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Introduction

The historical origins of the topic of present paper are related to such concepts 
as assignment of probabilities to logical formulas and inference by probability, to 
mention only the most important. Such concepts have been investigated by certain 
philosophers but their mathematical application was slow and not sophisticated. 
The understanding of the close connection between the symbolic logic and the mod
ern algebra, and the success of the axiomatic theory of probability have promoted 
the application of efficient methods. For example, these methods have made possible 
the analysis of the connection between the logical formulas and the probabilities 
as the examination of probabilities defined on certain algebraic structures.

The axiomatic theory of probability considers the probability on Boolean 
a’gebras which latters are isomorphic to those algebraic structures which correspond 
to the formal language of the propositional logic, i.e. to the propositional Linden- 
baum-algebras. As is known, the Boolean algebras are the algebraizations of the 
propositional logic. After the emergence of the theories describing the algebraiza
tions of the higher-order logics one after the other, (e.g. for the predicate logic, the 
theory of the cylindric algebras, the theory of the polyadic algebras etc. see [6], [7], 
[3]) it has become possible to analyse the inference by probability even for higher- 
order logics as examination of probabilities defined on suitable algebraic structures. 
Special Boolean algebras, certain subalgebras of the forementioned algebraizations 
(e.g. the algebra corresponding to closed formulas, see [4] and [14]) have already 
been applied for certain similar purposes. It is clear that to generalize a logic in a 
probabilistic direction, it is interesting to take into account (see [4]) the whole struc
tures of the foregoing logic and of the algebraization, e.g., not only elements corre
sponding to the closed formulas.

The aim of the present paper is the exposition of the forementioned subject, the 
introduction of the relevant concepts and the analysis of the most important proper
ties of these concepts. Above all we shall concentrate on the analysis of measures 
(i.e. probabilities), but emphasising the measure — theoretic, algebraic and logical 
aspects rather than the probabilistic ones. In a forthcoming paper we shall return 
to these latter aspects as well, underline the applications and study the case of the 
cylindric set algebras separately (see [12], [7], too).

We would like to make the following further notes on the specific subject of the 
present paper:

As is well known, the infinite-dimensional locally finite-dimensional cylindric 
algebras (or the predicate Lindenbaum algebras isomorphic to them) are neither 
(т-complete, nor /и-complete (where m is the dimension of the algebra), but are com
plete for certain joins, meets, m-joins and /и-meets; namely, for those which can be
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4 M. FERENCZI

assigned to quantifiers. Moreover, the forementioned algebras have a property 
similar to the cr-chain condition, i.e. the forementioned (joins) meets (which can be 
assigned to quantifiers) are equal to (joints) meets of their arbitrary denumerable 
original components. So, we can introduce such a concept of measure from which 
we require only гт-continuity instead of ш-continuity and even the ^-continuity is 
only restricted to the foregoing distinguished quantifier operations; for these ope
rations the algebra is complete, anyway. This requirement is consistent with the 
foregoing properties of the algebra. Further, we require the usual finite additivity 
from the measures on the Boolean part of the algebra. These measures will be called 
KU-measures (quantifier measures) and their stronger and weaker variants will be 
defined.

The following fact also underlines the significance of the concept of the KU- 
measure: The denumerable and locally finite-dimensional Lindenbaum algebras are 
separable (see [8]) and atomless. Further, Horn and Tarski have proved the non
existence of cr-additive measures on such Boolean algebras. It is also known, however, 
that a finitely additive measure exists on every Boolean algebra. We shall show the 
existence of KU-measures on cylindric algebras of the forementioned type, moreover, 
it will be shown that the class of these measures is rather rich. Thus the KU-measures 
are between the cr-additive and the finitely additive measures.

The special KU-measures i.e. the KU-measures with prcduct-property and the 
symmetrical KU-measures play similarly important roles among the KU-measures 
as the measures with product-property and the symmetrical measures do among the 
measures, respectively. The product-property is similar to the product-measure 
property. The symmetry-property has the followirg meaning e.g. for cylindric set 
algebra: the measures of the sets are invariant under one to one replacements of all 
the coordinates.

Section 1 contains the prerequisites, the notations and the most important basic 
concepts. In Section 2 we deal with the extension of measures either from a subalgebra 
of a fixed algebra or permitting also the expansion of the underlying algebra. Mean
while we give a short survey on the most important relations among the structures 
used here. Further, we shall examine the problems of extensions in case of important 
classes of measures and that of the construction of a measure. Section 3 deals with 
the transformations of KU-measures by cylindric hcmomorphisms.

1. Concepts
The present paper uses a usual logical language having identity symbol. The 

standard system of deduction is assumed. For the sake of simplicity in the basic 
language we permit neither individual constants nor function symbols. We do not 
restrict the cardinality of individual variables and the predicate symbols in general. 
In the opposite case special notice will be given. We shall also refer to the Lindenbaum 
algebra (for short: L. algebra) corresponding to all formulas of a logical language and 
to a given theory (this latter being given by a consistent set of sentences). We con
sider the L. algebras as special cylindric algebras.

The Boolean reductum of a cylindric algebra s i  will be denoted by s i0. If л / is a
L. algebra we refer to s i0 as Lindenbaum Boolean algebra (for short: LB. algebra). 
We shall use several special subalgebras of the LB. algebra: subalgebra of the closed 
formulas or subalgebra of quantifier-free formulas, to give only some examples. If
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MEASURES ON CYLINDRIC ALGEBRAS 5

we do not assume a theory, i.e. if we merely consider the L. algebra corresponding 
to the language, then we refer to this algebra as basic L. algebra. It is also known 
that for an arbitrary LB. algebra, the subalgebra of the closed formulas is isomorphic 
to a field of sets of models.

We denote in the L. algebra the element corresponding to a formula cp by \q>\. 
If we substitute a free variable by the variable у in the formula tp(x), we shall write 
<p(y) instead of <p(x\y) if misunderstanding is not possible.

The connection between logic and cylindric algebra theory was elaborated in
[0] , [6], [12]. The knowledge of the most important basic concepts of the theory of 
cylindric algebras is assumed (see [6], [7]). Therefore we do not explain the meaning 
of the following notions: cylindric set algebra, cylindric homomorphism, cylindric 
ideal, the dimension set of an element a (its notation is Ad), the substitution operator 
(its notation is S'f). If there is no misunderstanding, S'£ will be replaced by S^. The 
homomorphic image of an element a is denoted by ha if h is the homomorphism. 
Throughout the paper a is an arbitrary but infinite ordinal. The cylindric algebras we 
shall consider will always be implicitly assumed to be of dimension a. By cylindric 
algebra we always mean only a locally finite dimensional cylindric algebra of dimen
sion a. In the text we shall not mention a explicitly as no misunderstanding will be 
possible. The greek letters y, C, i always denote elments of a. Whenever we mention 
the “set of individual variables” we actually mean a. E.g. in §2.1 the sentence “let 
denote the set of individual variables” actually means to say “let X=<x”.

It is known that the infinite-dimensional cylindric algebras are atomless (under 
a slight restriction on the diagonal elements; see [6], p. 235). We assume the knowledge 
of the isomorphism relations between the L. algebras and the infinite-dimensional 
locally finite-dimensional cylindric algebras.

A Boolean algebra is called separable if its basic set has a denumerable subset W, 
such that for every element a, a d 0 in the algebra there exists a w £W  for which 
a>w (see [8]). (Evidently, if the language has countable logical variables, then the 
corresponding L. algebra is separable. Thus, denumerable-dimensional, locally 
finite-dimensional cylindric algebras with countable support are separable as well.)

Further prerequisites are: the concept of the Stone space of a Boolean algebra 
and the topological properties of the Stone space.

By isomorphism we mean the usual notion of isomorphism for finite Boolean 
operations (meets, joins) unless other adjectives are applied.

Throughout this paper by an infinite sequence we mean a countable sequence 
that is a w sequence. Specifically C i,i2> ■•••(„, denotes the sequence (C;: i£n) of 
length w.

By measure we mean a finitely additive, non-negative real function, normalized 
to 1 i.e. finitely additive probability on a Boolean algebra unless other adjectives 
are applied. Requiring er-additivity we shall use the adjective “ff-additive” .

Now we introduce few new concepts:
By a Q-measure defined on a cylindric algebra we mean a measure p defined on 

stf°, having the following property (for short: Q-property): For any sequence 
Ci, C2s Cn> ••• consisting of different ordinals and for any element a the following
relation holds:

(1) /|(3*а) =  su p p i  V Sfra).
n 4 = 1  '
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6 M. FERENCZ1

By a q-measure defined on a cylindric algebra s i  we mean a measure p having 
the following property (for short: q-property): For any element a there exists a 
countable sequence Ci>Í2. ....£„, ... consisting of different ordinals, such that the 
relation (1) holds.

(It can be proved that a measure p on a cylindric algebra is Q measure if only 
if for any element a, such that 3/ й = 1, and for any sequences £x, ...
consisting of different ordinals, the relation

(1*) supjuí V = 1
П M = 1 '

holds. Statement like this one can be made for q measures, as well.)
Throughout this paper from now on we shall write V instead of V and sup

i i£a> n
instead of sup.

п£со
The abovementioned definitions are motivated by the following relation which 

holds in any locally finite dimensional cylindric algebra for any infinite sequence of 
ordinals Ci, (2> • ••• and for any element a 3ya=\J Sfta.

i
It has the following special form in an L. algebra for any formula cp \3x<p\ =

=  у|<рЫ1-
Consequently, a measure p defined on an L. algebra is a ß-measure if for any 

sequence of variables yx, y2, y„, ... consisting of different variables and for any
formula cp the following relation is valid:

n(\lxcp\) = su p p ly  b(Ti)l).

Therefore we can say that like a- or m-mcasures reflect the a- or m-operations of 
the Boolean algebras in a certain sense, the ß-measures introduced above reflect 
the cylindric operations of the cylindric algebras. Though a ^-measure may not be a 
ß-measure, it will be seen that the two concepts are equivalent for important classes 
of measures under slight restrictions.

Now we define the product- and the symmetry-properties of the measure for 
cylindric algebras. A measure defined on a cylindric algebra is said to have the 
product-property if for any pair of elements cl and b, A a /\A b= 0  implies p(aAb) = 
—p(a)p(b). For example, this property means the following for a basic L. algebra: 
If the formulas cp and i// have no common, real free variable, then р(\<рАф\) = 
=р(\(р\)р(\ф\). In a certain sense the product-property corresponds to the concept 
of independence in the theory of probability.

A measure p defined on a cylindric algebra is symmetrical if for any element 
a and for any mapping т defined on the dimension set A a, such that the т-images are 
ordinals and т assings different ordinals to different ordinals, the following relation 
holds:
(2) p(a) = p(Sza)

where Sz denotes that substitution operation which substitutes for the elements in Aa 
their т-images (see [6] p. 236).
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MEASURES ON CYLINDRIC ALGEBRAS 7

The uniqueness of the definition of Sr is implied by the definition of x. The 
meaning of the symmetry-property is that the measure is invariant under the one to 
one replacements of all the ordinals.

2. Constructions of measures

2.1. Extension o f measures
In this section we shall consider L. algebras only, but our statements can easily 

be transmitted to cylindric algebras, since locally finite cylindric algebras are all 
isomorphic to the L. algebras.

Let só be an L. algebra of a theory I  and_of a language S£ having an arbitrary 
individual variable set X  with || SE\\ ~  ||JL||. Let X be the set of the new individual con
stants x which corresponds (one to one) to the set X  of the individual variables. 
Let <£' denote the language expanded by the set X.

Let só denote the LB. algebra corresponding to the language <£' to the closed 
formulas and to the theory 1. It is easy to show that só® is isomorphic to só. Let J f  
denote the subalgebra of só corresponding to the quantifier-free formulas at this 
isomorphism.

Let us denote by J i '  the collection of those models of the foregoing expanded 
language ' for which every element of the universe is the interpretation of a suit
able 3c.

Let us consider the image of só in the model space, models of type <£', and the 
trace of the model space on J i', i.e., the field of the intersections of foregoing model 
sets with J Í . This Boolean algebra will be denoted by sóM. . It is isomorphic to só 
(to the discussion of which we return later). Now we have

Theorem 2.1. Let p be a measure on the Boolean subreductum J r o f the L. algebra 
só corresponding to a countable language and to the theory I  where s i  is the subreductum 
corresponding to the quantifier-free formulas, p can be extended to só as a q-measure 
i f  p is о-additive on the image JfM. o f Ji, where J i  corresponds to sóin só and JiM. 
stands for the image o f J i  in sóM., at the forementioned isomorphism between 
só and sóM. .

We shall give two proofs for the theorem: the first proof will be of formal 
logical character and the second one of algebraic character. We shall return to the 
relation of the two proofs below.

Proof I. Let a closed formula of the form Зхф be in the language 3?'. Then

J t ’ (3 x<p) = (J (x,))

where Л'(ф(х;)) denotes the set of models of J i ' satisfying the sentence q>(xfi 
(Here we made use of the fact that the language has only countable many constants.) 

Relation (3) implies that sóM. is contained in the er-algebra generated by JiM..
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8 M. FERENCZI

Since p is сг-additive on .ÁrJV, it can be extended to the generated cr-algebra and 
also to sájf as сг-additive measure; i.e.,

p{JC (Зхф)) = sup p j.JC (V <p(x,)

Since and we obtain a measure on sd as well.

We have to prowe /c(|3x<p|) =  sup/c^V <?(*;)] where cp is such that every sym
bol x in ф is replaced by the corresponding variable jc.

Since at the foregoing isomorphism <p(x;)j corresponds to V |<p( î)l, |3*<p| 
corresponds to \3xq>\ which completes the proof. Q.E.D.

Corollary. I f  sd is a basic L. algebra, then every measure defined on JCM. is 
a-additive (since JfM. is a perfect field o f sets, see [15] p. 18). Consequently, every mea
sure p defined on JC can be extended to sd as a q-measure.

This latter special case is proved in [4], too, but in a different context. The pro
position, that the intersection of arbitrary nonempty denumerable many sets from 
JCM. equal to the intersection of finitely many components of the original intersection, 
results from the Compactness Theorem of the Logic, as well.

Remark. If we dropped the restriction according to which the language is 
countable, then even this general case could be reduced to the case of Theorem 2.1, 
applying the generalization of the construction of directed union of the model theory.

Before turning to the second proof we recall a few concepts which are of impor
tance also in themselves.

sd is isomorphic to the setalgebra of the clopen sets in the Stone space of its 
i.e. to a set algebra whose universe is the set of the ultrafilters of sd. Because of the 
compactness the isomorphism (to be denoted by / )  transforms any measure defined 
on sd into a cr-additive measure on this setalgebra (see [15] p. 151).

An ultrafilter U of sd is called perfect if for any formula of the form 3x(p with 
\3x(p\£ U there exists a variable ys of the language, such that \(p(yf\ £ U (see [l'j 
p. 196). Let us denote the set of perfect ultrafilters by SP.

Next we consider the subalgebra JC (of quantifier-free formulas) of sd° and a 
measure p defined on it. This algebra is transformed by the isomorphism /  into an 
algebra JC' in the Stone space. The ‘trace’ of JC' on SP, the sets of the form 
{NC\SP\ N(iJC'}, is a set algebra on SC which will be denoted by JCP.

A measure on JC is said to be a^-measure if whenever there exists an isomorphism 
between JC' and JCp the measure transformed by the isomorphism is cr-additive on JCp.

Now we shall prove the following variant of Theorem 2.1. I f  p is a op-measure 
on JC, then it can be extended to sd as a q-measure. (The equivalence of the two 
variants will be discussed below.)

Proof II. Consider the joins V l<P(Ai)l tnsC where cp may be any formula of the
1

language. Since the set of these joins is countable, for any non-zero element a g sJ 
there exists a perfect ultrafilter U containing a (see [1] p. 159).
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MEASURES ON CYLINDRIC ALGEBRAS 9

In turn, this implies that sä0 is isomorphic to säp which is the trace of the image 
of säa on the set of perfect ultrafilters in the Stone space. This isomorphism h has the 
following property:

(4) h l<pOi)l) =  U h(|<p(*i)l)

for every formula of the form 3xcp (see [15] p. 84).
Thus the image of Ж  is jVp at the isomorphism h. Denote by Ж' the cr-setalgebra 

generated by sVp. säp is a subalgebra of Ж'. On the one hand, the former is a subset 
of the basic set of the latter, since each element of sä can be obtained by finite appli
cations of denumerable joins and meets of the elements corresponding to the quanti
fier-free formulas. (Consequently, the А-images can similarly be obtained from the 
images of the quantifier-free formulas, because of the property (4) of the isomor
phism h.) On the other hand the finite Boolean operations of säp and of Ж ' coincide, 
since they are the subalgebras of the same power set algebra.

The measure у transformed by the isomorphism can be extended from Jfp to 
Ж ', because of the ap -property. Thus a measure is obtained on sdp as well and thus, 
a measure exists then on sä too, because of the isomorphism. It is to be proved that 
this latter measure is a ^-measure. But this follows from

fi(\3x(p\) =  a ( v  l < p ( * i ) l )  =  A  ( й  ( v  l < p ( * i ) l ) j  =  H ( G  й ( И * г ) | ) )  =

= sup ^ (u  Mli®(*i)l)J =  su p p ly  l<p(*.)l

where we did not make distinction between the notations of the original measure 
and of the measure transformed by the isomorphism. Here we made use of the con
tinuity of у  on Ж'.

Now we present a proposition on the extension to a Q-measure:
T heorem 2.2. Let sä be an arbitrary L. algebra and let у be a measure on the 

Boolean subreductum uV o f the quantifier-free formulas. Consider the a-setalgebra 
o f the Bor el sets in the Stone space of sä0 and let .Jf’ denote the image o f J ia t the 
canonical isomorphism; then consider the quotient algebra C* of the Borel sets modulo 
of the sets o f the first category and let JCr be the algebra corresponding to J P  in C* 
at the canonical homomorphism. Since J Í"  is isomorphic to jC, we can consider у 
on J f ” as well, and assume that p is a-additive on J f" . Then у can be extended to sä 
as a Q-measure.

Proof. A s is known, C* is a complete Boolean algebra. Considering the natural 
mapping from sä' — where sä' is the image sä' of sä0 in the Stone space — into C* 
mentioned in the theorem we have an isomorphism (not only a homomorphism) 
since in a compact Hausdorff space there is no non-empty open set of first category. 
Moreover, this isomorphism is a complete isomorphism (see [13] p. 118).

At this isomorphism let sä" be the image of sä', J P  be that of J i \  both are 
subalgebras of C*. Since J f"  is a subalgebra of a complete Boolean algebra, thus we
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can speak of a minimal generated ст-algebra with respect to C*, wich contains si"
because of the following property of the L. algebras: |Злг̂ >[ — V (>’_,■)I holds for

1
any infinite sequence of variables yls y2, ..., у„.......

We denoted by p, too, the measure transformed from Л  onto J f" . Similarly 
to the case of the setalgebras, by introducing the outer measure and the measurable 
elements, the measure can be extended to the minimal а-algebra containing Л "  
because p is cr-additive with respect to the Boolean а-operations on JÍ". Thus a measure 
p is obtained on s i  as well.

This extension has the ^-property, since for an arbitrary sequence y x, y2,..., y„,...
the continuity of the measure on s i '  implies /z(| Элгф |) = sup /z (v  \<рШ \  Q-E.d .

Now we turn to the proof of such an extension theorem which requires also 
the expansion of the algebra — differing from our earlier investigation.

Theorem 2.3. Let s i  be an L. algebra corresponding to an arbitrary language 
and to a given theory and let p be a measure on s i °. Expand the language by a set of 
individual variables having the cardinality of the language. Then on the L. algebra 
corresponding to the resulting new language and to the given theory there exists a 
measure which is the extension o f p and which is already a q-measure.

Proof. We prove the theorem for the case of a countable language, but it can 
be generalized by transfinite induction to the non-countable case, too.

Let zlt z2, ..., zn, ... be the newly introduced variables. Consider all the for
mulas of the form Вxcp in the language. Let 3xcpx, 3x(p2, 3x(p3, ... be their enume
ration. Now let us assign such a finite subset F<pl of the new variables to the formula 
3xq>x that no variable occur in F(pl which is free in 3xcp1. Next assign a finite subset 
F(p2 to 3x(p2 in such a way that no variable occur in Fcp2 which is free either in 3x<p2, 
or in 3xcpx, or which occurs in Fcpx. In general, a finite set Fcpj of the newly intro
duced variables is assigned to 3xcpj in such a way that no variable occurs, in Fq> f
which variable occurs in F(pt (i—l, 2 ,_, у — 1) or is free in 3 x(pt ( i= l,  2, ...,_/). This
can be done.

Now consider the formulas of the form 3xcpi-* f  (p(zk) (i= 1,2,...).
:zfc € Е"<Рг}

(In short: 3xcpi-* V <p (a )-) We show that there exists a measure p on the expanded 
F<?(

LB. algebra 38°, which measure is the extension of the original one and 
ju(|n(3*<Pi—V <p(.zk))l)=0 holds for every i. The latter property implies

Fq>j
ju(| V (p(zk)\)^p(\3xq>\). Since the converse inequality is valid in every L. algebra,

FVj
in the ̂ -measure condition (1) the Supremum is attained as a maximum on the sets Fcpt.

For our purpose a homomorphism from 38° is constructed. At this homomor
phism the elements (~|(Зх<рг->- V (P(zk))\ (the elements, to be denoted by bt)

F<Pt
are transformed into 0. For this it is sufficient to consider the ideal J  in 38° generated 
by the elements bt and consider the canonical homomorphism into 33°IJ.

Recalling the definition of the measure the following can be noticed: At the 
foregoing canonical homomorphism the image of si° is isomorphic to ■si(iIJ 3 \s ln, 
since J T \s i0=0 as we shall show.
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Let \х\£УПд?° be arbitrary. Then the notion of the ideal generated by arbi
trary elements implies the existence of finitely many elements bl t ..., bn for which

П
|a |^V ^ i- Hence 

1

(6) T |-a  — V “1 ^3 x<Pi -+ \/ <P(z*)j

is obtained where I  is the prefixed theory. Because of the construction of the sets 
F(pi the variables of F<pn can occur freely only in the subformula V (p(zk) of (6).

f  <Pn
They cannot occur freely in a, either, since \<x\£jd°.

For arbitrary formulas ß and y, if x  does not occur freely in ß, then S\-ß-*y  
implies 1 \-ß-<-\/xy. This implication yields the following result for our case:

Iboc -  \jzkl...\Jzk í v  l (B xq>i^ V <?>(**))) 
where F; =  {zkl...zkJ  i.e.,

T l-a  -  V l(3x<P; -  V (p(zk))V(l3x<p„V4zkl...\/zkn V <?(**))•
1 Fq>l F<p„

It is easy to see that the nth member of this latter disjunction can only be a 
confutation. Executing the detachment, and continuing the process by induction
we get |oc|^0, i.e. |a |=0.

Since /П^а/°=0, is isomorphic to л/°/УГ\л/°, i.e., to a subalgebra of 
ŐS0/J . The isomorphism transforms ц into this subalgebra. According to a known 
theorem, a measure can always be extended from a subalgebra to the whole algebra, 
now to as a finitely additive measure.

The latter measure, as is known, is transformed from to J 10 by the canoni
cal homomorphism. We shall prove that the transformed measure will be the measure 
mentioned in the theorem. Indeed, it is evidently an extension of the original measure, 
the measure of elements bt will be zero, since the image of these elements is 0 for the 
canonical homomorphism. Q.E.D.

The proof of the following theorem follows directly from the preceding proof. 
We shall assume that the cardinality of the language is equal to that of the individual 
variables.

T heorem 2.4. I f  a measure is given on the Boolean subalgebra of the closed for
mulas o f an L. algebra, then it can be extended to the whole L. algebra as a q-mesaure.

This statement can be generalized to the extension from that subalgebra which 
corresponds to the formulas containing only the previously fixed variables x1} ..., x„ 
as free variables. Further, Theorem 2.5 can be sharpened to obtain a g-measure at 
the extension.

2.2. On the relations among foregoing algebras and on special measures
As mentioned earlier now we survey the connection between the L. algebras 

of all the formulas and the LB. algebras of the closed formulas — corresponding to
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the language expanded by the set X  of constants corresponding to the individual 
variables in a one-to-one way (language t£'). We also look over the connection 
between the measures on the foregoing LB. algebras of the closed formulas satisfying 
the condition

(5) n(\3xq>\) =  sup n

and the KU-measures on the L. algebras of all formulas. The two proofs of Theorem 
2.1 already referred implicitly to these connections, therefore we shall refer to the 
notations and concepts of Theorem 2.1 but already not confining ourselves to the 
case of the countable language.

We have the following one-to-one correspondences: The correspondence be
tween the perfect ultrafilters in s i  and the models in J t '.

Further consider an equivalence relation on X  and the collection of those models 
of type which are the models of the given theory and their universe being formed 
by the forementioned equivalence classes, where the equivalence classes are chosen 
in all the possible ways. The correspondence between the collection of these models 
and the models in i t '  is a one to one correspondence too (see [1] p. 197).

A simple logical argument shows that an isomorphism correspondence exists be
tween the LB. algebras s i0 and s i '  as mentioned sbove. It can be proved by the Reader.

One can attach to this isomorphism the trace s ip of the image of si" in the 
Stone space on the set i  of the perfect ultrafilters, i.e. a set algebra with universe 
as well as the trace s iM. of the model set of the theory I  on J t ’.

Taking into account the isomorphism between sip and s iM. we mention that 
in sip the sets of the perfect ultrafilters containing \q>\ correspond to a formula <p and 
in siJr the models belonging to i t '  satisfying cp correspond to it. A perfect ultra
filter generates an equivalence relation on X, thus it generates a model of the assumed 
theory whose universe consists of the equivalence classes. The collection of these 
models, in turn, can be considered to correspond to siM.. Hence s ip =* siJV.

siJV is isomorphic to si, since if a closed formula (p has a model being the model 
of I ,  then it has a model in J t ',  too. Indeed, it occurs only finite number of constants 
in <p, therefore we can choose the interpretation of the remaining constants arbi
trarily. If the model is too large to saturate it with the elements of X, then it can be 
elementarily restricted, according to the Löwenheim-Skolem theorem.

A notice with respect to the isomorphism between s i0 and s iJv is the following: 
\3x(p\= V \ф{у)\ holds in s i, and

У Ч Х

Jt'O xip) =  U J/'((p(y))
у  (Lx

holds in siM,, where X  is the set of all the variables and <p is obtained from (p by 
replacing any free variable у  in cp by the corresponding constant symbol y. As is 
known \^x(p\= V \<р(у)\ holds in s i  even if К  is any expansion of X  by individual

_
variables but i t '  (3xcp)= |J  J?'(<p(y)) is false m general if we are still restricted to

yeK
such models that every element of their universe is an interpretation of a constant 
from X.
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Now considering the connection between the measures satisfying the condition 
(5) on sä and the «/-measures on sä we set out from the forementioned isomorphisms. 
One can see that a former measure yields a latter measure on sä but it may not be 
a Q-measure. Conversely, both q- and Q-measures on sä yield a measure on sä 
satisfying the condition (5).

Now we state the following proposition on the symmetrical measures:
If on the Boolean subalgebra o f the quantifier-free formulas o f an L. algebra a 

symmetrical measure is given which can be extended to sä as a Q-measure, then the 
extension will also be a symmetrical Q-measure.

The proposition can be proved by the Reader by induction on the number of 
blocks of quantifiers in prenex normal form.

The proposition remains valid for «/-measures as well.
The importance of symmetry-property is emphasized by the following proposi

tion. First we introduce a property denoted by d.
Property <5: Let us assume that a ^-measure satisfies the stronger restriction that 

for any element a there exists a sequence in  (2. ... consisting of different
ordinals such that Aa and (1) holds for this sequence.

Next we prove
Theorem 2.5. A symmetrical q-measure defined on a cylindric algebra is a Q-meas

ure if and only i f  Property 5 holds.
Proof. If a measure ц is a Q-measure, then it has Property <5. To prove the 

converse it is sufficient to show that for an arbitrary element a, for an arbitrary 
sequence of variables 1Ъ i2, ..., in, ..., and for the sequence СпСг* ••• the
existence of the latter being guaranteed by our property, for any integer N  there exists 
an integer M  such that

, ( v

|/í ^V S,xkaj= p(3xa) is valid for every n.j

Let M0 be such that i^ M 0 implies ifiAa. Then

/ M 0+ N - 1 \  /  N  \

p{  V Sik* ) = 4 Y ^ J
where ik€.Aa. П

To have this relation consider the element V S£a and that mapping т which
1

assigns ii + M to C,.
On the other hand the following inequality holds:

/<
M „ + N - 1

V
M 0
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This completes the proof.
Remark. As is already mentioned, if sV  is a basic L. algebra then the symmetrical 

measure on jV can always be extended to the whole algebra as a symmetrical measure. 
This observation and Theorem 2.3 provides a possibility for a simple construction 
of ß-measures.

As is known, in a Boolean algebra the elements with measure zero constitute a 
Boolean ideal. We have the following analogous proposition for cylindric algebra 
and ß-measures:

Theorem 2.6. I f  p is a symmetrical Q-measure on a cylindric algebra then the 
elements with measure zero constitute a cylindric ideal.

Theorem like this one can be proved for ^-measures too.
The proofs are left to the reader.
Finally we mention the following property of those ^-measures p which have 

both the symmetry- and the product properties: if a is an element of zero dimension, 
p(a) is either 0 or 1.

Indeed, if an element of zero dimension has a form 3xa> then by the ^-property 
there exists a sequence of variables Си ••• > £„, ••• suchthat ^(V^a) = inf p

is valid. In turn, the product-property implies the following relation: p «J =
П

— П  h(S*,a)- However, p(S^a)= p(Sl-ja) holds for any pair (i,j) because of the 

symmetry. Therefore p Í A S{*ű)=/in(S{*ű) holds, implying our proposition.

3. Transformation of measures

As is mentioned, in this section we shall deal with the transformation of KU- 
measures of several kind by cylindric homomorphisms.

Theorem 3.1. Let s i  and 3d be arbitrary infinite-dimensional locally finite
dimensional cylindric algebras, and let h: sé -+3d be a cylindric homomorphism.

(1) Let p be a Q-measure on 3d. I f  for a and b h(a)=b, then define a real function 
p' on s i  by p'(d) -.= ji(b). Then p' is a Q-measure on sé.

(2) Conversely, let p be a Q-measure on s i . I f  for a and b h(a)=b, then define 
the function p' on 3d by p'(b) :=p(a). I f  p vanishes on the kernel of h, then p' is a 
Q-measure on 3d.

Proof. (1) It is known that p '  will be a measure on s i °  (see [5]). We have only 
to prove the following: for an arbitrary sequence £i> (2> •••>£«, il'(3'/ß) =
= sup p' Squ) holds. We know

p \3xa ) = p(h3xa) and p' ^V aj =  p (fc V 5C|aj  .
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Therefore it is sufficient to prove the corresponding sup-property between the right- 
hand sides of our last two equations. But the property of the cylindric homomorphism

n n
implies h3ya = 3yha\ further, h \/ 5?(a= V  hS^ a holds as well. Further, hSr.a=

1 1
= S^.ha is valid, since Sjt=3x(aAdKi-) holds for the substitution operator Sfi. 
Take into account

fi3X{a/\dxC)  = 3 xh(aM x,)  = 3y(haAd'/X)  = S fha  

where dA. and d'xii are the corresponding diagonal elements. For the validity of the
П П

last relations, see [6]. Therefore yhS^.a—f  S^ha  is valid. Finally, since p is a

0-measure, p(3xa) ~ SUP/^V  true-
(2) First we note that the condition is evidently necessary for p be a measure 

on 23й, since this latter implies p(()) = 0.
If p vanishes on the kernel of h, then the definition p'(b) \=p{a) is correct. 

Indeed, h(a1)=h(a2)=b implies p(a1)=p(a2) as can be proved by a simple calcu
lation. It is also easy to obtain that p' is a measure on 23й. Now it is to be proved that 
p' is a 0-measure, i.e. for an arbitrary sequence , C2 > ... p'(3yb) =
= sup p' [v  holds.

Let a and b be such that h{a)=b. On the one hand now 3yb = 3yha=h3ya is 
true, i.e., by definition, p'{3Xb)=p{3xa). On the other hand

V Sbb = V Srtha =  V hSlta = h \/  Sba
holds, implying

But p is a 0-measure, yielding g(3Zß) =  sup ß S&flJ Q-E-D.

T heorem  3.2. Let sd and 23 be arbitrary, infinite-dimensional, locally finite-dimen
sional cylindric algebras, and let h: sd — 23 be a cylindric homomorphism. Let ß be a 
Q-measure on 23 having the product-property. Then the measure p' defined in (1) o f 
Theorem 3.1 has the product-property as well.

P ro o f . Suppose that ax and a ^sd  are arbitrary elements satisfying 
Аа1ПАа2= 0 .  It is to be proved that p'(a± Aa2)=p'(a,)p'(a2) holds.

Since in a cylindric algebra A hafA a  holds for every element in a, 
Aha1DAha2= 0  is valid, too.

Taking into account p'(a1Aa2)=p(ha1Aha2), p'(a1)=p(ha1), p'(a2)=p(ha2) and 
the product-property of p, we have p'(ha1Aha2)=p'(ha1)p'(ha2). Q.E.D.

R em ark . If a measure p having the product-property were given even on sd 
and it were transformed to 23 as a 0-measure by h, it would not be sure that the
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transformed measure would have the product-property, because Aha1C\Ahai = 0  
does not imply Aa1DAa2— 0 .

T heorem  3.3. I f  the measure p in (1) and (2) o f Theorem 3.1 is assumed to be 
symmetrical too, then p' will be symmetrical as well.

P roof. (1) Let p be a symmetrical g-measure on Si. Let a £si be arbitrary and 
let г be a mapping on Aa, such that it assigns different individual variables to differ
ent individual variables, that is a mapping occurring in the definition of the symmetry- 
property of the measure. Because of the stated property of т one can speak of the 
simultaneous substitution for the elements in Aa the corresponding т-images. Let 
Sz be this simultaneous substitution operator.

It is to be proved that p'(a)=p'(Sza). We have the following relations: p'(a) = 
—p(ha), p '(Sza)—p'(hSza) and hSza= Szha (a relation similar to the last one 
has already been applied for the ordinary substitution operator and for cylindric 
homomorphism).

Since Aha^Aa, т satisfies the condition of the one-to-one correspondence 
restricted to Aha. Relying on the symmetry of the measure p, we obtain p(ha) = 
—p(Szha).

(2) Now we suppose that a g-measure p is given on si, inducing a measure on 
Si like in Theorem 3.1.

Further, let p be symmetrical on si. Let b(^SS be arbitrary. Let т be a mapping 
from Ab into the class of ordinals inducing a one-to-one correspondence. Assume 
h(a) =b for a, then Ab Q Aa. Extend then т to Aa in such a way that it induces also a 
one-to-one correspondence on Aa to get a mapping on Aa occurring in the defini
tion of the symmetrical measure. This extension is evidently possible. Denote the 
newly obtained mapping by z'.

Evidently, Sz,b=Szb holds, therefore it is sufficient to prove the equality 
p'(b)=p'(Szb). Take into account p'(b)=p(a) and p'(Szb)=p(Sza) (resulting 
from Szha=hSza). Since p is symmetrical, for т p(Sta)=p(a) holds. Q.E.D.

C o r o lla r y . I f  p is a symmetrical Q-measure on a cylindric algebra s i , then the 
elements o f measure zero form a cylindric ideal. Furthermore, by Theorem 3.3 the 
canonical homomorphism induces a symmetrical Q-measure on the quotient algebra o f 
s i  modulo the foregoing ideal.

We have to show that p(a) = 0 implies p(3ya)=0. Choose a sequence of 
variables Ci, • ••,£„, ••• not containing any element of Aa. Since p is a g-measure,
/i(3xa) = sup(v  holds. Since p(a) = 0 and Ct^Aa, the symmetry-property

implies p(a)~p(S^a) = 0 for each i. In turn p | y  S?,0 ) = 0 follows for each и,
since the sum of finitely many elements of zero measure is also of zero measure.
Q.E.D.

As is known any cylindric algebra is isomorphic to a quotient algebra of a 
basis L. algebra Si modulo of a suitable cylindric ideal Jf.

Moreover if a measure p is given on Si0 the canonical homomorphism generate 
a measure on iff p vanishes on J.

Acta Mathematica Hungarica 42, 1983



MEASURES ON CYLINDRIC ALGEBRAS 17

Consider the property Q and the dual of condition (1*) for ÓS/J. This dual 
condition induces the following properties on J 1: If \fi x tp fJ ,  then

inf p |<pCyi)l) =  0
hctds.

Let be a basis L. algebra, let p be a measure on fiS, and J  a cylindric ideal 
on it. So the following theorem is true.

T heorem 3.4. The canonical homomorphism generate a Q-measure on fM/jT if  
and only if p vanishes on У and whenever \\! x<p\fJ then for any variable sequences 
y \ , у 2, y„,... consisting of different variables, the relation

inf Я (А l<PO’i)l) =  0
holds.

A proposition like this one can be stated for q measures, as well.
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ON SPECTRAL AND CENTRAL STATES 
OF BANACH ALGEBRAS

D. PETZ (Budapest)

Preliminaries and introduction

By a Banach algebra we always mean a complex complete normed algebra with 
unit. Let s i  be sl Banach algebra. f t  si* is called a state if ||/|1 =/ ( 1) =  1.

P ro po sitio n  1 ([1], p. 111). Let s i  be a Banach algebra and f t  si*. Then the 
following conditions are equivalent:

(\)f(a)tco  Sp (a) (a ts i)
(ii) / ( l )  =  l, \f(d)\^Q(a) (a tsi)
(iii) /  is a state with respect to any algebra norm p equivalent to the given one and 

satisfying /?(1)= 1.
We say that /  is a spectral state if it satisfies conditions (i)—(iii).
Each non-zero multiplicative functional is a spectral state. In fact, by the Kahane— 

Gleason—Zelazko theorem f t s i*  is multiplicative if and only if f(a)tSp(a) for 
every a t s i. The following weakened version of this theorem has been proved recently 
by Kowalski and Slodkowski [6].

P ro po sitio n  2. I f  s i  is a Banach algebra and f:  s i  C satisfies

(i)  /(0 )= 0 ,
(ii) f(a )- f(b ) tS p (a -b ) ,  

then f  is multiplicative and linear.
We shall use the method of Kowalski and Slodkowski and obtain a version of 

Proposition 1 without the assumption on linearity.
The most common spectral state is the normalized trace on the algebra Mn(C) 

of matrices. Wimmer [12] proved that it has the property

(*) Em |t(a")|n =  g(a).

Zemánek [14] proposed the investigation of the property (*). We shall show that 
the canonical trace in a continuous finite factor does not have this property.

A sta te /o f the algebra s i  is said to be central if f(ab—ba) =0 for every a, b ts i.  
The following example is borrowed from [1].

E xa m ple  1. Define the product on C2 by the formula

(oil, «г) (ßi, ß2) = (y-iß2+«2ßi, a2ß2)
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and let ||(а1,а 2)|| =  |аг| +  |а2|. So (0, 1) is a unit and / ( а х, а2)= а 1+ а 2 defines a 
central sta te ./is not spectral, since (1, 0) is nilpotent and /(1 , 0)=1.

Hence there is a central state which is not spectral but any spectral state is 
central.

Propositions ([1], p. 114). Let f i s t *  and suppose

|/(a)| =£ Q(a) (aGO.

Then f  (ab — bd) = 0 for every a, b is t .

where s runs on the invertible elements (see [8]). A characterization of the central 
states in C*-algebras has been given by Gardner [3] with the inquality

Several C*-algebras (for example, the uniformly hyperfinite ones) have exactly 
one central state [10].

Lemma 1. Let s i  be a Banach algebra with a unique spectral state and x: s i —C 
a mapping such that

(al) г is Yl-linear,
(a2) t(A • 1)=A (A<EC),
(a3) \x(a)\^o(a).

Then x is the spectral state of s t .
Proof. Take

Then cpk(ix)=i(pk(x) and cpk is (complex) linear (k = 1,2). Condition (a2) gives 
<j91(l) =  <jff2(l) =  l. Using the R-linearity we get

S

\f(a)\ шЩа\) ((|я| =  (a*a)1/2).

Results

eirx(e~irx) = x(x)~ix(ix) _ i2r x(x) + ix(ix) 
2 +e  2

for r£R. Since
|е'гт(е irx)\ = \x(e~ir x)\ ё  g(e~irx) =  g(x),
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it follows that |ф*(х)|^е(х) (к—1,2). Hence (рг and (p2 are spectral states of s i  
and from unicity (p1=-(p2. This implies ? = <Pi and т is the spectral state of si. 

We shall need some results on differentiation of Lipschitz functions.
Proposition 4 [7]. I f  f:  X —C is a Lipschitz mapping on a separable Banach 

space X  then f  has a real Gateux differential except for some zero set.
Theorem 1. Let x: s i —C be a mapping on a Banach algebra si. Then the con

ditions
(bl) x is spectral state,
(b2) x satisfies conditions (al)—(a3),
(ЬЗ) x(0)=0 and t(a )—T(b)£coSp(a—b)

are related by (b l)—(Ь2)—(b3). Moreover, i f  s i  has at most one spectral state then 
they are equivalent.

Proof. The implication (bl)—(b2) is evident. In order to prove (Ь2)— (b3) we 
note that

со Sp(a) =  П {Vp(a): p£N)
where N  is the set of all algebra norms p with p (\)~  1 and equivalent to the given 
norm (cf. [1], p. 23). Taking p£N  and using the Hahn—Banach theorem, we can 
define an f£ s i*  with the properties f(a )= v (d ) ,f(  1) =  1 and | | / | |p= l  since 
x(A)=A and |x(u)+A|^e(fl+A)^||a+/l||. Hence x(a)£Fp(a) for any p£N.

Now we assume that s i  has at most one spectral state and prove (b3)— (b2). 
We show that x is R-linear, i.e. v(r1a+r2b)=r1t(a)+r2T:(b) ( r^ r^ R , a, b£si). 
Following the line of [6] and dropping down to the subalgebra generated by a and b 
we may assume that s i  is separable. It follows from (b3) that x is a Lipschitz mapping 
and Proposition 4 tells us that x has a real Gateux differential almost everywhere. 
Assume that x has a differential (Dx)x : s i —C at a point x£ si. Then

(От).(a) = lim *(*+"■>-(*>. ecoSp („>.
1—0 r

Hence (Dz)x satisfies conditions (al)—(a3) and by Lemma 1 (Ox)x is the unique 
spectral state x0. So x—x„=constant and x=x0. This completes the proof.

D e f in it io n . Let s i  be a Banach algebra and a1,a 2, ..., an£si. The set

У,(а1г a2, ..., a„) = {(/(^i). /(«a). f(a„))eCn: f  is a state f([at, aff) = 0 (i , j  ^  n)}
will be called the strong joint numerical range of ax,a 2, ..., an. (Here [a, b\ stands 
for ab—ba.)

If s i  has a central state then У5(а1г a2, ..., an) is non-empty for any 
ax,a 2, . . . ,a n£si.

T heorem 2. Let s i  be a Banach algebra, s i  has a central state i f  and only if 
Vs(ai,a2, ...,«„) is nonempty for every finite subset {a1,a 2, ..., a„} o f s i .

P r o o f . If Vt (alt a2, ..., an)?* 0  then

Hiflx, a2, . . . ,a n) =  { /  is a state: f([a„ Oj]) = 0 (i,jtsn)}
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is a non-void convex compact set in the state space. /£  0H (a1, a2, ..., a„) is a 
central state if {al t a2, ..., a„) runs over the finite subsets of s i.

We remark that Vs(a, b) is non-void if [a, b] is not invertible. By an old result 
of Wintner [13] l$C[a, b\. If [a, b] is not invertible then ||Я[й, b]+1|| ^  l and 
\\1+ц[а, Z>][| ^  |A| (A,/í£C). Taking f(Á+p[a, b])—Я and using the Hahn—Banach 
theorem, we obtain a state /  with f([a, A])=0.

Theorem 3. Let s í  be a von Neumann algebra. Then s i  is finite i f  and only if  the 
strong joint numerical range of any four elements is non-empty.

Proof. If s i  is finite then it has a trace (i.e. a central state) and 
so Vs(au a2, . . . ,a n) ^ 0  for any {al5 a2, ...,a„}c:si.

On the other hand, if s i  is properly infinite, then there is a projection p such 
that — p (cf. [11], p. 48). It follows that there are u, v£si satisfying

p = u*u, 1 —p = v*v, uu* — 1 and vv* — 1.
So 1 —[u, u*]+[u, n*] and we have obtained that Vs(u, u*, v, v*) = 0 .

H. K. Wimmer showed that the normalized trace r on a full matrix algebra 
M n (C) satisfies

1
(*) fim |т(а")|л =  £>(а)

П-*- оо

for every а£Мп(С) and Р. D. Johnson proved that т is the only state having pro
perty (*) (see [12] and [5]).

Theorem 4. Let s i  be a finite von Neumann algebra with trivial centre (i.e. a 
factor). Then the canonical trace satisfies (*) i f  and only if s i  is finite dimensional.

Proof. If s i  is an infinite dimensional finite factor then it contains the hiper- 
finite type Hi factor 2Я. Hence it is sufficient to find a unitary u^Sft such that т(пп) =0 
for every n£N. (Here т stands for the canonical trace.) We may realise PA as a cross- 
product of L°°(Т, X) and Z. Let T  be the unit circle and Я the Lebesgue measure. 
So L°°(T, Я) is a commutative von Neumann algebra and Z can act on L°°(T, Я) by 
irrational rotation. By Lemma 5.2.3 in [9] the cross-product is the hiperfinite factor. 
Any non-zero element of Z produces a unitary in the cross-product algebra.

J. Zemánek [14] proposed to investigate states with property (*) on Banach 
algebras. The previous theorem tells us that a spectral state may not satisfy condi
tion (*). The existence of a state with (*) is not obvious even on commutative Banach 
algebras.

Theorem 5. I f  s i  is a commutative separable Banach algebra then it possesses a 
state with property (*).

Proof. Under the conditions the maximal ideal space is metrizable and hence 
there is a countable family {<p;: z‘£N} of multiplicative states such that {<р,(й): z£N} 
is dense in Sp (a) for every a ^si.

Let (dn) be a sequence of positive numbers such that 2 d n= \ and 2

2  dn <  exp (—к • 8*).
n=k +1
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We define a state by the formula

т(а)=  2 d nq>n(a) (a GO-
71 =  1

In order to prove (*), suppose that s> 0  and 7V0gN are given. We may assume that 
g(a) =  l and г< —. Now (p„(a) = g„ exp (ian) where 0 ^ g B̂ l  and 0 ё а „ < 2 n. 
Choose N ^ N  such that

2  d„ >  у  £ (fi) where E(ß)= 2  dn-
ín=*f 1-«

Take an Ni >Nü,N 1 such that
k_

С2Г(е)(1—e)2 —exp(—к) >  (1—fi)*1
for k> N 2. (Here C is a constant.) By Dirichlet’s theorem ([4]) there is an IdN 
such that

710 S. lN2an < — mod 2л for n ^  N2

and l ^ S N2. Taking k = lN2 we have the following estimates:

|т(а*)| =  \Zdn(pn(a)k\ S

2  dn(pn(a)k 2  dn(pn (a)k
n=N2 + l Tl<N 2

2  dn S
/i = N2 + 1

JL i.
Sr C £ (e )(l-e )2 — exp(—N28n*) ^  CJ?(e)(l-e)* -ex p (-fc ) a  (l-e)G

The proof is complete.
Finally we remark that a general Banach algebra is poor in spectral states. 

More precisely, if we assume that
n(a) =  sup {|r(a)|: т is a spectral state)

for every adsJ then it follows the subadditivity of the spectral radius and by [15], 
•aZ/Rad s i  is commutative.
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Added in proof (June 25, 1982). Z. Slodkowski kindly informed me about the 
following example. Let s i  be the disc algebra and let cpdsi* be defined by <p(/) =
=/(0)+-^-/'(0). This <p is R-linear and (p(f)dco Sp/. The example shows that (b3)
does not imply (bl) in Theorem 1.
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LAKUNÄRE INTERPOLATION 
MIT SPLINE-FUNKTIONEN
DIE FÄLLE (0, 2, 3) UND (0, 2, 4)

J. GYŐRVÁRI (Veszprém)

1. Einleitung

R. S. Mishra und К. K. Mathur konstruierten in [1] die Funktionen Rn(x)£ 
und S„ (x) £ Rj*\, für die

R„(x)€C2[0;l]

Rn(xгг) = f(x 2Í) (i =  0, 1, 2, , m)
K q)(hi) = / (,)(^ )  (i =  0, 1, 2, ..., m —1; q = 0,2, 3)

R'n (x0) = f  (x0) ; R'n (x2m) = f '( x 2m)
ferner

5„W €C2[0; 1]

Sn (x2i) = f ( x M) (i =  0,1, 2,..., m)

(í2i) -  /< « (t2í) (i =  1, 2, ... m - 1) (q =  0, 2, 4)

Äl(*o) ~  /  C*o)> Sn(X2n) = f  (X2m)
WO

X; =  (i =  0, 2, 4, ..., 2m);

2 1t2i = x2i+ - j h  (i =  0, 1, 2, . . . ,  m -1); h = —
bedeuten und

/(x„), / ( X 2), . . . /(x 2m), /<«(/„), / № ( 0 , ...,

/ (,)(t2m-a) (<7 =  0, 2, 3,4), / '(X 0), / '( x 2m) gegeben sind.

Von ihnen wurden folgende Sätze bewiesen: Es sei /£ С 5[0, 1]. Dann gelten

l l « x ) - / (i)(x)IL ^  293m<-5w6(^ - )  +  4m«-5||/<5)|L г ) (q = 0,1, 2, 3, 4)

ll-S^>(x)-/<«>(x)|L ^  2245m,_5ca5 (-y +  4m«-6||/<s)|U (q = 0, 1, 2, 3, 4)

In dieser Arbeit konstruieren wir die lakunären Spline-Funktionen SA (x) g C[0, 1] 
und Gá(x)£C[0; 1], weichein jedem Interwall aus Polinomen fünften oder sechsten
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26 J . GYÖRVÁRl

Grades bestehen und folgende Bedingungen erfüllen:

(1 1 a) Sk(xk) = f ( x k) =  yk (k = 0, 1, 2, . . . ,m - l )

(l.l.b ) $£«>(**) =/<«(**) =  J#» (<7 = 2, 3, k = 0, 1, 2, ... , m - 1)

(1 • 1 -c) Sm _ i (xm) =  / ( x J  =  >>m

(l.l.d) S&Li(*J =  f W (* J  = y<?> (q = 2, 3)

(1.2.a) Sk(xk+i) =  «S'*:+x(лгдс+1 ) =  f ( x k+1 ) — yk+i (к =  0, 1, 2, . . . ,  m —2)

( 1 . 2 . b )  S P  (xk+1) =  S & ( x * + 1 )  =  fM(xk+1)  -  y f ä  ( q  =  2 ,  3 ,

к — 0, 1, 2 ,..., m —2)

(1.3) s;(x0) = / ' ( x 0) -  7Í, ^;_i(xm) =  / ' ( x j  =  y'm.

(2-l.a) Gk(xk) = f ( x k) = yk (к = 0, 1, 2, . . . ,m - l )

(2.1.b) (?<«>(xk) =/<*>(**) =  ^  (9 = 2, 4, /с =  0, 1, 2, . . . ,  m -1 )

(2-1 .C) Gm-i ( x j  =  / ( x j  =  >-m

(2.l.d) =  f (q)(x j  -  (Я = 2, 4)

(2.2.a) Gk(xk + 1) =  Gk+1(xk+i) = /Хх*+1) — Л +i (^ — 0, 1, 2, . . . ,  m —2)

(2.2.b) G ^(xt+1) =  G&tak + i) = f w (xk+1) = У(кЬ  (q = 2, 4,

к = 0, 1, 2, ..., m —2)

(2.3) G'(x„) - / '( x 0) =  G i- i ix J  -  f ( x m) = К ,

А: 1wobei xk=— (k = 0, 1, 2 ,..., m), h= — bedeuten und / (g)(*0)>/(9)(*i)> • ••
...,/<«>(xm) (q=0, 2, 3, 4), f '( x 0) , f ' ( x m) vorgegebene Werte sind.

Mit den Spline-Funktionen approximieren wir die Funktion /£ C 5[0 ;1] und 
ihre Ableitungen bis zum 5. Grad (in [1] steht q = 0, 1, 2, 3, 4) und geben bessere 
Abschätzungen als die in [1] angegebenen.

2. Existenz und Unizität

Satz 2.1. Es sei
a) (0, 2, 3)-Interpolation

SAx): =
S0(x),
Sk (x), 
Gm-i(x),

wenn
wenn
wenn

Xo = x = Xl
xk ^ x i S x k+1 (k = 1, 2, . . . ,  m —2)
xm-i  S  x xm
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LAKUNÄRE INTERPOLATION MIT SPLINE-FUNKTIONEN 27

WO

S0{x) = JE0 +  ?<> (* ~  *o) +  ̂  (* -  *o)2+ ~  *o)8+ ßo, 4 (* “  *o)4+

+  a 0,5 (x -  x0f  +  a 0,e O -* o )6>

Sk(x) = yk + aktl(x — Xk) + -^ -(x  — Xk)2 + -^r-(x — Xk)3 + akfi(x — Xk f + ak,b(x~ Xk)&,

v" v'"
Sm-i(x) = ym- 1+am̂ lt l( x - x m̂ 1) + ̂ Y !~ ( x - x m. iy  + ̂ ~ ( x - x m. 1)3 +

+ am- i , i ( x - x m- 1)i + am- i>!i( x - x m- 1)!i + am- 1'(i( x - x m- 1),i.
Dann sind die Koeffizienten des Polynoms durch die Bedingungen 1.1, 1.2 und 1.3 ein
deutig bestimmt.

Beweis. Aus den Bedingungen 1.2.a und 1.2.b bekommen wir für k = 0: 

a0,i+ a 0 sh+ a0' 6h2 =  - j p { y i - у 0-y!>h— ^г-й 3},

12u0>4 +  20a0i 5/i +  30a0,6/i2 =  - L { y " - y ' ' - y " h } ,

24a0,4 +  60a0, 5h + 120a0, e h2 =  j { y ? - y ? } ,  

und dieses Gleichungssystem ergibt

üo,4 —

ao,5 —

^ { y i - y 0- y ó h - ^ h 2- l f h 3} - ^ W - y " 0-y ? h }  + 

- ^ { y i - y o ~ y 'o h - ^ h 2- l f h j  + - ± r {y"1-y Z -y Z h } .

12/j {уТ-У о},

20h2 y ° ^

a o,e =  - ^ { у г - У о - У о Ь - ^ - к 2- ^ ^ } - - ^ { y l - y ' ó -УдЬ} + - ± ^ { у ? - у ? } .

Für k = \ ,  2, , m — 2 erhält man aus denselben Bedingungen das Gleichungs
system

ak, 1  + f l k ,  4  f r 3 + ak, 5  й 4  = ^ { y k + i - y k- ^ - h 2- ^ - h 3Y  

12^,4 +  2 0 ^ 4 /!  =  ± { y " +1- y " - y - h } ,

24a)c,4 +  60at , 6/i =  j { y k+1- y k },
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und hieraus die Werte

ak,1 = l { y k+1- y k- ^ ^ - ^ h j - ^ h { y ' i:+1- y ' ' - y : h }  + ̂ h ^ +1- y n ,  

“ь.* = 4J 2 К +1- Л '- Л я'А } -1^ Г0 ’Г+1-Л " ’}. 

в*.. = -  w  W +i - J Í - jO } +  ш * { У м -У ? } -

Die Bedingungen 1.1.с, 1.3 und 1.1.d führen zum Gleichungssystem

am- i.i+ am -i,ih3 + am- 1,shi + am-i,i h5 = i - | y m- y m_1- i ^ i h 2_ iV - i  йз | ;

v»
am- 1,1 + 4am. liih3 + 5am_lt5hi + 6am̂ eh5 = y ^ - y ^ ^ h - ^ j ^ - h 2, 

12um- 1,4+20am_li6ft +  30am_1>eh2 =

24am_lj4 +  60am_ 1>5li +  120am_ lj6h2 =  - j C - i } ,

wodurch endlich

e - i .1  =  4 { ^ - J m- i - ^ Ä 2- i % i Ä3} - { ^ - ^ - 1h - ^ f 2 - h 2} +

- 2 ^  w * } + w r - j c - i),

ű m - i ,5  =  - J f  Й2 - - ^ - 2 - / г 3| -

~ Y {y 'm - y i - i h - h j + ^ { y ' '  - y l _  1 - M ^  V Z - y Z - x ) ,  

7 w - Ä - i - y r - i M + i ^ w - Ä - i }10h4
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bestimmt werden. 

S a t z  2.2. Es sei
(b) (0, 2, 4)-Interpolation

wo

(G0(x) wenn X0 S  X ^  Xx
Ga (x) :=  1 (л) wenn Xk = X xk + 1 (к =  1, 2, .. .,  m — 2)

wenn xm- i ^ X ^ x m,

G0(x):= у 0 + У о ( х - * o ) + 4 ( x - x 0y  + b0'3(x
v<4)v A3 1 З'о

o) +  24 ( x - x 0)4 +

+ Ь0,&( х - х 0)5+Ь0'в( х - х 0)6,

V  v£4)Gk (x) = у k+bk' г(х - x k) + ~ - ( x - x kY + bkt3( x - x k)3+ (л: -  xkf  + bk^ ( x - x kf ,

Gm-iW =  ym-i + bm- i , i ( x - x m- 1) + ? ? j ± ( x - x m- 1)2 +

V(4) ,+ bm-i, 3( х - х т- 1)3+ - ! ^ - ( х - х т„1У + Ьт- 1'5( х - х т- 1)5 + Ьт- 1'в( х - х т- 1)*.

Dann sind die Koeffizienten des Polynoms durch die Bedingungen 2.1, 2.2 und 2.3 
eindeutig bestimmt.

B ew eis . Auf demselben Wege, wie bei der Interpolation (0, 2, 3), bekommen
wir:

ь„ ..=

Ь°-* =

-  18)i‘ {rf-yS2~h‘} + 1080)1* t
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Ьк’5 120/1 ^ 4+>1 ^ 4) ’̂

и = _____L ív  -v  J&-1 L. У т - l  ,.«] ,
Р щ - 1,3 2^3  ^ m - l  2  "  2 4  ”  J  +

4 L í j , ' _ y "  / j_ Z íL z i^ 4 __Z_ í v " — y" Z íL z i/Д  4-- L  fv (1) — V(4) 1
3A*F* Ут 6 J 1 8 й г м 2 ' j + 108*Jm

A ”  —— í v  — V Ут- l  U2 yín-1 I Д  
”iti-l,5 5̂ jĴ n У т  —1 2   ̂ 24  ̂J

----L ( y ' _ y "  /i  y "'~1 /г4н — l v " —v" Ут'—! ь2|  1 f i.(4) y(4) 1b4 J'm-i" ^ 3/i3 l / m ^m_1 2 ” /  72/j *̂ m

b = ___ L í v  _ v  у*- 1 fi3 у™-1 iA  I® m -l ,6  2 ^ 6  . f m - l  2  ”  2 4  “  J

-I— L - I y '—y" h — y'n~1 /i3l ___L_{v" _ v" —ZÍlL -/,2} 1 _ L _ / v(4)_ vw \~  3h5 l m •'m_1 6 ” J 9/j4 Jm-1 2 “ J +  135/j2 l-̂ ni -fm-l/-

3. Probleme der Konvergenz

Wir werden die folgenden Sätze beweisen:
Satz 3.1. Es sei /£ C 5[0,1], und SA(x) sei die vorher konstruierte Spline- 

Funktion. Dann gelten

L/W (*)-SÍ>(x)| ^  Kco&(h)h5~q {q = 0,1, 2, 3, 4, 5) 
wo

К =52, wenn x£[x0,
K =  3, wenn xÄ + 1] (к = 1, 2, ..., m — 2)
К =142, wenn x€[xm_ i , x j  

W/2iZ Cü5(/l) = Ü)(/l,/<5>) — sup | / (5)(x) - / (5)(Ai)|.
| * - * , | S *
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Satz 3.2. Es sei f  6 C5[0, 1], und GA(x) sei die vorher konstruierte Spline-Funk
tion. Dann gelten

If w (x ) -G P  (x)| ^  KlCo ,(h W -“ (q =  0, 1, 2, 3, 4, 5)
wo

Kx =  10, wenn x6[x0, *d>

Kx =  1, wenn x£[xk, xt+1] (iк =  1, 2, . . . ,  m — 2)

Kx = 21,4, wenn x€[xm_i, x j

und co5(h) = ca(/i,/(5>) =  sup | / (5,( x ) - / (5)(xi)|.
ix-X,[SÄ

B ew eis des Satzes 3.1. Es sei xk^ x s x k+1 (k=  1,2, 2). Dann be
kommen wir

| / ( 5 > ( x ) - S < 54 * ) l  =  |/< 8> ( * ) - 120a*,B| -

/ (5) М +1- л ' - W + i - т П

Wir können die nachstehenden Taylor-Formeln aufschreiben, die sich aus der 
Bedingung /£ С 5[0; 1] ergeben:

/ ' ( * )  =  f "(**) + Г  (xk) (x- xk) + ( x - x ky +

+  — g—  ( * - **)3 (*k <  Zk <  *),

. r  ( x ) = / w ( ^ ) + / (4 )f e ) ( x - x t ) + ^ ^ - ( j c - x t ) 2 ( x *  <  <  X ).

Bei x = x k+1 ergibt das

y l +i - y Z - y ? h  = ^ h 4 ^ - ^ h * ,

y?+i- y ?  = y P h + £ - ^ - h \

und durch Anwendung dieser Gleichungen folgt

|/<5>(x)-S<5>(x)| =  | / (5)(x) + 2 /(5)(£*) — 3 /(5)(i/k)I s  3co5(/i).

Essei g(x) := /<3)(x) — Sjf>(x). Laut der Bedingung 1.1b haben wir g(xk)=g(xk+1) = 0 
und so existiert nach dem Satz von Rolle ein ek, mit

g' (ßk) =  / (4) (£k) -  S (k4) (sk) =  0 und xk <  ek <  xk+!.
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Somit ist:

r w - s í 4)WI = /  { /(5)( 0 - ^ i 5)(0}dí S

= 3co&(h)h,f  \ f V ( t ) - S l * m d t  ^  f  3wa{h) dt
ck Ek

und wegen f w (xk) — Sl3)(xk) = 0 folgt daraus

|/<3>(x)-S<3>(x)| S  

Ähnlich ergibt sich:

! / " ( * ) - З Д 1  ==

f  \ f ^ ( t ) - s p ( t ) \ d t
xk

f  \ fm (t)-Sk (t)\dt

3co&(h)h2. 

S  3co5(h)h3.

Es sei jetzt h(x) := f( x )  — Sk(x).
Laut der Bedingung 1.1a sind h(xk)=h(xk+1) = 0, und hier ergibt der Satz 

von Rolle die Existenz eines ök, mit

h, (Sk) = f '( ö k) - S k(ök) = 0 und

f  \f"{t)-S ';(f)\dt
К

f  \ f ( t ) - S k(t)\dt

So erhalten wir

| / ' ( * ) - № ) !
und schließlich

\ f ( x ) - S k(x)\ =S 

Für x0^ x ^ x 1 gelten

|/<5>(*)-S<5>(x)| S  | / (6)(x) — 120ao>51 +  720|a0>6[й =

^ 3  ш5(й)й4 

^ 3<в6(й)й5.

,  / , В ( З Д  J . 1 1 2 0 - 4 i ^ 4 )
+  1 2 0  h J 5 Й 3 l  2 +

+w  k * + » 4 1+™  IЖ  +т г  "1  -

^  l / (5)(*) + 6 / (5) (90) + 9 / (5) Ы - 16/<5>(£0)| + 6 |2 /<5) (90) + 4 / (6) (Чо)- 6/<6>(f0)| s  

= 16ojä(/i) + 36co5(/i) =  52co5(h), 

und genau so erhält man auch die übrigen Abschätzungen.
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im Falle xm_1S x ^ x m haben wir endlich
l / (6)(*)-S<?>.iOc)| ^ | / (5)(x) — 120am_lj5| + 720|am_1>e|h -

+ ̂ { y L - y 'm- i ~ y : - 1h - ^ - h j - 1^ { y " m-y"m. 1- y : _ 1h} +

+
1

10/i3

720 ГЙ»,

{yZ-yZ-i}l S 720 1 ^ 2 , , 4 , /<5)(9т-г)
hb 24 ЛЧ- 120

+

720 f
+ ~ F ~ r

h2 F" " 1

lt3+ / (5)(vm-x)
24 /i4 240 J Ä  L2 , / (5)(^ - ! )

/l6} +

h + 2}h2 +720Й __2_ iy.
he { 24

/i2 +  -

" - 1 k4 +  ^ (-т?Г~- И  +120 I
+ ^ 3  {^ 4IiA+ /(5)(^'"~i) A2}1 = |/<5>(x)- 6/<5>(Зи_0 +  3 0 /(5)(vm_ ,) -

— 40 /(5) (^m _ i) +15 /(5) (i/m - 1)| + 1 —12/(5) (5m _ i) + 60/(5) (vm _ i) — 84/(5) (£m _ i) + 
+ 36/<5)(/?m_1)| S  46(o&(h) + 96co5(h) = 142©6(й),

und die übrigen Abschätzungen können wiederum auf dieselbe weise gewonnen 
werden.

Der Beweis des Satzes 3.2 kann nach dem Muster des Satzes 3.1 geführt werden. 
Hier möchte ich Herrn Prof. Dr. J. Balázs meinen Dank für das Thema und 

für seine wertvolle Hilfe aussprechen.
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ON STRONG CONVERGENCE 
OF TRIGONOMETRIC AND FOURIER SERIES

N . TANOVlC-MILLER (Sarajevo)1

The purpose of this paper is to introduce a study of strong convergence of 
Fourier series and present first results in this area.

Although the concept of strong C, summability originated in connection with 
Fourier senes and a notion of strong convergence developed with the first exten
sion of this concept to Cesäro transformations Cx of order a >0, the latter notion 
was never considered in Fourier analysis. The fact that strong convergence lies be
tween absolute and ordinary convergence — the two types ot convergence in regard 
to which Fourier series have been thoroughly investigated — leads to many inte
resting questions about the streng convergence of Fourier series. These questions 
open a whole new area that can be almost as rich and intriguing as the absolute 
and ordinary convergence of Fourier series are.

Deriving necessary conditions in order that a trigonometric series is strongly 
convergent on a set of positive measure or on a set ot second category we obtain 
analogues of the classical results on the absolute convergence ot trigonometric 
series, due to Denjoy and Lusin. From this and the well known theorems on strong 
C1 summability of Fourier series, we deduce necessary and sufficient conditions 
in order that a Fourier series is strongly convergent — almost everywhere or uni
formly. Next, we prove several results concerning the streng convergence of Fou
rier series of continuous functions. Among these, there is a simple characterization 
of functions of bounded variation whose Fourier series are uniformly strongly con
vergent and a generalization of Paley’s theorem on the ordinary convergence of 
Fourier series with nonnegative coefficients. It can be seen already from these first 
results that the strong convergence of Fouriers series bears some of the properties 
of both absolute and ordinary convergence.

1. Notation, definitions and preliminaries

A real or complex valued sequence (sk) is strcngly Cx summable to a limit t, 
with index A>0, and we write sk~+t [QE, if

( 1.1)
1 n

«гг Л k - ' l A =  o(i).

1 The work on this paper was partially supported by the Research Council of S. R. Bosna 
and Hercegovina.
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36 N. TANOVIC-MILLER

If A and В are two convergence (summability) methods we shall write A=>B 
if sk-»t В whenever sk-*t A. If sk-~t in the ordinary sense we shall also write sk-»t I, 
where /  denotes the identity transformation on the set of all real or complex valued 
sequences.

The following properties of the strong C, summability can be easily established 
applying Holder’s inequality (for a more general statement see Theorem 1 in [7]):

Thus for А ё1, strong Cj. summability of index Я is a natural generalization 
of Cj summability. This was first considered by Hardy and Littlewood in 1913, 
in connection with summability of Fourier series (see [1]). Much later, in 1952, Hyslop 
[3] extended this concept to Cesäro transformations Ca of order a, a>0. Since 
then, strong summability methods associated with other matrix transformations 
were considered by various authors (see [6] and [7] and the references cited there). 
Introducing a concept of strong Ca summability of order a> 0 . Hyslop in [3] has 
also defined strong C0 summability of index л >  0, that is a strong summability me
thod associated with the identity transformation I=C0, called the strong conver
gence of index A.

A real or complex valued sequence (sk) is strongly convergent to a limit t with 
index A>0, and we write sk-+t [1]л, if

The following simple statements can be easily verified (see also Corollary 2 of Theo
rem 1 in [7] and Corollary 2 of Theorem 5 in [6]):

Statement (vi) shows that for А ё  1, the above definition of strong convergence of 
index A, is equivalent to the definition introduced by Hyslop in [3]. This definition 
is, however, more practical than Hyslop’s in relation to a general concept of strong 
summability, discussed in [7]. From (iii), (v) and Minkowski’s inequality we obtain:

(vii) For А ё 1, sk-*t [/]я if and only if (1.3) and sk — t [C ^ .
A real or complex valued sequence (sk) is absolutely convergent to a limit t, 

with index A>0, and we write sk-»t \I\X, if sk-+t and

(i) [Ci]x=>[Cili for A>ju>0,
(ii) for Аё 1,

(iii) for any index A=~0.

( 1.2) — г г  2  l ( k + i ) ( s * - 0 - f c ( s * - i - 0 l A =  0 ( 1 ) .B-l-l k=0

(Ív) [Ла=*[Лд for A > / I > 0 ,
(v) [I]x=>I for Аё1,
(vi) For Аё1, sk->-t [/]; if and only if sk — t and

(1.3)

(1.4) 2  kX 1kft—s*_ilA <
fc =  l
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If A = 1 then (1.4) implies that sk-+t for some t. In the case A>1, (1.4) does not 
imply that sk->-t; e.g. sfc = ln In k-~°°, but

k = l к (In k y
'  CO .

The following simple statement is also contained in Corollary 2 of Theorems 1 
and 2 in [7]:

(viü) 1Лл=>[Лл=^ for A sl.
The absolute and strong convergence of index X =  1 will be called simply the 

absolute and strong convergence and denoted by |/ | and [/], respectively.
It is useful to remark that if the above convergence methods are applied to 

sequences of real or complex valued functions, then the corresponding statements
(i) through (viii) hold for the appropriate pointwise or uniform convergence on a 
subset of the real line, whichever the case may be.

For р ь  1 let Lp denote the set of all real or complex valued 2n:-periodic func-
\ V p

tions /  such that || / 1| is finite, the integral being taken over any
interval of length 2k . Let C, BV and AC denote the sets of all real or complex valued 
27c-periodic functions that are continuous, of bounded variation and absolutely 
continuous, respectively.

For /6-L1 let s f  denote the Fourier series of / ;  s„f, n= 0, 1,2, ..., the и-th 
partial sum of s f \ f f  (и) and f f  (и), и=0, 1, 2, ..., the cosine and sine Fourier coef
ficients of/, respectively.

For f(iL p, рш  1 and a point x we shall write

(1.5) 1 [ f(x + u) + f(x -  и)]- f i x ) du.

We recall that, by a theorem due to Lebesgue, for almost all x, Ф*,р(0 — o(t) as 
i —0+.

In Section 2 we will refer to the following extensions of the Fejér—Lebesgue 
theorem:

Theorem A. (i) I f  fd L 1 and A>0 then snf-+ f [C,]A almost everywhere.
(ii) I f  f£ L p, p>  1 and 2>0 then s„f (x) —/ (x) [Q]; at every point x  at which 

<PX'P(t) = o(t).
(iii) I f  f£ C  and A>0 then snf-* f  [Cj]A uniformly.
Statements (ii) and (iii) are due to Hardy and Littlewood (see p. 490 in [1] or p. 

182, Yol II, in [8]). Statement (i) was proved by Marcinkiewicz and Zygmund (see 
p. 493 in [1] or p. 184, Vol II, in [8]). The latter is a much more difficult result, for 
it is no longer necessarily true that 5„/(x)-*/(x) [CA]A at every point x at which 
Ф*,Р(0 =о(1).
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2. General trigonometric and Fourier series

The following statement is an analogue of the well known Denjoy—Lusin theo
rem (see p. 232, Vol. I, in [8]).

Theorem 1. Let A s l .  I f  a trigonometric series

(2.1) aJ2+ 2  (ak cos kx+ bk sin kx)
k = 1

is [/]A convergent for x  belonging to a set A o f positive measure, then

(2.2) —j-r 2  \kak\x = o(l) and —J -  2  \kbk\x =  o(l)n + t k = l n + l k = 1

that is kak-~0 [CJ; and kbk-~0 [Cj]A.
Proof. If  (2.1) is [/]A convergent on a set A, m (A)> 0, where m denotes the 

Lebesgue measure, then by (vii) it follows that

1 "(2.3) ----- - 2  k*\akcos kx+ bks'm kx\x =  o(l)л +  l * = 1

for x  belonging to A. By Egoroff’s theorem there is a set В a  A, m(B)>  0 on which
(2.3) holds uniformly. Therefore, writing Qk cos (kx+ xk)=ak cos kx+ bk sin kx, 
where £?*=(ßf+6 |)1/2 we have

(2.4) lim —i-p  2  кхвк f  \cos(kx+xk)\xdx — 0.n~<*> n + 1 t = x в

Since 1 ^ д ^ 2 j  for some integer j, it follows that

J |cos (kx+ xk)\xdx ^  J\cos(kx+ xk)\2Jdx — 
в в

=  - j  J (i+ co s2 (kx+ xk)ydx  ^ -^ jm (B )+ 4 j f  cos2(kx+xk)dx.

But f  cos2(kx+ xk) dx—0 by the theorem of Riemann—Lebesgue, and therefore 
в

for sufficiently large к

f  |cos (/cx +  Xfc)|*dx >  —j+Y m(B). 
в 1

Consequently from (2.4) it follows that

which clearly implies (2.2).

lim
П-*-оо

1
7 Г + т Л kxei — 0
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Our next result is the category counterpart of Theorem 1 and an analogue 
of the corresponding theorem for absolutely convergent trigonometric series due to 
Lusin (see p. 752 in [1] or p. 233, Vol I, in [8]). The proof is, however, slightly more 
involved.

Theorem 2. Let A ^l. I f  a trigonometric series (2.1) is [7]я convergent on a 
set o f second category, then (2.2) holds.

P roof. Suppose that (2.1) is [7]я convergent on a set A of second category. Let

1 "c„(x) = ------ 2  kx\akcos kx+ bk sin kx\x
n +  1 k=1

and let E={x: cr„(x)—0}. Then statement (vii) implies AczE. Clearly a„ is con
tinuous for each n and therefore {x: <x„(x)sl//} is closed for each pair of integers 
i and n. Let Eim—{x: <x„(x)si// for «>/?;}, then Eim is closed as the intersection 
of closed sets. Moreover, clearly

E =  П Ü Etm.
i =  1 m =  1

Now for each i, 1J Eim is of second category, for otherwise E and therefore A
m =  l

would be subsets of a set of first category which is impossible by the assumption on A. 
Consequently, for each i there is an integer mt such that Eimt contains an interval 7,. 
Hence, for each i there is an integer mt and an interval 7; such that

(2.5) —j-j- 2  kl Qk f  |cos (kx+ xk)\xd x — f  on(x)dx ^  -̂<7(7.)
n  +  r  * = 1  J I 1‘l

for all n ^ m t, where d(f) is the length of I, and where (ok) and (xk) are sequences 
as in the proof of Theorem 1. Moreover, just as in the proof of Theorem 1, 1 sA s2 j  
for some integer j  implies that

J  |cos (kx + xk)\*dx S  JcosZJ(kx + xk)dx S
J, Л

- ^ j d ( Ii)+-Íj f  cos2(kx+xk)dx 
h

so that there is an integer kt such that

J\cos(kx+ xk)\xdx >  ~xj+id(ID for all к S  k,.

Consequently from (2.5) and the last inequality we have 

1 " 2J+1
-----Г 2  kxei ■*= —:— for all n '■= max (mi, kt).n +  1 k=k, i
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Choosing л ^ т а х  (mb kfi and such that

k,-i
Z  V e i

1

« i+ 1 *=i

we conclude that for each i there is an integer nt depending on i, such that

- ^ т 2 ^ < ( l +  2-'+1) 4  for all п £ п , .  
и + 1 t=1 t

Consequently (2.2) holds.
T heorem 3. Let 2 s l .
(i) I f  fd L 1 then snf-+ f [/]я almost everywhere if  and only i f  its Fourier coeffi

cients satisfy (2.2), that is

(2-6) —J-r 1  Ikffi (fc)|* =  o(l) and —j -  Z  Ifc/; W!A = o( 1).и + l k = l n + 1 fc = i

(ii) I f  f£ L p, p>  1, then snf( x ) -* f  (x) [I]xat every point x  at which <Pxp(t) = o{t) 
i f  and only i f  its Fourier coefficients satisfy (2.6).

(iii) I f  /£  C then snf —f[ I ] i  uniformly i f  and only i f  its Fourier coefficients 
satisfy (2.6).

Proof. The necessity part of each statement is clearly implied by Theorem 1. 
Conversely, if the Fourier coefficients satisfy (2.6) then (2.3) holds uniformly for 
all x, with ak= f f  (k) and bk= f f  (k). The respective converse implications then 
follow from (vii) and statements (i), (ii) and (iii), of Theorem A.

R emark. Fourier series with coefficients satisfying (2.6) for 2=1 were consi
dered before, in regard to ordinary convergence (see for example Theorem 1 on p. 177 
in [1]). This was only natural in view of the Fejér—Lebesgue theorem and the fact

1 "that s j - a nf  are majorized by ——- Z  k \ \ f f { k)\ + \ f f  (Zc)|], where <7„/is the/?-thn+ l k=1
Cesäro partial sum of sf.

The following corollary clearly includes the above mentioned result and it is 
a simple consequence of statement (v) and Theorem 3.

Corollary 1. Let 2^1 . I f  JfiL1 and its Fourier coefficients satisfy (2.6) 
then snf - f  almost everywhere. I f  f£ C  and its Fourier coefficients satisfy (2.6) 
then s„f—f  uniformly.

Our next application of Theorem 3 is a generalization of Fatou’s theorem (see 
p. 178 in [1]):

Corollary 2. I f  for a trigonometric series (2.1) the coefficients satisfy

(2.7) an — o(l/n) and b„ = o(l/n)
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then (2.1) is [/]я convergent almost everywhere, for any 2^1 . I f  furthermore (2.1) 
is the Fourier series o f a continuous function then it is uniformly [/]я convergent, for 
any 2 s l .

Proof. If (2.7) holds then clearly °° so that (2.1) is a Fourier series.
Moreover (2.7) implies (2.6) for any 2^1  and the conclusions follow from Theo
rem 3.

3. Fourier series of continuous functions

Let s i  be the set of all fd C  whose Fourier series converges absolutely. Then 
clearly s i  is the set of all sums of everywhere absolutely convergent trigonometric 
series or equivalently the set of all sums of trigonometric series with 2  la*l ̂  00 and 
2  |**|<°°- Let °ll be the set of all f£ C  whose Fourier series converges uniformly. 
Then °U is the set of all sums of uniformly convergent trigonometric series. Let i f  
be the set of all /€ C  whose Fourier series is uniformly strongly convergent.

Theorem 4. (i) i f  is the set of all sums of uniformly strongly convergent trigono
metric series or equivalently, the set o f all /£  C whose Fourier coefficients satisfy
(2.6) for 2=1.

(ii) s i  c  i f  properly.
Proof, (i) If /  is the sum of a uniformly strongly convergent trigonometric 

series (2.1), then by (v), (2.1) is uniformly convergent, /€ C  and (2.1) is the Fourier 
series of /  so that f i_ i f . Conversely, if f i i f  then again clearly /  is the sum of its 
uniformly strongly convergent Fourier series. The second equivalent statement is 
just an application of (iii) in Theorem 3.

(ii) The inclusion is clear by (viii). It remains to be shown that these inclusions
OO p

are both proper. To see that s if^ if, consider the series 2  s'n where s*|0,

which is clearly uniformly convergent. Taking (ek) so that 2 t = 00 anc* / (x) =
* = i  к

= 2 1 T  sin kx  it follows that f$ s i ,  while by Theorem 3 clearly f^ i f .  Thus s i^ f i f .
k = 1 A

We now show that i f  Let 

(3.1) ±fl0/2+ 2  i ( a*cos kx+bk sin kx)
k = 1

be a series obtained from (2.1) by changing the signs of the terms of the latter series 
in an arbitrary way. Taking ak=bk = l/k  for k=  1, 2, ..., it is clear that (2.2) does 
not hold for any choice of the signs in (3.1), so that by Theorem 1, (3.1) does not 
converge strongly on any set of positive measure. However, since for any e>0

Z ( a l  + hi) (In kffi+■ =  2 2  i  (In кУ +£ -=*=1 к = 1  К

by a result due to Zygmund and Paley, almost all series (3.1) converge uniformly 
(see pp. 214 and 219, Vol I, in [8]), and are therefore the Fourier series of conti
nuous functions. Consequently i f
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Remark. By Theorem 2, the last example shows that there are continuous 
functions whose Fourier series converge uniformly, but are not strongly convergent 
on any set of second category, even of measure zero.

The following statement gives a new meaning to a classical result of Wiener 
about functions of bounded variation.

T heorem 5. I f  f£ B V  then s„f—f  [I] uniformly i f  and only i f  feC .
Proof. If fe B V  and s„f-*f [/] uniformly then clearly snf - * f  uniformly and 

f íC .  Conversely, if f£ B V  and f t C  then by Wiener’s theorem (p. 205 in [1]),

— k -  2 ( f c + i ) [ / ; 2( k ) + / ; w /2 -  о « .
И +  1 k = 0

Consequently (2.6) holds for 2=1 and snf —f  [/] uniformly by statement (iii) of 
Theorem 3.

Corollary 1. BVfCczZ/’.

Remark 1. Corollary 1 should be compared with a well known theorem of 
Zygmund: if / '£B V П2„ for some a> 0 , then s„f-~f |/| that is fd.stf, where 2„ 
denotes the Lipschitz class of order a and where the second condition is not super
fluous (see p. 241, Vol I, in [8]). The simple example

(3.2) f{x) = 2 ! 1 ■■ * ■; sin kx*=* к log к

given in [8], shows that BV ПС ф л/.
Corollary 2. ACczSf.
Proof. This is a trivial consequence of Corollary 1, but it can be established 

directly from statement (iii) of Theorem 3. Namely, iffe_AC then |D ff (k)\ = \kfc~ (2) 
and ID ff  (2)| =  Ik f f  (k)\ so that (2.6) holds for 2=  1, by Riemann—Lebesgue theorem.

R emark 2. Corollary 2 should be compared with the corresponding theorem 
of Zygmund: if f£ A C  and Df£Lp for some p>  1, then snf-+ f |I|, that is f£sd. 
Again the second condition is not superfluous, for the above example (3.2) shows 
that ACf-sd.

Theorem 6. (i) I f  fd C  is even and f f ( k ) ^ 0, 2=0, 1, ..., then snf-* f  [/] 
uniformly, that is fekf-

(ii) I f  f z C  is odd and f f ( k ) ^ 0, 2 = 1,2, ..., then £„-*•/[/] uniformly, that is
f e y .

Proof, (i) This is a simple consequence of the fact that under the above assump
tions s„f-»f [I] (cf. Theorem 1, p. 277 in [1]), and statement (viii).

(ii) By statement (iii) of Theorem 3 it suffices to show that

1 " —— у
И + 1 = 12 / /  (2) = n(l).
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We use the same argument as in (3) 7.2.2 [2]. Namely, if a„f denotes the n-th Cesäro 
partial sum of s f  then clearly by Fejér—Lebesgue theorem, er„/—/  uniformly, so 
that /(D) =  0 and ап(л/п)^0. But clearly

кл 
2 n

1 1
2~n+ 1 2 k f - s (k)

k = 1

and the conclusion follows since а2п(л/2п) — o(l).
R emark 1. As the example given by (3.2) shows, the conclusion in statement 

(ii) can not be substituted by snf-* f  |/|.
Our next result extends a well known theorem of Paley (see p. 277 in [1]). It is 

another example of those types of statements about ordinary convergence that can 
be carried over to strong, but not to absolute convergence.

T heorem 7. I f  f ^ C  and the Fourier coefficients of f  are nonnegative, then 
snf ^ f  [/] uniformly, that is f^SF.

Proof. This is a trivial consequence of Theorem 6. Let g and h be given by

g(x) =  [ /(* )+ /( -x)]/2 and h(x) = [ f(x ) - f( -x ) \ /2 .

Then f —g+h and g and h satisfy the assumptions of (i) and (ii) of Theorem 6, 
respectively. Thus sng-*g [/] uniformly and s„h-+h [/] uniformly, so that sn(g+h)-~ 
-*g + h [/] uniformly, that is f£SF.

In conclusion we remark that while Theorems 1 through 3 show an obvious 
analogy between strong and absolute convergence of trigonometric and Fourier 
series, Theorems 5 through 7 point to a similarity with ordinary convergence in a 
sence that some of the properties of Fourier series valid for ordinary convergence 
extend to strong convergence.
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DOMAINS

K. GYŐRY (Debrecen)

1. Introduction

In the present paper we give an effective procedure for solving Thue equations 
and norm form, discriminant form and index form equations in integral domains 
of finite type over Z. We shall also establish a relative formulation of our result. 
Our theorems provide a common generalization of several well-known effective results, 
obtained over number fields and function fields.

Let К be an algebraic number field, and R the ring of integers of К (or, more 
generally, a subring of К finitely generated over the ring Z of rational integers). 
Let F(Xx,.. . ,  Xm) be a form of degree greater than m with coefficients in K, and 
suppose that F is decomposable (i.e. that it factorizes into linear factors over some 
finite extension of K). Let ß be a non-zero element of K, and consider the solutions 
x1; ..., xm in R of the equation
(1) F(x1, . . . , x m) = ß .

The equations of this type are of basic importance in the theory of diophantine 
equations and its applications. The most important cases are when F is a binary 
form, a norm form, a discriminant form or an index form.* There is an extensive lite
rature of Thue equations (when m ~ 2 in (1)) and of norm form, discriminant 
form and index form equations. (For references see e.g. [28], [37], [59], [9], [36], 
[5], [48], [53], [4], [62], [55], [19] and §§ 2.3 to 2.5 of the present paper.) 
Most of the results concerning equations of this type are finiteness theorems, stating 
the finiteness of the number of solutions. Many of them are effective, i.e. provide 
effective bounds for the height of all the solutions. The first general effective estimate 
for the solutions of Thue equations were established in Baker’s famous papers [2], 
[3]. Baker’s theorem was later improved and generalized respectively among others 
by Coates [6], [7], Feldman [11], Sprindzuk [60], [61], [63], Stark [64], Kotov [29], 
Kotov and Sprindzuk [32], Győry and Papp [27] and Győry [18]. In case of discri
minant form, index form and norm form equations in an arbitrary number of un
knowns, Győry [15], [18], [19], [20], [21], [23], Győry and Papp [25], [26], [27], Trelina 
[68] and Kotov [30], [31] obtained general and effective finiteness theorems.

Osgood [42], [43] and Schmidt [50], [51], [52] gave effective bounds for the height 
of the solutions of Thue equations considered over function fields of one variable.

* Added in proof (July 29, 1983). A further important case is when F is  a form of discrimi
nant type, i.e . F(X lt ... , X,„)= П  (X i—Xj)2. Some results of [24] (concerning polynomials of

1
given discriminant) can be deduced (with weaker estimates) from our Theorem 1 by applying it to 
equations of discriminant type.
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It follows from a general theorem of Lang [33], [34] that if in (1) m = 2 and К 
and R are of finite type over Q and Z respectively, then (1) (under the usual assump
tions concerning Thue equations) has only finitely many solutions in R. In [22] we 
obtained general but ineffective finiteness theorems on norm form, discriminant form 
and index form equations in this more general situation. We showed that under 
certain conditions made on the linear factors of I7, (1) has only finitely many solu
tions in any given integral domain R finitely generated over Z.

In this paper we make effective, in a certain sense, the results of [22] and the above- 
quoted consequence of Lang’s theorem [33], [34]. We prove that if K, R, ß and the 
coefficients of the linear factors of F are effectively given in the sense defined in §2.1, 
then we can effectively give a suitable extension ring R' of R such that all solutions 
of (1) in R' can be effectively determined. We shall obtain effective results in the rela
tive case as well (when К  is of finite type over a field к of characteristic 0 and I? is a 
finitely generated algebra over k).

The theorems of the present paper are formulated and proved in a quantitative 
form. Apart from the form of the bounds, the above-mentioned effective finiteness 
theorems (obtained in the number field case) are special cases or consequences of 
our results. Further, our Theorems 1 and 2 generalize (with other estimates) some 
earlier effective results, concerning Thue equations defined over function fields.

Our main result is Theorem 1. The other results will be deduced from this theo
rem. In the relative case, Theorem 1 will be proved by combining a strong effective 
theorem of Schmidt [51] (concerning Thue equations defined over function fields) 
with our method used in [16] and [21] (see also [17], [19] and [22]). Then, in the abso
lute case, our result obtained in the relative case together with sufficiently many 
suitable specializations of R' into number fields will enable us to reduce the proof of 
Theorem 1 to its proof in the number field case. Finally, the application of our 
results [23] established in case of number fields will complete the proof of Theorem 1. 
We remark that the results of [23] have been proved by using Baker’s powerful 
method and our graph method (see [23], [21] and [17]).

2. Results

§ 2.1. Notations and preliminary remarks on the effectiveness 
of the results

Let к be the ring Z of rational integers (absolute case) or a field of characteristic 
0 (relative case). Let K0 be a field finitely generated over the quotient field1 k' of k, 
R an integral domain finitely generated over k, and К a finitely generated extension 
field of k', containing K0 and R. Then we can write

(2.1) K0 = k '( z i , ..., zso, y0)

where zx, . . . ,z Jo is a transcendence basis of K0 over k' and y0 is integral over 
k[zx, ..., z j .  Such a set of generators zx, . . . ,z So,y 0 will be called a generating set

1 In other words, k '—Q  or k '= k  according as k = Z  or к is a field.
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over A:'. Further, we have
(2.2)

and
(2.3)

R = k[yl9 ...,y t]

К = fc'(zl5 ..., zs, y),
where zx, ..., zs (i^Ä0) is a transcendence basis of К over к', у  is integral over the 
polynomial ring k[zx, ..., zs] (i.e. zl5 ..., zs, у  is a generating set of К over k') and 
Ух, ..., у, are algebraic over A'(zl5 ..., zs). We may suppose without loss of gene
rality that AT is a normal extension of k '(z lt ..., zs). Let f ( X )  = X ö+f1X i ~1 + ...+ fs 
be the minimal polynomial of у  over A'(z1; ..., zs). Since k[zx, ..., zs] is integrally 
closed, all / ,  lie in k[zx, . . . ,z s].

To avoid confusion, we adopt the notation of Schmidt [52] and denote hence
forth the total degree in zlt ..., zs of an element P of A[z1; ..., zs] by capitalized 
Deg P.

Any element a of A has a unique representation (up to the unit factors of k) 
in the form

(2.4) a = Ро + РхУ+.-. + Р^-хУ*-1
Q

S = [AT: k'(zx, ..., zs)],

where P0, ..., Ps-x and Q are relatively prime polynomials from k\zx, ..., zs]. We 
define the Degree of a as

Deg a =  max (Deg P0, ..., Deg Pt -x, Deg Q}. 
It is easy to see by induction that
(2.5) Deg (oq-1-...+аг) ^  Deg ax+ ... + Deg ar 
and
(2.6) Deg (oq ... аг) á  D eg a i+ .-.+ D eg ^  + i r - l ) ^ - ! )  max Deg/j

for any &x, ...,ccr£K. Further, in the absolute case the length2 of a will be defined as 
L(a) -  max {L(P0), ..., L(P}_x), HQ)}

where L(P) denotes the length of the polynomial P£Z[zl5 ..., zs] (i.e. the sum of 
the absolute values of the coefficients of P). It is clear that Deg a and L(a) are uni
quely determined by the generating set zl5 ..., z„ у of K.

In §§ 2.2, 2.3 and 2.4 we shall derive bounds for the Degree of all the solutions 
in R of equations of the type (1). Further, in the absolute case bounds will be estab
lished for the length of the solutions as well. Since in case k = Z there are only fini
tely many elements in К  with bounded Degree and bounded length, our estimates 
(in the absolute case) will imply the finiteness of the number of solutions.

Our bounds are given explicitly in terms of each parameter. These bounds 
depend of course on the choice of the generating set zx,.. . ,  zs, у  of К and on уг, ..., yt. 
However, if the generators of a finitely generated ring or field are given in some 
way, it is in general a hard problem3 to determine the transcendence degree and a

2 We note that in the special case when К  is an algebraic number field, this concept is different 
from the usual concept of length (cf. [67]).

3 We can mention e.g. the field Q(e+ir) whose transcendence degree over Q is not known.
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generating set. Hence our estimates and results will be effective only if AT0, R and К  
are effectively given over к in the following sense: K0, R and К  are given in the form 
(2.1), (2.2) and (2.3) respectively, and

in the absolute case the degree <5 as well as the coefficients f x, ... , f 0C_Z[zL, , zs] 
o f/ (2f) are given,4 and y0, yx, ■■■,}’, are given in the form (2.4);

in the relative case bounds are given for <5, max Deg/;, Deg y 0 and the Degreesl^i^ő
of the denominators of yx, ..., y t in their representations of the form (2.4).

When K0, R and К are effectively given in the above sense, in the absolute 
case an element a of К will be said to be effectively given (resp. effectively deter
minable) in the form (2.4) if a is given in the form (2.4) (resp. if there is an algo
rithm to give a in the form (2.4). Further, in the relative case we shall say that an 
a.£K is effectively bounded if we have an effective upper bound for Deg a.

We note that if a and ß£K  are effectively given (resp. effectively bounded), 
so are ot±ß, <x-ß and ct/ß (/MO).

We make now some remarks on the absolute case. Suppose that K0, R and К  
are effectively given.

