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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG

Fr
MM TECS)

Introduction

Les coefficients considérés ici ne sont autres que les dimensions des représen-
tations linéaires irréductibles du groupe symétrique. Ils ont été en particulier calculés
par Young, nous les avons appelés nombres de Young par souci de brieveté. Ces
nombres apparaissent encore en combinatoire quand on énumeére les tableaux
standards attachés a une partition (a ce sujet, consulter par exemple [1], p. 49—59).

A I'heure actuelle, la démonstration de la formule qui fournit ces coefficients
est loin d’étre satisfaisante; elle consiste en une vérification par récurrence et
n’apporte aucune information.

Nous avons délibérément fait abstraction des interprétations combinatoires
de ces coefficients. Partant des formules, nous démontrons, de maniére purement
arithmétique, que ces coefficients sont entiers-ce qui n’arien d’évident a priori. Cette
démonstration fournit des renseignements importants sur les propriétés de divisi-
bilité des nombres de Young, propriétés qui — semble-t-il — n’avaient pas été
remarquées antérieurement.

Aprés cette étude des coefficients généraux, dans deux cas particuliers, coefficients
«rectangulaires» et coefficients attachés a des «triangles isoceles», nous exhibons
une formule explicite qui fournit la décomposition en facteurs premiers de ces
coefficients (la terminologie a pour origine la nature géométrique des tableaux
standards associés a ces deux familles de coefficients). Dans la suite, notre étude
porte uniquement sur la seconde de ces familles dont les nombres — notés Y,,— ne
dépendent que d’un parameétre, nous en donnons quelques propriétés arithmétiques
remarquables.

Dans la partie suivante, nous utilisons les Yn pour obtenir quelques renseig-
nements sur la répartition des nombres premiers. Avant d’entrer dans les détails
de ce travail, rappelons que les premiers résultats importants concernant la ré-
partition des nombres premiers — plus particuliéerement I'ordre de grandeur de
la fonction M(x)= 2 1—ont été obtenus en 1850 par Tchebytcheff grace a I'étude

arithmétique de certains coefficients binomiaux. A ce propos, il est important de

noter que le coefficient binomial est un certain coefficient de Young, celui
associé a la partition 12- = _+)l +(n—m) de I’entier n. Les coefficients de Young
or fois

apparaissent donc comme une généralisation des coefficients binomiaux et peuvent,
comme ces derniers, étre utilisés pour une étude élémentaire de certaines fonctions
arithmétiques liées aux nombres premiers. Nous nous sommes limités ici aux appli-
cations arithmétiques de I’étude des V,,. Et, pour ceci, nous avons d’abord calculé
un développement asymptotique précis des Y,,. La principale application concerne
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2 M. MIGNOTTE

la fonction S(x)= 2 . b mVu I’esprit élémentaire de cette étude, nous avons
psi

systématiquement utilisé les estimations de Tchebytcheff des fonctions I, B et il.
Il ne semble pas que les nombres 7, soient utilisables pour obtenir directement
des renseignements précis sur la fonction M par exemple.

Ce travail se termine par une étude précise de certaines fonctions arithmétiques
trés intimement liées aux Y,,. La démarche est inverse de celle de la partie précédente,
nous utilisons cette fois des résultats profonds et non élémentaires sur les fonctions
B et S.

Il apparaitra clairement au lecteur qu’une étude analogue aurait pu étre faite
sur d’autres familles de nombres de Young. C’est bien entendu le cas pour les
coefficients que nous avons appelés rectangulaires. A ce sujet, il est utile de noter
que les coefficients 7142 (voir plus loin pour la signification de cette notation) — qui
ne sont autres que les nombres de Catalan — peuvent étre employés a la place des
coefficients binomiaux pour obtenir des estimations analogues a celles de Tchebyt-
cheff.

Je tiens a exprimer ma profonde gratitude a Monsieur le Professeur M. P.
Schiitzenberger que m’a suggéré cette étude, et sans les conseils et encouragements
duquel ce travail n’aurait jamais vu le jour.

I. Préliminaires

Soit d= (oq, ...,0en) une partition de I’entier n, n=ocr+ ...+txm, alS ...éams|.
On appelle partage conjugué de a la partition a*=(ot* af, ...) ou a* désigne
le nombre de termes de la suite a qui sont au moins égaux a i.

En termes de diagramme de Ferrers, le diagramme associé a a* se déduit de
celui de a par symétrie par rapport a la diagonale.

Exemple.
a-(5,4,1,1) a*=(4,2,2,2 1)
Posons A}=1+(a,—y)+(a* —) pour I"i*m et 1 On définit le coefficient
7(a) par la formule
n!
0 7(a) =
) (®) Mhm

Le résultat suivant nous sera utile.
Lemme 1. Pour tout couple (i,j) fixé, la suite
ch), hy+1, ..., Ai,, h)-h)+# .., h)-hf)
constitue une permutation des entiers 1, 2, ..., h).
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 3

Démonstration. Remarquons d’abord que suite  AJ, ...,A£( est
strictement décroissante, tandis que la sous suite est stricte-
ment croissante. En particulier, les termes de cette premiere sous-suite sont au plus
égaux a h) et il en est évidemment de méme pour ceux de la seconde.

Il résulte de ceci qu’il suffit de montrer que les termes de la suite totale sont
deux a deux distincts. D’aprés la premiére remarque, il suffit pour cela de prouver
qu’aucun terme de la premiére sous suite ne peut coincider avec un terme de la
seconde, ce qui équivaut encore au fait qu’une relation du type

W= WM+H+/id+s, ss:l, is ]
est impossible.

La décroissance de la suite af implique que seuls sont possibles les deux cas
suivants,

a*H(s 1+s et .o =T7+i
ou
a*+t > i+s et dHs > j ‘Ht

Il est facile de vérifier que I’égalité ci-dessus n’a lieu dans aucun de ces deux
cas, ce qui acheve la démonstration.
Ce lemme permet de démontrer la formule

n (hi-hQ

/AC) i (— -
2 (a) =

(Une variable sera suivie d’un point lorsqu’elle varie dans I’expression et qu’il y a
ambiguité.)

Compte tenu de la relation évidente,
3 h[=ai+m—i,
la formule (2) peut se mettre sous la forme

n u-i)

_/7I @+ m—yr
1=

4) 7(a) =

Il. Démonstration directe du fait que les 7(a) sont entiers

Il nous faut introduire quelques notations. Soit a un nombre entier fix¢ S 2.
Pour un entier x, on pose

si a\x
si a\x

(le signe I signifie divise et f ne divise pas). Pour toute suite finie S—u15..., uk),
on note

#aS= I2:§a(ui)-
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4 M. MIGNOTTE

Considérons une partition a d’un entier n et le coefficient Y(y) associé. Nous
nous proposons de démontrer que Y(a) est entier. La démonstration fournira
comme sous produits quelques propriétés arithmétiques générales des coefficients
Y(a).

Proposition 1. Soit Y(a) le coefficient associé a la partition y=(yl, ...,amn)
d'un entier m. Si XX =(1, 2, ...,«) désigne la suite des termes du numérateur de
Y(et) (voir laformule (1)) et

® = (Aj)lsism
isjsxt

celle des termes du dénominateur de Y (a), alors, pour tout entier a 2, onal'inégalité

Démonstration. Posons Xi=h\,i=1, ..., m. D’apres (2), on a

(5) *,®=Z Z X(xj-Xi),

j.si.sl
ou on a posé x=xa pour simplifier et ou [a] désigne I’entier q tel que q*x<q + 1.
A chaque a,, associons l’entier yt qui vérifie yt= —xt modulo a, et Osjj<0.
De (4), on déduit
®) #a® = Z N rL- Z XO/-Yi).

La relation (3) permet de transformer (6) en

(7) *a® =7 -, +K = +Ra
ou Ra désigne la quantité
() Kn~znr—zn- Z x(yj-y,) =
a a jomi.si
m(m-1) vyJ, o
2a  Z a & XCVIYI-

Si on compare alors la formule (7) a la formule évidente

n

(¢)

on voit que la proposition cherchée équivaut a I'inégalité Ra* 0. Remarquons
encore que Ra™ 0 équivaut a

(10) Aaé m2—m
ou
(H) Aa= 22yi+ail*Zj. Xa(yj vy

Quitte a modifier la numérotation, on peut supposer que les yt sont croissants.
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 5

On définit alors des entiers A% k=\, 0, a—1, par

(12) yt=k si Xk-i < ILkk, avec A x=0.
En particulier,
h =m.
OSkSa—l
Avec ces notations, on a

(13) Aa= 20 k2 IkAk+aZ 4(4 —0 =22kN1k+a 2 k\-am = F(k)-am,
Akha- K

si on pose

(14) FR) =2Z Mk+a2 *1

La comparaison de (10), (13) et (14) montre que tout revient a prouver que la fonction
F vérifie I'inégalité

(15) E(A) s M2+am—m.
Posons
(16) c=m+2T
c—k
(17) MK = a
et
\E= kk-flk.

Il est alors facile de vérifier I'identité

(18) F(k) = (m2+am —m)+"a2 v k—

Cette derniére formule montre que I’on a toujours la minoration

(19) F(X) B2 (m2+tam-m) +7a2 WR2- A 24,

ou I H désigne la distance algébrique a I’entier le plus proche (ce qui signifie que
[IX][=x—X] si x—[x][x]+1—X et |xjj=x—x]—1 sinon).
L’inégalité (15) sera donc démontrée si on vérifie que la relation suivante a lieu

(20) llod 2= - th--

3 osfésal
Distinguons deux cas suivant la parité de a. Si a estimpair, la formule (16) montre
d’abord que c est entier. Puis, la formule (17) implique que les ||/ij parcourent
a—1

I’ensemble lorsque k varie de 0 a a—1 D’ou les
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6 M. MIGNOTTE

égalités
a—la+1
(a-0/2 1n 2 2 2-0 a2—1
P
azbl * =22 gy To 4 6 —©

qui, dans ce cas, prouvent la relation (20).
Soit maintenant a pair. Dans ce cas, la relation (16) montre d’abord que

¢ appartienta'y + N. Les formules (16) et (17) conduisent aux relations

1) 2m +a—(2fc+l)

2a
qui montrent que les WK\ parcourent I’ensemble
f 1 3 a—11
P"2a’ + 2a”"™’+ 2a '
D’ou
1,32 (a—)2
ui 2a - e AU A ~
N Y AT, 422 22 2o Tonelipa
i atz lia(a-f1)(2a+1) 4 a .
2a a2o" 2_41':%0/\ 2 =27 6 2(|+|)(a+I)J V)

Ainsi, la relation (20) et, par conséquent, I'inégalité (15) ont lieu dans tous les cas.
D ’aprés les remarques ci-dessus, ceci achéve la démonstration de la proposition.

Corollaire 1. Les coefficients Y (o) sont entiers.

Soit en effet un nombre premier p quelconque. Il est facile de voir que la
valuation p-adique |F(a)lp de Y(a) (c’est-a-dire le plus grand exposant h tel
que ph divise Y(y.)) est donnée par

(22) \Y@)lp= 2 (#p*(/10-

D apres la proposition, chaque terme de la somme qui figure au membre droit
de (22) est positif ou nul, et donc |F(a)|p&0.

Ceci étant vrai pour tout p premier, le nombre Y (o) est bien entier.

De la formule (22) et de la proposition, on déduit aussi le résultat suivant.

Corollaire 2. Soit p un nombre premier. S’il existe des entiers h et | tels
que #p1(K) et #po(”) vérifient inégalité

#ph(‘4/") S #ph(9i) + |,
alors pl divise Y(a).

De fagcon moins formelle mais un peu imprécise, on peut dire que le corollaire
2 exprime la propriété suivante : Si dans la formule (1) il existe un nombre a, puissance
d’un nombre premier p, tel que le nombre de multiples de a qui figurent au numé-
rateur soit au moins égal au nombre de multiples de a qui figurent au dénominateur
augmenté de /, alors pl divise Y(a).
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 7

Corollaire 3. Soit ot=(otl, am une partition d'un entier n, n—al+ ...+am,
ogha2sS ... £am" 1 Alors, si on pose

(23) ol B —max (ai+m —i),

le nombre Y (y) est divisible par rl.
Soit p un nombre premier. La formule (22) montre que la valuation /i-adique
de Y(a) vérifie
(24) TOIL,® 2 *AyY),
Fhep

en effet, pour ph>R, on a clairement #pi.(*)=0 et, pour phSR, la proposition
dit que les termes (# p(JTO—# Ph(®)) sont positifs ou nuis. En utilisant la formule
(9), on obtient alors la minoration

(25) imi, ph. *
Dol aussitot, les inégalités '
26 M _
(26) @ pe S 21 pk . T
La formule bien connue
n .
k%l P

jointe a (26), prouve I'inégalité

(27) IF@Ip " Irllp.

Cette inégalité, valable pour tout nombre premier p, montre que rl divise Y(a).
Remarque 1 Chaque fois qu’un nombre rationnel X:E, ou D= JJ vet

N= JJ u, vérifie la conclusion de la proposition 1, alors les analogues des corollaires

14 3 sont vrais. |l est facile de voir que ceci s’applique en particulier pour les coeffi-
cients multinomiaux. On obtient ainsi le résultat suivant.

Corollaire 3 bis. Soit n=al+...+am, al=...=xmS 1. Alors le coefficient
multinomial

est divisible par rl,

Remarque 2. La majoration triviale |Y(a)|p™|u!|p est, dans le cas général,
la meilleure possible. En effet, soit p un nombre premier fixé, et soit la partition
a=(1, I+(p —1), 1+2(p—1), ...,\+k(p—1)) de I'entier n—(k+\)"\+k- 21j.
On peut vérifier que I’on a I’égalité |Y (a)|p=|u!|p.
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8 M. MIGNOTTE

IV. Etude de quelques cas particuliers

1 Cas des coefficients «.rectangulaires». A la partition nk=n+...+n (k fois)
est associé le coefficient Y(n, ..., n), qu’on notera Y,, k pour simplifier. Ces coef-
ficients sont donnés par les formules

(nk)!
(28) n\(n+\)\...(n +k —1)!
1121... (lc—1!

ce qui se vérifie immédiatement sur l’expression (2).
Nous nous proposons de calculer explicitement la valuation p-adique de Ynk.
L’énoncé suivant nous sera utile.

Lemme 2. Soit la suite ¥r=(\, 1,2,1,2 3, ..., 1,2, ..., m) et soit a un entier
S 2. Alors

a la
m+ 1 1—r

(29) = o

ou r désigne le reste de la division euclidienne de m par a

On a clairement
n = ! + 2 + + m
(30) # = 4 a T %

Posons m=aq+r, 0*r<a. La formule (30) conduit a la relation
—U+ 20+ .+(<f)a + (r+ I)g.
D’ou

- —-—-a+(r+l)g —-y(m+r+2—a) —

_ (m—r)(m+r+2—a) _ 2] (2 1)
2a 2a
Ce qui démontre (29).
La formule (29) permet de calculer #a3t, ou 2 désigne, comme au paragraphe
I1, la suite des facteurs du dénominateur de Ynk. On trouve

ou T, (pour i=k, n,n+k) désigne le reste de la division de /—1 par a. En
remarquant que I’'on a m+k=rn+rk+ 1—sa, ou

retrk+2 = g oy 1)

a+ 1
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 9
la formule (31) se réduit a

3>= 27 (02+ k2-1 -rl+k+ 2nk- an- ak +a+arn+k- 2r,+ -
-(h2- 1—r2—on+ a+ iw,—2r,,)—(&—1—rk- ak+a+ark—2rk)) =
= M-(2nA+(a—2)(rn+t—fe,—N)—(r|[+k— ) —~a—1)) =
= 'ZTé (2hA4-(a+ 2) (1—sa) —( 1+ sa2+ 2r,,+ 2rk—2ra+ a—1+ 2rnrk—2r,,ea—2rkas)) —

= (2nk-Ea(a-2+a-2-2rn-2rk-2 (1+ rn+rk+ rnrkf),
et enfin

(32) #a@:—l(n k-£a(a-2-r,,-rk - (1 +rn+rk+r,rk).

D’autre part, il est clair que ~aJf a pour valeur

nk
soit
(33) *ah :—1\kn-\(r,,+\)(rk+|)-a (m+ D(fk+ D
puisque

n—an'+r,,+1, k = ak'+rk+1,
kn = a(n'(r*+ 1)+7'(r,, + 1))+ (r,, + I)(rk+ 1).
Les formules (32) et (33) donnent

(/-,+ D(#H-*+1) . m+rk+2

(34) #a3>= a+ 1

(a-2-r,,-rk.

Si on désigne par r(x, a) le reste de la division-euclidienne de I’entier x par
a, la formule précédente s’écrit

r(n,a)+r(k,a)

e 1 (a—r(n,a)—r(k, @)

(35) Er(n, a)r(k,a) +

au moins dans le cas ou a ne divise ni n, ni k (en effet, on a alors r(n, a)=r, + 1
et r(k, a)=rk+1). Dans le cas ou a divise au moins I'un des deux entiers n et
k, les deux membres de droite de (34) et (35) coincident (tous deux s’annulent).
L’égalité (35) a donc toujours lieu. (Dans ce cas particulier, il n’est pas trés difficile
de vérifier I'inégalité #,/S#,® ). La formule (35) conduit au résultat suivant.
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10 M. MIGNOTTE

Proposition 2. Soit p un nombre premier. La valuation p-adique de Y,, k est
donnée par laformule

\Y,,Kp=2 \\fh r(n.phr(k, ph) r(n,ph+r(k,ph

AS1 U P Ph+ 1
ou r(x, a) désigne le reste de la division euclidienne de x par a

(r(n.,phr(k, ph)-p h

2. Cas des « triangles rectangles isocéles ». Les notations différeront légerement
de celles de IlI. Soit la partition N=\+2-\-...+n de I’entier N=-"n*"—. On
posera Y,,=Y(n,n—1, ..., 1).1 Il est facile de voir directement que les Y,, sont

donnés par la formule

NI
(36) Y 1.(1.3)(1.3.5)...(1.3.5......(2/1-1))
Posons
(37) U, =m
n—1 h
(38) Vn—é| wh, avec w,,= iﬁo(l + 2/).

Avec ces notations, la formule (36) s’écrit
(39) Y,, =
Soit maintenant un nombre p premier fixé. On sait d’abord que

W: Kzl P

soit

n(n+1)
40 =
(40) WP= 2
D "autre part, il est facile de vérifier que
(41) Klp= 2 h+qj +1 . avec gj=P2=l
En faisant la somme des formules (41) pour h=1, 2, ..., n—1, et en utilisant (38),
il vient

A+iy+ll
42 Wp-  fv
(42) o P [htt L pJ
Posons, pour simplifier,

h+qj+1

<43) o

1Ces yn correspondent aux caracteres principaux des représentations irréductibles de Sn.
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 11

Nous nous proposons de trouver une expression plus simple des cj. Posons
encore n-\-qj =ajpi+>'j, 0"rj<pJ. Avec ces nouvelles notations, on a

1+qj .\ n+qj 2pJd-1 3pd- | a,pi—1

g
2 i+ 2. 2+...+ . iR mi)+ 2. aj
. PJ . . pd . 1 %J (al—spJ : )apil

Oanar-.L+a.(ry+1) = &a(pi{aj-\) +2rj +2) = %m(n+qJ-rj+2rj-pi+2) =

.. (n+qj-i-j) Qi+1-(qj-rjj)
Y («'H]-CU"'I) 2PJ
et finalement

(44) ® + 1)-(szﬂ><<z—fj-1)
Si on pose alors

(45) r( _D ej+0j, QJentier, 0S0j<1,
2Pj

et dj=qJ—rj, les formules (40), (42), (43), (44) et (45) conduisent a I’expression

suivante de \Yn\p
\Yn\p=\Unyp-\Vnp = ]ICY(Q;D r(rH-Yg-F?{(j-\)}

Mais, chaque terme 9j est un entier et les 9j vérifient Os0j-<1, on
obtient donc
- dj(dj- 1
\Y,\P= 2 2P

On peut noter que d} peut s’interpréter simplement comme la distance algébrique
de —n al¢lément depjZ le plus proche (de fagon précise, si pjri désigne le multiple
de pj le plus proche de —n, et le plus petit en cas d’ambiguité, dj est égal a
—n—pJn'). On obtient ainsi I’énoncé suivant.

Proposition 3. Soit Y,,=Y(n,n—1, ..., 1). Pour p premier, on désigne par
dj la distance algébrique de —n a lensemble pJZ (voir ci-dessus pour une définition
précise). La valuation p-adique de Y,, est alors donnée par laformule

dj(dj-1)

(46) 23

De cette formule, nous allons déduire quelques propriétés arithmétiques des V,,.
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12 M. MIGNOTTE

Remarquons d’abord que, avec les notations précédentes, on a toujours les
inégalités —qjSdj”*qj et que, de plus,

(47) max dj(dj-1) = qjiqj-1) = m

En outre, si j esttel que I’on ait I'inégalité n+qj<pj, ou encore, ce qui est équivalent,
si 2n—I<pJ, alors Tj est donné par la formule r—n+qj et, dans ce cas, d ~-n
et

dj(dj—1) n(n+1)
2 - 2

Compte tenu de ces remarques, la formule (46) équivaut a

46 bis - w - Di n(n+1)
(46 b1 R P -1 R A F
pj~an—1

D ’ou aussitot les minorations

(48) Ve 2 ”('21;1) ., [(<<I+Di)/4]

Il en résulte:
Corollaire 1 Le coefficient Y,, est divisiblepar r\, ou r=y » je

Les formules (46 bis) et (47) permettent aussi de majorer \Y,\p comme suit:

N p2—I n(n+1) Pj n(«+1)
\Ynpd 2. 2. =
v Jclp<en  8pJd * p%ln 2pJ ,ill%-ir, 8J 7L 2p
Pour p impair, il vient
49 Youo- Pk+1-P &, n(n+1)
“ Wp= 8(p-) %" 2pk(p—) -
ou & désigne l'entier tel que pk<2n<pk+l|le. =]~ De U est facile d’en
déduire la majoration
(50) WY <2»(P+1)+p 1[Log2»]
1 lulp_ 8(p—D) 8 [ Logp
Si, dans cette inégalité on fixe p et on fait tendre n vers I'infini, il vient
Y\ p+1
51 | 7 —
1) Ay 40-1)
En considérant les valeurs particulieres n P1'2 1, /=1,2, ...on obtient I’égalité
(52) lim-& = P*I
n~*° 417 —1)
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ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 13

La formule (46 bis) fournit la minoration

1
53 li
3) D 4(P-1)
Les cas particuliers n=pl conduisent a I’inégalité
IL| 1
p .
n 2(p—)

Résumons les résultats obtenus.

Corollaire 2. Soit p un nombre premier impair fixé. On a toujours la ma-
joration

Y, "2«(p+l)+p 1 Log2v
1nlp~ 8(p—Y) 8 Logp

De plus,
2~ ” P+1
lim |77 -
LU L)
et
1 . 1
S lim &
4(p-1y > "M 2(P—1)

V. Application a I’étude de certaines fonctions arithmétiques

Nous nous proposons de montrer que Ié¢tude arithmétique des VY, permet
de donner en particulier des estimations de sommes du type * . Pour

.. , i i R . pm P
ceci il nous faut d’abord évaluer Yn, ce qui peut se faire grace & la formule d’Euler
Mac-Laurin.

1. Formule d'Euler Mac-Laurin. Lemme 3. Soit f une fonction trois fois conti-
niiment dérivable sur l'intervalle [0, n]. On désigne par @ lafonction de période 1
caractérisée par

3 X
D(x) = X3—Xy+—, pour OSrSI.
Alors

55)  /(0)+..+/(1»)= fr(t)dt+2 (/(«) +B0)+~ (/'(n)~ f (0))-
®(0
é r\t)dt.

Démonstration. Dans tous les livres de calcul infinitésimal.
Posons

R=i f d>@®)f(t)adt
60

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



14 M. MIGNOTTE

On peut majorer R comme suit,
56 =z max \®X)\ / \f"\t)h\dt = —+ ¢ \F""{t)\.
(56) || 3 ) b ) 723 6 {t

De plus, il est facile de voir que R est du signe de lorsque cette fonction
conserve un signe constant sur I’intervalle [0, n].

2. Evaluation de Y, Reprenons les notations Yn:-éy. D’aprés (38), on a
Vn= 1"-35- .. *(2n—1),
D’ou
(57) LogV,, = (n—1) Log 3+ (n—2) Log 5+ ... + Log (20 —1D).
Si on applique la formule d’Euler Mac-Laurin aux fonctions

f(x) = Log (1+2x) et g(x) = XLog (1+2x),
on obtient

1
(58) 2 Log(1+ 2*) = («+l)Log(I+2n)-n+cl+6 + +
ou R2 vérifie

(59)

g = 0,
18 1/T(1+2u)*
et

1 -
(60) 2 klog(1+2k) = — n2—; Log @+2m)—" + Liog @+ 2n)-

1

12m+ 7R3
avec

1 1 _
(61) = =0
36y3 (2n+1  (2n+1)3
ol cl et c2 sont des constantes.
Les formules (58) a (61) conduisent a une estimation du type

Log V,, ——Log(2n+1)---- n2+— Log(2ra+l) + ¢> + ca-
g 2 9( )4 2 o ) 27 Y3(2n+1)

avec O”™03s1, et c[, ¢2 constantes. Pour calculer Log U,, on déduit du lemme 3
I’estimation

Iognr!’:mlogm—m-\—zllogm+c»-| ----- L— o osMi.

12m  72Y3(1+1)2’

On obtient finalement I’existence de constantes ¢ et c' telles que
” nn+1)T n+1 n2 , 0 )
(62) Logy, = -( r -)Log % A )+ T +Cl+4c+wWw , avec \&SI
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3. Estimation de 2 - °P—-- (méthode élémentaire). D’aprés la formule (46 bis),

L. psi
on peut ecrire

Log Y,, —Ax+ A2+ A3+ A4,
ou

n(n+\)
2pJ
ou la sommation est étendue aux entiers pj,p premier, tels que 2 psiin et pJ>2n,

Ai =1\Y,\2Log 2, A2=2 Logp,

dj(dj-N n(n+1)
A3— Logp, et At= 2 Logp.
§on  op] o9 ¢ gdon op 08P

Pour estimer Ax, il nous faut d’abord étudier les quantités Ax, A2 et A3.

a) Estimation de Ai. Il est facile de montrer que I’on a
(63) AX— —Log2—{]x{2Logn+Log2), avec Owi}xS 1

b) Estimation de A2. Nous nous contenterons de la majoration
+1 +
ﬁ n(n+1 Logp S Log2n n(n+11
2<pfipl>2n - 2pd \p2np>:n WY
Posons, comme plus haut, . Le nombre d’entiers premiers au plus
égaux a X sera noté M(x). On a

., nin+l) n+1

2 P j\Log2n.
013 pr-21 2p- 4 prN13jsd J\} 0g4n

D’ou
(64) nriy " 1a(N9 Log 2n.

La majoration triviale Il (x)<x donne alors

A2” NI/3"p-Log2n,
et en particulier
(65) A2=0(nsl3Logn).
2j

¢) Estimation de A3. De la majoration d}(d}—l)= — (voir (47)), on déduit

_ A3= L) pJZ‘Zn PJLogp.
D’ou, aisément,

66 Aj s j _ 2 PLoéP+ ~~Yogn-n(J12n).
(66) i s g %0, OEP + 7 Yog dizn
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16 M. MIGNOTTE

En utilisant encore une fois M (x)<x, il vient
. 12 n\2n
67 Aalll— 2 PLogpH-—-— Log«.
(67) s pag LogpH—~ g«
d) Estimation de At. Depuis Tchebytcheff, on sait montrer de fagon trés

élémentaire qu’il existe une constante a' telle que B(x)*a'x (ou 0(x)= 2 Logp).
psi

Il en résulte aussitot I'inégalité

A3S ~ n2+j \2n Log « (cf. (67)).
D ’ou I’encadrement

Logr,-~-0fct!> Log2- «(er I3 5«5 1 Log2«- —)2u Log,

\- A
A4S tog Yn---r-]-(-r-]—\—\)- T_og 2+ 2 Log«+ Log 2,

en utilisant les inégalités (63) a (67) et le fait que les quantités At sont positives ou
nulles. En particulier, (62) implique

<69) lim ~4j-Log«+3Log2-4-] a.
Remarque. D’aprés Rosser et Schoenfeld, Th. 9 p. 71, [3], on peut prendre
«'=1,017.

e) Estimation de S= LoFg;;/" Reprenons I'expression de A4,

2
)

Logp.
On a clairement
(70) Ai = NS-t].2¢(N), 0a ifjS 1

ou B désigne la fonction de Tchebytcheff.
D’ou I’encadrement

fil + « |

N
et, grace a (69), I'inégalité
(72) lim [S—og«—2Log2| & Log2+a"
Des estimations de Yn et A4, on déduit:
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Proposition 5. Il existe deux constantes c et c¢' telles que la quantité S=

= 2n’%p"N Logpjp, avec N —n(«+ 1)/2, vérifie les inégalités
5|/|+1L0 n 2n Lo «+4c+|—2a' c 1
oN2B 29 2026+1) P09 2(rn) 20N
s ' s 2" +c'+,/12")

ou @'=max (0{x)jx).

4. Applications de la théorie des nombres premiers (méthode non élémentaire).
On montre ([2] p. 91) qu’il existe une constante E telle que

(72) 2 Logp/p = Logx+.E+00),
X

d’ol i

(73) S = Log«—2 Log2+o(l).

Nous allons déduire de (73) une estimation de A4.
a) Retour sur I’estimation de A4. Remarquons d’abord I’égalité
(74) n(n+l)s _a4= 2" {—3}Logp =5/ (disons).
2nipsiv 1 Py

Nous sommes amenés a étudier la somme S' et pour ce faire le résultat suivant
sera nécessaire

Lemme 4. On a, pour m tendant vers I infini,
(75) Pgm M) L°gP ~ 1—)m,

ou y=0,57721566490153286060... désigne la constante d 'Euler.
Il est bien connu que

rm

Logm! = 2 Logp.
I ofm pn 9P
Ce qui permet encore d’écrire
m
Logm!= 2 ~ Logp-2,\—(Logp+ 2 tnp~hLogp-
psmP VP) phSm,/iS2

- 2  {mp~htbogp.

phSm,hs2

Remarquons en outre que la série

2 2 p~jL p LogP
1525 PARO9P =< pipo g
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18 M. MIGNOTTE

est convergente, soit ¢' sa somme. Alors,

(76) 2 (Logp)p~h=c'+ o(l).
phSm,li*2
D "autre part
2 {mp~h}Logp = 2 {mp~h}Logpti 2 Logp(2'l)
phSn,hS2 pafm ,ftS2, phSB psl/iu hm2

dans cette derniere sommation la variable h doit bien sir vérifier pi*n, ce qui
implique

Logm’j
2 h} L g Ym)L .
ohrra hagtP M Log P pA%m Logp | ogpj "(YM)Logm
D ’ou, en particulier, (puisque I (x)"x)
77 2 {fftp~h}Logp S \m Logm.

phSn,/1S2

Grace a (72), (76) et (77), on obtient

Logm\ —m Logm+ Em+ C'm _p’%rt' Logp + o{m).
i

Si on compare cette formule a la formule de Stirling (démontrée plus haut)

logm! = mlogffi—m + o{m),
il vient

2 |— Logp ~ (E+C'+ I)m.
pSm(Pi

D’apres Ingham, [2] p. 91, on peut montrer que E= —C'—y, d’ou le lemme.
En utilisant (73), (74) et (75), on obtient I’estimation suivante.

Proposition 6. On a

(78) [n(n+1)/2p] Logp = -2-Log n—nZkI7og 2+’\-7—l\/l) +o(n2.

2
2n"p"n (n1)/2
b) Nouvelle étude de A3. De (78), (62) et (65) on déduit aisément le résultat
arithmétique suivant.

Proposition 7. Soit n un entier. Pour p premier et j entier si, on pose
dj =distance algébrique de —n a pJZ. On a alors

\djjdj-1) Logp ~ y+ Log 2)
pivin [ 2pJ ~ N — \n
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VI. Applications arithmétiques-suite

L’étude des quotients Yn+l/Yn conduit a d’autres résultats arithmétiques qui

Il nous faut d’abord, comme plus haut, estimer quelques quantités.
1. Estimation de Ym+/Yn. Posons d,=log (Yn+l/Yn). D’aprés la formule

(m(m+1)/2)!
ym- p.3»-i..... 2n—1 -
on a
An= Log ((n+1)(n+2)/2) - Log (M(n+ L)/2)N+Log (2" nY)- Log ((2ri)}).

Grace a la formule de Stirling sous la forme
Logm! = m Log Logm+C+0O
on obtient — aprés quelques calculs —
(79 A,=nLogn—2Log2-1)n + 21logn+ |2--"Log2j+ 0

2. Applications (méthode élémentaire). Posons
M+ 1)(a+2)yY
[n(n+\) , ) n(h+ D), (+ D)(nt+2)_ | 2 y
{ 2 +1U 2 +Zj- 2 - AN (h+1)J,

V= 3e¢5¢ ¢ (2«—), (d’ou YnHl/Yn= ulv),
dj = distance algébrique de —(n+1) a pJz,

dj — distance algébrique de —1 a pjZ,

AR VIRV R ICYRIR kY

L I
Bx pl-<22(n+I)V 2Pj [ 2pi W ogp
Ba 2 ([n+1)(n+ 212pJ- [n(n+1)/2pj]) Logp,
2(nv)spoa (MY

B3= p(\>M€|_H_1)/2([(|/|+1)(mli-2)/2pJ]) Logp.

De la formule (46), on déduit
(80) A, = B"A-B2+B3.

Nous nous proposons d’étudier les quantités B;.
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20 M. MIGNOTTE

a) Estimation de Bl. Remarquons que dj=dj—1 sauf si di=qj, auquel
cas dj=—dj. Ces deux formules montrent que, dans tous les cas, on a

\dj(dj-1)1 U M -11
2pJ 2PJ
D’ou la majoration de Bx
81 I3l = 2 _Logp = >j/(2n+2), (fonction é de Tchebytchefi).
(81) o2 gp = >jl(2n+2), ( y )

b) Estimation de B3. Si, dans I’expression de B3, on partage la somme pour
7=1 et celle pour j=2, pour né3 (cas auquel nous nous limiterons désormais),
il vient

B3= 0((n+\)(n+2)/2)-0(n(n+1)/2)+B",
avec
= 2 +1)(n+2)12pJ] Log p.
2 pi e rgjed ) (AR Loo
Des que n est assez grand, Tintervafle |'-'/'-(-’3f_1) , g-V'-:!_-m-’llf--z-)}l contient au plus

un carré et un cube, il existe donc n0 tel que n &0 implique

B3” 2Log((n+1)(«+2)/2)+ ogp a

. 2 L
pj*n+IHn+2)"

a 2bo8 (([1+ 1)(/.+2)/2) + (("+ 1I" + 2Y woB(("'+1>7"+2Y
(on a utilisé ff(x)Sr). D’ou

(82) B3= 0((a+ 1)(a+ 2)/2)—0(a(a+ 1)/2) + 0(n25Log n).
c) Etude de B2 et applications. Si on utilise le fait, tres simple a démontrer
(il suffit de remarquer que fimﬂllzo, & indicatrice d’Euler), que la densité

des nombres premiers tend vers zéro, on obtient
51= o(nLogn) et B3= o(nLogn).

Grace a (79) et (80), il vient alors
(83) B2~ nlLogn.

Pour p premier s2n+2, posons
A = [(n+1)(n+2)12p]-[n(n + 1)22p].

Il est facile de vérifier que =0 ou 1 et que, de plus, )p=1 si, et seulement si,
p divise u.
L’expression de B2 peut encore s’écrire

(84) Bt= 2 ApLogp+Bl,

0+ 24 128u(n + 1)12

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ETUDE ARITHMETIQUE DES NOMBRES DE YOUNG 21

ou

B2 = 2 ([(n+1)(n+2)/2pJ-[n(n+1)I2pj]) Logp.
2n+2spiSn(n+ 1)/2,js 2

Majorons B2
B2S A Logp A Log ( ~ ),

2n+ 2Splan("+1)/2,j'S2 pS(n(n+ IV2)1/2
Solt

" Log |”(”2'1)j M ((n~ 261)) ) = o(mLog W)
Ce résultat, joint a (83) et (84), donne

2n"p/‘n%n+1y2fp Logp ~ nLogn.
D aprés l'interprétation de Ap, on obtient le résultat suivant.
Proposition 8. Soit u= J] k. On a I'équivalence
n(n+ 1)/2< k™ (n+1) (n+ 2)12
(85) Elu Logp nLogn.

La relation (85) a plusieurs conséquences:

Corollaire 1 Soit Q le nombre de diviseurs premiers de u. Soit e>0 fixé.
Alors, pour n assez grand, on a

(1-e)-jsBs (I +epml

Corollaire 2. |l existe b>0 tel que, pour tout n, le nombre u ait un diviseur
premier p tel que p>bn Log n.

3. Retour a B1 (méthode non élémentaire). Suivant la méme démarche que
dans la paragraphe précédent, nous allons utiliser des résultats arithmétiques précis
pour estimer la quantité Bx en particulier.

Posons J= 2 Logp. D’aprés (80) et (83) on a d’une part

p~2n, plu
(86) A,, = B+ J+oiri).
D’autre part on peut évaluer J en étudiant le nombre
T (n+1)(n+2)/2)
7 n+1
(87) Logc, = «Logn+ (I-Log2)«+0(Logn)
et
(88) Logc,= J+B5
avec

B-o= 2 (Mj»-|(«+1)!|p)Log/>.
p<2n

Pour majorer Bb remarquons que, pour tout nombre a, le nombre de facteurs
de wn divisibles par a est égal au nombre de facteurs de (un+ I)! divisibles par
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a augmenté au plus de 1. Il en résulte facilement la majoration

Bb 3= LogKIM (K13 + 0(KL2+ 0(2n)
ou K=n(n+1)/2.
D’ou (utiliser le théoréme des nombres premiers)

(89) OsB5S 2n+o(r).
La comparaison de (87), (88) et (89) donne
(90) nLogun—1+ Log 2)n—o(ri) » J * n Logun+ (1 —Log 2)n+o(n).
Si on reporte (90) en (86), il vient, grace a (79),
91 —un Log 2—o(n) (2—Log 2)n + o(ri).
De plus, posons

\d'j(dj-1)1 \dj(dj-1)1
p-'S2(n+l) V 2PS

Le théoréme des nombres premiers, joint a la démonstration de (81), conduit
a la majoration

(92) \BI\*B '1rS2n+o(n).
De (79), (86) et (92) on tire

% = Logp.

(93) nLogn—3—2Log2)n—o{n) é / 3=nLogn+(2Log2+ I)n+o(n).
La conjonction de (90) et (93) fournit I’encadrement
(99 nLogn—3—2Log 2)n—of{n) ~ J " nLogu+ (1—Log 2)u+ o(n).

D’ou
(95) —nLog2—o(ri)S S 4(1 —Log2)n+o(n).

Questions. Quelle est la meilleure constante c0 telle que |5X”"cOn+o(n)2
Existe-t-il a tel que Bl=ccn+o(n)?
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TWO ELEMENTARY COMMUTATIVITY THEOREMS FOR
RINGS
By
A. HARMANCI (Ankara)

In a paper [5], Johnsen, Outcalt and Y aqub have proved that a ring R having
a unity and satisfying (xj)2=x22 for all x,y£R is commutative. They produced
an example for a non-commutative ring R with unity and satisfying (xy)k=xkyk
for all x,y£R and for any integer /c>2. In [6], Luh proved the following: Let
R be ring with unity and J be its Jacobson radical and 1 be an integer such
that (xy)k=xkyk k=n, n+ 1, n+2, x,yER, holds in R and R/J is simple, then
R is commutative. He also showed by an example that, for k—3,4, there exists
a non-commutative ring R with unity satisfying the identity (xy)k=xkyk, for all
X, YER. The question therefore naturally arises: Under what conditions is a ring
R with unity, satisfying (xy)k=xkyk for just two consecutive integers, commu-
tative?

In Section | ofthis note, we prove the following :

Theorem A. Let R be a ring with unity which satisfies the identities:

(xy™) = x"y",  (xy)"+l —x"Hlyn+l, x,ydR and n > 1 fixed integer.
If the characteristic of R does notdivide n(n!)2 then R is commutative.

Bell [1] proved that for a fixed integer n>1, a ring R generated by the
n-th powers of its elements and satisfying the identity [xny]=[x,y"] is commu-
tative. In this direction we shall prove the following

Theorem B. If R is a ring with unity and satisfying the identities:
xnyl = [x,yn, [X'+l,y] = [x,ynt] for all x, yER,
where n> 1 isafixed integer then R is commutative.

In what follows [a, b] will denote the commutator ab—ba and R an asso-
ciative ring with unity.

Section |

Lemma 1. For anypositive integer n,

For the proof see [2], page 58.
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24 A. HARMANCI

Lemma 2. For anypositive integer m,

24-1){f]lrm=

Proof. Multiply the equality

ml= 2! (—Dr(7) (w~r)m
by (—)mand use

’ ()-
and ()r=(—I)-r to obtain

—hmw! - 1 (- 1r(- (7) (M-S)M= 2 i- hm(- 1)'s(,“ I (MS)me

= 2 (- DmS(,” J -1 (-

from which the lemma follows.

Lemma 3. Let x be a variable and m, n be integers satisfying wn=-1,
Then the degree of thepolynomial

LI(T) ()"
is n—m.
Proof. We first show that fm{x)=fm_1{x)-fm. 1(\-\-x). In the identity

m~1 (ffi—1»
fn-lix) = 2 (-i)™ r J(r+x)n
replace x by 1+x to get
/m-10 +*) = "2 (-1)r(Wr 2O + 1+ x)".
On the other hand,

Zo\- Dr("V D-+A+ 1" - 1 (- DrA(7_N(s+*p»=

=0 (-1r37r0/)<r+*y+ (-ir-1{Z- 1) ("m+*>me
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Hence
+*)= (- N D)+t (-Dr{m~D (e+*)"-
SJF (AT ATIDC+*)"EImam- T ) =(-D°("o’™ Qv+

+Z\-iY [m7 1)+ (T-))) (rFxy+(-ir(Z) <ar-m=

= A C-Dr\r(r+ xy=fmx).

To prove that the degree of fm{x) is n—m, we use induction on m. Since
ft(x)=xn and f1(x)=f0(x)—f0(I+x)=x"—(I +x)n the lemma is true for m=0
and m=1. Suppose the lemma is true for m —1. Since

[, « = =2 0(-ir(7) (T)

the coefficient of x" m in fm(x) is (—2>m!, by the induction hypothesis

the degree of /,,-"x) and /m t(I+x) is n-m +1, and since f n(x)=fn-1(x)~
—fm-i(I+x), the degree of f m{x) isjust n—m.
As a generalization of Lemma 1, we prove

Lemma 4. Let n>1 be an integer. For any real number X,

o i(-1)n if k—0
HC-Dr(E+)"* g if 17 KA n,
Proof. If k=0, then ~(-1)r is just the polynomial
—O

defined in Lemma 3 which has degree n—n=0. Hence f,,(x) must be constant,
and so

/m(*)= 2 (-i)r (r+xf= 2 (-1)- = {)mh

Assume 17kSn. Since, by Lemma 3, the polynomial f,,(x) is a constant, its
k-th derivative

n!
(n-k)! ’gn(-iy (r+x)n~k

. nl .
must be zero. This and (n~TT 0 imply

L(-1) r@)(e+*)m-* = 0,
which completes the proof.
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Corollary 1. Let «>-1 be an integer and R a ring with unity whose charac-
teristic does not divide n\. Then,for each xfR,
(—V)"'n\ ifk=0
L (-DrMC+-rs if K< m.

Lemma 5. Let m and n be positive integers such that O”m~n. Then the
degree ofthe polynomial

Ffy) = 3 (- Dr(?) [* (r+ym +y)

iny, isn—m+1, where x and y are non-commuting variables.

Proof. As in the proof of Lemma 3, it may be easily shown that Fm(y) —
=Fm1(y) —Fm_1(1+y). Since the commutator is linear,

r*+1[x, y n~K] +

[

FIV)  Ejt (-Dr(M\D) ki ynRr+y) 2 2c

0k=0" W

The terms [x, yn~m+l] and [x, yn~nmly, which occur in Fm(y), give the only terms
of degree n—m+ 1. The coefficients of [x,y"~m+l] and [x,y"~nmy are

U)J( KA,

U)Ji-ir (7)--- c-ii-t)-!

resp. which are different from zero. Now we show that the coefficients of terms
which have degree greater than n—m + | are zero.

and

are the coefficients of the terms [x,yn~k+l] and [x,yn~Ky respectlvely Since
n—k+I1>n—m+1 or n—k>n—m which implies k<m and ~ (—I)r\m\rk—O

\r)
For k<m, Fm(y) does not contain terms which have degrees greater than n+ 1 —m.
Hence Fm(y) has degree n+ | —m.

Corollary. F,(y)=(-1)" snenle[xy].

Proof. The lemma implies that the degree of Fn(y) is one. Hence F,,(y)
should include terms of the form [x, y]. Thus in

Fn(y)=[4 2o(-1y (')(,,) rk™[x, ?-*\+ﬂ|jt (- D'(")[Iy [x,y -uy,
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n —k must be taken 1. For this value of n—Xk,
r,bl =2 C--v®™.L")yn* =(",) <-1)(~t*.Nn -

= (, Yn'lx,y] = {-1Y-n-n".[x,y].
Proof of Theorem A. Multiply the identity (xy)n=xnyn by xy on the right
and use (xy)n+l=xn+lyn+tl to get x"+lyn+l=xrny"xy or xn[x,yny=0. Let
(1) G(x,y) = xr[x,ynly.
By using (1) and cosidering f(x) as in Lemma 3 and Ft(y) as in Lemma 5, set
Gl(x, y) = G(x, y)-G (I +x,y) = A(X)[x, ynly
Gu (x, y) = GI0(x, y)-G 10(x, 1+y) =fi(x)F 1(y)
G21(x,y) = Gn(x,y)-Gn(1+x,y) = f2Ax)F1(y)
G22{x,Y) = c21(x, Y)-G 2l(x, 1+y) ~ f2(x)F2(y)

and so, foreach m, lam an, we find, for all x,y£ER,

) Gm(x, y) =fm(x) Fm(y).
For m=n, (2) becomes
0= Gm(x,y) =fn(x)Fn(y) = (-1)"/r!(-1)mmn![n:y] = n(n1)2[x,y], for all x,yER.

The condition on the characteristic of R implies that [x,y]=0 for all x,yfR
Hence R iscommutative.
The condition on the unity in Theorem A is essential as it is shown by

Example 1 Let

integers

It is easy to check that R has no unity and (xy)k=xkykfor all ksl and all a,yER.
But R isnot commutative.

Example 2. Let

be a subring of 2X2 matrices over Z2, the ring of integers mod 2. In R, (xy)k=

=xkyk for all x,y in R and all kw\. But R has characteristic 2 and it is
not commutative.

Another example with respect to the characteristic of R, a ring with unity
was essentially given in [6]:
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Example 3. Let S be a non-commutative ring of characteristic 3 such that
S3=0. Let A be the ring consisting of the pairs (a, n), aES, n£Z3, the ring of
integers mod 3. The addition and multiplication in R are defined by

(a, n)+(b, m) —(a+b, n+m), (a, n)e(b, m) = (ab+nb+Ta, nm).

The characteristic of R is 3, the identity of R is (0, 1) and (xy)3=x3y3, (xy)4—
=x4y4 hold in R. Let a,bdS be such that [a 6]+0, then (a, 0)(b, 0)?+
+(h, 0)(a, 0) shows that R isnotcommutative.

Section Il

We begin this section with a theorem due to Herstein, which will be extensively
used in the proof of our main theorem. For the sake completeness, we first prove

Theorem (Herstein, [3]). Iffor every x and y in aring R we can find a
polynomial pXy(t) with integer coefficients which depend on x and y such that
[X2x>{x) —x,y\ =0, then R iscommutative.

Proof. Suppose R is not commutative. We can find x,yER suchthat [x,y]"0.
Let T be the subring of R generated by x and y. Take af£T. For a and x
there exists a polynomial pa>(t) with integer coefficients which depend on a and
X such that [a},tX(a)—a, x]=0. For b=a?aX{d)—a and y there exists a
polynomial phw(t) with integer coefficients which depend on b and y such that
b2rb,y(b) —b, y]=0. Since b commutes with x, so does c=bZby(b)—b. Thus
¢ commutes with x and y, and so with every element in the subring T they
generate. Hence c is in the centre of T. On the other hand, c=bZbMp)—b—
=(aPax(a) —a)2—apayX(a)—a)=—a2q(a)—a), where q(t) is a polynomial
with integer coefficients. So, for every T, we can find a polynomial q(t) with
integer coefficients so that a2q(a)—a lies in the centre of T. By the main theorem
of [4], T is commutative. Hence [x,y]=0 which is a contradiction to [x,y]"0.
This proves the theorem.

Proof of Theorem B. Replace x by 1+x in [X"y]=[xYy"] to obtain
[A+x)" y]=[1+x yn=[X, ¥Y]=[X" y]. On the other hand,

by combining the last two results we get
(©) o '3+ 4 (K[**'LI= 0-

Again replace x by 1+x in [x"+Ly]=[x,y"+H] to get [QL+x)ntLy]=
=[I+x, ynHl]=[xn+l, y], and

[(I+x)"+1, +] = (n+1)[x,y]+ Z (', fc)[x*,y]+ [X,+1,L].
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From these identities, it follows

(4) in+ Dix,yl+2 (" %) X, y] =0.
By subtracting (4) from (3) we find

0= [a (@JJ)xk- A4 Dxjoyi-I[x,yl = [xap (x)-x, Y]

where p{t) is a polynomial with integer coefficients. Hence, for all x,yER, there
is a polynomial p(t) with integer coefficients, which may depend on x and v,
such that x2p(x)~x,y=0. Hence by Herstein theorem, R is commutative.

The hypothesis of the existence of a unity in R is not superfluous in Theorem B
as it is shown by the following two examples.

Example l.Let R be the subring generated by the matrices

010 0 I) o o)
0009 0009 001
lo oo looo loool

in the ring of all 3X3 matrices over Z2, the ring of integers mod 2. For each
integer k"1 and all x, yER [x\y]=[x, yk] holds. However, R is not commutative.

Example 2. Let R be the subring generated by the matrices

000 (000 1000
000, 000J 001
lo 1200 Il ool lo oo,

in the ring of all 3X3 matrices over Z2, the ring of integers mod 2. For each
integer kw 1 and all x,y£R [xky]=[x, yK| is satisfied in R, but R is not com-
mutative.
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ON THE APPLICATION OF THE AVERAGING METHOD
FOR SYSTEMS OF INTEGRO-DIFFERENTIAL
EQUATIONS OF STANDARD TYPE WITH
DISCONTINUOUS RIGHT-HAND SIDE

By
A. M. SAMOILENKO (Kiev), D. D. BAINOV and S. D. MILUSHEVA (Sofia)

The averaging method for systems of ordinary differential equations with
discontinuous right-hand side has been justified by A. M. Samoilenko [1]—[6].
The present paper considers a version of the averaging method for systems of in-
tegro-differential equations of Volterra type

(1)
0
where x, X€R,,, (p"Rm, and e>0 isa small parameter.
Let the hypersurfaces

2 t = tfx), tfx) < ti+l(x), =12 ..

be given in the space (t, x).

Under the assumption that outside the hypersurface (2) the movement takes
place according to equations (1), and, on every hypersurface tfx), at the point
1, the trajectory of the system (1) undergoes a momentary discontinuity, following
the law

3) Axit=tim = x+- x _ = £/;(*)

where x_ and x+ are the points at which the trajectory meets and leaves the
hypersurface t=ti(x), respectively, we put in correspondence with the system (1)
the averaged system

@) — = £[Z0(x) + /0(x)]
where
()

t<tt<t+T

The following theorem for proximity of the solutions of the Cauchy problem,
of systems (1) and (4) holds:

Theorem 1.Let thefollowing assumptions befulfilled:
1 The function X(t,x,u) is defined and continuous in the domain {t"O,
xfDczRn,u”Rni.
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The function cp(t,s,x) is defined and continuous in the domain {tsO, s"O,
x£ED}.

2. There exist positive constants M, N, C, K, M* and the function a(t, s), such
that

(6

ldtfx)
dx

Idtfx)  dtfx’)
Il dx dx
moox U)=X (4 X, U =K Wx-x\\ + Wu-u'\],

t t

<Rt S, x) —cp(t, s, xH A <r(i, S)pr—r], f cr(ts)dsAM*, tfa(t,s)ds*N
0

d% (x)

N
dx2 <

+ WX (6, X, U)W+ \EFX)WAM,

for every SO, x, X'ED, u, U'ERm,i=1, 2, ... .
3. Uniformly with respect to iSO and x£D there exist the finite limits (5)
and

lim - 2 _1= d0, dO= const.
r-~ | t™"MM+T
4. The system (1) has a unique solution xt{x*) at every 0 and at any fixed

x* from the domain DO, xt*(x*)=x*.

5. The averaged system (4) has a solution x=x(et, x0, 510, xQ=x0, which,
when e=1, belongs to the domain D for every i£[0, L\, O<L=const, together
with some o-neighbourhood (0<<?=const.), and satisfies the inequalities

li(xo) » B < 0, *(x*T(x0Q) = If

I XD st x) AR < 0, i < t< i,

<7)
tt= inf tfx), ti'= suptfx), i=2,3 ..,4d
Xx£ED XxED
td< Le-1< td+l
or thecondition®— - =0, when t=ti=const, is a hyperplane.

Then, for any t]>0 and any L >0 there can be found an s0>0 such that,
when e<e0, the system of equations (1) has a solution xt(x0), x0(mQ=x0, defined
for every ?£[0, Zs 1], andsuch that

(8) II*r(*0)-*(>*, *o)ll < h when tE£[O.Le"1].
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Proof. According to the assumptions of the theorem there exists a monoton-
ically decreasing function a(t) (a(t)—90 as t-»»), suchthat

III+/r No * e /0 ({0, s, x)rfo)-X0(x)] ddl é —cc(T)-T,
(9) t 0 z
12 L()37.(9) T «(TY.
Let I be a fixed and sufficiently large number, and let in the interval (0, T)
lie d1 points

(10
ti(xQ = %, ...,tdI(xQ = @I, *?<$+!, o< tlL®W< T, i=1,2,(rft-1).
Denote by x(t, +, ¢), x (t, +, ©—c the solution of the system
t e
(12) X(t, 7. ¢c) = c+ed X(e, x(8, 1,¢), f cpe s, x(s, 7, ¢))ifc) do.
z 0

It is obvious that

t B
x(t, r.c) —cte T X[€,¢c t (p(6:5.c)ds}d9+R(t, e o).
t 0
where,when 0<t Mt AT,

t B
e, e T = e||_f|_ e, x(o,t,c),ta 0, s, X(s, v, 9))&]-

9 1
X (0, ¢, f <p@s o<a)] dell < —e*KMT(T+ 2N).

Consider now the solution x,(xQ of the system (1) on the segment [0, T].
This solution consists of pieces determining (11). For this reason, to an accuracy
of values of order £2 on the segment 0<rSiST, the solution x((xQ may be
defined by

t B

(12) xt(xQ=c +£j X[0, ¢, f <0, s, c)ds} dB+0(e.d = x"t, t,c)+0(e2.

(o]

Whence, to an accuracy of values of order £2 one can obtain x,(xQ=
—"t, 0, x,,), 0 where t\ is the root of the equation t=t1(x1(t, O, x,,)),
or

t B
(13) =1i(xo+ £J X(&, X, J (6 s. X0i&) i/0) =

L+edre) Tx(e XgJd (@e s x0is do+Qe.
0X 0 0
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From (13), to an accuracy of €2 one can find

(14) it =tt+E f X[s, x0, f g>0,s, x0)ds)dd = tl+eBr.
°x 0 0
Indeed,
At/ \~1 B
t = [ x{0, xo, f ¢cp(9,s. xjds) d9+

+£dr °)-f X{B,x0, f (p(e,s,x0ds)d0+O{E*) =

dt ir) 6
= tl+ e -~-~Z ¢ X(e, xo0, f <P(0,s, x0ds) d6 +
W o 0

+r AT *« f s>*oH +0(B2,

where ?=r?T/i(r—i?), Os/iSI. (For the different components of the vector X.
the constant u assumes different values from the interval [0, 1].)

So,
(15) *i(*Q = Xx(t, 0, 50, Oc tc t°+s01=it-

Further,

= *i(A, 0, *0) + eA(*i(tf, 0, X0))=

t* B
= x0+e J X[O0, x0, J (p(9, s, xOds] de+eli.
(0] 0
The solution of the system (1) between the hyperplanes r=ri(g) and t—t2(x)
is described by (12), where T=tt and c=xt (x0:

t B
16) x,x0=xt xQ+ef X{9, n»x0, f 99s  (x0)a?) do+0(ed =
dq 0
i R
= v,0+£(1; X(9, x0, J O<p(9,s, x0)ife) d9+sI? +

t B
4-eJ X(09 (x0,J o(s,s, x*(x0)ds) dQ+0(ed =
if 0
t B

= x0+eJ X(0, x0, j cp(B, s, x ds} dO+sli+
(0] 0

t B B

+ « [ Ne f (P9, s, x"(x0)ds]- X{9, x0, f (p(O, s, xjife)] d9+0(e2.
i 0 0
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Since
t B B
Iy [ M «. 4 (xop [ (p0. s, 4 (C0)ifc)- X [B, xg, I (8, s, AQil,y)] il0]j =3
1* 0 0

t B

- SKAF [Ihxwi(*o)-*oll + [ <r(05)114(x0)-*oll*] del
>*

Neu(i+m *)(i- )14 (x0) - xo| N

<& «
A el f(1+iV F*)r||/ X(0, x0, f <p(0,s,xjds)de +1i[ ~
0 0

BEAU (1+M*)(L +1)7"

the last two summands in (16) may be ruled out and, to an accuracy of values
of order e2 one can obtain

t B

17)  xt(xQ = x0+e f x{e,x0, f (p(.9,5,xQds]d9+£1? = x1(t,0,x0) + el?.
0 0

The following question arises: will trajectory (17), after the moment if, meet
the surface t=b(x) or not, i.e. will there occur a beat or not?
In order to answer this question let us solve the system

xt(*o0) = *1(t, 0, xQ+ r/f, t= t(x).
Ruling out x, one obtains
(18) t = tx(*!(/, 0, xQ + £2f)-
Let now g be the root of equation (18), i.e.

h = h(xi(b, 0, xQ+8/f).
From (18) one can find
( 0

t = hifiit, 0, xQ 4-r/f) = t"Xg+eJ x{9, Xg, f 9,s, x0Qifo) d9+£If] =
0 0

= i2+e-AN-[/f+ [ X{9, X0, f @(d,Sx0ds)de] +O(e*) =

= tl+ 8— A (/f+ 1 X(0, Xg, f <p{o, s, xg)ds) d9] +
VX 0 0

r\ol B

e fx(e,xo,i <p(e,s,xg)ds) de+o(rd =
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t{+e f x{9,x0, f <p(9,5,x0ds) 4o+¢ e

+e < {t-tf)X[i,x0,J o(t, s, x0O rin+ O(e,

OsiliSl.
Hence, it follows that

to e
h=t 1 + e f X(9,x0,f (p{9,5,x0ds)d9+er*-P1+0") =

= ti+E IT +0(B2.

Because of the fact that the second summand is negative, we have

In this way, when t>t* the solution xt(x0) leaves the hypersurface t=tx(x),
i.e. the point (tx,x0 is not a beat point of the solution onto the surface t=tx(x).

Let us find the moment when the solution (17) reaches the hypersurface t=t2(x).
For this reason let us define the root t\ of the equation

t 0
t- t2{xx(t 0,xQ+8/2) = i2(x0+e T X[€, x0, f cp(9,5,x0Qds)d9+eli) =
0 0

= to%te [+ /7 X9, x0, f ©©Qs,x0ds) A\ +0(e -
0 0
2 B
= tY%te [l«+ [ X(9, x0, / ¢(9,s, x0 ds) d9\ +
+E 0 - 4)x[t, x0, f cp(t, s, x0 ds) + O(ed,
i=4+n(t—1), o~"/isi.
We have
Q
tt = t\+e XN [/»+ f X[9, x0, f ¢p(9,s, xOrfe) d9) = 4 + 0 2.

VX 0 0

Since, by the definition then (if s is sufficiently small) and,

therefore, the solution of the system (1) on the interval is expressed

by the formula:

X,(X0) = xx(t, 0, xQ + &/ L.
Further,

xt (x0 = Xj(r2,0, x0 + e/i + & 2(x1(i2, 0, x0) He/x) =
= xxX(r2, 0, XO) + e(/;u /2).
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It is not difficult to show (as it can be seen from the previous calculations),
that the system (1) under the initial condition c=xt (xQ at the moment has,
to an accuracy of values of order e2 on the interval the solution

*t(x0 = xx(t, 0, *0)+s(/i +/9),
where t3 is defined as a root ofthe equation
t = t3(xx(t, 0, xQ+e(/1° + /D))
under the condition that
dt2(x)

dt2(x0 .
dx /2Sj3<0 or dx

As before, we have
0 e

F="r+e-"M [/2+/2+ ] X(9,x0, f (p(e,s,xQds)dé\ = {3+ EOs

It turns out as well that the trajectory x,(xQ=x1(t, 0, xQ+£(/“+ 7") after
the moment t2 does not meetanymore the surface t=t2(x).
It is easy to see, following the method of induction, that under the condition

(19) dtjd())((q N R<0 i=1,..,dx

for x,(x0 one can get the following expression:

(20) xt(xQ = xx(t, 0,x0Q+e 2 Ji’ tk+e&k < t< tk+x+EOQk+1,
i=0
where
[ ® Q
2 i?+f x{e,x0,J cp(o,s, xOds)de ,
(21 S 00

78=00=7=0d+=0 ®l+ =T, K=\,...,dx

Therefore, when condition (19) is fulfilled the solution x((x,,)exists on the
segment [0,T] andis defined to an accuracy of values of order e2according
to (15) and (20).

Now, one can calculate

A
(22) XT(X,) = xx(T, 0, XxQ+£ 2 If+0O (i) =
i =1
T B ox
= x0+£ f X(B, x0, f ™9 s, xOds}d6 +£ 2 =
0 0 T i=

= xo0+ £[X0(x0 + 70(x0] T+e6] [t (O, xo, 5 (0, s, xOQds;j -
—A'o(x0)] dd+E I2_|7 P-70xQ7" + O(e2d.
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Define the operator AO, as follows:
No*o = x0+ £/ Xu(x0 + 70(x0)].

Then, from (22), one can find

T B

(23) H*r(*0-~oXO0l- 61/ [x {8>0c>f (PiRk, s, xQ*)-3I 0(x0] dO\ +
+£ 2 1?-hixQT +D(e? S

S ea(r)r+e 2 /,D'XO)'/,,(XO)F +e {(12-1iixo0)) +O(ea/\
=1

S ect(T)T+e 2 /- 7i(*o)ll +0(ed =
= ex(T)T+e 3:| /r(xar?,0,x0+e 2 /® - /Ax0Q + <9~
eoc(T)T+e 2 K xt(t*, 0, *,)+ £ 2 J-xo +0(e?
raCoOrlr+eT:J UxA4A4, 0, x0 -x 0||+£Z(iJ=IK2:011]'I°||+O(£a

=e<x(T)T+e*K 2 ||/ -I(0, x0, / (p(B, s, xQ<fc) <+ e2 X -+0(ed =

S ecc(T)T+eXM *1+0(ed " eT)T+ £M1,

[T+T)

where Afl=Af1(7’ ") isconstant.
Let x=x(st, xQ be a solution of the averaged system (6) with the initial con-
dition x(0, x,,)=x0. According to the integralrepresentation

t

X(Et, Xg = X0+ ES [X0(x(e9, X0) + / o(x(£0, x()j]dO

one can obtain that
T

Ax0= x(eT, x0 = x0+ e f [XO(x(eQ x0)+ /0(x(e0, x0)i/0].

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON THE APPLICATION OF THE AVERAGING METHOD 39

When iS0 and x€/[ we have:

X0 s M, [0 » MdO, [x(et, xQ-x 0] ~ e(l + dOMT,

«+I B

XO0(x)- lI'oC*)!l  ton [1x(0, x(et, x0), rﬁ cp(6, s, x(et, x0)<fc) -

i
l°°7r]1c
\%

-X(0, x0, f cp(®, s, XO<*)|| dd ~
0

j t+T

Klim — f  [|Ix(ef, x0 xO||+fB<x(O,j)||x(si,x()-x0|| dd;
Ae(l 9 +M*)KMT,

110(x)-10(xQ]  Hm 2 i()-li(x0)| ~ e(l + dOKMTdo.

T-+00 1 trt A t+
Then,
T

(24)  |INx0-N1 0] = £/ [Ne(x(sO, X0 )-"0(x0| + |[/o(x(e0, X0 ) ~ / o(x9|[]i0 S

SE2(l +<iQ (I +dQKMT*, d0= dO+ M*
and
(25) [|[Xr (xO-71x0| s§ ||xr (xQ-/10x0| + ||/1x0- /1 0xQ| ~

=£a(MNT+E£2[M1+(1+1/0(1 +4) KMT*].

Since JIx,, belongs to D with a ~-neighbourhood, then, from (24) and (25)
it follows that xr(x,) and AOxO belong to D with the neighbourhoods

ei = e-efa(lNr+£Mx+(1+ Q1+ dOKMT*},
ei = Q-E2(1 +dQ(1+dQKMT2
respectively.
Now, assume that in the semi-interval (T, 2T) there lie d2 points:
(26) T < tdi+i(AX0), ..., tdl+dA(Ax0) < 2T,

but then, according to the estimation (25) and the continuity of the functions f,(x),
it follows that on the interval (T,2T) there lie d2 points:

T td+i(xT(XQ) = t]2*,..., td+Hj2(xr (x0) = td < 2T.

From condition (7) of the theorem it follows that

w) = fl» A <0,

Bl —B £25 *—19..., -«
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Let us extend the solution x,(x0Q of the system (1), constructed for O« i<,
onto the segment [T,2T], denoting xT(xQ)—xT:

X,(x0 = x(t, 7, xT(xQ) = xT+eJ tX[O, XT, fB (p(9, s, xT)ds)d9 +

T 0

+0(e?d = xx(t, T, xm+0(ad, T=t< 4+,

where 4+ is the solution ofthe equation

t B

t = tdl+i(*r+e j X (e, xT, f <9(0,s,xT)dsj dO+ O(e?d),
T o]

= Yi— Tf X(0,xT, f <P0s,Xy)ds\dO+0(e2 =

ra> e
= ti»+ edtdlwzl-(-T f x(0, xT,Oj cp(9, s, xT)ds) dO+ 0(ed = ff» +£O*» +6>(e2).
X T

Therefore, to an accuracy of s2 one can obtain
(27) X,(x0 = Xxit, T, xT) when T" t< if» +£0{1 = fjl+],

nCIHL(X°) ~ T, ~r)+efB) (NCtdi+i. T, xT)),

whence
t B

X,(xQ = x¢ +i(x,)+£ f x[9, xti+i(*0), f v{6,s,x"Ix"ds) d9 =

| a
- wi(<itH, T, X)Feir + o T X{9, x0 +1(<), T cp(@, s, x,t 4 (xQ)iifc) dO =

14 ' 0
+|

Idj B t
—g-+£F° x(9, xT, T (p(9,s,xT)ds}d9+ell)+B I X[9, x;t ~X9,
r 0 <1H
B t

J ({9, s, x.t +i(xQ)ifo) d9 = xr + £ TX[0,XT, ) cp(9, s, xT)ds}d9+
0 1 r 0

t g
+E1>+£ T [X[0, X3 +1(x0, T (p(9,5,x,%+i(x0)ds]-
‘514 1 0

B

—X(9, xT, J <p(9,s, xr)dfr]] dO = xt(t, T, xT)+elild
0

tfl+is /< 4%+ £0" = tfl+a,
etc.
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In the general case one has
(28) X,(X,) = x1(t, T, xT)+s Z 0I'ta)> tjp +£&kL = t < t$ !+ £0kI 1,
1=
where

0*% = Qi+ ~ °~ATJ x[e, xT,j (p(@,s,xT)ds)de+ Z
WA y q 1—0

K=1,, d2 tp=/@=0" =08+1=0, /g+l= IT.

So, a,(x0 is defined on the segment [T, 2T] to an accuracy of values of order
e2 according to formulae (27) and (28).
Therefore,

% W = all27, T, xT)+s iZ//x)+ 0(ed =

= XxT+s jTX[B, XT, \] (p(e,s,xT)ds)de +e ZJ’(ZI)I—O(ea—

= ar+£[X0(@r)+ /oar)]T+e 37 [n%0, xt, J <6, s, xT) ds} —

-X 0(xT)] dO+e Z If» -10(xT)T + 0(s2.
Whence, according to the definition of the operator A0, one can find

(29) Lx2r(*0)-N0%1L = £i(T)T +s?M2>

where M2= M 2(T, d2 is constant.

Further, we have
2T

(30) N2x0= 3c(2el, xQ = x0+s f  [jFo(x(e0, ag) + / of3{£0, x0)] dd -

[¢]

2T

= Ax0+s f [x0(x(ed, AQ)+ 1,,(x(80, A0)] de,

T
WAOXT- A QAXON = ||xr+ rC[A0(xr) + /0(xT)]-x0-r T [X 0(J1x0 + /o(JIx0Q] S
—||IxF—1x0] +£X,{J|JAO(ar) —WO(4a0|| + ||/0(x) — 0(Ix0)||} S
s |IXF-x0[+8B A1 +M*)\\XT-A x O\ +KdOWXT-A x O\} &

S [I+e(I+M"AT]11*T-NIxpl A
S [+ e(l1+dOKT]{bai(T) T+ e2[Mx+ (L + dO (1 + dJKMT*]},
[[x(e/,xQ-Nx0| = |x(er,xQ—x(eT, x0| S
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S £j [l|Zo(x(£0, x0)|| +||/o(x(e0, xo)ll] dQ —e(l +dOMT when T < t< 2T,
(31) [I10(1x0) —1(N1x0|| = WIx0+eT[X0(Ax0Q + /0(JIxQ] —

2T

-Ax0-e f [XO(x(es, x0)+ /0(x(e0, x0)] dQ\ sS

2T

- ef [IXox(e0, x9)-1"o(1x9 ||+ ]|/o(x(e0, x9) ) -/ o(JIx9)|[]i 120"

2T ( joot+T |
~ eK | [ [J1E0>Xo0)-Nxo| + f a(l,s)\\x(se,x0-A x O\ds]dl +
+ lim 2 \\x(eg, xO-Nx0]| dO” e(i+ dO(I+40KMT2

From (29)—(31) one can obtain
W2r (*9 -1 2x0| = |1x 2r (x0) =1 ox r || + || JTI0OxT —+ O(1xQ|! + [|/10(J1xQ —12x0 »
4 eoc(MN)r + £2M2+ [1+e(1+ dOKT]{ec(T) T+ e2[M1+ (1+ dO (1+ QKM T} +
+e2(1+dQ(I+dOKMT2- e{1+[1+8(1 + ~O~ ]} a(l)r + rM],
M = (1+ dO(I+dOKM T2+ max (Mx, M 2.

Therefore, x2T(x0) belongs to the domain D together with its “-neigh-
bourhood

2= Q-e i2:0 DNrz{\+d")KT]i[a{T)T+EM].
Now, along x2r(x0 there can be constructed the solution xt(x0Q for tE[!T, 3I7].
Accomplishing the calculations, one can find
[[x3r(xQ 02T = ex(T)T +e2M 3(T, d3,
where d3 is the number of the points
2T < tdl+it+i(x(2eT, x0Q),..., td+di+d3(x(2sT, x0) < 3T

lying in the interval (2T,3T).
Further, as we did before, let us find

11*3r(*0)—x(3el,x0|| = ||x3r(x0 -1 3x0
—Tir3r (sto)_'10x 21|+ |[JT0x2Fr—10(A2x0 ||+]]|/1 0(J12xQ —A(N12x0)|| ~
=ar(l)r +e2M3+e[l+e(l+ JOKT] {1+ [1+e(1+ dOKTI}(T)T + eM] +
+e2(l+dQ(I+doKM T2~
N oe{l+[1 +e(l + £&)* T+ [1+«(1 +dOKT]Z[a(T)T +eM],
M —(\+d3(\+dOKM T2+ max M,.

»=1,2,3,
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Therefore, x3T(x0Q lies in the domain D together with the ~-neighbourhood

Q@=e~e i2=0[I+e(l+ dOKT)i[<x(T)T+eM].

Proceeding with the process being described, at the /cth step let us construct
the solution xt(xQ for tE[(k—1)T, kT], kT~sLe-1. As a result one can get (and
it is not difficult to prove this by mathematical induction):

H-AnrC)  ac(/reY, mOH — 11*¥*r(*o)-~*oll sSE ™ [I+e(1-\-3")KT]'[o{T)T-\-eM],
0

M = (I+d0(I+dOKM T2+ max Mt,

Since °°
M = (1+i/Q (1+ dQKMT2+max M; (I, df) LUMO(T) < »,
whence

11**r(*0)-*("I,*0|| | [A+r(I+ 30KT][ce(T)T+sMO(T)]

<[a(M)r+ BMO(F)]-[1+&Q36(R’.\|. K"

- I+ DK T[a(r)r+eMoW Ne 1+°)KL+ O (e)].
Now, choose T and €0 such that, when £-=£0, the conditions

e(i+aQKL_ao(T) .
(1+doK 4
will be fulfilled, and

°(s) (H7;_|P) [~ ER(I KL+ 0(e)] (ﬁ{rﬁgA im

Then,
(32) 11**r(*0)-x (keT, x0] < -J, k=01 ?le.
Ontheinterval [(A—L)T, kT] we have the estimations
(33) II*(ef, xQ-x((k-1)eT, x0|| S e f [/|Zo(x(e0, xQ)[ +
(t-)T
+ ||[/o(x(£0, XQI\]dO S £(1+ dOMT,
&k
(34) |IxA4xo0)-*(k-L)r(oll = (k-DT, x(k_ DD +e 2 1f*-» -x Nei)r(*o)ll =
i=0
kT K
£ 1 X[s, f (@O, s xk-DT)dsjdOTE2 1j* P ~ eM(T+c).

(k-V)T
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It can be seen from (32)—(34) that if T is sufficiently large, and e is sufficient-

ly small (e<min (e0, »4(1+~gn/r))’then’on the interval KT\

the following estimation holds:
\Wt(xd)-x (zt, xOf »

A X, (Mo)-N-1)r(0)11 + \W<k-D)T(X0)-x((k-1)zT, )|l + |[x((/c-1)e7’ x0Q —

-x (et,x 0| + +4=n

Therefore, on the whole interval 0StsL s 1 the inequality

[[xt(xQ-x(ei, x0| < A
is fulfilled.
In this way Theorem 1is proved.

Remark 1. Condition 1 of Theorem 1 might be weakened but that leads to
some complications in the proof.

Consider now the problem of the qualitative correspondence between the
exact solutions of the system (1), (3) and its approximated x-solutions of the
system (4).

Assume that the averaged system (4) has an isolated state of equilibrium x=x°:

(35) AO(X°) + /,,(x°) =0.
The following theorem holds:

Theorem 2. Let conditions 1—4 of Theorem 1 be fulfilled. Then, if the state
of equilibrium x=x° of the averaged system is asymptotically stable and

(36) *M Jl(x)ap”o [Jor LW 1 0)

for every i—1,2, ... and every x on a certain @neighbourhood of the point x®
then, there exist a Q-neighbourhood Dg(g® g0 of thepoint x° and an e°>0 such
that at every e<e® and every x(LDt the solutions x,(x), xt(x)|,=0=x0(x)=x of
system (1) are uniformly bounded when i£(0, “ )m

Proof. Let Xx(t, x), x(0, x)=x be the solution of the averaged system when
e=l. Since x(t, x°)=x° is an asymptotically stable solution of the averaged
system, then, this fact, as well as the continuous dependence on the initial con-
ditions, determine the existence ofa ' such that

(37) Ix(/, x)—x°|| » £o when |[|x—x°||é g and t~ Q.

(37) and (36) show that for the solutions x(et, x) when x"Te—
={x |[[x—x°||sg'} condition 5 of Theorem 1 holds for every t>0. But then,
according to the assertion of Theorem 1, there may be found an e°=e°(L, q) Ssuch
that, at every e<8°, i6[0, Le-1] and some 4 (p“min (p0, 4)) the inequality

(38) [[xt+t(x,T)-x
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will be fulfilled, where xt+z(x, t) is the value at the point t+x of the solution
of system (1), passing, when t=x, through the point X" T Q

Choose 4 such that Te will belong to the domain of asymptotic stability
of the solution x=x°, and L insucha way that

(39) llic(t,jc€re)-x°|| =S-| when t" L.
Inequalities (37)—(39) then lead to the estimations
(40) \\x,+r(x£TB, T)-X°|| "\\x,+L(xETe, x)-x(et, xETe\\+\x(Bt, xETe) - x i\ LLI
"mj+Bo when i£[0, Le-1),
iI"N(x67%5,0)-x1 & IXL(x€ETe, 0)-x{L, xO A4 +||x(L, x€Erg-*1 ~ e,

e e

the last of which means that
(41) Xb(XE£TB,0)ETe.

Taking into consideration (41), as well as the fact that

(42) X, (X, 0) = x,+T(xz(X, 0), v),
one can obtain

X1+ (XETB, 0) = x i+l "XL{xdTe,0),| = X'+l ix'6Te,yj,
whence, taking into consideration (40), it follows that

|l:*+i.(xeri,0)-xo| = )%+|_\)('e-|-B,—~X° s~-+e0 when te O

10

(43) WM {xeTe,0)-x°\\ = x L\x'eTQ— -x°

x 1 XeT — —q, X'eT) +Ix(L, x'eTe)—x°|| S a.
The last of equalities (43) proves that
X, AXeTBO)ETE
and leads to the estimations

Ik#,L(x€Te,0)-x°||S —+ 00 when te
ot)-

(44) Ix< ,M xAT<0)-x°|| S8, Ik=0,1,2,....
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Inequalities (44) mean that

(45) |[xi(x€71)-x°|| =s-|+e0

for every i£]0, °°).
In this way Theorem 2 is proved.

Theorem 3. Let the system (1) satisfy conditions 1—4 of Theorem 1 when t>0,
aswellaswhen 0. Let

(46) 10(x) = Ji_rg | 2 tAM as tSo,

I°(x) = rI|rr~1 l«(*) as t=o.

1 ,-T’gt"t

Assume that the averaged system

(47) 2( = e[Z0(x) + /0(x)],

when S0, has an asymptotically stable state of equilibrium x=x°, satisfying (36)
for a out ofsome g0neighbourhood. Let in the a-neighbourhood De of the solution
x°, pointed in Theorem 2, the averaged system

dx
(48) -ANL= ENe (xD+/oal]

when t"0, have astate ofequilibrium xr=x\, for which

49> Tr«*)S i-0 [or "£>=0

for every i=—1, —2, ... and x out of some d0-neighbourhood of the state x® Then

1 If the state of equilibrium xj of the system (48) is asymptotically stable
when ?<0, then, there can be found an e°>0 and a domain Dei, including x°
and x® such that, when £<e®, all the solutions x,(x) of (1), (3), for which x£Dei,
are uniformly bounded when t£(—°°, °°).

2. If the state of equilibrium x® of the system (48) is asymptotically stable,
then, there can be found an e0>0 and x* such that the solution x,(x*) of the sys-
tem (1), (3) isboundedwhen t€(—  °°).

Proof. Let the state of equilibrium »® of system (48) be asymptotically un-
stable. Applying Theorem 2 for the intervals t*0 and t=0, we are convinced
that there exist g- and “-neighbourhoods of the points x° and xj, such that

|[xt(x€Dc)|| cr as /€(0, °°)
and
\W{XATS\ A ¢c2 as t€(-°°,0).
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Since x\(zDg, the set Def)Ts=Dei is not empty and therefore
”Xf(X€Z»ei) H ¢ = max (C|t Cj as i€(_oo, OO).

Now let Xi be an asymptotically stable solution of the system (48). Applying
Theorem 1 to (1), (3), we are convinced that for xt(xE Te\, t) the estimations of
type (40) hold, i.e.

WX+, (X<:T™ . 1)-»4 si when le o i _ —L£
and
(50) oi>

where Te\ isacertain ~-neighbourhood ofthe point x°.
Inequalities (50) lead to the estimations

xeTg'i, -k —\-x\ s~+eS,
(51) ('-‘tl g 5

~ Kk~
when 0,k—\, k = 1,2,
Choose from the set 2)ia=7% P\De the convergent subsequence of the points
(52) yk = x0"xkEDei, -k ~Y k=1,2,..., Ilimyk=y0

and consider the solution x,(y0. It will be shown that x,(yQ is defined when
i£(—°°50), and bounded as well. Indeed, the sequence of the solutions x,(yk

is defined when —k8— and uniformly bounded when k=1,2,..., since
it coincides with the sequence x* "i|x*, — when igjo, Suppose that
1I*»0°0)ll at a certain t=1i0<0, Z>>"- RBi+ e°+|I*ill «

Since x,(y0Q is a piecewise continuous function of t on any interval, then
the inequality

KMol > D> J Q+ei+ |7

holds for some interval (t0, Q, the latter being an interval of continuity for x,(y0).
Since the points of discontinuity of the solution xt(x) depend continuously on
x on the finite interval of time, there may be chosen a Ti€(?0, I9 such that

(53) x4(yK) - xn(yQ as K
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Relation (53) leads to the inequality

(54) *11G * )= ~-jei+ei+ [1*ill-

But (54) contradicts (51), since
XIYK)  x1 AL xk

The contradiction proves that xt(yQ is bounded when t£(— 0). Since
y0€De, x,(y0 isbounded when f~O as well, and therefore

H*t(>0)Il ~ C< oo,

and, in this way Theorem 3is proved.
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RADICALS AND SEMIPRIME IDEALS IN SEMIGROUPS

By
H. L. CHOW (Hong Kong)

Let 5 be a compact topological semigroup and /¢S an ideal of S. We
define the radical of | as the set R(/) = {xf S:x"Cf for some positive integer n\.
Evidently R(1)z)I and R(R(I)=R(l). The ideal | is said to be semiprime if
R(H=I. If S is commutative, R(I) is obviously an ideal and so a semiprime
ideal. In this note, we will study radicals of open ideals and obtain results for open
semiprime ideals.

Following Numakura [4], we say that an element x£ S is nilpotent with respect
to an ideal 1 of S if, for any open set U containing 7, there is an integer n0
suchthat x"£U for nLLnO.

Theorem \. If | isan openideal of S, then R(I) is the set of nilpotent elements
with respect to 1.

Proof. Let x be a nilpotent element with respect to 7; then xnfl for suf-
ficiently large n, whence xfR(I). Conversely, take any x£R(l) i.e. xmOl for
some m. Let I'(x) denote the closed semigroup generated by x. It is well-known
that the minimal ideal K(x) of I'(x) is a group with identity e; moreover, K(x)
is the set of cluster points of the sequence {X} [5 Theorem 3.1.1]. Since | is an
ideal of S, we see that xne£7 and so K(x)czl, i.e. 7 contains every cluster point
of the sequence {X'}. Now suppose x is not nilpotent with respect to 7, i.e. xpf
€5\7 for infinitely many p. Since S\7 is compact, it follows that the sequence
{X} has a cluster point in S\7. This contradiction proves the theorem.

The next corollary is now clear.

Corollary. Let 7 be an open ideal of S. Then 1 is semiprime if and only
if there are no nilpotent elements with respect to | lying outside of I.

Next, let S be a compact affine semigroup i.e. the compact semigroup S is
a convex subset of a topological vector space such that x(iy+(l —)z)=txy+
+(@Q—t)xz and {ty+{\ t)z)x=tyx+(\ —)zx for Xx,y, z6S, O~/ I.

Theorem 2. If | is an open ideal of S, then R(I) is connected and dense
in S. Further, R(I) is convex ifit isan ideal.

Proof. Let N(I) be the largest ideal contained in R(l). By a similar argument
to that given in the proof of [4, Theorem 1 (1)], we can show that N(I) is the inter-
section of open prime ideals containing 7. In the proof of [1, Theorem 6], any
open prime ideal P of S is so-called ultra-convex, i.e. P contains the set
{m+(I —t)b: afl, b£S, 0<?sl}. Then it is easily seen that N(I) is also ultra-
convex; therefore, N(I) is convex and dense in S. The result now follows easily.
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Corollary. Let | be an open semiprime ideal of S; then 1 is convex and
densein S.

Proof By the above proof, N(I) is convex and dense in S. Since R(l)w
zdN (1)z>l and R (/)=/, we have A (/)=/, giving the result.

Finally, we consider the set P (S) of probability measures on a compact semi-
group S. It is known [3] that P(S) is a compact semigroup under convolution
and the weak* topology. Let the support of a measure fiEP(S) be denoted by
supp 0. For an ideal flcP(S), let tS(Q)= (J suppg, which is obviously an

nin

ideal of S.
Theorem 3. If Q is an open ideal of P(S), then R(S>(Q))=S>(R(Q))=S.

Proof. Since P(S) is a compact affine semigroup, we see, from the proof
of Theorem 2, that N(Q) is the intersection of open prime ideals of P(S) con-
taining Q. As shown in [2, Corollary 1], we have 3i(N(Qj)=S, whence
S>(R(Q))~S. Now take any x£S. Then x£St(R(Q)) implies a€suppp for
some p£R(Q). Since pnEQ for some n, it follows that a"6supp pn and so
xn"S)(Q). Thus adR(3>(Q)), concluding the proof.

Corollary. Let Q be an open semiprime ideal of P(S). Then £HQ)=S.

Proof. We observe that R(Q) = Q, and apply the preceding theorem to obtain
the result.

Note that the openness of ideals / and Q in the theorems above is essential,
as the following example shows.

Example. Let *S=[0, 1] with usual topology and usual multiplication. Let
1= {0} Then R (/)= {0}, but the set of nilpotent elements with respect to | is
[0, ). Moreover, R(I) is not dense in S, while S is affine. If <& denotes the
Dirac measure at 0, let flI={<50}; then R(R{Q))=<3(R{Q))= {0}3'S.
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ON THE POTENCY OF SPACES WITH GENERALIZED
DISPERSION POINTS UNDER MAPS AND FUNCTIONS

By

J. F. CHEW and P. H. DOYLE (East Lansing)

In [1] C. A. Coppin proved the following:

Theorem (Coppin). Let X be a connected, locally connected Hausdorff space
and Y a connected Hausdorff space with a dispersion point. Then any map from
X to Y isnecessarily a constant.

The following represents a slight improvement of Coppin’s result.

Theorem 1. Let X be a connected, locally connected space and Y a connected
Tj-space with a dispersion point. If f: X-*Y is a connected function from X to
Y such that f has closedpoint inverses, then f isa constant.

Remark. Coppin assumed both X and Y are Hausdorlf and that / is con-
tinuous. His proof, however, shows that it is enough to assume that Y is Ty and
that / takes connected sets onto connected sets and / has closed point inverses.
Connected functions have the property that /(C)c/(C) for each connected set
C in X whenever Y is Tx ([2], Theorem 3). On the other hand, requiring / to
have closed point inverses entitles us to conclude / _1(T—{p}) is an open set
in X because f~ 1(Y—{p})=X—~1p) is an open set in X. The proof of the
theorem given in [1] now goes through unchanged for Theorem 1

As an example of a non-continuous connected function with closed point
inverses, consider the following. Let X~ the Sorgenfrey line, 7=the real line.
Define f : X —Y by

X if xS 4

—x+1 if n=4
We now prove the following companion theorem to the theorem of Coppin.

Theorem 2. Let X be a space with a generalized dispersion point p and assume
also that X is dense-in-itself (each point of X is a limit point of X). Let Y be a
locally connected 7)-space. If /: X-+Y is a map such that / -1 preserves connected
sets, then f is a constant. Let X be dense-in-itselfand p a point in X. 1f X —{p} is
totally disconnected then p is a generalized dispersion point of X.

Proof. Suppose /*constant. Then there exists aBX—(pj such that f(a)X
Xf(p). Let b=f(a) and qg=f(p). Pick an open set V in Y containing b such
that g$ V. Since VY is locally connected, we may assume that V is also connected.
Note that £/=/“1(F) is an open set containing a. Hence there exists a'fU such
that a'Xa. Also UczX—{p}, hence, being connected, U must be a singleton.
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This contradiction (that U is a singleton containing two distinct points a and
aj shows that/ must be a constant.

Remark. Let us re-emphasize that X is not assumed to be connected in
Theorem 2 so that the theorem is applicable, for example, if X is the Sorgenfrey
line with pfX arbitrary.

By Lemma 1 of [2], we know that a non-degenerate 7) connected space is
dense-in-itself. Hence we have the following:

Corollary 1. Let X be a non-degenerate connected f-space with a dispersion
point and let Y be a locally connected Txspace. If f: X —Y is a map such that
/ -1 preserves connected sets, then f is a constant.

Remark. Theorem 2 of [5] states that if f:X-»Y is a closed function such
that f~i(y) is connected for each yf_Y, then f~1 preserves connected sets. Hence
we have a second corollary to Theorem 2.

Corollary 2. Let X be a non-degenerate connected I\-space with dispersion
point and let Y be a locally connected Txspace. If f:X—Y is a closed map such
that f -Lly) isconnectedfor each y€Y, then f isa constant.

Remark. Let X be the example of Knaster and Kuratowski [3] of a con-
nected space in the plane with a dispersion point. Then X is a completely regular
Hausdorff space and so there exist non-constant continuous functions from X
onto [0, 1. Hence the hypothesis that /-1 preserves connected sets cannot be
dropped. The proof of Theorem 2, however, shows that if Y is regular, it is enough
to require that f~1(V) be a connected set in X for each connected closed set V
in Y. Functions / which have the stronger property that f~1 preserves closed
connected sets have been called semiconnected (see [5], for example).

Incidentally, Theorem 1 of [5] is a much weaker result than Theorem 9 of [2],
so that it is wise to consult [2] before launching a program to investigate general-
izations of or sufficient conditions for continuity.

Certainly the condition that f~ x preserves connected sets has some force
even in the absence of continuity. This suggests a theorem without the continuity
assumption.

Theorem 3. Let f:X~+Y be afunction from a space X with generalized dis-
persion point p to an arbitrary topological space Y. If / -1 preserves connected
sets, then either f is constant or f(X) has a generalized dispersions point.

Proof. Let f{p)=qg. Then B=f~x(g) is connected and fAX—B isa 1—1
function onto f(X) —{f(pj] since f~x preserves connected sets, and f(X)—
—{f(p)} is totally disconnected or void. Consequently either f(X)= {fip)\ or
f{p) is a generalized dispersion point of f(X).

Let E be the category of topological spaces whose morphisms are the functions
of Theorem 3.

Corollary 3. There exists a category FczE that is a non-full subcategory
with morphisms that are epimorphisms and whose objects are points or spaces with
generalized dispersion points.
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We noted that in Theorem 3 there was no continuity assumption on / and
wondered whether we might be able to get a result suggested by Theorem 2 without
assuming / to be continuous and without assuming Y to be locally connected.
For this purpose it will be convenient to isolate a property of topological spaces
which has (apparently) hitherto gone unnoticed.

Definition. A topological space Y is LW if givenyd Y and given an open
set U in Y such that yZZJ there exists a non-degenerate connected set V such
that yEVcU.

Note that the closed up sine curve is LW and that any discrete space is a
locally connected space which fails to be LW.

Theorem 4. Let X be a space with a generalized dispersion point p and let
Y bealLW Trspace. Then there does NOT exist a function f:X-+~Y from X onto
Y with theproperty that f~ x preserves connected sets.

Proof. Suppose such an / exists. Since Y is, a priori, non-degenerate and
since / is surjective, it follows that / is non-constant. Choose af£X—{p) such
that f(a)?if(p) =q. Select an open set U in Y such that b=f(d)d U while q§U.
If IF is a non-degenerate connected set such that bdfWczU, then / _1(IF) is
a connected set in X and f~1(W)czX—{/>}. Hence f~1(W) is a singleton. But
the non-degeneracy of W implies that f~ 1{W) is more than a singleton since
/ is surjective. This contradiction proves that such an / cannot exist.

Recently (see [4], for example) there have been examples of countable con-
nected Hausdorff spaces with dispersion points in the literature. If X is a countable
connected space and Y=[0, 1], then, of course, the only continuous functions
from X to Y are constants. We close this paper with the following:

Question. Let 1 be a countable connected Hausdorff space which has a
dispersion point and let Y be a connected, locally connected Hausdorff space.
Are constants the only continuous functions from X to Y?
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ZUM GULTIGKEITSBEREICH DES ZENTRALEN
GRENZWERTSATZES UND DES GESETZES
DER GROREN ZAHLEN

Von
W. KRATZ und R. TRAUTNER (Ulm)

0. In der vorliegenden Arbeit werden hinreichende Bedingungen fur die
Gultigkeit des Zentralen Grenzwertsatzes (ZG) diskutiert. Wir wollen annehmen,
dal der zugrunde gelegte Wahrscheinlichkeitsraum R =10, 1] mit Lebesgue-Maf
ist. (Eine Ubertragung auf beliebige Wahrscheinlichkeitsrdume ist mdglich, da
nur die Verteilungsfunktionen der betreffenden ZufalIsvarlablenluntersucht werden.)

Seien ®,,(x) Zufallsvariable mit Erwartungswerten f &,,(x)dx —0 und

(0]
1

Varianzen j ®%(x) dx=1, und sei (c,) eine Folge reeller Zahlen mit c,,>0, Cfi=
(0]

2 02’\_« cN=0(CN. Man sagt, dal der ZG fur die Zufallsvariablen &n(x)

bezugllch der Folge (c,,) gilt, falls die Verteilung der Zufallsvariablen = é\l cndu(*)

“'N n=1

. . 1 > . . .
gegen die Normalverteilung E—- f e”'22dt konvergiert. Beim klassischen ZG
n

ist ¢,=< und die ®,,(x) sind identischverteilt und unabhdngig. Wir untersuchen
hier, inwieweit man die Voraussetzung der Unabhédngigkeit abschwéchen kann.

