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Tomus 29 (1 — 2 )  (1 9 7 7 ) ,p p .  1— 22.

ETUDE ARITHMÉTIQUE DES NOMBRES DE YOUNG
Par

M. MIGNOTTE (Paris)

Introduction

Les coefficients considérés ici ne sont autres que les dimensions des représen­
tations linéaires irréductibles du groupe symétrique. Ils ont été en particulier calculés 
par Young, nous les avons appelés nombres de Young par souci de brièveté. Ces 
nombres apparaissent encore en combinatoire quand on énumère les tableaux 
standards attachés à une partition (à ce sujet, consulter par exemple [1], p. 49—59).

A l’heure actuelle, la démonstration de la formule qui fournit ces coefficients 
est loin d’être satisfaisante; elle consiste en une vérification par récurrence et 
n’apporte aucune information.

Nous avons délibérément fait abstraction des interprétations combinatoires 
de ces coefficients. Partant des formules, nous démontrons, de manière purement 
arithmétique, que ces coefficients sont entiers-ce qui n’a rien d’évident a priori. Cette 
démonstration fournit des renseignements importants sur les propriétés de divisi­
bilité des nombres de Young, propriétés qui — semble-t-il — n’avaient pas été 
remarquées antérieurement.

Après cette étude des coefficients généraux, dans deux cas particuliers, coefficients 
«rectangulaires» et coefficients attachés à des «triangles isocèles», nous exhibons 
une formule explicite qui fournit la décomposition en facteurs premiers de ces 
coefficients (la terminologie a pour origine la nature géométrique des tableaux 
standards associés à ces deux familles de coefficients). Dans la suite, notre étude 
porte uniquement sur la seconde de ces familles dont les nombres — notés Y„ — ne 
dépendent que d’un paramètre, nous en donnons quelques propriétés arithmétiques 
remarquables.

Dans la partie suivante, nous utilisons les Yn pour obtenir quelques renseig­
nements sur la répartition des nombres premiers. Avant d’entrer dans les détails 
de ce travail, rappelons que les premiers résultats importants concernant la ré­
partition des nombres premiers — plus particulièrement l’ordre de grandeur de 
la fonction П (х)=  2  1 — ont été obtenus en 1850 par Tchebytcheff grâce à l’étude 

p - xarithmétique de certains coefficients binomiaux. A ce propos, il est important de

noter que le coefficient binomial est un certain coefficient de Young, celui
associé à la partition 1 +  ... +1 + (n—m) de l’entier n. Les coefficients de Young 

(от fois)
apparaissent donc comme une généralisation des coefficients binomiaux et peuvent, 
comme ces derniers, être utilisés pour une étude élémentaire de certaines fonctions 
arithmétiques liées aux nombres premiers. Nous nous sommes limités ici aux appli­
cations arithmétiques de l’étude des Y„. Et, pour ceci, nous avons d’abord calculé 
un développement asymptotique précis des Y„. La principale application concerne
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2 M. MIGNOTTE

la fonction S(x)=  2  ■ Vu l’esprit élémentaire de cette étude, nous avons
psi P

systématiquement utilisé les estimations de Tchebytcheff des fonctions П, в et i//. 
Il ne semble pas que les nombres 7„ soient utilisables pour obtenir directement 
des renseignements précis sur la fonction П  par exemple.

Ce travail se termine par une étude précise de certaines fonctions arithmétiques 
très intimement liées aux Y„. La démarche est inverse de celle de la partie précédente, 
nous utilisons cette fois des résultats profonds et non élémentaires sur les fonctions 
в et S.

Il apparaîtra clairement au lecteur qu’une étude analogue aurait pu être faite 
sur d’autres familles de nombres de Young. C’est bien entendu le cas pour les 
coefficients que nous avons appelés rectangulaires. A ce sujet, il est utile de noter 
que les coefficients 7И> 2 (voir plus loin pour la signification de cette notation) — qui 
ne sont autres que les nombres de Catalan — peuvent être employés à la place des 
coefficients binomiaux pour obtenir des estimations analogues à celles de Tchebyt­
cheff.

Je tiens à exprimer ma profonde gratitude à Monsieur le Professeur M. P. 
Schützenberger que m’a suggéré cette étude, et sans les conseils et encouragements 
duquel ce travail n’aurait jamais vu le jour.

I. Prélim inaires

Soit ot =  (oq, ...,oem) une partition de l’entier n, п=осг + ...+txm, a1S . . . ë a m5 l .  
On appelle partage conjugué de a la partition oc* = (ot*, a£, ...) où a* désigne 
le nombre de termes de la suite a qui sont au moins égaux à i.

En termes de diagramme de Ferrers, le diagramme associé à a* se déduit de 
celui de a par symétrie par rapport à la diagonale.

Exemple.
a - (5 ,4 ,1 ,1 )  a* =  (4,2, 2, 2, 1)

Posons А }=1+(а,— y)+(a* — i) pour l ^ i ^ m  et 1 On définit le coefficient
7(a) par la formule

O)

Le résultat suivant nous sera utile.

7(a) = и!
П  h) ■

Lemme 1. Pour tout couple (i , j ) fixé, la suite

Ch), h) +1, .. . ,  Ai,, h ) -h ) +\  . .. ,  h ) - h f )

constitue une permutation des entiers 1, 2, ..., h).
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ETUDE ARITHMÉTIQUE DES NOMBRES DE YOUNG 3

D émonstration. Remarquons d’abord que la sous suite AJ, ...,A£( est 
strictement décroissante, tandis que la sous suite h)—h)*1, est stricte­
ment croissante. En particulier, les termes de cette première sous-suite sont au plus 
égaux à h) et il en est évidemment de même pour ceux de la seconde.

Il résulte de ceci qu’il suffit de montrer que les termes de la suite totale sont 
deux à deux distincts. D’après la première remarque, il suffit pour cela de prouver 
qu’aucun terme de la première sous suite ne peut coïncider avec un terme de la 
seconde, ce qui équivaut encore au fait qu’une relation du type

И) = И)+, + /i‘J+s, s s : l ,  i s  1,
est impossible.

La décroissance de la suite af implique que seuls sont possibles les deux cas
suivants,

a*+( S  i+ s et « i + s  = 7 + i
ou

a*+t >  i+ s et cCi+s >  j  “H t.
Il est facile de vérifier que l’égalité ci-dessus n ’a lieu dans aucun de ces deux 

cas, ce qui achève la démonstration.
Ce lemme permet de démontrer la formule

(2) 7 ( a ) -
П  ( h í - h()

Tl ' —---------- :-------
П Ш

(Une variable sera suivie d’un point lorsqu’elle varie dans l’expression et qu’il y a 
ambiguité.)

Compte tenu de la relation évidente,

(3) h [ = a  i + m — i,

la formule (2) peut se mettre sous la forme

(4) 7(a) =
П  U - i )

/7  (a i +  m —/ ) ! '
i=l

II. Démonstration directe du fait que les 7 (a) sont entiers

Il nous faut introduire quelques notations. Soit a un nombre entier fixé S  2. 
Pour un entier x, on pose

{1 si a \x  
0 si a \x

(le signe I signifie divise et f  ne divise pas). Pour toute suite finie S —(и15 ..., uk), 
on note

# aS =  2 X a (ui)- i= 1
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4 M. MIGNOTTE

Considérons une partition a d’un entier n et le coefficient Y (y.) associé. Nous 
nous proposons de démontrer que Y(a) est entier. La démonstration fournira 
comme sous produits quelques propriétés arithmétiques générales des coefficients 
Y(a).

Proposition 1. Soit Y(a) le coefficient associé à la partition y=(y1, . . . , a m) 
d'un entier m. Si Ж  = (1, 2, ...,« )  désigne la suite des termes du numérateur de 
Y(et) (voir la formule (1)) et

®  =  ( A j ) l s i s m  
i s j s x t

celle des termes du dénominateur de Y (a), alors, pour tout entier a 2, on a l'inégalité 

D émonstration. Posons Xi=h\, i=  1, ..., m. D’après (2), on a

( 5 ) *„® =  Z Z  X(xj-Xi),
j . S i . S l

où on a posé x = xa pour simplifier et où [a-] désigne l’entier q tel que q ^ x < q  + l. 
A chaque a,, associons l’entier y t qui vérifie y t =  —x-t modulo a, et O s j j< û .  
De (4), on déduit

(6) #a® =  Z J^ r L -  Z  XCVj-Yi).

La relation (3) permet de transformer (6) en

( 7 )  * a ®  =  Z -  +  K  =  ~ + R ai a a
où Ra désigne la quantité

(8) K ^ Z ^ — Z ^ -  Z  x(yj-y,)  =
a  a  j . m i . s  i

m ( m - l )  y  J; 
2 a Z  a Z  x(:Vj-yJ-

j . S i . S l

Si on compare alors la formule (7) à la formule évidente

( 9 )
n
a

on voit que la proposition cherchée équivaut à l’inégalité Ra^ 0. Remarquons 
encore que Ra^ 0 équivaut à
(10) Aa ë  m2 — m
où
(H) Aa = 2Zyi + a Z  Ха ( y j  У ))'

i . * j .

Quitte à modifier la numérotation, on peut supposer que les y t sont croissants.
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ETUDE ARITHMÉTIQUE DES NOMBRES DE YOUNG 5

On définit alors des entiers A*, k = \,  0, a— 1, par

(12) y t = к si Xk- i  <  I Ш kk, avec A_x =  0.
En particulier,

2  h  =  m.
O S k S a —l

Avec ces notations, on a

(13) Aa =  2 2  kÀk+a 2  4 ( 4  — 0  =  2 2 к Л к + а 2 k \-a m  = F (k )-a m ,
0 ^ k ^ a - l  к

si on pose
(14) F ß) = 2 Z  M k+a 2  *1

La comparaison de (10), (13) et (14) montre que tout revient à prouver que la fonction 
F vérifie l’inégalité
(15) E ( A )  S  m2 + am — m.
Posons

(16)

(17)

c = m+-
a — 1

Mk =
c —k

a
et

Vfc =  kk- f l k.

Il est alors facile de vérifier l’identité 

(18) F(k) = (m2+am — m)+^a 2 v k —

Cette dernière formule montre que l’on a toujours la minoration

(19) F(X) È? (m2+ a m -m )  + ^a2  \\Ик\\2- ^ 2 ^ ,

où II H désigne la distance algébrique à l’entier le plus proche (ce qui signifie que 
||x ||= x —[x] si X — [x]^[x] +  l — X et ||xj| = x —[x] —-1 sinon).

L’inégalité (15) sera donc démontrée si on vérifie que la relation suivante a lieu

(20) a 2  IIùJ 2 = - t^ - -0SfcSa-l

Distinguons deux cas suivant la parité de a. Si a est impair, la formule (16) montre 
d’abord que c est entier. Puis, la formule (17) implique que les ||/ i j  parcourent

a — 1

l’ensemble lorsque к varie de 0 à a — 1. D’où les

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



6 M. MIGNOTTE

égalités

а 2 Ы *  = 2a
( a - l ) / 2  1Л

2  T- fcti a2

a —1 a + 1
2 2 2- 0  a2 —1
a 6 — 12

qui, dans ce cas, prouvent la relation (20).
Soit maintenant a pair. Dans ce cas, la relation (16) montre d’abord que

c appartient à y  +  N. Les formules (16) et (17) conduisent aux relations

(21)

qui montrent que les \\цк\\

2m + a —(2fc+l) 
2 a

D ’où

parcourent l’ensemble

f 1 3 a —1I
P " 2 a ’ ± 2 a ” "’ ±  2a J '

a  2  IIùjJ 2 a 1 32 (a —l)2------1----- +  ... + 2 ------
4a2 4a2 4a2 2 a 2 * 2~ 2  k*

k = 0 0 ^ k ^ a , k  pair

_i
2 a

a! 2

2 ^ 2—4 2 ^ 2| =  2^
A = 0 fc =  0

1 ia(a -f 1)(2ű+ 1) 4 a
6 2 ( |+ l ) ( a + l ) j  - 12

Ainsi, la relation (20) et, par conséquent, l’inégalité (15) ont lieu dans tous les cas. 
D ’après les remarques ci-dessus, ceci achève la démonstration de la proposition.

Corollaire 1. Les coefficients Y  (oc) sont entiers.

Soit en effet un nombre premier p  quelconque. Il est facile de voir que la 
valuation p-adique |F(a)|p de Y  (a) (c’est-à-dire le plus grand exposant h tel 
que ph divise Y (y.)) est donnée par

(22) \Y(a)|p =  2  ( #р*(Л0 -1
D’après la proposition, chaque terme de la somme qui figure au membre droit 

de (22) est positif ou nul, et donc |F(a)|p&0.
Ceci étant vrai pour tout p  premier, le nombre Y  (oc) est bien entier.
De la formule (22) et de la proposition, on déduit aussi le résultat suivant.

Corollaire 2. Soit p un nombre premier. S ’il existe des entiers h et l tels 
que # рл(Ж) et # рь(^) vérifient Г inégalité

#ph(‘4/') S  # ph(9i) + l,
alors p1 divise Y(a).

De façon moins formelle mais un peu imprécise, on peut dire que le corollaire 
2 exprime la propriété suivante : Si dans la formule (1) il existe un nombre a, puissance 
d’un nombre premier p, tel que le nombre de multiples de a qui figurent au numé­
rateur soit au moins égal au nombre de multiples de a qui figurent au dénominateur 
augmenté de /, alors p1 divise Y(a).
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ETUDE ARITHMÉTIQUE DES NOMBRES DE YOUNG 7

Corollaire 3. Soit ot=(ot1, am) une partition d'un entier n, n—a1 + . . .+am, 
oq ̂ a 2 S ... £ a m ̂  1. Alors, si on pose

(23) où ß — max (ai+m — i),

le nombre Y (y) est divisible par rl.

Soit p un nombre premier. La formule (22) montre que la valuation /i-adique 
de Y(a) vérifie
(24) T O I ,®  2  * A yY),

Ph>p

en effet, pour ph>ß, on a clairement # pi.(^ )= 0  et, pour phSß , la proposition 
dit que les termes ( # рь(ЛО— # Ph(®)) sont positifs ou nuis. En utilisant la formule 
(9), on obtient alors la minoration

(25)

D’où aussitôt, les inégalités

(26)

La formule bien connue

i m i , ph. '

2k^l Pkß.
s  2 1

M
. pk . =  2kzÊ 1

Г! -  2
k m  1 P

jointe à (26), prouve l’inégalité
(27) |F(a)|p ^  |r!|p.

Cette inégalité, valable pour tout nombre premier p, montre que rl divise Y(a).

Remarque 1. Chaque fois qu’un nombre rationnel x = —, où D = JJ v et
■Ls vÇ.3)

N =  JJ u, vérifie la conclusion de la proposition 1, alors les analogues des corollaires

1 à 3 sont vrais. Il est facile de voir que ceci s’applique en particulier pour les coeffi­
cients multinomiaux. On obtient ainsi le résultat suivant.

Corollaire 3 bis. Soit n=a1+ ...+ a m, a1= ...= xmS l .  Alors le coefficient 
multinomial

est divisible par rl,

Remarque 2. La majoration triviale |У(а)|р^ |и ! |р est, dans le cas général, 
la meilleure possible. En effet, soit p un nombre premier fixé, et soit la partition

а= (1 , l + ( p  — 1), l + 2 ( p —1), . . . , \ + к ( р —1)) de l’entier n —( k + \ ) ^ \ + k -  2 1 j .

On peut vérifier que l’on a l’égalité |У(а)|р= |и!|р.
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8 M. MIGNOTTE

IV. Etude de quelques cas particuliers

1. Cas des coefficients «.rectangulaires». A la partition nk = n + ...+n (k fois) 
est associé le coefficient Y(n, ..., n), qu’on notera Y„ k pour simplifier. Ces coef­
ficients sont donnés par les formules

(28) ________(nk)l_______
n \(n + \)\...(n  + k  — 1)! 

1 ! 2 !... (/c — 1 ) !

ce qui se vérifie immédiatement sur l’expression (2).
Nous nous proposons de calculer explicitement la valuation p-adique de Yn k. 
L’énoncé suivant nous sera utile.

Lemme 2. 
S 2. Alors

(29)

Soit la suite !Ут = ( \,  1, 2, 1, 2, 3, . . . ,  1, 2, ..., m)

=
m +  1

a la

2a

1 — r

et soit a un entier

où r désigne le reste de la division euclidienne de m par a.

On a clairement

(30) # Л  =

Posons m = aq+ r, 0 ^r< a . La formule (30) conduit à la relation

1 '2 m
a + a + . . .  +

%a

D’où
— U +  2û+  ...+(<jf — l)û  +  (r +  l)q.

-  — -— - a + (r +1 )q — -y (m + r + 2—a) —

_  (m — r)(m + r+ 2 — a) _  2 ] (2 1 ' )
2a 2 a

Ce qui démontre (29).
La formule (29) permet de calculer # a 3t, où 2  désigne, comme au paragraphe 

II, la suite des facteurs du dénominateur de Yn k. On trouve

où Г; (pour i= k , n, n+k) désigne le reste de la division de / — 1 par a. En 
remarquant que l’on a rn+k = rn + rk+ 1 — sa, où

£
r«+rk + 2

a +  1
(= 0 ou 1),
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ETUDE ARITHMÉTIQUE DES NOMBRES DE YOUNG 9

la formule (31) se réduit à

3> =  2^  (O?2+  k 2 - 1  - r l +k +  2nk -  an -  ak +  a + arn+k -  2r„+k) -  

- ( h2-  1—r2 —ön +  a +  íw„ —2r„)—(&2—1 — rk-  ak + a + ark — 2rk)) =

= ^-(2иА:+(а—2)(rn+t—/•„ —г^)—(r |+k— /•*)—(a —1)) =

= -î- (2/îA: 4- (a +  2) ( 1 — sa) — ( 1 +  sa2 + 2 r„+ 2 rk — 2га +  a — 1 + 2rn rk — 2r„ ea — 2rk as)) —2a

et enfin 

(32)

=  (2n k - E a ( a - 2 + a - 2 - 2 r n- 2 r k) - 2 ( l + r n+rk + rnrkf),

1# a@ = — ( n k - £ a ( a - 2 - r „ - r k) - ( l  + rn + rk + r„ rkj).

D’autre part, il est clair que ^ aJ f  a pour valeur

nk

soit

(33)
puisque

1
* a^  = — \kn - \(r„ + \)(rk+ l ) - a (гя+ 1 ) (f'k + 1 ) ))

n — an' + r„+1, k  = ak '+ rk+ 1, 

kn =  a(n'(r* +  l)+ ^ '(r„  +  l))+ (r„ +  l)(rk+ 1). 

Les formules (32) et (33) donnent

(34) # a3> = (/-„+ !)(#-*+1) +
rn+rk + 2

a + 1 ( a - 2 - r „ - r k).

Si on désigne par r(x, a) le reste de la division-euclidienne de l’entier x  par 
a, la formule précédente s’écrit

(35) — r(n, a)r(k,a) a +
r(n ,a)+ r(k ,a) 

ü~\~ 1 (a—r(n,a)—r(k, a))

au moins dans le cas où a ne divise ni n, ni k  (en effet, on a alors r(n, a)=r„ + 1 
et r(k, a)=rk + 1). Dans le cas où a divise au moins l’un des deux entiers n et 
k, les deux membres de droite de (34) et (35) coïncident (tous deux s’annulent). 
L’égalité (35) a donc toujours lieu. (Dans ce cas particulier, il n’est pas très difficile 
de vérifier l’inégalité # , / S # , ® ) .  La formule (35) conduit au résultat suivant.
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10 M. MIGNOTTE

Proposition 2. Soit p un nombre premier. La valuation p-adique de Y„ k est 
donnée par la formule

\Y„,k\p = 2  \ \ f h r (n , P h) r ( k ,  p h)
ÄS1 U P

r(n ,ph)+ r(k ,p h)
(r(n,ph)r(k, ph) - p h)

P h + 1

où r (x, a) désigne le reste de la division euclidienne de x  par a.

2. Cas des « triangles rectangles isocèles ». Les notations différeront légèrement 

de celles de II. Soit la partition N = \+ 2-\- ...+ n  de l’entier N = -^n^ —- . On 

posera Y„=Y(n,n — 1, ..., 1).1 II est facile de voir directement que les Y„ sont 

donnés par la formule

(36) Y.

Posons
(37)

(38)

NI
-  1.(1.3)(1.3.5)...(1 .3 .5.......(2/1-1))

u„ = m
n — 1 h

vn= n  wh, avec w„=  # ( 1  +  2/).
ft=l i=0

Avec ces notations, la formule (36) s’écrit

(39) Y„ = U„

Soit maintenant un nombre p  premier fixé. On sait d’abord que

soit

(40)

\un\P =  2
к *1 P

\U„\P = 2
k m  1

n (n + l)
2pk

D ’autre part, il est facile de vérifier que

h+ qj + l(41) Kl p =  2/SI
P J — 1, avec qj = — —

En faisant la somme des formules (41) pour h = l, 2, ..., n — 1, et en utilisant (38), 
il vient

(42) \V„\p -
Posons, pour simplifier,

<43) ‘‘ - l i

f v A + iy + ll
[htl L pJ J J

h + q j+ l

1 Ces Yn correspondent aux caractères principaux des représentations irréductibles de S n.
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Nous nous proposons de trouver une expression plus simple des C j .  Posons 
encore n-\-qj =ajpi + > 'j ,  0 ^r j< p J. Avec ces nouvelles notations, on a

1 + qj 
. PJ .

+ n+qj 
. pJ' .

2 p J - l  3pJ - l  a ,  p i — 1
2  i+  2  2 + . . .+  2  iß j1 2 pj (aj—i)pj

n + qj
■i)+ 2  aja, pi

0]аЛа^ - .11 + а .(гу+ 1) =  â ( p i {aj - \ )  + 2rj + 2) = %■(n+qJ- r j + 2 r j-p i+2) =

et finalement

(44)

Si on pose alors

(45)

Y  ( « +rj-qj+i)
(n+qj-i-j) Q i+ 1 - (q j - r j j )  

2PJ

Ф +  1 ) - (Qj ~rj) (<7j —fj  - 1  )2pj
n(n+1) 

2 Pj
ej + Oj, Cj entier, O S 0 j < 1 ,

f \n(n+ 1) n(n+Y)-dj{dj-\)\
Il 2pi 2Pj J

et dj = qJ—rj , les formules (40), (42), (43), (44) et (45) conduisent à l’expression 
suivante de \Yn\p

\Yn\p=\Un\p- \V n\p =

Mais, chaque terme ^  9j est un entier et les 9j vérifient Os0j-<1, on

obtient donc

\Y„\P =  2
d j(d j-  1) 

2Pj .

On peut noter que d} peut s’interpréter simplement comme la distance algébrique 
de — n à l’élément de p j Z le plus proche (de façon précise, si pjrí désigne le multiple 
de pj le plus proche de —n, et le plus petit en cas d’ambiguïté, dj est égal à 
—n —pJn'). On obtient ainsi l’énoncé suivant.

Proposition 3. Soit Y„=Y(n, n — 1, ..., 1). Pour p premier, on désigne par 
dj la distance algébrique de —n à Г ensemble pJ Z (voir ci-dessus pour une définition 
précise). La valuation p-adique de Y„ est alors donnée par la formule

( 4 6 )
d j(d j- l )
. 2p3 .

De cette formule, nous allons déduire quelques propriétés arithmétiques des Y„.
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12 M. MIGNOTTE

Remarquons d’abord que, avec les notations précédentes, on a toujours les 
inégalités —q jS d j^ q j  et que, de plus,

(47) max dj(d j- 1 )  =  q j iq j - l )  = ■ 1

En outre, si j  est tel que l’on ait l’inégalité n + qj<pj, ou encore, ce qui est équivalent, 
si 2n — l< p J, alors Tj est donné par la formule r — n + qj et, dans ce cas, d ~ - n  
et

dj(dj— 1) n(n+ 1)
2 ~  2 '

Compte tenu de ces remarques, la formule (46) équivaut à

(46 bis) \Y„\P =  2
. J -1p j  ̂  2и — 1

W j ~  Di
2PJ J +  2

n (n + 1)

D ’où aussitôt les minorations

(48)

Il en résulte :
\y „\p ^  2pĴ 2n

n(n+  1)
2 p J — 2

2p J

[(« + 1)/4]
P1

Corollaire 1. Le coefficient Y„ est divisible par r\, où r= y ^  j  •

Les formules (46 bis) et (47) permettent aussi de majorer \Y„\p comme suit:

\Yn\p â  2
Jfc 1, pj<2n

p2J — l
8 p J

Pour p  impair, il vient 

(49)

+  2pisin
n (n + 1)

2pJ = 2 p j 2./■ ' 1, l-’j - ■ 2r, 8 J p J ; 2n L 2 p
и (« + 1)

Y  I - Pk + 1- P  & , n (n+ 1)
и I n — c\ /  i \  o 'и|р-  8 ( p - l )  8 2pk(p — \) ’

où & désigne l’entier tel que pk<2n<pk+1 |le . =  |  ~ ])• U est facile d’
déduire la majoration
(50) \Y I < 2»(P +  l )+ p  1 [ Log2»]
1 ; 1 и1р_ 8(p —1) 8 [ Log p  J
Si, dans cette inégalité on fixe p  et on fait tendre n vers l’infini, il vient

Y„\p _  p + 1

en

(51) limИ — °° и

En considérant les valeurs particulières n 

(52)

4 0 - 1 )

P1- 1
2

P + l

, /= 1 ,2 , . . . on obtient l’égalité

I ï m - &  =
п~*°° П 4 ( /7  — 1)
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La formule (46 bis) fournit la minoration

(53) lim
П-+00

1
4 (P -1 ) '

Les cas particuliers n= pl conduisent à l’inégalité

IL I 
Um— pn

Résumons les résultats obtenus.

1
2(p — l) '

Corollaire 2. Soit p un nombre premier impair fixé. On a toujours la ma-
joration

,y ,  ^ 2 « ( p + l )  +  p 1 Log 2/7

De plus,
1 n]p~  8(p — 1) 8 Log p

et

lîm |7”lp -n—“  П
P + 1 

4(p —1)

1
4 ( p - l ) S. ! i m & 1

2 (P — ! ) ’

V. Application à l’étude de certaines fonctions arithmétiques

de

Nous nous proposons de montrer que l’étude arithmétique des Y„

donner en particulier des estimations de sommes du type ^
p^m P

permet 

. Pour

ceci il nous faut d’abord évaluer Yn, ce qui peut se faire grâce à la formule d’Euler 
Mac-Laurin.

1. Formule d'Euler Mac-Laurin. Lemme 3. Soit f  une fonction trois fo is conti­
nûment dérivable sur l'intervalle [0, n]. On désigne par Ф la fonction de période 1 
caractérisée par

3 X
Ф(х) = X3 — — Xÿ + — , pour O S r S l .

Alors

(55) /(0 ) + ...+ /(!» )=  f  f ( t )d t+ ±  (/(«) +Д0) +  ~  ( / ' (n) ~ f  (0)) -

Ф(0
6 r \ t ) d t .

D émonstration. Dans tous les livres de calcul infinitésimal. 
Posons

R = i f  d>(t)f"'(t)dt. 
6 0
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14 M. MIGNOTTE

On peut majorer R  comme suit,

(56) |Д| == ±  max \Ф(х)\ / \f" \t)\d t = — l—  f  \f'"{t)\.
0 Q 72уЗ о

De plus, il est facile de voir que R  est du signe de lorsque cette fonction
conserve un signe constant sur l’intervalle [0, л].

2. Evaluation de Y„. Reprenons les notations Yn=-zy. D’après (38), on a
K

Vn =  1"-Зл-
D ’où

... • (2л —1),

(57) Log V„ = (л — 1) Log 3 +  (л —2) Log 5 +  ... +  Log (2л — 1).

Si on applique la formule d’Euler Mac-Laurin aux fonctions

f ( x )  =  Log (1 + 2x) et g(x) =  X Log (1 +2x),
on obtient

1
(58) 2  Log (1 +  2*) =  (« + l)L o g ( l+ 2 n ) -n  +  c1+ 6 +

où R2 vérifie

(59)

+

et

(60)

avec

(61)

18 1/Т(1+2и)*
g  r 2 =  o,

2  к Log (1 +2k) = —
*=о ^

1
4

n- nn2— -  Log (1 + 2 л )— -  +  — Log (1 + 2 л )-

1
12(и +  1) +  R 3

1 1
36уз (2л+ 1  (2л +1)3

=  = 0,

où с1 et с2 sont des constantes.
Les formules (58) à (61) conduisent à une estimation du type

Log V„ — — L o g (2 n + l)-----n2 + — Log(2ra+l) +  c >  +  cà-
2 4 2 27 УЗ (2л+1)

avec O^03s l ,  et c[, c'2 constantes. Pour calculer Log U„, on déduit du lemme 3 
l’estimation

04, , , 1 , 1log лг! =  m log m — m -\— logm  +  c»-|------------ _
2 12m 72У З(т+ 1)2’

On obtient finalement l’existence de constantes c et c' telles que

o s M i .

„  л (л + 1 )Т л(л+1) л2 , 0  ...
(62) Logy, =  - r - Log 2£ ^ + т  +  С1.+с + ш , avec \6\sl.
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3. Estimation de 2  - ° —-- (méthode élémentaire). D’après la formule (46 bis), 
psi P

on peut écrire

ou
Log Y„ — Ax + A 2 + A 3+ A4, 

n(n+ \)
A i = \Y„\2 Log 2, A 2 = 2

2pJ
Log p,

où la sommation est étendue aux entiers pj,p  premier, tels que 2 ^ p s íin  et pJ>2n,

Аз — 2pj<2n
d j( d j - l )

2P]
Log p, et At = 2

p^2n
n (n + 1)

2P
Log p.

Pour estimer Ax, il nous faut d’abord étudier les quantités Ax, A2 et A3.

a) Estimation de A i . Il est facile de montrer que l’on a

(63) A x — — Log 2 — t]x{2 Log n + Log 2), avec О ш î]x S  1.

b) Estimation de A2. Nous nous contenterons de la majoration

22<p̂ 2n, pl>2n
n (n + 1)

2pJ Log p  S  Log 2n 2\ p^2n, pJ>2n
n(n+ 1)1

W  Y

Posons, comme plus haut, . Le nombre d’entiers premiers au plus

égaux à X sera noté П(х). On a

„  n(n + 1) n + 1

D’où

(64)

Д' 1. 3 p r ' 2n 2p-

n(2ri)

4 p ^ N 1/3, j S 0  

n + 1

2  P j \ Log 2n. 
0 J

IJ(N 1/S) Log 2n.

La majoration triviale II (x) <  x  donne alors

et en particulier
(65)

A 2 ^  N l/3^ p - L o g 2 n ,

A2 = 0(nsl3 Log n).
,,2j

c) Estimation de A3. De la majoration d}(d} — 1 ) =  —  (voir (47)), on déduit

Аз = т  2  PJ Log p.O pj^2n
D’où, aisément,

(66) Aj s j  2  PLoëP + ̂-Yogn-n(]Î2n).
O p^2n 4
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16 M. MIGNOTTE

En utilisant encore une fois П (х)< х, il vient

. 1 ^  n \ 2n
(67) А аШ — 2  P LogpH---- — Log«.

° PS2n 4

d) Estimation de At . Depuis Tchebytcheff, on sait montrer de façon très 
élémentaire qu’il existe une constante a' telle que в (х )^ а 'х  (où 0 (x) =  2  Log p).

psi
Il en résulte aussitôt l’inégalité

A 3 S  ~  n2 +  j  \'2n Log « (cf. (67)).

D ’où l’encadrement

L o g r „ - ^ - ü f c t ! > Log 2 - «(« + l ) ) 13 5« + 12 Log2«- — )2и Log«,

_ n(n-\-\) r ^A4 S  Log Yn--------—- Log 2 +  2 Log « + Log 2,

en utilisant les inégalités (63) à (67) et le fait que les quantités A t sont positives ou 
nulles. En particulier, (62) implique

<69) lim ^ 4 i -L o g «  + 3 L o g 2 -4 - | a .

Remarque. D ’après R osser et Schoenfeld, Th. 9 p. 71, [3], on peut prendre 
« ' =  1,017.

e) Estimation de S =
2

2  Log/^ Reprenons l’expression de A4, 
n(n + l) P

On a clairement 
(70)

■di — 22 p^N
Log p.

Ai =  N S-t] .2e(N), 0 á  ifj S  1,

où в désigne la fonction de Tchebytcheff. 
D’où l’encadrement

f i i
N

+  « ,

et, grâce à (69), l’inégalité

(71) lim [S —L o g « —2 Log2| ë  Log2 + a'.

Des estimations de Yn et A4, on déduit:
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Proposition 5. Il existe deux constantes c et c' telles que la quantité S=  
= 2  Log pjp, avec N — n(« +  l)/2, vérifie les inégalités

2n^p^N

—a —5 и + 1
2 N 213Log 2 n - 2 n

2(2«+1) Log« + 4 c + l —2a' c
+  ПГ7--

1
2 (« + 1) N  l2nN

s ' s  2" ’ + c ' + ,/1 2 ") 

où û' =  max (0{x)jx).

4. Applications de la théorie des nombres premiers (méthode non élémentaire). 
On montre ([2] p. 91) qu’il existe une constante E  telle que

(72) 2  Logp/p =  Logx+.E+oO ),
p X

d’où
(73) S  =  Log « —2 Log2+o(l).

Nous allons déduire de (73) une estimation de A4.

a) Retour sur l ’estimation de A4. Remarquons d’abord l’égalité

(74) n(n+ l) s _ a 4 =  2" {— }Logp =  5 / (disons).
2n í p S i V  l  P  J

Nous sommes amenés à étudier la somme S ' et pour ce faire le résultat suivant 
sera nécessaire

Lemme 4. On a, pour m tendant vers l ’infini,

(75) 2  M L°g P  ~  (1 —r)m,
P S m  ( P )

où y =  0,57721566490153286060... désigne la constante d ’Euler. 
Il est bien connu que

Logm! = 2
pĥ m

Ce qui permet encore d’écrire

[ m
Ph

Log p.

m
Log m ! =  2 ~  Logp

P S  m P
- 2 , \ —(L o g p +  2  tnp~h Logp-

V P )  p hS m ,/ iS 2

-  2  {mp~h}bogp.
p hS m , h s 2

Remarquons en outre que la série

2  2  p ~j Log p  — 2
j ' S 2 p  p

Log P 
P(P~ 1)
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18 M. MIGNOTTE

est convergente, soit c' sa somme. Alors,

(76) 2  (Log p)p~h = c ' +  o(l).
phS m , l i * 2

D ’autre part

2  {mp~h}L ogp  = 2  {mp~h}L o g p ti 2  L o g p (2 'l)
phS n , h S 2  p â f m , f tS 2 ,  p hSB p s / i ü  hm 2

dans cette dernière sommation la variable h doit bien sûr vérifier ph^n , ce qui 
implique

2  {mp h} Log p
pĥ m,h^ 2

2  Logp
p^fm

Logm'j 
Log p j n (Y m )  Log m.

D ’où, en particulier, (puisque П (х )^ х )

(77) 2  {fftp~h} Log p S  \ m  Logm.
p h S n , /IS 2

Grâce à (72), (76) et (77), on obtient

Log m\ — m Log m +  Em +  C'm — 2
p r̂ti

Log p + o{m).

Si on compare cette formule à la formule de Stirling (démontrée plus haut)

logm ! =  mlogffî — m + o{m),
il vient

2  | —j  Logp ~  (E+ C '+  1 )m.
p S m ( P i

D ’après Ingham, [2] p. 91, on peut montrer que E= —C '—y, d’où le lemme. 
En utilisant (73), (74) et (75), on obtient l’estimation suivante.
Proposition 6. On a

(78) 2  [n(n+ l)/2p] Logp =  -^-Log n — n2 |Log 2+^-—-M +o(n2).
2n^p^n (n-fl)/2 ^ V ^ )

b) Nouvelle étude de A3. De (78), (62) et (65) on déduit aisément le résultat 
arithmétique suivant.

Proposition 7. Soit n un entier. Pour p premier et j  entier s i ,  on pose 
dj = distance algébrique de —n à pJZ. On a alors

\d j j d j - 1) 
p i ù i n  [  2p J

Log p  ~ y+ Log 2) 
~ ^ — \ n
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VI. Applications arithmétiques-suite

L’étude des quotients Yn+1/Y n conduit à d’autres résultats arithmétiques qui
• , Г (л + Щ и + 2 ))1/(л(л +  1)')|concernent particulièrement les nombres entiers I------- --------- l!/l— - — I!.

Il nous faut d’abord, comme plus haut, estimer quelques quantités.

1. Estimation de Yn+1/Y n. Posons d„=log (Yn+1/Yn). D ’après la formule

(m (m + 1)/2)!
y m -  p . 3» - i . . . . . (2л — 1) ’

on a
An = Log (((л + 1 )(л +  2)/2) !) -  Log ((и (и + 1)/2) !)+ Log (2" n !) -  Log ((2ri) !).

Grâce à la formule de Stirling sous la forme

Log m! =  m Log Logm+C+O

on obtient — après quelques calculs —

(79) A„ = n L o g n —(2 L o g 2 -l)n  +  21ogn +  |2 - -^ L o g 2 j  +  0  

2. Applications (méthode élémentaire). Posons
Г(и +  1)(я+2)У

[n(n+ \) , ,) |л(л +  1) , т\ (л +  1)(л + 2)_ I 2 y
{ 2 + 1 U  2 +Zj -  2 -  ^ ( h+1)J,

dj

dj

Bx 

Ba

V = 3 • 5 • •  (2« — I), (d’où Yn+1/Yn =  u/v), 

= distance algébrique de —(л+ l )  à pJZ,

— distance algébrique de —и à p j Z,

2  Í \ d ' M - 1)1 \d j (d j - 1)1]
p l-<2 (n + l ) V 2P j [ 2p i  JJ

Log p,

2(n+i)spJ‘a
2  ([(и +1 ) (л +  2)12pJ] -  [n (n +1 )/2p j]) Log p,

n(n+1)

B3 = 2  ([(и +1 ) ( И ■+ 2)/2pJ]) Log p.р̂ >и(п+1)/2

De la formule (46), on déduit
(80) A„ = Bĵ A- B2 + B3.

Nous nous proposons d’étudier les quantités B;.
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20 M. MIGNOTTE

a) Estimation de B1. Remarquons que d j= d j — 1 sauf si di=qj, auquel 
cas d'j = —dj. Ces deux formules montrent que, dans tous les cas, on a

\dj (dj -1)1 U M - 1)1
2pJ 2PJ

D ’où la majoration de Bx

(81) l-ßil =  2  Log p =  >j/(2n+2), (fonction é  de Tchebytchefï).
pJ^2n + 2

b) Estimation de B3. Si, dans l’expression de B3, on partage la somme pour 
7=1  et celle pour j= 2 , pour и ё З  (cas auquel nous nous limiterons désormais), 
il vient

B3 =  0((n+ \) (n +  2)/2) -0 (n (n + l  )/2) +  B ' ,
avec

K  =  2  [(и +1  ) (n+ 2)12pJ] Log p.
n(n+1)/2 ̂  pj^(n + !)(« + 2)/2, j ë 2

j „• „ Ги(я +  1) (и-Н)(я+2)1 . ,Des que n est assez grand, 1 intervalle I---- -— , ------—------- 1 contient au plus

un carré et un cube, il existe donc n0 tel que n & я0 implique

B3 ^  2L og((n+ l)(«+ 2)/2 )+  2  Log p â
pj^n+lH n+2)^

я 2 Ь о8 ((-1 +  1)(/.+2)/2) +  ((" +  1)2(" +  2У ьо8(("+1>2("+2У
(on a utilisé f f (x )S r) . D’où

(82) B3 =  0((я +  1)(я +  2)/2)—0(я(я +  l)/2) +  0(n2/5 Log n).

c) Etude de B2 et applications. Si on utilise le fait, très simple à démontrer
Ф(п)(il suffit de remarquer que fim —- —=0, Ф indicatrice d’Euler), que la densité 

des nombres premiers tend vers zéro, on obtient

5 1 =  o(nL ogn) et B3 = o(nLogn).

Grâce à (79) et (80), il vient alors
(83) B2 ~  n Log n.

Pour p  premier s 2 n + 2 , posons

Ap =  [(п+1)(п+2)12р]-[п(п + 1)/2р].

Il est facile de vérifier que Ap= 0  ou 1 et que, de plus, ).p= 1 si, et seulement si, 
p  divise u.

L’expression de B2 peut encore s’écrire

(84) Bt = 2  Ap Log p+ BÏ,
2и +  2 ^  ]?^и(п +  1)/2
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OU
B'2 =  2  ([(n+l)(n+2)/2pJ]-[n(n+l)l2pj])Logp.

2n +  2 s  p i  S  n(n+ 1)/2, j  s  2
Majorons B2

( ^ ) ,
soit

B'2 S  ^  Log p ^  ^  Log
2n +  2 S p J á n ( " + l ) / 2 , j 'S 2  p S (n (n  +  lV 2)1/2 f  ^

^  Log |”(”2+1)j П ( ( И ^ 2 Ь 1 ) )  )  =  о ( и  L o g  и)'

Ce résultat, joint à (83) et (84), donne

2  Лр Log p  ~  n Log n.
2п^р^л(л + 1)/2

D ’après l’interprétation de Âp, on obtient le résultat suivant. 

Proposition 8. Soit u=

(85)

Proposition 8. Soit u= J] k. On a l'équivalence
л(л + 1)/2<  к ̂  (n+1) (n +  2)12

2  Logp nLogn.
plu

La relation (85) a plusieurs conséquences:

Corollaire 1. Soit Q le nombre de diviseurs premiers de u. Soit e> 0  fixé. 
Alors, pour n assez grand, on a

( l - e ) - j s ß s ( l  +  e)»l.

Corollaire 2. Il existe b>  0 tel que, pour tout n, le nombre и ait un diviseur 
premier p tel que p>bn  Log n.

3. Retour à B1 (méthode non élémentaire). Suivant la même démarche que 
dans la paragraphe précédent, nous allons utiliser des résultats arithmétiques précis 
pour estimer la quantité Bx en particulier.

Posons J=  2  Log p. D ’après (80) et (83) on a d’une part
p ^ 2 n , p\u

(86) A„ = B^ + J+oiri).

D’autre part on peut évaluer J  en étudiant le nombre
Г(и+1)(и+2)/2)c„ = I

(87) 
et
(88)
avec

B-o= 2  (Mj»-|(«+l)!|p)Log/>.
р < 2 л

Pour majorer Bb remarquons que, pour tout nombre a, le nombre de facteurs 
de и divisibles par a est égal au nombre de facteurs de (и +  l)! divisibles par

n + 1
Logc„ =  «L ogn  +  ( l-L o g 2 )« + 0 (L o g n )  

Log c„ =  J + B 5
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a augmenté au plus de 1. Il en résulte facilement la majoration 

Bb 3= Log КП (К1'3) +  0 (KL'2) +  0 (2п)
où K = n(n + l)/2.

D’où (utiliser le théorème des nombres premiers)

(89) O s ß 5 S  2n + o(ri).

La comparaison de (87), (88) et (89) donne

(90) n Log и—(1 +  Log 2)n—o(ri) ^  J  ^  n Log и +  (1 — Log 2)n+o(n). 

Si on reporte (90) en (86), il vient, grâce à (79),

(91) — и Log 2 —o(n) (2—Log 2)n + o(ri).
De plus, posons

% =  2
p - ' S 2 ( n + l )

\ d ' j (d j - 1)1 \ d j ( d j - 1)1
V 2Ps

Log p.

Le théorème des nombres premiers, jo int à la démonstration de (81), conduit 
à la majoration
(92) \B1\ ^ B '1 rS2n+o(n).

De (79), (86) et (92) on tire

(93) n L o g n —(3— 2 L o g 2 )n —o{n) ë  /  3= n Logn + (2 L og2+  l)n + o(n). 

La conjonction de (90) et (93) fournit l’encadrement

(94) n Log n —(3—2 Log 2)n —o{n) ^  J  ^  n Log и +  (1 — Log 2)и +  о(и).

D’où
(95) — п Log 2 —o(ri) S  S  4(1 —Log 2)n + o(n).

Questions. Quelle est la meilleure constante c0 telle que |5Х| ^ c 0n + o(n)2 
Existe-t-il a tel que B1=ccn+o(n)?
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TWO ELEMENTARY COMMUTATIVITY THEOREMS FOR

In a paper [5], Johnsen, Outcalt and Y aqub have proved that a ring R  having 
a unity and satisfying (x j)2= x 2y2, for all x, y£R  is commutative. They produced 
an example for a non-commutative ring R  with unity and satisfying (xy)k= xkyk 
for all x ,y £ R  and for any integer /с>2. In [6], Luh  proved the following: Let 
R be ring with unity and J  be its Jacobson radical and 1 be an integer such 
that (xy)k= x kyk, k= n, n + 1, и+2, x ,y £ R ,  holds in R  and R/J  is simple, then 
R  is commutative. He also showed by an example that, for k —3,4, there exists 
a non-commutative ring R  with unity satisfying the identity (xy)k= xky k, for all 
x, y£R. The question therefore naturally arises: Under what conditions is a ring 
R with unity, satisfying (xy)k=xkyk for just two consecutive integers, commu­
tative?

In Section I of this note, we prove the following :

Theorem A. Let R  be a ring with unity which satisfies the identities:

(xy") = x"y", (xy)"+1 — x"+1 yn+1, x, ydR  and n >  1 fixed integer.

I f  the characteristic o f R  does not divide n (n !)2, then R is commutative.

Bell [1] proved that for a fixed integer и>1, a ring R generated by the 
n-th powers of its elements and satisfying the identity [xn, y] = [x, y"] is commu­
tative. In this direction we shall prove the following

Theorem B. I f  R is a ring with unity and satisfying the identities:

where n >  1 is a fixed integer then R is commutative.

In what follows [a, b] will denote the commutator ab—ba and R  an asso­
ciative ring with unity.

RINGS
By

A. HARMANCI (Ankara)

[xn, y] =  [x, y n], [x"+1, y] = [x, yn+1] fo r  all x, y£R ,

Section I

Lemma 1. For any positive integer n,

For the proof see [2], page 58.
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24 A. HARMANCI

Lemma 2. For any positive integer m,

2 4 - 1  )r { f ] r m =

Proof. Multiply the equality

m ! =  2 !  (— l)r (7) (w ~~ r)m
by ( —l)m and use

, | (7)-U-J
and (—l)r= (—l) -r to obtain

(— l)mw! -  1  ( -  1Г ( -  1>' (7 )  (m-s)m = 2  i- l)m( -  l ) ' s („ “ J  (m-s)m =

=  2  ( -  Dm- S ( „ ”  J  -  1  ( - 1У

from which the lemma follows.

Lemma 3. Let x  be a variable and m, n be integers satisfying и=-1,
Then the degree o f the polynomial

1 / ( 7 )  (>•+*)"
is n —m.

Proof. We first show that f m{x)=fm_1{ x ) - f m. 1(\-\-x). In the identity

m~ 1 (ffi — 1 ̂
f n - l i x )  = 2  ( - i ) ^  r J (r + x)n,

replace x  by 1 + x  to get

/ m - l O  +  *) =  "2  ( - l ) r (W r  ^ O + l  +  x)".

On the other hand,

Zo\ -  1 )r ("V 1)(/- +  A+ 1)" -  1  ( -  l)r_1 ( 7 _  /)(/• +  *)» =

=  Д  ( -  1 Г 1 ( 7 Г / )  <r+ *y+  ( -  i r - 1 {Z  - 1) ("■+*>■•
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Hence

+ * ) =  ( - 1)° ( \ l ) ( ° + * ) + j f  ( -  i)r {m ~ 1) ( '•+ *)"-

- J f  (-1Г 1 (T il)('+•*)"-(- 1)m_1 (rn- Î ) = ( - 1)°("o’'̂ (СМ-лг)" +

+ z \ - i Y  [{m7 l) + (T-/)) (r+xy+(-ir(Z) <«■+*>■ =

=  Д С - 1 )r \ ^ ( r + x y = f m(x).

To prove that the degree of f m{x) is n —m, we use induction on m. Since 
f t(x) = xn, and f 1(x)= f0(x)—f 0(l+ x)= x" — (l +x)n, the lemma is true for m =0 
and m = l. Suppose the lemma is true for m — 1. Since

/ „ «  =  =  2 i ( - i r ( 7 )  ( T )

the coefficient of x" m in f m(x) is ( — 1 >"m!, by the induction hypothesis
the degree of /„ - ^ x )  and / m_t (l +x) is n - m  + l, and since f n(x )= fn- l (x)~  
—fm -i( l+ x ) , the degree of f m{x) is just n —m.

As a generalization of Lemma 1, we prove

Lemma 4. Let и> 1 be an integer. For any real number x,

Proof. If

i ( - i ) r (?)(*+ ')"-*
i ( - l  )"n if  к — 0 
I 0 if  1 ^  к  ^  n.

k = 0, then ^ ( - 1 ) г
r=0

is just the polynomial

defined in Lemma 3 which has degree n —n=0. Hence f„(x) must be constant, 
and so

/■ (* )=  2 ( - i ) r
r=0

(r + x f =  2  (-1)-
r=0

rn = {— \)nn\.

Assume l ^ k S n .  
k- th derivative

Since, by Lemma 3, the polynomial f„(x) is a constant, its

n!
(n -k ) ! 2 ( - i y

r — 0

(r+x)n~k

must be zero. This and и!
(n^TjT 0 imply

l ( - i ) r (?)('•+*)'■-* =  0,

which completes the proof.
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Corollary 1. Let «>-1 be an integer and R  a ring with unity whose charac­
teristic does not divide n\. Then, fo r  each x f R ,

1  ( - l ) r ( " ) ( * + '- Г ‘
(— \)"n\ if  к = 0 
0 if  к <  m.

Lemma 5. Let m and n be positive integers such that O ^ m ^ n . Then the 
degree o f the polynomial

Fm{y) = J  ( -  l)r ( ? )  [*, ( r + y m  + y)

in y, is n — m + l ,  where x and у  are non-commuting variables.

Proof. A s in  the proof o f Lemma 3, it m ay be easily shown that Fm (y) — 
= Fm̂ 1(y) — Fm_1( 1 +y). Since the commutator is linear,

F J y ) Ê  j t  ( - 1)r (7 ) \ f ) rk[x ’ y n~k}(r +y) 2 2(-
r = 0 k = 0 ■ ' Ш

r*+1[x, y n~k] +

The terms [x, y n~m+1] and [x, y n~m]y, which occur in Fm(y), give the only terms 
of degree n —m + l. The coefficients of [x,y"~m+1] and [x, y"~m]y are

and
U-.)J (-‘КтЬс-И»-,)

U )  J i - i r  ( 7 ) - -  -  c - i ï - t ) - !

ml

resp. which are different from zero. Now we show that the coefficients of terms 
which have degree greater than n —m + l are zero.

are the coefficients of the terms [x,yn~k+1] and [x,yn~k]y respectively. Since
m  /  \

n —k + l > n —m + l or n —k > n —m which implies k <m  and ^  (—l)r \m \ r k—0.
r —0 \ r  )

For k<m, Fm(y) does not contain terms which have degrees greater than n + l —m. 
Hence Fm(y) has degree n + l —m.

Corollary. F„(y)= (-1 )"  • n • n ! • [x, у].

Proof. The lemma implies that the degree of Fn(y) is one. Hence F„(y) 
should include terms of the form [x, у]. Thus in

Fn(y)=д  2 o ( - 1  у  (") (;;) rk^ [x , ? - * \+ д j t  (- Dr (") [ i y  [x, y -чу ,
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n —k  must be taken 1. For this value of n —k,

г ,Ы  =  2  ( -  V  (?) („ " , )  П * .  = ( „ " , )  < - 1)' ( ^ t * .Л  -

=  („ Y n 'lx ,y ]  = { - lY -n -n '.[ x ,y ] .

Proof of Theorem A. Multiply the identity (xy)n= xnyn by xy  on the right 
and use (xy)n+1= xn+1yn+1 to get x"+1yn + 1= xny"xy or xn[x,yn]y=0. Let

(1) G (x,y) = xr[x,yn]y.
By using (1) and cosidering f ( x ) as in Lemma 3 and Ft(y) as in Lemma 5, set 

G10(x, y) = G(x, y ) - G ( l  + x, y) = A(x)[x, y n]y 

Gu (x, y) = G10(x, y ) - G 10(x, 1 +y) = fi(x )F 1(y)

G 21( x ,  y) = Gn (x, y ) - G n ( 1 +x, y) = f 2(x)F1(y)
G 22{ x , y) = G 21( x , y ) - G 2l(x, 1 +y) ~  f 2(x)F2(y)

and so, for each m, l á m á n ,  we find, for all x ,y£ R ,

(2) Gmm(x, y) = f m(x) Fm(y).

For m=n, (2) becomes

0 =  Gnn(x,y) = fn(x)Fn(y) =  (-1 )"/г!(-1 )пип![л:,у] =  n(n!)2[x,y], for all x ,y£R .

The condition on the characteristic of R  implies that [x, у]= 0  for all x, у  fR  
Hence R  is commutative.

The condition on the unity in Theorem A is essential as it is shown by

Example 1. Let

integers

I t is easy to check that R  has no unity and (xy)k= xky k for all k s l  and all a, y£R . 
But R  is not commutative.

E xample 2. Let

R =

be a subring of 2X2 matrices over Z2, the ring of integers mod 2. In R, (xy)k = 
= xky k for all x, у  in R and all к ш \. But R has characteristic 2 and it is 
not commutative.

Another example with respect to the characteristic of R, a ring with unity 
was essentially given in [6]:
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Example 3. Let S  be a non-commutative ring of characteristic 3 such that 
S3=0. Let Я be the ring consisting of the pairs (a, n), a£S, n£Z 3, the ring of 
integers mod 3. The addition and multiplication in R  are defined by

(a, n)+(b, m) — (a+b, n + m), (a, n) • (b, m) = (ab + nb+ та, nm).

The characteristic of R  is 3, the identity of R is (0, 1) and (ху)3= х 3,у3, (xy)4— 
= x4y4 hold in R. Let a ,b d S  be such that [a, 6]+0, then (a, 0)(b, 0)?± 
+(h, 0)(a, 0) shows that R  is not commutative.

We begin this section with a theorem due to Herstein, which will be extensively 
used in the proof of our main theorem. For the sake completeness, we first prove

Theorem (Herstein, [3]). I f  for every x  and у  in a ring R we can find a 
polynomial pXyy(t) with integer coefficients which depend on x  and у  such that 
[х2рх>у{х) — х ,у \  = 0, then R is commutative.

Proof. Suppose R  is not commutative. We can find x ,y £ R  suchthat [x,y]^0. 
Let T  be the subring o f R  generated by x  and y. Take a£T. For a and x  
there exists a polynomial pa>x(t) with integer coefficients which depend on a and 
x  such that [a2p„tX(a)—a, x]=0. For b= a2payX{d)—a and у  there exists a 
polynomial pbyy(t) with integer coefficients which depend on b and у  such that 
[ b 2P b , y ( b )  — b, y]=0. Since b commutes with x, so does c=b2pb y(b)—b. Thus 
c commutes with x  and y, and so with every element in the subring T  they 
generate. Hence c is in the centre of T. On the other hand, с=Ь2рЬуУф )—Ь— 
=(a2Pa,x(a) — a)2 — (a2payX(a)—a )= —(a2q(a)—a), where q(t) is a polynomial 
with integer coefficients. So, for every T, we can find a polynomial q(t) with 
integer coefficients so that a2q(a) — a lies in the centre of T. By the main theorem 
of [4], T  is commutative. Hence [x, y ]= 0  which is a contradiction to [x ,y]^  0. 
This proves the theorem.

Proof of Theorem B. Replace x by 1+x in [x", y] = [x, y"] to obtain 
[(1 +  x)", y] = [1 +  x, yn] = [x, У ] =  [x", y]. On the other hand,

Again replace x by 1+ x  in [x"+1, y]=[x, y"+1] to get [(1 +x)n+1,y]=  
=  [ l+ x , y n+1]=[xn+1, y], and

Section II

by combining the last two results we get

(3) Ф ’ 3']+ Д  (k)[**’LJ =  0-

[( l+ x )"+1, +] =  (и + 1 )[х ,у ]+  Z ( ' , fc1)[x * ,y ] +  [X',+1,L].
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From these identities, it follows

(4) in  +  l)[x, y] + 2  ( " ';  “) [xj, y] = 0.
By subtracting (4) from (3) we find

0  =  [ д  ( j j )  x k -  Д  ! )  x j , у j  - [ x ,  y ]  =  [ x ap ( x ) - x ,  y ]

where p{t) is a polynomial with integer coefficients. Hence, for all x ,y £ R , there 
is a polynomial p (t) with integer coefficients, which may depend on x  and y, 
such that x 2p (x)~  x, y= 0 . Hence by Herstein theorem, R  is commutative.

The hypothesis of the existence of a unity in R is not superfluous in Theorem В 
as it is shown by the following two examples.

Example l.L et R  be the subring generated by the matrices

( 0  1 0) f °  0  l) го о  o )
0  0  0 9 0  0  0 9 0 0  1

l o  0 0, lo  0 oJ lo  0 oJ
in the ring of all 3X3 matrices over Z 2, the ring of integers mod 2. For each 
integer k ^ l  and all x, y £ R  [x\ y]=[x, yk] holds. However, R  is not commutative.

Example 2. Let R  be the subring generated by the matrices

( 0  0  01 (0  0  0) Í0 0  0 )
0  0  0 , 0  0  0 J 0 0  1

l o  1 oJ l l  0 oJ lo  0 0,
in the ring of all 3X3 matrices over Z 2, the ring of integers mod 2. For each 
integer кш  1 and all x, у £R [xk, y] = [x, yk] is satisfied in R, but R is not com­
mutative.
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ON THE APPLICATION OF THE AVERAGING METHOD 
FOR SYSTEMS OF INTEGRO-DIFFERENTIAL 

EQUATIONS OF STANDARD TYPE WITH 
DISCONTINUOUS RIGHT-HAND SIDE

A. M. SAMOILENKO (Kiev), D. D. BAINOV and S. D. MILUSHEVA (Sofia)

The averaging method for systems of ordinary differential equations with 
discontinuous right-hand side has been justified by A. M. Samoilenko [1]—[6]. 
The present paper considers a version of the averaging method for systems of in- 
tegro-differential equations of Volterra type

be given in the space (t, x).
Under the assumption that outside the hypersurface (2) the movement takes 

place according to equations (1), and, on every hypersurface t fx ) ,  at the point 
л:, the trajectory of the system (1) undergoes a momentary discontinuity, following 
the law
(3) A X \ t = t i M  = X + - X _  =  £/;(*)

where x_ and x + are the points at which the trajectory meets and leaves the 
hypersurface t= ti(x), respectively, we put in correspondence with the system (1) 
the averaged system

The following theorem for proximity of the solutions of the Cauchy problem, 
of systems (1) and (4) holds:

Theorem 1. Let the following assumptions be fulfilled:
1. The function X (t,x ,u )  is defined and continuous in the domain {t^O , 

x fD c zR n,u ^ R m}.

By

( 1)
о

where x, X€R„, (p^Rm, and e > 0 is a small parameter. 
Let the hypersurfaces

(2) t =  t fx ) ,  t fx )  <  ti + 1(x), Í = 1, 2, ...

(4) —  =  £[Z0(x) +  / 0(x)]

where

(5)

t<tt<t+T
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The function cp(t,s,x) is defined and continuous in the domain {tsO , s^O , 
x£D}.

2. There exist positive constants M, N, С, К, M* and the function a(t, s), such
that

(6)

II dtfx )
dx + \\X ( t,x ,u ) \\+ \\I fx ) \\^ M , d%(x)

dx2 ^ C ,

I! d tfx ) d t fx ')
II dx dx

m ,  X ,  u )—X(t, x', u')\\ =§ K[\\x-x'\\ + \\u-u'\\],
t

\\<P(t, S, x) — cp(t, s, x')ll ^  <r(i, 5-)|[лг—лг'[|, f  cr(t,s)ds Ä M * ,
t

t f a ( t , s ) d s ^ N
о

for every s^O , x, x '£D , u, u '£R m, i= l,  2, ... .
3. Uniformly with respect to iSO and x£D  there exist the finite limits (5)

and

lim -  2  1 =  d0, d0 = const.
r -~  I t^t^t+T

4. The system (1) has a unique solution x t{x*) at every 0 and at any fixed  
x* from the domain D0, x t*(x*)=x*.

5. The averaged system (4) has a solution x= x(et, x0), 5c(0, x0)= x 0, which, 
when e = l ,  belongs to the domain D for every i£[0, L\, 0<L=const, together 
with some o-neighbourhood (0<<?=const.), and satisfies the inequalities

<7)

Ii(xo) ^  ß <  0, /*(х*т (х0)) =  I f  

dt:(x(et, x„)) .
, ------^ ------Ii(x(st, x0)) Ä ß <  о , ti <  t <  t i ,

tt= inf t fx ) ,  ti' =  sup t fx ) ,  i = 2, 3 , ..., d,
x £ D  x £D

td <  Le-1 <  td+1

or the condition^— - = 0 , when t = ti=const, is a hyperplane.

Then, fo r  any t]>0 and any L > 0 there can be found an s0>0 such that, 
when e< e0, the system o f equations (1) has a solution x t(x0), х0(л:0)= х 0, defined 
for every ?£[ 0, Z,s_1], and such that

(8) ll*r(*o)-*(>*, *o)ll <  h when t£[O.Le“ 1].
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Proof. According to the assumptions of the theorem there exists a monoton- 
ically decreasing function a(t) (a(t)—0 as t -►»), suchthat

í + Г  ö  1

I I /  № * • /  (p{0, s, x)rfo)-X 0(x)] ddI S  — cc(T)-T,
t 0 z

(9)
II z  / ,(* ) -3 7 ,(* ) ||» т «(Г  yr.
t c t ^ t+ T  A

Let Г  be a fixed and sufficiently large number, and let in the interval (0, T) 
lie d1 points

( 10)

ti(x0) = %, . . . , t dl(x0) = t°dl, *?< $+ !, o <  tl, t°dl <  T, i=  1 , 2 , (rft-1).

Denote by x(t, t ,  c), x (t, t ,  c)—c the solution of the system
t e

(11) x(t, T ,  c) =  c +  e J  X(e, х (в , T , c), f  cp(e, s, x(s, T , c))ifc) d9.
z 0

It is obvious that
t в

x(t, T, c) —  c+e f  x[e, c, f  (p(6,s,c)ds}d9 + R(t, e , t ) ,
t 0

where,when 0< t^ t ^ T ,
t в

| | I ? ( í ,  e, т)|| =  e || f  [x{e, x(0, t ,  c), J  q>(0, s, x(s, t , c))& ]-
T t

9 1
-X (0 , c, f  <p(9, s, c)<a )] d e II <  — e*KM T(T  +  2N).

Consider now the solution х,(х0) of the system (1) on the segment [0, Т]. 
This solution consists of pieces determining (11). For this reason, to an accuracy 
of values of order £2 on the segment 0 < rS iS T , the solution x((x0) may be 
defined by

t в
(12) xt(x0) = c  +  £ j  x[0 , c, f  <p(0, S ,  c)ds} dß+0(e.2) = x ^ t ,  t, c)+ 0(e2).

t  о

Whence, to an accuracy of values of order £2, one can obtain х,(х0) = 
—x ^ t,  0, x„), 0 where t\ is the root of the equation t= t1(x1(t, 0, x„)), 
or

t в
(13) t = íi(x 0 +  £ J x(e, X„, J (p(6, S ,  X0)i&) i/0) =

о 0

= Í1 + £ d^*°) f x(e, Xq , J (p (в, s, x0) i/.sj dO + O (e2).
0X  о 0
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From (13), to an accuracy of e2, one can find

(14) it = tt + E f  Х[в, x0, f  q>(0, s, x 0) ds) dd = t l+ е в г.
°x  0 0

Indeed,
r\ t  / \ ^ 1  в

t =  / x{0 , X 0 , f  cp(9, s ,  xjds) d9 +

+ £-dtl̂ ° )- f  Х { в , х 0, f  (p(e ,s ,xo)ds)d0+O{£*) =

dt í r  ) 6
=  tl +  E - ^ - ^ -  f  X (e, X 0 , f  <p(0, S,  X 0) d s )  d 6  +

Vх о о

+ г Щ ^ Г  *«’ f  s> * o H  + 0 (в2),

where ?= r?T /i(r—i?), O s / iS l.  (For the different components of the vector X. 
the constant ц assumes different values from the interval [0, 1].)

So,
(15) *i(*0) =  Xx(t, 0, д:0), 0 c  t c  t ° + s 0 1 =  it- 

Further,
=  * i(A, 0, *0) +  eA (*i(tf, 0, x0))=

t* в
=  x0+e J  X[0, x 0, J  (p(9, s, x 0)ds] de+eli. 

о 0

The solution of the system (1) between the hyperplanes г=г1(д:) and t —t2(x) 
is described by (12), where т= tt  and c = xtt  (x0) :

t в
(16) x, (x0) = xft  (x0) +  E f  x{9, л:,» (x0), f  <p (9, s, (x0))á?) dO + O (e2) =

«I 0
'Í •

=  v;0+£ f  X(9, x0, J <p(9,s, x0)ife) d9+sl? +
0 0 

t в
4-e J  X (09 (x0), J  cp (в, s, xj* (x0)) ds) dQ + O (e2) =

if о
t в

= x 0 + e J  X(0, x 0, j  ср(в, s, x^ds}  d0 + s li +
о 0

t в в
+ « / №  f  (p(9, s ,x ^ ( x 0))ds]- X{9, x 0, f  (p(0, s, x jife)] d9+ 0( e2).

IÍ 0 0
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Since
t в в

I I »  /  M « .  4  ( x o )>  /  (p( 0.  s,  4  (JC 0 ) )  i f c )  -  X  [в ,  X g ,  J  (p (в,  S,  A 0) i / , y ) ]  i / 0| j  = s
I* 0 0

t в

- s K \ f  [ l l x » i  ( * o ) - * o l l  +  /  < r ( 0 , 5 ) 1 1 4 ( x o ) - ^ o l l * ]  del  ^
>* 0

^  6ü:(i +  m *)(í - í í ) I I 4 ( xo) - xo|| ^

<* «
^  eaJ f( l+ iV f* )r ||/  X(0, x0, f  <p(0,s,xjds)de + l i || ^

0 0

ё £ 2Ш (1 + М * )(1  +  Г )7’,

the last two summands in (16) may be ruled out and, to an accuracy of values 
of order e2, one can obtain

t в
(17) x t(x0) = x0+e f  x { e ,x 0, f  (p(.9,s,x0)ds]d9+£l? = x 1( t ,0 ,x 0) + el?.

о  0

The following question arises: will trajectory (17), after the moment if, meet 
the surface t= b(x) or not, i.e. will there occur a beat or not?