R emark 1. If a £K  is effectively given, its characteristic polynomial relative 
to К/Q(zl5 ..., zs) can be effectively determined by the theorem on symmetric func
tions. Thus the defining polynomial5 6 of a over Z [zx, ..., zs] can also be effectively 
determined by using Kronecker’s factorization algorithm (cf. [45]). Conversely, if 
we are given a polynomial P(X) with relatively prime coefficients from Z[zx, ..., zs], 
then we can effectively decide whether P(X) has a zero in К  and all a £K with 
P(oi)= 0 can be effectively given. To verify this we may suppose that deg P divides <5. 
Consider the polynomial F(2f) =  (aj'1Í>(2f))á/desP where a0 denotes the leading 
coefficient of P. We look for a in the form
(2.7) a =  а'0 + а[у+...+а',_1у й- 1
with a'0, ..., a'g_1̂ Q (z1, ..., zs). Clearly, P(oc)=0 with some a'0, ..., a'0_1£ 
€Q(z,, . . . ,  zs) if and only if .F(a) =  0, when F(X) is the characteristic polynomial 
of oc. We can determine (see e.g. [5], p. 403) the elements of a dual basis co1, ..., cog 
of the basis 1, y, ..., ys~x in the form (2.7) (and so we can determine the characteris
tic polynomial of coj for all j). Then we have

a) =  T r(otcoj), / = 1 ,  ..., 5.
Let y(1), . . . ,y (á) denote the conjugates of у  over Q(zt , ... ,z s), and, for any yf_K, 
let y(1), ..., y<<5) be the corresponding field conjugates of y. The characteristic poly
nomial of оi(Oj divides the polynomial gj(X) = [J (Х-а^со*-1)) in the polynomial

i, l
ring Q(zl5 ..., zs)[X], where in gj the product is taken over all field conjugates of a 
and coj. Hence a) can take only finitely many values from Q(z1; ..., zs) and all these

4 In the absolute case an element P  o f Z [zi5 .. . ,  zs\ is considered to be given if the degree and 
coefficients o f P, as a polynomial in z x, . . . ,  zs , are actually known. Further, an a£K  is said to be
given in the form (2.4) if P0, . . . ,  Ps _ x and Q are given in the representation o f the form (2.4) o f a.

6 We recall that if a is of degree v over k'(zx, . . . ,  zs) then its defining polynomial P (X ) over 
k [z l t ..., z j  is a polynomial of degree v with P (a)=0  and with coprime coefficients in k[zx, . . . ,  z,]. 
This polynomial P  is unique up to the non-zero factors belonging to k.
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can be determined. Finally, considering the polynomial

h(X) = n (X -(ú + a lyU >  + ...+ aí_l (y U y -1))

for all possible values of a'0, ..., a^-i and comparing its coefficients with those of 
F(X), we can decide if P(a) =  0 with some a£A, and we can determine a'0, a's_i 
in the representation of the form (2.7) of all ad К  for which P(a)=0.

R em ark  2. If the elements als ..., am of К  are algebraic over K0 and are effec
tively given then we can effectively decide if they are linearly independent over K0 
or not. Further, all conjugates of a1; . . . ,a m over K0 can be effectively given 
in view of Remark 1. In particular, we can effectively determine the degree of 
*„(«!, •••, О  over K0.

In our above arguments (applied in the absolute case) we tacitly used the fact 
that if К is effectively given over Q then it is computable. (For a general theory of 
computable algebras and fields we refer to the work [44] of Rabin. Further basic 
constructions can be found e.g. in Seidenberg [54].) We have a similar situation in the 
relative case if in particular к  is computable (when the cardinality of к is obviously 
countably infinite). Namely, when К is given in the form (2.3) then it is also com
putable. Further, if in addition к has a splitting algorithm (i.e. if there exists an 
effective procedure for determining the product decomposition into prime factors 
of any polynomial Pdk[X]; cf. [44]) then the above definitions, remarks and argu
ments concerning the absolute case can be used in this situation as well. A necessary 
and sufficient condition for the existence of a splitting algorithm in a computable 
field has been given in [44].

In general the elements of R cannot be represented in a manageable form. To 
avoid this difficulty, we shall consider the solutions of (1) in the extension ring

R' = к Z i ,  . . . , z s , —, у

of R where adk[z1, ...,z s] denotes the product of the denominators of yx, ..., y, 
in their representations of the form (2.4). The ring R' consists of those elements of К 
whose denominator in (2.4) is divisible only by irreducible factors of a. It is clear 
that if R and К  are effectively given then a can be effectively given (resp. effectively 
bounded). Further, if k = Z or if к is a computable field with a splitting algorithm, 
then all irreducible factors of a can be effectively determined. In this case we can 
effectively decide, for any effectively given otdK, whether я dR' or not.

We mention three important special cases when K0, R and К  are effectively given.
E xam ple 1. If we are given the algebraic number fields K0QK  and a finite 

set S  of valuations® of К (with value group Z), then K0, К and the ring R of S- 
integers of К can be regarded effectively given in the above sense. (For an effective 
theory of algebraic number fields we refer the reader to the books [5], [73] and 
[67].)

6 We adopt the terminology of Zariski and Samuel [72] and Borevich and Shafarevich [5]. 
We recall that an element a of К  is said to be ^-integral if  c(a)äO for all v S.

4 Acta Mathematica Hungarica 42, 1983



50 К. GYŐRY

Example 2. Let к be the ring of rational integers (resp. a field of characteristic 
0), R= k[Zx, ..., Z s] the polynomial ring over к  in Z u  ..., Z s, K0 its quotient field 
and K=K0(y) with an integral element у  over R. If the minimal polynomial of 
у  over K0 (resp. an upper bound for the maximum degree of the coefficients of this 
polynomial) is known, then K0, R and К are effectively given over k.

Example 3. Let k = Z, K0 an algebraic number field and у  an algebraic 
integer for which K0QQ(y). Let R be as in Example 2 and K=Q (Zt , ..., Zs, y). 
Then K0, R and К can be regarded effectively given.

It is obvious that in Examples 2 and 3 the a defined above is equal to 1 and 
/?' =  /? [у]. If in Example 1 К  is given by the minimal polynomial / (X) of a primitive 
integral element of K, then a can be effectively determined in terms of /  and the 
rational primes associated with the valuations belonging to S.

Finally, we shall say that the discussed equations (1), (2.10), (2.14), (2.15) and 
(2.17) are effectively given if K0,R , K, ß and the coefficients of the linear factors of 
the decomposable form under consideration are effectively given (resp. effectively 
bounded). If this is the case, our estimates obtained for the solutions are effective. 
Further, in the absolute case they enable one, at least in principle, to determine all 
the solutions in R'. As to the solutions in R, they can be found among the solutions in 
R' only if the elements of R have a well-utilizable representation. If for example R 
has a subring of the form R0 = Z[Z1, ..., Z s, l/b] with some given b^.Z[Z1, . . . ,Z S] 
over which R is itegral and R, as and /?„-module, admits a finite basis with effec
tively given elements, then all solutions in R can be effectively found. We note that 
in particular the polynomial rings over Z, the rings of integers of algebraic number 
fields and, more generally, all S'-orders of a number field possess the above pro
perty.

§ 2.2. Statement of Theorem 1

Let k, k \  R, /fand R' be as in §2.1. Let F(X) = F(Xlt ..., Хт)еК[Хг, . . . ,X m] 
be a form of degree 3 in m £2  variables, and suppose that F is decomposable 
into linear factors over K. Let

F(X) =  /x(X )... /„(X)

be a fixed factorization of F into linear factors over K. Assume that the coefficients 
of /j, ...,/„ have Degrees^A and, when k  =  Z, have lengths^st. Suppose that 
the system of linear forms /t , ..., /„ has rank m over К (which implies m ^n)  
and that i f  can be divided into pairwise disjoint subsystems j£?x, ..., k h such that 
each SFj (l = j^h )  is connected (i.e. J2) consists of at least two linear forms and for 
any distinct i, i' with /,-, there is a sequence /f= /(l, ..., liv=lt, in SCj such
that, for each и with 1 S hS d-  1, liu, /iu+1 have a linear combination with non-zero 
coefficients in К  which belongs to J2); for this concept see e.g. [21] and [22].7) Further, 
suppose that there exists a q (1 ^ q ^ m )  with the property that, for each j  with

7 It is easy to see that if m =  2 then every system Jif containing at least three pairwise non
proportional linear forms satisfies these conditions with h=1.
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1 S j^ h ,  Xq can be expressed as a linear combination with coefficients in К of the 
linear forms belonging to ify.8

Let f (X )= X s+ f1X s~1+ ...+ fd and a be defined as in §2.1. Suppose 
max Degf s D  and, in the absolute case, max L ( /;)S  J5". When k  = Z, r (SO)

i i
will denote the number of distinct rational prime factors of a, and P the greatest 
of these prime factors (with the convention that P and log P= I if r =  0). Further, 
SP will signify the maximum length of the non-constant irreducible factors of a in 
the polynomial ring Z[zx, ..., zs] (with 0>=\ if Z).

Let ß be a non-zero element of К with Deg ß ^ B  and, in the case k = Z, 
L(ß)^d3.

Theorem 1. Under the above assumptions, all solutions (x1# ..., xm)dR'm of 
the equation (1) with xq^ 0  satisfy
(2.8) max Degxf ^  1200s{m+ l)!(n(<5 +  1)!)2(Л + 2?+Z> + Degű+ 1) =  jQ  

and, when k — Z,

(2.9) max L(x;) S  expí((ső+l)C1)1+s(á+1)!(rá!+7)((sá+1)ĉ • (m n f ■

• ((25 (r +  2) (<5 !)2)WJT2<5)5 !(rá! +  7)p i ! ( l o g  p ) r i ! +  9 ( l  +  „  [0 g  (#/<%<?))} 

with the C1 occurring in (2.8).
As we remarked in § 2.1, if R, K, ß and the coefficients of lx, ...,/„ are effectively 

given (resp. effectively bounded), then our estimates (2.8) and (2.9) are effective. 
Furthermore, from our theorem follows that in the case k = Z the number of so
lutions is finite and, substituting every x=(xlt ..., xm)zR ,m (xq^ 0 )  satisfying
(2.8) and (2.9) into (1), all solutions can be effectively found. In particular, all 
xx, ..., xmCZ[zls . . . ,z s] (xq^0) satisfying (1) can be determined.

We note that in the relative case we cannot assert the finiteness of the number 
of solutions, because (1) may have infinitely many solutions in k. This is the case 
e.g. when к is algebraically closed and ß and the coefficients of the /; lie in k.

It is easy to see (cf. the remark following Theorem 4) that (1) may have infinitely 
many solutions with x?=0.

When k = Z, the finiteness of the number of solutions of (1) with xq^ 0  (under 
the hypotheses9 of Theorem 1) was proved in [22], Theorem 3. Our Theorem 1 in the 
absolute case is an effective version of Theorem 3 of [22].

In the special case when К is an algebraic number field and R the ring of S- 
integers of К (with a finite set S of valuations of K), the main result of [23] gives an 
explicit bound for the height of all the solutions (with xq 0) of (1) in R (cf. Lemma 6 
of the present paper). Apart from the form of the estimates, our Theorem 1 is a 
generalization of this result of [23] and Theorem 1 of [25].

8 When h = \ ,  the other hypotheses imply this condition for each q. So, in case h =  1 the
restriction can be omitted from Theorem 1.

9 The hypotheses of our Theorem 1 concerning the linear factors of F are slightly different 
from those o f Theorem 3 o f [22] and Theorem 1 o f [21], but it is easily seen that these assumptions 
in the three theorems in question are equivalent.
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§ 2.3. Bounds for the solutions of Thue equations

Our Theorem 1 has several applications. In this section we present some of its 
consequences concerning Thue equations.

Let k, R, К and R' be as in §§ 2.1 and 2.2. Consider the binary form
F(X i, T2) = (сх1ЛX L +  a12T2) ... (x.niX L +  a„2T2)

where the coefficients of the linear factors are elements of К  with Degrees si A and, 
in the case k = Z, with lengths ̂ ja/. Suppose that among the linear factors of F 
there are at least three pairwise non-proportional. Let ß be a non-zero element of К 
with DegreeШВ and, in the absolute case, with L(ß)^ijß. Consider the solutions 
Xj, x2 of the Thue equation
(2.10) F(xl , x2) -  ß 
in R'.

As a simple consequence of Theorem 1 we get the following
T heorem  2. All solutions x1( x2 o f  (2.10) in R' satisfy (2.8) and, in case к = Z,

(2.9) with the choice m =  2.
In the absolute case Theorem 2 implies that (2.10) has only finitely many solu

tions in R' and these can be effectively determined, provided that (2.10) is effectively 
given. In particular, all solutions xls x2£Z[z1 ;..., zs] of (2.10) can be found. We 
note that the finiteness of the number of solutions of (2.10) follows from a general 
but ineffective theorem of Lang [33], [34], i.e. from a generalized version of Siegel’s 
theorem [57] concerning integral points of curves of genus S i. Furthermore, Lang 
also gave a relative formulation of his result.

In the number field case (when К  is an algebraic number field) the first general 
effective estimate for the integral solutions of (2.10) was obtained by Baker [2], [3]. 
Later, effective bounds have been established for the ^-integral solutions of (2.10) 
(where S' is a finite set of valuations of K). (Essentially Coates [6], [7] and Kotov 
[29]; see also Sprindzuk [60], Kotov and Sprindzuk [32], Győry [23] and the references 
given there.) Our Corollary 2.1 below implies these results with another estimate.

Let К  be an algebraic number field of degree ő over Q, and у a primitive integral 
element of К with height10 H (y)^H . Suppose that the discriminant of у  has r prime 
factors whose maximum is Q. Let F(X1, X2) be as above, and suppose that au and 
ß are elements of К  with heights not exceeding Ж . Let S  be a finite set of valuations 
of К  with cardinality t, and P the maximum of the rational primes corresponding 
to the valuations induced on Q by the elements of S  (with the convention that P 
and log -P = 1 if t =  0).

C o ro llary  2.1. Under the above hypotheses, all solutions of (2.10.) in S-integral 
Xi, x2 o f К satisfy
(2.11) тах{Я (хх), Я(х2)} <  ехр{((25(г + г+2)(<5!)2)10Я м)г!«>-+ом+8) .

. n6(P + ß )i!(log (/>+ 0)(r+m!+9(1 + lo g ^f)}.

10 As usual, H (a) denotes the maximum absolute value o f the (relatively prime integer) coeffi
cients in the defining polynomial over Z  of an algebraic number a.
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Next, let к be a field of characteristic 0, and consider the polynomial ring k[Z] 
over к in the variable Z. Osgood [42], [43], Schmidt [50], [51] and Stepanov [66] 
obtained effective bounds for the degrees of the solutions of (2.10) in the case when 
/land the coefficients of Fiiéin the rational function field K = k(Z )  and xlt x 2(?Jc\Z]. 
Schmidt [51] extended these results to the case of function fields K/k in one variable, 
and gave an explicit bound for theheightsof all the solutionsof (2.10)inx1, x 2£K.* 
For certain related results see also Schmidt [52] and Stepanov [66]. The bounds 
obtained in the works [50], [51], [52] and [66] are surprisingly good.

When s = 1, our Theorem 2 in the relative case is due to Schmidt ([51], Theorem 1, 
(ii)). In [51] Schmidt uses height in place of Degree, but the argument of the proof 
of our estimate (2.8) together with Lemma 7 shows that we can change over from 
Degree to height, and conversely.

Consider now (2.10) over the polynomial ring k[Zt , . . . ,Z S] and adopt the 
above notation Deg P for the total degree of every polynomial P£k[Zx, . . . ,Z S]. 
From Theorem 2 we shall deduce the following

C o ro llary  2.2. Let F(X1,X 2) be a form of degree и ё 3 with coefficients in 
k[Z1, ..., ZJ. Suppose that F has distinct linear factors and that its splitting field 
over k(Z x, . . . ,Z S) has degree <5.11 Further, let 0zß()k[Z1, . . . ,Z S] with Degree B, 
and let H  be the maximum Degree of the coefficients of F. Then all solutions x1; x2 
of (2.10) in k[Zx, ..., Z s] satisfy
(2.12) max (Deg Xj., Deg x2) <  5 • 104.?(n (5 +  1) !)2(s2(n (5 + 1) !)=>#+B + 1 )=C2.

We remark that in the case s = 1 this corollary was proved in Schmidt [50], Theo
rem 2, with a better estimate.

Finally, in the absolute case we get the following result over the polynomial 
ring Z[Zl5 ..., Zs].

C o ro llary  2.3. Let F(X1, X2) be a form of degree n ^ 3  with coefficients in 
Z[Z1; ..., Zs]. Suppose that F(\, 0)+0 and that the linear factors of F are distinct. 
Let O ^ßZ Z [Zl5 . . . ,Z S] with Deg ß ^ B  and L(ß)^@), and let H and XT be the 
maximum of the Degrees and the lengths respectively of the coefficients o f F. Then 
all solutions Aj, x2 in Z[ZX, ..., Zs] of (2.10) satisfy (2.12) and
(2.13) max{£(*!), L{x2)} <  exp {(2n)108"3(4(6C2+ l)s<3 C a )10"4(1 + log&)} 
with the above C2 and with the choice d = n\ in C2.

This implies that (under the assumptions of Corollary 2.3) (2.10) has only 
finitely many solutions in Z[Z1; ..., Zs] and all these can be effectively determined. 
Apart from the form of the bounds, Baker’s well-known theorem [2] on Thue equa
tions corresponds to the case .? = 0 of our Corollary 2.3. * 11

* Added in proof (July 29, 1983). Recently R. C. Mason (/. London Math. Soc., 24 (1981), 
414— 426) gave an algorithm for determining all the solutionsof (2.10) in x lf хг (6+0 integral over 
k[Z].

11 Clearly lS (5 s /t l.
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§ 2.4. Bounds for the solutions of norm form equations

We give now some applications of Theorem 1 to norm form equations.
Let k, k', K0, R, К and R' be as in §2.1, with the parameters specified in § 2.2. 

Further, let oq =  1, a2, ..., am be algebraic and linearly independent12 elements of 
К  over Ka with m S2, and assume that M=K0(a1, ..., am) is of degree w(^3) over 
K0. There are n Kn-isomorphisms of M into K; denote the images of a,- under 
these isomorphisms by aj1), ..., ajn). Let /(X) denote the linear form a1X1 + ...+amXm, 
andpu t/(,)(X)=ai<)Jf1 +  ... +<x£>Xm. Then

N(a1X1 + ...+«mX J  = f j  /W(X)
i = 1

is a decomposable form of degree n with coefficients in Ka. Such a form is called a 
norm form over K0. Consider the solutions x =  (лу, ..., xm) £ Rm of the norm form 
equation13
(2.14) Ar(a1x1 + ...+ amxm) =  ß

where ß is a non-zero element of K0.
In case of number fields (i.e. when k = Z and K0 and К  are number fields), 

there is an extensive literature of norm form equations (see [59], [5], [48], [4], [19] , 
[53] and the references mentioned there). When K0= Q, Schmidt [47] obtained a 
general criterion for (2.14) to have only finitely many solutions in R = Z. This 
result was generalized by Schlickewei [46] to the case of an arbitrary subring R of Q 
of finite type over Z. As it is known, these deep results are ineffective.

In the case when K0 is an arbitrary number field, Győry and Papp [25], [27], 
Győry [16], [18], [19], [20], [21], [23] and Kotov [30], [31] obtained general and effec
tive finiteness theorems concerning (2.14). In [22], we studied the equation (2.14) 
in the above more general situation. We showed [22] that under certain assumptions 
concerning oq,..., am, (2.14) has only finitely many solutions in R. As a consequence 
of our Theorem 1, we make now these results of [22] effective in the sense described 
in § 2.1.

Returning to the general situation discussed in §§2.1 and 2.2 and keeping the 
notations established there, we suppose that oq, ..., am as well as their conjugates 
over K0 have Degrees^/1 and, when k=  Z, have l e n g t h s ( w i t h  respect to 
the generating set zx, . .. ,z s,y  of К ; cf. §2.1). Further, suppose Deg ß ^ B  and, in 
the case k = Z, L(ß)^ö$.

T heorem 3. Suppose that in (2.14) aj+1 is o f degree at least 3 over К й{ул , , a ;) 
fo r  1=1, ..., m — 1. Then all solutions xt , ..., xm o f  (2.14) in R' satisfy (2.8). Further, 
when k = Z, (2.9) also holds for every solution.

12 As it is known, the case when in (2.14) ax, . . . ,  am are linearly dependent over K0 can be easily 
reduced to this one.

13 To avoid confusion we note that by a solution o f  (2.14) we mean an x = (x l t ..., xm)£ R m 
for which /(1>(x)... l in\x ) = ß .
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If we restrict ourselves to those solutions of (2.14) for which xm^ 0 ,  the assump
tions of Theorem 3 can be weakened. We recall that in (2.14), by assumption, 
al5 ..., am are linearly independent over K0.

T heorem 4. Suppose that in (2.14) am is o f degree ^ 3  over K0(oq, ..., am_i). 
Then all solutions x lf ..., xm of (2.14) in R' with xm7á0 satisfy (2.8). Further, in case 
k = Z (2.9) also holds for all these solutions.

We remark that in the absolute case (2.14) is effectively given if K0, R, K, 
oq, ..., am and ß are effectively given (cf. Remark 2 in § 2.1). If this is the case, then 
the equation (2.14) (under the assumptions of Theorem 3 or 4) has only finitely many 
solutions in R' (with xm ̂ 0  in case of Theorem 4) and all these can be effectively 
determined. In particular, all the solutions can be found in Z [zlt ..., zs].

It is easily seen that the assertion of Theorems 3 and 4 does not remain valid 
in general if we lower the bound 3 concerning the degrees of the ocj. Further, under 
the assumptions of Theorem 4, (2.14) may have infinitely many solutions xl t xm 
with xm = 0.

We note that the above-mentioned effective results of [25], [16], [18], [19], [20],
[21], [23], [30] and [31] can be deduced (with other estimates) from our Theorems 3 
and 4 (following the argument used in the deduction of Corollary 2.1 from Theo
rem 2).

Consider now the equation (2.14) in the special case when A: is a field of charac
teristic 0, R ~ k[Z t , ..., Zs] is_a polynomial ring over к in the variables Zl5 ...,_ZS 
and K0= k(Z1, . . . ,Z S). Let K0 be a fixed algebraic closure of K0. When a£K0, 
we denote by d(a) the maximum Degree of the coefficients of the defining polynomial 
of a over R. The following corollary is a consequence of Theorem 3.

C orollary  3.1. Suppose that in (2.14) cq, . . . ,  am satisfy the conditions of Theo
rem 3, and that d (ß)^B ', d(otj)^A', j= \ ,  ..., m. Then all solutions хг, . . . , х т 
of (2.14) in к [Zy, ..., Zs] have Degrees not exceeding

s3(m + l)!(2n!)5"!(^ / + R/ +  l).
It is clear that Theorem 4 has a similar consequence.
We note that in the case k= Z  we could deduce similar results from Theorems 3 

and 4, providing explicit bounds for both the Degrees and the lengths of the solu
tions xlf ..., xm of (2.14) in the polynomial ring Z[Zl5 ..., Zs].

§ 2.5. Bounds for the solutions of discriminant form and 
index form equations

From Theorem 1 we shall now derive explicit bounds for the solutions of discri
minant form and index form equations.

Let k, k', K0, R, К and R' be as in § 2.1 with the parameters specified in § 2.2. 
Further, let l,oq, . . . ,a m be algebraic and linearly independent14 elements of К

14 The case when 1 , « i , ..., am are linearly dependent in the equation (2.15) can be easily reduced 
to this one.
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over K0 with m&2. Assume that M = K 0(a1, ... ,am) is of degree n (s3 ) over K0. 
Using the notation of the preceding section, consider the linear forms / (i)(X) = 
=X0+u[i)X± + ...+ a^ )Xm, i= l, . . . ,n .  Then

D(<Xlx 1+ . . .+ « mx j =  п  0 (Л(Х )- /« (Х )р
l^ i < j^n

is a decomposable form of degree n(n — 1) in X1, ..., Xm with coefficients in K0. 
Such a form is said to be a discriminant form  over K0. We are interested in the solu
tions x1, ..., xm£R of the discriminant form equation

(2.15) D{a1x1+ ...+  <xmxm) = ß
where ß is a non-zero element of K0.

Let S  and T be subrings of M  containing 1 such that SczT. Suppose that K0 
is the quotient field of S, and that T, as an S-module, has a basis of the 
form a>x=l, co2, ...,co„. This holds for example in the following important special 
cases:

(i) K0 = Q, S = Z, T  is the ring of integers of M;
(ii) К0 =  the rational function field k(z), S=k[z\, T  is the ring of integral 

functions of M  (with respect to z);
(iii) S  is integrally closed and T  =  >S’[x] with an integral element a over S.
Further examples and references can be found e.g. in [72] and [41].
It is easily verified that

(2.16) Z»(co2Z2+ ... +conXn) = [F(X2, ..., Xn)fD{ 1, co2, ..., ю„)

where D(1, oj2, ...,con) denotes the discriminant of the basis {1, ca2, ...,con} over 
K0, and F(X2, ..., X„) is a decomposable form of degree n(n —1)/2 with coefficients 
in S. The form F(X2, ..., Xn) is called the index form of the basis {1, co2, ..., ю„} 
of T  over S. Consider the solutions x2, ..., x„ in R of the index form equation

(2.17) F(x2, ..., x n) = ß.

Many problems can be reduced to discriminant form and index form equations 
(cf. [19]). In case of number fields the equations (2.15) and (2.17) have been studied 
by several authors. In the case mS3, и ^4 , K0= Q, S = Z  and R = Z, among 
others Nagell [38], [39], [40], Delone [8], Delone and Faddeev [9], M. N. Gras [12], 
[13], Archinard [1] and Knight (cf. [49]) obtained results on the number of solutions 
of (2.15) and (2.17). For further references see [19]. In [15] we proved that if K0 = Q, 
S=  Z and R = Z, then both (2.15) and (2.17) have only finitely many solutions in 
Z and all these can be effectively determined. Certain effective generalizations have 
been established by Trelina [68], Győry and Papp [26] and Győry [18]. Recently, 
we further generalized [21], [23] these results to the case of arbitrary number fields 
K0 and K.

In [22] we showed that if K0 is a field of finite type over Q, then both (2.15) 
and (2.17) have only finitely many solutions in any given integral domain R of 
finite type over Z. As a consequence of Theorem 1, we make now these results of
[22] effective in the sense specified in § 2.1.
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Under the above assumptions, suppose that in (2.15) (resp. in (2.17)) oq, ..., am 
(resp. tű!, ..., co„) and their conjugates over K0 have D e g r e e s a n d ,  in the abso
lute case, have lengthsSл/ (with respect to the generating set zx, . . . , z s,y  of K). 
Let Deg ß ^ B  and, in case k = Z, L(ß)^3ä.

T h eorem  5. All solutions xx, . . . ,x m o f (2.15) in R' satisfy (2.8) and, in case 
k — Z, (2.9) with n(n— 1), 2A and 2sé‘l exp {3.l4} in place of n, A and si, respectively.

The following theorem is an easy consequence of Theorem 5.
T h eorem  6. All solutions x2, ..., xn o f (2.17) in R' satisfy (2.8) and, when k= Z ,

(2.9) with n— 1, n(n — 1), 2А, 2(я +  1)!(Л + B+öD), 2s42 exp {3sA} and
L(D(ol>1, ..., oj„)ß2) in place of m, n, A, B, s i  and 3d, respectively.

We remark that L(D(a>1, ..., con)ß2) can be estimated from above in terms of 
the given parameters (using e.g. Lemma 4.2.5 of [69]), but the bound obtained in 
this way would be rather complicated.

If k = Z and if K0, R, K, ß and ax, . . . ,a m (resp. a>1, ..., co„) are effectively 
given, then (2.15) (resp. (2.17)) is effectively given (cf. § 2.1). Then, under the hypo
theses of Theorem 5 (resp. of Theorem 6) the equation (2.15) (resp. (2.17)) has only 
finitely many solutions in R' and these can be effectively determined. In particular, 
all the solutions in Z[zx, . . . ,z s] can be found.

We note that if in particular K0 and К are number fields, from Theorems 5 and 6 
it is easy to deduce (with other estimates) the above-mentioned effective results 
obtained in the number field case.

In the special case when A: is a field of characteristic 0, R= k[Z1, ..., Z s] is a 
polynomial ring over к  in Zl5 ..., Zs and K0—k(Z 1, ..., Zs), Theorems 5 and 6 
have a consequence similar to Corollary 3.1. We now present a consequence of 
Theorem 6. Let M be an algebraic extension of degree n ^ 3 of K0= k (Z j, ..., Zs), 
and let T  be an integral extension ring of R in M. Suppose that T, as an Л-module, 
has a basis {1, co2, ..., cu„} with d(o}t)m A ' (/ =  1, ...,n )  and that 0 ^ ß £ R  has 
Degree S f i '.

C o ro lla ry  6.1. With the above notations and assumptions, all solutions x 2, ..., x„ 
of (2.17) in A[ZX, ..., Zs] have Degrees not exceeding

2 • 104s3((n +  1)!)6"!04ЧЯ' +  1).

In the absolute case similar corollaries can be obtained from Theorems 5 and 6, 
with explicit bounds for the Degrees and the lengths of the solutions.

Our Theorems 5 and 6 have a number of applications, among others to integral 
elements of given discriminants and to simple ring extensions over finitely generated 
integral domains. Several results of [22] and [24] can be deduced (with other bounds) 
from Theorems 5 and 6 of the present paper. However, the more direct deductions 
of [24] yields better estimates.
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3. Proofs

§ 3.1. Preliminary remarks concerning function fields of one variable

In §§ 3.1 and 3.2, we shall use the notations of Schmidt’s paper [51].
Let к be an algebraically closed field of characteristic 0, and let К  be a function 

field of transcendence degree 1 over к  with genus g. For x^O  in K, the (additive) 
height H k (y) of x  over К is defined by

Hk(y) =  -  2 1 min {0, u(y)},
V

where v runs through the valuations of K/k with value group Z. It is clear that 
H k(y)= 0  if and only if x£k. Using the additive version 2  v(x)=0 of the well-

V

known product formula, it is easy to prove that the height has the properties 

U K ( 1 )  =  H k(y), HK(xm) =  mHK(x),

(x + y) S  H K (y) +  H x (y), HK (xy) 35 H x (y) +  H* (y)

for all non-zero x, у  in К  and for every positive integer m.
Suppose now that we are given an element z zK  with z$ k . Then z is trans

cendental over k, and К  is an algebraic extension of the rational function field k(z). 
All valuations of k(z)/k  with value group Z are known (see e.g. [10], § 4). The valua
tion u„= — deg of к (z)lk with mco(z)=  — 1 is called the “infinite valuation” . 
The “finite valuations” of k(z)/k are determined by the monic linear polynomials 
of k[z]. Namely, if the finite valuation и is associated with the monic linear poly
nomial p(z)ik[z], then x=(p(z))u<-x)g(z)/h(z) for each non-zero x£k(z) where 
g, h ik \z \ are relatively prime to p(z).

Every valuation v of K/k is the extension of some valuation и of k(z)/k. In this 
case we write v\u. Extensions of «<*, to К are called “infinite valuations” . The other 
valuations of K/k are said to be “finite”.

If v\u, denote the ramification index of v over и by ev. Since by assumption the 
value group of v is Z, hence v(x) = evu(x) for x£k(z). Let A denote the degree of К 
over k(z). Then it is well-known that 2  ev= A and so

v\u

(3.1) 2! v(x) = 4 m(y)
v \u

i f  x£k(z). In this case we may form the height H W2)(y) defined over k(z), and by 
virtue of (3.1) we obtain
(3.2) H k(y) = dHHz)(Y).

Further, if y  is a non-zero element of k(z) and x —g(z)/h(z) with coprime poly
nomials g, h£k[z\, then it is easily verified that

(3.3) Ht(z) ( y )  =  max (deg g, deg h).

Acta Mathematica Hungarica 42, 1983



EQUATIONS IN FINITELY GENERATED INTEGRAL DOMAINS 59

Finally, let f ( X ) = f 0X d+.. .+ fd= f0i X — ad) be a polynomial, and 
suppose that / 0, oq, ..., ad£K. Then we have (see (2.3) in [51])
(3.4) HK(af) — - 2  min{t)(/o),..., t> (/,)}, i = 1, ..., d.

V

Further, we shall need the following
Lemma 1 (W. M. Schmidt). Let f  (X) be as above. Suppose that К is the splitting 

field o f f  over k(z), and that the coefficients o f f  are polynomials in z  (they lie in k[z\). 
Then K/k has genus

g =S ( J - l ) d  max deg/J.

P ro o f . This is Lemma H in [51].

§ 3.2. Schmidt’s theorem on Thue equations and 
its application to the equation (3.7)

Let к  and К  be defined as in § 3.1, and suppose that K/k has genus g. Let F(X, Y) 
be a binary form of degree n with coefficients in K, and let H  be the maximum of 
the heights (over К) of the coefficients of F. Consider the Thue equation

(3.5) F(x, у ) -  1 
in x, y£K.

Lemma 2 (W. M. Schmidt [51]). I f  л&5, then every solution (x,y)£K 2 o f (3.5) 
satisfies
(3.6) max {HK(x), HK(y)} S  89tf+211g.

This important theorem is stated in [51] in a slightly different form, but it is 
easily seen that (3.6) is a simple consequence of Part (i) of Theorem 1 of Schmidt [51].

Let S' be a finite set of valuations of K/k (with value group Z). An element a 
of К  is called S-integral if r(a)sO for every v$S. All S-integral elements of К 
form a ring which will be called the ring of S-integers of K. Let |S| denote the car
dinality of S.

Let Ai, A2, A3 and ß be non-zero S-integral elements in K. Consider the equation

(3.7) k1ß1+X2ß2+ k 3ß3 = 0

in S-integers ß±, ß2, ß3 of К. In proving Theorem 1 in the relative case, we shall use 
the following consequence of Schmidt’s theorem quoted above.

Lemma 3. I f  ßlt ß2, ß3 is a solution o f (3.7) in S-integers o f К such that ßt divides 
ß in the ring of S-integers for z = 1, 2, 3, then

(3.8) ßi = gf„ i = 1,2, 3, 

with some e and yfiK  satisfying

(3.9) HK(Vi) s  1781 (HKiß) +  |S| +  max H* (A,))+ 2836g.
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An important special case of Lemma 3 is when ß£k, i.e. when /1,, ß2, ß3 are 
5-units of К  (in other words v(ßi)=0  for every v (t 5). In this case (3.7) implies
(3.8) and (3.9) with HK(ß)=0.

Proof of L emma 3. Let ßl7 ß2, ß3 be an arbitrary but fixed solution of (3.7) 
having the property that /i; divides ß in the ring of 5-integers ( i= l ,  2, 3). We shall 
first prove that there are вг, <5; (i=  1, 2, 3) in К with
(3.10) ft = efft 
and
(3.11) H K(ft)= iH K0?)+|5| +  g
for /=1, 2, 3. To prove this, we use the argument of Lemma L of Schmidt [51]. 
Take some valuation uc([5. We shall find e, with the property

(3.12) v(e,) = -jv (ß i)  for

(3.13) u0(e;) ^ 1 п 0(/?;) - Н к(/? )- |А |-^ .

Since by assumption ß and ft are 5-integral and ft divides ß in the ring of 5-integers, 
hence we have

0  s  2  v ( ß i )  ^  2  v ( ß )  ^  HK(ft>, i = 1, 2, 3.
v $ S  v $ S

Consequently, the number of v with г>(/?;)^ 0  is at most |5 |+ H X(/?). Replacing the 
right-hand sides of (3.12) and (3.13) by the next largest integers, in view of the sum 
formula we get a sum ^  —g. So, by Riemann’s theorem (see e.g. [10]) there exists 
indeed a non-zero st in К  satisfying (3.12) and (3.13). Let now ft be defined by (3.10). 
Then we have

H*(ft) =  H*(l/ft) = HK(e?/ft) = -  2  min {0, 5 a ( £ i ) - u ( f t ) }  =
V

= — min{0, 5у0(е;) - г 0(^)} ^  H K(ß)+\S\ + g,
From (3.7) we obtain

1.

This is a Thue equation over К  in the variables eJ e3, s2/e3. By virtue of (3.11) the 
sum of the height of the coefficients of this equation does not exceed

H =  4(HK(ß) + \S\ + g+ ш я Н х М ) .
Therefore, by Lemma 2 we have

m a x ^ fe /c s ) ,  HK(e2/e3)} S  89Я+21 lg.
Writing £i=ejes and y i = E ,j5ö i , we get ft=eij yt, / =  1, 2, 3, where 

S  1781 (Нж (ß) + 15| + max Н к (ft)) + 2837g
and this proves (3.9).
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§ 3.3. Proof of the estimate (2.8) of Theorem 1

Since the absolute case can easily be reduced to the relative one, it suffices to 
prove (2.8) in the case when к is a field of characteristic 0. Further, the case s —0 
being trivial, we suppose

Consider the representation of the form (2.4) of ß and of the coefficients of the 
linear factors ls. Let ax be the product of a and the denominators of these elements 
(in their representations of the form (2.4)). It is clear that
(3.14) Deg Deg a + mnA + B — cx.
Writing

R" = k [ z lt ..., z„ -J-, y ],

we have R " ^ R '.  Further, ß and the coefficients of the lie in R".
Let us fix an index г with Let ki = k(z1, ..., zi_1, zi+1, ..., zs), and

Hi its algebraic closure. In what follows, we write z for z; and Kt for /c;(z). Then 
k(zl t ..., zs) ^ K t. If oj£k[zt , ..., zs], denote by a>' the element of kt[z] obtained 
from с о  by substituting z  for zt .

We recall that the minimal polynomial of у  over k(z1, . . . , z s) is f (X )  = X9 + 
f 1X s~1+ ... +fs with coefficients in k[zx, ..., zj. Let y(1) =y, ... ,y (äl be the conjugates 
of у over к (zj, . .. ,z s). Further let Mt be the splitting field of the polynomial 
X s+ fiX s~1 + ...+f's over ki(z), i.e. let Mi = Ki(y<1\  . . . ,y (>>). The subring

R" = ^ [ z ,  - L ,  y V . ..,/*•>]

of Mt contains R". Put Ai=[Mt: J5TJ. Clearly A ^ ö \ .  Denote by gu . the genus of
M Jk,

Let S  denote the subset of valuations of Mf/£; (with value group Z) consisting 
of the infinite valuations and of those finite valuations v for which и(а[)т±0. Then 
for the cardinality |S| of S  we have

(3.15) |S| ^  Ai+Aidegzai S  ^ (l+ D e g ű j)  Ш A ^ l + Cj) = c2.

Since ya\  . . . ,y (S) are integral over k\zx, . . . ,z s], they are integral also over lc,[z]. 
From this follows that t)(_y(J))—0 for each j  and for every finite valuation v of 
MJki- This shows that every element of R" is ’̂-integral.

Any element a of К  has a representation of the form

Ро +  Р ^ + . - . + Р з - г У * - 1
Q

with relatively prime polynomials P0, ..., PS- X, Q from k[zx, ..., zs]. Let a(J' denote 
the conjugate of a over к (zx, ...,z s) corresponding to y (J). Then

(У) =  Р'о +  Р'1у и >+ . . .+ Р 1-ЛУ и)У - 1 
O'
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lies in Mi for each j  with 1 ^ j ^ ö .  This shows that the Degree of a with respect to 
the generating set zlt ..., zs, у  of К over к coincides with that of a(J) with respect 
to the generating set zlt ..., zs, yU) of К  over k. By (3.4) we have

H M,(yU)) = ~ 2  m in i»(/0» •••> v(fs)}

where the sum is taken over all valuations и of Mt with value group Z. So, using
(3.1) we get
(3.16) HMi( / J>) SAi max degzf [  sü SAt max Deg f  dd,D = c3.

Further, by (3.2) and (3.3) we obtain

(3.17) H„, (««>) -  ; |  H „  ( £  (W>v) s  z  HM, ( | )  +

+  *2 HмХ(Уи)У) ^  M l Deg 0C+--  01)S c3i=o ^
for y'=l, ..., ő.

Let x= (x1, . . . ,x m) be an arbitrary but fixed solution of (1) in R'm, and let 
lj(x)—ßj. Since the coefficients of lj lie in R", hence ßj£R" and so ßj is 5-integral 
in Mt for each j. Clearly ß is also 5-integral. Further, from (1) we get

(3.18) ß i - ß n = ß-

We shall give an explicit bound for max HM.(xr). In deriving this bound, wel^r^m '
shall use Lemmas 1 and 3 and certain arguments of [16] and [21]. In fact, our graph 
method (cf. [17], [21], [22]) will be utilized without using graph terminology.

For a fixed integer j ,  1 ^ j ^ h ,  let J j  denote the set of indices t satisfying l, £ 2 1 j . 
We may suppose without loss of generality that у Let t£ S j\{ j} . By assumption 
HCj is connected, i.e. there is a sequence lj= lh, in =2} such that, for each
e with l á e S / — 1, we have

(3.19)  ̂ ^te + 1 ̂ te +1 ^e, e + l^e,e + l
with some l,.3. +1€Sfj and with К., A£+I, Л,в>„+1€А:\{0}. Using (2.5) and (2.6) 
it is easily verified that X'te, k"e+1 and X,e < +i can be chosen so that their Degrees 
do not exceed AA+2(<5 — 1)D. It is clear that the sequence , ..., ltf depends 
on l , . However, we can choose these sequences so that lH is the same linear form for 
each with t ^ j ,  and that the number of the necessary A’s is at most 3n.
Then f ^ n + l .

From (3.19) we get

+  1 ’ =  1 , . . . , / - 1 .

Further, in view of (3.18) ß,e, ß,e+l and ßtee+l divides ß in the ring of 5-integers. 
We can now apply Lemma 3 and we obtain

(3.20) ßie /(,.? ßtu+ 1 ® •••tf 1»
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where ft., ??.+1€Л^ with

(3.21) max {HMf (?,'.), HMi ( t f . J )  S  1781 (HMj (/?) + |S| +

+ max{HMia;.), HM((A"+l), HM((A,..+1)})+2836gM(.

Using Lemma 1, (3.15) and (3.17), we get
1781(<5/1,(Я + 4Л) + с2) + (1781<5(<5 + 1)-726)с3 =  c4 

as an upper bound for the right-hand side of (3.21). It follows from (3.20) that
(3.22) ß, =  ßt, = Bjő,
where Sj= e(1 has the same value for each t ^ j  with 8j=y'tl and

for t ^ j  with 1,£Щ. By (3.21) we have

(3.23) HM( (<5() S  (2n — 1) c4 = c5 
for all t with /(6>2y.

Since lt(x)—ß,, by (3.22) we have
(3.24) /|(x)= 8jŐ, for all t with /,£.£}.
But by assumption the variable Xq can be expressed in the form

2 1 V rt.l.iä’j
with гtJ(LK. It is easily seen that the coefficients t(j- can be chosen so that t0 = 
= i’tjh j and
(3.25) max {DegT,,-, Degr,} ^  m\(mA+{m —1)(<5 — 1)D),

whence, by (3.17) we get
HM| ( t ,j)  S  2m • m!(<5d;/l-|-(<5 —l)<5c3).

Thus, with the notation
Hjq =  2  zt A

we have (for the component xq of the solution x considered above)

(3.26) xq = SjHjq 
and
(3.27) HM.(/ije) S  2m2-т!((5Л;Л + (<5-1)(5с3)-|-тс5 -  ce, j  =  1, ..., h.

(3.26) implies Ej =e1filq/nJq for j=  1, ..., h. So, it follows from (3.22) ß,=e1Qt, 
t=  1, ...,« , where Q,=Stiilq/nJq and, by (3.23) and (3.27), we have

(3.28) Hjiiife) — £б+2св =  c7
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for t= \,  From (3.18) we get now £"(Qi--QH)=ß, whence we have

Нм, (£i) — — (8ЛI (A+B) + (5 — 1) <5c3) + c7 
by (3.17) and (3.28). Thus

U Mi(ß,) s ± ( ő A i(A + B )+ (ö -l)őc3)+2ci = c8.
Regard

(3.29) l,(x) = ßt, t = \ , . . . , n ,
as a system of equations in x. By hypothesis the rank of SF is m, hence we can form 
a non-vanishing determinant 3  of order m from the coefficients of /1( Further,
by Cramer’s rule we get

HM. (xr) ^ (2 m - l)m \[ ő A iA+ -  c3j + mc8 = c9 
for r = l , ..., m.

We recall that y(1), ..., y(<S) denote the conjugates of у  over k(zlt ..., zs). Let 
R '<J\  ßUl, x)j), 1}J) and Fa> be the conjugates of R', R", ß, xr, l, and F (over 
k(z lt ..., zs)) corresponding to y ° \  respectively. Then it is easily verified that the 
equation
(3.30) FU>(xl t ...,xm) = F »
satisfies all conditions of our Theorem 1 with R' replaced by R'(J). Clearly M ^ K  
and R"ziR"(J\  We can apply the above argument to the solutions (jcjfh, ..., 
of the equation (3.30) and we get in the same way as above that

(3.31) Н МД 4Л) S  c8

for all r and у with lS rS m  and 1 =j=ö.
From (3.31) we shall now derive an explicit bound for max Deg xr. By the

assumption xr£R' we can write

xi» = Por+PiryU) + ---+Ps-i,r(yU)y
4r

l S r S m ;  1 S  j  ё  Í,

where Por,Pir> •■•,Ps-i,r’ <7r£&[zi> •••>zs] are relatively prime, and qr is divisible 
only by the irreducible factors of the polynomial а^к[гг, ..., z j. Denote by 
Por> Pi-i,г, Я'г the elements of kt[z] obtained from p0r, ...,p»-i,„  qr by sub
stituting z for z(. Then we have

(3.32) 4 J) = pór + P Í r y U)+ . . . + P Ó -  i ,r (y (j)Y

Since y(1), ..., y(i) are distinct, using (3.16) and (3.31) we obtain from (3.32)

(3.33) HM i^ W < 5 -l)< 5 -< 5 !C3+<5cfl =  c10
' 4r '

for each / and r.
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Let v be an arbitrary finite valuation of М;/£; (with value group Z) for which 
v(q'r)?i0. The polynomials p'0r, q' being relatively prime over
k[zl f Zi_ly zt .̂1, zs], there is an l with 0^/^<5 — 1 such that v(p'lr)=0. 
Hence, for fixed / and r, (3.33) implies

о .  г  ■>№) = 2  •>(-£■) s  H„, ( j j - )  = H „ ( ^ )  * c„

where the sum is taken over all finite valuations i> for which v (q'r) ̂  0 and v(plr) = 0. 
Taking these inequalities for /= 0 , — 1 and adding them we get

(3.34) — ^  v(qr) = ^  v(qr) á  ác10.
V  V

pinfinite p finite

Denoting by Uoo the infinite valuation of ̂ (z )/^ , (3.1) and (3.34) give —dj «„(#£)^  
Sác10, whence
(3.35) degz?; dcJA i.
Finally, using (3.33) we obtain

|deg2Pi'r — degz q'\ — cio

for each v\u^ and for each / with 0ш1^0 — 1. This together with (3.35) gives

degz pit г ^  (1 + <S/d,)c10.

Since this is true for z=zx, . . . ,z s (i.e. for /= 1 , we have

max Degxr S  s(l +0/А{)с10l^r^m
whence (2.8) easily follows.

§ 3.4. Specializations in the absolute case

The specializations of the following type will play an important role in the proof 
of the estimate (2.9) of Theorem 1. They will enable us to reduce the general case to 
the number field case.

In what follows, we keep the notations of §2.1 established in the case k = Z. 
Suppose s> 0. Let P^Z[zlf ..., zs] be a polynomial of degree less than d in each 
Zj where d is a positive integer. Then the polynomial in one variable

y P(0 = P(t,t“,...,t* ’-1)

has the same non-zero coefficients as P and deg SfP( t) ^ d s—1. If Q(iZ[z1, ..., zs] 
is another polynomial such that Q and P Q are of degree in each zJt then 
£PP+Q = £fP-\-SPq and £Pp.q = SPp- í/q.

Let у  be defined as in § 2.1 with the minimal polynomial f (X )  = X d Jrf 1X d~1+ ... 
...+ f6 over Q(zls ..., zs). The coefficients and the discriminant Df
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of /  are elements of Z[zt , ..., zs] and Df ?±0. We have
DegDf  ^  (2S — 2) max Deg f  =  cn .l=;l=Ő

Consider the ring

R ' =  z [ z ' ........

where ö j^Z fo , ..., z j. If d >max {cu , Deg a,}, then £PDf(t) and ^ ( / )  are non
vanishing polynomials of degree — 1 in t. We note that SPDf(t) is the discriminant
of the polynomial X s + £Pf l (t)X 5~1 + ...+  5£л(/). Let /„ be a rational integer such 
that and £Ра10 о)^О, and let ул, . . . ,y b be the roots of the polynomial
Xs+&’f l (t<^Xd~1+ ... + Sffó(t0)£Z[X] in C. Because of the numbers
Ух, ...,Уз are distinct. Let T,o denote the algebraic number field generated 
by У1 , ■■■,}>» over Q. The substitution Zx—t0, ..., zs-+t<js~1, y-~yj defines a homo
morphic mapping (or, in other words a specialization; cf. [72]) of the ring R" into 
the number field Tto. Namely, if a £R" and

Л + Л У + - + Л - 1 / - 1
Q

is its representation of the form (2.4) (with relatively prime polynomials 
P0, . . . ,  P3-1, ö€Z[z1; . . . ,z s]), then in view of ^ ai(t0)^ 0  we have tTQ(t0)XO and

(3 36) ^p0(l0)+ ^ r l(t0)yj + ... + <PP/i_i(tli)y lj - 1
&Q (/0)

is the image of a under this mapping. We shall denote this image by .S (̂t0, j )  or, 
if there is no danger of confusion, simply by a*. It is clear that if in parti
cular a£Z[zx, ..., zs] then SPa(t0, j)  (resp. a*) coincides with the SPa(t^) defined above.

Let |x| denote the maximum absolute value of the conjugates of an algebraic 
number x in C. We remark that if x is an integer then

jxj ^  # (x )  + 1.

Further, if x' is another algebraic integer and Q(x, x') is of degree n over Q, then 
we have (see e.g. [19])

t f ( ^ ) - ( R + M ) \

Lemma 4. Let J f  be a finite subset o f Z with cardinality | Jf\,  and let ..., ak 
be non-zero elements o f R". Suppose

d >  (/c + 2)(«5 — 1) max Deg/, +  (5(Deg <*!+... + Deg a*) +  D e g =  c12.1 =*l̂ ő
There are at least |Ж| — (ds — 1) elements t0 in Ж  such that the numbers 

З Д ) ,  ...,£Pak(t0,j)  are all different from zero, j=  1, ..., 5, and

(3.37) max H(S?t (t0, j)) <  (2<5|/„|"Ж(а,) («5! max £ (/))* ~ 7
for all i.
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Proof. Let

(3.38) «I = Р01 + РнУ+--- + Рг-ыУд~1 
Qi

i =  1......k,

be the representation of a,- in the form (2.4), and consider the polynomial gi(X) =  
=Pi _1'iX i~1+ ...+ P oj in X. Its coefficients lie in Z[z1( . .. ,z j . Let Rt denote the 
resultant off(X )  and g i ( X ) .  Since by assumption f (X )  is irreducible over Q(z1; ..., zs) 
and degxgj-cdeg*/, hence R ^ 0. Further, by a well-known theorem (see e.g. 
[45]) there exist polynomials F^X), G;(X) of degree <<5 with coefficients in 
Z[z1, ..., zs] such that
(3.39) f(X )F i(X) + gi(X)Gi(X) =  Rt,
whence R ^Z [zlt . . . ,z s], By using the determinant form of the resultant we see 
that

Degi?; S  (<5 — 1) max Deg f  + S max DegP,;.ísimő os/sa-i
Put H = D f a1R1...Rk. Then

D e g # <  Cn + DegUi-b/c^ —1) max Deg^ + (5(Dega1-|-... + Dega,i) =  c12.1
By assumption c12,
in t. Since

hence 5^(0  is a non-vanishing polynomial of degree ^ d s— 1

cp _ cp cp cp CP'-'Я —
there are at least \Ж\ — (ds—1) elements t0 in J f  such that S^f (t0), y Rl(t0), ...
..., SfRk(t0) are all different from zero. Denoting by y ,, ■■■, уó the roots of f h(X) = 
= Xi +&j-l(t0)X>~1 + ... +&ff (t0) for such a t0, from (3.38) and (3.39) we see that 
the numbers

(3.40) ^Po, (̂ o) T &pu (^o)fjT ••• + SFPi_lt, (to)yj
а д )

S - l

are all different from zero ( i = l , ..., k; j=  1, ..., <5).
The maximum absolute value of the coefficients of the polynomial f t„(X) is at 

most |r0|ás max L ( f) .  So, in view of Hilfssatz III of [56] we obtain

(3.41) H(yj) ^  <5!|tor  max L (/,) =  c13,

whence \yj\äc13+ l. This together with (3.40) implies

1 ^  á|/0|‘i-L(aí)(c13+l)4- 1.
Since

\#q, (to)I — |told F(a,),
(3.37) easily follows.

Let again d>max {cu , Deg a j .  Let t0 be a rational integer with SPD (t^j±0 
and <SC(to)9^0, у1г the roots of f to(X)= Xd+SFf l ( t^ X d~1 + ...+£Fu (t^, and
T,a= Q (y , , ..., y3). Let nT, RT and hT denote the degree, regulator and class number 
of T,0 (over Q), respectively. It is obvious that

(3.42)
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L emma 5. We have
(3.43) hTRT <  («52|ior  max L(fJ)° ' ' .

P r o o f . Let DT denote the absolute value of the discriminant of Tto over Q . 
By a theorem of Siegel [58] we have
(3.44) hTRT <  íenlD y-^logD rfT-1.

We shall now estimate DT. Let Tt be the number field generated by over 
Q, with degree nt and discriminant DT.. By a lemma of Stark [65] we have

(3.45) Dj\ j j  D 7jni.
i=1

Let px (X), pr(X) be the distinct irreducible factors off 0(X) m Z[Z]. If y h , yiv 
denote the roots of p t, then nh= ...= n iv=v. Further, the discriminants of the 
number fields Th, ..., Tiv coincide and divide the discriminant D(j>,) of pt. Con
sequently, from (3.45) we get

(3.46) DT\ n ( D ( Pj) ^ .
j  =  1

r
Since Ц  D(pj) divides the discriminant D ( / io) of f to, it suffices to estimate D (fto).

7 =  1
But we showed in the proof of Lemma 4 that the coefficients of the polynomial 
f h(X ) in absolute value do not exceed т̂ах_ L(/,). So

(3.47) |ö ( / 0)| S  (2i«|ior ( m a x  L(/,)2)á_1 =  c14.
This together with (3.46) gives
(3.48) DT S  c\l,
and (3.43) follows from (3.44), (3.42) and (3.48).

§ 3.5. Proof of Theorem 1 in the number field case

In the special case when k — Z and s=0, the assertion of Theorem 1 can be 
deduced from the main result of [23]. To do it, we first state this result of [23] in such 
a form which will be more convenient for our purpose.

Let Г be an algebraic number field of degree nT. Let R T and hT be the regulator 
and class number of T, respectively. Let

т а , .... x j  = т а )  =  т а ) ... т а )
be a decomposable form of degree n S 3 in m ^ 2  variables with linear factors

т а )  =  т а + . . . + а т а „ с : т а , .... x j .

Let II  (a;j) ̂  H. Assume that among lL, ...,/„ there are m linearly independent forms, 
and that lx, ...,/„ can be divided into pairwise disjoint subsystems Äj, ..., <£h such 
that each (1 ^ j ^ h )  is connected (for this concept see [21], [23] or § 2.2). Further,
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suppose that there exists a q such that, for each fixed j  (lSy'^A), Xq
can be expressed as a linear combination of the forms belonging to J5fy.

Let S  be a finite set of valuations of T  with the parameters P, t specified in 
§ 2.3, and ®s the ring of 5-integers of T. Let ß be a non-zero element of T  
with H (ß)^H '.

Lemma 6. With the above notations and assumptions, all solutions (xl5 ..., xm) € 0” 
of (1) with x4^ 0  satisfy
(3.49) max_ #(*,•) <  exp {cu (mn)3(RThT),+',Pnr(log P),+9(l +log (## '))}

where c15 =  (25 (n T + 1 + 2)пт)2лР,+11'>+11,+23.
Lemma 6 is a special case of the main result of [23] which has been proved by 

combining Baker’s method with our graph method (cf. [23] and [21]).
In order to be able to deduce (2.9) (in the number field case) from our Lemma 6, 

we remark that if k = Z, 5 —0 and

a =  P o + P iL + '- '+ P j- i /-1 
4

is the representation of the form (2.4) of an element a of R' then

(3.50) Л ( « )S (2őm f xó f (£(a))<

and
(3.51) Ш  s  ( }|)ад"1)Я(а))!

where r denotes the number of distinct prime factors of a. 
Indeed, assuming that К is imbedded into C, we have

\y\ =  # 0 0 + 1  =  max i/y| +  l.
This implies

M  ^  <5 (max, |/}| + l j á_1L(a),
whence

H (a) ^  ( Щ + Ш  = (2<5 max |/,|)ад" 1)(Ш )*.

Conversely, taking the conjugates of a over Q we can easily see that

H { j )  ^  (2<5max (Я(«))* -  cfe.

Since by assumption p0, ...,p S- i ,q  are relatively prime, we have q ^ c fre. Finally, 
taking again the conjugates of qct we obtain (3.51).

Proof of (2.9) in the Case s= 0. Suppose that К is imbedded into C, and let 
yi=y, ■■■, Уз be the roots of the polynomial f (X )= X i +f1X i~1 + ... + fd in C. 
Let T= Q (y1, . . . ,ys), and let nT, hT, R T and DT be the degree, class number, 
regulator and absolute value of the discriminant of T, respectively. Then T=K.
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F(X) satisfies all conditions of Lemma 6. In view of (3.50)
H  =  (253?)М-»яг* and H ' =

are upper bounds for the heights of the coefficients of the and for the height of ß, 
respectively.

Let S denote the set of all valuations of T, induced by the prime factors of a. 
The cardinality t of S  is at most rd\.

If xt , . . . ,x m is an arbitrary solution of (1) in R' with xq?±0 then x x, . . . ,x m 
are ^-integers in T  and by Lemma 6 we have the estimate (3.49). Then nT^ ő l,

DT s i  \D f \nT  s  ( ^ 2 ^ ) ( 2 г - 2 ) л

(which follows from the proof of Lemma 5), (3.44) and (3.49) give (2.9) for s = 0.

§ 3.6. Proof of the estimate (2.9) of Theorem I in the case s >  0

In the proof of (2.9) it will be more useful to apply the absolute logarithmic 
height of algebraic numbers in place of the usual height.

When a is an algebraic number with defining polynomial

P{X) = a0X d+ ...+ a d = aa JJ ( * - « ;)
7 = 1

over Z,then

(3.52) h(<x) = -^-log {a0 g  m a x  U> lajl})

can be regarded as the definition of the absolute logarithmic height of a (cf. [70]). 
For a more natural definition of h(a) we refer the reader to the books [35] and [70]. 
It is known (cf. [35], [70] and [71]) that
(3.53) log H (a) £  dh{a) —log d 
and
(3.54) h(a") =  |n|/i(a)
for any non-zero rational integer n. Furthermore, if a1; ..., ak are any algebraic 
numbers, then
(3.55) /г(aj...a*) ^  h (ax) + ... +  h(oek) 
and
(3.56) h fa  + .-. + iXb) S  h(oc1)+... + h(oik)+ lcgk.

Proof of (2.9) in  the Case .?>0. Let (xu  xm)eR 'm be an arbitrary but fixed 
solution of (1) with xq^ 0. Let

(3.57) X ,  =
Рп! + Р и У + - + Р»-иУ*-1

Qt
i = 1, ..., m,

be the representation of xt in the form (2.4) where Poi, ..., РЬ- 1Л and Q{ are rela
tively prime elements of Z[z1; ..., zs]. As we showed in § 3.3, for max Deg xt (2.8)
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holds. The estimate (2.8) enables us to reduce the equation (1) to equations consi
dered over number fields by using specializations having the properties specified 
in Lemma 4. Applying Lemma 4, we have to choose the values t0 in such a way that, 
after specializations, the new equations satisfy again the assumptions of Theorem 1 
with s= 0. Then we can apply Lemma 6 to estimate the length of the solutions.

Let űj and R" be defined as in the relative case (cf. § 3.3). Then R "^R ', ß and 
the coefficients of the Ik belong to R", and (3.14) holds. Consider the determinant 3) 
and the elements тj defined in § 3.3. They are elements of R", and by (3.25) we have

max Deg xj ^  ml (mA + (m — 1) (<5 —1)£>) =  c17.

The number of the Xj is at most h. Using (2.5) and (2.6), we get Deg @ác17. Further, 
all the (non-zero) elements /.',e, Л"е+1, Af<>>+1 in R", considered in § 3.3, have Degrees 
not greater than 4A + 2(5 — l)D —cls. The number of these A’s is at most 3n. Fi
nally, we recall that the sCx occurring in (2.8) is an upper bound for Deg xq.

Let d be a rational integer satisfying
(3.58) d (4n + mn + S)(ő — í)D + S((h + í)c17 + 3ncls + B + mnA + sC1) + Cj = c19.
Let t0 be a rational integer with (to) ^ 0  and £Fai(t0)FO. Let у г, . .. ,y 3 be the roots 
of f to(X )= X i +&,f l (t0)X s- 1+ ...+ & fe(t0) in C, and T’,o= Q (y 1, . .. ,y d) be the 
number field with the parameters specified in §3. 4. We recall that because of ̂ Df(t0) 0 
the numbers ylt . . . ,y s are distinct. For fixed j  (1ё/ё<5), denote by a* (cf. (3.36)) 
the image of an arbitrary element a£R" in Tta under the specialization defined by 
z1-*t0, . . . ,z s-* t^~\y-*yj. Further, let lkJ and F* be the image of lk and F, res
pectively. Then F f^T io[X1, , Xm] is decomposable, F*(X) =  /j)(X).../„*■ (X) is 
its decomposition over Tto and x*j, ..., x^j is a solution of the equation
(3.59) F f(xl t . .. ,x m) = ß*j.

Let AF be a subset of Z which will be determined later. Suppose \J f\> d s—1. 
By virtue of (3.58) and Lemma 4, there are at least \JF\— (ds— 1) elements t0 in JF 
such that, for each of these t0 and for each j, 1 =j=8, the images of Df , ak, Я), Xj 
(y=l, ..., h), Ä'te, 2"e+1, 2te e+1, ß, xq and of the non-zero coefficients of the lk 
(k= 1, ..., ri) are all different from zero. Consequently, F* and l*j, ..., /„*• satisfy all 
the conditions of Lemma 6. Further, the height of the images of the coefficients 
of the 4 does not exceed

(2ö\t0\d'sF{ö\P)*-'y -  c20 
and

H(ß*) == (2<5\t0\imSS{8 -  c21.

Since x ^ R ',  hence every prime factor of the denominator Q; of xt in (3.57) 
divides a. Let px, pr denote the rational prime factors of a, and G,, ..., Gw its 
non-constant irreducible factors in the polynomial ring Z[z1; . . . ,z s]. Consider the 
irreducible factorization

Qi =  paF,...par'iGbp,...Gb”‘

of Qi with non-negative exponents. In view of (2.8) we have

bu + ... + bwi sCj.
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SfGk(t) is a polynomial in Z[t] with degree ^ d s— 1 and with length Thus, 
putting Hi=G\u...Gb~t and using the notation of §3.4 we have

— П l'^Gk ( í o ) | í’k‘ — ),Cl —  C22> * —  1 )  • • • )  m -k= 1
Further, &Gk( t because it divides Ŝ ai(t0) ^ 0  in Z. So 5н((?о)^0 for each i. 

Let x*j'=S/?Hi(t0)x*j for i= l ,  ..., m. Let lk' denote the linear form obtained
m

from 4* by multiplying the coefficients of Xx, in 4* by П and let
i =  1

Then c21 • C22'"5 and c ^ _1)ä are upper bounds of the height of ß*' and of the heights 
of the coefficients of the /*/, respectively. Further, let S be the set of those valuations 
v of Tto for which vipx.-.Pr)^0. The number of these valuations is at most ről. 
Since x= (x y , x*'j) is a solution of the equation

ilj (x)...4*;(x) -  ß y

in ^-integers of Tto with x*' 0, by Lemmas 6 and 5 we have

where

and

max H{x*j) <  exp {c23}l^i^m

c23 =  c24(mn)3((52|t0|‘,sJ5')Ä á!(ra!+7,/>li!(logJp)''á!+e(l + ̂ mnlog(c21c20c22))

см = (25 (<5! + r<5!+2)<5 !)2iI('dl +11)+11,,í< +23. 

In view o f (3.53) we have
(3.60) max h{x*J) S  c23+ l .

Putting hi=p"1,...prr‘, from (3.57) we get

„ * /  _  &Pot(to) + ̂ P u(to>yj + ■■■+^p0- u , ( to)ySj~ 1(3.61)
hi

, j = í , . . . , ö .

By virtue of (2.8) and (3.58), d> DegXj. Since by definition Deg x ^ D eg  Pki 
(k — 0, ..., <5— 1), Deg Qi, hence the polynomials £PPkt(t) and £PHl(t) are of degree 
^ d s—1 and their coefficients coincide with those of Pki and Ht, respectively. Further, 
in view of (3.60), (3.41), (3.55), (3.56) and (3.54) we get from (3.61)

(3.62) h S  <5!(c23+2<52 log c13) = c25

for 1=1, . . . ,m  and k=0, ..., (5 — 1.
Suppose that J Í  consists of all non-zero rational integers having absolute 

value S ds. Then our argument above shows that (3.62) holds for at least ds+ 1 
rational integers t0 with \t0\ s d s. We may choose in (3.58) d=[c19+l].
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If xt=0 then L(xi)= l. Thus it suffices to consider the case x^O . Then at 
least one of the polynomials &pkl(t) is different from zero. Suppose A;/í ±  1. Since 
by assumption ht and P0i, ..., PS-i,i are relatively prime in Z [z1, zs] hence, for
each prime factor p of hh there is a polynomial &pkl(t) which has a coefficient, say 
ukip, relatively prime to p. Considering now (3.62) for all possible values of t0, we get

h ( - ^ )  == (2c19)s(cie+1)'((2c19)3s + c25) =  c2e.

Using (3.52), this estimate implies

log (p°‘) S  h ( ^ )  c2e
if pa\hi. Hence
(3.63) hi ^  exp {rc2e}.
By virtue of a well-known inequality (see e.g. [69], p. 29) we have

L(SrHi(0) ^  (L(yai(t))?u...(L(SfGJt))Y~,.

But L(^Hl(t))=L(H,) and L(SPGj(t))=L(GJ) for all j, so we have L(tff)=
This together with (3.63) implies

(3.64) L(Qd — ^ sCl exp{rc2e}.
From (3.62) we get

h ( jP p kl (to)) — C25 T ГС2в

for all possible values of i„. This implies that each coefficient of Pki is at most

exp {c26 (1 + r (2ci9))s(cie+1)*} =  c27 

in absolute value. But Deg P^^sC x, so

(3.65) L(P*f) á  (sQ-h l)c27.

Finally, from (3.64) and (3.65) we get

max L(Xi) ^  max{(sC1+ l)c27, ^ sCi exp (rc2e)}.l^i^m

But it is easily seen that this bound is less than

exp {((<5 +1) Cj)1+S(Ä+ « » +7>«л+1>c»>* (m nf .

• ((25  ( r + 2 )  (c5 !)2)10 ̂ 24)il(riI+7> p-s! (lo g  Pysi+ 9 +  n lo g

hence (2.9) follows.
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§ 3.7. Proofs of Theorems 2, 3, 4, 5 and 6 and of their corollaries

Proof of Tfieorem 2. Since by hypothesis there are at least three pairwise non
proportional linear forms among the linear factors of F, hence these linear factors 
form a connected system. Further, it is easily seen that the other assumptions of 
Theorem 1 are also satisfied with the choice m = 2 and h —1. Thus, Theorem 2 
follows immediately from Theorem 1.

Proof of Corollary 2.1. Let A (y) denote the absolute value of the discrimi
nant of у  over Q. In К  there is an integral basis of the form

Í. Ф Л у ) Ф » - Л у ) \
1 ’ Ai ’ А , . г J

where i/rJ(y)= yJ'+aJ1yJ- 1+ ...+ал , Aj, a^eZ  and А/А(у), \ajt\^A (y)  for all 
j  and i (cf. [14]). Let a be the product of the distinct prime factors of A(y) and of 
all rational primes associated with the valuations belonging to S. It is clear that the
ring R '= Z  f- i, >1 contains the ring of ^-integers of K. Further, a has at most r+t
distinct prime factors and these do not exceed P+Q. Using (3.50) and (3.51), from 
Theorem 2 we can now easily deduce (2.11).

Let k  be a field of characteristic 0. Denote by R the polynomial ring к [Zx, ..., Zs] 
over к, and let isr0=L(Z1, ..., Zs). To deduce Corollary 2.2 from Theorem 2, we 
shall need the following

Lemma 7. Let

h(X) = h0X N + ... + hN =  h0 j j iX -o i j)
j = i

be a polynomial with coefficients in R. Suppose that15 d(aj) ̂  D and that 
K=Kn(хг, ..., ocN) has degree Ö over Kn. Then there exists a primitive integral element 
у o f К over R such that

d(y) ~= sd2s N3D.

Further, D ega; , j=  1 ,..., N, (with respect to the generating set Z 1, ..., Z s, у o f К 
over к) is not greater than

s2ö5(ő\)226 N 3D.

Proof. Let aj (resp. n f  be the leading coefficient (resp. the degree) of the defining 
polynomial of ctj over R. Then yj =aj a.j is an integral element over R, and d(yj)^  
^ njD. We can choose cls ..., cN in к such that
(3.66) у = CjVí + ...  +  cNyN
generates К  over K0 and that the N ! elements

У<р — Cl)V(l)+”-+cJV}V(N)>

15 We recall that d(tXj) denotes the maximum Degree of the coefficients o f the defining polyno
mial of ccj  over R (cf. § 2.4).
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where ц> runs through the permutations of 1, are distinct. The element у
is obviously integral over R. Further, its minimal polynomial over K0, say f ( X )  = 
= X i + f1X 3~1 + ...+ fd, has coefficients in R and /  is a divisor of the polynomial

g(X) =  П  (X —y,,,)
<p

which has coefficients in R.
Let

.. _  Р*]+ Р иУ + -+ Р *-г,1У*-1
Qj

be the representation of a,- in the form (2.4). For an arbitrary but fixed i, l á / S s ,  
consider the function field МД,- defined in § 3.3. Using the notation of § 3.3, let 

K, (Z)], and let / / ,  P'tj, Q) denote the polynomials in £;[Z] obtained from 
f ,  PtJ, Qj by substituting Z for Z;. By virtue of (3.4) and (3.2) we get
(3.67) H ^ ^ A ^ N + ^ D
and

HMi(yy) S  d ;7V(iV+ 1)D, j  = 1,..., N.
Thus, from (3.66) we obtain
(3.68) UMl{ y )^ 2 A iN 3D.
It is clear that the same estimates hold for each conjugate of Xj and у over K0. This 
shows that

H Ul( f i ) * 2 l ^ l ) A iN*D
whence, by (3.2),

degz/ /  =  2 /^ j  N 3D, 1 =  1,..., <5,
and so
(3.69) im/axá Deg/; = d{y) ^  ső2sN3D.

Finally, by means of (3.67), (3.68), (3.69) and A ^ b \  we can derive the estimate 
Degocj s  s205W 2 sN 3D, j  = 1, ..., N,

in the same way as we estimated max Deg xr in § 3.3, starting from a bound obtainedl^r^m
for the height of л:г and of its conjugates.

Proof of Corollary 2.2. Let

F{X„X2) =  aoZl + f l i Z r ^ a + . - .  + a^ S - 

First suppose a0?± 0 and consider the factorization

FiX,, X 2) =  ай{Х ,-* ,Х г)...(Х ,-*пХ2)

of Fin a fixed algebraic closure of K0=k(Zl , ..., Zs). It is easily seen that d(<Xj)^H 
for j= l , . . . ,n .  Thus, by Lemma 7 K=K0(a1, ...,a„) has a primitive integral
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element у  over к [Z,, . . . ,Z S] with d(y)^ső2őn3H. Further, Deg a,- (with respect 
to the generating set Z1; Zs., y) is not greater than s2ö5(<5l)22őn3IÍ. We can now 
apply Theorem 2 and (2.8) with m = 2 gives (2.12).

If a0—0, then by the assumption concerning the linear factors of F we have 
axxO and we get (2.12) in a similar manner.

Proof of Corollary 2.3. In case j = 0 , (2.13) follows from  Corollary 1.2 of 
[25]. Next we suppose .v>0.

In view of Corollary 2.2 it suffices to prove the estimate (2.13). We could now 
derive (2.13) from Theorem 2 but with a larger bound. We shall get a better estimate 
by using Lemma 4 and reducing the assertion directly to the number field case. 

Let
F(Zi, X 2) =  fl0X i+ a 1Z r 1* 2 + --+ a n̂ g .

The discriminant DF of Fis different from zero and its Degree does not exceed (2n — 1 )H. 
Let xx, x 2 be an arbitrary but fixed solution of (2.10) in Z[ZX, ...,Z J. By (2.12) 
we have

max {Deg xl5 Deg x 2} <  C2

with the choice d=n\ in C2. Apply Lemma 4 in this special situation to the ele
ments DF, aa, a„, ß, x 1 and x2 of Z[Zlt ..., Zs] with d=3C2. Clearly d is greater 
than the sum of the Degrees of these elements of Z[Z1;..., Z J. Using the notation 
of § 3.4, the polynomials SFXl(t), £%z(t)£Z[t] have the same non-zero coefficients 
as x1, x 2£Z[Z1, . . . ,Z s\. Consider the specializations SfP(t0) of the polynomials 
P6Z[Z,, ..., Zs] of Degree into Z. By Lemma 4 there are at least ds+ l rational 
integers ?0 with absolute value at most 2ds such that

0  <  | З Д ) |  S  ( 2 ' i f f *

for each at different from zero,
0 <  |^ ( /0)| s  (2dsT@

and ^oF(t0) ^ 0, where £fDF(t0) coincides with the discriminant of the binary form 

F*(Z15 X2) = ^ ( t 0)X l+ ...  + <Fan(t0)X?2.

Further, x f  =£f.(t0)?iO provided that x ^ O .  Since x*, x'2 is a solution of the 
equation F*(xlt x^=£fß(t0) in rational integers, we can apply Corollary 1.2 of 
[25] and get

(3.70) max | ^ ((i0)| =§ exp{(87V)3'!̂ + 1)(4(6C2+  l)s<3Ĉ J f ) 10"N(1 -flog.«)}

with N=n(n — \)(n—2). Since £̂x.(t)^Z[t] is a polynomial of degree ^ d s— 1, 
considering (3.70) for at least ds distinct t0 having the above property we obtain 
(2.13).

Proof o f T heorem  3. Let xl5 ..., xm be an arbitrary but fixed solution of (2.14) 
in R', q the greatest integer for which xq^ 0 ,  and i = max (q, 2). Put M,=  
— F0(a!, ..., at), nt=[Mt: K0] and n't =[M: M t\. We may suppose without loss 
of generality that a{x), ..., aj"d are the images of <Xj under the K0-isomorphisms of
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M, into K. Then (2.14) may be written in the form

F, (x) =  [ / /  (a)° Xj, +... + a((i) x,)) = ß.

Since l , a 2, ...,a , are linearly independent over K0, among the linear factors of 
F,(X) there are t linearly independent over K. Divide the linear factors of Ft (X) 
into subsystems so that two linear forms belong to the same subsystem if and only 
if in these forms the coefficients of Xj coincide for all j  with It is easily
seen that all the conditions of Theorem 1 are satisfied, and so the assertion follows 
from Theorem 1.

Proof of Theorem 4. It suffices to apply the above argument with t=m, and 
the assertion follows.

Proof of Corollary 3.1. By Lemma 7 there is a primitive integral element у  
of the normal closure of M  over K0 such that

d (y) ^  sn ! 2nl ((m — 1) n)3A'
and that the Degrees of the conjugates of cq,..., am with respect to the generating 
set Zl5 ..., Zs,y  do not exceed

s2(2(n!)3)"! ((m — l)n)3A'.

This shows that the assertion of Corollary 3.1 is an easy consequence of the esti
mate (2.8) of Theorem 1.

Proof of Theorem 5. Let

l0)(X)  =  Х, + ̂ Х 1+ ...+ а.$Хт, i = 1,.... n,

be defined as in § 2.5. Putting

/y(X) =  I<b(X)-P>(X),

(2.15) may be written in the form

(3.71) 77 /у (х) =  (-l)" (" -1>/2jß.
i , j  =  1 i*j

Because of the linear independence of 1, , am over Ku, there are m + 1
linearly independent forms among the linear factors /(1), ..., /(n). From this it 
follows that the system i f  of the linear forms /y has rank m over K. Further, we can 
easily see that i f  is connected. Hence the equation (3.71) satisfies all the conditions 
of Theorem 1.

By (2.5) the coefficients of the ltJ have Degrees ^ 2 A. Further, when k —Z, 
representing the coefficients of the lu in the form (2.4) and using some well-known 
inequalities concerning the height and length of polynomials with coefficients in Z 
(cf. [69], pp. 26 and 110), we get 2аг/2 exp {3iT} as an upper bound for the lengths 
of the coefficients of the /y . Now the assertion follows immediately from Theorem 1.
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Proof of Theorem 6. In view o f (2.16) we can write (2.17) as

Z>(co2x2 +  ...+ o v О  =  /)(« !, ..., (on)ß2.
Since by (2.5) and (2.6) we have

Deg (D (со,,..., соЖ) ^ 2 { n  + \)\{A+B + ÖD\

hence the assertion follows at once from Theorem 5.
Proof of Corollary 6.1. Using Lemma 7, we can deduce Corollary 6.1 from 

Theorem 6 in a similar manner as we deduced Corollary 3.1 from Theorem 3.
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1. Введение

Основные определения и факты теории радикалов колец и алгебр могут 
быть найдены в книгах [2], [4] и [19].

В данной работе рассматриваются только ассоциативные кольца. Термин 
«класс колец» будет означать замкнутый относительно изоморфизмов класс 
колец. Пусть а — радикал, R — кольцо и N ^ R  — подмножество. Положим

У  (а) =  {А\А — кольцо и а (А) = 0}, 
r(R ; N ) = {r£R\Nr =  0}, l(R; N ) =  {r£R\rN =  0}.

Обозначим через верхний радикал, а через ifSOÍ — нижний радикал, 
порожденный классом колец 9JÍ. Всюду в дальне йшем ß  — нижний нильради
кал Бэра. Выражение Ll<\ R (U<i R, L<i R) будет означать, что L  — ненулевой 
левый (соответственно, правый, двухсторонний) идеал кольца R.

Определение Морита-контекста (сокращенно — М. к.) может быть найдено 
в работе [1]. С каждым М. к. ( R, V, W, S) естественно связано кольцо «мат
риц»

(см. [14]). Далее, М. к. (R, V, W, S) называется точным справа, если равенство 
VsIV=0 и включение s£S влекут равенство 5=0. Напомним, что радикал 
а называется:

а) наднильпотентным радикалом, если а — наследственный радикал (т. е. 
а (/)= а(Я )П / для всех / с R) и аё/?;

б) строгим слева радикалом, если из соотношений I lo  R и « (/)= / сле
дует, что IQ ol(R);

в) наследственным слева радикалом, если из соотношений I l<iR и IQct(R) 
следует, что а (/)= /;

г) iV-радикалом, если а — строгий слева, наследственный слева радикал 
и ot^ß;

е) нормальным радикалом, если для каждого М. к. (R, V, W, S) выпол
нено соотношение Va(S)WQa(R).

Определение и свойства нормального радикала можно найти в работах 
[7] и [14]. Определение и свойства TV-радикала — в работах [13], [14] и [7]. Стро-

1 Статья написана во время стажировки первого автора в Братиславе.
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гие слева (справа) радикалы и наследственные слева (справа) радикалы изуча
лись в работах [6], [9], [12] и [15].

Центральную роль в данной работе играют понятия специального и слабо 
специального классов колец, принадлежащие В. А. Андрунакиевичу и. Ю. М. 
Рябухину соответственно. Класс колец ЗР называется специальным классом, 
если выполнены следующие условия: 1. Все кольца класса & первичны. 2. Ес
ли l c R  и R^SP, то 1Q.3P. 3. Ецли /< /! ,  1£ЗР и R — первичное кольцо, то R^SP.

Класс колец ЗР называется слабо специальным классом, если выполнены 
следующие условия: 4. Все кольца из класса ЗР полупервичны. 5. Если /-=з R и 
R33P, то KL3P. 6. Если / о  R, R — полупервичное кольцо, /(/?; /)= () и 1̂ 3Р, 
то R^SP.

Следуя [10], назовем класс колец ЗР нормальным слабо специальным 
классом, если выполнены следующие условия: 7. Все кольца из класса ЗР полу
первичны. 8. Если R33P и (R, V, W, S) — точный справа М. к., то S33P.

Класс колец ЗР называется нормальным специальным классом, если ЗР — 
нормальный слабо специальный класс и все кольца из класса ЗР первичны.

Во втором параграфе данной работы наднильпотентные (специальные) 
строгие слева радикалы, наследственные слева и А-радикалы радикалы охарак
теризованы как верхние радикалы слабо специальных (специальных) классов 
колец, удовлетворяющих некоторым дополнительным условиям. Отметим, 
что подобная характеризация специальных нормальных радикалов дана в ра
боте [10].

Первый пример наднильпотентгого неспециального радикала был построен 
Ю. М. Рябухиным (см. [2]). Им же было показано, что неспециальных радика
лов «достаточно много»: каждый специальный радикал является объединением 
некоторого семе йства наднильпотентных неспециальных радикалов (см. [2, 
стр. 252, Теорема 5]).

Первый пример наднильпотентного неспециального А-радикала был при
веден Егерманом и Сандсом в работе [7]. В третьем параграфе данной работы 
для «решеток» строгих слева радикалов, наследственных слева радикалов и 
А-радикалов доказываются аналоги теоремы Ю. М. Рябухина о представлении 
специального радикала в виде объединения некоторого семейства наднильпо
тентных радикалов.

В четвертом параграфе дается приложение полученных результатов к 
теории колец и модулей частных. Показывается, что если R — полупервичное 
кольцо и (R, V, W, S) — точный справа М. к., то Z(R)^3VZ(S)W, где Z(R) — 
правый (или левый) сингулярный идеал кольца R (напомним, что Z{R)~  
=  {x£R\r(R, х) — существенный правый идеал кольца 7?}).

Перейдем к изложению вспомогательных результатов.
Теорем а 1 (см. [14, Теоремы 1 и 8]). Пусть (R, V, IT, 5) — Морита-кон- 

текст и а — N-радикал. Тогда:

ffR’ П]| _M-  в]
Ilit, s JJ [ c, d \

где A — a.(R), D — а (5), В = {v£V\fTv g  а(5)} =  {v3V\vW g  а(7?)}, 

С =  {w£lE|Fw g  а (R)} = {weW\wV g  a(S)}.

Acta Mathematica Hungarica 42, 1983



О РЕШ ЕТКАХ Л'-РАДИКАЛОВ 83

Теорема 2 (см. [15], [6], [9] и [12]). Имеют место следующие утверждения: 
а) если а;, i f i  — строгие слева (наследственные слева) радикалы, то f) <х{ —

ia
строгий слева (соответственно, наследственный слева) радикал; б) если а,-, 
i f i — наследственные слева радикалы, то (J щ — наследственный слева радикал.

i€/
Отметим, что в этой теореме пересечение и объединение радикалов берется 

в «решетке» всех радикалов. Далее, в работе [1] показано, что ß — TV-радикал. 
Поэтому из ([14, Теорема 5, Замечание]) и из [5] вытекает следующая лемма.

Лемма 3. Пусть R — кольцо, Ü c R  и М<\ R. Тогда: 1) если Р — первичный 
(полупер винный) идеал кольца L, то существует первичный (соответственно, 
полупервичный) идеал Q кольца R такой, что Ра; 2) если R — первич
ное (полупервичное) кольцо то ß(L) = r(L\ L) и Ljr(L; L ) — первичное (соответ
ственно, полупервичное) кольцо; 3) если Р — полупервичный идеал кольца I, то 
Р — идеал кольца Q.

2. Характеризация некоторых классов наднилъпотентных радикалов

Теорема 4. Пусть а. — наднильпотентный радикал. Тогда следующие усло
вия эквивалентны: 1) а — строгий слева радикал; 2) если R — кольцо, L l<i R и 
a ( I )V 0 , то а(/?)?^0.

При выполнении этих условий справедливо включение oi(L)2Qtx(R).
Д оказательство. 1) Пусть а — строгий слева радикал, R —кольцо, L 'c  R 

и ос(L)2 5̂ 0. Ясно, что La(L) Дос(Т)2. Поэтому La(L) — ненулевой идеал ос- 
радикального кольца a(L). Так как a •—наднильпотентный радикал, то La(L) — 
a-радикальное кольцо. Но La(L)lc R  и a — строгий слева радикал. Значит, 
a(L)2QLa(L)Qa(R) и условие 2) выполнено.

2) Пусть выполнено условие 2). Далее, пусть R —кольцо, iJ c  R и a(L) = L. 
Положюл_К = R/a(R) и L= L/LP\a(R). Предположим, что  ̂ 1^0. Ясно, что 
a(L) =  L, Ll c R .  Так как a —наднильпотентный радикал, то R —полупервичное 
кольцо и I V 0. Значит, I 2= a (L )V 0. Но тогда, a(R )^0 , что противоречит 
равенству R = R/a(R). Итак, 1=0, L ca (R )  и a — строгий слева радикал.

Теорема 5. Пусть a — наднильпотентный радикал. Тогда следующие усло
вия эквивалентны: 1) a — наследственный слева радикал; 2) если R —полупервич
ное кольцо, iJ c R  и a(Ä)2V0, то а(1)2т^0.

При выполнении этих условий справедливо включение а (I) 3  a (R) P\L+ß  (L).
Д оказательство. 1) Пусть a — наследственный слева радикал и R, L — 

как в пункте 2) нашей теоремы. Ясно, что a(R)Ll-=aa(R), («(/?) /.) V 0 . Далее, 
так как a — наследственный слева радикал, то ot(R)L — a-радикальное кольцо. 
Но <x(R)LcL. Поэтому L(R)LQa(L). Теперь ясно, что (a(L))V0.

2) Пусть выполнено условие 2). Далее, пусгь R — кольцо, L‘c  R n  L  Qa.(R). 
Предположим, что a ( I ) ^ I .  Так как a^ /J, то a (L )— полупервичный идеал 
кольца L. Из леммы 3 следует, что а(1)2М П 12о:(1 ,)2_ для некоторого полу- 
первичного идеала М_кольца R. Положим R = R/M, L=L/Lf)M . Ясно, что 
а(Я)За(Я)+М /М , а(1) =  а(Т)/1ПМ, а (1 )2=0 и Lf=a(R). Так как I ^ a ( I )
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и ЬГ\ MQa(L), то L^O.^Учитывая, что R —полупервичное кольцо, получаем, 
что 0. Значит, 0 ^ L 2Qa(R)L. Из условия теперь следует, что а (Г)2 ̂ 0. 
Это противоречит доказанному выше равенству а(Г)2=0.

Определение 6. Класс колец Э5 называется строгим слева слабо специаль
ным классом, если выполнены следующие условия:

1) ЗР — класс полупервичных колец;
2) если Rf3P и Ll<\R, то L/r^L; L)f_3P;
3) если R — полупервичное кольцо, R, l(R; /) ~0, IffP,  то RfSP.
Определение 7. Класс колец ЗР называется наследственным слева слабо 

специальным классом, если выполнены следующие условия:
1) ЗР — класс полупервичных колец;
2) если RfSP и I^oR, то If3P\
3) если R — полупервичное кольцо, Ü<\R, I(R; L) = 0 и L/r(L, L)f3P, 

то Rf3P.
Замечание 8. Ясно, что строгий слева слабо специальный класс ЗР и 

наследственный слева слабо специальный класс Q являются слабо специаль
ными классами колец.

Замечание 9. Непосредственно из определения следует, что пересечение 
и объединение любого множества наследственных слева (строгих слева) слабо 
специальных классов снова будет наследственным слева (соответственно, стро
гим слева) слабо специальным классом.

Теорема 10. Пусть а — наднилъпотентный радикал, ЗР — строгий слева 
слабо специальный класс колец и fP3P(v) = {/?|а(/?) =  0}. Тогда: 1) ŐU3P — строгий 
слева наднилъпотентный радикал ; 2) радикал а является строгим слева ради
калом тогда и только тогда, когда fP3P(a) — строгий слева слабо специальный 
класс колец.

Д оказательство . 1) Ясно, что каждый ненулевой левый идеал любого 
кольца из класса ЗР может быть гомоморфно отображен на ненулевое кольцо 
из класса ЗР. Поэтому класс ЗР является строгим слева классом в смысле ра
боты [13]. Из ([13, Теорема 3]) теперь следует, что °U3P —строгий слева радикал. 
Наднильпотентность радикала °U3P вытекает из ([2, стр. 169, Теорема 2 и 
Замечания 8]).

2) Пусть а — строгий слева радикал и Rf.3P.3P (а). Из определения класса 
ff3P{u) следует, что oc(R)=0. В силу теоремы 4, c/.(L)23fa(R)=0. Значит, 
а (L)^ß(L). Таккак a ^ß , то oc(L)=ß(L)=r(L; L) и a(L/r(L; L)) — 0. Поэтому 
T/r(T; L)ffP3P{а). Теперь ясно, что условия (1) и (2) определения 6 выполнены. 
Так как а — наднильпотентный радикал, то а — наследственный радикал. По
этому условие (3) определения 6 тоже выполнено. Таким образом f f  ЗР {а) — 
строгий слева слабо специальный класс. Наоборот, предположим, что f f  ЗР(р) — 
строгий слева слабо специальный класс. Ясно, что ffSP(f) — класс всех а- 
полупростых колец. Поэтому ct. = öUff 3P(pf). Из утверждения доказанного в 
пункте 1) нашей теоремы теперь следует, что а — строгий слева наднильпотент
ный радикал.
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Теорема 11. Пусть а — наднилъпотентныйрадикал, РР — наследственный 
слева слабо специальный класс и РТ РР(р) =  {7?|а(7?)=0}. Тогда: (1) аИРР — наслед
ственный слева наднилъпотентный радикал ; (2) радикал а является наследствен
ным слева радикалом тогда и только тогда, когда PfPP(p) — наследственный 
слева слабо специальный класс колец.

Д оказательство. 1) Как и при доказательстве теоремы 10 убеждаемся, 
что у '̂ШРР — наднильпотентный радикал. Пусть R — полупервичное кольцо, 
Ll-=aR и LQy(R). Предположим, что y{L) Р L. Тогда существует идеал Р 
кольца L  такой, что дрЦРрРР. Ясно, что Р — полупервичный идеал. Поэтому 
Р i2 L  П Q 2  Р2 для некоторого полупервичного идеала О кольца R (см. лемму 3). 
Положим R = R/Q, L=L/LPlQ, Р=Р/ЬГIQ. Ясно, что

у(Д) 3  y(R)+QIQ, L Qy ( R) ,  P2 = 0 и L/Р = ЦР£&.

В частности, L/P — ненулевое полупервичное кольцо. Значит,
L 0, r(L; L) =  ß(L) = Р и L/r(L; L)<p0>.

Положим M=r(R,_l(R, L)). Ясно, что М 2  L. Из полупервичности кольца R 
следует, что l(M, L)=0. Так как М  — идеал кольца R, то М  — полупервичное 
кольцо. Учитывая, что РР — наследственный слева слабо специальный класс 
колец и L/r(L; L)£PP получаем, что МрРР. Значит, у (М) = 0. Н о у — наслед
ственный радикал. Поэтому 0=у(М)=у(Я)ПМ22 L и L= 0. Это противо
речит доказанному выше неравенству Ь^О. Следовательно у (L) = L и у — 
наследственный слева радикал.

2) Пусть а — наследственный слева радикал, R — полупервичное кольцо, 
Ll<\R, l(R; L)=0 и Ljr(L\ V) O f SP (а). Предположим, что ос(М)^0. Так как 
l(R ;L)= 0, то oc(R)L?íO. Из теоремы 5 теперь следует, что «(L)2^0. Значит, 
oc(L)%r(Lm, L) и a(L/r(L; L j)^a (L ) + r(L; L)/r(L; L) =/0, что противоречит вклю
чению L/r(L; L)£PP(P( а). Следовательно a(R)=0, RpPf РР (а.) и класс PfPP(ct) 
удовлетворяет условию (3) определения 7. Так как идеал полупростого (в смысле 
любого радикала) кольца сам является полупростым кольцом, то условие (2) 
определения 7 тоже выполнено. Теперь ясно, что РРРР(а) — наследственный 
слева слабо специальный класс колец. Оставшаяся часть пункта 2 теоремы 11 
докозывается точно также, как и соответствующая часть пункта 2 теоремы 10.

Определение 12. Класс колец РР называется слабо специальным N- 
классом, если выполнены следующие условия: (1) РР — класс поупервичных 
колец; (2) если RPJPP и L'-ci R, то L/r(L; L)PPP-, (3) если R —полупервичное коль
цо, L '< й , l(R; L) =  0 и  T/r(L ;L)6^, то RP.&.

Замечание 13. Ясно, что класс колец является слабо специальным N- 
классом тогда и только тогда, когда он является строгим слева наследственным 
слева слабо специальным классом колец.

Из теорем 10 и 11 непосредственно вытекает следующая теорема.
Теорем а 14. Пусть а. — наднильпотентный радикал, РР — слабо специаль

ный N-класс колец и PfPP(v) = {М|э:(М) = 0}. Тогда: 1) ‘ШРР — N-радикал; 2) ради
кал а является N-радикалом тогда и только тогда, когда Pf РР (pi) — слабо спе
циальный N-класс колец.
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Теорема 15. Следующие утверждения эквивалентны: 1) 0* — слабо специ
альный N-класс; 2) 0  — слабо специальный нормальный класс.

