igenfunktionen und E inführung der B ezeichnung W s, — W s =  E s — E s. =  
=  hv(s's),  m it Hilfe deren die bei dem  Übergang v o n  einem  angeregten  
Zustand in den G rundzustand ausgestrahlte Frequenz p o sitiv  wird)

div j  (ss') +  iv (s's) g (s s') =  0 (32)

ist und

j  (_> q(a> div jW) (s s')) d r =  — j j j  (ss')dx (33)

sein m uss, wo q eine K oordinate b ed eu tet, so kann (30) auch noch folgender- 
m assen geschrieben werden:

— (Es — E s> ± h v )  W£s, =  ^  l n  i v (s's) j V  z<a) o' (s's) d x . (34)
2ci J í t i
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S etzen  wir hier n och  den W ert von  A  aus (19) e in , so folgt

( E s  —  E s ' ± h  V) w *,  ■■
1 V (s ' s )
2 V J  a =1

) d r .

M it Hilfe der B ezeichnung

I z(a) q' (ss') dx =  — P ,  (ss')
J  a=l

erhalten  wir aus (35)

1 v(s's)  (P (s s ') ,® 0)
W o  о /  ------ ---------------------------------------------------------------------------------------------

2 r E s - E s, ± h v

(35)

(36)

(37)

S etzen  wir dieses R esultat in  (26), das erhaltene in (24) und dieses wieder in  
(21) ein, so fo lg t

2л it
2 л  i t  1 r i s ' s i  Í P ~ h ~

“Í =  V>s E*' +  V  2  —  № ' ) ,  ®o) V.' к .  -  F2 V г l E s — E s, +  h V
2л it

e h ( E , - h v )

E ,  — E,,  — h v
(38)

D am it hab en  wir die gestörte E igenfunktion in erster Näherung hergelei- 
te t . Zur B erechnung der zw eiten  Näherung setzen  wir w eiter

02л i v t
„; =  » . +  i  e , .  2  « ,  f  J  и,  I— Í

s 5 *» ^  I E s — E sr hva = l  

-2я Í ? f

Ar} +  /» (39)

w o /  wieder eine aus 4n E lem enten  bestehende K olonnenm atrizenfunktion ist.
Setzen w ir diesen A nsatz jetz t in unsere Gleichung (18) ein, die wir in  

der Form
и  я n  h  rt n

-------------— +  > ’ у  -------------- 4 ° )  +  c V  m (as rx<4a> +  В
2nic dt fc4Ty,z 2я» 8A(°) “ i ( }

p Л p̂
=  - Л  N a ? )

c a=l 2i
(40)

schreiben (D ie A bhängigkeit des Argum entes der Sinusfunktion von x  haben  
w ir dabei eb en so  wie in der von (22) zu (23) führenden Rechnung vernach-
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lässigt.) und behalten wir nur Glieder bis zur zw eiten  Ordnung, so folgt

h 3
- « r + <

a=1
—  +  У  ^

2i711C 3 t a.— 1 li=x,y,z 2 Tt l  3 k t

1 e
=  - 7 - ^ . 22 c

P ( SS ' )
\ 2 z(a) u* uJ a=1

(a ) 

- dx

«ft5 +  c j ?  m(a) «4a> +  B f

p2 n i V t -2л ivt

n p2n ivt  _ p-
■ 2  a<f> --------------
a=1

h {p (s's) -f- vj h {p (s's) — p}

2 Л Í V t

2 i
(41)

oder nach weiteren Um form ungen

h я  n h я  n
—  + У  У  — -----2— а р + с У т (Л№ + В

2nie dt -“ x k=1~y,z ^ n i  dk(a) ( )

1 e2=  - - - A e , , y , l W C y  
4 i c s- » J Í i

us us’ dx

a=1 

pAnivt

f

e— 4л ivt

+

h [p (s's) - f  p} h |p (s's) — p}

(42)V  a (a) Ц  , .
A {p (s's) +  p} h {p (s's) — p} ) ÍTi

Zur Lösung von (42) zerlegen w i r f  wieder in  drei Glieder (bzw. in drei K olonnen
m atrizen)

/ = / , e fci’4 / 2e -4” 4 / 3. (43)

Da die linke Seite von (42) in f  linear ist, so zerfällt (42) m it diesem  Ansatz 
in drei M atrizendifferentialgleichungen. Es sei weiter

, )E ,+ 2h V
r i  z m  . ■ i  z n --------  r

(44)f  =  f i
i  2л t -

10 1 h + / 2 0  e h + / 3,
I 2 л ~~ t 

p h

Die (aus 4n K om ponenten bestehenden) f 10, f 20 und f 30 entw ickeln wir je tzt  
nach den ungestörten E igenfunktionen:

/ 1 0  =  2  bs" W  ’ f z o =  У  CS "  Vs- und / 30 =  d s~ y>s. . (45)
S *

Dann haben wir z. B .

1 J f V  {E s +  2 h v - E s’)Ws  C

-  2л ft £*1 e!2 . rc p (ss') Г » _ , e 1Г " ,
=  - 7 7  —  A ® o 2 ' ~ --------  2 (o) «s “s- dx -  ■ ^ « !

4 l  C s '  V J  a = I  A  { p  ( s '  s )  +  p }  S

und zwei analoge G leichungen.

(46)
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Aus (46) fo lgt m it Hilfe der bekannten Fourierartigen M ethode für 
die E ntw icklungskoeffizienten  bs. [wenn wir ausserdem  auch wieder A  aus 
(19) einsetzen]

1 C ® 0  C2 v(ss') I ’V z(«)
4 i 2 л  g г2

J Vs" У  a(/°  us dr
у  _____________“ _____________

h~ \ v (s's) -f- r} • {r (s"s) -[■ 2r}
-2 ni t^-e h (47)

und analog

c „ =  J _  e 2 v - , v(ss') f  <-
4 i 2л

~ , j W _  у  z(a) Ugüs , d r  x
S ' V“ J  Q =  1

f  V f  У, « l a ) “ s ' dr

und

X h2 {r (s's) — r} • jr (s"s)

ds» = 1 C® 0 c 2 y ,  v(ss') 
4 i 2л  ^  v2

j J ?  z<a) us us: dr  X
J a=l

-  2л it - f te h (48)

f y)s” aí“  ̂us dr
X 2r (s's) e~2Jlil ~h ' (49)

e .

h2 |v2 (s's) — r2} V (s"s) 

Setzen wir diese R esultate in  (45) ein, so folgt

und

/з„ =

I[" > ’ г(а) us u s dr . I[«у. 2 ’ 4 аЧ ‘dr
l «** e2 V (SS') J а J а
4 i 2л S' s'” V2 h2{v (s's) -f  »jI ’ [r (s"s) -f- 2i'[

us* e
(50)

C n Г nV ZW U ' dr . 1 Us: V (l(°)U S. dr
1 X / v(ss') ^ а 2я< 1 f

4i 2я s' s" V2 h2 {V( s 's ) — V}• {r (s"s) — 2r}
Us” V

(51)

Г n r n

p2 x v 2v(,ss') V (s's.) / ■ ? '
=<0) us “ s ' dr3 «e. v  4 a) " 

J а
V d t -гя( n

2tz s' s* V2 h2{v,2(s''s ) — Г2} V(s"s)
“ s" e

(52)
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Г n
Zur A usw ertung des Integrals a u s' dx kann m an ganz analog

J а
verfahren wie in  den von (28) zu (34) führenden Rechnungen und als R esu ltat 
folgt

I US’ <40) Us d r =  —  j j ,  (s' s") dx =
J a  ce J

= ---- 2л i v  (s" s') I V 1 z ^  o'(sV') dx . (53)
ce J a

Endlich erhalten wir also aus (39), (44), (50), (51), (52) und (53) für die 
ganze E igenfunktion in zweiter N äherung

u’ =  us +  - i -  e 0 e 2  --■ I us 2? z(a> d s, dx •
S ' V  J

f е1лМ e - 2 n i v t  1

1 h Jv(s's) +  v} h jr(s's) — vj j

1 ff2 „ 2  v .  V (s's) V (s's')c о 0 оir

1 us Üs. dx • I
J a  J

^  us' us" dx
а

h1 jr(s's) +  r} ■yV (s"s) +  2v}

1 C2 C2 V(S'S) V (s's')
t e
4 s’ s' V2

I z(a) us “ s' dx ■
J a  %/

J j g  z;<“> Ms, us» dx

h2 {r (s's) — r} • (v (s"s) — 2Vf

j ^  z^  us us' dx • j N’ z^> us' us~ dx
—  ©ge2 >"  — v (s's>) L a ' а
Л. l." ti“ h2 {r2 (s's) — v2J v (s"s)

(54)

Bezüglich der N orm iertheit dieser E igenfunktion verweisen wir au f das in  
der vorangehenden A rbeit nach der Form el (23) Gesagte und bem erken nur, 
dass hier die B edingung s' =f= s" einfach schon deshalb autom atisch  erfüllt 
is t, w eil die letzten  drei Glieder in  (54) m it r(s"s') m ultipliziert sind.
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Aus (54) fo lg t das induzierte M om ent ebenfalls in zweiter Näherung:

— Pq =  e f q(a) u ' ü ' d r  =  e j J ?  us Us dr  +
J a  J a

+  © o  e2 j J ?  z(a) “ s “ s' d t  • j J g  ç < “ > us, ü s d r  ■
s' J  a J a

V (s's)
COS 2 л Vt -)-

h s's) +  rj h (s's) — r} j »

+  - 7 - ®q e3 j ^  2 (0) us « ., dr  • Í V  us, üs.  dr  ■ 
4 " J  a J a

s' Ф s '

r j * ( “) u s.ü s
J a

dr
j Л2 {r (s's) +  r} • {r (s"s) 4- r}

+ (55)

o l ln r t

+
h2 {r (s's) — r} • {r (s's) — r} h2 {r (s's) +  r} • {v (s"s) — v}

J r(s's) v(s"s) ^0- iin v t

h2 {v (s's) — r} • |r  (s's) +  r}

+  ©§ e 3 V ' j V  z<°> us us, dr  - Í n  z <°) us, üs»dr • I ^  q(a) ns.  üs dr •
4 s ^ J a  J a  J a

h2 {v (s's) +  r} • {r (s's) +  2v}

+
h2 {v ( s ' s )  -  r }  • { r  ( s ' s )  -  2 r }  

4r2 (s's) v (s"s') I
Й2 {v2 ( s 's ) — r2} r  (s"s) • r 2 I

r(s 's) V (s”s') 2 cos 4тг vt —

Für die m it den exponentiellen  Faktoren m ultiplizierten Glieder in der 
geschw eiften  K lam m er im  dritten Gliede au f der rechten Seite von  (55) kann  
m an den in der vorangehenden A rbeit von  (26) zu (31) führenden G edanken
gang wiederholen. Daraus folgt für dieses dritte Glied

J — ©о е 3 У '  j У  2(а) us “ s 'd r  ■ <l(a) us' “ s' d r ' Í J  2(a) “ s' “ s d r  •
4  s' s' J а J a  J a

2v (s's) v (s's) -  2r2_____  v (s's) v (s's)
S'^S'

+

h2 |v2 (s's) — r2} • jr2 (s"s) — v2} r2

2r (s 's) v (s's) 4- 2r2 r(s's) r  (s"s)

cos 4 TTvt -f- (56)

Л2 |r2 (s's) — r2} • {r2 (s's) — r2}
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Endlich haben wir also für das ganze induzierte Moment

Г П _ Г n  _
— Pq =  e \ У  4(a) u'sU'sdr =  e M ? qW  u s u s d r  —

J a  J a
Г n  Г n 2 v ( * W

— ®o e2 2 '  \ 2  z(a) us u*f dx% \ 2  í (ű) u*' u s dx ~7~o / , 4 '— C0S 2nvt+s' J a J a  h[v2 (s’s) — V2\

H------- ®o е 3  У ' I J ?  z ^  u s  «V dr  • I У  q(a) Ms. ms» dr •
4 s' s' J a J a

■ ’ Ф  ’

• Í J b (a)Ws'WsJ a

V (s's ) V  (s "s )

2v (s's) V (s"s) -)- 2r2 — [2v (s1 s) v (s"s) — 2v2j cos 4тш  
h2 jr2 (s's) — r2} • {v2 (s"s) — v2}

+  ® 2 e3 JV ' I JV 2 <°> us Ss, dr • I j y  zW us- «s.  dr ■ g<°) us- üs dr
4 ? 7 - J T  J a  J a

V (s's) V (s"s') 2v (s's) v (s"s) +  4 r2
h2 {v2 (s's) — v2} • ji>2 (s"s) — (2v)2}

2 cos 4 tï vt —

4r (s's)
h2 {v2 (s's) — v2} v (s 's )

(57)

Wir m üssen noch die Frage beantw orten, ob es erlaubt ist, die erste  
Näherung der Energie in unserer Rechnung zu  vernachlässigen. Dieses Glied  
m ultipliziert m it der ersten Näherung der gestörten  E igenfunktion m üsste  
näm lich ebenfalls ein Glied von  zweiter Ordnung ergeben. B ei der Schrödin- 
gerschen M ethode kann jedoch solch ein Glied n icht auftreten, w eil es ja  ab ge
sehen von  Ausnahm sfällen keinen linearen Starkeffekt g ib t. B ei der D irac- 
schen M ethode ist jedoch zu beachten, dass es zwar ebenfalls keinen linearen  
Starkeffekt, jedoch  einen linearen Zeem aneffekt gibt. (Allerdings verschw indet 
m eistens im  Grundzustande die Zeem anaufspaltung.) W ir m üssen deshalb  
hier doch noch diese Frage untersuchen.

Aus (19) und (22) erhalten wir für die erste Näherung der Störung des 
Eigenw ertes (die wir m it Wsi bezeichnen) in  unserem  Problem

W. =  ~ E S1 =
gpe Г
2л v J

П
У  U, 0(99 us sin 2 jt v (58)

B erücksichtigen wir w ieder — ganz ebenso, wie in  den von (22) zu  
(23) und zu (40) führenden R echnungen — dass es sich um  sichtbares oder  
infrarotes Licht handelt, und wir deshalb in  der in  (58) stehenden trigonom etri
schen Funktion die A bhängigkeit von x  vernachlässigen können, so kann
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sin  2 л vt vor das Integralzeichen geschrieben werden, und das ist der springende 
P u n k t unserer Überlegung.

N ehm en  wir je tz t  noch (10) in B etrach t, so folgt endlich für (58)

E sl =  ——— sin 2лvt • ( V  j (f> (ss) d z  =  ——— sin 2л vt-  I j z (ss) dz .  (59)
2nvc J а 2лv c  J

D ie Strom kom ponente in irgendeiner K oordinatenrichtung muss jedoch  
in  jedem  gebundenen Q uantenzustande, integriert über den ganzen Raum , 
verschw inden , und dam it haben wir die Vernachlässigung dieses Gliedes in 
unseren R echnungen gerechtfertigt.

W ürden wir in der S inusfunktion in  (58) die A bhängigkeit v o n  der 
K oordinate n ich t vernachlässigen, so würde tatsächlich ein  ganz kleines lineares 
Glied auftreten . Selbstverständlich m üssten  wir dann diese A bhängigkeit auch  
in (23) und (40) einführen. Man rechnet jedoch  leicht nach , dass diese V ernach
lässigung sehr unbedeutend ist. Man könnte höchstens noch daran denken, 
dass m an bis je tz t nur L ichtzerstreuungseffekte bis zur ersten Ordnung 
berechnet hat und dass dort diese V ernachlässigung tatsächlich  gerecht
fertigt is t , bei Effekten zw eiter Ordnung jedoch schon v ie l kleinere A bw eichun
gen w esentlich  sein könnten . Eine A bschätzung der Grössenordnung m acht 
das jed o ch  w enig w ahrscheinlich. Ü brigens könnte m an diese A bhängigkeit 
der S inusfunktion  in unseren R echnungen ganz analog dazu berücksichtigen, 
wie m an in  der Theorie der Streuung der R öntgenstrahlen den A tom form faktor  
einführt. D och würden dam it unsere Form eln noch bedeutend verw ickelter  
werden.

J e tz t  w ollen wir unsere R esultate, d. h . Formel (32), in  der vorangehenden  
A rbeit und  (57) in der vorliegenden m iteinander vergleichen. Berücksichtigen  
wir, dass den in  der vorangehenden A rbeit benützten  Bezeichnungen für die 
Q uantenzahlen  0, к und l in  (57) s, s ’ und s" entsprechen, und dass ausserdem  
den Ü bergangsm om enten vom  T yp ) u^Eezükdz in  der Schrödingerschen

/ П
N ’ ez('a'> us us’ d t  entspricht, so sehen wir, dass unsere
а

erw ähnten zwei R esu ltate  zwar w eitgehend analog, jedoch  nicht ganz über
ein stim m en d  sind, was ja  auch zu erw arten war, w eil in  einer N äherung von  
so hoher Ordnung relativ istische E ffek te und das m agnetische Feld der 
L ichtw elle  n icht mehr ganz unbedeutend sein können . Selbstverständlich  
differieren die beiden Form eln nur in den Gliedern zw eiter Ordnung. V oll
führt m an  den Grenzübergang v —> 0, so gehen (23) und (32) der vorangehenden  
A rbeit in  die bekannten Form eln für das statische Feld  über, für (57) ist das 
jed och  n ich t der Fall, w as davon herrührt, dass m an ein konstantes elektri
sches F eld  nicht durch ein V ektorpotential beschreiben kann.

V ergleichen wir jedoch unsere Form el (57) m it dem  vom  Verfasser aus 
der K le in — Gordonschen Gleichung hergeleiteten R esultate [12] also m it der
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Form el (58) der zitierten A rbeit, so sehen wir, dass diese formal vollständ ig  
m iteinander übereinstim m en. (Beim  V ergleich ist zu beachten, dass nach  
unseren D efin itionen v(s's) — — v(kO) ist.) D as spricht dafür, dass die in  den  
V ektorpotentialen quadratischen Glieder der Klein — Gordonschen G leichung, 
welche in der zitierten A rbeit vernachlässigt wurden, w enigstens in  dem  
betrachteten Problem  keine physikalische R ealität besitzen .

E in w eiteres Problem , das noch besprochen werden muss, ist, oh es 
nicht paradox ist, dass in der Form el (32) der vorangehenden Arbeit und in  
(57) auch zeitunabhängige Glieder auftreten , bzw. ob es m öglich ist, dass 
eine periodische Störung auch zeitunabhängige Störglieder verursachen soll. 
Z eitunabhängige Glieder erster Ordnung w ürden in diesem F a ll tatsächlich  eine 
A bsurdität bedeuten, solche zweiter O rdnung jedoch n ich t, wie m an das 
leicht einsieht, wenn m an z. B . an einen unsym m etrischen O szil
lator denkt. Tatsächlich verschw inden diese Glieder (und übrigens die ganze 
zweite Näherung) für kugelsym m etrische A tom e und M oleküle, was einfach  
daraus fo lgt, dass die drei U bergangsm om ente, deren Produkte vor d iesen  
Gliedern stehen, in diesem  Falle nicht alle drei gleichzeitig von  Null versch ie
den sein können. Bei unsym m etrischen M olekülen ist dagegen das A uftreten  
dieser zeitunabhängigen Glieder nicht m ehr sinnlos.

In der Form el (32) der vorangehenden Arbeit und in  der Form el (57) 
der vorliegenden haben wir die Grösse des von der L ichtw elle induzierten  
Dipols in  einer ganz willkürlichen m it q bezeichneten R ichtung angegeben. 
Selbstverständlich ist der grösste Effekt dann zu erwarten, wenn wir diese  
R ichtung parallel zu der R ichtung des elektrischen V ektors der L ichtw elle  
wählen. Im  folgenden wollen wir also in d iesen  Formeln z  s ta tt q schreiben.

Ein oszillierender D ipol verursacht bekannterweise in  seiner w eiteren  
U m gebung (W ellengebiet) die elektrischen und m agnetischen Feldstärken

\E\ =  \H\ =  —  - ^ - s i n #  
c2 r

Daraus fo lgt für den Poyntingschen Vektor 3  

wir in diese Form el (60) einsetzen
4л: M b

m  =
1

4 л c3
sin &

(60 )

w enn

(6 i )

und endlich für die gestreute In tensität in der m it der D ipolachse den W inkel 
•& einschliessenden Richtung

m = W )  =  — V  ~  sin 2 о, (62)
4 ncr rz

wobei das t  berstreichen den zeitlichen M ittelw ert bedeutet.
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Aus (32) der vorangehenden Arbeit und aus (57) in  diesem  Artikel fo lg t, 
dass unser p  vom  Typ

p  =  A  co s  2 n v t  В  +  C cos 4л  v t (63)

ist. D ifferenzieren wir zw eim al nach der Z eit, quadrieren das erhaltene R esu l
ta t  und bilden dann die zeitlichen M ittelw erte, so verschw indet das entstehende  
bilineare Glied, so dass nur die reinen Q uadrate der zeitabhängigen Glieder 
(also nur reine Rayleigh- und ebenfalls reine Doppelfrequenzstreuung) übrig
bleiben.

§2
In diesem  Paragraphen wollen wir noch die Grössenordnung der 

zu erwartenden In tensität des Streulichtes abschätzen, bzw . die In ten sitä ten , 
die hei der R ayleighstreuung und hei der Streuung m it doppelter Frequenz  
auftreten, m iteinander vergleichen. Aus (32) der vorangehenden Arbeit oder 
aus (57) fo lg t, dass die m it cos 2nvt  und cos 4nvt  m ultiplizierten G lieder vo n  
den Grössenordnungen

®oP 2A  und © g p a - J -  (64)
nv Ar vz

sin d , w o w ir m it  P  die G rössen  Ordnung e in e s  Ü b ergan gsm om en tes v o n  T yp
Г n —~V z<-a> us us> d r  bezeichnet haben. Die Q uadrate dieser Glieder sind

e g p t - J L  und ® 4 p 6 _ J _  (65)
А 2  V 2  h4V4

dazu treten noch wegen der zweim aligen D ifferentiation die Faktoren (2 tiv)4 

und (4лг)4 h inzu. Also fo lgt

16Ё 4Р 6 —  
h4 v4 4 (52 P 2 

h2v2 ’
(66)

wo wir m it die bei der R ayleighstreuung und m it Q2v die bei der Streu
ung m it doppelter Frequenz auftretende Intensität bezeichnet haben. Für 
die Grössenordnung von P  setzen wir 10 “ 18 cgs. ein, für h haben wir 6,625 • 
• 10~ 27 erg sec und für v benützen wir den W ert 0,5 • 1015 sec - 1  (N aD -L in ie). 
Dann folgt für (6 6 )

- | ^ ^ 0 , 4 e 2 - 1 0 - i 2. (67)
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Das V erhältnis der Intensitäten  h än gt also von  der In ten sitä t des 
Prim ärlichtes ah, wie das ja auch sein m uss. U m  einen B egriff von der Grösse 
des Verhältnisses (67) erhalten zu können, wollen wir zuerst annehm en, dass 
das einfallende (m onochrom atische) Licht die Intensität der Sonnenstrahlung  
auf der Erdoberfläche b esitzt; daraus können  wir berechnen. Die Solar
konstante beträgt rund 2 cal/cm 2 in der M inute, also 8,372 • 10 7 erg. D a wir 
m it (5Z =  ® 0 cos 2 nvt  den elektrischen V ektor der einfallenden L ichtw elle  
bezeichnet haben, so folgt für die In ten sitä t des Prim ärstrahles

(68>

und daraus berechnen wir ^  1,2 • 10 3 cgs-E inheiten. Setzen wir dieses  
R esultat in (67) ein , so folgt

J*?» ^  J _  .  10_15 
2

(69)

Das ist eine recht kleine Zahl, jedoch  sind hier folgende U m stände  
zu beachten, welche die Grössenordnung v o n  (69) w esentlich erhöhen können: 

Erstens hängt die Grösse des V erhältnisses (69) von  der Intensität des 
benützten Lichtes ab, und dam it hat man die M öglichkeit, d ie relative In te n s i
tä t der Doppelfrequenzstreuung w esentlich zu erhöhen. D ie E xperim ental
physik besitzt heutzutage die M öglichkeit v ie l grössere L ichtin tensitäten  als 
die erwähnte herzustellen. D ie Oberfläche einer Q uecksilberhochdruckent
ladung sendet z. B . mehr L icht aus als die Sonnenoberfläche, deshalb k ön n te  
man z. B . etw a um den Faktor

[ Sonnenoberfläche

I  E rde

/ 150 • 106 K m  42 

I 7 • 105 K m
=  4 ,5 -IO 4 (70)

erhöhen.
Zweitens — und das ist noch w ichtiger — müssen wir beachten, dass 

in (32) der vorangehenden Arbeit und in (57) der vorliegenden im  unterstriche
nen Gliede ein doppelter Resonanznenner vo n  Typ

{v2 (s's) -  v2} ■ {v2 (s"s) -  (2 p)2}

steht und dieses R esonanzglied geht ausserdem  in 3 2v noch quadratisch e in . 
Durch entsprechende W ahl der eingestrahlten Frequenz (ganz nahe zur h alb en  
Eigenfrequenz r(s"s) der benützten  Streusubstanz) können wir also die  
Intensität des m it doppelter Frequenz gestreuten Lichtes noch um v ie le  
Grössenordnungen erhöhen, ohne dass wir dam it gleichzeitig auch die In ten si
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t ä t  der R ayleighstreuung erhöhen würden. D em  wird nur durch die in dieser  
A rbeit nicht berücksichtigten  Absorption eine Grenze g esetzt.

D rittens is t  ausserdem auch noch zu beachten, dass d iese D oppelfrequenz
lin ie  sehr w e it entfernt von  der R ayleighlinie liegt und die B eobachtungs
verhältnisse deshalb  viel günstiger als beim  R am aneffekt sind. Man könnte  
sogar die einfallende Frequenz im  Ultraroten wählen, was auch noch m it dem  
V orteil verbunden wäre, dass unsere irdischen L ichtquellen eben in diesem  
G ebiet am stärksten  strahlen.

Alles das spricht dafür, dass es auch schon m it unseren gew öhnlichen  
Lichtquellen m öglich  sein m ü sste , das tatsächliche A uftreten des neuen E ffek 
tes  zu zeigen. D ie moderne M asertechnik liefert jedoch eine direkt ideale  
M öglichkeit zum  Nachweis des neuen E ffek tes, und tatsäch lich  ist es schon  
m it Hilfe des optischen Masers gelungen, das Vorhandensein des besprochenen  
E ffektes, w enn auch n icht an M olekülen, so doch an zusam m enhängender  
Materie (an K ristallen , w elche nichtlineare Dielektrika sind , wie das den im  
nächsten Paragraphen hergeleiteten  A uswahlregeln entspricht, wenn m an diese  
a u f K ristalle überträgt), zu verifizieren. Zuerst ist das m it Hilfe des R u b in 
masers an m onokristallinen Q uarzplatten F r a n k e n , H i l l , P e t e r s  und  
W e in r e ic h  [13] geglückt. G io r d m a in e  [14] ist es gelungen, mit einer ähn
lichen Versuchsanordnung die V ereinigung von zwei P hotonen  verschiedener 
Frequenz (op tica l m ixing) nachzuw eisen. Selbstverständlich  können diese an 
nichtlinearen Dielektrika beobachteten  Erscheinungen auch nach der e le 
m entaren klassischen Theorie gedeutet w erden. Eine weitere A usarbeitung  
dieser k lassischen  Theorie rührt von K l e i n m a n n  [15] her. In neuester Zeit 
is t  es sogar gelungen, die Vereinigung v o n  drei P hotonen gleicher Frequenz  
nachzuw eisen. T e r h u n e , M a k e r  und Sa v a g e  [16] benutzten  zu diesem Zweck  
K alk sp atp la tten , also ein lineares D ielektrikum  und konnten  dabei das sehr 
schwache A uftreten  der zw eiten  H arm onischen (um vier Grössenordnungen  
kleiner als an Q uarzplatten), jedoch auch das auftreten der dritten optischen  
H arm onischen nachweisen. E ine der hier besprochenen analoge Erscheinung, 
die Z w eiphotonenanregung von  E lektronenniveaus, ist es ebenfalls schon ge
glückt zu zeigen  [17]. In neuester Zeit h a t sogar dieser D oppelfrequenzeffekt 
schon eine technische A nw endung gefunden. Aus bekannten  physikalischen  
Gründen b e s itz t  näm lich im  Seewasser n ich t das rote sondern das grüne 
Licht das grösste Durchdringungsverm ögen. Es ist zwar noch nicht gelungen  
unm ittelbar für dieses L icht einen brauchbaren Laser zu konstruieren, man  
konnte jed och  den infraroten Strahl eines m it N eodym ium  versehenen G las
lasers an den  nichtlinearen Dielektrika K H 2P 0 4 oder (N H 4)H 2P 0 4 durch  
Frequenzverdoppelung in  einen grünen (A =  0,53 /л) verwandeln [18]. Der 
E ffekt dieser U m w andlung beträgt zwar nur 1 — 3% , doch hat diese M ethode 
bereits w ichtige technische und m ilitärische Anwendungen gefunden. (Z. B. 
Lokalisation von  U nterseebooten und andere U nterseeobjekte, usw .). E s ist
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leicht m öglich, dass diese neue M ethode die zu ähnlichen Zwecken bis je tz t  
benutzte Sonartechnik vollständig  ersetzen wird.

Am interessantesten wäre selbstverständlich die Untersuchung von  
M olekülen bezüglich des Auftretens des neuen E ffektes, w eil bei diesen die 
theoretischen Verhältnisse erstens einfacher sind und ausserdem  bei ihnen  
auch die R esonanzverstärkung des E ffektes möglich sein  m uss. Alle diese 
Fragen wurden vom  Verfasser bereits in  einer kleineren Arbeit [19] u nter
sucht.

§ 3
Zuletzt wollen wir noch die A uswahlregeln für den berechneten  

neuen E ffekt herleiten und ausserdem  die Frage besprechen, welche M aterialen  
zum Nachweis des neuen E ffektes am geeignetesten  sein werden. Wie wir schon  
erwähnt haben, ist erstens selbstverständlich  dann der grösste E ffekt zu  
erwarten, wenn wir in (32) der vorangehenden Arbeit oder in  (57) q =  z  setzen . 
Vor den quadratischen Gliedern steh t dann in (57) das Produkt

j j ?  2 <ü> u s  u,, d t  ■ ( ^  z(a) u 5 , u s ~ dx • I _V z<a> u s .  u s  dr,  (72)
J a  J a  J a

das bekannterw eise für A tom e und sym m etrisch  gebaute Moleküle verschw in
den muss. Das folgt einfach aus der Auswahlregel für die N ebenquantenzahl, 
nach der sich diese nur um + 1  ändern kann, also könnten in  (72) nicht alle drei 
Integrale gleichzeitig von N ull verschieden sein. Bei zw eiatom igen h etero
polaren Molekülen wird jedoch der Effekt im  allgemeinen n icht verschw inden, 
w eil sich ja bei diesen die Q uantenzahl Л  um  + 1  oder 0 ändern kann (dabei 
werden wenn sich Л  n icht ändert, M om ente entlang der M olekülachse, und  
wenn sie sich um + 1  ändert, M omente d arau f senkrecht induziert) und d es
halb (72) nicht notw endigerw eise verschw indet. Allerdings wird bei zw ei
atom igen M olekülen, die ja m eistens recht sym m etrisch gebaut sind (ihre 
D ipolm om ente sind m eistens klein), der E ffek t nur schw ach auftreten. B ei 
hom onuklearen zw eiatom igen Molekülen verschw indet dagegen der neue  
E ffekt wieder exakt. Es fo lgt aus der Auswahlregel, dass bei diesen gerade 
Terme nur m it ungeraden und um gekehrt kom binieren. A lso können für solche  
Moleküle in (72) wieder n icht alle drei Faktoren gleichzeitig von  Null verschie
den sein. A nalog könnte m an beweisen, dass auch bei m ehratom igen M olekülen, 
die eine w enigstens zw eizählige Sym m etrieachse und eine darauf senkrecht 
stehende Spiegelebene besitzen (z. B . A cety len , Ä thylen , usw.); der neue  
E ffekt verschw indet. Nur die Berücksichtigung von reinen O szillationsüber
gängen könnte ganz unw esentliche A bw eichungen von diesen A uswahlregeln  
verursachen.

Wir können unsere R esultate also folgenderweise zusam m enfassen: 
A tom e, kugelsym m etrische Moleküle, zw eiatom ige hom onukleare Moleküle 
und m ehratom ige Moleküle, welche eine zw eizählige Sym m etrieachse und eine
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darauf senkrecht stehende Sym m etrieebene besitzen, sind »doppelfrequenz
in ak tiv« . M ehratom ige unsym m etrisch gebaute Moleküle sind dagegen »doppel
frequenzaktiv« und zwar um  so mehr, je unsym m etrischer sie gebaut sind, also  
ein  grosses D ipolm om ent besitzen .

Gewisse qualitative R ichtlin ien  bezüglich  dieser Frage können wir noch  
erhalten, w enn wir in (57) in  den quadratischen Gliedern sta tt r(s's), v(s"s') 
und r(s"s) gew isse M ittelw erte dieser Eigenfrequenzen einführen. Das Sum 
m enzeichen bezieh t sich dann nur auf das dreifache Produkt (72), das wir 
dann m it H ilfe eines m atrizentheoretischen Satzes (wenn wir beachten, dass 
die zu den identischen  Ü bergängen gehörenden M atrizenelem ente verschw in
den), noch um form en können. Wir erhalten

r  n ' n C n

'  \ 2  z ( a )  U S » S' d r - 2  2 (Я) “ s ' “ s '  d r  ■ 2 2“ “ s '  M T =
J  a a J a

C f  n 2 Г n Г(  n 3

\ Ь * а) u s  u s „ d r 2  z (a >  “ s '  “ s d r =  \ 2 * * “ s “ s d r
J  V a J  а J  1 ű

(73)

Es w erden also solche Moleküle für die D oppelfrequenzstreuung recht 
»aktiv«  sein , b ei denen z3 über die ganze L adungsverteilung gem ittelt, recht  
gross sein w ird. E igentlich is t  diese B ehauptung nicht m it der ganz id en tisch , 
dass das D ipolm om ent gross sein soll, w eil m an dasselbe durch eine M ittelung  
über z erhält.

W eiter is t  zur Erzielung eines m öglichst grossen E ffektes zu verlangen, 
dass das fragliche unsym m etrische M olekül eine m öglichst starke R esonanz
frequenz b esitz t, und die eingestrahlte Frequenz ist nach (71) so zu w ählen , 
dass das zw eifache dieser Frequenz m it der erwähnten Resonanzfrequenz  
nahezu übereinstim m t.