Reveész [5] und Mericz [4] gaben folgende Richtung an: Man ersetzt die Vor-
aussetzung ,,®,, unabhéngig” im wesentlichen durch ,.®,, multiplikativ orthogonal*
und weitere Zusatzbedingungen. Dabei heiflt nach Alexits [1] ein Funktionen-
system multiplikativ orthogonal, wenn gilt:

r
bni.,.k=f &nl(x)..dnk(x)dx =0 fur alle 1S w<...< nk,n*N, KEN.

0

Der Beweis bei [4] zeigt, daB folgende Bedingungen hinreichend sind fur die Giltig-
keit des ZG:

N _* .
1) ij,,2:i cn™n(x) *1 dem MaR nach auf [0, 1];

das heiflt fir die Folge 4n(x)=®1(x)—1 gilt das Gesetz der GrofRen Zahlen
beziglich der Folge (cjj),

2 lim f n \-I'I o, (x*"x=1 fir teR
@) N5 mf e e (8t
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und

3 / MW\-ii-£-® n(x) dx = K() fir NEN, iiER
(Siehe auch [3], Proposition.) Hinreichend fir die Bedingung (3) ist

4 6]1¢1x(x)... 0"k(x)dx ~ Ck fur alle 17~ w nk, nEN
(siehe dazu [3], (6)); denn aus (4) folgt:

it me @S F oA+ (x)\dxs

N /2k
= 1+2T1T" kX 2 cBi... ck f DR(X)... pk(x)dx =
k=1 AN .. <nk™N
N f2k 11 thz
t2 c2C a*
—1+ k%ITqul"n,<...2<V|K 7 %= Kl

Die Bedingung (4) ist z. B. erfillt, wenn die Folge (®,,(x)) gleichmaBig beschrénkt
ist,d.h. \®, {X)\*K fir nEN, x£[0, 1].

Wir geben schwéchere Bedingungen fiir die Gultigkeit von (1) und (2) an.
Hinreichend fur (2) ist etwa ,,®,,(x) schwach multiplikativ, d. h.

<0°-
l’\ﬂl<.2..<I'IK 0

Weitere, feinere Kriterien erhalt man, wenn man die /2Normen

TSR S ST
oder die Verteilung der bni ,k oder fur monotone Folgen (c,) Mittelwertsétze
betrachtet. 1
Mit &hnlichen Methoden (Verteilung von J LX) P,2(x) dx, Mittelwert-

0
sétze) erhdlt man Bedingungen flr die Gultigkeit des Gesetzes der Grofien Zahlen
(GG), die auch unabhédngig von den Anwendungen auf den ZG von Interesse
sind.

1. Bezeichnungen und Hilfsmittel. Fiir eine Folge (c,) reeller Zahlen und eine
Folge (®,,(x)) auf [0, 1] Lebesgue-meRbarer Funktionen sei
a = nZ:lC?' SN(x)= ngl c,,®d,,(x) fir x€[0, 1],
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S
und Fn(Y) seidie Verteilungsfunktion von g(\);) ; d. h

UVO) = H(\{ m Ng _* «n

(4(M) bezeichnet dabei das Lebesgue-MaR der Menge M.)
ipN(t) sei die charakteristische Funktion von FN(Y), also

M) = Je iydFN(y)—J e itShWcr<dx

(nach [4], (7). Uber die beiden Folgen (c,) und (®,,(x)) werden wir im allgemeinen
folgende Voraussetzungen machen:

1
(5) dn(x)Eb2[0,1] und |/ dn(X)PT(X)c\ S K fir n” m, n, mEN.
0

(6) C,> 0, CN—o0° cN= o(CN flir N-* oo
Als Flilfsmittel in (2) und (3) bendtigen wir:
Lemma 1 (Mittelwertsatz). Seien N,kEn, bM wver fur {vic..., vk}c:
c{l,
| i mk
2- 2 «yiy - 15 nvamSN, v=12..Kk|,
2" k="K
und sei (c,) eine monotone, nichtnegative Zahlenfolge. Dann gilt:

o 2 AL.CMOML.K = (2cNKBIN), falls ent
Und V1. vk=1
N
) 2 Qui..Okbvi.vk (2Q)kBk(N), falls cn\.
vl vk=1

Beweis (durch vollstdndige Induktion nach «k): Sei zuerst cnf. Fir k=1

liefert der 2. Mittelwertsatz der Integralrechnung mit = far 1 1
und O0g/b)=fb]t fir I"x<iV +1), /(V+ 1)=cy:
N+ JIE:!

2 cn =f gXf(x)dx =f(N+2)J g(x)dx =

V=1 1 f

JVH N

=end gX)dx =cN 2 bv-cN*-[f\)b[0 (Is (s V+I).
Also gilt:
N N

©) 2, 0bv=aN 2 bv+6bn
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fir ein nOE {1, M und ein 0£]—L 1] und somit
N
201 —ov ZK +\o,M\s2cNBI(N).

Die Behauptung gelte also fir kd N. Dann folgt zuerst mit (9):

ol bl vioi — Z ol 2 Givore 1l :
1= =l k= |

N
eN L cvemc Z )., \A<\k+|.v.® e e v o

Ui, vk=1 L ore'>0 vi,...,vk=1 )

far ein nOE {1, N} undein 0£[—L 1]. Die Induktlonsbehauptung liefert:

Z O/ -Ob+HM. McH

\L... \k+x=1
S cNI(2cNkMax Q7 = Z 7 vi.vkwer 11SnVSTRIVSiIV v=l, —,  +
- X vk=nk &+1=rD
ml mk
+ (2cNkmax / .. 2 1 S«vSmvVvSAIL, v=1 , kijj s
=X vk =nk

S cN((2cNKkBk+1(N)+(2cNKBk+1(N)) = {2cNk+kBk+1(N).
Fuar c,) folgt vollig analog die Ungleichung (8).

Bemerkung. Analog zur Gleichung (9) fir k—1 erhdlt man auch im all-
gemeinen Falle eine Identitdt, in der dann 2k Summanden der Form

Z bni.,.iil...iij...nk

auftreten; wir benétigen allerdings nur die Ungleichungen (7) und (8).

2. Zentraler Grenzwertsatz (ZG). Wir fragen in diesem Abschnitt nach der
Giultigkeit des ZG; d. h. unter welchen Voraussetzungen tber die Folge (c,) und
die Funktionen &, (x)

Y,

1
(10) Um FN(y) = f e~224t fur alle gilt.
N~°° \Zn jL
Dies ist &quivalent mit [2]:
(11) NI_-lm (AN{t) —Nﬂm Jf e~*“ydFN(y) = e~tm fur alle i£R.

In diesem Zusammenhang werden wir noch stets Folgendes voraussetzen:

(12) J d>I(x)dx=1 und J <P,(x)dx =0 fir alle n£EN,
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d. h. die Erwartungswerte der Zufallsvariablen sollen gleich 0 und die Varianzen
gleich 1 sein.

Lemma 2. Fir die Folgen (c,) und (P, (x)) gelte (4), (6) und (12). Aullerdem
gelte:

(1) L,ﬁ’rnZ:'I c*®dLx) —1 dem MaR nach auf[0, ]
und

lim f [T [\-it ldx =1 far alle tER.
@ L] Lv J

Dann gilt der ZG, d.h. ’\U*(r&)ﬂ\l(t):e fir alle i€R.

Beweis. Moricz fihrt in 41 (siehe auch [6]) den Beweis, indem er ez=
= (1+z)e:22+)(1) fur |z|—O und damit

(pN(t) = fne~i,deN(y) = je~i,s" X¥cNdx =
— 0

2 VN i <Pnx) op 2 A CADA(X) | i

J M CN -[2 10 -cr +°T )
benutzt.

In [4], Satz 2, zeigt Moricz, indem er ein Ergebnis von Revesz [5] verbessert,
daBR unter den Voraussetzungen (6), (12) und der gleichmé&Rigen Beschréanktheit
der Folge (®,(v)) folgende Bedingungen fur die Gultigkeit des ZG hinreichend
sind:

1 |
(13) f otx)emx)dx = J A(x)dx f d(x)dx =1 fir n m
0 0 0
und
I
(14) f OAX)...P,,K(xNe =0 fur «!<ee.< nk; fcEN.
0

Letzteres bedeutet: ,,(®,,(x)) ist ein multiplikatives System* (Alexits [1]). Das
Ergebnis von Mdricz ergibt sich aus Lemma 2, da aus (13) die Bedingung (1) und
aus (14) die Bedingung (2) folgt.

Wir werden zunéchst die Bedingung (14) abschwéchen, und zeigen aber vorher,
dal im Satz von Moricz die Bedingung (13) nicht vollkommen wegfallen kann.
Eine entsprechende Bemerkung steht in einer Arbeit von K omiss [3].

Lemma 3. Fs gibt Folgen (c,) und gleichmaRig beschrankte Folgen (®,,(X)),
die die Voraussetzungen (6), (12) und (14) erfillen (d. h. multiplikative Systeme),
far dieder ZG nichtgilt.

Beweis. Wir gehen aus von Folgen (cn) und gleichm&Rig beschrédnkten Folgen
(f'nix)), die die Voraussetzungen (6), (12), (13) und (14) erfiillen. Wir betrachten
jetzt den Wahrscheinlichkeitsraum R*=1[0,2] mit dem MaR dp(x)=dx/2 und

definieren: &, (/)="2!PMIN fir OSiSlI und &,(r)=0 fur I<i”*2.
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Dann ist
/ D*Op)=/ 2~(OA2 =1
(0] (0]
und
1
Prix)dii(x) = 292-1x | ~,,0X)... =0
0
far 1=« 1 * = ... also erfullen die Folgen (c,) und (®,(x)) die Voraussetzungen

(6), (12) und (14), und die ®,(x) sind gleichméRig beschrankt (entsprechend fir
das Intervall [0,2]). Aber es gilt fir (®,(x)) bzgl. (c,,) der ZG. Es folgt:
2 dem MaR nach auf [0,1]

JU‘rE av ,,2=f‘6)¢«(/\) = 0dem MaR nach auf [1,2],
und damit:

n/fir@ ~£) HQ H+»-

d. h. fir die Folgen (c,) und (¥, (x)) gilt der ZG nicht.

Wir geben jetzt einige hinreichende Bedingungen fir die Gultigkeit von (2)
an. (In 3. geben wir noch hinreichende Bedingungen fiur (1) an, d. h. die Giltigkeit
des GG.) Dazu definieren wir fir k£ N:

1/2

I-stli = und
Isn"rip K 1S bL..nk

&

Satz 1 Die Folgen (c,) und (®,(x)) erfillen (1), (4), (6) und (12). Dann ist
jede der folgenden, zusétzlichen Voraussetzungen hinreichend fiir die Gultigkeit des
Zentralen Grenzwertsatzes:

(2Gj) 2 il < 00 (d. h. (®,(x) schwach multiplikativ);
=2

(ZG2 (3l = o(i/~k)fir k “m
(ZzG3 Fir alle s>0 mit

Fok, N) = jfo, ..,nR: bni t k2 1=2nx AN,
gelte:
. FEk,N))1k . .
hm max c,,(--E(---—z-)----: 0 gleichméRBig ink =2,3,;
iV—co \ tfAN Cly

1 \M\ bedeutet die Anzahl der Elemente der endlichen Menge M.
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(ZG4 Die Folge (c,,) sei monoton, und es geltefir

m
BfN) = Max oo * 0 1—W—m, "N, v=1 , Ajj
) | \éﬂ \é)bK... W Jj

Jim. &Bk(N),y)k(l MG OgleichmaBig ink=2.3,...

Beweis. Nach Lemma 2 geniigt es jeweils (2) zu beweisen

1 v N
- I = -'0* " _— =
f [7(1- itc«dp,00/Cs) dx = 1+ kél (-'0 113<rﬁ1_22.“~:nk C (I;fl; rk O]f] T -rkOOdx

r N
= 1+2 (~w)x 2 ek BENk
wegen f <P, (X)dx = 0. Mit

N

XK Z2j  brieebrkinl...nkC\
ist (2) also &quivalent mit:

(15) lim 2 dNK{—itf = 0 fur alle tc\l.
“k=2

Hinreichend fur (15) ist:

(16) Nl_i*[p0 i\dNK = 0 gleichmé&RBig in k = 2, 3,....

Dabei ist (16) sicher immer dann erfullt, wenn gilt:

(17) lim d\k= 0 fur k = 2, 3, ...
und
(18) \dNK dk fur alle NfN mit kI_i*rpO I~k = 0.

Wir werden jeweils (16) oder (17) und (18) als hinreichende Bedingungen fir (2)
beweisen.

(@ Zunachst folgt (ZG2 aus (ZG”; denn ausk2 l#Ji< 00 folgt:k2 HMNJ1< >
=2 =2
also gilt gy |lzy 2—0 und damit auch \BK\2= 0 (fk) fdr k-

(b) Es gelte (ZG,). Wir zeigen (17) und (18).

N 2

d kA" 2 cni- ¢ nkbni...nK\C tk

<f»k
N N
2 bl . .nk 2 cl...clkCNZ == \BK\I/k

I"n
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denn
N | ™N 1
2 F 2 =rT 2 ci...ci = c$7k\.
Noeowly o Nk= 1 Ap ... Mk=1
Mit || Md|2fe= (V) folgt Y*4=0(1) fir und damit (18). Um (17) zu zeigen,

beachten wir, daB zu jeder Folge (xn) mit I/%:1\/V <0° eine Folge yn\°° existiert

mit 21*B7nl<00- Wenden wir dies auf

W = 2’
JWWo<..<Jb.
® ®
an,sogilt 2 k1< °° und wir erhalten eine Folge y j °° mit 2 biinkyli
n=1 I~n 1<, .<nk
Dann folgt: 1
a0 NOhl —
( 2 V"Crl'n( ALk
1 i A
4 2 i 2 <ni K

= 0(1) 2 @&,,212 c») OpA= 0(1) -4-x 2 GF&<2=0(1) fur N
(c) Esgeltejetzt (ZG3. Sei e>0 beliebig, und sei

AN/= 2 cnl--clbni nkCik und dj$ = dNk-d$.

Fl(k,N)
Wir zeigen zunéchst, dall aus (ZG3 (16) folgt fur 4*
14* 1= Fefk, N) <Kk (max c,,C )k

(beachte \bni__,kK\"K k wegen (4) mit K=C 1/2).
Es folgt mit (ZG3

NI_Lryo /|<4V1 = lim K- max c,,IC"lch(k, N)vk = 0

N-+ 00 n

gleichméRig in k—1, 3, .... Also gilt

N
19 i *(—D* = U
(19) lim 2 ,4*(—D 0 fur alle R,
x> (_ * AN I N 1
2,4% (-0 ézsN K2tkC sk W %K:l Oni...c,,fcs -
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wegen
N N VP2
2 cl.clk= 24 All2 = C%NKA
|

K

Es folgt zusammen mit (19) Bedingung (15).
(d) Esgelte (ZG49. Wir zeigen (16). Mit Lemma 1folgt:

* —(2(Ci+ cn)Y * CNKeBk(TV),
=i <N SO H.. 1K (2( ) ()

und folglich gilt
lim Y\d2\ & lim 2(cl+c,)C*(Bk(TyXk= 10

gleichméRBig in k=2, 3, .... Damitist Satz 1vollstdndig bewiesen.

3. Gesetz der GroRen Zahlen (GG). Wir werden in diesem Abschnitt stets
noch voraussetzen:

(20) (d,) sei eine Folge positiver Zahlen, DN 2 d,, mit
'\!Ij'[&:dNDN: 0 und DN—oco.

Die Folge ('Fn(x)) erfulle (5) und (d,,) erfillle (20). Wir sagen dann: (4f,(x)) erfullt
beziglich (dn) das Gesetz der GrolRen Zahlen, wenn gilt:

(21) rl]'~r@°51n é\l dn  (x) =0 dem MaR nach auf [0,1].

Mit diesen Bezeichnungen ist die Bedingung (1) (Lemma 1) &quivalent mit:

Die Folge (W,,(x)= ®2(x)-1) erfillt beziglich (d,=c\) das Gesetz der
GroRRen Zahlen, und fiir das so definierte ®,,(x) ist die Bedingung (13) von Mdricz
&quivalent mit:

1

/ 'Pm(x)dx = 0 firm n, d. h. (®x)) bildet ein Orthogonalsystem,
0

Wir werden im Folgenden diese Bedingung der Orthogonalitidt und die gleichmaRige
Beschréanktheit der YL,(x) abschwéchen. Sei dazu:

|
B = (bik mit bik= f 'Fj(x) Fk(x)dx fur i,k = 1,2,....
0

Satz 2. Fiur (Fn(x)) und (d,) gelte (5), (20) sowie bmd,/D,-+0 fir n—
Dann sind die folgenden Bedingungen jeweils hinreichend fir die Gultigkeit des Ge-
setzes der GroRen Zahlen, d. h. (21):

(GG4 Furalle e>0 existiert M(e) mit \biki<e fur ik und i>M(r,), k>M(R);

Acta Mathematica Academiae Scientiarum Hungaricae 29, 197T



64 W. KRATZ UND R. TRAUTNER

(GG2 Es existiert eine Funktion (IHN) mit 2 <=o0(2)v) fir jede beliebige
il

Hn
Indexmenge mit /)¢ {1, , TV} \IN\@ m(p(N), undfiir alle £>0 existiert
M(e), so dalfir

FfN) = {(/, k):\bikh\> e, i £k, M(e) < ié& N,M(e) < kS N)
\Fe(N)\ra<Z(N) gilt;
(GG3 Die Folge (d,,) sei monoton, und esgeltefur

mi
B(N) =Max 2 K w: 1W«i”™ mls N, 1s v2g iV}

tim(di + d§B(N)/DIf = 0.

Bemerkung. Bildet die Folge (¥.(x)) ein Orthogonalsystem, so sind alle
Bedingungen (GG1j2i3) erfllt, soweit sie die Folge (4',,(x)) betreffen; d. h. wir
bekommen schwéchere hinreichende Bedingungen fur Gultigkeit des GG.

Beweis. Hinreichend fir (21) ist
(22)

Wir zeigen jeweils (22).

(@ Zuné&chst folgt aus (GGj) unmittelbar (GG2. Man wéahle <P(N)=0
in (GG2.

(b) Es gelte (GG,). Fir e>0 sei

A ={(r, kK): \LLiAN, Irak rAN};
Ak= {(/,K)EA:i =sM(e) oder k & M(s), i + k}
A2= {(i,k)EA:i>M(s) und k>M(e), / + k, (i,k)SFc(Nj}

also
A = AxUA2UFfN)U{(,/): I sis N}
Es folgt:
2 d,dkbikiD¥% = 2 d?bw/D%+ (2 +22+ 2)ddkb M =1+ 1+ 111+1V.
a i=i ax a Fe(N)

14 =w ~2 didfnIDi = o(\) —2_di = o(l) fur NIT-
i=1 us i=1

denn Dn~*wo und dib-JDi-*0 fiir N->00 bzw. <,

N M(e) M(e)

\II\"2K—D[]2I,Z_i K2_i didk=2K-Dj1ig1 <,= o(l) fur tf-oo0
wegen Dn\ao (20) und wegen (5); d.h. \bikk"K.

[1H] 2 didkD% = e.
ik=1
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Zur Abschétzung von 1V kénnen wir dn\ fir 1Sn”~N annehmen; denn anderen-
falls ordne man die di,...,dN geeignet um. Sei ¥i(V)=[Y<>(V)+ 1] und

Fi = {(i,k)(LFe(N): i< Y(10}, F2= {(i,k)EFt(N): * < MO},
F3= {(K)EFe(N): i& Y(IV), K S Y(V)}

Dann gilt fur alle (r, k) mit i**F(N), k"W iN) und alle (m, n) mit
(N) dtdk”d mdn. Damit folgt:

\V\XAK(IZ+§+ 2)dA/D% @KZLZ_I d-A\D\ + KF32dA/D%

und weiter wegen |.Fe(1V )|sy2(1V)

AZ@ GADN+K 2. Z dAIDI = o(l)

fur wegen (GG,) (*(N) —1& \<I>(N)) und (20).
(c) Esgelte (GG3. Dann folgt mit Lemma 1:

2 dAbJD; Zd{DNZ debik
ik=1 i—1 k=1
) iljv, falls 4.t
ZdiDNZl 2 bik+ 9t Bino iy .
k=n1(i) dx, falls dj

—2B(N)(dI-\-dN Z_dj/Dtf —2B(N)(d1+dN/DN—o(l)
i=i
fir N-+°° wegen (GG3J.

Bemerkungen. (1) Die Bedingung (GG” besagt, daR in der Kovarianz-
matrix B=(bik die Nichtdiagonalelemente gegen Null gehen; dies wird in (GG2
dahingehend abgeschwaécht, dal lediglich der ,,groRte Teil* gegen Null konvergiert.

(2) Ist (p(N)=0(N2 in (GGg, so lauten die Bedingungen:ﬂGhZV d,,=o(DN
fur 14y=o(2V) sowie

@, k): \bikh> s, i Ok, i> M(e), kK > M(e)}] = o(N2.
Dies ist in einem gewissen Sinne die schwéchste Bedingung, die fiir die Verteilung
(|[Er(A)|) der bik mdglich ist. Obige Bedingungen fur die Folge (dn) sind etwa
erfullt fir dn—x fir a> —1, aber nicht erfullt fur dn-=n~x oder dn—e™* mit
a=-~0.

3) Die Autorem danken Herrn F. Moricz die Vereinfachung des urspriing-
lichen Beweises von Satz 2.
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NOTE ON A PROBLEM OF CATHERINE RENYIl ABOUT
JULIA LINES

By
J. S. HWANG™* (Hamilton)

Let f(z) be an entire function. The ray argz=3 is called a Julia line if in
every angle |argz—9|<s the function takes every finite value infinitely often
with at most one exception. Catherine Reényi asked (see [1], Problem 2.4) if an entire
function can have different exceptional values at different Julia lines. This is shown
to be the case by Toppita [2] and later by a different method by Barth and Schneider
[3]- A notion connected with exceptional values is that of asymptotic values. A path
tending to infinity is called asymptotic path with corresponding asymptotic value
w if /(z)--w as z->-°° along the path. In this connection we prove the following

Theorem. Let E be an arbitrary nowhere dense closed set on the real line periodic
with respect to 2n and w(9) (Sf_E) an arbitrary function periodic with respect to
2n and belonging to thefirst Baire class on E. Then there is an entire function f(z)
which has all the rays argz=$£E both as Julia lines and asymptotic paths with
corresponding asymptotic value tv(9).

We remark that the assumption on tv(9), i.e. that it be the pointwise limit
of a sequence of continuous functions is obviously also necessary.

Proof. We can add to E a countable set E' such that EC\E'—0, EcE’,
the closure of E' and E"—E\JE’ also satisfies the hypothesis of the theorem.
We can then extend tv(9) to be a periodic function on E" such that for every
£>0 and 90EE the set {w(9): |9—90|< e, 9dE'} be e.g. everywhere dense in
the complex plane. Since E' is countable the extended function will also belong
to the first Baire class and so tv(9)= H_ang,,{Q) ($£E") with g,(9) u=1,2,...)

continuous on E". Let g(nei9=g,,(9) and g(xei} e.g. linear for nlUx"*n+1.
We have thus defined a continuous function g(z) on the union of rays arg z£E",
|z|sl, and so by a result of A. Roth (See [4]), one can find and entire function
/(z) suchthat f(z)—g(z)—0 (even uniformly) as z->-°°, arg zEE". This obviously
implies the statement concerning asymptotic values. It remains to show that each
ray arg z=90£E isa Julia line.

Assuming the contrary there is a sector |argz—90-=£("1), |z|s?R(, where
/(z) omits two finite values. So does then the family of functions

fR(s) =f(R eia«+SRr.j2)

* | am indebted to Prof. P. M. G authier and Prof. Q. I. R anman for financial support dur-
ing this work. I also would like to show my deepest thanks to the referee for his complete correction
and generous guidance.
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for |j|<1l, R=2R0. Now, a family with this property is a normal family (see e.g.
[5]) and since / r (0)->-w(#0, as fR(s) is bounded for |s|sr<1, uniformly
in R, ie /(z) is bounded in |arg z—)<e/2, a case ruled out by the construction
of E' and w(!)) on E' which implies that the asymptotic values of /(z) correspond-
ing to asymptotic rays in |arg z—50|<e/2 are everywhere dense and the proof
is completed.
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APPROXIMATION THEOREMS FOR COSINE
OPERATOR FUNCTIONS

By
B. NAGY (Budapest)

1. Introduction. Let X denote a complex Banach space, B(X) the space of
bounded linear operators from X into X, R the real field. A cosine operator
function C(t) is a mapping of R into B(X) such that C(0)=7 (the identity
operator), for every s, tZR

(1) C(s+t)+C (s-t) = 2C(s)C(t),
and t~t0 implies C(t)-+C(tQ in the strong operator topology of B(X). The
generator operator A of C(t) is defined as Ax=\m\—[C{t)—I]x for exactly
those x£X for which the above limit exists in the strong topology of X. The
fundamental results on cosine operator functions can be found, e.g., in [3], [6] and
In this paper we will study the behaviour ofthe operators
w- | f2k
{t) = C(/)- k2:0 ;I'qu{\r Ak (n Pesitive integer)

in the neighbourhood of t=0. The starting point is Taylor’s formula [6], stating
that xdD (An), tER imply
0)2n-1

Tn{t)x = f | (2u_ ! C(s)Anxds.

In Section 2 the saturation problem is solved, making use of the concept of relative
completion (cf. [1]). In Section 3 some applications on function spaces are presented.
Concerning similar problems for semigroups of linear operators see, e.g., [1] and

We note that in the Banach spaces dealt with the norm will be denoted by
Il (with a subscript if necessary), and for the natural pairing of X* and X we
shall write x*x or (x* x). Also, for an operator A, we shall denote (A*)k by
A*k and (AK by Ak~

2. Saturation theorems. If C(t) isa cosine operator function and A is its generator,
then for n=1,2, ... A" is a closed operator with domain D(A”) dense in X.
Introduce in D(An) the a-norm

M,, = x|+ |+ ... + N7¥],
then Dn—{D(An), |+ |} isa Banach space (D(= X, by definition).
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Lemma L1.1f yED(A™), then
\2n)\t~2T,, (t)y—An\ = o(l) (7 - 0).

Further, if x*D”"A™-1), xkED(An) for k=1,2,..., Im*—An 1—0 and {Anxklk
isa boundedsequence in X, then

\Tn{t)x\ = 0{.n (t “m0).

Proof. Since C(t) is an even function, we may and will suppose />0. From
Taylor’s formula
\@2ri)\t~2Tn(t)y—Am\ =

1 J
) C(s)A"yds—Znt~2'I (t-s)2r1A"yds

‘(t_eta
(2n)\t~2hrT ﬁ(ZM )

= 2/if_2n| f (t—j)2n 1(C(i) -d)Arnyds\ S sup |[(CG)—)Amn\ —0

as t—0. Moreover, for every K
t-20\Tn(t)xk\ = (2«)!_1 sup |C(s)|I/I',xk] S M\Anxk\
ONs™t
for By assumption,

t~2\Tn(t)x\ = tl_igg t~20\Tn(t)xfd JTs yp \Akk\ A Mt

and the second statement is also proved.
The following definition is suggested by Lemma 1(cf. [1]).

Definition 1 The completion of D, relative to £),,_x is denoted by A?"-1
and defined as

5?»-*= Rlio ~SjRY'\ where Sﬂ(@ = [yZ[)n:\y\eA Q’

and S,(7?)_1 denotes the strong closure of S,,(R) in Dn_1.
In this terminology Lemma 1 states that x€ A?”-1 implies |73,(/)x| = 0(72).
In the converse direction we have

Lemma 2. If xED(An~K) and frer t~2n\T,,{t)x\<°°®, then XxED%n~.

Proof. For every x£D,, 1 we define
x(t) =n f (t—8)2'~1C(s)xds (tER, t* 0).
"o

We have for k=0, 1, ..., n—1
Akx(t) = j £ f (t—s)2n~1C(s)Akxds,
‘0
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for Ak isclosed and AKC(s)x=C(s)Akx. Hence
\Akx (t) —Akx\*  sup [[C(s) H]Akx\ -*0 as t—O0,
0sss|t]

thus |x(/)—xl,,-!1—0, as /-*0. On the other hand, for every y£ Dn we get, by
Taylor’s theorem,

® ayw - B Tene (s)amas=¢ 1 ooy

Since A also generates a semigroup of class (C0, a suitable modification of I.
Gelfand’s proof (see, e.g., [2], p. 12) yields that D(An) is w—)-dense in D,,-u
ie. for xfD "l there exists a sequence {yr}aDn with \yr—\n"1-"0 (/m*<>).
Butthen for r—°0 in the norm topology of X we have

Yr(0 =ji f (t-sr~KkC(s)yrds - x(/)

and, because of (2)
n—1 f2k

7.0-001 Ok, T T nox

A\l
Since An is closed, " nx{t)—2f- Tn(t)x. By assumption, there is a sequence

{tr}ei? suchthat t~2n\Tn(t)x\"K < °° for every r, and rr-*0. Then Xx(tn£D,,,
[x(fr)-x:]Il_1-0, while NAnX(tH\"K(2n)\, thus |x (o). = 1x (tn] + [Aa-(in]+ ...
.. VANX(tY)\ remains bounded when r-»°°. Hence x fi"-1 which was to be
proved.

Corollary 1 If x(:_D(A"~K and for some sequence {ir}—0 we have

(2n)\t~2nTn(tr)x—~y, then xED(An) and A"x=y. (— and will denote weak
and strong convergences in X, respectively).

Proof. From the proof of Lemma 2, x(tnE£D(An), x(t)—x and Anx(tr)=
=(2n)It~2nTn(tr)x -~y . Then, by a result of Mazur (see, e.g., [8], Theorem 2
on p. 120), some sequence of convex combinations of the elements Anx(tr) con-
verges strongly to y, and the sequence of the same convex combinations of the
elements x(tr) converges strongly to x. Since A" is closed, we obtain the asser-
tion.

Corollary 2. x€D(A"~K and fimt 2'|l,,(r)x|=0 imply Tn(t)x=0 for
every real t.
Proof. Corollary 1 vyields that Anx—0, and Taylor’s formula proves the

statement.
Now we give the following definition of saturation (cf. [1], [2]).

D efinition 2. Let 1 be a Banach space, Y a linear subset of X, T(t) (/>0)
a family of linear operators from Y to X. Suppose there is a positive r such
that for any y£Y the limit relation \T(t)y\=o(tr) (t-»0-b) implies T(t)y=0
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for every i>0, while F{T(t); Y, X}= Y:AT()y\—0(tr) (/—0+)} contains
at least one y with T(t)y"0 for some 0. Then {T(t); />0} is saturated
in (Y, X) with order 0(tr) and F{T(t); Y, X} is its saturation (or Favard) class.

Theorem 1. Suppose C(t) is a cosine operatorfunction and

n— fak

Tn{t) = C(0- z (2/)! Ak

is not identically O6 B(X) for every t>0. Then {T,,(t)} is saturated in (D(An~1), X)
with order 0(t2), and its Favardclass is D¥n~x

Proof. In view of Lemmas 1, 2 and Corollary 2 we need only to show that
D'f-1 contains an element y with T,,(t)y?+0 for some />0. Suppose that for
every yEDn, t>0 we have T, (tf)y=0. Then Any=C@r»(0)y=T fn(0)>'~0,
hence A"—0£B(X), because A" is closed and has dense domain in X. But then
Taylor’stheorem yields Tn(t)=0£B (X) for every t>0, a contradiction.

Corollary 3. Under the conditions of Theorem 1 assume that X is a reflexive
Banach space. Then F{Tn(t)\ D(A"~r), Xj =D,

Proof. x"D”""-1 if and only if the function t~2nTn(t)x is bounded in a neigh-
bourhood of t=0, by Theorem 1. Hence, according to the Theorem on p. 141
in [8], for some sequence {r,}—0 we have ty2nTn(t)x*y . Thus X£D(An), by
Corollary 1, and Theorem 1yields the statement.

In what follows we will study the saturation behaviour on D(A*n~1) (n positive

integer) of the operators
n— *X
1%() = C(ty- 2 (tER).
k=0 !

Note that the family of dual operators {C(t)*: tER} is not, as a rule, strongly
continuous on X*, and is not what we called the adjoint cosine operator function
in [6]. We shall call it the conjugate function of C(t).

Lemma 3. If A is the generator of a cosine operator function C(t), then A*k=
=Ak*(k=1,2, ..).

Proof. For every k the set D(AK) is dense in X, and we clearly have
A*kczAk*. According to [3], Lemma 5.6, a(A), the spectrum of A, is contained
in (z; RezSw2—(Im z)24wZ for some u;>0, hence the resolvent set of Ak

g(Ak) is nonvoid. Indeed, it is easy to see that for 0 large enough every Ypi
belongs to B(A), thus the spectral mapping theorem (cf. [4], Theorem 5.12.3)
yields that pifg(Ak)= g(Ak*. By the same reason, we obtain pi£g(A*kK), thus
pi—A*k and pi—Ak* are both 1—1 mappings onto X*, hence A*k=Ak*

Lemma 4. If X*AD(A*n"']), then
a) x*ED(A"*) implies \S*(t)x*\=0(t2) (r-0),
b) hmt~ISACt)**~® implies x*ED(An*),

c) Ijmt~A|S;(?)a*[=0 implies S*(t)x*=0* for t£R.
u
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Proof,d) Suppose X*ED(A"*), xED (An), then

n—1 *X
ism**, x) = x=
1 fik :
- \X* ATf 't'STT'lc(S)xcis
' C(0~ N1 LW y.A\ I (21-1)

= [A"™x*f %V-\)\ c{s"xds\-

Since D(An) isdensein X, we get for every x£X

(s:(t)x\ x) = [a-*x*f ~n-7)1 .
Hence for 0 < [i|S| we obtain
S N"*x*|-(2«)!_1 sup [C(s)| <
and our statement follows. oslsts]

b) Here we apply an idea of K. de Leeuw [5]. Suppose {tj} is a sequence
of real numbers converging to 0 and such that tj2n\S*(tj)x*\"K<°° for every
tj. Define for r=1,2, ... Hr={@W)!tj2nS*(tj)x*:j*r} and Gr to be the w*-
closure of Hr in X*. Then Gr is strongly bounded and, by Alaoglu’s theorem,
compact in the w*-topology of X*. The sequence Gr is decreasing and has the

finite intersection property, hence there exists a y* 6rI]1Gr.
Let x6T)("n), then Lemma 1yields
n—1 fX

©) A-x =li, A X
c(0~ T T A

On the other hand, y*x£ p| Grxa I Hrx, hence there is a subsequence tjm=
=t (x)-»0 suchthat
llim {(Iny.tJ"STitjIx ,x) = (y* X).
Because of x*ED{Ak*) (k=0, 1, ..., n—1) we obtain
n—1 /2fc

* =i * Itj* =
(x*, Anx)=lim x,(2n).tJnCA~ n o+ A

= lim ((2n) 'tj 28* (LI)x*, x) = (y*, x),
hence x*eD(A"*).

C) If the assumption holds, then b) and Lemma 3 imply that x*£D(A*")*
If C2(?) (tcR) denotes the cosine operator function adjoint to C(t) (see [6]),
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and Agq its generator operator, then it is seen from [6], Lemma 3 that x*£D(A%" X

and
it—1  tik
s*(0** = x* for tER.

Itthen follows that Corollary 2 applies and the proof is complete.

Theorem 2. If C(t) is a cosine operator function, then the following condition
are equivalent:

a) forevery x CD("4" 1), t£R,
n-X 2k
b) A£B(X), A”=0 and C(t)=k£:O ZZ%WAkfor every tER,
c) A*(?)x*=0* forevery x*ZD(A*"~D, tER.
Moreover, if none of these conditions hold, then {5* (/)} is saturated in (D(A*n 1), X*)
with order 0 (t2), and its Favard class is D(A*n.

Proof. If a) holds, then (3) yields that Anx=0 for xED(A"). Since A" is
densely defined and closed, therefore An=0£B(X) and b) follows. If b) is true,
then S%(t) = Tn(t)*=0*dB(X*), thus c) holds. Finally, if c) is valid, then

(x*, Tn{t)x) = (S*(t)x*, x) = 0 for x*eD(A*"-)xED(An-1, tER.
On the other hand, Lemma 3 and [2], Proposition 1.4.2 yield that for every positive
integer Kk the set D(A*K) is w*-densein X*, hence a) is true.
Concerning the saturation problem, by Lemma 4, we have only to prove that

there exists a y*£D(A*n) with S*(t)y*A0* for some f>0. If this were false,
we would have

(y*,Tn(t)x) =0 for y*ED(A*"), xeDCA"-1), tER.
By the above reasoning, then a) holds, which is a contradiction.

3. Applications. As an illustration, we apply the above results to the cosine
function of symmetric translations on some of the function spaces listed below

(cf. [2)).

UCB(R): the space of all bounded uniformly continuous complex-valued
functions x(t) defined on R, with norm

X\ = sup {|x(0!; tER}.

CO(R): the subspace of UCB(R) for whose elements {/€/?; |x(/)j"e} is
compact for every e>0.

AC(R), ACloc(R): the space of all absolutely continuous (locally a.c.) functions
on R.

LP{R): the Lebesgue spaceson /2(I *

NBV(R): the space of all normalized complex-valued functions x(t) of boun-
ded variation on R.
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It is well-known that if X=UCB(R) or X=LP(R) (I"<o00), then G(t)

(tER) defined by
[G(H)x]0) = x(s+1)

is a strongly continuous group of operators for whose generator
D(B) = {x£X; x£EACId.(R) and x'€ X} and Bx = x".
Then it can be shown that
[COXI(s) = —[xij+O+"["-0]
is a strongly continuous cosine operator function with generator A=B2 Wethen

obtain the following

Theorem 3. Suppose | and n is a positive integer, X, x', ..., X(2+3£
ZLp(R)nACIoc(R) and x(2+2ELp(R). We then have x<2'~25 M\Z2'-1>£Z/(/?)n
MACIlac(R) and x@>"Lp(R) ifandonly if

n—1 fx
limt=2p f —[x(i+0+x(i-01- T m Xm(S) ds

Proof. Follows from Lemmas 1, 2 and Corollary to Theorem 1.
It follows from the results of [2], 1.4.2 that the operator function

[2)(0y]0) = MKs+O +£G-O]

on Y=NBV(R) or Y=L°°(R) is the conjugate function of the cosine function
C(t) of symmetric translations on CO(R) and LI(K), respectively:

DOt :;((d‘ =

Hence A*=B2* and, since B is the generator of a strongly continuous group of
operators, it can be shown similarly as in Lemma 3 that B2*~B*2 Using [2],
Theorem 1.4.9, we then obtain from Lemma 4

Theorem 4. Suppose n is a positive integer, y,y', ...,y<+~=£AC(R) and
y(2'-2>fNBV(R). Then y<2' 23y‘2n~1>BAC(B) and y<2'>iNBV(R) if and only if

i1 "1tk 1
Uffii-2"-Varsjj[H i+ 0+ j(i—01-4 (k) ~A(S|  °°-
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SELECTIVE DERIVATES

By
R. J. O'MALLEY (Milwaukee)l

In this paper we introduce a new form of differentiation for functions
/: [0, ]—R This new form, while natural for Baire 1, Darboux functions, exhibits
some surprising contrasts to the properties of established derivatives.

Our derivates are defined by a process which we label selective. In this paper
a process will be called selective if it has as its first step the selection of a fixed point
from the interior of each closed non-degenerate subinterval of [0, 1]. Selective
processes have been used to obtain characterizations of Baire 1, Darboux functions
[10], derivatives [10], and, more recently, M3 functions [11].

This paper consists of three sections. In the first, we give the necessary definitions
and consider mainly the lower selective derivate. In this section we lay the foundations
for most of the results of the second section. In the second section we show why
selective differentiation is natural for Baire 1, Darboux functions and pass to a
consideration of the finite selective derivative. At that time the similarities and con-
trasts between this derivative and the approximate derivative are shown. Finally,
in the last section we look at the one-sided selective derivates and point out their
fundamental pathology.

1. The lower selective derivate

To simplify the later computations we will use the notation [a b\ to denote
the closed interval having endpoints a and b irregardless of whether a>b or
a<b. Let [a b] be a fixed subinterval of [0, 1]. We select one point p from the
interior of [a b] and label it pUb]. The collection of p’s thus obtained we call
the selection S.

D efinition. FOr a given selection s the lower selective derivate, sf'(x), of
afunction/ : [0, 1J-+R ata point st is

Hminf /(A*, *+») -/(*)
h~° Ptx.x+h”-X
It should be clear from the above definition how we would define the upper
selective derivate «'(x), selective derivative sf'(x), and one-sided selective de-
rivates. It should also be emphasized that these derivates depend on the choice
of plab], different selections possibly leading to different derivates. This fact will
be exploited several times to point out interesting aspects of the results. For example,

1 This paper was developed under the sponsorship of a research grant from the University
of Wisconsin, Milwaukee.
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the selection of Pum —_?}LTb gives as selective derivates the classical Dini derivates.
Further, it should be noted that if f has a derivative at x it has a selective de-
rivative at x for every selection, and the two are equal.

The concept of metric density and the accompanying concepts of approximate
differentiation will play an important role in our development of the theory. We
give several basic definitions here and refer the reader to [12] and [5] as important
sources.

Definition. Let E be a measurable subset of [0, 1] and x be a fixed point. If

. M\EC\[x, xth]\
II!tm — - N—
-0 m [X,x+n\
exists and equals a we say that E has density a at x. In particular when a=1
we say that x isa point of density of x.

D efinition. The lower approximate derivate ap/ ' (M) of a measurable function
/ at the point x0 is

N n > h ity 1at
sup ¥ X(OX( J] as density 1at x0 ,

where the sup over the empty set is defined as —

D efinition. A measurable function / has an approximate derivative apf'(x0
at x0 ifand only if for every e>0

[{w*)-/(*0)

X —x0 -ap/'bw,) < el

[x:
has density 1 at a0.

Standard changes should be made in the above definition to allow for the
case of an infinite approximate derivative.

Finally, it should be noted that we will make use of the properties of functions
of generalized bounded variation several times in this paper. For a good introduction
to these functions again we single out [12] as a reference. We give here only the
basic definition.

D efinition. A function /: [0, I]-«-1? is of generalized bounded variation BVG

if there is a countable collection of sets E,, such that (JF,=][0, 1] and / is of
bounded variation on E,, foreach n. "=l

Our first two lemmas are very simple. However, these lemmas and variations
of them will play an essential role in our work.

Lemma 1.Let /:[0, 1]->A andlet S beafixed selection. Let

P,=1Ix:- A f t > ofor all hwith \nn< —
[ Plx,x +l—x n
If x<y both belong to P,, and then f(x)<f(y). Hence f is of bounded
variation on Pn. il
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Proof. Let x<y belong to P,, and y—x<—. Consider the interval [v,y]

and the point P[Xy]. We have that n
ANl > 0 and 0.
Plxyl X Pix,y] ¥

Therefore /(x)</(y). Then let N1n=P,n|* »2~] f°r i=h 2n. On each
P,[ f isincreasing, from which it follows that f is VB on Pn.

Lemma 2. Let /: [0, J-~R and let S be afixed selection. Let P,, be defined
as above, and let P* be its closure. Let x<-y be any two points with

i) The distance between x and y is less than e

ii) There is a decreasing sequence xk of points of P,, converging to x.
iii) There is an increasing sequence yj of points of P,, converging to y.
iv) min bf'(x), sf'(y)\> -“m

Then /(x)</(y).

Proof. We may assume that x*<¥1i <yj for all k and j. Therefore by
Lemma 1we have

[(**+1) </(xB </(T]) </(yI+)

for all k and j. We claim that f(x) =f(xK) for all k. Suppose instead that there
is an integer K such that/(x)é/(x k). For k>K+ 1,/ (xK </ (xK+j)=F(x K" f(x).
Let the point selected from [x, xt] be denoted by pk. We have f(pK<f(xK), since

xk belongsto Pn and ¥ <xk—x>-0. Thus for k>K+ 1

f(Pk)-Rx) </(x*)-/(x) </(xK+)-/(x) = a< 0.

The sequence xk converges to X, sothat
lim inf f(PK) ~f(x)
Pk-x

contradicting (iv), s/'(x)> —°°. Thus f(x)-<f(xK).

The same argument applies to f(y), so that f{y)>f(y) for all j. Thus
fix) </(xX</(n) </(y).

We now show that in some senses the lower selective derivate behaves like
the classical lower Dini derivate.

Theorem 1 Let f: [0, I]->-7? have s/'>0 for all x for afixed selection S.
Then f is increasing.

Proof. Let E be the collection of all x for which there exists no open interval
containing x on which / is increasing. It is easy to show that the complement
of E is an open set U. Further / is increasing on the closure of each component
interval of U. Thus U can contain no two intervals of the form (a, b) and (b, c),
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which implies that E is a perfect set. If E is shown to be empty, we will have
that / is increasing.
Suppose E isanon-empty perfect set. Let P,, and P* be defined as in Lemmas

1 and 2. We have that (J PnOE=E because sf'(x)>0 for all x. Thus 3 ~
n= 1 n=1

C\E~E, and the Baire E:ategory theorem guarantees the existence of an open in-
terval (a, b) and aninteger N such that

(a,b)I'\E?+0 and (a b)ME cz (a, b) MP%.
If such an interval (a, b) exists, it does not affect the generality of the argument

to assume that (a,b) has length less than . However, we claim that in this

case / is increasing on (a, b), which contradicts EC\(a,b)?+0. Let x<y be
any two points of (a, b). We wish to show that /(x)</(j). If x and y satisfy
conditions i)—iv) of Lemma 2, we have f(x)<f(y). It is clear that any x and
y in (a ti) satisfy i) and iv). Thus we need only consider three cases:

1) The point x does not satisfy ii), but y satisfies iii).

2) The point y does not satisfy iii), but x satisfies ii).

3) The point x does not satisfy ii), and ydoes not satisfy iii).

We will give the proof only for the third case. The proof in cases 1) and 2)
will then be clear.

If x does not satisfy ii), there is an open interval (x, Xj) with(x, XY MPN=0.
Since PN is dense in PL it follows that (x, Xj)[MP$= 0 and hence fx, xQf)E= 0.
Similarly if y does not satisfy iii), there is an open interval (yx,y) with (y\,y)n
MPi$=0 and (ylLy)r)E=0.

We recall that the complement of E relative to (a, b) is an open set and that
/ is increasing on the closure of each component of this open set. Let (cl; dK)
be the component containing (x, x¥ and (c2,i/) the component containing
Oi.T)- If (Ci,dy=(c2,i/2, /(x)</0). If (A, ")"(c2,d) then (clt djf)
M(c2,d2=0, and dl<c2. These two points belong to E, and since E is perfect
ElN(a, b) contains a decreasing sequence rk converging to dx and an increasing
sequence sk converging to ct. Since EC\(a,b)aP£ and Pn is dense in P* it
follows that dx and c2 satisfy conditions i)—iv) of Lemma 2. Thus f(dd </(a),
and finally fix) <f(dr)</(c2<f(y) which completes the proof.

It follows easily that if we require only s/'(x)S0 for all x we would obtain
that / is non-decreasing. In fact we have:

Theorem 2. Let f: [0, 1]—R, and let S be a selectionfor which sf'(x)>— °°
forall x and s/'(x)”~0 for almostall x. Then f isnon-decreasing.

Proof. The proof of this theorem is a standard argument which can be found,
for example, on pages 267—268 of [9]. For this reason we delete the details.

Theorem 3 (Dini Theorem). Let f: [0, 1]—R, andlet S be a fixed selection. If

B = inf f(x))(j;y) and a= inf B (x)]
then a=R" 4-°°,

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



SELECTIVE DERIVATES 81

Again this is a standard argument which follows the same format as [12, p.
204.

The above theorem will be of use in the second part of this paper. A similar
theorem holds for the upper selective derivate.

We note that while Theorems 1, 2 and 3 make no restrictions such as measur-
ability on the function / we nevertheless can show the following.

Theorem 4. Let f: [0, 1]-NJ?, and let S be a selection for which «/'(*)> _ °°
forall x in [0, . Then

a) Thefunction f is measurable and ofgeneralized bounded variation.

b) The interval [0, 1] is the union of a countable collection of closed sets A*,
andfor almost all x in A*f has an approximate derivative ap/'(x)é —a.

c) There is a dense open set V on which f is differentiable for almost all x
in V.

Proof. For each n we define

A = L . /(Pcr*+*])-1(*) > for all hwith W < 1

| Plx,x+h1-X n
and A* as its closure. Since sf'(x)> — for all x, the union of the sets A,,,
n=1,2, ..., is [0, 1]. Let n be fixed, and consider the function h(x)=f(x)+nx.

Then the set A* will be precisely the set P* of Lemma 2 for the function h(x).
We denote the set of bilateral limit points of P* as Q,, Then A*=P*=Q,,URn
where Rn is at most countable. If x and y are any two points of Qn with x<

<y«=x+—then these two points also satisfy conditions ii), iii) and P;) Olf Le_m{na 2.
n —
Thus h(x)<h(y). If we partition Qn into subsets Qni= QniI y— ], 1=

—\,...,2n, then h is increasing on Qni for each i. Thus since Qni is also meas-
urable, we have h is measurable and of bounded variation on Qn. It is clear that
any function is of generalized bounded variation and measurable on a countable
set. We therefore have h measurable and of generalized bounded variation on
(EU{JRn:A*. Since f(x)—h(x)—x the same is true of f(x) on A*. We have

|j‘leA*:[O, 1], so that a) of the conclusion is proven.

For b), Theorem 4.3 of page 222 of [12] states: A function which is measurable
and of generalized bounded variation on a set is approximately derivable at almost
all points of this set.

Therefore, / is approximately derivable at almost all points of Qn for each
n. Let x be a point of Qn at which / is approximately derivable. If y belongs

to Qn and |x— fi. Hence at x, apf'(x)”-n. Since

Q,, has the same measure as A*, b) of the conclusion is proven.

For c), let [a b] be a closed subinterval of [0, 1. Application of the Baire
category theorem to the sequence of sets A*IM[a, b] guarantees the existence of
an open interval (c,d) and an integer N such that (c,d)czA%C\[a,b]czA%.

We may assume that d—c <", which means that if x and y belong to (c, d)
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then > —n. The function / is thus differentiable at almost all x in

X -
(c, d). This )e/stablishes partc).

At this point we provide the first indication of some of the interesting differences
between these derivates and the classical Dini derivates. It is clear that if /'(x)> —m
then / is differentiable for a.e. 5. At any point of differentiability sf'(x)="f"(x),
and therefore we are assured that sf' is measurable. However, the next example
shows that even if / is Baire 1 and Darboux and sf'(x)> —°° for all x we may
still have sf' non-measurable. (In particular sf'(x)?xapf'(x) for almost all x.)
This non-measurability of s/'(x) is in sharp constrast to Hajek’s result [4] which
states that for any function / (measurable or not) the lower derivate of f must
be of Baire class 2.

©
Example 1. Let C be a Cantor set of positive measure, and let U—(J (c,, d,)
be its complement. We define /(x) as i=1

[Q for x N ¢
- 1 .
_Cn)(dn--x)a G X< T

We decompose C into two disjoint non-measurable sets Cx and C2. It is clear
from the definition of / that a selection S can be made as follows. Let [a b] be

m

a fixed sub-interval with a<6. If a and b both belong to U let P[aM=~~Y~e

If b belongs to C let be chosen from (@, b) so that /(/?[,,«)=0. If a
belongsto Cj and b belongsto U choose so that

fiPia,bi)-f(d) = _ j
Pta,bl~a
If a belongsto C2 and b belongsto U choose so that

RPia.bi)-f(d) = _ 2
Pla,bl~a

We leave to the reader the easy details of showing that for all x in C\, s/'(x)= —,
and for all x in C2 sf'(x)= —2. Meanwhile, for all x in U, f has a finite deriv-
ative f and Therefore sf'(x) is non-measurable. This leads us to the
following unsolved problem: What conditions, other than being bounded below,
guarantee the measurability of &/".

In the next section we show a strong relation between the selective derivative
and the approximate derivative. In preparation for this we show the following
theorem.

Theorem 5. 11 f: [0, [[H? and s s a selection for which §'(x)>— < for
all x, then ¢'(x)=ap/'(x) for almostall x.

Proof. Let B={x: sf'(x)>apf'(x)}. We need to show that B has measure
zero. The set B is the union of the sets {x: &{x)>r>a.pf'(x)} where r ranges
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over the rational numbers. We will only show C={x:8 ,(n:)>0>-ap//(g)} is of
measure zero. This will be sufficient to prove the general case. Now {x: ¢ ,(x)>0}
is the union of the sets Pn of Lemma 1 As in Theorem 4, we have that ap/'(x)£ 0
for almost all x in P*. Therefore,

C={*:.,/'(*) > 0}n{x:ap/'(x) <O}CLJ_1PnI'I{x:ap/'(x) < 0}
Since P*M{x: ap/'(x)<0} has measure zero for all n, so does C.
With s/ /(x)gapf'(x) a.e. itissomewhat surprising that we have the following:

Theorem 6. If f: [0, 11->-i7 is measurable, then there is a selection S for which
s/'=aP/' forall x in]0, 1].

Proof. We make the convention for this proof that if c= + °= then for e>0,

c—e= Let [a b\ be a fixed subinterval of [0, 1] with a<b. Let

T
a(y) = supjy:m | \m{[a, b])J,
and
by) - suplym Y. qT T -} 4 ™6
where the sup over the empty set is defined to be equal to —  If a{y) and b(y)

both equal -«> we select piab] to be the midpoint of (a, b). If a(y)>— °° and
b(y)= — we select p[gi)] so that

f(Pla.bi) /(2)_" e(y)_@ _fl).

Pla,bl~ a
If b(y)>-00 and a(y)—— we select P[apn so that
f(Pu.bi)-f(b) ~ 6(y)-(6~a)-
PtaM~b
If a(y)> —o0 and b{y)> — then

{* fM -y >d H M ) and

both have measure greater than :*m{[a,b]) in [a b\. Therefore we may éelect

as P[,tb] a point from [a b] which is in both sets. Now we prove that for this se-
lection we have s/'(x)”ap/ /(x) for all x. Let xO be fixed. If ap/4*0)= —D0
then there is nothing to show. If a/'(x 0> — let e>0 be given. By the definition

of ap/'(*0) thereis a 6 with O<<5<g such that if |Aj<<5, then

m Ib(x)'/(xo) aPuU0)-y[m[x0,X0+A]| mp-a).

X —x0
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By the above selection formula it is clear that for |A<<G we have chosen [\x,x-+]
so that

fiPp ¢ o .x o > ap/'(Yo)- y |A |> ap/' (Xo)-£.
Plixo. xo+ft— -Vo

This completes the proof of Theorem 6.
Combining Theorems 5and 6 we get:

Theorem 7. If /: [0, I]-*i? is measurable and lipf'(x)->— for all x, then
there isaselection S suchthat s/'(x) =ap/'(x) for almostall x.

Also, by combining Theorems 2 and 6 we have the following new theorem:

Theorem 8. If f:[0, I]—7? is measurable and ap/'(x)”~0 for almost all x
and &P for all x then f isnon-decreasing.

A study of the essential points of the proof of Theorem 6 shows that the set

g )10

X —X,,

need not have density 1at x0. We need only

m (I1*er*1 0 > ap/' (*0)- e}MI1j >|m (/)

for all intervals sufficiently small containing x0. This is precisely the case with
the preponderant lower derivate. Therefore, Theorems 6 and 8 could just as well
be stated for these derivates. Similarly, it requires little to see that only minor changes
are needed to make Theorems 6 and 8 apply to the qualitative lower derivate. For
a treatment of both the preponderant and qualitative derivates and further back-
ground information about them, we refer the reader to [8].

To end this section we present a result dealing with the comparison of two
different selections. The above material has illustrated that different selections
can lead to very different derivates. The next theorem establishes a result which
can be considered an analogue of G. C. Young’s result about one-sided Dini derivates
[12, p. 261]. It also shows that there is some stability as we switch from selection
to selection.

Theorem 9. Let f: [OI] -R, and let S and T be two selections. Then
(x:s/" (X)) >\f'(x)} isat most countable.

Proof. It is sufficient to show that {x: %'(x)>0>f'(x)}=B is countable.
Let [a b] be a fixed subinterval. Let us denote the point p[dun from selection S
as and that from selection T as tie>H. Then
{xis/'(x) > 0}- 0 {*: f(Si*xH] 7{x) >0, h<-] = Q S,,
and

{xi(x)<0}—U{* [(gp W --(- <0,A<d=0Q T,

hx.x +h]- X nJ n—X

Acta Mathematica Academiae Scientiarum Hungarlcae 29, 1977



SELECTIVE DERIVATES 85

We are interested in B:r§1s”c]n(:Jl T,. Since S,, and T, are increasing sequences
00

of sets we have that B= (J (Snf]T,,). Therefore if we show that T,IS,, is coun-
table for each n we are ﬁnlished. Let n be fixed. If TnC\Sn contains two points
X<y within units of each other we have by Lemma 1 that f(x)<f(y), and
also /(x)>/(y). This contradiction means no two points of TnIlS,, are within

ry units of each other, and T,,IMS,, consists of at most n points.

2. The selective derivative

In the introduction to this paper it was mentioned that this form of differentation
was a “natural” one for Baire 1, Darboux functions. However, throughout the
first section the most restrictive condition placed on the function / was measur-
ability. Before we proceed to study the selective derivative we will make clear the
connections between selective derivates and Baire 1, Darboux functions.

In [10], N eugebauer Obtained a theorem which, when stated in the terminology
of the present paper, becomes

Theorem A. A function f : [0, I]*-i? is a Baire 1, Darboux function if and only
if there is a selection S with the property thatfor all x in [0, 1] andfor every se-
quence of intervals [a,, bn satisfying a,,"x"bn and rﬂ%an:xzn_)u{% b,, we

have that d;mmf(p u b=~f(x).

Basically, this theorem states that a function / is Baire 1 Darboux if and only
if there is a selection relative to which / satisfies a continuity condition.

Now it can be shown that the above theorem can be changed to the following:

Theorem B. A function /: [0, I]—i? is Baire 1, Darboux if and only if there
isaselection S such thatfor all x in [0, 1], I!lpg f(P [x,x+hi)=f (x)* (That s, we haveplaced

the condition on the sequences [an,b,] that x is an endpoint of each interval.)

Proof. The only part of the proof of Theorem B that is not immediate is the
following: if lim f(pIx x+h()=f(x), then / is Baire 1L One way this property can

be shown is by looking at the function cp(a, b)~f(piak() defined on the open upper
half of the unit square. For each point 0<x<I and each point (x,x) on the
diagonal we have liin <p(x, x + h)= fim (p{x—h,x)=f{x). Therefore, the theorem

of L. E. Snyder [13, p. 422] can be applied, which yields that / is Baire 1.

The above discussion guarantees that if / is Baire 1, Darboux then there
is a natural selection with which to define our selective derivates. Thus, the results
of Section 1 can be interpreted as a demonstration that this natural selection will
be useful in revealing the monotonicity and differentiability properties of the func-
tion /.
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Further, the following is obvious:

Corollary to Theorem B. Iff: [0, 1—8 and S is a selection such that —-°°<
I'W <3'W < + @for all x, then f isBaire 1, Darboux.

We will show that more can actually be said about the structure of /. To
do this we will need the following lemma, which is similar to Lemma 2 but with

a stronger conclusion.
Lemma 3. Let /: [0, 1]1—R, and let S be a selection such thatfor all x,
limagn*.*+*])=/(*). Let

En=jx: l/(ft,. *+«)-/(*)! - nI**+m~*1, W < \
Let E* be the closure of En. If x and y are any two points of E* withx—y<—,
then \f(x)-f{y)\*n\x-y\.
Proof. If X and y belong to Pnand \x—y\< — we have
(W )-1(*)] "unlppe,]1-x] and \f(plxyi)-f(y)\*n\pIXrt~y\.
Also,
\PIx,yl-x\ +\PIXyl-y\ = \x-y\.

Therefore,
1/(*)-/IGO1 = n\x-y\.

Now let x and y be any two points of P* with \x—y\<—. There are two se-
gy\eyces xk and yk, pOSfiny constlant sequences, of points from Izn with Jxft—pA =
i

, k-x]<—, Wk-y\< —, |[xk-xa|<—, and \yk-y 2d<— for all k. Then

we have
I *D-1(**) 1= n\pbxn -xkl
V(**) - f (xR\*nixk-x 24
F(x2XK) ~f(y2\ S n\x2k-y 24
\AY X)-AYK)\ = n\y2k-y k\
I(Yk) f (Ptyic,y])l = n\yk-p bktfi\.
Therefore,

\APIxXkxi) ~APtyk DI S VI[IPIXk,*] - x 1+ k- x 2i0+ \xX-y R4-Y K- v «I+ Yk-p bk, y[J-

Letting fo>°> we have
IA*)-/001 s wnjx—j|.
This completes the proof.
We can now improve the corollary to Theorem B. A well-known characterization
of Baire 1 functions is that in every perfect set C there must be a point x such
that f iscontinuous, relative to C, at x. Here, we have:
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Theorem 10. Let f: [0, 1 ] andlet S be a selection such that
<g'(x)<+ °°. Then f is Baire 1, Darboux. Infact, f has the additional property
that for every closed set C there is an open interval (a, b), with (a, b)C\C0 0, on
which f is continuous relative to C.

Proof. As was mentioned before, / is clearly Baire 1, Darboux. From the
hypoth((egis we have rt(.i E,,=[0, 1], where the En are defined as in Lemma 3. There-
fore Ij{glE*C\C:C, and once again the Baire category theorem yields an open

interval (a, b) and an integer N with (a b)I'\CO 0 and (a b)C\CcEfC\(a b).
Since \f(x)—f(y)\sN\x—\ for all x,y in Ej$ with |[x—y\<I/N, we are finished.
We now proceed to the study of the selective derivative. We restrict our atten-
tion, in general, to selective derivatives which are finite for each x.
The main properties of functions / having a finite selective derivative, and
also the main properties of this finite selective derivative, are stated in the next
theorem.

Theorem 11. Let f: [0, []->-i?, and let S be a selectionfor which f has afinite
selective derivative s/ ' (x) for all x in [0, 1]. Then

a) There is a sequence of closed sets E* whose union is [0, 1] such that f is
continuous on each E*, relativeto E*.

b) Thefunction f has the Darbouxproperty.

c) The function f has an approximate derivative ap/'(x) for almost all x.

d) There is a dense open set U on which f is continuous, and, further, f is
differentiablefor almostall x in U.

e) Theselective derivative s/' (x)=apf' (x) for almostall x.

f) The selective derivative has the Darboux property.

Proof. Properties a), b), ¢) and d) are clear from Theorems 4 and 10. We give
here the proof of e) because this property will be of interest in the sequel. By Theorem
5 we have —oo<s/'(x)=s/'(x)<ap f'(x) for almost all x. Further,
+°°>s/'(x)=9d"'(x)Eap f'(x) for almost all x. This establishes e). Next we
consider part f), the Darboux property. It is sufficient to assume that s/'(0)<0
and s/'(1)>0 and to show that there is a point x0 where sf'(x)=0. Let V
be the set of all x for which there is a neighbourhood about x on which / is
continuous. By d) we know that V contains the dense open set U. If / has a
local extremum at any point of V it is clear that at that point s/' is equal to zero,
and we are finished. If we assume that / has no such local extrema we must assume
that / is monotone on each component of V. Hence by the finiteness of s/' we
would have f monotone on the closure of each component of V. Since s/' (0)<0
and s/'(1)>0, we cannot have F=(0, 1). Therefore, the complement E of
V is non-empty, and further we are assured that it is a perfect set. In this case,
Theorem 10 asserts the existence of an interval (a,b) such that (a, b)C\EO O
and / is continuous, relative to E, at every point of (a, b)[ME. However, since
/ is continuous and monotone on the closure of each component of (a, b)\E it
is not hard to see that / is actually continuous on (a, b). Thus (a, b)czV, which
contradicts (a, b)[MTE~0. Therefore, we have that / must have a local extremum
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at some xa in V and s//(xQ=0. We further note that this same property can
be used to prove the Mean Value Theorem for s/'.

Theorem 11 establishes the measurability of the finite selective derivative,
improving the situation found to exist with regard to the lower selective derivate.
It also shows that the finite selective derivative is closely related to the approximate
derivative. Further, both these derivatives also have the Darboux property [3].
It is therefore somewhat unexpected that the relation does not extend to other
properties possessed by the approximate derivative. There are some interesting
contrasts which we will give now.

One property of the approximate derivative, and other generalizations of
the derivative, is that a finite approximate derivative is Baire 1 This is not true
for the selective derivative.

Example. Let C, U, and / be defined as in Example 1 of Section 1 Let K
be the collection of right end-points of the components of U. We will make a
selection, differing from that of Example 1, to obtain a finite selective derivative
which equals 1 at every point of K and 0 at every point of C\K. Since both K
and C\K are dense in C there can be no point of C at which sf is continuous
relative to C. Therefore s/’ will not be Baire 1

Again the oscillatory behaviour of / on U permits a selection as follows:

If a belongsto U and b belongsto U let pla_b]:@.

If a belongs to U and b belongs to C\K let P[thi be chosen so that
f(Pla,bi) = 0.

If 'a belongs to U and b belongs to K let P[abl be chosen so that
f(Pu,bl)-f(b) _ I

PlaM-b ]
If a belongsto C \K let pitttu be chosen so that /(P[ab])=0.

If a belongs to K and b belongs to U or K let piad)] be chosen so that
[0>[g,b)-/(g) t

Pla,n~a .
I[f a belongs to K and b belongs to C\K let plQ® be chosen so that both

=1 and a-b< <0
Pia,M ~ a Pla,b]~~b

We delete the details of showing that / has a finite selective derivative every-
where and that this selective derivative has the desired properties on C\K and K.

This brings two problems to our attention: What, if any, is the Baire class
of a finite selective derivative s/'? Under what conditions does sf' become Baire
class 1?

We can give partial answers to these questions. Under a certain additional
condition we can prove that a selective derivative is Baire class 2. Namely,

Theorem 12. Let f : [0, J-*11 be given. Let S be a selection such that f has
afinite selective derivative sf (x) for all x. Supposefurther thatfor all x

lim f(Pi.bD-f(x)  sp(yy

| EXS] 2l Pla.bl— X
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where [a 6]—x means that alllxlllb and a and b converge to x. {If Pcabl=x

weset fPla” — — =sI (x)) Then sf'(x) isBaire 2.
Pla.b/1~X

Proof. Let n be fixed. We define a function /,,:[0, 1]—i? as follows:

/(PL--nl,nr}])-/W

—X

= i ) .
if —-~"Xx< and X n-i u,
<« I l P I—>n)

: if X=Pri-1 t| or 1
s Ln ’nJ
For each n and for all x in f-—-, pri-i _i-}) or Ipri-i_ m,—|,/n(x) is the quotient
Y Ln’n “Ln’n ~

of a Baire 1 function and a continuous function. Hence /,,(x) is Baire class 1 on
[0,1] for each n. We claim f,,(x) converges to sf'(x) pointwise on [0,1]. This

is clear if x—I. Let 0éx<1, and let n be fixed with —--n---S r< " If Prt-i i-i=x

we have f,, (x)=sf'(x). If prt-i n”~x, wehave

Ln *nl

f(P[Lzl 11)-/(*)

n(x) = i1
n’n
Further, [-n— njl—x as m—+ <» Hence by the additional condition,/,(x)
converges to s/'(x) as + and / is Baire class 2.

In connection with both the selective derivative and selective derivate a worth-

while line of investigation is the selection function cp(a b)=p[ab". The placing

of conditions such as continuity on this function ¢a, b) leads to illuminating
results. For example:

Theorem 13. Let /: [0, 1]—R, and let S be a selection for which f has a
finite selective derivative for all x, Let g,,{x):pll'_)mL-]i. If gn(x) is a continuous

function of x for each n then s/'(x) is Baire class 2. If f is continuous, s/' is
Baire 1.

Proof. Itisclear that the functions

h,,(X) :/(f,[» '4]b/(\] ‘>
will be Baire 1because / is Baire 1and p * ~+i-j is continuous. If / is continuous,

then hn(x) is continuous for each n. In either case, h,(x) converges to s/'(x)
pointwise on [0,1], and this completes the proof.
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It is still an unsolved problem whether the finite selective derivative is always
Baire 2 without any additional conditions.

Another property of the approximate derivative is that for a monotone func-
tion any point of approximate derivability is actually a point of differentiability
of /, [6, p. 240]. This is another property not shared by the selective derivative.
It is easy to construct examples of functions and selections illustrating this fact,
but we will not give any here. We point out, however, that it is this fact which keeps
us from improving d) of Theorem 11 to: / is differentiable at every point of U.

We now consider the conditions under which a point of selective differenti-
ability is a point of differentiability.

Theorem 3 for the lower selective derivative and the analogous result for the
upper selective derivative combine to give:

Theorem 14. Let f: [0, I]->-i?, and let S be a selection for which f has a se-
lective derivative (possibly infinite) at everypointof [0, 1]. If

B = inf 10)-10Q  pq a —inf[s/(x)],

X-y
and
y = sup Ne X-_f)gy) and 6= sup [s/'(X)],

then a=R and S=y. Further, f is differentiable at any point of continuity of the
selective derivative.

Proof. As was mentioned in Theorem 3, the proof of the first part of the con-
clusion follows the same reasoning as in [12, p. 204]. The second part is also im-
mediate, but since it is short we give the proof here:

Let x0 be a point of continuity of sf'(x). Let s>0 be given. There is a
<5>0 suchthatif |[x—x0|<<5 then

s/'(*0)-e < sup [s/'(x)]- inf [s/'(X)] <s/'(xOQ+E.
| ,

[X-X,[-=15 X -x 0]-=4

Hence by the first part of the conclusion

sI'(xQ-e < f(x!( {_(*o) < s/'(x,,)+8

for all x with 0 & x -x 0<5. This completes the proof of Theorem 14.

For monotone functions it is possible to put additional conditions on the
«election S wunder which a point of selective differentiation becomes a point of
differentiability. We give one example of such a condition.

Theorem 15. Let /:[0, I]-«-1? be non-decreasing, and let S be a selection
such that
1) / hasaselective derivative at 0, and
2) limn-pr n_= 1
10«]

-
Then f hasa derivative at 0.
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Proof We assume that /(0)=0. Let hk be a decreasing sequence converging
to 0. For each k there is a largest integer nk such that pr_j -i =hk. Thenpr ﬁg’_-> <
<hk, and Sy L=rk¥1d

Letus relabel pr j 4 as pk and pr i as gk. We have

J(ft) ~ NA) ~ J(Ft)

4k K Pk
for all k. However,

f(Pk) _
4K ft JKft+Oft

and lim ak=sf'(0) and lim (bkckdk)—I. Hence lim /(1) =s//(0). The same
fc—+°0 fc—+eo k—+o00 gk

A
h

f(Pk)
L (ftfY)

holds for lim /(fY)  Therefore IJT-J61+ -s/ 40), which says that / is

ki pk
differentiable at 0.

The following analogoue of Theorem 6 further connects the selective derivative
and the approximate derivative.

Theorem 16. If /: [0, is measurable and has an approximate derivative
apf'(x) (possibly infinite) at all x in [0, 1], then there is a selection S such that
sf' (x)=ap/"' (x) for all x.

Proof. We make the convention for this proof that if X= + °° then for e>0,
X—e:? and A+s=+ °° and if Xft+ then X—s= —°° and A+e:----£-.
For any point ¢ in [0, 1] and foreach e>0 we define

f(x)-f(c)

X —C
Let [a, A be a fixed subinterval of [0, 1] with a<A. Let

C(®=|x:ap/'(c)-e ap/'(c)+£f-

ft = infjecor(4(e)M[a, A)>y (A—a)j,
and let
s2=inf|E:oT(0(E)M[a, A) > y (A—a)j.
Then the sets
A(ex+(b—a))M\[a, A and 5(s2+ (A—a))M[a, A
both have measure greater than y the length of [a, Al. Therefore A(ft+ (A—a))I

MB(Ee2T (A—))M(G, A is not empty. We select plaM from their intersection.
We show that this selection gives a selective derivative sf'(x) which equals ap f'(x)
atall x.
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Let ¢ be fixed and es»0 be given. Let e*=?/. There is a number % such

that £*>(5>0, and if |Al<<5 then T(C(e*)I\[c, c+tA])>-|]- \n\. Then P[GCHK\
has been selected so that N

apf'(x) - e< apf'(c) - e*- A< f(Pu'cth) ) <
Ac,ctw_c

< ap/'(c)+£*+|A| < ap/'(c)+E£.

This completes the proof. We remark that the comments made after Theorem 6
can be carried over here to apply to the preponderant derivative and the qualitative
derivative.

We have mentioned above that selective differentiation is natural to Baire 1,
Darboux functions. Our next results further emphasize this fact.

Regarding the monotonicity of Baire 1, Darboux functions, perhaps the most
encompassing result is that of Bruckner [1].

Theorem C. Let P be any function-theoretic property sufficiently strong to
imply conditions i) and ii) below:

i) If f is continuous and of bounded variation on an interval 10 and possesses
property P on JO, thenf isnon-decreasing on 10.

ii) 1f f is a Darboux function in Baire class 1 and possesses property P on
then f isofgeneralized bounded variation on 70.

Then any Darboux function in Baire class 1 which possesses property P on 70
is continuous and non-decreasing on that interval.

Bruckner obtained this result while answering affirmatively a problem presented
by Zahorski in [15]. (This question was also answered independently by Swiatowski
[14].) Zahorski’s problem was: Let / be a finite real-valued function defined on
an interval 70 and satisfying the following conditions:

1) / isa Darboux function,

2) / isin the first class of Baire,

3) / possesses an approximate derivative ap /', finite or infinite except per-
haps on a denumerable set,

4) ap/'é 0 almosteverywhere.

Is it necessarily true that / is continuous and non-decreasing on 70?

Recently Leonard in [7] used Bruckner’s Theorem C to obtain monotonicity
results in cases where the approximate derivative in Zahorski’s problem above
is replaced by other forms of derivative. Here we use Theorem C to show:

Theorem 17. Let f: [0,1]—R be Baire 1, Darboux. Let S be a selection such

that
a) sf'(x) exists except on a denumerable set, and
b) s/'(x)sO almost everywhere.

Then f isnon-decreasing and continuous on [0, 1].

Proof. We show first that any function having a selective derivative except
in a denumerable set is of generalized bounded variation. This is again an application
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of Lemma 1 Let

W L I +<)-10) 5 o< -
| Ppxx-+h]—x )
and
i L. f(PIxx+])-f(x) _ —
c L prchix AR

The same reasoning as in Lemma 1 gives that / is of bounded variation on Hn
and Jn for all n. Since [0, 1= 1J HnUI_(ig JnUK, where K is the denumerable
M= 1

set where s/' does not exist, we have that / is of generalized bounded variation
on [0, 1]. Therefore, condition ii) of Theorem C is satisfied.

Now let / be any continuous function satisfying conditions a) and b) above.
Let H* denote the closure of H, and J* the closure of The continuity of
[/ on [0, 1 easily gives that if x and y are any two points of H*, (J*), with
1 0 then y-x \y—x . From ,his point the proof
is very similar to that of Theorem 1 We define E to be the collection of all x for
which there exists no interval containing x on which / is non-decreasing. We
denote the complement of E as U. The set U is open, and the function / is
non-decreasing on each component of U. Further, the continuity of / forces
it to be non-decreasing on the closure of each component of U. Thus E contains
no isolated points and is a perfect set. If E is shown to be empty we will have that
/ is non-decreasing.

[IJ H*u U I,,*UC =¢£.

= 1 J
Therefore the Baire category theorem once again yields the existence of an open
interval (a, b) and an integer N with either (a,b)\EcH* and EC\(a, b)"0
or EC\(a, b)<zJ* and Ef)(a, b)*0. If such an interval (a, b) exists, then we

may assume that the length of (a, b) is less than . We will show that no such

(a, b) can exist. Suppose ETl(a b)c and E(~)(@ b)* 0. Then (a,b)\H%
is an open subset of U, so that / is non-decreasing on the closure of any component
of (a, b)\H £. We claim that for any x0 in (a, b) we have

o F(x0HD) (X0 o
Ilrﬂbnf h S -2.

This is clear if x0 belongs to (a,b)\H$. Let x0 belong to (a,b)I\HE. For any

other point y of Hfill(a, b) we have y—/fa) A__2. Therefore we need only

~X0
consider points y which belong to (a, b)\H$j. Let y0 be a fixed point of
(a, b)\H$. Let (c0,d) be the component of (a b)\Hj$ to which yO belongs.
Then /(cQ™/(j>0)=/K)- If x0"cO<y0<i/0, then

/00) =/00) =/0 0)-2(c0-x 0) =/0 o) —2(y0—x0).
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If ¢<ji0< 4 S x0 then
fixop=/(")-2(x0-i/0 a/(jO_2(x0- jO.
This establishes that
Iinjw_Ki)n fta+if?-/W --2

for all x in (a, 2 In particular we have &'(x)w —2 for all x in (a b), and
by hypothesis also s/'(x)~0 for almost all x in (a b). Therefore, an application
of Theorem 2 yields that / is non-decreasing on (a, b), contradicting (a, b)C\E?+0 .

Suppose (a, b)C\EaJ® and ET(a b)?£0. We claim that (a, b)MJ$ is

P\ Pi 4
nowhere dense. For any two points x and y of JNC\(ash), -—-—---- ; ---s _ |
X
If J$M(a b) contains an interval (c, d) then since sf' exists except for a countable
set, we would have s/'(x)S —1 for all x in (c,d) except a countable set. This
would contradict s/'(x)40 for almost all x in [0,1]. Therefore, M(a, b)
is nowhere dense. Hence, because E is perfect and EC\(a, b)czJ$, we can find
a component interval (r,s) of (a b)\JE with Then we have that

r and s belong to Jfj and Ocj— . Hence fis)— 1)(j—)<0.

However, on [r,s] / is non-decreasing, so that /(.?)—H/*)"~0. This contradiction
shows that no such (a, b) can exist, which in turn implies that E must be empty.
Hence / is non-decreasing, and i) of Theorem C is satisfied. This completes the
proof of Theorem 17.

We present one more simple theorem and question before we end this section.
The theorem deals with an intriguing contrast between the selective derivative
and the classical derivative. Up to this point all the contrasts have been of one
type. Namely, the derivative or derivate has possessed properties not held by the
corresponding selective concept. Now we show a property of selective differentiation
not held by the derivative.

It is well-known that there exist continuous functions which possess no deriv-
ative at any point of [0, 1]. In fact there are continuous functions which have no
one-sided derivative, infinite or finite, at any point. That is, T>#<7)4+ and
T> /<D-/ forall x, where D+, etc., denote the classical one-sided Dini derivates.
See Jeffery [5, p. 172] for an example of such a function. This is not the case with
selective differentiation. We have the following simple theorem:

Theorem 18. Let f: [0, 1]—7? be continuous. Then there is a selection S and
apoint x0 suchthat f has a selective derivative at xO0.

Proof. Let x be fixed. A derived number of f at x is a number A possibly
infinite, such that there exists a sequence of points X, converging to x with

Iim Ne e>-/« = A
+ ~ Xn—X

For a continuous function the set of right derived numbers of / at x is a closed
interval with D +(x) and D #(x) as endpoints. The same is true for the left
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derived numbers at x. Now Young’s theorem [12, p. 261] is that the set of points
x at which D+#(x)<D_f(x) or D~f(x)-cD+(x) is a countable set, which we
label as Q. Let x0 be any point of (0, I)\B. Then at x0 the intervals [D+(X,,),
D+H(x0)] and [D_f(x,), ~D~f(xQ] have non-empty intersection. Let A be any
point in this intersection. There are two sequences of positive numbers, hn,kn,
convergingto x,, such that

lim f(xo+h,)-f(x = A= lim /(x0-k,)-/(x0
M>+H00 h,, —=© kn

We make our selection in the most obvious way. Namely, let [a, b\ be any interval
with a< 6.

If a*xoand b”x0, let PuM -—T -

If a=x0, let p[sY beany x+h,, with x0< x+/2,<b.

If b=x0, let beany x—kn with a<x—kn<x0.
Relative to this selection, s/'(x Q=/., and we are done.

This theorem can obviously be improved as to the number of points x at
which / has a selective derivative. Our question is:

If / is a continuous function, for how large a set A does there have to exist
a selection S with respect to which / has a selective derivative at every point
of A?

3. One-sided selective derivates

The previous two sections have shown that the bilateral selective derivates
and the selective derivative can be useful in the study of functions. Unfortunately,
it does not appear that the one-sided derivates can play a similar role without ad-
ditional restrictions on the functions f or the selection function.

We denote the one-sided selective derivates as s+f s+ s-f and s~f. The
one-sided selective derivative is denoted by s+/' and s~f'. We have

Z>+/S sHS stHS D +

with the same relation on the left. Therefore for continuous functions we could
make obvious statements such as: If /: [0, 1]—R is continuous and S is a selec-
tion such that s+/(x)s0 for all x then f is non-decreasing. Such statements,
however, shed no new light on the study of continuous functions. For Baire 1,
Darboux functions we have an even worse situation. For example, Leonard in [8]
used Theorem C of Bruckner to obtain:

Theorem D. Let f:[0, 1]—R be Baire 1 and Darboux. Let the right-sided
derivative of f f %+, exist exceptfor a countable set, and, further, let /+ (x)S O for
almostall x in [0, 1]. Then f isnon-decreasing.

Such a theorem is not possible for the right-sided selective derivative. To see
this, we note that Croft [2] constructed a Baire 1, Darboux function / with the
property that f(x)~0 for all x in [0,1] and f(x)=0 for almost all x. We take
g(x)= —#(x). Then for each [a b] we select /;[afd to be a point from (a, b) at

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



96 R. J. O'MALLEY

which g (Pb,bi)=0- Then g will have a right selective derivative everywhere,
and s+g'(x)sO forall x in [0, 1]. In fact, s+g'(x)=0 for almostall x. However,
clearly g is not non-decreasing.

Finally for Baire class 2 functions having the Darboux property we present
a simple theorem which exposes a basic pathology for the one-sided selective de-
rivative.

Theorem 19. Let /: [0, ]~-R be a Baire 2, Darboux function which takes on
every value between —°° and + °° on every sub-interval of [0, 1] (see Kuratowski
[8], p. 82). Let g: [0, ]—i? be anyfixed finite-valuedfunction. Then there is a selec-
tion S for which s+f'(x)=g(x) forall x in [0, 1).

Proof. Let [a b] be a fixed sub-interval of [0,1] with a<b. Let g(a)=X.
The function / takes on all values between —°° and + °° on the interval [a, b\
Consider the two lines 4 and 12 passing through the point (a,f(a)), having slopes
g(a)—(b—a) and g(a)+(b—a) respectively. There is a point xx in (a, b) with
/(xj) above both of these lines. Similarly, there is a point x2 in (a,b) with f(x2
below both of these lines. The Darboux property guarantees that there is a point
x3 with f(x 3 between the two lines. Diagram :

We select piab]=x3. Then

g(a)-(b-a) < <g(a) + (6-a).
Pu,bl-a

Clearly, with this selection S we have s+f'(x)=g(x) for all x in [0, 1). This
completes the paper.

Added in proof (February 22, 1977). It has come to the author’s attention that
M. Laczkovich has established that a finite selective derivative must be of Baire
class 2. His proof and other interesting results can be found in this same issue of
Acta Math. Hungar.
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ON THE BAIRE CLASS OF SELECTIVE DERIVATIVES

By
M. LACZKOVICH (Budapest)

1 The notion of the selective derivative was introduced by R. J. o 'M ar1ey
who presented some interesting theorems and problems on selective derivatives
([1D- In this paper we solve a problem of O’Malley showing that every selective
derivative is of Baire class 2 and prove that every selective derivative is continuous
on an everywhere dense subset of [0, 1]. Our method leads us to a more general
notion of derivation which possesses the most important properties of selective
derivatives.

By a selection we mean an interval function p[am for which a-=pia>* b
holds for every We define the selective derivative sf'(x) of the func-
tion f(x) by

sf'(x) = lim /O D7)
PlIx,x +h]~x
if the limit exists and finite (for /r<0 [x, x+h\ denotes the interval [x+h, X]).

Suppose that f(x) has the selective derivative sf'(x) for every Xx£[0, 1

and define the interval functions I(x,y) and r(x,y) by

) y —Plx,yl Cex< =
?) r(x’y)t"AFF,’;);l’_*;(x) OSr<ys 1,
Then we have '
(3) y_l,,j_ggl(y, x) —sf'(x) (O<xé D
and
4 yuxn:l-o r(x,y) = sf'ix) (Qai< 1.
Since

. im -m m -m )_ /(c)—Ka) im -m ) fic)
M e p_a c—b J c—a -Smax( b—a ¢
holds for every fix) and we have
(5)

min (/(X,y), r(x, ¥) S ~ J —-" max (/(x,y), r{x, y)) 1.
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Lemma 1. Let the interval functions I(x,y) and r(x,y) be defined on the sub-
intervals of [0, 1] and let @(x,y) be a Baire 1 function defined on the set
{(x, y)\ O éx-"y~ 1} with

(6)  min (/(x,jO, r{x, jO) = cp{x,y) » max (/(x,y), r{X,y)) D.
| f the limits
U] Jm Iy, x) = limor(x, y) = 9(x)

exist for every 0-=x<I then the function g(x) is of Baire class 2 on (0, 1).

Proof. First we show that for every a<b there exist disjoint G\, sets Hab
and Kab suchthat Ea—{xB(0, 1); ?(i)<a}c//ab and Eb={x£(0, 1); g(x)>b}ci

C Ka,bm
Let e= — (b—a) and

An—||jc€(0, ; Iy, x)—9(X)|<e if 0<x—y<— and
n

\r(x, y)-g(x)\ <£ if 0< y—x -
It follows from (7) that
(8) Alc A2c¢z...c:A,,c...; Q A, =(0,1).
/1

We claim that the sets A,,DEa and A,,N'\Eb cannot be everywhere dense

in any non-empty set simultaneously (that is X=Xf](AnC\Eg, X=Xf\{AnC\Eh)
imply X= 0). In fact, suppose indirectly

9 X=XT\AaMEa, X =XMNA,MEb and 170.
Then the set X cannot have isolated points hence there exist intervals (q, dfi

and (c2,d2 with di<c2, XI=(q, dt)[MXX O, X2=(c2,d)C)XX 0 and .
Let n
P—XiXX2a {(xy); 0" x<y" 1}

P is obviously perfect.

If xE_XiC\AnC\Ea, yEX2C\AnC\Ea then O<y —x<? and by the definition
of An and Ea we have \{x,y)-g{y)\"v, \r(x,y)-g{x)\"e, g(x)"a and g(y)<a
from which /(x,y)<a-1 and r(x,y)<a---— follows. Thus X, Yy)<

<a+ "0 by (6). This and (9) imply that (p(x,y)<a+— holds on a set every-

where dense in P. The same argument shows that the set {(x VEP' (kY )>
b ci\

----- — | is everywhere dense in P, as well. This contradlcts the fact that the

Baire 1 function (p(x,y) has a point of continuity restricted to the perfect set P.
This contradiction proves the impossibility of (9).
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Now this implies that there exist F,, and G,, sets U, and V,, such that
AnMEa<zUn, AnMEbaln, unfyn=0.

(See [2] Chapter I, § 12, 111. 1, p. 65). Let

Hab = 12:1{}”1' i=UnJ; and Kal'lznqI \\//n- G u)\ .

i=n

Since Un and V,, are F,, and Gd sets, Hab and K,b are Gia sets. It is
easy to see that HabvlMN\Kat=0. In addition Ea(“Hab and EbczKOib. In fact,
if x€Ea then xEAnC)Ea for a suitable n and thus x£E/,. On the other hand

(8) and UiflF;=0 imply xE for i*n that is x€t/,—|J Hrc # ab. Simi-
larly Ebc.Kah i=n

The function g(x) is proved to be Baire 2 if we show that the sets Ec and Ec
are GSa sets for every c. Since 1

Ec 1c H''1 i and H _1Nfcml=0

n+l n* w+l

hold for every n we have

o ¢ n,c~n+1
and similarly

|4K 1.

n=1

Hence Ec and Ec are Goa and the lemma is proved.

Theorem 1. If fix) has the selective derivative sf'(x) everywhere on o, 1]
then sf'(x) isofBaire class!.

Proof. By a theorem of o'mM ar1ey f{x) is Baire 1 ([1], Theorem 10. A gene-
ralization of O’Malley’s theorem will be proved in Theorem 6.) Thus the function

<px y) — v x is Baire 1 on the set {(x, j>); OSxcy”l}. Consequently
(3), (4), (5) and Lemma 1prove Theorem 1.
2. Now we define the new form of differentation mentioned in Section 1.

Derinition. Let fix) be an arbitrary function on [0, 11. Suppose that the
interval functions /(x,y) and r(x,y) are defined on the subintervals of [0, 1]
and satisfy (5). The upper derivate of f(x) with respect to the interval functions
I(x,y) and r(x,y) is defined as max ﬁy_':'XT_Ol(Y'X)' y_l%rXT_]m r(x,y)) and is denoted

by f/(x). (At the endpoints of [0, 1] \j(x) is defined by 1/(0)= Um*r(0,y) and
J/(1)= TITmo/(y, 1).) The definition of the Ilower derivate f/(x) is similar.
/(x) is said to be differentiable at the point x with respect to /(x,y) and r(x,y)
if —«>< < o0 holds and the derivative is denoted by \ f (x).
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If /(x) has the selective derivative for the selection p [ath" then f(x) is differenti-
able with respect to the interval functions defined by (1) and (2) and sf'(x)—if'{x).
That is the derivative with respect to I{x,y) and r(x,y) can be regarded as a
generalization of the selective derivative. On the other hand we shall see that the
main properties of the selective derivative can be extended to the /—-derivative.

In the sequel we shall suppose that f(x), I{x,y) and r(x,y) are given and

satisfy (5).

At first sight it may seem that there is only a loose connection between the
function f(x) and its derivative \f'{x).

Example 1. Let Ha[O0, 1] be countable and let g(x) be an arbitrary function
defined on H. Then there exist lg(x,y) and rg{x,y) satisfying (5) such that
i%f'(x)=g(x) holdsfor every x£H.

Proof. Let #={x,,}“=1 and let
le(x,y) =rg(x,y)= f(y)~/jx) if x,y$H-,
Yy n
lg(y, x,.) = g(x,,) and rg(y, x,,) = MJy(}’“
if y <x,, H or y = xkEH and k> n\
*{x,,.y) =g(xn and lg{xn,y) =

nn

if y>x,, y$H ory=xkfH and kK > n.
It is easy to see that i°f,(xn)=g(xn) holds for every n.

Theorem 2. If both 1fx,y), rk(x,y) and I2(x,y), r2(x,y) satisfy (5) then
the set {x£[0, 1];ii/(x)<;J/(x)} iscountable.
Proof. It is enough to show that the set Hs={x; 'lIf(x)<s< i{lf(x)} is count-

able for every rational s. Let A, ="xEHs\ rfix, y)<s<r2(x,y) if O<y-x-<-"
and 1{y,x)<s<I2{y,x) if

Then x, y€A,, implies \y—"— because otherwise

fly)-1(x) max”Cx, y), rfix, y)) < min(/2(x, y), r2(x, y)) ts f(y)-1(x)
Y-x Y -x
would hold. Thus] A,, is finite and I_gglA,,—Hs is countable.

The following theorem (which is a trivial consequence of Theorem 2) shows
that the derivative with respect to I(x,y) and r(x,y) is essentially independent
of 1(x,y) and r{x,y).

Theorem 3. If /(x) is differentiable with respect to both  (x,y), i\(x,y) and
12(x,y), r2(x,y) then \\f'{x)=\\f{x) holds on [0, 1] apartfrom a countable set.
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Theorem 4. The set of points at which one of the inequalities /(x)Sj/(x) and
jf(x)sf(x) does not hold is countable, where f and f denote the lower and upper
derivate numbersoff respectively.

This easily follows from Theorem 2 again putting /2(x, y)=r2x, y) = A"
Our further results are based on the following Y ~x

Lemma 2. Suppose that /(x) is differentiable with respect to 1(x,y) and r(x,y).
Let 2cro, 1 be perfect and let the set H={x£P; c<\f'(x)<d) be of the second
category in P. Then there exists an interval (a, b) such that (a, b)F\P*0 and

eg ISffl—Ne sd holdsfor every x<y, x, yd(a, b)C\P.

Proof. Let H,,={x£P; c<I(y,x)<d if 0<x—y<— and c<r(x,y)<d if
0<j>—x- 4}_
Since Ac¢ U Hn and H is of the second category in P, there exist an interval

n=1
(a, b) and a natural number N such that (a, b)[\P~0 and HN is everywhere
dense in (a, b)(~)P. We may assume b—a<—. Then for every x<y, x, yd(a, b)C\

C\HN we have c</(x,y)<d and c<r(x,y)<d and thus c- A{/)'AX)

- X
by (5). In order to show Ngy'ix)' \d for every x<y, x,y(z(a, b)OP it is

enough to prove lim f(x)=f(x0) for any xO0(E(@, b)MP.
*€Hj,
If x,”x0, x,,<x0 and xnEHN then c<r(x,,, x,,)«f and /(x,, xQ+i/'(*0)

nnd thus /(x,, X0 is bounded. Hence by (5), H{xn '_fxlxo)is bounded, too, which

implies /(x,,) =H(x0. A similar argument shows that /(X,,)—Hx0 holds if x,,—x0,
X,,>Xx0 and xnEHN. This proves the lemma.

Theorem 5. If f(x) is differentiable with respect to I(x,y) and r{x,y) and
i/, (x)>0 for every xero, 11 then /(x) is non-decreasing on a subinterval of [o, 1].
If in addition /(x) is a Darboux function then /(x) is non-decreasing on [o, 1].