In order to answer this question let us solve the system

xt (*o) =  *1 (t, 0, x0) +  г/f, t =  t-L (x).

Ruling out x, one obtains

(18) t = tx (*! (/, 0, x0) + £?f)- 

Let now q be the root of equation (18), i.e.

h  = h (x i(b , 0, x0)+8/f).
From (18) one can find

( 0

t = h i f i i t ,  0, x 0) 4-г/f) =  t^Xg + e J  x{9 , Xg, f  q>(9, s, x0)ifo) d9+£lf] =
0 0

=  i? +  e - ^ ^ - [ / f +  /  X{9, X0, f  (p(d,S, x 0)ds)de] + O(e*) =

=  t l  +  8 — ^  [ / f +  /  X(0, Xg, f  <p{0, S,  X g ) d s )  d9] +
Vх  0 0

r \ . /  \ í  в
+£ f  x ( e ,x 0, j  <p(e,s,xg)ds) de+ о (г2) =

dx о
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=  t(l+ e f  X {9 ,x0, f  <p(9,s,x0)ds) d 9 + E  ■ A °  +

+  e <>tl̂  { t - t f ) X [ i ,x 0, J  cp (t, s, x0) г/л) +  О(e2), 

i  =  O s i / i S l .
Hence, it follows that

to e
h  = t l + e f  X(9, x0, f  (p{9 ,s ,x0) d s ) d 9 + e ^ ^ - P 1+ O ^ )  =

=  t'i+£ /Г + о(в2).

Because of the fact that the second summand is negative, we have 
In this way, when t> t*  the solution xt(x0) leaves the hypersurface t= tx (x),

i.e. the point (tx, x0) is not a beat point of the solution onto the surface t= tx(x).
Let us find the moment when the solution (17) reaches the hypersurface t= t2(x). 

For this reason let us define the root t\ of the equation
t о

t =  t2{xx(t, 0, x0) +  8/1°) =  í2(x0 +  e f  x[e, x0, f  cp(9,s,x0)ds)d9+elí) =
0 0

=  t%+e [I! +  /  x{9, x 0, f  cp (9, s, x0) ds) d9\ + О (e2) -
0 0

Í2 в
= t%+e [/«+  /  X(9, x0, /  cp(9,s, x 0) ds) d9\ +

+ E 0 - 4 )x [ t, x 0, f  cp(t, s, x0) ds) +  О (e2),

i  =  4 + n ( t—1\), o ^ / i s i .
We have

Q

tt =  t\+e <Ĥ X^  [ /»+  f  X[9, x0, f  cp(9,s, x0)rfe) d9) =  4 + e0 2.
Vх  0 0

Since, by the definition then (if s is sufficiently small) and,
therefore, the solution o f the system (1) on the interval is expressed
by the formula:

x,(x0) =  x x(t, 0, x0) + e/1°.
Further,

xft  (x0) =  Xj(r2, 0, x0) +  e/ i +  e/ 2(x1(í2, 0, x0) H-e/x) =

=  хх(г2*, o, x0) + е(/;ч /2°).
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It is not difficult to show (as it can be seen from the previous calculations), 
that the system (1) under the initial condition c= x ft  (x0) at the moment has, 
to an accuracy of values of order e2 on the interval the solution

*t(x0) =  x x(t, 0, *o)+ s(/i +  /20),
where t3 is defined as a root of the equation

t = t3(xx(t, 0, х0)+е(Л° +  /20))
under the condition that

dt2(x0)
dx

/2° S j 3 < 0  or dt2(x)
dx 4

As before, we have
,o e

=  ^ + e - ^ M [ / 1° +  /2°+  /  X (9 ,xo, f  (p(e,s,x0)ds)dé\  = t°3 + E03/*‘3

It turns out as well that the trajectory x,(x0)= x 1(t, 0, x0) + £ (/“+ 7") after 
the moment t2 does not meet anymore the surface t= t2(x).

It is easy to see, following the method of induction, that under the condition

(19) dtj(x0)
dx 7? ^  ß <  0 i = 1 ,..., dx,

for x,(x0) one can get the following expression:

xt(x0) =  x x(t, 0 ,x 0)+ e  2  Ji ’ tk+e&k <  t <  t°k+x+E0k+1,
i = 0

[ f® Q
2  i?+ f  x { e ,x 0, J  cp(o,s, x 0)ds)de  ,
•=° о 0

78 =  00 =  70° =  0 dl+1 =  0, t°dl+i =  T, K = \ , . . . , d x.
Therefore, when condition (19) is fulfilled the solution x((x„) exists on the

segment [0, T] and is defined to an accuracy of values o f order e2, according
to (15) and (20).

Now, one can calculate
A

(22) x T(x„) =  xx(T, 0, x0)+ £  2  I f+ O (fi2) =
i = 1T в dx

= x0+£ f  Х(в, x0, f  q>{9, s, x0)ds}d6 + £ 2 =
0 0 i=1 T в

= X 0 +  £[X0(x0) +  70(x0)] T+e J  [t (0, x 0 , f  <p(0, s, x0)dsj -
0 0

(20)

where

(21)

— A'o(xo)] dd + E 2 7 P - 7 0(x0)7’
i = l

+  О (e2).
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Define the operator A0, as follows:

Ло*о =  x0 +  £ / [  Xu (x0) +  70(x0)].

Then, from (22), one can find

T  в

(23) ll*r(*0) -^ o X 0ll -  6 1 /  [х {в> *o> f  (Piß, s, х0)* ) - З Г 0(х0)] d0\\ +

+ £ 2  I ? - h i x 0)T

S  еа (Г )Г + е 2  /Д х 0) - / „ ( х 0)Г + e

+  D(e2) S

2 { I ? - I i i x o ) )
i = 1

+  0(e2) ^

S  ect(T)T + e  2  l|//,- / i(*o)ll + 0 (e 2) =

=  e x ( T ) T + e  2
<=l

/ г (хДг?, 0, х0) +  е 2  /®| -  /Дх0) +  <9(е2) ^

еос(Т)Т+е 2  к X t ( t * ,  0 ,  * „ )  +  £ 2  Jk ~ X о +  0 (е 2)

гаС О Г + еТ : J  ЦхДД, 0, х0) - х 0|| + £ 2К  J  2  11Л°||+0(£2)
i= lк=О

== е<х(Т)Т+е*К 2  | | /  -Г(0, х0, /  (р(в, s, x0)<fc) </g|| +  е2Л Ж -  +  0(е2) г=

S  есс(Т)Т+ е2КМ [т+~т)*'+ О(е2) ^  еос(Т)Т+  £2М 1,

where Af1=Af1(7’, ^ )  is constant.
Let x= x(s t ,  x0) be a solution of the averaged system (6) with the initial con­

dition x(0, x„)= x0. According to the integralrepresentation

t

x(£t, Xq) = X0 +  £ f  [X0(x(e9, Xo)) +  / o(x (£0, xü)j]dO 
0

one can obtain that
T

Ä x0 =  x(eT, x0) =  x 0 +  e f  [X0(x (eO, x0)) +  /0(x(eO, xo))i/0].
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When i S 0 and x€ Д  we have:

IIX0(x)|| s  M, ||/0(x)|| ^  Md0, ||x(et, x0) - x 0|| ^  e(l +  d0)MT,
j  « + Г  в

X0(x)-  I'oC*«)!! ton —  f  ||x(0, x(et, x0), f  cp(6, s, x(et, x0))<fc) -
■* °°  ̂ n n

V

-X (0 ,  x0, f  ср(в, s, x0)<*)|| dd ^
0

j  t + T  в

К  lim — f  [||x(eí, x0) x0|| + f  <x(0, j)||x(si, x0) - x 0|| dd ;

^  e(l if0)(l +M*)KMT,

||/0( x ) - / 0(x0)|| Hm 2  l|/i(x)-/i(xo)|| ^  e(l + d0)KMTd0.
T-+ 0 0  1  t ^ t ^ t + T

Then,
T

(24) ||Лх0- Л 0х0|| =  £ /  [№ (x(sO , x0) ) - ^ 0(x0)|| +  ||/o(x(e0, x0) ) ~ / o(xo)||]í/0 S

S £2(l +<i0)(l +d0)KMT*, d0 = d0 + M*
and
(25) ||хг (х0) -Л х 0|| s§ ||хг (х0) - Л 0х0|| +  ||Лх0- Л 0х0|| ^

== £а(Г)Т+£2[М1+(1+1/0)(1 + 4 )  KMT*].

Since Лх„ belongs to D with a ^-neighbourhood, then, from (24) and (25) 
it follows that x r (x„) and A0x0 belong to D with the neighbourhoods

ei =  e -  e{a (Г) Г +  £ [Mx+(1 +  rf0) (1 +  d0) KM T*]},

ei = Q-E2(l + d0)( l+ d 0) K M T2,
respectively.

Now, assume that in the semi-interval (T, 2T) there lie d2 points:

(26) T <  tdi+i(Ax0) , ..., td 1+d2(Ax0) <  2T,

but then, according to the estimation (25) and the continuity of the functions f,(x), 
it follows that on the interval (T ,2T )  there lie d2 points:

T  tdl+i(xT(x0)) =  t]1* ,..., tdl+lj2(xr (x0)) =  tdlJ <  2T.

From condition (7) of the theorem it follows that

w )  =  fl» A  <  0,

ßl — ß £2 5 * — 19 ... , •
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Let us extend the solution x,(x0) of the system (1), constructed for 0 « í < T ,  
onto the segment [T,2T], denoting x T(x0) —x T:

t в

x,(x0) = x(t, T ,  x T(x0)) = x T + e J  X[0, x T, f  (p(9, s, x T)ds)d9 +
T  0

+  0(e2) =  x x(t, T, х т) + 0(а2), T  == t <  t%1+1, 

where t%1+1 is the solution of the equation
t в

t = td!+i (* r+ e  j  X ( e ,x T, f  <p (0, s, x T) dsj dO + O (e2)),
T  о

i.e.

=  Ч1 —  f  X ( 0 ,x T, f  <P(0, s, X'y) ds \ dO -f- О (e2) =
O X  T  0

ra> e
= t i» + e dtdl+1-(-Tl  f  x(0, x T, j  cp(9, s, x T)ds) dO + 0(e2) =  ff» +£© *» +6>(e2).

O X  T  0

Therefore, to an accuracy of s2, one can obtain

(27) x,(x0) =  Xxit, T, x T) when T  ^  t <  if» +£0{1J =  fj1+1,

л:С1+1 (x°) ~  T, ^ г )+ еЛа) (^íCtdi+i. T, x T)),

t в

x ,(x0) =  x(t  +i(x„) +  £ f  x[9,  xtt i+i(*o), f  v{6, s, x ^ J x ^ d s )  d9 =

whence

etc.

I a
-  *i(<í1+i, T, Xt) + e I P + s  f  x{9, x% +1 (*<,), f  cp(9, s, x,t +j (x0))űfc) dO =

'í1+i ' 0
'dj + l в t

— Xj- +  £ f  X(9, x T, f  (p(9,s,xT)ds}d9+eIl1)+B J  X[9, x,t ^Xq),
r  0 <;1+i

в t в

J  (p{9, s, x,t +i(x0))ifo) d9 =  xr  +  £ fx[0,xT, J  cp(9, s, x T)ds}d9+
о  1 г  о

t e
+  £ /1(1> + £  f  [x[0, X,J +I(x0), f  (p(9,s,x,% +i(x0))ds]-  

'51+i 1 0
в

— X(9, x T, J  <p(9, s, xr )űfr]] dO = x t (t, T, x T)+ eIi1\
о

tf1 + i s  / <  4 X> + £ 0 ^  =  tfl+a,
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In the general case one has

(28) x ,(x„) = x 1 (t, T, x T)+ s Z  Ла)> tjp + £&к1} =  t <  t$ ! +  £0kÍ 1 ,
i=0

where

0*1} =  ()tdl+k^  ^  °^. [ J  x [e , x T, j  (p(0, s, x T)ds) de+ Z
w A  у  q I — 0

K =  1 , ,  d2, t<p = /0(1> =  0 ^  =  0£>+1 =  0, /g)+1 =  IT.

So, a,(x0) is defined on the segment [T, 2T] to an accuracy of values of order 
e2, according to formulae (27) and (28).

Therefore,
d2

% W  =  a1(27’, T, x T)+ s Z / /x) +  0(e2) =
i=l

2 T

= x T + s J Х[в, x T, J (p(e,s,xT)ds)de + e Z Л(1)+0(е2) —
T  0 i= 1

2 T  в

=  аг +£[Х0(аг) +  / 0 ( А г ) ] Т ' + е  J "  [ л ^ 0 ,  x t ,  J <p(6, s, x T) ds} —

- X 0(xT)] dO+e Z  If»  - I 0(xT)T +  0 (s2).

Whence, according to the definition of the operator A0, one can find

(29) Цх2г(*о)-Л0Хг11 =  £i(T)T  +s?M2>

where M2 =  M 2 (T, d2) is constant.
Further, we have

2 T

(30) Л2х0 =  Зс(2еГ, x 0) = x0+s f  [jFo(x(e0, ao)) +  / o(3c(£0, x0))] dd -
О

2 T

= Ä x0+s f  [x0(x(ed, A0)) +  I„(x(80, A0))] de,
T

\\A0x T- A 0(Äx0)\\ =  ||хг +  гГ [^0(хг) +  / 0(хт)]-Л х 0-гГ [Х 0(Лх0) +  /о(Лх0)] S  

— ||хГ—Лх0|| +£Х,{||А'0(а:г) — W0(v4a0)|| +  ||/0(хГ) — / 0(Лх0)||} S  

s  ||хГ- Л х 0|| + 8 В Д 1  + M*)\\xT- Ä x 0\\ +Kd0\\xT- Ä x 0\\} á

S  [ l+ e ( l+^А Т]11*т-Лхь1 ^
S  [1 +  e(l +d0)KT]{boí(T)T+  e2[Mx +  (1 +  d0) (1 +  dJKMT*]}, 

||х(е/,х0) -Л х 0|| =  ||х(ег, x0) —x(eT, x0)|| S
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S  £ j  [||Zo(x(£0, x0))|| + | | / o(x(e0, xo))ll] dQ — e(l + d0)M T  when Г <  t <  2T, 

(31) ||Л0(Лх0) —Л(Лх0)|| =  II Лх0+ eT[X0(Äx0) +  /0(Лх0)] —
2 T

- Ä x 0- e  f  [Х0(х(ев, xo)) +  / o(x(e0, x0))] dQ\\ sS
T  

2 T

-  e f  [||Хо(х(е0, хо) ) - 1 'о(Лхо) ||+ | |/о(х(е0, хо) ) - / о(Лхо)||]й?0^
T

2 T  (  j  t + T  l

~ eK I  /  [|1^(£0>Хо)-Лхо|| + f  a (l,s)\\x(se ,x0) - Ä x 0\\ds]dl +

+  lim 2  \\х(ед, х0) - Л х 0|| |  dO ^ e2( i+  d0)(l+ ä0)K M T2.

From (29)—(31) one can obtain

И*2г(*о) - Л 2х0|| =s | |х 2 Г ( х 0) —Л 0 х г || +  || Л0хг —+ 0(Лх0)|! + || Л0(Лх0) —Л2х0|| ^

á  еос(Г)Г +  £2М2 + [1+ е(1+ d0)КТ]{есс(Т)Т+  е2 [М1 +  (1+ d0) (1+ d0)K M T2]} +

+e2(l+ d 0)(l+ d 0)K M T 2 -  е{1+[1+8(1 +  ̂ 0)^Г ]}[а(Г )Г  +  гМ],

M  =  (1+ d0)(l+ d0)K M T2 +  max (Mx, M 2).

Therefore, x 2T(x0) belongs to the domain D together with its ^-neigh­
bourhood

02 =  Q -e  2  [\Jrz{\+ d^)K T]i[a.{T)T+£M].
i=0

Now, along x2r(x0) there can be constructed the solution xt(x0) for t£[!T, ЗГ]. 
Accomplishing the calculations, one can find

||хЗГ(х0) Л0х2Т|| =  ex(T)T + e2M 3(T, d3),

where d3 is the number of the points

2T <  tdl+it+i(x(2eT, x0) ) , ..., tdl+di+d3(x(2sT, x0)) <  3T

lying in the interval (2T,3T).
Further, as we did before, let us find

11*зг(*о)—х(ЗеГ,х0)|| =  ||хзг(х0) - Л 3х0||

— 11л:зг(л:о)_'Л 0х2Г||+  ||Л0х2Г—Л0(А2х0)||+ ||Л 0(Л2х0) —А(Л2х0)|| ^

== еос (Г)Г  +  е2М3+ е [1 +  е (1 +  Л0) КТ] {1 +  [1 +  е (1 +  d0) КТ]} [ос (Т )Т  +  еМ] +

+e2( l+ d 0)( l+ d 0)K M T 2 ^

^  е{1 +[1 +е(1 +  £&)*Г] +  [1 +«(1 +d0)KT]2}[a(T)T + eM],
М  — (\+ d 3)(\+ d0)K M T2+ max М,.

» = 1 ,2 ,3 ,
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Therefore, x 3T(x0) lies in the domain D together with the ^-neighbourhood 

Qz = e ~ e  2  [l+ e(l + d0)K T)i[<x(T)T+eM].
i=0

Proceeding with the process being described, at the /с-th step let us construct 
the solution xt(x0) for t£[(k — 1) T, kT], kT ^sLe-1. As a result one can get (and 
it is not difficult to prove this by mathematical induction):

Н-^лгС^о) д с ( /г е У , лг0)Н —  l l * * r ( * o ) - ^ * o l l  s S £  ^  [ l + e ( l -\-3^)КТ]'[о.{Т)Т-\-еМ],
i = 0

M  = ( l+ d 0)(l+ d0)K M T2+ max Mt.
i = l , . . . , k

Since °°,

M  = (1+ i/0) (1+ d0)KM T2+max М ;(Г, dt) Ш M 0(T) <  » ,
whence

11**г(*о)-*(^Г,*0)|| |  [1+ r ( l+  30) KT]‘[cc(T)T+ sM 0(T)]

< [ a (Г )Г + вМ0(Г)]-[1+£(1+"о)^ ]К "(1 + d0)KT -  

-  (1 + l ) K T [ a ( r ) r + eMo W № 1+a°)KL+ О (e)]. 

Now, choose T  and e0 such that, when £-=£0, the conditions

e(i+a0)KL_cc(T ) . *1

will be fulfilled, and
(1 +d0)K  4

° (s )  7'(P -- + £[e(1+̂ KL + 0(e)] M"{T)

Then,
( Н Ч ) *

________ л
(Г+30) К Т ^  4 ■

(32) 11**г(*о) -x (k e T ,  x0)|| <  - J , k  =  0, 1, — 1. 
eTj

On the interval [(A:— 1) T, kT] we have the estimations

(33) ll*(ef, x 0) - x ( ( k - l ) e T ,  x0)|| S  e f  [||Zo(x(e0, x0))[| +
( t - l ) T

+  ||/o(x(£0, X0)]\\]d0 S  £(1+ d0)MT,

dk
(34) ||хДхо)-*(к-1)г(*о)11 =  ( k - l )T ,  x (k_1)T) + e 2  If*-»  - x №- i )r(*o)ll =

k T

i = 0 

К
£ J  Х [в , f  (p(0, s, x(k- 1)T) dsj dOT £ 2  I j*  P

( k - V ) T
^  eM (T+ c).
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It can be seen from (32)—(34) that if T  is sufficiently large, and e is sufficient­

ly small (e<m in (e0, » 4 (1+^о) л / г ) ) ’ then’ on the interval k T \
the following estimation holds:

\\xt(xü) - x ( z t ,  x0)[| ^

^  ||х,(^о)-^-1)г(^о)11 +  \\x<k-i)T(X o )-x ((k - i)zT ,  x„)|| +  ||x((/c-l)e7’, x0) —

- x ( e t ,x 0)|| +  +_4 = П-

Therefore, on the whole interval 0S t s L s  1 the inequality

||xt(x0)-x (e i, x0)||
is fulfilled.

In this way Theorem 1 is proved.

<  r\

Remark 1. Condition 1 of Theorem 1 might be weakened but that leads to 
some complications in the proof.

Consider now the problem of the qualitative correspondence between the 
exact solutions of the system (1), (3) and its approximated x-solutions of the 
system (4).

Assume that the averaged system (4) has an isolated state of equilibrium x = x ° :
(35) A0(x°) +  /„(x°) = 0 .

The following theorem holds:

Theorem 2. Let conditions 1 —4 of Theorem 1 be fulfilled. Then, i f  the state 
o f equilibrium x= x° o f the averaged system is asymptotically stable and

(36) * M J l ( x ) a p ^ o  [or Ш я  o)

for every i — 1, 2, ... and every x  on a certain Q0-neighbourhood of the point x®, 
then, there exist a Q-neighbourhood Dq(q^ q0) o f  the point x° and an e°>0 such 
that at every e<e° and every x(LDt the solutions x,(x), xt (x)|,=0= x0(x )= x  o f  
system (1) are uniformly bounded when i£(0, “ )■

Proof. Let x(t, x), x(0, x )= x  be the solution of the averaged system when 
e = l .  Since x(t, x°)=x° is an asymptotically stable solution of the averaged 
system, then, this fact, as well as the continuous dependence on the initial con­
ditions, determine the existence of a q' such that

(37) II x(/, x )—x°|| ^  £>o when ||x —x°|| ё  q' and t ^  0.
(37) and (36) show that for the solutions x(et, x) when x ^ T e.— 

= {x, ||x—x°|| s g '}  condition 5 of Theorem 1 holds for every t>0. But then, 
according to the assertion of Theorem 1, there may be found an e° = e° ( L ,  q )  such 
that, at every e<8°, í6[0, Le-1] and some q  (p^m in (p0, q ' ) )  the inequality

(38) ||xt+t(x ,T )-x
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will be fulfilled, where x t+z(x, t) is the value at the point t+ x  of the solution 
of system (1), passing, when t=x, through the point x ^ T Q.

Choose q  such that Te will belong to the domain of asymptotic stability 
of the solution x=x°, and L  in such a way that

(39) ||jc(t,jc€re)-x ° || = S -| when t ^  L.

Inequalities (37)—(39) then lead to the estimations

(40) \\х,+г(х£Тв, т)-х°|| ^ \ \ х ,+1(х£Те, x )-x (e t, x£Te)\\+\\x(ßt, х£Те) - х й\\ Ш

^ ■ j  + во when í£[0, Le-1),

i l^ (x 6 7 ’s, 0 ) - x l  ё  IIXL(x€Te, 0) - x { L ,  х О Д  + ||x(L , х€Гв) - * 1  ^  e,
e e

the last of which means that
(41) хь(х£Тв,0 )£Т е.

Taking into consideration (41), as well as the fact that

(42) x ,+1 (x, 0) =  x ,+T (xz (x, 0), t ) ,

one can obtain

х1+ь ( х £ тв, 0) =  x i+l ^XL{xdTe, 0 ) ,^ |  =  X'+l i x '6Te, y j  , 

whence, taking into consideration (40), it follows that

||:*+i .(x e r i , 0 ) - x o|| = f+—x l \х'етв,— ~x° s ~ -  + e0 when te 0,

(43) \\х 2̂ {хет е,о)-х°\\ = x  L \x 'e T Q, — -x °

x l \х'ет — —x (l , х'ет) + IIx(L, x ' e Te) —x°|| S  q.

The last of equalities (43) proves that

x >(хетв,о)ете2 —
and leads to the estimations

lk(+J,L(x€Te,0 ) -x ° ||S  — +  00 when te o- t )-

(44) IIх«. , М х ^ Т<г 0 )-x° || S  в, lc = 0 ,1 ,2 , . . . .
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Inequalities (44) mean that

(45) ||xi(x€7’i)-x ° || = s - |+ e 0
for every i£[0, °°).

In this way Theorem 2 is proved.

Theorem 3. Let the system (1) satisfy conditions 1—4 o f Theorem 1 when t> 0, 
as well as when 0. Let

(46) I0(x) =  lim 2  A M  as t S  0,r - ~  I  t

I°(x) = lim 2  /«(*) as t =  o.г- ~  1 ,-T ^ t^ t

Assume that the averaged system

dx
(47) —  =  e[Z0 (x) +  /0(x)],

when i S 0, has an asymptotically stable state o f  equilibrium x =  x°, satisfying (36) 
for a: out o f some g0-neighbourhood. Let in the д-neighbourhood De o f the solution 
x°, pointed in Theorem 2, the averaged system

dx
(48) - ^ L =  £ № (x1) + / o(a1)] 

when t^ 0 ,  have a state o f  equilibrium х г= х\, for which

<49> Т Г « * )  S í - О  [or ^ £ > = 0

for every i= — 1, —2, ... and x  out o f  some g'0-neighbourhood o f the state x®. Then

1. I f  the state o f  equilibrium x j o f the system (48) is asymptotically stable 
when ?<0, then, there can be found an e°>0 and a domain Dei, including x° 
and x® such that, when £<e°, all the solutions x,(x) o f  (1), (3), for which x£D ei, 
are uniformly bounded when t£ (—°°, °°).

2. I f  the state o f  equilibrium x® o f the system (48) is asymptotically stable,
then, there can be found an e0> 0  and x * such that the solution x,(x*) o f the sys­
tem (1), (3) is bounded when t€ (— °°).

Proof. Let the state of equilibrium x® of system (48) be asymptotically un­
stable. Applying Theorem 2 for the intervals t ^ 0  and t=0, we are convinced 
that there exist g- and ^-neighbourhoods of the points x° and xj, such that

||xt(x€Dc)|| сг as /€(0, °°)
and

\\x,{x^Ts)\\ ^  c2 as t€ ( - ° ° ,0 ) .
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Since x\(zDq, the set Def)T s=D ei is not empty and therefore

||xf(x€Z»ei) H  c = max (clt c j  as i€ ( - ° ° , °°).
Now let Xi be an asymptotically stable solution of the system (48). Applying 

Theorem 1 to (1), (3), we are convinced that for x t(x£ Te\ , t) the estimations of 
type (40) hold, i.e.

\xl+,(x<:T^ . I ) -» Я  si when Iе o , i
and

(50)

_ L
~  £

öi>

where Te\ is a certain ^-neighbourhood of the point x°. 
Inequalities (50) lead to the estimations

(51) (
' - ‘t I

xeTg'i, - k  — \ - x \

~ k ~^\

s ^ + e S ,
2

=  6i

0 ,k — \, к  = 1,2,when

Choose from the set Z)ia= 7 ’ej P\De the convergent subsequence of the points 

(52) yk = x 0^xk£Dei, - к ~ У  k = 1 ,2 , . . . ,  lim yk = y 0

and consider the solution x,(y0). It will be shown that x ,(y0) is defined when 
i£( — °°5 0), and bounded as well. Indeed, the sequence of the solutions x,(yk)

is defined when —k — and uniformly bounded when k  = 1 ,2 , . . . ,  since 
8

it coincides with the sequence x̂  ^ i|x* , — when igjo, Suppose that
S

ll*»0’o)ll at a certain t =  i0<0, Z>>^- ßi +  e°+|l*ill •
Since x,(y0) is a piecewise continuous function of t on any interval, then 

the inequality

1к,(То)11 >  D >  J  QÍ + e i+  ||x?||

holds for some interval (t0, Q , the latter being an interval of continuity for x,(y0). 
Since the points of discontinuity of the solution xt(x) depend continuously on 
x on the finite interval of time, there may be chosen a Ti€(?0, !o) such that

(53) x4 (yk) -  x n (y0) as к
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Relation (53) leads to the inequality

( 5 4 )  * t 1G ,* ) = ~ - j e i + e i + l l * i l l -

But (54) contradicts (51), since

The contradiction proves that xt(y0) is bounded when t£ (— 0). Since 
y 0€ De, x,(y0) is bounded when f^O  as well, and therefore

l l* t (> ’o)ll ^  C <  oo ,

and, in this way Theorem 3 is proved.

Хг^Ук) x - *L T— к — xk
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RADICALS AND SEMIPRIME IDEALS IN SEMIGROUPS
By

H. L. CHOW (Hong Kong)

Let 5  be a compact topological semigroup and / c S  an ideal of S. We 
define the radical of I  as the set R(/) = {xf S': x"Cf for some positive integer n\. 
Evidently R (I)z)I  and R(R(I)= R(I). The ideal I  is said to be semiprime if 
R (I)= I. If S  is commutative, R(I) is obviously an ideal and so a semiprime 
ideal. In this note, we will study radicals of open ideals and obtain results for open 
semiprime ideals.

Following N u m a k u r a  [4], we say that an element x£ S is nilpotent with respect 
to an ideal I  of S if, for any open set U containing 7, there is an integer n0 
suchthat x"£U  for пШп0.

Theorem \. I f  I  is an open ideal o f S, then R(I) is the set o f nilpotent elements 
with respect to I.

Proof. Let x be a nilpotent element with respect to 7; then x nf l  for suf­
ficiently large n, whence x fR (I) . Conversely, take any x £ R(I) i.e. x m0 l  for 
some m. Let Г(х) denote the closed semigroup generated by x. It is well-known 
that the minimal ideal K(x) of Г(х) is a group with identity e; moreover, K(x) 
is the set of cluster points of the sequence {x"} [5, Theorem 3.1.1]. Since I  is an 
ideal of S, we see that xme£7 and so K(x)czl, i.e. 7 contains every cluster point 
of the sequence {x"}. Now suppose x is not nilpotent with respect to 7, i.e. хр£ 
€ 5 \ 7  for infinitely many p. Since S \ 7  is compact, it follows that the sequence 
{x"} has a cluster point in S \7 . This contradiction proves the theorem.

The next corollary is now clear.

Corollary. Let 7 be an open ideal o f S. Then I  is semiprime i f  and only 
i f  there are no nilpotent elements with respect to I  lying outside o f I.

Next, let S' be a compact affine semigroup i.e. the compact semigroup S  is 
a convex subset of a topological vector space such that x(iy+(l — t)z)= txy+  
+  (1 —t)x z  and {ty+{\ — t)z)x= tyx  + (\ — t)zx  for x, y, z6S, O ^ /^ l .

T heorem 2. I f  I  is an open ideal o f  S, then R (I) is connected and dense 
in S. Further, R(I) is convex ifit is an ideal.

Proof. Let N(I) be the largest ideal contained in R (I). By a similar argument 
to that given in the proof of [4, Theorem 1 (1)], we can show that N(I) is the inter­
section of open prime ideals containing 7. In the proof of [1, Theorem 6], any 
open prime ideal P of S is so-called ultra-convex, i.e. P contains the set 
{m+(l — t)b: a£I, b£S , 0 < ? s l} . Then it is easily seen that N (I) is also ultra- 
convex; therefore, N (I)  is convex and dense in S. The result now follows easily.
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C o ro llary . Let I  be an open semiprime ideal o f S; then I  is convex and 
dense in S.

Proof By the above proof, N (I ) is convex and dense in S. Since R (I)td 
zdN (I)z>I and R ( / )= / ,  we have A ( /)= /, giving the result.

Finally, we consider the set P (S ) of probability measures on a compact semi­
group S. It is known [3] that P (S )  is a compact semigroup under convolution 
and the weak* topology. Let the support of a measure fi£P (S)  be denoted by 
supp p. For an ideal f lc P (S ) , let tS(Q)= (J suppg, which is obviously an

nin
ideal of S.

T heorem 3. I f  Q is an open ideal o f P (S), then R(S>(Q))=S>(R(Q))=S.

P roof. Since P (S ) is a compact affine semigroup, we see, from the proof 
of Theorem 2, that N(Q) is the intersection of open prime ideals of P(S) con­
taining Q. As shown in [2, Corollary 1], we have 3i(N(Qj) = S, whence 
S>(R(Q))~S. Now take any x £ S .  Then x£St(R(Q )) implies a € supp p for 
some p£R(Q). Since pn£Q for some n, it follows that a"6supp pn, and so 
x n^S)(Q). Thus a dR(3>(Q)), concluding the proof.

C o ro llary . Let Q be an open semiprime ideal o f P(S). Then £HQ)= S.

Proof. We observe that R(Q) = Q, and apply the preceding theorem to obtain 
the result.

Note that the openness of ideals /  and Q in the theorems above is essential, 
as the following example shows.

E xam ple. Let *S=[0, 1] with usual topology and usual multiplication. Let 
1= {0}. Then R  (/) =  {0}, but the set of nilpotent elements with respect to I  is 
[0, 1). Moreover, R (I)  is not dense in S, while S  is affine. If  <50 denotes the 
Dirac measure at 0, let fl={<50}; then R(ß{Q))=<3(R{Q))=  {0}5̂  S.
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ON THE POTENCY OF SPACES WITH GENERALIZED 
DISPERSION POINTS UNDER MAPS AND FUNCTIONS

In [1] C. A. Coppin proved the following:

Theorem (Coppin). Let X  be a connected, locally connected Hausdorff space 
and Y a connected Hausdorff space with a dispersion point. Then any map from 
X  to Y  is necessarily a constant.

The following represents a slight improvement of Coppin’s result.

Theorem 1. Let X  be a connected, locally connected space and Y  a connected 
Tj-space with a dispersion point. I f  f :  X -* Y  is a connected function from  X  to 
Y  such that f  has closed point inverses, then f  is a constant.

Remark. Coppin assumed both X  and Y  are Hausdorlf and that /  is con­
tinuous. His proof, however, shows that it is enough to assume that Y  is Ty and 
that /  takes connected sets onto connected sets and /  has closed point inverses. 
Connected functions have the property that / (C )c /(C )  for each connected set 
C in X  whenever Y  is Tx ([2], Theorem 3). On the other hand, requiring /  to 
have closed point inverses entitles us to conclude / _1(T — {p}) is an open set 
in X  because f ~ 1(Y — {p})= X—f ~ 1(p) is an open set in X. The proof of the 
theorem given in [1] now goes through unchanged for Theorem 1.

As an example of a non-continuous connected function with closed point 
inverses, consider the following. Let X ^ th e  Sorgenfrey line, 7 =  the real line. 
Define f : X —Y  by

We now prove the following companion theorem to the theorem of Coppin.

Theorem 2. Let X  be a space with a generalized dispersion point p  and assume 
also that X  is dense-in-itself (each point o f X  is a limit point o f X). Let Y  be a 
locally connected 7)-space. I f  / :  X-+Y is a map such that / -1 preserves connected 
sets, then f  is a constant. Let X  be dense-in-itself and p a point in X. I f  X — {p} is 
totally disconnected then p is a generalized dispersion point o f X.

Proof. Suppose /^constan t. Then there exists а в Х — (pj such that f(a )X  
Xf(p). Let b=f(a) and q=f(p). Pick an open set V  in Y containing b such 
that q$ V. Since Y  is locally connected, we may assume that V is also connected. 
Note that £ /= /“1(F) is an open set containing a. Hence there exists a ' f U  such 
that a' Xa. Also U czX— {p}, hence, being connected, U must be a singleton.

By
J. F. CHEW and P. H. DOYLE (East Lansing)

x  if x  S  4
—x  + 1 if л: =- 4.
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This contradiction (that U is a singleton containing two distinct points a and 
a j  shows that /  must be a constant.

Remark. Let us re-emphasize that X  is not assumed to be connected in 
Theorem 2 so that the theorem is applicable, for example, if X  is the Sorgenfrey 
line with p f X  arbitrary.

By Lemma 1 of [2], we know that a non-degenerate 7) connected space is 
dense-in-itself. Hence we have the following:

Corollary 1. Let X  be a non-degenerate connected f-space with a dispersion 
point and let Y  be a locally connected Tx-space. I f  f : X —Y is a map such that 
/ -1 preserves connected sets, then f  is a constant.

R emark. Theorem 2 of [5] states that if f :X -» Y  is a closed function such 
that f ~ i (y) is connected for each yf_ Y, then f ~ l preserves connected sets. Hence 
we have a second corollary to Theorem 2.

Corollary 2. Let X  be a non-degenerate connected l\-space with dispersion 
point and let Y be a locally connected Tx-space. I f  f : X —Y is a closed map such 
that f -Цу)  is connected for each у  € Y, then f  is a constant.

Remark. Let X  be the example of Knaster and Kuratowski [3] of a con­
nected space in the plane with a dispersion point. Then X  is a completely regular 
Hausdorff space and so there exist non-constant continuous functions from X  
onto [0, 1]. Hence the hypothesis that / -1 preserves connected sets cannot be 
dropped. The proof of Theorem 2, however, shows that if Y  is regular, it is enough 
to require that f ~ 1(V)  be a connected set in X  for each connected closed set V 
in Y. Functions /  which have the stronger property that f ~ l preserves closed 
connected sets have been called semiconnected (see [5], for example).

Incidentally, Theorem 1 of [5] is a much weaker result than Theorem 9 of [2], 
so that it is wise to consult [2] before launching a program to investigate general­
izations of or sufficient conditions for continuity.

Certainly the condition that f ~ x preserves connected sets has some force 
even in the absence of continuity. This suggests a theorem without the continuity 
assumption.

Theorem 3. Let f:X~+Y be a function from a space X  with generalized dis­
persion point p to an arbitrary topological space Y. I f  / -1 preserves connected 
sets, then either f  is constant or f ( X )  has a generalized dispersions point.

Proof. Let f {p)  = q. Then B = f~ x(q) is connected and f \ X —B is a 1 — 1 
function onto f ( X)  — {f (pj]  since f ~ x preserves connected sets, and f (X)  — 
— {f(p)} is totally disconnected or void. Consequently either f ( X ) =  {fip)\  or 

f {p)  is a generalized dispersion point of f(X).
Let E  be the category of topological spaces whose morphisms are the functions 

of Theorem 3.

Corollary 3. There exists a category FczE that is a non-full subcategory 
with morphisms that are epimorphisms and whose objects are points or spaces with 
generalized dispersion points.
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We noted that in Theorem 3 there was no continuity assumption on /  and 
wondered whether we might be able to get a result suggested by Theorem 2 without 
assuming /  to be continuous and without assuming Y  to be locally connected. 
For this purpose it will be convenient to isolate a property of topological spaces 
which has (apparently) hitherto gone unnoticed.

D e fin itio n . A topological space Y  is LW if given yd Y  and given an open 
set U in Y  such that yZZJ there exists a non-degenerate connected set V such 
that y £ V c U .

Note that the closed up sine curve is LW and that any discrete space is a 
locally connected space which fails to be LW.

T heorem 4 . Let X  be a space with a generalized dispersion point p and let
Y be a LW  Tr space. Then there does NOT exist a function f:X -+ ~Y from X  onto
Y with the property that f ~ x preserves connected sets.

Proof. Suppose such an /  exists. Since Y  is, a priori, non-degenerate and 
since /  is surjective, it follows that /  is non-constant. Choose а £ Х —{р) such 
that f(a)?íf(p) = q. Select an open set U in Y  such that b =f(d)d U while q§U.  
If IF is a non-degenerate connected set such that bdfWczU, then / _1(IF) is 
a connected set in X  and f ~ 1(W)czX— {/>}. Hence f ~ 1(W)  is a singleton. But 
the non-degeneracy of W  implies that f ~ 1{W) is more than a singleton since 
/  is surjective. This contradiction proves that such an /  cannot exist.

Recently (see [4], for example) there have been examples of countable con­
nected Hausdorff spaces with dispersion points in the literature. If X  is a countable 
connected space and У=[0, 1], then, of course, the only continuous functions 
from X  to Y  are constants. We close this paper with the following:

Q uestio n . Let I  be a countable connected Hausdorff space which has a 
dispersion point and let У be a connected, locally connected Hausdorff space. 
Are constants the only continuous functions from X  to У?
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ZUM GÜLTIGKEITSBEREICH DES ZENTRALEN 
GRENZWERTSATZES UND DES GESETZES 

DER GROßEN ZAHLEN
Von

W. KRATZ und R. TRAUTNER (Ulm)

0. In der vorliegenden Arbeit werden hinreichende Bedingungen für die 
Gültigkeit des Zentralen Grenzwertsatzes (ZG) diskutiert. Wir wollen annehmen, 
daß der zugrunde gelegte Wahrscheinlichkeitsraum ß  = [0, 1] mit Lebesgue-Maß 
ist. (Eine Übertragung auf beliebige Wahrscheinlichkeitsräume ist möglich, da 
nur die Verteilungsfunktionen der betreffenden Zufallsvariablen untersucht werden.)

1
Seien Ф„(х) Zufallsvariable mit Erwartungswerten f  Ф„(х) dx — 0 und

о
1

Varianzen j Ф%(х) dx=  1, und sei (c„) eine Folge reeller Zahlen mit c„>0, Cfi =
о

N
=  2  c2^=«, cN=o(CN). M an sagt, daß der ZG für die Zufallsvariablen Фп(x)

V = 1
1 Nbezüglich der Folge (c„) gilt, falls die Verteilung der Zufallsvariablen —  2  cn Фи (*)

'-'N n =  1

1 *
gegen die Normalverteilung —=  f  e”'2/2 dt konvergiert. Beim klassischen ZG

\2n
ist c„ =  <7, und die Ф„(х) sind identischverteilt und unabhängig. Wir untersuchen 
hier, inwieweit man die Voraussetzung der Unabhängigkeit abschwächen kann.

R évész [5] und M ó ricz  [4] gaben folgende Richtung an: Man ersetzt die Vor­
aussetzung „Ф„ unabhängig“ im wesentlichen durch „Ф„ multiplikativ orthogonal“ 
und weitere Zusatzbedingungen. Dabei heißt nach Alexits [1] ein Funktionen­
system multiplikativ orthogonal, wenn gilt:

г
bni...„k = f  Фnl(x)...Фnk(x)dx = 0 für alle 1 S  щ < . . . <  nk, n ^ N , k£N.  

о

Der Beweis bei [4] zeigt, daß folgende Bedingungen hinreichend sind für die Gültig­
keit des ZG:

(1) 2  cn^n(x) -* 1 dem Maß nach auf [0, 1];Cjv „=i
das heißt für die Folge Ч'п(х) = Ф1(х) — 1 gilt das Gesetz der Großen Zahlen 
bezüglich der Folge (cjj),

(2) lim f  п [ \  - П р - Ф „ ( х ^ х = 1  für t e R
N~°° о n = l ( CN )
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und

(3) / П \ \ - й - £ - Ф п(х) dx =. K(t) für N £ N, iiER.

(Siehe auch [3], Proposition.) Hinreichend für die Bedingung (3) ist 
1

(4) J  Ф1х(х)... 0^k(x)dx ^  Ck für alle 1 ^  щ nk, n£N
0

(siehe dazu [3], (6)); denn aus (4) folgt:

(/ N

n \ ^ ~ i t  7Г" Ф„(х )CN

}  N

dxI S  f  n \ l + t2̂ ^(x)\dxs

N  /2  к

= 1+ 2 т ^ к Х  2  c2ni... c2„k f  Ф2П1 (x)... ф~к (x)dx ==
k =  l  1 ' r1^пл < ...<nk^N

N  f2 k

— 1 +  2  тчкx  2
k =  l  1 ^ п , < . . . < и к

c 2 c2 C ... “  Ckt2 
” *=o kl

*Ct*

Die Bedingung (4) ist z. B. erfüllt, wenn die Folge (Ф„(х)) gleichmäßig beschränkt 
ist,d.h. \Ф„{х)\^К  für n£N, x£[0, 1].

Wir geben schwächere Bedingungen für die Gültigkeit von (1) und (2) an. 
Hinreichend für (2) ist etwa ,,Ф„(х) schwach multiplikativ“, d. h.

2  < 0 °-1 ̂ я1<...<пк

Weitere, feinere Kriterien erhält man, wenn man die /2-Normen

ll* J .:=  f Í  K . . , „ k

oder die Verteilung der bni „k oder für monotone Folgen (c„) Mittelwertsätze 
betrachtet.

1
Mit ähnlichen Methoden (Verteilung von J  ФП1(х) Ф,,2(х) dx, Mittelwert-

o
sätze) erhält man Bedingungen für die Gültigkeit des Gesetzes der Großen Zahlen 
(GG), die auch unabhängig von den Anwendungen auf den ZG von Interesse 
sind.

1. Bezeichnungen und Hilfsmittel. Für eine Folge (c„) reeller Zahlen und eine 
Folge (Ф„(х)) auf [0, 1] Lebesgue-meßbarer Funktionen sei

а  =  2 C?.’ SN(x ) = 2  с„Ф„(х) für x€[0, 1],
n=1 n = l
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S (x)
und Fn ( Y) sei die Verteilungsfunktion von N

C V
; d. h.

( { ■ № - *  «■üvO) = H\ \ x

(ц(М)  bezeichnet dabei das Lebesgue-Maß der Menge M.)
ipN(t) sei die charakteristische Funktion von FN( Y), also

<Pn(t) = J e  i,y dFN(y)— J  e itSnW cr<dx

(nach [4], (7)). Über die beiden Folgen (c„) und ( Ф„(x)) werden wir im allgemeinen 
folgende Voraussetzungen machen:

1
(5) Фп(х)£Ь2[0,1] und I / Фп(х)Фт(х)с1х\ S  К  für n ^  m, n, m£N.

о

(6) c„ >  0, CN — o°, cN =  o(CN) für N-*  oo.

Als Flilfsmittel in (2) und (3) benötigen wir:

L e m m a  1 (Mittelwertsatz). Seien N , k £ N ,  bVl V|t£ R  fü r  {v1( . . . , vk}c: 
c{l,

Kl " i mk
\ 2 -  2 * v i ...v ,

ivi="i vk="k
: 1 5  nv á  m, S  N, v =  1

und sei (c„) eine monotone, nichtnegative Zahlenfolge. Dann gilt:

, 2, . . . , k |  ,

(7)
und

( 8)

2  <'V1..,cVkbVl...Vk
V1 .......vk = 1

N

2  Cvi...Cvkbvi...vk
vl .......vk = 1

= (2cN)k B f N) ,  falls cn t

(2Cl)kBk(N), falls cn\.

B e w e i s  (durch vollständige Induktion nach к): Sei zuerst cnf. Für к =  1 
liefert der 2. Mittelwertsatz der Integralrechnung mit =  für 1 1
und 0 g / b ) = f b ]t für l ^ x < iV + 1), / (V +  1)=с,у:

N+l ЛГ+1
2  с Л  = f  g(x) f (x)dx = f ( N + 1) J  g(x) dx =

V=1 1 f
JV+l N

= cn J  g(x)dx = cN 2  bv- c N^ - [ f \ ) b [0 ( l s ( s  V + l).

Also gilt:

(9)
N

2  cvbv = cN \ 2  bv+6bnV = 1

N
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für ein и0£ {1, ./V} und ein 0£[—1, 1] und somit
N

2  СЛ
v = l

— CN Z K + \b„0\\s2 c NB1(N).

Die Behauptung gelte also für kd  N. Dann folgt zuerst mit (9):
N

cvl---c\k + jp\i . . . v fc+i  — Z  + , IV,, .... VtJ.!=l vt .1 = l

N  N I

Z  CV! • • •  CVfc + 1̂ vl...Vfc+l — Z  c \ ’k  + l I Z Cvi • • •  CVk̂ »l... Vlc +  1 I  =
U ....... vk =  l

1 N  IГ N  j
1 N  1

CN Z  CV1 • ■ • c vk Z  l̂>l...VkVk + l M™ ® ̂  2  C V i - - - C V k b V l . . .  VfcWöl\U i , . . . , v k = l  1t',/c + x='>0 >1 v1, . . . , v k =  l )

für ein и0£ {1, N} und ein 0£[—1, 1]. Die Induktionsbehauptung liefert:

S  cN I (2cN)k Max 

+  (2cN)k max

(I
Z  CVl” - CVfc + î Vi...Vfc + l 

V1.....vk+x=1

Z  -  Z  Z  6 v i . . . v k vk + I
VI =  «X vk = nk Vk + I=n0

({ml mk

Z  • • •  2
VI =  «X vk = nk

: l S n v S f f l v S i V , v = l ,  — , +

:1 S « v S m v S A l ,  v =  l , k j j  s

S  cN((2cN)kBk + 1(N)+(2cN)kBk + 1(N)) =  {2cN)k+kBk+1(N).

Für c„) folgt völlig analog die Ungleichung (8).

Be m e r k u n g . Analog zur Gleichung (9) für к — 1 erhält man auch im all­
gemeinen Falle eine Identität, in der dann 2k Summanden der Form

NZ b n i .„ i i1 . . . i i j .„ n k
.......

auftreten; wir benötigen allerdings nur die Ungleichungen (7) und (8).

2. Zentraler Grenzwertsatz (ZG). Wir fragen in diesem Abschnitt nach der 
Gültigkeit des ZG; d. h. unter welchen Voraussetzungen über die Folge (c„) und 
die Funktionen Ф,, (x)

1 y
(10) Um FN(y) =  __  f  e~‘2/2dt für alle gilt.

N~°° \2 n  j L
Dies ist äquivalent mit [2]:

(11) Hm (pN{t) — lim f  e~“ydFN(y) = e~tm für alle i£R.
N-+ oo N — oo J

In diesem Zusammenhang werden wir noch stets Folgendes voraussetzen:

( 12) J  d>l(x)dx = 1 und J  <P„(x)dx = 0 für alle n£N,
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d. h. die Erwartungswerte der Zufallsvariablen sollen gleich 0 und die Varianzen 
gleich 1 sein.

Lemma 2. Für die Folgen (c„) und (Ф„ (x)) gelte (4), (6) und (12). Außerdem 
gelte:

( 1)

und

(2)

-Дг 2! с*ФЦх) — 1 dem Maß nach auf[0, 1] 
Lj} n=i

lim f  [T [ \ - i t  I dx = l für alle t£R.
N~°° f  n=i ( Ljv J

Dann gilt der ZG, d.h. lim <pN(t) = e fü r  alle i€R.
N-*- со

B e w e i s . Móricz führt in [4] (siehe auch [6 ]) den Beweis, indem er e z =
=  (1+z)e:2/2+0(1) für |z |—0 und damit

oo 1
(pN(t) = f  e~i,ydFN(y) = J e~i,s^ x'>/cN dx  =

— со 0

2 IV
J  M

itc„<Pn(x)
CN

exp f / 2 ^ ,с 2пФ2п(х) ,
- [ 2  Л - с г + ° т )\

dx

benutzt.
In [4], Satz 2, zeigt M ó r ic z , indem er ein Ergebnis von R évész [5] verbessert, 

daß unter den Voraussetzungen (6), (12) und der gleichmäßigen Beschränktheit 
der Folge (Ф„ (v)) folgende Bedingungen für die Gültigkeit des ZG hinreichend 
sind:

(13)

und

1 l
f  Фt(x)Ф2m(x)dx = J  ^ ( x )d x  f  Ф2m(x)dx = 1 
0 0 0

für n m

l
(14) f  ФЯ1(х)...Ф„к(х№ = 0 für « !< •• .<  nk; fc€N.

0
Letzteres bedeutet: „(Ф„(х)) ist ein multiplikatives System“ (Alexits [1]). Das 
Ergebnis von Móricz ergibt sich aus Lemma 2, da aus (13) die Bedingung (1) und 
aus (14) die Bedingung (2) folgt.

Wir werden zunächst die Bedingung (14) abschwächen, und zeigen aber vorher, 
daß im Satz von Móricz die Bedingung (13) nicht vollkommen wegfallen kann. 
Eine entsprechende Bemerkung steht in einer Arbeit von K o m l ó s  [3].

Lemma 3. Fs gibt Folgen (c„) und gleichmäßig beschränkte Folgen (Ф„(х)), 
die die Voraussetzungen (6), (12) und (14) erfüllen (d. h. multiplikative Systeme), 
für die der ZG nicht gilt.

Beweis. Wir gehen aus von Folgen (cn) und gleichmäßig beschränkten Folgen 
(f'nix)), die die Voraussetzungen (6), (12), (13) und (14) erfüllen. Wir betrachten 
jetzt den Wahrscheinlichkeitsraum ß* =  [0 ,2] mit dem Maß dp(x)=dx/2  und 
definieren: Ф„(/)=^2!РП(Г) für O S iS l und Ф„(г)=0 für l< i^ 2 .
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Dann ist

und

/  Ф*(0ф(/)= /  2f*(OÄ/2 = l 
0 0

1
ФПк(x)dii(x) = 2*/2-1x  /  ^„Дх)... =  0

0
für I = « ! * = . . . also erfüllen die Folgen (c„) und (Ф„(х)) die Voraussetzungen 
(6), (12) und (14), und die Ф„(х) sind gleichmäßig beschränkt (entsprechend für 
das Intervall [0,2]). Aber es gilt für (Ф„(х)) bzgl. (c„) der ZG. Es folgt:

und damit:
lim ±  2 1 С»Ф«(^) =JV- ~  Cjv „ = 1

2 dem M aß nach auf [0,1] 
0 dem M aß nach auf [1,2],

л / i  (■ ■ ~‘ic-*£) H (.1 +H+»-

d. h. für die Folgen (c„) und (Ф„ (x)) gilt der ZG nicht.
Wir geben jetzt einige hinreichende Bedingungen für die Gültigkeit von (2) 

an. (In 3. geben wir noch hinreichende Bedingungen für (1) an, d. h. die Gültigkeit 
des GG.) Dazu definieren wir für k£  N:

I-Stlli = 2lSn^.-^rib IК und ISJ 25И,<. bL..nk
1/2

Satz 1. Die Folgen (c„) und (Ф„(х)) erfüllen (1), (4), (6) und (12). Dann ist 
jede der folgenden, zusätzlichen Voraussetzungen hinreichend für die Gültigkeit des 
Zentralen Grenzwertsatzes:

(ZGj) 2  IlSfclli <  00 (d. h. (Ф„(х)) schwach multiplikativ);
k = 2

(ZG2) (II -ßjtII 2)l/fc =  o(j/~k) für к -*■
(ZG3) Für alle s > 0  mit

gelte:

Fc(k, N) =  j f o ,  ...,nk): Ibni rt ]yk/2 , 1 =2 nx Пь Ä N,

. . (FE(k ,N ))1/k
hm max c„-------—------- =  0 gleichmäßig in к = 2 , 3 , ;

iV—со \ t f ^ N  C]y

1 \M\ bedeutet die Anzahl der Elemente der endlichen Menge M.
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(ZG4) Die Folge (c„) sei monoton, und es gelte fü r

mi mk
2  ••• 2  К ...*1 = »1

Ik I CN +  C

B fN )  =  Max ({ 

lim (Bk(N )y /k

Vl = "l Vfc = »b
: 1 — Wy — m, ^  N, v =  1 , A'jj 

0 gleichmäßig in к = 2 ,3 , . . . .N-*°° 4 ' '  ( Cjy

Beweis. Nach Lemma 2 genügt es jeweils (2) zu beweisen
1 IV N

f  /7 ( 1 - itc« ф„ 0 0 / Cs) dx =  1 +  2  ( -  '0* 2  C'"r к nk f  фт -- фпк OOdx =
‘' , .  — 1 I 1 1 < я      • » 17

лг
2

k = 2

k = l  1 S n 1-z ...~ :n k C f)  0
N

Гщ ■ • • Cnk u ni .. .nk ' - N=  1 + 2  ( ~ и )к 2  c,n ■ ■ ■ c„kbni ...Bfcc N k

wegen f  <P„(x)dx = 0. Mit

N

2  сп1---спкь„1...пкС\лХк Zj l-ni •• • '-nkl'n1 ...nk'
ist (2) also äquivalent mit:

(15)

Hinreichend für (15) ist:

lim 2  dNk{— i t f  =  0 für alle t c \l.
“ k = 2

(16) lim i\dNk\ = 0 gleichmäßig in к  =  2, 3 ,....
N-*-oo

Dabei ist (16) sicher immer dann erfüllt, wenn gilt:

(17) 
und

(18)

lim dNk =  0 für к = 2, 3, ...

\dNk\ dk für alle N fN  mit lim l~dk =  0.
k~* oo

Wir werden jeweils (16) oder (17) und (18) als hinreichende Bedingungen für (2) 
beweisen.

(a) Zunächst folgt (ZG2) aus (ZG^; denn aus 2  ll# Ji<  00 folgt: 2 I I^ J 1 < °°>
k = 2  k = 2

also gilt Hm | |z y 2—0 und damit auch i\\Bk\\2= 0 ( f k )  für k-fc-*-oo

(b) Es gelte (ZG,). Wir zeigen (17) und (18).

N ' 2

d k ^ \ 2 cni- c nk\bni...nk\C tk
<f»k

N N

2  b l . . .nk 2  c l . . .c lkCN 2k == \\Bk\\l/k
l ^ n
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denn
1N  I Г N

2  F  2  =  гт  2  c i . . . c i  = c $ ‘/k \ .
^  •  и 1 э  . . . , И к  =  1  Я р  . . . , И к  =  1

Mit ||^fc||2/fc =  ö(V^) folgt У*4=о(1) für und damit (18). Um (17) zu zeigen,
beachten wir, daß zu jeder Folge (xn) mit 2 W <0° eine Folge yn\°° existiert

И = 1
mit 2l*B7nl< 00- Wenden wir dies auf

W = 2 ’
Л^Ио<...<Ль.

oo oo
an,sogilt 2  k l <  °°, und wir erhalten eine Folge y j  °° mit 2  b‘;l in k y li

n = l  l ^ n 1 < . . . < n k
Dann folgt:

4!JVÜ ( 2 V^C n
к ^П1...пкУп il —

1Í N )l2iÍ ^ .. 1
4 2 II 2U^fli<...<nk ..KfcJnjJ

=  0(1) 2  cn2J„2Í2  с») Ojv24 = 0(1) -4-х 2  c«7« 2 = 0(1) für N

(c) Es gelte jetzt (ZG3). Sei e>0 beliebig, und sei

4V = 2  cn1---c„llbni rikC ük und dj$ = dNk- d $ .
F „ ( k ,N )

Wir zeigen zunächst, daß aus (ZG3) (16) folgt für 4*

14* I =  Fe{k, N ) • K k (max с„С^1)к
n ^ N

(beachte \bni___„k\^ K k wegen (4) mit K = C 1/2.).
Es folgt mit (ZG3)

lim /|<4VI =  lim K- max c„ ■ C ^1(Fc(k, N )vk =  0
N-+oo N-+ oo n ^ N  4

gleichmäßig in к —1, 3, .... Also gilt

N
(19) lim 2  4 * ( —1’0* =  0 für alle R,fc = 2

2  4* (-»0*
k =  2

^  2 s N - k'2\t\kC sk^  2  0ni...c„fcsfc = 2 Wj, ик = 1 k  =  2
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wegen

2  сП1...сПк= 2 4
N

K

N V/2
A l/2 =  C%Nk/\

n1 , . . . , n k =  l

Es folgt zusammen mit (19) Bedingung (15).

(d) Es gelte (ZG4). Wir zeigen (16). Mit Lemma 1 folgt:

und folglich gilt

2  Oll . * • Olfĉ Hl... Ilk1 = /ti < ... < Пи
— (2 (c'i +  cn)Y  • CNk • Bk (TV),

lim Y\d2\ á  lim 2(с1 + с ,)С ^(В к( т у 1к =  0

gleichmäßig in к =2, 3, .... Damit ist Satz 1 vollständig bewiesen.

3. Gesetz der Großen Zahlen (GG). Wir werden in diesem Abschnitt stets 
noch voraussetzen:

(20) (d„) sei eine Folge positiver Zahlen, DN 2  d„ mit

lim dN/DN = 0 und DN —oo.N-+-OC

Die Folge (!Fn(x)) erfülle (5) und (d„) erfülle (20). Wir sagen dann: ( 4f,(x)) erfüllt 
bezüglich (dn) das Gesetz der Großen Zahlen, wenn gilt:

1 N(21) lim —  2  dn (x) = 0 dem Maß nach auf [0,1].
n~°°Dn „ = i

Mit diesen Bezeichnungen ist die Bedingung (1) (Lemma 1) äquivalent mit:
Die Folge (W„(x)= Ф2( х ) - 1) erfüllt bezüglich (d„ = c\) das Gesetz der 

Großen Zahlen, und für das so definierte Ф„(х) ist die Bedingung (13) von Móricz 
äquivalent mit:

1
/  'Pm(x)dx = 0 für m n, d. h. (ФДх)) bildet ein Orthogonalsystem, 
о

Wir werden im Folgenden diese Bedingung der Orthogonalität und die gleichmäßige 
Beschränktheit der Ч1,, (x) abschwächen. Sei dazu:

l
В = (bik) mit bik = f  'Fj(x) lFk(x)dx für i, к  =  1, 2 ,....

0

Satz 2. Für (Fn(x)) und (d„) gelte (5), (20) sowie b,md„/D„-+0 fü r  и — 
Dann sind die folgenden Bedingungen jeweils hinreichend für die Gültigkeit des Ge­
setzes der Großen Zahlen, d. h. (21):
(GG4) Für alle e>0 existiert M(e) mit \bik\<e für i ^ k  und i>M(r,), k>M(ß);
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(GG2) Es existiert eine Funktion (IHN) mit 2  <r/; =  o(Z)v) fü r  jede beliebige
í í In

Indexmenge mit / ;Yc: {1, , TV}, \IN\ á  )■ (p(N), und für alle £>0 existiert
M(e), so daß für

F f N) = {(/, k):\bik\ >  e, i ?£ k, M(e) <  i ё  N, M(e) <  к  S  N ) 

\Fe(N)\rá<Z(N) gilt;

(GG3) Die Folge (d„) sei monoton, und es gelte für

B(N) := Max
mi
2  К  va : 1 Ш «i ^  m1 s  N, 1 s  v2 g  iV}

t im(di + dH)B(N )/D lf = 0.

Bem e r k u n g . Bildet die Folge (¥/„ (x)) ein Orthogonalsystem, so sind alle 
Bedingungen (GG1j2i3) erfüllt, soweit sie die Folge (4',,(x)) betreffen; d. h. wir 
bekommen schwächere hinreichende Bedingungen für Gültigkeit des GG.

Bew eis. Hinreichend für (21) ist

( 22)

Wir zeigen jeweils (22).
(a) Zunächst folgt aus (GGj) unmittelbar (GG2). Man wähle <P(N)=0 

in (GG2).
(b) Es gelte (GG,). Für e>0  sei:

А =  {(г, к): \ Ш i rá N, I rá к  rá N};

A k = {(/, k )£ A : i =s M (e) oder к á  M(s), i + k}\

A2 = {(i ,k ) £ A : i> M (s)  und k>M (e), / +  k, (i,k )$ F c(Nj}\
also

A = A x U A2 U F fN )  U {(/, /): I s i s  N}.
Es folgt:

2  d,dkbik!D% = 2  d?bu/D%+ ( 2  + 2 +  2 )  d,dkb M  =  1 +  11 +  111+ IV.
a  i = i  a x a 2 Fe (N)

I 4 = w ~ 2  didfnIDi = o(\) —— 2  di =  o(l) für ЛГ-
i=1 U S i =  1

denn Dn ~* oo und dib-JDi-* 0 für N->oo bzw. <».
N  M (e) M (e)

\ l l \ ^ 2 K - D ü 2Z  2  didk = 2 K -D j1 2  </, =  o(l) für t f - o o
í=i к=i i=1

wegen Dn\ oo (20) und wegen (5); d.h. \bik\^K .

|III| 2  didk/D% = e.
i,k = 1
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Zur Abschätzung von IV können wir dn\ für 1 S n ^ N  annehmen; denn anderen­
falls ordne man die d1, . . . , d N geeignet um. Sei i/i (V) =  [Y<2>(.V) + 1] und

Fi  = {(i,k)(LFe(N): i <  У(Л0}, F2 = {(i,k)€F t(N): * <  П Ю },
F3 =  {(!', k)£F e(N): i ё  У (IV), к S  У(IV)}.

Dann gilt für alle (г, к) mit i^*F(N), k ^ W iN )  und alle (m, n) mit 
(N) dtdk^ d mdn. Damit folgt:

N  'í'(iNT)—1\W\̂ K(Z + Z + Z)dA /D %  =§2 KZ Z d-A\D\ + KZ dA/D%
F 1 F 2 F3 i = 1 *t =  l  F 3

und weiter wegen |.Fe( I V ) |s y 2(IV)

( 4>(N)

\i = l

У (А ) W (N )^2K\Z dA/DN+K Z Z d A ID l  =  o(l)

für wegen (GG,) (^(N ) — 1 ё \<1>(N)) und (20).

(c) Es gelte (GG3). Dann folgt mit Lemma 1:

2  d A b J D ;
i , k = 1

Z d{DN 2 Z dkbik
i — 1

N n2 (i)Z diDN 21 Z bik + 9t b
k=n1(i) i U in o (i)

k = 1
í/jv, falls 4,t 
dx, falls d j

— 2B(N)(dl -\-dN) Z  dj/Dtf — 2B(N )(d1 + dN)/DN — o(l)
i=i

für N-+°° wegen (GG3).

B em e r k u n g en . (1) Die Bedingung (GG^ besagt, daß in der Kovarianz­
matrix B=(bik) die Nichtdiagonalelemente gegen Null gehen; dies wird in (GG2) 
dahingehend abgeschwächt, daß lediglich der „größte Teil“ gegen Null konvergiert.

(2) Ist (p(N) = o(N 2) in (GGa), s o  lauten die Bedingungen: Z  d„=o(DN)
"6hv

für IZjv] =o(2V) sowie

|{(i, k): \bik\ >  s, i 9* k, i >  M(e), к  >  M(e)}| =  o (N 2).

Dies ist in einem gewissen Sinne die schwächste Bedingung, die für die Verteilung 
(|Ег(А)|) der bik möglich ist. Obige Bedingungen für die Folge (dn) sind etwa 
erfüllt für dn—nx für a >  —1, aber nicht erfüllt für dn-=n~x oder dn — e"“ m it 
a=~0.

(3) Die Autorem danken Herrn F. Móricz die Vereinfachung des ursprüng­
lichen Beweises von Satz 2.
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NOTE ON A PROBLEM OF CATHERINE RÉNYI ABOUT
JULIA LINES

By
J. S. HWANG* (Hamilton)

Let f(z )  be an entire function. The ray arg z = 3 is called a Julia line if in 
every angle |argz — 9 |< s  the function takes every finite value infinitely often 
with at most one exception. C atherine R é n y i asked (see [1], Problem 2 .4 ) if an entire 
function can have different exceptional values at different Julia lines. This is shown 
to be the case by T o ppila  [2] and later by a different method by B arth  and S chneider
[3]. A notion connected with exceptional values is that of asymptotic values. A path 
tending to infinity is called asymptotic path with corresponding asymptotic value 
w if /(z)--w  as z->-°° along the path. In this connection we prove the following

T heorem . Let E  be an arbitrary nowhere dense closed set on the real line periodic 
with respect to 2n and w(9) (Sf_E) an arbitrary function periodic with respect to 
2n and belonging to the first Baire class on E. Then there is an entire function f(z) 
which has all the rays arg z = $£E both as Julia lines and asymptotic paths with 
corresponding asymptotic value tv (9).

We remark that the assumption on tv (9), i.e. that it be the pointwise limit 
of a sequence of continuous functions is obviously also necessary.

