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A R IT H M E T IC  F U N C T IO N S SATISFYING  A  
C O N G R U E N C E  PR O PE R T Y

I. JOÓ (Budapest)

1. An arithmetic function /(n )  is multiplicative (resp. additive), if

/(n m ) =  f ( n ) f (m )  (resp. f { n m ) -  f(n)  + /(m ))

for any pair n ,m  of relatively prime positive integers, and completely mul
tiplicative (resp. completely additive), if the above equality holds for any 
pair n,m.

The problem concerning the characterization of an integer-valued power 
function as an integer-valued multiplicative function satisfying a congruence 
property was studied by several authors. In 1966, M. V. Subbarao [17] 
proved that if an integer-valued multiplicative function f { n ) satisfies the 
congruence

(1.1) f ( n  + m) = f (m)  (mod n)

for every positive integer n and m,  then there is a non-negative integer a  
such that

( 1.2) f ( n) = na (n =  1, 2, . . .) .

In [3], A. Iványi extended this result proving that if an integer-valued 
completely multiplicative function /(n ) satisfies (1.1) for a fixed positive 
integer m and for every positive integer n, then /(n ) is also of the same 
form (1.2). Furthermore A. Iványi also showed that the same assertion can 
be deduced from the congruence

(1.3) f ( n  + m )  = f (n)  + f ( m )  (mod n)

instead of (1.1) for an integer-valued multiplicative function /(n )  and for 
every positive integer n,m.

In the space of sequences {xn} we define the operators E , I  and Д as 
follows:

I x n .— Xn) E x n .— 3:̂ +1 and A x n .— x r/.

If P(x)  = a0 -f a\X a,kxk is an arbitrary polynomial with integer
coefficients, then we extend the above definition as follows:

E ( E ^ x n .— üQXn -f- d \ x n+ \  +  . . . T  öfc%п-\-к*
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Let P, N  denote the set of all primes resp. positive integers. For any 
subsets X , Y  of N we shall denote by K ( P , X , Y ) the set of all integer
valued multiplicative functions /(n )  for which

(1.4) P(E) f (n - \ -m)  = P ( E) f ( m)  (mod n) 

holds for every n 6 X  and m £ Y.  It is obvious that

(1.5) f a ( n ) : = n a (n = 1 ,2 ,...)

is a solution of (1.4) for every non-negative integer a  and for every triplet 
(P , X , Y ). In this case P (x ) = 1 for example, from the result of Subbarao, 
we have

tf (P ,N ,N ) =  { /o , / i , /2, . . .} ,  
where f a is defined in (1.5).

Recently, some authors were interested in characterizing all those triplets 
(P , X , Y ) for which

(1-6) K ( P , X , Y )  =  { / о , / ь / 2) • • •}•

In [11]—[14] В. M. Phong obtained some results concerning this problem. He 
proved th a t (1.6) holds for the following cases:

(i) P( x )  = 1, X  = N,  Y  = P;
(ii) P (x ) = (x -  l ) fc, x + N, Y  = P;

(iii) P (x ) = xM -  1, X = N, Y  = P,

where k , M  are fixed positive integers. В. M. Phong and J. Fehér in [16] 
improved the results of Subbarao and Iványi mentioned above showing that
(1.6) also holds for P(x)  = 1, X  = N , Y  = {B} with some positive integer 
B.

In [4] we asked for a characterization of those integer-valued multiplica
tive functions /(n ) which satisfy

(1.7) /(A n + B)  =  C (mod n) for every n £ N,

where A  ^  1, b ^  1 and C / O  are fixed integers. We considered this 
problem with A £ P , proving that there are a non-negative integer a  and a 
real-valued Dirichlet character \A  (mod A) such that /(n ) = Ха (п)п° for 
all n € N  which are prime to A. The general case has been proved by B. 
M. Phong [15].

For a fixed integer к ^  1 we define Nk{n) := m  if n = mkh and h is a k- 
free power number. In [5] we proved that if an integer-valued multiplicative 
function / (n )  satisfies the congruence

f ( n  + B) = f ( B )  (mod Nk(n))
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for every те E N , where k , B  are fixed positive integers, then /(те) is of the 
same form (1.2). Condition (1.3) was weakened by the author in [5], namely 
we relaxed the congruence (1.3) to

f  (nk + rnj = f  (n fc) +  f ( m ) (mod те)

for every n , m  E N , where A; is a given positive integer.
The problem concerning characterization of integer-valued additive func

tions as real-valued additive functions satisfying some congruence properties 
(mod 1) have been studied by I. Kátai [6]-[8], I. Kátai and M. van Rossum- 
Wijsmuller [9] and Robert Styer [18]. For example, I. Kátai [7] proved tha t 
if the real-valued completely additive functions / ь / 2,/3 and /4 satisfy the 
congruence

f i (n) + f 2(n + 1) + / 3(n + 2) + / 4 (те + 3) = 0 (mod 1) 

for every те E N , then

f i ( n )  = /г(и) = /з (n) = / 4(те) = 0 (mod 1)

for every те E N.
A similar problem concerning characterization of a zero-function as an 

integer-valued additive function satisfying a congruence property has been 
studied by K. Kovács [10]. She proved that if an integer-valued completely 
additive function /(n )  satisfies the congruence

(1.8) f ( A n  + B) = C (mod те) (те = 1 ,2 ,...)  

for some integers A  ^  1, В  ^  1, C then

(1.9) f{n)  = 0

for all те E N which are prime to A. P. V. Chung [1] extended this result for 
integer-valued additive functions, proving that if an integer-valued additive 
function satisfies (1.8), then (1.9) holds.

Our purpose in this paper is to investigate the same problem concern
ing characterization of a zero-function as a real-valued additive function 
satisfying a congruence property. The exact assertion will be formulated in 
Sections 2,3,4, and in Section 5 we investigate multiplicative functions.

2 . In this part we investigate the following problem: Determine those 
functions H : N —*■ N for which for fixed integers A ^  1, В  ^  1, C and for 
real-valued additive function /(те) the congruence

f ( A n  + B) = C  (mod Я(те)) (те = 1 ,2 , . . . )

Acta Mathematica Hungarica 63, 1994



4 I. JO Ó

implies f ( n )  — 0 for all n E N  which are prime to A.
Presently we are unable to determine all solutions.
For a fixed A E N let 7i =  Tl(A) denote the set of all functions H : N  —► 

—► N which satisfy the following conditions:
a) H( m) \ H( nm ) for every m,n E N;
b) For each positive integer M coprime to A we have

lim sup - h
s

l  -
= oo.

We shall prove the following
T heorem 1. Let A ^  1, В  ^  1, C be integers and let f (n ) be a real

valued additive function. Assume that for some H E Ll(A) the congruence

(2.1) / ( jAn +  В) = C (mod H(n))

holds for each n £ N. Then

(2.2) /(« ) =  0

for all n E N  which are prime to A.
P r o o f . We first deduce from (2.1) th a t

(2.3) f (ab) = / ( a )  + f(b)

for all a,6 G N  which are prime to A, furthermore

(2.4) f ( B ) = C.

Let a, b E N  and (ab, A) — 1. From condition b) of 7i  there is a positive 
integer s such that

(2.5) H
(ab)v(A)s 1 > I f(ab) -  f (aB) -  f(b)  + C \ .

Let m := (^(ab)v^ s -  1  ̂ /А.  Since (m,ab) = 1 we can choose positive 
integers x , y , u  and v such that

( 2.6)

and

(2.7)

ax = 1 + Amy, (x,abB) = 1

bu = В  + Amv, (u,abx) = 1.
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By using (2.1), (2.6), (2.7) and condition a) of 7i we have

f ( a B ) + f ( x ) = f ( axB)  = f ( B  + ABmy)  = C (mod H(m)),  
f(b) + f (u)  = f(bu)  = f ( B  + Amv ) = C (mod H(m))

and

f(ab) + f ( x )  + f (u)  = f(axbu) - f ( B  + AmT)  = C (mod 

where T  Amyv + By  + v. These imply

f (ab) -  f (aB)  -  f (b ) + C = 0 (mod Я (т )) , 

which together with (2.5) proves that

(2.8) f(ab) + C = f (aB)  + / ( 6).

Thus we have proved that (2.8) holds if (ab, A) — 1.
Applying (2.8) with a = b = 1, we have f ( B ) = C. So (2.4) is true.
In order to prove (2.3) it is enough to show that

(2.9) f ( q k) = k f ( q )  (k = 1 ,2 ,...)

holds for each prime q coprime to A. It is obvious that (2.9) holds for к — 1.
Let q be a prime for which (q, A) = 1. Assume that qa \\B for some 

integer a ^  0. Applying (2.8) with a = q and b — 1, we get

f (q) + C = f ( q a+1) - f ( q a) + f (B) ,

which together with (2.4) shows that

(2.10) f { q a+1) ~ f ( q a) = f(q)-

Assume now that (2.9) holds for k. Then we apply (2.8) with a = q and 
b = qk to obtain

/  (9»+i) + C  = f  (qa+1) — f  (qa) + f (B)  + /  (V )

This together with (2.4), (2.10) and the induction hypothesis implies that

/ ( V +1) = f (q) + f ( q k)  = (*  + !)/(?).

Thus, we have proved (2.9), and so (2.3) holds.

Acta Mathematica Hungarica 63, 1994
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Since / (n )  is an additive function and (2.3) holds for all positive integers 
a,b which are prime to A , it follows that
(2.11) f(ab) = f (a)  + f (b )  if (a,b,A) = 1.
Applying (2.1) with n — Вт  and using the fact (B , A m  + 1, A) = 1 for 
every m 6 N, we get from (2.1), (2.4) and (2.11) that
(2.12) /(A m + 1 )  = 0 (mod //(m )) 
for every m  G N.

Let n be a positive integer for which (n, A) = 1. From Euler’s theorem 
we get = 1 (mod A)  for every s G N. Using condition b) of H,  there
is an so £ N  such that

^ >  1 /Ы 1  ■ <P{A).(2.13)
1 / n ^ A)s°

- F I  ------ T-50 \ A

On the other hand, from (2.11) and (2.1.2) we have 

sip(A)f(n) = f  =  0 ^mod H
, v ( A ) s  _  f i

Ä

for every s G N. This and (2.13) imply that f ( n )  = 0. Thus, we have 
proved tha t for each n G N coprime to A (2.2) holds. This completes the 
proof of Theorem 1.

We shall illustrate Theorem 1 with some corollaries.
Corollary  1. For each n £ N we denote by Ho(n) the product of all 

distinct prime divisors o f n. Then H0 G B{A) for every A G N.
R e m a r k . It is obvious that the results of K. Kovács [10] and P. V. 

Chung [1] mentioned in Section 1 are consequences of Corollary 1.
Corollary  2. Let <p(n) denote the Euler totient function. Then <p G 

G Fi(A) for  every A G N.
For the proofs of the corollaries we need the following result.
Lemma 1. Let a be a fixed positive integer. For each prime p coprime 

to a we denote by a(p) the least positive integer x such that ax = 1 (mod p). 
Then

p -  1u(p) :=
a(p)

is unbounded on the set P . Here P denotes the set of all primes.
P r o o f . Let us assume that u(p) is a bounded function on this set P 

and so it has only a finite number of distinct values Aq,...,fc<. From the 
result of K. Zsigmondy [19] there is a prime p such that

a(p) = 6(6ki + 1) . . .  (6kt + 1) + 6

Acta M athem atica  Hungarica 63, 1994
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and so

(2.14) p = u(p)a(p) +  1 = 6u(p)(6fci + 1 ) ... (6kt + 1) +  (6u(p) + 1).

Since u(p) =  ki for some integer i (1 i ^  t), and so by (2.14)

p = Qkiißki + 1) • • • (6A;t + 1) + (6fc, + 1)

is divisible by 6ki + 1. This is a contradiction since p is a prime, thus the 
function u(p) cannot be bounded.

P roof of the C orollaries. It is obvious that the functions H 0, 
satisfy condition a) of H(A).  Let M  be a positive integer for which (M, A)  = 
= 1. Putting a = M ^ A\  for all primes p > A we have

1
a(p)

Ho > _P_
a(p)

> P -  1
a(p) = u(p)

and
1 (  aa^  -  1

which, using Lemma 1, imply that Hq, <p satisfy condition b) of ЩА).  Thus 
we have proved Corollaries 1 and 2.

The following theorem is a consequence of Theorem 1.
T heorem 2. Let A ^  1, В ^  C be integers and let f (n),  g(n) be real

valued completely additive functions. Assume that for some H £ H(A)  the 
congruence

^  =  “ (P)a{p)

(2.15) f ( A n  + B) = g(n)-\-C (mod H(n))

holds for each n £ N . Then g(n) = 0 for every n £ N and f(n)  = 0 for all 
n £ N which are prime to A.

P r o o f . We first prove Theorem 2 in the case /  = g. Assume that a 
real-valued completely additive function g(n) satisfies the congruence

(2.16) g{An + В)  = g(n) + C (mod H(n))

for every n £ N. Applying (2.16) with n — Вт  and using the fact that 
H(m)\H(Bm),  we have

(2.17) g(Am + 1) = g(m) + C (mod H(m))

for every m £ N.

Acta M athematica  Hungarica 63, 1994
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We shall deduce from (2.17) that

(2.18) g(Am +  k)  =  g(m) + C (mod Я (т ) )

for every k , m  £ N. It is obvious from (2.17) that (2.18) holds for к — 1. 
Assume that (2.18) is true for k. Then, using the complete additivity of g, 
we have

g(Am  +  1) + g(Am  +  k) = g [A (A m 2 + km + to) + A:] =
= g (A m 2 +  k m  + m) + C = g(m) + С + g(Am  + к + 1) (mod H( m ))

which together with (2.17) and (2.18) implies

g(Am + к + 1) = g(m) + C  (mod

This shows th a t (2.18) holds for к + 1, and so (2.18) also holds for every 
k, m G N.

Let n ^  2 be an integer. We apply (2.18) with к = A(n -  1 )m to get 

g(Anm) = g(m)  + C (mod Я(ш)),

consequently

(2.19) g(n) =  C — g(A) (mod Я (т )) .

Since the condition b) of H( A)

lim sup Я (т )  = oo,
m —KX)

from (2.19) it follows that g( n ) — C — g(A),  and so

(2.20) g(n) =  0 for every n 6 N.

We now prove Theorem 2. Assume that the real-valued completely 
additive functions /  and g satisfy (2.15) for some Я 6 77(A), i.e.

f (An  + B)  = g{n) + C (mod Я(п))

for every n £ N . Replacing n in this congruence with В т  and using the 
complete additivity of /  and g, we have

(2.21) f ( A m  + l) = g(m)  + C + g ( B ) - f ( B )  (mod Я (т ) )

for every m £ N . Using the complete additivity of /  and g we deduce from
(2.21) that

2/(A m  -f 1) =  /  [A (Am2 + 2m) + l] =
= g{Am  +  2) + g(m) + C  + g(B) -  f ( B )  (mod Я (т ) ) ,

A c ta  Mathematica Hungarica 63, 1994
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which together with (2.21) gives that

(2.22) g(Am + 2) =  g(m) + C + g ( B ) -  f ( B ) (mod #(m )) 

holds for every m £ N. As we have seen above, from (2.22) we get

(2.23) g(n) = 0

for every n G N. Thus, by (2.15) and (2.23) it follows tha t

(2.24) f ( A n  + B) = C (mod H(n))

holds for every n £ N. Using Theorem 1, by (2.2.4) we have

(2.25) f (n)  = 0

for all n G N  which are prime to A. By (2.23) and (2.25) the proof of 
Theorem 2 is finished.

R e m a r k . It follows from Theorem 2 that if the real-valued completely 
additive functions /  and g satisfy the congruence

f (An  +  B)  = g(n) +  C  (mod n)

then g(n) = 0 (n = 1,2, . . . )  and / ( n ) = 0 for all positive integers n which 
are prime to A.  This result in the case A = 1, /  = g and C — 0 was proved 
by K. Kovács [10, Theorem 4] using the additional assumption that /  is 
integer-valued.

3. In this part we shall consider the following problem: Determine all 
polynomials P ( x ) with real coefficients such that for any integer-valued 
completely additive function f (n)  the congruence

P ( E ) f ( m  + n) = P ( E ) f ( m ) (mod n) (m, n =  1 ,2 ,...)

implies that / (n )  = 0 for all n 6 N.
We shall prove the following result.
T heorem 3. Let f ( n ) be an integer-valued completely additive func

tion. Let P(x) be a non-zero polynomial with rational coefficients for  
which there exist suitable integers Ар ф 0, Mp ^  1 such that

(3.1) A p P ( E ) f ( m  + n) = ApP( E) f ( m)  (mod n)

for every integer m  ^  Mp and n ^  1. Then f (n)  = 0 for every n 6 N.

In the special case P(x) = (x — l) fc for some integer к ^  1, Theorem 3 
also holds under the assumption that /(n )  is a real-valued additive function.

Acta Mathematica Hungarica 63, 1994
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T heorem  4. Let f ( n ) be an integer-valued additive function and let 
к ^  0, M  ^  1 be integers. If

(3.2) A kf ( m  +  n) = A kf { m )  (mod n)

holds for every integer m ^  M  and n ^  1, then f(n) = 0 for every n £ N . 
For the proof of Theorem 4 we shall use the following results.
LEMMA 2. Let f (n)  be an integer-valued arithmetic function and let 

k ,M, Q  6 N . I f  A kf{n) satisfies

(3.3) A kf ( m  + Q) = A k f { m )  (mod Q )

for all integers m  ^  M , then
(3.4)

A k- ° f ( m  + t Q ) - A k- sf ( m ) =  £  ( m ~ M )  A kf +j(Q, t) (mod Q)
j = о  ̂ d  J

holds for every s = 1, . . . ,  к and for all integers M , t ^  0, where

(3.5) A if (Q, t) := А г f ( M  + tQ)~  A {f ( M )  (i =  0 ,1 ,2 ,...) , 

with Д°/(те) := /(n).
R e m a r k . This lemma in the case M  =  1 was proved by В. M. Phong 

[12] (see Lemma 1 of [12]).
P r o o f . Let t ^  0 be a fixed integer. It is obvious that (3.4) holds for 

m = M.  Let m  > M  ^  1. We shall prove (3.4) by induction on s.
Using (3.3), we have

m — 1 m — l
£  Akf { i  +  tQ) = £  A kf { i ) (mod Q),

i = M  i = M

and so

Д*-1/(то +  tQ) -  A k~l f ( M  + tQ) = А к~г f{m) -  A k~x f {M)  (mod Q)

which proves (3.4) in the case s = 1.
Assume that s < к and (3.4) holds for s. By using (3.4), we have

A k-(s-i)д ш + tQj _ A k-(S+1)дм + tQ y  
_ A k-(s+1) д т ) + д -̂Ь+1)дМ) = 

m—l m - l s - l  / .  ii/f\

= £ { д ‘-/((+ «з)-д ‘-*яо} = E E (  i ) АГ И» ’0  =
i= M  i = M  j = 0 \  J '

Acta M a them atica  Hungarxca 63, 1994
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s —1 m —1
= £ a } - s+j (q , < ) £

j=0 i=M

i -  M

E A7
j=1

= E ^ (e .‘) ( " ; ; f ) =
3 = 0  4 7  7

(m j  M) m̂od

and so

A k^ s+l)f ( m  + tQ) -  д М » + 1) д т ) =

= £  ( m - M \  M *+i)+;(g>t) (m odQ). 
j=o '  J 7

This shows that (3.4) holds for s + 1, and so we have proved (3.4). This 
completes the proof of Lemma 2.

P roof of T heorem 4. Assume that an integer-valued additive func
tion f ( n ) satisfies (3.2) for all integers m  ^  M  and n ^  1, where к 0 is 
an integer. If к = 0, then (3.2) implies that

(3.6) f { m  -f n) =  f ( m)  (mod n )

holds for all integers m ^  M  and n ^  1. Putting m = M  in (3.6) we have 
/ (n  + M) =  /(M ) (mod n) for every n £ N , which, using Theorem 1 implies 
that f (n)  = 0 for every n G N. Thus, Theorem 4 holds for к = 0.

Assume now that к ^  1. Let p > fc be a prime. By using Lemma 2 in 
case Q = p we get from (3.2) that

(3.7) Afc-V (m  + t p ) - A * - 7 K > =  E  Д $ 'в+,'(Р ,0 (mod p)
j= o  ^ J 7

for s = and for all m ^ M  and t G N. Applying (3.7) with m =
— M  -\- ip and t — 1, where г ^  0 is an integer, we have

(3.8) A k~sf ( M  + (* + l)p) -  A k~sf ( M  + ip) =

s  E  ( Т )  Д У +'(Р. 1) -  Д $ -(Р . 1) (mod p)
j=0 '  J 7

since and so ('J) = 0 (mod p) for j  = 1 ,...  ,s -  1 and for
all i G N . From (3.8) we get

(3.9) A kf s(p,t) = t A kf s(p, 1) (mod p)

A d a  Mathematica  Hungarica 63, 1994
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for s = 1, . . . , k  and for all t E N. Thus (3.9) implies s(p,£p) s  
= 0 (mod p ) and so by applying (3.7) with t = Ip we have

A k~s f { m  +  i p2) -  A k~s f ( m )  = 0 (mod p)
for all integers m ' t  M  and l  ^  0. In the case к = s the last congruence 
gives

(3.10) / (m  -f ip2) = f ( m )  (mod p)

for all integers m ^ M  and £ ^  0. Since (3.10) holds for each prime p > k, 
so (3.10) holds for every prime p > k.

We deduce from (3.10) tha t /(n ) is a completely additive function.
Let a,b be positive integers. Let q > max(M,ab)  be a fixed prime. 

Then for each prime p > ma.x(q,k) there are positive integers x , у such 
that

(3.11) ax = q +  p2y and (x ,ab)— l.

Using (3.10) and (3.11), we have

/ ( a )  + f (x)  = f ( a x )  = f(q +  p2y) = f(q) (mod p)

and

f(ab) + f ( x )  = f(abx) = f(qb  + p2by) = f(qb) -  f(q) + f(b) (mod p).

These imply f (ab) = f(a)  +  f (b)  (mod p) which shows that f(ab) = f (a)  + 
+  f(b), since there exist infinitely many primes p > max(q,k). Thus, we 
proved that f ( n )  is a completely additive function.

Finally, let p > max(fc, M ) be an arbitrary prime. Applying (3.10) with 
m  — p2n(> M )  and £ — 1, using the complete additivity of / ,  we get f ( n  + 
+  1) = /(n )  (mod p) for every n 6 N. This shows that f (n)  = 0 (mod p) 
for every n £ N  and for every prime p > max(k, M),  consequently f (n)  = 0 
for every n £ N . This completes the proof of Theorem 4.

P roof o f  T heorem 3. Assume that an integer-valued completely 
additive function /  satisfies (3.1) for every integer m ^  M  and n ^  1. 
We shall denote by If  the set of all non-zero polynomials P with rational 
coefficients for which there are suitable integers Ар ф 0 and Mp ^  1 such 
tha t

A p P ( E ) f ( m  + n) = A pP (E ) f ( m)  (mod n)
holds for every integer m ^  M p  and n ^  1. By the assumption of Theorem 
3 it follows th a t I f  ф 0. It is also obvious tha t

(i) cP(x)  G I f  for every P  E I/  and c G Q,
(ii) P(x)  +  P \ x )  G / /  for every P, P 1 £ If ,

(iii) xP(x)  G I f  for every P  E If.
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Thus (i)-(iii) show that If is an ideal in Q[4 Here Q denotes the set of 
rational numbers.

Let
S(x) = C0 + C\X + . . .  + ckxk (ck = 1)

be a polynomial of minimum degree in If.  If к = 0, then our Theorem 3 
follows from Theorem 4. In the following we assume that к ^  1. Let

S(x) = ( x -  O i) . . . ( x -  0 fc).

From the fundamental theorem of symmetric polynomials it follows th a t for 
each integer s ^  1 the polynomial

к

П x -  Oj

has rational coefficients, consequently

Qs(Xs) :=(xs - Q s1) . . . ( x ° - Q l ) e I f .

Furthermore we have

(3.13) Qs( E s)f(sn) = Q. ( l ) f ( s )  + Qs(E)f (n) .

Since Qs(xs) G I f ,  there are integers M s ^  1, As ф 0 such that

(3.14) AsQs( E s) f (n  + m) = A sQs(Es)f (m)  (mod n)

for all n G N, m  ^  M s. Applying (3.14) with n , m given by ns and ms 
respectively from (3.13) and (3.14) we have

AsQs( Es) f (s(n  + m)) =  A sQs(Es) f ( sm ) (mod n)

and so

AsQ( l ) f ( s )  + AsQs( E ) f ( n  + m) = A aQ3(l) f (s)  + AsQs(E)f (m)  (mod n) 

for every n G N, ш ^  M s. The last congruence shows that 

AsQs( E ) f ( n  A m )  = A sQs(E) f (m)  (mod n)

for all n G N, m  ^  M s, i.e.

(3.15) Qs(x)  G If.
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Thus 6(x) (S(x) ,Qs(x))  G If,  and so deg<5(x) = k, S(x)  = Qs(x) for
every s G N . This implies th a t { 0 i , . . . ,  0*.} = { 0 J ,...,© £ }  for every s G 
G N, whence 0 ; = 0 or 1 for each i =  Then there is an integer
£ ^  0 such th a t S(x) = x e(x  — \)k~t' and so from the definition of I j  we 
have

(3.16) A s A k~ef ( n  +  m)  = A s A k~ef ( m)  (mod n)

for non-zero integer As and for all integers n ^  1, m M s +£. From (3.16), 
using Theorem 4, we get th a t A s f ( n ) =  0 for all n G N , which together 
with As /  0 implies /(n )  — 0 for all n G N . Thus the proof of Theorem 3 
is finished.

4. L. Lovász, A. Sárközy and M. Simonovits [2] have considered the 
class of complex-valued additive functions f ( n ) for which

(4.1) P ( E) f ( n ) =  0 for every n G N,

where P(x)  is an arbitrary polynomial with complex coefficients. They 
showed that an additive function /(n ) satisfies (4.1) if and only if there 
exists an integer В such th a t / (n  + B)  =  f ( n ) for all n G N. From this 
result it follows that a completely additive function f (n)  satisfying (4.1) has 
to be a zero-function, i.e. f ( n ) = 0 for all n G N. We hope that the same 
conclusion holds if we weaken the condition (4.1) to

P(E)f (n)  = 0 (mod n) (n =  l ,2 , ...)

for some polynomial P with real coefficients.
Here we shall prove this for the special case when P(x) = [x — 1)^ 

where Q is a prime power.
T heorem 5. Let Q — qa 1 is an integer) be a prime power. If a 

real-valued completely additive function f ( n )  satisfies the congruence

(4.2) A® f ( n )  = 0 (mod n) 

for every n E N , then

(4.3) Дп) = 0 

fo r every n G N .
P r o o f . We note that from a result of I. Kátai [6, Lemma 2.1] the 

congruence (4.2) implies that / (n )  is an integer for all n G N. Thus, in the 
following we may assume th a t f (n)  is an integer-valued function.

In order to  prove (4.3) it is enough to show that for each n G N we have

(4.4) f (n)  = 0 (mod qk) (k =  0 ,1 ,2 ,...).
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As we noted above, the congruence (4.4) holds for к = 0. Assume that (4.4) 
holds for k{^. 0). We shall prove that (4.4) also holds for к + 1. Let

F{n) := (n = 1, 2,...) .

From (4.2) we have

< ? * { /»  -  +  1) + . . .  + [ q Q_ ^  F{n  + Q -  1)+

+ ( - l ) c?F(n + Q)j = 0 (mod n) 

and so, replacing n by qa+km,

(4.5) F ( V +am) + { - l f F ( q k+am + Q^ = 0  (mod q), 

since Q = qa and

0 (mod q).

It is obvious that there is a ß £ N such that к + 2a + ß = 0 (mod q) and 
so by applying (4.5) with m = q^N , we have

(4.6) F(N)  + (~1)QF (qk+ßN + l )  = 0 (mod q)

for every positive integer N.
We can deduce from (4.6), as in the proof of Theorem 2, that 

F [qk+^m  + 2^ = F{m)  (mod q) 

holds for all m  € N, from which it is easy to see that 

F(n)  = — F (qk+^  (mod q)

for all n G N. This together with n = 2q show that F {qk+l3) = 0 (mod q), 
and so F{n)  = 0 (mod q) for all n E N. Thus, we have proved that

f{n)  =  qkF{n) = 0 (mod qk+1)
holds for all n G N, i.e. (4.4) holds for к + 1. So, by induction on к , (4.4) 
is true for every к G N.

From (4.4) the proof of Theorem 5 follows easily.
5. For a positive integer n we shall denote by n* the product of all 

distinct prime divisors of n (In Corollary 1 we denoted n* by Ho(n).)
In this part we consider the problem of determining those integer-valued 

multiplicative functions f (n)  for which the congruence f { A n  -f 1) =  C  
(mod n*) holds for every n E N. Here A ^  1 and С ф 0 are integers.

We shall prove the following
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THEOREM 6. Let A ^  1 andC ф 0 be integers. Assume that an integer- 
valued. multiplicative function f (n)  satisfies the congruence

(5.1) f ( A n  + l) = C  (mod n*)

for every n E N . Then there exist a non-negative integer a and a real-valued 
Dirichlet character xa (mod Д) such that

/ ( » )  =  X A ( n ) n a

for all n E N  which are prime to A.
Corollary  3. Let A  E N. If the integer-valued multiplicative func

tions f ( n ) and g(n) satisfy the congruence

(5.2) f ( A n  + m) = g ( m ) (mod n*)

for every n ,m  E N, then there are non-negative integer a and a real-valued 
Dirichlet character xa  (mod A) such that

f ( n )  -  g{n) =  х а (п)п°

for all n E N  which are prime to A.
We shall use the following results in the proof of Theorem 6.
Lemma 3. Assume that the conditions of Theorem 6 are satisfied. Then

(5.3) С =  1 

and

(5.4) f(ab) = f (a) f (b)

for all a, b E N which are prime to A.
P r o o f . Let a,b E N  be such that (ab, A) — 1. We choose a prime p 

such that

(5.5) p > m ax(a ,6, \C\, \ f(a)f(b) -  Cf (ab )|).

Since (ab,pA)  = 1, hence there are positive integers x , y , u  and v such that

(5.6) ax — 1 + Apy, (x,ab) = 1

and

(5.7) bu = 1 + Apv, (u,abx) = 1.
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Then we have

(5.8) abxu = 1 + ApT,

where T  у -f v + Apyv. Applying (5.1) with n given by py, pv and pT, 
respectively, from (5.6), (5.7) and (5.8) we have

/ ( “)/(* ) =  f ( ax) = Л 1 + АРУ) = C (mod p), 
f (b) f (u)  =  f(bu) = /(1  + Apv) = C (mod p)

and
f ( ab ) f ( x ) f (u ) = f(abxu) = /(1  + Apt) = C (mod p), 

because p\(pm)* for every m E N. These together with (5.5) imply that

f (x)  ф 0 (mod p), f (a)  =  f (ab) f (u) (mod p)

and so
/ ( a ) / ( 6) =  f (ab) f (b) f (u) =  C ■ f(ab) (mod p).

The last congruence and (5.5) show that

(5.9) C- f (ab)  = f(a)f(b).

Thus, we have proved that (5.9) holds for all a, b 6 N which are prime to 
A.

By applying (5.9) with a -  b — 1, we get (5.3) and (5.4). The proof of 
Lemma 3 is finished.

L emma 4. Assume that the conditions of Theorem 6 are satisfied. Then 
there is a non-negative integer a such that |/(n ) | = na for all n G N which 
are prime to A.

P r o o f . In order to prove Lemma 4 it is enough to show that

(5.10) f(q) = ±q“M 

and

(5.11) a(p) = a(q)

for all primes p,q which are prime to A, where a(p) ^  0, a(q) ^  0 are 
integers.

Let q be a prime for which (q , A) = 1. Assume on the contrary that 
there is a prime Q ф q such that

(5.12) Q\f(q).
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Since (q ,QA ) =  1, by using the Euler’s theorem we have

(5.13) q*(AQ) = 1 + AQm

with some m  E N, where ip denotes the Euler’s totient function. By using 
Lemma 3 and the fact (q, A ) = 1, we have

f (q)v(AQ) = f  (<Г(Л<3)) = /(1  + AQm).

This together with (5.1) and (5.2) show that

0 =  f ( q f {[AQ) = /(1  + AQm) = C = 1 (mod Q),

which is a contradiction. So, we proved (5.10).
We now prove (5.11). Let p and q be distinct primes with (pq,A) = 1 

and let a(p) ^  «(<?)• Then it is well known that there is a positive integer 
s such that

^ р2(а(р)-а(9)МД)(5.14) H + H(s) := (.PQS)
2V(A)

(see e.g. [20]). Thus, we have (pqs)2v^  = 1 + АН К  with some к £ N. 
Applying (5.1) and using Lemma 3, we get

f (p)MA)  f (q )MA)s = / Cpqs)MA) /(1  + АН К) = C (mod H).

This and (5.10) imply that

1  =  p 2 a ( P M A ) q 2 a ^ ) v ( A ) s  _  p2(ot(p)-a(q))<fi (A)  ( m Q ( J J J ^

which together with (5.14) shows that a(p) = a(q). Thus, we have proved 
(5.11). This completes the proof of Lemma 4.

We now prove Theorem 6. Assume that (5.1) holds for every n 6 N , 
where A ^  1, С ф 0 are integers and /(n )  is an integer-valued multiplicative 
function. Then by Lemma 4, there is a non-negative integer a such that

(5.15) |/(« ) | = na

for all n G N  which are prime to A.
Now we define the function g(n) as follows:

ff(n ) :== (n = 1, 2, . . . )

Acta M a them atica  Hungarica 63, 1994



A R IT H M E T IC  FU N C TIO N S SATISFYING A C O N G R U E N C E  P R O P E R T Y 19

where a ^  0 is defined in (5.15). By using Lemma 3, we have

(5.16) g(ab) = g(a)g(b)

for all a, b G N which are prime to A, furthermore g(n) G { — 1,1} for every 
n G N. Since f ( n )  = g(n)na , we get from (5.1) that

(5.17) g{An +  1) = g(An +  1 ){An + 1)“ = f { An  + 1) =  1 (mod n*)

holds for every n G N. We shall prove that the arithmetical function g(n) 
is periodic (mod A).

Let tx and Í2 be positive integers for which

( t i t2,A) — 1 and ii = f2 (mod A).

Then there are positive integers so? Щ and n2 satisfying the conditions

so^i = 1 +  An\  and sqÍ2 =  1 + А щ .

Let ß  be a positive integer such that 2ß \ щ  and 2ß \ n2. Then for every 
m G N we also have

(5.18) ^so + 2^Amj ti = 1 + A + 2ßt\nxsj  

and

(5.19) ^so + 2ß Am)j t2 = 1 + A (ri2 + 2^2ТО) •

By using (5.16), (5.17), (5.18) and (5.19), we have

g ^so +  2ß Arr^j g(t\)  = 1 ^mod + 2ßt\m}j ^

and
g (s0 +  2ßArnj g(t2) =  1 (mod (n 2 + 2ßt2m SJ ) .

Since 2ß \ n\, 2ß \ П2 we have

[rii + 2 ßt i m sj  > 2  (г =  1,2),

and so we get from the above congruences that

g (s0 +  2ßArn) ■ g(ti)  = 1 = g (s0 + 2ß Arn) ■ g(t2).
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This implies g(t\) — g(t2). It is well-known that if g(n) satisfies (5.16) and 

g(ti) = g(t2) for h = t 2 (mod A), (t i t2, A ) = l ,

then

(5.20) g(n) = x a (ti)

holds for all n E N which are prime to A. From this / (n )  = Хл(п)п“ holds 
for all n 6 N which are prime to A. Theorem 6 is proved.

P r o o f  o f  t h e  C o r o l l a r y . Assume that the integer-valued multi
plicative functions /  and g satisfy the congruence (5.2), i.e. f ( A n  + m)  = 
=  fir(m) (mod n*) holds for every n , m  E N. Applying the above congruence 
with m = 1, by using Theorem 6, we see that there are a non-negative in
teger a  and a real-valued Dirichlet character \A  (mod A) such that f ( n )  = 
=  XA(n)na for all n G N which are prime to A , Thus, we have

(5.21) <?(m) =  f ( A n  -F m) — х а (А п + m)(An  + m)a -
= Ха (гп)тп°‘ (mod n*)

for every n ,m  E N which are prime to A. Since

lim sup n* = oo,
n —► oo 

(n,A)=1

it follows from (5.21) that g(m) — XA(m)m" for all m  G N which are prime 
to A. So, our Corollary is proved.
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FRO ZEN TIM E M ETH O DS FO R  
C O N D IT IO N A L L Y  STABLE PRO BLEM S IN  

SIN G U L A R  PE R T U R B A T IO N  TH EO RY
R. NAULIN (Cumana)

I. Introduction

Let us consider the singularly perturbed linear system

(1) px'  = A(t)x,  := ^

where p is a small parameter, and A{t) is a matrix function defined on 
R. In [1], the uniform stability of the system (1) was considered under the 
following conditions: The eigenvalues of A( t ) satisfy Re A(f) < — 7 , A(t)  
and A \t)  are bounded functions ( |d '( t) | ^  ß  for any t E [0,oo)).

Under these conditions the following is valid:
Lemma 1. I f  X  represents the fundamental matrix o f (1) (X(0) =  / )  

then the following inequality is satisfied:

(2) | ^ ( í ) ^ _1(s ) ~ exP{^('s)(í - s)//í }| ^  L( p ,a )exp{ -a ( t  -  s)/p}

where ( ^  s, 0 < ft < 7 , /í  G (0,/ж0], po = a 2/ ßK,  a = 7 -  a, L(p,a)  = 
= 2p K 2ß / e2(a2 — pKß) ,  К  is constant depending only on ß and 7 .

This approximation (2) is used to estimate an upper bound for the 
parameter p in problems of uniform asymptotic stability; see for example 
[1] and [2]. In [2], this result is used to obtain conditions of controllability 
for singularly perturbed control systems. The central aim of this work is to 
generalize Lemma 1 to conditionally stable systems.

II. Previous results

We will assume that (1) satisfies the following properties:
(C l) The function A(t) is defined on R. A(t) is a function of class C 1 

and |A(t)| ^  M ,  |A '(f)| ^  ß ,  for ( GR .
(C2) For each t, к eigenvalues of A(t) satisfy ReA(<) ^  — 7 , and n — к 

eigenvalues satisfy ReA(<) ^  7 .
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In [3] it is proven that conditions (C l) and (C2) are enough to prove 
the following

Lemma 2. Conditions (C l) and (C2) with к = n imply for 0 < a < 
< min(2M, 7 ) and £ ^  0, that

I exp{A(s)£}| ^  (2M / a )"-1 exp{ ( -7  + <*)£}.
Lemma  3. Under conditions (C l) and (C2), there exists a C1 function 

T (t) such that
(3) D(t) := T - \ t ) A ( t ) T ( t )  = diag(Ai(t), A 2(t)) 
and the following properties hold:

(PI) The eigenvalues o f A\(t) and Аг(<) satisfy ReA(i) ^  — 7 , and
ReA(f) ^  7 , resp.;

(P2) For any í e R,
(4) \ T - \ t ) r ( t ) \ ^ a \ A ( t ) \ \ Ä ' ( t ) \ ü a ß M  
where a is a constant depending only on n and 7 .

(P3) \ T ( t ) \ \ T - \ t ) \ i b ,  f o r t e  R,  where b is a constant.
I f we apply the change of variable x = T( t )z  then (1) reduces to the system
(5) pz' = [ D ( t ) - p T ~ \ t ) T ' ( t ) ] z .

T heorem 4. If conditions (Cl) and (C2) are satisfied then there exist 
a fundamental matrix X( t )  of (1) and constants H ^  1, po, such that for  
p G (0,po) and t ^  s one has:
(6) I X ( t ) P X - 4 5) | , I В Д д Х -Ч О !  ^  H exp{ -(7  -  a)(t -  s ) /p} 
where P  and Q are the following projections:

h  ■ 0
(7) P  := Q - - I - P .0 : 0

Finally we need a previously proven result [6]:
T heorem  5. If  the system  (1) has the exponential dichotomy (6), and 

B (t) is a bounded continuous matrix, such that
6 = sup |P (i)| ^  (7 — a)/36K 5,

R

then the system py' = [A(i) + B (t)] у has the exponential dichotomy:

I У ^ Р Г - 1^ )!  ,|Y (s)Q Y _ 1(i)| ^  12Ä'3 exp{ -(7  -  a  -  6K 3)(t -  s ) /p}  
for t ^  s, and

\ X ( t ) P X ~ \ s ) - Y ( t ) P Y - \ s ) \  Í  
^ (5A'/2)8<5(7 -  a ) -1 exp{ - ( 7  -  a)(t -  s ) / 2p} ,  

I X ( t ) Q X - \ s ) - Y ( t ) Q Y ~ \ s ) \  S 
^ (5A'/2)8i (7 -  a ) -1 exp{ - ( 7  -  a )(i -  s ) /2p}  .
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III. The main result

The proof of our main theorem is based upon the theory of exponential 
dichotomies as presented in [3].

Let us define 0(f,s) := exp(D(s)t/[i) , W (i,s) := T(t)0(t,s) ; we can 
now formulate the central result of our investigation.

T heorem 6. If  the system (1) satisfies (Cl) and (C2) the f or t  ^  s we 
have

(8) \ X ( t ) P X ~ \ s ) - W ( t , s ) P W { s , s ) \  S  Ä (/x,a)exp{-7( i - s ) / 4//}

where R(^i, a)  = aßM (^Ь(ц, 7 ) + (5K/2)8aßn2M(7 -  a )-1 j , and

(8) I X ( t ) Q X ~ \ s )  -  W(t ,  s)QW(s,  s)| ^  R(y, a) e x p { -7(t -  *)/4/i} 

for s ^  t.
Note that estimate (8) is a generalization of (2), since if in condition 

(C2) k — 0, then in Theorem 6 we have T(t) = / ,  P  = I, W ^ s )  = 
= exp{A(s)f//i}.

IV. Proof o f Theorem 6

We first prove a lemma concerning the fundamental solution of the 
system

(9) v' = D(t)v.

This system can be written as two systems of lower dimension:

(10) fxv[ = A i{t)vu
(11) fiv'2 = A 2(t)v 2.

Let V\ and V2 represent the fundamental matrices of (10) and (11). Accord
ing to Lemma 3, for 0 < а  < min(2M ,7 ) we have the estimates

(12) I ^i(f)^i_1(5)| = К  exp{ - ( 7  — a)(t -  s)//x} , t ^ s
(13) \V2(t)V2- \ s ) \  й  К  exp{ (7 — a)(t  — s)//x} , t 2 s

for all /i > 0 and К  = 2M /а.  Clearly V(t) = diag( V\(t), Рг(0) *s the 
fundamental matrix of (9) and

(14) I V ( t ) P V ~ \ s ) I, I V (s)Q V ~ \t) \ й К  exp{ ~ (7 a)(t -  s) /p}  .

Using Lemma 1 in [1] we can immediately prove the following
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Lemma 7.

I V ( t ) P V ~ 1(s) -  9(t, s )P6~1(s, s)| й  T(/x, a)exp{— a(t  — s)/fi} 

for t ^  s, and

I V( t ) QV ~ 1(s) -  0 (í,s)Q 0_1(s,s)| ^  L( f i , a)exp{-a( t  -  s)/fi}

for s ^  t, L( f i ,a)  = [iK2ß / e 2(a2 — i iKß) and 0 < a  < 7 , <7 = 7 — а,  
ц  6 (0, /х0], l^o = a 2/ßK.

P roof of  T heorem 6 . We abbreviate /  := | T ( < )P I - 1(s) -  
— VF(i,s)PVF(s,.s)|. Then we have

/  =  \ T - \ t ) [ T ( t ) X ( t ) P X - \ s ) T ( s )  -  e( t , s )Pe-1( s , s ))] T(s )I .

We denote by Z(t)  the fundamental matrix of the system (4), and we recall 
that Z( t ) =  T(t)X( t ) .  By the property (P2) we obtain

I  Ú a ß M \ Z ( t ) P Z ~ \ s )  -  0 (M )P0- 1(s ,s ) | = a ß M ( h  +  / 2)(М )

where

h( t , s )  := I Z ( t ) P Z ~ \ s ) -  V ( t ) P V - \ s ) I,
I 2(t, s) := I V ( t ) P V - \ s )  -  e ( t , s ) P e - \ s , s )I .

According to Theorem 1, we have

(15) h ( t ,  s ) ^  (5A /2)8g/3/t2M (7 -  a )-1 exp{ - 7(f — s)/2fi} . 

Theorem 3 gives us the estimate

(16) h( t , s )  ^  i ( / r , 7 )exp{ - (7  -  a)(t -  s)/2fj,} .

Defining R(fj, ,a) = aßM |x (/r, 7 ) + (5К / 2)8а/ЗМр2М (7 — а) 1 we com
plete the proof of Theorem 6 .

Acknowledgem ent. The author whishes to express his gratitude to 
Professor Margaret R. Bledsoe for her revision of the English version of this 
article.
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A  C H A R A C TER IZA TIO N  OF SOM E  
A R IT H M E T IC A L  M ULTIPLICATIVE  

FU N C T IO N S
В. M. PHONG* (Budapest)

1. Introduction and results

An arithmetical function /(n )  ^  0 is said to be multiplicative if (m, n) = 
= 1 implies that

/(m n) = /(m )/(n )
and it is completely multiplicative if the above relation holds for all posi
tive integers m  and n. Let M. and M*  denote the set of comp lex-valued 
multiplicative and completely multiplicative functions, respectively.

In 1980, J. L. Mauclaire and Leo Murata [6] showed that if /  G M  
satisfies the conditions

(1.1) |/ (n )  1 = 1 (n — 1, 2,. . . )

and

(L 2) l / ( n + I ) "  Л п)1 = ФО,
n^x

then /  G M * . Trivially, (1.1) and (1.2) hold for functions of the type 
f ( n ) = n,T, where r  is a real number. I. Kátai [3] conjectured that / (n )  = 
=  nlT are the only multiplicative functions that satisfy (1.1) and (1.2). This 
conjecture remains open, a few partial results are known. For such results 
we refer the reader to A. Hildebrand [1], [2] and I. Kátai [5].

In [7], improving the above result of Mauclaire and Murata, we proved 
that if /  G M  satisfies (1.1) and the condition

(1.3) £  |/(Л п  + Д) -  C /(n ) | = ф о
wüx

for some positive integers A, В  and a non-zero complex number C,  then

f (pk) = f (p)k (* = 1,2,. . .)

* R esearch  su p p o rted  by th e  H ungarian N a tio n a l Research F o u n d a tio n  No.907.



3 0 В. М. PH O N G

for each prime p coprime to 2AB,  furthermore in the case (2, AB)  = 1 we 
also have

/ ( 2 * ) = ( ^ )  / (2 ) fc (A: = 1 ,2 ,...)

and /(A )2 = C 2.
In this paper we shall consider the problem of characterizing the func

tions /  £ Ad that satisfy the conditions ( 1.1) and

(1.4) E |/ ( A „  +  J ) - C / ( n ) | = ()(logx)

where A, J9 are fixed positive integers and C is a non-zero complex number. 
A complete solution of (1.4) is not known, since the condition (1.4) is 
stronger than  (1.2).

We shall prove the following results.
T h e o r e m  1 . Let A, В  be positive integers and let C be a non-zero 

complex number. If f  £ A4 satisfies (1.1) and (1.4), then there are functions 
f\  and F  such that

(1.5) f ( n )  = f i (n)F(n)  (n = 1 ,2 ,...) ,
(1.6) / i  G Л Г , F e M ,
(1.7) F(An)  = F(A)F(n)  (n = 1 ,2 ,...) ,

(1.8) F ( n + B )  = ^ F ( n )  ( n=  1 ,2 ,...) ,

(1.9) / 2(А) = C 2

and

(1.10) f ( A )  = C if 2| AB.

C o r o l l a r y  1. If  f  £ A4 satisfies the conditions ( 1.1) and (1.3), then 
f  = f \ F ,  where f ,  f \ ,  F  satisfy the conditions (1.6)—(1.10).

R e m a r k s . (I) All solutions of (1.8) for F £ A4 have been determined 
in [8]. From our proof it follows that

(1.11) F(p^) = F [ ( p \ B ) }  (7 = 0 ,1 ,2 ,...)

for all odd primes p and

(1.12) F(2<3) = ^ F [ ( 2 ‘i ,B )\ (/3= 1 ,2 ,...) .
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(II) It is obvious that f ( n ) = (—1)" 1 is a multiplicative function and 
it satisfies (1.1) and (1.4) with A = В  =  — C = 1. In this case we have

= — 1. In other words, from (1.1) and (1.4) it does not always follow 
that f(A )  = C.

T heorem 2. Let A, В  be positive integers and let C be a non-zero 
complex number. Assume that f  £ M  and g £ M* satisfy the conditions

(1.13) № ) !  = i, g(n) Ф o, (n = 1,2, . . . )

and

(1.14) \s(An + В) -  C f(n )\  „ 4 
^ = o(log*).

n<x

Let A! = A /(A ,B )  and B ' = B /(A ,B ). Then the following assertions hold:
(a) If f (A '  +  1) = g(A' +  1), then

(1.15) f e M *

and there is a Dirichlet character \A ' (mod A') such that

(1.16) g(n) = XA'(n)f(n)

for every positive integer n coprime to A '.
(b) If f ( A '  +  1) f  g(A' +  1), then 2 { (A ' + 1)5' and there are /) £ Л4* 

and a Dirichlet character A’ (mod2T') such that

(1.17) /(n )  = ( - l ) n-V i(n ) (n = 1 ,2 ,...) 

and

(1.18) g(n) = X2A'(n)f(n)

for every positive integer n coprime to 2A'.
Several authors have considered the problem of finding similar conditions 

concerning / ( n  +  1) — f (n)  that imply f ( n )  =  nlT for some real number r . 
Improving some results of I. Kátai [4], E. Wirsing showed1 that if /  £ Л4 
satisfies |/(n ) | =  1 and

/(n  + 1) -  f{n)  -*-0 as n -> oo,

then /(n )  = ntT for some real constant r .  Applying our theorems and using 
this result of E. Wirsing, we get the following

1 Personal com m unication  to  I. K átai on S ep tem b er 3, 1984.
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T heorem  3. Assume that f  e M  satisfies the conditions 

l / 0 ) |  =  1 (n =  l ,2 , . . . )

and

(1.19) f ( A n  + B)  — C f ( n ) —> oo as n —► oc

for some positive integers A, В and a non-zero complex number C . Then 
there are a real constant т and a function F  £ M  such that

(1.20) f (n )  = ntTF(n) (n  = l , 2 , . . .) ,

where f ,  F  satisfy the conditions (1.6)—(1.10).
T heorem  4. Assume that f  G M  and g 6 M* satisfy the conditions

(1.21) \f(n)\ = 1, g(n) ф 0 (n=  1 ,2 , . . . )

and

(1.22) g(An + B)  — Cf(n)  —► 0 as n —*■ oo

/o r  some positive integers A, В and a non-zero complex number C. Let 
A' = A / ( A , B ), B'  =  B / ( A , B ) .  Then the following assertions hold:

(i) I f  f ( A '  + 1) =  g(A' + 1), then there are a real constant r  and a 
Dirichlet character x a 1 (mod A') such that

(1.23) f {n )  = niT (n  = 1 ,2 ,...)  

and

(1.24) g{n) = Хл' (п)пгт

for every positive integer n coprime to A '.
(ii) I f f ( A '  + 1 ) 7̂  g(A ' + 1), then 2 \ {A1 + 1 )B ' and there are a real 

constant T and a Dirichlet character X2A1 (m od2T') such that

(1.25) f ( n )  = ( - l ) n_1niT (n = 1 ,2 ,. . . )  

and

(1.26) g{n) = X2 A’{ri)ntT

for every positive integer n coprime to 2A'.
We note tha t by writing a multiplicative function /  of modulus 1 in 

the form /  = e2nih, where h is a real-valued additive function, one can 
reformulate results involving multiplicative functions of modulus 1 in term 
of real-valued additive functions reduced modulo 1. For example, one easily 
sees in this way th a t from Theorem 3 we have
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Corollary 2. Let A, В be positive integers and let D be a real con
stant. I f a real-valued completely additive function h satisfies

(1.27) lim \\h(An + B ) - h ( n ) ~  D\\ = 0,
n —>-oo

where ||ti|| denotes the distance of и to the nearest integer, then there is a 
real constant т such that

(1.28) У h(n)  — rlog  n|| = 0  (n = 1 ,2 ,. ..) .

2. Proof o f  Theorem 1

Assume that /  6 Л4 satisfies (1.1) and (1.4), where A, В  are positive 
integers and C is a non-zero complex number. For an arbitrary positive 
integer n, let D(n) =  Dß(n)  denote the product of prime power factors of 
В  composed from the prime divisors of n, i.e., D{n)\B , (D(n),  В / D(n)) = 
= 1 and every prime divisor of D( n ) is a divisor of n.

For each positive integer Q we define the sequence

R = R(AQ)  = {Rk}?= 1

by the initial term Ri =  1 and by the formula

(2.1) R k = 1 + AQ + .. .  + (AQ)k~x 

for every integer к ^  2. Moreover, let

(2.2) Tk = Tk(n,Q) = (AQ)kD(Q)n + B R k(AQ).

Then for every integer к ^  1 we have

(2.3) Tk+1(n,Q) = AQTk(n,Q) + B  

and

(2.4) (QD(Q) ,Tk(n,Q)/D(Q))  = 1 .

Thus, by using (1.4), (2.2), (2.3), (2.4) and the multiplicativity of / ,  we 
have

£  ^  |/(T i(n ,Q ))  -  Cf{QD(Q)n)  I =  o(logar)
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and
Е  I  If { T k(n,Q)) -  A (Q) f {Tk- i (n ,Q))  I = o(log:r)
n^x

for each fixed integer к ^  2, where

A(Q) := Cf(QD(Q)) / f (D(Q)) -

These imply that

(2.5) E Í If ( Tk(n,Q)) -  C ^ Q ) k~l f (QD{Q)n)  | = o(logx)

for each fixed integer к ^  1.
We first deduce from (2.5) that if the positive integers к, P  and Q satisfy 

the conditions

(2.6) ( P , R k(AQ)) = 1 

and

(2.7) (PD(Q)  + B , R k(AQ)) = 1, 

then

(2.8) f ( A k~l QkPD(Q))  =  A ( Q ) ^ 1 f(QD(Q)P).

Assume th a t (2.6) and (2.7) hold. Let R k = R k(AQ).  Then

(2.9) ( R k, (AQ)kPD(Q)  + B) = {Rk, PD(Q)  + B) = 1.

Considering
n := P R kM ( m ) = P R k( APQRkm  + 1)

and taking into account (2.5), using (1.1), (1.4), (2.6), (2.7), (2.9) and the 
multiplicativity of / ,  we get

P R t . ( AP Q R> +1) П А ^ Р т ) )

-д(0 )*-1/(<гв(<з)/>) I ^  L s

S E P R kM(m)
f ( A k- xQkPD{Q)M{mj )~
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A (Q)k~1f {QD(Q)PM(m)) <

S E f ( { A Q ) kPD(Q)M(m)  + B ) -
-  P R k\C\M(m)
S x

- C  f ( A k~1Qk PD(Q)M(m)) +

+ E P R k\C\M(m) f  ({AQ)k p  D(Q)M{m)Rk + B R k)

- C A ( Q ) k- 1f ( Q D ( Q ) P M ( m ) R k) \ i o ( l o g ( P R kM(x))) = o(\ogx),

which implies that

f ( A k~1QkPD(Q)) - A ( Q ) k~1f{QD(Q)P)  = o( 1).

This proves (2.8).
It is easily seen that (2.6) and (2.7) hold for every positive integer к  if 

P = 1 and 2B\Q. Thus, for each prime p coprime to 2AB, by applying (2.8) 
with Q — 2В  and Q = 2pB, we have
(2.10)

k =  f l A ' - ' p p B f D f r B ) ]  
1 J f [ A k~1(2B)kD(2B)]

A(2pB)\ k~1 f{2PB) _  k 
A{2B) )  f (2B) J[P>

for every positive integer k. Thus, by using (2.10) and /  6 M  we have

(2.11) f (mn)  — f (m ) f ( n )  if (m, n, 2AB) = 1.

Since [Rk(AQ), Á) = 1 for every positive integer k, from (2.11) we can 
relax the conditions (2.6) and (2.7) to

(2.12) (P ,Rk(AQ),2B)  -  1

and

(2.13) {PD(Q) + B , R k(AQ), 2) = 1.

In other words, if the positive integers к, P and Q satisfy conditions (2.12) 
and (2.13), then

(2.14) f ( A k~1QkPD(Q)) = A (Q)k~l f { Q D ( Q ) P ) .

We now prove that

(2.15) f ( A P )  = f ( A ) f ( P )  (P = 1 ,2 ,...) .
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First consider the case when 2|AB .  In this case, by applying (2.14) with 
к = 2 and Q = 1, we have

(2.16) f { A P )  — C f ( P )  if (Р,1 + А ,Я )=  1. 

and

(2.17) f ( A )  = C.

Thus, by using (2.16), (2.17) and the multiplicativity of / ,  it is obvious that
(2.15) holds.

Suppose now that 2 \ AB.  In this case (2.12) and (2.13) hold for every 
even positive integer Q with (P , Rk(AQ),  B) = 1. Thus, by applying (2.14) 
with к — Q = 2, we have

f (A 22P) = C / (2 ) /(2 P )  if (P, 1 + 2A, B)  = 1.

This with the multiplicativity of /  implies that

f ( A 2 2 P) = C /(2 ) /(2 P )  (P  = 1 ,2 ,...),

consequently f ( A P ) — f ( A ) f ( P )  holds for every odd positive integer P. So,
(2.15) holds for every positive integer P , because in this case 2 \ A. Thus, 
we have proved (2.15).

On the other hand, it follows from (2.12)-(2.14) that if the positive 
integers к , Q satisfy

(2.18) ( D ( Q ) + B , R k(AQ),2) = 1 

then

(2.19) f ( A k~1QkD(Q))  = C fc~1 f { Q D ( Q ) ) k
f ( D ( Q ) ) k~l

Thus, if (2.18) holds, then from (2.15) and (2.19) we have

( 2.20) Z ( « ‘ W ) )  = ( - p y ) ‘"
f { Q D ( Q) ) k

It is easily seen that (2.18) holds in the following cases:
( i )  g  =  l , *  =  3;

(ii) Q = 1, к = 2 if 2| AB]
(iii) Q = 2 and every positive integer fc;
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(iv) Q = 2p, (p, 2) =  1 and every positive integer k. 
Thus, from (2.20) we get

( 2.21)

( 2.22)

(2.23)

/(A )2 =  C 2,
f (A)  = C if 2\AB

f { m v ) k
f {D( 2 ) )k- 1

and

(2.24) f { p kD(p)) = f { pD( p ) ) k

1 ( т ) к~'
if (p, 2) =  1.

Now we write f ( n ) as

(2.25) f (n)  = f-i(n)F(n),

where f i (n)  is a completely multiplicative function defined as follows:

(2.26) f l ip)  = C f (2D(2) )  
f(A) /(0(2))

if (p ,2 )=  1 
if p = 2.

From (2.24), (2.25) and (2.26) it is easily seen that

F(paD(p)) = F(D(p))  (a = 0 ,1 ,2 ,...)

and so

(2.27) F(p^) = F [ ( p \ B ) } ( 7 - 0 ,1 ,2 , . . . )

for every prime p ф 2. Moreover, from (2.23), (2.25) and (2.26), we have

(2.28) F(2ß) = В)} (ß = 1 ,2 ,...) .

By using (2.22), (2.27) and (2.28) one can check that

(2.29) F(n + B) = ~ ^ F ( n )  (n = 1 ,2 ,...) .

Thus, from (2.15), (2.21), (2.22) and (2.29) we get the assertions (1.5)-(1.10) 
of Theorem 1. This completes the proof of Theorem 1.
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3. Proof of Theorem  2

Assume th a t /  G M  and g G M*  satisfy conditions (1.13) and (1.14),
that is,

(3.1) l/(»)l =  1, д(п)ф о (n  = 1 ,2 ,...)

and

(3.2) X “ \g(An + B ) - C f ( n )  1 = o(logx)
n < x

for some positive integers A, В  and a non-zero complex number C . Let 
A! = A / ( A , B ) ,  B'  = B / ( A , B )  and C  =  C/g[(A,B)\.  Since g G M*,  we 
have

f f (An + B ) ~  C f ( n )  = g[(A, B)]g(A'n + B') -  Cf (n)  

which with (3.2) implies

X \\g(A'n + B ~ C"/(«)| = o(bgx).
Thus, it is enough to prove Theorem 2 under the condition (A, В ) = 1.

Assume th a t (3.1), (3.2) hold and (A,  В ) = 1. For each fixed positive 
integer N,  we have

( A N  + 1 )(An + B)  = A[ (AN  +  1 )n + BN]  +  B,  

and so, by using the complete multiplicativity of g, we obtain

f [ ( A N  + l )n  +  BN] -  g ( A N  + 1 )f(n)  =

= {<7 [A((AA + l)n  +  BN)  + B ] ~  C f [ ( A N  + 1 )n + B N ] }  +

+ ^ g ( A N  +  1){д(Ап+ B )  -  Cf(n)}  , 

which with (3.1) and (3.2) implies that

(3.3) X  “  I f [ ( A N  + l )n  + BN] -  g ( A N  + l) /(n ) | = o(logx).
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Applying Theorem 1 when А, В, C are replaced by A N  + 1, B N  and 
g(AN  + 1), respectively, we see that there are / i  6 M*  and F £ M  such 
that

(3.4) f ( n )  = h(n)F(n) ,

(3.5) F ( n  + B N ) = + 9 f ( n )  1 ,2 ,. . .) ,

(3.6) f \ A N  + 1) = g \A N  + 1) 

and

(3.7) f ( A N  + 1) = g{AN  + 1) if 2\{AN + 1)BN.

Since (3.5)-(3.7) hold for each positive integer A, it follows that (3.5)-(3.7) 
also hold for every positive integer N.

a) We first consider the case when f ( A  + 1) = g(A +  1). In this case 
from (3.5) we have F(n  + B)  =  F(n) (n = 1 ,2 ,...) and so

(3.8) F(n  + B N )  — F(n)  (n = 1 ,2 ,...).

This with (3.5) shows that

(3.9) f ( A N  + l) = g { A N + l )  (N = 1 ,2 ,...)  

and

(3.10) F(n) = хв ( п )

for all positive integers n which are prime to B. (Here \ B  denotes the 
Dirichlet character mod B.) Let

H (“ ) : = 7 $  =

Then, by (3.9) we have H (A N  + 1) =  1 (N = 1 ,2 ,...) , which gives H  = 
= xa  (mod A). Thus we have proved that

(3.11) g(n) = XA(n) f (n)

for every positive integer n coprime to A.
We shall prove that in our case

(3.12) / 6  A4*.
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Indeed, from (3.4), (3.10), (3.11) and using the fact g E Л4*, we have

f (n)
Ы п) х в ( п )
A")

хл(п)

if (n, В) = 1 
if (n, A) = 1,

which implies /  E Л4*, since (A, 5 ) = 1. Thus we have proved assertion (a) 
of Theorem 2.

b) Assume now /(A  +  1) ф g(A + 1). Then from (3.6) and (3.7) we have 
2 \ (A + 1 )5  and

/(A  +  1) = -fif(A +  1), F(n + 5 )  = -F(n)  (n = 1 ,2 ,...).

These imply

(3.13) F(n + 57V) =  (~ l )NF(n)  (n=  1 ,2 ,. . .)

and

(3.14) Д А А + 1 ) =  (-1 )% (A A  + 1) (A = 1 ,2 ,...) .

Thus, from (3.13) we get F{n  + 25) = 5 (n )  (n = 1 ,2 ,...) , and so

(3.15) F(n) = Х2в{п)

for every positive integer n coprime to 2 5 . We also get from (3.14) 

(3.16) g(n) = X2A(n)f(n)

for every positive integer n coprime to 2A.  Since (A ,5 )  =  1 and g E Л4*, 
from (3.4), (3.15) and (3.16) it follows tha t

which implies

5 (n ) g(rc)
X 2 A ( n ) f l ( n )

Х2в(п),

F(nm) =  F(n)F(m)  if (n,m , 2) -- 1.

In our case we have 2 \ 5  and so from (3.13) we get

F(B)F(m  +  1) = - F ( B ) F ( m )  (m = 1 ,2 ,. . .)

since (5 ,m  +  1,2) = 1. This shows that

(3.17) F(n) -  ( - I ) " " 1 (n = 1 ,2 ,...).

By (3.4), (3.16) and (3.17) the proof of assertion (b) of Theorem 2 is finished. 
Theorem 2 is proved.
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4. Proofs o f Theorems 3 and 4

Assume that f  £ A4 satisfies

(4.1) |/(n ) | = l (n = 1 ,2 ,...) 

and

(4.2) /(A n  + B)  — Cf(n)  —* 0 as n —> oo

for some positive integers A , В  and a non-zero complex number C . Then 
conditions (1.1) and (1.4) of Theorem 1 are satisfied, and so

(4.3) /(n )  = f i (n)F(n)

where f \  £ Л4*, F  £ Л4 satisfy (1.6)—(1.10). It is obvious that there are 
positive constants Mi,  М2 such that

(4.4) Mi  < |F (n)| = |P [(n ,5 )] | < М 2 

for every n. From (1.6)—(1.8) we have

/(A n  + B) -  C f ( n )  = /i(A n  + B)F(An  + В) -  Cf i{n)F(n)  =

=  /i(A n  + B ) j ^ F ( A n )  -  Cf i (n)F(n)  =

= ~ f ' ц у - { Ш п  + в ) - Ш п ) } ,  

which with (4.2) and (4.4) implies

(4.5) /i(A n  + B)  — /i(A n) —> 0 as n —► 00.

By replacing n in (4.5) by Вт,  we get

(4.6) f i ( A m  + 1) — f i (Am)  —»• 0 as m —> 00.

We shall prove that for each positive integer К

(4.6) /i(A m  + K)  — /i(Am ) —> 0 as m  -> 00.

It is obvious that (4.7) holds for К  = 1. Assume that (4.7) holds for К . We 
have

h { A m  + K  + l ) - M A m ) = - j ^

- / i ( A 2m2 + К  A m  + Am)} + ^Г7~л +/  { h ( A m  + К) -  /i(A m )} +f i {Am)
+ {/i(A m  + 1) -  /i(A m )},

{ f i ( A 2m 2 + К  Am  + Am + K ) —
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which shows that (4.7) holds for К  + 1, because

1
М2 < |/i(» )| =

1 _ 1 
\F(n)\ < М[

(n = 1 ,2 ,...) .

So we have proved that (4.7) holds for each positive integer K.  
Finally, by applying (4.7) with К  = A,  we get

+ 1) -  /i(m )} -► 0 as m  —► 00,

which with the result of E. Wirsing implies that

(4.8) /j(n ) = nlT (n = 1 ,2 ,...)

holds for some real constant r . By (4.3) and (4.8) the proof of Theorem 3 
is finished.

We now prove Theorem 4. Assume that /  E M  and g E Л4* satisfy

(4.9) |/(n ) | = 1, g(n) ф 0 (та = 1 ,2 ,...)

and

(4.10) g(An + B) — Cf (n )  —v 0 as n —> 00.

Let D = (A, B),  A' = A / D , B'  = В /D  and C" = C/g(D).  Since g € Л Г , 
from (4.10) we have

(4.11) g(A'n + В' )  — C' f (n)  as n —* 00.

Then the conditions (1.13) and (1.4) of Theorem 2 are satisfied, and so we 
can apply Theorem 2.

(i) If f (A '  +  1) =  g(A' -f 1), then by Theorem 2 we have /  E M*  and 
g(n )  =  X A ' ( n ) f { n )-  Thus, using (4.11) we get

(4.12) f ( A ' n  + B ’) ------ ^  ■■ /(та) -> 0 as n -> 00.
Хл'(-о')

By using /  E Л4* and Theorem 3 it follows that

(4.13) f{n)  — n tT (та = 1 ,2 , . . . )

for some real number r. Thus, part (i) of Theorem 4 is proved.
(ii) If f (A '  + 1) ф g{A' + 1), then from Theorem 2 we have

(4.14) f {n)  = ( - l ) " -1 /i(rc), g(n) = X2A'(n)f(n),
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where f \  G Л4*. It also follows from Theorem 2 that 2 \ (A' + 1 )B '. From
(4.11) and (4.14) we have

X2A'(2A'n + B') f (2A'n  + B') -  C' f(2n)  —*■ 0 as n o o  

which implies

(4.15) fi(2A 'n  + В')  -  f i (n)  -> 0 as n -* oo.
V X2A'{ti ))

Since / j  G Л4*, we can apply Theorem 3 to (4.15) and get

/i(n ) = n’T (n = 1 ,2 ,...)

for some real constant r . Thus we have proved that

/(n )  = ( - l ) n~ V T (n = 1 ,2 ,...)

f f ( n )  =  X2A'(ri)f(n) = X2A'(n)nlT

for every positive integer n coprime to 2A'.
Theorem 4 is proved.
Acknowledgem ent. I am thankful to Professor I. Kátai for the indi

cation of the problem and his help in the preparation of this paper.
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A N O T E  O N  H E R M IT E -F E JÉ R  
IN T E R PO L A T IO N  ON E Q U ID IST A N T  N O D ES

T. M. MILLS and S. J. SMITH (Bendigo)

1. Introduction

Let M — {xk,n • к — 1 ,2 , . . . ,  n; n = 1 ,2 ,3 ,...}  be a triangular matrix 
such that, for each n,

1 = ^1 ,n ^  ,n ^  2-3,n ^  ^  Xn,n = I*

(We will write Xk for х^п when there is no ambiguity.) For /  : [-1,1] —► 
—► (—00, 00) and any n 6 {1 ,2 ,3 ,...}  there is a unique polynomial 
H 2n- i { f , x )  such that the degree of H2n - i ( f , x )  is 2n — 1 (or less) and

H2n-\{ f ,Xk)  = /(**), H'2n- i ( f ,Xk)  = о (к = 1,2, . . . ,n) .

The interpolation polynomial H 2n- i ( f , x )  is known as the Hermite-Fejér 
interpolation (or HFI) polynomial of degree 2n — 1. L. Fejér [3] showed that 
if M  is chosen so that {xk,n • к = 1 ,2 , . . . ,  n} is the set of zeros of the 
Chebyshev polynomial Tn(x ) =  cos(n arccos x), -1  ^  x ^  1, then, for all 
/  G C ( [ - l ,  1]), we have

lim ! № „ _ ! ( / ) -  /У = 0,n—►OO

where || • || is the uniform norm on the space C ( [ - l , l ] )  . Thus the Weier- 
strass approximation theorem can be proved using Hermite-Fejér interpo
lation polynomials.

In 1958, D. L. Berman [1] studied the HFI polynomials when the nodes 
are equidistant: that is

Zfc.n =  - 1  +  2(к  -  1 ) / ( n  -  1) (к  =  1 , 2 , . . .  ,n ) .

Berman proved tha t if the nodes are equidistant and g(x) =  x ( —l ^ x ^ l ) ,  
then the sequence {H2n-\{g-,x) : n — 1 ,2 ,3 ,...}  diverges if 0 < |x| < 1. 
If |x| = 1 then H 2n-i{g,x) = g(x) since х \ уП = -1  and x„,n = 1 for all 
n. Berman proved also that {Ff2n-i(ff?0) : n = 1 ,2 ,3 ,...}  converges to 
5f(0). Thus the question of convergence of { # 2n_i(<7,x) : n = 1 ,2 ,3 ,...}
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is resolved for all x £ [—1,1]. Berman’s result shows that HFI polynomials 
based on equidistant nodes provide a very poor approximating method even 
for very simple functions such as g(x) = x.

The purpose of this note is to point out that the convergence of 
{ if2n-i(<7> 0) : n = 1 ,2 ,3 ,...}  is not an isolated phenomenon. We will 
prove the following result.

T he or e m . I f f :  
uous at 0, then

[—1,1] —► ( — 00, 00) is bounded on [—1,1] and contin- 

lim # 2n_ i( / ,  0) = /(0).71—+0О
We note that some related results were stated (but not proved) by 

Runck [4, p.1212]. For example, Runck’s results imply that the sequence 
(# 2 n - i( /)0 )  : n = 1 ,2 ,3 ,...}  of linear functionals is uniformly bounded. 
However the theorem above does not appear to be an immediate conse
quence of Runck’s results.

The argument presented in Section 2 below shows that if /  £ C ([—1,1]) 
has modulus of continuity

u( f ; 6 )  = sup { |/ (x )  -  f(y)\  : x , y  £ [-1,1], \x -  y\ ^  «5},

then
П

| t f 2n- i ( / , 0 )  -  /(0)1 =  0 ( 1 )  ^  t~2 u>(f;t/n) = 0 ( l ) w ( / ; ( l o g n ) / n ) .
t=1

Similar estimates for || # 2n - i ( / ) - /  || were found by Bojanic [2] and Vértesi 
[5] when the nodes of interpolation are zeros of the Chebyshev polynomials.

2. Proof o f th e theorem

In this section we prove the theorem using a lemma; the proof of the 
lemma is rather technical and so is presented in the final section of the paper. 
We will also employ the following definition. If /  : [—1,1] —> ( — 00, 00) is 
bounded, and 0 < <5 й  1, define

^ 0(/; S) =  sup { |/ ( t )  -  /(0)1 : |f| ^  <$} .

Note that /  is continuous at 0 if and only if lim uo(f ;6)  = 0.6—*-0
Now, it is well known that

П
# 2 n - l( / ,z )  = ^ 2 f ( xk)hk(x ),

k= 1
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where

(2.1) ,  /  ч Г W hk(x) = 1 w
' Ы ( Х Xk)]
'(xk) {X Xk>\ (4 (X ))2,

(2.2) lk(x) = w(x)
(x -  x k)w'(xky

(2.3) w(x)
n

= П (х - x*) 
1=1

and

(2.4) x k = xk,n = - 1  +  2(k - !) /(»  -  1) (k — 1,2,

Also,

(2.5)
n

JZ hk(X) =
k=1

1 ( — 1 ^ X á l ) .

We may assume that n = 2m. For if n — 2m + 1, then хт+\>п = 0, and 
hence = /(0 ) for all n. If n = 2m, by using (2.5) it is found tha t

2m
( 2 .6) Я2„_1(/,0)-/(0)| S £ |/(**)-/(0)| |m o)|.

A:=l

For m + 1 ^  к ^  2m, let к = m + t. The lemma of the next section implies 
that there is a constant К  so that

(2.7) \hm+t(0)\ S  A T 2,

and thus, if 1 < mo < m, we have

2m m
E I /(**) -  Л0)| I M0)| S К  E I /(*«+<) - /(0)1 Г2 =

Ar=ra+1 <=1

mo m
= J ]  I / ( i m+t) -  /(0)| i 2 j <

\t= l i=mo+l /

i4c<a Mathematica Hungarica 63, 1994
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oo
Since t ~2 can be made arbitrarily small by choosing m 0 large enough,

i=mo+l

following which uo ( / ;  ——----- - ) can be made arbitrarily small by choosing
\  2m  — 1 /

m  sufficiently large, it follows that

2m

Similarly,

I /(**) -  / ( ° ) |  |M ° ) | I = °-
\fc=m+l /

j™, I ~ л ° ) 1 1 m°)I j = °,
and so the theorem follows from (2.6).

3. A n  important estimate

This section is devoted to  proving the estimate in (2.7).
L e m m a . There exists a constant К  such that for n — 2m,

(3.1) \h m+t(0)\ ^  K t ~ 2 (t = 1 ,2 , . . .  ,m; m = 1 ,2 ,3 ,...) .

P r o o f . After considerable calculation based on (2.1)-(2.4), we find that

(3.2) h"m+t( 0) —

1l + (2t-l) E
*=m—t-fl

• - 1 ( W  0))2,

where

(3.3) Km+t(0)| _____________ {(2rn) ' )2_____________
(m !)2(2t -  1) 24m-1(m + t — 1)! (m -  t)\

Equation (3.3) can be w ritten as

log |/m+i(0)| = 2 log r ( 2 m + l) —21og r(m + l) - lo g  Г (т -И )—log Г ( т —i+ 1) —

— (4m  -  l)log2 — log(2í -  1).
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On employing the estimate (see Whittaker and Watson [6, pp. 251-253])

1 1 10 < log T(x) -  (ДЖ -  -  J  log x -  x + -  log 2tr j  < —  (x > 0),

for the gamma function, we obtain

log |/m+i(0)| < (4m + 1) log(2m + 1) -  (2m + 1) log(m + 1 )-

— (m + t — 1/2) log(m + t) — (m -  t + 1/2) log(m -  t + 1)—

- ( 4 m -  1) log 2 — log(2t — 1)+  1 — log 2n + 1 =
b(2m + 1)

=  2m log m — (m + t — 1/2) log (m + t)—

—(m -  t + l/2)log(m  -  t + 1) — log t + 0(1) 

as m  —> oo, where 0(1) is independent of t. Thus, since

m + t —1

i 1 й  log
i = m  — t + 1

m + t — 1/2 
m -  t + 1 /2 ’

we obtain from (3.2)

lo g |h m+t(0)| + 2 logt ^  log ^1 +  (21 -  l ) lo g ^ ;  + j ^  + 4m logm —

-(2 m + 2 < -l) lo g (m + i)- (2 m —2 i+ 1) log(m-< +1) + 0(1) = Ф (т ,с ) + 0(1) 

as m —♦ oo, where c — t -  1/2, and

(3.4) Ф (т, c) = log ^1 + 2c log m + c 
m — c 2 ( (m + c) log(m +  c) —

— 2mlog m + (m -  c)log(m — c )).

Since lim Ф (т ,с ) = 0 for fixed c, it follows that Ф (т,с) is bounded above
m —k x >

for c = 1/2,3/2 and m ^  c + 1/2. Hence (3.1) will be established if we 
can show that Ф (т ,с ) is bounded above for c = 5 /2 ,7 /2 ,9 /2 ,. . . ,  and m ^

7 7 1  -4 -  C
^  c +  1/2. Note tha t if c + 1/2 < m < c2, then 2clog — —— > 1, and som — c

log 1 -f 2c log
m
m 1 + log 2c log

m + c
m — c
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Hence, for c + 1/2 ^  m ^  c2, we can say
7Ti -4- C

(3.5) Ф (т ,с ) ^  1 +  log 2c + log log —— -  -  2((m  + c)log(m +  c) -

— 2m log m  + (m — c)log(m — с)) := Ф (т, c).
We consider three cases.
Case 1: c + 1/2 Ú m  ^  \/3c. For m ^  c + 1/2, the functions

loglog m  - and —2((m  + c)log(m + c) — 2mlogm + (m -  c)log(m — c)) 
m  — c

are decreasing and increasing, respectively, and so from (3.5) we have 
(3.6) Ф (т ,с )  ^  1 + log2c + loglog(4c + 1 )-

y/3 + 1 
Vb -  1

Case 2: y/3c ^  m ^  c2. From (3.5) we obtain
’2 2cmЯФ

dm  ^ m2 — c2 (m2 — c2) log ’
which is positive if and only if

c_1(m 2 -  c2)log ((1 -  c2/m 2)-1 ) log ^
' 1 — c/m

Now, (m 2 — c2)/m 3 is a decreasing function of m  for m ^ \/3c, and so

c-1 (m 2 — c2)log ((1 — c2/m 2) *) log j С( Ш >
4 ' 1 — c/m

, . ,  с2 2c л о m2 -  с2 . л , c4 — c2> c-1 (m2 -  c2 W  — = 2c2 --------- 2c2 --------- ^  > 1.
m2 m mó c°

Thus, if л/Зс ^  m c2,
(3.7) Ф (т ,с ) ^  Ф(с2,с) =

2 y i \  1 + c/m  y

= 1 + log 2c + log log C +  1 
c — 1

+ 2c2 log -  2c log c + 1 
c — 1

= 0(1), as c —► oo.
Case 3: m > c2. For fixed c, — 2((m  + c) log(m + c) -  2m log m + (m — 

— c)log(m — c )̂ is an increasing function for m ^  c + 1/2 that approaches 
0 as m —v oo, and so it is always negative. Therefore, if m ^  c2, we have by
(3.4),

(3.8) Ф (т ,с ) < log ^1 + 2clog = 0(1), as c —» oo.

From (3.6)-(3.8) it follows that Ф (т,с) is bounded above for c = 
= 5/2, 7 /2 ,9 /2 ,. . .  and m ^  c + 1/2, and so (3.1) is established.
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A D IN I-D A X  TH EO REM
J. KINDLER (Darmstadt)

The following theorem is fundamental in analysis:
D ini-T heorem (classical version). L etY  be a compact topological space 

and f n : Y  —> R, n £ N  a sequence of continuous functions such that 
f i (y) = / 2(2/) ^  ••• for all у G Y.  If there exists a continuous function 
f : Y ~ *  R  such that lim f n(y) = f ( y ) for all у £ Y , then f n is uniformly

n —► OO

convergent to f .
In the literature several generalizations of this theorem can be found. 

The version below is taken from [2]:
In the sequel, let I  be a nonvoid set, Y  a compact topological space, 

and /  : X  x Y  - f  R  a function such that all sets

Ya{x) := {y 6 Y  : f ( x , y )  ^  a}, a 6 R, x £ X

are closed (i.e., the function /  is lower-semicontinuous in the second vari
able).

D in i- T h eo rem  (modern version). The “Dini-condition”

(Di) V i b ^ e l  3z0 e X  Vj /EK:  / ( i 0,S/)^ m a x ( /( j1,y ) , / ( i 2,y))

implies inf sup f (x , y )  = sup inf f ( x , y ) .  
y£Y xGX yey

R e m a r k . Set f (n , y )  = f n(y) — f ( y ) to obtain the classical version.
In 1977, when I attended a lecture of Heinz König on mathematical 

economics, I heard about a counterpart of the Dini-Theorem which König 
called

“D a x - T h e o r e m ” . The “Dax-condition”

(Da) Vj/1, 3/2 G Y  3yo G Y  \/x e X  : f ( x , y 0) <, m in (/(x , уг), /(ж, y2))

implies inf sup f (x , y )  = sup inf f ( x , y ) .  
yeY xex xex yeY

The following theorem generalizes the Dini-Dax Theorem (take r  = 
= ±  00). We write med(a,/3,7) for the middle of the three numbers a , /3, 
7-
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T h e o r e m . Suppose that for some number т G Ru{±oo} the conditions

(DT)Vib i 2 6 1  3x0 G X  V y e Y : f ( x 0, y ) ^ m e d ( f ( x i , y ) , f ( x 2,y) ,T) ,  
(Dr) Vr/1, 2/2 G Y  3y0 e Y  Ух e X  : f ( x , y 0) й med ( f ( x , y i ) , f ( x , y 2),r)

are satisfied. Then inf sup f ( x , y )  = sup inf f (x ,y) .
yeY тех тех yeY

P r o o f . Obviously, /* sup inf f ( x , y )  й f* := inf sup f (x , y ) .
xex yev yeY тех

Hence, we may assume /* < oo. Let a G R  with a > /*. We show by 
induction th a t the assertions

(n) Ya( A ) := P | Ya(x) ф 0 for all A c l  with |Л| = n

hold true for every n G N:
From a  > /* we infer (1). Now let (n) be satisfied, and let А С X  with 

|Л| = n +  1. Choose x \ , x 2 G A with x\ ф x2 and set E — A -  {£1, 2:2}. 
Then (n) implies Уа (£ и { £ } ) ф 0 for every x e X .  In case r  ^  we choose 
Vi fiY a(E  U {я,-}), i G {1,2}, and yo G Y  according to (DT). In case т > /» 
we choose £0 according to (DT) and yo G Ya(E  U {£o})- In both cases we 
have yo G Уа (Л), so (n + 1) is proved.

Now, as the closed sets Ya(x), a > /*, x £ X  have the finite intersection 
property, there exists а у* £ р|{Уа(£) : x G X, a > /»} as У is compact. 
This implies /* ^  su p ^ x  f (x ,y*)  ^  /„.

Ex a m p l e . Let X = У =  [0,1] and f ( x , y )  = 1 — 3/, or £ for x ^  y , o r  
x  < y , respectively.

Here the conditions (DT) and (Dr ) hold for r  = 1 with £0 = 
= med (£ i ,£ 2, | )  and у о =  med (3/1, 3/2, 5), an<I У is compact with respect 
to the coarsest topology such that all sets Ya(x) are closed. (Ya(x ) ф 0 
implies Уа (х) = [1 — a, x] for 1 — x ^  a < x and Ya(x) D [ |,  l] otherwise.) 
Hence, our Theorem applies.

Observe that for £1 =  1 and x2 = | ,  say, there is no £0 G X  such that

f ( xo,y) = “ /(*1 ,3 /)+  for all y e Y .

So, despite some similarity with the minimax theorem of Ky Fan 
König [1], [2], our Theorem is independent of it, and we also see that the 
Dini-condition (Di), and similarly (Da), is violated. Finally, Sion’s minimax 
theorem [3] does not apply, since not all sets Ya(x ) are closed in the euclidean 
topology.
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A C O U N T E R E X A M P L E  ON M O N O T O N E  
M Ü N T Z  A PPR O X IM A T IO N

S. P. ZH O U (E dm on ton)

§1. Introduction

Let C gjj be the class of all real continuous functions in [0,1] which have 
N  continuous derivatives, С[0д] = jj, A k be the class of all fcth monotone 
functions on [0,1], that is, 

к
A k = \ f e  C[0,i] : E ( - l ) fc- j (* )  f ( x  + jh)  ^  0, h > 0, * € [0,1 -  kh] 

j = о

For /  e C[0li], let \\f\\ = max^jo,!] |/(x ) |.
From Müntz theorem (cf.[2]), it is well-known that the combinations of 

{жАп} for 0 =  Aq < Ai < Л2 < . . . ,  are dense if and only if

( 1 ) =  00.

On the other hand, monotone approximation has been studied by many 
scholars for a long time. Results showed that for any sequence of real 
numbers A =  {An} with (1) and
(2) 0 ,1 , . . . ,* +  1 € A,

(3) An —> 00, n —► 00,
the fcth monotone combinations of {гЛп} are dense in C[0д] П A k. Readers 
can refer to the references [1], [3]—[9], [11], [13]—[16] for monotone approxi
mation by ordinary polynomials and related quantitative estimates, and to 
[10] for monotone approximation by Müntz polynomials.

Given a sequence of real numbers A =  {An}^_0 satisfying (1), (2)1 , (3), 
write

ПП(Л) =  j-P(x) =  ± a kx ^
k =0

1 For convenience, we assum e that A j = j  for j  =  0 , 1 , . . . ,  к  +  1.
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for /  6 C[o,i],
В Д , Л ) =  inf Ц / - Р Ц ,  

Ре п„(л)

for /  Е C[o,i] П A k,

inf
Реп„(л)пд* W f - P l

in particular for Л = N  = {n}^_0,

EnU, N)  = En(f),  Eik\ f , N )  = E^ ( f ) .