Proof. Since the set {x; O0<|f'{x)<n} is of the second category in [0, ]
for a suitably large n, Lemma 2 proves the first statement. The second statement
can be shown in the same way as Theorem 1in [1].

Theorem 6. SUppOSe that /(x) is differentiable on [o, 171 with respect to /(x, y)
and r(x,y). Then /(x) is Baire 1 and there exists an everywhere dense open set
U such that /(x) is continuous and almost everywhere differentiable on U.

Proof. Let Ac[O0, H) be an arbitrary perfect set and let Hn={x£P;
—n < f//(x)<n}. Since UlHn:P, hence H,, is of the second category in P
n=

for a suitable n. Thus by Lemma 2 there exists an interval (a, b) such that {a, b) N
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H7VO0 and \(x)—(y)\"n\x—y\ holds for every x, yE(a, b)[1P. Hence f(x)\P
has some points of continuity for every non-empty perfect P which assures f{x)
to be Baire 1. In addition every [a Z>]c[0, 1] has an open subinterval on which
fix) is Lipschitz 1. This trivially implies the existence of the open set U with
the required properties.

Theorem 7. 1f/(x) isdifferentiable on [0,1] with respectto I(x,y) and r{x,y)
then the set of points of continuity of the derivate numbers f and f is everywhere
dense in [0, 1].

Proof. It is enough to prove that there exists a point x, at which / and f
are continuous.
Let 70 be an interval on which /(x) is Lipschitz 1and let

fly)-f(x) _ _
sy = R0 = o

inf fv> - i i = =
X)yglo v > _xm X|in|ff|x) m0, d0= MQ@—mO0.
Yy
It follows from Theorem 4 that 70{x; mO0" rf'(x)"M (} is countable. Hence
either
mo- |1 < if'ix) < MO- [I'(*) <M 0+11

is ofthe second category in 70. Thus by Lemma 2 there is a closed interval 7xcint 70
such that either

sup flyj-_fx(x) supfix) » MO-"-

Xy x£fi J

or
Lin. 1)=17%)
-)Y)@y y
holds. In both cases we have
2
squix)- inffix) = d1S —do.
xilx Xilx 3
Repeating this argument we get a sequence of intervals |0 such that
7,cInt7,, 1 and
supfix)- inffix) »
*£/,, xzi,

hold. Then x0(=:nf:]I h isa point of continuity of both / and f.

Theorem 8. If fix) has the selective derivative sf'ix) for a given selection
Pra,bi then the set ofpoints of continuity of sf'ix) is everywhere dense in [0, 1].
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Proof. By the preceding theorem it is enough to show that sf'{x) is continuous
at the points of continuity of / and /. For such a point x0 f{x) is differentiable
at x0 and thus the inequality /(x)ss/'(x)s/(x) provesthe theorem.

It should be noted that Theorem 8 fails to hold for /—/--derivatives. For example
consider Example 1 putting f(x) =0, H= {x£[0, 1]; x is rational} and g(x)=I.
Then f(x) is differentiable with respect to I(x,y) and r(x,y) and if'(x)=1
or 0 according to x is rational or not.

Theorem 9. If f(x) is differentiable on [0, 7 with respect to I(x,y) and
r{x,y) then there exists a function g(x) such that {x; \f'{x)%g(x)) is countable
and the set o fpoints ofcontinuity of g(x) is everywhere dense in [0, 1].

Proof. It easily follows from Theorems 4 and 7 that g(x)=max (f(x),
min (f(x),if'(x))) isa suitable function.

Our last theorem shows the close relation between the /—/--derivative and
the usual derivative of the function f(x).

Theorem 10. If f(x) is differentiable on [0,1] with respect to I(x,y) and
r(x,y) then there is a set Ha[0, 1 such that f(x) is differentiable at the points
of H, if'(x)=f'(x) holds for every xfH and [0, IJ\/7 is of the first category.

Proof. Let Hx be the set of points of continuity of f(x). Then Hx is a Gs
set and by Theorem 7 it is everywhere dense in [0, 1]. Thus [0, 1]\A X is of the
first category. Let U be an everywhere dense, open set on which f(x) is continuous.
Then by Dini’s theorem f(x) is differentiable at the points of HXCJU (see [3],
Chapter VI. 8§87, p. 204). Let Af={x€[0, 1];/'(*) exists and differs from 1f'(x)},
then K is countable by Theorem 4. Thus for the set H=(HxMU)\K, [0, I]\7/=
= ([0, IjXf/AUTtO, I1\t/)U A is of the first category and 1f'(x)=f'(x) holds
for every xEH. This proves the theorem.

Finally we remark that if f(x) is differentiable on [0,1] with respect to /(X,y)
and r(x,y) then the function \f'(x) is Baire 2. In fact, this trivially follows from
Lemma 1 and Theorem 6. This raises the following question: does the function
if'(x) belong to the family of the honorary functions of the second class? (A func-
tion g(x) is an honorary function of the second class if there is a function h(x)
in the first Baire class such that g{x)=h{x) except on a countable set.) Is this true
for the selective derivatives? We note that O’Malley has constructed a selective
derivative which is not Baire 1 but his function is an honorary function of the second
class.
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A FINITE 2-DIMENSIONAL CW COMPLEX WHICH
CANNOT BE TRIANGULATED

By
M. BOGNAR (Budapest)

Introduction

The book of Lundell and Weingram presents a finite 3-dimensional CW com-
plex which cannot be triangulated ([1] p. 81). In this example it is possible to choose
the family of cells such that it consists of three cells: a 3-cell, a 2-cell and a 0-cell.

The purpose of this paper is to construct a 2-dimensional CW complex, which
cannot be triangulated and contains also exactly three cells, a 2-dimensional, a
1-dimensional and a O-dimensional one. This is, in a certain sense, the simplest
non-triangulable CW complex. In particular — as we shall show — if the set of
the dimensions of the cells contains at most two numbers, then the finite CW com-
plex can always be triangulated.

1. Let Dr. [0, 27i]->-[0, 2n\ denote the function which is linear on the intervals

[__I_r_l__’in\, nEN (N is the set of all positive integers) and satisfies the conditions:

nt+1l nl
2n

2
$(0) —0, \Jt(2n) = 2n, 2r2| 2r—1

(r€EN),

0 (rEN),
(See Figure 1)
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2. ip is continuous. Furthermore jj 1 or+l 21 [) consists °f 2r+1

components:  ]x,, x'f[,....]x?H <or+v  where 'AG(ﬂ,x[}\):l 2tt’ 2n \
for every y£[I, 2r+ 1JM14. \2r+\ 7 2r—1L

3. Let L be the unit disc and J the unit circle in the complex nhumber space.
Let J' be /+3. L and J' are disjoint sets. J' is obviously a CW complex
with respect to a family of cells consisting of one 1-dimensional and one O-dimensional
cell.

4. Let oo denote the function co: [0,2n]-*J: x"eix, and let be
defined by / (co(n;))=co(ch (x)) + 3.

5 X=J'UfL ([1] p. 37) is a CW complex consisting of one 2-dimensional,
one 1-dimensional and one 0-dimensional cell. (See [1] Proposition 2.2. p. 46.) (J'U fL
is the quotient space of J'UL under the equivalence relation which identifies
z£J with f(z)£J".)

We shall prove that X cannot be triangulated. At first we are doing some pre-
liminary steps.

6. Proposition. Let A be a simple arc in the plane R28 and G an open set
of R2 intersecting A. Then there exists an open subset G' of G for which
G'DAAO and G'\A consists oftwo components.

Proof. Let s and t be the end points of A and let Gx be an open circular
disc lying in /} and intersecting A. Let gx, g2 g3 be three distinct points
of Gx satisfying the conditions:

O <h£Gi\A; g2, g3zA C\GX; gx,q2,93 are non-collinear,

2) M1 C\A= {qi} for i=2, 3 where gxqt is the linear segment with the end
points gx and <..

3) The subarc B of A with the end points g2 and @3 is contained in Gx.

There exist obviously such three points.

The Jordan curve J*=B0qgxg2(Jgxg3 and hence the bounded component
Hx of RA/* is contained in Gx.

Futhermore let G2 be an open circular disc lying in G, intersecting B and
not intersecting (A\B)\Jgxgq2Ugxga. Let gx, g5 gn be three distinct points of
G2 satisfying the conditions:

4) q"G2A(A UtfO; g5qeeAnG 2;gx,q5,qe are non-collinear.

5 gqxqt C\A = {g~ for i=5, 6.

6) The subarc C of A with the end points @5, g6 is contained in G2.

There exist obviously such three points.

The Jordan curve J**=CUQqiqg5Uqg5qe and hence the bounded component
H2 of RA/** s contained in 62.

Denoting C by w, g~qlug” by v2 and qfg2Uqfq3U(B\C)U {g5, g3
by v3, w\Jv2Uv3 is a 0 curve in R2 and the three components of
RA(r1Uv2Uv3 are HXH 2 and the non-bounded component of RA(r2Ur3. (See
Figure 2.) Let G' be the bounded component of R2(r2Ur3. Then G'=HXU
UH2U C\{g5, qe) and therefore G'cG, G'DAOQ0O0. Finally Hx and H2 are
the two components of G '\A and this proves the proposition.
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7. Let p: J\JL-*-X=J'[JfL be the quotient map. p is injective on the subsets
J'"and L\J, p\r:J'-+p(J') and p\L\j: L\J-+p{L\J) are homeomorphisms, more-
over p (L\J) isanopen and p(J') aclosed subset of X.

Now and thus p(J)=p(J') and since L\J is dense in L, p{L\J)
is dense in X.

8. Let
U /= {t-co(x); te\0,1[, xe]x{, x'J}; rEN, jJE[I, 2r+1]DN
(see Section 2). The open sectors U } , Ger+l of L\J are disjoint. Let

2k 2n ..
W=p(L U... UC2r+)Up IAH 1" 2r—1 + 3j; TrEN.
Since

2n 2k _ . 2k 2k
I @ pppgrgpg T3 EOML g

= coQxr, x'JU...U]x2r+1, xi2r+1Q
(see Sections 4 and 2) it holds

+3 1
2K 2K
ACWIHTTT'A 35 @ orppopg ¥3 U
U oo(]xi, U... Uoo(Jaz+\ xr2r+l]),
and therefore
2n 2K
- = b? (* -
p-1{vr) = b?U...Uu*+1U/>-1}/»|co or+ 17 o1 —1 +3
isopenin LU/, hence VTisopenin X.
Furthermore
Y \p(F) = K\p\ 2K g
AP(F) = Kiploo 5\ o
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consists of 2r+1 disjoint open sets, i.e.:p(U}), ,p(U2+) and because
p((0Qxd, xrID) = p(f(co(]xd, x"LL, =

2n

w (W (\p (1] X' D) + 3) = pco Lo *3

(see Sections 4 and 2) we find that the boundary of each p(Uj) contains the set

Consequently for every open set G of X intersecting p(J') and contained

in Vr
G\p(J') = {GC\p(U}))f... U{GC\p{U?")),

where {GC\p(U}), ..., GC\p(U2r+»)} is a disjoint family of nonempty open sets,
and so the number o f the componentsof G\p{J') isat least 2r+1.

9. In contrast to our assertion let us assume that X can be triangulated, and
let K be asimplicial complex such that the polyhedron \K\ of K should be homeo-
morphic to X. X is compact, hence K must be finite. So it may be supposed
that K is a finite geometric simplicial complex in some Euclidean space R". Let
cp: \K\*X be a homeomorphism.

We first show that K is 2-dimensional.

In fact, considering an (open) simplex a* in K of largest dimension, <« is
open in aj, hence cp(trY) is open in X. p(L\J) is, however, dense and open
in X (see Section 7) and this implies that cp(0”) D p (f\J) is nonempty and open.
p(L\J) ishomeomorphic to L \J and thus every nonempty open subset of p (L\J)
is 2-dimensional. Consequently (p_1(p(EV/)M*p(cr9g) is a nonempty open 2-dimen-
sional subsetof o’ and we have t=2 as required.

10. We show in this section the impossibility of (p(09Clp(JO~0 for each

02£K.
In fact, let us suppose in contrast to the statement that (o MNp (/)" 0

for some 02fK. Since @(02 isopenin X and
2, lit N
2r+1 7 2r—1U

isdensein J' there exists an rEN and a point q£02 suchthat

+ 3; [*€N

2n 2n 1
P> 2r+17 -1 °F

Let s be a simple arc in Vri]p(J')C\(p(02 containing cp(g) as its cut point.
Denoting the set of cut points of s by inti we get cp(g)tmis. p(J')\mts is
closed, and therefore Jf\(p (/")\int M)=p (L\J) Uint vis open in X. Let us observe
that G\s=G\p(J') holds for each open subset G of />(L\J)Uint v.

@(c?d is homeomorphic to R2 G=VrD@(02 M(p (L\J) Uints) is an open
subset of ¢(@2 intersecting s, and hence according to Section 6 there exists an
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open subset G' of G such that G'CIs" and G '\s=G "\p(J') consists of two com-
ponents. However G' intersects p(J'), it is contained in Vr, and so according
to Section 8 the number of the components of G '\s=G "\p(J') is at least three.
The contradiction proves the statement, thus we have "~<QMp(7,)= 0 f°r each
02<tK consequently p(J)cz<p(\KI\), where K1 is the 1-skeleton of K.

11. Choose an /TN and take a simple arc s in (p(J')C) kn\<p(JA™]), where
K° is the Oskeleton of K. The finiteness of K° assures the existence of such an
arc. According to Section 10 (p~1(s) is a connected subset of |ATI\AI®|, therefore
it is contained in some (open) 1-simplex el of K. <p~1(s) is a subsegment of the
open segment al and tp~1(s) is contained in rp~1(Vr). Let q be a cut point
of (p~1(:s). Considering the (open) 2-simplexes o\, of the star of el in K

(1) H — @QU...UOmU<p Hinti)

is open in |A| (if m=0 then H--(p~I (ints); intj is the set of cut points of s),
and therefore there exists a spherical neighbourhood S=SHq) of q in R" such
that

?) (sT) |Aj) ¢ (HN\(~2).

e2flS is a nonempty convex set for y€[I,m]nN and hence it is connected.It
is also open in |A". This implies that (Sl \K\)\(p~1(s) has exactly m components,
namely: a\ns, ..., NS

Let us denote <>(BTL|AT) by G. G\s also has exactly m components. The
open set G of X is contained in Vr, it intersects p(J') and since by (2) and
(1) Gce<p(#)=<p(0?U..Uo-2)Uinti and according to Section 10 ~(u2U...
..Uffm)C\p(J)=0 we have G\s=G\p(J'). From this it follows by Section 8
that the number of the components of G \s is at least 2r+1. Hence m"2r+1

That means, the number of the 2-simplexes of K is at least 2r+ 1 and this
assertion is true for every rGN. But this is impossible, since K is finite. The con-
tradiction proves our statement about the non-existence of a polyhedron homeo-
morphic to X. The proof of the non-triangulability of X is complete.

12. Our aim in this section is to prove the assertion at the end of the introduc-
tion.

Let X be a finite CW complex with cells ¥ such that the set M of the
dimensions of the cells of Sf contains at most two numbers. Hence either M={0}
or M= {0, t) where />0.

In the first case X can be evidently triangulated, and we shall prove this fact
also in the second case.

Let a‘ be aclosed t-cell of if. Then

(1)

where the «?-s are the proper faces of al Since we have /~0. Choose
the open neighbourhoods Ulf of of. suchthat Uit, ..., Uii should be mutually
disjoint sets. Denoting o \U Lf.= (o1 ety IJ L, by H, H is closed in X and
thus it is compact. =1 J=1

Let g>\Et-*at be a characteristic map for the cell o', where E* is a i-disc.
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Then ¢>x(H) is compact, it is contained in EAE “ and therefore there exists a
i-disc E™ concentric with E*, containing ¢>1(H) and contained in EA\fi"

Letus denote cr\(<xX'U<p(E™}) by G. d* lies on the boundary of G and so
by (1) UhC}G"0, 7=1, Furthermore {t/jjDG] ... , UhMG) is a covering
of G, where U4MG-s are mutually disjoint nonempty open sets.

Consequently:

a) In the case t>1, G is homeomorphic to the connected set EA(E ‘UE'),
hence /= 1 and o' ishomeomorphic to the 7-sphere S

b) In the case t=\,G is homeomorphic to EA(E 10E'r) and thus it consists
of two components. Hence either 1=1 and then al is homeomorphic to S1 or
1=2 and then ax ishomeomorphicto EJ,

The polyhedron homeomorphic to X can be constructed now as follows:

a) Inthecase i» |:

Let erj, ...cr® be those O-cells which are contained in some closed 7-cell
of if and 4®+1, ..., §° the other Ocells of if. Let a\tit be the closed
r-cells of if containing of, Let us take mutually disjoint (7+1)-
dimensional parallel strips L1,...,L V in the (t+ I)-dimensional Euclidean space
R‘+L Choose the hyperplane R' in R'+l such that R' intersects each of the

strips.

Let pi be a pointin i=\ Let sfa, s-g. be mutually disjoint
closed i-simplexes in Z-jflIR" for i=1I,....m. Take the cones sjjl1 with base
slj and vertex (j=1,qt;i=I1, ,m). The proper faces of the simplexes

sjil and the singletons {p;} are forming a simplicial complex K and the polyhedron
|Aj is evidently homeomorphic to X.

b) Inthe case t= 1

Let o®, ..., 9y be the Ocells and a{, ..., erj the 1-cells of if. Choose
the points Pi, ees,Pzn+m in R3 such that they should be in general position. Let
us take the segments Pzj-iPzj for j=1,...,n. If a) has the single Oface {jj,
then take the segments Pzj-iPzn+kj and p2Jpin+ky If a) bas two proper faces

and ff@ with k)<k) then take the segments Pij-iPzn-+" and p-"Prn+k2.
These segments and the singletons {/?}, i=1, ...,.2n+m constitute a simplicial
complex K and the polyhedron |AT is obviously homeomorphic to X.

So we have proved the following statement: if the set of the dimensions of the
cells contains at most two numbers then the finite CW complex can always be tri-
angulated.
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STANDARD IDEALS IN WILCOX LATTICES
By

S. MAEDA (Matsuyama)

1. Introduction. It is well known that any affine matroid lattice is an atomistic
Wilcox lattice. In his paper [5], M. Stern proved that a non-modular affine matroid
lattice satisfying Euclid’s strong parallel axiom is simple, and in [6] he proved that
the ideal F(L) formed by all elements of an atomistic Wilcox lattice L is standard
if and only if every imaginary element is finite in the modular extension of L.

Now we remark that any atomistic Wilcox lattice is section complemented.
The main purpose of this paper is to investigate standard ideals in section com-
plemented Wilcox lattices in order to obtain some results which imply the above
Stern’s theorems as special cases.

2. Standard ideals in section complemented lattices. Let L be a lattice with 0,
and let a,bEL. We say that a is subperspective to b when a”by x and ahx=0
for some xdL, and say that a issubprojectiveto b when there exist a0, alt ...,anfL
such that a0O=a, a,,=b and ai*1 is subperspective to at (i=1, ,ri) ([4], (6.1)
and (6.6)).

An ideal J of L is called a p-ideal when any element subperspective to an
element of J belongs to J ([4], (35.3)). An ideal J is called standard when, in
the lattice of all ideals of L, it holds that IN/(JAI2=(0\/J)F\(11N/12 for all
[15/2, or equivalently, it holds that NJJ= {x\Jy, x£Il, y£J) forall | ([1], Theorem
2). Any standard ideal is a homomorphism kernel (= the kernel of a congruence
relation) by [1], Lemma 3, and any homomorphism kernel is evidently a p-ideal.

A lattice L with 0 is called section complemented when the interval LJ[O, a]=
={x6L; is complemented for every >0 ([1], p. 27).

We shall generalize [3], Theorem 5.3 as follows:

Theorem 1 Let L be a section complemented lattice. For any subset M of
L, theset

4M) ={axV...Yan; each at is subprojective to an element of M}
isastandard ideal. (This is the smallest standard ideal including M.)
Proof. Let J be an arbitrary ideal of L. We shall prove that

*) if bAxYy with xfl(M) and y£J then b=x1dyl for some xxEI(M) and
yi£J-
We put x=aly..Yan where a; is subprojective to mfM (/=1, ..., n), and put
bo-yFb, bi=(ajy..\V/ai\Jy)Ab (/=1,...,«).
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Since L is section complemented, there exist (/=1 ..., n) such that ci\Jbi_1—bi
and ciAhi_1=0. Then, ct is subperspective to a;, since c"b”afij..UaAly
and c.-A"V..VOi-iVy)~ciAbi- 1—0. Hence, cf is subprojective to mt, whence
CjV...Vc,€£I(M). Itisevidentthat b=cfj...4 cnrdb0 and A067. Thus the statement
(*) has been proved.

It is evident that xx,x2£1(M) implies XjVv2(il(Af). Putting /={0} in
(*), it follows that bAx£I(M) implies bfl(M). Hence, 1(M) is an ideal. More-
over, | (M) is standard, since (*) implies {xUYy, jcEI(M), ydJ).

Corottary 1 Let J be an ideal of a section complemented lattice. The following
four statements are equivalent.

(@) Jisstandard.

(R) J isahomomorphism kernel.

(7) J isa p-ideal.

O /1=1(7).

Proof. The implications (/)=>R)=>(y)=><)) are evident. The implication
(Qr=m(a) follows from the theorem.

Remark 1 The equivalence of (a) and (B) is included in [1], Theorem 11.
The equivalence of (a) and (7) is the same as [2], Theorem 4.2 (l), because if a
lattice L with O is section complemented then it is easy to verify that an ideal
of L is O-projective in the sense of [2] if and only if it is a p-ideal in our sense.
(In [2], the term “p-ideal” isused in a different way.)

A lattice with 0 is called atomistic when every element is the join of a family
of atoms (= points), and an element is called finite when it is zero or the join
of a finite number of atoms ([4], (7.1) and (8.1)). If an atomistic lattice L has the
covering properly (i.e. L isan AC-Ilattice), then the set F(L) of all finite elements
of L forms an ideal ([4], (7.4) and (8.8)). Any upper continuous AC-lattice, which
is called a matroid lattice, is relatively complemented ([4], (7.16) and (8.7)), whence
it is section complemented.

Corollary 2. Let L be an irreducible matroid lattice. The set \(F(L)) is
the smallest non-zero standard ideal in L, and hence L is simple if and only if
\(F(L)) contains 1

Proof. If 7 is a non-zero standard ideal, then J contains an atom of L. It
follows from [4], (13.6) that every two atoms of L are perspective. Hence, J contains
all atoms and all finite elements, whence | (F(L))cJ.3

3. Standard ideals in Wilcox lattices. A Wilcox lattice L is defined as follows
([4], (3.11) and (3.12)). Let /1 be a complemented modular lattice where the join
and the meet are denoted by U and T respectively, and let 5 be an ideal of /1
with 0 deleted. In the set L=A —S, we define the same order as J1. Then, in
L, thejoin a\Jb and the meet aAb existforevery a,bEL. In fact,

al\b if aClbdL

a\lb = aUb, aAb = 0 it albes.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



STANDARD IDEALS IN WILCOX LATTICES 115

The lattice A is called the modular extension of L and each element of S is called
an imaginary element. If S has the greatest element i, then i is called an imaginary
unit.

We remark that any p-ideal of A is standard since J1 is relatively com-
plemented. Hereafter, we assume that S is not empty.

Lemma 1 Let L =A—S be a Wilcox lattice. If I is a standard ideal of
and SaT, then '—S isahomomorphism kernel of L.

Proof. We consider, in J1, the congruence relation with the kernel " (see [1],
Theorem 2 (y")), and we restrict it to L. That is, for x,yEL we define x=y
when there exists y6I" such that (xC]y)fy=xUy (=x\Jy). To prove that x=y
is a congruence relation in L we need to verify the following four statements ([1],
Lemma I1): (@) x=x, (b) x=y is equivalent to x'dy=xt.y, (c) x*"y~*z, x=y,
y=z imply x=z, (d) A8y, x=y imply aVz=yVz and xkz=yAz for all
zEL. The statement (a) is trivial. If xAy”~O, then (b) is evident since xAy=xC\y.
If any=0, then Any£SU{O}cr. Hence, x=yox{ly£lox\/y=0=x/\y.
Next, (c) and the first part of (d) are evident. If xéy and x=y, then for any
zEL there exists yEI suchthat (yMz)Uy=vTnlz since ' isstandard. If yAz"O,
then xAz7+0. Hence, xAz=xC\z=yC\z=yAz. If yAz=0, then yflzC {O}crl".
Since aAz=allz=(yMz)UyCT, we have xAz£T, whence xAz=0=yAz.
Therefore, A=y is a congruence relation in L, and evidently o =0 if and only
if aer-s.

Remark 2. In this lemma, if L is section complemented, then ' —S is a
standard ideal of L (Corollary 1 of Theorem 1). But, otherwise, ' —S is not
necessarily standard. Fig. 1 shows a Wilcox lattice where A is a Boolean lattice
(with 8 elements) and >S={/}. The ideal '={a, b, i, 0} of A is standard, but
the ideal r —S={a,b, 0} of L is not standard, since the set {xVy; xCI —S, y£
£L[O, cJ} is not an ideal.

Fig. 1

A Wilcox lattice L =A—S is left complemented if and only if S satisfies
the following condition (see [4], (3.13)):

(**) If b*a in A andif a$S then there exists ¢$S suchthat a=bUc and
Z»(Tc=0.
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Lemma 2. Let L be a Wilcox lattice. Thefollowing three statements are equiva-
lent.

(@ L is left complemented.

(B) L isrelatively complemented.

(y) L issection complemented.

Proof. The implication (<)=>(/?) follows from [4], (3.9) and (2.10), and
(R)=>(y) is trivial. We shall prove that (y)=>(**). Let b”a in J1 with a\S. If
béS, then a complement ¢ of b in the interval /1[0, a] of J1 does not belong
to S and hence it has the desired property. If b£L, then, by (y), there exists
dEL such that b\Jd=a and bJ/1d=0. If bf)d~0, then c=d is the desired. If
bHdAO, then bOddS. Let ¢ be a complement of bf]d in /1[0, d]. Then c$S,
and moreover

bUc = bU(bfld)Uc = bUd =a and blNc —bCldOc —O.

Thus (**) has been proven.
In the next lemma and theorem, we assume that a Wilcox lattice L satisfies

the following condition:
(f) There exist a,b£L such that O<a<h<lI.
By this assumption we exclude only the trivial case that the length of L is 2.

Lemma 3. Let L=A —S be a section complemented Wilcox lattice satisfying
(f). For a non-empty subset M of L — {0}, weput

Ms ={xUu; 0 xdM, ueS}.
Then, I(M§=I1(M).

Proof. We have Mcl(Ms), since xSxUufEMs for every OMxfM. We
shall prove MsczI(M). Let a=xUu with CMxEM and wegS. If 1, then
by the condition (**) there exists CMc£L suchthat aUc=1 and alc=0. We
nut v=cUu. Since A is modular, we have

ally = (uUc)C)a = mu(cha) = u£s,

whence aAy—0. Since a=xUuSxVy, a is subperspective to x£EM, and hence
afl(M). If =1, then we may assume xINwu—0, for u can be replaced by a
complement of xMwu in N[0, u]. If m is not an atom of L, then there is ny£L
with 0<Xj-=x, and by (**) there is (JVx2ET such that x1Ux2=x, x1Mx2=0.
Put a;=nmun (r=1,2). We have a” 1 since wNx2=(xrUun)MxMx2=
= {xIn(uNx)}MNx2=x1MNx2=0, and hence afl(M ) as above. Similarly a.f\(M),
and hence a=afja.*AiM). If x isan atom, then u is notan atom by (f). Hence,
there exist ux,u2"S suchthat u—uxUu2, wrMun2=0. Putting a;=xUu;, we have
Gj~1, andhence a=afja.”AIM). This completes the proof.

Let £=/1 —S be a Wilcox lattice, and let / be a non-zero ideal of L. We
say that J dominates S when for every uf£S there exists xEY suchthat un<x.
It is easy to verify that the following three statements are equivalent: (a) J dominates
S, @ the union JUS is an ideal of /1, (y) J includes the set Js={xUun:0UXE/,
udS}.
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Theorem 2. Let L =A—S be a section complemented Wilcox lattice satisfying
(f). A non-zero ideal J of L is standard if and only if J dominates S and the
ideal JUS of J1 isstandard.

Proof. The “if” part follows from Lemma 1. Next, let / be a non-zero standard
ideal of L, and let O”x"J. It follows from Lemma 3 that u<xUUu£l(J)=J
for every udS. Hence, J dominates S, and JUS is an ideal of A. It suffices
to prove that /US" is a p-ideal. If OAafL is subperspective to A£/US in
A, then there exists p£A suchthat a”AUju and aHp=0. If pZS, then 6/,
since otherwise a“AUpZS, a contradiction. Since xUy(zI(J)=J and since
aslvV (xU/i), we have a£J. If pEL and A£J, then a is subperspective to A
in L and hence af£/. If pEL and /.£S, then a is subperspective to xUAP_J
in L and hence a£J. Therefore, JUS isa p-ideal of A.

1

0
Fig. 2

Fig. 2 shows that if we omit the assumption (f), then L may have a non-zero
standard ideal which does not dominate S.

Corollary. The lattice L= A—S given in Theorem 2 is simple if and only
ifthere isno standardideal ' of /1 suchthat SU {0}8!/V/I.

4. Atomistic Wilcox lattices. If a Wilcox lattice L=A —S is atomistic, then
it is an AC-lattice by [4], (20.1), and hence F(L) is an ideal of L. If a covers
b in L then a covers b in A also, and hence an element p of L is an atom
if and only if p is an atom of A ([4], (20.2)). Moreover, it follows from [4], (20.3)
that A isatomistic.

Lemma A |If a Wilcox lattice L=A—S is atomistic then it is section com-
plemented.

Proof. Let 0 in L. Then, there exists a non-zero element A of A
such that aUA=b and all/.=0. If A£Z, then evidently A is a complement
of a in L[O, b\. If AES, then, taking an atom t of A with t*"A, a complement
Ax of t in A0, A] is covered by A Then, aUAx belongs to L and it is covered
by aUA=b, since N[0, A] is isomorphic to A[a,b] by the mapping: /i—aUp.
Since L is atomistic, there exists an atom p of L such that pfa UAx and pV
V(@UAD=h. If we put c=pUA1, then c£L and cUa=b. Moreover, since A
is modular, we have

cAa ® cMa = (AlUp)n(aUADria = [{AiUlpfKaUAjrina = AxMa S Ala = 0.
Hence, c isacomplementof a in L[O, b\
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Theorem 3. Let L=A —S be an atomistic Wilcox lattice of infinite length.
Thefollowing statements are equivalent.

(@ F(L) isstandard.

(R) F(L) dominates S.

™) SczF(A).

Proof. We remark that F(L)=F(A)C\L (see [4], (20.4)). The equivalence
of (B) and (y) is evident, and (y) implies that F(L)(j S= F(A). Since A is
modular, F(A) is a p-ideal by [4], (11.9), and hence it is standard. Hence, the
equivalence of (a) and (8) follows from Theorem 2 and Lemma 4.

The equivalence of (a) and (y) and Theorem 4 (iii) below were proved by
Stern [6] Using a different method.

A matroid lattice of length "4 is called an affine matroid lattice when it is
weakly modular and satisfies Euclid’s weak parallel axiom ([4], (18.3)). It follows
from [4], (19.14) and (20.15) that a non-modular affine matroid lattice L is an
atomistic Wilcox lattice with imaginary unit i and that L satisfies Euclid’s strong
parallel axiom if and only if i is a dual-atom (= hyperplane) of the modular
extension of L.

Theorem 4. Let L bea non-modular affine matroid lattice.
(i) L is simple if and only if there exist ax, ..., a,fL such that (gV...Va,—1
and each ak is subprojective to an element xk\Ji with Oy+xkf£F(L).
@i)) If i is dual-finite in the modular extension A (especially, if L satisfies
Euclid’s strong parallel axiom), then L issimple.
(iii) Theideal F(L) isstandardifandonly if i isfinitein A.

Proof, (i) is a consequence of Corollary 2 of Theorem 1 and Lemma 3, and
(ii) follows from (i). (iii) follows from Theorem 3.
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UNIFORM RATIONAL APPROXIMATION OF THE CLASS
VrAND ITS APPLICATIONS

By
V. A. POPOV (Sofia)

We denote by Vr the class of functions /, defined in the interval [a, b\, which
have an absolutely continuous (r—l)-th derivative /V -1) in the interval [ab],
which is an integral of a function /<r) of bounded variation in the interval [a, b\
There exist many works on the uniform rational approximation of this class of
functions. First P. Taran and P. Sziisz [1] (see also P. Taran [2]), on the basis
of the famous result of Newman [3], have shown that the functions of the class
Vj (more exactly the convex functions of the class Lip 1) can be uniformly app-
roximated by means of rational functions of degree n better than by means of
algebraic polynomials of the same degree. They showed that

sup R,,(f; [a b]) = 0(In4njn2
St
where

R,Af'A = inf \\f- M f-g\\ci = 1/(*)-2(*)].
, a,b])= inf W\f-g\\cuM, \\f-g\\cia,n x&;ﬁj 1(*)-2(%)]

Rn denotes the set of all rational functions of degree at most n, i.e. qdRn if gq(x) =
= (akxk+ ... +aQ/(bmxmjr...+ b0, k,mSn, and V,(p denotes the variation of
the function @ in the interval [a, b\

In [4] G. Freud oObtained that

sup  /?,(/; [0 1)) = O(In2n/rf+D), rsl.
ri/(rsi

In [5], using a modification of the method of Freud we obtained the following
result: for every natural number 0 the following estimate is valid:

An(/:[0, 1) =ckr (Vof())In ... Inn

where ckr is a constant, depending only on k and r.

Let us mention that the uniform rational approximation of some classes of
functions, which are near the classes Vr, are considered in the papers of Butanov
[6], [7], Abdutgaparov [8], Hatamov [9]. For the rational approximation of some
other classes of functions see A. A. Goncar [10], G. Freud—J. Szabados [11],
J. Szabados [12]

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



120 V. A. POPOV

The main aim of this work is to prove
Theorem 1. Thefollowing estimate is valid:
sup R,,(A[ab)=c(rfb aiM, rE1
visP (A [a b]) = c(nf o
where c(r) isa constant, depending only on .

One can easily see that
c"(rfb;a-g_[LM N sup Rn(f; [a,b%,

where c'(r) is a constant, depending only on r (see also G. Freud [13]). Therefore
the order O(n~r~1) in Theorem 1is exact.

In 8 1we give some lemmas. In 82 we give the proof of Theorem 1and in §3
we give some applications.

The results are announced in [14].

8 1. Some lemmas

Lemma 1(see [5], pp- 61). Let
dn= sup Rn(f; [0, 1]).

Then
sup Rn(/; [a b))~ (b- a)rMom:
vhlo>mM
Lemma 2. Let
Cpr .= sup inf /- qlle[o ]]_
10)(0)=0,570.....1 iiic (* o= )a

Thenfor every e>-0 we have:

sup inf 1/—Slieu, bl —
Besl,, 2
Il/(s,»cta,b]Sl.s=0.-->"- »ellC(-~,=)SM (6-ara+s-1/2
b-dy
b-ayM®'TTHe\ 2 ( illct— .-) = i
(b-ay 2, g (illet— .-) = supli(x)]).
Proof. Let VAf**M | 1I/"Hcec.h~ 1/~ 0O , ..., r. Thenfor

9(%) = My —a)ff (A+ {D-2) X)) B\nr (1 225)r~s
1 As usual, C[a, b] denotes the set of all functions continuous in the interval [a, ti\.
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we have Vigr>41 g(s=0, s=0, r, and therefore there exists a rational func-
tion qERn suchthat

g-2Mcfo.u = qwav 17— 1lc(-) = A>

ie.
XD
1 . B sHa){x-af
Mo —ay % %) - 2 MO0 -
Let us set:
PO) = T /(3@)(*~aS , B(X) = p(xW +2zp4x))-
5=0 *>1
Obviously we have: OdRir, I|0|lc(— ~)=£~1/2,
iin(*)HC[..H s 5:20 VD-DN,Ia,»:4\'S:20 «“ SIr A 53;
0+M (b—a)rgERn+2>
therefore

/- (B+M(b—aY?)|lc[e,s] S M(b-aY<K,A+s »

[[0+M (A-a)*|c(—») » M(b—afA+e~12
which proves the lemma.

Lemma 3. Let VgP=1, (p£C[0,1], and let mSI and O he integers. Then-
there exist m+1 points xt, i=0, m, 0=xo0<x1< 1, such that

(YxLip)(x=x 1 Jr=1I/mr+l, 1= 1, m.

Proof. Let us set (p(x)=<p(1) for r~ 1 and construct (as far as it is possible)
the points xh i=0, ...,5 x0=0, such that (KE'_rg)(x;—xi_Jr=W r-1. Denote:

ai=Vx“ 1P bi=xl-xi_1, i=1,..., 10

Then aibi=m~r~1, i=\, s, 2 a{llyo<plll. If then the lemma is proved.
i=l
Let and let us estimate xm. We have:
iglb'= Ym 11, f= 1, e 2 d= A-1

Letus find min 2 (ai LIr 1 ) if 2 €=~=L We have d,=const=/1/tu,.
i=l

ai i=l
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/=1, m and

m
Xy3s M min N (a~I'rm~1~Lr) —A~1UrS 1
a-, flai: A~ AT

since A s 1. The lemma is proved.

Lemma 4. There exists a constant d(r), depending only on r, such that for
every natural number n> 1 there exists a rational function onGRs, Nsd(r) In2n,
for which

\an{x)\S n~2r~i for —IS x S —n~r~2;

Osan(a)S 1 for |[x|sl; on(x) is a monotone increasing function in the interval
\x\sn~r~2;
[l—a.(a) » n~2r~i for n~r-2S xS 1;

Mec—.-) N fin'*2

Proof. From the lemma of Goncar [10] it follows that there exists a constant
d'(r) (depending_only on r) such that for every integer n > 1, there exists a rational
function adRh,Nsd'(r) In2n, suchthat

|<r,(u)) Sy n“2%4 for —1S x S —~r~2;

0Sff,,(x)SI for |x]=1, <,(X) is a monotone increasing function in the interval
\x\Sn~r~2
[1—u,(a) S 1/(2n2r+) for n~r~2S xS 1

Then for (x)=0n(x)/(I +n~2~452(x)/2) we have:

onERN, N S 2d'(r) In2/r, 0~ an(x) S 1 for |idS 1,
lo-,,(X)[én_2"~1 for —IS x S —ir~r~2 and [1—<r,(X)|*77 2r 4 for n~r~2SxS 1
On the other hand

ff.w = 11-|n ~ [ +i.,-2,-4"2(X)

therefore on(x) is monotone increasing in \x\Sn r~2 Finally ||ff,|lc(-<»~)—
sfln'+ 2 The lemma is proved.

Lemma 5 (the Main Lemma). There exists a natural number nO(r), depending
only on r, such thatfor nSn0(r) we have

ONIHLA A7 r 1(1+ JIn77)r+l, r S,

If gkk2r=<pk)k~r~1 (p(k)*l, for k=[d(r) In3n], where d{r) is the constant
from Lemma 3.

(Here and in what follows we use the notations of Lemmas 1—3).

Proof. Let Vg/ (NS 1, f (s)(0)=0, s=0,...,r. We may assume that /(r>£
<EC[O, 1] since the set A= {f: VAfASI, /<=0, i=0, ..../o, /<r><EC0, 1I} is a
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dense subset (in C[O0, 1)) in the set B={f: Fo/<r)SI, [/ fs)(0)=0, 5=0, r}.2
Applying Lemma 3 it follows that there exist w+ 1 points xf, /=0, ,m, 0=
=X,<x1<...<xm= I, m 1, suchthat

(1) (MY @) (r;-ri-rs m-"~\ i= 1, m.

Let us set /(x)=/(0)=0 for x~*O and /(x)=/(l) for xsl. Denote At=
= [Xf-i—~r~2 Xi+n~r~4 and let Tt be the linear transformation of the interval
Ai into the interval [Xj.~xJ. Then

2 IF;x—x| * n~r~2 for Xx£d;.
Let U |:|, M be rational functions of degree NKH2r such that

(3) 1/-"-ilcui-1>*1iS M I A k<ker+i+ n r ZL":OSIJ )
Artilie(-~ . ~) —k2rHim~r-1+nl#S, i=1 |, m.
Such rational functions exist by (1) and Lemma 2. From (2) and (3) we obtain
4 1/(X) - r-(71X)c —max |/(X)-/(F,-x)|+max 1/(7» -rA4»| S

L S | VA o (oS DI LI I oY V% iy

(since /<s>(0)=0, 5=0, Fo/(Nsl, we have \f(x)—(y)\"\x—\), where
(5) Iritie (3%¢) —k 2r+im~r~1+n1+12,
Let us consider the rational function g(LRN, where N”~m (k +2r+d(r) In2n):
m-t

q(x) = ri(TIx)+ 2 1 an(x ~~xi)(ri+1(Ti+1x)—ri(Tix))
1=
where an is the function from Lemma 4.
Let x£[0, 1]. Denote i,=max {/: X;<x—~r~2Z, (v=max {r x,<x+u-r“z}

ifioti=1-crn(x - x iotd), dt=an(x- x;_j)- an(x- x"), i=i0+2, ...,iN,diri+l=
=<7,(x—ifl). Then x£d;,/=/,+1, ..., iN+ 1 and from Lemma 4 (the monotonicity

2 If/6 B we can take for example
fhrdx) =-;Q{hf (rax-t)dt (/(NX) =/<)0) =0 for xsO).
Then V}firl S 1,/ hrl g C[O, 1], moreover for

fh) —/ / ../ firldr..dl
we have/hg)0)=0, j=0,..., r and

ljj,—#lIcto.ii — lihtrl — tom *0 as h -“m0.
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w1
of the function <, in \x\*n ' 2 it follows that d*"O, 2 dt=I. Using (4),

e="0+1

(5) and Lemma 4 we obtain:

(6)
\F(x)-g(x)\  WrI(T1ix)+ i2_1<r,,(x-xi)(ri+1(Ti+1x)-ri(Tix))-ri0+1(Ti0+1x)\+

WH(TioHX) + 2 A(x ~ xd (ri+i(Ti+iX)—ri(Tix))—f(x) +

2 cr,,(x-Xi) (rt+1(Ti+1x ) - r i(Tix))

v+
S 2mn-t*-* lIr-_;; " i
AP W-iic(-~~)+ 2 «il/W -~CTiieM,) =

e=‘0+1

k2r+
S 2mn " 4 m’>,+1+n'+”2 +m ' 1PRKb-\+n ' 2 1+ LS

[1?]lc(—.-) = 232mnr+2(k 2r+im~r~1+ n1+/2).
Let us set: k=[d(r) In3u], m=[n/(d(r) (IN3n+ In2w)+ 2r)]. Then g€Rn and

mk” nl I d{r)\n3n |

(T+ VInn + 2r/(i/(/91n3n) n iI(n)(In3n+ Inn)+2rJ
Now let na(r) be such that for néno0(r) we have:
1) [d(r\n3n]a 1,
2) [n/(i/(r)(In3n+ In2n)+ 2/-)] S 1;
3) 2¥Y2rmf+2(kZ+im~r~*+nlH/2) n2r+i;
4) 2mn~2r~i (kK2r+im~r~1+ n1+/2) + (I + edn~r~2» 30n~r~2;
1 d(r) In3n
5 L+ 1/Inn + 2r/(G?(r)In3n) n d{n{\n2n+\n2n) +2r £ |1+l
6) (30n_1+ (1 +2/20 7hr+D) = (1 +3/In ri)r+i.
Then if &kKr-n(p(K)K~'~1 (p(k)*I, we have
[1-910cfo,i] = (p(k)n-r- (1 + 3/Inn)r+1, |*|le(= ~) — n2rtd, qeR,,
which proves the lemma.

Remark. The method proving Lemma 5 is an improvement of the methods
from [5] and [15].
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§ 2. Proof of Theorem 1

In what follows we shall denote the constants, which may depend only on r,
with cfr), c2(r), ....

In view of Lemma 1to prove Theorem 1 it is sufficient to prove that ®*,,Z+4"
éc1(Y)m~r~1 since

®nS &on_r, = 14T > ‘o

Let NO(r) be such that a) NO(r)*n0(r), where nO(r) is from Lemma 5, b) for
n~N fr) we have
2 N Jil(r)In3n]2é n,

where d(r) is the constant from Lemma 4. Obviously there exists a constant
c3(r)™1 such thatfor n~N 0(r) we have

Frrnd =Y

Denote y(x)=[d(r) In3x], ys(xX)=>-'(¥-1(x)). Let n>7V0(/-). Then there
exists sO depending on n such that y'o(n)sNO(r) and >\o 1(n)>7VO0(/-). Using
Lemma 5, we obtain successively:

cIjy*o—l(n),('j‘so—1(n))2r+4 - (*"S.-1(n)y +1 Al in y*o-1(n)J

y ; c3(r)
YOUAN, COIA2 - omy-AQ)r (L+In/e 10)  (Alny S 2()

n o= e =
oo BT e

Since j 0 1(n)>NO(r), we have (v (sy2—vy uw> i-e-In/(n)/Inyl 1(/r)= V2.
Therefore there exists a constant c4(r) (independent of n and sO such that
|:|9 (1+ 3 /1n («))r+1s= ca(r)
i
which proves Theorem 1.

8 3. Some applications

Theorem 2. Let the function f have an absolutely continuous (r-1)-th deriva-
tive / (I-1) in the interval [0, 1]. Then

Rn(fi [0, 1]) = O(cor+1(f; m -f+mr),
where n~1m,,"-00 as n-»°°, ok(f; 8)= sup V\A\f{x)\,
x,\h\S6
Akf(x) = 2 ket h).
()= 2., , Denf(x+mh)
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Proof. We shall use the method from [16] (see also [17]). In [16], pp. 166—169
it is proved that for every function / with absolutely continuous (r—I)-th deriva-
tive / (r“) in the interval [0,1] (i.e. 8 r>£L[0, 1]) and for every A>0 there exists
afunction/ n6 Cr[0, 1 suchthat

11/-/alc[oi] = c5(r)cor+1(f; A),

VINe 35c6(r){h-\«,(/("); h)L+ h~roor+1(f; A}

i-6
®i(£; h)L= o‘°‘<”|§iQf lg(x + <5)-g(X)|<&

where

is the integral modulus of continuity of the function g.
Using Theorem 1we obtain:

(7) R,,(F; [0, 1]) » [li—I»lieto,m + -K,(N;[0,1]) s
—c7(n{cor+i(/; h)+n-r- 1h~10)1( R r'> h)L+ h-‘cor+1(f; h)]}.

Since /(I>6£]0, 1], cnA/C); A)—0 as A—0. Therefore there exists a sequence
n~1im,— (n-*°°), suchthat

K(B[Q ) = O(Gir+1(/; rr+1+mr)
-+

(we can set for example h=h(n)=yo}1(B r> \/n)L/n in (7)).
The theorem is proved.

Corollary 1 Ifthefunction f has an absolutely continuous (r-\)-th derivative
/(>—) jn the interval [0, 1], which satisfies the Zygmund condition io.,(fir~r> 3) =
= 0(6) intheinterval [0, 1], then

*,.(/;[0,i]) = u(n-").

Corollary 2. (The Newman’s conjecture). 1f /ELip 1, ie. wt(fi, 6)=0(8),
then R,,(f; [0, 1]) = o(«_1).

Remark 1 G. Freud remarked that from the validity of Theorem 1 follows
the Newman'’s conjecture.

Remark 2. From the results of J. Szabados [18] it follows, that Theorem 2
(and Corollaries 1and 2) cannot be improved.

We shall give also some applications of Theorem 1 to the approximation of
functions with respect to the Hausdorff distance between functions (for the definition
and main properties of the Hausdorff distance between functions see [19], [20])

and to the local approximation of functions.
We shall denote by r(fig) the Hausdorff distance between the bounded

functions / and g on the interval [0, 1]. This may be considered as a generalization
of the uniform distance (see [20]) and is useful for the approximation of discon-
tinuous functions [19].
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The best Hausdorff approximation of the function / bounded on the interval
[0, 1] by means of rational functions of degree n is given by

RAf)r = in/ K/> q)-

In [21] we proved that if the function / is of bounded variation on the interval
[0, 1] then
*,(), = D(n In «/«).

Using Theorem 1 we shall prove that in this case we have R,,(f)r=0(n~2.
Denote by V(jn) the class of all step functions @ with Vi<p=\, which have
jumps only at the points Xi=i\m,i=1,..., m—L1

Lemma 6. Let VIf=1 Then there exists g£V(2m) such that r(f g)SI/m.

Proof. We may suppose that fEC[O, 1] since the class of these functions
is dense in the class V \f* 1 with respect to the Hausdorff distance. Denote

yt=i/m, i=0,, m xt=i2m, i—0,...,2m,
max f(x), Ntzxeﬁjll_lim!flx),
If there exist X'E[Y1- 1lryl, x"f[yi_1,yi], such that f(x)=Mi, f(x)=Ni,

X'-<x", weset
g(x) = Mi for xeix"*Xv-J, g{x) —Ni for *e[xd_!,:%)

(if i=m, then g(x)=Nm for x€[x2m i, x21j), in the converse case the roles of
Mi and Ni should be interchanged. Obviously Vog=l and from the definition
of the Hausdorff distance it follows that r (f g)*\/m.

Theorem 3. We have
sup R,,(f)r = c¢/n
Vll\ﬁl ®

where ¢ is an absolute constant.

Proof. Let F<>/S1 Applying Lemma 6, there exists g6F(2w) such that
r(f, g)"l/n. Letusset g(x)=g(l) for h= 1/4«. Denote

gh(x) = j1 ng(x +t)dt.

It is easy to see that
KU = -AForgCv+Aj-gC*)) » r(g, g —h — U4«

Using Theorem 1we obtain:

Rn(f\ = r(f g)+r(g, gh+ Rn(gh = cln-

The theorem is proved.
The problem of local approximation of functions was set in [22] as follows:
Let {®, M, be a given series of functions and let A be a given class of functions.
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What should be the maximal speed of decreasing of the function (pin) so that
for every function fEA there exists a function 'P,£®, such that for every x£[0, 1]
we have

\F(X)-"I'n ()N = w(fx; dp(n))+0(n-1)

where to(f x; S) is the local modulus of continuity of the function / in the point

X Ne 11
o(f,x;3)= Wf(x)-f(y)\.

In [22] we proved that if &n is the set of all algebraic polynomials of degree n
then the order of the function d>n) is Inn/n if A is the set of all continuous
functions in [a, b], or the set of all monotone functions with a variation si. In
[21] we proved that if &n=Rn, then the order of the function cp(n) is Sin In njn
for the class of functions with bounded variation. Using Theorem 3 it is easy to
see that in this case the order of the function (p(h) is O(u-1).

Lemma 7 (See [20], [22]). Let f be a continuous function on the interval [0, 1].
Thenfor every x 6[0, 1] and gOC [0, 1] we have

\f{x)-g{x)\ S r(fg) +co(fx;r(f,g)).
Using Lemma 7 and Theorem 3 we obtain immidiately

Theorem 4. Let /£cpo, 11 and V)f=V. Then for every natural number
n> 0 thereexists gn€R,, such that

\f(x)-gn{\ S w A f x-~-1+"~p> *€[0, 1],

where c(V) isa constant, depending only on V.
It is easy to see that the order O(u-1) in Theorem 3 is exact. We do not know
if the order O(m-1) in Theorem 4 is exact.

References

Cl] P. Szusz, P. Taran, On the constructive theory of functions. Il, Studia Sei. Math. Hungar., 1
(1966), 315—322.

[2] P. Turan, On the approximation of piecewise analytic functions by rational functions, CoBpemMeH-
Hble Npo6neMbl Teopuy aHanMTuyecknx yHkuuii (Mockea, 1966), MexayHapoa-
Hasl KOHepeHLMs Mo TEOPUU aHAMTUYECKUX PyHKuni (EpeBaH, 1965).

[3] D. J. Newman, Rational approximation to \x\, Michigan Math. Journal, 11 (1964), 11— 14.

[4] G. Freud, Uber die Approximation reeler Funktionen durch rationale gebrochene Funktionen,
Acta Math. Acad. Sei. Hungar., 17 (1966), 313—324.

[5] V. A. Popov, On the rational approximation of functions of the class Vr, Acta Math. Acad. Sei.
Hungar., 25 (1974), 61—65.

[6] A. M. BynaHoB, O nopsigke NPUGAMKEHUA BbINYK/bIX (YHKUMIA paumoHanbHbIMU YHKUN-
amn, N3e. AH CCCP, cepus maTem., 33 (1969), 1132—1148.

[71 A. N. BynaHoB, PaynoHanbHble NPUGAMKEHUS BbIMYKAbIX QYHKUUIA C 3afjaHHbIM MOLY/1eM
HenpepbIBHOCTU, MaTeM. c6., 84(126) (1971), 476—494.

[8] A.A. A6gynranapoB, O paunoHanbHbIX NPUBAVKEHUSX (DYHKLMIA C BbIMYK/I0A NPOMU3BOAHOIMA,
MaTewm. c6., 93(135) (1974), 611—620.

[9] A. XaTamoB, O paunoHa/bHbIX MPUBAMXKEHUAX (DYHKLUWIA C BbIMNYK/IOA MNpou3BogHoi, Ma-
Tem. c6., 98 (140) (1975), 268—279.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



UNIFORM RATIONAL APPROXIMATION OF THE CLASS K. AND ITS APPLICATIONS 129

[10] A. A. ToHuap, OueHKM pocTa palMoHabHbIX PYHKLUUA U HEKOTOPbIX MX MpUIoXeHun, Ma-
wem. c6., 72(114) (1967), 489—503.

[11] G. Freud, J. Szabados, Rational approximation to x*, Acta Math. Acad. Sei. Hangar., 18
(1967), 393—399.

[12] J. Szabados, Rational approximation of analytic functions with finite number of singularities
on the real axis, Acta Math. Acad. Sei. Hungar., 20 (1969), 159— 167.

[13] G. Freud, On rational approximation of differentiable functions, Studia Sei. Math. Hungar.,
5 (1970), 437—439.

[14] V. A. Popov, Rational uniform approximation of the class Vr and its applications, Comptes
rendus de | ’Acad, bulgare des Sei., 29 (1976), to appear.

[15] V. A. Popov, J. Szabados, On a general localization theorem and some applications in the
theory of rational approximation, Acta Math. Acad. Sei. Hangar., 25 (1974), 165— 170.

[16] . ®paiig, B. A. MonoB, HekoTopble BOMPOChl, CBSI3aHHbIE C annpoKcumauueid cniaiH-gyHK-
LMsaMU U MHorouneHamu, Studia Sei. Math. Hungar., 5 (1970), 161—171.

[17] G. Freud, V. A. Popov, On approximation by spline functions, Proceed, o f the Conf. on Constr.
Theory of Functions (Budapest, 1969), 163— 172.

[18] J. Szabados, Negative results in the theory of rational approximation, Studia Sei. Math. Hun-
gar., 2 (1967), 385—390.

[19] Bn. CeHpoB, HekoTopble BOMpOChbl TEOPWUM MNPUGAVKEHUN (YHKLUA M MHOXECTB B Xayc-
nophoBOMA MeTpUKe, Ycnexu maT. Hayk, 26,5 (1969), 141—178.

[20] BI1. Sendov, V. A. Popov, On a generalization of Jackson’s theorem for best approximation,
Journ. of Approx. Theory, 9 (1973), 102—111.

[21] B. A. MonoB, O6 annpokcumauuun QyHKUWMIA OrpaHUYeHHOl Bapuauumn pauvoHa bHbIMU
pyHKumamu, Cepauka, bbnr. maTem. cnucaHue, 1 (1975), 96— 103.

[22] B. A. MonoB., JlokanbHoe NpubAMXKeHMe GyHKUMiA, MaTem. 3ameTku, 17 (1975), 369—382.

(Received February 2, 1976)

INSTITUTE OF MATHEMATICS AND MECHANICS
OF BULGARIAN ACADEMY OF SCIENCES
SOFIA, BULGARIA

9 Acta Mathematica Academlae Scientiarum Hungaricae 29, 1977






Ada Mathematica Academiae Scientiarum Hungaricae
Tomus 29 (1—2) (1977),pp. 131—148.

ON A DOWKER-TYPE THEOREM OF EGGLESTON

By
G. FEJES TOTH (Budapest)

81. Introduction

Let us recall the fundamental theorems of Dowker [2]:
If i(n) is the area of an a-gon of maximal area inscribed in an arbitrarily
given convex domain then

i(n—\)+i(n+ 1) = 2/(8) (n=45..).

If c(n) is the area of an a-gon of minimal area circumscribed about an ar-
bitrarily given convex domain then

c(n—D+c(a+ 1) & 2c(n) (3= 4,5 ..).

By the proof of these theorems Dowker was led to two further theorems:

Among the 2/n-gons of maximal area inscribed in a centro-symmetric convex
domain there is one which has central symmetry (m=2, 3,...).

Among the 2m-gons of minimal area circumscribed about a centro-symmetric
convex domain there is one which has central symmetry (m=2, 3, ...).

The intrinsic beauty of these theorems, as well as their central part in the
theory of packing and covering [1,6,7,9], started further investigations
[3, 5, 8, 10, 11]. We emphasize the following two theorems:

Theorem of Eggleston: If m(n) is the minimum of the area-deviation of a
convex f-gon from a given convex domain then

Ar(s —)+ w (s+1) & 2m(n) (a=45,.).

The area-deviation of two domains is defined as the area of the set of those points
which belong to exactly one of the domains.

As to the following theorem see [5].

If Kk and m are positive integers such that km>2 then among the ksar-gons
of maximal (minimal) area inscribed in (circumscribed about) a convex domain
of k-fold rotatory symmetry there is one which has Afold rotatory symmetry.

In the present paper we shall give certain generalizations of these theorems
which have important applications in the theory of packing and covering [4].

We shall denote the area ofa domain X by \X\.

Let p and a be positive, finite or infinite numbers such that — — =1. Let

A and B be two measurable domains. We define the weighted area deviation, in
short the deviation of B from A by

a(A,B) = p\A-{AC\B)\ + q\B-{BC\A)\.
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In this formula a product of the form °°-0 can occur. Let the value of such a
product be 0 by definition. Observe that apart from the case p=q the deviation
a(A, B) isnotsymmetricin A and B.

We phrase our results in the following two theorems:

Theorem 1. For fixed weights p and q UAp’ eg M'F+E= 1)2 let a(ri) be
the minimum of the deviation of a convex n-gon from a strictly convex domain C.
Then

aln—Y+am+ 1> 2a(n) (n=4,5,..).

Theorem 2. Let C be a strictly convex domain with k-fold rotatory symmetry.
Then for arbitrary weights p and q bl~p, <N —+ —= I} any convex polygon
with km>3 sides having minimal deviationfrom C has k-fold rotatory symmetry
with the same centre ofsymmetry as C.

Since any convex domain can be approximated by strictly convex ones and
the deviation is a continuous function of the domains, Theorems 1and 2 immediately
imply the following theorems:

Theorem 1* For fixed weights p and g ll’\p, q=°°,p—+ Ez ])1 let a(n)

be the minimum of the deviation of a convex n-gon from a convex domain C. Then
a{n—\) +a{n+\)"2a{ri) (« = 4,5,...).

Theorem 2*. Let C be a convex domain with k-fold rotatory symmetry.
Then for arbitrary weights p and q \f/|< », = 11 there is a convex

km-gon (km> 3) with minimal deviation from C having k-fold rotatory symmetry
with the same centre ofsymmetry as C.

The existence of a convex wu-gon having minimal deviation from C can be
reduced to a wellknown theorem of Weierstrass. A similar reduction in an even

more complicated case will be presented in 8§ 3.
It is easily seen that Theorems 1 and 2 contain the above theorems of Dowker

concerning inscribed (p=1, g=°°) and circumscribed (p=-°°,g=\) polygons.
For p=q=2 Theorem 1is equivalent to the above mentioned theorem of Eggleston.

82. Sketch of the proof of Theorems 1 and 2
We shall use a slight modification of Eggleston’s method.
First of all we extend the notion of deviation to point-sets in which each point
occurs with a certain non negative integer multiplicity. Such a multiple set A is
defined by its characteristic function % (P) which gives the multiplicity of the
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point P. The set-operations for multiple sets are defined by the following relations:

Xnue(P) = max {Xa(p\ Xb(P)}>
Xar\e (P) = min {Xa (P), Xb(P%

[Xa(P)-Xb{P\ if Xa{P)"Xb(P)
if Xa(P)"Xb(P)-

We define two further operations, the sum of two multiple sets and the n-fold of
amultiple set as follows:

Xa+b(P) = Xa(Pl+ X8(P), X,a(P) = 4 a(p)-
If Xa(P) is L-measurable then the area of A is defined by

VA= ZK\(P XA(P) = K}
=1

Now the deviation of multiple sets can be defined by the above formula con-
cerning simple sets.

Let us assign in the plane a positive direction of rotation in the clockwise sense.
Let ' be a finite set of closed oriented polygonal lines. Let U be the point-set
union of the polygons of T. Let P be a point not belonging to V. Consider
the angle described by the halfline PX when X moves along a side of a polygon
of T in accordance with its orientation. We assume that the sum of all these angles
is, for any point P not belonging to U, nonnegative. Then T forms the boundary
of a multiple polygonal region A defined as follows: For Pl U let Xa{P) be the
above sum of angles divided by 2n. (Obviously /A(P) is an integer). For P£U
let Xa(P) beequal to Jim inf*Xa (Q)-

A is uniquely defined by T but not vice versa. For instance the multiple poly-
gonal region defined by a pentagram may be generated also by a convex pentagon
and a non-convex simple decagon. To avoid this ambiguity it is convenient to define
a multiple polygonal region, instead of its characteristic function, by the polygons
forming its boundary. We shall call the vertices and the oriented sides of the polygons
also vertices and sides of the multiple polygonal region.

We are going to define a special family of multiple polygonal regions which
plays a distinguished part in the proof. Let H(XY) denote the open halfplane
lying on the right hand side of the oriented line XY. We define the core M(A)
of a multiple polygonal region A as the intersection of all halfplanes H(XY)
belonging to the sides XY of A. We call A a double-polygon if all of its angles
are convex, M (A)"0 and Xa(p)=2 for all PEM(A). Let us mention some
simple properties of a double-polygon.

(1) Let the segment PQ intersect the side XY of the double-polygon A.
It is easily seen that if PQ does not intersect any other side of A and P£H(XY),
QeH(YX) then Xa(P)>XaNe

Let XY be aside of A. If PEM(A) then the oriented angle <XPY is positive,
otherwise we would have P"H(YX), ie. P$M(A). Since yA(P)=2 therefore,
by the definition of Xa(P\ any halfline issuing from P intersects the boundary of
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A in two points dividing the halfline into three parts. According to (1) the points
of these parts of the halfline belong to A with multiplicity 2, 1 and 0. It follows

immediately that
(2) the set of points Q with yA(Q)>0 is a star domain with respect to any

point PEM(A).
The above considerations also show that
3 M(A)={P xAP)=2}
and that
(4) the boundary of a double-polygon consists of one or two closed polygonal

lines (Fig. 1).

Fig. 1

Let X, P and Y be three non-collinear points. We define the set S(XPY)
as follows: S(XPY) consists of the points of the open angular region < XPY,
of the points of the closed segment PX and of the points of the halfline PY other
than the points of the closed segment PY (Fig. 2). Let S>(n) be the family of
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the double-polygons with at most n sides. For a fixed convex domain C we write
d(n) = infa(2C, D), DzZ@(n).
Then we have the following

Lemma 1. Let n &8 be an integer and C a strictly convex domain. Then there
is a double-polygon D£S>(n) such that a(2C, D)=d(n). Any DE£LIn) with
a(2C, D)=d(n) has the following properties: COM(D)WN0, D has exactly n
sides, finally if XY is a side of D and PE£CC\M(D) then the region S(XPY)
contains exactly one vertex of D besides X.

The proof of Lemma 1 follows in §3. Here we shall show how Theorems 1
and 2 can be proved with the help of this lemma.
We start to show that for né4 we have

d(2n) —2a(n).

According to Lemma 1 there is a double-polygon D£.9)(ri) such that a(2C, D)=
=d(2n) (né4) and this D has exactly 2n sides. Suppose that the boundary of
D consists of a single polygonal line X1...X2n. Consider a point PfCC]M(D)
and a sequence of vertices X1,...,Xk of D such that <IXxPXk<2n but
< X1PXk+1"2n. Then by Lemma 1 Xk+1£S(X1PX32,..., X&,6 S(Xk_kPXK) show-
ing that the number 2n of vertices of D is 2k—1 This contradiction shows
that the boundary of D consists of two polygonal lines. Again, by Lemma 1 each
of these polygons must be an wu-gon. Thus D is the sum of two convex polygons
D1 and D, and we have obviously a(C, D)=a(C, D) —a(n), consequently

d(2n) = a(2C, D) = a{C,DJ+a(C, D2 = 2a(n)
as claimed.

Denote by Bm a convex m-gon whose deviation from C is equal to a(m)
(w=3,4, ...). We claim that for «+«'=8, »,«'>2 we have Bn+Bn£&i(n+n’).
To see this we have only to show that A,M 4,-*0. For p=<=°,q=I this is obvious
because now both poligons contain C. If p< °° then the supposition B,IlB,,= 0
would imply that a(n)+a(n")=a(C, B,,)+a(C, Bn)>p\C\. On the other hand, by

. Ald_ .
a theorem of E. sas [121, C contains a convex »-gon of area a(»):AZn_Asmf_z .

Hence a(n)-\-a(n")*"p{\C\—s{n))-\-p{\C\—s(n")). Since s(3), .s(4), ... is an in-
creasing concave sequence, we have a(n)+a{n')"p(2\C\—s(T)—s(5))<p\C\. This
contradiction proves the assertion.

Now, Theorem 1is an immediate consequence of the relations d(2n)~ 2a (n)
and 5, 1+5,+16"(2«), «4. For we have

a(»-N+a(»+1) = a(C, Bn_j)+a(C, Bnt+l) = a(2C, Bn i+Bn+l) * d(2n) = 2a(n).

Since by Lemma 1 Bn_1+B,,+1 cannot have minimal deviation from 2C
among the double-polygons with at most 2» sides, we see that for a strictly convex
domain C the sequence a(3), a(4), ... isstrictly convex.

We continue to prove Theorem 2. Let C be a strictly convex domain having
JHfold rotatory symmetry (k” 2). Let FO be a convex polygon with km> 3 sides such
that a(C, FQ=a(km). Let P be the centre of symmetry of C. The rotations
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about P through the angles 2n\k, ...,(k —\)2n\k carry C into itself and FO
into Fx, ..., Fk_1. According to the above considerations we have Ft+ F}£3i(2km)
and a(2C, Ft+ Fj)=d(2km), O si,j"k—I. Let X0 be an arbitrary vertex of FO
and X0, XIt ..., X,,-x, X,,=X0 consecutive vertices of FO. We have obviously
PECH)M (FO+ Fj) (j= 1, K —1). Therefore, by Lemma 1, any region S(XtPXi+1)
(/=0, ..., n—1) contains exactly one vertex of the polygon Fj(j=1, ..., k—I).

Let G be the pointset consisting of the vertices of the polygons FO, ..., Pk_r.
Here coincident vertices of different polygons are considered to be different. Since
G has Jifold rotatory symmetry, there is a point ZEG such that < XnP Z=2njk
and XOP=ZP. Obviously S(XO0PZ) contains exactly km points of G. Since,
on the other hand, any region S(XiPXi+l) (i=0,..., n—1) contains exactly «
points of G therefore S(XOPXm) contains also km points of G. But as we have
Z, XmdG, S(XO0PZ) and S(XOPXn) can contain the same number of points of
G only if Xm coincides with Z. This means that the rotation about P through
the angle 2nfk carries X0 into Xm, i.e. FO has, indeed, Jl-fold rotatory symmetry.

83. Proof of Lemma 1

Since in the cases when p=1 g=°° or p=°°, q=1 the lemma is known
we restrict ourselves, for the sake of simplicity, to the case when 1-=p,
Observe that for an arbitrary double-polygon D we have

a(2C,D) » p(\C\-\CfIM{D)\).

On the other hand, we have by the theorem of Sas for né 8
d(n) S 2dG(4) S 2p(\C\-j(4)) = p\C\ 2(A~ 2) = p|C|0.726 ... < p\C\.

It follows that for any double-polygon D”SHri) with a(2C, D)=d(n) (n*8) we
have

lcrw (T>)| £/>]c| b o2A-2l

Thus for a D”Qi(ri) having the least deviation from 2C we have, indeed,
Cru (e£>)no0.

In order to see that for né8 there is a D£S$(n) for which a(2C, D)=d(n)
we consider a sequence 2%, 22, ... of double-polygons with at most n sides such
that l,g,%a(ZC, Di)~d(n). Obviously we may suppose without loss of generality

that d(2C, £&5)—2a(@) (/—1,2,...). The above considerations show that then
a(2C, Dj)<p\C\ and, writing /,,="1 —£~"~—~p\C\, we have |[CTIM(4-)|*/0

(i=1,2 ..). We claim that under these conditions the D/s are uniformly bounded.

Let k* and dt be the width and the diameter of CIMM(£>;), respectively.
If d is the diameter of C then Wid"Wjd"tJ2, ie. wi”?02r/. Let X be an
arbitrary point of Dt outside of C. Let P be the point of the boundary of C
nearest to X. The set CD M(D;) contains a segment of any direction of length
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Wj, thus it contains a segment EF of length tJ2d perpendicular to the line PX.
Since EFczM(Dt) and the set of those points Q for which xDj(B)>0 is a star-
domain with respect to any point of M(Df), therefore any point of the triangle
EFX belongs to Dt with multiplicity at least one. Let the line through P per-
pendicular to XP intersect the lines XE and XF in E'and F' (Fig. 3), respectively.-

X

Fig. 3

Let the lines PX and EF intersect in T. Since the points of the triangle E'F'X
do not belong to C but they belong to Dt with multiplicity at least one, we have

,,ac, A) a irnrhrym

This yields, along with the inequality p|C|=-a(2C, Dt), an upper bound for XP
depending besides p and g only on \C\ and d.

We associate with Dt (i=1,2,...) a (2n+ 4)-dimensional vector z; as follows:
The boundary of Dt consists either of one closed polygonal line X1...XmX1 or
of two closed convex polygonal lines X1...XIX1, XI+1..XmXI+1 (m”n). We
obtain the coordinates of z; by writing down successively the coordinates of the
vertices in the above order and writing at the end as many zeros as necessary. Though
the mapping O —Z is not unique, the vector z- determines Dt uniquely. Since
the sequence {z}" r is bounded we can select a subsequence from it which tends
to a vector z. This vector represents a double-polygon DE@J(n) for which
a(2C, D)=d(n).

In the rest of the proof D will always denote a double-polygon belonging
to 2>(n) such that a(2C, D)=d(n). By ..., Xi_IXi, XtXi+1, ... we shall mean
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successive sides of D belonging to the same polygonal line. In accordance with
our previous notations let H(XY) be the open halfplane lying on the right hand
side of the oriented line XY.

Translate the line X;Xi+i through d into H(XiXi+l) or into H(Xi+1Xi)
according as d is positive or negative. Let the new line intersect the lines Xt_xXt
and Xi+1Xi+2 in Xi and X{+1, respectively. Replace the sides Xi_1Xi, XtXi+1
and Xi+1Xi+2 by Xi_xX(, X- Xi+l and Xi'+1Xi+2, respectively. For sufficiently
small values of d we obtain a new double-polygon D’CQ)(n). If u is the length
of the segment XiXi+1C\C and v is the total length of the parts of the segment
B O +1 lying outside of C then

a(2C, D') = a(2C,D) + (pi<-qv)d+0(d2.

Since the devation of D from 2C is minimal, therefore pu = qv. It follows that the
side XtXi+l intersects C. Let the endpoints of the segment XiXi+1f)C be Xt and
Ki+i choosing the notations so that the order of the points on the line X;Xi+1 should
be Xf, Xt, Xi+1, Xi+l. Let be the midpoint of the segment XiXi+l. Scrutinizing
now the variation of the_deviation effected by small rotations of the side XtXi+l
about Mtwe see that XtXt= Xi+1Xi+1l. Thus every vertex of D lies outside of C. It
follows that D has exactly n vertices. For if D had less than n vertices then we could
cut off from D a triangle lying completely outside of C obtaining a double-polygon
D'ASHn) such that a(2C, D")<a(2C, D). We summarize the above properties of D
in the following

Lemma 2. D has exactly n vertices all lying outside of C. Each side XtXt+x
of D intersects_the boundary of C in two points Xt and Xi+l lying on XtX(+x
in the order Xt, Xt, Xi+1, Xi+1 and satisfying the equalities

g XA = gXi+IXi+l = PXiXi+1.

We continue to show that if two vertices of D coincide then D is the double
of a convex polygon. To see this it is obviously enough to prove the following

Lemma 3. From a point X exterior to the strictly convex domain C one can
draw at most two halflines intersecting the boundary of C in two points so that the
quotient of the distances ofthese pointsfrom X assumes aprescribed value.

Suppose that there are three halflines intersecting the boundary of C in the
points Yt and Z, (7=1, 2, 3) in the order X, F;, Z- sothat

XZx X722 X122
XYx ~XT2~ XY3m

Let the halfline XY2Z2 lie in the convex angular region ZxXZs. Let Y2 and
Z2 be the points of intersection of XZ2 and YXY3 and XZ2 and ZtZ3, respect-
ively (Fig. 4). Then

XZ2 XZ2 XZx  XZ3

XY2 " XY' - XYx~ XY3m

This contradiction proves the Lemma.
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Let Xt be a vertex of D. Let C(X;) be the open “triangle” bounded by
the segments XtXi and XtXi jind the arc XtXi of the boundary of C lying in
the convex angular region X, XtXt.

Lemma 4. If Xt is a vertex of D then there is no vertex of D in C(X,).

X

Assume that the vertex Xj of D lies in C(X). Referring to Lemma 2, the
considerations of the proof of Lemma 3 show that neither of the halflines XjXj_1
and XjXJ+1 can lie in the convex angular region Xi_1XiXi+l. Neither can it
occur that both of these halflines intersect the same of the two halflines
and XiXi+1. For suppose that both of the halflines XjXJ_1 and XjXj+1 intersect
XiXi*1. We consider the two halflines emanating from Xj the first being parallel
to X X,4H and intersecting C, the second being tangent to C and intersecting
XiXi+l. For the different halflines emanating from X} and intersecting the bound-
ary of C at the points Y and Z, in this order, consider the quotient XjY/XjZ.

For the first line this quotient is less than 15-2_ and for the second it is equal

+2q
to 1, i.e. greater than 0+ 2 Therefore there is a halfline “between” these halflines
with a quotient equal to "~ . Since by Lemma 2 the halflines XJXJ_1 and

XjXj+1 have the same quotient we get in contradiction with Lemma 3. Finally,
it is impossible that the halfline XjXJ_1 intersects XtXi+l and the halfline XjXj+I
intersects XiXi_1. Otherwise the angle of D at Xj would not be convex. Thus
we have a situation as shown in Fig. 5.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



140 G. FEJES TOTH

The halftones XJ_1XJ and Xj+1Xj intersect the segments X-X; and X:Xi
in the points, say, K and L, respectively. We construct a new double-polygon
D'£Q)(n) by replacing the sides Xi*1Xi, XjXj+1, XJ _1Xj and XtXi+l by X L,
LXJ+1, XJ 1K and KXi+l, respectively (Fig. 5). The points of the quadrangle
XiKXjL are exterior to C, they belong to D with multiplicity one and to D'
with multiplicity zero. Any other point of the plane belongs to D and D' with
the same multiplicity. Therefore

a(lc,D") = a(2C,D)-gq\XiKXjL\,
in contradiction with the hypothesis that D has minimal deviation from 2C.
Lemma 5. No vertexof D can lie in the interior ofaside of D.

Suppose that the vertex Xj is an_interior point of the side B g +1. Since
Xj cannot lie on the closed~segment XtXi+1, we may suppose that Xj belongs,
say, to the open segment XtXt. The considerations used in the proof of Lemmas 3
and 4 show that the halfline XjXj+1 lies outside the convex angular region
XI-1XiXi+1l. Thus the line XjXj+1 intersects the halfline XiXI_1 in some point
K (Fig. 6). We construct a new double-polygon D'E@)(ri) by replacing the sides

A
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Xi_IXi, XiXi+l and XjXj+l by Xi_ 1K, XjXi+l and KXJ+1, respectively.
Now we have a(2C, D)=a(2C, D)-q\KXiXj\, which is impossible.

Lemma 6. If X,Xi+l is a side of D then the halfplane H(Xi+1Xi) contains
at most one vertex of D.

Suppose that H(Xi+1Xi) contains two vertices of D, say, Xk and Xt. We
claim that then H(Xi+1Xi) contains a side of D. Suppose that the boundary
of D consists of one closed polygonal line Xk...XiXi+i...X1...Xk. Let f be a
point in M(D). Consider the oriented angle swept over by the halfline PQ while
Q runs over the boundary of D. If H(Xi+1Xi) does not contain any side of D
then Xk+l and Xi+H lie either in H(XiXi+l) or on the line XtXi+l. Using the
fact that all angles of D are convex, it easily follows that the angle under con-
sideration is at least 6n, which is impossible. The case when the boundary of D
consists of two closed polygonal lines can be settled in a similar way. Thus, in order
to prove Lemma 6 it suffices to prove the following

Xll,em a 7. If XtXi+l is a side of D then there is no side of D which lies in
HOd+xd).
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Suppose that the side XjXj+1 of D is contained in H(XiHX). Then
H(XjXJ+l) contains at least one of the vertices Xt and Xi+1l. To see this we
consider an arbitrary point P _of COM (D). If non of Xt and Xi+l lies in
H(XjXj+1) then the triangle PXtXj contains either Xt and XJ+1 or Xi+l and
Xj. But this is impossible because the triangle PX{Xj is contained in C. Thus
we had a vertex of D in C which contradicts Lemma 2. Therefore it suffices to
scrutinize the following two cases:

(i) From among Xt and Xi+l exactly one lies in H(Xj Xj +2),

(i) Both Xt and Xi+l liein H(XjXj+1).

Case (i). Assume that Xt lies either in H(Xj+1Xj) or on the line XjXj+1.
Then the line XjXj+1 intersects the side XtXi+1 in_a certain point K which
may coincide with Xt. K cannot lie on the segment XtXi+1l. For it we had
€XiXi+l then choosing an arbitrary point PdCC\M(D), Xt would lie in the
triangle PXtXj and consequently in C. The line XjXj+l intersects also the side
XirIXi in a point, say, L because otherwise either the side would not
intersect C or the angle of D at Xt would be concave. Similarly as above we
can see that L must lie on the segment X{X{.

From D we obtain a new double-polygon D'£2(n) by replacing the sides
Xi-jXi, XjXj+1 and XiXi+l by Xi_1L, LXJ+1 and XjXi+l (Fig. 7). Letting
Al=CnXjXi+1K, A2=XjXi+lIK -A 1 and AL XtK we have

a(2C,D") = a(2C,D)-p\A1\+ g\Ai\-g\Ai\

_We claim that p\AxX\>qg\A2\. Let the line XjXi+l intersect the lines XjXh
XjX, and XjXi+l in R, S and T, respectively. By a convenient area preserving
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affinity we can attain that RXt=R X i+1 and <Xi+1RXi=90°. Denote the distance
of xj from the line xjxi+1 by m. Then we have by Lemma 2

P\AT\-g\AR\> p IX AT S -2 (M +1~ +1I|+ |BASN|) =
S pIX X ALI-q(\XjX i+1Xi+1\+ \XjXiXil) -
-m(pST-q(RS+TXIi+L) = m(q(RS+T Xi+])-pST).
Therefore it suffices to show that

pST < q(RS+TXi+l).

Let R be the origin of a Cartesian coordinate system in which Xi—(2pq,0).
Xi+1=(0,2pq) and Xj=(—£, 0) (Fig. 8). Then, taking into account the relation
pg—p +q and Lemma 2, we obtain by a simple computation that

=(pg+g>p), Ki+H = (p>pg-+q),

s = ft),—"' .
F) pq+%1l+|
£2+ 2pgz

£2+ 2pgE+p(pg +q)

pST = 2pq 2pqg = RS+ST+TXi+l,

PST < —  (RS+TXiHD) = q(RS+TXi+d)
P-

Thus we have indeed p\Af\>~q\At\ and consequently a(2C,D')<a(2C, D)
which is impossible. The case when Xt lies in H(XjXj+1) and Xi+l lies either
in H(Xj+1Xj) or on the line XjXj+1 can be settled in the same way.
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Case (ii). Assume that both Xt and Xi+l lie in H(XjXJ+1). Then the segments
XfXj+l and XjXi+l intersect in a point, say O. Replacing the sides XtXi+l
and XjXj+1 by X;Xj+1 and XjXi+l we obtain a new double-polygon D'd@(ri)
such that

a(2C, D") = a(2C, D) -/»(Mil - M«]|)-?(M3]- L),
where Al=CHOXIiXi+l, A2=CMNOXX +1, A3=0XXj+1-A2 and A4=
= OXiXi+1- A 1 (Fig. 9).
We shall show that
(Ml - MRIH2(VBE MI)>Q

Let E be the point of intersection of the boundary of C and the segment XjXI+1
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nearer to Xj. Let F be the point of intersection of the boundary of C and the
segment TH1A)_nearer to XJ+1. Let the line XjXj+1 intersect the lines XtE
and Xi+1F in Yj and Yj+1, respectively. Instead of Al,...,Ai we introduce
new sets defined as follows:

A[ = C'MOB [ +1, A2 = C'CJOXjXJ+1,
A3= OXjXj+1-A'2, At = OX Xi+l-A{,

where C' denotes the quadrangle YJYj+1Xi+IXi. Since Alz>Ai, A2<zA2, A3z)A3
and AtcA 4 itisenough to show that

/kn;|-K1)+?(131-K1)>o0.

By Lemma 2, CT)H(Xi+1Xj) is contained in the parallel strip bounded by
the lines XtXi and X", Xi+1l. This implies, along with the strict convexity of C,
that the lines XtXj and Xi+1XJ+l intersect one another in Ff(Xi+1Xf). Since

B/ =£+1* +1=-2B [ +1 and XjXj=Xj+IXj+l=— XjXJ+l the lines XtXj

and Xj+1XJ+l also intersect one another in H(Xi+1Xi). It follows immediately
that \OXiXi+1\>\OXjXj-+H\.

Consider an area preserving affinity carrying the segments OXt and OXi+l
into equal segments perpendicular to one another. In the transformed figure we
preserve the notations of the original one. Choose a Cartesian coordinate-system
such that O= (0, 0),_Xt={2pq, 0), Xi+l=(0, 2pq), Xj=(0, —2pgrj) and XJ+l=
—(—2pqt;, 0). Then X~{pq+q,p) and Xi+1=(p, pq+q) (Fig. 10).

Let the lines Xi+1Xj+1 and XtYj intersect the axes y and x in G and
H, respectively. In accordance with our previous notations let these lines intersect
the axes 1 and y in F and E, respectively. Fixing the points O, Xh Xi+1, Xit
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Xi+l, E, F, G and H, let the line XjYjYj+1Xj+l vary under the following con-
ditions:
{e0, 4£ 0, ft Si,
1

(*) ADYD — 24 XX+
XIHLYI+HIA A X jX j+1.

Then the quantity f=p(\A'N\—\A2)+ gq(\A'i\—\Ai)) obviously attains its minimum.
Observe that / cannot attain its minimum but in one of the following cases:

a) £r\=0, b) &=1 c¢) 0<C>7<1, XJYj=Xj+lYj+l=— XjXj+1l. For suppose

that and let, say, XjYj~<~ XjXj+1l. Choose a point Xj+1£OXj+1.

Let the line Xj+1Yj intersect the lines OXj, OYj and OYj+l in X-, Y- (=Y]j)
and Y/+1, respectively. If Xj+L is sufficiently near to XJ+1 then the points X',
Y'Y, Yj+i and X'+l continue to satisfy the conditions (*), but for the new points
the value of / is smaller than originally.

If £=?7=0, then we have, obviously, /=0. The considerations of case (i)
show that if exactly one of £ and q is equal to 0 then />0. If ggq=\ then the
lines X[Xj and Xi+xl1XJ+1 are parallel and the conditions (*) cannot be satisfied
but if the lines X-Yj and Xi+lYj+1l are parallel too. But then /=0.

Let us now turn to the case 0<€£i/-=I, XjYJ=Xj+1lYj+1=-"-XjXj+1. Now

we have Yj=(—p£, —(p+2q)q) and YjHl=(—p+2qg)*,pq). Hence we obtain
by a simple computation that

10 p2z-(P +2q)2q?] "p2g-(p +29)2Q 0
E=1" pivp+2g | prpr2g )

| (+2q)4-p2 \ (p+20)29-p2Q |
H [' (P+2q)i+p - "= 1| (+2q)q+p '

First suppose that O lies in the interior of the quadrangle YjYj+iXi+1Xt. Let
the midpoints of the segments XtXi+l and *jXj+1 be Mi and Mj, respectively.
Then

Ai = OGMtH UHMIiXi UGXi+, Mt
and

Aa= OEMj FUEM;j YjUFYj+IMj.

Thus, making use of the relations pXiXi=pXi+1Xi+l=gXiXi+l and pXjYJ=
=pYj+1Xj+i =qYjYJ+l, we obtain f=p(\OGMIiH\-\OEMjF\), ie.

(p+2q)4-p2r, (p+2qfq-p2£

F=Pa " (p+2g)e+p (p+2q)rT+p
E(P+")24-P2i (p+20q)4-p24
Q p+2q+pZ p +2q+pq
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It is easily seen that this formula continues to hold if O does not lie in the quad-
rangle Fj2j+i*i+l*i-
A simple transformation shows that

(P+20)2E-p 20+ (1-Eri) P2
(p+2q)E+p t[(P+2q)t+Pr
(p+2p)2n -p 2£ _ P2
+209-—+ (I-Qri .
(p+29)g+p P a 1 (-Q )>l[(p+2q)rl+p]’
- (P+2q)2rj-p'4 i ey (pt20)2
D+ 2+pE, p+2qg-pZ + (I £r|)p+2q+p£ s
(P+2q)2z-p 2 . . (P+2qT-
2q- + (\-£ri .
p+2q+pq P q-pa ) p+2q+pq
Using these relations we obtain
P2 . (P+29)2 p P2
= *9 -
[=1>*2(1-1r) U(P +2q)E+P] p+2q+pE £ n[(P+2q)rt+p)
+_(p+2qY-—-p_-= 4psqé4p +2q)(I-") ) +
p+2q+pq [(P+ 2q)i+pl(p+2q+pO
Mn

+
I(P+ 2q)rj+p](p + 2q +prj)

This completes the proof of Lemma 7.

Now we are in a position to prove the last statement of Lemma 1. Consider
a point PECOM(D) and a side XtXi+l of D. We may suppose that Xt is not
a double-vertex of D because otherwise D is the double of a convex polygon,
and the statement of the lemma is obviously fulfiled. Then Lemmas 4, 5 and 6 imply
that S(XiPXi+l) contains, besides Xt, at most one vertex of D. Suppose that
S(XiPXI+1) contains no vertex of D other than Xt. Then D has a side XjXj+1
which intersects the halflines PX{ and PXi+l, say in the points L, and Li+l,
respectively. The vertex Xt cannot lie on the segment PLJ, because then Xt would
lie in the set C(Xj) which contradicts Lemma 4. In the same way we see that Xi+l
cannot lie on the segment PLi+1. It follows that both Xt and Xi+l lie in the
halfplane H(Xj+1Xj) which is impossible by Lemma 6. Therefore S(XiPXi+l)
contains besides Xt exactly one further vertex of D.

This completes the proof of Lemma 1 and simultaneously the proof of Theorems
land 2.
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ON THE INTERSECTION OF A CONVEX DISC
AND A POLYGON

By
G. FEJES TOTH (Budapest)

Distribute in the plane translates of a centro-symmetric convex disc C with
a given density d. Let d be too big to be able to arrange the discs without over-
lapping but too small to cover the plane completely with them. How should the
discs be arranged so as to cover the greatest possible part of the plane, more pre-
cisely so as to maximize the area-density of the part of the plane covered by the
discs? In a previous paper [1] | showed that the solution of this problem depends
on the behaviour of the function f(x) defined as the maximum of the area of the
intersection of C and a convex hexagon of area x. If f(x) is the least concave
majorant of f(x) and |C| denotes the area of C then the density of the part
of the plane covered by the discs cannot exceed df(\C\/d). This bound is exact.
If fACV/d)=J(\C\V/d) then we obtain a best distribution by arranging the centres
of the discs so as to form a conveniently chosen point-lattice. 1f f\C\/d)<J(\C\/d)
then a best distribution can be obtained by arranging the discs in a certain angular
region in a suitably chosen lattice and in the complementary angular region in
another lattice. However the existence of a disc with a non-concave f(x) remained
open. Here a centro-symmetric convex disc will be constructed for which f(x)
is not concave.

More generally, let f,,(x) be the maximum of the area of the part of a convex
disc C which can be covered by a convex u-gon of area x. For any nll4 we
shall show the existence of a convex disc with wu-fold rotatory symmetry for which
f,,(x) isnot concave.

Let C be a convex disc having u-fold rotatory symmetry. Let g,(x) be the
maximum of the area of the intersection of C and a regular u-gon of area x
concentric with C. Probably we have f,(x)=g,,(x) for any convex disc with n-
fold rotatory symmetry. Unfortunately | was not able to prove this conjecture.
But the following weaker result will be enough for our purpose:

Lemma 1.Let nbean integer greater than 3 and C astrictly convex disc having
n-fold rotatory symmetry. Suppose thatfor a given value x0 we have /,(x0=/,,(x0.
Then we have /,(x 0=gn(x0.

In the proof of Lemma 1 we shall make use of the notion of the weighted area
deviation. Let p and g be positive numbers and A and B two convex domains.
We define the weighted area deviation, in short the deviation of B from A by

a(A,B) = p\A-(AC\B)\ + q\B-(B{\A)\.

Lemma 1is a simple consequence of a rather deep theorem (Theorem 2 in [2])
which we phrase here as
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Lemma 2. Let n be an integer greater than 3 and C a strictly convex disc
having n-fold rotatory symmetry. If Z0 is a convex n-gon having minimal devi-
ation from C for given weights p and q then Z0 is a regular n-gon concentric with C.

In [2] the condition + is made on the weights p and q but it is easily

seen that all the results of [2] hold without this condition on the weights.

Consider a strictly convex disc C having u-fold rotatory symmetry (n>3)
and suppose that for the value x0 we have f,,(xQ=jn(x0. Then there is a line
containing the point (x0,fn(x,)) which lies completely above the graph of f,,(x).
Let the slope of this line be g. Then we have

L O) =fn0o0)+ q{x-x0

for any x. Let ZO0 be a convex n-gon of area x0 such that |CDz0Q=/,(x0. It
is obvious from the definition of the function fn(x) that We write p=1—q
and consider the deviation of an arbitrary convex n-gon Z from C with the
weights p and g. We have

a{C,Z) = p\C\+ q\2\- |[CDZ| » p\C\+q\2\-/,,(|Z]) »
= P\C\+ g\Z\- {fn(xQ + q(\Z\-x0) =
= p|C| + ~x0-/,,(x0) = p\C\+g\ZO\-\Cf]Z0O\= a(C, Z0.

Thus we have a(C, Z)*a(C, Z0Q showing that Z0 has a least possible devia-
tion from C from among all convex n-gons with the above choice of the weights
p and g. By Lemma 2, Z0 is a regular n-gon concentric with C, i.e. we have
fn(xQ=gn(x0.

Now we turn to the construction of a convex disc C with wu-fold rotatory
symmetry (n>3) for which /,,(x) is not concave. By Lemma 1 it suffices to con-
struct a strictly convex disc C with u-fold rotatory symmetry for which the
function gn(x) is not concave.

Let K be a unit circle with centre O and Y=Y1..Y,, a regular n-gon in-
scribed in K. Let K' be a circle concentric with K whose radius r is less than
that of K and greater than the inradius of Y. Let the points of intersection of
the side YtYi+l (Yn+l=T,) with the boundary of K' be Rt jmd Ri+l choosing
the notations so that the order of the points should be Yh R(, Ri+l, Ti+l (see
the figure). Choose the points A{and on the boundary of K in the cyclic order
Ai, Yi, Bl so that T,/t; and YiBI are tangent to K' (7=1, 2, .... n). Obviously,
we have

!i*n? < AOBi = |rI[T11 < R:OR,=0.

Furthermore, a simple computation shows that

im < RIOR, _

- a< AJOBl
Therefore, choosing / sufficiently near to 1we have
(1) 4 < RiOR/ < < AfOBf <
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Enlarge Y by a similitude with respect to O so as to obtain a regular polygon
X=X1...Xn with an inradius less than r. Let St be the pointy of intersection of
the boundary of K' and the side Ai_1Ai nearer to Xh Let Sf be the point of
intersection of the boundary of K' and the side X(Xi+l nearer to Xh Because
of the inequality (1) we can choose X so that

@) 4« SiOSiN< AOBi™ A .

We choose a point C, on each of the segments Y,Y, at equal distances from
O so that the segments A;C, intersect the boundary of K in the interior of X.
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Replacing the segments of K cut off by the lines AtB: by the isosceles triangles
AiBiCi we obtain a convex disc C with un-fold rotatory symmetry. If C; coincides
with 7; then we have CC\X"KI'\X. On the other hand, in the other limiting
case when the point of intersection of /f;C; and the boundary of K lies on the
side Xi_1Xi then CI\X">KI\X. Therefore we can choose the points C, so
that

O \cnx\ = hnr |
We claim that for the disc C constructed in this way the function g,,(x) is not
concave.

First we show that ~,(JA"|)=\CC\X\. Let X(d)=X21((p)..X,,((p) be the n-
gon obtained from X by the rotation about O through the angle < Write a{(p)=
=\X(¢p)C\C\. We must show that a((p)*a(0) for any cp. Observing that a(cp)=

2 2 .
—aL(1p+—n\I=a\(—n —(p)l we can restrict ourselves to the case when 0*(p”~n/n.