P roof. We can add to E  a countable set E' such that EC\E'—0 ,  E c E ', 
the closure of E ' and E "—E \JE ’ also satisfies the hypothesis of the theorem. 
We can then extend tv (9) to be a periodic function on E" such that for every 
£>0 and 90£E  the set {w(9): |9—90|< e, 9dE'} be e.g. everywhere dense in 
the complex plane. Since E ' is countable the extended function will also belong 
to the first Baire class and so tv(9) =  lim g„{9) ($£E") with g„(9) (и =  1 ,2 ,...)П—*- oo
continuous on E". Let g(nei9)=g„(9) and g(xei:>) e.g. linear for пШ х^п+1. 
We have thus defined a continuous function g(z) on the union of rays arg z£E", 
|z |s l ,  and so by a result of A. R o th  (see [4]), one can find and entire function 
/(z) suchthat f ( z ) —g(z)—0 (even uniformly) as z->-°°, arg z£E". This obviously 
implies the statement concerning asymptotic values. It remains to show that each 
ray arg z= 9 0£E  is a Julia line.

Assuming the contrary there is a sector |argz—90|-=£(^1), |z |s?R(, where 
/(z) omits two finite values. So does then the family of functions

f R(s) = f(R e ia« + sRr.j2)

* I am indebted to Prof. P. M. G a u t h i e r  and Prof. Q. I. R a h m a n  for financial support dur­
ing this work. I also would like to show my deepest thanks to the referee for his complete correction 
and generous guidance.
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for |j |<1, R = 2R 0. Now, a family with this property is a normal family (see e.g. 
[5]) and since / r (0)->-w(#0), as f R(s) is bounded for | s | s r < l ,  uniformly
in R, i.e. /(z) is bounded in |arg z —,90|<e/2, a case ruled out by the construction 
of E ' and w(!)) on E ' which implies that the asymptotic values of /(z )  correspond­
ing to asymptotic rays in |arg z —50|<e/2 are everywhere dense and the proof 
is completed.
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APPROXIMATION THEOREMS FOR COSINE 
OPERATOR FUNCTIONS

By
B. NAGY (Budapest)

1. Introduction. Let X  denote a complex Banach space, B(X) the space of 
bounded linear operators from X  into X, R  the real field. A cosine operator 
function C(t) is a mapping of R  into B(X) such that C (0)=7 (the identity 
operator), for every s, tZR

(1) C (s+ t) + C ( s - t )  = 2C(s)C(t),

and t ^ t 0 implies C(t)-+C(t0) in the strong operator topology of B(X). The
2

generator operator A of C(t) is defined as A x= \m \ — [C{t)—I]x  for exactly

those x £ X  for which the above limit exists in the strong topology of X. The 
fundamental results on cosine operator functions can be found, e.g., in [3], [6] and 
[7].

In this paper we will study the behaviour of the operators
и - l  f2  к

Tn{t) =  C ( / ) -  2  Тлргг Ak (n P°sitive integer)
k = 0 \2K )\

in the neighbourhood of t= 0. The starting point is Taylor’s formula [6], stating 
that xdD (An), t£R  imply

'  o ) 2 n - l

Tn{t)x = f  (2и_ 1)! C(s)Anxds.

In Section 2 the saturation problem is solved, making use of the concept of relative 
completion (cf. [1]). In Section 3 some applications on function spaces are presented. 
Concerning similar problems for semigroups of linear operators see, e.g., [1] and
[2] .

We note that in the Banach spaces dealt with the norm will be denoted by 
I • I (with a subscript if necessary), and for the natural pairing of X* and X  we 
shall write x*x  or (x*, x). Also, for an operator A, we shall denote (A*)k by 
A*k and (Akf  by Ak*.

2. Saturation theorems. If C(t) is a cosine operator function and A is its generator, 
then for n=  1,2, ... A" is a closed operator with domain D(A”) dense in X. 
Introduce in D(An) the я-norm

M„ =  |х| +  |Лл:| +  ... +  И '’х|,
then Dn—{D(An), | • |„} is a Banach space (D(l =  X, by definition).
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Lemma 1 . I f  y£D(A"), then

\(2n)\t~2nT„(t)y—Any\ =  o (l)  (7 -  0).

Further, i f  x^D ^A”-1), xk£D(An) for k =  1 ,2 ,.. . ,  |лг* — Ar|n_! —-0 and {Anxk}k 
is a bounded sequence in X , then

\Tn{t)x\ = 0 { .n  (t -*■ 0).

Proof. Since C(t) is an even function, we may and will suppose /> 0 . From 
Taylor’s formula

\(2ri)\t~2nTn( t)y —Any\ =

‘ (t _ eta»-1 J
(2n)\t~2n f  ( '  C(s)A"yds—2nt~2" f  ( t - s ) 2n~1A"yds

n (2и 1). n

=  2/if_2n| f ( t — j )2n_1(C(í) — I)A nyds\ S  sup |(C(j ) — I)Any\ — 0

as t —0. Moreover, for every к

t - 2n\Tn( t)x k\ =  (2«)!_1 sup |C(s)||/l',xk| S  M\Anxk\
O^s^t

for By assumption,

t~2n\Tn(t)x \ = lim t~2n\Tn( t)xfc| Л/ s u p \Anx k\ ^  M ltt-oo k

and the second statement is also proved.
The following definition is suggested by Lemma 1 (cf. [1]).

Definition 1. The completion of D„ relative to £)„_ x is denoted by A?" - 1 
and defined as

5?»-*=  U ~SjRY-\ where Sn(R) =  [yZD„:\y\e  ̂R},
R>0

and .S’„(7?)'l_1 denotes the strong closure of S„(R) in Dn_1.
In this terminology Lemma 1 states that x€ A?”-1 implies |7’„(/)х| =  0(72л). 

In the converse direction we have

Lemma 2. I f  x£D (A n~k) and fim t~ 2n\T„{t)x\<°°, then x£D%n~l .
Г-0

Proof. For every x£D„_1 we define

x(t) = ^ f  ( t—s)2"~1C(s)xds (t£R , t *  0).
' о

We have for k= 0, 1, ..., n — 1

Akx (t)  = j £ f  (t —s)2n~1C(s)Ak xds, 
‘ о
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for Ak is closed and Ak C (s)x= C (s)A kx. Hence

\Akx(t) — Akx \ ^  sup |[C(s) — l]Akx\ -* 0 as t — 0,
osss|t|

thus |x ( /)—xl,,-!—0, 
Taylor’s theorem,

(2) A"y(t) --

as /-*-0.

(2«)! /
' 2n J

On the other hand, for every y£ Dn

{̂ ^ C { s ) A nyds = {̂ T n{t)y.

we get, by

Since A also generates a semigroup of class (C0), a suitable modification of I. 
G e l fa n d ’s proof (see, e.g., [2], p. 12) yields that D(An) is (и —l)-dense in D„-u  
i.e. for x fD l,^l there exists a sequence {yr}a D n with \yr—x\n^1-^0 (/■-*-«>). 
But then for г —°о in the norm topology of X  we have

Уг(0  = j í  f  ( t - s r ~ kC(s)yrds -  x (/)

and, because of (2)

I 7 , (  r ) - 0 g l C(t)~ 2
n — 1 f 2k

k=o (2k) !

(2«)! ^T r- ~ ^ - T n(t)x.

/r\ \ I
Since An is closed, ^ nx { t)——̂ f -  Tn(t)x. By assumption, there is a sequence

{tr}e i?  suchthat t~ 2n\Tn(tr)x \^ K <  °° for every r, and rr -*0. Then x (tr)£D„, 
|x(fr) -x : |ll_1-0 , while \Anx(tr)\^K (2n)\, thus | x ( i c) | „ = | x ( t r ) |  +  | / l A - ( i r ) |  +  . . .  

... + \Anx(t^)\ remains bounded when r-»°°. Hence x f ű " - 1, which was to be 
proved.

Corollary 1. I f  x(:_D(A"~k) and for some sequence {ir}—0 we have 
(2n)\t~2nTn(tr)x —~y, then x£D(An) and A"x=y. (— and will denote weak
and strong convergences in X, respectively).

Proof. From the proof of Lemma 2, x(tr)£D(An), x (tr)—~x and Anx(tr) = 
=(2n )lt~ 2nTn(tr) x - ^ y .  Then, by a result of Mazur (see, e.g., [8], Theorem 2 
on p. 120), some sequence of convex combinations of the elements Anx (tr) con­
verges strongly to y, and the sequence of the same convex combinations of the 
elements x(tr) converges strongly to x. Since A" is closed, we obtain the asser­
tion.

Corollary 2. x€D(A"~k) and fim t 2" |Г „(г)х |= 0  imply Tn( t ) x = 0 for 
every real t.

Proof. Corollary 1 yields that Anx —0, and Taylor’s formula proves the 
statement.

Now we give the following definition of saturation (cf. [1], [2]).
D efinition 2. Let I  be a Banach space, Y  a linear subset of X, T (t) (/>0) 

a family of linear operators from Y  to X. Suppose there is a positive r such 
that for any y £ Y  the limit relation \T (t)y\= o(tr) (t-»0-b) implies T(t)y= 0
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for every i> 0 , while F {T(t); Y, X}= Y: \T(t)y\ — 0 ( tr) ( /—0+)} contains
at least one у  with T (t)y ^ 0  for some 0. Then {T(t); />0} is saturated
in (Y, X) with order 0 ( tr) and F{T(t); Y, X }  is its saturation (or Favard) class.

T heorem 1. Suppose C(t) is a cosine operator function and
n —1 f 2k

Tn{t) = C ( 0 -  z  (2/t)! Ak

is not identically Об B(X) for every t> 0. Then {T„(t)} is saturated in (D(An~1), X) 
with order 0 ( t2n), and its Favard class is D%n~x.

P roof. In view of Lemmas 1, 2 and Corollary 2 we need only to show that 
D 'f - 1 contains an element у  with T„(t)y?±0 for some /> 0 . Suppose that for 
every y£Dn, t>  0 we have T„(t)y= 0. Then Any= C (2n>(0)y= T fn) (0)>'~ 0, 
hence A"—0£B(X), because A" is closed and has dense domain in X. But then 
Taylor’s theorem yields Tn(t) = 0 £ B (X ) for every t> 0, a contradiction.

C orollary 3 . Under the conditions o f Theorem 1 assume that X  is a reflexive 
Banach space. Then F{Tn(t)\ D(A"~r), X j  = D„.

P roof. x ^D ^"-1 if and only if the function t~ 2nTn(t)x  is bounded in a neigh­
bourhood of t = 0, by Theorem 1. Hence, according to the Theorem on p. 141 
in [8], for some sequence {r,}—0 we have ty2nTn(tr) x ^ y .  Thus x£D (An), by 
Corollary 1, and Theorem 1 yields the statement.

In what follows we will study the saturation behaviour on D(A*n~1) (n positive 
integer) of the operators

n — 1 *2 к
!%(t) =  C ( t y -  2  (t £R).

k  =  0 !

Note that the family of dual operators {C(t)*: t£R }  is not, as a rule, strongly 
continuous on X*, and is not what we called the adjoint cosine operator function 
in [6]. We shall call it the conjugate function of C(t).

L emma 3. I f  A is the generator o f  a cosine operator function C(t), then A*k = 
= A k*(k=  1,2, ...).

P roof. For every к  the set D (Ak) is dense in X, and we clearly have 
A*kczAk*. According to [3], Lemma 5.6, a (A), the spectrum of A, is contained 
in (z; Re zS w 2— (Im z)2/4w2} for some u;>0, hence the resolvent set of Ak,

g(Ak) is nonvoid. Indeed, it is easy to see that for 0 large enough every У pi 
belongs to в (A), thus the spectral mapping theorem (cf. [4], Theorem 5.12.3) 
yields that p ifg (A k) = g(Ak*). By the same reason, we obtain pi£g(A*k), thus 
p i—A*k and pi—A k* are both 1— 1 mappings onto X*, hence A*k = Ak*.

L emma 4. I f  x*^D (A*n~1), then
a) x*£D(A"*) implies \S*(t)x*\ = 0 ( t2n) ( r -0 ) ,
b) hm t ^ l S ^ C t ) * * ^ 00 implies x*£D(An*),
c) ljm t ~2n |S ; (?)а*[ =  0 implies S*(t)x* = 0* for t£R.

u
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P r o o f , a) Suppose x*£D(A"*), x£D (An), then

i s m * * ,  x) =
n — 1 * 2k

=  \X*,
n — 1 fik

С (0 ~ Л  Щ у .А\

,x l  =

АП f i t- s T T - 1
J (2/1-1)!

C(s)xcis

= [A"*x *’ f  % V - \ ) \  c{s^x d s \-

Since D(An) is dense in X, we get for every x £ X

( s : ( t ) x \  x) = [a -*x*, f ^ n - 7)1 •

Hence for 0 < | i |S l  we obtain

S  И"*х*|-(2«)!_1 sup |C(s)| <  
o s l s l s l

and our statement follows.

b) Here we apply an idea of K. d e  L e e u w  [5]. Suppose {tj} is a sequence 
of real numbers converging to 0 and such that t j 2n\S*(tj)x*\^K < °°  for every 
tj. Define for r = l ,2 ,  ... Hr= {(2и)! t j 2nS * (tj)x* :j^ r}  and Gr to be the w*- 
closure of Hr in X*. Then Gr is strongly bounded and, by Alaoglu’s theorem, 
compact in the w*-topology of X*. The sequence Gr is decreasing and has the

finite intersection property, hence there exists a y* 6 П Gr.
Г= 1

Let x6T)(^n), then Lemma 1 yields

(3) A-x = l i „ Ä
n — 1 f'2k

с ( 0 ~ Л т Ак
X .

On the other hand, y*x£  p |  Grx a  П Hrx, hence there is a subsequence tjm=
r =1 r = 1

= tj (x)-»0 suchthat
Ilim { ( In y .tJ ^ S Í i tjJ x  , x) =  (у*, х).

Because of x*£D{Ak*) (k = 0, 1, ..., n— 1) we obtain

(x*, Anx )=  lim x*, (2n) ! tj*n
n — 1 /2fc

с ^ ~ Л т Ак X \  =

=  lim ((2n) ! t j 2n S* (tJm)x*, x) = (y*, x),
m -*■ oo

hence x*eD(A"*).

c) If the assumption holds, then b) and Lemma 3 imply that x*£D(A*")* 
If C,?(?) ( tc_R) denotes the cosine operator function adjoint to C(t) (see [6]),
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and Aq its generator operator, then it is seen from [6], Lemma 3 that x*£D(A%" x) 
and

s* (0 ** =
it — 1 t i k

x* for t£R .

It then follows that Corollary 2 applies and the proof is complete.

Theorem 2. I f  C(t) is a cosine operator function, then the following condition 
are equivalent:

a) for every x CD(^4"_1), t£R ,
n -X  f2k

b) A £B (X ), A” = 0 and C (t)=  £  77/77 Ak for every t£R ,
k=o (2k)\

c) А*(?)х* =  0* forevery x*ZD(A*"~1), t£R.

Moreover, i f  none o f these conditions hold, then {5* (/)} is saturated in (D(A*n l), X*) 
with order 0 ( t 2n), and its Favard class is D(A*n).

Proof. If a) holds, then (3) yields that Anx = 0 for x£D(A"). Since A" is 
densely defined and closed, therefore An = 0£B(X) and b) follows. If b) is true, 
then S%(t) = Tn(t)*=0*dB(X*), thus c) holds. Finally, if c) is valid, then

(x*, Tn{t)x) = (S*(t)x*, x) =  0 for x*eD(A*"-1),x€D (A n- 1), t£R.

On the other hand, Lemma 3 and [2], Proposition 1.4.2 yield that for every positive 
integer к  the set D(A*k) is w*-densein X*, hence a) is true.

Concerning the saturation problem, by Lemma 4, we have only to prove that 
there exists a y*£D(A*n) with S* (t)y*A 0* for some f>0. If  this were false, 
we would have

(y*,Tn(t)x) = 0 for y*£D(A*"), xeDCA"-1), t£R .

By the above reasoning, then a) holds, which is a contradiction.

3. Applications. As an illustration, we apply the above results to the cosine 
function of symmetric translations on some of the function spaces listed below 
(cf. [2]).

UCB(R): the space of all bounded uniformly continuous complex-valued 
functions x (t)  defined on R, with norm

\x\ = sup {|x(0!; t£R}.

C0(R): the subspace of UCB(R) for whose elements {/€/?; |x(/)j^e} is 
compact for every e >0.

AC(R), ACloc(R): the space of all absolutely continuous (locally a.c.) functions 
on R.

LP{R): the Lebesgue spaces on /? ( l ^

NBV(R): the space of all normalized complex-valued functions x(t)  of boun­
ded variation on R.
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It is well-known that if X=U CB(R ) or X = L P(R) ( l ^ < o o ) ,  then G (t) 
(t£R) defined by

[G(f)x]0) =  x (s+ t)

is a strongly continuous group of operators for whose generator

D(B) =  {x£ X; x£A C loi.(R) and x '€  X} and Bx = x '.

Then it can be shown that

[C(t)x](s) =  — [x íj+ O + ^ Í^ -O ]

is a strongly continuous cosine operator function with generator A = B 2. W ethen 
obtain the following

Theorem 3. Suppose I and n is a positive integer, x , x ', ..., x(2n~3>£
ZLp(R )nA C loc(R) and x(2n~2)£Lp(R). We then have x<2"~2>, _v(2" - 1>£Z/(/?)n 
П A Cloc (R) and x(2n>^Lp(R) i f  and only if

lim t~2np f — [ x ( í+ 0 + x ( í - 0 ] -
n — 1 f 2k

Л  m xm(s) ds

Proof. Follows from Lemmas 1, 2 and Corollary to Theorem 1.
It follows from the results of [2], 1.4.2 that the operator function

[Z)(0y]0) = -^LKs+O + tCí-O]

on Y=NBV(R) or Y=L°°(R) is the conjugate function of the cosine function 
C(t) of symmetric translations on C0 (R) and Ll (K), respectively:

D(t) =;c(o* =
Hence A* = B2* and, since В is the generator of a strongly continuous group of 
operators, it can be shown similarly as in Lemma 3 that B2*~ B *2. Using [2], 
Theorem 1.4.9, we then obtain from Lemma 4

Theorem 4. Suppose n is a positive integer, y ,y ', . . . ,y<2n~:>>£AC(R) and 
y(2" -2>f NBV(R). Then y<2"_2>, у ‘2п~1>вАС(В) and y<2">iNBV(R) i f  and only i f

í 1 "~1 t 2k 1
üffií-2"-Varsj j [ H í + 0 + j ( í —0 ] - Д  ( 2 k ) \  ^<2Í:,(-S) |  °°-
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SELECTIVE DERIVATES
By

R. J. O’MALLEY (Milwaukee)1

In this paper we introduce a new form of differentiation for functions 
/ :  [0, 1]—jR. This new form, while natural for Baire 1, Darboux functions, exhibits 
some surprising contrasts to the properties of established derivatives.

Our derivates are defined by a process which we label selective. In this paper 
a process will be called selective if it has as its first step the selection of a fixed point 
from the interior of each closed non-degenerate subinterval of [0, 1]. Selective 
processes have been used to obtain characterizations of Baire 1, Darboux functions 
[10], derivatives [10], and, more recently, M 3 functions [11].

This paper consists of three sections. In the first, we give the necessary definitions 
and consider mainly the lower selective derivate. In this section we lay the foundations 
for most of the results of the second section. In the second section we show why 
selective differentiation is natural for Baire 1, Darboux functions and pass to a 
consideration of the finite selective derivative. At that time the similarities and con­
trasts between this derivative and the approximate derivative are shown. Finally, 
in the last section we look at the one-sided selective derivates and point out their 
fundamental pathology.

1. The lower selective derivate

To simplify the later computations we will use the notation [a, b\ to denote 
the closed interval having endpoints a and b irregardless of whether a> b  or 
a<b. Let [a, b] be a fixed subinterval of [0, 1]. We select one point p  from the 
interior of [a, b] and label it pUi b]. The collection of p ’s thus obtained we call 
the selection S.

D efin itio n . For a given selection S  the lower selective derivate, sf ' ( x ) ,  of 
a function / : [0, 1] -+R at a point л: is

Hm inf /(A *, *+») - / ( * )
h~° Ptx.x + h^-X

It should be clear from the above definition how we would define the upper 
selective derivate sf ' ( x ) ,  selective derivative sf ' ( x ) ,  and one-sided selective de­
rivates. It should also be emphasized that these derivates depend on the choice 
of p[a b], different selections possibly leading to different derivates. This fact will 
be exploited several times to point out interesting aspects of the results. For example,

1 This paper was developed under the sponsorship of a research grant from the University 
of Wisconsin, Milwaukee.
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the selection of _  a+b
Pu m  — ~ jT gives as selective derivates the classical Dini derivates.

Further, it should be noted that if  f  has a derivative at x  it has a selective de­
rivative at x  for every selection, and the two are equal.

The concept of metric density and the accompanying concepts of approximate 
differentiation will play an important role in our development of the theory. We 
give several basic definitions here and refer the reader to [12] and [5] as important 
sources.

D efinition . Let E  be a measurable subset of [0, 1] and x  be a fixed point. If
m\EC\[x, x+ h]\

lim — -— ------- 7̂ —=-ft-o m [x,x+ n\
exists and equals a we say that E  has density a at x. In particular when a = l  
we say that x  is a point of density o f x.

D efinition . The lower approximate derivate ap/ '  (,v0) of a measurable function 
/  at the point x0 is

—̂f ( X(̂  >  Л  has density 1 at x 0 , 
x  x 0 j

where the sup over the empty set is defined as —

D efinition . A measurable function /  has an approximate derivative apf ' ( x 0) 
at x0 if and only if  for every e> 0

sup

[x: / ( ■ * ) - / ( *  o )  
x  — x0 - ap/'bw,) <  el

has density 1 at a0 .
Standard changes should be made in the above definition to allow for the 

case of an infinite approximate derivative.
Finally, it should be noted that we will make use of the properties of functions 

of generalized bounded variation several times in this paper. For a good introduction 
to these functions again we single out [12] as a reference. We give here only the 
basic definition.

D efinition . A function / :  [0, l]-«-I? is of generalized bounded variation BVG

if there is a countable collection o f sets E„ such that (J F„ =  [0, 1] and /  is of 
bounded variation on E„ for each n. "=1

Our first two lemmas are very simple. However, these lemmas and variations 
of them will play an essential role in our work.

Lemma 1 .L e t /:[0, 1]->Ä andlet S  be a fixed selection. Let

P„ = lx :  - A f t >  о for all h with \h\ <  —
[ Plx,x + h1—x  n

I f  x < y  both belong to P„ and then f(x )< f(y ) . Hence f  is o f bounded
variation on Pn. 11
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P roof. Let x < y  belong to P„ and y —x < — . Consider the interval [,v, y] 
and the point P[X,y]. We have that n

^ ы Ш > 0  and 0.
P[x,yl X Pix,y] У

Therefore /(x )< /(y ). Then let Л п = Р „п | *̂  » 2~] f°r i= h  2n. On each
P„[ f  is increasing, from which it follows that f  is VB on Pn.

Lemma 2. Let / :  [0, 1 ] ->- R and let S  be a fixed selection. Let P„ be defined 
as above, and let P* be its closure. Let x<-y be any two points with

i) The distance between x  and у is less than — .n
ii) There is a decreasing sequence xk o f  points of P„ converging to x.

iii) There is an increasing sequence yj o f  points o f P„ converging to y.
iv) min b f '( x ) ,  sf ' ( y ) \> - “ ■

Then /(x )< /(y ).
V “I" X

P roof. We may assume that х*<— — <yj for all к and j. Therefore by 
Lemma 1 we have

/(**+1) < / ( x fe) < /(T j)  < / ( y J + i)

for all к  and j. We claim that f(x )  -=f ( x k) for all k. Suppose instead that there 
is an integer К  such that / ( х ) ё / ( х к). For k > K + 1, / (xk) < / (xK+j) -=f ( x K) ^ f ( x ) .  
Let the point selected from [x, xt] be denoted by pk. We have f ( p k)< f(xk), since

xk belongs to Pn and У < х к—х>-0. Thus for k > K + 1

f ( P k ) - R x )  < /(x * ) - / (x )  < / ( x K+1) - / (x )  =  a <  0.

The sequence xk converges to x, so that

lim inf f(Pk) ~ f(x )  
P k -x

contradicting (iv), s/ '( x ) >  —°°. Thus f(x)-< f(xk).
The same argument applies to f(y ) , so that f{ y )> f(y })  for all j .  Thus

f ix )  < /(x x) < / ( л )  </(y).
We now show that in some senses the lower selective derivate behaves like 

the classical lower Dini derivate.
T heorem 1. Let f:  [0, l]->-7? have s/ '> 0  for all x  for a fixed selection S. 

Then f  is increasing.

P roof. Let E  be the collection of all x for which there exists no open interval 
containing x on which /  is increasing. It is easy to show that the complement 
of E  is an open set U. Further /  is increasing on the closure of each component 
interval of U. Thus U can contain no two intervals of the form (a, b) and (b, c),

Acta Mathematica Academiae Scientiarum Hungaricae 29, 197Z



s o R. J. O’MALLEY

which implies that E is a perfect set. If E  is shown to be empty, we will have 
that /  is increasing.

Suppose E  is a non-empty perfect set. Let P„ and P* be defined as in Lemmas 

1 and 2. We have that (J PnO E = E  because sf '( x )> 0  for all x. Thus (J ^
n = 1  n = 1

C\E~E, and the Baire category theorem guarantees the existence of an open in­
terval (a, b) and an integer N  such that

(а ,Ь )Г \Е?±0  and (a, b) П E  cz (a, b) П P%.

If such an interval (a, b) exists, it does not affect the generality of the argument

to assume that (a, b) has length less than . However, we claim that in this

case /  is increasing on (a, b), which contradicts EC\(a,b)?±0. Let x < y  be 
any two points of (a, b). We wish to show that / (x )< /( j) .  If x and у  satisfy 
conditions i)—iv) of Lemma 2, we have f (x )< f(y ) .  It is clear that any x and 
у  in (a, ti) satisfy i) and iv). Thus we need only consider three cases:

1) The point x does not satisfy ii), but у  satisfies iii).
2) The point у  does not satisfy iii), but x satisfies ii).
3) The point x does not satisfy ii), and у  does not satisfy iii).
We will give the proof only for the third case. The proof in cases 1) and 2) 

will then be clear.
If x does not satisfy ii), there is an open interval (x, Xj) with (x, xx) П PN = 0 .

Since PN is dense in РЩ it follows that (x, Xj) П Р$ =  0  and hence fx, xk) f) E= 0 .
Similarly if у  does not satisfy iii), there is an open interval (yx, y) with (y \ , у) П 
П Pi$=0  and (у1,у )Г )Е = 0 .

We recall that the complement of E  relative to (a, b) is an open set and that 
/  is increasing on the closure of each component of this open set. Let (c1; dk) 
be the component containing (x, xx) and (c2, i/2) the component containing 
Oi.T)- If (Ci, dx) = (c2, i/2), / ( x ) < /0 ) .  If (А, ^ ) ^ ( с 2, d2) then (clt d j f )  
П(с2, d2) = 0 ,  and d1<c2. These two points belong to E, and since E  is perfect 
ЕГ\(а, b) contains a decreasing sequence rk converging to dx and an increasing 
sequence sk converging to ct . Since EC \(a,b)aP£  and Pn is dense in P* it 
follows that dx and c2 satisfy conditions i)—iv) of Lemma 2. Thus f(dd  < / ( a ), 
and finally f i x )  < f(d r) < /(c 2) < f (y )  which completes the proof.

It follows easily that if we require only s/ ' ( x ) S 0 for all x we would obtain 
that /  is non-decreasing. In fact we have:

T heorem  2. Let f:  [0, 1]— R, and let S  be a selection for which s f'(x)> — °° 
for all x  and s/ '( x ) ^ 0  for almost all x. Then f  is non-decreasing.

Proof. The proof of this theorem is a standard argument which can be found, 
for example, on pages 267—268 of [9]. For this reason we delete the details.

T heorem  3 (Dini Theorem). Let f :  [0, 1]— R, and let S  be a fixed selection. I f

then a = ß ^  4-°°.

ß =  infхфу
f ( x ) ~ f ( y )

x —y and a =  inf [s/ '(x )]
X
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Again this is a standard argument which follows the same format as [12, p.

The above theorem will be of use in the second part of this paper. A similar 
theorem holds for the upper selective derivate.

We note that while Theorems 1, 2 and 3 make no restrictions such as measur­
ability on the function /  we nevertheless can show the following.

Theorem 4. Let f:  [0, 1]-^J?, and let S  be a selection for which « /'(* ) > _  °° 
for all x  in [0, 1]. Then

a) The function f  is measurable and o f generalized bounded variation.
b) The interval [0, 1] is the union o f a countable collection o f closed sets A*, 

and for almost all x  in A* f  has an approximate derivative ap / ' ( х ) ё —я.
c) There is a dense open set V on which f  is differentiable fo r  almost all x  

in V.

Proof. For each n we define

A =  L .  / ( P c * . * + * ] ) - / ( * )  >  f o r  a l l  h w i t h  щ  <  1  

l Plx,x + h l-X  n
and A* as its closure. Since sf '( x ) >  — for all x, the union of the sets A„, 
n = 1,2, ..., is [0, 1]. Let n be fixed, and consider the function h(x)= f(x)+ nx. 
Then the set A* will be precisely the set P* of Lemma 2 for the function h(x). 
We denote the set of bilateral limit points of P* as Q„. Then A*=P*=Q„URn 
where Rn is at most countable. If x and у  are any two points of Qn with x <

<y«=x+— then these two points also satisfy conditions ii), iii) and iv) of Lemma 2.
n Г / — 1 j 1

Thus h(x)<h(y). I f  we partition Qn into subsets Qni =  Qn П I , — j , i —

— \ , . . . ,2 n ,  then h is increasing on Qni for each i. Thus since Qni is also meas­
urable, we have h is measurable and of bounded variation on Qn. It is clear that 
any function is of generalized bounded variation and measurable on a countable 
set. We therefore have h measurable and of generalized bounded variation on 
Q„{JRn=A*. Since f ( x ) —h(x)—nx  the same is true of f(x )  on A*. We have
CO
[J A*=[0, 1], so that a) of the conclusion is proven.
П = 1

For b), Theorem 4.3 of page 222 of [12] states: A function which is measurable 
and of generalized bounded variation on a set is approximately derivable at almost 
all points of this set.

Therefore, /  is approximately derivable at almost all points of Qn for each 
n. Let x be a point of Qn at which /  is approximately derivable. If у  belongs

to Qn and |x— n̂. Hence at x, ap f ' ( x ) ^ —n. Since

Q„ has the same measure as A*, b) of the conclusion is proven.
For c), let [a, b] be a closed subinterval of [0, 1]. Application of the Baire 

category theorem to the sequence of sets А* П [a, b] guarantees the existence of 
an open interval (c ,d )  and an integer N  such that (c,d)czA%C\[a,b]czA%.

We may assume that d —c < ^ ,  which means that if x and у  belong to (c, d)

204].
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then > —n. The function /  is thus differentiable at almost all x in
х - у

(с, d). This establishes part c).
At this point we provide the first indication of some of the interesting differences 

between these derivates and the classical Dini derivates. It is clear that if s/ '( x ) >  — m 
then /  is differentiable for a.e. л;. A t any point of differentiability s f '( x )= f '(x ) ,  
and therefore we are assured that sf '  is measurable. However, the next example 
shows that even if /  is Baire 1 and Darboux and sf '( x ) >  — °° for all x  we may 
still have sf '  non-measurable. (In particular sf'(x )? ± a p f'(x )  for almost all x.) 
This non-measurability of s/ '( x )  is in sharp constrast to Hájek’s result [4] which 
states that for any function /  (measurable or not) the lower derivate of f  must 
be of Baire class 2.

CO
Example 1. Let C be a Cantor set of positive measure, and let U— (J (c„, d„) 

be its complement. We define /(x ) as i=1

m  =
[0, for x  in c

1 )
-cn)(dn--x)J C„ <  X <  i/„.

We decompose C into two disjoint non-measurable sets Cx and C2. It is clear 
from the definition of /  that a selection S  can be made as follows. Let [a, b] be

a fixed sub-interval with a<6. If a and b both belong to U let P[aM= ~~Y~ •

If b belongs to C let be chosen from (a, b) so that /(/?[„,«)=0. If a
belongs to Cj and b belongs to U choose so that

f i P i a , b i ) - f ( d )  =  _  j  

Pta, b1~a

If a belongs to C2 and b belongs to U choose so that

R P i a . b i ) - f ( d )  =  _ 2

Р 1 а , Ы ~  a

We leave to the reader the easy details of showing that for all x in C\, s/ '( x ) =  — 1, 
and for all x in C2 sf '( x )=  —2. Meanwhile, for all x in U, f  has a finite deriv­
ative f  and Therefore s f ' ( x )  is non-measurable. This leads us to the
following unsolved problem: What conditions, other than being bounded below, 
guarantee the measurability of s/ ' .

In the next section we show a strong relation between the selective derivative 
and the approximate derivative. In preparation for this we show the following 
theorem.

Theorem 5. I f  f : [0, l]—i? and S  is a selection for which s/ ' ( x ) >—  <=° for 
all x, then s/ '( x ) = a p / '( x )  for almost all x.

Proof. Let B = {x: sf '(x )> a p f '(x )} .  We need to show that В has measure 
zero. The set В is the union of the sets {x: &f'{x )> r> a .p f'(x )}  where r ranges

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



SELECTIVE DERIVATES 83

over the rational numbers. We will only show C= {x: 8/ , (л:)>0>-ар// (д:)} is of 
measure zero. This will be sufficient to prove the general case. Now {x: s/ , (x)>0} 
is the union of the sets Pn of Lemma 1. As in Theorem 4, we have that a p / '( x ) £  0 
for almost all x in P*. Therefore,

C =  { * :,/ '(* )  >  0}П {х:ар/'(х) < 0 } c [ J  P*n П{x:a p /'(x )  <  0}.
n = 1

Since Р*П{х: ap /'(x )< 0 }  has measure zero for all n, so does C.
With s/ / (x)gap f '( x )  a.e. it is somewhat surprising that we have the following:

T heorem  6 . I f  f:  [0, 1] ->-i? is measurable, then there is a selection S  fo r  which 
s / '= a P/ '  fo r  all x  in [0, 1].

Pro o f . We make the convention for this proof that if c =  +  °= then for e>0,

c — e = — . Let [a, b\ be a fixed subinterval of [0, 1] with a<b. Let 
£

and

a(y) =  sup j y : m |

b(y) - sup |y :m  1{*-ЯТ Т  - } 4

\m {[a , b])J,

-j™([a, 6])J,

where the sup over the empty set is defined to be equal to — If a{y) and b(y) 
both equal -«>  we select p ia b] to be the midpoint of (a, b). If a(y)>—  °° and 
b(y)=  — we select p [aji)] so that

f ( P l a . b i )  / ( ? ) _ ^  e ( y ) _ @ _ f l ) .

P l a , b l ~  a

If b(y) > - o o  and a(y)—— we select Р[а,ьл so that

f ( P u . b i ) - f ( b )  ^  6 ( y ) - ( 6 ~ a ) -

PtaM~ Ь
If a (y )>  —oo and b{y)> — then

{*: f M - y  >  ф н м )  and

both have measure greater than ~m {[a,b]) in [a, b\. Therefore we may select
** #* 

as P[„tb] a point from [a, b] which is in both sets. Now we prove that for this se­
lection we have s/ ' ( x ) ^ ap/ / (x) for all x. Let x0 be fixed. If ap/4 * o )=  —00 
then there is nothing to show. If ap/ '( x 0) >  — let e> 0 be given. By the definition

g
of ар/'(*о ) there is a <5 with 0<<5<— such that if |A|<<5, then

m lb/ ( x ) - / ( x  o) 
x —x0

rjn [x 0,x 0+ A ]|аР/Ч ^ о ) - у [П [х 0,Х0 +  А] ■ф-а).
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By the above selection formula it is clear that for |A|<<5 we have chosen [\x,x+h] 
so that

f iP ’p c o . x o >  ap /'(Yo)- y - | A | >  ap/' (Xo)-£ .
P l x o . x o  + f t —  -Vo z

This completes the proof of Theorem 6.
Combining Theorems 5 and 6 we get:

Theorem 7. I f  / :  [0, l]-*i? is measurable and lipf'(x)->— for all x, then 
there is a selection S  suchthat s/ ' ( x )  = ар/ '( х )  fo r  almost all x.

Also, by combining Theorems 2 and 6 we have the following new theorem:

Theorem 8. I f  f : [ 0, l]—7? is measurable and ap/ '( x ) ^ 0  fo r  almost all x  
and aP f or all x  then f  is non-decreasing.

A study of the essential points of the proof of Theorem 6 shows that the set

{*: / ( * ) - / ( *  o)
x —x„ 3/ 4 * 0) — ej

need not have density 1 at x0. We need only

m (I* •• ^ * 1  o) >  a p / '  (*o) -  e} П I  j > | m ( / )

for all intervals sufficiently small containing x0. This is precisely the case with 
the preponderant lower derivate. Therefore, Theorems 6 and 8 could just as well 
be stated for these derivates. Similarly, it requires little to see that only minor changes 
are needed to make Theorems 6 and 8 apply to the qualitative lower derivate. For 
a treatment of both the preponderant and qualitative derivates and further back­
ground information about them, we refer the reader to [8].

To end this section we present a result dealing with the comparison of two 
different selections. The above material has illustrated that different selections 
can lead to very different derivates. The next theorem establishes a result which 
can be considered an analogue of G. C. Young’s result about one-sided Dini derivates 
[12, p. 261]. It also shows that there is some stability as we switch from selection 
to selection.

Theorem 9. Let f :  [О, I] -R, and let S  and T be two selections. Then 
(x : s/ '  (x) > \f' (x)} is at most countable.

Proof. It is sufficient to show that {x: %f '( x )> 0 > f '( x ) } = B  is countable. 
Let [a, b] be a fixed subinterval. Let us denote the point p[0i и from selection S  
as and that from selection T  as tia> H. Then

and

{x:s/ '( x )  >  0} -  0  {*: f(S i*'x+h])-  7-(x) >  0, h <  - ]  =  Q S„ 

{x: ‘/ '(x )  <  0} =  U {*: / ( £р -Ш -Г- ( -  <  0, A <  —I =  Q T„.
Л=1 l h x . x  + h]— X  n J n — X
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We are interested in B=  |J  S„C] (J T„. Since S„ and T„ are increasing sequences
П = 1 П = 1

oo
of sets we have that B=  (J (Snf]T„). Therefore if we show that T„П S„ is coun-

71 =  1
table for each n we are finished. Let n be fixed. If TnC\Sn contains two points

x < y  within units of each other we have by Lemma 1 that f (x )< f(y ) ,  and

also /(x )> /(y ). This contradiction means no two points of Tn П S„ are within

— units of each other, and T„ П S„ consists of at most n points. 
n

2. The selective derivative

In the introduction to this paper it was mentioned that this form of differentation 
was a “natural” one for Baire 1, Darboux functions. However, throughout the 
first section the most restrictive condition placed on the function /  was measur­
ability. Before we proceed to study the selective derivative we will make clear the 
connections between selective derivates and Baire 1, Darboux functions.

In [10], N eugebauer  obtained a theorem which, when stated in the terminology 
of the present paper, becomes

T heorem  A. A function f : [0, l]^-i? is a Baire 1, Darboux function i f  and only 
i f  there is a selection S  with the property that for all x  in [0, 1] and for every se­
quence o f intervals [a„, bn] satisfying a „ ^ x ^ b n and lim an = x=  lim b„ weП-*- -f oo n—»..foo
have that lim f ( p u b ]) = f(x).U-»- + oo

Basically, this theorem states that a function /  is Baire 1 Darboux if and only 
if there is a selection relative to which /  satisfies a continuity condition.

Now it can be shown that the above theorem can be changed to the following:

T heorem  B. A function / :  [0, l ] —i? is Baire 1, Darboux i f  and only i f  there 
isaselection S  such that for all x  in [0, 1], lim f(P[x,x+hi)=f ( x )• (That is, we have placed

h~* 0
the condition on the sequences [an,b „] that x  is an endpoint o f each interval.)

P ro o f . The only part of the proof of Theorem В that is not immediate is the 
following: if lim f ( p lx x+h()=f(x), then /  is Baire 1. One way this property can
be shown is by looking at the function cp(a, b )~ f(p ia,b() defined on the open upper 
half of the unit square. For each point 0 < x < l  and each point (x, x) on the 
diagonal we have liin <p(x, x  + h)= fim (p{x—h,x)= f{x). Therefore, the theorem
of L. E. Sn y d e r  [13, p. 422] can be applied, which yields that /  is Baire 1.

The above discussion guarantees that if /  is Baire 1, Darboux then there 
is a natural selection with which to define our selective derivates. Thus, the results 
of Section 1 can be interpreted as a demonstration that this natural selection will 
be useful in revealing the monotonicity and differentiability properties of the func­
tion / .
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Further, the following is obvious:

Corollary  to  T heorem  В . I f  f :  [0, 1] —Я  and S  is a selection such that — ° ° <  
/ 'W < S/ 'W <  +  CO for all x, then f  is Baire 1, Darboux.

We will show that more can actually be said about the structure of / .  To 
do this we will need the following lemma, which is similar to Lemma 2 but with 
a stronger conclusion.

Lemma 3. Let / :  [0, 1 ]— R, and let S  be a selection such that for all x, 
l i m  Д л * .  * + * ] ) = / ( * ) •  Let

En = jx : I /( f t , .  *+ « )-/(* )!  -  и|Л*.*+м~*1, W  <  \

Let E* be the closure o f En. I f  x  and у are any two points o f  E* w ithx—y < — , 
then \ f ( x ) - f { y ) \^ n \x - y \ .

P roof. If x  and у  belong to Pn and \x —y \< — we have 

l / ( /W ] ) - / ( * ) |  ^ и |р [х>„ ] - х | and \ f ( p lx,y i ) - f ( y ) \ ^ n \p lX'rt~y\.
Also,

\P lx,yl-x\ + \PlX,y1- y \  =  \x -y \ .
Therefore,

l/(* )-/G O I =  n \x - y \ .
Now let x and у  be any two points of P* with \x—y \< — . There are two se­

quences xk and y k, possibly constant sequences, of points from Pn with ]xft —_pÄ| -=
S. ̂  J i l l  1

, k - x | < — , \yk- y \ < — , |хк- х а |< —, and \yk- y 2k\< — for all k. Then 

we have
I *])-/(**) I =  п\р1хк,л - х к I 

I /(**) - f  (x2k) \ ^ n \ x k- x 2k\

I f ( x 2k) ~ f(y 2k)\ S  n\x2k- y 2k\

\А У 2к)-АУк)\ = n\y2k- y k\

I /(Ук) f  (Ptyic, у]) I =  n\yk- p bktfl\.
Therefore,

\APlxk,xi) ~APtyk, y])l S  И[|Plxk,*] - X k \ + \xk- X 2 k \ + \x2k - y 2k\ 4- 1y2k - У к I + 1yk - p bk, y]|]- 

Letting fc->-°°> we have
I A * ) - /0 0 1  s  и|х —j | .

This completes the proof.
We can now improve the corollary to Theorem B. A well-known characterization 

o f Baire 1 functions is that in every perfect set C there must be a point x such 
that f  is continuous, relative to C, at x. Here, we have:
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T heorem 10. Let f :  [0, 1 ] and let S  be a selection such that 
< 8/ '( x ) < +  °°. Then f  is Baire 1, Darboux. In fact, f  has the additional property 
that for every closed set C there is an open interval (a, b), with (a, b)C\C0 0 ,  on 
which f  is continuous relative to C.

P roof. A s was mentioned before, /  is clearly Baire 1, Darboux. From the 

hypothesis we have (J E„=[0, 1], where the En are defined as in Lemma 3. There-
oo П = 1

fore (J E*C\C=C, and once again the Baire category theorem yields an open
П = 1

interval (a, b) and an integer N  with (а, Ь)Г\С0 0  and (а, b )C \C cE f C\(a, b). 
Since \ f(x )—f ( y ) \ s N \ x —y\ for all x ,y  in Ej$ with |x—y \< l/N , we are finished.

We now proceed to the study of the selective derivative. We restrict our atten­
tion, in general, to selective derivatives which are finite for each x.

The main properties of functions /  having a finite selective derivative, and 
also the main properties of this finite selective derivative, are stated in the next 
theorem.

T heorem 11. Let f :  [0, l]->-i?, and let S  be a selection for which f  has a finite 
selective derivative s/ ' (x) for all x  in [0, 1]. Then

a) There is a sequence o f closed sets E* whose union is [0, 1] such that f  is 
continuous on each E*, relative to E *.

b) The function f  has the Darboux property.
c) The function f  has an approximate derivative a p /'(x )  for almost all x.
d) There is a dense open set U on which f  is continuous, and, further, f  is 

differentiable for almost all x  in U.
e) The selective derivative s / '  (x) =  ap f '  (x) for almost all x.
f ) The selective derivative has the Darboux property.

P roof. Properties a), b), c) and d) are clear from Theorems 4 and 10. We give 
here the proof of e) because this property will be of interest in the sequel. By Theorem 
5, we have — o o < s/'(x )= s/ '(x )< a p  f '( x )  for almost all x. Further, 
+  ° ° > s / '( x )= s/ '( x ) £ a p  f '( x )  for almost all x. This establishes e). Next we 
consider part f), the Darboux property. It is sufficient to assume that s / '(0 )< 0  
and s / '( l ) > 0  and to show that there is a point x0 where s f '  (x)=0. Let V 
be the set of all x  for which there is a neighbourhood about x  on which /  is 
continuous. By d) we know that V contains the dense open set U. If /  has a 
local extremum at any point of V  it is clear that at that point s / '  is equal to zero, 
and we are finished. If we assume that /  has no such local extrema we must assume 
that /  is monotone on each component of V. Hence by the finiteness of s/ '  we 
would have f  monotone on the closure of each component of V. Since s / '  (0) <  0 
and s / '( l ) > 0 ,  we cannot have F=(0, 1). Therefore, the complement E  of 
V  is non-empty, and further we are assured that it is a perfect set. In this case, 
Theorem 10 asserts the existence of an interval (a,b) such that (a, b)C\E0  0  
and /  is continuous, relative to E, at every point of (a, b) П E. However, since 
/  is continuous and monotone on the closure of each component of (a, b ) \E  it 
is not hard to see that /  is actually continuous on (a, b). Thus (a, b) czV, which 
contradicts (а, Ь ) П Е ^ 0 .  Therefore, we have that /  must have a local extremum
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at some x a in V  and s / / (x0)= 0 . We further note that this same property can 
be used to prove the Mean Value Theorem for s/ ' .

Theorem 11 establishes the measurability of the finite selective derivative, 
improving the situation found to exist with regard to the lower selective derivate. 
It also shows that the finite selective derivative is closely related to the approximate 
derivative. Further, both these derivatives also have the Darboux property [3]. 
It is therefore somewhat unexpected that the relation does not extend to other 
properties possessed by the approximate derivative. There are some interesting 
contrasts which we will give now.

One property of the approximate derivative, and other generalizations of 
the derivative, is that a finite approximate derivative is Baire 1. This is not true 
for the selective derivative.

Example. Let C, U, and /  be defined as in Example 1 of Section 1. Let К  
be the collection of right end-points of the components of U. We will make a 
selection, differing from that of Example 1, to obtain a finite selective derivative 
which equals 1 at every point of К  and 0 at every point of C \K .  Since both К  
and C \ K  are dense in C there can be no point of C at which s f  is continuous 
relative to C. Therefore s/ '  will not be Baire 1.

Again the oscillatory behaviour of /  on U permits a selection as follows:
С1~\~ЬIf a belongs to U and b belongs to U let pla_ b]= —— .

If a belongs to U and b belongs to C \ K  let P[„tbi be chosen so that 
f(P la,bi) =  0.

If a belongs to U and b belongs to К  let Р[а,ы be chosen so that 
f(P u ,b l) - f(b) _ l 

P laM -b
If a belongs to C \ K  let p ittt и be chosen so that /(Р [а,ь])=0.
If a belongs to К  and b belongs to U or К  let p ia<b] be chosen so that 

/0>[д,ы)-/(д) t
P[a,n~a

If a belongs to К  and b belongs to C \ K  let p ÍQ:̂  be chosen so that both

= 1  and a - b <  < 0
Pia, M ~  a  Pla,b]~~b

We delete the details of showing that /  has a finite selective derivative every­
where and that this selective derivative has the desired properties on C \ K  and K.

This brings two problems to our attention: What, if any, is the Baire class 
of a finite selective derivative s/ ' ?  Under what conditions does s f '  become Baire 
class 1?

We can give partial answers to these questions. Under a certain additional 
condition we can prove that a selective derivative is Baire class 2. Namely,

Theorem 12. Let f : [0, 1] -*Л be given. Let S  be a selection such that f  has 
a finite selective derivative s f  (x) for all x. Suppose further that for all x

lim f(P i.,b i) - f(x )
[a,6]-x P l a . b l —  X

sf'(x),
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where [a, 6]—x means that аШхШЬ and a and b converge to x. { If Pca,b]=x

we set f P̂la' ^  — — = sГ (x)) Then s f '( x )  is Baire 2.
Р [ а . Ь Л ~ Х

P r o o f . Let n be fixed. We define a function /„:[0 , 1]—i? as follows:

/ (P r - - 1 n ) - / WL n ’ nJ

S / ' W

— X

.- i — l i .if ------ ^ x < — and x p n - i  и .
« n L—>nJ

if X =  Pri-1 t-| or 1. 
L n ’ n J

For each n and for all x  in f-—- ,  p r i- i  i-i) or Íp ri- i  м , — | , / n(x) is the quotient
' П L n ’ n J ' ^ L n ’nJ ^

of a Baire 1 function and a continuous function. Hence /„(x) is Baire class 1 on 
[0,1] for each n. We claim f„(x) converges to sf '( x )  pointwise on [0,1]. This

is clear if x —l. Let 0 ё х < 1 , and let n be fixed with ------S r < - .  If  P rt-i i-i=x
n n L—  .„J

we have f„ (x )= sf'(x ). If prt-i и ^ х ,  we have
L n * n J

f(P [Lzl 11 ) - / ( * )
f n ( x )  =  „ " ' n -  -i-1 i

П ’ П

Further, [-— 1— x  as и — +  <». Hence by the additional condition,/„(x) 
i n  n J

converges to s / '( x )  as +  and /  is Baire class 2.
In connection with both the selective derivative and selective derivate a worth­

while line of investigation is the selection function cp(a, b)=p[atb̂ . The placing 
of conditions such as continuity on this function q> (a, b) leads to illuminating 
results. For example:

Theorem 13. Let / :  [0, 1]— R, and let S  be a selection for which f  has a 
finite selective derivative for all x, Let g„{x)=pr i- i. I f  gn(x) is a continuous

Lx>*+bJ
function o f x  for each n then s/ '  (x) is Baire class 2. I f  f  is continuous, s/ '  is 
Baire 1.

Pr o o f . It is clear that the functions

h„(x) = / ( f ,[ » - 4 ] b / ( J ‘>

will be Baire 1 because /  is Baire 1 and p ^  ^+i-j is continuous. If /  is continuous,

then hn (x) is continuous for each n. In either case, h„ (x) converges to s / '(x )  
pointwise on [0,1], and this completes the proof.
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It is still an unsolved problem whether the finite selective derivative is always 
Baire 2 without any additional conditions.

Another property of the approximate derivative is that for a monotone func­
tion any point of approximate derivability is actually a point of differentiability 
of / ,  [6, p. 240]. This is another property not shared by the selective derivative. 
It is easy to construct examples of functions and selections illustrating this fact, 
but we will not give any here. We point out, however, that it is this fact which keeps 
us from improving d) of Theorem 11 to : /  is differentiable at every point of U.

We now consider the conditions under which a point of selective differenti­
ability is a point of differentiability.

Theorem 3 for the lower selective derivative and the analogous result for the 
upper selective derivative combine to give:

Theorem 14. Let f :  [0, l]->-i?, and let S  be a selection for which f  has a se­
lective derivative (possibly infinite) at every point o f  [0, 1]. I f

and

ß =  infx*y
/ O ) - / 0 Q

x - y and a. — inf[s/'(x)],
X

у =  sup № - f ( y )
x - y and ő =  sup [s/'(x)],

X

then a=ß and S = y. Further, f  is differentiable at any point o f continuity o f the 
selective derivative.

Proof. As was mentioned in Theorem 3, the proof of the first part of the con­
clusion follows the same reasoning as in [12, p. 204]. The second part is also im­
mediate, but since it is short we give the proof here:

Let x0 be a point of continuity of s f '(x ) .  Let s> 0  be given. There is a 
<5>0 such that if |x —x0|<<5 then

s / '(* o )-e  <  sup [s / '(x )] -  inf [s/'(x)] < s / '(x 0)+£.
|x -x „ |-= i5  | x - x 0|-= á

Hence by the first part of the conclusion

s/'(x0) - e  <  f ( x l  { (*o) <  s/'(x„)+8
X  Л -Q

for all x with 0 á x - x 0<5. This completes the proof of Theorem 14.
For monotone functions it is possible to put additional conditions on the 

«election S  under which a point of selective differentiation becomes a point of 
differentiability. We give one example of such a condition.

Theorem 15. Let / : [0 ,  l]-«-I? be non-decreasing, and let S  be a selection 
such that

1) /  has a selective derivative at 0, and
2) lim n- pr  n  =  l.

L0-« J
Then f  has a derivative at 0.
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Proof We assume that /(0 )= 0 . Let hk be a decreasing sequence converging 
to  0. For each к  there is a largest integer nk such that pr j_-i =hk. Then pr _j_-> <

L0, ntJ L"- nk+1J<hk, and

Let us relabel p r j_-i as pk and pr i as qk. We have

/(ft) ^  ЛА) ^  /(ft)

for all k. However,
f(Pk) __ 

4k

4k

f(P k)
Pk

('ft f t )

К

f t  +

Pk

f t  JK ft+ O ft

and lim ak = s f'(0 )  and lim (bkckdk) —l . Hence lim
fc—+ °o  fc—+eo k—+oo q k

/ ( f t ) =  s / /(0). The same

holds for lim /(f t) /(A)Therefore Um , Л-.0+ h - s / 40), which says that /  is
* - * + “  p k

differentiable at 0.
The following analogoue of Theorem 6 further connects the selective derivative 

and the approximate derivative.
Theorem 16. I f  / :  [0, is measurable and has an approximate derivative

apf '( x )  (possibly infinite) at all x in [0, 1], then there is a selection S such that 
s f '  (x)= ap / '  (x) for all x.

Proof. We make the convention for this proof that if X = +  °° then for e >0,

X—e = — and A +s= +  °°; and if X= — then X—s=  — °° and A + e = ---- -.
e £

For any point c in [0, 1] and for each e > 0  we define

C(8) =  | x : a p / ' (c)-e f ( x ) - f ( c )
x —c ap / '(c )+ £ f-

Let [a, A] be a fixed subinterval of [0, 1] with a<A. Let

ft =  inf je: от (/4 (е)П[я, A]) >  у  (A — a ) j ,

and let

s2 = inf |£:от(0(£)П[а, A]) >  у  (A — a )j.

Then the sets
A(ex+ (b — а))Г\[а, A] and 5(s2 +  (A —а))П[а, A]

both have measure greater than у  the length of [а, А]. Therefore A (ft +  (A — а)) П

П В (e2 T  (A—я)) П (ű, A) is not empty. We select plaM from their intersection. 
We show that this selection gives a selective derivative s f ' ( x )  which equals ap f '(x )  
at all x.
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g
Let c be fixed and es»0 be given. Let e * = y . There is a number <5 such

that £*>(5>0, and if |A|<<5 then т(С(е*)Г\[с, c+A])>-|- \h\. Then Р[СуС+к\ 
has been selected so that ^

ap f '( x )  -  e <  ap f '( c )  -  e* - 1A1 <  f (P u ' c+h) 'c) <
Ac,c+w_ c

<  ap /'(c)+ £*+ |A | <  ap /'(c)+ £ .

This completes the proof. We remark that the comments made after Theorem 6 
can be carried over here to apply to the preponderant derivative and the qualitative 
derivative.

We have mentioned above that selective differentiation is natural to Baire 1, 
Darboux functions. Our next results further emphasize this fact.

Regarding the monotonicity of Baire 1, Darboux functions, perhaps the most 
encompassing result is that of Bruckner [1].

Theorem C. Let P be any function-theoretic property sufficiently strong to 
imply conditions i) and ii) below:

i) I f  f  is continuous and o f  bounded variation on an interval I0 and possesses 
property P on J0, then f  is non-decreasing on I0.

ii) I f  f  is a Darboux function in Baire class 1 and possesses property P on 
then f  is o f generalized bounded variation on 70.

Then any Darboux function in Baire class 1 which possesses property P on 70 
is continuous and non-decreasing on that interval.

Bruckner obtained this result while answering affirmatively a problem presented 
by Z ahorski in [15]. (This question was also answered independently by Swiatowski 
[14].) Zahorski’s problem was: Let /  be a finite real-valued function defined on 
an interval 70 and satisfying the following conditions:

1) /  is a Darboux function,
2) /  is in the first class of Baire,
3) /  possesses an approximate derivative ap / ' ,  finite or infinite except per­

haps on a denumerable set,
4) ap / ' ё  0 almost everywhere.

Is it necessarily true that /  is continuous and non-decreasing on 70?
Recently Le o n a r d  in [7] used Bruckner’s Theorem C to obtain monotonicity 

results in cases where the approximate derivative in Zahorski’s problem above 
is replaced by other forms of derivative. Here we use Theorem C to show:

Theorem 17. Let f :  [0,1]— R  be Baire 1, Darboux. Let S  be a selection such
that

a) s f '( x )  exists except on a denumerable set, and
b) s / '( x ) s O  almost everywhere.

Then f  is non-decreasing and continuous on [0, 1].

Proof. We show first that any function having a selective derivative except 
in a denumerable set is of generalized bounded variation. This is again an application
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o f  Lemma 1. Let
1{ Í... / ( f t* ,* + « ) - /0 ) >  - 2, \h\ <  - ]

l P[x,x + h]—x n)
and

j  Í... f(Plx,x + h ] )- f(x ) < - 1 ,  |A[ < —}
" [ Plx.x+hl-X n)

The same reasoning as in Lemma 1 gives that /  is of bounded variation on Hn 

and Jn for all n. Since [0, 1] =  IJ HnU (J JnUK, where К  is the denumerable
П=1 П=1

set where s/ '  does not exist, we have that /  is of generalized bounded variation 
on [0, 1]. Therefore, condition ii) of Theorem C is satisfied.

Now let /  be any continuous function satisfying conditions a) and b) above. 
Let H* denote the closure of H„ and J* the closure of The continuity of 
/  on [0, 1] easily gives that if x  and у  are any two points of H*, (J*), with

then 1). From , his point the proof1 n y - x  \ y —x  )
is very similar to that of Theorem 1. We define E  to be the collection of all x  for 
which there exists no interval containing x  on which /  is non-decreasing. We 
denote the complement of E  as U. The set U is open, and the function /  is 
non-decreasing on each component of U. Further, the continuity of /  forces 
it to be non-decreasing on the closure of each component of U. Thus E  contains 
no isolated points and is a perfect set. If E  is shown to be empty we will have that 
/  is non-decreasing.

[ CO oo

IJ H * U U  I„*U C  = £ .
/1 — 1 71 = 1 J

Therefore the Baire category theorem once again yields the existence of an open 
interval (a, b) and an integer N  with either (а ,Ь )Г \Е сН * and EC\(a, b ) ^ 0  
or EC\(a, b)<zJ* and Ef)(a , b ) ^ 0 .  If  such an interval (a, b) exists, then we

may assume that the length of (a, b) is less than . We will show that no such

(a, b) can exist. Suppose E П (a, b) c  and E(~)(a, b ) ^  0 .  Then (a ,b)\H %
is an open subset of U, so that /  is non-decreasing on the closure of any component 
of (a, b ) \H £ . We claim that for any x0 in (a, b) we have

lim infЛ-0
f ( x 0+ h )—f ( x 0)

h S  -2 .

This is clear if x0 belongs to (a ,b )\H $ . Let x0 belong to (а,Ь)Г\Н£. For any
other point у  of HfiП(a, b) we have —/ f a )  ^__2. Therefore we need only

У ~ х  о
consider points у  which belong to (a, b)\H $j. Let y 0 be a fixed point of 
(a, b )\H $ . Let (c0, d0) be the component of (a, b)\Hj$  to which y0 belongs. 
Then /(c 0)^/(j>o)= /K )- If x0^ c 0< y0< i/0, then

/O o) = /O o) = / O o ) - 2 ( c 0 - x 0)  = / O o )  —2(y0—x0).
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If c,< jí0< 4 S x0 then

f i x  о) = / ( ^ ) - 2(x0- i / 0) ä / ( j 0) _ 2(x0- j 0).
This establishes that

lim i n f t a + i > - / W  - - 2
Л-O ft

for all x in (a, Z>). In particular we have в/ ' ( х ) ш —2 for all x in (a, b), and 
by hypothesis also s / '( x ) ^ 0  for almost all x  in (a, b). Therefore, an application 
of Theorem 2 yields that /  is non-decreasing on (a, b), contradicting (a, b)C\E?± 0 . 

Suppose (a, b)C \EaJ^  and E П(a, b)?±0. We claim that (a, b) П J$  is
■Pi \  P i 4

nowhere dense. For any two points x and у  of JNC\(asb), ------ ----- - s  _  l.
x У

If Jj$ П (a, b) contains an interval (c, d) then since s f '  exists except for a countable 
set, we would have s / '( x ) S  —1 for all x in (c, d) except a countable set. This 
would contradict s / '(x )ä O  for almost all x  in [0,1]. Therefore, П (a, b) 
is nowhere dense. Hence, because E  is perfect and EC\(a, b)czJ$, we can find 
a component interval (r, s) o f (a, b ) \J £  with Then we have that

r and s belong to Jfj and 0 c j — . Hence f i s ) — 1)(j —r)< 0 .
However, on [r, s] /  is non-decreasing, so that /(.?)—/(/•) ̂ 0 . This contradiction 
shows that no such (a, b) can exist, which in turn implies that E  must be empty. 
Hence /  is non-decreasing, and i) of Theorem C is satisfied. This completes the 
proof of Theorem 17.

We present one more simple theorem and question before we end this section. 
The theorem deals with an intriguing contrast between the selective derivative 
and the classical derivative. Up to this point all the contrasts have been of one 
type. Namely, the derivative or derivate has possessed properties not held by the 
corresponding selective concept. Now we show a property of selective differentiation 
not held by the derivative.

It is well-known that there exist continuous functions which possess no deriv­
ative at any point of [0, 1]. In fact there are continuous functions which have no 
one-sided derivative, infinite or finite, at any point. That is, T>+/< 7 )+/  and 
T>_/<D- /  for all x, where D+ , etc., denote the classical one-sided Dini derivates. 
See Jeffery [5, p. 172] for an example of such a function. This is not the case with 
selective differentiation. We have the following simple theorem:

Theorem 18. Let f :  [0, 1] — 7? be continuous. Then there is a selection S  and 
a point x0 suchthat f  has a selective derivative at x0.

Proof. Let x be fixed. A derived number of f  at x is a number A, possibly 
infinite, such that there exists a sequence of points x„ converging to x with

lim № • > - / «  =  A.
+  ~  X n — X

For a continuous function the set of right derived numbers of /  at x is a closed 
interval with D +f(x )  and D +f ( x ) as endpoints. The same is true for the left
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derived numbers at x. Now Young’s theorem [12, p. 261] is that the set of points 
x  at which D +f(x )< D _ f(x )  or D ~f(x)-cD +f(x )  is a countable set, which we 
label as Q. Let x0 be any point of (0, l ) \ ß .  Then at x0 the intervals [D+/(x„), 
D +f ( x o)] and [D_f(x„), ~D~f(x0)] have non-empty intersection. Let Я be any 
point in this intersection. There are two sequences of positive numbers, hn, k n, 
converging to x„ such that

lim f(xo  + h „ )-f(x0) =  A =  lim / (x 0- k „ ) - / ( x 0)
n-»+oo h„ Л — + CO kn

We make our selection in the most obvious way. Namely, let [a, b\ be any interval 
with a < 6.

If a ^ x о and b ^ x 0, let P u M -—f T -
If a= x0, let р [я>Ь] beany x+h„ with x0 <  x + /?„< b.
If b= x0, let beany x —kn with a < x —kn< x0.

Relative to this selection, s / ' ( x 0)= /., and we are done.
This theorem can obviously be improved as to the number of points x  at 

which /  has a selective derivative. Our question is :
If /  is a continuous function, for how large a set A does there have to exist 

a selection S  with respect to which /  has a selective derivative at every point 
of A ?

3. One-sided selective derivates

The previous two sections have shown that the bilateral selective derivates 
and the selective derivative can be useful in the study of functions. Unfortunately, 
it does not appear that the one-sided derivates can play a similar role without ad­
ditional restrictions on the functions f  or the selection function.

We denote the one-sided selective derivates as s+ f s+f  s- f  and s~f. The 
one-sided selective derivative is denoted by s+/ '  and s~ f ' .  We have

Z>+/ S s+/ S s+/ S D +/

with the same relation on the left. Therefore for continuous functions we could 
make obvious statements such as: If / :  [0, 1]— R  is continuous and S is a selec­
tion such that s+/ ( x ) s 0  for all x  then f  is non-decreasing. Such statements, 
however, shed no new light on the study of continuous functions. For Baire 1, 
Darboux functions we have an even worse situation. For example, Leonard in [8] 
used Theorem C of Bruckner to obtain:

Theorem D. Let f : [0, 1]—R be Baire 1 and Darboux. Let the right-sided 
derivative o f f  f '+ , exist except for a countable set, and, further, let /+  (x) S  0 fo r  
almost all x  in [0, 1]. Then f  is non-decreasing.

Such a theorem is not possible for the right-sided selective derivative. To see 
this, we note that Croft [2] constructed a Baire 1, Darboux function /  with the 
property that f ( x ) ^ 0  for all x  in [0,1] and f(x )= 0  for almost all x. We take 
g(x)=  —f(x). Then for each [a, b] we select /;[a fc] to be a point from (a, b) at
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which g (Pb, bi)= 0- Then g  will have a right selective derivative everywhere, 
and s+g '(x )sO  for all x  in [0, 1]. In fact, s+g '(x)=0 for almost all x. However, 
clearly g is not non-decreasing.

Finally for Baire class 2 functions having the Darboux property we present 
a simple theorem which exposes a basic pathology for the one-sided selective de­
rivative.