W ahrscheinlich werden zum  N achw eis des besprochenen Effektes, ebenso  
wie beim  R am aneffekt, F lüssigkeiten  am  geeignetesten sein. Es is t  zw ar  
wahr, dass b ei ihnen infolge der unverm eidlichen Verunreinigungen (Mie- 
Effekt an suspendierten kleinen T eilchen) die R ayleighstrahlung gegenüber  
Gasen stark erhöht wird, die viel grössere D ichte wird jedoch  diesen N ach teil 
überkom pensieren. Selbstverständlich tr itt  der E ffekt auch an sehr u n sym m et
risch gebauten  festen  Körpern auf, wie wir das schon besprochen haben, doch  
könnte m an b ei diesen (71) n ich t gut ausnützen , da ja feste Stoffe, abgesehen  
von A usnahm sfällen, keine scharfen R esonanzfrequenzen besitzen.

Es sei nur noch erw ähnt, dass auch der neue E ffekt, ebenso wie die R ay- 
leighstreuung, zu ?,~i proportional ist und dass wir bei unseren R echnungen die 
M olekülrotation ganz ausser acht gelassen haben. Das haben wir tun  können, 
weil ja die R otationsfrequenzen im  V erhältnis zur Frequenz des eingestrahlten  
Lichtes k lein  sind.
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W eiter sei noch bem erkt, dass man, ganz analog dem  Gedankengange 
dieser Arbeit, auch das Problem  der gleichzeitigen Streuung von zwei L ich t
w ellen verschiedener Frequenz, bei der auch ein Streustrahl auftritt, dessen  
Frequenz die Sum m e der Frequenzen der erw ähnten zwei L ichtstrahlen ist, 
berechnen könnte.
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ВЫЧИСЛЕНИЕ РАССЕЯНИЯ СВЕТА С ДВОЙНОЙ ЧАСТОТОЙ НА ОСНОВЕ 
УРАВНЕНИЯ ДИРАКА, ОБОБЩЕННОГО ДЛЯ ПРОБЛЕМЫ п-ЧАСТИЦ

Т .  Н А Й Г Е Б А Е Р

Р е з ю м е

В рамках теории Дирака, обобщённой для проблемы n-частиц, автором опреде
ляется вероятность соединения двух фотонов одинаковой частоты на веществе. Показы
вается, что здесь имеем дело с тем редким случаем, когда вычисления, направленные на 
решение проблемы, по этой теории можно довести до конца. Результаты содержатся 
в формулах (54) и (57). После этого показывается, что и члены второго порядка по ©0, 
которые притом не зависят от времени, действительно имеют физический смысл. Во втором 
параграфе сравниваются интенсивности релеевского рассеяния и рассеяния с двойной 
частотой, далее освещается вопрос, каким образом нужно выбирать рассеивающие моле
кулы и условия эксперимента, чтобы определённый вновь эффект был по возможности 
велик. Самым важным в этом вопросе является член, подчеркнутый в уравнении (57). 
Он даёт возможность для резонансного усиления нового эффекта без одновременного уси
ления релеевского рассеяния. В конце (3-й параграф) для нового эффекта выводятся 
правила отбора. Новый эффект точно исчезает у атомов, молекул с одинаковыми ядрами 
и многоатомных молекул симметричной структуры. Напротив, усиленно активны в отно
шении двойной частоты именно многоатомные молекулы полностью асимметричной струк
туры. При помощи оптического мазера действительно удалось обнаружить появление 
нового эффекта в случае связанного вещества. Конечно, с теоретической точки зрения 
наиболее интересным является эффект, появляющийся на молекулах, экспериментальные 
озможности для которого обеспечиваются в первую очередь техникой лазеров.
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W hen taking all the  possible configurations into consideration, the equivalence of the 
configuration-interaction method developed by the aid of the  spin-operator m ethod and th e  
Slater-Pauling m ethod was established on the basis of calculations for the benzene molecule.

Introduction

Only for a certain rather special form o f the potential function  is the 
w ave equation com pletely solvable in  closed term s; in  general, and especially  
in the field  o f quantum  chem istry, different approxim ate m ethods m ust be 
applied. In the beginning of the fifties in the theoretical investigation  o f atoms 
and molecules the m ethod gained in  im portance in which the w ave function  
is approxim ated b y  the linear com bination o f  given configurations. This 
m ethod was first applied with success by J u c is  [1] and B oys [2] to  the case 
of atom s, im proving the H a r t r e e — F ock  m ethod [3], [4]. In the investigation  
of molecules the m olecular orbital method was developed b y  configuration  
interaction by Craig  [5], by Coulson  and J acobs [6], as well as b y  Co ulson , 
Craig  and J acobs [7]. A m olecular configuration is a given assignm ent o f  
electrons to the available one-electron energy levels. It  is w ell know n that 
antisym m etry is required in the coordinates of all electrons in the eigenfunction  
to  ensure the va lid ity  o f the w ave-m echanical P a u l i principle. The condition  
can autom atically be fulfilled by giving the function  of the m olecule in form  
of a Sla ter  determ inant [8]. The Sla ter  determ inant, how ever, corresponds 
to a configuration distributing the electrons in  orbitals w ith g iven spin eigen
functions. Generally, one determ inant corresponding to a single configuration  
is not sufficient for a good approxim ation o f the wave function  and thus 
the linear com bination o f all possible different configurations has to  be in vestig 
ated. This m ethod, which forms the wave function o f the m olecule from the  
linear com bination o f all the possible different configurations is called con- 
figuration-interaction m ethod. The drawback o f the m ethod lies in  the fact 
that the number o f configurations increases extrem ely  rapidly w ith  increasing  
numbers o f electrons.
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In  the configuration-interaction m ethod the zero-order eigenfunction  
o f  a m olecule w ith n electrons has to  be constructed as the linear com bination  
^  Cj (pi o f  the S l a t e r  determ inants:

(«“): (ba)i  (cß)i  ■ ■ ■ (na)i 
(aa)2 (ba)2 (cß)2 . .  . (na)2

( 1 )

H n  (ba)n (cß)n . . . (na)n

where a, b, c, . . . , n  m ean orbital eigenfunctions, y e t  a and ß  one-particle 
spin  functions and (aa^  =  a (l)  a ( l) ,  etc . Since each colum n m ay contain  either 
a(i) or ß(i)  the degree o f  the degeneracy of the corresponding energy level 
is 2". On the basis o f  the R itz m ethod [9] the energy, to  the first order, of the 
system  given b y  the linear com bination of all the possible different configura
tions can be obtained from  the roots o f  the usual secular equation:

IH u -  E S tjI =  0, (2 )
where

Hjj  =  J (pf H<pj dr  and S (y- =  j '<pf <pjdr. (3)

Since the eigenfunction given b y  th e  linear com bination of all the possible 
different configurations has 2n m em bers, the order o f the secular equation is 
2n too . "When n is a large num ber, the problem w ill be tractable on ly  i f  the  
secular determ inant can be broken down into a product o f determ inants of 
lower order. We have no criterion as to  which configurations are im portant 
and w hich can be neglected , therefore we m ust work out m ethods for reducing  
the secular equation. In order to  reduce the secular equation we have developed  
the configuration-interaction m ethod b y  the aid o f the spin-operator m ethod.

The development of the configuration-interaction method by means of the
spin-operator method

The developm ent o f the configuration-interaction m ethod b y  the aid 
o f the spin-operator m ethod was discussed in the case o f the benzene m olecule. 
I t  was show n by roentgenographical and electrondiffractional m easurem ents 
th a t benzene is a planar m olecule w ith  the carbon atom s at the corners of a 
regular hexagon, and w ith  all C. C. C and C. C. H  angles equal to  120°. It  is 
w ell know n th at the electron configuration of the C atom  is not (Is)2 (2s)2 (2 p )2 

in  th e  valence level, but (Is)2 (2s) (2p):!. Therefore, i f  we take th e  plane of 
the m olecule to  be the x y  plane, we can form three carbon valence bonds with  
bond angles equal to  1 2 0 ° from  the proper linear com bination o f  the s, p x 
and p y  carbon orbitals. N ow  each carbon atom  still has one p z orbitals. The
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proper pairing o f these create the тг-bonds. According to P a u l i n g  and W h e l a n d  
[1 0 ] we assum e th at the s, p x and p y carbon electrons and th e  hydrogen elec

trons are localized in a bonds and we shall calculate the b inding energy arising  
from the interaction o f the p z electrons in the ground state w ith  the configura
tion-interaction  m ethod developed by the aid of the spin-operator-m ethod. 
Therefore we have to do w ith  a six-electron problem.

In the case o f a six-electron system  th e number o f th e  possible d ifferent 
configurations is 2 6 =  64; th is means, th a t the zero-order eigenfunction in  
the configuration-interaction m ethod is b u ilt up from the linear com bination  
o f 64 S l a t e r  determ inants and so the order o f  the secular equation is 64 too. 
The first step for reducing the secular equation is to classify the eigenfunctions 
according to their eigenvalues for Sz. The S l a t e r  determ inants contained in 
the linear com bination are eigenfunctions o f  the operator Sz corresponding to  
the follow ing eigenvalues in  h units:

3, 2, 1, 0, - 1 ,  - 2 ,  - 3 .

The number o f eigenfunctions belonging to  the eigenvalue i — 3, 2, 1, 0, — 1, 
—2, —3 is equal to  the possib ility  o f choosing 6  from i, th at is (,■). That m eans 
th at the number o f eigenfunctions corresponding to  the eigenvalues 3, 2, 1, 0, 
— 1, —2, —3 is 1, 6 , 15, 20, 15, 6 , 1. W hen we classify th e  64 eigenfunctions 
according to the eigenvalue for S z, the secular determ inant is reduced to  2 
one-row, 2  six-row , 2  fifteen-row  and 1  tw enty-row  determ inants, since  
S l a t e r  [14] and Co n d o n  [15] have proved, that

H i j  =  S t j =  0 , (4)

i f  cpi and (pj have different eigenvalues for Sz.

one-
row 0 0 0 0 0 0

0
six-
row 0 0 0 0 0

0 0
fifteen-

row 0 0 0 0

0 0 0
tw enty-

row 0 0 0

0 0 0 0
fifteen -

row 0 0

0 0 0 0 0
six-
row 0

0 0 0 0 0 0
one-
row
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We are interested  on ly  in  the ground state , in w hich  the resulting sp in  
is  zero, therefore we need on ly  discuss the case with the tw enty-row  d eterm i
n an t. In the tw enty-row  determ inant there are S l a t e r  determ inants w h ich  
are eigenfunctions for Sz corresponding to  the eigenvalue 0. These are as 
follow s :

cpx =  ( aa a  ß ß ß )  ,

< p 2  =  (aa ß ß  a ß )  ,

Фз =  (a ß  « «  ß ß )  » 

cpi  =  (a ß  a ß  a ß )  ,

< p 5  =  (aa ß a  ß ß )  ,

9 > 6  =  (a a  ß ß  ß a ) »
<p7 =  ( a ß  ß ß  a a )  ,

(Ps =  (a ß  ß a  a ß )  > ( 6 )

<Ps =  (aß ß a  ß a )  ,

<Pio =  (aß  a ß  ß a )  ,

< P i i  =  ( ß a  ß a  a ß )  ,

< P i 2  =  ( ß a  a ß  a ß )  ,
<Pi3  =  ( / J «  a ß  ß a )  ,

У м  =  ( ß a  a a  ß ß )  ,

< P i 5  =  (ßß  a a  a ß )  ,
< P i 6  =  ( ß ß  a ß  a a )  ,
<Pn =  ( ß a  ß a  ß a )  ,

<Pis =  ( ß a  ß ß  aa )  ,

< P i 9  =  ( ß ß  a a  ß a )  ,

<Рго =  ( ß ß ß  a a a )  .

The basis o f the further reduction o f the tw enty-row  determ inant is 
the spin-operator m ethod introduced in a previous paper [13], w hich forms 
such a linear com bination o f the cpi ( i  =  1, 2 , . . 2 0 ) eigenfunctions which  
are eigenfunctions for S 2 corresponding to  the eigenvalues A2 s(s +  1). In 
the case o f s ix  electrons the absolute value o f  the resulting spin can be 0, 1, 2, 3. 
According to  the branching diagram there exist 5 linear independent singlet 
states, 9 linear independent triplet sta tes, 5 linear independent quintet states  
and 1  linear independent sep tet state:

W hen our spin operator given in a previous paper [13] is operating on the 
eigenfunctions o f the above-m entioned sta tes , according to  the theorem  given  
also in  th a t paper [13], the eigenfunctions for S2 are obtained corresponding  
to  the eigenvalues A20(0 +  1), A2 1(1 +  1), A2 2(2 1), A2 3(3 +  1). I t  is well
known, th a t  i f  the resulting spin has for exam ple the value 2 , then th e  spin- 
projections can he 2 , 1 , 0 , — 1 , —2 , th a t is, the state w ith  the resu lting spin 
2 is fivefo ld  degenerate and therefore th e  number o f  eigenfunctions o f  S2 is
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also 5. W ith the application o f our spin-operator such eigenfunctions o f  S 2 
can be obtained which correspond to the m axim al value for S2. H ow ever, 
considering the equ. (19) the eigenfunctions related to  other eigenvalues for  
Sz can also be derived. In the case of the sin g let state the 5 eigenfunctions 
for S2 are also eigenfunctions for Sz related to  the eigenvalue 0. In the case  
of triplet state the eigenvalues for Sz are —f— 1, 0, — 1 and therefore there are 
9 such eigenfunctions am ong the 27 eigenfunctions of the trip let state w hich  
correspond to the eigenvalue 0 for Sz. In the case o f quintet sta te  the eigenvalues

Fig. 1

for Sz are —}-2, —(— 1, 0, —1, —2 and therefore there are 5 eigenfunctions am ong  
the 25 eigenfunctions of the quintet states w hich correspond to  the eigenvalue  
0 for Sz. F inally , in the case o f  the septet sta te  the eigenvalues for Sz are 
—f-3, + 2 , + 1 , 0 , — 1 , —2 , —3 and therefore there is 1 eigenfunction am ong  
the 7 eigenfunctions of the sep tet state w hich corresponds to  the eigenvalue  
0 for Sz. We have also 20 such com binations o f eigenfunctions which relate  
to  various eigenvalues for S 2 and to  zero eigenvalue for Sz. These eigenfunc
tions can he constructed w ith  our general spin operator introduced in the  
paper m entioned [13].

U sing the spin-operator m ethod the eigenfunctions w hich  are sim ultane
ous eigenfunctions for S2 and for Sz corresponding to the eigenvalue 0, can  
be constructed b y  the application of our general spin operator to the eigen 
functions of the 5 linear independent singlet states shown in  the branching
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diagram

9 Î ’°  =  —  (3 ç> i —  9 г  —  9 з  —  9 4  —  9 s  —  9 e  +  9 7 +  9 s  +  9 Э -  V io  +
6

+  i ’l l  —  9 м  —  9 1 3  —  9 l 4 +  9 l 5 +  9 l 6  +  9 l 7 +  9 l 8  +  9 l 9 —  3 9 2o)>

92-° =  -Щ  (29a -  94 -  29б -  9s +  99 +  9io -  

— 9n — 9i2 +  9i3 +  29is +  917 — 2y19),

9 з ’°  =  - Щ  ( 2 9 з  -  9 4  +  2 ç>7 -  9 s  —  9 э  —  9 i a  +

+  9ii +  9i2 +  9i3 ~  29i4 +  917 —  2<p18) ,  

1

( ? )

94 ° 2j/2 ( 9 4  —  9 s  +  9 9 -  9 i o  +  9 n  —  9 i 2 +  9 i s  —  9 i? )>

9s’° =  - щ -  ( -  2 9 i  —  2 9 з  +  94 +  4 9 s  -  29e +  2 9 t -  9s ~9* +  9io —  

— 9n +  9i2 +  9i3 -  29i4 +  29i5 — 49i6 — 9i? +  29is +  29i9) •

In  th e  trip let state w hen the general spin operator is operating on the 
eigenfunctions representing the 9 linear independent trip let states constructed  
in  the branching diagram  and equ. (19) is considered, such eigenfunctions 
for S 2 are obtained, which correspond to  the eigenvalue A2 1(1 -f- 1) according  
to the theorem  introduced in  a previous paper [13] and which are also eigen
functions for S2 corresponding to the eigenvalue 0:

9Î’0 =  — = -  (Sçq —  292 +  3<p3 —  294 +  3ç>5 —  2cp6 +  3ç>7 —  2q>s  —  
6|/10

29э 29io 29ii 29i2 29i3 39i4 2ç>15 -f- 3916

—  2  <p„ +  3<p18 —  2 9 19 +  3 9 20) ,

1
92'1,0

6 ] / 3
( 3 9 i  —  9 2  -  9 з  —  9 4  —  9 s  +  9 6 -  9 ?  +  9 s  -  9 Э +  9 i o  +

9 з’° =

+  9ii — 9i2 +  9i3 — 9i4 +  9i5 — 9ie ~~ 9i7 — 9is — 9i9 +  39го)’

1
6][2

( 2 9 2 —  94 +  2 9 e  — 9s — 99 -  9io —

— 9ii — 9i2 — 9i3 +  29i5 — 9i7 +  29i9)>
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П'1 ,0 _
6 ( . 3  +  . 4  ~  . 7  +  . 8  —  . 9  ~  V i o  —  

V n  -  . 1 2  +  . 1 3  -  V u  +  . 1 7  +  V i e ) ,

V l'°  =  (2 . 2 -< P a  —  <Pi +  2 Va -  2 V e  ~  . 7  +  . 8  ~  . 9  +  Via  +

+  V 11 — Via  +  V ia  —  V u  ~  2 V ia  +  2 V ie  ~  V n  — V ie  +  2 V ia ) ,

V>e’° =  (З.1 +  2 .2 -  .3  +  2, 4 — , 5 -  2 ,6 -  — 2 , 8 +  2 ,9 —

—  2 .10 -  2, n  +  2 ,12 -  2 ,13 —  , 14 —  2, 15 —  , 16 +  2 ,17 —

— . 1 8  +  2 . 1 9  +  3 , 20),

. 7 ’°  =  —щ  ( -  2 . 2  —  2 , 3  +  , 4  +  4 , 5  +  2 , 6 -  2 , 7  -  , 8  +  , 9  —  . 1 0  —  

—  . 1 1  +  . 1 2  —  Via -  2 . 1 4  +  2 . 1 5  +  4 , i 6  +  . 1 7  —  2 . 1 8  -  2 , 19) ,

. 8 ’°  =  - Щ  ( 2 . 3  -  . 4  —  2 , 7  -  . 8  +  . 9  +  . 1 0  +

+  . 1 1  +  . 1 2  —  . 1 3  -  2 . 1 4  -  . 1 7  +  2 , i s ) ,

. 9 ’°  = 2]/6 ( . 4  -  . 8  —  . 9  +  . 1 0  +  . 1 1  —  . 1 2  -  . 1 3  +  . 1 7 )  ■ (8)

Also in the quintet sta te , when the general spin operator is operating  
on the eigenfunctions representing the 5 linear independent triplet sta tes  
constructed in  the branching diagram and considering equ. (19) such eigen
functions for S 2 are obtained, which correspond to the eigenvalue A2 2 ( 2  -j- 1) 
and which are also eigenfunctions for Sz corresponding to  the eigenvalue 0:

V i ’°  =  - g ÿ | -  (Vi +  . 2  +  . 3  +  . 4  +  . 5  —  . 6  -  . 7  +  . s  —  . 9  -  . 1 0  +

+  . 1 1  +  . 1 2  —  . 1 3  +  . 1 4  +  . 1 5  —  . 1 6  -  . 1 7  —  . 1 8  —  . 1 9  —  V20),

V2’0 — (3 . 1  2 , 2 -f- 3 , 3  — 2 , 4  +  3 , 5 -f- 2 , 6 — 3 , 7  — 2 , 8 -j-

+  2 , 9  2 , 10 —  2 , 1X —  2 , 4 2  - f -  2 , 4 3  +  3 , 4 4  —  2 , 4 5  —  3 , 4 6  +

+  2 , 1 7  —  3 , 1 8  +  2 . 1 9  ~ ~  З . 20 ) ,
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У>1’° =
6 f 5

(3Vi +  2ç?2 — <p3 +  2Vi — Vs +  2 Ç96 +  (р7 — 2<ps —

— 2V9 +  2ç510 — 2<pu  +  2ç912 +  2ç?13 -  <p14 — 2<p15 +  <p16 —

— 2g?17 +  <pl8 — 29?19 — 3 <p20)/

VÏ'° =  (2V2 — Vs — Vi +  2<p5 +  2<p6 +  <p7 +  <p8 +  V9 -  <pw +

+  Vu — V12 — Vis -  Vu — 2Vis — 2Vie +  Vit +  Vis -  2Vi9)>

VÍ’° =  - y =  (Vs +  Vi +  V7 +  Vs +  V9 +  Vio -

— Vu — Vu — Vis -  Vu — Vu — Vis) • (9)

In the case o f the sep te t sta te  on ly  one eigenfunction  for S2 corresponds 
to the eigenvalue A2 3(3 -)- 1) and this eigenfunction  is also th at eigenfunction  
for Sz w hich corresponds to  the eigenvalue 0. It can be obtained considering  
equ. (13):

V3,0 =  (Vi +  V2 +  Vs +  Vá +  V5 +  Ve +  V7 +  Vs +  V9 +  V10 +

+  Vu +  V12 +  V13 +  Vu +  V15 +  Vie +  Vi7 +  Vis +  V19 +  V20) •

A m ong the 20 eigenfunctions for S2 constructed above there are 5 
corresponding to  the eigenvalue A2 1(1 +  1), 5 corresponding to the eigenvalue  
A2 2(2 +  1) and 1 corresponding to the eigenvalue A2 3(3 +  1). I f  the eigen
functions for S2 are to be classified  according to their e igenvalues, the secular 
determ inant, since the eq u . (4) is valid  in  the case o f th e  eigenfunctions for 
S2 too , w ill be further reduced to 2 five-row , 1 nine-row and 1 one-row deter
m inants:

five-
row 0 0 0

0
nine-
row 0 0

0 0
five-
row 0

0 0 0
one-
row

( И )

W e are interested o n ly  in the ground sta te , therefore we have on ly  to 
do w ith  th a t five-row  determ inant, in  w hich th o se  eigenfunctions p lay  a role 
which correspond to the resu lting spin zero. D enoting th e  Coulomb integrals
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by Q and taking only the interaction o f the neighbouring atom s into considera
tion according to the HÜCKEL m ethod [14] and further denoting the exchange  
integrals b y  a, the above-m entioned five-row  secular determ inant has the 
following form:

where

* - 2 0 - К б - К б —  3 j / 2 -  5  J /2

- Ц *  -  9 3 -  з ] / з —  5  К З

- 6 3 * -  9 —  з  К з —  5  К З

-  3  ] /2 -  3 f 3 —  з  К з *  +  9 3

—  5  1/2 -  5  К З -  5  К з 3 X  —  7

X
6 « ? - - Е )

a

( 12)

(13)

After som e m anipulation the previous determ inant reduces to

-  12 0 0 0 0

0 *  -  20 - К б - У  2 0

0 -  2 Кб * — 6 -  2 КЗ 0 =  0 . (14)

0 — 2 К2 — 2 КЗ *  — 2 4*
0 0 0 4* 17* -Т 36

E xp an d in g  the determ inant the follow ing equation is obtained

*(* — 12)2 (*2 — 12* — 342) =  0 . (15)

The roots o f this equation are as follows:

* =  0,
* =  12,
* =  12, (16)
* =  6 (1  +  f l 3 ) ,
*  =  6 ( 1  —  f l 3 ) .

The energy expressions according to th e  equ. (13) have the following forms:

E  =  Q ,
E  — Q — 2a  ,
E  =  Q -  2a  , (17)

E  — Q — (1 +  ]^13) a ,
E  =  Q — (1 -  ]’ l3 )  a .
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I t  is well know n th a t  a is a negative  quantity , so th at the energy o f the ground 
sta te  is

E  =  Q -  (1 -  V i3) cx =  Q +  2,61 a.  (18)

I f  the configuration-interaction  m ethod is developed b y  the aid o f  the  
spin-operator m eth od  the ground state energy fo the benzene molecule can  
be obtained b y  solving a secular equation o f only order 5.

The equivalence of the configuration-interaction method developed by the 
aid of the spin-operator method and the Slater—Pauling method

On the basis o f  the calculations for the benzene m olecule, when taking  
all possible configurations in to  consideration the equivalence o f  the configura
tion-interaction  m ethod extended  b y  the aid o f the spin-operator m ethod  
and the Sl a t e r  [15] —P a u lin g  [16] m ethod can be estab lished . The proof 
can  be sum m arized in the fo llow ing points:

1. In the case of the Sl a t e r —P a u lin g  m ethod, sim ilar to  our m ethod, 
th e  eigenfunction  is given in  th e  form o f a linear com bination  of Sl a t e r  
determ inants.

2. I t w as proved by Sl a t e r  that on ly  such eigenfunctions m ust be  
used  in  a linear com bination, in  which the projection on th e  axis z o f  th e  
resulting spin has the same va lu e . In our case th is fact is show n b y  the c lassi
fica tion  of the eigenfunctions according to  th e  eigenvalues for Sz and th en  
on account o f  equ . (4) the m atrix  elem ents constructed from  th e eigenfunctions 
h avin g  different eigenvalues w ill be zero.

3. The n e x t  step in the Sl a t e r —P a u l in g  method w as [the idea o f  
P a u l in g , according to  which linear com binations of only th ose  eigenfunctions 
has to be looked  for, in which th e  absolute va lue of the resu lting  spin has a 
fix ed  value. T hese eigenfunctions are the bond eigenfunctions representing  
th e  various num bers of the linear independent bonds; th ese eigenfunctions 
can  be derived from  the R u m e r  diagram [17]. This step is m ade in our case  
w hen the linear com bination o f  Sla ter  determ inants is constructed on th e  
basis of our general spin operator (in this fa c t lies the origin of the nam e  
spin-operator m ethod) derived from  the so called step-up and step-dow n  
operators, the eigenfunction being an eigenfunction for S 2. In our case th e  
eigenfunctions related to the spin  states o f  various m u ltip lic ity  correspond  
to  the bond eigenfunctions representing the various num bers of the linear  
independent bonds.T hese eigenfunctions can be constructed from  the branching  
diagram .

4. On th e  basis of the Sl a t e r —P a u l in g  method num erical calculations 
were performed b y  P auling  and W h ela n d  for the benzene m olecule according
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to the HÜCKEL m ethod. A lthough the bond eigenfunctions of P a u l in g  and 
W h e l a n d  differ from the eigenfunctions constructed w ith  help of the spin- 
operator m ethod and therefore the secular equation o f P a u l in g  and W h e l a n d  
naturally has a form other than the secular equation obtained b y  th e  spin- 
operator-m ethod, nevertheless the roots o f the secular equation, th a t is the  
energies o f  the various sta tes, are in full agreem ent.

Appendix

W hen constructing the eigenfunctions for .S2 the follow ing equation was 
used on several occasions

<p(s, s — i)
1
2!

1 2 n
( s ~ y  (a a . . . a ) , (19)

where s means the resulting spin and s — i means the spin projection. This 
theorem  was proved in the appendix of a previous paper [13].
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РАЗРАБОТКА МЕТОДА КОНФИГУРАЦИОННОГО ВЗАИМОДЕЙСТВИЯ СПИН-
ОПЕРАТОРНЫМ МЕТОДОМ

Ф. Б Е Р Е Н Ц  

Р е з ю м е
Принимая во внимание все возможные конфигурации, устанавливается эквивалент

ность метода конфигурационного взаимодействия, разработанного спин-операторным 
методом, и методом Слейтера-Полинга. Вся работа базируется на вычислениях, проведен
ных для молекулы бензола.
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ОБНАРУЖЕНИЕ ЯДЕРНЫХ ИЗОМЕРОВ МЕТОДОМ 
ФОТОАКТИВАЦИИ С ПОМОЩЬЮ ИСТОЧНИКА Со—60

А. ВЕРЕШ
Г О С У Д А Р С Т В Е Н Н Ы Й  К О М И Т Е Т  ПО А ТО М Н О Й  Э Н Е Р Г И И  

И Н С Т И Т У Т  И ЗО Т О П О В , Б У Д А П Е Ш Т

(Представлено Л. Пал. — Поступило 27. IV. 1963)

В работе определены ядерные изомеры в случае 10 различных стабильных нуклидов. 
Ядерные изомеры получены путем реакции А (у, у') А*, применением источника Со-60 
с активностью 1310 Кюри. Эти изомеры были получены таким путём впервые. Из величины 
фотоактивации было оценено сечение активации и ширина уровня активации. Указаны 
возможные пути применения данного метода.

Введение

В 1921-ом году появилось первое сообщение [1] по поводу явления 
ядерных изомеров, но выяснение свойства этого физического явления осу
ществилось только намного позже, после 1935-го года, когда ядерная изо
мерия наблюдалась также у исскуственных радиоизотопов [2—4].

С тех пор у многих ядер удалось вызвать и обнаружить метастабиль- 
ные состояния [5—6] с помощью (у, п), (п , 2rí), (п, у), (л, а), (л, р), (р , л) и т. д. 
ядерных реакций. В настоящее время для стабильных изотопов насчитывается 
около сорока ядерных изомеров, время жизни которых больше одной секунды.

Одним из возможных методов для возбуждения в метастабильное состо
яние является резонансное возбуждение типа А(у, у')А*. Голдхабер, Хилл 
и Сциллард [14] с помощью у-лучей 0,5 грамма Иане могли обнаружить воз
буждение на метастабильный уровень индия, путем In-115 (у, у') 1п-115ш 
ядерной реакции. Отрицательные результаты этого опыта Э.Гус [13] объяснял 
тем, что энергии у-лучей радия не равняются энергиям возможных состояний 
возбуждения индия.

В 1962-ом году автор настоящего сообщения производил исследования 
[18] с помощью y-источника Со-60 с активностью 424 кюри на ядрах In-115 
и Cd-111. На примере этих ядер удалось впервые обнаружить возбуждение 
в метастабильное состояние с помощью у-лучей. Полученные данные актив
ности, времена жизни и энергии несомненно доказали образования ядерных 
изомеров In-115т и Cd-lllm.

Известно кроме того из многих сообщений, что с помощью обладающего 
непрерывным спектром тормозного излучения, тоже осуществляются ядер
ные изомеры методом резонансного возбуждения (у, у ') .
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Метастабильные состояния разных стабильных ядер исследовали: Валд- 
ман и Коллинс [7] — In-115 и Pb, Виденбек [8—10] — Ag, Cd, Hg, Sr, Nb, 
Au, Kr, Rh, Миллер и Валдман [11] — In-115. Лукенс, Отвош и Вагнер [12] 
исследовали почти все стабильные элементы с порядковым номером Z >  4 за 
исключением инертных газов. Они обнаружили активность в случае 23 ядер 
и определили энергии и время жизни у 19 ядерных изомеров.

Исследования, произведенные с помощью рентгеновского излучения, 
обладающего непрерывным спектром, доказали, что возбуждение ядра проис
ходит не на метастабильный уровень Е т, а на уровень активацииЕ а >  Е т. 
с этого уровня за очень короткое время т <  10-10 сек ядро может достичь

Рис. 7. Возможные схемы возбуждения
а) Простой случай, в котором ядро с активационного уровня проходит частично в 

основное состояние и частично в метастабильное состояние.
б) Возможный каскадный переход, в котором ядро проходит на метастабильный 

уровень соприкосновением некоторых промежуточных возбужденных (уровней.

метастабильного уровня непосредственным переходом или соприкосновением 
многих уровней путем каскадного процесса. С метастабильного уровня ядро 
проходит в стабильное состояние за то время, которое характерно для вре
мени жизни Е т уровня, (см. I.a, 1.6 рис.)

В настоящей работе сообщается исследование 10 таких стабильных 
ядер, которые имеют метастабильный уровень со временем жизни больше 
одной секунды. Опыты производились с помощью источника Со-60, с актив
ностью 1310 кюри.

Условия облучения
а) И ст очник

Источник состоит из кобальтовой трубки с активными размерами 
ф24/16 X 24 мм. Источник находился в алюминиевом цилиндрическом кожухе, 
размеры которого 27 х ф2б мм. Облучаемые мишени были помещены на 
одном торце цилиндрообразного источника. Для того, чтобы избегать загряз
нения от поверхности источника, мишени были положены в алюминиевые
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кожухи с толщиной стены 1 мм. Источник находился в свинцовом конт
ейнере, изготовленном в Советском Союзе, который обеспечил защиту от 
излучения в течение опыта. Введение мишени в контейнер было произведено 
с помощью дистанционного манипулятора наклоном 90 градусов (см. рис. 2.). 
Трубчатая часть манипулятора над мишенью с диаметром 30 мм был налит 
свинцом, с целью избежания выхода интенсивного пучка у-лучей даже и 
на время облучения мишени. Это применялось только при исследовании

изомеров, имеющихне очень короткое время полураспада, поскольку вслучае 
исследования изомеров, имеющих очень короткое время полураспада, после 
облучения на наше распоряжение оставалось чрезвычайно мало времени для 
измерения. Эти измерения производились на воздухе и поэтому увеличение 
фона из-за рассеяния пучка было минимально.

б) М иш ени

Диаметры облучаемых мишеней 25 мм, их вес и химический состав 
приведены в табл. I. Время облучения для материалов, имеющих метастабиль- 
ный уровень с коротким полураспадом, подбиралось в основном так, чтобы

Рис. 2. Схема облучающей установки
1. Мишень,
2. Источник,
3. Свинцовая защита

Acta Phys. H ung. Tow . X V I .  Fase. 3.



2 6 4 А. В Е Р Е Н !

оно превосходило 8—10-и кратный полураспад, который необходим для 
достижения активности насыщения.

Таблица I

Данные ядер, облученных источником Со—60.

Х им . зн а к  
элем ента

Вес
миш ени

(Г)
Х им. сост. 

миш ени
В рем я

облучен ия

Se 14 металл 3 мин.
Sr 8,7 окись 25 час.
У 10 окись 3 мин.
Rh 10 металл, порошок 16 час.
Ag 8 металл 6 мин.
Hf 0,4 скись 3 мин.
Ir 1 металл, порошок 1 мин.
Pt 3,2 металл 3 дня
Au 9,1 металл 1 мин.
Hg 58 металл 5 час.