Let Mi(cp) be the midpoint of the side Xi((p)Xi+1(<p) (/=1, ...,1; Xn+l(<p)=
=X1(@>). Let XBcp) and Xi+l(g) be the points of intersection of the side
X1((p)Xi+1((p) with the boundary of C choosing the notations so that X{(cp) lies
nearer to Xt(cp). Writing v(<p)~Mi(<p)Xi((p) and v(<p)= Mt((p)Xi+1(g) we have

n
9 (v2-v 2.

Denoting the distances OXt(cp) and OXt((p) by r(cp) and r(cp) we obtain the
alternative formula
da

ap
Thus we have to compare the quantities r and r when rotating X about O.

It is obvious from the construction of C that CziK'. This implies, along
with the inequality (2), that

n
) (r2—r2.

) < {(?)01,(?) < < &0S,

It follows immediately that we have <zCiOXi((p)< <CiOAi+1 for any cp£[0, n/n].
Let a be the angle for which C3€Z1 1(a)Xi(a). Let Ft and Gt be the feet
of the perpendiculars drawn from O to the lines /1,C; and -6,C;, respectively.

Obviously we have <"FiOCi= < CiOGi*~-"-<"AiOCi=-"<LAiOBi. This and the

inequality (4) imply that Ft and Gt are outside of X(<p) if OsiipSa. Therefore
increasing <p from 0 to a, r decreases and r increases. Since r(QJ=r(0), we
have in the interval [0, a] G(<p)*G(0). In the interval [a B], where 8=<C, OG,,
we have obviously r>r, therefore in this interval a(<p) continues to decrease.
Let y be the angle for which Bi*Xi- 1(y)Xi(y). In (B,y) we have r-=r so that
here alp) increases. Finally, in the interval [y, n/n] we have r—r thus here a((p)
is constant. But we have in this interval X((p)C\C—X((p)f)K and therefore by
(3) o) =a(0). Thus we have indeed g,,(|7])= |jf(TC|.

Acta Mathematica Academiae Sclentiarum Hungaricae 29, 1977



ON THE INTERSECTION OF A CONVEX DISC AND A POLYGON 153

Let X'(0) be a regular wm-gon concentric and homothetic with X=X(0)
of area [X\—h. Let X'(n/n) be a regular n-gon concentric and homothetic with
X(n/v) ofarea \X\+h. Writing

X*cpXhep)

" XiEXH(E

ICMA"(0)| - |CnZ(0)|-w(0)/i+0(//2

and
cnx: [nb d i)—w h+0{h2.

Since we have w(n/n)>w(0) and |CMX(0)|= £J1+1) this shows

that the right hand derivative of g,,(x) at the point \X\ is greater than the left
hand derivative. Thus the function gn(x) cannot be concave.

The existence of a strictly convex disc with n-fold rotatory symmetry for which
g,,(X) is not concave can be seen immediately if we approximate C by strictly
convex discs with n-fold rotatory symmetry.

we have
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ON A GENERALIZATION OF THE CONCEPT
OF DERIVATIVE

By
J. PAL and P. SIMON (Budapest)

Introduction

In this paper we are concerned with a generalization of the concept of deriva-
tive introduced by J. E. Gibbs, P. L. Butzer and H. J. Wagner ([2], [1], [7]). This
generalization is due to C. W. Onneweer [3].

We introduce the inverse operator of the derivative, namely the integral operator
and prove the strong differentiability of the integral function. This is a generalization
of a theorem proved by P. L. Butzer and H. J. Wagner in [1]. Applying these
ideas to the (C, 1) summability of Fourier series with respect to the bounded Vi-
lenkin systems, we prove the a.e. convergence of (C, 1) means for functions in U.

8el
In this section we introduce some notations and definitions. Let
® m = (mom1,....mk,...) (2Smt, m(N, i?N:={0,1,2,...})!
be a sequence of natural numbers and denote by Znk the mkb discrete cyclic group,
ie
2 Z,k:={0,1,mk—} (keN).

Furthermore, if we define the group Gm as the direct product of the groups Znk
then Gm is a compact Abelian group. Thus the elements of Gm are of the form
x=(x0, x1( ..., xk, ...) with 0Sxt<mt (kEN) and for X,y in Gm their sum
X+Yy is obtained by adding the nth coordinates of x and y modulo mk (fcEN).
We define the subgroups /,,(x) of Gm as follows:

3) 1,,(x) ;= {YEGm\y = (X0, ...,X,,-i,yn, ..)} (XEGm n€N).

Then the /,,(0)’s (nEN) form a basis for the neighbourhoods of 0£Gm in Gm and
these subgroups completely determine the topology of Gm.

Next, let '(T)= {ij/,; nEN} denote the character group of Gm. We enumerate
the elements of I{T) as follows. For kEN and x£Gm let rk be the function
defined by

4) rk(x) := exp Z?n'&g( (XEG,,,, 1:=) N1, KEN).

If we define the sequence (Mk, kKEN) by MO0:=1 and Mk:=mOml..mk-1

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



156 J. PAL AND P. SIMON

(&€P:={1, 2, ...}), then each neN has a unique representation of the form

n= >\MK,

&0
where 0°nk<mk (kEN). For such n6N we define the function \/n by

(s) qm.:kg)(ng"é

We remark that ' (T) is a complete orthonormal system with respect to the normalized
Haar measure dx on Gm ([6]). Furthermore, if m,=2 for all nEN, then Gm
is the so-called dyadic group and the elements of the character group I(T) are
the Walsh—~Paley functions.

For feb 1(Gm) we define its partial sumsand (C, 1) means by

[(«):= fmJJIT)dt, snf:= "zA m k (nfP, SOf:= 0),
| G 1 k=0
°nf'-=-Z X (nep).
n k=0

Then we have the formulae

(X) = ff(t)D n(x- tydt = (* Q)x)
an

) (xeGm, neP),

o - FHOK, (x - Odt. (FFKR(X)

where D,,, K, are the so-called Dirichlet and Fejér kernels, resp. In [5] it was proved
the following formula:
“( mk~1 |
® 0, =®n2\ 2 dxY DMk (neP).
k=0 \j = mk—nk )
C. W. Onneweer has given the following generalization of the concept of
derivative due to P. L. Butzer and H. J. Wagner:

Definition ([3]). The function feL 1(Gn) has a (strong) derivative dfeL 1(Gm)

if
lim \df-dJW, =0,
where
n—~= m-
(9) (d,,f)(x) := jiO m j k2:0 -K -nijllzz0 ri(fej)kf(x+lej)

1 2

J |
{xeGm, neP, 6j:=(0,0,...,0, 10, ..)eGm, lej \=¢gj+ej-\-...rej).
The following relation is easily verified:
(10) dipn = ngpn  (n€N).

Further we suppose that the sequence (1) is bounded.
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82

Let us denote by wEL2(Gnj the function for which

(k=0

w(k) = (*€P)

holds and let
(fcLHGJ).

The system T(m) is complete, therefore the function w is uniquely determined.
Then we have

Theorem lletfdd(Gm beafundionand/(0)=0. Then
i) tff hasa (strong) derivative, then

W) =f
ii) thefunction If£ L' (Gm) hasa (strong) derivative and
d(If) =/

On the basis of this theorem the operator / is called the integral operator.
In the following theorem we give three equivalent conditions for the existence
ofthe (strong) derivative.

Theorem 2. Thefollowing conditions are equivalent:
i) thefunction fEL I(G,,) hasa (strong) derivative,
ii) there exists afunction gCD(Gnj for which

gik) = kf(k) (keN)
holds,
iii) there exists afunction g£LI1(Gn) for which

/-1g 4-/(0)
holds.

The following theorems show applicability of the concept of derivative in
the theory of Fourier series with respect to the Vilenkin systems. From (10) follows
easily that

(11) Kn=Dn-~d D n (nCP).
Using this we prove
Theorem 3.11/M"= 0(1) («->-°°).

Let a* denote the maximal operator of the operator sequence on:L1(Gm)
->Li(GJ (h€N), ie.

{a*f)(x) := sup fonf){x)\ (feLI(Gnm), xEGn).

Then the following maximal theorem holds:
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Theorem 4. The operator cr*:L1(Gn)-*L1(Gn) has weak type (1,1) and
for all p, has type (p, p), i.e. thefollowing inequalities hold:

i) mes {x: (0*f)(x) > j} si CjWiWJy (fALfGJ,y > 0),
i) Wa*f\p~ Cpll/ll,, (fE£L p(Gm),
where the constants Cp{\"p”= °0) dependonly on p.
An immediate consequence of this theorem is the following
Corollary. Let/ beanarbitraryfunction in L1(Gn). Then
Iipw ©,/)(x) =f(x) (ae. x6GJ.

Here we should like to pose two problems. Are the previous theorems valid
also in the case |iH1W,,: + °°? In [4], F. Schipp proved the following statement:

if the sequence in (1) is m,,=2 for all nEN, then
limd,{I)(x) = f{x) (ae. xfGmffD (GJ).

Is this theorem true for an arbitrary sequence (1)?

8. 3. Proof of the theorems

Proof of Theorem 3. Let P be an arbitrary fixed number and sgP be
the natural number for which Ms =a< Ms. Then from (11) we get

Kn= dDn=A.- ~ dsDn,

i.e.
nK,, = nD,,—dsD,,.

Hence applying (8) and (9) the following estimate is valid:

- y J-1 w—1
éonva\Z 2 (ri(x))JDMi(x)-

/ i=Oj=m i—ni
5—1 mv—1 mv—1
-2 Mv2 knT1l2 rIt/eyiA,(x+k\) =
\~—O Kk =O 1= 0
s-1 5-1 mt—1

=®nx) 2 Mv?2 2 cu}O) (n€P, x£GJ,

j=moi—ni

where
m~—1 m~1
{Dl\/lt{x)- 2 k-m-12 rv(levke[ri(le,)]jDM.(x + ley\ dn(ley).

k= O 1=0

Since supp DMk=1k(0) (&EN), we have in the case 0" j< v

DM.(x+ ley) = DMi(x) (x€GJ, rflej=1,
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thus also
cMf(x) =0 (XEGm, j= trii-rii, ..., mi Iy*

From this it follows that
5-1 rnt- |

NK,,(X)\ = 'K(x)2 “Mv2 2 cif 0)

i=vi=mni—ni

m~—3 )
=O(i) 2 z Dm;(x)+ 2 Dm,(x + lev) (XECJ-

=0 =

Since \DM|li= 1(iEN) ([6]), the last estimation implies
Wili=0(1)1 2\s-v)Mv=0(1)-J— z\s-v)M v
=0 Ns D0

s—v -
- 0(1)v2=v mv..ArEns_Z _O(D/glzr- c([) (I_)_
Theorem 3is proved.

In order to prove Theorem 1, we shall need the following generalizations of
some lemmas of Butzer and Wagner [1], [8].

Lemma 1.Let
w. ;= w*D
for an arbitrary kEN. Then
IiKm Div—Vitlli 1 O.

Proof. Let n, KEN, be fixed numbers and suppose that n>k. Then applying
Abel transformation we obtain that

M, -2

; ’ 1 1. .
Fo TUTTASL B r2 = DI

By [II-Oflix—O (log k) (k-+°0) ([6]), we have

. I é/ 1 1
kn-~Mli =0(1)1 2 - -+X|{;|+ M-
From this immediately follows that
lim 1 = 0,
k,n

and also there exists a function gCZ.1(G,,,) for which

lim llg-wJi = 0

holds. Because the system T(m) is complete, so g=w. This proves Lemma 1
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Lemma 2. For an arbitrary but fixed kEN let w<k)(zL2(Gn) be the function
for which
0 (O0=s/< M*

@< D 7 (M sh).
Then
i) [MEH1= 0(VMK) (K - co).
i) 1IW(-) —w( s +/2)[li = 0(L/MK) (helk(0), kK —0°).

Proof, i) Let u, be fixed numbers and n>k. Then, as in the proof of
Lemma 1, we obtain that
Mn-i t

Dnc m,,=3(j
2yA|: 2 1,4- /+|2 . i Mk:E_lel.+

+ Km"-1 + Aw"

Since from Theorem 3, |Al||1=0(l) (&) is valid, we have the following es-
timation:

1 1 1

Z 4n + M,-2 + Mk+ Mn- 1

From this we obtain the statement i) by n—oo#
i) Since
Hfc(v) = w*(- +A) (A€/*(0), *€N),
we have
w(-)-w (* + AL Hw-wjj. + IK(-+A)-wC+/0111=
= 2lw—witk = 2w(*>||1.
From this ii) follows directly on the basis of the proof of i). Lemma 2 is proved.
Lemma 3. i) If the function fAIM fif) has a (strong) derivative, then
(df)'(s) =sf(s) J€N).

if) 1fthere exists afunction giL I(Gm) for which
g(s) = sf(s) (s€N)
= 1g+A0).

holds, then

Proof, I) Since
|i|ni1 Wdnf—dfWx —0,

we have
Iiﬁn d,,f Y (s) = (dfyY (s) (seN).
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On the other hand by (9) we have

i—1  wg-u nij— 1
(d,,f)~(s) = _2o m j k20 K -mJyl/Zo rj(lepk f /(* + lej) *s(x) dx
i= < z

4 -1 injj L.
2 Mj 2 k-mjl 2 rjilejfrAlej) fx)xI>s(x)dx =
k=0 1=0 q

i=o

= /W 2 osjMj\-
Hence we obtain
Iim (djy (i) = sf0) O<EN).
i) Since
0 (s=0)

(19)~0) = it0)g0) = | . oo

we have by the assumption )
f(s) = (igy(s) (seP).
This completes the proof of Lemma 3.

Proof of Theorems 1 and 2. Part i) of Theorem 1 is a direct consequence
of Lemma 3.

ii) Let nPN and Fn:=dmw(K Then by means of the method used in the
proof of Lemma 3, we have

10 (0SJt< Mn),
Pl 4.5 yimi A k).
K j—Q
By comparison of the Fourier coefficients it is easily verified that

dn(ff) - s = Fn) (nfP).
Since (cf. [6])
Iirm \SM f —Wx = 0,
it suffices to prove that
limI1/* TJi = 0.

For tt|1e proof of this relation we remark that for a “polynomial” of the form

P= 2<h*i ,8,€C) we have Fn*P=0. On the other hand by Lemma 2
i=0
we get
n—3= moj-1 1 n—3
A~ 2 Mj 2 Owk)l= 0(1)— 2 Mj =0(1) (- co).
j=0 k=0 m n]=0

Applying the inequality |/~FJa~j.F33 nax and the theorem of Banach and
Steinhaus, Theorem 1is proved.
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The implications i)=>ii) and u)=mu) of Theorem 2 follow from Lemma 3
and the implication iii)=»i) from Theorem 1

To prove Theorem 4, we shall use the following decomposition lemma of
Calderon—Zygmund type.

Lemma 4 ([5], Lemma 1). Let and y>|l/lli- Then there exist de-
compositions

Gm= FOF (F:=GmMF), /[ =/,+ Z f

such that
i) F= \jjt (Jirbk=0, i*k),

where Ji=Ikixd>)Jci€N, x()€Gm, r'€p),

i) ll/oil- ~ 2y,
iii) supp/* ¢ Jk, Jfk(x)dx = 0,

jdjjllcllkA W I& s *y »eD.

iv) mesfs \\Jy.

Proof of Theorem 4. Let
Tt— 1 n —3 m/4:

o) =TT 2, .2 AM;(X)+ 2 TMi(x+ leyy (x€EGm, n€P).
M, V= i=v
By the proof of Theorem 3, M, (X)|= 0(1)|(p,,(a:)] (n->-°°, vEGQA. Thus it suffices
to prove that the maximal operator
(THYX) :=sup |(/* D)) (/€ LYGCI, xER

has weak type (1, 1) and type (p,p) (I<p”o00).
Let us first consider the case p = G Then we have

lir/iu = o(i)(surP P10 -li /11

Since ||<pJi=0(l) (n°°) (see the proof of Theorem 3), the operator T has
type (co, co).

Next we prove that ' has weak type (1,1). Let fAL 1(Gn), y >0 be arbitrarily
given. We can suppose that yHI/Hi* Applying Lemma 4 with notation used there,
we get

* - *
[*6, = lo*dn+ =1
According to the Lemma 4 ii) and ||$,,[li=0(l) (n-»>), there exists an absolute
constant C>0 for which
1l/o*d»ll~ = Gy.
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Let i'EP be fixed and Then we have

m~—1
(/*®n)(x) —rr "z m/_ z 1 2(/i*-DM)(x)+ 2 if *D\i)(x+ ley

=0

Since in the case 0 we have HMIj(x)=0 or Jt and by xEF in the case
ki*tj JtM1j(x) =0 holds, thus according to Lemma 4 iii) we obtain

f*DM)(x) =Mj f f(t)dt=0 (EN).
JiDT/X)

It is proved similarly that in the case k{>]j we get

(f*k>Mj)(x+leyy =0 (/= 1,2 , mv-1; Vv6N),

thus
1 —3 N —ANAL
* - *
(f*® n(x) v nVZ:O jgkt /21 (f*D M) (x+ ley) (xeF).
We remark that if n— then (/] * ®,,)(X)=0. Thus we can suppose that
n~k,+1 and on the other hand in the case x£F for 1 we have

x +1e”Ji, thus
(f*D M)(x+ley =0 (/= 1,2, mv—1)

From the above it follows

kt—1 n—1 14 tnv—I

n*xed n(x)\* 2 2 irr 2 I\N\*DM{x+ley”

v=0 j=kt 1Vin 1=1
kt—1 co | mv—1
=2 2 TT 2 (V\*Dmi)(x+ley)  (xEF).
= ] =1

Let us denote by Xa the characteristic function of the set AaGm. Then we have

M1

IMMfoh=c) [2 2 W\ - OB,
where Q >0 isan absolute constant. Since T is sublinear, we have

Tf:Tf0+i2_le N Cy+ 2 T,
SO
mes {XZ (Tf)(X) > 2Cy} N mes {x: (7Tyo)(x) =- Cy}+

+ mesjx: x€T, | 4 r/jj ()> CyJ+ mesjx: x€F, jOo T/j (x)> CyJ ~»

mes /m+ — i = A -
|Z:I tTIUF mes F +C+y iglKdeth mesp+6ycr2 Wh
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Now, applying Lemma 4 we have the following estimation:

mes {x: (TH{x) > 2Cy}LARI+ 4~ 1O | Wi
Y thc Y y

where C2>0 is an absolute constant. So we have proved that the operator T
has weak type (1, 1). Since T has type (°°, °°) by the interpolation theorem of
M arcinkiewicz [8], T has type (p,p) (1 This proves Theorem 4.
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CONTRIBUTION TO THE THEORY
OF INTERPOLATION

By
P. VERTESI (Budapest)

1. Introduction

On a joint American-Hungarian seminar held in 1975 in Budapest,
P. Taran raised the following twb problems on the connection of the Hermite—
Fejér and Lagrange interpolations (see further [1, Problems XXII and XXIII]).

a) For a fixed O<a<l let us give a matrix of nodes Zc[-1, 1] such that
L,,(f: X, x) uniformly tends to fix) in f—1, 1] for each A Lip o, but for a suitable
/1(*)€ Lip a we have IWQD X, X)|| = °=

b) If for a matrix X, Ln(f; X, x) uniformly tends to f(x) in [—1,1] for
each /$ Lipa (O<a<l), then can we choose a positive integer r=r(a) such that
H,,(g; X, x) tends uniformly to g(x) (in [—L, 1]) supposing that g<{x) is con-
tinuous on [—1,1]? (Here, as usual, Lipa= {/(X); |/(xX)—£(y)|éc (/) \x—y[*

by (2.4) and (2.9)).

The positive solutions of these problems would mean that the Hermite—Fejér
interpolation can be worse (Problem a)) but not much worse than the Lagrange
one (Problem b)).

| proved some theorems concerning a) in [7].

In the present paper we give a negative answer for b), moreover, we gain some
new results for a), too. A third aim is to contribute to the fine and rough theory
of Hermite—Fejér interpolation.

2. Notations

Let us consider an arbitrary system of nodes

(2.1) -IStM<Vu<.-<?*»<h,,SI («=1,2,.)
in [—1, 1], further denote

(2.2 (X, x) = c(x-x2N(x-x2M)...(x-X,,'T}, cT£0,
(k= 1,2,..., n),
24)  Ln(f:X, %) :"Eflg:"/lfe 2 4,,(Y %) h=12.),
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@25) VKX X) = 1-2 IKn(X, ) (5% ) K=12.., n),
(2.6) hk.,,(X,x)  ==vKfiX, x) FIn(X, x) (k=12,..., n),
@7 bkn(XxX) = (x-xK,)R,(X, X) o =

(2.8)  Hfifi, X, x) d:efkg”f(x kn)hk fiX, X) «=12..),

(2.9 HZ(fiX,x) = Hfifi; X, x)+ 2 f'(xkn)b(X, x) («=1,2..).
k=1
Here X is the matrix {w>}£=1 (n—1,2,...), fEC (i.e., f(x) is continuous on

[—1, 1]), moreover in (2.9) we suppose that f'£C, too. As it is wellknown, Ln
is the Lagrange— and H,, (or //*) isthe Hermite—Fejér interpolation.

3. Results
l.

3.1. If X isa given matrix of nodes let

(3.1) XfiL,X) gq-f%@?épzﬁ Wk fiX, X)),

(3.2) XfiH, X) = max 2 \hkKX, x)\,
Cl-x- k=1

(3.3) ra, = {% xfiL, X) - xfi.

Let us suppose that for a certain sequence {/,} and function class F~C
we have En(f) —o(X~%® if /(EF.1 Then, as it is wellknown, for each X"F(.,),
Ln(/; X, x) uniformly converges to f(x) if /<€EF. Can we define a suitable
subclass FkczF suchthat Hn(f;X,x) tends to f(x) uniformly for /€F 1, when-
ever x€T(A,)? If we suppose that F, contains the very good function f (x)=x
then we can give a negative answer. Our assertion follows from the following

Theorem 3.1. If A,fInn («=2), then for each sequence {/.} there exists
a matrix Y=Y[ki such that Y~F (Xfi, moreover, for each fixed xFO, —I*x S|

(3.4) hm F*A&\Y,x)l >Q (je?£()
where fi (X) =x.

3.2. Definitions. A) We say that = is an F-good class of functions f(x) for
the matrix X if L,,(f;X,x) tends uniformly to f(x) in [—1,1] whenever /EF.

1 £,,(/) is the deviation of the best approximating polynomial of degree s n from/ (x) on
[- 1 inC
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Similar definitions hold for the procecces Hn and H f

B) F is L-good for I'(A,) if F is L-good for any X£I (1r). We say that
F is L-bad for T(A,) if there does not exist an L-good XE£TI (/). One can analo-
gously define F which is FI (or #*)-good (or -bad) for I (A, (see [2, 4] and
3.8).

C) G isa non-trivial function-class if x€ G.

By these definitions we can assert the following consequence of Theorem 3.1
(seeb):

Theorem 3.2. If F is a non-trivial function class and X<9T7{/.,) for certain
{A} (A,SInn) then we can choose Y ff (A, such that there does not exist a non-
trivial subset Fx of F which would be H-goodfor Y.

3.3. Now let us see another consequence of (3.4). Let
Cl@m = {/(x); I("-VeC and a>(Bm1>t)S am(f)co(t)}.
So, if com(f; t) is the ra-th modulus of smoothness of /(x), then
Om(t) = am(f) tm~1a>(t) = a m({f)(Dm(t).

(Here io(t) is a modulus of smoothness, mgl.) Then we have another answer
to a).

Theorem 3.3. |f we suppose thatfor a certain co(t) and {/..} (/,Sin n) we have

(3.5) lim l—1A, =0,

then with a suitable matrix r=y {Jer(An

(3.6) nI|m [I/(x)—£,,(/; Y,x)|| = 0 for each [€C(co0),

butfor a certain f3 C (co)

(3.7) Im 19,,(/2;Y, x)-/2(x)| = °° for anyfixed x"O, x6[-1, 1].

We remark that / 2(x) does not exist. (Compare this theorem with [7, Theorem
3.1)).

3.4. Considering the above results we may conclude that knowing only {/..},
we cannot determine a non-trivial F so that it would be H-good for I (A,). The
following natural step is the investigation of H* from this point of view. We shall
see that now the situation is more favourable.

3.5. At first we prove an estimation (as (3.8), see 5.4).

Theorem 3.4. We havefor any matrix X
(3.8) A, (tf, X) = 0(l)nd*(L, X) (n- 12 .)).
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3.6. Using (3.8) we shall prove the following statement on the rapidity of
the convergence of H ™

Theorem 3.5. If m”~2 thenfor each /€C(co,,)
(3.9) Wi, *(/; I,*)-1(x)|| - 0(1)w,, [n,.(8, X) +nhI(L, X)}.

3.7. By (3.8) and (3.9) we immediately have the following convergence-theorem:

Theorem 3.6. If we suppose thatfor a certain am(t) and {..} (A,slnn) we
have

(3.10) lim (4, [ u2®= 0,

thenfor each /G C (0J f'£C and
(3.11) }]i_%l#,,*(/; X, X)-/(x)|| = 0 whenever XETI (An).

3.7.1. The above mentioned theorem can be formulated as follows: If (3.10)
is valid then C(com) is #*-good for I (X).

3.7.2. Now we prove that the order of (3.8) is the best possible.

Theorem 3.7. For each {A} (A.,hAlnm) there exists an Y”*ny- Yfr(/.,,) for
which
(3.12) X,.{H,Y)i*cnd*(L,Y) (n=12..).

m

3.8. In their paper [2], P. erass and P. Taran introduced the notion of the
rough and fine theory of Lagrange interpolation: If, knowing only the Lebesgue
constants {/,}, we can determine whether a certain F is L-good or L-bad for
r(n,,), then the finer structure of XEr(Xn), cannot essentially influence the con-
vergence-divergence behaviour of F. This case was called rough theory. E.g., let
F=-Lipy (0<a 1) and /,,~np (0</i< 1). Erd6s and Turan proved the following:

If RB~2 ~en a's L-bain for r(nR\
if a>R tgen Lip a is L-good for I(n™);
but if p? then Lip a is neither L-good nor L-bad for I (np).

This means that in the third case the convergence-divergence behaviour is
not determined by the Lebesgue constants alone but it depends on the finer structure
of Xc_I(/,,), too. This case belongs to a finer theory.

3.9. Now we wish to extend the above mentioned fine and rough theory for
the Hermite—Fejér interpolation. This program also was suggested in [2] and
[1, XIX]. At first we quote a theorem which can be included in the fine theory
but it was essentially proved by G. G riunwald ([3]).
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Theorem 3.8. If A,~Inn or (0</?<0.5) then there exists a Z"j=
=ZfF (/,) so that thefunction-class C is H-goodfor Z.

3.9.1. A consequence of Theorems 3.1 and 3.8 is the following. Let F be
a non-trivial function-class with FQC. If ()</?<0.5 then F is neither #-good
nor A-bad for (np).

3.10. It seems that a,,(L, X) is not suitable for investigating the convergence-
divergence behaviour of the Hermite—Fejér interpolation. This may be true for
A but asto A*, considering Theorem 3.6, we can expect a better behaviour. First
we prove the following theorem. Using the same matrix as in Theorem 3.1 we get

Theorem 3.9. For each {/,} (A.=tInn) there exists an YfT(A,) so thatfor
anyfixed uX 0, «€[—1, 1] we can define ffix)*C (wm) (in*2) for which

(3.13) . AN Lw)-l(<) o
supposing lim com ©
3.10.1. By (3.10) and (3.13) we can assert the following statement which can

be included in the fine and rough theory of Hermite—Fejér interpolation.
Let /€ IL<2(a)(= {/(xr); / D(X)ELip a}) and /,,~ nB (/?>0).
If oc>3/? then PL()(a) is 7/*-good for I(np); on the other hand if 0-=oc-=I

and ac”-p-j-then H,(2(a) isnot H*-good for I'(np).
3.10.2. The above mentioned theorems on fine and rough theory of the Her-

mite—Fejér interpolation mean only the initial steps. We wish to do a much more
detailed investigation in another paper.

3.11. By Theorem 3.9 we can state
Theorem 3.10. Iffor a certain com(t) (ms 2) and {/,} (A,SIhn) we have

(3.14) limm, -1 a 0 and lim &, L nK

then with a suitable matrix L€ T{n,}€T(.,) FLLrg [1/(x) —Ln(f; Y, x)||=0 holds for
each /€C(o>n) butfor a certain ffix)EC(0)m) and anyfix uxO («€[—L,1])

rn [AN/;Y ,«)-13(«)]=".

E.g., (3.14) is valid if C(cam= ILQ(a), 2,,~nB and O<ac<l, 2, a<
<(B—=1)(/?+1)-1 (see 1 b) and [7]).
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4. Proofs
4.1 Proof of Theorem 3.1. Let T,,(x)=cosn9, x=cos9. If T is the
Chebyshev matrix, i.e.
2k —1 . 2k—1 ,
(4.) My = cos “gp- n, Sgp= " 1 (k=12

thenwedefine Y=Y{>,) for n=2s—1 (5= 2) as
ykn ~ xkn (k=1

4.2 ' 1 .
(42 To,» = cos Jn~ 8]] with 0< =0 n= 2i —1L

nlog un

It is easy to verify the following relations, sometimes omitting the superfluous
indices.

(4.3) K.V, x) = 4,,(Tx)-2-22- (k= 1,2,...,n),
YK-Yo
T
(4.4) lon(Y, x) = n(x)
Tn(Yoy
4.5 = — = .
(4.5) Vo 0 2, ... 1),
TNyo)
46 0 YO
(46) ¥0 I.bl
4.7 7400)1 = Isin 0, ~ ng,, |I,'bl| = Incos ng,| ~ n.

4.11. Now we prove
Lemma 4.1. Xe Aare uniformly in x

(4.8) 2 \kn(Y, 9 = O(Inn)  (-1SxS1).

s
Indeed, using 4,,(, X) = (—\)K~rT,,(X) sin 9kn~1(x—xK)~1 and (4.3),

2\Ik.n(Y,x)\= 2\1kNT,x)\WYo~YkK+YK~ A =
=1 Wio — -¥nl

K73 I

0D éik.AT,x)\+ = O(Inn).

+ 2\ — —
I'IEAsl{yO—yk\
Here we supposed x”"yi (i—0,1,...,«) because of Ik(Y, yi)=0kA, and we used
2 KT, x)\ =0 (In ri).

k=12

2 Now the a-th row of v contains n+ 1nodes; the degree ofQn(y, x) equals n+ 1, etc. (com-
pare (2.1—2.9)).
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4.12. With similar estimations we prove
Lemma 4.2. We have for each fixed x£[—1L, ]

(4.9 k2 bt.nl kn (M x)\II,,(Y, x) = 0,(1).
=1
If x=ykt,, (k=0,1, ...,n) then ~...<1. So we suppose x"yki, Let
further
_min  \x-yKn\ = \x—yJn\
k—lkg\g.,»rl

Then using (4.5), (4.3), (2.3) and (4.2) we have for n”n 0(x)

2 Wiy, 0l (Y, 0 = 0(1) 2w ey b-Ttl+ i
F(;,:\l % sin28k  \Yk~Yo\
S S
Tn(x) *sin29, (x—J92 = " TI(x)  TI(x)atfSk TI(x)utfgk 1
AUX-YKT (YK-Y0)2 ﬁr"s NAx-yk\  n2Ax-ykiyl n2(x-yg2 lk
Here
(4.10)
0(n~2 2 sin-~+ 2 1 0(1) if x==%1,
i, Tfix) W2 Irki=2
A n 2x-yk .
- o,M if , nxtl,
ks O((n a \x—yg(\-mc\'{] Aé‘:r\"_\x-lz%g:)cl
(4.11)
0(n-3 2>%2=0(1) if x= =1,
y T2(x) sin2Sk s
k=l n2\x -y k\yl _ .
Ox(n~ = 0,(1) if X9*zl,
k'S X072 s VIR |x-i;\|§|f\cy'( W
(4.12)
0O(n~2+2 ™ _|+ 2 ~ ] - 0(D) if *==i,
. ]
A T2(x) sin2Sk K’s

A n 2(x-yK2yK\
i (x-y K2yl

Oox(n-2 ‘\X_gwc (Ji_lR)/+ L+ \X_IXZK\;C bl -1 = Olf( 1)X Ji+1

Here x*O and 2c=2c(x)=min (1+x, 1—x).
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4.13. Lemma 4.3. Foreach x£[—1, 1]
(4.13)

(4.14) IV .Ne «)I = 0 ("~ -).

As for (4.13), we can suppose x"O. But then |/S(T,x)|=
= \Tn(x)n~Ix~1(x—y*Y b1\, from where we get (4.13). (For x<0, |[x|«<=2y0 we use
|IFB(X)| ~ Mid.) To prove (4.14) we use (4.4) and (4.7).

4.14. Using (4.8), (4.13), (4.14) and |lO(Y, 1)|~(np,,)-1 we have

4.15 L, Y) -——=i—.
(4.15) ALY =k
4.15. Later we shall use the important

Lemma 4.4. For each fixed x”O there exist NxrzP glaf{2k—\}":1 such that
4.16 neENY.
(4.16) ey

Indeed, if x*O and fixed, then for a suitable Nx, |T',(x)|sc1(x)>0 (nENX)
(see, e.g., the ideas of [9,14.4 (2)]).

4.16. Lemma 4.5. For eachfixed x"*O

L),..(T X)|/@,.(Y, X) 1
X| t2G8

We get (4.17) if we use (2.5), (4.6), (4.7) and (4.16).

(4.17) if nENX.

4.17. Finally, considering the relations (2.5), (4.17), yO~ @n, Ts=0 and (4.9)
we get
W AVY, x)| 2 YKK(X, X) s BOfi>oWl 2 prare = X
' k=0 +X) s PYfioWo K=1 AN = n2el
(nENx; x 0, fx= x).
With (?,~(n5,) 1 we obtain (3.4).
4.2. Proof of Theorem 3.2. Fr is non-trivial so xiFx. But then by (3.4)
we get our statement with Y defined by (4.2), because Fx is not //-good for Y.

4.3. Proof of Theorem 3.3. The relation (3.6) immediately follows from (3.5).
To prove (3.7) let
X if- —1=x=0.5
(4.18) 1.(*) = cu(x—0.5)

205(0.5) if 05=sx 1
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It is easy to see that cu(/2;t)=a>(t) (OstsO.5) further |/2(,v)|"[X]
(-1sx”1). Sof2(x)dC((a) and by (4.9)

J_i’:lllzlvl I \K(X)\: 0.,(1)

with the same matrix Y{xn}- The remaining part is the same as that of Theorem 3.1.
For completing our statement we remark that by (4.18), / 2(0.5) does not exist.

4.3.1. If we had wanted to prove only Theorem 3.1, we could have argued
as follows. At first we prove

2. (T, x) = ox(i).
ks
Then using
X = Hn(fLY ,x)+ kZ bUY, x)
=l

we get
Y x) = (Yo- X)/|(a) + (ys- x)1i (@) + O(1).

By (4.16) we get (3.4) if x*O. For x=0 let n=2s, yk=xk (k=1,2, and
y0=cos (95—q,,). We get as above

An(/LT,0) = yo/Q(0)+ys/*(0)+O (I)~«-U* (s=1,2,..)

from where we obtain a divergence-theorem for .v=0 if n=0(A2. But if we
wish to prove (3.7) we must have

(419 2)b LU K{x)\=0x()
K

which came from (4.9). We omit the details.

4.4. Proof of Theorem 34. For an arbitrary polynomial P,,(x) of degree
—? we have the Markov-inequality
(4.20) |F,,)(X)] S n*\Pn(x)\\ (xe(-1,11)
So we obviously have
(4.21) %(xk\*n4nfL, X) (k=1,2,..., ).

So using (2.5) and (4.21) we get
(4.22) K,,(W 1 = 0(1)«2A,(LX) n—1L k—1,2,..).
By (2.6), (4.22) and (3.1)

A(A, X) = kg}*(*)mzm OWITAL ) 2 k) OWIZS(E, X).

as we stated.
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4.5. Proof of Theorem 3.5. Let P,,(f; 1) be a polynomial of degree
for which
(4.23) W f(x)-Pn(fix) 0(\)com\U ,
(4.24) W'(x)~P'I(f; x)]| = 0(n)com

if fEC(a>nm) (ms2). (As for the existence of P,,(f;x) see e.g. [9, Theorem 1.3.3].)
Then
= #*(/; X)-Pn(f\x) +P,,(f; x)-f(x)\ s

2 M0 -P npOWk{OVE 2 1°(*) ~ P (<9 \x-xkV2(x) +

+0 (Dcojl = o(mmA|[A,(AZ)+nA2(L,Z)+I]

from where we get (3.9).
4.6. Proof of Theorem 3.7. Let

2k—1

Nn- =¢C8-1In

(4.25) 1

= cos 0 0o n=12..).
ninn

We can verify the following relations
[/lin(F,x)| - 0014 -1, Jo.,(N*) =0in-td-1),

[flo.n(Y> To)! ~ 41-' k—22 lk,n(Y, x)\ = O(In/;),

where  d,,=dn(Y)= (n-N+D=To-T1l~ 6»«“1 (see (4.3)—(4.7)). But
[I0(T,-1)|~/i_2i/l~1 so AL, ¥Y)~|/0, =) |~/z2i;1. Now we get

(A, Y) N WO(Y, - DIL2Y, - D)~ d-ULU L Y)~ n48(L, Y),
as we stated.

4.7. Proof of Theorem 3.8. Let us denote by z£y)) the roots of the Jacobi
polynomials P*yy)(x) ([9, §2.4.1]). If —<y<O0 then these roots form a strictly
normal system ([4, Part Ill, 86]), and hence A, (/; Z;x) uniformly tends to f(x)
for each /EC ([3, Theorem 3]). The only relation we have to refer to is AL, Z)~
~ Inn(y=—0.5) or AL, Z)~ny+05 (~0.5<y<0) ([9, 14.4)).
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4.8. Proof of Theorem 3.9. We use the matrix defined by (4.2) and [5,
Theorem 2.1]. We only sketch the proof. Let
sign hO(Y, u) if k —0,
(4.26) 8n(YK) = 0 for k=12,..,n+1 where
TorHLn = 0-5To.n; HENU

In the intervals defined by yt (i=0, 1,...,u-H) let g,,(x) be the Hermite inter-
polatory polynomials of degree 2m—1 which is equal to 0 or 1 according to
(4.16). Let further at these end-points 8,,(yg=8n(Ya= mmm=gm-1)(yg="
(k=0, 1, 2, ..., n+1). For x£[—I,y,,JU[y0, \] let g,,(x)=0.

Let us notice that we can choose a set Nx<zNu suchthat
(4.27) 9,,(X)-gN(x) =0 (*€[-1,1], n, NENIt N > n).

Using the correspondences z,=u, A,,(zn=\h0(Y, n)|~ MnA®, 6n=o0,(—n-1/.“D),
T,=H,, U,—E (unit-operator), e,=1 and Cp’i(om)=C((oT) we have that
for a certain
h(x) = cZn%szm(Qn)gn(x) (c2> 0, N2¢c W)
h(x)ZC(wnj, moreover,
H,,(h;Y, u)-h(u) > com(g,,)\u\n)* («€ N2.

(To obtain the conditions A, B and C of [5 Theorem 2.1] see (4.16), (4.17)
and (4.27) (for A) (4.27) and [6, Lemma 2.1] (for B) and [5, CI] (for C)).
Ifwe remark that

\h\ykn\ = c2) _2N2a>T(BI'I)8«(YK,F)| = |c2 2N2 bl T(BMUN(YK,MN\ =

= 0(1) 2 o6n®@6sa)681= 0(1) (if N2is lacunary enough),
n<r
we have our statement if y,,+\\n>ys-i,ti (n<N, n, NdN2. Indeed, by the above
estimations and (4.3)
SiN23kT*(X)(x —yn)2

kZ:Oh\yk,n)(x-yk,n)IIAY,x)\ =0{\) L n2Ax-x Kk y 02

= i 2 + 2 = i
O(I)[\X\SZXk Ix\>2)<k:I O(I)

from where we get (3.14).
5. Remarks
5.1. In his paper [8], D. L. Berman proved that for the equidistant nodes
xK,,=- 1+2k(n—1)_1 (k=0, 1, ..., n—1) in [—1,1], the sequence {Hn(fy,X, x))
diverges unboundedly for u-*-«, at each point of [—L, 1] except the point x=0
(compare with Theorem 3.1).
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5.2. We can prove theorems for the trigonometric case, too.
5.3. It is easy to see that the order of divergence in (3.4) is the best possible.

5.4. The estimation (3.8) was proved by M. Sallay (oral communication).
| was able to prove only the weaker estimation

An(H,X) = 0()n2InnP,(L, X) (n" 2).
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UBER DIE LEBESGUESCHEN FUNKTIONEN. II

Von
K. TANDORI (Szeged), Mitglied der Akademie

1. Furi ein orthonormiertes System @@= {gn(x)}T im Intervall (0,1)
trachten wir die Lebesgueschen Funktionen

L((psx)= 1 2 <A<pedt  (XE(0, 1); n=1,2,...).

Es sei A= {/,}I" eine nichtabnehmende Folge von positiven Zahlen mit AxSI.
Mit QA bzw. Q* bezeichnen wir die Klasse der orthonormierten Funktionen-
systeme o flr die

(€ L,.(cp;x) = O(A,)  (x£(0, 1)
bzw.

2) L,,(WvT;x) = 0(2) (x£(0,1))
erfillt ist.

Durch einfache Rechnung folgt, daR sich aus (2) die Abschéatzung (1) ergibt,
also gilt

(©)

Weiterhin kann man leicht einsehen, daf im Falle /,=0(1) aus (1) auch (2) folgt,
d.h. im Falle 2,=0(1) besteht

fii = 4,-
Es sei ferner M(A), bzw. die Klasse der Koeffizientenfolgen a={«,}",
flr die die Reihe
@ 2 an<Pn(x)

n=1

bei jedem System @@ aus Qx, bzw. aus Q* im Intervall (0, 1) fas lberall kon-
vergiert.
Aus (3) erhalten wir:
() M{X) g M*(A).
Nach den obigen besteht

(6) M(A) = M*(A) (A, = 0(1)).
Diese Gleichung istim Falle X0/ <o nicht bewiesen.
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Mit /2(A) bezeichnen wir die Klasse der Folgen a mit

n=1

Es sei weiterhin M die Klasse der Folgen a={an}f, mit |a,|"|a,+l] (n=1, 2, ...).
In dieser Note werden wir die folgende Behauptung beweisen:

Satz |. Es sei X von unten konkav mit A,=0(log2u). Dann gilt
M@@Orw = Mm*()NM  (=/2(A)rwl).

D.h. im Falle der Reihen mit dem absoluten Betrage nach monoton nicht-
wachsenden Koeffizienten sind die Bedingungen (1) und (2) im allgemeinen gleich-
bedeutend.

Nach (6) braucht man den Satz I nur im Falle X/ °° zeigen.

Nach einem bekannten Sazt von S. Kaczmarz [2] und (5) gilt

12A) g M(X) g M*(A)
far monotone Folgen X. Weiterhin hat der Yerf. gezeigt, dal unter den Bedin-
gungen des Satzes | im Falle
a$ 2(A), a€M

es ein orthonormiertes System @ mit (1) gibt derart, dal die Reihe (4) im Intervall
(0, 1) fast Gberall divergiert [4]. Somit folgt Satz | aus dem folgenden

Satz Il. Es sei X von unten konkav mit A,=0(log2n). Ist aEM
und a<¥/2(A), dann gibt es ein orthonormiertes System @ mit (2) derart, dalR die
Reihe (4) im Intervall (O, 1) fast Gberall divergiert.

2. Vorbereitungen. ZUm Beweis des Satzes Il brauchen wir zwei bekannte
Hilfssatze.

Hitfssatz | ([1], S. 46—50). Fur das Haarsche System /= {WX)} gilt
Ln(x,x) 1 (x€(0, 1); n=1,2,..).

Hirtfssatz Il ([3], Hilfssatz XIV). Es seien p (*2), g natirliche Zahlen. Dann
gibt es ein in (0, 1) orthonormiertes System von Treppenfunktionen gfp, g\ x)
(7=1,..., 2pq) mit den folgenden Eigenschaften: Es gilt

gfp, g\ x)gl(p, q; ) dti: Cjlog2p (*€(0, 1); n=1,...,.2pq; Q S 1),

und es gibt eine in einfache Menge E (f (0, 1)) (d.h. ist E die Vereinigung endlich-
vieler Intervalle) mit m(E)=— derart, daB fir jedes Xx£E ein Index m(x)(<2pq)

existiertmit gfp, g; x)€.0 (/= 1, ..., 2pg) und
m(x) e
f—l gi(P’4,x) S Cfjlpqg logp.
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(G1, C2, ... bezeichnen positive Konstanten. In dieser Note bezeichnet loga
den Logarithmus mit der Basis 2.)

3. Beweis des Satzes Il. Es sei a= {u,}I eine Folge aus M mit agl2(A).
Dann gibt es eine nichtabnehmende, nach Unendlich strebende, von unten konkave
Folge /.i={n(n)}i mit /i(1)& 1 und

@ YW \o  woo),
fur die

©) 2 _ah*(n) =°°
besteht. )

Nach der Voraussetzung fir X und nach (7) gibt es eine positive Konstante
C3(sl) mit
) u(n) C3log2n (n=2,3,...).
Wir werden eine Indexfolge {mk} folgenderweise definieren: Es sei ml1=\ und
mk+l die kleinste natlrliche Zahl mit y(Tk+)>-2u(Tk+ 1) (k=1,2,...). Wegen
der Konkavitat gilt

B(2>nk) - B(>nk+Y)  ti(mk+1)-ii(m]j
mk—1 —  mk—m1+1

woraus
U(2TK-u(TK+1) = O Kuw +1) = B(mk+1)
folgt. Nach der Definition von mk+l gilt also mk+1>2mk (ks"2). Daraus erhalten
wir nach (9)
C3log2(mt+1-m t) > C3log2mk & u{TK (k = 2,3,...).
Ist K gentigend grof? (k >%*,,), dan gelten die Ungleichungen
mmk) S u{Tk- )+1, L(mK/C\C\ & 8,

und es gibt eine nattrliche Zahl gk mit mk+1—mk>2gk und
acica W s cxc3log2 mk+21q|;mL L(TR.

(Ja] bezeichnet den ganzen Teil von a; die Konstanten Cls C3 sind in dem
Hilfssatz 11, bzw. in (9) definiert.) Es seien n0=1, nk=mk+k0>Uk—Yk+H (*=1>2,...).
Dann gelten die Beziehungen

(10 nk+i>2nk (k= 1,2,..),
() B(nk+) —4u(nk-\) (k= 1,2,...),
. Nr+1 i
(12 4CC, N~ CjCa3log o = J(«*) (*=1,2,.).
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Ohne Beschrankung der Allgemeinheit kénnen wir anulD (n=1,2,...) vor-
aussetzen.

Wir werden erstens fir jedes k (kw?2) ein in (0, 1) orthonormiertes System
von Treppenfunktionen <Pik; x) (I=nk, ..., nk+t1—1) definieren derart, daR fir
jedes k gilt:

<Pt(k;x)(p,(k; t) r ok C =
% Ciero (€O, 1 n=nk  nke1 I

(14) rkSréﬂ}zpénkﬂ\a,,(pn(k; X) +...+amgm(k; x)\ * CvAK (XEEK),
wobei
Ak oc(k) = k-l

bedeutet, und fur die einfache Menge £k(£ (0, 1)) besteht

(15) mERY = .
Wir werden zu diesem Zweck den Hilfssatz 11 im Falle

nk-Mk-1
p= = Uk-
Cougr . 1T el

an. Die entsprechenden Funktionen bezeichnen wir mit gs(x) (s~ 1, ..., 2pq).
Dann gelten auf Grund des Hilfssatzes Il und der Ungleichung (12):

(16) | 2 gsogsco dtS UMy (x€(0, 1); <= 1,..., 2pq),

@an g2 N~ 20 \a <+ (‘-1)(nk-nk-i)+mgm(x)+ mmm+ank+a-1Hnk-MNk-1)+"8n(X)\ =
= Q Ynk—nk_lak+i(.k-.k iR K) (XEE, i= 1,.., c(K)).

Aus (16) folgtauf Grund von (7);

(18) fo2 8] x)gSA_ﬂt:) dt == / /Zzlgi(*)gi(t) dt

0 5= 5=1 VWifc+ S-1 vjfc+ S) 0

qr 2 qi ty d ts2 M <r=1,...,2pQq).
o 2:9109.() ( pa)

Es seien s0=0,

. _ R\ .
Si 7glarkﬂ (rk-nk-i) "flarkﬂ(nk-nk.o (i=1 ..c(k)),
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sQK)+i — 1und h = (si-i>si)0 = b e>c(fc) + ). Wit setzen

1 _ XSi-1
(m(k-x) — \'m(A) Sn - (nk+(|- I)(nk' nk-b+1 m(/,)

0 sonst
far nk+(i-1)(nk-nk*) S n  nk+(i-1)(nk-nk_D+2pg und i= 1,...,c(k).
Weiterhin sei £; die Menge die aus E mit der linearen Transformation
y=(s,—si- Dx+si. 1 ensteht, und
k) _

Ek= U Ei.

i=1

Aus der Definition der Menge Ek und aus dem Hilfssatz Il folgt (15). Endlich
seien die Funktionen <m(k;x) fur nk+ (i—I)(nk—nk- )+ 2pg-"rKnk+i(nk—nk- 1);
i=I, ..., c(k), und nk+c(k)(nk—nk-1)+2pg<n<nk+l der Reihe nach gleich den
Funktionen

_ Y2x,(2(x—1/2)), lc®Hi . _
fn(x) = 0 sonst (n=1,2,...).
Aus dem Hilfssatz | und aus (18) erhalten wir durch einfache Rechnung

k(th)
(kXK D 4 s K €U h>

x €h(k) H

(nk =Sn < n*+1).

Daraus ergibt sich (13) wegen p(n)*\ (n” 1). Endlich folgt auf Grund der Defini-
tion der Funktionen (Pi(k; x) und aus (17) auch die Ungleichung (14).

Aus (8), (10), (11), aus der Monotonie der Folge a und aus der Definition
der c(k) folgt

® . (chcl) @
19 k%zA_ngi: ) C'ngrQEr(n)

Wir definieren eine Indexfolge {kr}™ folgenderweise: Es sei k0=2; wenn kr (rsO)
schon definiert ist, dann sei kr+l die kleinste natirliche Zahl (groRer als kr), fir
die

(20) [ %2 Athr+ |
1 k=kr+l

und

(21) PR (i =n)

erfullt sind. Wegen (7) und (19) existiert eine solche Indexfolge.
Fur jeden Index r(~1) definieren wir ein orthonormiertes System von Treppen-
funktionen \jn(r;x) (n=nkr+l, ..., nkr+1+1—1) mit folgenden Eigenschaften:
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Es gilt

@ "itl Xi]qo’(“ D gt O (*6(0, 1); nkr+l  n < wpHi)
= Kr+

und

(23) max \apgin((r; x) +...+aTdT(r; x)| =C6(r+1) (*641r,

wobei flr die einfache Menge Ar(£(0, 1)) besteht

1
24 -
(24) Wth) - o,
Es sei nahmlich so=0 und
4
S I=j':2i Akr+J j=%r+1A) (| = i, _”'kr+|_K),

und li=(si. 1,s,) (/=1,  kr+l—kr). Wirsetzen

1
e *
(%) = Aoy ) O
0 sonst
(«¢.+;= « < nkr+i+l; i= 1, ..., kr+1-k ).

Weiter sei H{ die Menge, die aus der Menge Ekr+; mit der Transformation y=
= (si—si- )x+si-i entsteht. Wirsetzen

H= u 4,..

Aus der Definition der Menge 4, und aus (15) ergibt sich (24). Aus der Definition
der Funktionen ¢n(r; x), und (14), (20) erhalten wir (23). Endlich aus der Definition
der Funktionen dn(r; x) und aus (7), (13), (21) bekommen wir auch (22).

Endlich definieren wir durch Induktion ein orthonormiertes System von Treppen-
funktionen <m(x) (fi=1, 2, ...) im Intervall (0, 1), und eine Folge von einfachen
Mengen Gr(=(0, 1)) (/»=1,2, ...), fur welche die folgenden Bedingungen erfullt
sind: Es gilt

|
<UIMO gt = c8 (jcg(0, 1); n = 1,..., Wi+l 1),

= I =i

die Mengen Gr (r=1, 2, ...) sind stochastisch unabhangig und fir jede natirliche
Zahl r qilt

(26)
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Ferner bestehen fir jede natlirliche Zahl r die Abschitzungen
r <Pi(x)9t(t)

0 1=+ A

(28) max Bn(pn(x) + e

(27)

Es sei m(x)=in(x) (n=1, ..., nkl+i—). Auf Grund des Hilfssatzes | erhalten
wir dann durch einfache Rechnung, daB auch (25) besteht.

Es sei rO eine natirliche Zahl. Nehmen wir an, daB die Treppenfunktionen
cp,,(x) (n=1, ..., nkr +1—1) und die einfachen Mengen Gx, ..., Gn_y (~(0,1))
derart definiert sind, dal diese Funktionen in (0, 1) ein orthonormiertes System
bilden, diese Mengen stochastisch unabhangig sind, ferner fur r=I, ro—1
(26), (27) und (28) bestehen.

Dann gibt es eine Einteilung des Intervalls (0, 1) in endlichviele disjunkte
Intervalle Js(s=1, ..., &) derart, daB jede Funktion <m(x) (n=1,..., nk*+1—I)
in jedem Teilintervall Js konstant und jede Menge Gr(r=I, ..., r0—1) die Vereini-
gung gewisser Js ist. Die zwei Halften des Intervalls Js bezeichnen wir mit Js
bzw. J".

Wir setzen

<P0) = 2,'Ada: x)- g2 ®NN Nx) (0= nko+l,, nkef)H- D),

551
wobei gilt:
eX-a .
______ ) X£j' = (as, bs),
eix) = to> oy i'=( )
sonst,
qn(l<:fJ X£J" —(zls, Bs),
®n(ro; J"; X) =
0 sonst

fir n=nkn)}+, ..., Wpo+l+l- 1 Weiter sei

Qo= u_(sro(/;)naro(/n),
wobei Hro(J'), bzw. Hro(J") jene Menge bezeichnet die aus der Menge Hio
durch die lineare Transformation entsteht, welche das Intervall (0, 1) auf das In-
tervall J', bzw. aufdas Intervall J" abbildet.
Offensichtlich bilden die Treppenfunktionen (X(x), ..., cp,kro+1+1_x(x) ein

orthonormiertes System in (0, 1). Die einfachen Mengen Gk, ..., Gro sind offen-
sichtlich stochastisch unabhéngig, ferner besteht (26) auch fiir /fe=fs,, auf Grund
von (24). Aus (23) erhalten wir (28) fir r=r0 offensichtlich. Endlich, aus (22)
bekommen wir (27) fir r=r0 durch einfache Rechnung.

Das ganze Funktionensystem {<p, ()} und die Mengenfolge {Gr} mit den
geforderten Eigenschaften erhalten wir also dann durch Induktion.
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Aus (26) folgt ndmlich
2 m(Gr = co.
r=1

Da die Mengen Gr stochastisch unabhéngig sind, erhalten wir durch Anwendung
des zweiten Borei—Cantellischen Lemmas, daf3

m @-H) G —1

Daraus und aus (29) ergibt sich, daR die Reihe (4) im Intervall (0, 1) fast uberall

divergiert derart, daR
N

lim n2-i4 </>,(*)=0
in (0, 1) fast Gberall gilt.
Endlich sei n eine naturliche Zahl mit nK +I*n<nkr +1+1 (r0& 1). Dann
gilt die Abschétzung

P2 PiY(PAO 1%, 1<p.<p()
=g, d=f o g At

"lroK4y 1 <PiXgRi(t) dt+f1 2 AP0 4
e+l 0 I~rggl K

Q+Q |—+ e+ 2" —max (Q> 14) —Cqg

fir jedes x€(0, 1) auf Grund von (25) und (27).
Daraus, und aus (25) ergibt sich endlich auch

i2—i <PIPIO gen oy (x€(0,1): n= 1,2,..).

Damit haben wir den Satz Il vollstdndig bewiesen.
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MUNTZ—JACKSON TYPE THEOREMS
VIA INTERPOLATION

By
L. MARKI, G. SOMORJAI and J. SZABADOS (Budapest)

Let N={M, A, ..} be an infinite sequence of positive exponents. For 0"a<|
and f(x)CC[a, 1] put
n

max, fix) - c0 2, ckx™

E.M>"1=0C,..C, k=1

where * indicates that c0=0 has to be put if a>0. By the Muntz theorem,
I_ILi+m En A)=Q istrue for each f(x)dC[O0, 1] ifandonlyif

g Zin

Cilarkson and Erdss [1] generalized this theorem for any O<a<l. Suppose (1)
is valid. The Mintz—Jackson type theorems (see e.g. D. Newman [4]) are two-sided
estimates concerning the rate of convergence of the sequences EnO(f J1).

A possible way of obtaining an upper bound for E,ta(f, /1) consists of two
steps: first we choose an integer m and take the best approximating polynomial

to f{x) in [a ] Pm(x)=_2mijf i.e. for which
J=0
2 R3X] If(x) - Pm(a)] = Ema(/) = minimum,

and then we approximate Pm(x) term by term by linear combinations of the powers
xxk (1

For performing this second step we introduce a new, interpolation theoretical
method which gives error estimates directly in the supremum norm.

Lemma 1 Let AsO, m”O, and O<as=1 be real numbers, then

©)

a_ y xxk 20d + w) " Afc+ Aj+2/im _ " A—Ay ~ J_ jj |A

k=i Act A+ 2m jIx A+ A+ 2m /_J*ikAk—Xj xmk=i A+ ?2k+ 2m
J

Proof. For x fixed consider the function

. XX " .
<Pxiz) 7+ A+2m j]i[l(z -Xj 2.tn)
of the complex variable z. (x(z) is analytic in the half plane {Rez”-m}. Let
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px(z) denote the Lagrange-polynomial which interpolates <x(z) at the nodes
ARPAR, ..., A, Explicity,

-2TihTan? (ﬂ‘+ﬂ'+2T)ka|7| -

By a known formula (see e.g. Walsh [5]) the error of the interpolation is

@ PA)PA) = g5 Py O T-T*>

where C is an arbitrary rectifiable closed Jordan-curve lying in {Reza-m}
to which z, a« A, areinterior. We put C=CR, where

Cr= {4 Red= —m, |Im4~ AU {4 Re4>-m, |[4+m| = R} = CRUC"
and let —«, On the half-circle CR we have gx(C)=0(R"~I) while the kernel

of integration is O(R~"~0) (R Hence it follows that RIlrg0 Jf =0, and by (4)
. e
1 =Wt
<Px4)
©) € TON,  w

holds for any z in {Rez>-m}. It follows from the definitions of <x(z) and
px(z) that

«= ~ 2(I'f/n) \p(¥) - pJILLL,
[I(A+Aj+2m)
=i

therefore (5) implies (with z=A)

] . 2A+m) TP NAA* X
(6) = o J TZ1JI—
JJ (A+ Aj+2m)
j=1
N+m jij |A—Ag o 4+ A+ 2m

nossi AsAt2m [ (@-A)@d+A+2m) i 4-Ax W

Now we notice that for Re 4= —m we have

M = 14-Al = |[4+A+2m|, |4+A+2m| = |4-A* (1 Wk " n)
further
~7f Ki r rfy
1; J 1IGAI2 A y2+(A+tm)2 A+m

(6) and the facts above prove (3).

Corollary.

® EnaCN ) Ty i’ ndd+4m
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This estimate is due to M. Golitschek [3], who obtained it via L2 norm.
Our proof is entirely different from that of Golitschek.

G. Halasz conjectured that for a>0 fixed and any function /(x) analytic
in [6, 1 A)<scE,,'0(f, A) (n-°°), more exactly,

£+
9) log N <-cekdA

with some c=c(G,/)> 0 for n large enough. The conjecture is motivated by
Bernstein’s theorem: (9) is true if X=k (k—1,2, ...). (9) will be a consequence
of our more general Theorem 1

Lemma 2.
0°)

where the bJ-’s are the coefficients of the polynomial Pm(x) in (2), ||/||= AR [/(x)].

m i 12

Proof. Consider the factorized form of Pm(x):

(M = bm [J (X-XJ)FHI (x X)) = bmy(x) &2(x),

i=1

where |x7#|<2 if and only if 1=y=/. Applying Chebyshev’s theorem we obtain
(12 1%Xx)|| = taCvo)!'s -Ar 1 a

(2) implies [Pm(xQ]s2||/||, thus (11) and (12) yield

4 Y I
13 il-1) = =
(13) J:I:!(k” D=kXAN= 1 00 v
Evidently

(14) 29 BETTBHI\BGRY [T 2+ o,

(15) 77 x|+ )= 77T M3T- 0 (xylH) = 3'~1_77 (I*1-D-
b=t =r+

J=r+1 |Xy| 1J=r+1
(13), (14), and (15) prove (10).

Theorem 1. Assume there isa K>~0 suchthat

(16) 2, \~=Klogm (m= 1,2,..).

Thenfor any 0<a< 1, /€ C[a, 1] andinteger n the inequality

7 £o.,(1, N)APT.B(/) + ||/|K
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is valid, where

(18) m=me) - KKK T [E0_f0]iK

Proof. (2) and Lemma 2 yield the estimate

(19) Ena(f /1) SEs,a(1+ 2 \bj\-EM, A)
j=o
12
Ema(f) + 1— i I,(?,% E (xJA).

Now we apply Lemma 1 with m=m{ri), 1=/=m, 1 Omitting on the right-
hand side of (3) the factors belonging to the 2ks smaller than m, we obtain

(20) EM , A)/\ Jalmi,\unﬁkq_i_x_??rﬁ (0 <:Sffl).
Asm
Here
21 4 ~J 2m ’ o
(e X+j+2m  Xk+ 2m Ak 2m 3k
It follows from (16) and (18) that
- 1 ! ) 3 12
~ Cé-l—_ . oA
(£2) isgﬂlﬂ- _ta A KL At+pl ea.ﬁ:a}.
(20), (22) and (22) imply
---Kmj 1—#
(23) omax En-a(x],A)Se 3 —pr-

(19) and (23) prove (17).
Remarks and corollaries

1 Our Theorem 1 can be considered as a generalization of some results of
M. von Golitschek [3, Satze 2,3]

2. In case A5 A2, .. are integers >1, (16) is satisfied with K= 1

3. a) Applying Jackson’stheorems and Theorem 1we obtain;

Ena(f A) =0( **iA)co(f('\e* A) (n
if f (N(x)iC[a, 1] and B rXx) is not identically constant (r=0, 1, ...).
b) Bernstein’s theorem states that for each / analytic in [a, 1] there is a
g=q{a,f) (0<”r<l) suchthat
(24) Ema(f) = 0(qm (m - -0), ¢
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(17) and (24) yield a Miintz—Bernstein-type theorem:
(25) log Ena(fA) a memax|log q, - - |a|+0(1)
(m=m(n) asin (18); n —"°°).
As for lower estimates of Ena(fi JT) we prove
4. Statement 1 If Xk=k+ 1 (k=1,2,...) thenfor any a>0 we have

(26) ms a1\ (n=12.)

n
Proof. Consider the polynomial P(x):x—kz_1 ckxk+1 with Ena(x, /1) = [|.P(X)].

Applying Chebyshev’s theorem to the polynomial /,*(x)=n',+1/5—j in the interval

4] we obtain in fact

94 1—a

HAW 1L =

Thus, in case of the above example the order of the estimate (25) is exact forf(x) —x.
However, this fails to hold in general moreover, there is no general lower

estimate for E,, a(f, /1) depending only on k£ 1%1( and f(x). This will be shown in
statement 2. Let F{u) be a positive-valued decreasingfunction for osw<

1
Then there is a sequence of integers J1= {/kP8=1 such that k—1)4< anc®

@7) BT /) = O\m\f J (n “mo0)

holdsfor eachfixed 0<a<| and f(x)EC\a, 1].

Proof. First define the sequence {/ir}=l as follows: Pi=I, further
28 ! (r=12
( ) /WI = ePr F(ZI’) - f )
Let Al<A2<... be all theintegers intheset (J [pr+ l,epr]. Define
r—1

3, 12

(29 t=t(d) = 5 °ga(|—a)+1
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We need the following consequence of (19), (20) and (21):

Em YT
. 12 3 1%&5“
30 Enf,A) =0\0Af - WA m
(30) ) iH & e
Now use (30) with where r=r(ri) is defined by pr<n<-epr (a and
[ are fixed, n »). It follows from the definitions that
(31) 2 T >t-—-—- wt  (r =r(n), n-»»).

ISIS> hor-t

(29) and (31) imply that the second term of the right side of (30) is less than g*'-
(0<<?<1 isa constant, n is large enough). Thus the term O”co [/>~]) dominates.

Therefore the inequalities (for sufficiently large n’s)

—3—S F{2{r-t-\)) s F(r) and 2%~ =r7r
=S F{2{r-t-\)) s F() 202

prove (27). (We used the monotonicity of F.)
Finally we deal with bounded sequences J1= {Af‘=1.

Lemma 3. Suppose that 0 (k=1,2,...), 0<a<l. Thenfor any 4A&0

emax (L, #) «log-"-
(32) Ena(x\ /) (n=1,2,.).

Proof. By Lemma 1we have

A \h-M max (L, A 1
(33) Enal X VA ) 2\ kkT AT 2m 2m | am
Choosing m- , (33) yields (32).
log |

By (19) and Lemma 3 we obtain now

Theorem 2. Forany f(x)EC[a, 1,m>L we have

{ em fog L)
!l:gzg 2n T =12,

Corollaries. 1.
Ena(f,A)"E [cnla(f) +\\f\\e-n
where

c=c(a) = min 1, 1=

62log
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By the Jackson theorem this improves the results of G oritschek [3, Sétze 5, 6]
corresponding to inte{vals [a,b\, o as indicated in his remark on p. 105.

2. H@OE,,,a(f, Mn=0 if fix) isan entirefunction.

This follows from (34) by taking m= !Ll\‘] where K> 0 is an arbitrary fixed

i
number, and by using the relation rlr!ﬂ" Ema(f) m=0. .
3. A direct consequence of Lemma 3 is that E,ja(f /1" tends to zero at the

rate of Fl(n—“) if f(x)=. f{ CjXii, where g are real numbers,
J:
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ASYMMETRIC TREES WITH TWO PRESCRIBED
DEGREES

By
L. BABAI (Budapest)

1 Introduction. In view of their use in constructing graphs and other structures
with prescribed automorphism groups and other properties, asymmetric graphs
(having no nonidentity automorphism) have been studied by a number of authors
[1,2,4, 5, 6, 13, 14 and others].

In the 60’s, due to the work of category theorists in Prague, construction
of rigid graphs (with no nonidentity endomorphism) became more important [see
eg.3,7,8,9,10,11,12,15].

The rigid graph constructions are generally much harder than the analogous
problems for asymmetric graphs. One of the aims of this paper is to present a (hope-
fully nontrivial) family of asymmetric graphs.

While investigating rigid graphs in several papers, trees have been neglected
for the simple reason that a tree with at least 2 vertices is never rigid (Cf. Problem
1.4). This explains that very little seems to be known about asymmetric trees. It
iS an easy exercise to prove that, given an infinite cardinal K there are 2s non-
isomorphic asymmetric trees of power K— however, to the author’s knowledge,
this has not been published so far.

Constructing an asymmetric graph means, intuitively, to code different in-
formation around every vertex.

At the first look one would expect that almost the single reason for which
a tree may be asymmetric at all, is that the valencies distinguish the points. In fact,
a tree, all vertices of which have the same degree, cannot be asymmetric. It is quite
natural to ask then, what is the minimum cardinal of an asymmetric tree with infinite
degrees. By the above, it is not countable. | hope it is a little surprising that the
answer is co® if we allow the 2 possibilities that a vertex have degree co or a\,
this suffices to find an appropriate asymmetric tree. More generally, we prove the
following

Main Theorem 1.1. Let 1SR-“ot be cardinals. Then there is an asymmetric
tree having degrees a and R only. For a”3 there are exactly max (2a 219 non-
isomorphic trees of this kind.

From this theorem one can easily derive (we omit the proof):

Coroltlary 1.2. For a a limit cardinal and H a set of cardinals less than
a such that sup#—a, there are 2a asymmetric trees of power a with all degrees
belonging to H.

The principal tool of the proof is the construction of asymmetric colourings
of trees. A vertex-colouring of a graph is asymmetric if no non-identity automorphism
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preserves it. We prove that, if all vertices of a tree have the same degree «”2 then
its vertices possess an asymmetric 2-colouring (Theorem 3.2). We close this section
with two related problems:

Probtem 1.3. Which trees possess an asymmetric colouring by a finite number
ofcolours?

One can also ask for rigid colourings of trees. (Endomorphisms are colour-
and edge-preserving mappings of the vertex setinto itself.)

Probtem 1.4. Given a cardinal a, does there exist a tree of power a which
has a rigid colouring by afinite number o f colours?

For a less than the first uncountable inaccessible cardinal the answer is af-
firmative. — We remark that a positive answer to Problem 1.4 implies that there
are rigid graphs of power a all finite subgraphs of which are planar.

2. Basic definitions. We consider graphs without loops and multiple edges-
An automorphism of a graph is its isomorphism onto itself. A graph is asymmetric
if it has no non-identity automorphism.

The set of vertices of a graph X is denoted by V(X), the set of edges by
E(X).

A rooted graph is a graph with a distinguished vertex called the root.

We call a rooted graph a-valent if all vertices with the possible exception of
the root have degree a, and the degree of the root does not exceed a.

Note that the power of an a-valent rooted tree is max (a, c0) (as 2).

By a colouring of a graph X we simply mean a mapping F(X)->-C of the
vertex set into some set C of colours. (Not necessarily a “good” colouring in the
usual sense).

The isomorphisms of rooted and/or coloured graphs should preserve the root
and the colours, resp. A coloured and/or rooted graph is asymmetric if it has no
nonidentity automorphisms in the above sense.

An isomorphism of two colourings of a (rooted) graph is an isomorphism of
the resulting coloured (rooted) graphs. A colouring is asymmetric if it has no non-
identity automorphisms.

The edges of the rooted trees can be directed in a natural way from the root.
Thus the root has out-neighbours only, and the single in-neighbour of any other
vertex v lies on the path connecting v to the root.

3. Asymmetric a-valent coloured trees. The main result of this section is the

Main Lemma 3.1. Let as3. Given an a-valent rooted tree T and 2 colours
(yellow and green, say), there are max (2a 2*“) non-isomorphic asymmetric colourings

of T such that

(i) all neighbours of the root be yellow and all other vertices have at least one
green out-neighbour.

(ii) For aS4 one can additionally require that all vertices have at least one
yellow out-neighbour.

The Lemma is rather technically formulated. We mention that it has a root-less
corollary:
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Theorem 3.2. Let aS2. Given 2 colours there are max (28 2*) non-isomorphic
asymmetric a-valent coloured trees (with these colours).

Namely, for as3, the colourings of the lemma are asymmetric even in the
root-less sense, the root being distinguished by the property that its neighbours
are yellow. The case a=2 is obvious.

The proof of the main lemma will be done through a series of lemmas.

Lemma 3.3. Given an integer m”2, a cardinal X, and an a-valent (a&3)
rooted tree T, assume that T has X non-isomorphic asymmetric colourings with
given ~2m—1 colours. Then it has X asymmetric colourings with =m colours.

Notation. Let d(x,y) denote the distance of the vertices x and y. For
T a rooted tree, rooted at x0,/isO an integer, and x a vertex of T, set

Nh(x) = [yEV(T): d(x,y) = h, d(x0,y) = d(x0,x) +h}.
Thus Ne (x)= {a}, Nk(x) isthe set of out-neighbours of x, and
Nh+k(x)= U{NKk(y): ydN h(x)}.

Proof of Lemma 3.3. m<(a—1)" for someinteger nSi.
Thus, for any vertex x of T different from the root x0 we have

[IV'(X)| = (@a—D)" S m.

Let C denote the set of colours (|C|s2m—1) and D a set of power m (the
new colours). Let / denote a one-to-one mapping of C into the set of non-empty
subsets of D. Let ¢ denote one of the original colourings. Now, change the col-
ouration of T such that the members of IV'(x) (x*x0 obtain colours from
the set f(c(x)) only and every member of /(c(x)) occurs as the colour of some
vertex in Nn(x). Such a colouration exists since

1 =|/(c(x))| = m=S|iV"'(X)|

and for xj*y,Nn(x) and Nn(y) are disjoint. We colour the set U AP(x,) ar-
bitrarily (taking colours from D). i=0

If f and n are fixed, ¢ can be uniquely recovered from the obtained new
colouring. This observation shows that every isomorphism of the new colourings
induces an isomorphism of the original ones, thus proves the lemma.

Lemma 3.4. If an a-valent (aé3) rooted tree T has an asymmetric colouring
by a finite number of colours then it has max (2a 2*) non-isomorphic asymmetric
colourings by 2 colours.

Proof. Repeated application of Lemma 3.3 shows that T has an asymmetric
2-colouring c. Let V(T)=A{JB be the partition of the vertex set induced by
this colouring. Clearly, at least one (actually both) of A and B, say A, has power
max (a, 0), hence A can be partitioned max (2% 2")-ways as A1UA2. The
partition (A1,Ag,B) induces a 3-colouring of T which is clearly asymmetric,
and different partitions correspond to non-isomorphic colourings (since any such
isomorphism would be a non-trivial automorphism of the original colouring).
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Hence we have max (2a 2*) non-isomorphic asymmetric 3-colourings. Now set
m—2 and apply Lemma 3.3.

Lemma 3.5. Every a-valent (alll2) rooted tree T has an asymmetric colouring
by afinite number o f colours.

Proof. We proceed by transfinite induction on a. For a finite one can colour
the tree by a colours such that all neighbours of any vertex have different colours,
an obviously sufficient condition on a coloured rooted tree to be asymmetric.

Assume now that and 3.5 holds for all cardinals less than a. Using
Lemma 3.4we obtain a family

{TR: B < a} (B ordinal)

of pairwise non-isomorphic asymmetric 2-coloured (yellow and green, say) rooted
trees of degrees less than a. Let tR denote the root of TR; set D={tR:R<a}.
Let the root of our tree have degree q(g” d).
Set
N= WUULF(f»): [?7<«}e

(xn is a new point, and the sets here are assumed to be disjoint.) As |V\ = |D| =«Sco,
there is a partition
D = U {Dx: xEV}
such that
iii) \DXO=e, IAcl=a (XEF,x"x0
iv) XEV(T), ty@Dx implies y>/?.

We define the graph X by
V(X) —V;

E(X) = U {E(TR: B < «}U{[xyj: YEDX, xiV}.

We consider x0 as the root of X. Let us colour X such as to preserve the yellow-
green colouring of TR—{tR} (B<oi); the roots t and x0 get red colour.

By (iii), the degree of x0 is q; all other vertices of X have degree a. By
(iv), X is a tree. Hence the rooted tree X is isomorphic to T. We prove that
the yellow-green-red colouring of X is asymmetric.

Omitting x0 and those edges of X whose end (the one being more distant
from x0 is red, the rest is the disjoint union of the trees TR with the original yellow-
green colouring except for t8 which is red now. This distinguishes the original
roots, hence the obtained root-less yellow-green-red trees are likewise asymmetric
and pairwise non-isomorphic. This in turn implies the asymmetry of the colouring
of X, proving Lemma 3.5.

Now we can prove the Main Lemma 3.1. Let T be the a-valent rooted tree
of 3.1 (otS3). By Lemmas 34 and 3.5 T has max (2X2“) non-isomorphic
asymmetric red-blue colourings. We may assume xO0 is always red. Let ¢ denote
one of these colourings. Clearly, there is a yellow-green colouring ¢' of T satisfying
(i), (ii) (if a=s4) and(v):

(v) for any vertex x of T, c(x) is red if and only if there are at least as many
yellow out-neighbours of x as green ones (with respectto c').

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ASYMMETRIC TREES WITH TWO PRESCRIBED DEGREES 197

By (v), ¢ can be uniquely recovered from c'. Hence, every isomorphism
of the new colourings induces an isomorphism of the original ones, thus it is the
identity. This completes the proof of 3.1.

4. Proof of the main theorem. I. Assume 3sjS<a.

Let T be atree rooted at x0. Let ¢ be a 4-colouring (yellow-green-red-blue)
of T. We associate a pair (T\ c') of the same kind with (T, ¢). The root of T'
will be the same x0, and V(T') will contain V(T).

Start from (T,c) and consider an x”x 0 with c(x) yellow. Subdivide the
edge joining st to its (single) in-neighbour by a new vertex x'. Identify x' with
the root of some tree Tx consisting of new vertices. Tx should be a-valent and
the degree of its root B—2. (Note that R~3 is assumed now. For R infinite,
R—2=R.) For different x,y take disjoint trees. Let T' be the union of these
trees Tx for all x with c(x) yellow, plus the original tree subdivided by the x'-s.
Hence

V{T*) = V{T)yj{I{V{Txy. x€EF(T), c(x) yellow}.

Let ¢c' be definedon T as follows:
), if c(x) isnot yellow
d, if c(x) is yellow.

The new vertices should be coloured as follows:

c'(x") is blue (for x" corresponding to x, where c(x) is yellow); moreover,
let Tx be given a yellow-green asymmetric colouring (with blue root xr) such
as to satisfy (i) and (ii) of Lemma 3.1. (Now we have af£4, as R¥3. The colour
ofthe root does not incfluence the asymmetry of a rooted graph.)

Observe the following properties of (T ¢ ') :

(1) The vertices of T have the same degree in T as in T'. Their colour
is also the same exceptif c(x) isred.

(2) If c'(v) is yellow then neither v nor any of its neighbours belong to T.

(3) If x,y are vertices of T and neither c(x) nor c(y) is yellow then x
and y are neighbours in T iff they are neighbours in T'. In any case, the distance
in T' of two neighbours in T is at most 2; if z is between them then c'(z) is
blue (cf. (2)).

(4) The degrees of the vertices of T' notin T are a and R. Those of degree
R are blue, the others are yellow and green.

(5) If the degrees of T are a and B, and c(x) (x€ V(T)) is blue iff the degree
of x is B, then the same holds for (T',c") (Cf. (1) and (4)).

(6) If no out-neighbour of some vertex v of V is yellow (with respect to c)
then v belongsto T. (This follows from (ii) in Lemma 3.1.)

(7) If c(x) is yellow for some x in T then the in-neighbour of x in T
does not belong to T; ithas degree B and c'-colour blue.

(8) If v is vertex of T', notin T, and c'(v) is blue then all neighbours
of v outside T are yellow (with respectto c').

Let now Xt denote an a-valent rooted tree, whose root x0 has degree a,
too. Let c\ be a yellow-green asymmetric colouring of Xx such that x0 and its
neighbours are green, all other vertices have out-neighbours of both colours. (Such
a colouring exists by Lemma 3.1, interchanging the roles of “yellow” and “green”.)
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Let

("n+I>Cn+l) — fti cn)-
Define the direct limit X of the sequence Xn to be a graph defined by
V(X)= (J_V(Xn (join of an ascending chain);
(X)= G VX g )

F(X)=the set of those pairs which are edges in all but a finite number of
Z,-s.

Asevery Xnisatree, X isa tree aswell by (1), (2) and (3).

By (1), (2), (3) and (5), the degrees in X are a and [. We consider X to
be root-less. We prove that X is asymmetric.

Let Yx be a coloured rooted tree having the properties required from Xx
and starting from it, obtain a tree Y. We shall prove simultaneously that any
isomorphism of X and Y induces an isomorphism of Xx and Yx, thus proving
(in view of 3.1) that there are max (2* 2") non-isomorphic trees satisfying the
main theorem. (Y may coincide with X\ this allows us to argue simultaneously.)

x0 is the unique vertex of X,, all of whose neighbours are green with respect
to c,. Thisfollows by induction on n, using (6), (1) and (2).

It follows that xO is the unique vertex of X of degree a all of whose neigh-
bours have degree a. (Namely, if x€ V(X,,)—V(X,,_X then c,,(x) is not red (4),
hence it is either blue and thus of degree R (4), or x has a yellow out-neighbour
(6) hence it has a neighbour of degree 8 in Xn+x (3), (7). They remain neighbours
in Xn+2, etc. (3).)

We conclude that any isomorphism @ of X onto Y takes xn to the root
To of Yx.

We define a colouring ¢ of X (and, similarly, of Y) by green, red and blue
colours. By the above, we may refer to x0 as to the root.

Let us colour the vertices of degree 3 blue, those of degree a whose in-neigh-
bour has degree 3 red, the rest (including x0 green.

Clearly, the isomorphism o> keeps the colours just introduced. By (5), (7)
and (1), (2), (3) we have

c(x) = ¢,,(x)

for any x in X and sufficiently large n (depending on x). Using (7), and (8)
we obtain

) For any x£ V(X,,)—V(X,,_X), if c(x) is blue then one of the out-neighbours
of x is red and belongs to Xn_x, all other out-neighbours of x are blue and do
not belong to Xn_x.

From this we easily deduce that Xx is characterized by the following:

A vertex x of X belongs to Xx iff it is either red or green (with respect to
c), and the path x0—x does not contain two neighbouring blue vertices.

Hence, (p maps V(XX onto V(YX.

We prove by induction on n that @ maps V(Xn) onto V(Y,,). The induction
step consists of the following observations:

If c(x) is not blue then x belongs to V(Xn—V(Xn-x iff the x,—x path
contains exactly n—1 edges both ends of which are blue.

If c(x) is blue then x belongs to V(Xn—V(Xn-1 iff it does not belong to
X,,_X but some neighbour of it does.
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Now we easily recover (X,,c,). All we have to do is to replace each c-blue
vertex x of V(Xn+l) by an edge joining those 2 neighbours of x belonging to
V(Xn), and to change the colour of one of them, which is an out-neighbour (the
other one is the in-neighbour of x) from red to yellow.

Consequently, (p preserves c,-colours and X,,-edges, thus defines an iso-
morphism of Xn onto Y,, This is a contradiction if X1*Y 1. If X=Y we obtain
that @ defines anautomorphism of X,, thus, by induction, @ is the identity.
This completes the proof of the theorem for R3"3.

II. The restis quite straightforward.

First, let R —2.

Take an a-valent rooted tree T whose root x0 has degree a, too. Colour
it yellow and green according to Lemma 3.1.

Subdivide every edge of T joining a green vertex to its in-neighbour by a
new vertex of degree 2. The obtained tree X will be considered root-less. Its degrees
are 2and a

By 3.1 (i), xO0 is characterized in X as the unique vertex having no neighbour
of degree 2. Thus, again, the root is recognized.

Now one can easily recover T and its colouring, proving as above, both the
asymmetry of X and that there are max (2a 2") non-isomorphic trees X satisfying
the requirements of the theorem.

Il. Let now /1=1,3Sa<co. Let T be an asymmetric tree with degrees
a and a—1 (root-less, uncoloured: it exists by the above). Join new vertices of
degree 1 to each vertex of degree a—1. The obtained tree obviously complies
with the requirements.

IV. Assume now /1=1,a”0. Let T be a (root-less) yellow-green-coloured
asymmetric tree, all vertices of which have degree a. (See Theorem 3.2.) Join new
vertices of degree 1 to each green vertex. T and its colouring can be trivially rec-
ognized from the obtained (uncoloured) tree. The conclusion follows as in the
other cases.

V. Finally, the one-way infinite path, as a unique example, proves the theorem
for /1=1,a=2.
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ON SUMMABILITY OF ORTHOGONAL SERIES

By
G. ALEXITS (Budapest), member of the Academy, 1. JOO
and K. TANDORI (Szeged), member of the Academy

1. It is an old question, how to generalize the Kolmogoroff—Seliverstoff—
Plessner—Kaczmarz theorem on the convergence of orthogonal series to summation
([2], [4], [7]). First it was generalized to Cesdro summation ([2], [3], [9]), then to
Riesz summation ([5], [8]), and recently F. Méricz [6] proved an appropriate theorem
for a general summation process generated by a matrix from which the previous
results follow as a special case.

In this paper, continuing F. Mdricz’s considerations, we shall prove a further
theorem concerning this problem. We assume for the Lebesgue functions of the
summation more than required by F. Mdéricz, but we shall not need further assump-
tions on the convergence properties of the orthonormal system. In our note we
use an idea of F. Moricz.

In this paper we coniine ourselves to the orthogonal case, but using the results
of F. Méricz’s paper [6] one can extend our theorem to arbitrary, not necessarily
orthogonal integrable function systems.

2. In this paper let T=\\tiik\"k=0 be a matrix, such that

@

@ <o ([(=01.

@) ligytuk =tk Ne=10,1, )

where tides and tk-s are real numbers.
Let (p={(pkf™ be an orthonormal system on the measure space (Q,si, p).
If c= {ck}~fj2 then according to (1), the sums

h(c, ) = 2 k<P O'=0, 1,..)

converge in the metric of the space L2(Q,sé, p), so the functions tt{c,x) are
finite almost everywhere on Q.
The series3

(©) 2 Ok<PK()
k=0
is said to be T summable on the set E (f*) almost everywhere to the function

t(c, x) if
lim tt(c, x) = t(c, x)
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on E almost everywhere. We remark that in the case of cN= {cJJ' (N=0, 1, ...),
N N
the sum 2 ck@Pk(x) is T summable to the function 2 *wkck<Px(x) almost every-
fc=0 fc=o0
where on Q.
According to

2 tfkf <Pk®) dp(x) = jr *lk< °> O0=0,1,.)
a k=0

) k=1
the series

KH(T, (i, §) = 2, tik<PKEI(EK(D)

converges for almost every x£ Q, in the metric of L2(Q, s/, /n) and
KFT,(p-,x, t)eL2(Q,s/, fi) (/=0,1,...).

Define the i-th Lebesgue function of the system < belonging to the summa-
tion T by

L(T, cp'x)= f Ki{T, (p;x, )\dp(t) (i =0, 1,...).
A

Let A={Af}* be a nondecreasing sequence of positive numbers. Denote by
P(X) the set of sequences c= {cT for which

k2:00<K < °o

Obviously P (A) isa Banach space ifit is endowed with the norm

and the elements of the form c¢N= {Jo (7V=0, 1, ...) are dense in /2(A).
The system @ is said to be a [-convergencc system for /2(/) if cfj2(?) im-
plies the T summability of the series (3).

At last denote <pj\2 and c>//V4 the system j-~i and , respecti-
IAtJo Ia* Jo
vely.
We shall prove the following

Theorem. Let EpsX. Suppose the system <p satisfies the conditions
(€))] Lt(T, cplfX; x) = Ox(1) (x£E),

(5) If KT, tp/P™*; x, t)Kj(T, p4V4;y, 0 dp(t\
A
(x,yEE-, i,j =0, 1, ...),

2 BK\KK(T, cp/fl; x, y)\

k=

where 0”Bk=Rk(i,j) (k=0,1,..) and 2 Bk=0(1). Then <p is a T-conver-
gence systemfor /2(A) on E. k=0
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We remark, that condition (5) is fulfilled for the (C, 1) summation and in
the case of lower concave X the condition (4) is stronger than

Li(T,(p;x) = Ox(yii) (x€E)
{see for instance [6], [10]).

Proof. First suppose that instead of (4) the following stronger condition is
fulfilled:

(6) Li(T,(PfX;x) = 0(l) (xdE).
Let / be a nonnegative integer and c£/2(A), further
t*(x) = sup tt(c, x) = tI(X)(c, x).
w

Obviously, {i/(x))r=0 is monotone nondecreasing. Using the orthonormality of
the system (p, the Buniakowski—Schwarz inequality gives for arbitrary 7:

(@) frr)dfi(x) = 3 f (2 ck}%<Pk(O\ KIQ(T, <pfU4; x, t)dp(t) dn(x)

E L« U=0 )

r~Z------ 12
nNY 2 WALV4; x, t)dp(x)fdfi(t)} —A-Jj,

where

2 dK and Jf= T[T KIXT, cprrs x, t) dp(x)12dp (t).

‘' k=0
From (5) we obtain by easy computation:

ff 1/ KIX)(T, (pRis X, )KI(Y)(T, (pRkli;y, t)dp(t)\ dp(x)dp(y) =

E E b

A2 Rk OV KK(T,(p/YX-x,y)\dp(x)did.(y)S
k=7 E E

= 2 Bk/ [ /\Kk(T,<p/l/1;x,y)\dp(xj\dp(y) = 0(l),
k=0 E A

which shows by (7) that
f t*(x)dp(x) = 0(1) (7=0,1,...).
E

The sequence {t*(X)}j°=0 being monotone nondecreasing, we obtain SLIJp i*(x)< +»

almost everywhere on E. The same argument applied to {—<c*}” gives infr*(x)>

> —oo almost everywhere on E; thatis under condition (6) we have |4,(x)| = Ox(1)
almost everywhere on E.
The strong condition (6) one can replace by that of the weaker (4), namely let

En —{xEE: sup Li(T, (p¥X; X) * N},
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then obviously E= (J EN. Because of \tf(x)\ =0Ox(\) on every EN, we obtain
8) W1 |i/(*)] = 0,(1) (cel\A);xeE).

Denote S(E, sd,p)=S the set of ~/-measurable, /*almost everywhere
finite functions on E, endowed with the complete metric of convergence in measure.
It is easy to see that for fixed i and N the linear operators

Ln(c) = 2 UKGEKT 12(A)*S

are continuous, and for every fixed i the sequence {/.~(c)} converges in the metric
of S as N tends to infinity, for every c£12(X); further

lim LN(©)(x) = ti(e,x) (i = 0, 1,..).

By a theorem in D unford—Schwarz’s book ([11] p. 52) it follows that the linear

operators
Li(c); /2(A)-S, L*(c)(x) = tfc, x) (i=0,1,...)

are also linear and continuous. From (8) it follows that

9) sup [L(©)X)] < o

almost everywhere on E, further we recall the fact that for cN€ P(A) (cN={c”")
the limit

(10) lim Z/(cjv)(x) = lim tt(cN, x)

-00

exists almost everywhere on E. From (9) and (10) it follows according to a theorem
of Banach ([1], Theorem II) that for every c€/2(A) the limit

lim L*(c)(x) = lim tt(c, x)

exists almost everywhere on E. So our theorem is proved.

Remark. We have mentioned in the introduction that our theorem is valid
also for arbitrary (not necessarily orthogonal) integrable systems <p But for an
orthogonal system @ the condition (4) can be weakened to

(11 Li(r, ptx) = Ox(yii) (x£E)

if we restrict T on the Cesdro or Riesz summation ([3], [5], [8], [9]). On the contrary,
we want now to show that, for general systems (p the condition (11) is no more
sufficient for any permanent method T. We prove this by elementary construction
of a counter-example.

Let E=(0, 1), 2,=logn, gm(x) =\j\n and consider the common Lebesgue
functions:

Lfcpix) Pk(x)cpk(y) dy = =o0(log/>- oaf
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So the condition (11) is satisfied. (One can easily see that also (5) is satisfied trivially
when we choose pk—k~rlog-1 k (log log k)~2 because in this case the right hand
«ide of (5) becomes infinite.) Put

cn = L ,
yjnlog« “log log n

then cfP(X), but

1
(@]
o

1
n2:3CPPn(x) HZ 3 nlogn eloglogwu

All the terms of the series 2 cnPn(x) being positive, from the divergence to in-
finity it follows that 2 cnPn(x) is nowhere summable in E by any permanent
method T.
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ASYMPTOTIC DISTRIBUTION AND ASYMPTOTIC
INDEPENDENCE OF SEQUENCES OF INTEGERS

By
M. B. NATHANSON (Princeton)

0. Introduction. The idea ofasymptotic distribution and asymptotic independence
modulo m of sequences of integers was introduced by Kuipers, Niederreiter,
and Shiue [1, 2] in their study of the uniform distribution of sequences of integers.
The following question arose in their work: If A is a sequence with asymptotic
distribution (a0, al5..., am_ i) modulo m, and if (R0, Bt, Bm- 1) is a distribution,
then is there a sequence B with asymptotic distribution (R0, B1, Bm-t) modulo m
such that A and B are independent? The existence of such a sequence is proved
constructively in this paper. Niederreiter [4, 5] has obtained some non-constructive
generalizations of these results.

1. Asymptotic distribution modulo m. Let A= {a,}"i be a sequence of integers.
For integers wé2 and r, let A(N,r,m) denote the number of at with iSiV
such that at=r (mod m). If the limits

. A(N,r,m)
lim =
i N ar

N-+00

exist for r=0, 1, —1, then the sequence A has asymptotic distribution
(@0,al5 ..., am ¥ modulo m. Clearly, 0" @~ 1 and a0+al+...+am 1=I.

For example, the sequence N of the natural numbers in their natural order has
asymptotic distribution (I/m, I/m, I/m) modulo m for all m”~2. The sequence
of squares {iZ}* i has asymptotic distribution (1/3, 2/3, 0) modulo 3 and (1/2, 1/2,
0, 0) modulo 4. Let [x] denote the integral part of the real number x. Niven [6]
has proved that if s is irrational, then the sequence {[/0]1}/1i has asymptotic dis-
tribution (I/m, UUm, ..., I/m) modulo m forall mS2. If n=md, then A(N, r, m)—

d—
2 A(N r+km, n). It follows that if the sequence A has asymptotic distribution
(aO al5 , 8, X modulo n then A has asymptotic distribution (RO, RIf Bm-i)

modulo m, where Gr—kz ar+km
0

An m-tuple (a0, al5 ..., amj) of nonnegative real numbers whose sum is 1
is called an asymptotic distribution modulo m. In this section we show how to
construct a sequence of integers that satisfies a given family of asymptotic distri-
butions.
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208 M. B. NATHANSON

If X= {xj}jL1 is a strictly increasing sequence of positive integers, let X(N)
denote the number of Xj such that XjSN. The sequence X has asymptotic density
6 if

Clearly, 0O"X(N)”N, and so Osasl. If X has asymptotic density 5, then
NAX={/'€EN|i'$X} has asymptotic density 1—& If A={ai}lll and B={bi}?L1
are two sequences of integers such that {/{\a”bfmoa m)} has density 0, then A
and B have the same asymptotic distribution modulo m.