Theorem 19. Let / :  [0, 1] ~-R be a Baire 2, Darboux function which takes on 
every value between — °° and +  °° on every sub-interval o f  [0, 1] (see Kuratowski
[8], p. 82). Let g: [0, 1] —i? be any fixed finite-valued function. Then there is a selec­
tion S for which s+f '(x )= g (x )  for all x  in [0, 1).

Pro o f . Let [a, b] be a  fixed sub-interval of [0 ,1 ] with a<b. Let g(a)=X. 
The function /  takes on all values between — °° and +  °° on the interval [a, b\. 
Consider the two lines 4  and l2 passing through the point (a,f(a)), having slopes 
g(a)—(b—a) and g(a)+(b—a) respectively. There is a point xx in (a, b) with 
/(x j) above both of these lines. Similarly, there is a point x2 in (a, b) with f ( x 2) 
below both of these lines. The Darboux property guarantees that there is a point 
x3 with f ( x 3) between the two lines. Diagram :

We select p iab]= x3. Then

g (a ) - (b -a )  <  < g (a )  +  (6 - a ) .
Р и ,ы -а

Clearly, with this selection S  we have s+ f'(x )= g (x )  for all x in [0, 1). This 
completes the paper.

Added in proof (February 22, 1977). It has come to the author’s attention that 
M. Laczkovich has established that a finite selective derivative must be of Baire 
class 2. His proof and other interesting results can be found in this same issue of 
Acta Math. Hungar.
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ON THE BAIRE CLASS OF SELECTIVE DERIVATIVES
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B y

M. LACZKOVICH (Budapest)

1. The notion of the selective derivative was introduced by R. J. O ’ M a l l e y  

who presented some interesting theorems and problems on selective derivatives 
([1]). In this paper we solve a problem of O’Malley showing that every selective 
derivative is of Baire class 2 and prove that every selective derivative is continuous 
on an everywhere dense subset of [0, 1]. Our method leads us to a more general 
notion of derivation which possesses the most important properties of selective 
derivatives.

By a selection we mean an interval function р[а>м for which a-=piaJ>̂ b  
holds for every We define the selective derivative sf '( x )  of the func­
tion f ( x ) by

s f '( x )  = lim / O f . , - ,  x  + ),] ) - / ( * )

P l x , x  + h ] ~ x

if the limit exists and finite (for /г< 0 [x, x+ h\ denotes the interval [x+h, x]).
Suppose that f(x )  has the selective derivative sf ' ( x )  for every x£[0, 1] 

and define the interval functions l(x ,y) and r (x, y) by

(1) y —Plx,y1

VIIVxVIIо

(2)
Then we have

r(x, y ) j A P < : A - f ( x )
t Plx.yl-X

(0 S r < y S  1),

(3)
and

lim l(y, x) — s f '(x )y-*-x—0 (0 <  x ё  1)

(4)
Since

lim r(x, y) =  s f ' i x )y-*x+0 (0 á i <  1).

min i m - m m - m ) _  / ( c ) —/(a ) Í m - m )  f i c )-  S  max , -, -
{ b —a c — b J c —a ( b —a c

holds for every f ix )  and we have

(5)

min (/(x, y), r(x, y)) S  ^  J — - ^  max (/(x, y), r{x, y)) 1).
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Lemma 1. Let the interval functions l(x ,y ) and r(x, y) be defined on the sub­
intervals o f  [0, 1] and let cp (x, y) be a Baire 1 function defined on the set 
{(x, y)\ О ё х -^ у ^  1} with

(6) min (/(x , jO, r{x, jO) =  cp{x, y) ^  max (/(x , y), r{x, y)) 1).
I f  the limits
(7) lim / (y, x) = lim r(x , y) = g(x)

y-*x—0 y-*-jc +  0

exist for every 0 -= x< l then the function g(x) is o f Baire class 2 on (0, 1).

Proof. First we show that for every a< b  there exist disjoint Ĝ „ sets Hab 
and Kab such that Еа—{хв(0, 1); ? ( i ) < a } c / / a b and E b= {x£(0 , 1); g(x)>b}ci 
C Ka,b■

Let e =  — (b —a) and

An — | jc€(0, 1); |/(y, x ) — g(x)| <  e if 0 < x —y <  — and 
l n

\r(x, y ) - g ( x ) \  < £  if 0 <  у — x -
It follows from (7) that

(8) A1c A2 cz. . . c:A„c ...; Q  A„ =  (0,1).
/1 =  1

We claim that the sets A„DEa and А„Г\ЕЬ cannot be everywhere dense 
in any non-empty set simultaneously (that is X = X f](A nC\Ea), X = X f\{A nC\Eh) 
imply X=  0 ). In fact, suppose indirectly

(9) Х = Х Г \А яГ\Еа, X  = ХГ\А„ПЁЬ and 1 ^ 0 .

Then the set X  cannot have isolated points hence there exist intervals ( q , dfi

and (c2,d 2) with d1 < c2, Xl = ( q , dt) ПХХ 0 , X 2 = (c2, d2)C)XX 0  and .
Let n

P — Xi X X 2 a  {(x, y); 0 ^  x  <  у ^  1},
P  is obviously perfect.

If x£_XiC\AnC\Ea, y£X 2C\AnC\Ea then 0 < y  —x< — and by the definitionn
of An and Ea we have \l{x, y ) -g { y ) \^ v ,  \r(x, y ) -g { x ) \^ e , g ( x ) ^ a  and g(y)< a  

from which /(x, y )< a -1— and r(x, y ) < a -1-------  follows. Thus cp(x, y) <

< a +  ^  ̂0 by (6). This and (9) imply that (p(x, y ) < a  +  —~  holds on a set every­

where dense in P. The same argument shows that the set {(x, y)£P' q>(x, y )>
b ci\ ^

-----— I is everywhere dense in P, as well. This contradicts the fact that the

Baire 1 function (p (x, y) has a point of continuity restricted to the perfect set P. 
This contradiction proves the impossibility of (9).
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Now this implies that there exist F„ and G„ sets U„ and V„ such that 

АпП Ea <zUn, АпП Е ь а Г п, ипПУп = 0 .

(See [2] Chapter I, § 12, III. 1, p. 65). Let

На,ь =  0  [un-  Ü Л  and КаЛ = 0  \vn-  G  u \  •
И = 1 V i = n ) n~l V i = n )

Since Un and V„ are F„ and Gd sets, Ha>b and K„tb are Gia sets. It is 
easy to see that На,ъГ\Ка>ъ = 0 .  In addition Ea(^Ha<b and E bczK0ib. In fact, 
if x € Ea then x£A nC)Ea for a suitable n and thus x£E/„. On the other hand

(8) and Uif lF ;= 0  imply x(£ for i ^ n  that is x€t/„ — |J  Нгс # аЬ. Simi­
larly E bc.Ka>b. i=n

The function g(x) is proved to be Baire 2 if we show that the sets Ec and E c 
are GSa sets for every c. Since

1
Ec 1 с  H ' 1 _i_ and H  __1_ П £ с_п+1 =  0

п п '  и  + 1  п * и  + 1

hold for every п we have

and similarly

E
C

1 1
n,c~n +1

и  К
n =  1

1 .

Hence Ec and Ec are Göa and the lemma is proved.

T h e o r e m  1 . I f  f ix )  has the selective derivative s f '( x )  everywhere on [ 0 ,  1] 
then s f '( x )  is o f Baire class!.

P r o o f . By a theorem of O ’M a l l e y  f{x)  is Baire 1 ([1], Theorem 10. A gene­
ralization of O’Malley’s theorem will be proved in Theorem 6.) Thus the function

<p(x, y) — is Baire 1 on the set {(x, j>); O S x c y ^ l} . Consequently
У x

(3), (4), (5) and Lemma 1 prove Theorem 1.

2. Now we define the new form of differentation mentioned in Section 1.

D e f i n i t i o n . Let f ix )  be an arbitrary function on [ 0 ,  1 ]. Suppose that the 
interval functions /(x, y) and r(x, y) are defined on the subintervals of [0, 1] 
and satisfy (5). The upper derivate of f(x )  with respect to the interval functions 
l(x ,y )  and r(x, y) is defined as max ( Пт l(y ,x ) , Em r(x, y)) and is denoted

xy-+x— 0 y-vx-f0 _ '
by f/(x). (At the endpoints of [0, 1] \ j (x) is defined by 1/(0)= Um^r(0, y) and 
J /( l )=  ITm o /(у, 1).) The definition of the lower derivate f/(x) is similar.
/(x )  is said to be differentiable at the point x  with respect to / (x, y) and r(x, y) 
if — «>< <  oo holds and the derivative is denoted by \ f  (x).
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If /(x )  has the selective derivative for the selection p [atb̂  then f(x )  is differenti­
able with respect to the interval functions defined by (1) and (2) and s f ' ( x ) —if'{x ). 
That is the derivative with respect to l{x,y)  and r (x, y) can be regarded as a 
generalization of the selective derivative. On the other hand we shall see that the 
main properties of the selective derivative can be extended to the / —r-derivative.

In the sequel we shall suppose that f(x ) , l{x, у) and r(x,y) are given and 
satisfy (5).

At first sight it may seem that there is only a loose connection between the 
function f(x )  and its derivative \f'{x).

Example 1. Let H a [0, 1] be countable and let g(x) be an arbitrary function 
defined on H. Then there exist lg(x, y) and rg{x,y) satisfying (5) such that 
i%f'(x)=g(x) holds for every x£H .

Proof. Let # = {x „}“=1 and let

le(x ,y )  = rg( x ,y ) =  f ( y ) ~ / j x) if x ,y$H -,
У  л

lg(y, x„) = g(x„) and rg(y, x„) = J (}’̂
л п У

if у  <  x„, H  or у = xk£ H  and k >  n\

>'g {x„,y) = g(xn) and lg{xn,y )  =
У  Л п

if у  > x„, y$  H  or у  = xk£ H  and к  >  n.
It is easy to see that i ° f , (xn)= g(xn) holds for every n.

Theorem 2. I f  both I fx ,  y), rk (x, y) and l2(x,y), r2(x ,y) satisfy (5) then 
the set {x£[0, 1]; i i /(x )< ;J /(x )}  is countable.

Proof. It is enough to show that the set Hs={x; 'lf(x )< s<  ílf(x)} is count­

able for every rational s. Let A„=^x£Hs\ rfix, y )< s< r2(x, y) if 0< y -x -< -^

and l1{y ,x )< s< l2{y ,x)  if

Then x, y€A„ implies \y —-^l—~  because otherwise

fly)-f(x)
У - х

m ax^Cx, y), rfix , y)) <  m in(/2(x, y), r2(x, y)) ts f(y)-f(x)
У - х

would hold. Thus] A„ is finite and (J A„—Hs is countable.
H = 1

The following theorem (which is a trivial consequence of Theorem 2) shows 
that the derivative with respect to l(x ,y)  and r(x, y) is essentially independent 
of l(x ,y ) and r{x,y).

Theorem 3. I f  /(x ) is differentiable with respect to both (x, y), i\ (x, y) and 
l2 ( x ,  y), r2 (x, y) then \ \ f '{ x ) = \ \ f{ x )  holds on [ 0 ,  1 ]  apart from a countable set.
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Theorem 4. The set o f points at which one o f the inequalities / ( x ) S j / ( x )  and 
jf ( x ) s f ( x )  does not hold is countable, where f  and f  denote the lower and upper 
derivate numbers o f f  respectively.

This easily follows from Theorem 2  again putting /2 (x, у) = r2 ( x ,  y) =  . ^ x) . .
Our further results are based on the following У ~ х

L e m m a  2 .  Suppose that / ( x )  is differentiable with respect to l(x ,y ) and r(x,y). 
Let ? c [ 0 ,  1] be perfect and let the set H = {x£ P ; c < \f '(x )< d )  be o f  the second 
category in P. Then there exists an interval (a, b) such that (а, Ь )Г \Р ^  0  and

ISffl—№ s d  holds for every x < y , x, yd(a, b)C\P.e g

Proof. Let H„={x£P; c < l(y ,x )< d  if 0 < x —y < — and c < r (x ,  y)< d  if

0 < j> —x- 4}-
Since Я с  U Hn and H  is of the second category in P, there exist an interval

n =  l
(a, b) and a natural number N  such that (а, Ь )Г \Р ^ 0  and HN is everywhere 

dense in (a, b)(~)P. We may assume b —a< — . Then for every x < y , x, yd(a, b)C\

C\HN we have c< /(x , y)< d  and c<r(x, y )< d  and thus c-

by (5). In order to show № - A x ) .

A y ) - A x)
У - х

\d for every x<y, x, y(z(a, b )0 P  it is
У - х

enough to prove lim f(x )= f(x 0) for any x0(E(a, Ь)ПР.
* €Hj,

If x„^x0, x„< x0 and xn£HN then c<r(x„, x „ )« f  and /(x„, x0)+ i/ '(* o )

nnd thus /(x„, x0) is bounded. Hence by (5), f { x n) - f l x o).is bounded, too, which
x „ - x 0

implies /(x„) —/(x 0). A similar argument shows that /(x„)—/(x 0) holds if x„—x0, 
x„> x0 and xn£H N. This proves the lemma.

T h e o r e m  5 .  I f  f (x )  is differentiable with respect to l(x,y) and r{x,y) and 
i / , ( x ) > 0  for every x £ [ 0 ,  1] then / ( x )  is non-decreasing on a subinterval o f  [ 0 ,  1 ]. 
I f  in addition / ( x )  is a Darboux function then / ( x )  is non-decreasing on [ 0 ,  1 ].

P roof. Since the set {x; 0 < |f '{ x )< n }  is of the second category in [0, 1] 
for a suitably large n, Lemma 2 proves the first statement. The second statement 
can be shown in the same way as Theorem 1 in [1].

T h e o r e m  6 .  Suppose that / ( x )  is differentiable on [ 0 ,  1] with respect to / ( x ,  y) 
and r(x,y). Then / ( x )  is Baire 1 and there exists an everywhere dense open set 
U such that / ( x )  is continuous and almost everywhere differentiable on U.

P roof. Let Я с[0 , 1] be an arbitrary perfect set and let Hn= {x£P;
oo

— n < f / / (x)<n}. Since U Hn=P, hence H„ is of the second category in P
n = 1

for a suitable n. Thus by Lemma 2 there exists an interval (a, b) such that {a, b) П
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H 7 V 0  and \ f(x )  —f ( y ) \ ^ n \ x —y\ holds for every x, y£(a, Ь)ПР. Hence f(x)\P 
has some points of continuity for every non-empty perfect P which assures f{x) 
to be Baire 1. In addition every [a, Z>]c[0, 1] has an open subinterval on which 
f ix )  is Lipschitz 1. This trivially implies the existence of the open set U with 
the required properties.

T heorem  7. I f  /(x )  is differentiable on [0,1] with respect to l(x ,y ) and r{x,y) 
then the set o f points o f  continuity o f  the derivate numbers f  and f  is everywhere 
dense in [0, 1].

Proof. It is enough to prove that there exists a point x„ at which /  and f 
are continuous.

Let 70 be an interval on which /(x )  is Lipschitz 1 and let

sup
x, у e r0x?£y

f ( y ) - f ( x )
y - x =  sup /(x )  =  M 0,

x(.r0

inf f v > - m
x , y £ I 0 y — X  x^y

inf f i x )  =  m0, d0 = MQ — m0.
X i l 0

It follows from Theorem 4 that 70\ { x ;  m0^ r, f ' ( x ) ^ M 0} is countable. Hence 
either

m0- l  <  i f ' i x )  <  M 0- [ / '(* )  < M 0+1
1

is of the second category in 70. Thus by Lemma 2 there is a closed interval 7xc in t  70 
such that either

or

sup
x . y t hХ9̂У

f i y ) - f ( x )
y - x sup f ix )  ^  M 0- ^ -

x€/i J

infx.yeiix^y

f j y ) ~ f j x )
y - x

holds. In both cases we have
2

sup f i x ) -  inf f ix )  = d1 S — d0.
x ilx Xilx 3

Repeating this argument we get a sequence of intervals 
7„cln t7„_1 and

sup f i x ) -  inf f ix )  ^
*€/„ X Z I „

In such that

hold. Then x0€ f] h  is a point of continuity of both /  and f.
n = l

T heorem 8. I f  f ix )  has the selective derivative s f ' i x )  for a given selection 
P [ a ,b i  then the set o f  points o f continuity o f  s f ' i x )  is everywhere dense in [0, 1].
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Proof. By the preceding theorem it is enough to show that s f '{ x )  is continuous 
at the points of continuity of /  and / .  For such a point x 0 f{x)  is differentiable 
at x0 and thus the inequality / ( x ) s s / '( x ) s / ( x )  proves the theorem.

It should be noted that Theorem 8 fails to hold for / —/--derivatives. For example 
consider Example 1 putting f(x )  = 0, H =  {x£[0, 1]; x  is rational} and g (x )= l .  
Then f(x )  is differentiable with respect to l(x, y) and r(x, y) and i f ' ( x ) =  1 
or 0 according to x  is rational or not.

T h e o r e m  9 .  I f  f(x )  is differentiable on [0 , 1] with respect to l(x, y) and 
r{x,y) then there exists a function g(x) such that {x; \ f ' { x ) 9i g(x)) is countable 
and the set o f  points o f continuity o f g(x) is everywhere dense in [0, 1].

Pro o f. It easily follows from Theorems 4 and 7 that g(x)=m ax ( f(x), 
min ( f(x ) ,i f '( x ) ) )  is a suitable function.

Our last theorem shows the close relation between the / —/--derivative and 
the usual derivative of the function f(x).

Theorem  10. I f  f(x )  is differentiable on [0,1] with respect to l (x, y) and 
r(x,y) then there is a set H a [0, 1] such that f(x )  is differentiable at the points 
o f H, i f '( x )= f '( x )  holds for every x f H  and [0, l ] \ / 7  is o f the first category.

P roof. Let Hx be the set of points of continuity of f(x ). Then Hx is a Gs 
set and by Theorem 7 it is everywhere dense in [0, 1]. Thus [0, 1 ] \Я Х is of the 
first category. Let U be an everywhere dense, open set on which f(x )  is continuous. 
Then by Dini’s theorem f(x )  is differentiable at the points of HXC]U (see [3], 
Chapter VI. §7, p. 204). Let Af={x€[0, 1 ] ; / '( * )  exists and differs from 1f'(x)}, 
then К  is countable by Theorem 4. Thus for the set H = (H x П U )\K , [0, l ] \ 7 /=  
=  ([0, ljXf/^UftO, l ] \ t / ) U  A- is of the first category and 1 f'(x )= f'(x )  holds 
for every x£H . This proves the theorem.

Finally we remark that if f(x )  is differentiable on [0,1] with respect to / (x, y) 
and r(x, y) then the function \f'(x )  is Baire 2. In fact, this trivially follows from 
Lemma 1 and Theorem 6. This raises the following question: does the function 
i f '( x )  belong to the family of the honorary functions of the second class? (A func­
tion g(x) is an honorary function of the second class if there is a function h(x) 
in the first Baire class such that g{x)=h{x) except on a countable set.) Is this true 
for the selective derivatives? We note that O’Malley has constructed a selective 
derivative which is not Baire 1 but his function is an honorary function of the second 
class.
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A FINITE 2-DIMENSIONAL CW COMPLEX WHICH 
CANNOT BE TRIANGULATED

By
M. BOGNÁR (Budapest)

Introduction

The book of Lundell and Weingram presents a finite 3-dimensional CW com­
plex which cannot be triangulated ([1] p. 81). In this example it is possible to choose 
the family of cells such that it consists of three cells: a 3-cell, a 2-cell and a 0-cell.

The purpose of this paper is to construct a 2-dimensional CW complex, which 
cannot be triangulated and contains also exactly three cells, a 2-dimensional, a
1-dimensional and a O-dimensional one. This is, in a certain sense, the simplest 
non-triangulable CW complex. In particular — as we shall show — if the set of 
the dimensions of the cells contains at most two numbers, then the finite CW com­
plex can always be triangulated.

1. Let IJr. [0, 27i]->-[0, 2n\ denote the function which is linear on the intervals
[ In  2n\------, — , n£N (N is the set of all positive integers) and satisfies the conditions:
n + 1 n 1

ф(0) — 0, \Jt(2n) = 2n, ф

(See Figure 1.)
(#)

2 n
2r+ l

2n
2r —1 (r€N),

=  0 (r€N),
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2. ip is continuous. Furthermore ijj 1 [) consists ° f
components: ]x ,, x 'f [ , . . . , ]  x ? +\
for every y£[l, 2г +  1]П1Ч.

r
<2r+V

2r+l 
where

2 r
•AGxJr, xJ/\)=

2r+ 1 
2 n1 2tt 2n \ 

\2 r+ \ ’ 2r — 1 L

3. Let L  be the unit disc and J  the unit circle in the complex number space. 
Let J ' be / + 3 .  L  and J '  are disjoint sets. J ' is obviously a CW complex 
with respect to a family of cells consisting of one 1-dimensional and one 0-dimensional 
cell.

4. Let со denote the function со: [0 ,2n]-*J: x ^ e ix, and let be
defined by / (со (л;))=со(ф (x)) +  3.

5. X = J 'U fL  ([1] p. 37) is a CW complex consisting o f  one 2-dimensional, 
one 1-dimensional and one 0-dimensional cell. (See [1] Proposition 2.2. p. 46.) (J 'U fL  
is the quotient space of J 'U L  under the equivalence relation which identifies 
z£ J  with f (z )£ J '.)

We shall prove that X  cannot be triangulated. At first we are doing some pre­
liminary steps.

6. Pr o po sit io n . Let A be a simple arc in the plane R 2 3 4 5 6 and G an open set 
o f  R2 intersecting A. Then there exists an open subset G' o f G for which 
G 'D A A 0  and G '\A  consists o f  two components.

Proof. Let s and t be the end points of A and let Gx be an open circular 
disc lying in /} and intersecting A. Let qx, q2, q3 be three distinct points
of Gx satisfying the conditions:

О <h£G i\A; q2, q3(z A C\GX; qx,q 2,q 3 are non-collinear,

2) M l  C\A = {qi} for i= 2, 3 where qxqt is the linear segment with the end 
points qx and <7;.

3) The subarc В of A with the end points q2 and q3 is contained in Gx.
There exist obviously such three points.
The Jordan curve J* = B 0 q xq2(Jqxq3 and hence the bounded component 

Hx of R2\ / *  is contained in Gx.
Futhermore let G2 be an open circular disc lying in G, intersecting В  and 

not intersecting (A \B )\J q xq2Uqxqa. Let qx, q5, qn be three distinct points of 
G2 satisfying the conditions:

4) q ^ G 2\ ( A  UtfO; q5,q ee A n G 2;qx,q 5,q e are non-collinear.
5) qxqt C\A = {q^ for i=5, 6.
6) The subarc C of A with the end points q5, q6 is contained in G2.
There exist obviously such three points.
The Jordan curve J** = C U qi q5Uq5qe and hence the bounded component 

H 2 of R2\ / * *  is contained in 6’2.
Denoting C  by vx, q ^ q lU q ^  by v2 and qfq2Uqfq3U ( B \C )U {q5, q3) 

by v3, vx\Jv2Uv3 is a 0  curve in R2 and the three components of 
R2\ ( r 1 U v2 U v3) are HX,H 2 and the non-bounded component of R2\ ( r 2Ur3). (See 
Figure 2.) Let G' be the bounded component of R2\ ( r 2U r3). Then G' = HXU 
U H 2U C \{q 5, qe) and therefore G 'cG , G 'D A 0 0 .  Finally Hx and H2 are 
the two components of G '\A  and this proves the proposition.
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7. Let p: J'\JL-*-X=J'[J fL  be the quotient map. p  is injective on the subsets 
J '  and L \ J ,  p\r : J'-+p(J') and p\L\ j :  L \J -+ p { L \J ) are homeomorphisms, more­
over p ( L \ J ) is an open and p(J') a closed subset of X.

Now and thus p(J)= p(J') and since L \ J  is dense in L, p { L \J )
is dense in X.

8. Let
U /= {t-co(x); te \0 ,1[, xe]x{, x 'J[}; r£N, j£ [ l, 2 r+ 1]DN 

(see Section 2). The open sectors U } , C/r2r+1 of L \ J  are disjoint. Let

2 k  2 n

Since

/

Vr =  p (L ^ U ... UC/r2r+1)Up

2  n  2 k

И
CO

2r+ 1 ’ 2r —1 

2 k+  3 =  со i/c 1

+  3j; r£N. 

2 k

2r+ 1 ’ 2r - l2 r + 1 ’ 2 r - l

=  coQxr, x '1[U ...U ]x2r+1, xi2r+1Q

(see Sections 4 and 2) it holds

))
+  3 и

^ - ‘W l i T T T ' Ä +  3 =  со 2 к 2 к
2r+ 1 ’ 2r —1

U со (]xí, U ... U со (]а2г+\  х 'г2г+1[),

2п 2 к

+  3

and therefore

p - l {Vr) =  b ? U ...U ü * +1U/>-1|/»|co 2r+ 1 ’ 2r —1 +  3

U

))
is open in L U /', hence VT is open in X. 

Furthermore

У ,\р ( Г )  = К \р \о о
2 к 2к

2r+ \ ’ 2r — l +  3
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consists of 2 r+ l  disjoint open sets, i.e.:p(U}), , p(U2r+1) and because

p((oQxJr, x'rJ'[)) = p(f(co(]xJr , х 'Щ  =

2n
■ p(w (\p(]xj,x 'j [)) + 3) = p^co

2 r - l
+  3

(see Sections 4 and 2) we find that the boundary of each p(Ujr) contains the set

Consequently fo r  every open set G o f X  intersecting p(J ') and contained 
in Vr

G \p (J ')  =  {G C \p(U }))f... U {GC\p{U?")),

where {GC\p(U}), . . . ,  GC\p(U2r+v)} is a disjoint family of nonempty open sets, 
and so the number o f  the components o f  G \p {J ')  is at least 2 r+ l.

9. In contrast to  our assertion let us assume that X  can be triangulated, and 
let К  be a simplicial complex such that the polyhedron \K\ of К  should be homeo- 
morphic to X. X  is compact, hence К  must be finite. So it may be supposed 
tha t К  is a finite geometric simplicial complex in some Euclidean space R". Let 
cp: \K \^ X  be a homeomorphism.

We first show that К  is 2-dimensional.
In fact, considering an (open) simplex а* in К  of largest dimension, <x! is 

open in |Ä j ,  hence cp(tr‘) is open in X. p ( L \J )  is, however, dense and open 
in X  (see Section 7) and this implies that cp(o’) D p ( f \ J )  is nonempty and open. 
p ( L \ J )  is homeomorphic to L \ J  and thus every nonempty open subset of p ( L \J )  
is 2-dimensional. Consequently (р_1(р(Е\/)П ^р(сг<)) is a nonempty open 2-dimen- 
sional subset of o’ and we have t= 2 as required.

10. We show in this section the impossibility of (p(o2)Clp(J0 ^ 0  for each 
o2£K.

In fact, let us suppose in contrast to the statement that cp (о2) Пp  ( / ')  ̂  0  
for some o2fK . Since cp (o2) is open in X  and

2л; lit П
2 r + l  ’ 2r — 1 LJ

+  3; /•€N

is dense in J ' there exists an r£N and a point q£o2 suchthat

<p (q)£p\a>
2n 2n 1

2r+ 1 ’ 2r- 1 [J cF ,

Let s be a simple arc in Vri]p(J')C\(p(o2) containing cp(q) as its cut point. 
Denoting the set o f cut points of s by int í  we get cp(q)tmi s. p ( J ') \m ts  is 
closed, and therefore J f \ ( p ( / ' ) \ i nt .v) =  p (L \J )  U int .v is open in X. Let us observe 
that G \s = G \p (J ')  holds for each open subset G of /> (L \J)U in t v.

cp (cr2) is homeomorphic to R2, G=VrD cp (о2) П(р ( L \J )  U int s) is an open 
subset of ф (cr2) intersecting s, and hence according to Section 6 there exists an
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open subset G' of G such that G 'C ls ^ ß  and G '\ s = G '\p ( J ')  consists of two com­
ponents. However G' intersects p(J'), it is contained in Vr, and so according 
to Section 8 the number of the components of G '\ s = G '\p ( J ') is at least three. 
The contradiction proves the statement, thus we have >̂(<т2)П р(7 ,) =  0  f°r each 
o2<zK, consequently p(J')cz<p(\Kl \), where K 1 is the 1-skeleton of K.

11. Choose an /TN and take a simple arc s in (p(J')C) kr)\<p(|A'°|), where 
K° is the О-skeleton of K. The finiteness of K° assures the existence of such an 
arc. According to Section 10 (p^1(s) is a connected subset of |АГ1|\|АГ°|, therefore 
it is contained in some (open) 1-simplex er1 of K. <p~1(s) is a subsegment of the 
open segment a1 and tp~1(s) is contained in rp~1(Vr). Let q be a cut point 
of (p~1(.s). Considering the (open) 2-simplexes o\, of the star of er1 in К

is open in |A| (if m = 0 then H--(p~l (int s); in tj  is the set of cut points of s), 
and therefore there exists a spherical neighbourhood S = S E(q) of q in R" such 
that

er2-f lS  is a nonempty convex set for y € [l,m ]n N  and hence it is connected.lt 
is also open in |Ä"|. This implies that (Sfl \K \)\(p~1(s) has exactly m components, 
namely: a\ П S, ..., П S.

Let us denote </>(5Т1 |AT|) by G. G \ s  also has exactly m components. The 
open set G of X  is contained in Vr, it intersects p(J')  and since by (2) and
(1) Gc<p(#) =  <p(o?U...Uo-2)U in ti  and according to Section 10 ^ (u 2U... 
...U ffm)C\p(J')= 0  we have G \s = G \p (J ') .  From this it follows by Section 8 
that the number of the components of G \ s  is at least 2 r+ l. Hence m ^ 2 r + 1.

That means, the number of the 2-simplexes of К  is a t least 2r+ 1 and this 
assertion is true for every rGN. But this is impossible, since К  is finite. The con­
tradiction proves our statement about the non-existence of a polyhedron homeo- 
morphic to X. The proof of the non-triangulability of X  is complete.

12. Our aim in this section is to prove the assertion at the end of the introduc­
tion.

Let X  be a finite CW complex with cells У  such that the set M  of the 
dimensions of the cells of Sf contains at most two numbers. Hence either M={0} 
or M =  {0, t)  where / > 0.

In the first case X  can be evidently triangulated, and we shall prove this fact 
also in the second case.

Let a‘ be a closed t-cell of i f . Then

where the ct? - s are the proper faces of a1. Since we have /^ 0 . Choose
the open neighbourhoods Uif of of. such that Uit, ..., Uii should be mutually

г I
disjoint sets. Denoting o ' \ U  Lf. =  ( o ' \ c t ' ) \  IJ Ц, by H, H  is closed in X  and 
thus it is compact. •'=1 J=1

Let q>\Et -*at be a characteristic map for the cell o', where E‘ is a i-disc.

( 1) H  — CT2U...UOmU<p Hinti)

(2) (ST) |Aj) с  (НГ\(р~1{Уг)).

( 1)
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Then q>~x(H ) is compact, it is contained in Е ‘\ Ё ‘ and therefore there exists a 
í-disc E'* concentric with E ‘, containing q>~1(H) and contained in E ‘\ f i ‘.

Let us denote cr'\(<x' U <p (£"'}) by G. d‘ lies on the boundary of G and so
{t/jjDG1, ... , Uh П G) is a covering 

nonempty open sets.

a) In the case t > l ,  G is homeomorphic to the connected set Е‘\ ( Ё ‘UE 'r), 
hence /=  1 and o' is homeomorphic to the 7-sphere S'.

b) In the case t= \ ,G  is homeomorphic to E 1\ ( É 1ÖE 'r) and thus it consists 
o f two components. Hence either l = 1 and then a1 is homeomorphic to S 1 or 
1=2 and then ax is homeomorphic to E 1,

The polyhedron homeomorphic to X  can be constructed now as follows:
a) In the case i » l :
Let erj, ...,cr® be those О-cells which are contained in some closed 7-cell 

of i f  and <r® +1, ..., <j° the other О-cells of i f . Let a\tit be the closed
r-cells of i f  containing of, Let us take mutually disjoint (7+1)-
dimensional parallel strips L 1, . . . , L V in the (t+  l)-dimensional Euclidean space 
R‘+1. Choose the hyperplane R' in R'+1 such that R' intersects each of the 
strips.

Let pi be a point in i= \,  Let sfa, s -q. be mutually disjoint
closed i-simplexes in Z-jflR' for i= l , . . . ,m .  Take the cones s j j1 with base 
s l j  and vertex ( j = l , q t; i= l,  , m). The proper faces of the simplexes 
s j i1 and the singletons {p;} are forming a simplicial complex К  and the polyhedron 
|Áj is evidently homeomorphic to X.

b) In the case t=  1:
Let с®, ..., <rU, be the О-cells and a{, ..., erj the 1-cells of if. Choose 

the points Pi, •••,Pzn+m in R3 such that they should be in general position. Let 
us take the segments Pzj-iPzj for j = l , . . . , n .  If a) has the single О-face öjj, 
then take the segments Pzj-iPzn+kj and p2Jp-in+ky If a) bas two proper faces

and ff®2 with k) <  k) then take the segments Pij-iPzn + k̂  and р-^Ргп+к2. 
These segments and the singletons {/?;}, i = l ,  ...,2 n + m  constitute a simplicial 
complex К  and the polyhedron |ÄT| is obviously homeomorphic to X.

So we have proved the following statement: i f  the set o f  the dimensions o f the 
cells contains at most two numbers then the finite CW  complex can always be tri­
angulated.

by (1) Uh C }G ^0 ,  7= 1, • 
of G, where U-4 П G-s are 

Consequently:

Furthermore 
mutually disjoint
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STANDARD IDEALS IN WILCOX LATTICES
By

S. MAEDA (Matsuyama)

1. Introduction. It is well known that any affine matroid lattice is an atomistic 
Wilcox lattice. In his paper [5], M. St e r n  proved that a non-modular affine matroid 
lattice satisfying Euclid’s strong parallel axiom is simple, and in [6] he proved that 
the ideal F(L) formed by all elements of an atomistic Wilcox lattice L  is standard 
if and only if every imaginary element is finite in the modular extension of L.

Now we remark that any atomistic Wilcox lattice is section complemented. 
The main purpose of this paper is to investigate standard ideals in section com­
plemented Wilcox lattices in order to obtain some results which imply the above 
Stern’s theorems as special cases.

2. Standard ideals in section complemented lattices. Let L  be a lattice with 0,
and let a ,b£L . We say that a is subperspective to b when а^ЬУ  x  and a h x = 0 
for some xdL , and say that a is subprojective to b when there exist a0, alt . . . ,a n£L  
such that a0=a, a„=b and ai^1 is subperspective to at (i= l, , ri) ([4], (6.1)
and (6.6)).

An ideal J  of L is called a p-ideal when any element subperspective to an 
element of J  belongs to J  ([4], (35.3)). An ideal J  is called standard when, in 
the lattice of all ideals of L, it holds that I1\/(JA I2) = (I1\/J ) f\(I1\ / l2) for all 
/ l5 /2, or equivalently, it holds that I\J J =  {x\Jy, x £ l, y £ J )  for all I  ([1], Theorem 
2). Any standard ideal is a homomorphism kernel (=  the kernel of a congruence 
relation) by [1], Lemma 3, and any homomorphism kernel is evidently a p-ideal.

A lattice L with 0 is called section complemented when the interval L[0, a] = 
=={x6L; is complemented for every д> 0  ([1], p. 27).

We shall generalize [3], Theorem 5.3 as follows:

T heorem  1. Let L  be a section complemented lattice. For any subset M  o f  
L, the set

4 M )  = {axV...Уan; each at is subprojective to an element o f  M } 

is a standard ideal. (This is the smallest standard ideal including M.)

P r o o f . Let J  be an arbitrary ideal of L. We shall prove that

(*) if Ь ^ х У у  with x f l ( M )  and y £ J  then b = x 1d y 1 for some xxEl(M ) and 
yi£J-

We put х = а 1'У...Уап where a; is subprojective to m f M  (/=1, ..., n), and put 

b o - y F b , bi = (a jy ...\/a i\Jy)Ab ( /= ! , . . . ,« ) .
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Since L is section complemented, there exist (/=  1, ..., n) such that ci\Jbi_1—bi 
and ciAhi_1= 0. Then, ct is subperspective to a;, since c ^ b ^ a f i j  ...ЧаА/у 
and c.-A^V...VOi-iVy ) ^ c iAbi- 1—0. Hence, cf is subprojective to mt, whence 
CjV... Vc„€l(M). It is evident that b = c f j  ...4  cn4 b0 and A067. Thus the statement 
(*) has been proved.

It is evident that x x, x2£l(M ) implies XjVv2(iI(Af). Putting /={0} in 
(*), it follows that b ^ x £ l (M )  implies b fl(M ).  Hence, I (M) is an ideal. More­
over, I (M) is standard, since (*) implies {хЧу, jc£I(M), ydJ).

C orollary  1. Let J  be an ideal o f a section complemented lattice. The following 
four statements are equivalent.

(a) J  is standard.
(ß) J  is a homomorphism kernel.
(7) J  is a p-ideal.
(Ö) /= 1 (7 ).
Proof. The implications (c/l)=>-(ß)=>(y)=>(<)) are evident. The implication 

(<))=>■ (a) follows from the theorem.

R emark 1. The equivalence of (a) and (ß) is included in [1], Theorem 11. 
The equivalence of (a) and (7) is the same as [2], Theorem 4.2 (I), because if a 
lattice L with 0 is section complemented then it is easy to verify that an ideal 
of L  is 0-projective in the sense of [2] if and only if it is a p-ideal in our sense. 
(In [2], the term “p-ideal” is used in a different way.)

A lattice with 0 is called atomistic when every element is the join of a family 
of atoms (=  points), and an element is called finite when it is zero or the join 
of a finite number of atoms ([4], (7.1) and (8.1)). If an atomistic lattice L  has the 
covering properly (i.e. L  is an АС-lattice), then the set F(L) of all finite elements 
of L  forms an ideal ([4], (7.4) and (8.8)). Any upper continuous АС-lattice, which 
is called a matroid lattice, is relatively complemented ([4], (7.16) and (8.7)), whence 
it is section complemented.

C orollary 2 . Let L be an irreducible matroid lattice. The set \(F(L)) is 
the smallest non-zero standard ideal in L, and hence L  is simple i f  and only i f  
\(F(L)) contains 1.

P roof. If 7  is a non-zero standard ideal, then J  contains an atom of L. It 
follows from [4], (13.6) that every two atoms of L  are perspective. Hence, J  contains 
all atoms and all finite elements, whence I (F (L))cJ. 3

3. Standard ideals in Wilcox lattices. A Wilcox lattice L is defined as follows 
([4], (3.11) and (3.12)). Let Л be a complemented modular lattice where the join 
and the meet are denoted by U and П respectively, and let 5 be an ideal of Л 
with 0 deleted. In the set L = A  — S, we define the same order as Л. Then, in 
L, the join a\Jb and the meet a Ab exist for every a ,b£L . In fact,

a\lb = aUb, a Ab =
аГ\Ь if aClbdL  
0 if а П b € S.
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The lattice A is called the modular extension of L and each element of S  is called 
an imaginary element. If S  has the greatest element i, then i is called an imaginary 
unit.

We remark that any p-ideal of A  is standard since Л is relatively com­
plemented. Hereafter, we assume that S  is not empty.

L e m m a  1. Let L  = A — S be a Wilcox lattice. I f  Г  is a standard ideal o f Л 
and S a T , then Г —S is a homomorphism kernel o f L.

P r o o f . We consider, in Л, the congruence relation with the kernel Г  (see [1], 
Theorem 2 (y")), and we restrict it to L. That is, for x ,y £ L  we define x = y  
when there exists у6Г  such that (xC ]y)fy= xU y  (=x\Jy). To prove that x = y  
is a congruence relation in L  we need to verify the following four statements ([1], 
Lemma II): (a) x  = x, (b) x = y  is equivalent to x'dy = x t.y , (c) x ^ y ^ z ,  x= y , 
y  = z  imply x = z , (d) Аёу, x = y  imply aVz= yV z  and x k z = y A z  for all 
z£L. The statement (a) is trivial. If xA y ^O , then (b) is evident since xAy= xC \y. 
If а Лу = 0 ,  then A ny£S U {0}cr. Hence, х = у о х { 1 у £ Г о х \ /  y = 0 = x /\y .  
Next, (c) and the first part of (d) are evident. If х ё у  and x = y, then for any 
z£L there exists у£Г suchthat (уП z )U у= v Пz, since Г  is standard. If yA z^O , 
then xAz7±0. Hence, xA z= xC \z = yC \z= yAz. If yAz =  0, then yflzC {0}сГ. 
Since aA z = а П z = (у П z) U у С T, we have xA z£T , whence x A z  = 0=yAz. 
Therefore, A = y  is a congruence relation in L, and evidently a  =  0 if and only 
if а  e r - s .

R e m a r k  2. In this lemma, if L  is section complemented, then Г  — S  is a 
standard ideal of L  (Corollary 1 of Theorem 1). But, otherwise, Г  — S  is not 
necessarily standard. Fig. 1 shows a Wilcox lattice where A is a Boolean lattice 
(with 8 elements) and >S={/}. The ideal Г={а, b, i, 0} of A is standard, but 
the ideal r —S= {a,b , 0} of L is not standard, since the set {xVy; хСГ — S, y£ 
£L[0, c]} is not an ideal.

1

Fig. 1

A Wilcox lattice L = A — S is left complemented if and only if S' satisfies 
the following condition (see [4], (3.13)):

(**) If b ^ a  in A and if a$S  then there exists c $ S  suchthat a= bU c  and
Z»(Tc=0.
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Lemma 2. Let L be a Wilcox lattice. The following three statements are equiva­
lent.

(a) L is left complemented.
(ß) L  is relatively complemented.
(y) L is section complemented.

P roof. The implication (<*)=>(/?) follows from [4], (3.9) and (2.10), and 
(ß)=>(y) is trivial. We shall prove that (y)=>(**). Let b ^ a  in Л with a \ S. If  
b é S, then a complement c of b in the interval Л [0, a] of Л does not belong 
to S  and hence it has the desired property. If b £ L, then, by (y), there exists 
d£L  such that b\Jd=a  and bЛd=0. If b f)d ~ 0, then c= d  is the desired. If 
bHdAO, then bO ddS. Let c be a complement of b f]d  in Л [0, d]. Then c$ S, 
and moreover

bUc = bU (b f]d)U c = b U d  = a and ЬГ\с — bCldOc — 0.

Thus (**) has been proven.
In the next lemma and theorem, we assume that a Wilcox lattice L  satisfies 

the following condition:

(f) There exist a ,b £ L  such that 0 < a < h < l .

By this assumption we exclude only the trivial case that the length of L is 2.

L emma 3. Let L = A  — S  be a section complemented Wilcox lattice satisfying 
(f). For a non-empty subset M  o f L — {0}, we put

Ms = {x U u ;  0 xdM , ueS}.
Then, I(M S)=I(M ).

P roof. We have M c I(M s), since x S x U u £ M s for every O^ x f M.  We 
shall prove M s czI(M). Let a = xU u  with CMx£ M  and w£S. If 1, then 
by the condition (**) there exists CMc£L suchthat aU c=  1 and а П с = 0. We 
nut v=cUu. Since A is modular, we have

аГ\у = (uUc)C) a =  ми(сП а) =  u£S,

whence aA y—0. Since a= xU uS xV y , a is subperspective to x£M , and hence 
a fl(M ). If ö= 1, then we may assume хП и—0, for и can be replaced by a 
complement of хПи in Л[0, и]. If л: is not an atom of L, then there is лу £ L  
with 0<Xj-=x, and by (**) there is ()Их2£Т such that x1Ux2= x , х1Пх2=0. 
Put а ;= л ги и  (г=1, 2). We have a ^  1, since иу Г) x2= (хгU и) П x П x2=  
=  {х1и(иПх)}Пх2= х 1П х2= 0, and hence a f l ( M )  as above. Similarly a .f\(M ), 
and hence a = a f j  a.^AiM ). If x is an atom, then и is not an atom by (f). Hence, 
there exist ux,u 2^ S  suchthat u—uxUu2, щГ\и2=0. Putting a;= x U и;, we have 
ű j^ l ,  andhence a = a fj  a.^AlM). This completes the proof.

Let £ = Л  — S  be a Wilcox lattice, and let /  be a non-zero ideal of L. We 
say that J  dominates S  when for every u£S  there exists х£У suchthat и<х. 
It is easy to verify that the following three statements are equivalent: (a) J  dominates 
S, (fi>) the union J U S  is an ideal of Л, (y) J  includes the set Js = {xU и : 0И х£/, 
udS}.
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T heorem 2. Let L  = A — S be a section complemented Wilcox lattice satisfying 
(f). A non-zero ideal J  of L  is standard i f  and only if  J  dominates S  and the 
ideal J U S  o f Л is standard.

P roof. The “if” part follows from Lemma 1. Next, let /  be a non-zero standard 
ideal of L, and let O ^x^J. I t follows from Lemma 3 that u < x U u £ l(J )= J  
for every udS. Hence, J  dominates S, and J U S  is an ideal of A. It suffices 
to prove that /U S ' is a p-ideal. If OAaf L is subperspective to A£/U S  in 
A, then there exists p£A  such that a^AUju and a Hi p=0. If pZS, then Я 6/ ,  
since otherwise a^A U pZ S , a contradiction. Since xU y(zl(J )= J  and since 
as lV (x U /i), we have a£J. If p £ L  and A£J, then a is subperspective to A 
in L  and hence a £ /. If p£L  and /.£S, then a is subperspective to xUAP_J 
in L  and hence a£J. Therefore, J U S  is a p-ideal of A.

1

о
Fig. 2

Fig. 2 shows that if we omit the assumption (f), then L  may have a non-zero 
standard ideal which does not dominate S.

C orollary. The lattice L =  A —S given in Theorem 2 is simple if  and only 
i f  there is no standard ideal Г o f  Л suchthat SU {0}§!/V/l.

4. Atomistic Wilcox lattices. If a Wilcox lattice L = A — S  is atomistic, then 
it is an АС-lattice by [4], (20.1), and hence F(L) is an ideal of L. If a covers 
b in L  then a covers b in A  also, and hence an element p  of L is an atom 
if and only if p is an atom of A  ([4], (20.2)). Moreover, it follows from [4], (20.3) 
that A is atomistic.

Lemma A. I f  a Wilcox lattice L = A —S is atomistic then it is section com­
plemented.

P roof. Let 0 in L. Then, there exists a non-zero element A of A 
such that aUA=b and аП /.= 0 . If A£Z,, then evidently A is a complement 
of a in L[0, b\. If A£S, then, taking an atom t of A with t ^ A ,  a complement 
Ax of t in A [0, A] is covered by A. Then, aUAx belongs to L  and it is covered 
by aUA=b, since Л[0, A] is isomorphic to A[a,b] by the mapping: /i— aUp. 
Since L is atomistic, there exists an atom p of L  such that p f a UAx and pV 
V(aUA1)=h. If we put c=pU A1, then c£L  and cUa=b. Moreover, since A 
is modular, we have

cAa ^  сГ\а =  (A1Up)n(aUA1) r i a  =  [{AiUlpfKaUAj^ina =  АхГ\а S  АПа =  0. 

Hence, c is a complement of a in L[0, b\.
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T heorem  3. Let L = A  — S  be an atomistic Wilcox lattice o f infinite length. 
The following statements are equivalent.

(a) F(L) is standard.
(ß) F(L) dominates S.
(У) SczF(A).

Proof. We remark that F(L) = F(A)C\L (see [4], (20.4)). The equivalence 
of (ß) and (y) is evident, and (y) implies that F(L)(j S =  F(A). Since A is 
modular, F(A) is a p-ideal by [4], (11.9), and hence it is standard. Hence, the 
equivalence of (a) and (ß) follows from Theorem 2 and Lemma 4.

The equivalence of (a) and (y) and Theorem 4 (iii) below were proved by 
S tern  [6] using a different method.

A matroid lattice of length ^ 4  is called an affine matroid lattice when it is 
weakly modular and satisfies Euclid’s weak parallel axiom ([4], (18.3)). It follows 
from [4], (19.14) and (20.15) that a non-modular affine matroid lattice L  is an 
atomistic Wilcox lattice with imaginary unit i and that L  satisfies Euclid’s strong 
parallel axiom if and only if i is a dual-atom (=  hyperplane) of the modular 
extension of L.

T heorem  4. Let L be a non-modular affine matroid lattice.
(i) L is simple i f  and only i f  there exist ax, ..., a , fL  such that űqV... Va„ — 1 

and each ak is subprojective to an element xk\Ji with 0y±xk£F(L).
(ii) I f  i is dual-finite in the modular extension A (especially, if L satisfies 

Euclid’s strong parallel axiom), then L is simple.
(iii) The ideal F(L) is standard i f  and only i f  i is finit ein A.

Proof, (i) is a consequence of Corollary 2 of Theorem 1 and Lemma 3, and 
(ii) follows from (i). (iii) follows from Theorem 3.
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UNIFORM RATIONAL APPROXIMATION OF THE CLASS 
Vr AND ITS APPLICATIONS

By
V. A. POPOV (Sofia)

We denote by Vr the class of functions / ,  defined in the interval [a, b\, which 
have an absolutely continuous (r—l)-th derivative /V -1) in the interval [a,b], 
which is an integral of a function /<r) of bounded variation in the interval [a, b\. 
There exist many works on the uniform rational approximation of this class of 
functions. First P. T ú r á n  and P. Szüsz [1] (see also P. T ú r á n  [2]), on the basis 
of the famous result of N ew m a n  [3], have shown that the functions of the class 
Vj (more exactly the convex functions of the class Lip 1) can be uniformly app­
roximated by means of rational functions of degree n better than by means of 
algebraic polynomials of the same degree. They showed that

sup R„(f; [a, b]) =  0(ln4 njn2)
Vg/'Sl

where
R,Af'Aa,b])=  inf \\f-q \\cuM , \\f-q\\cia,n =  SUP l/(* )-? (* ) |.x € [a, b]

Rn denotes the set of all rational functions of degree at most n, i.e. qd Rn if q(x) = 
= (akxk+ ... + a0)/(bmxmjr ...+ b 0), k ,m S n ,  and V„(p denotes the variation of 
the function cp in the interval [a, b\.

In [4] G. F reud  obtained that

sup /?„(/; [0, 1]) =  О (In2 n/rf+1), r s l .  
r!/(r,si

In [5], using a modification of the method of Freud we obtained the following 
result: for every natural number 0 the following estimate is valid:

Än(/;[0, 1]) == cfc,r (Vof(r))In ... Inn

where ck r is a constant, depending only on к  and r.
Let us mention that the uniform rational approximation of some classes of 

functions, which are near the classes Vr, are considered in the papers o f B ulanov  
[6], [7], A bd u l g a pa r o v  [8], H atamov [9]. For the rational approximation of some 
other classes of functions see A. A. G o n c a r  [10], G. F r e u d—J. Sz a b a d o s  [11], 
J. Sz a b a d o s  [12].
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The main aim of this work is to  prove 

Theorem 1. The following estimate is valid:

sup R„(A [a, b]) = c(r){b -a+iM , r 5É 1
VbfO)sM n

where c(r) is a constant, depending only on r. 
One can easily see that

, .  A b —a)rM  r mc (r) , + 1 ^  sup Rn( f ;  [a,b]),
n

where c'(r) is a constant, depending only on r (see also G. Freud [13]). Therefore 
the order 0(n~r~1) in Theorem 1 is exact.

In § 1 we give some lemmas. In § 2 we give the proof of Theorem 1 and in § 3 
we give some applications.

The results are announced in [14].

§ 1. Some lemmas

Lemma 1 (see [5], pp. 61). Let

Then

Lemma 2. Let

Фгп = sup Rn(f;  [0, 1]). 

sup Rn ( / ;  [a, b}) ^  (b -  a)r МФтп.
vb/o>mM

фг . = sup inf I I / -  q lie [0.1]-
q iR „

/ o ) ( o ) = o , s = o . . . . . r  ii« iiC ( - TC, o = ) ^ a

Then for every e>-0 we have:

infsup
вея„+2 ,

l l / (s ,» c t a ,b ] S l .s = 0 .- - > '-  »ellC ( - ~ , = ) S M ( 6 - a r a  +  s - 1/2

II/— Я lieu, ы —

(Ь-ауМФ'П'Л + е \ 2 (b -d y
:=0 S\ (llillc t— .-) =  su p |i(x )|) .

P roof. Let Vbaf ^ ^ M ,  II/^H c c . h ^ I / ^ O ,  . . . ,  r. Thenfor

g(x) =  . „ J -  ,r f ( a +  { b - a ) x ) - Z ■ / < 4 ö ) X 'M(b — a)r v ’ s=o s\M (b — a)r~s

1 As usual, C[a, b] denotes the set o f all functions continuous in the interval [a, ti\.
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we have Vt]g<r>̂á 1, g(s>= 0, s=0, r, and therefore there exists a rational func­
tion q£Rn suchthat

i.e.

maxxc[0,1]

l l g - ? l l c [ o . u  =  фт»,л\ I I ? — I l c ( . - )  =  A>

1
M(b — a)'

max
x  6 la, 6]

fix) -  2
ß sH a ){x -a f — M (b -a )rq(x) -- *

Let us set:

P(x) =  Í  / ( *)(a)( * ~ a)S , в(х) =  p (xW + zp 4 x))-
5= 0  *>1

Obviously we have: OdRir, l|0|lc(—  ~) =  £~l/2,

i i ^ ( * ) H c [ . . H s  2 wo-pWcia,» = 4 2 “ г ^ ] 3 ;
s= 0  \ s = 0  S I  )

0 + M  (b — a)r q £ Rn + 2r>
therefore

II/-  (в+М(Ь—аУ?)||c[e,ь] S  M(b-aY<K,A+s  »

||0 + M (Ä -a )^ ||c (— ,») ^  M(b—afA+e~1/2, 
which proves the lemma.

Lemma 3. Let Vq(P = 1, (p£C[0,1], and let m S l and 0 he integers. Then- 
there exist m + l points x t, i=0, m, 0 = x o< x 1< 1, such that

(Ух!.1(р)(х>- х 1. 1)г == l/mr+1, I =  1, m.

P roof. Let us set (p(x)=<p( 1) for r ^ l  and construct (as far as it is possible) 
the points x h i= 0 , . . . ,5, x0=0, such that (К£'_гф)(х;—xi_1)r = W r-1. Denote:

ai = Vx‘. 1(P, bi = x l- x i_1, i = l , . . . ,  i.

Then aibri = m~r~1, i= \, s, 2  а{ШУо<рШ1. If then the lemma is proved.
i=l

Let and let us estimate xm. We have:

2 bi =  1/rm 1 1/r). f =  l, •••> 2 ai =  A -  li=l

Let us find min 2  (ai 1,Гпг 1 1/r) if 2  <2;= ^  =  L We have ű,= const=Л/ти,.
ai i=l i = l
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/ = 1, m and
m

x,„ ^  min ^  (a~l!rm~1~l,r) — A ~1/r S  1,
a,-, £  a i  =  A ^  1 * = *

(  =  1

since A s  1. The lemma is proved.

Lemma 4. There exists a constant d(r), depending only on r, such that for 
every natural number n >  1 there exists a rational function on G Rs , Ns d ( r )  In2 n, 
for which

\an{ x ) \S  n~2r~i fo r  — l S x S —n~r~2;

O sa n(a) S 1 for  | x | s l ;  on(x) is a monotone increasing function in the interval 
\x \sn ~ r~2;

[1 — сг„(а)| ^  n~2r~i for n~r~2 S  x  S  1;

М е с — .- )  ^  f i n '* 2.
Proof. From the lemma of G oncar [10] it follows that there exists a constant 

d'(r)  (depending_only on r) such that for every integer и > 1, there exists a rational 
function a d Rh, N s d ' ( r )  ln2 n, suchthat

|<т„(л:)| S  у  n“2' “4 for — 1 S  x  S  — n~r~2;

0Sff„(x)S l for |x| =  l, <r„(x) is a monotone increasing function in the interval 
\x\Sn~r~2,

|1 — u„(a)| S  1/(2n2r+i) for n~r~2 S  x  S  1.

Then for <Tn(x)=ön(x)/(l +n~2r~4ö2(x)/2) we have:

on£RN, N  S  2d'(r) In2 /г, 0 ^  <rn(x) S  1 for |jc| S  1, 

|о-„(.х)|ёи_2,"~1 for — l S x S —iг~г~2 and |1 — <r„(x)|^77_2r_4 for n~r~2S x S  1. 
On the other hand

ff.W  =  11 - | n  ^ l + i.„ -2 ,-4 ^ 2 (x)

therefore on(x) is monotone increasing in \x \Sn  r~2. Finally ||ff„||c(-<»,~)— 
s f l n ' + 2. The lemma is proved.

Lemma 5 (the Main Lemma). There exists a natural number n0(r), depending 
only on r, such that for n S n 0(r) we have

Ф „̂2г + 1 Ä ф(А:)77_г_1(1 +  3/1п77)г+1, r S l ,
I f (hrk,k2r+i = <p(k)k~r~1, (p (k )^ l, for k  = [d(r) In3 n], where d{r) is the constant 
from Lemma 3.

(Here and in what follows we use the notations of Lemmas 1—3).

Proof. Let Vq/ (г)S  1, f (s)(0)=0, s = 0 ,. . . ,r .  We may assume that / ( r>£ 
<EC[0, 1] since the set A = {f: V ^ f ^ S l ,  /<s>=0, i= 0 , ...,/•, /<r><EC[0, 1]} is a
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dense subset (in C[0, 1]) in the set B = { f : Fo/<r)S l ,  / fs)(0)=0, 5=0, r}.2
Applying Lemma 3 it follows that there exist w +  1 points x f, /= 0 , , m, 0 =
= x „ < x 1< . . .< x m =  l ,m ^ l ,  suchthat

(1) ( ^ ' _ 1/ (r)) ( * ; - * i - i ) r S  m -'~ \ i =  1 , m.
Let us set /(x )= /(0 )= 0  for x^O and /(x )= /( l)  for x s l .  Denote At= 

=  [Xf-i—n~r~2, Xi+n~r~2] and let Tt be the linear transformation of the interval 
Ai into the interval [X j.^xJ. Then

(2) |Г;х —x| ^  n~r~2 for x £ d ;.

Let ru i=l, m, be rational functions of degree ^k+2r such that

. . .  l l / - ' - í ! ! c u i - 1>* í] i S  m r ^ rk<k2r +i +  n  r 2 í  ^  ,
(3) L=o5!J

. l l ' ' i l l c ( - ~ . ~) — k 2r+im~r- 1 + n1+r,S!, i =  1 , m.
Such rational functions exist by (1) and Lemma 2. From (2) and (3) we obtain

(4) ||/(x) - r,-(7’ix)!tc — max |/(x )-/(Г ,-х)| +  max 1 / ( 7 »  - г Д Г » | S

^  П ! +  | | / - r (| С [л:,- -1, Xil m Г 1tPfc,Jp2r + 4 +

(since /<s>(0)=0, 5=0, F o /(r)s l ,  we have \f(x )—f ( y ) \ ^ \ x —y\), where

(5) II ri lie (=»,«>) — k 2r+im~r~1 + n1+rl2,
Let us consider the rational function q(LRN, where N ^ m ( k  + 2r + d(r) In2 n):

m—1
q ( x )  =  r 1( T l x ) +  2  a n(x ~ ~ x i) ( r i + 1( T i + 1x ) — r i ( T i x ) )

i = 1
where an is the function from Lemma 4.

Let x£[0, 1]. Denote i„=max {/: Х ;< х—n~r~2}, (v=m ax {г: х ,< х + и -г“ 2}, 
ifio+i = l - c r n( x - x io+1), dt =  an(x-  x; _ j) - an(x - x'), i= i0 + 2, . . . , iN,d iri+1 =
=<7„(x—x ifl). Then x£d ;, /= /„+ 1 , ..., iN+ 1 and from Lemma 4 (the monotonicity

2 If / 6  В we can take for example 

1 hfhr4x) = -  f  f (r4 x - t)d t  ( / (r)(x) = / <r)(0) = 0 for xsO ). 
h oJ

Then V }f irl S 1, / htrl g C[0, 1], moreover for

fh(x) — /  /  ... /  f i rl(.tr)dtr... dt1 
we have/h<a,)(0 )= 0 , j = 0 , ..., r and

ll/j,—/llc to .ii — ll/htrI — to,и ** 0 as h -*■ 0.
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iw + 1
of the function <7„ in \x \^n  '  2) it follows that d ^O , 2  dt= l. Using (4),

• = ' o + l
(5) and Lemma 4 we obtain:

(6)

\ f (x ) -q (x ) \  \r1(T1x)+ 2  <r„(x-xi)(ri+1(Ti + 1x ) - r i(Tix ) ) - r io+1(Tio+1x)\ +
i — 1

'■;0+i(Tio+1x) +  2  <Tn(x ~ x d (ri+i(Ti+iX)—ri(Tix ))—f(x)
f=i0+ l

+

2  cr„(x- Xi) (rt + 1(Ti+1x ) - r i(Tix))
i = ‘ N  + 1

S  2mn-t*-* max llr.-

S  2mn ^  4

1^Шт 

k 2r+i

ijv + l
, - i ic ( - ~ ,~ )+  2  « i l l /W - ^ C T ’i^ llcM ,) =

• = ‘o + l

m,>•+1 + nl + r / 2 + m ' 1Фгккъ-,\+п '  2 1 +  LZs4 )-
||? ||c(— .-)  =  23,2mnr+2(k2r+im~r~1 + n1+r/2).

Let us set: k = [d(r) In3 и], m = [n/(d(r) (In3 и + ln2 w) +  2r)]. Then q€Rn and

m k ^ n Í_ _ _ _ _ _ I_________  d{r)\n3n __________ l )
( l + l/lnn + 2r/(í/(/‘)ln3n) n í/(r)(ln3n + ln n) + 2r J

Now let na(r) be such that for п ё п 0(г) we have:
1) [d(r)\n3n] a  1;

2) [n/(i/(r)(ln3 и +  ln2 n) +  2/-)] S  1;

3) 2 У2 rmf +2(k2r +im~r~* + n1+r/2) n2r+i;

4) 2mn~2r~i (k2r+im~r~1 + n1+r/2) +  (l +  е3)и~г~2 ^  30n~r~2;

5)
1 d(r) In3 n

£  |1 + ьГйL1+ l/ln n  +  2r/(ű?(r)ln3n) n d{r){\n2n + \n2n) + 2r

6) (30n_1 +  (l +2/1П 77)r + 1) =  (1 +3 /ln  ri)r+i.

Then if Фк кгг-и^(р(к)к~'~1, (p (k )^ l, we have

l l / - 9 l l c [ o , i ]  =  ( p ( k ) n - r - 1( l  +  3 / l n n ) r+1, | | ^  | l c (  — ~ )  —  n 2 r + 4 ,  q e R „ ,
which proves the lemma.

R emark. The method proving Lemma 5 is an improvement of the methods 
from [5] and [15].
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§ 2. Proof o f  Theorem 1

In what follows we shall denote the constants, which may depend only on r, 
with c fr ) , c2(r), ....

In view of Lemma 1 to prove Theorem 1 it is sufficient to prove that Ф^„2г+4̂  
ё с 1(У)и~г~1, since

ф-п S  Фп_г, = 17ТГ >  '•)•тГ'

Let N0(r) be such that a) N0(r)^n 0(r), where n0(r) is from Lemma 5, b) for 
n ^ N fr )  we have

2 ^  [i/(r)ln3 л]2 ё  n,

where d(r) is the constant from Lemma 4. Obviously there exists a constant 
c3( r ) ^ l  such that for n ^ N 0(r) we have

Фг „r+1=s£3W4'n,n~r + i — nr + i ■

Denote y(x)=[d(r) In3 x], ys(x) =  >-'(У-1(х)). Let n>7V0(/-). Then there 
exists s0 depending on n such that y'o(n )sN 0(r) and >'vo_1(n)>7V0(/-). Using 
Lemma 5, we obtain successively:

Ф! l + ;y*o-1(n ),ö ’so - 1(n))2r+4 -  ( ^ S . -  1 (л ) у  +1 ^  ^  l n  y * 0 - 1  (л )  J 

c3(r)
-yso " 2 (n), Cvso"2(n))2 : (jpso-2(«))r ( 1 + l n / °  1(и)) ( ^ l n y s° 2(/j))

ca(r)
Ф","2г + ‘ -  „r + l

so—1
«  1 i= 0

Я  1 + In У (и),

r  +  1

; y°(n) = n.

Since j so 1(n)>N0 (r), we have ( У ( я ) ) 2 — У  Ч и ) >  i-e- In /(n)/ln  у 1 1(/г)= 1/2. 
Therefore there exists a constant c4(r) (independent of n and s0) such that

which proves Theorem 1.

П (1+  3 / l n («))r +1 s= c4(r)
i —0

§ 3. Some applications

Theorem 2. Let the function f  have an absolutely continuous ( r - l ) - th  deriva­
tive / (Г-1) in the interval [0, 1]. Then

Rn( f i  [0, 1]) =  0(cor+1( f;  m - f  + m r ) ,
where n~1m„^-oo as n-»°°, o>k(f; 8)= sup \A\ f{x)\,

x , \ h \ S 6

Akh f(x )  = 2  )k+mf(x+ m h ).
m = 0 V /
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Proof. We shall use the method from [16] (see also [17]). In [16], pp. 166—169 
it is proved that for every function /  with absolutely continuous (r— l)-th deriva­
tive / (r“1) in the interval [0,1] (i.e. ß r>£L [0, 1]) and for every A >0 there exists 
a function/ л 6 Cr [0, 1] suchthat

II/-/aI!c[o,i] = c5(r)cor+ 1 ( f ;  A),

VI№  3S c6(r){h- \ « ,(/('); h)L + h~rcor+1( f;  A)}
where

í-ő
®i(£; h)L =  sup f  |g(x +  <5)-g(x)|<&

0<iSiQ

is the integral modulus of continuity of the function g .
Using Theorem 1 we obtain:

( 7 )  R„(f; [ 0 ,  l ] )  ^  I I / —/ » l i e t o , и + - К , ( Л ; [ 0 , 1 ] )  s
— c7(r){cor+i ( / ;  h ) + n - r - 1[h ~ 1o)1( ß r'>; h )L +  h -'co r+1( f ;  h)]}.

Since / ( Г>6£[0, 1], спД/С); A)—-0 as A—0. Therefore there exists a sequence 
n ~ 1m„ — (n -* °°), such that

K(ß [0, 1]) = 0(ojr+1(/; m~ 1) + m~r)
Г+1__________

(we can set for example h = h ( n ) = y o } 1( ß r'>; \/n )L/n  in (7)).
The theorem is proved.