Д оказательство. 1) Пусть SP —слабо специальный TV-класс. Далее, пусть 
(Д, V, W, S) — точный справа М. к. и R££P. Из работы [1] следует, что S  — по- 
лупервичное кольцо. Положим

В силу теоремы 1 имеем:

где

и

Положими

v 0 =  { v e v \ w v  g ß(S) = о} =  {v<=v\vw g ß(R) = 0} 
w0 = {wew\vw g ß(R) = o} = {wtw\wv g ß(S)  = o}. 
V=V/V0, W =W /W 0. Тогда

H = W )  =  [*  g

и W v^O ^vW , V w ^O ^w V  для всех O ^vdV , O^w^W. Пусть

L
Ясно, что L 'c  Я,

О г
Предположим, что 

Тогда

= í - ’ ° l№ о

<-L- L> = [щ о] - L^ L- L> = К’ “] “

С; «■

0 _  (г, гИД, 0] =  |>Д + ЙК 01 
Iw, sj Ln; oj Lw^+sir, oj

и rR=0, vW =  0, иД = 0, x W=0. Из доказанного выше и из полупервичности 
кольца R следует, что г= 0  и г=0. Так как Vs W=Q, _то VsW=0. Но 
(Д, V, W, S) —- точныйсправа М. к. Поэтому 5=0. Далее, Vw — левый идеал 
кольца Д и ( Vw)Д= К(и’Д) =  0. Поэтому Kw=0 и w =  0. Итак, г(Я; L )= 0. 
Так как 8Р — наследственный слева слабо специальный класс колец, то из 
соотношений (*) теперь следует, что Н^вР. Но SP — строгий слева слабо спе
циальный класс колеи. Поэрому А//г(М; М)£0>, где

М =

Как и выше можно показать, что M/r(M; M )^S . Следовательно SfSP и 
0  — нормальный слабо специальный класс колец.
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2) Пусть SP — нормальный слабо специальный класс, R — полупервичное 
кольцо и Ll<iR. Рассмотрии М. к. (R, L, R, L) и кольцо #  = {/?’ •

В силу теоремы 1, леммы 3 и полупервичности кольца R имеем:

Ясно, что (R, L, R/r(R; L), L/r(L; L)) — точный справа М. к. Предположим, 
что RdSP. Так как РР— нормальный слабо специальный класс, то L/r(L; L)£0>.

Предположим теперь, что L/r(L; L)£3P и l(R; L )~ 0. Тогда (L/r(L; L), 
R/r(R, L), L, R) —точный справа M. к. Поэтому R£3P. Следовательно SP — сла
бо специальный TV-класс.

Как отметил Сандс, наднильпотентный радикал является TV-радикалом 
тогда и только тогда, когда он является нормальным радикалом. Теорема 15 
показывает, что аналогичное утверждение справедливо и для классов колец.

Следующая теорема доказывается тем же методом, что и теорема 5.
Теорема 16. Пусть ос — специальный радикал. Тогда следующие условия 

эквивалентны: 1) а — наследственный слева радикал; 2) если R  — первичное 
кольцо, Ll<\ R и а(Т?)^0, то а(Т)2^0.

Определение 16. Класс колец SP называется специальным строгим слева 
классом (наследственным слева классом, TV-классом), если SP — класс первич
ных колец, являющийся слабо специальным строгим слева классом (соответ
ственно, наследственным слева классом, TV-классом).

Следующая теорема доказывается тем же методом, что и теоремы 10, 11 
и 14.

Теорема 18. Пусть а — специальный радикал, SP — специальный строгий 
слева класс (наследственный слева класс, N-класс) и SP(<x) = {/?|Т? — первичное 
кольцо и ot(R)=0}. Тогда:

1) ЩРР — специальный строгий слева радикал (соответственно, наслед
ственный слева радикал, N-радикал);

2) радикал ос является строгим слева радикалом (наследственным слева 
радикалом, N-радикалом) тогда и только тогда, когда ЗР( а) — специальный стро
гий слева класс (соответственно, наследственный слева класс, N-класс) колец.

Следующая теорема доказывается точно также, как и теорема 15.
Теорема 19. Следующие условия эквивалентны:
1) ЗР —- специальный N-класс колец;
2) 8Р — специальный нормальный класс колец.
Из ([10, предложение 4]) теперь вытекает следующее следствие.

Следовательно

R/r(R; L), L\r(L\ L).
L
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Следствие 20. Класс 3?v всех первичных подпрямо неразложимых колец 
является N-классом.

Пусть а — наднильпотентный радикал. Положим

S3?(oc) = {R\oc(R) -  0};
S3?*(ac) = {R\ß(R) = 0, l(R; a(R)) = 0};
3?(a) =  — первичное кольцо a(R)=0};
3?*(<x) =  {A| А — первичное кольцо «(А) ^0};
3?v(oc) = S3?(oc)03?<p, 3?%(ac) = S3?*( 9)П&Щ.

Теорем а 21. Пусть а — наднильпотентный радикал. Предположим, что 
а — строгий слева радикал (наследственный слева радикал, N-радикал). Тогда:

1) S3?* (а) — слабо специальный наследственный слева класс (соответсвенно, 
строгий слева класс, N-класс);

2) ЗРу (а) — специальный строгий слева класс (соответсвенно, наследствен
ный слева класс, N-класс);

3) 3?* (а) и 3?*(а) — специальные наследственные слева классы (соответ
ственно, строгие слева классы, N-классы).

Д оказательство. 1) Пусть а — строгий слева радикал. Ясно, что класс 
S3?*(ос) удовлетворяет условию (1) определения 7. Так как а — наследственный 
радикал, то условие (2) тоже выполнено. Пусть R — полупервичное кольцо, 
L‘<iR, l(R ;L) = 0 и L/r(L; L)3S3?*(oc). Значит, l(L/r(L; L); oc(L/r(L, L))) = 0. 
Далее, пусть M  — прообраз идеала ос (L/r(L; L)) в кольце L. Так как r(L; L) = 
= ß(L)^a(L), то а.(М)=М. Очевидно, что l(L\ M2)Qr(L; L). Пусть N=  
= I(R4, М2). Так как LM23= М2, то NLM 2= 0. Значит, NLQI(L; M 2)^r(L ; L). 
Поэтому (NL)2= 0. Но R  — полупервичное кольцо и NL  — левый идеал кольца 
R. Следовательно N L= 0 и NQl(R; L) =0. Таким образом l(R; М2) = 0. 
В силу теоремы 4, a (R)^oc(L)2^ M 2. Значит, /(/?; a (R))=0, R£S3?*(a) и 
S3?*(а) — слабо специальный наследственный слева класс.

Предположим теперь, что а — наследственный слева радикал. Ясно, что 
условия (1) и (3) определения 6 выполнены для класса S3?* (ос). Пусть R3S3?*(а), 
Ll<iR, M=oc(R)L, N = r(L ;L ) и л: L-+L\N=L  — канонический гомомор
физм колец. Далее, пусть T=n~1(l(L,n(M ))). Тогда TMQN.  Значит, ЬТМ =0 
и (MT)2 = M TM TQ LTM T=0. Так как R — полупервичное кольцо, то МТ=  0. 
Поэтому oc(R)LT=0 и (LToc(R))2=0. Теперь ясно, что LToc(R)=0. Из равен
ства l(R; ос(R)) = 0 получаем, что LT=0, TQ N  и _/(L; 7г(М)) = 0. В силу тео
ремы 5, ос(L )3 M  Поэтому oc(L)3)n(M) и / ( L; а ( L)) = 0. Следовательно 
L,3S3?*(oc) и S3?*(а) — слабо специальный строгий слева класс.

Тот случай, когда а является А'-радикалом, вытекает из доказанного выше.
2) Пересечение специального строго слева класса со слабо специальным 

строгим слева классом, очевидно, будет специальным строгим слева классом. 
Первое утверждение пункта 2) нашей теоремы теперь вытекает из следствия 
20 и теоремы 4. Оставшиеся утверждения теоремы доказываются аналогично.

Следствие 22. Сохраним условия и обозначения теоремы 21 и положим 
ас* =Ő3S3?*(а), ос* = 4l3?*(a), a.* = aU3?*(ct.) и а^—^иЗ?^(а). Тогда: 1) а* — над-
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нилъпотентный наследственный слева радикал (соответственно, строгий слева 
радикал, N-радикал); 2) а* и aj — специальные наследственные слева радикалы 
(соответственно, строгие слева радикалы, N-радикалы); 3) а,р — специальный 
строгий слева радикал (соответственно, наследственный слева радикал, У- 
радикал).

Теорема 23. Пусть а. — антипростой радикал. Имеют место следующие 
утверждения: 1) (aJ)J=a; 2) радикал а является строгим слева радикалом 
тогда и только тогда, когда а* — наследственный слева радикал; 3) радикал а 
является наследственным слева радикалом тогда и только тогда, когда — 
строгий слева радикал; 4) радикал а является N-радикалом тогда и только 
тогда, когда a j — N-радикал.

Д оказательство. 1) По определению 3P*(a)=S0>*(ß) и a j=
— (a). По условию теоремы a = úU3P, где SP — специальный класс под
прямо неразложимых колец. Покажем, что á^J (a) =  SPß\3P. Действительно, 
SP*(a) Q SPßsJP. Пусть RSSP^\SP. Предположим, что а(Л)=0. Тогда R — под
прямое произведение колец из класса ЗР. Но R — подпрямо неразложимое 
кольцо. Значит, R3SP. Получили противоречие с выбором кольца R. Поэтому 
а(Д)^0. Так как R — первичное кольцо, то l(R: a(R))=0. Следовательно 
i?€^J(a) и &%(а)=0>9\ 0 >. Применяя доказанную формулу к радикалу aj =  
=  ̂ J ( a ) ,  получаем, что ^ J ( a J ) = ^ \ ^ J ( a ) = ^ \ ( ^ \ ^ ) = ^ .  Следова
тельно (aJ)J=a.

2) Утверждения пунктов 2), 3) и 4) вытекают из доказанного выше и из 
следствия 22.

Замечание. В определении слабо специального нормального класса 
фигурирует термин «точный справа Морита-контекст». Поэтому это опреде
ление кажется на первый взгляд лево-право несимметричным. Однако это не 
так. Действительно, пусть (R, V, W, S ) —точный справа М. к. Тогда (S, W, V, R)
— точный слева М. к. (т. е. из равенства VsfV=Ö вытекает равенство s= 0). 
Теперь ясно, что класс полупервичных колец ЗР является нормальным слабо 
специальным классом тогда и только тогда, когда для любого точного слева
М. к. (S , W, V, R) из включения R f ß  следует включение Sf̂ SP. Следовательно 
определение слабо специального нормального класса право-лево симметрично. 
Далее, использованное в данной работе понятие слабо специального У-класса 
мы, временно, заменим понятием слабо специального левого У-класса. Анало
гично вводится понятие слабо специального правого У-класс а (в определении 
12 заменить левые идеалы на правые, левые аннуляторы — на правые, а пра
вые — на левые). В силу теоремы 15 оба эти понятия совпадают с понятием 
слабо специального нормального. Как было показано выше последнее понятие 
право-лево симметрично. Следовательно класс колец ЗР является слабо спе
циальным левым У-классом тогда и только тогда, когда ЗР — слабо специаль
ный правый У-класс. Поэтому использование термина «слабо специальный 
У-класс» оправдано.
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3. Теорема Рябухина для некоторых решеток наднильпотентных радикалов

Так как совокупность всех радикалов не является множеством, то мы бу
дем заключать термин решетка (по отношению к тем или иным классам ради
калов) в кавычки. Напомним, что решетка называется полной, если в ней 
содержатся объединения и пересечения любого семейства элементов.

Л ем м а 24. 1) Совокупность всех наднильпотентных строгих слева ради
калов образует «полную подрешетку» «полной решетки» всех радикалов; 2) 
Совокупность всех наднильпотентных наследственных слева радикалов обра
зует «полную подрешетку» «полной решетки» всех радикалов; 3) Совокупность 
всех N-радикалов образует «полную подрешетку» «полной решетки» всех ради
калов; 4) для каждой из перечисленных выше решеток справедливо равенство

у А (V  аЛ =  V (?Лос/)-
(иг J fér

Д оказательство . Утверждение пункта 3) доказано в работе [7, Теоре
ма 8]. Утверждение пункта 4) непосредственно вытекает из [2, стр. 129, Тео
рема 3]. Пусть ос(, Д Г — наднильпотентные радикалы и Щх,)— {Дх;(/Д =  R }. 
Из [2, стр. 129, Теорема 3] следует, что

я [ А «л = п S0 [ V = п л?(а,).(нг ) iír  (иг ) иг

Из первого равенства вытекает, что Д а,- — наследственный слева радикал,
и г

если /СГ — наследственные слева радикалы. Так как пересечение лю
бого семейства слабо специальных строгих слева классов снова будет слабо 
специальным строгим слева классом, то из второго равенства и теоремы 10 
следует, что V ~~ строгий слева радикал, если аг, ДГ — строгие слева 

нг
радикалы. Аналогично показывается, что V ai — наследственный слева ра

нг
дикал, если аг, Д Г — наследственные слева радикалы. Наконец, из [15, Тео
рема 2] следует, что Д а , — строгий слева радикал, если а(, ДГ — строгие 

нг
слева радикалы.

Пусть У — кольцо, М  — правый У-модуль, а А — левый У-модуль. Всюду 
в дальнейшем M 0 N  ~  М  ®SA.

Л ем м а 25. Пусть (R, F, Ж, У) и (У, А, Г, Г) — точные справа Морита- 
контексты. Тогда (R, V®X,  Y®W, Т)  — точный справа Морита-контекст.

Д оказательство . Непосредственная проверка показывает, что отобра
жения V ® X X  Y®W^-R  и Y 0 Í Y X V 0 Х->-Т, задаваемые правилами 
(v®x, y®w)*-*v{xy)w и (y®w,v®x)>-+y(wv)x соответственно, где v ®x £V®X  
и y® wdY® W , превращают набор объектов (R, V0X,  Y®W, T)  в Морита- 
контекст. Пусть 0 ДДГ, 0 x v ® x £ V ® X  и 0Xy®w£Y®W.  Тогда vXO,  хдО, 
у Х 0, w X 0. Так как (У, X, Y, Т) — точный справа М. к., то x tyX 0. Анало
гично показывается, что v(xty)wX0. Но (v®x)t{y®w)—v(xty)w. Следова
тельно (R, V®X,  Y®W,  Т)  — точный справа М. к.
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Напомним некоторые конструкции и результаты из книги [2, стр. 247— 
250]. Пусть L  — линейно упорядоченное множество и А — кольцо. Превратим 
L  в полугруппу, полагая ху= т т {х,у}  для всех x,y^L . Обозначим через AL 
полугрупповое кольцо. Далее, пусть к — бесконечное кардинальное число и 
со = w(k) — наименьшее порядковое число такое, что мощность отрезка 
[1, и] порядковых чисел равна К- Превратим множество Í2 =  Í2(K) всех после
довательностей {«у] 1 Шу <со), где ау — натуральные числа, в линейно упоря
доченное множество, вводя порядок лексикографически. Всюду в дальнейшем 
символом ß(tf) будет обозначаться именно такое линейно упорядоченное 
множество. Обозначим через \Х\ мощность множества X.

Лемма 26 [2, стр. 247, Лемма 6]. Пусть А — произвольное ненулевое коль
цо, L — произвольное линейно упорядоченное множество. Тогда верны утверж
дения: 1) кольцо AL является подпрямым произведением колец, изоморфных А; 
2) если О — первичный гомоморфный образ кольца AL, то кольцо Q изоморфно 
первичному гомоморфному образу кольца А.

Лемма 27 [2, стр. 249, Лемма 7]. Пусть & — бесконечное кардинальное 
число, Q=Q($) — соответствующее ему линейно упорядоченное множество. 
Если х,у£(2  и х<у, то отрезок [х, у]— {z£ Q \x^z^y}  равномощен всему 
множеству £2. А именно |[х, у]\ =  |ß| =2N >  К.

Лемма 28. Пусть А — ненулевое полупервичное кольцо, Z  — кольцо целых 
чисел, B=Z/r(Z;A), К — бесконечное кардинальное число, Q = Q(Ü) и I — нену
левой идеал кольца AQ. Тогда \В£2/г(Вй; /)[ = 2 К.

Д оказательство. Пусть 0^м£/. Ясно, что элемент и представим в виде
п

и= 2  aíxi, где а1, а г, ..., ап — ненулевые элементы кольца А и х1< х 2< ...
i = i

— элементы множества Í2. Пусть >'l5 х„] и ух у^у2- Тогда

и—1 п —1

и(У1 -У ^)=  2  aix i + any1~ 2  а ^ - а ^  = апу1- а пу2 ^  0.
i = i  i = i

Следовательно никакие два различных элемента множества [л-,,.!, хп] не срав
нимы по модулю идеала r(BQ; /). Значит,

IBQ/r(BQ; / ) | s | [ * . _ 1,x j |  = 2»

(см. Лемму 27). С другой стороны, очевидно, что |5Í2| = |Í2| = 2 S. Теперь ясно, 
что \BQ/r(BQ; /)|=2*.

О пределение 29. Будем говорить, что в «полной подрешетке» J Í  «пол
ной решетки» всех радикалов выполнена теорема Рябухина, если для любых 
наднильпотентных радикалов а, у£_Л таких, что а существует такое семей
ство наднильпотентных неспециальных радикалов а£ Л , i£T, лежащих между
радикалами а и у, что а— V ао

íer
Теорема 30. В следующих «полных подрешетках» «полной решетки» всех 

радикалов выполнена теорема Рябухина: 1) в «подрешетке» всех наднильпотент-
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ных строгих слева радикалов; 2) в «подрешетке» всех наднильпотентных нас
ледственных слева радикалов; 3) в «подрешетке» всех N-радикалов.

Д оказательство . Пусть J Í  — «подрешетка» всех наднильпотентных 
строгих слева радикалов, ос, у £ Л  и ос Тогда существует кольцо Q такое, 
что cc(Q) = Q и y(Q) А О. Положим А = Q/y(Q). Ясно, что А — ненулевое 
полупервичное кольцо, ос(А)=А и у(А)=0.

Выберем бесконечный кардинал К так, чтобы К ё|Я |. Пусть Í2 =  Í2(K), 
Z  — кольцо целых чисел, B = Z/r(Z;A ) и 3 =  {(b, a)\b£BQ, a£AQ). Превратим 
множество 3  в кольцо, полагая (a, b) + (c, d) = (a + c, b + d), (a, b)(c, d) =
=(ас, ad+bc + bd) для всех (a, b), (с, d)£3. Ясно, что {(0, á)\a£AQ) — идеал 
кольца 3>, изоморфный кольцу AÍ2. Отождествим кольцо AQ с этим идеалом 
кольца 3 . Аналогично отождествим кольцо BQ с подкольцом {(b, 0)\b£BQ} 
кольца 3. Из леммы 26 следует что AQ и BQ — полупервичные кольца. Зна
чит, 3  — полупервичное кольцо. Пусть JSP — наименьший слабо специальный 
нормальный класс колец, содержащий кольцо AQ. Из определения слабо 
специального нормального класса и леммы 25 следует что класс i f  состоит 
из таких полупервичных колец S  что (AÜ, V, W, S) — точный справа Морит а- 
контекст для некоторых бимодулей V, W. Покажем, что |5 '|^2S для 
всех OASdSd. Пусть OASdS? и (AQ, V ,fV ,S )  — точный справа М. к. Так 
как (3 , 3 , AÜ, AQ) — точный справа М. к., то (3 , X, Y, S) — точный справа 
М. к., где X = 3 ® AQ V, Y = W 0 ÁnAQ (см. лемму 25). Предположим, что 
YX=0. Тогда (X Y f = 0. Но X Y  — идеал полупервичного кольца 3 . Следо
вательно X Y —0 и XsY=0 для всех sdS. Это противоречит точности справа 
М. к. (3, X, Y,S). Итак, ух АО для некоторых xdX, yd Y. Определим отобра
жение <р: BQ—S, полагая ср(а) =уах для всех adBQ. Предположим, что 
a£ker (р. Тогда уах= 0 и Х(уах) Y=0. Так как Ху, Yxd3  и BQ —подкольцо 
центра кольца 3 , то 0 =  А( у ах) Y =  (Ху) а(хУ) = Хух Yа. Далее, ух АО и 
(3, X, Y, S) — точный справа М. к. Поэтому XyxY  — ненулевой идеал кольца 
3  и adr(BQ; XyxY). Из леммы 28 теперь следует, что |5| ё|<р(5П)| ё  
^\BQ/r(B£2; АухГ)|=2к. Тем самым доказано, что включение SdSd и нера
венство S A 0 влекут неравенство |А[ S 2H.

Пусть if0 наименьший слабо специальный строгий слева класс, содержа
щий кольцо AQ. Так как слабо специальный нормальный класс является слабо 
специальным A-классом, то он является и слабо специальным строгим слева 
классом (см. теорему 15). Поэтому if0^ i f  и |S| для всех OASdJZo- 
Далее, пусть 3(ос) = {R\oc(R) — R} и S3(d) — {7?|а(Я)=0}. Так как ао-у, то 
S3(pc)QS3(y). По построению Ad S 3  (у). Из леммы 26 следует, что A cod 
dS3(y). Так как S 3  (у) — слабо специальный строгий слева класс, то SC0Q 
QS3(y) (см. теорему 10). Поэтому S3(a)Q£C0U S3(oc)^S3(y) и а.^а.й Ау, 
где ocq = Щ (if0 U S 3  (ос)). Так как if0 U S 3  (а) — слабо специальный строгий слева 
класс, то ocq — наднильпотентный строгий слева радикал (см. теорему 10). 
По построению ocq ( A Q ) = 0. Покажем, что ав (А)=А. Действительно, так 
как ос(А)=А, то кольцо А не может быть гомоморфно отображено ни на 
какое ненулевое кольцо из класса S3(oc). Далее, и |S| Al* А К для
всех 0 a S£JZo. Поэтому кольцо А не может быть гомоморфно отображено 
ни на какое ненулевое кольцо из класса if0. Теперь ясно, что осв(А)=А. В силу 
леммы 26, каждый первичный гомоморфный образ Н  кольца AQ изоморфен
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первичному гомоморфному образу кольца Л. Поэтому aQ(#) = //. Из [2, 
стр. 232, Предложение 3] следует, что <xQ ■— неспециальный радикал. Согласно 
доказанному сса шу и ав (А)—А, A~Q/y(Q). Поэтому ае (0) = 0. Теперь 
ясно, что tx = V {aQ\Q€6t(a)\6i!(y)}. Тем самым утверждение 1) теоремы 30 
доказано.

Утверждения 2) и 3) доказываются аналогично.

4. Связь с теорией колец и модулей частных
Основные понятия и результаты теории колец и модулей частных можно 

найти в книгах [8] и [17]. Пусть А — кольцо. Напомним, что левым сингуляр
ным идеалом Z t(A) кольца А называется множество {af_A\l(A; а) —существен
ный левый идеал кольца А). Аналогично определяется правый сингулярный 
идеал Z r(A). Далее, левый сингулярный идеал кольца А является идеалом 
(см. [8], [17]).

Л ем м а 31 (К. И. Бейдар, А. В. Михалев). Пусть А — полупервтное кольцо, 
Ll<\ A, N = r(L ;L ) и л: L—Z./7V= L — канонический гомоморфизм колец. 
Тогда л (г,(Л )П Т )дг,(Т ).

Д оказательство. Пусть М  — существенный левый идеал кольца А. 
Тогда п(МГ\Ь) — существенный левый идеал кольца /-.^Действительно, пред
положим, что п(МГ\Ь)Г\К=  0 для некоторого К 1 о  L. Пусть Н=п~1(К). 
Ясно, что Я '< £  и М П Я = (М П £ )П я д А . Так как 1 Я З Я , то MCiLHQN. 
Следовательно М  П LH  — нильпотентный левый идеал полупервичного кольца 
А. Значит, М Г\ЬН=0. Но М — существенный левый идеал. Поэтому LH=0, 
H Q N  и К —п(Н)=0, что противоречит соотношению К 1 о  L. Итак, я (М П /)  
— существенный левый идеал кольца L.

Пусть a£LÍ~)Zi(A). Из доказанного выше следует, что л(/(А; а)П L) — 
существенный левый идеал кольца L. Но !(Ц  я(й) )5 л(/(Л; а)С\Т). Значит, 
/(L; л (а) ) — существенный левый идеал кольца L, 7i(a)GZ,(L) и n(Zl(A) ClL)Q 
g ^ ( L ) .

Л ем м а 32. Сохраним обозначения и предположения леммы 31. Тогда 
Z l(A )^L n~ 1(Zl(L)).

Д оказательство. Пусть a£L, 7i(a)€Z,(L) и М =л~1(1(Ь; л(а))). Тогда 
M aQ N  и
(*) ЬМа=0.

Покажем, что LM  — существенный /1-подмодуль левого Л-модуля L. 
Пусть K Q L  и К 1с А .  Так как А —- полупервичное кольцо, то 0 A K 2QLK, 
K%N  и я(Я)иО. Значит, п(К )Г\1(Ц п(а))^0. Поэтому найдутся такие эле
менты b £ K \N  и а.£M \N ,  что b—d£N. Но тогда 0 ^ L b  = LdQKC\ LM. 
Итак, LM  — существенный подмодуль левого Л-модуля L. Следовательно 
для любого элемента х£Ь  левый идеал (LM :x)~  {у€Л|yx£LM }  является 
существенным. В силу равенства (*) имеем для всех x£L  следующее включе
ние: /(Л; ха)^(ЬМ :х). Следовательно /(Л; ха) — существенный левый идеал 
кольца Л, xa£Zt(A) и L^_1(Z/(L))QZ/^ ) .

Теорема 33. Пусть S&x= {R\ß(R)=0, l(R ;Z,OR))=0} и S0>2= {й|)9(Я) =
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=  0, Zi(R)=0}. Тогда 1) S ^>1 и S ^ 2 — слабо специальные N-классы колец; 2) S3?! 
и S0>2 — слабо специальные нормальные классы колец.

Д оказательство. Непосредственно из лемм 31 и 32 следует, что S3PY 
и S3?2 — слабо специальные /V-классы колец. Наша теорема теперь вытекает 
из теоремы 15.

Следствие 34. Пусть {R, V, W, S) — точный справа Морита-контекст и 
R — полупервичное кольцо. Тогда 1) Z t(R )2 KZ,(S)W, Z t(S )^fV Z t(R)V; 2) 
Z r(R)12VZr(S)W , Zr(S )^ lV Z r(R)V; 3) если Z,(R) = 0 mo Z,(5')=0; 4) если 
Z r(R)=0, mo Z t(S) = 0.

Д оказательство. Так как ß — iV-радикал, то ß(S)=0. Расмотрим 
кольцо

Из теоремы 1 следует, что

где С= {w£W\jVw=0}= {w£W\wV=0} и B={v£V\vW =0}= {vZV\Wv=0}. Поло
жим V=V/B, W— W/C. Тогда

н  = н т ю  = [%  J ] .
Рассмотрим левые идеалы

" - G . V - K J ]
кольца Н. Ясно, что

r(M; М )
[ щ  о ]- r(-N ’=  о ]

и M\r{M\ M ')^R , N/r(N; N )~ S .  Обозначим через %; N->-S, п2: M-+R кано
нические гомоморфизмы колец. Из леммы 32 следует, что

Zi(H) i  N nrH Z^S)) = [£
В силу леммы 31 имеем

Z ,(Ä )2 it2(ZJ(f l)M )2 Ä 1([J’

VZßS)
о

VZ,(S)W.

Осталось отметить, что VZ,(S)W=VZ,(S)W. Второе включение пункта 1) 
доказывается аналогично. Утверждение пункта 2) нашей теоремы доказы
вается с помощью «правых аналогов» лемм 31 и 32 и рассмотрения правых 
идеалов
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кольца Я. Утверждения пунктов 3) и 4) непосредственно следуют из пунктов 
1) и 2).

Следствие 35. Пусть L  — левый идеал полупервичного кольца A, N=r(L\ L) 
и п: L-*LjN= L — канонический гомоморфизм колец. Тогда Zr(A) 2  Ln^1(Zr(L))А, 
Zr(L)^7i(LZr(A)A).

Д оказательство. Как было показано при доказательстве теоремы 15 
(A, L. A/r(A; L), Цг(Ь\ L)) — точный справа М. к. Поэтому LZr(L)[A/r(A;L)]Q 
QZr(A). Осталось заметить, что LZr(L)[A/r(A; L)]=Ln~\Zr(L))A. Второе 
включение доказывается аналогично.

Напомним, что левый /1-модуль V называется модулем без кручения, если 
для каждого 0 существует элемент f £ W = t i o m A(V , А) такой, что v f z Q .
Если V —левый Л-модуль без кручения, то (А, V, W, E n d ^ F ) ) —-точный справа 
М. к. (см. [1]). Поэтому из следствия 34 вытекает следующее предложение.

Предложение 36. Пусть А — полупервичное кольцо V — левый А-модуль 
без кручения, .S=Hom;(F; V) и W =HomA(V; А). Тогда 1) Z l(S)Z2WZl(A)V, 
Zr(S )^ fV Z r(A)V; 2) Z,(A)^VZ,(A)fV , Z r(A )^V Z r(S)W; 3) если Z l(A)=0, 
mo Z r(S) = 0; 4) если Z r(A) = 0, mo Z r{S)=0.
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1. Considérations générales sur les groupes semi-orthogonaux

On dénote par R\y l’espace semi-euclidien à p dimensions, de l’indice r et de 
défaut p —r—t, dérivé de l’espace numérique réel à p dimensions Rp doué du produit 
scalaire (forme bilinéaire, symétrique, dégénérée)

(1) <*i, *g) =  — *1*?— ••• -  xr1xr2 +x{+1 x ^ 1 + ... 4-хг1+,х1+{ (r + t< p )

où x1=(x\, ..., xf), x2= (x\ , ..., xg) sont deux vecteurs arbitraire de Rp (voir [3]).
11 est facile de voir que le groupe linéaire homogène x'J= alx‘ ( i , j— 1, ...,p) 

laisse invariant le produit scalaire (1) si et seulement si la matrice A =  [a{] vérifie 
la relation
(2) АЕ'/ Ä  = E;■*,

où Erp•' est la matrice d’ordre p ayant la forme cellulaire

- E r 0 0
0 E, 0
0 0 0

et Ä  est la transposée de la matrice A. Nous avons dénoté par Er la matrice d’unité 
d’ordre r et par 0 la matrice nulle.

De la relation (2) il résulte que la matrice A a la forme cellulaire

où Ax est une matrice pseudo-orthogonale d’ordre r + t et de l’indice r, A2 est une 
matrice non-singulière d’ordre p —r —t et A3 est une matrice rectangulaire avec 
r+ t lignes et p —r —t colonnes. Nous avons donc la relation A1E ',̂ tÂl =E',+t 
où Err'l, est une matrice d’ordre r + t ayant la forme cellulaire

Le groupe des matrices non-singulières A qui satisfont la relation (2) s’appelle 
le groupe semi-orthogonal en p variables, de l’indice r et de défaut p —r —t. On le 
dénote par Or'’(p).
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Dans [1] nous avons montré que le groupe Or''(p ) a n = p (p -r —t)+ (r+ t)- 
■ (r+ t—1)/2 paramètres et qu’il admet la représentation paramétrique rationnelle

(3) Ai =  ( E 4 t + X 1) ~ \ E 4 t- X 1), \E '4t+ Xi\ *  0,

où X 1 est une matrice antisymétrique d ’ordre r + t, X2 est une matrice non-singulière 
d’ordre p —r—t, et X3 est une matrice rectangulaire avec r+t lignes et p —r —t co
lonnes.

2. Définition de l’espace semi-riemannien V„

L’espace vectoriel Rpг des matrices réelles d’ordre p, doué du produit scalaire 
(forme bilinéaire, symétrique, dégénérée)

(A, B > -  Tr(AE'/B)
où Tr( • ) représente la trace de la matrice dans la parenthèse, est un espace semi- 
euclidien Rpp2 pt. La métrique de l’espace Rpf i pt est donc définie par la formule
(4) ds2 =  Tr (dAE'-'dÂ),
où dA est la différentielle de la matrice A.

Dans l’espace R föpt, les équations qui résultent de l’égalité matricielle (2) 
définissent une variété algébrique V„ à n dimensions, qui est un espace semi-riemannien 
(espace de Riemann singulier ou espace riemannien à métrique dégénérée). La mé
trique de V„ est induite par la métrique (4) de l’espace Rppl’pt dans lequel V„ est 
plongé, donc elle s’obtient en remplaçant dans (4) les éléments a{ de la matrice A 
par p2 fonctions de n coordonnées. L’expression locale de la métrique de V„ relative 
à la carte (3) est

ds2 =  - 4 T r  [dX, ( £ 4 -  X, E 4 , 3Q - 1 dXx (Er+t-  Е 4 ,Х г + Е 4 , -  X 2)~1].

3. Détermination de certains sous-groupes à un paramètre du groupe Or,,(p)

Dans ce qui suit, nous nous proposons de montrer que le chemin A : R-*Or- '(p) 
de l’espace semi-riemannien Or,,{p)

(5) A(u) = [ p {u) ^ ( " ) ] ; A l ( u )  = e x p [ u ( E 4 t Y 1 + Y 1 E 4 t ) )

est un sous-groupe à un paramètre du groupe semi-orthogonal Or,t(p). Ici Y1 est 
une matrice antisymétrique d’ordre r + t, A2(u) est une matrice non-singulière d’ordre 
p —r — t, A3(u) est une matrice rectangulaire avec r + t lignes si p —r —t colonnes, et

C6) ехрЯ = Ep+ ~  B + ~  B 2+ ...+-^— Bm + . . . .p 1! 2! ml

Il est facile à voir que Z 1= E 4 t Y 1+ Y 1E 4 t  est une matrice antisymétrique 
d’ordre r+t.
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En introduisant les matrices
(7) Mx (u) = exp (uEïbYJ, Nx (ü) =  exp (uY .E^,)
on peut écrire la relation
(8) At (u) = M ^ N d u ) .
En tenant compte de (6), (7) nous avons les formules

Mdu) = Ep+ ±  {E'r'lt Yx) + ...+  —  (EX, Y X  + ... 

u um
N  du) = Ep + —  (YlE '4t) + . . . + - ^ ( J 1E '4 ,r  + -  

d’où il résulte les relations
(9) M du)E'4, =  E'4,Ndu), M du) = N d~ u).
De (9) nous avons immédiatement les formules

Mdu)Er4 ,M du )  =  E 'it, E ;itMdu)E'4, =  Ndu).
qui nous montrent que Mdu) et N1(u) sont des matrices pseudo-orthogonales. Donc 
la matrice Adu) donnée par la formule (8) est pseudo-orthogonale, par conséquent

( 10) Adu)E'4,Âdu) =  E4 ,

c’est-à-dire le chemin Ax: R ^ O r(r + t) de l’espace pseudo-riemannien Or(f + t)

(11) Adu) = exp (uZx), Z x = E ^Y .+ Y .E :-: ,

est un sous-groupe à un paramètre du groupe pseudo-orthogonal Or(r+t) en r+ t 
variables, de l’indice r.

En tenant compte de (5), (10) il est facile à voir que nous avons la relation

(12) A(u)E'p4 (u )  = E y ‘

donc le chemin (5) est un sous-groupe à un paramètre du groupe semi-orthogonal 
O'-’(p).

On peut énoncer le
Théorème. Les chemins (5) de Г espace riemannien singulier Or'\p )  sont des 

sous-groupes à un paramétre du groupe Lie Or,t(p).
Nous voulons enfin démontrer que les chemins (5) sont des géodésiques de 

l’espace semi-riemannien Or’‘(p).
En effet, si nous dérivons la relation (12) par rapport à u, nous avons

(13) A’ {и)Ег4 Л  {u) + A (u)E\;• ' Ä’ (u) = 0.

Cette relation constitue l’équation de la variété linéaire tangente au point A(u) à 
l’espace semi-riemannien Or,,(p). En posant C=A'EIP',Â  on peut écrire l’équation 
(13) sous la forme C+C—0.

DÉTERMINATION DES GÉODÉSIQUES DE CERTAINS ESPACES 99
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Pour démontrer que le chemin (5) est géodésique dans l’espace Or' t(p) il est 
suffisant de démontrer que la vecteur A"(u) est orthogonal à chaque vecteur A' qui 
satisfait la relation (13) pour A=A(u), donc que nous avons (A', A"(u)) = 0. On 
sait [5] qu’ils résultent de (11) les relations

A'l (u )= Z 1A1 (u), A'{ (u) =  Z?A (и).
Il est facile à voir que la relation (13) implique la relation

(14) A{Er4 tÄl + A1E r4 tÄi = 0.
Si nous posons C1 — A'1Err’l ,Ä 1, la relation (14) s’écrit sous la forme C1 + C*i =  0. 
On obtient alors que

(A', A"(u)) = Tr (A'E'/Ä"(u)) = Tr (A[Er4 tÂ’i(u)) =
= T r( A i E X J ^ Z t )  = Tr(CjZf) -  0

puisque la matrice Cl est antisymétrique, Z \ est symétrique et le produit d’une mat
rice symétrique par une matrice antisymétrique est une matrice ayant la trace nulle. 
Nous avons donc le

Théorème. Les sous-groupes à un paramétre (5) du groupe Lie Or,t(p) sont des géo- 
désiques de Г espace de Riemann singulier Or,t(p).

Nous mentionnons que les sous-groupes à un paramètre du groupe orthogonal 
en p variables O(p), ainsi que les géodésiques de l’espace riemannien O(p) ont été 
déterminés par C. Teleman [5]. Autres considérations sur les espaces riemanniens 
singuliers sont dues à Gr. Moisil [2], B. A. Rozenfeld et L. M. Karpova [4], 
G. Vrânceanu [6].
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ON NON-OSCILLATORY SOLUTIONS OF SECOND ORDER 
DIFFERENTIAL INEQUALITIES

N . PARHI (Berhampur)*

Acta Math. Hung.
4 2  (1 — 2) ( 1983), 101— 109.

1. In this paper, we are concerned with the behaviour of solutions of the following 
second-order differential inequalities :

(1.1) ( r ( t ) y y - q ( t ) ( y y - p ( t ) y ^ 0 ,
and
(1.2) ( r ( t)y 'y -q ( .t) (y y -p ( t)y y ^  0,

where p, q and r are real-valued continuous functions on [0, °°) such that p (r)= 0 , 
r ( i )> 0, for t£[0, <=°) and each of a>0 and y>0 is the ratio of odd integers.

By a solution of (1.1) or (1.2) we mean a continuously differentiable function 
y(t) such that r(t)y'(t) is continuously differentiable and (1.1) or (1.2) is satisfied. 
We restrict our considerations to those solutions of (1.1) or (1.2) which exist on the 
half line [T, °°), where T depends on the particular solution. Results in this paper 
generalize and unify some of the results in [2].

We classify solutions of (1.1) or (1.2) as follows: a solution y(t) is said to be 
non-oscillatory if there exists a tx^ T  suchthat y (t)^0  for t ^ t 1\ y(t) is said to 
be oscillatory if for any txs T  there exist t2 and t3 satisfying such that
y(i2)> 0  and y(t3) < 0; and it is said to be a Z-type solution if it has arbitrarily 
large zeros but is ultimately non-negative or non-positive. y (t)  is said to be dis- 
conjugate if it has at most one zero.

2. In this section, we show that all solutions of (1.1) or (1.2) are non-oscillatory.
T heorem  2.1 . I f  q (t)^  0, then all solutions of (1.1) are non-oscillatory.
Proof. Let y(t) be an oscillatory or a non-negative Z-type solution of (1.1) with 

consecutive zeros at a and b (T<a<b) such that y '(a )^0, y '(b )S 0 and y(t)> 0  
for t£(a,b). So there exists a cÇ (a, b) such that y’(c) = 0 and /( /)= -0  for 
t£(a, c). Integrating (1.1) from a to c, we get

0 —r(a)y'(a) >  f  q(t){y'{t)fdt + f  p(t)y*(t)dt >  0,
a a

a contradiction.
If possible, let y(t) be a non-positive Z-type solution of (1.1) with consecutive 

double zeros at a and b (T<a<b). So there exist a c}Ç(a, b) such that y '(t)> 0  
for t£[cx,b) and a c2Ç(u, b) such that y(t)>  — 1 for / 6[c2, b\. Let c=max (c1; c2).

* This work was supported by the University Grants Commission, India.
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Hence, for í£[c, b), y '(í)> 0  and y(t)>  — 1. Integrating (1.1) from t to b, t£[c,b), 
we obtain

Example (ii) y"—y3>0, / £ l .  y(t) = t 2 and z(t) = t 1 are non-oscillatory 
solutions.

Remark 2.2. A solution y(t)  o f (1.1) may have two zeros o f  the type >'(ß)=0 = 
=y(b), y'(ct)<0, / ( £ ) > 0 and j ( / )< 0 , te(a ,b )  or y(a)=0=y'(a)  and y ( t ) > 0, 
t^ a .  This suggests that all solutions of (1.1) are non-oscillatory but not necessarily 
disconjugate. In the following, we give an example to illustrate this remark.

From Theorem 2.1 it follows that all solutions of the above inequality are non- 
oscillatory. In particular, y ( t )=( t—\)(t—2), i£[2/3,°°), is a non-oscillatory solu
tion of the inequality. Note that y(t) has two zeros, viz, t —l and t = 2. Clearly, 
/(1 )< 0 , / ( 2 ) > 0  and j ( i ) < 0  for iÇ(l,2). Again >^(/) — (/— l)2, /€[2/3, °°) 
is a non-oscillatory solution of the inequality and it has a double zero at t=  1, that 
is, y ( l)= 0 = j/( l) . Clearly, j ( i ) > 0 for t?± 1.

ь b

— r(t)y' (0 >  /  q(s) (y' (s))* ds + f  p(s)yy(s) ds sz
t t

b b

= f  P(s)yy(s) ds =  - f  p(s) ds,
t  t

that is.
b

f  p(s)ds >  r(t)y'(t).
t

Since

and from (1.1) ( r ( í) /( í) ) '|<=i,=-0, we have

a contradiction. Hence the theorem.
The following examples illustrate Theorem 2.1.
Example (i)

у" - ( уУ - - ^ у113>  0, i s  l.

In particular, y ( t) = — is a non-oscillatory solution.

Example.
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T h e o r e m  2.3. I f  q ( t)^ 0  and r(t) is differentiable, then all solutions of (1.2) are 
non-oscillatory.

P r o o f .  In case y(t) is an oscillatory or a non-negative Z-type solution of ( 1 . 2 ) ,  
we proceed as in Theorem 2.1 to get a contradiction.

If possible, let y(t) be a non-positive Z-type solution of (1.2) with consecutive 
double zeros at a,b  and a'(a<b<a'). So у (a)=y(b) —y(a ')=0, y'(a)= y'(b) =  
=y'(a') = 0, y ( t)^ 0 ,  for t£ (a ,b ) and у(0-=0 for t£(b,a'). Consequently, there 
exist c£(a, b) and d£ (b, a') such that y"(t)< 0 for /£ (c, d). In particular, y"(b)< 0. 
Since r(t) is differentiable, (1.2) takes the form

r ( t)y" ( 0  4 -  r' (t)y' (t) q (f) ( /  (!)у + p (t)yy (J).

Hence у"(Ь)ш0, a contradiction.
This completes the proof of the theorem.
R e m a r k  2.4. Let q(t)^0 . If, in (1.1), (i) a> 0  is the ratio of even and odd 

integers and y>0 is the ratio of odd integers, or (ii) a>0 is the ratio of odd inte
gers and y>0 is the ratio of even and odd integers, or (iii) each of a>0 and у > 0  
is the ratio of even and odd integers, then all solutions of (1.1) are non-oscillatory. 
Indeed, in Case (i), (.1.1) reduces to (r(t)y'(t))'>p(t)yy(t) and we proceed as in 
Theorem 2.1. In Case (ii), (1.1) takes the form (r(t)y' (t))' > q(t)(y ' (t))*. If y (0  
is oscillatory or non-negative Z-type, we proceed as in Theorem 2.1. If y(t) is of 
non-positive Z-type with consecutive double zeros at a and b (a-^b), there exists 
а с£(а,Ь) suchthat y'(t)>  0 for t£(c, b). We get a contradiction by integrating 
the above inequality from c to b. In case (iii), (1.1) reduces to (r(t)y'(t))' >0. If 
y(t) is of Z-type with consecutive double zeros at a and b (a<b), we integrate the 
above inequality from a to b to get a contradiction. If y{t) is oscillatory with conse
cutive zeros at a and b (a<b) such that y ( t)> 0 for 1 6(a, b), we integrate the 
above inequality from a to b again to get a contradiction.

If q ( t ) s 0 and r(t) is differentiable, then the above remark is true for (1.2).
T h e o r e m  2.5. I f  q{t)s.0, then all solutions o f (1.1) are non-oscillatory.
P r o o f .  If y(t) is an oscillatory or a non-negative Z-type solution of ( 1 . 1 )  with 

consecutive zeros at a and b (a<b) such that y '(a )^0, y '(b )S 0 and y ( t)> 0, 
t£(a,b), then there exists a c £ (a, b) suchthat j '(c )= 0  and j '( / ) <  0 for tf fc , b). 
We get a contradiction by integrating ( 1 . 1 )  from c to b.

Further, if y(t) is a non-positive Z-type solution of (1.1) with consecutive double 
zeros at a and b (a<b), there exists a c £ (a, b) suchthat y(f)=— 1 and у '(0 < 0  
for t€(a, с]. Integrating (1.1) from a to t, t£(a, c], and proceeding as in Theorem
2.1, we get the necessary contradiction.

Hence the theorem.
T h e o r e m  2 . 6 .  I f  q ( t)^0  and r(t) is differentiable, then all solutions o f ( 1 . 2 )  

are non-oscillatory.
P r o o f .  When y(t) is oscillatory or of non-negative Z-type, we proceed a s  in 

Theorem 2.5 to get a contradiction and if y(t) is of non-positive Z-type, then a con
tradiction is obtained by proceeding as in the second part of Theorem 2.3.
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R e m a r k  2 . 7 .  Let q ( t ) s 0 .  If, in ( 1 . 1 ) ,  a > 0  is the ratio o f  odd integers and 
у >0 is the ratio of even and odd integers, then all solutions of (1.1) are non-oscilla- 
tory. Indeed, in this case ( 1 . 1 )  reduces to (r(t)y'(t))' >q(t)(y'  (t))*. If y(t)  is oscilla
tory or non-negative Z-type, we proceed as in Theorem 2 . 5 .  If y( t )  is of non-positive 
Z-type with consecutive double zeros at a and b (a<b),  then there exists a c f  (a, b)  
suchthat y'(c) = 0  and у '(г)<  0  for t£(a,c).  We get a contradiction by integrating 
the above inequality from a  to c. Note that in this case we do not require the diffe
rentiability of r(t).

If g (i)^0 , then the above remark holds for (1.2).
3. In this section, we study asymptotic behaviour of solutions of

(3.1) (r( t)y 'y-p(f)y*  > 0  
and
(3.2) (r(t)y')'-p(t)y?  S  f { t ) ,

where p, r and у are the same as in (1.1) a n d /is  a positive real-valued continuous func
tion on [0, °°). From the discussion in Section 2, it follows that all solutions of
(3.1) or (3.2) are non-oscillatory.

T h e o r e m  3.1. If J  ~т-г=  °° and J  p ( t ) d t = ° ° ,  then ultimately positive boun
ty r о  

ded solutions of  ( 3 . 1 )  tend to zero as t

P r o o f .  Let y(t)  be an ultimately positive bounded solution of (3.1) such that 
y (i)> 0  for From (3.1) it is clear that y'(t)  has at most one zero in [t0, °°).
So there exists а such that y '(t) ^ 0 in [q, °°). We claim that y '( t)< 0
in [?i, °°). If not, y ' ( t )>  0, °°). Since (r(t)y'(t))'>0  for t s t x, y'(t)>~

>К О /(*г)
1

r (0  ‘
Integrating this inequality from to t, we get

T(0 >  y (h )+ r( t i)y '( t i )  f

From the assumption on r(t) it follows that y(t)  is unbounded. Hence y '( i)< 0 for 
t ^ t x, that is, y(t)  is decreasing in [q, °°). So lim y(t) exists. If possible, let 0

Í — oo
— lim y(t). So, for ()<£<&, there exists a t2> tl such that tszt2 implies that

t-*-oo
k -E ^ y ( t) .  Integrating (3.1) from ?2 to L we get

r(t)y'(t) > r ( t^ y ' ( t 2) +  f  p(s)yy(s) ds  >  r(t2)y'(t t) +  ( k - E y  f  p(s)ds.

Since J p ( t )  dt = °°, from the above inequality it follows that r(t)y'(t)>~0 for 
0

sufficiently large t, that is, y'( t)  >0 for sufficiently large t. This contradiction comple
tes the proof of the theorem.
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C o r o l l a r y  3.2. Let

I dt
r(t) and f  p{t) dt =

Then all ultimately positive solutions y{t) o f (3.1) which do not tend to zero tend to °°.
у ft)Further, if  lim r( l)<  <=°, then lim----- =t - <*= t—~ t

P r o o f . >’(i)a~0 as t-»°° implies that y(t) is unbounded and y'(i)=>0 for 
large t, This in turn implies that y(0~*°° as t — Further, if lim r(r)=0 , then

lim y '(t) = °°, because y'(t)>r{t^y'it^) 1
r(t) and / ( t i ) > 0  for large f .  Let

0<lim r( i)<co- Since y (0  —00 as for 0 there exists a i2>0  such
t-*- oo

that t s / 2 implies that From (3.1), we get
t

'• (0 /(0  >  r(t2)y 'it2) + M y f  p(s)ds,
‘г

that is, lim r(t)y '(t) = °° and hence l im / ( i )  =  °°- So

lim У it) lim / ( 0  = " .
f-*-oo

This proves the corollary.

T h e o r e m  3.3. I f  f  pis)ds'jdt= °° and J  pit)dt=°°, then ultimately
0 r'd> 0 0

positive bounded solutions o f (3.1) tend to zero as *-*-«>.
The proof is the same as that of Theorem 3.1.
T h e o r e m  3.4. 7/'(3.1) admits an ultimately positive, increasing, bounded solution,

then

H m / ' - U /
о r (sH Jo

PÍ0) d6\ds

P r o o f .  Let у  (t) be a solution of (3.1) such that y(i)>0 for t ^ t 0^ T ,  increasing 
and bounded. Integrating (3.1) from t0 to t, we get

t t

r(t)y'i t)  >  r(/0) / ( '0)+ f  Pis)У4s) ds > r(I0)/(I0) + y4'o) f  Pis)ds.
fo ?o

Dividing by r(t) and integrating the resulting inequality from t0 to t, we get

У it) > y{to) + rit0)y 'it0) f  у^ у + У У0 o) f  7 ^ т ( /  р(в^ d0] ds-
10 *o '■io '

The result follows from the boundedness of yit).
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The following example illustrates Theorem 3.4.
Example. Consider

(3.3) ( ' VX— 0, t ^ a ,

where a>e is such that logt — 1 =-0 for i&a. Clearly, y (t)= t~ 1,t, t^ a , is a 
positive solution of (3.3) such that y '( t)= ^~ -  (log t — 1). So y(t)  is increasing. 
Further, since lim i _1/t= l  (cf. Widder [3], p. 270), y(t) is bounded. It is easy to 
see that

1 t
Theorem 3.5. Let A '(t)s0, where h(t)= -y-y  J  p(s)ds, f^O. 7/" (3.1) has

( f ) i
an ultimately positive, increasing, bounded solution, then

lim -<  OO,

Proof. We claim that h(t) is bounded. If not, for every M > 0  there exists 
a tx> 0 such that h(tx)>M . Since h(t) is monotone increasing h(t)>M  for 
/Six- Now, for t = tx,

dßlds ^

= f  j j ry  | /  P (Ö) ddj ds= f  h (s) ds >  M (t- tJ .

r j  s

So } ™ f  7 ( s ) { f p(-0)de)ds =  co? a contradiction to Theorem 3.4. Consequently, 
lim h(t) exists and is finite.
f — OO

/щ(/»Н * = !Mimds+/Mim

Theorem 3.6. Consider (ЗА) with у = \ . If, for any ultimately positive increasing 
solution у (t) of(3A), r(t)y'(t) is bounded, then

Proof. Let y ( t) > 0 for t ^ t 0^ T .  So r( i) j/( t)  is increasing in [?„, °°) and 
hence

y'(t) >  r (t„)./(?o) j Ij j  , t > t 0.
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Integrating the above inequality from t0 to t, we get

>40 >  r(t0)y '(t0) /

So, from (3.1), we have
1 ds

(K 0 /(0 ) ' >  r(t0)y'(t0)p(t) f
. . . (° which on integration yields

K 0 /( 0  >  r(t0)y'(t0) 1 +
f ^ U - т П

Hence the result follows from the boundedness of r(t)y'(t). 
T h e o r e m  3 . 7 .  Consider ( 3 . 1 )  with 0 < y ^ l .  Let

t 1 S 4
lim f  —— f  p(e )d 6 \d s  
—  oJ K 0 tf )

I f  y(t) is an ultimately negative solution o f (3.1), then Hin |j.>(/)< °°,

Proof. Let y(t) be an ultimately negative solution of (3.1) such that >’(0*=0, 
t ^ t 0^ T .  Dividing (3.1) through by yy(t) and integrating the resulting inequality 
from ?0 to t, we get

Hence

that is,

[r(s)/(s)>>-)’(«)$„ +  '• f  r(s)(y'(s))2y  (y+1)(s) ds <  f  p(s)ds.
ro f0

t

У~у(0 Г( 0 / (0 <  У~у (to) Г (t0)y ' (to) +  f  P (0  ds,

P _ y ( 0 / ( 0  <  Т “ Ч 4 ) К 4 ) т Ч О у 4 у  +  у 7 Х  / p ( s ) d s .
4 0  K 0

If 0< y<  1, further integration from /„ to t yields

К “4 0  У1' ' «  o)(3.4)
1 У 1-7 + T ~ 4 * o ) K í o ) / ( í o )  f  7 ^  +

р(в) d6 \ ds.+M(/’r0 vrO

( 3 . 5 )  lo g b (0 | < l o g b ( t 0 ) l + > ' _ 1 ( i o ) ' , ( i o ) / ( l o )  f  y +  / 7 ^ ) [ / P(9) d e ) d s .

If y = l, we get
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Let c£(í0, t) be fixed. So

f -щ (/%№<'»)*= ( / PW
tQ \ Í q J Íq \ f 0 /

+ / M Í m d e ) d s s L + U M { ! p m d e )-
c \  s

where L= J  p(ß)dd}ds. Hence the given condition implies that

1st I' d s
Í  r(s)

From (3.4) and (3.5) we get, for 0 < y S l, Iim jy(/)| <  =» and hence the theorem.
f-*-oo

R emark 3.8. For у >1, the condition

l h n / ' - U /
0 r (s) Iff

p(6)de\ d s

is not sufficient to ensure the boundedness of all ultimately negative solutions of
(3.1). This is clear from the following example.

Example. (t3y ') '— y3> 0 , 3.

Clearly,

p(e)de\ d s

But the above inequality admits a negative unbounded solution y ( t)= —t.
Theorem 3.9. Let f ( t ) ^ p ( t ) ,  t£[0, °°) and f  ( t)^p (t)  on any subinterval 

of \0, °°). Then every ultimately negative solution y(t) of (3.2) with |y(/)|<  1 for 
large t is ultimately increasing or ultimately decreasing.

Proof. Let y ( t ) < 0  and |y ( t) |< l for í s í q ST'. We claim that there exists a 
such that y '( t ) > 0  or -=0 for iS i* .  If this is not true, y'(t) is weakly 

oscillatory (that is, oscillatory or Z-type) on [t0, °°). Let (tn) be a sequence of zeros 
of y'(t) in [t0, °°) such that as я — Integrating (3.2) from t1 to t„, we get

O s  у  /( /)  dt+ f  p{t)yy{t) dt >  J  ( f( t)-p ( t) )d t  >  0.
<i 'i (i

This contradiction proves the theorem.
°o OO J / ч oo

Theorem 3.10. I f  J  f{ t)d t= °°, J  . = ° °  and f  p(t) d t ^ ^ ,  then no 
о о r\t) о

ultimately negative solution o f (3.2) is bounded.
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Proof. If  possible, let (3.2) adm it an ultimately negative bounded solution 
}■(/). Suppose that y (t)< 0, t ^ t 0^ T  and |y (t) \^M , t s t 0. Integrating (3.2) 
from t0 to t, we get

r ( 0 / ( 0  s  r(?0) / ( f 0) +  /  f(s) ds+ f  p(s)yy(s) ds ä  
*0 *0 

t t
^  r(t0)y'(t0)+ f  / ( s )  ds — M y J  p (s) ds. 

f0 *0
From the assumptions on /  and p, it follows that there exists a b such that 
r(t)y '(t) = 1 for t^ ty .  Integrating this inequality from íj to t and using the condi
tion on r(t), we get that y(t) is positive for large t, a contradiction.

Hence the theorem.
T heorem 3.11. Consider (3.1) and

(3.6) y " ~ q ( t ) y ^  0,

where у is the same as in (3.1) and q ( t)^ 0  is a real-valued continuous function on[ 0, °°). 
Let yp(t) and yq(t) be solutions of (3.1) and (3.6) on [tp, °°) and [tq, <=°), respectively, 
suchthat yp(t0)=yq(t0) and y’p(t0)>y'q(t0), where tp^ 0 , tq^ 0  and ?0^max (tp, tq). 
I f  p (t)^q (t) , then y p(t)> yq(t), y'p(t)> yq(t) and yp(t)>y"(t), for t ^ t 0, and}jm (yP(t)-yq(t))=°°-

The proof is straightforward and hence is omitted.
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REFINED EXTENSIONS 
OF SYNTOPOGENOUS STRUCTURES 

AND QUASI-UNIFORMITIES
K. MATOLCSY (Debrecen)

Introduction

In [3] conditions were given under which a syntopogenous structure I f  can be 
extended onto a set Y  so that this extension У  induces a prescribed topology ST' 
(which is necessarily an extension of the topology of If). If this is possible, then У  
is said to be compatible with the pair (If, IT). The similar problem was investigated 
for quasi-uniformities in [2].

The present paper introduces an operation • * £  for syntopogenous structures, 
where £  is a system of the subsets of the fundamental set of these structures (I f * £  
will be called a refinement of If). As an application of this operator, from known 
compatible extensions we shall obtain new ones with the same family ot trace filters.

1. Refinements of syntopogenous structures

Let <  be a semi-topogenous order on a set E and LaE . We consider a relation 
<  *L on 2£ as follows:

A(<  * L)B iff there exists a set H c E  such that 
A ^ H  and Л и (HC\L)dB.

Lemma 1.1. <  * L is a semi-topogenous order on E satisfying the following 
conditions:
(1.1.1) I f  “=*, p or b, then (<  *L)a = < a*L.
(1.1.2) For a semi-topogenous order on E, <  C < i and Lx<zL imply

% E C 1 ̂  Lj •
(1.1.3) < 2* L C ( <  *L)2.
(1.1.4) < C < * L .

Pr o o f . 0 < 0  and 0 U ( 0 f l L ) = 0  imply 0 ( < * L ) 0 .  E < E  and 
EU(EDL) = E give E (< *L)E . If A (< *L)B , then we have AczAD (H f\L)czB  
for a set HczE. Suppose А±а А (<  *L)BczB1. Then A\J(HC\L)<^B for some 
//such that A<HczE, thus we get A ^ H  and Лги (НГ\Ь)сА  U (H f)L)c:Bc:B1, 
i.e. Лх(<  *L)B1.

(1.1.1): Suppose that Л (<  *L)aB. By [1], (3.12), (4.4) and (5.9) this means 
A = \J At, B =  П Bj, A f< * L )B j  for each (i , j ) £ l x J ,

i C I  j C J
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112 К. MATOLCSY

where if b (a=9), then /  and J  are arbitrary (finite), or I  is arbitrary and J  con
sists of one element, provided a=p. There exists HuczE such that Аг-<Ни and 
AiU(HijC\L)c:Bj for any ( i ,j)£ lx J .  Then A < a{JHiJ= H J for every j£J,

i i l
and because of aa = a we get A < a\ ) H ~ H .  An elementary calculation shows

HJ
that A U (НГ)Ь)с:В, thus A (< a*L)B. Conversely, assume A (< “*L)B. Then 
A < “H, AU (H(~)L)c:B for some H aE . Following the above train of thought, 
we have

A =  (J A„ H  — f)  Hj, At < Hj for any (i,j)£ IX J ,
i e  I  j í J

where /  and J  are sets of indices chosen for the corresponding case of “=«, p or b. 
Then Л,(< *L)A t U (HjC\L) for every (/, j )  £ I x J ,  therefore A (< * L )“A U 
U(HjC)L), finally by aa= a, the relations

*L)a П (A\J(HjC\L)) = y iU (f )  HjClL) = А 0 (Н Г \Е )аВ
j i J  j i J

hold, so that A (<  *L)aB.
(1.1.2) : In the case of < C < i  and L1czL the inequalities A<H, 

AU(HC\L)czB imply A < XH  and A U (H D L ^^B , thus from d (<  *L)B  the 
relation a (< 1*L 1)B follows.

(1.1.3) : Suppose Л ( < 2*L)B. Then and A U (HC]L)czB. Consider
the set C=AU(KC]L). Л (<  *L)C  is trivial. At the same time CcK, hence C < # , 
further C Ö (H nL)= A Ö (K nb)\J(H r)L)= A \J(H P iL)czB , thus C (^* L )B . We 
got Л(< *L)2B.

(1.1.4) : A < 5  implies AczB, and from S f U c S  the inclusion AU (ВГ\Е)с.В 
follows, i.e. A (<  *L)B. Q.E.D.

R em a rk . Let us observe that for every semi-topogenous order <  on E, we 
have < * 0  =  c  and

Further by £  we shall denote a non-empty system of the subsets of E satisfying 
the following condition:
(L) L1, L2£2 implies L (zL 1C\L2 for some L£2.

If £ does not contain the empty set, then it is a filter base.
T heorem  1.2. For any syntopogenous structure & on E

S f* 2  = { ^ * L :

is also a syntopogenous structure on E finer than У. {SF * 2 )t—(£A,*2)t, and for 
a = p or b we have i f f  * £)“ =  £Aa*2, consequently £F*2 is perfect or biperfect, 
provided SB is so.

Proof. Each element of *2  is topogenous, because by (1.1.1) (-= *L)?= 
=  < e* L = < * Z ,  for every < and L£2.
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If < 1, ^ ^ 9 ,  LX,L 2$_2 and < i U < 2C < 6^ ,  Li r\Li ziL€2, then
( < 1*Z1)U(<2*-i'2)C <  *L.

For < 0 ^ , £,££ there is < x£ 9  with -=C<!-  Then from (1.1.3): C
C < f * L C  (<!*Z.)2.

By (1.1.4) 9 ^ 9 * 2 .
In view of (1.1.1) (9 * 2 )a= 9 a*2, where a=p or b, therefore (9 *  £)a= 

= 9 * 2 ,  provided 9 a= 9 .
For {<0} = 9 ‘ we obtain

(9 * 2 ) ’ = и  { -= * L :^£ 9 ,L £ 2 }  = U { ^ 0*L: L<E£} = (9**3)*

(cf. [1], (8.38)). Q.E.D.
R em ark . For any syntopogenous structure 9  on E, 9 *  { 0 }  is discrete and

9 * { E } = 9 .
T heorem  1.3. Let i f ,!? ' be syntopogenous structures on E. Then 9 * 2 < 9 '  

is valid iff 9  < 9 '  and for each L£fl

(1.3.1) there exists < '£9” suchthat L < ’L and <'\(E—L) =  <z\(E—L).

Proof. Suppose 9 * 2 < 9 ' .  Then 9 < 9 *  2 < 9 '  by 1.2. Let L  be an ele
ment of £, < \ 9 ,  and suppose < * L C < '€<£*"• It will be proved that satis
fies (1.3.1). Indeed, L<E, LU(EC]L)=L imply L (<  *L)L, therefore L< 'L . 
The inequality c '\(E —L)C <^\(E—L) is obvious. Conversely, assume A (a\(E —L))B. 
Then Ac.B<^E—L. A < E  and AÖ {Ef\L)=AÖ L, that is A(<  *L)A ÖLczBÖL, 
hence by [1], (6.22) we have Л(-='|(£—L))B.

Assume that 9  < 9 ’ and 9 ” has property (1.3.1) for every Z,££. If <  ^ 9  
and L££, we can find orders < l5 < 2 of 9 ’ such that < C < x ,  L < 2L  and 
-=2|(£—L) = c :\(E—L). Put < jU  < 2C < '£ 9 '.  If A (< *L)B , then A < H  
AÖ(EIC\L)(zB for some H aE . We obtain A<'H , L < ’L, thus

(1.3.2) A H L ^ 'H O L .

АГ\(Е—L)(cz\(E—L))AC\(E—L), thus from the choice of < 2 

А П (Е -Ь )  < 2(Л П (£ -Т ))и Т  = AÖ L  

follows (see [1], (6.22)), so that A ^ 'A Ö L . A D(E — L)<zA<'H  implies 

Л П (£-1 ,) < 'H H (A U L ) с  Ли(#П 1.) с  B,
hence
(1.3.3) А П (E -L )  < '  B.

On the basis of (1.3.2)—(1.3.3):

A = (AÖL)Ö(AÖ(E—L)) < '(H Ö L)Ö B  = В,

consequently A< 'B . We verified < * L C < / , and considering the arbitrary choice 
of <  and L, 9 * 2 < 9 ' .  Q.E.D.
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As the following corollary of 1.3 shows, condition (1.3.1) is suitable to define 
the structure У  *2.

Corollary 1.4. У  * 2  is the coarsest o f all syntopogenous structures У  such 
that У  < ,У  and (1.3.1) is satisfied for any L££.

Since У  * £  is finer than У, it will be called the refinement of У  (by the sys
tem £).

In extension theoretical application we examine only refinements of a syntopo
genous structure by systems of special subsets of the fundamental set. Among such 
refinements coarser than a given syntopogenous structure У  there is a finest one.

Theorem 1.5. Suppose 0  ^  91 c 2E, Ax, А2̂ Ш=>А1ПА2£Ш, and let us con
sider, for a syntopogenous structure У  finer than У, the system 2 ' o f those elements 
of 91, which have property (1.3.1). Then 2 ' satifies the condition (L), and У  * 2 ' is 
finest among the refinements У * 2  such that У  * £ < У  and £ c 9 l. In particular, 
i f  У  is a refinement o f У  by a subsystem o f 91, then У  ~ У  * 2'.

Proof. It will be shown that £ ' has the property (L). Assume Lx, L2d2'. Then 
there exist < i ,  У 2£ У  suchthat £ ,< '£ ,  and <,-| (E—L )= cz\(E —L )  ( /= 1,2). 
Putting L = L 1C\L2, we prove L<-'L and -c '|(E—L )—cz\(E—L) for 
С У ^ У .  In fact, Ц У Ц  (/=1,2) implies L < 'L . Suppose AczE—L. One can 
decompose A into three disjoint sets so that A =A1UA2UA', where A1= A D L1, 
A2=AH L2 and A '= A D (E -L  )П (Е—Е2). Because of AxczE—L2 we have 
Axy 2Ax\dL2 (cf. [1], (6.21)). Since Axc.L  <[LX, Aiy L xC\(A1{JL)= A 1\J{Ll C\LJ) 
is obtained. In the same way А2У A ^ fL ^ L . j ) .  A 'czE- Ц  implies А У -A'ULi 
(/=1,2), therefore A'-=:'(A'L)L1)n (A 'U L J= A 'U (L i n L 2). From the topogenity 
of <' we get d<'4U(Iin i2)> that is A(-<.'\(E—L))A, which means cz\(E—L) = 
= y \ ( E - L ) .

From 1.4 it follows that У  * 2 ' < У . If £  is a subsystem of A for which 
У * 2 < У ',  then by 1.3 we obtain 2 c 2 ' ,  thus ^  * £ <  <5̂ * £'.

As any LZ2' satisfies (1.3.1), from У = У  * 2  and from the above inequality 
У '* 2 '< У '= У * 2 < У * 2 '< У '* 2 '.  Q.E.D.

Theorem 1.6. Let f  be a mapping o f a set X  into E, and define / _1(£) = 
= { / -1(L): L i2 ) . Then we have

f ~ x{y*V ) <  f - 1( y ) * f~ 1(2 ).
I f  f  is an injection, then

f - \ y * 2 ) = f ~ ' { y ) * f - ' { 2 )
holds.

Proof. The statement will be verified by the proof o f  the inequality 

f - 1̂ * L ) C . f - K ^ ) * f~ K L ) ,

which is valid in general for every semi-topogenous order on E and for any set 
L aE .
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Assume A, BtzX. means that /(T )(<  *L )E —f ( X —B), that
is / ( A ) < #  for some H a E  with f(A )U (H C \L )^E —f ( X —B). From here 
^ / - 1( < ) / - 1(Я) (see [1], (6.4)), and А \А { Г '{ Н )П Г '(Г ) ) ^ Г 'Ц  (A)U(HÍ)L))cz 
d f - ^ E - f { X - B ) ) a B .

Suppose that /  is an injection. Then
/ - 1( < ) * / - 1(L) С / - Ч < * Т )

is also true. For A ( /-1( < ) * f~ 1(L))B there exists HczX  such that Л /_1(< )Я , 
AU (H r)f-4L))czB . Put H '= E —f ( X —H). Then f ( A ) ^ H '  and f (A )  U 
U (H 'r )L )c zE -f(X -B ), therefore A f~ x(< *L)B. Q.E.D.

R em a rk . Let ST be a topology on E, and let us denote by b (x ) a ^"-neighbour
hood base for every point x£E. Then the system
(1.7.1) b ' W = { W U ( F i U ) :  V€b(x), L£2}
is a neighbourhood base of x  in the topology (ST * 2)‘p.

If Щ is a quasi-uniformity on E associated with the biperfect syntopology SA 
(in the sense of [1]), then the quasi-uniformity corresponding to У  * 2  consists of 
the reflexive relations U *L  defined as follows:

(1.7.2) (x, y )£ U * L o
(x, y)£ U 
х=У

for
for

y£L,
y iL ,

where U and L run over all elements of 41 and £.

2. Applications of refinements in extension theory

In [3] the following problem was studied:
Let [X, £A] be a syntopc g mous space, 2Г = £A,p, XczY, and suppose that ST’ 

is a topology on Y  which is an extension of ЗГ, i.e. [X, 2T\ is a dense su’'space of 
[Y, 2T'\. Does there exist a syntopegmous structure У  on Y with the conditions

<f'\X~SA  and £A'tp = ЗГ"!

Such a structure 9" is called compatible with the pair (9 , 2Г'). A similar question was 
examined for quasi-uniformities in [2]. (Let ® be a quasi-uniformity on X, ST 
the topolcgy of ÚU, and 2Г' an extension of AT on Y. 6W is a quasi-uniformity on Y 
compatible with the pair (45f, AT) iff átí'\X^%  and the topology of aW agrees 
with ST’.)

Further let fl be a system satisfying (L) of the subsets of Y  such that X c L  
for any L£2.

Then we have the following lemma:
L em m a  2.1. Let 9 '  be a syntopogenous structure on Y. Then ( 9 '  * 2)\X = 9'\X .
P r o o f . Considering the embedding injection /  of X  into Y, we get

(9 '* 2 )\X  = f - ^ 9 ' * 2 )  = / - ' ( ? ' )  * f~ \2 )  -  {9 '\X )* f~ '(2 )
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(see th. 1.6 and p. 101 of [1]). For any Lg£ the equalities f ~ 1(L)=LC\X=X  
hold, therefore (£/" *2)\X=(£Z'\X)* {X}. But for every semi-topogenous order 
<  on X, < * X = <  is obvious, thus (&*' * 2)\X=£f'\X. Q.E.D.

If 2Г is a topology on Y  which is an extension of a topology ST on X, then 
denoting by t>(x) the ^"'-neighbourhood filter of x£ Y, the filters

s (x) = {Víl X: Ve v (x)} (x£ Y) 
are called the trace filters of ST’.

C orollary 2.2. Let STf be a topology on Y, £T a topology on X, and suppose 
that is an extension of ZT. Thm f '  = ( f 0'* £ ) tp is an extension of ST, the trace 

filters of which are identical with those o f STf.
P roof. From 2.1 ZT'\X=(Zr0' *&yp\X=((ZT0' *2)\xyp=(zr0'\xyp= zr‘p=zr. If 

b(x) is a ^'-neighbourhood base of x6 Y, then by (1.7.1)
b'(x) = {{x}U(kTU): F<=b(x), Z€£}

is a ^"-neighbourhood base of x, and because of X a L  we have ({х}и(КПЕ))ПА'— 
= ({х}Г\Х)и(УГ\ЬГ\Х)=({х}Г\Х)и(УГ\Х)=({х}0У)Г\Х=УГ\Х. Q.E.D.

T heorem 2.3. Let ZYf be a syntopogenous structure on Y compatible with the 
pair (ZZ, ZTf), and put ST' = { f  * £)tp, £f" = i f f  * £. Then i f  is compatible with iff, Zf).

Proof. By 2.1 we have £P'\X=(£f0'*2)\X=£f0'\X~£f. It is easy to see that 
= £)tp = { i f f  * £ )w =  {,%' ’P* 2 yp = (fo' * £ )tp = f  by 1.2 and [1], (8.50).

Q.E.D.
The above theorem has a particular importance, when f  is a strict extension 

of ZT (i.e. the system
(s(G): GczX is open in ZT}

is a base of the open sets of ZTf, where denoting by s (x) the trace filters of this exten
sion,

s(G) =  {x£Y: Ges(x)}).
In this case a number of constructions of compatible structures are known, and 
what is more, these can be perfect or biperfect, provided i f  is of this kind, and some 
simple conditions are satisfied by the trace filters (cf. [3], (3.1), (3.4), (6.3) and [2],
(5.1) , (6.3)).

We can formulate two corollaries of the results of [2], [3] and Theorem 2.3 of 
the present paper, while following the convention introduced in [3], we do not dis
tinguish a topology from the associated “classical topology” . The definition of the 
notion of a round, pseudo-Cauchy or a stable filter of a quasi-uniform space can be 
found in [2], Ch. 1 and 4.

T heorem 2.4. Let 41 be a quasi-uniformity on X, and ZTf be a strict extension of 
the topology ST o f 41 onto Y with the trace filters s(x) (x^Y), further assume that 
f '  = * 2)‘p, and let ю(х) denote the ZT’-neighbourhoodfilter of x£Y.

(2.4.1) I f  every trace filter s(x) (x£ Y —X) is round and stable in 4l, then there exists 
a quasi-uniformity compatible with (fill, .T').
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(2.4.2) I f Y —X — lJ Z i, where x, y ^Z t implies v(x) — v(у) (1 -siSn), then there
i — 1

exists a quasi-uniformity compatible with (fll, 3"), provided s(x) (x£ Y —X) 
is round and pseudo-Cauchy in 41.

Proof. First of all we need to see that our condition in (2.4.2) implies that 
x, j$ Z i=>D0(x) =  o0(j), where o0(x) is the ^'-neighbourhood filter of x£ Y. Suppose 
that d(x) = d(f) for some x, y£ Y. If W(ivn(x), then there exists a ^ open  set 
S£s(x) such that .r(S)c W. Since s(S) is also a ^'-neighbourhood of x, L £2  
implies V= {x}U(5,(5)nL)6n(x)=oO'), therefore S'=i(S ')nA r=FnA 'is(>’) (see 
2.2), thus y£s(S), and from here W£v0(y). We got o0(x)c:o0(v). The inequality 
p0(y)cp„(x) can be obtained in the same manner, therefore 3~0' satisfies the condi
tions of Theorem 5.1 in [2].

In view of [2], (5.3) and (5.1), both in the case of (2.4.1) and in that of (2.4.2) 
there is a quasi-uniformity 41'й on Y compatible with (fU, ,Tf). Turning to the associated 
biperfect syntopologies Sf and 6% is compatible with (Sf, 3~f). Therefore by 2.3 
and 1.2 &” = £/% * 2  is a biperfect structure compatible with 2Tf), and denoting 
by ÚW the quasi-uniformity corresponding to 41’ is compatible with (fiU, ,T'). 
Q.E.D.

In certain cases we need to decide, whether a topology 2Г’ can be written in the 
form (.Tu' * 2)tp, where .T0' is a strict extension of ST giving the trace filters s(x), and 
2  is an arbitrary system in Y (satisfying (L)) with Xc:L for any L£2. Such a topo
logy will be said to be a refined strict extension of 2Г corresponding to the trace 
filters s(x). For finite extensions we have the following result:

T heorem  2.5. Let the topology ST’ on Y  be an extension o f the topology У  on
П

X  giving the trace filters s(x) so that Y—X =  (J Z; , where o(x)—o(y) for any
i=l

x, y€Z; (1 S /S n ). Then there exists a largest ST'-closed and У  -discrete set F  in 
Y —X. ТГ' is a refined strict extension of ST iff  s (x )cs(j) implies d(x)c u (>’) for 
any x£F  and y £ (Y —F)—X. In this case

ST'=<T0* { Y - F ) ,

where is the strict extension o f ,T corresponding to the filters s(x) (x£ Y).
Proof. Suppose that F0 is a closed discrete set in Y—X. Then x£F0 implies 

Z, =  {x} for some index 1 s /S n .  In fact, if y £ Z t, then y£F0=Fn. Since there 
is a neighbourhood V of x such that VC\F0={x), y^VD F0 implies y= x. This 
shows that the elements of F0 can be chosen only from a finite number of points of 
Y —X, thus in Y —X  there exists only a finite number of closed discrete sets, and 
their union is also closed and discrete.

Assume that x€ F, y í ( Y — F )—X, s(x)czs(y) imply o(x) c o (ji). We shall 
show that in ST’ the system

{{x} U (s (S) П (F— Ff) : S€s(x)} 

is a neighbourhood base of xGF, that is

2Г’ =  (dT'0* {Y-F}y* = У 0*{Y-F}
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(see 1.2), where FT0' is the strict extension of FT corresponding to the filters s (л) 
(cf. (1.7.1)). Indeed, let us consider an open set F£t>(x) for some xdY. Let the

П
set G be defined as follows: G= f) G;, where the F'-open set Gf is selected so

i=i
that G ~ X , if s(x)cs(v) for y£ Z t, and G,£s(x), G ^ s ^ ) , provided s(x) ф s (y) 
for y£Z;. Then Gds(y) clearly implies s(x)czs(y). Putting G= F П G, we have 
S£s(x) and WczV for W— {x}U (í(S )n(T — F)). The first statement is obvious. 
Let у be a member of W. Because of x£F  we can suppose x?±y, consequently 
y$F. If y£X, then y£S(zV. If yd(Y — F) —X, then S£s(y), thus Gds(y), and 
this implies s(x )cs(y). From our condition o( ' )cn(y)  follows, so that y£V '. 
Conversely, let Sd s(x) and IF={A-}U(j(G)n(T— F)). s(S) and Y—F are ЗГ’- 
open. For x d Y —F  we have x 6 s (5 )n (F — F), therefore W£v(x). If x£F, then 
one can find a F£o(x) suchthat F fl F =  {x} and V as(S). From here

V = (F flF )U (F n  (Y —F))(zW,
thus W£v(x).

Suppose that FT' is a refined strict extension of FT, for example FT={FT^ * £ )'p, 
where FT̂  is the strict extension of FT corresponding to the filters s(x) (x£ Y), further 
£ is a system satisfying (L) and I c I  for any 2ф£. It is easy to verify that Y —L 
is closed and discrete in FT' for every 1ф£ (see (1.3.1)). Y —L czY —X. therefore 
Y —L lies in the largest closed discrete subset F  of Y—X, i.e. Y —F<zL. By (1.1.2) 
< £*F C  *=0* ( F — F) for {-<o} =  . At the same time Y—F ^ 'Y — Fand < '|F =
=  c | F f o r  thus from 1.3 we get F^'* 2 < ^ , '* {Y — F}<,FT', hence
Fr'=(Fr0'*2yp<(Fr0'* { Y -F } y '’<Fr', i.e. FT'= (FT0' * {Y -F })'?  as we stated.

It will be proved that xdY , y£ (Y —F) — X  and s(x)cs(y) imply d(x) c: d (jO- 
In fact, if Vdv(x), then there exists Sds(x) for which { r} U (i(S )f,(f—f ) ) c f .  
S£s(y) implies y í s (5 ) f l (F — F). Since s(S)  and F - F a r e  open in FT’, V£v(y), 
and in general t>(x)cr>(y). Q.E.D.

E xam ple 2.6 There exists a finite extension, which is not a refined strict extension • 
Such one is the topology FT' on the set Y= {(), 1, 2}, in which the open sets are 0 ,  
{0}, {0, 2} and Y. Suppose that X — {0, 1} and FT=FT'\X. Then FT’ is a finite exten
sion of FT. Y —X —{2}, and it is not closed, because l£{2}. Thus with the notation 
of 2.5 F— 0 ,  therefore if FT' is a refined strict extension of FT, then FT’^FT^ * { Y} = 
= F~0' (that is FT’ is strict). This is impossible, since s(0) = s(2) =  {{0}, X }, {0}£d(0), 
and F£s(0) implies 2£s(V), so that 5(К)ф{0}.

R em ark . Let us observe that the loose extension FT’ of ,F~ on Y corresponding 
to the prescribed trace filters s(x) (x£ Y) can be identified with * {X})lp~  
= FT{ * {T} =  FLY, where Ff{ is an arbitrary (topological) extension of FT on Y giving 
the trace filters s(x). In fact, in this case the ^'-neighbourhood base of a point 
x€F  is of the form
(2.7.1) {{x}U(Fnif): Feb^x),}

where b^x) is a ^'-neighbourhood base of x (see (1.7.1)), and it is obvious that the 
system (2.7.1) is equivalent to

{{x}U5: Sds(x)}
(see [3], (0.6)).
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ON THE EIGENFUNCTION EXPANSIONS 
ASSOCIATED WITH THE SCHRÖDINGER OPERATOR 
HAVING SPHERICALLY SYMMETRICAL POTENTIAL

S. A. ALIMOV (Moscow) and I. JOÓ (Budapest)

The aim of the present paper is to give a necessary and sufficient condition for 
the Lebesgue summability of eigenfunction expansions associated with the Schrö
dinger operator having spherically symmetrical potential, for functions from the 
class W£ in three dimensions.

Let Q be a bounded domain in R3, x 0£Q and 0<q(r) a function defined 
on (0, «=) such that

(1) IkII =  /  q2{r)r2dr <  °=.
0

Consider the Schrödinger operator
Lu{x) = [ — A + q ( \x -x a\)\u(x) (m£ f i\{ x 0})

with potential q(|x—x„|)fi. (We use also the notation q(x) for this function.) According 
to a well known theorem of K. O. Friedrichs [7], the operator L  has a positive selfad- 
joint extension L with discrete spectrum; let 0<AxSA2—••• be the sequence of the 
eigenvalues of L and {w„}“ the corresponding complete orthonormal system of 
eigenfunctions in L2(Q), i.e.

{ -A  + q)un{ x ) -X nun{x) n =  1 ,2 ,...).

The expansion of /£ L 2(ß) with respect to the system {«„},

/  = 2  f nun, /„ =  ( / ,wj
Л =  1

is said to be Lebesgue summable to a at the point x£Q if

lim 2
r —► +0 n = l

holds (cf. [1]).
We shall prove the following

sin УXnr fnU„(x) = a

T heorem . Let f£W^(Q) be an arbitrary function. The expansion o f f  is Lebesgue 
summable at the point x„ i f  and only if

(2) lim J f ( x o+r0)d9 exists.
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Here J f ( x 0 + rO)d6 denotes the integral o f f  on the sphere o f radius r with respect to
в

the normalized Lebesgue measure (i.e. j  \ d 0 = \ ) .
в

Proof. For the proof of the Theorem we need some lemmas. Define

co(t) = min j l ,  -j-J, 0; b2(t) = J  co2{s)ds.

Obviously
(3) b2(f) =  min {2, t), t >  0.

Consider the sequence of functions

(4)

Wo(r, p) = sin rp 
rp

w.
1 :

f r , p )  = —  / wk^ k{t, p ) sm p( t - r )q ( t ) td t ;  к = 1,2 .......
rp f

It is easy to see that

(5)

and hence

(6)

sm rp
rp =  К О ,  p)\ co(rp),

sin p( t— r)
rp = 0)(rp),

CO

-Vk(r, p)I ^  o M  f  K -i0 >  p)\q(f)tdt 
0

( Г \l/2( r W*
( r p ) [ f  \Wk-i(t,p)\2dtj q2(t)t2dtj

S  co(rp)\\q\\ I f  \wk_k(t, p)\2dt^ .

Lemma 1. We have 

(7) \wk(r, p)\ ^  co(rp) к  II b(rp)
Y p

О >  0; p >  0; к = 0, 1, 2, ...).

Proof. For k = 0 the estimate (7) follows from (5). Suppose it is fulfilled for 
A: — 1 in place of k. Then, using (6) and the just mentioned induction hypothesis it 
follows by the Schwartz inequality

\wk(r,p)\ =3 со 0/*)lk II

Lemma 1 is proved.
Now define

\\q\\b(rp)

Y p

k-1 ( r(/'0
co2{tp)dt

1/2

=
Ik II b(rp)

Гр

а О, Р ) =  2  wk(r, р).
к=1
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Lemma 2. For the function cc(r, fi) the estimate

(8) |a(r, fi) s  constcu(r, (r >  0, ц >4\\q\\2)

holds.

P roof. The estimate (8) follows from (3) and (7) immediately.
Lemma 3. I f  n>4\\q\\2, then for the only solution v(r, fi) o f the integral equation

(9) v(r, ц) = Smr/X + f  f  v(t, fi)s\n[ß(t-r)\q(t)td t
rli 'И о

of Volterra type the following equality holds

(10) v (r, n) = — —  + a (r, fi) (r >  0).vp
P roof. Define

v0(r, fi) = w0(r, n),

Vk +1 (r ,n )=  smril + _L  j  vk{ t,n )ú n n { t-r )q (t)td t (Je = 0 ,1 ,...).
rp rp 0

For the functions vk—vk_1 the equations (4) hold and according to (7) it follows the 
existence of the limit

v(r, fi) =  lim vk(r, ß).
к— oo

The function v(r, fi) is the only continuous solution of the integral equation (9). 
On the other hand,

vk(r,p) = wk(r, y) + wk_1(r, p) + ... + vv0(r, fi) 
i.e.

, ч ✓ . “ . . sin ru .v(r, ц) = w0(r, fi) % wk(r, fi) =  ——-  + a (r, fi).
=1 ~l*

Lemma 3 is proved.
Lemma 4. For every n such that p„>4 ||^ ||2 the equation

J  u„(x0 + r6)de =  
e

sm rfin
ГИп

+ oc(r, fl„)(И)

is fulfilled.
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Proof. The Titchmarsh formula states (cf. [9], p. 232) that 

f  un(xo + r0)d9 = Sin?7*n un(x0) +  f (  f  q(t)un(x0 + tO)do)- —  — sin r)dt =
в rhn о V ) r

=  S1̂ K  un(xo) + 7 ~  /  Í f  u„(x0 + te)de\ únnn(t-r )q { t)td t.
'г'п 'И-п о '0 /

It follows that the function
v(t,ßn) = f u n(x0 + td)de

в

satisfies the integral equation

v(r,n„) = ——— ua(x„) + —  J v{t, nn)sm nn(t-r )q (t)td t,
' r n  'Г'П Q

and hence, taking into consideration Lemma 3 and (10), we obtain

i.e.
Hr, ju„) =  v(r, цп)ип(х0),

- / ч sin run . . , . , .v(r, ю  =  ——— M„(x0) +  a(r, цп)ип(х0).
Lemma 4 is proved. 

Lemma 5. We have
( 12)

ГЦп

2  M * o )l2 =  c ( x 0) n *  ( ß  is  1).

P roof. Consider the function 

d(r, ц) =
if

r

0 if r<t(R,2R)
where 0<2i?<dist (x0, dQ); and calculate its Fourier coefficients with respect 
to the system {un}. Using (11) we get

( 2R \

—  /  sinrg„sinr/idr un(x0) + 
r >

+ /  r sin rßx(r, yUji/rj u„(x0).

On the other hand, obviously
2 Rг RI sin r/r„ sin r/i dr ^  —  cos 2R >  0,
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and it follows by (8) that
2Я

П f  ra(r, g„)sin rg dr S  eg f  Ь(гц„)г dr\\q\\ ~r±
R  R  f a n

2R 1 2R 1 1 1
^  cu f  —=■ со(run)rdr ^  си I —= ------r d r ^ c —=r

J  \ V 1/,, 1/,1i  f a R fan rVn in
for n = По and \fin— g |s l .  (c denotes everywhere in this work an absolute 
constant.)

Summarizing our estimates:

1+O ^L -jJ =  Ф„(*о)|,

and hence (12) follows by Bessel inequality, using also the simple fact:

J \d ( \x —x0\, fi)\2dx S  eg2, 
я

Lemma 5 is proved.

L emma 6. Let f f fa 2 (Q) be arbitrary, then

а з )  2 \ m i ^ c \ \ f \ \ wl.
n = l

holds.
P roof. Let / g Q ’(ß) be arbitrary. Then obviously

f n = i f  un) = f  f(x )u n(x)dx = f  f( x ) [ -A  + q(x)\un(x)dx =

= j -  f  f ( x ) ( - A u n(x))dx + y  f  f(x )q (x)un(a)dx=  (Af)„ + (fq)n

K in = (fq )n -(A f)n.
For any /g Q ° (ß )  and g£L.2(Q) the Parseval equality gives

2  fnSn — I f(x)g(x)dx,
» = 1 я

and hence, for the special case g(x)= f(x)-q(x) — Af(x) we obtain

2 f l K  = f  f ( x ) [ -A f(x ) \d x +  f  \f(x )\2q(x)dx = f  \Vf(x)\2dx+
"=1 я a n

+ f  \f(x)\2q(x)dx = ||V/||£2(n) +  | |? |/ |2||Ll(n) ^  c\\f\\w lw +U\\ La(fi) ' ll/IIL(n) —
Я

— CH/lllPj(fi).
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In the last step we have used the well known imbedding theorems [6]. It follows (13) 
immediately from our estimates if we take into consideration the fact that Ib2x(i2) 
is the closure of Q°(fl) in the space JP2x(fl). Lemma 6 is proved.

Lemma 7. Let
(p(t) ^  c min {t£, t _e} (t >  0, e > 0).

Then we have the estimate 

(14)
uniformly in 0 <  r <  1.

^  , ч k.(*o) _2  9 foO -— -3—L =  c>n=l dn

Proof. The estimate (14) follows from the calculations below:

И k ( * 0)P2 .  v  <<•(*.) a  C- 2 .  ä  er- 2  2  k>-.
rn 1 k = 1 k=/t_<fc +1 кVn-=-r "

и  ,
=  cr‘ 2  tt=i  -  cr‘ ■ — = c\k=i K1 ‘ rl

2 .  s  2 ,  '
Г п  1  А*И^и-Т

-s cr~‘ У У  =s сг~с У  —1 - cr~s-rl Ä C
- - 4 " + i  k 3+* ~ Cr . f  n  L3+‘ -  "  Г -  C-

Ч Я
Lemma 7 is proved.

Lemma 8. Forany f£W ^(Q) the estimate

(15) 2  l«0% Hn)Un(x0)f„\ Sá cliyiki(n)

holds uniformly in 0 < r<  1.

Proof. Using (13) and applying the Schwartz inequality we get

2  l«(r, dn)un{x0) f n\ ^  [ i  a:»(r, й ) М ) ‘/! ll/ll 1(n),
n = l  V„=i Hn )  2

so it is enough to prove the estimate

W„(*o)2 ” n = 1 *(r, dn)- dn
^  c.
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To this end it suffices to recall (8), taking into consideration the estimates

rf,<x2(r, ц„) S  cpn

CO

oj2(rfi„)b2(rßn)
h n

( 0 s | ,  ьу )& У 2

S ссо2(грп)Ь2(грп);

О ^  1),

further the identity
cu ( 0  S i ,  b ( t )  =2 f t  ( Ö S / S  1);

2n=1
<x(r, /!„) U„(X q)

h n
Z l w 2(r, /0 ]

n = l
«„(*<>) I2

fn

Lemma 8 is proved.

L e m m a  9 .  Let f £ W.} (Q) be arbitrary. Then it is possible to change the defini
tion o f f  on a set o f Lebesgue measure zero such that for the resulting function (we 
denote it also by f  according to the fact that these functions both represent the same 
element o f JVf(ßj) its angular integral

<P(r) =  f  f ( x 0 + r6)de
в

be continuous for r > 0 and the following equality holds:

(16) / f(x0+r9)de = 2 / , « » W ^  + 0( 1) W/Wwlm (r > 0).
rhn

P r o o f .  Consider the function

g(*) =
Then

1 if |лг—x„| R
0 if |jc—jc0| >  R-

(g> «„) = un(x0) f  r2dr + un(x0) f  a(r, ц„)r2dr (cf. (11)),
О ' " t i  ft

and by the Parseval formula we get
R • R

f  f ( x )d x  = Z  f n-un(x0) f  Sl^ M" r- dr + Z fn U n(xu) f  cc(r, nn)r2dr.
|* -X „ |S R  n = 1  0 r l i n  n = 1  0

We may apply the differentiation on the right hand side for R >0, because, according 
to (13), the resulting series converges for R>0  (uniformly on Л ^е0> 0 ; cf. [2]):

(17) 4 -  f  f ( x )d x  =  Z  fnK (xo)^4 firLr2+ hn)r2.
dT |x-x„|sr "-1 r 9 n  n - 1
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On the other hand, according to the imbedding theorem

W i(fl) -  W21/2(SR) (SR = {*€R3: |лг| = Я}) 

(cf. [6]) we have the estimate

ll / lk » « ) s  c . i i / iU j^ ,  ü ^ > 0 .

This means, that for the function <p(r) the estimate

l<P(r)l — C J/IL hn)

holds for almost every r£[e, R0], where R0= d is t  (x0, dQ). Hence, by Fubini’s 
theorem we get

R

f  f ( x ) d x  = J  (p(r)r2dr
I*—*o NR 0

and by Lebesgue’s theorem it follows

(18) j j :  f  f(x )d x  = <p(r)r2,
|x-x0|sr

for almost every r> 0. From (17) and (18) we obtain the following equality for 
almost every r>  0:

<p(r) = 2  f«un(x o)
n = 1

sin Г[1„
f ß n

+ 2  fnUn(xo)a(r, /!„). 
/1 =  1

Since the right hand side of the last equality is a continuous function on r>0, it 
is possible to change the function cp(r) on a set of measure zero, so that the resulting 
function is continuous for every r=-0; hence the statement of Lemma 9 follows by 
Fubini’s theorem.

P roof of the T heorem . The statement of the Theorem follows from that of 
Lemma 9 immediately.

R em ark . During this work we used the ideas of the papers [3], [4], [5] and 
that of the books [6], [7], [8], [9].
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ON THE DISTANCE BETWEEN CONSECUTIVE PRIME 
IDEAL NUMBERS IN SECTORS

M. MAKNYS (Vilnius)

1. Introduction

One of the important questions in number theory is the estimation of the dis
tance between consecutive primes pn+1 and p„. Huxley [3] proved that

(1-1) P n  + 1 - P n «  P l / 1 2 + e -

Results of such type for primes in progressions were obtained by Tatuzava [14], 
Jutila [5] and others.

In this paper we shall investigate a similar question in sectors of an algebraic 
quadratic immaginary number field.

Thus we consider an algebraic quadratic immaginary number field Q (/d ) 
(d < 0 is square-free number) which is widened to an ideal number system К [1]. Let 
a, ... denote ideal numbers from К ; p , ... are prime ideal numbers, Not is the norm 
of а, р^(0) is an integer ideal from Q([ í7), g' is the number of units of ), g 
is the number of units mod p, h is the class number of our field, ip(p) is Euler’s 
function.

The function
(1.2) Am(a) = е'втатса
will be called a Hecke’s character of the first kind with exponent m, m£ Z. Let x 
be a character of multiplicative group of a reduced residue system mod p. If for all 
units ri mod p we have
( i t ) x m m(.r,) =  l,
then the function
(1.4) E( a) = X(a)A"*(a)
is Hecke’s character of the second kind (or Groessen character) mod p with exponent m. 

Hecke’s Z-function with character £(a) for Q (['с/) is defined by the series

(1.5) 2 *  £(a)-M*-5 = Z(s, E), s = o + it,
(«)*(<>)

where * denotes that a runs over a set of non-associated numbers from K. Z(s, E) 
is an entire function except the case of trivial character and has a functional equa
tion of Dirichlet type [1].

As usual, A(oi) denotes Mangoldt’s function and for our field this function is

„ . . . ilniVp if a is associated with pk, kZN,(1.6) Л (а)=  0 otherw.se^
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132 M. MAKNYS

For our purpose we investigate the function

(1.7) IИ х; v, V, <Pi, (Pi) = 2  л (°0Na^x 
a = v mod ц 

<p1<arga^<p2

where x>2, (px and (p2 are real numbers and 0<(p2—(p\=2n, v is an integer ideal 
number of K, (v, ju) = 1.

The finite difference ф (x +x°; v, pi, срг, (р2) — ф(х; v, pi, <p1; cp2) gives us an infor
mation on the distance between consecutive prime ideal numbers in some ring 
sector.

By using zero-density theorems for nontrivial zeros of Z(s, E) [9, 11] we shall 
prove the following

Theorem. For sufficiently large x  and fixed ideal pi we have

(1.8) ф(х+хв; г,р,ср1,(р^-ф (х;  v, p, q>x,tp2) ~  * ^  ■

with 0=-Цг + ̂ 1 for each sector satisfying <p2 — (Pi > а'0_1+£2.
16

Hence we get the following
Corollary. In each ring sector with angle (р2—(р1^ х °~ 1+Сз bounded by two 

concentric circles with radii rx =  )!x +x° and r2= fx , there exists at least one ideal 
prime number p =  v mod pi.

R emark. T o get a result of type (1.1) we can put v= (0), /i= ( l) , (p2 — (pi—2n 
in (1.8). Then it follows that

(1.9) Пк(х + хв) - П к(х) Xе+°
lnx

with 0 = — . Here Пк(х) denotes the number of prime ideals p of first degree with

the condition N pSx, x>2, p fK . The exponent 0 = 44  is better than 7/10 which16
can be obtained by classical way using Tichmarsh result on Epstein’s zeta-function 
f 16], but weaker than — obtained by Heath-Brown [2].

О

We use £i, e2, ... to denote positive numbers which may be chosen arbitrarily 
small, Cx,c2, ... are absolute constants which depend on the field, the ideal pi and e;, 
but do not depend on <pls (p2, m and t. The same is true for the symbols О and <<c.

2. Lemmas

To obtain (1.8) we shall use some lemmas. 
Lemma 1. The zeros o f Z(s, E) lie in cr<0 and

(2.1)
1

=  - y - c 1ln [(( |m | +  2 )( |/ |+ 2 )) ln ln (( |m |+ 2 )( |/ |+ 2 ))]  4.
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CONSECUTIVE PRIME IDEAL NUMBERS 133

Furthermore, the critical zeros from 0<<x<l are symmetric to the line <t= — • 

Lemma 2. The number of zeros q—ß+iy of Z (s, S) with t=y = t+ l, /> 1  is 

(2.2) « ln ( ( |m |+ 2 ) ( |i |+ 2 ) ) .

L emma 3. Let x > 3 ,  2, 2,

(2.3)

Then

(2.4)

Ф(х,В) = 2 * ^ (а )Л (а )

E(ß) = {

ф (х,В ) = Е { 3 ) х -  2  — + o [ ^ W M t ),
| y | s r  Q U  /

1 i f  S  = 3 0 /i a trivial character, 
0 otherwise.

where the sum in (2.4) is taken over all zeros Q — ß + iy of Z(s, a) from the region 

Lemmas 1, 2 and 3 were proved by Kubilius [8].

Lemma 4. Let Í2 >  0, 0 < A <  -y Í2, <pt and (p3 real numbers and 0 <  cp2 — cpi S
rS 2n. Then there exists a periodic function f(co) with period Q satisfying the con
ditions

/(o>) =  l ,  c o e i r p ! ,  <p2],

(2.5) 0 S /(<a) s  1, coZfa i-A ,  <pj, coe[(p2,(P2+A],

/(to) = 0, coe[(p2+d, <pi +  ß —d], 

aw/ /(to) /wí the Fourier expansion
2iti

where

(2.6)

(2.7)

/(<») =  2  an,e я

а° =  -д OPs-Pi).

K I  = <

•д (< P 2 - < P l ) ,

2(7r|m|)_1, m ?í0,
2 Г kQ У1 л , ЖТ

—i— г I— i— ГГ > m ^  °> f e e N -я m U  m J ;

This is a lemma due to I. M. Vinogradoff [17].
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134 M. MAKNYS

Lemma 5. Let x > 3  be sufficiently large, х<у<кх, T > 2 , M >2. Then
(2.8) ^ (x+ y ;  v, p, (p1, ср2)-ф (х -  v, p, <px, cp2) =

t  4> -= |m |sM  '  1

дпЛ for a fixed ideal р?±(0)
(2.9) 'l'(,x + y\ v, p, срг, cp2)-il/(x ;  v, p, cpx, (p2) =

= Щ ш у [ + 0 \ Í  „ | / 1 + 0 ( ^ F ln!H ) +Ä^ " ) -
I  ( o c I m ls M  )  J

where
R(x, M ) — 2  л (а) 2  ' m(%)а„Not̂ x |m| >M

a = v mod ц

and the inner sum in the О term is taken over the zeros o f Z(s, 3) from the region
1, \y\ = T, and summation runs over all characters 3  for the exponents of

which |wi| = M holds. A is some parameter from Lemma 4 that will be chosen later, 
am are coefficients from Lemma 4.

2.71
Proof. Put Q—— , со=arg cc in Lemma 4. Then from this lemma we have 

g

(2.10) ф(х; v, p, cp1,(p2)=  2 *  /(a rc  а) Л (a) =  2 *  л  (a) 2  X"(d)am =
Nor^ x  Normet m

a = vmod/i a = vmod fi

= 2  am 2 *  km(d)A(d) + R (x,M ).
|m|̂ M N oi^x

a=vmod ц
For a=vm od/i, (v, /г) =  1

(д) 1 (д)
2 *  km(d)A (a) =  2  xOO 2 *  Z(a)^m(<*)A(cc).

N a ^ x  n (P W  x  N a ^ x
a = vmod/i

Here (p) denotes summation over ideal numbers a non-associated mod p. If E(p, d)—

— {^1> h2 , ■■■,*}u„)} is the collection of units mod p, e(p)=— , then from the defi-
g

nition (1.4) and (1.3) of characters 3(d) it follows that 
(д)
2 ’*Х(а)2т (а)Л(а) =  2 *  X(*)km(d)A(d) 2  x(h)^m(h) = e(p) 2 *  3(a)A(a).

N a ^ x  N a ^ x  цаЕ(ц,а.) Nor^x

Since

2 *  km(a)A(a) = 2 ^ 2 x ( v )  2 *  3(d)A(d),
N a ^ x  n ( P W  x  N a m x

a ~  vmod p
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CONSECUTIVE PRIME IDEAL NUMBERS 135

by (2.10) and Lemma 3 we conclude

( 2 . 1 1 Ж * ;  w . .  ?*> =  7 ^ 5  2  m { e & x - J t ^ + o  ( y  1п - м г ) ) +

' ("К * *w 2  «.Н.)(|Д ,|+ о (А т> м г)) ++ i?(x, M) hcp(fi) h<p(p)

, />/.. ОРг-Рх)^* , ^+ Д (^ .М )=  + о

' Мх((р2-фт)

0-=|m |sAf

'q>2-<Pl Xs
h(p(fi) ?  Л  в ' +

0 < |m |

+ 0 ln2 MT ) + ä (a , М ) .

By using the expression (2.11) with x+ y  instead of x and the relations
ф(х, v, Ц ,  (Pi, q>2) = ф(x, v, Ц ,  <?!, (p2)-6(il/(x, v, Ц ,  Ф г - А ,  cp, + A) + 

+ ф(х, v, ц, (р2—А, ср2+Л), 0 = Q ~  1,

(х+у)«-л* *+у
в

=  J  u o - ' d u ^  y x ß~

we get (2.8) and (2.9) immediately.
Lemma 6. For |i j-= T", T=-2, M>2 we have

(2.12) z{^- + ii, s j  «  (М + Т)1/31псг (M +T).

For the proof see [6].
Lemma 7. Let N(a, T, E) denote the number of zeros Q=ß+iy o f Z (s, E) in 

the region o ^ ß ^ l ,  |y|-<jr, - S a S  1, T>2, Af>2. Then

(2.13) 2  N(o,T,E)<<
0< |m| ̂ M

2(1-*) j
[MT(M+T)] *-ff lnc>MT, y S ^ s i ,

2(16ff —11)(1 —tr) T
[M+T] 3a(4ff- 3 )  i < f f S l .

Proof. (2.13) is proved in [9], (2.14) follows from our estimate given for 
N(iT, T ,E ) depending on Z ^ + i t ,  EJ (cf. [11]) and Lemma 6.
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136 M. MAKNYS

3. Proof of Theorem

After proving that

W =  z
, s Msr

0 <  |m |

our theorem will follow from (2.9) immediately.
For sufficiently large л; we put in Lemma 5

L  2 (1 - 9 )  e - l + E  1 1  9 +  e5M —x í , T — x  , A = x  , в = — , у — x16

and
It is easy to verify that for such parameters the second О term in (2.9) is o(l)

R(x, M) <к a:- '»

if we estimate \am\ by (2.7) with 7c =  [In x].
We denote

°i> =  c i  On x  lnln ac) ~ 3/4, l  =  [ ( 1  —  a 0 — 0 )  In jc],

? =  F<"> = и = 0, 1 ..., N ,N =  [In л:],

ffj = 0+ h íp  =
It is enough to evaluate IF only in the region cr0^ R e  £>=/?Sl — er0 (cf. Lemma 1). 
As in [8] we rewrite IF in the form

w = z  Z *9 -1+  Z Z Z *~x+
S  ß < 0  л = 1 £0<|m|^M |у|ёГ 0<|m|=5M T<n><|y|<T(n-1>

+  2  Z Z 2  Z Z f j -1 = Wi+wt+w,+wt.J= 0  г Ivfsr j=o г Ыат0<|m|sM Д30,98 0<|m|gM Д=»0,98®j^ßSoJ+1 aj^ßsaj + 1

From Lemmas 1 and 2 we have

Wx + W2 <зс д:0-1 In2 x (lnln x)3/4M+ 2  *0 -ШТп л; =  o(l).
Л = 1

For IF3 and IF4 we put
= (F 1/48, u,. 0,98,

0 jin (T + 2), 0,98 <  u, S  l - f f 0,

p = [h i= !H A ]+ i

and apply (2.13) and (2.14) respectively.
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CONSECUTIVE PRIME IDEAL NUMBERS 137

We have
I Í 2(1 —<T j)

W2 = Z x ° ! -4 n 'b x \ [ M T 0{M+T,)\  * - • , + 
7=o 1

p 2 ( 1 - a j) 1 , Г
+  2 ^ pMT0(M + T 0)\ 2—oj (T02p) ~ l \ «

p = o  > J =0

4 —4 6 —4g +  l / 1 2  — 1 /120  —2 + 7 / ln x  ~ | l - g

=  0 ( 1)
and

= 2  x'7-'-1 2
7 = o  Я

0 <  |m|

2  1 + 2  2  1/?>0,98 p = 0 0>O,98|у|^Г0 Т02Р<|у|^Г02Р + 1
<Tj < ß — aj + l  ffj < ß —<rj  +1

2, x ”j~ 1 \ { M  +Тф) 3(Tj(4ffj—3) + ^ ( Г 02|’)_1(7,о2|’ + Л/2Р) s^w^-s) | lnc»x
j=0  ̂ p=0 J

2(16<Ty — 1 1 )(1  —<г^)л

<$C

: 2  +
7 = o

<r,+ 2( - - ■ 9
£\ (16^-iud-ffj.)

3<Tj(4ffj-3) l n cs x  =  o ( l ) .

By this the proof has been completed.

4. Concluding remarks

Our theorem is not uniform in fi. By using zero-density theorem for Z(s, a)
[7] we proved [10] that uniformly for N î <kx1,&~c the relation

(4.2) ф(х+хв; v, Ц, <px, (р2) — ф(х; v, ц, <px, cp2) * У (< ?  2~<Pl) 
2nh(p (ц)

holds for 0 = —+e and each fixed sector 0<tp2 — (Pi = 2n.

(4.2)

Results uniform in /i are better if we consider a mean value of the difference

g'x((p2-(Pi)ф(х; v, ti, q>x, cp2)- 2nh(p (ц)

Using his zero-density theorem uniform in iV/i and m, Johnson [4] obtained the 
Bombieri—Vinogradoff analogue of the mean value of (4.2) uniformly for

N/i <ss x1/2(ln x)~B, B > 0,

and we proved [12] analogous results for the mean value of the square of (4.2) not 
using zero-density theorems by the method of large sieve, uniformly for Nfi<scx1/2~E.
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ON THE KRULL INTERSECTION THEOREM
O. A. S. KARAMZADEH (Ahvaz)

Introduction

The Krull intersection theorem is one of the basic results in the theory of com
mutative Noetherian rings. The object of this note is to prove this theorem and 
some of its consequences for a class of non commutative not necessarily Noetherian 
rings.

The proof that we are going to present shortly is elementary and worth while 
even in the commutative case.

Throughout this paper by a ring R we mean an associative one with the identity 
element such that every one-sided ideal is two-sided (duo ring), i.e., xR = Rx, \/x£R. 
Nontrivial examples of duo rings are aboundant, see [1], [2]. If x  is an element of a 
ring R, then r(x) = {r(_R : xr =  0} and l(x) = {rf^R: rx=0} are the right and the left 
annihilators of x  in R, respectively.

Lemma 1. I f  A is a finitely generated ideal in a ring R and В is an ideal o f R con
taining some power o f every element o f A, then AnQB for some integer n.

ProoF. Evident.
D efinition. A ring R is said to be weakly Noetherian if for an arbitrary ideal A 

of R and any x= x+ A  in R/A there exists an integer n such that r(xn) = r(xm); 
l(xn)= l(xm), Vm ^n . It is clear that every Noetherian ring is weakly Noetherian, 
but the converse is not true, for take R to be an infinite Boolean ring.

Lemma 2. Let В be an ideal in a weakly Noetherian ring R. Now if x c R  and 
A„= {acR: x"axn£B}, then there exists an integer к such that Ak=Am, Vm=k.

Proof. Put A'n={a': ax"=xna' for some a£A„}, then clearly A'n is an ideal 
of R and A'n= { a fR :  x2"a'£B). Now since R is weakly Noetherian, there exists

A
an integer n such that A'm=A'„, \fm ^n. We then claim that "+r— l(xr + A„)

■™n
in R/An for any integer r s  1 and therefore there exists an integer q such that An+m =
= An+q, m ^q. To see this, we note that l(xr+A„)Q "+r is clear and to show
the converse we proceed by induction on r. For r = l ,  let a£A m+1, where m ^n , 
then axm+1= xm+1a' for some a'£A'm+1. But a'£A'm and so x ma'=bxm for some 
b£A m. Hence axm+1= xm+1a'=xbxm and therefore xmaxm+1= xxmbxmfB  implies
ax£Am. Now assume that n+r-  1 Ql(xr~1+A„) and let b£AH+r, then we have

■̂n
shown that bxdAnJrr_x and therefore bxr(_A„.
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140 О. A. S. KARAMZADEH

L em m a  3. (Artin—Rees property.) I f  A is a finitely generated ideal in a weakly 
Noetherian ring R, then for any ideal В o f R there exists an integer n such that A"C\BQ 
QABClBA.

P r o o f . Suppose that F is  the set of all ideals C such that СП\B fABC\BA. 
It is clear that Fis nonempty, and then by Zorn’s lemma Fhas a maximal element M. 
But M + A B H B A ^F  implies either M ^A B O B A  or В=АВГ\ВА. Now if 
B=ABf]BA  then А"ПВТЛВГ\ВА, Vn and we are through. Therefore we may 
assume that МГ\В=АВПВА. Then to complete the proof it suffices, by Lemma 1, 
to show that some power of every element of A is contained in M. To this end let 
x£A  be any element of A and put Ar — {a^.R: x'ax'^M ), then by Lemma 2, there 
exists an integer & such that Ak = Am, к . We now put M '= xkRxk+ M  and
want to show that M ' ОВ=АВГ\ВА. Clearly, A В fl BA Q M ' Г) В. Conversely, 
suppose that y£ M 'f\B , then y= xkaxk+m, where a£R, m£M. Then xyx=  
=хк+1ахк+1+хт х£АВП ВАЯМ . Hence xk+1axk+1dM  and therefore xkaxk £ M, 
whence y £ M  and у с M Г\ В f  ABP\ BA. Now by the maximal property of M, we 
have M —M ', i.e., x2kdM.

R e m a r k . If A, В are two ideals in a ring R, then we may have ABA BA , see 
[1]. We claim that one can prove most of the basic results on commutative rings for 
duo rings in which the ideals commute with each other, see [2].

C o r o l l a r y  1. (Krull intersection theorem.) Let R be a weakly Noetherian ring
and I  a finitely generated ideal o f R, then f) T‘= {r^R: r(l —a)—0 for some a£l} =

n — 1
= {r£R: ( l —b)r=0 for some &£/}.

Pr o o f . If either r ( l — a)=0 or (1— b)r=0 for some a,b£l, then r=ram 
or r=bmr for all m, and clearly in both cases we have rg П Conversely, let

n =  l

x£ P| /", then by Lemma 3, there exists an integer m such that ITixRQ xICM x.
П = 1

But x £ lm implies that x= xa= bx  for some a,b£l. Hence a (1 —д)=(1 —й)л:=0 
for some a ,bd l.

C o r o l l a r y  2. I f  R is a weakly Noetherian ring and I  a finitely generated ideal
oo

contained in the Jacobson radical o f R, then П / ”= (0).
И =  1

Corollary 3. Let R be a weakly Noetherian domain. Then any prime principal 
ideal (a) is a minimal prime ideal o f R.

Corollary 4. I f  R is a weakly Noetherian ring with the unique maximal ideal 
M ~xR , then every nonzero ideal o f R is a power of M  and M  is the only nonzero 
prime ideal in R.

P r o o f . By Corollary 2, we have p  M"=(0). Hence for any nonzero ideal A
/1 =  1

of R, there exists an integer m such that A f  M m, A (ji M m+1. Now let a£A  be
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such that a£xmR, a $ xm+1R. Hence a = xmr, where r$M . Therefore r is a unit 
and x mdA implies that A —xmR. It is now clear that M  is the only non
zero prime ideal.
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WEAK CONVERGENCE OF MARTINGALES WITH 
RANDOM INDICES TO INFINITELY DIVISIBLE

LAWS
K. S. KUBACKI and D . SZYNAL (Lublin)

1. Introduction

Let (Yifc)«,fc€N be a doubly infinite array (DIA) of random variables (r.vs) 
defined on a common probability space (Í2, 3F, P). Assume that (Xnk) is adapted 
to an array °f row-wise increasirg sub-u-fields of S', i.e. Xnk
is S nk-measurable and S'„tk^ xczS'nk. S nfi need not be the trivial cr-field ( 0 ,  Í2}. 
Then (Xnk) is called a martingale doubly infinite array (MDIA) if E\X„k\ <  and 
E(Xnk|Jr„,fc_1) =  0 almost surely (a.s.) for all n, k£N.

Now let [N„, u€N} be a sequence of positive integer-valued r.vs defined on the 
same probability space (Q, S ’, P). Let us denote

SnN„ =  2 4 -  <Pnk( 0 =  E  (exp (itXnk)\&Bi k_x),

=  iícPnÁi), olk = E{Xlk\F„'k_1\
k = 1

V 2V nNn 2  n̂k > N iV„
fc =  l

max oL.
la t s J V „  "

Throughout, 1(A) denotes the indicator function of the set A, and the various 
kinds of convergence, with probability 1 (almost sure), in Lp norm, in probability, 
and weak (in distribution) are denoted by - a,s,>, -A- and — respectively.
We will also abuse notation slightly in the interests of brevity denoting E (Y \ ^ пк) 
by EkY, where Y  is some variable (e.g., =  A„;) taken from the и-th row.

2. The main results

To begin with considerations we see that if N„ is !Fnü -measurable and no 
is the trivial u-field, then there exists a sequence {/c„} of positive integer numbers 
such that P(N„=kn)= 1 for all n€N. So, if N„ — =», then k„-*co. On the other 
hand, if Nn,X nl,X„2, ... are independent random variables, then Ef„Nn(t) = 
=Eexp(itS„Nn). Thus, for a fixed real t, f nNn(t) — * A, as if and only if
£ехр(гГ5„^)4^г as since |/в*п(0 |ё 1 .

The following routine lemma will be useful throughout this paper.
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144 К. S. KUBACKI AND D. SZYNAL

Lemma 1. Let {iV„} be a sequence of positive integer-valued random variable 
such that
(1) /,.vn(0 —* A t as n -  °°, for some t 
implies
(2) ^(exp (it S*NJ  (/^y„(0)_1) -  1 as n o 
where A, is a complex number such that \At|^ 0  (S*Nn and f f Nn are defined in the 
proof). Then E  exp (itSnNf-* A t as « — <*>.

Proof. For each fixed n, let Ynk=XnkI(Ank), where Ank = {\fnk{t)\^\At\l2). 
If we write f* k( t ) -  JJ E j-i exp (itYnJ), then

lSjSic

l/nNrt(ОI =  П  exp (itYnk)\ =
k = l

= TÍ \I(Ani)E k_! exp (itX„,)-{■ I(Acnf)\ \At\ß  a.s. for all n,
k = 1

and, by (1),

P (j j  {?a *  y j )  =  P ( Д  Л0*) =  P(A'nNn) -  0 as n -  

Moreover, by (1),

p  í U {/„*(0 *  /„**«}] =  P Í D  Ú А‘Л  = P{AcnNr)  -  0 as n -  со,4=i / 4 = 1  j=i /
and then
(10 /„**„«— 4  as и -с о .

u„
Thus, it suffices to show that E  exp (itS*NJ-+At as и— where ■%.= Z  I"-»-

k = l
Now we have

|Fexp07S„V ,)-'3 4,l S  \Pexp (it S*Nn) {1 -Л ,(/»ли(0)_1}| +
+  \At\ ■ \Eexp(it S*Nn) ( /p**„(i))_1 -  11 ^  2/\A'\E\f*nNn( t ) - A t\ +

+ \A,I • |£exp(/t S ^ X fn X i t) ) -1 —1| —0 as n -  oo, 
by (10, (2) and the dominated convergence theorem ([6], p. 125).

Remark 1. Note that if f„kn(t) А„ \А ,\^0, и — °°, and N„—
n —<x>, then (1) holds (see e.g. Lemma 2 in [4]). Taking into account that in our case 
fnk (0  —— A, is equivalent to the almost sure convergence (since P(lim inf Ank ) =  1),
we see that (1) takes place if for instance f nk,ft)  —— A„ k„--°°, n — °°, and N„— + °°.

Now we are going to extend one of the results of [2] and [7]. We will assume 
that (X„k) is a MDIA such that there exists a finite constant C for which
(3) lim P{VlNn >  C) =  0,П-*- со
and
(4) hnun~ *  0 as n -  oo.
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WEAK CONVERGENCE OF MARTINGALES 145

P ro po sitio n  1. Let {Nn} be a sequence of positive integer-valued random vari
ables and suppose (Xnk) is a MDIA such that (3) and (4) hold. Then

fnNn (0 exp J  (ei,x—l — itx)x 2dG(x)I as n —

where G is a bounded nondecreasing function, i f  and only if  for all continuity points a, 
b of G

(5) 2 4 - Л Ф < 4 ^ ) - С ( 1 > ) - С ( а )  as
k  =  1

P roof. We may assume that

(6) V2nNn = C a.s. for all «€N.

Obviously, there is no loss of generality, because if Xnk does not satisfy (6), then we 
can set Ynk= XnkI(V2k^C ). Then {Ynk, ^ nk, k£N} will form a martingale diffe
rence sequence and, by (3),

(7) p  ( Д {Xnk и M  = p  (h  { v "k "  c}) = jP(f"n" "  C) 0 as n ~°°-
Furthermore, (5) holds with X„k replaced by Y„k. Because of (7), it will suffice to 
prove Proposition 1 with Xnk replacing X„k, making possible to use property (6). 
Alternatively, we will prove the Proposition 1 as it stands and assume also that (6) 
holds. Routine estimates give us

W n k ( l ) - l \ = j t 2 f f 2n k  a.s. for all n, k€N,
and

Z  |log(l + znk) - z nk\ =S Z  \znk\2 ^  , max \znk\ Z  Ыk =  1 fc= l l S k S N „  k  =  1

This with znk=cpnk(t) — 1, by (4), yields for fixed t 

Z  Il°E Фпк(0 ~F 1 Фик(01 — ^  bnN„ = db„NnCI4— 0 as n -*■*=i
Thus,

log fnNn (0 = Z  log (Pnk (0 = Z  (Vnk (0 -  1) +  AnNn (t),k=1 k=1

where for each t, AnNf t ) — + 0 as 
Next, for fixed t, let us denote

í(eitx— 1 — itx)/x2 for x A 0 
g,(x) =  j _ ?2/2 for x = 0.
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146 К. S. KUBACKI AND D. SZYNAL

For arbitrary positive el5 e2 and e3, choose an integer m sufficiently large and a sub
division x„<x1<  ...< x m, all continuity points of G, so that

1-SmOOI =
m T ,

2 gÁxj - i ) ( G(xj ) - G(X j-i))-  f  g,(x)dG(x)
j = 1

£l,

max (x ,—x.-i) <  e2, |g ,(x )|< £3 for x ^  x„ or x >  xm.l^j^m

Then, using (6), it follows that

|CB(n)| =
N n m

2  E k - i S t ( X nk) X l k I ( . X j - i  <  X nk ^  X j ) ~k=1j=l
iVn  m

-  2  2  g t ( x J - 1) E k _ 1 X 2nkI ( X j - 1 < =S Xj)
*=1J=1

where Mt=supx \dgt(x)/dx\<°°, and

\Dm(n)\ =
JV„ JV„ m
2 1 Ek- lgt(Xnk)X*nk-  2  2  E ^ g ^ X ^ X U i X j . ,  <  ^  Xj)
C = 1 k=lj=l

— Fe3

Thus, by the relation given above, we obtain

(8) log/„jv„(0 =  1 ( ^ ( 0 - 1 )  + ̂ A„(0 =  2  Ek- ig t (Xnk) X l  +
fc= l fc =  l

+ 00
+ AnNn{t) = f  g,(x)dG(x) + Вm(n) + 

m \ n „ 1
+ 2  g t ( x j - 1) I 2  E k - i X n k I ( X ] - i  < X „ k ^  Xj) — (G(xj )  —  G ( x j _x))I +

k=1 U=1 J

+  Cm (n) +-Dm (n) + /4nJVn (i).

Now we see that the convergence in probability off nNn(t) to a characteristic function 
of an infinitely divisible limit law with finite variance is equivalent to the convergence 
in probability to zero of the third term of (8), as «-*■=» (for a sufficiently large and 
fixed m). The proof is complete.

Although it makes the issue somewhat simplified, the assumption that the rows 
o f the array form a martingale difference sequence is not essential. As a trivial 
extension of Proposition 1, we can obtain

Proposition  2 . Let {N n} be a sequence of positive integer-valued random variables, 
and let (U „ k)  be a DIA with Xnk=Unk—Ek^ 1U„k, n ,k£ N, such that Xnl, Xn2, 
satisfies (3) and (4). Then

L n„ (0 := i f  Ek - 1 exp (it Unk) —- f( t)  as n -*
k = 1
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WEAK CONVERGENCE OF MARTINGALES 147

where

(9) log/ ( 0  =  ity+ f  (e“x—l — itx)x 2dG(x),

with G a bounded nondecreasing function, i f  and only if

( 10)

(И) 2  Ek-xX?,kI{a <  Xnk S i . ) ^  G{b) — G (a)

as n -*■ oo, for all contiunity points a, b o f G.
Now we are able to give the sufficient conditions for the weak convergence of 

EnNn to an infinitely divisible limit law with finite variance.
T h eorem  1. Let {N„} be a sequence o f positive integer-valued random variables 

as in Lemma 1, and let (Unk) be a DIA with Xnk= Unk — Ek_fiJnk, n, kGN, such 
that Xnl, X„2, ... satisfies (3) and (4). In order that SnNn converge weakly to an 
infinitely divisible limit law, whose characteristic function f ( t )  is given by (9), it is 
sufficient that (10) and (11) hold.

The proof is easily based on Proposition 2 and Lemma 1 and is not detailed here. 
Theorem 1 generalizes the main result of Brown and Eagleson ([2], Theorem 1).

C o r o lla r y  1. Assume that (Unk) is a DIA such that

as n^-°°,for all e>0. Then SnNn — 3P{)), where denotes the Poisson law with 
parameter X.

C o ro lla ry  2. Assume that (Unk) is a DIA such that

max Ek_1(Unk — Ek- 1Unk)2—+0 as n -  <=°,l^k^Nn
and

2  Ek-iUnk- ^  Х/в as n - ° ° ,
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148 К. S. KUBACKI AND D. SZYNAL

and

^  f l ) -^  Я(1 + 0 а )в -Ч (а  S O ) r 9“к=1

as и — °°. Then SnNn Г (A, 0 ), w/zere Г (A, 0 ) denotes the gamma law with
parameters A, 0 .

R emark 2. Setting A=v/2, 0  =  1/2, we have the chi-square law with para
meter v, where v is the number of degrees of freedom.

As a consequence of Proposition 2 we have
Pro po sitio n  3 (random central limit theorem). Let {A„} be a sequence of 

positive integer-valued random variables, and let {s„} be a sequence of positive real 
numbers. Suppose that (Unk) is a DIA with Xnk~  Unk — Ek_l Unk, n, k^N , such that

( 12)

Then

for all real t, and

i f  and only i f

(13)
and for all e=*0,

(14)

sn 2 Z  E k - i X 2nk — + o 2 as n -  со.k = 1

fn N „ ( t / s„ )  exp (ity - 12 a 2/ 2 )  as n -

as n - ~  с»

Sn1 Z  Ek-iUnk—» у as  n  -  oo,
fc =  l

! 2 '£ * - Ä / ( l * J S e s n) - ^ 0  űí a
fc=l

o o .

R emark 3. Rychlik [7] states the same result for martingale difference sequences 
{A*}, but he also assumes that for all n, N„ is a stopping time. Setting Ek_1Unk—0 
a.s. for all n, k fN  (then y =  0), and s2= E(U 21+ ... + U2Nf  ( = B2n in his notice) 
we have Rychlik’s result ([7], Theorem 1) for a MDIA. But in our assumptions N„ 
need not be a stopping time.

Sketch o f the proof o f Proposition 3. As in the proof of Proposition 1, assume 
that (Unk) is a MDIA (then y=0). We see that the assumption (3) is satisfied, i.e., 
lim P{s~2V2nN > C ) = 0, where C is a constant greater than cr2, and that by (12)

the random Lindeberg condition (14) is equivalent to

sn 2 Z  Ek. kX lkH\Xnk\ <  esn) —~ a2 as и -  oo,
k = 1

which becomes (5) with G(x) = a2I  (x^O). Moreover, by (14),

Sn 2 max Ek. xX \k e2 +  s„ 2 2  ^ - í -X ^ d -K J  ^  e2 as n -  oo,lSk^N„ k=1
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WEAK CONVERGENCE OF MARTINGALES 149

and as e> 0  is arbitrarily small, the random Lindeberg condition (14) implies 
sn 2bnNn—v— 0, n — °°. We also have A„Nn( t)— +0 if s~2bnNn-?-+ 0. So, taking into 
account the considerations given in the proof of Proposition 1, we obtain an equality 
similarly to (8).

Proposition 3 combined with Lemma 1 yields
Theorem 2. Assume that {A„}, {í „}, (Unk) and (Xnk) are as in Proposition 3, i.e.

(12) holds. In order that s~1S„Nn converge weakly to the normal law N(y, cr2), it is 
sufficient that (13) and (14) hold.

Theorem 2 generalizes the main result of Brown [1].
Rychlik’s result ([7], Theorem 2) and the Lindeberg—Feller’s central limit 

theorem ([6], p. 295) can be extended to a DIA as follows.
Theorem 3. Let {Nn} be a sequence o f positive integer-valued random variables, 

and let (Xnk) be a MDIA such that for all n, Nn, Xnl, Xn2, ... are independent random 
variables, and EX„k=0, EXflk = o2nk, k£ N. Assume that {.?„} is a sequence o f positive

real numbers (e.g., s2n=E^ £  j, such that

Then
2  a2 as n -  » ,

k = 1

Xnk Щ0, a2) and Jim max (r2nks~2) = 0
k = 1

lf  and only i f  for every e>0,

lim s~2E 2  E X IJQ X J *  es„) =  0.
k=1

3. Applications

Now we are discussing conditions on a MDIA (X„k) and a sequence {A„} of 
positive integer-valued random variables under which (3) and (4) hold, implying 
the statements of Section 2.

First we note that if V%kn̂ C  a.s. for all n, and

b„kn 0, kn -  °°, n -*■ °°, and Nn-^~ °° as n -  ~,

then (3) and (4) hold (see e.g. Lemma 2 in [4]).
The following result generalizes the one of Gaenssler, Strobel and Stute ([5], 

Theorem 6), and at the same time a result of Csörgő ([3], Theorem 6). We use the 
notations

k„ANn = min (k„, Nn), k„ V Nn = max (fc„, Nn).

T heorem  4. Let (Xnk) be a MDIA and suppose that {7V„} is a sequence o f positive 
integer-valued random variables as in Lemma 1 such that there exists a sequence {/c„}
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150 К. S. KUBACKI AND D. SZYNAL

o f positive real numbers, a finite constant C and a bounded nondecreasing function G 
for which
(15) P (N „ > /c „ )-0  as n о»,

(3') P(F„\n > C ) - 0  os и - - ,

(40 bnkn- ^  0 as
and

k n A N n
(50 2  E ^ X U i a  <  Xnk ^ b ) ^  G(b)-G(a)

k = 1
1V„

as и -*■ oo, for all continuity points a, b o f G. Then 2  Xnk converges weakly as n-*°°,
k = 1

to an infinitely divisible limit law whose characteristic function f  (t) is given by

+ oo
log /( /)  = J  (eitx — l — itx)x~ 2dG(x).

Proof. Note that
N„ N n A k n ( k nVN„ kn \

2 Xnk = 2  ^n t+ l 2  %nk~ 2 x„k\,
k  =  1 k = 1 v k = l  k = 1 >

where the last term tends in probability to zero, since (15) holds. So it can be omitted 
in our considerations (see e.g. Lemma 1 in [4]). Further, we see that

(1 6) p(v*nNn > c) = 2  Р ( П к  > C, Nn = k)+ 2  Р1У\k > c , N n = к) S
k = l  k = k „ + 1

^  2  Р(У1кп >  C, n „ =  k) +  2  p (Nn = k) s  P (v2nkn >  C)+
fc =  l  k = k n + l

+ P(Nn >  k„) — 0 as n -*• °°,

because of (15) and (30, which is (3). In a similar way we see that (15), (16) and (40 
imply (4). This is so, because

max Ek_xX \k sg max Ek^ X 2nk + I(N n >  kfim zxEk_1X 2k1 ^k^Nn l^k^kn

-  “ ах, E k - i X 2„k + I(N n >k„)V2nN a.s. for all n.l^k^kn

We also see that (15) and (50 imply (5). Thus, by Proposition 1, we obtain the desi
red result.

Corollary 3. Let (Xnk) be a MDIA and suppose {Nn} is a sequence of positive 
integer-valued random variables such that there exist sequences {/:„} and {.?„} of posi-
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five real numbers for which

(15) P(Nn > kn) -  0 as со,

k„AN„
(3") S“2 2 ” ОУ П -oo,

k = l

(5") s ; 2 0 и - с о .
fc =  l

7 W - 1 2 X nk̂ N ( 0 ,  a2).
k = l

R em ark  4. Gaenssler, Strobel and Stute ([5], Theorem 6), give the same result 
for martingale difference sequences {Xk}, but they assume that for all n, Nn is a 
stopping time.

C orollary  4 . Let (X,lk) be a MDIA and suppose {/V„} is a sequence o f  positive 
integer-valued random variables fulfilling

(150 n as n -*■=»,

(3'0 Ek-iX-j, =  о2 for all fc€N, and o\ —* о2 as n -*■

(5'0
Then

[40]
n-1 2  E ^ x ^ n i x j  S

k  =  1
en1/2)-^ - 0 as n -*■

n “ 1/2 2  -  m  во*) and N~1/2 2  N(0, о*).
k = 1 fc=l

R em ark  5. Corollary 4 generalizes the result of Csörgő ([3], Theorem 6), where 
he considers an absolutely fair sequence {Xk} of random variables satisfying EX\=  
= crf>0, E(Xl\&'k_1) = of a.s. for AtS2.
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РЕШЕНИЕ ОДНОЙ ЭКСТРЕМАЛЬНОЙ ЗАДАЧИ 
ТЕОРИИ ОПЕРАТОРОВ

Д. Л. БЕРМАН (Ленинград)

1. Введение

Ради простоты все результаты формулируются и доказываются для прост
ранства С 2я-периодических непрерывных функций с нормой ||/|| =М ах \f(x)\. 
к и п  — натуральные числа. f (k)(x) — к-я производная от f(x). Т„ —множество 
всех тригонометрических полиномов порядка ^п . Через Q{k) обозначим класс 
всех линейных операторов Un( f  х) из С в С, обладающих свойством U„(f х) = 
= / (íc)(jc), если fd T n. Положим Q (k) = inf ||£/J|. Будем говорить, что опе-
ратор U„£Qj,k) экстремальный в классе если ||í/„|| =Q(nk). Возникает естест
венная задача о нахождении экстремальных операторов и о вычислении их 
нормы. Задача эта была решена в [1]. А именно, было доказано, что при лю
бых к и п  оператор

(1) Vn( f x )  = 2  . Я * + *а + * л +• • • +  xid rJírh  ■ ■ ■ rh >
Jl*Jz» ”•» Jk

Гis
(—1У«-1 .

4ns'm2XjJ2' J‘
(2js- l ) n

2/i 1 ^  j s ^  2n, s = 1, 2, ..., k,

принадлежит Q{k) и ||F„|| =e®.
Класс операторов Qjk) весьма обширный и поэтому возникает вопрос о 

нахождении экстремальных операторов более простой конструкции, чем опе
ратор (1). В частности, возникает задача о построении при произвольных к и п  
экстремального оператора из С2(пк) с помощью однократного суммирования. 
Настоящая статья, в основном, посвящена решению этой задачи. Ее полное 
решение дается теоремой 1, исходя из которой при 1 для всех п полу
чены сравнительно простые формулы для экстремальных операторов. Упомя
нутые результаты составляют содержание § 2. В § 3 изложен другой метод 
построения экстремальных операторов. В основе этого метода лежат интер
поляционные тождества типа тождества М. Рисса [2]. В § 4, с помощью полу
ченных формул для экстремальных операторов, выводится ряд элементарных 
тригонометрических тождеств. Эти тождества являются аналогами известного 
тождества М. Рисса [2]. В § 5 получены неравенства, относящиеся к системам
узл ов

(m i)
n (2 k - í )n  
Uk -  2 n ’

к  =  1, 2 , . .., 2 n;

(m 2)
(k—t)n

n k =  1 , 2 , . . ., 2 n.
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2. Построение экстремальных операторов

Пусть (р£Тп. Очевидно, что <р можно представить в виде

(2) ер (0 =  2  rk «in (kt + сск),
к = О

где гк и хк — вещественные числа, причем sO; к= 0, 1, ..., п. По заданному 
полиному cp(t) можно построить полином

И — 1

Ф(0 = гп + 2 2 j rk cos [(и — k)t+ a n—aj,
fc = О

который будем называть ассоциированным с полиномом ср. Положим
2тг

< t(fx) = J  f ( x  + t)(p(t)dt.
о

Обозначим через £2% множество всех линейных операторов U из С в С, облада
ющих тем свойством, что U (fn) —a ( fn), если f n£Tn. Положим q'?= inf ||{/||.

U íS )j? '>

Будем говорить, что оператор L/£ Í2£ экстремальный в классе Q%, если |] U\] =д%. 
Понятно, что класс операторов Q(nk), есть частный случай класса Q%, когда
cp(t)=— D(k)(t), где Dn(t) есть ядро Дирихле п

1 5“ (и+т ) '
(3) /)„(/) =  --4-cos /-f-cos 2/+ ... + COS nt = -----------------.2* - . t2 s m -

B 1966 году [3], [4] нами была доказана следующая теорема.
Теорема. Если

ф(ог —^ ) s 0 , 0Г = г = 1, 2, . . . ,2п,

то в классе Í2J наименьшей нормой обладает оператор

Щ/,*) -  2 K f { * + e , - ^ \ ,  К = í - V - ' £

Положим в9— inf IIЩ, тогда Q<p = \\Ü\\=nrn. ve n*
Ядро Дирихле D„ обладает тем интересным свойством, чго ассоциирован

ные полиномы для производных от этого ядра неорицательные на всей чис
ловой оси, то есть
(4) D[k)(t) SO, k  = 1, 2 ,..., -  оо <  / <  оо.

Acta Maihemaüca Hungarica 42, 1983



РЕШ ЕНИЕ О Д Н О Й  ЭКСТРЕМ А ЛЬН ОЙ  ЗАДАЧИ ТЕО РИ И  ОПЕРАТОРОВ 155

Доказательство неравенств (4) находится в [5]. Поэтому в силу ранее сформули
рованной теоремы имеет место следующее следствие.

Следствие. Пусть 1. Тогда в классе Qik) наименьшей нормой обла
дает оператор

(5) С<‘>(/, х) =  Д / ( х + 0 г- ^ ) ( - 1  Г - 1̂  ( в , - * ) .
При этом Q(k) =nk.

С помощью этого следствия доказывается 
Теорема 1. Оператор

(6)

• [ (—l)fe_1«2m_14-2 ^  
L v=i

2 n

(2k—\)n  
2 n

является экстремальным в классе Q^2m 1}, m =  1,2, —  Оператор 

(7) +  ' ) •

• | ( —1)к-1и2т-|-2 2  v2mcosv ^  П̂ ТС']

является экстремальным в классе Q(„2m\  т = 1, 2 , __ При любом k, Qik) =п .
Д оказательство . В силу (3) имеем, что

Я<*40 =  2 /  sin [vt+ к = 1,2, ....

Поэтому Dj,k)—nk+2 2  cos (и—v) f, /с = 1, 2, ... и в  соответствии с (2)
v = 0

к Т 1 д  0£п 71 . .
«1 =  а2 =  ...=  — л, вг------=  —  (2г-/с-2).z п Zn

Стало быть, формула (5) принимает вид

(2г—к — 2)п
( 8 )

fl — 1
и Ч 2  2  V* cos(n—v)-

v=1

2n

(2 r — k — 2)n
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Заметим, что справедливы равенства

(9)
(2 г -к -2 )п  ... ......

c o s ( n - v ) -------- — --------  =  ( - l ) r - 1c o s | - 2-  +
кл (2г — к~2)л

2 п 2 п )■

cos

В силу (8), (9) выводим, что

(10)

(— \)к/2 cos а, к =  0 (mod 2); 
m-i

(—1) 2 sin а, к =  1 (mod 2).

(г — m — 1) я 1
т„ Ц " )-

• f ( — 1)г_1М2т +  2 (—1)т “Z v 2m COSV r ~ W~ 1 Я1;
L v=i n J

U f ^ i f  x) =  - - L  J / ( * +  <2r_2m - 1>,t

• f ( - l ) '- - 1n2m- 1+ 2 ( - l ) m 2"1
L v =  l

2n

2r — 2m 
2 n

)■

4 -
Положим r —m —k, тогда из (10) получим, что

[( -1  f - w '+ 2  Z  v2mcosv ( k --1 )^ 1 
n J '

Поскольку f(x) и cos x 2д-периодические функции, то равенство (11) эквивалентно 
равенству (7). Формула (6) выводится аналогичными рассуждениями.

Теорема 2. Оператор

(12) {/<!>(/, х) =  Д / ( * +  (2к^ )П) гк, ( - 1)1Л+1
к . (2к—1)п4п sin2-— т—— 4п

из и является в этом классе экстремальным || £/W|| — —п.
Теорема 3. Оператор

-4-1 1 2п м
(13) t/<2>(/, х) =  - ± 2 - J - L f ( x ) - ±  Z  ( - 1)*1+1/ ( * + yk) cosec2 Ц -,

О I  k=2

(k — í)n  , . „
Ук = ---------- , к = 1, 2, 2п,
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из Qj,2) и является экстремальным в этом классе

(130 вп2) = II ^п2>11 = Л2-
Теорема 4. Оператор

1 2п Зп24-1
= Z  (~ l)kf( x + 6 k)ak, ak =A/l k = i „ . 0 ek „ . . ek ’2 sin2 — 4 sin4 —2 2

из класса и является экстремальным в этом классе ß*3) = ||C/^|| = л3. 
Теорем а 5. Оператор

(14) £/<4>(/,*) =  [ ^ ( n - l ) ( 2 n - l ) ( 3 n 2- 3 n - l )  +  - ^ ] / ( x )  +

+ у  2  ( ~ l ) k+1f(x + y k) cosec2-у  ^2(n2 + 1 )-3  cosec2-у]

из класса (2„ и является экстремальным в этом классе = || С/^|| =п*.
Теорем а 6. Оператор

1 2 п
u f 4 f  х) =  у -  2  ( - im * + 0 * )b * ,АП fc = 1

bk =  (2и2+1) cosec4 у —у  (5n4 +1 On2 +1) cosec2 у  — у  cosec6 у ,

из класса и является экстремальным в этом классе е«5) =11 t^ l l  —п5-
Теорема 7. Оператор 

(15)

С/<в>(/,х ) =  - [ ^ - (« -1 ) (2 п -1 ) (3 (п -1 )4 + 6(п-1)3-3 (м -1 )  + 1) + - ^ ] / ( х )  + 

+  у  2  ( - l)fc+1/(^+ ?0cosec2 у  |5п2|з  cosec2 у - г | -

" - т ( ‘
у.

15 cosec4 -£  — 15 cosec2т +2) - Н
из класса й<6) и является экстремальным в этом классе /}*6> = ||С/^|| = л в. 

Теорем а 8. Оператор
1 2п 12/ —Ил

£/<7>(/, *) = 2ТГД(-1 У/(* + в,)С„ 0; =

С] =  - - ^ - c o s e c 8y  +  y(210+315n2)cosece-y  —

— у  (63 + 315и2 +  105n4) cosec4 у  +  у  (1+21 n2 + 35n4 +  7ne) cosec2 у ,
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из класса Q и явлеятся жстремальным оператором в этом классе =  
=  ||С/<7>|Нл7.

По поводу доказательств теорем 2—8 заметим здесь лишь, что эти теоремы 
непосредственно вытекают из теоремы 1, но для этого нужно вычислить суммы
Л—1 Л—1

2  vk cos va, 2  v* sin va- Это можно сделать последовательным дифферен-
V<=1 V=1

цированием тождества (3). Вычисления эти элементарные, но громоздкие 
и мы их опускаем.

3. Метод М. Рисса вычисления экстремальных операторов

М. Рисе [2] доказал, что при tdT n имеет место равенство

(16)
2п

т  = 2 * < ß + w r k,k=1 rk 4n sin2 0J2'

Если в (16) положить í(0)=sin пО, 0=0, то получим тождество М. Рисса [2]
1

(17)
I  2л

4 п fciri • 2 ®к
s m T

= п.

Исходя из формулы (16) введем оператор
2л
2 .к=1
ап

u ? ( f x )  =  2 Л * + М г к.

В силу (16) имеем, что UftdQ™. Для любого U„^Í2^\ U„(sin пв, x)=ncosnx. 
Поэтому II 1/дИ — Л. С другой стороны, в силу (17), ||1/<1>|| ^ п .  Стало быть, 
\\и<»\\ =glt1)=n. Итак, оператор (12) экстремальный в Итак, дано другое 
доказательство теоремы 2. Докажем этим же методом теорему 3. Известно [6], 
что при t£Tn

í(0) = -К- ^  (— l) fc+1̂ (y*:) sin etg— ~  +С sinne,/и u=i *■
{к — \)п  _ _где ук= —    и С — некоторая константа. Продифференцируем дважды

это равенство и положим 0=0. Получим

1 2п (

Применим это тождество к сдвинутому полиному t(ß+x). Тогда, после простых 
вычислений, получим тождество

(18) t"(x) 2n2+ 1 
6

1 2л
*(*)-4- 2

2  к = 2
( - i ) * +1
sin2 ук/2 t(x+yk).
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Поэтому оператор (13) из Q(2). Положим в (18) t(x) =cos пх и затем положим 
х=0, тогда имеем, что

2л ( k — U i r  1
(19) 2  cosec2 ’ =  4 ( 4 п2-1 ).

Отсюда и из (13) следует, что ||[/<2>|| S n 2. С другой стороны, из равенства 
[/„(sin пв, х) = — п2 sin пх следует, что при [/„£ff£2), ||[/„||&п2. Стало быть, 
выполняется (13'). Итак, теорема 3 доказана.

Этот метод вычисления экстремальных операторов естественно называть 
методом. М. Рисса [2], поскольку он идентичен тому методу с помощью кото
рого М. Рисе доказал свое тождество (16). Покажем как с помощью этого 
метода можно доказать теорему 4. Согласно интерполяционной формуле М. 
Рисса [2]

2п 1 х
(20) / (0) = cos пв +  Д  t (0j) qn (в -  Qj), q„ (x) =  —  sin их ctg у , t£Tn,

где t(6)=oí„ cos nd+ßn sin пв+... + oc0 и 0 j= ^ ^  7=1, 2, ..., 2и. Продиф
ференцируем (20) три раза и используем метод М. Рисса, тогда получим для 
любого (в Тп тождество

(21)
1 2л

t ^ \x )  =  = -  2  ( - 1  )kt(x+ek)ak,
Z n  к = 1

ак =
Зи2+1

вк
2 sin2 ~ 2

Поэтому Uf'1 из Q(3). Заметим, что при Значит,

(22) cosec2—  S  2и2, и =  1, 2, ....4и
Стало быть,
(23) пк = 0, к = 1, 2, ..., 2п.
Положим в (21) í(x)=sin их, и затем положим х=0, тогда получим, что

1 2/1
(24) п3 = -— 2 ак-2.П k = 1
Из (23) и (24) вытекает, что ||[/^[| S n3. С другой стороны, всегда при U„e Qj,3\  
||[/„|| &и3. Итак, теорема 4 доказана. Аналогичным образом доказывается 
теорема 5. Надо только учесть, что

(25) 3 cosec2 у - S  2п2 + 2, к = 2,3,

Действительно, согласно (22)
(22) S  2п2.

2 п.
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Положим 2п=т, тогда из (22) следует, что 4 cosec2 - —^ 2 т2, а значит тем2т
более выполняются неравенства (25). Итак, в силу неравенств (25), все квадрат
ные скобки из (14) положительные. Поэтому применим метод М. Рисса. Дока
зательство теоремы 6 методом М. Рисса затруднено тем обстоятельством, что 
трудно обнаружить, что все Ьк одного знака. Поэтому в этом случае лучше 
пользоваться теоремой 1 для нахождения U ^ \  Доказательство теоремы 7 
методом М. Рисса легко проходит, ибо из неравенства 45х2 — 15 (2ч2 + 3) х + 
+2(3и4+10и2+3) >0, — со<х<°° следует, что в сумме из правой части (15) 
все квадратные скобки одного знака. Методом М. Рисса может быть также 
доказана

Теорема 9. Оператор

(» V 2 n6 7n4 2n2 1 I
l 9 h 3 15 9 30 )-  3У  / М  + у  Д  f i x  + л) dk, 

dk — cosec2 -у  |  —315 cosec2 - у +  210 (и2+ 2) cosec4 у - — 42 (n4 +  5n2 + 3) cosec2-у  +

+ 4(n6 +  7n4 +  l)J, ук = (fc~ 1)71-,

из класса и является экстремальным в этом классе eí8) =  ||t /^ ||= « 8.

4, Тригонометрические тождества
Операторы U ^ ( f x ) ,  З ё & ^8  могут быть, в частности, использованы для 

получения следующих тождеств.
Теорема 10. Справедливы следующие тождества

2 п 1
(26) 2 1 cosec4 v ; ■ = —  (16n4+40n2- l l ) ;fc=2 JLtl тО

2 n f t—1W 1
(27) 2  c°sec6 \  = -5 z ? (128n6 + 348n4-5 8 n 3 + 770n2-68n-175);

(28)

(29)

(30)

(31)

2" (fc— 1) 7C2  cosec1
k = 2

1

2 n
2k = 1

- (768n8 +  2680rce -  580п5 +  5924n4 -2 n 14175
-  1840n3 +  10 760n2 - 1360n -  2177);

2" , (2k— l)7i 8n2;osec4
fc=i2  cosec4 S '  ■ =  —̂ - ( 2n2+ l);

2 n
2  cosec'

4n 3
6 (2k— 1)7Г 16n2

4n 15 (8n4 +  5n2 + 2);

8 (2fe— Y)n 8n2^  cosec8 4n =  y y  (544n6 +  448n4 + 196n2 +  72).
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Д оказательство. Докажем тождества (26), (27), (28). Тождества (29), 
(30), (31) доказываются аналогично. Так как оператор Ь ^  из класса Í2),4), то 
справедливо равенство U ^(cos пв, х)—и4 cos пх. Стало быть,
(32) £/<4>(cosn0,O) =  п4
Это равенство, с помощью формулы (14), записывается так

м3 2 п м
и4 =  —  (n - l) (2 n - l) (3 n 2- 3 n - l )  +  — + (я2 + 1) 2  cosec2Ц- —

3- 4  2  cosec44 , У* =
(fc— 1)7Г 

П

Отсюда и из (19) следует (26). Далее, таким же рассуждением, получим, что 
t/99(cos пв, 0)=  — и6. Отсюда, с помощью формулы (15), следует равенство

(33) - л 6 =  _ [ ± ( n - l ) ( 2 n - l ) ( 3 ( n - l ) 4 +  6 (n - l)3- 3 ( n - l )  + l) + - ^ ]  +

2  cosec2 4  [sn2 ^ 3  cosec2 4  |l5  cosec4 4  — 1 5  cosec2 4  — 3 n 4 J .

Из (19), (26), (33) вытекает формула (27). Далее, имеем, что Uf> (cos пв, 0)= н 8. 
Поэтому из (19), (26), (27) вытекает (28).

5. Неравенства, относящиеся к узлам (т„) и ( т 2)

Прежде всего докажем следующую теорему

Теорема 11. а) Пистъ (2к — \)тс 
к~ Yn ’ 1 ^ к ^ 2 п и пусть оператор

2 п
(34) А Д /, х) = Ап = 2 f ( x + e k) ( - l f - 1pk,к= 1

где {рк}кп= 1 — вещественные числа, из класса ß<2m_1), т —1,2....... Для того
чтобы оператор (34) был экстремальным в классе Q(n2m~1) необходимо и доста
точно, чтобы все отличные от нуля рк были одного знака.

Ь) Пусть ук= —— , \= k s 2 n  и пусть оператор

(35) Bn(f, х) = Вп = 2  / ( Х+Ук) (—1)к гЯк,к = 1

где {qk}l"=i — вещественные числа, из класса Q(2m\  w =  l,2 ,—  Для того 
чтобы оператор (35) был экстремальным в классе Q /’n) необходимо и доста
точно, чтобы все отличные от нуля qk были одного знака.
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Д оказательство . Докажем первую часть теоремы. Вторая часть теоремы 
доказывается аналогичным образом. Прежде всего заметим, что из формулы 
(34) легко следует, что

2п
(36) ИЛИ =  2  Ы -

к = 1

Так как оператор (34) из класса fl,(,2m-1), то Л  (sin пО, x )=sin(2m_1)«x, или

2 п

sin(2m _ пх =  2  sin п (х+ 9к) ( — I)*1 ~грк.k = 1

Положим в этом равенстве х= 0 , тогда получим, что

(37)
2 /1

2  Рк = ( -1 ) " -1и2" - 1.fc=г

Докажем сперва необходимость. Допустим, что оператор (34) экстремальный 
в классе Тогда согласно теореме 1 его норма \\Ап\\=п2т~1. Отсюда
и из (36), (37) следует, что

(38) 2 \ Р к
к = 1

2  Рк ■
к = 1

Это равенство возможно лишь тогда, когда все отличные от нуля рк одного 
знака. Итак, необходимость доказана. Докажем достаточность. Если все от
личные от нуля рк одного знака, то выполняется равенство (38), а тогда из 
(36), (37) следует, что ||Т„|| =п2т~1. Отсюда и из теоремы 1 следует, что опера
тор (34) экстремальный в классе

Теорема 12. Для узлов (ш2) и (ш2) выполняются неравенства
(39)

п 1 _ 1 ̂  7Г
n2m-i_|_2 (— !)&-! £  v2m_1sinv ----------- аО , к = 1, 2 ,..., 2и, т — 1 ,2 .. . ,

v=i Zn
(40)

n2m+ 2 (—l)*-1 " 2  v2m cos v №- ^ - a 0 ,  к = 1,2, ...,2n, m = 1 ,2 ,....v=1 И

Д оказательство . Докажем неравенство (39). (40) доказывается анало
гичным образом. Согласно теореме 1 оператор (6) из класса Í2̂ 2m_1) и является 
в этом классе экстремальным. Очевидно, что этот оператор можно записать 
в виде

(41)

1 2 п
u ^ - ' ^ f x )  = —  2 f ( x + o k)pím\2П к = 1

p[m> =  (—l)m (п2т_1+ 2 ( —l)t_1 V  у*"-1 sin ~  1)) .V V=1 2м у
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Стало быть, к оператору (41) применима теорема 11. Таким образом, числа 
{Pkm)}tn= 1 одного знака. Очевидно, что

pi™) = (—i)m ^n2m_i+2 2 ; v2m_lsin^ - ) -

Поэтому sign p£ra) = sign p[m) = sign (—l)m. Стало быть, sign pln) = sign ( — l)m, 
l ^ k s l n .  Допустим, что m — четное число, тогда р(кт) SO, Итак,
при четном т неравенства (39) доказаны. Если т — нечетное, то из наших 
рассуждений следует, что р (кт) SO, к =1,2, ... ,2 п, что опять приводит к нера
венствам (39).

6. Добавление

1. Теорема 1 может быть сформулирована в следующей эквивалентной 
форме. Операторы

t/<2m- 1>(/, х)
2л 2 п

-  2  f( .x+ok) q ^ - ' \ o k)- c<2m>(/, х) = -  Z  f (x + V k )q ? m)(yk),
к=1 к=1

/ \ 1 • * Xq„ (*) =  sm пх ctg у ,

соотвенственно из классов Í2<2m~1), Q(„2m\  т = 1, 2, ..., и являются экстремаль
ными в этих классах.

Это следует из теоремы 1 и равенства

л-1 1 / ( \
2  (cos v/)(t) = у  [sin ni ctg — J — y(cos ntfk\  к ш 1.

2. Формула А. X. Турецкого [6], которой пользовались в §3, допускает 
следующее уточнение. Пусть t(ß)=a„ cos пв+Ь„ sin пв+... +а0, тогда

2 п

(42) 1(0)= 2  1 (у к) Яп (° -  У к) + К  Sin пв.*=1

Для доказательства (42) пользуемся известным методом (см. С. М. Николь
ский, Приближение функций многих переменных и теоремы вложения, «Наука»,

2 п

М. 1969). Положим t1(0)= 2 1(Ук)Яп(0 + Ук)’ тогда*=1

(43) í ( 0 ) - t1(0) =  Csinn0,

2тс
где С — некоторая константа. Заметим, что J  qn(9 -yk) sin nOdO=0. Поэтому

о
из (43) следует, что С=Ь„.
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Таким же образом доказывается, что если а^+Ь^ >0 , то

т  =  h { ^ n - ^ ] q\ o - ^ n - ^ ] + y ^ ^ i ú n ( n e + c p n),

где tg (рп=т~-
°п

3. Из теорем 1 и 11 непосредственно следует, что полином qn(x) =
. х  sin пх ctg —

= ------ —------  обладает следующими свойствами

sign q(-2m~1\ e k+1) =  -s ign  q(2m~1)(0k)', sign q(2m\y k+1) =  -sign q(2m)(yk), 

к  =  1, 2, (2и— 1), »i = l ,2 , . . .
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SEMIGROUPS WITH PRIMARY IDEALS 
OF PRIME POWER

R. K. JAIN (Amritsar)

Introduction

Commutative rings in which every primary ideal is prime power were studied 
by Butts and Gilmer in [1]. They called such rings with property (a). On the similar 
lines we define a commutative semigroup S  to satisfy property (a) if every primary 
ideal in S is prime power. The fact that for a prime ideal P of a commutative ring R, 
R/P is a domain, played a vital role while studying the rings satisfying (a). But we 
are deprived of this property in semigroups. Thus we mainly study here the cancella- 
tive semigroups satisfying (a). The main result proved here is the following: If 5 is a 
cancellative monoid satisfying (a) in which the ascending chain condition for prime 
ideals holds then S is a Prüfer monoid. In particular a noetherian cancellative monoid 
is a Dedekind monoid if and only if it satisfies (a).

Throughout, semigroup means a commutative semigroup. If a is an element 
of a semigroup S then (a) denotes the smallest ideal containing a, namely (a) = 
= {ö}USű. If A is an ideal of S then Sy.i4 =  5=[s: where s=l if and only
if either s= t or s and t are in A. For any xeA , x is denoted by о or 5. The mapping 
<p:S-*S with cp(s)=s for every s£S  is an epimorphism.

If P is a minimal prime divisor of an ideal /  then the intersection of all P-primary 
ideals containing /  is called the isolated P-primary component of I. A set T  such 
that for each x, у in T, xy is in T is called a multiplicative set. If each element of T 
is cancellable then wedefine ST= {s/t: s£S, tZT}. ST becomes a monoid with natu
ral multiplication. The mapping <p: S~*ST defined by cp(s)=st/t is a monomor
phism. For any ideal A of S, Ae denotes the ideal AT={a/t: a£A, t£T) and for 
any ideal В of ST, Bc denotes the ideal cp~1(B) of S. If P is a proper prime ideal of 
S and T = S —P has only cancellable elements then Ae= A T is written as AP. 
Moreover for any positive integer n, P(n) denotes (P")ec. For any ideal A 4fP , Aec 
is P-primary.

If S is a monoid then the set of all non-unit elements form an ideal and this is 
the unique maximal ideal of S. S is said to be a Prüfer monoid if every two principal 
ideals are comparable. Equivalently, every finitely generated ideal is invertible. 
S is said to be a Dedekind monoid if every ideal is invertible.

For a semigroup S  without identity, S 1 will denote the semigroup S with iden
tity adjoined. If S  has a zero element о such that s-o = o for every s£S  and all 
elements of S, except o, are cancellable then S  is said to be an almost cancellative semi
group. If P i< P 2 are prime ideals and there is no prime ideal P '  such that P 1< P ,< 
< P 2 then we say that Px lies directly below P 2.

We start by discussing the homomorphic images of semigroups satisfying (a).
Lemma 1. I f  S is a cancellative semigroup satisfying (a) then every homomorphic
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image of S satisfies (a). In particular, for any ideal I o f S, S /I  is a semigroup 
satisfying (a).

Proof. Straightforward.
Lemma 2. I f  S  is a cancellative semigroup satisfying (a) then for any proper prime 

ideal P, SP satisfies (a).
Proof. Let Q be a prime ideal of SP. Let A be any ß-primary ideal. Then Ac 

is ß c-primary ideal in 5 and hence Ac=(Qc)m for some integer m. Now A = A ce=
=((QT)e=(Qce)m=Qm-

Remark 3. It is obvious that if S has a zero element and is almost cancellative 
then Lemmas 1 and 2 still hold.

Lemma 4. Let S  be a cancellative semigroup satisfying (a). Let P 0< P  be proper 
prime ideals of S  such that P is a minimal prime divisor of P0U (x) for some x£P —P0.
Then the powers o f P properly descend, P0^ f ] P n and f]P n is the intersection o f all 
P-primary ideals o f  S. 1 1

Proof. Clearly P is a minimal prime divisor o f  /m=P0U(xm) for every positive 
integer m. Let Qm=I„ with respect to the prime ideal P. Thus each Qm is the isola
ted P-primary component of Im. We claim that ß i > ß 2> ß 3> __Clearly each Qm
contains Qm+1 but xmeQm- Q m+1. For, if xm£ ß m+1 then txm/i6 /*+1 for each 
t£T =  S —P. Let txmlt=a/v where a£lm+1 and v£T. Since S  is cancellative, 
vxm£P0 or (xm+1). Then vxm= xm+1 or sxm+1 for some S, since v and xm are 
not in P0. Thus v = x  or sx£P, which is impossible. Each ß, is, thus, a power of P. 
Suppose Qi=Pn‘, ••• • Thus powers of P  properly descend. Let A denote
the intersection of all P-primary ideals. Then A Q f '| P"< since each P"t=Qi is

1
P-primary. Also P 0 Q Qt for each i and hence P 0 =  П = П P n- there are infi-

1 1
nitely many different P-primary ideals and they are all powers of P, their intersec-

CO

tion equals ß| Pn.
1

R emark 5. Obviously Lemma 4 is valid even if S  is almost cancellative instead 
of cancellative.

Theorem 6. Let S be a cancellative semigroup satisfying (a) and P0< P  be

proper prime ideals o f S. Then P0Q f) P"-
1

Proof. Let x £ P —P0 be any element. We can find a minimal prime divisor
P x of P0U(x) such that P i^ P . By Lemma 4, P0Q p |P j and hence Р0^ Р |Р М.

1 1
Corollary 7. Let S be a cancellative semigroup satisfying (a) and P be any 

proper prime ideal o f S. Then P 2 =  P  if and only i f  P is the union o f an ascending 
chain of prime ideals properly contained in P.
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Proof. Suppose P = (J P ;  where each prime ideal P ;< P  and P1QP.i QP3__
1

By Theorem 6, Pn for each i. Thus P = (JP ;^ P |P "  implying P = P 2.
1 l i

Conversely suppose P is not a union of an ascending chain of prime ideals 
properly contained in P. We may assume that P  is not a minimal prime ideal, for, 
otherwise we can argue with <S°, the semigroup obtained by adjoining zero element 
to S, in which (o) is a prime ideal properly contained in P. Applying Zorn’s lemma, 
we can find a prime ideal Px maximal with the property P j< P  i.e. P1 lies directly 
below P. If х^Р — Рг then P is a minimal prime divisor of P* U (x) and Lemma 4 
implies that P 2<P.

T heorem  8. Let S be a cancellative semigroup satisfying (a) and P(I«=P be
proper prime ideals of S. I f  P ^ P 2 then fj Р= Рг (say) is the unique prime ideal

1
lying directly below P and powers o f P are primary.

Proof. Let Z be the set of all prime ideals properly contained in P. Then P0 
is in Z and by Corollary 7, every ascending chain of prime ideals properly contained 
in P has a least upper bound from Z. Zorn’s lemma guarantees the existence of a 
maximal element Px in Z. Thus P1 lies directly below P. In the quotient semigroup 
Sp, denote Ae the extension of any ideal A of S. Let S=Sp/P( and P=Pe/Pf. By 
Lemmas 1 and 2, S satisfies (a). Since P, lies directly below P, Pf lies directly below 
Pe in Sp and so Q =Pi=Pf/Pf lies directly below P which is the unique maximal 
ideal of S. Moreover S cancellative implies that Sp is cancellative and hence S—(Q) 
is a cancellative semigroup. Since P is the unique non-zero prime ideal of the mo
noid S, every non-zero ideal of S is P-primary and thus is a power of P. It immedia
tely yields that S—(d) is a Dedekind monoid. Thus П (P—(ö))"— 0  and hence

1
П Pn = (ö) in S. We get P f= p (P " )e and P1=P f = f |  (Pn) « = f |  pc»). Now PX< P  
1 1 1 1 

implies that P" is not contained in Pt . Thus P (n) is not contained in Pl and 
hence P ("M P ( , + for any n. We claim that p<">=pn for every n. It being true 
for n= 1, we assume that p k=p(k). Then p*[= p(,i)>pi*:+ i)2 P 'I+1 and we get 
p(k+i)= pk+i since P (k+1’being P-primary is a power ofP. Thus for each n, p nr=p(n)

is P-primary and Px = fj Р(л) =  Q P". Hence fj P” is a prime ideal and is the unique
l i  1

prime ideal lying directly below P.

C o ro lla ry  9. I f  S is a cancellative semigroup satisfying (a ) and P any proper 
prime ideal o f S then f] P n is a prime ideal. I f  P ^ P 2 then fj  P ” is the unique prime

l l
ideal lying directly below P. Moreover prime power ideals are primary.

Pro o f. Denote 5° the semigroup obtained by adjoining zero to S. Then S° 
is almost cancellative. In S’0, (o) is a prime ideal. Taking P0 =  (o) in Theorem 8, 
we get the conclusion of the Corollary.
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Theorem 10. I f  S is a cancellative semigroup satisfying (a) then for any proper
prime ideal P, f) Sn.

1
Proof. Obvious, if S  has an identity element. In the opposite case it directly 

follows from Corollary 9 applied to S 1.
Theorem 11. Let S be a cancellative monoid with maximal ideal M. I f  S  satis

fies (a) then the following are equivalent:
(i) S has no idempotent prime ideal,

(ii) S satisfies ascending chain condition on prime ideals.
Moreover S is a Prüfer monoid.

Proof, (i) —(ii). It follows immediately from Corollary 7.
(ii)—(i). If there is a prime ideal P with P= P2 then in »S0, the semigroup S 

with zero adjoined, (o) <  P and Corollary 7 implies that P is the union of an infi
nite ascending chain of prime ideals properly contained in P, contradicting (ii).

To prove that S is a Prüfer monoid, we follow the following two steps:
Step I. Any two prime ideals of S are comparable.
Step II. Any two principal ideals o f S  are comparable.
Proof of Step I. Let Рг, P2 be incomparable prime ideals. Then P —P fJ P 2 

is prime, too, and ß = P 1UPf is P-primary. Now P2Q Q (f P ,  but Qa P, because 
otherwise P ^ P 2 — P\A 0  whence Р ^ Р 2 which contradicts the assumption. 
On the other hand, if ß  = P 2= P? U PXP2 U Pf then P i - P l (f=Q-P\<gP1P2\JPlQ P2 
and we obtain the same contradiction.

Proof of Step II. We shall use the notation x\\y to say that (x), (y) are incom
parable. If x||y then, by cancellativity, ax\\ay for every ad S. Thus, the set P= 
= {x:x\\y for some j}, if non-empty, is an ideal; we are going to show that it is 
prime.

A s(l) =  S' is comparable with every ideal, PAS. Let a,b$P , rdS  arbitrary. 
We have to show that аЬжг. By assumption, ажг. If ad(r), then abd.(r). If 
r—ax, then Ьжх and since a x —r^(ab), x $ (b) and so b= xy  for some y. Then 
ab=axy=ryd(r). This proves the assertion.

Let x£.P—P 2 and put А = {у£Р — Р г\уЖх}, В = {у£Р  — Р2:у\\х). If 
A = P —P 2, then z\\x implies zdP2. Let z=yz', y£P = P 2, zfiP . As уЖх, we 
have x=ya  for some adS  (y  = xa would imply z=xaz'). Here a$P  since xfj P2. 
Therefore aifz ' and z'=az" whence z=yaz"=xz", contrary to the assumption. 
The contradiction shows that В А 0 .

Next we show that holds for any two elements yt ,y 2dA and y\\z for
y£A, zdB. If (y i)£ (x )g ( j’2) or (a ) =  (x )ü 0>i) then the comparability is ob
vious. If x = y 1a=y2b then a ,b$P  so that ажЬ, say a=bc. Then y f ic —yfio 
and by cancellativity ypc=y2- If, on the other hand, y 1= xa, y2=xb then, as 
before, ажЬ and a=bc gives y1=xbc=y2c. Thus, x Жу\, хЖу2 imply у гЖу2 
for any x, yx, y 2dP—P2, i.e. Ж is an equivalence relation on P —P2. Hence, y\\z 
for yd.A, zdB.
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Now consider the ideal Q~(A)[)(B)2. Obviously, Q = P —B<P  and Q =  
= P 2{JA>P2 which shows that Q is not a power of P. On the other hand, Q is 
/ ’-primary. Indeed a^Q, b \P  imply that either aC^P and so ab$P  whence a$Q, 
or a£P —Q=B, but then ab^P—P 2 and abxa  which imply ab£B, ab^Q. Hence 
Q is primary which is a contradiction to (a). This completes the proof.
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ON THE DISTRIBUTION OF THE EIGENVALUES 
OF AN ORTHONORMAL SYSTEM, 

CONSISTING OF EIGENFUNCTIONS OF HIGHER ORDER 
OF A LINEAR DIFFERENTIAL OPERATOR

V. KOMORNIK (Budapest)

Let G=[a, b] be a compact interval and consider the formal differential ope
rator
(1) Lu = м(") + р2п("_2> + ...+р„_1и' +  р„п,

where p2, ,pn̂ .L1(G) are arbitrary complex functions. Let A be a complex num
ber. The function u_1: G-~С, м_г= 0 is called an eigenfunction of order — 1 
of the operator L with the eigenvalue A. A function up. G->-C, u; ̂  0 (i=0, 1,...), 
as usual, is said to be an eigenfunction of order i of the operator L with the eigenva
lue A if и, and its first n — 1 derivatives are absolutely continuous on G, and if for 
almost all x£G the equation

(2) (LUi) (x) = Äui(x) + ui_l (x)

holds, where ui_1 is an eigenfunction of order /—1 with the eigenvalue A.
Let now (ui) a L 2(G) be an arbitrary orthonormal system, consisting of eigen

functions of order S fflo f the operator L, where m is a fixed natural number. Denote 
by Af the eigenvalue of w;. Then the following assertion is true (we emphasize the 
fact that the functions ut need not satisfy any boundary conditions):

T heorem . Let A; =  e", OSarg р,<2я:/я. There exists a constant J Í , depending 
on n, m, \b—a\, ||p2lli, • •■ JpJi such that for all C,

Ф  2  1 <  ^ ( 1  +  |Re p|) if n — 2,
|ffi-e|si

^  2  1 -= ^ (1  +  |<?|) if П >  2.
lei-elsi

Consequently, |A,|-*°° (/—«=).
R em ark . The first results of this type were proved in [1], [2] for the case n = 2, 

m — 0 when p2£L4(G) for some q>  1. That proof did not work for the case n>2. 
Later on, the case m = 0 of the present theorem was proved in [4], using a general 
formula and some connections between the norms of the eigenfunctions and their 
derivatives, valid for the operator (1). The case n—4, m —0, рг =P3 = 0 was proved 
also by A. Sövegiártó [7]. His proof is a development of the ideas of [8], i.e. he uses 
a formula of Titchmarsh type. However, for large n, this formula becomes com
plicated.
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Our proof follows the line of our previous paper [4] but we shall need some pro
perties of the eigenfunctions of higher order, proved in [3], [5] and [6].

The proof of the theorem will be based on the following results, being special 
cases of Theorems 1 and 2 in [5] (for (5) see [3] or [6]):

Proposition 1. There exist entire functions hr and functions f k holomorph in 
the region |z|<7r ( lS k ^ N = n (m + l) ,  0 + r+m) such that i f  vm is an eigenfunction 
o f order o f the operator (1) with the eigenvalue 2= q”, OSarg Qc2n/n, and the 
functions Vj (j<m) are defined by (2), then we have for all x, x + Nt^G,

N
(4) Vm (x) = 2  fk(Qt)vm(x+kt) +

k = l
N m n

+ 2 2  2  fkiet) f  (x+/ct-T)"(r+1>-1/ir(p(x+/ct-T))ps(i:)i;(mnZrs>(T)dT.
f c = l r = 0 s = 2  ;

Proposition 2. There exists a constant D depending on n,m, \b—a\, \\pf i, ... 
•••»IIp JIi such lkat given any eigenfunction vm of order S m  of the operator (1) with 
the eigenvalue /. = q", we have for all O ^j^m ,  0

X
(5) U t^ lL  S  27(l + |R e p |/+ p(l +  |p |y+i||i;m||p if n = 2, 1 S p S » ,

(5*) l | r g > - 3 S  Z>(1 +  |<?|)"y+i+^  |Ы Р if 2, l ^ S c c .
First we prove the theorem for the case n= 2. Fix a constant C with the properties

(6) \fk (x)I — C if |Re z| S  1,
(7) \fk(zi)-fk(z2)\ ^  C |r1- z a| if I Re zt\ s i ,  i = 1, 2,
(8) \hr(z)\ s  Cm in(l, |z |_r_1) if |Rez|^T\r.
The possibility of this choice is shown in [6].

Let now QdC be fixed arbitrarily and define

(9) / = 4 . 2 "  +1N 2C2D2 Vl + |Rep| fb ^ ä ,
b —a 1 1 1
2N  ’ 7V(2 + |Ree|) ’ 2NCD ]/b-a  v4 + |Ree| ’ -^IPzIli

Choose an arbitrary ut such that 
(11) | e , - e | ^ l ,

and introduce the notations и1т = щ, k u ^  (j^lm).  Then we have
by (4) and (10) for all a g x g - ^ , O ^ t^ R ,

N N m x+kt
Kj(x)= 2  Meit)Ui(x + kt)+ 2  2  f k ie f )  f  (x + k t - T)2r+1x

k = 1 lc = l  r = 0 ~

X К  (Qi (x  +  k t  -  т)) p 2 (t) Mif m _ r (t) d r ,

(10) R = min
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whence, integrating by t from 0 to R, we obtain

(12) RUi(x)= 2  f  f k(et)Ui(x+kt)dt+ 2  f  Ifk(Qi0 ~fk(öOJUi(x+kt)dt +
' - 1 J k=1f

N  m x  + kt

+  2  2  f  f Á Q t t )  f  ( r + f c í - r f +4 ( e i ^ + f c í - T ) ) ? 2W «i,m- r W * *  =
k = l r = 0 n  i

=  Л + Д + /3.
Introduce the function w: G—C,

N

W(0 =  2 k 1fk (ek +k = 1
From (6) and (10) it follows that
(13) w€L2(G), ||w||2 ё  NC^R- 
Moreover,
(14) 4  =  <м„ w) =  j  ut(t)w(t)dt.

G

Now we estimate the expressions / 2 and 73. By (7), (10) and (11)

R AJC 1
(15) |/2| * N f  Ctdt ||цЦ. =  — R2 II Mi II «о ^  (1/4) i? ||М(||2 —j= = r ,

о 2 У б - а
furthermore, by (6), (8), (5), (11), (9) and (10)
(16)

m
14! ^  N  2 R C \N S r m n ( N R ,  k?i| - 1)r+> « l l i^ ( l  +  |Reft|X(l +  Ы )Г1М1~ S

r =  0
m

^  (NR)2C2D №11- 2  [NR (2 + 1 Re £?|)]r[min (NR, lej“1) (1 +  |ft|)]' ^

^  2  — [2m+XN 2C2D Иp2IIJ7?2 IIи,И„  S
1

r = 0
^  (1/4)ä |M|2

From (12), (14), (15) and (16) we conclude
Yb — a

R|Mi(x)| S  I<m,-, w)| +  (1/2)7?IIмг||2

whence

(17)

Yb — a '

* > ,(* )I2 ^  2|(Щ, w)\2 + (i/2)R2\\ui\ \ l j —̂

Let now /  be an arbitrary finite index set such that |e;—e |^ l  for all id I. Then by 
(17)

R2 2  l«iWr ^ 2  2  \(ui> W)\2+(1/2)R2 2  Ы 1  1i£I i£I i£I b - a  *
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Applying the Bessel inequality and (13), we obtain

R2 2  Ы х ) I2 2A2C27? + (1/2)7?2 2 1 ll îlll ~t~~ •iii iii a —a

This is true for all , and by symmetry, also for all In
tegrating both sides on G, we obtain in view of ||u{||3=  1

|/| = 4N2C2R ~ \b -a ) .
Here the left side expression denotes the number of elements of 7, while the right 
side number does not depend on 7. Hence (3) follows by (9), (10) and the 
definition of 7.

The case n >2 of the theorem can be proved similarly by repeating word for 
word the above argument and replacing (5), (6), (7), (8), (9), (10), (12) and (16) by 
the following ones (cf. [4]):
(5*) is formulated in Proposition 2;
(6*) \fk{z)\ =SC if | z | * l ;

(7*) 1ЛOh)-./*(**)I — C \z i- z 2\ if \ziI ^  1, |z,| = 1;
(8*) \K (z ) \^ C  if \z \^ N -

(9*) К  =  4N3C2D21/1 + |e| i b - a ,

(10*) R = N - 1m m ( b ~ a 1 1 1
2 ’ 2 + | e | ’ 2 C D Íb -a \ 'l  + \Q\ ’ K\\PÄi’

V/  Г
ÄT||pBlli *IIa IIi

(12*) Rut{x)=  2  f  fk(eOui(x+kt)dt+  2  f  lfk(et*)-fk(et)]ui(x+ki)dt+
* = 4  k = l q

N  m n R  x+ k t

+  2  2  2 f  fk(Q,t) J (x+ k t - z )« '+1)_1/ir (e i( x + k t - t))X
k = l r = 0 s=2( J

Xps(t)u(J-rS) i+ dxdt = / i + /2 + 73;

(16*) |/8| s n  2  2  Ä C ( W '+ » - 1CBp,||1i)(i+ |e .D.nr+n-s I "ill- s

S  N 2C2DR 2  2 [ N R (2 + \e  | ) Г + -* [(A K )-4 |A ||J Hm.-IU^
r = 0 s = 2

s  Ia 2C2Z> 2  1 ( W 1Iä IIi1 ä ||ii(IU s  (1/4)7?||Mi||t _ L ^ .
L r = 0 5 = 2 J У Ь — a

The theorem is proved.
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R em a r k s . Properly speaking, we need not assume the orthonormality of the 
system (w;) in the theorem. Our proof equally works for the more general case when 
(w,) is a normed Bessel system and, consequently, for any Riesz basis in L2(G), too.

The theorem and the proof are also valid in case n = 1, i.e. for the operator 
Lu=u'; in this case estimate (3) is valid.

References

[1] В. А. Ильин, И. Йо, Равномерная оценка собственных функций и оценка сверху числа
собственных значений оператора Штурма—Лиувилля с потенциалом из класса, 
Дифференциальные уравнения, 15 (1979), 1164— 1174.

[2] I. Joó, Spectral investigation o f  the Schrödinger operator, Thesis, 1979 (in Hungarian).
[3] I. Joó, Upper estimates for the eigenfunctions of the Schrödinger operator, Acta Sei. Math.

Szeged, 44 (1982), 87—93.
[4] V. Komornik, Upper estimate for the eigenvalues of an orthonormal system, consisting of

eigenfunctions o f  a linear differential operator, Studia Sei. Math. Hung.
[5] V. Komornik, Upper estimates for the eigenfunctions of higher order of a linear differential

operator, Acta Sei. Math. Szeged.
[6] V. Komornik, Generalization of a theorem of Joó, Annales Univ. Sei. Budapest, Sect. Math.
[7] А. Шевегярто, Равномерная оценка собственных функций и оценка сверху числа собствен

ных значений оператора четвертого порядка, Доклады Академии Наук (to appear).
[8] И. Йо, Теорема о равносходимости, Доклады Узб. Акад. Наук (to appear).

D EPARTM ENT II OF ANALYSIS 
LORÁND EÖTVÖS UNIVERSITY 
H-1445 BUDAPEST 8, PF. 323

(Received December 27, 1981)

Acta Mathematica Hungarica 42, 1983



PR IN T E D  IN  H U N G A R Y  

Szegedi Nyom da, Szeged



Instructions for authors. Manuscripts should be typed on standard size papers (23 rows; 
50 characters in each row). Mathematical symbols (except sin, log, etc.) will be set in italics, so  use 
handwritten letters, or indicate them by simple underlining. The text of theorems, lemmas, corol
laries are to be printed also in italics. The words THEOREM, LEMMA, COROLLARY, PROOF, 
REMARK, PROBLEM, etc. (or their German and French equivalents) should be typed in capital 
letters. Sub-headings will be set in boldface lower case; indicate them by red underlining. Other special 
types of symbols (such as German, Greek, script, etc.) should also be clearly identified. Mark foot
notes by consecutive superscript numbers. When listing references, please follow  the following pat
tern:

[1] G. Szegő, Orthogonal polynomials, AMS Coll, Publ. V ol. XXIII (Providence, 1939).
[2] A. Zygmund, Smooth functions, Duke Math. J„ 12 (1945), 47—76.

For abbreviation of names of journals follow the Mathematical Reviews. After the references 
give the author’s affiliation.

D o not send abstract and second copy of the manuscript. Authors will receive only galley-proofs 
(one copy). Manuscripts will not be sent back to authors (neither for the purpose of proof-reading 
nor when rejecting a paper).

Authors obtain 100 reprints free o f charge. Additional copies may be ordered from the publisher.



Periodicals of the Hungarian Academy of Sciences are obtainable 
at the following addresses:

A U S T R A L IA
C.B.D. LIBRARY AND SUBSCRIPTION SERVICE 
Box 4886, G.P.O., Sydney N.S.W. 2001 
COSMOS BOOKSHOP, 145 Ackland Street 
St. Kilda (Melbourne), Victoria 3182

A U S T R IA
GLOBUS, Höchstädtplatz 3, 1206 Wien XX 

BELGIUM
OFFICE INTERNATIONAL DE LIBRAIRIF 
30 Avenue Marnix, 1050 Bruxelles 
LIBRAIRIE DE MONDE ENTIER 
162 rue du Midi, 1000 Bruxelles

BU LGA RIA
HEMUS, Bulvár Ruszki 6, Sofia 

C A N A D A
PANNÓNIA BOOKS, P.O. Box 1017 
Postal Station „B” , Toronto, Ontario M5T 2T8

C H I N A
CNPICOR, Periodical Department, P.O. Box 50 Peking

C Z E C H O S L O V A K I A
MAD’ARSKÁ KULTÚRA, Národní trida 22 
115 66 Praha
PNS DOVOZ TISKU, Vinohradská 46, Praha 2 
PNS DOVOZ TLAéE, Bratislava 2

D E N M A R K
EJNAR MUNKSGAARD, Norregade 6 
1165 Copenhagen К

FEDERAL R EPU BLIC  O F  G E R M A N Y
KUNST UND WISSEN ERICH BIEBER 
Postfach 46, 7000 Stuttgart 1

F I N L A N D
AKATEEMINEN KIRJAKAUPPA, P.O. Box 128 
SF-00101 Helsinki 10

FR A N C E
DAWSON-FRANCE S. А., В. P. 40, 91121 Palaiseau 
EUROPÉRIODIQUES S. A., 31 Avenue de Versailles, 
78170 La Celle St. Cloud
OFFICE INTERNATIONAL DE DOCUMENTATION 
ET LIBRAIRIE, 48 rue Gay-Lussac 75240 Paris Cedex 05

G E R M A N  D E M O C R A T IC  REPUBLIC
HAUS DER UNGARISCHEN KULTUR 
Karl Liebknecht-Straße 9, DDR-102 Berlin 
DEUTSCHE POST ZEITUNGSVERTRIEBSAMT 
Straße der Pariser Kommüne 3-4, DDR-104 Berlin

G REAT BRITAIN
BLACKWELL’S PERIODICALS DIVISION 
Hythe Bridge Street, Oxford OXI 2ET 
BUMPUS, HALDANE AND MAXWELL LTD.
Cowper Works, Olney, Bucks MK46 4BN 
COLLET’S HOLDINGS LTD. Denington Estate Welling
borough, Northants NN8 2QT
WM. DAWSON AND SONS LTD., Cannon House Folks
tone, Kent CT 19 5EE
H. K. LEWIS AND CO., 136 Gower Street 
London WC1E 6BS

GREECE
KOSTARAKIS BROTHERS INTERNATIONAL 
BOOKSELLERS, 2 Hippokratous Street, Athens-143

H O L L A N D
MEULENHOFF-BRUNA B.V, Beulingstraat 2, Amsterdam 
MARTINUS NIJHOFF B.V.
Lange Voorhout 9-11, Den Haag 
SWETS SUBSCRIPTION SERVICE 
347b Heere weg, Lisse

I N D I A
ALLIED PUBLISHING PRIVATE LTD., 13/14 
Asaf Ali Road, New Delhi 110001 
150 B-6 Mount Road, Madras 600002 
INTERNATIONAL BOOK HOUSE PVT. LTD.
Madame Cama Road, Bombay 400039
THE STATE TRADING CORPORATION OF INDIA LTD.,
Books Import Division, Chandralok
36 Janpath, New Delhi 110001

I T A L Y
INTERSCIENTIA, Via Mazzé 28, 10149 Torino 
LIBRERIA COM MISSION ARI A SANSONI, Via Lamarmora 
45, 50121 Firenze
SANTO VANASIA, Via M. Macchi 58 20124 Milano 
D. E. A., Via Lima 28, 00198 Roma

J A P A N
KINOKUNIYA BOOK-STORE CO. LTD.
17-7 Shinjuku 3 chome, Shinjuku-ku, Tokyo 160-91 
MARUZEN COMPANY LTD., Book Department,
P.O. Box 5050 Tokyo International, Tokyo 100-31 
NAUKA LTD. IMPORT DEPARTMENT 
2-30-19 Minami Ikebukuro, Toshima-ku, Tokyo 171

K O R E A
CHULPANMUL, Phenjan 

N O R W A Y
TANUM-TIDSKRIFT-SENTRALEN A.S.,
Karl Johansgatan 41-43, 1000 Oslo

P O L A N D
WEGIERSKI INSTYTUT KULTURY, 
Marszalkowska 80, 00-517 Warszawa 
CKP IW , ul. Towarowa 28, 00-958 Warszawa

R O U M A N I A
D. E. P., Bufurefti
ILEXIM, Caíea Grivitei 64-66, Bucurefti

S O V I E T  U N I O N
SOJUZPECHAT — IMPORT, Moscow 
and th e  post offices in each tow n 
MEZHDUNARODNAYA KNIGA, Moscow G-200

S P A I N
DIAZ DE SANTOS, Lagasca 95, Madrid 6 

S W E D E N
GUMPERTS UNIVERSITETSBOKHANDEL AB 
Box 346, 401 25 Göteborg 1

S W I T Z E R L A N D
KARGER LIBRI AG., Petersgraben 31, 4011 Basel

U S A
EBSCO SUBSCRIPTION SERVICES 
P.O. Box 1943, Birmingham, Alabama 35201 
F.W. FAXON COMPANY, INC.
15 Southw est Park, Westwood Mass. 02090 
READ-MORE PUBLICATIONS, INC.
140 C edar Street, New York, N .Y . 10006

Y U G O S L A V I A
JUGOSLAVENSKA KNJIGA, Terazije 27, Beograd 
FORUM, Vojvode Misiia 1, 21000 Novi Sad

Index: 26.014



F O R M E R L Y  A C T A  M A T H E M A T I C A  A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

Acta
Mathematica
Hungarica
VOLUME 42 , NUMBERS 3-4, 1983

EDITOR-IN-CHIEF

K. TANDORI

DEPUTY EDITOR-IN-CHIEF 

J. SZABADOS

EDITORIAL BOARD

Á. CSÁSZÁR, P. ERDŐS, L. FEJES TÓTH, A. HAJNAL, I. KÁTAI,
L. LEINDLER, L. LOVÁSZ, A. PRÉKOPA, A. RAPCSÁK, P. RÉVÉSZ, 
E. SZEMERÉDI, B, SZ.-NAGY



ACTA MATHEMATIC A
H U N G A R I C A

Acta Mathematica publishes papers on mathematics in English, German, French and Russian

Acta Mathematica is published in two volumes of four issues a year by
AKADÉM IAI KIADÓ

Publishing House o f the Hungarian Academy of Sciences 
H-1054 Budapest, Alkotmány u. 21.

Manuscripts and editorial correspondence should be addressed to
Acta Mathematica, H-1395 Budapest, P.O.B. 428

Orders may be placed with
KULTURA Foreign Trading Company 

H-1389 Budapest P.O. Box 149
or with its representatives abroad.