Lemma 1. Let 07<5sl. Then there exists a sequence X —{X"}*=1 with asymp-
totic density O

Proof. If <5=0, let X be a finite sequence or the sequence If 0<<571,
let xx=1 if and only if 6= 1. Suppose that X (N):k and that
have been determined so that

X(N) K _ k+1 Z(iV)+I
Nt*~ N - < N N '
Let Xt+1=1V +1 ifand only if <57(fc+\)/(N+ 1). Since
K Kk __ f+1 f+1  k+2
N+1~~N~ N+1~ N * N+1°
it follows that

---------- JA o< ZAVED T
N - N+1

The sequence X constructed inductively in this way satisfies 0~d—X(N)/N< I/N
for all N, and so has asymptotic density <

Lemma. 2. Let O Sy~6~1. Ifthe sequence X={xJ}L1 has asymptotic density
5, then there is a subsequence Z of X with asymptotic density .

Proof. If y=<5=0, let Z be any subsequence of X. If <5>0, then O&y/<5* 1*
By Lemma 1, there exists a sequence 7={y/}L1with asymptotic density y/6. Let
Z={xy)Y=L Then Z(N)=Y(X(N)), and so

ZN) _ poymaa» x(N) - ¢ ¢
N lim X(N) N f-<5 =y.

Let [a b] denote the set of integers n such that a*n”b.

lim

Theorem 1. Let (a0,sq, ..., Xm_1) be an asymptotic distribution modulo m.
Then there exists a sequence of integers with asymptotic distribution (a0, al; ..., am X
modulo m.

Proof. It suffices to partition N into m disjoint sequences XO, XIt ..., Xm_1
such that Xr has asymptotic density a, for all r£[0, m—1]. Then any sequence of
integers A={ai}fl1 with at=r (mod m) for all i£Xr has asymptotic distribution
(a0, al5 .... am_j) modulo m.
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By Lemma 1, there is a sequence X0 of positive integers with asymptotic density
a0. Then N \T 0 has asymptotic density al+a?2+---+am-i=ai- By Lemma 2, there
is a subsequence Xx of N\2f0 with asymptotic density og. Then N\(2fOUXf)
has asymptotic density 1—a0—al=a2+ " -+ O0m-i—a2- Continuing in this way,
we obtain the desired partition of N. Clearly, whenever xr—0 we can make Xr
either a finite or an infinite sequence.

Theorem 2. Let A={a}* 3 be a sequence of integers. Then some rearrangement
of A has asymptotic distribution (a0, ax, ..., amj) modulo m if and only if the
congruence at=r (mod m) holdsfor infinitely many i whenever ar>0.

Proof. If, for some /s£[(), m—1], there are only finitely many i such that
w-=r (mod m), then for any rearrangement A’ of A wehave lim A'(N, r, m)/N=

=0, and so the stated congruence conditions are necessary.

Conversely, let Ar={ajtr}yL1 be the subsequence of A consisting of all at=
= r(modm), and suppose that Ar is an infinite sequence whenever ar>0. Partition
N into m disjoint sequences X0, XIt..., Xm*1 suchthat Xr has asymptotic den-
sity ar and card (T,)=card (Ar) whenever ar=0. Let Xr= {xJjr}*=L. For any i£EN,
there exist unique jfiti and r(E[0, n—W suchthat i=xJr. Let a'=aJr. Then
A'— 1 is a rearrangement of A with asymptotic distribution (a0, als ..., am %
modulo m.

Theorem 3. Let {mk} be a finite or infinitefamily ofmoduli, and let (aCk dlik, ...
..., am[_ ) be an asymptotic distribution modulo mk, such that

(i) rmk\mk+1 for k=1,2,3,...; and

“K+H_I
@) -vv- 2 iisncw. for r€[0, mko 1],
d=0
Then there exists a sequence of integers A= j such that A has asymptotic

distribution (aQfc al>s ..., anfc_ ) modulo mk for all k.

Proof. If the family of moduli is finite, then it suifices to construct a sequence
with the desired asymptotic distribution with respect to the largest modulus in the
family. Then conditions (i) and (ii) imply that this sequence has the right asymptotic
distribution with respect to all other moduli in the family.

Suppose that the family of moduli is infinite. We construct inductively a family
of sequences {Ak}, where Ak= {ait*}‘ !, such that Ak has asymptotic distribution

modulo mk, and ai<k+l=aik(mod mk) for all i and k.
Let the sequence Ak be constructed by partitioning N into mk disjoint sequences
X0, Xk, ..., Xmk- k with asymptotic densities aog, am , ..., @,k" 111, respectively, and
letting alk=r (mod mk) for all i£Xr. For each r£[0, mk—\], partition X into mk+Jmk
subsequences Yr+nmk for d£]0, mk+l/mk—I] such that Yr+d,k has asymptotic density
Xr+dmkk+i- The sets Yr+dnk for rE[0, mk-\] and d£[0, mk+¥mk- 1] partition the
natural numbers N. Let airk+1 = r+dmk(mod mk+x) ifi£Y r+dntk. Then Ak+1= {ai<k+1} fi
has asymptotic distribution (aog+l, alf+1, ..., amt+l-i,fc+i) modulo mk+1, and
Oik+i =aiik (mod mK) for all i.
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Now let A = {ai}?L1 be the “diagonal” sequence defined by at=aiti for all i.
Then a(=awuk (mod mK) for all isk, and so A has asymptotic distribution
ga> <nk-i,k) modulo mk, forall k.

Theorem 4. Let {mk} be afinite or infinite family of pairwise relatively prime
moduli, and, for each k, let (aCfg a®f; ..., @rk- LK) be an asymptotic distribution
modulo mk. Then there exists a sequence A = {ad-=1 with asymptotic distribution
(Qga><i,a>eee, ank-i,k) modulo mk for all k.

Proof. Let Mk—mIm2...mk. If r£[0, Mk—1], then there exist unique integers
rfi[0,mj-\\" such that r=rj {mod mj) for all y'E[l, K]. Let yr,k— Fl(rj,j- Then
0 —rA—I> and

Mk-1

K K
2 vyrk= 2 ‘n((r,.j=_|_|
r=0 r=0 j=1 j=1s

and so (yOtk, yi,k, mm Yvk-i.k) is an asymptotic distribution modulo Mk. Clearly,
MKk\Mk+1 for ali k. Moreover, for /m](), Mk—1] and dE[O, Mk+L/Mk-I],

YW= T o5 TR - - eNRIkct=

ll_llVoj,j a(r+ dMfok+i, A+l — yr kAa(r +dMKk)k+i, fo+r 17
and so

Mk mk+- | nk+1-1
CéO yr +dVkikH 3:0 yr kfir+dMkk+,k +l Yr K c?:O Al oy

Since conditions (i) and (ii) of Theorem 3 are satisfied, there exists a sequence A

with asymptotic distribution (y0k, ykk, == Yvk- 1k) modulo Mk for all k.
Let rE[0, mk—1]. Then

nk MCj—2 Kk Afc -1 Al
O%O Yr+J1TK K 02:0 1I11"(r+dmk)j,j &r .k 0%0 124 &(r +Hmk)j,1 =

Alfe-i-1 * -1 Mk _i-|

A2 Nrdij &Aoo fLAL A
and so the sequence A has the desired asymptotic distribution (a0it, alk, ...,
ank-i,k) modulo mk for all k.

Remark. Suppose that a sequence A has asymptotic distribution (a0k, ditk, ...
..., dmk-i,K modulo mk for all moduli in a family {mk}. If d\mx and d\nu for
moduli mx and m2in this family, then A has asymptotic distribution (B0, Bi, ...
eee 3d-i) modulo d, where for r£[0, d—]]

- .
(*) 40 A,*.d_l—lgo ar+jd,
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Conversely, is it true that if a family of asymptotic distributions satisfies the “consi-
stency” conditions (*), then there exists a sequence of integers with these asym-
ptotic distributions?

2. Asymptotic independence modulo m. Let A={ai}fll and B—{bijl°*=1l be
sequences of integers with asymptotic distributions (a0, oq, am j) and (RO, Bi, ...

Bmj) modulo m, respectively. If r, v€[0, m—1], let AXB(N,r,s,m) denote
the number of pairs (or,&;) such that a{=r (mod m) and Z=s (mod m) and
WK If

AXB(N, r, s, m)
N X B\

for all r, sE[0, m—1], then the sequences A and B are asymptotically independent
modulo m. In general, let {Ax}xen be a finite family of sequences of integers, and
let the sequence J A={Rf}“1 have asymptotic distribution (a*, a*, ..., a4_i)
modulo m. Let 01— gﬂ[o,m—\}. If R=(rxxeAdoOl, let A%ﬂAfN, R, m) denote

the number of J1-tuples (af)XfA suchthat isN and af=r; (mod m) for all /6 /1.
The family of sequences {Ax}xiA is asymptotically independent modulo m if

ljm. AE"

-e0 N ,qle_ll'l <<ﬁ
forall R 4. An infinite family of sequences is asymptotically independent modulo
m if every finite subfamily is.

For example, let A be the periodic sequence 0, 1,0, 10, 1, ..., and let B
be the periodic sequence 0,0, 1, 1,0,0, 1, 1, .... Both A and B have asymptotic
distribution (1/2, 1/2) modulo 2. For every R£0I= {(0, 0), (0, 1), (1,0), (1,2)}, we
have

AXB(N,R-, 2) 1 11

.fe ——N =1 -2 -2 =

and so A and B are asymptotically independent modulo 2. Niederreiter [3] has
proved that if 1, Br, B2 ..., B,, are linearly independent over the rational numbers,
then the sequences J11= {[r0f}2 1; ..., A,,= {{KO]}bli are asymptotically independent
modulo m for all m”"2.

Clearly, if a finite or infinite family of sequences is asymptotically independent
modulo m, then every subfamily is also independent. The converse is false. For
example, the three periodic sequences determined by the quadruples (0,0, 1, 1),
0, 1,0, 1), and (0, 1, 1,0) are pairwise asymptotically independent modulo 2, but
are not independent.

In this section we show how to construct a sequence of integers that satisfies
a given family of asymptotic distributions and that is asymptotically independent of
a given family of sequences of integers.

Lemma 3. Let {RR}IRE® and {zR}R(*t be twofamilies ofsequences of real numbers
such thatj

0] NI_i+ng0 BR(N)=R uniformly in R;
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(ii) for each N=1,2,..., we have YR(N)?O for only finitely many RQ$;

i) lim 2 Xr(N) = vy; d
(i) Jim, 20 Xr(N) = y; an
(iv) Ierr]*g(L)Jp R%Ot XWI <

Then
'\IILQL T2a Prw X rW = Ry-

Proof. By (iv), there is a constant C such that R2_ [X«(IN[<C for all N.
ia
Fix e>0. There exists an integer N(s) such that

Hax«Ne -x|<0LW, and
for all Re® and N>N(s). Then for N>N(e),
12 BR(N)XR(N)-BxI=s12 BR(N)XR(N)-B 2 x*(AOMO 2 1XrW -P x\s
Ria Ria Ria Rea

s 2 \BRW-BW\XR(N)\+\R\\ =
Ria Ria L+ \p\ F+ 1P
Note that condition (ii) and the uniformity condition in (i) of Lemma 3 are
automatically satisfied when tMis a finite set.

Theorem 5. Let (A;};€/1 be afinite family of sequences of integers, and let the
sequence A;={aj}fi have asymptotic distribution («>@>  ®m-i) modulo m.
Let (BQft, ..., Bm~i) be an asymptotic distribution modulo m. Then there exists
a sequence B={b"=l such that B has asymptotic distribution (ft, ft, ..., Bm-i)
modulo m, and the sequences Ax and B are asymptotically independent modulo m
for all NEN. If thefamily {J1;}5n is asymptotically independent modulo m, then
the sequence B can be chosen so that the family {A;}xenU{B} is asymptotically
independent modulo m.

Proof. Let SU—%J[O,m—I]. For R=(rx); € / define
neg
XR= {i\af = r, (mod m) for all AeA} = {xJiR}f=],
where the positive integers xJR are arranged in order of increasing magnitude:

Ni,r-=*2r-=eeoml et dt0O—{Rf J1[6<card (MR < °=}and let 0ln = {R£4?|card(XR = °°}.
Then

2 R%#Oxrw + 2
for all N, and
li =1
@) MM ed N
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By Theorem 1, there exists a sequence B'={bj}j=1 with asymptotic distribution
(/12,,, 17, Rm-i) modulo m. Since the sets {ARJREA partition the positive integers,
for any i there exist unique j and R suchthat i=xitR. Let bt=b], and let B=
= Then for r£[0, m —\],

B(N, r,m) = 2 B'(Xr(N), r, m)
RIM

and so
B(N,r,m) n BI(XF(I\I{B’ r,my , ~ B'(XR(N), r, m) XR(N)
N7 rifo TRot  Xr(N) N

But

lim =
@ N~°° RiMa A
Also, Xr(N)"°= as A—°° for every and so

B'(Xr(N), r,m) _

©) N- Xr(N) Ir

It follows from (1), (2), (3), and Lemma 3 that
,\IL|m B(N Nr m) =

= lim y B*(XR(N), r,m) | w _ B'(XR(N), r, m) XR(N) n
W-«Rimo A N v (A A

Therefore, the sequence 5 has asymptotic distribution (X<, Ru Rm~i) modulom.
Choose A€/1 and r, j€[0, m —1]. Then

AXXB{N, r, s, m) = R%St s>m)

and so
AxXB(N, r, s, m) A(AR(A),s, m) B'(Xr(N), s, m) XR(N)
A rimo A arx! 2fR(A) A

Clearly,

Z X r(N)= 2 Xr(N)+ 2 XR(N) = Ax(N,r,m),

rim rimo Red?!
and so
) M «la! A A

b
Also,
4'(**(A).A.7T)

©) Ar(A) Ps
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for all and

© lim  ~ B'(XR(N),s,m)

‘n=r

It follows from (4), (5), (6), and Lemma 3 that

]lim AxXXB(N, r, s, m)

Um y B'(XR(N)] s, m) + I_ B'(Xr(N), s, m) XI’(N)
; im ABs-
N~°° r (>0 W W00 4 Xrw N

Therefore, the sequences Ax and B are asymptotically independent modulo m
for all AsJl.
If REdt, then Xr{N):Ay AX(N, R, m). It follows that if the family of sequences
n

{AXXIA is asymptotically independent modulo m, then

N [ AXN, R, m)
. r . JEN
N“.”Jo N \I}ﬂ&) N ﬂ%ﬂ< -

Let (R,s)6& X[0,m—1]. Then
(M AxXB)(N, (R,s), m) = B'(Xr(N), s, m).

Therefore,

lim BN R DM B xr (), 5, m)
.V-co N N
B'(XR(N),s,m) Xr(N) _

Xr(N) N A Tl

and so the family of sequences {AX}x(AU{B} is asymptotically independent modulo m.

Theorem 6. Let {(a0,, aliH, ..., ami,,,)}r=i be a countable family of asymptotic
distributions modulo m. Then there exists an asymptotically independent family of
sequences {An}*=1 suchthat A,, has asymptotic distribution (a0, a4 ees, am In)
modulo m.

Proof. Suppose that an asymptotically independent family of n—1 sequences
{d"™}=i has been constructed such that Ak has asymptotic distribution (a(fc alg ...
..., am ) modulo m. By Theorem 5, there exists a sequence An with asymptotic
distribution (aCB aljB, ..., am_1B modulo m such that the family {Ak}k=1 is
asymptotically independent modulo m. The theorem follows by induction on n.
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Theorem 7. Let A= {0} a be asequence of integers with asymptotic distribution
(a0, al9 ..., am i) modulo m. Thefollowing are equivalent:
(i) The sequences A and B are asymptotically independent modulo m for
every sequence B with asymptotic distribution modulo m.
(ii) The sequence A is asymptotically independent of itself modulo m.
(iii) ar=1 for some r£[0, m—1] and a5 0 for all s£[0,m—1] with syr.

Proof. Clearly, (i) implies (ii).
If the sequences A and A are asymptotically independent, then Ay. A (Tv,r, r,m) =
=A(N,r,m) forall r£[0, m—1], and so
v piea AXA(N,r,r,m) A(N,r,m) _
ar= lim --------2- - N = NI_|[n '\r L = ar
Therefore, ar=0 or 1. Since «O+«!+ ...+ am 1= 1, it follows that ar=1 for some
unique r£[0, m—1], and as=0 for syr. Thus, (ii) implies (iii).
Suppose that (iii) holds, and that B is a sequence with asym totic distribution
(0, B BI’HJ'I) modulo m. Ifs,/£[0, M—4] and syr, then 07 N, s, t, m)’\
YA(N,s, m) and so
. AXB(N, s, t, m) . A(N, s, m)
Os Nl-l-i—mo N lim N = &= 0.

Therefore,

[\ ekt Jy
for syr. Similarly,
m-1
B(N, t, m) = AXB(N, r, t, m)+g AXB(N, s, t, m),
s"r
and so
jjm AXB(N, r,t, m) _ B(N,t,m) "~ "lyl AxB(N,s, t,m) _
N - co v — 0 N
Y

= Bt = IXBf
Thus the sequences A and B are asymptotically independent modulo m, and so
(iii) implies (i).
Remarks. Let {Ax}xen be an infinite family of sequences of integers with asymp-

totic distributions modulo m, and let (B,, Bx, ..., /5,, -) be an asymptotic distribu-
tion modulo m. Define the sets XR for Ry?A= JJ [0,m—I] exactly as in the proof
nen

of Theorem 5. If 420= {R£"|0-=card (XR)< is a finite set, and if there exists
a sequence B' with asymptotic distribution (R0, Bx, Bm_ 1) modulo m suchthat

B'(Xr(N), r,m) _
Xr(N) Br

uniformly for RE&?1= {i?£/|card (XR)= then the construction in the proof of
Theorem 5 yields a sequence B suchthat B has asymptotic distribution (/2,,, BX, ...
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Bm-i) modulo T, and the sequences Af and B are asymptotically independent
modulo m for all A£J.

However, if is an infinite set, this proof may fail. For example, define the
countable family of sequences An—{ait,}r= by aUn=i if iXn and a4, =n+]1.

Then card (Xr)=0 or 1forall JJ [0,1]. If B" is any sequence with asympto-
=

tic distribution (1/2, 1/2) modulo 2, then the sequence B constructed by the method
of Theorem 5 will be constant, and not have asymptotic distribution (1/2, 1/2)
modulo 2. Of course, in this case there does exist a sequence with asymptotic dis-
tribution (1/2, 1/2) and asymptotically independent of all A,,; for example, the
periodic sequence 0,0, 1, 10,0, 1, 1, ....

But there do exist infinite families of sequences of integers such that no sequence
with given asymptotic distribution is asymptotically independent of every sequence
in the family. For example, take the “maximally saturated” family of all sequences
with asymptotic distribution (1/2, 1/2) modulo 2. Clearly, no sequence with asympto-
tic distribution (12, /2) modulo 2 can be independent of all sequences in this family.

Theorems 5 and 6 imply that every finite family of sequences asymptotically
independent modulo m is a subfamily of a countably infinite asymptotically inde-
pendent family of sequences. Does there exist an uncountable asymptotically inde-
pendent family of sequences? What is the cardinality of a maximal asymptotically
independent family of sequences?

It follows from Theorem 7 that a sequence that is constant except perhaps for
a subsequence of density zero is asymptotically independent of every sequence with
respect to every modulus. Not only these constant sequences have this property; for
example, so does the sequence {?'}“ Xx.

Let S be any finite set. We can consider sequences whose elements lie in S,
and define the asymptotic distribution and asymptotic independence of these sequen-
ces. Using the methods of Theorems 1 and 5, we can construct a sequence over 5
with given asymptotic distribution and asymptotically independent of any finite
family of sequences over S.3

3. Strong asymptotic independence. Let {mB}:M be a family of moduli,
and let A={ai}?L1 and B—{bi}fLI be sequences of integers with asymptotic
distributions (a0j/t, alf,,, ..., am(i_) and (BOili, wory BB IFfl)  modulo  Tu,
respectively, for all pEM. If /(, vAM and /£[(), mR—I] and j€[0, m,,—1], let
A~XB(N, r, mB, s, mv) denote the number of (a;, h;) with 'SV such that a;=
= r (mod mf) and bt=s (mod m\). The sequences A and B are strongly asymptoti-
cally independent modulo {mrg},.em if

jo AXB(N, r, m, s my
N &r,lIRs,V

for all p, vEM and r6[0, mR—1] and s€[0, mv—1].

Theorem 8. Let {N;}acn be a finite family of sequences of integers. For each
A A, let {wovrMa be afinite family of moduli such that the sequence Ax={af}?L1
has asymptotic distribution (ao>g, ai,”, ..., «Tv- 1) modulo mB, for all p$M-. Let
MzM(Jn M;, and let B'—{bj}*=1 be a sequence of integers such that B' has

asymptotic distribution (BQR, 3i,B, e«>Rfm-i,«) modulo mRfor all pEM. Then there
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exists a sequence B={bi}f=l suchthat B has asymptotic distribution Bi,R, mm
) modulo mR for pEM, and the sequences A- and B are strongly asymp-
totlcally independent modulo for all ABA.
Proof. Let fj [0, mp—1], and let 3H=JISHX If Rx=(rf)RIML .Mx
liZMi AEN
and if R={Rf)liiA*M, define the sets and XR by

XRji= UWi = K (mod mr) for all
XR = fr|€IAX r>= {i\ai = rE(modm~” for all AfA and p£.M>) = {XiR}'=1,

where the positive integers xjtR are arranged in order of increasing magnitude.
The sets {Xk}desa partition the positive integers, and so, for any i, there exist
a unique integer j and a unique Rcffi suchthat i=XjR. Let b—b], and let

£=Ne =i- )
Let pEM and ré[0, mR—1]. Then

B(N, r, mf) = R2|,®B'{Xr{N), r,m).

Let ~0={"67|0<card (A")<oo}, and let ~!1={A6"|card (19=L. Then
B(N,r,mR) A B'(Xr(N), r, mf) A B'(XR(N), r, Ty XR(N)

N rU0 N Xr(N) N
Since
. B'(Xr(N), r, mf) n
2
(7) NLoo Kes,, N
and
lim XI(I\D
(8) N- +coq_)r
and
g (Xr(N), r, mfj Q
©) W0 T Xr(N) Pr
for all it follows from (7), (8), (9), and Lemma 3 that
B(N, r, TUW)
______ N o= R" -

Therefore, the sequence B has asymptotic distribution (/20 Bi,,,, ..., BmB-i,B)
modulo mR for all p,EM.

Let p,vEMx and r€[0, and s€[0, mv—1]. Then
AXXB(N, r, mR,;s, my) = 2 B'(XR(N), s, my),
Frzielzr
and so
AnXB(n, r, TU, s, my N BY(XR(N), s, my) N B'(XR(N), s, my) XR(N)
N N +¢ 1 Xr(N) N o
f=r
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Since
(10) lim 2 A i il o=,
Rd&o
i
and
lim vy = jim Ax(N'r nh) _ X
(H) w~Reall ¥
and
B'(Xr(N),s, my _
(12 Vil Ps-V/
for all Rdc%i, it follows from (10), (11), (12), and Lemma 3 that
AAXB (N, r, m,,s, my ;0
viol N ~ ar,BPs,v

Therefore, the sequences An and B are strongly asymptotically independent modulo
{TH)Hemn, for all A£A.

Remarks. The proof of Theorem 8 breaks down if the set of moduli is infinite.
For example, let A= {«}“i be a sequence of distinct integers with asymptotic

distribution (a/1>«1mp> ee» <*m-i/i) modulo mfB, for all p in an infinite set M.
If Aff= IeJ[O, m*—1] and XR is the set of integers constructed in Theorem 8,
HEM

then i,j €XR implies that (mod mR) for all pEM. But M is infinite, and
so a{=cij. Since A is a sequence of distinct integers, it follows that i=j, and so
card (Tr)=0 or 1for all r\S4. Then the sequence B constructed in the proof of
Theorem 8 is constant.
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RETRACTABLE GROUPS
By

R. D. BYRD, J. T. LLOYD, R. A. MENA and J. R. TELLER (Houston)

1 Introduction. One of the long standing unanswered questions in the theory
of lattice-ordered groups, which was posed by G. Birkhoff [1, Problem 7], is to
find necessary and sufficient conditions that an abstract group be isomorphic with
the multiplicative group of a lattice-ordered group. Several authors have given such
conditions for the analogous question for totally ordered groups (see [3, Chapter 111]
for an excellent account of some ofthese). The main result of this paper (Theorem 3.2)
gives a partial answer to the question for lattice-ordered groups. In our investigation
we have considered a class of groups that do not appear to have been extensively
studied in the literature, viz., the class of retractable groups. The class of lattice-
ordered groups is a subclass of the class of retractable groups and in Section 6
(Example 6.2) we give an example of a retractable group that does not admit a lattice-
ordering.

Throughout this paper, G will denote a group, written multiplicatively and
with identity i, and F(G) will denote the collection of all finite, nonempty subsets
of G. Then F(G) is a join monoid, that is, F(G) is a join semilattice in which
A\UB=A\JB for all A, BOF(G), F(G) is a monoid in which AB= {ab\aEA and
beB} for all A, BEF(G), and if A, B, CEF(G) with AQB, then ACQBC and
CAQCB. Moreover, if A, B, CEF(G), then A{B\IC)=ABV/AC and (AWB)C=
=ACMBC, and the collection of all singleton subsets of G is the group of units of
F(G). A homomorphism a of the monoid F(G) into G such that {g}<r=g for
every g£G will be called a retraction of G. We will denote by Ret G the collection
of retractions of G. If Ret G is nonempty, then Gis said to be a retractable group.

For a retractable group, we give in Theorem 3.2, six conditions each of which
is equivalent to the group admitting a lattice-ordering. This changes the above
problem to determining which abstract groups are isomorphic to a retractable
group, where it seems more likely that necessary and sufficient conditions can be
found (we give one such in Corollary 2.11). Again, for retractable groups, in Corollary
3.4 we give three conditions each of which is equivalent to the group admitting a total
ordering.

Most of the remainder of this paper is devoted to developing the fundamental
properties which are satisfied by retractable groups. In Section 2 (Theorem 2.2)
we show that a retractable group is torsion-free. Also, in this section, we establish
several properties which are satisfied by retractable groups and which could be
viewed as generalizations of corresponding properties that are satisfied by lattice-
ordered groups. In Corollary 2.11 we show that a group G is retractable if and only
if F(G) possesses a subsemigroup that satisfies certain conditions. Also we show
(Theorem 2.12) that the lattice of subgroups of G is lattice isomorphic to a sublattice
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of the lattice of all equivalence relations in F(G). This isomorphism appears very
useful in determining the structure of a retractable group.

In Section 4 we introduce the concept ofa convex cr-subgroup and c-a-subgroup,
both of which could be viewed as a generalization of a convex /-subgroup in a lattice-
ordered group. In Theorem 4.2 we show that the collection of c-u-subgroups is
a complete sublattice of the lattice of all subgroups of a retractable group. In Theorem
4.3 we show that the normal ccr-subgroups of a retractable group are the subgroups
that give rise, in a natural way, to retractable quotient groups. For these subgroups,
the isomorphism theorems are valid.

In Section 5 we give some methods for constructing retractions from a given
retraction of a group. In Section 6 (also in Sections 2 and 5) we give examples that
illustrate the scope and limitations of our theory.

The reader is referred to [2] for properties of lattice-ordered groups. If XQG,
then C(X) denotes the centralizer of X in G and [X] denotes the subgroup of G
generated by X. The natural numbers will be denoted by N, the integers by Z,
and the rationals by Q. The cardinal number of a set Y is denoted by |Y].

2. Properties of retractable groups. Itis immediate from the definition of retrac-
tion, that if crgRet G, {ax ..., a,,}£F(G), and x,yEG, then .*({%.....afcT)y=
—{xaxy, ..., xa,.,y}<7. In this section, we establish some properties that are satisfied
by every retractable group. Many of these are generalizations of corresponding
properties that are satisfied by lattice-ordered groups (see [2, Chapter 0], and [3,
Chapter V]). This is no casual relationship and for completeness we state the fol-
lowing well known result for lattice-ordered groups.

Theorem 2.1. If G is a lattice-ordered group and a isgiven by Ao=\IA, for
each A€F(G), then fftRetG and a is ajoin homomorphism of the join semilattice
F(G) onto G. Thus, the class of lattice-ordered groups is a subclass of the class of
retractable groups.

In the above, we will call o the retraction of G induced by the lattice-ordering
of G

Theorem 2.2. Let G be a retractable group and o6 Ret G.

(i) G is torsion-free.

(i) 1f g, hEG such that {g, h)aE C(g, h), then gh=hg. Inparticular, if {g, h)o =
=i, then g and h commute.

Proof, (i) Let H be afinite subgroup of G and hfH. Then (Hd)h={Hh)o—
=(Ho)i. Thus h=*i and so G is torsion-free.

(i) Suppose that {g,h}o=a£C(g, h). Then {ga~l,ha~1}o=i, and
at£C(g, h), it suffices to show that if {g,h}a—i, then gh=hg. Now {g, /Ii<r=/
implies that g~x={i, g~1h}a—{i,hg~1}a and h~1={gh~1i}o={h~1g,i}(T. There-
fore,

g = ({i,7ig- B<n({i, gh-"a) = {i, fig-1,gh~Jo =

= ({9 Mf)({g-1> = ({9_1>c]M({g> h)o) = {i,h"g, g-11}"=
=({Uh-lg}a)({i,g-4i}u) = h-'g-1
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In Examples 2.7 and 2.8 we show that the class of retractable groups is a proper
subclass of the class of all torsion-free groups. The proof of the next theorem is
immediate from the definition of retraction and will be omitted.

Theorem 2.3. Let G be a retractable group and a6 Ret G.
(0 If g£G, then = ({fig}H)({i,g-B(7)-1= ({/,g-BCN)-1({hg}o-) and
{{«. g(}<0 1>({I .0 1}<O 1 ff‘
h£G, then {g,h}a=g{{g \ h Ba)h. If gh=hg, then
= ({9, hta) ({g"\ A1}<t) -1,

If G is a lattice-ordered group and a is the retraction of G induced by the
lattice- ordermg of G, then (i) and (ii) of Theorem 2.3 correspond to the identities

g= Ssz)(g 1vz) 1, where (gVi)A(g“1V0=*> and g\h=g{gf\h)~1h, res-
pectively

Theorem 2.4. Let G be a retractable group and néRet G.
(i) If A={glt ...,gnteF(G) such that gigj=gjgi for every gi,gjEA, then
AO0£C(A). In particular, {/,g}ofC(g) for every gdG.
(i) Ifk|g€G, {i, g}a=a, and kx, ..., kKmEZ with then {g\ ...,gk*}a-
km~dgkd,

Proof, (i) If Ao=a, then agfl1” {r,g2gr\ g,0fV ={Ugi'gi, « g 1g,}f=
=gLla. ThusaCC(gj). Similarly, aEC(gt) for every gtEA and hence a£C(A)

gh=

(i) First we show, by induction, that {i, g gnta=an for each nEN. Suppose

that {z9, ....g"}<r=a\ Then cf+1=ana=({i,qg, ...,gn}ff)({z,g}cr):{/,g, I R} 4
It follows that if kKEZ and ndN, then {g1gk+l, ..., g*+Jo-= {z g, ..., gnfa)gk—
=angk. Finally, let {g*, ..., gk™M}o=b. Then ak™&tb=({i, g, gkeki}{gki,
cemi/"PNI={"1?1I+> gki+m~Zi"o=aXKn~2igki. Therefore, b—ak’~kig*i.

In Section 5 (Examples 5.6 and 5.7) we shall use (ii) of this theorem to classify
Ret Z and Ret Q.

Let a£Ret G and A be a subgroup of G. We say that A is a a-subgroup
of G if AaEH for each AEF(H). Then the restriction of a to F(H) isa retrac-
tion of A. Trivially, a conjugate of a ff-subgroup of G is a ~-subgroup and the
intersection of any collection of c-subgroups is a c-subgroup. Note, that if G is
a lattice-ordered group and a is the retraction of G induced by the lattice-ordering
of G, then the collection of c-subgroups of G is precisely the collection of /-
subgroups of G.

The following corollary is immediate from the theorem and again shows a simi-
larity of retractable groups and lattice-ordered groups.

Corollary 2.5. Let G be a retractable group and aCRet G.

() If gf*"G and {i,g)a=a, then {,g"}a=a" for each nEN.

(1) 1f g£G and {i,g}a£[g], then [g] is a a-subgroup of G.

1i1) ijfg€G and {i, gmfa=gm, for some mEN, then {i,g}a=g.

iv) If g, hfG such that gh=hg, and {g, h}a a, then {g”, hnfa—a" for
each nEN.

In the next theorem we give two necessary (and rather curious) conditions for
a group to be retractable.
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Theorem 2.6. Let G be a retractable group and eg Ret G.
(i) If g, hdG with ghg~1=h~1, then h is a commutator.
(i) If g, h(zG with g2=h2, then g and h are conjugate.

Proof, (i) If {/,h~Zo=a, then {i,h}c=ha. Also, g~lag={i, g~lh~Ig}o=
= {/, h{7. Thus, g~laga~1=h.
@ii) If {g,h}a=a, then ag= {92 hg}= {h2, hg}a=ha. Thus h=aga~1.

Example 2.7 [2, Example 0.5, p. 0.10]. Let 4 =ZxZ xZ and define

(a+x, b-j-y, c+2z) if zis even

@ DOy 2y aky c+) i zis odd.

Then A is a group and a splitting extension of ZXZ by Z. Let g={0,0, 1),
A=(l,—1,0), and K be the subgroup of 4 generated by g and h. Then g+h—g =
= —h and it is easily verified that h isnot a commutator in K. Thus, by (i) of
Theorem 2.6, K is not retractable. Note that if L denotes the subgroup of K
generated by h, then L and K/L are both infinite cyclic and hence are retractable
(as they can be linearly ordered). It is well known that A can be lattice-ordered and
hence K can be right ordered. Hence, the class of retractable groups is not identical
with the class of right ordered groups. We do not know whether every retractable
group can be right ordered.

Example 2.8. Consider the group G given by the presentation (X, y\x2=y32.
Then, G, being the free product with amalgamation of torsion-free groups, is
torsion-free. By considering the homomorphism from G to C2 (where C2 is the
cyclic group of order 2) which sends x to 0 and y to 1, it follows that x and y
are not conjugates in G. Thus, G is not retractable.

A submonoid S of F(G) will be called normal if gSg~1—S for every giG.
A normal submonoid S of F(G) is called a G-complement if

(1) Cgd S, where C£S and g(zG, implies that g=i;

(2) if AdF(G), then there exists CE£S and there exists g£G suchthat A =Cg.

We will denote by Com G the collection of 6-complements of F(G) and if
JERet G, then Ker cr={CE£F(G)\Ca=i}. The proof of the next theorem is straight-
forward and will be omitted.

Theorem 2.9. Let G be a retractable group.
() If c6Ret G, then Kerc76ComG.
(i) If a, xERet G with Ker cQKer t, then 0—z.

Theorem 2.10. If Sf_Com G, then G is retractable and there exists <7-.Ret G
such that 5= Ker a.

Proof. If AEF{G), then A=Cg for some C$5 and some g£G. Define
Aa=g. Now a iswell defined, forif DES and h£G with A=Dh, then D—Cg/rl
and since 66Com G, gh~x=i. The normality of S insures that a is a homo-
morphism and since {i}66, {g}<7=({/}g)<7=g for each g£G. Thus, a6RetG.
The verification that Ker c=S is routine.

Combining Theorems 2.9 and 2.10 we have
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Corotlary 2.11. A necessary and sufficient condition for a group G to be
retractable is that Com G is nonempty. Moreover, the mapping <—Ker a is a one-to-
one mapping of Ret G onto Com G.

Next let SF(G) denote the lattice of subgroups of G and S\F(G)) denote
the lattice of equivalence relations on F(G). For HfEF(G) and Ret G, let

eB,a= {(A,B)\A,BfF(G) and H(Ao) = H(Bo0)).

Theorem 2.12. If of Ret G, then the mapping X given by HY = gHa is a com-
plete lattice isomorphism of £F(G) into S'(F(G)). Moreover,

(i) if HfSf(G), (A,B)fgHta, and CfF(G), then (AC,BC)fgHa;

(i) if HfSF(G) and xfG, then gx-iHxa= {(x~1Ax,x~1Bx)\(A, B)fQH a};

@iii) if Hff?(G), Af F(G), and \.A]gHt,, denotes the equivalence class of A
under ghHs,,then {{h}\hfH }Q [{/}]gHa and the mapping [A]JgHa—H(Ao0) is a one-to-
one mapping of the colection of equivalence classes of F(G) under oHa onto the
collection of right cosets of H in G. If A, BfF(G), then ([A\oHa)x =[B]gHa
for some xfG.

Proof. Itis easily verified that T is a one-to-one inclusion preserving mapping of
£P(G) into SYF(G)) that satisfies (MHM)Y/ = MN(HXS) for every {Hx\).f A}X£d(G).
We show only that (VHx4>=\J(HXT). If (A, B)f(\jH) T, then (\JHxX)(Ao)=
= (VHX) {Bo), and so (Ac) (Bo)~1f \fHx. Therefore, (Ao)(Bo)~1fH XI\/...\jH >a
for some nfN and some A5..., /.,,fA. Consequently, there exist hx, ..., hmf UHx.
(1™ /™n) such that (Ac)(Bc)~1=h1l..hm. For I"k~m , lethkfH X . Then HX (Ac) =
—HAfh 2...hnBd) implies that (A, h2..,hmB)f(H X:) "¥; HXt(h2...hnmBo)=H Xi(h2...hnBc¢)
implies that (h2...hmB, h3...hmB)f(H Xt)'F; ...; HX (hmBo) =HX (Be) implies that
(hmB, B)f(Hx. )T. It follows that (A,B)f\/(HX'F). Since ¥ preserves inclusion,
the reverse containment is immediate.

Corollary 2.13. Let of Ret G and Hf£f(G). Then H is a c-subgroup if
and only if F(H) £ [{f}]an<a.

If HfST(G) and XQG, let CH(X) denote the centralizer of X in H. We
close this section with

Theorem 2.14. If of Ret G, XffG, and H is a a-subgroup of G, then CH(X)
is a c-subgroup of G.

Proof. Let AfF (C H(X)), Ac=a, and xfX. Since Il isa cr-subgroup and
AfF(H),afH. Thus xa=(xA)c=(Ax)c =ax, and so afC H(X).

3. [-retractions. Throughout this section, let G be a retractable group. A
retraction o of G is said to be convex if Ker a is a convex subset of F(G) and is
said to be an I-retraction if Ker a is a convex subsemilattice of F(G).

Lemma 3.1. Let a be a convex retraction of G and for g, hfG define g=h
if and only if {g, h}c=h. Then (G, S) is a semiclosed partially ordered group.

Proof. Clearly ~ is reflexive and antisymmetric. Let fig, hfG with fsg
and g”h. Then {fg~1ji}c=i and {gh~1, i}e=i. Thus i=({fg~1 i} [gh_1,i})c=
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—{fh /? Since {n :%/A\ *}={/A S/g 1} and < is
convex { r-1, r}6Ker <. Thus {/, and so M is transmve Since x({g, h}a)y—

= {xgy, xhy)a for all g, h,x,yEG, (G, is a partially ordered group. It follows
from Corollary 2.5 (iii), that the partial order is semiclosed.

Theorem 3.2. If (/ERet G, then thefollowing are equivalent:
(i) a is an I-retraction;
(i)for all A, B, C,D~F(G), if AQB”C and Aa=Ca, then Aa—Ba and
Da= (Jlu{Da))a;
(iii) if {al5 ..., a,,}eF(G) with w>I, then {a,, ..., anfa={{al, ..., a,,_1}o, aAo;
(\) for all A,B,CEF(G), if Aa=Ba, then (A\JC)a—(BUC)o;
(v) there is a lattice-ordering of G such that G is a lattice-ordered group in
which Aa—dA, for all AEF(G);
(vi) there is a lattice-ordering of G such that G is a lattice-ordered group and a
is ajoin homomorphism of F(G) onto G;
(vii) Qi)a is ajoin congruence.

Proof, (i) implies (ii). If Aa—Co=a, then Aa~x Ca_l£Ker a and
'"Ba~1QCa~1 Since Kere is convex, 220-1£Kera and so Bo—a=Aa. Let
Da=b. Then 26-1€Kera and {/}6Kera. Since Kera is a subsemilattice,
Dz> 1U {i}6Ker a. Therefore, (E>U {Do})<j={DVJI{b})o=b.

(ii) implies (iii). The proofis divided into steps.

(1) If A, C £F(G), Aa=a, and a€A, then (AUC)a=({a}UC)a.

Since Aa=a and a€A, (Aa~xa=i and i*Aa~l. Let b= ({i}{IJCa~Do.
Then h=/h=((Ta-)({/}UCa-D)<r=(Ma-)UM a-1Ca-D)c7. Now {iJUCe”’g
Q(Aa~JU(Ca~)"(Aa~DU(Aa~1Ca~1. Hence, by (i), ((Aa~D{I(Ca~D)a=b
Then ba=({a}UC)o=(AUC)o.

(2) If Aa=a and g£G, then (A\J{g})a={a, g)a.

Let b={i,ga~1}a. Since i=(Aa~Da, b=((Aa~D) {/, ga~1}))o=((Aa~D{J
U (Aa~lga~D)a. By (ii), (Aa~1U{i})a=i. Thus, b=ib=((Aa~1U{i})({i, ga_1}))(r=
= ({i}UTu-1U{ga_1}IM a-1ga-1)<r. Since (Aa~)U(Aa~lga~D"(Aa~YU{ga~1>
U Ola~lga~)"r{i}\J"Aa~D\J{ga~1}\J{Aa~1ga~1), we have by (ii) that ((Aa-1)U
U{ga_1}U(~a_lgi_1))cr=2). Also, ga-1—iga~1=((Aa~1U{i})ga~Da=((Aa~a~)0
U{ga_1}cr. By (1), ((Aa*lga~)HU{ga~J[J(Aa~Y)a=({ga~BU(Aa~%)a. Thus,

= ({ga~B\J(Aa~l)a andso ba= ({g}UA)o={a, g}a.

We now show that (iii) istrue. If {cl5..., a,,_lja=a, then by (2), {di, ..., a,,-j}U
U {an})a= {a a,.}a.

(iii) implies (iv). To prove that (iv) is true, we induct on \C\. If C={c}, then
by (iii), (AUC)o= (AoU {cho=(Bo(j {c})o=(B{IC)o. Next suppose that C=
= {cr, ..., ¢,}, where 1, and that if DEF(G) with |2)|<|C|, then (AUD)a=
=(B(D)o. Then ("UC)a=(tu ¢c1, cn YIU{cm)a={(Al){c, , cn-Bacnta=
= {(5U{cy, ..., c,,m})o, cfa =(BVIC)a. Thus, if A,B,CEF(G) with Ao=Bo,
then (A(JC)o=(BUC)o.

(iv) implies (v). Let A,B,CEF(G) with AAB~C, and A, CEKera. Then
by (iv), ~<r=(TUfi)o-=(CU")<J= Ccr=/ and hence BEKer a. Thus, by Lemma
3.1, G isa partially ordered group, where g=h ifand onlyif {g, h}a=h, for all
g, heG.

Let g,h£EG and x={g,h}a. Since {x}a=x, we have by (iv) that x=({x}U
Ulvh<x=({g, AJU{.vD<7. Again using (iv), x={g.h.x)a=({g,h.x}f{g})a=

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



RETRACTABLE GROUPS 225

= ({x}U {gh<7. Therefore, g=x and similarly, hSx. Next suppose that y£G,
and that g”y and h”y. Then (g,y)a={h,y}a~y, and so by (iv), {g,y}<?=
= ({g.i¥V{gh<r= {A y}yI{g))o={g,hy}a. Since {x}a"{g,h}a, {x, t}u= ({x}U
Nypo=({g,ti)\J{y})o={g,h,y}o. Hence, xSy. Therefore, x=gfh and it
follows that G is a lattice-ordered group.

Next we show that Aa=MA forevery AEF(G), by induction on \A\. Trivially,
if \A\=\, then Aa=YA. Let A= {al5...,, an}, where n>1, and let B={ai, ...

If Ba=b, then by (iv) and the above, b ]a,,= {b, a,,}0=(B0 {a,,})o=Acr.

Clearly, bVa,,=\jA.

(v) implies (vi) by Theorem 2.1.

(vi) implies (vii). By Theorem 2.12, QXi},,, is an equivalence relation on F(G).
Let (A, B)few,a> CE£F(G), and H={i\. Then H((AUC)a)=H(Acr\/Ca)=
=H(Ba JCa)—H((B\J C)a). Therefore, dHi,, is a join congruence on F(G).

(vii) implies (i). The congruence class containing {/} under a is precisely
the kernel of a. Since is a join congruence, it is well known that each cong-
ruence class, and, in particular, Ker <, is a convex subsemilattice of F(G).

We will call the lattice-ordering of G given in (v) above (or in(vi), since they
are identical), the lattice-ordering of G induced by the /-retractiona. From
Theorems 2.1 and 3.2, we now have

Corollary 3.3. Let G be a group. Then there is a one-to-one correspondence
between the lattice-orderings of G and the I-retractions of G.

Corollary 3.4. Let a be an Il-retraction of G and let S denote the lattice-
ordering of G induced by a. Then thefollowing are equivalent:
(i) S isatotal ordering of G;
(i) if AEKer ff, then ifA;
(iii) Ker a is closed under intersections;
(iv) Ker a is a lattice, where Af\B=AC\B for all A, St Ker a.

Proof, (i) implies (ii). If ri*Kercr, then i=Ao ='JA. Since™ isa total
ordering of G and A is finite, i£A.

(ii) implies (iii) and (iii) implies (iv) are immediate.

(iv) implies (i). Suppose that S is not a total ordering of G. Then there exists
g, hEG with g”i*h and gjh =i. Then {/}, {g, /?}€Ker a, but {/}N {g, Ker a.

Corollary 35. Let o be an I-retraction of G, » be the lattice-ordering of G
induced by a, and H be a subgroup of G. Then thefollowing are equivalent:

(i) H is a convex I-subgroup of G;

(if) GHa isajoin congruence of F{G);

(iii) F(G)/QHa is ajoin semilattice in which [A]q,, §V[//] 84H,a—A UB]Qh,ai
for every A, BEF(G).

If H is a convex I-subgroup of G, then the mapping [A]gHa-+H(Ao), given
in Theorem 2.12, is a join isomorphism of F(G)/oHa onto the collection of right
cosets of H in G.

Proof. The equivalence of (ii) and (iii) is well-known for any join semilattice.
0] implies (ii). By Theorem 2.12, oW3 is an equivalence relation on F(G). Let
(A,B)EgHa and CE£F(G). By the theorem, (A\JC)o=Ao\lCo. Since H is
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a convex /-subgroup of G, H(fA\JC)d)=H(Ao\IC<r)=H(Ao)\JH(Co)=H(Bo)\J
VH{Co)=H(Ba\J Co)=H((b \JC)o). Therefore, (H<a is ajoin congruence.

(i) implies (i). Clearly, {/*}¥[{/}]0a<r for each hf£H. Suppose that {al...
...,antEF(H), where 1, and {al5 ..., u,-x}€[{/}]eHff. Since ({an}{i})eQH,,
and gHta is a join congruence, ({al; ..., an}, {i})£eHa. Therefore, F(H)"[{i}]JoHO
and hence, A isan /-subgroup of G. If xEG and h"H suchthat isx”h, then
{/, x3, {h, x})€0a,<r and so Hx—H{{i, x)a)=H{{x, h}a)=Hh=H. Hence, x£H
and so 4 is a convex /-subgroup of G.

If A isa convex/-subgroup of G, then the collection of right cosets of A in G
is a lattice in which Hx\Hy=H (x\/y) for all x,yEG. Thus, for A, B-F(G),
[AQHMB}QHa=[A\UB}QHa and H(Ao)\JH(Ba) =H((A\jB)a).

A convex /-subgroup H of a lattice-ordered group G is said to be regular if
H is maximal with respect to not containing some g in G and is said to be prime
if the collection of right cosets of A in G istotally ordered. The next two corollaries
are immediate from Corollary 3.5 and their proofs will be omitted.

Corollary 3.6. Let a be an I-retraction of G, & be the lattice-ordering of G
inducedby a, and H bea convex I-subgroup of G. Then thefollowing are equivalent:
(i) A isprimein G;
(i) F(G)/gh ,, is totally ordered, in which [A]oH ,,U[BJon ~~[A\JB]oH
for all A, BeF(G);
(iii) £s<c A ajoin congruence of F(G) and [{/}] oHG is finitely join irreducible
in F(G)/qHa.

Corollary 3.7. Let 0 be an I-retraction of G, LU be the lattice-ordering of G
induced by a, and FI be asubgroup of G. Then thefollowing are equivalent:

(i) H is a regular subgroup of G and the lattice of right cosets of H in G is
discrete;

(i) H,a is ajoin congruence of F(G) in which [A]on *Y[B] ,.=[AUB]oH,,,
for all A, BeF(G), \F(G)]gHia\LLl2, and [{/}]RHO is infinitely join irreducible in
F(G)/QHa.

For XQG, let X~1—{x 1jx€A}. To conclude this section, we state the fol-
lowing theorem, the proof of which is straightforward.

Theorem 3.8. Let oFRetG and Ha= {g\g£G andg”"AHB~1for some A,BE
€Ker e}

(i) Ha is a normal subgroup of G.

(i) If g, "G, define g=h ifandonly if gh~1£A, for some A€ Ker c\ Then
A is a quasi-ordering of G that is preserved by both right and left multiplication.
Moreover, S. is apartial ordering of G ifandonly if Ha={i}4

4. 0 "-subgroups. Let s be a retraction of G and A be a subgroup of G.
In view of Corollary 3.5, we say that A is a convex a-subgroup of G if gh>, is
a join congruence of F(G) (or equivalently, if (iii) of Corollary 3.5 is satisfied).
It is well-known that the collection of join congruences of a join semilattice L is
a complete sublattice of the lattice of all equivalence relations on L. Thus from
Theorem 2.12 and Corollary 2.13 we have

Theorem 4.1. Let er*RetG.
() If A isa convex a-subgroup of G and x£G, then so is x~1Hx.
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(i) I f \H\H is a convex o-subgroup of G}, then is a sublattice of £f(G)
that contains G; the joins and meets of nonempty subcollections of € agree with
those in £f(G). Moreover, is a sublattice of S{F(Gj) that is lattice
isomorphic to €.

(iii) If H is a convex o-subgroup of G, then H is a o-subgroup of G.

Thus, by (ii) of this theorem there is a smallest convex crsubgroup of G, which
is clearly normal, and by Theorem 3.2 (vii), it is the identity subgroup of G if and
only if o is an /-retraction. In Section 5 we give an example of a group G and
n€Ret G such that G is the only convex cr-subgroup of itself. This indicates that
there is a need for a larger collection of distinguished subgroups of a retractable
group if one is to determine the structure of the group from its subgroups.

Let ereRet G. A subgroup H of G is said to be a c-o-subgroup of G if
{«.....a,,}(F(G) and hx, ..., A€tf, then ({ax ..., an}, {hxax, ..., h,,a,,})eeH a.

Theorem 4.2. Let uGRet G.
(i) If H isac-0-subgroup of G and x£G, thensois x~1Hx.
(i) If H isa convex o-subgroup of G, then H isa c-o-subgroup of G.
(iii) If H isa c-0-subgroup of G, then H is a o-subgroup of G.
(iv) If {HjX"A} is a collection of c-o-subgroups of G, then TIT{HK\/X/}
and [U [Hx\KE A]} are c-o-subgroups of G. Thus, the collection of c-o0-subgroups of
G is a complete sublattice of the lattice SF(G) of all subgroups of G.

Proof, (i) Let {al; ..., a,,}€F(G) and hx, ..., hnEx~1Hx. Then {xalx~1, ...
vy X8, X~EF(G) and xhxx~x, ..., xhnx~xE£H. Since H is a c-cr-subgroup,
{{xaxx~x, ..., xanx~1}, {xhxaxx~x, ..., xh,,anx~xp)£QHya. By Theorem 2.12 (ii),
({%, e, a,,}, i hna,,})"Qx-iHxa.

(i) Let {{gﬁ ..., 8,,}dF(G) and ., h,f H For 1SiSn, {af4, M ) (e 1a,.-
Since oHff is a join congruence, ({el5 ..., a,,), {hxax, ..., h,,an})eQH,,,. Thus, H is
a c-u-subgroup of G.

(iii) If {hx, ..., hnjeF(H), then h{\ ..., £, 1€4. Hence {{hx, ..., 2.}, {Aflhx ...
..., hjlhnp)EgHa. Therefore, F{H)*[{i}]oll a and so by Corollary 2.13, H is
a u-subgroup.

(iv) Clearly {/} and G are c-a-subgroups of G. Let {HK\X"/1} be a nonempty
collection of c-c-subgroups of G, and {ax ..., aEF(G). If hx, ..., MHk
and y£n, then ({ax ..., a,), {hxax, ..., hna,,})"QHyta. Hence, by Theorem 2.12,
({oi, an), {Mi, ..., hnan})<ier,,y,a.

Next let ny,..., X,G[UHX]. The there exist m,pEN, there exist Ax, ..., ATEN,
and for Isis« and Isj*m there exists hi}kmHEHK]j, where such
that xi=hi'l..hi'pm Now Kjfl, hl~1£Hkl and since HKkl is a c-u-subgroup,
(\xxax, ..., xnef), {hXi2=hXtpmax,  bIR..bIMPTaY)\guta, since /22 , -, hri2 G
6452 and HX is a e-a-subgroup, {{hXA-..hxgmax, hni2...h,,iPmg,.}, {hli3...
sesXfpmQc>+ hrtt3.-hregman} )€ Qh4 ,<mmm, since  hx~x,...,hn-*H km and Hkm is
a c-ff-subgroup, ({hlimpax, ..., hntPman}, {ax, ..., a,,.})EgHM,,. It follows that ({ax, ...
oyt {Xxax, ..., xnan})£VVQHl,a, and by Theorem 21i” \IQH a= QuHg],,,. There-
fore, [UHj\ is a c-ff-subgroup of G.

Theorem 4.3. Lei eaGRet G and J be a normal subgroup of G.
@i 1f J is a c-o-subgroup of G and if Xo*=J({ax, ..., a,,}0), for every X=
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= {Jax, ...,Ja,,}£F(G/J), then o* is a retraction of G/J. Moreover, if H is a sub-
group of G that contains J, then (HId,,*={{X, Y)\X—{Jax, ..., Jan, Y={Jbx, ...
., JoiEF(G/J) and ({al am}, {bx, ..., bnp)<toH ,}. If, in addition, J is a convex
0- subgroup of G, then a* is an l-retraction of G/J.

@) If T is a retraction of G/J, where {Jax, ..., Janfr=J({ax, ..., a,}0), for
each {Jax, ..., Ja,,}£F(G/J), then J isa c-o-subgroup of G. If, in addition, T is an
1- retraction of G/J, then J is a convex o-subgroup of G.

Proof, (i) Suppose that J is a c-tr-subgroup of G and that for \sisn,
Ja—Jbi. Then 6,=/1ra; for some hfJ, and so '(fax, an}, {hlal, ..., hma, }N"Qj ..
Therefore, o* is well defined, and clearly {Ja}o*=Ja for each Ja"G/J. Since o
is a homomorphism, it follows that o* is a homomorphism. Therefore, <r*£Ret G/J.

The verification that gH/J,e*= {(X, Y)\X={Jal, .... Jan}, Y={Jbx ..., Jb,,), and
{{ax, ..., an}, {bx, ..., 6,,})6<?,} is straightforward and will be omitted.

Next suppose that J is a convex u-subgroup of G. Then J isa c-cr-subgroup.
Let (X, Y)eQ{J},* where X —[Jax ..., Jam) and Y= {Jbx, ..., Jbn), and let
Z={Jcy, ...,Jcp}eF(G/J). By the preceding ({AL.....an}, {by, ..., be})€ej,* and
since Qj',, is a join congruence, ({ay, ...,am, cy, ..., ¢}, {by, ..., b,,, clt ..., p}HEqj”".
Therefore, (XUZ, TUZ)"gw<a* and so is a join congruence. Hence, {J}
is a convex <r*-subgroup of G/J. Thus, by Theorem 3.2, o* is an /-retraction of
GA.

(i) Suppose that T is a retraction of G/J. If [ax, an}c F(G) and h,fJ,
then {Jay, ..., Jan}={Jhlal,....Jhnan} and so J({ay, ...,anjo)={Jay,...,Ja,Jt=
={dhyax, ..., 7/r, A, 31=/({/r14, ..., hnan}o). Therefore, ({05 ..., an}, {hxax, ..., A,a,}€
&H<rt and J is a c-(T-subgroup of G. If er* is given by (i), then, clearly, T=0%*.

Next assume that T (=er*) is an/-retraction of G/J. Then / isa c-tr-subgroup

and by (i) QQ),a*=[{{Jax, ..., Jani}, {Jbx, ..., Ibnh\{{ax, ..., an}, {bx, ...,
Since T isan /-retraction of G/J, G/J is a lattice-ordered group and {/} isa convex
/-subgroup of G/J. Hence, is a join congruence and it follows that gJt,,
is ajoin congruence. Therefore, Y is a convex er-subgroup of G.

We will call o*, givenin (i) of Theorem 4.3, the retraction of G/J induced by o.

Theorem 4.4. Let a6 Ret G, J be a normal c-o-subgroup of G, H be a subgroup
of G that contains J, and cr* be the retraction of G/J induced by o. Then H is
a c-0-subgroup (resp. convex o-subgroup) of G ifandonly if H/J is a c-0*-subgroup
(resp. convex o*-subgroup) of G/J.

Theorem 4.4 is easily proven using the description of gHJ a* aiven in Theorem
4.3.

Corottary 45. Let ocRet G,J be a normal c-o-subgroup of G, and o*
be the retraction of G/J induced by o. Then there is a lattice isomorphism between
the c-o-subgroups of G that contain J and the c-o*-subgroups of G/J. Moreover,
under this isomorphism the convex o-subgroups of G that contain J map onto the
convex o*-subgroups of G/J.

In the remarks after Theorem 4.1, we observed that if ergRet G, then there
was a smallest convex c-subgroup of G. This subgroup will be called the convex
a-kernel of G.
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Corollary 4.6. Let «"RetG and J be the convex a-kernel of G. Then
there is a lattice isomorphism of the convex a-subgroups of G onto the convex 1-sub-
groups of G/J. Thus, the lattice of convex a-subgroups of G is a Brouwerian lattice.

Proof. By Theorem 4.3, if a* is the retraction of G/J induced by a, then o'
is an /-retraction. Thus, G/J is a lattice-ordered group. By Corollary 4.5, the convex
ff*-subgroups of G/J are isomorphic to the convex <T-subgroups of G, and by
Corollary 3.5, the convex <r*-subgroups of G/J are precisely the convex /-subgroups
of G/J. It is well-known that the lattice of convex /-subgroups of a lattice-ordered
group is a Brouwerian lattice.

Theorem 4.7. If a isan I-retraction of G, si isthe lattice-ordering of G induced
by 0, and H is a c-a-subgroup of G, then H is a convex I-subgroup of G.

Proof. By Theorem 4.1, A4 is a <T-subgroup of G and hence an /-subgroup.
Let hEH and g4G suchthat i“g”h. Then {,/z-1g}€ F(G), i,hEH, and since
A is a c-tr-subgroup, {/, A-1g}, {/, gh€off,<r- Thus H=Hi=H(i\Jh~1g)=
=A({/, h~1g}a) =H({i, g}a)=H(i\Jg)=Hg. Therefore, gEH and so A isa convex
/-subgroup of G.

Corollary 4.8. If ergRet G and H is a c-a-subgroup of G that contains the
convex a-kernel of G, then H is a convex a-subgroup of G. Thus, the collection
of convex a-subgroups of G is a dual ideal in the lattice of c-a-subgroups of G.

Proof. Let J be the convex er-kernel of G. Since A is a c-<r-subgroup of G
that contains J, H/J is a c-<r*-subgroup of G/J by Theorem 4.4. By Theorem 4.7,
H/J is a convex /-subgroup of G/J. Since the collection of convex /-subgroups of
G/J is identical with the collection of convex er-subgroups of G/J, we have by
Theorem 4.4, that A is a convex n-subgroup of G.

Theorem 4.9. Let crsRet G and H be a c-a-subgroup of G.

(i) If Kis a a-subgroup of G, then HI\K is a c-a-subgroup of K.

(i) If n{H) denotes the normalizer of H in G, then n(H) isaa-subgroup ofG.

(iii) Let gin(H) and {/,g}a=a. Then HI[g] is a a-subgroup of G ifand only
if adH[g], where H[g\ is the subgroup generated by H and g.

Proof, (i) Let {a1,...,an}eF(AT) and /r1,..,An6AMA. Then {hiai,...,hnan}f
£F(K), {as ..., anfaEK, {Mj, ..., hnanfa”K, and ({al; ..., an}, {Mi, ..., A,aB)€
(zZQHa- Therefore, ({al; anta){{hlai, ..., hna,,}a)~1=h for some /TEAMNK, and so
HC]K is a c-tr-subgroup of K.

(i) Let {al5 ..., a,,}(F(n(H)), {a1; ..., anfa=a, hEH and for I*iSn, aiha~1—
=ht. Then /REA and Hah=H({al, a nah)=H({alh, ..., anh}a)=H({h1al, ...
..., hna, . }ay=H({ay, ..., a,,}a)=Ha. Therefore, a/m_1(A and so aCn(H). Con-
sequently, n(H) is a e-subgroup of G.

(iii) Suppose that afH[g\ and let {Ajgmi, ..., /r,ET"}€A(A[£]), where hlt...
...h,,EH and »?I<..<«?,. Since A is a c-tr-subgroup, H({hlgm, ..., h,,gm'}o) =
=H{{gm, ..., gn}o). By Theorem 2.4, {gm,...,gmm}7=amemigni. Therefore,
{Algni, ..., hgm}afH[g\ and so H[g] is a <r-subgroup of G. The converse is
trivial.

Corollary 4.10. Let trERet G and H be a c-a-subgroup of G. If g4G and
gnEH for some nEN, then gfH. Inparticular, H is apure subgroup of G.
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Proof. Let NIM=M{7|/ is a c-er-subgroup of G and gn£J). By Theorem 4.2,
K is a c-ff-subgroup of G. If J is a c-a-subgroup of G such that gnf£J, then
g"~g~1gng"g~1Jg- it follows that g£n(K). By the theorem n(K) is a <r-subgroup
of G, and hence n{K)/K is retractable. By Theorem 2.2, n(K)/K is torsion-free.
Therefore, g£EKs=H.

Let G and L be retractable groups, crgRetG, and RetL. A homo-
morphism @ of G into L issaid to be a a-x-homomorphism provided that gx= dtp
(here, and in Section 5, we will not distinguish in notation between the image of an
element under a function and the image of a subset under the function), i.e., if the
following diagram is commutative:

O
G —v* L.

It both n and r are /-retractions, then this definition makes @ an /-homomorphism.

Theorem 4.11. Let G and L be retractable groups, o-gRetG, and rERet L.
I f o isaa-x-homomorphismof G into L, then the kernel of (p is a c-o-subgroup of G.

Proof. Let J denote the kernel of a, {ax, ..., an}dF(G), and hx, ..., hn*J.
Then {dj, ..., anjo(p={ay, ..., anjcpx={almy ..., allcp}x={(hlalcp, ...,{hnancp)x=
= {hxai, ...,hna,,}(px={hlal, ..., hnan}acp. Therefore, ({ax, ..., anja) ({hLau ...
..., hna, }a)~1£J and hence, 7 is a c-tr-subgroup of G.

The next three theorems assert that the isomorphism theorems are valid for
c-cr-subgroups. The proofs are straightforward and are omitted.

Theorem 4.12. Lei G and L be retractable groups, <rfRet G, r*RetL, @
be a a-x-homomorphism of G onto L, J be the kernel of (o, and a* the be retraction
of G/J induced by a. Then the induced isomorphism g* of G/J onto L isa a*-x-
isomorphism.

In diagramform:

F(G/J)-"F(L)
LY r
G/ L.

Theorem 4.13. Let ergRet G, J and K be normal c-a-subgroups of G such that
J A/K, ax be the retraction of G/J induced by a, a2 be the retraction of G/K induced
by a, and a3 be the retraction of G/J/K/J induced by ax. Then the induced iso-
morphism of G/J/K/J onto G/K is a g3-o0"isomorphism.

In diagramform:

&
F(G/K)-a- f(G)-2i- F(G/) F(G/IIK/J)
2[ i” { i)
GIK G -db- G/ -3s_ GHIK/.
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Theorem 4.14. Let erf RetG, H and J be normal c-a-subgroups of G, al
be the retraction of J/JJC\H induced by the restriction of ¢ to F(J), and ax be the
retraction of JHjH induced by the restriction of o to F(JH). Then the induced
isomorphism of JJHOJ onto W /H isa o"o.,-isomorphism.

5. Retractions. It appears to be a difficult problem to determine if a group
admits a retraction. Even if a group is retractable, it is difficult to construct a retrac-
tion for the group. In this section we present (without proofs) some methods of
constructing “new” retractions from a given retraction of a group.

Theorem 5.1. Let a4Ret G and let tp be an automorphism or an anti-auto-
morphism of G. Then (po(p~14lket G. If <p is an inner automorphism of G, then
Pgpl=c.

Of some special interest in Theorem 5.1 is the retraction o'= (po(p~1, where
@ is the anti-automorphism of G given by g(p=g~1. If a—a’', then we say that
0 is selfdual. In Example 5.7 below, we give an example of a self dual retraction.
If SAE(G), let 5-1= {*_1TE5'}.

Corollary 5.2.Let 0TRet G.

(i) Ker cr'=(Ker 0)-1. Thus, if S isa G-complement of F{G), thensois S~1.

(i) If a is an l-retraction of G, then so is o' and the lattice-ordering of G
induced by o' is the dual of the lattice-ordering of G induced by o.

The next corollary shows that groups that admit a self dual retraction must be
two divisible.

Corollary 5.3. If 04Ret G and 0—o0', then%G2=G.

Proof. First let g,h4G with {g,hJo=i. Then, by the preceding corollary,
{g_1, h~Zo=i. Now {g,h}o=i implies that g~1lh~1—{h~1,g~Lo=i. Therefore,
g=h~1. Next let g4G and {i,g}o=a. Then {a~1,ga~TJo=i and by what we
have just proven a_:l=(gf_1)_1. Hence, g=a2

Theorem 5.4. For each A4A, let Gx be agroup, let ax4Ret Gx, let G=11GX
the unrestricted direct product ofthe Gx, 6rlet G=EG;, the restricted direct product
of the G,, let nx be the projection of G onto Gx, and let A6F(G). If Ao=
= (..., Anxox, ...), then ¥6Ret G. Moreover,

(i) o isan I-retraction of G ifand only if ox is an I-retraction of Gxfor each A€A;

(if) o isselfdual ifand only if ox isselfdualfor each A4A.

Theorem 5.5. Let G be an abelian group, 04Ret G, and @ be an endomorphism
of G. If AAF(G) and AT=((AA~Dg® (An), then r?Ret G

Example 5.6. Let 0 be the retraction of Z induced by the natural ordering
of the integers. For k4Z, let gk be the endomorphism of Z given by xcpk—kx
and let ok be the retraction of Z given in Theorem 5.5 using o and gk. Then if
A4F(Z), Aok=(k+1) (max A—min ™M)+ min A.

Let rfRetZ and {01}t=& If A={ak ..., an}4F(Z), with ax-=:.."a,,,
then by Theorem 2.4, Ax=(an—a)A:+ul=A:(maxA—minT)+ minA=Aok_1.
Therefore, Ret Z= {o-""ez}. If k~ —1,0, then Z is the only convex ~-sub-
group of itself.
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Example 5.7. As above, if r£EQ, A£F(Q), and A(rr—(r+ 1) (max A —min A) +
+min,4, then ar6RetB. Let rERet Q, {0, \}T=k, and A=jy, ...,y £.F(@),

where rl<...<rn,ri,...,r,,dZ,sEN. By Corollary 2.5 (i), k= {0, 1}t = s.({o, tis}e).
By Theorem 2.4 (ii),

Ar=Cr-rji+n = *(b-0)+0 - A, .t.

Therefore, Ret Q={crr\rEQ}.

Now  JI<t_12=1/2 (max A—min /!)+min A=1/2 (max J1+min A)=—(-A)
2-ili)=A((T-Y2'. Hence, < 12 is self dual.

For r=—1 or r=0, the kernel of ar is a convex subsemilattice of F(Q).
If r>0 or r< —1, the kernel of aT is a convex subset of F(Q), but not a sub-
semilattice. If —1<r-=0, the kernel of ar is a subsemlattice of F(O), but
not convex.

6. Examples, In this section we present two examples. In the first example
we exhibit a retractable group G and a, z£Ret G with the property that a and T
agree on two element subsets of G, but cr*t. Clearly, a and r cannot be /-retra-
ctions.

In the second example we exhibit a retractable group that cannot be lattice-
ordered, thus showing that the class of lattice-ordered groups is a proper subclass
of the class of retractable groups.

Example 6.1. Let Q1=G 2=8, rl=r2=(7_1/2, where <1_12 is given in Example
5.7, and let er£Ret (GfXG”) be given from and t2 as in Theorem 5.4. Let 9
be the automorphism of GtXG2 given by (x, y)cp=(x+y, y) and asin Theorem 5.1,

let z-cpacp-1. If N={(a,m) then Ao=\""-, ~y~] =Al-
Thus, a and T agree on two element subsets of ctx co. However, if 8= {(5, 8),
4, 2), (8, 4)}, then Ba=(6,5) and Bt= (15, 5).

Example 6.2. Let H—Q XQXZ and define the binary operation + on 4
as was done in Example 2.7. For (a, b, c)EA, define (a, b, c)*(0, 0, 0) if c>0,
orif ¢=0, GdsO and />&0. Then itiswell-known that H is a lattice-ordered group.
It is easily verified that {(a, —a, 0)|a£R} is the commutator subgroup of H (in fact
each element is a commutator), and K={(a,—a, x)] 6£8, and X£Z} is a sub-
group of H.

Craim 1 If cxERet K, then {(0, 0, 0), (1,-1, 0)}<x=(l/2, -1/2, 0).

Let (a, —a, x)={(0, 0, 0), (1, —1, O)}cr. Then by Theorem 24, (a, —a, X)£
£C((1, —1,0)) and so x must be even. Now (a—1, —(a—L), x)= {(0, 0, 0),
(1, -, 0)}o-f-(—1, 1, 0)= {(—1, 1,0), (O, 0, 0)}<r. On the other hand, (—a, a, x)=
=-(0,0, 1)+ {0,0,0), (1, -1, 0)}u+(0, 0, )= {(0,0,0), (-1, 1,0)}u. Therefore,

(-U,a,x)=(a-I, -(a-1),x) and so a=I1/2. For nEN, -N,oled.  If
(>-1>y)={(0, 0,0,  -~ojj<r, then by Corollary 25, zr(h-hy):
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=j(, 0,0), 2" 0jl«T—@, -a, x). Thus, x=2"y and since n was arbitrary,
x—0.
c1aim 2. K does not admit a lattice-order.

Suppose (by way of contradiction) that K admits a lattice-order and let a be the
[-retraction induced by the lattice-ordering. By Claim 1, (1/2, —1/2, 0) = {(0, 0, 0),
4, -1,0)}<r=(0,0,0)V(, -1,0)£(0,0,0). But then (-1/2, 1/2,0)=-(0.0, D)+
+(V2, —12,0)+ (0,0, 1)s (0, 0,0), which is impossible as no nonzero element and
its inverse can be positive.

craim 3. K is retractable.
Let A= {(a, - ax, x¥, ..., (am - am xn)}BF(K), where x1*...LLl xT. Define

V a-+ :& \7 /J,;+_E\
+@T= FP 2i:p i=p 2l—p

where xp_l<xp=...=xm. A straightforward calculation shows that Ret(K).
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KOMMUTATIONSGLEICHUNGEN IN SEMIFREIEN
GRUPPEN

Von
A. BAUDISCH (Berlin)

1. Einleitung

Eine semifreie Gruppe sei eine Gruppe, deren definierende Relationen Kom-
mutationsgleichungen zwischen den Erzeugenden sind.

Es wird gezeigt, daB zwei Elemente p und q einer semifreien Gruppe genau
dann kommutieren, wenn es Elemente w,mM; und ganze Zahlen a;, 3, (I
gibt, so daB die Erzeugenden, die in w, Vorkommen, mit allen Erzeugenden, die
in Gj fur yV/ Vorkommen, kommutieren, und

P—w Nuisw 1 und gq=w]Jui‘w 2
i= A i=1

gilt. Aus dem obigen Resultat folgt die Universalitat und somit die rekursive Unent-
scheidbarkeit der elementaren Theorie der semifreien Gruppen, wie in [1] gezeigt
wurde. Wenn K eine Klasse von Strukturen einer abzdhlbaren Signatur er ist,
so heit Universalitdt der elementaren Theorie der semifreien Gruppen im Sinne
von [1], daR durch elementare Definitionen der Zeichen aus a, des Gleichheits-
zeichens und des Grundbereichs in der Sprache der Gruppentheorie samtliche Ele-
mente aus K is semifreien Gruppen verschlisselt werden kénnen.

Weiterhin kann gezeigt werden, dal’ jede abelsche Untergruppe einer semifreien
Gruppe frei-abelsch ist. Es bleibt die Frage offen, ob es auller den semifreien
Gruppen noch weitere Gruppen gibt, deren sdmtliche abelsche Untergruppen frei-
abelsch sind.

An dieser Stelle mochte ich Herrn Dr. K. Hauschild fiir die Anregung zu dieser
Arbeit und Unterstiitzung bei ihrer Anfertigung danken.

2. Ausflhrliche Definition der semifreien Gruppen

21 sei ein irreflexiver symmetrischer Graph (A, R). Der Menge A sei durch
eine eineindeutige Abbildung (p(a)=a~1 eine zu A disjunkte Menge A~1={a~1:
a£A} zugeordnet. 2B(H) sei die Menge aller endlichen Folgen w~(cl,c2, ..., cn
mit CiZAUA71 (einschlieBlich der leeren Folge 9). Die Elemente von 2B(A)
werden Worte genannt. Uber 2B(/T) wird definiert:

p~qE ip kann durch endlich viele Anwendungen der folgenden Regeln in g
umgewandelt werden:

1 Einsetzen von aa~x oder a~xa fir acA an beliebiger Stelle.
2. Streichen von aa~x oder a~xa fir a(_A.
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3 Kommutieren von zwei benachbarten Elementen ab, a~xb, ab-1 oder

a~1b~1, falls ~]R(a, b) in 91 gilt.

Abkiirzend wird statt oft geschrieben, ist bezlglich der
Verkettung pog von Worten p, q eine Kongruenzrelation. In 2B(U1)/% kann
zwischen Aquivalenzklassen p und q eine Gruppenoperation pog=poq definiert
werden. ' (91) sei die Gruppe (AB(A)/b, 0). Eine Gruppe ist nun genau dann
semifrei, wenn sie zu einer Gruppe der Form I (91) isomorph ist.

Wenn 93791, so sei F(91)1B die von den Aquivalenzklassen der Elemente aus
B in I'(Ql) erzeugte Untergruppe.

Lemma 1. Wenn S g 91, so gilt '(»)"(91)1B.

Beweis. FUr p, qEW(B) istzu zeigen, dal p ~ g genau dann gilt, wenn
p~rqg qilt

p"&q impliziert nach Definition p'-4q.

Aus p~9q folgt p'~q, indem man bei der Umrechnung von p in q alle
Regeln fallen 14Rt, die Elemente aus (4U/4-D\(2?U.R_1) enthalten. Dabei bleibt
ndmlich die Folge der Elemente aus BUB-1 in jedem Schritt dieselbe wie in der
Umrechnung p*q. g.e.d.

Mit Hilfe von Lemma 1 ergibt sich leicht folgendes

Lemma 2. Wenn 9(= ig\JIiQI; eine Zerlegung des Graphen 91 in seine Zusam-
menhangskomponenten ist, so gilt F(91)= ® F(91;), wobei ® die direkte Summe
bezeichnet.

Beweis. Nach Lemma 1genigt es, F(91)= E)J/:*(QI)IA zu zeigen. Jedes (91)UT

ist Normalteiler in F(91), Weiterhin ergibt sich aus den Regeln 1. bis 3. fur ,, rs*
r(9|)unjﬂ-vli:(9I)":V . g-ed.

3. Die Kongruenzrelation ,,

Jedem Wort p aus 9B(A) ordnen wir eindeutig eine Potenzschreibweise p=
=dfaf.-.d® mit a”A, g ganze Zahl und 0g"O zu, indem maximale Teilworte
der Form aa...a zu a3 und maximale Teilworte der Form a~la~l1..a~1 zu a~*“
zusammengefallt werden, wenn a in aa..a bzw. a_l in a~la~1l.a~1 a-mal
vorkommt. Es kann definiert werden: Ein Wort p ist eine Minimaldarstellung von p,
wenn in der Potenzschreibweise p =cPpa\r..c2m n minimal ist. n wird als die
L&nge k(p) von p bezeichnet.

Die Elemente von A werden im weiteren Buchstaben genannt. Die a-Potenz
aa sei das Wort aa...a fur a>0, bzw. a~la~1..a~1 fir a<0, wobei a bzw.
a~1 |a-mal vorkommt. Alle Minimaldarstellungen lassen sich nur durch Anwendung
von Regel 3. in einander Gberfuhren, wie noch in Lemma 5 gezeigt wird. Deshalb ist
die Folge der a-Potenzen eines Buchstaben a in jeder Minimaldarstellung dieselbe.
Es ist sinnvoll von der Folge der a-Potenzen in p zu sprechen.

Die Potenzfolgen zweier Buchstaben, die nicht miteinander kommutieren,
sind nach Lemma 5 in eindeutiger Weise ineinander angeordnet.
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Man kann definieren: a ist ein Buchstabe von p genau dann, wenn a oder
a_1 in einer (und damit nach Lemma 5 in jeder) Minimaldarstellung von p vor-
kommt.

Weiterhin ist es sinnvoll zu sagen: &> ist in p die z-te a-Potenz. ax‘ steht
links (bzw. rechts) von bfi, falls a und b nicht kommutieren. Ein Buchstabe ist
erster Buchstabe von p zur Potenz a, wenn es eine Minimaldarstellung cfp'
von p mit ?.(p")</.(p) gibt. Analog wird der Begriff letzter Buchstabe von p zur
Potenz a definiert.

Zwei Elemente p,q aus I (21) sind zusammenhéngend, wenn der durch ihre
Buchstaben erzeugte Teilgraph von 21 zusammenhéngend ist. Ein Element p ist
zusammenhangend, wenn p und 9 zusammenhangend sind.

Es sollen jetzt einige Lemmata zur Relation angegeben werden:

Lemma 3. Es gelte p . Dann gibt es ein Umrechnungsverfahren, bei dem zuerst
nur die Regeln 1. und 3. und dann nur die Regeln 2. und 3. verwandt werden.

Beweis. ES sei ein Umrechnungsverfahren von p in g vorgegeben. Im /-ten
Schritt soll aa~x gestrichen werden, obwohl in einem spéteren Schritt noch Regel 1
angewandt wird. Dieser Zz-te Schritt sei die letzte Anwendung von Regel 2., nach
der noch eine Anwendung von Regel 1. kommt. Zwischen dem Z-ten Schritt und
der letzten Anwendung von Regel 1 erfolgt keine weitere Kiirzung. Zum Beweis des
Lemmas genligt es zu zeigen, dall man den Z-ten Schritt bis nach der Anwendung
von Regel 1. hinausschieben kann. Das durch Hinauszdgern des Zz-ten Schrittes
stehengebliebene Paar aa~x oder arxa wird gekennzeichnet. Bei Ausfuhrung der
Regel 1 stéren stehengebliebene Paare der Form tt~x (i£2B(A)) nicht.

Soll Regel 3. durchgefiihrt werden, und es liegt folgende Situation vor: ...btt~1c...,
¢ und b sollen kommutiert werden, und tt~x mifte eigentlich schon gestrichen
sein, so wird noch einmal Regel 1 eingeschoben: ..bcc~xt r xc..., und dann Regel 3.
mit dem Resultat ...cbc~1tt~1c... angewandt.

Die Kennzeichnung von tt~x wird auf c~1tt~1c ausgedehnt. Ist Regel 1.
dann das letzte Mal in dem Ausgangsverfahren durchgefiihrt, so werden alle gekenn-
zeichneten Paare tu 1 nach Regel 2. gekiirzt. Danach wird das alte Verfahren zum
Abschluf’ gebracht, g.e.d.

Lemma 4. ES gelte p~~g, und g sei eine Minimaldarstellung. Dann gibt es ein
Umrechnungsverfahren von p in g, das nur die Regeln 2. und 3. benutzt.

Beweis. Es genugt fur alle Verfahren zwischen p und q zu zeigen, dafl man
die letzte Anwendung von Regel 1L umgehen kann. Das Paar aa~x werde 0.B.d.A.
in dieser letzten Anwendung von Regel 1. eingeschoben. Die beiden eingesetzten
Elemente werden durch Unterstreichen gekennzeichnet. Da im weiteren Verlauf der
Umrechnung nur noch gekirzt und kommutiert wird, kbnnen a und q~x nach
jedem Schritt durch Kommutieren wieder nebeneinander gebracht werden, falls
noch keiner von beiden Buchstaben gekiirzt wurde. Um zu einer Minimaldarstellung
zu gelangen, mufll mindestens einer von beiden weggekirzt werden, da man sie sonst
nach Abschlul der Rechnung zusammenfiihren und kirzen konnte. Wird pna~x
gekurzt, so braucht man aa~x gar nicht erst einzufiihren.

Wird 0.B.d.A. a~xa im Z-ten Schritt gekiirzt, so braucht ga~x auch nicht
eingefiihrt zu werden, und man mufl nur a~x nach dem (z—l)-ten Schritt durch
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Kommutieren auf den Platz bringen, den sonst a_1 einnehmen wirde. Dies ist,
wie oben schon bemerkt, mdglich, g.e.d.
Aus Lemma 4 ergibt sich sofort:

Lemma 5.5.1. Wenn p~~q gilt, und p und g Minimaldarstellungen sind, so kann
p in g allein durch Anwendung von Regel 3. uberfiihrt werden.

5.2. Die Folge der Potenzen eines Buchstaben a ist in allen Minimaldarstellungen
eines Elements p diesselbe. Das Gleiche giltfur die Folge der Potenzen zweier Buchsta-
ben, die nicht miteinander kommutieren.

Lemma 6.6.1. Falls kein Buchstabe zugleich erster Buchstabe von g und letzter
Buchstabe von p ist, so erhdlt manfir jeden Buchstaben a die Folge der a-Potenzen in
pq durch Hintereinanderschreiben der entsprechenden Folgen von p und g

6.2. Falls a erster Buchstabe von g aber nicht letzter Buchstabe von p oder
letzter Buchstabe von p aber nicht erster Buchstabe von q ist, so erhalt man die
Folge der a-Potenzen in pq durch Hintereinandersehreiben der entsprechenden
Folgen aus p und q.

6.3. Wenn (a*l, a*2, ..., a*n) die Folge der a-Potenzen von p und (afl, afs, ...
...,al) die Folge der a-Potenzen von q ist, wobei an+R17+0, so hat die Folge
der a-Potenzen von pqg das Aussehen (aai, aa%..., cPn all, cd'l, .... afnl) oder
(@*1a“2 ..., a*n+il, agi, ..., akm.

Beweis. 6.1 ergibt sich sofort aus Lemma 4. Um Lemma 6.2 zu beweisen,
wird o0.B.d.A. angenommen, dall a erster Buchstabe von q zur Potenz R ist.
Dann existiert ein Buchstabe b in p, derinjeder Minimaldarstellung von p rechts
von allen a-Potenzen vorkommt und nicht mit a kommutiert. p und g seien
Minimaldarstellungen von p bzw. g. Nach Lemma 4 wirdjede Minimaldarstellung
von pq durch Kirzen und Kommutieren aus pq erhalten. Wie man sieht, kénnen
aber nur Buchstaben gekilrzt werden, die mit a kommutieren, also nicht der Buch-
stabe b. Hieraus ergibt sich die Behauptung von 6.2.

6.3 beweist man induktiv iber X(p)+X(q). Fur den Induktionsanfang A(p)4-
+X(g)*1 ist die Behauptung klar. Nun sei fur A(p')+A(q")—n alles bewiesen.
Essei X(p)+ X(q)=n+1

Falls kein Buchstabe existiert, der zugleich letzter Buchstabe von p und erster
Buchstabe von q ist, so folgt die Behauptung aus 6.1.

Ansonsten existieren ein Buchstabe c¢ und ganze Zahlen a, B, so dall p=p'ce
und g=cBg" mit A(p")-=A(p) und 1(q")-<j(q) gilt.

Im Fall ex=—0 folgt pg=p'q’, und die Behauptung ergibt sich aus der Induk-
tionsvoraussetzung.

Im Fall Q7 —3 werden p'cxH3 und q' betrachtet. Es gilt pg=p'c°c+3q’
mit X(p'oxd)wk(p) und X(g)<X(q). Aus der Induktionsvoraussetzung erhélt
man die Behauptung fir alle Buchstaben ungleich c¢. Fir c ergibt sich die Behaup-
tung aus 6.2. g.e.d.

Ein Element p einer semifreien Gruppe heile zyklisch reduziert, wenn es
keine Minimaldarstellung der Form a*p'al besitzt, wobei a und R ungleich Null
sind und verschiedene Vorzeichen haben, und X(p")+I-<X(p) gilt. Ein Wort p,
das durch Anwendung von Regel 3. in eine Minimaldarstellung von p umgewandelt
werden kann, heil3e eine Quasiminimaldarstellung von p.
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Lemma 7. FUr jedes p existieren eindeutig bestimmte Elemente w und p' mit
p=wp'w~1, so daB gilt:

i) Wenn w und p' Minimaldarstellungen von w bzw. p' sind, so ist wp'w-I
eine Quasiminimaldarstellung.

i) p' ist zyklisch reduziert.

Beweis. Falls p zyklisch reduziert ist, so ist nur zu zeigen, daR keine Elemente
w 9 und p' existieren, so daf i) und ii) erfillt sind. Solche Elemente kann es
nicht geben, da man sonst aus i) sofort einen Widerspruch dazu erhielte, dall p
zyklisch reduziert ist.

Der Beweis wird nun induktiv uber /.(p) gefiihrt. Fir X(p) =2 ist p zyklisch
reduziert, und somit die Behauptung schon bewiesen.

Fur X(g)<n sei alles gezeigt. Es sei ).(p)=n. Die Behauptung ist nur noch fir
den Fall zu zeigen, dal p nicht zyklisch reduziert ist. Deshalb wird angenommen,
dal p eine Minimaldarstellung der Form axp'al besitzt, wobei a und B ungleich
Null sind und verschiedene Vorzeichen haben, a sei nicht erster oder letzter Buch-
stabe von p', und o0.B.d.A. [a|*|j8|. Es gilt X(p'&xH)<?,(p). Es seien v und f
mit p'ax+f—vrv~1 die nach Induktionsvoraussetzung eindeutig existierenden
Elemente, die i) und ii) erfullen. &av und r erfillen dann i) und ii). Hierzu ist nur zu
zeigen, dall \wrw~1 eine Quasiminimaldarstellung von p ist, wenn w eine Minimal-
darstellung von &xv und r eine Minimaldarstellung von r ist. Nach Lemma 4 ist
a nicht erster Buchstabe von p'ax+B. Da vrv~1 eine Quasiminimaldarstellung
von p'axH ist, wenn v eine Minimaldarstellung von v ist, folgt hieraus, daB a
auch nicht erster Buchstabe von v ist. Nach Lemma 4 ist axv dann eine Minimaldar-
stellung von &xv. Nach Lemma 5 gelangt man nur durch Kommutieren von a*v
zu w. Wadre nun wrw-1 keine Quasiminimaldarstellung von p, so auch axvr(axv)~i
nicht. Da vrv_1 eine Quasiminimaldarstellung ist, mifite man nach Lemma 4
nach einigen Kommutationsschritten a in axvr{axv)*1l kirzen kdnnen. Wegen
Lemma 6 ist dies nicht moglich, da a nicht erster Buchstabe von vrv-1 und nicht
letzter Buchstabe von vrv_1 oder letzter Buchstabe von vrv-1 zur Potenz d+ 3
ist, wobei a+[ das gleiche Vorzeichen wie —a hat.

Um den Beweis des Lemmas abzuschlieBRen, bleibt zu zeigen, dafl’ fir alle Elemente
w,p' mit p=wp'w~1, die i) und ii) erfullen, w=&xv und p'=r gilt.

w und p' seien Minimaldarstellungen von w bzw. p'. Dann sind wp'w~I
und axvr(axv)~1 Quasiminimaldarstellungen von p, d.h. sie lassen sich nach
Lemma 5 durch Kommutieren ineinander Gberfihren. Hieraus ergibt sich, daR a
erster Buchstabe von w zur Potenz a ist.

Ware dies nicht der Fall, so mifte in w ein Buchstabe b existieren, der nicht
mit a kommutiert. Sonst wére p' nicht zyklisch reduziert. Aus der Existenz
von b in w wirde dann ein Widerspruch dazu folgen, dafl a erster Buchstabe von
p zur Potenz a ist. Wenn w=axw' mit A(w')<A(w), so folgt nach Induktions-
voraussetzung w'=v und p'=r. g.e.d.

Mit Hilfe von Lemma 7 kann man zeigen:

Lemma 8. Wenn e eine ganze Zahl ungleich Null ist, so gilt:
i) pe ist genau dann zyklisch reduziert, wenn p zyklisch reduziert ist.
ii) p; enthdlt dieselben Buchstaben wie p.
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iii) a ist genau dann erster (letzter) Buchstable von p zur Potenz o wenn
a erster (letzter) Buchstabe von pE zur Potenz ¢ fir £>0 ist, bzw. wenn a letzter
(erster) Buchstabe von pe zur Potenz —afiir e<0 ist.

Beweis. Es sei p—wrw_1 die nach Lemma 7 eindeutig existierende Darstellung
von p, so dal} die Bedingungen i) und ii) von Lemma 7 erfillt sind. Es geniigt zu
zeigen, dal p6=wPw-1 die entsprechende Darstellung von pc ist. Dies folgt mit
Hilfe von Lemmal6.3 und Lemma 4. g.e.d.

Lemma 9. ES sei e eine ganze Zahl ungleich Null. Weiterhin gelte pge=q!p.
Wenn a dann erster oder letzter Buchstabe von p (q) ist und nicht in q (p) vor-
kommt, so kommutiert a mit allen Buchstaben von g (p).

Beweis. Wegen Lemma 8 kann man 0.B.d.A. s=1 annehmen. Weiter sei a
0.B.d.A. erster Buchstabe von p. Nach Lemma 6.2 ist die Folge der wu-Potenzen
von gp=pq die Folge der o-Potenzen von p. a muB dann erster Buchstabe von
pg=qgp sein, wie aus Lemma 4 folgt. Nach Lemma 4 kommt man durch Kiirzen
und Kommutieren zu einer Minimaldarstellung von gp, bei der a erster Buchstabe
ist. Alle Buchstaben, die dabei gekurzt werden, sind ungleich a und kommutieren
mit a. Folglich mussen alle Buchstaben von g mit a kommutieren. g.e.d.

4. Das Haupttheorem

Theorem 1 p und g seien Elemente einer semifreien Gruppe T(/1). p oder g
sei zyklisch reduziert. Wenn p und g zusammenh&ngend sind, so gilt pge=q@ in
'(21) genau dann, wenn in " 011) ein # undganze Zahlen a, B mit p—i“und q=i%
existieren.

Beweis. Es wird die nichttriviale Richtung gezeigt. Der Beweis wird induktiv
Uber k(p)+2.(q) gefuhrt. Fir /.(p)+/.(q)"2 ist die Behauptung klar. Nun sei fur
den Fall k(p')+k(q")"n alles bewiesen, p und q seien Elemente von '(Ul) mit
A(p)+A@=n+1>2. p und q seien Minimaldarstellungen von p bzw. g. Die
trivialen Félle p—q,q=<j und e=0 seien ausgeschlossen. Zuerst wird gezeigt:

(1) Wenn a erster oder letzter Buchstabe von p () ist, so kommtain q (p) vor.

Zum Beweis von (1) kann man wegen Lemma 8 e=1 annehmen. O.B.d.A.
sei a erster Buchstabe von p zur Potenz a. Es wird angenommen, dall a nicht
in g vorkommt. Nach Lemma 9 kommutiert a mit allen Buchstaben von g. Wenn
p=a*p’ mit A(p")<A(p), so folgt p'g=qp".

n

Zuerst wird angenommen, dall g oder p' zyklisch reduziert ist. q= [J qt

i=1

n
und p'= iI'I_I seien Darstellungen von g und p', so daB qt und rt zusammen-

h&ngend sind, und alle Buchstaben von qt und f; mit allen Buchstaben von gs
und fj fur yVi kommutieren. Man erhdlt diese Darstellungen, indem man den
von den Buchstaben von g und p' erzeugten Teilgraphen von 91 in seine Zusam-
menh&ngskomponenten zerlegt. Falls g zyklisch reduziert war, so sind nach Lemma
+ die si zyklisch reduziert, und falls p' zyklisch reduziert war, so sind die rt zyk-

Acta Mathematica Accdemiae Scientiarum Hungaricae 29, 1977



KOMMUTATIONSGLEICHUNGEN IN SEMIFREIEN GRUPPEN 241

lisch reduziert. Nach Lemma 1 und 2 gilt qiri=rigi. Da X(qi)+X(r)*.X(q) +
+ X(p")<X(cj) + X(p), folgt nach Induktionsvoraussetzung die Existenz von Elementen
iz, und ganzen Zahlen o Rt (IS|Sn) so daR r-—V|'>r und g— U Hieraus

ergibt sich ein Widerspruch, da p=4ax JJI W lund g= _IVIJ dann nicht zusammen-

h&ngend sein kénnen. Wenn weder p' noch q zyklisch reduziert ist, dann ist nach
Voraussetzung p zyklisch reduziert. Wenn aFpla{d eine Minimaldarstellung
von p' mit /.(pD<I(p/) ist, so kommutiert a nicht mit al. Damit ist ar nicht
aus ¢ Nach Lemma 9 folgt dann aus p'g=qp’', dal al mit allen Buchstaben von
g kommutiert, und damit plg=qpl gilt. Induktiv Gber j kann die Existenz von
Elementen pj, Buchstaben cij und ganzen Zahlen aj (1”j=m) gezeigt werden,
so daR gilt:

0 HPj-1 > HPj)-
) Pj-1 = cljJpPjclj J.

iii) 0j kommutiert mitallen Buchstaben von g und kommt selbst nichtin q vor.

iv) p,, ist zyklisch reduziert, wahrend die pj mit j-<m nicht zyklisch redu-
ziert sind.

Fir /<L seien pj, cij a konstruiert, und pk*1 sei nicht zyklisch reduziert.
Aus den Bedingungen ii) und iii) folgt qpk- =pk-19. alkpkapak mit c.(pk)-*A(pk_i)
sei eine Minimaldarstellung von pk-k. Da p zyklisch reduziert ist, kann ak nicht
mit allen oj fir j<k und a kommutieren. Damit ist ak nach iii) kein Buchstabe
aus ¢. Nach Lemma 9 kommutiert ak mit allen Buchstaben aus q. i), ii) und iii)
sind somit fur j=k erfullt. Falls pk zyklisch reduziert ist, sei m=Kk.

Aus ii) und iii) ergibt sich gpm=pmqg. Wegen X(@)+/ (pm</,(g)+ A(p) kann
man dann analog wie oben mit q und p' unter Ausnutzung der Induktions-
voraussetzung einen Widerspruch dazu konstruieren, dak p und g zusammenhén-
gend sind.

Mit Hilfe von (1) ergibt sich:

2 Wenn a erster (letzter) Buchstabe von p zur Potenz a ist, so ist a erster
(letzter) Buchstabe von g oder q_1 zur Potenz a. Wenn a erster (letzter) Buchstabe
von g zur Potenz a ist, so ist a erster (letzter) Buchstabe von p oder p_1 zur
Potenz a.

Zum Beweis von (2) kann wegen Lemma 8 0.B.d.A. e= 1 angenommen werden.
Weiterhin sei a 0.B.d.A. erster Buchstabe von p zur Potenz a.

Falls a erster Buchstabe von g-1 zur Potenz a ist, so ist nichts zu zeigen.
Gilt dies nicht, so erhélt man die Folge der a-Potenzen von qgp=pq entsprechend
Lemma 6.3. (cPL a“2 ..., u*") sei die Folge der a-Potenzen von p. Es gilt n”i
und oj—a.

(all, a2 ..., alm) sei die Folge der a-Potenzen von . Wegen (1) gilt T é K

1 Fall. Ist (al\ r/2 ..., alm aAa 12 ..., cfn die Folge der a-Potenzen von
gp, so folgt nach Lemma 4, daR (cfl, a72 ..., cfn aBl, ali, ...,alm) die Folge der
a-Potenzen von pq=qp ist. Es ergibt sich  =Rk. Wirde es in g links von afil

noch einen Buschstaben b geben, der nicht mit a kommutiert, so wirde sich bei
Betrachtung der Folge der a- und é-Potenzen von pg=qp unter Berlicksichtigung
von Lemma 4 und 5 ein Widerspruch ergeben.
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2. Fall. Nach Lemma 6.3 kann noch der Fall eintreten, dal (aBl, al- ..., alm+xi,
cf2 ¢ f n die Folge der a-Potenzen von qp ist. Die Folge von pg=gp mul
nach Lemma 4 die Gestalt (aX, cf2 ..., aXnHil, al2 ..., a) haben.

Wennnun n=1 oder m =1 gilt, sofolgt, da sich m ~l aus (1) ergab, n=m —1

Fir n*2 und m=s2 beweist man (2) wie im 1 Fall.

Es wird gezeigt, daB der Fall n=m=1 nicht eintritt. Nach Lemma 4 kann qp
durch Kiirzen und Kommutieren in eine Minimaldarstellung von gp umgerechnet
werden. Da a erster Buchstabe von p ist, kiirzen sich hierbei nur Buchstaben, die
mit a kommutieren. Um die angegebene Folge der a-Potenzen (axi+Rl) zu erhalten,
muR a folglich letzter Buchstabe von q zur Potenz R1 sein.

Nach Lemma 4 ergibt sich nun, daf a*1+8l sowohl erster als auch letzter
Buchstabe von pg=qp ist. Da sich bei der Berechnung einer Minimaldarstellung
von pg=qgp nur Buchstaben kiirzen kénnen, die mit a kommutieren, mufl a mit
allen Buchstaben von p und q kommutieren. Dies ergibt einen Widerspruch dazu,
dall p und g zusammenhdngend sind, und I(p) +/.(q)>2 gilt.

axp'al mit A(p')+i</,(p) sei eine Minimaldarstellung von p. Nach (2) ist a
dann erster Buchstabe von g oder g~x zur Potenz a. O.B.d.A. kann man annehmen
dal a*g" mit A(Q')<2(gq) eine Minimaldarstellung von q ist, da gep=pqgs zu
q~ep=pg~e aquivalent ist. Aus

(@paR)(axq’y = (axq'y (pxp'al)

(p'ax+R)(q'ax = (q'aly (p'axH).
Nach Lemma 4 gilt 2(p'axt})<2(p) und ?.(q'ax)"/.(q). Falls p zyklisch reduziert
ist, haben a und R gleiches Vorzeichen. Es gilt a7H¥f Q. p'ay+l und q'ax sind
dann zusammenhédngend. Aus a-f/M O folgt weiterhin, dall p'paH? zyklisch redu-
ziert ist. Falls q zyklisch reduziert ist, so ist a nicht letzter Buchstabe von q und
q' zur Potenz —a, und somit letzter Buchstabe von g'a’. Damit ist dann q'a7
zyklisch reduziert, und p'a7#3 und qg'é“ sind zusammenhéngend.

Aus der Induktionsvoraussetzung folgt die Existenz eines 0 und ganzer Zahlen
y, 5, so daR

ergibt sich dann

p'u*+R :pv und Q'édx= U6
gilt. Dies impliziert
p~(axiad~xy und q = (&xté~xs,
was zu beweisen war.

Analog kommt man zur Behauptung des Theorems, wenn ¢ eine Minimaldar-
stellung der Gestalt axg'all mit /.(q"')+1 hat. Folglich kann fiir den weiteren
Beweis vorausgesetzt werden, dall weder p noch q eine Minimaldarstellung der
Form <fraB mit A(r)+I<I(p) bzw. /() + 1</.(q) besitzt. Unter dieser Vor-
aussetzung kommutiert ein Buchstabe, der erster und letzter Buchstabe von p oder
g ist, mit allen Buchstaben von p bzw. q.

O.B.d.A. sei p=4axp' mit A(/>")-<A(p), und a kommutiert mit allen Buchstaben
von p".
lelach (2) ist a O.B.d.A. erster Buchstabe von q zur Potenz a. Da p und g
zusammenhéngend sind, und /(p) +/(<?)>2 gilt, kommutiert, a nicht mit allen
Buchstaben von q.

Nach obiger Voraussetzung ist a dann nicht letzter Buchstabe von ¢. Wenn
(ax, afil, ..., af) die Folge der a-Potenzen von cf ist, so ist nach Lemma 6.3
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(G2 aBl, ..., a) die Folge der a-Potenzen von pgf und nach Lemma 6.2
, aln, @*) die Folge der a-Potenzen von qrmp. Dies widerspricht Lemma 5.
Folglich kann die obige Voraussetzung zu folgendem verscharft werden:

(3) Ein Buchstabe ist nicht zugleich erster und letzter Buchstabe von p oder g.

Dann sind p und g und nach Lemma 8 auch q£ zyklisch reduziert. Da q
als Minimaldarstellung von q vorausgesetzt war, gilt:

(4) gE ist Minimaldarstellung von g£.

Es sei a erster Buchstabe von p zur Potenz @ Nach (2) ist a dann erster Buch-
stabe von q oder q_1. Da pgf=qe zu pg~e=q~# &quivalent ist, kann fir
den weiteren Beweis angenommen werden, daR a erster Buchstabe von q zur Potenz
a ist, und £>0 gilt. Nach (3) ist a weder letzter Buchstabe von p noch von g.

{q:1"/s/} sei eine Numerierung der Buchstaben von p und g, so daB fur
jedes i> 1 ein y<i mit qCj*c,q existiert, und cr—a gilt. Diese existiert, da p
und g zusammenhéngend sind. Induktiv tber wird gezeigt:

(5) Die Folge der g-Potenzen in pgf=qc ergibt sich durch Hintereinander-
schreiben der entsprechenden c,-Potenzen von p und gk Jedes g kommt in p
und g vor.

Fir q —a folgt (5) aus Lemma 6.2. Nun sei (5) fir 1=/</ bewiesen. (5) ist
far g zu zeigen. Falls in p oder q links oder rechts von allen g-Potenzen ein
Buchstabe og mit y'<i vorkommt, der nicht mit c¢; kommutiert, so ergibt sich die
Behauptung schon aus der Induktionsvoraussetzung, (4) und Lemma 4.

Dies sei nun nicht der Fall, ¢ komme in p vor. Dann existiert in p eine
Folge (bfh bfit-j1, ..., bf)), so daR bl=ci, bflsteht links von allen c:-Potenzen
mit j-ci und CjCi*CiCj, bkbk+174bk+1bk, bfct+ steht links von allen b$k und bh
ist erster Buchstabe von p. Nach Induktionsvoraussetzung und Lemma 4 steht
tfl dann auch in pge=qw, in g€ und nach (4) in g links von allen ¢} mit
und CiCj*CjCi- Induktiv kann man in pge=qBp und nach (4) damit in q die
Existenz der Folge (bR", b ~ 1 ..., b{X links von allen G mit j-ci und cyc;"c;c"
nachweisen. Weiterhin ergibt sich, da bh erster Buchstabe von pgc=qgep und q
ist. Nach (3) ist bh nicht letzter Buchstabe von p oder g, und somit folgt (5) fur
bh nach Lemma 6.2.

Wie im ersten Fall kann man nun zeigen, dafl (5) fur bk gilt, wenn (5) fir
bk+1 gilt (1 Damit ergibt sich (5) fiir c;. Falls g in g vorkommt, geht
man analog unter Ausnutzung von (4) vor.

Da p und g Minimaldarstellungen von p bzw. q sind, folgt aus Lemma 4,
(4) und (5), daR man jede Minimaldarstellung von pgc und qo durch Hinterein-
anderschreiben von p und g und Kommutieren erhdlt. Insbesondere gilt:

(6) pgc und g sind Minimaldarstellungen von pqc=qfp. Aus (6) folgt
die Behauptung von Theorem 1 sehr einfach:

1 Fall. Fir jeden letzten Buchstaben a von p oder g sind die Folgen der
a-Potenzen in p und g gleich lang. Nach (2), (3) und (5) ist ein Buchstabe genau
dann letzter Buchstabe von p, wenn er letzter Buchstabe von q ist. Da die Potenzen
eines Buchstaben in p und in q links von einem letzten Buchstaben liegen, ergibt
sich aus (6), daB p~q gilt. Damit ist das Theorem in diesem Falle bewiesen.
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2. Fall. Es existiert ein letzter Buchstabe a von p, so dad B ie Folgeder a-Potenzen
in p lénger ist als die Folge der a-Potenzen in g. Dies werde durch /a(p)>/.a(q)
abgekiirzt.

{cplSinf} sei wieder eine Aufzdhlung der Buchstaben aus p und g, so
dalk furjedes />1 einj mitj<i und GQ"crG existiert, und cl=a gilt. Da p und
q zusammenhéngend sind, ist es mdglich, eine solche Aufzdhlung zu erhalten.
Induktiv uber i wird

(7 A.(p)> KM)

gezeigt. Es wird angenommen, dall (7) fir jsi nachgewiesen ist. Fir i=1 ist (7)
vorausgesetzt, Cj mit j~i sei ein Buchstabe, so dal GQ+1?"ci+1c- gilt.

Liegen in q alle ci+l-Potenzen links von der /c-ten Cy-Potenz, so folgt aus
der Induktionsvoraussetzung und (6), daR in p links von der Acten Cy-Potenz
dieselbe Folge von ci+l-Potenzen liegt. Da XCj(p)>/.G(q), muB in p aber auch
rechts von dieser /c-ten Cy-Potenz noch eine ci+1-Potenz Vorkommen. Dies folgt,
wenn man die Enden der Minimaldarstellungenpqf*q# vergleicht. Nun sei in
g die k-te Cy-Potenz die letzte Cy-Potenz, und ci+x komme noch rechts von dieser
vor. Aus (6) ergibt sich, daR in p links von der nach Induktionsvoraussetzung
existierenden (/c+1)-ten Cy-Potenz sdmtliche ci+1-Potenzen stehen, die auch in
q Vorkommen. Beachtet man wiederum die Enden von qg”pgqE so sieht man
wegen (6), dal in p rechts von der (k+ I)-ten Cy-Potenz weitere ci+l-Potenzen
Vorkommen. Hiermit ist (7) fur ci+1 bewiesen. Aus (7) und (6) ergibt sich die Exis-
tenz eines Wortes w, so daB qw eine Minimaldarstellung von p ist, und 2(vv)<
<2(p) gilt. Aus pgs=q’p folgt dann qwgf=qogw und somit wge=qfw mit
X(w)+X(q)<?.(p)+/ (q). Nach Induktionsvoraussetzung existieren ein Wort
und ganze Zahlen vy, 6, so dal w=0y und g—is und damit p=uy+s, womit der
Beweis in diesem Fall abgeschlossen ist.

3. Fall. Es existiert ein letzter Buchstabe a von g, so dal die Folge der
a- Potenzen in g lé&nger als die in p ist. Analog wie im 2. Fall kann

(8) Xo(q)>Xb(p) fiir alle Buchstaben b aus p und g

gezeigt werden. Aus (8) und (6) folgt die Existenz eines Wortes w, so dal pw
eine Minimaldarstellung von q ist, und 7(W)</.(q) gilt. Aus pg€=qep folgt
dann p(pwy = (pwyp, (pwy=(wpy und hieraus mit Hilfe von Lemma 6 und 7
pw—wp. Sind ndmlich pw=vrv~1 und wp=tst~1 die nach Lemma 7 eindeutig
existierenden Darstellungen von pw und wp, die den Bedingungen 7 i) und 7 ii)
genugen, so sind vrB/~x und tse~x die entsprechenden eindeutig bestimmten
Darstellungen von (pw)E bzw. (wpy. Aus (pwy=(wpy ergibt sich t=v und
P=sf£ und nach Lemma 6.3 r=s, da r und s zyklisch reduziert sind. Analog
wie im 2. Fall folgt die Behauptung aus der Induktionsvoraussetzung, g.e.d.5

5. SchluR¥folgerungen
Theorem 2. pq=qp gilt in einer semifreien Gruppe genau dann, wenn es Elemente
w undii sowie ganze Zahlen Bt far 1si”n gibt, so daB gilt:

1) Fur i”~j kommutiert jeder Buchstabe aus nt mit jedem Buchstaben aus (y.
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2) Jedes ut ist zusammenhé&ngend.
3 p=w _[JI ii-w-1 und q= wtflf Gi‘w~l.
1= =

Beweis. p=wp'w~1 sei die in Lemma 7 angegebene eindeutig existierende
Darstellung von p. p" ist dann zyklisch reduziert. Aus (wp'w~Dg=q(wp' w—l) ergibt

sich p'(w~1gw)=(w~1gw)p'. Weiterhin sei p'= [JPt und w_Ifiv= ff qt, wobei

Pi und qt zusammenhéangend sind, und die Buchstaben von p; und’ qt mit allen
Buchstaben von pj und qj fir j»i kommutieren. Da p' zyklisch reduziert ist,
sind auch die p; zyklisch reduziert. Aus Lemma 2 folgt = Nach Theorem
1 gibt es Elemente it und ganze Zahlen Bn so dal pt=0* und cu—if gilt.
Hieraus erhédlt man die Behauptung von Theorem 2. g.e.d.

Korottar 1 FUr jedes zusammenhdngende zyklisch reduzierte p existieren
eindeutig bestimmt ein ## und eine ganze Zahl a0, so dal p=u* gilt, und esfir
jedes v undjedes B mit vB=p ein y mit dy=v gibt.

Beweis. Es sei v6=we=p. Da p zusammenhangend und zyklisch reduziert
ist, sind v und w zyklisch reduziert und zusammenhdngend. Es ergibt sich wvd=
=ws+1=vsw. Dann folgt aus Theorem 1 die Existenz eines Wortes r und ganzer
Zahlen rj, p, sodaR w=rnund v=rR gilt. Da ein Element einer semifreien Gruppe
nur endlich viele Wurzeln besitzt, wie man mit Hilfe von Lemma 7 leicht zeigt, kann
man durch Anwendung der obigen Uberlegung in endlich vielen Schritten ein
finden, das Wurzel aller Wurzeln von p ist.

Die Eindeutigkeit von U und a~O ergibt sich aus Lemma 6. g.e.d.

Korottar 2. Aus p>gR=qlp’ifolgt pg=qp, wenn a und B ungleich Null sind.

Beweis. ES wird angenommen, dafl p zyklisch reduziert ist. Ist dies nicht der
Fall, so betrachtet man entsprechende automorphe Bilder von p und g. Lemma 2
rechtfertigt es weiterhin anzunehmen, dal p und g zusammenhéngend sind. Nach
Theorem 1 existiert dann ein Wort v und ganze Zahlen y,6, so dal pr=v6 und
q=v6. Auf vp7~p*i wird nun noch einmal Theorem 1 angewandt. Es folgt die

Existenz eines 1 und ganzer Zahlen rj,p, so dal p=0" und v=nR. Hieraus
ergibt sich die Behauptung, g.e.d.

Eine Darstellung p:W_[JIiifov“l ist eine Standarddarstellung von p, wenn
1=

gilt:
i) Wenn w eine Minimaldarstellung von w und wui eine Minimaldarstellung

von w (I™i%n) ist, so ist ij uf‘w’l eine Quasiminimaldarstellung von p.

ii) Fur jedes [/ (Is/"n) |st tt zyklisch reduziert und zusammenhéangend.
Jeder Buchstabe von (it kommutiert mit allen Buchstaben von ¢ fir j*i.

iii) a0, und fur jedes v und jede ganze Zahl a mit ig=vx gilt Ut=v oder
tj—v 1 und @—1 bzw. ot=—I1

Lemma 10. Jedes p besitzt eine eindeutig bestimmte Standarddarstellung.
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Beweis. p=wp'w 1 sei die in Lemma 7 angegebene eindeutig bestimmte Dar-
Stellung von p. Dann existiert eine eindeutig bestimmte Zerlegung p'= _Jf]_ Vi,
i=i

wobei jedes vt zyklisch reduziert und zusammenhéngend ist, und jeder Buchstabe
von M mit jedem Buchstaben von Vj fur j»i kommutiert. Wenn man dann u;
und af mit Vi=i?< gemé&B Korollar 1 wéhlt, folgt die Behauptung, g.e.d.

Aus Theorem 1 ergibt sich:

n
Korollar 3. Wenn p= WJJupw”l die Standarddarstellung von p ist, und

g mit p kommutiert, so eX|st|eren ganze Zahlen Rt und ein z, dessen Buchstaben
mit den Buchstaben der 0; (lsis«) kommutieren und in keinem 1w Vorkommen,

dal q=w IJ Sf'zw''1 gilt.

n m
Zwei Standarddarstellungen p=w JJupw-1 und qg=v ]Jrfiv~1 sind ver-
i=1 i=1
tréglich, wenn gilt:

i) Es existieren t, und wls so dafl iv=iwj und v=ivx gilt, alle Buchstaben
von wx mit allen Buchstaben der fj (1 “~m) und vt kommutieren, und alle
Buchstaben von vx mit allen Buchstaben der m; (Isi”n) und iw kommutieren.

ii) Fir jedes i (1~rémn) kommutieren die Buchstaben von mit allen Buch-
staben der fj (17j"m) und sind von diesen verschieden, oder es gibt ein j mit
["jAm, sodaB w—fj oder ti=rj~1 gilt.

Korollar 4. Zwei Elemente p und g kommutieren genau dann, wenn ihre
Standarddarstellungen vertraglich sind.

Beweis. DaB zwei Elemente mit vertrdglichen Standarddarstellungen kommu-
tieren, ist klar.
Nun seien zwei kommutierende Elemente p, g mit den Standarddarstellungen

p—w J] uf'wrl und qg= v ][ rfiv~1 gegeben. Nach Korollar 3 existieren ganze
=1
Zahlen yt 1”i*m) und eln z, dessen Buchstaben mit den Buchstaben der ri

(Isi'Sffl) kommutieren und von diesen verschieden sind, so daR
m
p=VIl rpzv-1
i=1

gilt. z-waJ spwrl sei die Standarddarstellung von z. Es ergibt sich p=

=W mp ITLS‘ (rwj) 1. Es sei tij eine Minimaldarstellung von v, so dal alle

Buchstaben vonu mit allen Buchstaben von Wj, fj* (1”imm) und st (1"i"k)
kommutieren, und es zu jedem letzten Buchstaben von i einen Buchstaben von
wl;, einem fp (1Si*m) odereinem st (I*i*k) gibt, der nicht mit ihm kom-
mutiert. Um die Vertrdglichkeit der Standarddarstellungen von p und q zu
beweisen, genugt es jetzt zu zeigen:
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(1) p=(iwl) f] Ty JJ sp(lw)~1 ist die Standarddarstellung von p, wobei
yi=0, und rj— und y| 7, oder r[=1¢1 und y-= —yt gilt.

Wenn W eine Minimaldarstellung von w1l ist, so ist t\\ eine Minimaldar-
stellung von . Dies ergibt sich sofort aus Lemma 4, da ein letzter Buchstabe von
tnicht aus W sein kann. Wére ein letzter Buchstabe von | aus w5 so wiirde er mit

jedem Buchstaben von f; (1" i~ w) und von v\ kommutieren, und tvl JF rp(tvi)_1
-1

ware keine Standarddarstellung von qg. Die Gultigkeit von (1) ergib:t sich dann
sofort aus:

m f K
(2) twl JJria JJ sfLnj)-1 ist eine Quasiminimaldarstellung von p, wenn
ri und st Minimalaarstellungen von f- bzw. s; sind.

m f «

Da J:]I r[6h_/:7I sf* nach Konstruktion eine Quasiminimaldarstellung ist, genlgt
es zu zeigen:

(3) E|n letzter Buchstabe von kommutiert nicht mit allen Buchstaben von
I'I r’? I‘I D -

(4) Wenn a letzter Buchstabe von L1 zur Potenz a und erster Buchstabe von
fiv' oder sp zur Potenz R ist, so haben a und R gleiches Vorzeichen. Wenn a

letzter Buchstabe von zur Potenz a und letzter Buchstabe von r-y* oder sp
zur Potenz vy ist, so haben a und y verschiedene Vorzeichen.

Um (3) und (4) nachzuweisen, wird angenommen, daR a letzter Buchstabe von
twt ist. Da twl eine Minimaldarstellung von ist, ist a dann entweder letzter
Buchstabe von wls oder a kommutiert mit allen Buchstaben aus und ist
letzter Buchstabe von t.

Falls a letzter Buchstabe aus ivx ist, so folgen (3) und (4) daraus, daf a dann mit
allen Buchstaben der ft (1*i“m) kommutiert und von diesen verschieden ist,

K
und 77 sf'wfl eine Standarddarstellung ist. Ist a letzter Buchstabe von t, so
i=1
ist a nicht aus z, da d sonst mit jedem Buchstaben von v+ und von r; (Isism)
m
kommutieren wirde, und tvx _I'Ilrf‘(in) 1 keine Quasiminimaldarstellung von g
1=

waére.
Es folgt, dalB man sich beim Nachweis von (4) auf die f,'Ji (1"iSm) beschran-

ken kann. Ist a erster oder letzter Buchstabe eines r'ys so kommutiert a mit allen
Buchstaben von %, und (4) ergibt sich mit Hilfe von Lemma 8 daraus, dal

tvi I‘II rii(tvi)~1 eine Quasiminimaldarstellung ist. (3) ist in diesem Fall durch die

Wahl von t und  automatisch erfullt, g.e.d.
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Lemma 11. Sind die Standarddarstellungen p= Wjj 6f'vw-1 und q—v[[
=1

vertraglich, und sind i,wl und so gewahlt, daR |wl—w und iv~v gllt und
jeder Buchstabe von W mit jedem Buchstaben von rt (1*i”m ) und von und
jeder Buchstabe von vl mitjedem Buchstaben von 0t (17i*n) undvon wt kommu-

tiert, so kann pqg = (twlvj) JJ LL|, LI, in die Standarddarstellung von pq

umgeformt werden, wenn man m Fallen ;=r,- oder Ui=rjx die entsprechenden
Potenzen geeignet zusammenfalit.
Lemma 11 wird &hnlich wie Korollar 4 bewiesen.

Theorem 3. Jede abelsche Untergruppe 93 einer semifreien Gruppe ist frei-
abelsch.

n
Beweis. V sei die Menge aller wim~1, wenn w [J rfi<®w-1 die Standarddar-

i=1
Stellung eines Elements p von 93 ist. Wenn m7w 1 und vrv~l Elemente aus V
sind, so folgt aus Korollar 4:

(1) Wenn U und r einen gemeinsamen Buchstaben besitzen, so gilt G=r und
wiw~1—vrv~1 oder G=r_1 und wiiw~1=(vrv~0)~1. Haben 0 und r Kkeinen
gemeinsamen Buchstaben, so kommutieren alle Buchstaben von i mit allen Buch-
staben von .

U sei eine Teilmenge von V, die von jedem Paar \vuw~lund (waw-1)-1 aus V
genau ein Element enthalt.

B ist dann Untergruppe der von U erzeugten Gruppe Cf Es wird gezeigt,
daB £ die direkte Summe der freien zyklischen Gruppen ist, die durch die Elemente
von U erzeugt werden. Als Untergruppe der frei-abelschen Gruppe £ ist dann
auch 93 frei-abelsch.

Zuerst wird nachgewiesen, daR die Elemente von U kommutieren. Wenn
wiw* 1l und vrv”*1l Elemente aus U sind, so gibt es nach Korollar 4 Elemente W
und vit so daB wvl=vwl gilt, und alle Buchstaben von wj mit allen Buchstaben
von r und alle Buchstaben von vl mit allen Buchstaben von k kommutieren.
Hieraus folgt

wiw~1vrv~1= wvlivjlw~1lvwlrw jlv~1 = vwlirvjlw~I
und wegen (1)
= vwjAriivjliv_1 = divjfivflE—wiii7di- lw— = vrv~1lwdiv~i.
Es bleibt zu zeigen, daR die Elemente von U linear unabhdngig sind.
Es gelte 77 ?> wobei die w; (7wl verschiedene Elemente aus
U sind. Wegen Lemma 11 und (1) findet man ein w, so daR m7;w-1= witdiwil gilt.

Dann ergibt sich JJ «i'j »+1= 9. Nach Anwendung des entsprechenden Auto-

n
morphismus folgt JJi7™=9. Aus (1) und Lemma 2 folgt dann a,=0. g.e.d.
i=1
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Theorem 4. Die elementare Theorie der semifreien Gruppen ist im Sinne von [1]
universell und damit erblich unentscheidbar.

Einen Beweis von Theorem 4 findet man in [1], S. 149—150. Das hier bewiesene
Theorem 2 liefert dabei den noch ausstehenden Beweis von Lemma 1 S. 149 in [1].
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A NOTE ON HILBERT CLASS FIELDS
OF ALGEBRAIC NUMBER FIELDS

K. GYORY (Debrecen) and W. LEAHEY (El Paso)

Let L be an algebraic number field with the following properties:

(1) L is totally imaginary,

(2) L contains a totally real subfield LO suchthat [L:LJ=2 and,

(3) L contains a subfield K such that L is the Hilbert class field of K.
Then K also satisfies (1) and (2). A great number of such pairs of number fields L
and K are known (see e.g. [16], [1], [7], [8], [17] and the references given in these
works). In this note we show (Theoreml) that the number of number fields L of
bounded degree which satisfy (1),(2), and (3) are always finite. We also point out
that aside from two exceptional cases these fields L and their subfields K, over
which they are Hilbert class fields, can be effectively determined. In Theorem 2 we
list all the imaginary bicyclic biquadratic fields which have the above properties.

In the following hM and DM denote the class number and the absolute value
of the discriminant of an algebraic number field M, respectively.

Theorem 1 For any positive integer N there are only finitely many number
fields L of degree less than or equal to N which satisfy conditions (1), (2), and (3).
Moreover, for given N all such pairs offields L and K with [L:Q]=N can be
effectively determined except possibly

(i) one pair L, K in which K is imaginary quadratic field with hkK*3, and

(ii) at most 30A2log2(13A/6) pairs L, K in which K are imaginary bicyclic
biquadraticfields with hKS 2.

Proof. Let L be an algebraic number field of degree sN with properties
(1), (2), and (3). Since L is the Hilbert class field of K it must be unramified at the
infinite primes of K. Hence K also must be totally imaginary. Let [K:Q\=2n and
denote by KO the maximal real subfield of K. Then KO istotally real and [K\K"=2.
(See e.g.[3].) Since DL=D)f and hK=[L:K]*N/2n, it is sufficient to show that for
given N there are only finitely many totally imaginary number fields K of degree
2n~N with hK*N/2n, which contain totally real subfields KO suchthat [K\K"=2.
In the following K denotes such a number field.

By a theorem of H. M. Stark [11], for 0-=e”i/2 there is an effectively com-
putable function c(e)>0 such that o o

1_1 1
KK >m [n(n!)]-1c(B)"E)|0" _V*

where DK—DRaf This implies

Dk 2' 2<yn!c(6)-"A.
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By taking s to be some fixed positive number less than 1/6 it follows from this
last inequality that for given A there are only finitely many number fields K of
degree 2n”6 which have the required property. All these fields K can be effec-
tively determined.

Suppose now that 2n=[K:Q\=2. Such fields K with hKs2 are explicitly
listed by H. M. stark [10], [12], and H. L. m ontgomery and P. J. Weinberger [6]
In the general case (when hK”™ N/2), by a theorem of T. Tatuzawa [13], we have

DK = 525A 2l0g2(132V/2)

for any K, with one possible exception.

Suppose now 2n=[K\Q] =4. Let ITh=hKlhKo be the relative class number of K.
Since hK=N/4 we also have h1*"N/4. Then by a result of K. ucniaa ([15], p.
352, Corollary) if K isnon-abelian, DK is bounded above by some effectively deter-
mined number which depends only on A. If K is cyclic then by another result of
K. Uchida ([14],Theorem 1) there is an effectively computable upper bound for
the conductor of K, i.e. for the smallest positive integer k for which K is contained
in the field of kthroots ofunity. Again this upper bound depends only on N. Further,
DK<k<pW. In both cases the number of possible fields K is finite and these fields
can be effectively determined.

There are only finitely many imaginary bicyclic biquadratic number fields of
class number 1 and all of these are known (see E. Brown and C. J. Parry [2]).

There remains the case when K is imaginary bicyclic biquadratic and hK"2.

Denote by K1=Q(}—D1) and K2=Q\—D.,) the two imaginary quadratic
subfields of K with discriminants —D1 and —D2 respectively. Then D\"D K*
~N(D,D 322 and, by a well-known theorem (see, for example, H. H asse [5], pp. 72—78),
hKIhKi\2hK, whence hKIhK2SN /2. If neither Kr nor K2is exceptional in the above
sense, then we can give an explicitly calculated upper bound for DK, which depends
only on N. Therefore, these fields K can be effectively determined.

Let us now assume that K2 is exceptional in the above sense. Then hKi*3
and hKI*N/6. Thus, by Tatuzawa’s theorem quoted above, we have

[D,] ~ 2100(A/6)2log2(13A/6).

Further, —D, =0 or 1(mod 4). Thus, as is stated in (ii), the number of the excep-
tional imaginary bicyclic biquadratic fields K is less than 30A2log2(13A/6). This
completes the proof of the first part of Theorem 1

Finally, consider those K above which can be effectively determined. We can
now effectively determine, for any of these K, those possible extensions L of K
for which DL=DA",[L:Q] =hK[K:Q], and (1), (2) hold. Moreover, for any such
extension | of a given K we can always decide whether L is the Hilbert class
field of K. Consequently, apart from the possible exceptions stated in (i) and (ii),
we can determine all the pairs L, K with the required properties.

Remark 1. An algorithm for determining all imaginary quadratic fields with
class number h for any given h would provide an algorithm for finding all L and
K which fall into cases (i) and (ii) of the theorem.
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Remark 2. A large collection of class fields over totally imaginary quadratic
extensions of totally real fields can be obtained by complex multiplication of abelian
varieties. (See [16], [4], [2], [71, [8], [9] and the references given there.)

By Theorem 1 there are only finitely many number fields L of degree 34
with properties (1), (2) and (3) and these fields L can be effectively determined.
We now consider the special case where the L are imaginary bicyclic biquadratic
fields. For brevity we write (a,b) for Q(\a, \b) and (a) for Q(la). We have
then the following

Theorem 2. There are exactly 50 imaginary bicyclic biquadratic number fields
which are Hilbert classfields over one of their subfields. They are

-1, =, (-1,-3), (-1,-7), (-1,-11), (-1,-19), (-1,-43),

(-1, -67), (-1, -163), (-2, -3), (-2, -7), (-2, -11), (-2, -19), (-2, -43),

(-2, -67), (-3, -7), (-3, -11), (-3, -19), (-3, -43), (-3, -67), (-3, -163),

(-7,-11), (-7,-19), (-7,-43), (-7,-163), (-11,-19), (-11,-67),

(-11, -163), (-19, -67), (-19, -163), (-43, -67), (-43, -163), (-67, -163).

Thesefields are Hilbert classfields only over themselves.

@i (-1, 5), (-1,13), (-1,37), (-2,5), (-2,29), (-3,2), (-3,5), (-3, 17),
(-3, 41), (-3, 89), (-7, 5), (-7, 13), (-7, 61), (-11, 2), (-11, 17). These fields are
Hilbert classfields both over themselves and over the quadratic subfields (—5), (—13),
(-37), (-10), (-58), (-6), (-15), (-51), (-123), (-267), (-35), (-91), (-427),
(—22), (—187) respectively.

(iii) (—=23, 5), (31, 13), (47, 5). These fields are Hilbert class fields over the
quadratic subfields (—115), (—403), (—=235) respectively and only over these sub-
fields.

Remark 3. It iseasy to see that the fields listed in (ii) and (iii) are exactly those
biquadratic fields which have properties (1) and (2) and which are Hilbert class
fields over one of their proper subfields.

Proof Of Theorem 2. By the result of E. Brown and C. J. Parry [2] the fields
listed in (i) and (ii) are exactly the imaginary bicyclic biquadratic number fields of
class number 1, that is exactly those imaginary bicyclic biquadratic number fields
which are Hilbert class fields over themselves.

Suppose now that L is an imaginary bicyclic biquadratic field such that it is

the Hilbert class field of one, say K, ofits proper subfields. Let K=Q {i—D) where
—D is the discriminant of K. Then since hK=2, —D must be one of the numbers
-15, -20, -24, -35, -40, -51, -52, - 88, -91, -115, -123, -148, -187,
—232, —235, —267, —403, —427. (See H. M. stark [12] and H. L. Montgomery
and p. J. Weinberger [6]). Each —D can be written uniquely in the form —D=
=PiPt where p™andpi, are distinct prime discriminants. By a well-known theorem

the genus fields I of K over Q is 6 (fpi, \pi)- Since I' is contained in L and
[T:Q\=A, T=L. Therefore we can easily list all the imaginary bicyclic biquadratic
number fields L which are Hilbert class fields over imaginary quadratic fields.
The imaginary quadratic fields of class number 2 listed above are the only proper
subfields of the fields L occurring in (ii) and (iii) whose Hilbert class fields are these
fields L.

Acta Mathematica Academiue Scientiarum Hungaricae 29, 1977



254

K. GYORY AND W. LEAHEY

Corotntary. Thereareexactly 11 Dirichlet biquadratic number fields Q{\d, \ —d) =

—Q (i—1, Y—d)(d square free integer) which are Hilbert class fields. They are
@ (1, -2), (-1, -3), (-1, -7), (-1, -11), (-1, -19), (-1, —43),(—1, -67),
(—1, —163). Thesefields are Hilbert classfields only over themselves.

(i) (—1, —5), (—L, —13), (—1, —37). These fields are Hilbert class fields
over themselves and over the quadratic subfields (—5,) (—13), (—37) respectively.

[1] A.
[2] E.
[3] K.
[4] H.

[5] H.
[6] H.

[1 G.
[8] G.
[9] G.
[10] H.
[11] H.

[12] H.
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ON CRITICALLY HAMILTONIAN GRAPHS

By
LINDA LESNIAK-FOSTER (Baton Rouge)

A hamiltonian cycle (hamiltonian path) ofa graph G is a cycle (path) containing
all the vertices of G. A graph possessing a hamiltonian cycle is called a hamiltonian
graph. If v is a vertex of a graph G, then G—v denotes the subgraph of G with
vertex set V(G)—{v} and whose edges are all those of G not incident with v.
A graph G is called critically hamiltonian if G is hamiltonian and for each vertex
v of G, the graph G—v is not hamiltonian. Thus, for example, every cycle is
a critically hamiltonian graph. It is known (see [1]) that ifa graph G of order pS4
has at least (p2—3p+ 8)/2 edges, then G is hamiltonian and G —v is hamiltonian
for each vertex v of G. Therefore the size (number of edges) of a critically hamil-
tonian graph of order p ~ 4 is clearly less than (p2—3p+8)/2. The purpose of this
paper is to establish several results concerning the size of critically hamiltonian
graphs of given order. In this regard, the following lemma will be useful.

Lemma. If G is a non-hamiltonian graph of order p~3 which contains a hamil-
tonian path ul5v2 ..., vp, then degCGcx+ degGvp*p —I. Moreover, if degGi\+
+ degGvp=p —1, then thefollowing must hold:

(i) if v*kiEiIG), 2SkSp, then vk_1vp"E(G),

(i) if p is even and deggi-'~deggrp, then vivW and vkvl+l are edges of G
for some | satisfying 27 1"p —2.

Proof. That deggi®+degfjUp”p— follows from a result in [2, p. 55]. Suppose
degG'i + degGvp=p —I. Define the sets V1 and V2, where

VL= {r1S iSp-1and WMHEE(G)}
and
V2= {ujl 4 iS p- 1 and MM+1"E(G)}.

Then PiU V2={vu Vv2, ..., Up-'} and KIfIF2=0, implying that \VK+\V2\=p —1
Moreover, IFj*degeiv Since degGrl+ degGrp=p -1, we conclude that degGrp=
—W2\. Now, vp is adjacent to no vertex of Vx; for otherwise, there is an integer
i (I"i*p —1) suchthat vlvi+l, vpvfE(G). But then G contains the hamiltonian
cycle viv2,...,vi,vp,vp-1,...,vi+tl,vl which is a contradiction. Therefore vp
is adjacent only to vertices of V2. Since degGup= [V2, the vertex vp is adjacent to
every vertex of V2. Thus if vki\<[E(G), 2LUk"p, we have that vk_f V2 so that
vk-i vpEE(G).

In order to prove part (ii) we note that the result holds for p —4. Thus we assume
that p is even and p”6. Since degG>xSdegGp and degGhx+degGvp=p —\,
we have that degOvi*(p —\)I2, which implies that degGvlSp/2. Therefore vk
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is adjacent to at least p/2 vertices in the set {v2,v3, nmp_x} since i\vp$.E(G).
But vz, vs, ..., vp-.\=p—2, so that vx is adjacent to both vt and vt+l for
some / satisfying 2~ p —2.

We now present an upper bound on the size of a critically hamiltonian graph
in terms of the order of the graph. The corollary which follows is an immediate
consequence of the method of proof employed in the theorem.

Theorem 1. If G is a critically hamiltonian graph oforder p=4, then \E(G)\g
=p24.

Proof. Let C:ur, u2 up, W be a hamiltonian cycle of G. For each i,
with \Si*p, we wish to consider the sum degGM;+degGM+2 (all subscripts
expressed modulo p). Since G is hamiltonian, G—ui+l is not hamiltonian. How-
ever, G—ui+l contains a hamiltonian w—u1+2 path. Using the lemma we obtain
the inequality

degG UHlu;+ degG UHlui+2ss (p -1)-1 = p - 2.

Therefore, degGui+ degGui+2=p, and so

74 (degGiq+ degGui+2) » p\
Since

2 (degGu(+degGui+?) =2 2 degCu; = 4|E(G)\,
1=1 i=1

the proof is complete.

Corollary. If G is a critically hamiltonian graph of order plLLU4 and size p24
and C:w, W2, ..., up, mx is a hamiltonian cycle of G, then degGNi+degGMH+2=p
(all subscripts expressed modulo p) for 17iSp.

Since, for even p 4, the complete bipartite graph K(p/2,p/2) is a critically
hamiltonian graph of order p and size p24, the bound given in Theorem 1 is
sharp for even values of p. We observe that if G is a critically hamiltonian graph
of odd order p, then \E(G)\LU[p24]<p24. We improve this bound in Theorem 2.

Theorem 2. If G is a critically hamiltonian graph of odd order p=5, then
\E{G)\ = [pip—1D/4].

Proof. Since the only critically hamiltonian graph of order five is the 5-cycle
C5 and |E-(CH|=5=[5(5-1)/4], we will assume p~I. Let C:zX,z2, z p,zr
be a hamiltonian cycle of G and let i be an arbitrary integer satisfying 1"iSp.
We consider the sum degGz;+ degGzi+2 (all subscripts expressed modulo p). Without
loss of generality, we may assume that degGzi+2EsdegGz;. Relabel the vertices of
G in the following fashion:

Ul — Zi+25 M2 = Zi+3! M3 = Zi+45 »Up-1= Zi)Up = Zi+1-

Then w, u2, up, W is a hamiltonian cycle of G and degGmx" degGnp 1. We
wish to show that degGu+ degGup_1S p —1.
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Since G is critically hamiltonian, G—up is not hamiltonian. However, G—up
contains a hamiltonian ul—up_1 path. Using the lemma, we obtain the inequality
degG ,,pM+degG Uup_ 10 (/)- 1)-1- p-2. Thus degGM+degGM_1=ip. Suppose
degGMi+ degGup. 1=p. Then degG_UM+ degG ,,pM_1=(p-2)=(p -1)-1 and
degG_u,wi= degc_Udvb_1. Since \V(G—up\ is even, we may apply parts (i) and
(i) of the lemma. By part (ii), we have that wxw, ulul+1"E{G —up) for some /
satisfying 27U (p—\)—2, so that wxw, mini+1€£(G). Since G is critically
hamiltonian, wu3$E(G). Thus wuxw, ului+I"E(G —up) for some / satisfying
4 M Mp—3. Now, since uxu38.E{C), w, and u3 are not adjacent in G—up. There-
fore, by part (i), u2 and mp_a are adjacent in G—up. But then u2 u3 L,
W, w+1, ... wmp_1s W is a hamiltonian cycle of G—up, which is a contradiction.
Therefore, we must have degGM+ degGvp_1Sp —1.

In terms of the original labeling of the vertices of G, we have the inequality
degGzi+2+deg&,"p —1. Since i was arbitrary,

P
2 (degGz3-i +deg&x2i+l) SSp(p-1).

i=1
P P

Equivalently, 2 2 | deg&Z;*p(p—1)» Since 2i : degGz;=4|£(G)|, the proof is
complete.

The bound given in Theorem 2 is best possible for p=5 and p —7. However,
for larger values of odd p, this does not seem to be the case.

By Theorem 1, if G is a critically hamiltonian graph of order p~4, then
\E(G)\Sp24. Our final theorem characterizes critically hamiltonian graphs which
attain this bound.

Theorem 3. A graph G of order pw4 and size p-/4 is critically hamiltonian
ifand only if G is isomorphic to K(p/2, p/2).

Proor. We first observe that if a graph has order p and size p 24, then p is
even. As noted previously, the graph K(pR,p/2) is a critically hamiltonian graph
of order p and size p 24, for even p-=4.

Conversely, let G be a critically hamiltonian graph of order p”4 and size
p24. If p=4, then G is isomorphic to K(2, 2). So we may assume that p * 6.

Let Ctzl,z2,...,zp,z1 be a hamiltonian cycle of G and let i be an arbitrary
integer satisfying 1*i~p. We will show that

{WEV (G)\zZiwEE{G)} = {WE.V(G)\zi+2w<iE(G)} = {zi+3,zi+5, ,rr_1, zi+1},

where all subscripts are expressed modulo p. Relabel the vertices of G in the
following fashion:

M —zi+2, Mr = zi+3,u3= zi+4, ..., M_! = z;,up —zi+1-

We note that uxup, up™lup*E(G).

Since G is critically hamiltonian, G—up is not hamiltonian. However, G—up
contains a hamiltonian ul—up”™1 path. Applying the lemma, we obtain the inequality
degG_,,pM+ degG ,,pMy_1A (p-1)-1. However, we must have degG Uul+
+ degG_Uw_i=(p—1)—1; for otherwise, degc ul+degGup™1<p, which contradicts
the corollary to Theorem 1 Since G is critically hamiltonian, wwu3, np_3np_17£'(G).
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Therefore ulua, up- 3up"1*.E{G—up). By two applications of part (i) of the lemma,
we have that u2up-x, ulup- 2€E(G—up). Thus u2up- 1, uiup”2de{G).

We now observe that if u* » elG) for some / satisfying 2wl p—2, then
uiui+i$E(G); for otherwise, u2,u3, u,, ulful+l, ..., up-x, u2 is a hamiltonian
cycle of G—up, which contradicts the fact that G is critically hamiltonian. Simi-
larly, if up"1lul*E(G) for some / satisfying 2~ p—2, then up_lul*l"E(G):
for otherwise, wup_2, up_3 Y 7 A hx, up_2 is a hamiltonian cycle
of G—up.

Since G is critically hamiltonian, ulup®1liE(G). Thus ux is adjacent to
exactly deggHj—1 vertices in the set {u2, u3, ..., up_2} and up”l is adjacent to
exactly degcMp-j—1 vertices in the set {u2, u3, up_2}. Using the observations
made above together with the fact that degOwr4-degcup_1=p, we conclude that
degGxl= degGM_1=p/2 and

{wArVIiG U p-NEIG)} = {WE€F(G)|ulwEE(G)} = {m2, ut, u,,,..., up}k
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SPLINE FUNCTIONS AND THE CAUCHY PROBLEMS. II

APPROXIMATE SOLUTION OF THE DIFFERENTIAL EQUATION
y"=f(x,y,y) WITH SPLINE FUNCTIONS

By

T. FAWZY (Cairo)

1. Introduction and description of the method

The problem of approximating the solution of the non-linear second order
differential equations was always of special interest. The problem was solved by
K. D. Sharmaand R. G. Gupta [4] by a one-step method depending upon the Lobatto
four-point quadrature formula in which the function / is necessary to be sufficiently
differentiable. The same problem has been also solved by Gh. Micula [2], [3] using
spline functions, but under the restrictions that the first derivative is absent i.e.
y"=f(x,y) and that /(EC2 at least. He has constructed a spline function of degree
m g 3 which approximates the solution of the Cauchy problem y"=1(x, y), y(xQ=y0,
¥Y'(x0)=Y0 and his convergence theorem is as follows.

Theorem 11 (Micula). Let s:[a, b]*R be the constructed spline function.
If fd Cnli where m~3, then there is an A®> 0 such thatfor all H”~h0 and for all
xd[a, b], there exists the constants Kx, K2, K3 such that

Is(x)-y(x)| < KxHm mfs'(*)-/(*)] < KHm-\ [s"(*)-/"(*)I<
where y{x) is the exact solution.

More details on this theorem may be found in [3].

In this paper, following the same method presented in [5], we are going to
approximate the solution of the prolem avoiding the restrictions in the above theorem
and proving theorems of high rate of convergence and of best approximation.

For this purpose, consider the Cauchy problem in the non-linear ordinary
differential equation

(Ln y" =y {x).,y\)L y(xQ = j/o, y'(xQ = yo
wherefEC r([0, b]XRXR) and r is a finite positive integer, or zero. (The case r=0
is solved in [5].)

If S(x) is the spline function approximating the solution of (1, 1), it satisfies

1.2) S(*)<EC'+2[0,b]

(1.3) S(x)d1Imin each subinterval [xk, xk+1], k = 0, 1, ..., u—1,
where we define the knots by

(1.4) 0=x0<xl<...<i,= b

and in our case we shall deal with equal subintervals and denote

(1.5) xk+l-xk=h, f£=0,1,.., n—L
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Also in what follows c0,c,, c2, ... will denote constans independent of h
and consequently independent of n.

Here MT denotes the set of all polynomials of degree Sm, and m=2r+5.

We assume that (1.1) represents a single scalar equation, but nearly all of the
numerical and theoretical considerations in this paper carry over to systems of
second order equations where (1.1) could be treated in vector form. Moreover we
shall use the Lipschitz condition on f to guarantee the existence of a unique analy-
tical solution of (1.1).

As in [5], our method of approximating the solution of (1.1) will be divided
into two main approximation processes the first of which is to obtain, numerically,
the approximate values yk, yk, ..., yk 2> where k=0, 1, ..., n. The second approxi-
mation process contains the construction of the spline function approximating the
solution and the convergence of this function to the exact solution.

2. The first approximation process

This section contains some assumptions concerning the function/ and a method
for obtaining the approximate values yk,yk, ...,yk +2 where k=12, ..., n and
also we discuss the convergence of these approximate values to the exact values.

2.1. Assumptions and procedures of the method. In this paper we assume that
/Ix, y(x), y'(x)] satisfies the conditions

2.1 f[x, y(X), /(x)]€Cr(0, b]XRXR)

for all x€[0,b\ and all ylty[,y2,y2 in R, where K is some Lipschitz constant
and 4=0,1,2,...,r. We assume also that y<#2(x)=1f (> has a modulus of
continuity oor(/(r), h)=cor(h).

Let y(x) be the exact solution of (1.1) with the initial conditions y(0)=y(
and y'(0)=y'0. Then by integrating (1.1) from xk to x where XxkS xS xk+1,
k=0,1 2, ..., n—1, we get

(2.1.3)
= yk+ £t {ty(t),y'k+ f[f[u, y(u), y'(u)]du}dt

and

(2.1.4) y(x) = yk+y x-xQ+ T f{u,y(u), y'(u)}dudt =

X u
- Yt YK(X-XK+ T fu, y(u), yk+f v, y(v), /(f)] dv)du dt
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and y(x),y'(x) have the following Taylor expansion

r+i W> m v(r+24c,,)
(2.15) y(x)= 2 M (x -x +\ X< < xk+l
j=0 Js V+z2):
and
j+> . "+2Hn.
(2.16) y'CH = _Z)V—[zﬁ—(*—ka YO e, xk <tk < xk#
J=0 B u T 11!

where xk* x *x k+1 and k=0, 1,2, n—1, and these expansions may be approxi-
mated by using the approximate values yk,yk,  yk+2 to get

r+2 ylJ)
(2.1.7) yt(x) =2 ’%Jlr(x ~xKJ.  xk™x ™ x k+l
i=o0 J!
and
FIH}H) (-
2.1 _ X~X XKAX W X K+1.
(2.18 YW =25 ) (x~xky

Setting x=xTfctl in (2.1.4) and (2.1.3), we get

y f
71 f f{u, y(u), y'(u)}du dt =

kaia o «
= yk+y*h+ J  f f{u,y(u),y'k+ f f[v,y(v),y'(v)]dv}dudt
*k xk xk
where xk+1 and
xk+1
(2.1.10) y'(xk+l) = yk+i = Y+ £ f{t,y(t),y\t)}dt =
xk
xk+1 t
=Yk+/ f{t,y(t),yk+ fflu,y(u),y'(u)]duldt
xk Xk

where xk”u ~tS x k+1.
Define the approximate values yk+i, yi+i by

(2.1.10 Y1 = YK+Y*b+ [ f f{u, yt(u), y?'(u)}dudt
and xk Xk
(2.1.12) yieri = 3%+ JH{tyk(t), ytr'(t)}dt
XK
where

yrr(x)=y'k+ £ [m,y*(t),y?(t)]dt.

xk
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Finally, by knowing that =/9(x,y,Yy') which is expressed as a function
of X,y and y' only where q=0, g, r, we define

(2.1.13) X 42 = fw (xk+i,yk+i, yk+i), 4=0, 1, r.
In the relations (2.1.9)—(2.1.13), k—0, 1, 2, 1, and we can start our calcula-
tions by using the substitutions XF}(PYO:}/O and Fia+2)—Fdt+2)> 9-0, 1, ..., 1.

2.2. General convergence processes. In this paragraph we prove theorems
dealing with the convergence of the approximate values yk+1, yk+1, ..., y*+i2) to the
exact values y(xk+l),y'(xk+l), yC+)(xk+l) where Kk in general may take the
values 0, 1, 2, ..., u—1. Before proving these theorems we are in need to prove
some lemmas.

Lemma 2.2.1. The inequality
bi+i-F*+il = \y'k-yk\(i+cOh)+ Kh(I+ c1h)\yk-y k\+c2o}r(h)hr+3

is truefor all k=0,1,2, ..., n—1

Proof. Using equations (2.1.10) and (2.1.12) together with the Lipschitz condi-
tion (2.12) we get

*H
Wk+ i-yk+i\ = Wk-y K\+K f  \y(1)-yk(t)\dt+
xk
xk+ ‘ <

+K Tkt ¢ f[u, y(u), y'(u)ldu-y'k- ¢ f[u, yt(u),yt'(u)]du\dt.
xk xk xk
Applying the Lipschitz condition once more, this will be

= \y'kyk\+K 3 \y(0)-yt()\dt+Khy'K-y K\+K2 3 f \y(u)-yt(u)\ du dt+

xk xk xk

+ K- ;k” le'(u)-yt'(u)\dudt.

xk xk
Using equations (2.1.5), (2.1.7), (2.1.6), and (2.1.8) this becomes

W~r‘l+KM T W ~ +

hor+n

r+2 lyo) — yo) 1

Khyk-y'Ki+K22 | pe, ofp v +*+Kr(or()-p 70 T+
+K2r+i Ivi-'+i)—v0'+1)\m.]+2+K2 h hr+3
ﬂy_ (J+2)! + OOl‘p(r+3)l
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Using the Lipschitz condition (2.1.2) once more, knowing that J=7—2, i.e. for
7=2,3,4, .., r+2 we have

) W) ~Yr I K(YK-YK\ + \Yk~YK),
1.6.
ljt+i- N1+l —
A ogkey KUKhaK* 2 0 THKGW KRS AT T 4 Ks BT T e
7=2 (7+1)! 2 7=2 0 +2)! 7=2 (T+1)r}-
U2 r+2  uj+1 1j3 b2 h ) 2
FANGLLI4M 4R 4in AT +A A+ Prbo + ot

r—+2 /741 1 T3
+  otijtK A1 r+'|'|'4) (rws
= 1n-n|(1 + cOin)+.~a(1+clitn)b»-n|+C2CO0,(/1)iAr+3.
Thus the proof of the lemma is complete.

Definition 2.2.1. We shall denote the estimating errors of y and y' at any
point xf£[0, b], k=0, 1,..., n, by

ek= \yk~ykl and ek = Wk-y'k\
Lemma 2.2.2. The inequality
ek+1 S c3ero+ cdmr(h)/i"+2
mis truefor all k=0, 1, ..., n—1, where e,0= max {e0, el t ..., ek}.

Proof. By using Definition 2.2.1 and Lemma 2.2.1, the principle of successive
substitution implies

ekl A e£(l +cO/i)+/7z(1 +cliet + c2Ur (fi)/i™3
ek(1+cOh) = ek_1(1+cOh)2+ K h (\+ c1h)ek_1(I+cOh)+c2ar(h)hr+3(\ +cOh)
ek(1+cOn)2~ ek_2(1+c0h)3+ Kh(I+clh)ek_2(\ +cOh)2+c2ar(h)hr+3(1 +coh)2

ei(l +cOn)k S ed(l +cOn)k+L+ ATA(L +c 2ft)e0(l + cOIOk+ c2ar (/i)/ir+3(1 +cOh)k

and we obtain easily
ek+i = €0(1+ cOh)k+1+Kh(l +cri) 7Z:Oej(l + cOh)k- j +c200r(h)hr+372=O (1 +c0h)J.
Let ero=max {e0,eu ..., ek}, 0"r0*k, and substitute €0 by zero to obtain

ek+1 S Kh{\+c1lh)erl 2 (L+cOh)J+ c2(or(h)hr+s 2 (1+c0/i)J =
7=0 7=0

= Kh(1+CjA)er - -
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and

(i+ GdofcH = (1+-7) -( 1+ ~ = eboe= const

This implies
e'k+ N c3ero+ cAmr (/i)Ar+2
which completes the proof.

Lemma 2.2.3. The inequality
ek+i ~ ek(\+ cbh2 + c6hek+ clior(h)hr+i
is truefor all k=0, 1, ..., n—1

Proof. By the same way as in Lemma 2.2.1 and by using the equations (2.1.9),
(2.1.11), (2.1.5), (2.1.6), (2.1.7), (2.1.8) and the Lipschitz condition (2.1.2) we can
get the required result.

Lemma 2.2.4. The inequality
ek+i S ero(l+ csh)+c9(or(h) h'+3
is true for all k=0, 1, ..., n—1 where ero=max {e0, ek, ekt and 0SroOSk.
Proof. From Lemma 2.2.2 we get
ek & c3er, + cdcor(h) hr+2
where er*=max {e0, ex, ..., ek-x} and by recalling e,0cmax {e0,elt ..., ek-t, ek}
then obviously er*S. el from which we get
ek sa c3efO+ci cor(h)hr+2.
Using this result in Lemma 2.2.3 we get

_ ek-H 3Sero(l1+ cdh? + c6h{c3er0+ ci (or(h)hr+2}+ c7cor(h)lir+i
i.0.
ek+1 S ero(1+c8/0+ cOayr(/1)/'r+3

and thus the proof is complete.
Lemma 2.2.5. The inequality

éro - Uo(l+cu h)en+ c12(or(h)hr+2

is true where rOis the subscript o f the maximum error erowhere ero=max {e0,el, e Kk}
and en=max {e0, ek, e™-i] with some i\, 0" r,—L

Proof. By using Lemma 2.2.1 with [xk, xk+1] replaced by [xro_!,xrg and by
similar procedures as shown in Lemma 2.2.2 by Definition 2.2.1 it is easy to obtain
the required result.

Lemma 2.2.6. The inequality
A0~ eri(l +c¢13n) +cu cor(h)hr+3
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is true, where ero=max {e0, ex, ek} with some /f, 07r0*k, and eri=
= max {e0, ex, ..., ero-x} with some rx, 0" rx"r0—1.

Proof. From Lemma 2.2.3 by replacing [xk,x k+ by xro] we obviously
can get
ero —ero_1(1+ c15h2 + clehe'ro_1+ c17cor(h)hr+i

and eri=max {e0, ex, ero x}, as it was defined in Lemma 2.2.5, implies e,t-1S eri
from which we get

ero” e n(l+ c15h2 + cléero_x+ cx-(or(h)hr+l.
Lemma 2.2.5 implies
e'ro-i = cio(l + clxh)er*+ cXxor(h)hr+2

where er*—max{e0,el,...,ero-2} for some ri, 0°r*~r0—2, and it is easy to use
the fact that

er*= max {eo,ei,---,ero-2} S max {e0,ex, ..., ero_2, er* x} = en
from which we get
ero-i A cw(1+ clxh)en +cl2wr(h)hr+2
Returning to ero and using the last inequality we get
GB en (1+ ¢ X2 + cxh{cX 1+ c Ixh)eri + c12cor(h)hr+2} + cXfoor (,h)hr+i S
~ eri(l+ ¢ 13A) + cl4cor(/i)fcr+3
which completes the proof.

Theorem 2.2.1. The speed of convergence of the approximate value yfc+1 given
by theformula (2.1.11) to the exact value of the solution of (L1) at xk+1 is estimated
by the inequality

ek+1— [\VicH- 1T +il —clscor(h)hr

which holdsfor all k—o, 1,..., n—1.
Proof. From Lemma 2.2.4 we have
ek+i ~ ero(1+ csh) + c9cor(h)hr+3

where ero=max {e0,ex, e K} with some r0, 0”r0"k, and k:O, 1, ..., N1
From Lemma 2.2.6 we know that

er0” +c13n)+cXicor(h)hr+3

where eri=max {e0, ex, ..., ero-x} with some rx, 0"rx*"rQ-\.
Continuing by the same way as it was shown in Lemmas 2.2.4 and 2.2.6 we can
obtain the inequalities
en ~ era(l + cifi)+ c2*(or(Jfi) hr+3

where elf=Tax {e0, ex, en”x} with some r2, 0*r2*rx—1, and

eras e, 3(l +cth)+ct*cor(h)h'+a

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



266 T. FAWZY

where ers=max {e?, ex, ...,.<?2r2_1} with some r3, 0Sr3Sr2-1, and at the end we
can get the inequality

ersS erstl(l+c*h) +crcor(h)h'+3

where ers=max {e0, ex} with some rs, 0*rs*l, and estl=max {e0}=e0 for
some rs+1, OSrs+1sO, i.e. rs+l=0.
Now, taking cl%=max{c8, c13 cx, c2, ..., ¢*} and c20=max{c9, cXi, c**, 4* ...
c¢**} and by the rearrangement of the above inequalities we get

ek+i = ero(1+ci9fi)+ c00r(/I"™ + 3
er0(1+ c191) = eri(l+ ¢ 1%h)2+ c20or(h)hr+3(1+ c 1%h)
eri(i+cx9/r)2= erfl +c1%)3+cor(h)hr+3(l +c1h™>

ers(1+Ci9h)s+l = ers+(l +c19h)s+2+ ciOcor(h)hr+3(\ + cloh)iSH

from which we get

e = erstl(l+ cigh)s+2+ c20(or(h)hr+3 2 (1 +c1%h)J

j=o
and using the fact that erst1—e0=0 this will be
S c20)r(h)hr+3 *2 (1 +c1%)J = c200or(h)hr+3 K1+Ci»fe) -—--11 s clscor(h)hr+2
j=o0 AL ™
which completes the proof.

Theorem 2.2.2. The convergence of the approximate value yk+x to yk+1 given
by the formula (2.1.12) is estimated by the inequality

ek+i = \y'k+i-y'’k+i\ = c2wr(h)hr+2
where k=0, 1, ...,n—L
Proof. Lemma 2.2.2 tells us that
e'k+ = c3er0+ c403r00 hr+2
where e,0= max {e0, ex, ..., ek} and from Theorem 2.2.1 we can obtain that

er,,™ cxXgoor(h)hr+2
and thus we obviously get

ek+x = c3c18cur (/r) fir+2+ cAcor (h) hr+2 A c2Xcor (h)hr+2
which completes the proof.

Theorem 2.2.3. The error of the approximate values yk§] ® are estimated by the
inequalities
e@2 = 1&H42-XX A2)|~ cZar(h)h'+2

where k—0, 1, ..., u—1 and q=0,1 ..., r.
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Proof. Using equations (1.1) and (2.1.13) we get
WilVi) - k421 = \f(Q)(xk+1, yk+i,y'k+H ) - f d x k+1, yk+1, y'k+i)|-
Applying the Lipschitz condition this will be
S K(\yk+1-y k+i\ + WkH-y'k+i\)-
Using Theorems 2.2.1 and 2.2.2 this redusec to
S ciaar(h)hr+2+ Kc2lcor(h)hr+2S c22cor (/i)hr+2

which completes the proof.

3. The second approximation process

We have obtained, as we have seen before, the sets of approximate values
FG:#.,1{9 ...yp, q=0,1 .. r+2
which are approximating the values
F©@: yW>><9, yM, g=0,1, .., r+2

respectively. In this section and on the base of these sets of approximate values, we
are going to construct a spline function SA(x) which interpolates to the set Y on
the mesh A and approximates the solution y{x) of (1.1). Further we shall discuss
the convergence of this function to y(x).

3.1. Construction of the spline function. In this paragraph we introduce the
spline function approximating the solution of our differential equation.

Theorem 3.1. For a given mesh ofpoints
d:0=x0< xk<...< xk< xk+tl<...< xn= b, xk+l-xk=h
andfor given sets of values
Fer yif\ yl*\ g=0,1..., r+2

there is a unique splinefunction SA(x) interpolating on the mesh A to the set Y and
satisfying the conditions

(3.1.1) Sa(7,x) = M(x)EC'+20, b]
(3.1.2) S (xK=ylf>, q=0,1,...,r+2 and kK =0,1.....n
(3.1.3) ForxkS x"xk+tl and k=0,1 .., n—-

SAX) = Sk(x) = " z ’]‘ (x -x ky+ "£ apge(x-xky -1 2
j ] P=1

j=0
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Proof. From the continuity condition (3.1.1) and by using (3.1.2) for x=xk+l
we get

(3-1.4) SP (xk+1) = SIU*kH) = y&i

where k=0, 1, ...,n—1 and i=0, 1, ...,r+2. Substituting from (3.1.4) in (3.1.3)
we get the system of equations

- pezon y(jt0
1 ANh"_ 1= K~ H

(3.1.5) P2:lt|{\p+rtt+23a h"-1= h*~r~3Ine j- 2 q |

where t=0, 1,..., r+2. This system of eauations has a unique solution for the

unknowns a (p=1, 2, ...,r+3) since its determinant is

A =
1 h h-1 hr+2
m M m Wh ) Uh”-1 2rjr5j 11/f+2
21 m 2\h (r+!+P)21/p7— 1 '2r25)21fc'«
(r+2)! (r+2Wz ... (""NM2V)ir+ 2)\~- (r+2)\hr+2

= hn +° fftl

t=0

which is different from zero for h>0. If we replace the ptb column in Dr by the
column {Fp, ¥, ..., FtyzY and denote the resulting determinant by the
solution of the system (3.1.5) will be

(3.1.6) e>=-"-, p=h2,..,r+3

and after factorizing Df in terms of F™MA F[R F ~2 the solution (3.1.6) will
take the form

(3-1.7) ap =J -g QAR p—1,2,.,r+3

and, as we have said before, this solution is unique. This guarantees the uniqueness
of the spline function SA(x), consequently the existence of such a function and thus
the theorem is proved.

3.2. Convergence of the spline function to the solution. In this paragraph we
prove a theorem concerned with the convergence of our spline function constructed
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in Theorem 3.1 to the exact solution of (1.1). Moreover, we prove that this function
satisfies this differential equation as

Theorem 3.2.1. Let y(x) be the solution of (1.1) and let /€C r([0, b]y,R'AR).
If Sj(x) is the splinefunction constructed in Theorem 3.1, then there exists a constant
E independent of h such that

|/«>(x)-5'<«>(jg| * Ecor(h)hr+2~q

for all x€[0,b] and q=0, 1, ..., r+ 2.
For the proof we need the following

Lemma 3.2.1. We have
\aP\**cor(h), p=1,2,.,r+3

where Ap are constants independent of h.

Proof of the Lemma. At first we deduce some inequalities concerning the abso-
lute values of FIK) (t=0, 1.....r+2). They are calculated as follows.
From (3.1.5) we have

r+z-t SP+0 oia
IFE>1- V- Ne - 2 % ‘
O
and if we define the Taylor expansion of ym(x) for xk™x " x k+1 to be

(3.2.1)
r+1-t vO+O vIr+2)(£, «
= - + - -
y@ x) J2:0 vJ (x-xky ?/r+2—0! (x-xr2-), X

So, we get for x=xk+1
r€)-t ) 1 2)b?, 1
ey 1 L
(3.2.2) L= ,20 M h}lfrlﬁz Y H-&*
where i=0,12,...,r+ 2.
Using the last identity (3.2.2) together with (3.1.5) we get for +0, 1, ..., r+2

S CVij+)-y 1IN m |, b (r+2,(+ ) -~ r+2), hr+2
[fIa]sA*-r-* LFil-jifi1+ 2y Yii+)-yIdRm ((riz)_,)! ) 3

Using Theorems 2.2.1, 2.2.2 and 2.2.3 together with the definition of the modulus
of continuity this will be
K-"-*{C?(or(K)br+2-'}

where C* (t=0,1, ..., r+2) are constants independent of h and so we have the
result that

(3.2.3) 1ntsc: M (o1 e
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Now, after obtaining the last inequality, we go on to prove Lemma 3.2.1, and
for this purpose we combine equations (3.2.3) with (3.1.7) to get

u*)l<ld c C* - A LW
\'p \)-ln p- l’é%CpiC‘ h ~ Ap hp
where Ap is a constant independent of h, and thus the proof is complete.
Proof of Theorem 3.2.1. By using equations (3.2.1) and (3.1.3) we get:

B F+1-, yjl+4 . V(r a(
!/«>(*)-S i* (X)l = o N (X-X k)j (I’+2 q)\k( xk)r+2- g-
fri—q O : y(C ? - *_ g~
i J%O (x - xKj {r+2—q)\{x x ky+

-Z\'". (P+g+2aP(x-xk *rr2

A HA \Ml‘}@-yy@\ i/f+a(")-yr4].r+2-a,

(r+2-0)!

+ Z A \pHOHL) </ pH e

Using Theorems 2.2.1, 2.2.2 and 2.2.3 together with the definition of the modulus
of continuity cor(/2) and Lemma 3.2.1, this will be

A C**o)r(h)hr+2~"
Taking £=max C** where q=0, 1, ...,r+2 we get
lyw (x) —80) (x)| S Eojr(h) hr* 2

and thus the proof of the theorem is complete.
At last we are going to prove that our spline function Sd(x) satisfies the diffe-
rential equation (1.1) as n—

Theorem 3.2.2. If Sd(x) denotes thefunction
S'Kx) =f[x, Sd(x), SA(a)]
and Sfx) is the splinefunction given in Theorem 3.1, thenfor any x€[0, b] we have
IS" (x)—SJ(*)1 s Mcafh) hr
where M is some constant independent of h. Otherwise
Sd(x) si Sd(x) as n-*° oras h—O0.
Proof. We have
1S2(x)-S2(*)| » \S"{x)"y" )\ +\y"(x)-S"(x)\ =
= K[x, Sa(x), SAX)] -/[x, y(x),/ (Il + " (x) - S" (X)I.
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Applying the Lipschitz condition on / this will be
eBA(*)-A*)|+BA(x)-/(x)| + |/(ac)-52|(ac)|-
Applying Theorem 3.2.1 this becomes
3= KEcor(h)hr+2+KEa>r(h)hr+1+ E(or(h)hr = (E+KEh + KEh*)cor(h)hr S
N Mceor(h)hr
where M is some constant independent of h, and thus the proof is complete.

Remark. In the case /6C°°[0, b] we can choose r to be finite in such a way
that the error will be in the allowable range, because as we have seen in the conver-
gence theorems, the error is 0(hr+2). Also in practical applications if fiC r[0, b]
where r is a large finite number, it is enough to choose a suitably small r in the
sense that the error will be in the allowable range.

Acknowledgement. The author is very grateful to Professor Janos Balazs for
many valuable discussions and encouragement in the preparation of this work.
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ON CRITICAL 3-CHROMATIC HYPERGRAPHS

By
V. MULLER, V. RODL and D. TURZIK (Prague)

Introduction. It is a well-known fact, that 3-critical graphs are just odd cycles.
This means that the valence of x is equal to 2 for all 3-critical graphs H and for
every vertex x of H. On the other hand Dirac [1] proved that for kw6 and hEN
there exists a k-critical graph H with val (x, HwW for every vertex x£ V(H).
The cases k=4, 5 were investigated by Garrai and completely solved by Toft [4] and
Simonovits [3] independently. The situation for hypergraphs is quite different. There
isno simple characterization of 3-critical hypergraphs. We can easily find a 3-critical
hypergraph H with val (x, H)=sh. Toft asked how the situation changes when we
replace the valence of x by the quasivalence. (The quasivalence of x is the maximal
number of edges containing x such that intersection of any pair of them is the
singleton point x.) In [5], page 1456, problem 3, Toft raised the following problem:
Let r, h be natural numbers. Does there exist a 3-critical r-uniform hypergraph
with all quasivalences feA? Erdess and Spencer ([2], page 21, problem 4) formulated
this question in a stronger form. They asked if there exists a 3-critical uniform hyper-
graph H such that

1) ex,e2£E(H), ex e2=>"Pie*S 1
2) val (x, H)*h for every xg V(H).

In this paper a construction of a hypergraph satisfying the conditions of Toft’s
question is given (Theorem 4). Theorem 3 gives an answer to the Erd6s— Spencer’s
modification.

We would like to thank L. Suranyi for his kind help during the final preparation
of the paper.

I. Preliminaries

A hypergraph H is a finite set V(H) and a set E(H) of subsets of V(H),
such that each element of E(H) contains at least two elements of V(H).

A hypergraph A isa k-uniform, kEN, if \&=k for every eEE(H).

The valence of a vertex x of a hypergraph H, denoted by val (x, H) is the
number of elements of E(H) containing x. The quasivalence of x, denoted by
gval (x, H), is the maximal number of elements in a subset E'cE(H) satisfying:

1 For all e£E": xfe

2. For all pairs ex, e20E" with el9ie2: AMe2= {x}
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A "-colouring of a hypergraph 4 is a decomposition of V(H) into k classes
(called colour classes) Al...,Ak such that 1”j*k,e£E(H) implies ectAj
(ie.eil U Ai”0).

i

The chromatic number y(H) of a hypergraph H is the minimal integer k,
such that there exists a "-colouring Al,...,Ak of H.

A hypergraph H is called “-critical if y(H)—k and y(H —e)<k for every
edge e£E(H) (where (H—e) means the hypergraph (V(H), E(H) —{e})).

If Y isa setthen [Y]2 denotes the set of all pairs of elements of Y, e.g. [T]2=
={X;XcY and [T]=2}

Il1. Construction 1

Theorem 1. Let nEN. Then there exists a 3-critical hypergraph G—(V(G),
E(G)) such that gval (x, G)*n for every x£ V(G).

Proof. We can assume that 4 is a prime number, nd5. Put
V(G) = {ahJ; 0 siS n-1,0sjsn-i}U{iido,..,ii,.1
E(G) = EK\JE2UE3UEt, where
El= {{a,ai}; 1=0,1,..., n-1}
E2= {{a, ai>0 aitl, ...,a»,_i}; i=0,1, ..., n-1}
E3 = |[{aaqji aiyt>a2j+3i s>an-i,y+(ii-i)i}> 0 —1=n—1, 0=j=n —1}

(the addition is taken mod n)
E* = {{«o, ¢*+,a,_ 1,aGi0aWl, OsjjSn-I, 035,s ,,_i
and {ai,a®§o,...,an_lyJn 3"E3 for every i=0,1,...,n-1}.

Remark. Et is the set of ordinary edges of G, i.e. e£E1 with \e\=2. The
sets E2 E3 and Et are sets of hyperedges of G. It holds e6£3UE3=>\e\=n+),
eEEMe\=2n.

The hypergraph G can be viewed upon as follows: We take the affine plane
of order n on the set {a-;; OsiSn—1 OS/*q —1}. There are exactly n+ |
directions of lines in that plane. We associate each of the directions to one of the
points a, ag, ..., a,,_x. Thus we obtain the edges in E2 and E3. An edge e"Ex
contains always the points a0, als ..., a,,_j and points aOiJo, alyJl, ..., a,,-3j nl
provided that the later ones do not form a line.

It is easy to see that qval (x, G)s n for every x€ V(G). So we are to prove only
that G is 3-critical:

1 x(G)= 3. Suppose that in the contrary, there exists a 2-colouring M, N of
G. Let aEM. Then necessarily aOEN, alEN, a,,-1£EN and there exist j f {0, ...
..., n—1}1i=0, 1, ..., n—1 such that aitjfN for every /=0, 1, ..., n—1 Then
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either {a0, a,,_15aQJlo, or there exists an {0, n—1} with
{a;, a0jJo, an-1Jn_TB£E3. So we have an edge lying in one colour class N, a con-
tradiction.

2. X(G —e)=2 for every efE{G). a) Let e—{a,ai},0"i*n —I. We construct
the 2-colouring M, N of G—e. Put M= {i7-yVi}lU {a0,0, ai,i+0 a2 2HT> e
v ) An-3.n-3+(n-3)]> fin—2,n—1+ (n=2)i>Gn-1,n-2+(n-1)i}> V{G)—M.

b) Let e={a, ai;0, e, 0—r— Put M=e, N=V(G)—M.

c) Let 6 {i|, #O75 WL, jH* *un—,J+(n—h)i}- Put Ad cU{dq, 61, m, iin—}
V=F(G)-M.

d) Let <?={a0, a,,_1,a0)), a n Uln 3, e*E”. Put M=e,N=V(G)-M.

We obtain a 2-colouring of G—e in every case. This proves that G is 3-critical
and also Theorem 1.

Remark. Itis possible to geta 2/i-uniform hypergraph with properties of Theorem
1 by a simple modification of Construction 1.

I11.  Construction 2

In this section we give the second example of a 3-critical hypergraph with large
guasivalences.

Theorem 2. Let /6N. Then there exists a 3-critical uniform hypergraph I
with qval (z, H)"h for every zg V(H).

Proof. Since R(k, k)ss2kl2 [2], we can find &EN satisfying 2((f’ck_)52“ ,
Fix k with this property. Set n=R(k,k) and K={1,2, ...,«}. Define a
form hypergraph H by:

JF(tf) = [Kf
\e (H) = {[¥Y]2; YczK and |¥Y| = k}.

Then x(H )" 3 according Ramsey Theorem.
Denote H={V(H), E{H)) an arbitrary 3-critical subhypergraph of H. We
prove that H has all required properties. It is enough to prove gval ({x, j}, H)"

20 2)
gval ({x,y } ,H )= p "1y Then there exist edges [¥X2, ..., [Yd2 of H such

Suppose in the contrary, that there exists {x,y}dV(H~) with

that {x,y}(zYi for and Y,NYj={xy} for iVy. Put B:_Ijl)’;—{x,y},
1=

ie. |2=pk—2)<n ~. Asqval ({x,y), H)=p itholds [Y]2£E(H) and {x,y}c¥Y

implies ¥I/M 0 . Now we can easily find a 2-colouring M, A with the property
{x y}¥7V and {x, z}dM{y, z}£M for all z£S.
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IV. Construction 3

In this part we prove the existence of a 3-uniform 3-critical hypergraph X with
the properties

(D) elt e2EE (X)\ exde2 => |exlMe2 ~ 1

(2 val x » Kk for every V(X).

The proof consists of two parts. In the first one (Lemma 1) we construct a
3-critical hypergraph with the properties (1) and (2) which is “almost” uniform. With
the help of this we construct the required hypergraph.

Construction (i). Let kEN, k2 be given. Define a hypergraph G=(V(G),
E(G)) by V(G)=AUBUC where A, B, C are pairwise disjoint with |/1|=|B|=
= \C\=k, A={a0, alt ..., ak_r}, B= {b0, bIf ..., bk- k}, C= {0, ck, ..., cfc X}

E{C) = {A}x) {/7}U{{a;, bj, ci+J}; O "i*k—1, O *j~k —1} (the addition is taken
mod k).

Lemma 1. The hypergraph defined above is 3-critical.

Proof, @) Given e£E(G), we prove x(G—e)= 2. If e=A put M=A\J{bKk),
N=CUB—{bl}. Then M, N constitute a 2-colouring of G—{A}. The proof for
e=B is analogous. Let e—{at, bj, ci+j}.. Put M= {a"U {bfiUC, N=AUB—
—J{ai,bj}. Then M, N constitute a 2-colouring of G—e.

b) /(G)>2. Assume that in the contrary, there exists a 2-colouring M, N of
G. If afiMOA, bjdM OB then necessarily ci+J(iCC\N. Fix i so that a"MT\A
(~0). Then clearly |CM1Y|MN2?2MM| since yVy" (mod k) implies /-HyV
97i+j' (mod k). In the same way we obtain [CI!Y[MA1MMY, \CC\MMA T,
[Crlr=]4NANr|. Since \A\=\B\=\C\, necessarily [TMM|= |sM/1/|=|CMNAT,
[/4rUV|=|AnV|=|cnM|. Then for every cr(LCC\N, bj€ BC\M there follows

Suppose that e.g. j6.OM\*k/2. Then there exists j, O *j~k—I such that
bjEBC)M and, at the same time bj+1£Bf]M. Let crECC\N arbitrary. Then
ar_jEM and since bJ+1fB(~)M we get cr*J+J+l=cr+1*N. Thus crEN implies
cr+1£N and CczN. Thus AcM, a contradiction.

Therefore there remain only two posibilities: BC\M={b0, b2, bt, ..., bk- 2
or BOM={b1 b3, ...,bk_ 1, k even. Analogous possibilities remain for AC\M.
By testing each of the possible cases we see that they all lead to contradiction.

Thus z(G)=3 and so G is 3-critical.

Construction (ii). Let LgN be given. Define a hypergraph ff=(V(H), E(H))
K k-1
by K(tf)=(J U Ai'j, where AUj are pairwise disjont sets, \Aitj\=3 «2* for
i—0j=0
every i,j. Put Aiyj={a}h ...,a?f}. For Omj*kk—I denote f{j) =[*r] (integer
part). To have less indices, we put y'1(y) =¥0)-
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Let us define E(H):
E(H) - {/fo,0}U{R7\afj,a?-i,/0)}, «=12 ,k j=01,.,klI-1
r=12,..,3.2fi}.

Clearly, 9 isa 3-uniform hypergraph. For efE{H), e2€E(H) we have |ellNc2 S
Si. If x€Ait], /Sfc—1 then valx=A:+I.

Lemma 2. Let 0SysL fc—1. Then there exists no 2-colouring M, N of the above
hypergraph such that AktjczM.

Proof. Assume that M, N is a 2-colouring such that AkJczM. It is clear
from the construction that Ak_Itf(RCzN. In a succession we get Ak ifnRCZM,
AkN3f3(j)(zN, ...,A00c:M or AOtO(zN (depending on the parity of k). This is
a contradiction to AOCtOEE(H).

Lemma 3. Choose e”E(H). There exists j0O, 07jO=kk—1 and a 2-colouring
M, N of the hypergraph H-e suchthat Akj ac:M.

Proof. If e=AQi0, the proposition is clear. Put simply

M= U A.j, N— I Aj-

k—+ even k—+ odd

Let e={ai'jrl, effj,a’,-i,/(j)}. Put jO:kk~‘-] and let us construct a 2-colouring
M, N of the hypergraph H:

H)is |j g8 Jek*~1  reven =aitI'M
rodd =a'jdN

2 irl,j =]-k~} k—ielen=>Aitj(zM
k —iodd =>Ai'jc; N

3 i< I,j reven =>a'jdM
r odd =>ai'jEN

2r+ |

4 i<l,j=fl~J) k—iodd, r ot a',jEN
r= 2;1 af'jEM

k—ieven, r 2£i+-i1 a'ijeM

2r2i+-i| a'.j-eN.

We can easily see that M, N isa 2-colouring of H -e with the required properties.
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Lemma 4. Let 07j0*"kk—I, O*jorkk—1, 0 VQ@x{L 2, 3.2%}. Then there
exists a 2-colouring M ,N of H suchthat akjf Mord V,aljf-Mor”~V andfor
j*jo>Jo> akJEM or odd, dkJEM-o-r even.

Skg.t‘fh of the proof. Suppose we have constructed a 2-colouring M, N of

HILU U Aij (I=fo=£) such that there exists f 0Jio (it is possible that jio=jio)
anoIISIi('z rHglds for j~jioj*]io a®jZMor odd, a*j*Nor even, MC]AioJ.* 0 ,
Nf]Ak.j,~0 and < ,h”~M<=ario.J,"M-

We shall extend the 2-colouring M, N with the same property on  (J KTJ 1A; J.

We distinguish two cases: 1)f(jigAf(jig and 2)f(jig=f(]ig. The proof of the
induction step is easy to see in both cases.

Construction (iii). Let k be a positive integer and let R=(V(R), E(R)) be
a 3-critical hypergraph with the following properties:

a) V(R)=TUUUV where T, U, V are pairwise disjoint

b) e£E(R) implies \eP\T\"\ or ecl

c) elf e2dE(R.) implies |exIMe2=1

d) xg V(R) implies val x *k

e) VEE(R), \V\=3-2k

f) for every edge e"E(R)—{V}, \ef\T\s\ there exist two 2-colourings Mx,N k
and M2N2 of R—{V) and a 2-colouring M3,N3 of R—e such that MkC\T=
—M2MT=M3MNT and VczMk, VaN2 (i.e. all three colourings coincide on T
and the first two differs on V).

To every 3-critical hypergraph having properties a)—f) we construct a 3-
critical hypergraph B. This operation will be defined in 3 steps. (Then we will use
this operation iterated twice on G of lemma 1to get Theorem 3.)

(1) First we choose K skk+l (Kodd) copies of R—{V} which we “merge”
in the set T. More preciesly: We shall construct a hypergraph =(L(/?D, E(RK)
as follows:

F(7?i)) = TUK({?)—T)X {0, 1,2,..., K—1} (a disjoint union)
B = {(bi,i),...,(bs,i9),t1,t2,...,ts) where fj, 12, ..., t-fT,
bl,b2...,bs€V(R)-T, Osij, ...,i,*K-1
BZEiRJo fi= (2=...=is and {blb2 ... ,bs, tk, .. tK"E{R)-{V}.
(2) Lemma 5. Let Kwkk+l (K odd). Denote M={{0,1), <1, 2), ..., (K-2, K-\),

(K—1,0)}. Then there exists a mapping g: M —{0, 1, ...,kk—1} such thatfor all
i=0,1,.., K—1,g((i—1i))Ag((i, i+1)) (addition is taken modK) and \g~*U)\ =k.

Proof. Clear.
In what follows, we put g(i,i+ 1) instead of g((i, i+ 1)).
Put V={vr:I"r"3-2Kk}
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Now we shall construct a hypergraph R2=(V(R2J, E(R2) as follows:

V(R = _ IAJ = 3-2», Ak = { « } ,aB%

j=o
£(A2 = E(ADU{{<rr,is<pr,i + I>,e;(lI+1)}; Osistf-1, Irr~3-2*}.
Here z'+l istaken mod A" and g is a function from the foregoing Lemma.

(3) To the hypergraph R2 we shall adjoin a hypergraph H by identifying the
sets Akij in both constructions. Hence we shall construct a hypergraph R=(V(R),

E(R)) where V(R)=V(R3U V(H) (suppose V(RADV(H)= U A,j), ER)=
=E(RJ\JE(H).

Lemma 6. The above hypergraph R has the following properties:

1) xEV(R) =>val xé kK

2) ey,e2£E(E), exX e2=>\elNe2A” 1

3) R is a becritical hypergraph.

Proof. Properties 1) and 2) are obvious. Let us prove property 3).

a) X(G)=3. On the contrary, let M, N be a 2-colouring of the hypergraph R.
Since R is 3-critical the set Vx {i} is always one-coloured for z=0, 1, ..., K—1
As K is an odd number there exists z£{0, 1, K—1} such that the sets Vx {/},
LX {z+1} are coloured by the same colour (z+1 istaken mod K). Lete.g. FX{i}c
cM, Fx{z+ 1}cM . From the construction of R2 there follows AkijczN where
j=g(i, z+1).

Thus M V(H), Nf] V(H) is a 2-colouring of the hypergraph H such that
the set Akij is one-coloured. This contradicts Lemma 2.

b) Let e£E(R). We shall prove x(R—e)=2.

bl) Let e"E{H). According to Lemma 3 there exists y£{0, 1, ..., kk—1}
and a 2-colouring M, N of the hypergraph H such that AkjtzM . Let us choose
£{0, 1, ..., K—1} such that g(i, i+1)=j. We shall extend the colouring M, N
of the hypergraph H to R as follows: Fx{z}ciV, Fx{i+1}clV, KX{z+z'}cM
for V even, 27i'sK —1, fX{/+i'}dV for V odd, IS /'S i-2 (The addition
is taken mod K.) Due to property f) of R, we can extend this colouring of sets
FX {i}, z=0, 1, ..., K—1 to the whole of Rk.

b2) Let eeE(Ra JI(Rl) (i.e. e={(nf, 1), (vf, 1+1), 4(U+i)})- Let us define
a colouring M, N of R

FX{i}cM, FEx{i+l}cM, Vx{l+i'}(zM if i' isodd, 1& VS K—2,
fX{I+i'}cIV if i' is even, 1

Analagously to bl), we can extend the colouring to L(/?,)- Put further jO=
=g(i,I+1),akjoEM ,akdl)eN for rXr. Let jXjO then akJEM iff r is odd,
akKjEN iff r is even.

Via Lemma 4 we can extend this colouring to the whole of V{H).
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b3) Let eE£E(RX, ec.74) F(A)X{/0} and leDTjgl. Via f) there exists
a 2-colouring M, N of Rx—{e} such that

VX{io+ritc N if i' is odd, I7~i'" K-2,
Vx{i0+i'}czM if V s even, 2s /" K—],
VX AiGriAf 0 X Fx{iQiiV.

We extend this colouring to V(R2. For jXg(i0,/0+ 1), yVg(/,-1,/,) put
akJEM iff r is odd, ak<EN iffr is even. Let j=g{io,io+ 1) or j=g(io—1 1,).
Put akJEN iff (vr,iQ£M, aktJEM iff (vr,iQ£N. According to Lemma 4 this
2-colouring M, N can be extended to the hypergraph R.

4) Let ec 1. The proofin this case is only a matter of routine.

Theorem 3. Let Ic(LN. Then there exists a 3-uniform 3-critical hypergraph
X={V{X),E(X)) suchthat:

1) ex,erEE(X), ex”™ e2=>|ellNeZ = 1,
2) xEV(X)=>valx" k.

Proof. The hypergraph G from Lemma 1 fulfils almost all conditions of our
theorem; only two hyperedges in G have cardinality bigger than 3. We shall remove
this deficiency in two steps.

1) There exists a hypergraph which fulfils 1), 2) and contains only one hyperedge
with cardinality bigger than 3. Let namely G=(V(G), E(G)) be the hypergraph
of Lemma 1with 3«2kinstead of k. We are using the notation of Construction (iii).
Put T=B, U=C, V—A. It is easy to check that G fulfils all of the conditions in
Construction (iii), hence we can construct G in the described way.

By the above Proposition, G is 3-critical and fulfils:

el,e2dE(G), exX e2=>kiflii = 1, xEV(G) =>valx &k

Moreover, G contains just one hyperedge with more than three points.
2) We apply the above construction to G once more (put T=0, U=V(G)—B,

(V=B to obtain a hypergraph G =X which fulfils all of the conditions in our theorem.

Theorem 4. Let k, r,h be natural numbers, k"3,r"3. Then there exists
a K-critical r-uniform hypergraph X with qval (x)*h for every vertex X£V(X).

Outline of the proof. For kwA the theorem is proved in [5], Theorem 8. The
case k=3,r=3 is proved in Theorem 3. The rest (k=3,r=s4) can be proved by
induciton on r. Let G=(V(G), E(G)) be a 3-critical r-uniform hypergraph with
all quasivalences wk which contains at least h disjoint edges (the hypergraph from
Theorem 3 satisfies this condition with r=3). We shall construct such a hypergraph
for r+ 1 First in the induction step we prove the folloving

Lemma 7. Let r, h be natural numbers, rLU3. Then there exists a 3-critical
hypergraph H=(V(H), E(H)) and V(H) such that thefollowing conditions hold:
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1) e£E(H), xfe =m\d = 2

2) e£EE(H), x$e=> \&\ —r+1

3) val (x) Eh

4) gval(y)™/z for every yeV(H) such that {x,y}$E(H).

Outline of the proofof Lemma 7. Let G be a 3-critical r-uniform hypergraph

with qval (y)sA for every yEV(G). Let GIt G2 ..., Gr+l be r+1 disjoint
copies of G. Define the hypergraph H by

F(tf) = (4 U liJ:lV(Gt)I/I 1211(”" x{1,2}
E(H) = where Ei = {{*vy),yiU BO)X{1}}
E2=jeU {y}, ee U E(Gd and vy = (e, 1>|

Ea= jeU {y}, ee U E(Gt) and y= (e 2)|

E\ ~ {{yioy2» 2¥r+i}’ where y-€Em((?)X{2}, i=1,2 , r+l}.

It is only matter of routine to prove that H satisfies all the conditions of Lemma 7.

Now we can prove Theorem 4 using the Toft’s method (see [5], Theorem 8).
We apply this method to the hypergraph H just constructed and to the hypergraph
G from the induction assumption.
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EXISTENCE AND BOUNDEDNESS OF RANDOM
SOLUTIONS TO STOCHASTIC FUNCTIONAL
INTEGRAL EQUATIONS

By
A. N. V. RAO and C. P. TSOKOS (Tampa)*

1 Introduction

The object of the present paper is to study stochastic functional integral equations

of the type .

(11 X(t; to) = h(t; co)+g k(t, T; w)/(t, xt(cu)) dBR(r)

and

(12 X(t\ co) = h{t; w)+ J k (t-t;co)f(r, xt(co)) dB(x)
0

where f£R+,/?(i) a process, cofQ the supporting set of a complete probability
measure space (Q, A, ); x(t; co) is the unknown random function defined for
?£R+ and co£Q; h(t;co) is the stochasticfree term defined for i£ER+ and <ufR;
k(t, X; o is the stochastic kernel defined for 0Si~r<o° and co£B; x,(co) is the
restriction of the function x(x) to the interval [0, i],Taf<«=, L2=L,(Q, A,, U).

We shall be concerned with the existence of a random solution, a second order
stochastic process and conditions will be given so that the second moments of the
random solution are bounded.