Corollary 1. I f  th e  fu n ction  f  has an a b so lu te ly  continuous (r - \ ) - t h  derivative  
/(>—i) jn the in terva l [0, 1], which sa tisfies the Z y g m u n d  condition io . , ( f i r~r>; 3) =  
=  0 ( 6 )  in the in terva l [0, 1], then

* „ ( /;[o ,i] )  =  u (n -').

Corollary 2. (The Newman’s conjecture). I f  /£ L ip  1, i.e. w t (fi, ő ) = 0 ( ő ) ,  
then R „(f; [0, l]) =  o(«_1).

Remark 1. G. Freud remarked that from the validity of Theorem 1 follows 
the Newman’s conjecture.

Remark 2. From the results of J. Szabados [18] it follows, that Theorem 2 
(and Corollaries 1 and 2) cannot be improved.

We shall give also some applications of Theorem 1 to the approximation of 
functions with respect to the Hausdorff distance between functions (for the definition 
and main properties of the Hausdorff distance between functions see [19], [20]) 
and to the local approximation of functions.

We shall denote by r ( f i g )  the Hausdorff distance between the bounded 
functions /  and g on the interval [0, 1]. This may be considered as a generalization 
of the uniform distance (see [20]) and is useful for the approximation of discon­
tinuous functions [19].
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The best Hausdorff approximation of the function /  bounded on the interval 
[0, 1] by means of rational functions of degree n is given by

R Á f)r  = in/ K/> q)-

In [21] we proved that if the function /  is of bounded variation on the interval 
[0, 1] then

* „ (/) , =  D(ln In «/«).

Using Theorem 1 we shall prove that in this case we have R„(f)r= 0 (n ~ 1). 
Denote by V(jn) the class of all step functions cp with VI<p = \, which have 

jumps only at the points X i= i\m ,i=  1 ,..., m — 1.

Lemma 6. Let V l f= 1. Then there exists g£V(2m) such that r ( f  g )S l/m .

Proof. We may suppose that f£ C [0, 1] since the class of these functions 
is dense in the class V \ f ^  1 with respect to the Hausdorff distance. Denote

y t = i/m, i =  0 , ,  m, x t =  i/2m, i — 0 ,..., 2m,

max f (x ) , Nt = min fix ), хе[и_1, и!
If there exist x'£[У1- 1гуЦ, x " f [yi_1, yi], such that f(x ')= M i, f ( x ”)= N i, 

x'-<x", weset

g(x) = M i for x e i x ^ ^ X v - J ,  g{x) — Ni for *e[x2i _!,:%)

(if i=m, then g(x)= N m for x€[x2m_i, x2m]), in the converse case the roles of 
Mi and Ni should be interchanged. Obviously Vog=l and from the definition 
of the Hausdorff distance it follows that r ( f  g )^ \/m .

Theorem 3. We have
sup R„(f)r =  c/n

VlM 1
where c is an absolute constant.

Proof. Let F<>/S 1. Applying Lemma 6, there exists g 6 F(2w) such that 
r (f, g )^ l/n . Let us set g (x )= g (l)  for h=  1/4«. Denote

1 ^
gh(x) = j  f g(x  + t)dt.

It is easy to see that

K Ú  =  -^Fo^gCv+Aj-gC*)) ^  r(g, gb) — h — 1/4«.

Using Theorem 1 we obtain:

R n ( f \  = r ( f  g) + r(g, gh) + Rn(gh) = cln-
The theorem is proved.
The problem of local approximation of functions was set in [22] as follows: 

Let {Ф„}Г, be a given series of functions and let A be a given class of functions.
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What should be the maximal speed of decreasing of the function (pin) so that 
for every function f£ A  there exists a function 'P„£ Ф,, such that for every x£[0, 1] 
we have

\f(x)- 'l 'n(x)\  =  w ( f x ;  ф (и) )+ 0 ( п-1)
where to (f  x ; S) is the local modulus of continuity of the function /  in the point 
x №  1]:

co ( f ,x ; 3 )=  sup \ f ( x ) - f( y ) \ .\y-x\sa
In [22] we proved that if Фп is the set of all algebraic polynomials of degree n 

then the order o f the function q> (n) is In n/n if A is the set of all continuous 
functions in [a, b], or the set o f all monotone functions with a variation s i .  In 
[2 1 ]  we proved that if Фп =  Rn, then the order o f the function cp(n) is Sin In njn 
for the class of functions with bounded variation. Using Theorem 3 it is easy to 
see that in this case the order of the function (p (h) is О (и-1).

Lemma 7 (see [2 0 ], [2 2 ]). Let f  be a continuous function on the interval [0, 1]. 
Then for every x  6 [0, 1] and gOC [0, 1] we have

\f{ x )-g {x ) \  S  r ( f g )  + c o ( fx ; r ( f ,g ) ) .

Using Lemma 7 and Theorem 3 we obtain immidiately

T h e o r e m  4 .  Let / £ C [ 0 ,  1] and V,) f= V . Then for every natural number 
n >  0 there exists qn € R„ such that

\ f ( x ) - q n{x)\ S  w ^ f , x - ~ - ] +  ^ p >  *€[0, 1],

where c(V) is a constant, depending only on V.
It is easy to see that the order О (и-1) in Theorem 3 is exact. We do not know 

if the order О (и-1) in Theorem 4 is exact.
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ON A DOWKER-TYPE THEOREM OF EGGLESTON
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G. FEJES TÓTH (Budapest)

§1. Introduction

Let us recall the fundamental theorems of Dowker [2]:
If i(n) is the area of an я-gon of maximal area inscribed in an arbitrarily 

given convex domain then

i(n — \)+ i(n+  1) =  2/(я) (n = 4, 5, ...).
If c(n) is the area of an я-gon of minimal area circumscribed about an ar­

bitrarily given convex domain then

c(n — 1) +  с(я + 1) ё  2с(я) (я =  4, 5, ...).

By the proof of these theorems Dowker was led to two further theorems:
Among the 2/n-gons of maximal area inscribed in a centro-symmetric convex 

domain there is one which has central symmetry (m= 2, 3 ,.. .).
Among the 2m-gons of minimal area circumscribed about a centro-symmetric 

convex domain there is one which has central symmetry (m =  2, 3, ...).
The intrinsic beauty of these theorems, as well as their central part in the 

theory of packing and covering [1,6,7,9], started further investigations 
[3, 5, 8, 10, 11]. We emphasize the following two theorems:

Theorem of Eggleston: If m(n) is the minimum of the area-deviation of a 
convex я-gon from a given convex domain then

яг(я — 1) +  щ ( я + 1) ё  2m(n) (я =  4, 5,...).

The area-deviation of two domains is defined as the area of the set of those points 
which belong to exactly one of the domains.

As to the following theorem see [5].
If к  and m are positive integers such that km  >2  then among the кяг-gons 

of maximal (minimal) area inscribed in (circumscribed about) a convex domain 
of k-fold rotatory symmetry there is one which has А-fold rotatory symmetry.

In the present paper we shall give certain generalizations of these theorems 
which have important applications in the theory of packing and covering [4].

We shall denote the area of a domain X  by \X\.

Let p and a be positive, finite or infinite numbers such that — I— =1. Letp q
A and В be two measurable domains. We define the weighted area deviation, in 
short the deviation o f В from A by

a(A,B ) =  p\A-{AC \B)\ + q\B-{BC\A)\.
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In this formula a product of the form °°-0 can occur. Let the value of such a 
product be 0 by definition. Observe that apart from the case p = q the deviation 
a (A, B) is not symmetric in A and B.

We phrase our results in the following two theorems:

T heorem 1. For fixed weights p and q f l  ^ p ,  e g  °°, — +  — = 1 ) let a(ri) be
V p q )

the minimum o f the deviation o f a convex n-gon from a strictly convex domain C. 
Then

a(n — 1) +  а(и +  1) >  2а(и) (n = 4 ,5 ,...) .

T heorem  2. Let C be a strictly convex domain with к -fold rotatory symmetry.

Then for arbitrary weights p and q \ l~ p ,  <?  ̂°°, —+  —=  I) any convex polygonv p q )
with km >3 sides having minimal deviation from C has к-fold rotatory symmetry 
with the same centre o f symmetry as C.

Since any convex domain can be approximated by strictly convex ones and 
the deviation is a continuous function of the domains, Theorems 1 and 2 immediately 
imply the following theorems:

T heorem 1*. For fixed weights p and q [ l ^ p , q= °°, — +  — = 11 let a(n)\ p q )
be the minimum o f the deviation o f a convex n-gon from a convex domain C. Then 

a{n — \) + a {n + \)^2 a {r i)  (« =  4 ,5 ,...) .

T heorem  2*. Let C be a convex domain with к -fold rotatory symmetry.

Then for arbitrary weights p  and q f l< » , =  11 there is a convexv p q )
km-gon (km>  3) with minimal deviation from C having к -fold rotatory symmetry 
with the same centre o f symmetry as C.

The existence of a convex и-gon having minimal deviation from C can be 
reduced to a wellknown theorem of Weierstrass. A similar reduction in an even 
more complicated case will be presented in § 3.

It is easily seen that Theorems 1 and 2 contain the above theorems of Dowker 
concerning inscribed (p = l, q=°°) and circumscribed (p = °° ,q= \)  polygons. 
For p = q = 2 Theorem 1 is equivalent to the above mentioned theorem of Eggleston.

§2. Sketch o f the proof o f Theorems 1 and 2

We shall use a slight modification of Eggleston’s method.
First of all we extend the notion of deviation to point-sets in which each point 

occurs with a certain non negative integer multiplicity. Such a multiple set A is 
defined by its characteristic function %л (P) which gives the multiplicity of the
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point P. The set-operations for multiple sets are defined by the following relations:

Х л и в( Р )  =  m ax {Xa (p \  Xb (P)}>

Хаг\в (Р )  =  min {Xa (P ) ,  Xb ( P %

[Xa (P ) -X b{P\  if Xa{ P ) ^ X b(P) 
if Xa (P )^ X b(P)-

We define two further operations, the sum o f two multiple sets and the n-fold o f 
a multiple set as follows:

Xa + b (P ) =  Xa (PI  +  Хв (P) ,  X„a (P )  =  4  a ( p )- 

If Xa ( P )  is L-measurable then the area of A  is defined by

\A \=  Z k \{ P ,x A(P) = k}\.
k = 1

Now the deviation of multiple sets can be defined by the above formula con­
cerning simple sets.

Let us assign in the plane a positive direction of rotation in the clockwise sense. 
Let Г  be a finite set of closed oriented polygonal lines. Let U be the point-set 
union of the polygons of T. Let P be a point not belonging to V. Consider 
the angle described by the halfline PX  when X  moves along a side of a polygon 
of T  in accordance with its orientation. We assume that the sum of all these angles 
is, for any point P  not belonging to U, nonnegative. Then T  forms the boundary 
of a multiple polygonal region A defined as follows: For P ‘l  U let Xa {P )  be the 
above sum of angles divided by 2n. (Obviously / А(P) is an integer). For P£ U 
let Xa (P )  be equal to Jim  inf^Xa (Q)-

A is uniquely defined by T  but not vice versa. For instance the multiple poly­
gonal region defined by a pentagram may be generated also by a convex pentagon 
and a non-convex simple decagon. To avoid this ambiguity it is convenient to define 
a multiple polygonal region, instead of its characteristic function, by the polygons 
forming its boundary. We shall call the vertices and the oriented sides of the polygons 
also vertices and sides of the multiple polygonal region.

We are going to define a special family of multiple polygonal regions which 
plays a distinguished part in the proof. Let H (XY) denote the open halfplane 
lying on the right hand side of the oriented line XY. We define the core M (A) 
of a multiple polygonal region A as the intersection of all halfplanes H (X Y )  
belonging to the sides X Y  of A. We call A a double-polygon if all of its angles 
are convex, M ( A ) ^ 0  and Xa ( P )  = 2 for all P£M(A). Let us mention some 
simple properties of a double-polygon.

(1) Let the segment PQ intersect the side XY  of the double-polygon A. 
It is easily seen that if PQ does not intersect any other side of A and P £H (X Y ), 
Q eH (YX) then Xa ( P ) > X a №

Let X Y  be a side of A. If P£M(A) then the oriented angle < XPY  is positive, 
otherwise we would have P ^H (YX ), i.e. P$M (A). Since yA(P) = 2 therefore, 
by the definition of Xa ( P \  апУ halfline issuing from P  intersects the boundary of
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A in two points dividing the halfline into three parts. According to (1) the points 
of these parts of the halfline belong to A with multiplicity 2, 1 and 0. It follows 
immediately that

(2) the set of points Q with y_A(Q) > 0  is a star domain with respect to any 
point P£M (A).

The above considerations also show that
(3) M (A )= {P ,xA P ) = 2} 

and that
(4) the boundary of a double-polygon consists of one or two closed polygonal 

lines (Fig. 1).

Fig. 1

Let X, P  and Y  be three non-collinear points. We define the set S(XPY) 
as follows: S(X P Y) consists of the points of the open angular region < XPY, 
of the points of the closed segment PX  and of the points of the halfline P Y  other 
than the points of the closed segment P Y  (Fig. 2). Let S>(n) be the family of
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the double-polygons with at most n sides. For a fixed convex domain C we write

d(n) = inf a(2C, D), DZ@(n).

Then we have the following

L emma 1. Let и ё 8 be an integer and C a strictly convex domain. Then there 
is a double-polygon D£S>(n) such that a(2C, D)=d(n). Any D£Щп) with 
a(2C, D) = d(n) has the following properties: COM(D) И 0 ,  D has exactly n 
sides, finally i f  X Y  is a side o f D and P£CC\M(D) then the region S (X P Y ) 
contains exactly one vertex o f D besides X.

The proof of Lemma 1 follows in § 3. Here we shall show how Theorems 1 
and 2 can be proved with the help of this lemma.

We start to show that for и ё 4  we have

d(2n) — 2 a(n).

According to Lemma 1 there is a double-polygon D£.9)(ri) such that a(2C, D)=  
= d(2n) (пё4) and this D has exactly 2n sides. Suppose that the boundary of 
D consists of a single polygonal line X1...X 2n. Consider a point PfCC]M(D) 
and a sequence of vertices X 1, . . . ,X k of D such that <lX xPXk<  2n but 
< X1PXk+1^2 n . Then by Lemma 1 Xk+1£ S(X 1PX2) , ..., X&,6 S(X k_kPXk) show­
ing that the number 2n of vertices of D is 2k — 1. This contradiction shows 
that the boundary of D consists of two polygonal lines. Again, by Lemma 1 each 
of these polygons must be an и-gon. Thus D is the sum of two convex polygons 
D1 and D., and we have obviously a(C, D1)=a(C, D2) —a(n), consequently

d(2n) = a(2C, D) = a{C, D J+ a(C , D2) = 2a(n)
as claimed.

Denote by Bm a convex m-gon whose deviation from C is equal to a(m) 
(w =  3,4, ...). We claim that for « + « ' =  8, » ,« '> 2  we have Bn + Bn,£&i(n+n'). 
To see this we have only to show that Д ,П Д ,-^ 0 . For p=<=°,q=l this is obvious 
because now both poligons contain C. If p <  °° then the supposition B„ П B„, =  0  
would imply that a(n)+a(n')=a(C, B„)+a(C, Bn)>p\C \. On the other hand, by

AilCl 2jza theorem of E. S as [121, C contains a convex »-gon of area ä(» )= ^ —̂ sin —  .2n n
Hence a(n)-\-a(n')^p{\C\—s{n))-\-p{\C\—s(n')). Since s(3), .s(4), ... is an in­
creasing concave sequence, we have a(n)+ a{n')^p(2\C \—s(T)—s(5))<p\C\. This 
contradiction proves the assertion.

Now, Theorem 1 is an immediate consequence of the relations d(2n) ~  2a (n) 
and 5„_1+ 5 „ +16^(2«), « ^ 4 . For we have

a ( » - l ) + a ( » + l )  =  a(C, Bn_j)+a(C, Bn + 1) =  a(2C, Bn i+ B n+1) ^  d(2n) = 2a(n).

Since by Lemma 1 Bn_1+B„+1 cannot have minimal deviation from 2C 
among the double-polygons with at most 2» sides, we see that for a strictly convex 
domain C the sequence a(3), a (4), ... is strictly convex.

We continue to prove Theorem 2. Let C be a strictly convex domain having 
Л-fold rotatory symmetry ( k ^  2). Let F0 be a convex polygon with km >  3 sides such 
that a(C, F0)=a(km). Let P be the centre of symmetry of C. The rotations
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about P  through the angles 2n\k, . . . , ( k  — \)2n\k carry C into itself and F0 
into Fx, ..., Fk_1. According to the above considerations we have Ft +  F}£3i(2km) 
and a(2C, Ft +  Fj) = d(2km), O s i , j ^ k —l. Let X0 be an arbitrary vertex of F0 
and X0, X lt  ..., X„-x, X„=X0 consecutive vertices of F0. We have obviously 
P £C f)M (F 0 + Fj) (j=  1, к — 1). Therefore, by Lemma 1, any region S(X tPXi+1) 
(/=0, ..., n — 1) contains exactly one vertex of the polygon F j( j= l,  ..., k —l).

Let G be the pointset consisting of the vertices of the polygons F0, ..., Рк_г. 
Here coincident vertices o f different polygons are considered to be different. Since 
G has Л-fold rotatory symmetry, there is a point Z£G such that <  XnP Z = 2njk 
and X0P = Z P . Obviously S(X 0PZ) contains exactly km  points of G. Since, 
on the other hand, any region S(XiPXi+1) ( i= 0 ,..., n — 1) contains exactly к 
points of G therefore S (X 0 PXm) contains also km points of G. But as we have 
Z, XmdG, S (X 0PZ) and S (X 0PXm) can contain the same number of points of 
G only if X m coincides with Z. This means that the rotation about P through 
the angle 2nfk  carries X0 into Xm, i.e. F0 has, indeed, Л-fold rotatory symmetry.

§3. Proof of Lemma 1

Since in the cases when p=  1, q=°° or p = °° , q=  1 the lemma is known 
we restrict ourselves, for the sake of simplicity, to the case when 1 -=p,

Observe that for an arbitrary double-polygon D we have

a(2C,D) ^  p(\C \-\C f]M {D )\).

On the other hand, we have by the theorem of Sas for л ё  8

d(n) S  2ű(4) S  2p(\C \- j(4 ) )  =  p\C\ 2(Я~ 2) =  p|C|0.726 ... <  p\C\.

It follows that for any double-polygon D^SHri) with a(2C, D) = d(n) (n^ 8 ) we 
have

| c r w ( T > ) |  £ / > | c | \  2(Я ~2)| >  0.

Thus for a D^Qi(ri) having the least deviation from 2C  we have, indeed, 
С Г Ш (£> )^0 .

In order to see that for л ё 8  there is a D£S$(n) for which a(2C, D) = d(n) 
we consider a sequence Z>x, Z>2, ... of double-polygons with at most n sides such 
that lim a(2C, Di)~d(n). Obviously we may suppose without loss of generality*-*• oo
that ű(2C, £>,-) —2ű(4) (/—1 ,2 ,...) . The above considerations show that then

a(2C, Dj)<p\C\ and, writing /„=^1 — ̂ ~ ^ —^p \C \, we have |С П М (Д -)|^/0

(i =  l, 2, ...). We claim that under these conditions the D/s are uniformly bounded.
Let к1,- and dt be the width and the diameter of СПМ(£>;), respectively. 

If d is the diameter of C  then W id ^W jd ^ tJ 2, i.e. wi^ ? 0/2r/. Let X  be an 
arbitrary point of Dt outside of C. Let P  be the point of the boundary of C 
nearest to X. The set CD M (D;) contains a segment of any direction of length
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Wj, thus it contains a segment E F  of length tJ2d  perpendicular to the line PX. 
Since EFczM(Dt) and the set of those points Q for which xDj( ß )> 0 is a star- 
domain with respect to any point of M(Df), therefore any point of the triangle 
EFX  belongs to Dt with multiplicity at least one. Let the line through P  per­
pendicular to XP  intersect the lines XE and X F  in E' and F' (Fig. 3), respectively.-

x

Fig. 3

Let the lines PX  and EF intersect in T. Since the points of the triangle E ' F' X  
do not belong to C but they belong to Dt with multiplicity at least one, we have

„ас, A) ä ir n r h r y ■

This yields, along with the inequality p|C |=-a(2C , Dt), an upper bound for XP 
depending besides p  and q only on \C\ and d.

We associate with Dt (i=  1 ,2 ,...)  a (2n +  4)-dimensional vector z; as follows: 
The boundary of Dt consists either of one closed polygonal line X1...X mX 1 or 
of two closed convex polygonal lines X 1...X lX1, Xl+1.. .X mXl+1 (m ^n). We 
obtain the coordinates of z; by writing down successively the coordinates of the 
vertices in the above order and writing at the end as many zeros as necessary. Though 
the mapping Д — Z; is not unique, the vector z,- determines Dt uniquely. Since 
the sequence {z,},“  г is bounded we can select a subsequence from it which tends 
to a vector z. This vector represents a double-polygon D£@J(n) for which 
a(2C, D)=d(n).

In the rest of the proof D will always denote a double-polygon belonging 
to 2>(n) such that a(2C, D) = d(n). By ..., X i_1Xi, XtX i + 1, ... we shall mean
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successive sides of D belonging to the same polygonal line. In accordance with 
our previous notations let H (X Y ) be the open halfplane lying on the right hand 
side of the oriented line XY.

Translate the line X;Xi+i through d into H(XiX i+1) or into H (Xi+1X i) 
according as d is positive or negative. Let the new line intersect the lines X t_ x X t 
and X i+1X i + 2 in X i and Х{+1, respectively. Replace the sides Xi_1Xi, X tX i+1 
and X i+1X i+2 by Xi_xX(, X- X'i+1 and Xi'+1X i+2, respectively. For sufficiently 
small values of d we obtain a new double-polygon D’ CQ)(n). If и is the length 
of the segment XiXi+1C\C and v is the total length of the parts of the segment 
В Д +1 lying outside of C then

a(2C, D') =  a(2C,D) + (pi< -qv)d+ 0(d2).

Since the devation of D from 2C is minimal, therefore pu = qv. It follows that the 
side XtX i+1 intersects C. Let the endpoints of the segment X iXi+1f)C  be X t and 
Ki+i choosing the notations so that the order o f the points on the line X;Xi+1 should 
be Xf, Xt, X i+1, X i+1. Let be the midpoint of the segment X iXi+1. Scrutinizing 
now the variation of the_deviation effected by small rotations of the side X tX i+1 
about M t we see that XtXt = Xi+1Xi+1. Thus every vertex of D lies outside of C. It 
follows that D has exactly n vertices. For if D had less than n vertices then we could 
cut off from D a triangle lying completely outside of C obtaining a double-polygon 
D'^SHn) such that a(2C, D')<a(2C, D). We summarize the above properties of D 
in the following

Lemma 2 . D has exactly n vertices all lying outside o f C. Each side Xt X t + x 
o f D intersects_the boundary o f C in two points Xt and X i + l lying on X t X (+x 
in the order X t, X t, Xi+1, Xi+1 and satisfying the equalities

q X ^  =  qXi + 1Xi+1 = PXiXi+1.

We continue to show that if two vertices of D coincide then D is the double 
of a convex polygon. To see this it is obviously enough to prove the following

Lemma 3. From a point X  exterior to the strictly convex domain C one can 
draw at most two halflines intersecting the boundary o f C in two points so that the 
quotient o f the distances o f these points from X  assumes a prescribed value.

Suppose that there are three halflines intersecting the boundary of C in the 
points Yt and Z, (7=1, 2, 3) in the order X, F;, Z,- so that

X Z x
X Y x

x z 2 x z 2 
~xT2 ~  X Y 3 ■

Let the halfline XY2Z2 lie in the convex angular region Z xX Z s . Let Y2 and 
Z 2 be the points of intersection of X Z2 and YXY3 and X Z 2 and Zt Z3, respect­
ively (Fig. 4). Then

X Z 2 X Z 2 X Z x X Z 3 
X Y 2 ^  X Y ' -  X Y x ~  X Y3 ■

This contradiction proves the Lemma.
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Let X t be a vertex of D. Let С (X;) be the open “ triangle” bounded by 
the segments X tXi and X tXi jind the arc X tXi of the boundary of C lying in 
the convex angular region X, X t X t.

Lemma 4 . I f  Xt is a vertex o f D then there is no vertex o f  D in C(X,).

x

Assume that the vertex Xj of D lies in C(X). Referring to Lemma 2, the 
considerations of the proof of Lemma 3 show that neither of the halflines Xj Xj _1 
and X jX J + 1 can lie in the convex angular region Xi_1X iX i+1. Neither can it 
occur that both of these halflines intersect the same of the two halflines 
and XiXi+1. For suppose that both of the halflines Xj XJ_1 and XjXj+1 intersect 
X iXi^1. We consider the two halflines emanating from Xj the first being parallel 
to X, X, + j and intersecting C, the second being tangent to C and intersecting 
XiXi+1. For the different halflines emanating from X} and intersecting the bound­
ary of C at the points Y  and Z, in this order, consider the quotient X jY /X jZ .

2For the first line this quotient is less than ----— and for the second it is equalp + 2q

to 1, i.e. greater than — Therefore there is a halfline “ between” these halflines p + 2q

with a quotient equal to ^  . Since by Lemma 2 the halflines XJXJ_1 and

X jX j+1 have the same quotient we get in contradiction with Lemma 3. Finally, 
it is impossible that the halfline Xj XJ_1 intersects XtXi+1 and the halfline X jX j+l 
intersects X iXi_1. Otherwise the angle of D at Xj would not be convex. Thus 
we have a situation as shown in Fig. 5.
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The halftones XJ_1XJ and X j+1Xj intersect the segments Х.-Х; and X :Xi 
in the points, say, К  and L, respectively. We construct a new double-polygon 
D'£Q)(n) by replacing the sides X i^ 1Xi, XjXj+1, XJ_1Xj and X tXi+1 by X ^ L ,  
LXJ+1, XJ_1K  and KXi+1, respectively (Fig. 5). The points of the quadrangle 
XiKXjL  are exterior to C, they belong to D with multiplicity one and to D' 
with multiplicity zero. Any other point of the plane belongs to D and D' with 
the same multiplicity. Therefore

a(lC ,D ') = a (2 C ,D )-q \X iKXj L\,

in contradiction with the hypothesis that D has minimal deviation from 2C.

Lemma 5. No vertex o f D can lie in the interior o f  a side o f D.

Suppose that the vertex X j is an_interior point of the side в д +1. Since 
Xj cannot lie on the closed ̂ segment XtXi+1, we may suppose that Xj belongs, 
say, to the open segment Xt X t. The considerations used in the proof of Lemmas 3 
and 4 show that the halfline X jX j+1 lies outside the convex angular region 
X l- 1X iXi+1. Thus the line XjXj+1 intersects the halfline X iX l_1 in some point 
К  (Fig. 6). We construct a new double-polygon D'£@)(ri) by replacing the sides

Xi
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Xi_1Xi, X iX i+1 and X jX j+l by Xi_1K, X jX i+1 and KXJ+1, respectively. 
Now we have a(2C, D’) = a(2C, D )-q\K X iX j\, which is impossible.

Lemma 6. I f  X,Xi+l is a side o f D then the halfplane H (Xi+1Xi) contains 
at most one vertex o f D.

x,

Suppose that H (Xi+1Xi) contains two vertices of D, say, Xk and X t . We 
claim that then H(Xi+1Xi) contains a side of D. Suppose that the boundary 
of D consists of one closed polygonal line Xk...X iXi+i.. .X l...X k. Let f  be a 
point in M(D). Consider the oriented angle swept over by the halfline PQ  while 
Q runs over the boundary of D. If H (X i+1Xi) does not contain any side of D 
then Xk+1 and Xi + i lie either in H (X iX i+1) or on the line XtXi+1. Using the 
fact that all angles of D are convex, it easily follows that the angle under con­
sideration is at least 6n, which is impossible. The case when the boundary of D 
consists of two closed polygonal lines can be settled in a similar way. Thus, in order 
to prove Lemma 6 it suffices to prove the following

Lem m a 7. I f  XtXi + 1 is a side o f D then there is no side of D which lies in
H(xl+1xt).
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Suppose that the side X jX j+1 of D is contained in H(Xi+lXi). Then 
H (XjXJ+1) contains at least one of the vertices Xt and X i+1. To see this we 
consider an arbitrary point P  _of_ COM (D). If  non of X t and Xi+1 lies in 
H(XjXj+1) then the triangle P X tX j contains either Xt and X J+1 or Xi+1 and 
X j. But this is impossible because the triangle PX{Xj is contained in C. Thus 
we had a vertex of D in C which contradicts Lemma 2. Therefore it suffices to 
scrutinize the following two cases:

(i) From among Xt and X i+1 exactly one lies in H(Xj Xj + 1),
(ii) Both X t and Xi+l lie in H (XjX j+1).
Case (i). Assume that X t lies either in H (X j+1Xj) or on the line X jX j+1. 

Then the line X jX j+1 intersects the side X tX i + 1 in_a certain point К  which 
may coincide with Xt. К  cannot lie on the segment Xt Xi+1. For it we had 
€X iX i+1 then choosing an arbitrary point PdCC\M(D), X t would lie in the 
triangle PXtX j and consequently in C. The line XjXj+1 intersects also the side 
X i^ 1Xi in a point, say, L because otherwise either the side would not
intersect C or the angle of D a t Xt would be concave. Similarly as above we 
can see that L  must lie on the segment Х{Х{.

From D we obtain a new double-polygon D '£2(n) by replacing the sides 
X i-jX i, XjXj+1 and XiXi+1 by X i_1L, LXJ+1 and XjXi+1 (Fig. 7). Letting 
A1 = C n X jX i+1K, A 2= XjXi+1K - A 1 and A ^ L X t K  we have

a(2C,D') = a (2 C ,D )-p \A 1\ + q\Ai \-q \A i \.

_We claim that p\Ax\>q\A2\. Let the line X jX i+1 intersect the lines X jX h 
XjX, and X jX i+1 in R, S and T, respectively. By a convenient area preserving
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affinity we can attain that R X t = R X i+1 and < X i+1R X i =  90°. Denote the distance 
of X j  from the line X j X i+1 by m.  Then we have by Lemma 2

р\Аг\-д \Аг\ >  p l X ^ T S l - ? ( Й +1^ +1Г| + |В Д 5Л |) =
=  p l X j X ^ l - q ( \ X j X i+1X i+1\ +  \XjXiXi l )  -

- m ( p S T - q ( R S + T X i+1)) =  m ( q ( R S + T  X i+]) - p S T ) .

Therefore it suffices to show that
p S T  <  q ( R S + T X i+1).

Let R  be the origin of a Cartesian coordinate system in which Xi — (2pq,0). 
X i+1 = (0,2p q )  and X j = (—£, 0) (Fig. 8). Then, taking into account the relation 
p q —p  + q  and Lemma 2, we obtain by a simple computation that

= (pq+q> p), Ki+i = (p> pq+q),

s  = ft),— ' Цl pq+q+i

p S T  =  2p q
£2 +  2 pqZ_____

£2 +  2 p q £ + p ( p q  +  q )
2 p q  =  R S + S T + T X i+1,

pST  <  — (R S+ TX i+1)  = q(R S+ TX i+1).
P - 1

Thus we have indeed p \A f \> ~ q \A t \ and consequently a(2C, D ' ) < a ( 2 C ,  D)  
which is impossible. The case when X t lies in H(XjXj+1) and Xi+1 lies either 
in H(Xj+1Xj) or on the line X jX j+1 can be settled in the same way.
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Case (ii). Assume that both X t and Xi+1 lie in H (XjXJ+1). Then the segments 
XfXj+1 and X jX i+1 intersect in a point, say O. Replacing the sides X tX i+l 
and XjXj+1 by X;Xj+1 and X jX i+1 we obtain a new double-polygon D'd@(ri) 
such that

a(2C, D') = a(2C, D) -/»(M il -  М «|)-?(М з| -  Ш ),
where A1 = C H O X iXi+1, А 2 = С П О Х Х  +1, A3 = O X X j+1- A 2 and A4 = 
= OXiXi+1- A 1 (Fig. 9).

We shall show that
/’(Mil -  M2IH ?(Мз1 -  Mil) > 0.

Let E be the point of intersection of the boundary of C and the segment X jX l+1

JVcta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON A DOWKER-TYPE THEOREM OF EGGLESTON 145

nearer to Xj. Let F  be the point of intersection of the boundary of C and the 
segment TJ+1 A) _  nearer to XJ+1. Let the line XjXj+1 intersect the lines X tE 
and Xi+1F in Yj and Yj+1, respectively. Instead of A1, . . . , A i we introduce 
new sets defined as follows:

A[ = С 'П О В Д +1, A'2 =  C'C]OXjXJ+1,

A'3 = OXjXj+1-A '2, A't = OX,Xi+l- A { ,

where C' denotes the quadrangle YJYj+1Xi+lX i . Since A1z>Ai, A2<zA2, A3z )A 3 
and At c A 4 it is enough to show that

/ки;|-К1)+?(Из1-К1)>о.
By Lemma 2, CT)H(Xi+1Xj) is contained in the parallel strip bounded by 

the lines XtXi a.nd X ^ ,X i+1. This implies, along with the strict convexity of C, 
that the lines X tXj and X i+1XJ+1 intersect one another in Ff(Xi+1Xt). Since

В Д = £ +1* ,+1= - ^ В Д +1 and XjXj = X j+1Xj+1= —  X jX J+1 the lines XtXj

and Xj+1XJ+1 also intersect one another in H (Xi+1Xi). It follows immediately 
that \OXiXi+1\>• \OXjXj+i\.

Consider an area preserving affinity carrying the segments OXt and OXi+1 
into equal segments perpendicular to one another. In the transformed figure we 
preserve the notations of the original one. Choose a Cartesian coordinate-system 
such that O =  (0, 0),_Xt={2pq, 0), Xi+1 = (0, 2pq), Xj = (0, —2pqrj) and XJ+1 = 
—( —2pqt;, 0). Then X ~ {p q  + q,p) and Xi+1 = (p, pq+q) (Fig. 10).

Let the lines Xi+1Xj+1 and XtYj intersect the axes у  and x  in G and 
H, respectively. In accordance with our previous notations let these lines intersect 
the axes л: and у  in F  and E, respectively. Fixing the points O, Xh X i+1, X it
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Xi+1, E, F, G and H, let the line XjYj Yj+1Xj+l vary under the following con­
ditions :

{ ё О ,  4 £ 0, f t  S i ,
1

(*) ^ 0  YJ —  2 ^  x j X ] + i ’ 

XJ+1YJ+1^ ^ X j X j+1.

Then the quantity f= p(\A '1\—\A'2\) + q(\A'i \ — \A'i \) obviously attains its minimum. 
Observe that /  cannot attain its minimum but in one of the following cases:

a) £r\=0, b) & =  1, c) 0<C>7<1, XJY j= X j+1Yj+1= — X j Xj+1. For suppose

that and let, say, X jY j~ < ~  X j Xj+1. Choose a point Xj+1£OXj+1.

Let the line X'j+1Yj intersect the lines OXj, OYj and OYj+1 in X-, Y'- (=Yj) 
and У/+1, respectively. If X j+1 is sufficiently near to XJ+1 then the points X ', 
Y'j, Yj+i and X '+1 continue to satisfy the conditions (*), but for the new points 
the value of /  is smaller than originally.

If £=?7=0, then we have, obviously, /= 0 .  The considerations of case (i) 
show that if exactly one of £ and q is equal to 0 then / > 0 .  If qq=\ then the 
lines X[Xj and X i±1XJ+1 are parallel and the conditions (* )  cannot be satisfied 
but if the lines Х -Yj and X i+1 Yj+1 are parallel too. But then /= 0 .

Let us now turn to the case 0<£i/-=l, Xj YJ = X j+1Yj+1 = -^-X jX j+1. Now

we have Yj = ( —p£, — (p + 2q)q) and Yj+1 = ( — (p + 2q)^,pq). Hence we obtain 
by a simple computation that

E= 1
i0 P2Z - (P  + 2q)2q ) 
l ’ P Í+ P  + 2q JI* H

' p2q - ( p  + 2q)2Q 0j 
l pn+p+2q ’ )

H
Í (p + 2 q ) 4 - p 2r) } 
[ ’ (P + 2 q ) i+ p  JI- " = l

\ (p + 2q)2q - p 2Q j
l (P + 2q)q+ p  ’ J

First suppose that О lies in the interior of the quadrangle YjYj+iXi+1X t. Let 
the midpoints of the segments X tX i+1 and * j X j +1 be Mi and Mj,  respectively. 
Then

Ai = OGMtH  U HMiXi U GXi+, M t
and

A a =  OEMj F U EMj Yj U FYj+1Mj.

Thus, making use of the relations pXiX i=pXi+1X i+1 = qXiX i+1 and pXj YJ = 
=pYj+1X j+i = qYjYJ+1, we obtain f= p(\O G M iH \-\O E M j F\), i.e.

f = p 2q
(p + 2 q ) 4 - p 2r, (p + 2 q f q - p 2£

(p + 2q)£+p (p + 2q)r]+p

E (P + ̂ ) 24~ P 2i  
Q p + 2q+pZ

( p + 2 q ) 4 - p 24
p + 2q+pq
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It is easily seen that this formula continues to hold if О does not lie in the quad­
rangle F j2 j+ i* i+1*i-

A simple transformation shows that

(p  +  2 q) 2£ - p 2ri 
( p + 2 q ) £ + p

p  +  2 q - - j  +  ( l - £ r i ) P2
t[(P + 2q)t+ Pr

(р  +  2 д )2д - р 2£ 
(p +  2 q ) q + p

p  +  2 q - — +  ( l - Q r i )  
1

P2
>l[(p +  2 q ) r i + p ] ’

- (P + 2q)2rj-p '4  
p  +  2 q+ p £ ,

p  +  2 q - p Z  +  ( l - £ r i ) (.p+ 2q)2
p  +  2q +  p£  ’

(P + 2 q ) 2Z - p 2ri 
p + 2 q + p q

p  +  2 q - p q  +  ( \ - £ r i ) (P + 2qT- 
p + 2 q + p q  '

Using these relations we obtain

/= /> * ? (  l - f r )
P2 . (P + 2q)2 p P2

ü ( P  +  2 q ) £ + P ]  p  +  2 q + p £  £ n [ ( P + 2 q )r t + p )

p  +  2 q + p q  t]
+  _ ( p  +  2qY---- p_ - =  4psq 4 p  +  2 q ) ( l - ^ )

+ П
l(P +  2 q ) r j + p ] ( p  +  2q +prj)

[(P +  2 q ) í + p ] ( p  +  2 q + p O

0.

+

This completes the proof of Lemma 7.
Now we are in a position to prove the last statement of Lemma 1. Consider 

a point P £C 0M (D )  and a side X tX i+1 of D. We may suppose that X t is not 
a double-vertex of D because otherwise D is the double of a convex polygon, 
and the statement of the lemma is obviously fulfiled. Then Lemmas 4, 5 and 6 imply 
that S(XiPX i+1) contains, besides X t, at most one vertex of D. Suppose that 
S(XiPXl+1) contains no vertex of D other than X t. Then D has a side X jX j+1 
which intersects the halflines PX{ and PXi+l, say in the points Ц  and Li+1, 
respectively. The vertex X t cannot lie on the segment РЦ, because then Xt would 
lie in the set C(Xj) which contradicts Lemma 4. In the same way we see that Xi+1 
cannot lie on the segment PLi+1. It follows that both Xt and X i+1 lie in the 
halfplane H(Xj+1Xj) which is impossible by Lemma 6. Therefore S(XiPXi+1) 
contains besides Xt exactly one further vertex of D.

This completes the proof of Lemma 1 and simultaneously the proof of Theorems 
1 and 2.
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ON THE INTERSECTION OF A CONVEX DISC 
AND A POLYGON

By
G. FEJES TÓTH (Budapest)

Distribute in the plane translates of a centro-symmetric convex disc C with 
a given density d. Let d be too big to be able to arrange the discs without over­
lapping but too small to cover the plane completely with them. How should the 
discs be arranged so as to cover the greatest possible part of the plane, more pre­
cisely so as to maximize the area-density of the part of the plane covered by the 
discs? In a previous paper [1] I showed that the solution of this problem depends 
on the behaviour of the function f(x )  defined as the maximum of the area of the 
intersection of C and a convex hexagon of area x. If f(x )  is the least concave 
majorant of f (x )  and |C| denotes the area of C then the density of the part 
of the plane covered by the discs cannot exceed df(\C\/d). This bound is exact. 
If f(\C\/d)=J(\C \/d) then we obtain a best distribution by arranging the centres 
of the discs so as to form a conveniently chosen point-lattice. If  f(\C \/d)<J(\C \/d) 
then a best distribution can be obtained by arranging the discs in a certain angular 
region in a suitably chosen lattice and in the complementary angular region in 
another lattice. However the existence of a disc with a non-concave f(x )  remained 
open. Here a centro-symmetric convex disc will be constructed for which f(x )  
is not concave.

More generally, let f„(x) be the maximum of the area of the part of a convex 
disc C which can be covered by a convex и-gon of area x. For any n Ш4 we 
shall show the existence of a convex disc with и-fold rotatory symmetry for which 
f„(x) is not concave.

Let C be a convex disc having и-fold rotatory symmetry. Let g„(x) be the 
maximum of the area of the intersection of C and a regular и-gon of area x 
concentric with C. Probably we have f,(x)= g„(x) for any convex disc with n- 
fold rotatory symmetry. Unfortunately I was not able to prove this conjecture. 
But the following weaker result will be enough for our purpose:

L emma 1. Let n be an integer greater than 3 and C a strictly convex disc having 
n-fold rotatory symmetry. Suppose that for a given value x0 we have / ,(x 0)= /„ (x 0). 
Then we have / , ( x 0)= g n(x0).

In the proof of Lemma 1 we shall make use of the notion of the weighted area 
deviation. Let p  and q be positive numbers and A and В  two convex domains. 
We define the weighted area deviation, in short the deviation o f В from A by

a(A,B) = p \A -(A C \B )\ + q \B -(B {\A )\.
Lemma 1 is a simple consequence of a rather deep theorem (Theorem 2 in [2]) 
which we phrase here as
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L emma 2. Let n be an integer greater than 3 and C a strictly convex disc 
having n-fold rotatory symmetry. I f  Z0 is a convex n-gon having minimal devi­
ation from C fo r given weights p  and q then Z 0 is a regular n-gon concentric with C.

In [2] the condition + is made on the weights p  and q but it is easily

seen that all the results of [2] hold without this condition on the weights.
Consider a strictly convex disc C having и-fold rotatory symmetry ( n > 3) 

and suppose that for the value x0 we have f„ (x0)= jn(x0). Then there is a line 
containing the point (x0, f n (x„)) which lies completely above the graph of f„(x). 
Let the slope of this line be q. Then we have

L  O ) =  fn Oo) + q { x -  x0)
for any x. Let Z0 be a convex n-gon of area x0 such that |CDZ0|=/„(x0). It 
is obvious from the definition of the function f n(x) that We write p = l —q
and consider the deviation of an arbitrary convex n-gon Z  from C with the 
weights p and q. We have

a{C, Z) =  p\C\ +  q\Z\ -  |CDZ| ^  p\C\ + q\Z\ - /„ ( |Z |)  ^

= P\C\ + q \Z \-  { fn(x0) + q ( \Z \ - x 0)) =

=  p|C | +  ^x0- /„ (x 0) = p\C\ + q\Z0\ - \C f] Z 0\ =  a(C, Z0).

Thus we have a(C, Z )^ a (C ,  Z0) showing that Z0 has a least possible devia­
tion from C from among all convex n-gons with the above choice of the weights 
p  and q. By Lemma 2, Z0 is a regular n-gon concentric with C, i.e. we have
fn(x0)=gn(x0).

Now we turn to the construction of a convex disc C with и-fold rotatory 
symmetry (n>3) for which /„(x) is not concave. By Lemma 1 it suffices to con­
struct a strictly convex disc C  with и-fold rotatory symmetry for which the 
function gn(x) is not concave.

Let К  be a unit circle with centre О and Y = Y 1...Y„ a regular n-gon in­
scribed in K. Let K' be a circle concentric with К  whose radius r is less than 
that of К  and greater than the inradius of Y. Let the points of intersection of 
the side YtYi + 1 (Yn + 1= T,) with the boundary of K' be R t jm d Ri+1 choosing 
the notations so that the order of the points should be Yh R (, Ri+1, Ti+1 (see 
the figure). Choose the points A { and on the boundary of К  in the cyclic order 
A i, Yi, ВI so that T,/t; and YiBl are tangent to K ' (7=1, 2, .... n). Obviously, 
we have

lim <  A,OBi = lim <  R:OR, = 0.
r - * - 1  r - + 1

Furthermore, a simple computation shows that

lim
r  —  1

<  RiOR,
<  AjOBi =  0.

Therefore, choosing /• sufficiently near to 1 we have 

( 1) 4  <  RiOR/ <  <  AfOBf  <
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Enlarge У by a similitude with respect to О so as to obtain a regular polygon 
X = X 1...X n with an inradius less than r. Let S t be the pointy of intersection of 
the boundary of K ' and the side Ari_1A'i nearer to Xh Let Sf be the point of 
intersection of the boundary of K ' and the side X(Xi+1 nearer to Xh Because 
of the inequality (1) we can choose X  so that

(2) 4 «  S iOSi ^ < A iOBi ^ ^ .

We choose a point C, on each of the segments У, У, at equal distances from 
О so that the segments A; C, intersect the boundary of К  in the interior of X.
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Replacing the segments of К  cut off by the lines At B: by the isosceles triangles 
AiBiCi we obtain a convex disc C with и-fold rotatory symmetry. If C; coincides 
with 7; then we have С С \Х ^К Г\X. On the other hand, in the other limiting 
case when the point of intersection of /f;C; and the boundary of К  lies on the 
side Xi_1X i then СГ\Х^>КГ\Х. Therefore we can choose the points C, so 
that(3) \cnx\ = |а:плг|.
We claim that for the disc C constructed in this way the function g„(x) is not 
concave.

First we show that ^„(|A"|)= \CC\X\. Let Х(ф )=Х1((р)...X„((p) be the n- 
gon obtained from X  by the rotation about О through the angle </>. Write a{(p)= 
= \Х(ф)С\С\. We must show that a((p)^a(0) for any cp. Observing that a(cp)= 

( 2n\ (2n ) .
— aup + —  I = a\ —  — (pl we can restrict ourselves to the case when 0^(p ^n /n .

Let Mi(cp) be the midpoint of the side X i((p)Xi+1(<p) (/=1, . . . ,11; X n+1(<p)= 
= X1(q>)). Let Xßcp) and X i+1(cp) be the points of intersection of_the side 
X l((p)Xi+1((p) with the boundary of C choosing the notations so that X {(cp) lies 
nearer to X t(cp). Writing v(<p)~Mi(<p)Xi((p) and v(<p) = M t((p)Xi+1(<p) we have

n
~2 (v2- v 2).

Denoting the distances OXt(cp) and OXt((p) by r(cp) and r(cp) we obtain the 
alternative formula

da
dq>

n
2

(r2 —r2).

Thus we have to compare the quantities r and r when rotating X  about O.
It is obvious from the construction of C that C ziK '. This implies, along 

with the inequality (2), that

(4) <  í ( ? ) O Í , ( ? )  <  <  &OS,

It follows immediately that we have <zCiOXi((p)< <CiO Ai + 1 for any cp£[0, n/n]. 
Let a be the angle for which CJ-€Z1_1(a)Xi(a). Let Ft and Gt be the feet 

of the perpendiculars drawn from О to the lines Л,С; and -б;С;, respectively.
Obviously we have <^FiOCi= < CiOGi^~-^-<^AiOCi=-^<LAiOBi. This and the

inequality (4) imply that Ft and Gt are outside of X(<p) if OsiipSa. Therefore 
increasing <p from 0 to a, r decreases and r increases. Since r(OJ =  r(0), we 
have in the interval [0, a] ű(<p)^ű(0). In the interval [a, ß], where ß = < C ,  OG,, 
we have obviously r>r ,  therefore in this interval a(<p) continues to decrease. 
Let у be the angle for which Bi^X i- 1(y)Xi(y). In (ß,y) we have r-=r so that 
here a Up) increases. Finally, in the interval [у, л/п] we have r —r thus here a((p) 
is constant. But we have in this interval X((p)C\C—X((p)f)K  and therefore by
(3) o(<p) =  a(0). Thus we have indeed g„(|7 |)=  |jf(TC|.
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Let X'(0) be a regular и-gon concentric and homothetic with X=X(0) 
of area |X \—h. Let X'(n/n) be a regular и-gon concentric and homothetic with 
X(n /и) of area \X\+h. Writing

we have

w(cp) =
Х ^ср Ж ^ср )
Xi((p)Xi+1((p)

|С П A"(0)| -  |C nZ (0)|-w (0)/i+ O (//2)
and

СПХ' [-]n ) cf4 i)— w h + 0{h2).

Since we have w(n/n)>w(0) and |СПХ(0)| = СЛХШ=£„(1*1) this shows

that the right hand derivative of g„(x) at the point \X\ is greater than the left 
hand derivative. Thus the function gn (x) cannot be concave.

The existence of a strictly convex disc with и-fold rotatory symmetry for which 
g„(x) is not concave can be seen immediately if we approximate C by strictly 
convex discs with и-fold rotatory symmetry.
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ON A GENERALIZATION OF THE CONCEPT 
OF DERIVATIVE

By
J. PÁL and P. SIMON (Budapest)

Introduction

In this paper we are concerned with a generalization of the concept of deriva­
tive introduced by J. E. G ibbs, P. L. Butzer and H. J. Wagner ([2], [1], [7]). This 
generalization is due to C. W. Onneweer [3].

We introduce the inverse operator of the derivative, namely the integral operator 
and prove the strong differentiability of the integral function. This is a generalization 
of a theorem proved by P. L. B u t z e r  and H. J. W a g n e r  in [1]. Applying these 
ideas to the (C, 1) summability of Fourier series with respect to the bounded Vi­
lenkin systems, we prove the a.e. convergence of (C, 1) means for functions in U .

§•1

In this section we introduce some notations and definitions. Let

(1) m = (m0,m 1, . . . ,m k,...)  ( 2 S m t , mt (N , i? N := { 0 ,l ,2 ,. . .} ) !

be a sequence of natural numbers and denote by Z mk the mktb discrete cyclic group,
i.e.
(2) Z„k := { 0 , 1 , mk—l} ( k e N).
Furthermore, if we define the group Gm as the direct product of the groups Z mk, 
then Gm is a compact Abelian group. Thus the elements of Gm are of the form 
x= (x0, x1( ..., xk, ...) with 0S x t < m t (k£N) and for x ,y  in Gm their sum 
x+ y  is obtained by adding the nth coordinates of x and у  modulo mk (fc£N). 
We define the subgroups /„(x) of Gm as follows:

(3) I„(x) := {y£G m\ у  =  (x0, . . . ,x „ - i,y n, ...)} (x£Gm, n€N).

Then the /„(0)’s (n£N) form a basis for the neighbourhoods of 0 £ Gm in Gm and 
these subgroups completely determine the topology of Gm.

Next, let Г(т)= {ij/,,: n£N} denote the character group of Gm. We enumerate 
the elements of Г{т) as follows. For k£N and x£Gm let rk be the function 
defined by

(4) rk(x) := exp 2я'Х-к (x£G,„, i := )ГЛ ,  k£N).
mk

If we define the sequence (Mk, k £ N) by M0: =  1 and M k: = m0m1...mk- 1
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(&€P: = {1, 2, ...}), then each n e N has a unique representation of the form

n =  2  >\Mk,k = 0
where 0^ n k<mk (k £ N). For such ибN we define the function \j/n by

( 5 )  Фп ■= П(гк)"к-k = 0
We remark that Г(т ) is a complete orthonormal system with respect to the normalized 
Haar measure dx  on Gm ([6]). Furthermore, if m„ = 2 for all n£N, then Gm 
is the so-called dyadic group and the elements of the character group Г(т) are 
the Walsh—Paley functions.

For f e b 1(Gm) we define its partial sums and (C, 1) means by

/ ( « ) : =  f m J J T ) d t ,  s nf : =  " z A m k (nfP,  S0f : =  0),
G-  k=0

I 1°nf'-=-Z Skf  (n€P).
П k = 0

Then we have the formulae

( 7 )

(X) = f f ( t ) D n (x  -  t)dt = ( f*  D„) (x) 
Gm

( O n f ) ( x )  =  f f ( t ) K „ (x  —  t)dt =  ( f * K n)(x)
(xeGm, n e P),

where D„, K„ are the so-called Dirichlet and Fejér kernels, resp. In [5] it was proved 
the following form ula:

“  ( mk~1 I
(8) о„ =  Ф п 2 \  2  ФкУ DMk (neP).

k = 0 \ j  =  mk — nk )

C. W. Onneweer has given the following generalization of the concept of 
derivative due to P. L. Butzer and H. J. W agner:

if
D efinition ([3]). The function f e L 1 (Gm) has a (strong) derivative dfeL 1 (Gm)

lim \\d f-d JW , = 0,
where

( 9 )

n—1 mj—1
( d „ f ) ( x )  : =  2  m j 2  к - n i j 1 2  r j ( / e j ) kf ( x + l e j )

j=0 k=0 1=0
j  1 2  l

{xeGm, n e P, 6j := (0,0,..., 0, 1, 0, ...)eGm, lej \= ej + ej-\-. . . -]r ej). 
The following relation is easily verified:

(10) dфn =  пфп (n€N).

Further we suppose that the sequence (1) is bounded.
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§•2

Let us denote by w£L2(Gm) the function for which

holds and let

w(k) :=
(k =  0) 

(*€P)

( fcL H G J).

The system T(m) is complete, therefore the function w is uniquely determined. 
Then we have

Theorem 1 .Let f cJ d (G m) be a fund  ion and /(0)=0. Then
i) t f  f  has a (strong) derivative, then

W )  = f
ii) the function If£ L' (Gm) has a (strong) derivative and

d(If)  = /•
On the basis of this theorem the operator /  is called the integral operator. 
In the following theorem we give three equivalent conditions for the existence 

of the (strong) derivative.

Theorem 2. The following conditions are equivalent:
i) the function f£ L l (G„) has a (strong) derivative,

ii) there exists a function gCD(Gm) for which

gik) = k f(k ) (ke  N)
holds,

iii) there exists a function g£L l(Gm) for which

/ - / g  4-/(0)
holds.

The following theorems show applicability of the concept of derivative in 
the theory of Fourier series with respect to the Vilenkin systems. From (10) follows 
easily that

(11) Kn = D n- ^ d D n (nCP).
Using this we prove

Theorem 3 .11/̂ 1̂  =  0(1) («->-°°).

Let a* denote the maximal operator of the operator sequence on: L1 (Gm) 
->Li(GJ (h€N), i.e.

{a*f)(x) := sup \{onf){x)\ ( fe L l (Gm), x€G m).

Then the following maximal theorem holds:
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T heorem  4. The operator cr*: L1(Gm)-*L1(Gm) has weak type (1,1) and 
for all p, has type (p, p), i.e. the following inequalities hold:

i) mes {x: (o*f)(x) >  j}  si CjWfWJy ( f ^ L f G J ,  у  >  0),

ii) \\a*f\\p ^  Cpll/ll,, ( f£ L p(Gm)),

where the constants Cp{\^p^=  °o) depend only on p.

An immediate consequence of this theorem is the following 

C o r o lla r y . Let /  be an arbitrary function in L1(Gm). Then 

lim (o-„ / ) (x) =  f(x ) (a.e. x 6G J.
n

Here we should like to pose two problems. Are the previous theorems valid 
also in the case limw„= +  °°? In [4], F. Schipp proved the following statement:П
if the sequence in (1) is m„ = 2 for all n£N, then

lim d„{If)(x) =  f{ x )  (a.e. x fG mi f f D (G J).

Is this theorem true for an arbitrary sequence (1)?

§. 3. Proof of the theorems

Proof o f T heorem  3. Let P be an arbitrary fixed number and sgP b e  
the natural number for which Ms =  я <  Ms. Then from (11) we get

Kn = dDn = A. -  ~  dsDn, 
i.e.

nK„ = nD„—dsD„.

Hence applying (8) and (9) the following estimate is valid:

(s - l  )  J - l  Щ — 1
2  nvM x\ 2  2  (ri(x))JDMi( x ) -
v = 0 / i = 0 j = m i  —  n i

5—1 mv — 1 mv — 1 _________

- 2 Mv 2  knT 1 2  r11(/ev)'iA ,(x+  k \) =
v = 0 k =0 1 =  0

s - l  5 - 1  mt — 1
= Фп(х) 2  M v 2  2  cu } О ) (и€Р, x £ G J ,

v = 0 i = 0 j = m i — n i

where

{ mv —1 mv — 1_____
nvDMt{ x ) -  2  k - m - 1 2  rv(lev)k • [ri(le,)]jDM.(x + lev)\ фп (ley).

k = 0 1 = 0  J

Since supp DMk= Ik(0) (&£N), we have in the case 0 ^ j<  v

DM. (x +  !ev) = DMi (x) (x € G J, r f / e j  = 1,
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thus also
c \f  (x) = о (x£G m, j =  trii-rii, ..., mi 1)*

From this it follows that

n\K„(x)\ =
S — 1 5 - 1  r n t - l

'K(x) 2  Mv 2  2  ci f  O)
v = 0 i = v j  =  m i — n i

=  o ( i)  2  z
v = 0 i=v

mv—1
D m  ;  ( x )  +  2  D m , ( x  +  l e v) ( x e c j .

Since \\DM ||i =  1 (i£N) ([6]), the last estimation implies

W li  =  0 ( 1 ) 1  2 \ s - v ) M v = 0 ( l ) - J —  z \ s - v ) M v
f t  v = 0 ^ s  — 1 v = 0

=  0 ( 1) 2
s — v_ m m =o(D2 r o(D (i-)-

v = o  m v . . . m s _ 2 v = i  z

Theorem 3 is proved.
In order to prove Theorem 1, we shall need the following generalizations of 

some lemmas of B u t z e r  and W a g n e r  [1], [8].

Lemma 1. Let

for an arbitrary k £ N. Then
w. ;= w*D

lim I) iv—Wjfclli 1 0.
к

P r o o f . Let n, к  £ N, be fixed numbers and suppose that n> k. Then applying 
Abel transformation we obtain that

M „ — 2 J

iJm. / ( / + 1)
1 1

2  777Т 7гА +1 - ^ Д м к- г ^ — j- D it .

By II-Oftllx— О (log k) (k-+°o) ([6]), we have

lóé / 1 1
k n - ^ l l i  =  0(1) I 2  - 4 - + Х Г + -P M , Mn- 1

From this immediately follows that

lim II =  0,
k ,n

and also there exists a function gCZ.1 (G,„) for which

lim Ilg -w Ji =  0
к

holds. Because the system T(m) is complete, so g=w. This proves Lemma 1.
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Lemma 2. For an arbitrary but fixed k£  N  let w<k)(zL2(Gm) be the function 
for which

(и<*>)“(/)

0 (0 =s / <  M*)

7  ( M ,s / ) .

Then

i) ||w<‘>||1 =  0 ( \ /M k) (к -  со ),

ii) IIw(-) — w( • +/z)||i =  0(1 /Mk) ( h e l k(0), к — o°).

P roof, i) Let и, be fixed numbers and n> k. Then, as in the proof of 
Lemma 1, we obtain that

Mn- i  t m„-3 ( j
2 y'Ai= 2  14- l

/ /+ 2 * , + i -
1

M k + 1 Kml. +

+  Км"-1 +  Aw"

Since from Theorem 3, ||ATi||1= 0 ( l )  (/-*■«>) is valid, we have the following es­
timation:

Z  4 ^i
1 1 1

+  M „ - 2  + M k + Mn- 1

From this we obtain the statement i) by n —
ii) Since

H’fc(v) =  w*(- +A)
we have

| |w ( - ) - w ( *  +  A)||1 ^  l lw - w j j .

• o o  #

(A€/*(0), *€N ),

+  I K ( - + A ) - wC+/0II1 =

=  2|| w — vv’fcH x =  2||w(*>||1.

From this ii) follows directly on the basis of the proof of i). Lemma 2 is proved. 

Lemma 3. i) I f  the function f^ IM fi f )  has a (strong) derivative, then

(d f) '(s )  = sf(s) j €N). 

ii) I f  there exists a function g i L l(Gm) for which

holds, then

Proof, i) Since 

we have

g(s) = sf(s) (s€N)

/ =  ig+A o).
lim Wdnf—dfWx — 0,П

lim (d„ f  У  (s) = (d f У  (s) (seN).n
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On the other hand by (9) we have
П — 1 ttlj — ln —  1 TTlj — L nij —  1 _____  ____

(d„f)~(s) = 2  m j 2  к -m y1 2  rj ( lej)k f  / ( *  +  lej) ^s(x) dx
j = 0  k  =  0 J / =  0

mj —  1 .— 1 mj —  1 in j л._____  ____
=  *2  Mj 2  к -m j1 2  r jile jf^A le j) f{x)xl>s(x)dx =

j = 0 k  =  0 1=0 q

= / Щ 2 о sj Mj\-
Hence we obtain 

ii) Since

(/g )~0) =  it'0 )g0 ) =  

we have by the assumption

lim (d j y  (j ) =  s f  0 )  0<EN).П

0 (s =  0)

I g ( 5 )  (5 € P ) ,

f(s )  = (ig y ( s )  (seP).

This completes the proof of Lemma 3.

P roof of T heorems 1 a n d  2. Part i) of Theorem 1 is  a direct consequence 
of Lemma 3.

ii) Let nPN and Fn:=dnw(nK Then by means of the method used in the 
proof of Lemma 3, we have

Í0 ( 0 S J t<  M n),

Fn(k) 4- 2  ki M i  ^  k).
К  j  — Q

By comparison of the Fourier coefficients it is easily verified that 

dn(f f )  - /  =  F n) ( n f P ) .

lim \\SM f —fWx =  0,
n

lim II/* T J i  =  0.

Since (cf. [6]) 

it suffices to prove that

For the proof of this relation we remark that for a “polynomial” of the form
I

P= 2< h*i , a,€C) we have Fn* P = 0. On the other hand by Lemma 2
i =  0

we get
n —1 m j - 1  1 n — 1

ll^lll ^  2  Mj  2  Л|иЛ»)||1 =  0 (1 )—  2  Mj = 0(1) (И -  со).
j =0 k = 0 m n ] = 0

Applying the inequality ||/*F J1̂ ||.FJJ /Цх and the theorem of Banach and 
Steinhaus, Theorem 1 is proved.
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The implications i)=>ii) and ü)=mü) of Theorem 2 follow from Lemma 3 
and the implication iii)=»i) from Theorem 1.

To prove Theorem 4, we shall use the following decomposition lemma of 
Calderon—Zygmund type.

Lemma 4 ([5], Lemma 1). Let and y> |l/lli- Then there exist de­
compositions

Gm = FÖF (F  := Gm\ F ) ,  /  =  /„+  Z f
i = l

such that

i )  F =  \ j j t (Jir\Jk = 0 ,  i ^ k ) ,
i = 1

where Ji= Iki(xd'>)(Jci€.N, x(i) €Gm, г'€Р),

ii) II/oil- ^  2y,
iii) supp/* c  Jk , J f k(x)dx =  0,

j d j j / l A W I & s  *y » e D .
KJk

iv) m e s f s  \\f\\Jy .

Proof of Theorem 4. Let
Tt —  1  n  — 1

фп (x) := TT 2  2
1V1 „ v = 0 i = v

mv—1
Ам;(х)+ 2  T>Mi(x+  lev) (x€G m, n€P).

By the proof of Theorem 3, |^Г„(х)| =  0(1)|(р„(д:)| (и->-°°, v€GOT). Thus it suffices 
to prove that the maximal operator

(T f ) (x) := sup |( / *  Ф„)(x)I ( /€  L1 (G J, x <E Gra)

has weak type (1, 1) and type (p, p) (l< p^oo).
Let us first consider the case p  =  CO # Then we have

l ir /iu  =  o (i)(su p  II ФЛО -II /II
n

Since ||< pJi= 0(l) ( n ° ° )  (see the proof of Theorem 3), the operator T has 
type (со, со).

Next we prove that Г has weak type (1,1). Let f ^ L 1(Gm), y > 0 be arbitrarily 
given. We can suppose that у HI/H i* Applying Lemma 4 with notation used there, 
we get

/ * Ф „  =  / о * фп +
i= 1

According to the Lemma 4 ii) and ||$ „ |li= 0 (l) (и-»•«>), there exists an absolute 
constant C> 0 for which

11/о*Ф»11~ = Gy.
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Let i'£P be fixed and Then we have
mv —1

2(/i*-DMj)(x)+ 2  i f  * D \i)(x  +  lev)(/* Ф п )(х) — ~rr " z  m / z 1
l v l n v =  o j= v

Since in the case 0 we have J-tП Ij(x) = 0  or Jt and by x£F  in the case 
ki^tj JtП Ij(x) = 0  holds, thus according to Lemma 4 iii) we obtain

( f * D Mj)(x) = Mj f  f ( t ) d t  = 0 ( ;€ N ) .
JiDT/x)

It is proved similarly that in the case k {> j we get

thus
(f*k>M j)(x+lev) =  0 ( / =  1, 2 , mv- l ;  v6N),

] n  — 1 n  — 1 *WV — 1

( f* ® n)(x) = —  2  2  2  ( f * D Mj) (x+  lev) (xeF).
M n v = 0  j= k t / = 1

We remark that if n — then (/] * Ф„)(х)=0. Thus we can suppose that
n ^ k , +  l and on the other hand in the case x£F  for 1 we have
x  + le ^ J i ,  thus

(f * D Mj)(x+ lev) =  0 ( / =  1 , 2 , mv —1).

From the above it follows
kt—1 и — 1 Л4 tnv — l

и * Ф п) ( х ) \^  2  2  irr  2  i \ f \* D M) { x + le v) ^
v =  0 j= k t 1V1n 1 = 1 

k t — 1 со I mv— 1

= 2  2  TT 2  ( \ / \* D mj)(x + lev) (x£F).
v =  0 j= k t M  j  l = i

Let us denote by Xa the characteristic function of the set A a G m. Then we have

IMTfdh = o ( i )  [2 2 w \ =  сЛЯх,
Vv=0 j = k ,  M  j )

where Q > 0  is an absolute constant. Since T  is sublinear, we have

M,

T f  = T f0+ 2  T f  ^  Cy+ 2  T f ,
i = 1

so
m e s  {x: ( T f)(x )  >  2Cy} ^  m e s  { x : ( 7 y o) ( x )  =- C y } +

+  m e s  j x :  x € T ,  |  Д г / j j  (л:) >  C y J  +  m e s  j x :  x € F ,  j  Д  T / j  ( x )  >  C y J  ^

' mes /■+ — Z tTÍU fi=l mes F + ±  2  KTfdXrh = mes р + 7 ^ с г 2  W h-Cy ii=  1 Cy
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Now, applying Lemma 4 we have the following estimation:

mes {x: (Tf){x) >  2C y} =1 ^ ß l +  4 ^ l O l
У tó c  У

II/111
У

where C2> 0  is an absolute constant. So we have proved that the operator T  
has weak type (1, 1). Since T  has type (°°, °°) by the interpolation theorem of 
M ar cinkiew icz  [8], T  has type (p ,p) (1 This proves Theorem 4.