Метрология

После облучения, измерения полученных активностей производились
с помощью датчика, состоящего из кристалла NaJ (Tl) с размерами Г

2 X

X из фотоумножителя типа EMI 9536В и пересчётной схемы типа
GOM. Датчик был присоединен с одной стороны к одноканальному анализа
тору типа Siemens с интегральным дискриминатором с целью измерения 
суммы импульсов. Установка содержала в себе автоматический электронный 
блок для измерения времени, блок, печатающий число импульсов и времени 
и автоматический пусковой блок, время периода которого можно регулиро
вать от 6- сек. до 4С0 мин. и так оказался весьма пригодным для определения 
времени полураспада изомеров в порядке несколько сек. Те же импульсы 
были зарегистрированы с 128 канальным анализатором типа KFKI с целью 
определения энергетического спектра выпущенного излучения. Для опреде
ления величины активности определили эффективность детектора для разных 
энергий у-квантов частично по расчёту и частично с известными у-линиями 
Cs-137, Cd-109 и Со-60 изотопов, таким образом, что приготовили источник 
с известной активностью, имеющий форму облученной мишени. Градуировка 
энергетической шкалы и исследование линейности производились тоже 
с источниками Cs-137, Cd-109 и Со-60 изотопов. Энергетическая разрешающая
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Рис. 3. Энергетический спектр Se-77m

о ю го зо to  50 60
Вепигина импульса ( 1 деление = К кэб)

Рис. 4. Энергетический спектр Sr-87m и градуирующий спектр Cs-137
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Н м п
м и м .

Рис. 5. Кривая распада Sr-87m

Рис. 6. Энергетический спектр Rh-ЮЗш
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Рис. 7. Кривая распада Rh-103m

Велигина импульса (1 де:.гние = 9 кэб)

Рис. 8. Энергетический спектр Ag-107m — 109m
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Ю го 3 0  «5 5 0  ВО 70
величина импульса (1 деление-2,2 кэб.)

Рис. 9. Энергетический спектр Pt-195m

k inn .
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Рис. Ю. Кривая распада Pt-195m
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способность детектора у датчика типа Siemens 14%, у датчика типа GOM 
9,2% было для линии с энергией 662 кэв Cs-137 в течение измерений. Монтиро
вочный слой кристалла изготовлен из алюминия с толщиной 0,5 мм.

Измерения изомеров, имеющих короткий полураспад, начались через 
5—10 сек. после окончания облучения. В других случаях измерения нача
лись через 5—60 мин. после окончания облучения. Фон, многократно прове
ренный между измерениями активностей, оказался равным около 170—180

Рис. 77. Энергетический спектр Au-197m

и 230—240 имп. в мин. в зависимости от усиления. При снятии кривых 
полураспада параллельно, многократно определялся и спектр, форма кото
рого не изменялась в течение распада (см. рис. 3—11). Данные измерений, 
сравниваемых с литературными данными, приведены в таблицу II.

Дискуссия

Из измерений и условий опыта можно оценить сечение активации для 
всех у-квантов, выпущенных источником. Между активностью облученного 
образца (I) и сечением активации на метастабильный уровень (а т) существует 
следующее соотношение:

I A  (а +  1)

Q e N  Ф а т(1 — e_AÍ) (1 )
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где I  — активность облученного образца (имп/сек.), экстраполированная
к концу облучения,

А  — массовое число возбуждаемого ядра, 
а  — коэффициент внутренней конверсии,

Ü  —геометрический фактор, 
е — эффективность счетчика,

Ф — поток у-квантов от источника (у cm2/sec), 
а — содержание возбуждаемого ядра в образце, 

т  — вес образца (г),
и фактор (1 — e~Af) служит для определения кривой насыщения, зависящей 
от соотношения образовавшихся и распадающихся ядер.

По расчету в данном опыте поток у-квантов от источника Ф ~  1,4 •
• 1012у/см2 sec. Значение й е  определили с помощью препаратов, имеющих 
форму облученной мишени и так по известным литературным данным экст
раполировали на разные энергии.

Из условий опыта, при пороговой энергии (~  1,1 Мэв) число рассеян
ных у-квантов п =  1,7 • Ю-7 эв-1 для одного у-кванта в интервале 1 эв. 

Поэтому
Ст( nt =  см2 эв. (2)

п
Дальше известно, что

а(Е) =  —
8  л

Г  Гх у0 х ут я2 Г уп Л

(Е 1 p l  2 л: Г ( Г ( Е  Е - Г  + 1
4 ' r , ß  )

,  ( 3 )

где
2 Л ± 1 _ .

2 J m +  1 ’

J a  и J т — спины соответствующие возбужденным состояниям Е а и Е т, 
r t — полная ширина уровня Е а,
Г у 0 и Г ут— ширины уровней относящихся к переходамизсостояния Е а 

в основное состояние E g и в метастабильное состояние Е т,
Е  — энергия излучения, Е г — резонансная энергия.
Я — длина волны для энергии Е .
Интегрируя уравнение (3) по энергии, получим интегральное сечение 

в единицах см2 эв если принять Я в см-ax и Г.,т в эв-ах,

о
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Г,Если значение g и принимаем в первом приближении за единицу, по
* t

принципу не означающее большую погрешность, то для парциального уровня 
Г ут  можно дать численные значения по уравнениям (2) и (4).

Если переход с уровня £ана уровень Е т происходит путем каскадного 
процесса, то естественно, что Г ут является суммой всех уровней каскадного 
процесса, т. е.

Г  =  У  Гут / ,  Vi • ( 5 )

Как видно из рисунков и данных таблицы, стало возможным обнаружение 
изомеров Se-77m, Sr-87m, Rh-103m, Ag-107m-f lC9m, Pt-195m, Au-197m 
и определение их энергии, времени жизни и других данных по полученной 
активности. У изомеров У-89т, Hf-179т, 1г-191т, и Hg-199m небольшие

Таблица II

Измеренные значения после облучения, сравниваемые с другими литературными
данными

Элемент

А ктивность
облучен ия

после

Акгивн.
Экстрп.

В
конце

Л утературны е
данные

Данные
измерений

crm г..„
первого

и зм ерени я
(имп/мин.)

облуч.
(имп/
мин.) А/. Е

(кэв) Т г Ы
Е

(кэв)

( 1 0 - “ см“) (10 -*эв )

Se-77m 3842 ±96 5400 17,5 сек. 160 18,1 ±1 сек. 160±10 9,5 1,75
Sr-87m 191 ± 5 200 2,8 ч. 390 2,9±0,1 ч. 365 ±25 0,85 0,2
y-89m 96 ±20 170 16 сек. 910 16,7±5 сек. 0,08 0,02
Rh-103m 28 ±5 31 57 мин. 40 58 ± 2  мин. 20,5 ±0 ,5 0,08 0,01
Ag-107m 220±14 250 44 сек. 93 43,8±0,6 сек 91 ± 10 0,8 0,2
Ag-109m 39 сек. 88
Hf-179m 80 ±18 155 19 сек. 160;

215
19±2 сек. 1 0,2

Ir-191m 90 ±20 250 4,9 сек. 42;
130

5 ± 2  сек. 5,6 1

Pt-195m 90±9 100 3,5 д. 31;

100;
130;

3,5±0,2 д.
32 ± 3  

67,5 ± 5  
9 6 ± 5  

130±10

0,2 0,04

Au-197m 240± 16 520 7,2 сек. 130;
277;
407

7,2±1 сек. 68:130: 
280 ± 2 0  
390 ± 2 0

0,07 0,01

Hg-199m 9,6±3,2 42 мин. 160;
370

0,005 0,001
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кти вности дают возможность только для грубой оценки. Результаты после
дней группы изомеров улучшаются с увеличением количества вещества 
мишени за исключением Hg-199m, в случае которого только при большем 
источнике можно ожидать лучшие результаты.

Оценку погрешностей полученных результатов производил с помощью 
«формулы разброса» по теории вероятности [19].

Исследования на ядрах In-115 и Cd-111 [18] повторил с помощью 
нового источника и новой мишени. Полученное значение для а т равняется 
предыдущему в пределах погрешности 15%-ов.

Области применения метода

а) Ф изические исследования

Обнаружение этого эффекта с источником такой активности позволяет 
сделать выводы, что возбуждение у-лучами с помощью источников, актив
ность которых на 1—2 порядка больше указанной активности, может 
служить для расширения данных о состояниях ядер.

б) И сследования вопросов, связанны х с прим енением  больш их источников

Ныне очень распространено применение больших y-источников по
рядка активности килокюри. С помощью настоящего метода можно опреде
лить степень образования разных ядерных изомеров, и с помощьюэтих, можно 
делать выводы насчет образованных активностей в некоторых облученных 
продуктах и потребности мероприятия безопасности. Полученные до сих пор 
данные позволяют сделать вывод, что образованные активности при облуче
нии даже в случаях источников с активностью на 1—2 порядка больше, не 
вызывают никакого затруднения в дальнейшем применении облученных 
материалов.

в) А кт ивационны й анализ

В многочисленных отраслях промышленности имеет большое значение 
определение следов. Такими вопросами занимается анализ активации с нейт- 
тронами. Произведенные мною опыты доказали, что для некоторых элемен
тов, в случае источника на 2—3 порядка большей активности, применение 
этого метода оказывается пригодным. Недостаток этого метода состоит в том, 
что эффективность на 2—4 порядка меньше эффективности активации с ней
тронами. Преимущество метода заключается в том, что легко и быстро можно 
оценивать результаты опытов, поскольку этому не помешает присутствие 
других активизированных компонентов.
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г) Д ози м ет ри я

По произведенным измерениям In оказывается наиболее пригодным 
для точного определения активности большого источника Со-60. Преиму
щество метода заключается в том, что увеличение дозы многократно рассеян
ных и обратно рассеянных мягкий y-излучений не помешает измерению 
вопреки другим методам, где правильная оценка степень рассеяний и его изме
рения оказывают много трудностей. Этот метод можно сделать пригодным 
для определения активности от 10 кюри до Ю4 кюри. Таким образом можно 
определить дозу порядка М-рад при известных условиях облучения изоме
ров, имеющих короткий полураспад.
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PH OTOA CTIVA TION  O F N UCLFAR ISOMERS BY Co6» IR RAD IA TION
A. VERES 

A b s t r a c t

Investigations have been carried out on th e  isomers of 10 stable nuclides by  the 
A ( y ,  y ')  A* photoactivation  reaction using a 1310 C /-source. This phenom enon has n o t been 
investigated  un til now by nuclear "/-radiation.

The activation  cross-section and the ac tiva tion  level band belonging to the transition  
from activated  to  m etastable level was estim ated from  the ex ten t of photoactivation  m easured. 

Some possible practical uses are suggested, based on the experim ental results.
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ON THE PRESSURE-DEPENDENCE OF SOME 
PARAMETERS OF A. C. DISCHARGES

By

J. B itó

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 

(Presented by G. Szigeti — Received 28. У. 1963)

The author describes the probe m easurem ent m ethod based on th e  pulse technique 
in troduced by  W a y m o u t h  and its  application to  the exam ination of discharges operated 
by a supply voltage of 50 cps. In th is connection the au thor examines the pressure-dependence 
of some characteristic param eters; he shows the dependence of the cathode-fall, the  axial 
field streng th  and th e  plasm a potentials and the pressure of the applied argon ground gas, 
for a m ercury vapour discharge. The resu lts obtained are discussed and com pared w ith th e  
da ta  appearing in recen t literature.

Introduction

The exam ination of gas discharges is at present ch iefly  experim ental. 
The properties and the behaviour o f  more or less ionized gas or vapour have  
been exam ined for about 200 years, but until now  coherent results leading  
to an unam biguous theoretical picture have not been attainable from  which  
the fundam ental processes and the relations betw een them  could unam bigu
ously be explained, either in a closed  form  (by functions), or in  any other one.

B u t, at the sam e time, the physical knowledge shows in more and more 
places the presence o f  the plasm a sta te . The application of the advantageous 
properties (lighting, processing, rocket driving, etc.) o f the discharges, of th e  
discharge plasm a, or o f  otherwise produced ionized gases and vapours becom es 
ever more and more extensive. T his wide possib ility  o f application necessitates  
the developm ent o f  suitable exam ination  m ethods, in order to  obtain more 
detailed know ledge. One of the fundam ental exam ining m ethods o f experi
m ental plasma physics is the probe m easuring process introduced by L ang 
m uir  [1—3], by m eans of which rela tively  correct data can be obtained con
cerning the processes occurring in  the discharges. B y  a great num ber o f m easure
m ents o f  an im proved accuracy further relations can be expected, w hich m ay  
contribute to  a clarification of the properties so far known and to  a further 
and w ider application o f the discharges and their plasm a.

In th is paper th e  author m akes known the pressure-dependence o f the  
fundam ental discharge parameters determ ined b y  the process [4] extended  
to the case of a. c. discharges and based on L a n g m u ir’s probe m easuring  
m ethod, applied to  a. c. discharges. U ntil now sim ilar exam inations o f only
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d . c. discharges have been discussed in  the literature [5] and w ith the exception  
o f  the cathode-fall, the pressure-dependence o f their parameters has been  
g iven  only  under specific circum stances [5].

For a. c. discharges a m uch more com plicated m easuring m ethod m ust 
be used and so the exam inations becom e m uch more d ifficu lt. As the character 
o f  the a. c. discharges differs essentia lly  from th a t o f d. c. discharges, this 
difference is expected  to  influence other im portant parameters also and 
therefore it  is im possible to extend  the d. c. experim ental results sim ply and 
directly  to  the phenom ena appearing under a. c. discharges.

The determ ination of the la tter necessitates further m easuring series.

Measuring method

Further extensions of the L a n g m u ir ’s probe m easuring system  to the  
exam ination  o f a. c. discharges are know n [6]. W hile developing this system , 
i t  was always in  the m ind o f the researchers th a t during the m easurem ent 
th e y  should produce, i f  possible, only a negligible disturbance in the discharge 
fie ld  to  be exam ined and in this w ay th ey  should ensure the reality  of the results 
obtained as far as possible.

Am ong the above-m entioned a. c. m ethods the author applied the m easur
ing  technique based on W a y m o u th ’s pulse m ethod [4].

B y the transform ation o f this m ethod in som e degree [7] a m easuring  
process o f satisfactory accuracy and reproducibility could be obtained, by  
m eans o f which the phenom ena o f the plasm a o f the cathodic side and o f its 
field  o f low-pressure m ercury-argon discharges around the cathode could 
be more quickly exam ined than  b y  some other a. c. m easuring m ethods.

The block diagram  of the electric schem e applied can be seen in Fig. 1.
From  the stabilizer S one pulse com es through a separating transformer 

in  each period to  the m easuring probe M o f the 50 cps voltage-supplied d is
charge tube T, b y  m eans o f the im pulse generator I . The m easuring probe 
can be connected b y  a b attery o f about 150 V w ith  various potentials cor
responding to  the place of the exam ined discharge fie ld , relating to the chosen 
electrode.

In the present case the m easurem ents took  place on the cathode side 
o f the discharge and so the probe was at the sam e or higher potentia l than  
the cathode. The bias comes from the square generator G, through the differen
tiator D , in to  the im pulse generator I . The m agnitude of the steep , nibbed, 
w edge-shaped pulse is generally o f 80 —90 У, its period 500 /тsec. As soon  
as th is pulse, in  relation to one o f the electrodes, reaches the probe and changes 
its voltage in tim e, the probe current passing through the resistance R s of the 
probe circuit changes too and follows the tim e-variation  of the probe current, 
according to  the regularity observed by L an g m u ir  [1 — 3].
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P u ttin g  the voltage-variation arising on the ends o f  the resistance R s 
through the difference-amplifier A to  the vertical input o f  the oscilloscope O, 
the probe voltage characteristics can be observed, w hen the voltage o f  the  
applied pulse gets onto the horizontally deflecting pair o f the sweep p lates. 
In this w ay, during the period of the pulse, Langm uir’s probe characteristics

3  * 2 2 0  V 

5 0  H z

R

5
T

0 - 1 5 0 V

F ig. 1

can be p lotted in a given discharge tim e, apart from its ion current part, which  
is, however, o f  no im portance from the p oin t o f view  of the further evaluations 
and discussions.

I f  the determ ination o f the plasm a characteristics and discharge para
meters is desired in various phases o f the a. c. discharge, the above-m entioned  
voltage pulse m ust be exam ined in the phase in question. In  the course o f the  
present experim ental arrangem ent th is w as possible b y  m eans of the phase 
slider P , by the use of w hich the phase o f  the pulse g iven  by the generator 
G could be adjusted arbitrarily.

The m easurem ents took  place in a half-period, with a probe circuit formed  
according to the cathode, b y  phase angles o f  10°. In this case, i f  the electrode
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chosen to the probe circuit w as in  the half-period, no pulse reacted the probe  
and so no m easurem ent was performed.

The probe characteristics plotted f ifty  tim es/sec at a g iven  phase angle  
could well be evaluated on an oscilloscope screen of suitable size.

The fundam ental factors decisively influencing the accuracy of the probe  
m easurem ent have always been  taken in to  account during th e  m easurem ents 
[8], e.g. the m easuring conditions relating to  the dim ensions and purity o f  
th e  probes, the m easuring tim e, the rem oval o f the im purities, etc.

Conditions of the examination

The exam inations took place by m eans o f glass discharge tubes o f 1200 
m m  length and 38 mm diam eter. W ithin the ends of these tubes there were 
electrodes o f  the same structure, tungsten coiled coils provided with an electron  
em itting coating, heated only b y  the discharge and protected b y  nickel auxiliary  
electrodes. Three probes reached into the discharge tu b e, and were placed  
near the electrode. The spacing between the probes was 100 mm. The probe 
nearest to the electrode was 1500 mm from it , sealed in to  th e  discharge tube. 
In  the construction of the tu b e a usual vacuum  technical procedure was used . 
The probes were made w ith  glass insulation and their parts protruding in to  
the discharge field  and active from the point o f view  o f the discharge current 
were made o f n ickel wire o f 2 mm length and 0,2 mm diam eter.

In the course of the earlier experim ents it  turned out [8] that the probe 
o f such a diam eter can be used with the sam e accuracy in  50 cps discharge 
conditions as th a t of 0,02 m m  diam eter. Therefore the use o f  thicker probes o f  
greater so lid ity  was more practical. The probes reached radially into the  
axis o f the discharge tube. After a vacuum  technical treatm ent, about 
60 mg m ercury and argon gas o f the desired pressure were p u t into the tu b es. 
The gas pressure was adjusted by m easurem ents w ith a Mac Leod m anom eter. 
For the sake o f  ensuring the sam e experim ental conditions in  the m easurem ents, 
as far as possible, at various gas pressures the same tube w as used. The re fil
ling of the gas from the discharge tubes in to  higher or low er pressure-values 
took  place b y  transfer extension  pieces [9, 10].

In th is w ay the inaccuracies of the m easurem ents resulting from the  
differences o f  the electrodes, tube- and probe-dim ensions arising from the use 
of different tubes could be elim inated from  the m easurem ent series. During  
the exam ination the tube was operated in an am bient tem perature of 25 +  1° C.

The discharge was m aintained by a stabilized supp ly  voltage and at 
various pressures the current o f the discharge was adjusted to  the same value  
of 410 mA and was lim ited b y  an inductive resistance. The base point o f  the  
discharge w as always adjusted to the sam e end of the electrodes for the various 
m easurem ents.
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Measuring results

The experim ents were carried out in argon gas of 1, 2, 3, 4 and 5 m m H g  
pressures and at a saturated m ercury vapour pressure arising at a wall tem 
perature of about 37° C, corresponding to an am bient tem perature of 25 d; 1° C, 
at about 0.005 m m H g.

A t every gas pressure the m easurem ent took  place at a discharge cur
rent of 410 m A. In this w ay the identical surface current loading of the cathode  
was ensured which is an indispensable condition  for the com parison of catho- 
defalls.

H aving used the m easuring m ethod m entioned in the second part o f  
th is paper, the course in  tim e of the plasm a potential on the place o f  each  
probe could be determ ined for every pressure. This follow s, generally, the  
tem poral progress of the supply voltage falling to the tube. From  the plasm a  
potential plotted on the various known points o f  the discharge field , the cathode- 
fa ll belonging to  each tim e, could be given b y  means o f N ö ll e ’s m ethod [11, 
12], w ith a full knowledge o f the ex ten t of the cathodic dark space.,

The determ ination o f the tim e-dependence of the cathodic dark space 
and the m arking out o f its lim its for each pressure was m ade b y  the well- 
know n stroboscopic system .

It was known th a t the end o f the dark space, i.e. the m eniscus of the catho
dic side of the plasm a o f the positive colum n, idenpendently  of tim e, is at 
a distance o f 30 +  1 m m  from the electrode (cathode).

According to the m easuring results, th is distance does not change, even  
w ith the pressure of argon in the pressure range of 1 — 5 m m H g, or at least 
th is change is within the inaccuracy range o f  the m easuring m ethod. This 
eventual sm all fluctuation  was negligible from  the point o f v iew  o f further 
exam inations. In full knowledge of the independence of the length  of the pres
sure which proves to  be a very valuable datum , the tim e-dependence o f the  
cathode-falls could be given b y  m eans o f N ö l l e ’s m ethod [11, 12]. W ith an 
argon pressure o f 2 m m H g, during the chosen half-period, the tem poral process 
characteristic o f  the cathode-fall can be seen in  Fig. 2.

The phase angle 0 m eans the m om ent o f  the beginning o f the discharge, 
from the choice o f the system  o f reference. A t this m om ent the m axim al 
voltage to  the discharge field  arrives. A t a phase-angle o f  180° the com m uta
tion  point takes place at the end o f the h a lf period. From th a t point the chosen  
electrode — up to  notv the cathode — according to the sense o f the alternat
ing current — performs the duty  o f the anode.

From Fig. 2 it  can be seen th a t the tem poral progress o f the cathode- 
fall also follows to  a certain degree the tim e-dependence o f the voltage falling  
to  the discharge. The cathode-fall is m axim al a t the beginning o f the discharge, 
i.e . at the break-down o f the discharge field, and after this it  dim inishes rapidly
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to  a value below  10 У. The cathode-fall could be revealed by m easurem ents 
only  to  a phase angle o f 160°. During the period corresponding to  th e  last 
20 phase angles which is about 0,001 sec, no discharge occurs. This is the decay  
in terval preceding the com m utation  point.

I f  the tw o electrodes o f  the discharge tube can be considered as identical, 
from  the p o in t o f view  o f the discharge, the tem poral progress of the cathode- 
fall can be expected  to  be identical for both  electrodes. According to  the

Fig. 2

author’s opinion this m ethod of com parison is suitable for the exam ination  
o f th e  various electrode constructions relating one to  the other and to  their 
classification  under discharge conditions.

Further on — for the sake o f easier m anageability  and survey — instead  
o f the curve describing the tim e-dependence o f the cathode-fall V _ k g iven  for 
a h a lf period, it is more practical to  take its integrated average:

Г/2

V k = ~ y \ v k (t )dt ,  (1)
и

where T  is the tim e o f the period, and t the tim e.
This integrated average Vk w ill be characteristic o f  the cathode and of  

the discharge processes occurring in  its  neighbourhood.
E xtended  the m easurem ents to  the pressure range 1 — 5 m m H g, the  

tim e-dependence o f the cathode-fall can be p lotted  to  each pressure and the
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curve describing the same can be formed, according to the in tegrated average 
(1), for the exam ined half period. The pressure dependence o f  these integrated  
averages V^ can be seen in F ig . 3.

As can be seen, the cathode-fall increases until 4 m m H g, w ith  the increase 
o f the argon pressure. Its value rem ains con stan t between 10 and 15 V. After 
the pressure o f 4 m m H g it falls w ith a great dim inution, at the pressure value  
o f 5 m m H g to  11,8 Y.

mmHg

F i g .  3

The distance between the probes placed in to  the discharge tube being  
know n, m easuring the plasma potentials on th e  probes, it  is possible to deter
m ine the tim e-dependence o f the electric fie ld  strength.

The tim e-dependence o f the plasma potentia ls and the gradient give  
a picture similar to  th at of the tim e-dependence o f the cathode-fall. P lotting  
the tim e dependence o f the poten tia l gradient values belonging to  the various 
pressures according to the above-m entioned m ethod and form ing the in te
grated average E  o f  the obtained curves, according to the relation

E  =  —  
T

T/2

J e w dt, ( 2)

where E(t) is the function describing the tim e dependence o f  the gradient; 
t is the tim e and T  the duration o f  the period.
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To each pressure value a gradient value characteristic o f it  can be design
ated , i.e . the integrated average E.  These potentia l gradients E  are show n as 
a function  o f the pressures in Fig. 3. As can be seen, the measuring d ata  fall 
w ith  good approxim ation into the sam e straight line. According to  th is on 
th e  increase of the pressure the value o f  the gradient E  also increases regularly  
w ith in  the pressure range of 1 — 5 m m H g.

D iscussion

As the first results o f the exam inations it  was found that the len gth  of 
the dark field  before the cathode — included all the cathodic fields to  the 
m eniscus o f the cathodic side of the positive colum n — does not depend eitherg- 
on tim e, or on the variation  of argon pressure.

It is known th a t the dim ensions o f  the dark field , in  case of d. c. discharg
es, are considerably influenced b y  the discharge current, or the h eatin g  cur
rent o f  the cathode, a t otherwise identical cathodes [8]. But in the present 
exam inations the effective value o f  the discharge current was from beginning  
to end always the sam e. The cathode, how ever, did n ot receive any external 
heating.

From  the resu lt th at the dim ensions of the fields before the cathode did 
n o t change, one can conclude th a t w ith  the increase o f the concentration of 
argon atom s no further considerable energy loss has arisen in the dark field  
before the cathode and so it was not necessary, for the purpose of com pensa
tion , to  ensure the energy o f the electrons needed to  the increase of the cathode- 
fa ll. In this w ay the hypothesis is ev id en t that in the procedure of the catliode- 
fa ll the decisive part in  the argon pressure range o f 1 — 5 m m H g is still played  
b y  the concentration o f the m ercury vapour and th e  fundam ental processes 
occurring under the stationary discharge circum stances are connected  w ith  
th e  latter. All th is can be supported b y  the follow ing line of reasoning.

The concentration  of the argon atom s has increased by the increase of 
the pressure and so the m ean free path  o f the electrons in argon is also changed. 
The m ean free path  o f  the electrons le in  argon and the m ean free path o f  argon 
atom s la for 1 and 5 m m H g pressures can be seen in Table I [13]:

Table I

p

1 m m Hg 4,38 • IO-2 cm 7,73 • 10“3 cm
5 m m Hg 0,88 • IO“2 cm 1,55 • lO“3 cm
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On this basis calculating the number o f th e  electron-argon-atom  im pacts, 
the energy given in  the form  o f  elastic im pacts by the electrons and taken  
b y  argon atoms can be estim ated.

Taking in to  consideration the 30 mm len gth  of the field  before the cathode  
and assuming in  first approxim ation anundisturbed, linear runningw ith  im pacts 
of m inim al angles, it  can be calculated that th e  electrons in  th is section im pact 
about 70 tim es w ith  argon atom s at a pressure of 1 m m H g and about 330 
tim es at a pressure o f 5 m m H g. Taking into consideration th a t at every elastic  
im pact, as is know n [13], the m axim al energy given b y  the electrons b y  a 
central im pact to  the atom s is, by the law  o f conservation o f energy, fc-times 
the energy of the electrons, where

* =  4 - ^ - ,  (3)
m

me is the mass o f the electron, m the mass o f  the atom  im pacting w ith the  
electron.

The mass o f  hydrogen is about 1840-tim es th at of the electron, the mass 
o f the argon atom , however, is about 40-tim es that of the hydrogen atom , 
so the relation me/m takes the value o f 1,3 • 10~5. Consequently the value  
o f к o f the equ. (3) becom es 5,2 • 10~5.

According to  w hat has been said, in th e  30 mm length  o f the cathodic  
field  at 5 m m H g argon pressure 330 impacts occur in the direction of the electric  
field  between one electron and the argon atom s. In the course of so m any  
im pacts the electron loses the 330 • fc-times o f  its energy, w hich corresponds 
to  a value of 1,7 • 10~2. This loss of energy is a negligible part of the whole  
energy o f the electron. At an argon pressure o f  1 m m Hg th a t loss is still less. 
As is shown by th is calculation, during the variation o f the argon pressure 
betw een 1 and 5 m m H g, in the course of th e  elastic im pact o f the electrons 
the loss o f energy is negligible and so does n o t influence all the losses of energy  
arising in the dark fields.

The inelastic im pacts and the excitation  and ionization connected w ith  
them  have a role in  the visible part of the fie ld  on the cathodic side of the  
cathodic dark fie ld  in  question, but these in elastic  im pacts are not connected  
w ith  argon atom s, but w ith th ose of m ercury, since the ion ization  and ex c ita 
tion  potentials o f m ercury are m uch lower th a n  those of argon. The fact th a t  
in  th is field the num ber o f inelastic electron im pact w ith  argon atom s did  
not increase, could also be proved by spectral exam inations, because the  
in ten sity  of argon lines leaving the field before the cathode did not change 
essentia lly  in the pressure region exam ined.

As the probability  of ionization  generally coincides w ith  the probability  
of excitation , presum ably not even  the num ber of ionized argon atoms in 
creased.

7 Acta Phys. H ung. Тот . X V I .  Fasc. 3.
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In th is w ay the experim entally found fact can be explained th at in  the  
pressure range o f 1 — 5 m m H g the variation  o f argon pressure does not in fluence  
the w hole extension  o f the dark fields before the cathode and the increase  
of the argon atom  concentration in the pressure range probably does n o t alter 
the discharge processes in the neighbourhood o f the cathode.

The pressure-dependence o f the cathode-fall V^ represented in F ig . 3 
in the pressure range of 1 — 4 m m H g can em pirically be characterized b y  a 
straight section:

V k = p  +  a ,  (4)

where p  is the pressure of argon gas, a a constant of a va lue of 9,8.
The section betw een 4 and 5 m m H g pressure o f the curve representing  

the pressure-dependence of the cathode-fall Vk has a n egative  slope.
According to  the author’s opinion the decreasing character of the cathode- 

fa ll here can be explained b y  the potentia l gradients. Also the pressure-depend
ence o f  the integrated average E  o f the gradients can be seen in Fig. 3. I t  can 
be seen th a t the m easuring points fall w ith  a good approxim ation into th e  same 
straight line and the value o f  the gradient E  increases w ith  the increase o f  the 
pressure quite steep ly , regularly in  the pressure range o f 1 — 5 m m H g.

This increase and the growth of the vapour pressure o f  Hg accom panying  
it  can explain  the behaviour o f the la st part of the cathode-fall curve V^,
i.e . the section  o f the pressure betw een 4 —5 m m Hg. Since during the experi
m ents the current density o f  the discharge was the sam e, b u t with the increase  
of the pressure the gradient of the positive column increased, the energy  
received b y  the electrons and ions on the free paths increased too, b u t this 
fact did not m ean a contribution to  the current m entioned before.

N ecessarily  the electrons and ions had to  give ou t some part o f  the 
energy-excess th ey  had received in som e or other form , e.g . by the im pacts  
w ith  m ercury and argon atom s. In th is w ay , however, supposing the linear 
shape o f the cathode-fall, the ions having  a greater energy and im pacting on 
th e  cathode, can give out more energy on the surface o f  the latter and so 
th ey  can facilitate the leaving of the electrons. In this w a y  a smaller cathode- 
fall can be necessary for the production and acceleration in the field  before 
the cathode than  otherwise, at a positive colum n of a low er potential gradient, 
in case o f a lower pressure. The pressure-dependence o f the gradient E  (in te
grated average) shown in Fig. 3 can be characterized by the follow ing  
function relation:

E =  0 , 1 5 p  +  b ,  (5)

where p  is the pressure of argon gas, b a constant of the value of 0,55.
In  case o f  a. c. discharges up to  now  the pressure-dependence o f  either 

the cathode-fall, or the potentia l gradient has not been m entioned in the litera
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ture. Their pressure-dependence could be described by the introduction  of 
the integrated averages with the m ethod given in  that part o f  this paper.

In d. c. discharge conditions, in a therm ostatic bath of 42° C at 400 mA  
discharge current, V e r w e ij  perform ed such m easurem ents [5 ] ,  b y  which  
he gave, am ong other facts, the pressure-dependence of the gradient of the 
positive column for argon, w ithin the pressure range of 0,01 — 100 m m H g, 
ensuring the constant mercury vapour pressure corresponding to 42° C. 
R epresenting the m easuring result in a sem i-logarithm ic system , he obtained  
a curve rising exponentia lly  w ith th e  increasing pressure. The gradient values 
obtained by V e r w e ij  in d. c. m easurem ents and the a. c. gradient values shown  
previously in Fig. 3 are compared in Table II.

Table II

The pressure-dependence of the gradient

Pressure (mmHg) 1 2 3 4 5

The gradient, the  d.c. measuring 
result of V e r w e ij 0,7 0,75 0,8 0,85 0,9

The gradient, result of the present 
a.c. measurem ents V/cm 0,7 0,84 1,01 1,16 1,31

In the comparison of the data o f Table II it  m ust be taken  into con
sideration that the d. c. m easurem ents performed by V e r w e i j  took place 
at 400 m A  discharge current and w ith  a discharge tube placed in to  a therm o
static w ater-jacket o f  42° C [5], w hile in the present experim ents for a. c. 
m easurem ents the discharge current w as 410 mA and the am bient tem perature 
25 +  1° € , which corresponds to a wall tem perature of about 32 — 39° C.

Representing the pressure dependence valid for d. c. discharges found  
by Ve r w e i j  [5] in a coordinate system  of linear axes, in the pressure range of 
1 — 5 a straight section is obtained. The slope of this section is 0,05 V /cm . m m H g, 
one third o f  that o f the pressure-dependence found under a. c. discharge cir
cum stances, i.e. of the value of 0,15 V /cm. m m H g. From this it  can be seen  
that the plasm a of the positive colum n of the a. c. discharge is more sensitive  
to variations of argon pressure w ith in  the given range, than the plasma o f  
the d. c. discharge. It  is perhaps practical to consider this fact for obtaining  
higher specific energies fed.

As there was som e difference between the discharge current and the 
vapour pressure o f m ercury in the course of the tw o  m easurem ents, it  would  
not be valid  to draw further conclusions by com paring the absolute values 
of the results obtained. It  is evident th a t the gradient values obtained by the 
a. c. m easurem ents, because of the greater slope o f  the curve, apart from the
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value obtained at the pressure o f 1 m m H g, are all higher than the gradient 
data o f  the d. c. m easurem ents. The pressure range exam ined is not wide 
enough to  allow a reason to  be given for the coincidence appearing a t 1 mmHg. 
For the interpretation  of the phenom enon observed further m easurem ents 
are necessary at pressures lower than  1 m m H g. It m ay  be surmised th a t there 
w ill not be a considerable difference in  value betw een the two gradient curves 
in  th is region.