Stochastic functional integral equations are important in engineering sciences,
especially in feed-back control systems with hysterisis, [2], [3]. That is, functional
integral equations where the kernel is random and the integration is with respect to
a process, a special case of which is Brownian motion.2

2. Basic concepts

We shall assume for the process [(t) that for every tER+, a minimal
<r-algebra AtaA is defined so that the random variable RB(t;co) is measurable.
In addition we shall assume that the process {(t; co), A,, 0~r<°0} is a martingale
and that there is a continuous, monotone increasing function F(t), ?€R+, such
that, for s<t,

E{\B(f,a>)-R(s;co)\*} = Emt;c0)-R(s-,co)\*As} = F(t)-F(s), n-a.e.

For details of the above statements see D oob [1]. We should also remark that
if F(t)=ct, c aconstant, and if the martingale is real and almost all sample functions
are continuous, the process f3(t; co) is a Brownian process.

*This research was supported by the United States Air Force, Office of Scientific Research,
under Grant Number AFOSR-75-2711.
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We shall denote by Cc=Cc[R+, L2(Q, A,, ju]] a linear space of all continuous
maps x(t; co), from R+ into L2. We shall define the topology in this space by
means of the following family of semi-norms:

0;colL = sug EEf \x(t;co)\2diu(a)yY 1

This topology is metrizable and the space Cc is complete, [4]. For convenience
we shall dentoe

0;colLi = { J ¥0;P>I2dnico))12
a

Further, we shall assume that k(t, T; a) is Axmeasurable, /c-essentially bounded and
are continuous as maps from

A—{0,r); 0ST=i< °} into L, =L"NQ,A,fi),
and we shall denote by
IPO, t; ||| = |t-esssup \K(t, r; co)|.
We shall call jc(t; to) a random solution of the stochastic functional integral
equation (1.1) or (1.2) if x(t;co)EC for each tER+ and satisfies equation (1.1)

or (1.2) It-ae.
Finally, we shall employ the following well known fixed point theorem.

Theorem 2.1 (Schauder and Tychonoff). Let G be a closed convex set in a
Banach space and let T be acompletely continuous operator on B, such that, T(G)(ZG
Then T has at least onefixed point in G. That is, there is at least one X*£G, such
that, T(x*)=x*.

3. Existence theorems

Theorem 3.1. Consider the stochastic functional integral equation (1.1) under
the following conditions:

(i) the mapping x(P, a>)"f(t, x,(co)) is a completely continuous map from
Ce[R+, L2(Q, A,, fi)] into itself;

(ii) there exist two continuous non-negative real functions g(t) and I(t),t(iR+,
such that,

a) [|*0; 0HIZ—g (0 implies \\f(t, x,(wj)\\Lt =8 /(z);
b) Wh(f, w'k + {é 1*0, t; o>)|||22(¢) rfr} 2 g (t).

Then there is at least one random solution, x(t;co), to equation (1.1) in Cc, such that,
II*0 ;0))lIx2= g0), ?€R+-
Proof. In the space Cc we shall define the set
A = {x{t\co): IPO; colli2”" git), tER+}.
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It is clear that the set A is a closed convex set. For each x(t: co)€A, let us define
the operator U, by

(Ux)(t; co) = h(t; co)+ Jt Ic(t, t; co)f(r, xt («)) dB(x).

0

From the assumptions of continuity on h, k and /, it is clear that the operator
U maps A into Cc. We shall show that UAc /1. Let x(t; co)EA. Then

I(t/x)(i; co)lts S lh(t; m)||t2+||0/ K(t, T; w)/ (1, x2(c0)) dB(@)\\Li =

= \h(f, w2+ { [ W T ca)/(r, m(eo)|E2dt}12 g

S \\h(t; (O)\sr+ B/\\\k(t, T 9l|2]]/ (£ xt(co)li2d r}12 s
= Iih(t; <o)lLa+ {O/ (Iifet, T; en)lllZAT)ctr} 12 g(t)-

This shows that UAczA. Furthermore, V is a continuous map from A into
itself, as shown by the following chain of inequalities. On each compact interval
[0, T] and for x(t; co),y(t; cO)EA, we have

OS;‘LtjPT H(Ux)(t;co)-(Uy)(t;co)Uul2 =
= su;f\)_l_ k(t, t; o{/(t, xz(co))~f(r, yz(co))}dR(g)||l, =
= sup {f \\k(t,x\(0){f(T,xx{w))-f(T,yz{co)))2dF{T:)yi2"

= OS’thT ig Wk{t, t; a)|||2]{/(t, vt(ci) ) - / (r,yt(co))H|L dF(r)%J/2:§
= sup /(T xT(w))-/(T,yT(O))|IX sup if WK(t, t; <U)||[2dF(r)}I/2.
0~,sr ostrnT Q

The continuity assumptions on / and k and the last inequality proves the continuity
of U. Since / is completely continuous by assumption, it follows that UA s
relatively compact. This allows us to apply the Schauder—Tychonoff fixed point
theorem to the pair (A, U), which proves the existence of a random solution to
equation (1.1) in the set A.
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Theorem 3.2. Assume that the stochastic functional integral equation (1.2)
satisfies the following conditions:

W a)t,-c M, MeR+;
(056’“? (2 @)t,-c M, eR+;

@
(i) f\WK(f,co)\W*dt'K, KeR+;
0

(iii) the mapping x(t; w)—{t, x((cu)) is a completely continuous map from Cc
into itself, such that,
\\x(t;co)\L2"M + fk4> (M)
implies

Wf(t, x,(co))|lEl = P (M), teR+,
where @ (M) is positive real valuedfunction definedfor sufficiently large M.

Then there exists at least one solution to equation (3.2) in Cc such that ||x(f; co)||ts
is bounded.

Proor. We shall give only a sketch of the proof since most of the details are
similar to that of Theorem 3.1.
Define the set A,
A = {x{t-,(d): x(i; co)eCc[R+,L 2(B, A,, p)\ and \\x(t; co\Lg" M+kP (M)}

and operator U,
®
(Ux)(f, c0) = h(t; w)+ f k(t—x; co)f(x, xz(a>)) dx.
0

Using the assumption placed on the stochastic kernel and the continuity of f it
can be shown that U is a continuous map from J1 into Cc. Also, if x{f,co)eA,
we have

I(UX)(t; co)|Li=s lIh(t; co)\\Lt+\(\)f k(t-x;co)f(x,xz(co))dB(x)\\Li s
—IIh(f, co\Li+ {f |||k (t—; )12}/ (T, x(x; m)|||2</F(r)}12 =8
(e}

Ih(t; co\br + \ Ko (M) M+ \[KP (M)

which implies that UAczA.
The rest of the proof follows that of Theorem 3.1.
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4. Boundedness of random solutions
In this section we shall give conditions to insure that the second moments of
the random solution are bounded.

Corollary 4.1. Consider the stochastic functional integral equation (1.1) subject
to thefollowing conditions:
(i) the mapping x(f, co)-*-/(i, xt(co)) is a completely continuous map from Cc
into itself;
(i) lh(t; cg)||i2 is bounded on i£R+;
(i) \\F(t, xt@)W). () \xt(oj)\, ).{t) is positive continuous function on R+
and ()] = sup. (b £a)I1™;

(iv) there exists a real number m< 1, such that,

t
foliei, t; a)|[282(s)as S m, tER+.
0

Then, there exists at least one random solution ofequation (1.1) in Cc such
that, ||x(i; coO\L*M , M>0.

Proof. It is clear that we only need to show that condition (ii) of Theorem 3.1
is satisfied. We shall choose g(t) to be equal to m and let I(t) =M),(t), where
M is some sufficiently large positive real number. Then condition (ii) a) of Theorem
3.1 is satisfied. Further,

IMC 9l +{ /[[[M*,T;w)[[Z2T) dR(T)Y"™* s sup Wh(t; co\L+M s M,
\ Osl

if M~ Cl(—Lf»j) 1{sup \\h(t; <o)|LZ}. Thus, the corollary follows from

Theorem 3.1.
The following corollary is concerned with the exponential decay of the L,-norm
of the random solutions to equation (11).

Corollary 4.2. Consider the stochastic functional integral equation (1.1) subject
to thefollowing conditions:

(i) the mapping x(t; co)”f(t, xjtoj) is a completely continuous map from Cc
into itself;

(i) WMf; WIl2S /Xe- i, +>h0>0:
@ii) ||/ (/,x(())|[t2 S Le-Rt\xt(co), <x<B, L>0;
(iv) |[|fc(t,t; co)l @ Ke~av~2), O sid/< «>.
Then, there exists at least one random solution to equation (1.1), such that,
\WX(t;co\Mry e - M tER+,
provided hO+ KLy {2(R—a)}~1,2"y.
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For the proof, choose g(t)—ye~a and I(t)=yLe~p‘. With these choices,
it is not difficult to show that the conditions (ii) a) and b) of Theorem 3.1 are satisfied.
Thus, the corollary follows from Theorem 3.1.

References

[1] J. L. D oob, Stochastic Processes, Wiley (New York, 1953).

[2] L. P. Lecog and A. M. Hopkin, A functional analysis approach to stability and its applications
to systems with hypteresis, IEEE Transactions on Automatic Control, Vol. AC—17,
No. 3, June 1972, pp. 328—338.

[3] Chris P. Tsokos and W. J. Padgett, Random Integral Equations with Applications to Life Sci-
ences and Engineering, Academic Press (New York, 1973).

[4] K. Y osida, Functional Analysis, Springer-Verlag (Berlin—Heidelberg—New York, 1965).

(Received February 9, 1976)

DEPARTMENT of mathematics
UNIVERSITY OF SOUTH FLORIDA
TAMPA, FLORIDA 33620

USA

Acta Mathernatica Acaclemiae Scientiarum Hungaricae 29, 1977



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 29 (3—4), (1977),pp. 289—303.

INTERVALLES A RESTES MAJORES
POUR LA SUITE {««}

Par
Y. DUPAIN (Talence)

8. 0. Introduction

Soient u=(u,)neN une suite de points de [0, 1] et / un intervalle de [0, 1].
Nous appellerons Niere reste de | pour la suite u la quantité tp(I,N)=
= card {n; «<CN, ne N, u,,EI}—Nfi(l) (jx désignant la mesure de Lebesgue de [0, 1]).
La suite un étant fixée, nous dirons que / est a restes bornés (respectivement majoreés,
minorés) si la suite des restes N-»(p(I,N) est bornée (respectivement majorée,
minorée). Dans cet article nous considérerons uniquement la suite n-+{m), ou a
est un irrationnel fixé. Dans ce cadre, H. Kesten démontre en 1966 [2] qu un intervalle
/ est a restes bornés si et seulement si n(T) =zct (mod 1) (ou z£Z), en étudiant des
intervalles ayant O pour origine et en utilisant le théoréme de Bohl [1] « pour un
intervalle la propriété d’étre a restes bornés ou non ne dépend que de la longueur de
I'intervalle». Nous nous intéressons au probleme suivant: un intervalle a restes
non bornés peut-il étre a restes majorés? Notons que Vera T. SOs dans [5] énonce le
résultat: «Il existe des irrationnels @ et des intervalles de longueur B (R”za)
a restes majorés pour la suite {not) ». Nous précisons ce résultat, et remarquons que,
contrairement au cas précédent, la propriété pour un intervalle d’étre a restes majorés
dépend de la longueur de I'intervalle mais aussi de son origine (8. 6).

Nous obtiendrons, entre autres, les résultats suivants:

1) Si la constante de Markov de a M(a)l est infinie il existe des intervalles
a restes majorés et non minorés (8. 3).

2)Si a= B tout intervalle | ayant 0 pour extrémité & restes non bornés
(/c(H~za [mod 1]) est a restes non majorés et non minorés (8. 4).

3) Nous répondrons négativement a une question posée par M. Keane aux
journées ergodiques de Rennes (juin 1974): « Pour tout irrationnel a, tout intervalle
de longueur 1/2 est-il a restes non majorés »? (8. 5).

8. 1. Définitions. Notations. Rappels

Nous nous servirons des notations et résultats dus a J. Lesca ([3] et [4]). Dans
tout ce qui suit a est un irrationnel fixé.
Pour RE[O, 1] et mEN* posons

cp~(B, n) = card{n; nEN, 0&an<u, {nx3E[0, F—uu([0, BD
cpH{3, n) —card {n; nEN, 0< n” u, {na}£]o0, /?}}—up(]0, R]).
— 1
1 M(ct)=lim-------- ,ou ligall désigne la distance de ga a I’entier le plus proche.
q ol
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Relation de réciprocité (J. Lesca [3] et [4]).
1.0. — Pour tout (n, t>)CN*XN*

(p+({ux9, v) = <p~({va}, u).

Soient (pjq,,) la suite des convergents du développement de a en fraction
continue et (a,) la suite des quotients partiels (gnH=arqgn+qn-x)

11. — Pour tout /?£[0, 1[ et tout indice fcél,

kP-®, Al < 1

Posons On=gna—pn et Jin=\8,\. Alors:

1.2 0,=(-H"+U,
1.3. NE+iT+ ™M+ E —1
14. Kdn+1> 1/2
@
15. 2n=qan+ 1 +1+ +2 et I%Oa2k+1"2<+l =1

Développement de B par rapportd a (J. Lesca [3]).

Soit yicfO, 1] développer R par rapport a a consiste a déterminer une suite
d’entiers (brnynén*vérifiant les conditions suivantes:

0= =10-—1
0S Sa Wm=23,..)
K=a,=b,i=0 (n=23,.)

16 Il n’existe pas d’indice u impair tel que:

bn=a«, bn+r=0 (n=b,u+2,n+4,..)
00

n
R = 2I M » = lim{r,,a} ou r,,:k2 bkgk.
n= =1

Un tel développement existe et est unique. (On peut remarquer que ce dévelop-
pement est différent de celui utilisé par H. Kesten [2].)
00

B:21 bn6,,= ux (n£Z) est caractérisé par:

<0 tous les b,, sont alternativement égaux a a, (n pair) et a 0

80 tous les bn sont nuis a partir d’un certain rang
m
(« impair) a partir d’un certain rang.
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Remarquons que
n+p

18. Vn(=N*-{I} kz_ M . L-1

et
1-9. r,,<qn+l

Soit /?€[0, If. Développons R par rapport a a; 3= lim {r,.a},
1.10. Pourx<r, \(p-(B,x)-(p-({r,,a),x)\"I.
Relations linéaires (J. Lesca [3]).

Soient u,v et n des entiers tels que u>0, u<qgn, v<qn+l ((gr) suite des
dénominateurs des convergents de a). Il existe deux entiers b et v',v'<qgn tels
que v=hbag,,+Vv', alors

n estpair  <t({na}, v) —c>+({na}, v') + b(pH{ua), an
i n estimpair < ({ua}, v) = <p~{ua}, v') + b(p~({ua}, gn.

Nous appellerons Sn I’ensemble des points de [0, 1[ {0, {a}, {2a},..., {{n—Da}}
et Tn I'ensemble {{a}, {2a}, ..., {na}}. Soit <&, la longueur du plus petit intervalle
découpé sur [0, [ par S,, (&G,=inf(J|R-y\\, y, B et y€5,)

1.12.  alors n< gk=>06nE
Développement d'un entier.
(gn désigne toujours la suite des dénominateurs des convergents de a. Alors:
1.13.  tout entier x<<#+l se décompose de fagcon unique sous la forme
n i
X= I2_|di<h ou ON dt™ at et Vj=12 ,n, ig dich< 9j+1-

Extension de la notion d’intervalle.
Pour B, yC[O, 1[/?<y, (y, B) représentera la réunion des deux intervalles,
(y, 1)U(0, B) et sera considéré comme un intervalle.

8. 2. Lemmes préliminaires

Soit n un entier. Tout entier x<qn+l se décompose de fagon unique sous la
forme x—y+dgn ou _y<c/, et ds a, (d’aprés 1.13). Nous nous proposons d’ex-
primer (p~({rna}, x) en fonction de cp~({/=,,_'a},y).

Lemme 2.1. — Soient n un entier impair et x un entier tel que x-"q,, +1, x=y +
+dgn (y<gn et d"a,,). Alors:

P-({/e.,a}, X) = <p-({r,,-1ct},y)-A.B(drn- 1+b,,x) + Aa(x)

\_ [Min(d+l, b,) si
"* ~ {Min(d, by si ytsr, L

ou
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Lemme 2.2. — Soient n un entier pair et x un entier tel que x<qgn+l, x=y +

+,, (y<Q,,, d*an). Alors:

@ ({r.a}hx) = @ {rn_1<x}y)+X,,(drn_1+b,,x)-Bn(x)
Min(d, b,) si y>r, I

B,.(x) = Min(d, bn+7) si y~ Ml et y 0
Min (Max (d—1,0), bn) si y = 0.

ou:

Démonstration du Lemme 2.1. Comparons tout d’abord (p“{-.a}, x) et

L ). A
i b,—0,r,=r, 1 etcesdeux quantités sont égales.

Si bn740, I’intervalle [0, {r,,a}[ contient [0, {/s, !«}[ (car d’aprés 12 0,>0)
et la différence est union disjointe des bn intervalles de longueur Xn, [{rn_'a}+
+ 0—1) {gnct}, {r,,_!a} +i{gna} (/=1,2, ..., b,). Evaluons le nombre de points
de Sx appartenant a [{r,,_1d], {r,a}{ x étant inférieur a q,,+1, d’aprés 1.12, nous
obtenons I’équivalence

{=¢ a}, {r.a}) t = rn. I+cqgn
0"~ c< bn
0=(<r t< x =y+dgn

soit: card {/, 0s/<r, iaG[O0, {r,a}[} —card {t, 0"t< x, taC[O0, (rn_1aj[=A,.,(x) ou:

(Min(d, b,) si yarttj

(Min (d+ L, bn) si y>r, !
ce qui entraine:

® = ({rn-i*}, x) + An(x)-b nXnx.
Remarquons que cette formule reste valable dans le cas bn=0.
Exprimons maintenant g>~({rn_1ai}, x) en fonction de (p~({r,,-\0),y). Comme

rn_1 estinférieur a gn (d’aprés 1.9), nous pouvons appliquer la relation linéaire 1.11
dans le cas n impair:

<P~(K-i«},*) = < P ~ (K y)+d<p~({m- 1cc}, gn).

Or d’aprés 1.0.:
<P~(K-i@} gn = (pH{gna}, rn").

rn_| étant inférieur a qgn,]0, {q,,a}] ne contient pas de points de TMmr, d’ou
®+({?ma}, m.i)= -, ce qui entraine:

cp-({rna},x) = (p-({rn_1cc},y)-Xn(bnx +drn*1) + A,,(x).
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Démonstration du Lemme 2.2. En appliquant le méme raisonnement que
précédemment nous obtenons:

. (p-({rn=3X) = g>-({rm-1a),x) + b, Xx-c,, (x)
o (Minid, K) si y>>e -1
o ~{Min(Sup(d-1,0), b) si y~rn_1.

Mais n étant pair, nous ne pouvons plus appliquer la relation linéaire 1.11.
Appliquons la relation de réciprocité 1.0. :

X) = cpH({xa}, /-,..J.

Par un raisonnement analogue nous obtenons :

. (PH{xX), = <p+({ya}, rn- ) + d2nn. 1 +D,,(X)
o 1 sid 0 et 0
D..(x) = \l 0— smon

et en appliquant 1.0.:

< (o F>*) = (p~{>'n-i<xty) + I n(bnx+drn-J) - B n(x).

8. 3. Intervalles a restes majorés et non minorés

Théoreme 3.1. — Si la constante de Markov de a est infinie, il existe des
intervalles a restes majorés et non minorés (ces intervalles peuvent étre choisis
avec une extrémité en 0 ou en 1).

L ’hypothése faite sur a est équivalente au fait que la suite (a,)ien* des quotients
partiels de a est non majorée.

Supposons tout d’abord la sous-suite (atteN* non majorée. Considérons
I'intervalle (0, B) ou B est déterminé par son développement par rapport a a,
c’est-a-dire par la suite (U;)ien* définie ci-dessous.

Soit K={2klt Ik2 ..., 2k,,, ...} I’'ensemble d’indices défini par récurrence de la
facon suivante:

*i= 1
kt est le plus petit entier supérieur a ki_I tel que ax " 2-1 (/=2,3,...).

Cette construction est possible car la suite (aX)kin* est non majorée.
Définissons bt par bt=0 pour i$K et bt:1 pour iCK. La suite (U;);EN*

ainsi construite vérifie les relations 16. et B= bn01"za (z€Z) d’apres 1.7. Le

théoréme de Kesten prouve que l'intervalle (0 8) est a restes non bornés. Il suffit
donc de montrer que (0, B) est a restes majorés.
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Soit X un entier, x<qgn+l; d’aprées 1.13. x=y+dq,, ou y<g,, et O"*d”"a
Evaluons g>~({r,,a}, x) en fonction de ¢ ({r,,*«},y) \rp= £ bkgk
a) n=2k+1: v :
(p~({rak+i«},x) = op- ({r2kix], y)-A 2k+1(dr2k+ b 2k+1x) + A2+L(x)
(d’apres 2.1). Or
b+l = 0 =>AX%+l(x) = 0, dou <p ({r24+la}, x) si (p~({rika},y).
b) n—2k et bx=1:
<P~({rek<*},x) = @~({rk-i<*},y) + *2k(dr2k-i + b2kx ) - B 2k(x)
(d’apres 2.2). Si #/=0:
<P~({rzra}*) = ~"({rat-ia}, ")+Aax,
or: x=y +dgx=y<qxX
<P~({rakod>x) S ~“({rofc-ja}, jO+ Aa*"» =§ 9»-({re _ia}, jO+ ok

en effet, a2kg2k<q2+l et Akgk+i< 1 d’aprés 1.3.
Si et y?£0:

o ({"a}5") = (PM{rZ~ix}, y) + 2 2(drX 1+ x) -1
(car y*0=>B,,(x)"])
(P~{rk<*1x) = (PMrx-ix),y) +azexr2k 1A ¢)-({rXkc ia},j)+ 12t w2t 1

(en utilisant d”*a2k x<q2k+1, 1.3.et 15.).
Si d"O et y=0:

P~({rzkx},x) = P_({~_1a},j)+ 12t r2t 1+1.
c) n=2k et b=0:
" ({rk«},x)=<p-({rk_ja}, y) + XXk(drX_1+ bkx)-B X(x)
= <P-({rk-i<*},y)+ hkdr2k-1 (car bk = 0)
= 9-({i2t-ia}»I)+i2-i"2t-i (d’aprés 1.5).

Soient 2k et 2k+2p deux éléments consécutifs de K. Soit x un entier. 0-=y-
< qX+2+ e+ D’apres 1.13, x se décompose de fagon unique sous la forme:
2k+2p
X = jZ:1 €Jq)

ou Z gj4j"4m +1 pour tout m=1,2, ..., 2k + 2p.
=X
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2P
Posons x=y+ i2_I difok+i et majorons la différence

P ({*2t+2p3i X) - (p-({r 2@}, y) =
= /i:1<P\~/{cu+m«}.y+ig| di42<+h\-(P~vzx+T-1*},Y+ i2:1di?2*+i.-

Comme 72_1 e]4]1*4m+u nous pouvons appliquer les formules a), b), ¢) pour majorer

cette expression.
M2

1 Si jr*O, pourtout w, j + _21diq2k+i?£Q, alors: si m impair,
1=
<P~[{r2k+T*}>Y+ [{Trk+T-1<*},Y + [ di‘72*+i) S 0
(d’apres a), si m pair, m”Ip,

<P~ ({r2*+ma}, Y+ 'ZdiQ tk+ -V ({PA<+m -1“}> Y+ 2 di*2k+ij" "m2k+m-lr2k+m-I|

(d’aprés c), si m pair, m—2p,

P [x+714, Y+ 2 di92k+i)~<P ({nk+m-ia},>'+ 2 di<72k+i) S

+ o ot o+ p—2
. a2k+2p
solt:
1 P
<P~{rk+20¢, X)-<P~({rk3,y) » 12 A21.27- 1~ . 27- 1.
a2k+2p j=1
Or pOUr 7=1, 2, ...,P", f2k+2j-1= r2k (Cal "2k +| — "2k +2= mmm:="2k+2p-1= ")
1
PG )-(-(r, = HKL oiir
u2k+2p 7=1

Or pour tout entier n, A#2=1/2/, (daprés 1.5) et ~ Afcty 1-<2A%itt1 d’ou

(P~({rx+2,x}, x)-g> ({rka}, j) ¢ ----- + 2r2tA2k+1.
a2k+2p
OC rX~4Ark rXk-i~=2qXk (car b2k—1 et I'rk-r"Yup) et e 424!
a 2k
Alors
1 4
(3.1) <P~({rk+2p<x}, X)-<P ({r2kCt},y) & CH«+2p+ —
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2°) Si y=0, soit mO le plus petit indice tel que dm*O. Alors
(p-({rZk+><} x)-(p-({r2a}, y) =

= 2 O [{rdc+rmap 2 didk+i\-(P 1{rk+m-1(§9 2 nisofc+il*

Les majorations précédentes s’appliquent ici, sauf, peut étre pour m—m0O cas dans
lequel il faut éventuellement ajouter 1 (cfc) et

1 4
(3.2) ( ({r2+2pa},x)-(p ({12}, y) S ~—rv N Y
ak+2p a2

Soit X un entier, x<qm+l, alors x= djg}. Soit 2ktEK tel que x<qgxX.
j=1
Majorons (p~ ({rzki«}, x) : J

i ( ( inf(m, 2fon) \ / inf(m, 2fn-1) A
(~({rTabx) = £ 2 djgt-cp-y"ota}, A dj<lj) +
mf(m 2) \
+ <P~[{r2a} dj4jj-

inf(m, 2fcn) inf (#n, 2fen_x)
Il existe au plus un rang n tel que JS djgjrO et J?  djgj=0, nous

pouvons appliquer les majorations (3.1) et (3.2), la majoratlojn (3.2) s’appliquant au
plus une fois

r(K«U)sr ha} 21 </"+1+2’-—} b

n=1 ¢ 2Aen+1 “ 2fc,,

inf(m, 2)

Or, par construction: aiin&2"-1 déplus J’> djgj<q3, d’ou:

<P~({"2‘(a}>*) = 93+ |1-
ii est alors clair, d’aprés 1.10, que I'intervalle (0, B) est a restes majorés.

Supposons maintenant que la sous-suite (a2<tl)kin soit non majorée. Considé-
rons (an) suite des quotients partiels de (1—a). La suite des (akéN* est (a un
terme prés) celle des (% +1)kn donc non majorée. Il existe un intervalle (0, R)
a restes majorés et non minorés pour la suite {—na), Il'intervalle (1—RB, 1) est
donc arestes majorés et non minorés pour la suite {«a}, ce qui achéve la démonstra-
tion.

§. 4. Etude du cas ou la constante de Markov de a est finie

a) Une condition nécessaire pour que l’intervalle (0, B) soit a restes majoreés.

Lemme 4.1. — Soient n un entier impair, x et s deux entiers tels que x<rn
et s~n. Soit mO le plus petit entier impair (s’il existe) tel que mC>n et b,,0" 0.
Alors
(P~({rs<¢,x) S (p~({rnct}, x)—J118- 1.
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Ce lemme est une conséquence simple des lemmes 2.1, 2.2 et 1.8.

Remarque. Si tout entier impair est tel que bm—O0,cp~({rsot},x)"
—<p_({r,oc}, x), pour tout entier sn.

Théoreme 4.1. — Soit aC[0, Ij dont la constante de Markov est finie. Soit
B€[0, 1, non congru modulo 1 a zot (zEZ) de développement (bi)iiN* pw rapport a a.

Une condition nécessaire pour que I’intervalle (0, B) soit a restes majorés est
qu’il n’existe qu’un nombrefini d’indices impairs, n, tels que bn soit non nul.

Nous raisonnerons par I’absurde et montrerons que la négation de cette pro-
priété entraine I’existence d’une constante strictement positive ¢ telle que:

fsi nO et sio sont tels que pour tout n-=n0 cp~({r,.a.}, xQsM
{il existe «! et xi tels que pour tout n”nx<p~{rm'x}, xj) =M Ac

ce qui est en contradiction (d’apres 1.10) avec le fait que (0, B) soit & restes majorés.

Supposons donc qu’il existe une infinité d’indices impairs n tels que b, soit
non nul. La constante de Markov de a étant finie, les quotients partiels (a;ien* de a
sont majorés. Soit A = Sup {ah iIiCN*}. Posons K=A +1

1°) Supposons qu’il existe une infinité d’indices impairs i tels que 0< * &,— ;
70 et x0 étant deux entiers tels que, pour n”no0, (p~{r,,b}, xQ*M , il existe un
entier impair nr>n0 tel que:

1
8K2'

Prenons x1=x0+6,,1¢,1 Alors, d’apres le lemme 2.1.:
r(K «U i) = (P~{rni-i*},x0 - k ni(b,,Irni* 1+ bni(x(+ bnignj)) + bni &
= P ({rni-ix}, Xol+b A1 - I ni[gni+ (ani-1) g nj ] - x OoniXni
car r,l_l<qni (d’aprés 1.9) et bnitfani- 1
De plus, x0"rni_l entraine xx<rni et nous pouvons appliquer le lemme 4.1.

(avec TOMM!+2).
Pour tout entier n*nx nous avons:

V~(K a}, *i) * <P«(Ki-1a}, *0) + bni[1- Xni(anignj))\ - xObXAR- (x0+ bnigrj)2ni+x.
Ora“g”qg”-q” et Xni+lgni+Xnigni+1=1 (1.3) d’ou:
*i) = X0 + bni[Ini gni- J - x O[bnikni+).ni+1].
Or (d’apres 1.5) et d’ou:
P (Ka}.ni)y = @
or (Ka}.")

s+l Anit 1

(anx+1)(ar-1+ O K2
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(car gn+i=anq,,+q,,-i et tous les quotients partiels at de a sont majorés par K—1)
et (71+1Ani> 1/2 d’aprés 1.4; d’autre part wx—1 et:

<P-({mi-i<x}, X9 = M et *04,-1 ¢ -g"a-

par construction. Nous obtenons finalement, pour tout entier ¢ & /ij,

<p-({rnac}; Xj) & =M+2p

ce qui achéve la démonstration.

2°) S’il n’existe pas une infinité d’indices impairs n tels que 0<e,"a,~I,
a partir d’un certain rang, pour tout n impair bn—0 ou bn=an. Comme R n’est
pas congru a za (zGZ), il existe une infinité d’indices impairs n tels que bn=an
et bnt2=0 (d’apres 1.7).

De méme que précédemment, x0 et nQ étant deux entiers tels que pour n=na,
(p~({rnack, *Q =M, il existe un entier impair «i>n0 vérifiant:

*0 Ani-l) b ni ani, bni+ 2 0, 2n,_i*o N

Prenons *i=x0+ bnigni, alors d’aprés le lemme 2.1.
& (0 “k*) = p-(K,_ja}h x,)+ ani- 4, (0,1, _!+ (X,+ ani <) ani)

*0</s,, ! entraine xx</m,; appliquons le lemme 4.1. en remarquant que b, 1+2=0.
Pour tout entier £ ij, nous avons

¢>-({r,,a},*i) a (p-({r.,1 1a},*0+ 0,4 I-4 Lrni_1+a,29,,))-
Al R0 40 3(V()4 4Tl
Or bni=ani entraine e,, 1=0 (d’aprés 1.6) c’est-a-dire r,,j_l<qgni_1, et +
shi 4n\+1
<p-({r.,a}x) & <p-({r,,3-1a},*0 + 1,,,((41+1- 4 1+3)?,) -
-No(«M4 1+ 4143) = M + 4 1+2i-2*04 1-i
car «i-ISWo, ;,1+1- 4 1+3= i3 1+20 142 et u,,,41-=41-i (d’apres 15). De méme

que précédemment 4 1+224> 2*3 (d’aPrés 1-4 et }5) et 2x041i<"3 ce qui

entraine: pour tout entier n~nr, (p~{rnu}, x*"*M-t-—  ce qui acheve la démon-

stration.

De méme une condition nécessaire pour que l'intervalle (0, B) soit a restes
minorés est qu’il n’existe qu’un nombre fini d’indices pairs n tels que bn?+0 ((4)TEN*
développement de . par rapport a a).

15 —

%31 Cas particulier a=—-—".
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Théoreme 4.2. — Soit a= f52'\ Si BC[0, ] est non congru a za (z€2),

I'intervalle (0, B) n'est ni a restes majorés, ni a restes minorés.

Les quotients partiels de a sont tous égaux a 1. Supposons que l’'intervalle
(0, B) soit a restes majorés. D’apres le théoréme 4.1., il existe un entier NO tel que
pour tout entier impair n*N O, b,,=0. Or b,, étant inférieur a an ne peut prendre
que les valeurs 0 et 1, et B n’étant pas congru a za (zCZ), d’aprés 1.7, il existe
une infinité d’indices pairs n tels que b,,—1 et &, _1=én 2— 3=0. Nous allons
raisonner comme dans la partie a).

Soint «o et xo deux entiers tels que pour nSn0. g>~{m<d, xQ>M.

Il existe un entier pair n1>n0+ 1 tel que

x0<qni-i, bni=1 bWl= bw-2= bni~3= 0, NO.
Prenons ml=x0+"I1 1
P (Ki-i@Xj) = (p ({rni_2a},x0-Ani_irni_2
(d’aprés le lemme 2.1)
(p~({rnia},Xj) = ?>-({ril la},n:D+AB(g0+ 951 1)
P (K iap*l) = <P~({rd- 29¢ X0)-K L Irnl-1t+K 1(Xo+q,,1-1)-

Or hni_2—641 3=0 entraine rni_2<qgni_3 et —27/70 entraine <p-({rHl 2cc} x0 >
< M. D’aprés le lemme 4.1, pour tout entier n”~n1 nous avons

1+ /5
P (mG>*i) > A -9 MAAEr+>-MgMkx = N/+97 Y 1—

en effet, A,= 115 M+l (obtenu facilement en iterrant 1.5), de plus gni-i>2qni*3

et FIOAL 3= 1 + 1 (daprées 1.4). Nous obtenons donc, pour tout entier

) > M+Y

ce qui prouve, comme dans la partie a, que (0, B) n’est pas a restes majorés.

De méme I’intervalle (0, B) ne peut étre a restes minorés. Il suffit de remarquer
que la suite des quotients partiels de 1—a est (2, 1, 1, ..., 1, ...) et que la méme
démonstration s’applique pour la suite {—na}; lintervalle (0, | —B) est a restes
non majorés pour la suite , 1) est a restes non minorés pour la suite
{—m) et (0, B) esta restes non minorés pour la suite {m} ce qui achéve la démon-
stration.
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8. 5. Construction d’un intervalle de longeur 1/2 a restes majorés

Théoreme 5.1. — Soit a£[0, 1] un irrationnel dont la suite des quotients partiels
(adu N* Vérifie:

V/c€EN azk+l = 2, Zwﬁ < i

Alors Vintervalle (1/2, 1) est a restes majorés.

Nous allons montrer la propriété équivalente, I'intervalle (0, 1/2) est a restes
minorés.
Déterminons le développement de 1/2 par rapport a a; d’aprés (1.5)

1= i
3 0a2k+|@3<+| k2:0 20K+

“ fcEN*

1
W 2 KO,
T =20 & oy ke N.

d’ou:

La suite (u,).en* ainsi définie, vérifie les relations 1.6. C’est le développement de
1/2 par rapport a a.

Soient kK un entier au moins égal a 2 et x un entier inférieur a q&+2. D’apres
1.13, x s%crit x=y+dlgk+d2gx+1l. Exprimons <p~({r2k+l(x},x) en fonction

de op~({rzera),y)"
P ({'ac}, y+drfik) = 9 ({rk-i<x}y)+*x'd Irk- 1-B.2k(y +d1gX)
(d’aprés le lemme 2.2)

O ({rk+i<d>x)
(d’aprés le lemme 2.1)

P ({r2ka},y+d1qiik) - j 2+ (d2r2k+ x)+ A 2k+1(x)

<P({r&k-1«}. )+ (r&k_IXX- qXX™ +1) -

~ NK+HI(d2aXK+Y)-Y A 2+i (x) —B2&K(y + dkgA) —d2q2k+1XK+L.
Minorons d1(r2k_1X2k- q 2KX2k+1)

XK = XXkH +Xk+2 (d aprés 1.5) et qXx= Xg2k- 1+q2k 2
d’autre part: rk 1"q 2k 1 et dis.az d’ou:

AT KXK—qAXEH) > —o2dKdHlgkn  SfeHdk+2 oy 1
4a2fc-2 Yazk-2

en effet g n=~ et Xngn+tl<| (dapres 1.3). Minorons —XX+1(d2r2k+y)

bx=0 entraine rXx=r%k 1"qx (d’apres 1.9); y<qx (d’apres 1.13), d2"a X+l=2,
d’ou

3
~AK+i(d2r2k+§) > —3XK+gK > . —e
( y) q AWK
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Calculons enfin I’expression A2k+1(x)—B2k(y+d1gX) —d2q2k+1Xk+1 que nous
désignons par Ak(x)

D y=-r2«_i, B2y +dxqX) =0 (car bx=0) et y+dlg2k>r2k 1=rXk entraine
Azk+i(x)~ 1> Ak(x) = 1—d2qok+i?.2k+i-
2)y = ra_
a) dl=d2=0 AX+1(x) = Buiy+dtfu) = 0 et 4(x) =0
b) 4 =0, d2" 0 ~2+1(x) = 1; ~(y+d™u*) =0 et
Akix) = 1 d2q2k+in-ZeH
c) d2=0 AXHL(x)=I1 car y+digk>rXx=rXk1 et
Ak(x) S 0
d) dx 0, d25'0 yt2+iw —B2k(y +digd) —1, (X) ——d2q2k™-i22k+1.

Soit X un entier. D’apres 1.5, x s’écrit

X =y2+ 2 d{q2j+ dig2J+L
J=2
Posons
y(=y2+J22diqu+diqZJ+1 (k=23 ,

*0
P ({"2kotix}, X)= kgz (W~({rXk+ix}, yk+ dilgxk+ dgk+D-cp-({rX_ 1o}, yK)-

0 (2L — QO J2mu Y RoTg PR, dk(yk+ dkg2erd2g2a]).

Montrons que 290Ak(yk+d£qZ<+d2qZ<+1) est minoré.
Considér0n45= 2Ies quatre cas possibles
0n> et d| 7 0;
A (yk+dlg2+dlq2k+)) = |-d Ry2k+1X2k+1 (d’apres 1)
- | _flzuiTZ+i~a+i -0 (d’aprés 1.3).
ﬂ))ﬁ> r2-i et 4 = 0:
M y k+ d\qx+ d\q2k+1)

1 (d’aprés 1)).
y) yks rk x et d\ ou d%= 0:
Ak(yk +d\qx+dRg+1) L0 (d’aprés 2) a, b, c).
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Hyk=rx-h i ~0 et d2+0:
dk(yk+ d~g2k+ dRg2k+1) = -d Rg2k+ik2k (d’apres 2), d)
S —1 (d’aprés 1.3).
Remarquons enfin que si yk>r2k_k et d%?+0, alors:

Y+ r2t-1+?22k +1 — ~Jft+1) —>¢

Soient A, B, C, D les ensembles des indices k (2”k”k0) correspondant a
chacun des cas précédents (a, B, y, 6 respectivement). Ak ne peut prendre une valeur
négative que si kED. Supposons qu’il existe kkC D, alors dkl+0 et dkl+0 ce qui
entraine ykl+i> r2(tl+1)_1. S’il existe k2>kx, /c2CU, d’aprés la remarque précédente,
il existe KEB (kl<k~=:k2). Par conséquent, card (E>)"card (B) + 1, ce qui entraine

0
I(2_Zl‘ak(yk+ dEqX+ dRq2k+l) ==-

(p-({r2o+i@}, x )» —qi—I—2 2 ~ » ce qui prouve (d'aprés 1.10) que I'intervalle
te N* a2k
(0, 1/2) est a restes minorés.

§. 6. Translations d’intervalles

Nous savons que pour un intervalle |, le fait d’avoir des restes bornés ne dépend
que de la longueur de I'intervalle [1]. Par contre, le fait d’avoir des restes majorés ou
minorés dépend aussi de l'origine de cet intervalle.

Si I=(a,b) est un intervalle de [0, 1[, pour /16R, nous désignerons par
B+1 lintervalle ({a+RB}, {b+RB}j. Soit / un intervalle de [0, 1[ a restes majorés.
Nous nous proposons de caractériser les /?€[0, 1] tels que I’intervalle B+1 soit
encore a restes majorés. Pour cela nous utiliserons le développement de (1—R)
par rapport a a: 1—/I=lim {r,,6} (voir 1.6).

Pour y€[0, 1], introduisons la notation :

(pv(l, n) = cardjfe, Kk < n, {fadCl—y+1} —np(l) = cp(1—y+1, n)
(nous avons alors (p(l, n)=g>0(1, ri)).

Lemme (P. Bohl [1]). — Si 0 et y sontdeux éléments de [0, 1 telsque |&—y| <
</.b pour tout n<gk+l

\ps (1, n)—py(, i 1

Proposition.— | étant un intervalle de [0, 1 a restes majorés, Vintervalle
B+1 est a restes majorés si et seulement si I'ensemble {(o(/, rn), nCN*} est minoré
(1—j8=lim {rna}).

Remarquons tout d’abord que:

Hika)(kn) = <P(l, rk+n) @/, ).

1°) Supposons I’'ensemble {cp(l, r,,),.eM} minoré.
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Soit n un entier, soit k un indice tel que n<qgk+1. D’apreés le lemme, (pl- P(l, n)a
A<PIrk*}(I,n)+1, car \\I-B-{rka}\\<kk c’est-a-dire gx-t (I, n)=<p(B+I,
Ap(l, rk+n)—@(/, rk+ 1, quantité majorée indépendamment de n.

2°) Supposons I’'ensemble {<p(l, r,,),,eN*} non minoré.
Soit k un indice suffisamment grand pour que rk* 0. Considérons n=gk+1—rk:
0<n<qgk+l

<PpBR+1,n) = <?-,(/,n) S <A/, rk+n)—>(/, I~ 1= <X/, gk+1)-1-<p(r, rk).
Or \(p(1,9%+D)\LLI3 d’apres (1.1) ce qui achéve la démonstration.

8. 7. Remarques

a) Dans un article en préparation, nous montrons que, pour tout s irrationnel,
il existe des intervalles a restes majorés et non minores.
b) Nous avons montré I’existence de nombres a, tels qu’il existe des intervalles

de longueur -i- a restes majorés mais existe-t-il des nombres a tels que tout inter-

valle de longueur i soit & restes non majorés?

c) Les mémes prolémes se posent pour des intervalles de longueur quelconque.
Ils sont associés a la connaissance du développement par rapport a s de la longueur
de I’intervalle.
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KOBOPAN3MbI FMAAKNX OTOBPAXEHUN
C OCOBEHHOCTbLIO

A. CHO\Y (Cerep)

0. BsepeHue

B pa6ote [2] nocTpoeHO KnaccuguuMpyloLiee NPOCTPaHCTBO ANA /-MOrpyxe-
HWiA, T. €. Takoe npocTpaHcTBO MXMO(K), ans kotoporo nm+k (M, MO (k))* GI(n, K),
rage Gl(n, K) 0603Ha4aeT rpynny Ko60paM3MOB /-NMOFPYXXEHUIA U-MEPHbIX MHOTO-
obpaswnii B (n+&)-mepHyto cepy (cm. [2]). OfHaKo, faneko He nt060e HenpepblB-
Hoe oTobpaxeHue M n-»Sn+k MOXeT OblTb annpPOKCUMUPOBAHO MOrpy>keHuem (U
TeM 6oniee /-norpyxeHuem npu /<°°). To ecTb /-NOTPYXeHUss He SABNAKOTCA
06w mmm (T.e. MAOTHBIMW B MPOCTPAHCTBE BCeX OTOGpaxkeHuii). B cBA3M C 3TuM
BO3HMKAET BOMPOC — Hesb3s /I MOCTPOUTb KnaccuuumpyoLiee npocTpaHCTBO 414
06LWKMX 0TOOpPaXeHUIH?

KoHeuyHo, Tun 06WmMX OTOOPaXKeHMn 3aBMCUT OT COOTHOLUEHWUS MeXJy pas-
MEPHOCTbIO M U KOPasMepHOCTbIO K.

HanomHuM, 4To KOrga nN<2kK, TO Zm'-0TO6paXeHWs (0Np. CM. HUXE) ABNAKOTCA
obwumun (cm., Hanpumep, Xetnurep [1]).

OnpepeneHne. OTobpaxeHne /: M"-»Nn+k HasbiBaeTca "-oTob6Gpaxe-
HUEM, ec/un

1) rank df(x)*n—1 n

2) ecim f(x)=1f(x2, 10 Im#(xad n Im df(xd nopoxpalT Bce KacaTefib-
Hoe Npou3BoACTBO B Touke /(xn) =f(x2.

[JaHHaa paboTa cofiepXXuUT OMuUCaHWe KnaccuuMUMpYOLLero NpocTpaHcTBa Ans
N-oTo6paxkeHuin. Mpu 3ToM onucaHWU Mbl 6yAeM MOMb30BaTbCA 0603HAYEHUAMU
pa6oTbl [2].

BBeem HeKOTOpble HOBble 0603HayeHus. pynna kobopausmoB A-oTobpaxe-
HWIA W-MepHbIX MHOFo06pasnii B (M+&)-MepHYyto cepy onpegensercs cTaH4apTHO
M NO3TOMY Mbl ee onpegenexHue onyctum. O603HauveHne aToli rpynnel 6yget 1\n, k).
ickoMoe MpoCcTpaHCTBO, KOTOPOoe Mbl 0603HauYMm Yepes S(K), fomkHO 06nagathb
CBOWCTBOM:

amt (S(kj) « Z\n, K).

1. KoHCTpyKLua npocTpacHTBa S(k)

HanomHuM, 4To gns "-0TO6paXeHwWii [BOlMHble TOUKM 006pasyloT BHYTpPeH-
HOCTb HEKOTOpPOro MHOroo6pasvs C Kpaem, a Kpaih 3Toro MHoroo6pasua dV
COCTOMUT K3 TOYeK, B KOTOPbIX paHr auddepeHumana df He makcumaneH (T. e.
{/(*)Irank df(x) =n-1}).
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BHe HeKOTOpPOI OKPeCTHOCTW 3TOro Kpas oTobpaxeHWe ecTb NPOCTO 2-NOrpy-
XeHue. [103TOMY €eCTECTBEHHO MCXOAWUTb MPU MOCTPOEHUN UCKOMOTO Kiaccuipuum-
pytoLero npocTtpaHcTBa ANA  "-0TOOGPaXeHWin u3 Knaccupuumpyrowero mnpo-
CTpaHCTBa A1 2-NOrpy>XeHWil, KOTopoe Mbl 0603Havanu yepes 2MO(K).

Knaccmgpuumpytowme npocTpaHcTBa BCerga CTPOWINCh, MCXOAA M3 HOpPMasb-
HOro paccnoeHns MHoroobpasmit. MoaTomy, YTO6bl NOHATb, YTO HYXHO NPUKNENTb
K npoctpaHcTBy [2MO (K), 4T06bI MoMyunTb S (K), NOCMOTPMM, KAKOBO HOpMasib-
HOe paccnoeHne mHoroo6pasua dV.

HeTpyaHo BMAeTb, YTO OHO gonyckaeT rpynny 0">(K)@ 1c 0(2k+\). (3gecb
0 (2(& ectb cnneteHne O(K)~ Z2, cm. [2]). YHMBepcanbHOE pacc/ioeHne € TaKol
rpynnoi umeeTt BUA:

EO@)(k)X1 BOQ)(k).

Cnoun EO(@(kK) Mbl npefctaBnsgem cebe, Kak 2/c-MepHble Lapbl, Pa3NoXXeHHble
B npamoe npoussegeHne DkXDk Tloatomy cnou npoctpaHcTBa EO(K(K) X/
umetoT Bug XD kXDk 3To npocTpaHCTBO Mbl U NPUK/IEUM BAOMAb CBOErO Kpas K
npoctpaHcTBy [2MO(K). Mbl ceiidac onMLIEM MPUKIENBAOLWEE OTOBPaXKEHME:
Kpai npoctpaHctBa EON(K)X1 ecTb 06befuHeHMe KpaeB croeB. Kpail Kaxgoro
C/osl ecTb:

d(DkXDkX/) = DkXDkXd/U 3DkXDkX/U DkXODKX/.

w {*} {et
TOYKM NEepBOro MHOXECTBA 3TOI0 06BLEAUHEHUA UMEIOT BUL
Xr=x+e rge e=0V1 n xCEOR,®A).
Mx Mbl npuknemm K Touke XeE O " (k)c T2MO(K). Touyku BTOPOro MHOXeCTBa
NMEeKT BUA:
x2={y, a, 1} roe tel, a (y,x)eaEO@2>(K) npuuem |y|| = 1
3TN TOUKM Mbl Npuknemm K Touke X eMO (k) ¢ '2MO (k).

AHanornyHo Ttoukm x3={x,y, 7} npukneum Takke K Touke xeMO (K)a
c:F2MO(k).
MonyyeHHoe nocne NpUKNenBaHUa NPOCTpaHCcTBO U 6yaeT S(K). 3HauwT:
S(k) = r2mMo (k) @ EO2>(K)XT.

A(EO<2\k)x 1)
YTeepxgeHue 1 n,+k(S(k)) % 'n, k).

Jloka3aTenbCTBO aHaNOrMYHO AoKa3aTenscTBy Teopembl 1 u3 [2).

2. 0O6006LLeHNE

MOXHO OmnpefenuTb, KOHEYHO, KOOGOpAM3Mbl "-OTOOPaXEHWA  N-MEPHbIX
MHOroo6pasuii B MpOM3BOMbHOE, HO PUKCMPOBaHHOE H+A:-MepHOe MHOroobpasve
N n+k (MneHka Hatarusaetca B uuamHape Nn+kXI1). MHOXeCTBO Takmx Kobop-
An3mMoB 0603HauMm yepes 2?(n, N).

HeTpygHo BMAeTb CRefytoWwmnin aHanor yTeepxaeHns 1:
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YTeepxpeHue 2. 11n, N) =[N, 5(A)] (paBeHCTBO MHOXECTB).

3amevaHue. B cnyyae n<2k—2 nto60e HeNpepbIBHOE 0TOOGPaXEHNE MOXHO
annpoKcMMmnpoBaTb "-0TO6pPaXKeHWeM, NO3TOMy

B(7V) - Z\n, N) = [, SK)].

3. Hekotopsble cnefcTaug

Hanuwem TOYHYO romMoTOnNMYeckyto nocnegosatesibHocTh napbl  (S(k),
2MO (K))

(*) - R+HKFL(3(K) —nmk+L(S(K), T2MO(K)) —nn+k(T2MO(k)) “mnn+k(S(k)) + .

O603Hauum oTtHocuTenbHyto rpynny nn+k(S(k), P2MO(K)) uyepe3 X(n, K).
Mpeanonoxum n<2k—2. Torga (*) nepenuvuieTcs Tak:

B,+1(S"++]) - X(n+1,K)- G2n, K) - B,,(S"+H.

0 0

To ectb G2(n, k)" X(n+1, k). Ho npoctpaHctBo [2MO(K) /c-cBA3HO, a napa
(5(k), FT2MO (K)) 2K+ 1-cBSi3HA, MO3TOMY MpU N-=2K—2

X (n+\,k)" nmk+L(S(k)/r2MO( K)) = Tin+k+1(SMOW (K)) = G1(n —k, 1t O2>(fo)).

3pecb G\m, H), rge AcO(y') o3HavaeT rpynny KO60pAM3MOB BIOXEHWUIA [«-Mep-
HbIX MHOTroo6pasuii B T +y-MepHYH0 cdepy, HOPM, pacc/ioeHMe KOTOPbIX LOMYyCKaeT
rpynny A.

B Hawem cnyyae A 6yget rpynna 1®0 2xK), rae 1 o03HayaeT TpUBMaNbHYHO
rpynny SO(I). 3HaunT foKasaHo:

Y1BepxgeHue 3. Ecim n<2k—2, T0 G2(n,k)"G i(n—k,\®0(k)~Z£) Ko-
TOpoe CBOAUT 2-MOrPY>KEHNs K BAOXKEHUAM.

3amMeyaHue. He BbI3bIBAET COMHEHWS, YTO aHa/OMMYHO MOXHO MNOCTPOUTb
rpynnsl KOGOPAN3MOB M KnacCuuuMpyroLwme NpocTpaHcTBa Ana No6biXx 0Co6eH-
HocTeid Z1 WHTepecHO 6bin0 6bl BbIACHWUTb, HENb3A N NPUMEHUTb 3TW FPYMMbI
N9 NONMyYeHUs TeOpeM O HeCYLLeCTBOBaHMM HeKOTOPbIX HEOCOObIX OTOBPaKeHWI.
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ON CONDITIONAL MEDIANS
AND A LAW OF ITERATED LOGARITHM
FOR STRONGLY MULTIPLICATIVE SYSTEMSI1

By
M. CSORGO (Ottawa) and D. L. MCLEISH (Edmonton)

1. Introduction. In a recent paper Tomkins [4] studies certain properties of
conditional medians. In an earlier paper Csorgé [2] employs the notion of a condi-
tional median and proves a law of iterated logarithm for strongly multiplicative
systems of r. v. The aim of this note is to list two further properties of conditional
medians and to study again, with their help, the earlier result of Csorgs [2] for
strongly multiplicative systems.

2. The conditional Chebyshev inequality and bounds on the conditional median.
Here we prove two simple propositions. Tomkins’ [4] definition of a conditional
median is used throughout in the sequel.

Proposition 1. Suppose X isar.v., F a sigma-field and e is a non-negative
F-measurable r. v.. Then

P{\X\>e\F}"£-xE(\X\X\F) as. for a> 0.
Proof. Put ¥ =e-1|X|. Then
EflIZMiUe-1= E(|[ |«|*) ~ E(Y4Ir>L\F) ~ E(/1y>~) - P{nr| > e\F}.
Proposition 2. If p(X\F) denotes the conditional median of X given F,
thenfor any a>0
\p(X\F)\  (2E(IX\*\F))4* as.
Proof. Clearly for any <5>0

p(m > (('"+HEMW ) m s =tit m=l2 as-

by Proposition 1. The existence of p(X\F) for every r.v. is guaranteed by Theorem 1
of Tomkins [4].

3. A law of iterated logarithm for strongly multiplicative systems. In this section
we work with r.v. satisfying the conditions of the following

1 Research partially supported by a Canadian N. R. C. Grant.
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Definition. A sequence {X,} of r.v. will be called a normed strongly multi-
plicative system (NSMS) if

(3.1)

where /i-<i2< = .fc=1, 2,..., and MUr2, .., rk,k—lZ can be equal to 1
or 2.

We note that a martingale difference sequence of r.v. {X,,} (that is E(Jt)=0 and
¥ G\, ..., Xn_)=0,as. ne2) is a NSMS if it also satisfies the conditions

where <&, d2, ... are non-negative constants.

Studies of strongly multiplicative systems of r.v. usually require the sequence
{Xn} to be uniformly bounded and equinormed (i.e., <& are assumed to be equal),
and the a.s. behaviour of such sequences is essentially known (cf. Alexits [1], Révész
[3]). Not all strongly multiplicative systems can, however, be made equinormed, and
the uniform boundedness condition is also quite restrictive. It should, therefore,
be of interest to study sequences of r.v. satisfying our NSMS definition. In this regard
the following is known.

Theorem A (Csorgé [2]). Let {X,,} be a NSMS, put Sk=Xk+...+Xk and
0%=0k+ ... +S*. Assume that the conditional median p(Sk—Sn\S}, ..., SK of the
r.v. Sk—Sn satisfies the condition

(3.2) b(Sk-S n\St, ...,SKI ~ (2hl)12
If ® +°% and 1 |/(5,=0(loglog*“12d?, tn=(2loglog €12 then
(3.3)
In the light of Proposition 2, we can drop condition (3.2), and make Theorem

A somewhat more plausible and also more comparable to Stout’s [5] martingale
analogue of Kolmogorov’s law of iterated logarithm. We have

Theorem. Let {Xn} beaNSM S and let Sk, ¢, tn and \Xn\jdn be as in Theorem
A. Put "2=E((St—S,,)ASX, ..., SK. Assume,for every kLUI, that

(3.4) 2292— 1 (n— )
Then, for every kw\, we have

(3.5)
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Using now the assumption (3.4) instead of (3.2), one first proves (exactly as in [2])
that (3.3) holds. Then, applying again (3.4), we get (3.5).
The constant 1 of Theorem is likely the best possible one.
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DIMENSION TRANSITIV ORIENTIERBARER GRAPHEN1

Von
R. GYSIN (Dietikon)

I. Einleitung

Ist s O eine partielle Ordnung der Menge P und sind a b zwei beziglich

unvergleichbare Elemente von P, so gibt es nach E. Szpilrajn [5] eine totale
Ordnung welche erweitert und fur welche gilt: a”b. Hieraus ergibt
sich unmittelbar: Ist | die Menge aller totalen Erweiterungen von S 0, so ist SO
der Durchschnitt der Ordnung aus I:

a’”0b—(VAi) (=idl a b

Diese Aquivalenz gilt im allgemeinen offenbar nicht nur fir die Menge |
aller totalen Erweiterungen, sondern auch schon fir gewisse ihrer Teilmengen T .
Nach Dushnik und Miltter [1] heif3t die kleinste Méchtigkeit m, zu der eine solche
Teilmenge I' mit der Méachtigkeit m existiert, die Dimensionvon ~ 0. Fur end-
liche partielle Ordnungen (was im folgenden stets vorausgesetzt wird) ist diese
Dimension endlich.

Die Dimension von ist offenbar genau dann 0, wenn P die leere Menge
ist; sie ist 1, genau wenn P mindestens ein Element besitzt und selbst eine
totale Ordnung ist.

Um auch fir den Fall der Dimension 2 eine notwendige und hinreichende
Bedingung angeben zu kénnen, wird einer partiellen Ordnung (P, nach folgender
Vorschrift ein Graph G=G(P, zugeordnet:

Eckpunkte von G sind die Elemente von P; zwei verschiedene Elemente
X,y von P sind genau dann verbunden, wenn sie vergleichbar sind (d. h. xS.y
oder y”x).

Zu einem Graphen G wird ferner der komplementdre Graph G folgender-
maRen definiert: G besitzt die selben Eckpunkte wie G und zwei verschiedene
Elemente x,y sind in G genau dann verbunden, wenn sie in G nicht verbunden
sind.

Es gilt dann der Satz (1): Eine partielle Ordnung (P, L) besitzt genau dann
eine Dimension 72, falls der zu G(P, ™ 0) komplementére G transitiv orientierbar
ist, d. h.falls es einepartielle Ordnung (P, =f) gibt mit G(P, Sg=G.

Aus diesen Kriterien ergibt sich fur partielle Ordnungen der Dimension =2
der folgende

1Diplomarbeit bei Prof. Dr. E. Specker an der E.T.H. Zirich.
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Satz. Sind (PL1; Sj) und (P2, =2 partielle Ordnungen, deren zugeordnete
Graphen G(P1, und G(P2, =2 isomorph sind, so ist

dim (Pi, s ¥ = dim (P2, iS2.

Das Ziel der vorliegende Arbeit ist der Beweis dieses Satzes fiir beliebige endliche
partielle Ordnungen.

Bemerkung. Flr endliche Dimensionen lbertrdgt sich der Satz leicht auch auf
unendliche partielle Ordnungen. Die Frage ob es auch fur unendliche Dimensionen
gilt, muf’ olfen bleiben.

Ein wesentliches Hilfsmittel fiir den Beweis ist die folgende Aquivalenzrelation
A auf der Kantenmenge eines Graphen G, welche von P.C. Gitmore und A. J.
Hoffman in [3] eingefiihrt worden ist. Die Kanten (a, b) und (c, d) stehen genau
dann in der Relation A, wenn eseine Folge von Kanten (xh xi+l) (/= 1, n, 2n)
mit xt=a, x2—h, x,,=¢, xn+l=d und (xh x1#26 G gibt.

Far transitiv orientierbare Graphen G ist die Relation A zu folgender Be-
ziehung &quivalent:

Far alle transitive Orientierungen Ox, 02 von G stimmen Ox, 02 genau dann
auf der Kante (a,b) uberein, wenn sie auf der Kante (c, d) U(bereinstimmen.

2. Hilfssatze
Satz 1 (T. Hiraguti, Satz 6.1 in [4]). Sei ein System {(As, 5} von
punktfremden partiellen Ordnungen und eine partielle Ordnungsrelation auf
S gegeben, ferner soll ein @6S existieren mit dim (As, =)= dim (Aa, fur

alle sfS. Dann gilt:

dim (SZ.S,) (As, s=5 = max (dim (Aa, =§,), dim (S, LL)).

Dabei bezeichnet ﬁAS (as> =9) die Ordinalsumme der partiellen Ordnungen
(As, M9 ("65) Uber der pértiellen Ordnung (S, s €.

Satz 2 (T. Ganrai, Satz 1.2, Pkt. 2, Pkt. 3a, 3b in [2]). Sei G ein endlicher
Graph, ohne Schlingen und ohne Doppelkanten.

(1) Ist der komplementédre Graph G von G nicht zusammenhéngend und sind
Pi, ..., P,, die Punktmengen der Komponenten von G, so gilt, dalfir alle Indexpaare
i,j (LS.i,j Sn) jeder Punkt aus P; mit jedem Punkt aus P, durch eine Kante von G
verbunden ist, und dafl die Kanten, die P; mit Pj verbinden, eine A-Klasse Etj
bilden.

(2) Sind G und sein Komplement G beide zusammenhangend und mehrpunktig,
so existiert eine echte Zerlegung {P3, ...,P,,} der Punktmenge von G mit denfol-
genden Eigenschaften:

(a) Fur alle Indexpaare i,j (1"i<j”n) entweder ist kein Punkt aus P; mit
einem Punkt aus Pj durch eine Kante von G verbunden oder jeder Punkt aus P,
mitjedem Punkt aus Pj.

(jo) Die Kanten (x,y) von G fiir welche es kein i (L&aiadn) gibt mit x€P;,
y~P, bilden eine einzige A-Klasse E von G.
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Dabei heiflit {Px, ...,P,,} eine echte Zerlegung der Menge P, wenn gilt: 2Sn,
PiCiPj=0 /,7=1, n) und v Pt=P-

i=1

Satz 3 (T. Garrai, Satz 1.9, Pkt. 1in [2]). Sei G wie in Satz 2. Man betrachte
die Zerlegung {Px, P} mit den Eigenschaften von Satz 2, und Pr, Pj seien
verschiedene Mengen aus {Px, P,.}, so dal die Punkte von P. mitjenen von Pj
durch Kanten verbunden sind. Ist G transitiv orientierbar, so erhalten bei einer jeden
transitiven Orientierung von G samtliche Kanten aus G die P; und Pj verbinden
beziiglich der Mengen P, und Pj die gleiche Richtung. (D. h. entweder sind alle von
Pt nach Pj orientiert, oder sind alle umgekehrt orientiert.)

Lemma. Px, ..., P,, seien die Punktmengen der Komponenten des Komplementéren
Graphen des Graphen der partiellen Ordnung (P, S). Dann gilt:

dim (P, s) = max dim (Pr, s).

Beweis. 2Wir setzen Pr* 8; genau dann, wenn x£P; und y£Pj mit xLly
existieren. Nach Satz 2, Pkt. (1) und Satz 3 folgt, dai eine totale Ordnungs-
relation auf der Menge S={P1, ..., Pn) ist, und dal ( )(Pf, «)—(/> g) qilt.

5.=%

Nach Satz 1 folgt die Richtigkeit des Lemmas.

3. Hauptsatz

Satz. Sind (Px, s ¥ und (P2, =2 partielle Ordnungen deren zugeordnete
Graphen G(PX =X und G(P.Z WD isomorph sind, so ist

dim (Px, *j) —dim (P2, s 2.

Beweis. Wir nehmen PXP2=P und G(PX =j)=G(P2"*2=G an und
fihren den Beweis durch Induktion nach der Anzahl der Elemente von P. Fir
card (P)=1 gilt: dim (P, S Y—dim (P, * 2= 1.

Sei nun m (2sm) gegeben. Unter der Annahme, daR der Satz fir alle partielle
Ordnungen mit card (P)<m gilt, werden wir den Satz auch fur partielle Ordnungen
mit card (P)=m beweisen. Es bestehen folgende Mdglichkeiten:

1. Der Graph G der beiden partiellen Ordnungen ist nicht zusammenhangend.
Seien PX, ...,P,, die Punktmengen der Komponenten von G, dann nach dem
Satz 1 folgt:

dim (P, = max( Q'A&}Xndim (Pr, SX,2) und

dim (P, s 2 = max ( max dim (P-, s 2, 2).

Aus der Induktionsannahme und weil card (Pt)-<m (i=1, ..., n) ist, folgt:
dim (P;, €Y =dim(P;,s2 (i=1,...,n)
also:
dim (P, aX = dim (P, s 2.2

2 FUr den vereinfachten Beweis des Lemmas mdéchte ich dem Referenten danken.
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2. Das Komplement G von G ist nicht zusammenhéngend. Seien Pu ..., P,
die Punktmengen der Komponenten von G. Nach dem Lemma folgt:

dim (P, = max dim(P;, und dim (P, * 2 = max dim (P;, * 2.

Ferner wegen der Induktionsannahme und weil card (P;)< T ist, gilt auch:

dim (P;, aj) = dim (Pi; iS9) (i = 1,...,n)
also:
dim (P, ~j) = dim (P, Sj).

3. G und G sind zusammenhéngend. In diesem Fall betrachten wir die echte
Zerlegung Zz={P1; ...,P,} von P aus dem Satz 2 und fir i,j=1,...,n setzen
wir PiR"Pj (PiRoPj) genau dann, wenn x€P; und ydPj mit x*xy (X"2%)
existieren. Nach Satz 2, Pkt. 2(a) und Satz 3folgt, daB Rx und R,, partielle Ordungs-
relationen auf Z sind, und daR

2 (Pt,Si)= (P, Sj) sowie 2 (Pi, = (P, Sa)
(Z,RY) (zZ,R2)

gilt. Nach dem Satz 1 gilt auch:
dim 2 (P;. =i) = max (dim(Z, PX, max dim(P, Sj)

I1Z.RA

Ferner, da samtliche Kanten von G, die verschiedene P; Mengen verbinden eine
einzige A-Klasse (Satz 2 Pkt. 2 (b)) bilden, ist Rx gleich P2 oder ihrer Inverse;

insbesoderes gilt:
dim (Z, Rx) —dim(Z, P 2.

Aus der Induktionsannahme und weil card (P;))<»t ist, ergibt sich dim (Pf, =t)=
=dim (Pt, s 2. Also ist auch in diesem Fall

dim (P, Si) = dim (P, s 2.
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ON THE SUM OF DISTANCES BETWEEN
n POINTS ON A SPHERE. Il

By
R. ALEXANDER (Urbana)

§ 1. Introduction

By sphere we will always mean those points (x,y, z) in E3 for which x2+y2+
+z2—1 If p is a point on a sphere and O-“cpSn/l, those points on the sphere
which with p form a central angle B"<p will be called a spherical cap. All distances,
unless otherwise stated, will be Euclidean.

If P\>P%, - yPn are variable points on the sphere, we let S(n) denote the
maximum value of the function 2 \Pt~PjV In our article [1] we proved that

1
(1) —cxrp < S(n)

and neither of these inequalities has been improved. However, K. B. Stolarsky [6]
by using a nice improvement of our method combined with results of W. M. Schmidt
has given a much better version of the right inequality in (1) for the distance sum in
higher dimensions.

Stolarsky [7] has also studied the function d(pf)—min \pt—pA under the

assumption that the distance sum is maximal, and shown that d (p *c ¢n for each i.
The obvious conjecture that d(pt) is of order n"12 seems beyond any present
technique. Later, using a method of integral geometry, we will show that d(p{<
<c4n3lie when the pt are in an extremal configuration. However, we first prove
a general result relating distance sums and uniform distribution on the sphere.

§ 2. Uniformly distributed sequences of sets on the sphere

For k=1,2,..., let Ak be a set of Kk points on the sphere. We say that the
sequence Ak is uniformly distributed if for each spherical cap C,
2 kI_i*(p0 \AKCIC\k~1= (Area C)/4n,

where |W| denotes the cardinality of X. For convenience we define .2(TJ)—
=k~22 \Pi~Pj\ where Pi,Pj are members of Ak.

i"]
Theorem 1. For each positive integer k, let Ak be a set of k points on the
sphere. Then the sequence of sets Alt A2 ... is uniformly distributed if and only if
®)) ;!E“ S(AK) = ;-
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Proof. Let us suppose that the limit in (3) is indeed 2/3, but that the sequence

Ax, A2, ... is not uniformly distributed. Choose a subsequence, indexed by /, such
that lim\AjC\C\j~1 exists but does not equal (Area C)/4n for some spherical
cap C.

Let [ij be the measure on the sphere defined by placing mass at each

pointin Aj. By the Helly compactness theorem there will be a subsequence, indexed
by m, of measures which converge weakly to a Borel measure K< on the sphere.
By well-known properties of weak convergence it must be true that

jim s(AJ =y /7 \p-gq\dp(p)dp(q),

and this limit is 2/3 by assumption. However, Bjérck [4], has shown that
ff\p —\dp(p)dp(g)=4/3, an absolute maximum, only for the uniform measure

among positive Borel measures of total mass 1 on the sphere. This contradicts the
fact that /( is not uniform.

Because it is straightforward, we omit the proof in the other direction.

The following Corollary answers a question raised by Professor Erd6s on his
recent visit.

Corollary 1. If Ak is chosen so that s(Ak)=k~2S(k), then the sequence
Ax, A2, ... is uniformly distributed.

Proof. The corollary follows at once from (1) and Theorem 1.
Another consequence of Theorem 1 is that

lim [max (d(p): pTAK] = 0

for the Ak in Corollary 1 We will strengthen this result in the next section.

8 3. Inequalities for certain generalized distance sums

In this section p will always be a signed Borel measure of total mass 1 con-
centrated on the sphere. We let I(p) denote the integral ff\p —q\dp(p)dp{a).

Theorem 2. Let C be a spherical cap of spherical radius < and let p be such
that \p\C=0. Then

(4) t1(p)"j-c 5"

The proof of Theorem 2 depends on integration with respect to the usual measure
r on the planes of E3. This measure is invariant under Euclidean motions, and
the measure of the set of planes which cut a line segment is the length of the segment.
In general, if T is a Borel set of planes and u is a unit vector, let T(ii) be those
planes in T which are orthogonal to ii, and let h(yi) be the Lebesgue measure

of T(@)IMNb where L is any line parallel to . Then x(T)=-—Jh{u)do(u)
where a is the usual surface measure of the sphere.
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Let t be any plane which cuts the sphere, and let A, and B, be the portoins
of the sphere which lie in the two open halfspaces determined by the plane t. In our
article [2] we established the following formulas:

(5) I(p) = Z\in(At)p(Bt) dx(t)
(6) [lidi+ 1il) _|[/GU)+ /(8] =i.y [fi*AJ-pM,)]2dx(t).

We shall apply the identity (6) for the case where pr is the uniform measure

on the sphere and 2 is a measure for which |/i2[C=0. Here anc*

[7Gttd+/(Aid]>/(gd by Bjorck’s theorem, which itself follows easily from (6)
as we shall later show. Therefore if /q is uniform,

C e - (M)-BAAYIZNO).

In order to get a lower bound for the right side of (7), we shall integrate only
over those special planes which cut the sphere in a small circle which lies entirely in
the spherical cap C. Because of the general nature of g2, it would be difficult to
consider the effect of other planes. However, for these special planes, [/j1(At)—
—N2(ffY)]2=a2(r) where a(t) is the spherical area of the spherical cap determined
by t and which lies in the cap C.

Suppose the centre ofthe cap C is given by the unit vector n0; let 1 be a unit
vector which makes an angle O«=<p with n0. For the special set of planes we are
considering, h(u) —\—cos {{p—0), where h(u) is as above. Also it is easily seen
that the average value of a2(/) for t in T(u) exceeds c6sind(<p—s8). Thus the
incremental contribution of the planes in T(u) will exceed c6[l —os ((p—0)] *
*sin4(9 —Q)do(u). A Riemann integral which sums these contributions over all
vectors 1 which lie in C is given by

(8) C7J [1—co0s (@—0)] sind(cp—0) [27Lsin Bdd].
0

Since 1—¢os (P—0)>c8(p—0)2 and sin0>c90, a simple computation shows
that the right side of (7) exceeds c648, and this proves Theorem 2.

Corollary 2. Let the points pup2 mmp, be placed on a sphere so that
% \Pt~Pj\=S(n). Thenfor each i, d(pi)”cin~3id.
1"

2

Proof. From (1) we know that 5(n)>—wu2—cx«<1/2. Let be the measure

formed by placing weight n-1 at each pt and let dipd equal 2(pt.

_ . 2
By Theorem 2, — —coM- Thus it must be true that — —c5<pf>

3 and \CJIn~3]16 Since spherical distance exceeds Euclidean

distance, c¢,= -— works.
261
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In the case of the circle, L. Foes Toth [5] showed that d(pi)=2nn~1 by identi-
fying the vertices of the regular n-gon as being the extremal configuration. Our
method, applied to the circle, would give r/(p;)<c1d_2/5. Since we are working
with a local distortion technique, it is not surprising that our result is far from

optimal. By considering an inequality 71/(jU3<-“2f-— fz thus bringing in the

local influence of all points, one might hope to obtain (for the sphere)
or perhaps a slightly better inequality.
Also, if /q is the uniform measure on the sphere and ur is arbitrary,

fi\p-*Wdi(p)dp2(g)=-j. From this it follows that | ~1 "~ 3 ="-/(/igd+ I
Substitution into (6) gives the identity

©) i-j /bl -/ [Mi(A)-/i2(A)Fdr(0,

which is perhaps more pleasing than the inequality (7). An analogue of (9) for positive
measures, using Haar integration, was developed by Stolarsky [6], and he should
be credited with discovering this very pretty class of identities for /(/r) on Euclidean

4
spheres. Also, we note that (9) immediately shows that 7(/id=-j , and hence Bj6rck’s

result holds for signed measures which satisfy J dp=1.

However, from the viewpoint of integral geometry (9) is a special case of (6),
which holds for a broad class of metrics and arbitrary compact sets in Euclidean
space as discussed in [2]. Thus the problems studied in [3] and [5] continue to be
a source of interesting results.
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ON ALMOST EVERYWHERE
r-CONVERGENCE SYSTEMS

By
1. JOO (Szeged)

1. Let (Q, A, //) be a measure space with finite positive measure u, let S=
= S(fi, A, f) be the class of almost everywhere finite measurable functions on Q
with the usual metric of convergence in measure. Let T be a summation process
generated by a matrix ||%i] (not necessarily with finite rows) having the following
properties:

@) I'd » K (/,7=1,2,.)
and
)] limti,j=1 (j = 1,2..),

where K is an absolute constant. Furthermore, let B be the Banach space of
sequenceslsuch that

ta = (ax,a2,...)EB implies
fu™il ©,...,0, ,gvfl..., 2 *NEB,

(3) 1 1ledVx, N Jh S [a]|B, ’J_Lr_nmua(o, JV)-all, = O,
"and [fl;] A l[a||B-2

For example Ip (1 < =») is such a space. A sequence {/!,}-S is called T-con-
vergence system for B if for every a()B the limit

@ @=1m @ J@=2 )

exists for almost every t"Q.

The aim of this paper is to give a necessary and sufficient structural condition
for {/,}; that is, which does not use the elements of B under which it isa T-
convergence system for B. We think these results (when B=12 may be useful in
understanding the reason of the following fact, proved by M ensov [2]: There exist
a uniformly bounded orthonormal system {({p,) on (0, 1) and a regular positive
summation method T that is not equivalent, in the class of L2(0, 1) with respect
to this system, to the a.e. convergence of any fixed subsequence of partial sums.

Our results will generalize those of N ikiSin [3] to summation processes; however,
his proof cannot work in all parts of our proof. In the general case we need some
results of Banach.

1 Algebraic operations are defined in the natural way (by coordinates).
2 The condition |a,| ~ |[ajIB is tacitly assumed in Nikisin’s work [3].
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2. First we prove the following

Theorem |. Under the assumptions (1), (2), and (3) the sequence {/,}cS isa T-
convergence systemfor B ifand only iffor all e>0 and O«=<5<1 there exist a meas-
urable set Ec6czQ with pEQS<e and a constant Ces depending only on e and
6 such that

(5) f sup Himsup z atl f f\ dp(t) CEd\a\\-6
n-EgS isl v N~ JuInm ) P(V

or all a£B.

We need three lemmas. To this effect, let E be an arbitrary Banach space.
A mapping G of E into S is called an operator with convex absolute value (briefly
convex) if for every x,yEE and A£R (real) the relations

(6) IG(x+j>)|  |G(J[+ |GO)|
and
(7 IG(A*)| = 1AMO1
hold true a.e.
G is called bounded if the image of the unit ball of E is bounded in measure
in S, thatis, for every x£E with ||x||[ES| and for every e>0 there existsa 0
such that
(8) p{tEQ: |G (*)(0]> AT}< e

According to (7) a convex operator is bounded if and only if it is continuous
in the origin of E. From (6) it follows that
Mopagnagwn s ig(*-t)l-

This shows that a convex operator is continuous if and only if it is continuous in the
origin 6f E.

Lemma 1(Nikisin [3], Theorem 1). Let G be a convex bounded mapping of E
into S. Thenfor all e>0 and 0<<5<1 there exist a measurable set EQdczQ with
pEES<8 and a constant CH3 depending only on e and O such that

) e 6\C(x)\'-'~4pLLCCTIx\\\-,q
for all x£E. v

Lemma 2 (Banach [1], Theorem I). Let {Ln} be a sequence of bounded linear
mappings of E into S such thatfor every x£E thefunction

<7(x)(0 = rS%P \L,,(xX)()\

isfinite for almost every tEQ. Then G is abounded convex mapping of E into S.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON ALMOST EVERYWHERE TI'-CONVERGENCE SYSTEMS 323

Lemma 3 (Banach [1], Theorem I1I). Let {!,,} be a sequence of bounded linear
mappings of E into S such thatfor every xfE, Iirljg*_sogp \Ln(x)(t)\ is finite for

almost every tc Q. Suppose thatfor all x from a dense subset of E the limit H_%L n{x){t)
exists for almost every tEQ. Then limL,,(x)(t) exists for almost every tEQ for
all xEE.

Proof Of Theorem |. Necessity. Suppose that {/,lds' is a T-convergence
system for B. Because the f,,’s are finite for almost every t£Q, further (1), \a\"
S|lal|B, and lla(N1} A2||BS||a||B are fulfilled (see (3)), one can easily see that the
operators i+ in (4) are bounded and linear, for arbitrary i and N. Apply Lemma 2,
with a fixed i, to the sequence {if} of operators and to E=B. Thus we obtain

that the limit operator (denote it by 1) is also bounded and linear. We must only
notice that for every afB

Sim Zi(a)(t)\ ~ [s\luspl|xf(a)(i)l

for almost every tfQ. Now applying Lemma 2 to the sequence Tr, we obtain that
the operator

G(a)(i) = S._E,’P (lim supj:z1 i J,,-(O”)

is a convex bounded mapping of B into S, and hence Lemma 1 gives (5).
Sufficiency. Conversely, suppose that (5) is fulfilled. Then
[/ limsup |T?(a)(0 [1-*<MO = Cm Nlb-* (r=1,2,...)
n-Eei6 N~°°
for all affi, which implies that for every afB, IiJr\p*gelgp xf(a)(t) is finite for almost

every tfQ —EEO. As we noticed above, the operators xf (,N=1, 2, ..) are

bounded and linear. It is clear that the set A= {a(0,M):afB,M= 1,2,
is dense in B. This follows from the part lim ||a(0, A) —a||B=0 in (3). For any

fixed i and o(0, M)£A, the limit lim xf(a(0, M))(t) exists for almost every
tfQ. Thus Lemma 3 gives that for every afB, NIl*m xf(a)(i) exists for almost
every tfQ —Ettd. Since e>o is arbitrary, for every afB the limit NI_i*r_Qozf(a)(t)

exists for almost every tfQ.

Denoting by X the limit operator, Lemma 2 implies that the xfs are bounded
and linear. In fact, repeat the above argument to the sequence rt. By (2), for every
a(0, M)fA the limit lim zt (a(0, M))(t) exists for almost every tfQ, further
(5) dgives

I sup|x;(a) (?) 1- Bdp (0 A ceila|R-*
isl
which shows that for every af B, sup [x-(a) (t)\ is finite for almost every tfQ —Eed.

ral

Applying Lemma 3 we obtain that for all ar B, %xr(a) (t) exists for almost
every tfQ —EHEd Since r>0 is arbitrary, Theorem I is proved.
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Remark. The proof of Theorem | gives also the following statement. Under
assumption (1), (2) and (3) the sequence {/,,}cS is a I convergence system for
B if and only if

sup Ilrl'Q:sup j2=1t|,1aj fj ®
in almost every point of Q, for all a£B.

3. We shall give a sharper form of Theorem 1 in case B=Ip (1é/><=°) as
follows.

Theorem Il. Under the assumptions (1), (2), and (3) the sequence {/,,}cS is
a T-convergence system for Ip (I"p<°°) if and only iffor all e>0 and 0
< min (p, 2) there exist a measurable set Eeqd Q with /cEeB<r and a constant
Ccq depending only on r and g such that
. Koo 19 lq
(10) sigq{llm%p 2 ajtijfjit)1j® (0| = C[tf\a

for all a(Up.

The proof runs along the same lines as that of Theorem 1, but instead of Lemma
1 we use another result of Nikisin. For this we recall a definition of Nikisin [3].
A mapping G of E into S is called sublinear if for all xEE there exists a linear
mapping Tx of E into S depending on x such that

11) T(x)(1) = G(x)(1)
and for every y£E
(12) 1700(01 S |GEO!

for almost every tEQ. It is easy to prove that every sublinear operator is convex3
(see also [3]). It is obvious that every linear operator is sublinear.

Lemma 4 (Nikisin [3], Theorem 2). Let G be a bounded sublinear mapping of
Ip (1Sp<°=) into S. Thenfor all £>0 and 0<”~r<min (p, 2) there exist a meas-
urable set E[qc:Q with pE*g<e and a constant C[q depending only on e and
g such that

(13) { f |6 (n)(ONe (0}12~ C E4M|ip

-k
for all afjp. n-Feq

Proof Of Theorem Il. First we prove that if {/,)cS is a T-convergence
system for Ip (I"/><°°), then the operator

6@ = WP UMD 2,0 i)

171 A N-*-

3 In fact, every convex operator is also sublinear. This follows from the proofof the Hahn—Ba-
nach theorem, using the well-known fact that S is an ordered complete lattice.
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is sublinear from L into S. To this effect, fix an ad,, and define a function ia(t)
by the equality:

G(a)(t) = sup {/'\Il_lmo j2=1 ajtl,jfj(op j%laer(t),j Jj(.0
and set

Ta(b)U) = [sign ARbjtiaw .ifji*)

It is easy to see that (11) and (12) are fulfilled. Now we can apply Lemma 4 and the
proof of Theorem Il is similar to that of Theorem I, thus we omit it.

4. In this section we consider the very important special case B=12. We shall
prove the following

Theorem I1l. Under the assumptions (1), (2), and (3) the sequence {/,,}c:S is
a T-convergence system for 4 if and only iffor all e>o there exist a measurable
set EeaQ with /.(E)<E and a constant C3 depending only on e such that

14 2 (2 h-1,j f  fj(0d SC,<®@
o j=1§<fc=1 J)(,a-Ee)I'EK I p(t)]> )

holds for an arbitrary decreasing sequence {Ek} of measurable subsets of Q (tOj=0
for j—I, 2, ...).

This is a structural condition for {/,} in order to be a I'-convergence system
for 4, because it does not contain the elements of 12. In the special case, when
tjj=0 if r and =1 otherwise, (14) reduces to

2| [\[} En EfJ(Odp(t))

and this is a result of N ikisin [3], p. 159.

Proof. By Theorem Il one can obtain the following assertion: {/,}cS is
a -convergence system for 4 if and only if for all r=»0 there exist a measurable
set E3czQ with pEe<e and a constant Ce depending only on e such that

(15) [ supilimsup 2 ajtljfj{t)\\db(J) Ce\ii
2-Ec 1 VJ/I—o

for all a64- In virtue of this, it is enough to prove the equivalence of (14) and (15).
First suppose that (15) is fulfilled, and let Ek be an arbitrary decreasing sequence
of measurable subsets of Q. Define a function i(t) by setting i(t)=k if tzE k—Ek+l
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Then we have

@®
D) f 2 ajll(t)jfj(o dfl(t)— f 2 \2 aj(*k,j~h- lJ)fJ(Odﬂ(t)

Eek=1 VJ"

=2 - f 2 ajihj-h-i i) di(o =

1 (1)-EQNEk J=1
—2.aj 24 (tk,j-tk-i,j fi(t)dn{t).
2 g (ki ) H.Egjﬁaj() {t)

The change of the sums in the last step is permitted, because for almost every t£EQ
the sum with the running index k contains only a finite number of terms different
from zero. Taking the upper bound of the right-hand side of (16) on the set {afl2:
I{)i2—1}, further estimating its left-hand side by (15), we obtain (14).

Conversely, suppose that (14) is fulfilled, but (15) not. Then there exists an
nE/sa such that

a7 G(a) = / supijimsup 2 aU .jfj(f* dn(t) =~

In fact, if G{a) is finite for all a(Ll2 then the method of proving Theorem | gives
that {/,} is a T-convergence system for /2 and hence Theorem Il implies that (15)
is fulfilled, which is a contradiction.

By (17) it follows the existence of a measurable function i(t) on Q such that

(18) f 2ajtw Jfi(t)dii(t) = + 00 or - oo
Q-FErJ=1
Put Ek={t£Q\i(t)"k}. From (16) it follows that
2 [2 f fjo
L[J: LI_I-E.1I‘IE,.J )

and this is a contradiction to our assumption. Thus Theorem 111 is proved.
In the special case
_fl if j=n;,
t’J jo if j>nt,
the T'-summability means the convergence of nkh partial sums. Then (14) is of the
special form

(19 2 2 {1 ffMpa-.

}-Ec)cEk

Comparing conditions (14) and (19), it is obvious that one can make the right-hand
side of (14) less than that of (19). We think that this is the turning point of Mensov’s
result [2]. However, we are unable to give a new proof of Mensov’s result on the
basis of the difference in conditions (14) and (19).
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Remark. The core of Banach’s paper [1] iS our Lemma 2 and the other results
of [1] follow from this easily. But Banach’s proof for this lemma gives slightly more
than this, namely it gives the following more general statement:

Theorem IV. If {&JF° is a sequence of bounded convex mappings of the Banach
space E into S (S is the same as before throughout in our paper) such that for

every xfE thefunction
G(X)(t) = wﬁlG,,O)O)l

isfinite for almost every t£ Q, then G is also a convex and bounded mapping of
E into S.

In the special case when I2 consists of only one point, further its measure is
positive and finite (say, equals 1) then S=R (real line) and Theorem IV reduces
to a well known lemma of Gelfand, which is very useful many times in the theory
of orthogonal series (see e.g. [3] or C. Kaumax, . W TeliHrays: Teopus opToOro-
HasbHbIX pafoB, MocynapcTeeHHoe V3gaTensctBo ®us.-Mart. Jlutepatypsl (Mocksa,
1958)). Gelfand’s proof given in the just mentioned book does not seem to work
for the general case of Theorem IV above.
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ISOMORPHISM PROBLEM FOR A CLASS OF
POINT-SYMMETRIC STRUCTURES

By
L. BAPAI (Budapest)

1. Introduction. For a group G, the right regular representation GR of G
is a permutation group acting on G, which consists of the right multiplications by
members of G. A graph X is a Cayley graphlof G if V(X)=G and the auto-
morphism group autl of | contains GR. It is easily seen, that the image Xx
of X under an automorphism a of the group G, is again a Cayley graph. It is
natural to ask the converse:

1.1. Probtem. Given a group Gand a Cayley graph X of G, are those of the
form Xx (af€ Aut G) the only Cayley graphs of G isomorphic to X?

The graph X (the group G, resp.) has the Cayley isomorphism property, if the
answer to 1.1. is positive (for all Cayley grahps X of G). A. Adam conjectured [1]
that the cyclic groups have this property. Eispas and Turner [5] have found that
this is false for Z16, but they and D jokovic [4] have proved that Zp (p prime) has
the Cayley isomorphism property. Their elegant proof uses the spectra of the adja-
cency matrices of these Cayley graphs. Quite surprisingly, this result extends far
beyond the possible range of applications of adjacency matrices. One can extend the
definition of Cayley graphs to any kind of (algebraic, combinatorial, topological,
etc.) structures (objects of a concrete category). If G—Zp, problem 1.1 has a positive
answer even for Cayley objects of any concrete category, as can be shown by elemen-
tary group theoretic arguments (Theorem 2.3). Refining the method we obtain
that Z2 and Dp have the Cayley isomorphism property for ternary but not for
quaternary relational structures (Theorems 4.4, 4.6). The corollary that Dp has
the Cayley isomorphism property for graphs, and a formula, expressing the spectrum
of a Cayley graph of G in terms of irreducible characters of G, are used in [2]
to construct large families of cospectral Cayley graphs of Dp, thus showing that
the spectrum cannot be used to prove that Dp has the Cayley isomorphism property
for graphs.

In a forthcoming paper we shall prove that ZpXZp has but Zpi has not the
Cayley isomorphism property for graphs [3].2

2. Definitions, preliminaries. Throughout this paper, G denotes a group,
lits unitand SG the symmetric group acting on the set G. Thus permutations from
SG operate on the members of G. We write the operation to the right. The right
(left) regular representation GR(GL) of G is defined by

Gr = {gR: g€G}, GI1 = {gL: g£G}

1 Contrary to the usual definition, we do not require in this paper the connectedness of a Cayley
graph. For basic facts concerning Cayley graphs see [6, 7, 8].
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where gR,gE£6SG act on G according to
XgR = xg, xgL=gx (XEG).

A colour-graph is a binary relational structure (containing any number of binary
relations). A graph is a colour-graph with one colour (relation) only, which is sym-
metric and irreflexive.

Although we are interested in isomorphisms only, it will be convenient to use
category language to formulate the problem in its most general form.

A concrete category is a pair €={C, F) where C is a category and F, the
forgetful functor, is a faithful set-functor F.C-+ Sets (associating an underlying set
with each object and an underlying mapping with each morphism of C; for a,

Hornc{a,b), ot"B implies F(ot)*F(R)).

We shall write

iso (X, ¥) = {F (f):f isanisomorphism of X to Y);
aut X = iso (X, X) (X, Y 60bC)

(the concrete isomorphisms and automorphisms, resp.). Clearly, iso (X, ¥) consists
of bijections; aut (A) is a permutation group.
We shall require the uniqueness property: if idf (&6iso (X, Y) then X=Y.
Moreover, we require that € be closed under isomorphisms, thus

given an object X and a bijection defined on F(X) there is an object ¥ such
that ~>6iso (X, Y).

In view of the uniqueness property, ¥ isunique and will be denoted by X p.

Henceforth we always assume that € has the above properties.

We remark, that, from our point view, all morphisms except the isomorphisms
can be omitted, hence the “category of graphs” means the category of graphs
and graph-isomorphisms, etc.

An object X of ~ isa Cayley-object of the group G if

(i) F(X)=G;
(ii) &\itX"GR.

Proposition 2.1. If a is an automorphism of the group G and X is a Cayley-
object of G in then so is X

Proof. Ot~IgRd = (gdR, since x(a_lgAa) = (xa xgf = xga. Hence
aut”"*) = a_1(aut X)a £ oc~1GRa = GR.

Let A be a Cayley-object of G in the concrete category €. We shall say that
X has the Cayley-isomorphism property (shortly AT is a CZ-object) for G in &,
if, given any Cayley-object ¥ of G in if X"s Y then some automorphism of
G belongs to iso (X, Y).

The group G is a Cl-group with respect to (shortly, a 'if-CZ-group),
if every Cayley-object of G in ~ has the CI property.

In this terminology, the result of Djokovic, Elspas and Turner, mentioned in
the introduction, asserts that
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2.2. Zp isa Cl-group with respect to the category of graphs.
We shall prove
Theorem 2.3. Zp is a Cl-group with respect to any concrete category.

3. Characterization and application to /i-groups. The following lemma provides
a characterization of the Cayley objects.

3.1. Lemma. For a Cayley-object X of G, thefollowing are equivalent:

(i) X is a Cl-object;

(i) given a permutation cp£Sa such that (pCRe>x"aut X, GR and cpGR<p
are conjugate in aut X.

Proof, (ii) implies (i). Let ' be another Cayley-object and @ an isomorphism:
Y—Xp. (So, <pfSG) Clearly,

aut X = <p(autY)cp~1£ (pGRep-1,

hence by (ii), (XRcp~1=R~1GRR for some /ifautA. Let Bp=y, thus y~1GRy=
=Gr. If ly~1=g, set 6—gRy. So, 16=1 and 6~1GR6=GR. Hence < induces
an automorphism a on GR:

S I6= (ga* = a_IgRa
for some Aut G. Consequently, Gx 1 belongs to the centralizer of GR in SG.

As well known, this centralizer is GL, the left regular representation of G, whence
(as B=1 fixes a letter)

da~x=\dG, gRRBy=gRy =6 =a, @@= B-xgRxg
Y = X« = Xe-1**1* = Xx (as B, gkEaut X),

proving that A isa C/-object.

(i) implies (ii). Suppose <p"SG and PR(p~1" aut A. Let Y=XV. Y isaCayley-
object of G since aut Y=(p~I (aut X)<p=sGR. If A isa CZ-object we have Y= X*
for some afAut G. Hence Xa=Xuw A4* *= A, consequently /2= (pa_lfaut A
We conclude that

PGR(p-1 = BaGRa~1B-1= BGRB~X,
as stated.

3.2. Coroltary. For agroup G thefollowing are equivalent:

() G isa Cl-group with respect to any concrete category.

(if) Given any permutation <p€SG, GR and (pGRcp~x are conjugate in the sub-
group {GR,cpGR(p~X) of SG.