References

[1] P. L. Butzer— H . J. Wagner, Walsh— Fourier series and the concept of a derivative, Applicable
Anal., 3 (1973), 29—46.

[2] J. E. G ibbs, Some generalizations o f  the logical derivative, NPL, DES Kept., 8 (1971).
[3] C. W. Onneweer, Differentiability for Rademacher series on groups, Acta Sei. Math. Szeged

(tp appear).
[4] F. S c h i p p , Über einen Ableitungsbegriff von P. L. Butzer und H. J. Wagner, Matematica Bal-

kanica, 4  (1974), 541—546.
[5] P. Simon, Verallgemeinernten Walsh— Fourierreihen. II, Acta Math. Acad. Sei. Hungar., 27

(1976), 329—341.
[6] N. J. Vilenkin, O n a class of complete orthonormal systems, Izv. Akad. Nauk SSSR, Ser. Math.,

11 (1947), 363—400.
[7] H. J. Wagner, Ein Differential- und Integralkalkül in der Walsh—Fourier-Analysis mit Anwen­

dungen ( Forschungber. des Landes Nordhein- Westfalen Nr 23347, Westdeutscher Ver­
lag (Köln-Opladen, 1973), 71 pp.

[8] A. Zygmund, Trigonometrie series (Cambridge, 1959).

(Received March 22, 1976)

EÖTVÖS LORÁND UNIVERSITY 
DEPARTMENT II. FOR ANALYSIS 
1088. BUDAPEST, MÚZEUM KRT. 6— 8.

EÖTVÖS LORÁND UNIVERSITY 
DEPARTMENT FOR COMPUTER MATHEMATICS 
1088. BUDAPEST, MÚZEUM KRT. 6— 8.

Acta Mathematlca Academiae Scientiarum Hungaricae 29, 1977



Acta Mathematica Academiae Sctieniarum Hungaricae 
Tomus 29 (1—2) (1977),pp. 165—176.

CONTRIBUTION TO THE THEORY 
OF INTERPOLATION

By
P. VÉRTESI (Budapest)

1. Introduction

On a joint American-Hungarian seminar held in 1975 in Budapest, 
P. Túrán raised the following twTo problems on the connection of the Hermite— 
Fejér and Lagrange interpolations (see further [1, Problems XXII and XXIII]).

a) For a fixed 0 < a < l  let us give a matrix of nodes Z c [ - 1 ,  1] such that
L„(f: X, x) uniformly tends to fix )  in f — 1, 1] for each A  Lip ot, but for a suitable 
/!(*)€ Lip a we have hm X, x)|| =  °=.И-+-00

b) If for a matrix X, Ln(f;  X, x) uniformly tends to f(x )  in [—1,1] for 
each / $  Lip a (0 < a < l) ,  then can we choose a positive integer r= r(a )  such that 
H„(g; X, x) tends uniformly to g(x) (in [—1, 1]) supposing that g<r>(x) is con­
tinuous on [—1,1]? (Here, as usual, Lip a =  {/(x); |/(x) —/ ( у ) |ё с ( / )  \x—y|“,

by (2.4) and (2.9)).
The positive solutions of these problems would mean that the Hermite—Fejér 

interpolation can be worse (Problem a)) but not much worse than the Lagrange 
one (Problem b)).

I proved some theorems concerning a) in [7].
In the present paper we give a negative answer for b), moreover, we gain some 

new results for a), too. A third aim is to contribute to the fine and rough theory 
of Hermite—Fejér interpolation.

2. Notations

Let us consider an arbitrary system of nodes

(2.1) - l S t M < V u < . - < ^ » < h , , S l  (« =  1 ,2 ,...)

in [ — 1, 1], further denote

(2.2) £2п(Х ,х) =  с ( х - х 1'П) ( х - х 2'П) . . .(х -х „ 'П), ст± 0,

( k =  1, 2, . .., и),

def "
(2.4) Ln( f ; X, x) =  2 / f e . J  4,„(Y  *) (n = 1, 2,...) ,

k = 1
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(2.5) vk,„(X, x)
d e f  f
=  1 - 2 lKn(X, **,„)(*-**,„) (к = 1, 2, ..., и),

(2.6) hk.„(X,x) ==vKfiX , x) FIn(X, x) (к =  1, 2, ..., n),

(2.7) bk,n(X,x) =  ( x - x k'„)/k2'„(X, x) 1? II

(2.8) H fifi, X, x)
d e f  n
=  Z f ( x k,n)hk,fiX , x)

k = 1
(« =  1, 2,...),

(2.9) HZ(fiX,x) =  H fifi; X, x) + 2 f ' ( x k,n)b(X, x)
k =  1

(« =  1, 2,...).

Here X  is the matrix {л*>п}£=1 (n —1 ,2 ,...), f£ C  (i.e., f(x )  is continuous on 
[—1, 1]), moreover in (2.9) we suppose that f '£ C ,  too. As it is wellknown, Ln 
is the Lagrange— and H„ (or //*) is the Hermite—Fejér interpolation.

3. Results

I.

3.1. If X  is a given matrix of nodes let

def n

(3.1) X fiL ,X ) =  max 2  \lk,fiX , x)|,-1S*31*=1

(3.2) XfiH, X )  =  max 2  \hk,K(X, x)\,
_ l - x - l k = l

(3.3) Г (1„) =  {x- XfiL, X) ~  Xfi.

Let us suppose that for a certain sequence {/.„} and function class F ^ C  
we have En( f )  — o(X~*) if /(EF.1 Then, as it is wellknown, for each X ^ F (/.„), 
Ln(/ ;  X, x) uniformly converges to f(x )  if /'<E F. Can we define a suitable 
subclass FkczF  suchthat Hn( f ; X ,x )  tends to f ( x ) uniformly for /€ F 1; when­
ever x€T(A„)? If we suppose that F, contains the very good function f  (x)= x  
then we can give a negative answer. Our assertion follows from the following

T heorem 3.1. I f  A„£ln n («=2), then for each sequence {/.„} there exists 
a matrix Y=Y[kj  such that Y^F  (Xfi, moreover, for each fixed xFO, — l ^ x S l

(3.4) hm \**Ä & \Y ,x)I > Q  (je?£()) 

where f i  (x) = x.

3.2. Definitions. A) We say that F is an F-good class of functions f ( x )  for 
the matrix X  if L „ (f;X ,x )  tends uniformly to f(x )  in [—1,1] whenever /£ F .

1 £„(/) is the deviation of the best approximating polynomial o f degree s  n from /  (x) on 
[ -  1, 1] in C.
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Similar definitions hold for the procecces Hn and H f
B) F  is L-good for Г(А„) if F is L-good for any Х £Г (1п). We say that 

F  is L-bad for Г(А„) if there does not exist an L-good Х £ Г  (/.„). One can analo­
gously define F  which is FI (or #*)-good (or -bad) for Г  (A„) (see [2, 4] and 
3.8).

C) G is a non-trivial function-class if x€ G.
By these definitions we can assert the following consequence of Theorem 3.1 

(see b):
T heorem 3.2. I f  F is a non-trivial function class and Х<9_Г(/.„) for certain 

{A„} (A„Sln n) then we can choose Y f f  (A„) such that there does not exist a non­
trivial subset Fx o f F which would be H-good for Y.

3.3. Now let us see another consequence of (3.4). Let

C(a)m) = {/(x); / ( " - V e C  and a>(ßm_1>; t ) S  am(f)co(t)}.

So, if com(f;  t) is the ra-th modulus of smoothness of /(x ), then
d e f

0)m(t) = am( f ) t m~1a>(t) = a m(f)(Dm(t).

(Here io(t) is a modulus of smoothness, m g l.)  Then we have another answer 
to a).

Theorem 3.3. I f  we suppose that for a certain co(t) and {/.„} (/„Sin n) we have

(3.5) lim со I—I A„ =  0,
П-+00 \ У 1  )

then with a suitable matrix г = у {я„}ег(Ал)

(3.6) lim | | / ( x ) —£ „ (/;  Y, x)|| =  0 for each /€C(co),
П-*-°о

but for a certain f ß C  (со)

(3.7) Ilm I Я „(/2; Y, x ) - / 2(x)| =  °° fo r  any fixed x ^ O ,  x 6[ - l ,  1].
П-*- oo

We remark that / 2(x) does not exist. (Compare this theorem with [7, Theorem 
3.1]).

II.

3.4. Considering the above results we may conclude that knowing only {/.„}, 
we cannot determine a non-trivial F  so that it would be H-good for Г (A„). The 
following natural step is the investigation of H* from this point of view. We shall 
see that now the situation is more favourable.

3.5. At first we prove an estimation (as (3.8), see 5.4).

T heorem  3 .4. We have for any matrix X

(3.8) A„(tf, X ) = 0 (l)n4*(L , X ) (n -  1, 2, ...).
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3.6. Using (3.8) we shall prove the following statement on the rapidity of 
the convergence o f H *.

Theorem 3.5. I f  m ^ 2  then fo r  each /€C(co„)

(3.9) II//„*(/; ЗГ, * )- /(x ) || -  0(1)ю„, [л„(Я, X) + nhl(L, X)}.

3.7. By (3.8) and (3.9) we immediately have the following convergence-theorem: 

Theorem 3.6. I f  we suppose that for a certain a>m(t) and {/.„} (A„sln n) we
have

(3.10) lim (u„, [—I и2Я® =  0,
И-*-оо )

then for each /G C ( o J  f '£ C  and

(3.11) lim I #„*(/; X, x )- /(x ) || =  0 whenever Х£Г(Ап).n-*- CO

3.7.1. The above mentioned theorem can be formulated as follows: If (3.10) 
is valid then C(com) is #*-good for Г (Xn).

3.7.2. Now we prove that the order of (3.8) is the best possible.

Theorem 3.7. For each {A„} (А„й1пи) there exists an Y ^ ny- Yfr(/.„) for  
which
(3.12) X „ {H ,Y )i*cn4*(L ,Y ) (n = 1, 2,...).

111.

3.8. In their paper [2], P. E r d ő s  and P. T ú rá n  introduced the notion of the
rough and fine theory of Lagrange interpolation: If, knowing only the Lebesgue 
constants {/„}, we can determine whether a certain F is L-good or L-bad for 
Г(Л„), then the finer structure of Х£Г(Хп), cannot essentially influence the con­
vergence-divergence behaviour of F. This case was called rough theory. E.g., let 
F=- Lip у. (0<a 1) and /„ ~  np (0 < /i<  1). Erdős and Túrán proved the following:

If ß ^_2 ^ еп a ' s L -Ъай for r(n ß)\
if a>ß then Lip a is L-good for Г(п^);О
but if - —— then Lip a is neither L-good nor L-bad for Г(пр).p + 2
This means that in the third case the convergence-divergence behaviour is 

not determined by the Lebesgue constants alone but it depends on the finer structure 
of Хс_Г(/„), too. This case belongs to a finer theory.

3.9. Now we wish to extend the above mentioned fine and rough theory for 
the Hermite—Fejér interpolation. This program also was suggested in [2] and 
[1, XIX]. At first we quote a theorem which can be included in the fine theory 
but it was essentially proved by G . G rünwald ([3]).
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Theorem 3.8. I f  A„~ln n or (0< /?<0.5) then there exists a Z ^ j=
= Z f F  (/.„) so that the function-class C is H-goodfor Z.

3.9.1. A consequence of Theorems 3.1 and 3.8 is the following. Let F  be 
a non-trivial function-class with FQC. If ()< /?<0.5 then F is neither Я-good 
nor Я -bad for Г(пр).

3.10. It seems that a„(L, X) is not suitable for investigating the convergence- 
divergence behaviour of the Hermite—Fejér interpolation. This may be true for 
Я  but as to Я*, considering Theorem 3.6, we can expect a better behaviour. First 
we prove the following theorem. Using the same matrix as in Theorem 3.1 we get

T heorem  3 .9. For each {/„} (A„=£ln n) there exists an Y f  T (A„) so that fo r  
any fixed uX  0, «€[—1, 1] we can define ffix )^C (w m) (in ̂ 2 )  for which

(3.13)
n —► 0 0

supposing lim com
7| —*■ со

CO

Я Л Л ; L  и)- / ,(« ) >  l,

3.10.1. By (3.10) and (3.13) we can assert the following statement which can 
be included in the fine and rough theory of Hermite—Fejér interpolation.

Let /€  IL<2>(a)( =  {/(xr); / <2)(x)£Lip a}) and / „ ~ nß (/?>0).
If oc>3/? then PL(2)(a) is 7/*-good for Г(пр); on the other hand if 0-=oc-=l

and ac^-p-j-then H,(2)(a) is not H*-good for Г(пр).

3.10.2. The above mentioned theorems on fine and rough theory of the Her­
mite—Fejér interpolation mean only the initial steps. We wish to do a much more 
detailed investigation in another paper.

3.11. By Theorem 3.9 we can state

T heorem 3.10. I f  for a certain com(t) (m S  2) and {/„} (A„Sln n) we have

(3.14) lim co„ - I  A. 0 and lim a>„ nL nK

then with a suitable matrix L€ Т{л„}€Т(/.„) lim ||/(x ) —Ln( f;  Y, x)|| = 0  holds fo r
П-*~оо

each /€C(o>m) but for a certain ffix)£C(o)m) and any fix  uxO  («€[—1,1])

r n  [Я Л / , ;У ,« ) - /з ( « ) ] = ” .

E.g., (3.14) is valid if C(cam)=  IL(2)(a), 2„~nß and 0 < a < l ,  2, a <
< (ß —!)(/?+1) -1 (see 1. b) and [7]).
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4. Proofs

4 .1 . P roof of Theorem 3.1. Let T„(x)=cosn9, x= cos 9. If T  is the 
Chebyshev matrix, i.e.

2k — 1 n 2 k — 1 „  , „
xk,» = cos -- - -  n, 9kin =  — л (k =  1, 2,(4.1) "*.» 2n “K'n ~ 2n

thenwedefine Y=Y{>.„) for n =  2s — 1 (5 =  2) as

(4.2)
Ук,п ~  x k,n (,к  =  1

' n 1
To,» =  cos J ~ Qn]

Q„ with 0 <  Qn =  О 1
n log и , и =  2í — 1.

It is easy to verify the following relations, sometimes omitting the superfluous 
indices.

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

k . V ,  X )  =  4,„(Г, x) - 2 - ? 2 -  (k =  1, 2 ,..., n),
У к - У  0 

Tn(x)
lo,n(Y, x) =

=  ^  =  1> 2, .... /;),

y 0)

Т п(У оУ

—  0 - у  о
ТЛуо)
Г .Ы

740о)1 =  Isin И0„| ~  пд„, |Г „ 'Ы | =  Incos ng„| ~  и. 
4.11. Now we prove 

Lemma 4 .1. Же Aare uniformly in x

(4.8) 2  \lk.n(Y, x)| =  O(lnn) ( - l S x S l ) .
k = 1k^s

Indeed, using 4,„(Г, x) =  ( — \)к~гТ„(х) sin 9kn~1(x—xk)~1 and (4.3),

2 \ l k . n ( Y , x ) \ =  2 \ 1 к Л Т , х ) \ \Уо~ Ук+ Ук ~ А  =
k = 1 k = 1 ЦИо — -Ул1k^s kĵ s

0 ( 1) 2 \ i k.Á T ,x ) \+ ±  2 j —к=1 П k^ i \y 0— yk\
k?±s k^s

— = O (In n).

Here we supposed x ^ y i  (i—0 ,1 , . . . ,« )  because of lk(Y, yi) = ökA, and we used 

2  \lk(T, x)\ = 0  (In ri).
k =  1 2

2 Now the я-th row of Y contains n +  1 nodes; the degree of Q n(Y , x ) equals n +  1, etc. (com­
pare (2.1)—(2.9)).

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



CONTRIBUTION TO THE THEORY OF INTERPOLATION 17]

4.12. With similar estimations we prove 

Lemma 4.2. We have fo r  each fixed  x £ [— 1, 1]

(4.9) 2  bt.nl к п ( П  x)\ll„(Y, x) = 0 ,(1 ).
k =  1

If x = y kt„ (k=0, l ,  ...,n )  then ^ . . . < 1 .  So we suppose x ^ y ki„. Let 
further

min \ x - y Kn\ = \x—yJn\.
k=l,  2 , ...»л k^s

Then using (4.5), (4.3), (2.3) and (4.2) we have for n ^ n 0(x)

2  \Ук,п»к,п(У, X ) \ ll„(Y, X )  = 0(1) 2  \Ук\
fc =1 t= lk^s k^s

\Ук\ +
s i n  2$ k \Ук~Уо\

b -T tl  +  i

Tn(x) • sin2,9,, (x —J q)2 =  "
п Ч х - У к Т  (У к -У о )2 Ákr̂ s

Tl(x) T l ( x )ú t fS k T l(x )ú tf§ k 1 
n2\ x - y k\ n2\ x - y k\yl п2( х - у к)2 I k

Here

(4.10)

j ,  Tfix) 
Á n 2\ x - y k\
kr̂ s

0 (n ~ 2)

Ox(n~2)

2  s i n - ^ +  2  1
\Ук\~2 lrkl-=2

0 (1 ) if x =  ± 1 ,

2  u ^ t r \ + 2  1\x—yk\-mc \J А) “r I \x- yk\ =»c k^s
o , M  if , и ± 1 ,

(4.11)

у  T 2(x) sin2 Sk 
k=l n2\ x - y k\yl
k^s

o ( n - 2) 2 > ’k 2 = 0(1)  if x =  ±1 ,
k = 1
k?±s

Ox(n~2) 2  ]7 1 т г т т  + 2  у  к\x- yk\S c  IJ  A| г 1 |x-}>k|^Ck^s
=  0 ,(1 ) if X9*±l ,

(4.12)

^  T 2(x) sin2 Sk 
Á n 2( x - y k)2\yk\
kj*s

0 (n ~ 2) ' 2  ™ - | +  2 ^ ] - 0 ( 1) if *  =  ± i ,

Ox(n- 2)

IXkl
kĵ s

2  ( i _L v + l  +  2  Ы - 1,\x —yk\^ c  \J  К) 1 \x —yk\> c  k^s
=  0 , ( 1)

if X JÍ ±  1.

Here x^O  and 2c=2c(x)=m in (1+ x , 1—x).
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4.13. Lemma 4.3. For each x £ [ — 1, 1]

(4.13)

( 4 . 1 4 )  I V . № « ) I  =  0 ( ^ - ) .

As for (4.13), we can suppose x^O . But then |/S_„(T, x)| =  
= \Тп(х)п~1х~ 1( х —у^У ъ1\, from where we get (4.13). (For x < 0 , |x|«=2y0 we use 
|Гв(х)| ~  |wjc|.) To prove (4.14) we use (4.4) and (4.7).

4.14. Using (4.8), (4.13), (4.14) and |l0(Y, 1)| ~(ир„)-1 we have

(4.15) A„(L, У) ----- i—.
TlQn

4.15. Later we shall use the important
def

Lemma 4.4. For each fixed x ^ O  there exist N xrzP =  {2k—\}^=1 such that

(4.16) (и€ЛУ.
Пвп

Indeed, if x ^ O  and fixed, then for a suitable Nx, |T '„(x)|sc1(x)>0 (n£Nx) 
(see, e.g., the ideas of [9,14.4 (2)]).

4.16. Lemma 4.5. For each fixed  x^O

(4.17) L),„(T х)|/02:„(У, x)
|x|

1
tl2Q3„ i f  n£Nx.

We get (4.17) if we use (2.5), (4.6), (4.7) and (4.16).

4.17. Finally, considering the relations (2.5), (4.17), y0~  Qn, Ts= 0  and (4.9) 
we get

Ш А \  Y, x)| 2  УкК(Х, x)
k = 0

n
s  l>’0||i>oW|/o 2  b*l|A*(*)l =

k = 1

c2(x)
n2el

W ith (?„~(иЯ„) 1 we obtain (3.4).
(n£Nx; x  0, fx =  x).

4.2. Proof of T heorem 3.2. Fr is non-trivial so x iF x. But then by (3.4) 
we get our statement with Y defined by (4.2), because Fx is not //-good for Y.

4.3. Proof of T heorem 3.3. The relation (3.6) immediately follows from (3.5). 
To prove (3.7) let

x if- — 1 =  x =  0.5,
(4.18) / .(* )  = cu(x—0.5) 

2o>(0.5) if 0.5 =s x 1.
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It is easy to see that cu(/2; t)=a>(t) (OstsO.5) further | / 2(,v)|^[x| 
( - I s x ^ l ) .  So f 2(x)dC((a) and by (4.9)

Í  I / 2 M I  \K(x)\ =  0 , ( 1 )
л= 1

with the same matrix Y{xn}- The remaining part is the same as that of Theorem 3.1. 
For completing our statement we remark that by (4.18), / 2 (0.5) does not exist.

4.3.1. If we had wanted to prove only Theorem 3.1, we could have argued 
as follows. At first we prove

2  4%(T, x) =  o x(i). 
n=ik^s

Then using

x  = Hn( f1;Y ,x )+  Z b U Y , x )
k = l

we get
Y ,x)  =  (Уо- X)/ | ( a) +  (ys- x )l‘i (a) +  0(1).

By (4.16) we get (3.4) if x^O . For x = 0  let n=2s, yk = x k (k = 1,2, and
y0=cos (9S— q„). We get as above

^ n( /1;T,0) =  y0/02(0)+ys/* (0 )+ O (l)~ « -U *  (s = 1,2,...)

from where we obtain a divergence-theorem for .v=0 if n =  0(A2). But if we 
wish to prove (3.7) we must have

(4.19) 2 \ Ъ Ш К { х ) \ = 0 х(\)k = 1kĵ s
which came from (4.9). We omit the details.

4.4. Proof of T heorem 3.4. For an arbitrary polynomial P„(x) of degree 
—/? we have the Markov-inequality

(4.20) |F„'(x)| S  n*\\Pn(x)\\ ( x e ( - l , l ] )
So we obviously have
(4.21) % (xk) \ ^ n 4 n{L, X )  (k =  1 ,2 ,..., ri).

So using (2.5) and (4.21) we get

(4.22) k , „ ( W I  =  0(1)«2A„(L,X )  (n — 1, к  — 1 ,2 ,...,«).

By (2.6), (4.22) and (3.1)

А „(Я, X ) = 

as we stated.

n

2>*(*)I42(*)k=l
0(1)/72A„(L, ЗГ) 2  ik{x)fe=1

0(1)л2А„3(£, X),
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4.5. P ro o f  of T heorem  3.5. Let P„(f; л') be a polynomial of degree 
for which

(4.23)

(4.24)

W f(x )-P n( fix ) 0 (\)com\ U ,

\\f '(x )~ P 'l (f; x)|| =  0(n)com

if f£C(a>m) (m s2). (As for the existence of P „ (f;x )  see e.g. [9, Theorem 1.3.3].) 
Then

=  !# * (/; X )-P n( f \ x )  + P„(f; x ) - f ( x ) \  s

2 \f(x k) - P n{x)\\hk{x)\+ 2  I / '(**) ~ Р» (xk) \ \x - x k\/?(x) +
k = 1 k = l

+ O ( l ) c o j l  =  0(l)m m|^|[A „(^Z)+nA 2(L ,Z )+ l]

from where we get (3.9).

4.6. Proof of Theorem 3.7. Let

(4.25)

2 k— 1
Л -  =  С° 8- In

= cos о о 1
n In n (n =  1, 2, ...).

We can verify the following relations

|/lin(F,x)| -  ОО1- 4 - 1), |/о.„(П*)| =  O in - td - 1),

|/o.n(Y> To)! ~  4-, 2 I lk,n(Y, x) \  =  О (In/;),
°n k = 2

where d„=dn(Y )=  ( л - Л + 1)=Т о-Т 1~  ö»«“1 (see (4.3)—(4.7)). But
|/0( T ,- 1 ) |~ / i _2í/~1 so A„(L, У )~ |/0(У, —1) |~ / z-2 í/„-1. Now we get 

;.„(Я, У) ^  \v0(Y, -  1)|/„2(У, -  1) ~  d -Ч Ц Ц  У) ~  n 4 3n(L, У), 
as we stated.

4.7. Proof of Theorem 3.8. Let us denote by z£y,„y) the roots of the Jacobi 
polynomials P*y’y)(x) ([9, §2.4.1]). If — l< y < 0  then these roots form a strictly 
normal system ([4, Part III, §6]), and hence Я „ ( /;  Z ;x )  uniformly tends to f(x )  
for each /£ C  ([3, Theorem 3]). The only relation we have to refer to is A„(L, Z ) ~  
~  In n(y=  —0.5) or A„(L, Z ) ~ n y + 0-5 (~ 0 .5 < y < 0 ) ([9, 14.4]).
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4.8. Proof of T heorem 3.9. We use the matrix defined by (4.2) and [5, 
Theorem 2.1]. We only sketch the proof. Let

(4.26) 8п(Ук) =

sign h0(Y, u) if к — 0,
0 for к = 1, 2 ,..., n+  1 
Тл+1,л =  0 - 5 T o . n ; n£N u.

where

In the intervals defined by y t (i= 0, 1, ...,и -Н ) let g„(x) be the Hermite inter- 
polatory polynomials of degree 2m — 1 which is equal to 0 or 1 according to 
(4.16). Let further at these end-points 8,„(уд=8п(Уд= ■■■=gnm~1) (уд= ^  
(k=0, 1, 2, ..., и+1). For x£[—l, y„]U[y0, \] let g„(x) =  0.

Let us notice that we can choose a set Nx<z.Nu suchthat

(4.27) g„(x)-gN(x) = 0 (* € [-1 ,1 ], n, N £ N lt N  > n).
Using the correspondences z„ = u, A„(zn)=\h0(Y, и ) |~  |и|иА®, 6n= o„( — и-1/.“1), 
T„ = H„, U„ — E  (unit-operator), e„= 1 and С{р ’ьЦ(от) = С((от) we have that 
for a certain

h(x) = c2 2  mm(Qn)gn(x) (c2>  0, N2 c  W)
n £N2

h(x)ZC(wm), moreover,

H„(h;Y, u )-h (u )  >  com(q„)\u\n)* («€ N2).

(To obtain the conditions A, В and C of [5, Theorem 2.1] see (4.16), (4.17) 
and (4.27) (for A) (4.27) and [6, Lemma 2.1] (for B) and [5, Cl] (for C)).

If we remark that

\h \y k,r)\ =  c 2 | 2  а>т(вп)8«(Ук,г)I =  |c2 2  ы т(вп)Ип(Ук,г)\ =
n i N 2 n £ N 2tl<r

=  0(1) 2  бп®(бя)бв 1 =  0(1) (if N2 is lacunary enough),
n<r

we have our statement if y„+\,n>ys-i,ti (n<N, n, N dN 2). Indeed, by the above 
estimations and (4.3)

2  h \y k,n) ( x - y k,n)llÁ Y ,x )\ = 0 {\)
k = 0 2k^s-1

sin2 ЗкТ*(х)(х — yn)2 
n2\ x - x k\(xk- y 0)2

= o( i ) [  2 + 2  ] =  o ( i)
\ x \ S 2 x k lx \> 2xk

from where we get (3.14).

5. Remarks

5.1. In his paper [8], D . L. Berman proved that for the equidistant nodes 
xk'„= - 1 +2k(n —1)_1 (k=0, 1, ..., n — 1) in [—1,1], the sequence {Hn( fy ,X ,x ) )  
diverges unboundedly for и-*-«, at each point of [ — 1, 1] except the point x= 0  
(compare with Theorem 3.1).

Acta Mathematlca Academiae Sclentiarum Hungarlcae 29, 1977



176 P. VÉRTESI: CONTRIBUTION TO THE THEORY O F INTERPOLATION

5.2. We can prove theorems for the trigonometric case, too.

5.3. It is easy to see that the order of divergence in (3.4) is the best possible.

5.4. The estimation (3.8) was proved by M. Sallay (oral communication). 
I was able to prove only the weaker estimation

Än(H, X) = 0 ( l ) n 2 ln nP„(L, X) (n ^  2).
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ÜBER DIE LEBESGUESCHEN FUNKTIONEN. II
Von

K. TANDORI (Szeged), Mitglied der Akademie

1. Füri ein orthonormiertes System cp = {cpn(x)}T im Intervall (0,1) be­
trachten wir die Lebesgueschen Funktionen

Ln((p;x)=  f 2  <Pk(x)<Pk( 0k=1
dt (x£(0, 1); n = 1 ,2 ,...).

Es sei A =  {/„}Г eine nichtabnehmende Folge von positiven Zahlen mit AxS l .
Mit QÁ, bzw. Q* bezeichnen wir die Klasse der orthonormierten Funktionen­

systeme cp, für die
(1) L„(cp;x) =  0(A„) (x£(0, 1)) 
bzw.
(2) L„(WvT;x) =  0 (  1) (x€(0,l)) 
erfüllt ist.

Durch einfache Rechnung folgt, daß sich aus (2) die Abschätzung (1) ergibt, 
also gilt
(3)

Weiterhin kann man leicht einsehen, daß im Falle /„= 0 (1 ) aus (1) auch (2) folgt, 
d.h. im Falle 2„ =  0 (  1) besteht

fií =  Я,-

Es sei ferner M(A), bzw. die Klasse der Koeffizientenfolgen а ={«„}“ ,
für die die Reihe

(4) 2 a n < P n(x)
n = 1

bei jedem System cp aus Qx, bzw. aus Q* im Intervall (0, 1) fas überall kon­
vergiert.

Aus (3) erhalten wir:
(5) M{X) g  M*(A).
Nach den obigen besteht

(6) M(A) =  M*(A) (A„ =  0(1)).

Diese Gleichung ist im Falle Xn/ °o  nicht bewiesen.
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Mit / 2(А) bezeichnen wir die Klasse der Folgen a mit

n=1
Es sei weiterhin M  die Klasse der Folgen a= {an} f, mit |а„ |^ |а„+1| (и =  1, 2, ...). 

In dieser Note werden wir die folgende Behauptung beweisen:

Satz I. Es sei X von unten konkav mit A„ =  0(log2 и). Dann gilt

М (1)ГШ  =  М *(1)ПМ  ( = / 2(А)ГШ).

D.h. im Falle der Reihen mit dem absoluten Betrage nach monoton nicht­
wachsenden Koeffizienten sind die Bedingungen (1) und (2) im allgemeinen gleich­
bedeutend.

Nach (6) braucht man den Satz I nur im Falle Xn/ ° °  zeigen.
Nach einem bekannten Sazt von S. Kaczmarz [2] und (5) gilt

/ 2(A) g  M(X) g  M*(A)

für monotone Folgen X. Weiterhin hat der Yerf. gezeigt, daß unter den Bedin­
gungen des Satzes I im Falle

a$ Z2(A), a€M

es ein orthonormiertes System cp mit (1) gibt derart, daß die Reihe (4) im Intervall 
(0, 1) fast überall divergiert [4]. Somit folgt Satz I aus dem folgenden

Satz  II. Es sei X von unten konkav mit A„ =  0(Iog2 n). Ist a£M
und а <1 /2(A), dann gibt es ein orthonormiertes System cp mit (2) derart, daß die 
Reihe (4) im Intervall (0, 1) fa st überall divergiert.

2. V o r b e r e it u n g e n . Zum Beweis des Satzes II brauchen wir zwei bekannte 
Hilfssätze.

Hilfssatz I ([1], S. 46—50). Für das Haarsche System / =  {хш(Х)}Г gilt 

Ln(x,x) 1 (x€(0, 1); n = 1,2,...).

H ilfssatz II ([3], Hilfssatz XIV). Es seien p ( ^ 2), q natürliche Zahlen. Dann 
gibt es ein in (0, 1) orthonormiertes System von Treppenfunktionen g fp , q\ x) 
(7=1,..., 2pq) mit den folgenden Eigenschaften: Es gilt

g fp ,  q\ x)gl(p, q; 1) dt i: Cj log2 p (*€(0, 1); n =  1, ...,2pq; Q  S  1),

und es gibt eine in einfache Menge E ( f  (0, 1)) (d.h. ist E  die Vereinigung endlich- 

vieler Intervalle) mit m(E) = — derart, daß fü r  jedes x£ E  ein Index m(x)(<2pq) 

existiert mit g fp ,  q; х)ё.О (/=  1, ..., 2pq) und

m(x)  -------
2  gi(P’ 4', x) S  C fjlp q  logp.
1 = 1
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(C-l, C2, ... bezeichnen positive Konstanten. In dieser Note bezeichnet log a 
den Logarithmus mit der Basis 2.)

3. B eweis des Satzes II. Es sei a=  {и„}Г eine Folge aus M  mit a st l2(Á). 
Dann gibt es eine nichtabnehmende, nach Unendlich strebende, von unten konkave 
Folge /.i={n(n)}i mit /i (1) ё  1 und

(7)
für die

ц(п) \ 0  (И-ОО),

(8) 2  ah*(n) =°°
n = 1

besteht.
Nach der Voraussetzung für X und nach (7) gibt es eine positive Konstante 

C3( s l )  mit
(9) ц(п) C3log2n (n =  2, 3,...).

Wir werden eine Indexfolge {mk} folgenderweise definieren: Es sei m1 = \ und 
mk+1 die kleinste natürliche Zahl mit ц(тк+1)>-2ц(тк + 1) (k=  1 ,2 ,...) . Wegen 
der Konkavität gilt

ß(2>nk) - ß(>nk+Y) ti(mk+ l ) - i i ( m j  
mk — 1 — mk — m1 +1 ’

woraus

ц(2тк) - ц ( т к+1) =  ~ ~ ~  К щ  + 1) =  ß(mk + l) mk
folgt. Nach der Definition von mk+1 gilt also mk+1>2mk (ks^2). Daraus erhalten 
wir nach (9)

C3log2(mt + 1- m t) >  C3 log2 mk §? ц{тк) (к = 2 ,3 ,...). 

Ist к  genügend groß (k >*„), dan gelten die Ungleichungen

/и(mk) S  ц{тк- 1) + 1 , Ц(mk)/C\C\ & 8, 

und es gibt eine natürliche Zahl qk mit mk+1—mk>2qk und

4CiC3 / 'W S  CXC3 log2
mk + 1 -mL

2qk
ц(тк).

([a] bezeichnet den ganzen Teil von a; die Konstanten Cls C3 sind in dem 
Hilfssatz II, bzw. in (9) definiert.) Es seien и0=1, nk=mk+k0> Чк—Чк+н (*= 1> 2 ,...). 
Dann gelten die Beziehungen

( 10)

( П )

( 12)

nk+ i> 2nk (k = 1 ,2,...), 

ß(nk+i) — 4ц(пк- \ )  (к  =  1 ,2 ,...),

4CXC, ^  CjC3 log f̂r + 1
2?* =  J“(«*) (* =  1 ,2 ,...).
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Ohne Beschränkung der Allgemeinheit können wir апШ0 (n= 1 ,2 ,...)  vor­
aussetzen.

Wir werden erstens für jedes к (кш 2) ein in (0, 1) orthonormiertes System 
von Treppenfunktionen <Pi(k; x) (l=nk, ..., nk+1 — 1) definieren derart, daß für 
jedes к  gilt:

< P t ( k ; x ) ( p , ( k ;  t )

Xi
г  Ф к )
C i~ r ~ (x€(0, 1); n =  nk, nk +1 1)>

(14)

wobei

max \a„(pn(k; x) + ...+ a mcpm(k; x)\ ^  СъАк (х£Ек),nkSnSm~=nk + 1

Áк }l / 2

, c(k) = "k+1-Щ

bedeutet, und für die einfache Menge £к( £  (0, 1)) besteht

(15) m(Ek) = Ш '
Wir werden zu diesem Zweck den Hilfssatz II im Falle

P = n к-Пк-1 
. 2Чк-1 . Ч = Чк-1

an. Die entsprechenden Funktionen bezeichnen wir mit gs(x) (s~  1, ..., 2pq). 
Dann gelten auf Grund des Hilfssatzes II und der Ungleichung (12):

(16) / 2  g s ( x ) g s ( 0 dt S  ц(пк) (x€(0, 1); <7 =  1,..., 2pq),

(17) 1SmI2 ^ 2p9 \a '”< + (‘ - l ) ( n k - n k - i ) + m g m ( x ) +  ■■■+а пк + а - 1 Н п к - П к - 1 ) + " 8 п ( Х )\ =

=  Q  Ynk —nk_1a„k+i(„k-„k_l) i ß K )  (x£E , i =  1,..., c(k)). 

Aus (16) folgt auf Grund von (7);

( 1 8 )  f  2  8 j x ) g Á t )  d t  == /
0 5 = 1  +  1 5 = 1  V^/lfc +  S - l  'vjfc +  S )  0— 1 T̂Jfc + S— 1 

-

2  gi(*)gi(t)/=1
dt -f-

4" ”
ллк + <т о

Es seien s0=0,

2  gi(x)g,(t)
1 =  1

d t s 2 ^ i  (<r= 1 ,... ,2pq).

Si 2  ank+j (nk-nk-i) ^ 2  ank + j(nk-nk
7 =  1

c(k)

7 =  1
.0  (i =  1, ...,c(k)),
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sC(k)+i — 1 und h = ( s i - i> si) 0  =  b  •••> c(fc) +  l). Wit setzen

(pn(k-x) =
1

\'m(A)
0 sonst

Sn  -  (nk + (i -  l)(nk -  nk -  1» + 1
X S i -  1

m(/,)

für nk + ( i - l ) ( n k- n k^1) S  n nk + ( i - l ) ( n k- n k_1) + 2pq und i=  1 ,...,c (k ) .

Weiterhin sei £ ; die Menge die aus E  mit der linearen Transformation 
y = (s ,—si- 1)x + s i. 1 ensteht, und

c(k) _
Ek = U  Ei.

i = 1

Aus der Definition der Menge Ek und aus dem Hilfssatz II folgt (15). Endlich 
seien die Funktionen <pn(k ;x )  für nk + ( i—l)(nk—nk- 1) + 2pq-^rK nk + i(nk—nk- 1); 
i= l ,  ..., c(k), und nk + c(k)(nk — nk- 1) + 2pq<n<nk+1 der Reihe nach gleich den 
Funktionen

fn(x) =
У2х„(2(х —1/2)), 
0

Ic(k) + li
sonst (л = 1 ,2 , . . . ) .

Aus dem Hilfssatz I und aus (18) erhalten wir durch einfache Rechnung

(p,(k;x)(p,(k-, t) dt IS

k(th)
К  

„ 1

c(k)
*€ U h>

(nk =S n <  n* + 1).
x € h(k) + l

Daraus ergibt sich (13) wegen p (n )^ \ ( n ^  1). Endlich folgt auf Grund der Defini­
tion der Funktionen (Pi(k; x) und aus (17) auch die Ungleichung (14).

Aus (8), (10), (11), aus der Monotonie der Folge a und aus der Definition 
der c(k) folgt

(19)
oo oo c(fc) oo

2 Ai = 2  2  =  c : 2  Ein(n)
k = 2 k = 2 i=l n = n2

Wir definieren eine Indexfolge {kr}™ folgenderweise: Es sei k 0=2; wenn k r (rsO) 
schon definiert ist, dann sei kr+1 die kleinste natürliche Zahl (größer als k r), für 
die

(20) /  *2  A t ^ r + l
1 k=kr + l

und

(21) Ф )  Ä
~ 2 ' (K+i == ri)

erfüllt sind. Wegen (7) und (19) existiert eine solche Indexfolge.
Für jeden Index r ( ^ l )  definieren wir ein orthonormiertes System von Treppen­

funktionen \j/n(r;x) (n=nkr+1, ..., nkr+1+1 — 1) mit folgenden Eigenschaften:
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Es gilt

(22)
1

/
4 t х)ф,(г; t) 

l="kr +1 h0
und
(23) max \апфп(г;

dt c4— (*6(0, 1); nkr+1 n <  и*р+1+1)

\а„ф„(г; х) + ...+атфт(г; x )| == C6( r + 1) (* 6 Я Г),

wobei für die einfache Menge Я г(£ (0 , 1)) besteht

1(24) W(tfr) -
10'

Es sei nähmlich so =  0 und

j ' = i

fcr 4
S i = 2 Akr+j 2  A) (i = i, . . . ,k r+ i-K ),j=kr +1

und Ii=(si. 1, s,) (/= 1 , kr+1 —k r). Wirsetzen

фп(г; x) =
1

0 sonst

А:; "*(/,) ) * 6 f [' ,

(«*,. + ; =  « <  nkr+i+1; i =  1, . . . , k r+1- k r).

Weiter sei H { die Menge, die aus der Menge Ekr +; mit der Transformation y  = 
=  (si—si- 1) x + s i- i  entsteht. W irsetzen

Hr = и  Я,..
i=l

Aus der Definition der Menge Я , und aus (15) ergibt sich (24). Aus der Definition 
der Funktionen фп(г; x), und (14), (20) erhalten wir (23). Endlich aus der Definition 
der Funktionen фп(г; x) und aus (7), (13), (21) bekommen wir auch (22).

Endlich definieren wir durch Induktion ein orthonormiertes System von Treppen­
funktionen <pn(x) (/i =  l, 2, ...) im Intervall (0, 1), und eine Folge von einfachen 
Mengen Gr( = (0, 1)) (/•=1,2, ...), für welche die folgenden Bedingungen erfüllt 
sind: Es gilt

l
(25) /

<?/(*) «MO
/=i ki

dt =  C8 (jc€(0, 1); n =  1,..., w*1 + 1 —1);

die Mengen Gr (r= l,  2, ...) sind stochastisch unabhängig und für jede natürliche 
Zahl r gilt

(26)
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Ferner bestehen für jede natürliche Zahl r die Abschätzungen

(27) Г <Pi(x)9t(t)
0 l = ”kr +1 Ál

(28) max 1 an(pn(x) + •••

Es sei <pn(x) = i n(x) (n =  1, ..., nkl+i —l). Auf Grund des Hilfssatzes I erhalten 
wir dann durch einfache Rechnung, daß auch (25) besteht.

Es sei r0 eine natürliche Zahl. Nehmen wir an, daß die Treppenfunktionen 
cp„(x) (n =  l, ..., nkr +1 —1) und die einfachen Mengen Gx, ..., Gn _y (^ (0 ,1 ))  
derart definiert sind, daß diese Funktionen in (0, 1) ein orthonormiertes System 
bilden, diese Mengen stochastisch unabhängig sind, ferner für r = l ,  r0 — 1 
(26), (27) und (28) bestehen.

Dann gibt es eine Einteilung des Intervalls (0, 1) in endlichviele disjunkte 
Intervalle Js(s=  1, ..., er) derart, daß jede Funktion <pn(x) (n = l , ..., nkr̂ +1 — l) 
in jedem Teilintervall Js konstant und jede Menge Gr(r= l, . . . ,  r0— 1) die Vereini­
gung gewisser Js ist. Die zwei Hälften des Intervalls Js bezeichnen wir mit J's 
bzw. J".

Wir setzen

<p„0) =  2  'A„(g ; x) -  2 ФЛ^, Л"; x)
S=1 5 = 1

wobei gilt:

J's\ x ) =
, • х - а Лro> T------ \bs - a j

(n = nkro + 1,..., nkrf)+l+1- 1),

x £ j '  = (as, bs), 

sonst,

Фп(r0; J"; X) =
Фп

( x  — A ' \K-fJ
0

x£J"  — (zls, Bs),

sonst

für n = nkri)+1, . . . ,  Ицго + 1+1-  1. Weiter sei

Gro =  и  ( я го( / ; ) и я го( / л ) ,
i=i

wobei Hro(J'), bzw. Hro(J") jene Menge bezeichnet die aus der Menge Hro 
durch die lineare Transformation entsteht, welche das Intervall (0, 1) auf das In­
tervall J ', bzw. auf das Intervall J" abbildet.

Offensichtlich bilden die Treppenfunktionen (pk(x), . . . ,  cp„k +1_x(x) ein
r0+1

orthonormiertes System in (0, 1). Die einfachen Mengen Gk, ..., Gro sind offen­
sichtlich stochastisch unabhängig, ferner besteht (26) auch für /•=/•„ auf Grund 
von (24). Aus (23) erhalten wir (28) für r = r0 offensichtlich. Endlich, aus (22) 
bekommen wir (27) für r= r0 durch einfache Rechnung.

Das ganze Funktionensystem {<p„(x)} und die Mengenfolge {Gr} mit den 
geforderten Eigenschaften erhalten wir also dann durch Induktion.
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Aus (26) folgt nämlich

2  m(Gr) = со .
r=1

Da die Mengen Gr stochastisch unabhängig sind, erhalten wir durch Anwendung 
des zweiten Borei—Cantellischen Lemmas, daß

m (Ern Gr) — 1.V-*-oo
Daraus und aus (29) ergibt sich, daß die Reihe (4) im Intervall (0, 1) fast überall 
divergiert derart, daß

N
lim 2 4  </>„(*)= 00n=i

in (0, 1) fast überall gilt.
Endlich sei n eine natürliche Zahl mit nK +1̂ n < n kr +1+1 (г0ё  I). Dann 

gilt die Abschätzung

/0
" 1 r

+ Z  f

dt = fj ? (Pi(x)(PÁO
1=1 2,

"k' +1y  1 <Pi(x)q>i(t)

1 "ki +̂,  1 <p,(x)<p,(t)

nkr + 1

/ = 1 
1

Я,
dt +

dt+ f 2  <Pi(x)<Pi(0
0 l~nkr +1 r0 к

d t  ^

Q + Q |— +  ••• +  2^1 — max (Q> ü 4) — Cg

für jedes x€(0, 1) auf Grund von (25) und (27). 
Daraus, und aus (25) ergibt sich endlich auch

/
2  <Pi(x)q>i(t)
i=i

dt ^  Cg (x € (0 ,1); n=  1 ,2 ,...).

Damit haben wir den Satz II vollständig bewiesen.
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MÜNTZ—JACKSON TYPE THEOREMS 
VIA INTERPOLATION

By
L. MÁRKI, G. SOMORJAI and J. SZABADOS (Budapest)

Let Л = {Л1, A2, ...} be an infinite sequence of positive exponents. For 0 ^ a < l  
and f(x)CC[a, 1] put

E „ M > ' 1)= C0,Ci,...,C„ max1 f ix )  -  c0
n

2  ckx*k = 1
к

where * indicates that c0 = 0 has to be put if a > 0. By the Müntz theorem, 
lim En A)=Q is true for each f(x)dC[0, 1] ifandonly if

П-+ oo ’

( 1) 2 j -k = 1 Ak
+

C la r k so n  and E r d ő s  [1] generalized this theorem for any 0 < a < l .  Suppose (1) 
is valid. The Müntz—Jackson type theorems (see e.g. D. N ew m an  [4]) are two-sided 
estimates concerning the rate of convergence of the sequences En 0( f  Л).

A possible way of obtaining an upper bound for E„ta(f, Л) consists of two 
steps: first we choose an integer m and take the best approximating polynomial

m

to f{x )  in [a, 1] Pm(x)= 2  b jX f i.e. for which
j =о

(2) max I f(x )  - Pm (a)| =  Ema( / )  =  minimum,a^x^l

and then we approximate Pm(x) term by term by linear combinations of the powers
x xk (1

For performing this second step we introduce a new, interpolation theoretical 
method which gives error estimates directly in the supremum norm.

Lemma 1. Let AsO, m^O, and 0 < as= 1 be real numbers, then
(3)

„ _  a _  у  x xk 2 ü  +  w )  "  Afc +  A j + 2 / и  _ "  A — Ay ^  J _  j j  |A

k=i Afc +  A + 2m jJx A +  Â +  2m /J i  Ak — Xj xm k=i A +  ?.k +  2m
j*k

P roof. For x fixed consider the function

<Pxiz)
X х

z+A+2m
n

]J[  ( z  -(- X j  2 .tn )
j=1

of the complex variable z. (px(z) is analytic in the half plane { R e z ^ -m } . Let
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px(z) denote the Lagrange-polynomial which interpolates <px(z) at the nodes 
A1? A2, ..., A„. Explicity,

-  2 т й т а ^ 2 (Я‘ + л ' + 2 т ) Д Й -
j*k

By a known formula (see e.g. Walsh [5]) the error of the interpolation is

(4) <PÁz)~PÁz) =  2^. Ф—y  Пт-Т*> lm  c í —z *=1 4—
where C is an arbitrary rectifiable closed Jordan-curve lying in { R e z a -m }  
to which z, Ax, A„ are interior. We put C=CR, where

Cr = {4: Re4 =  —m, |Im 4| ^  Ä}U {4: R e4 > -m , |4+m| =  R} =  CRUC"
and let —« , On the half-circle CR we have <px(C) = 0(R"~l) while the kernel 
of integration is 0(R ~"~1) (R Hence it follows that lim f  = 0, and by (4)

R-+ oo Jc l
— w + i«

(5) <P.
1 —

<Px(4) /V
/74 - z  4 - a ■<*4

holds for any z in { R ez> -m } . It follows from the definitions of <px(z) and 
p x(z) that

« =  ~  2(/' f / n )  \<p*(X) - р ЛЩ,
[J(Á + Áj +  2m)

j =i

therefore (5) implies (with z=A)

2(A + m)
(6) E =

JJ (Ä + Áj + 2m)
j =1

2л:

-m  +  t'ooг <Px(4) /V A-A* Jf.
J  T Z I J I —

Л + m jij |A—Afc|
/л s=i A+At +2m 

Now we notice that for Re 4 =  — m we have

M  = 14-AI = |4+A+2m|, |4+A,+2m| =  |4-A*
further

~ 7 f”  K i  Г rfy
1 ; J 1Г-А12 A

д  4 + Afc + 2 m
W -(4-A)(4+A+2m) t“ i 4-A*

(1 Ш к ^  n)

IC-AI
(6) and the facts above prove (3). 

C orollary .

(8)

y2 + (A + m)2 A+m

£„,a(* \  Л ) ^ 7 г  Я '  |A 41űfw fc=i Л, 4-1*4-2m
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This estimate is due to M. G olitschek [3], who obtained it via L 2 norm. 
Our proof is entirely different from that of Golitschek.

G. Halász conjectured that for a > 0 fixed and any function /(x ) analytic 
in [ö, 1] A)<scE„'0( f ,  Á) (л-°°), more exactly,

£ ±
(9) log Л) <  - c e k=l A

with some c= c(ű, / ) > 0 for n large enough. The conjecture is motivated by 
Bernstein’s theorem: (9) is true if Xk= k  (k —1,2, ...). (9) will be a consequence 
of our more general Theorem 1.

Lemma 2.
m Í  120°)

where the Ь-’s are the coefficients o f the polynomial Pm (x) in (2), | | / | |=  max |/(x )|.J a^x^l
Proof. Consider the factorized form of Pm(x):

( П ) = bm [J (x -X j)  [J (x Xj) =  bm л у (x) 7t2 (x),
j  =  1 j = r + l

where |x7-|<2 if and only if 1 =y = /'. Applying Chebyshev’s theorem we obtain

( 12) 11%(x)|| =  taCvo)! s  - Д г  1 a

(2) implies |Pm(x0) ] s 2 ||/ | | ,  thus (11) and (12) yield

(13)
Evidently

(14)

П (kjl-i) = k2(̂ o)l =
J =  r + 1

4 У II/II
1 - a J  l*ml '

2 \bj\ ^ \ьт\ П(Ы + 1) ̂ \Ьт\У П (|х,-1 +  1),
J =  о j = 1 j = r + 1

(15) 77 (|x,| +  i ) =  77 М з т -  п  (|xy|—l) =  3"~r 77 (l* ,l-D -
j = r + l  J = r + 1  |X y | 1 J =  r + 1 J = r + 1

(13), (14), and (15) prove (10).

Theorem 1. Assume there is a K>~0 suchthat

(16) 2, -\~ = K logm  (m =  1 ,2 ,...) .

Then for any 0 < a < 1, / €  C [a, 1] and integer n the inequality 

(17) £•„,,(/, Л ) ^ Р т.в( / )  +  | | / |к
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is valid, where

(18) m =  m (rí) -

Proof. (2) and Lemma 2 yield the estimate

,к k? i xk 1 .  [ £ 0 _ f 0 ]  iK

(19) En,a( f  Л) 3S Ея,а( Л +  2  \ b j \ - E M ,  A)
j = о

Em,a( f )  +
12

1 —a II/II max E ( x J, A).l^j^m

Now we apply Lemma 1 with m = m{rí), 1 = / = m, 1. Omitting on the right-
hand side of (3) the factors belonging to the 2k s smaller than m, we obtain

(20)

Here

(21)

E M , A) ^  J L  П Т - П Г Г Ч 2 7  ( 0  < ; S f f l ) .

4  ~J

am i^ksnhk+j-\-2m
Aksm

2m
Xk+ j+ 2m  Xk + 2m

It follows from (16) and (18) that

л 2m

A k  +  2m 3Xk

( 22)
1 " 1 3 12

2 T - 2 т~К1°ёт - А:+т1°ё_л— \ ■ i s i i n k  t i l  A* 2 a(l —a)^ Ш

(20), (21) and (22) imply 

(23)

(19) and (23) prove (17).

---Km j 1 — #
max En-a(x], A ) S e  3 —p r-

O S j S m  I 1 2

R em arks and corollaries

1. Our Theorem 1 can be considered as a generalization of some results of 
M . v o n  G o litschek  [3, Sätze 2,3].

2. In case Al5 A2, ... are integers >1, (16) is satisfied with K=  1.
3. a) Applying Jackson’s theorems and Theorem 1 we obtain;

En,a( f  A) = О (e * *-i A )co (f('\ e *  A ) (n

if  f (r) (x)iC[a, 1] and ß r> (x) is not identically constant (r=0, 1, ...).
b) Bernstein’s theorem states that for each /  analytic in [a, 1] there is a 

q = q {a ,f)  (0< ^r< l) suchthat

(24) Em,a( f )  = 0 (q m) (m -  -о), •
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(17) and (24) yield a Müntz—Bernstein-type theorem:

(25) log Ena( f A )  ä  m • max |log q, - - | a: |+ 0 (1 )

(m =  m (n ) as in (18); n — °°).

As for lower estimates of Ena(fi  Л) we prove
4. Statement 1. I f  Xk = k + 1 (k = 1,2, . . . )  then for any a > 0 we have

(26)
1 —a

Л) S  2a —— \ (n = 1,2,...).

n
Proof. Consider the polynomial P(x)=x — 2  ckxk+1 with En a(x, Л) = [|.Р(х)||.

k = 1
Applying Chebyshev’s theorem to the polynomial / ,*(х) = л',+1/5^—j in the interval

4] we obtain in fact

I I ^ W I I  =
2a 1 — a

Thus, in case of the above example the order of the estimate (25) is exact for f (x )  — x. 
However, this fails to hold in general; moreover, there is no general lower

” 1estimate for E„ a( f ,  Л) depending only on £  — and f(x). This will be shown in
k=1 Xk

S t a t e m e n t  2 .  Let F{u) be a positive-valued decreasing function for O s w <
~ 1

Then there is a sequence o f integers Л= {/.k}%°=1 such that 2  т~ anĉk=1 Xk

(27) En,a{f Л) = О \ m\f J (n -*■ oo)

holds for each fixed  0 < a < l  and f(x)£C\a, 1].

Proof. First define the sequence {/ir}“=1 as follows: P i= l, further

1(28) /W l = ePr F(2r) (r =  1,2...).

Let Я1<Я2< ... be all the integers in the set (J [pr + l,epr]. Define
г  —  1

(29) t = t(d) =
3 , 12
2 °g a ( l  —a) +  1.
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We need the following consequence of (19), (20) and (21):

12(30) EnJ f , A )  = 0 \ o A f i ) H -m)) {a \\f\\e

2 V 1~ 3  m z  T
3 1 S k S n k  *kSm

Now use (30) with where r=r(ri) is defined by pr<n<-epr (a and
/  are fixed, n »). It follows from the definitions that

(31) 2  T  >  t ---- -----*■ t (r = r(n), n -»»).
1 SIS» h r - t

(29) and (31) imply that the second term of the right side of (30) is less than q*'- 

(0<<?<1 is a constant, n is large enough). Thus the term O^co [ /> ~ ]) dominates. 
Therefore the inequalities (for sufficiently large и’s)

—J— S  F { 2 { r - t - \ ) )  s  F(r) and 2 ^ ~  = r 
hr-t * = i4

prove (27). (We used the monotonicity of F.)
Finally we deal with bounded sequences Л =  {А*}“=1.

Lemma 3. Suppose that 0 (k=  1 ,2 ,. ..) ,  0 < a < l .  Then for any ЯёО

(32) En,a( x \  Л)
e max (L, Я) • log-^-

P ro o f . By Lemma 1 we have

(33)

Choosing m-

En,a{ x \ A ) ^ - П \h -M
am f=\ kk Т  A Т  2m

(n = 1 ,2 ,...).

max (L, Я) Г 1 
2m I am

log I
, (33) yields (32).

By (19) and Lemma 3 we obtain now 

T heorem  2. For any f(x)£C [a, 1], m > L  we have

C orollaries. 1.

where

Í 12 г
1 l )em log —a

[ l - я  J 2 n (n =  1,2,...).

En<a( f , A ) ^ E [cnla( f )  + \\f\\e -n

1 —a
c = c(a) =  min 1,

6<?2 log
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By the Jackson theorem this improves the results of G o l i t s c h e k  [3 , Sätze 5 , 6 ]  
corresponding to intervals [a,b\, 0 as indicated in his remark on p. 1 0 5 .

l
2. lim E„ a(f, Л)п =0 i f  fix ) is an entire function.Л->-°о ’

I WlThis follows from (34) by taking m =  1 — j, where K > 0 is an arbitrary fixed
_i_

number, and by using the relation lim Em a( f ) m =0.m -*■ °° ’ 1
3 . A direct consequence of Lemma 3  is that E„ia( f  Л)" tends to zero at the 

1 rrate of — (n — “ ) i f  f(x )=  f f  CjXßi, where Cj are real numbers,
n j =1
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ASYMMETRIC TREES WITH TWO PRESCRIBED
DEGREES

By
L. BABAI (Budapest)

1. Introduction. In view of their use in constructing graphs and other structures 
with prescribed automorphism groups and other properties, asymmetric graphs 
(having no nonidentity automorphism) have been studied by a number o f authors 
[1,2,4, 5, 6, 13, 14 and others].

In the 60’s, due to the work of category theorists in Prague, construction 
of rigid graphs (with no nonidentity endomorphism) became more im portant [see 
e.g. 3, 7, 8,9,10,11,12,15].

The rigid graph constructions are generally much harder than the analogous 
problems for asymmetric graphs. One of the aims of this paper is to present a (hope­
fully nontrivial) family of asymmetric graphs.

While investigating rigid graphs in several papers, trees have been neglected 
for the simple reason that a tree with a t least 2 vertices is never rigid (Cf. Problem 
1.4). This explains that very little seems to be known about asymmetric trees. It 
is an easy exercise to prove that, given an infinite cardinal K, there are 2s non­
isomorphic asymmetric trees of power К — however, to the author’s knowledge, 
this has not been published so far.

Constructing an asymmetric graph means, intuitively, to code different in­
formation around every vertex.

At the first look one would expect that almost the single reason for which 
a tree may be asymmetric at all, is that the valencies distinguish the points. In fact, 
a tree, all vertices of which have the same degree, cannot be asymmetric. It is quite 
natural to ask then, what is the minimum cardinal of an asymmetric tree with infinite 
degrees. By the above, it is not countable. I hope it is a little surprising that the 
answer is co .̂ if we allow the 2 possibilities that a vertex have degree со or a \, 
this suffices to find an appropriate asymmetric tree. More generally, we prove the 
following

Main Theorem 1.1. Let 1 Sß-^ot be cardinals. Then there is an asymmetric 
tree having degrees a. and ß only. For a ^ 3  there are exactly max (2a, 2ю) non­
isomorphic trees o f this kind.

From this theorem one can easily derive (we omit the proof):

C o ro llary  1.2. For a a limit cardinal and H  a set o f cardinals less than 
a such that s u p # — a, there are 2a asymmetric trees o f  power a with all degrees 
belonging to H.

The principal tool of the proof is the construction of asymmetric colourings 
of trees. A vertex-colouring of a graph is asymmetric if no non-identity automorphism
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preserves it. We prove that, if all vertices of a tree have the same degree « ^ 2  then 
its vertices possess an asymmetric 2-colouring (Theorem 3.2). We close this section 
with two related problems:

P roblem  1.3. Which trees possess an asymmetric colouring by a finite number 
o f colours?

One can also ask for rigid colourings of trees. (Endomorphisms are colour- 
and edge-preserving mappings of the vertex set into itself.)

Problem  1.4. Given a cardinal a, does there exist a tree o f power a which 
has a rigid colouring by a finite number o f  colours?

For a less than the first uncountable inaccessible cardinal the answer is af­
firmative. — We remark that a positive answer to Problem 1.4 implies that there 
are rigid graphs of power a all finite subgraphs of which are planar.

2. Basic definitions. We consider graphs without loops and multiple edges- 
An automorphism of a graph is its isomorphism onto itself. A graph is asymmetric 
if it has no non-identity automorphism.

The set of vertices of a graph X  is denoted by V(X), the set of edges by 
E(X).

A  rooted graph is a graph with a distinguished vertex called the root.
We call a rooted graph a-valent if all vertices with the possible exception o f  

the root have degree a, and the degree of the root does not exceed a.
Note that the power of an a-valent rooted tree is max (a, со) ( a s  2).
By a colouring of a graph X  we simply mean a mapping F(X)->-C of the 

vertex set into some set C of colours. (Not necessarily a “good” colouring in the 
usual sense).

The isomorphisms of rooted and/or coloured graphs should preserve the root 
and the colours, resp. A  coloured and/or rooted graph is asymmetric if it has no 
nonidentity automorphisms in the above sense.

An isomorphism o f  two colourings of a (rooted) graph is an isomorphism of 
the resulting coloured (rooted) graphs. A colouring is asymmetric if it has no non­
identity automorphisms.

The edges of the rooted trees can be directed in a natural way from  the root. 
Thus the root has out-neighbours only, and the single in-neighbour of any other 
vertex v lies on the path connecting v to the root.

3. Asymmetric a-valent coloured trees. The main result of this section is the

M a in  L emma 3.1. Let a s 3 . Given an a-valent rooted tree T  and 2 colours 
(yellow and green, say), there are max (2a, 2“) non-isomorphic asymmetric colourings 
o f T  such that

(i) all neighbours o f  the root be yellow and all other vertices have at least one 
green out-neighbour.

(ii) For a S 4  one can additionally require that all vertices have at least one 
yellow out-neighbour.

The Lemma is rather technically formulated. We mention that it has a root-less 
corollary:
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Theorem 3.2. Let aS 2 . Given 2 colours there are max (2®, 2“) non-isomorphic 
asymmetric a-valent coloured trees (with these colours).

Namely, for a s 3 ,  the colourings of the lemma are asymmetric even in the 
root-less sense, the root being distinguished by the property that its neighbours 
are yellow. The case a = 2  is obvious.

The proof of the main lemma will be done through a series of lemmas.

Lemma 3.3. Given an integer m ^ 2 , a cardinal X, and an a-valent (a&3) 
rooted tree T, assume that T  has X non-isomorphic asymmetric colourings with 
given ^ 2 m — 1 colours. Then it has X asymmetric colourings with = m  colours.

N otation. Let d(x, y) denote the distance of the vertices x  and y. For 
T  a rooted tree, rooted at x0, /isO  an integer, and x  a vertex of T, set

Nh(x) = [y£V(T): d(x, y) = h, d(x0, у ) =  d(x0,x) + h}.

Thus № (x)=  {a}, N k(x) is the set of out-neighbours of x, and 

N h+k(x )=  U {N k(y): y d N h(x)}.

P roof of Lemma 3.3. m < ( a —1)" for some integer л S i .
Thus, for any vertex x  of T  different from the root x0 we have

|iV"(x)| =  (a — 1)" S  m.

Let C denote the set of colours ( |C |s 2 m—1) and D a set of power m (the 
new colours). Let /  denote a one-to-one mapping of C into the set of non-empty 
subsets of D. Let c denote one of the original colourings. Now, change the col­
ouration of T  such that the members of IV" (х) (х ^ х 0) obtain colours from 
the set f(c(x)) only and every member of /(c(x)) occurs as the colour of some 
vertex in N n(x). Such a colouration exists since

1 == |/(c (x ))| =s m =S |iV"(x)|
П

and for xj^y, N n(x) and N n(y) are disjoint. We colour the set U  АР(х„) ar- 
bitrarily (taking colours from D). i=0

If f  and n are fixed, c can be uniquely recovered from the obtained new 
colouring. This observation shows that every isomorphism of the new colourings 
induces an isomorphism of the original ones, thus proves the lemma.

Lemma 3.4. I f  an a-valent (аё З )  rooted tree T  has an asymmetric colouring 
by a finite number o f  colours then it has max (2a, 2“) non-isomorphic asymmetric 
colourings by 2 colours.

Proof. Repeated application of Lemma 3.3 shows that T  has an asymmetric
2-colouring c. Let V(T)=A{JB  be the partition of the vertex set induced by 
this colouring. Clearly, at least one (actually both) of A and B, say A, has power 
max (a, o), hence A can be partitioned max (2“, 2")-ways as A 1U A 2. The 
partition (A1,A g ,B )  induces a 3-colouring of T  which is clearly asymmetric, 
and different partitions correspond to non-isomorphic colourings (since any such 
isomorphism would be a non-trivial automorphism of the original colouring).
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Hence we have max (2a, 2“) non-isomorphic asymmetric 3-colourings. Now set 
m —2 and apply Lemma 3.3.

Lemma 3.5. Every a-valent (а Ш2) rooted tree T  has an asymmetric colouring 
by a  finite number o f  colours.

P roof. We proceed by transfinite induction on a. For a finite one can colour 
the tree by a. colours such that all neighbours of any vertex have different colours, 
an  obviously sufficient condition on a  coloured rooted tree to be asymmetric.

Assume now th a t and 3.5 holds for all cardinals less than a. Using
Lemma 3.4 we obtain a family

{Tß: ß  <  a} (ß ordinal)

of pairwise non-isomorphic asymmetric 2-coloured (yellow and green, say) rooted 
trees of degrees less than a. Let tß denote the root of Tß; set D = {tß: ß < a}. 
Let the root of our tree have degree q(q^ ci).

Set
^  =  W U U { F (f» ) :  /?<«}•

(xn is a new point, and the sets here are assumed to be disjoint.) As | V\ = |D| =«Sco, 
there is a partition

D = U  {Dx: x£V}
such that

(iii) \DX0\ = e, lA cl=a (x£F, x ^ x 0)
(iv) x£V(T), ty(z Dx implies у >-/?.