Acta Mathematica is indexed in Current Contents



Füredi, Z., An intersection problem with 6 extremes .........................................................................  177
Цао Цзя-Дин, Об операторах типа Канторовича и интегральных сплайнах Шенберга 189
Móricz, F., Lebesgue functions and multiple function series. I l l ..................................................... 205
Leawitt, W. G., Upper radicals o f regular classes ................................................................................ 213
Alon, N.. A note on the decomposition of graphs into isomorphic m atch ings............................221
Gut, A., Complete convergence and convergence rates for randomly indexed partial sums, with

an application to some first passage times .................................................................................. 225
Bacsó, S., Eine Charakterisierung der Finslersche Räume von konstanter Krümmung ...............233
Yoneda, K., Fourier transforms and convolutions o f  generalized measures defined on the dyadic

field ......................................................................................................................................................... 237
Pal, В. K. and Mukhopadhyay, S. N., The Cesaro— Denjoy—Bochner scale of integration . . .  243
Yahya, S. M ., On an isom orphism ....................................................................................................... 257
Collier, M. G. and Kelingos, J. A., Periodic Beurling distributions..............................................  261
Oswald, P., On some convergence properties o f  Haar—Fourier series in the classes <p(L)........ 279
Kátai, I., Multiplicative functions with regularity properties. I ....................................................... 295
Kroó, A., On the unicity o f best Li-approximation by polynomials o f  several variab les..........  309
Csörgő, S., Tandori, K. and Totik, V., On the strong law of large numbers for pairwise in

dependent random variables ........................................................................................................... 319
Sebestyén, Z., A  moment problem with respect to  C*-algebras..................................................... 331
Garay, B. M ., Metrization and Liapunov functions. I .......................................................................  337
Huhn, A. P., A reduced free product of distributive lattices. I ....................................................... 349
Petruska, G., Derivatives take every value on the set o f approximate continuity p o in ts ...........355

CONTENTS

Acta  M athematica H ungarica 42,1983





Acta M ath. Hung. 
42 (3 - 4 )  (1983), 177— 187.

AN INTERSECTION PROBLEM WITH 6 EXTREMES
Z. FÜREDI (Budapest)

I. Introduction

Let X  be a finite set of n elements. A family SF of the subsets of X  is 
intersecting if any two members of 3F intersect.

Erdős, Ко and Rado [3] proved that if ßF is an intersecting set-system of
/■-tuples of X  and n^2r  then Equality holds in the case n>2r
if and only if the members of ßF have a common element.

Let c be a real number, 0 < c s l .  The degree of the point (that is an element) 
x  in the set-system 3F is denoted by d&(x) or simply d(x) = :|{F: x^F^.F}\.

Erdős, Rotschild and Szemerédi [5] raised the following question: How large 
can be the intersecting set-system 3F of r-tuples of X  if each point has degree at 
most c\3F\4 For the case c=2/3, n>n0{r) they proved that

(1) l ^ |S |# 3 , 2|

where ^ 3>2=  {F a X \  [F |=r, |ЕПЕ»|^2}, [D|=3.
Frankl [6] proved that (1) holds for any 2/3 ̂ c < l  if я is large enough 

(я>я0(/*, c)), and he solved the cases 3/7-= e g 3/5 as well, proving the conjectures 
of Erdős—Rotschild—Szemerédi. The aim of this paper is to settle the missing case 
3/5<c<2/3.

II. Results

For a finite set-system Ж  the underlying set of which is a subset of X  (i.e. 
и Ж с Х ) ,  we write S'(Xf) = {FczX: \F\=r and there exists an Нс Ж  such that 
tfc F } , ß F ^ )  = {F aX : \F\=r and (FC\(\J Ж))£Ж).  Evidently, & ( j f )  and 
Ж(Ж) are intersecting set-systems if Ж  is intersecting, and Ж(Ж) ^  Ж{Ж). 

P. Frankl [6] proved that if 1 /2 < cS 3 /5  and я > я 0(г, c) then

C=D4 * : H : 3 -
1* Acta Mathematica Hungarica 42, 1983



178 2. FÜREDI

If equality holds here then there exists a 3-uniform, 5-regular, intersecting set- 
system on a 6-element set such that There exists exactly one such

(see Figure 1).
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Fig. 1

We describe 6 hypergraphs. (The elements of the underlying set are denoted 
by positive integers, see also Figure 1.)

^  =  {123, 124, 345, 346, 156, 256, 135, 146, 236, 245},
^ = [ з |  = {123, 124, 125, 134, 135, 145, 234, 235, 245, 345},

{123, 124, 134, 234, 125, 345, 136, 246, 146, 236},
^r4 =  {123, 124, 125, 134, 136, 235, 236, 156, 246, 345},
Жь= {123, 124, 134, 234, 125, 345, 136, 246, 147, 237},

{124, 125, 126, 134, 135, 136, 234, 235, 236, 456}.
T heorem  1. Let 3F be an intersecting family consisting o f r-element subsets 

o f X, \X\=n. Suppose that for some 3/5<c<2/3, for n>n0(r, c) and for every 
x€X, d?(x)^c\3?\ holds. Then

®  w « 4 ’ : M : 3 + C : 9 -
Furthermore equality holds in (2) iff #■ =  / ( / ( )  for some 1 S /^ 6 .

Furthermore, if c = 1/2 and n> nfr)  then

(3) м п ^ 1 о ( ”1 з ) ,

and equality holds here if and only if 3F
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So the cardinality of a maximum S' is constant on the whole interval (1/2, 2/3). 
Our theorem differs from the theorem of Frankl because in case 3/5<c<2/3 five 
more extremal systems are allowed. So we have non-isomorphic optimal families. 
This phenomenon is not rare in combinatorics even in the Erdős—Ко—Rado type 
theorems, cf. the theorem of Hilton—Milner for r= 3 (see [6] or [8]).

The following is a consequence of Theorem 1.
T heorem  2. Let S' be a family of intersecting r-subsets o f X, \X\=n. Suppose 

that |^ |> (1 0  + e)^?_2  j where 8>0 is a positive constant. Then for n>n0(r, e)
there exists an x e X  suchthat J(x)>(2/3—s)|Jr |.

(This is also an improvement of a theorem of Frankl. He proved the lower 
bound 3/5+ min (0.01, 0.01 e) instead of 2/3—e.)

III. Definitions and lemmas

Define an edge-contraction as the following operation on a set-system Ж : 
we substitute an edge Е$_Ж by a smaller, nonempty E ,(XE, and thus we get the 
set-system Ж — {E} U {£"}. An intersecting set-system is v-critical if it has no multiple 
edges and the hypergraph obtained by contracting any of its edges is non-inter
secting. That is
(4) For all Е ^Ж ,х ^Е  there exists an F£Ж  suchthat £T1 F  =  {x}.

Every v-critical intersecting set-system is a Sperner-family, that is
(5) If Е£Ж  and F ^ E  then Р$Ж .

Erdős and Lovász proved the following theorem [4]:
(6) If Ж is a v-critical intersecting set-system and max {|Е\:Е£Ж }= к, then 

\Ж \^кк.
We can get a v-critical intersecting set-system from any intersecting set-system S r by 
contracting its edges as far as possible and deleting all but one copy of the appearing 
multiple edges. This Ж is called the nucleus of the set-system S'. Split Ж according 
to the cardinality of its members: Ж = Ж 1и Ж 20 .. .0 Ж г where ЕеЖ ‘ implies 
\E\ = i.

Denote by Si the nucleus of Ж1 U Ж г U Ж %. In what follows Si is called 
the nucleus o f rank 3 of S '. Of course, S3 is not unique, but this is not important.
(7) If S' is an r-uniform, v-critical intersecting set-system with underlying set 

X,\X\=n, then there exists a set-system Si suchthat
(a) Si is v-critical, intersecting and for all BiS3, |5 |^ 3  (possibly S3= 0 ) ;
(b)

Indeed, applying (6) we get

\ у - * ( Щ  s i  |̂ n#-(5roi  ̂д  î ĝ oi ̂  \ * \  ("“*) =§ r * ("“*).
Q.E.D.
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IV. The first part of the proof of Theorem 1. The main lemma

We shall consider the whole interval [1/2, 2/3), thus we will prove the above 
mentioned theorem of Frankl at the same time. So let l/2^c< 2 /3  be fixed and let 
3F be an r-uniform intersecting set-system on X  with max {d.F{x)\ x£X}^c\,9:\. 
We are looking for !F with maximal cardinality, hence we may suppose [#~| s

^ ^ ) | = 1 о ( " 1 з ) .
Write £8 for the nucleus of rank 3 of S'. For each F$.£F£\S'{ß) let us 

choose a B^£8 with B aF . Let £FB denote the set of those members of £F for 
which В is chosen. Thus \&\ = 2  \ '̂в\ + \^ г~ S{ß)\. Define a weight w(B)

of В by w{B) = \SB\/i^ .  Since by (7b) - ^ (£ 8 ) \^ г г^  we get

(8) 2  w (*)feB£áS

10 In—6 
l r - 3 ’)  ' n

(:
4 - 3 )  
r  — 3 ) (

9.9

provided n is large enough (n>10/-r+1). Moreover for any x ^ X  we have

(9) 2 ^ ) < { 2 « ' ( 5 ) .
В Эх J

Indeed

2 w ( B )  2  w(b)
В Эх В Эх C=3 b? xI# bI _  d ,(x )  _  c\3F\

2w{B)  2  HB)

provided n >nfr,  c)

j« - 3 j  2 \ * b\ ~ \ ^ \ - o [

— 10rr+1l-(2/3)- c  )

C:3)
The following lemma is the crucial point of the proof.

2
3

Main Lemma. Suppose that £8 is a v-critical, intersecting set-system of rank 3. 
Suppose further that there exists a non-negative weight function w: £8-* R such that
(8) and (9) hold and w (5 )^ l i f  [В| =  3. Then £8=3tf’i for some l S / ^ 6  (see 
Figure 1).

By (6) \£8\^21 thus the proof of this lemma is reduced to the investigation of 
finitely many “small” set-systems. After this lemma the proof of Theorem 1 is 
not hard. But we cannot hope for a simple proof of the lemma because its conclusion 
is somewhat complicated, and any proof must yield a description of the structures 
of the Jf,’s.

The following two parts of this paper (Chapters V and VI) contain only the 
proof of the Main Lemma. If the reader believies that the author has examined 
all (finitely many) cases of the v-critical intersecting set-systems of rank 3, then he 
or she can continue reading Chapter VII.
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V. The first part of the proof of the lemma.
The nucleus of rank 3 of a maximal !F is 3-uniform

The formula (9) yields that 38 has no member with 1 element, since then 
\38\ = \. We will show that
(10) 38 is 3-uniform.

We will prove this by way of contradiction. Denote by 382 the members of 
38 with 2-elements. In what follows the points of the underlying set of 38 will be 
denoted by the positive integers.

I f  |^ 2|^ 4  then its edges have a common point since 382 is intersecting. 
E.g. B± = { 1,2}, — {1, 3}, £ 3 = {1,4}, 54 = {1,5}. (See Figure 2.) By (4) there
exists an edge Bb not containing the point 1. But Bs intersects Bx, B2, B3 and 
Д, thus (2, 3, 4, 5}c _S5. This is a contradiction.

I f  |^ 2|=3  and the edges of 382 have a common point then let this be e.g. 
the point 1 and Д = {  1,2}, 5 2={1,3}, B3={ 1,4}. (See Figure 3.) Since there 
exists an edge Д, not containing the point 1 we get that Д, =  {2, 3, 4}. There are 
no other edges of 38 which do not contain the point 1. Moreover there is no other 
edge of 38 which contains 1 because it would contain some Bt ( l ^ i ^ 3 )  contra
dicting (5). Thus in this case 38 = {В1г B2, B3, Д,}. Considering (9) at point 1 we 

2have (Wi +  Wa+WaH-y (Wi +  Wa +  Wa + v^). This and the inequality w4S  1 give

that ]?wt<3. This contradicts (8) (w,=w(Bi)).

1 2  3 4 5 1 2  3 4 5
B, •  • 12  3 4 B, •  •
B7 •  • B, •  • B2 •  •
B3 •  • B2 •  ® B3 -  •  •  •

•  • B3 •  • B4
B5 - B4 •  •  • B5 - •  •  - •

Fig. 2 Fig. 3 Fig. 4

B,
B2
B3
B<

1 2 3 4 5 6 1 2 3 4 5 6 7 1 2 3 4 5 6
•  • B , •  • B i •  •
•  •  • B 2 •  •  • B 2 ® •  •
•  •  • B 3 •  •  • B 3 •  •  ©
•  •  • B4 •  •  • Ba •  •  •
-  -  • -  -  • B 5 9  9 9

a) b) B 6 9 9 9
B7 9 9 9

Fig. 5

I f  |^ 2| =  3 and the edges of 382 have no a common point then they form a 
triangle, i.e. Д  = {1, 2}, B2={1, 3}, B3={2, 3}. The set-system 38—{B1>B2,B 3}, 
similarly to the above mentioned cases, is a maximal v-critical intersecting system. 
(I.e. if 38' is a v-critical intersecting set-system and 38 c  38' then 38=38'.) However 
for the triangle (9) does not hold.
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I f  |á?2[=2 then let ^ = { 1 ,  2}, Д2={ 1, 3} (see Figure 4). By (4) there exists 
an edge B3 not containing the point 1, B3—{2, 3,4}. There exists an edge Д, 
meeting B3 only in the point 4, i.e. 2 ,3 $2?4, 46Д,, thus Д4=  {1,4,5}. 
There exists an edge Bb which meets Д, only in the point 5, i.e. 1,4 $Д5, 
56Д5, thus Д5= { 2 ,3,5}. The set-system 38 has no further edges containing 
the point 1, and it has no further edges not containing the point 1. Hence the 
set-system obtained above is maximal v-critical, i.e. 38—{B1, . . . ,B ^ .  Applying

2(9) at the point 1 we have +  + у О н  +  и'а + и'з +  и^ + и )̂. Moreover
w3, w>4, w65 l  hence ^ ^ < 6 ,  but that contradicts (8).

Finally if  \382\ = 1 then let Вг = { 1,2}. Applying (9) at the points 1 and 2
4 1and summing we get 2wx + ( 2  W i)< -j(2  W;). From this vv;) and

i>~ 1 3  2  1
3

(21 wj) < ~  (21 wL). By (8) 2  wi —9 hence ( 2  w;) >6. Consequently at least 7 members
^ i> 1 Í>1

o f 38 with 3 elements intersect Вг. Thus at least 4 edges (B2...B5) contain the 
point 1 (and by (5) they do not contain the point 2). There are no three sets from 

2?3\{1}, ^4 {1 }> 5S\{ 1 } which have a common point because if we suppose 
on the contrary that (see Figure 5a) I?2= { 1 ,3 ,4} Д3={1,3, 5}, Д4={1,3, 6} 
then we get a contradiction applying (4) to the edges B2 at the point 4. Consequently 
among the sets B( — {1} ( 2 s /^ 5 )  there are two disjoint, e.g. B2={ 1,3,4}, B3= 
=  {1,5, 6} (see Figure 5b and 5c). If the edge Д, (or B5) would contain a further 
point (say 7) then we immediately get a contradiction applying (4) to the edge 
Д, (or Д5) at the point 7 (see Figure 5b). Thus Д4\{1}, Д,\{1}с:(3, 4, 5, 6) and 
they are disjoint (see Figure 5c). Consequently there is no further edge containing 
the point 1. The edges not containing 1 contain the point 2 and intersect (3, 4, 5, 6) 
in (3, 6) or (4, 5). Thus there are only at most six 3-element edges of 38 which
contradicts the assumption (2 !  w{)>6.

£> 1
Consequently 382= 0  and this completes the proof of (10).

VI. Proof of the main lemma (last part).
The nucleus of rank 3 of a maximal 3F is (1 g i s 6 )

By (9) there is no point contained in all the edges of 38. Further there is no 
pair {x,y} covering all the edges of 38 (i.e.\JBZ38, {x, у}ПД^ 0 ) . Indeed, if we 
suppose the contrary then joining the edge {x, y) with weight 0 to 38 we get 
an intersecting set-system which satisfies the assumptions of the Lemma. But (10) 
says that this is impossible. Consequently
(11) For all the points x ,y  there exists an edge B338 such that BC\{x,y}—0 ‘
Since ( 2  w;)>9 we get \38\= 10. Then we can apply a theorem of Deza [1] which 
in this case states: If  at least 8 3-element sets are given so that any two of them 
intersect in exactly 1 element, then all the sets have a common point. Consequently 
38 has two edges (Z?L and B2) intersecting in 2 elements. E.g. Bv= {1, 2, 3}, B2 = 
=  (1, 2, 4} (see Fig. 6).
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Firstly, suppose that
(12) there do not exist В', B", B'"d38 such that \B'C\B"f]B'"\—2.

We will prove that in this case Зй=Жх.
By (11) there exists an edge B3 such that 1 ,2$Ba, say B3= {3, 4, 5}. We 

will show that dM( 1)^5 (and similarly da(2)^5). Indeed, if с/я(1)^6, then there 
exists at least 4 edges (B4, B5, Bs, B7) which contain the point 1 and by (12) do not 
contain the point 2. Also by (12) there are no two of them which contain the point 3 
(or the point 4) (see Figure 6a). Thus there are two edges (B6, B7) which do not 
contain the points 3, 4 (and 2) e.g. B6—{1, 5, 6}, B7={ 1, 5, 7}, see Fig. 6b. Then 
there is no edge not containing the points {1, 5}; however it meets all the edges 
В1г B3, B3, B6, B7. This contradicts (11).

1 2  3 4 5 1 2 3 4 5 6 7 1 2 3 4 5 6
B , «  •  • B 1 •  •  • B , e  • 9
B 2 ® ® ® B 2 3  9  • B 2 c  • 0
^3 -  -  •  •  ® B 3 -  -  •  •  • B 3 0  • 0
Bt, •  e B e •  9  9 Bt, 0  0 0
Bs •  <9 B7 *  •  • B5 9 0  0

- B fi 0 0 ®

a) b) c)
Fig. 6

Thus, by IJ'ISIO and c/(l), d(2)^5, there are at least (and by (12) at most) 
two edges which are disjoint from the points {1, 2}. They contain the points 3 and 4 
(see Figure 6c) B3~ { 3,4,5}, Bi = {3, 4, 6}. Since |B3flB4|= 2  we again can say 
that i7(3)^5, d(4 )^5  and there exists exactly two further edges (Ba, Be) which 
are disjoint from {3, 4}. Consequently Ba= (5, 6, 1}, Вя= {5, 6, 2}. Then the minimal 
number of points covering the system {Bl...B^l is 3, hence the set {1,2, ...,6} 
contains all the edges of 3ft. Thus d(l)= ...=d(6) = 5 and \3S\ = 10. For each pair 
of points from {1, ...,6} there is an edge Bt ( lS i'^ 6 )  containing it, thus by (12) 
all the intersections ВЛС\ВР (7Sa, 10) have only 1 point in common. Moreover
4 ( 7 S a g l0 )  intersects each of the sets {1,2}, {3,4}, {5,6} in one point only. 
This last two properties (up to isomorphisms) uniquely define the edges B7, ..., B10. 
(Since the edges B7, . . . ,B 10 and the sets {1,2, x}, {3, 4, x}, {5, 6, x} form the 
finite projective plane of order 2.) So we get .

Now we suppose that (12) does not hold, i.e. |В1ПВ2ПВ3|=2, ^  =  {1, 2, 3}, 
i?2= {l, 2, 4}, B3= {\, 2, 5}. (See Figure 7.) By (11) there exists an edge Bt which 
does not contain 1 and 2, thus 2?4= {3,4,5}. An arbitrary other edge В of 3d

1 2 3 4 5
B, 0  0 0
B2 0  0 0
B3 0  0 0
Bt, -  _ 0 0  0
B' 0 0 0
B" 0 0 0

- - 0  0

Fig. 7
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is called inner or outer according to whether it is contained in {1, 2, 3, 4, 5} or not.
I.e. either |ЯП{1,2}| =  1 and |5П {3, 4, 5}|=2 or |ЯП {1, 2}| = |ЯП {3, 4, 5}| = 
=  |В \{1, 5}| =  1, respectively.

First of all we show that there are no two outer edges В', В " which intersect 
{1, ..., 5} at the same points. Suppose on the contrary that B '= {  1, 3, x}, B "— 
=  {1,3, y} (x , у >5) then applying (11) to the points 1 and 3 we get a contradiction 
(see Fig. 7). Hence the number of outer edges (and the number of inner edges, 
too) is at most 6. These 6 and 6 sets form 6 complementary pairs (e.g. the complement 
of the outer edge {1,4, x} is the inner edge {2,3,5}). Naturally, contains at 
most one member of each complementary pair, thus \ßS~{Bl7 B2, B3, B4}\^6. 
It follows that \36\ ̂ 10, thus
(13) Щ = 10.

This yields 4 W - 6  for all points x, because d(x) ^ 7 would imply 
thus writing (9) at the point x  we get

2  w (5)s 3
Bix

( 2  w (5 ) )< - |(  2  w(.s)+ 2  w(Bj)ts^-(2 w(5)+3),
Bi x J  В Эх Bix j  Bix

i.e. 2  W(B)<6, and this contradicts (8). All the edges Bs, ...,B 10 intersect the
Bix

set {1, 2} in (exactly) one element, hence we get däS( \)—dm(2)=6. Let us denote 
the number of outer edges containing the points 1 and 2 by a and ß, respectively. 
By (13) one member of each complementary pair (consisting of one outer and inner set) 
belongs to M. Thus there are exactly 3 —ß outer sets containing 1 belonging to (Ш. 
Hence 6=i/<jg(l)=3+a+(3—ß), consequently a=ß.

J f a—ß—0, i.e. every edge of is inner then we get Ж2, the set-system of 
all 3-tuples of the underlying-set {1, 2, ..., 5} (see Fig. 1).

I f  a=ß=l then let the unique outer edge containing the point 1 be B-a (see 
Fig. 8a), e.g. B5={1, 3, 6}. By (4) there is an edge Be such that 1, 3$ B6, 6€Вв,
i.e. B6={2, 4, 6}. All the other edges are inner and determined uniquely. Hence 
we get Ж3.

I f  a=/?=2 then there are only two inner edges (BB and 2?6, see Fig. 8bc). 
As oi=ß the edges B5 and Be intersect {1,2} in different points. There are two 
cases. First case: |В5П 56|= 2, e.g. B5—{\, 3, 4}, B6={2, 3, 4}, see Fig. 8b. Then 
the traces of the outer edges of & on the set {1, ..., 5} are {1, 3}, (2, 4}, {2, 3} 
and {1, 4}. Here the first two traces are disjoint, and the last two are disjoint, too. 
Thus they have a common outer point, i.e. B7={ 1, 3, x}, Bs={2, 4, x} and B9= 
=  {2, 3, y}, B10={1,4, y}. If x = y  then we get Ж3 again and if x ^ y  we get 
Жв{х, у >5). Second case: |В5ПВ6| =  1, e.g. Въ={ 1, 3, 4}, 2?6={2, 3, 5}, see Fig. 8c. 
The traces of the outer edges on {1, ..., 5} are: {1, 3}, {2, 4}, {2, 3}, {1, 5}. The 
outer edges corresponding to these traces are {1, 3, x}, {2, 4, x}, {2, 3, у}, {1, 5, y). 
Hence if x coincides with у  we get the set-system and if they are different 
(x=-j>5) we get again Жь.

I f  a=ß—3, i.e. all the edges Bt (5^1^10) are outer then we can order the 
6 traces in such a way that any trace is disjoint from its successor e.g. {1, 3}, {2,4}, 
{1,5}, {2,3}, {1,4}, {2,5} (see Figure 8d). This implies that all Bt (5^/S lO ) 
have a common outer point. This gives Жв.
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1 2 3 U 5 1 2 3 U 5
• B5 9 9  9

-  9 -  ® • B 6 9 9  9
By 9 9 9
B e 9 9 9
B 9 9 9 •
B ,n 9 9 •

9

H, H- He
a)

Bs
B6

H, H5 H6
c ) d)

Fig. 8

VII. Proof of Theorem 1 (last part)

The Main Lemma implies that if and n> n0(r, c) then the
v-critical nucleus В of rank 3 of 2F is (for some 1S / = 6). As w(B)>9.9 
by (8) we have that w(B)>0.9 for each В£Ж{. This means that \{F£HF: LZ)i?}| =
— Let us choose F0€#" arbitrarily. If Fon F = 0  for some
Bi.yfi then since 3F is intersecting we get

°-9 (” 1 з )  ^  I 2  \{ F £ ^ :  ^ F U { * } } | ^  r ( " “ J ) .

This leads to a contradiction if n >n0(r). Hence

(14) I f  ВЧЖ1 and F iF  then B O F y 0 .

It is easy to see (it follows from the constructions described in Chapter VI) that if 
a set F intersects all the edges of then it contains one of them. (This fact is 
trivial for Жг. Let / = 1,3,4 or 6, i.e. Жь is a set-system on 6 points. If F does 
not contain edges of then ( Uyft) \F  meets all the edges of Жь too. Hence 
|FD(U.?^)I =  |(U.?fj) \F |= 3 .  However one of these two sets is an edge of 
This leads to a contradiction. Finally if F meets all the edges of Жъ (see Fig. 1) 
then |FPl{l, 2, 3, 4}|^2. If |FD {1, 2, 3, 4}|>2 then we are ready, and if

Acta M athem atica Hungarica 42, 1983



186 Z. FÜREDI

|F n{l, 2, 3, 4}|=2 then |Ffl {5, 6, 7 } |s l and it is easy to check that there is 
а в \ж ъ with B(zF .) Hence

(15) I f  then there exists а В£Ж1 such that BczF. That is Ж аЖ{Ж().
Clearly

and
^ ( ^ ) = ю ( ; _ з ]

Ж(Ж1)= Ж(Ж3) =Ж(ЖА)=Ж(Жв) = 1 о 
and

Ж(Ж5) = 10

An easy computation shows that these three numerical expressions are equal. Thus 
Theorem 1 is proved.

Vni. Summary, remarks

As a matter of fact we have proved a more general theorem.
Theorem 3. Let Ж be a family of intersecting r-subsets o f X, \X\—n. Suppose 

that for some l /2 S c < 2 /3  and for every x£X , с1^\х\Шс\Ж\, and that

+
20 r + l

(2/3)-

Then Ж с  Ж {Ж) for some 1 ̂ i s 6  (See Fig. 1).
If c= 1/2 then the extremal set-system is Ж{Ж(). If c is a little bit greater 

than 1/2 then for the extremal set-system Ж we get: Ж(Ж^)с^Ж <̂ .Ж(Ж(). However 
if o l / 2 +г/л then the extremal set-system is the whole Ж(Ж() since 
(max d p ^ i x ) ) / ' ^ ^ ) |<  1 /2+ r /л if и>и0(г). Ж{ЖХ) is the unique extremum 

3
as long as c—•y. ar|d there are five further extrema only if о  3/5.

In fact the proof presented above is a slight improvement of a method due to 
P. Frankl. The crucial observation is that the nucleus áí of Ж is v-critical in this 
proof. P. Frankl used a different nucleus which was not v-critical. Indeed, in 
Chapters IV—VI we built up the set-systems Жг, ...,Ж 6 using (4). Further results 
can be found in the paper |7J.
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ОБ ОПЕРАТОРАХ ТИПА КАНТОРОВИЧА И 
ИНТЕГРАЛЬНЫХ СЛАЙНАХ ШЕНБЕРГА

ЦАО ЦЗЯ-ДИН (Шанхай)

§ 1.

Пусть /(х)£С[0, 1], п и к — натуральные числа. Шенберг [1] ввел метод 
приближения сплайн-функциями SnJí( f ) ,  являющимися обобщением поли
номов Бернштейна [2]. В 1977 г. Мюллер [3] ввел интегральные сплайны Шен
берга TnJ f ) ,  являющиеся обобщением полиномов Канторовича [4], и 
изучил порядок U  приближения при помощи T„ik( f) .

В статьях [5], [6] автор ввол понятие обобщенных полиномов Канторовича. 
В этой статье вводится понятие общего оператора А типа Канторовича 
(обозначим его через А£К), обобщающего T„k( f ) .  Посредством анализа 
ядер интегральниых операторов и тщательных вычислений, будет доказано 
одно интересное равенство (Теорема 1). Найдены оценки приближений классов 
функций W 1L  и WlLp (1<р<°°) положительными линейными операторами А£К  
(Теоремы 2, 3). Для фиксированного к ,  дается обобщение теорем Мюллера
[3] о порядке Lp приближения при помощи Т„ к(/ )  (Теорема 4). Для фик
сированного п, обобщается две теоремы Грундмана [7] и Мюллера [8] 
о полиномах Канторовича (Теорема 6).

§ 2 .

Пусть f i t )  есть непрерывная функция на [а, Ь], то есть /€С[а, Ь], 
| |/ ||с=  max |/(х)|. Пусть |/( /) |p (ls=p <°°) интегрируема в смысле Лебегаа^х^Ь
i f£ L p[a, Ь]),

||/||„ =  11/11ы -  { /  I/ ( 0 1 'Л}7 , L[a, Ь] £  Ьг[а, Ь], £ ” [а, Ь] ^  С[а, Ь],
а

11/1!- =  И/ll  t -  =  И/Ис И -
Следующие определения даны в [3]:
Пусть А„: 0=х0-<х1... <х„=1 есть конечное разбиение [0, 1],

Пусть

M j ft(x) =  М{х, Xj, xJ+1, ... , x J+k+1)
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есть В-сплайн, то есть Mjtk(x) есть (к+ 1)-е разностное отношение (как 
функция от ?, для фиксированного х) MJtk(x) есть сплайн-функция степени 
к. Далее

(2. 1) Nj,k(x) def X j  + k + l  X j

=  к+1 M jík(x),

где Nj'k(x) — нормированный В-сплайн [3].
Пусть F(«)£C[0, 1],

(2.2) Sntk{F(u), х) =  2  F ttj'k)N Jtk(x),
j=-k

где
(2.3) Zj,k = Xj+i+Xj+2+ ...+ x J+k (_ fc^ s n _ 1)f

(2-4) 0 = <  € - k+lt4 <••• <  =  1,

F„,k(F(u), x) есть сплайн-функция степени к ([1], [2]).
Известно [2], [3], [10—12], что

(2-5) Nj,k(x) — 0, O S í á l .
Пусть supp NJik(x) есть замыкание множества Е{х\ Nj}k(x) ^0 } , то есть

(2.6) supp N j'k(x) = [xj, xJ+k+1],

(2.7) S„,*(l,x) =  2  Nj,k(x) =  1,

(2.8) 5„д (н, x) =  2  Zj,kNj A x) = x >j  = —k
1

(2.9) J  M j k(x)dx = 1.

Обозначим через Sn-1(F) линейное интерполирование [3], S y k(F) есть 
полином Бернштейна F^F) степени /с [3], [4].

U

Пусть f(t)£L[0,1], F{u)= J  f ( t )  dt, интегральные сплайны Шенберга [3]
о

определяются посредством

(2.10) ТпЛ{ т  х) ^  SM+1(F(«0, х) =  2  -т— -----  ,
ях 1=-* ?/д+1 €j-i,i+i

íy fc+l
/  / ( ( №

T„ k( f )  есть сплайн-функция степени 
Из (2.1) и

£ j , k + l ~ £ j - l , k + l  —  ' /с +  1
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следует, что

где Tltk(J)= Pk( f )  есть полином Канторовича степени к  [3], [4].

§ 3 .

Пусть lS p S ° ° ,  Lpk[a, b] =  { / : / (fc-1) абсолютно непрерывна на [а, Ь], и 
f<-kKL*[a, Ь]}, Ск[а, Ъ] «£ Lk [а, Ъ], Lk[a, Ь] =  Ц[а, Ъ], WkM U  "  {/: f e L p[a, Ь] 
и ||/<%==М}, WkM C ~  WkMLm, WkL p= W klLp, WkC ™ W kL~.

Пусть В [а, Ъ] есть множество ограниченных измеримых функций на 
[а,Ь], | | / | |в=  sup |/(01- Пусть Н  есть линейный ограниченный оператор

а ^ х ^ Ь
Lp\a, b \  =>Lp\a, b \ ,  обозначим норму оператора через \ \ H \ \ l p _ l p ,  аналогично 
определим ||Я||В_С.

Если А есть линейный оператор В [а, Ь]=>-С [а, Ь\, то

W 1C ; x ) ~  sup \Л (/(/), x )- f{x )  • Л (1, x)\.
fíW^C

Пусть 0(0 =  1 (íSO), 0 (0= 0  (í<0).
Л ем ма 1. Если А есть положительный линейный оператор В[а,Ь\=> 

=>С[а, Ь] [13], [14] 
то

ь
(3.1) £{W 1C;x) = f  \Dx(x,z)\dz = A ( \t-x \ ,x ) ,

а
где
(3.2) Dx{x, z) =  A(0(t— z), x) — A( 1, x) • 0(x — z). 

Д оказательство . Пусть f ( t )€ L 1[a, b], так как

/  f ( z ) 6 ( t - z ) d z =  f  f'{z)dz = f( t) - f (a ) ,
a a

ТО

(3-3) / ( 0  =  /  f ( z )0 ( t- z )d z + f(a ) .
a

Если А есть положительный линейный оператор на В[а, Ь\, то для 
f(t)dB[a, Ъ] имеем

-1/(011» /̂(0^11/(011*,
-0/(011* • А (1, х) == А (/(0, х) ^ 1/(011* ■ А (1, х),

И/(о,х)||с^ м ( 1,х)цс. «/(oil*.
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Поэтому M||c. c S |M ||B.c ^ M ( l ,x ) | |c . Так как \\А(1, *)||c= ^ m ^ S M | | c_.c,
Т О

(3.4) Milche =М 11в.с=М (1,*)Ие-
Фиксируем х€[а, b\, х) есть линейный непрерывный функционал, поэ
тому [9]

ь
(3.5) А ( /(0 ,х )=  f  f '( z )A (d ( t- z ) ,  x )dz+ f(a)A ( 1, х).

а
Из (3.3) следует, что

ь
(3.6) f ( x ) A (  1,х) = f  f '( z )6 ( x - z )A ( l ,  x )d z+ f(a )A (l,x ),

а
поэтому

ъ
(3.7) А (/(0 , х) -Д х )  - A ( l , x ) = f  / '  (.z)D1 (х, z) dz,

(3.8)

При a ^ z s x ,
(3.9)

<f(tV1C; х) = /  |Д (х , z)\dz.

Dx(x, z) =  A (e(t — z),x)—A (  1, x)0(x—z)
■ A(0(t—z), x) — A (  1, x) = A(ß(t — z)— 1, x) S  0,

а при x< -z^b.
(3.10) Z>i(x, z) = A(0(t— z), x) — A( 1, x) • 0 =  A(9(t— z), x) ^  0.
Так как

,  ч def d  (  1 ,  x <  z ^  b<p(z) =  - j -  (\ z—x ) =  \ ,dz v 1—1, а — z < x,
то |z—x|€Lj [а, 6]. Применяя (3.7), положим Д * )= |/—х|. Тогда

х  Ъ Ъ

A(\t—х|, х) =  -  J  Dx(x, z) dz+ J  Dx(x, z)d z = J  \Dx(x, z)\dz,
a x  а

из (3.8) следует, что
ь

<$(W1C ;x)=  J  \Dx{x, z)\dz = A (\t—x\, x).
а

§4.

Пусть B{F(ü), x) есть линейный оператор C[a,b\=>Cx[a,b\. Для f{t)£L[a,b\,
и д

положим F(u) = J  f(t)d t, A(f(t), B(F(u), x). Предположим, что выпол-
a

йены следующие граничные условия: Для g(u) € С [а, Ъ\

(4.1) B{g{ú), а) = g{á), B(g(u), Ь) = g(b).
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В этом случае А называется оператором типа Канторовича (обозначим 
через AdK), A ( f( t) ,x ) есть линейный оператор L[a,b\=>C[a, Ь\.

Т е о р е м а  1. Пусть А есть оператор типа Канторовича и А есть 
положительный линейный оператор. Положим

-R(z)l =  /  \D!(x,z)\dx,
а

(4.2) q(z) ¥ L b (\u- z \, z) +  (z—а)(1 —5(1, z)). 
тогда
(4.3) R{z)l = q{z).

Д о к а з а т е л ь с т в о .  Из (3.9), (3.10) следует, что
b z Ъ

(4.4) R{z)l = J  \Dx(x, z)| dx — P  (0 (t — z), x)dx+  J  [A (1, x) — A (0 (t — z), x)] dx.
a a z

Так как

A {fit), x) =  B(F(u), x).
TO

b

(4.5) J  A (l, x)dx = B (u—a, b) — B(u — a, z).
Z

Пусть (м)+ =m ax (u, 0), легко проверить, что

и
(4.6) f  6 (t—z)d t— т а х ( и —z, 0) =  (н —z)+ .

a
Поэтому

(4.7) A (0 ( t-z ) ,x )  = ~ b [ J  9 ( t-z )d t,  x) =  B ((u -z)+, x).
a

Из (4.4) следует, что

(4.8) R(z)l = 5((u— z)+, z)—5((и —z)+, a) + B(u — a, b)-B (u  — a, z ) -

- 5 ( ( m- z) + , b) + B ((u -z )+, z).

Так как a S z S b ,  то применяя граничные свойства (4.1) имеем 

5 ((h- z)+ , а) =  (a —z)+ =  0, B ((u -z )+ ,b ) -  (b - z ) + =  b - z .

Так как 2(и—z)+ =  |и —z\+ u—z, то

5 (z )L =  25((и  —z)+ , z )  +  5 ( m —a, b) — B(u — a, z )-(b  — z) =

=  5 ( |и  — z |, z) +  5 ( h, z) — z -5 (1 , z) +  5 ( h, b) — a -5 (  1, b) — B(u, z) +

+  a • 5 (1 , z) —b + z .
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Из (4.1) следует, что B(u,b)=b, В{\, Ь) = \, поэтому
R ( z)l = B(\u — z\, z ) - z - B (  1, z) + b — a + a ■ B( 1, z ) -b  + z — 

=  B (\u -z\, z) + ( z - a ) ( l - .5 ( l ,  z)) =  q ( z).

§ 5.

Л ем м а 2. Пусть K (x ,t) на a S t  S b , а^хШ Ь есть двумерная измеримая 
функция. Определим интегральный оператор Н:

ь
(5.1) f{ x )  = J  К ix, t)(pit) dt i f  =  Hep).

a

Для того, чтобы Н  был линейным ограниченным оператором L[a, Ь]=>Ца, Ь] 
необходимо и достаточно, чтобы

ь
(5.2) D =  vrai sup f  \Kix, l)| dx<  +  ■»,

a
и норма оператора
(5.3) II#IIl->l =  sup WHcpW^D.

II II ,31
(Cm. [15], гл. 8, §3. 3.16).

Т еорем а 2. Пусть А есть оператор типа Канторовича и А есть 
положительный линейный оператор. Тогда

(5.4) S iW 1L)h = sup ||T(/(í), х ) - /(0 -^ (1 ,х ) ||1 =  vraisupe(z).
/ é r t  aSzSb

Д оказательство . Пусть ф^ЬДа, b], cpiz)=f'iz), то есть <p(z)££[a, Ь]. 
Из (3.7) следует, что

ь ъ
(5.5) A ( f iO ,x ) - f i x ) - A i l ,x )=  f  f 'i z )D , ix, z) dz =  f  <piz)D1ix, z) dz.

а а
Применяя лемму 2 имеем

ь ь ь
(5.6) S’iW 1L)L= sup f  I f  (piz)D1ix, z)dz\dx = vrai sup f  \Dfx, z)\dx.

IMIjSl д 1 a s z m b  /

Из теоремы 1 следует, что
SQV1L)l = vrai supp(z).

a ^ z ^ b

Теорема 2 дает точное значение отклонения L  приближения.
Л ем м а 3. Пусть K ix, t) на a S t S b ,  аШ х^Ь есть двумерная измеримая 

функция. Рассмотрим интегральный оператор Н:

(5.7) f i x )  = f  Kix, t)(p it) dt i f  = Hep).
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Если
Ь

(5.8) vrai sup f  IK(x, í)| dt = M,a^x^b Jа
Ъ

(5.9) vrai sup f  IK(x, 01 dx = N,a^t^b *a
mo H  есть линейный оператор Lp[a, b]=>Lp[a, b] (1 ^ p < °°) и

(5.10)

Д оказательство . Лемма 3 при р = 1 содержится в Лемме 2. Лемма 3 
есть частный случай теоремы выпуклости Рисса—Торина (см. [17], том 2, 
стр. 95, или [18], стр. 54).

Теорем а 3. Пусть А есть оператор типа Канторовича и А есть 
положительный линейный оператор. Пусть далее

(5.11) А = max A{\t—x\,x),

Д оказательство . Так как А есть положительный линейный оператор, 
очевидно, что A(\t—x\,x) есть непрерывная функция от х  [19]. Из леммы 1 
следует, что

поэтому (5.13) имеет место при Р — °°.
Пусть теперь 1 ^ р  <  °о, f(z )  сЦ  [a, b\ g  Lt [а, Ъ\, cp(z) = f'(z ) , тогда

cp(z)£Lp[a, b]QL[a, b\, и равенство (5.5) выполнено.
Так как А£К  есть положительный линейный оператор, применяя 

Теорему 1 имеем

(5.12)
и 1 Тогда

Q — vrai sup Q (z),

ь
(5.14) =  max f  [ОДх, z)| dz — max A (Íí—xj, x) =a^x^b J a^x^ba

b

Из (5.5) и Леммы 3 следует
b 1

(5.16) $ { W H p)LP ^  sup { f  A x)- /(x )  ■ A(\, x)\pdx]p =
f i W U . P  ’f  £ W 1LP
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§6.
Пусть fd L p[a, b\, O ^ ö ^ b —a.

c°i( /  <5)lp = со!( /, ö)LPlai b] =  sup { f  I f ( x  + 1) - / ( * )  |р d x b
os t s i  1д J

есть модуль непрерывности порядка 1.
Л ем ма 4. Пусть Н  есть линейный оператор Lp[a, b]=>Lp[a, b\.

Для f£ L p[a, b] имеем
(6.1) \\Hf\\p ^ M 0\\f\\P-
Пусть O S eS ö—а, Л/Хй1 и для f£L{[a,b] имеем

(6.2) \\H f-f\\p  s  M^Wf'Wp.
Тогда для f£ L p[a, b\
(6.3) \\Hf—f\\p ^  M %cox{ f  e)LP,
где М г зависит только от М0 и М х.

Д о к азательство . Случай е >0, [a, b\=[—1, 1], рассмотрен в [20] (стр. 128). 
Применяя ^-функциональный метод, можно аналогично доказать (6.3) для 
общего интервала [а, Ь]. Если е—0, то для f£L{[a,b] имеем

о Ц Я /-/11,  ^  о т ,  <  Ч Г \\Р (<5 >  0).
Поэтому для f(LLp[a, b\

0 ^  \ \ H f - f \ \ p S  M 2oh ( f  S)lp, 
полагая <5— +0 получим

0 ё  H f- f \ \p ^  0 =  M 3cox{ f  0)LP = M 2oh ( f  e)L„
т. е. (6.3) опять имеет место (мы имеем \ \H f - f  ||р =  0, поэтому H f= f  почти 
всюду).

Теорема 4. Пусть lS p S ° ° ,  А есть оператор типа Канторовича и 
А есть положительный линейный оператор, А( 1, х)=1. Тогда для f£L{[a,b\ 
имеем

(6.4) ИДО, * ) - /(* )  II, = Q7  \ \ f \ -
Далее пусть для f£L[a, b]
(6.5) \\A (f x)!U 3=М8ИЛ 1( 
где М3 не зависит от f  Пусть
(6.6) 0 ^ Q ^ b  — a.

Тогда для f£ L p\a, b] имеем

(6.7) IIА (ДО, *)-Д *)||р  — M .co^f я1“  ,
где Mt не зависит от f  р.
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Д оказательство . Пусть 1 так как А(1, х) =  1, то из Теоремы 3
получим

(6.8) sup ||Л (/(0»*)-/(* )||, =  М  sup \\A(f{t), x )- f(x )\\p ^  MX' p Qp.
f  € W l M L P f i W ' L *  "

Пусть /£Ц [а, b], М  =  |1Я1,, тогда

(6.9) И Д О , * )-/(* )||„  ^  f ~ e 7  \ \ f l P,

поэтому (6.4) имеет место.
Из (6.5) имеем

(6.10) \\A\\L^ M b,

где M5=max (М3, 1). Так как А есть положительный линейный оператор на 
С[а, Ь], из (3.4) следует
(6.11) \\А\\с^ с =\\А{ \ , х)\\с = \ ^ М 5,
поэтому применяя теорему выпуклости Рисса—Торина (см. [17]) получаем
(6.12) \ \ А \ \ ^ „ ^ М 6.
То есть для f£ L p[a, b\ имеем
(6.13) \\A(J)\\PS  M\\f\\t .

_L 1_ i  + i
Так как 0 SA р qp ^ ( b —a) р p —b—a, то из (6.13), (6.4) применяя

1-2- —
Лемму 4 и полагая е=Я р qp ёО, Мк= 1, получим (6.7).

Замечание 1. В Теореме 1 при В{\, z)= \, имеем q(z)= B(\u—z\, z). 
Далее пусть В есть положительный линейный оператор и фиксируем z£[a, b\. 
Применяя одно неравенство из [13] (глава IV, § 4) имеем

B (\u -z \, z) S  ]/B ((u-z)2, z ) B {  1, z) =  IlB { (u -zy , z).

Далее пусть В (и, z) = z, тогда

B((u—z)2, z) = В (и2, z) — 2zß(u, z) + z2B{\, z) — В {и2, z) — z2.
Поэтому
(6.14) 0 S  q(z) S  \'B(u2, z) — z2.

Теорема 4 (p = l)  есть обобщение результата из [16].
Л ем м а 5 (Марсден [2]). Пусть E„tk(x)=S„tk(u2, х )—х2, тогда

(6.15) 0 S  ЕпЛ(х) s  min {— , .

Л ем м а 6. Имеет место неравенство

(6.16) OS max Т„ fcflí—* |,х) S  (fc+l)|<d„|.
*
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Д оказательство . Из (2.11) следует

Тп,к(| f - * | , x ) =  2 1 m jA x) f  \ t - x \d t .
„  r„  J=~k ÍJ-l,fc+lВ [3] доказано, что
(6.17) 0 — omax THtk(\t-x \, х) sS (fc+ l)K |.

Следствие 1. Пусть 1 ^  р  ^  тогда для f£L{[0,1] имеем

(6.18) ит;,*(л-/11^^+1)И п111Л 1Р.

Д оказательство . Для g(w)6C[0, 1] (см. [2], стр. 12)

Sn,k(s(“X 0) =  g(0), ^„^(gÍH), 1) =  g(l).

Так как к есть натуральное число, то S„tk+1(F) есть сплайн-функция 
степени к+1. Поэтому S„,k+i(F)€C1[a, Ь], и из (2.10), (2.4), (2.5) получаем,
что T„yk(/(t), х)=-^—S„ik+1(F(u), х) есть оператор типа Канторовича, и есть
положительный оператор. Из леммы 6 имеем

(6.19) 0 3S Я = max T„ik(\t-x \, х) ё  (к+1)\Ап\.

Согласно (2.2) и (2.5), S„ik+1(F) есть положительный линейный оператор. 
Из (2.7), (2.8) следует, что

(6-2°) ^ . t+1(l, z) =  1. Sn,k+i(u> z) =
Применяя Замечание 1 имеем Q ( z ) = S „ k + l ( \ u — z \ ,  z ) ,  и

(6.21) 0 ^  Q  =  max q ( z )  ^  ( S „ i k + 1 ( u \  z ) - z 2 ) .

Из Леммы 5 следует, что

(6.22)

Пусть 1 ё р  S  °°, тогда

1-2- 1  !_Т 1-2- 1  1
(6.23) O S l  ^ е р =( ^  + 1) р \Ап\ р(к+1)р \Ап\" =(к+1)\Ап\.

Согласно (2.7) и (2.10)

(6-24) ТпЛ(1,х) =  2  =  1-
j  = —k

Применияя (6.4) в Теореме 4 получаем, что для f(LL{[0, 1]

\\Tn, k i f ) - f \ \ p  ^  (fc+i) М„! ll/'llp.

Следствие 1 есть теорема Мюллера [3].
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С ледствие 2. Пусть 1 Тогда для f€ L p[0,1]
(6.25) Ц7;,*(Л-/11р = М„|)ы>,
где М в не зависит от / ,  п, р [3].

Д о казательство . Так как
1

(6.26) ТЛЛ{№ , х)= f  нпЛ{х, ОАО dt [3],
О

где

(6.27) НпЛ(х, 0  =  "Z Mj'k(x )I j-  1Л+М
j = - k

Ij-i,k+i(t) есть характеристическая функция множества [£/_i,*+i, £/,*+i] на 
[О, Г], то для O á íS l ,  O á x á l  имеем
(6.28) НпЛ(х, Í )S 0  [3].

Из доказательства Следствия 1 мы знаем, что Г„д(/(0> х) есть оператор 
типа Канторовича, и есть положительный линейный оператор, согласно (6.24), 
Т„'к( 1, х)=  1. По Лемме 2 и [3]

1 1
(6.29) \\TnJ L_>L =  vraisup f  \НпЛ{х, t)\dx =  vrrnsup f  Нп к(х, t)dx = 1.

- t_ о 0
Применяя Теорему 4 и оценки (6.19), (6.22), (6.23) получаем, что Следствие 2 
имеет место.

С ледствие 3. Пусть 1 ^S < = o . Тогда для /£ !/[0 ,1 ] имеем
(6.30) lim ||Г „ д (/)- / ||р -  0 
(А: фиксированно).

Д оказательство . Полагая lim co1( fő ) LP=0, из Следствия 2 получим£-*• +0
Следствие 3.

Следствия 2, 3 есть теоремы Мюллера [3].

§7.
Лемма 7. Пусть c<d, тогда имеет место неравенство

i
(7.1) f  \t—a.\dt S  max(|c—a|, \d—g|)(d—c).

C

Д оказательство . Пусть c S a S d , тогда

J \t—a\dt— f  (ix — t)dt+ f i t—d)dt =

(d~c)(g-c)2 | (d -g )2 a —c d —g 
4 r—2

max(|c —g|, |d—a|)(d—c).
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Если а ><7, то
d  d  d

f  \t — a\dt = J  (a—t)dt ^  (a — c) J d t  = (a — c)(d—c) ^
c c c

= max(|c—a|, \d—a1) • (d—c), 
если а <c, аналогично можем доказать (7.1).

Л ем м а 8. Имеет место неравенство
(7.2) 0 -  max Tn,k( ' t - x |, *) S  .

Д о казательство . Рассмотрим 1£м~
—̂ _ 1>fc+1|. Во-первых
(7.3) 0 = Xf =  1 (i = —к, п + к).

Далее xt монотонно неубывают, и из (2.3) имеем

(7.4)
Поэтому

(7.5)

(7.6)

^ + * 7 + » + - + ^ + *  ( - j f e s y S B - 1).К

£ j , k  +  l  —  i j - l , k  +  l ---------^ ^ + 3  + l  —  Z j - l . k  +  1  ^  0:

£ j , k  +  l ~ £ j , k

= - j^ -p ^ { l<(Xj + 1 + xj + z+... + xj  + k + J -(k + i)(X j + 1 + Xj + 2 + ...+ Xj+k)} =

■ к Щ Т )  -  i ± í ± i  s  ~

Из (7.6) следует 

1
£j,k + l~~£j,k k(k + 1)
поэтому

(7.7)

(7.8)

{C*/+*+i~*/+i) +  C*j+i+i—*y+ss) +  ••• +  (*/+*+t —•*/+*)} — 0>

£ j , k ~ £ j - l , k  + \  —

■ Щ | у № + 1 ) ( ^ и + ^ и + -  +  *,•+*) — k ( X j + x J+1 + ... +  *;•+*)} =  

k(k-\-1) ^+i"f"Xy+2 + ... +  *,+*) kxj}  =

Xy + 1+Xj-+2+... + x•J-bfc 1
k ( f c + l ) f c ( k  +  l )  k  +  l '
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Согласно (7.8)
1

Zj,k~£j-l,k + l ~  k(k+ l)  { ^  + 1 Xj)^~(Xj+Z X j )  + ... + (Xj+k Xj)} ё  О, 
поэтому

(7.9)

Из (7.5), (7.7), (7.9) и Леммы 7 следует

% J ,k  +  l

(7.10) f  \ t -£ j 'k\dt?Smax(\Zj'k+1-Z j'k\, \£j,k -Zj-i,k+ i\)-(£j,k+ i-tj-i,k+ d
Zj -1, к +1

— p y  ( £ / ,k  + l  — £ / - l , l f c  +  l ) .

Так как
л-1 ДГ /"уД $/■* + !

r» .* ( |í-* l,* )=  2 1

«s,»>*(l«-*l> *) =  2 ”j = — k

то из (7.10), (2.5), (2.7) имеем, что для х£[0, 1]

\Тп,к(\‘- х \ ,  * )-5 „ д (|и -х |, х)\ ё

^  V  Nj'k(x) J \ \ t -x\ - \Z j ,k- x \ \ d t ^
-1, k + 1

2  — N* f >  f  I 2 Ч , Л х )  = ш
j=-k w,t+i—£j-i,k+i íJ_1,k+1 j=—fc

* = - k  t j . b + i - t j - i . b + 1  i j . : , k+1

«A* + l

Поэтому

(7.11) |Гид ( |1 -х ) |,х ) |ё 5 лд ( |и - х |,х ) + у - ^ ,  х€[0,1].

Из (2.2), (2.5) следует, что S„k(F) есть положительный линейный оператор. 
Из (2.7) и (2.8) имеем SB>Jk(l, х) =  1, S„tk(u, х) =  х. Применяя Замечание 1 по
лучаем
(7.12) 0 =£ 5л,*(|и -х |, х) ё  y s n,k(u \ х ) -7 2.

Из Леммы 5 следует 0 ̂ S n k(u2, х) —х2 поэтому

(7.13) 0 ё 5 лД(|ы -х |,х )ё-р== , х<Е[0,1].
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Из (7.11) следует, что для х£[0, 1]

a & r , j [ , - x l , x ) a - L +  1 1 .+ .  ‘

Поэтому
У2к к + 1 ]ík+ 1 к + 1 V'Ar+l *

° * . в £ Л * (|,-дг |’ *) а 7 к т '

(7.14)

Теорем а 5. Пусть l S p ^ ° ° .  Тогда для /6Lf[0, 1] имеем

2\T„,k( f(A x ) - f( x ) \ \p ^
Ук+ 1 и х

Д оказательство . Из доказательства Следствия 1 мы знаем, что 
Tn,k(f(t), x )= -j^  S„ k+i(F(u), х) есть оператор типа Канторовича, и есть 
положительный линейный оператор. Из Леммы 8 следует

20 ^ 2 — шах Тп *(|/—х|, х) ,____osxsi п-кУ1 у к+1(7.15)

Согласно (7.13)
(7.16) 0 ^  Q =  max g(z) = max S. t + 1(|t/ — z\, z) g  ^

0—г—1 osxsi л’*+1 \2 { k + \)  f k + 1
Пусть тогда

(7.17) 0 ^  r í .  eT  S  ( * f '  s  2
W k+T) уук+т) Ук+т

Учитывая (6.24) и применяя (6.4) получаем, что (7.14) имеет место.
Теорема 6. Пусть 1 S р ^  °°. Тогда для f^U [0,1] имеем

(7.18) ||7;д (Л-/11р =М-?со1 [ /  - = ]  

где М7 не зависит от f  к, п, р.
Д оказательство . Из доказательства Следствия 1 мы знаем, что 

T„,k(f(t), х)£К  есть положительный линейный оператор. Согласно (6.24)
1-2- — 2

и (6.29), из (7.17) получаем OsA р Q”
Ук + 1-. Тогда из Теоремы 4 следует,

что Теорема 6 имеем место.
Следствие 4. Пусть l s ^ s »  Тогда для /6 //[0 , 1] имеем

(7.19)
(л фиксированно).

lim ||7;>)к( Я - / | | ,  =  0
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Д оказательство . Так как lim co1{f,S)LP=0, то из Теоремы 6 получим5-̂  + 0
Следствие 4.

Полагая в Теореме 6 я = 1 и учитывая, что Тк k(f)= P k( f) ,  получим 
теорему Грундмана [7] (р =  1) и теорему Мюллера [8] (1 < /? ё  °°). (О следствии 4 
см. [3].)

Литература

[1] I. J. Schoenberg, On variation diminishing approximation, in On numerical approximation
MRC, Symposium (R. E. Langer, ed.), Univ of Wisconsin Press (Madison, 1959), 
249—274.

[2] M. J. Marsden, An identity for spline functions with application to variation-diminishing
spline approximation, J. Approx. Th., 3 (1970), 7— 49.

[3] M. W. Müller, Degree o f /.„-approximation by integral Schoenberg splines, J. Approx. Th.,
21 (1977), 385— 393.

[4] G. G. Lorentz, Bernstein polynomials (Toronto, 1953).
[5] Цао Цзя-дин, О обобщенных полиномах Л. В. Канторовича и их асимптотических

поведениях, A Monthly J. o f  Science, 25 (1980) 621 (in Russian).
[6] Cao Jia-ding, On generalized polynomials o f L. V. Kantorovitch and their asymptotic behaviour,

Chinese Annals Math., 2 (1981), 243—256 (Chinese).
[7] A. Grundmann, Güteabschätzungen für den Kantorovic-Operator in der Lj-Norm, Math.

Zeit., 150 (1976), 45—47.
[8] M. W. Müller, Die Güte der /„-Approximation durch Kantoroviö-Polynome, Math Zeit.,

151 (1976), 243—247.
[9] Цао Цзя-дин, О линейных методах приближения (К-и-Т), Acta Sc. Nat. Univ. Fudan, 9

(1964), 43-52; О линейных методах приближения (II) (К-и-т), Acta Sc. Nat. 
Univ. Fudan, 10 (1965), 19-32.

[10] H. B. Curry, I. J. Schoenberg, On Pólya frequency functions, IV. The fundamental spline
functions and their limits, J. Analyse Math., 17 (1966), 71— 107.

[11] C. de Boor, On calculating with ß-spline, J. Approx. Th., 6 (1972), 50—62.
[12] I. J. Schoenberg, On spline functions, in Inequalities, Symposium at Wright—Patterson, Air

Force Base (O. Shisha, ed.), Academic Press (New York, 1967), 255— 291.
[13] П. П. Коровкин, Линейные операторы и теория приближений (Москва, 1959).
[14] R. A. DeVore, The Approximation o f  Continuous Functions by Positive Linear Operators,

Springer-Verlag (1972).
[15] Л. В. Канторович, Б. 3. Вулих, А. Г. Пинскер, Функциональный анализ в полуупорядо-

ченных пространствах, Гостехиздат (1950).
[16] Cao Jia-ding, Approximation o f non-periodic functions in Lp space by the singular integrals,

Acta Math. Sinica, 24 (1981), 9—25 (Chinese).
[17] A. Zygmund, Trigonometric Series (Cambridge, 1959).
[18] С. Г. Крейн, Функциональный анализ, Справочная математическая библиотека (Москва,

1964).
[19] Р. Г. Мамедов, Доклады А Н  СССР, 128 (1959), 674.
[20] R. A. DeVore, Degree o f  Approximation, in Approximation Theory II (G. G. Lorentz, С. K.

Chui, L. L. Schumaker, eds.), Academic Press, INC (1976), 117— 161.

(Поступило 28. 09. 1981.)

М АТЕМ А ТИ Ч ЕСКИ Й  Ф А КУ Л ЬТЕТ 
У Н И В ЕРС И ТЕ Т ФУДАН 
Ш АНХАЙ, К Н Р

Acta Mathematlca Hungarica 42, 1983





Acta M ath. Hung. 
42 (3—4) (1983), 205—212.

LEBESGUE FUNCTIONS 
AND MULTIPLE FUNCTION SERIES. Ill

F. MÓRICZ (Szeged)*

1.

This paper is a continuation of paper [4] having the same title. Some notations 
occurring there will be used here without any further explanation. Now our main 
intention is to extend some recent results of Tandori [5, 6] from single series to 
multiple ones.

Let d  be a fixed positive integer and consider the «/-multiple series 

(!) 2  <*k<pk(x)=  j j  ... 2  akl....kd(pkl.....kd(x),
k Z Z %  * ,= 1  *<i=l

where Z^[ = {k=(kl , ..., k d): k j= \, 2, ... for each j  = 1, ..., d}, cp={tpk{x): k e Z f } a  
<zL1= L 1(X, s/, p), X  is a finite measure space, and {ak: k e Z d+) is a «/-multiple 
sequence of real numbers (coefficients).

The following variants of the so-called Lebesgue functions, wellknown in the 
theory of single orthogonal series (see, e.g. [1, Ch. Ill]), were introduced for multiple 
series in [4]. Given a «/-tuple e=(e1, ..., ed) with coordinates Sj=0 or 1, let

L‘m(.x)= f  ( m a x  ... max \Kep+(1_c)m(x, y)\)dp(y), 
x  l s p h ~ mh  1SpJ * mJ.

where m =(m u  ..., md), p = (p lt ...,p d), e~  1 if and only if j = j u  . . . , j e, O^e^ád, 
and

Kp(x ,y )=  2  ••• 2  Vk(x)(Pk(y)-
fc,=i kd=1

It is clear that for every e we have
Л и, md \

2 -  2  \<Pk(.x)<Pk(y)\\dp(y) ( m € Z t ; x € X ) .
k t = 1 k d = 1 )

2.

The author has proved the following
Theorem A ([4, Theorems 2 and 3]). Assume that q xzL 1 is such that

(2) L‘m( x ) S C  ( m e Z i ; x € X )

for all those e that contain at most d — 1 coordinates equal to 1, where C is

* This research was conducted while the author was on leave from Szeged University and a 
Visiting Professor at Ulm University, West Germany.
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a positive constant. I f
(3) 2 « 2 < ~ .

k í Z d+

then series (1) regularly converges a.e.
Condition (2) is obviously implied by

(4) L*m( x ) ^ C  (m C Z iixe X ).

First we show that condition (3) in Theorem A cannot be weakened even in the 
orthonormal case. The following theorem is an extension of a theorem ofTandori
[5] from d = 1 to d  &2.

T heorem 1. ( i )  I f
(5) 2  al =  ” .kCZ%
then there exists an orthonormal system cp on the interval X  =  (0, 1) such that {A) 
is satisfied, but

(6) lim sup
ma x(/Mj md)-*

2  ■■■ 2  ak<pk(x) 
*,=1 = 1

=  oo (0 •< X «= 1).

(ii) I f  for every m(_Zd+ we also have

2
k CZ %  & k s m

then there exists an orthonormal system (p on (0, 1) such that (4) is satisfied and

(7) lim sup
min(mi y md)-*-o°

2  ■■■ 2  akcpk(x)
k , =  1 kd = 1

°° (0 <  x  <  1).

It is clear that for d= 1 statements (i) and (ii) coincide. In the cases d ^ 2 ,  
statement (6) implies that series (1) does not converge regularly at any point x, 
while (7) implies that series (1) does not converge even in Pringsheim’s sense.

Proof of T h eo rem  1. Since the proof is similar to that of Tandori’s theorem 
mentioned above we sketch it only in the case d = 2. We may write (к, l) instead 
o f (Ax, k2) and assume that 0 ^ a * S l.

(i) Regarding to (5) we can choose the squares R;= {{k, Z)eZ+: k^r-t and 
/ =ri\ so large that

A?=  2  22i (i =  1,2, ...;R O =  0 ) .

Let Pi={(k, l)€ .R t\ R i - i :  akt = 0). For a given i, with the lattice points 
(k, l)e(Ri\ R i- 1) \ P t we can associate two systems of disjoint intervals /wc[2~2i, 1) 
and / tIc[2~2i_1, 2~2i) having length proportional to ah/Äf such that

U h , =
<*.»)€ (it,NA-PV,
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and

U j ,(М)е(кг\К(-1>\Р|
=  f J _  ± 1  

w [2*'+i ’ 22’ J ‘

Further, set for (к, l)€(Ri\ R i- 1) \ P i

А, , if л

(8)

2il2akl 

0, otherwise.
Let Pi be the number of the lattice points contained in Pt. In case p;=>0 

divide [2~2i~2, 2_2i_1) into pt subintervals of equal length, say Hkl, where (к, l) 
runs over Pt. For such ('k, /) we define

(9)
, , ,, Г[1/|Я„Г>, if
liuW I =  i  0, otherwise.

The system (p = {(pkl(x): (k, l)£Z%) of functions, whose absolute values are 
just defined, is clearly normed. It is a routine to determine the signs of the values 
of the step functions cpki(x), (k, l)€Ri\ R i- 1, on the subintervals which are the 
halves of the constancy intervals of the preceding step functions <pu(x), (k, l)&Ri^1 
— by recurrence with respect to i — in such a manner that (p becomes an orthogonal 
system of step functions. The verification of the fulfilment of (4) and (6) is also an 
easy exercise.

(ii) Now we can choose the squares Qt={(k, l)iZ%: ri- 1̂ k ,  /S r,}  in such 
a way that

A f=  2  ali — 22i 0  — 1> 2, ...).
№. 0£Qf

We define the step functions (ры(х) for (к, l) € Q i\P t by (8) using Ä t instead 
of Ab while for (k, l)e(Ri\ R i-^ )\(Q i\ P l)  by (9). We do not enter into further 
details.

3.

The extension of [1, Theorem 3.1.2] was proved only under restrictive con
ditions.

T heorem  В ([4, Theorem 4]). Assume that

(X , s i ,  p) =  X (Xj, d j ,  pj) 
j =1

is a product space,

<Pk(x) =  2 < P k ? ( X j )j = 1
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is a product system such that each {(pkJ(xj): k j=  1,2,...} is orthonormal on 
(Xj, sdj, jij) and satisfies the condition

L (J j  * ( x j )  =  /  (г maxm 2? <ptf ( x f i  cpt f  (^ )|) dp  (y f i  =á Cj  Я.</]
Xj Pj J kj - x

(mj =  1,2, ...;Xj£Xj),

where each {Яш]: «2; = 1,2, ...} й  a  nondecreasing sequence of positive numbers, and

( 10)

I f

d

2ktZ%

then series (1) regularly converges a.e.
It is an unsolved problem that the assumption of orthonormality or the facto- 

rizable property o f <p is essential in Theorem В or not. From now on we assume 
only the fulfilment of (10) with the supplementary condition

(11) 1 ^  Я«> t °° (mj —»).

Following Tandori [6], for each j  =  1, ...,d  define a partition of the natural numbers: 
Zj(l) = {mf. 2'^Яш]<2'+1} (/ =  0, 1, ...). Let l[j) < . . .  <  /£j) < ... be those numbers 
for which Zj(l) Jis not void and denote by vfip) + 1, vfip) + 2, vfip + 1) the
elements of Zj(l(pJ)) in their consecutive order.

T heorem 2. Assume that (10) and (11) are satisfied. I f

( 12) Lem(x) га СЯт (m e z l ; x£X )

fo r  all those e that contain at most \djl\ coordinates equal to 1, and if

(13)
where

2  ••• 2  л л ....Pd
p,=i ?d=1

л 2y±pi,...,Pd
V ^Pj +  l )

2
vd(Pd+i)

a,
*1 =  V,(P,) +  1 *!<I =  V4(P(I) + 1

' f c i , kd̂ ki, ...,kd ’

then series (1) regularly converges a.e.
Proof. In order to make the substance of the proof clearer we present it again 

for d= 2. Let

<5„„ (x) — max max
vl ( p ) < m  —V,(p +  1) V j(? )< n  =  v ,( i  +  1)

m n

2  2  aklcpkl(x)
fc= V j(p )+ l i=Vj(9) +  l
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and

E g  =  {*€*: M * )  = max max
VjCpJ^msv/p +  l)  v ,(g )< n g Vl(} + l) С“ 1)' 2  2  akl<Pkl(x)}

f c = » i(p ) + 1  I =  Vj(e ) + l

(< — 0 or 1; p ,q =  1 ,2 ,...).

For x£ E $  let (m(x), n(x)) be determined by the condition that
m (x)  n ( x )
2  2  a ki(P k i ( x )  equals the double maximum occurring in the definition

*l =  V1(p )  +  l  ! =  у2(« )+ 1
of E $ .  If there exist more than one such pairs (mix'), n(x)), then choose those of 
them for which m(x) is the smallest integer, and then choose that of the selected 
pairs for which n(x) is minimal. Imitating wellknown techniques (see, e.g. [6, 
Satz I]) we can obtain that 
(14) f  Spq(x)dp(x) ==

Í  /• / . I min (m(x)

- A4 f f \ k  щl x  X

min (m(x), m(y)) min (x )  <pfci (■,;)

(P )+1 i =  v2(4 )+ l ^ 1) M2)

~l 1/2
dp(x)dp(y) l .

The double integral on the right hand side of (14) can be estimated from above 
only in the trivial way, i.e. it does not exceed the following quantity:

" W  -W  < p u ( x ) < p a ( y )f \  nu,x) n (X )

f  /{  2  2
X  X  1 * = v ,(p )+ l I=V,(4) +  1 A^A/2* +

» W  My)
2 2

k = v l ( p ) + 1 г=у2(а)+1
+

m (y) nb) m(y) n(y)
+ 2  2  — 

fc= » i(p )+ l i= vs(e)+ l
+ 2

* =  V,(p) + l
2  . . .

i =  v2(« )+ l
\^dp(x)dp(y).

Let us deal, for example, with the second sum. We begin by performing a double 
Abel transformation (see [2] and also [3]):

"S  (Pki(x)(pki(y)
*=y1(p )+ l I =  v,(4 ) + 1

m{x) — l n (y )- l  1
Í 1 ) (  r s 1

=  2 2  1r u A W A i2) J 2 2  < P k i ( x ) ( p k i ( y ) \
r  =  yt (p) +  l S =  Vj(«) + l Vk=Vl(p )+ 1 1 = vs(g)+ l 1

m(x)—l  , 

2 t̂ 10 K̂ Kfy)) Í i
M y )  \2  <Pkl(x)<pk , ( y ) \

:V,(p) +  l 4  = v,(p)+l i =  v2(«) +  l  J

n ( P ) - l  i 
2 (Л1^)А<2))

(  m(x)  

2 2  <Pki(x)<pk l ( y ) \
= V2(«)+1 'fc=y,(P)+l i =  v2(e) +  l  '

( m ( x )  n(y) \
2  2  <Pkl(x)(Pkl(y)\,
*= v,(p) + l  i= v ,(g )+ l >

n (y )

2=v2(4)+l
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where

n()0

1 l i
' 1 1 )

Ar(+1 / 'Л (2) A i?J

1 ) 1 etc.
> Aig)

Hence it follows immediately that

( 1 5 ) "J? (pki(x)<Pki(y)
l*=v,(p)+l i = v2(«)+l 41)Л<2>

v , ( p + l ) - l  v2( g + l ) - l  (  1 )  I r s
S  2  2  Mn о(i) i (2) I 2  2  <Pki(x)cpki(y)

»•=v1(p) + l  s =  v2(g) + l  V A r A s  /  [Л = VjCpJ + l  l — v2(q) + 1

<Pki(x)(pk,(y)
v , ( p + l ) - l  1 (  1 'l I 9 n(y)

+ 2  tű) М м тй п  2  2  1
I’=v1(p) + l /lv2(9) +1 ' лг Z |fc=v,(p)+l ( = v2(i) + l 

V2(« + 1 ) - 1  1 (  1 'I I m ( x )  s

+ 2  Tw— Мо1Т(5г] 2  ^  <Pki(x)q>k
s=v2(4)+l ̂ vi(p) + l ' ^ s  '  |fc = v1(p)+l i = v2(g)+l

00

+

+

+-
l m ( x )  n(y)

2  2  <Pkl(x)cpkl(y)
^■ V l(p )+ l^ V 2 (« )+ l | t  =  V1(p) +  l  l =  Vj(9) +  l

Taking into account that e.g.

)
— \Kn(x),n(y) (x, y)| +

"Ь I K m(x), v2(q) 0*> k)l"f l - ^ V i ( p ) ,  n(y) (x> y)|“b I^vi(p), v2(q) (X> y)\,

we find — applying an integration and using (12) — that

m(x) n(y)
2  2  <Pkl(x)(pki(y)

k =  Vj(p) +1 i = v2(g)+l

i f
X  X

m(x)  n (y)
2  2  (Pki(x)(pkt(y)

fc=Vj(p)+l f = v2(g)+l
dn (x) dpi(y) ^

— /  I4°(*) ,„(x) (x) d/i (x) +  f  ,  V2(?) (x) (x) +

+  /  (P) . - w W ^ W + J  « > > . v2(g) (x) d/2 (x) S
X x

=  U n ( p  + 1) ^ 2(9 + l)  + ^ n ( p +  1) ^ i 2(9) + ^ i i ( p )  ^ 2 ( 4  + 1) +  C ( P )  ^ 2 ( 9 ) }
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Finally making three similar estimations, we get from (15) that

I f
"Й <Pki(x)<Pkl( y )

*t =  V , ( p ) + 1 I =  V ,(?) +  1  Л <2)
dß(x) dp (у)

f V jIp  + D-l v,(g + l)-l l
—  4 C / i ( Z ) A J J )( p + 1 ) A ^ )( í + 1 ) j 2  ^11 ; ( 1 )  5 ( 2 )

L = v 1(p)+1 s=v2(g )+ l A i '
+

v,(p+l)-l 1
+ 2  1 ( 2) 

«■=V i(p)+l An\q)-
(  1  1

1 v 2( « + l ) - l 1  1
Í  1 )

1 +  2
S  =  V , ( q ) + 1 A ' i ( p ) + i  ^

+

+ -}ё64 C p ( X ) .  
1 J

Summing up the considerations beginning from (14) we obtain the estimate

f ő pq(x )d p (x )^  256Cp(X)Apq.
*iV,

An analogous inequality is valid for the integral of 5pq(x) over E (pq, too. 
By Beppo Levi’s theorem (13) implies

(16)

Taking into account that
2  2  ö„q(x) a.e.
p=i«=i

max max
V1(p )< M 1i l H ,S » 1( p + 1) V2( g )< B 1S n 2S V 2(g  + 1) 2  2  a k l (P k l ( x )

k — m, l = n.
;4spq(x),

we can establish by (16) the a.e. regular convergence of series (1).

4.

Finally, we point out that condition (13) cannot be relaxed.
Theorem 3. I f

2  ••• 2  ЛР1..... =°°’p 1=1 Pd=k
then there exists a system cp of step functions on the interval X  = (0, 1) satisfying 
the condition

L*m{x) si CA «... A<fd> (m =  K ,  ..., md)eZ d+, 0 <  x <  1), 

but for the rectangular partial sums of series (1) we have

lim
min(m15..., md)—oo 2  ■■■ 2  a k1.......k d V k u

k , = l  kd = 1
*,(*) =  »  (o X  <  1).
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The proof can be carried out in a similar manner as the corresponding theorem 
was proved by Tandori for single series [6, Satz II]. We only give here the definition 
of the functions (pk(x).

For each р = (р г, ...,pd) t Z d+ let {Ir(p): r=(r1,. . . ,  rd), where rJ=vj(pj) + 
+  1, Vj(j>j+1) for each j  =  l, d) be disjoint intervals with the following
properties:

and the length

vl(Pl +  !)  vd(pd + l )

u  ... U /,(р) =  ( 0,1)
' i = vl(Pi> +  1 k d = v d(pd)+ 1

\ ш \ v 1 0 ’l + 1) V rfovi+ l)

2  2  акг.... kd
k I =  v 1( p 1) + l  kd = v d(p d) + l

In case afi, ... ,Гй—агФ0 set
if x e ir(p),
otherwise;

while in case ar= 0 set cpr(x)=0.
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UPPER RADICALS OF REGULAR CLASSES
W. G. LEAVITT (Lincoln)

1. Preliminaries

For a class M  of rings we write as usual
UM={R I every 0?±R/I$.M}, SM = {R \ I$ M  for every I c R ) ,

Mk = {R [ /<: R for some I tM , where I<tR means I  is an essential ideal of R). 
We call I  accessible in R if / xc  ...<\In=R  for some 1 and essentially acces-

e
sible if each /;-=з/(+1. The essential closure of a class M  is

M C—{R 11 is essentially accessible in R for some I íM } .

The class M  is called regular if MQ SUM, or equivalently if UM is the 
largest radical class relative to which every R eM  is semisimple. A radical class 
UM is said to have the intersection property relative to a class N  if for every ring 
R the radical U M (R)=D(I\ R /ItN ).

A radical class is called hereditary if / с  R 6 UM implies /€  UM, and in a recent 
paper several criteria were derived equivalent to UM hereditary [5; Theorem 4]. 
In the case that M  has the property

(E) Whenever J c I c R  with O ^I/J iM  then there exist ideals V, U of R 
such that UczVQ I and O^V/UdM,
these criteria were shown to specialize to:

Theorem 1. I f  a class M  has property (E) and UM is a radical class then the 
following are equivalent:

(1) UM is hereditary.
(2) UM=UMk.
(3) UMDMk= 0.
(4) Every 0 ?±RzMk has some image 0 ^ R/IdSUM.
(5) UM has the intersection property relative to Mk.
As an immediate consequence we have:
Corollary 1 [5; Theorem 5]. Theorem 1 applies to any regular class o f semi

prime rings, or any regular class containing all the zero rings (rings with trivial 
multiplication).

Remark that Corollary 1 contains several previous results as special cases. 
These include [4; Theorem 7], [6; Theorem 7], and [7; Proposition 10].
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2 1 4 W. G. LEAVITT

In the present paper we will construct examples to show that Theorem 1 
does not apply to regular classes in general. That is, an example will be constructed 
of a regular class M  with property (4) of Theorem 1 but for which UM is not 
hereditary. We will show that for a regular class M  we must replace M k by 
M'k where in general M ' is somewhat larger than M. We will also show that 
property (E) is not necessary. That is, we will construct a regular class M  which 
does not have property (E) but for which UM  is hereditary, and has the inter
section property relative to M.

We first recall some results from [5]. Let Z° be the zero ring on the additive 
group of the integers, and Z p the zero ring on the integers modulo the prime p.

Proposition 1 [5; Remark preceding Theorem 10]. For an arbitrary class M, 
i f  UM is radical and M contains a nilpotent ring then either Z ° iM  or some
z°paM.

Also as an immediate consequence of [5; Proposition 2]
Proposition 2. Let I and J  be ideals o f R such that OAl/J^M. Then there 

exists C e R  such that IQ C and R/C(.Mk.

2. Hereditary radicals for regular classes

Let S0 be the class of all direct sums of copies of Z°, and Sp the class of 
all direct sums of copies of Z ”. Then

Lemma 1. Let M be a regular class and suppose that for some J e l e  R we 
have I/J tM  with J e R . Then there exist ideals V, U o f R with UczVQ I 
and such that either:

(a) V/UeSp for some p such that Z°p£M, or
(b) V/U z(S0)k where V/U is a zero ring.
Proof. Let J ' e R  be generated by J. Then J V i  and by the Andrunakievitch 

lemma (J')3QJ.  Thus either 0 AJ ' /J  is a zero ring, or if not then 0a (J')2+J/J  
is a zero ring. In either case we have a zero ring contained as an ideal of I/JeM Q  
Q SUM. Thus SUM  contains a nilpotent ring (in fact a zero ring) so M  contains 
a nilpotent ring and by Proposition 1 either Z°6M  or some Z°€M. Note that 
if any Z°€M then automatically Z °iSU M  so that in any case Z°£SUM. 
Since one or the other of J' /J or (J')2/((J')2C\J) is a zero ring we have, in either 
case an ideal H e R  with an image Oa H/A € SUM  where H/А is a zero ring 
and HQ I.

Now H 2Q A  and let T/H 2 be the torsion ideal of H /H 2. Note that T e R ,  
and if T%A then there will be some x (  T  with x$A  having additive order 
p  modulo H 2 for some prime p. Then from the map H/H2 onto HjA we obtain 
an ideal Z 0pe H /A  generated by x. Thus Z P£SUM  so Z°P£M. Also every 
element of the ideal (x)<iR has additive order p modulo H 2 so (x)+ H 2/H 2 
is a vector space over Zp and is thus a direct sum of copies of Z“, that is it is 
in Sp.

Finally if T Q A  then H A T  and Oa H /T  is torsion-free. Then any non-zero 
x£ H jT  generates an ideal of H jT  isomorphic with Z° and if J  is the ideal of
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UPPER RADICALS OF REGULAR CLASSES 215

H /T  generated by any maximal independent subset of H /T  then J£ S0 and clearly
r.Thus H/T£(S0)k and is, of course, a zero ring.

Remark that if Z°P£M  then even if TQA  in the above proof it still might 
happen that 0^V /U £Sp for some ideals V, U of R suchthat UczVQI. This 
would be the case, for example, if for some x £ l  we have x^_(px) + (x)2.

Now write Ж = {f?6(5'0)t I i?2=0} and P = {p \Z°P£.M}. Define

{M  if M  is a class of semiprime rings,
M  U W U s„ otherwise.

pep

P ropositions. Let M  be a regular class. For an arbitrary ring R i f  / < / < Л  
with O ^I/JdM  then there exists C < k  suchthat I% C  and R/C£M'k.

Proof. If J o R  then Proposition 2 gives C < k  with / g c  and R/C£ 
€Mkg M'k. Otherwise Lemma 1 yields ideals V and U of R suchthat U cV Q I  
and V/U£M'. Again Proposition 2 gives an ideal C<\R with V'fzC  (hence 
1% C) and such that R/CZMk.

We can now generalize Corollary 1 as follows:
T heorem 2. I f  M  is a regular class then the following are equivalent:
(1) UM is hereditary.
(2) UM = UM'k.
(3) UMC\M'k=0.
(4) Every OzR(zM'k has an image OARfdSUM .
(5) M'kQSUM.
(6) UM has the intersection property relative to M'k.
Proof. In [5; Theorem 2] we showed the equivalence of (2), (3), and (4). Also

(4)-*(l) since if UM  were not hereditary we would have O ^ I^ R ^ U M  with 
Ц  UM, that is some 0^I/J£M . Rut then by Proposition 3 we would have some 
0?±R/C(iM'k contradicting (4). Clearly (5)—(4) and to show (1)—(5) note that 
if Z °£M  then S0QSUM, and if any Z°€M then the corresponding SpQ SUM. 
From [1] it is known that UM hereditary implies (SUM)k = SUM. Thus if UM 
is hereditary we have in all cases that M 'QSU M . But then M'kQ(SUM )k—SUM.

Now (6)-*-(5) [see 5; Theorem 7] since if R£M'k then by the intersection 
property UM(R)= f)(I \ R/l£M'k)=0, so R£SUM. Then to show (5)—(6) 
first let R^SUM  [see 5; Theorem 8] and suppose we had От£А '= П (/| R/l£M'k). 
Then K£SUM  so some image 0 ̂  K/J£ M. But then Proposition 3 yields the 
contradiction: R/C£Mk for some C suchthat K%C.

Thus for an arbitrary ring R we at least know that UM(R)= П (/ \R/l£M'k 
and U M (R)^I). Thus it suffices to consider the case UM(R)g I. But then we 
would have Oz(UM(R) + I)/I^U M (R )/(ir\ UM(Rj)£ UM contradicting
(UM(R)+ /)//-=a R /ie м'к g  s u m .

It is well known that UM can be radical without M  being regular. In fact 
we have

Proposition 4 [2; Theorem 1]. For M  an arbitrary class, UM is a radical 
class i f  and only i f  every O ^R^M  has an image O ^R/lksU M .
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In [5; Theorems 6 and 7] we have a generalization of Theorem 2 to an arbitrary 
class M  replacing M'k by a certain larger class Mk. Here we will use Theorem 2 
to generalize in a different way. For a given class M  let H(M) be the homo
morphic closure of M  and write N  = H(M) P\SUM. Then define

N =
'N  if M  is a class of semiprime rings,
NU  W U Sp otherwise. 

píp

T heorem 3. Let M  be an arbitrary class o f rings. I f  UM is radical then 
Theorem 2 applies provided Mk is replaced by Nk.

P r o o f . Since N ^ S U M  we have UM = USUMQUN. But also if Oa R$UM  
then R has some O ^R /F M . From Proposition 4 it follows that R has a non
zero image in N, that is R$ UN, and so UM=UN. Clearly Z°P£M  if and 
only if Z°P£N. Also if Z p <£M  but Z°£M  then Z °£ N  and conversely. Thus in 
fact N = N ' and since N  is regular, Theorem 2 applies to AN = UM replacing 
M'k with N'k=Nk.

Remark that in Theorem 3 we could use any class N  Q SUM which is such that 
every Ot±R£M has an image Oa R/I£N.

3. Constructions

For future use we will need certain rings A with the property J<iI<iA but 
J ^ A  and the simplest way to construct such a ring is:

P roposition 5. For a given field F there exists a ring A with a single proper 
ideal В such that A /B = F  and B s íF0, the zero ring on the additive group of F.

P roof. Simply take A = F[x\j{xfi with B=(x)/(x)2.
C orollary 2. For any prime p there exists a ring A with unit and a single 

proper ideal В such that B£SP but BjkZ°p.
P roof. In Proposition 5 take F  to be a field of degree n over Zp for any 

(finite or infinite) n ^ 2 .
C orollary 3. There exists a ring A with unit and a single proper ideal В such 

that Ba(S0)k but B$ {Z°}k.
P roof. In Proposition 5 take F  a field of any degree n ^ 2  over the ration

ale. Since F has dimension n over the rationals it has a basis {x1; x2, ...} of 
n elements which is a maximal independent set over Z. Thus it generates an ideal
J<sB = F0 which is a direct sum of copies of Z°. Thus B£(S0)k and suppose
K-<iB where K = Z°, say К is generated over Z  by the element u. Then АГП 
П ( x x ) 0  and K O ( x2) t±0, s o  that klu=n1x1 and k2u=n2x2 for integers 
кх, к г ,п к,п2. But then we have the contradiction 0 Ak1k2u=k2n1x1= k 1n2x2.

Note that in Corollary 2 we have a direct sum of copies of Z°p essential in 
A but not Z° itself. However we can have a ring in which Z” is essential even 
when other members o f Sp are also essential. In fact we have
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Proposition 6. I f  R£ {Z°p}c then R is subdirectly irreducible with heart 
H tSp and if  also Z°p<iR then H —Z°p.

Proof. If CM /cR then since Z° is essentially accessible in R it follows 
inductively that Z “f I/ИО. Thus Z 0PD I= Z0P so Z°PQI. Thus R is subdirectly 
irreducible and let H  be its heart. Then Z°PQ H  so Z P'= H  where Z p' is 
the ideal of R generated by Z “. By an extension of the proof used for the Andruna- 
kievitch lemma it is easy to show that some power say H n^ Z p sor H 2n—0. 
Thus H 27±H so H 2=0. Also since every member of H = Z P' has additive order 
p it follows that H eSp. Also if Z np~aR then H=Z°p'=Z°p.

We will illustrate with the following construction:
Proposition 7. For any cardinality л ё 2 there exists a ring A such that 

Z°p<iA and Z p C /o T  where J  is a direct sum of n copies o f Z°p.
Proof. Let V be a vector space over Z p of dimension n with (well-ordered) 

basis {уг, y2, ■■■, yx, •••} and let R be the ring of linear transformations on V 
generated by the set {x2, ..., xa, ...} of cardinality и—1 defined by xa(ya)= y 1 
for all a and xa(yp)=0 for all xZß- We then let A be the ring generated over 
Zp by the elements of V and R with multiplication defined by

xy — yx =
multiplication in R  if x, y£R,

0 if x, у £V,
x(y) if x£R and y£V .

Then (yx)= Z “ and it is easy to check that ( y ^ ^ I  for all 0^ /< зЛ . Thus (}>,)</( 
and Ы Е / = ( л , ь  ...)<iA.

Remark that if we take the y’s as a basis for a Z-module and the x’s as Z-endo- 
morphisms with all relations as above, then we have

Proposition T. For any cardinality n ^ 2  there exists a ring A such that
e

Z ° c T  and Z°czJ~^A where J  is a direct sum o f n copies o f  Z°.
We now introduce a type of construction which we will use to show that 

Theorem 2 is sharp in the sense that there exists a regular class M  such that 
MkQSUM  but for which UM is not hereditary. Another construction of this 
type will answer (affirmatively) a question raised in [5] as to whether or not there 
exists a class M  not having property (E) but for which UM is hereditary.

For a given class M  and a given prime p we define

F(M) =  {R I R is accessible in some A£M  and R  does not contain 
Z” as a proper direct summand}.

We begin the construction with any class M x containing at least one non-zero 
ring. Then define

Mi+1 = F{Mf) for all i ё  1, and M =  (J M ;.
1

We will need
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L em m a 2. Let R = K ® H  where К is either simple or some Zp. I f  I ^ R  
the I=K®IC\H.

P r o o f . Since I<iR we have 1П К^ 0. Thus I f)K = K  so K f l  If  x£ I  
then x —k + h for some k£K  and hdH. But then h= x—heIC\H  so I=K®IC\H.

L emma 3. I f  no ring in M x has Z® as a proper direct summand then the same 
is true o f M.

Pr o o f . This follows from the definition of F.
L emma 4. I f  no ring in M x has Z“ as a proper direct summand then M  — Mk.

P r o o f . If A^M k then R ^ A  for some R£M. Then R ^M t for some i and 
so A£M f. Therefore Z€F(M p)=M i+1^ M  unless A has Zp as a proper 
direct summand, that is A = Z P®H  for some 0 Z//«=iA. But then by Lemma 2 
we would have R = Z p® R O H  where RClH^O, contradicting Lemma 3.

Lemma 5. I f  Z°P̂ M 1 then MQ SUM.
Pro o f . Let 0?±I<iR(iM so R íM t for some i. Then R £M f so l£F (M f) = 

— Mi+1Q M  unless I=Z°P® H  for some L/VO. But then I/H=ZPZM. Thus 
in either case all non-zero ideals of R have non-zero images in M, that is R<z SUM.

We now have a class M  (provided M x satisfies the hypotheses of Lemmas 
4 and 5) such that M —Mk£SUM. We will also need

L emma 6 . I f  К has a unit and is accessible in R then K<iR so R = K ® H  
for some H c R .

P roof. Let K*al<\ W and let e be the identity of K. Then for any k£K  
and w£_W we have kw = k e w £ K IfK .  Similarly wk € К  so K<\W and by 
induction K<iR. (Note that for this result we only need K 2~K.)

L emma 7 . Let R= K ® H  where К has a unit. I f  / о R then 1=1Г\К®1Г)Н.
P ro o f . Let e be the identity of K. If  x£ I  then x = k + h  for some k£K  

and h£H. But then xe= ke= k£ lf)K . Thus h —x —k^IC\H.
We can now show that Theorem 2 is sharp, namely
T heorem  4. There exists a class M  such that M =M k Q SUM but UM is 

not hereditary.
P ro o f. We use the above construction with Ml = {Zp}. By Lemmas 4 and 5 

we have M  = MkQ SUM. Then let A be one of the rings of Corollary 2. Since 
Z°P£M  we have SpQ SUM  so the single proper ideal В of A is in SUM. 
Thus A£(SUM)k and if UM  were hereditary it would follow that At2SUM. 
But then either A£M  or the field F —A/B^M .

Now for all rings H  we have A@H$M1 and we wish to show that A® H$ M  
for all H  (so in particular A $ M). Thus suppose the contrary, then there would 
be some i such that A ® H ^M t for all H  but some A® H £M i+1=F(M f). 
Then we would have A ® H  accessible (so A accessible) in some R£M f. By 
Lemma 6 we would then have R=A®Q  for some Q<iR. Now R^M f so there
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would be some essentially accessible in R where f  does not have the
form A®H. Thus there would be some I  not of form A® H  suchthat I~aA®Q  
for some Q. By Lemma 7 we would have I —ir\A ® If]Q  where ID A a O. Since 
A D I^ A  it would follow that IC\A = B. But then I=B®IC\Q=ZP®ZP+ ...®  
®IC]Q=Z°P®H  where H^O, contradicting Lemma 3. Thus A® H $ M  
for all H  and so A$M . By a similar argument F —A/B^.M  and so we conclude 
that A $ SUM, that is UM is not hereditary.

In [5] we asked if M  must have property (E) in order for UM  to be hereditary, 
and we will use a variant of the above construction to show that the answer is 
negative. In fact we will show:

T heorem  5. There exists a regular class M  such that UM is hereditary and 
has the intersection property relative to M, but M does not have property (E).

P roof. We will use the above construction for M, except that w e will now 
define F(M) by

F(M) — is accessible in some A £M  and R yk Z®©Z®}.

It is clear that if we replace Z°P®H  by Z“® Z“ then the statements and proofs 
of Lemmas 3, 4, and 5 remain valid. Thus if we now let

Mx = S0\J{R iScp \R?kZl®Z*},

then Z°P̂ M 1 but Zp®Zp([ M x so from Lemmas 4 and 5 we have M=MkQ SUM. 
Now if I  is essentially accessible in R and contains no elements of additive order 
q then the same is true of R. Thus no RdM k contains an element of order q ^ p  
and so, inductively the same is true of all M. Thus Z \(J M  for all qAp and so 
M '—M U Sp.

By Theorem 2 to show UM is hereditary it suffices to show that all rings in 
M'k have images in SUM. Thus let R íM k. If R£M k then already R£MQ SUM  
and the only remaining case is R£(Sp)k. But then R6Mrf M  unless R = Z P®Z°P 
and in this case R/Z°p^Z°peM Q SUM .

We conclude that UM is hereditary and to show that UM  has the intersection 
property relative to M  note that by Theorem 2 UM at least has the intersection 
property relative to M'k. Thus for an arbitrary ring R we have UM(R) = 
= m \R /I€ M 'k. Therefore R/l£M k=M  unless R/l£(Sp)k and R/I=Z°P®Z°P. 
But then there exist ideals Ik and /2 of R suchthat I J I ^ I 2/I= Z P with / = / гП /2 
and each (P //)/(/,//)^Z “£M.

Thus /= ^ 0 / 2  where R / I ^ R / I ^ Z fc M ,  so for all cases UM(R) = 
=  П / j R/l£Mk=M.

Finally to show that M  does not have property (E) consider the ring A of 
Corollary 2 which has the single proper ideal B = Z°p®Z°p. We have B $ M  but 
5/Z»-Z»€M .

We now consider classes containing Z° but none of the Z®. First we have
L emma 8. I f  R£M C and all rings in M  are torsion-free then R is torsion-free. 

Thus any accessible subring o f R is torsion-free.
Pro o f. Again if I£M  is essentially accessible in R and R had elements
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of order p then we would have the contradiction (М /П / where J  is the ideal 
of all elements of R of order p.