On the comparison between En(f)  and E ^ \ f ), G. G. Lorentz and K. L. 
Zeller [6] showed that for к ^  1, there exists a function /  E С[0д] П A k such 
that

lim sup
n —ЮО

Now we ask if the corresponding result that the monotone Müntz ap
proximation is worse than the ordinary Müntz approximation in the order 
still holds true. The present paper will construct a counterexample to con
firm this fact.

E {nk\ f )  
E n U )

= +00.

§2. Result and proof

T heorem . Let к ^  1, and let A satisfy (l)-(3). Then there exists a 
function f  G C[0,i] П A k such that

,. ú k)(f ,  A)
u“ s“p а д д г  = +00'

Lemma 1. Let {en} be a sequence of positive numbers tending to zero. 
Set r x  ГХ1 [ X k -2

Pn{x) = /  dx 1 / dx2 -’ - /  P*(Xk-\)dxk- 1
./о ./о oo

/or к ^  2 or Pn(x ) = P*(a:) /o r к = 1, inhere

P^(x) = z(x -  £„), P„(®) = ( - l ) fcPn(l -  г).

Then there exists a function f n{x) satisfying the following properties:

(4) / п(х ) Е П у .( Л ) П Д ‘ ,
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where N* is a natural number depending on £n,

(5) ll/nll = 0(1),

(6) /Áfc)(i)  = o,

(7) \ \ f n - P n \ \ ~ £ Xn,

where

л = л< * ) = { з ;  i l l

and by A n ~  Bn, we mean that there exists a positive constant M  indepen
dent of n such that M ~ l ú An/ B n ^  M.

P ro o f . Set
ГХ ГХ! ГХк- 2

gn(x )=  /  dxi dx2 --- /  g*(xk-x)dxk- i  
Jo Jo Jo

for к ^  2 or gn(x) = <7*(x) for к = 1, where

-  S en(x) -  hn(x), x G [0,2en),
9ЛХ) -  \  K ( x ) ,  x e  [2£n,l],

en(x) = enxexp  ^ X , ^n(^) = 4~1e~2e~1x(x -  2enf .

It is clear that for к =  1, \\gn — Pn|| ~ e2. For к ^  2, we also can easily 
deduce th a t2

I k  -  Pn\\ Í  M xe l
On the other hand let 6{ = i = 1,2, . . . , k ,

f 1 fSl fen
b n  -  Pn\\ ^  /  dxi dx2 --- dxk_ 2 /  M2£2ndxk_x•

«/̂ 1 «/ <5o •/6t_o Jen/2

In fact, we need to show <7*(x) -  P*(x) ^ 0, 0 ^  x ^  2en, whence the desired 
inequality above follows. Put ?/ = 2e”~x, then

<7n(z) -  ^n(x ) =  £na; ^e_J/ -  ^e-2j/2 + у +  1^ := £nxy5(j/).

2 In th e  whole pap er, we denote by M j ( x ) ,  j  = 1 , 2 , . . . ,  positive co n stan ts  depending  
only up o n  x .
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We need to prove that ip(y) ^  0 for 0 ^  у ^  2. Since </?(0) = 0, it suffices 
to prove th a t <p'(y) ^  0, 0 5í у ^  2. Now <p"(y) = e~y -  ^e~2 > 0 for 0 ^ 
^  j/ ^  2. Therefore <//(?/) is increasing and y>'(0) =  0, thus our proof of the 
above inequality is complete. Now we get

(8*) Ilin -  Pn\\ ~  £n,

Also

(9*) 9(n \  0) = o,

(10*) g[k)(x) E A 1,

and

(11*) 9n{x ) £ C[o,ip

Let gn(x ) =  (— l ) fĉ Tl(l — x). Then from (8*)-l

(8) lltfn -  Pn\\

(9) fflfc)( l )  = o,

(10) -~9(n \ x )  £ A1,

and

(И ) 9n{x ) £ C[o i].

Since An —» oo, n —► oo, and 1/^n = сю, we may choose an N  such
that for all n ^  N , Xn > k, and

OO

E
n=N +l

=  O O .

Let A' = {0, An — Because of (10) and (11), applying the result on
monotone approximation from [10], we can find a generalized polynomial

Ni
( 12) —q(x) — —ao — ajXXj k 6 Д 1

j= N + 1
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such that

(13) tó*>W - «Mil <
where N* is a natural number depending on en . Write q(x) =  q(x) -  </(l). 
Now (13), (9) together with the fact - q  £ Д 1 imply

-q(x) £ Д 1 П Пл^-А^Л'), 

9 ( 1 ) =  0 ,

II 9{п \ х )  -  9(411 < 4 -

r\—x [ Xl r
/ dx 1 / dx2■■■
Jo Jo Jo

(14)

(15) 

and

(16)

Let

/»(*) = ( - :

then
ll/»-S»ll£ll«-«!.‘ )ll< 4

due to <7*(0) = 0. From (14)—(16), we now have (4)-(6). Meanwhile by (8),

II/» -  Áll £ ll/„ -  «„II + ll«„ - P n II £ 4  + o(4) = 0(4 ),
for sufficiently large n,

\\fn - P n\ \ ^ M 3sxn - e 4n 2 M 4£Xn,

that is (7). Lemma 1 is proved. □
Lemma 2 (D. J. Newman [12]). Let A. be a finite set of positive numbers,

p(t) = a0 + ^ a Ae_Ai.
Аел

Then
\  Y \  A < sup М Й  < 11 V  A. 
я ^  -  p WO -  ^Аел Аел

Let

Pn = ^ 2  Ai> AJ e Л’ P" = rnax{p kn,n k).
3=0
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Lemma 3. Set en =  pn l n 2. Take {nm} to be a subsequence of natural 
numbers satisfying n\ =  1, nm+i > max{nm, N*m }, where N* is the number 
appearing in (12). Then for any r(x) £ П„т (Л)ПД(г the following inequality 
holds:

1/„,.(*) -  r(x)
i=i

^  M5(k)nm£2
71m *

P r o o f . Write

j=1

m —1
« Í  V n (ж), 5т (ж) = » j 1/»,■(*) + «.

i=i

- l Fnm(x),

then by (6), (7) and the facts 5т (ж) £ ППт(Л), Рпк\  1) = Рпк\ о )  = -  £„, 
for any r(x)  £ П„т (А) П A k we have

i f e - i , * ; 1 s  м 7£ ; ; л||г„ (х ) -  5 ra(x)ii s  I c :,: 'c i j | =

=  £ „ „ № ( 1 ) 1  S £ n „ | 5 W ( l ) - r l ‘ >(l)|.

Applying Lemma 2, we get

15 ^ ( 1 )  -  rW(l ) |  ^  U kp nJ \ S m -  r|| ^ l l*pnm ( \\Sm - F mII +  IIFm -  r||), 

thus for sufficiently large m,

ll-M * ) -  ФОН £  Ms{k)e\-mxp - l \ \S n  -  Fm|| ^  M9(k)nm£2nm. □

P ro o f  of the T heorem . Set n a = 1,

(17) nm+1 = 2 [nm +  N Hm + £„m + 1].

Define
OO

/00 =  nm f n m(x).
m —\

Let nm ^  к + 1. In view of Lemma 1, f ( x)  £ С[0д] П A k. From (5), (17) and 
Lemma 3,

4 2 ( / , a ) mm
геп„т (л)пд* E

j=m+1
П-1 /«>(*) + X] nj % (x) -  Ф) >

3 = 1

> mm
»•еПп^^пд* 0 E -1

j = m  + 1
^  Mio{k)nv -  0 ( e l
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On the other hand, by (4), (5), (7) and (17),

oo ,  m— 1  ч

Е Пт( / Л ) й Е пМ п тЛ ) +  Y ,  »J '  + E n j  E ^ ’A) ^
j= m + 1 '  j = 1 '

S !l f n M  -  Pnm(x) II + 0 ( 4  J  + 0 = 0 ( 4 )
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since
m — 1

£  /» i ( * ) e п ^ ( л )> >»».(*) e n nm(A).
j=i

Combining these estimates we get

lim sup
га—юо

е {п2 ( / л )
птЕПт{ / 1 Л)

> 0,

thus the Theorem is proved. □
Acknowledgm ent. The author thanks Professor J. Szabados for his 

valuable comments toward the final version of this paper.
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C ER TA IN ES M ÉTH O D ES DE SO M M ATIO N  
D E  SÉRIES DE FO U R IE R  D O N N A N T  LE 

M E IL L E U R  O R D R E  D ’A PPR O X IM A T IO N
R .  K .  V A S S I L I E V  ( M o s c o u )

0. Introduction

Soit

(0.1) Ln( f ; x )  = - [  f{t)Un(t -  x)d t, f e C 2n, n e  N,

une suite d’opérateurs de convolution dans l’espace C2iy\ Un(t) est une fonc
tion continue 27r-périodique et paire ayant un nombre pair de changements 
de signe sur l’intervalle ] — 7Г, тг[.

D é f i n i t i o n s  [1]. On dit que l’opérateur (0.1), où n est fixé, appartient 
à la classe S2m (m G N) si son noyau Un{t) change de signe sur ] — 7г,7г[ au 
plus 2m  fois.

On dit que les opérateurs (0.1) sont polynomiaux si pour tout n les 
fonctions Un(t) et Ln{f-,x) sont des polynômes trigonométriques d’ordre 
^  n; on suppose aussi que Ln( l \x )  = 1, c’est-à-dire,

1 "
(0.2) Un(t) -  -  + ^ A fc,„cosA;i.

k=1

P. P. Korovkin a montré [2] que l’ordre d’approximation des fonctions 
continues 27r-périodiques par une suite d ’opérateurs linéaires polynomiaux 
de classe S2m ne peut pas être meilleur que l / n 2m+2 déjà sur le système de 
fonctions 1, cos X,  sin X , . . . ,  cos(m -f l)x,sin(m  + l)x. Il est intéressant de 
construire une suite d’opérateurs du type indiqué donnant un ordre exact 
d’approximation égal à l /n 2m+2 pour toute fonction ayant sa dérivée d’ordre 
2m + 2 bornée.

A. I. Kovalenko a montré [3] que les opérateurs (0.1)-(0.2) avec les 
noyaux

771

U n + m ( t )  =  C n + m  Ü(C0S* -  COS a*n))I„(í),
5 — 1

(0.3)



6 6 R. K. VASSILIEV

OÙ

L n{t) Cn-\-m —  C O I l S t ,

peuvent donner le meilleur ordre d’approximation pour les fonctions de 
classe (7(2m+2) si la fonction ip(t) vérifie les conditions suivantes: a) ip(t) = 
= 0 pour t G R  \  ]0,1[, b) ) G C] -  oo, +oo[, c) ip(2m+2'> (t) G C]0 ,1[,
d) I ^  M , к = 0 , 1 , ,  2m -fi 2, pour t G ]0.1[. Les symboles a ^ \
s = 1 , . . . ,  m, n G N, sont des nombres réels qui doivent être trouvés. 
En particulier, on peut poser <p(t) = sin2m+17ri pour t G [0,1]; le choix 
d’une autre fonction satisfaisante à a)-d) aboutit aux difficultés presque 
inabordables.

J. Szabados [4] a étendu ces résultats sur une famille d’opérateurs qui 
est plus vaste que celle donnée par les conditions a)-d). Formulons ses 
assertions dans une forme un peu simplifiée.

Soit {K n(t)}neN une suite de fonctions continues paires non négatives 
et 27r-périodiques pour lesquelles il existe une fonction non négative ipm(x) 
définie sur [0, +oo[ telle que:

(0.4) max [(1 + x4m+2)\Kn(x/n) -  </>m(x)|] = o (l/n ) ( n -> oo)
0<Х<П7Г

et

(0.5)

Posons

(0.6) Hk,n =

0 <
r + o o

/  x4m+2
J 0 < f m ( x )  d x  <  OO.

, f c + l  Г  7Г

7Г

r  . k t / sin -J - A  2 K n(t)dt (к ,п  E N).

On peut montrer que pour n suffisamment grand le système d’équations 
linéaires

m

(0.7) y ^ ^ 2j+2k,nA A  = gjo {j = 0 ,1 ,- .. ,m)
k= 0

in ')  771(őjo est le symbole de Kronecker) possède une solution unique: {X\ }k=0 
pour laquelle lim AÎn  ̂ = \ k (к = 0 ,1 , . . . ,  m). De plus, pour tout n naturel

n —►OO
la fonction

m

(0.8) Фт,п(г) -  х{А п2к+1 sin2fc 2
k=0

possède 2m racines simples sur ] — 7r, ж] : j  = 1 , . . . ,  m, pour lesquelles
lim nqjn — Cj ф 0.
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T H É O R È M E  d e  s a t u r a t i o n  (J. Szabados [4]). Des opérateurs linéaires 
du type (0.1) et de classe S2m avec les noyaux:

(0.9) u n(t) = K n( t ) ^ m<n(t) ( n e  N)

sont identiques sur l ’ensemble des polynômes trigonométriques d ’ordre ^  m  
et vérifient les conditions suivantes:

i) lim n2m+2\\f(x) — Ln(f;x) \ \c — 0 si et seulement si f  est un
П—► OO

polynôme trigonométrique d ’ordre й  m;
ii) ||/(x )  -  Ln(f] £)||c2ir = 0 ( l / n 2m+2) si et seulement si f ( 2rn+l) g 

e Lipl.*
De plus,
iii) si / ( 2m+2)(x) e  c 27r, alors

( 0. 10) lim n2m+2[Ln(f;x )  -  f(x)}  =
n  ---*• J

22m + l f  7 7 1 + 1

m + Y  ( Р г т + 2 к + 2 * к  )  ( a k , m f ( 2 k ) ( x )  ) ,
к к = 0 t k=1

OU

( - 1)
k + m  + 1

(2*)!
)1 —2 к r °°

Г f x  +  m \  V 2k
[ \ 2m +  l / ] x=1

1(2*) 

0
(k = l , . . . ,m  +  1),(0.11) ah,m =

2 l  — 2  к  r  0 0

(0.12) P 2 k  =  ---------------  /  X 2 k <pm ( x ) d x  ( k  =  l , . . . , m  +  1),
^ Уо

et les coefficients Â  sont la solution du système d ’équations linéaires

(0.13) ^ y - 2j+2k h  =  ijo 0" =  0 , 1 , . . . , m); Afc = lim Aj.n).
k = 0

Si les opérateurs considérés sont polynomiaux (voir (0.2)), alors Afc,n = 
= Ln(coskt',0) (k Ú n), d’où, d’après ii),

(0.14) Afc,„ = l + 0 ( l / n 2m+2), n -*  00 (k=  1 ,2 ,...) .

* R em arquons  que / ( 2m+ 1) Ç LipM 1 O  y(2m+!) est  absolument con tinue  et

|/<2m+ 2)(x)| g  M

presque partout ([5], p.155).
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Une construction des opérateurs en question d ’après les formules (0.8) 
et (0.9) aboutit à un résultat évalué avec peine, ü est plus raisonnable 
d’utiliser l ’expression (0.3), où la fonction Ln(t) est connue, et trouver les
valeurs en se basant sur l’égalité (0.14). D’ailleurs, ce procédé sera
efficace si a i”* = 7s/n , où 7S = const. Nous verrons plus tard que ce cas 
peut avoir lieu. Le seul exemple concret des opérateurs extrémaux du type 
indiqué a été donné dans l ’article de P. L. Butzer et E. L. Stark [6], où on 
a considéré les opérateurs (0.3) de classe S2 avec la fonction < (̂i) =  sin3 7ri. 
Quand-même, leurs calculs sont longs et complexes.

V. A. Baskakov [7] a proposé de construire les opérateurs de classe 5гт  à 
l’aide du théorème des résidus. Comme généralisation de cette idée, l ’auteur 
propose d ’utiliser le principe de la décomposition de la fonction méromorphe 
en fractions rationnelles simples ce qui permet d’obtenir asser facilement les 
opérateurs en question.

Dans cet article on considère, en particulier, des suites nouvelles 
d’opérateurs extrémaux de classe S2 et une suite d ’opérateurs extrémaux 
de classe S 4 du type (0.3) avec la fonction p(t) = sin5 nt.

1. Un schéma général de construction d ’opérateurs 
de classe 5гт  donnant le m eilleur ordre d ’approximation

Pour un calcul efficace des valeurs d’opérateurs polynomiaux du type 
(0.1), nous aurons besoin de l’assertion suivante. Elle peut être con
sidérée comme un cas particulier du théorème de G. Mittag-Lefîler sur la 
décomposition d’une fonction méromorphe en fractions simples ([8], p.249).

P r o p o s i t i o n  1 . 1 .  Soit 
я

g(z) = f ( z ) j  J"j[ (cos z -  c o s t,/’, 2 £ C, 0 ^  t\ < . . .  < tq й  7г, /, 6 N,
2 —  1

où f(z )  est une fonction entière paire 2тг-périodique telle que <7(2) = o(l) 
quand | Im z\ —► 00. Posons Д = (x = ± f, + 2ктг : к £ Z, i = 1 , . . . ,  q}. 
Alors,

( i .i )  <,(*) = Z Ê  È
k e z  i=1 s=i  L

+ ( - 1У a(0

(z — t{ — 2kTt)s (2 + ti — 2&7г) , 2 £ С \Д ,

ou
( 1.2)

qfcw = i e' G№)=S
A c t a  M a t h e m a t i c a  H u n g a r i c a  63 ,  1994
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sont les parties singulières du développement de g{z) en série de Laurent 
respectivement aux voisinages des points ±L + 2кл, к G Z, i = 1 , . . .  ,q.

D ém onstration . Pour i  fixé posons: 7 P>*. : г = ti +  2kn + pelt, 0 ^  
^  t й  2тт; 7 'p k : z = -  i,- +  2къ + peü , 0 ^  t ^  2тг; 7P = 7P)0, 7p = 7p,o 
(p > 0). La fonction / ( 2) étant paire et périodique, on a:

a?* = (1/27гг) f  (z -  ft- -  2Л:7г)в—1 d2 =
J'Yp.k

= (1/27г г ) /  (г -  Í,)s - 15(z)d2 =
J~1p

= =  (—1)®(1/27гг) /  (г + ti -  2kit)s~lg(z) dz.
* ,
P>k

Donc, (1.2) sont les parties singulières du développement de 5(2) aux voisi
nages des points + 2kir.

Il est facile de voir que la série (1.1) converge sur C \ A quelles que soient
les valeurs a^K De plus, pour tout compact К  С C il existe un reste de 
la série (1.1) qui converge uniformément dans K  (puisqu’il existe une série

q
numérique majorée). Donc, la fonction g(z) = Z) f ó t í i 2) +  est

k e z t=i
méromorphe.

Les fonctions <7(2) et g(z) ayant les mêmes singularités, la différence 
h(z) =  <7(2) — g(z) est une fonction entière. De plus, pour 0 ^  Rez < 2n et 
s — 1, . . . ,  li on a

I(2 — t{ — 2 ктг) ~ 3 + ( —1)®(2 + ti — 2 kir)~s\ ^  
k e z

+ 0 0

 ̂ E  + 4 E  |4(A: -  3)2тг2|_ .
k = m + l

Alors, les fonctions <7(2) et g(z) sont périodiques et elles tendent vers zéro 
quand 2 —* 00 en restant dans la bande 0 й  Re 2 < 27Г. D’après le théorème 
de Liouville, h(z) =  0 . Donc, g(z) = <7(2). La proposition 1.1 est démontrée.

R e m a r q u e . L es co e ffic ie n ts  ai"' p eu v en t ê tre  tro u v és  à  l ’a id e  d e la  
form u le:

(1.3) g(z) = pi(z Г) ■ Z t{
2 s in  — - —

- i ,  ^  r~ t \ 4  2) .  ,4
i + Y ^ - u )  +  5760 (*-<■) + ••• V *!-

k=0
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Soit

(1.4) cos2' — = 4 ') cos unt, l G N,
î =0

où 4 *) = 2 2' (2i) et ci') = 2 2'+1 (,2' J , о = 1, . . . ,  /; donc, 

ni 'cos fci • cos2' — = Cq ) cos Art + 2_1 c ^  [ cos(on — k)t + cos (un + k)t] .
i/=i

Posons
l

(1.5) Fk(z) = c ^ e ikz + 2 -1 ] T  ci'> ( е ^ п~к)я + ei(tm+fc)*) ( k j e  N).
í/=i

P r o p o s i t i o n  1.2. Soit 
ч

(1.6) gn(z) = WT( z ) j  J J ( c o s 2 -cos[(2A i- l )7r/n ]) '' (n ,k t , l t G N \{0}),
t—î

où VF,.(г) esi un polynôme trigonométrique pair d ’ordre r à coefficients réels, 
r < l\ + . . .  + lq, 1 ^  k\ < ki < . . .  < kq fs (n + l)/2 . Posons

(1.7) B n
Г  21 nt 

7 - / OS 2
gn(t)dt,

nt 1 N
UN(t) =  í ő ^ 1 cos2' — • gn(t) = -  + Xk,N cos kt

k=1
( / 6 N , 2/ ïï max/,-, iV = n/ + r — (/j -f . . .  + /9) ) .I

Ensuite, soit

( - 1  г 4 г)g ù
(i-в) 0(0 = E £

(«)ai
+^  “  \  [z -  (2fc; -  l ) 7r/n]Â [г + (2ki -  l ) 7r/n ]s J

où ai“) sont les coefficients du développement de gn(z) d’après la formule 
(1.1), et soient Fk(z), к e N, les fonctions entières définies par les formules 
(1.4) et (1.5).

Alors

(1.9) B n  = 27ri Res( (2kt — l)7r/n ; Fq ■ 0)
i—i
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et pour к Ú n

( 1. 10)

^k,N = Res((2A:i -  1)тг/п; Fk ■ 0 )
i = l

, ?
j  ^ 2  Res( (2ki -  1 )7Г! n\ F0 • 0 ) ,

t=i

où Res((2Aq — 1)тг/n;Fk ■ 0 )  est le résidu de la fonction Fk ■ 0  au point 
(2 ki — 1 ) 7Г /  n .

Démonstration. Tous les coefficients ai'* dans l’expression (1.8) sont
réels (voir (1.3)). Ensuite, puisque Re F k \ t )  = [cos kt ■ cos21 pour
t G R, j  G N , alors

R e F ^ ( ± ( 2 k ;  —  l)rr/n) = 0  pour j  =  0 , 1 , . . .  ,21 -  1 . *

Donc, tous les coefficients des parties singulières des développements des 
fonctions Fk(z) ■ 0 (z) (к G N) aux voisinages des points ±(2к ,— l ) 7r /n  sont 
imaginaires purs. De plus, les fonctions Im.Ffc(<) étant impaires, on aura:

F {kj ) {(2k, -  1)tr/n ) = ( - l ) J+1F {k]){ - (2 k t -  1)тг/n) 

pour j  = 0 ,1 , . . . ,  21 — 1. Donc, d’après (1.8),

( 1. 11)

Res((2fc; — l)7r/n ; Fk ■ 0 )  = Res( —(2ki — l)x/n; Fk • 0 )  (i = 1 , . . . ,  ç).

Ensuite, considérons un contour C sur le plan C qui est la réunion des 
bords des demi-cercles 7r  = {z = Relt, 0 ^  t ^  7г} de rayon suffisamment 
grand R > 0 et 7 = {2 = (2A:t -  l ) 7r/ra + ре“ ,0 ^  t ^  7r}, 7“ - =  {z =
=  —(2ki  — l ) 7r /n + р е г<, 0 ^  i  й  7г}, г =  1 , . . . ,  q, de rayon suffisamment petit 
p > 0 et des segments sur l ’axe réel liant les extrémités de ces demi-cercles. 
Puisque pour tout naturel к > 1

[  { Z ^ ( 2 k i -  l ) 7 r /n ) 'fcd2 = /91- /c( l - f c ) - 1[ ( - l )fc- 1 -  1] G R ,

et pour к =  1 cette intégrale est égale à 7тг, alors, d ’après (1.11), 

lim^ Re L  Fk(z)Q(z) dz = 7Гi Res((2fc, -  l ) 7r/n ; Fk -0 ) .

* De plus, FgJ^(±(2fc, — 1)тт/п) =  0 pour j  =  0 ,2 , 4 , . . .  ,2 i — 2.
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D’autre part, puisque max |0 (z ) | —> 0 (Ä —► + oo) et pour a > Оze-m

I Г г / 2
/  eiaz dz <. 2R /  e - aHsiní dt а _1я-(1 -  e“aß) < сГЧ,

I v TR d О
on a:

/  Fk(z)Q(z) dz = 0 pour k ^  n. 
■I'm

lim
Л—>+oo ,

Alors, en integrant la fonction Fk • 0  le long du contour C et en faisant 
tendre p —* + 0 et R —> + oo,on obtient:

/•+00 î
Re / F k ( t ) Q ( t )  d t  =  27гг Res((2fc^ — 1)тг/п; Ffc • 0 )  ( k ü n ) .

J-OO t = 1
L’assertion de la proposition 1.2 découle des formules suivantes:

r +  oo/*■ nf /* + oo
cos2' — • gn(t)dt = Re / F0

-7Г ^  ./ — OO

(t)Q(t) dt

et

/ *• r + o o
cosfct • cos2' — ■ gn(t)dt = ■ Re / Fk(t)Q(t)dt.

-7Г  ̂ J — OO

R e m a r q u e . En remplaçant cos2' y  par sin2' y ,  on peut obtenir une 
assertion analogue à la proposition 1.2.

2. O pérateurs de classe S 2 de P. L. Butzer et E. L. Stark

Appliquons la construction de A. I. Kovalenko pour la fonction ç?(i) =
=  Sin3 7TÍ si t G [0,1].

L e m m e  2.1 ([6], p.455). Pour tout naturel n ^  1 on a:

2

( 2.1) M O  =

O nt

E -k=0
3 i k tsin3 —  • e kt

n

= sm — • cos 
n

(cos t + 2 cos
2 (cos t — cos ^ ) 2 (cos t — COS yü) 2 

Remarquons que Ln(t) est un polynôme trigonométrique d’ordre n — 2.
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(2.2)

Lem ME 2.2. Les fonctions
' , 7Г \  _1

K n(t) = (n 8 sin6 - J  Ln(t) et

<Pi(x) = 144 cos2 ~ j  (x2 — 7r2 ) 2 (æ 2 -  9л-2)2

vérifient les conditions de J. Szabados (0.4) et (0.5) pour m — 1.
Démonstration. La fonction </>i(x) est continue et bornée sur [0, +oo[; 

de plus, = 0 ( l /a i8) quand x —► + oo. On en déduit (0.5) (pour m —
= 1). Ensuite, on a uniformément sur [0,47t]:

(1 + x6)| K n(x/n)  -  <p>i(x)\ = (1 +  x6)ipi(x)o(l/ n) = o (l/n ) (n -> + oo). 
D’autre part, uniformément par rapport à i  € [47г,п7г],

(1 + x6)\Kn(x/n)  -  <p\{x)\ = 0 ( l ) ( x 2/n 2)(l +  х6)/(ж2 -  n2)2(x2 -  9x2)2 =  
=  0 ( l /n 2) — o (l/n ) (n —> -|-oo).

Le lemme 2.2 est démontré.
Lemme 2.3. Soit 

(2.3)
v2

9n(z) =
( c o s  2  +  2 c o s  ^ )  ( c o s  2  —  c o s  a )  

( c o s  2 -  C O S  ^ ) 2 ( c o s  2 -  CO S ^ ) 2
, où о € R-, n G N \  {0}.

Alors, en posant A„ = {x = ± 2t / n ± 7r /n  + 2kn : к G Z}, on a pour 
n ' t  4 (voir (1.1)):

2 2

(2.4) <7n(2) = L E E
fcez i = i  s = i

(*)as
(21- 1)тг

2  G C \  An,

+ ( - 1  Ya («)

z + -  2ЛГТГ

ou

(2.5) a^  = 9 ^cos — — cos â j j  16 sin6 — ,

/ X ill (1) Г 2 7Г 2тг 7Г . 7Г / / 7Г \(2.6) а\ ’ — а \ ----tg — h cosec-------c tg ------sin — / cos----- cos a
v '  1 2 L 3 6 n n 6 n n / V n  /

(2.7) = ^cos —  — cosa^ j  16 sin6 — ,

(2.8) etj2) = 4 2)
7Г /  . 37Г / „  7Г , 2 37Г

П
— 2 t g ---- sin —  /  2 cos — • sin -  -  c tg -----

n n

. 37Г /  /  37Г
— sin —  /  cos------ cos a

n / V те
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D é m o n s t r a t i o n . Soit

9n(z)

d’où

^nO) = M * )
- 2  sin 2 

C O S  2  + 2 cos -n
+

2 sin 2
ТтГcos г — cos —n

ctg ( i  + - )2п /
-

Sin 2

cos 2 -  cos a

Alors, d’après la proposition 1.1 et la formule (1.3), aj,1* = /r„(7r/n ) et a j1* = 
= /i'n(7r/n ) , d ’où il découle (2.5) et (2.6). D’autre part, soit

9 n ( z )  =  ц*п

Alors, d ’après (1.3), a^2) =  /х*(37г/n ) et a[2) = ц*'(3тг/п), d’où on obtient 
(2.7) et (2.8). Le lemme 2.3 est démontré.

L e m m e  2.4. Soit (voir (2.3))

(2.9) f(t)U n- i{ t  -  x)dt, f  G c 2 , г ,  X  e R  (n ^  4),

où

nt 1 n_1
(2.10) tfn -i(í) = *-£n- i  cos2 — • flin(i) = -  + ^  cos Ai,

k—\

( 2 .11) /*■ ni
cos2 —  ■gn ( t ) d t .

Alors (voir (2.5)-(2.8)),

( 2. 12)

Bn- 1 = П 7 Г  ( 0̂2 * +  4 ^ )  = 

et

П 7 Г
7Г  3 7 Г  1  , 7Г

9 cos — (- cos------10 cos 0 /16 sin —n n J  ' n

(2.13) Afcin_! = ( 4 1} + 4 2)) 1 (1 — A/n) ( al1* cos----- f- ai^ cos
' n n

kn ,(2). ЗАт
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- 1  (  (i) • кж , (2) • з ь - у— n I dj s in ----- h a\ s in ----- 1
n J.

л  7Г 3 7 Г
9 cos — h cos------10 cos an n

-1

X < ( 1  — k /n )
kn  / ir \ ôkir i 'Ait

9 cos —  I cos-----cos a + cos------ cos------ cos an \  n /  n V n
ЗЛг7Г 3 7 Г

+

+ n -1 л . 7Г . кя . 37Г . ЗА;7г9 sin — s in -----1- sin —  s in ----
n n n n +

„ (  7Г \ /2  7Г+9 cos-----cos a  -  tg —V n J  I  3 6 n
2 7 Г  7Г \  . ктг

cosec-----1- ctg — I s in ---- hn
.  3 7 Г  \ /  7Г 3 7 Г  . 3 7 Г  /  7Г .  9  7Г \  .  3 & 7 г " П+ co s------ cos a ) 2 tg — |- c tg ------ (-sin —  /2  cos — ■ sin — s in ----- >.

n )  \  n n n i  n n J n J

D é m o n s t r a t i o n . Posons 
2 2 (

(2.14) Ö .M  = £ É
(«')a\

+ ( - 1У a(«)

rí “ í I iz -  (2* - 1)tt/̂ ]s [г + (2* -  l)7r/n]s J '
Ensuite, puisque cos kt ■ cos2 ^  = 2- 1{cosfc< + 2_1[cos(n — +
+ cos(n +  A;)í]} , alors (voir (1.5)),

(2.15) а д  = 2 - ‘ + ( k e  N),

d’où Fk(rmr/n) = ^ sin et F'k(m n/n)  = — ̂ (n — A;) cos î2̂ £ . Donc,

(2.16) Res((2j — l ) i r / n - ,F k  • 0 i)  =

= -1 « W („  -  *) COS №  -  1)Ьг +  ie«> sin (2j - 1 )tT , ,  = 1,2,
Z Z 77

en particulier, Res((2j — 1 )x/n; Eo -0 i)  = -  En tenant compte des
formules (1.9), (1.10) et (2.5)-(2.8), on obtient les égalités (2.12) et (2.13). 
Le lemme 2.4 est démontré.

L E M M E  2.5.* Pour que dans (2.13) on ait 

(2.17) Afc,n_i = 1 + 0 (n ~ 4) (n -> oo),

il faut et il suffit que a  =  ± ( — 7r <  a i s  7 r ) .

* Voir [6], lemme 6.
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Démonstration. Posons a -  7 J. On aura:I n

1) a (2)/a (D _  9 - 7 2
L) ° 2 7 °2 _  9(1 - 72)

1 + 72 7Г2

(2.18)

d’où

(2.19) 

et

( 2.20)

1 -
12

7
9 ( 1 -7 2)

+ 0 ( n ~4)

(2) /il) _ 18 - 1072
1  +  a 2  / a 2  =

9 — 7 2 7Г2
9(1 -  72) 27 I - 72 n2

+ 0 (n ~ 4)

1 +  9ai2 )/ a{2 ) =  1 +  \  y -  7 ' ^ ----7 ' ~J +  ° ( n 4)-7  ̂ — 1 3 7  ̂ — 1 nz

2)

n

7Г
sin

n / (

7Г 7 2 — 1

7Г 7Г'
cos---- cos 7 -

n n >
2 _L 1 ^2

:)=
^  + o ( » - )  =tiS? + 0 (n _<, )  ( l  +

n
n

+ ^  + 0(n-<) .

Donc,

al1)/ a21)

( 2 .21)

7Г \ 7 2 — 1 6n2

2  7Г 2 7 Г  7Г 7Г
----tg — I- cosec-------c tg ------sin —

ó n  n n n
O TT-2

7Г 7Г
cos---- cos 7 —

n n
n
7Г

1
72 — 1 6n2 + 0(n

3) — sin
3 7 Г

n
3 7 Г

cos
n

7Г
cos 7 — 

n
n
7Г 72 — 9 2n2

+ 0 (n -4)

D’autre part,
/ л  . 3 7 Г  /  7Г . 9  7Г(2.22) — sin —  /2  cos — • sin2 — =

n i  n n

* 0 - й + о И = К - ^ + о п > -
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Par conséquent,

(2.23) / a ^  =  — 2tg — -  fsin  —  /2  cos — • sin2 — \  -
ТУ \  ТУ ! TT ТУ J

З7Г . Зтг
— c tg ------ sin —n n

37Г 7Г
cos------cos 7 —

n n
2n f  11 6 7Г2 , _4Л

= ^ ( - Т ' 7 ^ 9 - 2 ^ + 0 ( п >)■

Ensuite, d ’après (2.13), (2.18), (2.21) et (2.23), on a:

(2.24) A*,n_! = 1

к
- | ( i + 4 2V 4 ' ) ) -

+ /  9 - 7  
V9(l -  7

X ( 1 

2

n y 2n2 1 + /  a!
'  1 2 7Г2

4 2 7 2 — 1 6 n2
x2A:2
6n2 + 0 (n " 4) ) +

(n -4)-

-4

2 9 -  72 7Г2
~ï + 0 (n ~ 4) ) X72) 27 I - 72

/ 1 1  6 X2 \  /  9 x2A;2 _4 Y
x ( - 6- - ^ - 2^  + 0 ( "  ,K 3 - 2 ~ + 0 (”" )J .

En vertu de (2.19) et (2.20), le coefficient devant 1/n2 dans le 
développement (2.24) est égal à zéro si et seulement si

lim i l  + 9al2Va2̂ )  = 0 4=> 72 = 5, 7 = ±\[b.
71—► OO \  /

(Il est facile de voir que le coefficient devant 1/n est égal à zéro pour tout 
7 .) Maintenant, soit 7 2 =  5. Alors,

et

(2.25)

+ o ( » - 4) ) ,

ïS + 0("“,)-

^k,n— 1 — 1 П
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12 n2
+ 0 (n ~ 4)

( -
7T2 f c 2  _ 4 \  / 1  2 I 2  _ 4  ,
- ^ T  + 0 (n  ) \  + ( - -  + - . -  + 0 (n  ) J x

71-2 ^  _4Л  /о  9 7t2&2_  + 0 ,„  « )) 3 - -  — + 0 (n -4)

=  i - ^ + o ( « —) - |  |  ( 1

Le lemme 2.5 est démontré.

= 1 + 0(n~4).

R e m a r q u e . On a montré dans [6] (lemme 7) que les constantes de 
Lebesgue des opérateurs (2.9)-(2.11), où a = ± \/5^, sont uniformément 
bornées.

T h é o r è m e  2.1. Pour les opérateurs (2.9) —(2.11) avec a  = ± \/5^ et 
pour toute fonction f ( x ) G Ci-n telle que f ( 4\ x )  G CW, l ’égalité suivante 
aura lieu:

(2.26) lim n4 [Ln_i(/;x) - f(x)] = - -т г 4 f/(4)(x) + f (2)(x)
n —► o o  Ö

a; G R .’

D é m o n s t r a t i o n . Soit

Ф*(г) = 72z2fc(l + eiz)/22kTr(z2 -  tt2 ) \ z 2  -  Этт2 )" , г G С, к G N. 
Alors

Л\2

Q i / 7j- \ 2 к
Res(±Tr;$fc) = ( ^ J  » Res(±3?r; Фк) =

3 7 Г

32тт7 V 2

2 к

Ensuite, en appliquant le théorème des résidus pour le même contour C que 
nous avons utilisé dans la proposition 1.2, nous aurons (voir (0.12) et (2.2)):

2l - 2fc r+ 00 r+00
(2.27) p 2k =  ------- /  x 2k<pi(x) dx = Rev.p. / Фk{x) dx =

^ J 0  J — 0 0

=  1 6 _ 1 7г _ 6 ( 7 г / 2 ) 2 / с [ 3 2 / с +  9 ] ,= Re 7гг У  Res(—37Г + 2j 7t; Ф*)
. j=o

к = 0,1,2,3.

* La  formule (2.26) m o n tre  que l’égalité  (80) d a n s  [3] n ’est p a s  correcte.
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Donc, p0 = 5/87Г6, /z2 = 9/327Г4, p4 —  45/1287Г2 et /i6 = 369/512. Alors, 
d’après (0.13) pour m — 1, on obtient Aq = 5/27Г2 et Aj = -  27t4, d ’où

Í 4  A0 +  ^6Ai =  -  —  7Г4 .
ID

D’autre part (voir (0.11)), aj,i = a2,i =  1/6. Alors, l ’égalité (2.26) découle 
de la formule (0.10). Le théorème 2.1 est démontré.

Puisque X„_i(cos kt-, x) — cos kx = (Xk,n-i ~ 1) cos Ane (k S n — 1) (voir 
(2.10)), nous avons l’assertion suivante:

Corollaire 2.1. Sous les conditions du Théorème 2.1 on aura:

(2.28) lim n4( 1 -  Ajt,n_i) = ^7r4(fc4 -  k2) (k £ N , к S n — 1).3 *
TL— MX) Q

Du théorème de saturation de J. Szabados nous obtenons encore un 
résultat.

Corollaire 2.2. Sous les conditions du Théorème 2 . 1  on aura:
i) Um n4||I„ _ 1( / ;x )  — f(x)\\ C27r — 0 si et seulement si f ( x )  est un

71—► OO

polynôme trigonométrique d ’ordre S  1;
ii) ||Ln_ i( / ;x )  -  f ' x )\\C2k = 0 (n  4) si et seulement si 6 Lip 1.

3. Deuxièm e exem ple d ’opérateurs extrémaux de classe 5 2

Lemme 3.1 ([4], p.190). Les fonctions
T . .  _ g  4  ПХ  /  7Г \  ~ 4h n(x) — n cos —-  ( cos x — cos — ) et 

2 V n /(3.1)
<p\(x) = 16cos4 ^  • (x2 — ж2) 4 (n £ N \  {0})

vérifient les conditions de J. Szabados (0.4) et (0.5) pour m = 1. 
L emme 3.2. Soit

(3.2) gn{z) = cos z — cos a
=  / „ ( z ) /  2 s i n ( | - i r )  * n e N \ { 0 } .

(cos z — cos ~ )4 / ^2 2n>

Alors, en posant A n = {x — 27tî ±  7r/n  : t £ Z}, on a (voir (1.1)): 
(3.3)

9n(*) = E  E
Jtez 5—1

+ ( - 1 ) 4

( z - ^ - 2 b r ) s ( z + £ - 2 for)
, z £ C \  Д п (n  ^  2),

* C e tte  formule est énoncée dans [6], p.459, avec une erreur: il faut m ettre  — k 2 au  
lieu de + k 2 .
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OU

(3.4) a4 = A n , a3 = Bn, a2 = (3Cn + An) / 6, a4 -  (Dn + Bn)/6, 

et

(3.5) An =  1п(к/п)  = ^sin ^  ( c o s  ^  — c o s a j  ,

(3.6) Bn = l'n(*/n) = An
— sin -  ж

---------- 2-------2 Ctg -
cos — — cos а n

(3.7) Cn = /"(тг/n ) = An

(3.8) Dn = l"’(* /n) = An

sin2 а
- 4  +

3 cos -_____П
cos -  — cos an

—9 + 7sin2 r- ж------- 7----------- —— r  + 8 ctg -
sin -  (cos -  — cos a) nП \ П )

15
cos -
sin3 -

DÉMONSTRATION. D’après la proposition 1.1, il suffit de vérifier (3.4). 
Mais ces égalités découlent des formules (1.3), (1.2) et du développement

ln(z) = A n + Bn (z  -  ^  -  2 /гтг) + - y  (г -  ^  -  2кж) +
Dn (  T \ 3+ —-  Í 2 ------- 2&7Г) +  . . .  .
6 \  П /

L e m m e  3.3. Soif

(3.9) Т/2п -з ( /;а ;) = — [  f(t)U2n-3(t
K J — 7Г

x ) d i ,  /  6  С г х ,  *  G R ( n  ^  2 ) ,

où (voir (3.2))

(3.10) l h n - z ( t )  = TTß2n -3 cos4 y  -ffn(<) =  ^ Xk,2n -3  cos kt,
k=1

/Я- „У
cos4 y  -gn(t)dt.

Alors, en posant bn = B n/A n, c„ = Cn/ A n et dn — D n/A n (voir (3.5)- 
(3.8)), on a:

(3.12) B *
2n—3

1 + 3cn \  
2n2 У
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CERTAINES M ÉTH O D ES D E  SO M M A TIO N  DE SÉRIES D E F O U R IE R 8 1

et

(3.13) ^ k , 2 n - 3  — 24 [2 + (1 + 3C„)/n2] X

16n3
(bn + dn) sin

кж
n +  -

3 к 1 \  1 + 3cn
8 n + -

кж
6 n2

cos

n ‘
f l 3 . кж 1 ( к3) к ж
( -  - bn sm — + 471 4 — 6—г + 3— cos —
V4 ’ Ï 6 П) n 48 V n2 n3 y n

D é m o n s t r a t i o n . Posons
4

(3.14) 02(2) = £

Puisque
5 =  1 .

+ ( - 1 ) 4
( * - £ ) '  (* +  £)

z G c .

cos kt • cos4 ^  ^ cos kt + -  [cos(n — k)i + cos(n +  k)t] +

+ [cos(2n — k)t + cos(2n + k)t] ,

alors (voir (1.5))

(3.15) Fk(t) = i  L + Ï 6
0i ( 2 n - k ) t  _|_ e i(2n+k)te i ( n - k ) t  _|_ e î(n+fc)i

lb
= Fjt(x/n) + Ffc(x/п)(* -  тг/п) + Fk (jr/n)(z -  тг/п)2/2+ 

+Fk fa/n) (z  -  ж/п)3/6 + ... ,

où

Fkip/n) = ^-sin

* ? ( * /n ) =

Н ( * / п )
(Зк -  2п)г кж
-------------cos — .

8 п
к(4п — ЗЛг)г . Л:7Г

8
sm

//// / X (—4гс3 -  3&3 — 6nk2)i кж 
Fk (ж/п) = К------------- ------------ “ cos

En particulier, Ео(х/п) = Fff (ж/п) = 0, F/^ж/п) = — i n / 4, Fq ^k/ h) = 
=  — in3/ 2. Alors, d ’après (3.4) et (3.14), on a:

Res(7r/n ; Fk • 0 2) = Рк(ж/п)(Вп + D„)/6  + F'k(n/n)(3Cn + A„)/6+  
+ F Zfr/n )B n/2 + F'k" (тг/п)Ап/ 6,

d’où Res(7r/n;Fo • 0 2) = -  m^ n (l + ya ). Maintenant, l’assertion du
lemme 3.3 découle des formules (1.9) et (1.10).
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L é m m é  3.4. Pour que dans (3.13) avec (3.5)-(3.8) on ait

(3.16) ^к,2п -з  = 1 + 0 (n ~ 4) (n -> oo),

il faut et il suffit que a = ±  у/(2ж2 + 3)/(27г2 -  3) • ^ (-7Г < a n).

D é m o n s t r a t i o n . Posons a = 7 - .  On a:' n.

(3.17) bn = B n/ A n =
sin

cos -  — cos 7 -
П ' П

7Г
2 Ctg -  =n

n 2 f  7Г2 7 2 + 1^2 _4
i 1 "  6̂  + + 0 (n

- 2 -  ( 1 
7Г

7Г

3n2
+ 0 ( n - 4) \ 2 , + 2 1  +  - — (- 0 (n 3).T \ 7 2 -  1 )  2n

(3.18) „ , . 5 _ 3 cos f-Cn - Cn/A-a — — 2 — 4 H--- j----- ï
sin -  cos---- cos 7 -

n2 6 1 - +  0(n~
7Г2 7 2 — 1 У  2n2

A /  6

1 + î ! ± i . î !  +  0 ( O )  =
12 n 2

= - r  5 + . n 72 + 1
72 -  1У 6(72 -  1)

+ 0 (n —  2 >

Ensuite,

(3.19) bn + dn — (Bn + Dn)/An
6 Sin J  7Г cos -

^  +  6 c t g - - 1 5 - 3 ^ - -
C O S - - C O S 7 -

n 12
sin3 ^ sin* (cos^ -COS7 ^)

6 n  л 7Г
= + 0 ( n - J ) + — -  2-  + 0 (n~3) -  1 5 ^ r+  0 (n " 1) +

7Г 7 2 — 1 га 7Г П  7Г3 v ’

П3
+  ~  

7Г

18
3 V 72 -  1 ;  1 X V 2 T2 _ i )  + ° ( n ^

n 
+ -

гг
7Г

18
72 -  1 -  15 +

n /  6
7Г V7 4 -  1 2

+ ô +  0 (n-1).

Donc, d ’après (3.13),

^ k ,2 n —3 —
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+

8 tt2

1

. 1 2

к ' 1

n ж

к ‘

n z

к 3

+  “ T

П 72 ± 1 ^ 1 , n (  _4;
+ 1 24 48(72 - l ) )  n2 + ° ( n \

72 -  1
+ 1 _ 1 1 7 2 + 1 A 1

7Г2  V8 7 2  -  1 16

24 48(72 -  1)/ n 2

6

+

15\ 3 1 . c
+ “ ' “ 8 ' 2^ l 5 V - l

1
n3 [ 16 V72 — 1 

3

± +
3 /11

+
1

12 72 -  1

+

±

1 5 \  3 /  6
+ ™ 5 +16 72 — 1 32 / 32 V 72 -  1

8 V72 -  1 + 1 + 16 ±

к2 
4 Ön ‘

± 1 1— (4  6
16 \  72 — 1J  ' 2 V72 — 1 + 1

2 1
1  7Г

8 _ 24 ±  0 ( n - 4 '

Les coefficients devant - ,  A- et At étant nuis, nous avons:71 7 Tl.0 П о

=  1 +
1 1 Л  6

71°

Afc,2n-3  

-1 - 1 k 2 1
±

1
±  0 ( n "

Donc,

(3.20) 3 - 2 tt2 + 6/(72- 1 )  = 0

n2 [16 24 8(72 -  1).

7 = ±7(2712 ±3)/(2тг2 -  3) «  ±1,16.
Le lemme 3.4 est démontré.

Maintenant, appliquons le théorème de saturation de J. Szabados. 
T H É O R È M E  3.1. P o u r  l e s  o p é r a t e u r s  (3.9)-(3.11) a v e c

a  =  7(27t2 ± 3 )/ (27Г2 -  3) • —
n

e t  p o u r  t o u t e  f o n c t i o n  f ( x ) G C ? *  te l le  q u e  f  (4 ) G С г * ,  l ’é g a l i t é  s u i v a n t e  
a u r a  l ie u :

(3.21)

l i m  п 4 [ Х 2п - з ( / ; я ) -  f ( x ) ]
n —fr OO

4 7 Г 2  —  9  

1 6 7 Г 2  ±  7
/ ( 4)(t ) ± / (2)7 )  , ж G R.

D é m o n s t r a t i o n . Soient

Ф )  =  ^  +  \ e ÍZ +  f  =  T  ir) -  T  тг) 3 ±  . .

Re <p(x)  = cos4 — si т  G R,
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et
Ф*(г) = 16z2k<p(z)/22kn(z2 -  7Г2)4, z e C ,  k e  N.

Alors, en posant Vk,±{z) — lôz2k/22ктг(г ± 7r)4, on obtient:

Res(±7r; Ф*,) = - ^ * 1± (± jt) -  ^< ± (± тг) =

= — г(1/24)7г_7(12А:2 -  30fc + 15 + 2тт2)(тг/2 )2Л:.

En appliquant le théorème des résidus pour le contour C (voir la proposition 
1.2) et en tenant compte de (0.12) et (3.1), nous aurons:

21  — 2 к  y + o o  y + o о

(3.22) yt2fc = ------- /  x2k<Pi(x) dx = Rev.p. /  Ф^(х)йх =
 ̂ J 0  J — oo

= Re[27rtRes(7r^fc)] = (1/ 12)7г_6(12Л;2 -  30it + 15 + 27г2)(тг/2)2̂ ,
it = 0,1,2,3.

Donc, on a:

(3.23)
15 + 2ТГ2 - 3  + 2тг2 3 + 2тг2 33 + 2тг2

“  12тг6 ’ М2 ~  48tt4 ’ ~ 192tt2 ’ ~ 768
. 2 167Г2 +  7

et Л -  М2 = - 7687Г8 •

Alors, d ’après (0.13) pour m = 1, on a:

7T̂ 47T̂  — 9
(3.24) M4A0 +  МбАг = (М4 -  М2Мб)/Л = -  —  • —

D’autre part, d’après (0.11), a i;i = a2,i = 1/6. Alors, l’égalité (3.21) 
découle de la formule (0.10) et de (3.24). Le théorème 3.1 est démontré.

C o r o l l a i r e  3.1. Sous les conditions du Théorème 3.1 on aura:
•71-4 Л._2 __ Q

(3.25) lim n4(l —Afc,2n_3) = — • . ? (fc4-fc2) ( i E N . H  2 n -3 ).n—>oo 6 107^ -)- 7

C o r o l l a i r e  3.2. Sous les conditions du Théorème 3.1 on aura: 
i) lim n4||L2n_3(/;a:) -  f(x)\\ c  = 0 si et seulement si f (x )  est un

n —►OO

polynôme trigonométrique d ’ordre ^  1;
ü) HA2n_3(/; x) — f(x)\\c2ir = 0 (n ~ A) si et seulement si /С) ç L ipl.
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4. Troisième exem ple d ’opérateurs extrémaux de classe S 2

Nous allons considérer encore un exemple d ’opérateurs extrémaux de 
classe S2, où nous utiliserons directement la méthode de J. Szabados.

L e m m e  4.1. Les fonctions

771
(4.1) K n{t) = cos2 — 

et

(4.2) <pl(x) = 16 cos2 ^ / ( æ2 -  TT2)2(x2 -  9тг2)2

vérifient les conditions de J. Szabados (0.4) et (0.5) pour m = 1.
La démonstration de ce lemme est identique à celle du lemme 2.2. 
L e m m e  4.2. Soit

(4.3)

9n(z) =  l /  ( c o s  *  -  c o s  0  ^
37Гcos г -  cos
n , г € С, тг G N \ {0}. 

Alors, en posant A n = {x — 2ift ±  2x/n ±  7r/ n : t G Z} on aura pour n ^  4:

( - l ) sai!)2 2

{4A)gn(z) = E E E 1
k £ Z  î — 1 s = l

—(*') ai
г -  ^IzÏLL _ 2/tTT

П

z e  c \ д„,
+

2 + -  2ктг

ou

(4.5)

(4.6)

(4.7)

(4.8)

al1̂  =  1/16sin6 — • cos2 - ,  
n n

Tri1) A1) 2n n
cosec------ctg —

n n

a2̂  = 1/16 sin6 — • cos2 — • ( 4  cos2 — -  Л  ,2 n n V n J
( 2) _  , 42)a, = a 3 7 Г  . 3 7 Г  /  7Г . 9 7Г

ctg —- -  sin — / 2  cos — • sin —
n n t n n

d é m o n s t r a t i o n . Soit

9”(2) = "”(2)/  l2sin ( i  -  è ) f  = 1/”(2)/  [«■ ( i  - 1 ) ]  ■
s,

a[2̂  = u'n(3n/n), d ’où on obtient (4.5)-(4.8).
Alors, d’après (1.3), = p n(n/n), = р'п(ж/п), a^2) = i/n(37r/n ),
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Lém m é  4.3. Soit (voir (4.3))

T l t  1 1 *
(4.9) Un- 4(t) = 7гБ “14 c o s 2 y  ■gn(t) =  -  + ^  K , n - 4 cos kt, n 6 N \  {0}

n —4

lc=l
OU

(4.10)

Alors,

(4.11)

Г  2 ni , . , B n_4 = J  cos* y  • 5„(i) rii.

_ B „ _ 4  =  П7Г ^ 4 ^  +  —

I • 2 1 • 2 7r=  n7Г S i n ---- (- Sin —
n n

. 7Г n 7Г , 9  ЗтГ
16 sm — • cos — ■ sm — .n n n

(4.12) A£in_4 = ( 4 1) + 4 2)) " 1 (1 -  * /n ) ( 4 1} cos ~  + 4 2) с«« ;
-1 /_ (1) . &7Г —(2) . Skw\—n I a) sm ----- Ь a\ sm ----  1n n П

,  о  3 7 Г  , n  7Г
= ( s m ----- f- sm

n n H
/  , . . , . n Зх f c x  . о 7Г 3&7r\( 1 -  k n) sm — - cos----- h sm -  • cos----- +1 n n n n J

+ n' -1
3x

sm
27Г 7 г \  . kircosec-----1- ctg — sm ---- b
n n J n

3/стг, 7Г /  37Г . 37Г / 7Г . ,  7 г \  .
+ sin — c tg -----1- sm —  / 2  cos — ■ sin — sm

n \  n n / n n J
La démonstration de ce lémmé est identique à celle du lémmé 2.4. 
D’après (4.1), (4.3), (4.9) et (4.11),

(4.13) K n(t) = n - 87r- 1j9n_4t/n_4(i) = n~7 + 4 2)) U„-4(t).

Donc, puisque
1 Г

At n -4 = ~ cos kt ■ Un- 4(t)dt,
' * J-ж

on obtient (voir (0.6) et (0.7)):
(4.14)

A*0,n =  n~6 ( 4 1} +  4 2)) , M2,n = n~4 ( 4 1} + 4 2)) (1 -  Aj n_4)/2, 

_2 (4 X) +  4 2)) (3 -  4Aj n_4 + A2in_4V 8,/^4,71 —  ^

^ 6 , n  =  ( 4 1} +  4 2 ) )  (10 -  15A Ï ,n_4 +  6 A * , „ _ 4  -  A 3  те_ 4) / 32,
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et

(4.15) Ag — ^4,п/(М0,п/^4,п -  T2,n)i = —M2,n/( М0,п/̂ 4,п — /^2,n)- 

Posons (voir (0.8), (0.9) et (4.1))

(4.16) Un(t) = K n(t) nAg”' + naA)"J(l -  œ st) /2  

= K n(t) • (l/2 )n3( —AjU*)[cost -  (1 -  2?i“V 4,n/Ai2,n)]

3 \(™L

T h é o r è m e  4.1. Soh

(4.17) f ( x  + t)Un(t)dt, f  6 CW, n € N, n ^  3,

/a suite d ’opérateurs de classe S2 avec le noyau (4.16).
Alors, pour toute fonction f (x )  £ C2* ieZ/e que f^4\ x )  £ C2-n, l ’égalité 

suivante aura lieu:

(4.18) lim n4[Xn_3(/;a;) — f(x)]
n —KX)

f {4\ x )  + / (2)(а;)| , i E R .

La démonstration est identique à celle du Théorème 2.1. 
C orollaire 4.1. Sous les conditions du Théorème 4.1 on aura:

(4.19) lim n4(l -  Aк,п-з) = -тг4(&4 -  ^
Tl—► OO 0

où Хк,п-з — Ln_3(cos kt; 0) (k £ N, к S n -  3).
Corollaire 4.2. Sous les conditions du Théorème 4.1 on aura:
i) Ihn n4||Tn_3( / ; x) — f(x)\\C2Tr = 0 si et seulement si f (x )  est un

n —►OO

polynôme trigonométrique d ’ordre 'S 1;
ii) ||Х„_з(/;а:) -  f ( x ) ||C2jr = 0(n~4) si et seulement si f  ̂  £ Lip 1.
Maintenant, trouverons une formule asymptotique approchée pour la 

valeur (voir (4.16)):

(4.20) An — 1 2 П P4,n/AWn*

Lemme 4.4. On a (voir (4.12)):

(4.21) , 7Г 24,
4 , n - 4

,6
=  1 - 7̂ ^ - - к > - + " - к 4-10 n 1

4 , 4 7Г 41 , fi7rb , .
-\-рк4—т -  - —-A:6— + o(n b) (n 

5 n6 400 n6 1 ; v

25
- 6 \

n4
168
125

e - Г +8 n4 Г2Ь 

00), Q S к Ú n — A.
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En particulier,

(4.22)

^0,n—4
A* , 9 7Г2 117 7Г4 1293 7Г6 , _/__64
i ’n—4 “  10 n2 ~~ 200 n4 ~ 2000 n6 +0(И ^

, 18 7Г2 54 7Г4 108 7Г6 . _6ч
I A2j„_4 _  1 + — -  + o(n ).

D é m o n s t r a t i o n . On a:

О) /яО)—liil / —Ö2 /a 1 + 2 cos
2тг\ -2 1
n

8 7Г 40 7Г 272 тг6
1 + Ö77 + - - г  + - r r - T  + ° { n  ) ,9 V 3 n2 9 n4 45 n6

7,(2) /7r(i) _  10 . 4 7Г2 4 7Г4 136 7Г6 „Д
l  +  «2 /« 2 =  y  i^1 +  15^2  +  9^4  +  225^6  +  0 ( n  ) J >

/  (2) / (1Л -1 9 /  4 7Г2 28 7Г4 1304 7Г6 л / 8ч .
( i  +  4 ’M ’)  = ш  ( ‘ -  - - - - - -  + > ) ■75 n4 3375 n6

Donc, il est facile de voir que 

(4.23) ( l + 4 2)/ â ^ )
- î ^  (—(2) /_(1)\ 

C O S-------- (- ^ 2  l a 2  )

3kir
COS

-  ( i  +  4 2) / 4 1 } )  [ ( i  +  4 2) / 4 1 ) )  -  V ~  +  ^  ■ -

k2n 2 5 Лг4 7Г4 41'27t4
n2

41 fc67T6 £4тг6 20 k2n6
3 n4

360 n6 + nu 9 n6 + 0 (n - 8 '

9 к27Г2 24 &27t4 3 k4ir4 168 Л:27г6 4 &47г6 41 к6ттв 8
=  1 -  — — гг- -  ^  ^  +  0 ( п - 8 )10 п2 25 п4 8 п4 125

(п —> оо).
5 пе 400 п6

Puisque (0 ^  /г ^  п — 4)

(4.24) Ä*fc>n_4 = ( l  + 4 2)/ 4 1)) _1
kir

cos -— f (4^/4*0 Зктг
cos + Вкп

ou

(■1.25) /íf„ = (  1 -f ü \ ']j a ! 1 j  (  (cos ^а,2*/<4 1*) cos -

(+'/41)) sin £  + (+>M2)) («ГМ1’) sinЗЛ;7Г
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il suffit de montrer, d’après (4.23), que B kn = o(n 6). 
On a:

a ^ / a ^

4 2) / 4 2 )  =  -

sin

n /  1
\ 2

37Г

27Г 7Г 27Г
cosec------ctg — = -  ctg —Il n n

2 7Г2 8  7Г4

3 n2 45 n4
+ 0(n~b)

37Г n

n (  1 
7Г

2 cos I .  sin2 ^ 
2 3 7Г4

ctg — = - -  Ô

3 п2 _ ^  + 0(гг‘ 6)

7Г

n /11

7Г

7Г

n2 -  ^ 4  + ° ( П_6)

2 4 7Г4
-  2 —  -  - ■

5 n4
+ 0(n~b)

n 11
( a J 2) / 4 2 ) )  ( 4 2) / 4 1 ) )  =  -

Donc,
,_1 к

54 1 +
52 7Г2 544 7Г4 _ 6

33n2 + 495 n4 +  ^П

в к п  =  ( i  +  4 2) / 4 1 ) )

— k4 —  
12 n4

n
4 4

10 8  7Г2 40 7Г4 2 7T2

“ TT “  27 n2 ~~ 8I n 4 + * n2 -

-^ rfc 4— + -fc2— + 0 (n"6)+

1 2 тг2 _ 
+ 2 ~~ З п 2 ~~ 
26 7Г2

8 7Г4 1 2 71-2 1 , 4 71-4 1 , 2 TI-4-  + —  fc4- r  + - k2- r +45 n4 12 n2 240 u4
11 26 ъ1 544 тг4 11 2 X2 33 4 7Г4 13,2 тг4 _6.

+  Î 8 +  27Й 5 +  8Ï Ô Î ?  ~ ~  й * * ?  +  80* 5?  "  T *  +

= ( i + 4 2)/ 4 1)) ° ( n_7) = ( t + 4 2,/ 4 1)) °(n_6) = o(n-6).

Le lemme 4.4 est démontré.
P r o p o s i t i o n  4.1. On a (voir (4.20)):

(4.26) , - 2

cos

№4 ,n / /^ 2 ,n  —
5 7Г2 7 7Г4

1 -
2 n2 24 n4

\/5 t / 4 7Г2 , 2,\
----- 1 + Î5

— + O n 2
n V n2 J

+  o (7 Z  4 )  =

D é m o n s t r a t i o n . D’après (4.14),

An = l -  2гг-2̂ 4,п/М2,„ = 1 -  (3 -  4Aj n_ 4 + A^n_4) /2(1 -  A^n_4) =
9 7Г4 

4 тг4
23 7Г2 _ 2ч

1 + 3 Ô ^  + o(n }

=  1
5 7Г2 
2 n2

9 7Г2 /  13 7Г2 431 тг4 . _4.
T ö n 2 \  +  2 Ô Û 2 +  ë ô ô n 4 + 0 ^n

- - 4  + o (n -4).24 n4 V '
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D’autre part, soit

5 7Г2  7 7Г4 _ 4
1 — -  —ô — — —т + o( тг ) = cos 2 n2 24 n4 v 7

5ir2

\ / б -  Г1 + /3^2 + °(n 2)

25 7Г4
-  1 _ 2 ^  V1 +  2/?^  + 0(n" V  + 2 4 ^  +  0(n‘  } -  

5 7Г2 /25 \  7Г4 _4
= 1 - 2 ^ + U - 5/Jj ^ + 0 (” >'

Alors, ß — 4/15. La proposition 4.1 est démontrée.
Remarque. L’exemple considéré montre que le terme oscillant du 

noyau n’est pas toujours présenté sous la forme cost — cos 7 ^, où 7 = 
= const. C ’est pourquoi les opérateurs considérés dans les deux paragraphes 
précédents présentent un intérêt particulier.

5. O pérateurs extrém aux de classe 54

Appliquons la construction de A. I. Kovalenko pour la fonction <p(t) = 
= Sin5 7TÍ si t G [0,1].

Lem ME 5.1. Pour tout naturel n > 1 on a:

(5.1) L n(t) =
” w

V s i n 5 —  -eikt
t o  n

sin10 7Г о Ut (  7ГЧ-2 /  37r \  /  57t\
— • cos — • cos t — cos — cos t — cos —  cos t -  cos —  X 
n 2 \ n / V n J \  n

cos t — cos — f 16 sin2 ---- 13̂ ) • cos t -f 8 cos2 — (2 — 3sin2 — ̂
77 V n / n V 77/ .

Démonstration. En tenant compte des formules

16 sin5 X = sin 5x — 5 sin За; -f 10 sin x, cos 3x = 4 cos3 x -  3 cos x, 
sin 3x = 3 sin x  — 4 sin3 x,

on obtient

к 7Г . n — 1

V  sin5 —  • eikt = -----У  (eik*'n -  e - W " )  . e,fcí
^  n 32 ^ v ’k=0

= ^ d  +  Ó
sin

k = 0

5 sinП n +
10 sin r

cos t — cos — COS t — COS — cos t —  cos —n  n  n

A c i a  M a t k é m a t i c a  H u n g a r i c a  6 3 ,  1 9 9 4
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= — (1 +  eint) fcos t — cos —) ( cos t -  cos32 V ti J y
3x
71

-1 5x
cos t -  cos —  I X

71

- 1

( l 6 sin5 -
l n

■ cos2 t — 2
27Г 7Г Г 7Г

cos —  • cos — ■ 16sin — +n Tl
. 3x 2x / 7Г 3x

+5 sin —  • cos —  cos---- cos —
n n \  n n

71- x /  2 tt 
— 1 U sin — cos — cos —  

n n \ n
4 x \  

cos —  I 
n ) cos t +

X 2 x 3x
+ 2 0  sin — • sin —  • sin —

n n n
/о  nt , с X

, „ . s X X 3xlo sin — • cos — cos-----h
n TI n

2x 3x '
cos — • cos------ cos —

n n n

(X ( cos t — cos

n L 71
+ 8  cos2 — (2 -  3sin 2 -

71 V 71.
N- 1 ( 3 x \  _ 1

cost — cos —
J  V 71 J

öx
cos t — cos —

TI

-1

(5.2)

d ’où il découle (5.1).
Lémmé 5.2. Les fonctions

K n(t) — f n 1 2 sin10—) Ln(t) et < V n /
<P2 (x) = 57600cos2 — / (X2 — x 2 )2 (x2 -  9x2 )2 (a;2 -  25x2)2

vérifient les conditions de J. Szabados (0.4) et (0.5) pour m  = 2.
La démonstration de ce lemme est identique à celle du lemme 2.2. 
Lem me 5.3. Soit

(cos X — cos a)(cos г — cos ß)
(5.3) gn ( z )  =

cos

cos г — cos 2t) ( 

2

COS X — cos 3f ) 2 ( cos г — cos 57Г \  25?r\ 
n /

г — cos — f 16 sin2 ---- 13̂ ) cos X + 8 cos2 — (2 — 3 sin2n \ n / n \
x \ i  2
7 1 /

où a ,ß  G R , тг e N \  {0}.
Alors, en posant A n = {t = 2к-к ± (2г -  1 )x /n ; i = 1,2,3; к G Z}, on 

a pour n ^  5 (voir (1.1)):

3 2

(5.4) ÿn(z) =  E E E 1
/ c G Z  г = 1  s = l

û.st
L  _ _  2/b,
[  n

г G С \ Д п,

+ (-1  )sas

+ -  2kn

A c t a  M a t h e m a t i c a  H u n g a r ic a  63, 1 9 9 4
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OU

(5.5) 021 = 25 (cos —V n

(5.6) а ц =  a 2i

cos а) ( COS n ~  COS/?) / 64 sin10 —,
sm -n___________. ________ ™-------- 1-----------1--------------------

cos -  — cos a  cos -  — cos в  sin — 2 cos -  • sin —TI. TI. ' no no no

7Г 7Г 15 — 16 sin2 ?• 
Ctg n ~  tg n ' 5 (3 — 4 sin2
37Г

(5.7) a22 =  25 ( cos —- — cos а ) ( cos------ cos ß 1 /256 sin
37Г

(5.8) au  — a 22
sm 37Г

n
sin —____П

Л0 7Г

n
4 sin2 -

+

cos — — cos a cos — — cos ß 2 sin zr ■ cos z-n n ' n n
37Г 7Г 3 5 -  8 sin2 z

F +

3 -  4 sin2 *
--------------------------------—------------ — Ctff -----  -4- t g  — - ----  • -------------------------
4 sin — • cos -  • cos — n 6 n 10 sin2 -  — 1/271  n n n I

(5.9)

(5.10)

a23 =  (cos — — cos a  j í cos —  — cos ß \ j  256 sin1,1 0

« 1 3  =  « 2 3
sm 57Г sin —

cos — — cos a  cos — -  cos ß71 71 1

16 cos4 21-12 cos" £ + 1 16 cos4 f  -  12 cos" £ + 171 71 71 71

2 sin Зтг COS - • 47Гsin —
71

5тг 7Г 32cos4 2 i-2 4 co s2 f + 7 
c tg ------tg -n n

D é m o n s t r a t i o n . Soit

(2 cos2 ^ -  1) (4 cos2 ^ — 1)

9n{z) =  Hn{z 2 sinК
7Г \

2 2 nJ

TTn{z

-  vn(z о ■ I г  2 sin -  — —
2 2n J

1 2
-

„ , , z  5тг\2 sm -  — — )
2 2nJ\

Л 2

Alors, d ’après la proposition 1.1 et la formule (1.3), on a:

û2i = V n(n/n),  ап  =  Ain('K/ n), a22 =  ^„(Зтг/n), a12 = ^(Зтг/п),
Ö23 =  7гп(57г/ п), a i3 = тг (̂5тг/гг).

On en déduit les expressions (5.5)-(5.10) en tenant compte des égalités 
suivantes:

cos 3x = cos x ( l  — 4 sin2 x),

A c ta  M a t h e m a t i c a  H u n g a r ic a  6 3 ,  1 9 9 4
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sin Зх = sin x(3 — 4 sin2 x) =  sin x(4 cos2 x — 1), 
cos 5x = 16 cos5 x -  20 cos3 x + 5 cos x =

= cos x(16 cos4 x — 20 cos2 x + 5), 
sin 5x = sin x(16 cos4 x — 12 cos2 x + 1),

3 —10 sin2 x + 8 sin4 x = (4 sin2 x — 3)(2 sin2 x — 1) =
= — sin 3x • cos 2x/  sin x,

128 cos8 x -  192 cos6 x + 96 cos4 x — 18 cos2 x +  1 =
= (2 cos2 x — 1)(4 cos2 x -  1)( 16 cos4 x -  12 cos2 x +  1) =

= cos 2x • sin 3x • sin 5x / sin2 x.

Lémmé 5.4. Soit (voir (5.3))

(5.11) Ln( f ; x )  = -  í  f ( t )U n( t - x ) d t ,  /  É C2)r, x £ R  (n ^  5),
^ J—1r

OÙ

nt  1 n(5.12) Un(t) = 7Г cos2 — ■ gn(t) =  -  + ]T  Afe>n cos kt,
k=1 

Ti/
cos2 y  • gn(t)dt,

Alors  (voir (5.5)-(5.10))

(5.14)Б„ =  П7г(а21 + а 22 +  02з) =  nn 1 0 0  ( c o s ----cos a  j  í co s-----cos ß  ) +

. o r  I 3 7 Г  \  (  3 7 Г  .
+  25 ( C O S---------- COS Q I I c o s ------- cos p ) +

. 5n \  /  5x
+ c o s ------ cos a  cos------- cos p

n )  \  n
'256 sin 10 —

et

(5.15) Afc,n  =  ( « 2 1  +  a  22 +  a  2 3  )  X

, ,  .  . . /  Aur ЗА:7г 5A;7t
( 1 — к /n  ) o2i c o s ----- 1 a22 c o s ------- (- а2з c o s -----

' n  ti n
_ i  » . &7Г . ЗА:7г b k i r \

—n a\ \  s m ---- 1- öi2 sm ---------h a j3 sin
n n - ) l

A c t a  M a t h e m a t i c a  H u n g a r ic a  63 , 1 9 9 4
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D é m o n s t r a t i o n . Posons

(5.16) 0 , ( 2)
O s

J = 1  S = 1  ^  L

+ ( - 1 ) 4

(2i — l ) 7r/n]s [z + (2г -  1)7г/п] }•
et

Fk(z) = 2_1 [eîfc2 +  2_1 +  e,(n+*)2)]  (A; G N),

d’où Fk(mir/n) = ^ sin F^mir /n) = — ̂ (n -  A;) cos m̂ L. Donc,

R es((2 j — l )n /r r ,F k  • 0*) =
i t , ч  (2j  — l)A;x i . (2j -  l )k n

= ~ ô a2j(n -  к) cos--------------+ - a i j  sin 1--------- -— , j  = 1,2,3.
Z Tl Z Tl

D’après les formules (1.9), (1.10) et (5.5)-(5.10), on obtient les égalités 
(5.14) et (5.15). Le lemme 5.4 est démontré.

Lemme 5.5. Pour que dans (5.15) on ait

(5.17) \к,п =  1 + 0(n~6) ( n -  oo),

il faut et il suffit que a  =  ± y j (35 -  8\/7) /3^ «  ± 2,15^ et ß  =

=  ± ^ (3 5  + 8 x /7 ) /3 ^ «  ±4,33^  (-7Г <  a , ß й  тг).

D é m o n s t r a t i o n . Posons a  = 77 et ß  = <5̂ . On aura:

co st  -  cos7 n
cos -  — cos 7 -П ' П

72 -  9
1 -  (72 +  9 ) ^  +

74 +  Ö72 + 81 4
7 Г 4  +  0 ( n  6 )12n2 360n4

1 + 72 + 1 
12

72 -  9 
72 — 1

тг2 З74 + 87 2 + 3 7Г4

1 - H î ! _
3 n2

720 
72 — 5 

30

+ 0 (n -6)

-  + 0 ( n - 6)

X

Donc,

(5.18)
cos — — cos 7 -  cos — — cos 6-

n _______ 1 71 > ___ n___________ 7
7Г022/021 = -

1 7 2 -  9 Ó2 -  9 
4 ' 7 2  -  1 ' <52  -  1

cos 7 -  cos 7 — 
7 
9

cos § — cos é §n

, 4 X2
1 _ 3 ^  +

72 + ^2 
30

7Г

n^ + 0 (n~6)
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D’une manière analogue on obtient: 

(5.19)
, 1 cos — -  cos 7 -  cos — -  cos 6 -

„  „ __  ______  n  1 n  Tl n
0 2 3 /0 2 1  -  —100 cos -  -  cos 7 -  cos -  -  cos b —

TJ. I  TJ. TJ. TJ.

1 72 -  25 b2 -  25
' TÖÖ ’ 72 -  1 ' 62 -  1

Considérons l’expression:

1 - 4x2
+

107
15 72 + î2 ^  + o (»-«)10 n4

(5.20) D k n  — [  1  +  ( 022/ 021)  +  ( 023/ « 2 1  ) ]  1 X

ктг 3fcx . 5ктг
COS------- h ( o 22 / Û21 ) c o s ---------h ( a 23 / o 2 i ) c o s  -------

n  n  n

Il est facile de voir que la différence А^п — Dkn est une expression impaire 
par rapport à x /n . En posant

1 — 9 6̂
(5.21) A = - - 1

4 72 -  1 b2 -  1
9 et * =  1 y2 -  25 b2 -  25

100 72 -  1 b2 -  1 ’

nous aurons:

(5.22) Dkn —

4 X2

к2ж2 к4п4 _6
1 -  — ^  +  777-7 +  0 { n  6 ) +2n2 24n4

+A| 1 _ 3 ^ + U
9A:2x 2

1 -  -rr-s -  +

72 + b2 ^ X4

2n2

30
81fc4x4

24n4

n4 +  0 ( r T b )  X

+  0 ( п ~ ь ) )  +

, Д Л  4x2 /107  72 + (52\ x4
+a V1 _ + vTs iô- J 77 + 0 ( п ~ 6 )  X

, 25fc2x2 625fc4x4 6ч
1 -  --- - - +  —  — -  +  0 ( n -®)

/

2n2 
4 x '1

24n4 /

1  +  A |  1 _ 3 ^ +  U "
4x2

+ Б  1 ----- 7Г +B'

= | l  + (l + A + B)--1 

к4

107
H T

к2

72 + <*2 
30

72 + b2 
10

- f  + 0 (n -b) +
n

X
+ 0 (n"6)

9fc2 25k2

+
2 4

+ A

-  - A - ^ - A - A B  -  2 3 2 2
7 72 + <$2 \  81Ä;4 2
s - b i T  + ^ T  + M +

B  -Ö+
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+ В
107 72 + <S2\  625k4 -

+ —~ — + 50A;2
15

X

+

10 J
| l - ( l  +  A  +  5 )

(1 + A + B ) - 1 

72 + <52

24
-1

+ 0{n

- - A - 4 B
n *Г +

4 7
- A - 4 5 )  - L a

107
U

5 +

+ - 30 -(A + W )
7Г

П4 + 0(n~6)

= 1 + (1 + A +  5 )  ( -  —-------— A -
k2 9k2 . 25k2

B

+  (1 +  A A B )

AB

-i K
\  24 

107 
15

+ л ( 1 _ 21± 1!  + ^  + №!
\ 9  30 24

72 + è2 625fc4 , 2\
+  - 7Г7-  + 50 A:2 -

r +

10 24

I -
k2

+(1 +  4  +  5 )“ 1 ( y - A  -  45 J  y  (1 + 9A + 255) j  y  + 0 (n“ 6) =

1 2 2
= 1 -  (1 +  A А В У 1—  ( l  + 9A + 2 5 5 ) ^ +

2 т5
Г A:4

+(1 +  A A В Г 1 j — (1 + 81A + 625B)  + 2A:2(3A + 257?)+

+(1 A A A B y 1 ( - | a  -  4B^j y ( l  + 9A + 255)}  y  + 0 ( n " 6). 

Supposons que 1 + A + 5  ф 0; alors

(5.23)Dfcn =  1 + 0( n~6) <=7 1 + 9A + 257? = 0, 1 + 81A + 6255 = 0,
ЗА + 255 =  0 -t=> A = -1 /6 , 5 = 1 / 5 0 .

D’après (5.22), cela est aussi vrai lorsque 1 + A + 5  = 0. Alors, en vertu de 
(5.21), pour ces valeurs des A et 5  on a:

57 2<52 -  29(72 + S2) = -245,

Donc,

(5.24)
В ы  = 1 +  0 (n -6) <=* 72

72è2 + 23(72 + <5'2) = 623.

=  (35 -  8v/7)/3, è2 = (35 + 8v/7)/3 (7 2 < <$2).
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Maintenant, vérifions que pour les 7 et 6 indiqués on a:

(5.25) \ k}n -  (1 -  k /n )D kn = k /n  + 0(n~6) (n -» 00). 

On aura:

(5.26) «22/021
1 2 tt2
n n 2 + 0 ( n 6 9 n 1

- 6\

. 1 2 7Г2 24 7Г4 ^  _6ч
«23/021 — 50 25n2 + 250 n 4 +  (n ^

1 +  ( « 22 / 0 2 1 ) +  ( « 2 3 / « 2 l )  =  |  ^  ^  ^  +

r, , . . . . - 1  75 /  1 7Г2 61 7Г4
[ 1  +  ( « 2 2 / 0 2 1 ) +  ( « 23 / « 2 1  )] =  ^  ( 1 -  +  0 (6 n2 720 n4

n -6

De plus, 

(5.27)

n
7Г

sin -
_________n

sm

7
+

cos l -  cos 7 ^ cos “ COS^“
2 \  7Г / 1  72 + 62

Î8Ô + 120S2 — 1J 3 n
2 П 7Г

3 7Г 3n 
sin —______ n____

37Г

+ 0 ( n - 5 \

ITJ
5n3

sm

0 (n ~ 5),
37Г

cos — — cos 7 -  cos — — cos S -n  I n  n  n

72 — 9 +
6  \  7Г Зтг3

S2 — 9 J n n3
3 П 7Г 11 7Г3

4 7Г n 15 n3
sin —

1 72 + <52
20 +  120

П ( „ - 5 \

sin —
_________ n

10
72 -  25 +

c o s ^  -n O O CO 
1 1 ■7Гcos — -  cos

n

10 \  5 7Г 7Г3 /25
<52 — 25 )  3 n n3 \36 ^

25 n 5 7Г 5 7Г3— -----
3 n — T + 0(n12 7Г 3 n3 v

72 + é2
24

Ensuite,

(5.28) Ti = 011/021 ■=
sm

cos---- cos 7 —
n  ' n

sin -______ n _

+ 0 {n ~ 5) =

+ 0 ( n ~ 5) =

cos cos S- +
1 7Г

—"âF -  ctë - +  sm — n

Acta Mathematica Hungarica 63, 1994



98 R. K VASSILIEV

+

2  П  X

3  7Г 3  Tl

Tl X

X  3 n

X  3  7Г3

n  5  n 3

2  c o s  -  • s i n  —n n
3

-  t g -
7Г 1 5  -  1 6  s i n 2 l

n  1 5  -  2 0  s i n 2 l

x “  I r a  7Г 7  7Г3g ^  + 0 (n ) + - -  + _ + _ _  + 0 (n ) -

1 X '

3
2 2  x 5

1 n 1 9  7Г3

"  + ^  +  I T T  + ° ( n “ 5) + R -  + ^ + ^ -  + ° ( n~5)-"  4 5  6  x  3 n  4 5

+ 0 (n - 7) = - ^ - ^ - ^ 5  + 0 (n - 5).
4 5  n 5

( 5 . 2 9 )

Ï 2 — a12/ô 22 = —
sm Зтг s m 37Г

+
3  -  4  s i n 2 П̂

4  s i n  -  ■ c o s  -  • c o s  —71 Tl U

3  -  4  s i n 2 *
________________ fi.___________ ________________I L _____  Tl

COS 7 7  -  COS 7  7  COS ~  — COS 6  7  2  s i n  7  • COS Z-Tl 1 n  Tl n  u n

3  5 - 8  s i n 2 I

ÏÏÏ

+

37Г 7Г
C t g  —  +  t g  -  

n  n s m 2 7ГS -  1/2
3  n

4  7Г

3  n

4  x

X
- 3 -n

X  H  X 3 c . 3  n X X 3
,  +  0 { n  5 ) 

n  1 5  n 3 2  X
H—  

n 5 n 3

X  7  X 3 . . . .  1 n 7Г 3  X 3

-  +  +  ) - ô  n o n 0  3 X
H—  

n ^  5 n 3

1 1  X 3 1 n X 1 1  X 3

5 „ з  + 0 < -  ) = - r X n 1 5  n 3

+  0 ( n ~ 5 ) +

. — 5 л

— 5\

( 5 . 3 0 )
X  3 2  c o s 4 -  -  2 4  c o s 2 -  +  7  

t g  -  •
n ( 2  c o s 2 £  -  l )  ( 4  c o s 2 £  -  l )

X 2 X4^ l1 + 3Í? + ÍĤ  + 0(n"e) 1 5  1
8 X2
3  n 2

136 X 4

4 5  n 4
—  + T 2— 7 + 0 (ra 6)

X X -
- 5 -  -  5 —

n  Tl-

82 X 5 _ 7 .

y ^  + 0 (n  >•

( 5 . 3 1 ) Î 3  — й х з / Й 2 3  — -
s in

П̂ s k . f

c o s  —  — c o s  7 277. 1 7 c o s  —  — c o s  6  -Tl Tl
1 6  c o s 4 -  — 1 2  c o s 2 -  +  l______ П_________ Tl

2  s i n  —  • c o s  -Tl П

1 6  c o s 4 z  -  1 2  c o s 2 7  +  I  5 x
---------------c t g -----------

ns i n Tl
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32 cos4 -  — 24 cos2 -  -f 77Г

^ n (2 cos2 ^ — l) (4 cos2 ^ — l)
25 n 5 7Г 

12 7Г 3 n 
5 П 5 7Г 13 7Г3 

4 7Г 3 n

l i  + 0^
5 n 5 X 7 7Г3 _e.
6 ' x  + 3n + 9 ^  + ° (n )_

- 7 :  + ^  + у ^ з + ° И - 7
I n  5 7Г 25 7Г3 _r.
5 ' í + 3 n + 9 ' ^ + 0 ( " )_

7Г . 7Г—5 -  5-3 + 0 ( n “ 5) =n n-
1 n 
5 7Г

5 7Г 

3 n Ё + 0<”‘5>-
D’après les formules (5.15), (5.24), (5.26), (5.28), (5.29) et (5.31), 

obtient:

(5.32) \k,n = 1 — — + 0 (n  6) — n 1 [l + (<Ï22/ a2l) + (a23/a2l)] X

. ктг , . , 3&7Г . . 5&7Г
i l  s m ------- (- ( ô22/ ®21 )-T2 s i n ---------b \ ^ 2 3 / а 2 1 ) Т з  s m  -------

Tl Tl Tl

= 1 -  -  - n - 1 
n

75
64

61 7Г4l - l î î -
6 n2 720 n4

+ 0(n~b)

1  7Г2 1 7Г4  _ 6

1 +  3 ^ + 5 Î Î  +  0<” >
fc2 7T2 &4 7T4 6

1 -  + TTtTT-7 + 0 (n -6)6n 2 120n4‘H
Ч(1- й +°("_в))(-1/з)(1+35 +т ^ +о(’! ) X

3k2n2 27/c47t4 ,
хЗ ( 1 -  +  ~  ~л +  0 ( n ~ 6) +

1
2n 2 ' 40n4

4x2 24 7Г4
+ 5 ô ( 1 _ ^  + T Î Î  +  0 ( n "6)

, , /cx Л  25 tt2 25 tt4 л . _6л
x ( " l / 5 ) ( l  + y ^ 2 + T ^  + ° ( n )

25k2 n2 125fc47T4 ß
+ -A , j + Q (n~6)24n4(5 ^1 -

_   ̂ к к 75 /  7г2
n n 64 y 6n2

* { -

)} + 0 (n -6) =

7Г

3n2
7Г4 к2 7Г2

5n4 6n2

61 Л
720 n4 

k4ir4

+ 0( n - 6)) X

fc2 7T4
+ 77Г̂ Г +120n4 18n4

1 / .  5 7Г2 9 X4 _6 ,
+ï ( 1 + 3rf-Z^ + 0{n O»

! .  ? Í V  + +  0 ( n _ ^  _
2 n2 40 n4

on
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1 Л  13 X 2

1 + т ^50
101 X4
5 п4

+  0 ( т Г 6) X

6 п2 24 п4 + 0(п~6) =

к к 75 ( . X 2 61 X 4
=  -  + 0 (п ~ б) I X

п п 64 1 *~9 ~4 4 ’ 1

X
Г X 2 X

\   ̂ Зп2 5г5п4 6п2

6ti2 720 п4
к2ж2 к4ж4 к2ж4 1 

120тг4 + Шг4 + 6 +
5 X 2 3 X 4

+ Î 8 ^  ~~ TÖ^ 4 4п2
13 X 2 101 X 4 к2ж2

к2п2 9 к4п4
+ XX

+150 тг2 250 п4 +

80 тг4 12 тг4
5 fc4x4 13 к2ж4

+

к к
1 - - + - I 1п п

12п2 48 п4 36 тг4
X 2 61 X 4 

бп* “  7 2 0 ^

5 к2ж4 1 
" ~~ 5Ö ”

+ 0 (п -6) =}
+ 0 (я " 6)

x(1 + é  + ̂ +0̂ ) +0("'6) =
= 1 -  -  +  -  (1 + 0 ( п - 6)) +  0(п~ 6) = 1 +  0(п~6). 

п п

Le lémmé 5.5 est démontré.
T h é o r è m e  5.1. Pour les opérateurs (5.11)—(5.13) avec a  =  

= ± ^ /(35  -  SVÏ)  /3 ^  et ß -  ± \ J (35 + 8л/7) /3^  et pour toute fonction 
f (x )  G C21Ï telle que f^6\ x )  G С27Г l ’égalité suivante aura lieu:

(5.33)

Jim n6 [Ln( f ; x ) ~  /(* )] = ^ x 6 [ / ^ ( x )  + 5/(4>(z) + 4/<2>(а æ G R-

D é m o n s t r a t io n . Soit

Ф*(г) = 28800z2*(l + eiz)/22кж{г2 -  ж2)\ z 2 -  9x2) ' (z2 -  25x2) ,
z £ с, к £ N.

Alors

100 / X \ 2 f c
Res(Tx; Ф^) = ~^512^ n  ( 2 /  ’ Res(±3x; Фк) =  -i-;

25
512xn

2 к

1 7 5x \
R*s(±5^»i ) = - ig j S î r ( y J

2 k
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Ensuite, en appliquant le théorème des résidus, comme nous avons fait dans 
la démonstration de la proposition 1.2, nous aurons (voir (0.12) et (5.2)):

(5.34) H2k — -------- /  x 2kip2(x)dx — Rev.p. /  Фk{x)dx  =
^ J 0 J-oo

= Re
5

•Ki ^  Res( — 57Г +  2j 7r; Ф*.) 
з=о

= 2_87r_lo(7r/2)2fc(100 + 25 • 32/c + 52/c),

A = 0, 1, 2,3,4,5.
Donc, en posant Ä' = 50 • 2-8 7t- 10, on a:

Mo = 2,52A', м2 =  7 A' ( 7Г /  2 )2, /i4 = 55K(k /2)4,
Me = 679А(тг/2)6, ms = 11095R (тг/2)8, мю = 224839А'(7Г/ 2)1°- 
Soit (Ao, Ai, Аг) la solution du système d ’équations (0.13) (pour m = 2). 

Alors, il est facile de voir que

S — МбАо "Ь MeAi + M10A2 — — (679Ao + 11095Ai + 224839Л2),
6 4

où (Aq, Ai ,Л2) est la solution du système d’équations suivant:

(5.35)
’ 2,52A0+ 7Aj+ 55A2= 1, 

< 7AoA 55Ai4- 679A2= 0, 
55Ao+679Ai + 11095A2= 0.

En éliminant Ao des deux dernières équations, nous obtenons: Ai = -  ™Л2, 
d’où Ao = 239Ai + 5663A2 = ^pA 2. Alors, en tenant compte de la première 
équation, on obtient:
(5.36) A2 = 300/32768 = 3 • 52/213, Aj = -7  • 53/2 12,

A0 = 37 • 7 • 52/2 13.
Ensuite, puisque 679 = 7 • 97, 679Ao + 5335Ai + 65863Л2 = 0, on a:

7Г6 7Г6 2 2 5
(5.37) S  = — (5760Ai + 158976A2) = — 24576A2 = 384тг6Л2 = ---- тг6.64 64 64
D’autre part, x (x^ 2) = (x6 — 5x4 + 4 x 2)/120, d ’où, d’après (0.11), a i ,2 = 
=  1/30, a2j2 = 1/24, 03 2 = 1/120. Donc, en vertu de (0.10) et (5.37), on 
obtient l’égalité (5.33). Le théorème 5.1 est démontré.

C o r o l l a ir e  5.1. Sous les conditions du Théorème 5.1 on aura:

(5.38) Yim n6( l - \ kn) =  ^-тг6(к6 - 5 k 4 + 4 k 2) ( H N , H n ) .n—*00 ’ 16
C o r o l l a ir e  5.2. Sous les conditions du Théorème 5.1 on aura:
i) lim n6\\Ln( f ; x )  — f(x)\ \C2̂  = 0 si et seulement si /(x ) est un

n —► OO

polynôme trigonométrique d ’ordre fí 2;
ii) ||Zn( / ;x )  — /(a;)||c = 0 (n -6) si et seulement si G Lip 1.
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C O N T IN U O U S F U N C T IO N S BY  
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F O U R IE R  SERIES

XIANLIANG SHI and QIYU SUN (Hangzhou)

1. Introduction

Let f ( x ) be a periodic continuous function with period 2я\ Denote by 
5fc(x) the Ar-th partial sum of its Fourier series. For any positive integer к 
and 0 < r < 1, let

4  '  71 =  0

Define the logarithmic means of order к of f(x)  by
/  1 \ -k  °o

4 * > U » =  К т т г ? )  £
'  '  n=k

For any modulus of continuity u{t) define
H[u>] = { f e C 2 v :u ( f ,6 ) iC u > (6 )} ,

where С?ж denotes the class of periodic continuous functions with period 2x 
and u ( f , 6 ) =  sup \ f ( x ' ) - f ( x ) \ .

\ x '—x \^ S
Recently, Mazhar considered the approximation problem by logarithmic 

means of order 1 and proved the following (see [1]).
T heorem  M. If  f ( x )  e H[u\, then

4 1}(Лx ) -/(* ) = о  j

Furthermore, there exists a function /o(x) £ H[u] such that
-1 n

/o(0) - i ( 1)(/o ,0) ^ c ( l o g r ^ 7 )  J  ^ f - d t .
1—r

In fact we proved this result much earlier. In [2] we obtained the 
following
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T h e o r e m  SI. L e t  f ( x )  e  C-i^ a n d  d e n o t e  <px ( t )  = f ( x  +  t )  +  f ( x  - t )  -  
— 2f ( x ) .  T h e n  w e  h a v e

w here  О  is  i n d e p e n d e n t  o f  f  a n d  r .

In [2], we also discussed the saturation problem. The saturation degree

In this paper we will establish an asymptotic expansion for logarithmic 
means and show that condition (i) above can be dropped. Furthermore, we 
generalize this result to logarithmic means of order k.

2. A sym ptotic expansion

T h e o r e m  1. For any f ( x ) G and positive integer k, the asymptotic 
expansion

4 ' 4 f ,  * ) - / ( * ) =  \(b g  j - ^ : )  ‘ /  <«+
1 —r

of the logarithmic means

determined by the following two conditions (see [2]):

saturation class is

Llk\ f , x ) - f ( x )  = • A f  dt+

holds where are some constants and A ^ } 2j = 0 (0 ^  j  ^  [f]) •
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P r o o f . W e  h a v e

(1) LÍk\ f , x ) - f ( x )  =

= О И /

= 0 ( Ц / ,  1 -  г ) )  + О w  (/, тг) l o g
1 — г +

2?r^o g T̂ :J  xl r 2 J=o

where

Notice that

Д = |1 -  reltI, 0  = arcsin
r sin t 

|1 — rel<| ’

Д2 = |l  — re'4!2 = (1 — r)2 + 4r sin2 = 4r sin2 (1 + —----^
2 2 \ 4r sin^

We get

(2) logA = llog (4r sin2 i() + ilog (l +
= iiog( w i « ) +o ( ( i ^ ) ) .

On the other hand we have 

(3) 0  =  arcsin r sin t

2 sin^ ' / i + W T

arcsin ( r 2 cos ] + О 1 — r t

= ( \ f ) + 0 ( i - r )  + 0

t J (1 — r) + i2

1 — r'
t
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Combining the estimates (1), (2) and (3), we get

Lik\ f , x ) - f ( x )  =

*  ( t o g  í z t ) l - r  - n  4  7j=0

+0(w( f ,  1 - r ) )  + 0  

Thus the proof of Theorem 1 is complete.

((,ogrb)
-k

3. Saturation class

Now we prove the following saturation theorem.
T h e o r e m  2 . Let f  e  C 2ir. Then

1) LÍk\ f , x )  -  f ( x ) = о ^ (tag TZ7  ̂ ^ (r -> 1 -  0) uniformly if and

only if f { x )  is a trigonometric polynomial of order ^  к — 1.
2) The following two assertions are equivalent:

(i) LÍk\ f , x )  -  / (* )  = 0  ^(log ^ (r -*• 1 -  0) uniformly;

(ii) lim £-♦+0 / ^ ( l 0g í) fc_1dí < c < + 00.

P r o o f . The proof of 1) is easy, so we omit the details here. Now we 
prove 2). By Theorem 1 it is sufficient to show that conditions (i) and (ii)

imply u>(/, 1 -  r) = О ^(log Y37) ^ independently.

Now we prove that condition (ii) implies u>(/, 1 -  r) = О ^ ^log ^

first. Let a^, bß be the Fourier coefficients of / .  Without loss of generality 
we may assume aß = bß = 0 when 0 ^  p й к — 1. Therefore for any small 
positive h > 0,

(4) <px(2h) = —4 ^  sin2 ph(aß cos px  + bß sin px) =
v=k

=  K l o g ^ )  /  [ л * + о - 4 * Л ( / » *  +  о ]  Ё  ; ^ r
sin2 ph  cos pt

dt.
^ = * + 1  £  L*,fc)( l  -  hY

v-k
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(5)
7Г

4 ‘>(/. * ) - / ( * ) -  7— Ц - i  /
( lQg  l b )  e ( l - r )

y>»(0 M  /  i \ k—2j—l
dt <

^ s u ( f , l - r )  +  Ce(\og l ^ j  k + Ce( l - r ) ~ k j  ^ ( l o g ^  'd t
e ( X - r )

where e is a given small positive number. Therefore by (5) and condition
(ii), (4) reduces to

7Г

M 2/l)| ^ J Е Ы1 
LL  —  1

sin2 /х/l COS fit

^=fc+i E
i /= k

dt x

x|2£u;(/,fc)(log£) + C ' h J2 Ц / , 0 Л i 4 fc_1log -  ) d<+

•*т»Г4

We claim that

( 6)
sin2 /j,h cos

о !/•=*+! £  Xlfe)(l -  Л)"
i / = k

dt
* с ° Ы )

—  к

Assume for a moment th a t (6) holds true, then we get

|<^x(2/i)| ^  2C0£ u( f ,  h) + c ^log 0  + ch ^log ^  •

7^ K )  л+с(1о4 ) / ^ ( iost) *
A cia  M a th e m a tic a l H u n g a r ia n  6 3 , 1 9 9 4
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and by £ = 4̂ ,  we get

(7) u(f,h) й c(l°ĝ ) +c/l(logl) / ^ ( log7) dt+
h

+ c ( i o g s )  / ^ O 0 8 ? )  d t

Denote

9m{t) = <*>(/, i) ( l°g T ) and Mm = sup 0m(i)V */ 0<i î
for 0 ^  m ^  A:. Therefore we have that the right side of (7) is

dt-\-

+С(‘° Ч )  у  í™ i( i° g l)
k—3—m + l

dt <

-fc

+ c ( log — ) Mm-\

and Mm й  C M m-\  + C for 1 й m й к. Hence

u > V , t ) ü ( C  + C M o ) ( \o g j

holds. Therefore the problem is reduced to prove (6). Before we start 
to prove (6 ), we will use the following estimate about the coefficient of

v—k

(log ц)к, when Ц < i ,  
(log £ ) \  when b

L(k) ~ M X(log/i)fc 1
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and

|4 *’ - 4 «| s
where A  ~  В  means С l A ^  В  ^  CA for some absolute constant C. 
Therefore for —2h < t < 5h we have

E irr cos //t

ß=k+l £  £(fc)( 1 _  h) 
к

S  E
ß=k+l

|sin(/r + | ) t [  i A p j l - h y  
Isin ;Ы /М-1

( Y  LÍk\ l - h ) ^

-  < 2 =

/
<  C

\
E + E

V < i

| s i n ( / i + i ) t |  L y ( l - h )(*),

(E rf>
\i/=fc

= 1 + 11.
(1 - h )1

We see

I =c E - лг (534+1 - *r) s

S c 5 2 ( l o g / . ) t - 1 ( l o g (1) - “ +  5 3  ( l o g f, ) * - 1( l - i . r ( l o g l ' )  £

- S I  !<"<!

S c f t - ^ b g i )  .

On the other hand, we have

( 1 \
log1) £

-  7  ( lOE T, ) ]  e x p ( i / l ° g ( l  -  h))du  £  ch~x
- fc- 1

Hence for 0 < t < 3h, we get

(8) E iT COS fit 

r(k) ly , -  h Yu=k

Ú ch 1
— к—1
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Now, let us s ta r t to prove (6). By (8) we have for 0 < t < 3h,

sin2 fih cos ntE OlJ

n=k+i £  й к)(1 -  h f

< E ^ r
COS nt

*•>* £ LÍk\ l - h y
+

cos n(t +  2 h)E UJ
1  / jL \

">* £  4  }(1 -  ^У
к

Scft-̂ ogi)

<

+
cos /x(< -  2h)

-fc-i

For < > 3/i, by using Abel transform we get

sin2 fih cos fitE SI]

»>k E 4  41 - Л)"
к

= (e  + E + e W ^ —
'-<!■ í£ -< í » i t '  ' е Л - » Г

к

sin (/г + I) t
sin | í

1 / sin (/i + I)  (t + 2h) sin (ц + I) (t -  2 h ) \  )
2 у sin t +  2h) sin l( í  -  2/i) J  J

= Ej + Ез + Ез’
where Д(ад) = aß -  aß+i. We see that

I E j  I = c  E ^ 1̂ ) * ' 1̂ ) " 2**/*-1  ̂c r 2(l o §7) h>
M<7

lE2l = C E /2-1(1о8/х)̂_1(1оёА‘)_2/СМ-1  ̂ct-1 [logM 
2 v

By using Abel transform again to Ез> we see that

— A: —1

E31 = c t~2 E
( \

1

t L Í k)( l - h y
<
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S rf_2 E |4 *’ '  4 «| 0 - hT ■ (>°e i) 2t+

+ cl_2 E ii’(1 - h T  -h(log 1^  “ +
^7T

4 ° u  -  л г  ( 4 ^ ( i  -  h y +i + 4 ^ 2(i -  / i r +2)
+CÍ- 2 £

(log£)3*
- к - 1

<

S e i - 2*  ( to g  I )

Therefore for t > 3/i, we have 

sin2 /t/г cos /zi
(9) Е Ы11 

Д - 1
^  Y. 4 fc)(l -  h y

к

s  e h r 2 ( log ^  +  e r 1 flog i ]  X +

, +cr 2/ . ( l o g i )  

Taking (8) and (9) into (6), we get
7Г

sin2 fih cos /ntsin
4-r ^  4 fe)(i - h ) “

i /= k

- J f c - 1

5/ i

dt ^  c J  h 1 ^log ^  <fi+

+ C / ( f c r 2( l o g i )
— A:— 1

+ < - | l o g i
- f c - T

dt <: c ( lo g -

Hence (6) holds and condition (ii) implies u ( f ,  t) = 0  ((log j-) ^  . Simi

larly we can prove that condition (i) implies u ( f ,  t) = 0  ((log I ) - *) - There
fore the proof of Theorem 2 is completed by the asymptotic expansion of
4 fc)( y » -  /(*)■
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SOM E RESULTS ON C O M M U TA TIV ITY  A N D  
A N T I-C O M M U T A T IV IT Y  IN RING S

H. E. BELL* (St. Catharines)

Let R  denote an arbitrary ring. For each x ,y  £ R, denote the anti
commutator xy -f yx by x о у ; and define the anti-center Z  by

Z = { x £ R \ x o y  = 0 for all у £ R}.

Call R  anti-commutative if Z = R.
Motivated by recent commutativity and anti-commutativity results for 

rings in which anti-commutators satisfy certain power constraints [3,6,8], 
we study rings satisfying constraints defined in terms of Z. Our results are 
analogues of well-known commutativity theorems.

As usual, we shall denote by [x, y] the commutator x y - y x , and by Z  the 
center of R. The symbols A, J(R)  and C(R)  will denote respectively the 
set of nilpotent elements, the Jacobson radical and the commutator ideal; 
and for S Q R, ^.(5) will denote the two-sided annihilator of S. The ring 
of integers will be indicated by Z.

1. A n anti-com m utativity theorem

Our first result is a direct analogue of a theorem of Putcha, Wilson, and 
Yaqub [7].

T h e o r e m  1. Suppose that for each x ,y  £ R, there exists w = w(x,y )  £ 
£ Z such that (x о y)2w — x о y. Then R is anti-commutative.

P r o o f . Call a ring R  satisfying our hypotheses a p-ring. Note tha t, by 
a standard argument, idempotents must lie in Z.

We employ the Jacobson structure theory, assuming first that R  is a 
division ring. Let x , y  £ R  and choose w £ Z  such that

(1) (x о y)2w = x о y.

* S u p p o rted  by th e  N a tu ra l Sciences an d  Engineering R esearch Council o f C an ad a , 

G ran t No. A3961.
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It follows that ((ж о y)w)2 =  —(ж о y)w, so that —(ж о y)w is idempotent 
and (ж о y)w £ Z.  Thus for all z £ R, (ж о y)wz  = z(x о y)w, hence wz(x о 
о у) = —w(xoy)z.  If го = 0, then хоу  = 0 by (1); otherwise z(xoy)  = - ( г о  
оy)z,  in which case xoy  £ Z.  Thus, xoy £ Z  for all ж, у £ R. Now if и £ Z,  
we get и о 1 =  2u = 0; thus, if char R ф 2, Z  = {0}, and ж о у — 0 for all 
ж, y  £ R. On the other hand, if char R = 2, x о у — [x,y] and Z  — Z\ hence 
[x,y] £ Z  for all x , y  £ R  — a condition known to imply commutativity in 
division rings. Since commutativity and anti-commutativity are the same 
in characteristic 2, p-division rings are always anti-commutative.

The primitive case reduces as usual to studying 2x2  matrices; and since

ж = 0 1 
0 0 and у = 1 0 

0 0 do not satisfy our hypotheses, all primitive p-

rings are division rings, hence all semi-simple p-rings are anti-commutative.
Now suppose R  is a p-ring with J(R) Ф {0}. Then R / J (R )  is anti- 

commutative, so for any x ,y  £ R  we have ж о у £ J(R).  Choosing w £ Z 
such that (ж о y)2w = xoy ,  we see that —(xoy)w  is an idempotent in J(R).  
Thus (ж о y)w =  0 and x о у = 0.

2. An analogue o f a theorem  of Herstein

A deep theorem of Herstein [4] reads as follows:
THEOREM H. Let R be a ring such that for each x £ R, there exists 

p(t) £ Z[t\ for which x — ж2р(ж) £ Z. Then R  is commutative.
Our second theorem, which is our main theorem, has a similar hypothesis 

involving the anti-center.
T h e o r e m  2 . If  the ring R  has the property that

(t)
for each x £ R there exists p{t) £ Z[t] 
such that x — x 2p(x) £ Z ,

then R is a subdirect product of commutative and anti-commutative rings.

P r o o f . Let R  be an arbitrary ring satisfying ( j ) .  Since Z  is an additive 
subgroup of R , for each ж £ R  we get polynomials q(t) of arbitrarily high 
co-degree such that ж — q(x) £ Z\ and it is immediate that N Q Z. It is now 
easy to show that N  is an ideal; and a standard structure theorem shows 
that Ц is a subdirect product of rings without zero divisors, each satisfying

Assume, then, that R  satisfies (f) and has no zero divisors. If Z ф {0}, 
let 0 ф z £ Z  and и £ Z.  Then zu — uz — —uz, so 2uz — 0 = 2u\ hence
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Z Q Z  and R is commutative by Theorem H. On the other hand, if Z — {0}, 
noting that u2 G Z  for each и G Z  shows that for each x G R  we have p(t) G
G Z[f] for which (x -  x2p(x))2 G Z = {0}; thus x -  x2p(x) = 0 and R  is 
again commutative by Theorem H.

Returning to the case of arbitrary R with (f), we now have ^  com
mutative, so that C(R) Q N  C Z. Hence for each x ,y  G R  we have 
(xy — yx)x -f x(xy  — yx) = 0, so that

(2) x2 G Z  for all x G R 

and

(3) x о у G Z  for all x, у G R-

Taking p(t) G Z[t] for which x — x 2p(x) G Z and using (2), we get xy  + yx = 
= x 2p(x)y + yx2p(x)  = x2p(x)y +  x2yp(x) for all у G R; and it follows at 
once that R is 0-commutative (i.e. xy = 0 implies yx = 0).

We can write R  as a subdirect product of subdirectly irreducible rings 
with (f); thus, we assume henceforth that R  is subdirectly irreducible, and 
proceed to show that R is either commutative or anti-commutative. We 
make use of the following lemmas.

L emma 1 [1, Lemma 2]. Let R  be a subdirectly irreducible 0-commuta- 
tive ring with heart H , and let D be the set of zero divisors of R. Then 
D = A(H).

LEMMA 2.  Let R  be a ring satisfying ( f )  and having at least one element 
which is not a zero divisor. Then Z  C Z.

P r o o f . Let и G Z, and let x be an element of R which is not a zero 
divisor. Then by (2), x2u — и х 2 = 0. On the other hand, since и £ Z, 
x 2u +  их2 = 0; hence 2x2u = 0 = 2u, and и G Z .

L emma 3. Let R be any ring satisfying ( |) . If x ,w  G R and x(xw  + 
-|- т е )  = 0, then xw  + wx = 0.

P r o o f . Choose p(t) G Z[t] for which x — x2p(x) G Z , and write 
p(t) =  g(t2) + th(t2). Then

(4) xy  + yx — x2g(x2)y -f yx2g(x2) ■+- x3h(x2)y + yx3h(x2) for all у G Ä; 

and since x2 G Z,  we have

(5) xy + yx = 2x2g(x2)y + x 2h(x2)(xy + yx)  for all у G R- 

Since x(xw + wx) — 0, left-multiplying (5) by x and taking у — w gives

(6) 2x3g(x2)w = 0.
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Taking у = х  in (5) gives 2a:2 =  2 x 3g ( x 2) + 2 x 4h ( x 2); thus (5) and (6) yield 
x w  + w x  = 2 x 2g ( x 2 ) w  = (2x3gi(a:2) + 2x4h(x2))g(x3)w = 0.

C o m p l e t io n  o f  P r o o f  o f  T h eo r em  2. If R  has an element which 
is not a zero divisor, then Lemma 2 and Theorem H imply that R is 
commutative. Thus assume that R = D, in which case R = A ( H ) by 
Lemma 1. Suppose that there exist a,b E R  with a о 6 ф 0. Then, by (3) 
and Lemma 3, (a о b)R is a nonzero two-sided ideal; hence H Q (a о b)R. 
Let 0 ф h E H , so that h = (a о b)r for some r E R. Since ah = 0, we get 
a(a о 6)r = 0; and applying Lemma 3 to the ring gives (a о b)r = 0 — 
a contradiction. Therefore, R  is anti-commutative.

3. Two theorem s on periodic rings

Our final two theorems deal with periodic rings. The first generalizes 
Herstein’s theorem ([5], [2, Theorem 2]) that a periodic ring with N  Q Z 
must be commutative; the second extends a result of the author [2, Theorem 
3].

T h e o r e m  3. If  R is a periodic ring with N  Q Z \J Z, then R is a 
subdirect product of commutative rings and anti-commutative rings. Hence, 
x 2 E  Z for all x E  R.

P r o o f . For u ,v  E N, uv = ±те; therefore, N  is an additive subgroup 
of R. Since N  is the union of the subgroups N П Z  and N П Z,  we see that 
N  Q Z  or N  Q Z.  In the first case R  is commutative by Herstein’s result. 
In the second, since for each x E R  there exists n > 1 for which x — x n E N 
[2,(P2)b the conclusion follows by Theorem 2.

T h e o r e m  4 . Let R be a periodic ring, and suppose that for each x E 
E  R  and и E  N ,  there either exists n > 1 for which [x,u]n = [z,u] or there 
exists m  > 1 for which (x о u)m =  x о и. Then R  is a subdirect product of 
commutative rings and anti-commutative rings.

P r o o f . For each и E  N  and x E R, их = 0 if and only if xu — 0; and 
it follows as in the proof of [2, Theorem 3] that N  is an ideal. Thus, for 
each и E  N  and x E R, x о и and [x,u] are in N,  so that x о и = 0 or 
[x, u] = 0. By appealing to the fact that a group cannot be the union of two 
proper subgroups, we conclude that N  ^  Z  U Z\ and the theorem follows 
from Theorem 3.

Acknowledgem ent. I wish to thank Franco Guerriero, who served as 
a research assistant on this project.
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A  FLEXIBLE M IN IM A X  TH EO REM
S. SIMONS (Santa Barbara)

Dedicated to Professor Heinz König

Introduction

The purpose of this paper is to unify a number of minimax theorems 
that use hypotheses that are superficially very different.

The important role of connectedness in minimax theorems was first 
noted by Wu [29], followed by Tuy [27,28], who was able to generalize Sion’s 
minimax theorem [24]. Based on Joó’s result [8], Stachó [25] and Komornik 
[16] proved minimax theorems for “interval spaces”. These results were 
unified by Kindler-Trost [12].

Minimax conditions that use algebraic conditions were considered by 
Fan [1], König [17], Neumann [19], Irle [7], Lin-Quan [18], Kindler [11] and 
Simons [20].

Minimax theorems that mix both connectedness and algebraic condi
tions were considered by Terkelsen [26], Geraghty-Lin [2,4,5], Kindler [11] 
and Simons [21].

Kindler [11] was the first to observe that the algebraic conditions force 
conditions akin to connectedness.

In this paper, we give results that unify all the ideas mentioned above, 
as well as other ideas due to Ha [6] and Simons [22,23].

The basic minimax theorem is Theorem 1 which has a simple proof using 
a compactness condition (1.1), a condition on Y , (1.2) and a condition on 
X,  (1-3).

There are obvious topological situations in which (1.2) holds — see (8.2). 
Lemma 2 gives a set-theoretic situation in which (1.2) holds — in Remarks 3, 
we show tha t, to within £, Lemma 2 encompasses all the algebraic situations 
mentioned above.

Lemmas 4 and 5 give topological situations (which will require that X  
be an interval space) in which (1.3) holds. Lemma 6 gives a set-theoretic 
situation in which (1.3) holds — in Remarks 7, we show that, to within z 
again, Lemma 6 encompasses all the algebraic situations mentioned above.

The reader will undoubtedly notice the similarity between the hypothe
ses (2.2) and (6.1). In Remarks 7, we give a common result from which both
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Lemma 2 and Lemma 6 can be derived. (We have not used this in the text 
for clarity of exposition.)

Let X  and Y  be nonempty sets and f  : X  x Y  —* R. If 7 6 R we define 
multifunctions from X  into 2Y and [7" from Y  into 2X by

V z e X ,  _7 |z := {у : у G Y, f ( x , y )  ^  7 }

and
Vj/ б У ,  \ i y  := {x : x G X,  f{x ,y )  > 7 } .

For convenience, we write L E ( W ,7) for p| tJiu.
w £ W

The author would like to thank Professor Jürgen Kindler for an interest
ing discussion on minimax theorems and for suggesting that he incorporate
[12] into an earlier version of this work.

T h e joining o f  sets and pseudoconnectedness

We say tha t sets #0 and H 1 are joined by a set H if

H  C H0 U # b  H  П Hq ф 0 and Я П Я ^ О .

We say tha t a family H  of sets is pseudoconnected if,

(0.1) Ho, Hi,  H G H and Ho and Hi joined by H =>• Но П Hi ф 0.

Any family of closed connected subsets of a topological space is pseu
doconnected. So also is any family of open connected subsets. In Lemma 2 
we give a situation related to minimax theorems in which a certain family 
of sets is automatically pseudoconnected.

T h e o r e m  1. Let Y  be a topological space, and В be a nonempty subset 
of К  such that inf В = sup inf / .  Suppose that, V /3 6 В and finite subsets

X Y
W  of X  (with the convention LE(4),ß) = Y),

(1.1) V1 6 L , J3jx is closed and compact,

( 1.2)

and,

(1.3)

{ ß x n L E ( W ,ß ) } x<ix is pseudoconnected

( Vxo, a:i £ X ,  G X such that 
\  J5jx0 and _/?jxi are joined by Ji^x П LE(W,ß).
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Then
min sup /  = sup inf /.

Y x  x  Y
P r o o f . Let ß  £ B. Let У be a nonempty finite subset of X .  We 

can write V — {xo,xi} U W. Let a: be as in (1.3). It follows that j3jxo П 
П LE(W,ß)  and _/3|xi П LE(W,ß) are joined by ^ J x  D LE{W,ß). From
(1.2) and (0.1), LE(V,ß) ф 0. The result follows from (1.1) and the finite 
intersection property.

Sufficient conditions for (1.2)

In our next result, W  does not necessarily have to be finite. 

Lemma 2. Let W  С X  and ß  £ R . Suppose that,

(2.1) V7 > ß and x £ X,  jyjx П LE(W,ß) is closed and compact,

and, whenever 6 > 7 , 3 N  ^  1 and 70, • • •, IN £ R  such that

' 7o =  6, IN = 7 and,
Vj/0, 2/1 e Y ,  3 y e Y such that, V n £  {1 ,

(2 .2 )  «
(2 .2 .1 ) V ü y  c 1 7 n -i Уо U [ ß y i ,

(2 .2 .2 ) [ъГу c [ ß y 0 U |7„_i г/ i ,
(2 .2 .3 ) \ J y  c [ ß y o  U [ ß y i ,

(2 .2 .4 ) [ b y  C [ S y o  U fTi/i.

Then

(1 .2 )
( i l

X  П LE (W ,ß)\
> xCiX

is pseudoconnected.

P r o o f . Suppose that the result fails. Then 3xo,X i,x £ X  such tha t, 
writing T  := J?Jx П L E (W ,ß),

(2.3) T  C _/3Jx0 U_/?Jxi,
( 2 .4 )  J x o n J x , n T  =  0,

and, for i = 0, 1,

(2.5) щ £ ß\Xj П T.
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From (2.1) and (2.4), З 7 > ß  such that

(2.6) _tJxo П j j z i  П T  = 0.

From (2.5) and (2.6), wo £ _т|ж1- Let 6 := f(x i,u p )  V / (x 0, ui) > 7 ,

Up := J3^xp П П T  Э up and U\ := aro П _ß_jx x Г\Т Э щ. 

Choose N  and 70, . . . , 7n  as in (2.2). Then, from (2.6),

U0 C = jtoJx i  and Up П 7 n  |x x =  Up П 7 |х г -  0.

Thus, ViG Uq, 3 !fifo(t) G {1, . . .  ,1V} such tha t

(2.7) g0( t ) Ú n <, N  => t and n = g0(t) => t G jTn-ij^i-

Similarly, Vi G t/i, 3 !fii(í) G {1 ,... ,1V) such that

ffi(i) й  n S  IV => t  £  J7njx0 and n =  fifi(í) =>• t G 7 n - i |2p.

We fix yi G ?/,• to  maximize fir,(г/,) and choose у G У as in (2.2). From (2.2.3), 
у £ T .  From (2.3), we can suppose without loss of generality that у G ß\xp. 
From (2.2.4) since yi G _i>Jxi, у G _5]хх. Thus у G Up. Let n gp(yp). 
From (2.7), y0 G _7n-iJ» i. Since t/i G U\, t/i G _^Jxx. From (2.2.1), у G 
G 7n |xi. From (2.7), n < go(y). This contradiction of the maximality of 
0о(2/о) completes the proof of the Lemma.

R e m a r k s  3. In the context of minimax theorems, various authors have 
introduced conditions that imply (2.2).

Inspired by a result of Fan [1], König [17] introduced the condition:

f Vi/0, 2/1 G Y, Бу  G Y suchthat,
[ í G l ^  f ( x , y )  S  [ / ( 2 , 2/0 ) +  / ( 2 , 2/1 )] / 2 .

(3.1) was weakened by Neumann [19], who also showed that it sufficed 
that his condition hold “to within e”. (See the discussion on Irle’s theorem 
below.)

Neumann’s condition was further weakened by Geraghty-Lin [2,4,5] and 
Lin-Quan [18], who introduced the condition:
(3.2)
J 3 s G (0,1) such that, V yp, 2/1 G Y, 3 у G Y  such that,
I 2 G X  => f ( x , y )  g  (1 -  s)  [ / ( 2 , 1/0) V f { x , y x)\ + s [ / ( 2 , 1/0) A f ( x , y ) ) \ .

(To see this take s 1/2).
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Simons [20] weakened (3.2) to the “penalty condition” :
(3.3)

' 3 a nondecreasing function ж : R + —*■ R + such that 
< A > 0 =>- 7r(A) > 0 and V yo, yx £ Y, 3 у £ Y  such that,
. X £ X  =► f ( x , y )  ^  f ( x t y0) V /(x ,y i)  - i r ( \ f ( x , y 0) -  f ( x , y x)\).

(To see this take 7t(A) := sX. Much smaller choices of ж are possible, for 
instance, тг(А) := е-1/л2).

Simons [20] weakened (3.3) to the “upward condition” :
(3.4)

!Vc > 0, 3 t? > 0 such that, V yo,yx £ Y, 3y  £ Y  such that, 
x e X  and \ f ( x , y 0) -  f ( x , y x)\ ^  e =» f ( x , y )  <: f { x , y 0) V f { x , y x) -  V 
and x £ X  => f ( x , y )  fi f ( x , yo)  V f { x , y x).

(To see this take rj := 7г(£).)
We now show that if ß  < 7 < 6 then (3.4) implies (2.2): We set 

e := 7 — /3, choose r) as in (3.4) and 70, . . . ,  7n  G [7 , tf] with 70 = 6, 7#  =  7 
and, Vn £ { 1 ,. . . ,  iV), 7n_i — 7n ^  rj. Let yo, yx £ Y  and choose у £ Y  as 
in (3.4). Suppose that f ( x , yo )  ^  7„_i and f ( x , y x) 5Í ß .  We distinguish 
two cases:

Case 1: f { x , y 0) ^  7 . Then f ( x , y )  ^ 7 V /3 = 7 ^ 7„.
Case £; f ( x , y 0) > 7 . Then f ( x , y 0) -  /(аз, 2/1) £ hence, from (3.4),

Л*,У) ^ 7 n - i  V ß  -  г] =  7 „ _ !  -  T) й  7 „ .

Thus f ( x , y 0) S  7 n - i  and f ( x , y x) ^  /3 =$► /(®,y) ^  7 „ ,  from which
(2.2.1) follows. We can prove similarly that (2.2.2) holds. Finally, f(- ,y)  ^  
^  / 0 , 3/0) V /0 ,? /i)) gives (2.2.3) and (2.2.4).

Irle [7] introduced the concept of an averaging function (a suitable real 
function defined on a suitable subset of R  X R) and considered a condition 
of the form:

f Ve > 0 and 1/0, 2/i <= Y, 3 у £ Y  such that, 
l *  e X  =► f { x , y ) ^  ¥>(/(*,Ito), / ( х,У!)) + £.

We see that, in common with the situation already described for Neumann’s 
result, it suffices that Irle’s condition hold “to within г” . However, if уз is a 
suitable averaging function or, more generally, mean function in the sense 
of Kindler [11] then

( Vy0,yx £ Y, 3y  £ Y  suchthat,
\  * £ X  => f ( x , y )  ^  <p(f(x, 2/0) ,  f (x ,  2/1) )

implies that (2.2) holds if ß < 7 < <5.
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Irle’s minimax theorem was generalized by Simons [22], however it com
plicates the proof immensely to have to deal with “to within e” conditions. 
In this paper, we shall follow the philosophy of Kindler [11] and not con
sider “to within e” conditions. We hope that this simplification will show 
the underlying structures more clearly.

Using the  same method of proof as that used in Lemma 2, one can 
establish the  following more general result:

L e m m a  2'. Let T  С У and /3,7 £ R  with /3 ^ 7 -  Suppose that, VÓ > 7 , 
3 N  l and  7 o ,... ,7  n  G R  such that 7o = 6, 7#  =  7 and V yo, У\ G T, 
3y  G T  such that, Vn £ { 1 , ( 2 . 2 . 1 ) ,  (2.2.2) and (2.2.4) hold. Let 
Xq, x\ £ X  and ß̂ XQ and J3^x\ be joined by T. Then

jyjzo П jyjxi П Т / 0.

Kindler [11] was the first to observe that there are conditions resem
bling connectedness tha t are automatic in certain minimax theorems. He 
defines two concepts, <p-connectedness and Г-connectedness and uses <p- con
nectedness to establish a general minimax theorem. We will not discuss 
«^-connectedness further since it involves a mean function p, and the phi
losophy of this paper is to  work as much as possible with the intrinsic prop
erties of X , У and /  and avoid additional functions. The precise definition 
of Г-connectedness is: i f  sup inf /  < /3 < 7 < 00, W  is a finite subset of

X Y
X, xo ,x i E X , and _/3Ja:o an(l are joined by L E (W ,/3), then jyjxo П
П jtJzi П LE(W , 7 ) ф 0. Thus Lemma 2' can be used to give a sufficient 
condition for Г-connectedness and, in fact, for a more general concept in 
which W  is not restricted to be finite.

Sufficient conditions for (1.3)

We suppose throughout this section that Z C Y .
Le m m a  4. Let X  be a topological space, /3 £ R , x q , x i  £ X , and C be 

a connected subset of X  such that

(4.1) С Э x0, x i and, S x  E C , ß\x  C ß\xp U ß \x \.

Suppose that

(4.2) V у E Z, {x  : x E C, f ( x , y) < /3} is open in C 

and

(4.3) Vx E С, 3 у E Z such that f ( x , y )  < ß.
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Then 3a; G X  such that

(4.4) _ß]xo and _/3Ja;i are joined by ß\x  П Z. 

P ro o f . We can suppose tha t

(4.5) _ßjx0 n ß ]  хг П 2  = 0,

for otherwise (4.4) follows with x := xo. For г = 0,1, let

(4.6) Ci := jx : x G C, J?jx П Z  С _/3Jx, J Э x,-. 

From (4.1) and (4.5),

(4.7) Ci =  {x :x  G C, ^ i n j x ! - ,  n Z  = 0} .

From (4.3), (4.5) and (4.6),

(4.8) Со П Ci -  0.

We can suppose that

(4.9) Co U Ci = C,

for if x G C \  (Co U Ci) then (4.4) follows from (4.1) and (4.7). Let x G C. 
We now prove that

(4.10) x G Со О  3 у G _ß]xo П Z such that f ( x , y ) < ß.

(=> ) If x G Co and у is as in (4.3) then у G _/?Jx П Z.  From (4.6), у G 
G _/?|a;o П Z,  as required. (<£= ) If у is as in the right-hand side of (4.10) then 
у G _/3Jxn_/3Jxon.Z. From (4.7), x ^  Ci. From (4.9) x G Co- This completes 
the proof of (4.10). From (4.2) and (4.10), Co is open in C. Similarly, Ci 
is open in C. Then (4.8) and (4.9) contradict the connectedness of C. This 
contradiction completes the proof of the Lemma.

L emma 5. Let X  be a topological space, ß G R, a;o,Xi G X , and C be 
a connected subset o f X  such that

(4.1) 

Let Y

(5.1)

С Э xo, xi and, V xG C , ß \x  C /?|xpU ß \x \. 

be a compact topological space,

{(x ,y ) : x G С, у G Z, f ( x , y )  й ß} be closed in С x Y,
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and

(5.2) Vx e c, J3]xn Z f  0.

Then Эх G X  such that

(4.4) _/?Jxo and _ßjxi are joined by ß \x  П Z.

P r o o f . Even though (5.2) is weaker than (4.3), we can proceed as in 
the proof of Lemma 4 up to (4.9). Instead of (4.10), we have: Vx G C,

(5.3) x G Co 3 ?/ G _/?jxo П Z such that f { x , y )  ^  ß.

Let xx be a net of elements of Co,x G C and x \  —+ x. From (5.3),

3 2/A e _/3Jx0 П Z su ch th a t f ( x \ , y \ ) ^ ß .

Since Y  is compact, by passing to an appropriate subnet, we can suppose 
that 3 y  G Y such that yx -*■ y. Then (xA,j/A) -+ (x ,y) and (x0,j/A) -> 

(x0,y).  From (5.1), у G Z,  f ( x , y )  ^  ß  and f { x 0, y ) ^  ß. From (5.3), 
x G Co- Thus Co is closed in C. Similarly, Ci is closed in C. Then (4.8) 
and (4.9) contradict the connectedness of C. This contradiction completes 
the proof of the Lemma.

L emma 6 . Let a ,  ß  E R  and a < ß. Suppose that, V£ < a , 3 iV ^  1 

and oto, . . . ,  a n ^  ß such that

a0 - С, адг = a and,
V to ,ti & X , 3 x G X  such that, V n G {1,. . . ,  N },

(6 .1 .1 ) OLn j % C 6Xn— 1 1 U
(6 .1 .2 ) OLn\x C ß\to и an- i | i i ,
(6.1.3) ß]x C ß]t0 ö ß j h ,
(6.1.4) c]x c  _CJt0 и _c|h .

Suppose that

(6.2) V x G X , _ajx n Z / | ,

Let

(6.3) xq, xi G X , inf f ( xo ,Z)  > —oo and in f / (x i ,Z )  > —oo.

Then 3x G X  such that

(4.4) _ßjxo and _/3|xi are joined by ß \x  П Z.
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P r o o f . From (6.3), we can choose £ £ R  such that _CJxo П Z = _Cjxi П 
П Z = 0. From (6.2), (  < a. Let N ^  1 and ao. . . , apj  satisfy (6.1). If 
t £ X  and j j i  П Z = 0 then, from (6.2),

Qo| t n Z = ( ] t n Z  = <b and a N |t П Z = aj t  П Z  ф 0.

Thus 3 ! g{t) £ ( 1 , . . . ,  N }  such that

(6.4) g(t) n ^  otn 11 П 2 / 0  and n — g(t) =>■ ctn_i | t П Z = 0.

For i = 0,1 let [/,- := j i  : t £ X ,  _£|i П Z — 0, j3jí П Z C _/?J x,-j Э ж,.
We fix ti £ Ui to maximize g{ti) and choose x  G X to satisfy (6.1.1)-(6.1.4). 
From (6.1.4),

(6.5) _CJxnZ = 0.

From (6.1.3), ^ x D Z  C ( ß\tg  П z'j U ( ß \t\  П Ẑ j . Since <, G Ui,

(6.6) ß \x  П Z  C /3|хр U /3[x i.

We next prove that

(6.7) _ d J x n J x i n Z ^ 0 .

If x ^ C/o then, from (6.5), _/3jx П Z (f _^Jxo and (6.7) follows from (6.6). If, 
on the other hand, x G I7o we set n := g(to). From the assumed maximality 
of fir(io), g{x) ^  n. From (6.4),

gn |x П Z -ф 0 and gn_i | tp П Z = 0.

From (6.1.1), Qn |x f lZ  / 0 .  (6.7) follows since a n ^  ß  and t\ £ U\.
This completes the proof of (6.7). We can prove similarly th a t /3|хП /?|х0 П 
П Z ф 0. The result follows from (6.6).

R emarks 7. The numbering of the statements in these remarks is 
chosen to correspond with the numbering of the statements in Remarks 3. 
The credits are identical.

[ V to,t\ £ X , Эх £ X  such that,
I У £ Y  => f ( x , y ) ^  [f{t0,y) + f { t i,y)]/2

implies

J  3 s G (0,1) such that, V<o, h £ X , 3x  G X  such that,
7' U G h ^  f ( x , y )  ^  (1 -  s)[(t0,y) V f ( t i , y ) \  + s[f(t0,y)  A f (h,y)]
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which implies

13 a nondecreasing function n : R + —* R + such that A > 0  =» ir(A) > 0

and V ío^i G X , 3x E X  such that,
У € Y  => f ( x , y ) ^  f ( t 0,y) A f ( h , y )  +  jt( | f ( t 0,y)  -  f ( t i , y ) \ )

which implies
(7.4){Ve > 0, 3 77 > 0 such that, V to, fi G X ,  3 x E X  such that,

У E Y  a n d \ f ( t0, y ) -  / (< i ,y ) |  ^ £ =► f ( x , y ) ^ f ( t 0, y ) h f ( t i , y )  +  t? 
and у E Y  => f ( x , y ) ^  f ( t 0,y)  A f ( h , y )

which implies that (6.1) holds if £ < a < ß. If p  is a suitable averaging or 
mean function

j  Vto , t \  E X ,  Зх E X  such that,
1 2/ G Y  => f { x , y )  ^ <p(f(t0, y ) , f ( t i , y ) )

also implies that (6.1) holds if £ < a < ß.
The following more abstract result can be used to prove both Lemma 

2 and Lemma 6. Let U and V be nonempty sets, В : U —>► 2V, and V n E
E ( 1 , . . . ,  N } ,  D n : U —*■ 2V . Let Do — 0. Suppose that,

Vto, t \  E U, 3 и E U such that, Vn E { 1 , . . . ,  N},
D n- \ to  =  0 and Bu  П B t \  =  0 => D nu =  0,
D n- \ t \  — 0 and Bu  П Bto =  0 =>• D nu =  0,

and Bu  C -Bio U Bt\ .

Suppose also that { B u } ueU is pseudoconnected and, V и E U, D ^ u  ф 0. 
Then Vuo, ui E U, B uq П В щ  ^ 0.

We note, finally, tha t (4.l) automatically holds if, V у £ Y , f ( - , y)  is 
quasiconcave in the sense of interval spaces.

A pp lications o f  Theorem  1

For Theorems 8 and 9, we suppose that У is a topological space, В is a
nonempty subset of R, inf В = sup inf /  and, V ß E B,

X  Y

(8.1) Vx E X ,  J3jx is nonempty, closed and compact,
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and either

(8.2) V nonempty finite subsets У of X, LE{V,ß)  is connected

or

(8.3)
> 7 > ß  and x £ X,  jyjx is closed and 

3 N  ^  1 and 7o ,. . .  , 7лг G R  such that (2.2) holds.

(The choice can depend on ß.) We point out that the “nonempty” as
sumption in (8.1) automatically holds if either, V ß  £ B, ß > sup inf /  or,

x  Y
Vx £ X ,  min f ( x , Y ) exists.

T h e o r e m  8 . Let Y  be compact, X  be a topological space and, V ß £ В 
and xq, x \ £ X ,  3 a connected subset C of X  such that

(4.1)

and

Then

С Э xo, x\ and, Vx € C, J3jx C _^Jxo U ß\x\ 

{(x, y) : x G С, у £ У, / (x , у) й ß} is closed in C x Y .

min sup /  = sup inf /. 
Y X X Y

P r o o f . Let ß £ В. By assumption, (1.1) holds and, from Lemma 2 if 
necessary, if W  is finite then (1.2) holds. From Lemma 5 with Z Y ,

if W  = 0 then (1.3) holds.

Now suppose that n ^  1 and

if card W  ^  n — 1 then (1.3) holds.

From the proof of Theorem 1, if card V  ^  n + 1 then LE(V,ß) ± 0. Thus 

if card W  ^  n and Z  = LE{W,ß)  then (5.2) holds.

From Lemma 5,
if card W  ^  n then (1.3) holds.

Thus we have proved by induction that

if W  is finite then (1.3) holds.

The result follows from Theorem 1.
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T h e o r e m  9. Suppose that either

' V ß G В, ß > sup inf / ,  X  is a topological space and,
X  Y

^  ( Vxo,xj G X,  3 a connected subset C o f  X
such that (4.1) holds and 
V у G У, {x : x G C, f ( x ,y )  < ß}  is open in C. 

or,

{V /3 G B, ß > sup inf / ,
X  Y

V £ < a  < ß, 3 IV ^  1 and a o , . . . ,  a;v Ú ß such that (6.1) holds 
a n d ' i x  G X,  inf f ( x , Y ) > —oo.

Then
min sup /  = sup inf / .

Y  x  x  Y

P r o o f . By assumption, V/3 G B, (1.1) holds and, from Lemma 2 if 
necessary, if W  is finite then (1.2) holds. From Lemma 4 or Lemma 6 with 
Z — у

if ß G В and W = 0 then (1.3) holds.
Now suppose that n ^  1 and

if ß G В and card W  < n — 1 then (1.3) holds.

If ß G B, we choose a  G В such that a < ß. From the proof of Theorem 1 
with ß replaced by a , if card V  Ú n +  1 then LE (V ,a ) ф 0. Thus

if ß G B,  card W  ^  n and Z = LE(W,ß)  then (4.3) and (6.2) hold.

From Lemma 4 or Lemma 6,

if ß G В and card W  ^ n then (1.3) holds.

Thus we have proved by induction that

if ß £ В and W  is finite then (1.3) holds.

The result follows from Theorem 1.
R e m a r k s  10. The minimax theorems referred to in the introduction 

that depend only on connectedness follow from either Theorem 8-(8.2) or 
Theorem 9-(8.2, 9.1). Those th a t depend on algebraic conditions, and their 
set-theoretic generalizations follow from Theorem 9-(8.3, 9.2). Those that 
mix algebraic conditions and connectedness follow from Theorem 9-(8.2, 
9.2). Theorem 8-(8.3) and Theorem 9-(8.3, 9.1) give new results. We 
remark, finally, that in Theorem 8 and Theorem 9—(9.1), C  can depend on
ß.
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0. In tro d u c tio n

We begin this paper with some notations:
i) The symbol V (resp. Л) stands for the maximum (resp. the mini

mum).
ii) x (B)  will denote the characteristic function of the set B.

iii) R  = (-oo,oo), R+ = [0,oo), R  = R u { —oo,oo}, R+ = R + U {oo}.
Convention: 0 • oo = 0.
Let ( il ,F )  be any measurable space, i.e. Í) is a nonempty set and T  a 

(7-algebra of subsets of ÍI.
From now on measurable sets will be called events as in probability 

theory. The complement of an event В  will be denoted by B ' .

D efinition  0.1. A set function p : T  —*• [0,1] will be called the optimal 
measure if it satisfies the following properties:

P I. p(0) = 0 and p(fi) = 1.
P2. p is F-additive, i.e. p(B U E)  = p(B) V p(F ) for all В and E E T . 
P3. p is continuous from above, i.e. p ( П En ) =  lim p(En) whenever

\n=1 J n —►OO
(En) С T  is a decreasing sequence.

The triple ( ii ,F ,p )  will be referred to as the optimal measure space. 
For all events В  and C ,  with В  С C,  the identity

(0.1) p(C \  В ) = p(C) -  p(B) + p(C \  В ) Л  P(B)

holds, and especially

(0.2) р (в ')  = 1 -  p(B) + p { b ) v p(B'), в  e T .

In fact it is obvious, via the F-additivity of p, that

p(B)  +  p(C \  В ) = p(B)  V p(C \  В ) +  p(B)  A  p(C \  В ) =  
=  p(C) +  p ( B ) A p ( C \ B ) .
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LEMMA 0.1. Let (B n) С T  be any sequence tending increasingly to an 
event B, and p an optimal measure. Then

P4. p(B)  = lim p(Bn).n— ► OO

P r o o f . The lemma will be proved if we show that for some no ^  1, 
p(B) = p(Bn) whenever n ^  no- Assume that for all n ^  1, p(B) /  
Ф p(Bn), which is equivalent to p(Bn) < p(B),  for all n ^  1. This inequality 
however implies that p(B) = p(B \  B n) for each n ^  1. But since (В \  Bn) 
tends decreasingly to 0 as n —► oo, we must have that p(B) = 0, which is 
impossible. This contradiction allows us to conclude on the validity of the 
lemma.

It is clear that p is monotonic and ст-subadditive. Let us point out that 
in fuzzy sets theory, set functions satisfying properties P l, P2 and P4 are 
called possibility measures. (For more about these functions, see [3,5,6].)

The following examples of optimal measure have been provided by Prof.
M. Laczkovich to whom I would like to express my gratitude for his advices 
and helpful assistance.

Exa m ple  0.1. i) Let fl be a nonempty set, (x n) C ÍÍ be afixed sequence, 
T  a e-algebra of ÍÍ and (a n) C [0,1], a n i  0, a given sequence. The function 
p : T  —* [0,1], defined by p(B)  = max{a„ : xn G B}  is an optimal measure.

ii) We remark that if Q = [0,1] and T  is a cr-algebra of [0,1] containing 
the Borel sets, then every optimal measure defined on T  can be obtained 
as in i). In fact we first prove that if В  (E T  and p(B) — c > 0, then there 
is an x G В , p({a:}) = c. Let us show that there exists a nested sequence of 
intervals

/о Э h  Э h  D . . .  such that |/n | = 2“”
and p(B  П /„ ) = c, for every n = 0 ,1 ,2 ,...  . Let I0 = [0,1]. If /„  has been 
defined then let = E  U H where E  and H are non-overlapping intervals 
with \E\ =  \H\ — 2- ("+1). Obviously, we may choose In+i — E  or H. By
the continuity from above we have p  ̂ П / п)^ = c > 0. In particular,

В  П (  П In] ф 0. This implies that В П ( П /„ ) = {r} and p({z}) = c.
Fix c > 0. Then the set {x : p({x}) ^  c} is finite. Assume that there is 
an infinite sequence (ж*.) C [0,1] such that p({x*.}) ^  c. Thus denoting
Bk = {xfc, жд._)_1,. . .} ,  it is clear that П Bk = 0; but this contradicts the 

k=l
fact that p(Bk)  ^  c. Consequently the set En = {ж :р({ж}) ^  js finite 
for ah n ^  1. Hence there is a sequence (ж„) C [0,1] such that р({ж„}) J, 0 
and every point ж with p({x}) > 0 is contained in (ж„). Therefore for all 
В  G  T , p(B) =  тах{р({ж п}) :  x n E B)  which is just the above optimal
measure.

EXAMPLE 0.2. Let ( f l ,E)  be a measurable space. Clearly if po : E  —► 
—> {0,1 }  is a cr-additive measure, then po(BliC) =  po(B)+po(C)  = po(B)\/
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V Po(C) for all В  and C E T . Hence po is an optimal measure. One can 
easily show that po is the only set function which is at the same time a 
(T-additive and optimal measure.

R e m a r k  0 .1 . The collection M  = {B  E T  : p(B) < p(il)} is a <7-ideal, 
whenever p is an optimal measure.

In comparison with the mathematical expectation, we shall define a 
non-linear functional which may provide us with many well-known results 
in probability theory. Their proofs are carried out the same way as in 
probability theory.

1. Optimal average o f nonnegative measurable 
simple functions

71

Let s = ^2 bix(Bi) be an arbitrary nonnegative measurable simple 
i=i

function, where (f?i)"=1 С T  is a partition of ÍÍ. Denote by 1 =

D e f in it io n  1.1. The quantity I(s)  =  V 6,р(5,) will be referred to as
1 =  1

the “optimal average” of s, and for В  E T

IB(s) := I (sX(B)) = V biP(Bt П В )t = l

as the optimal average of í  on 5 .
It is well-known that in general a measurable simple function has many 

decompositions. The question thus arises whether or not the optimal av
erage depends on the decomposition of the simple function. The following 
result gives a satisfactory answer.

n  m
T h e o r e m  1.0. Let ^ b ix (B i)  and Ckx{Ck) be two decompositions

i=l k=l
of a measurable simple function s ^  0, where (5 i)”_1 and (С )̂™=1 С T  are 
partitions o f ÍI. Then

П 771

V b,p(Bi) = V Chp(Cic).t=l k=1

m n
P r o o f . Since 5 , = U (В{С\Ск) and Ck — U (B{C\Ck), the F-additivity fc=i i=i

of p implies that

771 П
p(Bi) = V p{Bi П Ck) and p(Ck) = V p{Bi П Ck).k=l t=l
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Thus
m m n
V ckp(Ck) =  V V {ckp ( B t nCk)},

к = 1 A:=l г=1

and
n  n  m
V bip(Bi) =  V V {6 lP ( J 9 ,n C * ) } .

t=l t= l k—1

Clearly, if Bi П Ck Ф 0 then 6, =  c .̂ If /?, П Ck = 0 then p(-8 ; П Ct) =  0. 
Thus by the associativity and commutativity, we have that

n  m
V bip(Bi) = V Ckp(Ck).t = l AC= 1

This completes the proof.

P ro po sitio n  1.1. Let s and s be two nonnegative measurable simple 
functions, b G R +  and В & IF be arbitmry. Then we have:

1 . /(61 ) =  6 .
2. /(x(-S)) — P(B).
3. l ( b s ) =  bl(s).
4. / b (s) =  0 if p{B) =  0.
5. /( s )  =  / s (s) i fp(B' )  =  0.
6. l ( s ) ^  /(s )  if s ^  s on Si.
7. J(s +  s) ^ / ( s )  + /( s ) .
8 . /ß ( s )  =  lim /в п(з), where (Bn) C Z7 tends monotonically to В as

п —►oon —> ос.
9. /( s  V í)  = /(s) V /( s ) .

P r o o f . P arts  1-5 and 8  are obvious.
П

6 . By Theorem 1.0 we may assume that s = E  6гх (Д ) and s =
t'=iП

=  E  Cix(Bi), where s =  s. Then
«=i

/(s) = V 6 ^ (5 .)  ^  V Cip(Bx) = /( s ) .г = 1 z=l

n
7. By Theorem 1.0 we may assume that s = E  bix{Bt) and s =

г'=1
n

= E ctX(5,)- Hence
«=i

I ( s  + I)  =  V (6, + c ,)p (5 t) ^  /(s) + /(s ) .>=i
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9. By Theorem 1.0 we may assume that s = ^iX(Bi) and 5
2=  1

= E  ciX(Bi). Hence 
1 =  1

I(s  V s ) =  V ( V Ci)p(Bi) = 2 = 1 V bip(Bi) 
2 =  1

V v Cip(Bi) 
2 =  1

= /(* )V /(5 ).

This ends the proof.

2. T he op tim al average o f nonnegative m easurable
functions

P roposition  2.0. Let f  ^  0 be any bounded measurable function. 
Then su p /(s ) = inf /(s), (where s and s denote nonnegative measurable

simple functions).
P r o o f . Let /  be a measurable function such that 0 ^  /  5í b where

b E R+ is some constant. Let Ek = й  f  < , к  = 0 , 1 , 2 , . . . ,  n.

Clearly (Ekfl-Q  С T  is a partition of 0. Define the following measurable 
simple functions:

$71 - n '
b_
n ^ ( k + l ) x (Ek) ,

k=0

Obviously sn й  f  й  sn. Then we can easily observe that 

sup L(s) ^  I(sn) =  -  V kp(Ek)
S^J n k=0

and
|n f  I{s)  ^  I(sn) = -  V (к + 1 )p(Ek) ^  I(sn) + - .
s> f  n k=0 71

Hence
0 й  inf I(s) -  su p /(s) ^  I ( sn) -  I ( sn) ^  - .

?^/ s^ f  n

Letting n —>■ oo, the result follows.
From now on measurable functions will be referred to as random vari

ables (abbreviated “r.v.’s”), just as in probability theory.
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D e f in it io n  2.1. Let /  ^  0 be any r.v. The quantity A f  = sup I(s)

will be called the “optimal average” of /  (with s denoting nonnegative 
measurable simple functions). We shall say that /  has finite optimal average 
if A f  < oo.

For В £ T ,  the optimal average of /  on В  will be defined as Ab f  := 
:= A ( f x ( B) )  — sup Ib (s). (The notation “A” stands for optimal average

in comparison with “E ” standing for the mathematical expectation).
P r o p o s it io n  2.1. Let f  ^  0 and g ^  0 be r.v.’s, b £ R + and В £ T  

be arbitrary. Then
1. A(bl)  = 6.
2. A(X(B)) = p(B).
3. A(bf)  = bAf .
4. A e f  =  0 if  p(B) = 0.
5. A f  й  Ag if  f  ^  g.
6. A ( f  +  g) ^  A f  + Ag.
7. ABf = A f i f p ( B ' )  = 0.
8. A ( f  V g) = A,f V Ag.
(The proof is immediate from Proposition 1.1 via Definition 2.1.)
P r o p o s it io n  2.2 (optimal Markov inequality). Let c f  ^  0 be a r.v. 

such that A f  < oo. Then for every real number x > 0, we have

xp ( f  ^  x) Ú Af .

P r o o f . By Proposition 2.1/5, 3 and 2 it follows that 

A f  ^  A ( f x ( f  ^  z)) ^  x p( f  ;> z).

D e f in it io n  2.2. A property is said to hold “almost surely” (abbre
viated a.s.) if the set of points where it fails to hold is a set of optimal 
measure zero.

P r o p o s it io n  2.3. Let f  ^  0 be a r.v. with finite optimal average. 
Then f  < oo a.s.

P r o o f . Let E  = ( /  =  oo). It is easily seen that Ek — ( /  ^  к), к ^  1,
OO

is a decreasing sequence of events and E  = П Ek- Then for each к d  1,k=1
the optimal Markov inequality yields p(E) р(Еь) ^  £ A f  implying that 
p(E)  = 0 as к —»■ oo.

P r o p o s it io n  2.4. Let f  ^  0 be a r .v . Then A f  = 0 if and only if 
f  = 0 a.s.

PROOF. Assume that A f  — 0. Denote En =  ( /  ^  ^), n ^  1. Then 
the optimal Markov inequality yields ^p (E n) й  0, n ^  1. Thus p(En) = 0
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for all n ^  1. Consequently, p ( f  > 0) = p  ̂ = 0, since En tends
increasingly to ( /  > 0). This means that /  = 0 a.s.

Conversely, assume that /  = 0 a.s. Then all measurable simple func
tions s, satisfying 0 ^  s ^  / ,  are equal to zero. Thus Definition 2.1 via 
Proposition 1.1/1 implies that A f  — 0, ending the proof.

P roposition  2.5. Let f  ^  0 be a r.v. with finite optimal average.
i) If ^ щ А е /  ^  c for all E  E T , p(E)  > 0, where с E R+ is a given 

constant, then f  't.c a.s.
ii) I f ^ щ А е  f  ^  d for all E  E T , p(E) > 0, where d E R+ is a given 

constant, then f  ^  d a.s.
PROOF, i) Let b ^  0 be an arbitrary constant with b < c and denote 

В  = ( /  < b). If the inequality p(B)  > 0 were to hold, then we would have 
had, by assumption via Proposition 2.1, that

c s  W ) A b !  -  Ш Ав{Ь1)  = b < c

which is impossible. Thus p ( B ) = 0. Since ( /  < с -  I )  tends increasingly 
to ( /  < c) as n —v oo, it follows that p( f  < c) = 0, i.e. /  ^  c a.s. 

ii) This part can be similarly proved.
Corollary 2.6. Let f  ^  0 be a r.v. with finite optimal average. I f  

c Ae Í  ^  d for all E  E T , p(E) > 0, where c and d E R+ are two
given constants, then c ^  ^  d a.s.

3. Some convergence theorems

Let (Sl ,E,p)  be an optimal measure space.
T heorem  3.1 (optimal monotone convergence), i) Let (/„ ) be an in

creasing sequence of nonnegative r.v.’s and lim /„ = / .  Then A f  =
71—► OO

lim A f n.
71—► OO

ii) Let (gn) be a decreasing sequence of r .v .’s and lim gn = g, such that
71—* OO

<7i ^  b for some b E R+. Then Ag = lim Agn.
71—KX>

P roof, i) By the monotonicity of the optimal average it is clear that 
lim A fn ^  A f .  So we just need to show that

71—► OO

(3.1) A f  ^  lim A f n.
71—►OO
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If lim A f n — oo then (3.1) holds. We may thus assume that lim A f n < oo.
Т1—+00  71—►OO

Inequality (3.1) will be proved if we show that for each measurable simple 
function s such that 0 5í s ^  / ,  the inequality
(3.1 У I{s) <, lim A f n

n —►OO

holds. In fact let c 6 [0,1) be an arbitrary but fixed constant. Denote by 
En = ( / n t. cs), n ^  1, where 0 Ú s ^  f .  Obviously (En) is an increasing 
sequence of events and ÍI =  fim En . Let t (E)  =  I e (c, s ), E  G T.  Again

71—► OO

by the monotonicity of the optimal average, we have that
Afn ^ A(fnX(En)) t  r(En).

Consequently, from Proposition 1.1/8 and 3 it follows that
lim A f n t  r(fl) = c l(s )

71—► OO

which leads to (3.1)'.
ii) Let e > 0 be an arbitrary fixed real number. Denote Bn = (gn < 

< g +  e l ) ,  n ' t  1. Obviously
OO OO

Bi С B 2 C . . . ,  о  = U Bn, П B'n = 0
n = l  n — 1

and lim p(f?') = 0.
71—*• OO

It is clear that for all n t  1,
9n й  (9 + e l)  V (Ьх(Ю)>

and hence Agn ^  [A(<? +  el)] V [6^(5^)], n t  l. But since p(B'n) —» 0 as 
n —► oo, it follows tha t lim A<7„ ^  e +  A#. Thus lim Agn ^  Ag. But as

71— ►OO П— ►OO

on the other hand A# lim Agn, the result of part ii) follows.
n  —►OO

This completes the proof.
We shall here below give an example showing the reason why the optimal 

monotone convergence theorem fails to hold for all decreasing sequences of 
r.v.’s.

Ex a m pl e  3.1. Let ÍI = N and T  be the а -algebra of all subsets of N. 
Define the set function p : T  —► [0,1] by p(B) = m-̂  □. It is not difficult to 
see that p  is an optimal measure. Now define the following r.v.’s:

и  < n 
и  t  n.

Obviously (gn) tends decreasingly to zero as n —> oo. Let us show that 
Agn =  1 for all n t  1. Obviously, Agn t  np({n}) — 1. On the other

m
hand, let 0 ^  s 5= gn where s = bix(Bt). For i = l , . . . ,m ,  denote

2 =  1
= min Bi. Then p{B{) = A. and bi ^  for all i = l , . . . ,m .  Hence for 

every i — 1 , . . .  ,m  the inequality bip(Bx) < 1 holds. Consequently I(s)  < 1, 
0 ^  s <] gn. Thus Agn й  1 for all n ^  1.
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Lemma 3.2 (optimal Fatou). i) Let f n ^  0 (n ^  1) be r.v.’s. Then 

A flim in f/n 4) ^  lim in f/l/n.
V n —►OO /  n — ►CO

ii) Lei (#„), n ^  1, ie a uniformly bounded sequence of nonnegative 
r.v .’s. Then

lim sup Agn й A I lim sup gn
n — ►CO \  n —►CO

CO CO w

P roof, i) By definition, lim in f/n = V Л Д . Let f* = Л Д , /  =
n-»oo n = l  f c = n  k —n

= lim inf f n. Clearly (/*) is an increasing sequence. The optimal monotone
n —►CO

convergence theorem implies that

A ( lim inf/n) = lim inf ЛД.
V 71—►CO /  n —►CO

ii) By definition, lim su p 0 n = Л V gk. Let g* = V gk. Clearly (#*),
n —►co n = l  « = 1  k —n

n ^  1 is a decreasing sequence such that gí й b for some b 6 R.+ . Then 
the optimal monotone convergence theorem yields the result to be proved. 
This completes the proof.

T heorem  3.3 (optimal dominated convergence). Let f n ^  0 (n ^  1) 
be a uniformly bounded sequence of r .v .’s. Then A f  =  lim Af n, where

n — ►CO

lim f n — f  a.s.
n —►CO

P r o o f . The optimal Fatou lemma via the assumption implies that

By assumption /  = lim sup /„  = lim inf Д  a.s. Consequently,
n —► o o n —►CO

Л / £  lim inf A fn ^  lim sup A fn ^  Л /
n —►CO 71—► CO

meaning that Л /  =  lim A f n■ This ends the proof.
71—►OO

P roposition  3.4. Lei /  ^  0 be a bounded r.v. Then for any positive 
real number e, there exists a number 6 > 0 such that whenever p(E) < 6, 
E  G T , the inequality AEf  < £ holds.

P r o o f . By assumption 0 /  5s b a.s. for some b > 0. Then by
Proposition 2.1 we have for 6 < |  that

A Ef  й bp(E) < b 6 < £ .
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In the following example we shall show that Proposition 3.4 does not 
hold for unbounded random variables.

Ex a m p l e  3.2. Let (N ,^",p ) be the optimal measure space defined in 
Example 3.1. Define the r.v. f (u)  = и ,  и  G N. Clearly, A f  ^  1. Let

s = biX(-Bi), Q = s = f -  Denote w, = min f?t. Then р( Вг) = — and Ьг й  
i=i

^  (1 й i n). Thus I ( s ) ^  1 and hence A f  ^  1. Consequently A f  — 1.
On the other hand, there is no 6 > 0 such that p{E) < 6 implies A g f  < 1. 
Indeed A ^ y f  =  1 for every u>, and p({u>}) 0 as w -» oo.

D e f in it io n  3.1. We say that a sequence of r.v.’s ( / n ), n ^  1, converges 
in optimal measure to a r.v. / ,  if for any constant e > 0, lim p(\f — f n \ ^

71—► OO

^  e) = 0 (abbreviated f n — > /) .
p

THEOREM 3.5 (optimal Riesz). Let ( f n) ,  n l, be a sequence of 
r.v.’s which converges in optimal measure to a r.v. f .  Then there exists 
a subsequence ( f nk), к ^  1, which converges to f  a.s.

(The proof is the same as that of the original Riesz theorem.)

4. ,4"-spaces, 1 ^  a  ^  oo

Let ( i l ,^ 7, p) be an optim al measure space.

D e f in it io n  4.1. Let /  : ÍÍ —► R be any r.v. We say that:
i) /  6 A °°  if p (|/| ^  b) =  1 for some b G R+.
ii) /  G A 1 if A |/| < oo.

iii) For a  G (l,oo), /  G A a if | / | a G A 1.
Define the  following quantities:
i) H/ILte. =  {A(\ f \a)}1/a where /  G A a , 1 ^  a  < oo.
Ü) ll/IUoo = inf(6 > 0 : p(\f\ Í  b) = 1), /  G A°°.

It is not difficult to see for a  G [l,oo] that
i) I I / I L “  = 0 and MWa * = 0 if and only if /  = 0 a.s.
ii) ik /ÍU “ = lcl ■ ll/IU a, for all c G R .

Le m m a  4.1. i) A\fg\  ^  ||/||_4i • ||sr||^oo whenever f  G A 1, g G A °°. 
ii) Let a  and ß G (l ,o o )  such that ^  +  jj = 1. Then A\fg\ ^  ||/ | |^ a  • 

• Цй'Цд/з (called the optimal Holder inequality), whenever f  G A a and g G 
G A ß.

iü) \\f + g\U« = ll/ll^t“ +  IlfflU“ (ca^ ed the optimal Minkowski inequal
ity) whenever f  and g G A a , with a G [l,oo].

(Again the  proof is as in the classical case.)

A c t a  M a t h e m a t i c a  H u n g a r ic a  6 3 ,  1УУ4
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We have thus shown that | | / | |^ Q (1 й a ^  oo) is a norm. It is easily 
checked that A a is a vector space, 1 ^  a ^  oo.

D efinition  4.2. Let ( / m) С A a , 1 й  a ^  oo, be a sequence of r.v .’s.
i) We say that ( /m) is a Cauchy sequence in A a if for every £ > 0 there 

exists an no = no(e) such that for all m  and n ^  no, ||f m — / п||.да < £•
ii) We say that ( /m) converges to a r.v. /  in M^-norm if | | /m — / | |^ 0 —► 0 

as m —> oo.
R emark 4.1. If ( /TO) converges to /  in Л а-погт, 1 ^  a  ^  oo, it is 

not difficult to see, via the optimal Minkowski inequality, that /  £ A a and
„HmJI/mlL- = ll/IU-

R emark  4.2. For any a £ (l,oo ), we have A°° С A a С M1.
T heorem  4.2. For each a  £ [l,oo], A a is a Banach space (i.e. any 

Cauchy sequence in A a converges to a r.v. in A a-norm).
P r o o f . A°° being trivially a Banach space, we shall prove the theorem 

for a £ [l,oo). Let (/„) be a Cauchy sequence in A a. Then we can choose 
a subsequence n\ < n-i < . . .  < n;t < . . .  such that for all n ^  n*,,

(4.1) I I A - / „ , I U  < 4 -* .

Then it is clear, by the optimal Markov inequality, that 

(4-2) p ( \ f n - f n k\ > 2 - k) 2 - k a ^ 2 ~ k,

for all n ^  Пк- Denote

9 — l / n i  I + \frik+i Ink I 1 Sm — l / n i  I + \fnk+i fnk I 1 m  = 1. 
k=l k=1

Then by means of the optimal Minkowski inequality, one can observe that

IISmlLt« = 11/nilU“ + 3 =:c < °°, m = L
Since Sm tends increasingly to g, the optimal monotone convergence theo
rem yields

lim Л 5“ =  Aga.
771— ►OO

Thus Aga й  ca < oo, i.e. g £ A a and hence 0 ^  g < oo a.s. Let E = (g <
OO

< oo). Then for all и  £ E, / n i(w) + {fnk+i(u ) ~ /n * M ) is finite.
k=1

Denote

{ oo

/ni + ^3 (/nJc+l ~ /"*) ОП E

0 on
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and m
sm — fn\  +  У '  (fnk+i ~  fnk) —  fnmi  ш  =  1 *  

k-1
Thus lim sm = f  a.s. and /  £  Aa. Let us show that

m — ► o o

(4.3) P ( |A fc -  /I  > 2 -Ä)

Indeed, p (| f nk -  f n, \ > 2~k) < 2~k for all j  > к (cf. 4.2)) and f Uj -+ /  a.s., 
when j  —► oo. Let us fix к and denote Bj — (| f Hk — f Hj \ > 2~k). Clearly 
p{Bj) < 2~k for all j  ^  к , and then inequality (4.3) follows from

(\fnk -  / I  > 2 - k)  С и n  Bj\  /  m=l j=m

and

(oo oo \ ,
и n i ,  О - 1.

m = l j = l  /

The theorem will be proved if we show that f nk — f  —> 0 in A^-norm as 
к —► oo. (For, an integer iV0 = lVo(£) can be found such that whenever 
nfc ^  A 0  and n No,

I I /  —  / п | | д а  =  I I /  / n *  | | д а  4 "  \\fnk / n i l  д а  <  £

where e > 0 is an arbitrary real number.) Assume that there exists a 
positive number e such tha t for infinitely many k, A ( |/nfc -  / | а) > £. Let 
ко be an integer satisfying both (4.3) and £ > 2~fc°. Then there exists aa
measurable simple function s with the properties that 0 ^  s ^  f nk — f  
and As  > £. Hence a constant b £ R + and an event В can be found,O'
with bx{B)  ^  s, such that bp(B) > s and bx(B) й  f nkQ -  f  . Clearly

B C (

(4.4)

/,71 kc) / |  г ь ) and thus

p ( f n k0~ f  ^  b) ^  p(B).

For all к ^  ко with bl!a > 2 k, one can easily check that

(

иA
ll

ö

1 fn ko fnk £  bl ' a -  2~k)  U ( |/„ fc -  / |  £  2 - fc)

yielding

p ( fnko f

0
V ПЛ 4
3 fnkQ _  /«* ^  6i / -  _ 2- fc) -hp ( |/„ fc -  /1 ^  2- fc)
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Consequently by (4.4) and (4.3) we have that

(4.5) p(B) < p ( | / „ lo -  f \ "  >b) £  2 -‘ +  p ( | / „ „  - A , |  a  P '"  -  2 - ‘ )  . 

By the optimal Markov inequality, via (4.5) and (4.1), it follows that

(4.6) 2~k° Z А  ( | / П4о -  / Пк|в) £ (b -  2~kY  (p (B ) -  2~k)

for all к ^  ко with 61/" > 2  k. Now letting к —► oo in (4.6), it ensures 
that 2~k° ^  bp(B) > £ which contradicts the choice of ко- This allows us to 
conclude on the validity of the theorem.

5. The optim al Fubini theorem

Let (íí,-, Ti, pi), i = 1,2, be two optimal measure spaces and let us denote 
the smallest cr-algebra containing E\ X E 2 b y  S  = u(E\ X E 2). For each 
wi G fii (resp. Ш2 G ÍI2) we define ш\ (resp. u>2 G ÍI2) cross-section by 
ЕШ1 =  {u>2 G O2 : (^ 15^ 2) G E}  (resp. Е ш2 = {uq G ill : (tv 1,^ 2) G ■£?}), 
where E  E S.

D e f in it io n  5.1. Let /  be any r.v. defined on ( i l l  x f l 2,e>). For each 
U\ G Oi and u>2 G ii_2? the functions

i) /wi : fb  -»■ R  defined by f wi(u2) = /(w i,w 2) and
ii) : ill —► R  defined by /^ (u q ) = / Ц , ш 2)

will be called uq-section and ^-section of / ,  respectively. Notice that for 
any optimal measure space (fl,jT,p), we shall adopt the symbol (in 
comparison with the symbol “ J ” of the Lebesgue integral) to designate the 
optimal average, i.e.

Ад = 1 g dp, Авд = l gdp
Q в

whenever g 0 is a r.v. and В  G E .
T h e o r e m  5.1. For every E  G S, define the functions

rriß : ííi —► R+ by mE(uj 1) = р2{ЕШ1)

and
m E : ÍI2 —* R+ by mE(L02) = Pi (E“>).

Then
i) гпе is Ei-measurable.

ii) m E is F2-measurable.
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Ш) I т Е dpi = I m E dp2- ill П2

Furthermore, define the function p\ x P2 : S  —■► [0,1] by

(Pi X P2){E)  =  I m E dpi = I m E dp2. ill ÍÍ2
Then pi X p2 is an optimal measure such that

(Pi X P2)(B  x D) = p i ( B ) - p 2(D),  
fo r all В E T i and D E T 2.

P r o o f . Let S  denote the collection of all E E S  for which properties 
i)-iii) of the theorem hold. It is enough to prove that S  is a <7-algebra 
containing S.  The proof is as in the classical case (cf. [4]) except the 
following claim:

For all Ei and E 2 G S,  E  = Ei U E 2 G «5. By definition and property 
P2 we observe that

m E{u i)  = m El{ui) V m Efiui )
and

m E(u2) =  m El(uj2) V m E2(u2).
Thus,

I m E dpi =  I m Ej dpi V Í mg2 dpi =ííl ííl ííl
= I m El dp2 V / m E'2 dp2 = \ rnE dp2.

ÍÍ 2 ÍÍ 2 ÍÍ 2
Hence E E S , since obviously m E (resp. m E) is T\- (resp. T2-) measurable.

T h e o r e m  5.2 (optimal Fubini). Let (ilb -^b P i) and (il2,F 2,p 2) be 
two optimal measure spaces and let f  E ^ 1(Oi X f l2, S ,p i  X p2) be any 
r.v. Then,

1. The ui-section \fUl\ : ÍÍ2 —*■ R+ belongs to А х{£12,Е 2,р2) almost
surely on i i i . The function </? : Oi —>• R + , defined by <p(wi) = / | / Ш1| dp2,

il2
belongs to ^l1( ii i ,Fi ,Pi)-

2. The u 2-section \ ^ 2\ : ííi —> R+ belongs to A l {Sli,!F\,pi) almost 
surely on ÍÍ2. The function ip(Sl2) —► R + , defined by tp(w2) — \ | / W2| dpi,

ill
belongs to A l {Q2, T 2,p2).

3. Furthermore,

I l/l d(pi x p 2) =  I (  I |/ |d p 2 ) dp= I f t  l/l dpi \ dp2.ÍÍ1 XÍÍ2 ííl \ÍÍ2 / ÍÍ 2 Vííl /
(The proof follows from Theorem 5.1, using the same techniques as in 

the proof of the original Fubini theorem; cf. [4].)
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6. Illustrations

i) Let ÍI be the information set of creativity of Esther, T  a tr-algebra 
of subsets of ÍI. Let B\ be the information set of her ability in mathematics 
with &i some corresponding evaluation, В 2 the information set of her ability 
in physics with b2 some corresponding evaluation, etc. Let { 5 t}”=1 С T  be

П  П

such that Í2 =  U B{. Then 0 5 : 8 = ^  btx (B t) may be viewed as her
*=i t=l

creativity function. To see in which subject she will be more creative, we 
may proceed as follows: We define (more precisely, we seek) an optimal 
measure and then take the optimal average of s accordingly. If the optimal 
average equals the infinity we may say that we cannot decide. If however 
the optimal average is finite then there must exist an i0, 1 ^  г'о ^  n, such 
that As = bi0p(B {0) and thus say that Esther will be more creative in the 
subject corresponding to B{0.

ii) The occurrence of an event of informations stored in a given gene 
may be predicted the same way as above.

iii) Assume that given an input data we have got different outputs by 
using different statistical means. We thus have to decide which output does 
fit the input data. We may randomize these outputs and then proceed as 
above.
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ON N U M B E R S  W ITH  A LARGE PR IM E  
PO W E R  FACTOR

J. W. SANDER (Hannover)

1. In tro d u c tio n . The problem of estimating the largest prime factor 
P(u,  k) dividing one of the numbers и, и +  1 ,... ,it + k, where и and к are 
positive integers, has a long history (see for instance [5], pp. 134-135). In 
1974, Jutila [1] proved that for

П )  k 3 / 2 <  и  <  fcc6(logfc)1 /2 /k>glog /^

we have

(2) P ( u , k ) >  k 1+CsÂ u\

where C5, cq are positive constants and A(z,x)  = (log z /log  x)2. Jutila 
obtains this result by giving an upper bound for the exponential sum

where e(x) = ехр(27ггх) for real x, and p runs over the primes (as always 
in the sequel). By application of the theory of linear forms in logarithms, 
Tijdeman [6] and Shorey [4] were able to prove that for

(4) U >  £ c6(bg*01/2/log  log/с

we have

(5) P(u, к) к log к
log log к 

log log log к

Our main result allows an improvement of that situation.
In this paper we will be concerned with large prime power factors of 

numbers in short intervals. For this reason let Pj(u,k) be the largest prime 
p such that p> divides one of the numbers и, и + 1 ,... ,  и +  к. We agree that 
all constants c, occurring in the sequel are positive.
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T heorem  1. Let j  be a positive integer, and Л > 0. Then for some 
positive constants S > 0 and ко, both depending only on j  and X, and all 
к > ко satisfying к1"*'A ^  и ^  £<5(logfc/loglogfc) 1 , we have

Pj ( u , k ) > k 17+C7̂ k’u\

where c-j and the constant implied by >> only depend on j  and X.

R e m a r k . Notice that the case j  = 1 in Theorem 1 improves Ju tila ’s 
result with respect to the upper end of the permissible range of и in (1). In 
fact, for

u  _  face (log k f t 2 /  log log

i.e. where the ranges in (1) and (4) meet, (2) is better than (5). By our 
theorem, (2) also holds for

£C6(logic)1 /2 / l o g lo g t  <  u  <  ^ 5 ( lo g i/lo g lo g A :)1^2

thus improving on (5) in this range. Incidentally, for

U =  ^ .^ (b g fc /lo g lo g * :)^ 2

(2) and (5) roughly match (neglecting the constant 6).

Our main tool will be the following exponential sum estimate, which 
generalizes the one for (3).

T heorem  2. Let j  ^  1, N  й x 1̂ . Then there is a positive constant eg 
satisfying

(  — j  <  ( i V 1_CeA(7V’:r) +  j v ¥ z - i ) ( l o g z ) 3.

The proof of Theorem 2 uses the methods of Vinogradov and van der 
Corput. Jutila’s application of Vinogradov’s complicated combinatorial 
argument, however, will be replaced by Vaughan’s identity.

In order to show Theorem 1, we need a result on

Dj ( o )  = card jp  < P  : 0 ^  |  Д-j  < °

where 0  < о ^  1, and {z}  denotes the fractional part of the real number г.
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T heorem  3. Let j  ^  1, P  ^  x 1̂ . Then there is a positive constant C9 
such that

This follows from Theorem 2 by Vinogradov’s Fourier series method.
Theorem 3 may be used to deal with a problem of Erdős concerning 

prime divisors of binomial coefficients. This is done in [3].
2. T h e  ex p o n en tia l sum: J u t i la ’s m ethod. In this and the following 

section, all explicit and implicit constants may only depend on j .
L e m m a  1. Let j  ^  1, P and P ' be integers satisfying 0 ú  P' <  P <  

< yj+r+ioojs . Then

Dj{ ( j )  =  аж(Р) +  0 ( ( Р 1- С9А(Р’х) +  P ^ x - ^ ) ( l o g a : ) 4) .

P r o o f . Clearly we may assume

( 6) P > (2 j)100p

We want to apply Theorem 1 of [2] by setting

25j2,C3 20j 2 ’ C4 ~ 60 j 2 ’
1 1 1
x *9 ? C3 .9 1 C4

{sj : 1 ^  j  й  r

By the condition of the lemma, we have

This implies

hence {áj} ф 0. Moreover, (7) yields
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Clearly, 2 ^  Sj ^  n. It remains to check conditions a) and b) of Theorem 1 
in [2]. Obviously,

> - > ( • )ml
T j ( j  + + m -  1)

thus

( 8) 4— <|j+m  — Л / (т,Мml
<  ?'m — - —  — J  ' I j + m  ’k |J

Therefore, we have for P = N ^ x ^ N  + P = 2 P

(n + 1)!

with

f ( n+1\ x ) й  Jn+1- — p (n+1)rffp+íffT_ü+n+1) — p - cHn+1)
p j + n + 1

c; = 1 + log j log г
n + 1  logP  (n + l) lo g P >  C l

by (6) and the definition of n and ci. This proves a). 
Similarly, for P  ^  x й  2P  and s E {sj}

JT/<”>(*) ^  p s i ^ p  +  i f f r " ' l - '+ i ) =  P ~ c3S?

where
/ _  1 , J log 3 logT  .  „
3 s logP  s lo g P  3"

This yields the upper bound in b). By (8), we have for P  ^  x ^  2P and
s £ {^j}

> (2 P), J+s = P~CP,

where by (6), (7) and the initial definitions

4 = d  + M i ^ l  + i i -  logT S C2-s J \  log P J s log P 

This proves the lower bound of b). Now Theorem 1 of [2] implies our lemma.
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Lemma 2. Let j ' t .  1, P and P ’ be integers satisfying 0 ^  P1 < P, 
P  ;> pJ+T+I^?' > 0. Then

P + P '

£ • © <  p i + ' T - 1.

P r o o f . Without loss of generality, let 
(9) P ^  (2i ) 100j.
For f ( x )  = Jy and P  ^  x ^  P + P ' , f ( x )  is obviously monotonic,

- / ' ( * )  = (2p y + 1 > 311(1 | / ' ( X)| ^  JpJTT < ^  \

by (9) and the condition of the lemma. Thus by Lemma 4.8 and Lemma 
4.2 of [7]

P + P '

Ш -L
p+p' f  T \  PJ+1

e _  u +0(1)< t
X=P

Lemmas 1 and 2 imply
LEMMA 3. Let j  ^  1, P and P' be integers satisfying 0 ú  P' < P .

Then, for T  > 0,
P + P '

e <  pi-cioAfP.T) +  p i+ ip - i
Г = Р  V 2" /

L emma 4. Lei j  ^  1, 1 ^ M  ^  x 1/2. Г/геп

S  6 ( ^ )  C  ^ 1_CllA(M,x) + M 2+1x_1.
m^M

P r o o f . Let 0 < « < 1. Then

E e
m < M

Vm2 /
< E  «Ш

+ E
i/^0

Л /К2"<Л /

m < M K

e

+

E
M K2t'^ m < m in (M K2t'+ 1,M)

Vm2 / S M* + ^  Д„,

say. By Lemma 3
Rv <  (М к2‘/)1_С1оЛ(Л/К2‘/'1) + ( M ^ y '+ V 1 <

<  2vm k~Ciok3jí(m,x  ̂ + 2l2+1̂ M l2+1̂ x _1.
Since 0 ^  p ^  -1т [^-уК Л/ in ^  ily, we have ^  2" ^  2M 1-* and ^  2(2+1)" ^  
^  22+1M(2+1)(1-K). By choosing к close to 1, this gives the lemma.
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L emma  5. Let 2 ^ M  ^ M' Ú min(2M ,N )  ^  x, В ^ 0. Then

т-= E E A« '(W )
— m

<  (лг2М - 1-сюЛ(М,х) +  iVJ+2(Ma;)_1 +  iV)(logiV)3,

where A(n) denotes von Mangoldt’s function.
P r o o f . We have

T = У  У  У  A (n i)A (n2)e [ х (  — -— г ------- -— г
М < У ,М ' В <Ь ± В < V  ( - 2 ) J

= Е Е Л(«х)Л(п2) Е е(^)
В<п\ ^  B< n 2  = üf М<.т£М'

^ ж , т<,ж ~п1 -"2

with хх
= х { ч ~ ч ) '

Thus

т « (log ív)2 е  e £  * ( S )
М<тйМ'

m< — ,m< — -  nl -  n2

= (iog7V)2Í E E  I ••• I + E E I  ••• i )  = (b g iv )2( r 1 +  T2),
\  П1 П2 П1 П2 /П1 П2

Ы < м '
П 1  712

say. Set A  = j j ; then

n< «E  E 1<M EE !•
П1̂ Апг^А n2

|Xl|<M' 0<rngn2^A
0<xi <M'

We have
EEE  >-E

"l "2 n2gA ,
0<ni^n2^A "2V1 + — =ni =

0<xi <M'

1 <
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- E — 1
п2^ а  V V ( i + * £M'n\ ^ 1/j ,

+ 1 U

£ E ("m1- —1̂3
П2<А \  \

\4'rJ 
I  _ L  m  n 2  

1 x j

+ A <

s  E ( » 5 +,f )  + ^ < ^ +2^ -

This implies

( 10)
„  „ / м ' / л г у 42 TVTi <  M ^ N j+2

. .  , <  -Г7— + TV.a: \ M  J

It remains to consider X2. By Lemma 3, we have for |x i| ^  Af'

E
^£-,mZ£- -  nl - n2

e f - )VmJ /
V e f h i i

\  m  j
<

<  j^ i - cioA(M,|xi|) + AfJ'+1|ar1|- i <  М 1_С1оЛ(М’х) + M J+1|x!| - 1

Hence
r 2 <  X /  X  ( а/ 1_С1<,а(м’г) +  м Т+1|Ж1| - 1)  <

_ < N _ <• N П1 = МП2=М
| x j  [ Í M ‘

<  TV2M _1“c1oA(m'x) + MJ+1 5 ^  J ]  - Ц .
I3'! I

,   ̂ k i l  ^  ^  X\niSAn^SA ni n2
0<ni <n2 

xi >M'

0 < Д < А  n j  n 2

0<ni <n2̂ A 
n 2 —П 1 = Д , Х 1 > M '

Xi

For arbitrary A ^  1,

* - E  Elér-* EE E EE
1 ̂ -A 712 ̂
|a?i | ^ M '

Obviously, for 0 < ni < П2

ra2 ~ ni _  ^ ( n2_1 + n32~2ni + . . . +  n 2rij-2 + n j-1 ) x A j
X i  =  x  —- ------- =■ =  x  -(П1П2У (П1 П2 У J+l

A cta  Matkematica H u nganca  63, 1334
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Thus
E i  E »^« '̂«íogA.

X 0<Д<А ^  2 й п2й А  

Since A = we get

T2 <C N 1 M - 1 - c w A ( M , x )  +  jVJ+2logJ\r(M®)-1.

Together with (10), this proves the lemma.
3. T h e  ex p o n en tia l sum : V au g h an ’s m eth o d . P ro o f o f  T heo

rem  2. As a corollary to Vaughan’s well-known identity (see [8], [9], [10]), 
we have

Lemma 6 . Let U ^  2, V  ^  2, UV  5s N, and f ( x ) a complex-valued 
function with |/(x ) | — 1 for real x. Then

£  л(«№) < V + (logA)51 + |S2|,
n<N

where A(n) denotes von Mangoldt’s function, and

S  г E «ul E /(--о,
t%UV

s  2 E E E p(d)A(n)f(mn).
U < m < £  V<n< — dS17V -  m d I m

Lemma 7. Lei j  ^  1, 2 ^  A 5Í x1/-7. Then

] Г л ( п ) е ( — ) <  (jv 1- ^ ^ , * )  + A ^ x - 2)(logA )2(logx)2. 
' v V Ti ̂ *

n<N

P r o o f . We apply Lemma 6 with / (n )  = e (^-). First we consider S2. 
By splitting up into intervals M  fL m < 2M, we get

£2 <  (log A) max |53|,

where

■$} = S  A (n)/(m n)

By Cauchy’s inequality
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1*1 * E E л (n) f(mn)
V<n<i

2 \  1/2

E E ̂
1 /2

düU
d\m

_  T l / 2 T l / 2  
— 11 J2 >

say. For N  ^  x, Lemma 5 implies

7i <  (/v2M - i- c 10A(M.x) + n j + ^ M x) - 1 + N)(logN)3.

Moreover,

E ÍE 1) = E E E is
\ d ^ u  /  di%Ud2^U M<,m<M'

m=Omoddi ,m=0modd2

S2V E E ^S 2M 5>  £  £
d i ^ U d 2^U b%U d ^ U  d2Zu 1 z

dl=0mod6 2̂ =0 mod 6

Together we get

(11) S2 < (log /V ) max {T,T2)1/2 <
U<M%$

<  (logЛП4 max (/VM c'\oK(M'x) + N ^ x  2 +  (JVM)j ) <C 
U<MÚ%

<  (logAT^ijVCl-^oA^*) +  JV^aT* + W 5 ) .

It remains to estimate 5 i. For 1 E in ^  y , we have by Lemma 4

E «
<„<ÍL

< <

< (т) 1-сцЛ (ш Л ) -f w v V

-<4ctfa M athem atica  Hungarica 63, 1994
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The function g(y) = у1 c,0°gy)2 is increasing for 1 ^  у < exp ((3c') ^ 2) .
■2

W ithout loss of generality, we may assume that сц ^  Then we have for 
N  ^  x1/j

Зсц - 1/ 2 '

,(bg  0

Therefore,

max
w>0 E - (Tty

N y - c  „ A l f i

(?) + N j+1(x t )- l

Thus, for UV < N ,  

5i < e ((t)t<UV \  4 7

N  \  1—сцЛ(у ,■—)
+ N ^ i x t ) - 1 <

^yl спЛ( (Уу ,x) ^  ̂ £ 1+сцЛ( ,x) _|_ yyj+l^. 1 ^   ̂ i <
t<UV t<UV

<  ( i / y ) C l lA (W ' x ) +  lV-'+ 1 x - 1 l o g i / l / .

Combining this with (11), Lemma 6 finally yields for U — V  = N 1/3, N  ^  
^  x1/-7", and sufficiently small c’s

Л(п)е (Д -) < IV1 / 3  + (logiV)2 (iV1 -c"oA(JV'x)A(yV,x) ~ 1 + JV̂ x"1) +
n<N

+(log n ) \ n 1~Ci*a(n 'x) + N ^ x - ' i  + iV5/6) <  

<  (jyi-ewAW*) + J V ^ x " * )  (log TV)2(log x)2. 

P r o o f  o f  T h e o r e m  2. By Chebyshev’s theorem

£ л(п)еШ  = E X > g p e (^j)  =
n%N p a  x 7

p“̂ N

Acta Mathematica Hungarica 63, 1994
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Define
h ( N ) =  (лг1-с12Л(ЛГ,*) +  j V ^ x - ^ l o g A ^ l o g z ) 2.

By partial summation and Lemma 7, this yields

< 2  lo£P e

+ f g M ? ) )
<

h(AQ f N h(Q VN  
log N  + J2 t{\ogt)2 í + log N <

<C + (log x ?  j "  t~c'2Ht’x)dt +  (log x)2x~ ^ 2 j "  B '2dt <

<  ^Qgjl +  í_Cl2A(t,x)dí^ + x ^ l o g x )2 <

<  ^ 7 7  + 0 ° g * ) V *  + N - i « ’^ * N ) «  ^ 1 ,

with a new constant eg > 0 in the exponent. This proves Theorem 2.
4. V inogradov’s Fourier series m ethod. Proof o f  Theorem 3.

The following method may be found in [11], p. 32.
Let 0 < Д < A and В  such that 0 ^  f? — 4 ^ 1  — 2Д. Then there is 

a function ф(г) with period 1,

(1  for a  <; 2 ^  B,
\  0 for £  + Д ^  z ^  1 + Л -  Д,

and 0 ^  Ф(г) ^  1 otherwise, satisfying
OO

Ф(г) = В -  A + A + J 2  (am cos 2'Kmz + bm sin 2nmz),
m= 1

where

^  — , |6m| ^  — , |am| ^  |6m| ^
л т  7Г m  ■Kl m i A 7Г2Ш2Д
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Let
T(A,B) = card \ р й Р : А й

Then we have

(12) T ( A , B ) Z  J > ( j )  й П А - А , В  + А).
рйР

By construction of Ф,

where

Theorem 2 implies for P  й  x 1̂  and i = 1,2

<  ( P 1- C8A(P’xm> + P i^ ( x m ) _2)(log(a:m ))3.

Therefore,

R : =  + b mS ^ ) <
m=1

E
7П̂ Л-2

+ E
m> Д-2

c

< +

p P ^ a ;  2 ^  (m  3^2(log xm)3) +
771̂ A-2

ra> Д 2

(log x m )3 
m 2

+ P 2í 2a :- lA - 1 £
ra> Д ~ 2

(logxm)3
m 5/2

= 5i + P ^ x-252 + ^ 5 3 + P^a;-2 Д -!54

with the obvious definition of the 5,-. Now set Д = р - л(Рх). Then for 
7 <; 1

7 Л(Р,®) ^  Л (Р ,^ Д “2).
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Thus

Si < P1 -CuA(P’x)(loga;A~ 2 ) 3  V -  < P^^^nogx)4.
ra< Д ~2

Clearly,

Moreover,

S2 < (loga ;A  2)3 E  m 3//2 <C (log x)3.
m < A ~ 2

(log x m )3 ^  (logzm )3
* «  £  £

A  2 < m < x m >  A 2 m>x
m* <

< ( lo g x )3 E E (log m)-
í—‘ m L

г > Д -2  m > A ~2
<

<  (log z)3A 2 + (log A 2)3A2 <  (log x)3A 2. 

Since S4 <C S3, we get

R <  ( Р 1_С14Л(Р’Х) + (logx)4.

By (13), we have

E ^ ( S )  = ( 5 - a  + a m p ) +  p .
P < p

With (12), this implies

(14) T ( A , B ) ^ ( B  -  A + A )x (P )+ \R \

and

(15)

Choosing A

respectively

T(A  -  А, В  +  A) ^  (P  -  A + A)x(P) -  |P |.

A, A respectively B , B  + A instead of A, В  in (14), we get

T (A  — А, А) й  2A jt(P) + |ä 'I,

T ( B , B  + A) ^  2Дтг(Р) + |Р"|,
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1 6 2 J W SANDER

where R' and R"  are defined in the obvious way, and both have the upper 
bounds given above for R. Applying (15) yields

T ( A , B )  =  T(A -  А ,  В  + A) -  T(A -  Д , A) -  T ( B , B  + Д) ^

^  (В  -  А)тг(Р) -  ЗДтг(Р) -  |P | -  |Я'| -  |Я"| ^

^  (В  -  А)п(Р)  +  О ^ ( р 1-^л(Р,х) +  p ^ x - k )  (logx)4) .

Setting А — 0 and В = a, this and (14) prove Theorem 3.
5. P ro o f  o f  T heorem  1. For given и and k, let

(16) к < (2P)j ^  u.

Moreover, let
G = ( р 1-<*л(Р,и) + р ^ г Г ^ )  (log u)4.

If we define D = c\^GP~x log P  with a suitable constant C15, then, by 
Theorem 3, there is a prime p, P й p ^  2P  such that

(17) 1 - f l S { ? } < 1

Let
U -  npj + Uj-ip3 1 +  . . .  + u0

with n E No and 0 ^  U{ < p for 0 ^  i < j .  Then

uj - 1 . . uo
P P3

since

Hence

U j - 1 + +  u o  <  P -  I
p P3 ~ P

1 + -  + . . .+  
P

By (17), this implies

< 1.

(1 — D)p7 ^  и — rip* < pi,

thus
и < (n +  l)p^ ^  u + Dpi ^  u + D(2P)3.
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This proves Theorem 1, if (16) and D(2P)J ^  к are satisfied. Let

p  _  j(l+Ci6A(A:,u))

where
c16 = min j ^ ,  ^А(1 -  A)(l +  A)21

(and we assume A < 1 without loss of generality). Clearly, the lower bound 
in (16) holds for sufficiently large k. By the condition of the theorem,

(2p y  ^  2^ 1+CieA(fc’u) <; 23u— ^ и 

for sufficiently large k, since

1 +  с16Л ( М )  ^ 1 +  +  Л)2(ТТХУГ
1 +  A = 1+A  <

In the remainder of the proof we will show

(18) D(2P)J <; k.

By definition of D and P, we have

D (2P y  = clbV G P J- l \ogP ^

<  C j 5 2 ^  j ' f c } ( l + c i 6 A ( f c , i x ) ) ( i - C 9 A ( f c J (1 +  c l 6 A ( 'E' u ) ) ,U ) )  +

+ fc|(l+ci6A(fc>u))u- I ^ logtt)5

For sufficiently large к (only depending on j) ,  we have 2-̂ cis ^  Alogu. 
Hence in order to prove (18) it suffices that

(19) jfci(i+c16L)(j-c9j - 2(n-c16L)2L) l̂ogu 6̂ g  k 

and

(20) Д; | ( 1+с1«Ь) u ~  5 (Jog u)6 ^  k

with L := A(k,u). We will prove Theorem 1 for

6  =

Acta M athematica  Hungarica 63, 1994



164 J. W . SA N D E R

By the condition of the theorem, we thus have

( 21)
18j3 log log к _  log log A: < < /  1 \ 2

c9log к 62 log к ~ = \  1 + A /

and

( 22) log log и ^  -  log log A:

for sufficiently large k.
First we show that (19) is satisfied. By taking logarithms, it suffices to 

have
6 log log и ^  (c9j -3 -  c\e)L log A;,

which by (21), (22) and cie ^  c9/2 j 3 obviously holds.
Similarly, (20) can be dealt with. Again taking logarithms, it is sufficient 

by (22) tha t
(i +  3clei ) ! ^  + 1*1̂  < ,

log и log и
For large к  (depending only on A), the second summand on the left is smaller 
than A/2. Now

ci6 ^ ( l - A ) ( l  + A)2

and (21) imply

( l  + 3c16£ ) [ ^  ^  1log и
which proves (20) and thus Theorem 1.

A
2 ’
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W E IG H T E D  (0,2) IN T E RPO LA TIO N O N THE  
E X T E N D E D  T C H E B Y C H E F F  NO DES  

OF SEC O N D K IN D
P. BAJPAI (Lucknow)

1. In tro d u c tio n

In 1955 P. Túrán initiated the study of what he called (0,2) interpolation. 
By (0,2) interpolation we mean an interpolation process where function 
values and second derivatives are prescribed at a given set of points. In 
a series of papers [2, 3, 7] P. Túrán and his associates studied the (0,2) 
process on the zeros x к of (1 — x2)P^l_1(x), where Pn{x) is the nth Legendre 
polynomial. Subsequently J. Balázs [1] considered the problem of weighted 
(0,2) interpolation, which required of finding the polynomial p(x) when the 
values of p(x)  and [(p(x)p(i)]' axe prescribed at given abscissas, p(x) being 
the given weight function. The problem of Balázs was modified by A. K. 
Varma and S. K. Gupta [6].

THEOREM 1.1 (Varma and Gupta). If  n is even, then to prescribed 
values yko, Ук2 (к — 1, 2, . . . ,  n) there is a uniquely determined polynomial 
R n(x) of degree ^  2n — 1, such that

(1.1) Лп(хк) = Уко, [(i - x2)aRn(x))"x=Xk = yk 2

for к = 1 ,2 , . . . ,»  and а ф 3/4, а  ф 9/4, a  > 0.
If  n is odd there is in general no unique polynomial Rn(x) of degree ^  

й  2n — 1, which satisfies (1.1). For a = 9/4 or a = 3/4, the interpolatory 
polynomial Rn(x) does not exist uniquely either for n even or n is odd.

As regards the convergence we have the following. Let f(x)  be a contin
uous function in the closed interval [—1,+1] and let it satisfy the Zygmund 
condition

\f(x  + h ) - 2f (x )  + f ( x - h )  = o(h) in ( - 1, + 1).

For a  = 7/4 the sequence of polynomials {Rn(x , f ) }  with yko = f(%k) 
converges uniformly to f (x )  in every closed interval — 1 + e ^ x ^ l  — £ £ 
being fixed (0 < e < 1), provided

°Q )

( > - ч ; ) 3/4’
IУк2I = к = 1, 2, . . .  ,n .
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Our aim in this paper is to modify the above problem. On including 
the case a  = 3/4 our study revealed that for n even the in terpolator 
polynomials exist uniquely and if f ( x ) belongs to the Zygmund class, the 
sequence of polynomials converges uniformly to f ( x )  in every closed interval 
-1  +  £ ^  x ^  1 -  e (0 < £ < 1), £ being fixed.

A similar problem on the zeros of Tn(x) [Tchebycheff polynomial of first 
kind] has been studied by Endeuanya [4] where he proved the existence and 
gave the explicit forms only.

2. Prelim inaries

Let
kir

(2.1) Xk = cos------к = 1, 2, . . .  ,n , x0 = +1 and xn+i = -1
n +  1

be the zeros of (1 — x2)Un(x),

( 2.2)
s in (n +  1)0

U Jx)  = ------r—----- , x = cos 0
sin 0

being the Tchebycheff polynomial of second kind. Un(x) satisfies the differ
ential equation
(2.3) (1 -  x2)[/"(x) -  3xU'n(x) + n(n + 2)Un(x) = 0.
It is easy to verify that
( 2 . 4 )  ^ n ( l )  =  n  +  1  =  ( - l ) n t / n (  — 1 ) .
For m even, we have
(2.5) (1 -  xl)U^(xk) = n + 1.
Let

Un(x)
( 2 .6 ) ^ki.x) — - ,  к —  1 , 2 , . . . ,  n

(x -  X k ) K ( x k)
be the fundamental polynomials of Lagrange interpolation which satisfy the 
conditions

0, к ф j
(2.7) lk{xj) =

We can further verify that

( 2-8)

(2.9)

I'kixk) = 

lkixj) =

1, к = j  

3 xk
2 ( 1 - 4 )

K ( x j )
( x j  X k ) U ' n ( x k )

, к = j,

, к Ф j.
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3. Existence problem

We shall prove the following theorem.
T heorem 3.1. If n is even and xk are given by (2.1) then to prescribed 

numbers f k (k — 0, 1, . . . ,  n + 1) and fj[ (k — 1, 2, . . . ,  n) there is a uniquely 
determined polynomial Qn(x) of degree ^  2n -f 1 such that

(3.1)
Q  n ( % k  ) — f  к  > к  — 0 ,  1 , . . . , Tt 4" 1

(1 -  x2)3,4Qn(z)]" = /£', k = 1, 2,. .
X - X k

П.

If  n is odd there is in general no unique polynomial satisfying the above 
conditions.

The polynomial Qn(x) of degree ^  2n +  1 must have the form

(3.2)
71 +  1

Qn(x) =  ^  fkrk(x) +
k = 0 fc=l

where rk(x) (к = 0, 1, . . . ,  n + 1) and sk( x) (к = 1, 2, . . . , n) are the funda
mental polynomials each of degree ^  2n + 1 of our weighted (0,2) interpo
lation satisfying the following conditions:

(3.3)

Í 0, к ф j
rk ( x j ) =<  ., (fc,j = 0,l,...,n+l),

1 ,  к  =  J

(l -  x 2)3/4rk(x) 0, к = 0, 1, . . .  ,n + 1, j  = 1, 2, . . .  ,n ,

$k(.Xj) — 0, к — 1, 2,. ..,71, j  — 0,1,...,7Z —j— 1,

(3.4)
(l -  x2)3/4sk(x)

0, к ф j
1, к = j

(■k , j  = 1 , 2 , . . . ,  i t ) .

In the sequel we shall need the following lemmas which can be easily 
proved.

L emma 3.1. We have for к = 1 , 2 , . . . , 7г

0)

00

[ ( l - * 2)3/V n(z)]'

[(1 -  x2)3/4Un{x) ^ = 0.

xl ) 3/4K (xk) ,

A c ta  Mathematica Hungarica 63, 1994
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L e m m a  3 . 2 .

J Un(x) dx = 0 or
- í

according as n is odd or even.

L e m m a  3 . 3 .

1

l - x 2k

[ 2(1 - x ) ) V i 4 (x,)

-------- T - * ä -------- ’
1 2(1 -  x l )3/4 [l'k(xk) + /*2(x*)] -

-  14xfc(l -  xiy 1/4l'k(xk)~
-  | ( i  -  4 ) _1/4 + -  4 )~5/4> = j-

P r o o f  o f  T h e o r e m  3 . 1 .  For the proof of the Theorem 3 .1  it is 
sufficient to show that if

fk = 0 (* =  0, 1, . . . , n +  1) and / £ '= 0 (* = 1,2, . . . , » )

then the only polynomial Q n ( x ) of degree ^  2n + 1 satisfying the conditions
( 3 . 1 )  is identically zero. We write

( 3 . 5 )  Q n ( x ) =  Un( x )qn+ \ ( x )

where qn+i(x) is a polynomial of degree ^  n + 1. The condition

[(1 - x 2)3/4Qn(x)l" =0, * = 1,2,...,»
L J x=Xk

requires that

[(l -  x2)3/4i/„(x)9n+i(x) = 0 for
x = x k

which on using Lemma 3.1 implies q'n+i(xk ) = 0, к 
we have

к = 1,2, . . .  ,n ,

= 1 ,2 ,... ,n . From this

q'n+1(®) = ciUn(x) ОГ
x

9n+1 (x ) — C\ J Unify dt T C2,
- 1
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where ci and C2 are arbitrary constants. Now qn+i (—1) = 0 gives C2 =  0 
and 9n+i( l )  = 0 requires

X

ci J Un(t)dt  = 0.
- l

We first consider n to be even, then owing to Lemma 3.2, we get C\ — 0 
and as c-i is already zero we get <fn+i(x) = 0. Therefore from (3.5), Qn(x) 
is identically zero.

But if n is odd then
X

Qn(x) = Clun(x) I  Un{t)dt
- l

and therefore for n odd the problem has no unique solution.
From now onwards we shall take n to be even.

4. Explicit representation o f  the fundamental 
polynomials

For the explicit forms of the fundamental polynomials we have
T heorem 4.1. For n even the fundamental polynomials гь(х)  (к = 

=  0 ,1 , . . . ,  n +  1) satisfying the conditions (3.3) are given by

(4.1) r0(z) = ^  J  Un{t) dt,

(4.2) rn+i(x) - Unix)
1J Unit) dt

and for к = 1, 2, . . . ,  n we have 

(4.3)
, , ( l - X 2)/2(x)

r*(ar) = -̂-- ;----4 ^  +! - x 2

+
Unix)

(1 -xl )U'nixk)
\ i x kM * ) - m

+
13z% + 14
8(1 - * fc)

-1
X

t -  x k
dt T

J lkit)dt + c3 J Unit)dt
- l - l
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where c3  is a constant given by

(4.4) c3 = -■
n +  1 2Л ( * ь) Ш - № )

-1
(Í -  Xfc)

dt

13xl + 14
8(1 ^ i r /w,)dt

THEOREM 4.2. F or n euen the fundamental polynomials ^ (x )  (к = 
= 1 , 2 , . . . ,  n) satisfying the condition (3.4) are given by

(4.5) sjt(x) =
Un(x)

2(1 -  xj0 3/4F '( x fc)

where c4 is a constant given by

X XJ lk{t)dt + c4 J Un{t) dt
-1 - 1

1
n T  1 f  . .

(4.6) c4 = ----- —  I h i t ) d t .
- 1

The conditions (3.3) and (3.4) can be easily verified on using (2.8), (2.9), 
Lemma 3.1, Lemma 3.2 and Lemma 3.3.

5. Convergence

Before we begin estimating the fundamental polynomials, we will sim
plify the integral occurring in r*.(x).

L em m a  5.1. We have

J  - t2>l'kjxk)hit )  -  l'kjt) dt _  (1 -  x 2)l'kix ) 
t — x k 2

x kjl  -  x2) h i x ) 
2

(x + xfc)(l -  x 2)U'njx)
2( n +  1)

k -1 -1

n(n +  2)
2(n +  1) J i t  + x k)Unit)

- l
dt —

X

- ~ r  /  Unit)dt.n + 1 J 
-1
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P r o o f . On using (2.8) we get

(5.1) l'k(xk)lk(t) -  l'k(t) = 3tlk( t ) ~  2(1 - t 2)l’k(t)

2 (1 "  *2)
(t -  x k)[3lk(t) + 2(t + xk)l'k(t)]

2 ( 1 - 4 )

But from (2.3) and (2.6) we have 

(5.2) 3tlk(t) -  2(1 -  t2)l'k(t) =
= (t~ * fc) [ ( l  -  t 2) l ' l ( t )  -  3t l i i t )  +  n(n + 2) l k ( t ) ] .

On applying (5.2) in (5.1), we get 

(5.3)

= ( t -  xk)

l'k(xk)lk( t ) - l ' k(t) =
(1 -  t 2))l'{(t) -  3tl'k(t) + n(n +  2)lk(t) 

2 ( ! - * * )
(i -  xk) [3lk(t) +  2(t + xk)l'k(t)]

2 (1 - 4 )

Thus on using (5.3) we easily get the required form. 
C o r o l l a r y  5.1. We have

/ ( 1 - ‘2)
2 л м т - т

t - x k
dt

- l

1 + 2x1 [
= — ------ 2~ /  lk(t)dt+

1 - 4  J

+
n(n +  2)

-  J lk(t)dt -  ^  J(t + x k)Un(t)
- l  - l

dt 4xk

( n + i r

Let f ( x ) belong to C[—1,+1] and f k = f ( x k). Then the sequence of 
polynomials Qn( f , x ) has the following representation:

(5.4)
n + 1 n

Qn(f , x ) = Y l  f ( x k)rk(x) + f kSk(x),
k=0 k=1

where f k are arbitrary real numbers and rk(x ), sk(x) are the fundamental 
polynomials of our weighted (0,2) interpolation each of degree ^  2n + 1. 

Now we state the following convergence theorem.
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T heorem  5.1. Let f ( x ) satisfy the Zygmund condition

(5.5) \f(x + h ) - 2 f ( x )  + f ( x  -  h)\ = o(h)

in (—1, +1). Then the sequence of polynomials Qn( f , x) converges uniformly 
to f (x )  in every closed interval — \ - \ - e ^ x ^ \ - £ , £  being fixed (0 < £ < 1), 
provided

(5.6) |/fc| =  7 :   ̂ Д 3/ 4 ’ k  =
_ xk)

For the proof of this theorem the estimates of the fundamental polyno
mials are obtained In Sections 8 and 9 and we complete the proof of the 
theorem in Section 10.

6. Prelim inaries for th e estim ation o f  the 
fundam ental polynomials

First we shall mention some known results concerning the Tchebycheff 
polynomial of second kind Un(x) (proofs can be obtained from Varma and 
Gupta [6]) which will be needed for estimating the fundamental polynomials.

LEMMA 6.1. For all x in —1 ^  x ^  1 we have

(i) \lk(x)\ S  4,

(ii) |(1 -  x2)1/2l'k(x) <Un,

(iii) ...............  '  2

(iv)

(v )

(Vi)

J Un(t)d
-1

XJ tUn(t)i
-1

XJ lk(t)dt
-1

XJ h(t)  dt

<

<

n + 1 

1

<

2(n -  2) ’ 

2 4 ( l - i f ) 1/2
, к = 1,2, . . . ,7i,

n + 1

^  4 (1 - x \ )  ,  к = 1,2,.. . , 5

and

(vii) \Un{x)\ ^  n +  1.
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Lemma 6.2. We have

0 )

( Ü )

(1 -  X2)\lk(x)\
1 - 4  S 6 ’

( l -  x2) ll(x)
--------- ^  24.

1 - x 2

For the estimation of the fundamental polynomial rk(x), it is necessary 
to express it in a more convenient form. So we give the following alternative 
representation.

7. A lternative representation of rk(x)

L emma 7.1. We have

(7.1) (1 -  x 2)ll(x) l Jn(x) f
rÁ x ) = ---- i----Z2 + 1 (*) + Г Г )  1 я(х )~1 — X I  77 +  1 (

(n + !)
X

9(1) J Un(t)d t^ ,  к = 1,2 , . . . , n ,
- l

where
(7.2)

t(x) = Unix)
7 7 + 1

(! -  x2)l'k(x) (ж + xk)(l -  x 2)U'n{x) xk(l  -  x 2)lk(x)
2(77 +  1) 2 ( l ~ x l)

(7.3) q{x) =
3 (2 -  x \)

XJ 77(77 +  2 )

8 ( 1 - *J) J 'K̂ 'dt+ V 2 ' j lk[t) dt —
- 1

77(77 +  2) 

2 (7 7  +  1)

- 1
X

I J ( t  +  x k)Un(t) dt -  J Un(t)dt.
- 1  - 1

Using (2.5) and the expression for rk(x) as given in (4.3), we have the 
desired form on putting the value of integral from Lemma 5.1 and Corollary
5.1.
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8 . E s tim a tio n  of г*.(ж)

Lemma  8.1. For all x such that — 1 -f £ ^  x ^  1 — e, we have 
following estimation:

65
(i) \гк( х ) \ й - ^ ,  k = 1,2

65n
(ii) M O I  й  - 372, к = 1, 2, . . . , га.

/с=1

P r o o f . From (7.1), we get

| r , ( x ) | g  (1 , x2) ' | (*> + |t(*)| + 2
1 -  x{

Unix)
n + 1 q{x)

We first evaluate t(x).  From (7.2), we get

1*001 ^
(1 -  x 2)Un{x)l'k{x) 1 Un(x)(x + x k)(1 -  x2)U'n{x)

2(n + l) T
2(n + l )2

+

+
Unix )x /-(1 x )lkix)

2(n +  1) (1 -  x\)

Now using Lemma 6.1 (ii) and (vii), Lemma 6.2 (i) and the fact that 

(1 -  x 2)1/ 2Un{x) ^  1, |(1 -  x2)U'n(x)\ % n,

we have |i(z)| ^  6. Further from (7.3), we have

Un(x)q(x) < 3 (2 -  x\)  Un{x)
n +  1 4(n +  1) (l -  x\)

XJ lk(t)dt +

+
(« +  !) - l

+

+
njn  + 2)Unjx)

(» + l )2

n(n + 2)V„(0  j W ) d t

4x 4(/„ (z
X

J ( t  + x k)Un{t)dt +
(П +  1Г - l

— J\ +  J2 +  J3 +  J
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On using (v), (vi) and (vii) of Lemma 6.1, we have

3 (2 -  x\) Un{x)
J i =

h

4(n + l ) ( l  -  x\)

n(n + 2 )Un(x)
n + 1

X

J  h{t )dt <

^  6 ,

24
=  £ 3/2  '

Similarly on using (iii), (iv) and (vii) of Lemma 6.1, we have

/з  =
n(n  +  2 )Un(x)

0 * + 1)

+

x
J ( t  + xk)Un(t)dt

- 1

< n(n + 2 )Un(x)

(» + 1)

2

J
- 1

n(n +  2 )xkUn(x) 
( n + l )2

X

j  Url(t)dt
-1

^ 2  + 2 = 4,

J4 =
4xkUn(x)
(n + l )2

X

J  Un(t)dt < 1.

Hence
Un(x)q(x)

( n +  1)
.  „ 24 , /  35

< 6 + —-7— + 4 + 1 <£■3/2 £3/2'

Thus on using Lemma 6.2 (ii) we get

M * )  1 ^ 2 4  +  6 +

and

Lemma 8.2. We have

(0 Mx)|^l,
(ii) |rn+i(a:)| ^  1.

tUn(t) dt +
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9. Estim ation o f Sk(x)  

Lemma  9.1. We have fo r  — l +  £ ^ £ ^ l - £ ,  

- A  \sk(x)\  „ 24< к = 1 ,2 , . . .  , n.
^ ( 1  - x 2kf /4 £3/2( ^ + l ) ’

P r o o f . Using the expression (4.5) and (iii), (v) of Lemma 6.1, we have

M * ) l  ^
(! -  x l ) 1/4Un(x)

2(n +  1)

XJ ш dt +
-1

+ (1 *1) ^  Un(x) J  j  Un^ dt <
- l

< (! -  x l ) 1/4Un(x)'■%)' Unix) f
— ) Ш

dt
- l

< 24(1 -  x i)3/<
£3/2(n + l )2 '

Hence,
y -  lgfc(z)| < 24

(1 -  x \ f /A = £3/2(n + 1) '

10. Lem m as on approxim ating polynomials

L emma  10.1 ( F r e u d ). Let f ( x )  be a continuous function in the inter
val [—1, +  1] satisfying the Zygmund condition (5.4) in ( — 1, + 1). Then there 
exists a sequence of polynomials р п(х ) satisfying the following conditions:

( 10. 1)

( 10.2)

(10.3)

I/ ( * )  -  < P n ( x ) \  =  О -n o - x V A n
K ( * ) |  = o(logn),

Wn{x)\ = °{n ) min [(! -  x2)~1/2,n

which holds uniformly in [—1,+ 1]. 
We shall prove
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L e m m a  10.2. I f  the sequence of polynomials <pn(x) is defined as in 
Lemma 10.1, then the following hold true:

k= 1
П

(ю  E
k=i

(Hi) E
k=1

(1 **) '  <Pn(xk)Sk(x) й £

/«(**)**(*)

eьооr—48\

e3/ 2(n + 1) ’

4>n {Xk)sk(x) ^  c8 log n

(1 - - i f ' = £3/ 2( n +  1) ’

C5

The above results can be easily verified.
P r o o f  of T h e o r e m  5.1. Let <pn(x) be a sequence of polynomials of 

degree at most n satisfying the condition (10.1)-(10.3). Then in view of 
uniqueness theorem we have the identity

n+l
(10.4) <pn(x) = ^2q?n{xk)rk{x) +  ^  f(l -  x 2)3/4<pn(x) _ sk(x).

L X— Xfck=0 k=l

We have

(10.5)

Now

IQn(f,x)  -  /(ar)| ^  \Qn(f ,x)  -  <pn(x )I + Iv?n(*) -  /(* ) |

I Qn{fix ) ¥+(£)!
n+l

E № * )
k= 0

+ ± {Г ' - \ {1- х ^ М х ) ] sk(x) й
til L ix=xk

n+l
^  K/Ĉ A:) — V̂ «((c>t))rfc(a:)| H-

k = 0

+ E 1^(Ж)| + E I [i1 “ Sk̂  = Ej + E2 + E3*
/ c = l A:=l

We estimate the sums and ]T)3 as follows:
On using (10.1), Lemma 8.1 and Lemma 8.2 we get

n+l

E x =  ^ Ы х ) и ( х к ) - M * k ) ) \  s
k=0
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^  М ж)1 l / ( * o )  -  V n i x o ) ]  +  M * )  I \ f ( x k) -  ¥>(**)! +
k - l

+  | » - n + l ( * ) |  | / ( * n + l )  -  <f (x n + 1 ) |  =

(1 -  X2)1' 2 +  iП \r k ( x )\

= o -  + o -n (1 -  X2)1' 2 +  i  n £м*)1 =
k - l

= ° Ш + ° ( » )  [(i X 2 ) 1 / J  +  1n
65 n O ( А- ) + 0(1) = 0(1).

For X)2 we apply (5.6) and Lemma 9.1 and get

o(n)£ 2 = £  №*wl s E ,3 /4
* = 1  k = l  (1  -  * 1 )

Lastly on using (i), (ii) and (iii) of Lemma 10.2 we get

\sk(x)\ = o(l).

=  i t ,  [(J _  i 2 )3/4^ ( x ) = **(*)
k - l  x Xk

=  | ( X _  x l ) 3,4(d X x k)*k(
к =  1 

‘n
+ I3**!1 -  xD ~ 1/4if'n(x k)sk(x)

<

+

k = l
+

+ E
fc=i

< ^  +

< i r 51'

c9 log n Сю log n

4 ix l  -  2) ¥>n(a)(l -  XD sk{x)

+
£ 3 /2 n 2 £ 3 / 2 ( n  - f  1 )  £ 3/ 2 ( n  +  1 )

= 0(1).

Hence
IQ n ( f , x )  -  <pn(x)I = o(l).

Thus from (10.5), on using (10.1), we have

IQn(f ,x) -  / ( * ) |  =  o ( l ) .

This completes the proof of the theorem.
A cknow ledgem ent. I express my sincere thanks to late Dr. R. B. 

Saxena for suggesting the problem and thus making the preparation of the 
paper possible.
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Q U A N T U M  C E N T R A L  LIMIT T H E O R E M S  
FO R  W E A K L Y  D E P E N D E N T  M APS I

L. ACCARDI and Y.G. LU* (Roma)

§0. Introduction

Recall [3] that a stochastic process over a *-algebra B, indexed by a set 
T, is a triple

(0.1) {A  y>,(j,)teT}

where A  is a *-algebra (unless otherwise specified, all algebras in the present 
paper are complex, associative, with identity); ip a state on A; and j t : В  —*■ 
—► A  a ^-homomorphism. Every classical stochastic process (X t) (t G T), 
from a probability space (Q,iF,P)  to a state space (S , 0 ) (a measurable 
space) naturally defines a structure as described above by choosing

A  = L°°( il ,P ,P)  ; В =  L°°(S,B), 
j f -  f  £ L°°(S, В ) -  j tU) := f  о X t e T ,  P)

and <p to be the integral with respect to the P-measure. Conversely, every 
triple of the form (0.1) with A  and В abelian, determines a (unique up to 
isomorphism) classical stochastic process.

Now let Г be a subset of the natural integers. The classical law of large 
numbers (resp. central limit theorem) studies the asymptotic behaviour (for 
./V —> oo) of the normalized sums

N /  N

* £ / № >  resp. £ [ / № )  -  / № ) ]
3=1 \  ^  ’ i=l

where /  G L°°(S, O) and

7 Ш  =  /  f { x 3) dp.
Ju

* O n  leave of absence from  B eijing Normítl University.
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In the present algebraic context the analogue of these sums are

1 N (  1 N
( resp- - vUh(b))]

h=l \  /i=l

where b G В and the study of the asymptotics of these sums, for N —* oo, is 
the object of the algebraic (or quantum) laws of large numbers (resp. central 
limit theorem).

In the paper by Giri and von Waldenfels [9] the first quantum central 
limit theorems for independent random variables was proved under the 
assumption th a t, for h ф к the algebras jh(B)  and jk{B) commute. Previous 
results, by [11], [12] even if phrased in a quantum mechanical language 
are essentially classic in nature. In von Waldenfels [17] this result was 
extended to the case in which В is a Z2-graded algebra, the jk are graded 
homomorphisms, and for h ф к the odd elements of jh{B) and jk(B)  
anti commute.

In these papers it was shown that, like in the classical quantum central 
limit theorem the limit distributions are Gaussian measures, in the quantum 
case the limit states are the quantum analogues of the Gaussian measures,
i.e. the quasi-free states arising naturally in quantum field theory (cf.
[13]). It was also shown th a t the usual Heisenberg commutation relation 
in unbounded form (or anticommutation, in the Fermi case) arise naturally 
from the quantum central limit theorems (cf. [18] for a simple proof). A 
proof of the Giri-von Waldenfels result, using cumulants techniques and an 
elegant noncommutative calculus of formal power series is due to Hegerfeldt 
[19].

Fannes and Quaegebeur [8] and, in a different context, Accardi and Bach
[1] extended the central limit theorem to maps. If one starts from product 
maps on the CCR or the CAR algebra, the limit maps are the quasi-free 
maps introduced by Demoen, Vanheuverzwijn, Verbeure [20] and Evans, 
Lewis [5,6].

Motivated by the goal of extending the central limit theorem to quantum 
Markov chains, Accardi and Bach [1] extended the central limit theorem to 
non-independent random variables (i.e. to states tp which do not factorize 
on products of the form ak, ■ ctfc2 • • • • • with к\ < къ < ■.. < kn and G 
G jkm{B)) (f°r more details on this, cf. the remarks preceding Definition
(1.2) below, where the basic strategy of [1] is outlined). In the present paper 
we take up the method of [1] and extend it to include the case in which the 
algebras jk(B)  are not assumed to simply commute or anticommute, but to 
satisfy a more general commutation relation of the form

(0.2) jh(b)jk(b') =  <Th,k(b, b')jk(b')jh(b) + £fcijt(6, b') ; h > k.
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The first deduction of the CCR in bounded form from a quantum central 
limit theorem was given in [2], where the quantum harmonic oscillator was 
shown to be central limit of quantum Bernoulli processes.

In a series of papers starting from 1988, Goderis, Verbeure and Vets have 
deduced the CCR in bounded form from quantum central limit theorems 
in much more general conditions and with a new technique which allows 
only X1-decay of correlations in the dependent case. Moreover in their 
techniques, the order structure of the index set is not relevant, hence their 
results include the case of a multidimensional index set (e.g. Zd). On the 
other hand, for these techniques, the commutativity of random variables 
localized on different sites of the lattice seems to be essential, while the 
consideration of the very general commutation relation (0.2) is a main gool 
of the present paper. Under such general commutation relation our results 
are new even in the product (i.e. totally independent) case.

In order to appreciate the generality of the commutation relations (0.2), 
let us examine some particular cases.

E x a m p l e  1. Eh,к = 0 and Oh,k = + 1 for all h,k  E N. This is the 
commuting case considered by Giri and von Waldenfels [9], and also in the 
papers by Goderis, Verbeure, Vets [10].

E x a m p l e  2. В is Z2-graded, Eh,к = 0 and Oh,k =  -  1 on odd elements. 
This is the anticommuting case of von Waldenfels [17].

E x a m p l e  3 . Let H be a pre-Hilbert space with scalar product 
< •, • >', A  = W ( H )  is the Weyl C*-algebra of the canonical commu
tation relations over H with symplectic form Im( / , / ')  ( / ,  / '  E H ). It is
then given a family of pre-Hilbert subspaces Hk Я H (not necessarily mu
tually orthogonal) such that each Hk is isomorphic to a single pre-Hilbert 
space Hq. Fix such an isomorphism Jk ■ Hо —► Hk and let В = W ( H q) be 
the Weyl C*-algebra over Ho; for each к E N define

jk (W ( f0)) = W (Jk f0) ; f o e  H0 .

Then (0.2) holds with Eh,к = 0, В  = (W (/o) : /о E Ho}, and 

°h,k(W(f0), VU(<7o)) = exp 2i Im(Jhf 0, Jkgo) •

E x a m p l e  4. Let H , (Hk), Ho, W(Ho) ,W(H)  be as in Example 3 above. 
Suppose that both W (H )  and W ( H q) act on Hilbert spaces 7i,7io respec
tively so that the field operators exist and admit a common invariant dense 
domain V  (resp. T>o). Let A  (resp. В ) denote the *-algebra of the poly
nomials in the fields, defined on the invariant domain V  (resp. Vo). Then 
if A(f) ,  A +(g) (resp. A0(fo), A+(g0) (f , g  E H, f 0,g0 E H0)) denote the 
annihilation and creation operators in A  (resp. B), then the maps

jk(Ao(fo)) ■= Ao(Jkfo)', jk(Aoifo)) A+(Jkfo)
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define embeddings jk  : В —► Л. If

В  = {A0(/o)), A j(50) : /о,5о ё #о} 

then (0.2) holds with (Th,к =  1 and

£/i,Jt(Ao(/o), Aj(fifo)) =  (Jhfo,Jk9o),
£/i,fc(Aj(fifo), A0(/o)) = ~ ( J k 9 o , J h f o ) ,

£fc,fc(A0(/o), Ao(fifo)) = £h,k(Ao(fo ), А+($ю)) = 0.

E x a m p l e  5. Example 4 can be modified in a obvious way to obtain the 
Fermion case.

E x a m p l e  6. Let Я, (#*,), (Jjt),#o  be as in Example 4 above and T(Fo)  
be the full Fock space (i.e. the tensor algebra) over # (# o ) and let, for f , g  E  
€ H  1(g), /* (/) denote the free annihilation and creation operators (defined 
as in [16], cf. also [15] or [7]). Similarly one defines lo(fo)J*(9o) (fo,9o 6 
€ Ho). Let Л  ^  B(T) (B Q В  (^o)) denote the algebra generated by the 
family

{ l * ( f ) , l ( 9 )  : h 9  €  H )

(resp. {lÓ(fo)Jo(go) • fo,9o G #o})- Then for each к € N, the maps 

jk(lo(fo)) = KJkfo) ; jk(lo(9o)) = l*(Jk9o) 

define embeddings jk : В Л.  If

В  = {lo(fo),l*(9o) : fo-,9o 6 Ho} 

then (0.2) holds with Oh,k =  0 and

£h,k(lo(fo),lo(9o) =  ( Jhfo,Jk9o) ■

The above examples show th a t the variety of situations that can be covered 
by our results is very wide.

R e m a r k . The paper has been split into two parts: in Part I all the 
preliminary estimates are established; in Part II these estimates are put 
together to obtain the main results, i.e. the three theorems stated at the 
end of Section §1.
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§1. N otations, definitions and statem ent o f  the 
main results

Let А, В, C be associative algebras, assume that A  and C have an identity 
denoted, when no confusion can arise, by the same symbol 1. Let В  be a 
subset of B, usually it will be a subset of generators of the algebra. Let for 
each t G R+ be given a homorphism j t : В —► A,  such th a t for each t , s  G 
G R+, t ф s and b,b' G В , there exist two scalars <r(t,s, b, b') and e(t, s, 6, b') 
satisfying

(1-1) jt{b)js(b') -  a(t,s,b,b')js(b')jt(b) -\-e(t,s,b,b').

Notice that if A, В are ^-algebras and E  is a state on A ,  then the triple 
{A ,( j t ) ,E}  is a stochastic process over В in the sense of [3].

Following the notations of [1], we denote Sp the family of all p-permu- 
tations and Vk,P the family of all ordered partitions ( S i , . .. , S P) of the set 
{1 ,...,& }  into exactly p non-empty subsets (k G N and p к). The 
partition ( S i , . . . ,  Sp) is ordered with order “< ” in the following sense: 
Si < Sj if and only if m in{r : r G S,} < min{r : r G S^} and each set
Sj has the natural order. If some Sh has only one elements, we shall call it
a singleton.

For each ( 5 i , . . . ,  Sp) G Vk,P and T  G R +  , denote [S i, . . . ,  SP]T the set 
of all fc-tuples ( t i , . . . ,tk) G [0, T)k such that

(i) for each j  = 1 ,2 ,. . .  ,p  and i,i' G Sj,  we have f, =  t,»;
(ii) for each j , j '  = 1 ,2 ,. . . ,p ,  j  ф j ' ,  i G Sj and i1 G Sji, we have

U ф U,.

The elements of [S i,. .. ,S p]y can be identified to the functions t from 
{ 1 ,... A:} to [0,T) which are constant on the elements of the partition 
(S i , . . . ,  Sp) and which take exactly p different values.

Similarly for each IV G N , we denote by [Si, . . . ,  SP\N the set of all maps 
a  : { 1 ,... ,  k} —► { 1 ,...,  N }  such that

(i) for each j  = 1, . . .  ,p and i, i1 G Sj,  we have a(i) = a (i');
(ii) for each j , f  = l , 2 , . . . , p ,  j  ф j ', г G Sj and i' G Sj, we have 

a(i) ф a(i').

Throughout the paper, we shall denote by о either the Lebesgue measure 
on R  or the counting measure on Z, both characterized by translation 
invariance and

К [0,Т )) = T  ; T  G R  or N.

We shall use the notations

(1.2) ST(b)= J j s(b)o(ds) ; T G R +
[0,T)
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so that, if и is the counting measure

N

(1.2a) SN (b) = ^ j k ( b )  ; N £ N
k= 1

for each b  £ B. Moreover, we assume that
(i) on C, there is a semi-norm | • | and it is given a map E : A  —> C with 

property

(1.3a) E( 1) =  1;

(ii) for each к £ N , b i , . . . , b k E В  := {6 : E ( j t(b)) = 0 for each t £ 
€ R+}, there exists a positive constant C (b \ , . .. ,bk) £ R+, such that, for 
each p  ^  k , ( S i , . . . , S p) G 7 \ p, (sb . . . ,  sp) £ R+

(1.3b) \ E ( j S l ( b s 1 ) . . . j S p ( b s p ) ) \ ^ C ( b 1 , . . . , b k )

where and in the following, for Sj = {г'г,. . . , гг}, we use the notations

(1.4) bS] = bn • • • blr

D e f i n i t i o n  1.1. We call E : A  —> C an FP-mixing map (FP meaning 
“faster than  polynomial” ) if there exist two functions d,6 : R + —► R + , 
(resp. d, 6 : N —► N) satisfying

(i) for each q > 0

(1.5a) dx —* oo, —  —*■ 0, as T  —► oo

i.e. d j  tends to infinity more slowly than any power of T;
(ii) for each q > 0,

(1.5b) St  ■ Tq —► 0 as T -to o

i.e. Sj  tends to zero more rapidly than any polynomial fuction.
(iii) for each к £ N , x  £ R  (resp. x  £ N), bi , . . . ,bk  £ B, one has

(1.6) \E(MxNx+dT) -  E(Ms )E (N x+dT)\ й  C(bu . . .,bk)ST

where the constants C (b i,. . .  ,bk) can be taken equal to those in (1.3b) and

(1-7) M x := j Sl(bS l ) ■■■jsq(bsq),
(1-8) N x+dr (^S,4i ) • • • jsp{bsp )

Acta M a th em a tica  Hungarica 63, 1994



QUANTUM CENTRAL LIMIT THEOREMS 1 8 9

with q ^  p = l , . . . , k ,  (5 i , . . . ,S p )  £ T>k,v and ( s i , . . . , s p) £ R+ (resp. 
( k i , . . k p) £ Np), such that si < . . .  < sp (resp. k\ < . . .  < kp) and

(1.9) s j ü x ,  j  =
(1-10) Sj^>x + dT , j  = q + l , . . . , p ,

i.e. the correlations between observables which are localized in intervals 
I , J  C R+ whose distance is greater than d j  decay at a rate which is faster 
than St .

In the following, E  will always denote an FP-mixing map satisfying 
(1.3a) and (1.3b). Since any state with exponential decay of the correlations 
is FP-mixing and since it is known that ergodic quantum Markov chains are 
exponentially mixing (cf. [2]), a Corollary of our results is that the central 
limit theorem holds for ergodic quantum Markov chains on countable tensor 
products of matrix algebras.

The basic idea of the proofs is the same as in [1], i.e. a quantum general
ization of Bernstein’s method to prove the central limit theorem for weakly 
dependent random variables. The idea is that, if the correlations decay 
sufficiently fast (conditions (1.6) and (1.5b)), then the blocks of random 
variables which are separated by a gap of length d? become asymptotically 
independent. Moreover condition (1.5a) implies that, neglecting blocks of 
length dr,  we make an error which becomes negligible in the limit.

The present paper extends the results of [1] and corrects two errors in 
that paper: one, noted by von Waldenfels, is that in the formula (1.3) of [1] 
a combinatorial factor (1/p!) was omitted. The other, noted by Verbeure, 
is that in the expression of the correlation function in Theorem (1.1) of [1], 
the term arising from the fact that the correlations at different times do not 
vanish (the term F  of formula (1.16) of the present paper), was omitted due 
to an error in the proof of Lemma (2.2) of [1].

We are grateful to the above mentioned authors for pointing out these 
errors. The results of the present paper show however that the technique 
of the proof, developed in [1], was correct and applicable to a much more 
general situation, like the present one.

In the proofs we have tried to understand the analogies between the 
techniques used in the present paper and those developed by the authors to 
deal with the weak coupling and low density problems (cf. [3], [4] and the 
Remark (6 .6a) in the following).

Since the proofs are long and technical, we formulate here the main 
results. In order to do that we need the following:

D e f i n i t i o n  1.2. We say that /  : R +  - +  C  is s  -  \ j x ( C , d v )  if it is 
bounded and for each s £ R + , f ( - , s ) £ X1([á, oo),du, C), the functions

(1.11a) s I— * J f( t , s )  v(dt) , t I—♦ /  f ( t , s )  v(ds)
[s,oo) [0,i)
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are bounded; the  limit

(1.11b) lim f  / ( í ,s )  u(dt)
Г — oo J

[°л

is uniform in s.
Moreover if the first integral of (1.11a) is not only bounded but also 

independent of s, we say th a t /(•,•) is S — L 1(C,di').
In particular, if и is the counting (or the Lebesgue) measure, we denote 

s — Ll(C, du) by s — Ll (C, dn)  (5 — Ll (C, dt)) and the same for S — Ll (C,du).

R e m a r k . If there exists an { f ( k ) } ^=1 C  R+ satisfying
(i) \e(h,  r)| ^ f ( h  -  r ) for each r < h ^  N-,

(ii) the series /(&) converges; 
then, £ is S — L x(C,dn).

The meaning of this assumption is best understood by looking at (1.1) 
in the particular case in which cr(t,s,b,b') =  1. In this case we immediately 
recognize th a t the condition e £ Ll {C,dn) is a condition of asymptotic 
abelianness, i.e. if s and t are very far apart, then j t(b) and j s(b') almost 
commute.

T h e o r e m  1.3. Let E  be an FP-mixing map and let В  С В be a set 
of elements satisfying the commutation relation (1.1) and the mean zero 
condition

E(jt(b)) = 0 , v t e r ,  ь е в .

If  for each b,b' £ B, e (- ,- ,6, b1) is s — Ьу(С ^и)  and o(-,-,b,b') is bounded 
then, for each b\ , . . . ,bk  € В  and a > ^ or a = ^ and к odd,

(1Л2) (̂[Q r))afc /  Ei j h ( ^ ) - - J t k(bk)Mdt i ) . . . v ( d t k) = 0.
[ o , T ) k

R e m a r k .  If E  is a stationary state, i.e. E ( j t ( b ) )  =  E o ( b )  on B ,  

independent of t, for some state Eq and a — 1, (1.12) is simply the law 
of large numbers. If a =  |  and к is odd, (1.12) is the first half of the central 
limit theorem, i.e. the vanishing of odd moments for mean zero Gaussian 
state.

Moreover
T H E O R E M  1.4. In the assumptions of Theorem 1.3, suppose that T  C 

C N and that for each b, b' £ B,
(i) cr(-, •, b, b1) — o(b, b') (i.e. o(h,k,b,b') does not depent on h,k).
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(ii) b, b'), are in S  — L l {C,dn)
tion 1.1.

(iii) The limit

in the sense of Defini-

(1.13) lirn^ 1  f l  E ^ b • b') )  =: C(66')
~~>0° /1=1

exists.
Then for each n 6 N and b \ , . . . ,  b^n G B, the central limit 

(1-14) Urn - i - £ ( 5 N(b1) . . . 5 N(62„))
N->oo TV"

exists and if we denote

oo

(1.15) / ( 6, 6')  := 5 ]  e(k,h,b,b'),
k = h  +  l

oo
(1-16) F(b,b'):= £  E { j h(b)jk(b')),

k = h + 1

(1.17) C0(b, b') := C(bb') + F(b, b') + F(b', b) + f(b, b'),

then the limit (1.14) is equal to

(i-!8) =EE *(*i>ii , . . .,in ? jn? ̂1?•••?̂2n) X
P-P- 7rG«S„

x ^'°(bir(i)’bjjr(1)) ■ ■ ■ Co(bi^n),bj^n))

where, as usual Yhp p means the sum over all ordered pairs partition of 
{1, . . . , 2n}, i.e. all pairs { i i , j i , . . .  , in, j n} such that

(1.19a) {Й) j i »• • • r ®ni Jn) — {1 ,... ,2n},
(1.19b) ih < j h, for any h = l , . . . , n ,
(1.19c) J i  <  J*2 <  • • •  <  j n

and the <r( i i , j i , . . . , in, j n' ,b i , . . . ,b2n) 25 product of о -factors.
In the continuous analogue of Theorem 1.4 a qualitatively new phe

nomenon arises.
THEOREM 1.5. In the continuous case, with the assumptions of Theo

rem 1.3, assume that for each b,b' £ B,
(i) a(-,-,b,b') = о (b,V),
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(ii) E(-,-,b,b'), e(-,-,b,b') are in S — L x(C,dt) in the sense of Defini
tion 1.1.

Then for  each n G N  and b \ , . . . , b 2n G B, the central limit

(1-20) jim  J E ( j t l (b1) . . . j t2n(b2n))dt1 . . . d t2n

[o ,T)2n

exists. Moreover if we denote

(1.21) f(b,b '):= J dse(s,h,b,b'),
[h,oo)

(1.22) F(b,b'):= j  d s E (Jh(b)js(b'))
[h,oo)

and

(1.23) C0(b, b') := F(b, b') + F{b\ b) + f(b, &') 

then the limit (1.20) is equal to

(1.24)

n\ ^ ( * 1 ’ J i»  • • • > in ,  . . . ,  b2n) x  C o (ö lir(1), ) ■ • • C o ( i tjr(n ), )
p .p .

R e m a r k . Notice tha t in the continuous case there is no analogue of 
condition (iii) in Theorem 1.4. This is because this condition is on products 
of pairs and we shall show that in the continuous case, only the partitions 
made up entirely of singletons survive in the limit.

§2. Som e techn ica l lem m ata

In this section we introduce some notations and prove some lemmata 
needed in the following sections.

L e m m a  2.1. Let E  be as specified in Section 1 and let a ^  p S? к G 
G N, b\ , . . . ,  bk G В , (S1, . . .  , S P) G Vk,p- Assume that either of the following 
conditions is satisfied:

(i) ak > p;
(ii) ( S i , . . . ,  Sp) contains exactly q singletons with g ^ l ,  a > | o r a - |  

and к odd.
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Then

( 2. 1)

j ^ o  u([q /  \EÜsi(bs1) - - - jSp(bsp))\-i'(ds1) . . . v ( d s p) = 0.

( 2.2)

P r o o f , (i) If ak > p, then by (1.6), 
1

i'ÜO.T) ) 1
ак j  IE { jsx(bSl) . . .  j Sp{bSp))\v(dsx) .. .u{dsp) й

0 < s i  < . . . < s p < T

<
K[o , t ))ak C (6b . . . , 6fc)i/([0,T ))P -> 0

(ii) Assuming tha t ( S \ , . . .  ,SP) contains exactly q singletons which cor
respond to the indices j i  < • • ■ < j q, we define the set

(2.3) A(T,dT,p , { jn }4n=i) ■= { ( s i , . . . ,5 p) 6 [0,T )P : sj < . . .  < sp

and for each r = 1, . . .  ,q, either Sjr — Sjr_i ^  dp or Sjr+\ — Sjr ^  dp f

denoting vp the product measure (®г/)р, then, for each {jn}4n= the quantity 
vp {A (T ,d p ,p , { jn}4n=:i)) can be written as

1 1  1
(2.4) j  u(dSl) J v(ds2) . . .  J v(dsn) x ^ _ ^ Sn_x+dT)(sh ) xsn 1

x ^[iJ1),Sj.+<iT)(5h + 1) x

X '• • X x £j '- i i j ' - i+dr)(si J  X Хк Х ,+ * т )^ '« +1)

where e E (0, l }29 is determined uniquely by the rule 

(2.5a)

(2.5b) e(2r) =  { ? ;

e(2r -  1) = { ? ’ !Í Sjr J  d/ '> \  1 , if sjr -  Sjr_a S dp]

if 5jr+i — sjr  ̂dp] if sjr+i — sjr = dp
and where, by definition, for any set / ,  x°i = 1; x )  = Xl- From the definition 
of A(T, dp,p,  {jh}h=i)i if follows tha t e(2n -  1) + £(2n) ^  1 for each n = 
= 1 , . . . ,  q. Notice tha t for each n =  1, . . .  ,q, the product

( 2.6)
„ e ( 2 n — 1 ) / \  w  e (2 n )

X[5in —1 ) *̂1” X[*j„i«jn + dT) (5jn + l)
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surely depends on s j n but not necessarily on ,Sjn+i or So if we denote
(2.7)

F ( s u - . . , s p ; O n } L i,e )  := П (2 n)

n = 1

then F  depends on s j 1 , . . .  , S j q , but not necessarily on the other variables,
i.e. F  is a function which depends on at least the q variables S j 1 , . . . ,  S j q . 
In the multiple integral (2.4), if the variable Sj does not appear in any 
characteristic function, then we majorize the corresponding integral with 
i^([0,T)). If it appears we would like to majorize the correspoding integral 
with the factor i / ( [ 0 H o w e v e r  in doing so we should keep in mind that 
some of the characteristic functions can coincide. This can happen only if, 
for some r = 1, . . . ,  q,

( 2 . 8 )  j r - i  =  j r  -  1-

In this case we have the factor

(2.9)

X[3Jr_1 _! ,^г_, +<1Т](«Лг-1 )£(2(r“ 1Ь1)

'^[sÍr._l.*Jr_l+dT](SÍr)  ̂ '

’sJ r - l  + ^ T ] (5f r - l  +1 ) 

^br.Sjr+^T](ő> + l)£(2r)-

* ( 2 ( r - l ) )

So if

(2.10) e(2r) =  e(2(r -  1) -  1) = 0 

then the product (2.9) becomes

X [*)r-1 -sJ r - l  + 4 T] ( 5j r - l  +1 ) ’ '*>г-1 + ^ г ] ( 5Гг)

and in the view of (2.5a) and (2.5b), this is equal to Xfsj^j ,sJr_j+<ir](s.;r)- 
Thus, if both conditions (2.8) and (2.10) are satisfied, then from two single- 
tons we get only one characteristic function.

Since there are q singletons, the worst case is when we get only f 2̂ -] 
characteristic functions. This is clear if q is even and, if q — 2m + 1 is odd, 
then after having formed m  pairs, the remaining term will surely produce a 
characteristic function, because if condition (2.8) is satisfied by three indices, 
say j r - 2 i j r ~ \ i j r i  then condition (2.10) cannot be simultaneously verified for 
the two pairs ( j r- 2, j r - 1), ( j r - i , j r ) -  In conclusion, if q is odd we have at 
least m + 1 = different characteristic functions.

As a consequence of this we obtain the estimate

(2.11) vp(A(T ,dT , p , { j h} l=l)) Í  */([0, Г ) Г ^  • К М т ) ) 1̂ .
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Therefore if we denote
( 2. 12)

A(t,dT,p,q) := ^  A (T,dT,p,{jh}l=i)
l ^ j l  < : .< jq '£ p ;  {Syh }’ _ are singletons

then

(2.12a) S ( A ( t , d T ,p ,q ) )ü  ( £ )  • v([0,T))p~ ^  ■ v([0,dT ) ) ^ \

(2.13)

Moreover by (2.12a) we obtain 

1
K M ) ak J  \E(js! (bSl) ■ ••jsp(bSp))\i'{dsi) . . .  u(dsp)  < ;

A(T,dr,p,q)

S г([0. г ) Г ^ ([0’г ) Г 'а |1 ' ' ,/(1 M t>) №  ■  ...... »*)• ( J ) .

But if ( 5 i , . . .  ,SP) contains exactly q singletons, then there are p — q non- 
sigletons, therefore

(2.14) k =  = <i + 2( p - q )  = 2p - q
3 = 1

and this implies that

(2-14a) p i  '-(к +  q) i  k-  +  [ i ± l  

Therefore, if a > we have

(2.15) i/([0 , r ) ) * t ,/(i0' Г ) Г ' " d 0’ ‘' r » ' “ ' S

S ------- i ——^ ( [ ( M r ))1“ 1 -  0
K M )  ( y)

as T  —> oo. Moreover, p, к € N implies that in (2.14a) it is possible to have 
equality only if к is even, therefore if a = |  and к is odd, then

'9 + 1'к
r <  2 +

rq + 1, к 
■ e. ? - [ — ] <  j -
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Thus
(2.16)

1
K[0 ,T ) )ak

K [o ,r) )p- f ^ v([0,dT) ) ^ ] = K M t ))[^ ]
1/( [о ,т ) )Ь (р - 1̂ 1)

о

as T  —► oo. Define now the set

Ap = { ( s i , . . . , s p) E R+ : si < . . .  < sv Ú T } \A (T ,d T ,p)

by (2.3) and (2.12). One knows that for each ( s i , . . .  ,sp) E Av there exists 
a q Ú p, 1 Ú j i  < . . .  < j q Ú p such that

(2.17a) \sjr -  s jr _ 11 > dT and \sjr+1 -  sjr\ > dT, V r = l , . . . , g .

Therefore the mean zero condition (b3 E В , j  =  1 , . . . , k )  and (1.6) imply 
that

(2-17) /rn f  \E (jsi(bs1)- -- jsP(bsP))W{ds1) . . . v { d s p ) ^
Ц [0,Г )) J

A p

-  ^([o r ) )* fe ^ ([Q’r ) ) P ' ° (St)  ' c(bu  • ■ • ’6fc) — > °> as T ^ ° ° -  

Putting together ((2.16) and (2.17) we obtain that (2.1) is equal to

S4P A ( T ,d T ,p,q)

•v (dsi) . . .  v(dsp) = 0.

(2.18) lim
1

v(\0,T)) ak /

Corollary  2.2. Let E  be as specified in Section 1 and let a > \ ,  p ú  
ú k E  N, b i , . . . , b k E B ,  ( S i , . . . ,  Sp) E Vk,P- Then

(2.19) limX—»oo H [o  ,T))°
J \ B ( j s l (bSl) . . . j Sp(bsp))\

0^si<...<«p^X

■v(ds\).. .  o(dsp) = 0.

P r o o f . We distinguish two cases:
i) if p ú  к / 2 then ak > p;
ii) if p > к /2  then there exist singletons among S \ , . . . , S P. 

The proof follows that of Lemma 2.1.
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§3. Normal order in abstract algebras

In this section we generalize some techniques widely used in quantum 
field theory and known under the name of normal order or Wick order. 
In an abstract setting, the problem giving rise to these techniques can be 
formulated as follows: one starts from elements ax (a: E N) of an algebra 
Q,  satisfying some commutation relations of the form (3.3); one considers 
products of the ax , of the form (3.1) and, by repeated application of the 
commutation relations (3.3), one wants to write the product (3.1) in such a 
way that the indices x \ , . . . , x n appear in a preassigned order. In the present 
paper, the preassigned order will be the increasing one (3.2). The normal 
order, usually considered by the physicists is different: the indices Xj take 
only the values 0 (corresponding to creation operators) and 1 (corresponding 
to annihilation operators), and one wants to write the product (3.1) as a 
sum of products in which all the zeros are to the left of all the ones and 
the original order among the zeros and among the ones is preserved. In 
that case the factor £ corresponds to a scalar product and the factor a 
corresponds to 1 (Boson case) or —1 (Fermi case). The situation considered 
by us corresponds to a time ordering. The basic techniques are the same in 
both cases. The techniques developed below are a natural generalization of 
those, introduced by the authors, to deal with the weak coupling and the 
low density problem (cf. [3], [4]).

D e f i n i t i o n  3.1. For any algebra Q, n ,N  E N, C Q,  1 S
^  x i, . . . ,  x n ^  N,  we say that the product
(3.1) aXl • • ■ aXn

is ordered if the indices {a:/i}^=1 are ordered, i.e.

(3.2) Xi ^  x2 S  ■ ■ ■ = xn-
In the following we shall investigate the ordered form of products of the 

form (3.1), where the aj satisfy the commutation relations
(3.3) ax ■ ay = a(x ,y )  ■ ay ■ ax + e(x,y),  V i , j f N ,  % ф У 

with o,£ in the center of Q.
For each n ,N  E N , n ^  N  and 1 ^  x \ , . . . , x n ú N,  there exists a 

unique n-permutation ж E Sn (the permutation group on { l , . . . ,n } )  such 
that 7Г is a composition of к consecutive exchanges

(3-4) Ж1г(1) = Хж(2) = • • • = xn(n)
and for any other n-permutation 7r', if ж' is a composition of k' consecutive 
exchanges with к' < к , then ж' does not satisfy (3.4). An exchange is called 
consecutive if it exchanges two consecutive indices and leaves the remaining 
ones fixed.

In the following for any given x = { z i,. . . ,  x n}, we shall denote this 
permutation by 7rx.
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L e m m a  3.2. In the notations (1.2a),

(3.5) ST(bi) • • ■ ST(bn) =

=  it, ^ 2  J j t i ( bl ) - - - j t Á b n ) v ( t l ) - ' V ( t n ) .
p=1 (Si,...,sp)e'Pn,p .....s p]T

P roo f . (3.5) is an immediate consequence of

(3.6) [0, T T  = ü  U  U  W -
P= 1 (5i n,p ,...,Sp]j .

Lemma 3.3. For each n ,N  G N , n ^  N  and 1 ^  x \ , . . . , x n ^  N, the 
ordered form of the product (3.1) is equal to

(3.7)
[ n / 2 ]  *  m

X X  X II £i.xPĥx4h)Gix'i->-• • ̂ xn)-axnX(Tl) • "aX]rI(rn_2m)
m = 0  l ^ p i  < „ . < p m i n  (?1 , - , 9 m )  Л=1

where and in the following
i) for each fixed m  and 1 ^  p\ < . . .  < pm ^  n, means the

sum over all 1 й q\,. eVII£ satisfying

(3.8a) c a r d ^ / J ^ )  := |{9fc}”=1| = m,
(3.8b) Ш н =1 C { l , . . . , n } \  {Ph)h=\,
(3.8c) Ph < qh, V h = 1, . . .  ,m

and

(3.8d) Xph ^  Xy?h’ V /i — 1, . . . ,  m,

Ü) for each fixed m  and {ph

(3.9a) W » * -a2m >n} \  {Pfc>9fc}fc=i. r i <

and xn* ( r j )  = ••• = X1TX ( r n _ 2 m ) >
iii) <r(xi, . . . , 2?n) is a product factor of the form cr{xi

x n —2m

P r o o f . F rom  t h e  c o m m u ta tio n  r e la tio n  (3.3) w e k n ow  th a t  in  th e  
o rd ered  fo rm  o f  th e  p r o d u c t  (3.1), so m e  e le m e n ts  o f  {a x h} £ = i  w ill b e  u sed  
to  p r o d u c e  an  e - fa c to r  a n d  in  o rd er  to  g e t  a n  e -fa c to r  w e u se  tw o  e le m e n ts  o f  
{ a rh } £ _ i ,  th e re fo r e  t h e  n u m b er m  o f  e - fa c to r s  ca n  b e  eq u a l to  0 , 1 , . . . ,  [ n /2 ] .
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For each fixed m, let {ph}™=\ denote indices {xh}^^  such that aPh is used 
to produce an e-factor with some element aqh with qh > ph. By relabeling 
the order, one may suppose that pi < P2 < ■ • • < Pm- If Pi < P2 < ■ ■ ■ < Pm 
and <7i, <725 , q-m C { 1 , . . . ,  n} are chosen as above then obviously:

— qh cannot be in for any h = 1 i.e. {qh}h=i C
c  {1 \ {рл)Г=1;

— qh cannot be equal to another <jv, i.e. |{<)7l}™_1| =  m.
— 4h > Ph for each h = 1 , . . . ,  m;
— if for some i < j ,  X{ < Xj then we do not exchange the order of the 

two elements aXi and aX], so there is no factor e(xi,Xj), i.e. xVh > x qh for 
each h = 1 , . . .  ,m.

For each fixed m and {ph,Qh}h=i, denoting {rhjhZi™ {1, •••,« }  \  
\  {Phi4h]'h=\i fhe {arh}^=i2m are not used to produce ^-factors, therefore in 
order to bring their product to the ordered form one can apply the restriction 
of the permutation Xх to the set Thus one obtains the product
oIii(r j • • -'аХяХ(г у  where, by the definition of Xх (cf. (3.4)),

X n x ( r1) <  • • •  <  X n x (rn - 2m)-

Since each exchange gives rise to one cr-factor, eventually we obtain a factor 
a(x i , . . . , x n) which is a product of some factors a(xi ,xj).

As a special case of Lemma 3 .3 ,  for each T > 0, n G N ,{ U L i C [ 0 ,T ]  
and b\ , . . . ,  bn, we can obtain the ordered form of the product

( 3 .9 )  3 h { bi ) - - - j t n (bn )-

C o r o l l a r y  3 .4 .  In the notations of Lemma 3.3 ,  for each T  >  0, n G 
G N , t : =  1 С '[0, T] and b i , . . . , b n, the ordered form of the product
( 3 .9 )  is equal to

[n/2] * m

(3.10) ^   ̂ У! J J  £(̂ Ph>̂ 9/nbPh,bqh)
m=0 l^p!<...<pm̂ n (9 1 ,...,9m) Л=1

<r(ii,. . . , t n, b l , . . . , b n) ' j t rt(ri)(b 7r‘(n)) • ■ • Згж({Гп_2т)(Ь7г‘(гп- 2 m)).

Moreover we have the following
C o r o l l a r y  3 . 5 .  In the notations of Lemma 3.3, for each T  > 0, n G 

G N, and bi , . . . ,  bn, the product

( 3 .1 1 a )  S T ( b i )  —  S T ( bn )

is equal to
n . [n/2] *

(ЗЧЬ) E E  /  E E E
P—1 (Si,...,Sp)e7>2n,p ig [S j ,...,Sp]T m = °  l^ P l< - ..< P m ^ n  (9i,...,9m )
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1 1 £-(tph 5 9̂h > ЬPh 1 9̂h )<7(̂ 1 ’ • • • ) int bl , • • . 1 bn) - j twt(ri) i.b-r‘(ri)) 
h= 1

• • ■ Í M ( r n _ 2m ) ( ^ , M m ) M « l )  ’ ' ’ K < n ) .

P r o o f . Corollary 3.5 follows immediately from Lemma 3.1 and Corol
lary 3.4.

R e m a r k . Notice that since (S i,. . . ,  Sp) is an ordered partition, one has 
that inside each S/,, h = 1, . . .  ,p, ж1 will keep the order, i.e. if lh < kh 6 S/j, 
h G { l , . . . ,p }  and lh < fc^then тг\ l h) < ж\ k h) and tvt(lh) = t(fch). In 
other terms, 7Г* acts on the blocks Sj, keeping the order inside each block.

Now let us consider Corollary 3.5 from another point of view: for each 
p = l , . . . , n  and any n-permutation 7Г, let [S i,. . . ,  Sp]^ be the subset of 
t G [ S i , . . . , 5 p]r  such that 7Гг = 7Г with ж1 defined by (3.4), i.e. ^
^  . . .  ^  t-K(n)• Clearly we have 

(ЗЛ2)
Sr{b\) ■.. Sxjbn) = y :  X I Jti(bi) . . . j tn(bn).

P= 1 (S i f ‘,Sp)€Vn,p  7r€«^n i€ [S i ,...,SP]J

For each t G [Sb . . . ,  SP] J , the product j t^ipi) . . .  j tn{bn) is not ordered 
(unless 7Г is the identity) and the permutation which makes the product 
jti(b\) • • • j tn(bn) ordered is 7Г. Therefore we can write the product as
(3-13) K - Hi)(b') ‘ " j t n- Hri)(bn)
with t G It (S\ , . . .  ,SP).

In the following for each fixed partition (S i , . . . ,  Sp) G VniP, we shall use 
the notation
(3.14) := (ír G : [ S i , . . . ,S p]j non-empty}.

That is, S f ’p) consists of all permutations on { 1 ,.. . ,» }  which permute 
among themselves the blocks Sj, considered as individual objects. Thus

is isomorphic to Sp.
Applying Corollary 3.4 to the product (3.13) we find the following result.
L e m m a  3.6. In the notations of Lemma 3.3, for each T >  0, n G N  

and &i,. . . ,  bn , the product (3.11a) is equal to
n r ln/2] *

(»•и) E E  E / Е Е  E .
p —1 (S l , . . . ,Sp )£V n ,p i g / T (S1,...,Sp) m - ° l ^ P l < —< P m ^ n (g i, . . .,9 m )

m
£{^v-1(ph)^TT-l (qh)^bph,bqh)

h= 1

<r(tl, . . . , t n,bl, ... . ,5n) • j tT J (^7r(ri)) ■ ' ‘ J'irn_2m(̂ 7r(rn_2m))i/(^l) ’ ' ' V{fn)’
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R e m a r k . Notice that (3.11b) and (3.15) are two different ways to write 
the product (3.11a).

P r o o f . From the definition of [ S i , . . . ,  Sp]^ and the identity

(3.16) J j t l(bi) ■ ■ ■ j tn(bn)v(ti) ■ ■ ■ v(tn ) =
ie[Si,...,sp]£

teir(s 1 .....Sp) 

immediately follows.
For each fixed partition ( S i , . . . ,  Sp) G Vn,P, the sum qm) is the

same as in Lemma (3.2), the only difference being that (3.8d) is replaced by

(3.17) > tT- i(gh), h l , . . . ,m .

It will be useful, in the following, to perform the summation first in the 
m,ph,qh indices and then in the n,t  indices. This goal is achieved in the 
following lemma

L e m m a  3.7. For each T  > 0, n £ N and b \ , . . .  ,bn, the product (3.11a) 
is equal to

(3.18)
n  [ n /2 ]  /

EE E E E E /
p=l m=0i^p1<...<pm̂ n(91,...,gm)(Si,...,Sp)eP„,p,re<s(i5.P) te/T(Si ,...,Sp,{ph,3h}™=1 ,тг)

m
£(^1T— 1 (p/i) ’ (3h)’ bph,bqh) ■ cr(ti, . . . , tn,b\, . . .  ,bn)

h=l
hr, (bHri)) • • •jtrn_2m (b<rn_2m)M t i )  ■ • • v(tn)

where and in the following, S ( 9l 3m) means summation over all 1 ^  
^  q i , . . . , q m ^  n satisfying the conditions (3.8a), (3.8b) and (3.8c) (but 
without the condition (3.8d)j, and

(3.19) l T ( S i , . . . , S p,{ph,qh.}™=i,n) :=
:= { t G It (S i , . . . ,  Sp) : tv- i(Ph) > t ^ h  — 1, . . . ,  m} .

P roof. The Lemma is proved with the following procedure: First we 
choose m  and {рн,Ян}™=\ as in Lemma (3.6) but without the condition
(3.17). Second, for each fixed m  and {рн,Ян}™=\ an<̂  x € $nS,P\  we define 
It (S i ,. . - iSp,  {ph, 9л) а*=1, Jr) as (3.19).
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§4. The negligible terms

In analogy with weak coupling and low density limit, the following 
lemma corresponds to proving that, in these limits, the so called “type 
II terms” tend  to zero. Recall that, in this analogy, the index к (resp. t ) 
is interpreted as time, the e-factor as scalar product, and the type II terms 
are those products of e-factors which contain at least one factor of the form 
e(h,k) with к — h ^  2.

Lemma 4.2. Suppose that £1 , 6 2  : N 2 —► C are in s — Ll (C,dn), then 

(4.1a) 2  ki(*4i*a)| ' Ы * з А ) |  = 0
l^/ci <k2<k3<k,^N

and

(4.1b) lim -^2 V  |£1(*4,*1)е2(А:з,*2)1 = 0.
tv—*00 /V * \-^kX<k2<kZ< k ^ N

P r o o f . Since | • | is a  semi-norm on C,  we may suppose that the £j (h ,  к ) 
are positive numbers. T hus £,■ are s — /^ (R -f , dn), г =  1,2 and, because of 
( 1 .1 1 a), th e re  exists a fin ite  constant М,- such that

(4.2) m ax Y
< k = h - \ - l

£ > ( M ) ,
k= 0

h G N  > Ú M{ < + 00.

Then, because of (4.2), for each 77 > 0, there exists а К  E N such th a t for 
any /»i,/i2 € N

(4.3)
OO OO

Y  Y  ^ ( М г )  < V-
k = K + h i  k - K + h 2

We rewrite
1

ДГ2 E
l^fci <k2<kz<kiüN

£i(k4,k2)£2(k3,ki)

as
(4.4)

TV-3 TV-2 ,  fci + K  TV-1 4 TVJ2 Y  Y  ( Y  + Y  ) Y  £l(fc4,fc2)£2(̂ 3,A:i).
A:i =  1 A;2 =  ̂ i -|-1 к з  =  к 2 +  1 к з = к \ + К + 1  к+ = кз+ 1
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Then the first term of (4.4) becomes

ЛГ-3 N -  2 kx+ K  N

<4-4a> b I  E E m**,*.) E
&i=l k2—ki+l &з= 2̂“М 

TV-3 TV-2 k i+ K
k* = k3 + l

oo1  ̂ 1 ’ * "l-Г" w
% E  E E м**.*.) E

f c l = l  ^ 2 = ^ 1 + 1  ^ 3 = ^ 2 + l  ^< =  ̂ 2 +  1

7V-3 ЛГ-2 fci+K

=  Л Г 2  D  £  S  E t ( k 3 , k i ) - M i .N 2 ,fcl =1 k2=ki +1 fc3=Аг -t-1

Notice that on the right hand side of (4.4a), k\ < k3 5í k\ + К,  hence 
one has k4 < k2 < k \  +  К . This implies that the right hand side of (4.4a) 
is less than or equal to

(4.4b)
 ̂ TV—3 k\  +Ä  —1 k\-\-K

jp E  E  E
k\ = l  k2=k\ + \  А:з= Лг2 -f-1 

TV-3 ÄT1+/C-1 TV-3

% E  E  Mi-M1 = 7ßY,K-M2-M,
fei =  l  k? — ki +1 fci =  l

and this tends to zero as TV —► oo. By (4.3), the second term of (4.4) is 
majorized by

(4.4c)

therefore

(4.5)

rj • Mi (N  -  3)!
N 2

IT?** E
l<fci <k2<k3<kt<N

£i(k4,k2)£2(k3,k i )  ^  t? ■ Mx

and since rj > 0 is arbitrary, this proves (4.1a). 
In order to prove (4.1b) we rewrite

1
^ 2  £i(k4,ki)£2(k3,k2)

l<ki<k2<k3<kt<N

as

(4.6)
N - 3 N - 2  N - 1 ,  h + K  N  ч

£i (&4, ki)£2(k3, k2).
k \  = 1  A:2 =  ki-f-l А:з = /с2-Ы  кл.=к3-\-1 кл =  кл-\-К4-1
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By the same arguments as above, (4.6) is dominated by

(4.6a)

Hence,

(4.7)

tj • M 2 + Mx ■ M 2 ^ I {N -  3).

lim su p -^2 X  £i(k4,ki)£2(k3, k 2) ^ T ] - M 2
N —юо l< k i  <k2<k3<k,<N

and this implies (4.2a) by the arbitrariness of r) > 0.
Lemma  4.3. Suppose that £i ,£2 '■ N 2 —+ C are in s — L l {C,dn), then

(4-8) X -\£2(k2,h2)\ = 0.

{hj , kj } j =1 < 4 means that in the sumRe m a r k . The condition 
S i< h i<k3 h2<k2<N  some ° f  the indices h j , k j  are equal. 

P r o o f . Let us denote

E :=V7 E Ы*ьМ'М*>.М
,fcj >?=i |<4

and discuss separately all the possibilities according to which indices are 
equal.

i) If h\ = h2 then

<4-9> E  = v í E  E  Ы * ь М  E
2 hi =  1 k\ —h\ +1 /c2=/i 1 -f-1

Since £i ,£2 are in s — L x(C,dn) one has, in the notation (4.3b),

V'" s  лл \л 1 1 M\ • M2
X  ^  Ml ■ M 2 ■ X  1 = — jy--------- * °-

2 h i  =1

ii) If hi = k2 then

S = at2 5Z X Ы * М  Е Ы ^ М -

(4.10)

(4.11)
N 22 h \—\ / i 2  =  l
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Changing the order of summation on the right hand side of (4.11), we find 
that

<4-12) E  = ^ i E  E  E
2 Л-2 =  1 h\ =/i2 +1  k\ = h \ +  1

1 N  N

= M i " N 2 ^ 2  X  l£2(h i,h 2)| 5s M XM2 ■ — -> 0.
/ l 2  =  l  Л-l  = / l 2  +  l

The cases k\ = h2 and =  fc2 follow from the same arguments.
Now we prove the generalization of Lemma 4.2 to the case of a product 

of n e-factors. These products are analogues of the type II terms of [3].

L e m m a  4.3. For each £\,£2, . . . , £ „  : N 2 —> C which are in s — L l (C, dn), 
we have

(4ЛЗ) nTooW X) П№л-)1 = °-
l^ /il ,...,h„<k„^N j —i

\{hj j |<2n

R e m a r k . The condition {Äi.fciJJ.! < 2n means that in the sum
E i < A 1<fc1,...,ll„ < f c „ < N  s o r n e  ° f  the indices h j , kj are equal.

P r o o f . Let us first consider the case in which hi,k \  are free indices, 
i.e.

(4.14) { ^ i, &i} П {hj, fcj}"_2 = 0-

Then, since £i(k \ ,h i)  is in s — L l (C,dn), it follows that

(4.15) E :-jvn X ni£j(/ij,fcj)| -
n lg /l l<fc l, . . . , / ln<fen^JV j = l

j i :  X i(*i,Äi) 5] П М ^)|*
Л.1 = 1  l g h 2 « c 2  hn <kn ÜN j =  2

Hhj.*j}"=2i<2n- 2

s ^ , - ^  E ПМ'ьа,)!.
igh2<*2,...,h„<k„giv j=2

lihu'cj}"=2l<2n- 2
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Thus if (4.14) is true then (4.15) and the induction gives our proof. There
fore we may assume th a t (4.14) is not true, i.e. that there exists a j  — 
= 2, . . . ,  n  such that

(4.16) {h\,k i}  П {hj, kj} ф 0.

In any case, because of (4.1),

(4.17) —  ^  ' \sm{km , hm)| fi Mm

therefore

(4.18) E  M h . M l e j t A i . M l
П lü h i< k u h j<k jüN

|{Л.1 ,Asi ,h j ,k j} \< 4

for some constant C\ and the statement follows from Lemma 4.2.