We define the graph X  by
V  (X ) — V ;

E (X )  = U {E(Tß): ß <  «}U{[x,yj: y£D x, x iV } .
We consider x0 as the root of X. Let us colour X  such as to preserve the yellow- 
green colouring of Tß— {tß} (ß<oi); the roots tß and x 0 get red colour.

By (iii), the degree of x0 is q; all other vertices of X  have degree a. By
(iv), X  is a tree. Hence the rooted tree X  is isomorphic to T. We prove that 
the yellow-green-red colouring of X  is asymmetric.

Omitting x0 and those edges of X  whose end (the one being more distant 
from x 0) is red, the rest is the disjoint union of the trees Tß with the original yellow- 
green colouring except for tß which is red now. This distinguishes the original 
roots, hence the obtained root-less yellow-green-red trees are likewise asymmetric 
and pairwise non-isomorphic. This in turn implies the asymmetry of the colouring 
of X, proving Lemma 3.5.

Now we can prove the Main Lemma 3.1. Let T  be the a-valent rooted tree 
of 3.1 (otS3). By Lemmas 3.4 and 3.5, T  has max (2X, 2“) non-isomorphic 
asymmetric red-blue colourings. We may assume x0 is always red. Let c denote 
one o f these colourings. Clearly, there is a yellow-green colouring c' of T  satisfying
(i), (ii) (if a=s4) and(v):

(v) for any vertex x  of T, c(x) is red if and only if there are at least as many 
yellow out-neighbours o f x  as green ones (with respect to c').
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By (v), c can be uniquely recovered from c'. Hence, every isomorphism 
of the new colourings induces an isomorphism of the original ones, thus it is the 
identity. This completes the proof of 3.1.

4. Proof of the main theorem. I. Assume 3 s jS < a .
Let T  be a tree rooted at x0. Let c be a 4-colouring (yellow-green-red-blue) 

of T. We associate a pair ( T \  c') of the same kind with (T, c). The root of T ' 
will be the same x0, and V(T') will contain V(T).

Start from (T, c) and consider an x ^ x 0 with c(x) yellow. Subdivide the 
edge joining л: to its (single) in-neighbour by a new vertex x'. Identify x ' with 
the root of some tree Tx consisting of new vertices. Tx should be a-valent and 
the degree of its root ß — 2. (Note that ß ^ 3  is assumed now. For ß infinite, 
ß —2=ß.) For different x ,y  take disjoint trees. Let T ' be the union of these 
trees Tx for all x with c(x) yellow, plus the original tree subdivided by the x'-s. 
Hence

The new vertices should be coloured as follows:
c'(x') is blue (for x ' corresponding to x, where c(x) is yellow); moreover, 

let Tx be given a yellow-green asymmetric colouring (with blue root x r) such 
as to satisfy (i) and (ii) of Lemma 3.1. (Now we have a £ 4 , as ß T=3. The colour 
of the root does not incfluence the asymmetry of a rooted graph.)

Observe the following properties of (T c ' ) :
(1) The vertices of T  have the same degree in T  as in T'. Their colour 

is also the same except if c(x) is red.
(2) If  c'(v) is yellow then neither v nor any of its neighbours belong to T.
(3) If  x, у  are vertices of T  and neither c(x) nor c(y) is yellow then x 

and у  are neighbours in T  iff they are neighbours in T'. In any case, the distance 
in T' of two neighbours in T  is at most 2; if z  is between them then c'(z) is 
blue (cf. (2)).

(4) The degrees of the vertices of T ' not in T  are a and ß. Those of degree 
ß are blue, the others are yellow and green.

(5) If  the degrees of T  are a and ß, and c(x) (x€ V(T)) is blue iff the degree 
of x is ß, then the same holds for (T ',c ') (Cf. (1) and (4)).

(6) If  no out-neighbour of some vertex v of V  is yellow (with respect to c') 
then v belongs to T. (This follows from (ii) in Lemma 3.1.)

(7) If  c(x) is yellow for some x in T  then the in-neighbour of x in T' 
does not belong to T; it has degree ß and c'-colour blue.

(8) If  v is vertex of T ', not in T, and c'(v) is blue then all neighbours 
of v outside T  are yellow (with respect to c').

Let now Xt denote an a-valent rooted tree, whose root x0 has degree a, 
too. Let c\ be a yellow-green asymmetric colouring of X x such that x0 and its 
neighbours are green, all other vertices have out-neighbours of both colours. (Such 
a colouring exists by Lemma 3.1, interchanging the roles of “yellow” and “green” .)

V{T’) = V{T)yj{J{V{Txy. x€F(T), c(x) yellow}.

Let c' be defined on T  as follows:

{c(x), if c(x) is not yellow 
red, if c(x) is yellow.
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Let
( ^ n  +  l>  Cn + 1) — f t i  c n)-

Define the direct limit X  of the sequence Xn to be a graph defined by

V (X )=  (J V (X n) (join of an ascending chain);
n<<0

F(X )= the set of those pairs which are edges in all but a finite number of 
Z„-s.

As every Xn is a tree, X  is a tree as well by (1), (2) and (3).
By (1), (2), (3) and (5), the degrees in X  are a and ß. We consider X  to 

be root-less. We prove that X  is asymmetric.
Let Yx be a coloured rooted tree having the properties required from X x 

and starting from it, obtain a tree Y. We shall prove simultaneously that any 
isomorphism of X  and Y  induces an isomorphism of Xx and Yx, thus proving 
(in view of 3.1) that there are max (2*, 2") non-isomorphic trees satisfying the 
main theorem. (Y  may coincide with X\ this allows us to argue simultaneously.)

x0 is the unique vertex of X„ all of whose neighbours are green with respect 
to c„. This follows by induction on n, using (6), (1) and (2).

It follows that x0 is the unique vertex of X  of degree a all of whose neigh­
bours have degree a. (Namely, if x€ V(X„) — V(X„_x) then c„(x) is not red (4), 
hence it is either blue and thus o f degree ß (4), or x has a yellow out-neighbour 
(6) hence it has a neighbour of degree ß in Xn+x (3), (7). They remain neighbours 
in Xn+2, etc. (3).)

We conclude that any isomorphism cp o f X  onto Y  takes xn to the root 
To of Yx.

We define a colouring c of X  (and, similarly, of Y) by green, red and blue 
colours. By the above, we may refer to x0 as to the root.

Let us colour the vertices of degree ß blue, those of degree a whose in-neigh­
bour has degree ß red, the rest (including x0) green.

Clearly, the isomorphism q> keeps the colours just introduced. By (5), (7) 
and (1), (2), (3) we have

c(x) = c„(x)
for any x in X  and sufficiently large n (depending on x). Using (7), and (8) 
we obtain

(9) For any x£ V(X„)— V(X„_x), if c(x) is blue then one of the out-neighbours 
of x  is red and belongs to Xn_x, all other out-neighbours of x  are blue and do 
not belong to Xn_x.

From this we easily deduce that Xx is characterized by the following:
A vertex x of X  belongs to Xx iff it is either red or green (with respect to

c), and the path x0—x does not contain two neighbouring blue vertices.
Hence, (p maps V(Xx) onto V(YX).
We prove by induction on n that cp maps V(Xn) onto V(Y„). The induction 

step consists of the following observations:
If c(x) is not blue then x belongs to V(Xn) —V(Xn- x) iff the x„—x path 

contains exactly n — 1 edges both ends of which are blue.
If c(x) is blue then x belongs to V(Xn) —V(Xn- 1) iff it does not belong to 

X„_x but some neighbour of it does.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ASYMMETRIC TREES WITH TWO PRESCRIBED DEGREES 199

Now we easily recover (X„, c„). All we have to do is to  replace each c-blue 
vertex x of V(Xn+1) by an edge joining those 2 neighbours of x belonging to 
V(Xn), and to change the colour of one of them, which is an out-neighbour (the 
other one is the in-neighbour of x ) from red to yellow.

Consequently, (p preserves c„-colours and X„-edges, thus defines an iso­
morphism of Xn onto Y„. This is a contradiction if X1^ Y 1. If X = Y  we obtain 
that cp defines anautomorphism of X„ thus, by induction, cp is the identity. 
This completes the proof of the theorem for ß ^ 3 .

II. The rest is quite straightforward.
First, let ß — 2.
Take an a-valent rooted tree T  whose root x0 has degree a, too. Colour 

it yellow and green according to Lemma 3.1.
Subdivide every edge of T  joining a green vertex to its in-neighbour by a 

new vertex of degree 2. The obtained tree X  will be considered root-less. Its degrees 
are 2 and a.

By 3.1 (i), x0 is characterized in X  as the unique vertex having no neighbour 
of degree 2. Thus, again, the root is recognized.

Now one can easily recover T  and its colouring, proving as above, both the 
asymmetry of X  and that there are max (2a, 2") non-isomorphic trees X  satisfying 
the requirements of the theorem.

III. Let now /1= 1 ,3Sa<co. Let T  be an asymmetric tree with degrees 
a and a —1 (root-less, uncoloured: it exists by the above). Join new vertices of 
degree 1 to each vertex of degree a —1. The obtained tree obviously complies 
with the requirements.

IV. Assume now /1=1, a ̂ ю . Let T  be a (root-less) yellow-green-coloured 
asymmetric tree, all vertices of which have degree a. (See Theorem 3.2.) Join new 
vertices of degree 1 to each green vertex. T  and its colouring can be trivially rec­
ognized from the obtained (uncoloured) tree. The conclusion follows as in the 
other cases.

V. Finally, the one-way infinite path, as a unique example, proves the theorem 
for /1=1, a = 2.
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ON SUMMABILITY OF ORTHOGONAL SERIES
By
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1. It is an old question, how to generalize the Kolmogoroff—Seliverstoff— 
Plessner—Kaczmarz theorem on the convergence of orthogonal series to summation 
([2], [4], [7]). First it was generalized to Cesäro summation ([2], [3], [9]), then to 
Riesz summation ([5], [8]), and recently F. Móricz [6] proved an appropriate theorem 
for a general summation process generated by a matrix from which the previous 
results follow as a special case.

In this paper, continuing F. Móricz’s considerations, we shall prove a further 
theorem concerning this problem. We assume for the Lebesgue functions of the 
summation more than required by F. Móricz, but we shall not need further assump­
tions on the convergence properties of the orthonormal system. In our note we 
use an idea of F. Móricz.

In this paper we coniine ourselves to the orthogonal case, but using the results 
of F. M óricz’s paper [6] one can extend our theorem to arbitrary, not necessarily 
orthogonal integrable function systems.

2. In this paper let T=\\tiik\\^k=0 be a matrix, such that
CO

(1) 8V (i =  0, 1 .

(2) lim tuk = tkI-►со № =  0,1, . . .)

where ti<k-s and tk-s are real numbers.
Let (p={(pk}™ be an orthonormal system on the measure space (Q, si, p). 

If c= {ck} ^ f j2 then according to (1), the sums

h(c, x) =  2  ti.kCk<Pk(x) O' = 0, 1,...)
0

converge in the metric of the space L2(Q, sé, p), so the functions tt{c,x) are 
finite almost everywhere on Q.

The series 3

(3) 2  Ck<Pk(x)
k = 0

is said to be T  summable on the set E ( f ^ )  almost everywhere to the function 
t(c, x) if

lim tt(c, x) =  t(c, x)
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on E  almost everywhere. We remark that in the case of cN =  {cJJ' (N=0, 1, ...),
N  N

the sum 2  ck(Pk(x ) is T  summable to the function 2  *кск<Рк(х )  almost every-
fc=0 fc=о

where on Q.
According to

2  tf.k f  <Pk(x) dp(x) = j r  *lk <  °° O' =  0, 1 ,...)
k=‘1 Я  k=0

the series

Kt(T, (p; x, t) = 2  ti,k<Pk(x)(pk(t)
k=0

converges for almost every x£  Q, in the metric of L2(Q, s/, /л) and

K fT,(p-,x, t )e L 2(Q ,s/, fi) (/ =  0 ,1 ,...) .

Define the i-th Lebesgue function of the system <p, belonging to the summa­
tion T  by

L,(T, cp',x)= f  IKi{T, (p;x, t)\dp(t) (i =  0, 1,...).
я

Let A={Afc}“ be a nondecreasing sequence of positive numbers. Denote by 
P(X) the set of sequences c =  {cfc}(T for which

2  CkK  <  °°-
k = 0

Obviously P (A) is a Banach space if it is endowed with the norm

and the elements of the form cN =  {с*}о (7V=0, 1, ...) are dense in / 2(A).
The system cp is said to be a Г-convergencc system for /2(/) if c f j 2(?.) im­

plies the T  summability of the series (3).

At last denote <pj\2 and c/>//1/4 the system j - ^ i  and , respecti-
l A t J o  Iя* Jo

vely.
We shall prove the following

Theorem. Let EpsX. Suppose the system <p satisfies the conditions

(4) L t(T, cplfX; x) = Ox( 1) (x£E),

(5) I f  K fT , tp/P'*; x, t)Kj(T, фД1/4; у, 0  dp(t)\ 2  ßk\Kk(T, cp/fl; x, y)\
я k = °

(x,y£E-, i , j  = 0, 1, ...),

where 0 ^ ß k= ßk(i,j) (k= 0, 1, ...) and 2  ßk = 0 (  1). Then <p is a T-conver- 
gence system for  /2(A) on E. k=0

A d a  Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SUMMABILITY OF ORTHOGONAL SERIES 203

We remark, that condition (5) is fulfilled for the (C, 1) summation and in 
the case of lower concave X the condition (4) is stronger than

L i(T,(p;x) = Ox( y i i) (x€E)
{see for instance [6], [10]).

Proof. First suppose that instead of (4) the following stronger condition is 
fulfilled:
(6) Li(T,(P/fX ;x )  = 0 ( l )  (xdE).

Let /  be a nonnegative integer and c £ /2(A), further

t*(x) =  sup tt(c, x) = tI(x)(c, x). 
ш

Obviously, {i/(x))r=o is monotone nondecreasing. Using the orthonormality of 
the system (p, the Buniakowski—Schwarz inequality gives for arbitrary 7:

(7) ft* (x )d fi(x ) = J  f  ( 2  ck }%<Pk(t)\ KI(X)(T, <рД1/4; x, t)dp(t)
E  E  L «  U = 0  )

r~Z------ 1/2
^  У 2 WA1/4; x, t)dp(x)fdfi(t)} — A - J j,

' k = 1  Я  E

dn(x)

where

=  2  cl К  and Jf = f [ f  KI(X) (T, cpß1/4; x, t) dp (x)]2 dp (t).
'  k = 0  Я  E

From (5) we obtain by easy computation:

f  f  I / KI(X)(T, (p ß 11*-, x, t)KI(y)(T, (pßkli; y, t)dp(t ) \  d p (x )d p (y )  ==
E  E  Ь

^  2  ßk f  f \ Kk(T,(p/YX-,x,y)\dp(x)diJ.(y)S
k =  °  E  E

=  2  ßk / [ / \Kk( T , < p / l / I ; x , y ) \ d p ( x j \ d p ( y )  = 0 (l),
k = 0  E  Я

which shows by (7) that

f  t * (x )d p( x )  =  0(1) (7 =  0 ,1 ,...) .
E

The sequence {t* (x)}j°=o being monotone nondecreasing, we obtain sup i* (x) <  +  »
I

almost everywhere on E. The same argument applied to {—c*}” gives in fr* (x )>
>  —oo almost everywhere on E; that is under condition (6) we have |Д (х)| =  Ох(1) 
almost everywhere on E.

The strong condition (6) one can replace by that of the weaker (4), namely let

En — {x£E: sup Li(T, (р/УХ; x) ^  N},
i
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then obviously E =  (J EN. Because of \tf(x)\ = Ox(\) on every EN, we obtain

(8) W" 1 |i/(* )| =  0 ,(1) (c e l\A ) ;x e E ) .

Denote S(E , sd, p )= S  the set of ^/-measurable, /^almost everywhere 
finite functions on E, endowed with the complete metric of convergence in measure. 
It is easy to see th a t for fixed i and N  the linear operators

L'n(c) = 2  U,kCk(Pk't l 2(A)-* S  k = о
are continuous, and for every fixed i the sequence {/.^(c)} converges in the metric 
o f S  as N  tends to  infinity, for every c£l2(X); further

lim L‘N(c)(x) =  ti(c, x) ( i =  0, 1,...).
N-+°°

By a theorem in D un fo rd— Sc h w a r z ’s book ([11] p. 52) it follows that the linear 
operators

L l(c); /2(A )-S , L ‘(c)(x) = t fc ,  x) (i = 0 ,1 ,...)

are also linear and continuous. From  (8) it follows that

(9) sup |L'(c)(x)| <  с»
i

almost everywhere on E, further we recall the fact that for cN€_P(A) (cN= { с ^ )  
the limit
(10) lim Z/(cjv)(x) =  lim tt(cN, x)

i-*- o o  i-* -o o

exists almost everywhere on E. From  (9) and (10) it follows according to a theorem 
of B anach  ([1], Theorem II) that for every с€/2(Я) the limit

lim L ‘(c)(x) = lim tt(c, x)

exists almost everywhere on E. So our theorem is proved.

R emark . We have mentioned in the introduction that our theorem is valid 
also for arbitrary (not necessarily orthogonal) integrable systems <p. But for an 
orthogonal system cp the condition (4) can be weakened to

( 11) Lj(r, q>; x) = Ox(yii)  (x£E)

if we restrict T  on the Cesäro or Riesz summation ([3], [5], [8], [9]). On the contrary, 
we want now to  show that, for general systems (p the condition (11) is no more 
sufficient for any permanent method T. We prove this by elementary construction 
of a counter-example.

Let E=(0, 1), 2„ =  log n, <pn(x) = \ j\n  and consider the common Lebesgue 
functions:

L fc p ix ) <Pk(x)cpk(y) dy = = o(log /> -  o a f
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So the condition (11) is satisfied. (One can easily see that also (5) is satisfied trivially 
when we choose рк—к~г log-1 к  (log log k)~2, because in this case the right hand 
«ide of (5) becomes infinite.) Put

1cn — —=--------------------,
yjn log« ‘ log log n

then cfP(X), but

2  CPPn(x) n=3 2
n =  3

_______1
n log n • log log и

=  CO,

All the terms of the series 2  cn(Pn(x) being positive, from the divergence to in­
finity it follows that 2  cn(Pn(x) is nowhere summable in E  by any permanent 
method T.
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ASYMPTOTIC DISTRIBUTION AND ASYMPTOTIC 
INDEPENDENCE OF SEQUENCES OF INTEGERS

By
M. B. NATHANSON (Princeton)

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 29 ( 3 - 4 ) ,  (1977), pp. 207— 218.

0. Introduction. The idea of asymptotic distribution and asymptotic independence 
modulo m of sequences of integers was introduced by K uipers, N iederreiter, 
and Shiue [1, 2] in their study of the uniform distribution of sequences of integers. 
The following question arose in their work: If A is a sequence with asymptotic 
distribution (a0, al5 ..., am_i) modulo m, and if (ß0, ßt , ßm- 1) is a distribution, 
then is there a sequence В  with asymptotic distribution (ß0, ß1, ßm- t) modulo m 
such that A and В are independent? The existence of such a sequence is proved 
constructively in this paper. N iederreiter [4, 5] has obtained some non-constructive 
generalizations of these results.

1. Asym ptotic distribution modulo m. Let A =  {a,}" i be a sequence of integers. 
For integers ш ё 2  and r, let A (N ,r,m )  denote the number of at with iSiV  
such that at =  r (mod m). If the limits

lim
N-+oo

A (N , r, m) 
N

= ar

exist for r= 0 , 1, — 1, then the sequence A has asymptotic distribution
(a0, al5 ..., am_x) modulo m. Clearly, 0 ̂  0£r ̂  1 and a0+ a 1+ .. .  +  am_1= I .

For example, the sequence N of the natural numbers in their natural order has 
asymptotic distribution (l/m, l/m, l/m) modulo m for all m ^ 2 .  The sequence 
of squares {i2},“ i has asymptotic distribution (1/3, 2/3, 0) modulo 3 and (1/2, 1/2, 
0, 0) modulo 4. Let [x] denote the integral part of the real number x. N iven [6] 
has proved that if в  is irrational, then the sequence { [ /0 ] } / l i  has asymptotic dis­
tribution (l/m, l/m, ..., l/m) modulo m for all m S2. If n=md, then A(N, r, m) —

d — l

=  2 A (N, r+km, n). It follows that if the sequence A has asymptotic distribution
k=о

(a0, al5 ..., a„_x) modulo n, then A has asymptotic distribution (ß0, ßlf ßm-i)
d - 1

modulo m, where ßr= 2  ar+km- 
k= о

An m-tuple (a0, al5 ..., am_j) of nonnegative real numbers whose sum is 1 
is called an asymptotic distribution modulo m. In this section we show how to 
construct a sequence of integers that satisfies a given family of asymptotic distri­
butions.
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208 М. В. NATHANSON

If Х =  {xj }jL1 is a strictly increasing sequence of positive integers, let X(N) 
denote the number of Xj such that X jSN . The sequence X  has asymptotic density 
<5 if

limлг-~ N =  <5.

Clearly, 0 ^ X ( N ) ^ N ,  and so O s á s l .  If  X  has asymptotic density 5, then 
N \X = { /'€ N |i '$ X }  has asymptotic density 1 — <5. If A = {ai} ll1 and B={bi}?L1 
are two sequences of integers such that {/ \ a ^ b  fm oá  m)} has density 0, then A 
and В have the same asymptotic distribution modulo m.

Lemma 1. Let 0^< 5sl. Then there exists a sequence X — {х^}“=1 with asymp­
totic density Ö.

Proof. I f  <5=0, let X  be a finite sequence or the sequence If 0<<5^ 1,
let xx= 1 if and only if (5 =  1. Suppose that X (N ) = k  and that ...
have been determined so that

X (N ) к _  k + 1 Z(iV )+l
N t * ~  N  -  <  N  N  '

Let Xt+1= IV + l if and only if  <5^(fc+ \)/(N +  1). Since

к __ к __ fe +  1 __ fe +  1 __ k+ 2  
N + 1 ~ ~ N ~  N + 1 ~  N  *  N + 1 ’

it follows that
X(1V+1) , Z(1V+1) +  1------------Ä о < -----------------.

N  -  N + 1
The sequence X  constructed inductively in this way satisfies 0 ~ d —X(N)/N < l/N  
for all N, and so has asymptotic density <5.

Lemma. 2. Let O S y ^ ö ^ l .  I f  the sequence X = {xJ}JL1 has asymptotic density 
5, then there is a subsequence Z  o f  X  with asymptotic density y.

Proof. If  у =<5=0, let Z  be any subsequence of X. If <5>0, then 0ёу/<5^ 1* 
By Lemma 1, there exists a sequence 7 = {y / }JL1 with asymptotic density y/ő. Let 
Z = {x yj)Y=1. Then Z (N )= Y (X (N )), and so

lim Z (N )
N

=  lim у д а »  x (N )
X(N ) N

=  -f-<5 =  у.

Let [a, b] denote the set o f integers n such that a ^ n ^ b .

T heorem 1. Let (a0, sq, ..., xm_1) be an asymptotic distribution modulo m. 
Then there exists a sequence o f  integers with asymptotic distribution (a0, a1; ..., am_x) 
modulo m.

Proof. It suffices to partition N into m disjoint sequences X0, Xlt ..., Xm_1 
such that Xr has asymptotic density a, for all r £ [0, m — 1]. Then any sequence of 
integers A = {ai} f l1 with at = r (mod m) for all i£Xr has asymptotic distribution 
(a0, al5 .... am_j) modulo m.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977
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By Lemma 1, there is a sequence X0 of positive integers with asymptotic density 
a0. Then N \ T 0 has asymptotic density a1+ a 2+ ---+ am -i= ai- By Lemma 2, there 
is a subsequence Xx of N \2 f0 with asymptotic density oq. Then N \(2 f0 U Xf) 
has asymptotic density 1 — a0 — a1 =  a2+ ” - +  0ím-i — a2- Continuing in this way, 
we obtain the desired partition of N. Clearly, whenever xr—0 we can make Xr 
either a finite or an infinite sequence.

T heorem  2. Let A = {a,},“  3 be a sequence o f  integers. Then some rearrangement 
o f A has asymptotic distribution (a0, ax, ..., am_j) modulo m if  and only i f  the 
congruence at = r (mod m) holds for infinitely many i whenever ar>0.

P roof. If, for some /•£[(), m — 1], there are only finitely many i such that 
и,- =  r (mod m), then for any rearrangement A ' of A we have lim A'(N, r, m)/N=

N - * - o o

= 0, and so the stated congruence conditions are necessary.
Conversely, let Ar={ajtr}yL1 be the subsequence of A consisting of all at = 

=  r(m odm ), and suppose that A r is an infinite sequence whenever ar>0. Partition 
N into m disjoint sequences X 0, Xl t ..., Xm^ 1 suchthat X r has asymptotic den­
sity ar and card (T,)=card (Ar) whenever ar= 0 . Let Xr= {xJjr}“=1. For any i£N, 
there exist unique j fi ti  and r(E[0, m —Y\ suchthat i= xJ r . Let a'=aJ r . Then 
A '— 1 is a rearrangement of A with asymptotic distribution (a0, als ..., am_x)
modulo m.

T heorem  3. Let {mk} be a finite or infinite family of moduli, and let (a0>k, ctlik, ... 
..., amj[_1>k) be an asymptotic distribution modulo mk, such that

(i) rnk\mk+1 for  k = l , 2 , 3 ,...; and
“k+i_i

m k

(ii) * r , k  =  2  * r + d m k , k + i  for  r€[0, mk —  l],
d = 0

Then there exists a sequence o f  integers A =  j such that A has asymptotic 
distribution (a0jfc, a1>s, ..., amfc_1>fc) modulo mk for all k.

Proof. I f  the family o f m oduli is finite, then it suifices to  construct a sequence 
with the desired asymptotic distribution with respect to the largest modulus in the 
family. Then conditions (i) and (ii) imply th a t this sequence has the right asymptotic 
distribution with respect to  all other moduli in the family.

Suppose that the family of moduli is infinite. We construct inductively a family 
of sequences {Ak}, where A k= {ait *},“ !, such that Ak has asymptotic distribution 

modulo m ’k, and ai<k+1=ai<k (mod mk) for all i and k. 
Let the sequence Ak be constructed by partitioning N into mk disjoint sequences 
X 0, X k, ..., Xmk- k with asymptotic densities аод, ам , ..., ос,„к^ 1Л, respectively, and 
letting aUk = r (mod mk) for all i£Xr. For each r£[0, mk—\], partition X into mk+Jm k 
subsequences Yr+imk for d£[0, mk+1/mk—l] such that Yr+d„,k has asymptotic density 
Xr+dmk,k+i- The sets Yr+dmk for r£[0, mk- \ ]  and d£[0, mk + 1/mk- 1] partition the 
natural numbers N. Let airk+1 = r+dmk (mod mk+x) if i£Yr+dntk. Then Ak+1= {ai <k+1} f i  
has asymptotic distribution (аод+1, а1Д+1, ..., amt+1-i,fc+i) modulo mk+1, and 
Oi,k+i = aiik (mod mk) for all i.

I* Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



210 М. В. NATHANSON

Now let A = {ai}?L1 be the “ diagonal” sequence defined by at=aiti for all i. 
Then а(= аик (mod mk) for all i s k ,  and so A has asymptotic distribution 
(<*o,a> <̂mk-i,k) modulo mk, for all k.

Theorem 4. Let {mk} be a finite or infinite family o f pairwise relatively prime 
moduli, and, fo r  each k, let (a0>fc, a1>fc, ..., остк- 1,к) be an asymptotic distribution 
modulo mk. Then there exists a sequence А = {ах}-°=1 with asymptotic distribution 
(<*о,а> <*i,a> •••, amk-i,k) modulo mk for all k.

Proof. Let M k—mlm2...m k. If  r£[0, M k — 1], then there exist unique integers
A

r f i [ 0 ,m j - \ \  such that r = rj {mod mj) for all y'£[l, к]. Let yr,k— П xrj,j- Then 

0 — ?r,A —1> and
M k - 1  к к t t t j - l

2  У г , к =  2  n « r , . j =  П  2  *s.]= 1.
r = 0  r  =  0 j = 1 j  =  1 s = 0

and so (y0tk, yi,k, ■■■, Умк-i.k) is an asymptotic distribution modulo Mk. Clearly, 
M k\Mk+1 for ali k. Moreover, for /■£[(), Mk — 1] and d£[0, M k+1/Mk- l] ,

A + l  кУг + ЛМк,к +1= П S(r + « t)j,j — IT a(r+dMk)j,j ' a(r + dMk)k*l.k + l =
1=1 1=1

к

=  П % j , j  a(r +  d M fc) k  +  i ,  A + l  —  У r ,  k ^ ( r  +  d M k ) k  + i ,  fc + 1  ’
1=1

and so

Mk mk + 1- l  mk +1-1
2  Уг + dMkik + l 2  yr,kfir+dMk)k + i,k + l Уг,к 2  A4-1 Уг,к'd= 0 d= 0 d= 0

Since conditions (i) and (ii) o f Theorem 3 are satisfied, there exists a sequence A 
with asymptotic distribution (y0,k, yk,k, ■■■, Умк- 1,к) modulo Mk for all k.

Let r£[0, mk— 1]. Then

mk Mk_ j —1 k Aífc_!-1 A-l
2  Уг + Лтк , к  2  П  ^ ( r  + dmk) j ,  j & r,k  2  П  &(r + dmk) j , 1 =d= 0 d=0 1 = 1 d= 0 1=1

A l f c - i - l  * - l  M k _ i - l

A 2  П  ^dj, j ®r, A fl, А- l  ^r, A ’a = o  1 = 1  a = o
and so the sequence A has the desired asymptotic distribution (a0it, al k , ..., 
amk-i,k) modulo mk for all k.

Remark. Suppose that a sequence A has asymptotic distribution (a0,k, otltk, ... 
..., oimk- i ,k) modulo mk for all moduli in a family {mk}. If d\mx and d\nu for 
moduli mx and m2 in this family, then A has asymptotic distribution (ß0, ßi, ... 
•••, ßd-i) modulo d, where for r£[0, d— 1]

(* ) ß r  2  ^ r  +  i d , 11-0 — 2  ar + jd, 2- 
1  =  0
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Conversely, is it true that if a family of asymptotic distributions satisfies the “consi­
stency” conditions (* ), then there exists a sequence of integers with these asym­
ptotic distributions?

2. Asymptotic independence modulo m. Let A = {ai}fl1 and B —{bi}l°=1 be 
sequences of integers with asymptotic distributions (a0, oq, am_j) and (ß0, ßi, ...

ßm-j)  modulo m, respectively. If r, v€[0, m — 1], let A X B (N ,r ,s ,m )  denote 
the number of pairs (ог,&;) such that а{ = г (mod m) and Z>; =  s (mod m) and 
Ш К  If

A X B (N , r, s, m)
.v-oo N X ß \

for all r, s£[0, m — 1], then the sequences A and В  are asymptotically independent 
modulo m. In general, let {Ах}хел be a finite family of sequences of integers, and 
let the sequence J A={ßf},“ 1 have asymptotic distribution (a*, a*, ..., a4_i) 
modulo m. Let 01— f j[ 0 ,m —\}. If R= (rx)xeAd0l, let [ J A fN , R, m) denote

дел дел
the number of Л-tuples (af)XfA suchthat i s N  and af =  r; (mod m) for all /6  Л. 
The family of sequences {Ax}xiA is asymptotically independent modulo m if

limV-eo

П a  AN, R, m)
дел

N П «дел
дn

for all R Я . An infinite family of sequences is asymptotically independent modulo 
m if every finite subfamily is.

For example, let A be the periodic sequence 0, 1, 0, 1, 0, 1, ..., and let В 
be the periodic sequence 0, 0, 1, 1, 0, 0, 1, 1, .... Both A and В have asymptotic 
distribution (1/2, 1/2) modulo 2. For every R£0l=  {(0, 0), (0, 1), (1,0), (1,1)}, we 
have

.. AXB(N ,R-, 2) 1 1 1
. f e ---------------N --------------=  1 - 2 - 2  •

and so A  and В  are asymptotically independent modulo 2. N iederreiter [3] has 
proved that if 1, вг, в2, ..., в„ are linearly independent over the rational numbers, 
then the sequences Л1 =  {[г'01]}>”  1; ..., А„ = {[Юг]}ы i are asymptotically independent 
modulo m for all m ^ 2 .

Clearly, if a finite or infinite family of sequences is asymptotically independent 
modulo m, then every subfamily is also independent. The converse is false. For 
example, the three periodic sequences determined by the quadruples (0, 0, 1, 1), 
(0, 1, 0, 1), and (0, 1, 1, 0) are pairwise asymptotically independent modulo 2, but 
are not independent.

In this section we show how to construct a sequence of integers that satisfies 
a given family of asymptotic distributions and that is asymptotically independent o f 
a given family of sequences of integers.

Lemma 3. Let {ßR}R£® and {zR}R(*t be two families o f sequences o f  real numbers 
such that (i)

(i) lim ßR(N) = ß uniformly in R;
N-+oo
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(ii) f o r  each N =  1 ,2 ,..., w e h a ve  yR(N )^ 0  f o r  only f in i te ly  m an y R CJ$;

(iii) lim 2  Xr ( N )  =  y ;  a n d
N~°° Rí®

(iv) lim sup 2  IXrW I <
N-*-oo R ^ 0 t

Then
lim 2  Pr W X rW  = ßy- 

N~°° т а

Proof. By (iv), there is a constant C such that 2  |х«(Лг)[< С  for all N.
Ria

Fix e>0. There exists an integer N(s) such that

1я| ях « № -х |< 0 Щ  and
for all R e®  and N > N (s). Then for N>N(e),

I 2  ßR(N)xR( N ) - ß x I =s I 2  ßR(N )XR (N ) -ß  2  x*(AOM0 2 1 XrW - P x \ s
R i a  R i a  R i a  R e a

s  2  \ßRW-ß\\xR(N)\+\ß\\ =
R i a  R i a  L  +  \p\ f' +  IPI

Note that condition (ii) and the uniformity condition in (i) of Lemma 3 are 
automatically satisfied when tM is a finite set.

Theorem 5. Let (A ;};€/l be a finite family o f sequences o f integers, and let the 
sequence A; = {aj } f i  have asymptotic distribution («o> ®i> ®m-i) modulo m.
Let (ßQ, f t ,  ..., ßm~i) be an asymptotic distribution modulo m. Then there exists 
a sequence В = {Ь ^=1 such that В has asymptotic distribution (ft, f t ,  ..., ßm-i) 
modulo m, and the sequences Ax and В are asymptotically independent modulo m 

fo r  all Л£Л. I f  the fam ily  {Л; };5л is asymptotically independent modulo m, then 
the sequence В can be chosen so that the family {А;}хел U {В} is asymptotically 
independent modulo m.

Proof. Let SÜ— ]J[0,m — l]. For R= (rx); € / define 
лед

XR = {i\af =  r, (mod m) for all AeA} = {xJiR}f=1,

where the positive integers xJR are arranged in order of increasing magnitude: 
^ i ,r -= *2, r -= • • • ■ Let dt0 — {R f  3/1 [6<card (^fR) <  °=} and let 01л =  {R£á?|card(X R) =  °°}. 
Then

for all N, and

(1)

2  2  Xr W +  2Re# о

lim
N-+00 2Rea, N

=  1.
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By Theorem 1, there exists a sequence B' = {bj}j=1 with asymptotic distribution 
(/?„, /?i, ß m- i )  modulo m.  Since the sets {AR}R€áí partition the positive integers, 
for any i there exist unique j  and R  suchthat i = x i tR . Let bt = b], and let В = 
=  Then for r£[0, m  — \] ,

B ( N ,  r,  m )  =  2  B ' ( X r ( N ) ,  r,  m)

and so
RÍM

B ( N , r , m )  ^  B ' ( X r (N) ,  r,  m)  , ^  B ' ( X R(N) ,  r ,  m )  X R(N )
-  _ z  N + zN

But

(2)

RiM0 R С»! Xr(N) N

lim =
N~°° R iMa A

Also, Xr (N)^°=  as A —°° for every and so

(3)w  N -

It follows from (1), (2), (3), and Lemma 3 that

B ' ( X r ( N ) ,  r, m )  _  „ 
X r ( N )  / r '

lim B(N’.r' m) = 
NN-

=  lim у  B ' ( X R( N ) ,  r, m )  | ш  _  B ' ( X R( N ) ,  r, m )  X R( N )  ^
W-« - - Ar ”  ^  v  /А7Л ArRiM0 A * * ( A ) A

Therefore, the sequence 5  has asymptotic distribution (/?<,, ß u  ß m~i)  modulom. 
Choose Я€Л and r, j €[0, m  — 1]. Then

A xX B { N ,  r,  s, m)  =  Z  s> m)
Rest

and so

A xX B ( N ,  r,  s,  m)
A

A (A R(A ),s, m) B ’( X r ( N ) ,  s , m)  X R( N )

rím  о А  яг*! 2fR(A ) A

Clearly,

and so

(4)

Also,

(5)

Z X r ( N ) =  2  X r ( N ) +  2  X R( N )  =  A x( N , r , m ) ,  
r í m  r í m  о Reá?!

JV̂ “  «1«! A  A
'*=<■

Д '(* * (А ),д ,т )
Ar(A) Ps
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for all and

(6)
]im ^  B '(X R(N ),s ,m )

'л=г
=  0 .

It follows from (4), (5), (6), and Lemma 3 that

]im AxX B (N , r, s, m)

Um у  B '(X R(N ), s , m) 
N~°° rÚ>0 fcl-W

+ lim
JV-»oo

B '(X r (N), s , m)
4  Xr W

Xr (N)
N r4ßs-

Therefore, the sequences A x and В are asymptotically independent modulo m 
for all АвЛ.

If R£dt, then Xr{N)=  77 AX(N, R, m). It follows that if the family of sequences
A€ л

{AX}XÍA is asymptotically independent modulo m, then

lim
N -  oo

Xr (*Q
N lim.V—oo

П A X(N, R, m)
Л£Л___________

N n < -лел

Let (R, s) 6 &  X [0, m — 1]. Then

( П  A xX B )(N , (R, s ), m )  = B '(X r (N), s , m ) .

Therefore,

lim
.V -co

( П  A XX B )(N , (R, s ), m)
Я6Л ___

N
ljm B '(X r (N ), s , m) 

N

B '(X R(N ),s ,m ) Xr (N) 
X r(N) N =  Ä 77 a

Ae л
A
l-A’

and so the family of sequences {Ax}x(A U {B} is asymptotically independent modulo m.

Theorem 6. Let {(a0>„, aliH, ..., am-i,„)}r=i be a countable family o f asymptotic 
distributions modulo m. Then there exists an asymptotically independent family o f  
sequences {An}^=1 suchthat A„ has asymptotic distribution (a0,„- а1>и, •••, am_ln ) 
modulo m.

Proof. Suppose that an asymptotically independent family of и—1 sequences 
{d!*}t=i has been constructed such that Ak has asymptotic distribution (a0jfc, a1>fc, ... 
..., am_1>n) modulo m. By Theorem 5, there exists a sequence A n with asymptotic 
distribution (a0>B, aljB, ..., am_1(B) modulo m such that the family {Ak}k=1 is 
asymptotically independent modulo m. The theorem follows by induction on n.
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Theorem 7. Let A  =  {o,},“  a be a sequence o f integers with asymptotic distribution 
(a0, al9 ..., am_i) modulo m. The following are equivalent:

(i) The sequences A  and В are asymptotically independent modulo m for 
every sequence В with asymptotic distribution modulo rn.

(ii) The sequence A is asymptotically independent o f  itself modulo m.
(iii) ar= l  for some r£[0, m — 1] and a5 =  0 for all s£[0, m — 1] with sy r .

Proof. Clearly, (i) implies (ii).
If the sequences A and A are asymptotically independent, then A y. A (Tv, r, r, m) =  

= A (N ,r ,m ) for all r£[0, m — 1], and so

, .. A x A ( N ,r ,r ,m )  A (N ,r ,m )
a.; =  l im ---------- ------------- =  lim — - ’■ — L =  arN  N-~°° N

Therefore, ar =  0 or 1. Since «0 + «!+ ... +  am_1= 1, it follows that ar= l  for some 
unique r£[0, m — 1], and as =  0 for s y r .  Thus, (ii) implies (iii).

Suppose that (iii) holds, and that В  is a sequence with asymptotic distribution 
(/?0, ß i , ßm-л) modulo m. If s , /£[0, m— 1] and s y r ,  then 0^AXB(N, s, t, m)  ̂
У A (N, s, m), and so

Therefore,

0 s  lim
N-+oo

A X B (N , s, t, m)
N

lim A (N, s, m) 
N =  ots =  0.

N-* °° Jy
for s y r .  Similarly,

m —  1

and so

B(N, t, m) = A X B (N , r, t, m)+ 2  A X B (N , s, t, m),
s= 0 s^r

jjm A XB(N, r, t, m) _  B(N, t, m) ^  "ly1 A x B (N , s, t, m) _
N -  со TV ~~ ŝ 0 N

Sŷ r
= ßt = IX, ß f

Thus the sequences A  and В are asymptotically independent modulo m, and so
(iii) implies (i).

Remarks. Let {Ах}хел be an infinite family of sequences of integers with asymp­
totic distributions modulo m, and let (ß„, ßx, ..., /5,„_-,) be an asymptotic distribu­
tion modulo m. Define the sets XR for Ry?A= JJ [0,m —l] exactly as in the proof

лел
of Theorem 5. If á?0=  {R£^|0-=card (XR)<  is a finite set, and if there exists 
a sequence B' with asymptotic distribution (ß0, ßx, ßm_1) modulo m suchthat

B'(X r (N), r, m) _
Xr (N) ßr

uniformly for R£á?1 =  {i?£^|card (XR) =  then the construction in the proof of 
Theorem 5 yields a sequence В suchthat В  has asymptotic distribution (/?„, ßx, ...
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ßm-i) modulo т, and the sequences A-f and В  are asymptotically independent 
modulo m for all А£Л.

However, if is an infinite set, this proof may fail. For example, define the 
countable family of sequences A n — {ait„}r=i by aUn= i if iX n  and a„t„=n + l.

Then card (Xr) = 0 or 1 for all JJ [0,1]. If  B' is any sequence with asympto-
n=l

tic distribution (1/2, 1/2) modulo 2, then the sequence В constructed by the method 
o f  Theorem 5 will be constant, and not have asymptotic distribution (1/2, 1/2) 
modulo 2. Of course, in this case there does exist a sequence with asymptotic dis­
tribution (1/2, 1/2) and asymptotically independent of all A„; for example, the 
periodic sequence 0, 0, 1, 1, 0, 0, 1, 1, ....

But there do exist infinite families of sequences of integers such that no sequence 
with given asymptotic distribution is asymptotically independent of every sequence 
in the family. For example, take the “maximally saturated” family of all sequences 
with asymptotic distribution (1/2, 1/2) modulo 2. Clearly, no sequence with asympto­
tic distribution (1/2, 1/2) modulo 2 can be independent of all sequences in this family.

Theorems 5 and 6 imply that every finite family of sequences asymptotically 
independent modulo m is a subfamily of a countably infinite asymptotically inde­
pendent family o f sequences. Does there exist an uncountable asymptotically inde­
pendent family o f sequences? W hat is the cardinality of a maximal asymptotically 
independent family of sequences?

It follows from  Theorem 7 that a sequence that is constant except perhaps for 
a  subsequence o f density zero is asymptotically independent of every sequence with 
respect to every modulus. Not only these constant sequences have this property; for 
example, so does the sequence {?'!},“  x.

Let S be any finite set. We can consider sequences whose elements lie in S, 
and define the asymptotic distribution and asymptotic independence of these sequen­
ces. Using the methods of Theorems 1 and 5, we can construct a sequence over 5  
with given asymptotic distribution and asymptotically independent of any finite 
family of sequences over S. 3

3. Strong asym ptotic independence. Let {mß}ß!:M be a family of moduli, 
and let A= {ai}?L1 and B —{bi}fLl be sequences of integers with asymptotic 
distributions (a0j/t, alf„, ..., am(j_1>>() and (ß0ili, ..., ßmß- lffl) modulo тц, 
respectively, for all p£M . If /(, v ^M  and /•£[(), mß — l] and j €[0, m„—1], let 
A~XB(N, r, mß, s, mv) denote the number of (a;, h;) with i'SJV such that a; =  
=  r (mod mß) and bt = s (mod mv). The sequences A and В are strongly asymptoti­
cally independent modulo {пгд}„ем if

j. A x B ( N , r, m„, s, mv) 
N & r,llß s ,V

for all p, v£M  and r 6[0, mß— 1] and s€[0, mv — 1].

T heorem 8. Let {Л; }ясл be a finite family o f  sequences o f integers. For each 
А в A, let {шд}м.гМя be a finite fam ily o f moduli such that the sequence A x={af}?L1 
has asymptotic distribution (ао>д, aí,^, ..., «ти- 1,д) modulo mß, for all p $M -. Let 
M =  (J M; , and let B '—{b'j}“=1 be a sequence o f  integers such that B' has

м л
asymptotic distribution (ß0,ß, ßi,ß, •••> ßm - i ,«) modulo mß for all p£M . Then there
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exists a sequence B={bi}f=l suchthat В has asymptotic distribution ßi,ß, ■■■
..., 1>д) modulo mß for p£M , and the sequences A- and В are strongly asymp­
totically independent modulo for all А в A.

Proof. Let f j  [0, /ид — 1], and let 3H=JJSHX. If  Rx=(rf)ßüMjL̂ .^lx
l iZ M i  А€Л

and if R={Rf)!iiA^M, define the sets and XR by 

XRjl =  UWi = К  (mod mr) for a11
XR =  П x r> =  {i\a i =  r£(m odm ^ for all A£A  and p£.M >)  =  {xJiR}“=1,

Л€д
where the positive integers x jtR are arranged in order of increasing magnitude. 
The sets {Хк}яея partition the positive integers, and so, for any i, there exist 
a unique integer j  and a unique Rcffi such tha t i=Xj R. Let b— b], and let 
£ = № = i -

Let p£ M  and гё[0, mß — 1]. Then
B(N, r, mf) = 2  B '{X r{N), r, m ).

Rí®
Let ^ 0= { ^ 6 ^ |0 < c a rd  (A^)<oo}, and let ^ != { Ä 6^ |c a rd  (1 Я) =  Ц . Then

B (N ,r ,m ß) ^  B '(X r (N), r, mf) ^  B'(XR(N), г, тц) XR(N ) 
rŰ 0 N  Xr (N )N

Since

(7) lim 2
N~°° кея„

B'(Xr(N), r, mf) n 
N

and

(8) lim
N - +  со

у Xr(N) 
яГ»г К

and

(9) г В' hm —
N - O O

(Xr(N), r, m fj Q 
Xr(N ) Pr*

for all it follows from (7), (8), (9), and Lemma 3 that
B(N, г, тц)
------ N ------ =  ß" -

N

Therefore, the sequence В has asymptotic distribution (/?0j(1, ßi,„, ..., ßmß- i ,ß) 
modulo mß for all р,£М.

Let p , v £ M x and r€[0, and s€[0, mv — 1]. Then

AxXB(N, r, mR, s, mv) = 2  B'(XR(N), s, mv),
R € i*  
ri = r

and so
А лХВ(п,  г, тц, s, mv) ^  B'(XR(N), s, mv) ^ B'(XR(N), s, mv) X R(N)

N  N  + ф 1 X r (N) N  •
r*' = r rA =  rгц г У
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Since

( 10)

and

( H )

and

( 12)

for all Rdc%i, it follows from (10), (11), (12), and Lemma 3 that

A ÁX B ( N ,  г ,  m „, s , m v)  _ ; 0
v io l  N  ~  ar ,ß P s ,v

Therefore, the sequences А л and В are strongly asymptotically independent modulo 
{тн)немл, for all Ä£A.

R em a rk s. The proof of Theorem 8 breaks down if the set of moduli is infinite. 
For example, let A =  {«;},“  i be a sequence of distinct integers with asymptotic 
distribution (a0l/1> «1,д> •••» <*m„-i,/i) modulo mß, for all p in an infinite set M. 
If  Ä f f  =  IJ[0, m^ — 1] and X R is the set of integers constructed in Theorem 8,

нем
then i, j €XR implies that (mod mß) for all p£M . But M  is infinite, and
so a{ =  cij. Since A is a sequence of distinct integers, it follows that i=j, and so 
card (Tr) = 0 or 1 for all r \S4.. Then the sequence В constructed in the proof of 
Theorem 8 is constant.

M. B. NATHANSON: ASYMPTOTIC DISTRIBUTION...

lim 2 Ä i i l  = „,
R d &  о r„ = r

lim у  =  iim A x ( N ’ r ’ n h )  _  X
Л/ _/vw- ~ R e a N

B '(X r (N), s , mv) _
. v ü  Ps-V
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RETRACTABLE GROUPS
By

R. D. BYRD, J. T. LLOYD, R. A. M ENA and J. R. TELLER (Houston)

1. Introduction. One of the long standing unanswered questions in the theory 
of lattice-ordered groups, which was posed by G. B ir k h o ff  [1, Problem 7], is to 
find necessary and sufficient conditions that an abstract group be isomorphic with 
the multiplicative group of a lattice-ordered group. Several authors have given such 
conditions for the analogous question for totally ordered groups (see [3, Chapter III] 
for an excellent account of some of these). The main result o f this paper (Theorem 3.2) 
gives a partial answer to the question for lattice-ordered groups. In our investigation 
we have considered a class of groups that do not appear to have been extensively 
studied in the literature, viz., the class of retractable groups. The class o f lattice- 
ordered groups is a subclass of the class of retractable groups and in Section 6 
(Example 6.2) we give an example of a retractable group that does not admit a lattice­
ordering.

Throughout this paper, G will denote a group, written multiplicatively and 
with identity i, and F(G) will denote the collection of all finite, nonempty subsets 
of G. Then F(G) is a join monoid, that is, F(G) is a join semilattice in which 
A\JB= A\JB  for all A, BOF(G), F(G) is a monoid in which AB= {ab\a£A and 
beB} for all A, B£F(G), and if A, B, C£F(G) with A Q B , then A C Q B C  and 
C AQCB. Moreover, if A, B, C£F(G), then A{B\IC) = AB\/AC  and (.AWB)C= 
= ACMBC, and the collection of all singleton subsets of G is the group o f units of 
F(G). A homomorphism a of the monoid F(G) into G such that {g}<r=g for 
every g£G  will be called a retraction of G. We will denote by Ret G the collection 
of retractions of G. If Ret G is nonempty, then G is said to be a retractable group.

For a retractable group, we give in Theorem 3.2, six conditions each of which 
is equivalent to the group admitting a lattice-ordering. This changes the above 
problem to determining which abstract groups are isomorphic to a retractable 
group, where it seems more likely that necessary and sufficient conditions can be 
found (we give one such in Corollary 2.11). Again, for retractable groups, in Corollary 
3.4 we give three conditions each of which is equivalent to the group admitting a total 
ordering.

Most of the remainder of this paper is devoted to developing the fundamental 
properties which are satisfied by retractable groups. In Section 2 (Theorem 2.2) 
we show that a retractable group is torsion-free. Also, in this section, we establish 
several properties which are satisfied by retractable groups and which could be 
viewed as generalizations of corresponding properties that are satisfied by lattice- 
ordered groups. In Corollary 2.11 we show that a group G is retractable if and only 
if F(G) possesses a subsemigroup that satisfies certain conditions. Also we show 
(Theorem 2.12) that the lattice of subgroups of G is lattice isomorphic to a sublattice
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of the lattice of all equivalence relations in F(G). This isomorphism appears very 
useful in determining the structure o f a retractable group.

In Section 4 we introduce the concept of a convex cr-subgroup and c-a-subgroup, 
both of which could be viewed as a generalization o f a convex /-subgroup in a lattice- 
ordered group. In Theorem 4.2 we show that the collection of c-u-subgroups is 
a complete sublattice of the lattice o f all subgroups o f a  retractable group. In Theorem 
4.3 we show that the normal с-сг-subgroups of a retractable group are the subgroups 
that give rise, in a natural way, to retractable quotient groups. For these subgroups, 
the isomorphism theorems are valid.

In Section 5 we give some methods for constructing retractions from a given 
retraction of a group. In Section 6 (also in Sections 2 and 5) we give examples that 
illustrate the scope and limitations o f our theory.

The reader is referred to [2] for properties of lattice-ordered groups. If XQ G , 
then C(X) denotes the centralizer o f X  in G and [X] denotes the subgroup of G 
generated by X. The natural numbers will be denoted by N, the integers by Z, 
and the rationals by Q. The cardinal number of a set Y  is denoted by |У|.

2. Properties o f  retractable groups. It is immediate from the definition of retrac­
tion, that if crgRet G, {ax, ..., a„}£F(G), and x ,y £ G ,  then .*({%...... ап}ст)у=
— {xaxy, ..., xa„y}<7. In this section, we establish some properties that are satisfied 
by every retractable group. Many of these are generalizations of corresponding 
properties that are satisfied by lattice-ordered groups (see [2, Chapter 0], and [3, 
Chapter V]). This is no casual relationship and for completeness we state the fol­
lowing well known result for lattice-ordered groups.

T heorem 2.1. I f  G is a lattice-ordered group and a is given by Ao=\IA, for  
each A € F(G), then fft Ret G and a is a join homomorphism o f the join semilattice 
F(G) onto G. Thus, the class o f  lattice-ordered groups is a subclass o f  the class o f  
retractable groups.

In the above, we will call о the retraction of G induced by the lattice-ordering 
of G.

T heorem 2.2. Let G be a retractable group and о 6 Ret G.
(i) G is torsion-free.

(ii) I f  g, h£G such that {g, h)a£  C(g, h), then gh=hg. In particular, i f  {g, h)o = 
= i, then g and h commute.

P roof, (i) Let H  be a finite subgroup of G and hfH . Then (Hd)h={Hh)o — 
= (Ho)i. Thus h=*i and so G is torsion-free.

(ii) Suppose that {g, h}o= a£C (g, h). Then {ga~1,ha~1}o= i, and since 
a£C(g, h), it suffices to show that if  {g,h}a—i, then gh=hg. Now {g, /г}<т =  / 
implies that g~x= {i, g~1h}a—{i,hg~1}a and h~1= {gh~1,i}o= {h~ 1g,i}(T. There­
fore,

g =  ({i,7ig- 1}<r)({i, g h -^a ) = {i, fig-1, gh~1}o =

= ({g. Mff)({g-1> = ({g_1> fc-]M ({g> h)o) =  {i, h ^ g ,  g - 1/!}^ =

=({U h-1g }a )({ i,g -4 i}u) =  h - 'g - 1.
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In Examples 2.7 and 2.8 we show that the class of retractable groups is a proper 
subclass of the class of all torsion-free groups. The proof of the next theorem is 
immediate from the definition of retraction and will be omitted.

T heorem  2.3. Let G be a retractable group and a 6 Ret G.
(0 I f  g£G, then g =  ({fig}ff)({i,g-1}(7)-:l =  ({/,g-1}CT)-1({hg}o-) and 

{({«'. g}<0-1> ({i, g -1}<0-1}ff=*-
(ii) I f  g, h£G, then {g, h}a = g{{g \  h 1}a)h. I f  gh = hg, then gh = 

=  ({g, h}a) ({g“ \  A-1}<t) -1 .

If  G is a lattice-ordered group and a is the retraction o f G induced by the 
lattice-ordering of G, then (i) and (ii) of Theorem 2.3 correspond to the identities 
g = (g V z)(g _1Vz)_1, where (gV i)A (g“ 1V0=*> and g \h = g {g f\h )~ 1h, res­
pectively.

T heorem  2.4. Let G be a retractable group and и 6 Ret G.
(i) I f  A = {glt ...,g n}eF(G) such that gigj=gjgi for every g i,g j£A , then 

Ao£C(A). In particular, {/, g}o fC (g) for every gdG.
(ii) I f  g€G, {i, g}a=a, and kx, ..., km£ Z  with then { g \  . . . ,g k̂ } a -

= akm~klgkl ,

Proof, (i) If Ao=a, then a g f1^  {г, g2g r \  g„gf V =  {U gi'g i, • gi_1g„}ff=
=gL1a. Thus aCC(gj). Similarly, a£C(gt) for every gt£A and hence a£C(A).

(ii) First we show, by induction, that {i, g, gn}a=an for each n£N. Suppose 
that {z,g, ...,g"}<r=a\ Then cf,+1=ana= ({i,g, . . . ,gn}ff)({z,g}cr)={/,g, . . . ,g"+1}<7. 
It follows that if k £ Z  and ndN, then {g*1, gk+1, ..., g*+"}o- =  ({z, g, ..., gn}a)gk— 
=angk. Finally, let {g*i, ..., gk™}o=b. Then ak™~ktb=({i, g, gk»<~ki}{gki, ... 
••■i/"})IJ= {^1! ? ll+1> gki+<-2km~2ki^o = a 2k’n~2kigki. Therefore, b —ak”'~kig*i.

In Section 5 (Examples 5.6 and 5.7) we shall use (ii) of this theorem to classify 
Ret Z  and Ret Q.

Let cr £ Ret G and Я  be a subgroup of G. We say that Я  is a a-subgroup 
of G if A a£H  for each A£F(H ). Then the restriction of a to F(H) is a retrac­
tion of Я. Trivially, a conjugate of a ff-subgroup of G is a ^-subgroup and the 
intersection of any collection of c-subgroups is a c-subgroup. Note, that if G is 
a lattice-ordered group and a is the retraction of G induced by the lattice-ordering 
of G, then the collection of c-subgroups of G is precisely the collection of /- 
subgroups of G.

The following corollary is immediate from the theorem and again shows a simi­
larity of retractable groups and lattice-ordered groups.

C orollary  2.5. Let G be a retractable group and crC Ret G.
(i) I f  gf^G and {i,g)a= a, then {г, g"} a =  a" for each n£N .

(ii) I f  g£G and {i,g}a£[g], then [g] is a а-subgroup o f  G.
(iii) ijfg€G  and {i, gm}a= gm, for some m£N, then {i,g}a=g.
(iv) I f  g, h fG  such that gh=hg, and {g,h}a=a, then {g”, hn}a—a" for 

each n£N.

In the next theorem we give two necessary (and rather curious) conditions for 
a group to be retractable.
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Theorem  2 .6 . Let G be a retractable group and e g  Ret G.
(i) I f  g, hdG  with ghg~1= h~1, then h is a commutator.

(ii) I f  g, h(zG with g 2=h2, then g and h are conjugate.

P roof, (i) If  {/, h~1}o= a, then {i,h}c=ha. Also, g~1ag={i, g~1h~1g}o=  
=  {/, h}(7. Thus, g~1aga~1=h.

(ii) If {g,h}a= a, then ag= {g2, hg}= {h2, hg}a=ha. Thus h=aga~1.

Example 2.7 [2, Example 0.5, p. 0.10]. Let Я = Z x Z x Z  and define

(a, b, c)+(x, y, z)
(a+x, b-j-y, c + z) if z  is even 
(b+x, a+ y, c + z) if z is odd.

Then Я  is a group and a splitting extension of Z X Z  by Z. Let g={0,0, 1), 
A =(l, —1,0), and К  be the subgroup of Я  generated by g and h. Then g + h —g = 
= —h and it is easily verified that h is not a commutator in K. Thus, by (i) of 
Theorem 2.6, К  is not retractable. Note that if L  denotes the subgroup of К 
generated by h, then L  and K /L  are both infinite cyclic and hence are retractable 
(as they can be linearly ordered). It is well known that Я  can be lattice-ordered and 
hence К  can be right ordered. Hence, the class of retractable groups is not identical 
with the class o f right ordered groups. We do not know whether every retractable 
group can be right ordered.

Example 2.8. Consider the group G given b y  the presentation (x, y\x2= y2). 
Then, G, being the free product with amalgamation of torsion-free groups, is 
torsion-free. By considering the homomorphism from G to C2 (where C2 is the 
cyclic group of order 2) which sends x  to 0 and у to 1, it follows that x and у  
are not conjugates in G. Thus, G is not retractable.

A submonoid S  of F(G) will be called normal if gSg~1—S  for every giG . 
A normal submonoid S  of F(G) is called a G-complement if

(1) Cgd S, where C £ S  and g(zG, implies that g=i;
(2) if A d F(G), then there exists C £S  and there exists g£G  suchthat A = Cg.
We will denote by Com G the collection of 6 -complements of F(G) and if

<7£ Ret G, then Ker cr={C£F(G)\Ca=i}. The proof of the next theorem is straight­
forward and will be omitted.

Theorem  2.9. Let G be a retractable group.
(i) I f  c 6 Ret G, then Kerc7 6ComG.
(ii) I f  a, x £ Ret G with Ker cQ K er t, then o —z.

T heorem 2.10. I f  Sf_Com G, then G is retractable and there exists <7-.R et G 
such that 5 =  Ker a.

Proof. If A£F{G), then A = Cg for some C $5  and some g£G. Define 
Aa=g. Now a is well defined, for if D £S  and h£G  with A = Dh, then D — C g /r1 
and since 6 6 Com G, gh~x = i. The normality of S insures that a is a homo­
morphism and since {i}6 6, {g}<7=({/}g)<7= g  for each g£G. Thus, a 6Ret G. 
The verification that Ker c = S  is routine.

Combining Theorems 2.9 and 2.10 we have
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C orollary  2.11. A necessary and sufficient condition fo r  a group G to be 
retractable is that Com G is nonempty. Moreover, the mapping <7 — Ker cr is a one-to- 
one mapping o f Ret G onto Com G.

Next let SF(G) denote the lattice of subgroups of G and S\F(G)) denote 
the lattice of equivalence relations on F(G). For Hf£F(G) and Ret G, let

eB,a = {(A ,B)\A ,B fF(G ) and H(Ao) = H(Bo)).

T heorem  2 .12. I f  o f  R et G, then the mapping XV given by НУ =  дНа is a com­
plete lattice isomorphism o f £F(G) into S'(F(G)). Moreover,

(i) i f  H fSf(G ), (A ,B )fg Hta, and CfF(G), then (AC, B C )fgH a ;
(ii) i f  HfSF(G) and x fG , then gx- iHx a = {(x~1A x ,x ~ 1Bx)\(A, B )fQ H a};

(iii) i f  H f  f?(G), A f  F(G), and \.A]gHt„ denotes the equivalence class o f  A 
under gH>„,then {{h}\h fH } Q  [{/}] gHt a and the mapping [A]gHa — H(Ao) is a one-to- 
one mapping o f the colection o f equivalence classes o f F(G) under oHa onto the 
collection o f  right cosets o f H  in G. I f  A, BfF(G), then ([А\оНа)х  = [В]дНа 
for some x fG .

P ro o f . It is easily verified that T  is a one-to-one inclusion preserving mapping of 
£P(G) into SJ(F(G)) that satisfies (Г\Нл)Ч/ = Г\(НХS') for every {Hx\).f A }'X£d(G). 
We show only that (VHx)4> = \J(HXT). If (A, B ) f( \jH ?)  T, then (\JHx)(Ao) = 
=  (V Hx) {Bo), and so (Ac) (Bo)~1f  \fH x. Therefore, (Ao)(Bo)~1fH Xl\ / . . . \ jH Xn 
for some n fN  and some Al5 ..., /.„fA. Consequently, there exist hx, ..., hmf  UHx. 
( l ^ /^ и ) such that (Ac)(Bc)~1=h1...hm. For l ^ k ^ m ,  lethkf H Xl . Then H Xi (Ac) = 
— HÁjf h 2...hmBd) implies that (A, h2.. ,hmB )f(H X:) '¥; HXt(h2.. .hmBo)=HXi(h2...hmBc) 
implies that (h2...hmB, h3...hmB )f(H Xt)'F; ...; HXi (hmBo) = HXi (Be) implies that 
(hmB, B )f(H x. )T . It follows that (A ,B ) f\ /(H x'F). Since ¥  preserves inclusion, 
the reverse containment is immediate.

C orollary  2.13. Let o f  Ret G and Hf£f(G). Then H  is a c-subgroup if  
and only i f  F(H) £  [{г}] дн<a.

If HfST(G) and XQ G , let CH(X) denote the centralizer of X  in H. We 
close this section with

T heorem  2.14. I f  o f  R et G, X ffG , and H is a а-subgroup o f G, then CH(X) 
is a c-subgroup o f G.

P roof. Let A fF ( C H(X)), Ac= a, and x fX .  Since II  is a cr-subgroup and 
A fF (H ) ,a fH .  Thus xa = (xA )c= (A x)c = ax, and so a fC H(X).

3. /-retractions. Throughout this section, let G be a retractable group. A 
retraction о of G is said to be convex if Ker a is a convex subset of F(G) and is 
said to be an l-retraction if Ker cr is a convex subsemilattice of F(G).

L emma 3.1. L et a be a convex retraction o f G and fo r  g, h fG  define g=h 
i f  and only i f  {g, h}c=h. Then (G, S )  is a semiclosed partially ordered group.

P roof. Clearly ^  is reflexive and antisymmetric. Let f ig , h fG  with f s g  
and g ^ h .  Then {fg ~ 1,i} c = i  and {gh~1, i}e= i. Thus i= ({fg~ 1, i} [gh_1, i})c=
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— { fh  l ,fg  x,gh  Since {'} =  { /A \  * } = { /Ä S /g  1'} and <7 is
convex, {//г-1, г'}бКег <r. Thus { /, h)a= h  and so ^  is transitive. Since x({g, h}a)y— 
= {xgy, xhy)a for all g, h, x, y£G , (G, is a partially ordered group. It follows 
from Corollary 2.5 (iii), that the partial order is semiclosed.

T heorem 3.2. I f  (7£ Ret G, then the following are equivalent:
(i) a is an l-retraction;

(ii) for all А, В, C, D~F(G), i f  A Q B ^ C  and Aa = Ca, then A a —Ba and 
Da =  (Л U {Da\) a ;

(iii) if  {al5 ..., a„}eF(G) with w > l, then {a„ ..., an}a = {{a1, ..., a„_1}o, aAo;
(i\) for all A ,B ,C £F (G ), i f  A a = Ba, then (A \JC )a— (BUC)o;
(v) there is a lattice-ordering o f  G such that G is a lattice-ordered group in 

which Aa—dA , fo r  all A £F(G);
(vi) there is a lattice-ordering o f  G such that G is a lattice-ordered group and a 

is a join homomorphism o f F(G) onto G;
(vii) Q{i),a is a join congruence.

P roof, (i) implies (ii). If Aa — Co=a, then Aa~x, Ca_1£Ker a and 
'^B a~ 1QCa~1. Since Ker er is convex, 2?ű-1 £Ker a and so Bo — a = Aa. Let 
Da = b. Then Z)6 -1 €Ker a and {/}6Ker a. Since Ker a is a subsemilattice, 
DZ>_1U {i}6Ker a. Therefore, (£>U {Do})<j={DVJ{b})o=b.