We can now construct:
T heorem  6 . There exists a regular class M  such that UM is hereditary and 

has the intersection property relative to M, such that S0Q M  but Sp ̂  UM for 
all primes p.

Proof. Let Mx = Sn and let M  be defined as above with again F(M ) — 
— {R I R is accessible in some A£_M). As before it is easy to show that M = M kQ 
Q SUM. Also all rings in S0 are torsion-free so by Lemma 8 this is also true of all 
rings in M. Thus no ring from any Sp is in M. Since S0Q M  we have (S0)kQ M  
so M'=M'k^S U M . By Theorem 2 UM is hereditary with the intersection 
property relative to M. Also if  R£SP then every 0?±R/I£SP, that is every CM 
A R /Ц М . Thus RfU M  so SPQUM.

Note that Proposition 7' gives examples of rings in this class.
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A NOTE ON THE DECOMPOSITION OF GRAPHS 
INTO ISOMORPHIC MATCHINGS

N. ALON (Cambridge)

All graphs considered are finite, undirected, with no loops and no multiple 
edges. A graph H  is said to have a G-decomposition if it is the union of pairwise 
edge-disjoint subgraphs each isomorphic to G. We denote this situation by G\H.

Many results are known about (/-decomposition, for references see e.g. [1] 
and [6]. In this paper we establish some necessary and sufficient conditions for 
a graph H  to have a (^-decomposition, where tK2 is the graph consisting of 
t independent edges. Our result implies, as a very special case, the main result 
of Bialostocki and Roditty [3], that states that if G is a graph with e edges and 
maximum degree A, then, with a finite number of exceptions, 3K2\G iff 3[<? 
and A = e/3.

For every graph G, E(G) is the set of edges of G and e(G) = \E(G)\. A(G) 
is the maximum degree of G and '/(G) is the chromatic index (= edge-chromatic 
number) of G.

We begin with the following simple lemma, which is proved in [2]:
L emma 1. Let G be a graph and let M, N cE (G ) be disjoint matchings of 

G with [M|>|iV|. Then there are disjoint matchings M ' and N ' o f G such that 
\M'\ = \M \- l ,  |A '| =  |A |-H  and M '\JN '= M Ö N . □

As an easy consequence we obtain
L em m a 2. For every graph G and every (>1, tK2\G iff

(1) t\e(G) and /(G )  S  e(G)/t.

Pr o o f . If tK2\G then obviously (1) holds. Conversely, if (1) holds put r=e(G)/t. 
Since x'(G)=r, there are r disjoint matchings Flt ..., Fr of G that cover E(G). 
By repeated application of Lemma 1 to pairs of these r matchings that differ in 
size by two or more we obtain r disjoint matchings £), ..., Er of G that cover 
E(G) and \Et\=t for all 1 S i'S r. □

R em ark  1. Konig’s Theorem (for proof see [4, p. 105]), asserts that for every 
bipartite graph G, /(G)=A(G). This and Lemma 2 imply that for every bipartite 
graph G tK2\G iff
(2) t\e(G) and A(G)^e(G)!t.

This result is stated as Lemma 3.2 of [5]. In Theorem 1 below we prove that 
the same result holds for every graph G, with a finite number of exceptions for 
every value of t.
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R emark 2. Vizing’s Theorem (for proof see [4, pp. 107— 108]) asserts that for 
every graph G, x'(G)=A(G)+l. This and Lemma 2 imply that if t |e(G) and 
A(G)<e(G)/t, then tK2\G.

The following lemma is proved in [4, p. 119]:
Lemma 3. I f  G is a graph and x'(G)=A(G)+ 1 then

e(G )= = i-(3 (d (G ))46 .d (G )-l). □

Now we are ready to prove our main result:
T heorem 1. For every /> 1  and for every graph G that satisfies

(3) e(G)>(8/3)t2-2 i, 

the following two conditions are equivalent:

(4) tK2\G.

(5) t\e(G) and A(G)Se(G)/t.

Proof. Clearly (4) implies (5) (even if G does not satisfy (3)). Conversely, 
assuming G satisfies (3) and (5) let us prove (4). Put A ~A(G) and e = e(G). 
If A<e/t then Remark 2 implies (4), and if y'(G) = A then Lemma 2 implies (4). 
Thus we are left with the case that y'(G)=A + 1 and A =e/t. We shall show that 
this case contradicts (3). By Lemma 3

(6) 8e ^  3A2 + 6 A - l  = 3(e/ty + 6(e /t)-l.

Since the left side of (6) is divisible by eft, and (3) implies that e/r> 1, (6) 
implies

8e S 3  (e/t)2 + 6 (e/t).

The last inequality implies e S (8 /3 ) t2 — 2t, which contradicts (3). Thus tK2\G 
and the theorem is established. □

R emark 3. For t>  1 let G, be the disjoint union of ( =  the complete 
graph on It — 1 vertices), and any graph H  with t — 1 edges. Clearly e(G,) = 
= 2t2—2t, A(G,)=2t — 2 and x'(G,) = x'(K2,-1) = 2t — 1. Thus G, satisfies (5), 
and by Lemma 2, G, does not satisfy (4). This shows that the lower bound for 
e(G) in condition (3) is not very far from being best possible.
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COMPLETE CONVERGENCE AND CONVERGENCE 
RATES FOR RANDOMLY INDEXED PARTIAL SUMS 

WITH AN APPLICATION TO SOME 
FIRST PASSAGE TIMES

A. GUT (Uppsala)

1. Introduction

D ef in it io n . A sequence of random variables {£/„}“=1 is said to converge 
completely to a constant c if

2  P(\U„—c\ >  г) <  °° for all г >  0.
/1 =  1

This definition was introduced by Hsu and Robbins [11], who, as a complement 
to the strong law of large numbers proved that the sequence of arithmetic means 
of independent, identically distributed (i.i.d.) random variables converges completely 
to the expected value of the summands, provided the variance is finite. For the 
converse, see Erdős [7, 8].

Such a result can also be interpreted as a result on the rate of convergence in the 
law of large numbers. The following result on convergence rates generalizes the 
result of Hsu, Robbins and Erdős. The extensions are due to Spitzer [15], Katz [12], 
Baum and Katz [2] and Chow [3].

T h eorem  1.1. Let {Xn}f= t be a sequence of i.i.d. random variables, set S„~
n

— 2  Yo n = \, 2, ... and let a r^ l ,  a =-1/2. The following statements are equivalent:
«c=i

(i) E\X\r and, i f  г ё  1, E X  = 0

(ii) 2  n*r-2P(|Sn| >  n*£)<°o for all e =- 0 
/1=1

(iii) 2  п"~2Р{ max I A*] >  n(ii) (iii) (iv) * * * * * xe) < °° for all e > 0.

I f  a r> l ,  a >1/2 the above are also equivalent to

(iv) 2  n"~2P(sup \SJkx\ >  e) <  °° fo r all e >  0.
/1 =  1 k ^ n

For the case a r= l,  a >1/2 we have
T h eorem  1.2. Let {X„}f=1 be a sequence of i.i.d. random variables and set

П
Sn= ^  Xk. The following are equivalent:

1

4* Acta Mathematica Hungarica 42, 198'3



2 2 6 A. GUT

(i) E\X\r • log"*" \X\ < c° and, i f  r a  l, E X  =  0

(ii) n-1 • log n • F(|S'n| >  n1/re) <°° for all e >  0
n = l

(iii) 2  n_1 • l°gn ' F(max|S'fc| >  n1,re) <°° fo r  all e > 0

(iv) 2 1 »_1 • -P(SUP \Sk/k1,r\ >  s) <  °° for all e >  0.
n = l  t i n

If a=1/2 none of the sums can converge in view of the central limit theorem 
and one has to use other normalizing sequences, see Davis [5, 6], Lai [13] and Gut
[10]. For generalizations to random variables with multidimensional indices, see 
Smythe [14] and Gut [9, 10], where further references can be found. For convergence 
in Theorem 1.1 (ii) along subsequences of the natural numbers (a =  l, r= 2), see 
Asmussen and Kurtz [1].

Various results for sums of random variables have been generalized to the case 
o f randomly indexed partial sums. The complete convergence result of Hsu, Robbins 
and Erdős has been extended in this direction by Szynal [16]. A more general result 
is given in Csörgő and Révész [4], Theorem 7.1.1, page 252. An application of that 
theorem, see pages 253—254, provides a generalization of Szynal’s result. However, 
the result of the application can be proved directly and, furthermore, with weaker 
assumptions. This will be our first task and it is carried out in Section 2.

Next, we consider a particular sequence of random indices, namely the first 
passage times of a summation process with positive drift. In Section 3 we state and 
prove a convergence rate result for these first passage times, which in Section 4 is 
applied to the results of Section 2, thus producing a result for the stopped process. 
The overshoot, i.e. the amount with which the process jumps above the level to be 
crossed, is also treated.

In the last section some further generalizations are mentioned.

2. Randomly indexed partial sums

Let {T„}“=1 be a sequence o f i.i.d. random variables with mean zero, when
ever the mean is finite, and let {V„}“=1 be a sequence of nonnegative, integer valued 
random variables. All random variables are defined on the same probability space.

T heorem 2.1. a) Let a r> l and a >1/2. Suppose that E |T 1|r -=<=° and that 
E X x—0 if r s l .  If, for some e> 0 ,

(2.1) 2  n"-*P(\Nn-N n\ >  ns) < °°,
n = l

where N is a positive random variable, such that P (N  ёТ)=1 for some T>£>0,  
then

(2.2) i n — 2Р ( |^ п| > а д < ~ .
n= 1
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b) Let ar=  1, a>  1/2. Suppose that is |X1|''log + |Jf1|< °° and that ЕХг = 0 
i f  l^ r(< 2 ) . I f  (2.1) holds with N  as above, then {2.2) holds.

However, i f  (2.1) holds with P {A ^N  S B )  = 1, where 0< £ < ^ S 0 < ° ° , then 
E ]Ar1|r<°o and EXt = 0 for r ^ l  imply that (2.2) AoWs.

c) Let a rS l and a> l/2 . Suppose that E |A’1|r<°° and í/iaí £'Z1 =  0 г/ 
r S l .  I f  (2Л) holds with P {N ^B ) = 1 for some B > 0, then

(2.3) 2  n "-V (|S ’wJ  > n “e )< ~ .
n=l

R em ark  2.1. Szynal [16] proves that EX\<oо and £,X1= 0  and (2.1) with 
P { A ^ N ^ B )  — \ imply (2.2), (i.e. the second half of b) with r — 2, a = l) . The 
case г ё  1, a = 1 constitutes Example 7.1.1, pages 253—254 in Csörgő and Révész [4], 
where it is also assumed that N  is bounded above and below and further that 
£ |X 1|S<°° for some s > r + 2.

R em ark  2.2. To indicate the sharpness we recall that the finiteness of 
2 n " ~ 2P{\S„\^n*e) requires is|X1|r<°° (and EX±=0 if rí? 1), cf. Theorem 1.1.

n = l

Proof of a). The idea is to exploit Theorem 1.1 (iv).

P(\SNn\ >  N„*e) S  P({|S*J >  iV*e>n{|iVn—iVn| S  ns})+P(|iVn-iVn| >  ns) S  

á  P{ sup \Sk/kx\ >  e) +  P(|iV„ —7Vn| =» ne).
k ^ n ( A - e )

Thus,

2  nxr~2P(\SNn\ >  N*e) ss 2  n*r~2P( sup |Sfc//c‘ | >  s) +
n — 1 n —1 k ^ n ( A - e )

+ 2  n"~2P(\N„ — Nn\ >  ne)
n=l

and the conclusion follows from Theorem 1.1 (iv).
Proof of b). The same computations in conjunction with Theorem 1.2 (iv) 

yield the first assertion.
For the second one we note that

i ’UISvJ >  В Д П  {\Nn — Nn\ ^  ne}) ^

S  P{ max ISU >  (n(A— e))ae) :? P(max ISJ >  n^CA—efe)
Kn ( A - e ) s k s n ( B + e )  1 *' v ' '  '  Kk s2 n B  1 1  '

and thus that

i  v r - ‘!P(|SWJ  >  K e )  á
n—1

S. 2  n"~2P{max [jSjtl =- n*(A— e)*e)+ 2  п*г~2Р{\Нп— Nn\ >  ne)n=1 kS2nB  n=1

and the conclusion follows from Theorem 1.1 (iii).
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Proof o f  c) . The proof here is almost the same as before, the difference being 
that we use the estimate

>  иа£}П {|jvn-iVn| ne}) == P(k maxg) \Sk\ >  n“e).

This concludes the proof of the theorem.

3. First passage times
Throughout this section {3f„}“=1 is a sequence of i.i.d. random variables with 

positive, finite expectation, ц. We define the first passage time
(3.1) N(f) =  min {n; Sn =» t}, Í S  0, 
but restrict it to t being positive, integer valued, i.e.
(3.2) N„ = min {k; Sk > n}, n = 1, 2, ... .

T heorem 3.1. Let r s  1, -^-< aS l and a r ^ l .  I f  E\Xk\r^°° , then 

^  n*r~2P(\Nn — n/n\ >  nxe) <=° for all e =» 0.
П = 1

R emark  3.1. Note that, for r = 2 and a = l ,  the theorem states that {N jn}f=1 
converges completely to \/ц. Note also that (2.1) is satisfied with N = l/(i, since 
a;Sl.

Proof. It is  clearly enough to prove the theorem for s <  1.
Assume that ц —\. This is only a matter of scaling and no restriction. Set 

Mn—max {5X, S2, ..., Sn} and observe that
(3.3) Sn — n S  Mn — n S  max (Sk — k),

(3.4) {Nn >  к) =  {Mk <  и}.
To simplify the notation we pretend that n + nxe and n —nxe are integers. 

It follows that
{pV„-n| >  nxe} = {A„>n +  nae}U{A„< n -n * e } =  {Мп+п*г <  n}U {M„_„.£ >  n} =  

=  {M„+n*c- ( n  + nxe) < - n xa}{J {Mn^ n. e- ( n - n xe) >  nxe} c  

c  {Sn+n*e — (п + пхв) n“fi}U max  ̂ (Sk—k) >  n*e}c

<= { | 5 » + » - « - ( и  +  и * £ ) |  =>• и * £ } и { 1 ^ т а х пв£ \Sk- k \  >  nxe} с  

c i  max \Sk—kl >  п“е} с  { max \Sk—fcl >  nafi}.
l l* ) £ S n + « “ £ ' J U S t S n t l + s )  1 1 J

Thus,

У nxr~2P(\Nn—n\ =»■ пхе) ^  У nxr~2P( max |S* —fc| >  n'e),
„“ i  Vl 1 7 „ í i  h s H ä n d + t ) '  * 1

which is finite in view of Theorem 1.1 (iii) and the proof is complete.
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4. The stopped sum and the overshoot

It is now an easy matter to combine Theorems 2.1 and 3.1 to obtain results 
about the stopped sum (SWn}“=1 with {A„}“=1 defined as in (3.2).

By choosing N  = \/n in (2.1) the following result emerges.
T heorem  4 .1 . Let г ё  1, l / 2 < a S l  and a r s l .  Further, let {X„}™=1 be a 

sequence of i.i.d. random variables with positive, finite expectation, p, and define 
A„ =  min {и; Sk>n} for « = 1 ,2 ,. . . .  I f  E |A'1|r<°°, then

(i) 2  nar_2P(|SN —N„p\ >  N£s) <<=° for all s >  0
n = 1

(ii) 2  паг_2Р ( |5 'ЛГ(1 — N„p\ >  n*e) <°° for all e >  0.
n=i

In this context it is natural to investigate the overshoot or the so called excess 
over the boundary, which is defined as

(4.1) Rn — SNn — n.

Further, since n < S Nn̂ n + X Nn, we also have

(4.2) 0  ^ R n ^ X Nn.

Thus, if /i =  l, £<1, r s l ,  l /2 < a ^ i  and ocr^l, then

P(R„ >  К  a) ^  P(XNn >  N*e) P{{XNn >  A* e} П {|A„-n| ne}) +

+  ̂ (1-М»-и| >  ne) =  P( max \Xk\ >  (п(1-е))*£) + Р ( |Л ^ -n\ >  ne)

á  2 « eP ( |A '1| >  na ( l —£)а£) +  Р ( |А „  —« | >  п*е).

Consequently, if E  |A'1|r<°°, then

2  n * -2P(R„ >  A “fi) S 2  n"~2P(XNn >  N*e)
/i=—l  и=1

^ 2fi 2  n“1'— 1P>(| f̂i| >  «*(1 — £)*£)+ 2  n“r~2P(|AI| — n| >  «“fi) < “
/1 =  1 и =  1

oo
by Theorem 3.1 and because of the fact that 2  «ar-1P(|Ari|> « a)<  °° if and only 
if

A similar argument yields

P(P„ >  n“fi) ^  P(Xn„ >  n“e) ^  2«£P(|A1| >  n ^  + PdA,, —n| >  «“£).

The following result is thus obtained:
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T h eorem  4.2. Under the hypotheses o f Theorem 4.1 we have

(i) 2  n*r~2P(XNn =*• jV*£)<°o for all e >  0
П — 1

(ii) 2  n"~2P(XNn >  nxs) < “  for all 8 >  0
n =  l

(iii) ^  n"~2P(Rn =- А “а) < “  for all e >  0
n=l

(iv) 2  ri" 2P(R„ >  n*e) <o° /o r all e >  0.
/1=1

5. Some further results

A. By using obvious modifications of the proofs above together with Lai [13], 
Theorem 3, Davis [6], Theorem 1 and Gut [10], Section 3 one can obtain results 
corresponding to the limiting case a =1/2. The proofs are omitted.

T h eorem  5.1. a) Let r> 2. Suppose that ЕХг—0, ЕХг=о- and E\X\r ■ 
•(log+ |Z |) - r/2<°°. If, for some £>o^r — 2,

(5.1) 2  n<-r/2)~2P(\N„— Nn\ >  né) <<=>,
n=l

where N  is a positive random variable, such that P (N ^ A ) —1 for some 0,
then

(5.2) 2  nW»"V(|SwJ  >  e [/jV„log+ Nn) <  « .
П — 1

b) Let r= 2. Suppose that EX1 = Q and ЕХг< °°. I f  (5.1) holds with N as 
above, then (5.2) holds.

c) Let r s 2 . Suppose that EX2< °° ooc/ EXl =0. I f  (5A) holds with P (N ^B ) = 
= 1 /or some 0, t/геи

(5.3) ^  n<r/2) 2 ([*S/v„I >  £ /и  log n) <  ®=.
n = l

R em a r k  5.1. In view of Gut [10], Theorem 3.5 and the comments following 
that theorem nothing better than b) can be said for the case P (A ^ N ^ B )  = 1 
(cf. the second half of b) in Theorem 2.1 above and in Theorem 5.2 below).

B. A similar result can also be proved for the law of the iterated logarithm by 
applying results from Gut [10], Section 6.

T h eorem  5.2. a) Suppose that EXx= 0, EX2=o2 and that

log+ \Xx\
1- log+log+lA/

<C oo #
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2 ~ ~  -P(\Nn—Nn\ >  na) <oo,
n—1 n

where N  is a positive random variable, such that P (N ^ A ) = 1 for some Л>е>0, 
then

(5.5) 5  v  • P(\SKm\ >  e log+log+ A„) <  ~ .

However, if (5.4) Ao/ifa for some e x r /2  vvh/i P ( A ^ N ^ B ) ~  1 /o r 0<£< 
í/гея EX ?~o2< °° and EXx= 0 imply that (5.5) АоИу. 

b) Suppose that EX i = c72<°° and EXt =0. I f  (5.4) Ao/A /or so/ие z x s i l  
with P (N ^ B )  = 1 for some 2?>0, then

(5.6) J?  — ■PflS’jvJ >  8|/nl0gl0gn) <oo.
n =  3 n

R em a r k  5.2. Since sums of the type 2  ирР ( | 5 в| > в ^л log log n) (where
/1 = 3

EX1=0) can not converge for p >  —1 (see Gut [10] and further references given 
there) there is no result in Theorem 5.2 corresponding to part a) of Theorems 2.1 
and 5.1.

C. The application to first passage times is also possible in the cases considered 
in A and В of this section. This follows from the above results together with obvious 
modifications of Theorem 3.1 (recall however the comments made in Remark 5.1 
concerning Theorem 5.1 b)). It follows, for example, that if {X„}“=1 are i.i.d 
with mean /i>0 and finite variance cr2, then, for г х г /2 ,  we have

(5.5) 2  — ■ P(\Nn-n /p \  >  e ]/n log log n) <°o
n=*3 n

(5.6) Í 1  • Р (|5 * „-Nnp\ >  e ]/Nnlog"*" log+ Nn) < -  
/1 =  1 П

(5.7) 2 } • P(\SNn— N„p\ > 8]/n log logn)< °°.
n  =  3 n

D. By defining S ( t ) = S ltj for iä O  (or by defining S(t) = Siti if t is an 
integer and through linear interpolation otherwise) and by using the usual definition,
(3.1), of first passage times, all results above involving first passage times can be 
reformulated for N(t)  and S(t) with the aid of integrals (cf. e.g. Chow [3]). For 
example, under the conditions of Theorem 4.1 we have, for all £>0,

(5.8) f  r ~ 2P(\N (t)-t /p .\>  t*z)dt 
1

(5.9) /  P'~2P(\SN(t)- N ( t ) p \  > t* z )d t^  » .
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EINE CHARAKTERISIERUNG DER FINSLERSCHEN 
RÄUME VON KONSTANTER KRÜMMUNG

S. BÁCSÓ (Debrecen)

In der Theorie der Finslerschen Räume Fn (и >2) ist es wohlbekannt, daß 
in einem Finslerschen Raum von skalarer Krümmung die Weylsche Projektiv
krümmung verschwindet (vgl. [1], S. 776, [4] Кар. IV, § 8). (In dieser Arbeit nehmen 
wir durchweg n>2 an.) Als Umkehrung dieses Satzes hat L. Berwald folgendes 
bewiesen: Die Räume Fn von skalarer Krümmung sind unter den Finslerschen 
Räumen mit Projektivkrümmung Null durch

( 1) ^ 0 P0 /i||p  n — l R opop\\h + W h ~  0

gekennzeichnet ([1] S. 776, [4] Кар. IV. § 8), wo R /ki(x, x) der Krümmungstensor
xl dLder Cartanschen Theorie ist und ТУм =  RfjffiV,  /*=— , h — gelten. L(x, x)

ist die metrische Grundfunktion von Fn. Die Operation цА ist durch Ldh definiert,
wo dh =  -Terr bedeutet." dxh

Nach I. Z. Szabó [5], [6], M. Matsumoto [2] und P. N. Pandey [3] ist ein Finsler- 
scher Raum Fn genau dann von skalarer Krümmung, wenn sein Weylscher Tensor 
W‘Jk verschwindet. Für Finslersche Räume von skalarer Krümmung sind daher 
die Gleichungen (1) automatisch erfüllt.

Im folgenden geben wir eine Charakterisierung der Finslerschen Räumen von 
konstanter Krümmung unter den Fn von skalarer Krümmung. Der Satz hat eine 
ähnliche Struktur wie der erwähnte Satz von Berwald. Wir benutzen die Bezeichungen 
von H. Rund [4] Kap. IV. § 6.-8.

Sa t z  1. Ein Finster scher Raum F„ von skalarer Krümmung ist genau dann 
konstanter Krümmung, wenn
(2) Hh + LH j-(n  + \)Hlj = 0,
wo H ‘Jk(x, x) der Grundtensor der affinen Krümmung und - —-Н } 3хт sind.

BewEis. Der Grundtensor der Projektivkrümmung des Raumes F„ ist

(3)
<5/W ljk = H ijk + — l Hr'kJ+ - ^ l  (<K H+ Hk) —^ ( d j H + H j ) .

Nach Überschiebung der Gleichungen (3) mit dem Einheitsvektor lt folgt wegen
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/,Я'Д= 0 (vgl. [4] Кар. IV. § 8. S. 149)

(4) W lJk =  ^ i H ; kJ+ J i - l (dk H + H k) - ^ - l (dJ H + H J) .

Setzen wir den Tensor H 'jk aus (4) in (3) ein, so bekommen wir

(5) H ‘Jk = A -  ( d j H + H j ) - - ^  (dkH+Hk) +

+ 7 Т Г (dk H +Hk)~ T T i  (djH + Hj n iilrW'jk- w l Jk.

Diese Gleichungen haben in einem Raum von skalarer Krümmung wegen W ‘J k = 0  

die Form

(6) H ‘Jk = -L ^ id .H + H j)  ( % - р ц - - ± -  фк н + н к) (Sj—i4j).

Wenn die Gleichungen (2), die sich in der Form

(7) L  (djH + H j) = (n + Í) Hlj 
schreiben lassen, gültig sind, so bekommen wir

(8) H ‘jk = ^ ( l j 0 i - l k0)),

daß heißt Fn ist ein Raum von konstanter Krümmung (vgl. [4] Kap. IV. §7. (7.11)).
Umgekehrt, nehmen wir an, daß Fn ein Raum von konstanter Krümmung ist, 

d. h. die Gleichungen (8) gültig sind. Ein Raum von konstanter Krümmung ist auch 
von skalarer Krümmung. Daher sind die Gleichungen (6) auch in diesem Fall 
gültig. Durch Vergleich von (8) mit (6) erhalten wir (7), d. h. (2).

Unter Anwendung von Satz 1 können wir auch eine neue Charakterisierung der 
Finslerschen Räume von skalarer Krümmung angeben.

L emma 1. l'W k =0  gilt dann und nur dann, wenn
(9) W i = H l - H ( ő í - l 4 k), 

wo Wi = WiJkx», Hk=Hljkxa sind.
Beweis. Es sei UWi~0. Nach Überschiebung der Gleichungen (5) mit dem 

Vektor xj bekommen wir (9) unter Anwendung von Н{х}=(п — \)Н  ([4], Kap. 
IV. (6.24)). Ungekehrt, gilt (9), so ist wegen 1,Н1=0 (vgl. [4], Кар. IV. §8. 149) 
hWi=Q  erfüllt.

Lemma 2. l,Wk = 0  und(1) sind äquivalent.

BewEis. Wegen HhiJkxh^ R hiJkxh (vgl. [4], Кар. IV. §6. (6.5)), wo Н„‘л =д„Н‘]к 
ist, haben die Bedingungen die folgende Form:
(10) Hfap — H\\h+(n + l)Hl„ = 0.
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Der projektive Abweichungstensor hat die Gestalt

(11) Wi = H i - H ö i - - L - фгщ -'дкн)х1

(vgl. [4], Кар. IV. §8. (8.10)). Wenn wir nun die Gleichungen (11) mit dem Einheits
vektor /j überschieben, so erhalten wir, daß UWk = 0 dann und nur dann gilt, 
wenn (10) erfüllt ist.

L e m m a  3 .  ltW ‘jk= 0  ist genau dann gültig, wenn liWk = 0 .
B e w e is . Bekanntlich gilt

дгЩ = (п -1 )дкН - З Н к

([4], IV. (6.21)). Somit bekommen wir aus den mit ltWk =0 äquivalenten Glei
chungen (10)
( 1 2 )  ( n  —  2 )  Ldk H+ (n + 1 )  Hlk — 3LHk = 0 .

Wir leiten (12) nach xj ab, und dann ergibt sich durch Vertauschung der Indizes 
к und j  und nach Subtraktion der erhaltenen Gleichungen

lj(dkH + H k) - l k(djH+Hj)+LHr'kj = 0,

woraus /;В/1д = 0  wegen (4) folgt.
Die Umkehrung ist eine Konsequenz der Gleichungen Wk = W‘jkxJ.
S a t z  2 .  Ein Finslerscher Raum Fn (n> 2 )  ist genau dann von skalarer Krüm

mung, wenn /j W jjk=0 gilt.
B e w e is . E s sei liWkjk= 0, und betrachten wir die Relation

(13) k m ‘Jk) =

die sich durch die Ableitung von liWljk ergibt. Aus liWhijk=0 erhalten wir 
liW‘Jk=0 wegen Wh‘Jkxh= fV‘Jk. Überschiebt man das einzige verbleibende Glied 
von (13) mit ghs, so ergibt sich WsJk—0, daß heißt Fn ist ein Raum von skalarer 
Krümmung.

Umgekehrt, wenn Fn von skalarer Krümmung ist, gilt fVkJk=0, so daß 
hWhjk= 0 ist.
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FOURIER TRANSFORMS AND CONVOLUTIONS 
OF GENERALIZED MEASURES DEFINED 

ON THE DYADIC FIELD
K. YONEDA (Osaka)

1. Introduction

In this paper we shall define Fourier transforms and convolutions of generalized 
measures, so-called dyadic measure or quasi-measure defined on the dyadic field 
and give fundamental theorems. For details of dyadic measures and the dyadic 
field we refer to [3].

Let wy(x) be a Walsh function (see [1], [2]), namely wy(x)= (— 1 )'+£■1 ''Uj 
where x= (...,tt, ...) and y= {...,u}, ...). Walsh functions are characters of the 
dyadic field. When m is a dyadic measure, we shall define the Walsh Fourier 
transform of m by the following equation:

( 2n ) -

m [p/2", (p + l)- /2n] =  1/2n f  wy (p/2") m (dy)
0

where Jm{dy)=m{I). In this paper /  and Г  are dyadic intervals. It is easy to
I

see that m is a dyadic measure. We shall call m the Walsh—Fourier transform 
of m. We can easily prove that m=m.

At first we shall prove the following theorems on Walsh—Fourier transforms 
of dyadic measures.

T heorem  1. A dyadic measure m satisfies

(1) 2  \m[p/2n, (p+ 1)_/2"]|2 <°°
p = о

for n=0, ±1, ... i f  and only if  there exists a function f  which is a locally L 2-integrable 
function and th = m /.

T heorem  2. A dyadic measure m satisfies

(2) 2  \m[p/2n, (p+1~)/2"]| -coo
P = о

for n =0, ±1, ... i f  and only if there exists a function f  whose Walsh Fourier series 
on each dyadic interval [0, (2")_] converges absolutely and m = mf.

We may define the convolution of two dyadic measures m and m'. When 

2  m[(p + k)/2", (p + k) + l -/2"] m'[k/2"/(k +1 ~)/2"]
k = 0
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exists and is finite for all n and p, write m * m'[p/2n, (p +  1—)/2”] for it and say that 
m *m ' is the convolution of m and m'. It is easy to see that m *m is a dyadic 
measure and m *m '= m ' *m. This definition is a generalization of the classical 
definition of the convolution of functions.

Theorem 3. I f  two dyadic measures m and m' satisfy (1) respectively, then 
there exist two locally L 2-integrable functions f  and g such that

(m * m')~ ( 7 )  =  f  f(x )g (x )d x
I

for each dyadic interval I  and т =т / and m'=m§.
Theorem A. I f  a dyadic measure m satisfies (2) and a dyadic measure m' satisfies 

sup |m'(/„(x))|< °° for each n=0, ±1, then (m *m')~(I)=  Jf(x)m'(dx) where f
x l

is a locally integrable function satisfying m=nif.

2. Proofs of Theorems 1 and 2

Since m=m  and
(2")-

m[pl2n, (P+  l-)/2n] =  1/2" f  wy(p/2n)m(dy),

we have
(2")~

(3) m[pi2", (p + 1 —)/2n] =  1/2" /  wy(p/2n) m(dy) = 1/2" /  wp(t)m(2ndt).

From the hypothesis, the last equation of (3) is the p-th Walsh—Fourier coefficient of 
an ZAintegrable function. Set

m[p/2"(p +  l-)/2"]=  f  f„(2nt)wp(t)dt
о

where /„ is an L2-integrable function on [0, (2")“]. We can easily prove that 
/„(*)=/«+iW  on [0,(2")-]. Set f{ x )= fn(x) on [0,(2")-]. We have

m [p/2", (p +1 -)/2"] =  /  / ( 2" 0 wp (?) dt 
0

and /  is a locally ZAintegrable function.
The converse is obvious. Theorem 2 can be proved similarly.
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3. Proofs of Theorems 3 and 4

From the definition we have for 2NS p< 2N+1
2" ~

(m * m') " [p/2n, (p +1 -)/2"] =  1/2n f  wp (x/2") (m * m') (dx) =
01-

=  1/2" J wp (t) (m * m') (2" dt) =
0

=  1/2" wp(k/2N+1)(m * m')[k/2N~n+1, (fc+ l)-)/2*-"+1] =
k=0

2^ + l _ i  oo
= 1/2" 2  Wp(k/2N+1)( 2  m[(/c +  i)/2N- n+\  (k + i + l~)/2N- n+i]X

k=0 i=0
X ra'[!/2*-+I, (i +  l-)/2N- n+1]) =

=  1/2" 2  m'[i/2N- n+\  (i + l-)/2N- n+1] X
i =  0

X * 2 _1w*(p/2*+i)m[i/2»-"+1, ( i+ l- ) /2 w-" +1] =
k = 0

«> (s + 1 ) 2 n  + 1- 1

= 1/2" 2  2  m'[i/2JV+"-1, (i + l - )/2iV+"-1]X
s  = 0 i= s2N + 1

X ? 1 w*(p/2N+1)m[i/2N~"+1, (i+  l-) /2 iV-" +1] =
Jc = 0

■» / ( s + l ) 2 If + 1- l
= 1/2" 2  2  m'[i/2N~n+1, (i +  l-) /2 w-"+1]X

s =  0 i= s2 N + 1

K(s +  1 )2^  + 1 -1  \
2  m[j/2N~n+1, (j + l _)/2A'_"+1]w-(p/2'v+1) I .

j = s 2 ii  + 1 '

On the other hand, we have
( j+ l)2 w + 1—1

2  m[i/2w—+1, (i +  l-)/2N-"+1]vvi(p/2N+1) =
i=s2N +1

(S + 1 )2 K + 1 - 1  ( jW - n  + 1 ) -

= 2  l/2iV_n+1 f  Wi(tl2N- n+1)m (dt)Wi(pl2N+1) =
i= s2w + 1 о

= l/2w-"+1 f  2  wi(t/2N~n+1 + p/2N+1) \ m(dt) =
o' '  *=o '

(2 J i - n  + l ) -  / 2 W + 1 - 1  4

l/2N~n+1 f  ws2»(0 2  wi(t/2N~n+1 +  pj2N+y) I m{dt) =
■г I ;=o >

(P + 1 -)/2 "  
=  2" /

Pi 2»

ws2n(t)m(dt),
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since

1wi(í/2N-"+1 +  p/2^+1) - í
i = 0  о

2*+1 for l€[p/2", 0 + l- ) /2 " ]  
0 otherwise.

Then we obtain
(m * m') ~ [pi2", (p + 1 )/2n] =

oo (P + D /2" ( p + l - ) / 2 n

=  2" 2 ’( /  ws2»(x)ffl(iix)|( f  ws2n ( y ) m ' ( d y ) )  =
5 = 0  p/2" p/2"

oo (P + l- ) /2 "  (p +  l - ) / 2 ”

= 2" 2 (  /  ws2n(x)/(x)ü?x)( f  ws2n ( y ) g ( y ) d y )
s = °  P/2" p /2n

(p+ l-)/2" (p + l- ) /2 "  / 2 к - 1  \
lim  2" f  f  f { x ) g  (y) 2  vv.s-2" (x +  jO áx  dy =  
fc- ° °  p/2" p/2" о >

( p + l ) 2 k - l  0  +  l ” ) /2 " T~ ( i + l - ) / 2 ”  + fc

=  lim 2n+,[ £  f  f ( x )d x  f  g(y)dy —
i = p 2 k  ; /2 У + к  i / 2 "  + lc

( p + l ) 2 fc- l  0 + 1 - ) / 2 "  + к  ( i + l - ) / 2 »  + fc

=  Hm 2 1 f  f(x)[2n+k f  g(y)dy)dx. 
к ^ ° °  i — p2k i/2y + fc V ; / 2Л к  '

( i + l - ) / 2 *

We know that if x€[i/2s, ( / + 1_)/2S], then j s(x )s2  f  g(y)dy is the 2s-th
i/2*

partial sum of the Walsh—Fourier series of g and converges to g in the L2-norm. 
Therefore we get

( p  +  l - ) / 2 "

[p/2”, (p + l  ~)/2"] -  f  f ( x )g  (л:) dx | =
p /2 "

(P + 1)2K—1 (ZÍ_l-~ t/ 2" + fc 

i = p 2 fc г /2 "  + к

(p -M ) 2 k — 1 C * + l - ) /2 "  + k  ( i + l - ) / 2 "  + fc

S  2  [ /  l/(x )|2tb:]]/2 [ f  \g„+k(x)-g (x)\2d x y 12 ^
i= p2K i/2" + k i/2" + k

( i+ l - ) /2 "  + k ( j+ l- ) /2 "  + k

^ [ 2  5  \Hx)\2dx]1/2[ 2  f  \gn+k(x)-g(x)\*dx\
* ---■ *- i j/2n + k

1/2

1 i/2n + k

(p +  l-)/2n j/z"

/  l/(x)l2dx] 1/2 [ /  l#„-Ht(x)-g(x)|2i/x]1/2.
p/2"

(p + l-)/2 "

/
p/2"
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The last quantity tends to zero as к  tends to infinity. We get
( p + 1 - ) / 2 "

(m * m ') ' [pi2", (p + 1 ~)/2n] = f  f (x )  g (x) dx
p/2”

for all n and p. Theorem 3 is proved.
The proof of Theorem 4 is similar to that of Theorem 3.
C o ro llary  1. I f  m is a dyadic measure and m' is a Radon measure which 

has mass 1 at x0, then

(m*m')(I) = m(x0+ I) and (m * m')~ (1) = J  wXa{y)m{dy)
I

where x0 + I  ={x0+y: y£ l).
C o ro llary  2. I f  f  and g are integrable functions then (f*  g f  (x)=f(x)g(x).
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THE CESARO-DENJOY-BOCHNER SCALE 
OF INTEGRATION

В. K. PAL and S. N . MUKHOPADHYAY (Burdwan)

1. Introduction

Following [1,11,12] we have introduced Denjoy—Bochner integral and 
established its integration by parts formula in [8]. In the present paper we 
introduce a scale of Cesaro—Denjoy—Bochner integrals, the C„ Z)^-integrals, 
such that the strength of the integral is increased with n, the C0D*B-integral 
being the special Denjoy—Bochner integral.

Throughout the paper, R is the real line, X  is a real Banach space, || • || 
its norm, and X* its conjugate space. We shall use the notation o(hn), h real, 
to mean a quantity (real or X-valued, which will be clear from the context), which 
when divided by h", tends to 0 or 0 (the zero element of X), as h-+ 0.

D efinition. Let F:[a, b]-*X and let ?0£[a, b]. Let и be a positive integer. 
If there are constants oq, a2, ..., a„ depending on t0 but not on h suchthat

then a„ is called the strong Peano derivative of F at t0 of order n and is denoted 
by Fw (t0). It is easily seen that if F(n)(/0) exists then F(n)(tQ) (1 ^ k ^ n )  exists. 
In particular Fa)(i0) is the strong derivative of F at t0. We shall write for con
venience F(0)(t0) =  F(t0).

Let n be any non negative integer. If F(n)(/„) exists, we write

Clearly then en(F; t0, t) is strongly continuous. Let F(n) exist in [a, b]. Let 
o)„(c, d) =  max{ sup ||e„(c, Oil, sup \\en(d, Oil}, a =S c d =§ b.

C<í<d C<í<d
Then F is said to be strongly ACnlr over a set £ c [a , b] if F{n) exists in [a, b] 
and for arbitrary e>0 there is a <5>0 such that for all finite collection of non 
overlapping intervals (аг, Zq), (a2,b 2) ... (am, bm) with end points in E and

2. Notations and terminology

£„(/„, 0 = £„(F; t0, 0 = ( t - t 0)n L
0, t = t0.

n\

m

2 ( b n—ar)<ö we have
r =  . m

br) <  £•
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The function F  is said to be strongly ACnG+ in [a, b] if F is strongly 
continuous on [a, b] and if we can write [a, b] =  U Et where Е-’s are non-over
lapping closed sets and F is strongly ACm over each Et. (Note that the continuity 
of F  is necessary only for n=0. For и£1, it is a consequence of the existence of 
*■(.> ’) The definition of ACnG* for real functions is as in [9; p. 231] or [4] according 
as /2=0  or >0.

L emma 1. I f  F: [a, b]-*X is such that at a point t0£[a, b], F(n)(t0) exists 
then for each x*€X*, (x*F)(n)(t0) exists and (x*F)(n)(t0} —x*(F(n)(t^)). I f  F is 
strongly ACnG* in [a, b] then for all x*F is a numerical valued ACnG*
function in [a, b].

Since x*en(F; t0, t ) —en(x*F; t0, t) for each x*£X*, the first part is clear. 
Also since for each x*£X*

and hence the results follows.
Lemma 2. Let F : [a, b] -*X be strongly continuous and let F(n) exist in [a, b] 

and let

(i) <P(n+D<JÍ) = Finf£) for all £e [a,b].
(ii) I f  F(n+1) exists at a point t0 then f/>(„+2)(t0) exists and equals F(n+1f t 0).
(iii) I f  F is ACnJf over a set Ea[a, b] then cp is АС„+Ы over E.
P r o o f . Let t0 and t0+h belong to [a,b]. Now

3. Preliminary lemmas

we have

t
<p(t) — f  F(/;)dZ, for a ^ t ^ b .

a
Then

(3.1) (p(tp+h)-(p(t0) =  °f F(£)d£ =

=  jf
'о 1‘о

Since ||eB(F; í0, í0+/z)||-*-0 as h-+ 0, we have

So, by (3.1) <p(B+i)(to) exists and equals F(B)(/0).
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Exactly as above we can show that 
those points t0 where F(„+1) exists. 

Now by (3.1) we have
, I4 (n +1)!

£ « + 1  ( < p ;  t0, t 0 +  h ) =  h„+1

from which (iii) follows.

fP(,1+2) exists and is equal to

Y ' i z - Q "  , P. ,J  , £»\F, h , o) d£,

F(n + 1) at

Lemma 3. Let n>  0 and F:[a,b]-*X besuchthat exists in [a, b\ and 
F be strongly ACm in a closed set Ea[a, b]. Then F is strongly АСп_ы in E.

Proof. It can be shown as in [10, Lemma 1] that if a ^ c ^ d ^ b  then

\\F(n)(d ) -F M(c)\\^Acon(F; c,d) 

where A depends only on n. Hence if c, d(LE then

|l|F(n)(d)|| — ||F(n)(c)||| ^  Aco„(F; c, d)

and therefore the real valued function is absolutely continuous on E. The
set E being closed, ||F(n)|| is bounded on E. Let M  be the upper bound of l|F(B)|| 
on E. Then since

e„_i(F; t0, q) = ^ J l [ F M (t0)+ Sn(F- i0, tj)],
we have

<o„-ÁF; c, d) ^  M rfl[M +o)„(F; c, d)]

whenever c, d£E. Thus F is strongly on E.
C o ro llary . I f  F is strongly AC„G  ̂ on [a, b] then F is strongly AG„_iG^ 

on [a, b].
Lemma 4. I f  a function (p:[a,b]-*X is strongly AC„G* and (p(n+1)=9 almost 

everywhere then <pw  is constant.
P roof. Let x*£X* be arbitrary. By Lemma 1, x*cp is a numerical valued 

AC„G* function and moreover

(x*<p)(n+1) = x*(p(n+1j =  х*в = 0

almost everywhere. So, (x*<p)(n) is constant [4]. But (p(n) exists and (x*fp)(n) = 
=x*(pin). Since x* is arbitrary, the lemma is proved.

4. The CnD^B integral

D efinition . A function / : [a, b] — X  is said to be CnD^B (Cesaro—Denjoy— 
Bochner) integrable if there exists a function F : [a, b] -*X which is strongly A CnGM 
in [a, b] and F(„+1) = f  almost everywhere in [a, b]. Then F(n) is called an in
definite CnD^B-integral of /  and F\„fb) — F(n)(a) is called its definite C„D^B-
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integral in [a, b] and is denoted by
b

{CnD ,B) f  f( t)d t.
a

The definite integral of an integrable function is unique by Lemma 4. It can be 
verified that the class of all C„D^B integrable functions in [a, b] is a linear space 
and the C„D^B integral is a linear operator from this linear space to X, and this 
operator is additive on abutting intervals.

In [8] we have defined a special Denjoy—Bochner-integral, the D^B-integral, 
such that a function / : [a, b] -*X is D*B integrable in [a, b\ if there is a function 
F :[a, b]-*X suchthat F is strongly AC0G^ in [a, b] and ADsF = f  almost 
everywhere in [a, b], where ADS F denotes the strong approximate derivative 
of F. This definition of the D^B integral is equivalent to that given in [12]. The 
definition of the C0D^B-integral here differs from that of Dt B in using the strong 
derivative ^(D instead of strong approximate derivative ADSF. Thus the C0D+B- 
integral is less comprehensive than the Z>^-integral in [8]. Nevertheless, we shall 
see that the C0Z)+ő-integral is strictly more general than the Lebesgue-—Bochner 
integral. We remark in passing that the C0T>^-integral will coincide with the 
£)^B-integral in [8] (and hence with the special Denjoy—Bochner integral in [12]) 
if the indefinite D^B-integral F satisfies the additional condition that for each 
to$\ß,b] there is M = M (t0) suchthat

\ \ m - n t 0)\\ 3£
for all t in some neighbourhood of t0. (See Lemma 3 of [2].) On the other hand, 
the C0D^B-integral is analogous to the Dü-integral defined in [11; p. 45].

T heorem  5. I f  f  is C„D^B-integrable then f  is strongly measurable.
P ro o f . Let x*£X* be arbitrary. By hypothesis there is a function F : [a,b] —X 

which is strongly AC„G* and F(n+1)= f  almost everywhere. So, by Lemma 1 
x*F is ACnG^ and (x*F)(„+1)= x * / almost everywhere. Thus x*f is C„D*- 
integrable (or, equivalently C„P-integrable) scalar function. Hence x*f is measurable 
(see [3]). Since x* is arbitrary /  is weakly measurable.

Now Fw , F(2), .. . ,  Fm  exist everywhere and F(n+1)= /  almost everywhere. 
Since F is continuous, the range of F is separable. Let X0 be the closure of the 
space spanned by the range of F. So, X0 is separable. Since

limл—о
F (t+ h )-F (t) 

h F(l) (0>

so Fw ( t ) e x 0 for all te[a,b]. So, -^[F (t + h ) -F ( t) -h F (1)(t)]£X0 for all /Ы0.
Hence its limit F(2)(t)€X0 for all re [a, b]. After finite number of steps we can 
show that Fw (t), ..., F(n)(i) belong to X0 for all t€[a, b]. Therefore

b ^ [ F ( t+ h ) - Z o£ Fw (t)] tx0
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for all h^O  and for all Z€[a, b]. Hence the limit F(n+1)(t), if it exists, is in X0. 
Since V +D  exists and equals /  almost everywhere in [a, b], f( t)£ X 0 for almost 
all t€\a,tí\. Thus f i t )  is essentially separably valued. Hence by [7; Theorem 
3.5.3, p. 72] /  is strongly measurable.

T heorem 6. I f  f  is Lebesgue—Bochner integrable in [a, b] then f  is C0D^B- 
integrable in [a, h] and the integrals are equal.

If /  is Lebesgue—Bochner integrable in [a, b] then its indefinite integral 
F is strongly absolutely continuous in [a, h] [7, Theorem 3.7.11, p. 83] and /  is 
the strong derivative of F almost everywhere in [a, b] [7, Corollary 2, p. 68]. 
Since a strongly absolutely continuous function is strongly AC0G* the result 
follows.

T heorem 1. I f  f  is Cn̂ D^B-integrable in [a, b] then it is CnD^B-integrable 
in [a, b] and the integrals are equal.

Proof. By the Cn_xD^B integrability of /  there is a function, say F, which 
is strongly ACn_1Ĝ f and F(n/ = f  almost everywhere and F(n_x) is the C„^xDt B 
indefinite integral of f .  Since F is strongly continuous, writing

cpit) = f  F(Qd(
a

we get Lemma 2, that the function cp is strongly AC„G# and (p(„){t) = j w o  
everywhere and <j»(„+i)(0 = FM(t)= f(t)  almost everywhere in [a, b]. Thus /  is 
C„Z)*2?-integrable in [a, b]. The rest is clear.

T heorem 8. I f  f :  [a, b] —X  is CnDfB-integrable in [a, b] and 

F(t) = (C„D,B) f  f iO d t ,  te[a,b]
a

then F is C„ _!Ű+В-integrable in [a, b].
Proof. Let (p: [a, b]-*X  be the function which is strongly ACnG* and 

<P(n+1) = /  almost everywhere in [a,b]. By definition (p(n)(t)—(pw ia) — Fit) for all 
t£[a, b]. Also by Lemma 3, (p is strongly ACn_xG^ in [a,b]. Hence F(t)+(p(n)(d) 
is integrable in [a, b]. Since (pMia) is a constant, F  is Сп- ХЪ^В-
integrable in [a, b].

5. Integration by parts for CnD^B integrals 

Lemma 9. I f  n is any positive integer then
71 (fl\ (0 for i = 0, 1, ...n — 1,

(5.1) 2 ( -  r=0 n! for i =  n;

(5.2)
n — k
2 Í -r=0 *C )(T )-

rO for 
l l  for

к = 0,1, ..., n — 1, 
к = n.
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Proof. The relation (5.1) is well known. To prove (5.2) we have, when O ^k^n

J =  2 *  ( - O '(”) (” t r) =  x r j§ *  С -1 х С )(л -г К„ - г - 1 ) . . . ( „ - г - * :+ 1) =

=  j f  2  ( - ! ) ' ( ”) ( п - г ) ( п - г - 1 ) . . . ( я - г - /с + 1 )  =

=  - f t  i  ( -  l)r+* (") [ * * + P l  ... ■+ p k]

where ...... f t  depend on n and к  but not on r. So, by (5.1) we have

1 = ( - 1)'
n —k

k\ 2 ( - r 1 I l k + - 2  Pjrk- J] =
j=1 J

( - 1) n fn'i fO 10 if к = 0, 1, ..., n — 1, 
if к — n.

Lemma 10. Let F : [a, b]-+X and G:[a,b]-*R be two functions such that 
F(„)(£) and G(„)(£) exist. Then the function H =GF is such that H ^ig) exists and

# « ( 0  =  2  f") F(p)(0 G (r_p)(0, r = 0,1, ..., n.
p—0 \p/

Proof. We may suppose £=0. Since f („)(0) and G(n)(0) exist, we have 

m  =  2 ^ T  F (r) (0) + о m  and G{h) =  2  К  (0) + o(h")r=0 r - r=О П
and hence

H{h) =  G(h) F(h) = 2  h' [ Д  р 1(г1_ р)[ ^(p)(0)G(r_p)(0)] +oQi*) =

= 1 - ^ i i  ij^ P )(0 )G (r- P)(0 )]+ o W
r= 0  <-p=0 V P ' j

and this proves the lemma.
Lemma 11. Let n be any positive integer and let F : [a, b] -*X be strongly 

ACnGt and G: [u, b]-+R besuchthat G(n) is bounded and G be ACnG+ on [a,b]. 
Then FG is strongly ACnG* on [a, b].

Proof. Since and G(n) exist, by Lemma 10 (FG)(n) exists. To prove 
the theorem we first prove the relation

(5.3) e„(FG; c, t) =  F(t)sn(G; c, t)+ M ”) G(rfc )e n_r(F; c, t)
where

e0(F; c, f) = F(t) — F(c).
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Applying Lemma 10 for n = 1 we have

4i.FG\ c, t) = 1 ±7 {F(t)G (t)-F (c)G (c)-F(1)(c)G (c)(t-c)-F (c)G w (c)(t-c)} =

= G(c)e1(F; c, t) + F(t)s1(G; c, t)+G(1)(c) e0(F: c, t).

Thus (5.3) is true for n = 1. Suppose that it is true for и —1. Now for any function 
(p: [a, b) -*X having и-th strong Peano derivative we have from the definition 
of e„,

(5.4) £n(q>; c, t) = -y^-£„-i(<?>; c, t)-(p w {c)

where n is any positive integer. So applying (5.4), Lemma 10 and (5.3) for и —1 
we get

(5.5) e„(FG- c, t) = -JL -e^ iF G -, c, t)-(F G )w (c) =

=  c, 0 + J f  ( " 7 1) G(r)(chn-1-ÁF; c, o} -

— 2  (”) F(n-r)(c)G(,)(c) —

=  m ^n(G ; C, t) + G(c)en(F; c, t ) + - ^  " £  ( " ^  G(r)(c)eB_a_r(F; c, f ) -

-  Í"] (?WW f( .-r)(c)+CW(^ o №  c, Í).
Now using (5.4)

7 ^ 7 c, 0 - ( " )  G(r)(c)F(„_r)(c) =

=  (”) G„(c) [ - ^ e„_1_,(F; c , t) —F(„_r)(c)] =  (") G(r)(c)e„_r(F; c, 0- 

Hence from (5.5)

e„(FG; c, i) = F(t)en(G; c, i)+ 2  Í”) G(r)(c)en. r(F; c, t)

which shows that (5.3) is true for n. Thus by induction (5.3) is true for all n. Now, let 

sup ||F(0ll = M, sup |G(r)(/)| — Mr\ r = 0 ,1, ...И.
a s tm b  a s t s b

Then using relation (5.3) and the definition of co„ we get

(5.6) co„(FG; c, d) =? Mcon(G\ c, d)+ 2  Í"] 4 /rw„_r(F; c, d).
r=0 vr>
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Now since F and G are strongly АСпС^,[а,Ь\= \J E k suchthat F  and G are
k = l

ACnif on each Ek. By Lemma 3, F is strongly AC„^rjf on each Ek for r= l,2,...,n . 
Let e>0 be arbitrary and Ek be fixed. Then there are positive numbers <50, 5x,...,d„ 
and 0 such that for every finite collection of non-over lapping intervals {[ah 6,]} 
with end points in Ek we have

2  co„(G; a(, b,) <  £ whenever 2  (bi — ад <  4
i i

2  » » - ,№  at, bt) <  £ whenever 2  (bi~ad  <  <5,
i i

for r=0, 1, 2, ..., n. Thus choosing <5=min [<50, <5ls Sn, rj] we get from (5.6) 

2  mn(FG; at, bt) <  [m + 2  (”) Mr] £

whenever 2 ( bi~ ad<b-  Hence FG is strongly ACnJf on each Ek. Since FG
i

is strongly continuous, this completes the proof of the lemma.
T heorem  12. Let n be any positive integer and let F: [a, 6 ] —T  be strongly 

AC „Gif and G:[a,b]-*R besuchthat G (n) is ACG+. Then the function ф defined by

<K0 =  m G ( 0 + 2  ( - 1  )r C ) ^  /  ($ - ty - 'F (t)G ‘n(t) d t  

is strongly A CnGt .

P ro o f . Since G (n) is ACG+, G(r> is the n—r fold integral of G(n\  Hence 
by Lemma 2, G(r) is TC„_rG* for r= 0 , 1,2, ..., n. Moreover, G(n) is bounded 
and so (G(r))("~r) are bounded on [a, b] for r= 0, 1 ,2 ,..., и. Now since F is 
TCnG+, by Lemma 3 it is AC„__rG+ for r= l , 2 ... n. Thus by Lemma 11, FG(r) 
is TC„_rĜ . for r= 0 , 1, 2, ..., n. Now, since TG(r) is strongly continuous, it is 
Lebesgue—Bochner-integrable and hence integrating by parts [8] it is seen that the 
integral

f  (Z-ty-'FWGVWdt

is the r-fold integral of FG(r\  and hence by Lemma 2 it is strongly AC„G¥ for 
r— 1, 2, ..., n. Thus every term of ф is strongly HC„G* and so ф is strongly 
AC„G^ on [a,b].

L emma 13. Let n be any positive integer and let F : [a,b\-+X and G: [a, b]-+R 
be such that F(") exists in [a, b] and G(n) is continuous in [a, b]. Then the function 
ф: [a, b]-*X defined by

ф ( a  = f (o  g  ca  + i  ( -  a -  (”) /  ( c -  ty  -'F(t) g v  (o dt

is such that ф(„̂ = F(n)G in [a,b]. Moreover, if  f(,+ i)W  and G(n+1)(/0) exist
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then d(?o) exists and

•А(«+1)(го) =  Fc + iiW G W + fw W  G(1,(/0).

Proof. By Lemma 10, for fixed r, 1 the function H=FG(r) is such
that exists in [a, h]. Let ?0£[u, 6]. Then

(5.7) #  (0 -  2  ~ Г -  HoÁ‘o)+ o { ( t- t0y - r)-i~0 l

Now since H  is continuous, integrating by parts [8] or [7, p. 63]

í i i,
(5.8) 

and

(5.9)

tA tj f ( Z - t Y - 1H (t)d t=  f  d b  f  d tM. . . / H ( t r)d tr 
*0 *0 *0 *0

f°(£  — t?'~1H(t) dt = f [ ( £ - t 0) + (t0- t)y - iH (t)d t =
a a

= 2  fr 7  l ) « “ 'a)' dt.i=0 V I /  /

From (5.7), (5.8) and (5. 9)

/ (Z - ty -4 f( t ) d t  = — (ГТ *) « - '« У  / (to -O '-1- # (О Л +
( r -

+  i| r% 1^ f ^ 0(t0)+ o (« - t 0)").

Thus since ?0 is arbitrary

[ ( ^ J j T / « - ' ) - я « ) л ] м  =  я (. -

everywhere in [a, b]. Therefore by Lemma 10 and (5.2),

M O  = 2 ( 3 *U>(Ö<?-*>№+ 2 ( - Dr(") 2  (n ~k r) F w (0G "-k( 0  =

-  ^ - Ч Ш Т Н ® 0'--4© -

= 2 o [ " 2  ( - Dr (") ( " * r)] Fw (0 & ”- kK0  =  FM (0 G(0 .

Also at a point /„ where F(„+1) and G(n+1J exist, for fixed r, l ^ r ^ n ,  the
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function H=FG(r) is such that H(n_r+1)(t0) exists and so one gets as above 

* (. +i)fo) -  [ 2  ( " J 1) f (k)(to)G(n- t+1)(to) +

+  2  ( -  D' (") I f  (n ~ l + X) FW ^o)G ^-k+14to) =

+ 2 ( - V  .  W +1)W  =

Since
= 2  [" jT  (- l)r (”) (" ^+1)j Fw(^G<-*+1)(/0)+f(.+1)(/0)G(/o).

O - n - U J -
we have

n — k + 1

2  ( - i ) r
n | fn — Г+1

Hence by (5.2)

H T b x ^ m - w r x b

•A(n+i)Oo) — F (n + i)G W  +  F („ )(/0) C (1)W -

T heorem 14. Let f : [a, b] -*X be C„D+B-integrable on [a, b] and 

<p(t) = (CnD,B) f  /« )d £ .
a

Let G:[a,b]-*R be such that G(n) is absolutely continuous on [a,b]. Then fG  
is CnD ~B-integrable on [a, b] and

(CnD,B) ffG = [cpG ]ba-(C n. 1D^B) f  cpG™.
a a

P roof. We prove the theorem for n= 1. Let F: [a, b] -*X be the function 
such that F(1)=tp and F( 2) —f  almost everywhere and F is strongly A C fi*. 
By Theorem 8 the function q> is C0D*.S-integrable. Since G(1) is absolutely 
continuous, by [8] rpG(1) is £>*i?-integrable in [a, b] and hence by our earlier remark, 
it is C0D+5-integrable in [a, b]. By Theorem 12 and Lemma 13 there exists a func-
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tion : [a, b ] X  which is strongly AC^G^ and Fa)G=(pG everywhere
and *A(2)= ^(1)С(1) + GF(2) almost everywhere, that is i/̂ (2)—<pG(1)+ G / almost 
everywhere. Hence q>Gm + G f is QZ/S-integrable and

М Ъ ) - ф т (а) = f  [vQ )G ^(t)+ G (t)f(l)\dt
a

i.e.

<p(b)G(b)—(p(a)G(a) = f  [<p{i) Ga) (()+G (0/(0] dt.
a

Now since <pG(1) is C0D*B-integrable, by Theorem 7

ь b

[(pG]a =  (C0Z/ B) f  (pGW + i C ^ B )  f  fG
a a

proving the theorem for n = 1.
Now we suppose that the theorem is true for m — 1 and prove it for n=m. 

The proof will then follow by induction. As above, let F be the function such that 
F(m)=(P an<i F(m+i) ~ f  almost everywhere and F be strongly ACJG^. Since 
(p is C^xZ/ö-integrable and (G(1))<m_1, =  G(m) is absolutely continuous, by induc
tion hypothesis c/>G(1) is Cm_1D*5-integrable. Applying Theorem 12 and Lemma 13 
there exists a function ij/: [a, b] -+X which is A CmGt  and ф(т)= F(m)G=<pG 
everywhere and iJ'(m+i)=F(m)G<-1) + GF{m+1) almost everywhere. So, (pGw + G f 
is CmZ/L-integrable and

*<w(b)-*(«>(a) =  /  [cp(t)G^(t) + G(t)f(t)\dt.
а

Now since <pG(1) is Cm_1D*5-integrable, by Theorem 7 it is Cm.D*i?-integrable 
and hence

ь ь
f  fG  = [<pG]ba- (C m_lD,B) f<pG™

а а

proving the theorem for n—m. This completes the proof.

6. Examples

Example 1. There exists a C0D*.S-integrable function which is not Lebesgue—• 
Bochner integrable.

Let /  be an every where finite real valued function on [0, 1] which is D+- 
integrable but not L-integrable. (For the existence of such a function see [9; p. 
187].) Hence there exists a function F which is ACG* and Fw = f  almost every
where in [0,1]. Let {c„}fj2 be fixed. Define g:[0, 1]—/2 by g(t) = {c„f(t)}, 
/€[0,1] and G:[0, 1]-/* by G(/) =  {c„F(/)}, /€[0, 1]. Then if 2 f t = k \  for each 
/€[0,1], ||g(/)|| = |L| |/(0I- Since /  is not Lebesgue integrable, ||g(i)ll is not 
L-integrable in [0, 1] and hence by [7; Theorem 3.7.4, p. 80] the function
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g is not Lebesgue—Bochner integrable on [0, 1]. Now

IIGW -GW II =  i 2 ( c nF {h )-cnF(t2)Y Y  = \k\\F{tl)-F {Q \. 
So, G is strongly AC0G*. Also if at t= t0, Fw (t0)= f(t0) then at t= t0,

G(t0+ h )-G (to)
h

[Z c ; ( F M 2 - £ M _ / M ),f  =

1*1 | Ffl' - - - - / ( I,,i\ -  0

as A—0. Hence G(1) =  g almost everywhere in [0,1]. Thus g is C0Z)*A?-integrable 
in [0, 1] and

(C0D,B) f  g(t)d t= G (l).
0

Example 2. For each n > 0  there exists a C„Z)*B-integrable function which is 
not Cn_xD*B integrable.

Let /  be a real valued finite function in [0, 1] which is C„P-integrable but 
not C^jP-integrable. (For the definition of CrP-integral see [6]. For the existence 
of such a function see [5]. In fact, in [5] a function is given which is CP-integrable 
but not Z>*-integrable. The same method may be applied to construct a function 
which is C„P-integrable but not C^jP-integrable.) So, there is a real valued 
function (p in [0, 1] suchthat q> is AC„G¥ and (p(n+i)= f almost everywhere 
in [0, 1], [10]. We may suppose <p(n)(0)=0. Let C =  {cr}£/2 be fixed such that 
2 ^ = 1 .  Define the function g and ф on [0,1] with values in /2 suchthat

g (0  =  t€[0, 1], ip ( t) =  C(p{t), t€[0, 1].

Then t/'(i)=G<p(0, for / = 1, 2, ..., n + \ and e„(i{/-, t0, t) = Cen((p; t0, t). So, ф is 
strongly AC„G* and i//(„+1) = g almost everywhere. Hence g is C„D*ő-integrable 
and

1
фм (1) = (СпВ ,В ) f  g(t)dt.

0
If possible, let g be C„_1ű =,P-integrable. Then there is 0: [0, 1]—/2 suchthat 

0 is strongly AC„^G^ and 0(n) = g almost everywhere in [0, 1]. By Lemma 2, 
the function

G(0 =  f  0 ( 0 #
0

is strongly ACnG* and G(n+1)= 0(n) at each point where 0(n) exists. Thus ф(П+Х)— 
—G(n+1) almost everywhere. Hence by Lemma 4, ^ (п) —G(n) is a constant and 
hence 0 is a polynomial of degree at most n — 1. Hence

En- 1 (G; t0, t) — t0, t) — Csn-.1((P(1)', t0, t).

Therefore, since 0 is strongly ^4C„_iG*, (pw  is ACn_1G*. Also if 0(„)(to) exists
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and equals g(t0) then since t/t(1) and в differ by a polynomial of degree at most 
л - 1 ,

n n
, , 6„_i(0; *0 , 0  gOo)
l  l о

— , , £ n - iO A (i) ;  0  g(to)
1 I q

n
Ö -lOPf!)! 0 J(.h)

which tends to 0 as i —10, showing that (<P(d)(„)(4)=/(4)- Hence (<p(1))(n) = /  
almost everywhere. Thus /  is Q^P-integrable in [0, 1] (see [10]), which is a 
contradiction.
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ON AN ISOMORPHISM
S. M. Y A H Y A  (Dhahran)

1. Introduction

Let А, В, C be three modules over a Dedekind domain R. It follows from 
the Künneth theorem (see [2; p. 343]) that

(1.1) Tor (А, B)®C©Tor (А®В, C ) s í  Л ® Т ог (В, C)®Tor (A, B®C),

where Tor stands for Torf. The object of this paper is to determine the structure 
of each side of (1.1), providing thus a structural proof of the isomorphism and an 
insight into the structures of the modules involved. In the end we consider an 
application of this isomorphism, showing how to deduce from it the structure of 
the torsion submodule of the tensor product of two modules over a Dedekind 
domain.

Before we proceed further we establish the notation which will be used in this 
paper.

R a Dedekind domain
A, B,C, ... modules over R
Q the quotient field of R
к the module Q/R
A, the torsion submodule of A
Ä the module A/A,
P a prime ideal of R
AP the P-primary component of A
R(P~) the P-primary component of К
®A the direct sum of v copies of A

0p
the direct sum over all prime ideals of R.

2. Structure of (1.1)

Let Up, VP, WP be basic submodules of AP, ВP, CP respectively, and let 
Ap/UP^® R (P ~ ), BP/Vp=®R(P~) and CP/WP^® R (P ~). Let 0 P, VP, WP be

. ap w £p ~ Ур
P-basic submodules of А, В, C respectively (see [4]) and let XP, p.P, vP be their 
respective ranks.

For finding the structure of each side of (1.1) we need some lemmas.
2.1 . L em m a . (y 4 ® B )f= = 0 [ ( /p ® F p © (]^ y 4 p ® 0 B p ] .

P  Ц р  Я р
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Proof. We know that (A® B)t^ A t®Bt®A,® B® Ä® B, (see [4; Corollary 
3.10]). Now A,® Bt^  Q)AP<g)Bp~(BUpigtVp (see [4; Section 3 (iv)]). Also 

_ ~ p ~ p
At<g> В ~ ф А Р® В = ф А Р<2)Ур=ф®Ар (see [4; Theorem 3.1]). Similarly,
_ p p p »p

Hence the result.
p  Лр

2.2. Lemma. T or (Up, Bp)-f-Tor (Ар, VP)= T o r (Up, Р /» )0 ф к р 0  ф Up.
a.p  ß p

Proof. We have the following pure exact sequences (see [3; Corollary 3.7] 
or [1]).
(2.3) 0 -  Tor ( Up, VP) -  Tor ( Up, Bp) Tor ( UP, Bp/Vp) -  0,
(2.4) 0 -  Tor (UP, Vp) -  Tor (AP, VP) -  Tor (AP/UP, VP) -  0.
Now Tor (Up, Üp/Fp) =  ®Tor (Up, R(P°°))=Q)UP (see [2; Lemma 8.14]), which
is a direct sum of cyclic modules. Hence the pure exact sequence (2.3) splits. 
Similarly, Tor (AP/UP, VP) = Q VP, and the sequence (2.4) splits. We thus get

U p

the required result.
2.5. Lemma. Tor (UP, BP)+ Tor (AP, VP) is a basic submodule of Tor (AP, BP).
P roof. Since UP, VP are direct sums of cyclic P-modules, it follows that 

Tor (Up, Vp) is a direct sum of cyclic P-modules. Hence we deduce from Lemma 
2.2 that Tor (UP, BP)+Tor (AP, Vp) is a direct sum of cyclic P-modules. Let us 
now consider the following pure exact commutative diagram:

0 0 0
1 1 !

0 -  Tor (Up, VP) -  Tor (Up, Bp) -  Tor (UP, BP) -  0 
1 1 1  

0 — Tor (AP, VP) ->■ Tor (AP, Bp) Tor (AP, BP) — 0
1 J  I

0 -  Tor (AP, Vp) -  Tor (AP, Bp) -  Tor (AP, BP) -  0 
I 1 1
0 0 0

where ÄP=AP/UP and BP=BP/VP. It follows easily from the above diagram 
that the sequence

0 -  (Tor (UP, BP) + Tor (AP, VP)) -  Tor (AP, BP) -  Tor (ÄP, BP) -  0 
is pure exact. Also Tor (ÄP, ВР)^Тог(®7?(Р~), ф  R(P°°))^ ® Tor (R(P°°),

a .p  ß p  ß p

R(P°°))sí ф  R(P°°), so it is divisible. Hence the result follows.
C tp ß p

2.6. Lemma.
Tor (A, B)®C =

— ® [Tor ( Up, P/p)<8)W/p® © (Lp^^Lp)® © (JLp® i/p)0®  Tor (Ap, BP)\.
p <Xp ßp vp
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Proof. Since Tor (A, В) is a torsion module it follows from [4; Theorem 3.4] 
that Tor (A, B )® C ^T or(A , B)®C,®Tor(A, B)®C. Now Tor (A, B)®C,9i 
— ® Tor (Ap, Bp)® Cp = ®[Tor {Up, VP) ® WP(B ® (Lp® WP)(B (B(UP® WP)] by

P P Ctp ß p
Lemmas 2.2 and 2.5. Also Тог(Л, B) cg> ®Tor (AP, BP)® C= ®Tor (AP,BP)®

_  p  p
®WP by [4; Theorem 3.1]^® ®  Tor (AP, BP). Hence the lemma.

P  vp
2.7. Lemma.

Tor (A®B, C) =

— ®  [Tor (UP®VP, Wp) ® ф  (Cp®Fp)©® Тог {Bp, Cp)® ® Тог (Cp, Ap)].
P Ур Лр  Pp

Proof. We know that Tor {A® В, C )^Tor ((A®B)t, Ct). Hence, by Lemma
2.1, it follows that Tor (Т<8>Д C)s= ®[Tor(f/p(g>Fp, CP)©®Tor (5p, Cp)©

P  Я р
ффТог (Ap, Cp)]. Also we have a pure exact sequence

pp
0 -  Tor (UP®Vp, WP) -  Tor (Up®VP, Cp) -  Tor (UP®VP, CP) -  0, 

where CP=CP/WP. Now Tor (UP®VP, Cp)^Tor (UP®VP, 07?(P“)) =
Ур

= (B(Up®VP). Since UpQVp is a direct sum of cyclic modules, the above pure
Ур

exact sequence splits. Hence Tor (UP® VP, CP)^T or (UP®VP, WP)® Q U P®VP,
Ур

whence the lemma follows.
From Lemmas 2.6 and 2.7 we get the following theorem.
2.8. Theorem.

Tor(T, 2?)®СфТог(Л®,8, C)

-  ® [Tor (t/p, Vp)®Wp@Tox(Up®VP, ^ p) 0 ®  (Vp®WP)®
P  d p

® ® (Wp ® Up) ® Ф (Up ® Vp) ф ® Tor (Bp, Cp)®® Tor (Ср,Лр)©ф Tor (AP, BP)\.
ß p  Ур  Я р  p p  \ р

In the same way we can establish the following theorem.
2.9. Theorem.

-4<g>Tor(i?, C)®Tor(T, B®C) = 
s  ®[£/p®Tor(Kp,IFp)®Tor(t/p, VP®fVp)(B

p

Ф ®  ( V p ®  W p )® ®  ( W p ®  U p )® ®  ( U p ® V p )®
OCp ßp Ур

0  © Tor (.ßp, Cp)® ф  Tor (Cp, Ap)(B © Tor (Ap, ßp)].
Я р p p  Vp

Since each of the modules UP, VP, WP is a direct sum of cyclic P-modules, 
it follows immediately that Tor (Up, VP)® WP®Tor (UP®VP, WP)szUP® 
®Tor(VP, Wp)S)Tor (Up, Vp®WP). Thus we can conclude from Theorems 2.8 
and 2.9 that the two sides of (1.1) are structurally isomorphic.
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3. An application

It is interesting to note that from isomorphism (1.1) we can deduce the structure 
o f the torsion submodule of the tensor product of two modules. Let us put C=K  
in (1.1). We get (see [2; Theorem 8.17]) the following:
(3.1) (A®B), =s A® B,® lor{A, B®K),
for Тот (A, B)<g>K=0, as Tor (A, B) is a torsion module and К  is divisible. 
Again putting B —K  and C=B, in (1.1) we get
(3.2) At®Bt®Tov(A®K, Bt) ^ A ® B ,.
From (3.1) and (3.2) we deduce that
(3.3) (A® B)t ^  Л,®2?(©Тог (A, B®K)®Tor (A®K , B,)

Si At®B,@Tox (A,, B®K)@Tor (А®К, В,)
Now B ® K ^ B ® ® 0  R(P°°) (see [4; Theorem 3.1]). Hence Tor (A,, B® A)ss 
=  ® 0  Tor (AP, R(Pm))^(& (BAP. Similarly, Tor (A®K, В ,)^ф ф В Р. [Also, since

P  Цр P  Цр  P  Ap
A t® B,^@ UP®Vp, we have
(3.4) (A ® B \  Si ®  [[/P(g)Fp®0 AP®® Bp\.

P  Цр  X p
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PERIODIC BEURL1NG DISTRIBUTIONS
M  G. COLLIER (Fredericksburg) and J. A. KELINGOS (Nashville)

1. Introduction

In 1961 A. Beurling [1] presented the foundations for a certain more general 
theory of distributions, which in euclidean space encompasses the Schwartz theory 
as a special case. In 1965 G. Björck [3] published an extensive and energetic paper 
in which he develops and extends Beurling’s ideas rather thoroughly, at least in 
euclidean и-space. (Beurling’s original groundwork is valid in locally compact, 
sigma-compact, abelian groups.) In addition to elaborating on Beurling’s ideas, 
Björck discusses the relationship between Beurling spaces and Denjoy—Carleman 
classes, introduces generalized tempered distributions, convolution, and Fourier 
transforms, proves Paley—Wiener theorems — all this in the introductory chapter. 
The main thrust of the work is toward applications to linear partial differential 
equations; existence, approximation, interior regularity of solutions. Beurling 
distributions have since appeared mainly in partial differential equations and func
tional analysis. In 1967 M. A. Dostal [5] investigated the singular supports of 
Beurling distributions and their connection with convolution operators. A regularity 
theorem for solutions to elliptic equations was proved by O. John [10]. In 1971 
C. A. Berenstein and M. A. Dostal [2] showed that the spaces of Beurling distribu
tions are analytically-uniform spaces, a notion introduced by L. Ehrenpreis in 1960. 
In their paper [2] the authors study the equivalence of different topologies in the 
space of Fourier transforms of Beurling test functions. In [7] O. Grudzinski con
siders certain Sobolev spaces of Beurling distributions, while in [17] O. Wein
gärtner and F. Constantinescu characterize the positive semidefinite Beurling 
distributions. In 1979 Grudzinski [8] published a rather extensive paper devoted 
entirely to tempered Beurling distributions.

While the above summary by no means exhausts the literature on Beurling 
distributions, the authors have nonetheless been unable to find any work done in 
the application of these distributions to complex analysis. We do not imply by 
this that complex analysis does not find its way into the study of Beurling distributions. 
After all, the Fourier transform of a distribution with compact support is an entire 
function, and the growth properties of these entire functions is what the Paley— 
Wiener theorems are all about (see [5] for some very intricate work with entire 
functions). On the other hand, complex analysts have apparently not yet found 
a use for Beurling distributions in the study of analytic or harmonic functions on 
the unit disc or on the half plane. This seems all the more remarkable in light of the 
fact that Beurling himself proved in [1] a theorem which characterizes those analytic 
functions in the unit disc whose boundary values are Beurling distributions. This 
theorem alone suggests many problems in function theory that ought to be investi
gated. B. Korenblum’s interesting paper [11] appears to have relevance in this
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direction, but even the connection with Schwartz distributions is not actually men
tioned there.

The purpose of this paper is to lay the groundwork needed in order to look at 
some of these problems. The organization of the paper loosely follows chapter 11 
of Zemanian’s book [18]. Specifically, we investigate Beurling test spaces and 
(periodic) distributions on the unit circle. In order to take advantage of the machinery 
already developed for Beurling distributions in euclidean space (specifically R1), 
we prove certain “correspondence” theorems in section 3, the main tool for which 
is the proof of the existence of unitary functions. In section 4 we consider Fourier 
series and convolutions of periodic distributions, and we characterize the periodic 
Beurling distributions by the growth rate of their Fourier coefficients. Also in 
section 4 we generalize results of Goldberg [6] concerning the connection between 
Fourier coefficients and Fourier transforms. Finally in section 5 we begin the study 
of harmonic and analytic functions in the unit disc with generalized boundary values 
by defining the generalized Poisson integral, and we characterize those harmonic 
functions with Beurling distributional boundary values in terms of the growth rate 
of their Lx norms.

The authors would like to thank R. F. Arenstorf and R. R. Goldberg for helpful 
conversations in the preparation of this manuscript.

2. Notation and preliminary results

As we mentioned in the introduction, a thorough description of the Beurling 
test spaces and distributions in R" is given in [3]. Briefly, the definitions are as 
follows. We deal only with R 1, and consider continuous real-valued functions 
со which satisfy the following conditions:

(a) 0 =  ca(0) S  co(£+ri) S  co(0+co(rj) for all i, rj in Ru,

(ß)
co(£)
l + £2

<  +  oo;

(y) there exists real a and positive b such that for all £ in R 1,

a>(0 £? я + blog (1 +  |{|);
(ö) со is concave down on [0, ” ) and is even.
This last condition is necessary for some of our results but still provides sufficient 
generality. Indeed, Beurling [3, p. 355] showed that a function satisfying (a)—(y) 
is dominated by a function satisfying (a)—(d). We observe that co(0) = 0 and 
concavity imply the subadditivity of (a), and co^O implies со is increasing on 
[0, °°).

D efin itio n  2.1. For a given со satisfying (a)—(<5), denote by S>(0=S>C0(R1) 
all complex-valued functions cp in L fR 1) with compact support and such that 
for all Í  >0,

\\<p L =  IMI" =  / 10(ökA“«)# <  +  ~,
R 1
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where ф denotes the Fourier transform

ф(ф) = J  (p (x) e ~1i(x dx.

For a subset К  of R \  let 9 m(K) =  {<P 6 : supp (p^K). Let {ATJ, i^ l ,  bean
increasing sequence of compact subsets with union R1. Then a locally convex 
topology is defined in 9 a as the inductive limit of the topologies of 9 a(Kt) ,i  = l,2 ,..., 
each of which is a Fréchet space with topology defined by the sequence of seminorms
II • II“ , m = l, 2.......  is complete [3, p. 358] and a sequence of functions
converges to 0 in the topology of £)w if and only if the functions have common 
compact support and ||<р„||А-*-0 for each /> 0 .

D efinition  2.2. The space 9'a =2'm(BP) of all continuous linear functionals 
on is given the weak topology and is called the space of Beurling distributions 
on R1.

A distribution then is a linear functional on whose restriction to each 
is continuous. Equivalently, a linear functional /  on QsOÍ is continuous 

if and only if to each compact set К  there exists A>0 and C such that
(2.1) \{f, q>)\ ш С||<р1я, all <pZ9m{K).
In particular, a linear functional /  on is continuous if and only if it is sequentially
continuous: (pv~*0 in 3>C1 implies { f  <pv)->-0. Convergence in 3>'a means point- 
wise convergence: f v converges in if the sequence of complex numbers ( /v, <p) 
converges for each cp in . Furthermore, is closed under convergence.

We mention briefly some of the ramifications of conditions (a)—(y). If eo 
satisfies (a), is an algebra under pointwise multiplication and for each A>0 
we have:

(2-2) M L ^ ^ M x M L ,

Assuming (a), then (ß) is equivalent to the non-triviality of . In particular, 
contains partitions of unity. When a)(< )̂=log (1 + 1£|), is the Schwartz

space £2)=Cq. Condition (y) implies is dense in 2> and is closed under
differentiation.

Therefore 2>'ю 3>’ and Beurling distributions are seen to be a proper generaliza
tion of Schwartz distributions. In addition Björck [3, pp. 364 and 365] has shown 
that condition (y) implies supremum norms can be used instead of integral norms. 
Since this fact is important to our results, we fist it as a lemma (see also [8], p. 299).

D efinition  2.3. If (p£L\RJ) and 2 is real, set

IIMIIi =  IMII? =  sup |0(£)|еАю({).£€Rl
L emma 2 .4 . I f  со satisfies (a)—(y ) and (p^L^R1), then

A \\\cp № ^M ? ^B \\\cp № +2/b,
where b is the constant of condition (у), В is a constant depending only on b, and A 
is a constant depending on the support o f <p.

Acta Mathematlca Нипдаггса i2 ,1983



264 M. G. COLLIER and A. KELINGOS

The definition of Beurling distributions on the unit circle Г runs almost 
parallel to the above paragraphs. One begins by considering real-valued functions 
со defined only on the integers Z (= t)  satisfying conditions (a)—(5), where R1 is 
replaced by the integers Z, [0, °°) by 0, 1, 2, and of course iß) is replaced by

iß)
у  < ц ( п )

«ez 1 + и2 +  °°.

In the sequel we will always specify the domain of ю (either R1 or Z) in order 
to discern to which sets of conditions (a)—(<5) we are referring, or we will say things 
like “condition (a) on R1” or “(/8) on Г”, etc.

Definition 2.5. For a given и  on Z  satisfying (a)—(d), denote by 33m = ЗЗт{Г) 
all complex-valued functions 0 in L \ r ) such that for all /  >0,

II0|U = Ц0Ц? = 2  |ö(n)kA“(n)< + - ,«6Z

where в denotes the Fourier coefficients

000 = f e ( O e - inidi.

We topologize 33ю directly by means of the sequence of seminorms || • ||“ , m = 1,2,.... 
33m is then a Frechet space. The completeness of 33ю will follow from the 
completeness of 33u> (section 3). Again a sequence 0v€^ao> converges to 0 in the 
topology of 33m if and only if ||0v||a—0 for each A>0.

D efin itio n  2.6. The space ЗЗ'^—ЗЗ'^Г ) of all continuous linear functionals 
on 33ю is given the weak topology and is called the space of Beurling distributions 
on Г.

A linear functional on 33a is continuous if and only if it is sequentially con
tinuous. Convergence in S3’a means point-wise convergence.

The space &‘m can be thought of as a subset of the periodic functions defined 
on R1 and belonging to U ( — Tt, n), and we will not distinguish between a function 
0 in 33w and its periodic extension to R1. The space 33'B, however is certainly 
related to periodic Beurling distributions on R1, but it is the purpose of section 3 
to set up an algebraic and topological equivalence between these two sets. (A periodic 
distribution on R1 is a distribution f333'm such that { fit) , (p(t + 2n)) = {f(t), (p(t)), 
all (р£.3>ю■ Simply stated, f ( t  + ln)=f{t)2)

The number that assigns to 0 6 33C} will be denoted by /  • 0 to avoid
confusion with the number (f,cp) that assigns to <р(ИЗы. We will write
/ • 0(O>/ ( 0  • 0(t)> (/, (pit)), or (fit) , (pit)) if there is confusion as to the variable.

The significance of conditions (a)—(y) on Г should be mentioned again. 
First of all it is routine to show that if cu(n)=log (1 +  |и|), then 3P ( =  С“ (Г)), 
the Schwartz test space on the circle. Condition (a) has the same significance as 
for R1. Condition iß) again is equivalent to the existence of local units in 33a, 
or more generally, partitions of unity (which is not equivalent this time to the non
triviality of 33a , since for example all (periodic) real analytic functions satisfy (ß) 
on Г). (A local unit is a function which is identically one on an interval and zero
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off some larger interval.) The proof that, on Г, (ß )  is equivalent to the existence 
of local units is given at the end of section 3.

A word should be said about the fact that sometimes со is defined on R1 and 
sometimes on Z. Since 3>a and will often be considered simultaneously, 
we note that if со is defined and satisfies (a)—(<5) on R1, then it is clear that co/Z 
satisfies (a)—(<5) on Г. Conversely, if со is defined on Z  and satisfies (a)—(fi) 
on Г, the continuous piecewise linear extension of со to R1 will satisfy (a)—(<5) 
on R1.

Finally, in section 4 we prove that a periodic distribution is tempered, and 
accordingly we define here the space of tempered Beurling distributions with which 
we will be dealing. The space defined here is that mentioned by Björck in [3]. 
Recently Grudzinski [8] has developed a more general theory of tempered Beurling 
distributions, but we will not use that generality here.

D ef in it io n  2.7. For a given со on R1 satisfying (a)— (<5), denote by SfJJZ S) 
the set of all functions cpdL^R1) such that cp and ф are in C°°, and for each 
integer n^O  and each real A^O

Pn.Áv) = sup eA“«> \cpw ^)\ < “ .
i C R 1

and
л„,Л(р) =  sup eXa<V |ф<п>( )̂| <°o- 

t C R 1

The topology of is defined by the semi-norms p„tX and я„(Л. A continuous 
linear functional on is called an w-tempered distribution. The space of all 
со-tempered distributions is given the weak topology and is called 5C.

Convergence in <9̂, means convergence in each semi-norm, and convergence 
in 5^' is again pointwise.

Just as in the classical case, it is true that сЯ>'ю, each inclusion
is a dense imbedding, and convergence in any of the four implies convergence in the 
spaces to the right.

It is clear from the definition that if cp is in so is <p. Accordingly, the 
Fourier transform /  of a distribution /  in SRÚ is defined by

(2.3) </, <?) = if, Ф), <P£K-
The functional /  is again in if /  is. If /  has compact support, then /  is a 
regular distribution given by the function
(2.4) A O  = (fit), e~‘i‘),
where the right hand side is understood to be (f(t), l(t)e~ iit'). Here is
identically equal to one over some neighborhood of the support of /.

Finally [8, pp. 316—319], if /,  ar>d at least one has compact support, 
then the convolution of /  and g can be defined in a way analogous to the classical 
Schwartz case, f*g£& ’á  and
(2.5) f * g  = fg .
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3. Correspondence theorems

We begin with two preliminary results relating the Fourier coefficients of 
27T-periodic functions and the Fourier transform of functions on R1. More will be 
made of this in section 4. This lemma is a special case of results found in [6].

Lemma 3.1. Let <p(̂ L1(Rr) and 0£Ьг(Г). Then 0(p(^L1(R1) and

(3.1)
I f  (p^D^R1) and в is defined by

(3.2) 0(0 = 2  <p(t—2nri),
n i Z

then eaLfT) and
(3.3) 2л0(п) = ф(п).

In order to set up algebraic and topological correspondences between and 
3>'a and 0>'<a, we prove that unitary functions exist in 3)ф.
Definition 3.2. A function {(;) in is unitary if

(3.4) 2  =  1.
n i Z

Theorem 3.3. Unitary functions exist in 3)m.
Proof. Fix 0<<5<л, choose a non-trivial function ф-sO in whose 

support is contained in [ — 0, <5], and define <р(х) = ([/с)ф(х — п)ф(к—х) where 
c is a constant chosen so that J  (p = 1. Then q> is non-negative, symmetric about

R 1
n, has support in [n—Ő, n+5], and is in since 3>ю is closed under multipli
cation. Define

m  = i
0

<p if \t\ <  2n 

if |/| ^  2л.

Note that ^ is non-negative, even, has support in [—л—Ö, n+6], and is identically 
one on [—л+<5, л —<5].

To check (3.4) fix t and consider two cases. If Г is a multiple of 2л, say 
t =2nN, there is only one integer n such that \t—2ля|<2л, namely n = N. In

2 i t

this case the left hand side of (3.4) is equal to Jcp—\. l i  t is not a multiple of
0

2л, there are two consecutive integers such that \t—2лл|«=2л, say n and и +  1.
2тс 2tc

In this case the left hand side of (3.4) becomes /  <P + f  (p. Making a linear
t — 2nn (л +  1)2тг — t

change of variable in the second integral and using the symmetry of (p about n,
2it

the sum of these integrals reduces again to f  <P=L
0

Acta Mathematica Hungarica 42, 1983



PERIODIC BEURLING DISTRIBUTIONS 267

To show that £ isin  3>ю, we consider
2 n  2 k

|(t)= f  f  (p(x)dxe~lutdu.
— 2n |u|

Reversing the order of integration yields
27t X

1(0= /  f  (p{x)e~iu,dudx = 070(0(0-0 (-0)-
0  - X

Since the C°° function on the right has a removable singularity at the origin and 
since (p is in S)m, it is clear that Ш1л=с|М|л<°°, where c is some constant. 
This completes the proof.

Before proving our first correspondence theorem, we show that each function 
in is a multiplier for In the notation of [3, p. 367], we have SPa cz Sa , the 
space of multipliers for Q)m. Specifically, the situation here is as follows.

T heorem  3.4. I f  <p and 06&a , then 0(p£@ol and

(3.5) \\0(p\\x^ II0IUML,

where the three norms are in 3)a , SPa and Q)a respectively.
The proof is a straightforward computation which uses (3.1) and Fubini’s 

theorem twice.
T heorem  3.5. Each cp in generates a unique 9 in SPm through the ex

pression (3.2). Conversely, for a given unitary |  in 2>ю, each 9 in 3Pa can be 
generated by means of (3.2) from <p=0f

Proof. The function 9 in (3.2) is clearly periodic. Next observe that by con
dition (y), co(ri)^a+b log (1 + |и|), b>0, hence

2  exP ( " T “ (”)) s  exp ( - 2 a/b) 2  n ,x, < “ •nez \ b ) „ e z  ( 1 +  \n\)
Using (3.3) we therefore have

l|0|l* =  2  |Ö(n)|^“W = ̂ ~ 2 Ш\ед"<"> ^nez nez

-  1Ф (") I exP +  2/b) со (и)) ^ехр^--^-ш (п)] S  С\\\ср\\\1+г/ь ==

S C 'lM L+a/b^00,
by Lemma 2.4, which proves the first half of the theorem.

For the converse, if 9 is given in 0>ю and £ is unitary in then
(р = 9£ is in by Theorem 3.4. But 2ч>{1~2nn) = 0(t) from (3.4) and the

n£z
periodicity of 9, which completes the proof.
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The above proof and (2.2) yield the following estimates for two functions 
<p in and 9 in ЗРШ related by (3.2).
(3.6) C'WvWx S  ||0||я =5 С\\ф\\х+г/ь.
Here C depends only on b of condition (y) and C  depends on the choice of 
unitary function An immediate consequence of (3.6) is the correspondence of 
convergence in 3>m and SPa.

Theorem 3.6. I f  <pv-+(p in 3>ы, then 9v-*9 in where each 9V and в is 
generated by cpv and tp through (3.2). Conversely i f  £ is unitary in 2>a and 0V-*0 
in &\ , then (pv= ^0v-*(p=^0 in @>ю.

Since 0>ш is closed under convergence [3], the above theorem yields
Corollary 3.7. SPa is closed under convergence.
We turn now to the relationship between 3P'm and periodic distributions in . 

Let 3)'ш denote the set of periodic distributions in S)'0J.

Theorem 3.8. There exists an algebraic isomorphism between 3>'a and 8P'm 
which preserves convergence in these spaces.

Proof. Define T : З 'ш-»0>'ы by T f ■ 9 = ( f  £0), f  in 3 '01, 0 in 3>a, (  unitary 
in 2 a, and define S : by {Sg, <p)=g ■ 9, g in 0>'a , (p in З ш, where
9(0  = 2  <p(t~2nn).n

First of all, T  is well defined, for if x is any other unitary function in 3>w, 
we see that ( / ,  £0) =  (/(r), 2  £(*Ж0*(*—2nn)). Since £ and x  have compact

n
support, only finitely many functions in this sum are non-trivial, hence this equals 

2 ( f ( 0 ,  £ (09(t)x(t-2nri)) =  2  (f(t+2nn), £(t+2nn)0(t+2nn)x(t)) =
II it
= 2  </(0, 9(t)x(t)a t+ 2nn)) = 9(t)x(t) 2  Z(t+2nn)) =  ( /, x9).

n n

If /  is in 3>'ш, it is easy to verify that T f is a linear functional on The 
continuity of T f  follows from Theorem 3.6. Similar remarks are valid for Sg 
where g is in 0>a . That Sg is periodic follows from the fact that if cp is in , 
both cp(t) and cp(t + 2n) generate the same 9 through (3.2).

All that remains is to show T  and S are bijective. Toward this end we show 
S T  is the identity on and TS  is the identity on SP'm. Let /  be in 3'a and 
(p in 3 a. Then

<(ST)f cp) = Tf- 9 = ( f  t f )  = (f(t), i(t) 2  <p(t — 2nn)) =
П

=  2 ( 1 0 ) ,  £(t)(p(t-2nn)> =  2  ( f( t  + 2nn), ((t+2nn)cp(t)) =
n n

= 2  </(0. £ (t + 2nn)<p(t)) =  (/(/), <p(t) 2  i(t+2nn)) = (/, cp).
n n

Thus (S T )f=f .  (The sums are once again finite.)
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Similarly, if g is in  9'm and 0€#ш,
(TS)g-e = (Sg, Z0) = (Sg, cp).

But
2  q>(t—2mi) = 2  Z (t—2im)0(t—2nn) = 6(t),
n n

since 0 is periodic and £ is unitary. So (Sg, cp)=g ■ 0 and hence (T S )g -g .
The fact that T  and S preserve convergence follows immediately from their 

definitions and Theorem 3.6, which concludes the proof.
As a corollary we show that SP’a is closed under convergence.
Corollary 3.9. ЗР'Ю is closed under convergence.
Proof. Let gv be in and converge (point-wise). Define the functional 

g on by g • 0 =  lim gv ■ 0. Then g is clearly linear on SPCi. Now Sgv= fv
converges in Q)'m to say / .  But 0)'ю is closed under convergence and therefore 

Since each /„ is periodic, so is / .  Hence T f is in $P'a . But T f ■ 0 = ( f  £0) = 
lim (/v, £0)= lim gv ■ 6=g ■ 0. So T f= g  and hence g isin SP'a .V+-00 у —oo

Henceforth no distinction will be made between elements of and periodic 
distributions in 3)'а . Both will be treated as functionals on 3Pa and on as 
circumstances happen to demand.

As an application we observe that if /  is a locally integrable, 2re-periodic 
function on R1, and if we interpret /  as a periodic regular distribution in , ( /, cp) =

= f  f(f)<p(t)dt, (раЯт, we see that as a functional on 3Pa, f - 0 = ( f ,  <̂ 0) =
2tc

-  /  f( t )6 ( t)d t .
0

As another application of these results, we examine the connection between 
local units on R1, local units on Г, and condition (ß) on R1 and on Г. We show 
that condition (ß) on Г  is necessary and sufficient for ЗРШ to be non-quasi-analytic.

Theorem 3.10. Suppose iо is defined on Z  and satisfies (a) and (5) on Г. 
Then со satisfies (ß) on Г, i.e. 2  lf  anĉ  onb  t f  contains local units.

Proof. Suppose first that 2  <  °°- We connect the points (n, co(n))
n i ~r

to form a piecewise linear, even, continuous co(x) on R1 which is then concave 
on [0, oo). Thus co(x)/x2 is decreasing on [0, °°) and hence J  dx <  CO by

R1 1+Л
the integral test. Therefore local units exist in (see section 2). It is clear that 
any desired local unit in can be obtained from a corresponding local unit in 
0)ш through (3.2).

Suppose next that У  -. ^ ”1 =°° and 0 is in (?«,. Choosing A —1 in Defini- 
n 1+и2

tion 2.5 we see Q(n) = 0(e~a(n)). By Theorem XV of [13] (see page 20, with 2„=n 
so that D = 1), if 0 vanishes on any interval, it vanishes identically, i.e. local 
units cannot exist.

Acta Mathematica Hungarica 42, 1983



270 M. G. COLLIER and A. KELINGOS

C orollary  3.11. I f  9 is in and vanishes on an interval o f Г, then some 
truncation 0X[O> <.+2*1 is in Q)a .

Proof. Without loss of generality, assume 9(t)=0 if n —ő ^ t^ n + ö .  Let 
£ be the unitary function in 3)a  constructed in Theorem 3.3. As pointed out there, 
£ hassupportin [—n —<5, я+<5] and is =1 on [—n+S, n —5]. Hence 0Х[_„,Я]=0£ 
is in by Theorem 3.4.

R em ark . The above corollary gives a direct method of constructing local 
units in 3>a> from local units in and hence it would seem that the second half 
of the proof of Theorem 3.10 could be proved directly in this way without using 
the very deep result of [13]. However the reasoning is circular in that one needs 
the existence of unitary functions in 3>ш which presumes the existence of local 
units in 3>m.

4. Fourier series and 2n-convolution

In this section we characterize periodic distributions by the growth rate of 
their Fourier coefficients. The main tool of this characterization is convolution. 
Since periodic distributions do not have compact support, their convolutions in 
<3'm do not exist. However a finite convolution, called 2л-сопvolution, can be 
defined in every case in The reader is referred to [18] where many of the details 
of this section can be found. We begin with a natural extension of the concept 
of slow growth.

D efinition  4.1. A sequence of constants {£„}, v€Z, is said to be of co-slow 
growth if there exist constants M  and a such that for all vcZ,
(4.1) \bv\ ^  Meâ \

If /  is in the Fourier coefficients of /  are defined as usual to be

(4.2) / 0 0  =  ± - f ( i ) . e - M, v€Z.

Since the Fourier series of a function 9 6SPa converges to 9 in we have
(4.3) f - e =

n i Z

The following result is a corollary of one of Beurling’s original theorems 
[1, Theorem II]. In this simpler setting we give a direct proof using the results of 
Section 3.

T heorem  4.2. I f  f  is in {/(v)} is co-slow growth.
Proof. Let £ be unitary in Then from (2.1) and Theorem 3.4, there 

exists a / > 0  such that

l/Cv)! =  ^  1/(0 • ^  К Л 0, i ( 0 e - h*>l s

S  C U ( t ) e ~ Mh  ^  С ||Ш 1 к - 'УЪ  =  M e ^ - *  =  M e ^ \
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On the path to a converse, we prove the following
Theorem 4.3. I f  {&„} is a sequence o f co-slow growth, then the trigonometric 

series 2  bvein converges in Sff, therefore in therefore in $P'a, to a periodic 
v€ZBeurling distribution f  and f(v)= bv, veZ.

Proof. If (see Definition 2.7) then 2  Ьпф(—п) converges absolutely,
П

for if b is the constant of condition (7),

2 \ъд \ф (-п )\ — М 2 1 <Нл)к(а+2/Ь)“(п)е - (2/Ь)"(я) ё  Мя0>а+ а/ь^ е - (2/‘)ш(п) <«>.
V

If we let / v(t)=  2  b„eint, then as regular distributions in <5̂ ,
n — — \

<fv><p)= f  fv(t)<p(!)dt= 2  bn f  (p(t)ein,dt ^  2 ъпф{-п) =
R» n = - v  R 1 n

Since Off is closed under convergence, fí£^f(z3>'m. Since each /„ is periodic, 
so is /.

The proof that f(v) = bv is exactly as in the classical case ([18], p. 332). 
Before completing our characterization of elements of 0>'m by proving the 

converse to theorem 4.3, we introduce convolution.
D efinition 4.4. Let /  and g be arbitrary distributions in SP'm. The 2л-соп- 

volution of /  with g is the functional defined on by

(4-4) (/*g)-0= /W -[g(t)-O (I+T )], в£{?0].

This definition makes sense provided g(T)-6(t+%) is in SPa. Assuming this 
to be true for the moment, we note that if /  and g are locally integrable periodic 
functions (regular distributions), it follows as in the classical case ([18], p. 323) that

2te
f* g  is the regular distribution corresponding to the function J /( r )g(t—x)dx.

0
We prove two lemmas. The first is a “Fubini-type” theorem.
Lemma 4.5. I f  and g ^ ' a, then

271 2tc
(4.5) g (0 • /  0(7+T)dr= f  g(O-0O + r)dr.

о 0

Proof. First of all, the integrand on the right hand side o f (4.5) is a continuous 
function of г since if x-+a, then

||0(/+ t) —0 (/+e)||x= 2  |9 (n)|\etin—elan\eXc°w
n

approaches 0 by the Lebesgue dominated convergence theorem, since the series 
is dominated by 2 2  |0(n)|eA"(',)-=co. Hence 0(7 +  r)->-0(i +  a) in and therefore

g(0  • 0O + r)-g (O  • 6(t+a).

7
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Next let av(i), v= l,2 , ... be a sequence of Riemann sums for the integral
2 n

J  9(t+x)dx=a(t), which converges to this integral. Using the Lebesgue dominated 
0
convergence theorem, one easily shows av —a in 2?̂ . Hence g-ocy—g-oc. But 
g ■ av is a Riemann sum for the right hand side o f (4.5) and hence converges to that 
integral, which proves the result.

Lemma 4.6. I f  9e0lm and g€(P'a, then (p(t)=g(x) ■ 0(t + x) is in 2Pa.
Proof. Applying Lemma 4.5 to the function 0(t + x)e~in<-,+t) and to the 

distribution g(t)e“" we see that
+ 2л

Ф(n) — 2 "̂ /  g(0-9(t + x )e - irndx =

-t 2п
— —  g(I) • f  9(t + x)e~izndx =  g(0 ■ в (n)ei,n =  2nÖ (n )g (-  n).2n J

Hence by Theorem 4.2,

M u  =  2 * 2  \ H n ) g ( ~ n ) \ e ^  S  М 2  |б(п)|е(А+“>ш(л) -  М ||0||д+Я
n n

Thus f * g  is well defined for /  and g in SP'a.
Theorem 4.7. I f  f  and g are in 3?'a, so is f* g .
Proof. The linearity of the functional f * g  is clear. If 0V—0 in then 

<Pv(O=gW-öv(t +  T)-0 in since \\(py\\xz£M\\ev\\x+a as above. Hence / •  <pv = 
= (f*g )-9  v^O.

We list now three properties of convolution. The properties of associativity, 
commutativity and continuity (left and right) must await the converse of Theorem 4.2 
(namely that the Fourier series of a distribution converges to that distribution).

Theorem 4.8. Suppose f , g , f v, v= l,2 , ..., are in ЗР'Ю. I f  / v—/  in 2P’a, then 
f y*g—f* g  in SP'a (left continuity). Furthermore

(4.6) i f *  g) («) = 2nf(n) g (n).

Finally i f  g^SPa, then f * g  is a regular distribution given by

(4.7) i f *  g)(0 = / ( r )  • g ( i-x ) .

Proof. The left continuity as well as (4.6) follows from the definitions. In 
order to prove (4.7) we let 9£&>m and consider

if*  g)(0 • 9(0 =f(x) ■ [g(t) .0(1 + 0] =
27Г

=  f i r )  ■ [g (Г-  X) • 0 (7)] =  fix) ■ f  9 (0 g (t-x )d t = f ix )  ■ a (t).
0
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As in the proof of Lemma 4.5 we let av(r) be a sequence of Riemann sums 
which converges to the integral а(т), verify that the convergence is in 0>O) (using 
the Lebesgue dominated convergence theorem), and conclude that /(т)-а(т) =  
=  lim / ( т) • av(r). But / ( т) • av(r) is a Riemann sum for

V-*- OO

2n
f  0(t)f(x) ■ g (t-T )d t = [ /(t) • g (f-r)] • 0(0,
0

which completes the proof.
In order to complete the characterization of distributions in terms of their 

Fourier series, we use a special case of right continuity of the convolution process. 
If ö2f t )  denotes the Dirac-delta distribution in <52„(t) ■ 0 (t)= 0(0), 0е^ш, then
the Fourier series 2  e‘"‘ f°r <52* converges to ö2„ in .'32' ([18], p. 333), and

Z7C n
therefore in 3?’ю. As usual f * S 2n= f, for all If we denote the partial sums

1 "
by gv{t)=—  2  e'"’’ Леп we claim that

27Г n = — v
(4.8) f * g v ^ f * ö 2n= f  in 0>'a as v —oo.

To see this, note first that if 0€ásto, then as in the proof of Lemma 4.6 we have
II[gvCO-  (01 • 0(f+ t)|U =  2л 2" |0 (01 |gv ( -  n)- 02n ( -  и)I eX(0<-n) =

n

= 2  |ö(n)| |gv(0  • eint- ö 2n(x) • einz\eXaW.
n

But since g„-*-d2n in 3P'a, this series —0 as v —°° by the Lebesgue dominated 
convergence theorem, since the series is dominated by 1|0||я. It follows that if

/e ^ > , (/*£») • °= f( t)  ■ [gv(r) • 0(г+т)]- / ( f )  • [<52„(0 • 0(f+O] = / • 0, which proves
(4.8) .

The characterization of periodic distributions is finally given by Theorems
4.2, 4.3 and the following

T heorem  4.9. I f  then 2  f i n)e"" converges in to f
n

P roof. By Theorem 4.2 /(«) is a sequence of co-slow growth, and by Theorem
4.3, 2 К п )е ш converges in to some distribution g^S?'m. If 0 6 ^ ,  then

n

f i t )  -0(0 =  ( f i t ) * ő2n(0) -0 (0 =  lim ( д о * v 2 n еы ) -0(0 =

= lim ДО • [wr 2  eivt-0(f+r)| = Hm -í- 2  ДО - [eivt - 0 (/+т)] =

=  hm - í-  2  (fit) * eht) •6 (0 =  hm 2  IД О  • é * -* \ -0(0 =
n - ° o  Z7T v =  - n  и-*°° Z7T v =  - n

= lim f 2  /(v)eil')-0 (O =  g(0-ö(0-
n-~Vv=-n )

Hence g = f

7* Acta Mathematica Hungarica 42, 1983



274 M. G. COLLIER and A. KELINGOS

Corollary 4.10. I f  two distributions in have the same Fourier coefficients, 
they are identical.

Using (4.6) we see that if /  and g are in SP'0>, then

(4.9) ( /*  g) (0 = 2n 2  / («) É (n)elnt.
n € Z

It follows that 27c-convolution is commutative, associative, and continuous in both 
arguments.

We remark for emphasis that Theorems 4.2, 4.3 and 4.9 imply that 
i.e. periodic Beurling distributions are cu-tempered.

We conclude this section by examing the relationship between Fourier trans
forms and Fourier coefficients of distributions.

Theorem 4.11. Suppose and has compact support. Then

(4.10) g(t) = 2  f ( t —2nn)
ne z

isin £P'a and g(v)=/(v), v6Z.
Proof. Here g(v) are the Fourier coefficients of g and /(v) is the restriction 

to the integers of the Fourier transform of /  (see (2.3) and (2.4)). The series in
(4.10) obviously converges in S>'m since /  has compact support, and hence for 
each (pzZ&n, 2  (f0~2nri), cp(t)) has only finitely many non-zero terms. It is

n
clear that g, so defined, is periodic. Hence, if X(t) is a function in which is 
identically equal to one on an interval containing the support of /,  and if £ is 
a unitary function in 3)m, we have

g(v) =  g(t) ■ e~ivt =  (g(t), £(t)e~ivt) = 2  (f( t-2 n n ), Z(t)e~in) =
n

= 2  </(0> £ (t + 2nn)e-ivt) = 2  </(0> ^(t)^(t + 2nn)e-M).
П П

But again this sum has only finitely many non-zero terms and is therefore 
equal to

(f(t), X(t)e~iv‘ 2 W + 2 n n ))  -  (/(0 , A(i)e-iv‘> =  /(v).

The converse situation is more complicated, but has already been worked out in 
the classical case by Goldberg [6, Theorem Н]. The statement and proof generalize 
to the Beurling setting with no difficulty, except that (2.5) needs to be invoked. 
We state the result without proof.

T h eorem  4.12. Let and let g be the piecewise linear function whose
graph consists of the line segments successively joining the points (v,/(v)), v£Z. 
Then g is the Fourier transform of an со-tempered distribution. Indeed, g is the 
Fourier transform of

1—cos 
nt2 •Д0-
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5. An application to harmonic functions

In this section we consider harmonic functions in the unit disc D: |z| <  1, z=re“, 
with Beurling distributional boundary values. The problem is to identify these 
harmonic functions by the growth rates of their Lx norms on circles of radius 
r<  1 as r approaches 1. If u(r,t) = u,(t) is harmonic in D and

ч 2 7C

(5.1) I W k -  \ur{t)\dt,

it is well known that the (regular distributions) ur(t) converge in SP' as r —1 to 
a (Schwartz) distribution in SP' if and only if there exists a Я SO suchthat

The proof of this uses the fact that a Schwartz distribution on the unit circle Г is 
the nth order distributional derivative of a continuous function, for some n. This 
is not true for Beurling distributions. In Theorem 5.2 we give a necessary and 
sufficient condition on the growth rate of ||w,|il in order that the ur converge in 
SP'a to a distribution in SP’m. When oj(«)=log (1 + |n|), we obtain as a corollary 
an elementary proof of (5.2) which avoids the fact that a Schwartz distribution is 
the derivative of a continuous function.

We begin by considering the Poisson kernel,

(5.3) P (r,t) = Pr{t)= 2 r Wein\  0 S r < l .
n 6 Z

As a function of z~re“, it is harmonic in D, being the real part of (1 +z)/(l — z), 
and as a family of functions on Г, indexed by r, they belong to every 3Pa, 
providing со satisfies conditions (a)—(<5) on Г. For, since to is concave, co(n)/n 
is decreasing in n and hence approaches a constant asO  as But if a=»0,
then to(n)/n2^a/n, and therefore 2  co(n)/n2 diverges, which contradicts condition
(ß). Thus for each Я>0, [г"еЛш(',)]1/п-*-/•< 1 as and by the root test
2 Г1»1ея»(-)= црг||д<Со.
n

Next if fiäP'm, we form the generalized Poisson integral

(5.4) u(r, t) = ur(t) = ± ( f * P r)(t) = J - f ( z) .p r( t - T) = 2 K a ) r Meint.

Since \f(ri)\-^MeXo>(n) for some positive constants M  and Я, the series in (5.4) 
and the derived series obtained by differentiating term by term with respect to 
r or t are dominated by a constant times 2  |п|4г|"|еЛсо("), for some k, which by 
the root test again, converges uniformly in each subdisc Q ^ r^ R < \.  Hence term 
by term differentiation is justified and we see that u(r, t) is harmonic in D, since 
each term r'"leint is.

It is well known that as distributions, the Pr converge in 3P’ and therefore
in SP’m to the Dirac-delta distribution 2n8iK. Thus ur(t)= J—( f * Pr)( t)~~/ ( 02n
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in ЗР'Ф. To see this directly, let d(t) = ̂  0{n)eM Then
n

2 n  2 л
wr(/)-0 (/)=  f  ur(t)6(t)dt = 2 Ö (n ) f  ur(t)ein‘dt = 2 H n ) f ( - n ) r W .

0 " 0  "
But f(n) is co-slow growth, so this series is dominated by М 2  \0(п)\еХю(п>=М\\0\\х<-

<°°, and hence as r —l, иг-0—̂  ö (n ) /(—n )= f-0  by (4.3).
П

Conversely if u(r, t )  — ur(t) is harmonic in D, and if ur(t)-+f(t) in tP'a as 
r — 1, then u(r, t) = ( f  * Pr) (/). For if one writes u(r, t)= 2! anrMemt (see [9], p.
29), then

ür{n) = ur(t) • e~int — f ( t )  • e~int = /  (n) as r-*-l.
But йг (и)=a„r|n| —ű„. Therefore

u(r, 0 = 2  / ( ”) Г|п|ег"' =  (J * p r)(t).П
We have proved

T heorem 5.1. Л  harmonic function u{r, t ) in the unit disc converges as r—l 
in the sense of distributions to an f  if and only i f  и is the generalized Poisson 
integral of f  This is the case if  and only i f  the Laurent series coefficients of и are 
o f co-slow growth.

In this case we will say u(r, t)í2P'a .
T heorem 5.2. Suppose u(r, t ) is harmonic in the unit disc, and со satisfies 

conditions (a)—(<5) on Г. Then u£8P'm if and only i f  there exist positive constants 
A and Л such that
(5.5) II«Jl1 =  0 ( ^ “W), r -  1, 
where X=X(r) is the unique solution to
(5.6) со (X )/X  =  (1/2A) log 1/r.

P roof. We begin by showing (5.5) is necessary. We are given u(r,t) = 
— 2  anrMeint, where the an are ю-slow growth: \an\m M  exp Aw(n),n£.Z, /.>0, M >0.

П
It follows that

(5.7) II ur\\Ll s c j  rneka>in) =  CS(r), 0 S r < l ,
n = 0

and the problem is to decipher the asymptotic behavior of S(r) as r — l.
First of all, since o j ( x )  is concave, (5.6) has solutions for each r<  1 (and 

sufficiently close to 1), and since by condition (ß), oo(x) cannot be linear for all x, 
the solution is unique (again for r sufficiently close to 1, since со may start out 
linear).

St r—e~‘, 0 Then for t small enough, Aco(x)—t x ^ 0 on some 
interval Osxsx0- If £ = <!;(/) is the first value of х where Аш(х) — tx attains its
maximum, and if X  =  X (/) is the unique solution to —' — t —log—, then

л  Г
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£(t)<x0<X(t). Hence

S(r) =  2  ex,a(n)~tn
n=> 0

ra-i^  gÁlú(n) — frt _|_ 
11 =  0

^  gAco(n) -  tn 
n = [ i]  +  2

+

On the other hand,
x

I
gX(o(x)  t x  ^  £,Aw(Af) / e r* dx < I  £*<»(*)

t

Next if x ä J ,  2Xco(x)/x^t and therefore 2<n(x) /x ■“  —— Hence

e X a ( x ) - t x f a  g  e -» X e 2 , X  ^  — e 2 , X  —  J_gAco(X)

Finally since <J(i) <  A'(i),

2ĝ w(£)  ̂■= ^  2сЯ(^ — 2ея“т  ■< я Ij (x)
t

4
We have shown \\ur\\Ll^ — eX(a(X), ? =log 1/r. But by condition (y): log (1 + |x |)^
Sbcj(x)+a, £>0, we have 2 X /t^ l+ 2 2 /t^ e aexpbco(22/t)Seaexpbco(X), since 
by (5.6) 22/t=X/co(X)^X, since a>(X)^l for X  large, again by condition (y). 
Hence (5.5) follows with A=Á+b.

For the sufficiency of (5.5), suppose u(r, t) = 2  anr^ e'nt is harmonic in then
unit disc. Then if X  satisfies (5.6), we have

— |п | 2ж

\an\ = 2 Л \ f  u(r> t)e~,n,dt| S  r - '"1 ||M,||t lS  cr_|n|e/1“(Jf).

But this is valid for all n€Z  and all 0 < r < l .  For a given n, choose 
r=exp (—2Дю(л)/|и|). Hence r -|,,|=exp 22ш(л). Also

co(X)/X = (1/21) log 1/r =  ш(л)/|л|.

So X=\n\ and ел<°(х)=еХю(-п). The conclusion is that |а„|ёсс(Л+2Л)га(,,), i.e. the an 
are ю-slow growth and ui.SP' .̂

We conclude by considering two special cases. First of all, in the classical 
Schwartz case, m(x)=log (1 + |x|), and although (5.6) cannot be solved explicitly 
for X, several applications of L’Hospital’s rule show X  is asymptotic to 
(21/i) log (1+21Д), t= lo g l/r , as i->-0 (r->-l). Choosing Л=Л in (5.5) we see
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from (5.6) that
||wr||£ l= 0(еХоз(Х)) =  0(ex,/2) =  О (exp л log (1 + 2Л/t)) —

= 0 (l + 2X/tx) =  0(1/Ú) =  0 (1 /(1 -г )л) as r  -  1, 
which is the classical result (see (5.2)).

Secondly in the Gevrey case, co(x)=xx, 0 < a <  1, (5.6) can be solved explicitly 
for X  and we obtain the following result.
C orollary  5.3. Suppose u(r, t) =  ur(t) =  anf " f int is harmonic in the unit disc, and 
0 < a < l .  Then "

a„ — 0 (И "I“), as \n\
for some positive constant A, i f  and only if

||Kr||Ll =  G(exp Л/(1 - r ) a/(1- a))> as r —1, 
for some positive constant Л.
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ON SOME CONVERGENCE PROPERTIES 
OF HAAR—FOURIER SERIES IN THE CLASSES <p(L)

P. OSWALD (Dresden)

1. Introduction

In the paper presented we will consider some properties of the t/r-convergence 
of the Haar—Fourier series of functions belonging to the class (p(L). This topic 
is closely related to a problem of P. L. Ul’janov (cf. [16, p. 39/40] or [19, p. 815/816]).

First some definitions and notations are given. Let Ф be the set of functions 
cp: R —R with the properties

where 0 < ? < t<  °°. In the following (p, фаФ will always be presumed. The class 
<p(L) consists of all Lebesgue-measurable functions / :  [0, 1] -~R satisfying

A sequence of measurable functions / „ n S  1, is said to be ^-convergent to the 
measurable function f  if / —/„ belongs to ij/(L) for large n and

(this will be denoted by f„  — -  / ) .
The basic properties of the classes <p(L) and the ^-convergence were studied 

in detail by P. L. Ul’janov (cf. [15—19]), see also the earlier paper of S. Mazur, 
W. Orlicz [4].

If (p is convex then cp(L) is a so-called Orlicz class. These classes and the 
related Orlicz spaces were investigated by many authors (cf. [2], for selected topics 
also see [22]).

Let H = {Zj(x)}, 1, be the Haar system defined by Xi(*)=l, x€[0, 1], and

0 =  cp (0) =  lim cp (?) <  <p (?) =  (p (— t) ^  <p (t) < lim tp (?) =

1
( 1.1)

0

( 1.2) Hm H /-/JU  =  0

2kl2, х ф - 1 ) 2 - к,(21-1)2-к~1)
Xj(* ) = ■ - 2k/2, x£ [(21-l)2~k~ \ I2~k]

0, x i  { ( l- \)2 -k,l2 ~ k)

where j —2k+ l, 1=1, ..., 2k, k = 0, 1, ... . Denote by

0

1, the partial sums of the Haar—Fourier series of a function f z L 1.
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In this paper we intend to study the conditions on cp, ф e Ф which guarantee 
S„ f f  for all fecp(L). In this connection it is natural to assume
(1.4) cp(L)cL\
Using the notation

(1-5) Н(ф) = { / ^ :  Snf ^ f ) ,
the problems considered below can be stated as follows:

(I) Find necessary and sufficient conditions on (p satisfying the inclusion 
(p(L)czH((p).

(II) For given cp, find necessary and sufficient conditions on ф yielding 
(рЩсЩф).

Obviously, the second problem is more general, but it is quite useful first to 
set about problem (I).

It should be mentioned that questions of this type may also be formulated 
(and solved) for the convergence of Fourier series or the representation by series 
with respect to other function systems (cf. the above cited papers of P. L. Ul’janov). 
Furthermore, it would be possible to consider analogous problems for various 
operators acting in spaces of measurable functions. In these directions there are 
always some results which we briefly comment on now.

a) Representation by series with respect to the Faber— Schauder system. Let

F = {(p0(x) =  1, <Pj{x) =  f  Xj(t) dt, x<E[0, 1], j  =£ 1}
0

be the Faber—Schauder system. The set of all measurable functions possessing 
a representation by some ^-convergent series with respect to F will be denoted by 
F((p). The complete answer to the question analogous to (I) was given by P. L. 
Ul’janov [15, 16]:

Let (p e Ф. The inclusion cp(L) a  F(cp) is satisfied iff

(1.6) <p{t+X) = 0{<p(tj), t °° (©-condition).

b) Conjugate functions.1 Let <p(L) be the class of all functions

f(x )  = v.p.---- f  f ( t ) c o t ^ r - d t ,  X6(-7I, n],n J z— n

where f£cp(L) and (1.4) is satisfied. The relations

(1.7) (p{L)<z.(p{L) and ф (L) с  ф (L), resp.,

were investigated by O. D. Zereteli (cf. e.g. [20, 21]) under the assumption that

(1.8) cp{2t) = 0(cp{t% t — °° (A 2-condition). 1

1 Here and in c), all functions are assumed to be 2ft-periodic, the modifications in the further 
definitions are obvious.
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In this situation final results were obtained. In [9] the first inclusion in (1.7) was 
treated without additional assumptions on cp 6 Ф. The precise result reads as follows: 

Let (р£Ф, where (1.4) is satisfied. Then the relation cp(L)(Zcp(L) holds if 
and only if there exists a convex function <pc 6 Ф with the following properties

<P(0X<pc(0 , t -*<*>,2

the convex function cpc and its conjugate in the sense of Young satisfy the 
d 2-condition (1.8).

(In other words, the class cp(L) has to be (topological) equivalent to a reflexive 
Orlicz space.)

c) Convergence of trigonometric Fourier series and representation by trigono
metric series. In analogy with (1.5), let Т(ф) be the set of all f t L 1 whose Fourier 
series are (//-convergent to /.  In [9] it was proved that, (1.4) supposed, the inclusion 
cp(L)czT(cp) holds iff <p(L) is equivalent to a reflexive Orlicz space (for the de
scription of this property, see b) ). Partly, this statement is a consequence of results 
known for Orlicz spaces (cf. [3]). As far as we know, conditions for <p(L)(zT(fi) 
were not explicitly stated anywhere.

Recently, V. I. Ivanov [1] has shown that for (реФ satisfying (1.8), but not
(1.4) there always exists a ^-convergent representation by trigonometric series for 
any /€<p(L). In [1] he also examined representation properties by power series in 
(p(L). It should be mentioned that till then a result of A. A. Talaljan [10], [11] was 
known for general complete orthonormal systems G but only for a special class 
of cp:

If ср£Ф satisfies the conditions

(1.9) <p(t + r) ^  (p(t)+(p(r), 0 <  t, x Jim =  0,

then for any f£cp(L) there exists a series with respect to G representing /  in the 
sense of (^-convergence.

d) Unconditional convergence of Haar— Fourier series. Here we only refer to 
the investigations of G. E. Tkebucava [12—14] and other authors concerning 
conditions for unconditional (//-convergence of the Haar—Fourier series (and the 
Fourier series with respect to other spline systems) of fi(p{L), where further detailed 
information may be found.

Now we return to the contents of the present paper. The following section 
summarizes some preliminaries on the classes cp(L) and the examples of functions 
used for proving the necessity in the theorems below.

In Section 3 a sufficient condition is stated for which the inclusion

(1.10) <HL)ctfO//)

holds. This condition is a direct consequence of the results known for Orlicz classes 
(see [16]). Its necessity will be proved for ф satisfying the d 2-condition (1.8). We 2

2 A  X  В  means both A = O t f i )  and B = 0 ( A ) .
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also show a simple second necessary condition: If (1.10) holds then for every a <2  
we must have
(1.11) (p(<X- t) = 0((p(tj), t -  oo.
These results already involve the complete answer to problem (I).

T heorem 1. Let ср£Ф and <p(L)cZA Then the inclusion (p{L)(zH{cp) is 
valid if and only i f  q> satisfies the A .̂ -condition (1.8) and

1.12) ф(0Х<Рс(0>
where cpc(t) is the convex minorant with respect to (p(t). These conditions are equiv
alent to the following one: The class (p{L) can be identified with a separable Orlicz 
space.

The main results of Section 3 were contained in our preprint [7] (for some of 
their applications cf. [8]).

In Section 4, problem (II) is solved for arbitrary convex e Ф. It will be proved 
that the sufficient condition established in Section 3 (see [16]) can be sharpened for 
rapidly increasing convex functions <р€Ф. To illustrate this situation we formulate 
our result (see Theorem 3 in Section 4) for the special case q>(t)=e^ — 1, i.e. 
q>{L)=eL.

The following relations are equivalent (i// e Ф)
(1.13) eLctf(i/0

(1.14) il/(t) = 0{fte42), t-~  oo.
For comparison, from [16] it follows only that ij/(t) = 0(etl2), i —°°, yields (1.13).

Acknowledgement

This study was completed during the author’s stay at the Moscow University. 
I am indebted to Prof. P. L. Ul’janov and his colleagues for valuable discussions 
and kind hospitality.

2. Preliminaries

The first four assertions (Lemma 1—4) are well-known or obvious (cf. [4], 
[15-19], [7]).

Lemma 1. Let cp, ф €Ф. The imbedding (р {Ь )а ф (Т )  holds iff >j/(t) — 0(cp(t)), 
In this case from  -  /  it automatically follows that f n —^ /. Analogously, 

the equality cp(L) = \J/(L) is equivalent to cp(t) X  Ф0), f — and the notions o f 
q>- and if -convergence coincide.

R emark 1. From Lemma 1 it becomes clear that the imbedding (p(L)czH(il'/) 
does not depend on the behaviour of the functions (p{t), ip(t) for small t. In 
particular, it could be assumed that (p(t)=\t|<p(l), | t | s l .
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L emma 2. I f  сраФ does not satisfy the A2-condition (1.8) then we have for  
arbitrary c o l

(2.1) (p(oc • Í) 0((p(t)), t -  °o ( о (П т =  <*>j .

L emma 3. I f  the A ̂ condition (1.8) holds for ср£Ф then there exist two positive 
constants Clt C2 for which we have

(2-2) ll/+glU ^  Q ill/ll^ +  llg U + Q , f  gicp(L).
By
(2.3) <pc(t) =  inf{l(p(tj) + (1 — 2)(p(is): t = 2?! + (1 —X)t2, A€[0,1], tx, t2£R}

we denote the convex minorant function with respect to <p(t). It is evident (cf. 
Lemma 1) that in the case (p(L)<zL} we have lim ^ (i) t-1>0 and, thus, (p ft)^O .

t — oo

According to Remark 1 it is always possible to change the values of <p(t) for small 
t in order to obtain <pc(t)e<£. For the alternative situation when lim q>(t)t~1=Q

t-*oo
it follows that cpc(t) = 0. Furthermore, the relation

(2.4) <p(t) =  0(<pc(t)), t -  oo,

will hold if and only if cp(t) is equivalent to some convex function (or, in other 
words, if (p(L) coincides with some Orlicz class). This fact is obvious by Lemma 1 
and the trivial inequality (pft)S(p(t), tiR .

Let fd L 1, and d c[0 , 1] be some interval. Then

(2.5) m ( f  A) =  \A I'- 1 f  f ( x )  dx, m ( / )  =  m ( f  [0,1])
A

denote the mean value of /  on A or on [0, 1], resp. ( j £ |  denotes the measure of 
a Lebesgue-measurable set Fc[0, 1].) Thus, the following Lemma is a consequence 
of Jensen’s inequality.

L emma A. I f  (pi Ф is convex then for arbitrary ficp{L)

(2-6) \A\q>(m(f, A)) S  | |/ | |9 .

The following assertions contain the main idea for constructing suitable 
examples in the proof of necessity in the theorems of Sections 3 and 4.

L em m a  5. Let cp, ф€Ф, (рЩ сЬ1, and

(2.7) .Ki) 0{cpc{t%

Then for arbitrarily given constants A, B > 0 there exists a non-negative step function 
(x) satisfying the inequalities

(2.8) xf{m(J))>A\\f\\v > A B .
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Proof. According to the assumptions we have срсд)£Ф  and, in particular, 
Hm (PÁ0  — oo, In virtue of (2.3) and (2.7) one can determine Ae[0, 1], t l f  t2—0,
and t=At1 + (l —X)t2 in such a way that

в  <  <Pc(0 =  S  (pc(t) + l  <  А t).
It remains to put

[h, *€[0, A], 
t 2 , x £ ( a , 1],

and the Lemma is proved.
Lemma 6 . Let <р,\1/£Ф. I f  for some a < 2  we have the relation

(2.9) i/ (̂a/) Ф 0{cp{tf), t »,

then for arbitrary A, B>0 there exists a step function fix )  with the properties

(2.10) W f - m m ^ A W f W ^ A B .

P roof. Without any loss of generality, assume 1 ^ a < 2  and set

jc€[0, 1—a/2] 
x€ (l — a/2, 1], r > 0 '

For these step functions we have the relations \\ft\\v=(p(t) and

| | / - т Ш и ^ ( 1 — | ) ^ [ i - ( l — =  ( l~ f ) # ( « 0 .

The rest of the proof is obvious.
L emma 7 . I f  ср£Ф and f k€<p(L), k s \ ,  satisfy the inequalities

(2.11) 1 <= m r

then one can define integers 1 ^ п х<п.2< .

il/aIU<...
for which the function

( 2.12)
(fk ( 2 " k ( x — 2 “"*)), x € ( 2 ~ \  2 ~ " b + l ] ,  к s i
io, elsewhere in [0,1]

belongs to cp(L), more precisely, \\f\\9= 1 •
Proof. We determine the numbers nk with respect to

(2.13) 2 -* -1 <  2 -Ч А К  S  2-*, fc £  1.

By (2.11) we have 1 ^ И1< л 2< ... . Thus, the definition of fix) in (2.12) is 
correct, and

1 /1 ,=  Í 2 - 4 / J , S  Í 2 - *  =  l, q .e.d .
*=i fc=i
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3. Some conditions concerning cp (L) с  Н(ф)

In this section we shall prove a theorem which is more general than Theorem 1 
stated in Section 1.

T heorem  2. Let (р,ф£Ф and (pfO)<zL\
a) I f

(3.1) i/i(2i) =  0(<pc(t)), t - о °, 
then
(3.2) <р(£)сЩф).

b) I f  ф satisfies the A «-condition (1.8) then the inverse assertion holds, i.e.
(3.2) implies (3.1).

c) For (3.2) it is also necessary that

(3.3) = 0(cp{t)), t — ° i f  a <  2.

P ro o f . Assertion a) is a direct consequence of the results obtained by P. L. 
Ul’janov [16, cf. Theorems 6.3, 6.4, and Corollary 6.1].

For proving b), assume that iJ/ satisfies the d 2-condition and (3.1) is not 
fulfilled. Thus, we get
(3.4) «AW 7* 0(q>c(t)), Г -  oo.

Now we make use of Lemma 5 with A =4, B= 1; the resulting function is denoted 
by fi-  By induction we obtain the functions f k, 2, applying Lemma 5 with the 
parameters A=2k and ü=||/k_il|,>- The sequence of functions f k, L s l ,  satisfies 
the assumptions of Lemma 7. Therefore, the function /  given by (2.12), (2.13) 
belongs to cp(L) and has the property (see also (2.8))

2~nk+l
(3.5) l|52„ J | ^  /  iK m (/*))d*= 2--lK m  C/D) >

2_nk
> 2 « 2 -"Н Ш и > 2 кЛ  к =  1 ,2 ,....

. . «АFrom this we shall obtain S„f -n*- fi Indeed, if /$  y/(L) then by Lemma 3 it follows 
that / — S„f$ ф(Ь) for all n ^ l .  On the other hand, if / €ф(Ь) then (2.2) and (3.5) 
yield

\ \ f - s 2n j \ \ ,  m  >  с г 1(2к- 1- с 2- с 1||/||^) -со

for к — со. Thus, the desired result is established, we get cp(L) ф Н(ф), and b) 
is proved.

In case c), the construction is based on Lemma 4, with obvious changes the 
considerations are the same as above. Instead of (3.5) now we have

The details are left to the reader.
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P roof of T heorem  1 (cf. Section 1). The sufficiency was essentially proved 
by W. Orlicz [6] (cf. [2, p. 106]; obviously, it also follows from part a) of Theorem 2). 
The necessity of the /d2-condition of <p is a consequence of Theorem 2, c) and 
Lemma 2. Furthermore, if (p satisfies the h2-condition then <p(L)aH(<p) and 
Theorem 2, b) yields

<P (0 = О (cp (20) =  О (q>c (0), t -

and (1.12) is established, too. In [4] or [2, p. 75/76] it is proved that these properties 
of (p are equivalent to the coincidence of <p(L) with a separable Orlicz space.

R em ark  2. In the proof of Theorem 2, b) and c) there were only used partial 
sums with n=2"k. Consequently, the same necessary conditions remain valid for 
the similar problem of the t/'-convergence of Walsh—Fourier series of functions 
belonging to cp(L). In particular, from this and known results for the case of Orlicz 
spaces the analogue of Theorem 1 can be obtained for the Walsh system.

R em ark  3. As a corollary to Theorem 2 it should be mentioned that for convex 
(реФ and with X(t) — 2t we have

(3.6) S J ^ f  for a ll/6  Ф(2(A)).
In this connection the problem arises whether there exists some function 

ХрФ (satisfying, say, A(r)/t s i ,  t> 0) for which (3.6) holds for arbitrary (реФ 
with cp(L)c:LL Obviously, for each fixed ср^Ф such a 1 can be obtained in 
dependence on cp (e.g. take some convex ЯеФ with X(t) = <p{2t), t >0). However, 
the above formulated question on the existence of a A satisfying (3.6) simultaneously 
for all cp must be negated.

Indeed, for given X we can first determine the sequences г0= 1 < г!< ... —°°
and 50= l < á 1< .. with respect to

(3.7) Í -2“ +1{A(ift_1) + it _i}, 4
\ к s  1.
u = = 2“ + ^ _ 1+A(i4),

Put
>1, W s i

(3.8) (p(i) = 1, l < | i | s  A(l)
St, А ( и ) < |г |ё А ( 0 ,  f c s l

and

fk(x) =
Г tt-i, x W , l - 2 - * k~i],
U , x€ ( 1 - 2 - “ -M ], -  ‘

By these definitions we obtain

H A W » =  (1 -  2 -i) qo (Я (/fc _ 0 )+ 2~2 fc «?> (Я (O) = 

=  ( l - 2 - !U[- 1)<5fc_1+ 2 -2*-1<5t
and, consequently,

(3.9) 2 - 2* - Ч < 1 № и а ))< 2 - 2Ч ,  k s l .
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Furthermore,
h  >  rn{fk) =  2 - * - Ч к+ ( 1 - 2 - * - ' ) ^ ,  >

This yields
(3.10) \ \A -m (fk)\\v = ök, k ^ l .
Now Lemma 7 can be applied to f k, кё1 , and q>(A(t)) instead of q>(t). Thus, 
we get a function /€<р(Д(Т)) satisfying (cf. (3.9), (3.10), and the construction given 
in (2.12), (2.13))

П / - ^ » Л > С -2‘ — ,
i.e. <p(A(L)) ф H((p). This is the desired result (by construction we also have (p(L)aLl, 
see (3.7), (3.8)).

R em ark  4. Applying Theorem 1 and the methods developed by A. M. Olevskil 
r5, ch. 3] we proved in [8] that for any complete orthonormal system <7={g*}, 1,
with
(3.11) g*€L~, * 3= 1,
and arbitrary <реФ satisfying the conditions (1.4), (1.8) the following result is 
valid:

If for all f€(p(L) the Fourier series with respect to G is «^-convergent to 
/  then we have (1.12), i.e. <p(L) necessarily coincides with some Orlicz space.

It would be desirable to weaken the assumptions (3.11) and (1.8).

4. Solution of problem (II) for Orlicz classes

In the present section convex «реФ will be considered. In this case we obtain 
a sufficient and necessary condition on i/« € Ф yielding the inclusion
(4.1) <p(L)c #(./«).
From the results of the preceding section it follows that

(4.2) ^(20 = 0(9(0), t - - ,  
is sufficient for (4.1), and
(4.3) =  0(q>(t)), t °°t a < 2,
is necessary. Obviously, there remains a gap between these conditions if <p does 
not satisfy (1.8). Now we state a sufficient and necessary condition which is inter
mediate to (4.2) and (4.3).

Theorem 3. Let <р€Ф be convex. Set

(4.4) (p0(t) =  infj«p(i—m)+y<p(m + /): 0 s  m, l S  ?J, t >  0,

and <p0(t)=(p0( —t), ?<0 («p0(0)=0). Then for ф€Ф the relation (4.1) holds i f  and 
only if
(4.5) iKt) = O(<p0(t)), t - ~ .
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Proof. F irst it should be mentioned that

(4.6) <p(t/2) ^  (p0(t) ä  2q>(t), t£R
(for estimating from above take m =0, l= t, for the lower bound consider the two 
cases m ^t/2  and m<i/2).

The proof of the necessity of (4.5) remains valid for arbitrary continuous and 
increasing cp 6 Ф satisfying (1.4). Let

(4.7) m(i = infjm : (p(t—m )S^-<p(l + m), O S m S /J ,

where 0< / S i  (if 1=0 we put m(;0=0), and
(4.8) m, =  sup {mr>l: 0 ^  l Ш t}, 0 <  t <
By the assumed properties of cp it is obvious that the function mtl  is continuous 
in t and in /, separately. Furthermore, if then (p(t—mM) =  ̂ y j •
• (p(l+mtii) and

<p(t—mt l) q,(t, I) s  2<p{t-mtJ)
where

(4.9) (p{t, l) = inf j<p(i—m)+y<p(/+m): 0 ^  m ^  / | .

Thus, in the case mt>0 there exists some /*6(0, t) with the properties mt=mt l* 
and
(4.10) (p0(t) =  inf {<p{t, Г)\ 0 — / — í}X in f {(p(t — mtJ): 0 ^  / ä  /} =  <p(/-mr).

Now, assume that (4.5) is not satisfied. Then there exists a sequence 
<  f £ ■< .,. —► oo for which we have
(4.11) lira 4>{tk)jcp0{tk) = oo.k-*-oo
First we consider the case of m,k=0, k ^ \ .  According to (4.7), (4.8) this gives

4>(tk) = (tjl)  <P( 0» 0 < l á í t ,
in particular, (p(tk) = 0(tk), k — °°. But from (1.4) and Lemma 1 we obtain = 
=  O(<p0(ifc)), A:-> -00. Therefore, (4.6) and (4.11) yield the relation i/df)^ 0(<p(i)), 
/ - > 00, and by Theorem 2, c) it follows that (p(L) H (ф).

In the case m,k^ 0  we can suppose that m,k>Q, k ^ l .  If the m,k are bounded 
from above (i.e. m,k<m0<°°) then from (4.10), (4.11) we have

and for a > l
<p0(tk) ^  <p(tk- mtk) S<p(tk-  m0),

Em t M i z
в)

limk-*oo <Po(tk)
0 0  .

By Theorem 2, c) we again obtain <p(L) ф Н(ф).

Acta Mathematica Hungarica 42, 1983



CONVERGENCE PROPERTIES OF HAAR—FOURIER SERIES 289

Thus, it remains to consider the case Hm w(k=°° (mtk>0). We put (cf. (4.10))

*€[0, AJ
A* = /с — 1.

It is easy to check that

ll/J*  =  К<р(!к- Щк,1*)+(1 -  А * ) ф +  lk) X  A*(p0(tk),
and

11/*- ™Ш11* = h ^ { k - m tkJ* -m ( fk)) =  2k\l/(tk),

1. These two relations together with (4.11) show an analogy to the assertion
(2.10) of Lemma 6 (the remaining property И/Л,,-*-00, k-*°°, follows from

WfkWv = C<p0(tk) ^  C(p(tk/2),

if AkS l/2 , and Ц/Л? —1 /2(p(m,k), if At <  1/2). The further construction (via 
Lemma 7) is obvious, we get (p(L) ф Я  (i/i), and the proof of the necessity of (4.5) 
is complete.

The basic inequality needed in the proof of sufficiency reads as follows: Let 
ФСФ be convex. Then
(4.13) II/- m  (/)!!«.(, =  12|!/1!Ф 
holds for arbitrary /gtp(L).

If m (f)=  0 then (4.13) is an immediate consequence of (4.6). Hence, without 
any loss of generality, let m (/)< 0 . Furthermore, it remains to consider an arbitrary 
non-increasing /g<p(L).

Let /(x )^ 0  for *e[0, a), and /(x )< 0  for xf(cc, 1]. Clearly, we have a < l. 
In the case a= 0  form (4.6) and Lemma 4 it follows that

||/-m(/)IL S 2||/-m(/)ll„ ^ 2||max{|/(*)|, |m(/)|}ll„ ̂
— 2{||/||v + ||m (/)||v} Ш 4||/||^.

Thus, suppose 0 < a d . Again according to (4.6) and Lemma 4 we obtain

(4.14) f  (p0( f ( x ) - m ( f ) ) d x S 2 { f  (p(f(x))dx+(\-a) \\m(f) \\^  S 4 ||/ ||„ .
a a

Now we turn to the main part of the proof of (4.13). We denote m0—
and

Ek = {x6[0, a): f(x)^U 1 — {t s  0: <p0(H-m0) ё  4<p(i)}},

E2 = (x6[0, a): f(x)£U 2 =  {i ^  0: <p0(i+m 0) >  4ф(0}}-
Obviously,
(4.15) f  <?„(/(*) -  m (/)) dx  =§ 4 f  (p(f(x)) dx S  4Ц/Ц,,.

E. Ei
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For t£U2 the definition (4.4) of cp0(t) yields

<p0(.t+m0)iä  <p(0 + inf + ™0̂ • cp(m0 +1): O s / g  t+ m 0}>
i.e.

(4.16) 3<p(t) ё  in fp + ”1o-(y>(mo + /): O s / s  t +  m0j  = (px(t, m0).

Let U3= {t &0: Зср^^ср^, m„)} and

(4.17) í0 — max {í: t£ t/3}
(the existence of the maximum follows from the continuity of cp and the inequality

3<p(t) на (pi{t, m0) ^  ; + W° <jg(f), i-e. t ^ 2 m 0, for t€£/3). f+ m 0
In particular,
(4.18) /о = 2m0.
Again using the continuity of cp we obtain í0 S C/i and

f  <Po(f(x)-m (f))dxiS  I £"21 sup {ф0(/+ ш 0): t£U2(czUs)} g

— l-EWPoOo+mo) -  4а<Н ?о) - y - i n f (p(m0+ 1): 0 ^  l ^  f0+m0J.
Now, denote

ш, =  ——----- I" /(x) Лс >  m0 >  0,
^  a

and put

/= m 1- m 0 =  /’ / ( x ) d x - T ^— f  f(x)dxz= -r-?- f  f(x )  dx S  - ttm° у l —a *' 1—-a  ̂ 1 —a0 a a

in the last relation. According to (4.18) and Lemma 4 this yields

(4.19) f  cp0(f(x )-  m (/))  dx ^  4  (WiXl -  a) =*
F J m0 £-2

S  4(1—a)<p (mx) S 4  J  q>{f(x))dx ^  4||/|]„.
a

Thus, taking into account (4.14), (4.15), and (4.19), we finally obtain (4.13).
Now we are able to prove (p(L)czH((p0) what is equivalent to the sufficiency 

in Theorem 3. Let fZq>(L). For fixed n ^ l  we denote by At, i = l,.. .,n ,  the 
corresponding dyadic intervals where the partial sum S„f of the Haar—Fourier 
series takes constant values, i.e.

S„f(x) =  -jjj- f  f ( t ) dt = mi, x£Ai, i = 1, ..., n.
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For any given mo>-0 we define t0> 0 with respect to (4.16), (4.17). If 
E =  {x€[0, 1]: \f(x)-S„ f(x)\ S  t0+ m 0} 

then (cf. Remark 1 in Section 2)

(4.20) /  <p0( f ( x ) - S nf(x))dx  S
№. 1]\£

^ C(m0,<p) f  \ / (x ) -S nf( x ) \d x ^ C (m 0,cp )\\/-Snf\\Li.
[0,1]'\E

The remaining integral will be estimated as follows:

/  <Pn (fix) -  S„ Д х)) dx =
E

^ 2  J  <p0(\fix)\ + tnv)dx+ 2  f  (Pü(fix)-m )̂dx = /х + /2.
i: \mt \ -=m0 £ rU (  i :  lm js m 0

For the terms in the first sum Д from (4.16), (4.17) it follows as in the proof 
of (4.13) that

f  (Po( I f ix )  \ + m0) dx == 4 f  cp (fix)) dx
EC\At ECAt

(cf. (4.15), by \ f ix ) -m i\ ^ t 0+m0, K |< m 0 we have |/(x ) |> i0, i.e. |/(x ) |€ t/1). 
Therefore,
(4.21) /1S 4 /< p ( |/(x ) |)d x

E

On the other hand, the inequality (4.13) can be applied to each of the terms 
of I2. This yields

(4.22) /2= 12 2  f  (P ( f ix)) dx = 12 f(p (f(x ))d x ,

where E '— (J At has the property (cf. Lemma 4)

(4.23) \E '\^  (pinto)-1 2  f v i m d d x ^  <p(m0) - 1||/||„.
i: \ m j>я0 Ai

Hence, the relations (4.20)—(4.22) give the inequality

\ \ f - S nf \ \ ^ \ 2  f  <p (fix)) dx +4 f  cp(fix))dx+Cim0, cp)\\f-Snf\\L'.
E' E

Here, for / €<piL) the first two integrals will be small if \E\, \E'\ are so. But 
according to (4.23) \E'\ will be small, independent of и S i ,  if m0 is taken suf
ficiently large. Now, if n tends to infinity, for this fixed m0 we obtain lim Ilii=0

И-poo

(convergence in measure of the Haar—Fourier series) and ||/ — 5„/|| t l—0. Therefore, 
Snf—̂ ~  f  f°r all fecpiL). This finally proves Theorem 3.
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Corollary 1. I f  (pi.Ф, q>(L)cL\ and

(4.24) <HO = 0(((pcm ) ,  t -  oo, 
then (р{Ь)с:Н{ф).

Corollary 2. Let 0<a<°o and
1

eL’ =  { f i L 1: J  el/wl* dx  < > }
0

Then for ф£Ф the relation holds i f  and only if
(4.25) ф (0 =  О (í“/2et/2), t -  c°.

1
Corollary 3. The class e(eL) =  | / € L :  f  dx<°°} belongs to Н(ф),ф£Ф,

0
i f  and only i f
(4.26) фф) = О ( f t e ^ 2), t —► oo.

Corollary 1 is an immediate consequence of Theorem 3 and Lemma 1. Con
cerning (4.25), (4.26) we only have to check (p ft) with respect to (4.4) in the cor
responding special cases. Since this is a technical but tedious verification the details 
will be omitted. We only consider the simplest case a = l in (4.25). Let (p(t) =  
= e |,l — 1. Obviously,

inf {(t/l)em+l: 0 == l /} =  tem+1 (/ = 1).
Furthermore, define m0 by the condition e'~mo = temo+1. As in the proof of the 
necessity of Theorem 3 (cf. (4.7)—(4.10)) we have

i )0( / ) X e (- ’1« =  iemo+1 =  (e,~motemo+1)1/2X  f t e ,/2
for t -*

In this connection it would be of some interest to obtain a more explicit formula 
describing (pft).
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MULTIPLICATIVE FUNCTIONS WITH REGULARITY
PROPERTIES. I

I. KÁTAI (Budapest), corresponding member of the Academy

1.

A. Sárközy [1] has considered the class of complex-valued multiplicative 
functions f(n) for which a linear recursion

(1.1) 2 at A n +  0  =  0 (n =  l ,  2 , .. .)
i  =  1

is satisfied, and determined all /(и ) that is a solution of a suitable nontrivial 
(a0 0, ak9±0) recursion.

Now we are interested in the solution of

(1.2) 2  «</(« + 0 = °(1) (« -  °°)-
i = 0

Let us consider the simplest case

(1.3) /(n  + l ) - / (n )  =  o(l) (n -*• °°)

and assume that f{n) is completely multiplicative. It is obvious that f(n) is a 
solution if /(и )—0 is satisfied, and the latter is equivalent with 0, wherep runs
over the primes. Furthermore from (1.3) we get that f(n)/n~*0. The most interesting 
case is |/(и)| =  1 (« =  1, 2, ...).

J. L. Mauclaire and Leo Murata [2] proved that a multiplicative function 
/(«) with the properties
(1) l/(")l =  l (и =  1, 2 ,...)

(2) 1  2  1/(и +  l ) - / ( n ) |  -  0 ( x ^ ~ )x n^x

has to be completely multiplicative.
In [3] I proved that the conditions

(3) |/(n)| =  1 (« =  1,2, ...)

(4) I/ ( « + 1)— /(«)|«7 -*■ 0 (y >  0 constant)

involve that f{n)=nix, т being a suitable constant. I hope that (3) and /(и -Н ) — 
guarantee that f{n)=nh but I am unable to prove it presently.

The operators E, A, Ав, I  are defined as follows: Ex„ — xn+1, Ix„ = xn, 
A =  E —I, AB = E B- I .  Let Ak = ( E - I ) k, AkB = (EB-  I f .
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Let f{n) be a completely multiplicative function, P(z)=a0+a1z+ ...+akzk 
(ak= l, a07±0 ) be a polynomial over the field of complex numbers for which

(1.4) P(E)f(n) -  0 
is satisfied.

Let A be the set of all polynomials Q(z) for which

(1.5) Q (E)f(n)-~  0 
holds.

It is obvious that A is an ideal. The constant polynomials belong to A if 
and only if /(и)—0.

Let us assume that /(и) 4*0. We shall see that there exist at most к — 1 primes 
pt for which f(Pi)=0. Assume in the contrary that рг, ...,p k are distinct primes 
such that f(Pi)—0. Let vV0 be such a positive integer for which N0+ i— 1 = 
=0 (mod Pi) (/ =  1, ..., *).

Then f(n+ j) = 0 for j= 0 , . . . , k  — l, n = N0(modB), B= pk, ...,pk, and so 
f(n+ k)-~0. From (1.4) it follows immediately the following assertion: if there 
exist к residue classes mod В with consecutive residues l=r, r+ 1, r+ k — l,
such that /(и )—0 for я = /(modi?), then /(я)-*-0 on the whole sequence of 
natural numbers.

к

Let now w > l be an arbitrary integer. Let P(z)= [J (z—0,) and Qm(z)
i = l

be defined by

(1.6) e m(z )=
i=1

Since P{z) is a divisor of Qm(zm), therefore Qm(zm) belongs to A, and so 
Qm(Em)f(ri)~*0. Putting nm into n and by using the multiplicativity,
(1.7) Qm(Em)A nrn)= f(m )Q m(E)f(n).

Let us assume that P is a minimal degree polynomial in A. Assume further
more that f(m )A 0. Then Qm(E)f(n)-*0, Qm(z)eA.

Since ő(z) = greatest common divisor of (P(z), Qm(z))eA, therefore degS(z)^к 
and so P(z) = Qm(z), consequently

(1.8) {01, . . . , 0 t} =  {0r, ...,0Г}.

(1.8) holds for every m that does not contain a prime p with / |p |= 0 . Since the 
set of such primes is finite and ao=01 ... 9к(—1)к^0 , we get that |0ji =  l, and

< P j :

arg в j 
2n are rational numbers. Let V j - j j  with (аг, ak)= l. В contains

only such prime factors p for which f(p )= 0. 
So

■expp (z)= IJ \z -
j = 1 f

( ^ ) )

and Qb(zB) —(zB~  l)k£A. We have proved the following
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Theorem 1.1. Let /(и) be a completely multiplicative function for which fin )-1*0. 
Let P be a minimal degree polynomial for which (1.4) holds. Then
(1.9) (EB- I ) kf(n )-~ 0
where B = 1, or B = p\i ... p*j and f(p{) = ...= f(pj)=0. There exist at most 
к — 1 primes p for which f(p ) = 0.

Let us assume now that /(и) is a multiplicative function for which (1.4) holds. 
The condition f(n)-* 0 is equivalent with f ( p x)-+ 0 when px runs over the prime 
powers. Assume that /(«)-+► 0. We shall see that there exist at most к — 1 distinct 
primes pj for which f(P jj) = 0 with suitable exponents otj. Let N0 be a suitable 
integer such that p'j ||1У0+С/— 1) (J = 1, ..., k).

If n sA o im o d ^ ), B1 = p{i + 1 . . .Pkk+1, then f(n + j) = 0 ( j =0, k - l )  
and so f(n + k )—0 if n = N0 (mod BJ. So there exist A: consecutive residue classes 
mod Bx on which /(и)-*0, and so arguing as before, /(и )—0 if и — °°.

Let now m=P  be a prime, P >2k + 2. Defining the ideal A as earlier we 
get that Qm(zm)eA. Let Qm(z) = b0 + b1z+  ...+ bkzk (bk= 1). Consequently 
Qm(Em)f(n)-~0. We have

iXn = ) Qm (Em,f{m n ) =  b0f(mn) + bx f(m  (n +1)) + ... +  bkf((m  (n + k)).
By taking

A(n; m) = 2  b j{f(m in+ j))-f(m )fin+ j)} , 
j =0

we get
Y„ = A (n; m)+f{m)Qm{E)f{n).

Since Y„-+ 0 and P(z)Q„,(z)eA, we have
(1.10) P(E)A(n; m)-* 0 (n -  ~).
Let now n = Pvu, (m=P), (и, P) = l, P >2A +  2. Then (n+ j+ h,m )= l if 1 ^ j+  
+h^2h, consequently

P(E)A(n; P) = a0bn{ f(P '+1)- fiP ) f(P ')} f(u ) .

Since P(E)AiPvu; P)-*0 as (и, P) = 1 and Ди)-к0 as (и, P) — 1, и °°,
we get that
(1.11) / ( P v+1) = f(P ) f iP v).

So we have proved that /(P V) = / V(P) for P >2A+2.
Consequently (1.7) is valid if each prime factor of m is greater than 2k+2, 

and so for f(m)?í 0 we get (1.8).
We have proved the following
Theorem 1.2. Assume that f(n) is a complex-valued multiplicative function 

for which f(ri)-w0. Let P be a minimal degree polynomial for which (1.4) holds. 
Then / ( P v) = f( P y  for every prime P >2A +  2, and the relation
( 1.12) ( £ » - / ) * / ( « ) - 0

holds with a suitable integer B.
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R em ark . If  В is a suitable integer satisfying (1.12) and B\C, then 
(Ec—I)kf(n)-~0. Consequently we may assume that f{P',)~  / ( P ) v, and f(P)7±0 
if (jP, B) = 1 in Theorem 1.2.

2.

Theorem 2.1. Let f i s l  be a fixed integer and let f(n) satisfy the following 
conditions on the set (и, В) =  1:
(2.1) f{n) is completely multiplicative,

(2-2) 1/001 = 1,
(2.3) f (n + B ) - f(n ) =  0(n~y) (n -o°),

with a positive constant y.
Then f(n) = y_B(n)n‘z for (n, B) = 1, where Xb ‘s a character mod B.
R em ark . This theorem for B=  1 has been proved in [3]. I hope that the same 

assertion holds if we put f(n + B )—f{ri)-+0 instead of (2.3).
Proof. For a real number z let ||z|| denote its distance from the nearest 

integer. Let f (n )—ein'e(n). Then g(n) is determined mod 1 and we may assume 
that g(n) is a completely additive function. The condition (2.3) is equivalent with

(2-4) ||g(n + 5 )-g (n ) || -  0(n~ y), (n, B) = 1.

We shall deduce from (2.4) that

(2.5) g(n) —rlog n — s(n) (mod 1), (n, В) = 1

with a suitable t, where

(2.6)
s(mj) =  s(m2) (mod 1) if mx =  m2 (mod B), 
s i m ^ )  = « ( m J + s W  (mod 1), 
s(l) = 0 (mod 1).

This involves Theorem 2.1, since from (2.6) it follows that e2nisW is a character 
mod B.

Let /„ be the nearest integer to g(n+B)—g(n),

a(n) = g(n + B )-g (n )- I„ .  

So we have <r(«)g[ —1/2, 1/2], and from (2.4) that

(2.7) n |ff(n)| «: n1-v, (n, B) =  1. 
Let

(2.8) T(x) =  max m \a(m)\.m^x = 1
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Since

therefore

ABg(n)-A„g(n + B) = g((n + B y)-g ((n  + B)2- B 2) ■■
B- 1

=  2  ABg((n+B)2- B 2+jB),
)=0

o(n + B) — <r(n) = — 2  a((n+B)2- B 2+jB) 
j —o

if л>л0. Applying this identity for n + lB (l —l , H — 1) instead of n, we have

( 2.8) ’
H

o(n+HB) — cr(n) = 2  {о(п + 1В)—а(п+ (l—\)B)) =
i=i 

H JB-l

У  cr{mR + HB) =  g{mR + R b)-g (m R )~  У  ImR+BB '
H = 0  H = 0

— 2  2  a{(n + lB)2- B 2+jB)
/ = 1 J=0

and after summing for H =0, 1, R — 1,

(2.9) 5 1^ (" + я ^ ) - ^ ( « )  = - 2  2 1^((»+ г5)2- 52+ ^ ) ( ^ - 0 -H=0 l=lj=0

Let n=mR  and observe that

(2.10)
H=0

=  tr(w )+í/m— 2 1 ЛлЯ+Яв) •

The left hand side of (2.10) is not greater than

(2.11)

that is less than 1/2 if m >m 0 and R is not too large, exactly if

(2.12) T((m+B)R)

Consequently the left hand side of (2.10) is a(m), and so

(2.13)

RT((m + B)R) _  T((m+B)R) 
mR m

m
~ 2 ‘

a(m) — Ra(mR) = — 2  2  o{(jnR + lB)2—B2+jB)(R — l).
(=1 j =о

(2.14)

The right hand side of (2.13) is majorized by

BR2T((m + B)°~R2)
m2R2
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Consequently

(2.15) \ma(m) — Rma(mR)\ g  BT((m + B)2R2)

Let us assume that T(x) is bounded, T (x)^K . Putting m = N1, R = N2 and 
m —Nz, R= N 1 into (2.15), and by using the triangle-inequality we get

R K  R K
\Nia { N J - N t o{IQ\ +

whenever (Nx N 2, В) — 1.
This shows that Na(N) is a Cauchy-sequence, No(N)->~t, (N, B) = \, N-+°°. 

T sLet — h —, 0. Let furthermore p and q be arbitrary positive integersm m
satisfying the conditions:
(2.16) p =  q (mod B), (p, Я) =  1, 1 <  qlp, |t| log qlp <  1/2.
Starting from the relation

(2.17) g(q)~g(p) = 2  (g (pU + lB )-g(pU + (l-l)B )),

( q —p ) u

2 
1=0

(U ,B) = 1, /„ = В

we observe that the right hand side of (2.17) is

(2.18) 2< r(PU + (l-l)B ) + J(U), 
1 =  1

where J{U) is an integer that may depend on U. The sum in (2.18) is

* 2 +  2 -
SpU+U-l)B

as [7-*-°°. So
rí p U + (l—í)B , í oP U + (!-l)B

g (? )-g (p )—rlo g y  = J(U)+Ov{\)

that gives that J ( U) is constant if U >  U0(p, q) and by putting £/—■=>, we get
(2.19) g (q )-g (p )-? lo g q /p  = integer.

Let s(n) = g(n)— rlogn. From (2.19) we get (mod 1) if nr =
=n2 (mod В), (лг, B)=  1. By taking m s 1 (mod 5), q=pm into (2.19) we get 
s(m) = 0 (mod 1). Furthermore s being an additive function involves that =
=j(wj)+i(m2) (mod 1).

The proof has been finished if T(x) is bounded. It has remained to prove 
only that T(x) is bounded. From (2.7) we know that T (x)^K xó where 6 and 
К  are constants, <5 <  1.

Let q> \ be a fixed integer, (q,B)=  1. Assume that T(qM+v) is attained 
in the interval [qM, qM+1].
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Let Ní[qM, qM+1], (N, B) = 1. We define lx to be the smallest non-negative 
integer for which N —1гВ=0  (mod q) holds. Let Nx be defined by N = qN 1+l1B
m i ^ q ) .

From (2.8)’ we deduce that
T(N2)\<r(qNi+l1B )—(r(qN^)\ S  h B — ф 

and from (2.13) — by using it with R=q — that

So we have
<r(qNi)~ q

BTdNy + B fq 2) 
Nlq

(2.20) 1ЛИЛ01 r- " l£ W > !+q q2N 2 N lq

Assume that T(qM+1) is attained at N. From (2.20) we get 

(2.21)
T(a2M +3') T(aM) T(qM+1) ^  T(qM) + c1 ’ + c2- W Jq " q"‘

with suitable positive constants c1,c 2- Assume that <5>1/2. From (2.21) we have

T(qM+1) S  T iq ^  + Csiqvy2*-1).

By using the monotonicity of T, we have T(x) — 0(x2d~1). So we have proved 
the following assertion. If 1/2« 5 < 1 , and T (x )« x s, then F(x)<scM_1. Repeating 
this argument for 5 = ölt 2ö1 — l= 5 2, ... after finitely many steps we get an 
exponent áx€(0, 1/2), and so T (x )« x äl<g.x1/2.

Assume now that Ő —1/2. Then from (2.21) we get

T (qM + i)^T(qM) + Ci,

whence it follows that 7’(x)<sclog x.
Let now m1, m2 be chosen such that

4-m 2, T((m2+l)ml)

This involves (2.13). From (2.15) we deduce that

(2.22) ImjffCml)—m2<r(ml)\ S  A"(log m, m2) Í—  + — ]Knii m2J

with a suitable constant К  for each pair of mi , m2 that satisfy

(2.23) (c5 < ) mL< m 2< eami 

with a small positive <x, and a positive constant c5.
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From (2.22) we get

(2.24) —  cr(mi) =  C ma
log тг m2 

m1m2

for ml , m2 satisfying (2.23), where C is a bounded variable.
Let mt = U, (U, B) — l, and m2 run over the integers m2=pU+lB (1=0,1,...,

— 1). ^ =<̂ p ' ’ where q= p(m oáB ), (p, B) — l, p<q. From (2.24) we get

/ ( « ) - / ( ? )  =  a u > + * (u ) u ' ' 2

J{U) being an integer. Furthermore 

So we have got that

(2.25) A q )~ f(p )  =  log~  + <U) (mod 1)

where e(t/)— 0 for From (2.25) it follows that

(2.26) U a (U )s ------- + z' (U)
i°g j

with a suitable a and But this is possible only if Ucr(U) is bounded,
taking into account that Uo(U) is a slowly varying function (see (2.22)).

By this the proof is complete.

mod • В

log-

3.

For k = 0 ,1, ... let t!?P denote all solutions of
(3.1) (E B- l ) kf(n ) -  0, (n, B)  =  1, n -  ~

where /(я) is a completely multiplicative function on the set (я, В) = 1.
It is obvious that £ (Bk ) Q£Bk + 1) (k =  0, 1,2, ...). / € ^ 0) if and only if / ( я )—0 

as {n, B) = \, л —°°, that is equivalent with the condition: f(p)-+ 0 as p runs 
over the primes.

Let 3SB be that subset of S P  the element of which satisfy
(3.2) |/(n)l =  1, (я, В) = 1.

Theorem 3.1. Let k ^ l .  f  belongs to S’P  if
(a) f e i p ,  or
(b) fc@B, or
(c) /(я ) = па+’гХв(п), (я, В) — 1, where 0 <  о -= к, ув is a character mod В.
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Proof. First we assume that k=  1. From (3.1) we get immediately that f(ri)= 
=  o(a), and so |/(g)I-=q for every q coprime to B. Let q be fixed, (q, B) = \. 
Let us consider

E{x) =  max |/(n)|.n^x 
(П. B) = l

For an integer TV,, let a0 be the least nonnegative integer so that N0—a0B = 0 
(mod q), and let Nt be defined by N 0=qNl+a0B.

If (N0, B)= 1, then (Nl t B)=  1, furthermore
(3.3) f (N 0) = f(q ) f(N 1) + oNo(l),
and hence we may immediately deduce that
(3.4) E(qx) S \f(q)\E(x) + ox{\) (x -  =»).
Let \f(q)\ =q”, i/>0. Then (3.4) involves that E(x)<cx’l+E for every positive 
constant e. On the other hand E(qN)^ \f(q )\N=qN", and so we have

(3.5) log.E(.x)
logx 7 ( =  flq),

i.e. that t] may not depend on q if |/(#)|>1.
If there exists a q with |/(#)|-<1, then from (3.4) first we deduce that E(x) 

is bounded. By writing
A(y) =  max |/(a)|n^y

and taking into account (3.3), we get
A (qy +  qB) ^  \f(q)\A (у) + ey (ey -  0, у  -  =»)

and so that d(y)—0, i.e. that /(a )—0 as (n, B)=  1. Consequently / € ^ 0).
For |/(<?)| = 1, from (3.4) we deduce that £(x)<sdog x. In this case /(«)-+-0

log E(x)
ontheset (n, B) = 1, and there does not exist q1 with |/(<7i)|=~l, since lim — ̂ ——
is well defined. So, if |/(#)| = 1 for at least one q, (q, B) = 1, then

In the remaining case ?74= i/=  constant (>0) for all q, (q, B)=  1. We rewrite 
/(a) as f(n) ~nnt(n), IГ («) | = 1. Observing that (n + B y= n ’’ + 0(nn~1), and

Ав/(и )=  n’1ABt(n) + 0(n’' - 1),
we get ABt(ri)«.n~'], that is t satisfies the conditions of Theorem 2.1, and so 
t(ri)=nlz xB(n). By this our theorem has been proved for k = 1.

Let us assume that 2, and that the theorem is true for k —\. The condi
tion (3.1) involves that f(n) — o(nk). We consider
(3.6) Щ п )= (Е в - 1 ) к-'Д п).

It is obvious that
(3.7) H(n + IB) — H(n) -*■ 0
for bounded /, if (a, B) = \, n-+°°. 

Let
( l  +  z + . . .  +  2 « - y - i - a 0 +  a 1z + . . . + a ( i _ 1)(t_ 1)^ - 1)“ - 1).
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Then 2  <Zj=qk~1- Furthermore
(ЕВч - I f - 1 f(qn) = ( /+  E B + ... +  £<«-»)* - 1 (EB -  I f~ \f(q n ) =

(d-lXk-l)
= 2  XjH(qn+jB).

7 = 0

On the other hand the left hand side is f(q)H(n). So, from (3.7) we get that

H(qn + lB)(Zotj) = f(q)H (n) + E„'l ,
i.e. that

(3.8) tf(?n +  tó) =  ^ §  # ( « ) + < „

where e'j-*0 as n — / being bounded.
Assume first that there exists a q, {q, B) = \, for which \fiq)\<qk~l- From

(3.8) , we can deduce — repeating the argument used above — that i/(n )—0 as
in, B) = 1 in this case / <G S‘Bk 11 and we are ready.

Let \fiq)\ = qk- 1+’’, 0 ^ < 1 .  Then, for the function

E fx )  = max |#(л)|,П̂Х
( n , B ) = l

starting from (3.8) we deduce that

log-EiOx)lim—;--------— 4a = >1 = constant.log* 4

Let now consider f(n) in the form
f in ) =  nvin), |u(n)| =  пк- 2+п.

We observe that

A  fin ) = 2  i~  I)*"' ( ,) ^  + lB)v(n + IB) =

= nAkBv(n) + B 2  ( - 1)*- * (^) Ivin + IB) — nAkBvin) + BkAkB~1vin + B), 
whence we have
(3.9) nAkBvin)+BkAkB~1vin + B) -*■ 0.

Let g{n)=AkB~1vin). From (3.9) we have

(3.10) (n + Bk)g(n + B)-ng(n) — A„, A„ -*■ 0.
Using this in the form

l«<“ + s >ls i n f W lsW I+ - ^
we deduce first easily that g(n) =  0(log n), and putting this into (3.9), we get 
d£u(n)-0.
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Observing that g(n) plays the same role for v{n) as H(ri) does for v(ri), 
we have

(3.11) giqn + lB) = ^  g (n )+ < „  < ,  -  0.

Starting from (3.11) and taking into account that we have g(ri) -*0.
This involves that 1>€<£’дс-1). If 1, then by using the induction assumption
we get ь(п)=Хв(п)пк~2+,,+‘т, whence / (« )=Хв(п)пк~1+,,+lx, that is a solution 
belonging to (c).

Let now consider the case n= 0. Since g(/i)-*-0, therefore (3.10) gives that 

g(n + lB)—g (n) — ^  (<5„-0) 

if / varies boundedly, and so, instead of (3.12) we have

(3.12) g{qn + iB) = ^ l g (r i)+ ^d , önJ-~0.
Since \v(q)\ = qk~2,

A (x) =  max |ng(n)|,tt̂ kX
(n,B) = l

we deduce from (3.12) that
A (qx) == d (x) +  ox (1) (x -  °°),

that involves that d(x)=o(log x).
So we have

(3.13) g(n) =  (n, B) = 1, n -  °o.

This will involve very soon that the only type of solution is / ( п)=Хв{ч)пк~1+,т■ 
To prove this we define

/0 0  = nv±{n), Viin) = nv2(n), ..., i>*_2(n) = nvk_1(n),
where i>1€ ^ - 1), v2e ^ k~2\  ..., vk_2^ \  vk_1<i£’b1), \vj(n)\=nk- 1- j ( j = \, ..., к - 1). 
Applying the above argument for vk_2(n)=f(ri), Avk_1(n) = g(n), we deduce that

(3.14) Avk_ fn )  = о , in, B ) =  1, n -  oo.

Since |ufc_i(n)| =  l for in, B) = 1, therefore the conditions of Theorem 2.1 
are satisfied, consequently пк_1{п)—пиХв{п), and so fin)=nk~1+iz/ B(n) for (и, Z?) =  1. 

The proof is complete.
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4.

We shall refine Theorem 2.1 for the case В = 1.
T heorem  4 .1 . Let ф(п) be a positive function tending to 0  monotonically, 

satisfying

(4.1) 2 Ф (
j =1

Let f(n) be a multiplicative function such that \f(n)\ = 1 (n= 1,2, ...),
(4.2) \Af{n)I <sc ф(п) (n =  1, 2, ...)

Then f(n )= n ‘z.
Proof. 1. We may assume that ф(п)>1/п. In the opposite case we take 

ф1(п)=ф(п) + l /я, the relation (4.1) holds with ф1 instead of ф, too.
2. We may assume that /(2) =  1. It is enough to observe only that \Af(ri) ■

■ п~‘х)\<^ф(п) for every real a.
We shall use the following
Lemma. Let ß=Aa, a. be an irrational, ß be a real number, with the following 

property: i f  т х<»г2< ... is an infinite sequence of natural numbers such that 
||mva||-*0, then \\mvß\\-+ 0.

Then ß=kot, к being an integer, or ß-integer.
If ß is a noninteger rational number then the property obviously does not 

hold. Assume that ß is an irrational number.
If ß and a are rationally independent then the sequence (m*, mß) (m=\,2 , ...) 

is uniformly distributed and the property stated in the lemma cannot hold. Con- 
p

sequently /? =  —a, with suitable integers P,Q. If Q~ 1 or P = 0, then we are
ready. Assume that (P, Q) =  1, and Q >  1.

Let us consider the sequence —  of partial quotients to a. We have
Чу

a =  Tr+Tfib l0vi ^  i,Чу

By choosing now mv=qv, we get

a p  Pp- i
ß - e a = ä t : + - e <7v

and so Г P v

4vß = q Pv + Ov( 1),

►0. This may hold only if Q\pv for every large v, that contradicts
the wellknown relation \pvqv_1~ p v- 1qv\ = l. The lemma is proved.

Let A0> A ]> ...> A V be a finite sequence of positive integers such that

N0 = qNx + ao, N x =  qN2 + a l5 ..., Av_x = qNv+ av.

and the digits а} are bounded: \ak\ =■ K.
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By using (4.2) we get immediately that
\ A N t) - m f W +1)\ « t ( N i+1) (I = 0 , . . . .  v - 1),

i / w - / ( « ) m ) i «  Ф т + .. .+ ф ( ю .
i.e.
(4.3)

Let now g > 2  be an arbitrary odd integer. We assume that / ( 2) = 1. Let 
rv be an arbitrary sequence for which

(4.4) log 2
'logg 0

holds. Let sv be the nearest integer to r.

So we have

where /v —► CO (v — “ )■ 
Furthermore

log 2
sv =  rv------±logg

log 2 
log p*

log 2
'logg

|psv — 2rv| =  2rv|esvi°gj>-rviog2_  i | <  2rv- 4

gSv =  2rv±(&0+ b 12+... +  brv_!v_12',v-i»-1)

where bj=0 or 1. By using (4.3) we get that
|/(g*v)-l| ss ф(2'v)+ф(21*+1) + ... + ф(2г»)

whence by (4.1), [/(g^) —1|-*0.
Putting f(p )= e2niy we get that ||jvy||-*-0 which under the condition (4.4) is 

equivalent with
log 2rvy log g

By using our lemma with or- _log 2 
"logg ß = y

0.

log 2
log p

we get that у or ß is an 
logginteger. If у= integer, then we may choose y=0. If ß= integer, then y=k(p) j » 

k(p) is an integer. Observing that f (pq)=f(p) f (q)  for (p,q) = l ,  (pq, 2) = 1 we get

7Pi? is an integer. This equality involves that
( p q ) 4 p q) =  p 4 p )q 4 i ) 2 i p . ,

whence we get that k(p)= constant = K  for every odd g. Wemaytake f(2)=e2n,K, i.e.
r log  И

for 1.
,  2niK-  „

f ( n )  — e >°82
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By this the theorem is proved.
R em a r k . Recently I could prove the following assertion. I f fin) is a  mul

tiplicative function satisfying |/(n)| = 1 (n =  l ,2 ,  ...) and

$  W ( n ) \z  — - — =  ° ° .
n = l  ^

then f(ri)=niz.
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ON THE UNICITY OF BEST ^-APPROXIMATION 
BY POLYNOMIALS OF SEVERAL VARIABLES

A . K R O Ó  (Budapest)

1. Introduction

In the present paper we shall consider certain problems of best mean approxi
mation for functions of several variables. It is wellknown that there is an essential 
difficulty in the extension of the theory of best Chebyshev approximation to the 
multivariate case. The basic problem here is the absence of Haar subspaces of 
functions of more than one variable. However, this fact seems not to be an in
superable obstacle in developing the theory of best ^-approximation of functions 
of several variables. Some first steps in this direction have been made in [1]. In 
particular, it was shown in [1] that the Lj-approximation of continuous functions 
of two variables by the tensor product of a two-dimensional Haar subspaces and an 
arbitrary Haar subspace is unique. This result gives some hope that the general 
problem of unicity of best Lj-approximation of continuous functions of several 
variables by tensor products of Haar subspaces can be solved positively. Nevertheless, 
this problem is still unsolved even in the case of ordinary polynomials. In the present 
paper we continue the study of uniqueness of multivariate Lx-approximation present
ing another approach to this problem. We shall consider approximation by arbitrary 
multivariate polynomials but restrict ourselves only to approximating rational 
functions.

The main advantage of this approach is that it includes the study of the unicity 
of polynomials of several variables with fixed leading coefficients which have minimal 
Li-deviation from zero. In case of Chebyshev approximation this problem was 
considered in [2], [6] and [7]. The results of our paper imply the unicity of the poly
nomials of least Lr deviation having fixed leading coefficients. Thus we show that 
the solution of the Korkin—Zolotarjov type extremal problem is unique in the 
multivariate case, too. For rectangular regions this unique solution is given by the 
product of Chebyshev polynomials of second kind.

2. Some notations and the main theorem

Let R" denote the и-dimensional real Euclidean space (и €N); Z+ = 
=  {(ab  ...,c(„)eR": ctj is a nonnegative integer, l s /á n } .  Let M  b ean  arbitrary 
finite subset of Z \ . Then by Pn(M) we denote the linear space of polynomials 
of n variables (xq, ..., x„)eR" supported by M, i.e.

P"(M )= { 2  «ax ,
(«1....*„KM ...,a„*i‘ -* £ " : «ax, ^ R 1}-

Furthermore, Pn denotes the space of all polynomials of the variables (xy, ...,x„)eR". 
Thus P"= U Pn(M), where the union is taken over all finite subsets M  in Z"+.
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The set of constant functions is denoted by P°. The diameter of the finite subset 
M a Z \  is given by
(1) d (M) = m a x :( « i+ a 2+ •••+<*„)•(«1....<*„)6M
By M* we denote the subset of “largest” points of M, i.e., M *— {(aí, a*)£M:
aí +  a2 + ...+a*=d(M)}. The following simple property of M  will play a central 
role in our considerations.

D efinition . We say that the finite subset M a  Z '\ satisfies the ^-property if 
and only if for any p ,q tP " \{0 }  the inclusion pq£P"(M) implies that both p and 
q belong to P"(M).

Remark, that if M  satisfies the ^-property then M  contains the origin, i.e. 
P°c:Pn(M). In what follows we shall consider only sets M  satisfying the ^-property. 

Let us give two examples.
n

E xample 1. Let M =M (k) = {(a1, ..., a„)€Z+: «;=^}, where k£N. Evi-
i = 1

dently, M(k) satisfies the ^-property, d(M(k))—k. We shall use the notation 
Pn(M(k)) = Pn(k).

Example 2. Let (kl t ...,k„)e Z \  and set
M -  M (kx, . . . ,k n) = {(<*1, ... ,  an)£Zn+: 0 ^  af ^  kh 1 S i S n } ,

Pn(M{k1, . . . , k n)) = Pn(k1, ...,k„).
We can easily show again, that M (k1, . . . ,k n) satisfies the ^-property. In this

П
case d{M(kx, ..., к,,)) = 2! /c£, M *(k1, consists of the single point Qcu  ..., /c„).

>=i
Furthermore, let К  be an open bounded connected subset of R”. By ЬУ{К) 

we denote the space of real Lebesgue integrable functions on К endowed with the
Li-norm ||/ ||=  j  | / | .  In what follows the Z^-norm will always be meant on K. 

к
We shall consider the best approximation in this norm by polynomials of P"(M). 
We say that p*£Pn(M ) is a best approximation of f&LÍ(K) if and only if

II/—P*ll =  inf { ||/-g ||: p£P"(M)}.
Since Pn{M) is finite-dimensional, the best approximation always exists. The 
question of unicity of best approximation is much more complicated. By a theorem 
of Krein (see [3], p. 230) the best approximation can not be unique for each / íL x{K). 
Let us denote by CX(K) the subspace of continuous functions on К  endowed 
with the Li-norm. A natural question arises: does any / €.CL(K) possess a unique 
best approximation out of Pn(M ) if M  satisfies the S'-property? For functions 
of one variable this question is answered positively by the famous theorem of 
Jackson. In [1] we were able to verify this statement for n — 2 only under further 
strong restriction on Pn(M). In this paper we prove the above statement for 
a dense subset of C1(K) consisting of all rational functions. Set Qn(K) = 
~{P i/Pí : Pi, P2 ^Pn, p2> 0  on K). Evidently, Pn<^Q"(K), hence Q"(K) is dense
i n  cm-

The following theorem is our principal result.
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T heorem 1. I f  M satisfies the S-property then each f<íQn(K) (in particular, 
each f í P n) possesses a unique best approximation out of

By this theorem we shall easily verify the uniqueness of the solution of a Korkin— 
Zolotarjov-type extremal problem for polynomials of several variables.

At first we shall investigate the structure of common zeros of relatively prime 
polynomials of Pn. It turns out that this question plays a crucial part in the study 
of multivariate I^-approximation. Then the proof of Theorem 1 will be given. 
Finally, we shall apply the above unicity result for the study of Korkin—Zolo- 
tarjov type extremal problems.

3. On the structure of common zeros of relatively prime polynomials

Two polynomials p, q € P " \{0} are called relatively prime if each of their 
common polynomial divisors belongs to P°, i.e. is a constant function. Further
more, we say that p iP n is prime if it has no polynomial divisors different from 
constants and itself. Let us denote by Z (/l5 . . . , / s) the set of common zeros of 
the functions f i , / 2, . .. ,/s in R" (.?= 1). In this section we shall verify that if p and 
q are relatively prime then K \Z (p ,  q) is connected. First of all we give a charac
terization of relatively prime polynomials. Let us denote by P ”-1 those polynomials 
of Pn which depend only on the variables х1г..., ЛГ|_Х, xí+1, ..., x„ (1 S /S n ) .

Proposition  1. The polynomials p,q£Pn\ { 0} are relatively prime if and only 
i f  there exist pt, qi^P", tieP-~1\  {0} ( I s / ён ) such that

(2) PiP + qiq = U (1 ^  i == n).
Proof. At first we shall verify that conditions (2) are necessary. Let p, q£ 

€Pn\{0} be relatively prime and set Ql~x= {s/t: í €P"_1, t€P"-1\{0}} (1 S i^ « ) .  
Then p and q can be considered as elements of ö p 1[xi] where R [x] denotes 
the ring of polynomials of the variable x  over the field R. Let us prove that p 
and q are relatively prime in the ring ß ;-1[x,], i.e. each of their common divisors 
in ß"-1[x{] belongs to ß i -1. Assume the contrary. Then for suitable
s, t tQ l - 'M ,  r e ß r 'W X ß ? - 1
(3) p =  rt, q = rs.

Multiplying equalities (3) by proper polynomials hx, h2fP'i'~1 we obtain the repre
sentations
(4) h1p = rl, h2q = rs,

where I, §€Pn, r€Pn\P "~ 1. Let r* be a prime divisor of f  suchthat r*€Pn\ P f ~ 1. 
Then by the unique prime representation theorem (see [5], p. 116) r* is a divisor 
of either hx or p. But h1(iP"~1, hence r* is a divisor of p. Analogously, (4) 
implies that r* is a divisor of q. This is a contradiction, since r* is not a constant 
function. Thus p and q are relatively prime in Q1_1[x(]. Then there exist p*, q* € ß  -^ 
suchthat p*p-\-q$q£Ql~1\ {  0} (see[5],p. 73). Multiplying again by a proper polynomial 
of P(~l we obtain that for some pt, q f P n, P;P+<MePf-1\{0}. Since this 
procedure can be done for each /, l s / s « ,  the necessity of conditions (2) is proved.
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On the other hand, if p  and q have a nontrivial common divisor reP "\P °, 
then for some This implies that for any p*,q*ePn,
P*P+q*q£(P"\Pj~1)U{0}. Thus condition (2) is violated. This completes the 
proof of the proposition.

For a, b iR ” we denote by [a, b] and {a, b] the sets {Aa +  (1 — X)b\ O s l s  1} 
and {Xa+(\ — T)b:Os=A<l}, respectively.

Pro po sitio n  2 . Let рг, ..., />S€P'1\ { 0 } ,  a iK x where ^ c R "  is open. Then 
there exists b i  Kv such that

(5) (a, b] с  П (K i\Z(pd).
i = 1

Proof. Since px, . .. ,p ,€ />"\{0} there exists a straight line / in R" such 
that a il and е7э1\{0} ( l s / S j ) .  Then each pt hasa finite number of zeros 
on /, hence we can find a point b f l  such that (5) holds.

Letnow Fn be a rectangular region in R", i.e. Fn={(xlt ..., a'„)cR": ci< xi<di, 
l^ iS n } ,  where ct, r/; 6R1, ct<  dt (lSiSw). Applying Propositions 1 and 2 we 
shall verify the needed statement for F„.

L emma. Let p ,q iP " \{ 0 }  be relatively prime polynomials. Then Fn\ Z ( p , q ) 
is connected.

Proof. If n = 1 then Z (p , q) = 0 ,  hence the lemma is evident, Moreover, 
if n=  2 then according to the Bezout theorem Z(p,q) contains at most a finite 
number of points. Hence our statement again easily follows. We shall prove the 
lemma by induction or. n. Assume that F„\Z(p, q) is connected if n= k — 1 
(&ё 2) and consider the case n= k. Let a, b iF n\Z (p ,  q) and let us prove that 
a and b can be connected by a continuous piecewise linear curve yc .F ,\Z (p , q). 
It follows from Proposition 1 that there exist Pi,qi£Pk and Г{€Р*_1\{0} (1 S i ^ k )  
such that (2) holds. Then

(6) Z (p, q) c  Z(il5 12, ..., tk).

Using (6) and Proposition 2 we may assume without loss of generality that
k

b i f̂ \ (F^\Z(tj)). Set a= (cti, ...,a j.), Ь~(ЬХ, ...9Ь̂ ), b (,bx, ..., bk_x, a^)iFn.
i~l

Since biFn\ Z ( t k) and tkeP k^ 1\{ 0 }  we have by (6)

(7 ) [b, b*] d  (Fn\ Z ( t k)) d  (Fn\Z ( p ,  q)).

Set К  = (O i, xk)iF„:xk = ak}; p* =p,\F*, q* = q,\F;>p* = p\F*, q* = q\Fp  t* =  t,\F; 
(1 ^ iS k ) .  Then F* is a rectangular region in R*-1, p*, q*, p*, q*, t* iP k~1

k
(1 ^ i s k ) .  Moreover, since a i f )  (F„\Z(t;)) each t* is nontrivial on F*, i.e.

; = i
/*€P‘-S\{0} (1 S .iS k  — \). Using equalities (2) we obtain

(8) v*iP*+qU* = t? ( i s i s f c - i ) .

Thus by Proposition 1, p*, q*£Pk~1 are relatively prime polynomials.
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Furthermore, a,b*£F*\Z(p*,q*), where p*,q*£Pk~x are relatively prime 
and F* is a rectangular region in Rk_1. By our assumption F *\Z (p* , q*) is 
already connected. Thus there exists a continuous piecewise linear curve y* connect
ing a and b* such that

(9) У* C  (F * \Z ( p * ,  q *)) C  (Fn\Z ( p ,  q)).

Finally, (7) and (9) imply that the curve y=[b, 6*]Uy* is the needed one.
By the above lemma we can easily obtain the analogous statement for arbitrary 

open connected sets in R".
C orollary  2. Let p, q£P"\{0} be relatively prime. Then K \Z ( p ,q ) is 

connected.
Remark, that throughout this paper К  denotes a bounded open and connected 

subset of R" but the boundedness need not be assumed in the above corollary.
P r o o f . Let a, b e K \Z (p , q). By connectedness of К there exists a curve 

у = [a, e j  U [cx, c2] U ... U [cm, b] such that yczK. Since К  is open and Z(p, q) 
is nowhere dense we may assume without loss of generality that Ci£K\Z{p,q), 
1 ̂ i ^ m .  Each interval [с7_х, Cj\ can be covered by a rectangular region lying 
in K. The rest of the proof follows immediately from the above lemma.

4. Proof of Theorem 1

We shall use the following characterization of best .^-approximation (see 
[3], p. 46): p0£Pn(M ) is a best approximation of fC.Ly{K) if and only if

(10) I f  P sgn ( / — p0)| — /  bl
К Z к ! / - Po>

for each p£Pn(M). Here and in what follows we use the notation ZK( f)  = Z(f)ClK.
Assume now that Theorem 1 is false. Then for some feQ n(K )\P "(M ) there 

exist two different best approximations plt p2tP"(M). Evidently, (p1+p2)/2c-P"(M) 
is also a best approximation of /  hence

( И ) 2 / / - Pi +  Pi
=  f  ( l /-P ll  +  l/-P 2l)-

Since / ,  p1 and p2 are continuous and К  is open (11) implies that throughout 
the set К
( 12) I2 / - P 1 - P 2I =  l / - P i ! + l / - p 2|-

Let f = t j t 2, where tl , t24 Pn and ?2> 0  on K. Set t~ 2 tx—12(py +  p2) í P " \ {0}; 
q= Pi—P iíP n(M )\{ 0}. Then sgn /̂ —̂ ' ^ -2j=sgn t, hence according to (10)

(13) j p  sgn ? =  0 (p€P"(M)).
К
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(Here we usee that the measure of Z K(t) is zero.) Moreover, it follows from (12), 
that
(14)
Let now

Z k (Í) c  ZK(q). 

t —
be the prime representation of t, r£eP"\{0} is prime, oqeN, We may
assume that for l s / s j 0, rf‘ does not change its sign on K, i.e.

(15) t= t*  JJ rp (s0 S s ) ,
*'=so + 1

where i*€P"\{0}, sgn t*—y a.e. on К  (y=l or —1) and for each .у0+1^г^.у  
ai is odd and r; possesses both positive and negative values on K. Evidently 

< s, since otherwise sgn t =sgn t*= y  a.e. on K, and setting in (13) p = 1 we 
arrive at a contradiction. Let us verify that for each i0+ lsz 's .y , r. js a divisor 
of q. Assume the contrary. Then for some s0+ l ^ ) S i ,  rs and q are relatively 
prime. Thus by Corollary 2 K \ Z (r7-, q) is connected. But it follows from (14) 
that Z K(rj)(zZK(t)czZ K{q), hence K \Z (r j ,q) = K '\Z {r]). Therefore K \Z (rj)  
is connected. But a continuous function can not change its sign on a connected set 
where it has no zeros. This is a contradiction since r} possesses both positive and 
negative values on K. Thus each r,, j 0 + l s i s 5 is a divisor of q, i.e.

q =  q* JJ r„
i=50 + i

where q*£Pn\{0 } .  Set g~  [J  rt. Then q = q*g, where 9€Р"(Л/)\{0),
i=s0+l

q* ,g£P "\{0}. The A-property of M  yields that g £ P n(M). Moreover (15) implies 
that a.e. on К

S

Sgn / — Sgn t* J] Sgn Гi ~  у sgn g
1=S 0 + 1

holds. Since g£Pn( M ) \{ 0} this relation contradicts (13) if we set p=g  there. 
The proof of Theorem 1 is complete.

5. Korkin—Zolotarjov type extremal problems 
for polynomials of several variables

Consider the set of polynomials P \M ). The Korkin—Zolotarjov type extremal 
problem consists in minimizing the Lj-deviation of polynomials of P"(M) from 
zero while the coefficient of a given term of “highest degree” is fixed. (A term has 
highest degree if the sum of its exponents equals d(M ), see (1).) Thus we have the 
following

P roblem I. For a given (af, ..., a f i n d  the polynomials 
P =  2  aai....х*п»£Р"(М)

(*i....
with aa*... a* = 1 which have the minimal Z^-norm on K.
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This problem is equivalent to the /^-approximation o f by po
lynomials from P\M ), where i í /= M \{ ( a í ,  a*)}. In order to apply Theo
rem 1 we have to show that the 5-property o f M  is not violated after omitting 
a largest point.

Propositions. Let M  satisfy the S-property, (a £ , . . . ,  a*)gM*. Then the 
set М = М \{ (а £ , ..., a*)} satisfies the S-property, too.

Proof. Let qx, q 2 i P n\ { 0 }  and assume that q1q2i P n( M ) .  Since M c z M ,  
Р п( Й ) с : Р п( М ) .  Hence the 5-property o f M  implies that qx, q 2f P n(M) .  Assume 
that one o f these polynomials, say qx, does not belong to Р п(Й ) .  Then q x — 
= a x* x • . . .  • x * * + p ,  where a ^ O ,  p t P n(M ) .  Since q1q2£ P " (M )  and x* +  . . . + x *  =  
= d ( M ) , q 2e P ° .  Hence q xq 2 =  cqx§ P n(A})  (се^ХДО}). By this contradiction we 
obtain the needed statement.

Now Theorem 1 and Proposition 3 immediately imply the unicity of the solution 
of Problem I.

Theorem 2. Let «gN , К be an open bounded connected subset of R". Then 
i f  M  satisfies the S-property, Problem I possesses a unique solution for any 
(a*, ...»<x*)zM*.

Thus under hypothesis o f Theorem 2 the Korkin—Zolotarjov type extremal 
problem has a unique solution. For a rectangular region this solution can be given 
explicitly. Set

T  = {Oq, ..., x„)gR": — 1 < х 4<1, 1 S /g n } .

Let Um(x) = 2~m sin (m+ 1) arccosx/Vl — x 2 be the Chebyshev polynomial o f  the 
second kind, — 1< x< 1. This polynomial is the solution of the Korkin—Zolotarjov 
extremal problem in the case when n =  1, M  = {0, 1, ..., m}, K = (—l, 1). The 
polynomial Um(x) satisfies the following wellknown orthogonality conditions:

1
(16) f  x ‘ sgn Um(x) dx = 0 (O S i 'S f f l  — 1).

-i.
We shall need a simple fact on the structure of the sets M  satisfying the 5- 

property. If
a — (al t ..., a„), b = (bu  .... b„)€R"

then a ^ b  denotes that a t ^ b t for each \ ~ i sSn.

Proposition 4. Let M  satisfy the S-property, agM. Then for each ß g 7Д 
such that ß ^ a  we have ß e M.

Proof. Since a =  (al5 ..., a„)gM, х \х...х*пчРп(М). Thus it follows from 
the 5-property that for any ß=(ßx, ..., ßn)d Z \  such that ß ^ x ,  x(1...x^niP n(M). 
Therefore ß£ M.

Theorem 3. Let я gN, К = T  and assume that M  satisfies the S-property.
П

Then for each (x*,..., x*)eM* the polynomial Ua* a*(xx, ..., xn)= [J Ua*(Xi) is
1..... ....  i= l

the unique solution of Problem I.
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Proof. Proposition 4 implies that Ua* a*(xl t x„)€Pn(M). Obviously,
aa*... a* = l. Furthermore, since aí + a |+ ...+ a*= d(A f), for each (ßly ..., /?„)€
€Л/, ( f t , . . . , /?„);^(а*,..., a*) there exists an index l ^ j S n  such that /?,•<a*. 
Therefore it follows from (16) that for any (ßlf ..., ßn)£M, (ßlt ...,ßn)^(ct*, ..., a*)

„ 1
f  xi'...x%"sgn Ua*....u*(xl5 ..., x„) =  f l  f  xf‘sgn Ua*(x,)dxj — 0

,n " i = l _J

holds. Using now the characterization theorem of best approximation (see (10)) 
we can easily derive that Ux* j ...ia*(x1, ..., x„) is an extremal polynomial. The unicity 
of this solution of Problem I is an immediate consequence of Theorem 2.

Theorem 3 can be applied in particular to the polynomial spaces P"(k) and 
Р \к г, ..., k„). The space Р"(кг, ..., kn) has a specific property that M*(kl , ..., kn) 
consists of the single point {kv, ..., k„). For polynomial spaces of this type we can 
pose the Zolotarjov problem.

Problem II. Let M* consist of the single point (a*, ..., a*) and let 
(/?!, ..., ßn)eM , ß1+ ...+ ßn—d(M ) — l. Then among all polynomials p =
= 2  а*г with aa.  0. =  1 and aßl in= - c ( c e R ’) find
those which have the minimal .Z^-norm on K.

In the case when n= 1, M  — {0, 1, ..., m), K = {—\, 1) the unique solution of 
the Zolotarjov problem is given by the polynomial

(x c) Um -1 (x), [c| — 1;

Um(x)-cU m-i(x) + ̂  Um_2(x), | c |< l

(see [4], p. 99). This implies the following orthogonality conditions:
1

(17) f  x‘ sgn Z m>c(x)dx = 0 (0 ^  i ^  m — 2).
- i

First of all we shall verify that the ^-property implies the uniqueness of the 
solution of Problem II. Remark that by Proposition 4 the ^'-property insures the
existence of (ß±, ßn)£M  with 2  ßi=d(M ) — \.

i — 1

Theorem 4. Let n£N, К be an open bounded connected subset of R”. Further
more assume that M satisfies the S-property and M* consists o f the single point
(a*,..., a*). Then for any (ß,, ß„) € M suchthat 2  ßi = d(M ) — ], Problem II

i = 1
has a unique solution.

Proof. Problem II is equivalent to approximation of x“*...x“" —cxfx...x£" 
by polynomials of P\Mß), where — ..., a*), (ßlt ..., ßn)}. Since

^m,c(x)
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(a*, a*)£M*, it follows from Proposition 3 that 7ЙГ=ЛГ\{(а*, a*)} satisfies
the 5-property. Furthermore, using that (a*, a*) is the unique largest point
in M  we obtain that d(M)=d(M) — 1. Then (ßlt ßn) is a largest point in 
M, i.e. (ß1, ..., ß„)tM*. Hence according to Proposition 3 M1= M \{ (ß 1, ßn)} 
satisfies the 5-property. Now the needed statement follows immediately from 
Theorem 1.

The above theorem gives a sufficient condition for the uniqueness of the solu
tion of the Zolotarjov type extremal problem in several variables. For rectangular 
regions we can again find this unique solution explicitly.

Theorem 5. Let neN, K = In. Moreover assume that M  satisfies the S-property 
and M* consists of the single point а* =  (а^, ..., a*). Then for any ß = (ß1, ..., ßn) € M

п

suchthat ß1 + ... +ßn=d(M) — l and ß^a*  the polynomial f ]  Ua* (xß Z ßj+U c(Xj)
i  =  1 1
i*j

is the unique solution o f Problem II. The index j  is uniquely determined by the relation 
ßj = aj  ~  1-

Proof. Since ß^ct* and ß1+ ß2+ ...+ ßn=d(M) — 1 there exists exactly 
one j  such that ßj = а* —1 (1 ^ j ^ n ) .  Furthermore a* = ßt for l s /^ и ,  iV / 
Therefore

(18) П  U  * (x;) Zp.+lf e (Xj) = x“>.. .X“" -
i  — 1 1
i*j

-cxf>...xfn+ 2  a*i....
(*i....a„)€M0

where for arbitary oc=(a1, ..., <xn)eM 0, а^а* and oq< ßt for some 1 =i =n. 
This implies that the above polynomial belongs to Pn(M ) and has the needed 
representation. Moreover the polynomial (18) satisfies the following orthogonality 
conditions: for each а= (ах, ..., ctn)€Zn+ suchthat а г</?; for some 1 S i  Sn:

f  xí‘...x£-sgn Í П  Ua*(xßZßj+1'C{xM =pi M= 1 '
i * j

n p *
= П  J *?' sgn Ua* (xj) dxt J  х -j sgn Zßj+1'C(xj) dx} = 0.

i=l _i _1
i * J

(Here we applied relations (16) and (17).) This proves that the polynomial (18) is 
a solution of Problem II. The unicity of this solution follows from Theorem 4.

Theorem 5 can be applied to the polynomial space Pn(k1, ..., k„). Moreover, 
Proposition 3 gives a method of generating 5-sets from a given 5-set, hence Theo
rems 2—5 possess a relatively wide field of applications.

Finally, we would like to mention some unsolved problems. The most exciting 
question is to verify the unicity of the best /^-approximation for each feC fiK ). Theo
rem 1 which states the unicity for a dense (with respect to uniform norm) subset of 
CfiK) is a step in this direction. Nevertheless it seems to be unlikely that the methods 
of this paper can be employed for the solution of the general problem. Another
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interesting problem is connected with the determination of extremal polynomials. 
Theorem 2 states the unicity of the solution of the Korkin—Zolotarjov type extremal 
problem for any open bounded connected region К  in R". But we can present the 
solution explicitly only when К is a rectangular region. It would be of great interest 
to find the solution explicitly for other sets too, for example in the case when К is 
a ball in Rn.
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ON THE STRONG LAW OF LARGE NUMBERS 
FOR PAIRWISE INDEPENDENT 

RANDOM VARIABLES
S. CSÖRGŐ, К. TANDORI, member o f  the Academy, and V. TOTIK (Szeged)

Results and discussion

The basic idea of Etemadi’s clever “elementary proof of the strong law of large 
numbers” for identically distributed random variables in [2] consists in the observa
tion that it is enough to establish the law for the positive and negative parts of the 
underlying variables separately. Then the monotonicity of the corresponding partial 
sums enables one to avoid the use of the Kolmogorov inequality, and the only prop
erty required from these positive or negative part variables is that the variance 
of a sum from some truncated versions of them be equal to the sum of the termwise 
variances. The simplest way to ensure the latter requirement of lack of pairwise 
correlation is to assume that the original sequence consists of pairwise independent 
variables. Thus Etemadi was able to show that the averages of pairwise independent 
identically distributed random variables converge almost surely to the common 
mean of the variables assumed to be finite, thereby relaxing the assumption of total 
independence in Kolmogorov’s classic law.

The aim of the present note is to point out that Etemadi’s idea works for non- 
identically distributed random variables as well. We derive analogues of Kol
mogorov’s other classical strong law for nonidentically distributed variables assumed 
to be pairwise independent only. Our sufficient conditions raise a few problems 
and some of these are also solved and discussed below.

Setting D \X )= E (X —EX)2 for the variance of the random variable X, the 
principal result is

T heorem  1. I f  the pairwise independent random variables Xly X2, ... satisfy 
the conditions

( 1)

and

(2)

then

(3)

almost surely.
For a sequence a= {я„}Г of positive numbers set
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where Yn—Xn—EX„, E\Xn\<  « =  1 ,2 , . . . .  The “truncated” version of Theo
rem 1 is

Theorem 2. I f  the random variables Xx, X2, ... are pairwise independent such 
that condition (2) is satisfied and the centered and truncated sequence satisfies

(4)

and

(5) m = 1
then for any sequence {6„}~ o f constants satisfying

lim f r  2  (K ~ E Y m(a)) = 0"-*00 П m- 1
we have

(6) l i m i  i  (Ym-bm) = 0n m=1
almost surely.

In general, the choice bm=0, m = \, 2, ... cannot be ensured under the given 
conditions. However, if, in addition, the variables Xx, X2, ... are identically 
distributed in Theorem 2, then (4) and (5) are known to hold by the classical proof 
of Kolmogorov for the truncating sequence a„=n,n = 1,2,... (pairwise independence 
suffices here!), and it is easy to see that EYn(a)—EX„ = EY„(a) — EXx-+0, as 
with this truncation. Therefore Etemadi’s result follows from Theorem 1 in exactly 
the same classic way as Kolmogorov’s theorem for identically distributed variables 
followed from his other theorem for non-identically distributed variables.

The latter Kolmogorov theorem tells us that condition (1) alone is sufficient 
for (3) to hold for totally independent random variables. It is well known that, 
in this case, this condition is best possible in the sense that if {<rf}~ is a sequence of 
positive numbers such that

then there exists a sequence Xx, X2, ... of totally independent random variables 
not obeying (3) but for which D2(Xm)=o%J, m =  1,2, ... (cf. Révész [6]). On the 
other hand, according to the equally classical result of Mensov and Rademacher 
(cf. again [6]), the stronger condition

“  £>2(T,„)(log7u)2 _ 
n=2 m-

already implies (3) for any sequence Xx, X2, ... of pairwise uncorrelated (orthogonal) 
random variables. The latter condition is also best possible for uncorrelated variables 
in the above sense (Tandori [8]), provided that the corresponding a^Jm2 sequence 
is nonincreasing. We show that condition (1) alone is not enough to imply (3) 
when the variables are only pairwise independent.
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T h e o r e m  3 .  For every e, 0 < e < 1 ,  there exists a sequence X1,X 2, . . .  of 
pairwise independent random variables such that

(8)

and

(9)

■S D'fXm) (log log rn)1 1

>{шн1i (Xm~ E X m > 0 .

Therefore some auxiliary conditions are necessary to assume beside (1) to have 
(3). Theorem 1 provides an example for such a condition. The role of this side- 
condition (2) is not entirely clear in general because, as simpe counterexamples 
show, (2) is not necessary for (3) even if we assume

~ D*(Xm) ( log m)2
2 j ---------- 5-------- =°°m=2 m

beside (1).
The construction in Theorem 3 relies on a construction of divergent Walsh 

series by Tandori [7]. His construction was later refined by Bockarev [1] and Nakata [5]. 
Using the results of these authors, one can in fact strengthen Theorem 3 to obtain 
the following version of it.

Theorem 3*. For every e, 0 < e <  1, there exists a sequence X1; X 2, ... of 
pairwise independent random variables such that

( 10)

and (9) still holds true.
i Z?2(Zm)(log m)1-  

m2
<  oo

The proof of this result is not given in this note because it would require very 
large space as compared to that of Theorem 3. Condition (10) is now quite close to 
condition (7). In this respect we mention the following conjecture of ours, an 
affirmative proof of which would mean that pairwise independent and pairwise 
uncorrelated random variables do not really differ from each other from the point 
of view of the strong law of large numbers if one is looking at the growth of the 
variances only.

C o njec tu re . For pairwise independent random variables the condition

j  u m f l o g m )~  0 < e < l j
m = 2 m2

is not enough in general to ensure (3) to hold almost surely.
On the other hand, pairwise independent and pairwise uncorrelated random 

variables do differ from each other from the point of view of the strong law of large 
numbers below the domain of (10), or that of the Conjecture, i.e., when we have 
only (1) and, necessarily, an extra assumption such as (2). Indeed, pairwise in
dependence cannot be relaxed to pairwise orthogonality in Theorem 1. This is 
the content of our last result in this paper.
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Theorem 4. There exists a sequence Xx, X2, ... of pairwise uncorrelated random 
variables such that conditions (1) and (2) are satisfied, but

almost surely.

П
2  m= 1

(Xm- E X m) =  CO

In fact the random variables constructed in the proof of Theorem 4 satisfy the 
condition

lim 1  Í  E\Xm—EXm\ =  0.n m=j

Proofs

Proof of T heorem 1. We may and do assume EXn=0, n = \ , 2 , .... Introduce 
the partial sums of the positive and negative parts of our variables X„=Xf —X ~ :

S f  =  X f  +  ... +  X f ,  S~ =  X f  +  . . . + X ~ ,  n =  1 ,2 .......

By assumption (2) there is a constant A such that the inequality

O ts—ES* S A  n

is satisfied for each n. Let a > l ,  s>0 and L=[Ajz\, the integer part of A/e. 
For each pair of integers m and s, m ̂ 0, .? = 0, L, put

кГ (m) = inf {к: <xm ^  к <  am+1, E S f € [se, (s+  l)e},

k f  (m) — sup {k: am S  к <  ara +1, J f ESk €[se, (s+l)e)}

if the set on the right is not empty, and let kf(m)=k~(m) = [am] otherwise.
Since, obviously, D2(X f) +  D2(X~) ̂  D2(Xn) for each n, we obtain, by the 

pairwise independence of X f ,  X } , ..., the estimate

(ID 2 о (к* (m))‘
E(S+±

k ± < . m ) ,)2 =  z=o ( k ±  (m ))2 / t i

fc* On)

1со 1 k f ( m )  oo

s  £ w w 'Л  m v

s  Í ű 2( ^ )
;=1 {т:а“^Л I* I

a2 y j D W .  
« ■ -J /Ä  J2
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for any í =0, L, by condition (1). Hence the monotone convergence theorem 
implies that

( 12)
1

i'> - * ? (» ) a.s.

for each s = 0, L.
Now for any natural number n there exists an m=m(ji) and an s~s(n), 

lim = 0^s(n )^L , such that amS n < a m+1 and ES+/ni[s£, (y +  l)s).
П-*-оо
By the definitions of k±(m) we have

ks (m) S  n ^  к+ (m),
and so

E S + — E S: s  e,fc± (m) n

Л + о" fc“ (m) (Sk’ (m) “ £5fc*'(m)) “

^  _ e _  Ji _ _ )  fc_ (m) (m) + — (m) (Sk-(m) -  £S*-(m))

< S : - E S + )  — ~  S k+(m) k Y J r i j  E S k+(m)+ e -

-  ■'/c+ (my 0s*;(m)~ £lS*; («))+ (« -  1)Л +  e.

By (12) these inequalities yield

—e—fl ——Ы  á  h m —( 5 + - £ 5 + ) ^  Шп — (S„+ -E S+ ) S  (а-1)Л + е 
v а.) л ► oo n »-«, и

almost surely, and since this is true for any a=-l and e>0, we obtain that

lim — (S„+ —ES+) =  0 a.s. n—~ n

It can be proved in the same way that

lim — (S'“ — ES~) =  0 a.s.,
л—~  П

and the theorem follows.
P roof of T heorem  2. Clearly,

^  2 E \Y m{d)-E Y m{ d ) \ ^ ~  2 £ | r m( a ) | ^ |  Z E \X m- E X m\ = 0(1), 

and hence an application of Theorem 1 to Ti(a), T2(a), ... yields 

lim -i 2 ( r m(a ) -£ y m(a)) = 0 a.s.
И m=l
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Condition (5) and the Boréi—Cantelly lemma then give (6) with bm = Ym(a), 
m= 1, 2, ... .

Proof of Theorem 3. Consider the probability space (Í2, si, P), where 
Q=(0, 1), s i  is the c-algebra of the Lebesgue-measurable subsets of Q and P 
is the Lebesgue measure on si. Let r„(co)=sign sin n =  1,2, ...; coe(0, 1),
be the и-th Rademacher function. Consider the sequence {w„(co)}S° of Walsh 
functions, i.e., w0(co) = 1, and if n is a positive integer with the diadic representation 
n=2v,+ ...+ 2 Vp, vx< ...< v p, then H'„(cu)=rvl+1(m)...rVp+1(a>), cu€(0, 1). For any 
и = 1,2, ... we have Ewn=0 and Z>(h>„)=1. Set

(p(m)=22m and ^(m) =  222 , m = 1 ,2 .—
Tandori [7] proved that if tn>  1, then there is a rearrangement

wil(m)(w),..., wiv(m)(ra)(cu)
of the functions w/co), ..., wv(m)(co) and there can be given real numbers афт), ... 
..., av(m)(rn) such that

af(m) + ... + a2(m) (m) S  5m 
and if cu€(0, 1/4) and is not diadic, then

max У
1 ШкШ<р(т) J = 1 a j ( m )

For any m=  1, 2, define the numbers

Dq>(m) + n
QA(m))42(2m)

2>я(2—i/2)

where 0 < e < l,  and introduce the random variables

^ (m)+n(a>) nm)+„rv(m̂ 1(,(a)win̂ ){co), n =  1, ...,ф(т).
For any other index k, let Xk(ca)=0, co€(0, 1). By the definition of the Walsh 
functions it is obvious that Xx, Хг, ... are pairwise independent, EXn=0, n= l, 2, ..., 
and the definition also ensures that condition (8) is satisfied (implying (1)). Exactly 
as we saw it in (11), condition (1) alone implies that

almost everywhere in (0, 1).

lim 1 ifr(m)

2  Xj  =  оф(т) f t Í 
Nevertheless we show that

(13) Em 7  2  X] (" )
n-*oo П. j — 1

=  OO

almost everywhere in (0, 1/4).
For any integer m ^ l  let ф(т)<п^2ф(т). Then

1 =  1  2  * № +
П j = 1 И j  = ф(т) + 1

Ф(т) 1 ф (m)
ш £ Г ,(е ,)= Г .(а ,)+ Ъ (» ) .
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say. We know that lim Z„=0 almost everywhere in (0, 1). But

Ф(т) п —ф(т)

and hence
К  (с о ) п2тС1~£/ 4 ) ^<i, (m) + c(co ) 2^ cij ( 2  )  w IJ( 2>") ( с о ) ,

max \V„(co)\ ^  * ... max 2 1 ^ (2 m)w,(2m)(co) 
y=i

_  2m(£/4) 
=  4

almost everywhere in (0, 1/4). It now follows that we have (13) indeed, almost 
everywhere in (0, 1/4).

P r o o f  of Theorem  4. Our point of departure is a function system of Kaczmarcz 
[3] which, in essence, is a simplified version of a system considered originally by 
MenSov [4]. Let p = 2 be an integer and for 1 = 1, ..., 2p, consider the functions

и i(x) = ~  T’ 4 V 1 ír)’ k = 1.....

We have

whence

(14)

k - p - l - j

r 1 4p 1
f  uf(x)dx = — 2 7---------  nl ) 2’

— k  =  f  u f(x )d x ^  —  , 1 = 1 ......2p ,
P о P

where C1; C2, ... will denote positive absolute constants. If i =-y, then

1r 1 4pau= J ui(x)uJ{x)dx = -  2  7-------------T w ------------- ry

1 1 ip
2p 1 —J ktl

1 1
, 1 1
k - p - t - J k - P - J - 2

1 1 
P i - j

1 1 
P i - j

3 p - i  l 3 p - j  I

- Р - ‘ к  1 k = i - p - j  ,
2

- P - J  1 3 p - j

-  2
k  =  3p — i + l^  1

l - P - '  L .___i
k  2 k - l
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Ы  ^

and therefore 

(15)

We extend the definition of these functions и,(х) to the interval (4, 5] in such 
a way that they be orthogonal on the whole interval [0, 5]. Let us divide up the 
interval (4,5] into N  = 2p(2p — 1) pairwise disjoint subintervals IfJ, i , j  = 1, ...,2p, 
i ?£ j, of equal length and set

1 1 i - j i - j Ä Сз
P i - j p + j+ J Зр- i - l “  P2

Í
1 х£1ц, j  = 1, 2p, j  ^  /,

щ(х) =  < , Í  1
~2 ^ K / l  s'Sn «у» xd ji*  J =  !. 2p, j  *  l,

0, otherwise,
for each / =  1, ...,2p. The functions щ(x) thus obtained are obviously simple 
(step) functions on [0, 5] and they constitute an orthogonal system there. Further
more

f  uf(x)dx = f  uf(x)dx+^r 2  Ы + i  2  Ы  

and hence by (14) and (15),

(16) f  u f ( x ) d x ^ ^ - ,  1= 1 ...... 2p.
П  J  7 )

If x€[2, 3), then there is a non-negative integer m(x) depending on x, m(x)<p,
such that r „ . . „\2  p + m(x) 2p + m (x )+ l\

[  V  ’ V  r
xe\

p p
Then by definition, m 1( x ) s 0 ,  м р + т ( х ) ( х ) ^ 0 ,  and

1p-f-m(x) p + m ( x )

2 ui(x)= 21 = 1 /=1 2p + m(x) + l+ p  —l— —

P  +  m ( x )  1

T =  21 / = 1
' 4 '

and this implies that 

(17)
Moreover we have

maxl^m^2p 2  ui(x)
1 =  1

r 1 *pf  иi+ (x) d x = — 2V D V — w, _1_ I .

C6 log p, x€[2, 3).

+ -
P k=p+i+i \'2 p (2 p -i) j=i

2p ----
2  y¥ ijl

l/  i/f (x) dx = — 2  ------------- T + - ________  ^
« p ^ k- p- i - L  Пр(2р-1) £  1

2 P

2  УК1
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whence

(18)

Put

5 1 5

f  Ui (x) dx => C7 - ° —- , f  щ (x) dx ^  C7----
o*7 P о P

log P

vt(x) = u,(x) I/ f  uf (x) dx, l =  1, 2p.

These are again simple functions on [0, 5] and constitute an orthonormal system 
there, and by (16), (17) and (18) we have

(19)

(20)

Let

maxl^m^2p 2  vi(x)
1 = 1

Cs Yp log p, x£[2, 3),

/  v n x ) d x * C ^ ,  /  uf (x) dx ^  Cg ISMJL.
<T Yp о Yp

*'w  = {o,
and for / =  1, 2p, introduce

{ _ j_

n

/5u,(5x), x6(0, 1), 
otherwise,

f{p-, x )

Si (2x), x€ [0, ,

0, otherwise.
The latter functions are simple and they form an orthonormal system on (0, 1) 
with

(21) f  f ( P ’ x)dx =  0, l= \ , . . . ,2 p ,

and by (20) we have for any 1 = 1, ..., 2p that

(22) f  f + (p; x) dx á  Cu ^ ß . ,  f  /Г  (p; x) dx á  Cv
a KP o'

logP
/F

Furthermore, by (19) there is a simple set A(p)Q(0, 1), i.e. Д р) is the union of 
a finite number of intervals, such that

(23) 
and

(24)

mes A {p) ^  - i

max 2 f ( p '>x) 
1=1

=  c n Yp logp, хел(р).
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Finally, for another parameter a> l, we introduce the functions

fa  fi{p\ ax), - i j ,ht (a, p; x)
0, otherwise,

1 = 1, .... 2p. These functions are still simple on (0, 1), they constitute an ortho- 
normal system such that by (21) and (22) we have

1
(25) J hfa , p; x )d x=  0, 1= 1, ...,2p,

0

(26) f  A,+ (a, p; x) dx ^  C10- ^ U - ,  /  hr (a, p; x) dx ^  C10-^M -,
о Vap о \a p

1 = 1, 2p, and, by (23) and (24), there is a simple set H(a, p)Q(0, 1) such that

(27)

(28)

mes H(a, p) S  — ,

max 2  h fa , p; x) 
1 =  1

Cn fap log p, x£H(a, p).

After so much preparation let (Q, sä, P) be again the probability space in 
the proof of Theorem 4. On this space we now define a sequence {X„}“ of random 
variables and a sequence {E„)f of sets in sä such that the following conditions 
will be satisfied. The Xn will be simple functions and they will be pairwise un
correlated. The events Em will be simple sets and totally independent, and for 
any m s 2 we shall have

(29) P{Em)
1

5(m — 1) ’

Moreover, for any m&2, the following relations will be satisfied:

(30) 2' +‘

(31) X2™ + i + 1.(07)+  ... ~hX2"’+ 1+ (̂0 )
l^k^2m+1 2 m+1 + k

(32) E X f  S c 13— 1----, ЕХГ = s .C i,_L
fm —1 fm -

: n S  2m+2,

^  C12]/m—l, coeEm, 

-  2m+1 <  / ^  2m+2.

To begin the construction, set Zn(m) = r„(ü))=sign sin (2" mu), юб(0, 1), 
и =  1, ...,2s. These are simple and uncorrelated. Let now m0 be an integer, not 
less than two, and assume that the random variables Xlt ...,X 2m0+1 and the sets 
Ei, Emo are already defined such that the variables are simple and pairwise 
uncorrelated, the events are simple and independent, and relations (29)—(32) are 
satisfied for m=2, ..., m0. Then a sequence J1, . . . , I r of pairwise disjoint intervals
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г
can be given such that (0, 1)= (J 4» each of the variables Xjt j  = 1, 2m°+1,

fc=i
is constant on any of the intervals Ilf ..., Ir, and each of the sets E2, 
appears as the union of some of the intervals Ilt ..., Ir.

For a function X(a>) on (0, 1) and an interval I —{a, b) ’X  (0, 1) let

X(Il со) =
ca€ (a, b), 

otherwise.

Also, for a set 1), let //(/)  be the set contained in I  which is obtained
from H  by the application of the transformation x^-(b—a)x+a.

Consider now the above construction of the A, (a, p; x) functions and H(a, p) 
sets for p = 2m°, a=m0. Let us break up the interval Ik into two disjoint intervals 
of equal length: Ik—Ik\JIk , k  = 1, r. We define the next block of variables as

r ]/2mo r Y2^o
X2m0+i+l(co) = 2  4^— A,(m0, 2mo; Ik ; to )-  j ?  A,(m0, 2mo; Ik ; со),

k~i m0 k=i

1 = 1, ..., 2m°+1, and the next event as

5 ^ 1  =  ÍÚ  tf(m0,2 " . ; /k') ) u ['•*1=1 / к
U H(m0, 2"
!  =  1

It is plain that the Xk, k =  2m°+1, ...,2m°+2, are simple functions and Emo+1 is 
a simple set. The events E2, ..., Emo+2 are obviously independent, and, by (27), 
inequality (29) is satisfied for m=m0+ l. Equation (25) implies that

(33) EXk = 0,

k=2m°+1, ..., 2m°+2, and hence it is evident by construction that Xlt X 2m0+a
are pairwise uncorrelated as well. Finally, (30), (31) and (32) also follow from (26) 
and (28) for m=m0 + 1, on the basis of the construction.

Hence the required sequences {TH}“  and are obtained by induction,
and (33) also holds for any fc s l. Now we claim that the constructed Xn’s satisfy 
all the requirements of the theorem.

From (30) we get
“  D \X n) ~ 2̂ 2 D \X n) _

и=2»+1  П2 m =  2 n = 2 m + 1+ l  И2

со 1 2m + 2 1 <*> 1
rS. 2 У  —— 2m T  - S 2  7 -

m = 2 m  n =  2m + 1+ l  И ro=2 ^
<  oo.

This and (33) imply in the usual way that

(34) lim
m-*- oo

+ ... +  Ar2w+1
2m+1 =  0
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almost surely. It follows from (32) that 

and hence
lim EX,+ = lira E X f  =  0,
/-*- OO I-+CO

Hm-J- £ В Д = 0 .

Through the second Borel—Cantelli lemma (29) gives that
P  { Em Ejf — 1.

m-*oo

Therefore it follows by (31) that the inequality

max
2m + 1 < f c á 2 m + 2

х г + . . . + х к
к

^  max2m + 1cüS2m + 2
Х 2Г + 1 + •■■+Xk X k +  ... +X2m + 1

2m+1

С12Ут- X k  . . .  -f- + 1

2m+1

holds almost surely for infinitely many m. This and (34) imply that, indeed, almost 
surely

X1 + ...+ XnП т
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Z. SEBESTYÉN (Budapest) 
Dedicated to András Kása on his 50th birthday

Introduction

Let A be a (complex) C*-algebra with or without a unit, and let G be a 
multiplicative semigroup closed under involution (briefly ^-semigroup) in A such 
that the span of G is norm dense in it. Given a complex valued function f  on 
G it is natural to ask: under what condition does there exist a (necessarily unique) 
positive linear extension of /  to the whole A ? The answer is given in Theorem 1 
below.

The situation described is a common generalization of the classical Hausdorff 
moment problem and the trigonometric moment problem known as Hergholz 
Theorem or Bochner Theorem in the case of an Abelian group. The C*-algebra in 
question consists of the continuous complex valued functions on a compact Haus
dorff space (the dual group of a discrete Abelian group in the last case). Our solution 
differs from the known answer of Hausdorff [1] and Riesz [2] (in the first case). 
Our result is more adequate in the sense that we have a solution also in the case 
when /  is given only on a *-ideal of G (Theorem 2). This is not the case with the 
classical conditions. The last extension question is closely related to a recent theorem 
of the author [5] and a recent result of Szafraniec [3].

Our main objective is to construct a ^representation of the ^-semigroup G 
on some Hilbert space from the given positive definite function / .  This is a cyclic 
representation owing to the classical Riesz Representation Theorem of continuous 
linear functionals on Hilbert spaces. It turns out that the *-representation constructed 
in this way has a unique extension to a *-representation of the original C*-algebra. 
The cyclic vector thus determines the desired positive linear functional.

We have thus a unique approach to a positive definite function on a group and 
a positive linear functional on a C*-algebra. In particular, the involution and the 
multiplicative structure of a C*-algebra determine the states (positive linear func
tionals) on it (Corollary 1).

The content of this paper is a part of the author’s talk delivered on the Riesz— 
Fejér Memory Conference held at Budapest in August 1980.

T heorem  1. Let G be a * -semigroup in the C* -algebra A which spans a norm 
dense *-subalgebra in it. A complex valued function f  on A has a (necessarily 
unique) positive linear extension cp to A i f  and only if there exists a positive constant 
M such that

(1) \Z c,№  I2 — 2  °ê hf(.h*g) *M\\2 c0g||2
M  д g,h в

holds for any finite sequence {cg} o f complex numbers indexed by elements o f the 
*-semigroup G.
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Pro o f. The necessity of condition (1) is easy to prove, since if q> is a continuous 
linear functional extending f ,  we have

\ 2  c9/(g )|2 =  \<p(2  сяёУ s  M\<p ((2  cgg)*{2  cffg)) =
9 9 9 9

=  M  2 c gchcp(h*g)^\\(p\\2\\Z  CgChh*g\\ = IMlMI-Z cgg\\29,h g,h д

for any sequence {cg} in question.
To prove the sufficiency of (1), take the linear space F of all complex valued 

functions of finite support on G, the generating elements of which are functions 
<5g taking value 1 in geG and 0 otherwise, where g varies on G. By (1) the 
following relation defines a semi-inner product on F:

(2) (2/ cĥhi 2  dk̂k) — 2  сиdkf(k*h)
h к h ,k

for any two elements 2  ch<>h and 2 (4 ^  ° f  F, where 2  denotes (as always in
h к

this note) a finite sum. Let H  be the Hilbert space obtained from F by first factor
ing with respect to the nullspace of ( ., .)  and then by completing the arising pre- 
Hilbert space with respect to the norm obtained from the inner product on this 
factor space. For simplicity we denote the inner product by ( . , . )  and the image 
of a function 5g (geG) in H  by 8g, too. We have also by (1) a continuous linear 
functional given on a dense subset of H  by

(3) 2  CA — 2  Cgf(g)-
9 9

This functional has a unique continuous extension on H  and thus, by the Riesz 
Representation Theorem, has the form

(4) 2 c . f ( g )  =  ( 2 c gS „ x )
в g

with a unique element x  in the Hilbert space H.

The shift operation Sg (for any g in G) given on F by

( 3 )  S g ( 2  CA )  =  2  c h d g hh h

extends to a continuous linear operator on H. Indeed,

l& CZ ^A)||2 = 2  cHckf(k*g*gh) =
h h,k

= (Sg*g(2 ch<5/,)> 2 CA) — Il'Ŝ eCZ CA)I| IIJS" C/A|lg h h h
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holds by the Schwarz inequality and, by a repeated use o f this argum ent, we have

ilSÁZ c„sk)\г 2 - 1!s<w*(2 ̂ >Ж112 chőJT*'-* =
h h h

=  2  chckf ( k 4 g * g T h )  112 ^
h, к h

^  m \ \2  c* (g*g )2"-, A||2| | 2  < ^ * Г +1“ г s
h h

^  M||(g*g)2"_1||2| | 2  chh\\2112 <тА 1Г1- 2 =
h h

= M \ \ g \ r 1. \ \ Z c hh \ n z c hőh\ r 1- 2
h h

for n = 0 ,  1 ,2 , . . . ,  proving (by n -*• °°) that | |S J S | |g | |  for any g  in G. A  sim ple  
calculation shows that S*= Sg* and Sgg, = Sg Sg, for every g , g' in  G. In other  
words S : G-*B(H) is a ^-representation o f  th e *-semigroup G on the H ilbert 
space H, where B(H ) is the C*-algebra o f  all bounded linear operators on H. 
W e shall prove that
(6) Sgx  =  d„ 
for any g  in G, and
(7) II2C<AN Il2c9g||

9 9

for any finite sequence {c5} indexed by elem ents o f  G. This im plies that S  h as  
a unique continuous extension to  A, which yie ld s a ^representation o f  A on  
H  w hich is cyclic by (6) with cyclic vector x  in H.

Indeed, since
( 2  c h&hi  S g X )  —  ( S * ( 2  c h<>h)’ x )  =  

h h

= < 2  chög*h, x) = 2  chf(g*h ) =  { 2  sg)
h h h

holds for any 2  ch$h in H, a dense subset o f  H, (6) is proved. T o  prove (7) tak e
h

and у — 2  dh in H  and an a —2  c g S  in A for  which S „  d en otes the operator
h _ g

2  cgSg on H. Then, similarly as before,

\\Say V = ( S a.ay, y ) ^ \ \S a. ay\\ M ,

И 5 .У Г * 1 s  W ^ T l H M r * 1- 2 =  112 4 A < U I 2 1 Ы Г +1" 2 =
h, s

=  2  ^ A 4 l , / ( f c * g r g sh ) ||7 l l2"+1- 2 S i V / | | 2 d ^ sgsh||2 |b l l2"+1- 2 ^
h, k , s , t  h, s

S M\\2 Asg5||2 112 d„h\|2ЫГ+1-2 -  M  | | ( а * я ) Щ 2| | 2  d»h\\2 ЫГ+1~2 =
s h h

= M \\a \r*1\\2 d hh\\*\\y\r*1- 2
h
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holds for л = 0 , 1 , 2 , . . . ,  w here 2  l sgs stands for (a*a)2"_l. Thus we have, as
S

и -*■«>, that Цб’оЗ’Ц ^ ||a || || y\\, proving (7) because such j ’s are dense in H.
We have finally by (4) an d  (6) f(g ) = (Sg, x )= (Sgx, x )  for any g in G, where 

(p(a)=(Sax, x )  (a t A) defines a positive linear functional on  A, extending / .  The 
proof is com plete.

Corollary 1. Let f : A-*C be a complex valued function satisfying with a 
constant M  > 0  the inequalities

~T7 \Z  caf ( a ) I2 s  2  CaCbf ( b * a ) tS M \ \2  Coa ||2
•Ml a a,b a

for any finite sequence {ca} o f  complex numbers indexed by elements o f A. f  is 
then a positive linear functional, i.e. a state on A.

Co r o l l a r y  2. Let К  be a compact subset o f the real line R and let {/r„}“=0 
be a sequence o f  complex numbers. There is (a necessarily unique) positive measure 
p on К  such that

f  t"  dp(t) = p„ (n =  0 ,1 ,  2, . . . )  
к

i f  and only i f  
(8) ° =  Z CmCKP>Ш + T\ ; p0 max \ 2  cn ГÍ t л n

holds for any finite sequence {c„} of complex numbers.
Proof. T he necessity o f  (8) is clear. In order to verify the sufficiency w e have 

to  prove that
\ 2  Cnßn\2 — Po Z  cmcnpm + n

for any sequence {c„} in question. But th e  positive definiteness o f  {/^„}~=0 in
(8) gives th is, due to the existence o f  an id en tity  element, in  th e well-known manner. 
Here the *-sem igroup {;"}“=0 (t£K) spans a  norm -dense *-subalgebra in C(K), 
the space o f  continuous fu n ction s on K, by the Stone— W eierstrass Theorem .

Corollary 3. The sequence {/r„}“=0 is a moment sequence for [0, 1] i f  and 
only if

° =  2  cmcnpm+n =£ Ai0 max 12  cntn |2
n t ,n  u—*—1 n

holds for any finite sequence {c„} of complex numbers.
Corollary 4. Let К  be a compact subset of the complex plane C and let 

{i1m,n}m,n = o be a double sequence of complex numbers. There exists a (necessarily 
unique) nonnegative measure p on К with

f  dp(X) = р,,,'П (m, n =  0, 1, 2 , . . . )
К

i f  and only i f
о  2  CiCjpmi+ + ^ 0 , 0 m a x  1 2  с ; Ат < ( Г Г ' |2

i,j i
holds for any finite sequence { c j  of complex numbers.
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Assume that *-ideal /  in G is given, that is a *-subsemigroup in G such that 
ug, gut I  holds for any g in I  and и in G. Given a complex valued function 
/  on /, it is natural to ask when an extension of /  to a positive linear functional 
<p on A exists. The answer is the same as before when I  was identical with G.

Theorem 2. The function f : I-+C has a positive linear extension cp on A if 
and only i f  (1) holds for any finite sequence {cg} o f complex numbers indexed by 
elements o f I.

Proof. We have only to prove the sufficiency of this condition. Going along 
the line of the proof of Theorem 1, just replacing G by I, we get a ^representation 
S of I  on H  with a cyclic vector л: satisfying (4) and (6) for any g in I.

Now (5) gives a definition of Sg for any g in G, too (where h varies on I). 
The proof of II S'J^llgll and then (7) remains also valid. Hence the proof of the 
theorem follows.

Corollary 5. Given a sequence {^„}Г=а of complex numbers there exists 
a positive measure p on [0, 1] such that

1
f  tn dp{t) = p„ (n = N, N + l, ...)
0

i f  and only i f  there is a positive constant M  such that

(9)

holds for any finite sequence

S  2m, n Î1 

{̂ n\n^N

cmcnpm+n -=S M  max | 2  cn ?"|2
o m t s i  ' „ a j v

o f complex numbers.

(9),
R em ark . The sequence {/z„}“=1 where pn = l/n (n — 1, 2, ...) does not satisfy 
since then

2  omc„pm+n = /  \2  cntn\2^ -  3  M  max | 2  оп̂\
п,п̂ 1 о n- 1 1 u—r—1 n^l

1
would be true. But since pn= J tn~1dt(n —1,2,

0
sequence in the sense of Hausdorff and Riesz.

...), this seqűence is a moment
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METRIZATION AND LIAPUNOV FUNCTIONS. I
В. M. GARAY (Budapest)

I.

Let (X, d) be a meric space and Tt: X-+X, te R, a dynamical system on X. 
For 0 X Y a X  and xeX, let d(x, Y)=inf {d(x, y)\y tY ). d(x, У) is the distance 
between л: and Y. Let 0  xM c zX  be an asymptotically stable closed invariant 
set. Denote by A(M ) its region of attraction. A(M) is open. It is known [1] that 
there is a continuous function V: A(M)-*R+ satisfying the following conditions:

(i) V(x)=0 for x tM , and V(x)>0 for x€A (M )\M ,
(ii) for xeA(M), the function kx: R-*-R+ defined by kx(t)=V(Ttx) is 

monotonically decreasing and tends to zero as t tends to infinity.
The construction of V is based on the metric d. V is called to be a monotone 

Liapunov function with respect to M. V can be chosen to satisfy the additional 
condition V (x)^d (x ,M )  as well [1].

The following definition is implicitly contained in [5].
D efin itio n . Let q  be a metric defined on A(M). We say that о is a metric 

of Liapunov type if q is topologically equivalent to d\A(M) and if the function 
V:A(M)-+  R + defined as V (x) =  o(x, M) is a monotone Liapunov function with 
respect to M.

E xa m ple . Suppose A is an nXn matrix and consider the differential equation 
x —Ax. Assume that the eigenvalues of A satisfy Re A<0. Let IF be an nX n  
positive definite matrix. It is well-known that there is a positive definite matrix 
V  satisfying the matrix equation VA+A*V = — W and that the function V: R" —R+ 
defined as V(x)=x*Vx is a monotone Liapunov function with respect to the origin. 
It is clear that q : RnXRn-*-R+ defined by q ( x , j )= (P (x— y))1/2 is a metric of 
Liapunov type, (d is to be taken for the usual euclidean metric.) Thus, the classical 
theorem of Liapunov on quadratic forms can be interpreted as a theorem on metrics 
of Liapunov type.

The aim of the first part of this paper is to prove the following theorem on the 
existence of metrics of Liapunov type.

T heorem  1. Let (X, d) be a metric space and Tt: X ^ X  a dynamical system 
on X. Let 0  AM czX  be an asymptotically stable closed invariant set. Assume that 
there is a retraction r: A(M) -+M with the following property:
O )  for any {yn}f=xc.A(M), xeM : d(yn, M )—0 and r(y„)-~x imply yn-*x.
Finally, let V be a monotone Liapunov function on A(M) with respect to M. Assume 
that for xeA(M ), V(x)^u(d(x, M)) where u: R+—R f is a continuous non
decreasing function, м(0)=0 and u(s)>0 for s>0.
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Then there exists a metric q of Liapunov type such that Q\u=d\M and for 
xiA (M ), F(x) =  q(x, M) = q(x , r(x)).

Proof. The proof is an application of methods used in the proof of the Nagata— 
Smirnov—Bing metrization theorem [7]. For « =  1,2,3, ... let

=  {{у€Л(Л/)|<1(х, у ) <  -^-||х€Л(М)| .

Жп is an open covering of A{M ). Let Жп be a partition of unity subordinated 
to Жп, i.e. Жп= {fyn: A(M) — R + continuous |у€Г„} where

(1) for any xeA(M) there is a neighbourhood °Un of x and there is a finite 
subset АптГп such that for у еГп\ А п, ^„flsupp ( //)  = 0  i.e. is locally finite.

(2) for any у€Г„ there is an x€A(M) such that

supp (/?) c  {y£T (M) Id (x, у) <  i-}

(3) for xeA(M ), 2  i-
Consequently, for хеЛ(М),

2  4?  2  fy (*) =  1n=i y e r „

(supp(/;)  is defined as с1жм){у€Л(М )|/;(у)^0}). 
Let g": A(M)-*R~ be defined as follows:

g?(x) =  V {x )fy" (x), yer„, n = 1, 2, 3, .... 

Now we are in a position to define q . For x, yeA(M), let

<?(x, y) = d{r(x), r(y))+ 2 ~ 4 r  2  |g^(x)-g'1!(y)| +
»=1 z yern

+ V(x)—V  (y) — 2  4 r
n = l  £

2  (g?(*)-g?O0) •yern

It follows directly from (3) that q(x, y) is finite. By (2), x A y  implies е(х,у)^0. 
Therefore, q is a metric on A(M). For x, y€M , q(x, y)= d(x, y). For y€M, 
x ( Ä ) ,  by (3), q(x, y) = d(r(x), y) + V(x). Taking infimum for у £M, the 
infimum is attained if and only if y=r(x). Therefore, q(x , r(x)) = g(x, M) = V (x).

We prove that q is topologically equivalent to d\A{M).
Fix an xzA (M )  and let s ==-0 be arbitrarily small. By the continuity of V, 

there is а <5Х> 0  suchthat d(x, y )^ 6 1 implies \V(x) —F (y)|< e. Further, there 
exists an vV0eN such that d{x, y)<S1 implies

2 4r 2
n = N B+ l  у(.Г„
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Pick a <52>0 suchthat d(x,y)<ö2 implies y£ П °U„. It follows from (1) and from
П =1

the continuity of the functions g\, k = 1, 2, N0, y€Ak that there exists a <53<<52
such that for yeA(M ), d(x, y) <  <53

2~kr 2  l(g!; (*)-g$  0)1 =  2 ^ r  2  |g?(*)-gíOOI <  £•
k = i  z  y e r k  k —i  x  y e j k

Finally, there is a 04 such that d(x, implies d(r(x), г(у))<г. This is a
consequence of the continuity of r.

Let <5=min {dj, <53, <54). Using the triangle inequality we obtain that d(x, y)< 5 
implies q ( x , j)-=6e.

Conversely, we show that for any x£A(M) and for any s> 0  there is a <5 = 
=5(x, e)>0 suchthat q(x, y) <  <5 implies d(x, y)<e. We distinguish two cases.

Case 1. Assume that xeA (M )\M . For JV€N\{0}, as a consequence of

(2) and (3), £  8y(x) = V(x) and for у eAN, g^ ( j)= 0  provided that d(x,y)>^~.
2Consequently, d(x, y)> — implies

<?(*. 2  lg? 0 )  -  gy O) I =  V (x)/2N.

Therefore, d(x, y)<2/N  is implied by n(x, y)^V (x)/2N.
Case 2. Assume that xZM. Since xeM , for ytA(M ) q ( x ,  y)=d(x, r(y))+ 

+ V(y). Thus, q ( x ,  y)<0 implies d(x, r(y))<3 and V(y)<ő. It follows easily 
from the conditions on V and r, precisely from property (* ) and from the in
equality V (x)^u(d(x, Mj), that d{x, r(y))<S and V(v)<<5 imply d(x, _p) < e if 
Ő is sufficiently small. Q. e. d.

We emphasize the fact already mentioned that the existence of a function V satis
fying the conditions of Theorem 1 is guaranteed (u can be taken for idR+).

R em ark . It follows directly from the definition of compactness and from a simple 
continuity argument that any retraction r: A{M)-*M  has property (* ) if M  is 
compact.

Let X = lt . lx be a Banachspace with norm ||x|| W- LetM — {x€/4| ||x|| ^  1}.
1

We construct a retraction r:X-+M  which does not have property (*). In fact, 
let g: X-+M be defined as follows:

Í* 11*11 ^  1
g W ~ W w i  M i s i .

By the way, g is a retraction having property (*). For и =  1,2, 3, ... let en =
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=(0, 0, О, 1, 0, ...)• Define a function /„: R —R by
s S  - 1
— 1 =  S ~  1

f„(s) = \  n + l - n s  ----n
, 1
1 + —  S.n

/„ is continuous. Define a function

/ :  X  -  X, x  - / ( x )  =  (/i(* i) ,/2(*2) , /3(*3),
/  is continuous and / | M=idM. For n = \, 2, 3, ... /( (1 +  l/n)e")=0. Finally, let 
r=gof. r is a retraction of X  onto M ; and, for л=1, 2, 3, ... r((l +  l//i)eB)=0. 
i/((l +  l/n)e", М)=1/л-<-0 although the sequence {(1 + 1/л)е"}~=1 is divergent.

It seems to be a rather difficult question whether there is a retraction r : A{M) -*■ M 
having property (*) provided M  is a retract of A{M) or not.

If M  is a closed convex set of a uniformly convex Banach space, then the 
nearest point map is defined and continuous [10] and, as an immediate consequence, 
it is a retraction (of the entire space onto M ) having property (*).

A simpler version of Theorem 1 was stated in [5] where M  and X  were 
restricted to be compact and locally compact, respectively. The proof was based 
on Urysohn’s metrization theorem.

A closed invariant set M  is a repeller if it is asymptotically stable with respect 
to the new dynamical system St:X —X, ieR, defined by S, = T_t. The region of 
repulsion is denoted by R(M). The concepts of monotone Liapunov functions and 
of metrics of Liapunov type as well as Theorem 1 can be reformulated for repellers. 
In particular, a continuous function V : R+ is called to be a monotone
Liapunov function if it satisfies the conditions

(i) ' V(x)=0 for xdM  and V(x)>0  for xeR (M )\M ,
(ii) ' for xiR (M ), the function k x: R^-R+ defined by kx(t) = V(Ttx) is 

monotonically increasing and tends to zero as t tends to negative infinity.
The construction used in proving Theorem 1 can be applied in more general 

situations as well. From now on, assume that 0 ^ M c  J  is a closed isolated 
invariant set [3], i.e. there is an open neighbourhood N  of M  such that M  is 
not a proper subset of any invariant subset of N. The boundary of N  is denoted 
by dN. Let us remark that a continuous function W : A-»R+ is called to be 
a hyperbolic Liapunov function if it satisfies the following conditions

(iii) there are upper semicontinuous functions t_, t+: N-*(0, such that
for any xiN , {Г,х|— L(;i ) < /< /+(r)} c ff  and T_t_(x)xidN, Tt+(x)x£dN. 
N  can be written as the disjoint union of Hx, H2, Hs and H,x where

Hx =  (хбА|Г_(х) = t+(x) =■»}, # 2 =  {xeA|i_(x:) <  i+(x) — °°},
H3 = {x€iVjr+(x:) <  t_(x) — <=°}, tf4 =  (х€А|Г+(а) <°°, t j x )  <°°},

W(x) = 0 for x tH x and W(x)>0 for x eN \ H X.
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(iv) for xzN , define the function lx: ( — t_(x), t+(x))—R + by lx{t)= W{T,x). 
For xeH lt lx is identically zero. For x íH 2, lx tends to zero as t —°° and lx is 
decreasing. For xeH 3, lx tends to zero as t — — °° and lx is increasing. For 
x€.Hiy there is a t*(x)€(—i_(x), t+(x)) such that the function lx is decreasing 
on (—i_(x), i*(x)) and increasing on (t*(x), t+(x)). Recall that HX=M.

On the existence of hyperbolic Liapunov functions, see [12]. Assume that there 
is a retraction r:N-*M  having property (* ). Assume that W is a hyperbolic 
Liapunov function on N  with respect to M  and, for xeN , fV(x)^u(d(x, M)) 
where и : R+->-R+ is a continuous nondecreasing function, w(0)=0 and u(s)>0 
for s>0. The method used in proving Theorem 1 gives us the following result.

Theorem 2. Under the previous conditions, there is a new metric q  on N, 
topologically equivalent to d\N such that for any xeN, W(x) = q ( x , M).

All the previous results can be reformulated for discrete dynamical systems 
as well.

П.

We attempt to globalise the results of Part I. We prove a theorem which is 
possibly the simplest result in this direction.

First of all, we define two dynamical systems which will play an important 
role in the proof of Theorem 3.

Let Xx be the closed right hemisphere of radius two, i.e.

Xx = {(2 cos 3 cos cp, 2 cos 3 sin <p, 2 sin 3)6R3| ^  3 ^  0

Define a metric dx on X* as follows: let the distance between two points of 
X* be the infimum of euclidean length of arcs connecting each other — the spherical 
distance. Although trajectories do not determine dynamical systems uniquely, 
we define a dynamical system by its trajectories: any dynamical system having 
the prescribed trajectories will do. Thus, let Г* be a fixed dynamical system on 
Xx satisfying the following conditions:

(4) The north pole P = (0,0,2) is a source, the south pole ß=(0, 0, —2) 
is a sink. There are two other critical points Ri=(2, 0, 0), R 2= (—2, 0, 0) as well. 
dX*, the boundary of Xx consists of these four critical points and of four other 
trajectories issuing from P, P, Rx, R2 and tending towards Rx, R„, Q, Q, respec
tively. Any other trajectory can be described as <p=constante(0, n), i.e. it is 
a longitude issuing from P and tending towards Q.

Lemma 1. The metric d* has the following properties:
(a) The function VQ: A(Q)-~ R+ defined by VQ(x)=dx (x, Q) is a monotone 

Liapunov function with respect to Q.
(b) The function Vp: R(P)-~R+ defined by Vr(x)=d* (x, P) is a monotone 

Liapunov function with respect to P.
(c) For / =  1,2, there is an open neighbourhood NL c  Xx o f Rt such that the

function WRo. defined by WJti(x)=d*(x, Rt) is a hyperbolic Liapunov
function with respect to R, .
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Proof, (a) and (b) are obvious.
We carry out the proof of (c) for Rx. Define a function

/*:■ ( - .  j ) -  R + by l„ (3) = d t(S„(3), ЛД

where S9(3)=(2 cos 3 cos <p, 2 cos 3 sin (p, 2 sin 3). Easy to see that

Q . ( 1—cos cos S')1/2
/„ (3) =  4  arc sin I---------- y --------j .

For 0<<р<я/2, the function is monotonically decreasing on (•—я /2 ,0], 
attains its minimum at 3= 0  — i.e. when the trajectory cuts the equator — and is 
monotonically increasing on [0, n/2). Thus, for arbitrary <5 6(0, я), N1 can be 
taken for {x6X* \d*(x, R f <  d }. It is worth mentioning that (c) follows from 
purely geometrical considerations as well. Q. e. d.

Let X£ be the union of the cylinder
E — {(cos cp, sin cp, z)6R3| — n <  (p ё  я, O S z ^ l }

and of the cone

F = {(r cos (p, r sin (p, 1 + m (l — r))£R3j - i k ^ S ii, O S r á l j
where m is a  positive constant specified later. Define a metric d£ on X I  as 
follows: let the distance between two points of X£ be the infimum of euclidean 
length of arcs connecting each other. Let T% be a fixed dynamical system on 
Xo satisfying the following conditions:

(5) P = ( l ,  0, 0) is a source, Q=(0, 0, m + l)  is a sink (or conversely, Q is 
a source and P  is a sink). There is an other critical point R = (—1,0, 0) as well. 
ЭХ.*, the boundary of X Í consists of R and of the source P and of two other 
trajectories issuing from P and tending towards R. Any other trajectory issues 
from P except one and tends to Q and cuts the circle E O F .  We denote this 
intersection point by 5 = (cos s, sin s, 1). If 5=0, the trajectory through S  is 
described as cp=0. If 5=я, the trajectory through S' is described as cp — n. If 
5 6(0, я), the trajectory through S  is given as

ĵ COS (p, sin cp, tg - j j  tg -jji-^ lo  < < p s  s ju

U{(rcoss, r sin s, l + m(l —r))6F|0 <  r ^  l}.
If 5б(—л, 0), the trajectory through S  is given as

||c o s (p, sin cp, tg y /tg - |- ]€ £ ’|s ^ < p < o J u

U{(rcos s, r sin s, l + m(l — r))£.F|0 < r á l } .
Lemma 2. There is an m0> 0 such that fo r the metric d£ has the

following properties:
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(a) The function VQ: A(Q)—R + defined by VQ(x) = d£ (x, Q) is a monotone 
Liapunov function with respect to Q.

(b ) The function Vp: R(P)-» R + defined by Vp(x) = d£(x, P) is a monotone 
Liapunov function with respect to P.

(c) There is an open neighbourhood NczX£ o f R such that the function 
(Vя : N — R+ defined by WR(x)=d£(x, R) is a hyperbolic Liapunov function with 
respect to R.

Proof, (a) is obvious. We omit the proof of (c) since it is similar to the proof 
of (c) of Lemma 1. (N  can be taken for {xgT2*|d£(x, R)<5} for arbitrary <5£(0, 1).)
(a) and (c) are valid for any m>0.

(b) is quite clear from geometrical intuition as well. However, for completeness, 
we carry out the proof of (b) in detail. Pick a point S=(cos s, sin s, l)iE f]F  
and consider the trajectory through S. Using symmetry, we may restrict ourselves 
to the case 0S s ^ n .  The case when i= 0  is trivial. The case when s= n  can be 
excluded since the trajectory through (cos n, sin n, 1) issues from R  and not 
from P. Thus, we may assume that 0<s<7t. Let s be fixed. We have to prove
that d£{P, Sf((p)), where Sf(q>) = |cos <p, sin q>,tg^-jtg y j  is an increasing
function of cp, A direct calculation shows that

í  I \! /г
dt(P, S f  (<?)) =  (<p2 + tg2- | / t g 2y j

an increasing function, indeed.
Further, we have to prove that H (r)—d%(P, S p(r)) — where Sp(r)~ 

—{r cos s, r sin s, 1 + w (l — r)) — is a decreasing function of r, 0 < r < l .  Let 
y(x)=(cos x, sin x, 1). Easy to see that

dt(P, Sp(r)) =  inf {d(x, r)|0 S  x S  s}
where

d(x, r) = dt(P, Y(x))+dt{Y(x), S f  (r)).

A lengthy but straightforward calculation shows that

(  1 j1/2d(x, r) =  (1 + x2)1/2 + m I 1 + r2—2rcos — (s —x)j

where M ~ (l+ m 2)1/2. Differentiating with respect to x

. 1 r sin -
d'x{x, r)

r sm -r—(s—x) M
(1+x2)1/2 U 2 _ 1 ,  лI l +  r2 — 2r COS-д̂ г (s —x)

1/2  ■

Since dx(0,r)<0 and d'(s, r)>0, the infimum is attained at a point x(r)€(0, i) 
for which d ’x(x(r), r)= 0. We will show that for M being sufficiently large, equation

(6a) d'x (x, r) — 0, 0 < x «= s
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has exactly one solution x=x(r). In fact, (6a) is equivalent to

(6b)
where

1+x2 , 11 +  r2—2r cos—— (s—x) 
M

h (x, r) =  0, 0 <  x  <  s

h{x, r) =  л:2 — s2+ r2 (1 +  x 2) cos2-^y(s—x) — 2rx2c o s (s—x).M M
A direct computation shows that

K{x,  r) =  - ^ s i n - j ^ ( s - x )  j ^ r c o s - ^ ( s - x ) - l j  (l + x2)+ l}  +

+ 2 x |l  — r cos *)] •

1 2r 1For the sake of brevity, let A — l —r co s—  (s—x); y = sin —  (s —
M  M M

(0<y<cl, у can be taken sufficiently small). Let
Fy,x (A) = У{—А (1 +JC2) + l}+2xy42, 0 <  x  <  n,

th en
^,*(0) = У > 0,

Fy x( l)  =  —yx2 + 2x =  x(2—yx) x (2 —yn) >  0,

Fy, X(A) = 2x [ л - у  - ^ г -) + У (1 -  У (1 + *2)78x).

1 ~h X̂  1 -f- X^The minimum of Fv > is attained at A =  у —-— . If у —----->1, then min F, JA)'•* ' 4x Лг п^л-^л «*' J4л:
1 4-Jt̂•0. If у ■ ■ ■■■ -= \, then

4x
min Fy<x(A) = y ( l - y ( l+ x 2)2/8x) =

( 1 +  v 2  1 Х у 2 \

1~ У~4х ~ 2 J ̂  T (! -  С1 + ̂2)/2) =  7(1- ̂ 2)/2

Therefore, in case of x < l ,  min F, X(A)>0. If x ^ l ,  then
0 S A S 1  y ’ * v

Fy'X( A ) ^ y { - A ( \ + n 2) + \ } + 2 A 2 =  2 { A - y l - ^ - }  + у(1-у(1+тг2)2/8) >  0.

Thus, for M being sufficiently large,

hx (x ,r)>  0, 0 <  x  <  s <  я, 0 <  r -c 1.
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Easy to see that /г(0, r)< 0  and h(s, r) >0. Therefore, (6a) has exactly one solution 
x=x(r). By the implicit function theorem, the function

x: (0,1) -  (0, s) c  R+, r -  x(r)
is dilferentiable. Thus, H(r)=d(x(r), r) is differentiable as well. We show that 
#'(/•)< 0.

H'(r) = d'x (x(r), r)-x ' (r) + d'r (x(r), r) = d'r (x(r), r),

r — cos -I— (s — x(r)
M  4

| l  + r2 — 2r cos -г— (s—x(r))j 

For any fixed re(0, 1), consider the functions

/ :  [0, s] -  R, x -  ( r - c o s - ^ ( s - x ) )  

g: [0, s] -  R, x -  h(x, r).
g is strictly increasing and g(0)<0, g(s)>~0. /  is strictly decreasing and /(.s)<0. 
If / ( 0)<0, then H '(r)<0. Therefore, we may assume that / ( 0)s0. The unique 
solution of /(x )= 0  is denoted by x0(r). Thus,

r =  co s-^ r(s-x 0(r)), 0 S x o(r)<S .

Substituting x0(r) into g we obtain

*(*oW) = (r2- l ) ( r 2- x * ( r ) ( l - r 2)).
For M  being sufficiently large, the condition /(0 )s0  implies that r >99/100. 
Thus, for M  being sufficiently large, g(xo(r))<0. The monotonicity of g implies 
x0(r)<x(r), which, in turn — using the monotonicity of /  — implies /(x (r))<  0. 
Therefore, # '( r )< 0, 0 < r<  1, which completes the proof of the Lemma. Q. e. d. 

Let (S2, d) be the two-dimensional unit sphere
{(xl5 x2, x3)€R3|x?+ x |+ x l = 1}

with the usual spherical metric. Let Г be a Morse—Smale dynamical system 
on S2. Recall that a Morse—Smale dynamical system can be characterised by 
the following properties: finitely many critical points, each hyperbolic, finitely 
many periodic orbits, each hyperbolic, there is no junction between saddle points [11]. 

Assume that T has no periodic orbits.
T h e o r e m  3 .  Under the previous conditions, there is a new metric о on S2 

topologically equivalent to d with the following properties:
(a) I f  Q is a sink o f T, the function Vе : A(Q)~* R + defined by VQ(x) = 

=  q(x, Q) is a monotone Liapunov function with respect to Q.
(b) I f  P is a source of Г, the function Vе : R(P)-+ R + defined by V p(x) — 

— q (x , P) is a monotone Liapunov function with respect to P.
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(с) I f  R is a saddle point, then there is a neighbourhood N czS2 of R such that 
the function W R:N ^-  R+ defined by WR(x) = q ( x , R) is a hyperbolic Liapunov 
function with respect to R.

Proof. If  there are no saddle points, one has exactly one source and one sink, 
and the Theorem can be proved directly.

Step 1. Thus, we may assume that there is at least one saddle point. The set 
of separatrices is denoted by I .  I  consists of critical points and trajectories con
necting saddle points with critical points of other types. The closure of the 
components of S f \ Z  are called to be elementary cells. We denote them by 
Cx, C2, ..., CN. Define the set

(dCi denotes the boundary of C f  Using graph terminology, G is a connected 
spherical graph. Its vertices are critical points, V(G)={P1, P2, ..., Pr} its edges 
are trajectories connecting vertices, E(G) = {e1, eL}. Adding both endpoints 
to eJt we obtain simple rectifiable arcs Sj on S2, j  =  1, 2, ..., L. Sj has (euclidean) 
arc length otj. For x, y£ ij we define A(x, y) = n a fl l(x, y) where l(x, y) is the 
(euclidean) arc length of i j  between x  and у  and n — 3.14... . Especially, if 
Pi and Pk are connected by an edge, then d (/>i, Pk)=n. A is a metric on each 
i j ,  y = l , ..., L. We extend A onto G as follows. For x, у  eG let A(x, y) = 
=min {A(pX'fi\p Xty is a path joining x  and у  in G} where A(px<y) is the length 
of the path px y . Since the metric A is already defined on the edges of G, A(px<y) 
is simply defined by addition. It follows directly from the above considerations, 
that A is a metric on G, topologically equivalent to d\G.

Step 2. It is well-known [4] that there are only two types of elementary cells 
which are usually represented on the plane. However, in proving our Theorem, 
the usual planar representations of the elementary cells can not be used directly. 
Therefore, we had to slightly modify the usual representations. This was which 
we have done in the Lemmas.

For i = 1, 2, ..., N  there exists [4] an orbit preserving homeomorphism

Qi is a metric on Cf, topologically equivalent to d \c..
We may define hl on dCt at first, then extend it to the entire C; [8].
The circle of radius r is denoted by yr. The distance between any two points 

of yr is defined by arc length. From now on, yr is considered with this particular 
metric. It is worth to note that for i =  1, ..., N, dCt with the metric A restricted 
to it is isometric to yk or y2 ■ This is a basic property of the metric A constructed 
before. Further, we remark that (dXk , d*) is isometric to y2 and (dX2 , d2) 
is isometric to y ,. If dX*,dX2 and dCi t / =  1, ..., N  are considered with metrics 
d*, d2 and A, respectively, the distance between any two neighbouring critical

G = {x£S2\x£dCi for some /€ {1, ..., A}}

For x,yeCi, i =  1, . .. ,N  let
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points on dX*,dXif,dCit i = l , . . . ,N  is n. Therefore, ht can be taken to have 
the additional property: for x ,y id C t,

rtf (*«(*), AiGO) if hr. C, -  X I 
{X’ y) U *iOO) if hr. C; — X$.

Step 3. We have already defined metrics A and gt on G and C(, respectively. 
It is clear that for x , y £ G n C t, A{x, y) = Qi(x, y). Since С ;ПCjaG,  it follows 
that for x, у € Ci П Cj , gt (x, y) = Qj(x, _y).

Now we are in a position to define q. We use an extension method of [2]. 
For x, y€Ct, i = l, N  let

e(x, y) =  Q,{x, y).
For xeC i, y tC j, Í5*j let

e(*> У) =  inf {ö;(x, a) + A(a, b) + gj(b, y)\a£GnC„ b^GDCj}.
It is rather lengthy but straightforward task to prove that q is a metric on Sa
lt is clear that g is topologically equivalent to d.

If m is to be taken greater than m0, then, by the Lemmas, g has properties
(a), (b) and (c) on any elementary cell Ct. Since Ci; i =  1, ..., N  consists of entire 
trajectories, this proves that g has properties (a), (b) and (c) on S2, too. Q. e. d.

R e m a r k . Let X  be a compact two-dimensional oriented manifold with 
Riemannian metric d. Assume that dX  — 0 . Let Г be a Morse—Smale dynamical 
system on X. Assume that T has no periodic orbits.

The conditions on T  imply that T  has critical points. If X x S 2, then, as 
a corollary of the index theorem [6], there must be saddle points among critical 
points.

Further, the elementary cells are of the same type as in the case X  = S2 [9]. 
Thus, the proof of Theorem 3 can be repeated (no alterations are needed).

We arrived at the conclusion that Theorem 3 is valid for closed oriented sur
faces, too.
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A REDUCED FREE PRODUCT OF DISTRIBUTIVE
LATTICES. I

A. P. H U H N  (Szeged)

This paper was inspired by the problem whether every distributive algebraic 
lattice can be represented as the congruence lattice of a lattice. However, here we 
do not attack this problem directly. Our “conjecture” is that the problem is closely 
connected with the theory of free distributive lattices and free distributive products. 
In the present paper we start a systematic study of those questions of the theory 
of free distributive products that we think relevant in this context. Applications 
to the representation problem are given in [2].

Let D y and D 2 be finite distributive lattices such that D y  is isomorphic 
with a 0—V-subsemilattice of D 2 . This isomorphism will be denoted by 
<5: ö(€D1)i->ű+.

Theorem 1. There is a distributive lattice D  containing Z), as a O-sublattice 
and D 2 as a 0—1 -sublattice such that, for any element a in D y ,  we have a ^ a + 
in D .  Furthermore, D  can be chosen in such a way that, for any elements a^b'S.c 
in D y , b has a relative complement in [a, c] in D  only if  it has a relative complement 
in [a, c] in D y .

To prepare for the proof, define D y / D 2 as follows.
(i) There are a O-homomorphism Xi- Dy-*Dy/D2 anda 0 —1-homomorphism 

XT- D z ~ * D y / D 2 such that, for all a in D y ,  ауу=а+Хг-
(ii) For any distributive lattice E ,  for any O-homomorphism x i: D y - + E  

and 0—1-homomorphism x'2• D 2 - * E  { E  bounded) satisfying ax'y=a+/ 2 for all 
a in D y ,  there exists a 0—1-homomorphism y: D y / D 2 - » E  suchthat XiX—xU 
i  =  l , 2 .

D y / D 2 obviously exists (the one element lattice satisfies (i)) and is unique, 
but we have no guarantee so far that D y  and D 2 are mapped one-to-one into 
D y / D 2 . To prove this and especially the second part of Theorem 1, we have to 
solve the word problem of D y / D 2 . Now D y / D < ,  is a homomorphic image of 
the 0—1-free product D y * D 2 , where D y  denotes the lattice D y  with a new 
1 adjoined. To distinguish the supremum of D y  from this new bound, sup D y  

will be denoted by i. We also define 1 + =  1. Solving the word problem mentioned 
is equivalent with describing the congruence associated with the homomorphism 
of D y * D 2 to D y / D 2 mapping D t to DtXi, i = 1,2. Let this homomorphism 
and the associated congruence be denoted by cp and 0, respectively. We think 
D y ,  D 2 embedded in D \ *  D 2 , so the notations a, a+ apply in D \ *  D 2 , too. 
First we describe a generating set of 0.
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Lemma 1. в is generated by the pairs ( j +, j V j +) where j  runs over all the 
join-irreducibles o f Dx.

Proof. It suffices to show that, for all a in D, (a+, űVű+) is in the congruence 
generated by the ( j +, j d j +), and this is clear by

(«+, űVű+) -  (v j +, V jV  v j +) =  V (J+, ] V j +)
j ^ a  j ^ a  j ^ a  j ^ a

where we utilized that + preserves joins.
To go further we need a description of D \* D2. Let P2 denote the set of 

join irreducibles of Z)2. Then D\ * D2 consists of all the antitone mappings of 
P2 to D\, ordered by the component-wise ordering, that is f  = g  iff f(k )^ g (k )  
in Dx for all к  in P2. Then D\ is represented as the set of all constant mappings 
with values in D \ while D2 is represented as the set of all characteristic functions, 
that is, functions with values 0, 1.

We are ready to solve the word problem of D x /D 2. Let Pt, i —1,2 and 
Pf denote the set of join irreducible elements of Dt, i = 1,2 and D\. For any 
к  in P2, define a filter F(k) in Px by

j € & ( k ) o k  = j +.

Denote by I(k) the set complement of ,F(k) in P, . Then I(k) is an ideal.
With any ideal /  of Px let us associate the congruence 0(1) of Dx generated 

by all pairs (0, /) , j  € /, or in other words by the pair (0, V i)-
id

T heorem 2 . For arbitrary elements f.g  in Dh, * D,, / '=  g (mod 0) iff for each 
к in P2, f(k)  =  g(k) (mod 0(1 (kj)) in Dx-

Proof. First we show that, for all j  in P1,y' + =  /V /+ modulo the congruence 
described in the theorem. We remind that Pt is a subset of Dx and Dt is embedded 
in Dbx#D2. Our previous description of D\ * D2 represents j  as the mapping 
f j  with fj(k)=  j  for all keP2. j + is represented by the mapping f J+ where

rl if к S  j +,
Л+ ( k )  | q otherwise.

Thus j  Vj  + is represented by
_ f l  if k ^ j + ,  

fjvj+(k) j  j  otherwise.

Obviously f j  + (k) =  f JVJ + (k) provided k^áj+. Assume k ^ j +. By the definition 
o f I(k), we have j€ l(k). Therefore,

fjMj* (&) = j  = 0 = fr  (k) (mod 0(l(k))).

The relation “f(k )  = g(k) (mod 0(/(/c))) for all k"  is obviously a congruence, 
therefore it is now enough to show that 0 contains this relation. Let, indeed,

/(/c) =  g(fe) (mod 0(/(/c)))
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for all к  in P2. We may assume / S g .  It follows that

g(fc)*s/(fc)V у  i  
k é j +

for all keP 2. Indeed, V j  is the greatest element of the ideal in Dt generating

6(1(k)), thus /(/c)V у  j  is the greatest element of the 0(/(/c))-class of g(k) in

Dx. Therefore it is sufficient to prove that /  is congruent with /V  h modulo 6 where 
h is the function mapping k(.P2 to V j- (The problem that h is not an element

k^j +
of D \*D 2 will be settled below.)

0 is the join of the congruences 6j, by Lemma 1, where 6S is the congruence 
generated by the pair (fj+,fjvj+) or by (_/},/}Л;+)- Now we can either use the 
description of the congruence generated by an interval or we can work in a bigger 
lattice, namely in the lattice D \*B 2, where B2 is the (unique) Boolean extension 
of D2. The class of distributive lattices has the congruence extension property, 
thus we can return to D\*D2. This latter treatment is more convenient, therefore 
we shall take this approach. D\ * B2 consists of all (not necessarily antitone) mappings 
of P2 to D\. Their ordering is also the componentwise ordering.

Let

Л (к) = {]

,W ( k )  =  { 

i°
k j ( k )  =  { .

if f c s f ,  
if к £  j +.

j  if f c S j +, 
0 if fc ф j+.

if k ^ j + ,  
if

hj{k)^D\*B2. Forming the meet of hj with and with we obtain that
hj is congruent with the zero mapping modulo 6 j. Now let

/ t=  V hj.

Then h is congruent with the zero mapping modulo 6. An expression of h is

H k ) =  V j.
ksj*

Hence f —fMh (mod 0), as claimed.
P roof of T heorem  1. The proof of the first statement of Theorem 1 still 

does not need the solution of the word problem, it is even easier directly. It is well 
known that and D2 are embedded into D \*D 2. Besides D \* D2 is embedded 
into the free Boolean product B[ * B2 where B2 is as before and B\ is the unique 
Boolean extension of D\. Let d,d '£D 2. We have to show that d ^ d '  implies 
f i jä f i ’(6). We may assume d ^ d '.  For an element x  of a Boolean algebra let 
x denote its complement. Suppose, indirectly, that for some d ^ d '  in D2,
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Id =  fd’ (mod в). This means
fd'íJd̂  V (//,//)

as the extension of в to Bb1*B.2 is generated by the right hand side. We shall 
deduce d=d' from this last inequality. Now

Hence

if k s d ' ,  
otherwise.

rl if к ё d, 
fd (к) I q otherwise.

( J d ' M d W )  =  {*
if к ё d', 
otherwise.

к $ d.

Assume f d, Afd is not the zero mapping. Then there is a mapping c such that 
c has the value 1 at exactly one place k, c ё /j, ЛJd and c(k')=0 for all k '^ k  
(c is not necessarily antitone). Now let Pi consist of all y'ePi with cAfjA fJ+ ^0, 
that is, (cAfjAjj*)(k)^Q. Obviously,

c m f d,Afd s  v (fjAjj,).
jept

Hence её  V (fjAjj+) S  V fj-
iiPl JtPl

V fj is a constant function and one of the values of c is 1, thus V fj is iden- 
JePf JtPf
tically 1. In other words, V 7 =  1 in Dv. Hence, utilizing that + preserves joins.

jiPf
V S+ = ( V j)+ £ l +

iiPl JtPi
holds in Z)2, that is V f j * is the greatest element of Z>2, whence Д f j+ is 

j e  Pt je  p i
the zero mapping. Returning to c, cAfjA fj*  is not the zero mapping, and neither 
is c Afj+. Both c and / J+ being characteristic functions, and c being a minimal 
one, we have с ё /7+ for all j  in P{. Thus

c ё  Д fj* = 0, 
je pi

a contradiction.
To show the analogous statement for Dx, let d eád', d ^ d ',  d, d 'eD 1. Now 

the indirect hypothesis is
f d' Afd =  V (JjAfj*).

JZPi
Assume f d, Afd^0 , and choose a mapping c', suchthat c '^ f d,A fd,c '  is a nonzero 
constant mapping and c' is minimal relative to these assumptions. Then

с'ё v ( /№ )
jePi’
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where, in P(, we kept only those irreducibles ji.Pi satisfying c'AfjAJj*  т̂ О. Now

c' — V Jj* •
JtP?

c' is a constant, c'^O , the /_,•+ are characteristic functions, hence 

identically 1. Therefore,
A fj*  = V L*

i iP i  i t  Pi

V Jj* is
JZPf

which is the zero mapping. Hence, in the lattice D.z,

A j  in D1
it pf

for all HPx . Therefore

A j  — 1
JtPi

( Д j ) + ^  i+. 
JiPci

Hence

we have

Therefore,

( A j ) + si A A =  0-
HPi JiPi

л ; = o.
JiPi

A y + =0. Consider 
J£PÍ

Returning to c', we have c’ AfjAJj* ^ 0 , whence c 'A fj^O  for jiP{'- c' is a mini
mal constant mapping, f j  is constant, thus c '^ f j .  Summarizing,

c' — A / j  -
SiPci

a contradiction. This proves the first statement of the theorem.
Now we apply the solution of the word problem to the proof of the second 

assertion of Theorem 1. Let a ,b ,c iD x, a ^ b ^ c  and assume b has no relative 
complement in Dx in [a, с]. In the language of join irreducibles this means 
the following. Let Ia, Ib, Ic denote the set of join-irreducibles below a, b, c, re
spectively. Then the relative set complement of Ib in [/„, /J , that is, the set 
(C(A) n / c)U/a (C(Ib) denotes set complement relative to Pj) is not an ideal. Let 
C'(Ib) be the ideal of Px generated by C(Ib). 1аЯ= C'(Ib)Q Ic. C(Ib) being a proper 
subset of C'(Ib), there must exist an element j iC '( I b) with j i l b. Assume j  is 
maximal relative to this property. Let a be the join of all join-irreducibles i with 
i $  j. Then, in Dlt j ^ a .  Hence, in P 2, у + ф я +. (Otherwise we would have 
a+= j + Va+=(yVa)+ and a^yV a, a contradiction.) Thus, there is a join-irredu
cible k iP 2 with k ^ j +, k ^ a  for j ^ a ,  and k ~ f  V 0 +- Let 0(l(k)) be also
denoted by 0(A In DJ0{k), 0(k)(j)  is the only minimal element, 0<-k>(a)=0 and 
Oik\b ) ^ 0 ^ ( j ) .  These imply that 0(k){b) cannot have any relative complement 
in any interval whose bounds are both different from 0(k)(b). 0{k)(c)>0(k)(b), thus
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0(k)(b) has no relative complement in [6{k\a), 6(t)(c)]. 0(k)(a) =  0(fa), 0(k>(b) = 
= 0(fb), 0(k)(c)=6(fc) in Z), where f a, fb ,fc denote the elements of D\*D2 
representing a, b, c, respectively. Hence b does not have a complement in [a, c] 
either.
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DERIVATIVES TAKE EVERY VALUE ON THE SET 
OF APPROXIMATE CONTINUITY POINTS

G. PETRUSKA (Budapest)

1. Introduction

The typical behaviour of Baire 1 functions and some subclasses has recently 
been studied in [1] and [2]. It is a general phenomenon that, roughly speaking these 
functions map large sets onto small ones. A typical “typical” result is, for instance,

“the set of functions fzSF such that rng /|C/ is a nowhere dense null set 
is a residual subset in IF".

Here F  may denote the Banach space of bounded functions consisting of Baire 1 
functions, Darboux Baire 1 functions, derivatives or approximately continuous 
functions. In the first two classes the same result holds also for m g f\Af. The 
behaviour of bounded derivatives on Af  remained open. I mentioned the problem 
whether rn g /|/)/—mg /  holds for typical f i b  A (bounded derivatives) on the 
Lodz summer school on real analysis (1981), and it was answered by D. Preiss 
affirmatively (communicated in a private letter). In this paper we are going to 
prove that this result is more than typical, it holds for every f ib  A, moreover for 
every derivative.

2. Notations, definitions and some simple remarks

— For any measurable subset ífc [0 , 1] its Lebesgue measure is denoted 
by |# |.

— For any function /  defined on [0, 1] we denote the set of continuity and 
approximate continuity points by Cf  and Af , respectively.

— Let {/„} (и=0, 1, 2,...) be a sequence of intervals. A point x  is said
to be the strong limit point of {/„}, if dist (л;, /„)—0 (n — °°) and тут dist (x, /„) ё  M,

rn I
where M  is independent of n.

— Let P be a perfect set, and let J i  denote a family of intervals. J l  is 
called everywhere dense in P, if for any open interval J, P f)J A 0  implies I a J  
for some If-Jl. Observe, that if P is a nowhere dense perfect set, then the open 
intervals contiguous to P form a family everywhere dense in P.

J l  is said to be nowhere dense in P, if for every open interval J  with JDP J  0  
there exists a subinterval J 'a J  with J ’C\P J  0  and J 'C \I= 0  for any l i J i .

Observe that, if J l  is not nowhere dense in P ^ 0 ,  and IC\P = 0  for 
I iJ l ,  then J l  is everywhere dense in a portion of P, that is in a perfect set 
Q — JC\P?£ 0 ,  where J  is an open interval with endpoints out of P.

The simple assertions below are well-known. For the reader’s convenience 
we provide the proofs.
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Proposition 1. Let x be the strong limit point o f {/„}= {(an, &„)}. I f  F is 
differentiable in x, then

lim
b„ — a„ F'(x).

Proof. For a given n we have

By

F(bn) = F(x)+F'(x)(bn-x)+e(b„)(bn-x ) ,  

F(a„) = F(x) + F '(x) (a„ - x) + e (a„) (an -  x).
subtraction

F{bn) - F ( a n)
b„ — a ■F'(x)

n n

\b„-x\ , Nl \an- x \
Iе Ce>„)! —— —  +  |£(a„)| -r—b„ — an b„—i

=  (|e(«n)| +  |e(b„)|)(l +  M ),

since both \b„—x\ and \an—x \ s  |/„|+dist (x, If). Hence the assertion follows.
Proposition 2. Let / ^ 0  be measurable on [a,b], let e> 0 , гр=~0 be given 

numbers, and denote
Ln = {x£[a, b]: f{x) Sr t]}.

b

I f  J  f(x) dx^£t)(b—a), then |L j<£(h —a). In particular, if  F is differentiable in
a

[a,b] and f(x) = F '(x )^0  then F(b) — F(a)< erj(b—a) implies \Ln\^e(b~d).
b

Proof. et](b—a)> J  f ( x )d x s  J f(x )d x^q \L n\ and hence we get our assertion.

3. Lemmas

L emma 1. Let Рт*0 be a nowhere dense perfect set and let H c P  be a G5 
subset everywhere dense in P. Let J I  denote a family o f intervals contiguous to P. 
I f  J I  is everywhere dense in P then there exists x t H  and a sequence I„€Л  such 
that x  is a strong limit point of {/„}.

CO

Proof. Let H =  P| Hn, where II„ is open and НпГ\Р is everywhere dense
П= 1

in P. Let I1=(al , ЬХ)£ Л  be an arbitrary element of JI, and denote I{ = 
=(pi, 2bx— af)=I1+(Jb1—aj. We certainly have I[C\P 0  0  and hence we can 
choose an open interval Jx<zH1 such that JxCiI{ and J1C \P 00 . Thus there 
exists 12е Л  with cl I2czJx. Suppose that the intervals I t , I2, ..., /„; Jx, J2, Jn_x 
have been chosen such that

(i) Ik€JI and (k = l, ..., n);
(ii) JkvzHk (k = \, . . . ,n - \ )  and cl Jkc.Jk_x (k=2, ..., и- l ) ;

(iii) cl {k=2, ...,«) where /*_1= / fc_i +  |/t _i|.
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Now we translate /„ by its length to the right and get I'=I„+\I„\. Since 
I 'O P ^ 0 ,  we can find an open interval cl 4 c 4 - i  such that JnaJ'n
and J„C \P ^0 . Thus we can select In+lí J Í  with cl In+1czJn. By induction 
we obtain the sequences 4  > ...; 4 , ... satisfying (i)—(ii)—(iii) for every index k.
Since {cl 4} is a nested sequence of closed intervals, we can pick x€ П d  4

t= 1
(actually, this intersection contains just one point x, because Ik runs through 
intervals contiguous to P and hence \Ik\ tends to zero, and by (iii) the same holds 
for I,/k|). Now xecl JkczJk_1czHlc_.l , thus хеП Н к, that is хеЯ. By (iii) we
have x e lk for every k —1 ,2 ,..., and hence dist (x, Ik)S \Ik\ = \Ik\, dist (x, 4 ) — 1 ■

141
Thus x is a strong limit point of {4}-

Lem m a  2. Let P  0  be a nowhere dense perfect set and let H c : P  be a Gs 
subset everywhere dense in P. Let J t  denote a family o f intervals and suppose
J i— IJ J ik, J tk is nowhere dense in P (k —1,2,...). Then there exists a point

k = 1
хеЯ  such that for every n a <5>0 can be found with ( x —5, x+S)C)I= 0  for 
any I i J ( k (k Sn).

P ro o f . The proof runs on a similar way as in Lemma 1. Let H =  Q  Я„,
/1 =  1

where H„ is an open set, Я„ПР is everywhere dense in P. Let f  c  L f  be an 
arbitrary open interval with / 1ПРт£0 .  Then we can find another open interval 
4 c .4 such that 4 П /  — 0  for any but fP iP  ^ 0 .  Now we can select
4  such that 4 H P p í 0 ,  cl J ^ a f ,  J2czH2, and a subinterval I2czJ2 with 
/2П Р ^ 0 but / , П / = 0  for any etc. By induction we obtain
4 ,  ... suchthat Ялз 4 с>4 с)с14+1 (.k=l, 2, ...) and 1кГ\1=0 for l£ J tx U ...U
...U J lk. Let x e f |  c l4 . Then х € Я (in particular xeP), and xe lk (k= l, 2, ...).

k=1
Hence our assertion is obvious.

4. The result

Now we state and prove our main result.
T heorem . Let f  be a derivative. Then f  takes each o f its values on A f.
Pr o o f . The primitive of /  is denoted by F. It is obviously enough to prove 

ZC\Af A 0 ,  if Z =  {x: /(x)=O }r^0. Let x0 be a right isolated point of the set Z. 
We show that /  is approximately continuous from the right in x0. Our derivative 
/  cannot change its sign in a neighbourhood (x0, x0 + /z) (Darboux property), 
thus we can suppose / >0 in this interval. Suppose that /  were not approximately 
continuous from the right in x0. Then we could find a number <5>0 and intervals 
4 = [x 0, x0+A„] suchthat \Lő(~)In\^öh„, where Ld={x: f(x )^S } . Proposition 2 
(applied with e=rj=S) gives

P(x0+h„) — F(x„) =£ ö2hn
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and hence the contradiction

О = / ( * „ )  =  U m ^ [ F (x 0+hn) - F ( x 0)] S  <52
К

proves our assertion. In particular, if x0 is an isolated point of Z, then x 0f:Af , 
that is Z D A j-^ 0  and we can finish the proof of the theorem. Thus we suppose 
now, that Z has no isolated points. We can also suppose that Z  is nowhere dense 
(otherwise we have the stronger result ZlACf ^ 0 ,  both Z  and Cf  being Gs 
and everywhere dense in an open subinterval). Therefore P = c \Z  is a nowhere 
dense perfect set. Let C denote the continuity points of /  relative in P, that is 
the points where the restricted function f \ P is continuous. C and Z are every
where dense and Gs subsets in P, and hence H = Z O C  is of the same character. 
By the Darboux property and the definition of Z, /  cannot change its sign on any 
of the intervals (a, b) contiguous to P, thus we can call them positive or negative 
intervals according to sign / .  For a given <5>0 let J(£  denote the family of 
intervals (a, b), which are contiguous to P and

F(b) — F(a) Ш ő(b—a).
We prove that J t£  is nowhere dense in P. If this were not the case, then Л £  
would be everywhere dense in a portion Q=IC\P ?±0. Then we apply Lemma 1 
and find xeZ, and a sequence {(u„, b„)} from „ /// suchthat x  is a strong limit 
point of {(a„, bn)}. Now by Proposition 1, we have

<5 S F(bn)-F (a n)
b„~an 0,

a contradiction. Similar result holds for J / f  that is for the family of contiguous 
intervals with F(b) — F(a)S —5(b—a). We put J{k = J tkjkUЛ щ , and apply
Lemma 2 for J t — (J J /k\ we obtain x0czH = CC\Z such that for any n there

k = 1
exists a neighbourhood U„ of x0 with UnC\I — 0  for any /€-/4 (кШп). We 
prove, that x0€Af . Let 0 be fixed, and consider L„= {x : / ( a) S íj}. We show 
that L is of density zero in x0. Let e>0 be given. Choose the neighbourhood 
U =(x0—ö, x0+5) such that

(i) /(• Jlk ^A:S^-+lj for any interval /  contiguous to P and / f l f ^ 0 ;
(ii) \f(x)—f ( x 0)\ = \f(x)\<t] holds for xe UDP  (this can be done by x0€C);

(iii) |F(x) — F(x0)|< ^  — \x—x0| (jx—x0[<(5) (this is possible by F'(x0) =

= / ( * o ) = 0 ) .
Now let 0<A<<5 and consider [x0, х0+/г].
(a) If x0 + heP  then by (ii), |ТчП[хР, x0+h]\= jjj |L ,D 4 | where Ik

k = 1
(£ =  1,2,...) runs through the positive intervals / t c (x 0, x0+h). Let Ik=(ak, bk),

Etlthen, referring to (i) we have F(bk) — F(ak)< -£  (bk—ak), and hence |L,(T4|<
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8  8  0 0  El i
<-тг(Ьк- а к) by Proposition 2. Thus \Ln П[х0, x0+A]|<— 2  I4l=ö-- Z Z k = 1 Z.

(b) If ű< x0+A<A, where (a, b) is a negative interval, then |L4fl[x0, x0+A]| =
8 eH= |1,П[х0, ß ] |< y  (a -x 0)< — by the case (a).

(c) Let ж х 0+А<6, where (a, b) is a positive interval. We consider two 
cases.

(cl) x0+A— e/i. Then, applying (a) we obtain

|L„n[x0,Xo+/iJ| =  1^,П[х0, а]| +  |Т,П[а, x0+h]\

E E E
— (a-Xo) +  x0+ h - a  <  у  ( a - x 0) + y  h <  eh.

(c2) x0+ h—a ^ — eh. Now we have

by (iii). Thus
|.F(x0 + A)-.F(x0)| <  t]E— h, |F (a )-F (x 0)| <  Ц j ( a - x 0),

0 F(x0+ h )-F (a ) 1 „( h a —x0 1 1 „(2 2)
4 1 k ^ a  + ̂ + h = -J  S  4 "S4 7 + 7 J  “  "=■x0+ h —a 4 

Therefore Proposition 2 gives

|Т„П[а, x0+A]| <  e(x0+ h -a ). 

|L4n[x0,x 0+h]| = |Т„П[х0, а]| + |Т,П[а, x0+h]\
Hence

g
<  — ( a - x 0)+e(x0+ / i - a )  <  eh.

Thus we obtain |А,П[х0, x 0 + / i ] | < eA in all cases, and the same result holds for 
L4D[x0—A, x0] as well. This shows that

l7’'4^ * 0’ Xo+h^ =  X°  ̂=  °-

Similar argument applies for the density of Kn = {х :/(х )ё  — ?/}, which proves 
x0€/4y and our theorem.

Remark. It follows from a result of O’Malley and Weil, that our Theorem 
holds for approximate derivatives as well ([3], Theorem 5.1).
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