§5. The non-negligible terms

L e mma  5.1. Suppose that £\,£2, ■ ■ ■ ,£n : N 2 —> C are S -  L l (C,dn) and 
that F i , . . . ,  Fm: N  —» C are such that the limits

(5.1)
1 N

J im 7F S  := Fi  ’ 7 = l , 2, . . . ,m ,N-+oo j y  *—'k= l

exist. Then, for each {* i,. . .  , tm} C N , we have

(5.2)
1

lim xr , JV—oo N n+m E I I  I I
15^1 <k[ <...<kn <k'H < n  <fc,1+i <k[1+1 <...< *=1 

<k,2 <k[2 <r2 <...<rrn<...<kn<k'n^N
J=1

where

(5.3)

1 771 n

v ’ J=1 1=1

f i  :=  2  * = l»2, . . . , n .
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P r o o f . For n +  m  = 1, (5.2) is clearly true. Suppose that (5.2) is true 
for m  +  n й  q. We have, for m  f  n = q + 1

(5.4)
1

7V9+1 E IP;
l^ fc i< fc j< .. .< fc i1 <k[ < r 1 < . . . < r m < - - < k n <k'n 'Ü N  i= 1 j = 1

! N k'n- 1
= V  Уf i J m + n  /  j /  vy m + n

k'n = 2 n + m  k n = 2 n + m —l

E n ^ )  =
l^A:i </:J <...<A:tl </:'i <74 <...< i=l j= l

— 1 ̂ .k>n_̂  ̂ kn— 1

= JVn+m E E £n(kn,kn)(kn -  1) +
/ ^  =  271+771 /cn =  2 n  +  77l — 1

71 — 1

(A:n -  1)71+772— 1 E  ГЫ*.•>*<)• П^У) =
l ^ f c l < f c ; < . <k'n < n < . . . <  1 =  1 j  =  1

< r Tn < ~ < k „ - 1 <k'n _ 1 ^ k n — 1

k'„-1 N
\ 71 +  771 — 1

I N /  K+1 k'"~l \E ( E ■*" E )£n(kn,kn)(kn - l)r
k'n=2n-\-m kn=2n+m— 1 kn=K-\-2 ^

l
(fc„ - 1)

n + m  — 1 E
71 — 1

П £.•«.‘о - ГР.,̂ )-
l ü k i< k '1< .. .< k i l <k'ii < u< .. .<  t'= l 

1 ~ẑ~n — I
i = l

For each 7/ > 0, we take К  such that

1
(5.5)

71—1

^ 7 1  +  771 — 1 E  П £i(k[, fci) • П Fj(rj)
i^A:1<fc ;< . . .< fc„_1< fc ;_ J^ A ' * = i  j = 1

 ̂ m n —1

“ (n + ш -  1)! П ^ ‘ Л *v '  j=i *=i
^  V

and

(5.5a) E £i(k’h)
k = K + h + l

S Г).
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First of all let us see the absolute value of the first term on the right hand 
side of (5.4), i.e.

(5-6)
N (К+1)л(к'п-1)

£  £  * . « , * » ) • ( * » -  и ” - 1
fcj,=2n+m k n = 2 n + m —l

(kn -  1)n + m —1 £
n - 1

l ^ k ! < k [  < . . . < k tl  <k't i < n < . . . <  i=  1

< Tm < - - -< k n - i  <k'n _ 1 ^ k „ - 1

П *(*,*)• П ^ )
j=i

By the assumption of the induction, (5.6) is dominated by, with a constant
M ,

(5.7) M m + n
1 N 

- 1— у
k ,n = 2 n + m

(К + 1)л(к'п- 1)

У ]  £п{кп,кп )
к п —2 п + т  — \

/  A4-2 N \
(А+1 ) л ( ^ - 1 )

£  + £ У !  £ n { k n , k n )

^ k ,n = 2 n - \ - m ^ = A + 2 7 k n = 2 n + m  — 1

The first term  on the right hand side of (5.7) is equal to

(5.8) 0( 1) — — » 0, as IV —v oo.v '  N

The second term  on the right hand side of (5.7) is equal to

N
(5.9) M ” « - 1- !  £

k '= K + 2

(A 4 1)
У ' £п(кп,кп)

кп=2п+т—1

<

(5.10)

1 (A + l) N

y , £  M V „ ,i . ) l  =
kn—2n+m- 1 k'n=K+2

= 0 ( 1) —-—7— — > 0, as IV —> 00.
4 ' IV

Let us now consider the second term of (5.4) and rewrite it as 

j  лг *{,-1
гйг E E £«(OnX*n - iy\n+ra— 1

7Vr =̂2714-771 /cn=Ä'+2
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n—1

(n + m -  1)! .
7 =  1
П fi П /,+

i=i

■*" \ r n + m  X/ X/ £ n { k n , k n ) ( k n  1)
N k ' - l

\n+m — 1
jyn+m

k ,n = 2n+m  kn —K +2
n —1

(*„ -  i) n+TO — 1

(n + то — 1)! -*■ -*• 
- ’ .7=1

E

I P  П
1 =  1 
n —1

П £.•(*:. *i) • n  .
lg fci<*:;< ...<* :i1 <fc'i < r 1< ...<  i= l  

^.Tm^ • ••^kn—1 ̂ kln_̂  ^kn — 1
j=l

By (5.4) one knows that the absolute value of the second term of (5.10) is 
less than or equal to

1 N  k 'n - 1

(5.11) 4 ' j j ^  £  £  K K , 4 ( t - i r - '  =  ? - 0 ( i) .
/c  ̂=  2n + m  kn = K + 2

Moreover, since n , m , K  are fixed so that the limit, as N  —► oo, of the first 
term of (5.10) is equal to the limit of the following quantity:
(5.12)

m  n  — 1 . N  k'n — 1

p d  П ^  '  П  f t  '  Д Г n + m  X ]  X £ Ä M ( ^ n - l )  +

’ ’ j = 1 i = l  k ’n =2 kn= 1

Exchanging the order of summations in (5.12), it becomes 
(5.12a)

m n —1 TV—1 TV

p ) 7  П Fi  ■ П T*  • д ^ п + m  X]  ̂ X £ n ( k n , k n ).
J= 1 t = l  fcn =  l  k'n = kn -f-1

_____1
(n + m

_____1_
(n + m

Letting N  tend to infinity, we obtain the limit of (5.12a):

(5.13)
1

(n + m)!

777. 77

I P  Ш

and this ends the proof.
More generally we have the following
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L e m m a  5.2. 
5.1,

(5.14)

With the same notations and assumptions as in Lemma

limN-> oo
1

jy n+ra

E
líjfci <k[ <...<fcVl <*:'i <r, <fc,1 + i <fc|i +1 <...< 

<ki2 <k'Í2<T2<...<r,n<...<kTl<k'n£ N  
к'п йкн +dN,-,kjp^kjP+dN

£ г ( к 'М -  П ^ ( г . )
j= l

1
(n + m)!

m n
П ̂  П Л

where d ^  —► oo and N — d ^  —* oo as N  -^ oo.
P r o o f . Notice that the only difference is that on the left hand side of 

(5.14), k'jh -  kJh ^ d^ for each h =  1 , . . . , p  but on the left hand side of 
(5.2), kjh — kjh can be greater than dpj (й  N  — l)fo r  some h E { 1 , . . .  ,p}.  
Since the series e(h, fc) converges and d ^  —* oo, we know that

N - 1 dN
(5.15) lim У2 e (h ,k )=  lim Y ]e (h ,k ) .

N-*oо i—4 N-* oo *—'
к- h  k=h

This ends the proof.
In the continuous case, the analogue of Lemmata 5.1 and 5.2 are the 

following
Lemma 5.3. Let £ i , £ ? , . . . ,£n : N 2 —► C be in S  — Ll [C,dt) and

Fi , . . . ,  Fm: R+ —v C such that the limits 
т

(5.16)
1 f

lim -  /  Fj(t)dt = Fj , J = 1,2,.. 7-100 1 J
., m

о
exist, then for each { i i , . . . , t m} C N we have

(5.17) lim — - /
v ’  Т —ю о  T n+m J

o g i i  < i , j  < í ' i < s 1 < í m + i < í ' i + ] < . . . <

t ,2 <t'l2< S2< ...< Sm< -< tn< t 'n ÜT

п  m

'Je« (<j, <í) • J J  Fj ( s j )d t \ .. .dtn dt\ .. .dt'n d s i . . . d s p -
i = i  j = 1

1
(n +  m)!

m  n

• П ^ ' - П л
j =  1 1 =  1
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where

(5.18) fi ■■= J £i(t,s)v(dt), i = l , . . . , n .
[s,oo)

L emma 5.4. Let £ i ,£2 , . . . ,£n : N 2 —► C be in S  — Ll (C,dt) and let 
F i , , Fm : R-|_ —» C be such that the limits

(5.19) lim _
T  —► со ТY J Fj(t)dt = Fj , j  = 1, 2, . . . , m

exist. Then for each { i \ , . . .  , im) C N  and {j i , . . . ,  j p }  C { 0 ,1 ,..., n}, we 
have

(5.20) lim - - ■■■■ 
T  —юо T n+r /

o^ii <ii<-..<<i1 <i'x <si <ÍÍ1 + 1 <i'i + 1 <...< 
ti2<t[2<S2<.:<Sm<...<tn<t'n ^ T  

t 'jh ü tJh+dT' л = 1 ' —

n  Fj(sj )d t\ . . .  dtn d t \ . . .  dt’n d s \ . . . d s p
1=1 j = 1

1 m  n

е т - п ^ - п / .
V ’  7 = 1  t = l

where d j  - *  oo, and T  — dr —► oo as T  —► oo.

The proofs of these two lemmata are the same as those of Lemmata 5.1 
and 5.2.
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B IFU R C A T IO N S IN A P R E D A T O R -P R E Y  
M ODEL W IT H  M EM ORY A N D  

D IF F U SIO N . I: A N D R O N O V -H O P F  
BIFU R C A TIO N

M. CAVANI (C u m an á) and M. FARKAS* (B u d ap est)

1. Introduction

We start off with the model

TV = eN (  1 -  TV/TV) -  ß N P / ( ß  + TV),
P  = - P ( 7 + 6P)/(  1 + P) + ß N P / ( ß  +  TV)

where dot means differentiation with respect to time t; N ( t ) and P(t) 
are the quantities of prey and predator, respectively; er > 0 is the specific 
growth rate of prey in the absence of predation and without environmental 
limitation; in the absence of predators the prey population grows logistically 
to carrying capacity К  > 0; the functional response of the predator is of 
Holling’s type (see [11, 12]) with satiation coefficient or conversion rate 
ß  > 0; the specific mortality of predators in absence of prey

(1.2) E( P)  = (1 + SP)/{1 + P)

depends on the quantity of predators, 7 > 0 is the mortality at low density 
and 6 > 0 is the limiting, maximal mortality (the natural assumption is 
7 < £)•

This system seems to us a fairly realistic one if neither hereditary effects 
nor spatial distribution are taken into account. The Holling type functional 
response is widely used and has a vast literature, and if 7 = 6 then the 
mortality of predator reduces to a constant (see e.g. [9]). The advantage 
of the present model over the more often used models is that here the 
predator mortality is neither a constant nor an unbounded function, still, it 
is increasing with quantity.

First we study the stability of equilibria of this system and possible 
bifurcations.

* R esearch p a rtia lly  su p p o rte d  by th e  H ungarian  Foundation  for Scientific R esearch, 

g ran t no. 1186, 1994.



2 1 4 M. CAVANI and M. FARKAS

It is reasonable to assume that the present level of predator quantity 
effects instantaneously the growth of prey, on the other hand, the growth of 
predator is influenced by past values of prey quantity. Therefore, secondly, 
we replace N  in the second equation of (1.1) by its time average over the 
past. We shall be concerned, primarily, in the destabilising effect of the 
influence of the past and in the character of the possible bifurcations.

Finally, we shall assume that predator and prey undergo Fickian diffu
sion in space.

Accordingly, in Section 2 conditions for stable equilibria of system ( 1.1) 
will be established. In Section 3 an Andronov-Hopf bifurcation will be 
calculated at a special constellation of the parameters. In Section 4 the 
delay will be introduced, and conditions for stability will be established. In 
Section 5 the Andronov-Hopf bifurcation will be calculated when the delay 
is increased. The study of the reaction-diffusion equation built upon (1.1) 
will be accomplished in a subsequent paper.

2. Stability o f  equilibrium points

Clearly, the positive quadrant of the N, P  plane is invariant for system
(1.1) , and one may prove, similarly as it was done in [9], that all solutions 
with non-negative initial conditions stay bounded in t £ [0,oo).

On the boundary of the positive quadrant the system has two equilib
rium points: (0,0) and (K,  0). A simple linear stability analysis shows that 
(0,0) is always unstable, and that (K,  0) is asymptotically stable if

(2.1) 7 >  ß K/ ( ß  +  К),  

and unstable if

(2.2) 7 <  ß K/ ( ß  +  К).

Note that (2.2) is equivalent to 0 < /З7 /(/3 — 7 ) < К  and implies 7 <  ß and 
7 <  К .

However, for reasonable parameter configurations we may establish the 
global stability of (Iv, 0).

T heorem 2.1. If

(2.3) 1 = ß and & = ß

then (Ii,0) is globally asymptotically stable with respect to the positive quad
rant of the N, P plane.
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P r o o f . Decreasing the first term on the right hand side of the second 
equation of (1.1) by writing ß for 7 and <5 we get that

P  й  -  ßP{ 1 -  N/ {ß  +  TV)) < - c P

for some c > 0, since N(t)  is bounded in i 6 [0,oo). As a consequence, 
any solution P(t) corresponding to non-negative initial conditions tends to 
zero as t tends to infinity. Thus, the omega limit set D of every solution 
with positive initial conditions is contained in {(7V,0) : N  ^ 0}. But for 
N  > К  we have N < 0, so, if C {(A , 0) : 0 ^ ^ K} .  Taking into account
that (0, 0) ^ 0  and that D is a nonempty, closed, invariant set we get that
Í2 = {(K,  0)}. □

Note that since the right hand side of (2.1) is less than ß , the first 
inequality of (2.3) implies (2.1), i.e. it implies the asymptotic stability of 
(K,  0). The intuitive meaning of 7 ^ ß is clear: the minimal mortality 
of the predator is high compared to the conversion rate; this leads to the 
extinction of the predator. If we assume that the mortality of the predator 
grows with its quantity, i.e. f) >  7 then the first inequality of (2.3) implies 
the second.

T h e o r e m  2.2. If

(2.4) 7 <  ß ^  6 

and

(2.5) К  ^ ß j / { ß  -  7 )

then (К , 0) is globally asymptotically stable with respect to the positive quad
rant of the N, P plane.

Note that if ß >  7 then (2.5) with a strict inequality is equivalent to
(2.1), so if (2.5) is strict we know that the equilibrium is locally asym ptoti
cally stable.

P r o o f . First, consider the case when (2.5) is strict, i.e. (2.1) holds. 
This implies that an rj > 0 exists such that 7 > ß (I i  +  r])/(ß +  К  -f 77), and 
so if N(t )  ^  К  +  rj then applying (2.4)

P(t) < -
ß + N(t )J m  й -

(  Ш  + лУ\
у  ß + K  + Ti)

P(t).

But the set {(IV, P)  : 0 < N ^ К  + rj, P > 0} is positively invariant since 
TV < 0 if N — К  +  rj, P  ^ 0. So if the initial values satisfy N( 0) ^ К  + r), 
P(0) > 0 then P( t ) —> 0 exponentially as t —► 00. If 1V(0) > К  + rj then

N(t)  < —sr]N(t) while N(t) > К  +  rj.
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2 1 6 M. CAVANI and M. FARKAS

So N  will be equal to К  +  ту in finite time, and then P{t ) -> 0 as before. 
From here on one may repeat the proof of the previous theorem to complete 
the proof for this case.

Secondly, assume that (2.5) is an equality, i.e. 7 =  ß K/ ( ß  + К).  We 
substitute this value into system (1.1) and move the origin into (K,  0) by 
the coordinate transformation n = N — К , p = P.  We get the system in 
the form

Г 2  6 1  /  ”  =  ~ £(n +  K )n/ K  -  ß(n +  K )P/(P + к  +  и ) >
\ p — - p ( ß K/ ( ß  +  К )  + 6p)/( 1 + p) + ß{n + K)p/ (ß  + К  + п).

Now, we use the positive definite Liapunov function

V(n,p)  = (ß / K ) n 2 +  (ß + K)p2.

If we denote the derivative of V  with respect to the system (2.6) by V  we 
have

-(1 /2  )V(n,p) (ß  + К  + n)( 1 +  p) = n2(n + K)(ß  + К  + n)(p+ l ) ß e / K2+ 
+np(n +  K) ( p+  1 )ß2/ K  + p2(6(ß + K) p  + ßl ( ) (ß  + К  + n ) -  

- ß ( ß  + K)p2(n + K) ( p +  1),

and applying (2.4) a simple calculation shows that V(n,p)  < 0 for n ^  0, 
p > 0. This means that all solutions with positive initial conditions either 
tend (in principle) to (n , p ) =  (0,0) or leave the n ^  0, p > 0 quadrant 
through the line n — 0 in finite time. Now, the strip {(n,p) : — К  < 
< n < 0, p > 0} is positively invariant and if — К  < n(t) < 0 then applying
(2.4)

P(t) й -  p( t ) (ßK/ (ß + К)  + ßp(t))/(  1 + p(t))+
+ ß ( n ( t )  +  K ) p ( t ) / ( ß  + К  + n(t)) =  

m  (  ß K  _  ß { K  + n(t)) ß 2p ( t )  \
H  } \ ß  + К  ß  + К  + n(t) + (1 + p(t))(ß + K ) j

< 0.

Thus, once, in the strip, p(t)  is monotone decreasing and p(t) —» a ^  0, 
t —► 00. If a > 0 were the case then

P{t) < -P i t )
a ß 2

(1 + p(t 0)) (ß + R)
t > to

would hold for some <0 > 0, and this would imply that p tends to zero 
exponentially contradicting the assumption a > 0. So p(t) tends to zero, 
and the proof of the previous theorem can be repeated again. □
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Note that, as a corollary, conditions (2.4), (2.5) imply that system (1.1) 
has no equilibrium point in the positive quadrant N  > 0, P  > 0.

We now turn to the case when an equilibrium point exists with positive 
coordinates. Making the right hand sides of system (1.1) equal to zero we 
get that the prey null-cline is the parabola

P = Hi ( N)  := (K - N ) ( ß  + N)ef (ßK)

and the predator null-cline is the hyperbola

P = H 2(N)  := (ß -  7 ) ^  -  ßl  
( S - ß ) N  + ßS'

To have a reasonable concave down predator curve we have to assume S ^  
^  ß,  so since the case when also 7 ^ /3  has been treated in Theorem 2.1 we 
shall assume in the sequel that (2.4) holds. In the special case when 6 = ß 
the predator curve is the straight line

P = H3( N ) := (ß -  7 ) N / ß 2 -  7//?.

Since Hi (N)  > 0 if and only if - ß  < N  < К  and #г(Л 0 > 0 (H3(N)  > 0) 
if and only if TV >  /З7 /(/3 — 7 ) the system has an equilibrium point (at least) 
with positive coordinates (jV,P) if and only if

(2.7) ß 7 / (ß  -  7) < N  < К

(cf. condition (2.5); this shows again that if (2.4) and (2.5) hold then there 
is no equilibrium in the interior of the positive quadrant). The stability of 
the positive equilibrium can partly be settled by linear stability analysis.

T heorem 2.3. Assume that

(2.4) K ß ü 6 ,
(2.8) ß l l { ß - l )  < К ,

and denote a positive equilibrium of system  (1.1) by (TV,P), N  > 0, P  > 0. 
I f  К  ^  ß then system (1.1) has a single positive equilibrium and it is 
asymptotically stable; if 0 < (K -  ß) /2 ú  N  then (iV,P) (which may not 
be the only positive equilibrium) is asymptotically stable.

P ro o f . If К  ^  ß then H\ is monotone decreasing in the interval (0, K).  
Since H2 is monotone increasing in (ß~f/(ß — 7 ), 00) this yields the unique
ness of the positive equilibrium.
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is
The Jacobian of the right hand sides of system (1.1) evaluated at {N ,P)

J { N , P )

e N ( K - ß - 2 N ) 
K ( ß + N )  

ß 2P
(ß+Nf

ßN_
ß + N

( S - P P  

(!+P)2 -

Tr J ( N , P)  =

det J  {N , P )
ß N  P  
ß + N

eN (K -  ß  -  2TV) _ { 6 - 7 )P 
К {ß + N)  “ (i + p ) 2’

e ( 6 - i ) ( K - ß - 2 N )  | ß2

K ß { \  + P)2 {ß + N) 2

If К < ß  then, in view of (2.4), clearly, Tr < 0 and det > 0, i.e. { N , P)  is 
asymptotically stable indeed. If {K -  ß) / 2  ^  N  the same applies. □

Note tha t in case ß < К  we have an interval N  G (0, {K — ß)/2)  where 
the Alléé effect holds, i.e. the increase of the prey quantity is_beneficial to its 
growth rate. In this case the sufficient condition of stability N  ^ {K — ß ) /2 
is, in fact, the “Rosenzweig-MacArthur graphical criterion”, cf. [6,7]. In 
our case when 0 < TV < {K — ß)/2 then the equilibrium may still be stable.

3. The case 6  =  ß

In this section we assume that (2.4) and (2.8) hold with the equality 
valid in the former. This, as we have seen, ensures the existence of a positive 
equilibrium. In this special case the coordinates of the positive equilibrium 
can be determined explicitly and an Andronov-I^opf bifurcation can be 
calculated by hand. Now the equilibrium point (N , P ) is the intersection 
of the parabola P — Hi {N)  with the straight line P = Hs(N) .  We get that

(3.1) N  = {1/2)(k  - ß - { l - 1 / ß)K/ e+

+ ({K -  ß -  (1 -  7 / ß)K/ e)2 + 4K{ß + 7 / e ) ) 1/2).

Assuming that К > ß,  the sufficient condition of asymptotic stability proved 
in Theorem 2.3 is {K — ß) / 2  is N.  Substituting (3.1) into this condition we 
get that {N, P)  is asymptotically stable if

(3.2) g { K , ß , 7 ,s) := (1 -  {1 -  7 / ß)2/ e)K2 + 2{ß + ß/ e  + j / e ) K  + ß 2 [> 0.
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This, obviously, means that if £ ^  2(1 — 7//З) then [N , P) is asymptotically 
stable (for arbitrary К  > 0). On the other hand if

(3.3) £ < 2 ( 1 - 7 / /? )

then g ( K , ß , 7,5) ^  0 for 0 < A' ^  A'*, and g( I i , ß , 7 ,£) < 0 for К  > A'* 
where

(3.4) A'* = (/?(£ +  1) + 7 + (4£/?2 + (/? + 7 )2) 1/2)  /(2(1 -  7 //?) -  e).

Thus, we have arrived at a corollary of Theorem 2.3.
C orollary 3.1. If  < ß  — 6, (2.8) and (3.3) hold, and 0 < A' ^  A'* 

then (iV,P) is asymptotically stable.

Now, let us turn  to the most interesting case when (3.3) holds and 
К  > К*.  Then g is negative and (N , P ) lies on the up-going branch of the 
prey isocline, i.e. to the left from the maximum, in the Alléé effect zone. 
An easy calculation shows that in this case det J (N,P)  > 0 always. On 
the other hand

(3.5) Tr J ( N , P )  =
= e { l -  2 N / K )  - e ß { ß 2 + ß -  7) (l -  N / K )  /  {(ß -  7 ) {ß + N ) ) ,

hence

sgnTr J ( N , P )  =
-  sgn (1 -  N /  (K -  N)  -  ß {ß2 + ß -  7 ) /  ((/? -  7 ) {ß + N ) ) ) ■

Thus, (IV, P) is asymptotically stable, resp. unstable if

ß {ß2 + ß -  7 ) /  ((/? -  7 ) {ß + N))  + N f  ( K -  N)  > 1, resp. < 1.

Substituting N from (3.1) and introducing the notations

A  =  2(ß -  7 )/  ( e ß2) -  l / ß ,  В  -  1 + (ß2 + ß  -  7 ) / ( ß  -  7 ) + 2i / { e ß ) ,  

C = { ß 2 + ß -  7 ) f { ß  - 7  ) , D  = (ße + 7 )/£, E  = ( e ß - ( ß -  i ) ) / ( 2e ß )

we get that the condition of asymptotic stability can be written in the form

(3.6) ((PA ' -  ß/2)2 + P A ')1/2 < B K / ( A K  + C) -  E K  + /3/2
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(and we have instability if the inequality sign is reversed). Because of (3.3), 
clearly, A , B , C , D  > 0. The last condition of stability makes sense only 
if the right hand side is positive. In this case it can be brought to the 
equivalent form

a2K 2 + a \K  +  a0 < 0
where

a2 = A( AD + 2BE),  <ц = 2ACD + 2 B C E - ß A B  -  В 2, a0 = C ( C D - ß B ) .

Now, an easy calculation shows that the right hand side of (3.6) is positive 
if

E A K 2 + ( СЕ -  В -  Aß 12) К  -  Cß/ 2 < 0 

and this holds if К  E [0, A') where К  — oo if E ^  0, and

1
0 < К  =

2EA
В + A ß / 2 - C E +

+{B2 + {Aß/2 + СЕ) 2 +  2B{Aß/2 -  СЕ)) 1/2

if Е  7* 0. If we assume that ß  ^  £/2 (which is a fairly reasonable assumption 
taking into account that £ is the maximum growth rate of prey, and ß  is the 
predation rate) then it is easy to see tha t a2 > 0, ao < 0, i.e. the equation

(3.7) a2K 2 + a \K  + ao = 0

has two real roots of different signs^Let us denote the positive root by K^. 
Clearly, if 0 < К  < Кь then (iV ,P) is asymptotically stable; if Кь < К  
then it is unstable. Since the determinant of the Jacobian stays positive, 
and the trace is changing its sign, the loss of stability happens by some kind 
of an Andronov-Hopf bifurcation. The parameters £,/3,7 will be considered 
fixed, К  > 0 will play the role of the bifurcation parameter. According to 
what has been established above we nay expect stability for some К  > К* 
only if К * < A . If A ^  A then the equilibrium point is unstable for all 
A > A'*.

T h e o r e m  3.2. I f ^ < ß - 6 ,  (2.8) holds,

(3.8) ß ü e / 2 <  1 - 7 / /? ,

К* < К,  and Кь E (^Ii*,K^j then the equilibrium point (A(A'), P( K) )  of
system (1.1) undergoes an Andronov-Hopf bifurcation at К  = A f; the bi
furcation is supercritical, resp. subcritical according as the number

(3.9) p = (1/w) [ ( -  (1 + r2) [suC / {ß + N ) +  e / K b) +
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+rsß2 ( > / ( ( / ? - 7 )2{ ß + N ) 2) ~ c ) / { ß + N ) 2) ■

•((1 — г2 + 2rsC) и /  (ß + N ) -

- ß 2 { rß(  1 -  ß 2/  ((ß - 7 ) (ß + W)))  / (ß  -  7) -  *C) /(/3 + iv )2+ 

+ 2re/K b) + ( ( i  + r2) u /  {ß + N)  +

+ rß3 ( l  -  ß 2/  ((ß -  7 ) (ß + Äf))) /  ((/3 -  7) (/3 +  Ж2) ' )  )  •

•( ( ( r2 -  l) sC -  2г) и /  (ß + N)  +

+ß 2 ( l  -  ra (/34/  ((/3 -  7 )2(/3 + N ) 2) -  C ))  /(/3 + N ) \

+ (r2 -  l) e / K b)] + s ( l  + r2) 3u / ( ß  +  iV)2 +

+ß 2 (2rsC - l - 3 r 2 ( l - ß 4/ ( ( ß - 7 )(ß + W) ) ) ) / ( ß + J V ) 3

where N  = N ( K b), и  = (det J  (W(Kb), P( Kb)))X/2,

r = - e ß 3 (1 -  N / K b) /И /3  - 7){ß + N ) ,

s = e ß ( l - N / K b) / ( u  {ß + N) ) ,  
is negative, resp. positive.

P r o o f . Denote the characteristic polynomial of system (1.1) at 
( N( K) , P( K) )  by

p(A) = A2 -  Tr ( K )A + det (K)

where Tr(A ') = Tr J ( N ( K ), P(A ')), det (A') = det J  ( N( K) , P( K) )  are 
given at the end of Section 2 (to be read with S = ß).  We have seen 
that det (К ) > 0 for К > 0, and that Tr(A') < 0 for К  6 (0, А’ь), Тг (А') >
> 0 for К  G Ií' ĵ . Tr ( Kb) = 0 (this is actually equation (3.7) with the
positive root substituted into it). Denote the roots of p by Ai(A'), A2(A'). 
Clearly Re A,(AT) ^  0 according as К  ^  К b. At К  =  K b, Re \ t ( K b) — 
= 0 and ImA,(A'(,) = ±  iu> where и  = (det (A';,))1̂ 2. To establish the 
statement about the occurrence of the bifurcation we have to show that 
the transversality condition

d R e \ i ( K b) / dK = ( l / 2 ) dTr ( Kb) / dK  > 0

holds. Introducing the notation f ( K ) = N ( K ) / K  we get from (3.5) that

Tr (K)  = - e  +  e(l  -  /(A '))(2 -  ßC/  {ß +  JV(A' ) ) ,
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hence

d Tr ( K) / d K = - e f ' ( K )  (2 -  ß C /  (ß + N( K) ) )  +

+ e(l -  f ( K ) ) ß CN ' ( K ) / { ß  + N ( K ) ) \

From (3.1) we have

f \ K )  -  (2E  -  ß / K ) f ( K )  -  D/ K  = 0.

Differentiating

f \ K )  = ß( f ( I i )  -  D / ß ) / ( K 2( 2 f ( K)  - 2 E + ß / K ) )  < 0

since 2f { K)  -  2E + ß / K  > 0 because of (3.1), and f ( K)  — D / ß  < 0 because, 
clearly, f ( K )  < 1, and D/ ß  =  (eß + "f)/(£ß) > 1. From (3.8) we get C < 2, 
thus 2 -  ßC/  (ß  +  N ( K )) > 0. We are going to show that N \ K ) > 0. We 
know that N ( K )  is the solution of H\(N)  =  #з(Л0 (see Fig. 1), i.e.

(3.10) £ (K -  N( I Q)  {ß + Щ к )) = ß K  ((ß -  i ) N ( K ) / ß 2 -  1/ß) .

Differentiating the last identity we get

{ß + N ( K ) ) N ( K ) e / ( ß K 2) =

= N \ K ) (ii(/? -  7 ) +  eß2 -  e ß K  + eß2N{K)) / ( ß2K).
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Thus, N \ K )  > 0 iff

(3.11) K ( ß  -  7 ) + eß2 -  s ß K  + 2s ßN( K)  > 0.

Expressing К  from (3.10) in terms of N  we get

К  = e ß{ ß  + N)  N /  {eß (ß + N)  + ß1 -  {ß -  j ) N ) .

Note tha t since К  > 0, we have

(3.12) eß {ß + N)  + ß1 -  {ß -  7 )Ä > 0.

Substituting the expression for К  into (3.11) yields the condition

ß  (1 + Ne)  + Neß3/  {eß {ß + ~N) + ß j  -  {ß — 7 )iV) > 0

which holds true, indeed, in view of (3.12). Thus, dTr{K) / dK > 0, i.e. all 
the conditions of the Hopf bifurcation theorem hold (see e.g. [8]). Trans
forming system (1.1) into normal form and applying Bautin’s formula (see 
[1]) we get (3.9) and this completes the proof of the theorem. □

E x a m p l e . Set ß = 6 = 0.106, 7 =  0.008, e =  1.8000. These values
satisfy the conditions of Theorem 3.2. (^K*,k \  = (12.46, 31.07), and Kf, = 
= 12.92. Note that for К  G {К*,К'ь) = (12.46, 12.92) the asymptotically 
stable equilibrium {N{K) ,  P{K))  is in the Alléé effect zone (like the case 
shown on Fig. 1).

( N{K) , P{K) )  = (6.40, 55.77), and p  = -1.62 • 10“4.

Thus, at К  — Кь the equilibrium undergoes a supercritical Andronov-Hopf 
bifurcation, i.e. for К  > 12.92 (not too large) the system has a small 
amplitude orbitally asymptotically stable periodic solution.

4. The model w ith memory

We get a more realistic model ifin the second equation of (1.1) we replace 
the present value of prey by the time average of prey quantity over the past. 
We follow Cushing [3], MacDonald [10] and Farkas [5] (see also Szabó [13]) 
in assuming that the influence of the past is fading away exponentially. 
Accordingly, instead of N{t)  the function

t

(4.1) Q{t) := J N{r)aexp {—a{t — t )) dr, a >  0
— OO
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will be introduced. Here the exponential weight function satisfies

t  ooJ a exp (—a(t  — r ) )d r  = J a e x p (-as) ds = 1.
—o o  0

The smaller a > 0 is the longer is the time interval in the past in which the 
values of N  are taken into account, i.e. l / а  is the “measure of the influence 
of the past” .

Thus, (1.1) will be replaced by the integro-differential equation

N  = e N(  1 -  N / K )  -  ß N P / ( ß  + N),  

p  = - p (7 +  SP)/{1 + P)  +  ßPQ/ (ß + Q)

where Q is in given by (4.1). It can be easily shown that on the interval 
t 6 [0,oo) (4.2) is equivalent to the ordinary differential system

{ N  = eN(  1 -  N / K ) -  ß N P / ( ß  + N)
P  = —P ( 7 +  6P)/(  1 + P)  +  ßPQ/ (ß  + Q)

Q = a(N -  Q)

(see [4]). This system has the following equilibrium points. The origin 
(0, 0,0) which is unstable and of no interest, the point ( I i \ 0, K)  which is 
asymptotically stable if ß K / ( ß  + К) < 7 and unstable if ß K / ( ß  + К)  > 7 , 
and one or more equilibria with positive coordinates if and only if ß K / (ß + 
+ К)  > 7 , or equivalent iff

(4.4) 0 < ß l / ( ß  -  7 ) < К

(cf. (2.7)). The coordinates (N , P , Q ) of an equilibrium are determined by 
the conditions Q = N,  P = H 1 (N) = #2 (-N) where Hi  and H2 are the 
functions introduced in Section 2 describing the prey and the predator null- 
-clines, respectively. From the equality of H\  and H2 we get that N  must 
be a positive root of the cubic polynomial

(4.5) q(N) = N 3 + q2N 2 + qiN +q0

where
q0 = - ß 2K(e6 + 7 )/(£(ó -  /?)),

9i -  ßl<{ß -  7)/(£(* -  ß)) -  ß K K  -  ß W  - ß ) -  ß K ,

92 = ß 6 / ( 6 - ß )  - ( K - ß ) .
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We assume, as before, that (2.4) holds (this time) with a strict inequality 
sign, i.e.

(4.6) 7 < ß < 6.

So the constant term in the cubic j3oly_nomial is negative, thus, there is 
either one or three positive roots. (N , P , N ) denotes one of these, N  > 0, 
P  > 0. As in (2.7) we must have

(4.7) ß l!{ ß  -  7 ) < N  < К.

In order to check the stability of this equilibrium we linearize the system, 
introduce the notations

rj = e/ (Kß) ,  Q1 = ß N / { ß  + N) ,  02 = К  -  ß -  2N,

0 з = ( К - N ) / { ß  + N ) ,  ©4 = ((* -  ß)N  + ß6)2/(6 -  7 ),

and obtain for the coefficient matrix and for the characteristic equation, 
respectively,

A =
7©i 02 

0
a

- 0 !  0 ' 
-7 /0 3 0 4  T//320 3 ,

0 - a

(4.9) A3 + (g + t/ (0304 — 010г)) A2 + ( ar) (0304 — 0 i  ©2) —
-7?20 10 2 0 3 0 4) A + G770Í03 (ß2 -  7/0204) = 0.

Applying the Routh-Hurwitz criterion the eigenvalues have negative real 
parts if and only if the following inequalities hold:

(4.10) a + 7/(0304 -  0 i 0 2) > 0 ,
(4.11) a(0304 — 0102) — 701020304 > 0,
(4.12) a770i03 (ß2 -  q0204) > 0

and

(4.13) M{a)  := (0 30 4 -  0 i 0 2) a 2 + (7(© з04 -  © i0 2)2 -  /?2©1©з) o -

— Tj2 (0304 — 0102) 01020304 > 0.

Clearly, 7, 0 1 , 03,04 > 0. Three cases can be distinguished.
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Case 1: 02 < 0. This means that (TV,P) lies on the descending branch 
of the prey null-cline of system (1.1). In this case the inequalities (4.10)-
(4.12) hold true. If

(4.14) 7/(0304 - 0 i 0 2)2 - / 3 20 i 0 3 ^  0

then (4.13) holds for all a > 0 and (TV,P, TV) is asymptotically stable. If
(4.14) does not hold then since the constant term of the quadratic poly
nomial M  is positive, this polynomial either has no real root or has two 
roots of the same sign. If M  has no real roots or has two negative roots 
then (4.13) holds again for all a > 0 and the equilibrium is asymptotically 
stable. If M  has two positive roots, 0 < a\ < ao, say, then the equilibrium 
is asymptotically stable for large values of a, i.e. for small delays. Using 
a as a bifurcation parameter, the equilibrium is losing its stability by an 
Andronov-Hopf bifurcation when a is decreased below a0, i.e. the delay 
is increased. However, if a is decreased further below oi the equilibrium 
regains its stability.

Case 2: 02 = 0. The point (TV,P) is at the maximum point of the prey 
null-cline of system (1.1). Again (4.10)-(4.12) hold true. Now, (4.13) is 
equivalent to

a > ß 2Qi / Q4 -  770304.

If the right hand side of this inequality is negative or zero (which taking 
into account that 77 = £/ ( K ß)  roughly means that the specific growth rate of 
prey is large enough) then (TV,P,TV) is asymptotically stable for all a > 0. 
A more interesting situation arises if

a o  ' ■ =  / ? 20 i / 0 4 -  770304 >  0 .

In this case the equilibrium is losing its stability if a is decreased below ao- 
This loss of stability occurs again by an_A_ndronov-Hopf bifurcation.

Case 3: 02 > 0. This means that (TV, P) is in the Alléé effect zone, i.e. 
on the ascending branch of the prey null-cline of system (1.1). In this case
(4.10)-(4.12) are not satisfied automatically.

Let us assume that

(4.15) 0304 — 0102 > 0

and

(4.16) ß 2 -  770204 > 0.

These inequalities imply (4.10) and (4.12). On the other hand (4.13), (4.15) 
and (4.16) imply (4.11), thus, (4.13), (4.15) and (4.16) together form a 
sufficient condition of asymptotic stability of the equilibrium.
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If (4.15) and (4.16) hold then the polynomial M  has a single positive 
root ao > 0, M( a ) > 0 for a > do, and M (a) < 0 for 0 < a < ao. If a is 
decreased below do then the equilibrium ( N, P,  N)  undergoes an Andronov- 
-Hopf bifurcation.

E x a m p l e . Set ß = 0.1, 7 = 0.01, 6 = 0.1055, e = К  = 1. The 
polynomial (4.5) is now q(N)  = N 3 + 1.018A2 -  0.1907V — 0.210. The 
only positive equilibrium of system (1.1) (A ,P ) = (0.448, 3.025) is in the 
Alléé effect zone. For these values of the parameters (4.15) and (4.16) hold, 
02 > 0, and the positive root of M  is ao = 0.51. At ao (4.11) still holds 
true, i.e. do is the critical point of the bifurcation.

The Andronov—H opf bifurcation of the equilibrium

We are going to treat the three cases of the last section together under 
the additional assumptions (4.15) and (4.16). (In the first and second cases 
these inequalities hold automatically.)

D e f i n i t i o n  5.1. The positive parameters ß, i,6 ,£ , К  are called admis- 
sible if (4.6), (4.7), (4.15) and (4.16) hold, the polynomial (4.5) has a single 
positive root, and the polynomial M  in (4.13) has a simple positive root ao 
such that M (a) > 0 for a > ao-

Note that if the parameters are admissible them for_a > a0 system
(4.3) has a single asymptotically stable equilibrium (A, P , N ) in the closed 
positive octant. Note also that the conditions imposed imply that at a =  ao
(4.11) is still valid.

T h e o r e m  5.1. Suppose thdt the purameters of system (4.3) are admis
siblethen as the bifurcation parameter a is decreased at ao the equilibrium 
(N , P , N ) undergoes an Andronov-Hopf bifurcation.

P r o o f . At ao the characteristic equation (4.9) assumes the form

(A2 + aoi?(03©4 — 0102) — Í/2 01 020304) X 
x (A -j- ao + p (0304 — 0102)) — 0.

The eigenvalues are

^o(ao) — — a-o — ??(0з©4 — 0102) < 0, Aii2(a0) =  ±iw

where

(4.17) ca = (aO7?(0 304 -  0 i 0 2) -  í?20 i 020304) 1/2
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(the expression under the root is positive because of (4.11)). A routine 
calculation shows that

dReAi(ao) (0304  — 0 1 0 г) (u>2/ao +  ao + 0з©4 — ©1 6 2 ) ^

da ~  2 (u;2 + (ao +  0 3 0 4 - 0 i 0 2 ) 2)

In [2] the  Poincaré-Liapunov constant of this bifurcation has been de
termined whose sign decides about the supercriticality, resp. subcriticality 
of the bifurcation.

Ex a m p l e . Assuming the parameter values of the Example at the end 
o£_Section 4: ß = 0.100, 7 = 0.010, 6 = 0.1055, e = К  = 1, we have 
( N , P , N)  =  (0.448 , 3.025 , 0.448), ao =  0.510. The parameters are admis
sible and the Poincaré-Liapunov constant is p = -0.207. This means that a 
0 < a < ao exists such th a t for a 6 (ao — a , ao) system (4.3) has small am
plitude orbitally asymptotically stable periodic solutions with approximate 
period 2ж/и =  27.8.

6. Discussion

We have introduced an autonomous (time independent) predator-prey 
model (1.1) which we consider a fairly realistic one in this category. The 
growth of prey is restricted by the carrying capacity К  of the environment, 
the functional response of the predator is of Holling’s type, i.e. it is growing 
with increasing prey quantity but is bounded. The mortality of the predator 
in the absence of prey is a growing but bounded function of the predator 
quantity. We have shown (Theorem 2.1) th a t if the mortality of the predator 
is high compared to the predation rate then the predator dies out. We have 
also shown (Theorem 2.2) that even in the case when the predation rate is 
higher than the minimal specific mortality of the predator (but lower than 
the maximal mortality) the predator dies out provided that the carrying 
capacity is low. If in this case the carrying capacity is higher but not too high 
then we have a positive locally stable equilibrium (Theorem 2.3). In a special 
case it has been shown th a t the increase of the carrying capacity destabilizes 
the equilibrium and generates small amplitude periodic oscillations. This 
happens somewhere in the interior of the Alléé effect zone, i.e. when in the 
neighborhood of the equilibrium the increase of prey quantity is beneficial to 
its growth rate. A criterion has been given for the stability of these periodic 
solutions.

We have introduced infinite delay into the model (4.2) assuming that 
the predator’s growth ra te  depends on past quantities of prey in an ex
ponentially decreasing way. If now the equilibrium lies on the descending 
branch of the  prey null-cline (i.e. in the neighbourhood of the equilibrium 
point the increase of prey quantity has an adverse effect on its growth rate)
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then either the equilibrium stays stable for arbitrary large delay or it loses 
its stability at some value of delay but regains its stability if the delay is 
increased further. If the equilibrium lies on the ascending branch of the 
prey null-cline (i.e. in the neighbourhood of the equilibrium the increase of 
the prey quantity is beneficial to its growth rate), in the Alléé effect zone 
then the increase of delay destabilizes the system and causes the occurrence 
of periodic oscillations. In the Ph. D. thesis of the first author conditions 
are given for the stability of the bifurcating periodic solutions. In a second 
paper we shall introduce spatial distribution into the same model assuming 
that prey and predator are diffusing according to Fick’s law with different 
diffusion coefficients.
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ALTER N A TIV E TH EO REM S A N D  
SA D D L E P O IN T  RESULTS FOR C O N V E X  

P R O G R A M M IN G  PRO BLEM S OF SET  
F U N C T IO N S W IT H  VALUES IN O R D E R E D  

V E C T O R  SPACES*
H. C. LAI ** (T aichung) and P. SZILÁG YI (B u d a p e s t)

1. In tro d u c tio n

In the last decade there were two directions, among others, to  gen
eralize the classical nonlinear programming problem. In the first of them 
the problem functions take their values in ordered vector spaces and are 
defined, as usual, in some topological vector spaces (see for example Zowe 
[19]). In the second one scalar problems for set mappings were investigated, 
tha t is the case when the “variables” are measurable subsets of a measur
able space (cf. [18], [10], [11], [13], [14], and [2-5]). A new direction is to 
bring these two types of problem classes together, namely to investigate set 
mappings with values in ordered vector spaces (see Lai and Lin [15]). In
[15] the usual optimality conditions and duality theorems were proved for 
this last problem class in the convex case. In our paper (also for the convex 
case) some alternative theorems and saddlepoint results are given for the 
above problem class. Our results generalize Theorem 3.1 and Theorem 3.2 
of [2] as well as Theorem 3.4 of [18] on the one hand, and are analogous to 
the classical convex alternative and saddlepoint theorems on the other hand 
(see for example Berge and Ghouila-Houri [1] and Mangasarian [17]). In 
order to get our results, it is convenient to introduce first in Section 2 some 
notations and basic properties of ordered vector spaces and set mappings 
(see [15-16], [18] and [19]).

2. P re lim inaries

Throughout the paper, let Y  and Z be locally convex Hausdorff vector 
spaces over a real field R  and ordered by the closed convex pointed cones 
C and D respectively. We say that an ordered vector space Y  is an ordered

* T h is research  was partia lly  su p p o rted  by NSC Taiwan. T h is  p ap er was p a r t ly  
w ritte n  w hen th e  first au th o r was a  professor in th e  U niversity of C ap e  Town.

** C u rren t address: In s titu te  o f M athem atics National T sin g  H ua U niversity , 
H sinchu , Taiw an
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complete vector lattice (see Zowe [19]) if inf(x,i/) exists for any x and у in 
Y  and inf В  exists for any nonempty subset В  C Y  which is bounded from 
below. For convenience, we assume further that the cones C and D are 
normal with nonempty interior. Here a cone C is said to be normal if there 
exists a neighbourhood system {V} of origin 0  such tha t V  = (V + С)  П 
П (V -  C ). Hence the order structure and the topological structure in a 
topological vector space are related by the normal cone. From now on 
assume that Y  and Z  are ordered complete vector lattices. We adopt the 
following notations (see [15-16]).

For any x , y  G Y ,

x й с  у if у -  x e  C,
x < c  У if У — x E C \  {0}, 0  denotes the zero vector,

О
x < c  У if У — x  G C , the set of interior points of C .

Let C* be the dual cone of C,  that is,

C* = {y* € Y* I (y*,y) ^  0 for all у £ C}  

where F* is the topological dual of Y . We define

B +{Z, Y)  — {W G B ( Z , Y ) \ W{ D )  С C )

where B ( Z , Y ) is the space of all continuous linear operators from Z  to Y .
Now, let ( Х, Т, р)  be an atomless finite measure space with Ьг(Х,  Г,/г) 

separable, and let S  С Г be a subfamily of measurable subsets of Л'. Then 
consider the mappings F  : S  —► Y  and G : S  —> Z.  Many authors had 
investigated programming problems for set mappings, see, for example, [2- 
6], [9-15] and [18]. We restate some crucial properties of set mappings as 
follows.

For any measurable set £ Г, there corresponds a characteristic func
tion xu £ L°°(X, T, p)  C L l ( X ,Г,/x), since p(X)  < oo. By the separability 
of Xx(X, Г, p),  for any (Í1, Л, Л) 6 Г X Г X [0,1], there exist sequences, {fin} 
and {Лп} in Г, such that

( 1 ) Xun Ахп\л and Хл„ ^  ( 1  -  А)хл\п- 

In [18, Proposition 3.2], Morris showed that (1) implies

(2) x u n U An U (ÍÍ П A) AXq + (1 -  A)xa.

Now we can define the convexity of the subfamily S  С Г (see [13-14], 
also [10] and [2-5]). Denote the above sequence {íl„ U Ara U (ÍÍ П A)} by
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{ Mn} and call it a Morris sequence. A subfamily S  С Г of measurable sets 
in X  is said to be convex if for any (Q, Л, A) £ S  X S  X [0,1], there exists in 
S  a Morris sequence { Mn} in S  having property (2).

A set function, F  : S  —► Y ,  is said to be C-convex on the convex 
subfamily S  if, for any (fl,A, A) 6 S  x >5 x [0,1],

H m F ( M n) й c  AF{il) + (1 -  A)F(A)
n —► OO

holds for any Morris sequence { Mn} C S  associated with (fl,A,A).
By these preparations, we can now proceed to establish Farkas type 

theorems for convex set functions in the next section.

3. Farkas type theorems

The following theorem is an analogue of the convex versions of the well- 
known Gordan and Ky Fan Theorems in finite dimensions. It is also a 
generalization of Lemma 3.1 of [2].

T h e o r e m  3.1. Let S  be a convex subfamily ofT,  and let F  : S  —* Y  be 
a C-convex set function. Then the system

(3) F (íí) < c ©

has no solution in S  if and only if there exists y* /  0 , у* £ C* such that

(4) {y*,F(Sl))Z 0 for all ÍÍ £ S.

P r o o f . It can be carried out by the same proof as Lemma 3.1 in [1]. 
For completeness we include here our proof as follows.

The sufficiency part is trivial. Indeed, if (4) holds for some у* ф Q in
C*, then (i/*,F(ÍI)) ^  0 implies that F(fi) ф — C . Hence the system (3) 
has no solution.

For the necessity part, we denote the set

A = {y £ Y  I there exists Í! £ S  such that F(il)  <Cc y}-

Obviously 0  ф A,  since (3) has no solution.
First, we claim that the set A is convex in Y .
Indeed, let у and у be in A.  Then there exist ÍI,A £ S  such that 

F(fl)  <Cс  Vi and F( A) <Cс У- Let A £ [0,1] be an arbitrary number. Since 
S  is convex and F  is a C-convex set function on S , there exists a Morris 
sequence {M n} in S  corresponding to (ÍÍ,A,A) £ S  X S  X [0,1], such that

lim F( Mn) c  AF{Q) + (1 -  A)F(A) Aj/ + (1 — A)y.
n —+oo
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Thus F ( Mn) <Cc  Ay +  (1 — A)y holds for all, except possibly a finite number 
of n. It follows that Ay + (1 -  y)y £ A. Hence A  is convex.

О О

Further, since С ф 0, А ф 0. Since 0  ф A,  applying the separation 
theorem, we see that there exists a nonzero element y* 6 Y* such that

(5) (у*,y) ^  0 for all у £ A.

О

Since F( ft) C c  F (ft) + c (— y) for any c £ C , it follows from (5) that 
(y*, F (ft) + c) ^  0, or equivalently

(6) (y*,F(íí)) +  (y * ,c )^ 0 .

Finally, we want to show that у* £ C*. Otherwise there would be a c £ C
О

such that (y*,c) < 0. By the continuity of y*, there is a.co £ C such that
О

(у*, со) < 0. Since C is a cone, ticq £ C for any positive integer n. Thus
(6) becomes

0 ^  (y*,F(ii)) + n(y*,c0) < 0

for sufficiently large n which is a contradiction. Hence у* £ C*.
Note that y* is a continuous linear functional. Letting c —> 0 , we obtain 

(4). □

If the system \ \  ̂ " \  has no solution in N, it follows that the
[ G (iI )  < d  О J

Г F(Q)  < c  0
SyStem j  G(il) « 0  0 .
corollary follows immediately from the necessity part of Theorem 3.1.

has no solution in N, too. Thus the following

C o r o l l a r y  3.1. Let S  be a convex subfamily of Г. Suppose that 
F : S  —> Y  and G : S  —► Z are C-convex and D-convex set functions, re
spectively. If the system

( F(Q)  « с  0  1
<D © J

has no solution in S , then there exists (y* ,z*) ф ( 0 ,0 )  in C* x D* such 
that

(y* ,F (0)) + (z*,G(il)) ;> 0 for all Q e S .

The following theorem is an analogue of the convex version of the Farkas 
theorem as well as that of the Motzkin theorem of the alternative.
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T h e o r e m  3 . 2 .  Let S  be a convex subfamily of Г .  Suppose that F  : S  —>■ 

—» Y  is C-convex and G : S  —> Z is D-convex set function, G(Ll) 0  for 
some LI. Then the system of inequalities

(7)
ÍT (ÍÍ)  « с 0 1
\ а д  j

has no solution in S  if and only if there exists Wo G B +(Z, Y)  for which 
there is no LI E S  satisfying

F(Ll) + W0(G(il)) < c  ©•

P R O O F .  The sufficiency part is trivial. We only prove the necessity part. 
Suppose that the system (7) has no solution in S , then so does the system 
F(Ll) <Cc  0 , G(LI) <£) 0 . It follows from Corollary 3.1 that there exists 
{y*,z*) ф ( 0 ,0 )  in С* X D* such that

(y9,F(Sl)) + (z*,G(Sl))^  0 for all Í2 E S.

The linear functional y* in the above expression must be nonzero. For if
О

у* = 0 ,  then z* ф 0  and (z*,z) > 0 for any nonzero z in D . Since there is 
an Cl E S  such that G'(fi) «Сd 0 , we have

0 > (z*,G(Ü)) = (Q,F(Ü))  + (z*,G(ü)) ^  О, 

which is a contradiction. Hence у* ф 0 . It follows that (y*,y) > 0 for
о о о

any у E С . Since С ф 0, we can choose a nonzero yo E C such that 
(у*,Уо) =  1. Define an operator Wo : Z  —»• Y  by Wo(z) = (z*,z)yo. Then 
W0 G B +( Z, Y)  and

(y*,F(n) + W0( G ( m  = (y*,F(Ll)) + (y* ,Wo(G(il))) =
= (y*,F(n)) + ( z ' , G( n) ) ^  0,

whence we have

(8) {y*, F (fl) + Wo(G(D))) ^  0 for all LI ES.

Since (у*, у) > 0 for all у E C , it follows from (8) that F(Ll) + W0(G'(D)) ф
О

ф — C for all Ll E S.  This shows that there does not exist LI E S  satisfying

F(Sl) + W0(G '(D ))C c 0- □
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C orollary 3.2. If Y  = R  in Theorem 3.2, then — assuming the 
convexity as well as the Slater type conditions — the system

Г F(O) < 0 1
1 G(D) Ü D & Í

has no solution in S  if and only if there exists z* £ D* such that

F(Q) + (z*, G(Q))  ^  0 for any fl E S.

If У = Z = R  in Theorem 3.2, then Corollary 3.2 reduces to Theorem 
3.1 of [2].

4. Saddlepoint theorem s for convex programming
problems

Consider the programming problem:

(P) minimize .F(D) subject to D £ S  С Г, and G(D) ^ d 0  where F : S  —► Y
and G : S  —> Z  are C-convex and D-convex set mappings, respectively.

Recall tha t D0 E S  is a weak minimal point of problem (P) if there does 
not exist fl E S  with G(D) © such that F(il) < c  F(i lo). Denote the 
Lagrangian by X(D,W) = F( ü )  + VP(G(D)), W  £ B{Z, Y) .  We say that 
(ÍIo,Wo) is a weak saddle point of L(Ú, W)  if Wo £ B +(Z,  У), Do £ S  and 
there are no I f  £ B +( Z ,Y ) and D £ S  satisfying

T(Do,W0) « с  L(il0, W W )  and T(D, W0) < c L((i0, W0), 

respectively.
Applying theorems proved in Section 3, we get the following theorems 

related to saddlepoint optimality conditions for problem (P).

T h e o r e m  4.1. Let S  be a convex subfamily in Г, and let F  : S  —>■ Y and 
G : S  —> Z be C-convex and_D-convex set functions, resjiectively. Assume 
further that there exists an D £ S  such that G (D) <Cd ©• //D o is a weak 
minimal point o f problem (P ), then there exists Wo £ B +(Z, Y)  such that 
(D0, Wo) is a weak saddle point of the Lagrangian T(D,W).

P r o o f . Let D0 £ <S be a weak minimal point of (P). Then there is no 
D £ S  satisfying F(D) < c  F{kl0) and G(D) 0 . That is, the system 
of inequalities

Г F( D) -  F(ü0) C c  0  
\ G ( D )  0
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has no solution. By Theorem 3.2, there exists Wo E B +(Z ,Y ) for which 
there is no El E S  satisfying

(9) F(Q) -  F (il0) + W0(G(El)) < c  ©•

Since Wo G B +(Z, Y)  and G(Oo) ^ d 0 , we have

(10) W0(G(ii0)) 0-

Setting El =  fl0 in (9), we have that Wo(G(ilo)) <Cc 0  is not true. That is,

(11) W0(G(n0) ) ? ( - C ) ° .

From(10) and (11), we obtain

(12) W0(G(ÍÍ0)) E d( - C)

where d(—C)  is the boundary of — C.  It follows from (9) and (10) that

F(Sl) -  F(El0) + W0(G(O)) -  W0(G(fio)) Í  ( -C )°

for all 0  G <5. Hence there is no El E S  satisfying L(El, Wo) <Cc L{Elo, Wo).
On the other hand we want to show also that there is no W G B +(Z,  Y ) 

satisfying
L(El0,W 0) « с  L(El0,W ).

Suppose on the contrary that there is a W G B +(Z, Y)  satisfying
L(Elo, Wo) < c  L(El0, W) ,  that is, W0(G(El0)) = W (G(fi0)) G -  C . Then, 
from (12),

W(G(fi0)) G C + W0(G(fio)) C C + d( - C) .

Evidently, W(G(ÍIo)) E ( —G), so that

W (G (00)) G | g  + Ő(-C)J П (-C ) .

This is a contradiction since

(13) | c  + 0 ( - G )}  n ( - G )  = 0.

О

We claim th a t (13) holds. Indeed, i íy\  E C , 3/2 E d(—C)  and y\ + E —C,  
then

y2 E -  G - у х  C -  G -  G C  -  G
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since C is a convex pointed cone, and С  +  С С C ■ It follows that j/2 G 
G (—C)° П д ( —C). This is impossible since ( —C)° П d(—C) = 0. Therefore, 
there does not exist W  G B +(Z,Y)  satisfying L(Ll0,Wo) <Cc L(£l0, W) .  
Hence (il0, Wo) is a weak saddle point of L(Cl, W).  □

If У = R , then the weak minimal point of (P) coincides with the usual 
minimal point. Thus, from Theorem 4.1 we will have the following corollary.

Corollary  4.1. Let the assumptions be as in Theorem 4.1 with Y  =  
= R. Then iio is a minimal point o /(P ) if and only if there exists Zq G D* 
such that ( f í 0 , * g )  a saddle point of the Lagrangian L(Cl,z*).

P r o o f . Necessity. As У = R in Theorem 4.1, and ilo is a minimal 
point of (Р ), there does not exist f! in S  satisfying F(Ll) < T(fio) with 
G(fl) й d ©, or equivalently F(il)  ^  F(Llo) for all if G S  with G(Q) 0 , 
and by Theorem 3.2, there exists Zq G D * for which there is no Í1 G S  
satisfying

F ( Q ) ~  F(Üo) + {zÓ,G(íl))<0.

That is, there exists z^ E D* such that

(14) F( S l ) - F( Oo)  + (zZt G( n ) ) ZO

holds for all f! G <S. It follows that for Í2 = flo in (14), we have

(15) <*5,G(fio)) £ 0 .

Since fio is a feasible solution for (P), (15) implies that (zq, G(Llo)) = 0. We 
claim that (flo,^o) is a saddle point of the Lagrangian

L(Ü,z*) = F(Sl)+(z*,G{Sl)).

Indeed, since for all z* G D*, (z*,G(il0)) й  0 -  (z<5,Cr(íío))> we obtain

F(Üо) + (z* ,G (üо)) й F(Sl0) + (z0*,G(íí0)> = F(fi0) ^ F(fi) + (z0*,G(fi))

for all (fl ,z*)  G <S X D* (by (14)). Thus the necessity part is proved.
Sufficiency. Let (Oo,Zq) G S  X D* be a saddle point of the Lagrangian 

L(il,z*) = F(Tl) + (z*,G(Tl)), that is, for all (fi,z*) G S  X D *,

F{Slo) +  ( z \ G ( n 0)> ^ F(Slo) + (z5,G(í20)) ^ F(íl) + (z*0,G(Ü)}.

Since Zq G D* , for all feasible solutions if of (P) we have (zq,G(ÍI)) ^  0. In 
particular (zq,G(Qo)) ^  0. The first saddlepoint inequality implies that

(z*,G(00)> ^  {zo,G(ilo)) for all z* G D*.
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But D* is a cone, hence 0  G D*, and so (z£,G(iio)) ^  0. Therefore 
(zg,(j(i2o)) — 0- Thus, from the second saddlepoint inequality and by 
{Zq,G(Q )) ^  0, we obtain

f ( f i o ) ^ ( ß )  +  {zS ,G (fl))^ F (fi)

for all Í1 6 S  feasible for (P). That is O0 is a minimal point of (P). The 
sufficiency is proved. □

R emark 4.1. The Slater type condition G (fi) <£> 0  was implicitly 
used as a preassumption of the above corollary. Nevertheless, it was used 
only for proving the necessity part.

R emark 4.2. If У = Z — R  in Theorem 4.1, Corollary 4.1 reduces to 
Theorem 3.2 of [2].

If in Theorem 4.1 we omit condition G (íl) -Cd 0 , we can prove only 
a Fritz John type saddle point (a generalized saddle point, see definition 
later) which is the necessary optimality condition.

To do this, first we introduce the concepts of the generalized Lagrangian 
and its weak saddle point for problem (P) as follows.

D e f i n i t i o n . T h e  f u n c t i o n

L(n ,y* ,z*) = (y*,F(n))  + (z*,G(n)),  S l e S ,  y * e Y * ,  z* e Z*

is called the generalized Lagrangian (the Fritz John type Lagrangian)) for 
problem (P).

D e f i n i t i o n . A triple (D0,2/0,^o) 6 S  x C* x D* is called a weak saddle 
point of L(Ll,y*, z*) if for all Í7 £ S  and 2* 6 D*

L (n 0,y'0,z*) Í  L (n 0,y*o,z*0) й L(Sl,y*0,z*0)

holds.
T h e o r e m  4.2. Let S  be a convex subfamily in Г, and let F  : S  —► Y  

and G : S  —> Z be C-convex and D-convex set function, respectively. I f Ll0 
is a weak minimal point of problem (P), then there exists (Po,Zq) ф ( 0 ,0 )  
in С* X D* such that (z^G^fto)) = 0 and (ilo, Уо, z£) is a weak saddle point 
of the generalized Lagrangian L(£l,y*,z*).

P r o o f . I f  Qo  i s  a  w e a k  m i n i m a l  p o i n t  o f  ( P ) ,  t h e n  t h e  s y s t e m

F(Sl) -  F(Slo) < c  ©
G(Q) 0

has no solution. It follows that the system

Г  F ( f l )  -  F{il 0 )  < c  0
\  G(ft) <D 0

Acta  Mathematica Hungarica 63, 1994
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is inconsistent, too. This satisfies the conditions of Corollary 3.1, so there 
exists an element (Vq,Zq) ф ( 0 ,0 )  in С* X D* such that

( 16) (у*о,ПП) -  П П o)> +  (4 ,G(ft)> ^ 0

for all fi £ S.  Setting S7 = Í70 in the above inequality we have (2g,G(fio)) ^  
^  0. Since G(fio) =D 0 , we have (2g,G(fio)) ^  0. It follows that

(17) U*,G(fi o)) = 0.

The point (fi0, J/o> 2o) Is a weak saddle point of Z(fi,?/*,2*).
Indeed, by the feasibility of fio in (P), for arbitrary 2* £ D* we have 

(z*,G(fi0)) ^  0 = (^ ,G ( f i0)), thus

В Д ь У о . О  =  <2/5, Д ^ о ) >  +  ( г * , G ( f i o ) )  ^  ( й , ^ ( П о ) )  +  ( z ^ G ( Ü 0 ) )  =
= T(fioi 2/o, 2o)

and so X(fio, Vo,z*) = L{fio, 2/o> 2o)- From (16) with any fi £ »S and (17) we 
have

2 ( f i 0 , ?/Ó,^o) =  ( i / o , F ( f i 0 )}  +  ( 2 0* , G ( f i 0 ) )  =
=  <2/5, F W )  ^  <2/5, Д « ) >  +  ( * 5 , G ( f i ) )  =  Z ( f i , 2 / o , ^ o ) ,

and so Z ( f i o ,  2/5, го) = Д ^ У о , 2̂ ) 1°Г a ^  ^  £  5. Consequently,

2(fio,i/S,**) ^  2(fio, 2/5, ^o) % 2(fi,yS, *o‘) for all (fi , z * ) e S x D * .

So (fio,2/o ,2g) is a weak saddle point of the generalized Lagrangian
Z(fi,y*,2*). □
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AXES OF SY M M ETR Y  FO R  PL A N E  CURVES
S. GÓZDZ (Lublin)

1. Introduction and the functions Фа

In this paper we consider the class 9Л of plane curves described in [4] p. 
70 and in [3]. This class contains all ovals and rosettes [1].

We give necessary and sufficient conditions for a curve in !ЯЛ to have axes 
of symmetry. Next, we present a simple way of determining the equation of 
the curve which has axes of symmetry. For this purpose we introduce the 
special family of functions {Ф}аеа where R  = (—oo,+oo). Let Cl be the 
set of all positive continuous periodic functions on R with period L > 0. 
Let us fix a function к 6 C l  satisfying conditions (A)-(C) in [3] and let 
K{t)  = Jq k(s ) ds. Then, we put

(1.1) 4>a(s) = K ~ 1(a j  -  K ( s ) ) ,

where a £ R  and K ~ l is the inverse function of К .
For the functions Фа the following relations hold:

(2.1) <М*М0)) = s ,

(3.1) 4>{s + L) = <f>(s) - L,

(4.1) Ф М
к(фа(в)) '

The functions Фа are associated with the functions ipa defined by formula 
(4) in [4].

The functions <pa have geometric applications [1], [2], [3], [4]. The set 
of all functions {y^cJcgR U {^0}aeR with the composition of functions is а 
non-commutative group.



2 4 4 S. GÓZDZ

2. The axis o f  symmetry

Consider a curve z = r j  £ Ш ((17), [4]), i.e.

R e s — >rf (s) = [ ' k ( t ) f ( t )e iKM dt, f , k e C L.
Jo

Let Ts =  e*A(s) be the unit tangent vector at the point rj(s). One can see
that the vector >) is the image of the vector Ts by the symmetry-
map with axis spanned by the half straight line

Л — ♦ Ae*20iJ, A > 0.

In the set of all points on the curve rj with tangent vector equal to 
gt(aj-K(s)) we choose a point A which is the first before the point rj(s). 
Let d denote the length of the arc between A and rj(s).  Then we define the 
function

(3.1) F: s — » s — d.

This is equal to the function фа defined by (1.1). We have:

T heorem  1. The curve rj  G Ш1 has an axis of symmetry parallel to the 
vector e*("J+ 2 ) if and only if f(s)  = f(<t>Q(s)) for aH s G R.

P R O O F .  First, we prove that the vector r/(s) — г / ( ф а ( я ) )  for all s G R 
is parallel to the vector eF aT In fact, setting

h{s) rf (s ) -  rf(<f>a(s)) , e i ta:> ,

where [z,w\ is the determinant of the complex numbers 2 and w, we have 
h'(s) =  0. This means that h(s) =  C,  but if A'(so) = §oj, ^ en TSo — 
= gtA(s0) _  Тфа(3о) and h(so) = 0. Therefore, h(s) =  0 and the vector 
rf(s) — rj((j)a(s)) is parallel to the vector e?“-7 for all s G R.

Next, we verify th a t the points 1 ^ r / ( 5 ) +  r f  ( Ф а { $ ) )  )  belong to the

straight line parallel to the vector ie^ iaj. For this purpose we consider the 
function

$(M ) r f ( s ) + г/(Фо'(з)) -  Г}(фаЦ) ) , е'Ла1+2) .
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Obviously, g(t, t) — 0 for all t E R. Computing the partial derivatives we 
obtain j-3g{t, s) =  0 = Jj-g( t , s ). Thus, g(t, s) = 0 and the points 4 ( r j ( s )  +

+ rf{ßa{s))^  belong to the axis of symmetry of the curve. This completes 
the proof.

3. Fourier series and axes o f sym m etry

Let f ( s ) E Cl  and let the Fourier series of f( s )  ([3], Theorem 1) be 
given by the formula

(1.3) f ( s )  =  4 ^  + У2 ( An cos - K ( s )  + B n sin - K ( s )
* 2 t í  V 3 3

It is easy to compute that

(2.3) f{<t>a(s)) = 4y  +  ^  f p ncos ™K(s) + Q„sin ™K(s)
Z n=l V 3 3

where Pn = An cos an  + B n sin an  and Qn = A n sin an — B n cos an. 
Now, let us examine the equation

(3.3) /(* ) = /(<M e )) .

Comparing formulas (1.3) and (2.3) we obtain

T heorem 2. The necessary and sufficient condition for a function f  E 
G Cl to be a solution of the equation (3.3) is the following:

An sin \ n a  = B n cos -rm  П 2 " 2 for all integers n.

Let a function f  £ Cl be a solution of the equation

(4.3) / (< M 5)) = f{<t>ß(s)).

In the sequel we assume that a , ß  E [0,27t) because

(5.3) f{<t>a+2*(8)) = f(<t>a(s)) .

Then the following two relations are satisfied.

A cta  Mathematica Hungarica 63, 1994
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Lem m a  1. If a — ß is not commensurable with 2x and the function 
f  E Cl satisfies equation (4.5), then f  is a constant function.

Let (/, m)  denote the greatest common divisor of the integers l and m.

Lem m a  2. If a — ß is commensurable with 2x, i.e. a — ß  = 2 x ^ ,  
(/,m) = 1 and f  G C l is a solution of equation (4.5), then An = B n = 
= 0 whenever m does not divide n ( m |  n).

P r o o f s . Comparing the coefficients of the Fourier series of f(cf>Q(s)) 
and f ( f ip (s ))  we obtain

a + ß
2

n -  B n cos a + ß \
2 )

. a — ßs in ------- n =
2

0

„ a + ß .  a + ß \ . a - ß  An cos — - — n -f t ín sin — -— n I sin ——— n = U.

and

Hence, if a — ß is not commensurable with 2x we immediately obtain An = 
= B n — 0, for n — 1 ,2 , . . .  . This means that f( s )  = so it is a constant 
function.

If a  — ß = 27Г— then1 m. 7

s in ----- —n =  0 for m in .
2 1

Thus, A n =  Bn = 0 for m \  n. This completes the proof.
Lemma 2 has the following extension. Let [mi, m2, . . . ,  m p\ denote the 

least common multiple of the integers mi, m2, . . . ,  mp. We assume that 
/  E Cl is a solution of the following system of equations:

(6.3) f(s)  = /  (фао(*)) = f  (0cu(s)) = . . .  = /  (</>ap(s)) ,

where a 0, a i , . . . , a p belong to [0,27t); moreover we have (5.3).
L e m m a  3■ f  E Cl ( /  Ф const.) is a solution of the system (6.3) with 

av -  q0 =  27t^ ,  (lv, m v) = 1, v — 1 ,2 ,...  ,p, if and only if 
1° A n = Bn = 0 whenever mi \ n or m2 \ n or . . .  or mp \ n,
2° A n sin |n«o  = B n cos ^nop whenever [mi, m2, . . . ,  mp] \ n.
Lemma 3 implies
T h e o r e m  3. b e t a  0, aq, o p ,. . .  , a p be real numbers such that

Oiv Op —  27Г ,  ifivi v ) — 1 í v — 1,2, . . . ,  p.mv
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Then the curve 77 E 9Л has the axes of symmetry parallel to the vectors 

e*'(or0j+ f ) ?e«'(aij+f))i _  ?e‘(opj+f)

if and only if  the function f  satisfies the equations (6.3).
Let the Fourier series of /  E C l  be given by (1.3). Lemma 3 allows us 

to reformulate Theorem 3 in the following way.
T h e o r e m  4. For any numbers cm, or, cm, . ■.,ap satisfying the assump

tions of Theorem 3 the curve 77 has the axes of symmetry if and only i f  the 
Fourier coefficients of f ( s )  satisfy the conditions

1° A n — B n = 0, whenever m \ \  n or m 2 \ n  or . . .  or mp \ n,
2° A n sin ^71cm — B n cos |т то , whenever [toj, m 2, . . . ,  77ip] | n.
The last theorem gives a simple method of defining curves with given 

axes of symmetry.
E x a m p l e . W e  a s s u m e  t h a t  k(s ) = 1, L =  2ir, j  — 1. P u t t i n g  cm =  y 7r,

сц = Iy71" and «2 = Ц 7Г we have cm — cm = 2%^ and a 2 — a 0 = 27г^ and
[3,5]= 15. Thus, the function of the form

1 g ^
f ( s ) = 2A° + 11, А\ьр ( cos 15ps + tan —7rps sin 15ps

u=l '

determines the curve 77 having axes of symmetry parallel to the vectors
, ,-55 ■ 73 _e и , e ^ ,  e ™ .
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Q U A N T U M  C EN TR A L LIMIT T H E O R E M S  
FO R  W EA K LY  D E P E N D E N T  M A PS. II

L. ACCARDI and Y. G. LU* (Roma)

Introduction

In Part I ([21]), three central limit theorems have been stated: the 
first one (Theorem (1.3)) includes a law of large numbers and is a vanish
ing result; the second one (Theorem (1.4)) is a central limit theorem for 
processes with discrete parameter and the third result (Theorem (1.5)) is 
the extension of the second one to the case of continuous parameter. Our 
central limit theorems are deformations of the usual quantum central limit 
theorems, considered up to now, in three different ways:

i) The factor a{b,b') in the commutation relations

(*) jt(b)js(b') = o(t,s,b,b')j t (b')jt(b) + e(t,s,b,b')

(b,b' E В  С В', В is the set of algebraic generators of В ) are not restricted 
to the values ± 1.

ii) The factor e(t,s,b,b') in (*) is not required to vanish identically.
iii) Independence is replaced by weak dependence.
First of all the states that we obtain in the limit are of Gaussian type, 

in the sense that their odd momenta vanish and the even ones are given by 
weighted sums of products of pair correlations. However, while the £-factor 
simply produces a shift in the correlation function of the limiting state (cf.
(1.17) of Part I); the a -factor can give rise to more interesting phenomena. 
In fact, if all the a(b,b') are present, then the final expressions (1.18) or 
(1.24) in Part I differ from the usual expressions for the even momenta of a 
Gaussian state only for the presence of a combinatorial factor. However, if 
some of the <7(6,6') are allowed to vanish, then the sums (1.18) and (1.24) will 
no longer be over all pair partitions, but only over a subset of them. Now it 
is well known that the notion of free independence, recently introduced by 
Voiculescu [16], leads naturally, by means of free central limit theorems to 
a notion of free Gaussianity characterized, in terms of momenta, precisely 
by the property that the summation in the expression of even momenta is

*O n leave of absence from  Beijing N orm al University.
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taken not over all the pair partitions, but on a special sub-class of them (cf. 
[15]).

The following conjectures are therefore natural:
I. By imposing that some of the factors a(b,b') vanish on some ordered 

pairs of generators, the expressions (1.18), (1-24) define free Gaussian states.
II. All the states with vanishing odd moments and with even moments 

given by weighted sums of products of pair correlations ( the sum not nec
essarily ranging over all the pair partitions, but only over a subset of them) 
can be obtained by the present central limit theorems, by appropriately 
choosing the algebra В and the factors a, e.

The replacement of independence by weak dependence causes a new 
qualitative phenomenon: now the singletons give non-trivial contributions 
to  the final state.

§6. P ro o f o f the main theorems

After the preliminaries in §2, §3, §4 and §5 (cf. [21]), we can prove our 
main theorems.

P ro o f  o f  T heorem  (1 .3). First we prove Theorem (1.3) for the 
counting measure, in this case by Lemma (3.7),

(6-1) /г» In'«* í k E U * M - - J t lc(bk))v(dt1) . . . v ( d t k) =
i / ( [ 0 , T ) )  J[o,T)k

= j f n: E ( S N(bl ) - - S N(bt ))=

= ^ £  £  £  я ы » . ) - - - л . < а д )  =
p = 1  ( S i . . . . sp)evk:Pte[Si. . . . S p ] ^

1 к [ к /  2]

— jyak E E
P -1  m —0 l^ P l  < ” ,< P m ^  (?1 .-»9m ) (S\ ,---}Sp)eVk,p

771

5 3  5 3  П  £(tn-1(ph)ilw-1(qh)ibph,bqh)
я - es[s’p̂  í é L A S i  s p , { p h , 9 / г } / T = i  ’ í r )  h=\

®(t\  ,  .  .  .  ,  i / j ,  6 1 ,  .  .  .  ,  6 f c )  • A (  J i r j  ( ^ 7r ( r i  ) )  '  ■ '  jt  r n _ 2 m  ( ^ 71( 7* n —2 m ) )  )

where t takes discrete values and 7дт(51, . . . ,  Sp, {ph, >7Г) is defined by
(3.19). Clearly the asymptotic behaviour of (6.1) is determined by the sum
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in t. By the boundedness of e, a and formula (1.3b), we know that the right 
hand side of (6.1) is majorized by

( 6.2)
N

■^C1{b1, . . . , b k) - N p.

Since a > i  or a = 1 and к odd, p ^  к/2  implies that

<6-3> j h  £  £ ( л ( ‘ 1 ) - - - ^ ( а д ) й с - н > - ‘к — . о

we need only to consider the case p > к / 2. For clarity we write the sum

(6.4) £
te/jv(Si,...,sp,{ph,9/l}̂ =1,jr)

in the notation of Section (.3), i.e.

( 5 > p )
(6.5) 5 ]

, . . . , Sp)  1 = ̂ 1 =."' = tk

^ - Н рн̂ ^ - Ч янУ fc=1- - m ^ - i (Ph)>i--1(ih)’ h=1....m

where we use the superscript (S,p) to mean that the sum in t runs over
[ S i , . . . , Sp]N .

In the following by the boundedness of the <r-factors we can neglect the 
factor cj(t\ , . . .  ,ifc, b\ , . . . ,  bk). Now we introduce a procedure to eliminate, 
step by step the e- factors, by repeated use of inequality (4.2). 

i) Suppose that there exists a h' E { 1 ,...  , to} such that

( 6 - 6 )  { t - i r - 1( ph i ) ’> ^ T - 1(qhi ) }  { t r n  • ■ • i t r k _ 2m }

i.e., to the same pair of times there corresponds an £-factor and also a 
product of two operators. For example, in the product

(6-7) J*i (*1 )j<3 (baÍJí! (*з) (*4) =

= ít(í i , t2, b2,b3)jt l(bi ■ b3)jt2(b2 ■ 6 4 )  + e(t2,ti, b2, b3)j tl (h ) j t2(b4)

the factor with £ is of type i).
In this case by the uniform boundedness of £-factors, we can neglect 

e(tr -i^p л , ,), bPh,,bqh,). Therefore without loss of generality we can
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suppose th a t there is no h' G {1, . . . ,  to) such that (6.6) is valid, 
ii) Suppose that there exists a h' £ { 1 ,...  , m} such that

(6-8) ^  {^1 ) • • • 1 ^i-2m } — ®

i.e., there is a pair of times which has produced an ^-factor and which is 
not in correspondence with any operator factor; e.g.

S(ti,t2,bi,b2 )jt3(b3)

with Í3 > t\ > t2.
In this case, since £(•, -,6, 6') is s -  L l {C,dn) we know that the quantity

(6.9)
1

jyak
( 5 - P )

E
t  _  1 / \ ^ t  — 1 / ч , /l—1 ,TTL* L(Ph) w 1(<?h)

m

(ph)’t'X-1(qh)ibph,bqh)
h=l

E { j t rj ( Ь'к[т\ ) ) • • ' jtrk_2n, (Ь-к (тк_2т)))

is dominated by

( 6 . 10)

1 (5',P')
jyafc—1 ^  ./

1=<i= -= ‘p^/=-=4^="'=<*=iV
jv

yv л/
У! У! I £(̂ 2) 1̂) p̂hM̂ 9h/)|

/ l = l  / 2 = / l  + 1

^ 1 ( p / i )  ’  — 1 ( д / г )  ’  ^ Р / г  ’  ^ 9 / г  )

h^h'

E { j t ri (̂ Tr(ri)) • • ' jtrk_2rn (bn(rk_2rn))) j =

! (5'У)
< M  — -—  y 4=  ] \ f a k - 1 ___

1^1 ̂ - ^ 4 '  = " = 4 ' i
^ -Ч рь^ к-Ччн)’

Ц  £{^n-1(ph)^ir-1(qfl)ibph,b4h) ■ E ( j tri (6w(ri)) • • • Jtr*_2m(̂ ir(r*_2m)))
l^/i^ra
h£h'
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where M  is a constant and (S',p ') is defined as in (6.5) for the partition 
(5 ( ,. . . ,  Spi) obtained by taking away from the partition ( S i , . . . , S p) all the 

) which satisfy (6.8). Suppose that there exist r elements 
of { 1 ,.. . ,  m) such that (6.8) is valid, then by relabeling the indices we find 
that (6.9) is dominated by

iii) By step ii) the estimate of (6.9) is reduced to an estimate of expres
sions of the form (6.11), where for each h = 1 , . . . ,  m — r, one and only one 
of {tx-i(Ph), t Tr-if^)} is in {tTl, • • ■ , t r,t_2m}. Let us deal separately with the 
possible cases. If

( 6 .11)

E ( j t Tl (^тг(п)) ’ ' ’\ . 2 т (^(п-2т))) •

(6.12a) ^7T 1 ( p i )  ^  0 }

and

(6.12b) 7̂r_1 (<?1 ) ^

then (6.11) is majorized by

(6.13)

oo
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m —rI П £^’r-1(p/»), 7̂r-1(9h)’ bph->bqh) E( j tTl ( ^ 7 r ( r i ) )  ' ' ' jtrn_im ( î(r„-2m)))
h=2

Moreover since is equal to some tTj., if we omit the index t„-q 91)
form the right hand side of (6.13), nothing will change (since tTj remains),
i.e. (6.11) is majorized by

(6.14)
( S V )

E M r+l ■

m —r

I JJ £(̂ 7t~1(ph)i^~1(qh)’>^Phibqh)
/i=2
Similarly, if

E { j t r j (^Tr(ri)) ' ‘ ' Л '( -2 т ^ ’Г(Гк -ь )))  •

(6.15a) *̂-_i (pi) £ O ni • • • >̂ r*_2m}

and

(6.15b) 7̂r-1((Jl) 0 {<ri>- • •d rw m )

then by the same argument, (6.11) is majorized by

(6.16)

1
f l a k —r

( S ' iP')  m  — rX ]  MT '  I  П £̂’r"1 ( p a )  ’  ( 9 a )  ’ bVh » )
h=2

*п- Ч рн)>*"-Чян)' h= 2 ..... m ~ r

E { j t ri  ( b 7 r ( n ) )  • "  j t r n _ 2 m  ( ^ i r ( r „ - 2 m ) ) )  '  | £ ( ^ 7 r - 1 ( p i ) ^ 5 ^ p n ^ 9 i ) |  =

Z=1

< 1
( S ' , p ' )

=  ДГок - r  ^  V

1̂ <l^ <a-l(p1) = ' '  = '" = í^-1(4l) = '" = í'!“2,'=JV

M r+1 •

i»-1(Pb)><»-1(*h)’ Г
m —r

I П  1 (pa) ’ —1 (9a)’ bPhib4h) E ( j t ri (^ (n )) • • • JíT-fc_2m (̂ 7r(r(fc_2m)))
Л=2
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Iterating the procedure we can eliminate the remaining pairs ({t„—i(P/l), 
i^.-i(9h)}) for h = 2 , . . . ,  m — r. Then, relabeling the remaining indices, we 
find the following majorization of (6.11):

(6.17)
, (SV)
1 V

j y ak—r /  j
Igtl

M m ■

1
j y  a k —r

(S',P')
£

lgilg-g<fc_2mgN
E { j t i  ( ^ 7 r ( r i ) )  ' ' ' j t r k _ 2 m { ^ i r ( k - 2 m ) ) )

where r\ , . . . ,  г^-^т are defined by (3.9a). By the definition of r, after
(6.10), one has r ^  m  and in any case ak — r ^  ak — m — S(n — 2m), where
6 := j f e S .  80 that:

(1) if a > I  then
(2) if о = I  and к is odd, then к -  2m  is odd and <5 =
In case (1), the right hand side of (6.17) tends to zero because of 

Corollary (2.2), with 6 replacing a and к — 2m replacing k. In case (2), 
since the time indices in the sum are in increasing order, we can apply 
Lemma (2.1). Moreover, since к — 2m is odd and the different times t3 are 
only p \  one can only have:

. к — 2 m  . к — 2m
P < ----2----’ ог P > — 2— '

The former case corresponds to ak > p in Lemma (2.1); in the latter case, 
there must be at least a singleton (i.e. some tj not equal to any th, for j  ф 
ф h). Therefore we can apply condition (ii) of Lemma (2.1). Thus, in case
(2) effectively (6.17) tends to zero. Therefore in both cases we conclude 
that (6.17) tends to zero as N  —* oo and this ends the proof for the discrete 
case.

If v is the Lebesgue measure, the situation is simpler because one needs 
only to consider the case p — к (i.e. all singletons) since the Lebesgue 
measure on R* is equal to zero on the subsets of those (<!,...,£*) such 
that for some indices 1 ^  j  ф h ^  k, tj = th- This implies that both cases i) 
and iii) in the proof of Theorem (1.3) correspond to sets of measure zero, and 
therefore we need only to consider the situation ii) in the proof of Theorem
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(1.3) and replace the sum

(S,p)
(6.18a) E

tn~1(ph)>t*~1(4h)' h=1'- 'm

by the integral

(6.18b) /
ig t ig -$tk^N

í^-1(Ph)>^ _1(9h)’ h=1' - ’m

dt\ • • • dtk-

The arguments of the discrete case are easily adapted to this case.
Theorem (1.3) shows that, in the following, it will be sufficient to study 

the limits

(6.18) lim - ^ -E (S N(bi) ■■■SN(b2n))
N —ю о  I \ n

and

(6.19) lim I [  j tl(b\) • ■ ■ Нгп{Ьгп) j dtl . . . d t2n
T-*°о i  n yJ[0,T)2n J

for each n £ N and b\ , . . .  ,i>2n £ В. Our conclusions are stated in Theorems
(1.4), (1.5). The proof is rather long therefore we first prove some lemmata.

Applying Lemma (4.2) we find that

(6.20) j ^ E ( S N{ h ) - - - S N(b2n)) =

.  2 n  n  /

= ^rEE e  e
P= 1 ™=° l^pi<--<Pm^2n (qi,...,qm) {s 1

£

m

E  E  П  £(tir-1(ph) i tn-1(qh)ibph,bqh) •
i r e s i s ,p) i 6 /7 v (5 i,...,S p ,{ p h ,g h }^L1,7r) h = l  

2 n

‘a (t\ 1 • ■ • ) 2̂П1 b\ , . . . , f>2n) • E{jtrJ (^тг(г!)) ■ • ' jtr2„_2m (^ (r2n-2m))) '
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Because of Theorem (1.3), the limit of the right hand side of (6.20) is equal 
to the limit (as N  —► oo) of

1 2 n  n

«*•21) wE E E
p = n  m = 0  l < p 1 < - . . < p ,

E E
t^2n (?!,...,9m) (Si....Sp)eV2n

E

( 5 > |

E
l < í l < - < Í 2 n < J V

I I  £(^7r-1(ph)5̂ 7T-1(gh)i^p/,»^9/,)
/ l = l

** 1 ( p h ) > < " -riih)’

< j ( t i ,  . . . , t 2 n , b l i  ■ ■ ■ i ^ 2 n )  '  E { j t r i  ( ^ i ( r i ) )  ' '  ’ ^ Г 2 п - 2 ш  ( ^ M c 2 n - 2 m ) ) )  •

In the following for each TV £ N and each fixed p = n , . . . ,  2n, m = 
=  0 ,1 ,. . .  ,n , 1 ^  Pi < ■■■ < Pm % 2n, 1 ^  9 b . . .  ,9m ^  2n satisfying (3.8a), 
(3.8b), (3.8c), (5 i , . . . ,5 p )  G V2n,p, 7Г G s | f ’p), we denote

(6.22) Ajv(2n,(Sb ...,Sp),7r) :=

j  ( 5 >P) m

•= jyn X / П £(íw-1(ph))í7r-1(?h)^p h^9/,)
1 = <1="' = Í2>* = ̂V Л=1

í^-1(Ph)><̂ -1(9h)’ Л=1’- ’т

<r(tl, . . . ,Í2n,T>l, . . . , &2n) ■ E  ( j t ri (^я-(п)) • • ' iir2n_2m (̂ 7r(r 2n-2m))) •

The first step in dealing with Ayv(2n, (S i,. . . ,  Sp), 7r) is:

Lemma (6.1). For ( S i , . . . ,S p) G V2n,p,  i f  there exists an h! G 
G { l , . . . ,m }  satisfying (6.6) (replacing к by 2n), then

(6.23) lim A n (2u, (S i , . . . ,  Sp), x) = 0.
N —ю о

P r o o f . Without loss of generality, by the boundedness of the a - factors, 
we can neglect the factor <r(fi,. . . ,  Í2n> &i,. . . ,  &2n)- We shall also suppose 
that h' = 1.

By the same arguments of ii) and iii) in the proof of Theorem (1.3) and 
in the same notations, we find that

(6.24) Ajv(2n,(Si,. . . ,Sp),Tr) <
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x (S',P')

-  ДГn—r ^  ' I £(*5r-1(p1)’*ir-1(91)’^Pl’ 9̂1 )|
1 = É1 = ' "  =  * 2 п - 2 ( т - 1 ) = ^

<’r_1(Pl)>í^_1(4l)

E { j t Tl  iP -K  ( n ) )  ‘ '  '  3 t , '2 п _ 2 т  ( ^ 7 г ( г 2 п —2 m  ) ) )

where r ^  m — 1. Condition (6.6) implies that in the sum

(SV)
E

1 á * l  á  á t 2 n - 2 ( m - l )  =  AÍ

l’r-1(Pl)>t’r_1(4l)

there are at most 2(n — m) free indices, therefore, by relabeling the indices, 
the right hand side of (6.24) can be rewritten as

« (SV)
(6-25) Mm_1 • I £( ^ - 1 (pi) ’ (9i)» 6pi A i  )|

1 = <1 = ' " = ( 2 п - 2 т ^
*я—l(pi)>í7T-1(<)1)

E { j t i  { b n ( r í ) )  ' ' ■ i í 2 n - 2 m ( ^ 7 r ( r 2 n - 2 m ) ) )  '

By the boundedness of the factor e, (6.25) is majorized by

(6.26)
JV»-'

(SV)
E

l^il^-"^<2n-2m^Ar
M r E  { j t i { b i r ( n ) )  ■ ■ ■ j h n ~ 2m { b i r ( r 2 n - 2 m ) ) )

If m = n, then (6.26) is O (^ )  which tends to zero; if m < n, then since r ^  
^ m — 1, it follows that n — r ^ . n  — m + 1 = 6{2n — 2m) with |  + 2(n1~m) =: 
=: 6 > | ,  therefore the statement follows.

The second step is:

L e m m a  (6.2). For ( S \ , . . . ,  Sp) e  V-in,? and 7r e  S2̂ v\  if there exists 
an h' G { l , . . . ,m }  satisfying (6.12a) and (6.12b) or (6.15a) and (6.15b), 
then

(6.27) П т  Ддг(2п, ( 5 i , . . . ,  5P), 7r) = 0.
TV—►со

PROOF. By the same arguments as in the proof of Lemma (6.3) and the 
formula (6.13), one obtains (6.26) again.

Before the third step, we prove the following:
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(6.28)

Lemma (6.3). For each к £ N, p = 1 , . . . ,  к, b\ , . ..  ,bk £ В , if the limit

N

T1 "ГГ
N - h=l

exists and E(-,-,b,b') is s — L l (C,dn) for each b,b' £ B, then the quantity

1
(6.29) £  £ ( л . ( ‘ . ) - л . ( ‘*))

í£/jv(5i ,...,Sp)

tiiíí/í a ^  I  is bounded.
P r o o f . By Theorem (1.3) we can suppose that p ^  n. Now we prove 

this lemma by induction. It is clear that one needs only to prove (6.29) in 
the case of a = |  and к ^.2.

If к = 2, (6.29) becomes

I N , , *
(6.29a) ? ^ |£ ( A ( 4 A ) )  £  « ( Л ( » 1 ) Ш )

/1=1
+

l < k < k < N

1 ̂ k<h^N
E { j h{b,)jk(b2)) .

Applying the commutation relation (1.1) to the third term of (6.29a) and 
by the boundedness of the о and e-factors, (6.29a) is dominated by

1 N  N

(6.3°) - J 2 \ Е Ы Ъ М  + ^  Y ,  Е Ы Ъ Ш Ь 2 ) )
/1=1

+
1 < h < k< N

+
1 N

b  £
1 < h< k< N

E(jh(b2)jk(bi)) + M

where M  is ^  times the sum of N  e-factors. Since the map E  is FP mixing, 
one finds that, for N  big enough, (6.30) is majorized by

(6.31)

£  E ( M h ) M h )  + i  Y .
N N

l^h<k-gN
k^h+dw

l^h<k^N
h^k+dpj

E { M b 2)jk(bi)) + 2M + 1
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and the right hand side of (6.31) is bounded since E(-,-,b,b') is s — L X{C, dn) 
for each b,b' G B. Thus we obtain a bound of W\,  denoted by |W |j.

Suppose that for each к ^  n, we obtain the bound \W\k on Wk and 
without loss of generality, assume that |W |j £ ^  Then

W n Í
N  2

E E(j<sAbs,)---j
tSpütSp-1+dN

4

£ ( j t s , ( bS1) - - - j t s p_,(bsP- 1))

tsp>tsp_1 +dN

E{jsp{bSp)) 4

+6N ■ N p -C

where C  is a constant. For N  large enough, one has 6^  • N p ■ С ^  1 and so 
by the induction assumption,

(6.32)

E { j tSl(bSl) - - - j tSp(bsp))
í6/y(5i,...,5p)
tSpütSp_1 +dN

+ \W\n_1 - M  + l.

Repeating the same arguments to (6.32), we find that

(6.33)

VFn ^
1

jyn+l E
<е/лг(5'1 ,...,sp)

tsp^tSp_1+dN,tSp__1^ tSp_2+dN

E { j t Sl(bSi)---j tsp(bsp)) +

+ ( I ^ U + \ w \ n_2) -M + 2 ^

<
IV a E

t£ lN(Sl ,-->Sp) 
tSll^tsh_1+dN} h=2,..

E {jtSl(bS i ) - - - j tSp(bSp)) 4

+ ( \w \2 4 ---- h т п_ , ) .  M + n -  l í  ( Щ  4  • • • 4  т п_,)  ■ M  4  n.
Putting

(6.34) |W |n := (|W |j 4  • • • 4  |W|n- i )  • M  4  n

Acta M a th e m a t ic s  Hungarica 63, 1994



QUANTUM CENTRAL LIMIT THEOREMS 2 6 1

we finish the proof.
Lemmata (6.1) and (6.2) show that in order to consider the limit of 

Aiv(2n, (S i , . . . ,  Sp), 7t) we need only to consider those (S i,. . . ,  Sp) and л 6
6 in which

(6.35) {tv- 1(ph) ) 1 (?/,)}/!=! ^ ( ^ 1 V I  tr2n-2m } = 0-

Moreover (third step)

Lemma (6.4). For ( S i , . . . ,S p) £ V2n,P und л £ $2п'Р̂ > гУ car~ 
dinality of the index set Y i r - 1 ( p h ) 3 w - 1( qh ) } r̂ - 1 г5' n o  ̂ egua / to  2 m , i/ ie n  

Ayv(2n, (S i , . . . ,  Sp), л) tends to zero as N  —> oo.
R em ark . Lemma (6.4) shows that one needs only to consider the 

case when all the {тт_1(р/1),7Г_1(д/1)})(г_1 are singletons of the partition 
( S i , . . . ,S p).

P r o o f . By the same arguments as in ii) of the proof of Theorem (1.3) 
and relabeling the indices, one has

(6.36) Длг(2га, ( S i , . . . ,  Sp) ,tt) <

< ДГп—r
( S V )

E
1<<1 <--<Í2n-2m l̂V

E{jtl(bir{ri)) ' ' ’ jt2n-2m(^Tr(r2n-2m)))

■—  Y ,  И*1> h i X ,  b'f)---e{km,hm, b'm,b'^ ) \ .

Applying Lemma (6.3) we find a majorization of the right hand side of
(6.36):

(6-37) j j b -  E  \e(k1, h u b[,b'{)---£(km,hm,b/m,b>fn)\

where C is a constant and C {bh)hLi- Thus, if the cardinality
of the {hj,k j  is not 2m, the statement follows from Lemma (3.4).

R em ark . In the following, for each fixed “good” partition-permutation
pair ( S i , . . . ,S p) and л  £ S ^ ’р) ( “good” means that {7г_1(р/1),7г_1(9Л)})(1_1 
are singletons) we prove that one needs only to consider those terms in 
which the indices tT-i(ph), tT-i(qh) are consecutive for each h = l , . . . , m  (in
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full analogy with what happens in the weak coupling limit). This is our 
fourth step. First we prove the following result:

L emma  (6.5). For each n E N , 1 2n, ( 5 i , . . . , 5 p) E V 2n,p and,
for each b\ , . . . ,  62« £ В ,

(б.38) E  E {jti{bSl) - - - j tp(bSp)) = ° .
l g t i  < - < t p ^ N  

ti

P r o o f .

(6.39)
1

ДТП E E( j t i (bs i ) - - - j tp(bSp))

1
~N* ( E

l g * i <  —< t p Ű N  
11 ̂ 4лг ,<2í£4ftr+tl

+ E
lg íi< -< tp^N 

<1 ,Í2>CÍAr+íl

Üt1(bs1)- - - j tp(bSp)) ■

Applying the FP mixing property to the second term of the right hand side 
of (6.39), one finds tha t (6.39) is majorized by

(6.40)
1

jV” E
l ^ * i  < < t p ^ N  

t \  f z d j f  , t 2 f í d N + t i

£ ( * , ( * * ) - " . M M +

+ ̂ Г E E UtÁbSl)) ■E{jt2(bs2) - - - j tp(bsp)) +6 n .N»
l g t i  <---<tp % N

11 <cIn ,t2>d?j+t\

Now let us analyze the three terms of (6.40):
— the third term of (6.40) tends clearly to zero;
— if Si is a singleton, the second term of (6.40) is equal to zero;
— if S1 is not singleton then |5г| + • • ■ + |Sp| ^  2n -  2, and by Lemma

(6.3),
1

N n~1 E
l^ t2<-<tp^N

B{jt2(bs2) ■ ■ ■ jtp(bsp))

is bounded, therefore the second term of (6.40) is dominated by

c - v E |  £ U ( ‘s.))
h=l
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for some constant С . This clearly tends to zero as N —» oo because of (1.5a). 
Thus we have only to prove that the first term of (6.40) tends to zero as 
N —► oo.

Iterating the above arguments, i.e. splitting the sum with respect to <3, 
and then f4, etc., we find that

(6.41) lim
N —юо

1
JV" E

l^ ii < - < t pÜN 
11

E Uti(bs1)- - - j tp{bSp))

= lim —-
N —юо N n E

<1 1

E Üt1(bSi)-- -j tp(bsp)) ■

And the statement follows again from (1.5a) since the sum on the right hand 
side of (6.41) is of order less than 0(dpN).

Now we can make our fourth step:
L e m m a  (6 .6 ) .  For each n £ N, 1 E p E 2n, let ( S \ , . . . , Sp) £ Vm#

and 7Г £ ^ 2п'Р̂ be good in the sense of the remark preceding Lemma (6.5). 
Then denoting

(6.42)
lg<i %-%t2n%N 

(Рн)>г«-Чяк)'к=1. . . . m

the subsum of
(S,p)

E
1Z uü-übn iN

extended to all 1 E fi E • • • E f2n ^  A /or which there exists an h = 
— 1 , . . . , m  suc/г that t^-i^Pĥ ,tv-\^qĥ  are not consecutive indices, and de
noting

(6.43) Д дг(2п, ( 5 1 , . . . , 5 р),7г) :=

E
ÍgtlE-gÍ2n^iV

<’r-1(Ph)>í’r-1(«h)’,i=1

m
I (̂̂ 7T —1 (p/j) 1 к _1(i/h)’ ^P/l’ ^9/l)|

/1=1
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E { j t ri (P-к(n ‘ ' J<r2n_2m (^(Г2п-2га))) ’

Д ^ (2 n, ( 5 j , . . . ,  5p), 7Г) tends to zero as N —* oo.

P r o o f . Let ( S i , . . . ,  Sp) € T^ n .p  a n d  тг G be good. Without loss of
generality, we can assume that <w-i(9j) are not consecutive indices.
Denote

^ -=  —1 (p i ) ’ k  '  =  ^ i r - 1 (<?l)

and let /1 be the smallest th greater than /.
Since l, к are not consecutive indices, one has l\ < k. With these 

notations (6.43) is majorized by

(6-44) ]\fn E " ' E E "" E ■" ̂ 2 \£(lik,bPl,bqi)\
1= 1  h = / + l  * : = i i  +  l

m

I (̂̂ ТГ—1 (ph) » Т̂Г“1 (9Л) 5 P̂h > ) I
h=2

Notice that for each X ( l , . .. ,k),  since both / and к are singletons, we can 
exchange the /j-summation with all those preceding the ^-summation. That 
is, by our assumptions on /, k, l\ , one has

N N N N /1-1 N

(6.45) e  E E *(*,-.*)= E E -  E x(i,...,k)
i = l  h = l + 1  f c = i j + l  ( i = l  / = 1  k = h + l

N h-1 N

= E - E  E
h=i /=1 fc=;!+i

Therefore (6.44) is less than or equal to

(6.46)
1 -гг

jyn-l E l i | f:(i7r-1(ph)ifir-1(9h))^Ph^9h)|

t  1 , \ ^ t  — l / ' —  2 i . . . «771/* 1(P/i) * (9/i) ’

E { j t r j  { b i r ( r i ) )  ‘ '  ' Í í r 2 „ _ 2 m ( ^ 7 r ( r 2 „ _ 2 m ) ) )  ’

j h-1 N
E { j t ri ( ^ т г ( п ) )  '  '  ■•7<r2„ _ 2 m ( ^ r ( r 2 n - 2 m ) ) )  y y  E E •

;=i fc=q+i
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For each К  £ N , split the sum

E
t* - 1(Ph)>t”- 1<.4h)’h='2' - ’Tn

into two parts

(6.47)

_  e _  + e _
niN  igil S - y Hpi)^ - t„ -n4l)ü-ühn^N  

í ig A " ,í jr- i (ph)> < lr_ i ( í h ),/i= 2 ,...,m  íi> A " ,íjr_ i (ph)> t lr_ 1(4h),/i= 2 ,...,m

Since e(-,-,bpi,bqi) is s — Ll (C,dn), for each 77 > 0, we can choose К  satis
fying

N

(6.48) | £( / ,M P1A , ) |  < V-
k=K+l

By the same arguments as in i), ii) and iii) of the proof of Theorem (1.3) 
and relabeling the indices, using (6.47) and (6.48), we see that (6.46) is 
dominated by

(6.49) C - V +
N П— 1

^ ■ á - K - 4pi)
E

<-t
b^AT,t)r_1(ph)>í>r_1ÍQt,,/í=2,...,m

П  I £(̂ тг “BPh)’ P̂h Afc)| E{i tTl (^тг(п)) ' ' • j í r2n_2m 7Г(Г2п-2т)))
h=2

1 /i- l  A
jy E  I £(^’ P̂l > 9̂1 )|

/=1 *=/1 +1
^  Cf) + C

К
l N

where, C, C\ are constants. This ends the proof.
In the continuous case, the situation is much easier. In fact, by the same 

considerations as before (6.18), one needs only to consider the analogue of 
Lemma (6.6) in the case of p — 2n. Replacing again (6.18a) by (6.18b), in 
this case we are led to estimate the integral
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(6.50)
1 f  m

A T(2n) := Yk J  ogtíg- <:tiri<T П 1 £( ^ _1(рй)’^ _1(9л)’^рл’ 9̂л)|
t-r-1(pfc)>t- - 1(«k)tfc=1- - m fc=1

E { j t ri (^ir(n)) ' ' ■Íír2n_2m(^ir(r2n-2m))) Ĉ l . . .  dt 2y\

which corresponds to the case in which all the blocks of the partitions are 
singletons. Moreover the partitions (Si , . . . ,  ^2«) are good in the sense of 
the remark preceding Lemma (6.5). Denoting, in analogy with (6.42)

(6.51) Z7>,{ph,gh}-=1 := { (* !,.•-,*2n) € [0,T )2n

h  < h  < • • • < Í2n; t-к-!(Ph) > <*~1 (?/») ’ ^ =  I» • • • >m and there exists a 

h E { 1 ,... ,m} such tha t <*—1(рл) and i(9h) are not consecutive}
and

1 m
(6.52) Aj<(2n) := —̂  / J f | £( ^ - 1(ph)^7r-1(gh)>̂ Ph?̂ <7h)|

4STiir,{p/ii?(i}m j h=1

E ( j t r i  ( ^ т г ( п ) )  ■ '  ' Í í r 2 n _ 2 m ( ^ 7 r ( r 2 n - 2 m ) ) ) dt\ • • • dt2 n

one has the following
L e m m a  (6.7). Ay(2n) defined by (6.52) tends to zero as T  —»• o o .

P r o o f . The proof is similar to that of Lemma (6.6) (just replace the 
sums there by integrals).

Now let us come back to the discrete situation. Since the indices

О т г - 1 ( p h ) > ( g h ) } ^ = 1

are all singletons, we know that p ^  2m and the index set { r i ,. . . ,  P2n -2m} 
is divided into p — 2m sets, hence from Theorem (1.3) we know that p — 2m 
should be greater than or equal to n — m,  i.e. m ^  p — n. Now we deal 
with the property of the partition ( 5 i , . . . ,  5P) and show that for each 
h =  1 , . . . ,  m, Sh has at most 2 elements. This is our fifth step.

As a first generalization of Lemma (2.1) we prove the following result:
L e m m a  ( 6 . 8 ) .  For each n E N ,  p ^  n, ( S i , . . . , S p) G V2n,p and 

&i,...,&2n G -B, if there exists an h E { l , . . . ,p }  such that the cardinality 
of the set Sh is greater than or equal to 3, then the limit of the quantity
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(6.53) A N(n,p) 1 E
t€lN(Si ,SP)

is zero.

P r o o f . We shall prove that А м(п,р) tends to zero by induction.
For the case of n — 1, there is nothing to prove. Suppose that the 

conclusion of the lemma is true for all integers less than or equal to n, and 
let us consider the situation for n +  1. By the FP mixing property of E  we 
have that

(6.54) A N( n + l , p ) tfn+l Y E ( j tl(bSl)- --j tp(bSp)) +
,. . . ,SP)

ip—1

1
_/vn+1 E E

i € h v ( S i  , . . . , S p _ i ) t p > t p - i + d j ^

E [ j tl{bSl) '  ' • i i p - ^ ^ S p - j ) )  '

• E { j tp(bSp)) + 6N - N p- n- \

It is clear that the third term on the right hand side of (6.54) tends to zero 
as N  —> 0. Moreover the second term on the right hand side of (6.54) is 
equal to zero if |5P| = 1. If |5P| = 2 then that term is equal to

(6.55)
1

N n E
, 5 p _ i )

^ ( i i i ( H ) '- - Í í p - i ( öSp-i))
tp^> tp—i

E{ j t p(bS p ) )

A N( n , p - l ) - ^  Y  E ( j tp(bSp))
tP>tp-i+dm

Notice that ^  Y4 >ip—1 +dN is bounded. By assumption thereE{jtp(bsp))
exists a n / i G { l , . . . , p —1} such that |5/J ^  3, so the induction assumption 
implies that (6.55) tends to zero. If |5P| ^  3 then (5 i , . . . ,  5p_i) is a partition 
of at most 2(n + 1) — 3 elements, so we can apply Corollary (2.2) with к ^ 
^  2(n + 1) — 3 and ak = n = | (2(n + 1) -  2) > ^к . Thus we conclude 
again that (6.55) tends to zero. These arguments show that the limit of
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Ддг(п + l,í>) is equal to the limit of the first term on the right hand side of 
(6.54). We write that term in the form

(6.56)
1

]yn+l E
t£lpj(S1

tp^tp—1 ~\~d j\j ,tp—1 —2

E{jti  {bsi) • • ' j tp{bSp)) +

' n

+ ̂ T  E { j tl(bSl) - - - j tp- 2{bsp_2))
í £I n (Si , . . . ,S P _ 2 )

E
tp — 1 >tp—2+d-N » * p = * p  — 1 + ^ I V

£ ( i t p - i ( 4 - i ) J * p ( M + 6n -NP — n — 1

It is clear that the third term on the right hand side of (6.56) tends to zero 
as N  —> 0. Moreover in the second term on the right hand side of (6.56): 

— if |5p_ i| = |5P| = 1, then since E{j.(b)j.{b')) is in s — L2(C,dn), one 
has that

tp-i>tp-2+dfj, tp^tp-i+dw
■^(iip-i(^sp_, )jtp{bSp))

is bounded. By assumption there exists an h € { 1 ,..., p — 2} such that 
\Sh\ ^  3, so by the induction assumption this term tends to zero.

— if |5p_i| + |5P| > 2, then by Lemma (6.5) with к ^  2n — 3 (so that
n — I  > | ) ,  the quantity

(6.57)
_1__
N n~ 2 E

i £ / | v ( S i  , . . . ,S p _ 2)

E{jt1{bSl) - - - j tp ^ {bsp- 2))

is bounded and because of (1.5a),

(6.58)
1

N 1+2 E E{jtp-,{bsp_,)jtp{bsp)) = C ■
tp—1 >tp—2 +  ̂ IV  j t p ^ tp  — i+djsj

N 1/2
0.

Therefore the second term on the right hand side of (6.56) tends to zero as 
IV -> 0.

Summing up we have proved that the limit of A n ( ti + 1 ,p) is equal to

(6.59) lim — — 
N-* 00 N n+1 E

t e i N(Si ,...,5p_i)
1 +4jv4p-i=q>—

E U t Á bS i ) - ‘ -jtP(bSp))

A cta  M athem atica  Hungarica 63, 1994



QUANTUM CENTRAL LIMIT THEOREMS 2 6 9

Iterating the above argument one finishes the proof.
Applying Lemma (6.2) to Ajv(2n, ( 5 i , . . . ,  Sp), x) we conclude th a t one 

needs only to consider the case of \Sh\ 5; 2 for each h = 1 ,... ,p. Moreover 
Lemma (6.1), Lemma (6.2) and Lemma (6.4) show that we can restrict 
ourselves to partitions (S i , . . . ,  5P) and permutations 7r such that the indices 

{h = 1 ,. . .  ,m) defined in Lemma (2.6) are singletons of the 
partition (the other ones give zero contribution). If we omit these singletons, 
we obtain a subpartition (5 ( , . . . ,  S'pl) of (S i , . . . ,  Sp). Thus p' = p — 2m  and 
IS'h I ^  2 for each h = 1 , . . .  ,p' = p — 2m. In the following we shall restrict 
ourselves to this case.

The sixth step is to show that one needs to consider only partitions 
with the property that between any two nonsingleton blocks there is an 
even number of singletons. A corollary of the following lemma is th a t the 
total number of singletons is even.

Lemma (6.9). With the same notations and assumptions as in Lemma
(6.8), if the partition (S i , . . . ,  Sp) is such that either there exist 1 < i < j  < 
< 2n with the properties:

— Si and Sj are not singleton,
— for each i < h < j , Sh is a singleton,
— j  — i — 1 is odd,

or the partition either begins or ends with an odd number of singletons, then 
the limit of  Ддг(п,р), as N  —> oo, is zero.

P r o o f . The proof is similar to tha t of Lemma (6.8).
For the case of n — 1, nothing has to be proved. Suppose tha t the 

conclusion of the lemma is true for all integers less than or equal to n, and 
consider the situation for n + 1.

By the FP mixing property of E  we have

(6.60) A;v(n + l,p ) = jV«+i E  E { j tl(bSl) - - - j tp(bSp)) +

1
^  yyn+T E E

) ípXp—i+̂ дг
E {j t i (bs1) - - - j tp- i ( bsp- i )) ■

■ E { j t P(bsp)) + 6N ■ N p~n~l

It is clear that the third term on the right hand side of (6.60) tends to zero 
as N —> 0 therefore we can neglect it and consider only the first two terms. 
We shall distinguish several situations:
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The first term of (6.60) is equal to

(6.61)
1

jVn+l E
í € I n ( S l ,...,SP_2)

tp'ü tp - l  +drj ,tp— 1 ̂ tp-2 +djv

+

+
_ _ i___

N n~ 2 E
í€bv(S 1 , .. .,SP- 2 )

я Ы Ы - '- Л р - Л Ч - * ) )  '

l
iV1 + 2 E

ip-i > tp-2+ dN  , t p ^ tp - i  +df j
£(jtp-i(bSp_i)j'tp(bSp)) +  • IV^-71- 1.

The third term of (6.61) obviously tends to zero and by the same argument 
as in the proof of Lemma (6.8), the second term of (6.61) also tends to zero. 
Iterating (p — l)-times the above arguments, one reduces the first term of
(6.61) to a term of order dPN / N n~2 which tends to zero by (1.5a). So the 
first term of (6.60) always tends to zero.

If Sp is a singleton, then the second term is equal to zero. If Sp is not a 
singleton, i.e. |£p| = 2 then the second term of (6.60) is dominated by

C ■
1

TV” E
, . . . ,S p - i)

E { j tl(bs1)---j tp.1(bsp. 1))

for some constant C and surely the subpartition (5 j , . . . ,  Sp_i) satisfies 
the condition of this lemma. Therefore the limit is zero by the induction 
assumption and this ends the proof.

Applying Lemma (6.9) to A/v(2n, (£1,. . . ,  Sp),7r), we conclude that one 
needs only to consider the situation in which each set of the subpartition 
(£^,. . . ,  £p_2m) has one or t wo elements; moreover between any two nons
ingleton blocks, there is an even number of singletons (may be zero).

Summing up the results obtained up to now we conclude that for each 
p = n , . . . ,  2n (cardinality of the partition), m = 0 ,1 , . . . ,  p — n (number of 
^-factors) and 1 ^  Pi < • ■ • < pm ^  2n, 1 ^  q \ , . .. ,qm ^  2n (the indices of 
those operators that are coupled by an г-factor) satisfying (3.8a), (3.8b), 
(3.8c), one needs only to consider those partitions (S i,. . . ,  Sp) in which

(6.62) |£/j| ^  2, for each h — 1 , . . . ,p

and there exist at least 2m  singletons; and only those permutations ж G 
G »5>2п f°r which

а) {тг_1(Рл)>7Г_1(9/г)}Г=1 are singletons;
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b) if we denote (S (, . . . ,  S' 2m) the subpartition obtained by omitting 
{7T_1(p/l), ir~1(qh)}™=1 from ( S i , . .. , S P), then in this subpartition, between 
any two nonsingleton sets there exists an even number of singletons.

R e m a r k . Notice that if p = 2n, the partition ( S i , . . . ,S 2n) satisfies
(6.62).

In the following we shall denote all (S i,. . . ,  Sp) which satisfy this con
dition by P°np and for each fixed partition (Si,. . . ,  Sp) , by ^ ^ p^ Ph,4ĥ s=i) 
the set of all 7Г 6 <S2)(’P̂  satisfying a), b) above.

For each fixed (S i , . . . ,  Sp) 6 V2n p and x 6 S2f ’p4ph’?''̂ '*=1 * f Qur seventh 
step concerns t 6 In (Su . . .  ,SP): we shall prove that if S' is the 2h -  1-st 
singleton and S' is the 2/i-th singleton and there exists some index l of some 
£-factor such that tgi < ti < ts i, then we get limit zero. More precisely:

L e m m a  (6.10). Denote Yl ( Spe )  sub-sum of 

( s ,p ) о
(6.63) É  -  E

1=*1 = —= *2"=^ lü t i^ -ühnüN
t _  1 / \s>t —1/ h ~ \ .... , m  t —1/ \^>t —I,  \,* (Ph) *  1 ( 9 / i )  * ( P / i )  *  (<?/»)

with the property that there exist 1 ^  i < j  ^ p1 such that:
— S ■ is the 2h — 1-st singleton and S' is the 2h-th singleton,
— there exists some index t[ of some s-factor such that t§i < t[ < tgr, 

then
 ̂ m

(6‘64) ^  ^  n i £( ^ - 1(Pfc)’í*-1(íl.)>6Pfc’ft9fc)l
(S,p,e) h=l

E ( j 4  ( n ) )  • • • 3 t r 2n_ 2m ( ^ 7 r ( r 2 „ _ 2 m )  ) )

converges to zero as N —* oo.
P r o o f . Since the total number of singletons is even, for each term of 

(6.64) one can find an integer m' such that there are exactly 2m' singletons 
in the sub-partition (S ( ,. . .  , S '_ 2m), defined in b) above. We label them by 
г’г, • . . ,  *2m'- By the assumption of this lemma, we know that there exists 
an x = l , . . . , m '  such that between tSi and tSi there is an index of

' 2 1 - 1  l2x
some e-factor. Since the indices of the ^-factors are consecutive (by Lemma
(6.6)), it follows that between ts > and ts i there is an even number of

' 2 l - l  l2x
indices of £-factors.
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Let us split (6.64) into two parts:

(6 '65) ^  +
(S ,p , e )

t  ^  1 “f" d N I ä n d  t “f" d ^  t
* 2 x  — 1 » 2 X - 1 - 1 l2x * 2 x  +  !

E
(•S,p,e)

t£i —ts' -f-tijv, or ts'
•21-1  *2:c—1 —1 •2x '2I + 1

П  I £(^|—‘(Ph)’ ^ -1(9fc)’ ^РЛ’ ^9h)|
Л=1

By the same argument as in the proof of Theorem (1.3) it follows that 
the second term  of (6.65) goes to zero as N  —* oo. Moreover, the same 
arguments as in the proof of Lemma (6.1) imply that the first term of 
(6.65) is majorized by

E { j t r i ( b „ ( r i ) )  ■ ■ ■ j t r 2n_ 2m ( Ц г 2 „ - 2 т ) ) )  '

( 6 .66) °-h E
\ - £ h < h < k < l 2 Ú N

E{ jh (K  )jl2 (bl)) • £(ki h , b, b>)

where C is a constant and 5,6', 61,62 € B,  therefore the statement follows 
from (4.2a).

In the continuous case, for a fixed partition ( 5 i , . . . ,  52«), a fixed per
mutation 7Г, a fixed m, and a fixed set p\ < • • • < pm, q\ < • • • < qm, denote

(6.67) i ic(7r,{ph,qh}T=i) ■= {(<l,.-.,<2n) G [0,T)2n : (i) h  < ■ ■ ■ < i2n;

(ii) tT- i(P/>) > tn- i(9h) and they are consecutive for any h = 1, . . . ,  m;

(iii) the indices toi , tq> are consecutive for each h = 1 , . . . ,  n — m \  .

Recall th a t we have already shown that, in the continuous case, we need 
only to consider the case in which p = 2n, i.e. only those partitions which 
are entirely made up of singletons.

Lemma  (6 .11). A s T  —> 0 0  the limit of A j( 2 n ,( 5 i , . . . , S 2n),ir) is equal 
to the limit of the quantity

1 r m
(6.68) n / dt 1 ■ • ■ dt2n ^ j[ £(̂ 7T-1 (p,,) 1 Í 7T —1 (qh)i bPh ’ )

J  •7 ii(’r ,{ P h ,9 /i} 5 T = l)  /1 = 1
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И * П  ( ^ 1 г ( п ) )  '  '  '  Í i r 2„ . 2 m  ( ^ 7 г ( г 2 п —2 m  ) ) )  •

P ro o f . The same as in Lemma (6.10).
Summing up our conclusions:
— In the discrete case, one needs only to consider the partitions 

( S i , . . .  ,SP) E P^n.p and the permutations 7г E 5^ ’p^p',’9h^=i) (cf (6.62) 
and below). In this situation,

(6.69) lim A jv(2n,(5i,. . .  ,5 p),x) =
N —*■00

j  m

<eOd(̂ ,{ph>9h}/T=i) ^=1

(^Tr(ri)) • • 'i<r2n_2m(̂ ir(r-2n_2m)))

where

(6-70) Hd(7T,{P/i>9/1}r= i) : =

:= {< e In {Si , . . . , S p) : { ^ -i(Ph)} ,{ ^ - 1(9л)} are singletons, h = 1 , . . . ,m ;  

i7r-](ph) > ^ - i ( 9h) and they are consecutive for any h = 1, . . .  ,m;

<5/ is the consecutive index of , l — 1, . . . ,  m7 and2tj 2tj—1

S211- 1 } ^ i are singletons}

— In the continuous case, the limit of Дх(2п, (S i,. . . ,  S2n), тг) is given 
by (6.68).

Moreover for each p = n , . . . ,  2n and (S i, . . . ,  Sp), the above conclusions 
show that we need only to consider the term in which there exist 2(m + m')  
singletons and p — 2(m + m') nonsingletons. Since each nonsingleton set 
must have cardinality 2, we have the following relation

2 n = 2 (m + m') + 2(p — 2(m + m'))

i.e.
p = n + то + m!.

This shows that we have p — 2(m + m') = p — 2(p — n) = 2n — p nonsingletons 
and each of them is of cardinality 2. Recall that in the product map case one 
needs only to consider the case p — n and for each partition (S i,. . .  ,S P), 
|Si| = ••• =  |Sp| = 2. Therefore the number of nonsingleton sets is an 
invariant which depends on the map E  and the commutation relations. 

Now we pass to the eighth step of the proof:
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Lemma  (6.12). For each n G N, p =  n , . . . ,  2n and ( 5 i , . . . ,  Sp) G V 2n ,p

if
— |£л| ^ 2, h = 1
— between each two nonsingletons there exists an even number of sin

gletons.
Then for  61, . . .  ,Ó2n £ В, the limit of

I6-71) E Е Ы { Ь з г ) ~ - К р(Ь3р) ) - Е си и (Ь31) - н р{ bSp))

is equal to zero, where 

(6.72)
E c{j t1(bs1)- - - j tp(bSp)) ■= E ( j h (bSl)) ■■■E(jttl{bSil)jt,1+1(bSil+,))

■ ' ' (6sw  + * (6S.m, + l ) ■ • • E { j tp{bSp))

and { i / j ) £  {1)• • ■ iP} with i\ <C ••• 1 }/i=i single-
tons.

P r o o f . We apply induction on n. For n =  1, (6.71) is identically equal 
to zero. Supposing that (6.71) tends to zero for each integer less than or 
equal to n, let us see the situation for n +  1.

If |SP| =  2, we split (6.71) into two parts:

(6-73> ivM E + E )
Xlüti<-"<tp^N lgtiC-Ctp^Ar

£p>íp_ l -f djv íp ^ íp - i+ c /дг

E { j t l{bSl) - - - j tp{bsp)) -  E c( j tl{bSl) - - - j tp{bsp)) ■

The same arguments as in the proof of Theorem (1.3) imply that the second 
term of (6.73) converges to zero as N  —* 0. From the FP mixing property 
of E,  one knows that the first term of (6.73) is dominated by

(6.74)
1

N n E
<---<tp-iÜ N

E { j t 1(bSl) - - - j tp_Absp- i )) -

- E c( j t l(bSl) - - - j tp_1(bSp_1)) f  E
l^tp̂ N

A cta  M a th em a tica  Hungarica 63, 1994



Q U A N TU M  C EN TR A L L IM IT  THEOREM S 2 7 5

where (n +  1) — 1 = n ^  p — 1. The second sum of (6.73) is bounded and 
the induction assumption implies that the first sum of (6.73) goes to zero. 
Therefore (6.71) tends to zero.

On the other hand, if |5P| =  1, then |Sp_ i| = 1 and the proof that (6.71) 
goes to zero is almost the same as before, the only difference being that one 
has to split (6.71) into two parts between the indices ip_2 and ip_i.

As an improvement of Lemma (6.14), one has
L emma (6 .13). For each n G N, p — 2 , . . . ,2 n and ( S \ , . . . , S P) G 

€ ^ 2n,P> * 6 S ^ l'p,{ph'4h}h=l), the quantity

^  m
( 6 -7 5 )  П  bqh)

teOd^ÁPh^h}^-!) h=l

(^Tr(n)) ‘ ’ ‘ Ár2„-2m ^ 7r(r2n-2m)))

—  E  ( Á r i  ( ^ r r ( r i ) )  • • - Á r 2 n _ 2 m  t ^ ( r 2„ . 2 m ) ) )

tends to zero as N  —> 00.
P r o o f . The lemma is an application of Lemma (6.14) and the property 

that £(•, -,6/, 6J) is in s -  L l (C,dn) for each l =  1 ,... ,m.
The continuous analogue of Lemma (6.13) is 

L emma (6.14). For each n G N,

(6.76)
c(*,{Ph,4h}h=1)

dt i  ■ ■ • dt2n I £ ( t w- i ( Ph), tv- i  (g/l) ,  bPh, bqh)\
h=i

EUtn(b4ri)) ‘ ’ ‘ Ár2n_2m (̂тг(г2п_2т)))

— E (Árj (bw(rj)) • • -Ár2n_2m (Ьп(г2п-2т)))
tends to zero as T  —► 00, where E c has the same meaning as in (6.72).

P roof of T heorems (1.4) and (1.5). Applying Lemmata (5.2), (5.4) 
to

1 m
(6.77) ^  £(^~ 1(ph)^iT-1(qh):bph,bqh)

t60d(ir,{ph,ih}™_j) Л.=1
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E  ( j í r j  ( ^ 7 r ( n ) )  '  '  '  ^ г 2 „ _ 2 т  ( ^ 1 г ( г 2 п - 2 т ) ) )

and

(6.78)
Tn Üc(5T,(*-,{Ph,?/>}£=!)

dti ■ • • dt2n I ̂ ( l - K ~ 1(pfl) t  t-ir-1 (qh) i  bph , bqh ) |
/ i = l

E (j'irj (̂ тг(п)) ' ' 'iir2n_2m (̂ lr(r2n-2m)))
respectively, one has the following

T heorem  (6.15). 7n t/ie discrete case, suppose that for each b,b' £ B,
(i) cr(-, -,6,6') = ст(Ь, 6'),

(ii) E(-, -,b,b'), b,b') are in S — L l {C,dn) in the sense of Definition
(4.1),

(iii) the limit

(6.79) lim ^ f 2 E U h(b.b ')):=C(bb')
N —ю о  j v  *

h - 1

exists.
Then for each n 6 N and b \,. . ., &2n G В , the central limit (6.18) exists 

and if we denote

(6.80) /(6 ,6 ') := E  £(k,h,b,b')
k = h + 1

and
OO

(6.81) F ( M ') :=  E  E { j h{b)jk{b'))
k = h  +  \

then the limit (6.18) is equal to

(6.82)
n 2 n  р / 2 л ( р - п )  I

£  £  £  £  E
p=n m=0 lg p i< - < p m^2n(gi,...,9m) (Si, - , S p) e V ° n -(^MPh.«/.}™^)7rt°2n

• • • > ̂ 2n) ■ f(bphi bqh )C(6ff(5/ )) ■ • • F ( b n (S 't i  ) ’ b V(S'n  +1))
h = 1
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■■■F (bn(s't ),K(s; ))■ ■■CiKfs' 2m))lp—n — m lp—n — m i1 P Z, L

where {S • (, 5”̂ +1}^ ~ ~ m are the singletons of (S{, . . . ,  S'p_2m) and 
o(b\ , . . . ,  &2n) a product of some o{bk,bh) with 1 ^  к < h ^  2n.

The continuous analogue of Theorem (6.15) is
T h e o r e m  (6.16). In the continuous case, suppose that for each b,b' £

е в ,
(i) cr(-,-,b,b') = o(b,b'), and
(ii E(-,-,b,b'), e(-,-,b,b') are in S — Lx[C,dt) in the sense of Definition

(4.1).
Then for each n £ N and bi , . . . ,  62n £ В , the central limit (6.19) exists 

and moreover if we denote

(6.83) f(b,b') := [  dse(s, h, b, b')
J[h ,oo)

and

(6.84) F(b,b'):= [  d sE (jh(b)js(b'))
J[h ,oo )

then limit (6.19) is equal to

> m

(6-85) ~\ H E  <r(x, 62n)- Y l f ( b Ph,bqh)
l ^ P l < - < P m ^ 2 n  ( g i , . . . , g m )  x g 5 2 n  h = \

^тг(гг)) ‘ ‘ ‘ В ( Ь ж(Т2п_ 2тп_ 1 ) ,  ^тг(г2„_2ш) )

where, c r ( b \ , . . .  , 62n) is a product of some a ( b k , b h . )  with 1 й к < h й  2n.
Now let us consider some special situations in the discrete case.
First of all consider the term with m = 0 in (6.82). In this case, we have 

no e-factors and (6.82) has the form

2  n

(«•86> ^ E  E  E
p=n (su ...,sp)ev°n p те5(ЗД

b l ,  ■ ■ • ,  i > 2 n )  ■ C { b , r ( S i ) )  ■ ■ ■ ( 5 ^  ) ,  Ö , r ( 5 t ]  + i ) ) ' - -

- ^ ( ^ 7 r ( S , p _ n ) ^ 7 r ( 5 , p _ n  +  l ) }  • ’ • С ( ^ т г ( 5 р ) )
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where

(6.87) := {(Sí, • • •, Sp) G Viri'p : there exist 2p -  2n singletons and

between two nonsingletons there exists an even number of singletons}. 

We write (6.86) as a sum of two terms:

Í6.86a) — X X bl' ' ' '  ’^2”) ' ' ‘ ’ C(^x(sn))+
П' (Si,...,Sn)eV%n n

n 2n

+SÍ E E  E
p=n+l (Sl l ...,Sp)€J>gn>J)

ст(7Г!^ь  • • • i^2n) ■ C(bn(s1 ))••'■ ), bT(st +̂1))

^(^7r(5lp_n)^7r(S,p_ n + i) )  • • • C ( b , r(Sp))-

Notice th a t in the first term of (6.86a), all partitions are pair partitions
(without singletons), therefore, each 7Г G exchanges the pairs, i.e. it is
equivalent to an n-permutation. More precisely, for each fixed (S i , . . . ,  Sn) G 
G with $h -  {lh,kh} and Ik < kh for any h = l , . . . , n  and for each
7Г G S ^ n\  define a transformation a by

(6.88) la(h) := *(h) , ka(h) := n(kk), h = l , . . . , n .

It is easy to check tha t the first term of (6.86a) is equal to

(6-89) X X °('*,b1, . . . , b 2n) - C i b s ^ - ' - C i b s ^ y ,
' (Si,...,Sn )e7>5Ilin

this gives the result when E is a product map and the £ factor is zero.
On the other hand, if we introduce the notation

(6.90) C(n, S ,n ,bi,bj) := C(b„(i)bn(j))

then we can rewrite (6.89) as

(6.9Í) l X  X <7(’K • ,^2n) ■ C(7T, 5,n, 6/j, )••• С(тг, 5, n, bin,bkn)
p-p• 7Г esn
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where ^ZP.P. defined in [1] is the sum over all the pair partitions of 
{ 1 ,... ,2n}, i.e. all the {lk, /̂i}/T=i = {1, • •. ,2n} such that

(6.91a) Ik < kh, h = l , . . . , n

and

(6.91b) / ! < • • • < / „ .

More generally, considering also the second term in (6.86a), if we define 

(6.92)

r t  q h h-\ — Í  ’ if *>•? are in the  same Shl71-) ,P, г, j) ■ ^ , if i , j  are not in the same Sk,

and notice that in (6.86a), the {S,h, Sih+\ }£_" are singletons, then (6.86a) 
is equal to

j  2 n
(6-93) ^tE E E (T{-K,b1, . . . , b 2n)-C{(T,S,p,bh ,bkl)---  

‘ P=n (Su...,SP)€ T ^pVeSiSn-p)

• ■ -C(a,S,p, bin,bkn)

{ / j , f c i }  —  S \ ,  • • • ,  — S i , , fcj j  —  + i , . . . ,  l ip_ n —

= Sip_n, kip_n — Sip_n+i, • • •, {In, kn} — Sp

In the general case, i.e. when m needs not to be zero, we have

T heorem (6.17). Define C(ir,S,p,bi,bj) to be equal to С{Ьж̂Ь п^^) if 
i, j  are in the same block; equal to F{b^^^bn^ )  if i, j  are in two different 
blocks and x leaves i and j  fixed; equal to F ( b ^ , b n^ )  +  f{bi,bj) if i, j  are 
in two different blocks and x permutes i and j .  Then (6.82) is equalAo

2 n
(6-95) E E

p=n (S i,...,sp)eP °n p „e s (fr>

a(n ,b1, . . . , b 2n) ■ C (v ,S ,p ,bh ,bkl)---C{ir,S,p, bln,bkn).

where

(6.94)
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P r o o f . Since in the product

(6.96) C (a ,S ,p, btl ,bkl)---C(a, S ,p , btn, bkn)

some terms have the form F  + f ,  we can expand the product of sums into 
sums of products. Suppose th a t in the expansion there are m factors / ,  
then by the definition of C(7r, S,p,bi,bj) we know that m  can be equal to 
0 , l , . . . , p  — n. Moreover, th a t definition shows that each factor /  corre
sponds to two singletons, therefore, m й p/2.

For each fixed m = 0 ,1 , . . .  ,p /2  A (p — n), we label the /  factors by the 
indices {p/i, <pi}”=i • Then {ph, <Z/i}™=1 are singletons and it follows that we
cannot choose all partitions in Ргп,р but only in F^n.pi moreover т £ 
should satisfy 7r-1 (p/l) > 7r_1(q/l) for all = l , . . . ,m .  This ends the proof. 

Similarly, in continuous case, we have 
T heorem (6.18). Defining

(6.97) C(ir,bi,bj)
G b - o i A o i ) .

d 6 „ „ . 4 . „ , i  t Л М , ) .  i / x :  ( : ; r p ,

(6.85) is equal to

(6.98) ~r У ) <T(b1, . . . , b 2n)-C (n ,b ,1,bkl)---C(ir,b,n,bkn).n!

From Theorem (6.17) (resp. Theorem (6.18)) one can finish the proof of 
Theorem (1.4) (resp. Theorem (1.5)). In fact, by expanding Co to C  +  G, 
the expression (1.18) is equal to

(6-99) J«)E S  С (ЬЫ1)ЬЫ ^ “ '
P'V■ 1=0

G(6ijr(ri)5j;r(ri)) • • • G(biK̂ b j ^ ri)) ■ ■ ■ С(ЬЫп)ЬЫп)).

Now regard the pair partition

{ * ' i , 7 i ,  —  , *  Г 1  1 j r  1 1 • • • 1 I t  I 1 j r i  1 • • • 1 i n i  j n  }

as partition (.Si,. . . ,  Sn+i) with singletons ir i , j n , . . . ,  ir |, jVji and put n -f / = 
p. Then (6.99) becomes

.. 2 n

( 6 - 100)  E E
р=» *GSn
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^ ( ^ г / ^ г , ) )  ■ ■' С(ЬЫп)ЬЫп)).

Notice tha t G(bi^r^ b j ^ r^ ) ,  d = 1 , . . . , / is a sum of two terms which corre
spond to an exchange of two singletons. Since the exchanges act on different 
pairs of singletons, they commute each other. Therefore, combining the ex
changes and ж G S n to a new permutation ж', then ж' G and which
exchanges pairs (non-singleton block or two singletons) and keeps the or
der of elements in each non-singleton block; acts as a 2-exchange on two 
singletons. This shows that (6.100) is equal to (6.95).

The arguments in the continuous case are similar.
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ON T H E  N U M B E R  OF CIRCLES  
D E T E R M IN E D  B Y  n  PO IN T S IN TH E  

E U C L ID E A N  PL A N E
A. BÁLINTOVÁ AND V. BÁLINT (2ilina)

1. Let P  = {p\, p2, .. -,pn} be a set of n points in the Euclidean plane 
and S  be the set of connecting lines, which join these points. The straight 
line s £ S  is called straight line of order i when \s П P | = i. For a point-set 
P  we denote Si(P) the set of straight lines of order i and U = | 5г( Р ) | . Then

( l .i )  í =  5 >
i=2

where t = |5 |, is true. The connecting line s £ S  is called ordinary when 
|s П P\ — 2.

For a given pointset P  let C be a set of circles determined by points of 
P. The circle c £ C  is called circle of order i when |c П P\ = i. The set of 
circles of order i is denoted by C ,(P) and k{ = |C ,(P)|. Then

(1.2) k = ^ k t
1=3

where к = |C |, is true. A circle c £ C ordinary when |cfl P\ =  3.
2. Now we formulate our main result in following two theorems.
T heorem  2.1. Let P be a set of 4 points in the Euclidean plane, 

not all on a circle or a straight line. Let pj be an arbitrary point of a set P.  
Then P determines at least 15(n — 1)/ 133 circles containing exactly three 
points of P, one of which is pj.

Elliott [6] has proved |С'з(Р,р^)| ^  2(n -  1)/21, where Ci(P,pj) is the 
set of the circles of order г determined by P  and passing through pr

T heorem 2.2. Let P  satisfy the hypotheses of Theorem 2.1. Then кз ^  
^  5n(n -  1)/133.

From the above mentioned theorems further results follow. For the 
upper bound of the number of circles of order m  Jucovic [10] has proved the 
estimate

к m
71 + 2 1

( 2 . 1)
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There holds the stronger
T h e o r e m  2.3. Let P  be a set of n ^  4 points in the Euclidean plane. 

For every integer m t  4

( 2 .2 )
5те(те -  1 ))

133 J

holds.
For the number к of circles determined by n points Elliott [6] has shown 

the best possible lower bound

(2.3) к t. ~ (tz — 1)(те — 3) + 1 for n t  394.

For 6 ^  n ^  394 the weaker but quadratic bound gives the following
T h e o r e m  2.4. Let P  be a set of n ' t  Q points in the Euclidean plane, 

not all on a circle or a straight line. Then

(2.4) к t  (15те(те -  1) + 1678)/266.

3. For the proof of Theorems 2.1-2.4 some results of Kelly and Moser 
[13] are needed. It is known that a set of two or more lines in the plane 
which do not form a pencil realize a subdivision of the plane into two or 
more regions. The lines of S  not passing through the point p G P  dissect 
the plane into polygonal regions — except in the case to be noted below. 
If те — 1 points of P  distinct from p are on a line, no division is realized. 
If exactly те — 1 of the points, including p, are on a line, then the division 
is into те — 2 angular regions, that is, regions bounded by two lines. In all 
other cases the division is into polygonal regions, bounded by at least three 
edges. The point p is in the interior of one of these regions, which is called 
the residence of p. The lines of S  containing the edges of the residence are 
neighbours of p. The number of ordinary lines passing through p is the 
order of p. The number of neighbours of p which are ordinary lines is the 
rank of p. The order plus the rank is the index. Kelly and Moser [13] has 
proved, among others, the following lemmas.

L e m m a  3.1. The index of each point of P which is not of order two is 
at least three.

LEMMA 3.2. If Ii is the index of the point pi, then

(3.1)
i=l

The main result of Kelly and Moser [13] is the following.

A c t a  M a t h e m a t i c a  H u n g a r i c a  63 , 1994
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T h e o r e m  3.3. Let P be a set of n non-collinear points in the Euclidean 
plane. For the number of ordinary connecting lines

(3.2) *2 ^  3n/7

is true.

4 .  P r o o f  o f  T h e o r e m  2.1. If n — 4, then it is sufficient to prove 
the passing at least one ordinary circle through every point. There are two 
possibilities.

a )  Three points (e.g. РъР2,Рз) lie on a straight line. Then the circles 
(.Pi,P2,P4); (РиРз,Р4) and (p2,p3,P4) are ordinary.

ß) No three points of Pi,P2,P3,P4 He on a straight line. Then all four 
circles determined by them are ordinary.

Let now n = 5. Again it is sufficient to show that at least one ordinary 
circle passes through each point (e.g. ръ). In the following we use M  to 
denote the inverse of a set M . Inverting the system with respect to ps we 
distinguish again two cases.

a )  If no three points of p x, p2, p3, p4 are collinear, then from six lines p lp J , 
i  Ф j i  h j  £ {1,2,3,4} at most two are passing through p$. Those which do 
not pass through p5 after inversion, transform into ordinary circles passing 
through p5.

ß) Now suppose that three points р15Р2,Рз lie on a straight line s .  The 
point p4 cannot lie on the same line s, because then all points р\,рг, - • • ->Рь 
would lie on a circle c. Thus at least one of the straight lines p4p4, p4p2 is 
ordinary and does not pass through ps, and after inversion they transform 
into ordinary circles passing through p5.

Let now n ^  6. Without loss of generality we can take p j  = p n. Let ÍÍ 
be a circle of inversion with centre pn. Let m connecting lines of S ( P )  and 
passing through the point p„ have order two. Two cases are possible.

a )  m  = 2. Now the number of ordinary lines of S ( P )  which do not pass 
through p n is at least 3n/7 -  2 (see Theorem 3.3). All of them are trans
formed by inversion with respect Q. into ordinary circles passing through p n . 
Thus

(4.1) |C 3(P,p„)| ^  3n/7 -  2 > 15(n -  1) /133.

ß) m  2. Now in virtue of Lemma 3.1 for S (P ) the index IPn ^  3. We 
distinguish two cases.

C a se  1: m  ^  7(n — 1) / 19. We denote by r  the number of those points 
of P — p n the order of which is two. Thus the number of those points of P  
which have order distinct from two is n — r. Trivially

(4.2) t2 = \S2( P ) \ ^ r

A c t a  M a t h e m a t i c a  H u n g a r i c a  63, 1 9 9 4



2 8 6 A. BÁLINTOVÁ A N D  V. BÁLINT

is true. From Lemma 3.2 and Lemma 3.1 for S(P) we get

П

6?2 = I i  = 3(n — r -  1) +  2r + m = 3(те — 1) — r + m. 
i  =  1

This and (4.2) imply

(4.3) t 2  ^  ( 3 ( n -  l)  + m )/7 ,

i.e. the number of those lines from S ( P ) which have order two and which 
do not pass through p n is at least

. 3(n — 1) + m 3(n -  1 — 2m)to — m > -------------------- m = —-------- ------- - >
-  7 7 “

>> 3 ( n - l - ^ ^ )  = 1 5 ( n - l )
7 133 ’

and all of them are transformed by the inversion considered into ordinary 
circles passing through p n .

Case 2: m  > 7(n — 1) / 19. Now as a consequence of Theorem 3.3 we get

(4.4) \ S 2 ( P - p n)\ = 3 ( r c - l ) /7 .

In the point-set {pj,P2> • • • >Pn-1) there are exactly m  points, e.g. P i,p 2»- • • > 
such tha t the lines PiPn for i = 1,2, . . . ,m  are ordinary. We can dis

tribute the other n — 1 -  m points into at most (те — 1 — m)/2 pairs such
that the lines P jP s , j  Ф s; j , s  £ {m +  1, m  + 2 , . . . ,  те — 1} have order two
and they pass through p n .

Thus the number of ordinary lines passing through p n is at most (те — 1 — 
— m)/2 й  (те — 1 — 7(те — l)/19)/2. This and (4.4) imply that the number 
of ordinary lines which do not pass through p n is at least

3(те — 1) т е - 1 - f c ^  15(те — 1)
7 2 “ 133

and all of them are transformed by the inversion considered into ordinary 
circles passing through p n .

The proof of Theorem 2.1 is complete.
5. P roof  of T heorem  2.2. Cases n = 4, те = 5 are trivial. Let те ^  6. 

Because of Theorem 2.1, at least 15(те — 1) / 133 ordinary circles pass through 
each point of P. Any ordinary circle is in the number 15га(те — 1)/ 133 
included at most three times. Hence кз ^  5те(те — 1) / 133 and Theorem 2.1 
is proved.

A c t a  M a t h e m a t i c a  H u n g a r i c a  63 , 1994
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P roof of T heorem 2.3. On each circle of order i there are (') distinct 
triples of points. For the total number (3) triples of points, which can be 
made by n  points in the plane

(5.1) E
i- 3

is true. This and Theorem 2.2 imply

ä** + E
2 = 4

bn(n  — 1) 
133 + E 5n(n — 1) 

133 +

From this we get the upper bound (2.2) requested. Theorem 2.3 is proved.
6. For the proof of Theorem 2.4 we shall need the following.
Lemma 6.1 (see Jucovic [10]). Let p \ ,p 2 , . . .  ,рв be six points in  the 

plane, not all lying on a line or a circle. Then these points determ ine at 
least 8 circles.

P roof of T heorem 2.4. Suppose that m < n is the maximal number 
of those points P — {p\,P2, • • • ,Pn} which lie on the same line or circle. 
We denote these points by p \ , . . . , p m. Theorem 2.1 implies that at least 
15(n — 1 )/133 ordinary circles pass through pn. If we omit the point pn 
from P , then at least 15(n — 1)/ 133 circles cancel from C(P). The point- 
set {P -  pn} containing n — 1 points result from that. Again Theorem 2.1 
implies that at least 15(n — 2)/ 133 ordinary circles pass through p„_ 1. If we 
omit the point pn- i  from P  — pn, then from C (P - pn) at least 15(n— 2)/133 
circles cancel. Repeating this procedure and adding the ordinary circles we 
get

(6.1) k = \C(P)\ г  15(Гзз 1) + 1 С (Р -Р п )| ^

= ]^{(n ~ 1} + (n — 2)} + \ C(P -  P n  - P n - i ) !  ^  ...
■“  -  l É í (n - 1 ) + (n -  2) + "■ + («*+ i)}  +

+ 1 C (P -  Pn -  Pn-1 -  . . . Pm+2 ) I •
Now m  + 1 points Pi,P2 , ■ ■ ■ iPm+1 remain. If from these just m lie on the 
same line, then they determine (” ) circles, i.e.

( 6 - 2 )  к  ^  щ { ( п -  1 )  +  ( n - 2 )  +  . . .  +  ( m  +  1 ) }  +  =

A c t a  M a t k e m a t i c a  H u n g a r ic a  6 3 ,  199 4
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15 п2 — 15n + 118m2 — 148m 
= 266 ‘

If from the points p\,p2, . . .  ,pm+1 just m  lie on the same circle, then at 
least m^ ~ 2) +  1 circles are determined by them, i.e.

(6.3) к ^  —  { ( n - l )  +  (n — 2) + . . .  +  (m + l)} 4 —-  ~ 4- 1 =

15n2 -  15n + 118m2 -  281m 4- 266 
266

There are two cases.
1. If m  ^  6, then the inequalities (6.2) and (6.3) imply

(6.4) к ^  { 15n2 -  15n 4- 2m(59m — 74)} ^  ^ ; ( 1 5 n 2 — 1678)

and

(6.5) к ]> — {15n2-1 5 n 4 -4 2 4 8 - 1686 +  266} > —  (15rc2 -  15n + 1678)266 266

respectively.
2. If m < 6, then no six points lie on the same line or circle. We shall 

now do the successive omitting of points up to the point p7 and we obtain

(6-6) к ^  - ^ { ( n -  1)4- ( n -  2) 4-... 4- 6} + \ C ( P - p n - p n- 1- , . . - p 7)\.

From this and Lemma 6.1 we get

, c nS , ^  15 (n -  1 4- 6 ) ( n -  6) , 0 15?i2 -  15n 4- 1678
(6'7) - Ш ------------- 2 ‘ + 8 ~ 266 '

Theorem 2.4 is proved.

R e m a r k . A s dr. Pach from Budapest informed us, Csima and Sawyer
[17] have proved t2 = 6n/13. Using this result one can obtain by analogous 
arguments | Сз(Р,р3)\ ^  33(n — 1) /247 in Theorem 2.1 and all corollaries, 
too.

A c t a  M a t h e m a t i c a  H u n g a r i c a  63, 1 9 9 4
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CO M PLETELY C O N T R A C T IV E  HILBERT  
M O D U L E S A N D  P A R R O T T ’S E X A M PL E

G . M I S R A 1 ( B a n g a l o r e )

1. In tro d u c tio n

In two earlier papers [9, 10] the present author together with Sastry 
studied certain finite dimensional Hilbert modules C£j+1 over the function 
algebra A(il) for ÍI a domain in Cm. This paper is a continuation of that 
work and provides partial answers to some of the questions raised in [10] 
for the poly disk algebra. While most of the terminology and notations are 
from the two papers [9, 10] and will be used without any further apology, 
we point out in Remark 3.8 that the contractive module C ^1 (respectively 
completely contractive) gives rise to a matricially normed 2m-dimensional 
vector space and a contractive (respectively completely contractive) linear 
map on it and conversely.

In the two papers cited above the main result showed that a contractive 
module C n+1 over the ball algebra _4(Bm) is completely bounded by y/m 
and examples were given to show that the bound is attained. This, in 
particular shows that for m  ^  2, contractive modules are not necessarily 
completely contractive over the ball algebra. However, for the poly disk 
algebra ,4 (D m), we know via Ando’s theorem [2] that every contractive 
module over A  (D 2) is completely contractive while Parrott [11] provides 
an example of a contractive module over A  (D3) which is not completely 
contractive. As Paulsen [12] points out, it would be good to know the 
difference in the internal structure of A  (D 2) and A  (D3) that leads to 
this situation, see 4.4 for a partial answer. Our approach is to actually 
work out Parrot’s example using the notion of complete contractivity rather 
than dilation, these notions are of course equivalent [cf. 12]. The methods 
of [9, 10], seem to work well in the context of the ball algebra but the 
actual computations over the poly disk algebra seem to be very messy. In 
fact, we are not able to produce an example of a contractive module over 
A  (D 3) which is not completely contractive within the class of the very 
simple modules considering in [9, 10], however see Remark 4.8. Therefore, 
we are forced to consider slightly more general module action than those of

1 T h is  w o rk  w a s  s u p p o r t e d  b y  a  g r a n t  f ro m  t h e  N S F .
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[9, 10]. This necessitates generalising many of the previous results to this 
new setup. Whenever the proof of a natural generalisation of results from 
[9, 10] is routine, we omit it. In this more general setup, apart from being 
able to show that there exists a contractive module over A  (D3) which is not 
even 2-contractive (Theorem 4.7), we show that such phenomenon occurs 
in dual pairs, that is there also exists a contractive module over A  (Z1(3)1) 
which is not completely contractive (Theorem 4.1). Another interesting 
fact is: In the example of a contractive module over A  (D3) in Section 
4.6, we use only linear maps in A  (D 3) ® Л42 to detect that it fails to be 
completely contractive. Lastly following suggestions of Vern Paulsen, we 
show in Section 4.3, how our methods can be used to answer a question of 
Loebl [8].

To keep this work as self-contained as possible we have given more 
details than would seem necessary. In the rest of this section we give basic 
definitions. In Section 2, we show that most of the results in [10] can be 
modified to fit into the present context. The main new ideas are contained 
in Sections 3 and 4. The following definitions and terminology can be found 
in many places (cf. [5, 9]).

1.1. D e f i n i t i o n . A Hilbert module 'H over a (not necessarily complete) 
complex algebra A  consists of a complex Hilbert space H together with a 
continuous map (a, / )  —> a ■ f  from A  x H to 7i  satisfying the following 
conditions:

For a, b in A , h, h{ in 7i and a, ß in C

(i) 1 • h = h,
(ii) a ■ (b ■ h) = (a ■ b) ■ h,

(iii) (a + b) ■ h = a • h -f b ■ h,
(iv) a • (ahi -f ß h 2) = a (a • h\) +  ß (a • h2).

The Hilbert module is bounded if there exists a constant К  such that

\\а ' Ч п  ^  К М а \ М н

for all a in A  and h in hi, and is contractive if К  й 1.
1.2. For any region if in C m, let A(Cl) denote the closure of the 

polynomial algebra V{Cl) with respect to the supremum norm on Cl the 
closure of the region fl. Throughout this paper we will assume that

(i) Cl is a bounded open neighbourhood of the origin in C m, and
(ii) Cl is convex and balanced.

We note that (i) and (ii) imply that Cl is polynomially convex [6, p.67] 
and so, by Oka’s theorem [6, p.84], A(il) contains all functions that are 
holomorphic in a neighbourhood of Cl.
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The Hilbert 'P(fi) module structure on the Hilbert space H determines 
and is completely determined by a commuting m-tuple T  = (T) , . . .  ,Tm) of 
bounded operators on H defined by

T{h = Z{h

for h in H  and 1 ^  i ^  m. If ‘H is a bounded (respectively contractive) V(Q ) 
module then the module map extends to -4(fi) and we write 7fT for this 
bounded Hilbert „4(íf)-module. As explained in [9, Section 1.2] the notion 
of T  admitting ÍÍ as a fc-spectral set is equivalent to 7fT being bounded.

1.3. For any function algebra A  and an integer к ^  1, let M k(A ) = A  ® 
® M k (C )  denote the algebra of к X к matrices with entries from A. Here 
for F — ( f i j ) in Лik (A ),  the norm ||Т|| of F  is defined by

\\F \\ = suP{||(/ij(^))ll : 2 € M} ,

where M  is the maximal ideal space for A. We note th a t for A  = -4(0), 
the maximal ideal space can be identified with О [6, Theorem 1.2, p.67] and 
thus

1 И 1  =  s u p { | I ( / ü ( a »II : 2  G 0 } .

1.4. D efin it io n . If H  is a bounded Hilbert -4-module, then 7i ® C k 
is a bounded -Mjt(-4)-module. For each к let n^ denote the smallest bound 
for H  ® C k- Then the Hilbert ^-module is completely bounded if

Поо - lim Uk < oo
к —too

and is completely contractive if n ^  1.
1.5. In the following, lp(n) stands for the vector space Cn with the 

usual /p-norm and (X )j will denote the open unit ball of the Banach space 
X .  For T  a linear operator on /2(n) and и  any complex number; define the 
operator N(T,u>) on l2(n) ® l2(n) = /2(2n) by

N(T,w) = [“о" J In •

Now, for ш = (cdi, . . .  ,u>m) in ÍI, consider the pairwise commuting m-tuple 
of operators

N(T,U>)= {N (T UU! ) , . . . ,  N{Tm,u>m)).

The central object of study is the Hilbert -4(fi)-module l2(2n)N and to 
determine when it is contractive (respectively completely contractive). We 
write N  for N (T ,o;) when the meaning is clear from the context
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2. T h e  functional calculus

In this section we establish that the evaluation map p —► p(N) on P(fl) 
extends continuously to H( to), the algebra of germs of holomorphic functions 
at u). This fact will be necessary in proving Lemma 3.3 in the next section.

2.1. L e m m a . For S, T  in C [ l2(n)) and X,p in C

(i) N(S, X)N(T ,p) = N (X T  + fiS, Xp), _________

(ii) \\N(X,n)\\2 = l-  | |A |2 +  2\p\2 + IAI IA12 + 4|/r|2 j ,

(iii) \\N(S,X)\\ = ||JV (||5 ||,|A |)||.
P roo f , (i) and (ii) are straightforward. To prove (iii), note that

det A
C

В
D det D det (A -  BD ~l C)

and

N(S,X)N(S,X)*  = |A|2/ 2„ + 

For x G C, we have

55* A 5 
A5* 0

det 5 5 ’ — xlr, X S = (—x)n det ^55* -  x ln + a;-1|A|255*) =

= (—2)" det ^55* ^1 + |A|2.t-1  ̂ -  x ln ĵ =

= ( - x )  ( l  +  |A|2x det ^55*  -  I •

Thus, the maximum eigenvalue of 55* A5 
A5* 0 is

® ( | | S | |  + \ / | |S ||2 + 4|A|2) .

By the spectral mapping theorem, the maximum eigenvalue of 
N (S,  A)iV(5, A)* is

i { 2 |A |2 -H |S ||2 +  | |S | | \ / | |S | |2 +  4|A|2 } .

Using (ii) to compute the norm of N(S, A) we verify that (iii) is correct.
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2.2. L em m a . Let Л be a complex algebra, 0  : A  —> C be a continuous 
algebra homomorphism and : A  —► C (I2(n)) be a continuous linear map 
such that

<p(ab) = 0(a)(p(b) + Q(b)<p(a).
Then the map a —> N(<p(a),Q(a)) is a continuous algebra homomorphism 
from A to C (l2(n)).

P r o o f . The continuity follows from (ii) and (iii) of the previous Lemma. 
As in [9] Lemma 2.1 (iii) and Lemma 2.2 yield the following proposition.
2.3. P r o p o s i t i o n . For f  in H{u>) let V f (u )  be the vector (a1?. . .  ,am). 

Then the map p : /  —> N (a\T\ + . . .  + amTm, f(u ))  is a continuous algebra 
homomorphism from H(u>) to C (l2(n)) coinciding with the evaluation map 
p ^ p ( N (T ,w )) on V{Ll).

2.4. Since the map p extends the evaluation map on V(Ll) it follows that 
p® Ik is also a continuous algebra homomorphism of A(O) ® M k  coinciding 
with the evaluation map on 'P(O) ® A4 к ■

Let X, Y  be finite dimensional normed linear spaces and ft be an open 
subset of X . A function f  : Ll Q X  Y  is said to be holomorphic if the 
Frechet derivative of /  at to exists as a complex linear map from X  to 
Y .  Let I  = (* i,. . .  , im) denote a multi-index of length |/ | = i\ + . . .  +  im 
and let ek denote the multi-index with a one in the k th position and zero 
elsewhere. Let P : ÍÍ —► A4 к be a polynomial matrix valued function, that 
is, P(z) = (Pij(z)), where each pij is a polynomial function in m-variables. 
Then we can write

p(z )  = Y , p d z - u y

where each Pj  is a scalar к X к matrix. Now it is easy to verify that the 
derivative DP(a>) of P  at u> is

DP{u)  = (Pei, . . . , P em)

which acts on a vector v = (u i,. . . ,  vm) by

DP(u>) • V  =  ViPei +  . . . +  VmPem-

However, for notational convenience we always write DP(u)  for 
(Pei, . . . ,  Pem )• We introduce a pairing between two m-tuples of operators 
S and T as follows:

(S ,T ) — 5i(S>7i + . . .  + 5’m ® Tm

where the matrix for A ® В  is just ((агу6)). In this notation, we have

(p® h )  (F) ~ In ® F(u)  
0

(DF(lj), N)
In ® F(u>) ’
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where ~  indicates that the matrix on the right is obtained from the one on 
the left after elementary row and/or column operations.

3. C h a ra c te riz a tio n  o f com pletely  con tractive  modules

The main result in this section says that to determine when ||p® 7fc|| is 
is 1, it is enough to consider those functions which vanish at a fixed but 
arbitrary point of ÍL However to prove this we need, as in [10], the following 
result of Douglas, Muhly and Pearcy [4, Proposition 2.2].

3.1. L e m m a . For i = 1,2 let Ti be a contraction on a Hilbert space Hi 
and let X  be an operator mapping H 2 into H i.  A necessary and sufficient

T Xcondition for the operator on Hi 0  7̂ 2 defined by the matrix 1 ™ to beи 12
a contraction is that there exist a contraction C mapping H 2 into Hi such 
that

x  = ( ini -  T i T ^ c ( i n 2 -  t ; r 2)>.
Again as in [10], we need some results about biholomorphic automor

phisms of the unit ball in Л 4ь which can be found in Harris [7, Theorem 
2]. We collect the results we will need in the following.

3.2. L e m m a . For each В  in the unit ball (M k)\ of M k, the Mobius 
transformation

ipB(A) = (I  -  ВВ*) ~ЦА  + B) ( I  + B*A)~1(I  -  B*B)*

is a biholomorphic mapping o f(M k)i  onto itself with <^в(0) = В . Moreover,

4>b =F>-b , Fb (A)* = <PB*(A*), |Ы Л ) | |  ^  <Р||В||(1ИН)

and

D<pB (A )C  = ( I -  В В *)Ц 1+  A B * y lC ( l F  B * A ) ~ \ l  -  B*B)*.

Now we are ready to prove the main result of this section. While this 
lemma is similar to Lemma 3.2 in [9] and the lemma in [10], in the present 
situation, some extra care is necessary for the proof.

3.3. L e m m a . / / | |T (N ) || ^  1 for all F  in Adfc(H ol@ ) with ЦТЦ^ ^  1 
and F(w) =  0, then ||(Т(1Ч)|| ^  1 for all G in Alfc(Hol(fl)) with (||G')||00 ^  
^  1.

P r o o f . Any G in Л4^(Но1(0)) of norm less than or equal to one, maps 
fHnto(A4fc)j. In particular, for и  in if , ||С(и>)|| < 1 we can form the Mobius

A c t a  M a t h e m a t i c a  H u n g a r i c a  63 ,  199 4
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transformation P -g(w) of (Mk)\- Consider the map <р-о(ш) °G, which maps 
u> onto zero. Thus,

U  II (v>-G(u,) о G) (N)|| 

However,

0 (D(<p_a{w) о G )(w ),T  
0 0

(D oG) ,T ) =  ( % g m ( G H ) D % ) ,T )  =

= ( /  -  G(cd)G(w)*)1/2( £>G(w), T) ( /  -  G H * G (w )) '1/2 

by Lemma 3.2. On the other hand,

(Ink -  G(u)G(u)* 0  / „ Г 1/2( £ > е д ,Т ) ( /п,  -  G(«)*G(w) 0  /„ ) “ 1/2 = 

= ((/* -  ф ) С ( ы ) Т 1/20 /п )  (DG(u), T) •

• ((/* -  G(w)*G(w))"1/2 0 /„ )  =

=  ((/*  -  G(u;)G(u;)*)-1/2T»G(u;)(4  -  G(u>)*G(u;))-1/2, t )

and Lemma 3.1 implies that

G(N) = G(u) 0  In 
0

№ ) , t )
G(w) 0  /„

has norm at most one.
3.4. The hypothesis on fl guarantees that it can be realized as the unit 

ball in C m with respect to a suitable norm || • ||n on Cm. In the following, 
the norm of a map between two normed linear spaces is always understood 
to be the usual operator norm. The following definition is an adaptation of 
Definition 1.2 [10].

3.5. D e f i n i t i o n . For ш in Í Í ,  define

В л ^ И  = {DF(u>) e C ((Cm, II • ||n ) , M k) : F  G Hol(ft), WFW^ g  1} . 

The m-tuple N(T,tu)determines a linear map

№  ■ £  ((Cm, II ■ | | n ) , Mk)  ->■ £  ( c fcn, Ckn)

Acta Mathemaiica Hungarica 63, 1994
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defined by

P js \p i y  ■ ,Pm) = Pl ® Ti + . . .  + Pm ® Tm = (P , T)

We set

M & N (T,u;)) = s u p  { | | ^ )(P)|| : P  6 D ^ íl(u ,)}

and

N (T ,w )) = sup {m £(N (T ,u;)) : ^ n } .

In what follows, when к = 1, we will write pN and M q(N(T,u;)) instead
of and Mq(N (T ,u;)). The map pN is essentially the map p of Proposi
tion 2.3. In view of Lemma 3.3, it is straightforward to prove the following 
theorem.

3.6. T h e o r e m . I2(2n)N is a completely contractive A(Ll)-module if 
and only i f  M q(N(T,u;)) й  1.

Parts (a) and (b) of the following theorem are identical to Theorem 
1.9 in [10]. However, part (c) and (d) are slightly different in view of the 
fact that we are using a more general module action than the previous set 
up. Also note that neither part (a) nor part (c) of the following theorem is 
very useful unless we assume LI admits a transitive group of biholomorphic 
automorphisms.

3.7. T h e o r e m . Let u> be in LI and assume that there exists a biholo
morphic automorphism of LI such that 0 w(u>) = 0, and let DQk and 
DQk be the kth column and kth row respectively of the derivative
Then,

(a) D ^ fcfi(u;) =  B MkLl{0) ■ DQu(w) = { (D P (0 )-D Q u . . . ,D P {0 ) -  
■ DQmy . D P ( 0 ) e B MkLl(O)},

(b) D ^ í í ( 0 )  = {P  G C  ((Cm, И • ||n),A<*) : ||P|| ^ 1},
(c) M * ( N 0 I » )  =  M * ( N ( U 0 » .T ,O ) )  = M k{N {D Q '  • T , . . . ,  

DQm -T ; 0 ) ) .
(d) M *(N (T ,0)) = sup {И<P,T )К : P G D ^ í í ( 0 ) } .

3.8. R e m a r k . Note that for к = 1, D^vq il(0) = { P E C ( (C m, || • ||n ) , 
С) : ||PII ^  l} . In other words, if || • ||n. denotes the norm on C m that is 
dual to У • ||q then D ^ ji2 (0 ) can be identified with (Cm, || • ||п, ) 15 which 
we write as Ll*. Consequently, M q(N (T ,0)) is less than or equal to one if 
and only if ||pN|| ^  1, that is, Ц21Т1 + ... + zmTm || <[ 1 for all (zu .. . , z m) 
in Ll*, tha t is, (Ti, . . . ,  Tm) is in L^v-qi^O).
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Note that the inclusion (C m, || • ||n,) in A(fl) via the map z —► /z, where
П

for z in (C m, У • ||q.)  and и  in (C m, || • ||n ), lz(u>) = £  u j^ j  is an isometry.
j=i

We define, for each [ж,у] in (C m,|| • ||n.) ® M*. the norm ||[ж^]|| using the 
inclusion map, which turns (C m,|| • ||n.) into a matricially normed space. 
(The definition and other related material is in [3].) Now, it is possible 
to talk of the сб-norm of the map pN : (C m,|| • ||q.) —» A4„, we again 
refer the reader to [3] for this definition. It is easy to see, in view of 
Theorem 3.6, that studying completely bounded modules C^n over A(O) 
is the same as studying completely bounded maps on the matrix normed 
space (C m, II • ||q*). We will have more to say about this in Section 4.3.

4. P a r r o t t ’s exam ple and  duality

The main theorem in this section is a duality result. As in the previous 
section, let Í2 be the unit ball in C m with respect to some norm || • ||n . Let 
II • ||q. be the dual norm and SI* be the unit ball in Cm with respect to the 
dual norm || • ||q. .

4.1. T h e o r e m . The following statements are equivalent:
(i) / /  /2(2n)N(T 0j is a contractive module over A(Sl), then it is com

pletely contractive.
(ii) If  /2(2n)N(T 0) is a contractive module over A(Sl*), then it is com

pletely contractive.
P r o o f . We prove (i) implies (ii). Note that by Remark 3.8, /2(2n)N(T 

is contractive over A(ii*), if and only if Т is in D ^ n(iP)*(0). But (ÍP)* is 
equal to ÍÍ so that the module /2(2n)N(T0) is contractive over A (fP) if and
only if T  is in D ^infl(0). By Theorem 3.7 (d), to show that /2(2n)N(T 0j is 
completely contractive, we have to establish for all к in N

| | ( P ,T ) | |g l ,  for all P in D ^ il* (0 ) .

However, P  in D,v(fcfi*(0) is equivalent to saying /2(2fc)NjPO) is a contrac
tive module over A(il), again by Remark 3.8. But we are assuming any 
contractive module over A(il) is completely contractive, so /2(2к)щр is 
completely contractive. Or equivalently, via Theorem 3.7(d), for all к in N

| | ( T ,P ) | |g l ,  for all T  in D A1niI(0).

Using the flip map to change the order of tensor products occurring in 
<T,P>, we see that for all к and n in N, we have

||(P ,T )|| =  | |< T ,P ) | |g l ,
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for all P in D x níí*(0) and all T in D ^ nfi(0). This completes the proof of 
(i) implies (ii) and the o ther implication can be verified in a similar manner.

4.2. C orollary. I f  ÍÍ admits a transitive group of biholomorphic 
automorphisms and /2(2) is a contractive module over A(il) then /2(2) is 
completely contractive.

P r o o f . Note that in this case

N(t,w) U>1 t l tmо-. . J W i  _
, . . . ,

0 U m  _

If и =  0 then N(t,cj) is contractive if and only if t =  (i i , . . .  , tm) is in f i  

and the proof is obvious. If и  ф 0 then N(t,w) is contractive if and only if 
D Q • t is in ft. To check complete contractivity we have to verify that

M & N (t,a/)) = M ^(N(jD0w(o;) • t, 0)) =

= sup { |(£ )0 w(w) • t, P )| : P e В М к П ( 0 ) }  й  1,
but the last inequality is clearly true since Л 0 и(ш) • t £ ft and the proof is 
complete.

We wish to point out in this connection that, while the above corollary is 
not very hard to prove, J . Agier [1] has shown by using a more refined form 
of Schwarz lemma th a t the same statement as in the previous corollary 
holds for arbitrary convex bounded subsets of C n . As a consequence he 
reproves a result from complex geometry, which says that for such domains 
the Caratheodory and the  Kobayashi metric are the same.

4.3. R emark. Vern Paulsen has shown me that the above theorem can 
be used to  answer the following question.

Note first that pn  is a linear map from (Cm, || ||q.) into the matrix 
algebra Л4П. What we have defined as M q is nothing else but the completely 
bounded norm of pN provided we endow the normed space (Cm, || ||q.)  with 
matrix norm structure as follows [cf. 3]. If A is a normed space, then the 
canonical inclusion of A' into the continuous functions on the unit ball of 
its dual allows us to identify A with a subspace of a C*-algebra and hence 
endows X  with a m atrix norm structure such that A is an operator space. 
Given a matricially normed Banach space A and linear maps p : A —► C(7i), 
define

« (A ) = sup{||p ||ct : ||p|| ^  1}.

One natural question is to  determine matricially normed Banach spaces for 
which a (A )  = 1. The affirmative answer to this question is equivalent 
to asserting that any contractive module /2(2n)NjT0j over A(ft) is also
completely contractive. This question for P (2) was first raised in Loebl [8].
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If we look at the finite dimensional vector space (CTO, || ||q.) , then the 
matrix norm structure it inherits from as discussed in 3.8, is the
same as the m atrix norm structure defined above. Note that by Ando’s 
theorem [2], a (/°°(2)) ^  1 and examples can be given to show that the 
bound is attained, thus a(/°°(2)) = 1. Ando’s result together with the 
previous theorem imply that a (P (2)) = 1.

4.4. R em a r k . The example we wish to discuss here is like that of 
Parrott [11]. Our discussion is computational in nature and shows that 
there is a contractive Hilbert module over yl(D3), which is not even 2- 
contractive. (For a discussion see [12, p.92]). By Theorem 4.2, it follows 
that the same is true for A  ((/1(3))1), that is, there is a contractive Hilbert 
module over A  ( ( /1(3 ))J  which is not 2-contractive. We hope this clarifies 
some of the mystery surrounding Parrott’s example.

4.5. Lemma . The norm of the map V : /°°(2) —> /2(2) is

\\v \\ = ( i H I 2 +  I N I 2 + 2 l(vi, v 2)|) '  ,

where and v 2 are the columns of the matrix for V .
PROOF. It is enough to note that

= IM I2 + I N I 2 +  e !,?( v i , v 2 ) + et,9(v2,v i).
The result follows by choosing d = arg(vi,v2).

However, the natural generalisation of this formula does not hold for
V : l°°(n) —> l2(n) for n > 2. In fact, is, in general, strictly
smaller than |(vi, Vj)|. This is what we exploit the following.

hi
4.6. E x a m p l e . Let = (1,0), v2 = \  ( l ,\ /3 )  and v3 = (1, — \/3). 

It is easy to see th a t the map щ : ( l ,e ,,J,e tv?) —*■ Vi + eI,?v 2 + e'vV3 from 
/°°(3) to /2(2) has norm strictly smaller than \/б. Similarly for uj = (0,1), 
u2 =  i  (v/З, —l) and U3 = ~ (v/3,1), we see that the norm of the map 
r)2 : ( l , e l'},e,v) —* ui + et,?u2 +  e,v>u3 from l°°(3) to /2(2) is strictly less 
than л/б. In fact, with a little effort, one can show that each of these norms 
equals Let U be the unitary matrix whose rows are v2 and u2. Similarly
let V  be the unitary matrix whose rows are v 3 and u3. Now, consider the 
map

P(J,U,V) ■ (l,e",e*'^) -  I  +  ^ U  +  ^ V

I I Vvi + e v 2
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and note that the operator norm of ( i  + e ^U  + etvV) is at most

^Hmll2 -f 11772112 - However if at a fixed d, p  either of the norms Ц771Ц or
1177211 is equal to 3/-\/2 then the other one is strictly less than 3/\/2- So that 
the operator norm of ( /  + e^U  +  etvV) is strictly less than 3. Thus we 
have shown the form of the map

( l . e 'V * ) I  + e^U  + etvV

from /°°(3) to £  (Z2(2)) is strictly less than 3.

4 .7 . T heorem . /2(4)N((/t/v)o) *s contractive but not completely con
tractive over»4(D 3).

P r o o f . To show that /2(4)N is contractive we have to establish — by 
Remark 3.8 — that

\ Ы  +  z 2 U  + Z3 V \\ й  1
for all (21, 22, 23) E (/1(3))1. But the inequality holds since each of 7, U 
and к  is a contraction operator. Note that the above discussion implies 
that (I ,U ,V ) /6 , for some 6 < 3, is in D x 2D 3(0). To show that is not 
completely contractive, we compute

\\((I,U,V)/6, (I,U,V))\\ =

= 6-1 i + \ u  +  \ v
L 4 ( U  + V)

f ( u v)
I - \ U  + \ V

\ /з  - _ i

T 6

\ /з
1
1

^ 3

0 0
1 0 
0 1 
о 0

\/3
-1
-1
^3

= 3ZT1 > 1.

4.8. R em a rk . We have not been able to decide, whether for operators 
of the form

JV(V,0) =  (JV(Yl, 0 ) , . . . , ^ ( v m,0))
as in [9], where v i , . . . ,  vm are vectors in C", contractivity implies complete 
contractivity over _4(Dm). Vern Paulsen has shown that in this case the 
complete bound for a contractive map can be at most K q , the universal 
constant of Grothendieck.

Note added in proof (November 8, 1993). In the paper “Contractive 
homomorphisms and tensor product norms”, written jointly with B. Bagchi 
we have obtained many results relating to Remark 4.8.
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T H E  N U M ER IC A L  R A N G E  OF N O N L IN E A R  
B A N A C H  SPACE O PERATO RS

R. U. VERMA (Orlando)

1. Introduction

Zarantonello [8] has introduced the concept of numerical range of non
linear Hilbert space operators, and proved that the numerical range con
tains the spectrum. He applied this relation for solving nonlinear functional 
equations. Furthermore, this technique does work well for solving nonlinear 
partial differential equations. For more details, see the works of Dolph [2], 
Minty [5], Browder [1], Williams [7] and Martin, Jr. [4].

The aim of this paper is to generalize the results of Zarantonello [8] 
on nonlinear Hilbert space operators to the case of nonlinear Banach space 
operators. The obtained results provide a constructive method for solving 
nonlinear functional equations similar to that of Zarantonello [8]. Finally, 
we extend a result of Wilhams [7] on the spectra of products and numerical 
ranges to the case of nonlinear operators acting on a Banach space.

Suppose X  is a linear space over a field К  (real or complex). A mapping 
[•, •]: X  X X  —► К  is said to be a semi-inner product on X  if

i) [x,x] > 0 if x ф 0;
ii) [ax +  ßy,z]  =  a[x,z\  +  ß[y,z\  for all a , ß  £ К  and x,y , z  £ X\  and

iii) \[x,y}\2 s  [z,x] • [y,y] for all x,y £ X.
We call such a space X  a semi-inner product space, and define the norm 

II • II on X  by

||r|| =  [x ,x ]2 for all x £ X.

From now on, let X  be a complex Banach space, and let Op(X)  denote 
the class of all operators A from its domain D(A) С X  into X . Let || • || 
denote the norm on X . An operator A £ Op(X)  is said to be Lipschitzian 
if

\\Ax -  Ay II <; M\\x -  у У

for some constant M  >  0, and x,y £ D(A)  with x ф y.
Let Lip(x) denote the class of all Lipschitz operators on X . Suppose 

A £ L ip(X ), and x,y  £ D(A)  with x ф y. Then a generalized Lipschitz
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norm of A, denoted ||A ||L, is defined by

И | Ь =  И |  + ||А ||„

where

1И1 =  sup \\Ax\\, and ||АЦ; =  sup ^  .
||x||gl хфу IIх У\\

From now on, Gl(X)  shall denote the class of all generalized Lipschitz 
operators. For A £ Op(X),  we define the spectrum of A , denoted <r(A), as 
the complement of the resolvent set

p(A) =  { z: (A  -  z l )~1 exist and is generalized Lipschitzian}.

Next we introduce a concept of the numerical range of a nonlinear Banach 
space operator A £ Op(X).  The numerical range of A , denoted Vi,[A], is 
defined by

Vl [A] =
[Ax,x] +  [Ax -  Ay,x -  у]

( I M I 2 +  I k  -  у\\2)
■ x , y  £ D(a), x ф у

where [,] is a semi-inner-product on X .
This numerical range has similar properties to that introduced by Zaran- 

tonello [8].

2. The numerical range

Let us first consider some properties of the numerical range. Then we 
establish the main results.

LEMMA 2.1. Let A, В £ Op(X),  and X £ К  (a complex field). Then
(i) VL[\A\  =  XVL[A]-,

(ii) Vl [Az\ =  Vi,[A], where A,x  =  Ax +  г for all x £ D(AZ) = D(A) and 
z £  A';

(iii) Vl [A +  B] g  Vl[A] +  VL[B]- and
(iv) Vl[ A - \ I \  = Vl [A] -  {Л}.

P r o o f . The assertions (i) and (ii) are obvious. In order to prove (iii), 
assume D(A +  B) — D(A) П D(B)  and x, у £ D(A)t l  D(B) with x y, and 
г £ Vl[A +  В]. Then

[(A  +  B)x,x\  +  [(A  +  B)x -  (A +  B)y,x -  y]

IMII2 +  Ik  -  y \\2

A cta  M athem atica  Hungarica 63, 1994
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_ [Ax,x] +  [Ax -  Ay,x  - y] [.Bx , ж] + [Bx -  B y , ж -  у]
INI2 +  ||x -  j/ll2 INI2 + II* -  y\\2

This implies that 2 E Vi, [A] +  Vi[B], and this proves (iii).
To prove assertion (iv), assume x,y  E D(A)  with x ^ y. Then, for some 

z E Vl[A — A/], we have

[(A -  \ I )x,x]  +  [(A -  AI)x -  (A -  AI)y,x -  y]

l k l | 2 +  l l ^ - i / | | 2

_ [Ад, a;] +  [Ax -  Ay, ж -  у] -  А ([ж, ж] +  [ж -  y,x  -  у])

INI2 + II* -  у\\2

_ [Аж, ж] +  [Аж -  Ау, х -  у] _

INI2 + II* -  у\\2
This establishes (iv).

The invertibility of an operator A E Gl (X)  is studied in the following 
lemma. An A E Gl( X ) is said to be invertible if A is injective, surjective, 
and its inverse map is in Gl (X).

L e m m a  2 . 2 .  Let X  be a complex Banach space, A E Gl(X)  and ||A||l < 1. Then I  — A is invertible in Gl(X),  and

I K ' - ^ r ' I L S -

Furthermore, if Bq — I  and Bn

2 - m u ,.
( 1  -  Ц А Ц )  ( 1  -  | | A | | , )  '

=  I — ABn- 1 for n =  1 ,2 , . . . ,  then

Н т 5 пж — (I — A) l x for every x E X, n —> 00

and
| | ( T - A ) - ' x  -  B „ x | |  S  ЦАЦГ ■ | | A x | |  • ( 1  -  Ц А Ц , ) - 1

for x E X  and n =  0 ,1 , . . .  .

P r o o f . Since A E Gl (X)  and hence A E Lip(X), for each x,y  E X  
with ж ф у, we have

11(2 -  Л)х -  ( /  -  A ) s }  г  | | z  -  «II -  | | A x  -  AyII a  ( 1  -  M I I , )  II* -  i l l -

This implies that I — A is injective. Next, if u,v  E R(I — A ), then 

II (2 -  A )- '» || £ ( l - M | | ) - 1||ti||;

Acta  Mathematica Hungarica 63, 1994
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and
| | ( / _ A ) - 1u - ( / - A ) - 1n|| ^  (1 -  1И 11/) _ 1|lu — v

It follows from  this that

2 - U k
(1 -11^10(1-11^11,) ’

To prove the second part, we show that if x E X , then 

\\Bn+1x -  Bnx У ^ ||Л||"||Аж||

for n = 0 ,1 , .  . .  . This assertion follows by induction. It is true for n =  0. 
Assume that it holds for n =  к — 1. Then

SIHU^x-ímllSIIAHJ/lllf-MlAill.
For a positive integer p,

11Вn ~^pX 5 пж|| —

p - 1

5 >  n+k+l x -  Bn+kx)
k=0

<

S  £ | |J ? „ +4+ i * -  Bn+tx\\ S  ]Г ||А ||Г +‘ ||А*|| =
k=  0 k = 0

=  ||A ||" ||A x ||{  1 + ||A ||, +  . . .  + ЦАЦГ1} S -  ||A ||,||) .

Since, by the hypothesis, ||А||; < 1 and X  is complete, this implies that 
lim Bmx =  Ex exists for all x E X,  and, for m =  n +  p,m—►oo

IIEx -  Bnx\\ =  lim \\Bn+px -  Bnx\\ й ||А||,П||Az|| (1 -  ||А||,)
p — ►СЮ

Furthermore, A is continuous, and it follows that

Ex  = lim Bnx — lim ( /  — ABn-\)x — ( /  +  AE)x.
n —►CO n —► o o

Thus, ( /  — A)E  = / ,  so E  is a right inverse of I — A, implying I — A is 
surjective. This and the first part of the proof imply that

E  =  ( I - A ) - 1 G Gi(X).

Acta M a th em a iica  Hungarica 63, 1994
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T h e o r e m  2.3. Let A £ Op(X) be closed, and A ф Уь[Л]. Then A — XI 
is injective. If

d{X,VL[A]) =  in f{ IЛ -  y,\:y £ VL[A)} > 0 ,  

then the equation
Ax — Xx =  у

has a unique solution for every у £ R( A — XI).
P r o o f . Suppose x,y(x ф у) £ D(A).  Then, since d[X,Vi[A)) >  0,

I [(Л -  AI)x,x\  +  [(Л -  AI)x -  {A -  XI)y, x -  y]| =

=  I [Ax,x] -  А||ж||2 +  [Ax -  Ay,x -  y] -  X\\x -  y ||2| = 

=  I [Ax,x] +  [Ax -  Ay, x -  y] -  A (||x ||2 +  \\x -  i/||2)j = 

[Ax. x] +  [Ax -  Ay,x-  ?/] _  д ( | |l | |4  цх _  „ц2) J
l | x | | 2 + l | x - i / j | 2

= d(X,  Т е [ Л ] )  ( | | x | | 2 +  | | x  -  ?/ | |2 ) .

From this, it follows that

II (Л — A /)z|| ^ d( А, Уг,[Л]) ||x||;

and
II (A -  XI)x -  (Л -  A/)y|| ^ d(X,VL[A}) \\x -  i/||. 

Consequently,

II (Л -  XI)x\\ У  ( Л  -  XI)x -  ( Л  -  A/)y|l .
— m i  " +   -------- f c z * — a  a  M ^ v d A ) ) .

Now, from the above inequalities, it is immediate that if A ^ У/,[Л], then 
Л -  XI is injective, and (Л — A/ ) -1 belongs to G;(f?(Л — XI), X)  with

К (Л — A/ ) -1 II ( ( l /2 ) d -1 ( A, Vl[A])

Let yk =  (Л — AI)xk (k =  1 ,2 , . . . )  satisfy lim уь =  у. Then
к—►oo

||*П -  Zmll =  II( Л -  XI) l yn -  (A -  XI) 1ym\ \ ^ d  1(X,VL[A])\\yn -  ym\\,

so lim Xk = x exists. Since Л is closed and hence Л — XI is closed, it is 
k-*oo

immediate from this that x £ D(A — XI) and (a — XI)x = y. Hence, у £ 
£ R(A — XI) and R(A — XI) is closed in X .

Acta M athem atica  Hungarica 63, 1994
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T h e o r e m  2.4. Let X  be a complex Banach space, and A E Gl (X) .  
Then

cr(A) Q co(Vl [A}) .

The proof of Theorem 2.4 follows from an application of the following 
lemma.

Le m m a  2 .5 . Let X be a complex Banach space, and В  E GfX) .  Sup
pose that there exists a number ß > 0 such that Re 7 ^ — ß for all 7 6 Vl [B]. 
Then В is invertible in Gi (X) .

P r o o f . I f  we apply Theorem 2.3, we need only to show that В  is 
surjective. This is equivalent to showing 0 E R{B) since Vl [Bz] = Vj_[B] 
by Lemma 2.1(ii). Suppose, for a > 0, а||7?|| < 1 so that (L -  a B) -1 E 
E GfX) ,  by Lemma 2.2. Furthermore, since

{(L -  aB) ~ l -  I)  =  a"1 ( ( /  -  a B y 1 -  (I -  aB)(L -  a B y 1) =

= B(I  - а В у \

it suffices to  show that there exists a z E. X  such that ( /  — aB)~1z — 2  =  0. 
By Lemma 2.1(i) and (iv ), we get Vl [I — aB] = 1 -  oV l [B], and so 7 E 
E Vl [L — aB]  implies that R e 7 ^ 1 +  aß.  As a result, for x,y  E X(x f  у ), 
we have

У ( /  -  aB)xО ||x|| +  || ( /  -  aB)x  -  ( /  -  aB)y\\ ||x -  y\\ ^

> /  [ ( / -  aB)x,x]  +  [ ( / -  aB)x  -  (I -  aB)y,  x -  y] \

= 4  INI2 +  I k  -  y\\2 )

■(IMI2 + Ik -  y ||2) ^ (INI2 +  Ik -  2/II2) M V l [I -  aB ] ) ,
and it follows that

II ( /  -  aB)x 11)x[I +  У ( /  -  aB)x -  (L -  aB)y\\ ||x -  y\\ 2

^ (1 +  aß)(\\x\\2 +  |k* -  2/II2) •

Consequently, we arrive at

II {I -  a -S k || 't (1 +  a/3)|kl|;

and
И (L — aB)x -  (L-aB)y \ \  ^ ( l  + a/?)||x -  г/||.

Acta M a th em a tica  Hungarica 63, 1994
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Hence,

| | ( / - а Д ) * | |  \ \ ( I - a B ) x - { I - a B ) y \ \
M  +  = 2(1 +  0 /?)

From this, it is immediate that

II ( /  — aB)~l I) ( ^ ^(1 +  q/?)_1 < 1.

This concludes the proof.

T h e o r e m  2 .6 . Let X  be a complex Banach space, let C(X) denote the 
class of all continuous operators which send bounded sets into bounded sets, 
let В G C(X) ,  and A G Gl(X).  If 0 $ cö(V i,[A]), then

a{A~l B) g  co{VL[B])/ cö{Vl[A}) .

P r o o f . If 0 $ a(B — AA), then (В — AA)_1 exists, and (В — AA)-1 G 
G Gi(X).  And, the product (В — AA)_1 A also belongs to G[(X).  Since

(A~l В -  A I)(B -  A A y 1 A =  A ~ \ B  -  A A)(B -  A A )_1A = / ,

this implies that А -1 В — XI has a generalized Lipschitzian inverse. Hence, 
A £ a{A~xB).

This means that A G ст(А-1 B) implies 0 G a(B — A A). Then from 
Theorem 2.4 and Lemma 2 .l(iii) it follows that

0 G cö(V[B -  AA]) Q cö(V[B})  -  A co(P [A ]),

and this implies that

A G c ö (V [ß ]) /c ö (V [A ]) .

This completes the proof.

REMARK 2.7. The obtained results can also be applied to the case of 
a reflexive Banach space X , and demicontinuous functions A from X  to its 
dual X *.
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O N E X P O N E N T IA T IO N  OF n-A R Y  
A LG E BR A S

J. SLAPAL (Brno)

0. Introduction

For any medial n-ary algebra G and any n-ary algebra H the set of all 
homomorphisms of H into G again forms an n-ary algebra G H, the so called 
power of G  and H. These powers are studied in the paper. In particular, 
we give sufficient conditions for the validity of the law (G H)K ~  G HxK and 
for the composition of homomorphisms to be a homomorphism of G H x K G 
into KG. We also discover a cartesian closed category of n-ary algebras. In 
the last section we generalize the results attained on universal algebras.

Throughout the article, n denotes a non-negative integer. By an n-ary 
algebra we understand a pair G  =  (G,p) where G is a nonvoid set (called the 
underlying set of G ) and p is an n-ary operation on G. For the fundamental 
concepts concerning n-ary algebras (as special cases of universal algebras) 
see e.g. [2]. The direct product of a family of n-ary algebras {G; | i £ 1} 
will be denoted by f ]  G*. In the case I =  {г'х, г2} we shall write G^ x 

ie l
X G i 2 instead of Gj. Given two n-ary algebras G and H, by Hom(G,H) 

i e l
we denote the set of all homomorphisms of G into H. If G  and H are 
isomorphic, we write G ~  H.

Let us recall that an n-ary algebra (G,p)  is called idempotent if 
p( x , x , . . . , x )  =  x holds for all x EG,  and it is called medial if

p (р (х ц , X\2} • • • ? 1n)> P(^21) *̂ 221 • • • 1 2̂n)? • • • i P(* n̂l > -̂n2) • • • ? З-пп )) —

115 ^ 21)  • • • ) ^ n l  )) 12» ®22» • • • 1 % n2  ) i  • • • ) P ^ l m  ®2n? * • • ? % nn  ) )

holds for all £ G, i , j  =  1 , . . .  ,n . For example, any commutative semi
group is a medial binary algebra. It is evident that if G, is a medial n-ary 
algebra for each i £ I , then Ц  G, is also medial.

i e l
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1. M ediality and exponentiation of ?i-ary algebras

As an immediate consequence of the Lemma in [4] we get

L e m m a  1 .1 . Let G  =  (G,p) and H  =  (H,q) be two n-ary algebras and 
let G Hom (G, H ). 7/H is medial, then the map f :G —> H given
by f(x)  =  q ( f i ( x ) , . . . , / n (x)) for each x G G fulfills f  G H om (G ,H ).

Lemma 1.1 ensures the correctness of the following definition

D e f in it io n  1.2. Let G = {G,p) and H = (H,q ) be two n-ary alge
bras and let G be m edial. Then we put G H =  (H om (H ,G ),r) where 
r is the n-ary operation on H om (H ,G ) defined by r ( / i , . . . ,  / п)(ж) =  
= p ( f i ( x ) , . . .  ,fn(x)) for each / i , . . .  , / n G Hom(H, G ) and each x G H. 
The n-ary algebra G H is called the power of G and H .

T h e o r e m  1.3. Let G  be a medial n-ary algebra and let {G , | i G 1} be 
a family of n-ary algebras such that G; ~  G for each i G I- Let H  be an 
n-ary algebra whose underlying set is equipotent with T. Then there exists 
an isomorphic embedding of G H into П  G,

iei
PROOF. The theorem  follows immediately from the definition. It is 

sufficient to  consider the evident fact that for any medial n-ary algebra 
G and any n-ary algebra H with the underlying set H the power G H is 
precisely the subalgebra of the direct product Д  G  ̂ where Gi =  G for each

iei
i G H,  whose underlying set is H om (H ,G ).

R e m a r k . Let the assumptions of Theorem 1.3 be fulfilled. Further
more, let the underlying set of G be a singleton, or let G be idempotent 
and L be a singleton. Then clearly G H ~  П G ,.

iei
T h e o r e m  1.4. Let {G,- | г G 1} be a family of medial n-ary algebras 

and let H  be an n-ary algebra. Then

( n G ) H = LIg "
4 iei 7 iei

P r o o f . Let G , =  (G,pi ) whenever г G I and let H be the underlying set

o fH . Let p,q,rt(i G J ) ,r  be the n-ary operations of G ,, ( Д  G t ) , G tH,
iei ' ie i  '

П  G tH respectively. By ргг (г G I) we denote the г-th projection of Д  G ,. 
iei iei
For any /  G Honi ÍH , G,') put <p(f) = g where g: I —> У H om (H ,G j) 

v iei ' iei
is the m ap given by g(i) = ргг- о/  whenever г G I. It can be easily seen that
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g> is a bijection of Horn (H , П  G ;) onto J] H om (H ,G tj .  Let G
V гel  ' i€l

£  Horn H , П  G i ) . Then for each i £  I and each x £  H we have 
4 г а  '

•»/«)) (*)(*) = pr,-(9( / i , . . . , /„ )(* )) =

=  P*i{p(f i (x) , . . . , fn(x))) = р ,-(р г ,-(/|(® )),...,р г ,•(/„ (* )))  =

=  ^(рГг° /ь - - -> Р Гг°/п)(® ) = . . . ,4>(fn)(i)) (x) =

Consequently, <p is a homomorphism of í  П G{)  into П с » .
' i e i  '  iei

By the Lemma in [4], the power G H of the n-ary algebras G and H  is 
medial whenever G is medial. Consequently, given n-ary algebras G, H , K , 
the power (G H)K is defined whenever G is medial. Moreover, there holds

T h e o r e m  1 .5 . Let G be a medial n-ary algebra and let H , К  be n-ary 
algebras. Then

( G » ) K ~  (G K)H.

P r o o f . Let G =  (G,p), H  =  { H ,q ) ,  К  =  ( К ,  r). Moreover, let s, t, и , 
v be the n-ary operations of G » , G K, (G H)K, (G K)H respectively. Let /  £ 
£ H om (K ,G H) be a homomorphism. Given x £ H , we put f x(y) = f(y)(x)  
for each у £ К.  Let y \ , . .. ,yn £ К.  Then

f x ( r ( y i , . . . , yn)) = f { r ( y i , . . . , y n))(x) = s ( f ( y i ) , . . . , f ( y n))(x) =

=  P{f(yi ) (x) , - - -J(yn)(x))  =  p{fx{yi ) , - -- , fx(yn)) •

We have shown that fx £ H om (K ,G ). Now, let f :H  —*• H om (K ,G ) be 
the map defined by }(x) = fx for each x £ H.  Then } (x) (y ) =  f(y)(x)  
whenever x £ H and у £ К . Let aq ,. . .  ,xn £ H . Then for any у £ К  we 
have

■ /(?(* i> ---»*n))(y ) =  f(y)(q(x  l , ••• ,* » ))  = p ( / ( » ) ( * i ) ,  • • • ,/ ( ! /) (* « ))  =

=  p ( / ( * i ) ( p ) , • • • ,/ (* « ) (» ) )  =  t { } ( x i ) , . . . , f ( x n))(y).

Consequently, /  £ Hom(H, G K). Therefore, putting <p(f) = f  for every /  £ 
£ H om (K ,G H) we get a map <^:Hom(K,GH) —* H om (H ,G K). We shall
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show that p  £ H om ((G H)K,(G K)H) . Let us remark that p(f ) (x) (y ) =  
=  f(y)(x).  Let / i , . . . , / n E H om (K ,G H). Then for each x £ H and each 
у £ К 'we have

p(u( f f n)) (x)(y) =  « ( / l , . .  . , fn)(y){x) =

=  s ( f i ( y ) , . . . , f n (y ) ) ( x )  = p{My){x) , . . . , fn(y) (x) )  =

= p{<p(fi)(x)(y), ■ ■ ■ ,v(fn)(x)(y)) = )(x),.  . . , p ( f n)(x))(y) =

= v(<p(fi),.. . ,<p(fn))(x)(y)-

Hence p  £ H om ((G H) , (G K) ) .  Since p  is obviously a bijection, we get 
(G H)K ~  (G K)H.

Given a medial n-ary algebra G and an n-ary algebra H, by e we denote 
the so called evaluation map e:H  x G H —*■ G given by e(x,h) = h(x).

L e m m a  1.6. Let G  be a medial n-ary algebra, let H and К  be idem- 
potent n-ary algebras, and let f  £ H om (H  X K ,G ) . Then there exists a 
unique homomorphism g £ H om (K ,G H) for which the following triangle 
commutes:

H x К

The unique homomorphism g £ H om (K ,G H) is given by g(y)(x) = f{x,y) .
P r o o f . Let G =  (G, p ), H =  (H,q ), К  = (K , r ) and let s denote the n- 

ary operation of G H. For each у £ К  put g(y) = hy where hy: H —> G is the 
map defined by hy{x) =  f(x,y)  whenever x £ H . For any x \ , . .. , x n £ H 
and any у £ К  there holds

hy(q{xi , . . . , x n)) =  f { q { x \ , . . . , x n),y) -  

=  f ( ( q ( x i , . . .  , x n) , r (y , . . . , y ) )  = p ( f { x i , y ) , . . . , f ( x n,y)) =

~ p(hy(xi ) , . . . , hy(xn)^.

Therefore hy £ H om (H ,G ) for each у £ К,  i.e. g is a map of A into 
H om (H ,G ). Let y i , . . .  , yn £ К . Then for any x £ H we have

д(г(Уп---,Уп))(х) = f ( x , r ( y l , . . . , y n)) =

-  f ( q ( x , . . . , x ) , r ( y 1, . . . , y n )) =  p ( f ( x , y i ) , . . . , f ( x , y n)) =  

=  р{д(У1) (х ) , - - - , 9 ( Уп) ( х) )  =  s ( g ( y l ) , . . . , g ( y n) ) (x) .
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Consequently, g £ H om (K ,G H). Evidently, the triangle commutes for g. 
We prove the uniqueness of g. On that account, let g' £ H om (K ,G H) be a 
homomorphism for which the triangle commutes. Suppose that g' ф g, i.e. 
there exists у £ К  with g'(y) Ф g{y). Then there exists x £ H such that 
9'{у)(х) Ф У Ь \ Х)- Hence f ( x , y ) = e(x,g'(y)) = g'(y)(x) ф g(y)(x) = 
=  e(x,g(y))  =  f (x , y) ,  which is a contradiction. Therefore g' =  g and the 
proof is complete.

T h eo r em  1.7. Let G be a medial n-ary algebra and let H, К  be idem- 
potent n-ary algebras. Then there exists an isomorphic embedding of  G HxK 
into (G H)K.

P r o o f . Let G =  (G,p), H =  (H,q ), and let r, s, t be the n-ary oper
ations of G H, G HxK, (G H)K respectively. For each /  £ Hom(H X K ,G )  
put <p(f) = g where g: К  —> G H is the homomorphism from Lemma 1.6, i.e. 
g(y)(x) = f(x,y).  We get a map <p: Hom(H x K , G ) —> Hom(K, G H ) that 
is evidently injective. Let / i , . . . , / n £  Hom(H X K ,G ). Then

V{s( f i , - - -Jn) ) (y) (x)  = s ( f i , . . . , f n)(x,y) =

= p { f \ (x , y ) - - -Jn(x , y ) )  = p(<p(fi)(y)(x),. . . ,<p(fn(y)(x)) =

=  r(<p(fi)(y),. . . ,<p(fn){y)) (ж) =  t(<p(f1), . . . , ip(<f n))(y)(x)

for any x £ H and у £ К.  Consequently, is a homomorphism-of G HxK 
into (G H)K.

P r o p o s it io n  1.8. Let G, H be n-ary algebras and let K, L be medial 
n-ary algebras. Let f  £ H om (G ,H ) and g £ H om (K ,L ). Put g>(h) =  g о 
о ho f  whenever h £ H om (H ,K ). Then £ Hom(KH,L G).

P r o o f . Clearly, <^:Hom(H,K) — H om (G ,L). Let G = (G ,p ), H  = 
=  (H,q ), К  =  (K , r ), L =  (L,s). Next, let t and и be the ?г-агу operations 
of K H and LG respectively. Let h \ , . . . , h n £ H om (H ,K ). Then for each 
x £ G we have

tp{ t {hi , . . . ,hn))(x) =  g ( t ( h i , . . . , h n)(f(x)))  =

= g { r ( h 1{ f ( x ) ) , . . . , h n ( f ( x ) ) ) )  =  s ( g ( h 1( f { x ) ) ) , . . . , g ( h n ( f ( x ) ) ) )  =  

=  s {p(hi ) (x) , . . .  ,<p(hn)(x)) = u(g>(hi),. ..,<p(hn))(x).

Therefore (p £ H om (K H,L G).

Acta M athematica  Hungarica 63, 1994
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2. D iagonality and exponentiation o f n-ary algebras

An n-ary algebra (G,p) is called diagonal if

p (  p ( x \  i ,  X \ 2 i  • • ■ )  X P ( x  2 1 1 X 2 2 i • • • • )X2n')i  • • ■ у P { X n  1 ? %n2  ? • • • i  ^ n n  j  j  —

—  р ( х ц ,  2 ? 2 2 >  • • • 1 X n n  )

holds for all xij £  G, i , j  =  1 , . . .  ,n . Thus, each diagonal n-ary algebra is 
medial.

Example 2 .1 . Obviously, if  G is a nonvoid set and if p:Gn —> G is a 
constant map or a projection, then (G,p) is a diagonal n-ary algebra. Let 
us describe all the binary operations p on the set {1 ,2 ,3 }  for which the 
grupoid ( { l ,2 ,3 } ,p )  is diagonal: these are the three constant operations 
(i.e. constant m aps of G X G into G), the two projections, the six binary 
operations given by the following tables

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 1 3 3 3
2 2 2 2 2 3 3 3 2 2 2 2 2 1 1 1 2 2 2 2 2 2 2 2
3 2 2 2 3 3 3 3 3 1 1 1 3 3 3 3 3 3 3 3 3 3 3 3

and the six dual operations. (Binary operations p, q on a set G are said to 
be dual if p(x,y)  = q(y,x) for all x,y  £ G .)

Lemma 2.2. Let G, H  be n-ary algebras and let G be diagonal. Then 
the evaluation map e: H x G H —* G fulfills e £ Hom(H X G H,G ).

Proof. Let G = (G ,p), H  =  (H,q), G H =  ( А » ,  H x G H = (L,s) 
and let г/ i , . . .  , y n £ L. Then there exist x \ , . . . , x n £ H and f \ , . . . ,  f n £ 
£ H om (H ,G ) such that 2/i =  (2 for each i = 1 , . . . ,  n. We have

e( 5(2/1, . . . ,  yn)) =  e ( q ( x i , . . . , x n) , r ( fu . . . , f n)) =

= К / ь -  • • > /n )(g (* i,- • • , xn)) =

=  p(f i (q{xi , . . .  , x n)) , . . . ,  f n(q(x i , . .. ,xn))) =

— p ( p ( / l  (^l)» • • • » / l  (*n))) • • • 1 P(fn(X\ ) , . . . , / n(x n))) —

= p { f i ( x i ) , . . . , f n(xn)) = p ( e (x i , f i ) , . . . , e (xn, f n)) =

=  P{e(y1) , . . . , e ( yn) ) .

Therefore e £  Hom(H x G H, G ).
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T heorem 2.3. Let G be a diagonal n-ary algebra and H, К  be idem- 
potent n-ary algebras. Then

G HXK~ ( G H)K.

P roof. For any g £ Hom(K, G H) put ip(g) =  e о (id x g) where e: H x 
X G H —► G  is the evaluation map and id:H  —»• H is the identity map. By 
Lemma 2.2, e £ Hom(H x G H, G). Consequently, tp(g) £ Hom(H x K , G). 
Let y>:Hom(H x K ,G ) —► H om (K ,G H) be the injective homomorphism 
defined in the proof of Theorem 1.7. It can be easily seen that for any 
g £ H om (K ,G H) there holds <р('ф(д)) = g. Hence (p is a surjection.

Remark. Theorems 1.4, 1.7 and 2.3 can also be obtained as conse
quences of the results of [6].

T heorem 2.4. Let G  be an n-ary algebra, let H  be a medial n-ary 
algebra and let К  be a diagonal n-ary algebra. Put g>(f,g) — g о /  whenever 
f  £ H om (G ,H ) and g £ H om (H ,K ). Then p £ H om (H G x K H,K G).

P roof. Clearly, p>\ H om (G ,H ) x H om (H ,K ) —► H om (G ,K ). Let G =  
=  (G,p), H  =  LH,q) and К  = (I( , r). Let s, t, и, v be the n-ary opera
tions of H G, К  , H G X K H, K G respectively. Let ( /i ,< 7i) ,-  • • ,(fn,9n)  G 
£ H om (G ,H ) x H om (H ,K ). Then for any i £ f i w e  have

V { u ( ( h ,  9i),  ■ ■ ■ , ( fn,  9n))) (x) = v>(s(/1,. .. ,/„), i(flf1,...,flfn))(a:) =

=  t(gu . . . , g n) ( s ( f i , . . . J n)(x)) = i (5i , . . . , f l n ) ( 9( / i ( * ) , - . . , /n ( * ) ) )  =

=  r(gi(q(fi{x) , . . . , /„ (* ) ) ) , . . . ,  gn(q(fi{x),  • • •, fn(x)))) =

=  r( r(gi(f i (x)) , .. . , 9 i { fn{x) ) ) , . . . ,  r(gn(fi(x) ) , . . . ,  gn(fn(x)))) =

=  » '(flfi(/i(it)),...,flf„ (/n(a:))) =  г(<р(/ъ g!)(x),. . .  ,<p(fn,gn)(x) =

= v(<p( f i ,gi ) , . . . , v ( fn ,9n) ) (x) .

Therefore p> £ Hom(HG x K H,K G).
We have shown that the diagonality of n-ary algebras gives the im

portant results formulated in Theorems 2.3 and 2.4. Therefore it will be 
worthwhile to give a criterion for the diagonality of n-ary algebras.

Lemma 2.5. Let G =  (G,p) be an n-ary algebra. If G is diagonal, then 
for any elements x \ , . . .  , xn £ G there holds

P(xi,  ■ * * 1 Xn—1 , p (x j, * . . , *En)) — p(  X\ , . . . , Xn—2 ? P(.X\, • • * , Xji'), xn) —

=  . . .  = p(p(x1, . . . , x n),x2, . . . , X n) =p(x
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PROOF. Let x j , . . . ,x n £ G  and let p ( x i , . . .  ,x n) = t. Then 

p ( t , . . . , t )  = p ( p ( x i , . . . , x n ) , . . . , p ( x i ,  . . .  ,x„)) = p ( x u  . . . , x n ) = t. 

Thus

p ( * i , . . . , * n_ i , í )  =  p { p ( x i , . . .  . .  , p { x i , . . .  , x n) , p ( t , . . .  , t )) =

-  P ( t , . . . , t ) .

Similarly we can prove the other equalities.

P roposition  2.6. An n-ary algebra (G,p) is diagonal if and only if the 
following condition is fulfilled:

p (  2-11 ? 3- 22)  • • • ,  * ^ n — l , n — 1 > p ( ' ^ ' n l  5 • • • 1 %nn  ) )

= p( ® 11j®225**, j •^n—2 ,n—2 i p (*n-l , l , .  • ’ > ®n—l,n)> ^nn ) — • • • —

= p (p (x n , . . .  ,Х1П) ,х 22 ,хзз, • . - , x nn) = p (x n ,x 22 , • • • 7 2/’nn )

ZioMs /o r  all Xij £ G, i , j  — 1 , n.

P r o o f . Let the condition of Proposition 2.6 be fulfilled. Then for any 
elements x,y £ G, i, j  = 1 , . . . ,  n, we have

p{p( x  1 1 , . . . , Xi n), . . . ,р (хпд , . . . , Xnn )) =

— P  ( P ( x  11 , . . . ? #1ti) 7 . . . ,р(жп_1д, • • • j ^n—l,n ) 9 ®rm) —

— p ( • • • í • • • 7 P{_Xn —2 , 1 7 • • • » ^  7 1 —2 ,7 1 ) 7  З ' п —l , n —1 í X n n ) — . . .

— P ( * * T l  7 ^ 2 2  7 • • • 7 X  7171 )  *

Hence (G,p)  is diagonal. Conversely, suppose that (G,p)  is diagonal. Then, 
by the help of Lemma 2.5, for any elements E G, i, j  = 1 , . . . ,  n, we get

P  (  * ^ 1 1  7 X 2 2 l  • • • 7 * £ 7 1 — 1 , 7 1 —  l p (  * ^ 7 l l  7 * * * 7 X f i n  )  )

— p ( p { . x  11 7 • • • 7 171) 7 • • • 7 P i  X  n  —1,1 7 * • • 7 X n — 1 ,7 1 ) 7

P ( X Til 7 . . .  7 #71,71—1 7 P ( * ^ 7 l l  7 * * * 7 *̂ 7171 ) ) )  —

—  p (  P ( X  1 1 ,  .  .  .  , ® l n ) ,  • • * ,  P i  X  T l \  7 * * * 7 X  717 1  ) )  —  P ( # l l  7 X  2  2  7 * '  * 7 ^ 7 1 7 1  ) •

Similarly we can prove the other equalities of the condition of Proposition 
2.6.
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Remark. By Proposition 2.6, a grupoid (G , •) is diagonal (i.e. (x ■ y) ■ 
■ (z • t) = x ■ t whenever x, y , z , t  E G) iff x ■ (y ■ t) — (x ■ z) ■ t =  x ■ t holds 
for any x,y , z , t  E G. Thus, each diagonal grupoid is a semigroup.

Now we shall consider the n-ary algebras that are both diagonal and 
idempotent. Such algebras have been studied by J. Plonka in [7].

Example 2 .7 . Obviously, if  G is a nonvoid set and if p:Gn —> (S' is 
a projection, then (G,p) is a diagonal idempotent n-ary algebra. Let us 
describe all the binary operations p on the set { 1, 2,3 ,4 }  for which the 
grupoid ( { 1 ,2 ,3 ,4 } ,p) is both diagonal and idempotent: these are the two 
projections, the three binary operations given by the following tables

1 2 3 4 1 2 3 4 1 2 3 4
1 1 2 1 2 1 1 2 2 1 1 1 3 3 1
2 1 2 1 2 2 1 2 2 1 2 4 2 2 4
3 3 4 3 4 3 4 3 3 4 3 1 3 3 1
4 3 4 3 4 4 4 3 3 4 4 4 -2 2 4

and the three dual operations.

At the end of the section we formulate a category-theoretical meaning 
of the introduced exponentiation of n-ary algebras (for the definitions of 
the concepts used see e.g. [3]). By An we denote the category of diagonal 
idempotent n-ary algebras with homomorphisms as morphisms. Lemmas 
1.6 and 2.2 result directly in

T heorem 2 .8 . Let G, H be objects of A n and let e :H  x G H —► G be 
the evaluation map. Then the pair (G H,e) is a со-universal map for G with 
respect to the functor H x A n —► An. In other words, A n is a cartesian 
closed category in the sense o / [ l ] .

3. Exponentiation of universal algebras

For the basic concepts concerning universal algebras see again [2]. In 
fact, a universal algebra G is a pair (G , {p\  | A E fl}) where ÍÍ is a set and 
(G,p\)  is an пд-агу algebra for each Л E fl. The family {пд | A G 0}  is then 
the type of G. All the previous results can be easily generalized to universal 
algebras. As an extension of mediality to universal algebras we must take 
the commutativity:

A universal algebra (G, {p \  | A E f i} )  of type {пд | A G 0 }  is called 
commutative (see [4]) if for any \ , p  £ Ll and any matrix (xij)nxXn over G 
there holds

P \  {.P)J.{X 111 • • • 1 X 1 % ) ) •  • • ) P ß ( X n \  1 1 • • ■ 1 Xn\Tlp ) )  —
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—  P ß { P \ { x l l i  • • • , X n x l ) i  • • • , P x i ^ l n ^ > • • ■ 1Х п \ п ^ ) )  ■

If G  =  ( G,{px I A £ f t} ) , H =  (H, {q \  I A € ft}) are two universal 
algebras of the same type {n\  | A £ ft} and if G is commutative, then we 
define the power of G and H as follows (by H om (H ,G ) we denote the 
set of all homomorphisms of H  into G): G H =  ( Hom(H, G ), { r \  | A £ 
£ ft}) where, for any A £ ft, r\  is the пд-агу operation on H om (H ,G ) 
defined by rx{ f i , . . .  , /„ A )(z ) =  P\{ . . . ,  fnx(afj) for each /1 , . . . ,  f nx €
£ H om (H ,G ) and each x £ H.  For the case when both G and H  are 
commutative this power is dealt with in [5].

We say that a universal algebra G =  (G , { px | A £ ft}) is diagonal or 
idempotent if the пд-агу algebra (G,p\)  is diagonal or idempotent respec
tively for each A £ ft. All the previous results concerning n-ary algebras are 
valid also for universal algebras. Note, however, that for universal algebras 
diagonality does not imply commutativity in general. Therefore, together 
with diagonality we must suppose commutativity in generalizations of the 
statements of Section 2 to universal algebras (excluding the statements 2.5 
and 2.6).
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O N T H E  CLASS OF SA TU R A TIO N  
IN STR O N G  A P P R O X IM A T IO N  

B Y  PARTIAL SUM S OF FO U R IE R  SERIES
G. SUNOUCHI (Sendai)

Introduction

Let f ( x )  be a continuous function with period 2x and let its Fourier 
series be

^  OO CO

-a °  +  cos kx +  bk sin kx) =  ^ 2 Ak(x).
k= 1 k=0

Further let sk(x) be the A:-th partial sum of the series. The strong approxi
mation o f f(x)  by partial sums is estimation of the expression

K(x,p;  f )  =  I ^ 2  If(x)  -  sk(x)\p
l  +  fc=o

G. Freud [4] showed that if 

( 1) hn(x,p; f )  = 0  , l < p < o o ,

_ 1
then the saturation occurs, the order of saturation is n p and the class of 
saturation X p is a subclass of the Lip class. Furthermore he proved 
that almost everywhere

lim |i| ?{ f {x  +  t) -  f {x)}  = 0.

In this note we shall improve this. We shall consider the integral 
modulus o f continuity and the fractional differentiability of functions in 
the class X p.
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1. The integral modulus of continuity

We introduce the Lp modulus of continuity which is

uP( t , f ) =  s u p  j [  \f(x + h ) - f ( x ) \ pdx 
o<h^t  Uo

If LOp(t , f )  — o(ta ), then we say that /  £ lip (a ,p ).
Furthermore we introduce the Lp-best approximation of /  by trigono

metric polynomials of order n:

En{f)p =  inf {  /  \f(x) -  tn(x)\p dx
p *»(*) {J0

T h e o r e m  1. If for an f  £ Lp

OO

(2) -  sn(x)\P = l < p < o o
71= 0

uniformly, then f(x)  £ l i p ( f , p ) .

P r o o f . L e t  Tn(x) b e  t h e  n - t h  t r i g o n o m e t r i c  p o l y n o m i a l  w h i c h  a t t a i n s  
t h e  Lp b e s t  a p p r o x i m a t i o n  o f  f ( x ) ,  t h a t  i s

£ n ( / ) p = { ^  | / ( z ) - T n(x )|pd zJ  .

Then by the M. Riesz theorem, we have

\ \ f - s n\\p Í A p\ \ f - T n\\p Í A p\ \ f - s n\\p.

Integrating the formula (1) and substituting this we get

E <  м я л p í  к  £  uz -  »»ii;  s  2 * a *k .

Since En( f ) p tends to zero monotonically, we get

n { En(f)p} P =  o (l) ,

and by [7, p.333],

^ p (L /) =  о ( í r )  .
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2. T he fractional differentiability

Even if f(x)  € there is a function which has no fractional
derivative o f degree 1/p except in a null set [8, p.67]. We shall investigate 
fractional differentiability. Without loss of generality, we can suppose that 
the constant term of the Fourier series is zero.

L e m m a  1. If for an f  e  Lp

^ \ f ( x) ~  5n (z )|p ^ К
П— 1

then

(3) K ( x) -  < ( X)\P <  K ,
Z — ■f 7?71 = 1

1

where
П

«“(*) =  n = 1, 2, . . . ,
k=  1

and &%(x) are the arithmetic means of s°(x).
P r o o f . By Hardy’s inequality, we have

£  l / ( * )  -  CTn ( z ) | p ^ \f(x) -  5 n ( x ) | p ,
71= 1 7 1 = 1

and
OO

У", |5„(ж) -  on(x)\p ^ 2APK
7 1 = 1

This is equivalent to

°° 1
(4) V -v ^  nP

7 1 = 1

^ k A k ( x )
k= 1

^  2 A PK .

The formula to prove is also

(5)
OO

V  —Z—/ 77 pH
7 1 = 1

n p + !
£ f c 1+0L 4*(z) < K' .
k= 1

i4cia Mathematica  Hungarica 63, 1994
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Set 53fc=i kAk(x) =  tn(x) and by partial summation, we get

n  n —1

У" k1+aAk(x) =  ^  tk(x)Aka +  tn(x) ■ na =  Tfix) + T2(x), 
k= 1

say. Then by [5, p.255]

OO -4 '«V H

E ^ f r ^ w i ' s c E ^ f ,

k = l

n —1 n = 1

n—1
^ ( z )

/с=1

<

OO -  o o  1

s c ' E  ^ i r ( » ° i < n ( x ) i ) ’’ s  с -  E  ^  M x ) r ,
П =  1 n = l

and
OO 1 OO 1 OO -J

E  ̂ +r№(*)i' £ E  ̂ ‘»wr • = E
n —1 n=l n = l

Thus we get (5).
By a definition due to Flett [2], this is the same as the following Theo

rem.
Theorem 2. / / ( 2) is satisfied, i.e.

! /(* )  -  a» (* )ip = K >
n=l

then Y^kaAk(x) is uniformly \C,l\p-summable.

Theorem 3. If (2) is satisfied, then for 1 < p ^ 2, f(x)  has the frac
tional derivative f a(x) of order a(— I )  almost everywhere, and f a belongs 
to the class Т д ( 1 < А < о о ) .

Proof. Integrating (3), we have

Г 2x 00 1
(6) x)\> dx < oo.

By M. Riesz theorem for /p-valued functions [1, p. 1175], we get

/•271- Í  0 0  1

/  E r K M - < ( * ) ! ’ 
Jo U = i

(7) dx < oo,
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where 5"(x) are the conjugate of s" (x) etc.
Now we denote the Poisson integral of f(x)  by f ( r , x ) and set

(8) 4>{z) = ф(гегх) = f (r ,x)  + if{r,x).

Then by (6) and (7) we get for <J)(z) the formula of Littlewood-Paley type

(9) - K ( 0 - * S ( e ‘ dx < oo.

Hence, for  ̂ =  a and 1 < p ^ 2, we get (see [6, p.528])

lk“( ó i i A < о»-
For p >  2, a = the conclusion of Theorem 3 is not true. The negative 

example is the following. This example is also a negative answer to a 
problem associated with Theorem 8 of Flett [2, p.126].

Set
OO

f(x)  =  ^ 2-n ö n~~2 cos2nx,
71= 1

where a =  Iffc =  2m +  1, thenp ’

OO

f{x) -  sk(x) =  E  2_nan"2 cos2nx,
n—m

and

OO OO

If (x)  — sk(x) ^ E  2~nan~2 ^ m~ 2 E  2~na ^ Cm~2'2~ma.
n—m n—m

The trigonometric series is lacunary and such 2m terms as к =  2m +  1, 
2m +  2 , . . . ,  2m+1 have the same remainder. Hence

oo oo

E l / (* )  -  s*(*)lP ^ C ' E  2m ( m - 22- m“) P =
k=0 771 — 1

OO

= С' E m_2 < 001 for P > 2.
771 = 1

j4cia M athematic  a Hungarian 63, 1994



3 2 8 G. SUNOUCHI

If f a(x) exists at every point of a set of positive measure, then f i - Q(x) 
is derivable [9, p.133] and the series

OO

n~ 2 cos 2nx
7 1 = 1

has to be A bel summable at every point of a set of positive measure. Since 
the series is lacunary, it is necessary for the series £ ^ l /n  to converge [9, 
p.203]. This is evidently a contradiction.

3. Im provem ent o f Theorem 1

We shall prove a slightly better theorem than Theorem 1.

T h e o r e m  4. / / ( 2) is satisfied, then

Г2-К { fir I _|- t) — f ( x  -  t)\p I p ,
J  I  у  ----------- ; v-----------dt I  eta < o o ,  p ^ X < o o .

P r o o f . W e  s e t

OO

</>"(z) = nacnzn
П— 1

where ф(г) is defined by (8 ). Then (9) is true and by [2, p. 116] we have

( 10) s : \s y r)p- 1 {фа(ге1Х)У dr dx < o o .

Furthermore by Flett [3, p.375], we get

ф(е,(I+t)) — ф(ег(х * )) |р
л
p

dx < o o , p ^ X < o o ,

since a =  у  The real part of this gives Theorem 4.

Лек M a th em a tica  Hungarica 63, 1994
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C A N O N IC A L A -SY ST E M S
MIREILLE CAR (Marseille)

I. Introduction

Let us recall the definition of canonical number systems and C.N.S. rings 
(cf. [3], [4], [5 ]).

D e f in it io n  1.1. Let R be a commutative ring. Let a E R, N E N. The  
pair {a, N}  is a canonical number system if every у E R  can be uniquely 
represented as a sum

(I-l) у = yo +  yia +  . . .  +  ynan

where у,- E { 0 , 1 , . . . ,  JV — 1}. The ring R is said to be a C.N.S. ring if there 
is a canonical number system in it.

Kovács gives us many examples of C.N.S. rings (cf. [3], [4]), and a 
complete description of C.N.S. integral domains, cf. [5]. In this paper, we 
generalize the notion of C.N.S. rings, taking a polynomial ring A instead of 
the ring Z of integers.

If A  is the ring k[T] of polynomials over the field к, we introduce the 
notion of canonical А -system, and the notion of C.A.S. rings, and we study  
these rings.

II. Notation and definitions

Let A: be a commutative field. Let A  =  к[Т], A* =  A  — {0}, К  = к{Т).  
If H E A , we denote by deg(H)  the degree of H , and we put deg(0) =  — oo. 
If H E A*, then Cfj  denotes the additive subgroup of polynomials M  of 
A  such that deg(M ) < deg(H).  If P  is a polynomial in the ring A[X],  its  
degree in the variable X  will be denoted by deg^(P).

In the sequel, the word ring will be used for a commutative ring which 
is an А -algebra with unity. If В is an algebra, the unit element of В will 
be denoted by 1B, while the unit element of A  will be denoted by 1.

For every у E B , for every additive subgroup G of A  we denote by 
G[y] the set of elements z E В for which there exist an integer m 0 and
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elements Со, . . . ,  Gm in G  such that

(HI) z — C qI b +  G\y +  . . .  +  Gmym.

It is easy to  prove that G[y] is an additive subgroup of G.

D e f i n i t i o n  II. 1. Let В  be a ring. Let ß e В, H  £ A*. We say that 
(ß,H)  is a canonical А -system if, for every у £ В , there exist a unique 
integer m ^  0, and a unique sequence (Yq,Y\,  . . .  ,Ут) in C #  such that

We say that В  is a C .A .S . ring if there exists a canonical А -system in 
it. Choosing a canonical А -system (ß ,H)  in the C .A .S . ring B, the repre
sentation (II.2) of у £ В is called a canonical representation of y, and the 
integer m in (II.2) is called the length of the canonical representation.

R e m a r k  I I .2. If (ß ,H)  is a canonical А -system in В  and у £ В admits 
the canonical representation (II.2), then Ym f  0 except for у = 0.

R e m a r k  I I .3. Let В  be a C .A .S . ring. Then the map /:  A  —> В 
defined by / ( a )  =  a l B is not zero everywhere and, up to isomorphisms, we 
have only to  consider two cases:

(1) the ring В  contains the ring A ,
(2) the ring В  contains a quotient A / I  where I is an ideal of A , I f  {0},

R e m a r k  II .4. Let (/?, H)  b e  a canonical A-system in B. I f  В i s  a  r i n g  
containing A , then we have the inclusions

(П.2) у =  Y01b + Y1ß +  . . .  +  Ymßm.

I f  A.

В  C C„[ß] C A[ß] С B;

if В is a ring containing A / I ,  then

В C C H[ß} C A[ß\ =  (A / 1)[/3] С B.

Hence,

(П-3) B = C„[ß] = A[ß], i f  В  c o n t a i n s  A ,

(II.4) В  =  Cf{[ß] =  ( A /1)[/3], if В  contains A /I .
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III. C.A.S. subrings o f К

We have the following theorems:
THEOREM III. 1. For every (Y, Z ) E A x  A*, (Y, Z ) is a canonical A-  

system in A, if and only if deg Y  =  deg Z and deg Z > 0.
C o r o l l a r y  III.2. The ring is a C .A .S . ring.
T h e o r e m  III.3 . Let Y  £ A , P  £ A*, Q e A* such that g .c .d .(P,Q) =  

=  1, then ( P / Q, Y)  is a canonical А -system in A[P/<5] if and only if 
deg P  >  deg Q and deg P  =  deg Y .

C o r o l l a r y  III.4. For every у £ К , the ring A[y] is a C .A .S . ring.
We note that Theorem III.3 implies Theorem III. 1, and that Corollary

111.2 is immediate.
It is not difficult to provide a direct proof of these results. But Theorem

111.3 is a particular case of Theorem V.2, and Corollary III.4 is a particular 
case of Corollary V.3. So, we ask the reader to go forward to Section V.

IV. The non-algebraic case

T h e o r e m  I V .1. Let В  be a ring containing a quotient A/ ( Q)  where Q 
is a non-constant polynomial in A.  Let (ß , H ) £ В  x A*. Then (ß , H ) is a 
canonical А -system in В  if and only if В = A/(Q)[ß) with ß non-algebraic 
over А / (Q) and deg H =  deg Q.

P r o o f . Let a h-> s(a) be the canonical map from A onto A/(Q).  We 
note that this map is bijective from C q to A /(Q)  and that s(a) = a ls -  

Theorem 1, §2, of [1] shows that the subalgebra A l(Q)\ß\  of В is 
isomorphic to a quotient ( A/(<5)[X]) / 1Z of the polynomial ring A /(Q )[X ]  
by the ideal 1Z of polynomials /  £ A /(Q )[X ] such that f(ß)  =  0. If ß is 
non-algebraic, 1Z — {0}, A/{Q)[ß]  is the ring of polynomials over A/(Q).  
Every у £ A l(Q)\ß] admits a unique representation as a sum

у = u0 + uiß  +  . . .  +  umß m,

with uq, u\, . . . ,  um in A /(Q).  Using the bijection s, we see that у admits a 
unique representation

У — UoI b +  U\ß +  . . .  +  Umß m,

with Uo,Ui, . . .  ,Um belonging to C q . If deg H — deg Q, then C #  = C q 
and the “only if” part of theorem is proved.

Now we suppose that (ß , H ) is a canonical А -system in B. By (II.4), 
В =  A/(Q)[ß\.  First we will prove that ß is non-algebraic over A/(Q).
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Suppose the contrary. The ideal 1Z is non-zero. Among the non-zero 
polynomials in TZ, we choose one, whose degree n is minimal, say

f ( X)  = s(U0) + 8(U1) X  +  . . .  + a(Un) X n, Uo € C Q, Ux £ CQ, . . . , U n £ CQ.

Let D = g.c.d.(Un,Q).  We put Un — DAn and Q = D W . Then, W f ( ß ) = 
= 0, and the polynomial

s{WU0) +  s(WUi)X + . . .  +  s(WUn- i ) X n~l

belongs to  TZ. According to the choice of / ,  it is the zero polynomial, and 
Q =  D W  divides every WU{. We write I/, =  DA,-. Let U and V in A  be 
such that U An + V W  =  1. Then

( 1) 0 = UDAo + UDAiß  +  . . .  +  UDAn- i ß n~1 + Dßn.

From (1) we get by induction on the exponent j  that for j  ^ n there exists 
a polynomial P £ A  [AT] such that degx (P) < n and DßJ = DP(ß).  On 
the other hand, for i =  0 , 1, . . .  ,deg(Q ) -  1, there exist an integer r(i ) and 
Tb,«Ti,i, • • • >Tr(j),i in C h such that

T l = Y0, i AYltlß +  . . . A Y r{l)}tß T̂ .

Let r — m a x |r (0 ) , r ( l ) , . . . ,  r(deg((Q) -  l)  | . Then for each Y  £ A /(Q ),
there exists a polynomial G £ A  [A], whose coefficients are in Си  such that 
deg^-(G) ^  r and Y  =  G(ß).  Hence every Y  in (DA/ (Q)) [ß]  admits a 
canonical representation (IL2) whose length is less than r +  n. Since (ß, H)  
is a canonical system in B , this representation would be unique. We write 
the canonical representation of D as

(2) D =  -DoI b +  D\ß  +  . . .  +  Dtß 1

Then for every integer N > r +  n, D 1B + Dß  +  . . .  +  DßN belongs to 
( D A / ( Q )) [ß] and adm its the representation

-DoI b +  (Dq +  D\)ß  + . . . - ( -  (Dt_i A Dt)ßt+N

which is canonical and whose length is t +  N ф r +  N.  This is a contradic
tion; hence ß is not algebraic over A/(<3 ).

For every a £ A , we have s(a) =  a l B- As s(0) =  Q1B admits only the 
trivial representation in the form (II.2), we cannot have Q £ Си,  so

(3) deg Q ^ deg H.
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The class s(H) = H 1b admits a representation in the form (II.2). There 
exists an integer г ^ О, Я0, . . . ,  Hr in C #  such that

s(H)  =  # 01B +  Hiß +  . . .  +  Hrß T 1 Нтф 0.

Hence
0 =  (Но — Я )1 В +  Hiß +  . . .  -f Hrß r, Нг ф 0,

and the transcendence of ß  implies that r =  0, and that Q divides Hq -  H . 
We have deg Hq <  degЯ , so Ho -  H ф 0 and deg(Яo — Я ) =  d e g ^ ) .  If 
Q divides H0 — Я , then deg(Яo — Я ) ^ deg(Q) and

(4) deg Я ^ deg Q.

V. The algebraic case

We prove that the ring A[/3] is a C .A .S . ring if ß is algebraic over K . 
We deduce this fact from Theorem V.2 and Corollary V.3. Theorem V.2 
contains a little more information.

First, we make it more precise what we mean by a minimal polynomial.

V .l .  Rem ark and definition. Let ß  be a non-zero algebraic element 
over the field K . Let I(/3) be the ideal of polynomials of K [A ] whose ß is 
a root. In I(/3) there is one and only one polynomial P which satisfies the 
following conditions:

(1) I(/3) is generated by P,
(2) P e A[X],
(3) the coefficients of P  are coprime in A .

We call P the minimal polynomial of ß over A .

T h eo r em  V .2 . Let В a ring containing A. Let (/?, Я ) £ В x A*. Then 
(ß ,H )  is a canonical A -system, in В if and only if the following conditions 
are satisfied:

(1) В =  A[/3] and ß is algebraic over K .
(2) If P — Ao +  A\X  +  . . .  +  AnX n is the minimal polynomial of ß over 

A , then
deg Ao = deg Я ,

and
deg Ai < deg Ao for every i = 1, . . . ,  n.

P r o o f . Let (ß,H)  be a canonical А -system in B. Then, ß ф 0. With
(II.3), we have that В — A(/3), and recalling that Я  £ A  admits a canonical 
representation we get that ß  is algebraic over K , and (1) is proved.
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Let

(i) P(X)  = A0 + A1 +  . . . +  AnX n

be the minimal polynomial of ß  over A . We have

0 — Ao -f Aiß  +  . . .  +  Anßn,

and the element Aoß~l of the field K(ß)  belongs to the ring A[/3] =  B. 
There exist an integer s ^ 0 and До, R i , . . . , R s in C #  such that

Aoß 1 =  До +  Riß  +  • • • +  Rsß s ■

Hence

(ii) Ao =  Roß +  R iß 2 +  • • • +  Rsßs+1 ■

This is a representation of Ao in the form (II.2). This representation is the 
only one. So

Ao =  AoI b

is not a representation in the form (II.2). Hence, we have

(iii) deg Ao ^ deg H.

As В  is included in C #  [/3], H is non-zero, it admits a representation

Я  =  Я 0 +  Hiß A . . .  +  Hmß m,

in the form (II.2) with Hm ф 0. In this representation H0 ф Я , so 

0 =  Я 0 -  H +  Hiß  +  . . .  +  Hmß m

is a non-trivial equation whose ß is a root. So the minimal polynomial P 
divides

Я 0 -  Я +  HiX  +  . . .  +  HmX m 

in К [Х ]. There exist yo, J/i, • • •, Уг in К  such that

Hq — Я + Hi А +  . . .  +  HmX m =  Р(Х)(уо +  j/i X  +  . . .  А угХ г ).

The coefficients of Р  are pairwise coprime. The product Д(Х)(уо +  yi X  +  
+  . . .  +  yrX r) is in A [X ]. By Gauss’s lemma, the yßs are in A . In particular,

Hq — H — А0 У01 Aq € A , yo € A .
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As Ho -  H Ф 0, deg(#o  -  H) ^ deg(A0). As H0 £ C h , deg(Яo -  H) =  
= d eg (^ ). Hence, we have

(iv) deg Я  ^  deg A0,

and the first part of (2) is proved.
For the same reasons, we deduce from (iii) that there exist Zo, Z \ , . . . ,  Zt 

in A  such that

- A 0 +  RoX +  • • • +  RSX S+1 =  P(X)(Z0 + Z \ X  + . . .  + ZtX l). 

We put
Q(X) = - A 0 + R0X  + .. .  + RSX S+1,

Z (X )  = z 0 + г гх  + . . . +  ZtX*.

For г =  0 , . . . ,  s, we have

deg Rt < deg Я  = deg A0.

If s = 0, then, Ao =  Roß, ß £ К , Ao — RoX is the minimal polynomial of ß 
over A , and the second part of (2) is proved. Now, we suppose 5 ^ 1. Let 
p be a real number such that

(v) 0 <  p <  min 
1=г=5

^ deg A0 -  deg Rt ^

Let v be the valuation on the field К  given by

v (A /B ) = deg Я — deg A

if A and В are non-zero polynomials in A . There exists one and only one 
valuation w on the field K (X ) such that for every

in K [X],

В — Bq +  . . .  +  BpX p

w(B) = min { v ( B ß -  jp).
OSjSp

A proof of this can be found in [2]. The choice of p implies that 

w(Q)  =  -  deg A0, w(Z) ^ 0,

so,
w(P) ^ -  deg A0,
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and, for j  =  1, 2 ,n we have

v(Aj) > v(Aj ) -  ^ w(-P) ^ -  deg Л0,

and the second part of (2) is proved.
To'prove the converse, we consider ß algebraic over К  whose minimal 

polynomial P  =  Ло +  A \X  +  . . .  +  AnX n satisfies the condition

(vi) deg Л, < deg Л0.

Then
Л0 =  —A\ß  -  . . .  — Anßn

is a representation of H =  Ло in the form (II.2). Moreover, if M E Си then

M  — M 1q

is a representation of M  in the form (II.2). Let M E  A  be such that 
degAf =  deg H.  Let sgn(M ) and sgn(H) be the leading coefficient in M 
and in H,  resp. Let

Mq =  M — sgn (M )sgn (# ) 1H.

Then

M  =  M 0 +  sg n (M )sg n (# ) 1 Aiß  +  . . .  +  sg n (M )sg n ^ ) 1 Anßn

is a representation of M  in the form (II.2).
Let d ^  deg H be an integer. Suppose that every polynomial of degree 

less than d admits a representation of the form (II.2). Let M E  A be a 
polynomial of degree d +  1. Write

(vii) M =  sgn(M )T d+1 +  M', deg M' ^ d.

Then by the induction hypothesis, there exist integers r ^  0, s ^ 0 and 
polynomials Yo> • • •, Yr, Zo,. . .  ■Zs in С ц such that

T d =  Y0 +  Yi/3 +  . . .  +  Yrßr,

M' = Zo +  Zxß +  . . .  +  Zsßs.

We divide the set { 0 , . . . ,  r} in two parts I and J, defined by:

i E I 1 +  deg Yi < deg H,
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i £  J -S -1  +  deg Yi =  deg H.

If the set J is not empty, then for every i £ J there exist an integer m; and 
polynomials Yho, • • •, У|)ПЧ in C #  such that

YtT =  Yiß +  Yi^ß +  . . .  +  Yi'mtß m‘.

Finally, (vii) gives

S m,

M = Y ,  ZiF  +  Y ,  sgn (M )Y iX p  + Y T ,  sgn (M)Yitjp i+>
i=0  t '61  t ' € J  j = o

and this is a representation of M  in the form (II.2).
We have proved that every M  £ A  admits a representation of the form

(II.2). Then every 2 £ A[/3] admits a representation of the form (II.2). It 
remains to prove the unicity of these representations. To this end, it suffices 
to prove that 0 admits only the trivial representation. Suppose that there 
exist an integer m ' t  0 and Уо,. . .  ,Y m in С и ,  such that

(viii) 0 - Y o  + Yiß + ... -\-Ymßm, Ym ф 0.

Among these non-trivial representations of 0, we choose one for which the 
length m is minimal. As at the beginning of the proof of this theorem, we 
can prove that there exists a polynomial Q(X)  in A[X] such that

Q ( X ) P ( X )  = Y0 +  Yi X  + ... +  YmX m.

This implies that Ao divides Yo in the ring A , but Ao = H and У0 G C # , 
so Yq =  0. Then, (viii) gives us

0 = Y1 + Y 2ß  + . . .  + Ymß m- \  W  0,

which is non-trivial representation of 0 whose length is m — 1. This is in 
contradiction with the choice of m.

We have proved that (ß,Ao ) is a canonical А -system in A[/?]. If the 
degree of У £ A  is equal to degAo, then СУ = С д0 and (ß,Y)  is also a 
canonical А -system in A[/3].

C o r o l l a r y  V .3 . Let ß be an algebraic element over K. Then the ring 
A[/3] is a C .A .S  ring.

P r o o f . Let P(X )  =  Ao +  A \X  +  . . .  +  AnX n be the minimal polynomial 
of ß over A . Let M e  A and a — ß -  M . Then

(i) A[ß] =  А[а].
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The polynomial

(ii) Q(X) = Q0  +  QiX + . . .  + QnX n

where, for i = 0, . . . ,  n,

«>=£(’)*м‘т
i=j VJ/

adm its the root a.  The polynomials Qo, . ■ ■ , Qn are coprime, therefore, 
Q ( X ) is the minimal polynomial of a over A . If we choose M  such that 
for every г =  0,. . . ,  n -  1, deg M  > deg A,, then, for every j  — 1 , . . . ,  n, 
deg Qj  <  deg Qq. Theorem V.2 tells us that (a , Qo) is a canonical A-system  
in A  [a]. We conclude with (i).

C o r o l l a r y  V .4 . Let В  be the integral closure of A  in an algebraic- 
extension K (0 )  o /K .  Then В  is a C .A .S . ring if and only if there exists 
ß G В  such that В  =  A [/9].

P r o o f . I m m e d ia t e .
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O N  TH E LEBESG U E F U N C T IO N  OF 
H E R M IT E -F E JÉ R  IN TER PO LA TIO N  

FOR L A G U E R R E  A BSC ISSA S
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1. Introduction

Let

4 a)0 )  =  ехх~а(е~ххп+а)Ы /n\, n =  1, 2, . . .

be the Laguerre polynomial of degree n for a > - 1  with the usual norm al
ization

and with zeros

( 1 )  0  <  X \ n  <  X,in  <  • • • X n n .

For f(x)  defined on [0,oo) the Hermite-Fejer interpolation based on the 
nodes ( 1) has the form

(2 )  H {na)( f - x )  =  f ( xk) vk{ xVl ( x) ,
к= 1

where
Vk{x) = [(x  -  xk)(a -  xk) +  x] / xk, к  =  1, . .. ,n ,

l k ( x ) =  L ( ? \ x ) / [ L ' ( a \ x k ) ( x  -  x k j \ ,  к  =

Szegő [1], Vértesi [2], and Szabados [3] investigated the convergence of 
(2). For the convergence of (2), it is well-known that the estimation of 
the Lebesgue function

A-ia)(x) = Y ^ \ vk(x )\ll (x )
k = i

( 3 )
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and the Lebesgue constant

Л ^ ) = max
Ô x̂ A

where A is an arbitrary but fixed positive number, plays an important role. 
Szegő [1] and Szabados [3] gave the following estimate

= 0 (n1̂ a+^ ) .

The purpose o f our paper is to  establish a two sided uniform estimate of the 
Lebesgue function (3).'

In what follows, the sign uAn(x) ~  B n(x )” means that there exist two 
positive constants C\ < C2 independent o f n and x such that

C\Bn(x) < An{x) <  C2Bn(x).

Throughout the paper, C\, C 2 and C always denote constants independent 
of n and x , but not the sam e at each appearance.

2. Main result

Our main result is the following

Theorem 2.1. For a  >  — 1 and x £ [0, A] (.A > 0), the estimate

(4) [ A ^ O r J - l ]  ~ n - “ ( 4 “>(z))2( * 2 - 2 ( a  +  2 )z  +  a 2) + 

uniformly holds, where

( / ( * ) ) +  "
f(x), if f(x) > 0
0, if f(x) S Ü.

Corollary 2.2. The following estimates are valid:

(5) л£*> =  0(n°) ( а  г  0),

(6) =  1 +  0 ( n _1/2) ( - 1  < a < 0).
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3. L em m a and  p re lim in a rie s

Lemma 3.1 [1]. Let a  > —1. Then the following asymptotic relation 
holds for the zeros xk =  xkn of L n \x ) :

(7) xk ~ k 2 / n , k = l , . . . , n ;  n = l , 2 , . . .  .

We also need the following known results (cf [1]):

/ 8ч r(a) í r i -  I ° ( na)’ 0 ^ x < C/n,
1 > n 1 } \ х - а12- 11Ю(па12~114), C / n ^ x ^ A ,

(9) Ь ' У\ х к) ~  x “a /2_3/ 4na/2+1/4 ~  k - a ~3'2na+1 (0 < х к й  2A ).

4. Proofs

P roof of T heorem 2 .1 . If x = х к (к = 1 (4) holds. Now,
suppose x ф x k (к — 1, . . . ,  n ). Let

a = a(a) a + 2 — 2 \Ja + 1

and
b — b (a ) := a +  2 +  2\ / о  + 1 

be the zeros of the quadratic polynomial

A = A (x ) := x2 -  2(a  +  2)x + a2.

Now we shall distinguish and discuss three cases.
Case (I): a ^ x ^ b. Then A = (a- -  a) ( x  -  b) й 0. Therefore,

(x -  xk)(a -  xk) +  x = x\ -  (x  +  a )x k + (1 + a ) x  ^ 0

and
vk(x) = [(x  -  xk)(a -  xk) +  x\ /хк 2; 0.

Hence, according to the property of interpolation (2), we have

П
( 10) A(“)(z ) =  £ |r * ( * ) |Z l ( z )  = l.

к — 1
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I f O í í x < a o r b < x ^ A ,  then A > 0. Denote by 

с =  c (x ,a )  := l / 2(x + a — \ /Ä )

and
d =  d(x,a)  := l / 2(x +  a +  y/K) 

the roots of the equation

У2 -  {x +  a)y  +  (1 +  a)x =  0.

Therefore, if 0 < xk ^  c or xk ^ d, we have

Vk(x) — [x2k -  (x +  a)x/c +  (1 +  a)x] / x k ^  0.

And, if c <  Xk < d,
Vk(x) < 0.

Observing the equation

J 2 vk{x)ll(x)  =  1
k= 1

and the above results, we obtain

П П
(И ) Л&*>(®) -  1 =  J 3 K ( z ) | / ! ( ® )  ~  ^ j vki.x )ll { x ) =

/c=l /c= 1

=  2 ^  ll(x)(xk -  c ) (d -  xk) /x k.
c< xk <d

Case (II): b < x ^ A. Observing that

Xk

and

we have 

and

Xk

< d — 1/2 (x +  a +  (x — a)(x — 6)J ^  x -  1

> c  =  1/2  +  a  — y/(x — a)(x -  6)  ̂ ^ a  +  1 > 0,

1 ^ x — X* < A

a +  1 ^ хд. ^ d(A,a)  =  1/2 + a +  \/A (A )^  .
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That is

( 12) \x -  xk\ ~  1, xk ~  1.

Therefore, (9), (11)—(12) yield

(13) [ A W W - l ] ^ - “- 1̂ ^ ) ) 2 £  (xk - c ) ( d - x k).
c<xk<d

Set

Q :=
and

Write

P := (с, l /2(x  +  a -  1 /2 \ /Д ) )  , 

l / 2 (x +  a  -  1/ 2\ /Д )  , l / 2 (® + a  +  1/ 2л/Д)

R :=  ( l / 2 (x  + a + l /2y /K) ,d)  .

(14) (x k — c)(d — x k ) — ^  ^  ^  — Äj + R .2 + Ä3.
c< xk <d x*€R

First, we estim ate R2 ■ Since xk £ Q,

(15) (xk -  c)(d -  xk) ~  Д.

Since a:*, e  Q and (7) holds, there exist two constants 0 <  C\  < C 2 such 
that

^ / ( l /2)n (® +  a -  1 /2 \ /Д ) /С 2 £  fc ^ ^ /(1/ 2)п (т  +  а  +  1/ 2\ / Д ) / С 1. 

From (15), it follows that

(16) Д 2 ~ д | ^ ( 1/ 2)п (г  +  а  +  1/ 2^ ) / С ^  -

-  ^(1/2)п(х + а -  1/2л/Д) /С2\  + l }  ,

where (•) denotes the greatest integer part.
It is easy to prove that

(17) ^ / ( l / 2 )n (x  + а +  1 /2 л /Д ) /с Л
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-  ^ \J ( 1/ 2)п(х +  а  -  1/ 2-у/Д) /С 2^ + 11 ~  у/п. 

Then, (16)—(17) yield

(18) Д 2 ~  у/пА.

For Д3, we have

(19) Д3 g  A £  1 ^ CyfnA.
XfcGR. l^k^Cy/n

Similarly,

(20) Д 2 ^ C\/nA.

Combining (13)—(14) and (18)-(20), it follows that

(21) K a) ( x ) - 1 ]  ~ п " ° Д ( 4 “)(a-))2 (* > 6).

Case (HI): 0 ^ x < a. If a  =  0, then a =  0. So this case does not exist. 
If a  <  0, since

0 ^ x < a  =  a  +  2 — 2\ / a  -f 1 < - a ,

then
ж + a < 0 .

From this, it is easy to prove that

л/Д  й — (x +  a).

Hence,

c < d =  l / 2 (x +  a  +  4 Д )  ^ 0.

So this case also does not exist.
Now, suppose a > 0 and let

e =  e(a) := 1 +  1 .5 /a , /  =  / ( « ) : =  1 +  2 /a ,  g = g(a) := a 2/(4.5 + 3a).

First, assume 0 ^ x < g. It is evident that 

(22) x ^ c £ e x ^ f x < d .
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Write

(23) ll ( x)(xk -  c ) ( d -  xk) =
c<xk <d

= E  + E  + E
c<xk ^ f x  f x < x k < l / 2 ( x + a + l / 2 V Ä )  1/2(х+а+1/2л/Д) <d

When x — 0, r\ vanishes. First, we estimate r2. Since

= rx +  r2 +  r3.

x ^ fx  < xk, /  > 1,

then
(1 1 / f ) x k —  X k  ^ ' I c / У* ^  x k x  =  X к i

that is

(24) (**, -  a:)2 ~  x\.

From (22) we obtain

xk ^ -  с ^ xk -  еж ^ (1 -  e / f ) x k.

Hence,

(25) (я* -  c) ~  

and

(26) d ^ d — xk ^ 1 /4 \/Д  ^ l /4 (a  — </) > 0. 

Therefore

(27) ( d - x fc) ~ l .

Considering (24)-(25) and (27) and using (7) and (9), we obtain

r2 ~  ( 4 a)( z ) ) 2 £  fc2ö+1n"2a- 1.
/ x < x fc< l / 2 ( r + a + l / 2 \ / A )

- a ( 4 “)(x) ) 2.

Observing (26), we obtain

(28) r2 ~  n
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For R3, since
d — xk < 1/4%/Д

and

xk -  x ^ 1/2 (® +  a  +  1 /2л /Д ) -  с =  з У Д /4  ^ 3(o -  g)/4 > 0, 

we have

(29) r3 Ü C A n - 2a- 2 (L Í? \x ) ) 2 Y  k 2 a + 3  = C n-aA (L ia\ x ) ) 2.
0< x k <d

For T\ , observing (22) and x > 0, we have

(30) xk ~  x

and

Since

then

(31)

( /  — l)a: xk — x ^ c — x — 2 x/ (a  — x + \ / Ä ) . 

a — x ^ л/Д,

( x k — x) ~  X.

Applying (9) and (30)-(31), we obtain

г 1 й С х а- г1 2п - а- 1' 2 { Ь ^ \ х ) ) 2 Y  {xk - c ) { d - x k).
C<Xk<f x

It is obvious that
X k - c ^ U  -  l ) z

and
d — xk й C.

Noting the above, we obtain

(32) n  <: Cxa- 1/2n - a- 1/ 2 ( L ^ ( x ) ) 2 Y  [ =
X<Xk<f x

^ Cxan~aL ^ \ x )  й Cn~a A L ^ \x ) .  

Combining (11), (23), (28)-(29) and (32) yield (4) for 0 ^ x < g.
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For 0 <  д ^ х < a, we can also prove (4) by a similar method used in 
the proof of Case (II). Q.E.D.

P r o o f  o f  C o r o l l a r y  2.2. (5) follows from (4) and (8). Now suppose 
- 1  < a <  0. According to the proof of Theorem 2.1, the case 0 Ú x < a 
does not exist. So we only have two cases (i) a ^ x ^ b and (ii) x > b.

For case (i),
(x 2 -  2(a  +  2 )x +  a 2) + =  0.

Therefore, (6) holds. If x > b >  1, using the second estimate of (8), we 
obtain

A^ ( ^ ) - 1  =  0 ( ^ 1/2)-
From the above, (6) follows. Q.E.D.

A ck n o w led g em en ts . I would like to express to gratitude to Mr. 
Pao Yukang and the Board of Pao Scholarship at Zhejiang University for 
awarding me the scholarship.
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G EO M ETRY OF PO SITIV E CO M PA CT  
O PERATO RS ON l p

R. GRZASLEWICZ (Wroclaw)

1. Introduction

In recent years geometric properties of spaces of operators acting on 
various Banach spaces were intensively investigated.

In this paper 1 * we would like to continue this investigation for the space 
of compact operators acting on lp. Namely we deal with the positive part 
of the unit ball. We give the description of its extreme, exposed, strongly 
exposed and smooth points.

For a Banach space E we denote by B(E)  and S(E) the unit ball and 
the unit sphere of E, respectively. If E is an order space, then the positive 
part of the unit ball (sphere) is denoted by B+(E) (S+(E)).  We denote 
b y / p ( l ^ p ^ o o )  the Banach lattice of p-summable sequences equipped 
with the standard lp norm and order. We denote e\ =  ( 1 ,0 ,0 ,0 , . . .), e2 =  
=  ( 0 ,1 ,0 ,0 , . . . ) ,  . . .  . The dual space of lp (1 й p < 00) is identified with 
lq where l / p + l /<7 =  l .  If 1 <  p < 00 then lp is strictly convex, hence 
ext B+(lp) =  {0} U S + (/p). Moreover, ext В +(1г) = {0} U {et: i É N } .

If E  is a Banach space then we denote by 91 (E) the Banach space of all 
linear compact operators from E into E equipped with the operator norm. 
For 2  £ E* and у E E we denote by 2 ® у the one dimensional operator 
defined by (2 ® y)(x) = y(z,x), x £ E. To every operator T £ 9f(/p) there 
corresponds a unique matrix (tji) with scalar entries such that (Tx)- —

OO

=  X) tjiX{. The adjoint operator Г* £ 9f(/9) is determined in the same 
i=l

manner by the transposed matrix. An operator T is said to be positive, 
denoted by T ^ 0, if T f  ^ 0 whenever /  ^ 0. Obviously T — (tj ,) ^ 0 if 
and only if tji ^ 0 for all i , j  £ N . In particular the set of positive operators 
(contractions) in 91(/p) is denoted by 91+(/p) ( 5 + (91(/p) ) ) .  We denote the 
support of /  £ lp by supp /  =  {г: / ,  ф 0}. For a matrix T =  (tji) we define 
the support of T as suppT =  {г £ N: there exists j  £ N  such that tji ф 0}. 
The support of the transposed matrix is denoted by supp T*.

1 W ritten  while th e  au th o r was a  research fellow of th e  A lexander von H u m b o ld t-
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3 5 2 Я. GRZASLEWICZ

For /  =  (/,-) G Zp (1 й p <  oo) we define f p 1 =  ( j / ,jp 1 s ig n /^ . Note 

that if \\f\\p =  1 then / p_1 is the unique functional such that | | /p-1||9 =  
=  ( / , / p_1) =  1. If an operator T G !H(ZP), p G ( l ,o o ) , attains its norm at 
/  G S(lp) then from the strict convexity it follows that T*(T/ ) P_1 =  / p_1. 
This equality for positive operators gives us additional information about 
the operator. Namely, if T G ÍK+(ZP), 1 < p < oo, and T*(T / ) p_1 =  / p_1, 
for some /  G 5+(Zp) with supp /  =  suppT, then ||T|| =  1 (Proposition 1 in
[5])-

It is easy to see that for T  =  (tji) G ^(Z1) we have:
T G ext B+ (^(Z1)) if and only if tji =  0 or 1 and in every column of 

(tji) at most one entry is equal to 1.
Note that in this case compactness of T implies that only finitely many 

entries of the extreme T are equal to one. Moreover expB+(Di(l1)) =  
=  ext B+(9t(l1) ) . Indeed, the extreme operator T is exposed by the func-

OO

tional £ defined by £(77) =  Y  a j i ( 2 signZjj- — 1), where Oj, > 0 is such
M = 1

OO

that ^ 2  OLji <  oo.
*b=1

A graph G(T)  is associated with each matrix T  =  ( t j i )  which is defined 
by the following formula. To the г-th column there corresponds a node ut, 
and to the j-th  row there corresponds a node V j .  There is an edge joining 
Ui and Vj if and only if tji 0. We say that the matrix T ^ 0 has no cycle 
of positive entries provided that every connected component of the graph 
G(T)  is a tree (i.e. the graph G(T) has no cycle). If the graph G(T) is 
connected we say that the operator T is elementary.

2. Extrem e operators

L em m a  1. Let 1 ^  p <  oo. 7 /0  /  T G  ext B+ (9\(lp)) then there exists 
f  G 5+(Zp) such that \\Tf\\ — 1 and supp /  = suppT.

P r o o f . For p =  1 it is easy to check it directly. Now assume that 1 < 
ко

< p < oo. Let T =  Y! Tk (ко is finite or infinite) be a decomposition of T 
k= l

into elementary operators ф 0 with supp T*. pairwise disjoint and supp 
pairwise disjoint. Then suppT  =  U suppTt and suppT* = U suppT£. We 
have ||T|| =  sup ||Т*,||, and T ^ 0 if and only if T* ^ 0 for all k. Therefore 
T G ext B+ (iH(/p)) if and only if T*. G ext B+ ( 9T(ZP)) for all k. For every 
Tk (since Tk is elementary and compact) there exists Д  G S+(lp) such that 
\\Tfk\\ =  1 and supp fk — suppT*. (see [5, Theorem 4]. Fix otk > 0 such
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GEOMETRY OF POSITIVE COMPACT OPERATORS ON Í 3 5 3

that Y  a l  =  !• Put /  =  Y  a kfk■ We have f k G S+(/p), ||T /|| =  1 and
k= l к— 1

supp /  =  supp T as required.
We recall some facts about doubly stochastic matrices. Let r =  (rj), s =  

=  (s í) G S+(P).  A matrix P  =  (pji) is called doubly stochastic with respect
to (s ,r) if 1° Pji ^  0, 2° Y k L i P k i  =  Si ,  3° Y k L i P j k  =  r j  for all i , j  G N. 
We denote by D (s ,r )  the set of all doubly stochastic matrices with respect 
to (s,r). For P  G D (s ,r )  we have P G ext D (s ,r )  if and only if the m atrix  
yPji)  has no cycle of positive entries. We say that a matrix P  G D (s,r )  
is uniquely determined in D (s,r) by its graph if for P, Pi G D (s,r) the 
condition that G(-Pi) is a subgraph of G (P ) ( G{Pi) ^ G ( P )) implies that 
P = Pi- In fact, the extreme points of D(s, r) are those matrices in D (s, r) 
which are uniquely determined in D(s,r) by their graphs (see [6]). For other 
characterizations of extreme doubly stochastic matrices see [15, 14, 3, 2, 1, 
16, 8].

T h eo r em  1. Let 1 < p < oo and let T G В+ {Щ1Р) ) . Then T = (tJT) G 
G ext B+ [9\(lp)) if and only if

1° ||T|| =  0 or 1, and
2° the matrix has no cycle of positive entries, and
3° there exists f  G 5+ (/p) with supp /  =  suppT such that ||T/|| =  1.

P r o o f . Obviously the zero operator is an extreme point of В+ [1Я(1Р)) 
and every non zero extreme operator has norm one. Let ||T|| =  1. In view of 
Lemma 1, if T is extreme then 3° holds, i.e. there exists /  =  ( / ,)  G S+ (lp) 
such that ЦТ/ll =  1. Put g =  (gA =  (T/ ) p_1. Obviously supp g — supp T* 
and T*(g) = / p_1. In particular, | | / р_1||д =  \\Trg\\q = ||5f||9 =  ||T*|| =  1.

Put

A = (rj i ) ' rji — f Pji/ fidJ
l o

if fid] Ф 0
otherwise .( W < ) € D ( ( y ? ) .( s j ) ) }

Because YT= i ljifi =  d) 1 and Yf=i  ijidj =  / f  1 we have (tJlgJf l) G 
G D ( ( / P) , ( £ p ) . Hence T G A. Let R = (rji) G A. Then R ^  0, R f  =  дч~г , 
R*g =  / p_1 with supp /  = supp 12 and | | / | |p =  1. Hence by Proposition 1 
in [5], ||Ä|| =  1. Therefore A Q B+(9\(lp) ) . Let T = aT a +  (1 -  a)T2 for 
some a  G (0 ,1) and Tk =  (tqi) G 5 + (9 1 (/р) ) ,  к = 1,2. We have suppTfc ^  
Q suppT  and suppT^ ^ suppT* since tji =  0 implies tkJt =  0. By the strict 
convexity of lp and lq we have Tkf  -  d9-1 an<f T£g =  / p_1. Hence Tk G A. 
This means that A is a face of f?+ (91(/p) ) , and T G ext A if and only if 
T G ext B+ (SK(/P) ) . The correspondence

А Э (r^i) — * {r-jifidj) G D ( ( / f ) , ( 5 p )
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is an affine bijection preserving zero entries. We have (tji) £ ext A if 
and only if  (tjifigj) £ ext D((f?),(gj)) . Moreover, (tjifigj) £ e x t D ( ( / f ) ,  
(ffj)) if and only if the m atrix (tjifigj) (so also (tji)) has no cycle of positive 
entries. Conversely, if 1°, 2° and 3° hold we can define the face A and 
because of 2° T  is an extrem e point of A, so is f /+ (9 f( /p) ) , which ends the 
proof.

In view of Theorem 4 in [5], if T £ 9f(/p) (1 < p <  oo) is elementary 
then there exists /  £ S+(lp) such that \\T/Ц = ||T|| and supp /  =  supp T. 
Eence we can easily obtain the following result.

C O R O L L A R Y  1. Let 1 <  p < oo and let T £ S + (94(/p)) be elementary. 
Then T =  (tji) £ ext B+(D\(lp)) if and only if the matrix has no cycle of 
positive entries.

Note that the above theorem extends analogous results for finite dimen
sional lp spaces in [4]. The description of extreme positive /^-contraction in 
the general case is more complicated and is presented in [7,9].

T heorem  2. Let 1 Ú p <  oo. Then convext B+ (9f(/p)) is norm dense 
in В+ (Щ1Р)) .

PROOF. Let 9fn(/p) denote all operators T £ 91(/p) concentrated on 
[e i,e2, . . . ,  en] (i.e. supp T  U suppT* ^  { 1 ,2 , . . . ,  n } ) . It is easy to see 
that ext B + (94п(/p)) ^  ext B+ (fK(/p)) for all n £ N . Since D4n(/P) is finite 
dimensional conv ext B+ (iHra(/p)) is norm dense in ÍHn(/p). Since the finite 
dimensional operators are dense in 9\( lp) we have

В + { Ч П )  g  и  B+ {K n(lp)) Q cönv( U e x t ß + (9tn(/p) ) )  Q
n g N  V n  '

^ conv ext ü + (94(/p)) Q B+ (94(/p) ) .

In contrast to  the above theorem recall that ext f?( 91(/2)) =  0 and an 
analogous theorem for the whole unit ball of ß (9 4 (/p)) holds for p ф 2
[11,17].

3. E xposed  o p e ra to rs

We recall that a point qo in a convex set Q is called exposed if there exists 
a linear functional £ such that f(qo) > £(q) for all q £ Q \  The set of all 
exposed points is denoted by exp Q. Moreover q0 £ exp Q is called strongly 
exposed if £(qn) —■► £(<Zo) implies that ||<jrn -  </o|| —>■ 0. In fact ext f?+(/p) =  
=  exp B+(lp) for 1 g  p g  oo. It is easy to calculate that every exposed 
point of B + (B) (and 5 ( / 1)) is in fact strongly exposed. Moreover because
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for 1 <  p <  oo the space lp is uniformly convex the set of strongly exposed 
points o f B(lp) coincides with S (/p), hence also every point of S+ (lp) is a 
strongly exposed point of B+(lp). We should point out here that 0 is an 
exposed but not strongly exposed point of f?+(/p), because 0 is a weak (but 
not strong) limit of the sequence

We shall use the fact that ext D (s ,r )  =  exp D (s ,r )  [6, Proposition 2] in 
the proof of the next theorem.

T heorem  3. Let 1 p <  oo. Then

exp B+ (9\(lp)) =  ext 5+(fR(Zp) ) .

P r o o f . For p =  1 it is presented in the introduction. Let 1 <  p < 
< oo. If T G exp B+ (iH(/p) ) , then T G ext B+ ( !H(/P) ) . Let now T G 
G ext .0 + (íH(/p)) with ||T|| = 1. Let aji > 0 be such that X)°°=1 a Jt < oo. 
Let /  G S+(lp) be such that ЦТ/Ц =  1 and supp /  =  supp T. We claim  that 
a functional £ exposes 0 + (£Н(/р)) at T where

( (R)  =  ( R f ^ T / y - 1) -  -  sign tji), R G * ( / p).

Indeed, £(R) ^ £(T) for R G B+(Di(lp)) . Suppose that £(-R) = £(T).  Then 
R f  = T f .  Hence Д * ((Т /)Р_1) = f p~1 and R G A (where A is defined in 
the proof of Theorem 1). Moreover tji = 0 implies that r]t — 0, so the 
graph G (R ) is a subgraph of G(T). Because the elements of ext D  ( ( / , ) ) ) , 
( ( T / ) p )  are uniquely determined by its graph, so. are elements o f ext A. 
Therefore we obtain T — R. Now one can easily see that the zero operator 
is also exposed.

T heorem  4. Let 1 ^ p < oo. There are no strongly exposed points in
в + { Ч П ) -

P r o o f . To get a contradiction, suppose that a functional £ strongly 
exposes some T G ext B+ (9 l(/p)) with |jT|| = 1. In view of the character
ization of extreme operators in each (except at most one) column o f (tji) 
there exists infinitely many zero entries. Therefore there exists a sequence 
{ ( in ,j n ) } ™ =1 such that in < in+1, j  < j n+1  and tjnin = 0, n G N . We 
define Rn =  (r£ ) by

л
t:i if Í =  in or j  = jn 

0 otherwise.

Obviously 0 ^ T,n=iRn S T for all n0 G N , so Щ =1 Ä„|| ^ 1- Thus 
S n = i ((Rn) = 1. We have ((Rn) ^ 0, since T — Rn is a positive contraction
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and £(T) -  £(Rn) = £{Т — Rn) ^  £(Т). Therefore f(Rn) tends to 0 as те 
tends to oo.

Let N0 be arbitrary finite subset of N . Because YlneNo e*n ® ejn *s a Pos" 
itive contraction we have X^neN0 £ (e*'n ® e j n ) = 1- Thus £ (e,n ® eJn) tends 
to  0. Put Tn = T  — Rn + ein ® ejn- We have Tn £ H+(![R(/P)) and £(T„) =
=  £ ( Г ) - £ ( Д п) +  £ (е ,п ® е ^ п- ^ °  0, but ||ГП - Т | | =  ||ein ® e i n - Ä n| |^  
^  1. This contradiction proves that T is not a strongly exposed point of 
B+(iR(lp)) . Using an argument similar to the one presented above we can 
see that the zero operator is also not strongly exposed.

4. Quasi interior and sm ooth  points

We say that T  is a smooth point of Q (Q  = £H+(/p)) or f?+(iH(/p)) 
if  there exists a unique (up to  a multiplicative constant) functional £o Ф 
Ф 0 such that £o(T) = sup£o(Q)- The set of all smooth points of Q is 
denoted by sm ooth Q. Recall that a point T £ Q is a support point of Q 
if  there exists £ ф 0 such that £(T) = su p £(Q ). An element which is not 
a support point is called a quasi-interior point of Q. The set of all quasi- 
interior points o f Q is denoted by q-intQ. Obviously smooth B(lp) = S(lp) 
for 1 < p < oo and smooth B(B)  = { /  £ 5'(/1):su p p / =  N } .  Moreover, 
f  =  (/,•) £ sm ooth B+(lp) (1 ^  p < oo) if and only if 1° / г >  0 and ||/ | | =  1 
and 2° there exists a unique те £ N  such that /; > 0 = f n for all i ф n and 
ll/ll < 1. Hence /  £ smooth Pj. (1 й p <  oo) if and only if there exists a 
unique те £ N  such that / ,  >  0 =  fn for all i ф те. We have

q -in ti?+ (/p) = { / : / , • >  0 for all г £ N  and | | / | |  < 1}

and

q-int/+ =  { / : / , - >  0 for all i £ N } .

T heorem 5. L e t  1 ^  p  <  oo. T h e n  t  £ q - in t5 + (iR(/p)) i f  a n d  o n l y  i f  
||T|| <  1 a n d  t j i  >  0 f o r  a l l  j ,  i £  N.

P r o o f . Let T  £ q-int B + ( D4(/p) ) . Then by the Hahn-Banach Theorem, 
||T|| < 1. We define a functional kjí by Kji(R) =  — (ej,Ref) =  — ry,-. The 
functional Kjoio supports i?+ (iH(/p)) at every R — (rJt-) £ i?+ (iH(/p)) with 
rj0 i0 =  0. Hence all tji >  0. Now let ||T|| < 1 and tji > 0 for all j , i  £ 
£ N. Suppose that £ ф 0 supports B+ (iR(lp)) at T. Because the set of all. 
one dimensional operators o f the form ег ® ej is total in ÍK(/P), there exists 
e*'o ® ejo such that f  (e,0 ® ej0 ) ф 0. Let e >  0 be such that T  q: £e;0 ® ej0 £ 
£ В + {Щ1Р)).  We have ( ( T q  £e,0 ® ejo ) ^  su р £ (Я + (Я (/р) ) ) =  £(T), so
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£ (e ,0 ® eJO) =  0. This contradiction shows that there are no functionals 
supporting В+(Щ1Р)) at T i.e. T E q-int P + (9f(/p) ) .

Using analogous argument as in the proof of the above theorem we get 
the following result.

T heorem 6 . Let 1 ^  p <  oo. T E q-int91+(/p) if and only if tji > 0 
for all j , i  E N .

The smooth points of the unit ball in the space of compact operators on 
a Hilbert space are described by Holub [12]. This result was extended by 
Heinrich [11] to the space of compact operators acting on Banach spaces. 
Moreover the smooth points of the unit ball of the space of all bounded 
operators on a Hilbert space (i.e. £ ( /2)) are given in [13].

L emma 2. Let 1 < p < oo. If T E smooth B+ (£B(/P)) with ||T|| — 1 
then T attains its norm at some unique vector f  E 5+(/p).

P r o o f . Because T is compact, T is norm attaining operator. To get a 
contradiction suppose that ||T /i || =  | |Г /2|| =  1 for some linearly indepen
dent vectors fi E 5+ (/p) (i =  1,2). Let ту be a functional on lp such that 
r]i(Tfi) =  Hfftll =  1. We define functionals £, on 91(/p) by £,(.ß) = r]i(Rft). 
It is easy to see that £, support Б + (9!(/р)) at T. Obviously £1 ф £2. Thus 
T ф smooth B+ (Dl(/P)) . This contradiction ends the proof.

REMARK. Let 1 <  p <  00. From Heinrich’s result and the fact that the 
unit ball of lp is smooth we have T E smooth H (91(/p)) if and only if T 
attains its norm at a unique vector (up to multiplicative constants).

T heorem 7. L e t l < p < o o .  ThenT E smooth B+ (1H(/P)) if and only
if

(i) tij >  0 for all i , j  E N  if ||T|| =  1, or
(ii) there exists a unique pair (io ,io) such that tji >  0 =  tj0i0 for all 

(*>i) Ф (io,jo) if\\T\\ < 1.

P r o o f . Let T  E smooth H+ (SH(/P)) with ||T|| = 1. T is norm attaining, 
because T is compact. By Lemma 2, T attains its norm at a unique vector 
/  E S+(lp). Obviously a functional £ defined by f(R) — ((T f ) p~1 , R f ) 
supports В+ (Щ1Р)) at T. We have tji > 0 for all i , j  E N . Indeed, if tJolQ 
were 0 for some j 0, io then there would be a second (different) functional kjolQ 
(defined as in the proof of Theorem 5) supporting U+(iK(/p)) at T. Hence 
it follows also that for every T E smooth B+ (91(/p)) with ||T|| ^ 1 at most 
one entry tji is equal to 0 (in particular 0 ф smooth B+ (*R(lp) ) ). If ||T|| < 1 
and tji > 0 for all j , i  E N , then, by Theorem 5, T E q-int B+ (fH(/p) j , so 
T ф smooth B+ (91(/p)) . Therefore, if T E smooth B+ (91(/p)) with ||T|| < 
< 1 then there exists a unique pair (io,jo) such that tji > 0 =  tjQ;0 for all
(*,j) #  (*o, jo) i f i m i < i .
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Now suppose that (i) holds. Let afunctional £ support B+(íH (/p)) at T. 
Because T  is an elementary operator, by [5, Theorem 4] there exists a unique 
vector /  G S + (/p) attaining the norm of T. Obviously T f  G smooth B(lp), 
then by [10] T G smooth В (9Í(/P) ) . Put g =  ( T / ) p~ 1. It is easy to check 
that the functional rj defined by r](R) =  (R f ,g ) supports B (9 f(/P)) at T. 
Because r) is unique with rj(T) =  Ц77Ц =  ||T|| =  1, we have

limA—0
\\T +  АДЦ -  ЦГЦ 

A
= 77 (R) = (Rf,g).

Let и G lp and v G lp be such that 1° supp и and supp v are finite, and 
2° ( / ,  u) =  0 or (v , g) =  0. Let e >  0 be such that T ^ eu ® v ^ 0. We have

( T i £ u ®  v)!\\T v|| G B+(D\(lp)) .

Hence

£ ( T T £ u ® u ) / | | T q : £u ® u | |  g  sup£{В + {Щ1Р))) = f ( T ) ,

T £(u 0  v) £  ^ (Г )1|Г +  ЛЦ0/ 11---- —  for all A G (0 ,e).Л
Thus

0  v) й  f (T )  lim 11Г +  Л ц® VH---- Ы  =  ^(T)77(u ® ») =  0.
Л—►О Л

Therefore £(it ® v) — 0. Because finite dimensional operators are dense in 
9f(/p), we have £ (5 ) =  0 for all S G 91(/p) such that (Sf,g) = 0. There
fore f(i? ) =  £ { R -  {R f ,g ) fp~1 ®gq~1) +  (Ä /,it )£ (/p_1 0 ff9-1) =  c(Rf,g),  
where c is a constant. Hence f  is unique and T G smooth B+(D1(/P)) .

Finally assume that (ii) holds. Let a functional £ support f?+ (íH(/p)) 
at T. Put = £(et- ® ej). If (*,jf) ф (io, jo) then there exists e > 0 such 
that T ee{ ® ej  G B + (lR(lp)) . Hence

( Т ) т ^  =  ( ( Т Т £ е ^ е ^  s u p £ ( £ + (íH(/p) ))  =  £(T),

so £j,- =  0. Therefore £(Ä) =  Y!€jirji — Zjoioi *-e - £ *s unique and T G
hi

G smooth H+ (9f(/p) ) .

T h e o r e m  8 . LetT  G B+( 9f ( / p) ) .  ThenT G smooth H+ (fH(/1)) if and 
only if

(i) there exists a unique n G N  such that ||Ten|| = 1 and tji > 0 for all
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i , j  if\\T\\ =  1, or
(ii) there exists unique pair (io,jo) such that tji > 0 =  tJ0,0 for all ( i , j ) ф

#(*о,л>)  t / i m i  < l.

P r o o f . Let T E smooth P + (iH(/1)) with ||T|| = 1. The operator T 
is compact, so norm attaining. By Lemma 2, T attains its norm at some 
unique vector /  E S+Ц1). If T attains its norm at /  then T  attains its norm  
at every element of the face Fj generated by /  in ВЦ1). Because В (l1) and 
Fj are ai l1, co)-compact, ext Fj ф 0. Because ext Fj ^  ext ВЦ1) and /  E 
E S+Ц1) is unique we get /  E ext ВЦ1). Hence Fj = { / }  and /  =  en. Using 
the functional кji and arguments from the proof of Theorem 5 we get that 
all tji >  0 if ||T|| =  1, and (i). Moreover at most one entry of (tji) is equal to  
zero if ||T|| < 1. Therefore, by Theorem 5, if T E smooth f?+ (iH(/1)) with  
||T|| < 1 then there exists a unique pair (io,jo) such that tji >  0 = tj0 i0 for 
all (* ,j) Ф (i'o, jo)-

Now suppose that (i) holds. Let a functional £ support f?+ (9 f(/1)) at 
T. Fix arbitrary i ф n and x E l1. Because there exists e >  0 such that T ^  
F££i®x  E 5 + (fH(/1)) ,  we have £(e; ® x) =  0. Hence £(R) =  YlJLi i j rjn =  
=  £{en ® Ren), R E IHi/1), where =  £(en ® ej). We define a functional 77 
on (l1)* by T](x) = f (e„ ® x), x E l1. We have q(x) =  £(e„ ® z) 5Í f ( e n <§) 
® T e n) =  r]{Ten) for all x E В+Ц1). Hence 77 supports В+Ц1) at Ten. 
Put 7у  =  7/(ej). We have Ц77Ц = sup |т/j | . Since suppTen =  N  and Ten E 
E smooth В+Ц1) the functional 77/Ц77Ц is unique and q-j =  Ц77Ц sign(T en)J =  
=  Ц77Ц. Thus £j = r]j and £(R) -  Ц77Ц rjn> i-e. f  is unique and T  E
E smooth B+ (9Я(/Р) ) .

Finally, if (ii) holds, then using the same arguments as in the proof of 
Theorem 7 we get T E smooth B+ (iH(/1)) .

Using similar arguments one can prove the following results.

T h e o r e m  9. Let 1 ^ p < 00. Then T E smooth 1Я+ ЦР) if and only if 
there exists a unique pair (io,jo) such that tji > 0 =  tj0 i0 for all (i , j ) ф 
Ф (h), jo)-
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A N O T E  ON T H E  RELATION B E T W E E N  
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A P P R O X IM A T IO N  OF O RTH OG O NAL
SERIES

L. LEINDLER (Szeged), member of the Academy

1. Let {<pn(x )} be an orthonormal system on the finite interval (a, b). 
We shall consider series

о-i) E  Ck<Pk(x)k=0
with real coefficients satisfying

OO

( 1.2) X > * < 0 0 -k—0
By the Riesz-Fischer theorem, series (1.1) converges in the metric L2 to a 
square-integrable function / ( x ) .  We denote the n-th partial sum of series
(1.1) by sn(x).

Let T =  (a,fc) (г, к =  0 , 1 , . . . )  be a double infinite matrix of real num 
bers. We say that series (1.1) is T-summable to / (x )  at a point x E (a,b ) 
if

OO

î(®) •— (*tk$k(%)k= 0
exists for all i (except perhaps finitely many of them), and

lim U(x) = f(x).

Let p > 0. Series (1.1) will be called strongly T(p)-summable at x if  the 
relation

OO

lim У2  C4 k\sk{x) -  f(x)\p = 0
k=0

holds.
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Let {7„} be a positive nonincreasing sequence tending to zero. If the 
relation

Tn(x) := Tn(p, / ;  x) ®-nk |^i:(®) f ( x )\
1 / p

Ox{lfn )

holds, then we say that the strong Tn(p, / ;  a:)-means of (1.1) approximate 
f(x)  in order 7„ at x.

2. At the end of the sixties, it was known that for the most frequently 
used summability methods, T-summability and strong T(2)-summability of 
series (1.1) coincide under condition (1 .2), up to sets of measure zero. These 
results were proved by various authors and by individial methods. E.g. for 
the classical (C, l)-sum m ation process this was proved by Zygmund [11] 
(see also Tandori [10]), for (C, ß > 0)- summation by Sunouchi [9], for Riesz 
summation by Meder [5] and Leindler [2], and for the generalized de la 
Vallée Poussin summation by the present author ([3]).

Then Móricz [8] raised and answered negatively the following interesting 
problem: “Does, under condition (1.2), T-summability of series (1.1) almost 
everywhere (a.e.) imply strong T(p)-summability for any permanent T- 
process?”

Here we recall only Móricz’s result.

T H E O R E M  A. There exist a uniformly bounded orthonormal system 
{фк(х)} on (0,1) ,  a sequence {cjt} of coefficients and a permanent T- 
summation process such that (1.2) is satisfied, the orthogonal series 
'1 2 'ь=ос1сФк(х ) is T-summable a.e., but the relation

OO

lim y^Onfcls^a:) -  f(x)\p = 00
n — ► oo Jk=0

holds a.e. in (0, 1) for any p > 0.

3. The aim of the present note is to prove the analogue of Theorem A 
for approximation.

Our conjecture that the above mentioned aim can be achieved was born 
out by the fact (see e.g. [4], Theorem 1.9) that if /  and its conjugate function 
/  belong to the class Lip 1 and (a, b) =  ( 0 , 27r), {y>„(x)} is the trigonometric 
system, T is the classical (C, l)-sum m ation, then tn(x) -  f(x) = 0 ( n _ 1 ) 
everywhere, but T „ ( l , / ; 0 )  ^ C n _1logn (C > 0), that is, the strong (C , 1)- 
means do not approximate as well as the ordinary (C , l)-means in this 
special case; at least not everywhere.

We wanted to prove a similar result for an arbitrary decreasing sequence 
{ 7„} instead of { 1/ n} ,  of course giving up the trigonometric system and the
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(C, l)-sum m ability as hopeless. Unfortunately we were not successful to do 
this without assuming any additional restriction on {yn}- Thus, our original 
problem stays as an interesting open question. Our conjecture, using the 
notations of Theorem to be proven here, is that our Theorem holds with 
In = Ini to°-

We are able to  establish the following result.

THEOREM. For any positive nonincreasing sequence { 7*}  there exist 
a positive nonincreasing sequence {7n}> я uniformly bounded orthonormal 
system {Фп(х)} on (0, 1), a sequence {c^} of coefficients and a permanent 
T-summation process such that

(3.1) $ < In = In and I ™  ~  =  1)n—*-00 'У*I n

(3.2)
n —0

<  O O ,

and the orthogonal series

(3.3)
OO

5 > ф„(*)
n —0

satisfies the following relations:

(3.4) tn{x) -  f(x ) =  ox(7„) 

and

(3.5) lim 7 n lTn{p, / ,  x) =  00n—► OO

almost everywhere in (0,1)  for any positive p, where tn and Tn denote the 
n-th ordinary and strong T-means of series (3.3), respectively.

The method of proof follows similar lines as that of Moricz’s theorem, 
which was mainly based on a direct construction of summability T in ques
tion using the classical scheme of Menchoff [7].

4. We start the proof of our Theorem by recalling a fundamental lem m a 
of Menchoff [6]. In the sequel, we use С, С^Сг, . . .  to  denote positive 
constants, not necessarily the same ones.
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L e m m a  1. Let и >  3  be a natural number and let C  >  1. Then there 
exists in ( — 1 ,C) a system {ipki/(x)} (1 =   ̂ = ^2) °f orthonormal step 
functions with the following properties:

О) \ФкЛх )\ = Ci (!  ^  к = v2> ~ l = x = c );
(ii) for every point x G (1/2,1)  there exists an index l(x) depending on 

x such that 1 ^ t(x) ^ v 2 and

e ( x )

^ 2 ф к1/ (х) ^ C2 v\ogv.
к =  1

Following the method used by Menchoff [7], we define another system  
{х ь /(я )}  (1 =   ̂ = ° f  orthonormal step functions in ( —2,C ) as follows:

(4.1) Xk»(x ) ■■= Х»2+к,Лх ) := - ^ k u { x )  (1 ^ к ^ v 2, - \ ^ х й  C),

1 1
Xkv(x) •= "f 2), Xi/2+k,i/(x ) ■— ~ ? k(x L 2)

(1 ^  к ^ v2, —2 “£ x <  - 1),

where rk(x) := sign sin 2knx denotes the A;-th Rademacher function. By 
Lemma 1 it is clear that

\ХкЛх )\ й С з  (1 g  A g  2v2 , - 2 Ü X Ú  C)\

furthermore, for every x G (1/2,1) ,  there exists an index £(x) (1 ^ £(x) £  
^ u2) such that

(4.2)
e(x) v2utx)
'^2xk,y(x ) =  Y  Xkv(x ) ^ C4o\ogv.
k=1 k=i/2+1

In order to construct the required system  {Ф/Да:)} we introduce some 
new notations. Let g(y) be an arbitrary function defined in ( - 2 ,  C) and let 
I  := (u,v) be an arbitrary finite interval. We proceed from the interval /  
to the interval ( — 2,C)  by means of the linear transformation

(4.3) у - 2 + ^ ~- ^ (2 +  C) (u % x ^ v, -2  fs у ^ C), 

and put

(4.4) g(I-x)  := { v ' H C  g{y) if и ^ x ^ v,
1 0 elsewhere.
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Furthermore, let E(I)  denote the image set of an arbitrary set E  C ( - 2 ,C)  
arising from transformation (4.3).

By (4.4) it is clear that

rc
g2 (r,x)dx = n(I) J  g2 {y)dy,

where ji(I) denotes the Lebesgue measure of the interval / .
We may assume that 7* —» 0, otherwise, with 7n := 7« =  C  > 0, the 

statements of Theorem follow from Theorem A, since in this special case 
approximation reduces to summability.

First we define four infinite sequences of natural numbers.
Set v0 =  i/q =  4 and No =  Nq =  0. Assume that the numbers { 17}, {v[}, 

{ N i }  and { N - } ,  i =  0 , 1 , . . . , A; — 1, are already defined; then we continue 
the definitions in the following way: Let u'k be the smallest natural number 
such that

(4 -5) Tvfc_i+(i/')2 = lp N k - 1 '

furthermore let

(4.6) Vk ■= max(4,Rfc,2fc2),

N'k := Nk—\ +  u2k

and

Nk :=N'k + »l = 2 ^ 1
i = \

By this procedure we get four infinite sequences.
Now we set

<hfc(x) := Фk(x) := rk{x) (к = 0 , 1 , . . . ,  Ni] 0 ^ x й  1).

Let r >  1, and assume that the step functions Ф^(а:), Фа,(ж) (к = 0 , 1 , . . . ,  
A r_ 1) are already defined. Then we divide the interval (0,1)  into a finite 
number of mutually disjoint subintervals I\ , / 2, . . . ,  Is, in which every 
function Ф^(ж), Фk(x) with к й Nr- i  is constant. Let / ' ,  I'- denote the 
two halves of the interval / j ,  and set

\  X k — N r - \ , f Á ^ j  1 ^

(.j  =  1 ,2 , . . . , s \  Nr.  1 < к ^ Nr)\
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ф (x ) f (2 + C) 1/ 2rk-NT- i { í j i x ) if x e h  and Nr~l < k = K ,
k[X) ' 1 - ( 2  +  C ) - l l 2rk_N,(jy, X) if a- e  Ij and ÍV/ < к й Nr,

where Ij  can be either Г- or I"  ( j  =  1 , 2 , . . . , 5). It is clear that these 
functions are also step functions.

Set Ei := ( - 2 , - 1 ) ,  E2 := ( — 1,(7) and E3 := (1/2,1); furthermore, 
write

S  S

G;(l) := U  Ei(l'j), G"(l) := (J £i(J"),
3 = 1  3 = 1

and
S

Gr(i)  :=  U ( ^ ( / ' ) U  £ ,( /" ))  (* =  2,3).
j=i

It is obvious that the interval (0 ,1)  is the union of the mutually disjoint 
subsets G'r{ 1), G"( 1) and Gr(2), and that

(4.7) p ( G r(3)) = (2(2 +  C ) ) _1 (r =  1,2 , . . . ) .

We can easily see that the system  {Ф^(а)} constructed above is or
thonormal and uniformly bounded.

In connection w ith the system (Ф^(ж)}, Menchoff [7] proved that 
{Ф*.(х)} can be divided into two orthonormal convergence subsystems. We 
remind the reader that an orthonormal system {<Pk(x)} is called a conver
gence system  if every series YjckT>k{x) whose coefficients satisfy condition
(1.2) is convergent a.e. The exact result of Menchoff can be written as a 
lemma.

Lemma  2. Let {Ф^(ж)} be the system defined above, and set

S ' : =  У { Ф k(x) : Nr_i < к ^ N' } ,
T= 1

OO

S" := \ J { Vk( x ) : N t < k Z N r}.
Г— 1

Then both S' and S" are orthonormal convergence systems.

Now, we define the sequences {~jn} and {cn}, furthermore the required 
matrix T  =  (a,*,). Let

(4.8) 7„ := TNr if NT- i < n ^ N r , r =  1 ,2, . . . .
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It is obvious that conditions (3.1) hold. 
We set Co := 0 and

(4-9) е* = { Г' ! ? >{ - r  4  7Nr
if Nr_ 1 < k ^ N ^  
if NL < к < Nr

( r =  1 ,2 ,...) .

It is also clear that (3.2) is satisfied.
Finally, we define T  = (a ^ )  (i,k  = 0 ,1 ,...)  as follows:

Qoo = 1 and £*0fc = 0 for к ^  1;

and, for i ^  1, we distinguish two cases: if N r- i  < i ^  N'r, r ^  1, then we 
set

ац := a 8 l/2+j := -  and a tk := 0 otherwise;

if TV; < г ^  ЛГг, r ^  1, then

a i , N r 1 and a ik  : =  0 otherwise.

The permanence of the T-summation process is obvious.
Next, we show that for the lVr-th partial sums of series (3.3) the relation

(4.10) SNr{x) -  f ( x ) = ox(7Nr+1)

holds a.e. in (0,1). On account of (4.5), (4.6), (4.8) and (4.9) we have

O O - l  oo oo
E  /  Т Ч 2+1 -  / ( * ) )  2d x  =  £ 7 ^  E  c * =
r = 1  1/0 r = l  Jfc=7Vr + l

00 ✓ Nr+i \  r 00 Nr+i
= E (  E  E  c^ < o ° ’

r = l  4 = . /V r + l  7 Jfe=l r-=l k = N r + l

whence (4.10) follows by B. Levi’s theorem.
Using (4.10) we can verify that the relation

(4.11) Snj.(x ) -  f(x )  = ox(7лгг)

holds, too. Namely,

00 „1 00 7Vr
E  /  т й ( 5лгг(*)~ % ( * ) ) 2daf = E  7Я2 E  < ° ° .
r = i  ■y°  r - i  fc = /v ;+ i
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thus,
S n t {x) -  Sn i(x ) = ox(7wr),

which, by (4.10), proves (4.11).
Using (4.10) and (4.11) we can prove (3.4). Namely, if IV' < i ^  Nr, 

then
U(x) = 5дгг(х);

and if 7Vr_i < i ^  TV', then

U(z) = ^,(x) + ^ S t+l/ .a(x) = 5̂лтг_,(х) + ^5N;(x)+

i t + i/*

E  + E
k = N r - i + l  / c = N { + l

Hence, by (4.10) and (4.11), it is easy to see that if we can show that 
7 ~1R (r ,i;x )  tends to 0 a.e. in (0,1) as r —► oo, where

R (r,i;x )  :=
K=J\r — 1 -f- A K—I\  j

É  +  E  } с*ф*(*)>

then (3.4) is verified.
Now taking into account (4.1) and the definition of the coefficients c  ̂

and the functions Ф*,(х), we can see that R (r ,i\x ) = 0 at every point x E 
E G>(2). If x E G ((l) U G "(l), then, a simple consideration gives

Ф*(х) = (1 + С /2)1/ 2ФЦх) if x E G '( l) ,

and
Ф*(х) = - ( 1  + С /2 )"1/2Ф*(х) if x E G "(1) 

(lVr- i  < к ^  Nr, r = 1 ,2 ,...) . Hence we obtain

i+l'r
7,-- l R (r,i;x )  =  ±(1 4- C /2)1̂ 21 E  + E

l-fc=./vr_i+i fc=Ar;+i-
(x)

according as x E G>(1) or x E G "(l). Applying Lemma 2, we infer that 
7~1R (r ,i;x )  tends to 0 a.e. in (0,1) as r —> oo.

Finally we prove (3.5). Let us consider the sets Gr(3) (r = 1 ,2 ,...) . By 
the definition of the intervals Г-, I"  ( j  = 1 ,2 ,. . . ,  S ) and Gr(3), we see that
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the sets G>(3) are stochastically independent. Therefore, by (4.7), we can 
apply the Borel-Cantelli lemma (see e.g. Feller [1], p. 155), whence

(4.12) p( lim GT(3)) = 1
r  —► oo

follows.
Let JVr_i < i ^  N'T. Using the inequality

|a -  bГ ^ C(p)\a\v -  \b\p,

where p > 0 and C{p) denotes a positive constant depending only on p (see 
e.g. Móricz [8], p. 75) we easily obtain that

7i -  Я Х)1Р =
k —0

= к г Г Ч З Д  -  / М 1 Г  +  k - i f ' I W 1 ) -  / M l ) ’’ =

> £Cp ) /
27? 1

Y  скФк(х)
А;=ЛГг_1 +  1

+
i + V r
Y  скФк(х) 

к=Щ+1

~ \ {  ( 7 i ' i S N r - Á * )  -  f ( x ) \ ) P +  ( 7 , Ч % ( * )  -  Д * ) | ) Р} -

Hence, taking into account (4.2), (4.8), (4.9), (4.10) and (4.11), we obtain 
th a t there exists an index i — i(x) (!Vr_j < £(x) ^  N ')  for almost every 
point x E G>(3) such that

00 / 1 \  í
(4-13) Ъ(1) ] Г > (г)>*|5*(*) -  Я*)Г ^  C ■ C (7) -  logvr

k=0 '
Ox{ 1)

holds. By (4.12) this estimate holds at almost every point x E (0,1) for 
infinitely many values of r. Using (4.6) and (4.13), we can easily see that 
relation (3.5) is also satisfied a.e.; and this completes the proof.
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A SIM PLE PRO O F FO R  K Ö N IG ’S M IN IM A X
TH EO REM
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63 (4) ( 1 9 9 4 ) ,  3 7 1 -3 7 4 .

1. In 1953 Ky Fan [2] proved a minimax theorem without linear struc
ture. Since the appearance of this result, there is a living interest for the 
axiomatic character of minimax theorems. In 1968 H. König [3] extended 
Ky Fan’s [2] theorem to the case where the constant field for convexity is 
only a part of [0,1]. Applying the ideas of H. Kneser [1] and Ky Fan [2], 
M. A. Geraghty and B. L. Lin [10] rediscovered König’s theorem [3], while
S. Simons [11] extended it for two functions. His proof is based on König’s 
version of the Mazur-Orlicz theorem [4].

In the last decade two approaches seemed to be successful for proving 
minimax theorems: the method of level sets (discovered by I. Joó [5] and 
applied by L. L. Stachó [6] for quasiconvex-concave functions on interval 
spaces) and the so called cone method (given in [8] and used by Z. Sebestyén 
[9, 12], M. Horváth-A. Sövegjártó [13]). Concerning these methods, we 
notice that by means of them one can prove most of the classical minimax 
theorems. For instance Ky Fan’s theorem can be deduced using the method 
of level sets (see I. Joó and L. L. Stachó [7] and L. L. Stachó [6]) and also 
using the cone method [13]. We mention that the function lifting introduced 
in [7] provides an immediate deduction of König’s theorem from Ky Fan’s 
one.

The aim of this note is to give an elementary and simple proof for König’s 
theorem using both methods of Joó [5, 8]. We hope that this proof will be 
useful also for further generalizations.

2. Let X  and Y  be nonempty sets and f : X  X Y  —► Я a given function.

D e f in it io n . /  is said to be 1/2 concave-convex if the following condi
tions are fulfilled:

(1) For each ?/i,j/2 £ Y  there exists y3 E Y  such that

f ( x ,y 3) S  ^ [/(* ,J /i)  + f ( x ,y 2)\ for every x £ X;

(2) For every X\,X2 E X  there exists x3 £ X  such that

f(x3 , y ) t ^ [ f ( x i , y )  + f (x2,yj\  for every у £ Y.
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Denote by D (C [0,1]) the set of diadic rationale. It is easy to see that if 
(1) is fulfilled, then

(3) For every y\, y2 £ Y  and t £ D there exists yt £ У such that 

f ( x ,y t) й  t f ( x ,y i )  + (1 -  t ) f ( x ,y 2) for every x £ X .

A similar statement holds for (2).
T h e o r e m  (H. König [3]). Suppose X  is a compact Hausdorff space and 

f ( - ,y ) :X  —* R is upper-semicontinuous for every у E У, further f  is 112- 
concave-convex. Then we have

sup inf f ( x , y )  = inf sup f (x, y) .  
x  У У х

For the proof we need the following
Lemma (I. Joó [8]). Let X  and Y  .be arbitrary sets, /•: X  x Y  —► R be 

any function. For у £ Y  and c £ R  (real) denote

Hf. =  {x £ X : f ( x , y )  ^  с}, c* = sup inf f ( x , y) ,  c* = inf sup f (x,  y).
x У У х

Then c, = c* if and only if for every c < c* we have

П  щ  ф 0.
yev

P r o o f  o f  t h e  T h e o r e m . Since X  is compact and /  is upper semi
continuous on X  for every fixed у G Y , the sets Hy are compact. Therefore, 
it is enough to prove that the family of sets {Hy\y  E У} (c < c*) has the 
finite intersection property. It is obvious that Ну ф 0 for every c < c*. 
First we prove tha t any two sets of this family have nonempty intersec
tion. Suppose the contrary, i.e. that there exist c < c* and у\,У2 E Y  
such that Hyt П Hy2 = 0 and define the function h: X  —*• R 2 by h(x) = 
= { f ( x ,  y\) — c, f ( x ,  У2) -  c) ; further consider the set К  = { (s, t) E R 2'. s ^  
^  0 ,i ^  0} . According to our assumption, h(X)  П К  = 0. Now we show
that Co h(X)  П int A' = 0. For this, suppose that there exist A i,...,A * E 

к  к
E [0,1] with X) A, =  1 and ® i,. . .  ,Xk E X  such that £  Aih(x{) £ int К.  It 

i = l  1 = 1

is easy to see that there exists a dense subset M of { (ii, E Rk'■ t, ^
к

= 0, X] ti = with the following property: for every ( a i , . . . ,  a*) E M  and 
2 —  1

»1, . . .  ,Xfe E X  there exists xa £ X  such that f ( x a, y) ^  a \ f ( x \ ,  y) + . . .  + 
+ akf (xk, y)  for every у £ Y . Choose an element a = (a i,...,a * .)  £ M
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к к
such that a-ih(xi) G K . Then h(xa) — ^  at7i(2t) G К  which contradicts

t=i t=i
h(X)  П К  =  0 . By the well-known separation theorem of Hahn-Banach in 
A2, there exists a hyperplane (line) which separates the sets Coh(X)  and К . 
That is, there exists b = (b\, b2) G К  with b\ + b2 = 1 such that 61/(2, 2/1) +  
+ b2f ( x ,  2/2) = c for every x G X .  Let C] G R  be such that c < ci < c* and 
d = C\ — c. Then we have b\ [/(2,2/1) — Cj] -f 62 [ /(2 , i/2) — Ci] ^  — d  for 
every x G X , hence the set /ii(X) is separated from К  by the line b\S + 
+ b2t = -  d, where /11(2) = ( /(z ,J /i)  -  cx, /(2,2/2) -  Ci). Now, since /(•, 2/1) 
and /(-,1/2) are upper-semicontinuous, there exist p > 0 and q > 0 such that 
h \ (X)  C ( — 00,p] X (—00,q]. Since b\ + b% ф 0 , the line b\s +  b2t = —(/inter
sects at least one of the lines s — p and t = q. Suppose that b\S + b2t = — d 
intersects t = q. It is clear then, that the line b\qs -f (d -f b2q)t — 0 , which 
contains the origin and the common point of these lines, separates hi (X)  
and К . Let D C [0 , 1] be the set of diadic rationale. It is clear then one can 
choose a  G D such that the line as + (1 — a)t = 0 separates hi (X)  and A', 
or in other words, a  [/(2,2/1) — сг] + (1 — a) [/(2,2/2) — сг] ^ 0  for every 
2 G X . Consider ya G Y  such that f ( x , y a ) ^  0/(2,2/1) + (1 — a ) f ( x , y 2) for 
every 2 G X .  Then f ( x , y a ) ^  Ci for every 2 G X  and hence sup f ( x , y a) ^

X
^  ci, consequently c* = inf sup / ( 2 , y) ^  ci which contradicts Ci < c*.

У x
In order to prove that for any c < c* and y i , . . . , y n 6 Y  we have 

П Hyt ф 0, we use induction. Suppose we know this for n ^  N  and prove
i=l

N - 1
it for N  -f 1. To this end denote C — f] Hyt . This is a nonempty compact

t=i
subset of X  and since the function /  = f \ c xy *s 1/2-concave-convex, we can 
repeat the proof above for /  and for the sets Ai = HyN П C, H2 = Hyw+l П 
П C . This completes the proof of the theorem.
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B IFU R C A T IO N S IN A P R E D A T O R -P R E Y  
M O DEL W IT H  M EM ORY A N D  D IFFU SIO N  

II: T U R IN G  BIFU R C A TIO N
M. CAVANI (Cumaná) and M. FARKAS* (Budapest)

Acta Math. Hungar.
6 3  ( 4 )  (1 9 9 4 ) , 3 7 5 -3 9 3 .

1. In troduction

the first part of this paper [2] we have introduced the system

[ N  = eN( l  -  N / K )  -  ß NP / ( ß  + N),
\  P  = - P ( i  + 6P)/{ 1 + P) + ß N P / ( ß  + N)

N ( t ) and P( t ) are the prey and the predator densities at time t, 
respectively, e > 0, ß > 0, К  > 0 are the specific growth rate of prey, 
the conversion rate and the carrying capacity with respect to the prey, 
respectively, 7 > 0 and 6 > 0 are the minimal mortality and the limiting 
mortality of the predator, respectively (the natural assumption is 7 < 6). We 
have shown there that the following conditions are reasonable and natural:

(1.2) K ß ^ S ,

(1.3) ß < К,

(1.4) 7 < ßK/ ( ß  + К).

Condition (1.2) ensures that predator mortality is increasing with density, 
and th a t the predator null-cline has a reasonable concave down shape; (1.3) 
ensures that for the prey an Allée-effect zone exists where the increase of 
prey density is favourable to its growth rate; (1.4) is needed to have a 
positive equilibrium point of system (1.1). Under these assumptions (0,0) 
and (K,  0) are unstable equilibria of (1.1), and the system has at least one

In

( 1. 1)

where

* Research partially supported by the Hungarian National Foundation for Scientific 

Research, grant numbers 1186, 1994.
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equilibrium with positive coordinates. This is the point of intersection of 
the prey null-cline

P  =  H ^ N )  := ( K  -  N)(ß  + N)e/ (ßK) ,  

and the predator null-cline

P = H2( N) : = { ( ß - 1 ) N - ß 1) / ( ( S - ß ) N  + ßS).

Thus, denoting the coordinates of a positive equilibrium by ( iV ,P ) , these 
coordinates satisfy P  = H \ ( N )  =  H2(N)  . (See Fig. 1.) In Part I we 
have shown that if (iV ,P) is on the descending branch of the parabola P = 
— H\ ( N )  then it is asymptotically stable. If it is on the ascending branch 
in the Allée-effect zone (like on Fig. 1) it may or may not be stable.

Prey null-cline P = H\(N),  and predator null-cline P = H2(N) 
under assumptions (1.2) —(1.4). The Allée-effect zone is 

N G (0, ( К  — /3)/ 2). Here there is a single positive equilibrium 
(N,P),  and it is in the Allée-effect zone.

In Part I we have introduced an infinite distributed delay into the second 
equation of the system for the prey density, i.e. we replaced N  in the second

A c t a  M a t h e m a t i c a  H u n g a r i c a  63, 19 9 4



TURING BIFURCATION 3 7 7

equation by

Q(*)= /  N(r)a  exp ( — a(t — r) )  dr, a > 0.
— OO

We have given conditions for the asymptotic stability of the equilibrium in 
this case and have shown, among other things, that under some conditions 
the increase of the delay l /а  destabilizes the originally stable equilibrium 
by an Andronov-Hopf bifurcation.

In Part II we assume that prey and predator are living in a one dimen
sional, bounded spatial domain where they are diffusing according to Fick’s 
law, i.e. in the direction of the negative gradient of the density, and the 
diffusion is proportional to the negative divergence of this negative gradi
ent, i.e. to the second derivative of density. We assume zero flux boundary 
conditions which means that there is no migration across the boundary of 
the spatial domain.

Conditions will be established for the stability of the spatially homo
geneous (constant) stationary solution of the system, and we are going to 
show th a t considering one of the diffusion coefficients as a bifurcation pa
rameter, at a certain critical value a Turing instability occurs meaning that 
the stationary solution stays stable with respect to the original system with
out diffusion but becomes unstable with respect to the system with diffu
sion (Section 2). We show in Section 3 that at the critical value of the 
bifurcation parameter a Turing bifurcation takes place, i.e. a spatially non- 
homogeneous (non-constant) stationary solution, in other words, a pattern 
arises. In Section 4 we establish conditions for the stability of the pattern.

Let us modify the predator-prey system (1.1) assuming that prey and 
predator are diffusing according to Fick’s law in the interval x 6 [0,/], i.e. 
consider the reaction-diffusion system

on (t ,x)  € R + x [0,/], / > 0 where e, ß, К,  7 , 6 > 0 satisfy conditions 
(1.2)-(1.4). We are interested in solutions N : R + x [0,/] *-+ R + , P  : R+ x 
X [0,/] H-► R+ that satisfy the no-flux boundary conditions

2. T u ring  instab ility

( 2 .1)

( 2 .2) Nx(t, 0) = Nx(t,l) = Px(f,0) = Px(t,l)  = 0.
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The diffusion coefficients djy, d are supposed to be non-negative.
Introducing the two dimensional vector U — col(N,P) ,  the diagonal 

matrix D = diag(d;v,d) and the vector

F(U) = col ( eN (  1 -  N / K )  -  ß N P / ( ß  + N),

- P (  7 + 6P)/{ 1 + P)  + ß NP / ( ß  + N))
the system and the boundary conditions assume the form

(2.3) Ut = DUXX + F(U),

(2.4) Ux(t,0) = Ux(t,l) = 0.

Clearly, a spatially constant solution U(t) = ( N ( t ), P(f)) of (2.3) satisfies 
the boundary conditions (2.4) and the kinetic system

(2.5) Ut =  F (i/)

which is, in fact, system (1.1). The equilibrium of (2.5) U = ( N , P )  is at 
the same time a constant solution of (2.3). We shall be concerned with 
the positive equilibrium whose existence has been established in Part I and 
recalled in the Introduction.

D e f in it io n  2.1. We say that the equilibrium U =  ( N , P ) of (2.3) is 
Turing (diffusionally) unstable i f i t  is an asymptotically stable equilibrium 
of the kinetic system (2.5) but is unstable with respect to solutions of (2.3)-
(2.4). (See Okubo [5], Svirezhev, Logofet [8], and Svirezhev [9]).

The latter requirement means that there are solutions of (2.3)-(2.4) that 
have initial values 17(0, x) arbitrarily close to U (in the supremum norm) 
but do not tend to U as t tends to infinity. The problem of stability of an 
equilibrium solution U of (2.3)-(2.4) will be solved via a linearized stability 
analysis (see Casten, Holland [1], Razzhevaikin [6], Smoller [7], and Conway
[3]).

We linearize system (2.3) at the point U = ( N , P ) . Introducing the new 
coordinates V  — (Vi, V2) = ( N  — N , P  — P ) , the notations (as in Part I)

V = £/(kß),  O t ^ ß N / i ß  + N) ,  в ,  = К -  ß -  2N,

0 з =  {К -  N ) / { ß  + N ) ,  0 4 = ( ( 6 - ß ) N  + ßö)2/ ( 6 -  7 ),
and

( 2 .6) A = Fu{U) 770402 -0 1
ß 2V&3 -770304 ’
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the linearized system assumes the form

(2.7) Vt = DVXX + AV, 

while the boundary conditions remain

(2.8) Vx(t, 0) = Vx(t, l) = 0.

We solve the linear boundary value problem by Fourier’s method. Solutions 
are assumed in the form V( t , x)  = y(t)ip(x). The functions у : [0,oo) >-»• R 2, 
^ : [ 0 , í] h R  are to satisfy

(2.9) y = ( A - X D ) y

where dot denotes differentiation with respect to time f, and

(2.10) ф" = -А  ф, ф'( 0) = ф\1) = 0

where prime denotes differentiation with respect to the spatial variable x. 
The eigenvalues of the boundary value problem (2.10) are

(2.11) \ j  = ( j K / l ) \  j  = 0 ,1 ,2 ,...  

with corresponding eigenfunctions

(2.12) Ф]{^) — cos(j7T x /I).

Clearly, 0 = A0 < Ai < A2 < . . . .  These eigenvalues are to be substituted 
into (1.9). Denoting two independent solutions of (2.9) taken with A = Xj by 
y \ j ,  y i j ,  the solution of the boundary value problem (2.7)-(2.8) is obtained 
in the form

(2.13) V( t , x ) = ( a i + a2jy2](t)) cos(jnx/l)
J=0

where а,у (г = 1,2; j  = 0 ,1 ,2 ,...)  are to be determined according to the 
initial condition У(0,х). If e.g. 2/iy(0) = (1,0), y2j(0) = (0,1) for j  = 
0 ,1 ,2 ,...  then

Ö10

«20

alk
a2k

l
у J F(0,x) cos —y^ dx (k — 1 ,2 ,...) .

о
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The following notations will be used:

(2.14) B(X) — A — \ D,  Bj = B( \ j )  -  A -  XjD.

According to Casten, Holland [1] if for all j  both eigenvalues of Bj  have 
negative real parts then the equilibrium U of (2.3)-(2.4) is asymptotically 
stable: if at least one eigenvalue of a matrix Bj  has positive real part then 
U is unstable.

The following two lemmata are specializations of results in Conway [3]. 
The proofs are given here for completeness of the treatment, and because 
the formulae applied will be used later.

L e m m a  2.1. I fU is Turing unstable then it lies in the Allée-effect zone 
(see Fig. 1).

P r o o f . The equilibrium point U = [ N, P)  lies in the Allée-effect zone 
if and only if 02 = К  — ß  — 2N  > 0. Now,

(2.15) Tr A = t?( 0 102 -  0304),

(2.16) det A =  770103 (/32 -  7/0204) ,

(2.17) Tr Bj = Tr A — (du + d)Xj,

(2.18) det Bj  = det A + Ajdjv (7/0304 + Xjd) — Aj7/0i02t?.

If U lies outside the Allée-effect zone then 02 ^ 0. Since, obviously, 0 i ,  ©з, 
0 4 > 0 in this case Tr A  < 0, det A > 0, Tr Bj < 0, det Bj  > 0, i.e. all 
eigenvalues of the matrices A, B3 (j =  0 ,1 ,2 ,...)  have negative real parts, 
so no Turing instability may occur. □

L e m m a  2.2. Suppose that U lies in the Allée-effect_zone, and that both 
eigenvalues o f the matrix A  have negative real parts. I f  V is Turing unstable 
then d > c?7v must hold.

P r o o f . The condition on the eigenvalues of A imply that Tr A < 0, and 
this, in turn , implies Tr B j < 0. Thus, Turing instability may occur only if 
for some j  we have det Bj ^  0. Now, det B (0) = det A > 0 (see (2.14)), and

(2.19) ddet B (0)/ dX = 7/(d^0304  -  ^010г)-

Because of (2.15) and Tr A < 0 we have 0 < 0102 < 0304 where we have 
used also the assumption that U is in the Allée-effect zone, i.e. 02 > 0. So 
if dpj ^  d,

ddet B (0)/ dX > 7/010 2(^аг — d) ^  0.
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Since the quadratic polynomial detf?(A) has a positive leading coefficient 
dj f̂d, the last inequality means that det B{A) > 0 for A > 0, i.e. for all 
A = A j. □

Note that from the proof one can see that in order to have Turing 
instability the negativity of expression (2.19) is necessary.

E x a m p l e  Set ß = 0.1000, =_0.0100, 6 = 0.1055, e = К  = 1. The
unique positive equilibrium is ( N , P ) = (0.4486, 3.0250). It is easy to see 
that this point is in the Allée-effect zone (0.4486 < 0.9000/2) and it is an 
asymptotically stable equilibrium of the kinetic system (2.5).

The preceding considerations justify the following
D E F I N I T I O N  2.2. The parameters e, ß, К,  6 in (2.1) are said to 

be Turing-admissible if (i) the inequalities (1.2)-(1.4) hold, (ii) the kinetic 
system (2.5) has an equilibrium point ( N ,P ) with positive coordinates in 
the Allée-effect zone and it is linearly asymptotically stable.

T h e o r e m  2.1. Suppose that the parameters e, ß j_K , 7 , é are Turing- 
admissible. Then 0 < djv < d can be chosen such that U = ( N , P) is Turing 
unstable. To be sure, for a fixed d > 0 a к £ N can be found such that the 
right hand side of the following inequality is positive, and if

( 2 .20) 0 < dN < Afc7?©102^ — det A 
Afc(77030 4 + A kd)

then U = ( N ,P ) is Turing unstable.
P R O O F .  B y  assumption ©2 >  0, and A is a stable matrix, thus, det A >  

> 0. We are going to show that к 6 N and d/v > 0 can be chosen such tha t 
det Bk — det B{A*.) < 0. We have

det B (A) = det A -  \gQ 1Q2d + Adyv(i7030 4 +  Ad)

(cf. (2.18)). Since Xj —► 00 as j  —> 00, for fixed d > 0 there exists к € N 
such that Afc77010 2d — det A > 0. Hence

(Afcr/010 2d -  det A)/(Afc(77030 4 + Akd)) > 0,

and, as a consequence, if dдг is chosen according to (2.20) then det B^ < 0 .
□

Note tha t we may proceed the other way around. We may fix к = 1, say, 
i.e. Ai =  (ж/ l )2, and increase d till the numerator of (2.20) will be positive. 
As d tends to infinity the right hand side of (2.20) is increasing and tends 
to Ai 7/0i 0 2/AJ. An easy estimate shows that this is less than е(1/ж)2. This 
means tha t irrespective of how large the predator diffusion rate d is, the 
prey diffusion rate d^ must satisfy

(2.21) dN < е(1/ж)2
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in order to have Turing instability. 
Since, clearly, for all к E N

v O i ® 2 / \ k ú v Q i Q 2 / \ i  Í £ ( l / * ) 2

the inequality (2.21) is, in fact, a necessary condition of Turing instability.

We start this section w ith a definition. Consider the reaction-diffusion 
system

where U E R n, D is a non-negative diagonal matrix depending smoothly 
on the real parameter Л E [0,oo) and F  : R" X [0,oo) R” is a smooth 
function, along with the Neumann boundary conditions

Assume further that for some U £ R " we have F ( U , \ )  = 0 for all A £ 
£ [0,oo), i.e. U is a constant stationary solution of (3.1)-(3.2).

D e f i n i t i o n  3.1. We say that U undergoes a Turing bifurcation at Ao £ 
£ (0,oo) if for 0 < A < Ao the solution U is asymptotically stable, for Ao < A 
it is unstable (or vice versa), and in some neighbourhood of Ao the problem
(3.1)-(3.2) has non-constant stationary solutions (i.e. solutions which do 
not depend on time t but are not constant in space, are varying with x).

First we are going to establish the conditions of a Turing bifurcation for 
the linearized system (2.7)-(2.8). We shall consider the predator diffusion 
coefficient d > 0 as the bifurcation parameter. Keeping the notations of 
Section 2 the  following theorem holds.

T h e o r e m  3.1. Suppose that the parameters e, ß, К , 7, h are Turing 
admissible.

3. P a tte rn  fo rm a tio n

(3.1)

(3.2) dU( t , 0) /dx  = dU( t , l ) / dx  = 0.

(O tf

(3.3) djv = ^0102/A r

then the zero solution o f the linear problem (2.7)-(2.8) is asymptotically 
stable for all d > 0.

(Ü) I f

(3.4) r / 0 i 0 2/Ai > djv ^ f?0102/Аг
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then at

(3.5) d = d0 = (AiíÍat770304 + det A)/(A1t7010 2 -  A\d ^ )

the zero solution of the linear problem (2.7)-(2.8) undergoes a Turing bifur
cation.

P r o o f , (i) From (2.18) we have

det Bj — (Xjdtf — r)QiQ2)(Xjd + r/Qз04) + gß2QiQ^.

Since Aj, j  = 0 ,1 ,2 ,...  form a monotone increasing sequence (3.3) implies 
det Bj > 0 for all j  = 0 ,1 ,2 ,. . .  . From (2.17) we see that for Turing 
admissible parameters Tr Bj < 0 for all j  = 0 ,1 ,2 ,..., hence the zero 
solution of (2.7)-(2.8) is asymptotically stable.

(ii) If d/v satisfies (3.4) and d is chosen according to (3.5) then det B\ = 
— 0. Clearly, for 0 < d < d0 we have det B\ > 0, and for d0 < d: det B\ < 
< 0. In all these cases det Bj > 0, j  ф 1. Thus, taking into account what 
has been quoted after formula (2.14), for 0 < d < d0 the zero solution is 
asymptotically stable, for do < d it is unstable. If d = do one eigenvalue of 
B\ is zero the other is negative. Denote the eigenvector corresponding to 
the zero eigenvalue by y\\ =  со\(т)1 i.e.

В\У\\ =  (A -  XiD)yu  = 0, уифО.  

As we can see from (2.9)-(2.12) the function

(3.6) Vl{x) = y n^ i ( x )  = COs(7T x / l )

is a spatially non-constant stationary solution of the linearized problem 
(2.7H 2.8).

Note that any scalar multiple of v\ is also a solution. Since every yij(t), 
(i , j ) ф (1,1) tends to zero exponentially as t tends to infinity, we see from
(2.13) that every solution V( t , x)  of (2.7)-(2.8) tends to anD i(i) where 
an  is determined by the initial values У(0,х) (also the second, negative 
eigenvalue and the corresponding eigenvector of В i is to be used in the 
calculation of ац ). Thus, in this case the zero solution of (2.7)-(2.8) is 
Turing unstable, though if we used a finer definition we could say that it is 
“neutrally stable” .

Note also that if instead of (3.4) d/v is fixed between т/О^г/А^ and 
770i 0 2/Afc+i (the latter being smaller than the former) then a similar result 
holds; the critical value (3.5) of d is to be replaced by

(A ^ tv770304 + det A)/(Afc770!0 2 -  A\dN).
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We are going to extend the result about the Turing bifurcation of the 
zero solution of the linearized system to the non-linear problem (2.3)-(2.4). 
For easier reference we quote here Theorem 13.5 from Smoller [7] about 
bifurcation from a simple eigenvalue which is to be used.

T h e o r e m  3.S. Let X , Y  be Banach spaces, U = S  x V  an open subset 
of R  X X , and f  E C2(f/, Y ) such that / ( A,0) = О, Л E S C R. Denote 
the linear operators obtained by differentiating f  with respect to its second, 
resp. first and second variables at Ao E S, v = 0 G V by Lq = f v( Ao, 0) and 
L\ — / aiX-Vr O), resp.; and assume that

(i) the kernel of L q, the subspace Af(Lo) of X  is one dimensional spanned 
by V\ G X ;

(ii) the range of Lq, the subspace IZ(Lo) of Y  has codimension 1, i.e. 
dim[Y/IZ(L0)] = 1;

(iii) LiVi £ 7Z(L0).
Let Z  be an arbitrary closed subspace of X  such that X  = [Span iq] ® 

$  2 ; then there is a 6 > 0 and a C1 curve (А,ф): (—6,6) i—> S X  Z such that 
A(0) = A0, <£(0) = 0, and f ( \ ( s ) , s v i  + s<f>(s)) = 0 for |s| < 6; furthermore, 
there is a neighbourhood of (Ao, 0) such that any zero of f  either lies on this 
curve or is of the form  (A,0).

R e m a r k . In what follows the role of the space X  will be played by

(3.7) X  = {V  e  C 2([0 ,/],R 2) : 14(0) = Vx(l) = 0}

with the usual supremum norm involving the first and second derivatives, 
while Y  = C °([0,/],R 2) with the usual supremum norm. However, in 
choosing the subspace Z  we shall use the orthogonality induced by the 
scalar product

l
(3.8) ( V , W) =  J ( V \ x ) W 1(x) + V 2( x ) W2(x)) dx

о

where V  = ( V \ V 2), W  = (IT1, ^ 2).
Now we are able to prove
T h e o r e m  3.2. Suppose that the parameters e, ß, К , 7, 6 are Turing 

admissible. _________
(i) I f  (3.3) holds then the constant solution U — ( N ,P ) of the nonlinear 

problem (2.3)-(2.4) is asymptotically stable.
(ii) I f  [0, ту2] is not parallel to the second eigenvector ?/2i of B\ and d/v 

satisfies (3.4) then at d = do the constant solution U undergoes a Turing 
bifurcation.

P r o o f , (i) follows immediately from the asymptotic stability of the zero 
solution of the linear problem (2.7)-(2.8).
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(ii) From Theorem 3.1 just like in (i) we have that for d < do (given in
(3.5)) U is asymptotically stable, while for do < d it is unstable. We have 
to prove yet the existence of a stationary non-constant solution in some 
neighbourhood of the critical value do of the bifurcation parameter d.  Such 
a stationary solution satisfies the two dimensional system of second order 
ordinary differential equations with boundary conditions

(3.9) DUXX + F(U)  = 0, Ux{ 0) = Ux(l) = 0.

We consider (3.9) as an operator equation on the Banach space X  given 
by (3.7), and we apply Theorem 3.S with d as the bifurcation parameter. 
Introducing the new vector of the variation V = U — U (3.9) assumes the 
equivalent form

(3.10) DVXX + AV  + H(V)  = 0, Vx(0) = Vx(l) = 0

where A is the matrix given by (2.6), and

(3.11) H(V)  = F ( T J +V )  -  AV, H(0) = О, H v(0) = 0.

Denote the left hand side of (3.10) by T(d,  V).  T  is a one-parameter family 
of operators acting on X  and taking its elements into Y  = C°([0,/], R 2). 
Clearly, T  G C 2. The spectrum of the linear operator L 0 — Tv(d0, 0) = 
= dT(do,0)/dV  consists of the eigenvalues /qy (i = 1,2; j  = 0 ,1 ,2 ,. . .)  
of the matrices B j  given by (2.14). The corresponding eigenfunctions are 
il>j(x)yij (г = 1,2; j  = 0 ,1 ,2 ,. . .)  where ipj is a given by (2.12) and y%1 is the 
eigenvector of the matrix B j  corresponding to the eigenvalue fitJ. Now, all 
matrices B j  — A — XjD are to be taken at d = do- As it can be seen from the 
proof of Theorem 3.1 and from (2.17)—(2.18) for i = 1,2; j  = 0 ,2 ,3 ,...  all 
Hij have negative real parts. For j  = 1 one eigenvalue, say, is zero 
the other one is negative. The eigenfunction corresponding to цц — 0 
is ni(a;) = yncos(nx/l)  (see (3.6)). Thus, the null-space of the operator 
Lq = Tv(do, 0) is one dimensional spanned by v\, the range of this operator 
is, clearly, given by

n ( L o )  = { W  e C°([0,/ ] ,R 2 ) : IT’s Fourier expansion does not 
contain cos(тгх/l) term} U {уц cos(nx/ 1)}

because of the orthogonality and completeness of the system (2.12). So the 
codimension of IZ(Lo) is one.

Set L\  =  dTv(do,0)/dd,  then

Li = D' h where
0 0 
0 1 •
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Clearly (see (3.6)),

L\V\ — —D '(n /l)2yncos(nx/l) = —(ж/l)2 c o s (-k x / 1 ) .

So L\V\ !/[ 1/21 cos(7rx/l)  and

/
(t7i, L \,v \)  = —(ж/l)2 J (rj2)2 cos2(7ra:/l) dx /  0 

о

because rj2 ^  0. Thus, L\V\ £ TZ(Lq).

Finally, if we define the subspace Z  by

(3.12) Z  = H( L0)

then all the conditions of Theorem 3.S are satisfied. We conclude that (do, 0) 
is a bifurcation point, and there exist a 6 > 0, a function d : (—6,6) t—► R  
and for s G (—6,6) a solution of (3.10) with d = d(s) ( |s | < 6) substituted

V(s,  x) — syu  cos(7rx/l)  + s<̂ >(s, x)

such that d(0) = d0, ф(0,х) = 0, d G C l , </>(-, x) G C1, and <j>(s,-) G Z . □ 
Note that the corresponding solution of (3.9), i.e. the non-constant 

stationary solution of the nonlinear problem (2.3)-(2.4) is

(3.13) U(s,x)  = U + syu cos(7Tx/l)  + 0 ( s 2)

(corresponding to the choice d = d(s), |s| < á), i.e.

N(x)  = N  + s t ]1 cos(7rx/l) + 0 (s 2), P(x)  = P + si]2 cos(irx/l) + 0 ( s 2).

Since s is considered to be small here, we call this solution a small amplitude 
pattern.

Note further that Theorem 3.S implies that (2.3)-(2.4) has no other 
stationary solution apart from (N ,P ) and (3.13) in a neighbourhood of 
(d0,U)  G R x  X.

Finally, note that in the linear situation covered by Theorem 3.1 the 
function d(s) =  do, and the corresponding one parameter family of solutions 
is U + st>i(a;), s G R  (see (3.6)).
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4. T he s tab ility  o f the  p a tte rn

In this section we are going to apply the results of Crandall, Rabinowitz
[4] (see also [7] Chapter 13) for generating conditions of asymptotic sta
bility of the bifurcating non-constant, stationary solution: the pattern. In 
the preceding section we have introduced the linearization of the operator 
T{d,V),  the left hand side of (3.10): Lq — Tv(do,0). We saw that all the 
eigenvalues ptJ of this operator have negative real parts except р ц  which is 
zero. In Theorem 3.2 we have established the existence of the bifurcating 
pattern (d(s), U(s,x)) ,  see (3.13). Now, the linearized operator Tv taken 
along this bifurcating solution Tv(d(s),  U(s,x))  is close to Lq if s is small. 
Our aim is to determine the sign of the eigenvalue of this operator bifur
cating from р ц  = 0. For easier reference we quote here some results from
[4,7].

D e f in it io n  4.1. Let X  and Y  be Banach spaces, and Lq, К  6 B ( X , Y ) ,  
the set of bounded operators. We say that fi 6 C is a К -simple eigenvalue 
of Lq with eigenfunction Vi if the following conditions hold:

(i) dimA/"(Lo — fJ-K) = codim IZ(Lq — pK ) = 1,
(ii) iq spans N (L q -  pK) ,

(iii) Kvi  # U{Lq -  p K ),
where N  is the null-space and 7Z is the range of the operator Lq — p K .

L e m m a  4. CR. Let Lq,K  € B ( X , Y ) ,  assume that р ц  is a Ii'-simple 
eigenvalue of Lq with eigenfunction Vi, and let X  = [Span iq] 0  Z . Then 
there is a 6 > 0 such that if L 6 B(X,  Y) ,  \\L -  Toll < 6 then L has a unique 
К -simple eigenvalue p(L) satisfying \p(L) — /хц| < 6 with eigenfunction 
v = Vi + z where z E Z. The map L >->• (/i(L), v(X)) is smooth, and 
p{Lo) = pi 1, v(Lq) = vx.

In the following theorem the notations of Theorem 3.S and Lemma 4. 
CR are used. The assumptions of Theorem 3.S mean that р ц  = 0 is an 
Ti-simple eigenvalue of Lq = f v(Xo, 0). For |A| and |s| small the operators 
f v(A,0) and f v ( \ ( s) , svi  + s<^(s)) are close to L0, thus, by Lemma 4. CR 
there are unique po(X)  = p ( f v( A,0)), uo(A) = u (/„ (A ,0 )), and unique 
p(s) = p ( f v(X(s),svi + s<f>(s) ) ) , vb(s) = v ( f v(X(s),svi  +  s</>(s))) such that

(4.1) fv(X,0)vo(X) = po(X)v0(X),

(4.2) fv{X(s),svi  + 5^ (5)) vb(s) = p(s)vb(s),

Ио(Хо) = p(0) =  р ц  = 0, and г>о(Ао) = wb(0) = «l- The functions po and p 
are smooth being compositions of smooth functions.
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T h e o r e m  4. CR. Let the assumption of Theorem 3.S hold, and let the 
functions po and p defined as above. Then р'о(Х)0) ф 0, and if p(s) ф 0 for 
|s| small, s ф 0, then

(4.3) lim (sX '(s)p’0(X0)/p (s)) = -1 .s—►U

We are going to apply formula (4.3) in the situation of Theorem 3.2 
(ii), i.e. for the bifurcating non-constant stationary solution of the nonlin
ear problem (2.3)-(2.4). Our aim is to determine the sign of the bifurcating 
eigenvalue p(s)  for small |s|. The following calculation aims at the determi
nation of the sign of the other quantities in (4.3). In the context of Theorem 
3.2 the role of the bifurcation parameter A is played by d whose critical value 
do is given by (3.5), the role of the nonlinear operator /  is played by the 
left hand side of (3.10) denoted by T(d,V).

The determination of p'(do)  is fairly easy. We know that po(d)  satisfies

Po(d) — Tr B\(d)po(d)  + det Bfid) = 0.

By implicit differentiation

(4.4) p'o(do) = Ai(Aid;v -  7?©i02)/(Tr A -  (dyv + d0)Ai) > 0

where (2.17)-(2.18) were used, and (3.4) was taken into account.
It is more tricky to determine the sign of d'(s) which plays the role of 

X'(s) in (4.3). First we substitute d(s) and the bifurcating solution

V( s , x )  = syu  cos(7rx/l) + s<f>(s,x)

into (3.10). Denoting as before the function уц  cos(7ra;//) by iq we get

D(s)( -  s(ir/l)2vi -f s<f)xx(s, •)) + sAvx + sA<f)(s, •) + H ( s v l + sfi(s, •)) =  0

where the matrix D depends on s through its element d(s). Dividing the 
last identity by s , differentiating with respect to s and setting s = 0 we 
obtain

Т>(0)фхх(0, ■) -  D'(0)(ir/l)2vi + D'(0)<f>xx(0, •)+

+Аф'(0, ■) + H(vi )  = 0

where prime denotes differentiation with respect to s and

(4.5) D'( 0) 0 0
0 d'( 0)

Acta M a th em a tica  Hungarica 63, 1994



TURING BIFURCATION 3 8 9

Taking into account that ф(0, •) = 0 we have finally

(4.6) £ ( 0 ) ^ ( 0 ,  •) -  {ir/l)2D'(0)vi + Аф'(0, •) + H ( Vl) = 0.

Let us take now the scalar product of the left hand side with V\:

(4.7) ( t h . W U O , - ) )  - ( n / l ) 2( v 1, D\ 0) v1) +

+ (ub A<£'(0,-)) + (u i,i /(n i) )  = 0.
Applying integration by parts twice in the first term we get that the sum 
of the first and the third term is

(4.8) (vu  D (0 ) ^ ( 0 ,  •)) +  («г, Аф'(0, •)) = ( v u B r f \ 0 ,  •))

where B\  = A — AjL^O) according to (2.14). Let us expand now </>'(0, •) G 
G X  and H(v\)  G X  (see (3.7)) according to X  = [Span ui] © Z  where Z  is 
given by (3.12):

(4.9) ф'{0, •) = a-ivi + z\, H(vi )  = avi + z

where a \,a  G R, z \ , z  G Z. Substituting this expansion of <̂ >'(0,-) into the 
right hand side of (4.8) we get

(vi,  Bi(aiVi  +  2i)) = a i n n ( v u vi) +  (vi,BiZi)  = (vu BiZi)

since fin  — 0. Substituting the expansion of H(v\) into the last term of
(4.7) we obtain

(vi ,av 1 + z) = a(vu vi).

Finally, for the second term of (4.7) we have, taking into account (3.6) and
(4.5), that

l
—(t /1)2(v i ,D '(0)vi) =  —Xi(r]2)2d \ 0 )  J cos2(7tx-/ / )  dx =

0

=  - A 1 ( f y 2 ) V ( 0 ) / / 2 .

Summing up these results (4.7) assumes the form

-A i (t72)V (0)//2  +  a(v\,vi) +  (vi , B xzx) = 0.

sgn d'(0) = sgn(a(n1, ni) +  (vi,BiZi)).

Hence,

(4.10)
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The number a can be expressed explicitly in terms of known quantities. We 
have to fix somehow the coordinates rf and rj2 of the vector yn  in (3.6). 
Since now В \у \\  = 0 and det В i = 0, we have

(т /0102 -  (л■/l)2dN)ri1 -  Qxtj2 = 0,

i.e. we may choose e.g.

(4.11) i?1 = © i, rf = r?0i02 -  (7r/l)2dN .

Then according to the definition (3.11) of H(V)

H ( v i ( x ) )  = F{ N  -f rj1 cos(7tx//) , P + i f  cos(7ra://)) -

T?0102 01 и
7/030 4 _

COs(7TX //) .

Denoting the first and the second coordinates of the last expression of H(vi )  
by Н г(х) and H 2(x), resp., we get according to (4.9) that

H \ x )
H 2(x) C0S(7TX//) + . . .

where we did not write out the remainder of the Fourier series containing 
the terms with cos(kwx/l), к = 2 ,3 ,. . .  . Taking the scalar product of both 
sides with V\ we obtain

l
(rj1 H 1(x) + T]2H 2(x))  cos(тгх/l) dx.(4.12) a =

/ ( ( t?1)2 + (r?2)2),2Л2Л /
THEOREM 4.1. Assume that the conditions of Theorem 3.2 (ii) hold, and 

that the eigenvalue fi(s) o f the non-constant stationary solution bifurcating 
from the critical eigenvalue /хц = /х(0) = 0 is non-zero for small |s| ф 
Ф 0. i f  (4.10) is positive (resp. negative) then the bifurcating non-constant 
stationary solution of the non-linear problem (2.3)-(2.4) is asymptotically 
stable (resp. unstable) for s > 0, and unstable (resp. asymptotically stable) 
for s < 0, |s| small.

P r o o f . If (4.10) is positive then because of continuity d \s)  > 0 for |s| 
small. In our notation (4.3) is

lim (sd'(s)p'0(do)/p(s)) = -1 ,s—►O
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and by (4.4) p'0{do) > 0. Thus, p(s) < 0 for s > 0, p(s)  > 0 for s < 
< 0. Since for small enough |s| the rest of the eigenvalues stay near p tJ 
(i = 1,2; j  = 0 ,2 ,3 ,...)  and to //21 in the left half plane, for s > 0 the 
bifurcating solution is asymptotically stable, for s < 0 it is unstable. In 
case (4.10) is negative the proof is similar. □

C O R O L L A R Y  4.2. Under the assumptions of the previous theorem if
(4.10) is non-zero then there is a 6 > 0 such that for d 6 (do — S, do + S) 
the problem (2.3)-(2.4) has a non-constant stationary solution which is 
asymptotically stable for d > do and unstable for d < do-

P r o o f . (See Fig. 2.) If (4.10) is positive then d'(s) is positive therefore 
d(s) > do for s > 0 and d(s) < do for s < 0. If (4.10) is negative then 
d'(s) <  0, and d(s) >  do for s < 0, d(s) < do for s > 0. □

This result, obviously, means that in our system in the generic case as 
the predator diffusion rate d is increased beyond the critical value do, and 
the spatially constant solution loses its stability, a stable small amplitude

graph p

ll2 l

Fig. 2
The graph of d(s) and of the two coordinates 

of the stable pattern (3.13) choosing r/1, rj2 according to (4.11)

E X A M P L E .  We may continue the calculations with the data of the 
Example of Section 2. If we fix l — 1 for the length of the habitat then 
the interval (3.4) becomes

0.000058 <; dN < 0.000232.

Fix div = 0.0001 in this interval. Then the critical value of the predator 
diffusion coefficient d at which the bifurcation takes place is do = 0.0385 by
(3.5).
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5. D iscussion

System (2.1) describes the dynamics of a predator-prey interaction. 
Prey quantity grows logistically in the absence of predation, predator mor
tality increases with predator density but is bounded, there is a Holling-type 
functional response, and both species are subject to Fickian diffusion in a 
one dimensional spatial habitat from which and into which there is no mi
gration. It is assumed that the system has a positive equilibrium in the 
Allée-efFect zone, i.e. in a neighbourhood of the equilibrium the increase of 
prey density is beneficial to prey’s growth rate.

If the prey diffusion rate is relatively high compared e.g. to the square 
of the length of the spatial domain (condition (3.3)) then this equilibrium 
is locally asymptotically, stable. If the prey diffusion rate is lower (con
dition (3.4)) then one may increase the predator diffusion rate to a value
(3.5) higher than the prey diffusion rate at which this equilibrium loses its 
stability. To be sure, the equilibrium point considered as an equilibrium 
of the system without diffusion stays stable, i.e. a so called diffusional in
stability occurs quite naturally, contrary to the general belief that diffusion 
usually stabilizes systems. At the critical value of the bifurcation parameter 
(the predator diffusion rate) a pattern (a non-constant stationary solution) 
arises. A first order approximation of this pattern (3.13) is explicitly given. 
A quantity (4.10) is given; if this quantity is non-zero then for values of the 
predator diffusion rate higher than the critical one the pattern is stable, for 
predator diffusion rates lower than the critical the pattern still exists but is 
unstable.

In a subsequent paper we are going to study what happens if delay 
is introduced into the system with diffusion which has a stable pattern. 
We expect to establish an Andronov-Hopf bifurcation superimposed upon 
the Turing bifurcation, i.e. we expect that the pattern begins to oscillate 
periodically in time.
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1. In tro d u c tio n

Let us denote by T  := R/27tZ the one dimensional torus, L2 := L 2(T), 
and C  C (T) the sets of square (Lebesgue) integrable functions and 
continuous functions, resp., and £ = (e*,) a Rademacher system on I  = [0,1]. 
In the probability space (I , £ , P ) belonging to the Rademacher system e, C 
is the algebra of Lebesgue measurable sets in /  and the probability measure 
P is the Lebesgue measure on I. The expectation with respect to this 
probability space will be denoted by E  throughout the paper.

Following Zygmund [12] we write for the Fourier series of any /  6 L 2

( 1 )
/  ~  S ( /, •) := £  An, Sn := £„(/, •) :=• £  Aj ,

71=0 j=0
„ Aj ( x ) := Cj cos(jx + 0 j)  := aj cos j x  + bj sin jx.

The series coming from /  by giving random signs to its terms is

( 2 )

OO

fe ~
n=0

and the Pisier-algebra V  is

(3) V  := { / G L2 : P( f e € C) = 1}.

The characterization of V  was a long-standing problem of the theory of 
Fourier series initiated by Payley and Zygmund [5] in 1930. For history and 
development we refer to [3]. The problem was finally solved by Marcus and 
Pisier [4] in 1978.

Another old but still open problem is the following. Denote v : N  <->■ N 
any permutation of N, and introduce for any /  with Fourier series (1) the
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i>-rearrangement of the series and the corresponding partial sums as

(5) U := { f  E C : : N ♦-+ N , „5n —► /  uniformly on T}

is a subspace of C. The problem of deciding if U = C or not, was posed 
already in 1962 by Ulyanov, cf. [10] pp. 58-59, or [9].

In 1986 the following result was proved [6]. For any f  E C there exist a 
rearrangement v  and a subsequence (n^) of N  such that i,Snk —► /(&—► oo) 
uniformly on T . On the basis of this and other results the conjecture U = C 
was formulated and an equivalent finite version was given in [6], where the 
reader may find more about historical background and motivation of the

The aim of the present paper is to study the connection between the 
classes V  and U .

T heorem 1 (Pecherskii [13]). V f) C C U.
T heorem 2. There exists f  E U with f  £ V.
As a by-product we obtain several other criteria for an /  6 C to belong 

to U. The results of the paper were obtained in 1987 and form a part 
(essentially Chapter III.2) of the thesis [7]. The author would like to express 
his gratitude to  Professors G. Halász, В. Kashin and S. Konjagin for useful 
comments and references. In particular, Professor S. Konjagin called the 
attention of the author to a recent paper of D. V. Pecherskii [13]. The 
paper deals with related problems using a key lemma (Lemma 1 in the 
paper) which is somewhat similar to Chobanjan’s Lemma quoted here as 
Lemma 4. Using his new lemma, Pecherskii proved Theorem 1 of this work 
as Theorem 2 of [13], cf. p. 25. Hence this result must be attributed to 
Pecherskii, as his Theorem, and Section 3 of this work describes only a 
second although independent and different proof for it. Let us mention that 
this proof was worked out in 1987, before the appearance of [13]. 2

OO n

The class

problem.

2. Some lem m as

Lemma 1. For all f  E V  we have

Sn ■ = М Я  := SUP E \\SrnUe,') -  З Ц Л Я Н о о  0  (П °°)-

A c ta  M athem atica  Hungarica 63, 1994
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P r o o f . Well-known, see e.g. [3] Ch. 2, Theorem 4 and Ch. 5, Theo
rem 3.

Now let us denote the de la Vallée Poussin means of /  by

2 n
<6) V , , : = V „ ( / ) : = £ a , +  E  (

j=0 j =n +1

We also introduce for any /  E L2 with Fourier series (.1) the usual notation

(7)

2*+l

\ n= 2k +1

Lemma 2. For any f  £ L2 and к > 2 there exists a 0-1 sequence 
u> = (w,) with i = 2k + 1 , . . . ,  2k+l such that

2 n
Sn(/) + £  -  W )

i= n+ 1
^  8л/^ • Sjt with n — 2k

P r o o f . This follows from Lemma 2 of [6].
N

Lemma 3. Let P(x)  =  ^  A{(x) he any trigonometric polynomial of
t = 0

degree not exceeding N . Then we have

E\\P'\\oo =  E
N

= 2y/\ogN  | |P ||2-

P ro o f . See [8], (5.1.2) Lemma, p. 290.

LEMMA 4. Let X  be any normed space and X i,.. . ,X jv  be elements of 
X . There exists a permutation о of {1 ,2 , . . . ,  N } such that

max
M-ÍN

M
E
i=i

< 9
NE

t=i
X ; + 9 E

NE £j.x .
x

where (£ji ) C £ with j i  ф jk  (г ф k) for i = 1, 2, . . . ,  N. 

PROOF. This is Corollary 1 on p. 56 of [1].

Acta  Mathematica Hungarica 63, 1994
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L e m m a  5 . Suppose that f  £ L2 and Sk is non-increasing. Then f  £  V  
if and only if

OO

S k  <  OO.

k=1
P r o o f . Necessity is proved in [5], and sufficiency is contained in [3], 

Ch. 7, Theorem 1.
L e m m a  6 . Let cn be any sequence satisfying the conditions

OO

■ ) E C» <  °°>
l

ii) l / c n is concave,
iii) cn is monotonically decreasing.

Then there exists an f  £ C with Fourier series (1), i.e. for some (0„) the 
L2 series described in (1) belongs to a continuous function.

P r o o f . This is a well-known result of Salem, cf. [12] Ch V, (10.1) 
Theorem. We note that the statement is true even if ii) is not supposed, see 
[2].

3. P ro o f o f T heo rem  1

Let us take any /  6 V. Since /  £ L 2, ^  s\ = | | / | |2 < oo and for every 
у > 0 one can find a к 6 N  with к • s \ < rj. That is, we have some kj —> oo 
with

( 8) Vj 0 ( j  - f  oo).

We define v as the composition of two other permutations,

(9) и  =  О  О 7Г

First we construct 7r as the disjoint union of permutations 7г& on the 
blocks \2k +  l ,2 fc+1] . For к = kj > 2 we apply Lemma 2 and define with

(10) Xfc(f)
min{p : LOp = 1 and p ф 7Г *,(/) for any l < p}, n < i ^  m j 
min{p : p ф 7Tfc(/) for any m3 < l < p},  < i 5] 2n,

where
2  n

(11) n  = 2 k = 2 k] and m j  =  n  +  ^  u>i.
i = n + 1
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That is, xjT1 places the indices with w, = 1 to the beginning of the interval 
[n-\-1,2n], and places the indices with w, = 0 to the other end. So for к = к, 
we have by the definition of тгк

2fc+ !  rrij

(12) S 2k +  =  2̂* T =  ^j)*
t = 2 * + l  i = 2 * + l

Now for к ф kj we choose тгк to be identity and take

(13) ж := U nk .
k=0

Trivially

(14) 71̂ 2* — $2k

and hence from Lemma 2, (8), (12), (13) and (14) we get

(15)
Next we define ct so that

(16) a := У  <7j, <гл- : [m,- + l,m j+1) ~  [m, + l ,m i+1).
j =о

Here we can take mo := -1  and сто to be identity on [0,m i). Consider the 
polynomial

(17) T  — <? _ c- '■ J  * — 7Г *-> TTlj + 1  7Г

Our goal is to rearrange the order of the terms of Tj by Oj to ensure small 
partial sums. We apply Lemma 4 in the Banach space C with the oo-norm 
and N  = mj+i -  m j, x, = A v(i+m.), j x = тг(г + m,) (г =  1 , . . . ,  N). We 
obtain a certain a0 with

(18) maxM h№)„LS9||rjiL + 9||ffi).
Note that /  G V ,  and Lemma 1 entails

(19) £ |l  ( S / , «  - i j * > ) I L - 0  O ' - o o ) .

A cta  Mathematica Hungarica 63, 1994
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Since the left hand side of (12) is exactly жSm], we have

(20) Pj := ^ 2  uj,At = J5mj -  irSn (n = 2k̂
t=n+1

and also

(21) Tj = тЗт,^ — TtSirij — Pj+1 ~ Pj ~ {$2к1+1 ~~ ^2kl ) ‘

Hence in view of (19)

(22) ^IlmyooSBllwí.L + jJiKn+.í.L + oíi) и °°).
Now further use of (8), ||P j||2 ^  , deg(Pj) ^  2k> and Lemma 3 ensure

(23) £ | | № ) « I L - 0  O' oo),

hence from (22) and (23)

(24) ■ E | | № ) , L -  0 0  - .00) .

Next we make use of the continuity of /  in the form that Vn( f )  —* /  
uniformly on T, cf. [11]. Hence (15) and /  в C entails HTjl^ —>• 0 ( j —*• 0) 
and so (18) and (24) imply

(25) max | M Tj )m IL  ^  0 (j -  oo).

We obtain from (16), (17) and (25) that

(26)
m a x  | | o ' , ( T , ) , , | |^  II JV J ' M  l loo

í j  S  M  j

Since (15) and /  £ C entails 
proof of Theorem 1.

max ||<7-7г/м 7r>-*'rnj 11г*, * 0 (j ¥ oo).

||w5TOj — /Ц ^  —► 0, (26) and (9) concludes the

A cta  M athem atica  Hungarica 63, 1994
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4. Further criteria for /  £  U

T h e o r e m  3. I f f  £ C and s*. is nonincreasing, then f  £ U.

To prove this theorem first we note that in view of monotonicity and 
/  £ C C L 2 we have s^ = о Hence it suffices to prove the following

T h e o r e m  4. I f f  £ C and Sk = о then f  £ U.

P r o o f . The proof is very similar to that of Theorem 1.
If we define k j  := j  and rjj := j  • $ j ,  we get (8) with kj = j  according to 

our assumption on s*;. Now repeating the proof of Theorem 1 with kj = j  
the only change is that to prove (19), instead of using Lemma 1, we refer 
to Lemma 3. Since /  G V  was used .only there, this modification proves 
Theorem 4.

C o r o l l a r y . I f  f  6 C satisfies the multiplier condition

OO

2 > n - l o g ” < OO,
n=1

then f  6 U .

Professor B. Kashin informed the author that this was conjectured more 
than ten years ago. It can be compared to the multiplier condition

X / n  ' log1+£n < oo

of Payley and Zygmund to ensure f  £ V.

5. Proof o f  Theorem 2

Let us define 

(27) 7̂1
1

y/n ■ log n (n ^  10)

and cn = сю for n Ú 10, say. This sequence satisfies conditions i), ii) and 
iii) of Lemma 6, hence there exists an /  G C with Fourier series (1), where 
cn is defined in (27). Obviously (7) and (27) mean for Sk that

E Sk = 00(28) X / *  < °°>

A c t a  M a t h e m a t i c a  H u n g a r i c a  63, 1994
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and also 

(29)
2 * + i

4 = £
2 * + l

1 >
n log2 n

2*+l

£
2 fc+ l

+(2n)log2(2n) (2n -  l)log2(2n -  1)

4+ u
i.e. Sk is monotonic. Now for monotonic Sf. (28) and Lemma 5 ensure /  ^ 

while Theorem 3 gives f  El f .  This concludes the proof of Theorem 2.
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I n s t r u c t i o n s  f o r  a u t h o r s .  M a n u s c r i p t s  s h o u l d  b e  t y p e d  o n  s t a n d a r d  s i z e  p a p e r  

( 2 5  r o w s ;  5 0  c h a r a c t e r s  i n  e a c h  r o w ) .  W h e n  l i s t i n g  r e f e r e n c e s ,  p l e a s e  f o l lo w  t h e  f o l l o w in g  

p a t t e r n :

[1] G .  S z e g ő ,  Orthogonal polynomials, A M S  C o l l .  P u b l .  V ol. X X X I I I  ( P r o v i d e n c e ,  1 9 3 У ).

[2] A . Z y g m u n d ,  S m o o t h  f u n c t i o n s ,  Duke Math. J., 1 2  ( 1 9 4 5 ) ,  4 7 - 7 6 .

F o r  a b b r e v i a t i o n  o f  n a m e s  o f  j o u r n a l s  f o l lo w  t h e  M a t h e m a t i c a l  R e v ie w s .  A f t e r  t h e  

r e f e r e n c e s  g i v e  t h e  a u t h o r ’s  a f f i l i a t i o n .

A u t h o r s  o f  a c c e p t e d  m a n u s c r i p t s  w ill  b e  a s k e d  t o  s e n d  in  t h e i r  T f?X  f i le s  i f  a v a i l a b l e .  

A u t h o r s  w i l l  r e c e i v e  o n l y  g a l l e y - p r o o f s  ( o n e  c o p y ) .  M a n u s c r i p t s  w i l l  n o t  b e  s e n t  b a c k  

t o  a u t h o r s  ( n e i t h e r  f o r  t h e  p u r p o s e  o f  p r o o f - r e a d i n g  n o r  w h e n  r e j e c t i n g  a  p a p e r ) .

A u t h o r s  o b t a i n  5 0  r e p r i n t s  f r e e  o f  c h a r g e .  A d d i t i o n a l  c o p ie s  m a y  b e  o r d e r e d  f r o m  t h e  

p u b l i s h e r .

M a n u s c r i p t s  a n d  e d i t o r i a l  c o r r e s p o n d e n c e  s h o u l d  b e  a d d r e s s e d  t o  

Acta Mathematica, H-1364 Budapest, P.O.Box 127.

O n l y  o r i g i n a l  p a p e r s  w i l l  b e  c o n s i d e r e d  a n d  c o p y r i g h t  w ill  b e  v e s t e d  i n  t h e  p u b l i s h e r .  

A  c o p y  o f  t h e  P u b l i s h i n g  A g r e e m e n t  w ill  b e  s e n t  t o  t h e  a u t h o r s  o f  p a p e r s  a c c e p t e d  f o r  

p u b l i c a t i o n .  M a n u s c r i p t s  w i l l  b e  p r o c e s s e d  o n l y  a f t e r  r e c e iv in g  t h e  s i g n e d  c o p y  o f  t h e  

a g r e e m e n t .
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