(ii) implies (iii). The proof is divided into steps.
(1) If A, C £F(G), Aa=a, and a€A, then (AU C )a=({a}U C )a.
Since A a= a  and a€A, (Aa~x)a = i  and i^A a~ l . Let b = ({i}{JCa~1)o. 

Then h = /h = ((T a -1)({ /}U C a-1))<r =  (M a-1)U M a -1C a-1))c7. Now { iJU C e ^ g  
Q (Aa~1)U(Ca~1)^ ( A a ~ 1)U(Aa~1Ca~1). Hence, by (ii), ((Aa~1){J(Ca~1))a=b. 
Then ba=({a}UC)o=(AUC)o.

(2) If Aa = a and g£G, then (A\J{g})a={a, g)a.
Let b={i,ga~1}a. Since i= (A a~1)a, b=((Aa~1) ({/, ga~1}))o=((Aa~1){J 

U (Aa~1ga~1))a. By (ii), (Aa~1U{i})a = i. Thus, b = ib=((Aa~1U{i})({i, ga_1}))(r =  
=  ({i}UTu-1U{ga_1}lM a-1ga-1)<7. Since (Aa~1)U(Aa~1ga~1) ^ ( A a ~ 1)U{ga~1}L> 
U Ola~1ga~1)^{ i} \J^A a~ 1)\J{ga~1}\J{Aa~1ga~1), we have by (ii) that ((Aa-1) U 
U{ga_1}U(^a_1gű_1))cr=Z). Also, g a -1 — iga~1=((Aa~1U{i})ga~1)a=((Aa~1ga~1)0  
U {ga_1})cr. By (1), ((Aa^1ga~1)U{ga~1}[J(Aa~1j)a = ({ga~1}U(Aa~1j)a. Thus, 
b = ({ga~1}\J(Aa~1j)a  and so ba = ({g}UA)o = {a, g}a.

We now show that (iii) is true. I f  {cl5 ..., a„_1ja = a , then by (2), ({űj, ..., a„-j}U 
U {an})a= {a, a„}a.

(iii) implies (iv). To prove that (iv) is true, we induct on \C\. If  C =  {c}, then
by (iii), (AUC)o = (AoU {c})o = (B o(j {c})o = (B{JC)o. Next suppose that C=  
= {сг, ..., c„}, where 1, and th a t if D£F(G) with |2)|<|C|, then (AUD)a=  
= (B(JD)o. Then (^ U C ) ct = ( T U { c 1 , сп. 1)И{сп})а = {(А1) {c, , cn- 1})a,cn}a=
=  {(5U{c1, ..., c„-x})o, c fa  = (BVJC)a. Thus, if A ,B ,C £F (G ) with Ao = Bo, 
then (A(JC )o=(BU C )o.

(iv) implies (v). Let A ,B ,C £ F (G ) with A ^ B ^ C ,  and A, C£Ker a. Then 
by (iv), <̂7=(TUfi)o-=(CU^)<J =  Ccr=/ and hence B£Ker a. Thus, by Lemma 
3.1, G is a partially ordered group, where g=h  if and only if {g, h}a=h, for all
g, heG.

Let g,h£G  and x= {g,h}a. Since {x}a=x, we have by (iv) that x=({x}U 
U{-v})<x = ({g, A}U{.v})<7. Again using (iv), x = { g ,h ,x )a  = ({g,h ,x}f}{g})a  =
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=  ({x}U {g})<7. Therefore, g = x  and similarly, h S x .  Next suppose that y£G, 
and that g ^ y  and h ^ y .  Then (g, y)a= {h, y }a ~ y , and so by (iv), {g,y}<?= 
=  ({g,j}U{g})<r = ({A, y}yJ{g))o= {g,h,y}a. Since {x}a^{g ,h }a , {x, t}u =  ({x}U 
^{y})o  = ({g ,ti)\J{y})o= {g,h ,y}o . Hence, x S y .  Therefore, x = g fh  and it 
follows that G is a lattice-ordered group.

Next we show that Aa=M A  for every A£F(G), by induction on \A\. Trivially, 
if \A \= \, then А а= Ч А . Let A =  {al5 ..., an}, where n>  1, and let B= {ai , ...

If Ba=b, then by (iv) and the above, b ]a„= {b, a„}o = (B 0  {a„})o=Acr. 
Clearly, b\/a„ = \jA.

(v) implies (vi) by Theorem 2.1.
(vi) implies (vii). By Theorem 2.12, Q{i},„ is an equivalence relation on F(G). 

Let (А, В)£ещ,а> C£F(G), and H = {i\. Then H((AUC)a) = H(Acr\/Ca) = 
= H(Ba J Ca) — H((B\J C)a). Therefore, qHi„ is a join congruence on F(G).

(vii) implies (i). The congruence class containing {/} under a is precisely 
the kernel of a. Since is a join congruence, it is well known that each cong­
ruence class, and, in particular, Ker <r, is a convex subsemilattice of F(G).

We will call the lattice-ordering of G given in (v) above (or in (vi), since they
are identical), the lattice-ordering of G induced by the /-retraction a. From
Theorems 2.1 and 3.2, we now have

Corollary 3.3. Let G be a group. Then there is a one-to-one correspondence 
between the lattice-orderings o f G and the l-retractions o f  G.

Corollary 3.4. Let a be an l-retraction o f G and let S  denote the lattice­
ordering o f  G induced by a. Then the following are equivalent:

(i) S  is a total ordering o f G;
(ii) i f  A£  Ker ff, then i£A;

(iii) Ker a is closed under intersections;
(iv) Ker a is a lattice, where A f\B= A C \B  for all A, S t  Ker a.

P r o o f , (i) implies (ii). If ri^Kercr, then i= Ao = 'JA . Since ̂  is a total
ordering of G and A is finite, i£A.

(ii) implies (iii) and (iii) implies (iv) are immediate.
(iv) implies (i). Suppose that S  is not a total ordering of G. Then there exists 

g, h£G with g ^ i ^ h  and g jh  = i. Then {/}, {g, /?}€Ker a, but {/}П {g, Ker a.

Corollary 3.5. Let о be an l-retraction o f G, ^  be the lattice-ordering o f G 
induced by a, and H  be a subgroup o f G. Then the following are equivalent:

(i) H  is a convex l-subgroup o f G;
(ii) QH<a is a join congruence o f  F{G);

(iii) F(G)/QH>a is a join semilattice in which [A]q„ ,<jV [//] 8н,а — \A U B]Qh, ai 
for every A, B£F(G).

I f  H  is a convex l-subgroup o f G, then the mapping [A]дНа-+Н(Ао), given 
in Theorem 2.12, is a join isomorphism o f F(G)/oH a onto the collection o f right 
cosets o f  H  in G.

Proof. The equivalence of (ii) and (iii) is well-known for any join semilattice.
(i) implies (ii). By Theorem 2.12, oWi3. is an equivalence relation on F(G). Let 

(A ,B )£gH a and C£F(G). By the theorem, (A \JC )o= Ao\lC o. Since H  is
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a convex /-subgroup of G, H(fA\JC)d)=H(Ao\lC<r) = H(Ao)\JH(Co)=H(Bo)\J 
VH{Co)=H(Ba\J Co) = H((b \JC )o). Therefore, QH<a is a join congruence.

(ii) implies (i). Clearly, {/*}€[{/}] 0я,<г for each h£H. Suppose that {a1( ... 
. . . ,a n}£F(H), where 1, and {al5 ..., u„-x}€[{/}]eH,ff. Since ({an},{i})eQH,„ 
and gHta is a join congruence, ({a1; ..., an}, {i})£eH,a. Therefore, F(H )^[{i}]oH rJ 
and hence, Я  is an /-subgroup of G. If x£G  and h ^H  suchthat i s x ^ h ,  then 
({/, x}, {h, х})€0я,<т and so H x —H{{i, x)a)= H {{x, h}a) = Hh = H. Hence, x£H  
and so Я  is a convex /-subgroup of G.

If Я  is a convex /-subgroup of G, then the collection of right cosets of Я  in G 
is a lattice in which H x \H y = H (x \/y )  for all x ,y£G . Thus, for A, B-F(G), 
[A\QH,M B}Q H,a=[A\JB}QH,a and H(Ao)\JH(Ba) = H ((A \jB)a).

A convex /-subgroup H  of a lattice-ordered group G is said to be regular if 
H  is maximal with respect to not containing some g in G and is said to be prime 
if the collection of right cosets of Я  in G is totally ordered. The next two corollaries 
are immediate from Corollary 3.5 and their proofs will be omitted.

C orollary  3.6. Let a be an l-retraction o f G, ё  be the lattice-ordering o f G 
induced by a, and H  be a convex l-subgroup o f  G. Then the following are equivalent:

(i) Я  is prime in G;
(ii) F(G)/qh „ is totally ordered, in which [А]он „Ч[В]ои ~~[A\JB]oH 

fo r  all A, BeF(G);
(iii) £>я,<т A a join congruence o f  F(G) and [{/}] oHtG is finitely join irreducible 

in F(G)/qHa.

C orollary  3.7. Let о be an l-retraction o f G, Ш be the lattice-ordering o f G 
induced by a, and FI be a subgroup o f  G. Then the following are equivalent:

(i) H  is a regular subgroup o f  G and the lattice o f  right cosets o f  H  in G is 
discrete;

(ii) QH,a is a join congruence o f  F(G) in which [А]он ^У[В] „ = [A U B] oH,„,
for all A, BeF(G), \F(G)]qHia\ Щ2, and [{/}]ßH,0 is infinitely join irreducible in 
F(G)/QH,a.

For XQ G , let X ~ 1—{x 1|x€A}. To conclude this section, we state the fol­
lowing theorem, the proof of which is straightforward.

T heorem  3.8. Let oFR etG  and Ha = {g\g£G andg^A H B ~ 1 for some A ,B £  
€ Ker er}.

(i) Ha is a normal subgroup o f G.
(ii) I f  g, h^G , define g= h i f  and only i f  gh~1£A, for some A€  Ker c\ Then 

^  is a quasi-ordering o f  G that is preserved by both right and left multiplication. 
Moreover, S. is a partial ordering o f  G i f  and only i f  Ha= {i}. 4

4. о  ̂ -subgroups. Let s  be a  retraction of G and Я  be a subgroup of G. 
In view of Corollary 3.5, we say that Я  is a convex а-subgroup of G i f  qh>,, is 
a join congruence of F(G) (or equivalently, if (iii) of Corollary 3.5 is satisfied). 
It is well-known that the collection of join congruences of a join semilattice L is 
a complete sublattice of the lattice of all equivalence relations on L. Thus from 
Theorem 2.12 and Corollary 2.13 we have

T heorem  4.1. Let er^RetG.
(j) I f  Я  is a convex а-subgroup o f G and x£G, then so is x ~1 Hx.
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(ii) I f  \H\H is a convex o-subgroup o f  G}, then is a sublattice o f  £f(G)
that contains G; the joins and meets o f nonempty subcollections o f c€ agree with 
those in £f(G). Moreover, is a sublattice o f  S{F(Gj) that is lattice
isomorphic to <€.

(iii) I f  H  is a convex o-subgroup o f G, then H is a o-subgroup o f G.

Thus, by (ii) of this theorem there is a smallest convex ст-subgroup of G, which 
is clearly normal, and by Theorem 3.2 (vii), it is the identity subgroup of G if and 
only if о is an /-retraction. In Section 5 we give an example of a group G and 
и € Ret G such that G is the only convex cr-subgroup of itself. This indicates that 
there is a need for a larger collection of distinguished subgroups of a retractable 
group if one is to determine the structure of the group from its subgroups.

Let ere Ret G. A subgroup H  of G is said to be a c-o-subgroup of G if 
{«i......a„}£F(G) and hx, ..., A„€tf, then ({ax, ..., an}, {hxax, ..., h„a„})eeH,a.

T heorem  4.2. Let uGRet G.
(i) I f  H  is a c-o-subgroup o f G and x£G , then so is x ~ 1Hx.

(ii) I f  H  is a convex o-subgroup o f G, then H is a c-o-subgroup o f G.
(iii) I f  H  is a c-o-subgroup o f G, then H  is a o-subgroup o f G.
(iv) I f  {H jX^A} is a collection o f  c-o-subgroups o f  G, then П {Нк\/ХЛ} 

and [U [Hx\k£ A]} are c-o-subgroups o f G. Thus, the collection o f c-o-subgroups o f  
G is a complete sublattice o f the lattice SF (G) o f all subgroups o f G.

Proof, (i) Let {a1; ..., a„}€F(G) and hx, ..., hn£x~1H x. Then {xa1x ~ 1, ... 
..., xa„x~1}£F(G) and xhxx~x, ..., xhnx ~ x£H. Since H  is a c-cr-subgroup, 
{{xaxx~x, ..., xanx~1}, {xhxaxx ~x, ..., xh„anx~x})£.QHya. By Theorem 2.12 (ii), 
({%, •••, a,,}, { M i, hna„})^Qx-iHx,a.

(ii) Let {ax, ..., a„}dF(G) and hx, ..., h„f_H. For I S iS n ,  ({af}, М ) ( е я ,.- 
Since oH>ff is a join congruence, ({el5 ..., a„), {hxax, ..., h„an})eQH,„. Thus, H  is 
a c-u-subgroup of G.

(iii) If {hx, ..., hn}eF(H ), then h { \  ..., /г„_1€Я. Hence {{hx, ..., /?„}, {Af1 hx, ... 
..., h j1hn})£gH'a. Therefore, F{H )^[{i}]oII a and so by Corollary 2.13, H  is 
a u-subgroup.

(iv) Clearly {/} and G are c-a-subgroups of G. Let {Нк\Х^Л} be a nonempty 
collection of c-c-subgroups of G, and {ax, ..., an}£F(G). If hx, ..., Г\Нк 
and у£Л, then ({ax, ..., a„), {hxax, ..., hna„})^QHyta. Hence, by Theorem 2.12, 
({öi, an), { M i , ..., hnan})<ier„y,a.

Next let л у ,..., x„G[UH x]. The there exist m ,p£N, there exist Ax, ..., Ат£Л, 
and for I s i s «  and l s j ^ m  there exists hi}km+j£Hkj, where such
that xi = hi' 1...hi'pm. Now K jf1, h1 ~1£H kl and since H kl is a c-u-subgroup, 
(\xxax, ..., xn£7n), {hXi2**.hXtpmax, ЬП)2...ЬП}РтапУ)^днл̂ ^а, since /21,2 , • • -, hn>2 G 
6Я Я2 and НХг is a e-a-subgroup, {{hXA-..hx<pmax, hni2...h„iPma„}, {hli3...
• ••hXfpmQx> • • hrtt3..- hn>pm an})€ Qh4 ,<,■,■■■', since hx ~x, . . . ,h n - ^ H km and H km is 
a c-ff-subgroup, ({hlimpax, ..., hntPman}, {ax, ..., а„})£дНл̂ „ . It follows that ({ax, ... 
...,a„}, {xxax, . . . ,x nan})£\/QHjl,a, and by Theorem 2.1 i ” \ l QĤ a = Q[иНд],„. There­
fore, [U H j\ is a c-ff-subgroup of G.

T h eorem  4.3. Lei er G Ret G and J  be a normal subgroup o f  G.
(i) I f  J  is a c-o-subgroup o f G and i f  Xo*=J({ax, ..., a„}o), for every X =
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= {Jax, ...,Ja„}£F(G/J), then о* is a retraction o f  G/J. Moreover, if  H is a sub­
group o f G that contains J, then QHIJt„*={{X, Y)\X—{Jax, ..., Jan) , Y={Jbx, ... 
..., Jbn}£F(G/J) and ({a1; am}, {bx, ..., Ьп})<Еон „}. If, in addition, J  is a convex
0- subgroup o f  G, then a* is an l-retraction o f  G/J.

(ii) I f  T is a retraction o f  G/J, where {Jax, ..., Jan}r= J({ax, ..., a„}o), for  
each {Jax, ..., Ja„}£F(G/J), then J  is a c-o-subgroup o f G. If, in addition, т is an
1- retraction o f  G/J, then J  is a convex o-subgroup o f G.

Proof, (i) Suppose that J  is a c-tr-subgroup of G and that for \ s i s n ,  
Ja— Jbi. Then 6,=Лга; for some h f J ,  and so '({ax, an}, {h1a1, ..., hna„})^Qj „. 
Therefore, o* is well defined, and clearly {Ja}o*=Ja for each Ja^G/J. Since о 
is a homomorphism, it follows that o* is a homomorphism. Therefore, <r*£Ret G/J.

The verification that gH/J,e* = {(X, Y)\X={Ja1, .... Jam}, Y= {Jbx, ..., Jb„), and 
{{ax, ..., am}, {bx, ..., 6,,})6<?//,„} is straightforward and will be omitted.

Next suppose that J  is a convex u-subgroup of G. Then J  is a c-cr-subgroup. 
Let (X, Y)eQ{J}'„*, where X — [Jax, ..., Jam) and Y= {Jbx, ..., Jbn), and let
Z= {Jcy, . . . ,J c p}eF(G/J). By the preceding ({Я1...... am}, {by, ..., be})€ej,* and
since Qj'„ is a join congruence, ({ay, ...,am, cy, ..., c„}, {by, ..., b„, clt ..., cp})£qj^ .  
Therefore, (X U Z , TUZ )^g w<a* and so is a join congruence. Hence, {J}
is a convex <r*-subgroup of G/J. Thus, by Theorem 3.2, o* is an /-retraction of 
G/J.

(ii) Suppose that т is a retraction of G/J. I f  [ax, an}c_F(G) and h ,fJ ,  
then {Jay, ...,J a n}={Jh1a1, . . .,J h nan} and so J({ay, ...,an}o) = {Jay, ...,Ja„}t = 
= {Jhyax, ..., 7/г„Я„}т=/({/г1Я1, ..., hnan}o). Therefore, ({űl5 ..., an}, {hxax, ..., A„a„})€ 
€вн,<т and J  is a c-(T-subgroup of G. If er* is given by (i), then, clearly, т =o*.

Next assume that т ( =  er*) is an/-retraction of G/J. Then /  is a c-tr-subgroup 
and by (i) Q{J),a*=[{{Jax, ..., Jam}, {Jbx, ..., Jbn})\{{ax, ..., am}, {bx, ...,
Since T is an /-retraction of G/J, G/J is a lattice-ordered group and {/} is a convex 
/-subgroup of G/J. Hence, is a join congruence and it follows that gJt„
is a join congruence. Therefore, У is a convex er-subgroup of G.

We will call o *, given in (i) of Theorem 4.3, the retraction of G/J induced by o.

T heorem  4.4. Let er 6 Ret G, J  be a normal c-o-subgroup o f  G, H  be a subgroup 
o f  G that contains J, and cr* be the retraction o f  G/J induced by o. Then H  is 
a c-o-subgroup (resp. convex o-subgroup) o f G i f  and only i f  H /J is a c-o*-subgroup 
(resp. convex o*-subgroup) o f G/J.

Theorem 4.4 is easily proven using the description of qH!J a* aiven in Theorem 
4.3.

Co ro lla ry  4.5. Let о c Ret G, J  be a normal c-o-subgroup o f G, and o* 
be the retraction o f  G/J induced by o. Then there is a lattice isomorphism between 
the c-o-subgroups o f G that contain J  and the c-o*-subgroups o f  G/J. Moreover, 
under this isomorphism the convex o-subgroups o f  G that contain J  map onto the 
convex o*-subgroups o f G/J.

In the remarks after Theorem 4.1, we observed that if erg Ret G, then there 
was a smallest convex c-subgroup of G. This subgroup will be called the convex 
а-kernel of G.
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Corollary 4.6. Let <7 ^ Ret G and J  be the convex а-kernel o f G. Then 
there is a lattice isomorphism o f the convex а-subgroups o f G onto the convex 1-sub­
groups o f G/J. Thus, the lattice o f convex а-subgroups o f  G is a Brouwerian lattice.

Proof. By Theorem 4.3, if a* is the retraction of G/J induced by a, then o' 
is an /-retraction. Thus, G/J is a lattice-ordered group. By Corollary 4.5, the convex 
ff*-subgroups of G/J are isomorphic to the convex <T-subgroups of G, and by 
Corollary 3.5, the convex <r*-subgroups of G/J are precisely the convex /-subgroups 
of G/J. It is well-known that the lattice of convex /-subgroups of a lattice-ordered 
group is a Brouwerian lattice.

Theorem 4.7. I f  a is an I-retraction o f G, si is the lattice-ordering o f G induced 
by 0, and H  is a c-a-subgroup o f G, then H  is a convex l-subgroup o f G.

Proof. By Theorem 4.1, Я  is a <T-subgroup of G and hence an /-subgroup. 
Let h£H  and g4G  such that i ^ g ^ h .  Then {/, /z- 1g}€ F(G), i,h£H , and since 
Я  is a c-tr-subgroup, ({/, A- 1g}, {/, g})€öff,<r- Thus H =  Hi=H (i\Jh~1g) = 
=Я ({/, h~1g}a) = H({i, g}a)=H(i\Jg)=Hg. Therefore, g £ H  and so Я  is a convex 
/-subgroup of G.

Corollary 4.8. I f  erg Ret G and H  is a c-a-subgroup o f  G that contains the 
convex а-kernel o f G, then H  is a convex а-subgroup o f  G. Thus, the collection 
o f convex а-subgroups o f  G is a dual ideal in the lattice o f  c-a-subgroups o f  G.

Proof. Let J  be the convex er-kernel of G. Since Я  is a c-<r-subgroup of G 
that contains J, H/J is a c-<r*-subgroup of G/J by Theorem 4.4. By Theorem 4.7, 
H /J  is a convex /-subgroup of G/J. Since the collection o f convex /-subgroups of 
G/J is identical with the collection of convex er-subgroups of G/J, we have by 
Theorem 4.4, that Я  is a convex n-subgroup of G.

Theorem 4.9. Let crsRet G and H  be a c-a-subgroup o f  G.
(i) I f  K is  a a-subgroup o f  G, then Н Г\К  is a c-a-subgroup o f K.
(ii) I f  n{H) denotes the normalizer o f H  in G, then n (H ) is a а-subgroup o f G.

(iii) Let g in (H ) and {/, g}a=a. Then H[g] is a а-subgroup o f G i f  and only 
i f  adH[g], where H[g\ is the subgroup generated by H  and g.

Proof, (i) Let {a1 ,...,an}€F(AT) and /г1 ,...,АпбЯ П Я . Then {hiai ,...,hnan}£ 
£F(K), {al5 ..., an}a£K, { M j , ..., hnan}a^K,  and ({a1; ...,  an}, { M i, ..., A„aB})€ 
(zQH,a- Therefore, ({a1; an}a){{h 1ai , ..., hna„}a)~1=h fo r some /г£Я П К, and so
НС]К is a c-tr-subgroup o f K.

(ii) Let {al5 ..., a„}£F(n(H)), {a1; ..., an}a=a, h£H  and for l ^ iS n ,  aiha~1— 
= ht. Then /г;£ Я  and Hah=H({a1, a n}ah)=H({a1h, ..., anh}a) = H ({h1al , ... 
..., hna„}a) = H({a1, ..., a„}a)=Ha. Therefore, а/м_1( Я  and so aCn(H). Con­
sequently, n(H) is a e-subgroup of G.

(iii) Suppose that a£H[g\ and let {Äjgmi, ..., /г„£т "}€Я(Я[£]), where hl t ... 
...,h„£H  and »?!<...<«?„. Since Я  is a c-tr-subgroup, H({h1gmi, ..., h„gm"}o) = 
= H{{gmi, ..., gm"}o). By Theorem 2.4, {gmi , ..., gmn}t7= a m«-migmi. Therefore, 
{A1gmi , ..., hngmn}afH[g\ and so H[g] is a <r-subgroup of G. The converse is 
trivial.

Corollary 4.10. Let tr £ Ret G and H  be a c-a-subgroup o f G. I f  g4G  and 
gn£H  for some n£N, then g f  H. In particular, H  is a pure subgroup o f  G.
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Proof. Let ЛГ=П{7|/ is а с-ег-subgroup o f G and gn£J). By Theorem 4.2, 
К  is a c-ff-subgroup of G. If J  is a c-a-subgroup of G such that gn£J, then 
g"~ g~ 1gng^g~ 1Jg- it follows that g£n(K). By the theorem n(K) is a <r-subgroup 
of G, and hence n{K)/K is retractable. By Theorem 2.2, n(K)/K  is torsion-free. 
Therefore, g£Ks=H.

Let G and L  be retractable groups, crgRetG, and Ret L. A homo­
morphism cp of G into L is said to  be a a-x-homomorphism provided that cpx = dtp 
(here, and in Section 5, we will no t distinguish in notation between the image of an 
element under a function and the image of a subset under the function), i.e., if the 
following diagram is commutative:

F(G)-Z~F(L)
<t| It* *
G —v~* L.

It both и and г are /-retractions, then this definition makes cp an /-homomorphism.

T heorem 4.11. Let G and L  be retractable groups, o-gRetG, and r£R et L. 
I f  cp is a a-x-homomorphism o f G into L, then the kernel o f (p is a c-o-subgroup o f  G.

Proof. Let J  denote the kernel of а, {ax, ..., an}dF(G), and hx, ..., hn^J. 
Then {űj, ..., an}o(p={a1, ..., an}cpx={a1cp, ..., allcp}x={(h1a1)cp, ...,{hnan)cp)x = 
= {hxai, ...,hna„}(px={h1a1, ..., hnan}acp. Therefore, ({ax, ..., an}a) ({hLau  ... 
..., hna„}a)~1£J  and hence, 7  is a c-tr-subgroup o f G.

The next three theorems assert that the isomorphism theorems are valid for 
c-cr-subgroups. The proofs are straightforward and are omitted.

T heorem 4.12. L e i G and L  be retractable groups, <r£Ret G, r^Ret L, cp 
be a a-x-homomorphism o f G onto L, J  be the kernel o f (p, and a* the be retraction 
o f  G/J induced by a. Then the induced isomorphism cp* o f G/J onto L is a a*-x- 
isomorphism.

In diagram form :
F ( G /J ) - ^ F ( L )

ff*J |r
G /J L.

Theorem 4.13. Let erg Ret G, J  and К be normal c-a-subgroups o f  G such that 
J  Я/К , ax be the retraction o f G/J induced by a, a2 be the retraction o f  G/К  induced 
by a, and a3 be the retraction o f  G/J/K/J induced by ax. Then the induced iso­
morphism o f G /J/K /J onto G/К  is a g3-o^isomorphism.

In diagram form :
________________ 4*________________

F(G/K) - a -  f(G )  - 2 i -  F(G/J) F(G /J/K /J)
a2 [ j ” { J ”2
G/К  G -db- G/J -3s_  G/JlK/J.
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Theorem 4.14. Let erf_Ret G, H  and J  be normal c-a-subgroups o f G, cr1 
be the retraction o f  J/JC\ H induced by the restriction o f c to F(J), and a.x be the 
retraction o f JHjH induced by the restriction o f  о to F(JH). Then the induced 
isomorphism o f J /H O J onto Ш /Н  is a o^o.,-isomorphism.

5. Retractions. It appears to be a difficult problem to determine if a group 
admits a retraction. Even if a group is retractable, it is difficult to construct a retrac­
tion for the group. In this section we present (without proofs) some methods of 
constructing “new” retractions from a given retraction of a group.

Theorem 5.1. Let a 4 Ret G and let tp be an automorphism or an anti-auto­
morphism o f G. Then (po(p~14lket G. I f  <p is an inner automorphism o f G, then 
<p<j<p~1 = c.

Of some special interest in Theorem 5.1 is the retraction o' = (po(p~1, where 
cp is the anti-automorphism of G given by g(p=g~1. If a — a ', then we say that 
о is self dual. In Example 5.7 below, we give an example of a self dual retraction. 
If S ^F (G ), let 5’- 1 =  {^_1|T£5'}.

Corollary 5.2.Let oTRet G.
(i) Ker cr'= (Ker о)-1. Thus, i f  S  is a G-complement o f F{G), then so is S~1.

(ii) I f  a is an l-retraction o f  G, then so is o' and the lattice-ordering o f G 
induced by o' is the dual o f the lattice-ordering o f  G induced by o.

The next corollary shows that groups that admit a self dual retraction must be 
two divisible.

Corollary 5.3. I f  о 4 Ret G and o —o', then%G2=G.

Proof. First let g,h4G  with {g,h]o=i. Then, by the preceding corollary, 
{g_1, h~1}o=i. Now {g,h}o= i implies that g~1h~1— {h~1, g~1}o= i. Therefore, 
g= h~1. Next let g4G  and {i,g}o=a. Then {a~1, ga~1}o= i and by what we 
have just proven a _:l =  (gß_1)_1. Hence, g= a2.

Theorem 5.4. For each A4 A, let Gx be a group, let ax4 Ret Gx, let G=IIGX, 
the unrestricted direct product o f the Gx, őrlet G=EG; , the restricted direct product 
o f the G, , let nx be the projection o f G onto Gx, and let A 6 F(G). I f  Ao = 
=  (..., Anxox, ...), then <76Ret G. Moreover,

(i) о is an l-retraction o f G i f  and only i f  ox is an l-retraction o f  Gx for each A € A;
(ii) о is self dual i f  and only i f  ox is self dual for each A4 A.

Theorem 5.5. Let G be an abelian group, о 4 Ret G, and cp be an endomorphism 
o f G. I f  A 4 F(G) and AT=((AA~1)<jq>) (An), then r?R et G.

Example 5.6. Let о be the retraction of Z  induced by the natural ordering 
of the integers. For k4 Z , let cpk be the endomorphism of Z  given by xcpk—kx  
and let ok be the retraction of Z  given in Theorem 5.5 using о and cpk. Then if 
A 4F (Z), Aok= (k + 1) (max A — min 4̂) +  min A.

Let r fR e tZ  and {0,1}t =  &. If A = {ak, ..., an}4F(Z), with ax-=:...^a„, 
then by Theorem 2.4, Ax = (an—a1)A:+u1=A:(maxA — m inTT) +  m in A = A ok_1. 
Therefore, Ret Z =  {o-^l^eZ}. If k ^  —1,0, then Z  is the only convex ^-sub- 
group of itself.
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Example 5.7. As above, if r£Q, A£F(Q), and A(rr—(r + 1) (max A — min A) +

+  min,4, then <rr6R e tß . Let r£Ret Q, {0, \}т=к, and A = jy ,  ..., y j  £ .F(ß),

where r1< ...< r n,r i ,...,r„ d Z ,s£ N . By Corollary 2.5 ( i ) ,  k =  {0, 1 } t = s , ( { 0 ,  1 / s } t ) .  
By Theorem 2.4 (ii),

Ar =  Сг.- r j Í + n  =  * ( b - ü ) + ü  -  A „ . t .

Therefore, Ret Q={crr\r£Q}.
Now Л<т_1/2=1/2 (max A — min /!)+ m in  A = l/2  (max Л +min A )= — ((-A )  

<J-i/i)=A((T-1/2)'. Hence, <r_1/2 is self dual.
For r=  — 1 or r= 0, the kernel of ar is a convex subsemilattice of F(Q). 

If r> 0  or r <  — 1, the kernel of aT is a convex subset of F(Q), but not a sub­
semilattice. If — 1 <  r -= 0, the kernel of ar is a subsemlattice of F(O), but 
not convex.

6. Examples, In this section we present two examples. In the first example 
we exhibit a retractable group G and a, z £ Ret G with the property that a and т 
agree on two element subsets of G, but сг^т. Clearly, a and г cannot be /-retra­
ctions.

In the second example we exhibit a retractable group that cannot be lattice- 
ordered, thus showing that the class of lattice-ordered groups is a proper subclass 
of the class of retractable groups.

Example 6.1. Let Cr1= G 2= ß , г1= г 2=(т_1/2, where <т_1/2 is given in Example 
5.7, and let er£Ret (GfXG^) be given from and t2 as in Theorem 5.4. Let <p 
be the automorphism of Gt X G 2 given by (x, y)cp=(x+y, y) and as in Theorem 5.1,

let z-cpacp-1. If Л = { (а ,/>), then Ао = \ ^ ^ - ,  ~ y ^ ]  = A l-

Thus, a  and т agree on two element subsets of G t X G o . However, if B =  {(6, 8), 
(4, 2), (8, 4)}, then Ba = (6,5) and Вт =  (15, 5).

Example 6.2. Let H —Q X Q X Z  and define the binary operation +  on Я  
as was done in Example 2.7. For (a, b, с)£Я, define (a, b, c)^(0, 0, 0) if c>0, 
or if c=0, ű s O, and />&0. Then it is well-known that H  is a lattice-ordered group. 
It is easily verified that {(a, — a, 0)|a£ß} is the commutator subgroup of H  (in fact 
each element is a commutator), and K={(a, — a, x)| ö £ ß , and x£Z} is a sub­
group of H.

Claim 1. I f  cx£Ret K, then {(0, 0, 0), ( 1 , - 1 ,  0)}<x=(l/2, -1 /2 , 0).

Let (a, — a, x )=  {(0, 0, 0), (1, — 1, 0)}cr. Then by Theorem 2.4, (a, — a, x)£ 
£C((1, —1,0)) and so x  must be even. Now (a — 1, — (a— 1), x) =  {(0, 0, 0), 
(1, —1, 0)}о -f-(—1, 1, 0 )=  {(— 1, 1, 0), (0, 0, 0)}<7. On the other hand, (—a, a, x) = 
=  -(0 , 0, 1)+ {(0, 0, 0), (1, - 1 ,  0)}u+(0, 0, 1) =  {(0, 0, 0), ( - 1 ,  1, 0)}u. Therefore,

(-Ű , a, x) =  ( a - l ,  - ( ű- 1 ) ,  x) and so a = l/2 . For n£N , - ^ ,  о |б Я . If 

(/>,-/>,y)={(0, 0, 0), -^,ojj<r, then by Corollary 2.5, 2n(b,-b,y) =
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=  j ( 0 ,  0 ,  0 ) ,  2" oj|«T—(a, - a ,  x). Thus, x = 2 "y  and since n was arbitrary,

x —0.
C l a i m  2. К does not admit a lattice-order.

Suppose (by way of contradiction) that К  admits a lattice-order and let a be the 
/-retraction induced by the lattice-ordering. By Claim 1, (1/2, —1/2, 0) =  {(0, 0, 0), 
(1, -l,0 )}< r =  (0 ,0 ,0)V (l, -1 ,0 )£ (0 ,0 ,0 ) .  But then ( -1 /2 , 1/2, 0 ) = - (0 .  0, 1) + 
+  (1/2, —1/2, 0) +  (0, 0, l ) s ( 0, 0, 0), which is impossible as no nonzero element and 
its inverse can be positive.

C l a i m  3 . К is retractable.

Let A =  {(a,, - ax, x x), ..., (am, - am, x m)}в F(K), where х1^ ...Ш х т. Define

+ СГ =

m

V a.-+ A
i = P i=p

2

m m

V Д;+ A
i=p i-p

2
where xp_1< x p= .. .  = x m. A straightforward calculation shows that Ret(K).
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KOMMUTATIONSGLEICHUNGEN IN SEMIFREIEN
GRUPPEN

Von
A. BAUDISCH (Berlin)

1. Einleitung

Eine semifreie Gruppe sei eine Gruppe, deren definierende Relationen Kom- 
mutationsgleichungen zwischen den Erzeugenden sind.

Es wird gezeigt, daß zwei Elemente p und q einer semifreien Gruppe genau 
dann kommutieren, wenn es Elemente vv, м; und ganze Zahlen a;, ß, (l 
gibt, so daß die Erzeugenden, die in щ Vorkommen, mit allen Erzeugenden, die 
in üj für yV / Vorkommen, kommutieren, und

P — w П  ui<w 1 und q = w ]J u i‘w 1 2
i  =  1 i=1

gilt. Aus dem obigen Resultat folgt die Universalität und somit die rekursive Unent- 
scheidbarkeit der elementaren Theorie der semifreien Gruppen, wie in [1] gezeigt 
wurde. Wenn К eine Klasse von Strukturen einer abzählbaren Signatur er ist, 
so heißt Universalität der elementaren Theorie der semifreien Gruppen im Sinne 
von [1], daß durch elementare Definitionen der Zeichen aus a, des Gleichheits­
zeichens und des Grundbereichs in der Sprache der Gruppentheorie sämtliche Ele­
mente aus К is semifreien Gruppen verschlüsselt werden können.

Weiterhin kann gezeigt werden, daß jede abelsche Untergruppe einer semifreien 
Gruppe frei-abelsch ist. Es bleibt die Frage offen, ob es außer den semifreien 
Gruppen noch weitere Gruppen gibt, deren sämtliche abelsche Untergruppen frei- 
abelsch sind.

An dieser Stelle möchte ich Herrn Dr. K. Hauschild für die Anregung zu dieser 
Arbeit und Unterstützung bei ihrer Anfertigung danken.

2. Ausführliche Definition der semifreien Gruppen

21 sei ein irreflexiver symmetrischer Graph (A, R). Der Menge A sei durch 
eine eineindeutige Abbildung (p(a)=a~1 eine zu A disjunkte Menge A ~ 1= {a~1: 
a£A} zugeordnet. 2B(H) sei die Menge aller endlichen Folgen w ~(c1,c 2, ..., cn) 
mit CiZAUA^1 (einschließlich der leeren Folge 9 ). Die Elemente von 2B(Ä) 
werden Worte genannt. Über 2В(Л) wird definiert:

p ^ q E í p  kann durch endlich viele Anwendungen der folgenden Regeln in q 
umgewandelt werden:

1. Einsetzen von aa~x oder a~xa für a c A an beliebiger Stelle.
2. Streichen von aa~x oder a~xa für a(_A.
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3. Kommutieren von zwei benachbarten Elementen ab, a~xb, ab-1 oder 
a~1b~1, falls ~]R(a, b) in 91 gilt.

Abkürzend wird statt „ oft geschrieben, ist bezüglich der
Verkettung p o q  von Worten p, q eine Kongruenzrelation. In 2В(Л)/% kann 
zwischen Äquivalenzklassen p  und q eine Gruppenoperation poq=poq  definiert 
werden. Г (91) sei die Gruppe (ЯВ(А)/ъ, о). Eine Gruppe ist nun genau dann 
semifrei, wenn sie zu einer Gruppe der Form Г  (91) isomorph ist.

Wenn 93^91, so sei F(9I)1B die von den Äquivalenzklassen der Elemente aus 
В  in Г (QI) erzeugte Untergruppe.

Lemma 1. Wenn S  g  91, so gilt Г (»)^Г(91)1В.

Beweis. Für p, q£W (B) ist zu zeigen, daß p ^ q  genau dann gilt, wenn 
p ^ q  gilt.

p^&q impliziert nach Definition p  '-2[ q.
Aus p ~ 91 q folgt p '^ q ,  indem man bei der Umrechnung von p in q alle 

Regeln fallen läßt, die Elemente aus (4U /4- 1)\(2?U .ß_1) enthalten. Dabei bleibt 
nämlich die Folge der Elemente aus B U B -1 in jedem Schritt dieselbe wie in der 
Umrechnung p ^ q .  q.e.d.

Mit Hilfe von Lemma 1 ergibt sich leicht folgendes

L emma 2 . Wenn 9(= (J 9I; eine Zerlegung des Graphen 91 in seine Zusam-
i^li

menhangskomponenten ist, so gilt F (9I)=  ® F(9l;), wobei ®  die direkte Summe 
bezeichnet.

Beweis. Nach Lemma 1 genügt es, F(9l) =  0 F (9 I) lAi zu zeigen. Jedes Г(91)1Л(
•-=/*

ist Normalteiler in F (91), Weiterhin ergibt sich aus den Regeln 1. bis 3. für „ rs“ 
r ( 9 I ) u n + F ( 9 l ) ^ = V .  q-e.d.

jVi

3. Die Kongruenzrelation „ “

Jedem W ort p  aus 9B (A) ordnen wir eindeutig eine Potenzschreibweise p=
= d fa f.- .d ^  mit a ^ A ,  cq ganze Zahl und oq^O zu, indem maximale Teilworte 
der Form aa...a zu a3 * * * 7 und maximale Teilworte der Form a~1a~1...a~1 zu a~“ 
zusammengefaßt werden, wenn a in aa...a bzw. a _1 in a~1a~1...a~1 a-mal 
vorkommt. Es kann definiert werden: Ein Wort p  ist eine Minimaldarstellung von p, 
wenn in der Potenzschreibweise р  = сРра\г...с?пп n minimal ist. n wird als die 
Länge k(p) von p bezeichnet.

Die Elemente von A werden im weiteren Buchstaben genannt. Die a-Potenz 
aa sei das W ort aa...a  für a > 0 , bzw. a~1a~1...a~1 für a < 0 , wobei a bzw. 
a~1 |a|-mal vorkommt. Alle Minimaldarstellungen lassen sich nur durch Anwendung 
von Regel 3. in einander überführen, wie noch in Lemma 5 gezeigt wird. Deshalb ist 
die Folge der a-Potenzen eines Buchstaben a in jeder Minimaldarstellung dieselbe. 
Es ist sinnvoll von der Folge der a-Potenzen in p zu sprechen.

Die Potenzfolgen zweier Buchstaben, die nicht miteinander kommutieren, 
sind nach Lemma 5 in eindeutiger Weise ineinander angeordnet.
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Man kann definieren: a ist ein Buchstabe von p genau dann, wenn a oder 
a _1 in einer (und damit nach Lemma 5 in jeder) Minimaldarstellung von p vor­
kommt.

Weiterhin ist es sinnvoll zu sagen: a*> ist in p die z'-te a-Potenz. ax‘ steht 
links (bzw. rechts) von bßi, falls a und b nicht kommutieren. Ein Buchstabe ist 
erster Buchstabe von p zur Potenz a, wenn es eine Minimaldarstellung cfp' 
von p mit ?.(p')</.(p) gibt. Analog wird der Begriff letzter Buchstabe von p zur 
Potenz a definiert.

Zwei Elemente p, q aus Г (21) sind zusammenhängend, wenn der durch ihre 
Buchstaben erzeugte Teilgraph von 21 zusammenhängend ist. Ein Element p ist 
zusammenhängend, wenn p und 9 zusammenhängend sind.

Es sollen jetzt einige Lemmata zur Relation angegeben werden:

L emma 3. Es gelte p q. Dann gibt es ein Umrechnungsverfahren, bei dem zuerst 
nur die Regeln 1. und 3. und dann nur die Regeln 2. und 3. verwandt werden.

B ew eis. Es sei ein Umrechnungsverfahren von p in q vorgegeben. Im  /-ten 
Schritt soll aa~x gestrichen werden, obwohl in einem späteren Schritt noch Regel 1. 
angewandt wird. Dieser z'-te Schritt sei die letzte Anwendung von Regel 2., nach 
der noch eine Anwendung von Regel 1. kommt. Zwischen dem z'-ten Schritt und 
der letzten Anwendung von Regel 1. erfolgt keine weitere Kürzung. Zum Beweis des 
Lemmas genügt es zu zeigen, daß man den z'-ten Schritt bis nach der Anwendung 
von Regel 1. hinausschieben kann. Das durch Hinauszögern des z'-ten Schrittes 
stehengebliebene Paar aa~x oder arxa wird gekennzeichnet. Bei Ausführung der 
Regel 1. stören stehengebliebene Paare der Form tt~x (i£2B(A)) nicht.

Soll Regel 3. durchgeführt werden, und es liegt folgende Situation vor: ...b tt~1c..., 
c und b sollen kommutiert werden, und tt~x müßte eigentlich schon gestrichen 
sein, so wird noch einmal Regel 1. eingeschoben: ...bcc~xt r xc..., und dann Regel 3. 
mit dem Resultat ...cbc~1tt~1c... angewandt.

Die Kennzeichnung von tt~x wird auf c~1tt~1c ausgedehnt. Ist Regel 1. 
dann das letzte Mal in dem Ausgangsverfahren durchgeführt, so werden alle gekenn­
zeichneten Paare t u 1 nach Regel 2. gekürzt. Danach wird das alte Verfahren zum 
Abschluß gebracht, q.e.d.

L emma 4 . Es gelte p~~q, und q sei eine Minimaldarstellung. Dann gibt es ein 
Umrechnungsverfahren von p  in q, das nur die Regeln 2. und 3. benutzt.

B ew eis. E s genügt für alle Verfahren zwischen p und q zu zeigen, daß man 
die letzte Anwendung von Regel 1. umgehen kann. Das Paar aa~x werde o.B.d.A. 
in dieser letzten Anwendung von Regel 1. eingeschoben. Die beiden eingesetzten 
Elemente werden durch Unterstreichen gekennzeichnet. Da im weiteren Verlauf der 
Umrechnung nur noch gekürzt und kommutiert wird, können a und q~x nach 
jedem Schritt durch Kommutieren wieder nebeneinander gebracht werden, falls 
noch keiner von beiden Buchstaben gekürzt wurde. Um zu einer Minimaldarstellung 
zu gelangen, muß mindestens einer von beiden weggekürzt werden, da man sie sonst 
nach Abschluß der Rechnung zusammenführen und kürzen könnte. Wird дд~х 
gekürzt, so braucht man дд~х gar nicht erst einzuführen.

Wird o.B.d.A. a~xa im z'-ten Schritt gekürzt, so braucht дд~х auch nicht 
eingeführt zu werden, und man muß nur a~x nach dem (z—l)-ten Schritt durch
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Kommutieren auf den Platz bringen, den sonst a _1 einnehmen würde. Dies ist, 
wie oben schon bemerkt, möglich, q.e.d.

Aus Lemma 4 ergibt sich sofort:

Lemma 5.5.1. Wenn p~~q gilt, und p und q Minimaldarstellungen sind, so kann 
p in q allein durch Anwendung von Regel 3. überführt werden.

5.2. Die Folge der Potenzen eines Buchstaben a ist in allen Minimaldarstellungen 
eines Elements p diesselbe. Das Gleiche gilt für die Folge der Potenzen zweier Buchsta­
ben, die nicht miteinander kommutieren.

Lemma 6.6.1. Falls kein Buchstabe zugleich erster Buchstabe von q und letzter 
Buchstabe von p ist, so erhält man fü r  jeden Buchstaben a die Folge der a-Potenzen in 
pq durch Hintereinanderschreiben der entsprechenden Folgen von p und q.

6.2. Falls a erster Buchstabe von q aber nicht letzter Buchstabe von p oder 
letzter Buchstabe von p aber nicht erster Buchstabe von q ist, so erhält man die 
Folge der a-Potenzen in pq durch Hint er einander sehr eiben der entsprechenden 
Folgen aus p und q.

6.3. Wenn (a*1, a*2, ..., a*n) die Folge der a-Potenzen von p und (aßl, aßs, ... 
... ,a ßm) die Folge der a-Potenzen von q ist, wobei ocn+ß17±0, so hat die Folge 
der a-Potenzen von pq das Aussehen (aai, aa% ..., cPn, aßl, cd'1, .... aßm') oder 
(a*1, a“2, ..., a*n+ßl, aßi, ..., aßm).

Beweis. 6.1 ergibt sich sofort aus Lemma 4. Um Lemma 6.2 zu beweisen, 
wird o.B.d.A. angenommen, daß a erster Buchstabe von q zur Potenz ß ist. 
Dann existiert ein Buchstabe b in p, der in jeder Minimaldarstellung von p rechts 
von allen a-Potenzen vorkommt und nicht mit a kommutiert. p und q seien 
Minimaldarstellungen von p bzw. q. Nach Lemma 4 wird jede Minimaldarstellung 
von pq durch Kürzen und Kommutieren aus pq  erhalten. Wie man sieht, können 
aber nur Buchstaben gekürzt werden, die mit a kommutieren, also nicht der Buch­
stabe b. Hieraus ergibt sich die Behauptung von 6.2.

6.3 beweist man induktiv über X(p)+X(q). Für den Induktionsanfang A(p)4- 
+ X(q)^  1 ist die Behauptung klar. Nun sei für A(p')+A(q')—и alles bewiesen. 
Essei X(p) + X(q)=n + 1.

Falls kein Buchstabe existiert, der zugleich letzter Buchstabe von p und erster 
Buchstabe von q ist, so folgt die Behauptung aus 6.1.

Ansonsten existieren ein Buchstabe c und ganze Zahlen a, ß, so daß p= p'cct 
und q = cßq' mit Я(р')-=Я(р) und l(q')-<j(q) gilt.

Im Fall cx.= —ß folgt p q = p 'q ', und die Behauptung ergibt sich aus der Induk­
tionsvoraussetzung.

Im Fall CL7e —ß werden p'cx+ß und q' betrachtet. Es gilt pq=p'c°c+ßq' 
mit X(р'сх+11)ш к(р) und X(q')<X(q). Aus der Induktionsvoraussetzung erhält 
man die Behauptung für alle Buchstaben ungleich c. Für c ergibt sich die Behaup­
tung aus 6.2. q.e.d.

Ein Element p einer semifreien Gruppe heiße zyklisch reduziert, wenn es 
keine Minimaldarstellung der Form a*p'aß besitzt, wobei a und ß ungleich Null 
sind und verschiedene Vorzeichen haben, und X(p')+l-<X(p) gilt. Ein Wort p, 
das durch Anwendung von Regel 3. in eine Minimaldarstellung von p umgewandelt 
werden kann, heiße eine Quasiminimaldarstellung von p.
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Lemma 7. Für jedes p existieren eindeutig bestimmte Elemente vv und p' mit 
p=wp'w~1, so daß gilt:

i) Wenn w und p ' Minimaldarstellungen von vv bzw. p' sind, so ist wp'w- l  
eine Quasiminimaldarstellung.

ii) p' ist zyklisch reduziert.

Beweis. Falls p zyklisch reduziert ist, so ist nur zu zeigen, daß keine Elemente 
vv 9 und p' existieren, so daß i) und ii) erfüllt sind. Solche Elemente kann es 
nicht geben, da man sonst aus i) sofort einen Widerspruch dazu erhielte, daß p 
zyklisch reduziert ist.

Der Beweis wird nun induktiv über /.(p) geführt. Für X(p) = 2 ist p zyklisch 
reduziert, und somit die Behauptung schon bewiesen.

Für X(q)<n sei alles gezeigt. Es sei ).(p)=n. Die Behauptung ist nur noch für 
den Fall zu zeigen, daß p nicht zyklisch reduziert ist. Deshalb wird angenommen, 
daß p eine Minimaldarstellung der Form axp 'aß besitzt, wobei a und ß ungleich 
Null sind und verschiedene Vorzeichen haben, a sei nicht erster oder letzter Buch­
stabe von p ' , und o.B.d.A. |a |^ |j8|. Es gilt X(p'äx+ß)<?,(p). Es seien v und f 
mit p'äx+ß—vrv~1 die nach Induktionsvoraussetzung eindeutig existierenden 
Elemente, die i) und ii) erfüllen. äav und r erfüllen dann i) und ii). Hierzu ist nur zu 
zeigen, daß \vrw~1 eine Quasiminimaldarstellung von p ist, wenn vv eine Minimal­
darstellung von äxv und r eine Minimaldarstellung von r ist. Nach Lemma 4 ist 
a nicht erster Buchstabe von p'äx+ß. Da vrv~1 eine Quasiminimaldarstellung 
von p'äx+ß ist, wenn v eine Minimaldarstellung von v ist, folgt hieraus, daß a 
auch nicht erster Buchstabe von v ist. Nach Lemma 4 ist axv dann eine Minimaldar­
stellung von äxv. Nach Lemma 5 gelangt man nur durch Kommutieren von a*v 
zu vv. Wäre nun wrw-1 keine Quasiminimaldarstellung von p, so auch axvr(axv)~i 
nicht. Da vrv_1 eine Quasiminimaldarstellung ist, müßte man nach Lemma 4 
nach einigen Kommutationsschritten a in axvr{axv)^1 kürzen können. Wegen 
Lemma 6 ist dies nicht möglich, da a nicht erster Buchstabe von vrv-1 und nicht 
letzter Buchstabe von vrv_1 oder letzter Buchstabe von vrv-1 zur Potenz ot + ß 
ist, wobei a+ß  das gleiche Vorzeichen wie — a hat.

Um den Beweis des Lemmas abzuschließen, bleibt zu zeigen, daß für alle Elemente 
vv, p' mit p = wp'w~1, die i) und ii) erfüllen, w = äxv und p '= r  gilt.

w und p' seien Minimaldarstellungen von vv bzw. p'. Dann sind wp'w~l 
und axvr(axv)~1 Quasiminimaldarstellungen von p, d.h. sie lassen sich nach 
Lemma 5 durch Kommutieren ineinander überführen. Hieraus ergibt sich, daß a 
erster Buchstabe von w zur Potenz a ist.

Wäre dies nicht der Fall, so müßte in w ein Buchstabe b existieren, der nicht 
mit a kommutiert. Sonst wäre p' nicht zyklisch reduziert. Aus der Existenz 
von b in vv würde dann ein Widerspruch dazu folgen, daß a erster Buchstabe von 
p zur Potenz a ist. Wenn w=äxw' mit A(vv')<A(vv), so folgt nach Induktions­
voraussetzung w' = v und p'= r. q.e.d.

Mit Hilfe von Lemma 7 kann man zeigen:

Lemma 8. Wenn e eine ganze Zahl ungleich Null ist, so gilt:
i) pe ist genau dann zyklisch reduziert, wenn p zyklisch reduziert ist.

ii) p,: enthält dieselben Buchstaben wie p.
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iii) a ist genau dann erster (letzter) Buchs table von p zur Potenz oc, wenn 
a erster (letzter) Buchstabe von pE zur Potenz ct. für £>0 ist, bzw. wenn a letzter 
(erster) Buchstabe von pe zur Potenz — oc fü r  e< 0  ist.

B eweis. E s sei p —wrw_1 die nach Lemma 7 eindeutig existierende Darstellung 
von p, so daß die Bedingungen i) und ii) von Lemma 7 erfüllt sind. Es genügt zu 
zeigen, daß p6=w Pw -1 die entsprechende Darstellung von pc ist. Dies folgt mit 
Hilfe von Lemma|6.3 und Lemma 4. q.e.d.

Lemma 9. Es sei e eine ganze Zahl ungleich Null. Weiterhin gelte pqe=q!p.
Wenn a dann erster oder letzter Buchstabe von p (q) ist und nicht in q (p) vor­

kommt, so kommutiert a mit allen Buchstaben von q (p).

B eweis. Wegen Lemma 8 kann man o.B.d.A. s = l  annehmen. Weiter sei a
o.B.d.A. erster Buchstabe von p. Nach Lemma 6.2 ist die Folge der ü-Potenzen 
von qp=pq die Folge der o-Potenzen von p. a muß dann erster Buchstabe von 
pq=qp sein, wie aus Lemma 4 folgt. Nach Lemma 4 kommt man durch Kürzen 
und Kommutieren zu einer Minimaldarstellung von qp, bei der a erster Buchstabe 
ist. Alle Buchstaben, die dabei gekürzt werden, sind ungleich a und kommutieren 
mit a. Folglich müssen alle Buchstaben von q mit a kommutieren. q.e.d.

4. Das Haupttheorem

Theorem 1. p und q seien Elemente einer semifreien Gruppe Т('Л). p oder q 
sei zyklisch reduziert. Wenn p und q zusammenhängend sind, so gilt pqe= qcp in 
Г(21) genau dann, wenn in Г 011) ein й und ganze Zahlen a, ß mit p —ü“ und q = й1> 
existieren.

Beweis. E s wird die nichttriviale Richtung gezeigt. Der Beweis wird induktiv 
über k(p) + 2.(q) geführt. Für /.(p) + /.(q )^2  ist die Behauptung klar. Nun sei für 
den Fall k(p') + k (q ')^n  alles bewiesen, p und q seien Elemente von Г(Чl) mit 
Á(p) + Á(q) = n + 1>2. p und q seien Minimaldarstellungen von p bzw. q. Die 
trivialen Fälle p — q,q=<j und e=0 seien ausgeschlossen. Zuerst wird gezeigt:

(1) Wenn a erster oder letzter Buchstabe von p (q) ist, so kommt a in q (p) vor.

Zum Beweis von (1) kann man wegen Lemma 8 e = l  annehmen. O.B.d.A. 
sei a erster Buchstabe von p zur Potenz a. Es wird angenommen, daß a nicht 
in q vorkommt. Nach Lemma 9 kommutiert a mit allen Buchstaben von q. Wenn
p=ä*p' mit Я(р')<Я(р), so folgt p'q=qp'.

n
Zuerst wird angenommen, daß q oder p' zyklisch reduziert ist. q= [J  qt

i =  1n
und p'= П  seien Darstellungen von q und p', so daß qt und rt zusammen-

i=l
hängend sind, und alle Buchstaben von qt und f; mit allen Buchstaben von qs 
und fj  für yV i kommutieren. Man erhält diese Darstellungen, indem man den 
von den Buchstaben von q und p' erzeugten Teilgraphen von 91 in seine Zusam- 
menhängskomponenten zerlegt. Falls q zyklisch reduziert war, so sind nach Lemma 
4  die 5 i  zyklisch reduziert, und falls p' zyklisch reduziert war, so sind die rt zyk-
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lisch reduziert. Nach Lemma 1 und 2 gilt qiri=riqi. Da X(qi) + X(ri)^.X(q) + 
+ X(p')<X(cj) + X(p), folgt nach Induktionsvoraussetzung die Existenz von Elementen 
i7; und ganzen Zahlen oc,-, ßt ( lS iS n ) , so daß г,-=й?г und q— U^. Hieraus

n n
ergibt sich ein Widerspruch, da p= äx JJ й 1 und q= J] й J  dann nicht zusammen-

i=l i — 1
hängend sein können. Wenn weder p' noch q zyklisch reduziert ist, dann ist nach 
Voraussetzung p zyklisch reduziert. Wenn a7l1p1a{Xl eine Minimaldarstellung 
von p' mit /.(p1) < l ( p /) ist, so kommutiert a nicht mit a1. Damit ist аг nicht 
aus cp Nach Lemma 9 folgt dann aus p'q= qp', daß a1 mit allen Buchstaben von 
q kommutiert, und damit p1q=qp1 gilt. Induktiv über j  kann die Existenz von 
Elementen pj, Buchstaben cij und ganzen Zahlen aj (1 ^ j= m )  gezeigt werden, 
so daß gilt:

0 H P j-1) >  HPj)-
I

l l )  P j - !  =  CljJ P j C l j  J .

iii) üj kommutiert mit allen Buchstaben von q und kommt selbst nicht in q vor.
iv) p,„ ist zyklisch reduziert, während die pj mit j-<m nicht zyklisch redu­

ziert sind.
Für /< L  seien pj, cij, а konstruiert, und pk^1 sei nicht zyklisch reduziert. 

Aus den Bedingungen ii) und iii) folgt qpk- l =pk- 1q. alkpkapak mit c.(pk)-^A(pk_i) 
sei eine Minimaldarstellung von pk- k. Da p zyklisch reduziert ist, kann ak nicht 
mit allen üj für j< k  und a kommutieren. Damit ist ak nach iii) kein Buchstabe 
aus q. Nach Lemma 9 kommutiert ak mit allen Buchstaben aus q. i), ii) und iii) 
sind somit für j= k  erfüllt. Falls pk zyklisch reduziert ist, sei m = k.

Aus ii) und iii) ergibt sich qpm=pm q. Wegen X(q) +  / (pm) < /,(q) + Я(p) kann 
man dann analog wie oben mit q und p' unter Ausnutzung der Induktions­
voraussetzung einen Widerspruch dazu konstruieren, daß p und q zusammenhän­
gend sind.

Mit Hilfe von (1) ergibt sich:

(2) Wenn а erster (letzter) Buchstabe von p zur Potenz а ist, so ist a erster 
(letzter) Buchstabe von q oder q_1 zur Potenz a. Wenn a erster (letzter) Buchstabe 
von q zur Potenz а ist, so ist a erster (letzter) Buchstabe von p oder p _1 zur 
Potenz а.

Zum Beweis von (2) kann wegen Lemma 8 o.B.d.A. e =  1 angenommen werden. 
Weiterhin sei a o.B.d.A. erster Buchstabe von p zur Potenz а.

Falls a erster Buchstabe von q-1 zur Potenz а ist, so ist nichts zu zeigen. 
Gilt dies nicht, so erhält man die Folge der a-Potenzen von qp=pq entsprechend 
Lemma 6.3. (cP1, а“2, ..., u*") sei die Folge der а-Potenzen von p. Es gilt n ^ i  
und oij — а.

(aßl, aß2, ..., aßm) sei die Folge der a-Potenzen von q. Wegen (1) gilt т ё к
1. Fall. Ist (aß\  r / 2, ..., aßm, а7\ а 12, ..., cfn) die Folge der a-Po ten zen von 

qp, so folgt nach Lemma 4, daß (cf1, a72, ..., cfn, aßl, aßi, .. . ,a ßm) die Folge der 
a-Potenzen von pq=qp ist. Es ergibt sich =  ßk. Würde es in q links von aßl 
noch einen Buschstaben b geben, der nicht mit a kommutiert, so würde sich bei 
Betrachtung der Folge der a- und é-Potenzen von pq=qp unter Berücksichtigung 
von Lemma 4 und 5 ein Widerspruch ergeben.
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2. Fall. N ach Lemma 6.3 kann noch der Fall eintreten, daß (aßl, a1''-, ..., aßm+xi, 
cf 2, c f n) die Folge der a-Potenzen von qp  ist. Die Folge von pq=qp muß 
nach Lemma 4 die Gestalt (aXl, c f2, ..., aXn+ßl, aß’2, ..., aßm) haben.

Wenn nun n =  l oder m = l  gilt, so folgt, da sich m ^ l  aus (1) ergab, n= m  — 1.
Für n ^ 2  und m=s2 beweist man (2) wie im 1. Fall.
Es wird gezeigt, daß der Fall n = m = 1 nicht eintritt. Nach Lemma 4 kann qp 

durch Kürzen und Kommutieren in eine Minimaldarstellung von qp umgerechnet 
werden. Da a erster Buchstabe von p ist, kürzen sich hierbei nur Buchstaben, die 
mit a kommutieren. Um die angegebene Folge der a-Potenzen (axi+ßl) zu erhalten, 
muß a folglich letzter Buchstabe von q zur Potenz ß1 sein.

Nach Lemma 4 ergibt sich nun, daß a*1+ßl sowohl erster als auch letzter 
Buchstabe von pq=qp ist. D a sich bei der Berechnung einer Minimaldarstellung 
von pq=qp nur Buchstaben kürzen können, die mit a kommutieren, muß a mit 
allen Buchstaben von p und q kommutieren. Dies ergibt einen Widerspruch dazu, 
daß p und q zusammenhängend sind, und l ( p )  + /.(q)>2 gilt.

axp'aß m it Á(p') + i< /,(p) sei eine Minimaldarstellung von p. Nach (2) ist a 
dann erster Buchstabe von q oder q~x zur Potenz a. O.B.d.A. kann man annehmen 
daß a*q' mit Ä(q')<2(q) eine Minimaldarstellung von q ist, da qep=pqs zu 
q~ep=pq~e äquivalent ist. Aus

(äxp 'äß)(äxq 'y  = (äxq 'y (p xp'äß)
ergibt sich dann

(p'äx+ß)(q 'ä xy  =  (q 'ä !xy (p 'ä x+i’).

Nach Lemma 4 gilt 2(p'äx+ß)< 2(p )  und ?.(q'ax)^ /.(q ). Falls p zyklisch reduziert 
ist, haben a und ß gleiches Vorzeichen. Es gilt a7-+ß f  Q. p'äy+fl und q'äx sind 
dann zusammenhängend. Aus a-f/M O  folgt weiterhin, daß p 'pa + ß zyklisch redu­
ziert ist. Falls q zyklisch reduziert ist, so ist a nicht letzter Buchstabe von q und 
q' zur Potenz — a, und somit letzter Buchstabe von q'a'. Damit ist dann q'ä7 
zyklisch reduziert, und p'ä7+ß und q'ä“ sind zusammenhängend.

Aus der Induktionsvoraussetzung folgt die Existenz eines ü und ganzer Zahlen 
y, 5, so daß

p'ü*+ß : pv und q 'ä x =  ü6
gilt. Dies impliziert

p ~ ( ä xüä~ x)y und q =  (äxüä~x)s,
was zu beweisen war.

Analog kom m t man zur Behauptung des Theorems, wenn q eine Minimaldar­
stellung der Gestalt axq'aß mit /.(q ')+ 1 hat. Folglich kann für den weiteren
Beweis vorausgesetzt werden, daß weder p noch q eine Minimaldarstellung der 
Form  <fraß m it A (r)+ l< l(p )  bzw. /.(/“) + 1 </.(q) besitzt. Unter dieser Vor­
aussetzung kommutiert ein Buchstabe, der erster und letzter Buchstabe von p oder 
q ist, mit allen Buchstaben von p bzw. q.

O.B.d.A. sei p = ä xp' mit А(/>')-<A(p), und a kommutiert mit allen Buchstaben 
von p'.

Nach (2) ist a O.B.d.A. erster Buchstabe von q zur Potenz a. Da p und q 
zusammenhängend sind, und /(p )  + /(<?)> 2 gilt, kommutiert, a nicht mit allen 
Buchstaben von q.

Nach obiger Voraussetzung ist a dann nicht letzter Buchstabe von q. Wenn 
(ax, aßl, ..., aßn) die Folge der a-Potenzen von cf ist, so ist nach Lemma 6.3
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(ű2*, aßl, ..., aßn) die Folge der a-Potenzen von pq£, und nach Lemma 6.2 
, aßn, a*) die Folge der a-Potenzen von qrp. Dies widerspricht Lemma 5. 

Folglich kann die obige Voraussetzung zu folgendem verschärft werden:
(3) Ein Buchstabe ist nicht zugleich erster und letzter Buchstabe von p oder q.
Dann sind p und q und nach Lemma 8 auch q£ zyklisch reduziert. Da q 

als Minimaldarstellung von q vorausgesetzt war, gilt:
(4) q£ ist Minimaldarstellung von q£.

Es sei a erster Buchstabe von p zur Potenz oe. Nach (2) ist a dann erster Buch­
stabe von q oder q_1. Da pq£=qep zu pq~e=q~£p äquivalent ist, kann für 
den weiteren Beweis angenommen werden, daß a erster Buchstabe von q zur Potenz 
oc ist, und £>0 gilt. Nach (3) ist a weder letzter Buchstabe von p noch von q.

{ q : l ^ / s / }  sei eine Numerierung der Buchstaben von p und q, so daß für 
jedes i > 1 ein y < i mit q Cj^ c ,q  existiert, und сг—а gilt. Diese existiert, da p 
und q zusammenhängend sind. Induktiv über wird gezeigt:

(5) Die Folge der q-Potenzen in pq£ = qcp ergibt sich durch Hintereinander­
schreiben der entsprechenden с,-Potenzen von p und q!:. Jedes q  kommt in p 
und q vor.

Für q —a folgt (5) aus Lemma 6.2. Nun sei (5) für 1 = /< /  bewiesen. (5) ist 
für Cj zu zeigen. