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SYNTOPOGENOUS SPACES WITH PREORDER. 
V (EXTENSIONS)
K. MATOLCSY (Debrecen)

The present part o f the series ([11]—[14]) deals with the extensions o f preordered 
syntopogenous spaces. Our results give the generalizations of numerous notions 
and theorems concerning the classical theory of compactifications o f ordered topo
logical and proximity spaces and the completion o f  ordered uniform spaces (cf. [4], 
[5], [15]—[18]). Since in this paper no convexity or separation condition o f the initial 
space is assumed, more general connections can be obtained even if  only the parti
cular topological, proximity or uniform case is considered. In the construction of 
these extensions the methods developed in [6]—[10] will be used, but the reader 
who is not familiar with this theory can find a short introduction to syntopogenous 
extension theory in Section 2, too.

In the first version o f the manuscript of this article the proof o f Theorems (4.3) 
and (4.7) was partly incorrect. I am very grateful to Prof. Á. Császár for pointing 
out these errors.

0. Introduction

A reflexive and transitive relation S  on a set E  is called a preorder, and the 
pair (E , ё )  is a preordered space. A preorder ^  is an order iff x, y(zE, x ^ y  and 
j S x  imply x= y. X a E  is said to be increasing (decreasing) iff x£X, x ^ y  (y = x) imply 
y£X. i(X) and d(X) denote the smallest of all increasing and decreasing sets, res
pectively, containing an arbitrary I c £ .  The graph o f S  is defined by G (^ ) =  
— {(x,y): x ^ y j. If s '  is another preorder on E  then we say that s '  is finer than 
s  iff G ( s ' ) c G (S ) .  In this case every increasing or decreasing set o f (E, s )  
is increasing or decreasing in (E , s ' ) .  A mapping /  of (E, s )  into a preordered 
space (£"', s ' )  is preorder preserving (inversing) iff x ,y£E , x S у  imply / (x ) s ' / (y )  
(f(y)='f(x))-

In respect both o f terminology and notations concerning syntopogenous spaces 
we follow the monograph [6].

A preordered syntopogenous space is a triplet (E, Of, S )  consisting of a set E, 
a syntopogenous structured and a preorder S  on E  (cf. [1]—[3], [11]— [14]). If, for 
< € d ,  we define (?(-=) =  {(x, y)£EXE: x ^ E —у  is false}, then G (d ) =  П {(?(<): 
< € d }  is the graph o f  a preorder on E. (2s,d, S )  (or shortly d )  is increasing 
(decreasing) iff G ( s ) c G ( d )  ( G i S ^ c G t d ) )  (cf. [11], [1]—[3]). In an arbitrary 
space (E, d , S ), d u (d ')  denotes the finest of all increasing (decreasing) syntopo
genous structures on (E , S )  coarser than d , and it is called the upper (lower) syn
topogenous structure o f (E, d , á ) (see [2]). If a is an elementary operation ([6], 
p. 80) then (E, d ,  S )  is said to be “-convex iff d ~ ( d uV d i)a ([11], cf. [1]—[3]
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4 К. MATOLCSV

for а= г, p or b, see also [11], (4.2)). (E, Ü, = )  is called symmetrizable [11] iff 
.% < ,if < if$  for a symmetrical ‘-convex syntopogenous structure if0 on (£ , á ) .  
In the present paper we shall consider only the special case in which i f  is perfect. 
Then i f  ~ if§ . A space (E, i f ,= )  is continuous [12] iff, for any •*=O f, there 
exists -<xELf such that A < B  implies i(A )^1i(B) and d(A)^1d(B). (.E ,if , = )  
is T0-preordered iff G (^ ) = G (ifu)C\G(.iflc) (see [13]).

1. Relatively T0- preordered spaces

A  preordered syntopogenous space {E ',if', s ' )  will be said to be relatively 
T0-preordered with respect to EczE', if

(1.1) (G{Sru)C\G(Srlc)) - (E x E ) c  G (s').

It is obvious that a T0 -preordered space is also relatively T0 -preordered with respect 
to each o f its subspaces. A discretely ordered space (E ',£f', = )  is relatively Го-or
dered with respect to EczE' iff [E',if'] is relatively separated with respect to E 
(cf. [6], p. 241).

(1.2) L em m a. Let (E, i f ,^ )  and (E ' ,if ' ,s ' )  be preordered syntopogenous 
spaces such that EczE', if ' \E < if  and G ( á ) c G ( s ' ) .  Then

(1.2.1) i f ’u\E < ifu and Sf'l\E <Sfl.
(1.2.2) I f  {E',if', s ' )  is T0-preordered and G (^ ) =  G(^')C\EXE), then {E ,if, S )  
is also T0-preordered.

(1.2.3) I f  (E, H ,= )  is T0-preordered, i f 'u\E ~ ifu and i f n\E ~ ifl, moreover 
(E', i f ' , s ')  is relatively T0-preordered with respect to E, then (E', i f ', s ' )  is also 
T0-preordered and G (^ ) =  G(^')C\(EXE).

P ro o f. (1.2.1): The canonical injection o f E  into E' is continuous and preorder 
preserving, thus i f 'u\E is increasing, i f ’l\E is decreasing, and both o f them are 
coarser than ■S'’ (see [11], (1.1.4)).

(1.2.2) : The canonical injection satisfies the conditions o f [13], (1.9).

(1.2.3) : It is easy to verify that i f 'u\E ~ ifu implies G (if'u)C \(E X E )=G (ifu), 
and i f ' l\E ~ ifx implies G {if'lc)C \{E xE )= G {iflc). Hence G (^ '“)D G (^ " c)n  
n ( £ X £ ) - G ( y “) n G ( y ,c) = G ( S ) c G ( á ' ) .  IE',if', s ' )  satisfies (1.1), therefore 
G {if'u) i \G { if ,lc)czG (^ '\  Finally G ( s ' ) c G ( y ' “)n G (^ " c) (cf. [13], (1.0)), thus 
G ( s ' ) n ( r x r ) - G ( ^ ' “)n G (^ ’"c)D (£ 'x r )= G (^ '')n G (y ,'c) := G (s ) . □

If (E', s ' )  is a preordered space then, for each &XEczE', a preorder s  can 
be defined on E  by

(1.3) G (s) =  G (s')n (£X £).

Conversely, if E' is a set, EczE', and S  is a preorder on E, then the definition

G (s ')  =  G (s)U {(x , x): x d E '-E }

Acta Mathematica Hungarica 46, 1985



SYNTOPOGENOUS SPACES WITH PREORDER. V 5

yields a preorder on E' satisfying (1.3). If, in addition, we consider a syntopogenous 
structure 9 ” on E', =  cannot be always extended onto E' so that the originating 
preordered syntopogenous space (E ',9”,s ! )  be relatively T0 -preordered with 
respect to E.

(1.4) E xam ple. Let 0  be the indiscrete syntopogenous structure o f E' ([6],
p. 95) and E  be a preordered subset o f  E' such that 9xE '~E , and x ^ y  for at 
least one pair (x, y)dE xE . Then there is no preorder s '  on E', for which G (S )=  
= G (s')f)(E X E )  and (£', 0, s ' )  is relatively T0-preordered with respect to E. 
In fact, G(G)=E'XE' would imply (E 'X E ')-(E X E ) a  (G(Gu)r\G(C)lc) ) -
—(E X E )cG (^ '), thus x s 'w s 'y  for some udE '—E, consequently (x, y)d 
dG (m ')f](E X E )=G (S ), which contradicts the choice of x and y. □

The following theorem shows that a condition weaker than (1.3) can always be 
fulfilled by a suitable preorder on [E', 9 ”]:

(1.5) T heorem . Let [E',9'] be a syntopogenous space, EczE', and S  be a 
preorder on E. Then there exists a preorder s' on E' with the following conditions:
(1.5.1) G (S )c G (s ' ) .

(1.5.2) (is', 9 ' ,  s ' )  is relatively T0-preordered with respect to E.

(1.5.3) s '  is the finest o f all preorders on E' satisfying (1.5.1) and (1.5.2).

P ro o f . Let the ordering structure Ф (IP) consist of all ( 9 ' ,  9 ) - continuous 
ordering families cp (ф) such that, for any fdq> (gdФ), f\E  is preorder preserving 
(g\E is preorder inversing). ФХ$, because the family of all constant func-
tionsisin  ФГНР. If x,ydE ', then define x s 'y  iff there exist points x 0, xl t ..., x„d. 
dE' such that

(1.5.4.)

x  =  x0, xn — y, and for any 0 S  i <  n,

■ (xf, xi+1)dE X E  => X, ^  x t+1, (хг, xi+M E X E  =>f(x,) s £ / ( x i+1) and 

g(xi+1) ^  g(xf) for each fd<pdФ and g£\l/£T.

It is obvious that s '  is a preorder on E' such that G (S )cG (s'). Any fd(pdФ 
is preorder preserving, and any g£\J/d Ч' is preorder inversing, thus 9 Ф is decreasing 
and 9 V is increasing on (E', s ' )  (see [6], (12.13), (12.24); [11], (1.5), (1.1.6)). We 
have 9 Ф< 9 ’ and 9 V< 9 '  by [6], (12.33), hence 9 ф< 9 п and 9 V< 9 ' U. Sup
pose (x, y)^EXE, x^ß'y. Then either /(y )< /(x )  or g(x)<g(y) for some fdcpd Ф 
or gd фd'É■ Then y < veE'—x  or х < фсЕ'—у  f o r a  suitable s=-0, therefore 
(x ,y)d .G (9',c) or ( x ,y ) \G ( 9 'u). From this (С ( Г “)ПС(У"с))-(Е Х £ )сС (^ ').

Suppose that s "  is a preorder on [E\ 9 ']  satisfying (1.5.1)— (1.5.2). We show 
G (s')<zG (s"). In fact, assume x ,ydE ', x S 'y. There exists x 0, x l5 . . . ,x ndE' 
with (1.5.4). If (x,-, x i+1)dEXE  then XiS"xi+1 by G (S )c G (s" ) . If (xb xi+1)$  
iE X E  and X;^"xi+1, then х (< ^ >£Е ' - х (+1 or x t+ i^v,,E '—x i, where i[/(cp) 
is an ( 9 ' ,  ^-continuous ordering family on E' consisting of preorder inversing 
(preserving) functions with respect to s" , and e=>0 is a suitable real number (see
(1.5.2); [11], (1.12)). Since G ( S ) c G ( s ' ) ,  the elements of ф\E (tp\E) are preorder 
inversing (preserving), hence (<р£Ф). We have g(X;)<,,R — g (x i+1) (or

Acta Mathematica Hungarica 46,1985
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/ ( * í+i)<«r - / ( * i)) for some (or /£<?), consequently g(xi) c g ( x i+1) (or
/ ( x i+1) < / ( x ;)), which contradicts the choice of x t and xi+1. Thus x t^"xl+1, 
and from here x —x0^"x1s" ...^"x„=y, i.e. хё"у. □

(1.6) T heorem . Under the conditions of  (1.5) let us consider the preorder 
determined by (1.5.1)— (1.5.3), and let f  be a continuous mapping of (E',У”, s ' )  
into a preordered syntopogenous space {£", ё"). Suppose either

(1.6.1) (Еп,£ Г , s" ) is T0-preordered, or

(1.6.2) /  is an injection and (E'jSf", is relatively T0-preordered with respect to
№ .

In order that f  be preorder preserving it is necessary and sufficient that f \E  be 
also preorder preserving with respect to ^ .

Proof. The necessity is evident by (1.5.1). For the verification of the sufficiency, 
let us define a preorder on E' by the equivalence x ^ 0yo f(x )^ " f(y ). Then 
G ( S ) c G ( á 0) is obvious. /  is preorder preserving with respect to ^ 0, hence 
f - 1(9 ”'u) <  Sfx and f~~1(£f"l)<P '2, where ^  and denote the upper and the 
lower syntopogenous structure of {E',£/”, ^ 0)> respectively (see [11], (1.1.4)). 
Suppose (x ,y)€(E 'X E ')—(EXE) and х ф 0у. Then f(x)^p"f(y), either (1.6.1) 
or (1.6.2) is satisfied, thus we have f  (x )<{E" —/ (y) or / (y)< 2E" —f  (x), where 
<'idSr,u, There exists or < 'e ^ 2 such that / _1(< D  C < i
or / -1 ( < 2) C < 2, therefore x ^ E '—y  or y ^ E ' —x. This shows that (E ',9 ”, ^ 0) 
is relatively T0-preordered with respect to E, hence G ( ^ ' )c G ( s 0) by (1.5). From 
here x,y£E ', x^ 'y  imply x s 0y, i.e. f(x)^."f(y), th u s /is  preorder preserving. □

2. Extension theoretical preliminaries

The syntopogenous space [E', Sf'] (or the syntopogenous structure £/”) is said 
to be an extension o f the syntopogenous space \E ,if\ (or shortly^) if E  is a dense 
subset o f [E',^'], and 9 ” \ (see e.g. [8]).

A filter base r is called round in \Е ,У \  iff, for any R£ r, there exists R ^ r  such 
that Rx^R  for some ([6], p. 240).

Suppose that г is an arbitrary filter base in [E,£E], and define

&(r) = {V cE : 3R€r, 3 Л <  F}.

The following statements are obvious:

(2.1) y ’(r) is a round filter in [E,£E].

(2.2) If s is a round filter in [E,Sf] then 5^(s)=s.

(2.3) If ^  is a syntopogenous structure on E  such that £/’х<У> then S^(S^(r))= 
=  ̂ (r ).

Introducing the notations ^ {{A })—SA (A) and У ({х })= У (х )  for AczE  and 
x£E, 6f(A) and £f(x) are the neighbourhood filters o f A  and x, respectively.

Acta Mathematica Hungarica 46,1985



SYNTOPOGENOUS SPACES WITH PREORDER. V 7

If [E',SP'] is an extension of the syntopogenous space [E,SP\ then the filters 
У {х){Г \){Е }= {уС \Е \ V£IP'(x)} (x£E') are round in [E,iP\, and they are called 
the trace filters of this extension (see e.g. [8], (1.5)).

One of the most important methods for the construction of an extension of a 
syntopogenous space was described in detail in [8], Theorem 3.1. In our further 
examinations we need a more general form of this theorem, which can be deduced 
immediately from [9], (2.3), (2.2), (1.3) and (2.4).

(2.4) T heorem . Let [E, if] be a syntopogenous space and E' be a set such that 
EczE'. Suppose that, for each x£E', a filter s(x) is given in E with the condition

(2.4.1) S?(a(x)) =  S?(x) for x£E.
Put, for AczE,
(2.4.2) *04) =  {x£E': /i€s(x)}.
I f  <  £IP, the definition

(2.4.3) A < ' В <*3A0, с  E: A0 <  B„, A c  s (^ 0), s(B0) с  В 

yields a semi-topogenous order «=' on E'. With the notation

(2.4.4) s ( < ) = < ' «  
the order family
(2.4.5) s(ß>) =  {« (< ):

ls a syntopogenous structure, which is an extension of IP, and the trace filters are of 
the form IP{ s(x)) (x£E'). □

(2.5) C o ro llary . Under the conditions of (2.4) let £PX be a syntopogenous 
structure on E suchthat IPX <IP. Then Ŝ 1(s(x))=S^1(x) for any x£E, and s(&j) 
is an extension on E' o f IPY coarser than s(H). □

(2.6) L emma. Under the conditions o f  (2.4) suppose that the filters s(x) (x£E') 
are compressed in [E, IP], and let IP' be a syntopogenous structure on E' suchthat 
IP’<s{IP). Then
(2.6.1) X, YczE', X-PY imply Xczs(YC\E) and s(Xf)E)<zY.

(2.6.2) y'~s(SP'\E).

(2.6.3) I f  IP ~£PP and s(x) is a Cauchy filter in [E,IP] for any x£E', then s(IP)~  
~s(Sf)P.

P ro o f . (2.6.1): There exists <£IP  suchthat < 'C  s (< ) .  From this

X a  (J s(Xj), Ü  s(Yj) c Y, Xj <  Yj 
j=i s=1

for some natural number n and sets Xj, Yj (1 ё у ё л ) . If x£X  then x£s(X j) for an 
index j ,  i.e. Xj£s(x). From (2.4.1) it follows that XjCzYOE, thus YC\E£s(x) 
and x ? i(F f l£ ) .  In fact, y£X j implies Yj£SP(y)=IP(s(y ))cs(y ), that is у^5(Т;)П 
L\EdYC\E. Conversely, suppose Putting < i 69*, -= C one can
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choose sets Zj- (1 = У=и) suchthat Xj -^Z j-^Y j . Similarly to the above reasoning

we get Х П £ с (  (J я(Х,))ПЕ=  (J (я(Х,)П£)<= (J Z , by (2.4.1), thus U  Z ,€s(x).
j'= i  j'= 1 j = i  j = i

0$ {Zj'}(n)s(x) for at least one index ./, hence in view of the compressedness of 
s(x), we have Yj€s(x), i.e. x £ s(Y fia Y .

(2.6.2): Suppose ~='C<í3- Then Z<'.S implies A^=XC <
<'XD<'XB for some C ,D cE ', therefore С П £,(<(|2Г)£>П.Е' and (2.6.1) give 
4 c r ( C f l£ )  and í ( D f ) £ ) c ő ,  thus As(<[\E)B. From here -e 'C s^ il-E ). 
Conversely, assume «= €£f'\E, A0,B 0czE, A0̂ B 0. If < , |£ '= < , then
A < B ,  AqCzAOE, BC\EczB0 for suitable sets A,BczE'. Suppose < ÍG ^ \ 
< ' C < i 3, and put A < XC^'XD < XB. Then 5 (Л )а (у 1 П £ )с С  and D czs(ßC \E )c

(2.6.3): Suppose -=GSG and choose < 4GS'* such that <  C -=f, finally 
assume < f C < 2€5G We show í ( < ) pC í (< s). If A s(< )pB then xs(<)B  for 
any x€A, i.e. x€s(A x), s(Bx) czB, where AX̂ B X. One can find CxczE with 
4 l* < iC ,< i£ ,.  Then A0=  (J Ax~=2 (J CX= C 0. It is clear that Acz (J s(Ax)cz

XÍA x£A x£A
<zs(A0). At the same time s(C0)(cB  is also true, namely y€s(C0) implies ТПС^.^ 0 
for at least one point x£A, where P  is a member o f  s(y) with the property that 
X < xY, PCIXA0 imply P c Y .  Thus PczBx and y£s(B x)czB. □

3. Preorders on [E \ s(£f )]

Throughout this section the following fixed notations will be used:
(E,Sf, S )  is a given preordered syntopogenous space, EczE', s(x) is a filter 

ín E  for any x£E' suchthat &(в(рсУ)=&(х), provided x£E. We write £f'=s(Sf) 
(see (2.4)).

Let P denote the set of all pairs (£fx, ■%) consisting of syntopogenous struc
tures on E, where Sfx and are coarser than SPX is increasing and SP2 is decreasing 
on (E, S )  (or equivalently £fx <  SYU and ST2<£El).

If (j? i,i^ )£ P , we define the preorder s '  corresponding to {JXx, 6̂ 2) on E' 
as follows:

x s ' y  iff there exists a sequence x0,x l5 . . . ,  xn of points of E' suchthat

(3.1) x  =  л0, xn — у  and, for any 0 á i < n ,  (xt, xi+1)£E X E  => xt ^  x i+1, 

(x;, x i+1) i£ x £ = >  ^ (s(X j)) c  s(xi+1) and ^2(s(xi+1)) c  s(xt).

It is easy to see that s '  is in fact a preorder.

(3.2) L em m a. I f  ( ^ ,У 2)6Р, (5 ^ ,^ 4)€P, i f x<SP3 and ^ 2< ^ 4, then the 
preorder corresponding to (£f3, У 4) is finer than the preorder corresponding to (£TX, ■9’2).

The next theorem characterizes the preorders o f  this type in the following way:

(3.3) T h eo rem . Suppose that s '  is the preorder corresponding to (Sfx, ^ 2)€P, 
and put !Xx =s(fPx) ,  £/’2=s{fE^) (cf. (2.5)). Then
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(3.3.1) Both and 9 2 are coarser than 9 ' ,  9 {  is increasing and 9 2 is decre
asing on (E', s ') .

(3.3.2) G (S )C G (S  ')•

(3.3.3) (G(9i') П G (9 2'c)) - ( E x E)cz G (s ').

(3.3.4) s '  is the finest preorder satisfying (3.3.1)—(3.3.3).

N ote. From (3.3.1) and (3.3.3) it follows that (E ',9 ', s ' )  is relatively 7),-pre
ordered with respect to E.

Proof. (3.3.1): The first statement issues from (2.5). N ow  we prove that

(3.3.5) x s 'y  implies .^ (s fx ^ csQ ') and ^ ( s ^ c s ^ )  for any x,y£E'.

Indeed, assume x,yd.E', x s 'y ,  and let x„, xlf ...,x„  be a sequence chosen in 
accordance with (3.1). If (xh x i+1)£E X E  then (xh xi+1) £ G ( s ) c G ( 9 1). V £ 9 i(x f) 
implies xt< W < V  for some < € 9 X, thus xt+1£W, i.e. 9 X(xt)c 9 г(x,+x). 
From here 9 1{s(xi) ) = 9 1(xi)c :9 1(xi+1) = 9 1(s(xi+1))czs(xi+1), so that ^ (» (л г ^ с  
s(x i+]) for each O s i< n .  Suppose that á^(s(x))cs(Xi) is already shown for some 
0 S i< n .  Then we have 9 X (s(x)) =  9 1(9L( s ( x ) ) ) (xf) ) c s (х ;+ and continuing 
the induction we arrive at ^ (s (x ))c s (x „ ) =  s(y). The other inclusion of (3.3.5) is dual.

If x,y£E'; xs(-=.)E'—y, where < X 9 x, then there exist sets A, B c E  such 
that x£s(A), s(B )aE ' —y, A <B . Then B £ 9 1(s(x)), but B $s(y), thus х ф 'у  
by (3.3.5). This shows G ( s ') c G ( 9 1'). Analogously G (s')~ 1c G ( 9 2).

(3.3.2) is trivial.
(3.3.3) : If (x ,y )fE X E  then x ^ 'y  implies either 5^(s(x))cts(y) or 

•^(sOO) £*(*)• E.g. in the first case there exist A<Es(x), < £ 5 ^ ,  A-=B suchthat
s(y). Thus x£s(A), s(B)<zE'—y, i.e. xs{<)E ' —y, which means (x, y)$.G (9{). 

In the other case (y, x) $G(9£), that is (x, y) $ G (9 2C).
(3.3.4) : Suppose that <" is a preorder on E' with the properties G (s )a G (s " )  

and (G (9 i)D G (92'))—(EXE )c:G (s"), and put x s 'y .  If x0,x 1, . . . , x n is a 
sequence determined by (3.1) then (xh x i+1)£E X E  gives xts " x i+1. If (x;, x ;+1) (j 
$E X E  then xts ' x i+1 by the definition of s ' ,  thus (xh x i+1)^ (G (9{)r)G (92))~ 
—(EXE) issues from (3.3.1), therefore x ,s " x j+1 by hypothesis. Hence x =  
= x 0s" x 1s ''  ...s" x H= y , i.e. x s" y . □

For compressed filters s(x) the converse is also true:

(3.4) Theorem. Suppose that s(x) is compressed in 9  for any xdE'. Let 
9 { , 9 2 be syntopogenous structures and s '  be a preorder on E' satisfying (3.3.1)—
(3.3.4). Then s '  is the preorder corresponding to the pair (9{\E , 9 2\E)fP.

Proof. The canonical injection o f E  into E' is preorder preserving by (3.3.2), 
thus from (3.3.1) and [11], (1.1) it follows that (9{\E , 9 2\E)dP indeed. Hence the 
preorder corresponding to this pair is defined on E', and because o f 9 {  rs-' s W IE ), 
9 2~ s (9 2\E) (cf. (2.6.2)) it is equal to s '  (see (3.3)). □

It is the most important particular case o f Theorems (3.3)— (3.4), in which 
9 1~ 9 U and 9 2~ 9 \
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(3.5) T h eo rem . Let s '  be the preorder corresponding to the pair {Sfu,S fl). 
Then

(3.5.1) Sf'u\E~Sfu and Sf'l\E~Sfl.

(3.5.2) I f  (E, if, S )  is T0-preordered then (E',Sf', g ') is also T0-preordered and 
G (s)=G (,s')(M .EX E).

(3.5.3) Every bounded preorder preserving (inversing) (Sf, $ ) -continuous function has 
a bounded preorder preserving (inversing) (Sf', J)-continuous extension.

P roof. (3.5.1): Sfû s(S fv!) \E < S f’u\E<Sf'> by (2.5), (3.3.1) and (1.2.1). The 
other case is similar.

(3.5.2) : The statement issues from (3.5.1), (1.2.3) and the note after Theorem
(3.3) .

(3.5.3) : Let /  be a bounded (ff, .//continuous function on E, and define a 
function f*  on E' as follows:

(3.5.4) : / * ( * ) = inf (su p /04): X€s(x)} (x£E').
The boundedness o f f*  is evident. After this we prove f* (x )—f(x )  for x£E. In 
fact, owing to the (ff, .//con tin u ity  o f f  for any e> 0 , there exists V£Sf(x) with 
supf(V )^ f(x )+ e . From this f  *( x ) s f(x) by Sf (x) —if  ( s ( r ) )c s ( i ) ,  But, for each 
e> 0 , there is < £S f  suchthat / _1( < t/2jC  < ,  thus if A£s(x), sup f (J )S f* (x )+  
+e/2, then A czf~ 1((—°o,f*(x)+e/2])^ f~1(( — °°,f*(x)+e))—B, therefore B£ 
£Sf(s(x)), hence f(x )S su p f(B )S f* (x ) + £. This shows / (x )S /* (x ) .

In order to verify that / *  is (S f , .//continuous, put £ > 0 , and choose <£Sf 
such that / _1( < Е/з )С < . Then / * _1(< i)C s (< ) .  Indeed, if A ,B c E ',  y4/*_1( < e)B 
then Л с / * -1 ( (—°°,p]), / * _1((— <x>,p+e))c:B. Introducing the notations A0=  
= f ~ 1((—°°,p+e/3]), B0= f~ 1(( — °°,p + 2 e/3)), we have A0~=B0. x£A  implies 

f* (x )S p , thus there is X£s(x) with supf (X )S p  +  £/3. Then X c A 0, i.e. x£s(A 0). 
If y£s(B0) then supf(B 0)^p+2e,/3  implies f* (y )^ p + e , that is y£B. Because 
o f A a s(A 0), s(B0)<^B we get A s(^)B . (Cf. [9], (3.3), (3.4).)

L e t /b e  preorder preserving, and put x ,y£E ', x s 'y .  Then ^ /s iy ^ c r s ^ )  
(see (3.3.5)). For an arbitrary e> 0 , there exists A£s(y) such that supf ( A ) s  
—/* 0 0 + е /2- It is clear that A c z f ^ if — °°,/*(у)+г/2]), thus with the notation 

jS = / _1((— °°,/* ( / )+ £ ) )  we have A f~ 1(< e/2)B. Because o f f ~ x(J )< S f l (see [11],
(1.4) , (1.1.4)), A < B  for some <  £Sfl. Therefore B£SSl(s(y))czs(x), hence f* (x )S  
Ssup f(B )S f*  (y)+e. In view o f  the arbitrary choice of £, we get f* (x)S f*(y), 
consequently f *  is also preorder preserving. The train of thought is similar when 
/ is preorder inversing. □

(3.6) T h eo rem . Let s '  be the preorder corresponding to the pair (Sfu, Sf1), 
and suppose that the filters s(x) are compressed in Sf for any x£E'. Then

(3.6.1) S fu~ s(S fu) and Sf'l~ s(S fl).

(3.6.2) I f  (E, Sf, S )  is symmetrical and T0-preordered then, for any x ,y£E ', 
x s 'y  iff Sfu(s(x))c:s(y).

(3.6.3) I f  (E,Sf, S )  is'-convex then (E',Sf', s ' )  is also'-convex.
(3.6.4) If  s(x) is Cauchy in Sf for any x£E', and (.E ,£f, S )  is p-convex, then 

(£', Sf', s ')  is also p-convex.
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P roof. (3.6.1) follows from (3.5.1) and (2.6.2). (3.6.2): (3.3.5) shows that 
x ^ 'y  implies y ° ( s (x ) )c s ( j ) .  In order to see the inverse implication, first of all 
we prove
(3.6.5) ^ ( s W )  c  s(y) iff 4 W ) c s ( r ) .

Assume x,y£E', 5^“(s(_y))cs(_y). If ^ '( s ( j ) ) c[:s (a) then there exist -<-^£fl, 
A£s(y) and B a E  suchthat A but Z?$s(x). Suppose < C < ?
and A ^ C ^ B .  Then 0$ {E—5}(fl)s(x) implies E —C£s(x), thus E —A£ 
£Sflc(s(x))=6fu(s(x))czs(y), which contradicts the choice of A ((cf. [6], (15.50), [11],
(1.8)). The converse is dual. Now, if (x, y )$E X E  then x^ 'y  issues from (3.1), 
therefore assume x,y£E . Then .9,u(x)=£fu(s(x))~£fu(,cf ‘‘{s(x)))cz£fu(s(y))=,9:’u(y) 
(cf. (2.5)), and similarly Sfl(y )cS fl(x). From this one can deduce (x, y)£G(£fu)C\ 
ПG(Sflc), i.e. (x ,y )e G (^ )c G (^ ') ,  thus x^ 'y.

(3.6.3) : ( if 'uV if ' l)\E ={if'u\E)V(Sf',\E)~SfuVSfl~Sf, i f ’uy  Sfn < i f ’, thus 
we get Sf'u\f£f'l~ s(£f)=£f' from (2.6.2).

(3.6.4) : i f  ~ i f p, thus i f ' ^ i f ’* by (2.6.3). We have (Sf’uy i f ' ly \E =
= ( ( i f 'u У if '1) |£)p= (fif'u\E) v ( if ' l\Е)У~(iPuy i f ly ~ i f ,  and { i f 'u V ^ " )p <  i f ,p~  
~ i f \  thus { if 'uy i f ' ly ~ i f ’ follows from (2.6.2). □

4. Preordered double compactification and completion

In nis paper [17] R. H. Redfield showed that any uniform ordered space has 
a uniform ordered completion. The analogous result for proximity ordered spaces 
is due to M. K. Singal and Sunder Lai [18] (see also Remark (4.10)): such a space 
can be always considered as a dense subspace of a compact proximity ordered space.

In order to the generalization let us recall that a doubly compact (doubly comp
lete) syntopogenous space [E*,if*] is a double compactification (completion) of 
the syntopogenous space [E,if], if  E  is a dense subset of [E*,if*s] {[E*\.if*sh]), 
if* \E ~ if, and if"  is relatively separated with respect to E  (Császár [7], p. 5:, [6], 
p. 251).

Let (E, if ,  S )  be a preordered syntopogenous space. By a double compactifi
cation (completion) o f  (E ,if, S )  we shall mean a preordered syntopogenous space 
{E*,if*, ^*) such that

[E*, if"] is a double compactification (completion) of [E,if] and satisfies 
the following conditions:
(4.1.1) G (S )cG (= i* ),
(4.1.2) (E*,£f *, g*) is relatively T0-preordered with respect to E, 
and
(4.1.3) s *  is the finest of all preorders on E* fulfilling (4.1.1)—(4.1.2).

(4.2) T heorem . Any preordered syntopogenous space (E ,if , ^ )  has double 
compactifications and completions. I f  (E*, if*, ^*) and (E**,if**, ^**) are two 
double compactifications (completions) of (E,If, S )  then there exists a unique 
isomorphism f  of (E*,ff*, s* )  onto (E**,if**, ^**) suchthat f (x )= x  for each 
xe E.

Proof. (1.5), [7], Theorem 1, [6], (16.74), and [7], Theorem 2, [6], (16.80), finally
(1.6) o f the present paper. □
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(4.3) Theorem. The preordered syntopogenom space (E*,ST*, s* ) is a double 
compactification (completion) of (E,ST, Ш) iff EczE*, and there exists a one-to-one 
correspondence between the points x£E*—E  and all non-convergent round compressed 
(round Cauchy) filters s(x ) in [E,!TS] (in [E,STsb]) such that putting s(x) =  
=  {V cE : x£V } for x£E, we have

(4.3.1) ST*~s(ST) 
and
(4.3.2) is the preorder corresponding to (STu,STl).

Proof. The construction of a double compactification o f [E,ST] can be found 
in [7], Theorem 1 (cf. [7], (10)). The statement concerning a completion o f  [E,.T] 
is analogous ([6], (16.71)). In order to prove (4.3.2) let us denote by the preorder 
corresponding to (У’“, У’1). Then the upper and the lower syntopogenous structures 
of (E*,ST*, S*) are s(STu) and s(У1'), respectively, by (3.6.1). From (3.3) and
(4.1.1) —(4.1.3) it follows that is finer than ^  + . Conversely, denoting by ST{ and 
ST£ the upper and the lower syntopogenous structure o f (E*,ST*, ^*), resp., ST{, if) 
and ^ ' =  s *  satisfy (3.3.1)—(3.3.4). In fact, (3.3.1) and (3.3.2) are trivial. (3.3.3.) is 
also valid, because (E*, ST*, ■&*) is relatively r 0-preordered with respect to E. Sup
pose that s "  is another preorder on E* satisfying (3.3.1)— (3.3.3), and let STf and 
STf denote the upper and the lower syntopogenous structures of (E*, ST*,
(3.3.1) implies ST[<ST{ and f )< S T f,  thus (G (iff)П G(ST"C))-(Ey,E)a(G(STf) П 
ПG (^ 2 C) “ № X £ )c G (s "), i.e. (E*,ST*, ш") is relatively T0-preordered with 
respect to E. This and (3.3.2) show that (4.1.1)—(4.1.2) are fulfilled by (E*,ST*, ■&"), 
hence s *  is finer than (see (4.1.3)), and at the same time (3.3.4) is proved. Now 
Theorem (3.4) implies that — is the preorder corresponding to the pair 
(ST(\E, ST)\E). But ST(\E<ST\ f ) \E < S T l by (4.1.2) and (1.2), consequently r§+ 
I s finer than s *  (see (3.2)), that is s *  =  ^ + . □

(4.4) Theorem. I f  the preordered syntopogenous space (E,ST, Ш) is *-convex 
('-convex or p-convex) then its double compactification (completion) (E*,ST*,-^*) 
is also '-convex ('- or p-convex). If, in addition, (E, ST, s )  is T0 -fire] ordered then 
the double compactification (completion) is also T0-[pre]crdered, moreover 6’(= )  =  
—G(s')C](EXE), and за* is the finest [pre\order on E* satisfying these conditions.

Proof. The main part of the theorem can be verified on the basis o f  (4.3)’
(3.6.3) , (3.6.4) and (3.5.2). We need to see only that if  (E,ST, ё )  is ‘-convex ('- or
p-convex) and T,,-ordered, then the double compactification (completion) is ordered. 
In this case [E,ST] is T0, thus so is \E*,ST*\, too (see [13], (1.15) and [6], (16.75)). 
From this ST (s (x)) fST(y, (y)) follows for any xX y  in E*. Therefore it will be suffi
cient to prove that x,y£E *, x^*y  and y á * x  imply ST(s(x))=ST(s(y)). First of 
all we show y ’(s(x))=yp“(s(x))(n)y ,l(s(x)) for each xfE*. If V£ST(s(x)) then 
there exist W £s(x) and such that W < V . Suppose <  C ( < j U ~=-г)да,
where “= '  or p, and < 1€У’“, <?fiSTl. Choose < \fS fu and < 2£STl with 
< !C -= í2, < 2С-=г2, finally assume <fiST, and < 2C < '. If (E ,S S ,s)
is ‘-convex (i.e. “=*), then

W =  ű  (WjEwf), v=  U (Vin v/), Wj ^ V j , W f ^ v ;  (i s j s n ) .
J = 1 j = 1
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We have U j^ V j and IV/<'2Uj<'2V/ (X sj^ ri). For at least one index j ,
we get &${ЩГ\Щ'}(Г\)s(x), hence Ujds(x), and Ujds(x), because s(x) is 
compressed, consequently Vd>VJC]Vj'dStPU(s(x))(C\)6Al(s(x)). I f  (E, V , is 
p-convex (i.e. ° = p) and [E*, SP*\ is the completion o f [E, V] (i.e. s(x) is Cauchy), 
then there exists P£4K <')ns(x:) (see [6], (15.34)). For ydPC\ W  we have y ( < xU  
U < 2)eF, hence уЕЩПЩ., JiDV2c V , where W i < a n d  Assu
ming fV ^ ÍU ^ ÍK , W2< 2U2< 2V2, from РПЩ ПЩ ^0 the inclusions 
Ec: Ux, P d U 2 follow, thus V dV l C\VidV?u(s(x))( П) У '(s(x)). Therefore in 
both cases á^(s(x))czS^"(s(x))(n)á^l(a(x)). The converse is clear. Now, if x ^ * y  
and y^*x, then (3.3.5) gives £P“(s(x))=V’u(s(yj) and У11 (s(x ))=SP‘(s(y)), con
sequently £A(s(x))=SP(s (y)) and x = y .  □

R em ark . A s the double compactification (completion) o f a  symmetrical or 
topogenous (symmetrical, perfect or biperfect) syntopogenous space can be chosen 
also with the same property ([7], Theorem 4 and 5; [6], (16.74)), (4.4) gives a genera
lization of the results of Redfield [17] and Singal— Sunder Lai [18] (see also (4.10))

(4.5) Theorem. The double compactification o f  a continuous symmetrical preor
dered syntopogenous space is also continuous.

Proof. Let (E*,£P% ^*) be the double compactification o f  the continuous 
and symmetrical space (Е ,У ,^ ) ,  and denote, for AdE*,

i*(A) — {y£E*: x s * y  for some xdA}
and

d*(A) =  {ydE*: y ^ * x  for some xdA}.

First of all we show that

(4.5.1) <£,5^ A < B  imply s(i(A)) d

Assume y£,s(i’(^4)). If ydE  then ydi(A), therefore x S y  for some xdA dB , 
thus x s * y  and x£J3, which means ydi*(s(B)). Suppose y$E . Then V (А)(П) 
(Г\)&’,(э(у))=г  is a round filter in [E,£P]. In fact, VdVl(s(y)), Cd-V(A) imply 
d (W )d V  for some iVds(y) (see [11], (1.2)), thus in view of /(y4)£s(y) we get 
0Ai(A)fVV, i.e. 0А А  í)d (íV )d C DV. r can be included in a maximal round filter 
z in  [E,£P\, which is compressed ([10], (5.2)). If z-+xdE  in SP, then z = V (x )c s (x )  
because Sf (x) is also maximal round in [E,SP]. I f  z is not convergent in [E,£P] 
then z= s(x ) for some xdE*—E. In both cases we have xds(B) and x s * y .  
Indeed, 5 6 ^ ( 4 ) c r c z c s ( x ) ,  and on the other hand ^ ( s ^ c r c z c s f x ) .  By
(3.6.5) .Vu(s(x)')ds(y) is also true, hence x s * y  as we stated (see (3.1)). Thus 
yO*(s(B)).

Now we show
(4.5.2) < £ ^  A ^ B  imply i*(s(A)) d  s(i(B)).

If y£i*(s(A)) then Ads(x) and x^ *y  for some xdE*. There exists an order 
-=i diPu suchthat i(A )< 1i(B), because (E,£P, s )  is continuous (see [12], (2.4.5)). 
From i(A)ds(x) it follows that i(B)dV*u(s(x ))d s(y ) (see (3.3.5)), i.e. yds(i(B)). 

Suppose Choose suchthat <  C and select for

which А < гВ implies i(A )<2i(B). If A ,B dE *, A s(<)B , then A d \J s (A j) ,
j=i
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п
и s(Bj)<zB, where Aj-^Bj for any I s j S n .  Put A j< xCj-<xD j<xBj (1 ^j^ri).

Then i* (A )c  (J i*(s(Aj))cz |J  s(i(Cj)) and |J s(i(Dj))cz (J i*(s{Bj))<zi*(B) by

(4.5.1) — (4.5.2). Owing to i(C j)<2i{Dj), we obtain i*(A) j ( < 2) **(ß).
The verification o f the fact that, for < £ 9 ,  there exists < г£ 9  such that 

A s{< )B  implies d*(A) j ( < 2) d*(B) is dual. □

R e m a r k . Observe that the symmetricity of 9  (as well as the compressedness 
of the filters s(x)) was used only for the verification of (4.5.1). I do not know whether 
these conditions can be omitted. □

Further on let (E ,9 , s )  be a symmetrizable preordered syntopological space. 
Then [E ,9 ]  is symmetrizable in the sense o f  [7] (see[ll],ch . 4), thus it has a Császár’s 
compactification ([7], Definition 3) (that is a compact symmetrizable syntopological 
extension \E ',9'] of [E ,9 ] ,  which is relatively separated with respect to E).

The preordered syntopological space (E', 9 ' ,  s ')  will be said to be an ordinary 
compactification of {E ,9 ,  S ) ,  if [E ',9 '] is a compactification of [E,9 ]  (in the 
above sense), moreover the following conditions are satisfied:
(4.6.1) {E ',9 ', s ')  is symmetrizable.
(4.6.2) G (S )C G '(S ').
(4.6.3) I f  x, y£E', (x, y )£ E x E  and х ф 'у ,  then there exists a bounded ( 9 ' ,  Ж)- 
-continuous preorder preserving function f  with / (y )< /(x ) .
(4.6.4) s '  is the finest o f  all preorders on E' fulfilling (4.6.2)—(4.6.3).

Suppose that {E ',9 ', s ')  and {E",9", s") are two ordinary compactifi
cation s o f  { E ,9 ,S ) .  {E",9", s" )  will be called finer than {E ',9', s ' )  iff there 
is a continuous preorder preserving surjection h of (E",9", s") onto { E ' ,9 ’, s')  
such that h(x)=x  for each x£E. These two ordinary compactifications are equi
valent iff h is an isomorphism.

Theorem 14 of [7] can be generalized as follows:

(4.7) T heorem . Let {E ,9 , S ) be a symmetrizable preordered syntopological 
space. Disregarding equivalences, there exists a one-to-one correspondence between 
the ordinary compactifications of this space and those symmetrical '-convex syntopo- 
genous structures 9 X on (E, s ) ,  for which 9 f ~ 9 .  Among two ordinary compac
tifications o f {E ,9 , S ) , (£" ,9", s") is finer than {E ',9 ', s ')  iff for the corres
ponding structures 9 X, 9 2, the relation 9 x < 9 г holds. Two ordinary compactifica
tions are equivalent iff each of them is finer than the other.

P r o o f . We show that an ordinary compactification (E ',9 ', s ')  corresponds 
to the symmetrical '-convex structure 9 X with 9 f ~ 9  iff there exists a symmetrical 
'-convex syntopogenous structure 9 X on (E', s ' )  such that 9 { p~ 9 '  and 
(E', 9 X, s ' )  is a double compactification o f  {E, 9 X, s ) .

In fact, let 9 X be symmetrical, ‘-convex and suppose 9 f ~ 9 .  Then {E, 9 X, S )  
has a double compactification (E', 9 X , s ' )  which is symmetrical and '-convex by
(4.4) and [7], Theorem 4. Putting 9 '  =  9 XP, [E',9'] is a compactification o f  [E ,9], 
and {E ',9 ', s ')  is symmetrizable. The validity of (4.6.2) is obvious. In order to 
prove (4.6.3) suppose x ,y£E ', (x, y )£ E X E  and х ф 'у . Then {x, y )$ G {9 ff)f}  
ПG {9 xlc)~ G (9 ]'lc) (cf. (4.1.2), [11], (1.8)), thus there exists a preorder preserving
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(9 fi  ,/)-continuous bounded function /  on E' such that y f ~ 1(< e)E'—x  for some 
e > 0  (see [11], (1.12)). Then /0 0 -= /(* ) , a n d /is  also (9 {, 9 s)-, and (.9”, ^ /c o n t i 
nuous by 9d—9 sp. After this let be a preorder on E' satisfying (4.6.2)—(4.6.3). 
Put x á ' y  Denoting by Ф the set of all (9 {, .//continuous ordering families cp on 
E' such that/[isis preorder preserving for any / £ q>, there exists a sequence x0, , ...
..., xn of points o f E' with the following properties for any 0

( г „ У С Ш = > 1 ^ % ,  (*,-, xi+1)$E X E  =>f (*,) ^ f ( x i+1) for f£(p€<P

(see (4.1.1)—(4.1.3), (1.5), (1.5.4)). We show х ^ " х 1+1 for any 0 If 
(xi, x i+1)ZExE  then our statement follows from (4.6.2). If (xt, x i+1)$E X E , 
x,^ß"xi+1, then there exists an (9 ',  ^//continuous bounded preorder preserving 
function / on (E', s") such that /  (x i+1) < / ( x f) by (4.6.3). In view o f Theorem 13 of [7], 
/  is (91, 9 s)-, and a fortiori (9 { ,  .//continuous, moreover f \E  is preorder preserving 
with respect to ^  (see (4.6.2)). It is obvious that /  can be included in an ordering 
family <р£Ф and this contradicts the choice o f x t and x i+1. Therefore x —x09 '  
s" x 1̂ "...^"x„=y, that is x^"y, hence G (s ' ) c G (^ ') .  Thus (4.6.4) is also 
satisfied, and (E ',9 ',^ ')  is in fact an ordinary compactification o f (E ,9 ,  ^ ) .

One can choose any double compactification of (Е ,9 г, Ш) for this construct
ion, the originating ordinary compactifications are equivalent by (4.2).

Conversely, let (E ',9 ', -9) be an ordinary compactification o f (E ,9 ,  S ) .  
Disregarding equivalences, there exists a unique symmetrical ‘-convex syntopoge- 
nous structure 9 {  on E' such that 9 { v~ 9 '  (see (4.6.1) and [7], Lemma 8). Suppose 
9 1—9{\E . Then 9 X is symmetrical and ‘-convex (see (4.6.2), [11], (2.9)), moreover 
[£', 9 {]  is a double compactification of [E, 9 г\. We need to show that (E \ 9 { ,  ^ ') 
satisfies (4.1.1)—(4.1.3), and this is very similar to the above train o f thought. (4.1.1) 
is trivial. If x,y£E ', (x ,y)$E X E  and x-^'y, then / (y )< /(x )  for an (9 ' ,  .^ /c o n 
tinuous preorder preserving bounded function /  on (E', ^'). This is (9 { ,  9 s)-, and 
(9 1 , .//continuous, too, therefore f ~ x( 9 ) < 9 { ,  which implies (x, y) $ G ( 9 f c), 
hence (4.1.2) is also fulfilled. Finally let s "  be a preorder on E' satisfying (4.1.1)—
(4.1.2). It is easy to verify that in this case s." has properties (4.6.2)—(4.6.3) (cf. [11], 
(1.12)), thus by (4.6.4) we obtain C ( ^ ' ) c 6 ( s " ) ,  that is (4.1.3) is also satisfied 
by 5='.

The remaining part of the theorem can be seen on the basis o f (1.6), [7], Theo 
rems 13 and 14. □

(4.8) Corollary. Among the ordinary compactifications of a symmetrizable 
preordered syntopological space there exists a finest one.

Proof. This finest ordinary compactification o f (E ,9 , ^ )  corresponds to the 
structure 9ф, where Ф is the ordering structure o f all (9 , ^//continuous ordering 
families consisting o f preorder preserving functions (see [11], (4.8)). □

As the following corollary shows, the notion of an ordinary compactification 
is a generalization o f the ordered Cech—Stone compactification o f a uniformizable 
ordered topological space (Nachbin [16], p. 104; McCallion [15]):

(4.9) Corollary. Let (E ,9 ,  S )  be a symmetrizable ordered syntopological 
space such that
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(4.9.1) i f  x, y£E, x ^ y ,  then f (y )< f(x )  for some (ST, ^-continuous bounded 
order preserving function f  on E  (cf. [13], (1.13)).

Then there exists an ordinary compactification (E',ST', ^ ') of (E,£T, = ) with the 
following properties:

(4.9.2) s '  is an order and G (^ )= G (^ ')0 (E x E ).

(4.9.3) I f  x,y(LE', xdß'y, then / ' ( y ) < / ' ( x )  for some Iff, Ж)-сопйпиот bounded 
order preserving function f '  on E'.

(4.9.4) s '  is the finest o f all preorders on E' satisfying (4.9.2.)—(4.9.3).

In particular, the finest ordinary compactification of (E,ST, S) is of this type.

P r o o f . Under condition (4.9.1) there exists a symmetrical ‘-convex syntopo- 
genous structure STX on (E, S) such that (E, STX, s) is To-ordered ([13], (1.13)). 
Then the ordinary compactification corresponding to STX has properties (4.9.2)—
(4.9.4) (see (4.4), [13], (1.13)). The finest symmetrical ‘-convex structure ST0 with 
STf~SP is also T^-ordered ([13], (1.6)). □

(4.10) R em a rk . In [18] M. K. Singal and Sunder Lai presented a generali
zation o f Smirnov’s compactification theory for completely regular ordered spaces. 
I would like to mention that I cannot realize the proof of Theorems 4, 5, 7, 9 and 10 
of this paper. The common foundation o f these theorems is Lemma 5 of [18], the 
proof o f which is incorrect. In fact, in this proof the authors state that if <5 is a quasi
proximity (in the sense o f Pervin) on a set X, moreover an order s is defined on X  
by letting x S y  iff {x}<5{y}, finally 5* is the coarsest (symmetrical) proximity finer 
than ö, then the implication

(* )  В is decreasing t(á*)-closed, АГ\В=0=>аВВ for any a£A

is valid. It is obviously equivalent to ( * )  that any increasing т(<5*)-ореп set is open 
in the topology r(<5) induced by <5. However, in the preceding part of this series I 
gave an example ([14], Section 2), for which the above statement fails to be true.
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THE BILINEAR PRODUCT CATEGORY
M. L. RIDDLE1 (Mankato)

0. Introduction

The study o f categorical duality theorems looks for inspiration to the simplest 
signficant duality theorem, that for finite dimensional vector spaces. In that case, 
the duality is intimately related to tensor products. One reasonable generalization 
of tensor products is to a bifunctor which is part o f the structure o f  a closed category, 
but this approach has some disadvantages; closed categories are not as common  
as one could hope, and the two categories whose duals are to be studied must be 
subcategories o f the same closed category. The bilinear product category is a more 
external construction which enables us to define bilinear maps involving objects 
from poorly related categories.

The dual o f a category T is the category T* obtained by reversing the direction 
of each morphism in T. By a duality, we mean a categorical equivalence between 
one category A and the dual T* of another. Such a duality is given by a pair o f  
functors x: A —T* and A: T*-*-A, whose composition in either order is naturally 
equivalent to an identify functor.

Examples o f duality theorems are given by the Pontrjagin duality theorem, 
which states that the category o f locally compact Abelian groups is dual to itself, 
and has various extensions and refinements given in van Kämpen [17], Freyd [3], 
Kaplan [8] and Kaplansky [9]. A second example is the Gelfand duality between 
the categories o f compact Hausdorff spaces and o f commutative C*-algebras with  
identity. Beyond these there is a duality of Stone between the categories of compact 
totally disconnected spaces and o f Boolean algebras; a duality between the catego
ries of compact convex sets and o f Archimedian ordered vector spaces (cf. Semadeni 
[15]) and the dualities between the categories o f  real compact spaces and rings o f  
the form C(X) for some space X  (cf. Gillman and Jerison [4]). With the development 
of category theory, a language appeared which clarified the connection between 
these theorems, and some unified results on duality have developed, such as those 
of Hofmann and Keimel [7]. In addition, the Pontrjagin and Gelfand duality theo
rems have been investigated categorically by Negrepontis [12] and Roeder [14], [15].

1 The author wishes to thank V. S. Krishnan, M. Grossman, and J. Stasheff for many inte
resting and useful conversations, and the referee for further helpful suggestions.
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20 M. L. RIDDLE

1. Fibre objects and fibre morphisms

D e f in it io n . Let <r:A-<-C and т:Т —C be functors. A  fibre object for (a, t) 
is an ordered pair (A,X) such that Ж  Ob (А), Ж  Ob (T) and a A =  xX. If (A, X) 
and (A', X') are fibre objects for (cr, t) we say (m, m) is a fibre morphism from 
(A, X) to (A', X') and write (m, tn')\ (A, X )-+ (A \ X') if m £A(A, A'), m'CT(X, X') 
and om=xm'. The composition of fibre morphisms (m, m'): (A, X)-*(A', X') and 
(n, rí): (A', X ')—(A", X") is given by (и, n')(m, m')—(nm, rím').

The fibre objects and fibre morphisms for any (a, t) form a category which is 
the fibre product of the diagram

A
\a

T -Ж C

in the quasicategory of all categories.
Bass [2] also defines a more general fibre product category. The category defined 

above embeds fully in Bass’ fibre product category. In many important cases, this 
embedding is an equivalence. In fact, if a and т are concrete functors in the following 
sense, the canonical embedding of the fibre product category above into Bass’ fibre 
product category is an equivalence.

D e f in it io n . Functor 0: D  G is concrete if  0 is faithful and satisfies the ICLP 
(Isomorphism Codomain Lifting Property): Whenever f:G ^ Q D  in G, there is a 
■b'£Ob(D) suchthat &D'—G and a g: D '^ D  in D such that 0g= /.

The fibre objects defined in this section are necessary for the definition o f bilinear 
product categories in the next section. Note that in some cases they may not exist.

2. The bilinear product category

The category we construct here will clarify the relation between duality and 
bilinear maps. It is an extension of a construction used by Grossman [6].

Let C be a category with finite products and an object P  which satisfies the 
following conditions:

1. P is a generator of C.
2. There is a natural epimorphism m: 1C-*LP where L P is the left multipli

cation by P  (i.e. the functor defined by LPC = P X C  and L Pf = l PXf.)
There is, o f  course, also a natural transformation n: lc -<-RP where R P is 

right multiplication by P  since R Ps=LP.
Now let V and T be categories and <j :A-*-C  and r:T-*-C be faithful functors, 

and choose a fibre object E —(*E, E*) for (cr, z). a*E—xE*£Ob (C) is also denoted 
by E.

D e f in it io n . The bilinear product category o f A and T with respect to cr, r, and 
E  is the category BE(A, T) with objects o f  the form (A, e, X )  where Ж О Ь  (A), 
A€Ob(T), and e£C(oAXrX, E) satisfies the following properties:

1. For every a£C(P,crA), there is a (unique) ea£ T (X, E*) suchthat x(ea) =  
=e(aX l)m : тX-*E.
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2. For every t^C(P,rX), there is a (unique) e fA (A , *E) suchthat cr(e,)= 
= e (lx t)n :  oA->-E.

The morphisms in B£(A, T) are of the form f® g : (A, e, X)->-(A', e', X') 
which is taken to mean that f£A (A ,A '), g£T(X', X) and that e'(ofX  1) =  
=e(lX rg): oAXtX'-+E. f® g = h ® k  if and only if f= h  and g = k .  The compo
sition of morphisms in B£(A, T) is given by (f® g)(h ® k)= fh ® g .

The uniqueness o f ea and e, actually follows from the faithfulness of the func
tors <r and г. The interchange of the roles of A and T dualizes the bilinear product 
category, (i.e. B£(A, T )= B £(T, A)*.) Therefore, every result concerning the
relation between A and B£(A, T) dualizes to a result concerning the relation between 
T and B£(A, T).

Henceforth, A and T are assumed fixed and are deleted from the notation for 
our bilinear product categories (b. p. c.’s).

There is an obvious functor a£:B£—A xT* defined by aE(A, e, X )= (A , X) 
and a£(/<8>g)=(/,g). In all that follows, let яр AXT*-»A and тг2:А хТ *—т* 
be the canonical projection functors.

Proposition 1. I f  m: E-+D is a fibre morphism, m induces a functor p: B£— 
—BD defined by p(A, e, X) =  (A, \m\e, X) and p(f<8>g)=f®g. This functor satisfies 
aDp=a.E, is faithful, and functorial (i.e. i f  n :D —G induces v : BD—BG, then 
nm:E-*G induces vp: B£—BG and lE induces 1Be.) I f  m is mono then p is an 
embedding of categories.

This sets up a functor from the fibre product category to the quasicategory of 
all categories over A X T*.

The duality functors in the introduction all resolve through bilinear product 
categories. For example, the Pontrjagin duality can be described using the category 
of topological spaces as C and the category of locally compact Abelian groups as 
both A and T. Letting *E=E*=R/Z, the circle group, and defining /L A —B£ 
by ßA=(A, eval, Ä) and /?/=/<8>/ where Á  is the Pontrjagin character group o f  
A and /  is the map defined by f (g )—gf, ß is a left adjoint cross-section for пхаЕ. 
There is similarly a functor y :T *—В which is a right adjoint cross-section for 
Tt2(xE. Notice in addition that and n2aEß are the character group functors
yielding the duality between the categories. Thus the dual functors resolve through 
the b.p.c. As we see in the next section, this is not an exceptional case.

3. Naturally grounded categories

Hofman and Keimel [7] introduced naturally grounded categories. Their work 
suggested Theorem 1.

D efinitions. A concrete category consists o f a concrete functor 0 : D —Ens 
where Ens denotes the category o f sets. 0: D —Ens is a natural grounding if it is 
representable. A naturally grounded category is a category D with a natural groun
ding.

E.g. If 0: D — Ens has a left adjoint, it is a natural grounding. Other natural 
groundings include the standard forgetful functors to Ens from the categories of  
finitely generated groups, Noetherian rings, connected spaces, etc.
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T heorem  1. I f  a: A-*-Ens and t:T->-Ens are concrete natural groundings, and 
0:A-*-T* and E : T*—A are functors with 0 left adjoint to E, then there is b.p.c. 
BE with functors ßE: A ^ B E and yE: T*->-BE such that 0 =  n2aEßE and E =  
— n1aEyE. ( i.e. every pair o f contravariant adjoint functors between concrete naturally 
grounded categories resolves through a b.p.c.).

P roof 1. Let <r=sA(Z, - )  and t s T (G , - ) .  Then oE G ^A (Z , E G ) ^  
sí T*(0Z, G)=T(G, 0Z) =  t0Z. Let *E be chosen with a*E=A(Z, EG). [a*E^oEG  
lifts to *E^EG.] and E* such that xE*=A(Z, TG). E = (* E ,E j  determines 
b.p.c. BE and functor aE—AXT*. To define ßE:A-*BE, let ßEA = (A , e, 0A) 
where e: aAXx0A-»*E is given by e(a, t)= E t.u A.adA(Z, EG) — a*E, where 
ae(A(Z,A)^crA , t£T(G, 0A))síz0A, and uA: А-+ЧЧМ is the front adjunction for 
0 —I E. With this definition, for all such a and t, ea=0a  and et—Et. uA as can be 
seen from the commutative diagrams:

oA A (Z, A) z0A sí T(G, 0A) ss A (A, EG)
<ret|  J f .ил . ( )  теа|  je « .О  | (  ) .а

oEG =  A(Z, EG) т0А ~  Т((7, 0Z) =* A(Z, EG)

Then for /£ А (Т , A j,  let ßEf —f ® 0 f  which is a morphism in BE since

Z - i -  A - ^  Е0А
/ |  |ч'0/

A - ^  E 0 A - ^  EG

commutes. Thus TTiaE/JE= l A and n2ocEßE=0. Similar definitions give the functor 
yE: T*->-BE suchthat n2ocEyE= l T, and 7г1аЕу£=1Р.

L emma 2. Continuing the hypotheses o f Theorem 1, n1u.E:B E(ßEA, B)-+ 
-*A(A, n1aEB) is injective for every T£Ob(A) and B£O b(BE).

P r o o f . Let n1aE(f® g )= n 1txE(h®k) i.e. f —h. Then commutativity o f

(Ä  =  n1ccEB.)

А(Л, * E ) ^  A (A, *E)

guarantees that xg—xk. Thus g = k .  (The assumption that P  is a generator for 
the category C and that the transformations m and n are epimorphic in the definition 
o f b.p.c.’s is used here to make the commutativity o f the above diagram equivalent 
to the fact that f® g  and f® k  are morphisms in the b.p.c.).

The injectivity proved in Lemma 1 is the first step in relating the b.p.c.’s to 
fibred categories introduced by Gray [5]. This relationship is carried further in the 
next section.
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4. Adjoints, cross-sections, and duality

In this section E  is fixed, and we will delete it from the notation for our b.p.c.’s 
and functors.

When fibred categories are called into play, various lifting properties of morph- 
isms can be very useful. In the case of b.p.c.’s, the lifting properties are intricately 
related to the existence of adjoint, and therefore dualizing functors. The first of the 
lifting properties i s :

D efinition. Let P: C--D be a functor. has the codomain lifting property 
(CLP) if for each C€Ob(C) and £>€Ob(D), whenever g£D(D, PC) there is 
an object C'£Ob (C) suchthat P C '—D and a morphism Д С (С ',С ) suchthat 
V f=g.

E.g. the forgetful functor from the category o f  topological spaces to the cate
gory o f sets has the CLP. The next proposition shows that b.p.c.’s also have this 
property.

Proposition 2. I f  f£A (A ,A '), (A', e \  A')€Ob(B), and e = e '(o fX \), then 
(A, e, AOeOb (B) and f®  1: (A, e, X ')—(A', e \ X').

Proof. For a(LC(P,oA), define ea=e'af-a_: X'-+E* and for t£C(P, tX'), 
define et=e't .f.A-+*E.

D efinition. A full subcategory J of D will be called a lower ideal o f D if for all 
objects D and D' o f  D, whenever £>€Ob (J) and D (D', D) is nonempty, it follows 
that D'€Ob(J).

Note that P : C-*-D has the CLP if and only if the image of S' is a lower ideal 
of D.

Proposition 3. I f  C—D has the CLP and a left adjoint functor 0: D-*-C, 
then P  is surjective on objects and morphisms.

Proof. For any object А£ОЪ (D), there is a front adjunction map hA: А — Р0А 
and the image of IP is a lower ideal.

Therefore т̂ ос: B —A will be surjective on objects and morphisms when it has 
a left adjoint, but more can be said than this:

Proposition 4. I f  nxor. В —A has a left adjoint functor /1: A —В then nxa. 
has a cross-section (i.e. there is a functor A: A-*-В such that n1a j = l AJ.

Proof. Let А£ОЪ (A) and ßA =  (A+, e+, A*), and let the front adjunction 
beh A: A —A += n 1xß A. By Proposition 2, hA lifts to a morphism hA® \:  (A, e, A*) — 
-*(A+, e+, A*), where e = e +(crhx 1). Define A : A —B by XA=(A, e, A*) and 
for k£A(A',A), kk — k® k*  where ßk = k+ ® k*. A is the desired cross-section.

Theorem 2. I f  nxa: B-»A has a left adjoint functor ß: A —В then the cross- 
section A: A -* В constructed in Proposition Ais itself left adjoint to nx a. Furthermore, 
the front adjunction for  A is given by 1 : l A-^lA =  7i1aA.

Proof. Let QA= h Ä® l:lA -*-ßA  as in Proposition 4. The naturality of p  is 
simple to check coordinatewise. By the universal property of the front adjunction, 
there is a unique map qA: ßA-»AA suchthat l A= n x ot(qA)hA- The naturality o f
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the equivalence B (ß—, — ) süA (—,n 1a —) can then be used to show that qA is the 
back adjunction for XA and is therefore natural in A, and also to show that pAqA=  \ ßA. 
Thus p  is a retraction, and so is hA= n 1a(pA). Also l A= it1<x(qA)hA, so that hA 
is also a section and thus an isomorphism. Since hA and 1 are isomorphisms, it is 
trivial to check that p A= h A® \ is an isomorphism in B. The last assertion can be 
shown from the naturality of the isomorphisms A(A, A)^B(ßA, XA)^B(XA, XA).

The isomorphism B(ßA, B )^A (A , щ а B) required by adjointness is the map 
Thus if ß  is an arbitrary cross-section to лгa, ß  is left adjoint to 7rra with 

front adjunction 1 if  and only if nxv. maps В (ßA, В) bijectively to A(A, npj. B) 
for each A £Ob (A) and each B£Ob (B). This can be phrased in terms o f lifting 
properties. In the next three definitions, let ¥:  D —C and 0: C-*-D be functors 
satisfying ¥Q—1c .

D efinitions. ¥  has the restricted unique lifting property (RULP) with respect 
to 0 if for every C£Ob (C) and every Z>£Ob (D), ¥  maps D(0C, D) injectively 
to C(C, ¥D). ¥  has the restricted covering property (RCP) with respect to 0 if 
for every C£Ob(C) and every Ob (D), ¥  maps D(0C, D) surjectively to C(C, ¥D). 
¥  has the restricted identity covering property (RICP) with respect to 0 if  for every 
C£Ob (C) and every D  in the fibre o f C  by ¥ ,  there is a morphism /£D (0C , D) such 
that ¥ f =  l c .

Theorem 3. Consider the following statements:
(1) n1a ß = lA and ß is left adjoint to 7rxa with front adjunction 1.
(2) пг a has a cross-section ß.
(3) There is a natural transformation r\ ßrnoi^ lA such that 7ria(rB) =  l TCiaJJ 

for every B£Ob (B).
(4) 7t! a has the RCP with respect to ß.
(5) 7t!a has the RULP with respect to ß.
(6) 7t! a has the RICP with respect to ß.
Then (1) is equivalent to the conjunction of (2), (4), and (5); which is equivalent 

to the conjunction of  (2), (3), and (5); and to the conjunction of (2), (5), and (6).

Theorem 2 summarizes the connection between cross-sections and left adjoints 
to 7tja: B —A. Each left adjoint is essentially a cross section with certain lifting 
properties. Of course, 7t2a: В —T* has the appropriate dual properties. Henceforth 
we will consider only adjoints which are simultaneously cross-sections to these 
functors having 1 as their front and back adjunctions respectively.

D efinition. Let 0:C-<-D and ¥ :D -~ C  be functors. 0 is lacs (left adjoint 
cross-section) to ¥  if 0 is left adjoint to ¥ , ¥ Q = \C and the front adjunction map 
l c — ¥ 0 = l c is the identity. Racs (right adjoint cross-section) is defined similarly.

The relations between left adjoint cross-sections and dualities is clarified by 
a few observations from Krishnan [10].

D efinition. A pair (0, ¥)  of contravariant functors 0: C —D and ¥ :  D —C 
is a Galois (resp. dual) correspondence between C and D if there are natural trans
formations (resp. isomorphisms) u : l c -*¥Q  and v: 1D— Q¥.

Given any Galois correspondence, there are full subcategories C' o f C and D' 
of D such that the restrictions of 0 and ¥  to these categories is a dual correspondence.
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C' has as objects those C£Ob (C) for which uc is an isomorphism, %c is an iso
morphism and vaC— (0wc) _1. D' has a similar description.

Theorem 4. If nxa has lacs ß and n2a has racs y, then (n2otß, nxay) is a 
Galois correspondence between A and T, which induces a duality between the full 
subcategories of A and T described above.

Proof. We define the transformation u— ß  where this notation 
means: Let uA be the image by n1 a o f the front adjunction map of the object ßA 
under the adjointness 7t2a 4 y .  v has a similar description.

Note that since и and v are images by nx a and n2 a respectively, we could say 
that they lift to transformations ü: ß-+yn2aß and v: ßnxocß—y which are defined 
by й—и®  1 and v—\® v .

Thus the existence o f  the lacs and racs functors sets up a Galois correspondence 
which restricts to the given duality theorem. We shall call the image of an object in 
A or T by the two functors in the Galois correspondence the Galois correspondent 
of that object.

5. Dualities over the category of sets

Many of the dualities mentioned in the introduction arise when we let C =  Ens, 
the category of sets and a: A —C and x: T —C be forgetful functors. In this case, 
P  must be the singleton set and the transformations m: l c = L p and n: \ C= R P 
are defined in the obvious manner.

Particular examples o f categories o f  interest are given by such classes as (i) 
algebraic categories, meaning categories based on an algebraic theory Q in the sense 
of Pareigis [13]; (ii) categories with optimal lifts (cf. Arbib and Maines [1]):

D efinition. A functor x: T-+Ens has optimal lifts i f  whenever A€Ob (Ens) 
and {(A; , f ) }  is any set (indexed by /£ /) o f  ordered pairs such that for each A;€Ob(T) 
and each f p  S-* xAb there is a unique AgO b (T) suchthat xA = S  and there are 
unique maps g f T( X ,  A,) such that xg;—/ ;, and that furthermore for every 
h:xY^S,  there is a morphism A€T(F, A ) such that xk= h  if and only i f  there 
are morphisms mfT( Y,  A f) suchthat xm—f h  for each i’£ /.

Examples of categories with forgetful functors to Ens which have optimal 
lifts are the categories o f topological spaces, uniform spaces, and preordered sets.

We complete our list o f  categories o f  interest with (iii) categories of fi-algebras 
in categories with optimal lifts. If we take two categories o f  types (i), (ii) or (iii), 
or any combination thereof, and choose a fibre object E, it is possible to introduce 
“pointwise” structures to define Galois correspondents. Thus пхаЕ has a lacs and 
л2а£ has a racs, and a duality theorem is assured (through the dual categories may 
be empty). These “pointwise” structures also produce a property related to separa
tion of points:

D efinitions. Л£ОЪ (A) is a separative if  for every a and a'£C(P, a A) such 
that a^ a', there exists an (A, e, A)£Ob (B) suchthat eax£ea,. A is extremely 
separative if  e _ : C(P, zA*)-*A(A, *E) is injective, where A *  is the Galois corres
pondent o f A.
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When the adjoints of Section 5 exist, being separative is equivalent to the requi
rement that e _ : C(P, oA)-*T(A*, E*) be injective. If A is extremely separative, 
then A* is separative. For dualizable A, A is extremely separative if  and only if A*  
is separative and vice versa. Thus the two conditions are “dual” . With the point- 
wise construction mentioned above, all objects in each category are separative and 
extremely separative.

Theorem 5. I f  C=Ens and the adjoints ß and у exist, and if  A£Ob (A) 
is extremely separative, then A is dualizable i f  and only if there is an X£Ob (T) 
suchthat A = X *  and uA is epimorphic.

Occasionally, this theorem makes it simpler to  determine whether an object is 
dualizable by comparison with known results in duality theory.

6. Examples in duality theory

Example 1. Taking A and T to  be the category of vector spaces over a field k, 
and choosing *E=E*=k, the full subcategories o f  dualizable objects are in both 
cases the category o f finite dimensional vector spaces.

Example II. Taking A to be the category o f  groups and T to be the category 
o f topological groups, with *E =E *=R \Z , the circle group, we induce the duality 
between the category of Abelian groups and that of compact Abelian Groups.

Example III. Taking both A and T as the category of topological groups with 
*E=E*=R/Z, one could hope to obtain the full Pontrjagin duality theorem from 
the adjoint functors, but because C =  Ens. the adjoint functors constructed in the 
“pointwise” manner suggested in the last section will assign to a given topological 
group A, not its Pontrjagin character group A*, but the group o f  continuous homo- 
morphisms / :  A — R/Z  with the topology of pointwise convergence, rather than 
uniform convergence on compact sets. Theorem 4 still guarantees a duality theorem, 
however, and using Theorem 5 and a comparison with the known Pontrjagin theo
rem, we may deduce a little about its extent:

Lemma 2 . I f  A f o r  some topological group X and is naturally isomorphic 
to its second (Pontrjagin) character group A**, then A is dualizable under the 
Galois correspondence of Section 4.

In particular, then, every com pact Abelian group is dualizable under the Galois 
correspondence formed here, since each such is the Galois correspondent of a discr
ete Abelian group and satisfies the Pontrjagin theorem. Of course, this means that 
the Galois correspondent of any compact Abelian group is also dualizable, but with 
the new topology, this group is in general not discrete. (R/Z)* is a HausdorfF, 
non-discrete topological group with the algebraic structure of the group of integers. 
It is totally bounded but not compact, so the theorem extends past the compact 
Abelian groups.

Proposition 5. There is a self-dual subcategory of the category of topological 
groups which lies between the categories of compact Abelian groups and that of totally
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bounded Abelian groups, and the dual equivalence functors are given by providing 
character groups with the topology of pointwise convergence.

The usual Pontrjagin duality theorem can be recaptured by using the category 
of topological spaces as C rather than the category of sets, and properly restricting 
the categories o f topological groups one considers to set up the adjoint functors.

E xa m ple  IV. Let T be the category o f topological spaces and A the category 
of complex-algebras with identity and involution satisfying the algebraic laws o f a 
C*-algebra. A is an algebraic category in the sense of Pareigis, and the category of 
C*-algebras embeds fully into it as those algebras which admit a norm of the proper 
type. A Galois correspondence can be established as in Section 5 using *E=E*=C, 
the complex numbers. The standard Gelfand theorem shows that the duality holds 
at least for all compact Hausdorfif spaces. In fact, using Theorem 5, and a comparison 
with the duality established in Gilmann and Jerison [4] it can be seen that every 
realcompact space is dualizable under this Galois correspondence. Thus the Gelfand 
theorem extends to a duality between the category of realcompact spaces and some 
category o f complex-algebras which is a full subcategory of the category described 
above, namely those which are C(X) for some topological space X.

Stone duality and the Gilmann—Jerison duality mentioned above can also be 
framed in the language of bilinear product categories.

E xa m ple  V. If a poor choice of categories is made for A and for T, the duality 
theorem of Section 4 may be a poor one; for if  T is the category o f  topological spaces 
and A is the category of rings (with or without identity) and the Galois correspon
dence is set up as in Section 4 using *E=E* =  R, the real numbers, the resulting 
categories of dualizable objects are empty.

Having framed the standard duality theorems in terms o f b.p.c.s we now return 
to the formal theory.

The categorical situation o f the existence o f  the proper adjoint functors is now 
formalized.

D efinition. A bilinear situation for categories A and T consists of a category 
B, together with a faithful functor a: B -A X T *  and functors ß:A -*B  which is 
lacs to л^а and y: T->-B which is racs to n2a..

Bilinear situations recall the definition o f the comma category for two functors 
(see [11]). Let and q2 denote the two projections from the comma category.

Proposition 6 . Let (B, at, ß, у) be a bilinear situation for categories A and T. 
Then there is a faithful functor e :  B-»(ß\y) such that sß is left adjoint to qa ,  q 2 is 
left adjoint to ey and the diagram

7. Bilinear situations

В

t AXT*
№ у У е'Хо*

commutes.
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Proof. Define £:B-*(/?jy) by еВ=(п1саВ, uBvB, n2a.B) and ef=(n1ocf,n2<xf), 
where uB is the front adjunction map for n2x —\y and vB is the back adjunction 
map for ß -^щос. Clearly (Q iX e2)s=a. To show sß-]Q i, for Л^ОЬ(А) and 
D — (A', ßA-^+ yX, X)£Ob(ß\y), note that sßA =  (A, ßA-Ей yn2aßA, n2aßA). Given 
/€А (Л , А ')=А (А , q x D ) ,  let f * * ( f  g)£(ßiy)(eßA, D) where g£T(n2y.ßA, X) is the 
unique morphism such that

ßA yn2ocßA

h. 0 / \
\  + 

yX

commutes. Since such g exists uniquely, (ßiy)(eßA, L>)=A(A, qxD). The naturality 
is from the commutative diagram

ßA"------- —---- TßA ■ ßf . ßA -ÍZ+ ßÄ

“1 “I 1л !л
уя,аß A " ^ ^ U  yn2aßA yX -ü-+  yX

Thus all the bilinear situations are “represented” in the comma categories o f pairs 
o f functors. This enables us to observe that if A and T are naturally grounded, bili
near situations give rise to bilinear product categories.

Proposition 7. Let (B, a, ß, у) be a bilinear situation for naturally grounded 
categories A and T. Let 0 =  n2 aß and 4, =  n1txy resolve as in Theorem 1 through 
b.p.c. B£. Then there is a functor rj: (ß\y) -*■ BE such that the diagrams

commute.

(ßiy)
\eiXe*

4 y> A X T* and

B£

Proof. Define iy. (ß\y)-*BE by ц(А, m, X )= (A , e, X ) where e: o A X rX =  
síA(Z, A )XT*(X, G)->-*E=A(Z, YG) is given by e(a, t) =  n1y.(yt.m.ßy) and 
ti(f,g )= f® g . e is bilinear since ea=m.0a where m :0A-*X  is the unique morph
ism making

A -^ *  Y0A

Y X

commute, and et— Yt.n^m . That f® g: (A, e, X )—(A \ e', X') is immediate from
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the diagram
ßZ- ß a ßA-

ß f

ßA'

yX

У 9

yX '-lt*  yG

The first triangle in the statement o f the proposition commutes trivially; for the 
second, ßEA = (A ,e ,0 A )  where e(a, t)=4't.uA.a and t]t.ßA =  {A, e, 0A) where 
e(a, t) =  n1a(yt.(uv)ßA.ßÄ). Now vßA= \ ßA and T*(0A, 0A)^B(ßA, y0A)^ 
síA(A, W0A) where 1*A~*-ußA-~-uA, so that e= e , and ßEf —fX 0f=r]eßf. The 
proof for the third triangle is similar.

Since the definition of r] and the first commutative diagram in Proposition 7 
depend only on the adjunction 0 -\4 t and not on ß  ч ях<х or я2а~\у, we can show 
the following corollary by the same proof.

C orollary  1. I f  the conditions o f Theorem l hold, there is a functor rjE:(ßE[yE)-* 
Be given by t]E(A, m, X )- (A , e, X) with e(a, /) =  7Г1 а£(у£Тт./?£а), and 

nE{fg )= f® g -

8 . Adept representors

We now wish to make optimal use of the theory o f representable functors in a 
way that characterizes b.p.c.s as familiar categories. Let tr:A-*-Ens and т : T —Ens 
be natural groundings. We denote by A * T the fibre product category o f Section 1.

D efinition 1. i?= (y i0, Z 0) 6 O b(A *T ) is an adept representor for A * T  if  
щ хЕ has lacs ßE, л2осЕ has rács yE and these functors satisfy the conditions:

1. тлго EßE2iA ( —,A 0) by an isomorphism making

oA X tn2a.EßEA ------- ------ *- <rA0

"I i-
A(Z, A)XA(A, A0) - ^ *  A(Z, A0)

commuty for all Л£ОЬ(А).
2. ая1осЕуЕ̂ Т (  —, X0) by an isomorphism making

an1ocEyEX X zX ------ ----- ► tX0

"I 1*
T(X, X0)XT(G , X ) ^ ^  T(G, X0) 

commute for every 2f£Ob(T).

Lemma 3. The fibre object E established in Theorem 1 is an adept representor 
for A * T  i f  and only i f  ßE is left adjoint to n1ocE and yE is right adjoint to n2aE.

Proof. t0síA (—, *E), , E*) and ßE and yE are defined so that the
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squares

and

commute.

a A Xt 0 A -------- ------- ► a'PG

“l I"
A(Z, A)XA (A , *E)— A(Z, *E) 

a P X X x X --------------- ► oWG

"I 1"
T(Z, E*)XT(G, X) T(G, E*)

When E  is an adept representor, we have an alternate description o f the cate
gory B£.

Proposition 8. I f  E is an adept representor for A *T , let e e : Be—0?£ly£* 
be defined as in Proposition 6 , and t)E: (ßE\yE)^-BE as in Proposition 7, then

Proof. t]EeE(A, e, X )= (A , ё, X )  where ё(а, t)=4't.uA.ßA 
and í£T*(X, G). Consider the commutative diagram

for a€A(Z, A)

a A x x X - ^  a P X X x X ^ T *(0Z, X)XT*{X, G)

oPG  =  A(Z, 4>G) as T*(0Z, G)

Then e (a ,t)= ev(u a ,t)= 'F t.u .a = i(a ,t) . Since rjEeE(f<gig)=f<g)g, i/£££= 1Be- 
Secondly, еег]е(А, m, X)=u<g>v: ßA-*yX  where m: ßA—yX induces e:oA X  

XxX-+xPG by e(a, t) =  n1aE(yEt.m .ßEa). Let m — m1<S>m2.

A(Z, Л)ХТ*(Х, G) as eAXxX—£-*. <t!FG
I | “x l Iй

A (Z, Z) X T* (Z, G) as oPXXxX A (Z, <FG)

Iм I"
T*(0Z, Z)XT*(Z, G)------ 2*52:----- ► T(0X, G)

commutes, so that 4, t.u{a)—4, t,m 1.a  for all a£A (Z ,A ), t£T*(X,G). Now if 
4 't.f= 4 't.g  for all such t, then f = g .  Thus u(a)=m 1.a and dually v(t)=m 2.t. 
Thus u® v= m  and since eEr]E(f, g) =  {f, g), eErjE=  1^е1уе).