U p to now  the pressure-dependence o f the cathode-fall, the gradient and 
th e  plasm a potentials in  case o f  a. c. discharges has not been elaborated in 
the literature.

P reviously the author took  part in exam inations connected w ith the 
tim e-dependence o f some param eters o f  the a. c. discharges [12, 14], but apart 
from  th is, publications dealing w ith  the relations betw een the parameters 
o f a. c. discharges are not known in the special literature though the latter 
are already w idely used in  various dom ains. J u r r ia a n s e  and previously  
M e i s s n e r  too, have already m ade statem ents relating to  the pressure-depend
ence o f the norm al cathode-fall under special circum stances [15], b u t in the 
course o f  their experim ents th ey  did n ot m aintain th e  surface current density  
o f the cathode at a constant value. Therefore th ey  attributed the variations 
o f the cathode-fall observed b y  them  partly to th is fact [15].

The m easuring m ethod used here is also su itable for the determ ination  
o f further plasm a- and discharge-param eters. So, b y  the same m ethod the 
tim e-dependence o f the electron tem perature, electron concentration can be 
given  too , which in  the course o f the survey o f  the previously m entioned  
a. c. current exam inations has been dealt w ith in the literature [14]. But these 
m easurem ents gave the tim e-dependence of the above-m entioned parameters 
on ly  for some parts o f the h a lf period [14]. B y the application o f th e  present 
m ethod, b y  characterization w ith  integrated averages it  is possible to  obtain 
further knowledge also in  the field  o f the processes connected w ith  these 
param eters, for the whole duration o f the half period. This was n o t the aim of 
th e  exam inations now  discussed, but from some o f the performed measure
m ents o f an inform ation character it  turned out th a t the ion ization  degree 
calculated  on the basis o f the equation of E g g e r t — S a h a  is very low  and does 
not change considerably w ith  the argon pressure in  the range exam ined. 
The degree o f the plasm a ion ization  arising in the course o f the a. c. experim ents 
ranges in the order o f m agnitude o f 10-3 .

From  the gradient o f  the positive colum n, from  the density  o f the d is
charge current and from  its distribution  function [15], as well as from  the geo
m etric dim ensions o f the discharge tube the specific resistance o f  the positive 
colum n could be given approxim ately. Since during the experim ents the value 
o f the discharge current alw ays rem ained the sam e, the distribution function  
o f the current density  for the cross-section of the tube did not change either.
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Therefore the pressure-dependence o f  the specific resistance develops corres
ponding to  the curve o f  the gradient (pressure-dependence shown in  Fig. 3 
of the integrated average). The directional tangent o f the straight line obtained  
in this w ay is identical w ith  that o f  th e  curve describing the pressure-depend
ence o f  the gradient.

The approxim ately calculated specific resistances range in the order of 
m agnitude o f 10-1  ohm cm 2/cm.

B y the previously m entioned m ethod still further characteristics of the 
plasm a and discharge can be obtained . W ith full know ledge of th em , among 
others, the characteristics of the oscillations causing the in stab ility  o f the 
discharges can be calculated [17 — 2 0 ], b y  which the energy absorption o f the 
detrim ental oscillations and striations can possibly be restricted.
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О ЗАВИСИМОСТИ НЕКОТОРЫХ ПАРАМЕТРОВ ГАЗОВЫХ РАЗРЯДОВ 
ПЕРЕМЕННОГО ТОКА ОТ ДАВЛЕНИЯ

я. Б И Т О  

Р е з ю м е
Автором даётся анализ приёма измерений зондами, базирующегося на введенной 

Веймаусом импульсной технике, и расширение его на исследование разрядов, содержа
щихся в действии напряжением питания 50 Hz. Используя результаты этих исследований, 
автор приходит к выводу зависимости некоторых характерных для разряда параметров 
от давления. Так в работе даётся зависимость катодного падения потенциала, аксиальной 
напряжённости электрического поля и плазменного потенциала от давления применён
ного основного газа аргона в случае ртутного разряда. Полученные результаты 
дискутируются, сравниваются с новейшими литературными данными.
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A NEW METHOD FOR FINDING THE PHASE SHIFTS 
FOR THE SCHRÔDINGER EQUATION

By

T . T ie t z

DEPARTMENT OF THEORETICAL PHYSICS, UNIVERSITY OF LÓDÍ., L Ó D Í, POLAND

(Received 17. IV. 1963)

In th is note we derive a new form ula for finding the phase shift o f  the  
Schrôdinger equation. W e write the radial Schrôdinger equation in th e  fo l
low ing form :1

d2y ,
dr2

k2 -  U  (r) 1(1 +  1)
Ji  = ( 1 )

where t/(r) is related to the potential |A(r) as known, U(r) =  (2m/h2) |A(r). 
We assum e th at U(r) vanishes at in fin ity  more rapidly than the Coulomb 
potentia l, for r =  oo it  is U( » )  =  0. A t r =  0 the poten tia l |A(r) can be 
singular like the Coulomb potential or continuous. In order to obtain a rela
tion for the phase shifts we write eq. (1) as tw o first order equations:

+  b ,  =  0, (2)
dr  r

di;

dr
+

l + l
zi +

Щг)
к

(3)

The asym ptotic forms o f j ;  and as we see directly from  eqs. (2) and (3) 
are

у  (oo) — sin
, l TC
kr ~  2 " +  Vl

n
Z,  (oo) sin |fcr — (/ +  1) —  +  Г),

(4)

(5)

I f  we differentiate eq. (2) and elim inate
dz t
dr

using eq. (3) we obtain eq . (1).

1 For reference see e.g. A. M e s s i a h , Mécanique Q uantique, D unod, P aris, 1959 or any other
book on quantum  mechanics
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In  the sam e m anner if  we differentiate eq. (3) and elim inate dz jdr  and dyi/dr  
u sin g  eqs. (2) and  (3) we ob ta in  the equation

d 2z,
dr

L + k2 -  U(r) (I + 1) (J +  2) JL AIL
к dr y ''

D enoting  b y y j  and Z; the free solutions o f  eqs. (1) and (6) we have

Vi (r ) =
nkr

2 i+
I  J (kr) ,

* /(r)
л  kr

2 1+1+i (kr),

( 6)

(? )

( 8 )

where the sym b ol I  denotes th e  Bessel function . The last tw o  equations show  
th a t the solutions y i  and Z; o f  eqs. (1) and (6) in  case of U  =f= 0 have th e  sam e  
asym ptotic form  as given in  eq . (4) and (5). To obtain a relation  betw een th e  
phase shifts w e m ultip ly eq. (2) for y i +1 b y  Z[ and eq. (6) for zl b y y j +1, su b 
tract these equations and in tegrate m aking use o f the asym ptotic  forms o f  y ;+1 
and Zj. We g et the results

sin {ih — i h + i ) = - j r ( У1У1+i dr- (9)k2 J dr  
0

R eplacing l b y  l — 1 in the la st equation we have

sin (»?,_! — r h = - L -J  A IL  J i_1 y ; dr.  (10)

0

A dding or subtracting the tw o  last eqs. we have

(Vi — Vi+1) +  sin (Vi- 1  — Vi) =  j (У/+ 1  +  У1—1) dr, (11)

sin (t], — rjl+1) -  sin ()?,_, -  t)i) =  A ^ - i  - L . y i  (yJ+1 _  y i_ J  dr.  (12)
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I f  к  is sufficiently  large and the quantum  num ber l is also su ffic ien tly  large, 
then the integral o f the right side o f eq. (12) goes to zero. In th is case the le ft-  
hand side o f  eq. (12) vanishes if

Vi+i +  Vi- i  
'u ~  ~ (13)

These relations between the phase shifts is the more accurate the larger к  
and l. In Table I we have compared the accuracy of the last form ula for th e  
T homas — F er m i potentia l.2

Table I

Table of phase shifts for the Thom as—Ferm i poten tia l w ith  к — Z  and Z — 80 dem onstrál 
ing our eq. (13), where the potential param étrés were the same as in  th e  reference [2]

1 Numerical exact values 
of rn

41+1+lll-i 
“  2 

of eq. (13)

0 203° —
1 157° 166°25'
2 129°50' 134° 15'
3 111° 30' 113°55'
4 98° 99° 40'
5 87° 50' 88° 50'
6 79° 40' 80° 25'
7 73° —

Table I shows th a t formula (13) m ay be advantageous for calculating  
higher phase shifts for sufficiently  large energies for the lon g-ta iled  potentia l 
like the Thom as — Fermi potential. To obtain approxim ate form ulas for sm aller  
l we substitute in eqs. (11) and (9) instead o f  y i  the free so lu tion s given b y  
eq. (7) and m ake the assum ption that the difference rji — Vl+i *s small. In  
this case eq. (9) gives

V i - m + i = - ~ r \  r 1 (fcr) I , 3 (kr)dr.
2ft J dr '+ s

0
'+2

(14)

Eq. (11) using the well-known relation betw een the Bessel functions

W ‘) +  V i(* )  =  — M*)z
(15)
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and  the above-m entioned  conditions concerning the difference гц — гц + , gives

( l + 1U ) 71 г  d U  т2 n  \ л П Л
*11-1 -  41+1 = —^— J —  * 1 1 (kr) dr- ( Щ

0

T he tw o eq s. (14) and (15) allow us to  calculate approxim ate phase sh ifts if  
7]0 is know n. 2

2 T . T ie t z , Ann. d. Phys. 3, 105, 1959.
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ZUR FRAGE DER WIRKUNGSSPHÄRE IN DEN AUF  
DIE KONZENTRATIONSDEPOLARISATION DES 

FLUORESZENZLICHTES BEZÜGLICHEN THEORIEN
Von

A. K a w sk i

PHYSIKALISCHES INSTITUT D ER PÄDAGOGISCHEN HOCHSCHULE, GDANSK, POLEN 

(Eingegangen: 18. IV. 1963)

In den Theorien über die Konzentrationsdepolarisation der Fluoreszenz 
von Lösungen wurden gewisse Konstanten eingeführt, die in verschiedener 
Weise definiert sind [1] [2] [3] [4]. Sza la y  und Sá r k á n y  [5] haben 
neuerdings im Falle der Konzentrationsdepolarisation zwischen dem Radius 
R  der .ÎABbONSKischen Wirkungssphäre und dem FÖRSTERschen kritischen 
Abstand R 0 die Relation

R  =  1,367 R0 (1)

gefunden. U nabhängig, wurde von uns [6] die Relation

R 3 1/’ R n 31 " R w ~  1,44 R0 ( 2 )

w
T0 4,-r

ab g e le ite t, w obei R w den R ad ius der WAWiLOWschen K o n s ta n te  -— =  — - • Kv  
b e d e u te t. 2

Szalay und Sá r k á n y  [5] wandten zur Ableitung der Beziehung zwischen  
R und R0 die von J a b lo n sk i hergeleitete Form el [4]

6 P„

( 3 - R 0); 2P „V — 1 -(- e ”

an. (Es bedeuten: P  — der Polarisationsgrad, v =  v • n, v
4 л

R 3

(3)

für

die Wahrscheinlichkeit der Energiewanderung charakteristische von n unabhän
gige Konstante, n — die Zahl der lumineszenzfähigen Moleküle in 1 cm3, 
P  —> P 0 für v —у 0.) W ir haben dagegen zur Ableitung der Beziehung (2) die 
jABLONSKische Formel (3), die für kleine W erte von n (v 1) die Form

1
P

1
(3)

annim m t, angew andt. Früher wurde schon von  uns gezeigt, dass die experi
m entellen Ergebnisse für kleine K onzentrationen von Farbstoffen sehr gut 
die Gl. (4) erfüllen [7]. D ie M essergebnisse von  Szalay und Sá r k á n y  [5] für 
die wässrig-glyzerinschen N a-Fluoreszeinlösungen zeigen auch, dass die
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Depolarisationsmessungen für kleine Konzentrationen die J a b l o n s k i  sehe 
Theorie [Gin. (3) und (4)] sehr gut bestätigen. Die Abweichung der letzten  
zwei gemessenen Punkte von der theoretischen Kurve kann durch die Ver
nachlässigung der Konzentrationslöschung in Gl. (3) oder auch dadurch, dass 
in der W irkungssphäre sich eine endliche Zahl der Moleküle unterbringen lässt, 
verursacht sein (siehe auch unsere im Druck befindliche Arbeit [8 ]). Die beste 
Anpassung der von S z a l a y  und S á r k á n y  [5] bestimm ten experimentellen 
Polarisa lions werte an die durch Gl. (3) dargestellte Kurve liefert einen W ert 
von 1,8 • 10-1 8  cm3 für das Volumen der aktiven Sphäre v. Dementsprechend 
ist der Radius der jABLONSKischen aktiven Sphäre R  =  75,46 Â, aber nicht 
70,8 À, wie von S z a l a y  und S á r k á n y  berechnet wurde.

Der FÖRSTERsche kritische Abstand R0 kann aus der gegenseitigen Über
lappung des Absorptionsspektrums mit dem zugehörigen Fluoreszenzspektrum 
nach der in [9], S. 176 gegebenen Formel (37,6) berechnet werden. Die Berech
nung von S z a l a y  und S á r k á n y  [5] auf Grund ihrer Messergebnisse liefert für 
den FÖRSTERschen kritischen Abstand den W ert R0 =  51,66 A .  Somit erhält 
man auf Grund der Gin. (1) und (2) entsprechend RUr — 70,62 Â (aus  (1)) 
und RbPr =  74,4 Á (aus (2)). Man sieht, dass die Relation (2) eine bessere 
Übereinstimmung zwischen dem Radius R  der J A B L O N S K is c h e n  aktiven 
Sphäre und dem FÖRSTERschen kritischen Abstand R0 aufweist, als die Rela
tion (1 ). щ

Auch in der Theorie der Fluoreszenzlöschung durch absorbierende Frem d
stoffe wurde von J a b l o n s k i  [ 9 ]  der Radius R' der aktiven Sphäre bei der 
Löschung, der in anderer Weise als der Radius R definiert ist, eingeführt. 
Nach J a b l o n s k i  [ 9 ]  besteht für die durch die Energiewanderung bedingte 
Auslöschung die folgende Relation

R' =  1,327 R0. (5)
Aus (2) und (5) folgt:

—  =  1,085
R'

und man kann schliessen, dass die Radien der aktiven Sphären bei der Konzen
trationsdepolarisation und bei der Fremdlöschung sich deutlich unterscheiden.
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F. J o n a  and G. S h ir a n e  

Ferroelectric Crystals
In ternational Series of Monographs on Solid S tate Physics Vol. I. 

(Pergam on Press, London, 1962)

The main problem s which arise in  the 
theory  of dielectric crystals are concerned 
w ith  the polarization th a t can be induced 
in  such non-conducting m aterials by  means 
of an externally applied electric field. The 
polarization values which can be m easured 
and  the effects th a t  the polarization is 
expected to have on a num ber of physical 
properties of the crystals (such as the elastic, 
optical or therm al behaviour) in  norm al 
dielectrics when applying experim entally  
a tta inab le  fields are usually  small. N everthe
less, a ra ther large b u t lim ited num ber of 
crystals — such as potassium  di-hydrogen 
phosphate (K H 2P 0 4) and a num ber of 
isomorphous phosphates and arsenates, b a 
rium  titan a te  (B aT i03) and other isomorphous 
oxides, Rochelle salts (NaKC4H 40 6 • 4 H 20 ) 
and  a  few isomorphous crystals — exhib it 
polarization values and effects m entioned 
above which are m any orders of m agnitude 
larger th an  those observed in m ost dielec
trics. F o rty  years have elapsed since the 
detailed study  of some of these crystals 
— which it  became custom ary to call ferro
electric crystals — revealed m any peculiar 
effects which are in teresting  no t only from  
th e  po in t of view of dielectric theory , bu t 
also from  th a t of crystallography, crystal 
chem istry, therm odynam ics, and, last b u t no t 
least, w ith  regard to  practical applications 
in  the field of electrical engineering. In  con
tra s t to  some o ther branches of solid sta te  
physics, the understanding of the physical 
properties of ferroelectric crystals requires 
a wide range of experim ental and theoretical 
approaches. The large reversible polariza
tions o f these m aterials have both  electric 
and ionic origins. The la tte r  indicates the 
very close interdependence between ferro
electric activ ity  and crystal structure. This 
nterdependence m akes the m ost refined

stru c tu ra l analysis a very  essential tool for 
the investigations of the m aterials. On the 
other hand , the existence of linear electro
m echanical effects, w hich require the con
sideration  of in teractions betw een electrical 
and m echanical quantities, makes the t r e a t
m ent o f the ferroelectric phenom ena m uch 
more com plex than , e.g. th a t  of the ferro 
m agnetic analogue. Several review articles 
and m onographs have already been w ritten  
by a num ber of authors on the subject of th is 
field. Some of these tre a t the problem of 
ferroelectricity  in  term s of the properties 
which characterize the phenomenon. O thers 
p resen t th e  description of ferroelectricity in 
term s of compounds ra th e r th an  properties, 
and are particularly  concerned w ith the 
crystallographic aspects o f the problem.

The au thors’ approach is to describe the 
properties of the various ferroelectric cry 
stals individually , and to  emphasize the 
dielectric character of the ferroelectric 
phenom enon as judged from  the view point 
of solid sta te  physics, having in  m ind 
the g radua ted  studen t and  research scientist 
unfam iliar w ith the subject as well as re 
searchers in  the field. F or the form er a general 
in troduction  and for th e  la tte r  a lis t of 
references as complete as possible up to 
May 1960 is given. To help the research 
worker th e  authors have adapted  a presen
ta tion  in  term s of chapters and sections 
devoted to  one com pound a t  a time and th ey  
have tr ied  to  quote as m any num erical 
results as seemed to  be desirable. In  a p re 
sen tation  of this kind repetitions are often 
unavoidable; therefore th e  authors introduce 
a num ber of cross references to  help the 
readers in terested in  following up a given 
phenom enon rather th an  in the character
istics o f a given compound.

J. I. H o r v á t h
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J . P. S u c h et

Chimie physique des semiconducteurs
Monographies Dunod, Paris, 1962 (French), 222 p.

This new volum e of the well-known 
series, M onographies D unod, is a good sur
vey of the physico-chem ical problem s of 
sem iconductors. The trea tm en t is based 
essentially  on the work of a conference held 
a t  B ordeaux U niversity , in  1957, entitled 
“ S tructu re  Defects and Sem iconduction” . 
In  line w ith  the m ain problem s dealt w ith 
a t  th a t  conference, the m onograph deals 
w ith  problem s of im purity  interactions and 
th e  ex ten t to  which i t  is possible to  predict 
the sem iconducting properties of a special 
com pound. As recent suggestions indicate 
th a t  th e  essential properties of special semi
conductors are governed by  th e  natu re  of 
in teratom ic bonds, the present trea tm en t is 
focussed in  th a t  direction. As the au thor 
avoids m athem atics, whereever possible and 
only refers to  special lite ra tu re , the book is 
o f p a rticu la r in te rest to chemists.

The firs t two of the eight chapters of the 
book contain  an elem entary description of

bonding and of crystal defects. C hapter 
I I I  is devoted to  th e  question of im p u rity  
diffusion, e.g. the diffusion of oxygen in 
silicon. C hapter IV summarizes the ru les for 
predicting sem iconducting properties. C hapter 
V contains a survey of sem iconducting-oxide 
ceramics, and C hapter VI the calculation o f 
activation  energies. The problems connected 
w ith  the mobilities of charge carriers, such as 
the scattering on centre of different n a tu re , 
the problem of the effective mass, etc., can 
be found in C hapter V II. The la s t chap te r 
contains the m ain problems and  recent 
resu lts in the field of organic sem iconductors, 
including the problem  of double bonds and, 
e.g. the  sem iconducting plastics.

The up-to-date trea tm en t of the book and 
the  survey of th e  corresponding lite ra tu re  
included ensures th a t  the book w ill be of 
wide interest, especially among scientists 
whose work is connected w ith the p repara
tion  of sem iconductors.

J .  G y u l a i

R. W . B. P e a r se  an d  A. G. Ga y d o n  

The Identification of Molecular Spectra
E dited  by  Chapm an L td ., London 347 pp, th ird  edition

In  th is book th e  au thors have collected 
inform ation  abou t the appearance and oc
currence of each known band  spectrum  which 
m ay  assist in  its  identification. Several 
excellent books have been w ritten  dealing 
w ith  the theory  of molecular spectra and 
some have included collections of molecular 
constan ts derived from  the  analysis of these 
spectra  b u t u n til now i t  has been necessary 
to  search th rough  original papers or to 
calculate  the positions of bands from  the 
tab les of derived constants in  order to 
iden tify  a given system  of bands. This task  
is usually  tedious and som etimes impossible 
to  one w ithou t considerable experience. The 
p resen t w ork renders such efforts unneces
sary.

In  the f irs t p a rt of the book the band 
heads occurring m ost frequently  are given 
in  order of wave leng th ; the second p a rt 
includes all recorded system s of diatom ic 
molecules arranged alphabetically ; of tri- 
a tom ic and more com plex molecules only

those are included which show well-defined 
banded structure and are of frequent occurr
ence in spectroscopical investigation. The 
absorption spectra of complex organic mole
cules and of solutions have been om itted . 
The w avelength region considered is from 
10,000 Â to 2,000 Â, th a t is roughly, from 
th e  photographic infra-red to th e  u ltra 
v io let lim it of quartz  spectrographs. In  
addition  to the wave lenghts of th e  band 
heads the tables include inform ation about 
th e  appearance and occurrence of each band 
spectrum .

W here the available literature  has proved 
to be incom plete, the authors have made 
new wave length m easurem ents. In  a large 
num ber of cases where no estim ates of in ten 
sities are given b u t a photograph is included 
in the original papers estim ations of in tensi
ties have been m ade from the photographs. 
In  o ther cases where the analysis alone is 
given w ithout m ention of the position  and 
in tensities of the m ost p rom inent band
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heads, the positions of these heads has been 
determ ined from  the analysis where possible, 
and, if necessary the corresponding wave 
num bers have been converted to wave 
lengths.

The wide success and practical applica
bility of the book is shown by th e  fact th a t 
the first edition (1941) was followed by  a 
second in 1950, and now, in 1963, the th ird  
has appeared. The publication of the present, 
th ird  edition was prom pted by  the fact th a t 
during the twelwe years which have elapsed 
since the completion of the second edition

m any fields of research have found a new  
in te rest in spectroscopy. One result o f th is  
has been a greater o u tp u t of papers recording 
observation  of m olecular spectra. F o r th is  
reason an even greater am ount of add itional 
m ateria l has been added  to  this edition th a n  
to  the second. This augm entation  includes 
new  da ta  up to the end of 1961. The au th o rs  
have a ttem pted  to  p resen t the resu lting  
volum e in as concise a form  as possible. The 
tab les are presented in  a more com pac- 
form  than  previously.

I. K o v á c s

D epartm ent of Atomic Physics, Polytechnical U niversity, B udapest, H ungary
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EXPECTED a-DECAY DATA OF THE RARE EARTH 
NUCLIDES ON THE BASIS OF DIFFERENT  

SYSTEMATICS
By

T.  F é n y e s

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES,
DEBRECEN

and

Z. B o d y

INSTITUTE FOR EXPERIMENTAL PHYSICS OF TH E KOSSUTH UNIVERSITY, DEBRECEN 

(Presented by  A. Szalay. — Received 28. I. 1963)

This work summarizes th e  а -decay data  of rare  earth  nuclides. The a- and /3-decay 
energies measured up to present allow the com putation  of the decay energy of some 30 fu rther 
nuclides. By p lo tting  the а-decay energy vs. the atom ic num ber, the expected  а-decay energy 
of nuclides, the а -activ ity  of which has no t y e t been detected  experim entally , has been estim 
ated . The estim ation of the а-decay energies for the above nuclides on th e  basis of the available 
mass da ta  and p  and n separation energies has also been performed. The expected a-partia l 
half-lives were also estim ated from  the gained а-decay energies using a  sem i-em pirical relation  
(see [15], p. 6) expressing explicitly the dependence of the half-life on the  atom ic num ber. 
F inally , some questions regarding the possibility of experim ental detection of those a-activities, 
w hich have no t y e t been m easured, are discussed.

1. Introduction

It is known that for nuclides having inass number greater than about 
140 а-decay is allowed energetically [1], but in most cases the half-lives 
are so high that the disintegrations have not y e t been detected  experim entally.

The probability of the а-decay in th e  region of great m ass numbers is 
high, especially for nuclides containing protons or neutrons o f m agic number 
plus 2, 3, . . .  [2], because the binding energy of nucleons ju st  above a closed  
shell is small and so the energy loss of th e  a-particles due to  the binding  
energy is small. In the m edium  h eavy region those are the nuclides of neutron  
num ber 84, 85, . . . etc.

It is known too that am ong the nuclides of the sam e atom ic number 
(far from magic numbers) the sm aller is the num ber of neutrons in  the nucleus, 
the greater is the disintegration energy [2], as the repulsive effect of protons 
in  that case has relatively more influence.

Starting from these points the a-radiation of m any neutron deficient 
rare earth nuclides has been experim entally detected — especially  during the  
last 14 years. A detailed discussion of the literature up to 1959 can be found  
in  paper [3].

The aim o f this work is to  sum m arize up to the m iddle o f 1962 the data  
o f  a- and /(-decays of the rare earth nuclides recently m easured and com puted
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T ab le  I

Nuclide
Mass

number
(A)

a-particle energy (MeV) 
In  brackets: the total 

alpha-decay energy 
(MeV)

Method 
of detection Total half-life Other decay 

modes observed

C0Nd 144 1,90 ±  0,1 nuclear
emulsion

natural
^-stable

1,83 ±  0,03 
(1,902)

ionization
cham ber

61Pm 145 2,24 ±  0,04 
(2,32)

17,7 i  0,4 years e~-capture

e,Sm 146 2,55 ±  0,05 
(2,64)

nuclear
emulsion

/3-stable

147 2,18 ±  0,02 ionization
chamber

natural
/^-stable

2,23 ±  0,02 ”

2,20 ±  0,02 99

2,19 ±  0,01 »

2,21 ±  0,01 
mean

(2,293)

148 2,14 ±  0,03 
(2,220)

ionization
chamber

natural
/^-stable

149 1,84 ±  0,05 
(1,91)

ionization
chamber

natural
jö-stable

63Eu 147 2,88 ±  0,10 
(2,98)

ionization
chamber

24 ±  2 days e~-capture

2,91 ±  0,01 
(3,01) »
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D ata  of a -active ra re  earth  nuclides

а /total decay ratio а -partial half-life Method
of measuring TQ

Production 
(bombarding energy) Reference

я^1,5 • 1015 years from decay 
rate of a given 
number of 
atoms

natural

23,83%

[3]

(2,4 ±  0,3) • 1015 
years « [5]

(2,8 ±  0,6) 
i o - 9

(6,3 ±  1,4) • 109
years

a
x-ray
ratio

Sm 144 (n, y) Sm 145 
Sm 145 e~-

---->P m 14icapture
w ith therm al neutrons

[18]

*=̂ 5 • 107 years estim ated from  
reaction yield

N d143 (a, n) [3]

< 3  ■ 108 years G d150 (> 1 0 5 years) [5]

^ 1 ,3  • 1011 years from decay 
rate of a given 
number of 
atoms

natural 15.09% 
P m 147 (2,6 years) [3]

(1,15 ±  0,05) • 1011 
years » U235 (n, fission) [5]

(1,17 ±  0,05) • 1011 
years

99 m

[6]

(1,18 ±  0,05) • 1011
years mean

[7]
see also 

[26]

(1,2 ±  0,3) • 1013 
years " natural [7]

> 2  • 1014 years (11,35 ± 0 ,0 9 ) % [5]

(4 dz 2) • 1014 years 99 natural [7]

> 1  • 1015 years (13,96 ±  0,10) % [5]

« л о - 5 4,4 • 103 years 
я^б • IO3 (within a 
m ultiplying factor 3.)

a
x-ray
ratio

Sm147 (p, n) 8,5 MeY 
Sm 147 (d, 2n) 19 MeY 
Sm 148 (d, 3n) 19 MeY

(3]

[22]

(2,2 ±  0,6) 
i o - 5

a
y-ray

ratio

Sm 147 (p, n) 9,5 MeY [26]
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T able  I

Nuclide
Mass

number
(A)

a-particle energy (MeV) 
In  brackets: the total 

alpha-decay energy 
(MeV)

Method 
of detection Total half-life Other decay 

modes observed

» f id 148 3,16 ±  0,10 
(3,27)

ionization
cham ber

>  35 years 
^ 1 3 0  years

/3-stable
(?)

3,18 ± 0 ,0 1  
(3,29)

149 3,00 ±  0,15 
(3,11) ” 9,0 ±  1 days e~-capture

150 2,70 ±  0,15 
(2,80) ” ^ 3  • 1 0 5  years /3-stable

2,53 ±  0,05 
(2,62)
2,55 ±  0,05 

mean of the firs t 
two data  
(2,64)

2,73 ±  0,01 
(2,83) ”

152 1,7 nuclear
emulsion

2,14 ±  0,03 
(2 ,2 2 )

ionization
cham ber

n a tu ra l
/3-stable

e5Tb 149 4,0

3,95 ±  0,02 
(4,08)

a-
spectroscope

(4,10 ±  0,05) hours ß +

149”
m -

me testable

3,99 ±  0,03 ionization
cham ber

(4,3 ±  0,2) 
m inutes

e~-capture 
and ß +

151 3,44 ±  0,1 
(3,55)

»» 19 i l  hours 
17,5 i  0,7 hours

e "-cap ture

152 17,4 +  0,3 hours 
(4 ±  0,5)”  

m inutes

/3+-stable 
e~-capture
cß+.
cap ture)m
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(continued)

a/to ta l decay ratio а-partial half-life TQ Method
of measuring Ta

Production 
(bombarding energy) References

> 25% *Л ,3 • 1 0 2 years 
(within a multiplying 
factor 3)

estim ated from 
reaction yield

Sm 1«  (a, 3n) 36 MeV 
E u 1 5 1  (p, in )  32 MeV

E u (p , xn) 100 MeV

[3]
[2 2 ]

84 i  9 years from  decay 
ra te  of a given 
num ber of 
atom s

[26]

7 • 10- 6 *=«4 • 1 0 3  years 
(within a multiplying 
factor 3)

a
x-ray
ratio

Sm 1 4 7  (a, 2n) 30 MeV 
T b 1 4 9  (4,1л) e- -capture

[2 2 ]
[3]

^ 3  • 1 0 5  years from  decay 
ra te  of a given 
num ber of 
atom s

E u 1 5 1  (d, Зга) 19 MeV 
E u 1 5 0  (13,7ft) ß -

[3]

3 • 106  years 99 E u 1 5 1  (y, га) E u 1 5 0  

E u 1 5 0  (13,7Л) ß~
[19]

pre
liminary
report

(2,1 ±  0,3) • 106  years 99 Sm 1 3 9  (p , га) 9,5 MeV 
E u 1 5 0  (13,7ft) ß -

[26]

я«1 0 1 5  years 99

n a tu ra l 0 ,2 %

[23]

(1,08 ±  0,08) • 1 0 14 

years
99 [5]

0 , 1 [2 1 ]

0,16 ±  0,04 36 ±  7 hours a
to ta l decay 

ratio

E u 1 5 1  (а, 6 га) 60 MeV 
Gd (p, xn) 32 —200MeV 
Bi (p, fission)

[3]

L a 1 3 9  (016, 6 ra) T b149m 
80 — 140 MeV 
linear accelerator

[П ]

3 • io - 6 7,4 • 102  years a
x-ray
ratio

Gd (p, xn) 100 MeV 
E u 1 5 1  (а, 4га) 45 MeV

[3]
[2 1 ]

a
ratio

x-ray (K)
^  ( 2  • 1 0 - 5) 
for the m eta- 

stable sta te ) |

E u 1 5 1  (a, Зга) 44 MeV 
G d 1 6 2 (p, 4ra) 41 MeV

[8 ]
[2 1 ]
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Table I

Nuclide
Mass

number
(A)

a-particle energy (MeV) 
In  brackets: the total 

alpha-decay energy 
(MeV)

Method 
of detection

Total half-life Other decay 
modes observed

6 6 °У 150 4,21 ±  0,06 
(4,35)

ionization
chamber

7 ±  2 
m inutes

e~-capture 
and  ß +

151 4,06 ±  0,04 
(4,19)

99 19 ±  4 
m inutes

e “ -capture 
and  ß +

152 3,66 ±  0,05 
(3,78)

99 (2,3 ±  0,2) 
hours

e_-capture 
and  ß +

153 3,48 ±  0,05 
(3,59)

99 5 ±  0.5
hours

indirect proof 
for e_-capture

154 3,35 ±  0,05 
(?)

99 13 ±  2
hours (?)

no observed

2,85 ±  0,05 
(2,95) ” > 1 0  years 

if  ß + exists
no observed

67Ho 151 4,48
(4,62) ” 31 sec

152 4,40
(4,54) ” 64 sec

153 4,34
(4,48)

187 sec

154 4,12
(4,25)

99 5,6 minutes

155 3,96
(4,09) ” 16,5 minutes

6 8 E r 152 4,80 ±  0,02 
(4,95)

solid state 
ion. chamber

10,7 ±  0,5 sec e '-c ap tu re
ß +

153 4,67 ±  0,02 
(4,82) ” 36 ±  2 sec

154 4,15 ±  0,02 
(4,28)

99 4,5 ±  1,0 min 99

69T m 153 5,11
(5,27)

1 , 1 2  sec

154 5,04
(5,20)

3,10 sec

T he to ta l  d ecay  energy  was ga in ed  fro m  th e  ex p ressio n

Q =  E  +  —  E  +  (65,3 E ir° -  80 E 2'5) lO '6, 
M
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(continued)

a'itotal decay ratio а -partial half-life TQ Method
of measuring Ta

Production 
(bombarding energy) References

T b 1 5 9 (p , xn) 
100 MeV

[3]

[3]

! 1 , 4 5  years estim ated  from 
reaction  yield

[3]

*«13,4 years 99 [3]

Gd (a, . . . ) [3]

*«1 0 6  years 
(within a multiplying 
factor 3)

99 Gd (a, . .  .)  48 MeV 
from a sample enriched 
in G d 1 5 1

[9]

*«0 , 1 N d (N 1 4  ions, . . . )  
6 5 -1 3 0  MeV

[25]

*«0 , 1 99 [25]

*«0,005 99 [25]

0,017 99 [25]

0,0078 99 [25]

' ,yu — 0 , 2 0

detec tion  of 
daugh ter

N d 1 4 2  (016, 6 n) 
75— 151 MeV

[27]

0  9 5  "t" О’®!» 
’ — 0 , 2 0

excitation
function

N 1 1 2  (016, 5n) 
75— 151 MeV

[27]

N d 1 4 2  (016, 4re) 
7 5 -1 5 1  MeV

[27]

N d 1 4 2  (F 19. . . . )  
190 MeV

[28]

” [28]

where Q =  to ta l decay energy (MeV), E  =  k inetic  energy of a-particle (MeV), m =  mass of a -part- 
icle, M  —  mass of daughter nucleus, Z  =  a tom ic num ber of pa ren t nucleus.
The firs t te rm  of the expression gives the k inetic  energy of the a-particle, th e  second th e  kinetic 
energy of th e  recoil daughter nucleus, the th ird  the  correction for electron screening.

Acta Phys. H ung. Тот. X V I .  Fasc. 4.



306 T . FÉ N Y E S  and Z. В ÖD Y

from  m ass data, to  com plete th em  by adding the disintegration energies 
calculated  from a — ß  decay cycles and to draw conclusions w ith  respect to the  
a-decay energy o f the rare earth  nuclides the a-decay of w hich has not y et  
been observed. The disintegration energies m entioned above were com puted  
also b y  m eans o f energy cycles com posed by using known а-decay and proton  
(neutron) separation energies. Conclusions h ave also been drawn regarding 
th e  expected  partial halfdives from the disintegration energies, using the  
sem i-em pirical form ula discussed in  [15].

2. Sum m ary o f  exp erim en ta l а -decay data

The sources from which th e  data were tak en  are ind icated  in the last  
colum n o f Table I . We have som etim es used th e  data o f works [4] and [10],

e

ecc
m
mcc

i
icc

Table II
a — ß decay cycles in the rare  earth  region

3,7в±0.05е 0AO±O,2ecc

3.27±0.1e

\3S5J >3.37e \^2Я6У  1 ^ ±0.07е\ш т у 0,S2±0.20e

2,22±0.03e 1.632±0.0SeCC 0,70±0,21ecc

E xp lana tion  o f the symbols w ritten  after decay energies: 
experim ental value,
value com puted from decay cycle containing only  experim ental d a ta , 
value gained from  mass d a ta  having an error <J200 keV,
value com puted from  decay cycle containing beside the experim ental values also a decay
en erg y  c a lc u la ted  from  m ass d a ta ,
in te r-  or e x tra p o la te d  v a lu e  o n  th e  basis o f F ig . 1
v a lu e  c o m p u ted  from  d ecay  cycle co n ta in in g  besides th e  e x p e rim e n ta l d a ta  also a n  
in te r- , or e x tra p o la te d  v a lu e  on  th e  basis o f F ig . 1 or [13].
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but have not referred to  them  sp ecifica lly . Paper [3] is a com prehensive  
work containing further references.

3. /З-decay data

The disintegration energy values o f  the /S±-decays (including electron  
captures) are contained in  Tables II, I I I , IV  and V concerning the a  —  ß  decay  
cycles. The data are taken from [10] and [11], as w ell as from the recen t  
papers (up to  about the m iddle of 1962). In  the latter case the source is indi-

T able  I I I

a — ß decay cycles in the rare earth region (for the explanation of symbols see the
caption of Table II)

J5$\Du -------- î
£6 87 J  >1’̂ iCC

359*0,05e

Gd ' r15$\Eu
54 89j0,220±0,008e \£3 90J 0,603*0,005e\£29f,

G d )  M V j T eT Pm Nd
84J >3,74ecc \M sy  >1.063e ЧШ 6/ 0,67tcc \6287j1,059*0.049eXçiSBj 1,64*0,09e \Ç089y 

3,9 ÍCC m ice T 0.701-0,1(13)

4,061*0,02e

£ц \  W V

3,10415 e

[Sm

£2,66 ecc 
2,44 i

2.52*~ÍP,1iCC

1,91*0,05e 1:1664.07 ecc 0.814.15 ecc

Pm Nd и  ( Pr с Г
I >2.764,1e \62 83J 0,645*0.015e \£ \84 J  0,14*0,01 e \§ 0  8$/1М*0.010е\5986У 2,OWe \5887 

~ r  2.92 ( 13]
0.4 icc

>0.30*0,23 ecc 1.165*0,04 ecc 2,32*0, 04e 1,60*0,04 ecc 0,973*0,052 ecc +0,07*0,33 ecc

/ J4NPm wr
Nd Pr74)'

V57 80/ 3,62*0.20e \60 81/ 1,80*0,01e \5S82j 0,560*0,05e 2,43*003e 2,9*0,3e \56 85
0747 'Ba

-0,14mcc

Pr , — ( с Г
78 J  ? 2d \7879J

1,11*0,14m

с Г
8 1 J 1,176*0,003e\55 8 2

х Г
\5483У

cated in the Tables. The E v e r l in g , G o v e , L ie sh o u t  system atics [1 3 ] 
recently published shows the /S±-decay and e_ -capture energies vs. m ass 
number for even and odd nuclides, respectively . This system atics in some cases  
makes it  possible to estim ate the energy released in ß  ±-d ecay  (electron ca p t
ure) processes, where this has not yet b een  measured.
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Table IV

a — ß  decay cycles in the rare earth region (for the explanation of symbols see the
caption of Table II)

4 ,3S t0 .06e

'S0Â015t0.0l5e\peiJiS764027S \ « ц 'Ji.e3±0,05e\& mj ( х Г

4. C om putation  o f a- an d  /З-decay en erg ies  
by m ea n s o f  closed  d ecay  cycles

Tables I I , III , IV and V allow to  com pute new energy values from  
know n decay energies by m eans of closed decay cycles.

The alpha-disintegration energies com puted from closed decay cycles, 
containing on ly  experim entally  measured disintegration energies, are presented  
in  Table V I.

The /З-decay energies com puted from  a —  /3 decay cycles are show n  
in Table V II. Throughout the calculations cycles were used  containing on ly  
experim ental data and only  occasionally single inter- or extrapolated a -d ecay  
energy values from Fig. 1.

5 . D ependence o f  а -decay en erg y  on m ass num ber

F ig. 1 shows the decay energies (Qa) v s . mass num ber (A).
In the system atics th e  curves Z  =  const, and N  =  const, are draw n  

for the m ost part through the measured points within th e  lim its of error in  
order to get a better agreem ent w ith th e  general ten d en cy  of the curves.
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Table V

a  — ß  decay cycles in the rare earth region (for the explanation of symbols see the
caption of Table II)

>1,32 ecc

Л г«'I Sm

2,96-0, te 2,293±0,01e 1,585*0,01 ecc 1,038*0,016 ecc

m u  3,40tO;14е\Ш 2/ 1.10*0,15e ЩвМО,933*0,005e 1MHU01e\M 85/ 3,30*0.08e\S7 36

-0,26*0,20m 0,625*0,085m 1,835*0,085m 0,895*0,085 m -0,10*0,25m

,139La вГ) J39 \
Cs2,00*0,10e \5S8IJO,270*0,,006e\5782у 2381*0.019e \ x азуЬ30*0,20e W m

L inearity or at least quasi-linearity was supposed to be the general tendency; 
th is was supported by an analogy with th e  behaviour o f th e  corresponding 
curves in the region of heavy nuclides (far from  magic num bers).

In one single case, that o f N d 149, the curves are drawn beyond the lim its  
o f  error. This was suggested b y  some experim ental evidences. The decay  
cycle, from which the ß  -decay energy of N d 149 was com puted, contains the  
/S~-decay energy o f Ce145. We accepted the va lu e 2,0 ^  0,1 MeV for this energy  
given in [10] and [11], while paper [20] g ives 2,6 ^  | <[ 0,5  | MeV for it . 
Therefore it is probable that the а -decay energy o f N d149 is lower than  0,81 MeV.

The effect o f the magic number N  =  82 is evident from  Fig. 1. For  
a given atom ic num ber the а-decay energy increases gradually as the number 
o f neutrons decreases down to N  =  84 where there is a sharp cut off. See the  
cases o f Pr^42, NdJ43, SmJ45, EuJ46, and EuJj5, Gdgj6, respectively.

It is also clear th at passing on from atom ic number 64 to  65 the a-decay  
energy increases more rapidly than it generally does, this fact being related  
to  a closed subshell at Z  =  64 predicted by th e  independent-particle m odel. 
(See for exam ple [14].)
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Table VI

а -decay energies com puted on ly  from  experim ental data on th e  basis of а — ß decay  
cycles as w ell as some data gained from other sources for the purpose of com parison

1 2 3 4

Expected а -decay energy Deviation of
the data of

Column 2
Nuclide

from а  — ß cycle 0 o (MeV) in Fig. 1
Qa (MeV) See [11] (MeV)

Ce1 4 4 0,364 ±  0,04 0,345 ±  0,09 0 , 0

Ce1 4 6 0,07 ±  0,33 — 0,095 ± 0 ,3 4 —

P r 1 4 4 1,104 ±  0,04 1,075 ±  0,084 -0 ,0 4
P r 1 4 5 0,973 ±  0,052 0,815 ±  0,16 ±0,052
p r  146 0,7 ±  \<,0,54| — —

N d 1 4 5 1,60 ±  0,041 1,435 ±  0,16 0 , 0

N d 1 4 6 1,00 ±  0,13 0,975 ±  0,17 - 0 , 1 2

N d 1 4 7 1,038 ± 0 ,0 1 6 0,975 ±  0,085 0 , 0

N d 1 4 8 0,70 ±  0,21 0,415 ±  0,16 —

N d 1 4 9 0,81 ± 0 ,1 5 0,925 ±  0,235 ± 0 , 2

P m 1 4 4 (~ 0 ,647 ) — —

>0,437
P m 1 4 6 2,015 ±  0,053 1,995 ±  0,1 0 , 0

P m 1 4 7 1,585 ±  0,01 1,515 ± 0 ,0 8 4 0 , 0

P m 1 4 8 1,632 ±  0,08 1,335 ±  0,15 ±0,075
P m 1 4 9 1,166 ±  0,07 1,275 ± 0 ,2 0 , 0

P m 1 5 0 0,77 ±  0,3 1,21 ±  0,49 —

Sm 1 4 5 1,165 ±  0,045 ___ 0 , 0

Sm 4 5 0 1,47 ± 0 ,2 2 1,595 ±  0,19 —
Sm 1 5 2 0,40 ±  0,2 0,365 ±  0,18 —

E u 1 4 5 ;>0,30 ± 0 ,2 3 ___ ___

E u 1 4 6 1,706 ± 0 ,0 5 3 — 0 , 0

E u 1 4 9 < 2 , 6 6 — —

E u 15» 2,182 ± 0 ,0 5 2,305 ±  0,17 -0 ,0 3
E u 1 5 2 1,639 ±  0,08 1,615 ± 0 ,1 7 5 -0 ,0 3

G d ’ 4 7 > 1 ,32 - -

It is surprising th at the decay energies of Sm 152, Gd153 and G d154 are 
considerably lower than one m ight exp ect on the basis of the general 
tendency. It  seems th at th e  disintegration energy decreases markedly in  m any  
cases as th e  neutron num ber increases from 88 to  90. This effect has 
already been noted b y  T o th  and R a s m u s s e n  [3] and the new data support 
them  d efin ite ly . It  is to  be noted th a t M a c f a r l a n e  [ 2 4 ]  found 1 . 5  MeV for 
the а-decay energy o f D y 156 having calculated it  from  the Cameron mass 
formula. This also confirm s the effect m entioned above.

Acta Phys. Hung. Тот. X V I .  Fasc. 4.



EX PEC TE D  a-DECAY D ATA OF TH E RA RE EA R TH  NUCLIDES 311

Fig. 1. The to ta l а -decay energy (Qa) as function  of the mass num ber of the p a ren t nuclide. 
Table of symbols:

о experim entally m easured value,
X value computed from  experim ental da ta  on the basis of a — ß decay cycles (only 

those are presented which have an  error < ^ 2 0 0  keV),
Д  value gained from  mass data  (see [11]) (also only those which have  an error 

<^200 keV),
-f- Qa computed from  a — ß decay cycle containing besides the experim ental data  

also an in ter-, or extrapolated  value  gained from  /?-systematics [13].
------- —  connects the values belonging to  th e  same atom ic num ber,
- .................connects the values belonging to  th e  same neu tron  number
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From Fig. 1 som e inter- and extrapolated  energy data can be obtained  
for nuclides, the а-decay  of which has not yet been observed or, i f  it has, 
th e  value of the а -decay  energy has not been m easured. The data gained by  
th is m ethod are presented in the second column o f  Table X . In th e  second 
place o f the sam e colum n values o f  а -decay energies com puted from  mass 
data as given by [11] and in the third place а-d ecay  energies calculated on 
th e  basis o f closed decay cycles from  proton (neutron) separation energies 
are also listed. The proton and neutron separation energies are g iven  in [20].

Table VII

E lectron cap tu re  and  /?± -decay energies com puted from  closed decay cycles

Nuclide Type 
of decay

Qß from decay 
cycles based 

on experimental 
data only 

(MeV)

Qß from decay 
cycles containing 

beside
the experimental 

data a single inter- 
or extrapolated 0 

(MeV)

Qß from 
systematics [13] 

(MeV)

E u 1 1 9 e~-capture 
or

0,67 0,70

G d 1 4 9 „ 1,30 —
T b 1 4 9 99 l>3,74 3,9 —
T b 1 5 0 99 5,08 —
T b 151 „ 2,90 —
T b 1 5 2 99 >4,36* —
D y 1 5 1 99 >2,38 —
D y is s

99 1,94 —

“ D ecay cycles” constructed b y  tak ing separation energy data in to  account 
can be found in Tables V III and IX . The last m ethod of com putation  was 
used only in cases where we gained an energy va lu e also by other m ethods.**  
Finally, there are data in Table X  calculated from  a —  ß decay cycles too.

6 . Dependence of half-life on the disintegration energy

It is know n th at the connection between half-life Ta and decay energy 
Qa for the ground state transition o f even-even  nuclides is g iven  by the  
equation

log Ta =  A  + ( 1 )

* The decay energy of E u l48in system atics [13] is ab o u t 3,4 MeV, while th e  experim ental 
value is >3 ,37  MeV. I t  seems therefore th a t  the true  value of the decay energy of T b 1 5 2  does 
no t exceed the calculated  one very m uch, probably they  are equal.

** This w ay of com putation was no t followed for o th er nuclides because of the great 
errors in separation energies (although these errors seem to  be overestim ated in many cases).
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Table VIII

C om putation of a -decay energies using proton and  neutron separation  energies [20] on
the basis o f closed decay cycles

Table of symbols:
* experim ental value,

experim ental value corrected within the lim it of error,
( ) estim ated value,

a value w ithout m ark: com puted value, 
cc value com puted from  cycle.
Errors: the last num eral w ritten  below: 0,04 <  error (MeV) <^0,25,

the last num eral w ritten  below and m ark  0,25 <  erro r (MeV) ^ 0 ,5 0

Acta Phys. Hung. Т от . X V I .  Fasc. 4•.



3 1 4 T. FÉN YES and  Z. BÖDY

Table IX

C om putation o f a -decay energies using proton and  neutron separation  energies [20] on 
th e  basis of closed decay cycles (for the explanation  of sym bols see the cap tion  of

Table V III).

where the coefficients A  and В  are functions of th e  atom ic number only. 
For this reason in the region of heavy nuclei one u su a lly  connects the points 
belonging to  the same Z  w hen plotting th e  function T a =  f (Q a). This m ethod  
o f  p lotting does not seem  to  be suitable in  the m edium  heavy region because  
there are on ly  a few  isotopes belonging to the sam e atom ic num ber the  
а-partial half-life of w hich is known. (E ven  the know n half-life va lues are 
not too reliable.)

R ecen tly  T a a g e p e r a  and N u r m ia  [15] suggested an approxim ate for
m ula, derived from the а -decay theory o f quantum  m echanics, w hich gives 
explicitly  th e  Z  dependence of the coefficients A  and B. According to  this 
formula for the transition  between th e  ground sta tes o f even-even nuclei 
we have

log Ta =  C +  D ( 2)

where C and D  are constants independent of the atom ic number,
T a =  partial half-life o f  a-decay, Zd =  atom ic num ber o f daughter nucleus, 
E  =  k inetic  energy o f a-particle.

In  F ig . 2 the know n values o f Qa and Ta are presented for rare earth 
nuclides, th e  points representing the data of even-even  nuclides being con
nected  b y  a straight line.
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Fig. 2. Relation betw een the logarithm  of а-partia l half-life and a-particle k inetic energy of 
ra re  earth  nuclides. Z^ is the atom ic num ber of the d augh ter nucleus. T he stra igh t line con
nects the da ta  of even-even nuclides [see form ula (2)]. Only experim entally  measured d a ta

are presented  in the figure.

There are four nuclides for which the data deviate considerably from  
th is straight line: Sm 148, Sm 149, Gd150, and T b 151.

As for the data of Sm 148 we refer to paper [7]. The k inetic  energy of the  
a-particle, given b y  that paper, seems to us too  high for several reasons. 
First, it does not f it  the decay-system atics o f Fig. 1, second, it is m uch  
larger than the value gained from mass data , third, th e  Qa of P m 148, 
calculated from the closed decay cycle containing Qa of Sm 148, is also higher 
than  Qa of Pm 148 com puted from mass data and it  does not f it  th e  system atics  
either. I f  we had decreased the Qa value of Sm 148 then  X  would h ave increased  
and so the f it  w ould have been better, although —  according to  reference [5] —
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the value o f  T a is also larger here th an  th a t of [7], to  be more exact T a >  
>  2 • 1014 years.

W e took  4 • 1014 years for the partial half-life o f  Sm 149, i.e. th e  value  
given in [7]. I f  T a >  1 • 1015 years had been accepted, given by [5], th e  fit  
would have been better.

The kinetic energy o f Gd150 according to [3] is 2 ,7  ^  0,15 MeV, while 
according to  [19] th is is 2,53 ±  0,05 MeV. The va lu e  we accepted was 
the m ean o f these w eighted  by the reciprocal square of errors. [3] gives 
T a *=« 3 • 105 years and [19] gives T a =  3 • 106 years. There is no reference  
to the errors in either paper but in b oth  cases the half-lives are probably  
approxim ate ones as ind icated  by sym bol in [3], and b y  the remark in  [19] 
stating th a t this is only a preliminary report and th a t th e  more exact resu lts  
will be published later.

As for the case o f  T b 151 the а-decay  is likely to  be hindered w hich is the  
more probable because the number o f protons in this nucleus is odd. The loga
rithm ic hindrance factor H  will then be in the case o f  T b151

H  =  lo g io experimental =  2j8g _  0,92 =  1,96,
■̂ predicted

where T pridicicd is the va lu e given b y  th e  straight line in  Fig. 2.
The data of the other nuclides either fit  the straight line w ith in  the 

lim its o f error or their H  value is lower th an  0,8.
H eavy even-even nuclides containing pro tons or neu trons of magic num ber - * 2  or 

a little  m ore, exhibit higher half-life than  ind ica ted  by the general tendency. (See e.g. P o ^ 4, 
Pof!! in [16].) This fact is p robab ly  connected w ith  the sharp change in  nuclear rad ius taking 
place on account of the а -decay process. We disregarded this effect in  th e  medium heavy  region 
when p lo tting  th e  stra igh t line of Fig. 2 for tw o reasons. F irst, in  th e  region of th e  ra re  earths 
there is b u t one single magic neu tron  number, 82, influencing the a-decay ,the  num ber of protons 
is no t m agic and  a smaller deviation  from th e  general tendency in  th e  nuclear rad ius and  the 
half-life can  be expected th a n  in  the case of th e  Po-isotopes m entioned above. Second, the 
known energy and half-life d a ta  in the rare e a r th  region are n o t exact enough to  m ake any 
difference beyond the lim its o f error, when th is  effect is also considered.

I t  can be seen from  Table I th a t th e  decay energies of D y150 and D y 151 
have been measured but their а-partial half-lives are unknown. W e com puted  
these half-lives on the basis of Fig. 2 and data [3]. T he results are presented  
at the end of Table X .

From  the straight line in F ig. 2 we estim ated th e  а-partial half-lives  
to be expected  for those rare earth nuclides, the а-decay  of which has not 
y et been observed or, if  it  has been, th e  a-decay energies or the partial half- 
lives have not been m easured. The results can be seen in  Table X .

The assum ption th a t no substantia l hindrance arises by а -decay is 
justifiab le only for transitions betw een the ground sta tes  of even-even nuclei. 
For nuclides of odd m ass number noth ing  more can be expected th a n  that 
H  does n o t surpass the value of 1,5. This suggestion is based on th e  analogy  
betw een h eavy nuclides where the proton number is 82 -f- 2, 3, 4, 5 (and neu-
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tron number > 1 2 7 )  and nuclides where the neutron number is 82 -f- 2, 3, 4, 5 
(and proton num ber also far from  the m agic). Indeed, using data  obtained  
spectrom etrically the logarithm ic hindrance factor does not surpass the value  
of 1,5 and in  m ost cases it  is even  below 1. See [2], p. 122. This suggestion is  
also supported b y  the work [15] o f T a a g e p e r a  and N urm ia  w ho concluded, 
on the basis o f generally accepted experim ental data which m a y  be assum ed  
to be fairly accurate, that for nuclei far from  m agic num bers the value o f  
H  rarely surpasses 1,2.

Here “ nucleus far from m agic number” m eans such a nucleus the proton  
and neutron num bers of which are beyond the environm ent ^ 1  o f  any m agic 
number.

Paper [15] presents the m ean logarithm ic hindrance factors (H ) of 71 
nuclides for which Z and N  are far from th e m agic numbers in the above 
sense. Taking H  =  0 for even-even nuclides w e get

mean H
Z  odd, N  even 0,38
Z even, N  odd 0,16
Z odd, N  odd 0,69

Column 5 of Table X  show s the а-partial half-lives for each type o f  
nuclide gained by supposing hindrance (3).

I t  is to  be noted that for the nuclides presented in Table X  there are no 
known spin values except in a few  cases.

In  colum n 5 of Table X  th e  errors of th e  predicted а-partia l half-lives 
arise from three sources.

First, there is a contribution from the error of the decay  energy. For 
exam ple in the case of E u148, attributing an approxim ate error ^ 0 ,1  MeV 
to the value of Qa taken from F ig. 1, we get A lo g 10 Ta =  ^ 1 ,1 ,  i.e. an error 
a little  greater than  one order o f m agnitude. T his error would be reduced if  we 
had taken  into account the possib ility  of com puting T a from Qa va lues obtained  
by different m ethods.

Second, the estim ation of T a is influenced b y  the uncertainty  in drawing 
the straight line o f Fig. 2 through the experim ental points for even-even  
nuclides. The experim ental data deviate from th is straight line b y  not more 
than a value A log10 Ta =  J ;0 ,8  apart from the four nuclides m entioned  
above (Sm148, Sm 149, Gd150, Tb151) which cases can be more or less explained.

F inally , a hindrance fluctuation  can take place in the case o f  the nuclides 
of Table X , although the m ean hindrance w as taken into account by (3). 
The mean hindrance is of course o f an approxim ate character, nevertheless, 
it  is probable th a t the error due to  the hindrance is A log10 T a << 1,2.

I f  all these facts are taken into account w e have an error ^  ( ± 1 Д )  for 
the values log10 Ta mean.
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Table X

The expected  param eters of а -activ ity  from  atom ic num ber 60 to  6 6  and from  neutron 
num ber 84 to  8 8 .*** In  th is Table only those nucbdes are p resen ted  which have an  expected 
а -decay energy greater th a n  1,8 MeV**** and  th e  а-partia l half-life and а-decay energy of 
which have no t yet been m easured (except fo r the eases of D y 1 5 0  and D y 1 5 1  w here the

а-decay energies are known)

1 2 3 4 5
The expected

Nuclide
Basis for calculation log T a  not Ta  partial half-life

of energy data total energy of a-decay taking into (in years) taking into
Qa (MeV) hindrance 

(Ta  in years)
account average 

hindrance given by (3)

Fig. 1 3,83 ± / ~ 0 , l / —0,87 6,7 io - 1

65ТЬ ||» mass d a ta  
separation energy 
a  — ß  cycle

3,87 ± |  ^  0,7 1 — 1,15 3,5 1 0 - 1

e / r b j f
Fig. 1
mass da ta

3,22 ±  /  —0Д/ 3,42 1,3 1 0 4

separation energy 
a  —  ß  cycle

3,24 ±  1 <^0,7| 3,28 0,93 1 0 4

6 5T b |f
Fig. 1 
mass da ta

2,73 ±  / ~ 0 ,1  / 7,95 2 , 1 1 0 8

separation energy 
a  —  ß  cycle

2,69 ±  1 <; 0,55 1 8,35 5,4 1 0 s

Fig. 1 2,48 ± / —0,1 / 1 0 , 1 170 1 0 8

6 4 G d |” mass d a ta  
separation  energy 
a  — ß  cycle

2,59 ±  1 ^  0,35 1 8 , 8 9,1 1 0 8

взЕиЦ8

Fig. 1 
mass data

2,69 ± /  — 0,1/ 7,1 56 1 0 6

separation energy 
a — ß  cycle

2,78 ±  1 ^  0,7 1 6,14 6 , 8 1 0 «

б3 Еи|б4 9

Fig. 1 
mass d a ta

2,44 ± /  — 0 ,1 / 9,9 17 1 0 9

separation energy 
a  — ß  cycle

2,29 ±  1 ^  0,35 1 

2,52 ± / ~  0 ,1 /

1 1 , 8 1400 1 0 9

(See 113 ] , Q ßinterpol) 8,91 2 1 0 9

Fig. 1 2,19 ± / - 0 . 1 / 13,1 6 6 1 0 12

63^U87Ü mass da ta 2 ,3 0 5 ±  0,17 11,5 1,7 1 0 12

separation energy 
a  —  ß  cycle

2 ,1 8 2 ±  0,05 13,5 78 1 0 12

Fig. 1 1,93 ± / — 0,1/ 17,2 360 1 0 15

63^U88A mass da ta 2 ,0 2 5 ±  0,180 15,6 9,1 1 0 15

separation energy 
a  — ß  cycle

1,81 ±  1 <1 0,35 1 19,3 46000 1 0 15

Fig. 1 1 ,995±  0,1 14,5 14 1 0 ' 4

6 .Pm J | 6 mass da ta 1,96 ±  1 <0,351 15,0 49 1 0 14

separation energy 
a  — ß  cycle

2 ,0 1 5 ±  0,053 14,2 6,9 1 0 14

e.DyJf0 experim ental 4,35 ±  0,06 —  3,36 4,37 i o - 4

ssDyl! 1 experim ental 4,19 ±  0,04 — 2,54 4,17 io - 3

*** Beyond th is region the estim ation is ra ther uncerta in
**** A t present th is  value seems to  be th e  lowest lim it of detectability.
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7. Concluding remarks

A lthough some progress has been m ade in  the a-spectroscopy of neutron- 
deficient rare earth nuclides (the a-spectrum  o f some 18 nuclides were m easured) 
still m any nuclides exist the disintegration energy and half-life of which are 
in the measurable region but where the a-decay  has not been detected.

One o f the main difficulties, if  one uses an ion ization  pulse cham ber,

is the fact that the value o f the branching ratio -------decay ratio
total

very

sm all in m any cases. The expected  value o f the branching ratio, as given in  
Table X , is <T 0 9 for the m ajority of nuclides which m akes difficult and in  
som e cases even im possible to carry out m easurem ents by m eans of ionization  
chambers.

A significant developm ent can be expected  in this region by using an  
electrom agnetic “ giant” spectrom eter where the electron capture or the ß ±- 
decay have but a very sm all disturbing e ffect. I f  the source area is some cm 2, 
the effective solid angle is about 10 3 o f 4л; and the th ickness of the source

Hg
is som efold 1 0 -----, the a-partial-half-life is m easurable up to Ta ^  1010

cm2
years. It can be seen from Table X  th at m any а-partial half-lives are below  
the above-m entioned lim it.

The authors are m uch indebted to Professor A. S za l a y  for his in terest 
in this work.

Note. Reports on Ho [25], Er [27], Tm  [28] and som e Eu and Gd iso 
topes [26] were brought to our knowledge only after subm itting the paper  
for publication. The data o f [25], [26], [27] and [28] have been included in  
Table I but otherwise th ey  have not been used.
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СИСТЕМАТИКА а-РАСПАДА ЯДЕР РЕДКОЗЕМЕЛЬНЫХ ЭЛЕМЕНТОВ
Т. Ф ЕН Е Ш  и 3. Б Ё Д И

Р е з ю м е

В статье суммируются данные а-распада редкоземельных нуклидов и даются пред
сказанные энергии распада дальнейших 30-и нуклидов методом полных циклов распадов, 
исходя из известных в настоящее время энергий а- и /3-распадов.

Путём экстраполирования и интерполирования кривых, показывающих зависи
мость энергии а-распада от массового номера, были получены энергии а-распада таких 
ядер, a-активность которых ещё не была найдена экспериментально. Энергии а-распада 
этих ядер оценивались также на основе известных масс ядер и энергий связи протона и 
нейтрона.

Из полученных энергий распадов оценились ожидаемые а-парциальные периоды 
полураспада при помощи полуэмпирической зависимости [15, стр. 6.], содержащей явную 
зависимость от атомного номера Z.

В конце статьи обсуждаются некоторые вопросы экспериментального обнаруже
ния новых а-активностей.
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The results of m easurem ents carried out in  th e  years 1961 and  1962 to determ ine the 
rad ioactiv ity  due to  fission products of p recip itation  from  the atm osphere in  D ebrecen are 
given. The relation  betw een th e  specific activ ity  and  th e  quan tity  of p recip itation  is tre a ted  
and conclusions are drawn as to  th e  varia tion  of th e  radioactive contam ination  of the surface 
of the E arth . Based on the m easurem ent of the decay of samples th e  ac tiv ity  m easured in  the  
individual periods is approxim ately  assigned to th e  series of atom ic w eapon tests which began 
in the au tum n of 1961.

To investigate the radioactive contam ination of th e  atm osphere due to  
fission products tw o m ethods are available. The one is concerned w ith  the  
radioactiv ity  of atm ospheric aerosol, while the other w idely  used m ethod  
allows to draw conclusions as regards the variation  of the radioactive con tam 
ination of the surface of the Earth by determ ining the rad ioactiv ity  due to 
fission products of atm ospheric precipitation.

A t th is Institu te  since 1952 we have continuously been investigating  
the radioactiv ity  due to  fission  products in  the precipitation fallen over D eb 
recen using throughout essentially  the sam e m ethods [1, 2, 3, 4, 5, 6]. In  our 
previous investigations (before 1953) the sam ples of precip itation  were co l
lected  by m eans of a norm al m eteorological om brom eter o f 1/50 m2 surface. 
H owever, owing to the sm all collection surface the a ctiv ity  values we obtained  
were often very low. Experience also showed th at part o f  the fission products 
in the precipitation were adsorbed by the m etal surfaces o f the m eteorological 
om brom eter. To elim inate these disadvantages, from 1954 we have been using  
an om brom eter made o f PVC and glass. Precipitation is collected from over  
a circular surface 40 cm in diam eter, through a PVC funnel.

Precipitation is collected  daily. D uring longer dry periods the dust 
deposited on the surface o f the PVC funnel is washed from  tim e to tim e in to  
the collecting vessel and m easured together with the n ex t precipitation. 
Experience show s, how ever, th at dustfall brings but a fraction of the to ta l 
activ ity  to  the surface of the Earth, the m ajority of fission  products being  
gathered by atm ospheric precipitation.

After evaporation to  dryness the a ctiv ity  of the sam ples is determ ined  
in a glass m easuring vessel o f normal size, in  a GM- counter arrangem ent of  
constant geom etry. As regards the details of the m ethodics the reader is 
referred to  [4].
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Results of measurements
Fig. 1 show s the results o f  our m easurem ents in the years 1961 and 1962. 

To facilitate com parison w ith  our m easurem ents described in  previous papers 
the results o f  actual a ctiv ity  m easurem ents have been referred to a surface 
o f 1/50 m2, i.e . the surface o f  the normal m eteorological om brom eter. As in 
our previous papers only th e  activ ity  and the quantity o f the precipitation  
are p lotted  against calendar tim e, experience showing that the specific acti
v ity  of the precipitation, regarded by som e authors as a characteristic value, 
is a function  also of the q u an tity  of the precipitation.

In a previous paper [4 ]  S z a l a y  and B e r é n y i  found a linear correlation  
betw een the quantity  and th e  specific a ctiv ity  of the precipitation. B y  com 
paring the q u an tity  and th e  activ ity  of th e  precipitation containing only old 
fission products in the first nine m onths o f  1961 it  could be stated th a t the  
correlation ex isted  in a logarithm ic sense, which m eans th at a correlation  
could be established betw een the logarithm  of the specific  activ ity  and the  
quantity o f th e  precipitation. Our m easurem ents in the above period showed  
th at w ith  an increase of th e  quantity  o f th e  precipitation b y  10 mm the spe
cific a c tiv ity  decreased b y  approxim ately one order o f m agnitude. This 
experience confirm s the assum ption th at precipitation from  the atm osphere 
leaks through the air layers betw een the level of cloud form ation and the 
surface o f th e  Earth to a v ery  large ex ten t and further the logarithm ic charac
ter of the correlation corresponds to th e  expectation th a t on the basis of 
geom etrical probabilities th e  transport o f the precipitation can be described  
by an exponentia l function.

The above experience supports our opinion, which is in  agreement w ith  
th at of other authors [7], th a t  at least under the precip itation  conditions in 
tem perate zones it is by precip itation  th a t the m ajority o f  fission products 
are carried dow n to the surface of the E arth  and thus a c tiv ity  m easurem ents 
on precip itations offer an approxim ately com plete survey  of the variation  
of the radioactive contam ination of the surface of the E arth.

Studying  Fig. 1 it can be stated th a t up to Septem ber 1961 the contam 
ination o f th e  atm osphere due to fission  products continued to decrease. 
The rate o f  decontam ination was som ew hat lower than  in  the years 1959 
to 1960. T he increase of th e  rate of exchange between stratosphere and tro
posphere in  th e  Spring 1961, reflected b y  th e  increase of th e  activ ity  and the 
specific a c tiv ity  of the precipitation can be very well observed. The m onthly  
quantity o f  fission products increased gradually from January and attained  
its m axim um  late in M ay and early in  June (see the data  in Table 1). The 
effect of increased exchange is also reflected  by the increase of the m onthly  
average specific  activ ity  (see Table 2).

O wing to  atm ospheric atom ic w eapon tests resum ed in the autum n of 
1961, from  October 1961 w e observed a considerable increase, approxim ately
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by tw o orders of m agnitude, o f th e  radioactive contam ination due to fission  
products o f the atm osphere. During th e  m onth o f  Septem ber and th e  beginning  
of October there w as very little  rainfall. Therefore we are unable to sta te  
ex a ctly  when atm ospheric radioactiv ity  began to  increase. I t  is w orth noting, 
how ever, that the a c tiv ity  of dust samples ta k en  early in O ctober 1961 was 
som ew hat greater th an  the average. The precipitation fallen  on the 20th  
and 21st October already showed a definitely increased specific activ ity .

Table I

Monthly to ta l quantities of fission products 
m easured in the precipitation fallen over Debrecen

Year Month mC/km2 Year Month mC/km2

1961 J  anuary 0,29 1962 J  anuary 29,9
February 0,35 February 13,3
March 0,53 March 32,1
April 0,65 April 29,2
May 1,25 May 58,1
June 1,34 June 34,1
Ju ly 0,43 July 27,1
August 0,67 August 11,5
September 0,06 September 26,1
October 1 1 , 8 October 5,3
November 85,0 November 105,0
December 59,2 December 35,6

The m onth ly  total quantities of fission  products in  the precipitation  
fallen over D ebrecen are exh ib ited  in T able 1 in mC/km2 units. The m onth ly  
to ta l values h ave been determ ined by direct sum m ation of the activ ities  
measured in each sample o f  the precipitation, w ithout tak ing the effect o f  
radioactive decay  into account.

The strik ingly  small va lues in Septem ber 1961 and October 1962 can be 
attributed to  th e  relative dryness of th ese  months.

As regards the num ber, date and y ie ld  of atm ospheric atom ic w eapon  
tests in the period under consideration w e had to rely on the announcem ents 
of news agencies and the officia l com m unications of th e  USAEC. In the years 
1961 and 1962 three m ain series of atom ic weapon te s ts  were carried out: 
the USA carried out atm ospheric and p artly  upper-atm ospheric tests (4 tests) 
in  the areas o f  the Christmas Islands and Johnston Islan d  belonging to  the  
Marshall Islands between 25th April and December 1962; the atm ospheric  
atom ic w eapon tests of th e  Soviet U nion were carried out during th e  periods
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betw een  Septem ber and N ovem ber 1961 and betw een  5th A ugust and 20th 
N ovem ber 1962.

The assignm ent o f  the individual values of the a c tiv ity  due to  th e  fission  
products found in  th e  precipitations to  particular explosions encountered  
som e difficulties. A lthough, since the cessation of atom ic weapon te sts  in the 
A utum n o f 1958, the radioactive contam ination o f th e  atmosphere decreased  
to  such an exten t [6] th a t the background caused b y  the residual activ ity

Table II
V ariation of the average specific ac tiv ity  

of precipitation in Debrecen during 1961 and  1962

Year Month
Specific 
activity 

pico C/ml
Year Month

Specific 
activity 

pico C/ml

1961 January 0,013 1962 Jan u ary 0,84
February 0 , 0 1 1 February 0,47
March 0,051 March 0,56
April 0,029 April 0,81
May 0,042 May 1,25
June 0,024 June 0,53
Ju ly 0 , 0 1 2 Ju ly 0,80
August 0,023 August 0,71
September 0,075 September 0,82
October 1,96 October 1,15
November 1,90 November 1,17
December 1,33 December 0,90

w ould not have prevented assignm ent on the basis o f th e  W a y — W ig n e r  
form ula [5], w ith  regard to  the fact th at the tests carried out in 1961 and  
1962 were num erous and follow ed each other in long uninterrupted series, 
apart from  activ ities observed in  October 1961, the ind ividual activities could  
only  be assigned to  certain series of the explosion  tests.

Sim ilar to  the practice o f  previous years in 1961 and 1962 we observed  
on ly  the radioactive decay o f samples o f higher rad ioactiv ity . On the basis 
o f  the radioactive decay o f th e  precipitation fallen on th e  20th and 21st  
O ctober 1961 conclusions could be drawn concerning the explosion  tests w hich  
took  place on the 23rd and 26th  Septem ber, respectively. This result is in  
agreem ent w ith  our previous experience th a t the appearance o f activ ity  due 
to  Soviet explosion tests in the precipitation over Debrecen is delayed  approxim 
ate ly  four weeks (one m onth).

In th e  precipitations m easured later m ixed activ ity  was present, it could  
be stated , how ever, that an overw helm ing part of the fission  products in th e
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precipitation fallen up to  the Summer o f 1962 was due to  tests carried out in 
th e  A utum n o f 1961.

I t  was first in the precipitation fa llen  in Ju ly  1962 th at the presence 
of fission  products of recent origin could be established w ith  full certainty . 
A precise analysis o f the decay curves w as not possible ow ing to the lack  of 
a sufficient number of m easured results, it  could, how ever, be established  
th a t an overwhelm ing part of the a c tiv ity  o f the precipitation fallen in  the  
Summer o f 1962 was due to  the atom ic w eapon tests carried out in the areas 
o f the Christmas Islands and Johnston Island.

For th e  evaluation o f the radioactive decay m easured in the A utum n  
o f 1962 a sufficient num ber of m easured data are not y e t  available, it  can, 
how ever, be established th a t the radioactive contam ination o f the atm osphere  
continued to  increase ow ing to  the series o f tests carried out sim ultaneously  
in the P acific  and in  the Polar area. In  precipitations fallen  in the A utum n  
of 1962 fission  products from  tests carried out after A ugust 1962 prevail. 
The average specific a c tiv ity  of the precipitation in th e  Autum n o f 1962 did 
not change substantially.

The variation of the average specific  activ ity  of th e  precipitation during 
the years 1961 and 1962 is shown in T able 2. The data listed  in the T able have  
been calculated on the basis of the values of the uncorrected m onth ly  to ta l 
a ctiv ity  and o f the m onth ly  total q u an tity  of precipitation.

Current official regulations [8] permit a m axim um  quantity  o f 0,1 
pico-Curie/ml of unknow n fission products to  be contained  in drinking water. 
Since October 1961 the average specific  activ ity  of precipitation fallen over 
Debrecen has exceeded th is value. If, how ever, fission products in precipitation  
are regarded as the m ixture o f fission  products due to  an atom ic bom b explo
sion w hich took place in  the average 30 days previously, on the basis o f the 
fission  isotope spectrum  it can be sta ted  that taking th e  perm itted concentra
tion o f each single fission  product in to  account the observed average specific 
activ ity  attains about 1/20 part of th e  level of contam ination perm itted  in 
drinking water. This relatively  high value results essentia lly  on th e  basis of 
the calculated Sr90 concentration, the activ ity  level calculated for other fission  
products remains well below  the level of contam ination perm itted for drinking 
water. On the basis o f and in order to  check the above conclusion it  seems 
desirable in any case to  extend our m easurem ents, in addition to  th e  deter
m ination o f the to ta l activ ity , to th a t of the Sr90 content.
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ПРОДУКТЫ РАСПАДА В ОСАДКАХ, ВЫПАВШИХ В ДЕБРЕЦЕНЕ В 1961—62 ГГ.
А . С А Л А И  и А . К О В А Ч

Р е з ю м е
Работа ознакомливает читателя с результатами измерения, которые проводились 

в 1961—62 гг. для определения радиоактивности, происходящей от продуктов деления 
в атмосферных осадках, выпавших в Дебрецене. Рассматривается зависимость между 
удельной активностью и количеством осадков, делается вывод по отношению формиро
вания радиоактивного загрязнения земной поверхности. На основании измерения рас
пада измеренных образцов, относящиеся к определенным периодам, активности сопо
ставляются сериям по испытанию атомного оружия, проведенным от осени 1961 г.
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ON THE ROLE OF THE AUXILIARY ELECTRODE 
APPLIED BESIDE THE CATHODE IN A. C. DISCHARGES
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The authors exam ine th e  cathode fa ll by probe m easurem ents in a.c. low pressure 
m ercury vapour discharge tubes w ith oxide cathodes. By determ ining the po ten tia ls  a t three 
points of th e  plasm a and th e  dimension of th e  cathode dark  space they  calculate th e  cathode 
fall. The plasm a potential is determ ined by  a  pulse technique based on L a n g m u i r ’s  m ethod. 
The tim e-dependence of the cathode fall is determ ined  and the influence of the applied  auxiliary 
electrode is discussed.

1. Introduction

Various m easuring m ethods are know n [1] for determ ining th e  cathode 
fall. The m ost ex ten sively  applied m ethod is based on the La n g m u ir  probe 
m easuring principle [2]. L a n g m u ir  w orked out th is m ethod for th e  exam ina
tion  o f d.c. gas discharges, but the m ethod has been  used by som e workers 
also in case o f a.c. discharges [3].

In  a previous p a p e r  [4] the  a u th o rs  rep o rted  th e ir  s tu d y  o f  th e  ch a rac 
te ris tic s  o f 50 cps. a.c. discharges w ith  th e  a.c. p ro b e  m easu rem en t m ethod  
b y  F a jt  a n d  K oncz [5] w hich is b a s e d  on th e  L a n g m u ir  p ro b e  princip le .

In the present paper the pulse technique for probe m easurem ents in 
gas discharges developed b y  W a y m o u t h  [6] is applied b y  the authors. W ith  
this m ethod good tim e resolution, greater accuracy o f m easurem ent and 
a decrease of the m easuring tim e were obtained in th e  case of an a.c. discharge 
o f 50 cps.

According to this m ethod in each  half-cycle a puiser supplies positive  
saw -tooth  shaped pulses (500 usee) to  the probe w hich is norm ally biased  
negative to the discharge.

The W aym o uth  pulse technique based on L a n g m u ir  probes consists 
in  the following: the drop across the m easuring resistance of the probe circuit 
is passed through a differential am plifier to the vertica l deflecting plates of 
an oscilloscope. The pulse voltage is fed  to  the other pair of plates o f  this os
cilloscope. The current-voltage characteristics o f  the probe is observed  
on an oscilloscope during the pulse.

In the m easurem ents the duration o f the pulses used (500 /usee) was 
m uch longer than the tim e needed to  restore equilibrium  in the space charge 
region around the probe.
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2. Measuring m ethod and arrangement

A block diagram  of the setup is shown in F ig . 1. The pulse applied to  
the probe Pj from  the puiser G w ith  the aid of a phase-sliding В and the drop 
across the m easuring resistance R p are fed to the vertical input o f  oscilloscope  
О through a differential am plifier A. To the horizontal input of th is oscilloscope

Fig. 1. B lock diagram of setup

the pulse voltage from puiser G is fed. The current of discharge tube T w as 
stabilized  by an inductive ballast L. In all m easurem ents an oxide-coated  
cathode was used w hich was heated  by the discharge only, no external heating  
being applied. The m easurem ents were carried out in am bient tem peratures 
o f 22j5— 24° C. D ata  of the exam ined discharge tubes were: 1200 mm length , 
38 m m  outer diam eter; th ey  were filled with a m ixture of m ercury and argon 
o f 3 m m  H g to ta l pressure. The tubes had glass walls (of a th ickness about 
1 mm). The probes reached in to  th e  axis of the discharge tube. Their exposed  
free length  was 2 m m  and their diam eter 0,2 m m  each. In th e  gas discharge 
tube there were three probes: th e  distance from  each other w as 100 m m , 
and the distance o f  the first probe from the tu b e  end was 150 mm.

Acta P hys. Hung. Тот . X V I .  Fasc. 4.



ON T H E  RO LE OF T H E  A U X ILIA RY  ELECTRO D E 329

3. Experim ental results

A pplying W a y m o u t h ’s pulse technique [6] m entioned above, the poten 
tial of th e  plasm a is determ ined a t three points near the cathode. A t the  
measuring places, the probes reached in to  the hom ogeneous part of th e  p ositive  
colum n. From the plasm a potentials obtained by W a y m o u t h ’s pulse tech n iq u e  
the potentials of the cathodic end o f the positive colum n were calculated  
by N ö l l e ’s m ethod [7]. These p otentia l values can be regarded in  good  
approxim ation as the cathode fall.

The distance of the cathodic end o f the positive colum n at the various  
phase angles was determ ined b y  stroboscopic m easurem ents. The resu lts of 
these m easurem ents show ed th is d istance to be approxim ately constant.

The plasm a potentials were determ ined with W a y m o u t h ’s pulse tech n i
que and from these results applying N ö l l e ’s extrapolating m ethod [7] for 
various phases the tim e-dependence o f  th e  cathode fall could be obtained  
in the observed half-cycle. The plasm a potentials were determ ined for 18 
phase angles in  the observed half-cycle. The zero phase angle value was determ 
ined by the m axim a of the tube voltage, so that the results were well repro
ducible.

B y  th is m ethod the cathode fall can be determ ined in  both half-cycles.
The characteristic tim e-dependence o f  the cathode fall is shown in F ig . 2. 

I t  can be seen, that the cathode fall is approxim ately constant in the greater  
part of the observed half-cycle. Its va lue is about 12 У  and this value is in  
good agreem ent w ith the results of Ge h r t s  [8] and K ü h l  [9].
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The relatively  great value o f the cathode fall at the beginning of the  
half-cycle signifies the m om ent o f  the breakdown. At th is m om ent the tube  
vo ltage has a m axim um .

The tim e-dependence o f  th e  cathode fall shown in F ig . 2 is similar to  
th e  tim e-dependence of the tu b e voltage.

As it  can be seen from the above results th is m easuring m ethod can be 
applied to  the determ ination o f th e  tim e-dependence of the cathode fall in a.c. 
discharges.

In the second part of our experim ents the influence an auxiliary electrode 
placed near the electrode exerts on the tim e-dependence o f th e  cathode fall

was investigated . H i N M A N  and F o x  [10] sta ted  th at such an auxiliary electrode 
decreases the energy loss o f discharge tubes and that the decrease of the energy  
loss in  an in terval is proportional to  the surface of the auxiliary electrode 
applied. The discussion [10] o f  their work show ed that it  w as doubtful w hether  
th is decrease o f  losses originated from the decrease of th e  anode fall or from  
th a t o f the cathode fall. N either do th ey  give experim ental or theoretical 
results or considerations for its  explanation. The purpose o f our further experi
m ents was the stu d y  of th is problem . W e n ote  th at in general, also in the paper  
b y  H i N M A N  and F o x  [10], the auxiliary electrodes are called anodes [1 1 ].

The further investigations were carried out w ith  tu b es in which th e  
auxiliary electrodes had a separate output. In  this w a y  i t  was possible to  
exam ine the sam e cathode w ith  or w ithout auxiliary electrodes. The m aterial 
o f the auxiliary electrodes w as an iron-nickel alloy. T hey were placed parallel 
to  the coiled cathode and coated by an alkaline-earth oxyde sheet. The distance
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of the auxiliary electrodes from the cathode was 3 mm. T hey had the shape 
o f a rod w ith  a diam eter of 0,5 m m .

The tim e-dependence of the cathode fall w ithout (curve a) and w ith  
(curve b) auxiliary electrode is show n in Fig. 3. I t  can he seen th a t the auxiliary 
electrode decreases the value of th e  cathode fall. D eterm ining the average 
value o f the cathode fall on the basis of the following equation

r

n  =  ^ r f  VÁ t ) d t ,
0

it  was found th a t V  ka—  V  kb =  3,8 У , where Vka and Vkb are the average 
values of the cathode fall w ithout and with auxiliary electrode, respectively.

The change o f the voltage across the tu b e was m easured and it was 
found th at its value was 4,3 У. Calculating from  this value th e  decrease o f  
the anode fall for the case when the auxiliary electrode is applied led to a 
value of 0,5 V. I t  can be seen, therefore, that th e  auxiliary electrode has a m ost 
im portant role in the decrease o f  th e  cathode fall.

This gives a definite experim ental answer to the problem  concerning 
the im portance o f the auxiliary electrode of a.c. discharges, w hich was doubtful 
in the work o f H i n m a n  and F o x  [10].

On the basis o f our experim ental results it  can be concluded that the  
auxiliary electrode has a very im portant role in the cathodic h a lf cycle.

The same result is found also in m easurem ents in the case of d.c. 
discharges.

In the previous investigations the auxiliary electrode had the sam e  
potential as the cathode or anode. Further investigations w ere made w ith  
auxiliary electrodes not having th e  same potentia l as the cathode. It was 
found that in th is case the cathode fall was greater than in  th e  case when  
the auxiliary electrode was at cathode potential. For exam ple 2 V difference 
in potential of any polarity increased the cathode fall by about 7— 9 V.

4. D iscussion

From the results o f the investigation  it  can be seen th a t in the a.c, 
discharges the auxiliary electrode applied to th e  electrodes p lays an im portant 
role in the cathodic half-cycle: it  decreases the instantaneous and the average 
value of the cathode fall. This was observed in  the case of a stationary  discharge 
process.

One of the authors together w ith  E. S z e m z ő  [12] found previously th at  
the auxiliary electrode also plays an im portant role in the cathodic half-cycle  
at the m om ent o f the breakdown. I t  can be thus concluded th a t in the case

3 Acta Phys. Hung. Тот . X V I .  Fasc. 4.
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o f  the n egative polarity of the electrode the auxiliary electrode plays an im port
ant role both  in the stationary and th e  non-stationary processes.

From  the results of d.c. m easurem ents w ith  auxiliary electrodes not 
having the same potentia l as the cathode the fo llow ing can be concluded: 
w hen the auxiliary electrode has a potentia l higher than  the cathode potential 
it  attracts part of the electrons liberated  from the cathode and for th is  reason 
th e  increase of the cathode fall is needed to increase th e  number o f liberated  
electrons required b y  the discharge conditions. In  th e  other case, w hen the 
potentia l o f the auxiliary electrode is low er than th at o f  the cathode it  attracts 
som e positive ions from  the space charge region. C onsequently, the concentra
tion  o f the ions is decreased and so the increase o f the energy of these ions 
is needed for the production o f the required number o f electrons. On the other 
hand the increase of the cathode fall is required to increase the energy o f the 
rem aining ions. The reasons for the decrease of the cathode fall have not yet 
been exam ined.

The authors w ish to  thank E. S z e m z ő  and I. Zakár  for their contri
butions to  the construction o f the electronic detecting apparatus.
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О РОЛИ ВСПОМОГАТЕЛЬНОГО ЭЛЕКТРОДА, ПРИМЕНЯЕМОГО ПРИ КАТОДЕ 
РАЗРЯДОВ ПЕРЕМЕННОГО ТОКА

г. л а к а т о щ  и й . б и т о  

Р е з ю м е
Авторами исследовано катодное падение потенциала при пробными измерениями 

в ртутных парах низкого давления в разрядной трубке с оксидными катодами при пере
менном токе. Катодное падение вычислялось определением потенциала в трех точках 
плазмы и размера темного пространства при катоде. Потенциал плазмы определялся 
пульсированной техникой, базирующейся на методе Лэнгмюира. Устанавливается зави
симость катодного падения от времени, далее истолкуется влияние использованного 
вспомогательного электрода.
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ÜBER EINIGE OPTISCHE EIGENSCHAFTEN 
VON AUS MIKROKRISTALLINEN KÖRNERN  

BESTEHENDEN LUMINESZIERENDEN SCHICHTEN

V on

G. T.  B a u e r

FORSCHUNGSINSTITUT FÜ R  DIE NACHRICHTENTECHNISCHE INDUSTRIE, BUDAPEST 

(Уorgelegt v o n  G. Szigeti. — E ingegangen: 27. V II. 1963)

E s w u rd e  die T ran sm iss io n  von  aus m ik ro k ris ta llin en  K ö rn e rn  besteh en d en  S ch ich ten  
hei der W ellen länge A =  5461 Â gem essen, bei d e r die v e rsch ied en en  Stoffe, au s d en en  die 
Sch ich ten  b e s ta n d e n  als d u rch s ich tig  angesehen  w erden  k ö n n en . D ie M essungen u n d  B erech
nungen  e rg ab en , dass die S treu u n g  dieser S ch ich ten  grösser is t, a ls  dies aus dem  so g en an n ten  
»Modell d e r p lan p ara lle len  P la tte «  folgen w ü rd e , w elches z u r  B eschreibung  d e r o p tisch en  
E ig en sch a ften  d iffuser S ch ich ten  d ien t. A uf G ru n d  der M essungen w urde das M odell m o d i
fiz ie rt. Es w u rd e  gezeigt, dass  die T ransm ission  d e r aus K ö rn e rn  versch iedener G rösse b e s te 
henden  n ich t ab so rb ieren d en  S ch ich ten  aussch liesslich  von der A n zah l der e lem en ta ren  S ch ich 
te n  a b h ä n g t, d ie die e inze lnen  S chich ten  b ild en . D urch  M essung  der T ran sm iss io n  k an n  
ein spezieller M itte lw ert d e r G rösse der K ö rn e r, die die S ch ich t b ilden , b e s tim m t w erden .

B ekanntlich lassen sich die m eisten  Kristallphosphore nur in Form  
m ikrokristalliner Körner hersteilen. D ie Messung der für den untersuchten  
Stoff charakteristischen physikalischen Grössen (A bsorptionskoeffizient, Bre
chungsindex, elektrische bzw. W ärm eleitfähigkeit, Photokonduktion , usw.) 
an den aus Körnern des lum ineszierenden Materials bestehenden Schichten  
stösst auf Schwierigkeiten. Zahlreiche m it der m ikroskristallinen Struktur 
der Schichten zusam m enhängende Problem e treten auch bei deren industriellen  
Anwendungen auf.

In der älteren Theorie der diffusen Schichten [1, 2, 3, 4, 5] und bei 
ihrer Anw endung auf lum ineszierende Schichten [6, 7, 8] wurde angenom m en, 
dass die streuenden Zentren kontinuierlich in der Schicht verteilt sind. Die 
neueren U ntersuchungen zeigten, dass die Strahlung am Rande der Körner 
gestreut wird; daher hängen die optischen E igenschaften auch von der Grösse 
der K örner der Schicht ab [9, 10, 11]. Das Näherungsm odell von  B o d o , 
nach dem die aus Körnern gleicher Grösse bestehende Schicht als aus plan
parallelen Schichten zusam m engesetzt angesehen w erden kann, deren D icken  
gleich der Korngrösse sind, gab die M öglichkeit zur approxim ativen B erech
nung der Länge des von  der Strahlung in der Schicht zurückgelegten W eges. 
Die Brauchbarkeit des Modells wurde durch B odo  [9] und auch durch andere 
Autoren [12, 13, 14] durch Messung des A bsorptionskoeffizienten einiger 
mikrokristalliner Stoffe auch experim entell bewiesen. Später hat A n t o n o f f —  
R o m a n o v s k i  [15] darauf hingewiesen, dass die Länge des von dem  Licht 
in den einzelnen M ikrokristallen zurückgelegten W eges auch von der Form

3» Acta Phys. Hung. Тот. X V I .  Fase. 4.
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der K ristalle abhängt. Bei gew issen K ristallen kann auch to ta le  R eflexion  
zustande kom m en, so dass die W eglänge grösser sein kann, als dies bei dem  
obigen Modell zu erwarten wäre.

In der vorliegenden A rbeit soll über die R esultate von U ntersuchungen  
an lum ineszierenden m ikrokristallinen Z inksilikat-K alzium phosphat- und  
Z inksulfidschichten berichtet werden. Die M essungen der diffusen Trans
m ission und R eflexion  wurden, im  Gegensatz zu den in der L iteratur veröffent
lich ten  U ntersuchungen, bei einer W ellenlänge durchgeführt, bei der die 
M ateriale praktisch durchsichtig sind (A =  5461 Â). Daher brauchte der 
nicht genügend genau bekannte A bsorptionskoeffizient der Materiale nicht 
berücksichtigt zu werden; die M essungen bezogen sich ausschliesslich au f  
die Streuungseigenschaften und indirekt au f die Struktur der Schichten.

I. B erech n u n g  der op tisch en  E igen sch aften  von  aus d urch sich tigen  
K örnern  b esteh en d en  m ikrokrista llinen  Sch ichten

a) Die  Schicht bestehe aus Körnchen gleicher Grösse

Man betrachte im  Inneren der aus hom ogenen mikrokristallinen K örn
chen bestehenden Schicht der D icke d,  eine Elem entarschicht der Dicke dx 
(Abb. 1). D ie Schicht werde m it L icht der W ellenlänge A0 und der In ten sitä t  
I 0, das vom  M aterial der Schicht nicht absorbiert wird, beleuchtet. Die E le
m entarschicht der D icke dx w erde von vorne m it der In ten sitä t I v  von der 
entgegengesetzten  Richtung m it der In ten sitä t I 2 beleuchtet. B ezeichnet R  

_  . dR
die diffuse R eflexion , T  die diffuse Transm ission, r =  ------  die diffusen

dx  ( x=o
R efle x io n sk o e ffiz ien te n  der S ch ich t, so erhält m an  aus den ScHUSTERschen 
D ifferen tia lg le ich u n gen  [1]

d l y

dx
d l ,
dx

=  _ r / i  +  rj 2. ( 1 )

B erücksichtigt m an auch die R andbedingungen, so lautet die Lösung von (1) 
folgenderm assen :

T ( d )  =
1

1 r  ■ d
( 2)

R ( d )  =  l - T ( d ) =  T d  .
1 +  r • d

(3)

B edeutet l den Durchm esser der K örnchen, d die D icke der Schicht, 
so besteht die Schicht aus

c =
d

l
(4)
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E lem entarschichten. Diese Anzahl ist im  A bstand x von der Oberfläche 

gleich c (x ) =  —  .

Aus der D efin ition  von  r folgt

dR de (x)
de (0) dx

(5)

dx

J L

F i g . l

1+s T= 1-a

l
( 6)

D ie Transm ission der Schicht kann w egen (2), (4) und (6) durch c und r 
folgenderm assen ausgedrückt werden:

1T(c) =  l - R ( c )  =
1 +  r* c (?)

Die Transm ission und R eflexion der Schicht hängt von der Anzahl c 
der E lem entarschichten und von r* ab, r* w ird dagegen durch die optischen  
Eigenschaften der einfach bedeckten Schicht bestim m t. Die nächste Aufgabe 
is t also, den Zusam m enhang zwischen r* und den optischen E igenschaften

Acta Phys. Hung. Тот. X V I .  Fase. 4.
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der Schicht zu bestim m en. Es sei angenom m en, dass die einfach bedeckte

Schicht das
n — 1

=  a-fache des vo n  aussen und das s-fache des von  innen

auffallenden Lichtes reflektiert und dass s ]> a ist (Abb. 2). Dann gilt für die 
Transm ission bzw. R eflexion  der einfach bedeckten Schicht

Г(1) =  1 - Щ 1 )  =  ± - ±
1 +  s

Aus (7) und (8) erhält man

1 — Ti * « +  s
T [ 1  —  a

( 8 )

( 9 )

D ie in (7) auftretende Schichtenanzahl c kann durch das spezifische  
G ew icht Q des M aterials, durch das G ewicht eines cm2 der Schicht und durch  
die Grösse der K örnchen ausgedrückt werden.

Mit H ilfe der experim entell bestim m ten  [16] auf die Schicht senkrechten  
D im ension /3 der K örnchen, die im  allgem einen Ellipsoide sind, erhält man

c

ferner aus (7), (8), (9) und (10)

T  (m) =  1 — R  (m) =

3 m
2  q  l 3

_______ 2 Q 13 (1 a )_________
2 g l3 (1 — a) -f- 3 (a s) m

( 10)

( И )

b) Die  Schicht bestehe aus Körnchen inhomogener Grösse

Sind die folgenden Bedingungen erfüllt, so lassen sich die Form eln (7) 
und (11) auch auf aus Körnchen inhom ogener Grösse bestehende Schichten  
verallgem einern.

1. D ie durchschnittliche G estalt der Körnchen verschiedener Grösse ist 
die gleiche.1

2. Die diffuse Transm ission und R eflexion der aus Körnchen inhom o
gener Grösse bestehenden Schicht hängt nicht von der Lage der verschieden  
grossen Körnchen in der Schicht ab.

Sind die B edingungen 1 und 2 erfüllt, so hängt die diffuse Transm ission  
und R eflexion  der aus inhom ogenen Körnchen bestehenden Schicht nur von  
der diffusen K onstante r* und der Anzahl c der E lem entarschichten ab.

B ei der aus inhom ogenen K örnchen bestehenden Schicht kann c m it 
H ilfe der W ahrscheinlichkeitsverteilung E(l) der Korngrösse ausaedrückt

?*
1 H ie rau s  fo lg t, d ass  fü r  jed e  aus K ö rn ch en  d erse lben  G rösse b esteh en d e  S c h ic h t des

u n te rsu c h te n  M ateria ls d ie  Grösse r *  =  

K o n s ta n te  is t.

dR
l  de c( o)

eine v o n  d e r K orngrösse u n a b h ä n g ig e
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f t ,

werden. Ist ) E(l) dl das G ewicht des M aterials, deren Korngrösse zwischen
kl

k i und fc., lieg t (das ganze Material soll das Gewicht 1 haben), so erhält man 
aus (10)

ь

[ Ш - d i  
2 Q J  I

( 12)

а

Hier bedeuten a bzw. b die kleinste bzw. grösste vorkom m ende Korngrösse. 
Der Unterschied zwischen (10) und (12) besteht darin, dass bei der letzten  
Formel

а

(13)

an die Stelle von l.ä tritt. Setzt man in (7) für die Schichtenanzahl c den Ausdruck  
(12) ein bzw. ersetzt man in (11) Z3 durch l* so erhält m an die Transmission  
bzw. R eflexion der inhom ogenen Schicht.

II. Messergebnisse

In der vorliegenden U ntersuchungen wurden die diffuse Transm ission  
von Schichten gem essen, die aus m it M angan aktivierten K alzium halophosphat 
und Zinksilikat und aus m it Silber aktiviertem  Zinksulfid bestanden. Bei den  
M essungen an hom ogenen Schichten ivar das Ziel die experim entelle B estim 
m ung von r* und s. Bei den Messungen an inhom ogenen Schichten sollte die 
R ichtigkeit der Annahm en 1 und 2 geprüft werden.

Für die M essungen wurden durch Sedim entierung Fraktionen hergestellt, 
die aus Körnchen gleicher Grösse bestanden. K alzium halophosphat und Zink
silikat wurden in W asser, Zinksulfid in  Alkohol im D unkeln sedim entiert. 
Von den hom ogenen Fraktionen wurden au f Glasplatten Schichten verschiede
ner Dicke sedim entiert. D ie auf die P latte  senkrecht durchschnittliche D im en
sion /3 und die parallele D im ension^  wurde an Schichten von  der B edeckungs
zahl c ^  0,3 gem essen [16].

Die Messung der Transm ission wurde m it einer in [17] und [18] dar
gestellten Einrichtung durchgeführt. D iese bestand im  w esentlichen aus einer 
Photom eterkugel, einem  M onochromator und einem Elektronenvervielfacher. 
Bei der M essung der diffusen Transm ission und R eflexion wurden Kontroll- 
mièssungen durchgeführt, die zeigten, dass die Schichten bei der W ellenlänge 
5461 Â nur einen vernachlässigbaren T eil des Lichtes absorbieren.

A uf den Abb. 3, 4 und 5 sind die R esu ltate  der Transm issionsm essungen  
au f hom ogenen K alzium halophosphatschichten (Z3 =  10,6 fi), Zinksilikat-
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F i g .  3 .  T ran sm iss io n  von  H a lo p h o sp h a tsch ic h ten

F i g .  4 . T ran sm iss io n  v o n  W illem itsch ich ten

schichten (Z3 =  6,6 /и) und Zinksulfidschichten (l3 =  7,7 /t) dargestellt. Zeich
net m an den Ausdruck (1 —  T )/T  als F unktion von c auf, so bekom m t m an im  
Einklang m it (7) eine Gerade m it der R ichtungstangente r* (Abb. 6). Aus r* 
und a, w elches aus (19), (20) und (21) bekannt ist, lä sst sich s m ittels (9) 
ausrechnen. Tabelle I en th ält die W erte von  r* und s bei den untersuchten  
Stoffen.
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Für die Untersuchung inhom ogener Schichten wurden aus der Fraktion  
von Leuchtpulver, das aus Körnchen 5 verschiedener Grössen besteht, zwei 
M ischungen m it verschiedenen M ischproportionen hergestellt (Tab. II), und

Acta Phys. Hung. Тот. X V I .  Fase. 4.
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die Transm ission und das G ewicht der Schichten pro Flächeneinheit gem essen. 
A u f Abb. 7 ist das R esultat als Funktion der Schichtenanzahl dargestellt; 
c wurde dabei aus (12) berechnet. B ei der Berechnung wurde der experim entell 
gew onnene W ert von r* verw endet, der in Tabelle I angegeben is t .

Mischung!
0 5  10 15 20 *10 -3

D ies bedeutet, dass die Streuung der Schichten grösser ist, als dies zu  erwarten 
wäre. Es ist m öglich, dass eine Ursache der grösseren Streuung die totale R e
flex ion  ist, die im  Inneren der einzelnen Körnchen zustandekom m t [15]. E in  
anderer U m stand, den das planparallele Modell ausser acht lässt, is t  der fo l
gende. In den Elem entarschichten läu ft ein Teil des Lichtes n icht senkrecht 
zur Schicht, sondern in der Ebene der Schicht und wird an der Grenzflächen  
der einzelnen Körnchen gestreut, wodurch die Streuung der ganzen Schicht 
vergrössert wird [17, 18]. Es kann ferner angenom m en werden, dass ein Teil 
der sedim entierten Körnchen zusam m enklebt und solche K örnchen streuen 
das L icht stärker als die hom ogenen.

III. Diskussion

Aus der Tabelle I und den Abb. 3 und 5 wird ersichtlich, dass hei der 
hom ogenen Schicht das experim entell bestim m te r* grösser (also die Trans
m ission kleiner) ist als der m it dem planparallelen Modell berechnete Wert.
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Die grössere Streuung hat zur Folge, dass die durchschnittliche W eg
länge des Lichtes im  Inneren der nicht absorbierenden Schicht grösser ist. 
B ei der experim entellen B estim m ung des A bsorptionskoeffizienten mikro
kristalliner Stoffe [9, 12, 15, 22] und bei der Berechnung des L ichtes, das an 
den beiden Seiten der angeregten lum ineszierenden Schicht austritt [23, 24, 25], 
m uss dieser U m stand berücksichtigt werden. A us den beschriebenen Messun-

Tabelle I

r*
(gemessen)

r*
aus dem 

planparallelen 
Modell gerechne t 

Fall ■ - f e i ) ’
S

K alz ium halophosphat 0,355 0,122 0,0578 0,277
Z inksilikat 0,55 0,146 0,068 0,445
Z inksulfid 0,65 0,396 0,165 0,378

Tabelle II

Gewicht % Korngrösse

M ischung I 10 3,04
12 6,17

l*  =  7,87 ц
15

l =  11,27 f i
35 8,93
28 21,85

M ischung II 28 3,04
35 6,17

/* =  5,27 f i
15 6,6 1 =  7,27 f i
12 8,93
10 21,85

gen kann m an schliessen, dass die G enauigkeit solcher M essungen und Berech
nungen erhöht werden kann, wenn die auf Abb. 2 dargestellte m odifizierte  
Form des P lattenm odells benutzt wird, und wenn der innere R eflexionskoeffi
zient s au f die obige W eise experim entell bestim m t wird.

B eim  Zinksulfid, das unter den hier untersuchten Stoffen den grössten  
Brechungsindex hat, ist r* am grössten (Tab. I). Der innere R eflexionskoeffi
zient s des Zinksulfids ist jedoch kleiner als der des Zinksilikats, das kleineren  
Brechungsindex hat. Die m ikroskopischen Bilder des Zinksilikats und des 
Zinksulfids weichen stark voneinander ab. Die Zinksilikatkörnchen weisen  
keine so regelm ässige Form auf, wie die Zinksulfidkörnchen, unter welchen
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auch v ie le  kugelförm ige Vorkommen [17, 26]. Durch die Messung wird die 
A nnahm e [15] b estä tig t, nach der die D iffusion und Absorption n ich t nur 
vom  B rechungsindex, sondern auch von  der Form  der Körnchen abhängt.

D ie R esultate der Versuche haben die A nnahm en bestätigt, die wir in 
Ib über die inhom ogene Schicht gem acht haben. D ie auf Abb. 7 zu sehende 
kleine A bw eichung zwischen dem gem essenen und berechneten W ert kann 
den bekannten Schw ierigkeiten der B estim m ung der Korngrösse zugeschrieben  
w erden.

Falls r* bekannt ist, so lässt sich aus (7) m it einer Transm issionsm essung  
die Schichtenanzahl c einer hom ogenen oder inhom ogenen, nichtabsorbierenden  
diffusen  Schicht bestim m en [27]. Sind r* und m bekannt, so lässt sich  aus (7) 
und (10) m it einer Transm issionsm essung die Korngrösse l3 bestim m en:

j 3 mr* T

3 ~ 2 e ( l - T )

Ist die Schicht inhom ogen, so ergibt (14) die durchschnittliche Korn
grösse l*. Es sei bem erkt, dass l* von der in der Praxis gebräuchlichen Grösse

b

1 =  J  l • E(l)  dl  a b w eich t; die ScHWARZsche U n g le ich u n g  ergibt
a

b

a

z. B . bei den zwei in Tab. II  angegebenen M ischungen ist l* um  28% , bzw . 
30%  kleiner als l.

(14)
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НЕКОТОРЫЕ ОПТИЧЕСКИЕ СВОЙСТВА ЛЮМИНЕСЦИРУЮЩИХ СЛОЁВ, 
СОСТОЯЩИХ ИЗ МИКРОКРИСТАЛЬНЫХ ЗЁРЕН  

Г. Т . БА У ЭР

Р е з ю м е

При длине волны А =  5461 Â, где выбранные вещества практически прозрачны, 
измеряется трансмиссия изготовленных из разных веществ слоёв, состоящих из микро- 
кристальных зёрен. По проведённым измерениям и вычислениям рассеяние света у этих 
слоёв больше той величины, которая следует из так называемой модели «плоскопарал
лельная пластинка», описывающей оптические свойства диффузных слоёв. На основании 
измерений модель подвергалась уточнению. Показывается, что трансмиссия рассмотрен
ных неабсорбирующих слоёв, состоящих из зёрен неоднородных размеров, зависит исклю
чительно от числа элементарных слоёв, образующих данные слои. Специальный средний 
размер образующих данный слой зёрен определяется измерением трансмиссии.
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THE HYDRODYNAMICAL MODEL 
OF WAVE MECHANICS II

T H E  M O TION  O F  A S IN G L E  P A R T IC L E  IN  A N  E X T E R N A L  
E L E C T R O M A G N E T IC  F IE L D

By

L. JÁNOSSY and MARIA Z i EGLER-NÁRAY

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 

(R eceived 22. X . 1963)

In  th e  p resen t p ap e r o u r in v estig a tio n s re ferring  to  th e  h y d ro d y n am ica l m o d e l of w ave 
m echanics [1] are  co n tin u ed  a n d  ex ten d ed  to  th e  case of a  sing le charged p a r t ic le  m oving 
u n d e r th e  in flu en ce  of a n  e lec tro m ag n etic  fie ld . A fter e s ta b lish in g  th e  a p p ro p r ia te  basic 
eq u a tio n s  describ ing  th e  m o tio n  of a d efo rm ab le  m edium , w e in v es tig a te  b y  m ean s  o f th e  
h y d ro d y n a m ic a l m odel th e  e ffec t o f th e  e x te rn a l e lec tro m ag n etic  fie ld  upon th e  a to m .

I. Basic considerations

§ I. In our attem p t to replace the wave m echanical description o f  
a system  by a m athem atically equivalent hydrodynam ical m odel, we have 
already dealt with the sim plest case, i.e . with a particle o f mass m and charge 
e m oving under the influence of an external force represented b y  the scalar 
potential V. [1 ] . In the present paper we extend our investigations to  the case 
of an external electrom agnetic field, the field strengths (E  and H )  o f which 
m ay be given by the scalar and vector potentials, Ф and A ,  in  th e  usual 
way:

w ,  ,  ,  1 d AL — grad Ф --------------
c 81

and
II  =  rot A .  (1)

A sim ilar extension of the calculations relating to  the simple Schrôdinger 
equation can be found in the article o f  T a k a b a y a s i  [2 ] .

§ 2. The first task  is the determ ination of the hydrodynam ical variables 
by which the wave function can be replaced. The w ave equation o f a charged 
particle m oving in an external electrom agnetic fie ld  has the form:

1
2m

xp +  (еФ — V) xp =  ih'ip. ( 2)

(Here we have added a potential V  to  the scalar poten tia l Ф, which m ay repre
sent the external non-electrom agnetic force.)
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From  equ. (2), ju st as in th e  case w ithout an external electrom agnetic  
fie ld , we obtain the equation o f continuity:

d iv  ( q v )  +  =  0 (3)
0 Í

w ith
q  =  ip *  ip (4)

and

Qm V = - - - - - - - - -(ip* grad ip -  grad ip* ■ ip) —  —  çeA ,  (5)
2 с

where pm =  m Q and Qe =  e g  are the mass and charge density , respectively.
Sim ilar to the case w ithout external electrom agnetic fie ld  also here the  

rotation  o f an arbitrary vector m ight be added to  the right-hand expression 
o f  the ve lo c ity  vector and the distribution o f q v  thus obtained would still 
sa tisfy  (3). W e shall return to  this question later, w hen discussing th e  equations 
o f m otion o f the spinning particle.

§ 3. So as to  obtain  equations o f m otion, w e m ay differentiate (5) with  
respect to  tim e. Expressing the tim e derivatives o f  ip in term s o f spatial deri
v a tives w ith  help o f th e  w ave equation (2) we obtain  as the result of some 
calcu lation  for the acceleration o f an elem ent o f  the fluid u sin g  the well- 
know n hydrodynam ical expression

-----= ---------[-(■» grad) V  :
df 0i

Qm ~ = - Q g r ad ( V  +  Q) +  e ( E  +  - [ v x H ]  ) ,
dt V c

where
Q =  v y / 2

2 m p1/2

( 6)

This m eans th a t in this case, i.e . when there exists an external electro
m agnetic field , the elem ents o f the flu id  are m ovin g  under the influence of 
th e  external force (which includes the w ell-know n Lorentz force) and the 
in ternal quantum m echanical forces. W e see th u s th at the electrom agnetic  
fie ld  acts upon the flu id  o f  charge and mass density  Qe and Qm —  representing  
th e  particle o f charge e and mass m —  as is to  be expected from  th e  classical 
theory . According to  (6) the action o f the charge upon itself has to  be omitted.

As th e  internal quantum m echanical force in  th is case has th e  same form  
as in the sim plest case, where there is no external electrom agnetic field, it 
follow s from  the calculations of Part I th at the rate o f change o f  m om entum  
of the system  is given in  this case also by the in tegral over the external forces 
on ly , and sim ilarly the change o f th e  angular m om entum  is caused by the 
m om ent o f the external forces.
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II. Connection between hydrodynamical 
equations and wave equation

§ 4. Let us investigate now  how far the hydrodynam ical equations are 
equivalent to the w ave equation. For this purpose we introduce real variables 
R  and S,  such that

y> =  ReiS. (7)

Introducing (7) into (4) and (5) we find for points w ith  R  ф  0

Q =  R2, V =  ——— grad S ------- ---  A .
m me

From (8) using (1) we find

( 8 )

rot V = ---------- H  for points in which q ф  0.
me

Thus the flow  (apart from singularities w ith о =  0) is free of vortices 
in the absence of a m agnetic fie ld . A m agnetic field, how ever, gives rise to  
a continuous distribution of vortices, the angular velocity  vector having the  
direction — eH,  as me >  0. As can be seen easily  such vortices of a charged  
fluid can be treated as m agnetic dipoles orientated in directions opposite  
to  the direction of the external m agnetic field .

We conclude thus that the term  of (5) containing A  corresponds to the  
diam agnetic susceptibility of the fluid.

R eturning to the connection between w ave equation and hydrodynam ical 
equations we integrate the second equation of (8) along a line starting from  
an arbitrary point r(l to  some point r. I f  the path of integration avoids sin
gular points w'ith q =  0, we find

r
f f ®+  —  il |d r  +  S0(t), (9)

ft J I т с  I
Г о

where the integration constant S 0(t) is a function of i, but independent of the  
coordinates.

In case S  is a m ultiple-valued function o f r  we obtain from  (7) unique 
values for ip if  the values of S for given r  differ from each other on ly  by integer 
m ultiples o f 2л.  W ith this condition (9) m ay be written in the form

w ith

vdr  =
2л kH

тс

F  =  J H  df  and 4 =  0, L  1, i  2,

( 10)

the value of к depending on the choice of the path of integration.
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Introducing (8) resp. (9) into (7) we obtain  an exp lic it expression for ip 
in  term s o f g and v. So as to  show th at th e  expression thus obtained does 
indeed sa tisfy  the w ave equation, we insert it  into (2). The equation ob
tained  in th is  w ay  reduces to  the hydrodynam ical equation of m otion (6) 
provided we put

S ° ( () =  | j  E  (t) d ( ,

w ith

E ( t ) = - Q - f  V  - f  еФ m V

We find thus that

V> =  Yq exp  j - ^ -  j  |u  +  A  j dr +  i S 0 (t) J (11)

Го
satisfies th e  w ave equation (2) provided g and v  satisfy  the hydrodynam ical 
equation o f m otion and th e  condition (10).

W e n ote  that the tim e derivative o f  (10) is zero provided g and v  obey

the hydrodynam ical equations and rot E  =  —  —  H .  Thus equ. (10) is valid
c

at any tim e provided it  is satisfied  at an initial m om ent t =  0, i.e. it  can be 
regarded as an initial condition. As a further initial condition we m ay p ostu 
late the condition of norm alization o f g, i.e.

f p d r = l .  (12)

Thus we m ay conclude: if  a distribution g, V satisfies the initial condi
tions (10) and (12) at t =  0, then the hydrodynam ical variables describing  
the m otion correspond ex a ctly  to the solution  of w ave equation (2), where ip 
is given b y  (11).

§ 5. A  further possib ility  for th e  am biguity o f  ip arises from the fact 
that w ave equation (2) and also the equation defin ing ip (11) contain the  
potentials Ф respectively A  explicitly . As is well know n, the potentials are 
not uniquely  determ ined from the fie ld  strengths E  and H.  The given fields  
E  and H  w hich can be represented b y  potentials A  and Ф can also be repre
sented b y  potentials

A! — A  +  grad X and Ф' — Ф ----- — — ,
c 01

where % is an arbitrary function o f the tim e and th e  coorditnates. R eplacing  
A  and Ф b y  A '  and Ф' we obtain instead  of (11) a w ave function

ip =  ip exp
te

(13)
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which obeys the corresponding m odified form of the w ave equation, i.e. equ. (2), 
where A  and Ф h ave been replaced b y  A '  and Ф' . This m eans th a t the w ave  
equation is not independent o f  the gauge of the potentia ls, i.e. in  the case 
of a given initial condition for y ) ,  the variation of y )  w ith  tim e depends upon 
the gauge of the potentials. H ow ever, the physical results obtained from  the  
w ave equation are independent o f the gauge o f the potentials. Indeed, by  
introducing (13) in to  (4) and (5) it can be shown that the hydrodynam ical 
variables g  and V  corresponding to the new  values of the potentials ( A 1 and Ф') 
are identical w ith their original values:

g '  =  g  and v '  =  V.

Consequently, the gauge invariance o f the hydrodynam ical equation o f m otion  
is trivial.

III. Radiation damping

In  the follow ing —  basing ourselves on the hydrodynam ical m odel —  
we shall make som e qualitative remarks on the behaviour o f an electron in 
cases, where the effect of the spin can be neglected.

§ 6. As was show n in (1) for the stationary states o f the electron the  
hydrodynam ical variables describing its m otion, say in the Coulomb field  
of the nucleus, are independent o f tim e, i.e. g  =  0 and V  — 0, thus the system  
does n ot em it radiation. However, i f  the electron is disturbed the Coulomb 
attraction of the nucleus will not be any more com pensated by the internal 
quantum m echanical force and thus the elem ents o f the flu id  representing the  
electron start to oscillate around their equilibrium position, the frequencies

of the oscillation being equal to  the Bohr frequencies, kl = Ek ~  Ei  
%

This

oscillating charge g ives rise to electrom agnetic radiation, which in first approx
im ation m ay be regarded as a dipole radiation.

On the other hand the superposition of stationary states gives rise to  
undam ped oscillation.

This d ifficu lty  can be overcom e, as is well know n from  the classical 
theory o f  the electron, by taking in to  account also the electrom agnetic field  
of the em itted  radiation. The radiation reaction upon itse lf  can be obtained  
by including in equ. (2) in the to ta l vector potential the vector potentia l

4  = (14)

corresponding to the field  of the radiation. In (14) the bracket denotes, in  the  
usual w ay, that the retarded values o f i  =  g e  V  have to  be taken, v  being given  
by (8).
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The electrom agnetic field  o f the radiation is thus shown to act upon  
the m oving charge and to damp down the oscillation, so th at the energy irra
diated  by the system  becom es equal to the energy loss of the em itting system .

In a similar w ay the radiation reaction gives rise to  recoil and angular 
recoil o f the atom  and thus the conservation laws are satisfied  i f  the reactions 
are properly taken into account.

§ 7. W hen considering the radiation reaction in the hydrodynam ical 
m odel, we apply in effect the sam e procedure as is applied in the theory of 
radiation dam ping in the usual quantum  m echanical treatm ent (see e.g. [3]).

It m ust be pointed out, how ever, that it  is not the full reaction of the  
charge upon itse lf  which has to  be introduced. We have to  om it the purely  
sta tic  action of the charge upon itse lf and also the action of the stationary  
currents upon them selves; we have thus to take into account only the field  
produced by the oscillating part of the currents. The above restriction is very  
essentia l. I f  we were to introduce e.g. the sta tic  Coulomb action o f the charge 
upon itself, th is action would give rise to forces comparable to  the Coulomb 
attraction  of the nucleus, and w ould lead to com plete distortion of the cloud. 
T he distorted cloud, however, w ould presum ably have frequencies very differ
en t from the observed ones. The fact that we obtain the correct frequencies 
w hen om itting the action o f the charge upon itse lf proves that the cloud does 
not act statica lly  upon itself.

On the other hand, the fact that the radiation dam ping as calculated  
from  the reaction of the charge upon itse lf  leads to  the correct description  
o f  e.g. the natural w idth o f spectral lines, can be regarded as an empirical 
proof to  the effect that the la tter reaction does exist.

Thus we have to take it  as an em pirically established fact th a t the elec
tron  cloud acts upon itse lf  through its radiation field  but not through its  
stationary field . W e note th a t th is result is not brought about through the  
hydrodynam ical model: it is already im plied in  the usual quantum  m echanical 
treatm ent of stationary states and of radiation dam ping; the hydrodynam ical 
m odel only forcefully draws the attention  to  this circum stance.

IV. Effects of an external electric field upon the atom

§ 8. W e give a brief qualitative account in terms of the hydrodynam ical 
m odel of the effect of an external electric field  upon the atom .

According to  equ. (6) each elem ent o f the fluid representing an electron  
starts to m ove under the influence of such a field.

As a result o f the displacem ent of the cloud relative to  the nucleus, the  
Coulomb attraction  betw een nucleus and elem ents of the cloud changes, 
tending to com pensate the external field. F inally  the electron cloud settles
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down into its new  position in w hich in first approxim ation the Coulomb field, 
the external field  and the internal force com pensate each other. The detailed  
calculations (see [4]) show further that the displacem ent is in first approxim a
tion  proportional to  the strength o f the external field.

Considering, however, the effect of the external field  in greater detail 
one finds that the cloud is not sim ply displaced by it, but also suffers certain  
distortions. Further, the displacem ent, in particular for strong external fields, 
deviates noticeably from  proportionality to th e  external field  strength. Carrying 
out the calculations to  this higher approxim ation finer details o f the process 
of polarization of the atom  can be obtained:

As the Coulomb attraction of the nucleus decreases w ith  distance, 
there exist always regions in w hich the external force exceeds the Coulomb 
attraction and thus the charge from this region is carried aw ay through the  
effect of the external field.

In the region bordering on these depleted parts the quantum  m echanical 
force becomes weaker or even repulsive and thus charge starts to  flow  from  
the inner parts to  the depleted parts. This process goes on until in the  
end the whole of the charge evaporates under the influence o f the outer 
force [4].

From the above consideration it follows that no real stationary state  
exists if  the atom  is under the influence of a constant electric field . However, 
as the process of evaporation is a slow one the sta te  of the atom , im m ediately  
after an external electric field has been sw itched on, m ay be considered as 
pseudo-stationary, such a state persisting for a com paratively long tim e. 
The effects of polarization have thus to  be understood in terms o f such pseudo- 
stationary states. The effect o f evaporation described above is the process 
of photoelectric em ission: a weak photoem ission can indeed be induced b y  
strong electric fields.

§ 9. The above consideration points to a d ifficu lty  of the theory. A tom s 
are always subjected to external electric fields. Taking e.g. the atom s of a gas, 
there are always ions present, som e atom s are at least tem porarily polarized, 
etc ., thus every atom  in the course of its h istory is continually subjected to  
the action of external fields and as the result, th e  electrons o f atom s m ust 
be assum ed to evaporate slowly all the tim e. W e have to  suppose that the  
atom s can also capture charges floatin g  about, from  which it follow s that the  
charge of atom s at any tim e should show a distribution corresponding to ther
m odynam ical equilibrium . This m eans that for a long tim e the effect o f these  
processes ought to be that the charges of the bound parts o f the electrons 
o f individual atoms ought to differ from  the elem entary charge e, i.e. we should  
expect som ething like a therm odynam ical distribution of the charges. As real 
atom s have always charges which are integer m ultip les of e, it  is clear th a t  
som e effect must ex ist which keeps the charges together. We w ish to  point
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out here th at describing the m otion o f the charges b y  the wave equation, 
we can n ot account for the actually  observed stab ility  o f the charges.

§ 10. It  m ust be pointed out th a t the latter d ifficu lty  is not connected  
w ith  th e  question o f the interpretation  o f the w ave function and thus the  
d ifficu lty  is not caused b y  the hydrodynam ical treatm ent. One m ight argue 
th at according to the usual probability interpretation the evaporation described  
b y  the w ave equation should be interpreted as a slow ly increasing probability  
for th e  electron as a whole to  leave th e  atom . Thus one m ight expect the atom  
to  retain  the electron until a photoeffect occurs w hen suddenly the w hole of 
the electron disappears.

W hile we th ink th a t the latter picture does indeed more or less correctly  
describe the behaviour o f the real atom , we w ish to  point out th a t it  does 
not fo llow  from the description o f the atom  b y  m eans o f its w ave equation. 
On th e contrary, the description through the w ave equation leads to  con
tinuous evaporation —  a picture w hich does not seem  to  be in accordance 
w ith  the real behaviour o f atom s.

Indeed, quite independent o f the interpretation o f the wave function, 
the fie ld  of the electron can be derived from a vector potential of the form  (14) 
and from  a scalar potentia l o f sim ilar form. I f  ip is spread out over a large 
area these potentials exactly  represent the field  o f a correspondingly spread 
ou t charge and current distribution, thus the electron acts upon its v ic in ity  
ex a ctly  like a classical charge distributed over the area over w hich ip is 
spread out.

Furtherm ore, consider an atom  in a partly ionized state, i.e. in  a state  
where the ip function  consists o f tw o  parts, ip1 and ip2. The part ipx should he 
concentrated around the nucleus corresponding to  the part of the electron  
not y e t evaporated and the other part ip2 should have values noticeab ly  differ
ent from  zero on ly  in  regions d istant from the nucleus. The part ip2 o f ip 
corresponds to  the already evaporated part o f the electron. I f  an externa  
electric field  is suddenly applied to  th e  atom , we fin d  from  the hydrodynam ical 
equation  (6) th at this field  w ill act upon the atom  in exactly  th e  m anner 
as is to  be expected  from  the classical picture for the action o f a fie ld  upon 
a partly  ionized atom . Indeed, the action will be such, as if  the charge o f the 
electron were exactly

eL =  e J- I ip1 12 dr
w hich means e j e  <  1.

It is true th at the field  i f  sufficiently  extended will also act upon the 
evaporated part o f the electron w ith  charge e2 =  ev  however, as the latter  
part is already torn o ff the atom , it  does not react noticeably on th e  nucleus.

W e see thus th a t according to  the description through the w ave equation  
th e  atom  possessing a partly evaporated electron should produce a field  corres
ponding to a fractional charge and it should react to  an external field  like
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a fractionally ionized atom . As real atom s seem  alw ays to behave as if  th ey  
possessed charges which are integral m ultiples o f the elem entary charge 
e it  seem s to us that th is analysis show s that the w ave equation does not give 
a com plete description of the behaviour of the electron.
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ II 

Л . Я Н О Ш И  и М А Р И Я  Ц И Г Л Е Р -Н А Р А И

В настоящей работе мы продолжаем наши расчеты (1) в связи с гидродинамической 
моделью квантовой механики, распространяя их на случай заряженных частиц, движу
щихся в электромагнитном поле.

После составления подходящих основных уравнений деформируемой среды мы 
анализируем влияние внешнего магнито-электрического поля на атом с помощью гидро
динамической модели.
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ON THE QUASI-ELASTIC CHARACTER OF 
INELASTIC TWO-PRONG n~ — p  INTERACTIONS 

AT 7 AND 16 GeV/c

By

G. B o z ó k i , E. F e n y v e s , A. F r e n k e l  and É v a  G o m b o s i

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 

(P re sen ted  b y  L . Já n o ssy . — R ece iv ed  14. I . 1964)

The q uasi-e lastic  d iffrac tio n  c h a ra c te r  of in e las tic  tw o-p rong  л ~  — p  in te rac tio n s  was. 
co n firm ed  by  in v es tig a tin g  th e  d is tr ib u tio n  of th e  fo u r-m o m en tu m  tra n s fe r  t .  F ro m  th e  sim i
la r i ty  o f th e  t d is tr ib u tio n  o b ta in ed  fo r th e  secondary  ?i_ -m esons w ith  th e  t d is tr ib u t on  in  
n ~  — p  e lastic  sc a tte r in g  i t  was concluded  th a t  th e  in c id e n t p ion  und erg o es q uasi-e lastic  
sc a tte r in g  and  has a ten d en c y  to  m a in ta in  its  charge.

The quasi-elastic diffraction character o f  inelastic two-prong n ~ — p  
interactions was pointed out first by M o r r i s o n  [1 , 2 ]  and supported later  
by several authors [3— 5]. In the present paper we would like to  present som e  
additional evidence confirm ing this suggestion.

A certain sam ple of inelastic л  —  p  interactions can be considered to  
be quasi-elastic if  it has properties similar to  the basic characteristics of the  
л — p  elastic interaction at the sam e energy. W e have chosen as one such  
basic property the distribution of the invariant four-m om entum  transfer 
t =  (gx —  ç2)2 (where <Ji =  q\ =  mл) between th e  incident and the scattered n.  
(qx and q2 are the four m om enta o f the incident and scattered л  and тпл is  
the rest mass o f the pion.) The rapid, approxim ately exponential decrease 
of the differential scattering cross-section (or o f the distribution of t) w ith  
increasing ] t | is one of the m ost characteristic properties o f the high-energy  
strong elastic interaction. The choice of the t distribution is also m otivated  
by its independence o f the coordinate system  used.

In order to  compare a sam ple o f inelastic events w ith a sam ple of elastic 
ones from the point of v iew  of the t distribution, we have to  select in each  
inelastic  event a secondary n  and consider it as the quasi-elastically scattered  
prim ary. For this purpose several selection criteria can be conceived. In th e  
present investigation  we selected the quasi-elastically scattered л. in  tw o differ
ent w ays using selection criteria w hich are independent of the frame of refer
ence:

1. Selection o f secondary pions produced in  reactions o f the type

Л +  p - > р  +  л - +  кл°, (k =  1 , 2 , . . . ) (1)

1Oh
+1 > n 4- 7l~ 4 - л + -\- к' л°, (* '= 0 ,1 ,  . . . ) (2)

according to their charge.
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2. Selection o f secondary pions according to  their four-momentum transfer.  
N am ely , le t us assum e th at the quasi-elastically scattered primary emerges 
as the secondary having the sm allest | t | value am ong all the л + , and n°  
secondaries of the g iven event.* (This criterion can be applied also for m any- 
prong events.) D ue to  the lack of data on гг “-m esons, in  the present paper this 
criterion could be applied only to  the charged pions o f interactions of ty p e  (2).

F i g .  1 . F o u r-m o m e n tu m  tra n s fe r  d is tr ib u tio n  fo r a) ̂ :- -m esons a n d  Ь) я  ' -m esons p ro d u ced  in 

л ~  +  p  —» n  +  n ~  -f- n + к '  n °  ( к '  —  0, 1, . . .  )

in te ra c tio n s  a t  7 GeV/c

A pplying the first selection criterion we have calculated the t d istribu
tion  separately for n~ and л + -m esons produced in interactions of ty p e  (2) 
at 7 GeV/с m easured by the Berlin group [6] w ith  the 24 1 propan cham ber 
o f the Jo in t In stitu te  o f Nuclear Research, Dubna (F ig. 1).** It can be seen 
clearly th at the t distribution o f 7r~-mesons is rapidly falling off, a feature  
characteristic o f elastic scattering, w hile the t d istribution of л + -m esons is 
rather fla t w ith  a long ta il. The difference betw een the tw o distributions is 
significant.

* T his seco n d ary  p ion  h as g enerally  th e  la rg es t en e rg y  in  th e  la b o ra to ry  sy s tem  and 
is  e m itte d  s tro n g ly  fo rw ard  in  th e  л  — p  С. M. S. a  selection  c rite rio n  often  u sed  b y  o th er 
a u th o rs .

** T he h is to g ram s in  F igs. 1 — 5 are  a c tu a lly  c u t off a t  va lues of 11 | /U2 fo r  purely
k in e m a tic a l reasons.
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F i g .  2 .  F o u r-m o m e n tu m  tra n s fe r  d is tr ib u tio n  fo r a +-m esons p ro d u ced  in

71“  -f- p  — n  -f- 7t~' -j- тъ* -f- к '  л 0 (fc' =  0, 1, . .  .)

in te ra c tio n s  a t  16 GeV/c

F i g .  3 .  F o u r-m o m en tu m  tra n s fe r  d is tr ib u tio n  fo r 7i"-mesons p ro d u ced  in  

л ~  -f- p  —> p  +  n ~  -)- k n °  (к  = 1 , 2 , . .  . )

in te ra c tio n s  a t  7 G eV/c

Similar results have been found for th e  t distribution o f л + -m esons 
produced in interactions of the sam e type at 16 GeV/c m easured by Morrison 
[2] w ith  the C ER N  32 cm hydrogen chamber (Fig. 2).

The rapid falling off o f the i distribution o f я _ - т е 8 0 пз shown in Fig. 1 
m anifests itself also i) in the t distribution o f 7r~-mesons produced in interac
tion s of the typ e (1) at 7 GeV/c as obtained from  the em ulsion m easurem ents
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of the collaborating groups in  A lm a-A ta, Berlin, B udapest, Dubna and Prague  
(Fig. 3) and ii) in the t distribution of 7r~-mesons produced in  both reactions (1) 
and (2) at 16 GeV/с as calculated from the experim ental data  by Mo r r iso n  [2] 
(Fig. 4).

A pplying the second selection criterion we have calculated the t d istri
bution o f the quasi-elastically  scattered pions produced in interactions o f

F i g .  4 .  F o u r-m o m e n tu m  tra n s fe r  d is tr ib u tio n  o f n  -m esons p ro d u c e d  in  th e  re a c tio n s

л  ~ p —* p л ~  -\- к л °  ( к  = 1 , 2 , . . . )
and

л ~  -\ - p  —> га +  я -  +  jr+ A  fe' л °  (fc' =  0, 1, . . .  )
a t  16 GeV/c

ty p e  (2) at 7 GeV/c [6] (F ig. 5). The rapid falling off o f this d istribution is 
still more pronounced than  in the former case obtained for jt~ -m esons. 
Furtherm ore it  can be seen from Fig. 5 th at the quasi-elastically scattered  
pion em erges as n + in about 1/4 of the cases, consequently “ charge-exchange 
diffraction  scattering” cannot be neglected  [5].

From  the above results we can conclude th at in  th e  inelastic tw o-prong  
n ~ — p  interactions the incident pion undergoes a quasi-elastic scattering  
and has a certain tendency to m aintain its charge.

W e would like to  point out th at it  is not possib le to interpret the  
quasi-elastic character of the analysed sam ple as the resu lt of a sim ple Regge-
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pole exchange since the condition г 1 in  P a(t) ( ~ z) (where P a(t) (— 2) is the  
well-know n Legendre function  applied in  th e  Regge form alism  of scattering  
theory) necessary for the dom inance of a Regge-pole is not fulfilled in the  
great m ajority o f our events.

The authors are very m uch indebted to the laboratories in A lm a-A ta, 
Berlin, D ubna, and Prague for letting us have their experim ental data. It is 
also a pleasure to  thank to Drs. G. D o m o k o s , K. L a n i u s , D . R. 0 .  M o r r i s o n  
and P. S u r ÁNYI for valuable discussions.

F i g .  5 .  F o u r-m o m en tu m  tra n sfe r  d is tr ib u tio n  of th e  quasi-e lastica lly  s c a tte re d  pions p ro 
d u ced  in

7l~ -f- p  —> n  -f- 7l~ 4- 71' -f- k ' 71° (k ' =  0, 1, . . .)

in te ra c tio n s  a t  7 GeV/с . T he quasi-e la stica lly  sc a tte re d  p ions were se lec ted  b y  app ly ing  th e  
second c rite rio n . T he shaded  a re a  corresponds to  th e  co n tr ib u tio n  o f 7t*-mesons
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О КВАЗИ-УПРУГОМ ХАРАКТЕРЕ НЕУПРУГИХ ДВУХЛУЧЕВЫХ л~ — р  
ВЗАИМОДЕЙСТВИЙ ПРИ 7 И 16 Гэв/с.

Г . Б О З О К И , Е . Ф Е Н Ь В Е Ш , А . Ф Р Е Н К Е Л Ь  и  Е . Г О М Б О Ш И ,

Р е з ю м е

Квази-упругий диффракционный характер неупругих двухлучевых л~ +  р  взаи
модействий подтверждается изучением распределения квадрата передачинного им
пульса t. Сходство í-распределения вторичных л~ мезонов с 1-распределением упру
гого 0~ — р  рассеяния указывает на то, что первичный п ион рассеивается квази-упруго 
и имеет тенденцию сохранить свой заряд.
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DETERMINATION OF THE FREQUENCY 
OF VARIOUS TYPES OF EVENTS 

BY THE MAXIMUM LIKELIHOOD METHOD

B y

É va Gombosi and L. Jánossy
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(R eceived  30. I .  1964)

T he a c tu a l in ten sity  o f n u c lea r even ts a n d  th e  s ta tis tic a l f lu c tu a tio n  of th is  v a lu e  h av e  
b een  d e te rm in ed  b y  m eans o f th e  M axim um  L ikelihood  M ethod fro m  th e  n u m b er o f  e v e n ts  
fo u n d  in  em ulsion  p la tes  scan n ed  l  tim es. A t th e  sam e tim e in v e s tig a tio n s  were m ad e  on  scan 
n ing  effic iency  to  solve th e  p ro b lem  w h e th er, in  o rd e r to  reduce s ta tis t ic a l  e rrors, i t  is b e tte r  
to  scan a sm all surface sev era l tim e s  or a la rg e r  one less often .

1. Brief outline o f  the problem

W hen scanning em ulsions* we o ften  try to ascertain the rate of a certain  
ty p e  of even t to be found in the em ulsion. D enote the type o f even t, 
e.g. stars w ith  some given specification , as the event “ a” . The num ber of  
such events produced in the emulsion in  the course o f  exposre m ay be N.

P hysica lly  not N  itse lf  but its exp ected  valuue

A  =  <W>

is of interest. Indeed, exposing sim ilar emulsions under similar conditions 
th e  tota l num ber N  o f events “ a” produced by the irradiation will show random  
flu ctu ation  around the expected  num ber A  of events.

W hen the emulsion is scanned for events of the ty p e  “ a” each individual 
event is found in one scanning with a probability p , the quantity p  being  
characteristic of the scanner and also o f  th e  type of even t which is looked for. 
As a rule neither the “ in ten sity ” A  nor the probability p  are known.

In the following b y  using the M axim um  Likelihood Method (MLM) 
w e shall determ ine m easured values A  and p  of A  and p .  The measured values 
thus obtained have m inim um  scatter. Further we consider the problem  of 
how  to spend the tim e available for scanning in a w ay that ensures 
greatest efficiency.

* T he m e th o d  described  h e re  is ap p licab le  n o t only to  th e  case  o f n u c lea r em u lsio n  
p la te s  b u t also to  th e  ev a lu a tio n  o f cloud- an d  b u b b le  cham ber a n d  hodoscope ex p e rim e n ts .
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2. Determination of the frequency of events

Consider a material w hich has resulted from  the /-fold scanning of an 
em ulsion plate. In  these scannings there w ill have been events “ a” which were 
found  exactly  once, t w i c e , . . . ,  I tim es. Let us denote the num ber of these  
events b y  N x, iV2, . . . ,  iV; and b y  к the to ta l num ber of even ts found in the  
process of scanning. Thus we have

к =  V  N t .
i~l

T he probability th at precisely iVx events w ill be found on ly  o nc e , . . . ,  and  
iV; events l tim es is given b y  a Poisson distribution:

i 1 I pi?i
W (N,,  . . ., N', A v  p ) =  П  e -AP‘ (APj)N‘ Ak П  ,

i= i JVf! 1=1 Nfl

where Р,- is the probability th a t by scanning the plate / tim es an event w ill 
be found precisely i tim es:

P i =  ( V ( i - p ) ' - ' .

B y means o f the MLM the values A and p  as well as their scatters can  
be obtained from  the follow ing relations:

where

Wpp

Q \ n W

0 A
0 In IP

=  0 ,
A = A,p=p

82 ln W

d p -

dp

<(óAy-)  =

« д Р у >  =

. WA A -

=  0 ,
_ A = A ,p=p

w
_ pp

W a a ^ pp —  W '2Ap

W,AA
^AA Щ>р W \ p

Э2 In w
aA°-

w  —’  "  A p  ~

Э2 In w

d A  dp

Substitu ting now  K  =  îNii  we obtain from  equations (5)— (9)
i=i

1 — ( !  — p ) 1 lP 

P __ К  
1 — (1 — рУ Ik

( 1 )

( 2 )

(3)

(4)

( 5 )

( 6 )
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1 — ip  (1 -  p )‘ 1
1 -  * p (i - p ) ' - 1 -  (1 - p ) 1

(7)
<№)2> =  _ L  _ р ( 1 - р ) [ 1 - ( 1 - р У]

Al 1 -  /р (1 -  p ) '-1 -  (1 -  р У

In order to sim plify the com putations required in an actual experim ent 
graphs are given which permit to  determ ine the quantities in question  im m e
diately  from the measured values.

Thus in a given experim ent К  has to be calculated and th en  from the  
given graphs 1 and 2 the values of A  and ( (ó /l)2)  can be read off im m ediately.

<(<L4)2> =  A

5 Acta Phys. Hung. Тот. X V I .  Fasc. 4.
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3. The optimum number of scannings

N ow  the question  arises w hat is the best choice of / ? I t  is clear that 
each scanning gives some new inform ation, and therefore the accuracy of A  
and p  increases m onotonically w ith  l.

H ow ever, i f  we intend to spend a specified length  of tim e on scanning, 
we can put the question , whether it  is more useful to  scan a large area a few  
tim es, or a smaller area several tim es.

I f  a plate having  surface F  is scanned l tim es, the in ten sity  A and the  
sta tistica l error of th is  value are given by eqs. (6) and (7). N ow , if  the  
surface o f  the p late is f  =  Fjy,  th e  scanning tim es being equal, this plate 
can be scanned L  =  l y  tim es. The num ber of even ts to be exp ected  in a plate 
having surface f  is ( N f )  =  A ' f  =  a.  This value, as obtained w ith  the MLM 
is given by

К
a  = ------

Up

and for its statistica l error we have

<((5a)2> =  a
1 -  Lp  (1 -  p )* - i

1 - L p ( l - p ) ^ - { l - p ) L '

from  w hich the in ten sity  A'  can be expressed as

/
and the statistical error as

<( ÔÀy>
a 1 — Lp  (1 — p ) L 1

p  !  L p  (! p)^  1 (1 p)^  '
( 8)

I f  w e note th a t a =  A  = -----, upon m ultiplying by l (8) becomes
F  y

I ( ô Â ') 2y =  —  L --------— ~  LP  ^  ~  ^ L 1----------  .
F 2 l - L p ( l - p ) ^ - ( l - p ) L

Thus y  has to be so chosen that the condition

is satisfied .

—  U < ( ^ ' ) 2>] =  o
8y
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Thus

—  [I < (^ ')2>] =  4  V <(ÔÀT>] —  =  I - у  V <M ')2>] =  0 ,
8 у  dL 8 У 8 L

- 8 [ /< (^ ')2>] = 0 .
8 L

The result of this extrem e-value problem, tak in g  into account that / m ay  
have only the values 2 , 3 , 4 ,  . . . ,  gives the num ber of scannings required if  
the probability o f finding the even t is p.  The com puted va lu es are shown  
in Table I.

Table I

Interval of probability Number 
of scannings

1 <  p  <  0,53 2

0,53 <  p  <  0,38 3
0,38 <  p  <  0,30 4
0,30 <  p  <  0,25 5

The problem has still to be considered w h at happens w hen p  is not 
a constant. We hope to come back to this question  in a later paper. We note, 
how ever, th at to get inform ation on whether a material is consistent w ith  
the assum ption o f constant p requires the results o f several scannings.

ОБ ОПРЕДЕЛЕНИИ ЧАСТОТЫ СОБЫТИЙ РАЗЛИЧНЫХ ТИПОВ МЕТОДОМ 
НАИБОЛЬШЕГО ПРАВДОПОДОБИЯ

Е . ГО М БО Ш И  и Л . Я Н О Ш И

Р е з ю м е
Определялась действительная интенсивность событий методом наибольшего прав

доподобия и её статистическая флуктуация из числа событий, получаемых при /-кратном 
просмотре эмульсионных пленок ядра. Исследовался также тот вопрос, что с точки зре
ния доступной точности при одном и том же времени просмотра пленок, что является 
более преимущественным: многократный просмотр небольших поверхностей или не
большое число просмотров больших поверхностей плёнки.

5' Acta Phys. Hung. Тот . X V I .  Fase. 4.
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EFFECT OF THE SOLVENT 
ON THE FLUORESCENCE SPECTRUM 

OF TRYPAFLAVINE AND FLUORESCEIN

By

L. SzALAY and E. ToMBACZ

INSTITUTE OF EXPERIMENTAL PHYSICS, THE UNIVERSITY, SZEGED 

(Received 21. IX . 1963)

In connection w ith  recent investigations carried out at our In stitu te  
and concerning the polarization of fluorescence in various dyestuff solutions 
of different glycerol content several absorption and em ission spectra had been  
determ ined in the visib le range in order to control the purity acquired by  
the sam ples and to adapt these spectra to  certain calculations related to  the  
polarization of fluorescence. M eanwhile som e features o f th e  influence o f  the  
solvent on the position of these spectra have been found w hich may be con
sidered interesting in  them selves.

1. B oth  the absorption and em ission spectra [e(A) a n d / ?(.A)] were ob ta in 
ed w ith a photoelectric spectrophotom eter (Optica M ilano CF— 4). f q(X), 
the true normalized em ission quantum  spectrum  (corrected for secondary  
fluorescence) was determ ined by a m ethod given in [1] using exciting ligh t 
of 460 m /i or 440 m/x w avelength  (the ha lf band w idth w as about 6 m ^ ).1 * * 
The solutions to be investigated  were com posed of trypaflavine (in a concentra
tion of 5 • 10 4 mol/1), acetic-acid (in a concentration of 2 per cent) and glycerol- 
ethanol m ixtures (in different com positions shown in F ig . 1 and Table I).

The results are show n in Fig. 1. For a better com parison of the shift 
of the m axim a w ith the glycerol content, both the absorption and em ission  
spectra are represented in arbitrary units. As it  is seen the absorption spectra  
of the different solutions coincide, the em ission spectra, however, exh ib it  
—  sm all but well m arked —  shifts o f th e  m axim a towards the higher w ave
lengths w ith  increasing glycerol am ounts. The half band w idths of the em ission  
spectra, being about 48 m/x and 52 m /i in solutions possessing glycerol 
concentrations of 0 per cent and 88,2 per cent, respectively, are the broader, 
the higher is the glycerol concentration o f the solution. The total em itted

energy (E  =  | fq(X) d X) decreases w ith increasing glycerol am ount. Taking
ó

1 The condition for the layer thickness 1 <  0,1 • In 10 • e(A)max =  5,2 cm was fulfilled
(actually 1  =  0 , 1 0  cm was chosen), consequently — according to  [1 ] — th e  photom eter values
of the emission spectra need no t be corrected for secondary lum inescence by calculations.
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F ig .  1

F ig .  2

th e  em itted  to ta l energy o f a solution of 0 per cent glycerol content arbitrarily
as E 0 =  1, there is E 196 =  0,95; E 392 =  0,89; E 5S8 =  0,86; -E78i4 =  0,85; 
- ^ 88,2  =  0 , 8 9 .

In  connection  w ith th e  behaviour o f trypaflavine, it  seems worth w hile  
to  remind the reader of the results o f sim ilar investigations referring to fluor-
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escein2 given in [2]— [3] and shown in Fig. 2. In this case both  the absorption  
and emission spectra are sh ifted  towards higher w avelengths w ith  increasing  
glycerol concentration.

2. According to F ö r s t e r  [4] the critical distance betw een tw o m ole
cules, characteristic of the m igration of energy is given b y  the expression

R o =
] 9 x 2 (ln 10)2 er I v

16 7Ï'1 7l2 N ' 2 rjj

where c ( =  3 ■ 1010 cmsec x); r, n , v0 and I r denote the ve lo c ity  o f light, the  
m ean lifetim e o f the excited  state , the refractive index o f the solution, the

( 1 )

Table I

r  and  R u for try p a fla v in e  in  g lycero l-e thanol m ix tu res

Glycerol % 0,0 19,6 39,2 58,8 78,4 88,2

r  in  ns 4,00 4,05 3,90 3,80 3,63 3,60

R f  1 in  Â 39,7 38,7 36,6 35,5 34,5 34,8

frequency of the mirror sym m etry of the absorption and fluorescence spectrum  
and the product integral o f the absorption and emission spectrum , respectively. 
N '  — 6,02 • 1020 and x1 =  2/3 in isotropic solutions (x1 is a factor depending  
in general on the m utual orientation of the absorption and em ission oscilla
tors).3 R„ is the distance betw een two such solute m olecules for which the  
m igration of energy has the same probability as the em ission o f the primary 
excited  m olecules. In [4] an estim ate of R„ =  50Â is given for fluorescein  
in water and the lack of necessary data for eq. (1) is m entioned in cases of 
viscous solutions. The present m easurem ents rendered possible the calculation  
of R 0 in viscous solutions as well. In the case of trypaflav ine т =  4,00 ns 
was taken for ethanol solution [6] and for glycerol ethanol m ixtures r was 
calculated according to [7]. Table I contains the results obtained. Similar 
calculations using the results given in  (2) and (3) lead to  the values sum m ar
ized in Table II  for fluorescein solutions.

r =  5,05 ns was taken for the solution containing 60 per cent glycerol,4 
for the different glycerol m ixtures т was calculated according to [7]. In the

2 T he so lu tions were com posed  of 1 • 10-4 mol/1 fluorescein , 2 p e r  cen t N aO H  an d  
g lycero l-w ater m ix tu re s  (in d iffe ren t com positions show n  in  F ig. 2 a n d  T ab le  II ) .

3 In  (5) a  m odified  fo rm u la  co n ta in ing  th e  ab so lu te  q u a n tu m  y ie ld  is g iven, w hich  
re su lts  in  so m ew h at sm aller R 0 v a lu es  (see also in  [6]). A t p resen t, how ever, eq. (1) w as used .

4 T w as flu o ro m e trica lly  d e te rm in ed  b y  J .  H e v e s i .
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case o f trypaflavine solutions (see Table I) R 0 is decreasing w ith the increase 
of the glycerol am ount; in  the case o f fluorescein solutions, however, R u is 
practically independent o f the glycerol am ount of the solution  (see Table II).

Table II

370 E F E C T  OF TH E  SOLVENT ON TH E FLU ORESCENCE SPECTRUM  O F TRY PAFLA V INE

r  and  R 0 fo r fluorescein in  g lycerol-w ater m ix tu res

G lycerol % 0,0 15,0 31,0 45,0 60,0 73,0 96,0

T i n  n s 4,56 4,42 4,17 4,88 5,05 4,25 4,25

R„ i n  Â 53,95 6 54,2 54,1 53,7 53,4 53,7 53,2

R — 33 7«■i*-0,mean — 1

C onsequently, it m ay be concluded th a t the dependence of R 0 on v iscosity  
is not alw ays of the sam e character; trypaflavine in glycerol-ethanol m ixtures 
and fluorescein in glycerol-w ater m ixtures are representing two typ ical cases 
of different behaviour. W hy is R u changed in trypaflavine solutions and w hy  
is it unchanged in fluorescein solutions when the glycerol amounts are altered  
in both  cases? This is a question w hich is connected w ith  the shift o f the  
spectra.7

3. As for the shift o f  the spectra w ith  increasing glycerol am ounts the 
cases o f trypaflavine and o f fluorescein considerably differ. In the case of 
trypaflavine solutions the difference o f the influence of the solvent on the  
absorption and em ission spectra m ay be associated w ith  a difference in  the  
strength o f the interaction  of the so lvent w ith the solute molecule in the  
ground and the excited sta te . In fluorescein solutions, where the influence  
of the so lvent is practically of the sam e type on both  the absorption and 
em ission spectra, no significant difference can occur in the strength of the  
interactions in the ground and the excited  state.

In [8] it is supposed that the m icrostructure of the solvent around the  
solute m olecules w ill change when these go over into the excited state. T his, 
however, can be established through the effect of the so lvent on the fluores
cence spectra only in cases-where the lifetim e of the excited  state ( t ) is greater

5 T h is v a lu e  is sm aller th a n  th a t  g iven  in  [4] (50 Â).
6 T he m odified  fo rm u la  g iven  in  [5] an d  [6] y ields a  m ean  v a lu e  of 52,0 Â.
7 A ccord ing  to  [9] n A g ,  th e  nu m b er o f processes in v o lv ing  en erg y  tra n s it io n  b e tw een  

th e  p a rtic le s  A  and  В  in  u n it tim e  decreases w ith  th e  increase o f v isco sity  of th e  so lu tion .
1 Г R Y

п д в  = -----( - 0—  (R a b  is th e  d is tance  o f th e  p a rtic les  A  an d  B ) ;  T ables I an d  II show
T I R ab '

th a t  in  try p a fla v in e  so lu tions n A g  decreases w h en  th e  v isco sity  is increased , in  flu o resce in  
so lu tions, how ever, i t  rem ain s  p rac tica lly  u n ch an g ed .
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than  the tim e required for the rearrangem ent which latter is characterized  
chiefly  by the relaxation tim e of the so lven t (r'). A ccepting these consider
ations the effect of the so lven t described above m ay be explained.

Since г 4 ns >  t '  ^  0.01 ns —  1 ns in both cases, the different behav
iour of the tw o system s m ay only be understood by assum ing a different 
behaviour o f the solute particles relative to  their surroundings even in  the  
ground sta te . In the case of fluorescein solutions in vestigated  the particles 
capable to  fluoresce are negative ions, thus hydrogen bonds betw een the  
solute and solvent may possibly be form ed (similarly as it was supposed in [8] 
in the case o f excited acetylanthracene in hydroxyl-contain ing solvents) 
even in the ground state. This phenom enon can not occur in tryp aflav in e  
solutions where the fluorescing particles are positive ions. The effect o f the  
solvent in trypaflavine solutions is th ou gh t to represent a case o f weaker 
close-order interaction betw een solvent and solute m olecules predicted in [8], 
the effect o f the solvent in fluorescein solutions, how ever, is supposed to be 
determ ined ch iefly  by th e  macroscopic properties o f the solvent (as it was 
m entioned in [3]). These differences lead to  a decreasing or unchanged overlap  
of the absorption and em ission spectra resulting in a decrease and con stan cy  
of R u in trypaflavine and fluorescein solutions, respectively.
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Alladi Ramakrishnan

E lem en tary  P articles an d  Cosm ic R ays

Pergam on Press, Oxford — London — New York — Paris, 1962.

“ E lem entary Particles and Cosmic R ays” , 
the work of All a d i R a m a k r ish n a n , Profes
sor of the U niversity  of M adras, D irector of 
the In s titu te  of M athem atical Sciences in 
M adras, is the resu lt of an in teresting  experi
m ent. I t  does no t follow in the steps of mono
graphs dealing m inutely w ith the problems 
of one special narrow  field, b u t offers a wide 
spectrum  of subjects to its readers. I t  sur
veys all those fundam ental principles, for
malisms, m ethods and ideas which m ay today 
be considered to belong indispensably to the 
basic knowledge of those who deal w ith the 
physics of elem entary particles and cosmic 
rays.

In the preface the au thor describes with 
engaging sincerity and m odesty the circum
stances under w hich the book came to  be 
produced. A t the  suggestion of Prof. H e it l e r  
he planned to w rite about the theory  of the 
phenomena of cosmic radiation. While writing 
the in troduction  to  the quan tum  theory 
— yielding to  tem pta tion  — he became 
absorbed in the exciting problem s of the 
fundam ental theory  of elem entary particles. 
Therefore tw o-thirds of the book are taken 
up by chapters about quan tum  and field 
theory , and the physics of fundam ental 
elem entary particles.

“ The w riting of any tex t book is consi
dered a drudgery, bu t to me i t  has been 
a m ost profitable and exciting experience” — 
w rites the au tho r in the preface. This cir
cum stance, which certainly exerted  a favour
able influence on the didactic structure of 
the book, the au thor ascribes first to his 
personal contacts w ith prom inent physicists, 
established during his journeys in Japan , 
in the U nited S tates of America and in 
Europe, secondly to  the a rden t cooperation 
of his pupils and to  the constructive debates 
in  connection w ith  various chapters of the 
book.

Excitem ent and enthusiasm , felt for the 
theory  and exciting m ysteries of the physics 
of elem entary particles, em anate from this

book, together w ith the hum ility  necessarily 
fe lt by a researcher facing the secrets of 
n a tu re  and striving to  find  the explanation  
of phenomena.

In  his preface th e  au tho r underlines ser
vice to scientific education  in India as one 
of his chief aims. “ This book is ju s t th e  pro
jec tion  of the newly awakened hopes and 
aspirations of the young scientific com m unity 
in  m y home tow n and  university and  its 
nascen t interest in m athem atical sciences.” 
T here can be no d o u b t, th a t by his aim  the 
au th o r endeavours to  m eet a dem and m ani
fested in the present period of the expan
sion of scientific research  activ ity  all over 
th e  world.

The book opens w ith  the in troduction  of 
th e  fundam ental postu lates of q uan tum  
m echanics, the principles of com plem entarity  
and  superposition. A fter a survey of the 
single particle wave equations (P a u l i, K l e in - 
G o r d o n  and W e y l  equations) the firs t chap
te r  ends with a review  of wave m echanics 
of the photon, based on the well-known 
m onograph of A k h ie z e r  and B e r e s t e t s k y . 
The second chapter, dealing with q u an tum  
electrodynam ics describes the pertu rbation  
m ethods and their applications (Co m pto n  
effect, annihilation, brem sstrahlung, pair 
p roduction , electron-electron in teraction), 
fu rtherm ore the problem  of self-energy, the 
anom alous m agnetic m om ent, the L a m b - 
sh ift, and finally th e  rem oval of divergences. 
The formalism of quan tum  field th eo ry  is 
th e  them e of the th ird  chapter; w ith in  this 
th e  chapter deals w ith  perturbation  expan
sions, w ith the ch aracter of the in te rac tion , 
W ic k ’s theorem, w ith  the use of H e is e n b e r g  
operators (based on K ä l l e n ’s H andbuch a r t i 
cle), w ith propagators, and  finally w ith the prin - 
ciples of invariance and  the conservation laws. 
In  the fourth chap ter pion physics is discussed, 
beginning with the basic experim ental facts 
and  low-energy pion-nucleon in terac tion ; a 
h istorical review follows describing the theo r
etical attem pts (w eak coupling, strong coupl-
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ing and phenomenological theories), then a 
short report is given of H e it l e r ’s theory  of 
rad iation  dam ping and the T amm  — D a ncoff  
approxim ation, ending w ith a discussion of 
pion-nucleon scattering  and photom eson pro
duction w ith in  the framework of Ch ew  — 
Low form alism . The fifth  chap te r of only 
eighteen pages, gives an account of the 
non-pertu rbative  approach (L eh m a n n  — 
Sy m a n zik  — Z im m e r m a n n ) to the problem  of 
quan tum  fields in  strong in terac tion , the 
m ethod of dispersion relations, including 
the Ma n d el st a m  representation  of the scat
tering am plitude. This is followed by the 
trea tm en t of the problem atics of strange 
particles in considerable detail. The sixth 
chapter firs t reviews the types of in teraction  
which play a p a rt in the processes of elem ent
ary  particles, the selection rules operative 
in  the course of the form ation of strange 
particles, and fu rth er w ith the effective cross- 
section correlations following from  the as
sum ption of charge independence, and the 
chief questions of weak decay processes 
( r  — & puzzle, kinem atics, decay of neutral 
caons, I A I  \ =  1/2 rule). The seven th  chap
te r  deals w ith  weak interactions and  gives 
a detailed account of the vio lation  of P  
and C invariances and some older and  some 
more recent ideas concerning the universal 
F e r m i in teraction , finally  it  touches on the 
open questions of the theory. The eighth 
chapter sum m arizes the experim ental results 
concerned w ith  the scattering processes of 
caons, the hypernuclei and th e  relative 
parity  betw een strange particles. The nineth 
chapter is devoted to the sym m etry properties 
of strong in teractions; the d ’E spa g n a t  — 
P r e n t k i’ scheme, the hypothesis of global 
and cosmic sym m etries; furtherm ore the 
mass form ula of P a is , Salam -P o l k in g h - 
o r n e  and F e y n m a n , and the  philoso
phical ideas w hich relate to th is ; about 
the model of F e r m i —Y a ng , Sa k a ta  and 
G o l d h a b e r , fina lly  H e is e n b e r g ’s nonlinear 
theory. The “ fundam enta l” p art of th e  book 
which is com plete in itself ends here.

The second p a rt dealing w ith  cosmic 
radiation  is also a whole in itself and  can be 
studied separately. I t  is divided in to  five 
chapters. The firs t, i.e. the ten th  in  th e  book, 
deals w ith prim ary  cosmic rad ia tion , its 
mass- and energy spectrum , its spatia l d istri
bution  and tim e variations. The eleventh 
chapter on the geomagnetic effects descri
bes, based on J á n o ssy ’s well-known mono
graph, the m otion of a charged particle

in  th e  field  o f a  m ag n e tic  dipole, ( th e  
STÖRMER-cone th e o ry )  and  to u ch es on 
th e  p rob lem  of th e  la t i tu d e  effect. D ealing  
w ith  in te rac tio n s  o f cosm ic rays w ith  m a t te r ,  
th e  tw e lfth  c h a p te r  gives survey  o f th e  
v a rio u s  theories o f m u ltip le  p ro d u c tio n  o f 
p a r tic le s  (H e is e n b e r g , L e w is —Op p e n h e i
m e r —W o u t h u y se n , F e r m i, P e a s l e e —T a- 
g a k i, L andau  — P o m e r a n c h u k , Su d a r s h a n  
—S riv asta v a , B h a b h a ). The len g th  o f th e  
th ir te e n th  c h ap te r  on  cascade processes a n d  
th e  d e ta iled  m a th e m a tic a l tre a tm e n t re v ea l 
t h a t  th is  is a fa v o u rite  su b jec t of th e  a u th o r .  
T h e  la s t,  re la tiv e ly  b r ie f  fo u rtee n th  c h a p te r  
d ea ls  w ith  th e  o rig in  o f cosmic ra d ia tio n .

The Appendix of m ore than  fifty  pRges 
contains good sum m aries of the general con
ceptions, useful m athem atical aids and a 
collection of form ulas. T hus a survey is given 
of the dimensions and  units of physical 
quan tities, the em ployed units, th e  m ost 
im p o rtan t form ulas of the m uch-used 
Cl e b sc h  — Gordan  coefficients and the W ig - 
NER 3j ,  6j ,  9j  symbols. The following fu r th e r 
sub-titles are included in the A ppendix: 
The D ensity of S tates, R elativistic  T ransform 
ation , Invarian t F u n c tio n , Q uantization o f 
the Equivalence of the F ey n m a n  and  
S -m atrix  Form alism s, On the Connection 
betw een Spin and S tatistics, Phase Shift 
A nalysis of Scattering , Resonance S ta tes  
of Strongly In te rac ting  Particles, Gauge 
Theories of E lem entary  Particles, The P rin 
ciple of Equivalence for all Strongly In te r 
acting  Particles.

The above description shows th a t  th e  
book — though no t a m onograph discussing 
in detail a special subject — cannot be 
considered a textbook either, which m ay  be 
followed for instance in  a university le c tu re - 
course. The senior un iversity  student, follow 
ing up  a subject on his ow n, a research-w orker 
read ing  for a scientific degree or doing scien
tific  research is given a useful hand-book* 
w hich offers basic inform ation in the field 
of elem entary particles and gives a good 
survey of the physical principles which form  
the basis of the som etimes com plicated 
m athem atical form alism  and which deals 
w ith  questions still under discussion. W ith  
its  ready  approach to  problems and  its  
ab u n d an t references to  the  literature , th e  
book m ay well serve as a guide to fu r th e r, 
more intensive studies. W ritten  in an a d v a n c 
ed didactic spirit and  a polished style* 
the book is published and  excellently p ro 
duced by Pergamon Press.

G. Gy ö r g y i
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Halbleiterprobleme VI Tagung Erlangen 1960.

Herausgegeben von Prof. Dr. F. Sa u t er , K öln. Verlag F r. Vieweg und Sohn, Braunschweig. 
V III 345 Seiten, 234 Abbildungen. — Preis DM 48. —

“ H albleiterproblem e V I” comprises the 
general lectures of the 1960 national sem i
conductor conference in Erlangen, Federal 
Republic of Germany. Due to the national 
character of the conference, the topic covers 
a som ew hat wider field  th an  is custom arily 
understood under th is heading. I t  should be 
pointed ou t first th a t p ractical applications 
are also discussed, and  second, th a t  an 
everincreasing tendency makes itself felt 
now adays to transfer th e  concepts, so success
fully developed in the case of Ge and Si, 
to oxide sem iconductors as well, m otivated  
undoubtedly  by the possibility of new tech n i
cal applications. The interm etallic sem i
conductors are notable by their absence in 
this volume.

Nine papers are published in the volum e, 
the f irs t one being a short and som ewhat 
belated paper by G. A. B usch  on the experi
m ental determ ination of the effective mass 
in sem iconductors and metals. The second 
paper by G. L autz deals w ith the electrical 
properties of sem iconductors a t low tem pera
tures. The experim ental and theoretical 
advances are discussed in the light of the 
im purity  band conduction. This concept had 
to be introduced, its  theoretical trea tm en t, 
however, is one of the m ost formidable p ro 
blems now confronting sem iconductor physics. 
We find  a large varie ty  of new experim ental 
facts, the  reversible breakdow n, its depend
ence on the m agnetic field, the dependence 
of the noise spectrum  on the frequency, the 
phonon drag effect, etc. One can, however, 
hope for a substan tia l theoretical advance 
in this field in the near future. The nex t 
paper by G. H . J o n k e r  and S. van  H o u t e n  
deals w ith  sem iconducting metal oxides. 
The theory  presented is largely phenomenolo
gical, a tten tion  being gradually directed 
tow ards the experim ental determ ination of 
im purity  levels in various host crystals. We 
are clearly in the stage of data  collection 
yet, b u t im portan t p ractical applications are 
already indicated, because of the very wide 
variation of conductiv ity  w ith im purity  
content, and the large coefficient of absolute

therm oelectric power. The paper of A. H o ff 
mann  describes the m ethods used for the 
physical determ ination of th e  im purity  con
ten t of very  pure silicon. I t  is claimed th a t 
during vacuum  zone m elting, some of the 
boron evaporates from silicon, so th a t after 
about 50 — 70 zone passes specific resistivity 
in excess of 105 Ohmcm can be obtained, 
corresponding to a boron conten t below 
1011 cm -3 . The next paper by  F. K uhrt  
deals w ith  practical applications of the Hall- 
effect. M agnetic field m easurem ent, contact- 
free pulse signal generation and  multiplica
tion by the Hall generator is discussed. 
U. B ir k h o f f ’s paper sum m arizes the advanc
es in th e  construction of semiconductor 
therm oelem ents. Here the m ain  problem is 
to find m aterials with a high therm oelectric 
power, high electrical, b u t low therm al 
conductivity . Bars of Bi2T e3 — one of the 
most thoroughly  investigated materials in 
this connection — have been produced by 
powder m etallurgy methods. The paper of 
F. L ü ty  deals with electron transitions in the 
colour centres of alkali halides. The theore
tical problem s are already solved for the 
simplest cases, bu t there is an immense 
variety  of center complexes, the interaction 
of which, the chemical im purities and dislo
cations m ake a fruitful field of research for 
still a good m any years to  come. F. Stock
mann  tre a ts  of the current-voltage character
istics of ohmic contacts in semiconductors 
and insulators. The problem centres around 
the developm ent of space charge and its 
effect on the charge carriers. The last paper, 
w ritten  by  F. W. D e h m e l t , informs the 
reader of new advances in crysta l diodes and 
transistors, w ith a brief account of the para
metric and  tunnel diode, the four-layer diode 
and the tunne l transistor.

The book published by F r. Yieweg & Sohn, 
Braunschw eig is of the usual high-quality 
printing, easily readable, and  is of great 
value to  th e  solid state scientist and the 
engineer engaged in sem iconductor work.

E. N agy
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376 R ECEN SIO N ES

I. P rigogine

Introduction to Therm odynam ics of Irreversible Processes
Second, revised edition , Interscience Publishers,

John  W iley and Sons, New Y ork, London, 1961. X II +  П 9  p.
The aim  set by the au th o r in his booklet, 

the firs t edition of which appeared in 1955, 
was to give an elem entary in troduction  to th e  
theory  of irreversible therm odynam ics, as 
developed on the foundations given b y  
On sa g er  in 1931, and to  present a t the same 
tim e applications of th e  theory  to some 
simple b u t practically  re levant problems. 
The au th o r being one of the m asters of classic
al therm odynam ics and one of the pioneers 
of the new theory  as well, i t  is no wonder 
th a t  th is  astoundingly clear and concise 
outline was a world success and th a t the firs t 
edition rap id ly  disappeared from  the book
shops. In  the following years, several excel
len t m onographs and textbooks dealing w ith 
these topics have been published, bu t there 
is no o ther in troductory  work to be found 
th a t  could parallel P r ig o g in e ’s in its sim pli
city , and which a t the same tim e is as com pre
hensive and suggestive. The publication of 
the p resent new, revised edition is to be 
warmly welcomed, the more so, as it  has 
been enlarged by a parag raph  dealing w ith  
continuous systems and by a new chapter 
on non-linear problems, which m ay stim ulate 
the developm ent of a coherent non-linear 
theory , and  which itself is a rem arkable 
contribu tion  to  th is end.

From  the seven chapters of the book, 
the f irs t three introduce the fundam ental 
concepts and laws of th e  classical theory  
(reversible therm odynam ics or therm osta
tics), b u t in a m anner different from m ost of 
the usual treatm ents. The m ain emphasis is 
laid on th e  description of the fundam ental 
and distinctive properties of systems closed, 
respectively open to m ass transfer, and on  
the deduction of the re levant balance equa ti
ons for m ass, energy and entropy. In chapter 
iii the simple m anner is im pressive in w hich 
the concept of entropy production is in tro 
duced, and  also its explicit determ ination in 
a varie ty  of typical irreversible processes. 
This procedure conveys to the reader an 
essential knowledge of th e  concepts occurring 
in  the general theory, these being illustrated  
by several concrete exam ples of practical 
in terest. The reader is thus well prepared for 
the study  of O n sa g er’s theo ry  of irreversible 
processes given in chap te r iv.

The special structure  of O n sa g er ’s theory  
raises a methodological problem : though th is 
theory  is, similarly to  th e  classical theory  
essentially a phenomenological one, it  is 
nevertheless based a t p resent to  a great ex ten t 
directly  on considerations of a statistical

nature. Thére is thus a gap betw een the 
foundations of the classical and  the new 
therm odynam ics, which could be elim inated 
only by expanding the la tte r also in  a purely 
phenomenological way, such a departure 
from On sa g e r ’s original tre a tm en t having 
been urged recen tly  by more th an  one author. 
P r ig o g in e , w ho is obviously qu ite  aware of 
th is dilemm a, tries to diminish th e  existing 
difficulty d idactically  a t least, b y  defining 
w ith the aid of th e  phenomenological methods 
of the classical theory  such quan tities, as are 
introduced in O n sa g er’s theory by  statistical 
considerations, through the fluc tua tion  the
ory. The fundam entals of On sa g e r ’s theory, 
the theory of fluctuations, the theorem  of 
reciprocity and  th e  presentation of th e  under
lying m echanical principle, the hypothesis of 
microscopic reversibility  are to  be found of 
course in chap te r iv.

Chapter v  and  vi deal w ith some simpler 
applications, and  serve rather as illustrations 
of the theory  th a n  as detailed discussions of 
the studied phenom ena, complete from the 
practical view point. In chapter vi, special 
a ttention  should be called, how ever, to the 
masterly analysis of the principle of minimum 
entropy p roduction  and the concept of the 
stationary s ta te  ensuing from it. This p art 
of the book m ay  be easily understood by 
any practical chemical engineer w ith s ta 
tionary w orking process units, and  is a very 
useful guide in  the handling of industrial 
problems. The paragraph on biological appli
cations of th e  theory  is also of g rea t interest.

The last chap te r deals w ith problem s of 
non-linearity, th e  treatm ent being based on 
the theorem  of G lansdorf and P rig og in e  
concerning th e  differential behaviour of 
entropy production . This chap ter is mainly 
a program for th e  elaboration of a non-linear 
theory, by generalization of O n sa g er ’s 
linear one. T he need for such a th eo ry  is felt 
most u rgen tly  by  chemists dealing w ith 
chemical reactions, thus the incorporation 
of the ideas expounded in this la s t chapter 
into the new edition has to  be w arm ly wel
comed from th is  side.

The whole booklet is, besides being clear 
and concise, m ore than  a simple in troduc
tion, for it  does not shrink back  from the 
discussion of th e  most actual and  difficult 
problems, being thus a stim ulating lecture for 
the beginner and  equally for the advanced rea
der. The elegant get-up and clear typography 
of the book represen t an agreeable feature.

G. Schay
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