Proof. The implication (ii)=>(i) directly follows from 3.1, (ii)=>(i). To derive
(i)=Kii) from the corresponding implication of 3.1 we only have to observe that for
\G\=n there is an object A of the category Mn of n-ary relational structures
with automorphism group aut A=(GR, ¢pCR(p~¥). (Any permutation group of
degree n trivially coincides with the automorphism group of some n-ary relational
structure.) A is a Cayley-object of 0t,,, hence a C/-object by 3.2 (i). Thus 3.1 (ii)
proves 3.2 (ii).
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Now Theorem 2.3 easily follows: the group G=ZP (p prime) satisfies (ii)
since now both GR and <&R<p-1 are p-Sylow subgroups of (GR, FCR(p~V).
One can easily see that Z4 and Z2x Z 2 satisfy 3.2 (ii), too, hence

3.3. Corollary. Z4 and Z2XZ2 are Cl-groups.

3.4. Problem. Are there infinitely many CIl-groups other than the cyclic groups
ofprime order?

Similarly to our proof of Theorem 2.3 we obtain

3.5. Lemma. For p aprime and G afinite p-group assume that GR is a p-
Sylow subgroup of aut X for some Cayley-object X of G. Then X isa Cl-object.

Proof. |pCa_1|= |Ca| hence an application of the Sylow theorem proves
that X satisfies 3.1 (ii).
This lemma leads to another generalization of 2.2.

3.6. Theorem. Let G be afinite p-group and X a connected Cayley graph
of G. Ifthe degree ofthe verticesof X islessthan p then X isa Cl-graph (for G).

Proof. If GR is a p-Sylow subgroup of aut X we are done by 3.5. Otherwise
there is an automorphism n6aut X of order pk fixing at least one letter. In view
of the connectedness of X there is an edge [x,y] in X such that xn=x, yn”"y.
The order of the orbit of y under (n) divides pk hence y,yn, ...,ynp-l are
different neighbours of x, a contradiction, proving the theorem.

4. Groups of order 2p. 4.1. Lemma. Let G be a finite group, Q a subgroup
of SG containing GR,Qp a p-Sylow subgroup of Q and cpdSG. Assume that
both Qp and GK are contained in <p~1Q(p. Then there isa R£Sa suchthat

(0 “eN So(Qp);
(ii) iBcp-'iQ;
(iii) if moreover, GR” NSa(Qp), then \xR=\.
Proof. Both Qp and <pQo(p-1 are p-Sylow subgroups of Q, hence
vQpfP"1= R"QpR

for some BE£Q. Set g=I(Bcp)~1 if GR"N Sc(Qp and g=1 otherwise. Let /=
=gRR<p. (ii) and (iii) hold obviously. As gR".NSa(Qp), (i) holds, too.

4.2. Lemma. Lei G be afinite group, (pdSG, and Q a subgroup of SG con-
taining Gr. Assume that GK contains a p-Sylow subgroup P of Q, and GR"
=® 1QF Assume further that all automorphisms of P extend to automorphisms
of Gr. Then there isan x*Aut G and yECSc(P) suchthat

(i) ycup-'eQ;
ifi) if, moreover, f< G s, then 1ly=1

Proof. The conditions of 4.1 are satisfied now (in case (ii) even the assumption
of 4.1 (iii) holds). Let iR satisfy 4.1 (i), (ii) and (iii). By 4.1 (i), conjugation by iR
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induces an automorphism of P. Let this automorphism be the restriction of a€Aut G
to P. As (g“)«=a_Ilg*a (gEG), we have

= X 1IgROi (g*€P),
hence
7 —\jla~1tCSa(P).

Now (i) follows from 4.1 (ii) and (ii) from 4.1 (iii).

4.3. Theorem. Lei \G\=2p,p prime S3. If X is a Cayley-objectfor G and
p2 Jaut X\ then X isa Cl-object.

Proof. Let Dp={q, a\ gp=02=1, (ja¥=qg~1), Z2p=(9, a: gp=a2= 1, og=qo).
G is either Dp or Z2p. Let H—{1, g, ..., g”-1}—(B)- We thus have G=HUaH.
Let % denote the cyclic permutation (1, g, ..., £p_1) and n2 the cyclic permutation
(a, eg, ..., cEp-1), both considered as members of SG.

Clearly, gR=n1n2 generates the p-Sylow subgroup P of GR, being now
a [FSylow subgroup of Q=autX, too. Let x denote the involution x—
= (1, H(q, gg)...(gp~1, ggp~D. Actually, x=0oL, hence for G=7Z2p, x=0R.

Let (p"SG suchthat GRS.(p~1Qcp.

Now, all assumptions of 4.2 (including that of 4.2 (ii)) are satisfied. Hence,
by 4.2 there exist x*"AutG, 3fQ and yECSa(P) suchthat

(p —Ryot
and ly=1
The centralizer of P in SG is the group of order 2p2 generated by nlt n2
and r, hence the stabilizer of 1 in Csa(P) is (nd. Consequently, y=n| for
some integer k.
Now we split the proof according to the two possibilities for G.

I. If G=Dp, observe that' #2€Aut G, hence ydAut G, yagAut G, and we
conclude that
vGrV '1= BiycuGniyci-'B-1= BGRR~X

thus Gr and <p@QR<p are conjugate in g=aut X proving the theorem by 3.1.

II. If G=Z2 we have xn2x=nl, hence xyx=n\ and yTty~11= JIXI2K. But
now we have XEGR,

yxy~1£yGRy~1= 3 - 1(py.-IGR*(p-1% = R~1<pR<P-IR ~ R-'QR = Q
hence yxy~Ix£Q. Consequently,
nf = (n1n2knin{k = (QRk(yxy~1x)"Q.

If k*Omodp, (nX)=(n2 hence O contains the subgroup (a19%2 of order p2
a contradiction. Thus k=0 modp, y is the identity and

= EGCGrip-1=RiG "-"B-1= BGRR-X
at once proving the theorem by 3.1.
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4.4 Theorem. For p aprime and \G\=2p, G is a Cl-group with respect to
the category 473 of ternary relational structures (with any number of ternary relations
defined on them).

Proof. For p=2 we are done by 3.3. Let ps3.

Let X be a Cayley object for G in a?3. If p- does not divide the order of
Q=aut X, X isa Cl-object by 4.3. Henceforth we assume that p2\Q\. We shall
use the notation introduced in the proof of 4.3.

i>=<TIl4) is the /j-Sylow subgroup of GR. P is contained in a unique
p-Sylow subgroup Qp=(nl, 710 of SG, hence Qp is a p-Sylow subgroup of Q.
Let (p£SG such that cpGncp™Q. The mentioned uniqueness of Qp implies
PQPP~1—Q- Now all assumptions of 4.1 (including that of 4.1 (iii)) are satisfied.
Thus we deduce that 4.1 (i), (ii), (iii) hold for some R€.SG. By 4.1 (i) and (iii),

\{~1n1ll = Ui

for some k (*0 mod p). Some automorphism a of G produces the same:

(a is defined by Bx= gk, 0o¢=(J) Let
K — doc~r;
thus « fixes each member of H=(qg) and
K~1MN2k — 712

for some / (*"Omod/?). By4.l (ii), cp=Rd for some R £Q, hence (as cBAUtGS
N Sa(GR))
<PRep-1- BiIRGA-'B-' = RKGRk-'RB~K

By 3.1 we only have to prove that GR and are conjugate in Q. (k~I GRk"Q
since (pGjtcp™Q.) Actually, we assert that k£Q.

Let v=koRk~1oR. As kGRk _1"Q we have VvEQ. Note that the restriction
of v to oH coincides with that of k, as oRk~1oR fixes each member of oH.

In order to prove K£Q, let x,y, zB G, and assume (X, y, z)dT for some ternary
relation T belonging to X. We have to show that (xk, yk, zk)$T. This is clear
if x,y,z each belong to A: then xk=x,yk=y, zk—z. If x,yEH, z£§H then
zkEoH hence zk=zn\ for some t, thus (xk,yk, zk) =(xn2,yn2, z09£T (since
TREQp=e=zut X). We proceed similarly if xfH and exactly one of y and z
belongs to oH. Assume now x£H and y,zEoH. As xvcH there is a t such
that xv=xn'l. Hence by a remark above.

(xk, yk, zk) —(x, yv, zvi) — (XV7If,yvnf zv iy

since both v and belong to Q. We argue similarly if x and exactly one of y
and z are in oH. Finally, ifx,y, z each belongto oH we have

(xk, yk, zk) — (xv, yv, zZV)ET.
The proof is complete.
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45. Corontary. For p a prime and \G\—2p, G is a Cl-group with respect
to the category of colour-graphs.

Proof. The rule (x,y)>-+(x X,y) associates a ternary relational structure
with each colour-graph. Trivially, the isomorphisms remain the same, hence 4.4
in turn implies 4.5.

In contrast with theorem 4.4, we prove

4.6. Theorem. For p aprime, p=3 and \G\=2p, G is not a Cl-group with
respect to the category of quaternary relational structures.

Proof. Let 3, acton G as

Q92=oJ; (ad)92= (7Q-J.
Let 91= fr92«r and

Q= , X, 72, OK).

Clearly, (9192 %, n2 is a subgroup of index 2 in Q, (91t )" (92 n2"D p.

We assert that GR and 92GR921 are not conjugate in Q. (92GR921"Q,
since 91=92=id, 92n292=n21, 321132= #1, 92(/r92=9192«r .) Consider KIn2£GR.
92Mn292=n1n21£92GR92. Assume that is a conjugate of some member
t/ of Gr in Q. As o(nln2)=p, we have tj=(ntn2dm for some m~" 0 mod p.
However, QsN Sa(nln?, hence B~1gR is again a power of nln2 for any R£Q.
Thus, there is an s such that

Oirds = 1

hence 5=1 (modp) and 5= —1(modp), a contradiction, proving the assertion.

In view of 3.1 it remains to prove that one can define a quaternary relational
structure X on G suchthat aut X—Q. Let us define the quaternary relation T
as follows: let n=n1in2,

T={(xX,y,y):x=yn or y=xn, X, yEG}U
U{(x, xn, y, yn): xEH, yE.oH or xdoH,yEH}U
D{(xn, x, yn, y): x%H, yEoH or x£crH, yEH}.

Let X=(G; T). Clearly, aut X*Q. As Q acts transitively on G, it suffices to
prove that the stabilizers (aut X)r and Qx coincide. The relations (x, x,V,Y)
guarantee that (aut X)1*(91,92,n2. We have to show that (aut X)1"(9192, n2),
thus if some RE aut X fixes all members of FI then B=n2 for some m. Otherwise
B would be 92n2; here n%dautX but 32%autX: for xEH, y£oH,92 takes
(X, xu,y,yn)6T to (x,xn,y92,y92n~D)$T, a contradiction. This completes the
proof.

Added in proof (August 17, 1977). Several authors have obtained further
partial results on Adam’s problem and its generalizations given in the present note.
For p, g different primes, Zpg has been proved to be a CF-group with respect to
the category of graphs by M. H. Klin (Soviet Union) and R. Pdschel (GDR) al-
ready in 1975, and by C. D. Godsil (Australia), as well as py T. D. Parsons (U. S.)
and B. Alspach (Canada) independently in 1977. (Recent personal commutations.)

9 Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



336 L. BABAI: ISOMORPHISM PROBLEM FOR A CLASS OF POINT-SYMMETRIC STRUCTURES

Babai and Frankl have obtained strong constraints on the structure of CI-
groups with respect to the category of graphs [3]. Problem 3.4 has been answered
to the positive by the following remarkable result of P. P. Palfy:

Theorem (P. P. Pélfy). Let n=pl..pk where the pt’s are prime numbers,
Pt+i>Pi-Pi (1=i=k—1), and g.c.d. (n,cp(n))=1 Then Z, is a Cl-group with
respect to any concrete category, (o denotes Euler’s function.)
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ON SOME PROBLEMS OF P. TURAN

By
P. VERTESI (Budapest)

1. Introduction. We investigate certain orthogonal systems and by these we
prove that there does not exist rough theory for the Hermite—Fejér step parabolas.

(We use the expressions k2 | ftaw fiw  as Lebesque-constants; see (2.13).)

2. Notations and preliminary results. 2.1. Let us consider an arbitary system of
nodes

(2.1 SISItM <V In<- < M» <il»=1 (= 1,23,.)

in [—L, 1], further denote

(2.2) on(X, x) = c(x- x1G,)(x - x2,,)...(x- x»,) (c ®0),
Qn(X,x) i}

(2.3) /*”’(*’*)z_a{,()@xk,,,)(X-Xk',,) (k= 1,2,...,«),

(2.9 Ln(f; x, x)U_Iléf(xk,n)h,n(X,x) (n=123,.),

(2.5) vkn(X>x) = 1-21Ikn(X, xk',,)(x-xki,) (k= 1,2,...,n),

(2.6) K n(T, x) = Wn(X, x)I,,(X,x) (k= 1,2,..., i),

(2.7 BA(X, *)= (x-xk,,)Ik,,(X,x) (k= 1,2,..,n),

(2.8 A,.(/; X, x) I 2/(W, ) K, n(T* (n=123,.),

(29 LW*(/; X, x)af (/; X X)+t,2:I(W m ) N X) (n=123 ..),

where X is the matrix {x4 1=l (/?=!, 2,3, ...), /EC(=/(x) is continuous on
[—L1,1]), moreover in (2.9) we suppose that /'€C, too.

2.2. As Faber [1] proved, for any Axed system of nodes there exists a continuous
function for which the Lagrange parabolas Ln do not converge uniformly to the
function considered. But studying the Lebesgue constants

]
(2.10 7-n(X) = nx, )1 (n=1,2,3,.),
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in many cases we can decide the convergence-divergence behaviour of Ln(f;X, x)
for a well-defined class of function (||gj| stands for max lg(x)] for g€C).

As in their paper [2] P. Erdss and P. Taran proved, if X,,(X)~ns (0<<S<1)
then

a) If then there is an /ieLiP~ (= {/(*); T(X-Ry)\=cU)\x-y\y
X,YE[—h 1].0<y~1}) such that the sequence ||E,,(/i; X, X)|| is unbounded;

b) If y>d then lim \Wn(f; X, x)—(x)\ =0 whenever f £Lip y;

c) If N<y<(5 then there is a matrix Z with )n(Z)~n* such that
IL_irrgo ILn(f; Z, x)—£(x)|| =0 whenever /£ Lipy, but we can define another matrix Y

with X,,(Y)~ns and /26 Lipy such that the sequence ||L,,(/2; Y, X)|| is unbounded.

As one can see, in a) and b) only the order of Xn(X) decides the convergence-
divergence behaviour for Lipy (“rough” theory); in c) we have to investigate the
finer structure of our matrix, too (“fine” theory).

2.3. Now we turn to the Hermite—Fejér step-parabolas Hn. Here, contrary
to the Faber’s theorem, as L. Fejér [3] proved for the ChebyschefT-matrix T=

= jcos— M, Hn(f;T,x) uniformly converges to /(x) in [—1,1], supposing

/6 C. More generally, as later G. Grunwald [4] showed, if A isa so-called “strongly
normal point-system”, which means

(2.11) w,, (X, x)~ a>m0 (k= 12,...,n; n=123,...; xE[—L 1))
then also

(2.12) fimpll#.(/; X, x)=Hx)l = 0 for/iC.

Denoting by Pjf’~(x) (a, #>— 1) the Jacobi polynomials of degree wu (which are

orthogonal in [—1, 1] with respect to the weight function (1—x)a(l +x/), (2.11)

holds if Qn(X,x) = P (x'f) (x) and —1 We notice that Qn(T,x) = P (~112'~ 1/2)(x).
Let us introduce

(2.13) PAW = 2 Wkn(X XL, (X.x) .

Knowing that for any X, H*(f; X, x)=f(x), supposing / is a polynomial of degree
S k, we have

(2.14) f!;:ir M (T, x)t(l,x) = 1L

So if vKn(X, x)"0 for any k and n then yn(X)= 1. This is true, e.g., if (2.11)
is valid. Another well-known example is the case Qn(X, x)=P"°’°A(x) (Legendre
polynomials; see e.g. [4]).

N  Following P. Taran, one may ask whether — using u,,{X) — there exists the
fine and rough theory for the //,, process and if it does, let us determine those
y’s for which //,,(/; X, x) uniformly converges to /(x) in [—l+a, 1—€] whenever
/c Lipy and fin(X) =0(ns) (0<y,5<1) (see [5], Problems XIX and XX).
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2.4. Let us remark that here we have to restrict ouselves to closed subintervals
of (—1,1), because for the Legendre abscissas if
(2.15) im x)-1(x)1- 0 (x| =1
=00
then

i ff(x)dx=f(-1)=f(1) (feC)

(see [6]). On the other hand, Hn(f\P (aget), x) uniformly tends to fix) if IxIsl —e,
fee and pn(P(**))~n for a=?0 (see [7], 14.6).

3. Results. 3.1. First we deal with the second problem raised in 2.3 and prove
that there do not exist y and 5 satisfying the requirements.
For this aim let

(3.1) AN« (x)*p(“«(1_2*2) (n=1,2,3,...; a,yS>-1).
Denoting by the matrix formed by the roots of the polynomials R if1XXx)
of degree 2n we state
Theorem 3.1. If an0O, —1 then we have
(3.2) Ub, (afeO ,*£jin-1)
andfor thefunction f (x)=x2
(3.3) HM; R*™M 0 ~n* (asO,aM>-1).

It seems to be worth to formulate the following special case.

Corollary 3.1. There exists such matrix X for which py2n(X)—0(1) but
for ffix)=x2
Ww 142,(1; X, 0)—r(0)| > 0.
@

If we investigate X for which np~1(X)=o0(l) we can use the following

Theorem 3.2. Let np~1=o0(1). Then for each such a sequence {/r, }*=i
there exists a matrix Y=YM such that pn(Y)~pn (n=1,3,5,...) further for
thefunction /2(x) = x andfor arbitrary butfixed x"O, |x]|SI

\ 213
ﬁ >0  (|x|~1,x”0 fix).

3.2. To complete our assertion we prove a convergence-theorem. Let co(t) be
a modulus of continuity on [—1, 1], co(f; t) the modulus of continuity of /€C,
further C(co)={/(x); w(/; t)*a(f)co(t)). We prove the following

Theorem 3.3. Lei 1"p,, =o(ri). Then for each sequence {u,}™=1 there exist
a matrix Z=Z({/;,,}) and afunction-class C(co) depending on the sequence {//,.}
such that pn(Z)~pn, moreover

(3.5) Mggo \\Hn(f; z ,x)-/(x)|| =0 if fEC(co).
By 3.1, 3.2 and (4.46)—(4.48) we obtain the following
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Corollary 3.2. Lei 6 befixed with 0<<b< 1.
a) V then there is a matrix Z with p,,(Z)~nd such that

g ll# . (15 Z, x)-1(x)|| = 0 for Lipy.
b) There exist a matrix Y with p.o,,(Y)~n3 and ffiYip 1 suchthat

s, \HU(FGi Y, 0)-F10\ = o,

i.e,, using un(X) and Lipy, there does not exist rough theory for the Hermite—
Fejér step-parabolas, either on the whole [—1, 1] or on a closed subinterval (see [5],
Problem XIX).

3.3. Inthis part we state further properties of the polynomials defined by (3.1). If
(3.6) A&n -2x2 (n=01,2,.; a B> -1)

then using similar ideas as in [7], Theorem 4.1, we can verify that the polynomials
(X) (a,/?=— 1) of degree n defined by (3.1) and (3.6) form an orthogonal
system in[ - 1, 1] with respect to the wightfunction

(3.7) p(a j x) = *Tr+1(1~x2 (a, B> -1).
By (3.7) we obtain
Corollary 3.3. Supposing a, B> —1, we have
R(-V2V(x) = dn, fi). Pjf.n (jo,
where c(n, B) does not depend on X.

Now we state

Theorem 3.4. If — 1 then we have
28 finn (<a -0.5),
(3.8) AuNEN) = {1 oo
and )

U

(3.9) oM (B)~{nyg @50

3.4, Remarks. 3.4.1. The following problem is also due to P. Taran ([5],
Problem XII).

For a fixed O<y<l let us give a matrix of nodes X such that

lim ILn{f; X, x) —f(x)\\=0 if /6 Lip y, but for a suitable /i(jc)€Lip y we have
TEMGE X %) IN «.

In [8 and [9] we gave some positive solutions for this problem. Now we provide
another particular answer. Indeed, using (3.8), we get by standard argument
(3.10) |IL2n(/;/?<*“A*)-/(x)]|| =0(2)0)(/;1}, “+US (-0.5 aas B),
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from where
lim (/s *=x)-/ () =0 if /€ Lipy,

moreover, applying (3.3) we get
Em RIZR), ®)| =« if fi =x2(eUpy),

supposing coO, and y>a+0.5.

3.4.2. In [8] and [9] we handled those cases when, in order to characterize the
Hermite—Fejér interpolation, one uses A,,(X) instead of un(X).

4. Proofs. 4.1. Proof of Theorem 3.1. 4.1.1. Using [7], (431) we have
(4.1) (L-xY (1 +X)RP(*-Bx) = (@ "O+x [+ (a,/I>-).

As we know the roots of P(@ER)(x) satisfy
4.2) -1 < x<UB>< < <A%< 4% < 1

With x —cosS and xk*fi)=cos 3"y (0”73, 9kgLLin) we have the following relations
(sometimes omitting the superfluous notations)

(4.3) AE3*+1-3 * A (k=0,1,...n)

with 0<cl=cl(a, B)\ c2= c2(a, ), xO=cos 30= 1 and xmtl= cos In+l——I;
(4.4) \x-xkK\~ n~2Aj2-k 2 if x£[xJ+1,xj], k=0, 1l...n+1 k" j,j+1

(see [10], Lemma 1 and Lemma 2). Further

(4.5) P<-« (x) = (-1 TP*-*(.x), (1) = (" E£') ~ ne
0(3-«-1/2/r12) if £*73=nr.6,
(4.6) |p(«.J1 (cos 3)1
0 (n* if 0s34&'
|lc-“- 32 (0<3tS Tr-e),
4.7
(n-/c + 1)-B-32n?+2 (e ™ 3 fc<7r),
(4.8) [P<«-«(*)[ = y(n+a+/?+1)P, (LY’ *+1)(*),
-2 ?
4.9) _a-?+(«+[?+2)

1-xf
(see [7], (4.1.3), (4.1.1), (7.32.5), (8.9.2), (8.9.9), (4.21.7) and (14.5.1)).
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By (3.1), denoting the roots of by yi%(0), we have
(4.10) y tR)=~y(ifi=y~ sin?"z’” k=12, ..
(4.11) R M =-4ykPn(xi) (k=x1, £2,..., £n),
(4.12) K M =\6ylP:(xw)-4Ph(xw) (k==x1%2,.., n).

So for the fundamental functions, by (2.3) and (3.1)

(4.13) ikn(x) = ~: Pn(\-2x3 (k=% 1 +2.., £n),

TAYKK(X\K]) (X-YH
further by (2.5), (4.11), (4.12) and (4.9)
a—=R +(a+ B+2)Xﬁy

(4.14) »*»00 = 1+ K p (X-y*)-

4.1.2. Let us prove now (3.3). By (4.13), (4.5), (4.7) and (4.10)
(4.15) 2 i nz (a: 10< <5< )
' e 2 gl 6f - '

By (4.13), (4.10), (4.6) and (4.7), using that for fk=x2

(4.16) x2= Hbifil x)+ *2__|2}/K(x-yK)1°/<(.x) (n™ 2)

Iwhere 2 stands for 2 ) we obtain
[fe|= 1 kk—*d

=1 P <k
Let us see now u2n. By (4.14) we have

(4.17) VK(0) = 2_4[(«-,El,+(«+l'l +2).,.DI[3B2 for aaA
1 xp

so by (4.15)
(4.18) JUIP*») A c(a)nx (aS)5>-1).
But, of course, we need an upper estimation, too.

4.1.3. Lemma 4.1. We have

yM P)~ nx (a&0,af R>-1
(<2 (3.2)).
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A. We can suppose x"yk (k=z+1, +2, +n). Let, e.g, 0Sx=cos5sl,
so 1-2x2=1—2cos 5= —cos 25= cos (5;-25). Let IrsTI]<inr1]n be—yk\= \x—y,i which

means [T—25—5,/=0(un-1).
B. At first let Ji<x-=z0=j|;n/]. Then

-2- =5 < %_ — where 0< c4= c4(a,R)< 2 and 0<c5=cHa, R)
n

(see [7], 6.21). To prove (3.2) we write, using (4.10) and (4.14),

e +@+B+2)xld i

(4.19) Vk(x) = 1+— 2 1T0f 1 (x-yk =
21-x|W x 3ck—1 2(cc-R)+2(ct+R)xw
T+**| Yk 1+*|t] Ti(l+x|X)

We shall break up N£_ n_ WK(O\Ik (x) according to (4.19). We write
d=i

(4.20) 2" WKQONK(X) =

We use the notations
2 =2©O, 2 =22

Then, by (4.13), (4.4), (4.5), (4.6), (4.7) and (4.10), we have

K2 [sin (ji—29%)] 2%
2 D5 () =02 @
[sin(f-*)-=*]yl
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For the ™ (2> with similar argument, moreover, using that now yk~ 1, we get

ymlziLPfri = ™ (n-k+ D21
A I+ *kZW 7834 A (7-fc)2 ¢
If 7—y then ~ )=0(1) and ~(2=0(1). Solet Then
C2l Tr2at 3 72a+3
1 k2x+s 1 ¥ Jrard 1y (aard

j2*+i«2A U-kf j%ﬂn é‘*JU'k)Z 2_A*5rAU-kf

BAR U2 | e 00
further J_
nz«“2 ™ (n-fc+1)2'+1  O(M««-*) ~  (,-fc+t1)221 n,,,
21 N Tj—-tk\fz 2a+ 1 ~ V4 J— (o
So we have

y |I-*fc - _
fod L llipc) - 0 (n2), yk< m< z0.
k*j

C. If 0~x<_vIl we get by similar estimations

D2+ 3

20 = =z (1)’3-7%2: A2 (fil= 0(n-)

b (n—k+ g+l
U-kf

and
| +xk

=0(M2a2)r @  fe+r DTl = 0 (2)

D. Let us see now the second part of (4.20). Using that \x—y}\*— we have

for >m<x<z0
y (i)-——-———n(x) = -.ffi W) kX =0(n2
Yk(l+ xR IkW  T-* Z "U-kf h

2 (bYK(1+XK) H(x) = 0(1) Z (2 | -txb H(x) = o(n23).

Fortheinterval 0 x b y similar estimations we get 2 —77X—/|(x): 0(n2).
k7
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E. Finally, let us see the third part. If ot=B=0 then this term is 0 (see (4.19)).
So we can suppose 000. Let yl<x<z0. We have as above

<=0
and )
2,4)9&%&”(@: z ( 2\j~k% = o(n¥).
If 0=x<yXx, we have
2Tw i) ()" 0(0 2<1>1TL, - < =m0l

and
2 (2)7—t“_;W'SFJJ(X) = ofo22**-1)2 (2)(V|~\J?‘~l'lk\.r—— = 002

So we proved (see B, C, D and E)

(4.21) 2 b*)(x) =02 if OSi<zo.
ki

F. Let us see now the y-th term. By (4.19) we have for any OLLIxLLI1

» (*) = - \X~yj1 %
(4.22) M=0@[ itX £ %) 19x).

If 1My's-L  then \x—yj\[yj(I+xJ)]~1=0(j~)=0(1), on the other hand, if
~j=n then by (4.10)

= o(p O YIKl+y)) 0(D 2 _
L/0 +>,) 1 +X]) nJ 20052~2

So using (4.22) we have to prove that 1j(x)=0(n2) (OSx”i). By (4.8)

w F22 T2 4zp—229

) AyjK(.xj)(x-y]). | 4VjKiXj)

z P<idri+1)(l - 22212

=0
(ay/ KAHXj)
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where, e.g., so by z=cosf we have \n—2£—Sy|=0 (u-1).
Then, by (4.6) and (4.7)
max  |P<iV’ D) (X)|
I =00 0() (O=8x"1),
Jx) = 00) PAKX) (D (O=8x"1)

from where using (4.21) we get

(4.23) 2 WkOOMI(x) = O(n) (O Sx< zO.
=
G. Now we investigate the case zO<x<j’ e, 7<S:C4_2_ (0<cb

= c6(a, /7). We use another form of rfgx). By (4.19)
, NO(I-A)F) @y *-1) + 2xw _ (x—)(3x||d—D) i

(4.24)
P‘W y*(l+**) >‘*(!+**)
2(a-R) + 2(cc+ R)xm
- 3% (1+ x1) x->1.

As at B we shall break up 2 _|u»(x)|/|(x) according to (4.24). First of all we prove
in=i
(4.25)

KL1-*[*]) 2%-1) + 2xm\= 0[{n —9K] = O[(n~kt If ] (k= 1,2,..., ri).
Indeed, we have

YK = siny
X[ = cos9k= -1 +y (N-St)2+ 2*cosi/(f-S B4

from where using (4.3) and (4.10) we get (4.25). Further we shall use that now
-n—9 Mn—, ie,

(4.26) sin (71—20) ~ sin Sj = sin(7C—9j) n-j+1I

At 2 € we use that now x—yk~c. For 2 * we shall apply

(n 9 2A (n 3 n—=9\ . (9 n—oxk}
(4.27)  COS { o el BA2 - 24+-A ) =Sm42 + *

C.Sm,2n—49|< (n—k + 1)2
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H. We have by (4.25) and (4.26) for z0<x<y,,

(i) M2t 1) +2xM j2 0(n2y) AN iun3 k243
N(1+*%*) KV (7-j+ 1y2sis1 k3 n2a+4
0 (rt*-fc-i).

(n-J+I)2’I—2 Dk2Z=0(n2X

further as in B, by (4.25)—(4.27)

2 [(1-M)(2yfe 1) + 2xt| » o(np (n-k+iy «:
bl "
YK(1+XK) (n-J+H2» i (17T —fc+1)2
(n-lc+1)20+3 01 v(p (N-k+1)2B+3
(j"'kY (n-fc+l)2 n2R+ 4 (n—y'+ I)Z!+ﬂ# (a U-kF
01 pR+3
i--T
U*u
I. At the second part of (4.24) we shall use that
(4.28)
1—x ~ 1—s'ns13-'j = ZCOS’(E+ Bﬂ sin H‘ -"93\ = ZCOSHl + S"ITG) s'mTZ"_3
(77-3+ 1)2 K7,

So we have by (4.26)—(4.28) for z0<x<y,,

2<n e (n-j+4fka -- 7 =o("")
and
2% T a ,IMm=
o(nd) (n~j+ 1)2 242) n m (T-fe+1)2n 3

(n-j+1)y2n+1 2 (n—c+ 12 (j —k)2 (n—k-H)2 n2,+4

0() (n-fc+1)2:-4 _ 0() i1

(77-3+1)20 -1 Z (j-fe)2 nz**1  m(M—o02

I-I'AEJT

0() _  i2~1 0D
n1 (M-02+M2-1, A30(I-M)S - 0(1) {28 1<0)"’

For 28—170 we have the estimation 0 (1i2/,_1).
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J. At the third part we have, supposing >0 (see E), for z0<.r<>;,

Z Opwga oy ) =jpljsipy 27 Q=00
and

(n-]Q-('l)\y‘ 2 (2)'r#17*_v*l|)2 - o(n™).

K. With similar argument we have

2 K/ = o(nd (f, < x =I).
||f(ch|

So we completely proved the relation (3.2).

4.2. Proofof Theorem 3.2. 4.2.1. Let us consider the matrix Y defined in [8],
4.1, i.e. let for odd ris

vk = cosz—én: no(k=12,..,u; n=2—J)
(4.29)
Yon = €os (m - Bn\ ; where n

Further, by (4.29), the n-th row of Y contains n+1 nodes, Q,,(Y,x) is a poly-
nomial of degree n+ 1, etc.
At first we prove
A.(MN~n-V 3

By (4.29), with T,,(x) =cosnS we have

lkn(Y, x) = Ikn(T, x) )? 9 .o(k=12,.., n),
K-Yo

(4.30) Tn(x)
fo.n(™, x) = T{)’Q 5
1
_ ] =12,..

(4.31) M= 013 © "

TM

T/IYoY
(4.32) Tn(»o\ = Isin OM ~ ue,,, |r;(y0| = mcos MO}~ u.

So we have, using Ikt,,(T, x) = (—1t_1r,,(x) sin 3*n- 1(;c—y*)-1

T9%{x) sin29f(x —y0?2

2AV ML AV O =000 2y Pomgst i~ B 1o

s Iéfsl
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4.2.2. We sketch the estimations as follows.

20+ .2 =°(n) if
¥, TZ(X)(x-y02 1 2

A nax-ykiyk 2' + 2 =0Qnn) if |x|<~-,
£

W534 W»?j
where 2 ' means that we omit the n-th term. Further
(4.33) 2'+ 2 =o(n) if ||&l
ids] M= 2

y, T%(x) (x —yQ3sin29k 2'+ 2 =6 (i) if |x|=s-£.,
A Ax-yklyl 4
2 + 2"+ 2 =0(n) if -<x %
Y~YKA OS2 W=

E2(X)(x—02sin2"

For »};'i n2(x-y Kyt we use the ideas of (4.33).
So we get
(4.34) 2\vUY x)\II,, (Y,x) = 0(n).
k=1

k?+s

4.2.3. We know that

(2_)
(4.35) Qv
i L\
\ngn)
(see [8], 4.13). So by (4.31)
(4.36) =\ »¥))
- O L
= °\yn

Finally, using (4.30) and (4.31) we get [t4,,(F, 1)J/@,,(F, I)~n~2g~3, form where
by (4.34) and (4.36) we have

(4.37)
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4.24. In [8], 4.3.1 we have shown that

(4.39) 19.,(/2; Y, )\ (x 70, x|~ 1, fix).

21
By n,,=n~2g~s we get our theorem.

4.3. Proof of Theorem 3.3. Using un(T)=1 we can suppose
We shall use the matrix Z as follows. Let n=2s or n=2s—I and

zkn = XKB = cos m_%r (fc= 1, 2, n, k"s)y

(4.39)
where
Then, as in [9], 4.1, we have
— s ( 2s—1 t
wa0) k(Z, x) = Ik(T, x) X-xszk-7.c { oS o nj
Tn(x) zs-xs
]S(Z’ X) T,,(ZS) ’
kz, zk) = Ik(T, zk (k 9),
(4.41) U5 SR _ A 1
h{Z, 255 = ,\-<§-(5+ ‘Y675’
(4.42) Ir,(z9) [~ n0,, [Ti(z9] ~ n,

finally, if 4<p,=zs+1-z s+2 and /,,= [zs+2+ qm; zs+1-cpr], then

Ih(z, x)|| = O {ﬁ(ijnl’ lZs+1(z, m)| - O I~KI_? )

(4.43)
W, *)I K Is+1(Z ’X)\~TQ1 for x<H,,
Let us prove the relation
(4.44) Hn(2)
Indeed, by (2.6), (4.40), (4.41) and (4.42)
(4.45) 2. \Wk(z, x)1I(z, X)| =

fSSH
= O(l)k"s,25+i vK(T x)HI(T,x) (X7\{ +}(/S}/ f~

T2(x)

=0 2 (-xzi n2(x-zky | " N2(X—xX9)2 "*ix—x§]

0 (D,
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further

|K|(Z,*)I= 0(,)(,+J| A ) N AN - 0(|)(|+ X -XS+Xs~2z:

Qn

L2 nkah= ° 0) (np+ Aza* fis) = © Wad,
finally

(Zs+1- X s)2

W (7 N\ -n A\ Tn(x) .. (X-Zs)- 11
s+ (ZO\ @ % +i), (e Zt+). (e Xi). (s+1-z9-  °f{n2ea-
We obtain (4.44) if we remark
Ih.(Z,x)\~|_-|Kh for x£/,,.
Now we have by usual argument

Itf,,(/; Z, x)-f(x)\ = 0(1) [ké:' \f(Zk)-f(.x)\\hk(Z, *)| +
r's,s+1

+ 1 (29— (OWh(Z,x)\ +\f(zs+)—£(x)\hs+I(Z,X)\']  (/eC(©)).

Let us estimate the parts figuring here. Using the argument applied at (4.45)
we can get

(4.46) 2 \f(xK-F(x)\hK(Z, *)| = o(l).

kjrs, S+1

For the remaining part we estimate as follows. If zs+2<x<zs-1 we have
(4.47) 2 \f(zR-f(x)\\hk(Z,x)\ =
k=s,s+1
= 0(1)© (-i) (ne,,)-3- 0(1)© (1) rt,(2).
On the other hand, let x(E[—1, zs+2](J[zs- 1, 1]. Then

(4.48) L2 M@R-fx)mz,x)\ =

- 0()[O(x ) + ZsHI) (x - z sHy- nd
= 0(1)© (1) (ne,)-3- 0(L)©(I) rt,(2).
By (4.46)—(4.48), o,,=—3\l/Jp and oon<n—)1=o(/r~r) we have got our assertion.
navp,,
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4.4. Proof of Theorem 3.4. By the method used in 41 we can prove more.
Namely, supposing n=2, 4, 6, ... we have

JO(Inn) for -I<as -0.5 |*s 1—
3 Kok *
2 L g (natl2) for —0.5 <a, MSl—e
Inn if vy isfix, l[y|< 1, nENy, -lI<aa-0.5,
2.1 Y\ o2 jf y_ fia=— 0.5 n=1,35...
n (O(Inn) for —i< /s —05, Es I*si,
’\ﬁ ‘h.on (R (* 8), JTDI= {O (np+1/> for _ OS5 <=g1t ¢ P,qe 4,
n, if yisfix, o< |y| S1, Ny, —1< B S—o.5,
W21 vl >Hh if y=1 /is--0.5, =135, .

By these relations we gain (3.8).

For (3.9) we can prove as in 4.1 the following:

=0() for -l<asO |*|s]l—s
2 \hk,,(K™flx)\ = 0(n2) for as 0, [*[si—e
v ~nXx for aS0, *=0,

—</?s—05, £s |*|s 1 or
0(1) if j-0.5<jBRs aSO, £spPsS1 or
2 \K,n(RAR\ *XK -1 <jjS0, as—05 £S[*S]
1=t =0(Mnd if 0SB as -0.5, £SP*S1,
~n2" if OSB, aS-0.5, *=1

By these and (4.18) we obtain (3.9). (The crucial part of these estimations is 2 (1) at
H and J) We remark that by (4.24), eg., 2 )|*n08 from

h XkSKO.Q
where, e.g.,
lim /i2,(/2(-09-°))n-08> 0.
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ILLUMINATION OF CONVEX DISCS

By
L. FEJES TOTEI (Budapest), member of the Academy

We say that a point-set {A} is illuminated by the point-set {5} if to any bound-
ary point A of {A} there is a point B of {5} such that no point of {A} lies
on the open segment AB. (According to this definition a parallelogram can be
illuminated by two points, while according to a more restrictive definition used in
the literature [1] a parallelogram cannot be illuminated but by four points.)

Theorem 1. The point-set-union of n> 1 circular discs can always be illuminated
by 2n points.

The example of successively touching circles whose centres lie on a line shows
that 2n lighting points are actually needed (Fig. 1). We shall see that in any other
case at most max (In-2, 3) points will suffice.

Fig. |

The case when the circles are centred on a line but some of them overlap or
successive circles are disjoint can easily be settled. Thus we may suppose that the
centres are not collinear. Obviously we also may assume that no circle is covered
by the other ones.

Consider the generalized Dirichlet cell [2] of a circle ¢ defined as the set of
those points whose power with respect to c¢ is smaller than with respect to any
other circle of the set. These cells are convex polygons or unbounded convex polygonal
regions which fill the plane without overlapping and without interstices, in short,
they form a tessellation. The vertices of a bounded cell will illuminate the arcs of the
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corresponding circle lying in the cell. (About the arcs lying outside the cell we need
not care because they are contained in other circles of the set.) In order to illuminate
the corresponding arcs of a circle whose cell is unbounded we must add to the ver-
tices of the cell two further lighting points one on each infinite side of the cell suffici-
ently far from the circle (Fig. 2). Thus, if there are Kk infinite edges, then the union
of the circles can be illuminated by the vertices of the tessellation along with «k
further points.

In order to give an upper bound for the total number p of these points it is
convenient to suppose that the infinite edges meet in an ideal vertex. Thus we have
p=v—Il+k, where v isthe total number of the vertices of the tessellation. If e is
the total number of the edges then

(1) n+v = e+2.

On the other hand, if vt is the number of ordinary vertices of order i then

2) 1+ v3+ vd+ ... = v
and
(3) fc+ 38+ 4td-t-... —2e.
Hence

2e S 3i>)+ fc

Combining this with (1) we have

Vi 2n —K —1,
whence p"2n —2.

Theorem 2. The point-set-union of n> 1 non-overlapping open convex discs
can always be illuminated by max (2n, 4n—7) points.
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We shall see that the number max (2n, 4n—7) cannot be replaced by a smaller
one. For closed discs the theorem does not hold any more, as can be seen by the
example of a square and a circle touching a side of the square. If these two discs
are closed their union cannot be illuminated by a finite set of points.

The proof rests on a construction which turned out to be useful in the theory
of packing [2, 3, 4]. Suppose that each disc tends to grow unboundedly in all direc-
tions, say, through the continuous set of outer parallel domains, but the growth is
limited by certain “walls”. These walls consist of the supporting lines which separate
a disc, either in its original or increased state, from those other discs which have
a boundary point in common with it. In short, whenever two discs collide, a wall
comes into being, preventing them of growing into one another (but not hindering
the growth of the rest of the discs). In this way each disc will expand into a convex
region bounded by a finite number of straight lines. With the possible exception of
a finite number of bounded or unbounded gaps, these regions fill the plane.

It may occur that a region abuts along a whole side on a gap, so that the region
can further be enlarged without loosing the convexity and without overlapping other
regions. This situation is caused by a “wrong” supporting line between two regions
(Fig. 3). Replacing the wrong supporting lines by “good” ones and continuing to
expand the regions according to the above principle, such situations can be eliminated.
Thus we may assume that to each side of a gap there is a region leaning partly or
entirely against this side and simultaneously partly against the elongation of this
side in one direction. Let us elongate the sides of a gap in accordance with adjacent
regions. Since from two sides meeting at a vertex only one is elongated beyond this
vertex, the sides of a gap are cyclically unidirected (Fig. 4). It follows immediately
that the gaps are convex polygons and each side of a gap leans against exactly one
region. Thus the set of the vertices of the gaps coincides with the set of the vertices
of the regions.

In the following discussion we first suppose that among the regions under
consideration there is neither a half-plane nor a parallel strip.

Consider the “tessellation” consisting of the regions. We call the points at
which more than two regions meet along with the gaps vertices of the tessellation.
As a tentative definition we call the set of points at which exactly two particular
regions meet an edge of the tessellation. An edge may consist of a point, namely of
coincident vertices of two gaps (Fig. 5). Extending the above definition, we call
a point in which a vertex of the tessellation and a vertex of a gap coincide also an edge.
Similarly as in the proof of Theorem 1, we consider the unbounded regions to meet
in an ideal vertex. Preserving the notations of the proof of Theorem 1, the relations
(1), (2) and (3) continue to hold for our tessellation.
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Now we choose the lighting points as follows: 1. the ordinary vertices of the
tessellation consisting of one point, 2. two arbitrarily chosen vertices of each triangular
gap, 3. the vertices of all non-triangular gaps and finally 4. one lighting point on
each infinite edge of the tessellation so that they span a convex polygon P containing
all the discs. We claim that these points jointly illuminate the discs.

Fig. 6

Let d be one of the discsand D the intersection of P and the region pertaining
to d. Translate the sides of D inwards so as to obtain a polygon circumscribed
about d, and decompose the boundary of d into arcs whose extremities lie on
adjacent sides of this polygon. Let a be one of these arcs and A the corresponding
vertex of D. Since a is obviously illuminated by A, we have to consider the case
when A is not among our lighting points. This occurs only if there is a triangular
gap ABC inwhich B and C have been chosen as lighting points, and we have only
to observe that, without being impeded by other discs, B and C together also
illuminate a (Fig. 6).

Denoting the total number of the lighting points with t and using (1), (2) and
(3), we have

t S k+2v3+4vi+5v5+ ...~ K+ 2(v3+ 2v4+3v5+ ...) —
—k+2(2e—2v—k +2)=4n—k —4 S 4n—7.

We continue to consider the case when some of the regions are half-planes or
parallel strips. If all of the regions are either half-planes or parallel strips then the
discs can be illuminated by 2n points. Therefore we exclude this case. On the other
hand, we first assume that there is at least one parallel strip. Let this parallel strip
be in a vertical position. Let / be a horizontal line “far below” the discs. Let /
intersect the vertical edges in m points Lu ...,Lm. Cut off the parts of these edges
lying below a horizontal line below / and bend the truncated edges so as to meet
at a point V. Adding a new infinite edge issuing from V and pointing vertically
downwards, we obtain a tessellation with n faces with a topological type considered
previously (Fig. 7).
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Now we distribute the lighting points essentially as described above: we put
two lighting points in each trigonal vertex, i lighting points in each i-gonal vertex
with z>3 and one lighting point on each infinite edge. The total number of these
points is at most 4n—I. Among these points there are some which must be rear-
ranged. These are the coincident points at V and one point on the new edge. Since
the order of V is m+ 1, the number of these points is m+ 1 or m+2 according
as m—2 or m>2. On the other hand, besides the points which are already at their
proper places, we need at most m+2 further lighting points, namely the points
Lx, ..., Lm and one additional point in each half-plane. But since in the case when
m—2 we have at most one half-plane, the number of the necessary lighting points
is again at most An—7.

Fig. 7

We still have to consider the case when we have one or two half-planes but no
parallel strip. Now there is at least one vertex on each line bounding a half-plane.
But such a vertex necessarily consists of one point. Thus, choosing the lighting points
as above, with each half-plane we gain at least one point. This suffices to complete
the illumination of the corresponding extreme disc.

This completes the proof of Theorem 2.

For each 1 it is easy to construct a set of discs which cannot be illuminated
by less than max (2n, An—1) points. The case n<4 being trivial, we assume that

3. Consider three mutually touching smooth discs which include a “general

sharp-cornered triangular gap”. The attribute “general” means that the boundary
of the gap cannot be illuminated from inside but by two ponits. To illuminate these
discs 5=4 «3—7 points are needed. Inscribe in the gap a new smooth disc so as to
obtain three smaller gaps of the same type as the original one. Since the number of
the gaps has increased by two, we need 5+4=4-4—7 points to illuminate these
four discs. Inscribing in any of the gaps a new disc and continuing this process we
see that the number of points needed to illuminate the discs increases with each new
disc by four.

A practicable characterisation of all cases when An—7 lighting points are
claimed is not known.

Let us still mention that by a slight generalisation Theorem 2 can be brought
into a closer analogy with Theorem 1 We say that two discs cross each other if
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removing their intersection causes both discs to fall into disjoint pieces. Theorem 2
continues to hold if we replace then term “non-overlapping” by “non-crossing”.
This follows from the fact that in a finite set of non-crossing convex discs the discs
can be contracted into non-overlapping discs which cover the same part of the plane
as the original discs [2, 5].

What happens if we drop the condition that the discs do not cross each other?

The fact that the plane can be decomposed by n straight lines into — (n2+ n+2)

regions from which — (n2+n + 2)—2n are bounded implies that the order of magni-

tude of the minimal number of points by which the point-set-union of any set of n
convex discs can be illuminated is at least n2/2.
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To the 65th birthday of Theodor Schneider

1. In one of the papers of the second named author with P. Erdds on statistical
group theory (see [1]) the following theorem is proved. If C runs over the conjugacy
classes of Sn, the symmetric group of n letters, and |C| stands for the cardinality
of C then for an arbitrarily small £>0 the inequality

(L) ntexpj—(1+e  Wlog2/r|5 |C| S Nlexp|—1—e)  1Nlog2n]

holds for almost all classes C, i.e. with the exception of o(p(n)) classes at most.
Here p(n) stands, as usual, for the number of partitions of n, i.e. for the number
of solutions of

(12 n= Ix1+2x2+..., Xj”™ 0, integers.

We remind the reader that the total number of the C’sis p(n) and the o-sign
(and later also the O-sign) refers to n—°.

The following corollary of (1.1) was observed much later by the second of us via
the second orthogonality relation of the group-characters. Denoting the characters
belonging to irreducible representations of S,, by

Xv(C) (v=12 , p(n)
we have for arbitrarily small e>0 and almost all C’s the inequality

(1.3) [/v(C)| » exp{(H-e) Yn log2«}

for all v’s and this is no more true for all v’s replacing 1+e by 1—. Among
the many important natural questions in connection with this we mention only four.
I. What analogous “best” inequality can be given which holds for almost
all Xs and all C’s?
Il. What analogous “best” inequality can be given which holds for almost
all Xvs and almost all Cvs?
[11. Does there exist a “best” inequality which holds in two-dimensional sense
for almost all pairs (jv, Cp?
IV. Does there exist in this last case perhaps a value-distribution theorem?
Mentioning these problems in connection with a lecture in Rome in 1973 (see [2]),
Professor M. P. Schiitzenberger called afterwards our attention to the interest of the
further question what can be said on the distribution of the numbers 9WE) (E is (he
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unit class). The most direct plausible attack on this problem can be based on the
classical explicit formula for the numbers yv(E) due to Frobenius and I. Schur (see
[11] p. 119). Introducing for the generic partition A of n the notation

n—J/+/2+ ...+ An
., S — |

and using the fact that the conjugacy classes are in one to one correspondence with
the A’sitis better to use YM (E) instead of ~W(E); then the formula of Frobenius—
Schur asserts that

(L.4)

11 &R-kv+v-fi)
(1.5) XN(E) = N\NiZ & Z -
JJ (IB+ m-n)\

The statistical treatment of these weird expressions seemed impossible without
a statistical investigation of the distribution of summands and the first such theorem

for the number of summands ”~ n« (0<a<— and fixed) for almost all 17’s

was announced among others in a lecture in May 1974 (see [3]). Still the first result
for the problem of Schiitzenberger was attained without such investigations in a lec-
ture in October 1974 (see [4]) which asserted that for almost all 77’s the inequality

(1.6) (log/n! s) \ogyn(E)  log ~fn\— loglog n—n

holds.
Owing to the relations of orthogonality, this result gave the following answer
to the question I. For almost all J/1’s the estimate

max IXn(Ol = exP{y nlog n+0(n log log n)|

holds. (Here the factor log log n can be omitted in view of Theorem VI of the next
paragraph.)

2. The main aim of the first three instalments of this series of papersisto prove
the following

Theorem VI. If A standsfor a well-defined constant with the value
(2.9 n> ﬁ-0.0Z

and c is an explicitly calculable positive constant thenfor an arbitrarily small e>0
and /i='/0(e) the number of IT% satisfying the inequality

(2.2 [logXn(E)—log(fil) + Tn| < cn78log4n
is greater than (1 —e)p(«).
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Shortly the inequality (2.2) holds for almost all irreducible characters on S,,.
It would be very risky conjecture that the relation

(2.3) Xn(E) —Yt exp{—An+AxYn log2n+A2Yn log n+0(YIn log log n}

holds with suitable constants At and A2 for almost all irreducible characters of Sn.
Since the numbers W(E) are equal to the dimensions of the matrices of the corres-
ponding irreducible representations, (2.2) asserts that these dimensions are “relatively
equal in a weak sense”. The truth of (2.3) would imply the same in a much stronger
sense.

3. The proof of theorem VI will be given in the third paper of this series. The
first two papers will deal with the statistical theory of partitions, which are partly
needed for theorems | and II, but all are, in our opinion, of independent interest,
some even for statistical physics. The fact that the theory of partitions can be used
at all in statistical physics is well-known. (See e.g. Bohr and Kalckar [5], Auluck
and Kothari [6], Temperley [7] and others. They use essentially the partition
formula

31 pW = (1+,()) _J_exp(3[")
of Hardy and Ramanujan [8]).

4. The first theorem in the statistical theory of partitions is due to Erdés and
Lehner from 1941 (see [9]). They proved that if m in (1.4) is denoted by /(/7),
the “length of the partition J1” then for almost all M’s the inequality

(4.1) Yn co(n)

holds if co(n)/*°° arbitrarily slowly. Though this theorem played an important role
as background, it will not be used in the sequel; we shall show in the paper Il how
theorem | of this paper and theorem 111 in the second paper give another proof for
it which in addition will give an explicit upper bound for the cardinality of the excep-
tional set of TPs. This would be rather difficult to deduce from the rather concisely
written original paper of Erd6s—Lehner (which contains no upper bound for the
exceptional set apart from o(p(n))). The same applies for the formula of Szekeres
[10]. This slightly generalized form of Erd6s—Lehner’s result will be theorem IV.

5. Based on the representation (1.4) let 5)(n, M, /1) stand for the number of
2/s satisfying the inequality

(5.1)

Confining J1 first to the interval
R (I
(5.2) Nlogi &dd & > pi log n—yn log logn

we assert the following two theorems.
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Theorem L. |If J1 is restricted by (5.2) then the inequality

(5.3) Sfn, n,A)-}1/n\og [ nlogn
1 7 n
" expld
holdsfor all but cp(ri)n 74 11’ at most.
Requiring a bit stronger than (5.2)
(5.4) 11logn S A~ n ¥n logn —3fn log log«

we assert
Theorem Il. If J1 is restricted by (5.4) then the relation

(5.5) Sfn, M) = 140 (g |

( nm
- exbl )

holdsfor all but
(5.6) cp(n)n 74
FI’s at most.
Throughout this paper c¢’s stand for explicitly calculable positive constants

not necessarily the same in different occurrences. As we shall see it is important to
have a good command of the size of the exceptional set.

6. To see a bit closer the content of theorems | and Il say let first
(6.1) n=7nr= — n* jO < a<y and fixed constantj .

Then for almost all 'Ts the number of summands  a, is, owingto theorem I,
(6.2 — J"-—a] YNlogM+0(n(1~x12*]/logn) + 0 (n*)
which is better than the formula given by theorem Il. Next let
(6.3) n=nz2= B fn logn jO < RB< and fixed constantj .
Then for almost all 77’s the number of summands = A2 is, owing to theorem I,
(6.4) 16 nli2-i +0 (nli4) +0 (12 2

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SOME PROBLEMS OF THE STATISTICAL THEORY OF PARTITIONS. | 365

which makes sense only for /?<— whereas theorem Il gives

for the whole range —. In the “border line case”

(6.6) N =A3= — yYn (y> 0 and fixed constant)

again theorem | is the stronger; then for almost all J1’s the number of summands
=£N3 is

oy lan ) .
(6.7, +||(- Yn log l—exlp(_—y) + 0(\p I1i]\ogn).

In the most delicate case

(6.8) A= N4= - Yn log n—3—71 Yn I°glogn

theorem | gives nothing whereas theorem Il gives for almost all 17’s the number
of summands =Ai is

(6.9) —anlog3n+o (log2n).

For even bigger ylI’s we shall return later.

The previous comparison motivates that we actually prove theorem | with the
more complicated error term

Yn logn

instead of O
exp (No )m
(/d \

7. In the second paper we shall investigate — based again on the representation
(1.4) — the quantity S2(n,l1J, A) which stands for the number of Hs satisfying
the inequality

(7.1) AN A = integer.
Here the “fine” case is when A is “small”, let

(7.2) A~ 13log n.
Let A(n) be such that

(7.3) A(n)/m= arbitrarily slowly for n—<wo
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further

(7.4) A(n) 1000

(and a fortiori N1 (n)”~-_~- log n). Then we assert the

Theorem III. If A isrestricted by
(1000 A(n) =) A = 13logn,
A(n) by (7.3)—(7.4) then the inequality

m ~fn Iog/l—n MmilogA(n) ™ S2(n, M, ) S - in log A+ - fn A(n)

holds with the exception of

8p(n)exp(-(n))
Id's at most.

Theorems | and Il have important consequences. The exceptional sets in these
theorems can vary with A but only at integer values of A. Using the restrictions
for A we have the

Corollary of Theorem |. The inequality (5.3) holds uniformly for the A's
in (5.2) apartfrom cp(n) I.og b exceptional fVs at most.

Corollary of Theorem Il. The inequality (5.5) holds uniformly for the A’s
ogn

in (5.4) apartfrom cp(n) ! o

exceptional n’s at most.

8. In order to give an interpretation of theorems Il—III in statistical mechanics
let us consider the assembly consisting of K identical linear harmonic oscillators,
with the same eigenfrequency V0, without interaction, and totalenergy E. As well

known the possible values of the energy of each oscillator are given by hv0|n+"-j
{h is the Planck constant). Let us suppose the applicability of the Bose—Einstein
statistics. If a, stands for the number of oscillators with the energy +
and with

(8. iy MN=N

we have obviously

(8.2)

Supposing

(8.3) E s ~ Khv0
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(which can be checked from the initial data) we get from (8.2)—(8.3)
(8.4) ™N=s K.

Conversely, if (8.3) is satisfied and N (the “normalized total nonzero-point-energy”)
satisfies (8.4) then the partitions of N give all possible energy distributions. Then
theorem 11 (or Ill) gives for all sufficiently large TVs a bit unprecisely that for

-Y-r-]i— the total number of oscillators with the energy & ( n +2—7\ hvO is

<A<-
log N<A logiN t

™ 7LA
with a probability nearly 1.
Theorems | and Il settle the behaviour of S)(n, I, J1) for almost all ff’s
in the range (5.2) more or less satisfactorily. The case of the complementary ranges
will be settled in the last few pages of the second paper by theorem V.

The continuation of this sequence of papers will refer — we hope — to prob-
lems 11, 111 and IV mentioned in section 1.
9. Before turning to the proof of theorems | and Il we shall need some simple
lemmas. Let for nr>0,y> 0
@ 1
(9.1 D(x,y) = 2

ST oexp(Ix+y) —I
Then we shall need

Lemma |. We have the inequalities

1 1

X &l—exp(—x—y) S D(x,y) S —log

1—exp
Namely we have

" exp (Ix+y)}
Ly)  Al-exp {-(x+y)}

® ®
= 12_1 2 exP{~m(Ix+y)} = 21 exp (-m y)1=21 exp{—/(mx)}

=1 =l

which gives for D(x, y) the alternative representation

(©2) DOXY)= s 1—exp (—mx)

Since for /=-0, 1 we have

(fedd)! "k
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we get the inequality
tEXpt> eXpt—\:,(l+Aj+||+ ooo)-

b {i+TiT+5i(t)+~}" " "MpT

1 1 |t
TS 1—exp(=d) © T P

for />0, i.e.
(9.3)

Hence this and (9.2) give
[ l
9.4 — - = —
( d) D(x, y) > 2 exP{-m(A+y)} = - log
an

9.5 . i-m in- =
( ) D(X’ y) m=1MXexp!|. m {/2+y9)| X Iog

Q.e.d.
10. We shall need two simple lemmas on the sum
1
10.1
( ) ITA exp{/x+y}—1"'

(i integer)

Lemma Il. For ;00,y>0, J1>1 we have

y - b £ —log 1
exp{Zx+y}—1 x T—exXp{—(xFy+ITX)}

Namely, owing to

nr-[-nl<n +1, N—S —A]—1<An,
we have
1

®nexpbe+y)-1 D YFEL-AT-)07

wb(x,y+ A1

owing to (9.4), indeed.
The next lemma refers to (10.1) but with negative y.

Lemma IlIl. For 1>1,x>0 and (y|<(J1 <)x we have the inequality

“2 expgéX —Jy}—1 x *8 1—exp F—fl X+ fy""33
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Namely, the left side expression is

@ 1
= BElexp {/*- yl+ (- [- N]- Dx}-1

= D(x, {(A)x—y|»

and applying (9.5) the lemma is proved.
We shall also need the classical formula

(10.2) [x) LU

for x-*+0.

n:ll—eXp(_Vx) = (1+o<D)|/frexp(~-)
11. Next we assert the more difficult

Lemma IV. For /1> 1 and n>c the inequality
1/2

$*n, M, A) » — fn log ! i yw logn
5 ]7%41]3 expll - ¢
holds except perhaps
cp(nyn 7"

TI’s at most.

For the proof of this lemma let g(n, k) be the number of J1’s with exactly k
summands = A; here by definition

(113 g(0,00=1, g(0,k)=0 for ksi.
Then we have for x>0,y>0 (with notation (10.2))

11 =
(11.2 n2=0*2=0 s(n, k) exp (—nx —ky)

1 1
- I_llll-exp(-vx) Mt l-exp (-1x-y)

Let G(n, k) stand for the number of 17’s with at most k summands " A ; here by
definition

(11.3) G(0, k) =1
Then we have

(11.4) L(x,y)= g g G(n, k) exp (—nx—ky) =

fix) . expy —
1—p® 1d 1 exp(lx+y>b|-
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Next we shall apply the simplest Tauberian argument. Let n=N, k=K be
fixed and observe that G{n,k) is nonnegative and nondecreasing in n aswell asin &
If x0>0,y0>0 will be chosen appropriately we get from (11.4)

L(x0,y0 sr G(N, K) 2 2 exp (—x0—ky0
n=N k=K

~ exp (—Nx0—Ky0
=GN K)o exp(-xOHI -exp (>m)}

Hence from this and (11.4) we get
G(N, K) " L(x0,y0x0exp (NxO+KyQ «{l-exp (->',,)}

exp (-Nx0-Ky0

" OO xoi-exp -y 0y ¢

ie.
(1.5)  G(N, K) exp(NA+BA*, [1{l

=/(*)*,a p{nd ,+Ka -0 £ S p fatrj-j— 1Ll
Using (10.2) in the form that for sufficiently small x-values

f(x) < cW exp—

we get
N - 1 1.
(11.6) G(N, K) < c><<’/d2exp\ono + Nx0+ Ky0 yOIAZA exp (IK) F5TT=T >
Choosing
T
11.7 x0 .
(11.7) ien: N> C
and taking into account also (3.1) we have further
2 \ f /2n .
4 [2exp < 22exp|-| JAj<cp(N)N11
\K
(11.6) takes the form
G(N, K¥ CpTgxpfetya)_, )i=
Hence if we choose K and y0 so that
(11.8 g - ! - 2.
iSa In - Yo
111 4H) -
say, then we have
(11.9) G(N, K) < cp(N)N~Vi.
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12. Applying lemma Il we get

I I
i% exp(/xOl-y()-I ® %'!?’? T-exp(-xO-yO-I‘IxO)

=Jj I 1j L+ l1—exp (—x0—y0
x0 S I—exp(—1x0 x0 exp(/1xQ—1
sllog 1 I l-exp(-x0-y0 s

x0  1—exp (—J1x0 x0 exp (Jx,,)—1

s | bo g - >+ k> 1 .
X f=exp(ix,)— x0 ~Eexp@ixoy—t
Hence (11.8) is certainly fulfilled if

) 1 [K0. 1 I log A)
(12.1) K _ xolog j _eXp (_J1x0 exp(l‘lngQ -1 Ix,, exp (JIxQ—1 yo
We choose finally y0 to minimize the expression in bracket as
(12.2) y0= f2x0log A{exp (J1xQ —1}

i.e. the requirement for K is from (12.1)

1 1 N A log A
(12.3) log- - :
n 1—exp (1x0 exp (JIxQ —1 exp (JxQ —1
We have obviously
1 1
exp (Ix0—1 “exp (IxQ—L I/ ¢; n {
f 6N
N 112
exp (J1xQ —1'
Hence for N>c (11.9) certainly holds if we choose
/N log A
(12.4) K= — \N log I/N log
n [l
—exp exp-=" -1
I }/6N) |/6A
In other words this means that the inequality
A VA log A
125 sAN, Moy /A Tog - 1 -3 o9
ex =—1
~aJl~T1\ " vea
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holds with the exception of cp(N)N 7/4 il’s. Writing back n instead of N, lemma
IV is proved.

13. Next we prove the

Lemma V. Let n>c and

Y6 —
(13.1) 11logn = N ss -2r76Ty/n logn- Yn log log n.
Then the inequality '
In |Og«
S* 1'« I 7 11 og------ i— + 100 A
exp-= —1
m'-“"h d Vbl

holdsfor all but cp(n)n~7/i exceptional Id’s at most.

For the proof of this lemma we start from the identity of (11.2)

(132 2 2g(n, kexp(-nx-ky) =f() EI1 0 hery)—1)

valid for y>0,y>0. It is easy to see that the identity (13.2) holds also for the
domain

x>0 y=0 l|yS{N-Y)x.
Hence
(13.3) /12:0kzzog(n,k)exp(-nx+k\y\) ~(x) J,HJ+ eJ<p Pl\y\) 1)
Since gin, k) is nonnegative and g(n, k) is nondecreasing in n we get, fixing
n=N and k=K,

(13.4) 202 g(n>k)exp(-nx+k\y\) N 2 2 S(N, k) exp(-nx + fcly|) &

—exp (TVIY)) 2 exp (—nx) J g(N k) = H(N, K)éElf\ szpJE 2X|_)|J

where

13.5 = K).
(13.5) H(N, K) ki%‘”')

Using (9.3) we get from (13.4) and (13.3) for all x>0 and —(/1—\)x<y~0

apa /los *exppa* of G+ )

Choosing here again

x=X0= L N- ¢
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we get as in section 11

(.3.6) H(N, K peoexp(-B O A (I+er 7 P(M
Since
g (" + axpthro-ivi)y - ) exp(,
we get from (13.6)
(13.7) H(N, o, (NON««xp{|yl(,2 exp()x,-M)~ 1 ~*)}~
Hence if
log N
(13.8)
twa T OSYOD—y g — < Mar

we get from (13.7)

(13.9) H(N,K)*cp{N)N-f.
14. Applying lemma Ill we get
1
= _|og_
™ exPro-bl)-I mo  1_exp(-1;c0+M +1)
l-exp(-bJ-y]
= iog

ﬂ)mgl exp(-Axo) +x_O
P exp [nxo-b|-~]-1

i 1—exp (—M —"=1) exp (JIXQ) —1
N —lo

g -
X, l-exp(-Nx0 *o exp (JIxQ— exp I/ln:0- ~ -

S | - exp (J1x0 —1
=9 _exp(-Nx0 X, e X p (Ix)expU o_b|_*»)_j

Hence (13.8) is certainly satisfied if
1
*S - +
S )!8 9 1—exp (—AX0

(14.1)

v+ 2 exp (JIX0) —1 ~ 2log N

X° ap(Ax,)-lexp® t_b|_")_1 M
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Here the minimizing value for W cannot be found directly; we shall perform a
“partial minimization” for

1 \})\ _ [2log N

x0 exp (J1xQ —1 [yl

and show afterwards that owing to the restriction (13.1) we did not lose much.
Hence we choose

(14.2) y = yx= —"2x0{exp (J1x,,) —1}log N (< 0);
we have to verify by this choice that

(14.3) lyr[<(/1-1)x8B

is satisfied and also that for N>c

exp (J1x0) -

(14.4) 30.

exp[/4xo0-bl -y]-1

Supposing (14.3)—(14.4), writing n instead of N, the inequality (14.1) is certainly
fulfilled if

(14.5) fll_" |Og- ------- +15----- 1- +60|/A— =
—exp (—I'Ix ) exp (J1x0)—1 1 xO0{exp(N1x0)-1}

But owing to As 11 logn we have for n=sc

(dur logh _ x0

exp (I'IxO) 1" exp ‘— Iogn —1> |

U 6n ) Im log
ue.

logn
exp{AX0Q- 11 xo{exp (JIx0)- 1}

and thus (14.5) is certainly fulfilled if

l 1 r JAlogn
(14.6) K" =logz--------% —4-100] exp (X0 —1

But this means that choosing

(14.7) K=£.2 I+ o tr==exp{—Tx0 + 104/ exp(/1x0 —k

the inequality
(14.8) H(n, KQ < cp(n)n 74
holds. Hence under supposition (14.3)—(14.4) lemma V is proved.
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15. In order to verify (14.3) we write it in the form
—log n{exp (J1x0) —1} < A—1

which will be certainly true if we can show

exp (/1x0 —1
(15.1) 2logn A0 099 1.
Let first 1T —. Then (15.1) is certainly true if

2(e—1) logn < 0,99 /1.
But this is true for n>c owing to (13.1). Next let J1 > % Then (15.1) is certainly
satisfied if

Putting AxO—t we have to show that for

(15.2) 1<tSy logn-y= loglogn
the inequality
e'— jb  fii
t2 049 n logn

holds. But t_l being monotonically increasing we have in the range (15.2) for
H>C

e'— e'—l Jfnlog~*11*n 0.49 — oA -
t2 T 10gn
logn— loglogn
indeed. Hence (14.3) is completely verified.
16. In order to verify (14.4) let first
(16.1) (1 logn ==5)N1's
If we succeed in showing that in this case
., x0 4,
(16.2) bl '+-2 < -J/Ix0
holds then this is settled since
— — 1
(16.3) exp (7hx.) = PR L W
exp~rxo-lyj-yj-I expy/ixQq - 1
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To show (16.2) in the case (16.1) we get using (14.2) the equivalent form

2log» %0 - [g an)_
which is certainly satisfied for n>c if
2log X0 .:0.79m
which in turn would follow from
e2—1
0.792109N < 11
owing to (16.1). But owing to
e2—1
0.792 i

this follows from (13.1). Hence (14.4) is proved in the case (16.1).
17. Finally we have to verify (14.4) in the case
9 yRi -
(17.1) —<yls 7—V«logtl-fn log log«.
Xq 2.71

In this verification we shall need two simple observations. Firstly

exp (/) —1

(17.2) is monotonically increasing for tb 2.

Secondly, if JS a™l and t*"2 then

17.3) ll_—eixp((_—att)) 1—exp(—t) 5
P l-exp (-11)
For the verification we shall need first that
(17.4) Ifi _l J1x0.
2 yiog«

Owing to (14.2) this is equivalent to

exp(lrg—1 1 Y6
(17.5) 8log2n (71x02 «0 1

But for t=Ax0 we have owing to (17.1)
2<t™ -"loge«—j~loglogn
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and hence using (17.2) the left side expression in (17.5) is indeed

" exp("W 1°8'08”) te

8log2n \n

-j log2n

for n>c. Owingto J1”11 logn it follows for n>c at once

. @ 1
17.6 i+ = e
(17.6) I+ > \\OgnJ'IXp,.

Now we can quickly finish the verification of (14.4)—(17.1). We have, using
(17.6) and (17.3)

1—exp (—/1x0
l-exp [-Ixo+bil+y]

—2exp + < 3exp \yt\

for n>c. But using (14.2) and (17.1) we have for u>c

3 expy log n {exp (J1x0) -1}

3 exply 1 n.exp~ logn— loglognjj < 4

Hence the verification of (14.3)—(14.4) and also the proofoflemma V are complete.

18. From lemmas IV and V we can complete easily the proof of theorem I.
These give namely for the /I’sin (5.2)

for all but cp(n)n~7,i 17°s at most indeed.
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Theorem 11 follows also easily from Lemmas IV and V. For this sake we inves-
tigate the quotient

fn logn
exp p=
(18.1) fon L M.
fn log
First let
(18.2) E6 Jirs s Y {f log n—3 fiilog log n
. e~ on g glogn.
Then
(18.3) M S logn wp W
Illl{l‘ n i r 1)
11"log W nA ¢ 112 -)t/t6 .32 n
| hén logn
Finally let
18.4 -
(18.4) lllogn S 1< __ Yu
Then we have
M<c Ac )logn
- Ne mm Ya lo yn
08TT 9 nx
where the minimum refers to 11 lognSxS nlee‘ Jn. But this minimum is taken at
x=11 logn and hence also in this case
logn '
This completes the proof of theorem II.
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1. As in Part | of this paper, I stands for a generic partition of n

n— +%+...+5

(1D M Ak 2n. . AkmSi

and S2(n, N, A) gives the number of n/s in (1.1) satisfying

(1.2) kj S J1 = integer.
Let further
(1.3) A(n)/°° arbitrarily slowly,
(1.4) A(n™- moo n
and
(1.5) A(n) ™ -i-log n,
further
(16) (1000 A(?i) =)A s 13logn.

Then as indicated in Part I, we assert

Theorem Ill. Under the above restrictions the inequality
— - = N i J—
- in log N - NMlogT(n) = S2(n, M, ) . jiinlog/l+ - ¥n A(n)

holds with the exception of
Sp(n) exp (- T(n))
Ws at most.

2. For the proof we shall need a number of observations. Let for 1"LUK

] (1-o A (1= o0y (=% - ,+1)
@5 Jﬂ{)g (F-x)(l-x:2...(1-x")
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and
(2-2) ImW = |-

These are polynomials of degree 1{k —I).
Based on the recursion formula

(2.3) luu+iW =fkAx)+xI+1fk,i+i(x) (where fkk+I(x) = 0)
we get at once for the coefficients dykJ) defined by

(2.4) = 2 dikl)xv
v—0
that
(2.5) £0, v=021..I(k=I
and also
I»-] 11,4
(2.6) Z <m>= e
v=0 v/

We shall need further the easily provable formula

I-x 1 K
+2

. 1 [I]-—
7 1-z jr 1=z 1—z iS5 1—xlz

further the easy fact that if <p(z) is regular for |z]-=:p with 1 and

(2.8 <p(?)= 2 c¢cvZv, /v = 2 cj
v=0 j=v
then for [z|*l and

(2.9) = gorvzv
we have
<p()-z<p(z
2.10) h(z) = P )l_zp()
3. Now we turn to the proof of theorem IIl. Let first a(n, m, K) be defined

as the number of the partitions of n where the number of summands not exceeding
K isexactly m. If for |id-=1, |z|s|, FO(x, z) is defined by

(3.2) FO(x,z)=1+ 2l 20a(n>m>K)xnzm: 2
n= m= n=
then we have

82 f@2)=1J + 1. ]

k1=0k2~0 v=1 A X Z \=

Omgoa(u, m, K)x"zm
1 A_X_.
Defining F(x) for |x|<I| by

(3.3) F{x) = 1+VEP(y)XVZV_L1f1/I1—X
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we get from (3.2)
(3.9 FO(x, z) = F(x) VI:I1 1l

—n

Let now b{n, m, K) stand for the number of partitions of n where the number
of summands not exceeding K is

(3:5) £ m.
Obviously we have
b{n, m, K) = a(n, m, K) +a(n, m+ 1,

hence, defining Fx(x, z) by

(36) Fi(x,z)=_2' 2 b(n,m’
M=0m=0
we get, using (2.10)—(2.9) and (3.4)

FO(x, 1)—zFO0(x, z)  F(x)-zFO(x, 2)

(3.7) Ft(x, z) = 1—y 1y

Hence, using (3.3) we have for Té 1
b(n, m, K) = coeffs. x”zmin Fx(x, z)

= p(n) —coeffs. xnzm~1in F(x) N7 ver 1ox\z

Applying (2.7) with the abbreviation

(3.8) (-1)Ix ~\, I(x) =Dl
we get for m=1

b(n, m, K) = —coeffs. xnzm~1in , e
(n. m, K) HIdiT -

= —coeffs. x" in 1F(x) 2 FE=xI(m 1,
or

(3.9 b{n, in, K) = 2 (-1)'+Lcoeffs. x" in {F(x)x w/*X(*)}
Using finally (3.3) and (2.4) we get the sieve-type representation

K LUK-1) ( ( 1\ \
(3.10) bln,T,K)=2(-D+1 2 df* p\n-Im-[2J-v]j.
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4. We shall use the classical formula of Hardy and Ramanujan on p(n) in the
form

1 12n
4.1 n)~ ex cu- 32ex
(4.1) p(n) an y3 p . ft p I/I.

We shall need also the following simple inequality. If a, b, c,d are positive
numbers so that

A-ao~» 1 b-
(4.2) a _ 2’ b
then we have
43) a ¢ \a-c\

b d-~d( ¢ T
For the reader’s convenience we remark that
a ¢ c (a— d—b
~p~~d ~ 7" + )t
and from (4.2)
d _b+\d—-b 3
b - b - 2

which proves (4.3). We apply (4.2)—(4.3) with

a—p(n—t), b—p(n),

(4-4) c= . —exp 2—fﬁ"—"t) d Lo 20
4(n—0 V3 ft An ft tft

where

(4.5) m=t"K(m+K)

where we require on m and K provisorily only
(4.6) 10“1®0yn” m”™ 2\n logn, 100 log n.
This implies for n>c

(4.7) ft  tA300jn log2.
Then, owing to (4.1), (4.2) is satisfied for «>c and hence from (4.3) we get for the
r’sin (4.5
p(n-t)
POO M7 T 7exp

” 32 ex n—t— |<-£—e [ — —4,
(n-o07 P 1Y6 v y«) In pl ftftft|+ft\
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or after easy estimations
P(n-t) ( n t) ft ) ( nt
PM) et w \”"cb +Ww e&T W
Using the lower bound in (4.7) we get finally the useful inequality
48) p(n—t) ( nt) t2 f nt\
P(n) -exT W n)rct® exTW n\
if (4.7) holds.

5. We write now the sieve formula (3.10) in the form

b(ln m K) K HK-i) pu—m—2) —v)

(5.1) ] = igl (-i)'+lvgol b(n)

P (t)
For the quantities

Im+ Y

we get the lower bound m and the upper bound

12- 1

Km-+- +1(K-1)AK (m +1)AK (m+K)

and hence under restrictions of (4.6) the requirement (4.7) is fulfilled and (4.8) is
applicable to each term in (5.1). Let us estimate first the contribution of the error term.
This is absolutely

(52> s~ 1 Y »a+ (2)+ vi2exp{-y= (ta+ (2)+>)}-

Using (4.6) and (2.6) this is
I<)

oo > *_k .
CHT 2q:2exP W n\Im=+{ d<*-*exp 16h])

and using (4.6) further

logAl x (K\ ox 7rTh log4n 1+ ex mn 11K

5.3 )
&3 w A uiP AGu] Yh P yena

So far the restrictions for m and K in (4.6) were enough. In order to make the
right side of (5.3) small we must be more careful. We shall replace (4.6) by

(5.9 XYn”~ m» 2YMlogn, K™Y logn
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where X and Y are appropriate constants (however not violating (4.6)). Then the
right side of (5.3) is

clogdn n

1n
with

U= Flogjl-|-exp|

Hence requiring

(5.5) y 4 l+exp(-?f)}ad
say, (5.1) and (4.8) give
(5.6)
b(n, m, K) ilirfv rexpi—""
p(n) 1o

clog4n
»1/4

Next we want to replace the factor exp {-78 LU } by 1 The error made

is absolutely

_ c £"|’(K\ “_I_L ml *ClogZ« f 7im\ \72«
- T (D“Tisd *~a1r +e>pr LLI, - C
Hence from (5.6) we get — under the restrictions (5.4)—(5.5) — that

b(n, m, K) log4n
p(n) »1/4

6. To deal with the last sum we write it as

(6.0 1- 12:0(- l)7k,i(l)eXp‘-J\€n])

+ (-D - {/,,0,-11., (exp Y

—M -sr-*

(5.7)

Tilm
16n

Since

i(K-D v K2n/
c 2 (K'
N \n \Wzb)
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we get using (5.4) and (5.5)

I P J (K\ nlni\ K2f nm_H* log2n
62 [Z1<cra(Sexpt- 1Y < vapl- Y
and hence finally
63) b(n, m, K)
p(n)
7. In order to get upper and lower bounds for the left side in (6.3) we shall apply

it twice (taking care of (5.4)—(5.5) and (4.6)). Let T=13 and X=XO0 so large that

(7.1 log |l +exp m— I

We choose

(7.2) in— 4n I 1 (RSB K= Kx= A

Then (5.5) is fulfilled; owing to A(ri)/°°, (1.5) and (1.6) also (5 4) (and (4.6)) for
u=»c. Then we have on the right side of (6.3) witha —1

(73)  1-{l-exp (-1g)}“ - I-{I -e«P (-logN-NW +~)[" =

exp |I—A(n)+-~L
-1 1. Yén
Using the inequality

1— &1-2x OAarsS -l, d positive integer

and for «>c

exp —A(n) +
ftn, 2
we get from (7.3) and (1.5)
b(n, ML KJ _ 5 exp —A (n) H7=1 + ¢ 109"
Pin) y6w

3exp (—A(n))+c 'Ogﬁl” Aexp (—A (<))

for n>c. Hence the number of 17°s with the property that the number of summands
not exceeding A is

> — ft (log A+A(n)),
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is 4p(ti) exp (—A(n)) at most. In other words the inequality
(7.4) S2n, 17, A) » ~-/n (log N+(n))

holds with the exception of 4p(n) exp (—A(n)) J7’s at most.

8. In order to get a lower bound for S2(n, IM,/1) let again Y= 13, X=X0 by
(7.2), further

(8.1) Me mes ¥ {Mog; Z‘; +1, K—K2—A.

Using also (1.4) one can verify (5.4)—(5.5)—(4.6) as before. Then we have on the
right side of (6.3)

) e Tl
!{ |to)er|vI Looe Tognl
=|l— ffa<3exp(—Ain)

and

0 ("TT-) > -exP (~A(n)),

hence the number of FI’s with the property that the number of summands not
exceeding A is

& — Yn (logA—ogAin)),
is greater than (1—4 exp (—A(n)))pin). In other words the inequality
(8.2) S2{n,N ,A)"L - N(log A-log A(n))

holds, with the exception of 4p(n) exp (—A (nj) FI’s at most. (7.4) and (8.2) prove
theorem III.

Next we shall show how one can deduce the strong form of Erd6s—Lehner’s
theorem mentioned in Part I. This will be

Theorem IV. | f (ofri)/°° arbitrarily slowly and satisfies
(8.3) co{n) = o(logn)

and lill) stands for the number of summands in Fl (with multiplicity) then the
inequality

lin)-t~Yn\ogn Vncoin)

holds with the exception of cp(n) exp (—co(n)) Fl's at most.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SOME PROBLEMS OF THE STATISTICAL THEORY OF PARTITIONS. Il 389

For the proof let
(8.4) 0= [121og n]
and we start from the relation
(8.5) M) = 5,11, N, N0+1) + 52(n, N, N0.

We apply theorems | and 111 with J1= 10+ 1, resp. A=A0 (for which both are
applicable) and in theorem 111 with A(n)=co(n). These give on one hand

. 1
(8.6) 11D s - in log n(AO+ 1) +cfn+
1—exp

\6n
v fn\og AO+c 3 nco(n) < b YTllog n+ ¢ inco(n)

apart from cp(n) exp (—eo(n)) JTs at most. On the other hand we have with an
exceptional set of the same measure

(8.7) 1(n) s TC\ nlog--------- n(ﬂofiﬁ'i ~OY"+

+ -n—in log 10—ci~n logco(n) > > \n\ogn-c I'nmin)

for n>c. (8.6)—(8.7) prove theorem IV.

9. As mentioned in Section 8 of Part I, here we shall investigate 5,(n, M, A)
for the ranges

9.1) B(n) S NS 13logn

where B(n)/°° arbitrarily slowly and
(9.2) on in logn—i~nloglogns A on inlogn —i~nco(n)

where io(ri)S  The range (9.1) can be settled easily. Applying theorem 111 with
A (n)= flog A we get for this range

(9.3) s2(n, M, [A]) - ~-\n\ogA +0(in log /1)
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with 0(p(nj) exp (—log /1) exceptional /7’s at most. Then applying theorem IV
with eT(«)= /log A we obtain for the /Ts in (9.1)

9.9 St(n, M, M =g 1nlogn+0(fn logA)-S2n, M,-[- /- 1)

= 2“ /n log-p-+O(/n log T

with the exception of 0(p(n)) exp(—flog n) exceptional /7.

10. The treatment of the range (9.2) is a bit more difficult and the result we can
prove is of weaker character but this seems to be inherent in the matter. We remind
the reader to the combinatorial proof of the theorem (due to Euler) according to which
the number of M’s with 1(MM) =k(LLn) is the same as the number of M’s with the
maximal summand k. The same reasoning gives the following

Lemma. 1 f
(10.1) Isr.lsn
then the number of ITs with
(10.2) St(n, M, r) s /
is equal to the number of the ITs with

(10.3) Si(n, M, 1)~ r.

Hence if (10.2) holds for almost all 1Ts with U(n) exceptions at most then the
same holds for the TTs satisfying (10.3).
Let now /0 be such that

(10.4) B(n) ~ /0= log2/.
Then (9.4) and theorem | give that

I/
Sfn, M, 10 < —=-1MAlogRTclnloglo= T
(10.5) at 6
Sio/, M. 190 A~ \n log c\nlog lg=F>

with the exception of O(p(n)) exp (—Ff log /,) 17’s at most. Applying now the lemma
with r=r1 resp. r=r2 and /=/0 we get

(10.6) sx(n, A1, i\) < /0, Sfn, M, 12~ 10
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with the exception of 0(p(n)) exp (- Yog /0 77’s at most. If /Ovaries in the interval
(10.4) then each rj (J=1, 2) fills an interval of the form

(10.7) ot yn log n —2>ﬁ \n log log n+ OCyﬁ--I-dé-l-(-)-é-ﬁ-)VS

5 r= Yir IognM— 1n logB(n) +0(\'nlogB(n))

2%
and /,, has the form
(10.8) I, = exp 1,,9. +0()y i log,-ig} .

Replacing > by J1 and

16 1og B(n) +0(\) flog B(n) = bi(n)
we obtained

Theorem V. If ta(ri)/<>arbitrarily slowly and

Izgl%[lilog n—in loglogn S n* ¥n logn —Y”rco(m)
then we have
S,(,, 1,N) = expjfilogryD +0iD ~.0go-"}
with the exception of
0 (p(»>)expy y i logn -eY 2 log«
[7’Sat most. For the range

B(n) S /L~ 13logn, B(n)/ °°
we have

S™n, 77, 1) — 2~ ¥Yn log Aot 0()nlogA)

with the exception of 0(p (n)) exp (- (log /1) I1’s at most.

11. Analogous reasoning can be applied to S2(n, I, /1); we shall not perform it.
In this case the bounded A’s present novelty, which is easy but we mention it for
the sake of completeness. Let us investigate the case /1= 1 i.e. the statistical situation
on the number of occurrences of 1as summand in . The number of 17°s containing
1as summand k-times at most is (with notation (3.3))

coeffs. xnin (1 +x 11+ x12+ ... 4-xI*) fj  *-v= (1 —*+)F(x:)
v=21—X
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i.e. the number of M’s with

(11.1) s2n, M, 1)«
is .
(11.2) p(n)-p(n-k-2) = p(n) |l - “J'

Using the weaker form of (4.1)
M,)=(+,Q)_1_e,p(*"]
and supposing k=o(n) a priori we get for the cardinality of A’s satisfying (11.1)

R I e

°(p(n)) if k= o(V«l
(l—o())p(n) if ~=o|-+tj and «k—o(n).

Hence if cu(n)/' ao arbitrarily slowly then for almost all H’s

AN S 2(n N, 1)M neu(n)

and this is no more true replacing Ci?n) or \noj(n) by byn (with a constant

0).
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APPROXIMATION OF UNBOUNDED FUNCTIONS
ON UNBOUNDED INTERVAL

By
T. HERMANN (Budapest)

1. Let Sn[f\ x] be the well-known Szé&sz operator, that is

(1) S =27 hr. F?T®

where

Pnk(x) = e "X~j~r~
It is known [5] that if

@ f=0e% @ Gn-°)
and / is continuous in [0, °°) then for all A>~0
(3) \f(x)-S,,[f; x]\ * 0(co2A(f; n-12), x£[0, A]

where
coa(/; = sup{|/(x+1)-/W |: tI1~ 8 *€[0, A]}.

We investigate two questions. The first question is: For which similar operators does

the convergence hold under the restriction (2)? The second question is: May (2) be
changed to a stronger condition or not?

2. In the following all functions will mean continuous functions. For the first
problem we need the next

Lemma. Let {L,}“=1 be a sequence of positive linear operators so that for all
boundedfunctions f

4 Ln[/; x] - f(x), xel

holds, where | is a bounded or unbounded interval. Iffor anyfunction F(x) 0

(5) Ln[F; x] - Fix), x~D

where D el and D is an open set, thenfor all fix) with fix) =0(F(x))
Ln[/; ¥]-7 (x), xeD.
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Proof. Let X be any fixed element of D. D is an open set so there exists
(5>0 suchthat [x—206, x+26]aD. Let
0 if \t—|S 25
1 if |i—~ $
linear otherwise.

XAO = Xx.s0) =

Let x(i)=1 —y(t). From the linearity of L,, it follows
K [f; x] = Ln[yf; x]+L,, [yf; x].
x f is a bounded function, so according to (4)
Ln[xf\*] - *(*)/(*) =f(x).

If we prove that Ln\yJ] x]—o{1) then we are ready. It is obvious that xf=0(xF)
so from the positivity of Ln it follows:

Ln[xf',x] = 0 (L n{yF\ *]).
Because /F is bounded, by (4)
Lnt/.F; x] - F(x)z(x) = F(x)
and since xED so according to (5)

Ln[F; x] - F(x).
Consequently
Ln[xF; X] = Ln[F; x]-Ln[xF\ x] - 0.

This completes the proof.
Let Xx, X2,  Xn, ... beindependent random variables of the same distribution
with expectation x. Let Y,,=F . int let the distribution of the F,’s be F,tX(t)

and

(6) LU\ x] = f f(t)dF,,iX().

It is well-known [3, p. 218] that if / is bounded then (4) is true for this operator.
The problem is: if we replace the boundedness by (2), when will (4) be true? Accor-
ding to the Lemma, it is enough to test e only.

We get with easy computation (similarly as for the characteristic function):

a

L,.[e«; x] = (LJe” Xx])n

From this it is obviosusly enough to prove:
a n

limnlogLj[en ;x] = ax.
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The left part is a derivative:
lim .Iog LJe"5 x]

s-0

A-log-LJe“*; x]|

f atetttsdFI x(t)
=& J tdFliX(t) —xx.
f e*dFmx)
So we have

Theorem 1. Let {Ln}f=1 be a sequence of positive linear operators of type (6),
f(x)=0(ex). Then (5) isfulfilled if and only if Lx[ew; x] exists.

3. In many cases Ln[eM\x] is easily computable.

Examples, @) If F, x is the Poisson distribution (that is Lnis the Szasz operator
[3, p. 219], [7]), then

V=
= fel
b) If F,x is a gamma distribution, we get the gamma operator of Feller
{3 p. 219]:

“ LnIn-lp-nUx
G, [f-x\=ff{l) [ e, dl.
[F-0\=00D [ gy,
Then
C,,[e";»]Eil fRT)J = (,_«r
VXn

c) If Fnx is the negative binomial distribution, then L,, is the Baskakov
operator [1], [7]:

3

Then

L-A-xi= (bbb 1 (fir)*)" 0 - x(e™ -1)""'

Remark. It is obvious that the Baskakov operator is equivalent to the 2z,
operators of Meyer-Konig and Zeller with the substitution y= § , g (y) =f(x).
Then g€CJO0, "]

Z,Ir,?]=0 YT (M) (T D) /e
Here the equivalent of the condition (2) is

gO) = 0(ell~y).
For this condition the convergence was proved by Meyer-Kénig and Zeller in [6].

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



396 T. HERMANN

A generalisation of the Z, operators due to Cheney and Sharma [2] is the
following:

- = 1 - + ' H 1 L] . -
C..lo; y] il yr+le &frl;o UT)(O/ g|\%(+T|é;

where {L[n)} are the Laguerre polynomials. Cheney and Sharma proved that for
all bounded functions the convergence is valid if t—o{n) (n—o).

Let fo(y)=expa (j~)- Then

C,.[foiy] = (1+y-yegn)~(n+l) exp [n- {+~ _ [
Since in the case t=0
Cn[fo; ¥] = Zn[fO;y] - e x~y

for the convergence it is enough to prove that the limit of the second part of the
product equals 1. But

According to our Lemma C,[/;y]-/(y) forall f(y)£0O (f0.

4. Our second problem: is it possible to weaken (2) in the case of the Szasz
operator? (This problem was proposed by J. Grof [4].)

Theorem 2. If fix) —0(xx) (a=-0) then (3)isfulfilled. If /(X)"xd(x)x where
®(x) is any monotonically increasing function so that xl_iﬂ}o ®d(x)= @ then s,.[/; X]

does not exist.

Proof. First we prove the second part of the theorem.

EN'D(),;*] = o
where

6t =1—1 Pr,K(x).
We use the Cauchy criterion:

ft+L =
ak

P §- D) — log— + dfn}d I@— + O{njhlog 14T 3
q)|ln| log— — (fcs n).
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So

aks 1 nX M V .(Ifl_ « k+lHT
k+1l n J )

If k is large enough then 1; hence the sum is divergent.

Now we prove the first part of the theorem. Let /=[O0, 2A], xE[O, A]. Then
IS,,U; x]-f(x)\ = BJtfxi+xil x]-f(x)\ S
s IS, [fxi; x]~(fz)()\ +\Sn[zlf; x]\ = Rx+R2.

Fer h f (3) is fulfilled because xif is bounded. Obviously m2A{f/A\S)=co2A(f: d)
hence i71= 0(co24(/; <5).

Now it is enough to prove that i7%2=0 * j.

0 aSlegh 0
R2= % en np,k(x)= Z bk,
k"2An k"2
a(fe + 1)/n -ikz/n

nx Vn) V1 +x) _ o*in
k+T  ~kjkn  “* je+iy~xn  (2Ay-*In - 3

if n is large enough. Consequently

] _ o e (2
Rz - b?Ank:ZO hr (Pn2/1X),  Pn2An() =e oy
With the Stirling formula we get:
Pn,2An(x) - e~ ,(nX)ZAn % = (/(f gX JL{I2 1
' {_/ZAni faam | 2TJ  faxcm
€

The right hand side equals o(e o) for any c¢>-0 if o ~x~a which proves the
Theorem.

Remark. For operators of type (4) which satisfy Theorem 1, (2) generally cannot
be strengthened. For example if Ln is the Baskakov operator, then Ln[ep®; n]
diverges where (p(t) —co (*—°°) and @ is monotone.

£,,[*l*">;x]:{1__0 f+ D<nATr«*n (9 - i G

We apply again the Cauchy criterion:

ct 1+x fe+ 1 1+x
The right part tends to the infinity so that the sum is divergent.
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