Let Cat/AXT* denote the quasicategory o f all categories over A XT* and 
Bil(A, T) denote the quasicategory whose objects are bilinear situations (B, a, ß, у) 
for A and T and whose morphisms А: (B, a, ß, у)—(В', a \ ß', у') are functors 
А: В —В' such that the diagram

В — —► В'
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commutes. Define (: Bil(A, T) —Cat/AXT* by £(B, a, ß, y) =  (B, a) and £(Я)=Я. 
C is a full and faithful functor.

Also let <?;: A * T —Cat/AXT* be the functor given in Proposition 1, and let 
AdRep denote the full subcategory of A * T whose objects are the adept represen
tors for A *T . Let ш: AdRep—A *T  be inclusion and define 0: AdRep— 
— Bil(A, T) by в(Е)=(ВЕ, aE, ßE, yE) and 6(m )=p  as given in Proposition 1.

Proposition 9.
A dR ep-?- Bil(A, T)

- I  1=
A * T  — Cat/А X T

is a fibre product diagram.

Proof. The equivalence between AdRep and the fibre product category is 
given by E++(E, (B£, aE, ßE, yE)) and m— {m, fi).

Theorem 6. £0: AdRep—Cat/AXT* is a fu ll embedding.

Proof. Faithfulness is immediate from the faithfulness o f  a and т and the 
adeptness o f the representor. Let /t:B £—BB with aDp=a.E. Consider the back 
adjunction v: ßDn1 aD—1. Then rn2aD*v* pßE: xn2aDpßÊ >-xn2ot.DßD. This induces 
a transformation A (—, Ef)-* A ( —, Dt). By the Yoneda lemma, this is my* for 
some m fX {E i ,D^}. Similarly one obtains m2£T(E2, D2).

Let (A, e, Y)£Ob(B£) and tu(A, e, X )—(A, ё, X). Computing é by the use o f  
the adeptness criterion, we find that а(т1).е= ё= х (т 2).е, for all (A, e, Y )6 0 b (B E). 
Thus о(т1)—т(т2) and m — (mx,m^)\E-*D and m induces p  as in Proposition 1.

This theorem has interesting consequences when applied to standard categories. 
Again, let Q be an algebraic theory in the sense o f Pareigis, and denote by QC the 
category o f ß-algebras in the category C.

Corollary 1. For any algebraic theories Q and Л, (£2® A) Ens embeds 
fully in Cat/Q EnsX Л Ens*.

Corollary 2. Let Q be an algebraic theory and C a concrete category with 
optimal lifts. Then QC embeds fully in Cat/ß EnsXC*.

References

[1] A. Arbib and E. G. Manes, Arrows, Structures, and Functors: The Categorical Imperative, A ca
demic Press (New York, 1975).

[2] H. Bass, Algebraic К-Theory, W. A. Benjamin (New York, 1968).
[3] P. Freyd, Abelian Categories, Harper and Rowe (N ew  York, 1964).
[4] L. Gillman and N. Jerison, Rings o f Continuous Functions. Van Nostrand (Princeton, 1960).
[5] W. Gray, Fibred and Cofibred Categories, Proceedings o f  the Conference on Categorical Algebra,

La Jolla (1965), 21— 83.
[6] M. Grossman, Limits and Colimits in Certain Categories of Spaces o f  Continuous Functions,

Dissertationes Math., 79 (1970).
[7] К. H. Hofmann and K. Keimel, A General Character Theory for Partially Ordered Sets and

Lattices, Memoirs o f the American Math. Society #122, (1972).

Acta M athem atica Hungarica 46, 1985



32 M. L. RIDDLE: THE BILINEAR PRODUCT CATEGORY

[8] S. Kaplan, Extensions o f the Pontrjagin Duality I: Infinite Products Duke Math. J., 15 (1948),
649—658.

[9] I. Kaplansky, Dual Modules over a Valuation Ring I, Proc. Amer. M ath. Soc., 4 (1953), 213—
219.

[10] V. S. Krishnan, Categories o f  Base Functors, Pub/. Ramanujan Inst. I. (1969), 199— 212.
[11] S. MacLane, Categories fo r  the Working Mathematician, Springer Verlag (New York, 1971).
[12] J. W. Negrepontis, Duality in Analysis from the Point of View o f Triples, J. Algebra, 19 (1971),

228—253.
[13] B. Pareigis, Categories and Functors, Academic Press (New York, 1970).
[14] D. W. Roeder, Functorial Characterizations o f Pontryagin Duality, Trans. Amer. Math. Soc.,

154 (1971), 151— 175.
[15] D. W. Roeder, Category Theory Applied to Pontryagin Duality, Pacific J. Math., 52 (1974),

519—527.
[16] Z. Semadeni, Categorical M ethods in Convexity, Proceedings o f  the Colloquium on Convexity

(Copenhagen, 1965), 281—307.
[17] E. R. van Kämpen, Locally Bicompact Abelian Groups and their Character Groups, Ann. of

Math., 36 (1935), 448— 463.

(Received February 14, 1983; revised May 2, 1984)

MATHEMATICS DEPARTMENT 
MANKATO STATE UNIVERSITY 
MANKATO, M N  56001 
USA

Acta Mathematica Hungarica 46, 1985



Acta M ath. Hung. 
46 (1—2) (1985), 33—37.

ON AN INTERPOLATIONAL PROCESS
R. GÜNTTNER (Osnabrück)

1. Let SJg] denote the trigonometric polynomial o f degree at most n inter
polating the function g€C2n at m =2n+l equidistant nodes,

a )  ,i =  T + i|ZL, s „ m d  =  g(fd, о  =  o , ± i , ± 2 , . . .) .

We consider the following expressions

( 2)

which for k =  1 and k = 2 were first introduced by S. N. Bernstein [1]. If not noted 
otherwise we take m >k  such that the arguments of 5„[g] in (2 ) ly within a period 
of length 2n.

In [5] the expressions

(3) Я Л 0  = sup
g ^ c o n s t . CO

( 2 n
i g’ I n .

c kn sup Mkn{t)— oo-ci-c oo

were investigated (co(g, 6) denoting the modulus of continuity o f g). 
It is stated in [5] (Theorem 2) that

T heorem  1.

'■■ = 1+i ( cosec^ r - ‘)'

Nevertheless the proof in [5] fails to be true. We hope to give a corrected version 
of the proof. Kis and Névai [5] deduced from this result that

(4)
Further they proved

(5)

. 1supcln =  hm cln =  1 + —. 
»SO в- ~  я

( n > 0 ).

Let us therefore focuse attention on the case к >2. We show for odd values o f  к

3



34 R. GÜNTTNER

T heorem  2 .

Ckn — T  +
2r +  \ (2 r
22r+1 n  * - 2 r +  l.

This expression is strictly increasing as a function of r thus we immediately 
get (r = l)

(6 ) c* n - 4 ’ k odd’ k - 3-

Now let к be even. By a sligthly changed version o f  the previous proof we get 
Theorem 3.

This yields (r = 2)

(7)

1  2 r + l (2Л  , л
Ckn -  2 +  2ir+1 { r ) ’ k ~ 2r-

23 , ,ckn^ — , A: even, f c ^ 4 .

R e m a r k s . The case m =2n  investigated in [ 3 ] ,  [4 ]  and [ 2 ]  can be treated in 
a similar manner. Define as in [4]

M kn{i) =  sup . d kn =  sup M k n ( t ) .

ggJcomt. CO [g, — J

Starting with [3] (7) we get by similar arguments 
1  2 r +

Ckn —  2 2r +  1И2:)- k =  2 r + l  or k =  2r resp.,

the only modification being that in both cases we have to evaluate SkÁf]{ Í n )-
The same estimation is valid for the numbers ckn introduced in [5] too.

Stirling’s formulae yields the asymptotic estimation

2 r +  l
22r+

2. Proof of Theorem 1

We start with [5] (34), n > 0, which can be written as

2 » . ( 0  =  1  + < * . ( £ + / )  +  [<1.  * +  < ) - ' .  » -> )]■

By easy calculation we can show that for 2S i^ rt,

d\ 3 ^ r K + ] ~ d- [ 2:^ r n- )  =

, i\i 1  mt Í ( 2i—1  i l  ( 2 i — 1  i l l=  (— IV —  cos — 1 cosec — -----n — — 1 —cosec —7:------л+-^- r,v ' m 2 { l 2 m 2) \ 2m 2))
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(without loss of generality we can assume t = 0 ) which yields

a  ( - 1 ) ' «  [d . ,

(contrary to [5] (35)) and therefore

(8 ) 2 <t0  ( ' ) S l + r f „ ( | + / j  +  4 ( ^ + i ) - 4  - 1) =

. 1  mt f ( я i )  ( Зя / )  ( Зя iY|
m 2 [ ( 2 m 2 )  ( 2 m 2 )  ( 2 m 2)1

. 1 mt f я Г ( n О  я 1=  1 H----- cos —г— icosec —----h cosec ——- +  cosec ——  +
m 2  i 2 m L ( 2 m 2 ) 2m J

+ [cosec (á—i) - “sec (1т+4Ш •
Now (cosec x —l/x)', 0 -= х ^ я /т , is an increasing function of x, which can be 
easily seen by its Taylor-series expansion. Thus evaluating this function at the end

points of the interval we get -^-S (cosec x — l /х У ё -Г  Using the mean-value theo-
6 3

rem we obtain, O ^t^n/m ,

cosec Í—V 2m 2 J -cosec T 1 Í 3n
fJ Л 2m

( m2 1 )
e )

cosec í — + - ] _рлсрг» я
í — +  - 1 Г - í — 1(2 m  +  2) 2m — 1 2m x  2 J1 (2 m  J

-  - - W Í— + - -1 — 1
- 1 t_1__ < ( m 2

2 [1l 2m ‘ 1ij 2 m J +  6  - l  7C2  1
Substituting this in (8 ) we have, O^t-^n/m,

(9) 2o0(t) g l  + 1  mt f—  c o s -^ -h  m 2  1
cosec

2 m
m‘

~2rf} . 1  mi я
á  1  +  —  cos cosecm 2 m

This makes possible to correct the proof in [5] because using (9) and [5] (37), (38) 
we get

1  mt f я / 1  . I f  я , 12 1 «,(01 *  1+ 2^ -  cos _  jcosoc ̂  -  sec T j  S  1 +  jcosec ш  - 1 j ,

which coincides with (40) in [5].

3* Acta Mathematica Hungarica 46, 1985



36 R . GÜNTTNER

3. Proof of Theorems 2 and 3

First we prove Theorem 2 for к odd, k=2r — 1. It is easy to construct a func
tion /€ С 2я satisfying f(n/m ) = 0 and

/•/\ . 2 i — 1  c 2 i +  l  , . fc+ 1f ( t )  — i, ——— n + S ^ t ^ ——— n, 1  ^  i 'm m

<5>0 being sufficiently small, / ( ~ + x ) =/ ( ~ ~ “ x ) > w (/> ^ - )  =  1 • Therefore we

get

( 10)
5„.[Л  ( - £ ) - / ( - £ - )  , m  , 

---------- /  ' ,  -  2  n p . U l

-  *  v )

к + 1  — 2 j
m * ) "

But

(И )
and

( 12) 2 J ’ (27  Ч ' “ (2r- 1)2 д  (T -i2) -

Substituting (12) and (11) in (10) we have Theorem 2 for k = 2 r—l.
Now in order to prove Theorem 3 let /  denote a function satisfying

m  = i, l S i S f c / 2 ,  Ah-i)=i, l S i S f c / 2  +  1,

к odd, k=2r, г ё 1 .  O f course we have for arbitrary e> 0  (m and к be given)

1&п[ / ] ( 0 - й Л Л ( 0 ) |  <  £,

if  r > 0 is sufficiently small. We choose such t and now complete/ as follows: f ( t ) = 0, 

/ € C 2„  ®(/> ^ )  =  1 - Thus we get

SkÁr (,-j f - -  >  *§*b[ / ] ( 0 ) —ß>-(*#)
2*im (0) = i ( ‘ ) / ( - ~ -« ) - 2 i ( 2r ) ( r - j+ i) -

^cfa Mathematica Hungarica 46, 1985
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But now

К)^-К)ЦМ]-('4 Ж(Т)].
P 7 ‘) -  2г1 Т Т ‘) -  ^

which completes the proof o f  Theorem 3.
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ON THE BANACH SPACE OF STRONGLY 
CONVERGENT TRIGONOMETRIC SERIES

I. SZALAY (Szeged)

Introduction. Denote by C the Banach space o f  27r-periodical real or complex 
valued continuous functions with the norm

l l / l l c =  sup 1/ 0 ) 1-0S<S2lt
Using the familiar notations SN( f ) means the JV-th partial sum o f  the Fourier 
series of Д С

( 1 . 1 ) a° [ P  +  2  ian(J) cos nt + b„(f) sin n t)=  Z An(fO -

Very recently Tanovic—Miller [2] introduced a new definition o f  strong conver-
oo

gence, saying that the series 2  cn strongly convergent to a limit T  if
n — 0

lim - i - p  1  K N +IX S h- D - N Í S h^ - T ) ]  =  0M~*oo M +1 0
N

where SN— 2  cn and 5'_i=0.
n=0

We shall denote by U, S and A  the classes o f functions /belonging to C whose 
Fourier series converge uniformly, strongly uniformly and absolutely on [0,2n], 
respectively. Tanovic—Miller showed that the set A is a real subset of S which 
itself is a real subset of U ([2], Theorem 4).

By the Fejér theorem we can see that if / 6  U then / is the sum o f  its Fourier series 
and in the cases f d S  or f£A  a similar conclusion is valid. Of course, i f / i s  a sum 
of uniformly, strongly uniformly or absolutely convergent trigonometric series then 
/€ U , f£ S  or f£ A , respectively.

To show the difference between the uniform and strong uniform convergence 
we have the following trivial

L emma 1. The function Д С  belongs to the class S, that is

( 1 .2 ) | | i |(Лг+ ̂ ( ^ ( Л - / ) - | | с  =  0

i f  and only if
(1-3) lim | | / - 5 я(ЛИС =  0

N-*■0 0
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and

(1'4)
are fulfilled.

It is known that U is a Banach space with the norm 

(1-5) ll/llu =  sup ИзделиеN
and A is a Banach space with the norm

(1.6) ll/IL =  2  (К(Л\+\ь„(Л\)
(see e.g. [1 ] p. 1 2 ).

Our aim is to find a suitable norm for S  such that S  would be a Banach space 
with this norm. Considering that \(N + l)S N( f ) - N S N- 1(f)\^ N \A N(f)\ +  \SN( f ) -  
—/I  +  l/l  (N =  0, 1, ...)  we have the following inequality for any M = 0, 1 ,2 ,...

J  K JV+D^CO —г а » - 1 <Л 1| И 1 ^ т | | | / 1Л ( Л 1| |с +

+ -ttV t' J l l s » C O - / I c + « / lc .M-j-l N=0

By Lemma 1 we can see that for any / €  S  the norm

(1-7) ll/lls =  s u p ^ j  \ \J o \(N + l)S N( f ) - N S N^(f)\\\c
is finite.

T h e o r e m  1. The set S  is a Banach space with the norm (1.7) and for any fdS

( 1 .8 ) ll/llu ^  | | / | l s .
Moreover for any f£ A
(1-9) ll/lls^ 2 ||/|U
holds.

O f course we have to show that S is not a Banach space with the norm (1.5) 
Turning to this direction we mention that for any non negative integer N > M  the 
inequality
(1.10) | | ^ ( / - ^ ( / ) ) | | c  S  IISN ( / )  —/IIс +  II/ — SM (/)||c
holds.

Using the definition (1.5) the inequality (1.10) yields 

L e m m a  2. I f  f e U  then lim | | / - 5 ' M( / ) | | l,=0.M-+oo
Let f £ U \S .  Lemma 2 shows that the sequence {5’m( / ) } m= 0  has the Cauchy- 

property in the norm || - 1|£/. As for any M, SM(f)£ S  but f i s  we reached our

Acta Mathematica Hungarica 46 ,1985



STRONGLY CONVERGENT TRIGONOMETRIC SERIES 41

aim. Moreover by Theorem 1 we have

(1.11) sup/es
f * 0

l!/lls
ll/llu

oo.

If f t A  then lim \\f— ̂ мСЯИа^О is obvious. We can prove a similar result for
M-*oo

the class S.

Theorem 2. I f  f t  S then lim | | / - S ' M( / ) | |s =0 .M -*■ °o
Let f t S \ A .  Theorem 2  shows that the sequence { S 'm ( / ) } m = o has the Cauchy 

property in the norm || • ||s . As for any M, SM( f ) tA  but f t  A, we obtain that 
A is not a Banach space with the norm (1.7) and

(1.12) sup 
/ел  
f* о

M
u/n

A

S

=  O O .

Finally we mention that S is not a Banach algebra. To show this we have

Theorem 3. There exist functions f t  A and g tS  such that fg$U .

Proof of Theorem 1. First we prove the inequalities (1.8) and (1.9). By the
Af

identity (M + \)S M( f ) =  Z i i N + V S A n - N S ^ f f ) )  we get that
N =  0

W S M c  ^  - Щ 1  I l i  HN+VShW - N S x - M W c

and casting a glance at the definitions (1.5) and (1.7) we have (1.8). On the other 
hand for any /$ [0 ,2n\ by (1.6) we have that for any N — 0,1 , ...
\(N+l)SN(f, t ) -N S N̂ { f ,  0| = ISN(f, t )  + NAN( f  0| =§ ll/]L + i4 K ( /) l  + iM /)l) 
and so for any M = 0 ,1 , ...

1 Af \ M

-ТГ7Т 2  W + i ) s N( f  0 - N S s ^ i f ,  01 ^  n /L + ir x r  ^  ^(KCOI + lbvCOD-

As the second term on the right hand side is less than | | / | |A by the definition (1.7) 
we get (1.9).

Let us assume that for any и= 1 ,2 ,  ...;  f nt S  and the sequence {/„}Г=г has 
the Cauchy-property in the || • ||s-norm, that is for any e (> 0 ) there exists v1 =  v1 (e) 
such that if n, then

(2.1) W fn - fJ s < e-
By (2.1) and (1.8) we can see that the sequence {/„}r=i has the Cauchy property 
in II • ||l7-norm, too. As U is a Banach space with the || •! [,-norm we obtain that 
there exists a function f t U  such that for any e ( > 0 ) there exists v2 =  v2 (e) such 
that if n S v 2  then
(2.2)

A cta  Mathematica Hungarica 46, 1985



42 I. SZALAY

Let M  be a non-negative integer and <5 be an arbitrary positive number. Assuming 

that m ^ v 2 1  д^ ту) we obtain by (2 .2 ) that

2 1(лч l) s„ - n sn. x (fm -л \\\с  ^M + 1

M -f-l #=o
1 M

2  (2 N + l)\\fm- f \ \ v -z Ő.-  M + 1 wt4

Moreover if и ^ гг(е) and m—max |уг(е), v2 by (2.1) we get
1 M

m T i \ \ 2 o m + i ) s N(fn- n - N S N^ ( f n-n \ \ \c  S 

-  1 7 Т Г  l l j  l ( ^ + ! ) S * ( /n- / J - ^ ! (/„ - / J | | | c +

1  " 2  1( ^ + 1 ) ^ ( / т - / ) - Л Г ^ _ 1 ( /т - Л 1||с ^  0 / ,- /* l ls + 5  <  e+0.
I  —  n  11

II/.-/Ils — s

+  ■-^f+ 1  N= 0

Hence
(2.3)
if n^Vife).

Considering the identity
M M

2  N A M ') = 2  ((ЛГ+1) W -/.)- N S ^ M - f n ) ) -
N = О ЖТ- Л

A t

2
N = 0

-  2  s N(fn- f ) +  2 N A N(fn)N = 0 iV = 0
we have the inequality

1 Af 1 M 1 M

^ r l l  2  V K O T I I k  s 1 / - / . Ь + ^ + г  Л  l / . - Я ^ й + г  I t  2  * К ( / Э 1 Ц с
Let now e be an arbitrarily small positive number and n=ma.x(y1(e/2), v2(e/2)). 
Then by (2.2) and (2.3) we obtain

I M  1 M
M + Г  l l „ ä  " I ^ W I I I c  <  « + m r  I I 2  V K T O l l t c

As /„€ S' by Lemma 1 (see (1.4)) we have that for any positive e

1(2.4)
m™ M + 1 ' t óJ ^ i v C O l U c S e .
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Since f d  U , co n d it io n  (1 .3) is  fu lfilled  and  b y  (2 .4 ) w e can se e  th a t (1 .4 ) h o ld s ,  
to o . A p p ly in g  L em m a 1 w e o b ta in  th at Д  S  a n d  ou r p ro o f is  co m p le te .

P roof of T heorem  2. O u r ta sk  is  to  e s t im a te  th e  difference

i r  2 |(a + i) SN ( / -  s M (/)) -  _ 1 ( / -  s M (Л)|
/Í +  1  N = 0

/ - ^ м ( Л =  2  М Л
fc=M + 1

[! /*—‘S'aí (/)Ils =  supn

L e t M  be a fixed  n on -n ega tive  in teger . A s

(3 .1 )

th e  id en tity
(3 .2 ) S N( f ~ S M ( n )  =  0 (2V =  0 , 1, 2 ........ M J
is  o b v io u s , so  w e  g e t

(3.3)

71Т Г l l j |(í v + 1) ^ ( / - 5m ( / ) ) - ^ ív- i ( / - * s'm ( / ) ) | | | c =  0  ( л  =  0 , l , . . . ,  M ) .

U s in g  (3 .1) again  w e  can  see

S N( f - S M(J ) )  =  ^ ( / Ь ^ л Л Я  ( A  =  M + l ,  M + 2 , . . . )
a n d

Í 0  i f  A  =  M + 1

=  дг =  M + 2 ,  M + 3 ,  . . . .
S o  w e  h ave

(3 .4 ) ( А + 1 ) 5 ^ ( / - ^ ( Л ) - ^ - 1 ( / - ^ м С Л )  =  N A n ( J ) + S n ( J ) - S m (J )

( A  — M + l ,  M + 2 ,  . . . ) .

F o r  any / * = M + 1, M + 2 ,  . . .  b y  (3 .2 ) and (3 .4 ) w e  get

ß
2 .

N  =  0

ß

2  |( A + 1) S N( / -  ( / ) ) -  N S „ M f - S M0 0 ) |  =

=  2  \ ( N + l ) S N( f - S M< J ) ) - N S N- 1( f - S Mi f ) ) \  =
N = M + 1

S o  w e  obta in

=  2  \N A N( n + ( s N( D - / ) + ( / - SM( / ) ) | .N=M+ 1

(3 .5 )
1

/ 1  +  1  JV = 0
2  |(A  + 1 )  S N ( / -  ( / ) )  -  N S n _ ,  ( / -  SM ( / ) ) [  I |c

1„  . ,  „  2  А | Л ( / ) | | | С + - 1 Г  2  1 1 ^ ( Л - / 1 1 с + 1 1 / - ^ ( Л 1 1 с
jU +  1 nN  =  M + 1 A* +  i  N=M + 1

(ji =  M + l ,  M + 2 ,  . . . ) .
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As f£ S  by Lemma 1 we have (1.3) and (1.4), that is for any e(>0) there exist 
vi = v i(8) and v2 = v 2 (e) such that if k ^ \ \  then

and if Ц S  v2  then
\ \ f ~ S m \ c  «= e,

1

^ +  1 | f  * И * ( / ) | | |С
N = 0

e.

Choosing max (уг(е/3), v2 (e/3)) by (3.5) we have

(3.6)

- ^ I-||jvÍ | ( ^ + 1 ) ^ ( / - ^ mC 0 ) - ^ - 1( / - 5 ' m C0)|||c «= 8 (M =  M + l,M + 2 , ...).

Collecting (3.3) and (3.6) we can see that if M i  max (vj (s/3), v2 (e/3)) then 
II/- *̂m(/)IIs—e» so our proof is complete.

P roof o f  T heorem  3. The series

(4.1) i sinnt
n log (n +  1 )

( 0  5= t =S 2 n)

converges uniformly in [0, 2n\ (See e.g. [1] p. 12.) Denoting by g(t) the sum o f  the 
series (4.1) we have lim \\g — 5 Л(^)||С= 0 . On the other hand for any t£ [0 ,2n]

N-*- oo

M + 1 0 1  -  M + 1 Ж  log (tV+1)
0 if M -*

so by Lemma 1 the function g  belongs to the class S. Using the Euler’s formula an 
easy computation shows that for any N —1 , 2 , ...

and so we have 

(4.2)

1 2 N  p - i n t

5 « 0 я « ) О  =  - T « “ 2 ^ i o r n r  (,6 [0 -

1 2iV 1

S M ) e m )\\c =  T 22 „ti n lo g (n  +  l)
( N =  1 , 2 , ...) .

Let us assume that for any fd A  we have fg£  U. By (1.5) we can write that for any 
f£A  and N = 0, 1 ,...

(4.3) H W g)llc ^  m \ v

Now we consider the linear continuous operators TN from the Banach space A 
into the Banach space C :

TNf = S „ ( f g ) ( N =  1 ,2 ,...) .
Acta Mathematica Hungarica 46, 1985
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By (4.3) we may apply the Banach— Steinhaus theorem and get that there exists 
a positive constant К  such that

(4.4) l|Sw(/g)llc ^  K\\f\\A (N =  1 ,2 , . . . ) ,
where К  does not depend on / .  Setting f{ t)= e int ( | | / | |a= 2) from (4.4) we have

| |^ ( g ( 0 O l H  2K { N = 1 ,2 , . . . ) ,
and casting a glance at (4.2) we obtain a contradiction.
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ON THE CHARACTERIZATION OF THE 
DYADIC DERIVATIVE

W. ENGELS (Aachen)

1. Introduction

Two essential open problems in dyadic analysis, as initiated by J. E. Gibbs 
(and his collaborators M. J. Millard and B. Ireland) [9, 10, 11] and further developed 
by P. L. Butzer and H. J. Wagner [2, 3, 4, 5], F. Schipp (and his collaborators J. Pál 
and P. Simon) [19, 20, 21, 25, 26], N. R. Ladhawala [14], R. Penney [23], C. W. 
Onneweer [15, 16, 17], Zheng-Wei-xing and Su-Wei-yi [32], and He Zelin [13] are 
the characterization and interpretation o f the dyadic derivative. Gibbs and Ireland 
[1 2 ] gave a first, but rather abstract interpretation in the realm of locally compact 
abelian groups. However, just as the classical derivative may be associated with the 
slope of a tangent to a curve, or with the speed of an object — thus associated with 
basic geometric or physical notions — there is still no intuitive interpretation o f the 
dyadic derivative (which may lie in the setting of these modern sciences such as 
information or signal theory which make use of dyadic Walsh analysis). Neverth
eless, as a further step in this direction Skvorcov and Wade [28] derived a first 
characterization of the class of /£C [0, 1); they improved some earlier results due 
to Bockarev [1], Butzer and Wagner [5] as well as to Schipp [27].

The aim of this paper is to give a rather complete characterization o f the class 
of functions that are dyadic differentiable in dependence upon the discontinuities 
of the first kind (which means only jumps) o f the function in question. The cases 
that the function has a finite number of jumps or an infinite number of jumps under 
the additional constraint that this set o f discontinuities has only a finite number of 
cluster points are distinguished. Our main results state roughly that a function of 
either case is dyadic differentiable if and only if it is a piecewise constant.

Although this is a rather restrictive condition, the dyadic derivative is especially 
adapted to functions that have only a few or small intervals o f constancy. It is even 
applicable to functions having a denumerable set of discontinuities like the well- 
known Dirichlet-function.

This paper will deal with the situation o f functions defined on [0,1). The corres
ponding material for functions defined on the positive real axis R + will be treated 
in a further paper.

The paper is divided into four sections. Section 2 is concerned with a summary 
of the fundamental properties of dyadic analysis, including dyadic representation, 
dyadic addition, the basic Walsh functions, some elements of Walsh— Fourier 
transforms, as well as the dyadic derivative. Section 3 deals with two characteriza
tion theorems. Finally, Section 4 is devoted to some representative examples which 
are worked out in detail.
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2. Preliminaries

2.1. Dyadic addition. In the following, let N :=  {1,2, 3 ,...} , P := N U {0} and 
Z := {0 , ±1 , ± 2 , ...}. Each k£ P  has a unique dyadic expansion

( 2.1) k =  2  kj2J (kj£{0 , 1 }).
J*= о

Likewise each x£[0 , 1) has a unique dyadic representation

( 2 .2 ) x  =  2  * / 2 "' (^ € { 0 , 1 })
J=o

i f  the finite expansion is chosen in case x  belongs to the dyadic rationals (= D . R.),
i.e ., the set o f all numbers of the form x= p2~ qe[0, 1), p£P, i/€N. The dyadic

sum of x = 2 xj'^~i and y =  2 y j 2 ~ J is defined by
j=i j= i

(2.3)

(2.4)

x ® y -  2  hj 2
j=г

h j : =  X j + y j  : =  { x j + у y)modг =  \ X j - y j l

In view of the uniqueness of the representation, dyadic addition is only defined 
for almost all y€[0 , 1). For example, one easily sees that

(2.5)
and, setting
(2 .6)

(2.7)

x®2~J =  x —2~J(xj—(xy + 1)),

Л := {/TP, XJ+1 =  0}, Л := {/TP, xJ+1 =  1},

Formulas (2.5)— (2.7) will often be used later on in this paper.

2.2. Walsh functions. The functions which are taken as a basis for dyadic ana
lysis are the Walsh functions фк(х) [31]. For x€[0, 1) — using Paley’s enumeration
[2 2 ] — they are given by

( 2 .8) Фк(x) =  exp{ni 2  kjXj+i} =  ( - í)j=okjXj+\ k eP,
J==o

and on R (set o f  all reals) by periodic extension. The \]/k, k£P, form a complete, 
orthonormal system, and possess the important property

(2.9) Фк (*0т) = Фк О) Фк ( у )  ( k e Р)
for fixed x€[0 , 1 ) and almost all y€[0 , 1 ).

Denote by L p(0, 1), 1 the set o f all functions /  of period 1 which are
p-th. power Lebesgue integrable and endowed with norm

(2 .1 0 ) ll/ll„ :=  { / \f(x)\pd t y p,
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£ “ (0 , 1 ) that of all essentially bounded functions/  of period 1 with norm

(2.11) 11/11» := ess sup |/(x )|,
x € [0,1)

and finally C®[0, 1] that o f all dyadic continuous functions /  of period 1, endowed 
with the usual sup norm, thus

(2.12) C®[0, 1] := { /;  lim | | / ( .  ® h )-/(-) llc®  := ton sup \f(x ® h )-f(x )\ =  0}.
ft- о  m j £!o, i)

In the following X =X (0, 1) always stands for one of the (Banach) spaces L p(0 ,1), 
1 oo, £ “ (0 , 1 ), andC®[0 , 1 ], with norm Ц/11*.

Denoting the Walsh—Fourier coefficients of f£X (0, 1) by

(2.13) Г ( к ) =  f  f (u )M " )d u  (fc€P),
0

the formal series

(2.14) 2 Г ( к Ж ( х )
k= 0

is called the Walsh—Fourier series o f / .

2.3. Dyadic differentiation. Further, the concept o f dyadic differentiation, as 
defined by Butzer and Wagner [2], [4], is basic.

D efinition 3.1. a) Let f£ X (0 ,1). If there exists g£X (0 ,1 ) such that

(2.15) lim 2  2-,- 1[ / ( * ) —/ ( *  ® 2_-,_1)] —g ( - )  x =  0,
m“*°° 7 = 0

then g  is called the first strong dyadic derivative o f / ,  denoted by g = D mf .  Deri
vatives o f higher order are defined successively by (Dmf : = f )
(2.16) £ [ ' ] /=  £W(£>[P- 1]/ ) ,  r€N.

b) L e t /b e  defined on [0, 1). If

(2.17) 2  y - l U (x ) - f {x ® 2 ~ ^ )]  =  c <  -
j = 0

for x€[0 , 1 ), then c is called the first pointwise dyadic derivative o f/  at x , denoted 
by f [1](x). Setting f m (x )= f(x ), derivatives of higher order are given by
(2.18) f [rl(x) =  ( / [r_1])cl]W  0 ‘€N).
Some o f the most important properties o f the dyadic derivative are (for the proofs 
see [2, 3, 4]) listed below:

(i) £)Cr] is a closed, linear operator in X(0 , 1 ).
(ii) The Walsh functions ipk are infinitely differentiable, and

(2.19) D ^ k =  I№  =  к'Фь-
(iii) If / ,  Z)(r)/C F (0 , 1) for some r£N, then

(2.20) [Z)M/T(/c) =  k T ( k )  (fc€ P).
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The pointwise counterpart of (2.20) can be found in [5]. Moreover, one can construct 
antidifferentiation operators to (2.15) and (2.17), respectively. This leads to the 
fundamental theorem o f dyadic analysis; it is similar to the fundamental theorem 
o f  classical differential and integral calculus. For the strong version o f the dyadic 
derivative the fundamental theorem is due to Butzer and Wagner [4], in the more 
difficult pointwise sense it is due to Schipp [25], [26]. The dyadic derivative gives 
information about the smoothness o f  a function. It allows one to study the rate of 
approximation o f dyadic differentiable functions by partial sums o f Walsh—Fourier 
series, the best degree of approximation in the Walsh setting, partial differential 
equations with the derivatives being understood in the dyadic sense, etc. One of the 
more important application lies, for instance, in the field of digital signal processing, 
cf. [6 ], [7], [8 ], [29].

3. Characterization theorems

Though the dyadic derivative has attained significance in various fields of 
dyadic (Walsh)-analysis, an interpretation of it or even a full characterization of the 
class of functions which are dyadic differentiable is still lacking. In this respect, 
however, a first result, due to Skvorcov and Wade [28], which generalizes an earlier 
one by Butzer and Wagner [5], states:

Let f  be continuous on [0, 1), and let / [1] exist for all but countably many 
points x£(0, 1). Then f  is constant.

This result tells us that it is not reasonable to begin with functions that are 
continuous on the whole interval o f  definition [0, 1). So we will deal with functions 
f  that have infinitely many discontinuities. It seems convenient to divide this class 
o f  functions into two parts, namely those functions the set of discontinuity-points 
o f  which possesses either a finite or an inifinite number of cluster-points in [0 , 1 ). 
The first group o f  functions will be treated in our main theorem. For the second 
group it is clearly not possible to obtain an equivalent statement between dyadic 
differentiability and piecewise constancy, because the members of this class of func
tions cannot consist totally of piecewise (non-degenerate) constant functions. One 
could even say that in this event the intervals of constancy may degenerate to points. 
Nevertheless even those functions can be dyadic differentiable. In the next section 
we will show that Dirichlet’s function, which is an important member o f this ‘exo
tic’ class, is indeed dyadic differentiable. However, in case of /  having a countable 
set o f  discontinuities which have at most a finite number of cluster-points we are 
able to prove the following

Theorem. Let f  be defined and bounded on [0, 1), possessing a countable set of 
discontinuities x (**, k£  N, exclusively o f first kind, which have at most a finite number 
o f  cluster-points in [0, 1). Then f  is pointwise dyadic differentiable except on a coun
table set in [0 , 1 ) i f  and only if the function is a piecewise constant on [0 , 1 ).

Proof. In the following it is assumed that the function is righthand continuous 
at the points of discontinuity. Although our results are also valid in case of left- 
hand continuity, they are slightly more complicated to establish.

At frist we will deal with the case that /  has only one discontinuity, namely 
x (1 )£ [0,1). Suppose that / i s  dyadic differentiable on [0,1) except on a countable
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set # c [ 0 ,  1). Then the series (2.17) converges for all x£[0, 1 ) \H ,  and therefore

(3.1) lim 2J- 1[ f(x )- f (x ® 2 ~ J~'l)\ =  0.
j —°°

If x(1)= 0 ,  then / i s  continuous on (0, 1), and with the help o f  the result of Skvorcov 
and Wade [28] cited above, one immediately concludes that / i s  constant on (0, 1). 
Now suppose that x(1 )> 0 . Then /  is continuous on (0, x (1 >)U (x (1), 1). If x £ (0 ,x (1)), 
one can choose a sequence o f  integers (Jn)T=i with j„<jn+1, n£ N, suchthat xJn= 0  
for all n£N . Noting (2.5) and (3.1), one deduces for all x $ H

limП-* oo
/ ( * ) - / ( *  0 2 -J-)

2~Jn =  lim
П -*■ oo

/ ( x ) - / ( x +  ?-'■■)
2~Jn =  0 .

Likewise, if  x^D.R., then there exists a sequence of integers (/„)”= x with /„ <  
< /B+i, n€N  such that x 7 =1  for all n€N . So similarly, one concludes for all 
xfftfU D .R .

lim т - Г Ь Ы г Ц  =  ,im / W - / ( « - 2 -?■) =  0

2 -̂ 'n 2 ~Л.

Therefore the upper and lower right Dini derivatives of /  exist and are equal for 
x^ tfU D .R . (cf. [24], pp. 155). Since H U D .R . is countable, and /  is continuous 
on [0, x (1)), it follows as in [28] (using [24]) that / =  const, on (0, x(1)). Analogously 
one can verify th a t/is  also constant on (x(1), 1 ).

Conversely, suppose th a t / i s  a piecewise constant function on [0,1), possessing 
a jump at x (1 )£ (0 ,1). Obviously this function can be expressed as

(3.2) / M - Й  « •* ■ > •

If A=B, the matter is trivial, because in this event /  equals which is clearly
dyadic differentiable. So, let A A B \ with J0, Jx defined as in (2.6) one has by (2.5),
(2.7)

(3.3) f ix ®  2 -J -1
_  í f i x + 2 - J - 1), 

’ \ f ( x —2~J~1), J i 

lt  can be easily shown that for x£[0, x (1)) there exist J, y€ N  such that for the
difference f i x ) —f(x®2~J~1) the following three relations are valid:

0 , j £J i
(3.4) f i x ) - f i x ®  2~ J-1) = A -B , j ^ J ,  x€ [0 ,*» )

.0 , j  € Jo >j  >J.

(3.5) f i x ) - f i x ® 2 ~ J - 1) =  {B -A ,
o,

j€J i l  
7*€ Jo,

X =  X «

B -A , j € J i , j  < /
(3.6) f i x ) - f i x ®  2 - J - 1) = o, jdJ \ \ j * j ,  xe [x^ \  l)

P, jdJo-
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In view of these, the pointwise dyadic derivative (2.17) clearly exists for all 
x 6 [0 ,1 ) \{ * (1>}. If x (1> is a dyadic rational, /  is dyadic differentiable there too. 
H en ce /is  dyadic differentiable almost everywhere on [0,1). It is now obvious that 
both directions o f  the proof can easily be extended to the case o f  a finite number o f  
discontinuities х (к), 1 ё& ёи .

Let us now assume that /  possesses infinitely many discontinuities having in 
the first instance only one cluster point. Then, clearly, the limit lim x (i)= x 0 €[0, 1]

k-+oo
exists. Furthermore, the sequence may without loss of generality be assumed to be 
monotone, namely х(к)> х (*+1). Now construct a sequence o f  intervals Jk =  
=  (x{k+1\  x{k>) with Jkf]lj= 0 , k ^ j ,  so that the interval [0, 1), apart from the 

jumps x(k\  is representable as a union of pointwise disjoint intervals:

(3.7) [0 , x0) U U (*(fc+1\  * (4)) U (x(1), 1) =  [0 , 1 ) \  U  {*w }.
k=l Jt=l

We can proceed as in the case o f  finitely many discontinuities. Suppose /  is point- 
wise dyadic differentiable on [0, 1) except on a countable set H c [0 , 1). Then one 
has (3.1) again for all x£[0, 1 ) \ H ,  where H is again the set o f  all points for which 
the derivative fails to exist. N ow  apply the above arguments to each of the intervals 
o f  the decomposition (3.7). It turns out that / is continuous on each of the intervals 
[0, x0), (x(1>, 1), l k, &£N; similarly upper as well as lower right Dini-derivatives 
o f  /  exist for HUD.R., and they are as well equal to one another. So one can 
conclude that / i s  a constant on [0, x 0), (x(1), 1) as well as on each lk, k£ N.

Conversely, /  is assumed to  be a piecewise constant function possessing the 
discontinuities x (t), k£ N, which are only jumping-points o f / .  Consequently /  is 
constant on each o f the intervals [0, x0), (x(1), 1), and Ik, kd N, respectively. N ow  
we are principally in the position to use the methods of the converse direction o f the 
proof of the corresponding finite case. Suppose for example that x d lk, kdN. Ob
viously there exists / q€N such that for all / >  /„ the dyadic sum x® 2~J~1 belongs 
to 4 ,  Ik+1 or Ik- X, respectively. (For k=  1 define / 0 :=(х(1>), 1 ).) Hence for 
we have the same situation as in the above converse direction. For example, if  
x ® 2 - J ' - 1  belongs to Ik or Ik+1, respectively, one obtains eight relations for the 
difference x ± 2 ~ J~1, quite similar to those in (3.4)—(3.6). Thus the difference 
/ ( x ) —/( x ® 2 _J_1) vanishes for some /> /* , since / i s  constant on (0 , x0), (x(1), 1 ) 
and on Ik, k d N. Consequently we have for all x£(0, x0) U (x(1), 1) U / , k d N

2 2 J 1 [ / ( x ) - / ( x ® 2  J M] <  «=. 
j=o

Therefore the dyadic derivative can only fail to  exist at the points x0, xik\  kdN . 
Since (х(*°)Г= 1  is countable, /  is dyadic differentiable on [0, 1), except the countable 
set.

Let us finally discuss the case that the sequence of discontinuities (x^^^Lj 
has a finite number of cluster points in [0, 1], say xh 1 S ig n .  Then we can split 
up the sequence (x(t))Z°=1 into the subsequences (x(i/)j”=i, 1 ^ i^ n ,  having the 
property that lim x (ík)= x í , l S / s n .  The proof of the result then follows along

k — oo

the same lines as the above p roof concerning one cluster point.
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For the particular case o f a finite number of discontinuities of the function 
/  it is quite clear that the statement of the Theorem remains valid if the pointwise 
derivative is replaced by the strong dyadic derivative. In this regard we have

Corollary. Let f  be a function on [0, 1) possessing a finite number o f  discon
tinuities x (k), l^ k ^ n , in [0 , 1 ) and no points of discontinuity of the second kind 
(poles, etc.). Then f  is dyadic differentiable on [0,1) in the strong sense i f  and only 
i f  f= (p  except on a countable set, cp being a piecewise constant function on [0 , 1 ).

4. Examples

In this section we will present some examples which illustrate the applicability 
as well as the limits of the dyadic derivative. We begin our considerations with an 
example of a function that is piecewise constant and consequently is dyadic differen
tiable in both senses. Nevertheless this simple example will point out what the deri
vative actually effects. Note that the general theorems treated do not give any in
formation about the real nature o f the dyadic derivative.

Let gi be defined by
*€[0, 1/4) 
*€[1/4,1).

According to our theorem as well as the corollary, gx is differentiable in the strong 
as well as in the pointwise sense and, since the point of discontinuity is a dyadic 
rational, gx is dyadic differentiable everywhere on [0,1). Evaluating the derivative 
gives I6,

Dmgx(x) =  g[1](*) =  \ _ t ’

* € [0 ,1/4) 
*€[1/4,1/2) 
*€[1/2, 3/4) 
*€[3 /4 ,1).

This example shows that the derivative of a piecewise constant function can possess 
more points o f discontinuity than the original function does have; this clearly results 
from the global character of the derivative.

Let us now consider a piecewise linear function, for example g2(x)=xi//1(x). 
Clearly the theorem tells us that g2 cannot be dyadic differentiable since it is not 
piecewise constant. It is even nowhere dyadic differentiable on [0, 1). Indeed, the 
terms of the series (2.17) are

v - x [хфх (x) -  (x ® (* ® 2~j ~1)] =
(1 /2Ж (х )[х © 1 /2 ]+ х ,

-(1/4Ж(*),
. (1/4Ж(*),

7 =  0

7’€Л
)€ Л

J ä  1

noting that ij/1(2~J~1)~  — l, y'=0, ф(2~}~1)= 1 ,  у'ё 1, as well as formula (2.9). 
So the series (2.17) does not converge for any x£[0, 1), since the necessity condition
(3.1) is not satisfied. Thus g2 is nowhere dyadic differentiable on [0, 1).
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Let us now present an example of a function the discontinuities of which have 
one cluster point in [0 , 1 ), namely

*.<ИГ (n<ENU{0}).

Since g3 is bounded with cluster point x = 0 , gs is dyadic differentiable on [0, 1) 
except on a countable set. Its dyadic derivative at x —l/2, for example, is given by 
g£1]( 1 /2 ) =  1 /2 ; at x: = 0  it does not exist.

One may conjecture that a function which possesses a countable number o f  
discontinuities, which lie dense in [0, 1], is not dyadic differentiable. On the contrary, 
the dyadic derivative is especially suited for such exotic functions, although the 
general theorem is not applicable. One such example is Dirichlet’s function

0, jc€[0, 1)C1Q
1 , elsewhere on [0 , 1 ),

where Q denotes the set o f all rationals. g 4  is dyadic differentiable everywhere on 
[0, 1) with D iligi = g l̂ = 0 .  In fact, if x£[0, 1 ) \Q , then g 4 (x ® 2~j ~1)= 0  by
(2.7). If x£[0, l ) f lQ , then (2.7) and the definition of g 4 deliver g4 (x ® 2~J~1) —0. 
So gi (x )-g i (x® 2~J~1) =  0, for all x£[0 , 1 ) and yCP. Hence ^ 1](л:)=0, x€[0, 1).

For the strong dyadic derivative (2.15) withi respect to the spaces Lp(0, 1), 
l S g f o o  one has on account o f

II 2  ^  1 [?4(, ) — g i(m © 2  J ÎIIl*«).!.) =
J -  0

{  /  I "É 2j- 1[gi (x)-g i(x®2-i - 1)]\p dx}1'*, l s § p < ° ° ,  
[0 .1)\Q J=°

ess sup I "z  2 J - 1 [g4 (x)—g4 (x ® 2 -- '-1)]|, p =  ■»
*e[o,i) j=о 1

and in connection with the preceding remarks that L>tl]£ 4 (x )= 0 . Note that the 
space C®[0, 1] is not permissible here since g 4 (fC®[0, 1].

A more complicated function dyadic differentiable at every x€[0, 1) is

? sW  =
gi(x)+ 1 ,  
^ W + 3 ,  

(* )-!>

*€[0 , 1 /2 ) 
*€[1/2,3/4) 
x e m ,  1 ).

Another exotic function is g 6 (x) =  l +  Z (1/^2) ^ W ,  x€[0, 1). Although it has
* = 1

discontinuities at each dyadic rational, it is still dyadic differentiable with ge1](*) =  

=£>[1]g e(x )=  Z  ( 1 /&ЖС*) (see [6 ] for exact evaluation, [8 ] for its graph).
k = 1
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INTEGRABILITY OF WALSH SERIES
M. KINUKAW A (Tokyo)

1. We shall use the following notations. Let /  be a function integrable on (0,1) 
and periodic with period 1. We denote the dyadic addition by +  and the dyadic 
difference of a sequence (c„) of real numbers with respect to an integer m by

m Cn.
Let us put

aAp,Acn) = { 2  m - ^ - 1 | M m ( O I I S } 1 / p ,m= 1

and

=  {  2  m-**-'[Ya(ni)Y}ilP,m= 1

where

Mm (O L  =  { 2  Mm(c„)l°}1/a»
/1=0

IL(m) =  ||/(^ n- l ) | | e =  [ / \f(x)\“№ J x )-\\°d x Y l°
0

for 0 and
MmCOlU =  sup |dm(cB)|,n

Yoa(m) =  ||/(^ m-l)||o o  =  ess^sup |/(x)(i^m(x )- l) j .

Here we have denoted the Walsh—Paley system by i/rm: m = 0 ,1 ,2 ,__
Let us introduce the Beurling norm (cf. [3]). For the purpose, we set

W= {weZ-HO, 1): w >  0, w|}, and J / | | p>w =  \\fwVa~VP\\a-

Then the Beurling norm is defined by

a\\f\\p =  in f  [ I lw l lp - V ' - J /I L .J .wt w
A function space aLp is the class o f  functions whose Beurling norms are finite. 

It is clear that aLpQ L p for 0 and aLa—La.
We shall denote by К  a positive constant depending at most on p, a and a which 

may be different from one occurrence to another.
The main results are as follows.
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T h eorem  1. Suppose that l < a ^ 2 ,  l /a + l /a '= l ,  1 Щр^а', and x = l / p  — l/a'. 
For a given sequence (e„), if  lim cn—0 and aAPta(c„)<°°, then there exists a
function f  such that

«'II/IIp ^  K aAp<I{cn)
and its Walsh—Fourier expansion is

f ~  2 Cn^n•n= 0

The result holds also fo r  the case a =  1 and 1 = p < » > = a '.

T heorem  2. Suppose that l s a s 2 ,  l / a + l /a ' = l ,  0 ~=̂ рШа and 0 < a . If a 

function f  is integrable on (0 , 1 ) and / ~  2  cn ф„, then
n  =  о

a’̂ p t  a ( ^ n )  — K a W fa , p, a l lp ’

where fa,p,x( x ) - f ( x ) x x~llP+llafor  x £ ( 0 , 1 ).

R em ark . (I) Our theorems are the Walsh series analogue of Beurling’s results 
in [3]. (II) The trigonometric series analogue was proved in [4] and the dual results 
to the above have been discussed in the previous paper [5]. (Ill) In the case of tri
gonometric series, we have used the higher order difference of (cn) in our discussion. 
However, in the case o f  Walsh series, any higher order difference is essentially the 
same as the first one because of the dyadic addition. That is why we shall discuss 
only the first order difference.

2. The main part o f the paper is to prove the following lemmas.

L emma 1. I f  0-^рШа<°° or 0 -= p < co = a, then а\\/а,Р,Лр=к а^р,х(Л-
L emma 2. I f  and 0 < a ,  then â i,i0t( /)^ .K 'J /JiPjJ p.

P roof of L e m m a  1. (Cf. [5].) Let us suppose that aAPtX{ f ) <  °° and discuss 
firstly the case 0 We define a decreasing function w by

2fc

w (x) =  2  m~pxYp(m), for 2~k ^  jc <  2“*+1,
m = 1

where Y(m)=Ya{m). Then we have
1 oo a - * + 1  „  a*

f  w ( jc)  dx  =  2  f w(x)dx= 2  2  2~km~p*Yp(m) =
f  k = l a-k k = l m  =  l

oo CO 2m ~ 1
=  Yp( 1)+  2  2  2  2~k(2m~1+j)~paYp(2m~1+j)  =

m= 1 k = m  ] = 1

oo 2m ~ l

=  Tp(l)  +  2 ’2 - m + 1  2" (2m _ 1  +  j)~ pxYp(2m ^ 1 +j) =
m= 1 7  = 1

S  у»(1 )+ л :  2  *2 (2m- 1+ j ) - px~1Yp(2m- 1+ j )  2  m -p* - 1 y p(m),
m = l  J=1 m=l
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that is,
(1) M l  S  * L A « ( / ) ? .
and thus wdW.

Let us estimate aAPtX(f):

(2) LЛ , , ( / ) ?  =  2  rn~pct~1Ya(tn)Yp~a(m) =
m = l

=  f  1/0)1" { i  m - ^ - 1 Lp- “(m) |»>m (*) - l | a} dx 
о m=1

si / l/0)l'{iw-'-1rj’-e(m)|̂0)-l|*}dJC =
*=1 2"k m=X

oo *-‘ + 1
=  2  [  \f(x)\aM  (x) dx, say.

2-3c

Now we have to evaluate the lower bound o f M(x) on (2~k, 2~k+1). For that 
purpose, we set P —a/p, and l /P + l/Q  — l.  Then, by Holder inequality, we have

2k
[wO)]1/Q[MO)]1/p — 2  [m~PxYp(m)]1/Q[m~pi~1Yp~a(m) |iAmO)~ l |0]1/p =

m —1

2* 2k—1
= 2 ™ ~ px~p,a\'l'm(x)-l\p 2

m —1 m=2k_1

since >АтО)~— 1 if  2k~1^ m < 2 k and 2~*<л:<2~*+1. Consequently we have 

[wO)]1/G[MO)]1/p ^  К(2к) - р*-Па+1 s  Kxpx+p/a~1, for 2 “ ‘ <  x <  2~*+1. 

Therefore we get

M O ) ^  ^ [w 0 )]_P/O P(pa+p/“_1) =  & ,+1' “'p[w(r)]I-*ip.
Replacing M O) in (2) by the above estimation, we have

L A  ,0 0 ?  S i /  I/O ) |0лв<'+1-° / ' [vv 0 )]1_e/p </* =  •^L.II/.p.Jp.w?-
0

Using the above inequality and (1), we have

[lNi1]1/p- 1/flJ / a,p,JU w s  * U p .« ( /)F (1/p- 1/a)+p/e =  K j Pj n
from which we have the conclusion.

Next we shall discuss the case 0 < /? = a < °° . For this case, we need only to 
show the following inequality:

f  | / 0 ) | р*р‘ dx  =£ 2  т~р*~г J  \/(х)\р\фт(х )-1 \р dx.
0 *“l 0
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However, the right hand side is greater than

i /  l /(* ) lp [  i2 1m -p*-1\'l'm( x ) - m d x S :
k  =  1 2 ~ k  m  =  2k_1

^  к  2  ‘ f  l/(* )lp [  S 1 d x ^ K j  \f(x)\pxp° dx,
k  =  l  23c ». =  2“-« о

which is the required inequality.
Finally, we shall discuss the case °°—a. Set

2k

w (x) =  ^  m_pa Yp(m)
m — l

for 2~kS x < 2 ~ k+1, where Y(m )~Yr„(m). Then, by the same way as used in the 
first case, we have

(3) M U  * [ Д , , , ( / ) ] Р-
Now we have to prove that

[IM i]1/p» H A p J p ,w SS K „Ä PtX{f).
By (3), we see that the above inequality follows from

ool!^oo,p, slip , W == dk)

which may be read as \\fa0iPtXw~1,p\\a,S.K. Consequently, it is enough to show that 
for 2~k^ x < 2 ~ k+1,

l / № " 1/p s  к {  2 » г - р* \А х ) (Ф Л х ) - Ш 1Р
m = 1

that is,
2k

x?-VP Ш К { 2  m -p*|iAm( x ) - l | p}1/p. 
m = 1

However, the sum in the right hand side is greater than

К *2  т -рх S K (2k)~P*+1 ^Kx**-1
m = 2 fc—1

for 2 ' ‘ g r < 2 ~ t+1, which completes the proof.

P roof o f  L emma 2. Let us first prove the required inequality for the case 
when For any W and any numbers e and d such that 0 < £ <  1 <(5,
we may find a function w* which satisfies the following properties (cf. Beurling [2]):

(i)
(ii) x áw*(jc) is increasing;

(iii) xzw*(x) is decreasing;
г l

(iv) J  h>*(x) dx= K  J w (x )d x .
о о

Let us put P =ajp, l /P + l /Q = l ,  a !+ a2= —p a —1, and a2= —2IQ. Then, by
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Holder inequality, we have

(4) LA*CO]p =  5 {r '(m )[w * (l/m )]-v e m-*}{Iw*(l/m)]Vem-}S
m = l

ш—1 m=l

= £  * [ | К Ы 1 / 0 {  Z  Ya{m)\w*{\lm)f-alpmp̂ yip =
m = l

=  ^[llw*|li]1/e{5}1/p, say.

According to the definition of Y(m) — Ya(m), we have

s  =  /  |/(x )|e{ i  mPc<11 (*)—11“Iw* (1/m)]1 -e/p}d* =
0 m—1

2“ fc+1

=  Z  f  l / W l a {  Z  + Z  }dx.
k = 1 2~ic m ^ l / x  w > l/x

The first part of summation in the above will be denoted by Jx and the second by J2 ■ 
If 2 _lE< x < 2 _'I+1, and w < 2 t-1, then i/Vm(x )= l. Therefore we have

К Z  mPai [w*(l/m)]1 -“/p.
2k- 1S m S l/*

By the property (ii), we have, for m á  1/x, 

that is,

Consequently we have

Л  A'A-5(1- a''p )[ w * ( x ) ] 1- “/'’ 2 "  m ^ i + w - e / p )  K x -P i[1 -1 [ w * ( x ) ] 1- ‘,/ i’.
2 ‘- ‘smSl/r

By p roperty (iii), we have for l/jc<m ,

[ w * ( l / n O ] 1 _ e / p  s i  [ m £ ^ w * ( ^ ) ] 1 _ e / p -
Hence we have

Л ^ ^ а - « / р ) [ №*(х)]1-«/р 2 1 mPo'1+E<1- ‘,/p>.
1 /x<m

Since we may choose e so that P o q + ell —a/p)< — 1, we have

Л Kx~Pai “ 1 [w* (x)]1 ~~a/p.

Now returning to S, we have
1 j.

S ^ K  J  \f(x)\ttx - Pxi- 1[w*(x)]1- a/p dx ^ К f  | / (x ) | ax?*-alp+1[w {x)¥-alp dx. 
0 0
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Replace S  in (4) by the above estimation, then we have

\J p ..U )Y  S  K[\\W\ \ m a\\fa,PJ P,wy ,

which is the required inequality.
Finally we shall prove Lemma 2 for the case when 0 For  this case 

we need to show that
[P\ M ) Y  s  K\\fP'P, x .

However, the left hand side is
1 oo 2~k + 1

Z m - ’*-1/  \f(x)\”\^m( x ) - í \ pd x S K  2  f  I / W I P {  2  m~piz~1}d x  s
m =  l  J  k =1 2rk m —2k ~1

1
S  К  {  \f{x)\’x'* dx, 

о
which is the required inequality.

3. P r o o f  o f  T h e o r e m  1. Since aAPrlx(cn) is finite, we have for each m

n =0

Consequently, there exists a function Fm€L “'(0, 1) whose Walsh—Fourier series is

Fm~  2  Лт(сп)ф„.
n = 0

Write Fm= {x€(0 , 1): фт(х )^ \}, and for x£Em

Fm (x) =  f m (x) (i\/m (x) - 1 ) .

On the other hand, we have

Fm («Ar - 1 )  ~  Z  d, (Л» (O ) •An11 = 0
and

n = 0

Since d J(dm(c„)) =  d m(dI(cn)), we have, for a.e. x€(0, 1),

Fm (x) (ih  (x) - 1 )  =  F, (x) ( / m (x) - 1 ) ,
that is,

/m (x) OAm (x) -  1)(«А/ (x) -  1) =  yi (x) (A i(x ) - l )  (фт (x) -  1).

Therefore, we have / m(x) = f  (x) for a.e. х£ЕтГ\Е,. N ow  we can define a function 
/ b y  f (x )—/ m(x) for x£Em. Since IJF m =  (0, 1), / i s  well defined at almost every

m
point of (0,1). It is not hard to see that /€ L X(0, !)• And we have, for each m and n
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that ^ m(cm+„)= — Am(c„). Therefore

РтФт~~ 2  Ат(сп)ф„.
n = 0

Thus Fm(x)=  — Рт(х)фт(х) for a.e. xg(0, 1), that is, Fm(x) = 0 for a.e. x€(0, 1 ) \ E m, 
from which we get

ЯФт- 1 )~  2  Ат(Сп)Фп- 
n — 0

By the Hausdorff—Young theorem, we have

n = 0
and so

a'Ap,X(f)  =  K aApiX(cn).

By the application of Lemma 1, we get

AfWp ^  KaAP"(Cn) < “ •
Let us denote the Walsh— Fourier coefficients of / b y  (c*), then

Я К ~  1 )~  2  Ат(Сп)Фп-
n —0

On the other hand, we have

ЯФт~ 1 )~  2 Л т{СпЖ.
n =  0

Therefore we get Am(c*)=Am(c„) for each n, and hence c* =  c„ — c*+m — cn+m• Let 
m—°°, then we have c*=c„, which completes the proof.

P roof of_Theorem 2. We may suppose that J / a>p, J p<  Then, by Lemma
2, we have Д , , а( / ) <  C O , Hence we have, for each m,

Ya(m) =  ll/0A m -l)L  <

By the Hausdorff—Young theorem, we have

IMm(OL ̂  *£(»»).
Again by Lemma 2, we have finally

a'Ap,a(c») s  K j Pta(J-) S  Ka\\fa,pJ p.
4. From Theorems 1 and 2, we have

Theorem 3. Suppose that l^ p < 2  and a = l /p —1/2. Then (c„) is the sequ
ence o f Walsh—Fourier coefficients of a function Д 2Тр, i f  and only if  2Tp>a(cn) <  °°.

The following result is a generalization of Y. Okuyama’s theorem in [6].

A cta  Mathematica Hungarica 46, 1985
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Theorem 4. Suppose that 1 ё р < 2 ,  f fL 1 (0, 1) and

n = 0

For a given sequence (a„), if  lim an =  0 and
П-+- °o

(5) 2 № M \ 2^ k Z\*Acn)\\n=0 n=0
and if

(6) /  x - p‘* { {  P (t)d t]p/2 d x ^ ~ ,
0 x

©o

then there exists a function g€2L p such that g ~  2  апФп-
11 =  0

Proof of Theorem 4. Let 1 ё р < 2  and a = l / p  —1/2. Then, by Lemmas 1, 2, 
Theorems 1 and 2, we see that the finiteness of norms 2||/llp, 2^ р>я(сл) and 2Äp<a{ f )  
are mutually equivalent. On the other hand, we have

& Л ..С f)Y =  5  m ~ ^ ( f  | / ( x ) (^ m( x ) - l ) |2 dx)p/2 =  
m= 1 о

=  5 22 _1^ P/2- 2 ( /Jt=om=ait \ . e - i  ’

S K  4§ (2 * y /* -1( f  f 2(x) d x \ß ~  К  f  x~pl - ( f  P i t )  dt)P/2dx.
k — O 2-fc- 1 О x

N ow , from (5), w e have

2Ap,x(a„) 5= K 2Ap x(c„) =  K 2Ap o,(f)  <>».

Consequently we have the conclusion from Theorem 3.
The following is a direct conclusion of Theorem 1.

Theorem 5. Suppose that 1 -= a^ 2 , l /a + l /a '  =  l ,  l s p ^ a '  and <x=llp—l/a'. 
For a given sequence (c„), if  lim c„—0 and

2  M»(01" =  0 (m p),
л =  0

where ß<aoc, then there exists a function p a-Lp whose Walsh—Fourier coefficients 
are c„’s.

The corresponding Fourier series analogue, which is a generalization of the 
Boas theorem in [1] (cf. M. Sato [7]), is a corollary of our previous result in [4].
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A CHARACTERIZATION OF SEPARABLE 
POLYNOMIALS OVER A RING

G. SZETO1 and Y.-F. WONG (Chicago)

1. Introduction. Let R be a ring with 1 (not necessarily commutative) and 7?[Y] 
a polynomial ring in the indeterminate X  such that rX=Xr for each r in R. A monic 
polynomial f {X )—X n-\-an--l X n~1+ .. .+ a l X + a 0 for some integer n in 7?[Y] is 
called a separable polynomial if R[X ]/(f(X )) is a separable ring extension over R 
with a free basis {1, x, . . . , V -1} suchthat x"= — а„_1хл_1— агх —a0, where 
(f(X ))  is the ideal of 7?[Y1 generated by/ (X )  and x = X + (f(X j) .  When R is commu
tative, a lot o f  interesting properties of a separable polynomial have been found 
([II, [2]). It has been known th a t/(Y ) is separable over a commutative ring R if  and 
only if the determinant det (Г) o f Г is a unit in R where each entry of T is the trace 
t(x‘xJ) o f x ‘xJ ([1], Theorem 4.4, p. 111). The purpose of the present paper is to 
generalize the above characterization of a separable polynomial over a commutative 
ring to a non-commutative ring finitely generated and projective over its center.

2. Basic definitions. Let s be an element in /?[*]. Then for some
r, in R. We denote the ith-projection map from s —rt by п{. Then s = I ini(s)xi. 
The trace t is defined by t{s) =  Zini{sxj. It is easy to see that t is an 7?-homo- 
morphism from R [x] to R. Let A be a subring with 1 of R. Then R is called a separable 
extension over A if there exist elements {ah bt in R, i=  1 ,.. .,  к for some integer k) 
such that Z a f — 1 and s(Zal<^bi)=(Zai<S>bi)s for each s in R, where <g> is 
over A. Such an Z la ^ b j  is called a separable idempotent for R (see [1], [3], [4], 
or [5]). Throughout, we assume that /?[x] is a ring (=7?[Y]/(/(A'))) where f (X )  =  
= X n+a„-iX"~1+ .. .+ a 1X + a 0 with a free basis (1 ,x, . . . ,x " -1} over R, and that 
C  is the center o f R.

3. Separable polynomials. In this section, we shall characterize the separability o f  
f (X )  in terms o f the determinant of the matrix T of the trace t of i?[x]. We begin 
with some properties of the trace t.

L emma 3 .1 . Let T be an n by n matrix with the ( /+  l ,y +  \ )-th entry t(x 'x j) 
for  i ,7 = 0 , 1 , . . . ,  n— 1. I f  there exists an n by n matrix P  over R such that 
P T =I, the identity matrix, then (1) there exist elements {zJ i—0, 1 , . . . ,  и— 1} in 
/?[x] suchthat t (szt) =  t (zts) =  nt (s) for each s in 7?[x] where TTt is the i-th pro
jection of 7?[x] to R, and (2) t is free over /?[*], that is, (ts)(u) =  t(su) =  0 for 
each и in 7?[x], then s = 0 in 2?[x].

1 This paper was written during the first author’s sabbatical leave at the University of Chicago, 
and he would like to thank Professor I. Herstein for his excellent lectures on Galois theory and 
Professor R. Swan on projective modules.
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Proof. (1) Let P = [a y] for some atJ in R such that PT=I. Then 
Zkaikt(xkxJ)= S iJ (= 0  for i^ j ,  and 1 for /= / ) .  Hence t(tkZkaikxk)xí)= ő ij. Now, 
let z ~ X kaikx k. We have that t(z ixi)= 8 iJ. Since xj is in the center of /?[.v] for 
each j, t(zixJ) = t ( x Jz,)=S tj= n i(xJ). Hence, for .v (= Z irix ‘) in /?[x],

i(z {s) =  t(zi(EJxJrJ)) =  Zj^iZiX^rj) =  IrJ/(z ix J) =  Zrjt(xjz,) =  t(ZjrjXJz,) =  r(sz,).

Also,
IjrjtiZiX-0 =  ZjTjKiix1) = nflrjx1) =  7r,(s).

Thus, t(zis)—t(szi)= n i(s) for each .s in Ä[x].
(2) Let ts(u) =  t(su)~0  for an s in ä [jc], and for each и in i?[x]. Then /(jz f) =  

=Я|(^)—0 for each /= 0 , — 1 by part (1). But then í = I ' lní(j)xi=0.
Next we show that PT—1 as given in Lemma 3.1 is sufficient for the separa

bility of i?[x] over R.

Theorem 3.2. I f  PT—I as given in Lemma 3.1, then /?[x] is a separable exten
sion over R.

Proof. Let {z,} be given as in Lemma 3.1. Then we claim that Ẑ z.-igix1 is 
a separable idempotent for i?[x]. In fact,

f ( ( l—1,-Zj x‘)u) =  /(« )—t i l z ^ u )  =  I; л, {ax') — t(Zzi x‘u) =  Z t{z i uxi) — t{Zzixiu) =  0

for each и in /?[*], so Г(г,хг=  1 by part (2) o f  Lemma 3.1.
Moreover, for each и in jR[x],

и (1 (г ^ х ‘) =  Z u Z iQ x 1 =  ( l k лк (wZj) x k)  0  x ‘ =  Z i{Z k t ( z k u z i) x k)(S)xi =

=  Zk(xk 0  Zt t (zt uzt)x ‘) =  Zk(xk®Zit(zi zku) x ‘) =  Zk(xktgiZini(zku)xi) =

=  Zkxk<&zku =  (Zkxk® zk)u

(byLemm a3.1 (1)). Let u—l.  We have XjZjigix^Z'jX'igiZ;. Thus u(Zixl<8>zi) =  
for each и in i?[x]. Therefore, Ä[x] is separable over R.

In order to show the converse of Theorem 3.2, we have the following lemma.

Lemma 3.3. I f  Ä[x] is separable over R, then for each s in 7?[x], nk(s) =  
=  t(zks)—t(szk) for some zk and zk in Ä[x] for k = 0 , . . . ,  n — 1.

Proof. Let i = l , . . . , k  for some integer к Ъе a separable idem-
potent for ä [jc]. Then zk—Zink(х,)у; and г^=Г гх (ял(уг) are required to satisfy 
the equations in the lemma from the proof o f Theorem 2.1 in [1], p. 92.

Theorem 3.4. I f  Ä[x] is separable over R, then there exists a matrix P  of 
order n such that PT=I.

Proof. Since i?[x] is separable over R, there exist elements z,- in /?[x] such that 
7ti(s)=t(ZjS) for each í  in Ä[x] by Lemma 3.3. Let z ~  Zkaikx k for some aik in 
R, i = 0 , . . . ,  n — 1. Then

n fx j) =  <5 ij =  t(z iXj) =  t(ZkaikxkxJ) =  (Zkaik) t(x kxj)

whichisthe ( i4 - l , /+ l) - th  entry of the matrix TTwhere P = [a tj\ and T = [t(x ‘xJ)\. 
Thus PT=I.
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We remark that P  is not unique in Theorem 3.4 since there exist z'k (=  Хгл:;7г*(>>()) 
such that ni(s)=t(sz'l) by Lemma 3.3. Hence ni(xJ) = t( x Jz'i)=t(z'ixj) = ő ij .  Let 
z[= Z kdikx k for some dik in R. Then P 'T —I where P '= \d lj\. However, for R 
finitely generated and projective over its center C, we shall show that P  is unique.

T heorem  3.5. Let R be finitely generated and projective over C. Then /?[*] 
is separable over R i f  and only if  T is invertible.

P r o o f . Since is separable over R, there exists a matrix P of order n such 
that P T = I  by Theorem 3.5. Since R is finitely generated and projective over C, 
so is i?[x] over C (for Л[х] is free over R). Hence the C-algebra HomR(/?[;t], /?[x]) 
is also finitely generated and projective over C. Considering P  and T as elements in 
HomR(/?[jc], Я[х]), we have TP=I  from P T —I ([1], Exercise 10, p. 38). Thus T 
is invertible. The converse is clear by Theorem 3.2.

Now we generalize the characterization of a separable polynomial f (X )  in i?[Z] 
in terms o f the determinant of T from a commutative ring R  to a non-commutative 
ring R finitely generated and projective over its center C.

T heorem  3.6. Let R be a non-commutative ring finitely generated and projective 
over its center C. Then, /?[x] is separable over R if  and only i f  the determinant of 
T is a unit in C. In this case, the entries o f  P in Theorem 3.5 are in C.

P r o o f . Since rt(x ,x Jj= t( r x ‘x i)= t(x ix j)r for each r in R, t(xlxJ) is in C 
for all i and j .  Now, suppose the determinant o f T, det(T), is a unit (and hence in C). 
Then T  is invertible. Hence i?[x] is separable over R by Theorem 3.5. Conversely, 
if i?[x] is separable over R, then T is invertible by Theorem 3.5 again (note that 
Г-1 is over R). Since T  is over C, d e t(r ) is defined. Suppose that det(T) is not a 
unit in C. There exists a maximal ideal M  o f C containing det(T). By hypothesis, 
R_is finitely generated projective and faithful (for 1 is in R) over C, M R ^R . Hence 
PT=I  in Homs fR[x], R [x]), where C =C /M C  and R =  R /M R ^0. B u td e t(T )= 0  
in C, so that PT=I is a contradiction. Thus det (T) is a unit in C. In this case, 
PT=I, so
(* ) Zkaikt ( \ kxj) =  dij, k, i , j  =  0, ... ,  n - 1 .

Since det (T) is a unit in C, the system o f equations ( * )  is solvable for aik in C 
by Cramer’s rule. Thus P  is over C.

We note that the determinant of a matrix over a non-commutative ring is not 
defined, so Theorems 3.4 and 3.6 are not equivalent.

We conclude the paper with two separable polynomials by using Theorem 3.6.

E x a m pl e  1. Let f (X )= X " —b for a b in C  of R as given in Theorem 3.6. Then 
T=[tu] where tn —n, tu=bn  for i+ j= n + 2  and other are 0. Hence det (T )=  
=ипЬп-1. Thus/(X) is separable over R if  and only if b and n are units.

E x a m pl e  2. Let f ( X ) = X n—X —b for a b in C of R as given in Theorem 3.6. 
Then T=[tij] where tlk=n , t,j=n  for i + j = n + 1, and ti}=bn  for i+ j= n  +  2, 
and others are 0. Hence det (T)=n"(bn~1+ ( — l)n+1). Thus f(X )  is separable if 
and only if  и and (fi"-1 +  ( —1)"+1) are units in C.
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NON-FISSILE RINGS WITH MIXED ADDITIVE
GROUP

A. FACCHINI (Udine)

Let R be a ring, R+ the additive group o f  R, R, the torsion subgroup o f  R +. 
If R, is a ring theoretic-direct summand of R, then R is said to be a fissile ring [1]. 
The following question was posed by S. Feigelstock [2] in a recent paper: Let G 
be a mixed group satisfying p(G/G,)?íG/Gt for every prime p, G, — the torsion 
part of G. Must there exist a non-fissile (associative) ring R with R +—G? In this 
short note we prove that the answer is affirmative. Our result generalizes [1] Theorem 
7 and [2] Theorem 1.

P r o po sitio n . Let G be a mixed group, Gt its torsion subgroup, p a prime, 
Gp thep-torsion part of G. Suppose Gp^ 0 and p(GjG,)9̂ G/Gt . Then there exists 
a non-fissile associative commutative ring R with R +=G.

P roof. Let n̂ : G-»G/G, and n2: G/Gt—(G/G,)/p(G/Gt) be the canonical pro
jections. Fix a non-zero homomorphism tp: (G/Gr)/p(G/G,)—ZjpZ. Let p : Z /pZ ®  
®Z/pZ-*Z!pZ  be the homomorphism induced by the multiplication in the field 
ZjpZ. Since Gp^O, there exists an injective homomorphism i:Z/pZ-*G. Then 
the image o f the composed mapping v— ip{{(pn2n^)®((pn2nf)): G®G-*G is iso
morphic to Z\pZ, and therefore v^O and v(G ®G)czGt. Define a multiplication 
on G via v; this multiplication induces a commutative ring structure R on G. Since 
R3= 0, the ring R is associative. Finally, R is non-fissile, because if R = Rt(f)S is a 
ring direct sum, then 0 ^ Ä 2= 5 2c Ä , and S 2f]R,A0, a contradiction.
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ALMOST EVERYWHERE CONVERGENCE 
OF ORTHOGONAL SERIES

H. KITA (Osaka)

( 1.1)

1. Introduction. Yoneda [5] showed that if

lim /„ (x ) =  / ( x ) a.e. on [0, 1],

then there exists a positive function <5(x) and. for every £>0, there exists an integer 
7i (e) such that,

for 77>n(e). This function <5(x) is termed a control function o f (1.1). Wagner and 
Wilczynski [4] showed that (1.2) is equivalent to the well-known Egoroff’s theorem 
and Taylor’s theorem. We apply the control function to the a.e. convergence of 
orthogonal series.

2. Main theorems. Let {<p„(x)}„ be an orthogonal system on [0, 1] and

be an orthogonal series which satisfies 2  cjj«= +  It is well known that series

(2.1) converges in L 2 [0,1] to an ZAintegrable function f(x). Let .v„ (x) and <r“(x) 
be the Ti-th partial sum and the (c, a)-mean of the series (2.1), respectively. Let {t7v}v 
be an increasing sequence of integers and set

(1.2) Ifn (x) — / ( x ) |  <  £<5 (x) everywhere

(2 . 1) 2  c„<p„(x)
/1=0

n
<̂ п({Пу}, x) =  (1 /Л£) 2

=  {(a> ß)\ß >  1 - a /к, 0 < a S j } ,  Аг =  {(a, ß)\y < a < + ° o ,  ß => 1 -y /k } ,

A -  J iU d s.

The following are the main theorems.

T heorem  A. Suppose that 2 cn < + °° and (a , ß)<zA. If

lim fff (x) — / ( x )  a.e. on [0, 1](2 .2 )
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and (2.2) has an Lp-integrable control function for some p > 0 , then

(2.3) lim (1M”) 2  A*n- M ~ l {x )-f(x ) \k =  0 a.e.on  [0,1]
v = 0

and (2.3) has an Lp*,k-integrable control function, where />*=min (2,p).

Theorem В . Suppose that 2  cn {log log (л+3)}2<  +  °° and (a, ß)£A. Then
и =  0

(2.4) lim (1/Л*) 2  ^ : i | o f -1({nv}, x )- f {x ) \k =  0 a.e.on  [0,1]
“  v = 0

/or  еясй increasing sequence {ny} o f integers. Moreover, (2.4) has an L2/k-integrable 
control function.

3. Lemmas. To prove the main theorems we need the following lemmas. When 
lim f n(x)=f(x), a majorant function /* ( * ) = sup |/„(x)| plays an important rolen“*co nSo
in determining a class of control functions. Yoneda [6] proved the following lemma.

Lemma 1. I f  (l A) holds and f*{x) is an Lp-integrable function for some positive 
p <  +  °°, then (1.1) has an Lp-integrable control function.

The following lemma is well known. C ,C 1,C i , ... will denote positive con
stants not necessarily the same at each occurrence.

Lemma 2 (Zygmund [7], p. 193). I f  J / c 2{log (h+2)}2<  + “ , then sn(x)
/1 =  0

converges a.e. to an L2-integrable function f(x ) and

f  sup |s„(x)|2d;c ^  C 2  cn{log (n+2)}2.
0 и^О n = 0

By Lemmas 1 and 2 we have a trivial consequence. If 2  cn {l°g (n +  2)}2<  +  «>,
n =  0

then s„(x) converges a.e. to an L2-integrable function and its convergence has an 
L2-integrable control function.

Lemma 3 ■ I f  2  +  °°» then
n = 0

(3.1) / {  2  n -1\<J*-1(x)-&tt(x)\*}dx - c i c 2 (a >  1/2).
o’7 n=l n=0

Proof. It is a consequence o f the proof of 2.6.2 in Alexits [1].

Lemma 4 (Flett [2], p. 115). Let r ^ k >  1, — 1 and ß ^ a + k * 1—r-1. Then

(3.2) { 2  n -k\ a t \ x ) - a f { x ) \ ry i '  =§C { 2  n ~ ^ - \ x )  -  a^(x)|‘}1/k.
/1 = 1 /1 = 1
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Lemma 5. I f  2  then
n = 0

( 3 . 3 )  / { i n - 1  -  a f  ( * ) ! ' } * / '  dxtSC 2  c2n
о л = 1 n—0

for each г ё 2 аис/ /?>1 — г-1.

P r o o f . Set e = ß —( 1 —  r _1) and a = e + 2 _ 1 .  Then we have ß= a .+ 2 ~ 1—r~1 
and a  > 1 / 2 .  Apply Lemma 4 by setting к =2  in ( 3 . 2 ) .  Hence we have

/ { Í n  *№  г(х)-о*{х)\гу1г dx  S  C / { i n - ^ o - r H ^ - o - i W I 2} ^ .

From (3.1) we have (3.3).

L em m a  6 . Suppose that 2  +  00 and (a> ß)£A. Then

(3.4) / {sup (i/v4“) i ^ « : 1| ^ - 1(Ä)-«7;(x)|‘}*Adx =5 C 2 c l

P r o o f . Set y=m in  (1Д/2). Two cases arise; one is (a , ß)£A1, the other is 
(a,ß )£A 2. If 0 < a ^ y , then k{ 1 —/? )< а ^ у ^ 1 , thus we can take r ( > l )  which 
satisfies & ( l- /? )< l/r < a  and set l / r +  l / s = l .  Then, by Holder’s inequality,

( 1 / 4 D  2 A V - \W - \x ) -o > {x ) \k ^
v=0

^  ( 1 M Ö {  Í  v - 1 ! ^ - 1  i  V ^ ( ^ = í ) s } 1 / s  S
v = l  V=1

S  (CJA’) {  2  v -1k f - 1(x)-(T ?(x)r,[}1/r{ns/rn(«-1>s+1}1/s =
V =  1

=  (с 1П*1АЯ{ 2
V =  1

á  C2{ i  (x)|rk}1/r.
V =  1

Hence it follows that

(3.5) /  {sup (1/Af) 2 A r J M - \ x ) - o 4 { x ) \ kY 'kdx ^
r f  n^O  v = 0

v“1K - 1W - a vi W r'I}2/r<: dx.
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Since \jr<-y.=y^kj2  and k ( \ —ß )< l/r ,  we have rk > 2  and /?>1 — l/rk. Apply 
Lemma 5 with a parameter rk instead o f r. From (3.5), (3.4) holds.

Next we prove (3.4) for (a, ß)£A2. Set

< * '(* ) =  (1MÖ i i i : : } | f f i - 1(* ) - f f ' (* ) |‘
v =  0

By the well-known results of Alexits [1], p. 69, it follows that

sup <r“’ß (x) ^  sup a'„'ß (x).
n̂ O n̂ O

By the preceding argument, (3.4) is valid for (y, ß). Hence we obtain (3.4) with 
(<x, ß)dA2. This completes the proof.

Lemma 7. Suppose that a > 0 , ß =-0 and k >  0; and that

(3.6) lim oß(x) =  / ( x )  a.e. on [0, 1]
П-*-оо

where f(x ) is an L2-integrable function. I f  (3.6) has an Lp-integrable control function 
for some 0 +  °°, then

(3.7) lim (1/A*) 2  A l2\\oß(x )- f {x )|fc =  0 a.e. on [0, 1]
v = 0

and then (3.7) has an Lp*lk-integrable control function, where p*=m in (2, p).

P roof. Let 5(x) be a control function of (3.6). For any e=~0 there exists a 
positive integer n(e) such that \oß(x)—f(x)\ <  e<5(x) everywhere for all n>n(e). 
When 8=1, there exists a positive integer nx such that |cf (x) —f  (x) | <  <5 (x) every
where for all Put n2=n(e1/k). Without loss o f  generality we can take иа>лх.
If л > и 2> then

( 1 / 4 D  i i < ; i ; | o i ( * ) - / ( x ) | ‘  ^  ( 1 M “ )  J C l i m a x ( K ( x ) - / ( x ) | f c :  O  S v i  щ}+
v=0 v=0

+  ( 1 M Ö  S  A „ ‘ : J { < 5 ( x ) } * + e { < 5 ( x ) } ‘ .
v=w1 +  l

Hence, there exists a positive integer m(e) such that

(1 Ю  2  A lz \\o* {x )-f(x ) \k <  £^(x)
v=0

everywhere, for all n>m (e), where

di(x) =  max {| of (x) —/  (x) Ik: O á v S  n j}+2{á  (x)}k£Lp*ik.

Therefore dt(x) is a control function o f (3.7). Lemma 7 is proved.
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4. Proof of the main theorems. Proof of Theorem A. For any e> 0  there ex
ists a positive integer N  such that

(4.1) 2  c» <  E®-
n = N + 1

We consider two new series:

.. „  “ , . Г c. for n ^  N,
(4-2) Z w A * )  where ■>„ =  { „  for д щ
and
, ,  ~ , . . , , Í 0 for n s  JV,
(4'3) Z b .9 .(* >  »here i > . = { c> ^  „

Let us denote the partial sum and the (c, /i)-mean of the series (4.2) and (4.3) by
sn(a; x), er,? (a; a) and s„(b; л:), aß{b\ x), respectively. It is clear that

(4.4) aß (x) =  ffß(a; x ) + aß (b; x).

Using Lemma 6 with series (4.3) we obtain from (4.1) that

/  {sup(i/т®) 2 A \ z x)-o>(b; *)|kY ,kdx 2  K  =  c  2  <  c a
q  n^O v =  0 л — 0 n > N

Hence
(4.5)

meas{x€[0, 1]: П т  {(1/^4“) 2  Aa„z\\o!l~k(b\ x ) -o ß(b; х)!*}1'* >  ё }  ^  Се.

On the other hand, if n>N , then

a£(a; x) =  (1/Ag) 2  Aßl i s v(a\ x) =  (1 /А*) 2  An-i{sv(a; x ) - s N(x)}+sN(x).
v = 0 v =  0

Therefore lim a ß{a\ x )= sN{x) a.e. on [0, 1] and so, we get
П-*оо

(4.6) lim (1/Л*) 2 1/IZ líkí?-1 (a; x ) - a ß(a; x)|* =  0 a.e. on [0,1].
n- ~  v=0

From (4.4), (4.5) and (4.6), it follows that

(4.7) lim (1/Л*) 2  =  0 a.e. on [0,1].
v=0

Since lim erf(x)= /(x) a.e. from the hypothesis, we get (2.3).
П-+00

At last we shall prove that (2.3) has an Z /’^-integrable control function. By 
Lemmas 1 and 6, (4.7) has an L2/k-integrable control function. From the hypothesis, 
a ß(x) converges to f(x)  a.e. on [0, 1] and has an Lp-integrable control function, and 
so by Lemma 7 it follows that

lim (1/Л*) 2  An -\W ^(x)-f{x)\k =  0 
v =  0
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а.е. on [0,1] and the above convergence has an Z.p*/Mntegrable control function. 
Since

(1/4D 2  A l z \ \ o * - \ x ) - f ( x ) I* S
v =  0

S  C{(MAD ZA*n-MM-\x)-ce{x)\k+{MAD 2  AD\Wt{x)-f{x)\%
v = 0  v=0

we get the required result.

P roof o f  T heorem  B. Let (nv}v be any increasing sequence of positive inte
gers and set
(4-8) Ф0{х) =  (lM,){c0<p0(*) +  ... + c no(p„0(x)},
where d0= (c § + . . . +  c20)1/2 and

(4 -9) ФЛх) =  (l/d v){c„v_1+i<p„v_1+1(x) +  . ..+ c t>(j,( ( 4

where dv= (c 2v_1 + 1+ . . .+ c 2v)1/2 ( v = l , 2 , 3 ,.. .) .  We consider the following ortho
gonal series:

(4.10) 2 d v^ v{x) where ^ ”d2 -=-|-°°.
v=0  v = 0

Since {nv} is an increasing sequence, we have

2  dy{log log (v +  3)}2 =  2  {cnv.,+ l +  --- + cnv}{log lo g (v + 3 )}2
v = 0  v = 0

S  ^ { c 2v_1+1(log log(n v_1+4))2 +  . . . + c 2v(loglog(nv+ 3 ))2} =
v =  0

=  2  cn0°g i°g (" + 3)}2 -*= +
n =  О

By Theorem 2.8.1 in [1], the sequence авп{ф, x) o f  the (c, jS>0)-mean of the series
(4.10) converges a.e. to an L2-integrable function f(x ). Moreover

/  sup \aB (\J/, x ) |2 d x ^ C  2  d*{\og log (v+3)}2 sS C 2  cn{log log (n +3)}2 <  +  » .
0  n^O v = 0  л =  0

By Lemma 1, the convergence lim св(Ф, x )= f(x )  has an L2-integrable control
П-*-оо

function. Hence by Theorem A

(4.11) lim (1/A*) * ) - /(* ) !*  = 0  a.e. on [0,1]
n “* “  v = 0

and (4.11) has an L2/t-integrable control function. Since

m ”m
2 d A A x ) =  2  сл<Рп(х)

v = 0  n= 0
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from (4.8) and (4.9), we get sm(ф, x)=s„m(x) and x )= ffj_1({nv}, x). Thus
we have proved Theorem B.

Our method is applicable for the following result:

J { s u p ( l / 0  2 Ai - l \ ai  1( K } ) x ) - / ( x ) j ’I}2/* i/x ;s  c  ^ ^ { lo g lo g i/ i+ S )} 2
ИёО

for each (a, \6)£A and for each increasing sequence o f positive integers {и¥}.
The next corollaries follow immediately from Theorem B.

oo

C orollary  1 (Sunouchi [3]). I f  2  c2 {log log (« + 3)}2 <  +  then there
71 =  0

exists an L2-integrable function f(x ) such that

lim (1 /AS) 2  ^ n -i|snvW - / W l k =  0 a.e. on [0, 1]
n - ° °  v=0

for each a > 0 , k >  0 and for each increasing sequence o f positive integers {«„} and 
that its convergence has an L2,k-integrable control function.

oo

Corollary 2. I f  ^  c2 {log log (л+3)}2 <  +  <*>, then there exists an L2-in-
71 =  0

tegrable function f(x ) such that

lim (MAI) 2  A l_\\aßv(x )-f(x )\a =  0 a.e. on [0, 1]
v=0

for each (a, ß) which satisfies the condition 0 < a s 2 ,  /? =— 1/2 or 2 < a <  +  °°, 
ß~— l /я. Moreover, its convergence has an L2,x-integrable control function.

oo

Corollary 3. I f  2  cn {log log (n+3)}2<  +  °=>, then there exists an L2-in-
71 =  0

tegrable function f(x ) such that

lim (n +  1)“ 1 2  \°*(x)—f ( x )I =  0
n~~ v=0

a.e. on [0,1 ] for each ß >  —1/2. Moreover, its convergence has an L2-integrable 
control function.
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ANOTHER GENERALIZATION OF A THEOREM 
OF A. KERTÉSZ

A. KAYA (Izmir) and K. KAYA (Sivas)

We say a ring R is left i-unital if  and only if x€ Rx for all x£ R. It is known 
that if F  is a finite subset of a left i-unital ring R then there exists an element e in R 
such that x —ex for all x£F  (see, e.g. [2, Theorem 1]).

In [3], a theorem o f Kertész [1] has been generalized as follows: Let A be an 
ideal o f  a ring R, and В an additive subgroup of R such that R = A + B . If R/A 
is left i-unital and A B = B A = 0, then R  is the ringtheoretical direct sum o f A  and B2.

The present objective is to generalize the above result as follows:

T h eorem  1. Let A be an ideal o f  a ring R, and В an additive subgroup of 
R suchthat R = A + B . I f  R/A is left s-unital and there exist positive integers k>h  
such that BkAQBk, ABhQBh and B kA f]B k+1= 0 = A B hf]Bh+1, then R is the 
ringtheoretical direct sum of A and Bk+1. If, furthermore, R is left s-unital ( the 
right annihilator of R is 0) then Bk+1= B h+1.

In preparation for proving our theorem, we state the following

L em m a  1. Let A be an ideal o f a ring R, and В an additive subgroup of R 
such that R =A +B .

(1) I f  R/A is idempotent then R =A +B " for any positive integer n. If, fur
thermore, ABh= 0 for some positive integer h, then Bh+1 = B h+2.

(2) I f  R/A is left s-unital and BkA =  0 =  ABh for some positive integers lo h ,  
then R =  A® Bk (ringtheoretical direct sum). If, furthermore, R is left s-unital then 
Bk= B h.

P r o o f . (1) The first assertion is almost evident. Since A + B —R = A + B 2, 
ABh= 0 gives Bh+1= B h+2.

(2) By (1), R = A + B k and Bh+1= B k=B2k. Now, let a = x xy x + ... + xnyn 
(x i, y f B k) be an arbitrary element o f  АП Вк. Then, there exists edBk suchthat 
Xi—e x fA  for all i. Then a=(xx —ex1)y1+ ...+ (x „ —ex„)yn+ ea= 0 . Thus, we
obtain R —A®Bk. Henceforth, we assume further that R is left i-unital. Again by 
(1), A + B k—R = A + B h, and then Bk<̂ B h+I, where I —AC\(Bk+B h). Obviously, 
R I= (A + B k)I—0, and hence /= 0 .  This proves BkQ Bh, and similarly BhQBk.

We are now ready to complete the proof of our theorem.

P roof of T h eorem  1. Obviously, Bk+1AQBkAClBk+1—0 and ABh+1=0. 
Hence, the assertion is immediate by Lemma 1 (2).

R em a rk . Let A be an ideal o f a ring R, and В an additive subgroup o f R such 
that R = A + B . If R/A is left i-unital, then the following are equivalent: 1) A=R; 
2) В is nil modulo A; 3) В is nilpotent modulo A. In fact, 1)=>3)=>2). We prove that



2) implies 1). Given x£R, we can find e£B such that x —ex^A. Since e"£A for 
some positive integer n, we see that

л; =  (x—ex)+e(x — ex) +  ...+^'~k{x —ex)+e"x£A,

which proves R = A .  Further, we can easily see that the following are equivalent: 
1)' BkR = 0 for som e positive integer k; 2)' В is nil modulo A and BkA = 0 for some 
positive integer k-, 3)' В is nilpotent.
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A NOTE ON MAPPINGS OF EXTREMALLY 
DISCONNECTED SPACES

D. S. JANKOVIÓ (Belgrade)

1. Introduction. In recent years various classes of non-continuous mappings 
between topological spaces were introduced by use of the concepts of semi-open 
sets, pre-open sets and а-sets in topological spaces. The purpose o f  this note is to 
investigate the interrelations among these classes o f  mappings and to apply obtained 
results in case of mappings of extremally disconnected topological spaces. In Section 
2 we establish several relevant basic properties o f pre-open sets and а-sets in topo
logical spaces. In Section 3, pre-continuous and pre-open mappings are further 
investigated and their relations with semi-continuous and semi-open mappings are 
discussed. In particular, sufficient conditions for continuity and openness of map
pings of a-topologies are given. Our main results are stated in the final section. 
Extremally disconnected topological spaces are characterized as the spaces whose 
semi-open sets are pre-open and it is shown that extremally disconnected spaces 
are pre-open hereditary and are invariant under semi-continuous pre-open surjec
tions. We also improve several results due to N oiri [16]. It is proved that a semi- 
-continuous function from an ^-closed extremally disconnected space into a Hausdorff 
space is ^-closed.

The topological spaces are not assumed to satisfy any separation axioms except 
those explicitly stated.

2. Preliminary definitions and results. Throughout, (X, T) and (Y, S) will denote 
topological spaces (hereafter referred to as “spaces”) and Г-cl (A) (T-int (A)) will 
denote the closure (interior) of a subset A of a space (X, T), although we may sup
press the T when there is no possibility of confusion. A subset A o f  a space (X, T ) 
is said to be regular-closed (regular-open) if A =  cl (int (A)) (A = in t  (cl (A))). The 
collection of all regular-closed (regular-open) subsets o f (X, T) is denoted by RC{X, T) 
(.RO (X, Tj). The topology Ts on X  which has as its base RO(X, T) is called the 
semiregularization topology of (X, T). A point x £ X  is in the 0-closure [24] o f a 
subset A of (X, T) (х€Г-с1в(А)) if  с1((/)П А ^0 for each open set U containing лг. 
Clearly Г-cl (A )c  T s-cl (A )cT -cle (A) for each su b se ts  of (X, T). A  subset A o f  a 
space (X, T) is said to be semi-open [11] (resp. pre-open [12], a-set [14]) if A a  
c d  (int (A)) (resp. A c in t (cl (A)), A d  int (cl (int (A))). The collection of all sub
sets of a space (X, T) which are semi-open (resp. pre-open, а-sets) is denoted by 
SO {X, T) (resp. PO  (X, T), Г*). It was observed in [14] that Га is a topology on X  
and that TczT*czSO{X,T). Moreover T*=SO (X, T)C\PO(X, T) [19]. Semi- 
closed sets and semi-closure are defined in a manner analogous to the corresponding 
concepts of closed sets and closure [4]. The collection of all semi-closed subsets o f  a 
space (X, T) is denoted by SC(X, T) and the semi-closure of a subset A of {X, T) 
is denoted by scl (A). Let A and В be nonempty families of subsets o f spaces (X , Г)

6*
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and (F, S) respectively and let / :  (X , T)-*(Y, S) be a function. We say t h a t / i s  
Aß-continuous (A£-open) if  f ~ 1{V)^A{f{U)^B) for each V£B {U£A). If A — 
=  SO(X, T) (resp. A =  P O (X ,T ), A =  Ta) and B=S, then an ^ -continuous func
tion /  is called semi-continuous [11] (resp. pre-continuous [12], a-continuous [13]). 
If A — SO{X, T) (resp. A = P O {X ,T )) and B = S O (Y ,S )  (resp. B = P O (J ,S %  
then an AU-continuous function /  is called irresolute [5] (resp. pre-irresolute [19]). 
If A =  T  and B = S O (Y ,S ) (resp. B = P O (Y , S), Sa), then an AS-open function 
/ i s  called semi-open [1] (resp. pre-open [12]), a-open [13]). If  A~SO(X, T) (resp. 
A — PO(X, T)) aud B =  SO(Y, S) (resp. B =P O (Y , S)), then an ЛЛ-ореп function /  
is called pre-semi-open [5] (resp. p-open). W e also need the following definitions. A 
function / :  {X, T)-+(Y, S) is said to be almost continuous (S and S) [21] (resp. 
0-continuous [7], weakly continuous [10]) if  for each xd X  and for each open set V 
containing f(x )  there exists an open set U  containing x  such that /(C /)c;int (cl (V)) 
(resp. /(c l(C /))cc l(F ), / ( t / ) c c l (F ) ) .  A lm ost continuity (5  and S) implies 6-con
tinuity and 6-continuity implies weak continuity, but the converses are false. Also, 
it is known that а-continuity implies 0-continuity, but the converse is false. A 
function f: (X, T)-+(Y, S) is said to be almost closed [21] i f f(U )  is closed for each 
U€ RC (X, T).

P ro po sitio n  2.1. ([14]) SO{X, Ta)= S O (X , T) for any space {X, T).

The following proposition will be very useful in the sequel.

P ro po sitio n  2.2. I f  A£SO(X, T), then Tx-c\(A ) =  T —c\(A)=Ts — c\(A).

P r o o f . We have only to prove that T s — с1(А)сГа — cl(A) for A £SO (X , T). 
Let x([ Tx—cl (A). Then there exists a U^Ta such that x£ U and UPlA = 0. 
This implies that T— int (С/) П Т — int(A) =  0 and T— c l(T — in t(I /) )n r — in t/4 ) =  0. 
Consequently, T— in t(7 ’—c l(T — in t(i/)))r iT — int(A)=0 and T—in t(F —cl (T— 
- in t  (£ /)))П Г - с 1 ( Г - int (Л ))=0. Since A£SO (X,T), A a T -c \(T -m t(A ) ) .  
So, r - in t ( r - c l ( r - i n t ( t / ) ) ) n A  =  0. Since U^T*, x £ T - in t(T -c \(T -in t(U )) ) .  
Hence x  $ Ts—cl(A) and the proof is complete.

C o r o lla r y  2.3. Ts= (T a)s for any space (X, T).

P r o o f . Since regular-closed sets are precisely semi-open closed sets, it follows 
from Propositions 2.1 and 2.2 that RC(X, TT) =  RC(X, Ta). This implies T S=(T*)S.

C o r o lla r y  2.4. I f  A is a subset o f a space (X, T), then
(a) T“- in t  (Ta—cl (A))= T — int (T —c\(A)).
(b) T'“—cl(7,CI—int (T*—c\(A)))= T — cl (Г - in t  (Г -с1(Л ))).
(c) [19, Proposition 1] T —cl (T —int (T —cl (А)))а Tx — c\ (A).

P r o o f , (a) Let AczX. From Proposition 2.1 it follows that SC(X, T*)= 
— SC(X, T) so that T*—c\(A)£SC(X, T). By Proposition 2.2, 2™ — int(F) =  
=  T — int(F) for each f fS C (X , T) so that T*-m\.(Tx-c \(A ))  =  T -m t(T «-c\(A )). 
Since T —int(T“—cl(^()) — T — int(7’—cl(yá)) [3, Lemma 1.2], we conclude that 
r a- in t (T o:-c l( ^ ) ) = 7 ’- in t(T -c l(A )) .

(b) This follows from (a) and Proposition 2.2.
(c) This is an immediate consequence o f  (b).
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C o ro lla ry  2.5. Let (X, T) be a space. Then
(a) PO(X, Tx) = PO(X, T).
(b) [14, Proposition 10] (TX)X= T X.
(c) Tx- d (A )  =  T - d ( A ) = T s- d (A )  =  T - d e(A) for each A£PO(X, T).

P r o o f , (a) This follows from Corollary 2.4 (a).
(b) Since Tx=SO (X , T)C\PO{X, T) [19, Theorem 3], the result follows from 

Proposition 2.1 and (a).
(c) Let AePO (X,T). Then A (z T -m t(T -d (A )) ,  and hence T - d e(A)cz 

(zT —d e{T —m\.{T—d {A )))= T —d {T —m t{T —d{A))) since the closure o f an open 
set coincides with its closure [24]. By Corollary 2.4 (c) it follows that T —d e(A )a  
c P - d(A ). On the other hand, Tx— d (B )a T — d(B )czT s — d ( B ) c T — d 9(B) 
for each B<zX. Therefore, Tx — d (A )= T —d 0(A) and the result follows.

The following lemma is easily established.

L em m a  2.6. If A is a subset of a space (X, T), then
(a) int(cl(yl))cscl/4)-
(b) int(scl(/i))= int (cl(A)).

P ro po sitio n  2.7. Let A be a subset o f a space (X, T). Then
(a) A fPO  (X, T) if  and only if  scI/4)—int (cl (A)).
(b) A€PO(X, T) if  and only 'if sei (A)^RO(X, T).
(c) RO(X, T)=PO(X, T)f]SC(X, T).

P r o o f , (a) Let A£PO (X,T). Then scl(yl)cscl (int (c l/f))) and since 
int(cl04))£.S'C(T, Г), scl(y4)cint(cl(z()). By Lemma 2.6 (a) it follows that scl(y4) =  
=  int (cl (Aj). The converse is obvious.

(b) Let scl(^ )í^O (Z , T). Then scl(^ )= in t (cl (sc1(a())), and hence scl(y4)c 
c in t  (cl (cl/4)))=int(cl(y4)). By Lemma 2.6 (a) it follows that scl(^) =  int (d(A)). 
By (a), A€PO(X, T). The converse follows from (a).

(c) This follows from (a) and (b).

L em m a 2.8. I f  A and В are subsets o f a space (X, T), A cB czd(A ), and 
ßcPO (X, T), then A(zPO(X, T).

P r o o f . Since ^ c B c c l (A), scl(A)c sei(B)(zd(A). Proposition 2.7 (a) implies 
that scl(yl)c in t  (cl f8 ) )c  cl (Л) since B£PO (X,T). Since int (cl(H))=int (cl(ü)), 
we conclude that AdPO(X, Г).

3. Pre-continuous and pre-open functions. Mashhour et al. [12] observed that 
pre-continuity coincides with almost continuiuty in the sense o f Husain [9]. Rose [20] 
proved that a function / :  (X, T)-~(Y, S) is almost continuous in the sense o f Husain 
if and only if /(c l  ( t /) )c  cl (/(C )) for each U£ T. In the following proposition we 
olfer some more characterizations of pre-continuous functions. The straightforward 
proof is omitted.

P ro po sitio n  3 .1 . The following statements are equivalent for a function 
f:  (X, S).

(a) /  is pre-continuous.
(b) / ( c l  (int(yf)))ccl (f(A)) for each A c X .
(c) / ( c l(H ) )c c l  (/(H )) for each Iff SO (X, T).
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In [25] Wilansky defined a function f : (X , T)-*(Y, S) to be almost open if  
/ _1 (c l(F ))ccl ( / _1(F)) for each V£S. As it was observed in [12] pre-openness 
coincides with almost openness in the sense of Wilansky. In the following proposition 
we characterize pre-open functions.

Proposition 3.2. The following statements are equivalent for a function 
f :  (X ., T)-*(Y, S ).

(a) f  is pre-open.
(b) f~ x (cl(in t(B )))ccl ( f~ x(B)) for each BczY.
(c) /-^ c lC F ^ c c liy -H F ))  for each V£SO(Y, S).

Let f: (Y, T)-*(Y, S) be a function. Then a function f x: (X, Га)—(Y, S) 
(resp. f*:(X , T )^ (Y ,S*), /* : (X, T f-*(Y , S*)) associated with f:  (X, T )~(Y , S) 
is defined as follows: f x(x)=f(x)  (resp. f a(x )= f(x ), f*(x)=f(x)) for each x£X. 
Our next result immediately follows from Proposition 2.1 and Corollary 2.5 (a).

Proposition 3.3. Let f: (X, T)-*(Y, S) be a function. Then
(a) /  is pre-continuous (semi-continuous) i f  and only if  f a is pre-continuous 

( semi-continuous).
(b) /  is pre-open (semi-open) i f  and only i f  / *  is pre-open (semi-open).
(c) /  is pre-irresolute (irresolute) if  and only i f  /*  is pre-irresolute (irresolute).
(d)  /  is p-open (pre-semi-open) if  and only i f  is p-open (pre-semi-open).

Mashhour et al [13] have shown that every pre-continuous а-open function is 
pre-irresolute. The following proposition improves this result.

P r o p o s i t i o n  3.4. I f  a function f:  (X , T)-+(Y, S) is pre-continuous and semi
open, then f  is pre-irresolute.

Proof. Let V£PO(Y,S). S in ce /is  sem i-open,/_1(F )c / '_1(scI(F ))cc l(f~ 1(V)) 
by Theorem 2 of[17]. By Proposition 2.7(b), scl (V)£RO(Y, S) so that / -1 (scl(F))£ 
£PO(X, T) because / i s  pre-continuous. Lemma 2.8 implies that f ~ x{V)íPO (X, T) 
and the result follows.

Since pre-continuous semi-open functions are pre-semi-open [18, Theorem 2.5], 
combining this result and Proposition 3.4 we obtain the following corollary.

C o r o l l a r y  3.5. A function / :  (X, T)-*(Y, S) is pre-irresolute and pre-semi
open if and only i f  f  ;s pre-continuous and semi-open.

Proposition 3.6. I f  a function / :  (X, T)->-(Y, Sj is pre-open and semi-conti
nuous, then f  is p-open.

Proof. Let U£PO(X, T). Since /  is semi-continuous, /( i/)c /(sc l( i7 ))< z  
c c l ( / ( t / ) )  by Theorem 1.6 o f  [4]. By Proposition 2.7 (b), scl(L/)C RO(X, T) so 
that f(scl(U ))£P O (Y ,S)  because /  is pre-open. Lemma 2.8 implies that f(U )£  
£PO(Y, S) and the result follows.

Since pre-open semi-continuous functions are irresolute [15, Theorem 1], com
bining this result and Proposition 3.6 we obtain the following corollary.

C o r o l l a r y  3.7. A function f :  (X, T)-*(Y, S) is irresolute and p-open i f  and 
only if f  is semi-continuous and pre-open.
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P roposition 3.8. A function f:(X ,T )-+ (Y ,S ) is pre-continuous and pre-open 
i f  and only if  /*  is pre-continuous and pre-open.

P roof. Suppose that / i s  pre-continuous and pre-open and let UeT. By Pro
position 3.1, /  (cl ( U)) c  cl (/(£ /)) . Since / i s  pre-open, f(U )£PO (Y , S). Therefore 
/ ( c l (£ /) )с £ “- c l ( /(£ /) )  by Corollary 2.5 (c) hence f x is pre-continuous. Since 
(f x)a= f#, it follows from Proposition 3.3 (a) that /*  is pre-continuous. Now, let 
F£S. S in ce /is  pre-open, / _1( c l( F ) ) c c l ( /_1(F)). The pre-continuity o f/im p lie s  
that f ~ x(y)e_PO{X, T) so th a t/~ 1(cl(F ))cT 'ct- c l ( / _1(F)) by Corollary 2.5 (c). The
refore f a is pre-open. Since (/*)*=/*, it follows from Proposition 3.3 (b) that /*  is 
pre-open.

Conversely, if  /*  is pre-continuous and pre-open, then f a and f x are pre-conti
nuous and pre-open. It follows from Proposition 3.3 (a) and (b) that / i s  pre-conti
nuous and pre-open.

P roposition 3.9. A function / :  (X, T)-*(Y, S) is semi-continuous and semi-open 
i f  and only if  /*  is semi-continuous and semi-open:

P roof. Let B £ S a. From the definition o f а-sets it follows that there exists a  
F eS  suchthat FczBcrint(cl(F)). By Proposition 2.7 (a), V c B a scl(F). There
fore, f - \ V ) c / _J (B)c / “1 (sei(F)) and since /  is semi-open, f ~ 1(V)czf~1(B)cz 
c c l ( / _1(F)) [17, Theorem 2]. Since / i s  semi-continuous, f ~ 1(V)£SO{X, T) so 
that f ~ 1{B)£SO{X, T) [11, Theorem 3]. Therefore / “ is semi-continuous. Since 
( / “)„= /,., /*  is semi-continuous by Proposition 3.3 (a). Now, let A £T X. Then 
there exists a Ue T  such that U cA asc\(U ). Therefore f(U)czf(A)czf((scl(U)) 
and since /  is semi-continuous f(U)c:.f(A)(Zc\{f(Uj) [4, Theorem 1.6]. Since / i s  
semi-open, f(U )£SO (Y , S) so that f(A )eSO (Y . S) [11, Theorem 3]. Therefore 
f x is semi-open. Since (/*)*=/*, it follows from Proposition 3.3 (b) that /*  is 
semi-open.

Conversely, if  /*  is semi-continuous and semi-open, then / а and /*  are semi- 
continuous and semi-open. It follows from Proposition 3.3 (a) and (b) that /  is 
semi-continuous and semi-open.

As it was observed in [19] a function / :  (X, T)-~(Y, S) is а-continuous (a-open) 
if  and only if f f f x) is continuous (open). Also, /  is a-continuous (а-open) if and 
only if /  is pre-continuous and semi-continuous (pre-open and semi-open).

Mashhour et al. [13] have given an alternative proof of the first part of the 
following proposition.

P roposition 3.10. Let / :  (X, T )—(Y, S) be pre-open or semi-open. Then f  is 
а-continuous if  and only if  /*  is continuous.

P roof. Suppose that /  is pre-open and а-continuous. Then /  is pre-open, pre- 
-continuous and semi-continuous so that by Corollary 3.7,/ i s  irresolute. It follows 
from Proposition 3.3 (c) that /*  is irresolute, and hence is semi-continuous. On the 
other hand, /*  is pre-open and pre-continuous by Proposition 3.8. Since /*  is pre- 
-continuous and semi-continuous, /*  is а-continuous. By Corollary 2.5 (b), /*  is 
continuous.

Now, suppose that /  is semi-open and а-continuous. Then /  is semi-open, pre- 
-continuous and semi-continuous. By Proposition 3.4 /  is pre-irresolute. It follows 
from Proposition 3.3 (c) that/*  is pre-irresolute, and hence pre-continuous. On the
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other hand, /*  is semi-open and semi-continuous by Proposition 3.9. Since /*  is 
pre-continuous and semi-continuous, /*  is а-continuous, and hence is continuous 
by Corollary 2.5 (b).

Although the proof of the following proposition is not identical to that of 
Proposition 3.10, it is quite similiar, and hence is omitted.

Proposition 3.11. Let f : (X, T)-*(Y, S) be pre-continuous or semi-continuous. 
Then f  is а-open i f  and only if  /*  is open.

Corollary 3.12. Let / :  (X, T)-*(Y, S) be a function. Then the following are 
equivalent:

(a) f  is a-continuous and ct-open.
(b) f  is pre-continuous, pre-open, semi-continuous, and semi-open.
(c) /  is pre-irresolute, p-open, irresolute, and pre-semi-open.
(d) /*  is continuous and open.

4. Mappings of extremally disconnected spaces. Recall that a space (X, T) is said 
to be extremally disconnected (abbreviated as e.d.) if  Ad T  for each AdRC(X, T). 
The following characterization of e.d. spaces will be very useful in the sequel.

Proposition 4.1. A space (X , T) is e.d. if  and only if  SO(X, T)czPO{X, T).

Proof. Let A dSO (X ,T j. Then there exists a U dT  suchthat UaAczc\(U). 
Since (X, T) is e.d., c l( t /)€ T  so that £7c:zfcm t(cl(i7)). This shows that AdT*c: 
aP O (X , T).

Conversely, let A£RC(X,T). Then A dSO (X ,T )  and by hypothesis, Ad 
dPO(X, T). Therefore, yl c in t (cl (Aj) and since A is closed, AdT. This shows 
that (X , T) is e.d.

Proposition 4.2. Extremally disconnectedness is pre-open hereditary.

Proof. Let A be a pre-open subset o f  an e.d. space (X, T). Then Ac: A*, where 
A*—int (cl(A)). Since extremally disconnectedness is open hereditary, A* is e.d. 
Since c 1a * ( A ) = A * D c 1 ( A ) = A *  and extremally disconnectedness is dense hereditary, 
A is an e.d. subspace o f A*. Therefore A is e.d. in (X, T).

Combining Propositions 4.1 and 4.2 we obtain the following corollary.

Corollary 4.3. Extremally disconnectedness is semi-open hereditary.

We now generalize the well known result that extremally disconnectedness is 
invariant under continuous open surjections.

Proposition 4.4. I f  (X, T) is an e.d. space and f :  (X, Г )—(T, S) is a semi- 
-continuous pre-open surjection, then (F , S) is e.d.

Proof. Let V£SO(Y, S). Since / i s  semi-continuous and pre-open, / i s  irre
solute by Corollary 3.7 so that f ~ 1(V)dSO(X, T). It follows from Proposition 4.1 
that f~ fV )dP O (X , T) because (X, T) is e.d. By Corollary 3.7, /  is p-open and 
since /  is surjective, V£PO(Y,S). Therefore, SO(Y, S)czPO(Y, S) and by Pro
position 4.1, (F, S) is e.d.

The following result is also obtained by use of Proposition 4.1.
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C o ro llary  4.5. If a space (X, T) is e.d., then scl(A )= cle(A) for each 
A€PO(X, T).

Pro o f . Since (X , T) is e.d., it follows from Proposition 4.1 that SO{X, T) =  T X. 
Therefore, sc\(A) — Tx-c \(A )  for each AczX. Lemma 2.5 (c) implies that sc\(A) — 
=  cle(A) for each А£РО(Х, T).

Our next result improves Lemma 4.1 o f [16].

Corollary 4.6. I f  a space (X, T) is e.d., then scl(y4)—cle(A) for each A£ 
£SO (X,T).

Noiri established that a semi-continuous function from an e.d. space is weakly 
continuous [18, Theorem 3.2]. Since а-continuous functions are (^-continuous, and 
hence are weakly continuous, the first part o f  the following corollary improves 
this result.

Corollary 4.7. Let a space (X ,T )[{Y ,S )) be e.d. A function f:  (X, Г)—(F , S) 
is semi-continuous (semi-open) i f  and only if  f  is ^-continuous (tx-open).

P roof. We have only to prove the necessity. Suppose t h a t / i s  semi-continuous 
(semi-open). It follows from Proposition 4.1 that / i s  pre-continuous (pre-open). 
Therefore, / is а-continuous (a-open).

Combining Proposition 4.1, Corollary 3.5 (Corollary 3.7) and Proposition 3.10  
(Proposition 3.11) we obtain the following improvement of Theorem 2.6 (Theorem 
1.14) of [18].

Corollary 4.8. Ifaspace (X , T) ({Y, S)) is e.d. and a function f:  (X , Г)—(Y, S ) 
is semi-continuous and semi-open, then

(a) /  is pre-irresolute and pre-semi-open (irresolute and p-open).
(b) /*  is continuous (open).

A function / :  (X, S ) is said to be rc-continuous i f  f ~ 1(V)^RC(X, T)
for each V£RC(Y, S). Let f:(X ,T )-* (Y , S) be a function. Then a function 
f s: (X, T)-+(Y, Ss) associated with /  is defined as follows: f s(x)=f(x)  for each 
x£X. In the following proposition we give a sufficient condition for a function 
to be rc-continuous.

Proposition 4.9. I f  a function f: (X, T)-»(Y, S) is irresolute and f 1 is pre- 
-continuous, then f  is rc-continuous.

P roof. Let V£RO(Y, S). The pre-continuity of f s implies that /'~1(F )€  
<iPO(X,T). Since V€SC(Y, S) a n d /is  irresolute, f^ iV ^ S C (X , T) [5, Theorem 
1.4]. Therefore, ^ г(У)£РО(Х, T)HSC(X, T). By Proposition 2.7 (c), f~ 4 V )e  
£RO(X, T). This shows that f i s  rc-continuous.

It is known that a function f:(X , T)-+(Y, S) is almost continuous (S and S) 
if and only if f s is continuous. Therefore the following result is an immediate con
sequence of Proposition 4.9.

C orollary  4.10. If  an irresolute function is almost continuous (S and S) or 
pre-continuous, then f  is rc-continuous.

P roposition  4.11. I f  a space (X, T) is e.d. and a function / :  (X, T)—(Y, S) 
is irresolute, then f  is rc-continuous.

Acta M athem atica Hungarica 46, 1985



90 D. S. JANKOVIÓ

P roof. Since /  is irresolute, /  is semi-continuous. It follows from the first part 
of Corollary 4.7 that / i s  pre-continuous. Therefore, by Corollary 4.10,/ i s  rc-con- 
tinuous.

The following characterization of S-closed subsets relative to a space (X , T) 
(briefly, S'-sets) will be used as primitive [16, Lemma 2.1]. A  subset A of a space 
(X, T) is said to be an S-set if  every cover o f  A by regular-closed sets in (X, T) has 
a finite subcover.

The proof of the following proposition is straightforward and hence is omitted.

Proposition 4.12. rc-continuous functions preserve S-sets.

Combining Propositions 4.11 and 4.12 we obtain Theorem 4.2 of [16].

C o r o l l a r y  4.13. I f  a space (X, T) is e.d. and a function f: (X, T) -* (Y, S) 
is irresolute, then f  preserves S-sets.

Combining Corollary 4.10 and Proposition 4.12 we obtain the following impro
vement o f Proposition 3.1 o f  [6].

Corollary 4.14. An irresolute function preserves S-sets i f  it is almost continuous 
(S and S) or pre-continuous.

Thompson [23] introduced the concept o f  S-closed spaces. We restate his defi
nition as follow s: A space {X, T) is S-closed if  (X, T) is an S-set of itself. It is ob
served in [23] that S-closed Hausdorff spaces are e.d. This result was improved in
[8] where it was proved that S-closed weakly Hausdorff spaces are e.d. (A space 
(X, T) is weakly Hausdorff if  (X, Ts) is Tf). Cameron [2] introduced the concept of 
/-compact spaces and showed that /-compact spaces are precisely S-closed and e.d. 
spaces.

Our next result enables us to improve the main result o f  Noiri [16, Theorem 5.2] 
that a semi-continuous function from an S-closed Hausdorff space into a Hausdorff 
space is almost closed. A  function / :  (X, T)-+(Y, S) is said to be d-closed if  
f:  (X, TS)-+(Y, S s) is closed. Clearly, d-closed functions are almost closed. We 
point out that the converse is false.

Proposition 4.15. I f  (X, T) is an I-compact space, (T , S) is a Hausdorff 
space, and f :  {X, T)-*(Y, S ) is a semi-continuous function, then f  is d-closed.

Proof. Since (X , T) is e.d. a n d /is  semi-continuous, / is а-continuous by Corol
lary 4.7. It is known that a space is .S-closed (resp. Hausdorff, e.d.) if and only if 
its semiregularization is .S-closed (resp. Hausdorff, e.d.). Therefore (X, Ts) is /-com 
pact and (F , S s) is Hausdorff. Since (X, Ts) is e.d., it is easily established that (X, Ts) 
is regular. But (X , Ts) is »S-closed so that (X , Ts) is compact. Since / is a-continuous, 
/ i s  0-continuous. It is not difficult to show that this implies that / :  (X, Ts)->-(F, S s) 
is 0-continuous. Since 0-continuous functions into Hausdorff spaces have closed 
graphs and functions with closed graphs map compact sets onto closed sets, we 
conclude that / :  (X, TS)-*(Y , S s) is closed. Therefore/is ^-closed.

Corollary 4.16. I f  (X, T) is an S-closed weakly Hausdorff space, (F , S) is 
a Hausdorff space, and / :  (X, T)^(Y,  S) is a semi-continuous function, then f  is 
d-closed.
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P roposition  4.17. I f  (X , T) is an I-compact space, (Y, S) is a Hausdorff 
space, and f : (X, T)-+(Y, S) is a semi-continuous bijection, then

(a) f  is irresolute.
(b) / :  (X, TS) —(Y, S s) is a homeomorphism.
(c) (У, S) is I-compact.

P r o o f , (a) Since (X, T) is e.d. and /  is semi-continuous, /  is a-continuous, 
and hence is pre-continuous. It follows from Proposition 3.1 that / ( c l ( i / ) ) c c l ( / ( t / ) )  
for each U^SO{X, T). By Proposition 4.15, /  is (5-closed so that S’, —c l( /( / l ) ) c  
a f (T s—cl(A)) for each A aX . Proposition 2.2 implies that S s—c\(f(U))<zf(c\(U)) 
for each U£SO(X, T). Therefore, f{c\{U))(Zc\(f(U))czSs-c\(f(U ))c.f(c\(U )). 
So, / ( c l  (t/)) =  cl (/(*/>) for each U€SO(X, T). Let V£S. Since /  is bijective, 
d ( / - 1 (P0 ) = / - 1 ( / ( cl ( / _1 (y)))). The semi-continuity o f /  implies that / _1 (F)€  
£SO(X, T) so that c l( f~ \V ))  = / - 1( / ( c l ( / - 1  (F)))) = / _ 1  ( c l ( / ( / _ 1(F)))) = / _ 1  (cl (F)). 
By Proposition 3.2,/ i s  pre-open and hence is irresolute by Corollary 3.7.

(b) By (a ) ,/ is  irresolute and since (X, T) is e .d . , / i s  rc-continuous by Proposi
tion 4.11. This implies that / : (X, TS)--(Y , S s) is continuous. Since /  is <5-closed, 
f:(X , TS)-*(Y, S s) is a homeomorphism.

(c) This follows from (b).
The following consequence o f Proposition 4.17 is an improvement o f Corollary 

5.5 o f [16].

C orollary  4.18. I f  (X, T) is an S-closed weakly Hausdorff space, (Y, S) is 
a Hausdorff space, and f:  (X , T)-*{Y, S) is a semi-continuous bijection, then

(a) /  is irresolute.
(b) / :  (X, 7’s)—(y , S s) is a homeomorphism.
(c) (Y, S) is S-closed.
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A STRONG INVARIANCE PRINCIPLE FOR 
REVERSE MARTINGALES

R. M. HUGGINS (Bundoora)

1. Introduction

In a previous work (Scott and Huggins [5]) an embedding of reverse martingales 
in Brownian motion was obtained and used to give a law o f the iterated logarithm 
for reverse martingales using properties of Brownian motion near the origin. This 
iterated logarithm law complements the iterated logarithm law for martingales in 
the same manner as results concerning the behaviour o f Brownian motion as (-*-0 
complement those concerning the behaviour of Brownian motion as This
becomes clearer from an examination o f the embedding o f doubly infinite martin
gales in Brownian motion given as Theorem 3 of Scott and Huggins [5]. Here we 
sharpen the underlying invariance principle of Scott and Huggins [5] and this result 
complements the corresponding martingale result o f  Jain, Jogdeo and Stout [3]. 
We then give, as an application of this invariance principle, integral tests for upper 
and lower functions o f  reverse martingales which again complement the result of 
Jain, Jogdeo and Stout. As we quite often follow the proofs of Jain, Jogdeo and 
Stout fairly closely with the appropriate changes necessary for the reverse martin
gale case in some places only a sketch o f the proof is needed.

2. An almost sure invariance principle

We take {<S„, и ё  1} to be a reversed martingale on a probability space 
(Q, J5-, P). It is assumed here that E S\<°°. For n s l  let X„=Sn—S„+1, V„2—

= 2 E {x k\^k+i) and sl=EV2. Note that S„  =  lim Sn always exists, Sn-
k = n  L ‘

— S „ =  2  and Thus w.l.o.g. we may suppose S^—0. (If not set
*=и

S = S n- S „ .)
T h e o r e m  2.1. For fixed oc^O let /„ ( / )= ? ( lo g 2 Z ' 1) ” “ , Suppose that

(2 .2 ) F„2 - ^ 0 , 
and for all <5>0,

(2.3) lim / Ж Г 1 Í  Е { Х ‘£1(П  ё  bfi(V2))\Fk + 1} =  0 е л ,
k=n

(2.4) 2  U V k )-^ E {\X k\l{X l  s  a.s.,
k=1

2  f a(Vk*)-2E{X£l(X£  <  < m 2) ) l ^ +i} <  -
k =  1

(2.5)
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Let S be the random function defined on [0, °°) by

" S 1

Then by extending our probability space if  necessary (which we then rename 
(Í2, &, P)) there exists a Brownian motion {B(t), iSO} such that

(2 .6 ) |S (0 - Ä ( 0 l =  o(/1 /a(log 2 a.s. as t ■* 0 .

P r o o f . Fix afeO, let f , = f  a n d  set

(2.7) Xj =  X j l (X j^ f (V f ) )  
and
(2.8) X f  =  X j - E { X j \ P j + 1 } .

We now set S* =  2! X* an£l thus {£*, iFn\ n^  1} is again a square integrable 
J~.nreversed martingale which we may embed in a Brownian motion. That is, using 

Theorem 2 of Scott and Huggins [5], there exists a Brownian motion {B(t), 
fSO ) and a decreasing sequence o f  stopping times (t„; } suchthat В(т„)~S*
a.s. and there exist u-fields <Sn such that

E{ t„ - t„+i | ^  + 1} =  E{(S* — S*+ff\^Sn+1) =  £{(£ „ * -S„*+1)2|#-„+1} a.s.

Furthermore for l< p < o o  there exists a constant Np depending only on p 
such that

^{(t„-T„+in ^ n + 1} ^  NpE{\S*n-S*n+in % +1} =  NpE{\St-S*„^\dEn+1} a.s. 

Letting t„=т„—тп + 1  we rewrite these as

(2.9) E{tm\9H+1} =  E{X:'\Vn+l} =  E{X?\3Fn+fi a.s. 
and
(2.10) £ W m  + 1} ^  NpE{\x:\> \9a+1) =  NpE {\x ;\’ \Pn+1) a.s.

Now set

K*‘ =  2  Е {Х ?'\^+1} =  Z E {tj\yJ+1} a.s.

Lemma 2.11. For a fixed oc=r0 let f = f x be as in the Theorem. I f  (2.2)—(2.5)
hold then 
(2 .1 2 ) \K*2- K 2\ =  o(f(Vf)) a.s.,

(2.13) \ 2 Xj- 2 x j \ =  o (f(V ff'2) a.s.,
j = n  j  =  n

(2.14) K - K 2\ =  o ( / i O )  в.л,

(2.15) l^ 2 -L„2+1| =  o(f{V f)) a.s., V-+\V * — 1
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P ro o f . It is easy to see that

\E {X f-X f\^ J+1}\ 5  2 E {X 4 (X f^ f(V f) ) \^ j+1} 

and thus (2.3) implies (2.12). To prove (2.13) first note that

I 2 4 -  2 xj\ s  I  2 4 -  2 4 +\ 2 4 ~  2 4 •
j = n  j  — n j —fl j  =  n j= n  j = n

Now

I i * y -  2 4  = 2 E { \ X j \ i { x ^ f ( y ^ j ^ }
j  = n j  = n j  = n

and thus by Lemma 1 of Heyde [1] we have from (2.4) that

(2.16) \ 2 4 -  2 Ц  =  о ( / Ю 1/а) a.s.
j = n  j= n

Also

(2.17) 12 4 - 2 4  =  \ 2 X j 1 ( 4  ^  fQ D )|.
j —n j = n  j  — n

Let
Yj =  f(V f)-4 * [X jl(X j = f (V fj)-E {X jI (X f  ^  f(V?))\FJ+l} \

Clearly as Vf is # } + 1  measurable, E{Yj\&rJ+1}= 0  a.s. and thus {Yj, y’S l }  
is a reversed martingale difference sequence. N ow

2  E{\Yj\\rJ+1} rS 2 Z f ( V f ) - 1,2E {\X j\I (X f^ f(V /))\^ j+1}
j = 1 j = i

which is a.s. finite by (2.4). Therefore the reversed martingale analogue of Corollary 
(2.8.5) of Stout [6 ] stated as Lemma 2 o f Scott and Huggins [5] is applicable with

p —1 and thus 2  Yj converges a.s.
j'= i

That is

2  m m X j i ( x !  S  f ( v f ) ) -E { X ji ( x }  ^  f O f j )  \f j+1}\
j = 1

converges a.s. and again Lemma 1 of Heyde [1] implies

f ( K 2)~1/2 2  [Xj i ( x j  ^  f(v?))-  e {X j i (x f  ^  , m S W j +г}] —  0 .
j = n

Now (2.4) implies, via Lemma 1 of Heyde [1],

f(K 2) - 112 2  E{XjI(X j ^  f (P f l) |^ +1} —  0
j  =  n

and hence

f (K 2) - 112 2  Xj I (x f  Ä  f(v?))  - Ü -  0 .
j  = n
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From (2.17) we conclude that

(2.18) I 2 X j -  2 X j\  =  о (f(Vn2)1/2)
j = n  j = n

and combining (2.16) and (2.18) yields (2.13) as required.
We obtain (2.14) by observing that

E{X?\3F.+1)  s  16E{Xfl(X?  <  f (V f ) ) |^ +1}
and hence

2  f ( v / ) - 2E {x r\& j+1} < » .
7=1

Thus

2 Е { Х № +1} < ” •
7 =  1

Also the sequences E{tj\&J+1}] and Z [ tj~E{tj\'^j + 1}] con-
7=1 7 = 1

verge a.s. using Lemma 2 o f Scott and Huggins [5]. Once again using Lemma 1 o f 
Heyde [1] we have

Л К 2) - 1 2 [ t j - E { t j \9 j+1}]-!±»  О,
j  =  n

therefore
f ( v 2) -4 r n- v Z ) ~  0

and with (2.12) this yields (2.14).
Now (2.15) follows easily by noting

\K2- K \ i \  =  E{X*\^n+1) =

=  E{XZI(X2 S  őf(V2))\^n+1} + E { X 2l(X 2 <  Sf{V2))\Fn+l} == о(ДК*))+0ЯК2)

by (2.3). Since <5 is arbitrary we have the first part o f (2.15). The second part of (2.15) 
is obtained by noting

\K \JK 2- 1 ! =  I KK\ 1 -  K2) /f (K z)\ ш к ж * ]  I

and f(V„2)/Vn- - 0. The Lemma is proven.
We now return to the proof o f Theorem 1.
Since a^O  is fixed throughout we continue to drop the subscripts from f a. 

For 0<<5<1 define
(2.19) pj =  e~ 
and
(2 .2 0 ) =  inf { n : V * ^ Pj}.
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Given £>0, for all j  sufficiently large (depending on £2 and e), we have 

(2 .2 1 ) sup |5(i) —B(t)\ s  sup \S(t)—B(t)\ S
P j  + l s t - P j  V2 S Í S F 2

" Л - l  n J - 1

sup I_ i  X ,-  i  X?\+RB(V*+1- e f ( K l 1), Vn)_1 + Ef(Vn) J )
ní + 1á n ^ n f_ , i = n + l i=n + l

where RB is defined for 0 by RB(a, b) =  max \B(u)—B(v)\.a~±ku, v̂ b
The inequality (2.21) follows from (2.14) and the facts that 5 (i)  =  5 n + 1  on 

tK2+ i,K 2) for i^O, and 2  X *= B (t„+i).
i= n + l

Using (2.13) it follows that for all j  sufficiently large (depending on со)
(2.22)

sup |5 ( 0 - 5 ( 0 |  S  о{(f(V 2_ J ' 2) + RB(Vn)+1 - Ef{Vn)_J, F ^ + e / f l ^ J ) ) .
pj+i—t—Pj
Elementary computations, using the definitions of / , р 3,п} and (2.15) show 

that the interval involved in RB in (2.22) is contained in the interval [Pj+2,P j-J . 
Thus for all j  sufficiently large
(2.23) sup [5 (0 -5 (0 1  == o((f(pj))1li)+ R B(pJ+2, Pj_J  a.s.

Pj + lstspj
From Lemma 2.2 o f Jain, Jogdeo and Stout [3] it now follows that for any v > 0  

P[Rb(Pj+2, P j-i)  >  vpV2 (log2 p j 1Y1-°»i] =

=  5 [ 5 b(0, 1) >  v(pj_1- p j+2)~Wp)'2(log2 p j T “ *)/2].

Now for all j  sufficiently large and 6 sufficiently small we have 
P j1(j> j-i-P j+2) =  4<5 (log2 p j 1)-*.

Hence for such large j  and small <5

P iR a iP j^ P j-d  >  vpy*(logар 7 Т " “)/2] == P[RB(0, 1) >  v(4<5)_ 1 /2 (log2 P701/2] ^

=  c2 _ 1 (log2 p]-1) - 112 exp { - 2  log2 p - 1} c /“2 (logj)2*

by choosing <5 so that v2/8<5^2. Thus for every v > 0  2  P[Rb(Pj+2, P j-i)>
j = l

=-vp}/2(log2 p v1)(1-°I)/2]<: °°- Therefore by the Borel— Cantelli lemma, almost surely,
(2-24) RB(Pj+n, P j- 1) =  vpV2 (log2 p j ry1-«)/*.

The Theorem now follows from (2.23) and (2.24) as we may choose v as small 
as we please. For convenience of use in the sequel we state the following.

T heorem  2.25. Suppose V2 s'» 0 and, for fixed  a ^ 0 ,

(2.26)

2  ^ 2 (log2 Vk- 2rE{XtfiXZ  >  V2)(log Ffc- 2 (log2 F u 2)2(a+1)] - 1| ^ +1} < -  a.s.
l

7 Acta Mathematica Hungarica 46,1985



98 R. M. HUGGINS

Let S  be the random function defined as [0, «=) obtained by setting

V2ГП 9

Then the conclusions o f  Theorem (2.1) hold. 

P r o o f . Firstly note that (2.26) implies

(2.27) i  1 т 2) Г ^ { х д а  >  <5/Ж2) М +1} <  ~  a.s.
k = 1

for all <5>0. This implies (2.3) by Lemma 1 of Heyde [1] and (2.4) quite easily. 
To obtain (2.5) write gfiVf) =  Vk2[logVk~2(log2 F*-2)2(“+1)]-1 . Then

E {X U (X l ^  <5/e(Ffc2))№ +1} -

=  E{Xtl(XZ Ш ga(Vf))\tFk+1} + E {X ^ l(g M )  <  X% <  <5/a(F*2))l-^+1} S  

S g l( F f l £ { l í / ( l í  S  gSVk2))\^k+k}+V *W )E {X Z  > ( g a(F /) ) |^ +1}. 

Multiplying by f x{Vk )~% and summing over к we see that (2.5) is dominated by

i  |Ft2 - F t2+1 |[F*-a(log F r ^ a o g , F*-2)2] - 1+<5 2 / ( ^ 2) - ^ { ^ 2 / (Г 2 >  ga(F 2)) |.^ +1}.
* =  1 k = 1

Now

Z  IF2 -  vk\ , I [Ffc- 2 (log vk~2) (iog3 Vk - 2 ) 2 ] - 1  ^
k  =  1

S i  2  K A -V k-*\ 1КАЛ1 + £ ) - 1 ( l o g  (F t -+! / ( i  +  s ) ) ) ( l o g 2(F * + x /( l  т е ) ) ) 2] - 1 s=
k =  l

„  4 7  djc
~  +£ /  x lo g x ( lo g 2 x ) 2 <00'

Thus (2.5) holds.

3. Integral tests for upper functions for reverse martingales

In this section we use our invariance principle to exploit properties o f Brownian 
motion to obtain results for reverse martingales corresponding to the integral tests 
for upper functions o f martingales and for lower sums o f absolute maxima of mar
tingales o f Jain, Jogdeo and Stout.

T heorem  3 .1 . Suppose V„2— + 0 , and

(3.2) 2  F*-2 (bg 2 Vk- 2)E {X 2I{Xl >  Vk ) [log F r 2 (log2 <  -  a.s.
k =  l

Let (p>0 be a non decreasing function, cp(t)-*-°° as i — then

(3.3) P(|Sn|> F n<KFn- 2)i.o) =  0 or 1
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I((p) =  f  exp {— <p2 (0 / 2 } d/ <  ==> or =  °°.
о *

The proof o f this theorem is an obvious adaptation of the proof o f the analogous 
result of Jain, Jogdeo and Stout using the transformation В(/)->-/В(/_1) on K ol
mogorov’s test for Brownian motion, see Ito and McKean [2] p. 163.

Now let Фе denote the class o f functions cp from (0, e) to [0, °°) such that <p(t)\°° 
as /10. We may restate Theorem (3.1) in a form corresponding to a proof based 
on (3.3) p. 533 o f Jain and Taylor [4].

T heorem (3.5). Suppose V2 — -  0 and (3.2) holds. If  (р£Фе then

(3.6) P[\Sn\> V ncp{V?)i.o.] =  0 or 1 
according as

(3 .7 ) I ' (<P) =  / exp { -  q>2(/)/2 } dt <  °° or =«>.
o+ 1

We are now concerned with the behaviour o f M„ =  max |S'j|. Instead o f theî n
approach above we use the appropriate results for M (t)=  max |Z?(v)| as /->-0.

o s s s r
Let Фе be as before.

Theorem (3.8). Assume that V2— * 0, and

(3.9)

Z v k-4 \o g ivk- y E { x 2n x 2

Then for cp£ Фр
P[M„ <

according as

>  f*2)(log f*- 2) - 1 (log2 Vk~2r 10\.Wk+i}

K{<P(K2)}-1i.o.] =  о or 1

<  oo a.s.

(3.10) / i (<?>)= f  exp { — 8 (<p(t))*/n2} d/ <  oo or ==o.
0 + t

The proof is again comparable to that of the analogous result o f Jain, Jogdeo 
and Stout using the corresponding theorem for Brownian motion o f  Jain and Taylor 
[4] p. 547.
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REPRESENTATIONS OF INNER PRODUCTS 
IN THE SPACE OF POLYNOMIALS

M. A. KOWALSKI (Warsaw)

1. Introduction. This paper is based on [6 ]. We briefly summarize the main 
results o f  [6 ].

Suppose that {pt}tL i is an orthonormal base in the space of polynomials in 
n real variables. Assume that the inner product < . , .  )  has the following property:

<Pi>Pj) =  (hPiPj>, i , j  =  1 ,2 , . . . .

Let p be a positive Lebesgue—Stieltjes measure on R" such that J p2 d p > 0  for
Rn

any non-zero polynomial p. We provided a necessary and sufficient condition when 
the inner product ( . , .  )  can be expressed in the form

<Pi>Pj)= f PiPjQ dp
R n

where q is a square /r-integrable function. We also pointed out that this condition 
is satisfied if the measure p  is of the form

dp(xk, x2, —,x n) =  dtp(xk) # ( * 2) ... dtp(x„)

where 1p is some bounded non-decreasing function with infinitely many points 
of increase.

The goal of this paper is to study the following problems:
(i) What is a condition on p such that the function Q is unique?

(ii) What is a condition on p such that q can be chosen as a non-negative func
tion?

We pay a special attention to the case dp = dtp(xk)dip(x2)...dip(x„).
We now summarize the results of this paper. In Section 3 we provide the com

plete answer to the first question. We partially answer the second question by showing 
some sufficient conditions on p for which q is unique and non-negative.

In Section 4 we consider orthogonal polynomials Pk with respect to a measure

a and study a relation between the convergence of the series j?  [ J P k äß}1 and
*=1 R n

continuity points of the measures a and ß.
In Section 5 we provide examples o f  a one dimensional measure p such that 

(f ,g ) = J  fgQdp is an inner product in the space of polynomials for a unique func-
R

tion q which changes sign. These examples are based on some properties o f  the 
Al-Salam— Carlitz polynomials. Finally, we apply the results from Section 4 to
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specify a class o f  measures ß associated with the Al-Salam—Carlitz polynomials 
which define the spaces L2(R, ß) such that

(i) polynomials are dense in L 2(R, ß),
(ii) there exists a non-negative function /  from L2(R, ß) which is not a limit 

o f  any convergent sequence of non-negative polynomials.

2. Notation. L et SS{Rn) be the er-field of Borel sets in R". Let p: 0$ (/?") — R 
be a non-negative finite measure. W e say that x0 is a continuity point o f p  iff /t({x0}) =  
=  0. By supp (p) we denote the support of the measure p, i.e., the smallest closed 
set A such that р(А)=р(АП В) for any Borel set B. By Lp(Rn, p) we mean the 
linear space o f all д -measurable complex functions /  which have the finite norm

\ \ f \ \ p = { f \ m \ pd ^ x ) f p, p s i .
R n

L et Л “ be the linear space of all polynomials in n real variables with real coefficients. 
I f  n~<zLp(Rn, p) then by Ji(n, p , p) we denote the closure (in Lp(Rn, p)) of the 
space spanned by all monomials from П “ . We say that a polynomial sequence 
(Ы г = 1  is /i-orthonormal iff

/  PiPjdp =  őij
R n

where <5,7  is the Kronecker delta.

3. Representations of inner products in the space of polynomials. * Let Л„ X
Х Л “ -<-Л be an inner product suchthat (p ,w )= ( l ,p w )  for any p, w f f lf .  The 

comparison criterion of orthogonality from [6 ] states a necessary and sufficient 
condition for the existence of a function q£L2(R", p) such that

(1) (P ,w )=  f pwgdp  for any p,w£Il~.
R n

W e assume throughout the rest o f  this paper that such a function q  exists.
We now answer the first question mentioned in the introduction.

Theorem 1. The function q  from  (1) is unique iff Ji{n, 2, p )= L 2(Rn, p).

Proof. (=>■) Assume that 2, p)= L 2(R", p), i.e., monomials are linearly
dense in L2(Rn, p). Suppose that two functions q  and e, from L2(Rn, p) satisfy (1). 
Then
(2) fp (Q ~ Q i)d p  =  0 for any р€П~.

R n

W e then conclude that the continuous linear functional f-+ J f ( g  — Qf)dp vanishes
R"

on the linearly dense subset of L2(Rn, p). Thus it must vanish identically on L2(Rn, p), 
i.e., e= Qi alm ost everywhere.

(-<=) Suppose now that .M(n, 2, p)^L 2(Rr\  p). Hence, there exists a conti
nuous linear functional F: L2(Rn, p)-»C such that F(/7“) =  {0} and F is not

* This section and [6] form a part of the dissertation [8] written under the guidance o f  
Professor S. Turski.
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identically zero. Thus (p ,w )=  J  pwgdp+a¥(pw) for any p, \\>£П™ and adC.
r R"Since the linear functional f-*J  fg  dp+ aF (f)  is continuous on L2(Rn, p), it can

Rn rbe represented, due to the Riesz theorem, as J fq adp for a unique function ga
R n

from L2(Rn, p). Thus

(3) (p, w> =  Jpw gadp  for any p, w€ll~  and a£C .

This completes the proof. □
As an immediate consequence of (3) we get the following corollary.
Corollary 1. I f  Jf (n, 2, p )A L 2{R", p) then (1) holds fo r  infinitely many 

functions о form L2(R", p).
We now turn to the second problem. We first prove a sufficient condition that 

в is non-negative.
Theorem 2. I f  Jt{n, 4, p )= L i (Rn, p) then a function q£L2(R", p) which satis

fies ( 1 ) is non-negative (almost everywhere).
Proof. Let A£&(Rn) be an arbitrary set and let / A be its characteristic 

function. Consider a sequence o f  polynomials convergent to yA in LfiRn, p).
Then

I K - X j a  =  \\(wk- x A)2+2ZA(Wk-XA)h -  I IK -X a)2U2 +

Thus
+2\\Щ~Хл\\2 = \\Щ-Хл\\1 + 2р^п)т \\̂к-Хли- 

f  XaQ dp =  l i m  f  wIq dp =  l i m  (wk, wk) Sr 0
ff, * - 00 ff, k-~°°

which yields that q is non-negative (almost everywhere) as claimed. □

Remark. The condition Ji(n , 4, p)=Li (Rn, p) is stronger than Л (n, 2, p) — 
—L2(R", p), see [3]. It is well-known that if p  has a bounded support then polyno
mials are dense in Lp(Rn, p) for p >  1.

Let I[/:R-*R  be a bounded non-decreasing function with infinitely many 
points of increase. By ф(п) we denote the Lebesque— Stieltjes measure corresponding 
to the integrator í/^ (x1) # ( x2) . ..í/ i/'(a:„).

Due to Theorem 4 from [6 ], the inner product ( . , .  ) can be represented in 
the form
(4) (P ,w )=  f  pwy dif"\ p,w£II~,

R"

for some functions ф-.R^R  and y£L2(Rn, We now specify Theorems 1
and 2 for p —il/w . We begin with the following lemma.

Lemma 1. J t { n ,p ,^ ) = L p{Rn, ^ )  iff JX (l,p , «р>)=£р(Я, ф™).

P r o o f . (=*■) Suppose that f£ L p(R, Since the function / :  f(x l , x 2 , . . .
. . . ,  x„)=f(x1) belongs to Lp{Rn, ф(п)) there exists a sequence {wt}n=i o f polynomials

Acta M athem atica Hungarica 46,1985
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such that f  |wfc(x l 5 , лг„)-/(х1)|р dф^-*0  as k —°°. Define now the following
R n

sequence o f polynomials in one variable:

vk(x) =  [ф(’- 1НХп- 1) Г 1 f wk(x, tx, . . . ,  к =  1 ,2 , ....
Rn-1

Due to Holder inequality we get

f  M x ) - f (x ) \p di/r =
R

=  [ r n- 14R n~1)]-p / I  f Ы х ,  h , . . . ,  гв- 1) - / ( * ) ) ^ (" -1)| ' # ( * )  s
R  R n~ 1

^  [^ " -’ЧЯ" - 1) ] - 1  f Ы х , tx........tn_1) - / ( x ) | p - 0

R n

as n —oo. This yields that Л ( \ ,р ,  фт) = Lp(R, ф(1)).
(<=) Recall that the set H„ o f characteristic fu n ction s/o f the form

(5) У =  XAiX A2x ... x AfSSfR),
is linearly dense in Lp(Rn, ф(п)). Therefore it is enough to verify that # „ c
c ). We prove this by induction. The case n — 1 is obvious. Thus 
assume that Нпа Л (п ,р ,ф (п)) for some л ё  1, i.e., for any function u£Hn there 
exists a sequence {w j£°= 1  o f  polynomials such that \\u—wk\\„tP^ 0  as k-*°° where 
M L , P  =  ( y , |y|p# (n))1/p. Take any Д Я п+1. The function /  can be represented as

R n
f(.x 15  ■ * * 5 -Ti) +1) g C^i, •••, xn) h (xn 4. i)

where g£H„ and h^Hx. Let К}Г=1, uk =  uk{xx, , xn), and {»*}£= ь  k̂= v k(x), 
be sequences o f polynomials such that

l |g -« J n,P- 0 ,  ||h —̂ ||1<р -* 0 (fc - » ) .
We get

lf/-« i»*L +i,p  =  k h -M i^ L + i,P =  II (g -u ^ (h -v k) +  uk(h -vk)+

+ ^ (g -M fc)L+i,p ^  ll(g-M*)(h-»ft)|l„+i,p+||MJt( f i - r t)||(1+lfJ,+  

+ h k (g -u k)L + i,P =  h -U k L ,p \\h -vk§1'P+\\uk\\„'P\\h -v k\\1'P+

+11»*1|1.р11г-«*11и.р —  0 ,  к  -O O .

Thus the sequence {ukvk}™=1 is convergent to h in Lp(Rn+1, / (п+1)). This completes 
the proof. □

Corollary 2. The function у from (4) is unique iff J t i f ,  2, \{im)= L 2{R, фт).

Corollary 3. The function у from  (4) is unique and non-negative if 
^ (1 ,4 ,< А (1> )= £ 4(Я, ф Ы

We now give another sufficient condition on ф such that у is unique and non
negative.
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T heorem 3. I f  for any non-negative function h from L2(R, фт) there exists 
a sequence {^}Г= i of non-negative polynomials which is convergent to h in 
L2(R, фт) then у is unique and non-negative.

P r o o f . Let AX,A 2, be arbitrary Borel sets in R. The assumption o f
Theorem 3 implies that there exist sequences {и^ г ) }£°= 1  of non-negative polyno
mials which are convergent to the characteristic functions %A, in L2(R, фт), 
/= 1 ,2 ,  n. From the proof o f Lemma 1 it follows that the sequence {uk}k=1 
of polynomials in n separated variables,

»*(*i, -O  =  ... wi">(xn),

is convergent to Xa, xasx ...xa„ in L2(Rn, \ f r). Since the functional

f  f  f  У # (n)
R n

is continuous on Lz(Rn, ^ (w)), we get

/  -  f  XAlxA2x...xAny # (")» к
R n  R n

Because wj±l) is a non-negative polynomial it can be represented in the form

n p(x) =  [р ^ (х )? Ш Ч х )]г
for some polynomials and q^  ( г = 1 ,2 , . . . ,  n; k =  1, 2 ,...) . Hence

f  ukyd\!/(n) =  f  Ц ([pffx^f + lqiiXiWjy d\fn).
R "  R n  i =  1

The integral in the right-hand side o f this equality can be rewritten as the sum of  
positive terms f  p2y dф<'") where pdT l7■ Thus we conclude that

R n

f  uky d\[/m >  0 and f  ХА1ха2х...ха„У # (b) 0.
R "  R "

Since A t are arbitrary Borel sets, the last inequality implies that у is non-negative. 
To show that у is unique, note that any/from  L2(R, фт) can be represented as

f = ( h 1- h ^  + i(h2- h i)
where hx, h2,h3, h4 are non-negative functions from L2(R, фт). Thus the assumption 
of Theorem 3 implies that ^ ( l , 2 ^ m)= L 2( R ^ w ). Applying Corollary 2 we 
complete the proof. □

R em a rk s , (i) Due to the M. Riesz theorem (see [9]), Corollary 2 can be restated 
as follows. Consider the Hamburger moment problem

(6 ) pk =  f  xk dф {x\ к =  0 , 1 , . . . .
R

The function у is unique if this problem is determined or ф is its extremal solution.
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(ii) The assumption o f Corollary 3 implies the assumption of Theorem 3. 
Indeed, suppose that Л (1 , 4, фт)= Ь 11(Я, фт). Take any non-negative function 
h from L2(R, фт). Since Ук£Ь^(К, we conclude that there exists a sequence 
{wk}k=i o f polynomials such that |[|//i—wfc||1>4—0 as k — Then

ЦЛ —Willis =  \ \( fh -w k)2+ 2wk( y h - w k)\\lt2 ||(V/h - w * ) 2 | | l i 2  +

+ 2||wfc(Vrh —wfc)||1>2 ||/h-wt||?,4 + 2||wJM||l/h-wt||li4 -0, fc -°°.
Thus the assumption o f Theorem 3 holds.

(iii) If supp ф(1) is unbounded, we do not know how to verify the assumption 
o f Corollary 2. Nevertheless we know that the determination of the moment pro
blem (6 ) is its necessary condition. Moreover the existence of a positive number a 
such that

J e~aW с1ф(х)
R

implies that Л ( \ ,р ,ф т)= Ь р(Я,фт) for p ^ \  (see [3]).
(iv) Due to [2] there exists an inner product П“ ХП~ -+R with the

property ( / ,  g) =  ( i,fg ) for which it is not possible to choose a non-negative measure 
г on &(Rn) such that ( f  g ) = J fg  dr. In particular it is not always possible to find

Fn
a function ф such that (4) holds for a non-negative functon у from L2(Rn, ф{п>).

From [7] we know that the function ф in (4) can be chosen in such a way that 
ф(1) is an indeterminate measure. Moreover, we may require that i/4l> is extremal 
and then (4) holds for a unique у from LfR", ф{п}). From Theorem 3 and Remark
(iv) we now get the following theorem.

Theorem 4. There exists an extremal measure ф(1) such that not every non
negative function from L2(R, фт) is the limit of a sequence of non-negative polyno
mials.

Note that if фт is indeterminate and non-extremal then (4) holds for infinitely 
many functions y. From Remark (iii) we get that J l { \ ,  4, ^ (1)) ^ / .4(/?, фт) for 
any indeterminate measure фт .

4. Orthogonal polynomials and continuity points of corresponding measures. Let
{/’/i}r=i be an a-orthonormal base of the space Д “ . Suppose that Jt(r\, 4, a)=  
= L i (Rn, a). Let {r*}“=i be а ß-orthonormal base of I l f .  Assume that the measure 
ß is determinate.

Theorem 5. I f  supp /?\supp a ^ 0  or there exists a continuity point o f  a which 
is not continuity point of ß then

к - l  R n

Proof. Assume without loss o f generality that degrj =  0. The coefficient ckl 

in the series pk=  2  ckiri is equal to
f=i

СИ =  ß(Rnr V2 f  pkdß.
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Suppose by contradiction that the seiies 2  c'f is conveigent. Then, by the com-

parison criterion of orthogonality, there exists a function g from L2(R", a) such 
that Jwgdoc =  J  w dß for any

R" R"

From Theorem 2 it follows that the function q is non-negative. Since the measure ß is determinate, we get gda—dß. Thus we conclude that suppjScsuppa and 
all continuity points of a are continuity points of ß. This contradiction completes 
the proof. □

For a given S£d$(Rn) we define the measure as by docs =  xs d<x. Suppose now 
that for some bounded Borel set В there exists an oeB-orthonormal base o f  Л “ .

C o r o lla r y  4. I f  xQ is a continuity point o f  a then 2  pk (x0)2= °°.
k  =  1

P r o o f . Let о be a measure whose support consists of only one point x 0. Define 
the measure ß by dß=daB+d<x. From the comparison criterion o f orthogonality it

follows that 2{f  A X b ^ ® )2 < ” ' Assume by contradiction that 2  Pk(xo)2<  °°-
k — 1 ß n  k = 1

Hence

2  (  fPkdßf = 2  (  f РкХв d a ) 2 +  2 2  Pk(x0) f РкХв dx+ 2  Pk(x0)2 =
k  =  J j ^ n  k = 1 j ^ n  k  =  1 ß n  k = l

= 2  (  f РкХв d a ) 2 +  2 1 1 2  Pk(*o)2 2  (  f РкХв + 2  f t W !  <  ° ° -
k  =  l y R n  r * =  1 k  =  l y R n  ’  fc =  1

Due to Corollary 1.1 from [9] the measure ß  is determinate. Since x0 is not a con
tinuity point o f ß, Theorem 5 yields

2[f Pkdßf = ° ° .
‘=i r '

This contradiction completes the proof. □

The author is inclined to believe that Theorem 5 can be proved w ithout th 
assumption that J((n, 4, a) =  Li (R", a).

5. Negative approximation properties of the Al-Salam—Carlitz polynomials. Let
«€(0, oo) and 17C(0, 1). Al-Salam and Carlitz introduced in [1] polynomials V„ 
(n = 0 ,1 , ...) which satisfy the recursion formula

Vn+i(x) =  ( x - V + ^ q - ^ V M - a q ' - ^ a - q W - i i x ) ,  n =  0,1, ...

(V-i(x) =  0, V0(x) =  1).

Due to Favard’s theorem [5] there exists a non-decreasing bounded function ф — фа1(1 
such that f V,(x)Vj(x)diKx) =  « ‘« r ' W t f

JR
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where [Ь]0 = 1 , [b]fc= [fo]k_i (1 — hg*1“ 1); b£R, k —1 ,2 , . . . .  From [1] we know that

/  Vl(x)VJ(x)dß(x) =  Kaiq~ ia[q]iSij
R

where ß=ß„,q is a step function defined by

dß(q‘) =  я ‘У7([<?];ИЮ i =  0 , 1 , . . .

and K =K a,q=  oql^ l.
1 =  0

It is easily seen that ß is a non-decreasing function iff a q < l .  The Hamburger 
moment problem corresponding to the polynomials V{ is determined iff a ^ q  or 
<7 _1S a  (see [4]). In particular i f  aSq  then the function ф is unique (up to an 
arbitrary constant) and \p (x)=K ~1ß(x). Furthermore, J t( l ,2 , i l /W)= L 2( R ^ W). 
N ote that for every positive numbers a and a0 such that (1 —aq‘) ( l—a0q )^ 0 ,  
i —1 , 2 , . . . ,  we have

dßa0,q(x) =  x(x)dßatq(x)

where т(q~k) =  a%[aq]kl(ak[a0q\k), k = 0 ,1 , . . . .  Thus x£L2(R, ß£>q). If a0> \ /q  
and aSq  then the function т changes sign, although J i( l ,  2, ß^q)—L2(R, ß£q)- 
By the contraposition of Theorem 3 we get

T heorem 6 . I f  aq< 1 then there exists a non-negative function h from  
L 2 (R, ß(f q) which is not a limit o f  any convergent sequence of non-negative polynomials.

In particular a = q implies that ß £ l)^ L p(R, ß^f) for 4, although
^ ä(\,p , ß£)q) = L p(R, ß^l) for 1^рШ2. It would be interesting to know if  
A t (l ,P, ß & )= L p(R, /?$) for p a 2, 1).

As a final word observe that the contraposition of Theorem 3 yields two suffi
cient conditions for the existence of a non-negative function h from L2(R, фт ) 
which is not a lim it of any convergent sequence o f  non-negative polynomials. These 
two conditions are:

1° There exists a function т£L 2(R, ф<1’>) which changes sign such that ( f  g )=  
=  /  /g i  <1ф is an inner product in Пf .

R

2° There exists a determinate measure <p(1) such that

(i) is singular with respect to ф(1\

(ii) the series Pk У ' ) 2 is convergent where {рк}Г= i is <p(1)-orthonormal

base of Пк .
The condition 1° is obvious. Thus we prove the sufficiency o f  the condition 2°. 

Due to the comparison criterion of orthogonality, (ii) implies that there exists a 
function q from  L2(R, фт ) such that f p d r p -  f  PQ (1ф for any р € Я ~ .

R  R

Suppose by contradiction that the assumption o f  Theorem 3 holds for ф. This implies 
that q is non-negative. Since the measure <p(1) is determinate we get dcp =  q  с!ф 
which contradicts (i).
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STRUCTURAL THEOREMS FOR MULTIPLICATIVE 
SYSTEMS OF FUNCTIONS

J. JAKUBOWSKI (Warsaw)

§ 1. Introduction. The purpose o f this paper is to prove some structural theorems 
for multiplicative systems and then a generalization of some basic theorems for 
independent random variables on uniformly bounded multiplicative systems. Such 
generalizations were obtained by many authors, but the method o f this paper is 
simpler and gives, in general, stronger results. § 2  contains the definitions 
of multiplicative systems of different types. A t the beginning o f § 3 we prove 
a theorem, which shows that every multiplicative system, which satisfies some natural 
conditions can be represented as a conditional expectation o f a strongly multipli
cative system with respect to some c-algebra. This explains why multiplicative 
systems have the structure similar to the structure of the Rademacher system, in 
particular it explains similar properties of lacunary trygonometric systems and the 
Rademacher system. At the end o f that section there is a theorem which compares 
a uniformly bounded weakly multiplicative system with the Rademacher system. 
In § 4 various applications of the results from § 3 are considered. Convergence almost 
surely, moment inequalities, strong laws of large numbers and laws o f the iterated 
logarithm are investigated.

§ 2. Definitions. D efinition 1. A  sequence (Xt) of random variables is called 
a multiplicative system (MS system), if ЕХ1хХ ^...Х 1п—0 for every sequence o f  
different indices. If moreover ЕХ?0Х1л... X in= 0  for every sequence o f different indices, 
(X{) is called a strongly multiplicative system (SMS system). If EXhXi2...X im—0 
for every m Sk  and every sequence o f indices ix-=. . . .<zm then the sequence (Xt) is 
called an MS system of order k.

The definition o f an MS system was introduced by Alexits [1] (MS system o f  
order к by Serfling [22]). The definition of an SMS system [12] is more general than 
usual, for instance in [1]. The MS and SMS systems were studied by Alexits [1, 2], 
Alexits and Sharma [5], Móricz [15], Révész [19, 20], Takahashi [25], Jakubowski 
and Kwapien [1 2 ].

Example 1. A  sequence of bounded martingale differences is an MS system.
Example 2. A sequence (Xt) o f  independent random variables in L 2 with 

expected value equal to zero is an SMS system.
Example 3 [26]. A  sequence o f functions Xk(t)=sm2nnkt (resp. Yk(I)=  

= cos 2nnkt) for 16[0, 1] and k =  1 ,2 , . . .  is an MS system for every sequence

(,nk) o f positive integers such that - * + 1  ^ 2 , moreover it is an SMS system provided

nk
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D e f in it io n  2. A sequence (X,) o f random variables is called a /^-weakly 
multiplicative system (p—WMS system) for p€[ 1,2], if  \EXtlXti... X ik\p<°°, 
where the sum is taken over all combinations o f indices.

Alexits, who introduced the notion o f a WMS system [3] which coincides with 
our 1—WMS system, noticed [4] that every infinite sequence o f orthonormal func
tions contains an infinite subsequence, which is a 1—WMS system (for an MS sys
tem this is not true [7, 8 ]).

The following idea is of great importance in this paper.
D e f in it io n  3. Let X  and Y  be random variables with values in a Banach space

F. We say that X  is strongly dominated by Y  if E f(X )^E f(Y)  for every continuous, 
convex and nonnegative function / :  F-+R+, provided both integrals exist.

The idea o f this domination is connected with a conditional expectation with 
respect to some er-algebra in the following way:

T heorem  A  (Hoffmann—Jorgensen [11]). Let X, Y be Banach space valued 
random variables with finite first moments. Then X  is strongly dominated by Y iff 
there exist random variables X' and Y' with distributions like X  and Y respectively 
and a о-algebra J Í  such that X'=E(Y'\aY).

We introduce also the definition of ̂ -domination.
D e fin itio n  4. Let X, Y  be random variables with values in R°°. Then X  is 

/^-dominated, p =  l, by Y iff there exist constants К  and Cp such that for every 
continuous, convex, non-negative function f:R°°-<-R+, which depends only on a 
finite number o f coordinates,

E f(X )^ C p[EfP(KY)]V>
holds.

It is important for the applications that, if X  is dominated by Y in the sense of 
Definition 3 or 4, then many properties which are true for Y  are also true for X. 
This fact will be applied in § 4.

In this paper (r„) will denote the Rademacher system on the interval [0,1].

§ 3. Structural theorems. Let us start from a generalization of the theor m 
from [1 2 ].

T heorem  1. Let X1,. . . ,X „  be an M S system o f order k^ n  and Y1,.. . ,Y „  

be an SM S system. I f  0 <Т>2 Т ,< °° and sup \XiYi\ ^ ^ D 2Yi for i—1,2,  ...,n , 

then {X1,.. . ,X „ )  is strongly dominated by (Y1, . .., T„).

Proof. Let О be a distribution o f (F 1; . ..,  Y„) and P  be a distribution of
( ft(Xl t . . . ,  Xn). Define a probability measure P  as a distribution of vector y— Xx, ...

. . . ,  • Let (ß> Jt, M ) be a measure space, where £2—RnXR", Jt=& (R"XRn)

is a и-algebra o f Borel sets and the measure M  is defined by M{dx, dy)—f(x , у) X 
XP(dx) Q(dy) where

/ ( * >  T )  =  [  2  n(X+bimxlmytJ], bt =  — i y .
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M  is a positive measure, since the support of the measure P(dx)Q(dy) is contained

in the set |(x ,j ) :  \xiyt\ / = 1 , 2 , . . . , n j  so the support of the measure

P(dx)Q(dy) is contained in the set {(v, у ) : |л:гу;|Ьгё 1 ,  г — 1, 2, . . . ,«}.  The con
dition that Хг, . .., X„ is an MS system o f order к implies that

( 1)

This follows from

Vj€i?n, f  f (x ,  y)P(dx) =  1.
R n

R n

- 1

/ 7  ( 1  +  bimximytJ ]  P(dx) =
m = 1

2  , f l l + Z
s ,k R n

2  К хпУ1х ■■■ bi, xi, -Tu] p (dx) =
1 =  1

{*1» •••»ífc)

- c r o - -
Hence M  is a probability measure.

Since y l 5  Yn is an SMS system, we also have

(2) Vxe-R", f  f (x ,y )Q (d y )  =  1.

Let us define the random vectors X and Y  on the probability space (Q, J t, P) as 
X (x ,y )= x , Y(x, y )= y . Let A be an arbitrary Borel subset of Rn, then by (1), (2), 
we obtain

M (X íA )  =  M(A X R") =  f  f  f (x , y)Q(dy)P(dx) =  f  lP(dx) =  P(A).
A R n A

Analogously M (Y£A)=Q (A). This means that the distribution of the random 
vector X  (resp. Y) is equal to P (resp. Q). Every point x = (x 1, ...,x„)£Rn satisfies 
the relations

(3) fy f (x ,  y)Q(dy) = ^rx-
R n ”

This is a consequence o f the relations (for /„= 1, 2, ..., n)

f  y ioA x,y )Q (d y )=  / ( " )  [ 2  Уи, П ^ + b imximy iJ ]Q (d y) +
Rn Rn m_1

+ / ( i )  [ 2  Уь n ( l  + bimximy J ]Q (d y )  =
i„(0,.... ik)

=  (?) / [  2 .  (У>о+У‘о . 2  bimximyim +  bioxioy l  +
Rn Ilkn 

1*1»
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+  у to 2  21=2 У j j I
0 *i» •••> ífc}

Ьп хпУп ••• *Л*/,Ул)] ß tö O  =  

к

L et .Ж be a er-algebra generated by the random vector Jf. Every set from J f  has a 
form AXR", where Ж^СК"). By (1), (3) we get

f  YdM  =  у  yM (dx, dy) =  f  f  yf(x , y)Q(dy)P(dx) =
A X R " A X R "

=  / -~xP{dx) =  / (  f  f(x , y )Q (dy)]~ xP (dx)
А  П  A  R n  П

=  f  — xM {dx, dy) =  f  — XdM,
J  YJ J  VI

A V R n  A X R n

к /сi.e. E (Y /Jf)= — Jf. This ends the proof, because — Jf has the distribution P. n n
For k= n  we obtain the basic corollary.

Corollary 1 [12]. Let Jf,, . . . ,  X„ be an M S system and У ,, ..., Yn be an
D2Y-SM S system. If, for every i, 0 < 2 ) 2 Тг< °°  and sup (L| = ------гфт, then (Jf,, . .., Jf„)

is strongly dominated by (Tl 5  . . . ,  Y„). 

For k =  1 we get

sup (LI

Corollary 2. Let Jf,, X„ be random variables such that EXt= 0  and

sup|Jf;|^ — for every / = 1 , 2, . . . ,  n. Then (Jf,, , X„) is strongly dominated byn
(Гг, .. . ,rn).

The assumptions of Corollary 2 can be weakened if « ^ 8 .

Theorem 2. Let X =(X 1, . . . ,  Jf„) be a random vector with the expected value 
» 1

equal to zero, such that Jf;2^ — almost surely. Then (Jf,, . . . ,  X„) is strongly
i = l  о

dominated by (r ,, . . . ,  rn).

Proof. At the beginning let us assume that Jf has the two-point distribution 
1 » 1

P (X = a )= P (X — — a)=-z-, where a=(a1, , a„) and Z af =  ̂ r- Let / :  Rn̂ R +
I  i= i  2

be a convex, nonnegative function and define g{x )— — [ f (x )+ f (—x)]. Then g is a

convex, nonnegative and symmetric function; moreover £ /'(J f)= — [/(a )+ /(  —a)] =

A cta  Mathematica Hungarica 46, 1985
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=Eg{X) and Ef(r1, , r„)=Eg(r1, . . . ,  r„). So it is enough to prove that
(4) Eg(Xi, . . . ,  X„) Eg(rt , . . . ,  r„)

for a convex, symmetric, nonnegative function g. For such a g  there exists a support
ing functional at the point a, i.e. there exist real numbers Ьг,Ь2, . . . ,b n,c  such

П П
that g (a )=  £  biai-\~c and g ( x So it is enough to show (4) for a

i= l  i = l
n  n

function h of the form h{x)=g(x) — c. Then l i ( x )^ \^  b;x j, h(a) =  ^  йгаг and
i =  l  i = l

Eh(X)=h(a). Using the Khintchine inequality with the best constant [23] we obtain 

Eh (X ) =  h(a) =  Í  M i  S  ( Í  af)m  ( Í  fe? ) 1 / 2  ^
1 = 1 í = 1 » = 1

^  ь? ) 1 / 2  £ |  j?  V i| S  Ек(гг ,
y 2  г= 1  г= 1

Now we prove the theorem for an arbitrary symmetric random vector such that 
" 1 almost surely. Let A denote a set of symmetric, probability measures

i=i 2

with support contained in the ball j x :  ^ x f ^ - i - j .  A is a convex, closed subset

of the set o f all probability measures on the cube [ — 1, 1]". Extreme points of the 
set A are symmetric probability measures concentrated in two points, By the Choquet 
theorem [14] the set A has the Choquet property, i.e. for every measure \i, which 
belongs to A, there exists a probability measure P concentrated on extreme points of 
A such that fi= J  mP(dm). This ends the first part o f the proof because it implies

E x A

that for a nonnegative, convex function / :  Rn-»R+,

J  f(x )ii(d x )=  J  f (x )  J  m(dx)P(dm) =
R" R" E x A

=  /  ( /  f(x)m(dx)) P(dm) =s J  ( J  f(x)Q{dxj) P(dm) =  f  f(x)Q (dx)
E X  A  R n  E x A  R n R n

holds; where Q denotes a distribution o f  ( i \ , The distribution o f  the sym
metric random vector X  belongs to A, so X  is strongly dominated by (rlt  . . . ,  rn).

Now we consider the case of an arbitrary random vector, which fulfils the 
assumptions of the theorem. For a convex, nonnegative function / :  R"-*R+,

П
there exist real numbers bx, , b„ suchthat / ( x ) s  ^  btx t+ c  where c = / ( 0 )SO.

i = l
Hence E f(X )^ c  and E f(—X )^c, because the expected value of X  is equal to 

zero. The convexity o f/im p lie s  f(x ) =  -~-[f (2x) +/(0 )] and therefore

E [ f ( X ) - c ] =£ max (E [f(X )-c ] , E [ f ( - X ) - c ]) S

ё  ~  E[f(2X ) + / ( -  2 X ) ] - c ^ E f ( r 1, . . . , r n) - c
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" 1if 2  (2Х()2Ш— almost surely. The last inequality is true, because the random
i = i  2

vector (2Г Л , , 2rnXn), where (rr , . .., rn) is equidistributed with (rx, r j
and independent o f X , is symmetric, so

jE [ f { 2 X ) + f { - 2 X ) \  =  Ef(2r1X1, ..., 2fnXn) =§ Ef{r„ rn)

if  2  (2hTj) 2 =  4-. This gives the desired result: Ef(X1, ..., X„)^Ef(r1, ..., r„).
i = i  2

Example 4. For the symmetric case, the constant obtained in the proof of 
Theorem 2 is the best (for all n).

Let X be a random vector with distribution P (X ~  (a, a)) = P (X = (—a, — a)) =  у , 

a£R , and let g: R2-»R+ be a function defined by g(x1, x2) =  m ax(x 1 + x 2, 0). 

Then Eg{r1, r2) = y  and Eg(X1, X 2) =  \a\ which implies for a =  y : Eg{rx, r2) =

= E g(X lt X2) and X 2+ X i= ~  almost surely.

R emark 1. Let X  be a symmetric random vector with the distribution concentr-
П

ated in two points a= (a1, a2, . . . ,  an) and —a. The relation 2  at — 1 is a neces-
i = l

sary condition for the strong domination X  by (rl 5  . . . ,  /•„).
П

Proof. If C = 2 aí >  1, then for a convex function / :  R"-*R+ defined by
i = 1

f (x )= C ~ 1\ 2 aix \  we obtain E f(X 1, . . . ,X n) = l  and 
* = 1

Ef(r„ . . . ,  rn) =  C-'E  I 2  airt\ =  C - ' [ E ( 2 a irifY P  =  <  1 .
i =  l  i= l

This means that X  can not be strongly dominated by (rx, ..., r„).
Even a small perturbation o f an MS system can induce such a change of struc

ture, that this system is not strongly dominated by (rl 5  . . . ,  r„).

Example 5. Let X=(X l t . . . ,  X„) be a random vector with distribution 

Px(ei ,  =  2 ~ " [ 1  + a ( / 7 ei)]
i =  l

where cf= ± l ,  / = 1 , 2 ,  . . . ,и and 0 < a <  1. Let us take an arbitrary nonnegative, 
measurable function f :  Rn-*R+. Then

Ef(X1,.. . ,X „ )=  2  f (e 1, . . . , e n) 2 ~ " [ l + a ( n e iy ] ^
(e ,,...,e„) i= l

=  £ { /(? ! ,  . . . ,  r „ ) [ l + ű ( / /  r;) ] }  =  L /(r1, . . . ,  rB) +  a .E [/(r1, . . . ,  r„) ]J r,].
i  =  l  »= 1
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This implies that (Z;) is an MS system o f order n— 1 but since EXt ...X n= a  it 
is notan MS system. For the convex, nonnegative function / :  R + defined by

n
/ ( * 1 , •••,*„) =  max(0 , Z xi - n  + l l 2 )

i  =  1
we get

Е [ П Г1, . . . , г п) Í r J = 2 - í * « >  

so Ef{Xl i ...,X J > E f(r1, . . . , r a).
This means that Z  can not be strongly dominated by (rl 5 . . . ,  r„). It is possible, 

however, to obtain weaker forms of domination for p-WMS systems.

Theorem 3. Let (Zf) be a uniformly boundedp-WMS system, l S p ^ 2 .  Then 
(Z;) is p-dominated by the Rademacher system.

Theorem 3 is an immediate consequence of the definition o f a p-WMS system 
and the following lemma.

Lemma 1. Let f : R n-*R+ be a nonnegative convex function and X1, . . . ,X n 
be arbitrary random variables uniformly bounded by one. Then

Ef (Z l 5  . . . ,  Z„) Cp[Ef>(r i .......rn)]Vp
where

C, =  [ 1 + 2  2  \ЕХнх 1г... x ik\>Y'p, 1 — ^ — 2 .
k=i «,-=...-=1*

Proof. Every point х = (х г, ... ,  x„), \xt\^  1 of the и-dimensional cube may 
be written as the convex combination

e1, . . . , e r
e,= ±l

o f vertices (e1, . . . , e n). Since £"[ /7  (1 -f-JCj-r,-)] =  1 the sum o f coefficients o f this
i = 1

combination is equal to 1. For every /, / = 1 , 2 , . . . , «  we have

Е [п  п ( 1  + xj rji] =  Elri ( 1  + xiri)] 77 E0- + xj rj) =  xi-
} = 1  j =I} 5*1

So (5) is true.
Let P  be a distribution o f  (Z l 5  . . . ,Z„).  Since /  is nonnegative and convex, 

using (5), we obtain for p — 1.

/ / ( * ,  . . . ,x n)P(dx) =§ 2  / ( « 1 , О  /  77 Р(Лс) =
R» ( « . . - .О  R" i = l   ̂ 2  'e,= ±l

= 2  Ж ,-,о 4 т [1+ 2  2  ( / 7 eu)E(XhXi2. . .zifc)]
«.-±*

á  CxEf(rx, . . . .  r„).
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Now we consider the case p >  1. Let wh^iJ f )= r iff)...r if f )  be the Walsh sys
tem on [0,1]. Using a part of the above estimations and Hölder inequality we have:

Ef{Xx , . . . ,  X„) S  E {f(r x, . . . ,  r„) [1 +  2  . 2  . В Д х  • • • Xü  ^
k = 1  i .

S  [E f4 rx, . . . ,  гп)Г»{Е[ 1 + 2  2  E{Xh ... * * > * . . .
k = l

For p = 2 we calculate the second component o f the product and obtain that it is 
equal to C2. For l < p < 2  we use the Riesz—Thorin interpolation theorem [26]. 

Since, for Walsh function wa, E [a0+  2  aaw«]2—ao +  2  a% and SUP ao +
act * n  1

+  2  e«w«(0 |^ K I +  2  k l ,  then [ £ ( 1 +  2  a«w«)e] 1/4= (  1  +  2  k l p)1/p where — +
ail ail ail ail P

-\----- h =  1. This finishes the proof of Lemma 1.
q

It is possible to obtain an analogous theorem for weakly multiplicative systems 
defined by Révész [21].

Theorem 4. Let (X;) be a uniformly bounded sequence o f random variables 
for which there exists a constant L  such that

E n V + a i X d ^ L  (n =  1,2, . . . ),
;=i

where (a;) is an arbitrary sequence of real numbers such that \at\;: 1. Then (Xf) 
is l-dominated by (г,).

Proof. An estimation like in Lemma 1 for p =  1 is valid for such a system 
with the constant L  instead o f C \, independent o f n. (We make an evident change 
in the proof.)

This theorem shows that the same results which are obtained in § 4 for a 1-WMS 
system can be proved for a weakly multiplicative system defined by Révész.

§ 4. Properties of /;-WMS systems {\Sp-&2). In this part we use a notation

= 2 ° tx „  k  = ( 2 k I 2)1'2
i = l  i = 1

for a sequence (a;) o f real or complex numbers and (X„) a p-WMS system, 1 -Лр^2. 
The constants C p= ( l + 2  \EXilX h...X ik\p)1,p, where the sum is taken over all 
combinations o f  indices, are always constants for p-WMS systems connected 
with /^-domination.

At first we consider the convergence problem and inequalities for moments.

Theorem 5. Let (u„), n— 1, 2, . . . ,  be a sequence of vectors in a Banach space 

and let (X„) be a uniformly bounded 2-WMS system. I f  the series 2  unrn А сои-
Л = 1
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vergent almost surely, then the series 2  unXn is convergent almost surely and
n =  ioo

E e x v(e \\2 ,u nXn\Y) < »  for every e > 0 .
»1 =  1

P ro o f . The method o f proof is the same as in [12]. Without loss of generality 
we may assume that (X„) is uniformly bounded by one. It is enough to show that

for every <5>0. Let us apply Theorem 3. If we take the convex function 
/ :  /?"—R + defined by

к

f ( x i ,  ••■,*„) =  max [I 2  Will
и í= l

with properly chosen n and vectors vl t . . . ,  v„ we obtain

E( max j| 2  uix iID -  C»(E max II 2  «;Г; | | 2) 1 / 2'nílsm w v nsícam11,-^ " '

for every m >n. If the series 2  unrn is convergent almost surely, then it is con-
»1 =  1

vergent in L2 and [10],

E (  max j| 2  u i r i I I 2 ) ----------- °°-
S l S i S »  11 J

Hence
к

E (  max I! 2  uiXi\\)----------*- 0
\ s k i S m ' \ ~ n  '  'll-'

which implies the desired result. Analogously, applying Theorem 3 to the convex
П

function f ( x l9 . . . ,  xn) =  exp (e|| 2  м^Ц2), we have
i=i

E exp (e íj 2  «i^ill2) =  C2 [E  exp (2e || 2  uT.j|2) ]1/2-

Now the statement of Theorem 5 is a consequence of a result o f Kwapien [13]: if  

2 u n r n is convergent almost surely, then £ ’exp(ej| 2  MnrJ|2) < 0 ° for every e > 0 .
n = l  ' B = 1

This theorem generalizes a result on the convergence o f 1-WMS systems and 
real numbers proved by Alexits [4] and for 2-WMS systems by Móricz [16].

T heorem  6 . Let (X j be a p-WMS system uniformly bounded by 1 and 
(a,,) be a sequence of complex numbers. Then, for every q£[ 1, °°), there exists a con
stant Bq depending only on Cp, K, q such that for all n, is max \Sk\qs B qA f
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Proof. It is known [10] that for every g€[ l ,  °°),

j^max I 2  airt\9 =  2E \ Z

Hence by Theorem 3 and the Khnitchine inequality

£m ax \Sk\q á  C.K* [Я (max \ 2  ^г,\ря)']1,р С.Щ Ю А»*)11’  =  Д.Л«k^n i~ i  1

where D is the constant from the Khintchine inequality.

Remark 2. Under the above assumptions, obviously E\Sn\q^ B qAq.

Theorem 7. Let (Xn) be a p-WMS system uniformly bounded by Кш1 and 
let (a„) be a sequence of real or complex numbers. Then, for every Я >0, the esti-
motions

Fexp (Я|S„|) s  2CP exp (-1 р/Я2ХМ 2)Ö)
and

jEexp (Я max |»Sfc|) ^  41/PCP exp plPK2A^\k^n \Z  /(Ü)

hold, where / =  1 or 2 for real or complex numbers (a„), respectively.

Proof. Let (Xn) be a p-W MS system and an£R. Then using Theorem 3 we 
obtain, for Я

[£exp (Я5„)]р — Cp£exp  (pXK 2  akrk) =
k=»l

— Cpp ff  E exp (pXKakrk) = [j  [exp (Яр^а*) +
fc=l Z  k = l

+  exp ( -  XpKak)} S  Cp Я  exP ( 3  P2X2K 2a{^ =  Cp exp ^  р2Я2Х 2Л2) .

For obtaining the estimate with absolute value, we apply the inequality 

Eexp (Я|5„|) s  E exp (Я5„)+ E exp (-Я5„).

Now let us take the complex case. Using the inequality

(6) exp(|b +  ic)) s  A [ eXp (i/2 |b |)+ e x p ( /2 |c |) ] ,  b,c£R

and representing an as a real combination an= b n+ icn,bn,c n£R, from the proof 
for the real case, we get the desired result.
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For the Rademacher system we have

£ e x p ( A m a x i i g )  =  J A _ £ ( m a x |  J а(г,|") -

o° ;m n n

— 2 2 —т Ч \ 2  atr,|M) =  2E (exp (A | 2  « i » #
m = o '(= 1  í = x

If (a„) is a sequence o f  real numbers, then by the above, Theorem 3 and inequality
(i) for the Rademacher system, for a p-WMS system we get

E exp (A max \Sk\) ё  C„ fis exp (р/.Ктах I У ajÁ)]1/PSv k̂ n ' и L v k̂ n i = i |/J

S  Cp [2E exp(P).K | i агr.-p]1"  s  4 ^ C Pexp ( 1  p A ' ^ j ) .

The complex case is obtained by (6 ), like in (i). The proof is complete.
Part (i) of Theorem 7 was proved for MS systems by Azuma [6 ] and for 1-WMS 

systems Révész [21] adopted the proof of Azuma. Theorem 7 allows to find esti
mations, useful for the applications, for probabilities of type P ( |.S J s y )  and 
-P(max 15*1 >y).

Corollary 4. I f  (X„) is a p-W M S system uniformly bounded by Кш  1 and 
(a„) is a sequence o f real or complex numbers, then for every у > 0 ,

and
-P(|S„I > y )  s  2CP exp 1 — У2 )

2plK2A\ ) ’

P (max |SJ =» у) =  4 1 /рСр exp ( y 2

{ 2plK2A

where l — 1 or 2 for real or complex numbers (a„), respectively. 

Proof. By Theorem 7 we have

A W  > J ) S  £ “ Pp g | f J )  -  2 C ,e x p ( i

for arbitrary A>0. The right side has a minimum at the point A—-

to 2 Cp exp

plK*Al

2 1. The proof o f  the second inequality is analogous.
n'

, equal

2plK2A p
For 1-WMS systems we have the following generalization of a result o f  Zygmund 

[26] obtained for the Rademacher system :

T heorem 8. Let (X„) be a 1 -W M S system uniformly bounded by 1 and 
(a„) be a sequence o f complex numbers such that A — lim A„< °°. Then there exist

« “ ►CO

Acta Mathematica Hungarica 46,1985



122 J. JAKUBOWSKI

constants В, В' depending only on C, and К such that

E {I 2  a„Xn\ln+ I 2  anXn\) S  A4 \n+A +B '.
П = 1 /1 = 1

P roof. Our assertion follows from Theorem 3 applied to the convex function 
f{x )  =  |x| ln+|x| and the result of Zygmund [26, XV. 5. 14]. If (a„) are real numbers 
then

Is ( I  2  anXn\ ln+ I 2  anXn\) & СгЕ{\К 2  ct„r„\ ln+ \K 2  anr„|) ^
/1 = 1 /1 = 1 /1 = 1 /1 = 1

=  C^DKA  ln+ (K Ä )+D ')  2CXDKA ln+ A +  CXD' +  CXDK2ln+ К =  BA ln+ A+B'

where D, D' are constants from the theorem for the Rademacher system [26]. The 
complex case follows from the real case and from the inequalities

(7) (*2 + y 2 )1'2 ln+ (x2 + y 2 ) 1 ' 2  3 [ / 2  |jc| ln+ ( /2  |x|) +

+  ]Í2 \y \ ln+ ( / 2  |y |)] =  6  (х Ч у 2)1'2 ln + (x2 + y 2)V2 .

For a uniformly bounded SMS system the result o f  Zygmund was generalized 
by M óricz [15]. For an SMS system we can obtain the converse inequality.

R emark 6. Let ( Yn) be an SMS system uniformly bounded by К  such that 
inf£>2 F „=L >0. If (an) is a sequence o f  complex numbers such that lim An= A < °°

П _  _  П

then there exist constants В, B' depending only on К  and L such that

BA ln+ A -В ' Щ E{\ 2  a„Yn| ln+ | J  a„F„|).
/1 =  1 /1 =  1

D2Y LP roof. By assumption ----- —  for /7=1, 2 , ________
sup|F„l К

Since (Yn) is an SMS system, by Corollary 1 we get

E { \ 2 a nYn\ ln+ |2a„T„ | )  =§ E(\K~'L 2  anr„\ln+\К~  ̂ 2  anrn\).
/1 = 1 /1 = 1 /1 = 1  /1 = 1

N ow  by the mentioned result o f  Zygmund and the inequality ln + (ax)S

^ u l n + x —a In — for 0 < a < l  we get the desired result for the real case. The a
complex case is obtained by using inequalities (7).

Such a generalization in a weaker form was proved by Móricz [15]. Now we 
consider the strong laws of large numbers. Theorem 5 allows us to generalize the 
result o f Alexits and Sharma [5] for 1-WMS systems (with the same proof).

T heorem 9. Let ( X„ )  be a 2-W M S  system such that \Xn \ = M n where M „  

is not decreasing. Choosing two sequences of real numbers (a„) and (q„) satisfying
“ a2 S

the conditions #„> 0 , <7 „<<y„ + 1  =  °° and 2~%~<0° we have — 0  almost 

surely.
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It is possible to prove more.

T heorem  10. Let (X„) be a uniformly bounded 2-WMS system and let (a„) be 
a sequence of complex numbers such that A„ ■ * ". Then, for every q >  0,

An(\nAny  «■*“
holds almost surely.

P r o o f . We put A0 =  (J. Since the A„ increase to infinity, we can find, for every 
1 , a sequence of indices (nk) tending to infinity and such that 4 - 1 - т *< 4 „ 

(nfc= l+ m a x  {1: i f i m 1}). Fix arbitrary e > 0  and denote by К  a uniform bound 
for (Xn). We take K s l .  By Corollary 4

4k =  P(\Snk\ >  sA„k(ln A J«)  S  2C2 exp .

On account of exp [ — (In x)M]^[exp ( — In x)]M=x~2q where q^^r, x ^ e ;  for
1 2  

0 < q < — and arbitrary b > 0 , there exists a В such that exp [— b (In x)2q] ̂  ß(ln v ) - 1 ” 24

Г/ 1  \  8K2 l 4  1  / 1  4
whenever x^e ,  we have qk Ш B1 —  I for 4—̂  and qk^ B 2\-j-^— I

1
’ and according to the Borel— Cantelli lemma

1 +  2 q

for . So 2  4 k
£  k =  1

0
A„k( ln A j q k-

almost surely.
If we take an arbitrary n different from the elements o f  the sequence (nk), then 

there exists к such that, nk< n< nk+1 and

A
where T„ =  A„(lnA„)q. Put

S„ T„nk Пк

T T1nk 1 n
+ -

Then
7Г -(1п Т „ь) Ч < +1- 1 - < ) 1/2.

A I max
пк-='-=пк

A - s j  n
Tl T„

Applying again Corollary 4 we obtain

pk = P (  max 1S,- S„ I s  T'k) g  4C2exp [ -  ■] •
"k*=i-=nk+i L oK1 J

Using the same argument as before, we have 2 Pk< °°> so from the Borel— Cantelli
k  =  1

lemma the relation

lim sup Í max |  g
* -“  W-='-=«k+i Tk )
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holds almost surely. If nk+1>nk, then

[ n j  s  [ n y  =  < +1- i - Ai
A '2 mk =  m — 1 .

m is an arbitrary number greater than one, so taking m->-l we obtain the desired 
result.

s
Under the assumption of Theorem 10, --j-—0 holds almost surely. We can 

ask about convergence behaviour. Modifying the method of [18, 23], we obtain 

T heorem 11. Let (X„) be a p-WMS system uniformly bounded by Í S 1 and
oo ч

let (an) be a sequence of real or complex numbers such that the series 2  4 " 1 5
n = l

( £ 2 1
convergent for every g £ (0 ,1). Then, for every e=-0 and every 0 ^ д < е х р  I . - 2 I ,

we have

2 V " H s u P^ r  =£ e)
n = l  Vjt&n A k >

where / = 1  or 2  /or  the real or complex case, resp.

P roof. I f  <7 -= exp [ j f f - )  ’ t l̂e n  there ex ists m >  1 such th at # < ех р  |

Let (nk) be a sequence of indices satisfying A%k- 1^ m k<A%k. Then we have
2plK2m2)•

J* m2fc

J2ЛИк + 1 " 1 mЛ+1 =  m

For every fixed n£N  there exists k0 such that nkô n~^nko+1. This gives, by Corol
lary 4

P í s u p ^ s d s s  Z  p [ max ^ S s ] g 4 C p 2  e x p i -
' i e n  A f  )  k ± i 0 k ä i < » k + ,  A f  )  p k t i 0 У 2 p l K 2A l k+1- x )

-  4C'  J  exp ( m*' ")  m‘">' s  4C'  “ p ( - 2 * 1 0  +

+  4 C„ 2  e x p i -
k = k a+ 1 V 2 р/л: 2

v
m* 0 - 1 1

2plK2

(m-l)(k-k0)

exp
4C„ ( - 2plK ‘ m*0 - 1

— exp  ̂— 2 p lK 2 m 0_1(m - » )
=  4C .Pkoexp I 2 Р/я 2 j
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where Dk tends monotonically to one. It follows from А2шА^к +1- 1S m ko+1 that

( e2A2 \ ( е2тка 1 1
exp I “  J f i K w )  ~  expl ~  - 7Ш Г )  ■

This, on account o f the assumption o f the theorem, implies our assertion

*  4C' D' ß , / ' - M -  2 0 ^ )

Another estimation for the rate o f convergence can be obtained by Theorem 7 
from the results o f Móricz [18].

Corollary 5. Let (X„) be a uniformly bounded p-WMS system and (a„) 
be a sequence of real or complex numbers such that A„ — °°, \an\ =  o(An). Then we 
have

j  K |2 (̂ n)'-P |s u p
n =  l  x l n

I Sk
Vkln Ak(lnAky - 0

for each choice of  a > 0  and ß> 0 .

Now we consider the law o f the iterated logarithm. It was investigated by 
Gaposkin [9], Takahaski [25], Révész [19, 20, 21], Móricz [17]. The result of Révész 
[2 1 ] can be generalized.

Theorem 12. Let (X„) be a uniformly bounded 2-WMS system and let (a„) 

be a sequence of real numbers for which — +  °° and an — o ( |̂n ^ 4  ^/2~] hold.
T2(M )Suppose that, for every m>  1, lim in f — 2 kJ > 0  almost surely, where T2(ri) =

AMkП
— a2Xk, Mk= M k(m) is such that A Mk-.1<m k^ A ffk. Then

*=l
v

lim sup
(2T2(ri) In 1пЛ„)1/2

almost surely.

The proof is the same as in [21]. We use Theorem 2 from [20] and Corollary 4. 
Another generalization of the law o f the iterated logarithm is

Theorem 13. Let (X„) be a p-W M S system uniformly bounded by 1. /  
(a„) is a sequence o f real or complex numbers such that A„-+°°, then (X„) satisfief

lim sup \S„\
(2A% In In A„)1/2 ^  Y piK

almost surely, where 1= 1 or 2 in the real or complex case, resp.
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In fact, this i s  Theorem 3  o f [1 8 ] .  (By Theorem 7  we have needed estimations.) 
Estimations obtained by Theorem 13  and Móricz’ result [1 7 ] are incomparable. 

More precisely, there exist p-WMS systems for which a better estimate is given by 
Theorem 13  and there exist such ones for which a better estimate is given by Móricz’ 
result. An estimation for the rate o f convergence in the law o f the iterated logarithm 
can be got by Theorem 7  from the result o f Móricz [1 8 ].

C o r o l l a r y  6 .  Under the condition of Corollary 5 , for every 0>2K 2pl, we have

P sup \Sk\
n=i zl« ln An (özfflnlnzl* ) 1 / 2 “'I

where l =  1 or 2 in the real or complex case, resp.
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CHARACTERIZATIONS OF THE BROW N-M cCOY
RADICAL

B. DE LA ROSA (Bloemfontein) and R. WIEGANDT (Budapest)

We characterize the Brown—McCoy radical in an arbitrary universal class of 
not necessarily associative rings or near-rings, as a lower radical. We also establish 
the corresponding upper radical representation with respect to an arbitrary universal 
class o f alternative rings or near-rings, as well as the intersection property with 
respect to the upper class of this representation. Finally we exhibit a natural module 
counterpart for this ring radical.

1. Three more characterizations of the Brown—McCoy radical

A class s i  of not necessarily associative rings, or near-rings, is called a universal 
class if s i  is hereditary and homomorphically closed, that is, if

I<3A£s! => I^ sl  and A /I£sl.

In this section we shall work in a universal class s i  o f  rings, or near-rings. We state 
for emphasis the following two well known characterizations of the Brown—McCoy 
radical class ^ in s i : is the upper radical class of the class S (l)  o f simple rings,
or near-rings, with unity (in which we include 0 ):

9 =  W S(l) =  {A£s!\ A /I^ 0= > A /I$S (1 )};

and, for any ring (or near-ring) A in s i ,

10(A) =  n{M<aA I Л/М€S (l)} .

The following characterization sharpens the statement o f Theorem 1 in [5].

T heorem  1. Let s i  be a universal class of not necessarily associative rings 
(or near-rings). The Brown—McCoy radical class 10 in s i  is the lower radical deter
mined by ( it does in fact coincide with)  the uniquely determined largest homomorphi
cally closed class of rings (near-rings) in s i  without unity.

P r o o f . We prove the theorem for rings; the proof carries over mutatis mu
tandis for near-rings. Denote by E the class of all rings o f s i  with unity and set

H  =  {A£s!I A /I^ 0 = >  A )I iE}.

Clearly H is a class o f rings without (non-trivial) unity and H is homomorphically 
closed. Moreover, if Q is any homomorphically closed subclass of s i  consisting 
of rings without unity, then for any A6 Q, A/ItíO=>A/I(LQ=>A/I$E=>A£H. Hence

9
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H  is the uniquely determined largest homomorphically closed class o f rings in s i  
without unity. By definition of H, a ring A in H cannot have an ideal M  such that 
0 ? M /M eS (l). Hence H g 0 .

Conversely, let AdJS. Suppose that A has a homomorphic image A/I^O 
in E. By Zorn’s Lemma A/I, having a unity, must have a maximal ideal K/I. But 
then we would have

0 *  (Л/7)/(ВДе*ПS(l) -  {0}!

Hence AdH, and consequently (dC H  holds. □

After the lower radical characterization we characterize (S as an upper radical.

T heorem  2 . Let s i  be a universal class of alternative rings (or near-rings). 
The Brown—McCoy radical У in s i  is the upper radical determined by the uniquely 
determined largest hereditary class o f rings (near-rings) in s i  with unity.

P roof. Again, denote by E the class of all rings (near-rings) of s i  with unity, 
and set

P =  {A d s iI 0 ^  I^ A  => 7€E}.

We first show that P  is hereditary, and for this purpose we distinguish between the 
two possible types o f contents of s i .

Case 1: alternative rings. Let A dP and Denote by J* the
ideal generated by J  in A. We shall show that J= J* . Suppose then that J y  J*. 
Then J* has a unity, as AdP, and therefore J*/J has a unity. By Zorn’s Lemma 
the ring J*/J (with unity) has a maximal ideal LjJ. By Andrunakievich’s Lemma for 
alternative rings (see [3]) the ring J*/J  is a Baer radical ring, that is J*/Jdß. But then

J*/L -  (J*lJ)/(LU )dS ( l ) n / i  =  {0},

contradicting the fact that L is a proper ideal of J*. Thus we have that /= У * 6 Е; 
and we have shown that P is hereditary in this case.

Case 2: near-rings. Once again, let AdP and O ^ J o I^ A .  Since I d P f s i  
and s i  is universal we have that 7 //€E . Hence, applying proposition 5 of [1], we 
obtain that J-=iA and therefore J 6 E. This shows that P is hereditary in this case.

It easily follows that P is the uniquely determined largest hereditary class o f  
rings (near-rings) in s i  with unity.

We now consider the upper radical

WP =  {A dsi\ A/I?±0=>A/1({P}.

For any AdP, @ (A )=0; for otherwise rd(A) would have a (non-trivial) unity. 
Therefore P is contained in the semisimple class

£T 9=  {Adsi\ @(A) =  0}.

Obviously also S ( l ) g P ,  and hence we have Б(])ЯЕРС.9:’̂ . which implies that

<$ =  ousfds g  <¥P g  ^ S ( l )  =

Thus we have that dS=°UP. □
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C o ro llary . Let s i  be a universal class o f alternative rings, or near-rings. 
For any A £si,

9(A) =Г\{1*аА\AIK  P}.
P r o o f . The inclusions S ( l ) g P ^ y ^  justify the inclusions in 

9(A) =  П {К оА I A/KtSP#} g  П{£<]Л| A/L€P} g  D{Af<iA| Л/M eSCl)} =  9(A).
a

2. A natural module counterpart for the Brown—McCoy ring radical

We consider an arbitrary associative ring A and the category Л-mod of left 
Л-modules. We include as objects o f Л-mod all left Л-module structures — even 
when A has a unity, the non-unital modules are included. In this general setting 
the first author has in [2] introduced the radical r3: Л-mod—Л-mod defined by 
the assignment

M — r3 (M) = (T {A < M | S£A(M )}

where A (M) consists o f  all maximal submodules S  o f M  such that there is an a— 
=a(S)£A  with the property that a x —x^S  for all x£M . The radical r3  derives 
its importance from the fact that an Л-module M  is r3-semisimple if  and only if 
M  is isomorphic to a subdirect product o f irreducible Л-modules Ma each having 
an ax£A which acts as a unital operator on Ma. In our final theorem we establish 
a relationship between the ring radical 3  and the module radical r3  according to 
the same norm as that used by Szász [6 ] with respect to the Jacobson ring radical 
J  and the Kertész module radical, r2 in [2]. The additive group of the ring A may 
of course assume more than one left Л-module structure. However, when referring 
to the radicals г2 (Л) and г3 (Л) of Л, we shall have in mind the canonical Л-module 
structure o f A provided by the ring multiplication Л ХЛ  + — Л +, (a, x)*-*ax in A.

T heorem  3. Let A be an associative ring. Then x3 (Л )=Л  in А-mod i f  and 
only i f  3 (A )—A in the category of associative rings.

P r o o f . Let A be an arbitrary associative ring. Since clearly 
[M ^ A  I Л /М €S (l)}  g  A (A),

we have that r3(A )Q 3 (A). Hence r3(A )=A  implies that 3(A) =  A. Conversely, 
suppose that 3(A )= A . Assume that гs(A)AA. Then Л(Л) is nonempty. Let 
L£A(A). Then £  is a maximal left ideal of A and there is an a£A such that 
ax—x£L  for all x£A. Since 3 (A )= A , we have the well known relation

a£G(a) =  { a x -x + I x fa y i- y ^ l  x, xt, y t£A}.

The fact that 3(a) is a twosided ideal o f A implies that ax£3(a) for all x £Л. 
Since 3(a) fzL  in view o f ax—x£L  for all xdA, we have that ax£L  for all 
x£A. But then x£L  for all x£A, so that L=A . This contradiction shows that 
г 3 (Л)=Л. □

We are now also in a position to reaffirm the separation r2 < r 3  established 
in [4]. This inequality follows from our Theorem 3, the corresponding result for 
r2 and J  in [6 ] and the fact that -f A 3 .
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АСИМПТОТИЧЕСКИЙ АНАЛИЗ РАСПРЕДЕЛЕНИЯ 
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Профессору К. Тандори к 60-летию со дня рождения
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46 (1—2) (1985), 133—149.

1. Пусть Х1, . . . ,Х т и Yk, . . . ,  Y„ — две независимые выборки из сово
купностей с одной и той же непрерывной функцией распределения т.е. случай
ные величины Хх, ..., Хт, Yx, Y„ независимые в совокупности. Образуем 
вариационный ряд из Х-ов: Xíl)< X íiyc...-<tXm и обозначим через Sk количес- 
ств F-OB из второй выборки, попавших в полуинтервал [Z ^ -d , Х ^ ) (Je—1, ... 
. . . ,т + 1), где положено Z(o )= — Х(т+1)=  +

Образуем статистику
Ш + 1

(1) Тт,п =  2  < k , s k)
*:=!

где a ( i , j )  — некоторая целозначная функция.
Для получения другого представления статистики Тт, п рассмотрим вари

ационный ряд:
(2) Z(1) <  Z(2 ) < . . . <  Z(m+n)

объединённой выборки (Х1, . . . ,Х т, Y1,...,Y „). Обозначим через Rk ранг 
величины Х(к) в ряду (2), т. е. Rk такой номер, что Z (Rk) =  X(k).

Очевидно, что l ^ R 1< R i -=:... < Rm=m +n  и Sk= R k—Rk- i  — 1 ( k = l ,  ... 
. . . ,т + 1), где для единообразия записи положено R0= 0, Rm+1= n + m  + l. 
Подставляя это выражение Sk в равенство (1), получаем представление 
статистики Тт, п через ранги:

т+ 1

(1°) Тп,я = 2  a (k ,R k- R k^ - \ ) .
к = 1

Очевидно (по классическому определению вероятности):

(2°) Р(ТЯ'П =  N ) =
Un(N)(mr)'

где rmi„(N) — число решений диофантова уравнения (ради удобства полагаем 
а0= 0 ,  ат+1= и + ю  +  1):

Ш + 1
(3) 2  ű(fe> « к -х к- 1 -1 )  =  N

к = 1

в целы х а 19 . . . , а т , у д о в л ет в о р я ю щ и х  усл о в и ю : 1 ^  а х <  а2 *= ■ • • <  а т  — т + п .
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В уравнении (3) произведём замену переменных по формулам

(4) Хк =  ах—1, Хк =  afc- a t _ x- l  {к =  2, . . . ,  т), Хт+1 =  п +  т - а т.

Тогда уравнение (3) примет вид:
т+1

(3°) 2  a (k ,X k) =  N,
ii=i

с условием на переменные Хк, Хт+1 (0^X kSri): Х1+ ...+ Х т+1=п. Другими 
словами, rm>„(7V) —  число решений уравнения (3) —  равно количеству решений 
в O sA ^ c ... < Х т+1^ п  следующей системы диофантовых уравнений:

т+1 т+1
(5) 2  а (к, Хк) =  N, 2 Х к =  п.

к = 1  к = 1

Рассмотрии частный случай а (к, Х к) —Хк, который соответствует статистике 
Диксона [1, 2, 3]. В этом случае система (5) превращается в известную систему 
диофантовых уравнений Гильберта— Варинга:

(Х х + ...+ Х т+1 =  п

(6) \Х1 +  ...+ Х 1+ х=  N.

В далнейшем rm n(N) обозначает число решений системы (6 ) в O sX kSn. 
Нас будет интересовать поведение вероятности P(Tm>n—N ) в зависимости 

от величин т, п и N. Это, в силу равенства (2°), сводится к изучению величины
гт,п №

Так как при Xt ^ 0  имеем неравенства

*? +  ••• + ^ т+ 1  ^  №  +  •■• +^m + l)2 ^  ( т  +  1 ) ( ^  +  ... + Х * +1),

то rm n(N)=0 для n2< N  и н2 > ( т + 1 )А . Таким образом достаточно расс
матривать т, п и N  удовлетворяющие неравенствам

(7) N ^ n 2 ^( m +  l )N.

Далее, как видно из второго уравнения системы (6 ): O ^ X f^ N ;  т.е. число 
решений rm „(А) системы (6 ) в О ^ Х ^ п  совпадает с числом её решений в 
О ё Х ^ А 1'2].

Мы впередь считаем выполненным соотношение (7).
Если т фиксированное ( = 8 ), a jV—°°, то для величины rm<n(N) имеет 

место асимптотическая формула, установленная К. К. Марджанишвили [4].
Здесь исследуем асимптотическое поведение rmiTI(N) в случае, когда 

/и-»-°о вместе с N  (тогда, как следует из (7), п также стремится к °°). При этом 
мы будем следовать пути, предложенному Г. А. Фрейманом [5] (и восходя
щему к А. Я. Хинчину [6 ]) при исследовании асимптотики числа решений 
уравнения
(В) Х1+...+Х°т =  А ,
когда т и А—

Приведём здесь теорему Г. А . Фреймана [5].
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Т ео р ем а . Для числа / m>iV решений уравнения (8 ) при т < y N  (где
0 < у < 1  а N  — целое положительное число) имеет место следующая асимпто
тическая фоямула

(9) ,~" = 7
где о опеределяется соомношением

x se~ax‘
(9°) 4  ^ --------- =  М£> =  2  е-°х",

т 2? е~ах’ X=1
Х  =  1

а с — случайная величина, принимающая значения X s (Х =  1, 2, ...) с вероят
ностями рх =  е~’ТХ‘[Ф(о)]~1. В (9) величина е-сколъ угодно малая положитель
ная постоянная.

В дальнейшем, путём некоторого видоизменения метода доказательства 
(а именно, получив оценки встречающихся тригонометрических сумм в более 
широкой зоне изменения аргумента и конкретизируя применение аппарата 
локальных предельных теорем теории вероятностей, состоящее в том, что 
были использованы асимптотические разложения), в работе [7] было получено 
уточнение теоремы А. Г. Фреймана; а именно доказано что в соотношении

(9) остаточный член имеет порядок О причём этот результат не может

быть улучшен.

2. Вернёмся к нашей основной задаче об асимптотике Введём
обозначения:

Ф (а)=  2  е~ах\  рх =  е °х2[Ф(сг)] 1 (х =  0 , 1 , ...),
(Ю ) Г °  „

av =  « Г Г  2  х'е-°х* =  М (V =  1, 2, 3, 4).Ф(<7) ж=о

Здесь а — параметр, выбор которого будет сделан ниже.
Исходя из известного соотношения

1

da 1 .
. 0 ,

к =  0

к 0  целое,
легко показать, что

(11) rm,n(N) =  e ° 4 m(o) f
о о *=о

р х  е 2л‘(*1Х +  X i X ^ y n + l g - Z m ^ n  +  a 2N )  ̂

Асимптотика rm n{N) будет получена путём анализа этого интегрального 
представления.
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Нетрудно видеть (по определению рх в (10)), что функция

( 1 2 ) / ( 2 л а ) = / ( 2 л«1 , 2 ла2) =  £  Рх**«*+ **)
х ~ 0

участвующая под знаком интеграла в ( 1 1 ), является характеристической функ
цией случайного вектора £=(г\1,г]^) с распределением вероятностей

(13) Р{Ц =  (х, х*)} = рх (х =  0, 1, ...)•

Очевидно, матрицей максимального шага (определение этого понятия см. на
пример в [8 ]) этого случайного вектора будет

Пусть {jlt . . . ,  £ ш + 1  — независимые случайные векторы с тем же распределе
нием вероятностей, что и у обозначая через Рт(п, N )= P {^ 1 + ... +  £ m + 1  =  
=(п, N)}, по формуле обращения [8 , 9] получим:

(14) PJn, N )  =  - Ä  / /'» + 1 (а )е-<(«.Я) doc,

где N = (n ,N ), I= {(ti, t2)H~*: —7tStvSn; v =  l ,2 } ,  \Н\ детерминант матрицы 
Н  (он равен 2). Заметим, что в нашем случае в качестве области /  Можно взять 
множество

{ 71 Til
a: — t i  ё  «! g  — — =  & 2  — ^ г ■

Поскольку, также имеем

(15) Рт(п, N )  =  М -  / Г+\ас)е~Ъ .Ъ  doc,

то, сопоставляя равенства (11), (14) и (15), получаем

(16) =  * .< » ." )  =

Будем анализировать величину Рт(и, 77), исходя из равенства (16) по схеме 
локальной пределной теоремы для суммы ^  + . . .  +  £m= Sm.

Введём обозначения для числовых характеристик случайного вектора 
£=(*11 >*12)1 нетрудно убедиться, что имеют место следующие соотношения:

(17)

'Mrj1 =  а1г Mrj2 =  а2, Ztyj =  а2 — а | =  bl, Dr\2 — а4  —а! =  Ъ\, 
М\Цпх~Мпд(Пж-Мп^ =  а2- а га2 =  &12,
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Ещё примем обозначения:

ßn =  M f a - M t,# ,  ßk2 =-- M\t]2-M r ,2\k,
n—(m +  l)a 1 N —(m +  l)a 2Mi =  -—  , u2 =

bi Vm +  1  

1

b2 l^m +  1

(18)
• {u\—2qu!U2+ u2),QiUi, u2) =  j a

и  =  (M l, M2)
#(a) =  <?(oci, aa) =  af+2ga1oi2+oci,

«i°i I 3
Я 2  b  U ,ys+r бг1^ т т )А«-И +̂  1  b2/m  +  l

В интеграле из равенства (16) произведём замену переменных av= tv/bv \rm +  \ 
(v = l,  2 ), получим:

(19)

где

2n2b1b2(m +  í)Pm(n, N) =  f  f m(t)e lv-u>dt,
I

=  ^ ^ n b ^ m  + i, \t2\ S y i » 2Vm +  l | .

Далее, используя (19) и известное равенство

(19°) <Р(и)
def 1 - 7 Ö ( u i . “ 2 )

I n ^ X  —  Q 2, (2л)2 /R2

-i(»,0 —-<!(<)
2  dí,

составим разность. (Начиная с этого момента, считаем параметр а из соотно- 
шений ( 1 0 ) таким, что

(20)
2  *2е

х  = 0

Яр-ох*
N

2 е -
т + 1 (т е т г ! т = 4

тогда м2 из (18) будет равен 0. В том, что а можно выбрать таким, нетрудно 
убедиться (см. например [5]).:

( 2 0 ° ) Ат г  Ат{п, N) =  2n2\b1b2(m + í)P m(n, N ) ------ - Ц - e~TQ̂ ° A .
L п \  1 — о2  J

Представим Ат в виде суммы трёх интегралов

Лт — Ii + h  +  h >
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где

.. 4 V - ' ) Vm + 1
-

\ r i i - a l чг - а Л
f(0 -  8 ’ ь - Ьг ’ Ъг )

( 21)

h  =  J e  i u i h z q(,)] dt ,
&

< h = -  f  е - ,вл - т  m dt,
Ra\@

h =  f  e~iuihf m{t) dt.
C.\®

Прежде чем приступить к оцениванию интегралов /„, получим необходимые 
оценки для величин av, bv, q, ßkv (v =  l, 2), которые были введены в (17) и (18). 
Для этого нам нужна следующая теорема Сонина.

Л ем м а 1 (Сонин, см. [11]). Если функция f(x )  имеет непрерывную вторую 
производную в интервале (О, i?], то

2  f ix )  =  f  f(x ) dx+Q (R)f(R) -  в ( 0 / ( 0  -
Q-<x^R Q

-  о (R )/' (R ) + ( 7  (Q )f  ( 0  +  f  o{x)f"(x)dx,
Q

где
1  re(x) =  -~ -{x ) , <j(x) =  /  g(z)dz.
2  S

Далее, если f  \f"(x)\dx « » ,  то при R больших имеем:
Q 2

2  / ( * )  =  C + /  Д х )  dx +  о (R )f (R) -  a {R)f'(R) -  /  o (x )f (x )d x ,
Q-zxSR q K

где величина С не зависит от R.

Всюду в дальнейшем С0 означает достаточно малую постоянную, С\ 
достаточно большую, а С -— некоторую постоянную (если не оговорено особо).

Опираясь на эту лемму, после длинных, но несложных вычислений полу
чим (причём, как будет видно из следующего, мы можем считать о-— + 0 ):
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(2 2 )

Ф(СТ) =  Т 7 = - [ 1 + ° ( ^ ) ] ’2У(7

« i  =  - i - [ l + 0 ( ) ( f f ) ] ,  а 2  = - ^ г [ 1 + 0 ( ^ ) ] ,
У 7Г<Т Z G

-  =  7 ^ н [ 1+0 O'í)].

Ч  -  4 ^ 1 [ 1 + о ( ^ ) ] ,  «  -  -5 JT [1 + o (K Í)].

О =
1

Í n  —  2
[ l + O f f í ) ] .

Из найденного выражения для а2 и выбора <т, таким что N/m +  1 = а 2 в част' 
ности, следует что

(23) т + 1  

2 N 1 + 0
Подставляя это значение а в (22), находим:

(23°)

а, =

*! =

2 Л

л н

- I f
Ín —2 L

Оценим теперь ßu  и ßi2. ßil =  ai —4a1a3 + 6ala2 — 3al. Используя (22) получим: 

(24) ßt Í 3  -
4 1  6  

1 3  1U ff 2 U < 7 U  ff3 / 2  ' л<т2 с Л 2(72 J

Зя2—4я—12 1 г, . , - ч,  Зл2—4л —12 ЛГ2 Г. „ ( п /  mi l
[ 1 «  = ------г ------T s w l 1+ 0iy  ж Л -4л2 (m + 1 ) 2

также 

(25)

ßi2 =  а8 - 4 а 2 а6  +  6а!а 4 - 3 а |  =  [1 +0(У«т)] =  с (т ^  ^ 4 ' [ 1+ ° ( ] / ^ ) ]  •

Из (24) и (25) по неравенству между моментами, т.е. ßHkё ßHs (s^ k)  получим:

( N Y 12 Í N Y
(26) ßn ^  H (— J , ßw ^  c, (— ) .
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Отсюда и из (23°), по неравенству моментов следует, что эти оценки точные 
в смысле порядка по N/m.

Тепер оценим

А ( 0  =  А / | ( - ^ - ,  ? ) | \

По неравенствам \(х, у)\ ё |х |  • |у|, (а2 + b2f  ̂ 2 (а4 + Ь4) и неравенству между 
моментами, получим:

а  1443/4
(27) - ' -----------------  ------------А<0 * *  l<l'(«jĴ £-f)

- а 2 V l 2H/4

Отсюда, используя оценки (23°), (24) и (25), получим:

(28) ß3(t) Ш d \t\a.

Оценим ^(0; в силу оценки для q  из (23°) имеем:

(29) q(t) =  t f + iQ t^ + t l  =  + tl)+ Q (t1+ t iy- ё  ( i - e ) (? f+ / l )  S  c„(rf+iD.

Теперь мы в состоянии оценить интеграл /, из (21). Согласно теореме А. 
Бикялиса [10], для t£@  (см. (21)) имеет место неравенство:

(29°) \ Ш ~
—i-eCO, Cl Ä ( 0

чСО
4

Ут + 1

Отсюда, применяя опенки (28) и (29), находим: 

Cl r \t\ Cl(30) IÁI == —  f  I _ ... _  ___
У  t n  +  1 s e  У  И1 + 1 вГ2

Далее, замечая (по (28) и (29)), что

=- / | 1 |3е - с"
1  R2

12 dt
Ут +  1

(31)
оценим / 2:

(32)

I ‘ с„И2 - 8 с0 Ут + 1} = Я>1,

Cl| / 2 | á  Г е~Тт  dt ^  Г е - с»1»12 ^  ____
R2\ ®  R2\ ® ,  V m + 1

Переходим к оцениванию основного интеграла / 3. В силу (31) имеем:

S>2 =  {í: IÁI ^  Со/ш +  1, |í2| ^  Co/m +  l} ,
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поэтому
\13\Ш /  \fm( t ) \d t s  f  \fm(t)\dt =

гт\ з  тт\ 0 г

í  l / í -----í = ,  ----± = T +1 dt ldt2;
/m\® J l b i / m + 1  b2Ym + l j |

произведя замену переменных tv= avbv }-m +l (v =  l, 2) и обозначив Bí =  

=  joc: |av|s-^ -; v =  1 , 2 J , получим:

(33) |/3 | s M 2(m +  l) /  |/(а )Г + Ч а
I\Bt

(определение 1 см. перед формулой (15)).
Обращаясь к оценкам (23°) для Ь± и Ь2, видим, что

(34) ^ 3 5 =  ja: |av| =ё с0 j ' J.

Докажем следующую лемму.

Л ем м а 2. При <х£1\В имеет место неравенство

(35) |/(а )| == ь  

где 1 <  1 — абсолютная постоянная.

( N  У / 2

Д о к а за т ел ь с т в о . Обозначим Q = |c i "̂ 7+TJ ’ Где Cl такое> 4 X 0  Ö —
целое, и =2. Тогда, в силу определения (34) области В, при некотором с0 
имеем
(36) S d I  =  { a: |av| S  c0Q~v; v =  1, 2}.

Оценку (35) мы выведем из следующего неравенства, доказанного в работе 
[1 2 ]: при a имеет место неравенство

(37)
Q  +1 Z e * ' W \ ^ X i ,

где Xi <  1 постоянная (т.е. не зависит от Q).
Вспомним определение (12) характеристической функции /(а ) , и произ

ведём последующие очевидные преобразования:

/ ( а ) =  2  PxeK*'x+aiXi) =  2 ( Р х-Р о )е ч*1Х+*2ха) +
х= 0  Х= 0

2} ^(а1х+а2х2) 4* 2  Рл.е*(а 1* + а2*2).
х=0 x = Q + l
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Отсюда, принимая во внимание: PQS Рх при x ^ Q  получим 

(38) \ f  (а)I =з J  \PX- P Q\ + P Q I 2  ei ( w *x2)| +
x= 0  jc= 0

+  2  P X  -  l - ( ß  +  l)i<2+-Pß I 2
* =  Q + 1 x=0

Подставляя оценку (37) в неравенство (38), найдем:

(39) | / ( a ) | s l - ( ß  +  l)Pß ( l - Zl) ( а € / \Р ) .
Из (39) будет следовать (35), т.е. утверждение Леммы 2, если мы покажем, что 
■Pß(ß+  !)-*-О, ПРИ 0  — °°- Для этого запишем явный вид PQ из (10), и 
воспользуемся оценкой (22) для Ф(а), выражением для Q—[cN /m +1] 1 / 2  и 
формулой (23) для ст; в результате получим:

Q P q = Ф И

- Т г [ |

—----7-----------------= с[1+о(У?)].
У<Т

Лемма 2 доказана.
Завершим оценивание / 3. Обращаясь к соотношениям (34) и (36), и после 

подставляя оценку (35) в неравенство (33), находим (учитывая, также, оценки 
(23°) для Ьг и Ьз):

(40) |Рз| S  Ь1 Ь2 (И1 +1)х т + 1  —

при m +  1 ln IV Ĉx =  3/21n y j .

Cl
j/m +  1

Cl
/ т +  1

3. Собирая оценки (30), (32), (40) и вспоминая соотношение (20°) полу
чаем теорему:

Т ео р ем а  1. Пусть т-+°°, пи N  удовлетворяют условию п2/т + 1 ^ T V s«2. 
Сушествуют постоянные ß > 0  и c =  c(ß) такие, что при ym ^N ^.eßm (у >1 
— произвольная постоянная) имеет место неравенство:

(41)
1 1 ЦГ

Ь1 Ь8( т  +  1)Рж(п, N )------- ------- - е 2 1 _ е 2
л у 1 — е2

Теперь вернёмся к исходной формулировке рассматриваемой задачи, т.е. 
к вопросу об асимптотике распределения P{Tmt„= N )  — статистики Дискона 
Тт<„. Обращаясь к равенствам (2°) и (16) находим:

(42) Р(Тт. = N )  =
е”*Фт{о)ТтТ

что, в соотношении с (41), даёт следующее утверждение
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Т еор ем а 2. Пусть N,n и т натуральные числа, удовлетворяющие усло
виям Теоремы 1. Тогда существуют постоянные /?>0 и c =  c(ß) такие, что 
при y m tiN s  eßm имеет место соотношение

(43) Р(Ттп =  N )= -
eaN<Pm (а) L — ——  1 1

2(1 -Л  + 0 _ ± ^  ;
ут '

\ в \^ с .

Для полноты запишем эти утверждения и как асимптотическое выражение 
величины rm n(N) — числа решений системы (6 ).

Т еор ем а 3. Пусть N Sn*^(m  + l)N  и для достаточно большого постоян
ного v v .w ln N S m ^ yN  (у<  1 — произвольная постоянная). Тогда существует 
c=c(w ) такая, что

(44) п,ЛЮ =
eaN<Pm(o)

(m +  l)b 1 b2 L n  y \  _I- 7Г 1

--- —---  1  1
2a - C») + Q —  ;

f m \
fc/ =£ c.

Теперь, накладывая более жёсткие условия на величины п, т и N, вы
ведем более обозримые асимптотические формулы для рассматриваемых вели
чин.

Так, например, если кроме условий Теоремы 3, выполняется еще условие

(45)
т3/2

N1'2
О, при т —

то воспользовавшись соотношениями (23) и (23°), будем иметь (после неслож
ных вычислений):

Фт+1(о) =  (— — —  
v 2 (m +  l)

(46)

e*N _  е
ы т

V I-Q 2 =
и — 3 
71 — 2

fR

1 + 0 1

Из (44) и (46) легко получаем следующее утверждение:

Т еор ем а 4. Пусть выполнены условия Теоремы 3 и m3=o(N)\
тогда 
(47)

Г ие  lJü±i Vm + l  — - f  ^ —  ( 1 m3/2 ы= ’ Iе ж- Л + 0 Ь ^ + 1 ¥ %
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Зам ечан и е. Очевидно, что в приведённых теоремах, как обычно бывает 
в локальных предельных теоремах, главные члены асимптотических формул 
по порядку не меньше остаточных, если 1^ 1/ / !  — д2 ^  ^ ( 1  — г) In т, т.е. если

п— (m +  l)«^
1  — í?2 frn +  l

/ ( 1 —е) In т;

(е > 0  произвольное, фиксированное).
Если ограничиться рассмотрением таких значений п, что

(48) In -ím  +  l ) ^ ct VN
та ’

(а >  0  — любая постоянная)

т.е., как следует из оценки Ь1 и р  по (23°), значениями их: |мх| S cjm q (cx — любая 
постоянная), то справедлива, как легко убедиться, подставляя в (47) величину

___ и1__ ( 1  )е «а-Л  = i + 0 ( „D =  i + 0 ^ _ j ,

следующая теорема:
Т ео р ем а  5. Если в условиях Теоремы 4 п такое, что выполняется 

неравенство (48); то
(49)

Л Ю  =  [
ne 1

2(m +  l)  J
т+1

2
Í

т +  1 
2л(п — 3)

т — 2
N~^~

т 3 / 2 V] 
Ю 'ЧУ

Зам ечан и е. В Теореме 5, которая выведена нами из Теорем 3 и 4, условие 
W ln N ^ m  (см. Теорему 3) может быть опущено. Это доказывается, следуя 
работе [4] (нужно оценить постоянные — достаточно даже грубых оценок — в 
асимптотических формулах приведённых там), в которой находится асимп
тотика для rm<n(N) при нерастущих т.

После сделанного замечания, из Теорем 2 и 5 следует следующая теорема, 
дающая удобную асимптотическую формулу для вероятностей P(Tmt„=N) 
статистики Диксона.

Т ео р ем а  6 . Пусть т-*°°, m —o(N 1,a) и \п — (/п-Ы )^! (си а >  О

— произвольные фиксированные) , тогда
(50) Р{Тт,п =  N) =

mini 
(m +  п)!

ле т +  1 дг—5 —
2 (m +  l )J  2 I  2л(л — 3) N

Зам ечан и е. Применяя формулу Стирлинга, соотношение (50) можно 
переписать в виде (учитывая при этом, что при условии (48), l /и —o(l+iV )):
(51)

Р(тт,п =  Ю =
т

1 1т + — п+—
2 П 2

(т +  п)т+"2

ле
2 (т  +  1)]т+ 1

2

т — 2
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4. В заключение сделаем несколько замечаний о результатах работ [3] 
и [13].

В работе [3] в виде Теоремы 8  приведено (без доказательства) следующее 
утверждение о статистике Диксона Тт „.

Т еорем а. Если п2/т + 1 ^ к ^ п 2, то существует абсолютная постоянная 
с > 0  такая, что

(52)

где

sup \Лт,п(Щ =  
k \т

(53) <

(т + 1 ) ^ 2  í m ^ ”)
Л (Н) — ___________ у " /

m'"W  (n +  l ) m + 1
Р{Тт,п =  к)~

1 СО»!, у,)

в(Уи Уд =  а ( у 1 -2 вУ1у2+у1),

„ _  n - ( w  + 1)^1 .......  к - ( т  +  1)д3 1 £  v
У1 /------ г 9 У 2 /-------— > /А> , 1 х »a1 \ m + l  о2\ т  + 1 н+1 *=о

Ha-lhd*=  (v=  1 ,2 ,3 ,4), в  =
°1 ° 2

Покажем, что эта теорема неверна; а именно, покажем что главный член 
асимптотической (при и, да—°°) формулы (52) меньше остаточного. 

Действительно, как легко показать (см. [12] (Лемма 1.))

=  C( v ) n - [ l + o [ i ) ] ,
3 / 5  /15—----  <  о ^  —-----

8  -  6 -  4 ’

где c(v) — постоянные зависящие от v, их можно легко вычислить.
Подставим найденные выражения для и сг1 в равенство (53) для у 1:

(54)

У1 =
п - (т  +  1)-^

А
1 + 0 1□

сп 1[ i+o |Н] / / п + 1

[1+ о Щ ]
сп /т + 1  | l  + 0  ^ j j

=  —с yfm [ 1  +  о ( 1 )].

Далее, учитывая оценку для в, получим:

(55) Q(ylt уд Ш (l +
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Из оценок (54) и (55) следует:

е  г. ^

Таким образом, то, что соотношение (52) не содержательно, доказано.
Замечание к результатам работы [13] состоит в следующем.
В этой работе для числа решений rm n(N) системы диофантовых уравнений

(6 ) приведены (в виде двух теорем; без доказательства) две асимптотические 
формулы. Из введённых там обозначений видно, что авторы при установлении 
этих формул использовали методы близкие кметодике получения Теорем 3 и 4 
нашей работы. Однако элементарные вычисления показывают (даже если не 
сравнивать с нашими Теоремами 3 и 4), что главные члены асимптотических 
формул в обеих теоремах неверны.

Если в (1), (4) и (5) полагать а(к, хк)=Х£; где i ^ 2  фиксированное целое, 
то получим некоторую статистику Т $ п, которая при значении s= 2  переходит 
в статистику Диксона; поэтому Т^„ естественно назвать обобщённой ста
тистикой Диксона. В этом случае вместо системы уравнений (6 ) получится 
следующая система:

Соображения, аналогичные проведенным в случае s —2, позволяют полу
чить теоремы, подобные доказанным и в этом случае (используя также идеи 
работ [5]).

найденных формул (41), (43), (44), (47) не может быть заменена на величину 
более быстрого порядка следует из того, что при получении главного члена 
(оценка интеграла / х) мы использовали теорему А. Бикялиса (неравенство 
(29°)), которая имеет уточнения типа асимптотических разложений по степеням
1 /Ут.

Теперь дадим уточнение Теорем 5 и 6 . Из определения функций Pv(co) и 
Р„(—ср(х)), (см. [8 — 10]), найдём явное выражение для Р1( — <р(х)).

(56) {: + х м + 1  =  и, 
xl +  ...+x*m+1 =  N.

5. Замечание о т о ч н о с т и  оценок. То что величина 1 в остаточном члене

у] --Q
Пусть f j —-I используя (18) и (19°) имеем ovV

=  М(/7?ш?+3»7!ш?/72ш2+3,71ю1?7!ш!+?7!а>!) =  

=  сс13 col+3ot12,21 Ct>l ®2+3*11, 22 ®1 tol +  *23 (OÍ,
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Теперь хотим бовислить Рг(— <р(х)) по членам.

д2д>
дх\

V (  1  т ,  (  1  d*Q\
? -<?Ч  2 д х 1) +Ср[ 2 dxl)

0  = '’ ( - т 1 | ) { } + ,’ [ т г ^ ¥ (л:‘“ Н  -

-  < * { -(l-V )»

i S k  “  И - Т  J 0 {  =

= *  [ - T = 7 f e ~ №)Н т Г ^ ¥ ‘(д:‘“ гд:,)!“ Т = ? } +

+<p [ i - S - f e - g ^ i ) ]  =

= <p{-
(x1-Q x 2)(x2- e x  i) ( x 2 - q x 1) ( \ - 2 o )

( 1 - e 2) 3
+ - ( 1 - e 2) 2 }.

t)x, dx.

=  <p ( —TZ^F (*« - e*i)) (^ 1 - № )] + <P ( j 3 ^ r )  =

_ m f pc2-g*i)(* i - g x 2) , g 1
Ф1 (1 -g 2)2 +  1 — g2 J ’

d3cp ( 1 , .  0  [4*2- e*i)(*i-e*2) . e 1
- B M  ■  ---------R T ------- + T R í J -

+  9
- g x 2) - g ( x 2-gX i)

] -

f { -

( i - e 2 ) 2

(x2 -  g x j2 (Xi -  gx2) 2g (x2 -  gxx) -  (X! -  gx2)
d - e 2)3 (1 -g 2)2 }■
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Именно

-Pl ( ~ < р ( х ) )  =
ср(х) /  „ (^1 - № ) 3 

Г “13 (1 -  qJ +  3а1; хг — е* 2
+

, о.. ( 1  — 2 е)(лг2—
+  J0£12,81 ( í - Q 2)2----------Ó

(x2 - e x i ) 2 ( x i - № )  ,
— J a ll,2 2  ( I  _  g2)3 J0£

(x2 - № ) 3

3  T 1 3  ( l - 0 2):

fa-gX afC X a-gX t)
1 2 , 2 1  ( 1  -  e 2) 3

2 e(x 2 - e x 1) - ( x 1- № )
1 1 , 2 2  ‘ ( i - e 2) 2

— а 1 За
2 3  ( 1 - e 2) 3 +  2 3  а - в 2)2) ’

Отсюда для A ( —(р(хг, 0)) получим

J»x(—у(д^ ,о)) —  ff(* ’ 0) {А А +В хД ,
где

А =  — 1

( 1 - е 2) 3
( -  а1 3 + За12> 2 1 Ö -  Заи, гг б2  +  а2з 0 3),

5  =  ~ 7 i '- V ) 2 3̂otl3~ 3oCl2-ai ü  -  е ) g ~ Заи ,2 2(2 ^2+ i ) - 3 a 22g].

Из (23°), (24)—(26) получим |а . , .  \ s c ,  т.е. \А\, \В\шС. Таким образом, если 
применить для выделения главного члена асимптотической формулы (41) раз
ложение характеристической функции с двумя членами [1 0 ], то, аналогично 
Теореме 1, получим

(* ) b1b2(m +l)Pm(/i, N )-cp(u i,0)  f l -  = o (~ } -
L 6/m+lJ Im)

Применяя оценку для А и В, и считая \щ\ ^ С  т~а, отсюда получим

Am(n,N) =  o ( - J ^ r ) .

Таким образом в Теоремах 5 и 6 , и в формуле (51) остаточный член можно 
заменить на

( 1  1  т 3 / 2  \
(  m2q mll2+a YN )

Причем, как видно из (* ) ,  слагаемой 1//и1/2+я не может быть заменено на мень
шее.
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ACCUMULATION THEOREMS FOR PRIMES 
IN ARITHMETIC PROGRESSIONS

J. PINTZ (Budapest) and S. SALERNO (Salerno)

1. Knapowski and Túrán devoted two long series of papers [3, 4] to “com
parative prime number theory”, i.e. to problems connected with comparison of the 
number of primes in two residue classes lx and l2 (mod q), where (as in the following 
always)
( 1 .1 ) (h,q)=(!t,q) =  h  / i ^ / 2 (mod q).

Let us introduce the notations

(1 .2 ) e(n) =  ф ,  q, lx, /2)
1 i f  »  =  h ( q )

- 1  if n =  l2{q) 
0  otherwise,

(1.3)
ű l ( " )  =  {I

a2(n) =

if n =  prime 
otherwise, 

Л(п) _  (1/m if
lo

*з(п) =  {о
logn i f  n — p 

otherwise

logn
n - p"‘ 

otherwise, a4 (n) =  Л(п).

In the first series [3], Knapowski and Túrán investigated the sign changes of the 
functions Ai(x) =  Ai(x ,q ,l1, l 2) where

Ax (x) =  7i(x, q, lx) -n ( x ,  q, l2) =  2  e(«)«i(n),
n S i

A2(x) =  П (x, q, lx) — Tl(x, q, l2) =  2  e(n)a2 (n),
n x̂

(1.4)
A3(x) =  0 (x , q, l1) - 0 ( x ,  q, l2) =  2  e(n)a3(n),

n x̂

AI (x) =  ф(х, q, 1х) -ф {х , q, l2) =  2  е(п)а4(п).
П ^ Х

The second series [4] was devoted to “Chehyshev type problems” and “accu
mulation theorems” . By “Chebyshev-type problems” they meant investigation of  
the asymptotic behaviour of weighted sums of all primes or prime-powers, i.e. 
asymptotic behaviour of expressions o f the form

G,(x) =  Z  £(.n)ai(n)Wx(n), x —(1.5) CO
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with some weight functions if*(и) depending on a parameter x  (or in same cases 
on two parameters).

The famous assertion of Chebyshev [1] from the year 1853 was

( 1 .6 ) um 2 4 - 1  r - W e - * *  =  - ~ ,
X -+  oo  2

but he never published a proof for this. As it was shown by Hardy—Littlewood [2] 
and Landau [5], (1.6) is equivalent to the Riemann— Piltz conjecture

(1.7) L(s, Xi) 0, s =  (т+ it, <7 >  1/2

for the (unique) non-principal character Xi mod 4. They remarked that the same 
holds if ( —l)(p_1)/2 = £(p , 4, 1, 3) is replaced by

(1.8) (— 1)(р-1>/а log p =  e(j>, 4, 1, 3) log p.

Knapowski and Túrán investigated the above type problems with the weight 
functions

(1.9) И*,д(и) =  exp ( -  ^°g ^  j , krS n , /r

and succeeded in this case in extending the results o f Hardy—Littlewood and Landau 
for general moduli q, under some conditions (both for the parameters and for L- 
functions mod q). The advantage o f the weight-function in (1.9) was that the know
ledge of the behaviour of

( 1 . 1 0 ) Gi(k, ti) =  |e (n )a ,(n )e x p  ( -  ^ ~ ^ g- ”)2] 

made possible to get information about sums of type
( 1 .1 1 ) 2 , е(п К (л )U^n^V
with some
( 1 .1 2 ) [U, e/'+sfi*],

since the weight-function (1.9) gives completely negligible weights outside the men
tioned interval. (For the precise connections between (1.10) and (1.11) sec Lemmas 
7 and 8  in the Appendix o f the present paper.)

In all of their results for general moduli, Knapowski and Túrán had to assume 
the so-called “Haselgrove-condition”, i.e. that the L-functions mod q have no posi
tive real zeros. They formulated this in the quantitative form (where we shall assume 
always 0 <Л(<7) ё 1 )

(1.13) L{s, x, q ) ^ 0  for 0 < a < l ,  \t\< A (q ).
(This condition was verified with explicit A(q) by Haselgrove for all q ^  10, and by 
Spira for all q ^ 24). Without an assumption of this type one cannot exclude e.g. 
the existence of a real zero ß0 (of a real L-function Xi) for which all other zeros 
are in the halfplane o-</?0 —e. In this case one has

yßo
(1.14) АДх, q, h, Id =  (XiOd-Xx(Ü )4 -+ O (* 0 « -« )

P 0
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thus zl4 (x, q, / l 5  /2) is o f constant sign if Xi(li)AXi(lz), x > x 0. Knapowski and 
Túrán could show infinitely many sign changes for A4(x, q, /ls /2) under this condi
tion, but in all other investigations for general lx, /2, q they had to assume besides
(1.13) a kind o f “finite Riemann—Piltz conjecture” i.e.

(1.15) L(s, x, q) *  0 for a  >  1/2, |i| зё D,

with some D ^ cq 10, e.g. Under this additional assumption they succeeded in proving 
that A2(x) changes sign infinitely often for all lx, l2 with (1.1), and that Ax(x) and 
A3(x) change sign infinitely often if lx and l2 are both quadratic non-residues or both 
quadratic residues mod q. (The latter condition, as well as (1.15) can be deleted if 
/г=1.)

Although the above mentioned results (with the exception of that concerning 
the case lx—l)  follow very easily from a general theorem o f  Landau [6 , § 197] 
(even without making use o f (1.15)), the high importance of the results of Knapowski 
and Túrán was that they could explicitly “localise” sign changes of At(x), extimate 
the number o f sign changes from below and give upper estimates for the first sign 
change in explicit dependence on q and A(q), whereas Landau’s theorem is comple
tely ineffective.

Now we shall formulate those theorems o f Knapowski and Túrán from the 
second series (also some o f them implicitly contained in their works) which are in 
connection with the results o f  the present paper. In all of the following theorems 
the truth of the Haselgrove condition (1.13) is assumed, further in Theorems I, II, 
III and IV the finite Riemann— Piltz conjecture is needed with a value D satisfying

(1.16) D ё  cq1&
and

(1.17) n 12n D ^

(The somwhat unnatural assumption (1.17) was needed for some technical purpo
ses.) In (1.16) and in the following c will always denote some explicitly calculable 
positive absolute constant, which may have different values at various appearances.

T heorem  1. For every q , lx, l 2 with (l A), q > c  and

(1.18) Y  ё  exp (D8 exp (q10)) 
there exist x and к with

(1.19) x i f y 1“ , У]

2  Ф ,  q, h , /2)Л(м) exp l0g ~) >  Y 2 D.

( 1.20) 

such that 

( 1.21)
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I f  we additionally assume that lx and l2 are both quadratic non-residues then also

( 1 .2 2 ) Ze(p, q, h , « log p exp ( -  >  Y ^ .

T heorem  II. I f  q>c, lx já l2(q) are both quadratic residues, then for

(1.23) Y  ^  exp (exp (£»*))

we have x and к with (1.19), (1.20), (1.22).

These theorems (Theorems I and II are contained in parts IV and VI, resp., 
of the second series [4]) implied (cf. Lemma 7)

T heorem  III. Under the conditions of Theorem I there exist

(1.24) Ub V^\Y D, Y  +D] 
such that for i= 2 ,4

_1__10̂
(1.25) 2  e (n> h> l^ ai(ri) >  У 2 " .

£/(<nSK ,

Further, i f  lx, / 2  are quadratic non-residues, we have also for i —1 ,3
_i__io_

(1.26) 2  e (p ,?, / 1 ,Z!!)a i( p ) > y *  " .
U^pSV,

T h eorem  IV. Under conditions of Theorem II we have Ux, Vx, U3, V3 with 
(1.24) and (1.26).

We may remark that in case of the infinite Riemann— Piltz conjecture we can 
choose in Theorems I, III and II, IV, resp.

(1.27) D =  and D — (log log T)1/e,

and this furnishes localisations o f type [Г  exp ( —g(T)), Г] and lower estimations 
of type / У е х р ( —g(T)) with

(1.28) g(Y) =  c exp (<7 10) log7 / 8  Y and g(Y) =

resp., which improve the results compared with the assumption of the finite Rie
mann—Piltz conjecture (which corresponds to g{Y)=cD ~1 log Y).

In the present work we shall show (cf. Theorems 1—3) that in Theorems I— IV 
it is possible

a) to drop the condition (1.17) (and to weaken (1.16) to D =  c0q2\og6 q),
b) to admit smaller values of Y in dependence on q, D  and A(q),
c) to improve localisation and lower estimation, roughly speaking one can 

take g(Y)^z c(q) log1/2 Y  supposing only the finite Riemann.—Piltz conjecture (cf.
(1.28) which is valid on the infinite Riemann— Piltz conjecture),
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d) to assure that Uu Vx would be really short intervals, i.e. Vt— Ui=o(U(). 
We remark also that the role o f  /x and / 2 being symmetrical in all Theorems 

I—IV, we can trivially state the same inequalities as (1.21)—(1.22), (1.25)—(1.26)
i _ £  i_ £ .

with <  — Y D instead of > T  D . Further on we remark that (1.22) and (1.26) 
trivially follow from (1.21) and (1.25), resp., if lx is a quadratic non-residue and / 2 

a residue (but this harms the symmetrical role already, naturally).
Now in the remaining case o f /j being a residue, / 2 a non-residue, (1.22) does not 

remain true if one assumes the (infinite) Riemann— Piltz conjecture, as shown by 
Theorem V. Supposing the Haselgrove condition (1.13) and the (infinite) Riemann—  
Piltz conjecture one has for any k, x = e fl>~cq60 with

(1.29)

the inequality

(1.30)

logq_
A \q )

2  s(p, q, h, h) log p  exp ( -  (/' ) < - c f x

if /j is a quadratic residue, / 2 a non-residue mod q.
For the proof see Theorem VI o f part II of the second series [4]. On the other 

hand if the infinite Riemann—Piltz conjecture is false then at least in the case /х= 1  
or / 2 = 1  they could prove an explicit theorem which we formulate now roughly as 
(for the precise formulation see Theorem IV of part II in [4])

Theorem VI. I f  there is a i?o—ßo+Ö’o zero ° f  an L(s, y, q) with ß0 >  1 /2, 
Х(1)т^ 1, then for Y  > c (g 0, q, A{qj) one has (with explicitly localised values x and k)

(1.31) 2  E(P> 4, l, 1) log p ex p | -  I =  f í ± exp ( - lo g 5 / 7 x)).

We shall show (cf. Theorem 4) that in Theorem V it is enough to assume the 
finite Riemann—Piltz conjecture, if  we restrict к more strongly than in (1-29), further 
it is possible to calculate an asymptotic value for the left hand side o f (1.30) (in 
dependence of k, p and q). Concerning the problem dealt with in Theorem VI for 
general pairs lx and / 2 we are able to prove a similar theorem (cf. Theorem 5), but 
this holds only for F > T 0> an ineffective constant (although we can give good 
lower estimation and good localisation for the corresponding values x).

2. In Theorems 1—3 we shall assume always the truth of the Haselgrove con
dition (1.13) and the finite Riemann— Piltz conjecture (1.15) until a level D with

(2.1) D ё  D0 =  c0q2 log6  q

where c0 is a sufficiently large absolute constant. First we shall formulate Theorems 1 
and 2 which improve the results o f Theorems I and II of Knapowski and Túrán. 
In these theorems we shall have a parameter 2 for which we suppose

(2.2) A 20£»„.
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We shall always assume the trivial condition (1.1) without mentioning it. We shall 
use the notation
(2.3) 4 ~ 4

if /j and 4  are both quadratic non-residues or if they are both quadratic residues 
mod q. In the sequel c will denote a generic (explicitly calculable positive absolute) 
constant which might have other values at different appearences.

T h eorem  1. Let us suppose for q the truth of the Haselgrove condition (1.13), 
the finite Riemann—Piltz conjecture (1.15)— (2.1), further (2.2). Then for every T> c  
with

(2.4) L  =  log T >  max ( A(q)  ̂ c'>2]
there exist x —ê , к with

(2.5) л* [гexp ( -  Я log3  л), т] ,

(2 .6 ) Ц - $ — 1 , Í f  +  X] ’
(2.7)
N ’ /  1 1 Л А r  \  í  l o g 2 ( ” / * ) )  , / -  (  L D 22  Ф ,  q, 4> 4M  (и) exp ^------- ^ -----J >  \ x  exp ^-----

cqi
A{q)

Я log3  L \ > x {.0 .4 9

It is nearly trivial to show (cf. Lemma 6 ) that (essentially) the same estimate is 
valid if we replace A(n) by logp and assume that 4  is a quadratic non-residue. 
Beyond this we shall settle also the case o f 4 and 4  being both quadratic residues.

T h e o r e m  2 .  Assuming the conditions of Theorem 1 and 4 ~ 4  ( cf-  ( 2 . 3 ) ) ,  we 
have for every T with ( 2 .4 )  an x and к satisfying ( 2 .5 ) — (2 .6 )  such that

( 2.8)

2 e ( p ,  q, 4 ,  4 ) logp exp [ - ~ ^ exP ( — Щ г > x°-19.

The application o f  Lemma 6  o f the Appendix makes possible to obtain accu
mulation theorems for pime powers and in case of 4 ~ 4 > also for primes.

N ow  we shall choose Я in such a way as to optimize the lower estimation as 
well as the localisation o f the short intervals furnished by Lemma 7.

For this purpose we choose for Y —eLl

( 2 .9 )
A1/2(q) L\l2 

q log3 / 2  Lj ’ log T =  L =  L1

Then an easy calculation shows that for

(2.10)
A (?)

log3
1

МЯ)
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we have (2 .2 ), further

(2. 11)
LDl
A2 J L

A(q)
A log3  L <c f f k  S

1.05Z.!
A

So we obtain from Theorems 1 and 2 with the aid of Lemma 7 of the Appendix 
the following

Theorem 3. Let us suppose for q the Haselgrove condition (1.13) and the finite 
Riemann—Piltz conjecture (1.15)—(2.1) and let 7 > c  satisfy

< 2 1 2 >

Further let us use the notation

(2.13) / ( 7 )  =  exp { -c q A -^ iq )  log1 / 2 7(log log 7 )3/2).

Then in case of /4~ / 2, there exist

(2.14) Ui, Vly U3, F3 £ [ / ( 7 ) 7  7 ]  

suchthat £ / ,< 7 ,ё  !/;+£/; exp ( —log1 / 2  Ut) and

(2.15) 2  e(p, q, h , h) >  f(Y )fF ,

(2.16) 2  £(p> #> /l .  *2) log p >  / ( 7 )  f f .
u ^ Psv z

Further we have for all pairs / l 5  / 2 with (1.1)

(2.17) i/2 ,F 2 ,C74 ,F 4 6 [ /(7 )T ,7 ]  

suchthat í/j^ F iá  í/ í+ í/ í exp ( — log1 / 2 [/,•) and

(2.18) 2  £(Pm- <7, / i ,  /*>4- ^  / 0 0  №U2̂ pm̂ Vt m

(2.19) 2  £(". <7 . / i ,  Щ 4(и) >  / ( 7 )  / 7 .

We remark that it would be possible to deduce (2.15)—(2.16) from (2.18)— (2.19) 
using the prime number theorem for arithmetic progression with best known error 
terms. However, we preferred to prove Theorem 2 (from which (2.15)—(2.16) is an 
easy consequence by making use of Lemma 7) in order to avoid these deep theorems. 
Beside this, Theorem 2 cannot be deduced from Theorem 1 using even the best 
known error terms.

Let us consider now the case, when f  is a quadratic residue and / 2 a non-residue. 
Our following theorem shows that even weaker conditions than the finite Riemann— 
Piltz conjecture can assure theorems similar to Theorem V, if we assume that k, p-*<=° 
and 4 mp/k^c{q).
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Theorem 4. Suppose the truth o f the Haselgrove condition (1.13) for q, and let 
k, X, a> satisfy X s 2 , and

(2.20) к s 5 log q+co 
A \q )

Let us suppose that the zeros g = l /2  +  ö + iy o f all L{s, x, q) functions with у {fi) ?£
5^Z(4) and \у\шХ satisfy
(2.21) y2 ^(2X2+3)S,

where (  is a quadratic residue, l2 anon-residue modq. Then with p=kX2 we have 
for  CÜ—oo

(2 .22) 2  £(P> <7> 4 , 4 ) log p  exp
p

( / / - lo g  p f \ 
4k ) 2q>{q)

(uniformly in the variables к, Я and q) where N(q) denotes the number of solutions 
o f  x2 =  l (m od#).

Corollary 1. I f  the Haselgrove condition and the finite Riemann—Piltz con
jecture are true until the level 2 for all L(s, ■/, q) functions with X (4) 7^ (4). and к 
satisfies (2 .2 0 ) then (2 .2 2 ) is true, i f  1г is quadratic residue, l2 a non-residue.

Corollary 1 shows that if we assume the Haselgrove condition and the finite 
Riemann—Piltz conjecture up to a level D with

(2.23) D ^  20Z»0  =  Cj q2 log® q,

then the assertion o f  Theorem 2, (2.8), definitely does not hold in full generality if 
4  is a residue, 4  a non-residue. We have namely the opposite inequality for all k, p 
with

(2.24)

i.e. if  X is chosen as
(2.25)

3 1 ° g ?  +  c 2

D2 -  4 ’ -  A2(q)

20L)0 s l s ű .

Corollary 2. I f  the Haselgrove condition and the infinite Riemann—Piltz con
jecture are true for all L-functions mod q with where 4  is a quadratic
residue, 4  a non-residue mod q, further p and к satisfy

(2.26) к s

then (2 .2 2 ) is true for cô - °°.

5 log q+co 
A \q )

p  ^  4k

We remark that if  the infinite Riemann—Piltz conjecture is not true, then (2.21) 
implies p/k^c(q), thus Theorem 4 is not applicable if p/k>c(q). This is due to 
the fact (mentioned in the preceding section) that in this case there is really no con
stant preponderance o f primes = / 2 over those = 4  in the above sense. It is relatively 
easy to show the following ineffective
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T heorem  5. Suppose the truth of the Haselgrove condition (1.13), the existence 
of a zero Q0 =  ß0+iyo, /?o~(l/2)=<5o> 0 o f  an L-function mod q with xOil^xOz)’ 
where f  and / 2 are arbitrary with (1.1). Let us suppose we have any 0 and a
(fixed) A> 0  with

(2.27) A2 >  - |5 --(l+ < 50) ~  yl <  (A2 +  l+<50)<50.<?o
Then for every Y > Y 0(q, rj, A) (where Y0 is an ineffective constant) we have an 
x —ê  and к with

(2.28) x =  e^ [Y e-iKlÂ ,  Y], [A2, X2+tj]
/V

such that

(2.29) 2 y —  2 H P , 4, h , h) log P exp  ̂ ^  P~ j  >  (2 -r j)\a J e k̂ +Mß<‘

if

(2.30) 2
Де0,*)=о

where тх(д0) denotes the multiplicity o f the zero q0.
I f  we replace z(p) lo g p  by z(n) Л(п), then (2.29) holds for an arbitrary zero 

o0  with ß0^ l/2 , without condition (2.27).

3. The main tool in proving Theorem 1 is a one-sided power-sum theorem of 
Knapowski and Túrán (cf. Theorem 4.1 in part III of [3]) which we state now in a 
slightly improved form as follows. (For the modifications needed in the proof see 
the Appendix.)

L emma 1. Let bj,Zj be complex numbers ( j= l ,2 ,  , ri) with

(3.1) 0 < x S  I arg zj\ == n O' =  1, 2, . . . ,  n),

(3.2) ^ I S - . S I z J .

Then for any h with 1 ^ h ^ n  and for any m&0, there exists an integer

(3.3)

such that

(3.4) Re Z b j z 4 
] = 1

l
E =  min I Re 2  bjl

l-sh  j = 1

where

(3.5)
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Further we shall use the integral-formula (& >0 real, A  arbitrary complex)

(3.6)
2nl d

,/cs2 +  -<4.sds - 1

2^nk
exp K)

(3.7)

Introducing the notations 

1 V
F(s) =  —7 - r  2  (x(h)~X (h)) (s, X), h =  log x,

9 W  X(mod«) X y

we obtain by (3.6) (denoting the zeros of L-functions in <r^0 by Q — ß+iy)

(3.8)

I = —^ =  2 е(и)Л (п)exp [ -  ^ ) =  —L  f  2  e(n)f (и) eb,+«“ d5  =
2 M  » l  J 2Я1 ^  f  ns

=  "2 ^ r  / ^(®)eb,+'“ *  =  ^ - 2 ш - ш _ 2 j ke' +,ie+R

where (using L'(s)/L(s)<sc l° g (? (k l+ 2 )) for < r = - 1 /2 )

e=e(x)ß ô

(3.9) Ä dg
2n i f  F(s)eks*+liS ds =  0 (1 ).

( - X /2 )

Although the main part of /  is an infinite exponential sum, we can estimate easily 
the contribution o f  zeros with |y |^ 2 A, since we have for any у mod q

(3.10) 2  |e*«,+« | <к 2 1 e ^ -^ + M o g fo n ) =  0 (1 )  
e=e(x) п=[2Я]|у|32Л

owing to (2 .6 ) and the well-known relation

(3.11) 2  l « lo g ( ? ( n + 2 ) ) .
e=e(x)и |̂у|^и4-1

The main difficulty in applying Lemma 1 for the remaining finite exponential 
sum is that perhaps E = 0 (this occurs probably relatively often in reality). This 
difficulty may be overcome by the following

Lemma 2. There exists a prime P=Ii(g),

(3.12) 

such that

(3.13)

-^ -< .P logaP <  A,

1
т(„ \ * е 2 Ш  2) - z ( / i ) )  2  e pti°&p Р» »  P log2  p  
<Р\Я) x e=e(x)ßmO

where the constant implied by the sign is independent from c0 appearing in (2 . 1 ).
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This is a slightly modified form o f Lemma VI of Knapowski and Túrán [4, 
part IV]. (To obtain the modification, we have only to note that the finite Riemann— 
Piltz conjecture (1.15)—(2.1) and the shortened explicit prime number formula 
(cf. Prachar [7]) imply for x ^ q

(3.14) 2  ^ (n) =  - ^ y + 0 ( l /x:log2 Z ) ) + 0 ^ 1 o g 2xj
n= l («)

and this assures the existence of primes with (3.12).)
Actually (3.13) is true for every prime = lx(q) with (3.12) but we do not need 

this fact.
In connection with Lemma 2 we have to note that in (3.13) the contribution 

of zeros with |y| >Z >0 is negligible, since in view of (3.11) we have for any x mod q
ea oo i - n a

(3.15) 2  \eP4o*2p Pe\ «  2  e р2'°&гр P lo g (n ? )«  1
e=e(x) n=[Plog2P]
Н=>Яо

where the constants implied by the <sc sign are independent from c0 appearing in
(2.1). This means that the estimation (3.13) is valid for any set o f  zeros which contains 
all zeros with |y|^ D 0.

The next problem arises if we want to asure the argument condition (3.1) (possibly 
with a not too small value o f x). For this purpose the following general lemma is 
useful.

1 " 1
Lemma 3. Let a.-^O be real numbers, j =  1, ..., и, — 2 ~i—t—V- Then forn j —i \aj\

every H there exists an y0 with

(3.16) y0£[H, H+rj]

such that for any integer к and all n

(3.17) \y0a j-2kx \ 1

4n

This implies (with the aim o f further applications in Theorem 4)

1 " 1
Lemma 4. Let Qj be complex numbers, j = l ,  . . . ,  n, Re Q j=0, — 2  Ti-------in |lm Qj\

Then for arbitrary c o s 0 and H there exists a В with
S»/.

(3.18) B ^ H , H + ^ q  ] 

such that for all Q =  Qj

(3.19) n S  \a.rgeaBQ2+Bß\ s  - L ,
o t t

(20) n S  I arg еюВ(е/2)а+вв/2 |
8 n
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Lemma 5. For M ^ q  we have with

(3.21)

the inequality

(3.22)

Nq( M ) =  2  2  1
jc(modg) e=e(x)

Ы sm

1 y  у  1 A -\q -)+ \o g M
hiq{M ) x(modg) e=e(x) Ivl M

|y| SM
Lemmas 3 and 4 are improved versions o f  the lemmas o f  Appendix VIII in 

Turán’s book [8 ].
We shall prove them in our Appendix. To prove Lemma 5 we use (3.11) and 

the well known relation
(3.23) Nq (M) » <p (?) M  log M.
From (3.11) we obtain

(3.24) 2  2  4 r « < P (9 ) lo g 2Af
X(mod q )  q = q ( x ) 171 l^y^M

and the Haselgrove condition with (3.11) trivially implies

(3.25) 2  2  - c r « < ? ( ? )  log <?-Л-Ч?).
X(modi) C =  e(x ) 171

The required result follows from (3.23)—(3.25). □

Lemmas 4 and 5 show that in our case we can choose

(3.26)

In view o f (3.8)—(3.10), our task is to assure a good positive lower bound for 
(the real part of)

(3.27) 2  eket+M-
<Р\Я) x e=e0c)ршо,\у\шгх

can be written in the form (by appropriate choice of к and ц)

(3.28) ~  3F{y) ~  2
\y\szx

where в runs over zeros o f all /.-functions mod q,

(3.29)

with

(3.30)

b„ =
<Р(Я) x

L(q,x) = 0

2  { ш - т у « ' * ™

k0 — 1

P2 log2 P , [Iq — log P,
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further
(3.31) Zq =  eBli2lii+Be

with the value o f В furnished by Lemmas 4 and 5 (with the choice o f H and t] given 
by (3.26)). The variables к and ц will depend on v in the following way

(3.32) k = k 0 +  fi =  /u0 + Bv 

and v will be chosen appropriately with

(3.33) v€ -  cq42 log2 X, А _ И > ].

First we note that the number n of terms in (3.28) satisfies

(3.34) n <  cqX log X

(this follows from (3.11)). In view of Lemma 4 we can set

(3.35) x =
8  n

After numbering the ze’s according to (3.2), we choose h as the largest index (i.e. 
zh= zeo as the smallest term) corresponding to a zero with

D0.(3.36) M

Taking into account the remark following (3.15), this choice assures

(3.37) R e ^ b / ^ i  (l =  h ,h  +  l , . . . ,n ) .
j =1

Owing to (2.1) £>0  lies on the critical line and so

(3.38)

and (owing to X^20Dg)

exp

(3.39) ( A _ ± d > - b - A \
{ 2 X*D° X2)

S  e~3H.

Now applying Lemma 1 for 2F(y) in (3.28) we obtain the existence o f an v 
with (3.33) such that, owing to (3.28)—(3.33),

(3.40) Re #-(v) >  exp \^0 + A - -  (2n + 1 )2  logL -  A A Í  _

- З Я З О п 2) <  | / Ä e x p [ - ^ —  - | ^ - A l o g 3 L ) .  □
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4. If /x and 4  are both quadratic non-residues then the corresponding assertion 
of Theorem 2 immediately follows from Theorem 1, taking into account the following.

Lem m a  6 . If  l s f c s

(4.1)

where 1 / lO S a S l,  then

(4.2)

lo g x
10 and g{n) is a function with 

G (r)=  Z  g in )~ C rx
n̂ r

I  g{n) exp
log 2 — x

4 к 'CaeteV
2Улк

for x-<-°° (uniformly in k ).

The proof follows easily by partial summation (see formulae (53.3.7.)—(53.3.10) 
of [8 ]). □

The case o f 4 and I« being quadratic residues is much more complicated. First 
we note that the number o f  solutions of the congruences
(4.3) x 2  =  4  (mod <7), x 2 =  Z2(mod q)

is equal. Let us denote the solutions by iN = N iq))

(4.4) u.1, , <xN and o1, ..., Of/,

resp. Let us introduce the notations (g = lo g  x)

<4'5) /* = w { ? ‘("MWexp( - i T 1)-

2  s ( " V  in) exp ( -  (ß 14°fcgn2)3) } ,
(4.6)

Since the expression on the left hand side o f  (2.8) differs from 2 /лk l*  only in 
respect of some prime powers o f the form p J, j= 3 ,  applying Lemma 6  for

G(r) = 2  л ( » ) +  2  л ( и 2)
=  n =  p j ^r, j > l

we have C =  1, a =1/3 and so Theorem 2 will follow if we can assure the estimate 
(3.40) for I * . Analogously to (3.8) we obtain

(4.7) =  ^  екег+м+9  i d )  x  e=e<jö,ßmo|y|—2A

+  - j 2  2 Ш ) ~ х Ю )  e k(e/2)2+,l(e/2)J + O i l )  = # ”* + 0 ( 1 )
X i = 1 Q=QM,ßS 0 |y|S2A
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since similarly to (3.10) we have again

(4.8) 2  e*<«'2>s+',Wa><K 2  e*(T ~"2) + Mog(?n) =  0 (1 ) .
e=e(x) н=Ш
W*2A

Now using the notations (3.28)—(3.33) we can write the exponential sum 3F* as

(4.9) =  J^*(v) =  2  \ z l +  2  b*(z*y
|y|s2A |y|S2A

where

К  ~  T ~ 7 T  2  Z  Ш ) - х Ю ) е к м г ) г + м \
L(P \Я )  x i= 1

(4.10)
T(c.z)=0

(4.11) z *  =  e A-2B(l>/2)2+B(e/2)_

Let us observe that the finite Riemann—Piltz conjecture (1.15)— (2.1) implies that 
the contribution o f all z* terms with \y\-^D0 is

J-L -ü ll + Ji Jl+JL a _
(4.12) <scN 2  e ' ie * 4  log(i(n+2))<sciV log qe 1 6  4  <sc ^x.

» s i 0

Thus the remaining power-sum to be estimated is

(4.13) #-** =  jr**(v) =  2  bez ;+  2
Hs2A Da-c |y|32A

where (3.34)—(3.35) are also valid. Further we have analogously to (3.15)
со

(4.14) 2  |b ? |«  2  e ptlos*p P\og(qn) =  0 (1 ) .
ß 0-=|y|S2A n = [Plog2PJ

After denumerating the numbers zc and z* in iF**(y), and according to this be 
and b*, let us choose zh = zeo in exactly the same way as in Section 3 (i.e. zh should 
belong to the first sum in J5"**(v)). Now using Lemma 2 (4.14) assures again for 
anyvsr/i (where {bj)={be} M sM U {ЬЛа><|у|з=2 а)

(4.15) Re 2 b j ^ R e 2 b e-  2  \Ьв\-  2  \K\ > 1
j= i е е  e

A H v l ß„c|y|S2A

similarly to (3.15) and (3.37). Since we have trivially in this case also

(4.16) \zx\ — max(|ze|, |z*|) ^  ex~lB+B,

(3.39) is valid without any change and so the final estimate in (3.40) is also true for 
**(v), which proves Theorem 2 taking into account the remark following (4.6). □

What concerns the proof o f Theorem 3, all the formulas (2.13)—(2.19) follow  
very easily from Lemma 7, except the condition

(4.17) l / < k s  U+U  exp ( -  log1 ' 2 U).
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But we have only to observe that we can subdivide the original interval [17, V] fur
nished by Lemma 7 into at most

(4.18) log Y exp (log1 / 2  U) =  К

subintervals which already satisfy (4.17), and at least one o f  them, say [С/(Л, V (j)], 
satisfies already trivially

(4.19) 2  е(и)^(и) 2  Ф И ( л ) .

The loss o f the factor К  can be taken in consideration in the constant c appearing 
in /(F )  in (2.13). □

5. To prove Theorem 4 we first note that similarly to (3.8)— (3.10) we have here 

1

<p(q) x
(5.1) I  = ■ 2  (x(k)~Z(h)) 2  e*«*+w+0 (e*log {ql)).

e=c(x)
0 SO,|y|=lA

Now for every e =  l/2 +  <5 +  /y, we have by (2.20)—(2.21)

(5.2) * ( 4  +  ' ) , - ^ + 4 + M a 4 + ^ + * { ä ( 4 +A ,) - W s 7 + T - 4 1  

Thus we have for any % with xUi)^X(U) by (3.11) and (2.20)

(5.3) 2  k*e’+wl s  2 +  2  «
e = e (x )  I r l s i  i « | y | s Ai* 0 ,|y|SA

«  e*:/4 +p/2 | l 0g qe- k*49)ß+ 2  e _*I"s/2 lo g (^ (n + 2 ))}<s:
i s n a l  ’

gfc/d +  )i/2  | 0 g  q g —kA ^ íq ) /2 ^ ^  q  — ц / 2

and so by (5.1) and (2.20)

(5.4) /<к
ek/4 + ̂ / 2

qe',(0/2 ■ e ц.

Now using Lemma 6  we obtain for the contribution o f prime powers pJ with 
3 to /  the upper estimate

(5.5)
1

2  Ул/с 2  e(n)A(n) exp ( -  (m ^°g и)*| «  ек'й+^3.
J S 3

On the other hand since /  is a quadratic residue and l2 a non-residue, we obtain 
again by Lemma 6

(5.6)
i k  ц ' 0’) =

1  ^  4  ( (ß — lo g n )2)
Д л (п )е х П --------Тк— )■

N(q) „k/i+v/2
=P‘ 

n = lx(q)
2 <p(q)
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since (using the notation in (4.3)—(4.4)) the prime number theorem for arithmetic 
progressions implies

m ) N(a) _
(5.7) 2  Л ( п ) = 2  2

n = p * g x  i= 1 <PW
/=«'(*)

Theorem 4 would follow now by easy calculation from formulas (5.1), (5.4),
(5.5) and (5.6), but only for =  k/.2ys>q, which is required for (5.7). But it is possible 
to assure (5.6) without this condition, only by (2.20); even (2.21) is superfluous for 
this purpose (further we do not need the prime number theorem for arithmetic 
progressions). We have namely similarly to (3.8)—(3.9) by Lemma 6

(5.8) ~i=F 2  log p exp Í _
: \n k  /,=«{(,) l

(p - lo g p 2) 2 

4 к )
gk/i + ti/ 2

2  (p{q)
^ - - 2 Ж )  2  ек(е/2)г+д(е/2 )+ О (ek/w+,i/4) 
2(Р (Я) х е=е(х)

and similarly to (5.3) we have here by (2.20) (without using (2.21))

(5 .9 ) £  e'I(e/2)2+#‘(i/2)<sc (lo g 9 )e('l/4)(1 _jl2(‘,))+'‘/2 <sc^_ 5/4e_rae'i/4+''/2. □
e=eür)

To prove Theorem 5 we can write again similarly to (3.8)— (3.10), using Lemma 6

(5.10)

m —L ^ Z s (p, q, tl , /2) l o g p e x p ( -  (M~^°gP)2) =  2  aäe^+K °+0(ek̂ ^ ) .
IvlSA

Now let us choose a number l g [2, yP +rj0'\ such that the for q^ Q j , |уг|, \ух\шХ, 
the equality
(5.11) ß i-y f+ ~ W i=  ß * -y 2j+Z 2ßj

should hold only for conjugate zeros, i.e. for ß i= ß j , yt=  — (this is clearly 
possible even for all zeros). Thus if

(5.13) ß * - f + l* ß  =  Sx(q) =  S(Q)

assumes its maximum S' for q' and q', then with some positive d=d(q, I, X, g0) 
we have by (5.10) and (2.27) for f i= k l 2

(5.14) 7 =  2 Re {ае,ек̂ >2+м’} + 0 (e*W,* -/ 1+iV-<i)) 

since by (2.27) we have

(5.15) S ' S  ( у + ^ 0)2- 7 0 + ^ ( 4  +  ̂ о) +
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Now (5.14) assures (2.28)—(2.29) since

(5.16) arg{ae.e*<i!'>!!+''e'} =  argae. + / i ^ > ' + - ^ - j ,  

and by (5.13) for / i> /i 0

(5.17) \ае.ек̂ г+^ \  s  |авое*е°+'“г°|. □

Appendix

What concerns the proof o f Lemma 1 we have to notice that the following 
result is implicitly contained in Knapowski—Turán’s work (cf. Theorem 4.1 in 
part III of [3]).

If bj, Zj are complex numbers with

( 1 ) *  =  |arg zj\ ^  ж,

(2 ) 1  — |zjJ =  ...i=  \z„\ 

then for any ő > 0  and ft£[l, . . . ,n \  with

(3) \zh\ >  <5 

and for any m äO  there exists an integer

(4)
such that

(5)
where

(6)

Now setting

(7)

v6  Ĵ m, m + n ( 3  +  ~ ) ]

Re 2  bj2)
7=1

-  E 1
Í k„|-<5Y

2 / 1  +  1  1l 48 J

E  =  min [Re 2  b,-|.
vm h  1 ■

& =  Ы

j = 1  

2  n

m + n ^5+-^-j

unlike Turán’s choice <5 =  |zA| — 2п/(т + п(3 +  п/хУ), we obtain the maximal value 
o f the right hand side. Thus using the inequality

(8) (ЧГ e _ 1  for д; >  2
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m +n
with x = x 0 =  - K), we obtain

2  n

(9) Re 1  bjz)

1 1 h' l  48ex0 )

E u  |т+л[5 +т) Í 1 Г i i  M 1
2 n +  1  1 aI v 48x0 / v x0)

o-D2n

( 10)

2  n +

If we do not assume the normalisation (2) then we have the general form

E
Re 2  bjzj >  lzi l ' 2 ^ pi=i 1  v 48ex0 J V |zj|)

-  Í 1  Г  |z. | v ( M ) m+n(5 +ír ) -v
1  l  48ejc0 J l h l K\z1\)2n +

which proves Lemma 1. □

To prove Lemma 3 we first note that if for a fixed j = j 0 the inequality (3.17) 
is false then к has to belong to an interval o f  length

( 1 1 ) -^-(i/K-„l +  l / 2 n)

and so к can assume at most

( 12) [  n K - o l  +  :
l 2 тг

I + l/2n j+ 1 ч\а-JíL +  i .  
2 2

integer values. For any fixed к the inequality

(13)
1\yah -2 k n \  <  —j° “'--i -  4n 

can hold only for у  values in an interval o f  length

1

(14) 2 n |o J  '
Thus the total Lebesgue measure of у  values for which (13) holds with any value of 
к is by ( 1 2 )

(15) .  1  1Г 7 laj'ol I 3 1' 2 n|u,0| 1l 2 2 )

Therefore the total Lebesgue measure of у  values for which (3.17) can be false is 

(16)

which proves Lemma 3. □

t] 3 1 " 1 i / 3 r\
4 +  4 n &  \aj\ -  4 +  4 л
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Lemma 4 is a special case o f  Lemma 3 since for z= u + iv , u^O, co>0

(17)
is equivalent to

(18)

л  == |argewBz2+Bz| 3= _ L
оП

\Bv(\+2ua>)—2kn\ s 4 -2  n
and in this case we have for Qj =  ßj+ iyj ( ß jS 0 )

1

2 n 27=1
+  -

1

|У>1 ( 1  +2ßj(o) \yjм ( 1 + 4 „ )

1  " г 1  2 ч 3
2« J i  ( Iyy| +  \fj\ j < 2 П

The following lemma gives the possibility o f  deducing Theorem 3 from Theorems 
1 and 2 .

Lemma 7. I f  l^ k ^ g /1 6 , ц > с , then for arbitrary l \ , l 2,q  there exist

(20) [Ux, U2] с  e ^ 3Щ

such that for v — 0 or 1, i =  3 or 4, e(n)=s(q, lx, /2, n),

(21)

where a3(n), ai (n) and e(ri) are defined in § 1 .

Although the proof of the above lemma is contained in Turán’s book [8 , Lemma 
54.2] we prefer to prove here the following more general

Lemma 8. Let a(n) be a series of real numbers with

(2 2 ) M (* ) |M | 2  a (n )\^ C x
l^n^x

and f{x)£Cx[ 1, +  °o) a non-negative function with
(23) lim xf  (x) =  0•X-*-°o

(24) \ f ' (x )  =» 0 for 1 <  x  <  M, 
l f  (л:) <  0 for x  =>- M.

Then for any M 1'SM SM 2 there exist
(25) UbVi[M^ M 2]
such that

(26) f(M ) 2  a (n )^  2 a ( n ) f ( n ) - C { 2 M 1f(M J + 2 M ,f(M J +  I f ) .
U*n*V n = l v д/, ’

I f  we have additionaly

(27) f f ( x ) d x ^ M 2f ( M 2)
M,
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then (26) simplifies to

(28) f(M ) 2  a (n) — 2  a(ri)f(n)—C(2M1f(M ])+3M gf(M Ji).
n—1

Proof. Summation by parts and (1.3)—(1.4) give
oo -  AT, M, o=

(29) Z  « ( » ) / ( « ) =  f  ( -A (r ) f ' (r ) )d r  =  f  +  f  +  / ■
M, M,

By (22)—(24) we have

(30)

(31)

(32)

where

I /  I S  CM, f  f '(r)d r  S  C M J (M fi  
1 1

f \ * C  f  - r f ' ( r ) d r  =  CM2f ( M J + C  f  f ( r ) d r ,
M,
M,М г M  M t

f  S  — min /4 (r) f  f '(r )  dr + max A (r) f  ( - / '  (r)) dr =
Mj 1 Л/j a M

=  /(M ){  max T(r) — min Л(г)}+7?
y  '  V A fS r s A f ,  M . r S r s M  >

(33) R =  / ( M x) min И А (г) - Д М 2) max >4 (r) =§ CMxf{M x) +  CM2f(M 2). □

(34)

(35)

To prove Lemma 7 we consider the functions (&, p>0)

/ Й  (*) =  / <v)w  — exp I — ) logvX (V =  0, 1)

a(n) =  Л (n) or a (p) =  log p (a (n) =  0 otherwise).

Then (22) is satisfied with C—2, e.g., further it is easy to check (23) and (24) with

+—
(36) Mm =  e \  eß <  Mm  <  e " .

Further we shall show that (27) is satisfied too, if
(37) M£v> =  eß+m se eß+ik.

У УObserving 1 1 for y S m , we obtain namely (v =  0, 1)4/C z/c

(38) f  logv x  exp I — (l° g^ - ^  j dx = f  (р + уУ  exp [d + У - ^ ]  dy S  

S  f  ( p + 4 k y { - ^ - i ) c x p ( p + y - ^ ) d y  =
m

=  (p+4k)ve x p ^  +  m - - ^ j  S  e'i+m(/r +  m)ve x p ( - - ^ - j .

M<v>
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Finally for 0< fcs/i/16 , / i^ 4  we have 4 к ^ У  цк^р/4 and so

(39) MÍV>/(MÍV>) S  1, s  1
if we choose
(40) M iv) =  e"“3^ ,  Mg'» =  е*+3У&. □
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ÜBER REELL-UNITÄRE 
FINSLER—OTSUKISCHE RÄUME

A. MOÓR (Sopron)

§ 1. Einleitung

Die Übertragungstheorie der Finsler— Otsukischen F —0,,-Räume haben wir 
in unserem Aufsatz [2] begründet. Nach dieser Theorie ist ein F —0„-Raum eine 
Mannigfaltigkeit der Linienelemente (x*, x1) ( /= 1 ,2 , .... n) in der die Parallel
übertragung der Tensoren durch ein invariantes Differential von der Form:

(1.1) DTg := Pf Pt DT} , Pf := Pf (x, je),

(1.1a) DT}:= dT) + (СД T] -  C /k T{) dxk+ (ГД T] -  Г Д  T') dxk

angegeben ist (wir haben das invariante Differential für einen gemischten Tensor 
zweiter Stufe angegeben; die Verallgemeinerung auf beliebige Tensoren ist analog 
zum Fall der Punkträume; vgl. [4], (2.14) und (2.15)). Von den in x‘ von nullter 
Dimension homogenen Grundgrössen Г /к(х, x) und Г Д (x, x) bzw. Pf (x, x) 
mit Det {Pf)7^0, nehmen wir an, daß sie den Relationen

( 1.2) II
ß

' Г  s _'Г  s P 1’ i ps _ П •_: 1 о к 1 j  k * s ~ 1 s k * j  '-ü ||s • ^  5

( 1 .2 a) Т А  := Г /к—С /,Г pkxp, (1.2b) Т Д  := Г Д - С Д Г Д х '

genügen; dabei sind die T Д  und "ГД offenbar mit ГД und Fs‘k äquivalente Über
tragungsparameter; F(x, x) ist die metrische Grundfunktion des Raumes, und der 
Index „o” bedeutet — wie gewöhnlich — die Kontraktion mit dem Einheitsvektor

/':= —  (für die vollständige Theorie vgl. [2], (2.1)—(2.10), insbesondere die Formeln

(2.8) a)—d)). Alle diese Größen sind von den Linienelementen (x‘, x‘) abhängig, 
F(x, x) ist in den x‘ homogen von erster bzw. in С Д (х, x) homogen von ( —l)-ter 
Dimension.

In den F —On-Räumen ist der metrische Grundtensor gij{x, x) von der Grund
funktion F(x, x) durch die Formeln

g;j(x , x) := j  д\ d) F2 (x, x), bl :=

bestimmt (vgl. z. B. [5], Кар. I. §3) und aus g tJ und P) können dann die Übertra
gungsparameter Т Д  und 'Т Д  aus der Forderung, daß die Übertragung metrisch 
sein soll, so bestimmt werden, wie das in [2 ] durchgeführt wurde.

Für P ij:=gitPj soll die Symmetrie in (/, j )  gelten, hingegen soll P\t =  Г in 
dieser Arbeit — abgesehen von gewissen Spezialfällen — nicht vorausgesetzt sein.
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Der Grundtensor P){x, x) soll aber in den F — 0„-Räumen und auch in den Ot- 
sukischen Punkträumen immer einen eindeutig bestimmten inversen Tensor Q)(x, x) 
(vgl. [2], S. 122 und [4], S. 109) haben.

Im folgenden wollen wir solche F —0„-Räume untersuchen, in denen P j = ß ‘- 
besteht. Wir geben die folgende

D e f in it io n . Ein Finsler— Otsukischer Raum, in dem der Grundtensor Pj(x, x) 
involutorisch ist, d. h.
(1-3) PjP$ =  ŐÍ

besteht, wird reell-unitärer Raum genannt. Den Raum selbst werden wir mit F — O*- 
Raum bezeichnen.

In dem vorliegenden Artikel wollen wir die F —0*-Räume eingehender unter
suchen und einige charakteristische Eigenschaften von F—On -Räumen bestimmen. 
Dementsprechend geben wir im nächsten Paragraphen einige Grundrelationen der 
F —0„-Räume an, die sich in den F—O*-Räumen etwas vereinfachen, bzw. die die 
F —O*-Räume charakterisieren werden. Im Paragraphen 3 werden wir dann weitere 
verschiedene charakteristische Eigenschaften der F —0*-Räume zusammenstellen.

Im Paragraphen 4 wollen wir die höheren Differentiale der Eigenvektoren des 
Raumes untersuchen. Ein Eigenvektor des Raumes längs einer Folge (jc1 (.v), x‘(s)) 
der Linienelemente ist der Vektor Vl= V ‘(s), falls die Gleichung

(1.4) PÍ(x(s), x(s))Vk(s) =  r(s)VJ(s), V *  Ö

besteht, wo т (s) einen Skalar, nämlich die Eigenfunktion von V (vgl. [4], (5.2)) 
bedeutet. Aus (1.4) und (1.3) folgt leicht der schon in [3] angegebene, aber in den 
F —O*-Räumen fundamentale

Satz 1. Die Eigenfunktion x(s) kann in einem F — O*,-Raum nur t (s) =  I, oder 
г (s) =  — 1 sein.

Beweis. Eine Kontraktion von (1.4) mit P) gibt nach (1.3) im Flinblick auf
(1.4) selbst: V 1 =  t2V‘, woraus die Behauptung des Satzes unmittelbar folgt.

In den F — O* -Räumen sind also die Eigenvektoren immer durch eine Relation 
von der Form
(1.5) F ; ( x ( s) ,  x ( s) ) F j (s)  =  ±  V'(s), V и  Ö

gekennzeichnet. Es ist auch möglich, daß (1.5) nicht nur längs einer Folge der Lini
enelemente, sondern sogar für Vektor- und Tensorfelder besteht, d. h. es gilt statt
(1.5)
(1.6) P](x, x)VJ(x, x) =  ± V l(x, x), V Ö.

Im Paragraphen 5 wollen wir die durch (1.6) charakterisierten 2-dimensionalen 
F —Ог-Räume bestimmen. Es wird sich zeigen, daß, wenn Ptj= P ji  besteht, in 
diesen Räumen der Tensor Pj von einem Parameter abhängig ist (vgl. unseren Satz 6 ).
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§ 2. Grundrelationen über die kovarianten 
Ableitungen in den F— On -Räumen

Das invariante Differential (1.1a) läßt sich mit Hilfe der kovarianten Ableit
ungen in der Form:
(2.1) DTj =  VkTjcök(d) +VkTj dxk, c7/(d) := Dlk.

(2.2) VkTj := Tlm + A S\T f  -  A /kT ls , A jk := FCS\ ,

(2.3) 4  Tj := dk Tj -  Tj\, Т Д + Т Д  Tf -  Т Д  T‘

bestimmen (vgl. [2], Formeln (2.8) a)—d)); A 'k ist dabei im wesentlichen der Car- 
tansche Torsionstensor des Raumes und "ГД ist der in (/, k) symmetrische (vgl.
[2], (2.15)) Übertragungsparameter des F—On -Raumes.

Die kovariante Ableitung (2.2) ist mit jener der Cartanschen Theorie identisch 
(vgl. [5], Kap IV. (1.20)), hingegen ist die kovariante Ableitung (2.3) — abgesehen 
von einigen Spezialfällen (vgl. unseren Satz 7.) — für die F—On-Räume kennzeich
nend. In dieser kovarianten Ableitung benutzt man bei den kontra varian ten Indizes 
die T ,Jk bzw. bei den kovarianten Indizes die 'Т Д . Nur im zweiten Glied, bei 
rj||S, wird immer Т Д  verwendet. Die Formel (1.2) bedeutet also im allgemeinen 
nicht, daß VkP j= 0, wenn aber Pj Q'm =  <5j,, kovariant abgeleitet wird, so bekommt 
man leicht:
(2-4) (Vfc Pj + "Tj\ Pf) Qi, + Pj (V* QJm- ' Г Д  Q'J = VkSL

wo selbstverständlich %S)n= 'Гт1к—"Fm‘k. 
Ableitung VftPj die Größe: дкР) — Р)^Г0\  
wir
(2.5) VkPj =  m kő°j+PfVkő‘s,

Wenn wir jetzt von der kovarianten 
mittels ( 1 .2 ) eliminieren, so erhalten

Ы  =  Т Д - Т Д .

Aus den Relationen (2.4) und (2.5) folgt dann wegen Det (Pj) ̂ 0  die wichtige 
Gleichung:
(2.6) V kQ i  =  0 ,

die auf Grund von (2.4) mit (1.2) äquivalent ist, wie das nach einer Kontraktion 
von (2.4) mit PI? im Hinblick auf (2.5) unmittelbar folgt. Es gilt also in den allge
meinen F—0 „-Räumen das

F u n d a m en t a l lem m a . In den allgemeinen F — О „-Räumen bestehen immer die 
Relationen (2.5) und (2.6).

§ 3. Einige Relationen in den F— 0*-Räumen

In diesem Paragraphen wollen wir in den F— G*-Räumen, in denen also P)—Q) 
ist, einige mit VkPj im Zusammenhang stehende Formeln ableiten. Wegen (2.6) 
haben wir in den F —Of -Räumen statt (2.5) nach unserem Hauptlemma den fol
genden Satz:
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Sa t z  2. Inden F—O*-Räumen gilt immer

(3.1) p 'v kö )+ p ;h k&, =  o.

Da in den F—O*-Räumen Psj= Q ) ist, kann (3.1) in den F—O*-Räumen 
offenbar auch in der äquivalenten Form

(3-la) W A  =  - P l P ‘Vköf

angegeben werden, was aus (3.1) nach Überschiebung mit P Jm entsteht. Die Umkeh
rung von Satz 2 ist im allgemeinen nicht gültig, da aus (3.1) und (2.5) im Hinblick 
auf (2.6) nur der folgende Satz abgeleitet werden kann:

Sa t z  3. Besteht (3.1), so unterscheiden sich P) und Q) höchstens um einen 
Tensor mit verschwindender kovarianter Ableitung.

Be w e is . Nach (3.1) folgt aus (2.5), daß WkP )= 0, was nach (2.6) tatsächlich

VkKPj-QV+Qji =  \ ( P h Q j )  =  o,
also die Behauptung des Satzes nach sich zieht.

Nehmen wir jetzt an, daß in einem F — On-Raum die Relation (3.1a) besteht, 
ferner
(3.2) Ak(Vköi)M! =  6\Ф(х, x), Ф(х, x) АО

bezüglich M \ eine eindeutige Lösung hat, wenn Ф(х, x) einen Skalar bedeutet. Es 
gilt der folgende

Sa t z  4. Bestehen in einem F - O n-Raum (3.1a), (3.2) und WkP )= 0, so ist 
dieser F —O „-Raum ein F —O*-Raum, d. h. P) — Q).

B e w e is . A us (3.1a) folgt nach einer Überschiebung mit Q™, nach einer Ver
tauschung des Summationsindexes m:

P ^ j  =  - Q sjWkö l
Substituiert man das in (2.5), so wird im Hinblick auf die Bedingungen des Satzes:

Wk3‘s(Pf — Qj) — 0 .

Nach einer Überschiebung dieser Gleichung mit AkM \ bekommt man nach (3.2) 
unmittelbar P,j = Q tj , w. z. b. w.

§ 4. Höhere Differentiale der Eigenvektoren

Es sei V‘(x,x) ein Eigenvektorfeld in einem F—D*-Raum. Das bedeutet das 
Bestehen von (1.6) längs jeder Folge (x‘(x)> x'fs)) der Linienelemente. Offenbar 
kann in den F —O*-Räumen angenommen werden, daß der Parameter „s“ die 
Bogenlänge bedeutet. Wir wollen nun in diesem Paragraphen das Analogon der 
Untersuchungen von T. Otsuki bezüglich der höheren Differentiale der Eigen
vektorfelder durchführen (vgl. [4], Theorem 5.7).
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Nehmen_wir also an, daß (1.6) bzw. (1.5) besteht. Bilden wir das invariante 
Differential D beider Seiten von (1.5), so wird nach (1.2a):

(4.1) VJ dPj +  Pj dVJ+ (Л Д  wk(d )  +  T  Л dxk) Pf VJ =  ±  DV\ 

wo wir (1.1a) benützt haben, und statt dxk die Formel

(4.2) dxk =  F ( ü ) k (d) -  T Д  dx‘ -  xk dF-1), Т Д  =  ГД

und Cs\ x k= 0 verwendet wurde (vgl. die Formeln (2.6)— (2.8) d) in [2]). Aus (4.1) 
eliminieren wir dP) und dVJ. Nach (1.2) hat man wegen der Homogenität nullter 
Dimension in den xl von P ):

(4.3) dPj =  dkPjdxk+ d ‘kPjdxk =  dk Pf dxk+ P fk(wk(d)~  T f ,  dx>) =

=  p f kü /(d )+ ( 'r ;kp ‘ -  т д р / )  dxk 
und nach der Formel (2.7) von [2] wird

(4.4) dVJ =  DVJ -  {A jk wk (d)+ T  Д  dxk) Vs.

Substituieren wir (4.3) und (4.4) in (4.1), so wird:

DV‘ +  {VkPjcäk(d) +  Pf (Vfc(5‘s) dxk}VJ =  ±  DV\

Eine Kontraktion mit P \  gibt nach einer gewissen Umformung der Indizes und im 
Hinblick auf (1.1), (2.1)— (2.3):

(4.5) Pt‘DV‘ =  ± D V i+\l/ij VJ,

(4.6) фу.= ц ф к1 * )& У )-Щ ,  
wo wir auch die aus (1.3) folgende Relation

(4.7) PjVkPtl =  —Pt‘VkPj
*

beachtet haben. (Für die Operation Vfc gilt die Leibnizsche Regel).
Bezüglich der höheren invarianten Differentiale beweisen wir den folgenden

Satz 5. Besteht (1.5) längs einer Folge CL: (x \s), x \s j)  der Linienelemente, 
so ist längs CL:

m —1
(4.8) 7V'£>raF ‘ =  ± D mF 4  Z  ^ m DQVj , (m =  1, 2 ,...)

e = o

wo die ф ^) durch die folgenden rekursiven Formeln bestimmt sind:

(4.9) ф%  := ф) , (vgl. (4.6)),

(4.9a) ф%] =  0, wenn q ^ o, i =  0,

(4.9b) ф%+* -  öf ф )+ Р ‘Вф1%>+(03>) P,‘ I f  Pf ф ^ 1 1}, ( q  =  0, 1, ..., m).

Die Größen ф1/ $  sind in (4.8)—(4.9b) Tensoren vom Typ: (1,1), (m, q  bezeichnen 
keine tensorielle Indizes).
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B eweis. Vor allem bemerken wir, daß dieser Satz aus dem Satz I von [3] 
abgeleitet werden könnte. Vollständigkeitshalber geben wir hier einen kurzen Beweis 
dieses Satzes, der auch dadurch bewiesen werden könnte, daß in [3]: Р)=0.) 
gesetzt würde. Offenbar entstehen dadurch gewisse Vereinfachungen. Wir wollen 
nun den Satz durch vollständige Induktion beweisen. Für m=  1 stimmt (4.8) mit
(4.5) überein, was eben aus (1.5) abgeleitet wurde. Der Satz 5 ist also für m = l  
richtig. Angenommen, der Satz 5 gilt für irgendein m g  1, so erhält man nach 
einer invarianten Ableitung D von beiden Seiten von (4.8)

{dPj) DmVJ+Pf dDm VJ+ (As‘k mk (d) + T Д  dxk)PfDmVl =

m  —  1

=  ±DDmVJ +  2  D* Vj  +  DD0 j/J),
0  = 0

wo 'D das allein mit T  gebildete invariante Differential bezeichnet. 1  Jetzt beachten 
wir auf der linken Seite (4.3) und (4.4), auf der rechten Seite die Formeln

'ЕФК8 = D№  -  Щ  =  dxk’
somit wird nach der Indexveränderung i-*t:

(4.10) Dm+1V, +(WkPjm k(d)+PfDÖ,s)DmVJ =  ±DDmV, +

m — 1  _ _ _

+  2 {{Witt - (dsj) K̂ )D°vJ+Фш pdq vJ}-
ß = 0

Wir überschieben jetzt diese Gleichung mit P\ und wir wollen das invariante Diffe
rential D durch das invariante Differential D ausdrücken. Wir beachten auf der 
linken Seite die Relationen (4.6), (4.7) und die mit

(4.11) D 6 )= -D ö )

äquivalente und in den F— 0*-Räum en gültige Identität (3.1a); auf der rechten 
Seite beachten wir wieder (4.11) und die wegen P ‘ =  ß} bestehende Identität:

Р,‘ОФУ$ = P jD rttti,

wodurch im Hinblick auf (4.9b) die Formel
m

PtiDm+1Vt =  ± D m+1V‘+  2  Фш ° еу]
e=o

entsteht, die nach (4.9)—(4.9b) die Gültigkeit von (4.8) für (m +  1) statt m zeigt. 
D am it ist der Beweis von Satz 5 beendet . 2

1 Es ist selbstverständlich für die rein kontravarianten Tensoren D='D. bedeutet
einen (1, l)-Tensor, da m  und Q keine tensoriellen Indizes sind.

2 Für eine etwas allgemeinere Form dieses Satzes vgl. die Arbeit [3]. D ie Relation (1.3) ergibt 
mehrere Vereinfachungen für den Beweis. Vgl. [3], Satz I.
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Bemerkung. A us den Formeln (4.9)—(4.9b) bekommt man z. B. für m =  l 
und e = 0 , 1

(4.12) ф Ц  =  PjDM+iDSVPW,, Ш  =  IH + P W , ,

was aus (4.5) auch direkt — mit der angegebenen Methode —  berechnet werden 
konnte.

Aus diesem Satz kann das folgende Korollar leicht bewiesen werden.

Korollar I. Ist längs einer Folge CL der Linienelemente cök(d) = 0 und 
DSj =  0, so vereinfacht sich (4.8) fü r  die Eigenvektoren auf

Pt'Dm V  =  ± D m V‘, (m =  0, 1, ...; B°V‘ := V1).

Beweis. Es ist nach (4.9) und (4.6) in diesem Fall ф1/^  =  0 und nach (4.12) 
wird auch ф'$) = 0  (o =  (), 1). Angenommen, daß =  0 für ein m S 2 , so 
folgt aus (4.9)— (4.9b), daß auch î 9(”)+1) =  0 ist, was nach (4.8) die Behauptung 
des Korollars beweist.

§ 5. Der zweidimensionale F— Oj-Raum

L. Berwald hat in seinem Aufsatz [2] in den Finslerräjimen ein natürliches d. h. 
von (x‘, x‘) abhängiges orthonormiertes Zweibein (], Й) konstruiert und damit 
die zweidimensionalen Finslerräume untersucht. D a dieses Zweibein allein von der 
Grundfunktion F(x, x) des Finslerraumes ausgehend konstruiert wurde, kann auch 
in den F—0|-R äum en benutzt werden (vgl. [1] §4, oder [5], Kapitel VI. § 6 ) . 3

Wir bestimmen in diesem Paragraphen zunächst die möglichen Typen der 
F —O t-Räume. Es besteht der

Satz 6. ln den F—O f  Räumen mit symmetrischem Pij-Tensor hat P) die 
Form:

(5.1) Pj =  а(14j -  hlhj) ±  (1%  +  h‘lj), |a| s  1,

wo a einen frei wählbaren konstanten Parameter bedeutet, oder es ist P)= —d).

Vor dem Beweis des Satzes verweisen wir auf Satz VI. unserer Arbeit [3], wo 
statt (5.1) nur der Fall a = l  als charakteristische Form für P) bezeichnet ist. In
[3] haben wir aber durchweg P Í= ll vorausgesetzt, und diese Bedingung ist auf 
Grund von (5.1) tatsächlich mit a = l  äquivalent.

Beweis vom Satz 6. Vor allem verweisen wir auf die Tatsache, daß von der 
Form (5.1) folgt, daß P) der Relation (1.3) wirklich genügt, da bekanntlich (vgl. 
[1], (4-1) (b))):
(5.2) l‘lk+ h \  =  öl

besteht. Wir haben also nur noch zu beweisen, daß (5.1) die allgemeinste Form für 
P) ist, falls Pfj in (/, /') symmetrisch ist und (1.3) besteht.

3 In [5] ist h mit m bezeichnet.
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Die allgemeinste Form für P), falls nur die Symmetrie von P) vorausgesetzt 
wird, ist im F — 0 2 -Raum:

(5.3) Pj =  oHnj+ßhlhj+y{Phj+h4j),

wo 1 und h die Vektoren des Berwaldschen orthonormierten Zweibeins, a, ß, у aber 
Parameter bedeuten. Substituiert man (5.3) in (1.3), so wird

(а2 + V2) 1%+ (ß2+ y2) h‘hk+ (a + ß )y  (h4k+ 1%) =  <5‘ .

Vergleichen wir diese Gleichung mit (5.2), so folgt unmittelbar, daß entweder 
l ) a = — ß und a2+ y2 =  ß2 +  y2= l  besteht, oder 2 ) у =  0 , a = ± l ,  ß = - f l  gültig 
ist. In beiden Fällen kann у — ± У1 — a2 mit |a |S l genommen werden, da die 
Annahme über a auch den Typ 2), d. h. y =  0 umfaßt, falls dann a = —ß = l ,  oder 
a = — ß =  — 1 gesetzt wird. Der Typ 1), d. h. y = ± / l — a2 ergibt schon nach (5.3) 
den Typ (5.1), wenn noch oc=—ß beachtet wird. Die Formel (5.1) enthält aber 
auch den Typ 2), d. h. y =  0, а = ±  1, / ? = T 1 ,  ferner y =  0, a—ß = l,  was wir 
aber ausschließen können, da dann nach (5.3) P j—ö) wäre. Der F— 0£-Raum  
wäre also ein gewöhnlicher Finslerraum mit Cartanscher Übertragung, wie das 
aus (1.2) und (2.1)—(2.3) unmittelbar folgen würde. Der Typ 2) enthält noch у =0, 
а=/?=  — 1, d. h. nach (5.3) und (5.2) Р )——6), womit der Satz 6 . vollständig 
bewiesen ist.

Wir beweisen noch den folgenden merkwürdigen 

Satz 7. Indem F— О 2 -Raum mit

(5.4) Pj =  0‘j —2hlhj

definiert die Übertragung D eine gewöhnliche Cartansche Übertragung (vgl. [5], 
Kapitel III. §§ 1—2).

Beweis. Der Typ (5.4) entsteht aus (5.1), wenn in (5.1) a = l  genommen wird, 
wie man aus (5.1) und (5.2) unmittelbar ersieht. Aus der Formel (2.22) unserer 
Arbeit [2], d. h. aus
(5.5) T / k =  "Г/ k+ Ql 'Vk Pj

folgt im Hinblick auf (5.4), daß T / к—"Г/к ist, weil "Vk wegen P‘0= l‘ die Car
tansche kovariante Ableitung bedeutet (vgl. [2], Satz 1 auf S. 124). Da die Cartansche 
kovariante Ableitung von h‘ verschwindet, (vgl. [1], (4.5) oder [5], Kapitel VI. § 6 ), 
folgt aus (5.4) und (5.5), daß 'Г /к= " Г /к besteht, woraus nach (2.1)—(2.3) die 
Behauptung von Satz 7. folgt.

Bemerkung. Die durch (1.1) festgelegte Übertragung D  ist selbstverständlich 
von der Cartanschen Übertragung doch verschieden, da in (1.1) der durch (5.4) 
angegebene Pj-Tensor vorkommt, der in der gewöhnlichen Cartanschen Über
tragung nicht vorhanden ist.

In unserem Aufsatz [3] haben wir die Eigenvektoren der F - 0 2-bzw. F -0% -  
Räume bestimmt. Wir wollen jetzt die Form der Eigenvektoren bezüglich des durch
(5.1) gekennzeichneten Pj-Tensors bestimmen. In [3] ist nur der durch a = l ,
d. h. gekennzeichnete Fall erledigt. Wir beweisen nun bezüglich des Typus
(5.1) den
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Satz 8 .  Hat in einem F-Ot-Raum  der PfTensor die Form ( 5 . 1 ) ,  so sind 
die Eigenvektoren bezüglich des Zweibeins (1, h) von der Form:

(5.6a) VJ =  ± y T + x U + y T ^ ih J, t = + 1 ,  | a |  =  + 1 ,

(5.6b) VJ =  z f Y i- o d J +  yT + ^ h j, г =  — 1, |a| ё  + 1 ,

wo r die Eigenfunktion bedeutet.

Beweis. Nehmen wir an, daß der Eigenvektor V die Beindarstellung 

(5.7) VJ =  QlJ +  ohj

hat, wo q, о Skalare bedeuten. Schreibt man P‘V‘= V ‘ auf, substituiert man 
dann (5.1) und (5.7) in diese Relation, so wird nach gewissen Umformungen:

[é>(oc— l)±cr ^ 1  — а2]/' +  [сг(—a — l ) ± ß  / l  — a2] h‘ =  0 .

Die Koeffizienten von 1‘ und h' gleich Null gesetzt, bekommt man ein homogen
lineares Gleichungssystem für q, <t. Die Lösung ist

q: < 7 = ± / l + a :  / 1 —а

woraus nach (5.7) für VJ die Formel (5.6a) folgt.
Ist die Eigenfunktion: t =  — 1, und substituiert man (5.1) und (5.7) in P)Vj =  

=  — V1, so bekommt man nach einigen Umformungen:

[ ß ( l + a ) ± u / l — a2] Z‘ +  [<r(l —а ) ± е У 1 —а2]/г‘ =  0.

Wie im vorigen Fall, geben die Koeffizienten von /' und hl gleich Null gesetzt ein 
homogen lineares Gleichungssystem für q, o. Die Lösung wird jetzt

q: о =  : f j / l —а: / l +а,

woraus nach (5.7) die Relation (5.6b) folgt.
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ON THE CURVATURE A N D  INTEGRABILITY 
OF HORIZONTAL MAPS

J. SZILASI (Debrecen)

1. Introduction. In the recent progress of connection theory (especially in Finsler 
geometry, see [9]) and its applications the vector bundle viewpoint plays a central 
role. Purely geometrically, from this point o f view the notion o f  a (general) connec
tion ([11], Definition 3) is based upon a Whitney decomposition of the tangent 
bundle of the total space of the considered vector bundle into the vertical subbundle 
and a horizontal one. Each o f the horizontal subbundles can be obtained with the 
help of a (right, smooth) splitting of the canonical short exact sequence ([4], Yol. 
II, p. 335) constructed from the given vector bundle. These splittings are called 
horizontal maps. Hence the theory of connections may be developed starting from  
a horizontal map; a sketch o f such an approach can be found in the author’s paper 
[11], cf. also [2], [12]. In this note we are going to investigate mainly the integrability 
of a horizontal map. Here, integrability means that the image bundle of the hori
zontal map under discussion is an involutive distribution in the usual sense ([4], 
Vol. I, p. 134). Our main result gives a number o f  necessary and sufficient conditions 
for a horizontal map to be integrable. These criteria will be formulated in terms o f  
horizontal projection, vertical projection, almost product structure and curvature tensor 
field induced by the horizontal map Ж  in question. We shall also discuss some in
teresting relations between the Dombrowski map К  belonging to Ж  and the curvature 
tensor field, furthermore — in the linear case —  between К  and the usual curvature 
form induced by Ж . These relations generalize some results o f  Dombrowski’s im 
portant paper [1 ].

Grifone’s and Vilms’ works [5], [12] were very stimulating for the present in
vestigations. A discussion of similar questions also occurs in Due’s excellent survey [2].

Notations, terminology and basic conventions are as in the monograph [4] 
and in the paper [1 1 ].

2. Preliminaries. For the convenience of the reader, we begin with some defini
tions and technical remarks needed in the subsequent considerations.

Let M  be a manifold. ЖР(М), AP(M, tm), EndrM and End S'(M) denote 
the C“ (M)-module of (/;, q) tensor fields on M , tm-valued p-forms on M, тм —tm 
(linear) bundle maps, and 9£(M)-+9E(M) C°°(M)-linear maps, respectively. It is 
known (e.g. from [7], Proposition 3.1) that the module of ^-linear maps S'(M )X ...
... ХЖ(М)-*?1(М) is isomorphic to the module Ж'(М); in particular S~í (M )sí 
sE n d  Ж(М). Now suppose that / 6 End zM. Then 'ipfM: f \T pM =ffiE nd TpM, 
so the map /:  p€.M -+j(p):=fp is an element o f  Аг(М, rM) and the correspondence 

/-* -/ defines a (natural) isomorphism End тм = А л(M, xM). Because of End ТрМ вё 
sé(TpM)*®TpM  one can also write / 6 Sec (tm® tm)= S )1 (M ). Summarizing, we 
obtain the following.
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Lem m a . ^ í f M j s s E n d  ^ ( M j s s E n d  тм ^ ^ ( М ,  тм).

We shall identify these isomorphic modules, without further reference.
D e f in it io n  1. (See [3] or [7], Proposition 3.12). Let f ,g £ EndrM. Their 

Nijenhuis-torsion is the (1,2) tensor field [ /, g ] :  Ж(М)хЖ(М)-+Ж(М) given by
[/, g](X, Y) := [fX , gY ]+ [g X J Y ]-g [fX , Y ] -f [g X , Y ] -  

- g [X ,fY ] - f [ X ,  gY] +  gof[X , Y]+fog[X, Y]
([fX, gY] etc. are the usual Lie products of vector fields).

The introduction of the following useful concept was inspired by Haantjes’s the
orem ([3], Theorem III).

Definition 2. Let / £  E n d t M. Suppose that \/p£M: f p =  :f\TpM has con
stant eigenvalues Al 5  . . . ,Afc with constant geometric multiplicity ( l s f c s « ) .  Let 
us denote by S(X{) those subbundles of tm whose fibers at a point p£M  are the 
invariant subspaces belonging to Af. / i s  called integrable if the subbundles S (A;) 
and the Whitney sums S'(Aj)® ... @S(Xj) (y'=2, ... ,  k) are involutive distributions.

In the sequel i= (E , л, В, F) will always denote a fixed vector bundle over the 
л-dimensional base manifold B. The sequence of vector bundles 0 — V( -L- xE -*
— ■* л*(гв)-+0 (where denotes the vertical subbundle of the tangent bundle zE) 
is a short exact sequence, which is also called the canonical exact sequence starting 
from f  So a horizontal map is a bundle map Ж : 7г*(тв)-*т£ , while the horizontal 
projection, vertical projection and almost product structure mentioned above are

h:= XFodn, u:= 1  — h, P:=2h — i
respectively. If a: 1̂ —£ is the canonical bundle map described e.g. in [4], Vol. I 
p. 291, then K := ocgV is the Dombrowski-map induced by Ж . (For details, see 
[11]. j The endomorphisms h, v, ТС End xE —  according to the lemma — will also 
be interpreted as (1,1) tensor fields. In this case — for better clarity — we shall 
sometimes write h, v, P instead o f h, v and P. Observe (cf. [11], Section 5) that these 
endomorphisms satisfy the conditions of Definition 2, hence we can speak about 
their integrability.

3. Curvature of horizontal maps. Following Grifone’s idea, which in turn was 
inspired by [3], we define the curvature tensor field of a horizontal map Ж  as the 
Nijenhuis-torsion R:= —1/2 [h, h]. The geometric meaning o f  this construction will 
be clarified by the next results. There are, o f  course, other possibilities to define 
curvature for a horizontal map; see e.g. [8 ], [ 1 2 ] and — in the linear case —  [1 0 ].

P r o po sitio n  1. Let UczB be a trivializing neighbourhood for i; and (x‘, y x) 
the local coordinate system over n~l (U) described in [11], Section 5. If the functions 
П : n - \ U ) ~ R  are the connection parameters o f Ж with respect to (xl, y a) and

3 3 3 3
Z —Z i-K~i +  Z lx- -̂—, У = У 1-л-[ +  Уа-л-г are vector fields over n~l (U), then ox oy ox1 oyx

R(Z, У ) = г 1У > Щ ^ , where

Rb —
в п  дЦ в ЭП r s 9П
Эх‘ dxj J r)yß ‘ dy
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C orollary . \jZ, VfX(E): R(Z, V)€&y(E):= Sec V4.

The proof is a standard, but lengthy calculation, so we omit it.

In view of hXh= X h, hYh= Y h (where Xh and Y h are the horizontal lifts o f  
X  and Y with respect to Ж , see (11], Definition 2) we immediately obtain from the 
definition of R and o f the Nijenhuis torsion

P roposition 2 (cf. [13] and [2]). MX, Yf^(B): R (X \ Yh) = h[Xh, Yh\ - [ X \  Yh].

Using this proposition and the obvious relation Koh = o we have the following 
generalization of formula (23) of [1]:

P roposition 3 . I f  К is the Dotnbrowski map belonging to Ж  then 

MX, YiSC{B): ocoR(Xh, Yh) =  -K o [X h, Y%
that is the diagram

VE
[Xh, Yh] x

ТЕ— E
commutes.

P roof. On the one hand

K oR (X h, Yh) =  Ko(h[Xh, Yh] - [ X h, У"]) =  -K o [X h, Y h], 

on the other hand

K oR (X h, Yh) =  otovoR{Xh, Yh) =  ocoR{Xh, Yh),

because of R{Xh, Y h)d9£y(E). □

Now we suppose that Ж  satisfies the so-called homogeneity condition ([11], 
Definition 2). In this case Ж  induces a V: Sec £-»■A1(B, £) linear connection. It is 
well-known that the curvature form o f  V is the mapping

R: &(B)X3>(B)-+ End Secc,

(X, Y) >-*• R(X, У ) VxoVy — Vyo Vx — V[Xj у],

where End Sec c is the module o f the C°°(B)-linear maps Sec 4 -► Sec q (see [4], 
Vol. II). What is the relation between the curvature tensor field R and the curvature 
form R1 The answer to this very natural question is given in the

T heorem  1. MX, Y£JX{B), Sec^: otoR(Xh, Y h)oa=R(X, У)(<т), so we have 
the following commutative diagram:

B - ^  E
R (X , Y)0)j R(Xh, 1"‘)

E +H-VE
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Proof. Choosing a trivializing neighbourhood UczB, we again work in the 
coordinate system (xf, y x). It induces a framing ex: U-+E (see [11], Section 5), 
so each section o:B-+E  can be written locally in the form <r*ea. A straightforward 
(lengthy) calculation shows that over U

where
(Vx° V r —Vy°Vx —V[Xi y])(T — X ‘ YJRfjß aß ex,

V  _  V i  d  у    y j  f t  n x    д Г j ß  _  d r  i ß  , p x  p j  _  p c c  p i

x  du1’ duj ’ I<iJß du1 duJ + I i i l j ß
дГ*and in the last expression the functions Гxip are defined by Tfß (see [1 1 ],

Th. 1). On the other hand,

° п - ^ ° к  +  (Г!0°п) (Г% о л) -

The value o f this vector field at the point o(x)(Ln~l (U) is

R (X \ Y") [*(*)] =  Х ‘РаР(х)Щ р(х) Ü U  ZTeME,
\o y  /*(*)

consequently

«a(x)[R (X \  Ул)[и(х)]] =  X ‘Y^P(x)Rfjß(x )[« .(* )(-^ г) ] =

-  Х 1у1Щ}р(х)аЧх)ех(х).

This is exactly a coordinate statement o f the conclusion of the Theorem. □

Corollary. In the linear case \/X,Y£!%(B), cGSec£: Ko[Xh, Y h]o<j= 
=  -[R (X ,Y )](o ).

This last relation is the immediate generalization o f the above mentioned for
mula o f Dombrowski’s paper.

4. Integrability of horizontal maps. N ow  we turn to the study o f the integ- 
rability o f  a horizontal map Ж . The next result summarizes the situation.

Theorem 2. For a horizontal map Ж : n*(rB)—rE the following are equivalent:

( 1 ) Ж  is integrab/e.

(2) The curvature tensor field of Ж’ vanishes, that is \jZ , VfJT(E): R(Z, V) = 0.

(3) The component functions Rfj o f R vanish.

(4) The horizontal projection It is integrable.

(5) vo[h, й] =  0.
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(6) The vertical projection v is integrable.

(7) [0 ,4 = 0 .
(8 ) vo[v , v] =  0.

(9) [ß ,P ]= 0 .

(10) The almost product structure P is integrable.

P ro o f , (a) We begin with the following technical remarks:

[Pi, Pi\ =  [ű, 5], Im Pi =  Ker v =  Sec Im Ж.

Indeed, [v, C ]= [l-Pi, 1 -Я ]= [1 , 1 ] - [ ä, 1] —[1, Pi]+[Pi, Р]. Here [1 ,1 ]= 0 , as it 
immediately follows from the definition of the operation [ , ], while VZl5 Z 2££T(E):

{К 1] (Zx, Z2) =  [AZ,, Z2] +  [Zj, hZ2] -  [hZ1, ZJ -  Pi [Zx, Z J -  [Zx, AZJ -

-Ä [Z lt Z J+Ä [Z X, Z J+Ä [Z 1s Z2] =  0 =>[Ä, 1] =  0.

Similarly [1, Л] =  0, thus [v, C] =  [Ä, Р]. The second assertion is clear.
(b) We show: (2 )<*(l)<=>(5 )-t>(8 ). Let Z 1,Z t^Sf(E). From the definition of 

the curvature we have:

[te j ,  ÄZJ =  - R ( Z 1, Z j)-h [Z x, Z 2]+A[AZx, Z21+Ä[Z1? ÄZJ.

On the right hand side — R(Zlt Zj)^SCv {E), while the other terms belong to 
2TH(E):=  Sec Im Ж  because of (a). It implies that [AZ,, Pz2] € STH (£)<=>/? (Zx, Z 2) =  0 
proving the equivalence (2)-<=>(l). From this the implication (1)=>(5) also follows. 
If — conversely — vo[Pi,P]=0, then (applying (a) again) Im [Pi, AjcKer v=  
=  Im Pi=9CH(E) hence

j[P i, h](Zx, Zj) =  [PiZx, PiZ2]+Pi[Zx, Z 2]-h [h Z ^  Z2]-P [Z X, ÄZJfESec Im ^ = >

=> [hZ1, AZ2]£ Sec Im Ж,
that is (1) holds. The equivalence (5 )o (8 ) is obvious from [Pi, /г]—[C, 5].

(c) We verify that the assertions (3), (4), (6), (7), (9) and (10) are equivalent 
to (2). Let us first observe that in case of the endomorphisms h, v, PGEnd i E the 
subbundles S  (A,) mentioned in Definition 2 are the following:

h: 5(1) — Im A =  \т Ж , 5(0) =  Im v =  V( ;

v: 5(1) — V$, 5(0) =  Im Ж; P :5 (l) =  Im *’, 5 ( - l )  =  F4.
Here, of course, the subbundle is an involutive distribution, so we easily get the 
equivalences (2)-<=>-(4), (2)-t>(6), (2)<=>(10). The equivalence (2)<=>(3) is evident, 
(2)<=>(7) follows from (a). Finally — applying also (a) —

[P, P] =  [2Ä-1, 2Ä -1] =  4[Я, Ä ]-2 [l, P]-2[h, 1]+[1, 1] = -8 7 ? ,

this establishes the equivalence of (2) and (9).

R em a r k . From the proof we find that R =  — 1/8 [P, Р ].  In a more special 
situation this was proved also by Stere Ianus [6].
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LOWER ESTIMATES FOR THE EIGENFUNCTIONS 
OF A LINEAR DIFFERENTIAL OPERATOR

V. KOMORNIK (Budapest)

Let G cR  be a bounded open interval, N , qt , , qn̂ L1(G) arbitrary 
complex functions, and consider the formal differential operator

Lu =  «<"> +  qx w(" -1) + . . .  +  <7„w.

Let us recall the definition of the eigenfunctions o f higher order:
Given a complex number A, the function и: G C, u^O is called an eigen

function of order — 1 o f the operator L with the eigenvalue A. A function u:G-*-C, 
u^O  is called an eigenfunction o f  order m (m =  0, 1, ...) of the operator L with 
the eigenvalue A if  the following two conditions are satisfied:

—  и and its first n—1 derivatives are absolute continuous on every compact 
subinterval of G ;

— there exists an eigenfunction u* of order m — 1 of the operator L with the 
eigenvalue A such that for almost all xdG
(1) (Lu) (x) =  Аи(х) +  u* (x).

Let us denote by /rl5 ..., цп the n-th roots o f A such that

Re £  ... s R e  цп
and put for brevity

ri =  ’ V =  V„, Q =  Reg„.
Obviously,

le l  =  min (|Re np\:p = 1, . . . ,  n}.
It is known (see [3], [5], [7], [8]) that for any eigenfunction и of order m o f the opera
tor L  with some eigenvalue A,

INL-(G) ^  Cm( l  +  |R eHi\)1,p\\u\\Lp(G-) (pa  1 , H );

the same estimate holds for w(,) ( i ' = l , ... ,  n—1) instead of и if |A| is sufficiently 
large. Conversely, the estimates

ll^ lk -iG , £  C^(l +  |R ePn-\)1,p\\m(I)||i ,i>(g) (P€[l, “ ])
are proved in the following two cases:

— и ё 2 , m arbitrary (see [4], [8]),
— и arbitrary, m =  0, qx=  ...= q „ = 0  (see [6]).
In the present paper we shall extend this last result to the general case qlt ... 

. . . ,  qn̂ L1(G). The case m £  1 remains open; however, a weaker form of it will
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be proved which is sometimes sufficient for the applications. We shall prove the 
following results:

Theorem 1. There exist positive constants a, E  such that for any eigenfunction 
и of order 0 of the operator L with some eigenvalue X,

(2) Ци^Сх) exp (a I Re pn>\ dist (x, сИ?))||гчс) ^  £ |I« (0IIl-(g) 0  =  0, n -1 ).
Theorem 2. There exists a positive constant В such that for any eigenfunction 

и o f order 0 of the operator L with some eigenvalue X,

(3) II«(í)IIl”(g) S 2?(1 + |Re /in'D1/pl|M(i)||LP(G) (Í = 0, .... n - 1 ,  p 6[l, -])•
Theorem 3. Suppose qk =  0. Then to any w g{0, 1, ...}  and to any compact 

subinterval К  of G there exist positive constants Cm, R„, such that for any eigen
function u =  um of order m of the operator L with some eigenvalue X,

(4) II«(í)I!l”(k) -  Cme_|Re""'|/f"1ll«(‘’)lli.“(G) 0  =  0.......n -1 ) .

If v —vm is an eigenfunction o f order S m then we put for brevity Vj=v*+1 
if /£ {0 , . . . ,  m— 1} and v} = 0 if / £ { — 1, —2 ,...} . Furthermore we set N = n (m + 1) 
and N '= n '(m + 1). We recall that, by Proposition 2 in [9], there exist continuous 
functions f k, Fr such that for any eigenfunction vm o f order g w  of the operator L 
with some eigenvalue X,

N ' m n
(5) 2  fk(ß> t)v $ (x  +  kt) =  2  f  D\Fr( j i , t , x - z )  2

k = N ' - N  >•=0 x + ( .N ’- N ) t  S=1

0  =  o, . . . 3  n 1)

whenever x + (N '—N)tCG and x+N 'tCG . (D3 denotes differentiation with respect 
to the 3rd variable.) Furthermore, introducing the notation

(6) Q(ji, t) =  exp ((m +  l)( /q  +  . . .+  pUn+1)/2]) t), 

there exists a constant C  such that in the above formula for t s 0

(7) \f0(ji, 01 ^  C\QUi, O k“* , \fk(p ,t) \s C \Q (p ,t ) \e -k“ ,
\DlaFr(ji, t, x - z ) \  g  С |/||‘+(г+1)(1-'1) \Q(p, t) le-«1*-*1.

(We have taken into account that G is bounded.)

Proof of Theorem 1. We consider only the case 0. The case £><0 is 
similar but one can also trace it back to the case q~0, applying the transformation 
described in the introduction of [9]. In the sequel C  will denote diverse constants 
independent of the choice of the eigenfunction u, the points x, у  CG and the number 
R (see below).

Fixing yCG and 0 < 7 ? g (« ')_1 dist (y, dG) arbitrarily, let us set

(8) G* = G ;>R: = ( y - R ,y + R )  
and
(9) Q =  Qy,R -= max s =  1, ..., n}.
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Applying (5), (6), (7) for any x£G* with I= dist (x, dG*), we obtain for any i'€ 
€ { 0 , n —1}

| M( i ) ( x ) e C d i,t(x ,áG *)| ^  C | |  M(Í ) | |l “ (G) +

+ CoQ 2  | ^ | « + 1 - 1 „ ( » - J ) ( T ) e í ( * - l * - t | ) | | b . f G )  á  С | | и ( г ) | | ^ ( е ) +
s = 1

+ c 0q  2  IaíIí+1-"IIm(,,-s)IIl°°(g\ g*)+s = 1

+ C0Q 2  lAil*+1-" II «(n- s> (t) e* distfr. «G*)|| L-(G.).
5 = 1

For |i i |^ l hence we obtain

s e i  ||M-"+»M("-I)||L~(G) +  C0ß  2 II /г- "+s u(n_s) (т) e® dist (t’aa,) II t - (G.,
S = 1  5 = 1

and

( l - n C 0Q) *2 1л-*й“> (* )е-“ ^ * в*)|1ь- (0. ) S  C "2 IÎ - , m(,)IIl“(gi-
1=0 i= 0

Let us now fix R = R y suchthat

{ Ry is maximal with respect to the properties 
0 < J 1 S  (n')_1 dist (y, dG) and 1 -  nC0Q 8= 1/2.

Then, if we take also into account that

"2  ll/i-'M(i)llL”(G) ^  С Ы г т
i = 0

(see [7]), we obtain for any /€ {0, . . . ,  n — 1}
( 1 1 )  | | u (i) ( * ) e ‘ d iSt (* ,3 G .) ||L„ ( c , ) s  C | ^ | , | |« | |x , - ( G) .

Let us now fix two points a + R 0, b —R0d(a,b):=G  suchthat a + R 0̂ b - R 0 and

2nC0max { ||^ |iz .> c « .e + 2R0) : s  =  1, . . . ,  n) S  1,

2nC0 max s =  1, . . . ,  n) S  1.

Then in the case when y£{a, a + R 0){J(b-R 0, b), dist (y, dG*) =  (n')~1 dist {y, dG) 
by (8), (9), (10) and then (11) implies

(12) lli/OOOeM-Vdisto,.^ ) ||t =(GMe+ÄO, b_Äo]) ^  С Ш и Н л в ) .

On the other hand, the compact set [a+R0, b — R 0] can be covered by finitely many 

intervals ^ r- y  Ryr, yr+ y  . If x$\yr- ^  Ryr, yr+^-R yr) for some r then

dist (x, dG*)^-^- Ä ^ s ^ y y d is t  (x, dG), whence, putting a0=m in  j —̂ y - j ,

(13) |lM(i>(x)e“oidis‘^ ac>||L- (e+Ä, b - Äo) s  С И ‘| « 0 ™ .
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Setting a —min {(и') *, a0}, (12) and (13) imply

(14) И и(0 (x)e“® dist(Xi ac)||i,~(G) S  C'|//|illM|U~(G)-
Obviously, it suffices to prove the estimate (2) for |g| sufficiently large. But then (2) 
follows from (14) beacuse by Theorem 3 o f  paper [7]

H ‘IImIIi.~(g) =  C ||«(,)||l“(g)-
The theorem is proved.

Proof of Theorem 2. It follows from the preceding theorem that
(15) l|M(i)llLP(G) ^  £|1m(í)IIl~(g)II e -№ t(*,3G )||Lp(G).
Furthermore, by easy computation
(16) I]e -*Ie!d*st(x,ao||^ (е) ^  (2/a)1/p|g|_1/p.

(15) and (16) imply (3) if  | e | s l .  (3) being obvious for | e |< l ,  the theorem is 
proved.

Open problem. It would be interesting to extend Theorems 1 and 2 for the 
case m ^ l.

Proof of Theorem 3. A s before, it suffices to consider the case q^O. Obvi
ously it suffices to prove the estimate (4) for |/r| sufficiently large.

Let us fix a compact subinterval Кг o f  G such that A 'cintA'1. In the sequel 
C will denote diverse constants independent o f the choice o f  the eigenfunction um 
and the points x, y£G  (see below). Set R =  (N')~1 dist (K, дКг). Fixing y€_K 
arbitrarily, put Ky- [ y - R ,y + R ] .  For any x£Ky, applying (5), (6) and (7) with 
vm=um_j (./€ {0, and i=d ist (x, dKy),

\ú!£Lj(?c)e4*(**J\ ClugL;||l- (Ki) +
m —j  n+ C 2  2  |AÍ| í + ( ' - + i ) ( i - » ) | |M ^ r ? L r (T ) e « ( d“ ‘ ( * . 9 K , ) - l * - d ) | |L- (Ki) ^
r=0 s =2

m —j  n
S  « - Д - а д  +  С 2  2  |^|l+(r+1)(1- ,,)|| u%Ip_r\\L-(Kl\ K ) +

r=0 s = 2

+  c Y  2  |M|i+(r+1)(1- n)IIu%I]Lr(x)e°«*b’a^> |k-(Ky).
r = 0 s =  2

For \fi\^  1 hence we obtain
m n

l l ^ (i - ) - * i | ( 0_  ( x ) e e d w ( * . « , ) | |  3= c  2  2llMr(1- ’,)-',+s« l l ™ +
r=0s=2

m  n

+  c H - 1 2  2 \ \ ß ril- n)- n+s^ m = r \^ dî aK̂ h-(Ky

and
Г — 0 s = 2 

m n —1
( l - c i g l - 1) 2  2

j — o i=0
m n — 1

c  2  2  11̂ (1- п)- г̂ )-у|к~(х1).
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Applying now Theorem 1 from [9] (this in the only point where the condition <?i=0 
is essential) and Theorem 2 from [7],

m n—1
2 2 ll/^ 1 - ")-,Mm-Jz.“(K1) — C |)hJIl~(G);

J  =  0 i=0

therefore if |/t| is sufficiently large then
||u«)Weedist(,,aV ||L̂ ) ^  C|aí|'||«Jl - (g)

for all /€{0, Putting x = y  we obtain ||M̂ )||z.~(K)ecK^C |/i|i |lMm||i.«(G).
If |/i| is sufficiently large then \д\‘|| иJ lt~(c)^  C || и<?||L~(G) by Theorem 3 from [7]; 
hence

Ии2>У ™ « ,д S  c | K i | t - (C)
i.e. (4) is shown (for |jt| sufficiently large). The theorem is proved.

O pen problem. It would be useful to show that Theorem 3 remains valid 
under the condition q^L^G ) instead of qx=  0.

References

[1] В. А. Ильин, Необходимые и достаточные условия базисности и  равносходимости с
тригонометрическим рядом спектральных разложений 1—2, Дифференциаль
ные уравнения, 16 (1980), 771—794, 980— 1009.

[2] В. А. Ильин, И. Йо, Равномерная оценка собственных функций и оценка сверху числа
собственных значений оператора Штурма-Лиувилля с потенциалом из класса 
Ьр, Дифференциальные уравнения, 15 (1979), 1164— 1174.

[3] I. Joó, Upper estimates for the eigenfunctions of the Schrödinger operator, Acta Sei. Math.
(Szeged), 44 (1982), 87—93.

[4] V. Komornik, Lower estimates for the eigenfunctions o f the Schrödinger operator, Acta Sei.
Math. (Szeged) , 44 (1982), 95—98.

[5] V. Komornik, Upper estimates for the eigenfunctions o f higher order o f a linear differential
operator, Acta Sei. Math. (Szeged), 45 (1983), 261—271.

[6] I. Joó, Remarks to a paper o f V. Komornik, Acta Sei. Math. (Szeged), (to appear).
[7] V. Komornik, Some new estimates for the eigenfunctions o f higher order o f a linear differential

operator, Acta Math. Hungar. (to appear).
[8] V. Komornik, On the eigenfunctions of the first and second order differential operators, Studia

Sei. Math. Hung, (to appear).
[9] V. Komornik, Local upper estimates for the eigenfunctions of a linear differential operator,

Acta Sei. Math. (Szeged), (to appear).

( Received August 24, 1983)

EÖTVÖS LORÁND UNIVERSITY 
DEPARTMENT II OF ANALYSIS 
H-1445 BUDAPEST 8, PF. 323 
HUNGARY

13 Acta Mathematica Hungartca 46  198





Acta Math. Hung. 
46 (1— 2) (1945), 195— 204.

APPROXIMATION BY BERNSTEIN TYPE 
RATIONAL FUNCTIONS O N THE REAL AXIS

KATHERINE BALÁZS (Budapest)

The aim o f this paper is to present a Bernstein type operator which generates 
a convergent approximation process on the whole real axis.

Such an extension of the Szász—Mirakyan operator

s . ( / ; * )  =  e - “ i e4 D ^ r  ( * s o ,  n > 0 )

is known already. This extension generating convergent approximation process on 
the real axis is due to J. Gróf [4] and it is the following:

# „ ( /;  *) =
_____1_ _

2 ch (их) *
(nxf

Id (-< °o, n 0),

assuming that this series is convergent.
To have a Bernstein type discrete linear operator we start from the so-called 

Bernstein type rational functions

A ,(/;  x) =
(1 +

(x S O , n — 1, 2 ...)

defined for functions /  given on the positive half-axis, where an, b„ are positive num
bers, satisfying the conditions a„=bjn-*0, if

If we choose b„=nß, 0 < /? < l  (consequently an=np~r), then we may write

The positive linear operator Rn was introduced and investigated first by the 
author [1], [2] and later by Catherine Balázs and J. Szabados [3], V. Totik [5].

Let now /  be a real function defined in ( —  o o ? CO  ). For this f  we construct the 
и-th Bernstein type rational function as

(1) R* ( /;  x) = (l+ a „ x )n+ ( l  —a„x)B и

13*
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where n=»Ö is even, the positive numbers an,b n satisfy the relations b„~* 
—bJn-^O, i f  n-*

Clearly we have

(2) Гкп(х) -
(1 + anx)n ___

(1  + a n :x:) ,' + ( l  — a n ^ ) "
rkn(.x) (k =  1, 2, ..., n).

a„=

This latter identity will be useful in our proofs.
Similarly, for R„(fi, x) we can choose b„ =  nß, 0 < /J < l  (then a„ =  nß~r) and 

use the notation

(3) R*Af, X-, ß) = ( l + n ^ - ^ r + c i - -nß- 1x)n k?o  K n ' ) +

+  (—! ) */ ( — X*)* ( _ cn < ::i:< “ . n >  0 is even).

R* is a discrete linear operator. The following relations are true: R^(c; x )—c, 
if c is a constant function, 2?*(/;0 )=0  and

R*( /;  ±  ~ )  =  xlim o R*(f; x) =  |  [ /  + /  ( - y - ) j  (n >  0 is even)

for any function /  defined in (  — oo? oo).

Now we show that the sequence R * (f)  defines indeed a convergent approxi
mation process to / .  First o f  all we state a theorem on the pointwise convergence.

T h e o r e m  1 . Let f  be continuous in x  and —x, furthermore f ( t)  =  0(e'^^) 
( — go) for some a > 0 . Then

(4) lim R *(/;  x) =  f ix )  (n is even).
ft-* -00

The assumption of continuity at — x  cannot be generally omitted as our coun
terexample will show. This phenomenon is known for H„(f; x), too (cf. G róf [4]).

For continuous functions the convergence is uniform in finite intervals and its 
speed can be estimated.

T h e o r e m  2 .  Let f  be continuous in ( — °°, °°) and f{x)-= О( e ^ )  for some 
a> 0 . Then for arbitrary fixed A >  0, e > 0

(5) \ f i A ~ K i f \  x)[ =§ Cja>i-A- eyA+t\{fi max{an, b“ 1/2})

(—A ^  x =  A, n >  0 is even)

ю[ - я- е,x + •) denotes the modulus o f continuity of f  in [—А —е,А +  в], c\ =
=  Cx(a; A; e)=-0 is a number independent o f  n.

For the class of continuous functions the choice b„—n2,a (a„—n~llz in this 
case) seems to be optimal and then

(6) f{x)-R*n [ f i  X-, I ) ]  Clco^A^ A+s](f , n-V*) 

(—A S x S d ,  n > 0 i j  even).
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Next, a weighted estimation will be given on the real axis. Here the uniform 
continuity o f /  will be supposed. Then lim <u(/; <5)=0 holds for the modulus o fá**0
continuity in ( — oo? °°)*

T heorem  3. Let f  be uniformly continuous in ( — oo? oo ) and b„=nß, 0 < /? S  
=i2/3. Then

1
(7) x; P)\ S 6 ( l  +  |*| 2<1' /,) )ш (/; |x|d*n-*!*)

( — °° <  x  «= n =- 0 is even).

(7) is not valid if 2 /3 < /? < l, but probably an adequate inequality exists for 
this case, too.

Let C[ — o°, oo] denote the class of such continuous functions which have a
finite limit lim / ( x ) = / ( ~ )  at infinity. If / £ C [ —°°, °°] then /  is uniformly con-

l*| —“
tinuous. A necessary and sufficient condition o f  the uniform convergence of R* ( / )  
to /  is /€ C [ -- 0 0 5 oo ]. Namely we prove

T heorem  4. Suppose that b„=nß, 0< /?^ 2 /3 . We have
(8) lim sup If (x )  — R*(f; x; ß)\ =  0 (n >  0 is even)

И-*-00 —oo<x<°°
i f  and only i f  /£ C [  — oo? ooj.

We assume 0 < /1^2/3 only because the proof of the sufficiency part of Theo
rem 4 is based on Theorem 3.

To give an estimation for the rate of convergence in the uniform case in ( — °°, oo) 
we use the so-called “modulus at infinity”

d e f
(9) Q (f;A ) =  sup |/(x 1) - / ( x a)| (A >  0).

IxdfelxjIsA
Obviously lim / ( x ) < ° °  exists if and only if lim i2(f;A )=0. 

l * l - ~  a - ~

T heorem  5. Let f£C[ — °°] and b„=nß, 0</?^2/3. Then
1

(10) sup If (x ) -R U f ,  X-, ß)\ =  c2 inf { Q ( f  A )+A 1~ß co(f; An-»'*)}
— oo<x<oo 1°

where c2 is a number independent of n.
We can obtain explicit estimates for the rate of convergence from (10). For 

example, considering the classes o f functions for which
ta (/; h) ^  h* (0 <  a <  1), Q (f ; A) ^  A — (a >  0)

we have
sup |/ (x ) - /? * ( / ;  x; ß ) \ s

—  oo < x <  о

c3n 2(уа+«+1 +х)г jf 0 < a  +  a ^ 3 ,  ß — l/q +  a + 1  
/ а  +  а +  1 + 1

c4n 3(a+*+3) if  a+ a  s  3, ß =  2/3.
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The latter estimate tends to 0(n~x/3) as a — The above-mentioned orders of 
magnitude are the same we have got in [3] in approximating functions by /?„(/; x; ß) 
in [0, “>).

C o u n t er ex a m ple . A function /  will be constructed which is continuous for all 
x> 0 , but f  is not continuous at —x. It will be shown that /?*(/; x) does not con
verge to / ( x ) ,  if л— °o .

Let H  be the set o f  such negative numbers which can be written in the form 
t —-p /2 2m where />>0 is odd, m—1 ,2 ,__  D efine/b y

We consider that subsequence of {/?*(/; x )}“=1 where n—23m. We choose b2™>= 
= 2 2m (consequently a#m=2~m). If x > 0 , then f (x ) = 0 and /  is continuous at x. 
Still we have by Lemma 2

if N ow  we turn to our lemmas and proofs.

Lem m a  1 (Balázs [1], Lemma 2.1). I f  xSsO, then the following identities hold:

m  =  {
1, if  K H  
0 elsewhere.

2
к odd

n
(И ) 2> *„(x) =  l  (n =  1, 2 , ...),

( 12)

(13)

where a„=b„/n, b„—0.

Lemma 2. Let x > 0  be fixed, b„— o ° ,  a„=bjn-+  0, i f  n —► oo, Then

(14)
(1 +anx)n =  1 (n is even)( l+ a „ x )n-|-(l — a„x)"

where

(15) __________________
( l+ a nx)" +  ( l  —a„x)"

(1 + a nx)n
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Furthermore

(16)

where

(17)

0 (n is even)Hm (1 -Д «*)”
(1+ апх У + а - а пхУ

-----------^  ~ а " Х У‘.----------  _  у  ( _  П*,-* (* )  <  е -Ь „ х
( l+ a nx)n +  (l —апл:)" } knW ~

Proof. Since (l+ ű „x)n= ^ l + - ^ - j  , therefore (1 +a„x)n< e b»x, if a„-= l/x  
and 0 < (1 —a„x)n< e~ b«x (n is even, a „ < l/x ). Hence by lim b„ =  the lemmaИ—оо
follows.

Lemma 3 (Balázs [1], Lemma 2.2). I f  an=b„/n-*0, bn—°° (n—°°), О^хшЛ, 
A, y, <5>0 are arbitrary fixed constants, then there exists a number cs= c 5(A, y, <5) 
independent of n such that the inequality

(18) 2  e K r kn{x) S  с&(а3х*+х/Ьп)
к

\ k l b „ - x \ s d

holds.

Lemma 4. Let f  be a continuous function in [0, °°) and f ( x ) —0(exx) (xSO ) 
for some a > 0 , and let e> 0  be fixed. Then in any interval 0 S x ^ A  the inequality

(19) If ( x ) - R n(J\ лг)| = 2  ceco[0, A+efif; max {a„, bn 1/2}) (n =  1, 2 ,...)

is valid, where C0 [0,A+e]( / ; . )  denotes the modulus of continuity o f f  on [0, A +  c], 
ce =  ce(A; e; ct) is a constant independent of n. Choosing b„ =  n2/3 ( then a„ =  n~113) 
especially we have

(20) f ( x ) - R n ( / ;  x; y } (  =» свш[0> л+е](/; И_1/3) ( O s ^ s  A).

Proof. (20) is identical with Theorem 1 in [1]. (19) is contained in the proof of
(20) based on (18).

L emma 5 (Balázs—Szabados [3], Theorem 1). I f  f  is uniformly continuous in 
[0, °°), and b„=nß, 0</?ss2/3, then

(21) \ f (x ) -R n(f; x ; ß)\ =§ 2(1 +  x « ^ ) c o +(f; Y^FF) ( 0 S r < » )

where a>+( f ; .)  denotes the modulus of continuity of f  on [0, °°).

L emma 6 (Balázs—Szabados [3], Theorem 2). I f  f  is continuous in [0, °°) 
and has a finite limit at infinity, then

1
(22) sup If ( x ) - R n(f; x ; ß)\ S  c7 inf { f i+ (/;  A ) + A ^ o C (f i An-»'*)}

o s x s ° °  ^ 6 1 0
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provided b„ =  np, 0</?^2/3 , and £2+(f;A ) =  sup \f(x 1) —f ( x 2)\ is the modulus
A.

at positive infinity. Evidently lim f (x ) exists and is finite if  and only if  
Jim Q+( f ; A ) = 0.

L emma 7 (Balázs—Szabados [3], Theorem 4). Suppose that b„=nf 0< /3^ 2 /3 . 
Then
(23) lim sup \f(x)- Rn( /;  л;; ß)\ =  0

!*-*■ oo 0^JC<oo

holds if  and only i f  f  is continuous in [0, °°) and lim / (x) exists and is finite. 

In our proofs we shall use the notation

(24) f - ( x )  =  / ( - * ) •
Trivially
(25) K ( f - , - x )  =  K ( f ; x ) .

P roof o f  T heorem  1. If x = 0 ,  then R*( / ;  0 )= /(0 ). Suppose now x > 0 .  
By the continuity of /  and f ~  at x  and —x we have

W ;  *) =  2  [ /  ( i ) + ( - 1)*/ ( - £ ) ]  * w  =

=  2  f(x)rtn(x)+  2  ^ i-^ ) r*kn(x)+  2  / “ (*)(— l )4 n W  +  
fc =  0 fc =  0 fc =  0

+  2 / г Щ ( - 1 К и(х) =  S’1 +  S2 +  S3 +  S4,
k = 0

where l^ = f—/ ( x )  and pß=f~  —f~(x), and for arbitrary e > 0  there exists (5 =  ̂ (e) 
suchthat |t—x|-=<5 implies

(26) |A (t ) |< e  and |^ (r ) |< e .

Applying (2), (11) and Lemma 2 we get the following relations:

Sx =  

=  / ( * ) -

(1 +  a„x)n
(1 + a nx)"+(l —a„x) 

(l-a„x)"

if and

Sa = i/"(x)(-l)4*n(x) =

(H -f l„ x )" + ( l-a I,x)'

( l - a „ x )

? / ( * )  =  

f ix )  -  / (x ) ,

( l+ a „ x ) " + ( l - a nx)'
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if в -* “ . Using (2) and Lemma 2 again one can estimate S2 in the following 
manner:
■ , (1 + a nx)n
P21 -  (1 +a„A)n+ ( l  —a

On the one hand

-л Г  i  p ( r r taW -  2  A [t )\ rkn(X)+  2  •n X )  fc = o I \ O n J I Ifc I \ k  I _
It:-* '* '

l ( i ) | r „ W a

holds by (26) and (11). On the other hand Lemma 3 can be used:

u
—x sa 1

2  e K  rkn O ) S  cs(alxi +x/b„) -  0,

ьГ"**'
if n -*-oo. The proof o f  lim St = 0  can be done in a completely analogous way. SoП-*-оо

4

we have proved R* ( / ;  x ) = £  S r* f(x )  if (n is even, x > 0 ) .  If x < 0 , then
i =  1

—x > 0 . Since f~  satisfies the conditions of Theorem 1, we can apply the above 
proved case of our Theorem, that is lim — * ) = / “ ( —x) (x < 0 , n iseven).

И-*-оо

By (24) and (25) this relation can be written in the equivalent form 

lim R* ( /;  x) =  f{x) (x <  0, n is even).
fl-*-oo

P roof of T h eo rem  2. First consider the case O ^x^A . Since

2  [ r £ ( * ) + ( - D * r £ , ( x ) ]  =  1
k  =  0

and f ( x ) = f  ( x ) + f ( x ) - f ( - x ) ,  we have 

If(x)-R *nif; x)\ ^  Í  | / ( x ) - / ( A ) |  r*kn(x) +1 Í  [ / ( * ) - / ( - | - ) ]  ( -1 )4 *  (a)

^  2fc= 0
/(x)-/(£|| r*knix) +1 i  [/-(*)-/- (-£)] (-!)*/•£,(*) +

+  2  [ / ( * ) - / ( - * ) ] ( -  i)k̂  W  =  s .+ s .+ s ^
\ k = 0

We estimate St and S 2 with the aid of (2) and Lemma 2 using the way of proving 
Lemma 4:

Si S
( l+ a „ x )n

ЛЯ 2 Д*)-/(у)\гь,(х) ^

and

( l+ a nx)n+ ( l - a nx)n t=0 
^  с8®[о,А+г](/; max {а„, 6„-1/2}) ^  с8Ш[_л_ г_ A+e](/; max {a„, b~1/2})

S2 == cscoi0'A+el( f - ;  max {an, b~1/2}) si 
=  CgCüc-^-e.A+dí/; max {a„, fe“1/2}) (n >  0 is even, 0 =£ x  =§ Л).

Лс/а M athem atica Hungarica 46, 1985
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From (17) and the property co(f; 2<5)^(A +  1) co(/; £) (л, <5 > 0 ) of the modulus of 
continuity

S3 s  e -bnxcoi_A_c A+e-l(f-, 2x) m

*  е~К* { ш ц £  кЩ+ 1) ■ "■ --■ »аС *max{a„ 6.-«>) s

^  CsCOt-A-e.A+^f-, max {a„, b~112}),

where cg =  cg(A; e; a )> 0  is a number idependent of n.
As regards the case x < 0 , / ~  satisfies the conditions of Theorem 2 and 

—x > 0 , so as we have proved above

I * > i  =  I - x ) \  s

S c ^ a ^ A - ''A+eJ( f - ;  m ax{an, b~1/2}) =  c10co[_A_£|/1+e]( /;  max{a„, b“ 1/2}).

P ro o f  o f  T heorem  3. The proof runs similarly as in Theorem 2. The diffe
rence is in estimating S1 and S2; here we refer to Lemma 5 instead of Lemma 4. 
The estimation of S3 happens as follows: if  x^ n1~ß, then by co(f; A<5)s(A+l). 
•сo(/;<5) (A,<5>0)

S3 s  e~b"xco(f; 2x) ^  е-К х(2хг^ п ^ + \)(о {/-, x1/2n~ßl2).

Since the function (p(x)=e~b»x2x1/2nß/2 attains its maximum at x0=1 /2nß and this 
maximum is less than 1, therefore S3^2co(f; x1/2n~ß/2), if  x < n 1-/  If x ^ n 1~ß,

n
then we obtain by 0 ^  ^  г*и(х)^1

fc = 0
n *

S3 S  ш (/; 2x) £  rt„(x) =S 2(1 + xW -n )co(f; x^2n~ßl2).
k  =  0

P ro o f  o f  T heorem  5. The convergence o f the right hand side to zero and the 
inequality (10) in the cases \x \sA 2 and x ^ A 2 may be proved by the same way 
as in Lemma 6, if we take into consideration (2) and (15). Let now х ё  —A 2. Then 
we get (10) similarly as in the case x ^ A 2 by the facts —х ё А 2,/~ £ С [  — ° o , oo], 
/ - ( - ) = / ( “ ), ß ( / - ; A) — Q(f; A) and R*(f~ ■- x ) = R * ( f - x ) .

P ro o f  o f  T heorem  4 . /£ C [ — °°] implies (8) as we have established in Theo
rem 5. Suppose now that (8) holds. Then / i s  continuous at every point x £ (  — °°)
being the uniform limit o f continuous functions in a compact neighborhood of x. 
/  is also bounded in ( —°°, °°), otherwise we could choose a sequence (xm}“=1 
suchthat lim |x j  =  °° and
(27) lim | / ( x m)| =  oo.

m-*- oo

Let £ > 0  be fixed and n0 be such that for n ^n0 (n is even)

(28) sup | / ( x ) -  /?*(/; x)| <  e.
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On the one hand from (28) follows the inequality

(29) lim"|/(*J-.R„*(/; *J|
On the other hand

'«/;*) 4  Hä+/(-£)]
that is

Um «„,(/; x j  = i [ / ( „ 5 - i ) + / ( - nJ-<’)]
m — oo u Z

thus from (27) the relation lim |f { x J - R * 0{f\ xm)| = °° follows which contradicts
YYl-^oo

(29) .
The existence of the finite limit lim f { x ) —d can be shown by the way describedX-+0O

in the proof of Lemma 7. We have to prove that lim f(x )= d . Let <5>0 be anX ““ oo

arbitrary, fixed number. There exists a D=D{5) such that

(30) |/(x) — d\ <  Ő, if x ^ D .

It is obvious from (8) that there exists nx such that

(31) I x)| <  <5, if n == nx (n is even).
Since

lim Д* (/; x )=  lim R* (/; x) =  lim *„*(/; - x )  =  ^JC “►00 X-+ — oo X-+00 Z

therefore one can find an E ^ D  such that

(32) I< ( / ;  *)-«„*,(/; - x ) H  <5, if x S  

Collecting (30), (31) and (32) we get

l / ( - x ) -d | a  ! / ( - * ) - < (/; -x ) | + |«„* (/; - * ) - < ( / ;  x)| +

+ IA* (/; x )-/(x )| + |/(x )-d | a  ( x s E ) ,

hence lim /(x)= d.
X-+ — oc
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ON THE DENSITY OF FINITE PACKINGS
J. M. WILLS (Siegen)

Introduction and results. Let # d denote the set of compact convex sets in the 
euclidean d-space Ed, and for a K ^ d let V(K) denote its volume. In particular 
V(Bd) = cod for the unit ball Bd— {x€i:d||x |^  1}. Further let <&£ denote the set of 
K k ^ d, which contains k  translates Bd, . . . ,B k of Bd with in t(5 fn ^ j)  =  0 for iV/.
|So Q Bda K .j  For each K ^ d let 0(K)= . We also put

&i = max 0(K) — max -rrrj^r V(K)

(the maximum exists by Blaschke’s selection theorem). Clearly <5Í=1 and <5f< 1 
for k > \ .  In the following we always assume k>  1. <5d can be interpreted as the 
maximal packing density of k unit balls. If the centres of B{, ..., Bdk lie on a line- 
segment Sk of length 2(k — 1) then Sk+Bd forms a “sausage” with V(Sk+Bd) = 
= 2(k—l)a)d-.1+(od. So

j ( d  + 1)"172 S(Sk+B*) ______ko)d
2 (k - \ ) (o d_1+a)J öd <  1.

From this and the known upper bounds for the packing density 0J of E d by unit 
balls it follows that Sd<őd for d^5 .

This led L. Fejes Tóth to the “sausage-conjecture” [3]:

ő(Sk+Bd) = ód for d m  5.

For partial results see [1, 2, 6]. For d —2 ől is attained for certain hexagonal arrange
ments of the densest circle packing [4].

For d — 3 and 4 no general result can be expected and L. Fejes Tóth con
sidered the problem hopeless [3]. Nevertheless some information is possible as 
explained in [7]. To elaborate let Ck be the convex hull of the centres of B{, ..., Bdk 
in the best (resp. a best) arrangement, i.e. when ődk is attained. Then, for d= 3, 
there exist integers k0^ k x, such that

dim Ck =  1 for k <  k0 and dim Cko >  1, 

dim Ckl_1 = 1 and dim Ck >  1 for k ^  kx
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or, in other words, and only for d=3,

<53 =  ő(Sk + B3) for k <  lc0 and ő(Skn + B3) <  <530.

% - i  =  ^(Stl- i + 5 3) and S(St +B^^S>k for k ä t ,
In particular this means that for k < k 0 the “sausage” yields maximal density, 
but not for k = k0 (“sausage-catastrophe”). The exact determination of k0 resp. 
ki seems to be hard, but it is relatively easy to give good upper bounds.

In the following theorem we show that k0^ 56. The small differences in the 
densities suggest that either k0 = 56 or at least k0 is not much smaller than 56.

Theorem. There are P, Of/63 with P + B 3̂ l 5, Q +B:,>dré‘lfi and

Ő(P+B3) =  0,6699 <  0,6707 =  <5(S55+ ß 3) ^  <5|5,

ő(S56+B3) = 0,6707 <  0,6710 = ő(0 + B3) ^  036.

R emarks. 1) The appropriate Ck are truncated tetrahedra, such that the balls 
in the facets form Groemer-packings. The whole packing can be considered as an 
analogue to a Groemer-packing [4] in the plane.

2) We checked several other truncated tetrahedra. E.g. for k — 59 and 60 
we have found “better” truncated tetrahedra than the corresponding sausages.

3) Truncated tetrahedra can also be used to find an upper bound for kk and 
good lower bounds for ők.

4) Obviously <5(5'56-F2?3)<<5(.S'35+2?3).

Proof of the theorem. For a Steiner’s formula for the parallel body
K + B 3 yields (see e.g. [5], p. 31)

47T
V(K+B3) =  V(K) + F (K )+ M (K )+ — ,

where F denotes the surface area and M  the integral of the mean curvature. In
47Tparticular V(Sk+B3) = 2n(k — 1) + —  and

V(S55+B3) =  1087T =  343,48, K(S56 + Ä3) =  110n + ̂ -  =  349,76.

From Lemmas 3 and 4 we know that there are P, 0 € ^ 3 with k(P) — 55 and 
k(Q) = 56. which means that P£%>\h, f6. Further

V{P + B3) = ^ ) / 2  + 92)/3+48,39 +  ̂  =  343,91,

V(Q+B3) = ip - ] /2  + 92}/3+48,39+í?- = 349,58. 3 j

Since 55ft>3 = 230,38 and 56co3 = 234,57 we obtain

ö (P + B3) =s 230,38
343,91 0,6699 <  0,6707 230,38

343,48 <5(S55+ £ 3)
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and
6(Sss + B>) S  - S  0,6707 - : 0,6710 S  - | | §  S  HQ + B>).

So the theorem is proved if we prove Lemmas 3 and 4. For these we need Lemmas 1 
and 2:

L emma 1. For the regular tetrahedron T o f edge-length 2 we have:

V(T) = j  )/2 =  0,942809, F(T) =  4)/3 =  6,928203,

M{T)  =  6 arc cos =  11,463796.

P r o o f . The results can be found in Hadwiger [5] p. 37, if one observes that the 
-i/Tcircumradius R (T )— y —.

Clearly one obtains these results for V and F directly if one notes that one 
facet of T  has area ]/3* and that the distance of a vertex of T  to the opposite facet 
is yji.

One obtains M (r)  =  12a' =  6a, where a denotes the exterior angle at an edge 
of T  (such that the full angle is 2n) and a' such that the full angle is n. Easy calcula- 

a a (2  V/2 1tion shows that cos—= 3 _1/2, sin — = j > c o s a = ——. To calculate the num

ber of centers of unit balls in nT, n = 0, 1, 2, 3, ... we consider the densest packing 
of unit balls generated by the 4 vertices of r x = conv{(0, 0, 0), (f2, ]/2, 0), (f2, 0, 
j/2), (0, ]/2, ^2)}. Clearly Tx is regular and has edge length 2, as required in Lemma 
1. For this special Tx we calculate the number k of centers in nTx = Tn. For simplicity 
and to emphasize that A; is a function on we write for an integer k — c, k (Tn) = c 
instead of Tn̂ zc, as mentioned before.

Lemma 2. k(T„)= J f or n—0 ,1 ,2 ,3 , . . . .

P r o o f . The lemma holds for n — 0, 1. We assume that it holds for v = 0, 1, ... 
..., n—\. Easy considerations show that k(Tn) — k(Tn- 1)=  So +

+ (” 2 ^j =  -^-(« + 2)(n+l)77 + -^-(« + 2 )(n -fl)=  (” ^ ) .  We now construct P and 

Q as follows:
P : Take r 7 as basic tetrahedron. From one of its vertices cut off J 5 anu from 

the remaining three vertices cut off three translates T£, T£, of T3. If we compactify 
this halfopen set, we obtain the truncated tetrahedron (resp. the irregular octa
hedron) shown in Fig. 1. We remark that T5OTl=T{, i= 1 ,2,3 are translates 
of Tx whereas T^H 7^ = 0 ij£j.
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O: Take T6 as basic tetrahedron. From two of its vertices cut off translates 
To, T2" of T2 and from the two remaining vertices of T6 cut off translates T3, T3" of 
T3. If we compactify this halfopen set we obtain the truncated tetrahedron (resp. 
the irregular octahedron) shown in Fig. 2.

fj?1 In Fig. 1 and 2 the heavy lines show the visible edges, the dotted lines the 
other edges.

Lemma 3. We have
292

« 0  =  56, ViO) = —  f2, F(Q) = 92|'3, M(Q) =  48,39....

Proof. For k, V, F, M  we write ip and have by the additivity plOi — tp —
-2<p(T3)~2<p(T,) + 2<p(QriT3) + 2 ? ( Q n r 2).
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So
k{P) = k (T ^ - 2 k ( T 3) -2 k ( T ^ + 2 k ( Q n T 3)+2k(QC]T2) =

= (3) “  ̂  (3) — ̂  (3) + 2 (2) + 2 (2) = 5̂ '
~>Q~> _

V(Q) =  V(T6) -2 F (T 3)-2 V (F 2) = V(T)(63- 2  ■ 33- 2  -23) =  146V(T) =  —  \2  , 

F(Q) = F(T6) -2 F (T 3) -2 F (T 2)+2F(Q  fl T3)+2F(Q D T2) =

=  F(T)(62 — 2 • 32—2 • 22+ 32+ 22) =  23F{T) = 92 ^3 ,
M(Q) = M (r6) - 2 M ( r 3) - 2 M ( r 2) + 2 M ( ö n r 3) + 2 M ( ß n r 2) =

=  M(T)(6 — 2 • 3 — 2 • 2) +  18tt +  127T =  307r-4M (r) =

- 30^ —24 arccos = 48,39 —

Lemma 4. We have

k(P) =  55, V(P) = - ^ - \ '  2, F(P) = F(Q) = 92^3, M(P) =  M (ß) =  48,39....

Proof. The calculation of k, V, F, M  can be done as in Lemma 3. But for P 
it is easier to use direct arguments, except for V which is simply additive.

280
V(P) = V(T7) -  K (r5) -  3L(T3) + 3 7 ^ )  = V(T) (73 — 53 — 3 • 33 + 3) =  —  }[2.

To calculate k(P) we remark that the lattice points in P lie in three parallel planes 
(see Fig. 1), those in the exterior planes are arranged in irregular hexagons each with 
18 points, those in the interior plane being arranged in a regular hexagon with 19 
points, so k(P)=  18+19+18 = 55.

The calculation of F(P) is easy, if one realizes that bd P consists of 92 regular 
triangles of edge-length 2 (see Fig. 1), so F(P) =  92j/3 — F(Q).

For M  we need the exterior angles at the edges of P. If again a denotes the 
exterior angle at an edge of T, it is obvious that the only exterior angles at the edges 
of P are a and ß — n — cn. a occurs at edges incident to two facets of the basic T1 
and at edges where Th and the T3, i — 1, 2, 3 intersect, ß occurs at all other edges. 
It is easy to see (Fig. 1) that the total edge-length of Q is 72, 12 corresponding to a
and 60 to ß. So M(P) = ̂ -(\2a + 60(n — a)) = 30n—24ix — 30n — 4M(T) = M(Q).
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A PATHOLOGICAL APPROXIMATELY 
SMOOTH FUNCTION

M. J. EVANS (Raleigh) and P. D. HUMKE (Northfield)

A real valued function /  defined on the real line is said to be smooth at the point 
x£R  if
(1) lim ( f ( x  + h) + /(x  - h ) - 2 f  (x))/h =  0.h-*~ 0

We call f  smooth if it is smooth at each x£R. The continuity properties of meas
urable smooth functions have been studied in detail. Neugebauer [3 and 4] showed 
that such a function /belongs to Baire class one and that R \ C ( f )  is a nowhere 
dense countable set, where C ( f )  denotes the set of points at which /  is continuous. 
Evans and Larson [1] have recently shown that R \ C ( f )  can be characterized as 
a elairseme (scattered) set.

If we replace the limit in (1) by an approximate limit, we arrive at the notion of 
approximate smoothness [4]. (To be precise, we will say th a t/is  approximately smooth 
at the point x£R  if for each 0 the set {h: \ f ( x + h )+ f(x —h)—2f(x)\^e\h\} has 
0 as a point of dispersion.) Larson [2] has recently shown that measurable approxi
mately smooth functions are in Baire class one. However, R \ C ( f )  need not be 
countable. Indeed, it may have large measure [4], A natural question arises as to 
whether or not the first category, measure zero set R \ A C ( f ) must be countable 
for a measurable approximately smooth function, where A C (f)  denotes the set of 
points at which /  is approximately continuous. The purpose of the present paper 
is to show that R \ A C ( f ) need not be countable.

T heorem . There is a measurable approximately smooth function which is approxi
mately discontinuous at uncountably many points.

P roof. For each natural number n, let =  l) -2 and let C denote
the symmetric Cantor set determined by the sequence {£„} in [0, 1], Then

C = { £  k(m)L(m): k(m) =  0 or N(m )— l},
m = 1

where L(rn) =  8_m(m+1)!~2 and N(m) = 8(m+ l)2. This set C can also be defined 
geometrically as the intersection of a nested sequence of compact sets, /„, where 
each /„ is the union of 2“ closed subintervals of /n_x, each subinterval is of length 
L{n), and each has exactly one endpoint in common with one of the intervals com-
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prising /„_x; more specifically,

I„ = { 2j k(m)L(m): k(m) = 0 or N(m) — 1 for 1 ^  m ^  /z,
?n=l

and 0 ^  /c(m) <  AJn) for m > 77}.

For any specific natural number n, R \ I n consists of 2"+l open intervals 
whose union we denote by CJ„. We will define the function /  in an inductive manner 
using the sets C/„; the function /  restricted to C will be identically zero. Flowever, 
at the 77th stage of the construction, /  will not be defined on all of CIn but only on 
a certain relatively large (and increasingly larger with 77) open subset of CIn. This 
subset, denoted by Jn, is defined as follows.

Let /  be the union of a finite collection of disjoint open intervals, say 
/=  IJ (ak, bk), where P is a finite set of natural numbers. If 0<r<(bk — ak)/2 for

k £ P
all k^P, then we set

kr =  U (flk + r, bk- r ).
Using this notation, we define

We are now in a position to define the function /  and we begin by defining /

on |J  J„ — R \C .
«=0

Stage 0. The set J0 consists of the two intervals ( - « ,  —1) and (2,+°°). We 
define /  to be — 1 on the former and 1 on the latter.

Stage 1. Partition R \J 0 into three subintervals, each of length L(0) =  1. 
Code the center open interval with the value 1 and the two outside open intervals 
with —1. L e t/b e  defined on JX\ J 0 by giving f (x )  the value 1 or —1 according 
to the code assigned to the interval of the partition that contains x. Note that /  
has not been defined at —1 or 2 under this scheme. We define / (  —1 )= —1 and 
/ ( 2) =  0. Now, the function /  has been defined on all of Jx =  ( — co? — 1/16)U 
U(3/32, 39/32) U(17/16, + - ) .

Stage n. We now describe the inductive step, which is patterned after Stage 1. 
Suppose that / h a s  been defined on J„. Now, R \ J n consists of 2" intervals, each 
centered on an interval of /„, and each of length (2n + 3)L(n). Denote one such 
interval by /  and partition I  into 2/7 + 3 intervals of equal length. Code the middle 
open interval with the number 1 and then code each of the remaining 2/7+2 open 
intervals determined by this partition each with a — 1 or a 1 so that the signs alter
nate. For x£Jn+1\ J n, let f ( x ) be the value of the code assigned to the interval to 
which x belongs. Again, there are finitely many points x in at which
this procedure fails to assign a value to /(x). At each such point, define /(x ) in 
such a way to make /  continuous at x, if that is possible, and define /(x ) = 0 
otherwise.

In this manner / i s  defined at every point of U Jn = R \C ,  and we complete
71 = 0
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the definition by defining/ to be 0 on C. We now verify that /h a s  the desired prop
erties.

For each x, let S(x)={h: f (x + h ) + f ( x —h)=Q}, and let 

Qx(t) = m(S(x)f][0, t])/t.
We will establish

C laim A. For each natural number n and each x d f

Qx(0 >  nf(n+2)
for every t£[L(n—l),L(n  — 2)].

The approximate smoothness of /  at each point of C will follow easily from 
this claim.

Case n — 1: Let x ^ f .  By the symmetry of the construction we may assume 
that *€[0,1/32]. Note that [1(0), L( —1)] =  [1, 8] and set

V1 =  [4L(1), L(0)-3L(1)] =  [4/32,29/32]
and

lT=[2L(0),oo) =  [2,oo).

Let T1 = V1 — x  and ST=ir —x. Clearly, if h^ST, then / (*  + /i) =  1 and f ( x —h) = 
=  —1, implying that h£S(x). Furthermore, if /i€7\, then f (x + h )= l ,  f ( x —h) = 
=  —1, and again h£S(x). Consequently, for we have

Qx(t) ^  m(Td = 25/64 >  1/3,

and, in particular, this holds for /£[1, 8].
(At this point the reader may wish to skip to the general case, but we include 

the cases for n — 2 and 3 for motivational purposes.)
Case n — 2: Let x£I2. We shall assume that *€[0, L (2)] = [0, 1/2304], but 

again the symmetry of the construction will allow our argument to be easily adapted to 
hold for * in any of the four component intervals forming /2. Note that [L (l), Z(0)] =  
= [1/32,1] and set

V, = [5L(2), L(1)-4L(2)] =  [5/2304, 68/2304],

V2 =  [L(1) + 3L(2), 2L(1)] =  [75/2304, 2/32], 

[3L(1),L(0)-3L(1)] =  [3/32, 29/32],

and let T— Vi—x, i= 1,2, and £T='F'—x. For h<̂ T1 we have f ( x + h ) — — 1 and 
f ( x —h)— 1; for h£T2 we have f (x + h )= \  and f ( x —h)— — 1; and for h£&~ 
we have f ( x + h )—\ and f { x —h')— — \. Hence, T f J T 2U ̂ ~QS(x). If we set

m((i'1u r 1u y ) n [o ,r i )
v*w  i ’

then for r£[L(l), L(0)] we clearly have gx( t ) ^ v x(t). However, an examination of 
v* on [L(l), L(0)] shows that it attains its absolute minimum at i= 3 L (l)— *.
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In fact, for td[L(\), 1.(0)], we have

„ ^  ^  m((7'1U ra)n [0 ,3L (l)-^ ]) _  m r n  + miTz)
LA ) ~  A )  ~  3 L ( l ) - x  = 3L(\) 11/18 ^  1/2.

Case 72 =  3: Let x£Is. We shall write our proof for x£[0, L(3)] =  [0, 1/294, 912]. 
Note that (L(2), Z.(l)] = [1/2304, 1/32] and set

Vx =  [6L (3), L  (2) — 5L (3)] =  [6/294,912, 123/294,912],

V2 = [L(2) + 4L(3), 2L (2)] -  [132/294, 912, 2/2304],
V3 = [2L (2)+2L (3), 3L (2)] =  [258/294, 912, 3/2304],

r =  [4L(2), L(1)-4L(2)] =  [4/2304, 68/2304]

and let T— Vi—x, i —1,2,3, and ST—'V—x. For h£Tt, i=  1,2,3, we have 
f ( x  + h) = ( — l)i_1 and f ( x  — h) — ( — 1)'; for h£3T we have f(x+h)=  1 and

3
f ( x  — h)— — \. Consequently, (U Fí)Uár ^5'(A'), and if we set

m(((u  r ,)U ^ )n [o ,/] )

’*<»=■ ,-------------- ■

then for /£[Z.(2), L(lj] we have ^ ( / ) ^ v JC(t). An examination of v* on [L(2),L(1)J 
shows that it attains its absolute minimum at t — 4L(2) — x. Hence for tC[L(2), L{\)] 
we have

fe(') »,(/) ^  v,(4L(2)-x) ^  ( J  m(Tt))/4L(2) =  367/512 =-3/5.
i=1

Casen>3: Let and again for specificity assume jcC[0, L(w)]. Set
=  [(n + 3)Z. («), L (« - 1 )  -  (« +  2)L («)],

V2 = [L (ti - 1 ) + (k +  l)L  (rí), 2L (n -1)],
and

Vk =  [(k— ])L(n — l)+ 2L (»), /cL(«-  1)] 
for 3 ^ k ^ n .  Then set

[ (n + l)L ( n - l ) ,L (« - 2 ) - ( »  +  l)L (« - l) ]
and let T ~ V i  — x , i= \ ,2 , . . . , n ,  and ^ '= ir —x. For /iC3̂ ,, /=1 , 2 , w, we have 
f ( x  + h)=(— 1)‘_1 and f ( x  — h) = ( —1)‘ and hence h£S(x). If h£&', then/(jc + /i)= 1, 
f ( x —h)— — \ and again hdS(x). Consequently, if we set

m ((o j  r ^ u ^ n t o ,  o)
V,(0 =  ------ — ---- --------------- ,

then for t^[L(n— 1), L(n — 2)] we have Qx( t ) ^vx(t). The function vx on
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\L(n— 1), L(n — 2)] attains its absolute minimum at t= (n+ l)L(n  — 1)— x  and so 
for t£[L(n— 1), L(n — 2)] we have

Qx ( 0  =  vx ( 0  i ?  v x ((/7  +  1 ) L ( / 7 - 1 ) - x )  =?

^ ( 2 m ( T d ) l { n  + \ ) L ( n - l )  = 1 -(8/72 + 21t7 +  10)/8(t7 + l)3 >  n/(n + 2).
i = 1

Claim A is, therefore, verified.
From Claim A it immediately follows that for each x0£C, S(x0) has density 1 

at 0. Consequently, /  is approximately smooth at x0. Furthermore, /  is clearly 
smooth at each point x0£ R \C .  Hence /  is approximately smooth.

Finally, /  is not approximately continuous at any x:06C because f ( x 0) — 0 
and m({x: |/(x )| ^1}) = 0, and the theorem is established.
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BALANCED PROJECTIVE AND COBALANCED 
INJECTIVE TORSION FREE GROUPS OF FINITE RANK

C. V1NSONHALER and W. WICKLESS (Storrs)

0. Introduction

Let TF be the category of torsion free abelian groups of finite rank and homo- 
morphisms. The objects in TF will be called simply “groups”. An epimorphism 
H-*G of groups is balanced if, for every type t, H ( t )^G (t)  is an epimorphism, 
where A(t)={a£A:  type a ^ t }  for any group A. An exact sequence (E): 0-+K-» 
-+H-+G-+ 0 in TF is balanced if H —G is a balanced epimorphism. A group A 
is called balanced projective if A is projective with respect to all balanced exact 
sequences (E ). Balanced projectives in the category of all abelian groups were char
acterized in 1976 by Hunter and Warfield in [5] and [8].

It has long been known (and is easy to show) that in the category of all torsion 
free abelian groups, the balanced projectives are exactly the completely decomposable 
groups ([4]). The same result holds in the category of Butler groups, the pure sub
groups of finite rank completely decomposable groups ([3] or [1]). In Section 2 
(Theorem A) we show that in TF, the balanced projectives are precisely the com
pletely decomposable groups.

An exact sequence (E ) in TF is balanced if and only if every rank-1 group 
is projective with respect to (E ) ([4]). It follows from Theorem A that the projective 
class in TF generated by the class of all rank-1 groups is the class of completely 
decomposable groups.

The dual notions of cobalanced and cobalanced injective were first defined 
in [2].

A monomorphism 0^G -*H  is called cobalanced if, for every type /,
0-*G/G[t]~*H/H[t] is pure exact, where

[z] = n  {Ker/: /£Hom  (A , X) for X  a rank-1 group of type /}.

An exact sequence Q — G-+H-+ K-+ 0 is cobalanced if 0 -+G-+H is cobalanced. 
A group A is cobalanced injective if A is injective with respect to all cobalanced exact 
sequences.

It is easy to characterize the cobalanced injectives in TF, the category of all 
torsion free abelian groups. If A£TF  is algebraically compact then A is clearly 
cobalanced injective, since A is injective with respect to all exact sequences in TF. 
If B^TF  is a direct product of rank one groups, it follows from Lemma 3.2 that 
B is also cobalanced injective. Thus, direct summands of groups of the form A@B 
will be cobalanced injective. Conversely, for any XdTF  the sequence 0 —X-+ 
-+A®B-+A(&B/X-+ 0 is cobalanced exact in TF where A is the pure injective hull 
of X  and B= [J f (X ) .  (Here the embedding of X  is the direct sum of

f  £ Horn (X,Q)
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the natural embeddings.) Thus, cobalanced injectives in TF are direct summands 
of groups of the form AQjB.

As an easy consequence of Lemma 3.2, the class (d' of exact sequences in TF 
for which the completely decomposable groups are injective contains the class ^  
of cobalanced exact sequences. Example 3.3 shows that this containment is proper. 
Nonetheless, Theorem B implies that the injective class in TF generated by the 
rank-1 groups is precisely the class of completely decomposable groups.

Similar results on the projective and injective classes in TF generated by finite 
sets of rank one groups were obtained by the authors in [7], using different tech
niques.

Our notation generally follows [1], Specifically ~  and = denote quasi-isomor
phism and quasi-equality. For groups G, H we let QG—Q®G and O Horn (G, H) = 
-0 ® H o m ((/, //) . The localization of a group at a prime p is written Gp, and 
Zp, Qp are the rings of p-adic integers and numbers. For notational convenience

we write type(Z) = 0 and Z _ p for the subring of O generated by Z  and —.

1. Tensor products and homomorphisms
In this section we obtain several results on tensor products and homomor

phisms to be used in Sections 2 and 3. The first proposition is of independent interest.
T heorem 1.1. Let G, Hk, H2, ... be a countable collection o f  groups with Z 2® 

®G QFIi<Z:02<S)G, and Ffi/(Z2<ZG) infinite for each i. Then there exists a rank-2 
group A (regarding Z 2Q A Q Q 2) such that [Ht + (A<S>G))/(A<ZG) is infinite for 
each i. Moreover, A can be chosen so that O is a homomorphic image of A.

P roof. Denote H'i — Hi/(Z 2̂ >G), and fix the index i. If //,■ is not reduced, 
choose a prime p for which Z{peo)Q^H'i. Then there is a sequence Xj—xfii ,p )~  
=  (1, 0)®gy +  (0, l)<g>/iy with gj, hj in G, satisfying the following properties:

1-a p-height (xfi = 0 in Z 2<S>G.
1-b p-height (jty) =  j  in Ht.

1- c Xj—Xj-x is an element of pj~1(Z2<S>G).

In this case we will say //, belongs to Case 1 (p).
If HI is reduced, then since H[ is infinite, there is a sequence y,-=>>,•_,• =  (1, 0)® 

®£y +  (0, l)®/*,-; with gu , hu in G, satisfying,
2- a />y-height(>’y) =  0 in Z 2<S>G (p} is the j-th prime).
2-b Pj-height(yj) = 1  in Ht for infinitely many j.

In this case we will say Ht belongs to Case 2.
We can now construct the rank-2 group A by specifying (see [4], Chapter 93)

(*) Z p®A =  ő ,( l ,  a)©Zp(0, 1) Q Z pXQ2,
where a is a non-zero p-adic integer which will be constructed as the limit of a 
sequence of integers sk—sk(p), k = 0, 1, ... , with sk(p) congruent to sfc+i(p) modulo
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p k. The values of s0(p) (1 ^ s 0(p)<p) are determined by considering those H\ 
which belong to Case 2. By relabeling, call this set of groups Hl , H2, ... , with 
associated sequences (yl7), ... satisfying 2-a and 2-b. Let N  be the number
of groups //,-. Then for / =  1, 2 and for j > N  if N  is finite, set s0(pj)= 1. For 
3 ^ j ^ N ,  choose s0(pj) so that pj -height(hij —s0(pj)gij)=0  in G for 1 = i=j. To see 
that this is possible, note first that by 2-a, min (/^-height (gy), Pj-height (hiJ))=0 
for each /  Also note that if h^ — bgtj and h y -c g y  are both divisible by pj for 
distinct integers O^b, c<pj, then (b — c)gij and therefore is divisible by pj. 
Since pj divides hij — bgij, it follows that Pj divides /i,y, a contradiction. Thus 
there is at most one integer b between 0 and p j— 1 such that pj divides h^-bg^-. 
Since Pj=j+  2 for y^3 , there exists l ^ s 0(Pj)^Pj— 1 such that Pj does not 
divide hij- s 0{pj)gij for

For each prime p, the sequence s fp ) ,  s.fp), ... is constructed by considering 
the groups in Case 1 (p). For ease of notation, assume that these groups have been 
relabelled H1(p), H2(p), ... , where we employ the convention, Hj(p) — 0 for / 
greater than M — the number of groups in Case 1 (p). We will assume p is fixed 
and delete it from the symbols where convenient. The integer Sj(p), 1, is chosen 
so that p-heieht(hj — Sj(p)gj)^j—\ if Hj(p) is not zero. This is possible by an 
argument similar to that in the preceding paragraph. If Hj{p) — 0, Sj(p) need 
only satisfy the requirement that pj ~x divides sJ(p)—sj - l (p).

The rank-2 group A is constructed according to (*). It remains to show that 
H'i =(Hi+A®G)/A®G  is infinite for each /. First assume that H{ — H ,(/?) belongs 
to Case 1 (p), and that H[ is finite. Then pkHi£(A®G)p for some k^O. Again 
deleting reference to the prime p and the index i in the sequence Xj=Xj(i, p), we have

(i) P' divides x i+k = (1, 0)<g>gi+fc + (0, l)<8>/i/ + fc in A®G

(ii) p‘ divides (l, si(p))<S>gi + k in A<S>G, hence

(iii) P‘ divides (0, l)<g>(hi + k- s i(p)gi+k) in A<g>G.
By the definition of A, this implies that

(iv) pl divides hi+k- s i(p)gi+k in G.

However, by property 1-c, p l divides bi+k — hi and gi+k— gt. It follows that
(v) pl divides hi — si(p)gi in G, contradicting the choice of S;(/>).

Finally, assume H{ belongs to Case 2 and that H'i =(Hi + A®G)/A®G is 
finite. Then for all but a finite number of primes p , (Hi)pQ(A<S>G)p. In particular, 
Pj divides Xij in A<S)G for infinitely many j. However, for each j, pj divides 
(1, s0(Pj))®gij. This implies that for infinitely many j, (0, \)®(liij-s0(pJ)gij) is 
divisible by p} in A<g>G. As above, it follows that py divides hij—s0(pj)gij in G 
for infinitely many j. This contradicts the choice of s0(pj). For the last statement of 
the proposition, note that A/B^Q< where B is the subgroup generated by (0, 1).

Corollary 1.2. Given groups G, H, there is a rank-2 group A with Q a homo
morphic image of A such that O Horn (H, Z <i®G) — 0  Horn (H, A<g>G).

This corollary is obtained by taking Hx, H2, ... in the theorem to be the
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countable number of homomorphic images of H  in 0 2<g>G which are not quasi
equal to Z 2®G.

Our final two results are probably well-known, but are included for the sake 
of convenience.

Lemma 1.3. Let H be a strongly indecomposable rank-2 p-local group. Then 
any p-local subgroup of H is either quasi-equal to H or is a free Z p-modu/e.

P roof. Since such an H  must have p-rank 1 there is a free rank-2 Z p-sub- 
module FQ H  with H/F^Z(p°°). Let K be a p-local subgroup of H. If (K+F)/F  
is finite then K is a free Zp-module. Otherwise, (K+F)/F^Z(p°°) and K ± H .

Lemma 1.4. I f  A is a p-local group with no free Z p-summand then there exists 
a strongly indecomposable rank-2 p-local group H with Horn (A, / /)  =  0.

P roof. There are uncountably many quasi-isomorphism classes of strongly 
indecomposable rank-2 p-local groups H. Therefore, we may choose an H which 
does not belong to any of the countably many quasi-isomorphism classes of the 
rank-2 factors of A. By Lemma 1.3, Horn (A, H) — 0 for this H.

2. Balanced projectives

We begin by stating for reference the previously mentioned result of Butler.
L emma 2.1. A balanced projective Butler group is completely decomposable.

Let G be balanced projective and G ~ © {Gp l ^ i ^ n }  be a quasi-decomposi
tion of G into strongly indecomposable components. Then each G; is almost balanced 
projective in the sense that for any balanced epimorphism B-+C-»0 the sequence 
Q Horn (Gh B ) ^ Q  Horn (G,, C)-*-0 is exact. We show any strongly indecomposable 
almost balanced projective group must be rank-1. This result implies that the bal
anced projective group G is a Butler group, hence, by Lemma 2.1 is completely 
decomposable.

We first examine the local case.

Lemma 2.2. I f  G is (almost) balanced projective then Gp is (almost) balanced 
projective in the category of p-local torsion free groups offinite rank.

P roof. Assume G is balanced projective and B —C -+  0 is a balanced epi
morphism of p-local groups. Then Horn (G, i?)—Horn (G, C)-— 0 is exact. There 
are natural isomorphisms Horn (G, 5 )^H o m  (Gp, B), Horn (G, C j^H om  (Gp, C ). 
Therefore, Horn (Gp, B)-+ Horn (Gp, C)-*-0 is exact. The proof for G almost bal
anced projective is similar.

Lemma 2.3. Let G be (almost) balanced projective. Then G is locally completely 
decomposable.

P roof. Suppose G is balanced projective and Gp is not completely decompos
able for some prime p. Then GP=F@ D®A  where F is a free Z p module, D is 
divisible and A A 0 is a reduced Z p module with no free summand. It follows that 
all rank-1 factors of A are isomorphic to Q.
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By Lemma 1.4 there exists a strongly indecomposable rank-2 /7-local group H 
with Horn 04, H)=0. Pick two epimorphisms / :  A-»Q and g: H-+Q and con
struct the pullback B={(a, h): f(a)=g(h)}.

Projection of B onto the first component induces a balanced epimorphism 
B-*A^ 0 of p-local groups. This must split by Lemma 2.2, since A is summand of 
the p-local balanced projective group Gp.

Let e: A-+B be a splitting map. By a rank argument, e followed by projec
tion onto the second component of B is non-zero. This contradicts Horn (A, H) — 0. 
Thus, for each prime p, Gp must be completely decomposable. Again, the argument 
for almost balanced projective is similar.

L emma 2.4. Let G be a group which is strongly indecomposable, homogeneous of 
type t, and almost balanced projective. Then rank G—\.

P roof. Suppose ran k G = « > l. Let X = X 1@... be a full completely 
decomposable subgroup of G, homogeneous of type t. Since G is locally completely 
decomposable (Lemma 2.3) and homogeneous then G/X is reduced. Indeed, either 
Gp is reduced or G contains a p divisible element. In the latter case X  is p divisible 
and (G/X)p^ G p/Xp = 0.

Since G is not quasi-equal to X, G/X is an infinite torsion group. Since G/X 
is reduced, we can write G/X=T1Q)T2, where Tx and T2 are infinite.

Let G[= e _1(Ti), z =  1, 2, where e: G—G/X is the natural map. In view of 
the fact that XQG,QG  each Gt is of rank-n and is homogeneous of type t. It fol
lows that G1(BG2-+G1 + G2=G-+0 is balanced exact, and, therefore, quasi-splits. 
Since G is strongly indecomposable we must have G^G^  or G ~G 2. Neither 
of these possibilities can occur because each G/Gj is infinite. Thus rank G=n>  1 
is impossible.

P roposition 2.5. Let G be a strongly indecomposable group which is almost bal
anced projective. Then rank G=\.

P roof. Suppose rank <7> 1. Let t — inner type G and let h be a height vector 
in t. By Lemma 2.4 G is not homogeneous so we can choose G0QG maximal 
with respect to the property that G0 is a pure subgroup of G with inner type greater 
than t. Let /0= inner type G0.

The maximality of G0 implies that inf {type x, t0}—t for all x$G 0. Choose 
a height vector h0 in t0 such that h0(p)^h(p)  for all primes p. Next choose a full 
free subgroup F of G and write GIF— © Tp where Tp is a torsion /7-group for each 
prime p. Define T =  {h(p)-soc\e Tp: p is a prime for which h0(p)>h(p)}(B 

{TP: K(P) = h{p)}. The /i(/7)-socle of Tp is {x£Tp: pHp)x=o}.
Now let H  be the inverse image of T  in G (under the map G^G/F). The con

struction of H  guarantees that if x £ H \G 0, then typeH x =  typeG x. Indeed, since 
inf {typeG x, t0} — t, the height vector for x  in G agrees with h at all primes p such 
that h0(p)>h(p), at least up to type equivalence.

Further note, that since h<h0, outer type H ^ t 0. (Apply Theorem 1.10 of 
[1] to H/F.) In particular, there is no 0 A x ^ H  with type x ^ t 0.

By Corollary 1.2 there is a rank-2 group A with q : A-+Q—0 such 
that Q Horn (G0, A®H) — Q Horn (G0, H®H). Thus, since inner type G’0 = i0» 
Horn (C0, /7© //) =  0=Hom (G0, A®H).
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Let e : A&H-+QG be the map induced by a® x^q (a )x  and let i: G0-+QG 
be inclusion. Consider f —i@e: G0(B(A®H)^OG. It is not hard to check that 
G Q image f

Thus, there is an epimorphism (which we will still call / )  / :  / _1(G)—G —0. 
This epimorphism is balanced since, if x£G0, then f (x ,o )  — x  and, if x £ G \G 0, 
then x  — qy for some q£0  and y£H. In this case q — q(a) for some a£A and 
/(0 , <7®y) = -v. In either case, x  is the image of an element of the same type.

Since G is almost balanced projective there exists / ' :  C7-*/-1(G), a quasi
splitting map for f  Because / '  is monic and Horn (G0, A®H) = 0, we must have 
/ '(G 0) quasi-equal to G0. But then G ^ G 0®f'(G)r)(A®H) by the modular law. 
This is impossible for G is strongly indecomposable and rank G0<rank G.

Lemma 2.1 and Proposition 2.5 together imply:

T heorem A. Let G be a balanced projective group in TF. Then G is completely 
decomposable.

3. Cobalanced injectives
We begin by stating the previously mentioned result of Arnold and Vinson- 

haler [2].

L emma 3.1. A cobalanced injective Butler group is completely decomposable.

Our plan in this section is the same as that of Section 2. A group G is called 
almost cobalanced injective if for any pure cobalanced embedding, Q-—B-+C, the 
induced sequence 0  Horn (C, G)-»Q Horn (B, G j-O  is exact. If G is cobalanced 
injective and G~©{G,-: l^ i^ n }  is a quasi-decomposition of G into strongly 
indecomposable summands, then each G, is almost cobalanced injective. We show 
each G, must be rank-1 (Proposition 3.5). Hence G is Butler and, by Lemma 3.1, 
is therefore completely decomposable. Our arguments in this section are somewhat 
more cumbersome than those of Section 2, in keeping with the tradition of injec
tives. Things would be considerably simplified by a short proof that cobalanced 
injectives in TF are locally completely decomposable.

The next lemma follows directly from Corollary 1.9 of [7].

L emma 3.2. Let (E) be a cobalanced exact sequence in TF and X  be a rank-l 
group. Then X  is injective with respect to (E).

The following is an example of a non-cobalanced exact sequence (E) such 
that every rank one group is injective with respect to (E). A group G is called coho- 
mogeneous o f cotype t if cotypeset G = {/}. That is, the type of every rank one factor 
of G is t.

E xample 3.3. Let p ^ q  be primes and t be the type of Z _p. Let G be a rank 
two group, homogeneous of type 0, cohomogeneous of type t (such groups are 
easy to construct). Choose a, b£G such that Za, Zb are disjoint pure cyclic subgroups 
of G. Regard GQQa®QbQQaQ)Qb®Qc and let H = (G ® Z ~qc, (b + c)/p).

Consider the pure exact sequence (E): 0-»G-»H-»H/G-+Q. The sequence (E) 
is not cobalanced since G[/] =  0, H[t]=Z^qc and, thus, 0-~G/G[t]-+H/H[t] is 
not a pure embedding. However, since every rank-1 image of G is isomorphic to
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Z_p, it follows immediately that, for every rank-1 group X, Horn (//, X)-*- 
-^Hom (G, X)  is epic.

We next prove the analogue to Lemma 2.4.
Lemma 3.4. Let G be a strongly indecomposable cobalanced injective group which 

is cohomogeneous of cotype t. Then rank (7=1.

P roof. Let rank G = r. Since G is cohomogeneous of cotype t there is an 
embedding e: G-»X, where 3f=© {Zi: 1 ^ /^ r ,  rankT ,=  l, type X ~ t } .  We 
will show X/G is finite, so that r — 1 since G is strongly indecomposable.

Suppose that the torsion group X/G can be written X/G = T1® T2 with T1, 
T2 infinite and coprime (gcd {order x1, order „v2} = 1 for all Oy^xf  7\, 0 ^ a2€ T2). 
Let f :  X —Ti be the composition X-+X/G-+T, and let i / i= / i-1(7’i), /=  1,2. 
Then G ^ H ^ X ,  so each //, is cohomogeneous of cotype t. Put / /  =  / / ,® / /2 
and form the diagonal embedding d: G-+H, d(g) = (g, g)dH1 © H2. Since 7\ and 
T2 are coprime, d is a pure embedding. Moreover, because G and H are cohomoge
neous of cotype t, d is cobalanced. But d cannot quasi-split. This follows since G 
is strongly indecomposable, rank G — rank Hx — rank H2 and G is quasi-equal to 
neither H1 nor H2. Thus, X\G cannot equal Tx© T2 where Tl and T2 are infinite 
and coprime.

To show X/G is finite it therefore suffices to eliminate the possibility that 
X/G is a divisible /7-group. In this case p X —X  and pG^G.  Let A be a rank-2 
group, homogeneous of type 0, cohomogeneous of cotype =  type Z _p. Choose a 
pure embedding Z-+A and an embedding Z-*G/Dp, where Dp is the maximal 
/7-divisible subgroup of G. Construct the pushout (K , i , j ):

Z — G/Dp
I IJ+ +

A ~  K
and set H — K®X.

Consider the embedding (jn® e): G-+H, where n: G-*G/DP is the nat
ural map.

First, jn® e  is a pure embedding. This follows because (/-height* (e(g)) = 
=  (/-heightG (g) for all primes q ^ p  ((X/G)q = 0) and, if g$D p, p-heightK(jn(g)) = 
=/7-heightG (g).

Next, jn(Be  is cobalanced. Indeed G[s] = G unless s ^ t  in which case G[s] = 0. 
If s ^ t  then s is infinite at p and A’[ ]̂ = //[^] =  0. It follows that, for any type s, 
0—G/G[s]~*H/H[s] is pure exact.

Finally, jn ® e  cannot quasi-split. Note that <7(0 = 0 since G is strongly 
indecomposable of rank greater than one and cohomogeneous of cotype t. Hence, 
Hom(X<7) = 0. Assume j n ® e  quasi-splits. It follows that G is quasi-equal to 
jn(G), a quasi-summand of K. Thus j n  is monic and Dp = 0. Identify G and A 
with /(C) and i(A) inside K. Write K = G®U , where U is a rank one subgroup 
of K, and let f^Er\á(K)  be a quasi-projection of K onto C. Then there exists a 
non-zero integer m such that f (g )  = mg for all g£G. It follows that (f —m) induces 
a map from A/GOA  into C. But A / G f ] A ^ Z - p and Dp — 0. Consequently, 
f (A ) = mA and A is quasi-contained in C, a contradiction, since K  is a pushout. 
This completes the proof.
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P roposition 3.5. Let G be a strongly indecomposable almost cobalanced injec
tive group. Then rank G — 1.

P roof. Suppose rank G >  1. By Lemma 3.4 we may assume that G is not 
cohomogeneous. Let G0 be a pure subgroup of G minimal with respect to the prop
erty that 50 = outer type (7/(70< s = outer type G. Such a (70 exists because G is not 
cohomogeneous.

Choose height vectors /i0£s0, h£s such that h0(p)^h(p)  for all primes p. 
Define a height vector/ti by h1(p) = 0 if h0(p)=h(p), h1(p)—h(p) if h0(p)<h(p). 
Let Si be the type of hi. Note that 5X>0 and if X  is a pure rank-1 subgroup of G 
with X(~)G0 — 0, then type

Let A be a rank-2 group, homogeneous of type 0, cohomogeneous of type sl7 
and pick x d G \G 0. There is an induced embedding Z ^ Z x Q G .  Choose a pure 
embedding 0 —Z —A and let (A, / , / ) be the pushout

Define / /  =  A®((7/(70) and form the embedding e : G-*H where c(.v) = ( /(.x), ;v +  (70). 
Since Z  — A is a pure embedding, so is j  and therefore e.

To show e is cobalanced, first let / be a type with t ^ s L. Suppose G0^C[I]. 
Then there is an embedding G/(G0DG[t])-^G/G0(BG/G[t]. This implies outer 
type G/{G0 nC[/])==sup {outer type(7/(70, outer type (7/(7[r]}^ sup {,s0, /}. But by 
the construction of sx, if then sup {.s0, /} ^ s . Thus outer type (7/((7onG[7])<s, 
contradicting the choice of (70. Therefore G0^G[t] and G/G[t]^(G/G(j)/(G/G0)[t]. 
It follows that 0 -+G/G[t]-+H/H[t] is a pure embedding, since G/G0 is a summand 
of H.

Next let t be a type with t ^ s x. In this case we show 0—G/G[t]~*K/K[t] is 
a pure embedding by showing K[t] — G[t]. Note that A /(7^Z/Z is a rank-1 group 
of type Si. This implies K[t]^G, so that C7(/]^A[f]n(7=A[/]. To show the 
reverse inclusion, observe that K/G[t] is a homomorphic image of A®G/G[t], 
a group of outer type ^ / .  Thus outer type K/G[t]^t and K[t]QG[t].

To complete the proof we will show that e: G-+H cannot quasi-split. Write 
í '= í’1© í,2 where ex = /: G-+K and e2: G-+G/G0 is the factor map. Suppose 
/ i© /2: A©(7/(70^(7 is a quasi-splitting of c. Then ( f i® f2)(ei®e2)= fie i+ f2e2 = m 
for some non-zero integer m. Moreover, f 2e2£End(G) is not monic, hence is nil- 
potent since G is strongly indecomposable ([6]). T h e r e f o r e m u s t  be monic since 
the nilpotent elements of End (G) form an ideal ([6] again). Thus f xex is a quasi
isomorphism and eL—j: G-+K quasi-splits. Identify G with jG in A and write 
K = G®U  where U is a rank-1 subgroup of A. Let g: K-+G be a quasi-projection. 
Note that x £ g A \G 0, where x £ G \G 0 is the element chosen above to obtain the 
embedding Z  — C7 in the pushout diagram. Hence (gA + G0)/G0 is a non-zero 
subgroup of G/G0. Since A is cohomogeneous of cotype sx, this implies .y0 = 
= outer type G/G0^S i,  a contradiction. Therefore, e: G-*H does not quasi-split, 
contradicting G almost cobalanced injective. We may conclude rank (7=1.
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Proposition 3.5 and Lemma 3.1 together imply:

T heorem B. Let G be a cobalanced injective group in TF. Then G is completely 
decomposable.
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EQUIN ORMA LIT Y CHARACTERIZES 
THE COMPACTNESS

K. MATOLCSY (Debrecen)

1. A proximity space (X, (5) is called equinormal if its disjoint closed sets are 
far, i.e. Ä0.6 = 0 implies AÖB ([11]). As S. G. Mrówka showed, a metrizable space 
X  is compact iff any compatible metric proximity is equinormal on X  ([9]). Recently 
the author introduced the notion of the proximity hyperspaces and proved that 
a separated proximity space (X, Ő) is compact iff its hyperspace (E(X),  E(ö)) is 
equinormal.

In this paper we will study certain products of syntopogenous spaces in which 
the “ iS'/’-normality” implies the compactness. Applying these results for proximity 
spaces, we will get that the following conditions are equivalent for any separated 
proximity space (X , S):
(A) (X , (5) is compact.
(B) The product o f {X, <5) and its Smirnov compactification (X *, Ő*) is equinormal. 
(B') The product ( XXY,  ÖXŐ') is equinormal for any compact separated proximity

space (Y, ő').
(C) The power (Xm, <5m) is equinormal, where m is the proximity weight o f (X, d).
(D) The topology o f  (X m, <5m) is normal for any cardinal number m.

R em arks. 1. The equivalence of (A) and (D) follows from a stronger result 
of N. Noble [10]: a T^-space X  is compact iff the power X m is normal for any car
dinal number m. However, in contrast to (C), in this case the cardinal numbers 
m x n ( X )  are in fact necessary (e.g. consider a second countable non-compact 
totally bounded metric space X).

2. In (B) the normality of the topology t(<)X<5*) is not sufficient (as it is well- 
known, this weaker condition characterizes the paracompactness of r (<5) (see [13])).

3. Statement (B) implies that őxő*  is the finest proximity compatible with 
the topology t(<5x <5*), but this latter condition is satisfied whenever t(<5) is pseudo
compact and <5 is the finest proximity compatible with it (see [4]), so that the weakening 
of condition (B) is not possible in this direction either.

2. We will define only those notions and notations concerning syntopogenous 
spaces which cannot be found in the monograph of Á. Császár [1].

The syntopogenous space (X, ST) will be called SP-normal if
Af )B  =  0 implies A <  C <c X —B for some <£ST

(see [12]). (Let us remark that SP-normality is not the unique generalization of 
topological normality for syntopogenous spaces (see [4], [7]), and that it is equiv
alent to strong normality defined in [4].)
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Observe that the ST-normality of SP implies the normality of SPip in the usual 
sense.

Lemma 1. Let (Xa, SPa) be a syntopogenous space for any a fA . U ( X  x a, X K )
a £ A  A

is SP-normal then the spaces (Xa, SPa) are SP-normal, too.

The statement can be shown by using Lemma 6.1 of [5].

Lemma 2. A compact T.z syntopogenous space is always SP-normal.

Proof. If (X, SP) is a compact Tz-space then so are (X , SP*) and (X, SPtp), 
too. Therefore (X, SPtp) is normal (in the usual sense), thus ÄC]B = 0 implies the 
existence of an (SPtp, ^ ''/-continuous real function/such that /(A)cz[0, 1 ],/(X) = 
=  {0} and f (B )= {  1}. By Theorem 13 of [3] f  is {SP*, XP')-, and a fortiori 
{SP*, Jf'j-continuous, consequently (X, SP*), and at the same time (X, SP) is SP- 
normal (see [12], Theorems 2 and 3).

Now (14.22) and (15.82) of [I] and Lemma 2 yield

Lemma 3. The product o f an arbitrary family o f compact T, syntopogenous 
spaces is SP-normal.

Further on we need the notion of the simple compactification {X*,SP*) of 
a syntopogenous space (X, SP) ([7]). This is a syntopogenous space determined 
uniquely (up to equivalences) by the following properties:

(a) X  is a dense subset of (X*, SP*S)\
(b) SP*\X~SP\
(c) (X*, SP*) is compact;
(d) {a} is closed in (X*, SP*) for any x £ X * -X .

In the construction of (X*, SP*) the round filters play an important role. A filter 
f in X  is called SP-round ([2], p. 240) if, for any f, there exist <£SP and //(if 
such that F1< F. For any filter base r, the filter

SP (r) = {V X: /? <  V for some R£x, <S_SP)

is 5^-round. If xdX , we will write simply SP (a) instead of SP({{x}}).
Now let f (a) = SPs{x) for x d X  and make a one-to-one correspondence a-«—f(x) 

between the points x£ X * —X  and all compressed 5^c-round filters ((a) without 
cluster points in (X, SP). Put s (a ) =  <9̂ (í (a)) for every x£X*  and consider the 
sets s(P) = {a^X*: PGs(a)} for PczX. If <£SP, we have a topogenous order 
s (< )  on X* defined by Es(< )F  (E , F aX *) if and only if there exist a natural

m
number m and sets P^QiCiX  such that Pi^ Q i (1 ^ /^ m ), moreover iTczlJ s(P{)

m i = l
and U s(Qi) (zF. Then we have SP*~{s{-<): < £Sfj.

;=i
In [7] we pointed out that this construction is a generalization of the Wall- 

man-type compactification method. A further similarity is shown by
Lemma 4. I f  (X, SP) is an SP-normal Tx-space then {X*, SP*) is a T.,-space.

P roof. For any point x£X, the set {a } is closed in (X , SP). Every filter | ( a), 
where x£X* — X, has a filter base consisting of closed sets in (X, SP) because
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it is 5^-round, moreover it has no cluster points in (X, SP). Finally if x, y£X* — X, 
x X y  then í (a)T Í( jO implies 0€f(A)((T)f(.y) because |( a) and f(y) are maximal 
y ’f-round (see [7], (5.2.1)). Since SP is SP-normal, we have disjoint sets FTs(a) 
and W£&(y) for any x, y£X*, x p y ,  hence i(K) and s(lV ) are disjoint ^ -n e ig h 
bourhoods of a* and y  respectively.

One of our main results is the following

Lemma 5. I f  (X, SP) is a non-compact 7j -space, then the product (XX  X*, SPXSP*) 
is not SP-normal.

Proof. Suppose SPXSP* is SP-normal but SP is not compact. Then there 
exists a point p£X* — X  (see Lemma (5.3) of [7]). Let us consider the sets 
D = {(x ,x ): x£X }  and V = \J {s (X -F ):  F^U p)}<=**. Since SPXSP* is a T2- 
structure (see Lemmas 1, 4 and [1], (14.22)), the set D is closed and the set X X V  
is open with respect to SPXSP*. As f(p) has no cluster point, we have DczXXV. 
The SP-normality of SPXSP* implies D < X X V  for some <£SPXSP*. Then 
there are orders < x, <2£SP and a finite number of sets P i5 OxczX, Pf, Q fczX*

m m
suchthat D a  (J (P.XPf), U (QiXQ?)<=XXV, where Pt;<1 £>,■ and P fs(< 2)Q*

i = 1 1=1
( \ ^ i ^ m )  (see [1], (11.10)). There exist natural numbers nt ( ls i '^ m )  and sets 

R tj 'S t jd X  (lsE/sSw,) for which P fa  (J s(Ru), \J s(S tJ)czQt and Rij^ S ij
j =i J=i

( l i / 'S m , 1 ^yS«,-). Finally suppose -=:3£SP, < 2C < 3  and put < 33r'f_y< 3 »S’,-y for
m ni

l ^ i ^ m ,  1 ^ /^ n ,. It is easy to see that X = \J  (J Ru , consequently there are
i=i j = 1

indices i, j  such that 0 í í (p ) (n )  {P,7}. Since f(p) is compressed, this gives Pfy€f(p) 
and Sijdsip), i.e. /T s(S (J). Therefore p£V, i.e. p d s (X -F )  for some F 6 f(p), 
which is an obvious contradiction.

Let us agree that if m is a cardinal number, then by (X"\ SP'") we shall mean 
the product ( X X„, X SPa), where Ä — m and Xa — X, SPa—SP for each a£A.

a l A  a l A
ISP\' will denote the '-weight of the syntopogenous space (X, SP).

Lemma 6. Let (X, SP) be a Pj syntopogenous space. I f  (X m, SPnx) is SP-normal 
for any cardinal number m s\SPt\', then (X, SP) is compact.

Proof. Assume that (Xm,SPm) is SP-normal for any but (X, SP)
is not compact. Then there exists an y^-round compressed filter f without cluster 
points in (X, SP) (see Lemma (5.3) of [7]). Put ^ f= { < 0) and choose an '-sep
arator <3 for < 0 and SP1 with S ^  |SPt\i. It is easy to see that we can select a filter base
r a { X —S: STS} for f, and then we have x^\SPt\'. Put r ~ {R a: a£A}, A=_m. 
In the product space (X m, SPm) let us consider the diagonal D and the set Z =  X Ru.

a l A
Then D and Z are closed sets with respect to SP (see Lemmas 1, 4 and [1] (14.22)), 
besides D O Z — O because f (and at the same time r) has no cluster point. Owing 
to the SP-normality of SPm, we get D< X m—Z  for some <£SPm. Then

k k
D e l )  ( X  Pho),U ( X .) a X m—Z, there exist a finite subset A0a A  and

h — 1 a I  A /i = 1 a 6 A
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orders <a£SP (a€A0) such that P h a < a Qh a  for a£A0 and Pha =  Qha = X  for 
a£A — A0 (1 ^ h ^ k ) .  Now let < be an element of SP with U C < .  Then,

a €
with the notations Ph = P| Pha and P| Qha=Qh, we have P,,<Qh for \ ^ h ^ k .

a£A0 a£A0
Observe that the sets ph ( l ^ h ^ k )  cover X, therefore 0(ff(n) {P/,} for at least 

one index h. This implies Qh£ f by the compressedness of f. Suppose y€0/,n  f) Pa-
— a^AaDefine a point x £ X m by letting x= (xa)a€A, where x a£Ra for any a£A, in par

ticular x a=y  for a£A0. Then x ( (X  Ok )flZ  and this is impossible.

Corollary. Let (X, SP) be a Tx syntopogenous space and m = \S P t \'. I f  
(X m, SPm) is SP-normal, then (X, SP) is compact.

Proof. Use Lemma 1, [1], (11.15) and Lemma 6 .
Now we can prove our

Theorem. The following statements are equivalent for any Tx syntopogenous space 
(X,tP):

(1) (X, SP) is a compact T2-space.
(2) (XXX*, SP X SP *) is SP-normal.
(3) (Xm, SPm) is  SP-normal, where m = \S P , \l.
(4) The topology o f the space (X m, SPm) is norma! for any cardinal number lit.

Proof. (1)=>(2): In this case we have X —X* and S P ^S P *  by Lemma 4 
and property (a), thus Lemma 3 can be applied. (2)=>(1): Use Lemmas 1, 4 and 5. 
(1)=>(3) by Lemma 3, and conversely, (3)^-(l) issues from Lemmas 1, 4 and the 
Corollary of Lemma 6. (1)<=>(4): Applying the equality (X  ^ ) ip= (X  SPJp)tp

a í A  a€ A
([1], (11.23)), we can state the following equivalences: (X, SP) is a compact P2-space 
<=> (X, SPtp) is a compact T.z-space <=> (SPm)tp is normal for any cardinal number 
m (see [10], Corollary 2.2, cf. [1, pp. 134—135]).

3. In order to verify the equivalence of the statements (A)—(D) in Section 1, it 
is sufficient to observe that they correspond to conditions (1)—(4) in the particular 
case when SP={<) is the topogenous structure associated with the proximity S 
on X. In fact, (1)«-(A) and (4)-<->-(D) are quite clear. A proximity is equinormal 
iff the corresponding symmetrical topogeneous structure is SP-normal. Properties 
(a)—(d) of (X*, SP*) show that it agrees with the double compactification of (X, SP) 
whenever SP is symmetrical (see [3]). Since now SP is topogenous, too, (X*, SP*) 
is associated with the Smirnov compactification of (X, ő), thus (2)—►(B). The 
equivalence of (A), (B) and (B') is obvious. Finally the correspondence (3)—-(C) 
can be seen on the basis of [1, pp. 136—137 and 297],
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A NOTE ON THE NILRAD1CAL N  OF A RING 
AND A SUBDIRECT SUM REPRESENTATION 

OF THE RING R / N

V. PER.IC (Sarajevo)

Throughout this note R will be an associative nonzero ring which need not 
be unitary, and N  will denote the set of all nilpotent elements of R. We say that R 
is locally unitary if for any element x in R there is an idempotent ex in R with exx=  
— xex=x. If we say that two positive integers m, n are relatively prime, then we 
mean also that they can not be both equal to 1 .

Our aim is to prove the following

Theorem. Let R be an associative nonzero ring satisfying conditions

(1) (x+ y)m = xm+ ym 

(m being a given positive integer) and

(2) X"' =  x"

(n = n(x) being a positive integer relatively prime to m). Then N is an ideal o f R, 
and N — 0 i f  and only i f  R is locally unitary. Moreover, i f  N-AR then R/N is a 
subdirect sum o f fields and satisfies the condition

(3) (x + N)r = x + N (x£R), 

where r — r (x) is a positive integer given by

(4) r(x) =  n(x) — m +  1 i f  n(x) >  /??, and r (x) =  m — n (x) -f 1 otherwise.

For m — I the conditions (1) and (2) reduce to a single condition

(5) x" =  x (n = n(x) >  l)

implying according to Jacobson’s theorem, the commutativity of R ([1], Theorem 
3.1.2). We note that in any case the two conditions (1) and (2) can be replaced by 
a single condition
(6) (x + x T  = x'n+ yn
(m being a given, and n — n(y) a positive integer relatively prime to m). In 1961 
Herstein [2] proved that for an associative ring R satisfying condition (1) for a 
given integer 1, TV is an ideal of R, and R/N  is commutative. But we will 
not use this fact, and we shall prove in a very elementary manner, that N  is an ideal 
of R if R is an associative ring satisfying (1) for an integer 1. (See Lemma 1.)

This research was supported by SIZ nauke SR BiW.
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E. Psomopoulos considered recently [4] an associative unitary ring R satisfying 
condition (6 ) for a fixed positive integer n relatively prime to m. He has shown 
that such a ring R is a subdirect sum of fields. Our Theorem improves this result 
of Psomopoulos.

In the preparation of the proof of our Theorem, we prove two lemmas.

Lemma 1. Let R be an associative nonzero ring satisfying condition (1). I f  m>  1, 
then N  is an ideal o f R.

Proof. A s we have noted, this lemma is contained in a well known result due to 
Herstein ([2], Theorem 2). But we can give a very elementary direct proof. Let a, 
b£N.  Since m > l, there is a positive integer A: such that amk =  bmk = 0, and in view 
o f(l)

a, b£N  => (a — b)m'' =  amk+ b n,k = 0 => a — b£ N.

Let now x£R  and a£N. Then obviously axdN oxa ^N ,  and we will prove that 
ax£N. We can assume that a 7  ̂0. There exists an integer t >  1 such that

(7) a* = 0, a* 1 ^  0.
Therefore, according to (3)

i.e. in view of (7), 

Similarly,

(űx+ aí_1)m =  (ax)m+(at~1)m, 

(axfa*-1 =  0  (j ^  m — 1). 

at~1(xa)J =  0  (j ^  m — 1).
Moreover, in view of (7) we also have

at~1(ax)J =  (xa)j at_1 =  0 (j = 1).
Hence there is a minimal nonnegative integer k = k0 satisfying for some positive 
integer /, at least one of following four equations

(8) (ax)J ak = 0, ak(ax)j =  0, (xa)Jak =  0, ak(xa)J =  0.

If /io =  0 we understand the corresponding equation in (8 ) as (ax)J — 0 or (xa)J=0, 
hence in this case ax£N. We prove that in fact k0 must be equal to 0.

The value k0> \ can be taken neither in the first nor in the last equation in
(8), since otherwise we would have either

(xa)j+1ak°~1 =  x(ax)Jak° — 0, 
or

ak°~1(ax)j+1 =  ak°(xa)Jx  = 0.
But this value can be taken also neither in the second nor in the third equation in 
(8 ). Assume it can be taken in the second. Then surely

(ax)Jak° 9  ̂0 (j ^  1),

and for the minimal value k x of k  in the first equation in (8 ) we have kx > k0. Accord
ing to the second equation in (8 ), from

(ak° -f (ax)J)m =  (ak°)m +(ax)jm
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it follows
(9) (ax)j a(m- 1)k° + ... +(axYm- 2)ja2ko+(axYm- 1)Jak° = 0.

After multiplication on the left by (ax)**, where (ax)Jlakl= 0, we multiply (9) on 
the right by ak l~ k0 -1  to get

(ax)Jl+(̂m~1)j akl~1 =  0 ,

hence a contradiction to the assumption on to be minimal. In a similar way it 
can be shown that k0> l can not be taken in the third equation in (8 ).

Lemma 2. Let R be an associative nonzero ring. I f  R satisfies 

(2 ') x m =  x n (n =  n(x) being a positive integer different from m)

and i f  N=  0, then R is locally unitary and satisfies condition 

(3') xr' + 1 = x (x£R),

where r '= r \x )  is given by

(4') r'(x) =  m(n(x) — m) i f  n(x) >  m, and r'(x) = n(x)(m — n(x)) otherwise. 
I f  R is locally unitary and has properties (1) and (2), then N=  0.

Proof. 1) Let R have property (2') and let N=  0. For any element x in 
R we set ex—xr\  where r' = r'{x) is given by (4'). In view of (2') it is easy to see 
that ex is an idempotent. Namely, for n = n(x)>m,

p i  _  j ^m(n-m)  -^m(n-m)  __ ^m(n  — m) + (« — m)  ̂ .(m — X)(n — m) _

_  ^m(n  — — l)(/i — m) _  _  ^.m(n — m)^.n — m _  ^ m ( n - m )  __

For 7j =  n(x)<m we conclude similarly that e\  — ex. It is clear that exx =  xex =  
= exxex. Thereby,

(x2ex- x2)r' =  xr\ xex~ x)r' =  {exxex- exx){xex- x)r' - 1 =  0,
and hence

x2ex—x2 — 0.
But then from

(xex — x)2 — x2 — x2ex — 0
follows

exx  =  xex — x,
hence R is locally unitary.

Since ex—xr', where r' = r'(x) is given by (4'), we have also (3').
2) Let now R be an associative nonzero locally unitary ring satisfying (1) and

(2), and let a be any element of N, i.e. am=an{a)= 0. Repeating in fact the reasoning 
of ([3], Claim 2), we will prove that a = 0. Assume a ^ 0 .  Then there is an integer 
t>  1 such that (7) is valid. Moreover, there is an idempotent ea in R with eaa = 
= aea=a. Thereby, in view of (1)

(ea+ a t_1)m =  e"+(at~1)m, i.e. ea+ma,~1 = ea,
hence
(10) ma,_1 =  0.
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But according to (2),

fo  +  a '-1)" =  (ea + at~1)m =  ea, n =  n(c„ + ai- 1), 

hence because of (7)
(11) =  0.

Since m and n are relatively prime, from (10) and (11) follows a f-1 =  0, in con
trary to (7). Hence a — 0, i.e. N=0.

Now we get to the proof of the theorem. If an associative ring R satisfies (1) 
and (2), then for m = l, JV=0, and for m >  1, TV is an ideal of R according to 
Lemma 1. If N a R, the ring R/N  is also an associative nonzero ring satisfying
(1) and (2) (with x  + N  and y + N  instead of x  and y, where x, y£R). Moreover, 
R /N  has no nonzero nilpotent elements, and thus in view of Lemma 2, R/N  is 
also locally unitary. It is well known that R/N  can be represented as a subdirect 
sum of subdirectly irreducible rings R t (i£I) ([1], Lemma 2.2.3). By definition of 
the subdirect sum, for any /£ / there is an epimorphism f t: R-*Rt. Consequently, 
any R t satisfies (1) and (2) (with f ( x + N ) , f ( y  + N ) instead of x, y, where x ,y£R )  
and is also locally unitary. Therefore, none of R/s  has nonzero nilpotent elements, 
and hence none of R/s  has proper zero divisors ([3], Lemma 3). But then each 
satisfies the condition

( ft(x + N )y = M x + N )  (*€*),
where r = r(x) is given by (4). Each Rt is hence a division ring, and thus a field, 
according to the “division ring case” of Jacobson’s commutativity theorem ([1], 
Lemma 3.1.3). Consequently, R/N  is a subdirect sum of fields and R/N  satisfies
(3), where r = r(x) is given by (4). Especially, R/N  is a commutative ring, a fact 
following from (1) if m>  1 ([2], Theorem 2). Finally, according to Lemma 2, N ~ 0 
if and only if R is locally unitary.

From the Theorem follows immediately

Corollary 1. Any locally unitary associative nonzero ring R satisfying (1) and
(2) can be represented as a subdirect sum o f fields. Moreover, for any element x  in 
such a ring R we have x r=x, where r = r(x) is given by (4).

As a special case of this corollary we have the main result of [4]:
Corollary 2. Any unitary associative ring R satisfying (6) is a subdirect sum 

offields.
Remark 1. The fields R t in the subdirect sum representation of R/N  in the 

theorem and of R in the corollaries are of very special kind. Because of (3) in the 
case of the theorem and because of xr—x  in case of the corollaries, the fields /?, are 
algebraic over corresponding prime fields Pt of characteristic 0. Moreover,
if m>  1, then by (1) p t divides 2m—2 and thus the set {pp. id l)  is finite. If m 
is not a power ofp,-, then for any x t in Rt from (x i + ei)m= x’/'+ei we have an algebraic 
equation of degree —1 over Ph hence Rt is a finite field of at most ele
ments. But the fields Rt with m=p\ can be infinite if the set {«(x): x£R} of integers 
n(x) in (2) is not bounded.
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R emark 2. For an associative nonzero ring R with the property (6) we can 
have N = R  even in the case when n is a fixed integer. For instance, let F be any 
field and let R be the ring of all upper triangular matrices of order m + 1 over 
F having zeros on the main diagonal, where w>  1 is a given integer. Then N = R  
and R is an associative nonzero ring having property (6) for any given integer 
77>m  relatively prime to m. Moreover, this ring R is not commutative.

Remark 3. Let Rx be the ring from Remark 2, and let R2 be a subdirect sum 
of fields satisfying (6) for some integer n>m  relatively prime to m. Then the direct 
sum R = Rx(BR2 of Rx and R2 satisfies the same condition and has the nilradical 
N ^ N X, hence different from 0 and from R. Moreover, the ring R is not commu
tative.
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ON COUNTABLE CODIMENSIONAL SUBSPACES 
IN ULTRA-(DF) SPACES

J. KAKOL (Poznan)

As it is known [3, p. 35] a linear subspace of finite codimension in an Ultra-(/)F) 
space is again an Ultra-iDF) space. In this paper it is proved that an infinite count
able codimensional subspace G of an Ultra-(Z)F) space E  is an Ultra-(DF) space, 
provided G has the property (b), i.e. for every bounded subset B of E  the codimension 
of G in the linear span of GOB is finite. It is shown also that the property of 
Ultra (DF) spaces is maintained in subspaces of infinite countable codimension, 
when the initial Ultra-(Z)F) space is sequentially complete and boundedly summing 
(in the sense of [1]), or an ultrabarrelled space. In particular the Valdivia’s result of 
[9] is obtained.

Introduction

In [5] Grothendieck introduced the class of (DF) spaces using for their defini
tion properties of the strong dual of a Fréchet space. A locally convex space F  
is said to be a (DF) space if it has a fundamental sequence of bounded sets and 
every strongly bounded subset M  of E ' which is the union of countably many equi- 
continuous sets is also equicontinuous. It is well-known that this definition can be 
replaced by the following one: E  is a (DF) space if it is an K0-quasibarrelled space 
and has a fundamental sequence of bounded sets. As observed in [7, p. 401] a sub
space of a (DF) space need not be a (DF) space. In [9] Valdivia proved that the 
(DF) property is hereditary to a subspace of finite codimension. The property is 
also maintained in subspaces of infinite countable codimension, when the initial 
(DF) space is sequentially complete, or a barrelled space. In [4] Ernst extended 
the notion of (DF) spaces to the class of all topological vector spaces (tvs) in the 
following way: A tvsE' is an Ultra-(DF) space if it is an K(>-quasiultrabarrelled space 
and has a fundamental sequence of bounded balanced sets.

Following [1] a sequence (U/) of balanced absorbent subsets of a linear space 
E  is called a string if Uj+1 + Uj+1c: Uj for all /GN. A string (Uj) in a tvsE' is 
closed, if every Uj is closed in E\ bornivorous, if every Uj absorbs all bounded sets 
of E\ topological, if every Uj is a neighbourhood of zero in E.

We recall [1] that a tvs F  is ultrabarrelled (cjuasiultrabarrelled) if every closed 
(and bornivorous) string in E  is topological; E  is ^-cjuasiultrabarrelled if every 
bornivorous string, which is the intersection of K0 closed topological strings, is 
topological in E. In [1] the authors studied these spaces under the names quasi- 
barrelled, barrelled. A fundamental sequence (Bn) of bounded closed and balanced 
sets we shall call an f-secjuence. Without loss of generality we may assume that 
Bn + BnczBn+1 for all /iGN.
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Throughout, we consider only Hausdorff tvs over the field K of the real or 
complex scalars. A tvs E  with the topology t is denoted by (E, x) or simply by E. 
By (G, x\G) we shall denote a subspace of E  endowed with the induced topology. 
For a subset A of (E, x) by A we shall denote the closure of the set A with respect 
to the topology x.

Results
We shall need the following

Proposition 1 (see [6, Lemma 2.6]). Let E be a tvs and G its subspace o f finite 
codimension with a co-base (xly x 2, xp). I f  (B„) is an f-sequence in E, then

(Bnf)G + 2H{ 2j aix L fill ^  11) is also an f-sequence in E.
1 = 1

The locally convex space case was obtained also by Ruess [8], Theorem 2.5. 

Corollary 1. Let E  be a tvs and G its subspace o f infinite countable codimension
_____ n

in E with a co-base (x„). I fG  has the property (b), then (Bn Pl G +  2" { f f  al x t: la  ̂= 1})
i=l

is an f-sequence in E, provided (Bn) is such a sequence in E

Recall that according to [I], p. 74, a tvs IT is boundedly summing if for every 
bounded subset B of E  there exists a sequence of scalars (a„), a„?±0, such that
co n
U 2  akB is bounded. Every metrizable tvs is boundedly summing. Almost con-

n = l *=1
vex, locally convex, locally pseudoconvex spaces are boundedly summing.

P roposition 2. A tvs (E, x) is boundedly summing i f  and only iffor every bounded 
and balanced subset B o f E  there exists a metrizable tvs Y and a one-to-one con
tinuous linear map T  o f Y into E  such that T~1(B) is bounded and Be. T(Y).

P roof. Suppose E  is boundedly summing and let B be a bounded and balanced 
subset of E. There exists a sequence (an) of K with a„^0, a„+1̂ a„, and such that

CO /7 00 /7

U 2  akB is bounded. Let EB be a linear span of B. Putting Vp.— (J 2  ak,iB,
n = X k = l  n = l k = l
/£N, we obtain a metrizable linear topology xB generated by the string (V,). Clearly 
x\Eb^ xb and B is r B-bounded. Since every metrizable tvs is boundedly summing, 
the proof of the second part of our Proposition 2 is obvious.

Corollary 2. Let E  be a sequentially complete tvs and let (A„) be a sequence 
o f closed and balanced subsets o f E  whose union is E. Let B be a bounded balanced 
subset o f E. I f  E is boimdedly summing, or B is absolutely coiwex, then there exist 
a£ K and m£ N such that B e a (A m+Am).

Proof. The case when B is absolutely convex is well-known, for instance see 
[8, Lemma 1.1]. We prove the boundedly summing space case. There exists a metriz
able tvs Y  and a one-to-one continuous linear map T  of Y  into E  such that T ~ \B )  
is bounded and B e  T(Y). By f  we denote the extension map of T from the comple
tion Y of Y into E. To conclude the proof it is enough to apply the fact that Y is a 
Baire space and f~ \A f i  covers Y.
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We shall need the following fact (cf. also [1, (8), (9), p. 267—268]).

P roposition 3. Let (E, x) be an ultrabarrelled tvs and let (Bn) be a sequence 
of dosed bounded and balanced subsets o f E  whose union is E and such that B„ -f Bn c  
czBn+1 for all /7£N. Then (B„) is an f-sequence in E.

Proof. Suppose that there exists a r-bounded set B which is contained in no 
Bn. For every there exists x„dn~iBy xn <{Bn suchthat xn~* 0. There exists a
sequence (£/") of x-topological strings in E  such that x ndBn + U f  Putting
Vj-.= P| (B„-j+i+  Uj+1) we obtain a r-topological string, but xn^.V1 for all ti(;N,

n = j
a contradiction.

Proposition 4. Let (E, r) be an K0-quasiultrabarrelied tvs with an f-sequence 
(B„) and let G be its dense subspace o f infinite countable codimension. I f  G has 
property (b), or i f  E is a sequentially complete boundedly summing space, or i f  E is 
ultrabarrelled, then (Bn D G) is an f-sequence in E.

P roof. Our proof uses an idea from [8], Proposition 3.5. Let E:= 1J BnOG
_______ n = l

and let y be the finest linear topology on E  agreeing with x on the sets BnOG. Observe 
that y\F is the finest linear topology on F agreeing with x\F on the sets BnC\G. 
Indeed, let H be an algebraic complement of F in E  and let 3 be an arbitrary linear 
topology on H. If q denotes the finest linear topology on F such that Q\B„r\G = 
— t\ Bn n G, ndN, then the product topology a :={?X# satisfies cl\F—q. Hence 
we obtain q — y\F. Now we prove that x =  y. Let (x„) be a co-base of G in E. In 
view of Corollary 1, Corollary 2 and Proposition 3 the sequence of the sets

________  n
Kn:=BnC\G-\-2n^ ^ l aix i\ |űr,-| =  1} composes an /-sequence in E. Moreover, by

i=l
Lemma 2.6 of [8], we have y\Kn — x\Kn for all ndN. Since E  is an K0-quasiultra- 
barrelled space, in view of [1, (7), p. 87], we have x=y. Applying [1, (11), p. 89]

we obtain E = F — |J  BnC\G. We complete the proof using again Corollary 2 for
71 = 1

ft
the compact absolutely convex sets 2" ( £  a{ : iüf|^  l}.

Í = 1
Theorem 1. Let E be an Ultra-fDF) space and G its subspace o f infinite countable 

codimension. I f  G has property (b), or i f  E is a sequentially complete boundedly 
summing space, or i f  E is ultrabarrelled, then G is an Ultra-(DF) space.

Proof. Suppose G is closed in E. Let (xr„) be a co-base of G in E. For every 
ndN let G„:=(j-Flin {x1} x 2, ...»xr„). By Corollary 1 and Proposition 2 every 
bounded subset of E  is contained in some G„. Hence on account of [1, (7), p. 87] 
E  is the strict inductive limit space of the sequence (G„). This implies that G has a 
topological complement in E, and G is isomorphic to a quotient space of E  by a 
closed subspace of countable dimension. Hence G is an Ultra-(DF) space. Let G be 
dense in E  and let (£/”) be a sequence of topological closed strings in G such that

Uj— P| Uj is bornivorous in E. Since p  U"Z) f] U"=Uj for all jdN , then
«=1 »i=i »»=1
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( n  Uf) is bornivorous in E. Hence ( f) U-) is a topological string in E, and
n=l n—1

so (Uj) is topological in G. If G is neither closed nor dense in E, the proof of this 
case is an easy consequence of the above cases.

Since every locally convex tvs is a (DF) space if and only if it is an Ultra-(Z)F) 
space, [2, (5), p. 260], we obtain the following Valdivia’s result of [9].

Corollary 3. Let E  be a sequentially complete locally convex (DF) space and 
let G be its subspace o f countable codimension. Then G is a (DF) space.
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PUNKTWEISE ABSCHÄTZUNGEN ZUR APPROXIMATION 
DURCH ALGEBRAISCHE POLYNOME

H. GONSKA (Philadelphia/Duisburg) und E. HINNEMANN (Wesel)

1. Einleitung

Im Jahre 1951 verfeinerte A. F. Timan [11] den wohlbekannten Satz von Jackson 
in der Weise, daß er zu jedem /£ C r [— 1, 1], r^O, eine Folge von Polynomen vom 
Grad =n angab, die für alle |x |^ l  den Ungleichungen

(1.1) l/(*)-A ,(*)l =  cAn(x)r AJx))

genügen. Hierbei ist A„(x):= y i - x 2 i4— und ö)1( / (r), •) bezeichnet den ersten
n ír

Stetigkeitsmodul der r-ten Ableitung von f . In der Folgezeit ist diese Aussage in 
einer Reihe von Arbeiten verbessert worden. Die Untersuchungen gingen dabei im 
wesentlichen in drei Richtungen:

A. Konstruktion von Polynomen, die f  simultan approximieren. Ein typisches 
Resultat in dieser Richtung ist dabei (vgl. R. M. Trigub [12]) die Ungleichung

( 1.2) l / (t)(*)-/>ik)(*)l =  cAn{x)r fcco1( / (r), An(x)), 0 ^ k ^ r .

1/ ] —x 2
B. Ersatz von J„(x) durch r„(x):—-------- . Hier wurde die Ungleichung

(1.3) \f(x) -  p„ (x) I ss ern (x)r ojx (f (r), r n (*))

zuerst von S. A. Telyakovskii [10] und I. E. Gopengauz [5] angegeben.
C. Ersatz von o)x( f (r), •) durch einen Stetigkeitsmodul höherer Ordnung 

ws( / (r), •), s^ 2 .  Ein allgemeines Resultat in dieser Richtung stammt von 
Ju. A. Brudnyí [1]; die Ungleichung lautet

(1.4) \f(x) - pn (x)I cAn (x)r cos( / (r), An (x)).

Im Jahre 1967 bewies I. E. Gopengauz [5, 6] Kombinationen von (1.2) und 
(1.3), sowie von (1.2) und (1.4). Er zeigte Ungleichungen vom Typ

(1.5) l / <l|W - r f ,W | s c / ’„(xy-‘£0l(/<'>,r„(x)). o s i s r ,  
und
(1.6) | / (k)(x)-/?<fc)(x)| ü  cA„(x)r- kcos( ß r\  An(x)), 0 =£ k ^  r.

Hieraus ergab sich die Frage nach weiteren Verallgemeinerungen und Kom
binationsmöglichkeiten der oben skizzierten Aussagen. Beiträge in dieser Richtung 
stammen von R. A. DeVore [2, 3] und den Autoren [8], die in Verallgemeinerung
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von (1.3) Abschätzungen des Typs

(1 -3') I f ix )  - p n (x)| cFn (x)r(o2( f <r\  r n (x)), r i? 0,
bewiesen.

In der vorliegenden Arbeit soll zum einen gezeigt werden, daß eine Verall
gemeinerung von (1.3) in Richtung auf (1.4) möglich ist, nämlich

(1.7) \ f ( x ) - p n(x)\ =  crn(x)r(os( f ir), T„(x)) für r ^ s - 2

erreicht werden kann. Zum anderen werden wir für r ^ s ^  1 eine Kombination 
von (1.2), (1.3) und (1.4) beweisen und so zu einer Aussage vom Typ

(1.8) | / (k) (*)-/>,(,fc)(x)| ^  crn(x)r~k(os( f ir), T„(x)), r - s ,

gelangen. Die zugrundeliegenden Approximationsprozesse 0„ sind dabei sämtlich 
linear und nach einem einheitlichen Aufbauprinzip konstruiert.

In der gesamten Arbeit ist ||/ j |= su p  { |/(x ) |: |x |^ l} . Alle Konstanten hän
gen nur von den angegebenen Indizes, nicht aber von / ,  x oder n ab.

2. Glättung von Funktionen

Ein wichtiges Hilfsmittel bei den Beweisen unserer Sätze wird das Prinzip der 
Glättung differenzierbarer Funktionen durch solche mit höherer Differenzierbarkeit 
sein. Das folgende Resultat geht auf M. W. Müller [9] zurück.

Satz 2.1. Für /6 C r [ — 1, 1], r£N0, beliebiges hd( 0,2] und jede natürliche Zahl 
r+ s> r existiert eine Funktion Fh = Fhr+sdC2r+s[ —1,1] mit den Eigenschaften:

(i) ll/(0- ^ r - J I  =  c(or+s„ i(fU), h), 0 == / r,
und

(ü) IIK r ++Sll = ch-(r+s)cor+s( f  h).

Hierbei hängt die Konstante c nur von r +s ab.

Für unsere weiteren Untersuchungen benötigen wir folgendes Korollar aus 
Satz 2.1, welches sich aus elementaren Eigenschaften höherer Glattheitsmoduln 
ergibt. In seiner Formulierung benutzen wir die zusätzliche Konvention a>0( f  •) =
=  11/11.

K orollar 2.2. Für natürliche Zahlen r, s^O, /£ C r[ —1,1] und beliebiges 
hd(0,2] existiert eine Funktion Fh = Fh r+f C 2r+s[ — 1, 1], so daß gilt:

(i) ' /" ' - f f c '1'! = i r. ,Ä'~ l" V /'ri. h) f ü r  O í i S í ,

(ii) Ä, I / i ,+')| ä i , , A ( / ,V l).
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3. Folgerungen aus der Ungleichung von Dzjadyk

Wir werden unten verschiedentlich von folgender Ungleichung Gebrauch 
machen.

Satz 3.1 (V. K. Dzjadyk [4, Theorem 7.1.3]). Wenn für eine reelle Zahl p das 
algebraische Polynom pn vom Grad n für alle Punkte x£[ — 1, 1] der Abschätzung

|fl,(*)l =  MAn(x)p, M  = const.,
genügt, so erfüllt für eine beliebige natürliche Zahl k  seine k-te Ableitung die Unglei
chung

l/>,(,fc)0)l =  A^M A^x)”-*,
wobei A x eine Konstante ist, die nur von p und k abhängt.

Satz 3.2. Sei r^O. 1st f£ C r[ — 1, 1] und pn ein Polynom vom Grad n ^ r , so 
daß fü r alle |jv| = 1 gilt:

If ( x ) - p n(x)\ ^  crAn(x)r | | / (r)||,
dann ist fü r  O ^ k ^ r

\ f w ( x ) - p « \x )\§
B ew eis. Lemma 1 in R. M. Trigubs Arbeit [12] zeigt, daß für n ^ r ,  r^O  und 

/<cCr[ —1,1] stetsein Polynom i/„6J7 existiert, so daß für O ^ k ^ r  und [x |á l  die 
Ungleichungen

| / (i,(*)-<7<*)(x)| ^ ^ A rAn{x y -ko ) f f {r\  An(x)) ^  ArAn(x)r~k | | / (r)||

gelten. Nun ist p„ — q„€nn und

\p*(x)-qn(x)| ^  (cr + Ar)A„(x)r | | / (r)|!.
Satz 3.1 impliziert für O ^ k ^ r  die Abschätzungen

\P(nk) (x) -  q(„k)(x)| ^  BrAn(x)r~k | | / (r)l .
Also ergibt sich

l/WM -r f,)(*)l *  I/1*1 ( x ) -q l„t)(x)\ + \q™(x)- /><*'(x)| §
S ( A r + Br)A„(xy-l l f l'>\\. □

Satz 3.3. Sei r^O  eine natürliche Zahl und Pn: C[ — 1, 1] — /7„, n ^ r , eine 
Folge linearer Operatoren, so daß gilt:

(i) 11 /̂11 | c 2||/ll fü r  alle /<EC[-1,1],
und

(ü) | / ( x ) - i >JI/(x )| == cxAn( x f  für alle |x| == 1 und alle f£ C r[ -  1, 1].
Dann gilt für O ^ k ^ r  und alle /£ C r[ —1,1]

!<T„/)W!I ^  c l l / “ ,|.
Wenn c1 und c> nicht von n oder f  abhängen, so auch c3 nicht.
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B ew eis. Für r =  0 ist die Aussage offensichtlich richtig; sei also r ^  1. Sei k 
fest in {1,..., r}, x fest in [ — 1,1] gewählt und /?d(0,2] vorgegeben. Sei rk:=k 
und sk:=r — k. Aufgrund von (ii) gilt für alle /£ C r[ — 1, 1] =Crx+sk[— 1, 1];

\f(x)-P „ f(x)\ ^  c1An(x)r | | / (rfc+sic)||.

Wir benutzen Korollar 2.2 mit r=rk und s= sk. Also existiert eine Funktion 
Fh = ^*,r€C,rk+sk[ — 1, 1], so daß gilt:

(0 WfU)- F h ’\\ = crk,Skhrk j wSk( f (r«\h) für 0 = j  = rk
und

(ii)
Damit ist

h’- W F ^ W  ä r . , « , ! / ' . ' ,  h).

\ f( x ) -P J (x ) \  §  \ f ( x ) - F k(x)\ + \Fh(x ) -P nFh(x)\ + \P„{Fh- M x ) \  =»

a  I f - F . i + c M x r i F n i + c A h - f W  S
a  (1 + c2)cr̂ J f^ ( a sJ f (r. \  h) + c1An(x)'crk̂ h - ‘'.íú,k( f ' i . \  hl. 

Wählen wir nun h = An(x), so ist also

\ f ( x ) - P nf(x )\  ^  (1 +c2+c1)crk!SkAn(x)kcor_k( f ik\  A„(xj) ^  

^ 2 rci An(x)ky (k)\\.
Satz 3.2 impliziert nun

\ f <J>(x)-(P„fYHx)\ a  c5 A „(xf-l !|/<‘>|| für k.
Die spezielle Wahl j= k  liefert also

!/“>(*) -(,P„f)wMl a
was wiederum

l l ( i>„ / ) , ‘ , l  a  (1  + c 5) | / « > | |  =  c , l / w I
impliziert. Da diese Überlegung für k=  1, . . . ,r  durchgeführt werden kann, ergibt 
sich die Behauptung. □

4. Ein Satz vom Brudnyi—Teljakovskii-Typ

In diesem Abschnitt beweisen wir die Gültigkeit einer Kombination von (1.3) 
und (1.4). Wesentliches Hilfsmittel ist dabei Satz 4.2, dessen Beweis auch die Kon
struktion der Operatoren On enthält, für die wir dann im Satz 4.3 die gewünschte 
Ungleichung beweisen.

Zentral für die Konstruktion der 0„ wiederum ist das folgende Lemma, welches 
in ganz ähnlicher Form bei R. M. Trigub [12] zu finden ist.

Lemma 4.1. Seien n*,m ,pdN 0 mit n * ,m ^  1. Dann existiert ein Polynom Ts 
vom Grad N ^ (2 (m — 1 )+/?)(»* —1)/2, so daß für alle jx |^ l  die Ungleichung

\xp — x p+Zm Tx(x2)\ 3  ^
erfüllt ist.
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Satz 4.2. Sei r^O, s ^ l ,  n^m ax (4 (r + 1), r+s). Dann gibt es lineare Opera
toren 0„ = Q f s): Cr [ - 1 ,  1 ] -  n n, so daß gilt:

(i) (QnfYk)(±  1) =  f (k)(±  1) fü r  alle f£ C r[-  1, 1] und 0 =§ fc ^  r,
(ii) \ fw (x)-(Q„f)W(x)\ ^  Ar'SAn(x)r+' - k\ \ f r+* I 

fü r  alle /€ C r+s[ — 1, 1], |x |^  1 und O ^ k ^ r + s .

Beweis. 1. Schritt: Konstruktion der Operatoren Qn.
a) Sei L„: C [— 1, 1] — 77,, der lineare Operator von DeVore (oder ein anderer 

Operator), der für n ^ p — 1 der Ungleichung

\ f ( x ) - L nf(x )\ == cpcop( f  d,,(*)), / € C [ -  1, 1], \x\ 1,

genügt. Setze p — r + s.
b) Sei Rx: Cr[— 1, l]-1'/72r+i der Hermite-Interpolations-Operator, so daß für 

ö ^ k ^ r  eilt:
(Ä1/ ) « > ( ± i ) = / <‘>(±i).

Dann hat Rxf  die ̂ Darstellung (vgl. [10]):

Rifix)  =  i o - ^ V ^ D ^ W + ^ C - O ^ i x ) } ,
i = 0

wobei A {, Bi^ n 2(r- i)+i und M,|| rEar, M  ^ b r für O si/^r.
c) Sei R2 n: Cr[— 1, \]-*Tln gegeben durch

* 2 x) =  Í  (1 - * y +1+,- vmTNl( 1 - x 2) { / (i> (l)^ ,.(x )+ /(i)( -  l)Ä,.(jr)}
i =  0

mit Ai und Bt aus b) und den Trigub-Polynomen TN. aus Lemma 4.1, die zu den
Wahlen n* ■ m — r+ 1 — — | und p — i gehören. Man verifiziert, daß[4(r +1)
R2n wegen n ^4 (r+ \)  tatsächlich in /7„ abbildet und daß ferner die Gleichungen 
(^ 2,n /)(k)(±  1) =  0, O ^ k ^ r ,  erfüllt sind.

d) Wir definieren den linearen Operator R„: Cr[ - l , l ]  — /7„ durch R„:=Rl — 
— R>,„ und die Boolesche Summe Qn von Rn und L„ durch Q,,:=Rn ©L„ :=Rn + 
+ Ln — RnoLn (vgl. z. B. W. Gordon [7]). Dann gilt für jedes /£ C r[— 1, 1] und 
O ^ k ^ r :

(,Q J)m (±  1) = (* „ /)w (± i ) + ( U / ) (i)(± 1) - ( ä„(l „ /))w (±1) =

= / “ >(+ D + d . / ) « ’!*  l ) - ( L , / ) TO(± 1) =/<*>(+1).
Also erfüllen die Operatoren Qn die Eigenschaft (i).

2. Schritt: Abschätzung von | / (fe)(x) — (Q„fYk)(x)\. Wir haben für 0 ^ k ^ r  + s 
die Differenz

!/«>(*)- ( ß „ / ) « )(*)| s
s  | / ‘>(*>-(r„/)<«W I+|(Äno ( id -£ ,) ( /) )« )w | := n lk u ) + a ik (x)

zu betrachten.
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Nach obiger Wahl von Ln (für p = r+s) ergibt sich, daß für r^O  und n ^ p  — 1 =  
= r+s — 1 die Ungleichung

\f(x )-L „ f(x ) \  ^  cr+scor+s( f  J„(x)) ^  cr+sJ„(x)r+s| | / (r+s)i| 

für f(LCr+s[— 1, 1] gilt. Satz 3.2 impliziert nun für n ^ r + s

n tfk(x) =  I /w (x) - ( l ,/)<‘>w i s  Mr+Jd„(x)'+- ‘ !i/,'+s>||

für 0 si /c ̂  r -f
Unter Benutzung von Lemma 4.1 ergibt sich ferner für den zweiten Sum

manden

/I2,o(*) = I 2  ( f t t f W l  - x 2y - ( } / r ^ - ) 2(r+1Hi~2lil2% X \ - x 2)] •
i =  0

• l ( f -L . , f f> ( l )A l( x ) + ( f- L nn u\ -  1)B,W]| =é

i-0

•Mr+S( 4 j  ' l/fr+-)| („, +  &,) a

i=o n
Satz 3.1 liefert dann

J72,k(x) sé ArtSán(xy+s- kU ^ l  für O ^ k ^ r + s .  □
Wir kommen nun zum Hauptergebnis dieses Abschnitts.

S a t z  4.3. Es sei s ^  1, r ^ s  —  2 und ns^4(r + 1). Dann genügen die linearen
y  \ - x 2Operatorén aus Satz 4.2 mit r n(x)= ---------  der Ungleichung

\ f ( x ) - Q nf(x)\  =s dr>sr n(x)rojs(Jir\  r„(x))
für alle f(LCr[—1,1] und alle |x |^ l .

B e w e i s . Sei x  fest in ( — 1, 1) und /*£((), 2] vorgegeben. Wir benutzen Korol
lar 2.2. Danach existiert eine Funktion Fh£Cr+s[— 1, 1] mit

(i)
sowie

(ü)

| / “ ) - í í * , || a  c,,,hr l‘a>,(f<r>,ft) für 0 =ä k s  r,

h ° I F r * l * c r,it0, ( f ir\h ).

Unter Benutzung von Fh zerlegen wir \f(x )  — Q„f(x)\ in

! / w - f „ w i + | / i w - ß » - f ; w i + i ß » n w - e » / w i s

mc,',W<0A f r\h )  + \Fi (x )-Q .F k(x)\ + \Q,Fh(x )-Q .ftx ) \.

Acta  Mathematica Hungarica 46, 1985



APPROXIMATION DURCH ALGEBRAISCHE POLYNOME 249

Zur Abschätzung von \Fh(x) — OnFh(x)\ betrachten wir zunächst ein beliebiges 
g£Cr + s[ — 1, 1 ]. Satz 4.2 (dort /i^m ax (4 (r+ 1), r+s}) liefert

|g<*)W -(ß„g)w W |S ^ r,1J „ ( * r 's- “Igfr+>>I für

Für |/1 — .x2/ /? ^ l /n2 ergibt sich hieraus unmittelbar

j/1 —x2 V\g (x )-Q ng ( x ) \^ 2 r+°Ar'S »(»■+s)li

Für V1 - x 2/w< 1 /n2 und x > 0  erhält man
i i  i

\g(x)~Qng(x)\ =  \ f  f  ... f  (Qng-gyr + 1)(l<r + l)dUr + l~-dUi\ ^
* u, ur 

1 1  1
-  /  / • ' • /  \(Qng-gYr + 1)(^r + l)\dur + 1...du1 ^

x »i »r
1 1  1

-  /  / " •  /  ^ r,S4,(«r + l)S 1||g(r + S)MWr + l " dux.
X U J ur

Wegen J„(Mr+1)^^„(x )^2 /w 2 ergibt sich weiter

I g (x) Qn g (A) I — -df, s~S~ ̂  2(1-TT lig(r + S)il / / • • • /  1 dur+1...du1 =
X U, M-

=  ^ , s 2s- I - ^ 4 r ir l |g <r+!>|| (1 - * ) r+1 — ^ , , 2 * - 1 -j?iF j r i g <' + ,)I ( l ' l  - X 2)2r+2 =

= r)„t 2' - i  V 1 ~ * 2 |g"-+» [ ( « | / l - x 2)r+2- ! ^ / ( r,s2* ■ r í V ' l - ^ r (r  +  s)||

Es ist festzustellen, daß wir soeben die einzige Stelle unseres Beweises passiert haben, 
an der von der Bedingung r ^ s —2 Gebrauch gemacht wird.

Für / l  — x2/«<  l/n2 und x < 0  gilt die gleiche Abschätzung. Damit ist also 
für alle g£.Cr+s[— 1,1] die Ungleichung

|g (* )-ß .g (* )l s  r+ 'A '' ,r .(xY+'\g<'+‘>\

bewiesen. Wählen wir nun für g die Funktion Fh vom Beginn dieses Beweises, so 
ergibt sich für 0 < /i^ 2

|P .(* )-ß .F .(* )l : ; 2 '+M .„r„(x)'+ ,||F ^+i,| S  2r+Mr,s/ ’„(xy+*cr,!/i- ’fi)s( / <r),
Die verbleibende Größe \Q„Fh(x) — Q nf ( x ) \  ist gleich 

\Ln(Fh- f ,  x ) + R no ( I d - L n) (F h- f ,  x)\.

Zunächst ist wegen ||L J |^c  für alle N und alle /i£(0,2]

IL .(F „ -f , x ) |a  lirj ||F „ -/|| S ccr,,Wa>s(/<'>, ft).
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Der verbleibende Ausdruck |/?„o(Id — L„)(Fh —f  x)| kann ähnlich wie oben abge
schätzt werden (vgl. den letzten Teil des Beweises von Satz 4.2). Man erhält

i j ? ,o ö d - r , ) ( í i - / * ) i  *  ( i + a )!(f , - /) « ! (« ,+ * ,)
i=o  n

mit der Konstanten c3 aus Satz 3.3.
Unter Benutzung der Abschätzungen für [|(Ffc—/ ) (i)|| für ergibt sich,

daß die zuletzt betrachtete Summe kleiner als oder gleich

2  ciA  1 +c3)cr<s(ar + br) r n(x)ih - icos( f r\  h) ^  ertS 2  h)
i=o i=0

ist; hierbei ist er>s eine nur von r und 5 abhängige Konstante.
Zusammenfassend gilt also für x £ (— 1, 1) und jedes h£(0,2] die Abschätzung

l / W - a / W I  ^  c„h'< o,(ß '\ h)+Z-+‘Ari,r„ (xy +lcr,sh -a > ,(p '\  h) +

+c ■ h)+e,iS Z  r J x ) ‘h' '<’>Af"K ><)■
i = 0

Wählt mannun h = r n(x)>  0, so ergibt sich zunächst für :v£( — 1, 1) die Ungleichung

\ f ( x ) - Q nf(x )\ ^  dr>sr n(x)rcos( f (r\  r n(x)).

Wegen der Interpolationseigenschaft von On an den Rändern des Intervalls gilt die 
behauptete Aussage auch für ±1. □

5. Simultanapproximation durch die Operatoren Q n

Dieser Abschnitt enthält im Satz 5.4 eine quantitative Aussage zur Simultan
approximation durch die oben konstruierten Operatoren Qn. In Satz 5.5 wird 
schließlich die oben angekündigte Kombination der Aussagen (1.2), (1.3) und (1.4) 
bewiesen.

Um nachzuweisen, daß für alle /£ C r[ —1,1] und O ^ k ^ r  die Ableitungen 
/ (fc) durch (Q„f)ik) approximiert werden und dies über punktweise Abschätzungen 
einzusehen, verwenden wir die folgende erweiterte Version der Ungleichung von 
Dzjadyk.

S a t z  5.1 (V. K. Dzjadyk [4, Theorem 7.1.3']). Wenn für festes p>  0 und eine natür
liche Zahl j ^ l  das Polynom pn vom Grad n für alle x€[ —1, 1] der Ungleichung

|A(*)I *  MAn(xy<o,(f, A.(x)), P C [ - 1,1], 

genügt (M =const.), so gilt für jede natürliche Zahl k, daß p (f ] die Ungleichung

\p(A(x)\ = AMAn{x)p- ka>Xf d„(*))

erfüllt; hierbei ist A — APtStk eine Konstante, die nicht von x£[ — 1, 1] und « = 1 ,2 , ... 
abhängt.
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Dieser Satz ermöglicht zunächst die folgende Erweiterung von Satz 3.2.

S a t z  5.2. Es seien r^O, s ^  1. Ist f£ C r[ — 1, 1] undpn ein Polynom vom Grad 
n ^r+ s , so daß fü r alle x£[ —1,1] gilt:

\f(x)-p„(x)\ =2 cr>sAn(x)ra)s( f (r\  d„(x)),

so gilt für O ^ k ^ r :

\ f (k)( x ) - p {nk\x )\  ^  MrtSAn{x)r- k(os( f (r\  d„(*)).
B e w e i s . Für r= 0  ist offenbar nichts zu zeigen. Sei also r ^ l .  Nach Sätzen 

von R. M. Trigub [12, Lemma 1 und Bemerkung 1] (für den Fall s = l ,  2) bzw. I. E. 
Gopengauz [6, S. 205] (für s> 2) existieren zu r, s^O , n ^ r + s  und /€ C r[ —1,1] 
Polynome mit

\ f ik)( x ) - q (nk)(x)\ =2 Ar>sAn(x)r- kojs( f {r\  An(x))

für O ^ k ^ r  und |x |^ l .
Nun ist p„ — q„£nn, und es gilt:

\Pn(x)-qn(x)\ =2 (criS + ArJ A n( x y a j f f ' \  A„(x)).

Satz 5.1 zeigt nun, daß für O ^ k ^ r  und |x |^ l  gilt:
\P(nk)( x ) - q {nk)(x)\ ^  BrtSAn(xY -ka>s{f<r\  An{x)).

Also ist
\ f ' i,(x)-p i!‘Hx)\ s  | / w (x )- i* ‘,(x)|+li<‘,(x)-p<‘,(.*)l =

und dies entspricht gerade obiger Behauptung. □
B e m e r k u n g  5.3. Für r ^ s —2 läßt s i c h  unter Benutzung der Sätze 4.3 und 

5.2 nun unmittelbar auf

l / <,,W - ( ö . / ) “ ,WI 3= Mr.sA J x y - l a A f  ' \  An(x)), 0 s  k m r,
schließen. Der Beweis des folgenden Satzes zeigt jedoch, daß die Argumentation 
mit Satz 4.3 ungünstig ist, da die Voraussetzung r ^ s  — 2 sich im Falle der Simultan
approximation (mit Kontrollgröße J„(x)) als überflüssig erweist.

Ein Hauptergebnis dieses Abschnitts ist

S a t z  5.4. Es sei r^O, s ^ l .  Für die Operatoren Q„ aus Satz 4.2 bzw. 4.3 gilt 
für alle f£ C r[ —1,1], alle jx j^ l und alle n^m ax(4(/*+1 ),/■-!-s):

\ f ,kH x ) - ( Q J T \x ) \  *  Ál , ,A n(xr-"<o,( 0 S t ä r .
B e w e i s . B i s  z u r  A b s c h ä t z u n g

If ( x ) - L nf(x )\  =2 cr+swr+i( f  An(x)) 

verläuft der Beweis exakt wie der von Satz 4.2. Hieraus folgt 

\ f(x )—L„f(x)\ m cr+sAn(x)rws( f ir\  d„(x».
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Satz 5.2 impliziert für O ^ k ^ r  und n ^ r + s

n hk{x) =  |/<‘>(x)-(L„/)<*>(x)| ^  Mr, sAn (x)r~k(os ( / (r), A„(xj).
Zur Abschätzung von IJ2 k(x) geht man ähnlich wie in Satz 4.2 vor. Zunächst ist 
wieder

n 2t0(x) ^  2  ( / I  - x2)'|(l/l — X2)*- ( j / T ^ ) 2(r+1)+2[i/2]TNi(1 - x 2)| ■

• (ar+i.r)(l(/-r„/)«'»(i)l+l(/-r„/)«>(-i)i).
Hierbei sind cir und br die Konstanten aus dem Beweis von Satz 4.2. Lemma 4.1 
liefert für 0 ^ / ^ r  mit ni— r+ l —

|(f/T ^ ) i- ( l /r ^ ) 2(r+1)+,' - 2[i/21r^ .(i - x 2)| ^  et m. 4-;' i ’ * n

aus der Abschätzung für die Größen n iti(x) ergibt sich

1 ( /- ! „ / ) “>(+1 )|S  fUr 0
Wir erhalten also

n 2, o (x) = Z J j / 1 -  *2)‘ mi ̂ [(ar + br) Mr s cos j / (r), j

=  2  cu»»,-U'r + br)M r sA„(x)‘A „(x)r“ ' 0JS( f (r>, An{x)) ^  cr,sA„(x)r(0s( f (r), A„(x)).

Für r = 0 ist nichts mehr zu zeigen; für r ^ l  schließen wir aus

H2,o(x) =  |(^„o(Id-L rt)(/))(x)| ^  cr,sA„(x)rcos( f (r), A„(x)) 
mit Satz 5.1 auf

n 2,k(x) =  |(i?„o(Id-L „)(/»(fc)(x)| =§ Ar,s,kcr,sAn(x)r- ko)s( f (r\  ^„(*))-
Hieraus ergibt sich dann

| / <*> (* )-(ß ./)<*, (*)l a
=  M,,sá„(xy-kws(Jv \  Án^x))+Ar,tylcr l A .(x y - lms( f {'>, AJx)), 

was die in Satz 5.4 behaupteten Ungleichungen impliziert. □

Der zuletzt bewiesene Satz ist das zentrale Hilfsmittel, um auch unter Benutzung 
der Größe r„ (x) =  j/l — x 2/n zu einer Aussage über Simultanapproximation zu 
gelangen. Dies ist das zweite Hauptergebnis dieses Abschnitts.

Satz 5.5. Es sei r ^ s ^ l  und n ^4 (r  +  1). Dann gilt für die Operatoren Q„ 
aus Satz 4.2 bzw. 4.3 die Ungleichung

|/<‘> (* )-(ß „ /)w (*)l S  r„(x))
fü r  alle fd C r[ —1,1], alle x£[ —1,1] und 0^ k ^ r —s.
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Beweis. Sei r^ s ^ l  und n^ 4 (r+  1)>p +  y. Für die Operatoren 0„ gilt nach 
Satz 5.4 für Ô k ^ r  und |x| =  l

l / <l,W - ( ß . / ) " ,W I «  c1M x Y - ka>Af,r>, 4,(*)).

Für y \ —x2jn^ l / n2 folgt hieraus unmittelbar

l/w ( * ) - ( ß . / ) w (*)l ^  c12r+T n(^ ) '-k<us( / (,), r„(x)).

Sei also wieder f'l — x2/n<  1/n2 und 0 < x < l.  Für beliebiges x ^ u ^  1 folgt wegen 
A„(u) ^ A„(x) < 2/ n2 für die Differenz zwischen den r-ten Ableitungen

l / ' )<»)-(ö,/)('>(«)l * 2‘cto>, (/<'», 2 ) .

Für Ô k ^ r — 1 ergibt sich aus den Interpolationseigenschaften von Qn an den 
Rändern die Ungleichungskette

l / ,l,( x ) - ( ö , / r 'M I  =  1 /  / • • •  /
* U1 "r-k-1

-  / / • • •  /  * * ( / -  ^ ^ ^  ( / (r> i ) ^
* "j "r-fc-l

- 2*c1<a, 2 ) 12*Cl ((«|/T^?)_1+i)'<o,(/<'>, r .(*» ■

. r . ( * y - ‘ i í - ‘ ( /T = j ? r *  a  r„(:e))(»v 'i-*sr ‘- '  -
s  r .w ) .

Die letzte Ungleichung erhält man dabei aus der Bedingung 0 ^ /c ^ r  — s. Aus der 
Interpolationseigenschaft ergibt sich weiter, daß die bewiesene Ungleichung auch 
für x = l  richtig ist. Im Fall — l^ x < 0  schließt man analog. □
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WEAK CLOSURE OF THE UNITARY ORBIT 
OF CONTRACTIONS

M. KUTKUT (Irbid)

Introduction. We consider an infinite dimensional complex separable Hilbert 
space H. A shift S  on H is an operator defined by

Set = ei+1,

for some orthonormal basis (e,) in H. If / belongs to the set of all integers, S  is 
said to be a bilateral shift. If i belongs to the set of all positive integers, then S  is 
said to be a unilateral shift.

Because any two shifts (of the same type) on H are unitarily equivalent, the set 
of all shifts on H  can be generated by one given shift, namely, it is the unitary orbit 
of that given shift. Recall that if U is the group of unitary operators on H , then the 
unitary orbit of S, denoted by U(S), is given by U (S)— {u*Su: ud U). Halmos [3], 
1973 studied the closure of U (S) in different topologies, and he proved the fol
lowing result.

H almos T heorem . The weak closure o f the unitary orbit U (S ) o f the (unilateral 
or bilateral) shift S  is equal to the set o f all contractions on H ; in symbols, W CU(S) 
= (H B \9 where WC — weak closure, (HB)1 — unit ball o f H=set o f all contrac
tions on H.

Halmos [3] asked, what can be said about U(Ta), where Ta is a weighted shift 
defined by

Ta Cj a,- et-+1 ,
for some orthonormal basis (c,) in H and a =  (a,) is a bounded sequence of com
plex numbers called weight sequence. More generally, one may ask, what about 
U(T), where T is an arbitrary contraction on //?  The answer to this question is 
the destination of this work and is presented in Section 1. In Section 2 we answer 
the Halmos question as a special case. In Section 3 we prove some results about 
arbitrary weighted shifts, and Section 4 is devoted to an application to the disc 
algebra.

1. Weak closure of the unitary orbit of a contraction

In this section we give some conditions which are mutually equivalent and 
each is necessary and sufficient for the weak closure of the unitary orbit of a con
traction to be equal to the set of all contractions on H.

Recall that the spectrum o(T) of an operator T  is defined to be the set
{26C: T — X is not invertible),
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where C is the complex plane. The spectral radius [ct(7’)| of T, is defined by the
equality \o(T)\ =  sup {|A|: kdc(T)}.

It is known that if T is a contraction, i.e. |] 7’|| ^  1, then a{T) is included in 
the closed unit disc D (see [1]). If K is the ideal of all compact operators on H and 
if L(M) denotes the algebra of all bounded linear operators on H, then L(H)/K  
is called the Calkin algebra. Let n be the canonical map L(H)-+L(H)/K. Then 
the essential spec trum oe(T) is defined to be ae(T) — o

The numerical range W (T)o f Tisdefined to be W (T)={A—(Te,e):e£H, ||e|| =  1}. 
It is known that f/ V ( T )  is a convex subset of C and o(T)czlV(T), (see [1]). Clearly, 
if T  is a contraction, then W (T )a  D. The numerical radius \W{T)\ of T is defined 
by |fL(D | =  sup {|A|: ).OV(T)}.

Now, we present the main result of this section.

T heorem 1.1. For any c ontrac tion T in L (H ), the following statements are 
equivalent.

(a) WCU(T) — {HB)l ;
(b) IV(T)=D;
(c) o(T)Z)dD, where dD= boundary o f D;
(d) oe{T )^dD .

We split the proof into lemmas, propositions and theorems.

L emma 1.2. I f  T is a  contraction such that |1 —(Te,/ ) [ < £ ,  with some unit 
vectors e, f  and positive number e, then |[ Te —f\\ <  £+ ]̂ 2e.

P roof. Let ß —(T e,f)  and A=|jß|. Since A ^ l, we have 1 —£< |(7>,/)| =  
= \ß \= X ^l, and \k — ß |<  |1 — ß\ = |1 — (7> ,/)|<e. By the definition of ß, Te—ß f—k, 
where(k ,f)~ 0 . Thus [*-h||A:||2= | | 7 V | | 1,i.e. \\k\\2já l  -  \ß\ = 1 -A 2= (l —A)(l +A)=5 
S 2 i. Therefore, || T>- / 1| S  ||(>S - 1  )yil +  II*11 e+ F2£.

L emma 1.3. I f  T  is a contraction and /.£ C with |/ | =  1 is such that for any 
£>0, we have \(TeE, e£) — A|<e with some unit vector e f  H, then || Tee—/^e|| — 0 
as £-*(), i.e., ). is an approximate eigenvalue o f T.

P roof. Since \(TeE, es) — A|<e, we have \(lTet , ec) — l |< e , and by Lemma 1.2 
\\lTe£ — e£\\-*D as £-<-0, which is equivalent to the assertion.

Lemma 1.4. I f  yl5y2, ..., y„ are distinct approximate eigenvalues o f a contrac
tion T  such that |yf| =  l, / =  1, 2, . . . , 77, then for any £>0 there is an orthonormal 
system (e,(e)), i = l ,2 , . . . ,n ,  suchthat || 7>t-(e) — -yf ̂ ,(e)H <  £, for every i —] ,..., n.

P roof. We have three cases to consider: the case when yh i^ n ,  are eigen
values, the case when yf, i^ n ,  are approximate eigenvalues but not eigenvalues, 
and the case when some yf are eigenvalues and the other are approximate eigen
values but not eigenvalues.

For the first case, it is known (see [1]) that the eigenspace M y. of an eigen
value y,- with |yf| =  l of a contraction T  reduces T, i.e. T(M y.)<zMy. and T(Mf.) a  
a M ft, so that if /V / and ej£M yj, e f  M y where eh ej are unit vectors then eh 
ej are orthonormal.
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In the second case we claim that there is an infinite-dimensional subspace 
M ;(e) of vectors/for which 11(7’—y ,) / ||< £ ||/ ||,  if / t̂ O. Indeed, let T — y— F.P,- 
be the polar decomposition of T —yt. Since y(- is not an eigenvalue but approximate 
eigenvalue, we have ker (T — y,)= {0} and thus k erP ,=  {0}. The spectral represen-

II Jill
tation of Pj is qiven by the equality Pt = Í  tdEt(A) where EfA)H = Et ((0,£))//,

b
£>0 is an infinite dimensional subspace of H. Since for every / £ T:,-((0,e)) 77, 

0, we have
ll(r-y ,)/li =  \y ,P ,n  a  <= Sll/ll.

we can take Afi(e)=£’i((0, e ) ) H .
Now, it is sufficient to construct, by induction, an orthonormal system (c,(e))"=1 

such that ci(£)€M, (£), i^ n .
For the third case assume that yx, ...,yk are eigenvalues, while ?fc+i, -•-* V« 

are approximate eigenvalues but not eigenvalues of T. Set //'= (A fn © ... and
r  =  T |i. Let M't(e )= { f:  \ \(T '-y t) f \[<£ II /'ll}U  {0}, Since y, is an
approximate eigenvalue of 7’/ in H ' (i>k), dim M'i(e)=°° (i>k). Building the 
required orthonormal systems for i ^ k  and i> k  as above, their union will suit 
our purposes.

T heorem 1.5. For a contraction T£L(H),  WCU(T) — (HB)1 i f  and only i f  
PV(T) = D.

P roof. Since T  is a contraction, we have W(T) aD.  For the other inclusion, 
let XdD so that Xl£(HB)x. By the assumption there are unitaries u„ so that u*Tun 
converges weakly to XI, i.e., (u*Tunf  g)-+(Xf g), for any f g £ H .  In particular 
(u*Tu„e, e)-~(Xe, e), for any unit vector e in H. Thus Á£W(T), i.e., DaJV(T).

Conversely, we assume that W( T) —D, and we want to show that WCU(T) — 
= {HB)l . Since T  is a contraction, u*Tu is a contraction for every i i£U, thus U(T)a  
d(HB)x, and since (HB)X is weakly closed, we have IVCU(T)a(HB)x.

For the other inclusion, it is known that the unitary operators are weakly dense 
in (HB)X and so the diagonal unitary operators are weakly dense in (HB)i (see [3]). 
Thus it is enough to approximate weakly u = ^  A,(., e,)ef with |A{| =  1. Fix 
i =  l, ..., n, given £>0, by Lemma 1.4 there exist orthonormal vectors f x, ...,f„ 
so that

io

Let V be unitary and Vfx =  ex, ..., Vfn — en. Then, by (1), VTV* is in the weak 
neighborhood of u determined by e{, /=  1, 2, ...,/t and e. This implies that any 
contraction A£(HB)X can be approximated weakly by VTV* for some V in U,
i.e. (HB)X(Z WCU(T).  The theorem is proved.

P roposition 1.6. For any contraction T in L(H),  W(T)= D i f  and only i f  
o(T)ddD.

P roof. Since T  is a contraction, W( T ) a D.  If <r(T)d>dD, then dDaW(T) ,  
and since 1V(T)  is convex, it contains the interior of D so that DaW( T) ,  i.e. 
WjT)=D.
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Conversely, if W(T)  — D, then by Lemma 1.3, every point of dD is an approxi
mate eigenvalue of T, and therefore 3 D a  a (T).

P roposition 1.7. For any contraction T in L(H),  o(T)a>3D i f  and only i f  
oe(T)a3D.

P roof. One direction is_clear, since oe( T) ac ( T)  for any T in L(H).  For 
the other direction, let Xd3Dao(T).  Then T —X is not invertible. If we assume 
that X is not in <re(T) then n(T) — X is * invertible in the Calkin algebra, i.e., T —X 
is Fredholm. Since T —X is not invertible, dim ker (T— /)  is not locally constant 
on a punctured disc of center X and radius e. But by applying Gohberg theo
rem ([1] page 146) on the Fredholm operator T —X, one concludes that 3e> 
> 0: dim ker ( T— (Ä +  y)) is constant for y: 0< |y |<8. This contradiction ends the 
proof of the proposition.

P roof of T heorem 1.1. Theorem 1.5, Propositions 1.6 and 1.7 prove the 
theorem.

2. Weak closure of the unitary orbit of a contractive weighted shift

We consider a contractive unilateral weighted shift Ta, a =  (a;). Since Ta is 
a contraction we have sup |a , |^ l . It is known that two unilateral weighted shiftsi
Ta, Tp are unitarily equivalent if and only if [a,-| =  |/J,-|, for every positive integer i 
(see [4] problem 75, page 46). So it means no loss of generality to consider sequences 
of positive numbers for sequences of weights. For U(TX) we prove the following 
theorem.

T heorem  2.1. For any contractive weighted shift Ta with positive weights (a,) 
on H we have WCU{T,X) — {HB)x i f  and only i f  \/ndN, s> 0 ; 3NdN such that 
aN+i>  1 — e, i =  l, 2, ..., n, where N =set o f alt positive integers.

We divide the proof into several lemmas and propositions. The next proposi
tion proves the sufficiency of the condition.

P roposition 2.2. I f  the sequence o f weights (a;), id N of the contractive weighted 
shift Ta is such that \/n£N, e>0; 3^V€N: aN+i> l —e, i^ n , then WCU(Ta) — 
= ( HB\ .

P roof. The spectrum of a weighted shift is circular, i.e. if 2^<r(7,a), the circle 
of radius \X\ is also in o(Ta). On the other hand, the hypothesis implies (see [4] problem 
77 page 48) that the spectral radius Icr(7^)| of Ta is 1. Thus dD ao(Ta). Bv Theo
rem 1.1, lLCC/(7;) = ( //JB)1.

T heorem 2.3. I f  S  is a shift and Tis any contraction such that \[(S—T)eh ci+1)j<e 
for i< M , where (c;) is the orthonormal basis shifted by S, then for every nd N 
we have

|((S" - T n)ei, ei+n)\ <  n (e + )/2g), i + n — 1 <  M.
Proof. From the assumption one concludes 

(2) £ >  K&i, ei+1)-(T e i, ei+1)\ = |1 — (7>f, ei+1)\.
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Applying Lemma 1.2 to (2) one obtains

IITet- e i+1\ <  e+ yis , i <  M.
Consequently,

l ( r " - s “)i,|| =  ir*e1- e lt j  s  + ,1+17*-'«,+ ,- r —*«l+,| +  ...

...+|!7V>,+„_1- e i + J  -= n(t+]'2t),  i +  « - l  «= M.

Hence the assertion follows.

T heorem 2.4. I f  S  is a shift with respect to the orthonormal basis ( f )  and Ta 
is a contractive weighted shift with respect to the orthonormal basis (c,) and having 
the positive weight sequence (a,), /(|N such that

1 « S - r . ) / , / i +l) j< e ,  < -= « ,
then there are chains o f weights o f length n<M,  each weight o f which is >1 — 
—/l(£+/2fi).

CO oo

P roof. Set n<M,  f x = ^  akek, f n+1 = ̂ j dkek. By Theorem 2.3, 
o 0

1 -« (s + |/2 i)  -= |(r* /1, / . +1)| =  | ( Í  at T"et , j j  =
0 0

|(^ j  ^ k  +1 • • • %k + n - 1 &k ^k  + ir> ^ k  — 2  ^k^-k + l  ••• •*k + n — l  \ ^k  I ' Mik + n I =0 0 0

<  ( 2  \a k \2f /2( 2  K + » l 2) 1 /2 s u p a fca k + 1 . . . a k + „ _ 1 <  s u p  a fca f c + 1 . . .  a k+II_ 1 .
0 0

Thus there is a positive integer N  such that oiN+1ocN+2...ocN+n>\ — «(e+f^e), 
and consequently CLN+i> \-n (E + fT e), i =  l, ...,n.

P roposition 2.5. I f  Ta is a contractive weighted shift whose sequence o f weights 
is (a,), /£N such that then 0, n£N, 3N£N such that

xN + i >  1 — w (e + }/2b), / ^  n.
P roof. Let S be a shift with respect to the orthonormal basis (/,). Since 

Sd i HB f ,  there is a sequence («„,) of unitaries such that, for every e, M  there is a 
number such that for m>K, we have

|((S -  u*m Ta u j f  , f i+1)I <  e, i <  M .

But ultTaum is also a weighted shift (having the same sequence of weights and 
different orthonormal basis). Applying Theorem 2.4 we obtain, «€N;
3A£N such that

aN + i >  1 -/?(£ + j/2£), i ^ n .

P roof of T heorem 2.1. Proposition 2.2 proves sufficiency and Proposition 2.5 
proves necessity.
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R emark 2.6. Theorem 2.1 holds for contractive bilateral weighted shifts as well.
Corollary 2.7. I f  T„ is a contractive neightecl shift with positive weights such that 

lVCU(Ty) = (HB)i and i f  T  is another weighted shift with positive weights such that 
I!7 ;+ 7 1 ^ 1 , then W C U ^ + T ^ H B f .

Corollary 2.8. The set o f all weighted shifts on H is weakly dense in the algebra 
o f all bounded operators L(H) on H.

3. Arbitrary weighted shifts

In this section we consider two arbitrary weighted shifts Ta, Tß having the 
bounded positive sequences (a,), (/?,) for weights. We tried to generalize results of 
Section 2 in the following direction. What are the conditions on (a,), (/?,) in order 
that fVCU(Tx) = WCU(Tp)? This problem is still open, but we prove the following 
results.

P roposition 3.1. Let Ta, Tß be weighted shifts with bounded positive weight 
sequences (a,), (/?,) respectively. I f  \/e>0, N, K\ 33/ such that \otk+i — ßM+
0 / <  TV, and i f  \/£>0, TV, M \ 3 A' such that \ßM+i—aK+!\<E, 0 ̂  <  TV, then 
SCU(Toc) = SCU(Tß) and in particular, WCU{Ty) — \VCU{Tß), where SC denotes 
strong closure.

P roof. It is enough to show that the first condition implies SCU(Tx)c:SCU(Tß) 
and (WCU(Ta)<^WCU(Tß)), since the other condition implies the opposite inclusion 
in a similar manner.

By the first condition, given s>0, TV and K = \ there is 3/ such that

Wi+i~ß\i+i\ <  0 ^  / <  TV.
Let UN be a unitary operator on H which takes ex, ..., eN into f M, . . . , /M + V-i  

respectively, where (ek) and ( f k) are the orthonormal bases with Taek = ockek+1 and 
T/ f t  = ßkfk + i- Then UZTf U„el + t= ßM+1e.1+i, and thus

1( UST,UK-T .)e 1„ \ = \fi„+I- Ix1+I\ * e ,  for O ^ f c J V - 1.

If we let £ =  —, then we obtainTV
UyTß UNej -+■ Taej, j =  1 ,2 , . . . ,  as TV -  » .

Thus r a =  5 - lim  U£TßUN, which implies that SCU(Tß) z>SCU(Ta) and in par
ticular WC U(TP) Z) JVC U (7^).

The following proposition gives necessary conditions for the equality SCU(TX) = 
= SCU(Tß).

P roposition 3.2. I f  Tx, Tß are weighted shifts having bounded positive weight 
sequences (a,), ( / ? , )  respectively and SCU{TX) = SC U(Tß), then Ve>0, TV, T V / ;  3K

N - 1 N - 1
such that ]J ak+f>  J] £, and Vß>0, TV, K\ 33/ such that

i= 0 i=0
n- i Nfr1
n  ßM+i> n  cck+i—e.i= 0 1=0
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Proof. It is enough to show that if (U„) is a sequence of unitary operators 
such that U£TaUn converges strongly to Tß then \/e>0, N, M\ 3K such that
JV-l N- 1
IJ  n  ßiH+i-Z’ since if VnTßVn converges strongly to Ta then the other

i = 0  i = 0
condition follows in a similar manner.

Let (/•) and (e,) be the orthonormal bases shifted by Tß and Tx, respectively,
JV-1

and let e, M, N  be given. We may assume that e<  [ f  ßM+i. Further we write
i =  0

Unf M= Z ak )ek, where 2  \ain)|2= I .k=i )t=i
Since the product is sequentially continuous in the strong operator topology, 

U*T%U„ converges strongly to Tß. Consequently 3L such that

\ T l f„ - U : T ." U . fM I -= i  for «=-£.
This implies that e=-\\ßußM+i--ßM+K-ifin+n-U;TSUnf M\\,and all the more,

e ^ f i  /W < - \ W ; t; uJ m\\ for n>L. Hence
i =  0

i=0 k=l fc+1

- = ( Z  k n)|2)1/2sup(akak + 1... ak+JV_x) ^ sup(akak+1...ak+JV_1).
fc=l h k

This implies that there is a positive integer K such that
N - l  N - l

I f  ß M  + i ~ ~ e  <  a K a K + l a K + N - l  =  17 a K + i-i=0 i=0

Remark 3.3. We cannot replace strong closure by weak closure in Proposi
tion 3.2. simply because the product is not sequentially continuous in the weak 
operator topology.

4. Application to the disc algebra

In this section we present some corollaries of Theorem 1.1 and an application 
to the disc algebra.

Corollary 4.1. I f  T is a contraction such that IVCU(T) = (HB)1 and i f  K 
is a compact operator with \\T+K\\^.\, then WCU(T+K)=(HB)1.

Corollary 4.2. I f T  is a contraction, S  is a shift, then IVCU(T@S) — (HB)1.

Proof. T ® S  is a contraction, so that o(T®S)^>(T(S)z>f)D.

Corollary 4.3. I f  WCU(T) = (HB)1, for some contraction T, and i f  Q — T © 
© r e . . . ,  then WCU(Q) = (HB)1.

Proof. O is a contraction and o{Q)z>o(T)ZDdD.
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Recall that the disc algebra A is the norm closure of the set of all polynomials 
defined on the boundary dD of the unit disc D. For a given contraction T  in L(H) 
define the map lF: A-+L(H) by the equality tF ( f)= f(T )  for every f£ A . von 
Neumann [5] proved that V is a contractive homomorphism. Now we prove the 
following result.

T heorem 4.4. For any contraction T  in L(H), WCU(T) = (HB)l i f  and only i f  
W is an isometry.

P roof. By the von Neumann theorem our condition reduces to

11/(7’)! =  11/ 11°° — sup | / 0 )|,
z i D

for any f  in A. Let f£ A ;  s ince/is  a norm limit of polynomials and using a result 
of Foias, and Mlak [2], o(f(T ))= f(a (T j). By Theorem 1.1, o(T)z)dD. Thus 
o(f(T))zDf(dD), which implies that

ll/(7’)|| ^  |cr(/(^))| ^  sup {|/(z)|: z£dD) = ||/[|oo.
Conversely, if is an isometry then for any f£ A , ||/||oo =  || f{T)\\. Let |A| =  1 

and let / £(z) = (z — 2(1 +  £))-1. Then f f A ,  and | | / £||oo converges to °°. Therefore,

11/(7’)! =  ||(T - 2 ( l+ e )) -1|j converges to
so that Ado(T), i.e. dD ao{T) and by Theorem 1.1, WCU(T) = (HB)1.

We conclude by the following.

P roposition 4.5. I f  T, A are as above, and i f  |W/-( / ( 7 ’))| = | | / | |00, for every 
f t  A, then WCU(T) — (HB)1.

P roof. Let ?FÓD, There is no loss of generality if we take /. — l.

Let f£_A be defined by /(z) =  -^-(z+l). Then /(1 )=  1 and f(D ) is the disc of center

and radius Since o(f(T ))= f(a (T ))c :f(D ), where as 1=/(1) is not in 

o (f(T )), it follows that o(f{T))\ <  1. Since j| f  ^  = 1,

(3) k ( /(7 ’))| <  11/!!°°.
Now since

K / ( n ) |  *  W U v %  -  i á o i  -  i / i -
by a theorem of Williams [6 ] (part of Theorem 3) the following are equivalent: 
(1) |<r(T*—A)| =  ||T’—A||, V^€C, (2 )\w{T-X)\ = \ \T - 2||, VA(EC). One concludes

(4) K (/(r» | =  | / | |_ .
Since (4) contradicts (3), or DDcio(T) and by Theorem 1.1, IVCU(T) =
=  (7 /B \ .
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GENERALIZATION OF EISENSTEINE CONGRUENCE
P. JOTHIL1NGAM (Shillong)

We shall use the letter p to denote an odd prime number. Fermat’s little theo
rem asserts that the residue of 2P~1 modulo/? is 1. Regarding the residue of 2P~1 
modulo p 2, Eisenstein [1], proved the following.

T heorem A. For any integer s, \ ^ s ^ p —\, let s represent the inverse class 
o f s mod p. Then

2P~1 = 1-F/?(I + 3 + ...-f/? —2) (mod/?2).

In this note, Eisenstein’s congruence is extended to include residue of 2P~ 1 
modulo p3. We state

„ _ 1
T heorem B. Let /?>3 anti define a ——- —. For any integer s. 1 ^ s ^ p — 1; 

let s be a representative o f the inverse class o f s mod p2. Then

2P 1 =  1 -f/?(l+ 3 + . . .+/» —2 ) — /?2 ^  |ö s +  |-^-j (l;_s+1| 2 s 1 (mod/?3)

where j stands for the Legendre’s symbol and 01, 02, ..., 0Á are the quadratic 

residues mod p in a certain order.

R em ark . Since ps=ps (modp2), it is clear that Theorem A follows from 
Theorem B.

P roof of T heorem B. We start from the identity

0 )
1 1 ( - 1 ) " - 1

2 3 n i c - i r 1
S =  1

This identity is easily established through induction. Take n=p in this identity 

and use the fact that = — Jj;w eget

(2) ' ~ T + T - '
2 P — 2

P -  1

- n  2 s—i
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Since j j s ( — l)s 1 (mod/?), the identity (2) implies that the numerator of 
the fraction (in reduced form)

(3)
1 2P —2 

P
P+A 2s- l

- p  z  —z -S = 1 i

is divisible by p2. Multiplying the fraction (3) by [(p — l)!]2 we find that p2 divides 
the integer

(4)
P  S =  1

where s denotes inverse of s mod p.
But it is well known that [1]

1—2 + 3 — ... —p — 1 =  2(1+3 + ...+ /? —2) (mod p2)
and that

T2 + 22 + ...+ /?—I2 = 0 (mod/?).

Using these informations in (4) we find that the integer

- ~ 2P —2 p-1
2(1+ 3  + ... + p - 2 ) ------------2p 2  2s" 1s2

P S =1

is divisible by p2. Cancelling the factor 2 and multiplying by p we find that

(5) 2”- 1= \ + p ( \ + 3  + . . . + p - 2 ) - p 2 P2 V~ xs* (mod/?3).
s = 1

By Euler’s criterion, 2(p-1)/2= ^ j  (mod/?) i.e. 2A = |^ -j (mod/?). Hence 2i+1 = 

=2 2A + 2 =  22 2P_2= 2<P~3)/2 j (mod /?). This implies

2 ’1 2 S- I s 2 =  2  2* - 1 s 2 +  2  2 A + s~ 1 ( X T s ) 2 =  2  2 S - I s 2 + 2 S _ 1 ( — )  ( A + s ) 2 =
5 —1 5 =  1 5 =  1 1 1 V . /? /

=  2  {s2 + (A+ s)2| 2s 1 =  2  |^2 + ( A - s + 1 )2|  2s 1 (mod/?)

since A +s= —(A—i+ 1 ) (mod/?). Let 0X, 0Z, ..., dx be the residues of T2,2 2,... 
..., 1- mod/?, in this order. It is clear then that 6i ,0 2, ‘ are the quadratic
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residues modulo p. Moreover, from what precedes,

i k + ( 4 )  «!-.+>} 2‘_1 <mod/’>-s =  l  s  =  1 l  V P > f

Using this in (5) we get Theorem B.
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ON THE EMBEDDING OF FINITE RINGS INTO MATRICES

Acta Math. Hung.
46 (3— 4) (1985), 269—273.

A. SYCHOWICZ (Olsztyn)

In [1] Amitsur showed that every semiprime Pi-ring is a subring of a matrix 
ring over a commutative ring. Cohn [7], Amitsur [2], Small [10] constructed examples 
of algebras over infinite fields satisfying polynomial identities and stronger and 
stronger finiteness conditions of different kind which could not be embedded into 
matrices with commutative entries. Other authors tried to characterize rings embedd
able into matrices satisfying certain identities, e.g. [3], [8 ].

The Wedderburn—Artin theorems result that every finite ring satisfies a non
trivial polynomial identity and that every semiprime finite ring is a direct sum of 
finitely many matrix rings over fields and so it is embeddable into a matrix ring with 
commutative entries.

Examples of Cohn, Amitsur and Small mentioned above cannot be adopted 
to finite rings. Bergman [4] was the first who presented an example of a finite ring 
(having ph elements, p any prime) which could not be embedded into matrices over 
any commutative ring.

In this note we show that every ring which has p2, pz or p4 elements, is embedd
able into a matrix ring with commutative entries.

Throughout this note R will be an associative finite ring with unity, R + its addi
tive group, homomorphisms will be unitary. For convenience, rings embeddable 
into matrices over a commutative ring will be called embeddable rings.

At first we observe:
P roposition 1. Finite embeddable rings can be embedded into matrices over a 

finite commutative ring.
P roof. Let R= {r1, ..., rk) and let / b e  an embedding of R into matrices 

M„(C) over a commutative ring C. Let f(r fi = cfj), where a = l ,  . . . ,k  and i, j — 
=  1, ...,«  and let C ' be a subring in C generated by cff s. Then f ( R ) c M ll(C') 
so we can assume C is finitely generated by cf/s. By Theorem 1 [9] for every 0 ^ c /€ C  
there exists an ideal 7,“ in C such that cfj <£ and C//;“ is finite. Considering the
mapping

R -  M„(C) -  M„( © CJJtj)
ij,<*

we see that this is a nontrivial embedding of R into matrices over a finite 
commutative ring © C//£ .

i,j,a
Since R + is a finite group it is a direct sum of finitely many /^-groups which 

are ideals in R.

5*
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Proposition 2. Let R — Rpi © ... 0  RPk be a decomposition o f R into a direct 
sum of prime components, where p, are distinct primes. Then R is embeddable i f  and
only i f  every Rp. is embeddable.

Proof. If f  is a monomorphism of RPi into a ring M t of matrices of rank st and
k

s=  JJ Sj then there exists a natural embedding of into M,-matrix ring of rank s
i=l

with the same entries as M-%. Then f  can be regarded as an embedding of Rp. into 
Mj. Since all M, have the same ranki, the family of f  gives the embedding*of R 
into matrices of rank s over a commutative ring.

Now if R is embeddable, say into Mn(C), by Proposition 1 we can assume C 
is finite and use a decomposition of C into prime components C — © C, . Then 
it is easy to see that every Rp. occurs in ®M„(Ci(). *

Thus we may confine our attention to p-rings. So let p be a fixed prime. Then 
R + is a finite p-group. We will use the following:

T h e o r e m  1 (Fuchs [6 ], Theorem 120.1). A multiplication p on a p-group A is 
completely determined by the values p(ah aj) with ah aj running over ap-basis o f A. 
Moreover, any choice o f p(ah aß^A  with ah aj from a p-basis o f A — subject to 
the sole condition that o(p(ah űy))gmin (o(ö;), o(aj)) — extends to a multiplica
tion on A. Further p is associative (commutative) i f i t  is associative (commutative) 
on a p-basis o f A.

It is known that a finite p-group is a direct sum of cyclic groups and that an 
element of maximal order generates a direct summand. Since 1 of R has maximal 
order we will assume 1 generates one of the maximal order summands.

Now we recall the example of a not embeddable finite ring.

E x a m p l e  (Bergman). Let p be any prime. Let R be a ring with basis {1, a, b, c), 
where the order of 1 is p2, the orders of a, b, c are p and the nonzero basis products 
are aa — a, ab = b, ca — c, cb — b'\. Then R is not embeddable.

A simple modification of this Example gives:

Proposition3. For every prime p and every integer n>  5 there exists a not 
embeddable ring with p n elements.

Proof. Let S  be a ring such that 1S + ^(l)X (a)X (h)X (í)X (íx)X ...X (í„_5), 
where o (l)= p 2 and the orders of other genera tors are p. The elements a, b,c are multi
plied as in the above Example and other products on generators are zero. Then 
S  has p" elements and contains, as a subring, the ring from the Example and so it 
is not embeddable.

Now let us examine embeddings of small rings. The following lemma will be 
useful in our investigations.

L emma 1 (Eldridge [5]). Let R be a ring with pn elements, n any integer. I f  the 
decomposition o f R + into a direct sum o f cyclic groups has at most two direct sum
mands, then R is commutative and so it is embeddable into matrices o f order one 
over itself.

Corollary 1. A ring with p or p2 elements is embeddable.
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Concerning a ring R + with p3 elements, by Lemma 1 we have to consider 
only the case when R + is a direct sum of three cyclic groups of order p. The following 
is known:

Proposition 4. A free module o f rank n over a subring generated by its unity 
can be embedded into matrices o f order n over this ring.

It follows that R can be embedded into matrices of order three over Z p. Eldridge 
showed even more:

Theorem 2 (Eldridge). I f  R is a noncommutative ring o f order p 3 then R is iso
morphic to the ring o f 2 X 2  upper triangular matrices over Z p.

Using Theorem 1 we can have an elementary proof of this fact.
Corollary 2. A ring o f order p3 is embeddable into matrices o f order at most two.
Now let R be a ring with p 4 elements. By Lemma 1 and Proposition 4 we have 

immediately:
Proposition 5. I f  the decomposition o f a ring R with p4 elements into a direct 

sum o f cyclic groups has one, two or four direct summands then R is embeddable.
All we have to do is to consider the case when R + is a direct sum of a cyclic 

group of order p 2 and two cyclic groups of order p.
For our convenience, the symbol (..., ..., ..., ...)will denote values of products 

aa, ab, ba, bb in R, respectively.
Lemma 2. Let R be a noncommutative ring with p 4 elements such that R + is a 

direct sum o f a cyclic group o f order p2 and two cyclic groups o f order p. Then R + ̂  
^(l)X (a)X (b), o (l)= p2, o(a) — o(b)=p. Moreover, multiplication on R is deter
mined by one o f the following possibilities:

(* ) (0 , 0 , a, b),
( * 0  <0 , a, 0 , b),

( * * )  {pm1 • 1, pm2 • 1, pmz • 1, pmA • 1), m f Z p, m 2 x m 3.
Proof. The first part is trivial. Hence every element of R can be uniquely 

written as ka + lb + m ■ 1 for some k ,l£ Z p and m£Zp2. To determine multi
plication in R it sufficies to determine it on generators a and b and by Theorem 1 
we can write aa=kxa + l1b+pm1 • 1, ab — k2a + l2b+pm2 A, ba = k3a+ l3b+pm3 *1, 
bb = ki a + li b+pmi *1 for some k t, lh m; from Z p. Then a(aa) = (aa)a if and only 
if l1‘ab = l1'ba and by the noncommutativity of R, lx— 0. Similarly b(bb) = 
= (bb)b gives &4 =  0. By a(ab) — (aa)b we have k2l2 -a=0 so k2=0 or /2=0 
and by b(ba) = (bb)a we get k3= 0 or /3=0. Thus we have the following pos
sibilities :
(1) {kxa+pm x- 1, k2a+pm 2• 1 , k3a+pm 3- 1, /4 b-f/?m4- 1),
(2 ) (k1a+pm l - 1, k2a+pm 2• 1 f  l3b+pm3 - 1, /4 h+/?m4 - 1),
(3) (k1ay-pm1- 1, l2b+pm2 • 1, k3a +pm3 • 1, /4 h+/?m4 • 1),
(4) (k1a+pm 1- \, l2b+pm2- 1/ l3b+pm3-] ,l i b+pmi - 1) 
for some k {, /,, mt from Z p.
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Case 1. By associativity of multiplication we have: k l m2 = k2ml , k2 — k3 or 
aa=0, k2 = li or a b ~ 0, k1m3—k3m1, k2m3= k3m2, lx — k3 or ba — 0. Suppose 
k2X lx. Then ab = 0. Since baXO we get (* ) by a>-+a—pm3Jk3 -\, b ^ k 3b — 
—p m jk 3 *1 , so we can assume /4 =  /c2 -

If k2X k 3 then k2XO and a*-+a — pm2lk2 *1, b ^ k 2b — p m jk 2 *1 gives us (* ').
If k2—k3 and k2x 0  then ab = ba, a contradiction. So k2 — 0 and consequently 

kx — 0  which gives (*  *).
Case 2. From associativity of multiplication: lx = k2, /3 =  /q, k1m2= k2ml , 

k1mi = k2m3. It is easy to check that for k2—0 we obtain (-* *) (for kx — 0) or 
(* ')  (for kxX 0). If k2?±0 we have (* ')  (for /q = 0) and (* ')  for Icxx 0  by 
a>-*k1a+ klb —pni1lk l -\ and b>-*k2b —pm3jkx -\.

Case 3. This ring is anti-isomorphic to the ring of Case 2, so we get (* ) or 
(*  *) again.

Case 4 is Case 1 with a and b instead of b and a, respectively.
In the proof of Theorem 3 we show that the rings ( *) and ( * ') of Lemma 2 are 

embeddable into matrices of order two. Concerning the ring (*  *) we have:

Lemma 3. Let R be the ring (*  *) o f Lemma 2. I f  R is embeddable into Mn{C), 
C being commutative, then p\n.

Proof. We treat the generators a and b as matrices in Mn(C). Let (x )iv- be the 
(/, /)-th element of a matrix x. Of course (ba)ii-(ab)i~ p (m 3 — m2) *1 for i= \,  ..., n. 
Adding these n equations we obtain p(m3 — m2)n -1 =0  in C. Hence p\n.

Corollary 3. The ring (*  -*) o f Lemma 2 for p>  2 cannot be embedded into 
matrices o f order two over any commutative ring.

Finally we show:

Theorem 3. Every ring pi elements is embeddable.

Proof. Let R be a ring with p 4 elements. By Proposition 5 it suffices to con
sider the case when R + is a direct sum of a cyclic group of order p2 and two cyclic 
groups of order p. By Lemma 2 R + ^(\ )X(a)X(b) ,  where o (l)= p 2, o(a) — o(b)—p 
and we have three cases.

Case (*). We show that the ring (* ) is embeddable into matrices of order two 

over some commutative ring C. Let the matrix be the image of a and the matrix

^  the image of b in M 2(C). Putting these matrices to the equations describing
the products of a and b we get 16 equations, where — for simplification — we set 
u—t and c —d —v = x = y —z = 0. The coefficient t we treat as a generator of 
order p of C + and the resulting equations as relations describing multiplication in 
C. Thus we get an embedding of R into M 2(C) via

-p. *-p.
where C* ^( l ) X( t ) ,  o ( l ) = p 2, o( t )—p  and tt = t.
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Similarly we treat Case (*')•
Case (* * ) . We embed R into matrices of order p over some commutative 

ring C. Using the same method as above we see that the mapping
an a12...a lp' ( h

11 0
a22 Cl b2i b22

a I-*-

o

c , b : 0  \
, a pp< <bp\ bppt

where aijy bkl are generators of order p of C + with nonzero basis products auau = 
=pm 1 -1 , babi—p m i -1 for i = \ 9 ...„p and an bn = bn an =pm 2 • I, a^b^—bua^— 
=pm 2 *1 for i = 2 , . . . , p  and aiyh1y =  hyia1y=p(m3 - m 2) • 1 for j = 2 ,  . . . ,p gives 
an embedding of R into Mp(C). By Lemma 3 this embedding is minimal with respect 
to the order of matrices.

Corollary 4. The smallest not embeddable ring has order 32.

Proof. Let R be a ring of order m. If m=p"i...p£« is the prime decomposi
te

tion of wthen R =* ©/?,, where R; has order /?"■ and our thesis results from Prop-
i =  l

osition 2, Theorem 3 and Example with p — 2.
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ESTIMATION OF THE GREEN FUNCTION 
OF THE SINGULAR SCHRÖDINGER OPERATOR

I. JOÓ (Budapest)

Dedicated to Professor L. Leindler on the occasion o f his 50-th birthday

Let Q be an arbitrary bounded domain in RN (JV>3) having C “ -smooth 
boundary, and q an arbitrary non negative function from the class L2(Q). Consider 
the Schrödinger operator

L =  L(x,D ) =  — A + q(x).

Denote L an arbitrary positive selfadjoint extension of the operator L  from the 
domain C^(Q) with discrete spectrum. According to a well known theorem of 
K. O. Friedrichs there exists such an extension [3]. Denote the
sequence of eigenvalues and {w„}r the complete orthonormal system of eigenfunc
tions of the operator L in L2(Q). For any and f£ L 2(Q) consider the r-th
Riesz means of the spectral expansion of / :

(E lf) (x )  =  2 n { \  - - J - )  ( f  u„)u„(x).

The convergence properties of E \ f  were investigated* in [5] for spherically sym
metrical potential q in the case of functions from Liouville classes further in [9] for 
potential q of the form

0 (x) = + Ox (x) (= q0 (x) +  qx (x)) (x0€ Q),\x — x0\

where 0 ^ ű6 C“ (0 , °°) such that

tk |ac&)(i)| ^  cxtT~1 (t >  0; k = 1 ,2 ,..., TV),

<7i (x)£ CN (Í2), ki(x)| si c \ x - x 0\l )•

In the investigation of the convergence properties of E \ f  an important role is played 
by the estimation of the Green function G = G(x, y, p.) of the operator Lß^LL — n2I 
(i.e. the kernel function of the operator (L —/i2/ ) -1).

The aim of the present paper is to give estimation for the Green function G 
for more general potential than above, namely, we assume only that there exists 
a function 0 ^co(r) such that

(1) a>(f) increases,

The Riesz summability of general orthogonal series was investigated by L. Leindler (e.g. [2]).
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(2 ) (o(t)/t decreases,

0)(t)
(3) dt

<4) l? (*)l a  WLt-Xn “
This result is of some interest, because it seems to be not refinable from point of 
view of the order of singularity of q (cf. [13]). Define

v  def ^Z =  |z€C : a rgz—— -  T _ e’ £ 0 fixedj, B =  {.xiR*: \x—x0| <  /?},

Bi =  {x^R*: \ x - x 0\ <  =  jxCR^: |x - x 0| <

where 0<7?<dist (x, dQ)*t{R*, and R will be chosen below to be small enough. 
We shall prove

(5)

Theorem. / / ( I ) —(4) are fulfilled, then we have for TV >3

1
|G(x, y* aOI = Ci e-c^Wx-yl (At€Z. Xfy£B0)t

\x - y \N~2
where the positive constants c1 and c2 do not depend on x, y and p.

Proof. For the proof we need some lemmas. Assume in this work that x0 =  0 
and use the notations

„ / m def  / d e f  r  1 1 w  j .a (R )=  / . ,;v du, / =  ------- >' i->£ \u £ \x — u f  \y — u r  \ur
co(|m|)

j i f  def J

x — u I N - 2

\y-
<w(M) j  I ,I lg du, r = \x - y \ .

Lemma 1. For any x ,y£ B  and 0 < /?< /?*

(6 ) |/| si csa(R)/rN- 2,

(7) |/*l — Cia(R).
The constants c3 and c4 do not depend on x, y and R.

Proof. First we prove (7). Define

Ex =  BC\{u£B\ I* — u\ ^  \y — u\},

E2^ B n {udB: \x - u\ ^ \ y - u\}, I? =  f ... (i =  1, 2).

It is enough to estimate 1*, because estimation of / 2* is analogous. Consider 

Ex =  {u£Ex: \u\ ^  |jc—1#|}, Ex {u£Ex: \u\ S  |x-« |}.
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If u£Ei, then ö>(|m| ) ^ o>(|a‘ — m|) and using the Holder inequality at p — Nj(N—2), 
q = N/2, we obtain

El

r C 0 1 , p ( \x—u\) ft)1/4(|l/|)
J I x - u \ N-* W ~
1̂

du ^[o(R)]1,<l[a(2R)]l'p.

If u£Ei, 
ci = N :

then M ^  and the Holder inequality give at p = N/(N— 1),
M |x - « |

r*// def 
l l  =

cr" cr"
cu1/p(|x—1/|) cu1/<?(|m|)

i j c - i / r - 1 k -
d l l  ^  [ « (Z /? )]1^ ^ ! / ? ) ] 1^ .

Now we prove (4). If udE1, then r = \x —y \^ \ x  — u\ + \u—y\^2 \u  
\y — u\^r/2. We get:

—y  |, hence

Lemma 1 is proved.
Now we construct and estimate a special fundamental solution E (x ,y ,p )  ol 

the operator Lß and then we shall estimate the difference between E  and the Green 
function G of the operator Lß. Hence we obtain the desired estimate (5) for G.

Using the method of E. E. Levi [11] first we construct a fundamental solution 
E(x,y, p) of the operator L — prl, i.e. a function for which

( - d +</(*) • - p 2I)E (x ,y , p) =  <5(x-y) (x,y£B).
Inthecase c/=0, the fundamental solution E0(x, y, p) which decreases exponentially 
for lm ju>0 is ([11], 13.7.2)

E0(x, y, p) = cN(p/r)N/2~1 -  i OvO •
Here denotes the v-th Hankel function of first order. Obviously, the expo
nentially decreasing fundamental solution E  is the solution of the integral equation

(8) E(x, y, p) =  E0(x, y, p ) -  f  E0(x, u, p)E(u, y, p)q(u)du.
B

Indeed, it is well known that L0E0(x, y, p) = d (x—y) for the operator L0^ i  — A — 
— p2]. Now we show that LflE(x, y, p) = ő(x—y) for L^^ÍLQ + ql. Let 
/ ,  cp£Co(B) be arbitrary, then**

CÉj; L^cp) =  f  [ f  E0 (x, y, p)f(y) d y -
B B

- l i f e «  (x, u, p) E(u, y, p) q (u) du) f (y)  dy] L^ipix) dx =
8 B

=  f f ( y ) d y  f  E0(x, y, p)Lli(p(x)dx-
B B

-  f f ( y ) d y  f  E{u, y, p)q(u) du f  E0(x, u, p)Lll(p(x) dx.
B B B

** The operation ~ is defined by (0 /)(x )=  j<p(x, y)/ (y) dy.
Í2
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According to our assumption

J Eo(x, y, n)Ltl(p{x) dx = f  E0(x, y, p)(L0 + q- )(p(x) dx =
B B

= f  E<0 (*» y, v )Lo <P(x) dx+ f  E0(x, y, p) q(x) (p(x) dx =
B B

= (p(y)+ f  Eo(x, y, p) q(x)cp(x) dx.
B

Consequently

(£ /, q>) =  f f ( y )  [q>(y)+ f  E0(x, y, p)q{x)cp{x)dx] d y -
B B

~  J f ( y )  f  E (u’ y> v)q(u) du[(p(u) + J E 0(x, u, p)q(x)(p(x) dx] dy =
B B B

= ( f  <p)+  f j \ y ) d y  [ f  Eo (x, y, p)q(x)q>(x)dx-
B B

-  /* < » . y, n)q(u)(p(u)du- f  E(u, y, p) q(u)du J E 0(x, u, ft)q(x) <p{x) dx] =
B B B

= (/, <P) +  / / O ')  dy J  q(x)(p (x) dx [£„(*, y, p) -  E(x, y, p) -
B B

-  f  E0(x, u, p)E(u, y, p) q(u) du] =  (/, <p),
B

i.e. (Éf, Lß(p) = ( f ,  <p) (tp€Co(B)), hence L„É f= f for every f£ C ő (B).
Now define

Ek(x, y, p) =  Eo(x, y ,n )~  J Eo(x, u, p)Ek_1(u, y, p)q(u)du,
B

Eo (x, y, p) =  E0 (x, y, p), Fk (x, y, p) =  Ek (x, y, p ) -E k_1(x, y, p). 
Obviously

(9) E{x, y, p) = Z  Ek(x, y, p),
* = 0

if the series is uniformly convergent. Furthermore

(10) Fk (x, y ,p ) = - f £ 0 (x, u, p)Fk _ x (w, y, p)q (u) d u.
B

Our first aim is to prove that the series (9) has good convergence properties. 
To this end we have to estimate the functions Fk. Define^the functions f k by the 
equation

Ek(x, y, p) =  ]x~y]f k(x, y, p).
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Obviously, we have

(i i) \fk(x, y , a*)| ^  c5 f  \A-i(u, y, A * ) l du,

because

(12) \E ,(x,y,n)\ S c .  (x,y€B;ii<iC)

([6 ], 7.2.1(2), (5); 7.3.1 (1)). First we prove the following estimate (by induction
on k):
(131 \fk(x, y, p)\ ^  [c0a(/?)]fc|x - y |2“ ^ (x, y£B; p£C),

where c0=cscs.
For A: =  0 (13) follows from (12), according to the definition of F0 and that 

o f /0. Suppose (13) is fulfilled for k — 1 and prove it for k. Using (11) and the induc
tion hypothesis, we obtain

!/*(*, y* /0! =  c5 /  i _ ' p  IA-i(w, y, /*) I

~ c &[c0a{R)] J N_2 , _  ./v- 3  iw
cu(|w|)

hence the desired estimate (13) follows using (6 ). 
From (9) and (13) we obtain

Lemma 2. For any x ,y £ B  and p£C

du ^  

du

(14) \E(x,y,n)\ ^  c7\x - y \2- Ne~[lmfl̂ x- yl

holds, i f  R > 0 is such that c0a(R )^0 ,5c7 does not depend on R. 

Next we estimate the gradient of E, namely we prove 

3 1
Lemma 3. I f  R, \ y \ ^ — R and p£C, then

(15) \WxE ( x ,y ,p ) \^ c s(R).

The constant cs(R) depends on R (it may increase as R-* + 0). 
P roof. From (8 )

e\imfi\\x y\ ]yxE(x, y, p)\ ^ ! /V — 1 L\ x - y \ r

+ r ____!________ !___ ______________ £»___ +
J  |x —m|n _ 1  \y—u\N 2 |h|2 |x —y|N 1B

+ . . f  + f  + f  ~|w|sR/2 R/2íi|u|==(5/8)R (5/8)R̂ |u|áR
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Using (7) we obtain
, r 1 co(j»|) ,
7* = const , , /  s  c<*>’i«|SÄ/2

because in this case also |x —u| ^  const • R;

ai(R)h  ~ const R2 /
du

I u - y \ r
c{R),

R/2=£|u|S(5/8)R

because in this case also |x — w|^const*R\ and at last

du
h  s  c(R) /

(5/8)Jtsg|u|=iR be — u -N—  =  ^(Ä),

because in this case \y — w|^const*/L Summarising our estimates that of (15) 
follows. Lemma 3 is proved.

We have proved after (8 ) that for the fundamental solution E(x, y, pi) we have

(16) (L (x ,D )-p i2I ) f  E(x, y, pi)f(y) dy =  f(x ) , x£ B

for any f£Co(Q ), supp/czß.
Now define E*(x,y, pi)=E(y, x, pi) “ the formal adjoint of E ”. Then we have 

for any f£C ^(Q ), supp/c: B, the equation

(17) f  E*(x, y, pi)[L(y, D)-pi2l] f(y )  dy = /(x ) , x£B.

Indeed, for any <P£C?(Q)

f  ip(x)dx f  E*(x, y, pi)Ltlf(y )d y  = f  Lfl f ( y ) d y  f  E*(x, y, pi)ip(x)dx =  
si h si n

= f  Ln / ( * ) dx f  E (*, y, b) <p (y)dy =
SI SI

= J f  (■*) (Ln f  E (x > y> b) <p (y) dy) dx =  f'f(x) <p (x) dx =  (/, <p),
a n  n

and hence (17) follows.
Now let rj£Co(Q) be such that rj(x)=l for x£B l , and define

H (x, y, pi) ~ rp(x)E (x, y, pi), H *(x, y, pi) =  VO’)£(T, X* B) = n(y)E *(x , y, B\

K(x, y, pi) = 2 (V, tj(x)) V, E(x, y, pi)+(Axip(x))E(x, y, pi),

K * (x, y, pi) tL  2 (Vy ip (y)) VyE* (x, y, pi)+ (Ay ip (y)) E * (x, y, pi).
Obviously

[L (x, D) -p i2l]H  (x, y, pi) =  ip (x) [L (x, D) -  pi'21 ] E (x, y, pi) -  K (x, y, pi), 

[L{y, D) —pi21] H*(x, y, pi) = rp(y)[L(y, D )-pi2I]E*(x, y, pi)-K*(x,y, pi).

A d a  Malheinalica H Ungarn a 46, 1985



ESTIMATION OF THE GREEN FUNCTION OF THE SINGULAR SCHRÖDINGER OPERATOR 281

hence, for any f^C^(Q)  we get

/ H*(x, y, p)[L(y , D ) - p 2I ] f ( y ) d y  =  f  f ( y) [L(y , D ) - p 2J] H*(x, y, p )dy  =
B B

=  f / ( y ) l ( y ) l L ( y ,  D ) - g 1/ ]E*(x,  y, ß ) d y -  =
B B

=  f ( x ) n ( x ) - K* f ( x ) ,  
i.e.
(18) H ’ ( L~  p2I) f (x)  = f i x ) - f i tf (x)

On the other hand, for any f£C^(B)  we have

[L(x, D ) - p 2l ]  f  H{x, y, p ) f (y )  dy =

= n(x)[L(x, D )-p 2l] f  E(x, y, p )f(y) d y -  J K (x , y, p )f(y) dy =
B B

= i](x )f(x)-K f{x),

(19) lL -p - I ] H f(x )= f(x ) -K f(x )  (.f iC ? (B ) ,x a S 0).

Hence we have for any fdC^(B)  and (pdC^(B)

(20) ( / / / ,  L ß(x,  D)tp) =  ( f - K f ,  cp).

Let f£ L 2(B) be arbitrary and {f„}czCo(B) be such that Then (20) fol-
lowsfor every f£ L 2(B). Because C ^(B )a C ^>(Q)ciD(Lll), so we have (///", LM</>) =  
= ( f —Kf,(p) hence /?/£/)(/,*) and L* H f= f—K f  for every x^Q. Thus

(2 1 ) (£*///)(*) =  ( / - £ / ) ( * )

for every f£ L 2(B) and x£Q.

Lemma 4. Suppose N>3 and f£ L 2(Q). Then

(2 2 ) H K  *‘■joll/llt, = )).
The constant c10 does not depend on f

Proof. Using the generalized Holder inequality we get

W h p =. MkPi I|/I1l€i +
On the other hand (]dLN/2(Q) because 

f  \q{x)\N/2 dx ^  f  ^  const.
Q [i — -*0 l

f r« - > ^ d r  = c3 - . ^ ! , , ___ _
rN+ o + o

Choose Pi — N/2, then ( j i1= p ~ 1—p j 1= 2 ~1+ 2N ~ 1—2N ~ 1= ] / 2, i.e. </i =  2. 
Lemma 4 is proved.
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Lemma 5. Let fe W ^ Q ), p=2Nf{N+4). Then

(23) ii^/lli.p =  cn !/!»'*•

P rcxjf. Using the imbedding W 2p-~L2((N/p) — 2 = N/2), the estimate (23) fol
lows from (2 2 ).

, if *
Lemma 6 . Suppose { fn}c:Wl(Q), f£ W 2{Q) and f n— (n-+°°). Then

(24) \Lfn- L f \ \Lp -  0 (»i-oo, p = 2N/(N+4)).
P roof. (24) follows from the following inequalities:

W n -L f\\L p ^  \A {fn- f) \ \Lp + \\q(Jn- f) \ \Lp ^  c \ fn- f \ \ K  + cu \\fn -f\\K . 

Lemma 6  is proved.

Lemma 7. For any f£ W 2Aoc(Q) we have

(25) H*(L — p2I ) / = = / — K * f (p = 2N!(N+4)).

P roof. Let f£ W 2p,loe(Q) be arbitrary and { /„ }czC ^ °(ß ) be a sequence, for 
which \\fn- f \ \ w^B )-0  (/j-*■ °°). Using Lemma 6  we obtain

g, äL (L —fxlI ) / =  g  (« -  ~>,

i.e. Ig .-g ||L ,-0  ( * - “ ), hence ||//* g „ -//* g ||1(. - 0  (n— ). Using (18), (25) 
follows. Lemma 7 is proved.

Lemma 8. Suppose u ,f£ L 2(Q) and Lß{x, D)u—f  in the distribution sense (i.e. 
in £y(Q)). Then uOV2p’loc(i2) i f  p=2N/(N+4).

P roof. Obviously,

Lp{x, D)u(x) = -A u (x ) + q(x)u(a) - p2u(a:) =  J\x),

hence by Lemma 5 we get — Au(x)—f(x)-{-p2u(x) — q(x)u(x)£Lp, and taking into 
account Triebel [12], 6.4.1 and 2.3.4 we obtain w£lLp,l0C(fi). Lemma 8 is proved. 

Denote by o(L) the spectrum of L.

Lemma 9. Suppose f€ L 2(Q) and X£C\<r(£). Then ( I - A / ) - 1/ 6 ^ ,oc(ß). 

P roof. Let g = (L  — a/ )" 1/  Then for every (p^C^(Q) we have 

(/, <P) = {(L -X l)g , q>) = (g, (L -k I)(p ).

Since (p^C^(Q )dD (L ), we have (L — XI)(p=L{x,D)(p — X(p hence (/, <p) =
=(g, (L(x. D) — X)(p) i.e. [L(jc, D )—X l] g = = f.  Taking into account the assumption 
f€ L 2(Q), Lemma 8 gives g£lV2’loc(Q). Lemma 9 is proved.

Lemma 10. For any f(zL2(Q) and x£B0

(26) G J (x )-H > f(x )  = \< r(I)).
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P roof. Let / 6 C^°(ß), then by Lemma 8 we get G„/^fVpl0C(C2). According 
to Lemma 7

H \ L - f l ) G J = G J - K * G J

i.e. H*f=G„f— K*GJ. If f£ L 2(Q) then pick a sequence { /„}c=C^(ß) such that 
( ,—+ f. Lemma 10 follows.

Lemma 11. For any f£ L 2{B) and x£Q

(27) G J (x ) -H f{ x )  = GtlKf(x), ( n X C \o  (£)).
Proof. From (21) it follows for any f£ L 2(B) Gß(L —pzI)H f= 0 ßf —Gllß f  

Lemma 11 is proved.

L emma 12. For any f£ L 2(B) and x£B()
(28) G , f ( x ) - H ,J(x) = ^♦/?/(x) + /e*G„^/(x).

Proof. This equality follows immediately from (26) and (27). Lemma 12 is 
proved.

L emma 13. For every f£ L 2(B) and x£B0

(29) \ G J ( x ) - f r f ( x ) \  a  c„ ||/1 M»„

where J (/i)~ d is t (n, a(L)).

Proof. We know that

\K*Hf(x)\ ^  ce -c^ m^\\fif\\Ll | | / | Ll,
and

\K*GßKf{x)\ ^  ce~c™l,"H |! G ^ / | | tt  ^  c

hence
d(n)

[Im/i|

\K‘ G„fCf(x)\ a  II/IIl,-

Summarising our estimates we get (29). Lemma 13 is proved.

Corollary 1. For any x £ B„, y£B  and Z  

(30) IG(x, y , n )-H (x \ y, n)| == c15e"Cl«l"1.
Corollary 2. For any x £ B0, y £ B„, ndZ 

\G(x, y , /i)j ^  c16

and this is the statement o f the Theorem.

The Theorem is proved.
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GENERAL LINEAR SUMMATION 
OF THE VILENKIN—FOURIER SERIES

HE ZELIN (Nanjing)

Some special summation of Vilenkin—Fourier series [7] of functions in Lp(0, 1) 
( l^ p ^ o o ) were investigated by S. Yano, A. Efimov, I. Yastrebova, S. Blumin, 
Su Weiyi and the author etc. (see [1]—[5]). In [1] Blumin also discussed the general 
summation. This paper is devoted to extending some results in [5] for the case 1 00
and some specific discussions for the case 1 </?<<».

The notions and the symbols in this paper are basically the same as in [5], but 
some of them have been revised.

§ 1. Notions and symbols

1. Let N := {1 ,2 ,...}, P:={0, 1,2, ...}, {/W/}jeP be a sequence of integers each 

greater than 1, supm7<°°. Zy.— {0 , 1 , . . . ,nij— 1 ), M a:=], Mj+ l:=WjMj ( /£ P).

2. If x, y£[0, 1) and their expansions respectively are x = 2 x j ^ i+ l5
■j= 0

y -  2  y jMf + 1 (Xj,yj€Zj), then let x 0 y:= 2  (xj~ y j ) (mod 
j = 0 ; = 0

27l i  00 °°
3. Let 9>fc(x) =  exp-----xk, ij/k(x):= JJ((pj(x)fj, where x=  2  xj Mjr+i (*/€z /)»

mk j = 0 ; = 0

k= 2  kjM jdP (kjdZj). {(AfcLep is called the Vilenkin function system.
j = 0

4. ß n(x):= "z  F ,(x):= ~ 2  Dj(x) (n€N).
j=o n j=i

5. Let / ,  g f i 'io ,  I) (1S /.S « .), / ' ( J t ) : = / / ( t ) f t (<)dr A€N), (/**)(*>==
0

1

:= / f ( x e t ) g ( t ) d t , S„(/):= /*A , (o€N).

* 6 . a>(/,l):=«»(I/[0 , l ) , / , l ) : =  sup | | / ( - 0 h) - /(■ )! ,  ( /€ L '[0 , I), IS p s S - , 
<5>0).

7. Let G and / /  be functions or functionals defined on a set t/. If there exist posi
tive numbers oq and a2 such that for all x£ £/, a, G (x )^ //(x )^ a 2G(x), we will 
denote it by G ~  H.

Wr - 1
8 . Let /<GL'[0, 1) ( l^ p ^ o o ), T<*>(t):= 2  W k(t) (a is real, 0“:=1 if a<0).

It = o

6*
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If there exists g£Lp[ 0, 1) suchthat lim gjj „=0, then if a>0 , g is called
the (strong) derivative of order a of / i n  Z/[0 , 1); if a < 0 , g is called the (strong) 
integral of order ( — a) of / i n  Lp[ 0, 1). In both cases g will be denoted by T^>f.

§2. The case 1 ^ p  -g oo 

Blumin [1] gave the following result:

If f£ L p[0, 1) (1 ^/?^oo), /Cn= l +  Z  N), then
fc=i

( r AT/ + 1-1  I
(2 . 1) \ f~ f* K n\rs  c j(l +IIATJ,)£ „ ( /)+  2  Z( I - < 0 * .  .£■«,(/)}

I /=0 k = 1 J

where Mr^ n < M r+1, £ „ (/) := in f  {||/ — g||p: g~(&) = 0 (N^&^w)} and C > 0  is an 
absolute constant.

We will give another estimate by a simpler method. First we show

L emma 1 .7 / f£ L p[Q, 1) (1 ^ s i  ~), ^ ^ [ 0 ,1 ) ,  g~(k) -  0 (A: =  0, 1, 2,
..., Mr— 1, r£N), //ten

(2 -2 ) l l / * d „ S a > ( / - 2 -J||g||1.
P roof. Since for any k£ P,

r (k ) g ~ ( k )  =  ( r  (k ) - (S Mr( f ) y  (k))g~(k),

by the uniqueness theorem of Fourier transform, we get f* g = (  f —S Mr( f))*g . 
Hence by [8 ]

II/*slip 2  | / - s » r( / ) I , k l i  ■ " ( / • / )  Ileli-

T heorem 1. I f  f(zLp[ 0, 1) (1 Ke£L l[0, 1) ( q belongs to a set o f indices),
^ e(0)= 1, b.f(k):—Ck(Q):=Ck (k£ N), then for any positive integer r

(2.3) | | / - / * i c ciP s (0 (y ,]l J +  2 | | j |  1 ( i-< * )* * ||.< » (/.+ )  +

+ 2 \ \  2  ck^ k\\x( o \ f — \.
l = r  k = M ,  V M l '

P roof. Since the sequence of the Mr-ih partial sums of a Vilenkin—Fourier 
series of an integrable function is convergent in L \ 0, 1) (see e.g. [7]), i.e. Ke—i -F

°o Af \ + \ 3

+ 2  2  ck̂ k-> we have for all s ^ r  (.y£N)
1 = 0 k = M ,

U - f * ^ p s U - s MA f ) l + \ \ f * ' z M'2  1( 1 - a )^I!» +
1 = 0 k = M,

s A/ f + 1 1 oo + 1 1

+ ||f *  2  2  ck'l'k\\p-r\\f* 2  2  Ck'l't| | ; »
l =r  k = M,  / =  s +  X k = M,
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By the above Lemma we have 

<2.4)

s (  i l  \  Af( + I —1 (  1 \  , M l +1 —1
+ 2 > U t f  || 2 1 c^ k \ \ i + ^ [ f ,— \\\ 2 ^  2 ” c^ k  i-

l = r \  M f  k = M ,  '  M SJ  i = s + i  k  = M,

Moreover, by [8 ]
00 /  j \

II 2  2  =  K - V i ^ Q I i  s  B l ' ( 0 . 1), —
/ =  s + 1 k = M f v

]n (2.4) letting s -+00, we get (2.3).
H — 1

Corollary l.L  I f  f £ Lp[0, 1) (1 °°), K, =  1 +  2  ck\l/k (n£N), then
1 fc = 1

(2.5)
r - i  /  I \  Aí, + , - 1 /  1 W  n - 1  \

. ! / - / . * . ! , *  /Z . » ( / . S ;) l lIä i 0 - O ^ | | 1+ - ( / , s - ) ( i+ |l t 2

where r£P  is defined by Mr̂ n< Mr+1.

N o t e . In some cases the estimation (2.5) is more accurate than (2.1). For

example, let f£ L p[0, 1) (1 °°) with to | / ,  -^-j =  j and the kernel Kn —

( 1 ) Mr”1 1
= l + (1 + inn‘J ^ 1+ ^ 2  (M r - n< M r+i)> then by (2 .1 )

In In n
I/-/**■■» s  c \ , i l T T EM  ~ c { á l T T \ l L

and by (2.5)
In n

\ \ f - f* K n\\p ^  to Lül-iSr x In n

If T(*)f£Lp[0, 1) (a^O), then using the inequality (see [5])

to W w h M ‘ A T<')f ’ w ) {,cV)

we may give the following
Corollary 1.2. I f  f f L p[0, 1) (1 = P=i 00 ) and r<a>/€Lp[0 , 1) (a^O), t/ien for 

all r<EN
r —1 Af, + , —1 (  1 \

(2 .6 ) l l / - / * * X s  2  2  0 - 0 * *  jA t,-©  r « / -
1 = 0 k = M , ú íig & S & É i V TV?,/

+

( j \ 00 Ml + 1 —1 / [ 1 \
TW/; 4t)+ ,-? M  “ *4.A#,-®(r»/.|Sr),
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288 HE ZELIN

resp. for all n£ N
r - 1 M ( + 1- l  /  1 \

(2.7) 2  2  +
í = o / t = M ,  v J y i i f

+ ( ,+ t | c‘^!( .)* -» (* ■ « /, Í J
where r£P  and M r^ n < M r+1.

In [5] we discussed the typical means of Vilenkin—Fourier series and gave the 
following result:

If r<*>/€£'[0,1 ),/f„= 2 1( l - (7 p j  j M * s O ,  n€N ,/> el), then

(2.8) l f - f * K \ \ ,  = m j f c  f y

where rdP  and Mr^ n < M r+l.
Now we use (2.6) to deal with the Abel—Cartwright mean. We first give a 

lemma.
Lemma 2. We have

2  ck^k\\i =  0 ( l ) [  2  k\A2ck\ +M, max \Ack\ +  max |ct|],
=  M. k= M. M, mk̂ Ml + l - 2  M, ^ ksMl + . ~  1

M , + , 1 M l+X 3

II Zk= M,  k= M,

where A2 ck = ck-2 c k+1 + ck+2, Ack = ck- c k+1 (k, /dP). 
P roof. Applying Abel’s transform twice, we get

M , + 1 - 3

2  =  2  ^ ( f c + O F ^ - d c ^ i ^ T
/ = M(

+  A c M ,  + 1- 2 ( M l + 1 —  1) F m i  + 1- 1 ~ C M i D M i +  CM1 + i-l^A f| + 1||l- 

Taking into account ||Z)M,lli and ||Fk||1 =  0 ( l)  (/, /cdP, see e.g. [8]), we get Lemma 2. 
Theorem 2. I f  /d L p[0, 1) (1 °°) and T(af  '£Lp[0, 1) (oc^O) and

x e = 2 o k̂ k  a > 0 )
k = 0

then

(2.9) « / - / *  ^ l P =  0 (1 )  ~  i  M r - ^ )  (g -  I - 0 ) ,

, „  . 1 1where r d r  rw# ^  1 — o <  — •
M f Mr-i

It is interesting to see the similarity between (2.8) and (2.9).
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P r o o f . By (2.6) ( w i t h  ck:=Qk* (k£N ) )

I / - / * K J, s  j | 1| | ' 0  + ct>(r<‘i/, +

0° wi+i_1 Z' 1 \
+  2  2  < « lr<■>/,— .

< = r k = M,  '  ' « I '
By Lemma 2,

II 2  c*^*||i =  0 ( l ) (  2 1 k\A*ck\+M, max |dct |+  max |ck|),
k = M t *=M , M , * k ^ M l + l -  2 M , ^ k ^ M ,  + l - 1

Ml+l—l M(+1—3
|| 2  0 - 0 ^  . =  O (0( 2  tM !^ l +

fc=Af, fc =  Af(

+ M, max |dcJ + max II—ct |).
Af,==k3íM,+1- 2  M , á I S M ,  + l - l  Kl/

Furthermore,

regarding k as a continuous variable and using the mean value theorem we have

max |ct ! =  max ok* =  gM*,
AÍ,5=fcsíAÍ, + l - l  Af i ^ k S M /  + t — l

max |dck| =  max \QkX — ö(t+1)A| =  max lf>fcA In gÁkí ~1\ =
M , S i : S M (+1- 2  M , S k ^ M ,  + 1-  2 Af(S f c § M l + 1- l  1

=  0(1) (1 —g ) M , 1 =  0 ( 1 ) ^ ' M,A —1

f , lJ2cfcl -  2 w , (lekAln2eA2/c2;- 2| -Hek*ln eA(A-l)fcA- 2|) =I j f -F i “ MI —fc —rVf j + I A

= 0 ( 1 ) ^ ' Af,:2 A - 2

A/2k ’

max |1— c j =  max (1 — £>kA) ^  max Ig*“1 In g),kl ~l Ml + l\ =
f , ^ k s f t f ( + 1- l  M,=sfcigAi1 + 1- 1 0 ^ k ^ A f ,  + , K , + u

Thus we have

(2. 10)

=o<‘>lK'
r - 1 ,  M l + i - 1
2 1 2  O - O ^ i A / r “

1 =  0 k =  M,

■A/,-1 A/,J
W r +

1 r_l ,

ac/o M athenmtica Hungarica 46. 1985
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( ] 1 ( 1 \ m* 1 )
and Itaking account that 1 — — < o ^ l  — ——r- and I I — ——H -►— as /*—o°| I M;_i M ' \ M ')  e )

(2.11) “  n l + ' ' l l  ( 1 )
2 \ \  2  atolr<a>y,— I =
l = r k=M,  V ^W//

=  o ( i ) » ( r « /  2 - )  Afr- * |  e - *  (> + § + ^ £ )  =

=  ± ) u r  | ( i  -  o ( . W - « ( r « / ,  T J .

Substituting (2.10) and (2.11) into (2.6) we get (2.9).
The following corollaries are immediate consequences of Theorem 2 (cf. [5]).
Corollary2.1. / / /£ T [0 , 1) (T[0, 1):=LP[0, 1) (ls=i/?<oo) or WC[0,1),

WC10, 1) := {/€£-[(>, 1): sup \ f ( x ® h ) - f ( x ) \ - O a s l i - O j )
0^x<l

then \ \ f - f * K e\\x ^ 0  (< ? -l-0 ).

C orollary 2.1. I f T ^ f Z  Lip/? {i.e. co (T ^f, ö) =  0(Öß)as /?-*0)(a^0, ß>0)then

0 ( ( 1 - qYx+^ á) i f  a + ß < 2

l l / - / * * X  =  ■ o ( ( i - e) in T- ! ^ )
0 (1 - e )  1/  « + / S »  2 .

§3. The case 1

In this case using the Littlewood—Paley theorem and the strong multiplier 
theorem (see [2], Theorem 1), we may obtain further results. Blumin [2] gave the 
following result:

Let f£ L p[0,1) (1 < j9 -coo) and {c*} be a sequence such that

M f — 2
(3 .1 ) \ck \ ^ B ,  Z  \ C j - c j+ 1 \ ^ B  ( /c€ P , /€ N ) .

j = M , - i

Then j?  ckJ~ (W k  =  g£Tp[0, 1) and [|g||p^ Ap\f \\p, where Ap is a constant
fc = 0 ■

depending only on p.
Lemma 3. If  f k£Lp[0, 1) (l^ /?-<°°, k — 0, 1, « € P), then

(3.2) ( Í  1 /J? )"«  §  ||( Í  l/l |2),'2||p s  ( Í  i / ® ) 1" 1,
k —0 k = 0  k = o

where sx= min (2 , p), <s2 =  max (2 , /O'.
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/ ii \a it
Proof. Suppose l ^ p ^ 2 .  Since \ak\\ ^  £  \ak\x as a ^ l ,  we have

Vfc =  0 /  k = 0

0.3) iK i  with,=(/ (i  w r y  - (/ 2 1/*!'’)1"=(i  i/.ii
"  k = 0 „ k =  0 o k =  0 A=0

On the other hand, since \\ f 1+f2\\q=\\ fi\\q + \\ f 2\\q as 1,

<3.4) ||(i |a|s)i/2IIp=(/ (i \A\rTp)W)=(i (/ |äT )T  =fc =0 0 k=0 k=0 0

= (i  ii/jt2-
k = 0

Similarly we may prove that if then

( 3 . 5 )  ( i  i / J ' ) * "  ^  | | (  2  I / , I T U ,  *  ( i  I I A I U T '
i£=0 k = 0 k =  0

Lemma 4. Let f £ L p[0,1)  (1 < /? <  °°), c0 =  Cq, ck = c * ^ 0 /£N),

{cf} a bounded nondecreasing sequence. Then g= ^  ck f~  (k)ij/k^ L p[0, 1) and

(3.6) miméit*
wherea0 —  C o , a t =  ^c,*2—c f l j (/€N), s ^ m in  (2,/?), 5,2=  max (2,/?) ű/íc/ /lp, Ap>0 are 
constants depending on p.

* i-i
Proof. Let J „ = /  (Oh ^  f i ^ Y K  (/=!)• By the generalized Little-

k = M , _  j
wood—Paley theorem (see [6] p. 58—59)

lis„,(g)!lp ~  | | ( 2 < f 2M ,I T 1 |, =  | | ( 2 < í 2( 2  M / -  2  Mjl2)I/2)||,
1 =  0 / =  0 j  = l j = l  + 1

= IK 2 cf* 2 M/- 2 T 2 M/HI, =
1 =  0 j f= i  / = «  j = l + 1

=  ||( 2  cf2 2  M/l’ -  2  c*-i 2  M /) 1,2||, =
1 = 0  j  =  I / = !  j = l

= ||(2 W*-c,“i) 2 UU*+cí* 2 2 M/)TI, =
1 =  1 j = i  j = 0 i = s - F l

=  I K Í 4 Í M / - C . "  i  M / ) , /2 i |p .
1 = 0  j = l j = s  + 1
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thus

and
/ = 0  j - l

IsMj(g)lP - ^ | | ( 2 a f 2 M /) 1,1 l , - ^ | | K 2 2  M / H ,
l —o j  = l j = s + 1

(Bp, Bp> 0 are constants depending on p.)
By Lemma 3,

I I i o f  i  M i i r i l ,  a ( Í  o f * | |( i  M y lT IIrt1'“ -
1 =  0 j = l  l - 0 j = l

Using Littlewood—Paley theorem again and by [8 ]

\ \ S M  ^  A,(gaf. ||i=i r (*Hi *,■)*'■■ ̂ ̂  (iM/. ̂ )fp
Similarly we get

|ÍV (g )L =  ^ p( i2 o[«/ö)( / ^ ) ]  ] - B pc > ( / ,  — ) ,

where B 'p>0 is a constant depending on p.
Letting s -c o  we get (by ||5 Mi(g)||p- | |g | |p (5 - 00), see e.g. [7])

4im^)it s m ’ * 4iw^rr-
Theorem 3. Let f£ L p[0, l)(l< /?<°°),A 'e€L1[0, \ ) ,K ^ (k )= \(0 ^ k < M lo, /0£P).
(1) I f  there exists a nonincreasing sequence {cf}, c0 = cf, ck =  cf <  1 (mi _ j ̂  k  <  M t,

/€N) swc/j that j -—̂ Kq (k) ^  satisfies (3.1), then

(3-7) I I / - /* A y , ^  - / ,(  i o / “ ( / . T ) ] S,],fI‘.

(2) I f  Kpi j ) ^  1 (y€N, j ^ M lo) and there exists a nonincreasing sequence {cf},

-o= c o> uk =  c f< l  ( M i^ ^ k ^ M i ,  /£N) swc/i //jű/ satisfies11 — Ke (k) )k=Mlo

i^^uw^rr-
(3.1) //icn 

(3.8)

In (1) and (2), Ap and Äp are positive constants depending on p,

a1 = V O -c D -O -c f .! ) 2 (/ /0), alo =  1 -c f0, Sj =  min (2, p), s2 =  max(2, p).
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P roof of (1 ). Since

\ \ f - f* K , \ \p =  || i  ( i - A ,- ( * ) ) r ( * ) * 1||, =
k = M,

2  1 K“k=Mi I -  Ck

we have by Lemmas 3 and 4

\\f-f*KeW,-  Br\\ß " (l-c*>rs

Using the equality

1 \ i siV/s*

k = M,
|| 2  ( \ ~ ck)f~ (k)\jjk||p =

k = M,'o
we may prove (2) in the same way.

T heorem 4. Let /£Z.P[0, 1) (1 °°), Ke€L}[0, 1), {K~(k)} a nonincreasing
sequence and K~(k)=\  (k< M lo), K ^( j )<  1 ( /€ N, J = M,o, /0dP). Then

0 .9) ,4 ih(/ )̂rr *
where Ap and Ap are positive constants depending on p, sx =  min (2,p), s2 = max (2, p),

a,. =  i a, = |/(l - / f c'(M ,))2- ( l  - * ; < « , _,))2 ( /=-/„).

P roof. Applying Theorem 3, we take {e,*}= {A'^A/,)} (l=l0), then
j j — Ke (k) I satisfies (3.1). In fact
{ l - c k Jfc=M/o

1 ^  = - r i m  - 1 (M'" 1 -  =- /„),I 1 C/t l-ApCAf,)

\ - k ; ( Ic) i - a ; ( / c+ d  i „
2  — 7 -7 ----------------j— :------------  =  7 — ir T Ä n  Z  (A , ( f c ) - A ,  (fc +  1) =

=  l _ A, ' (M[) ( /C (M ,-)-A V  (A/,— 1)) =  1 (/=>/„).

j A-i^yN
, where a, =  1Thus by Theorem 3 | | / - / *  A j p^ / l p |^ ja ,< y { / ;

- < = 1  - K  = /( I  -c D 2- ( i  - c ^ W o  - a ; ( m '))2- ( i -  a ;
(/>/°}.

On the other hand we take cf= A s'(M/_1) ( /^ /0), then |  — „íy. 1l 1 Ag \k) J k — M̂
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satisfies (3.1). In fact

1 ~Kg (Mt i)
\ - K ( k )

M,~ 2 

h = M, , i - K ( k ) 1 —Kg (fc+1)

I (M,_t M/ =- /„),

1

1
>)l - K ; ( M t - i ) )  ‘ i

Applying Theorem 3, we may get
|S j^ l/s .

(/> /o ).

r = 4 |M ^ ) F
This completes the proof.
The following Theorems 5 and 6 are direct applications of Theorem 4. 

Theorem 5. I f  f£ L p[0, 1) (!< /?<  «>), A„ = f f  ( l - ^ j  (A>0, w^N), then

Xf-f*u ’ sAw  l!hM^)]T'
where r£P, M r_x^ n < M r ancl A , v4>0 arc constants depending on p, A.

Theorem 6. I f  f£ L p[0, \) (l< p< °°), Ke= j? Qk' ^ k (A>0, 0 < g <  1), then
k = 0

l / s t

where r f P. —— 1 — r,— °nd A, A > 0 arc constants depending on p, A, ojyf r 1 j

Here we only give the proof of Theorem 6. Apply Theorem 4. Since

i. ,------------------------------------
<>„ = \ - eu S=

and
(/€N)

substituting these into (3.9), we obtain the desired result.
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CONVEX CURVES IN GEAR
T. ZAMFIRESCU (Dortmund)

Introduction

When looking at two wheels in gear we notice the essential property that no 
rotation of one of them can be performed without rotating the other. But it is 
equally obvious that they are not too convex. Can we construct convex wheels 
that are in gear? This paper answers (locally) this question, but has no ambition 
to have any technical relevance!

Let us consider two Jordan (closed) curves Cx, C2 in the half-plane RXR+, 
both containing the origin O = (0, 0). (R+=[0, °°), R_ = ( — 0].) Suppose Cx—(O)
lies in the bounded domain with frontier C2. Such ordered pairs of curves (Cx, C2) 
will shortly be called supporting curves (C2 supports Cx). According to intuitive 
evidence we say that (locally at O) C, can rotate around (0, a) if there is a 
neighbourhood of O in R_XR+ or in R +XR+ within which Cj meets the circle 
with centre (0, a) and radius a only in O ({/,/}= {1, 2}). (In fact the intuition 
would impose here a stronger condition, which however turns out to be superfluous 
for all later purposes.) Consequently, we say that Cx and C2 are in gear with respect 
to (0, ax) and (0, a2) (ax^ a 2) if C, cannot rotate around (0, a,) (/£ {1, 2}) and 
that Cx and C2 are in perfect gear if they are in gear with respect to any pair of (cor
rectly ordered) points on the positive y-axis.

If the curvatures of Cx and C2 at O exist and are different, then Cx and C2 are 
not in gear with respect to any pair of points. If it happens that Cx and C2 have a 
common centre c of curvature at O, then they possibly are in gear with respect to 
c and c only.

Our main result is that, in a certain sense, in general two supporting convex 
curves are in perfect gear.

Circles tangent to convex curves

In a Baire space, “ most” means “all, except those in a set of first category”, 
i.e. “those in a residual set”.

Let X  be the space of all (closed) convex curves in R2 and ^  the subspace of 
all those lying in R X R , and containing O. It is easily seen that both of them, 
endowed with Hausdorff’s metric, are Baire spaces. It is not difficult to modify the 
proof of Klee’s result [3] (see also Gruber [2]), which says that most curves in X  
are differentiable and strictly convex, to demonstrate that most curves in ^  have 
the same properties.

We shall consider the lower and upper radii of curvature £?*(/>) and q* (p) at 
an arbitrary point p on C, in both directions (for a definition see [1], p. 14). If all
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four of them are equal we write g{p) for the common value. About ,if we know 
the following: On one hand [5]

for most curves in JT, g(p) = °° a.e.

On the other hand [6]

for most curves in JT, Q^(p) — 0 and g f(p)  =  00 at most points p.

How behaves C at O for most curves C £^? From a probabilistic point of 
view it can be expected that the bahaviour at O is of the first kind, while from a 
topological point of view the second seems more plausible.

T h e o r e m  1. For most curves in (€, and g±( 0 )= °° .
P r o o f . Let

s / =  {C€V: qH O) =  e r (0 )  =  o}.

Denote by the set of all curves in ^  supporting some convex curve F composed 
of a semicircle and a segment of the y-axis. Let be the subset of all curves in 
for which r  has diameter 2/i-1.

It is rather obvious that is the complement of s i  and that v * = U K -
n

We show that is nowhere dense in for every n. Since (dn is easily seen to be 
closed, it suffices to find in its complement a set dense in (d. This is provided by the 
family of all convex polygons in RX R+ which have O as a vertex and have no 
edge on the x-axis. Thus, s i  is residual.

Jn an analogous manner one shows that the set

*  =  (C€^: i>s+ (O) =  67(0)  = « }

is residual, the set of convex curves dense in if being this time the family of all con
vex polygons in RXR + having O as interior point of an edge.

Hence siC\0& is residual, which proves the theorem.
As a consequence we get the following result from [7]. Denote by <&?0 the sub

space of ^  all the elements of which are circles. is then obviously a
Baire space.

C o r o l l a r y . Most pairs o f curves in # X # 0 intersect each other in every neigh
bourhood o f O at some point different from  O.

P r o o f . Consider two topological spaces dC and <%/, where <$f has a countable 
basis, and two sets AaSC, Bozty. We use the following known result ([4], Theo
rem 15.3):

A X B  is o f first category in dCX i f  and only i f  A or B is o f first category.

In our case, we know by Theorem 1 that most curves in ^  intersect every circle 
from in a point different from O and as close to O as we want. Then, the prece
ding result (with 0  =  ̂ = ^ ° )  yields the Corollary.
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Convex curves in perfect gear

We easily see that the set c  of all pairs of supporting convex curves is a 
Baire space. Let (C1,C 2)€^ .

Let now Q^(Ck) and Qr(Ck) denote ^ ( O )  and ^r(O ) calculated for the 
curve Ck. We observe the following: If

and
e r ( Q ) < a i> 0;+( Q ) < 0 i  

es“ (Cl) >  at , Q? (Q ) >  a2,
then Cx and C2 are in gear with respect to (0, ax) and (0, a2).

Thus, if
Qt (C2) =  0 and ff±(Cx) =oo,

then Cx and C2 are in perfect gear. We also remark that the converse holds too. 

Theorem 2. Most pairs o f supporting convex curves are in perfect gear.

Proof. We prove that for most pairs o f curves (C \, C2)€ ^ ,

Qp (C2) - 0 and (Q ) =  °°.
The argument parallels that of Theorem 1:

Let
{(Clf C2)€ ^ : q? (C2) =  e f(C 2) -  0}.

Let Q>* be the set of all pairs (Cl5 C2)6 ^ , such that C2 supports some convex curve 
r  composed by a semicircle and a segment of the y-axis. Let Q>„ be the subset of all 
pairs in for which T has diameter 2n~ \  Q)n is obviously closed. The family of all 
pairs of supporting convex polygons, both admitting O as a vertex and having no 
edge on the x-axis, is dense in Q>. Hence

sá — 9) -  U Q)n
n = l

is residual. Analogously,

»  =  {(Q, C2)€ 0 : Qt{Cx) = Q; { C f  = »}
is residual and most pairs of belong to s£C\&.

Theorems 1 and 2 extend in an obvious way to higher dimensions and the 
proofs present no difficulty. Also, one can consider pairs of supporting convex sur
faces of different dimensions; it is still true that most such pairs of surfaces are in 
perfect gear.
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ON THE CONTROL OF INSTABLE SYSTEMS
V. KOMORNIK (Budapest)

Dedicated to Professor László Leindler on his 50"' birthday

1. In the last years the control theory of singular systems has been developed 
intensively (see [3]). Recently A. Bensoussan showed that the optimal cost and the 
optimal control of a singular system may happen stable with respect to a singular 
perturbation ([4]). Further results on this field were obtained by A. Haraux, F. Murat 
and the author in [5]—[8].

Developing the method of Bensoussan we shall prove some general results 
concerning the system sAz+\z\n=v, 1 real. Surprisingly, this system behaves 
better than the system for which the method was originally created.

The author is deeply indebted to Professor J.-L. Lions for useful consultations 
and advices and also grateful to Professor F. Murat for fruitful discussions.

2. Throughout this paper we shall use the following notations and conditions:
Q denotes an arbitrary measure space and || ||p the usual norm of the real Banach 
space L P= LP(Q) (1 For some l^ n < ° °  fixed, A denotes an
arbitrary linear operator A\ Lr"-*Lr, D{A) dense in Lrn. For some 0^7V<°°, 
zddLrn, fixed we put

J : LpX Ln  -  R, J(v, z) =  \ \z - z d\\rrnn + N \\v l,

JE =  inf { J(v, z)\ v € $ t ad, z£D(A), v — eA z +  \z \") (e€R, £ ^  0)
and for each £^0  we fix uE, yE such that

(1) uE£Wad, yE£D(A), uE = &Aye + \y,\* and J(uE, y£) ^  / a +  |c|.
The present paper is devoted to the study of the behavior of the sequences Jt , uE, ye 
when £ tends to 0.

R e m a r k . The system eAz+\z\n is instable in general; this can be shown 
by the method presented in [3]. Some deeper results of this type are proved in [2].

Put
J0 = inf {J(v, z)\v£Lr, z£Lrn, v = \z\n}; 

one can easily see that

(for y0£Lrn and u0 = |y0|̂  J(u0,y 0) = J0 iff
I bo — z d\rn~ 1 sgn (jo IToT"- 1 sgn (jo) =  0 a.e.

Hence u0 and j 0 are determined uniquely if m >  1 or if 1. If rn = N=  1 then 
there are several solutions.

7*
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In what follows we shall assume that

(3) u0€mV%ad

(in case rn = N — 1 at least for one u0). We note that (3) and the density of D(A) 
imply

J0 = inf {J(v, 2)\v£<%ad, z£D(A), v =  |z|"}.
3. In this section we prove the following result:
T heorem 1. Assume y0£D(A) and ur0~1̂ D(A*). Then

= d0+O(e).
Furthermore

Ibe-Jolli" =  0(e) i f  rn*= 2
and

1 — w0||r = 0(e) i f  r ^ 2  and N > 0 .

We remark that the adjoint of A is defined uniquely as an operator

A*: Z/vo--1) -  Lrn/(r" -1> \j —j  := °°J •

We need three lemmas for the proof of this theorem.

Lemma 1. For any l^ /?< °°  there exists a constant Cp^ 0  such that 

|a + b |p —|u|p—/? |a|p_1 (sgn a) b ^  Cp|6|p (V«, b£R).
Moreover, Cp> 0 i f  p~ 2 .

P roof. Dividing by \b\p and putting

Cp = inf {| I +x\p — \x\p — p |x|p-1 sgn x},

it suffices to show that Cp^ 0  if p ^ l  and Cp>0 if 2. The case p — 1 is 
obvious. If p>  1, then the function /(x ) =  |x|p is convex and f \x )= p \x \p~l sgn x. 
Therefore Cp^0 .

Consider now the case 2, then f"(x)= p(p  — \)\x\p~2. Applying the Taylor 
formula,

11 +xjp-  \x\p- p  |x|p~1 sgn X = 

for some x < £ < x + l .  Hence

inf {| 1 +x\p—\x\p—p |x|p~1 sgnx} ^  ——— S  1.\x\>2 ' ' L

On the other hand, the function |x|p is strictly convex whence the continuous func
tion |1 + x\p—\x\p—p |x|p_1 sgn x is strictly positive. Therefore

inf {|1 + x |p- |x |p- /? |x |p- 1sgnx} > 0  

and the lemma is proved. □
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Lemma 2. 7t^ J 0 +  O(e).

P roof. Using the conditions u^\r\t (JUad, y0£D(A) we have for |e| suffi
ciently small

J'Ú'J(eÁy0 +  \y0\m, y 0) =  f  (\y0- z J\rn +  N\u0+eAy0\r)d x =
»

=  J(u0, y 0) +  N f  (\u0+eAy0\r- \ u 0\r)d x  =
1 n

=  J0 + rN J \u9 +  OeAyor 1\pAyo\dx =
ft

=  J0+erN J (w0 +  M Vol)r_1 Mjol dx =  ./„ +  0 ( e). 
q

We have applied the triangle inequality for r = l  and the Lagrange inequality for 
(hence |0 |^1).

Lemma 3.
Jt =  J0 +  Crn \\yt -yo\\n, +  NCr \\ue- u 0\\rr- 0 ( s)-

Proof. Using (1), (2) and applying Lemma J three times,• Jt +  \e \^  J(ut , ys) =  f  \(y0-Z d)+ (yc-yo)\rn d x + N  f  \u0+(ut - u 0)\r dx ̂ 
n n

-  f ( \ y o - Z 4 \rm +  rn\y0- z d\rn- 1sgn(y0- z J)(yt - y 0) +  Crn\yt - y 0\r")dx +

+ A1 f  (ur0 +  rur0~x{ut - u ()) +  Cr \ut - u 0\r)dx =
ft

=  •/(««, Jo) +  C n||jI - J ;otinI +  ^ C (!« £-W 0||; +

+ rN f  (urn~1 (w£ - u0) -  n \y0\r" ~1 sgn (y0) (yt -  >’„)) dx =
ft

=  J ( ^ y ú  +  Cm\y*-yún +  NCr \ut - u X + e r N  f  urtt~1Ayt dx +
ft

+rNf b . r - " { b . l " - b » l " - « b . | - 1s g n W ( A - y . ) } ^ ®
ft= yo) +  Crn\\yí - y 0\\rrn +  NCr \\ui:- u 0\\rr +  crN f  tír9~1A y,dx  =

«= J» +  Crn\\yt - y 0\\™ +  NCr \\uc- u 0\\rr+ srN  J d x  is
ft

^  «/« +  C« b t - y X n  +  NCr 1 Ut -  Mollr ~  M ? N  | |y j r„ M*(wó_1)||rn/(r»-1)

and the lemma follows because by Lemma 2

\\yt -Zd H» = J(Ue,ye) = /«+|e| = ̂o+ö(£)
/<</« Mathematica Hurigarica 46, 1985
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whence
! k L  =  o ( i ) .

Finally, Theorem 1 is an immediate consequence of Lemmas 1—3.

Remark. One can easily see that the above proof equally works if we replace 
the condition (3) by the weaker one
(4) w0+eT>’0 for |e| sufficiently small.

4. In this section we turn to the more general case wheny0$D(/l) or u f 1 $D(A*). 
The following result will be proved:

Theorem 2. Assume ur0~1£D(A*) ( the closure o f D{A*) in Then
Furthermore

I b . - i P o L - O  i f  r n ^ 2
and

K - « o l l r  — 0 i f  r  =  2  a n d  N  >  0.

Remark. We note that the condition ur0~1£D(A*) is obviously satisfied if A 
is a closed (or closable) operator because then D (A*) is dense in Lr/(-r~lK □

We need two new lemmas.

Lemma 4. fim J£̂ J0.

P roof. Fix a sequence (zm)c:D(A) such that \\zm— We can assume
that |zm|"£int for all m because for any f  g£Lrn

J\\f\"-\g\"\'dx£  J\n[/+H(g—/) |" -1 \f—g\\rdxa  « '( | | /L  +  I g l „ r - r I/-g||™
Si Si

by the Lagrange or the triangle inequality (O<0<1). Then

Um f  =  inf Em J  (eA zm + 1 zm |", z j  = inf J(\zm\n, z j  SEe r n e  m
=  fim J{\zm\\ z j  = J(u0, y0) =  J0.m

We applied twice the inequality obtained from the above one for/ and g replacing 
n, r by rn, 1. The lemma is proved. □

Lemma 5.
Je is J0 + Crn \\y£-yi>\\Z+NCr\ut - u 9\\rr-o ( \) .

Proof. Repeating the first part of the proof of Lemma 3 we obtain

•Je +  N  -  Jv  +  C r A y t - y Á n i  +  N C ^ U z - u X + e r N  f  ( A y j u ^ d x .
Si

To finish the proof we show that

(5) s N  f  ( A y ^ u ^ d x  ^  o (l).
Si

Fix for each g^O a function zf such that
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and
l^ó- 1 - z*||r/(r-l) — lel + inf { I I  Wq 1— z |lr/(r-l)|Z£-^C^ )>||^lel^  Z||rn/(ru-1) — l}- 

It follows from this construction and from the condition tf0~ \D {A *) that 

<6) 1 e/4*zj „/(„,_!> -*• 0 and K " 1-z«Ir/(r- 1) -  0.
Furthermore the quantities
(7) IW™ and \eNAyt\r

are bounded because, by Lemma 4,

\\y£- z d\\rrnn +  N \ \ e A y + \ y E\n\\rr =  J ( u e , y K) ^ /, + |e| ^ / 0+ö(1).
Now (5) follows from (6) and (7) because

eN f  (Aye)ur0~l dx =  sN f  (Aye)zcdx+EN f  (/<>’, ) K _ 1 - z e)d x  =
ß  ß  N

=  N f  yE(£A*zE)iix+  f  (ENAye)(ur0~l - z E)dx ^
ß  ß

= -N \\y e\\rn ||£/l*2:£||r„/(r„_1)-||EAr/iye||r ||MG_1- zJlr/(r-i) 
and the lemma is proved.

Finally, Theorem 2 follows from Lemmas 1, 4 and 5.
5. We formulate some open problems connected with the results of this paper: 
The functions y0 and u0 are determined uniquely if r > l  but the convergences 

and uE-*u0 were proved only if r^ 2 . It would be interesting to study the
case l< r< 2 .

The condition i/0€int tyad played important role in the proofs. What can be 
said in general, for example if w„€ext WaJl

It would be useful to find an asymptotic development for JE, yE and uE (cf. [1J).
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(L \ //)-TYPE ESTIMATIONS FOR SOME OPERATORS 
WITH RESPECT TO THE WALSH—PA LEY SYSTEM

P. SIMON (Budapest)

1. Introduction. Let (u'„, «£N:={0, 1, ...}) be the Walsh—Paley system and 
let r0,ry, ... represent the Rademacher functions. (For more details see e.g. [3].) 
If f  is a Lebesgue integrable function defined on [0, 1], then denote by S ^ /an d  
<r„/the n-th (ndN) partial sum, resp. (C, 1) mean of the Walsh—Fourier series

n — 1
of / .  Furthermore, let D,,:= 2  wk (&=L 2, ...) be the n-th Dirichlet kernel. The

*=o
1 "Fejér kernels are denoted by Kn:—— 2  Dk (n= 1, 2, ...).
n k=l

The so-called dyadic Hardy space H is defined as follows [2]. A function 
adL°°[0, 1] is called an atom, if either a=  1 or a has the following properties:

l
(1) i) su p p i/c  yfl, ii) ijfl||oo ^  | / J “\  '•') /  a =  0,

0
where /„ci[0, 1] is a dyadic interval and \Ja\ denotes its length. We say that the 

function /belongs to H, if/ can be represented as f  = 2  2,«,, where a 's are atoms
i =  0

and for the coefficients (/'€N) 2  |^,j<0° is true. L is well-known that H is a
i = 0

Banach space with respect to the norm

ll/ll := inf Í  I A, I,
i =  0

where the infimum is taken over all decompositions f — 2  H.
=o

throughout this work, C > 0 will denote an absolute constant which will not 
necessarily be the same at different occurrences.

2. In this note we shall examine the following operators introduced earlier by 
G. I. Sunouchi [5], [6]:

i) ( p  S  1, f i L '1 0 ,  1]),
vi=--i n /

ii) 7 T : = ( i l S v i - O r f f t *  ( / e i ’ [ 0 , l ] ) .
n  =  0

He has proved that these operators (Up for all p = 2) as mappings from Z/[0, I]
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into L r[0, 1] are bounded, if l< r< ° ° . The analogous statements for r — 1 are 
not true and thus it is of interest to study what happens in this case. First we prove

T heorem 1. The operator T : / / —T1[0, 1] is bounded.

The secondary part of above mentioned Sunouchi’s result is that || Tf\\r and
l

l l^ / l l ,  ( f tL '1 0,1], I < r < » ,  / / =  0) are equivalent to | | / | | r . The following
0

question remains open: is | |/ | |  equivalent to II77'|J1 ( /£ / /) ?  For Up we shall prove 
a statement of negative character, i.e.

Theorem 2. The operator Up (p = \) as mapping from H into LJ[0, 1] is not 
bounded.

We remark that W. R. Wade [7] obtained certain bounds for the L l norm of 
T f  and U2f ,  if /belongs to Z/[0, 1] for some r>  1.

3. Let q=(q„,n£N) be an arbitrary sequence of ±1 and define the operator 
Tq as follows:

T J :=  Z  q*rm{ S r f - o * f )  (/<EZT[0, !]).
M = 0

By Khinchin’s inequality we have

m i  -  f  « w «  1di
o

(~  stands for the equivalence and r(t):=(rn(t), n^N) (t6[0, 1])), therefore to show 
Theorem 1 it is enough to prove that
(2) WTJWt^CWfW ( /€ //) .

P roof of (2). Since \\Tqf \ \ 2—^Tf\\2, ( /£ L 2[0, 1]), so by Sunouchi’s result 
Tq: L2[0, 1]-*L2[0, 1] is (in q uniformly) bounded. From this it follows by standard 
argument (more precisely see e.g. [4]) that we need only to prove the following 
estimation:
(3) sup f  \T a\ < ° ° ,

[ 0 , l ] \ / a

where the supremum is taken over all atoms a£H.
To this end let a£H  be an atom and \Ia\ = 2~N for some N£N, i.e. by (1)

i
we have s u p p l e / ,  \\a\\00̂ 2 N and f a = 0 .  If //£ N is an arbitrary but fixed

o
natural number, then it is well-known [1] that

D.Ax)-K.Ax)  =  f ^ - D A x ) - " Z  2t -"~l D.i. ( x + 2 - 1-')

(.v€[0, 1], +  denotes the dyadic addition in [0, 1]). On the other hand [3]
r2" (0 a: <  2~n)

D'A x )  =  lo <2-" ± x 1),
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from which we get for .v€[0, l ] \ / a that

S2»a (.v)- o>a(x) — \ n 1 f  a ( t)D ^ (x + t)d t— 2  2k~H~l
Z J  k = 0

J* a(t)D2»(x+2~k~1 + t)dt =

|0 (if n ^  N  or n > N  and x +  2 k Ia
(k =  0, « —1))

l
_ 2k-n-i j  a (t)Din(x+2~k~1 +  t )dt

0
(if n > N  and x  + 2~k~1d la for some

Ic = 0, /V— 1).
Therefore for x 6 /a +  2-k-1 (& = 0, TV— 1) it can be stated that

Tqa(x) = -  £  </„/•„(*)2k- ',~1 f  a(f)D ^(x + 2~k~1 + 1) dt,
« = N +1

i.e.

f  \T,a\3= J  2»— :> / | a ( i ) | ( / O r ( * + 2 - ‘ - 1 +  /)<<A:)dia 2  2— !1 =  1/2.
{ 0 , l } \ / a n =  N + 1 o 0 n-U

This completes the proof of Theorem 1.

Proof of Theorem 2. Let us denote by d f  the dyadic derivative of a Walsh 
polynomial/, which is defined by dwk=kwk [1]. If(7„ (h€N) stands for Z)2« + i — D2», 
then ||GJ =  1 and for all N —2M, 2M + 1, 2M + 1— 1 (M, A /N ) we have

N -1 dG 
SnG„ — OnG,, - j0

From this it follows that

(M  >  n) 
( M  <  n )

N ~xd (Dn —Z>2") (M = n ).

UpG
( oo 2 Vr — 1

2  2
M  =  0 k =  C

Í 1 |Si-+»C.-<r»»+,C,|' I1"
2«

IP
H  =

/ 2 " - l

= 1 2  
'fc  =  0

y  2V  \dG„\>
mZ + i i S ,  (2M + k)"*'

)
Vp

~(2 n + k)p+1

C (2 -G ^ ~ 2 \d { D ,n +k- D 2n)\‘, + \dG,l\p 2  2~pM)llP ^
k = 1 M=/i + l

e  c ( 2 -< '+i>“ j  = c ( 2 -« '+i>" z  n r  w =
fc = l  fc = l  j  = 2n

= c (2-<'+»" Z  I 2* (2"+j)w J')1"  = C(2-  2  I *2(1 +J2- ”) wj1’)1"  ■-
k = l  j= 0  k = l  j= 0

s  C2-" Z  \Dk+2~"dDk\ =  C2-" J  |£>t +2-"fc(£>t - / Q |  =

C2— 2  1(1 + k2~°)Dk—k2~”Kk\ =  C(2~* Z  \Dk\-2~ " Z k2~"l*»l).
* = 1 fc = l  k = l
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Now we can estimate \\UpGJh from below as follows:

!itf„c„lli S c (2 -  2  H^.lli-2-2” 2  k C(2-  f ||X)J,-2),
fc = l  k = 1 fc=l

since ||Ak||1̂ 2(A := l, 2, ...) [3]. If we take into consideration that [3] 2 " 

*=Cn (n€N), the statement of Theorem 2 follows.

2"
2  HAIIi =
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ANY FOUR INDEPENDENT EDGES 
OF A 4-CONNECTED GRAPH ARE CONTAINED 

IN A CIRCUIT
PÉTER L. ERDŐS and E. GYŐRI (Budapest)

L. Lovász [2] raised the following problem.

Conjecture. Suppose G is a ^-connected graph ( k ^ 2), elf e2, ..., ek£E(G) are 
independent edges, and if k is odd then G — {̂ l5 e2, ..., ek} is connected. Then G 
contains a circuit using all the edges e4, e2, ...,e k.

This conjecture is proved for A; = 3 by Lovász [3; 6. § 67]. In general, R. Hägg- 
kvist and C. Thomassen [1] proved a slightly weaker statement that the same con
clusion follows if G is (&+ l)-connected.

Now we prove that the conjecture of Lovász holds for k = 4.

T h e o r e m . In a 4-connected graph, any four independent edges are contained in a 
circuit.

This result effects on a conjecture of Erdős and Gallai. Using this theorem, 
L. Pyber [4] proved that every graph of n vertices can be covered by 1,5/7 circuits 
or edges. (Without this result, a greater constant could be proved by the method of 
Pyber.)

P r o o f  o f  t h e  t h e o r e m . Let us fix the 4-connected graph G and the independent 
edges xxyx, x 2y2, x3y3, x4y4̂ .E{G). By 4-connectivity (using Menger’s theorem), 
there exist four vertex-disjoint paths from the vertices xl5 y ,, x3, y3 to the vertices 
x2, y2, x4, y4. These paths Px, P2, P3, P4 with the edges x xyXi x2v2, x 3y3, x 4y4 con
stitute one or two circuits. In the first case it is a desired circuit, so without loss of 
generality, we may suppose that the paths Px, P2, P3 and P4 lead from xx, yx, x3 
and y3 to x 2, y2, x4 and y4, respectively; Px, P2 and the edges x x, yXi x2, y2 con
stitute the circuit C1? P3, P4 and the edges x3y3, x4y4 constitute the circuit C2.

Now again by 4-connectivity and Menger’s theorem, there exist four vertex- 
disjoint paths Qi, Q2, Q3, Qx from C\ to C2. The circuits C4, C2 and the paths Qlt 
Q2, Qz> Qi constitute a subgraph H. In what follows, we deal with this subgraph H.

We introduce some notation. The paths are denoted by the sequence of labelled 
vertices in them. For a path P from x to y, [xy], [xy), (xy], (xy) denote the vertex- 
sets V(P), V (P)—{yj, V(P) — {xj, V (P)~  (x, y}, respectively. The subpaths of 
P4, P2, P3 and P4 are called arcs.

First make a very simple observation which however is used several times.
Fact 1. If two vertex-disjoint paths Ot connect the same pair of paths Pj then 

deleting the inner points and the edges of the arcs between the endpoints of these 
paths we get a desired circuit.



312 PÉTER L. ERDŐS and E. GYŐRI

So we may suppose that the paths Qx, Q2, Q3, Q4 lead from the arcs Px, PXy 
P2,P 2 to the arcs P4, P3, P3, P4, respectively. Let wx, w2, zx, z2£V(Cx)r 
z 4, w3, vv4, z3£ F ( C 2) be the endpoints of the paths Qx, Q2, Q3, Q4, respectively. 
Jf the vertices w’3 and z4 do not separate the vertices w4 and z3 in C2 then the dis
joint subpaths h’3z4 and w4z3 of C2 with Qx, Q2, Q3 and 0 4 constitute two paths 
such that both paths can replace one arc of Cx and this new circuit is a desired one.

So we may suppose that the vertices w3 and z4 separate the vertices vv4 and z3 
in C2. Now without loss of generality, we may suppose that we have the subgraph 
H in Figure 1. (We drew the subgraph H so that the figure should show the large 
symmetry of the situation.) Of course, it may occur that wx= xx, m’2 = a'2, w3= x3, 
h4 =  a'4, zx=yx, z2= y 2, z2—y3 or z4—y4.

Suppose that H  is a subgraph as in Figure 1 such that the sum of the lengths 
of the arcs wxx x, w2x 2, w3x 3, w4x4, zxyx, z2y2, z3y3, z4y4 is minimum. Suppose 
that e.g. wx^ x x. Then the path wxx xyxzx contains inner vertices and there is 
a path in G—{wx, z x} from (w1x1yxzx) to the remaining part of H — {wx, zx} by 
4-connectivity. By symmetry, we may assume that this path leads from a vertex 
u€(wix i]- If this path leads to a vertex v€[w’1h,2]U [wxz4] then adding this path 
to H and deleting the inner vertices and the edges of the arc vwx we obtain a sub
graph like in Figure 1 such that the path uxx is shorter than wxx x, a contradiction. 
If this path leads to a vertex in (vv3x3], (w3w4] or [w4x4] ([y4z4), (z4z3] or [>’3z3], 
resp.) then this path and Q2 (Qx resp.) are two vertex-disjoint paths from the arc Px 
to the arc P3 (P4 resp.) and we are done by Fact 1. If this path leads to a vertex v 
in (w4zx) ((z3z2), resp.) then the path uvw4 (uvz3, resp.) and Q2 (Qx, resp.) are two 
vertex-disjoint paths from Px to P3 (P4, resp.) and we are ready by Fact 1 again. 
The other possibilities can be settled by the axial symmetry of Figure 1 with the 
axis w4xxyxzx.

So we may assume that x2 =  w2, x 3 = w3, x 4—w4, yx=zx, y2=z2, y3 = z3r
y4 = z4, like in Figure 2.

w,

Fig. 1 Fig. 2
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Now by 4-connectivity, there is a path P in G — {x2, >’i, y4} from (x2 x xy4) 
to the remaining part of H - { x 2, yx, y4}. By symmetry, we may assume that P 
leads from [xxy^). We distinguish two cases.

Case 1. P starts at xx.
If P leads to a vertex v£(x3.x4] U ^ y i )  then P or P together with the path 

vx4 and Q2 are two vertex-disjoint paths from Px to P3 and we are done by Fact 1. 
If P leads to (j'sj'al LKj^ i) t îen we are done by ax>a  ̂ symmetry. So in this case 
Pleads to a neighbouring subpath of the circuit x xx 2x3x4yxy2y3y4xx, i.e. to (x2x3] 
or (PiPal-

Case 2. P leads from a vertex u£(xxy4).
If P leads to a vertex v in (x4yx) ([x4x3), resp.) the paths x xii, Pxvx4 (xxu, P, 

resp.) constitute a further path from Px to P3 and we are done by Fact 1. If P leads 
to a vertex v6(x2x3] then the paths and edges P, vx3, x3y3, y3y2, 2, x 2x x, x xyx,
yxx4, x4yx, y4u constitute a desired circuit. If P leads to [yxyz) or [y2y3) then we are 
done by symmetry.

So in both cases, we obtained
Fact 2. Only neighbouring segments of the circuit Xxx 2x 3x4yxy2y3y ix x are con

nected by any path openly disjoint to FI.
Without loss of generality, we may assume that there is such a path P from 

[xxy4) to (y4y3]. Let u£[xxy4) and w€(y4y3] be the points nearest to x x and y3 in 
the path x xy4 and y4v3, respectively, which occur as the endpoint of such a path. 
(It may happen that u and v belong to different paths.) Choose H (with the con
straints xx — wx, ...,y 4= z4) so that the sum of the lengths of paths uxx and vy3 
should be the minimum.

By 4-connectivity, there is a path R in G — {w, v, .v4} from (uyxv) to the remain
ing part of H. R does not lead from (yxv) to [xxu) by the definition of u. If R leads 
from xG(«>’4] to y£[xxii) then replacing the path xy  of H  by R we obtain a sub
graph H0 such that there is a path from y  to (y4>’3] (via «), a contradiction to 
the choice of H. Similarly, R does not lead from (uyxv) to (vy3]. But according to 
Fact 2, only neighbouring segments can be connected by R. Without loss of gen
erality, we may assume that R leads from x6(wy„] to Now let Rx be a
path from (y4.y3] to u. (There exists such an Rx by the definition of u.) If R and Rx 
are vertex-disjoint then y4x with R and Rx with uxx are vertex-disjoint paths from 
Px to Px and we are finished by Fact 1. And if R and Rx have a vertex in common 
then Rx\JR2 contains a path from (xxx 2] to (y4>’3], a contradiction to Fact 2.
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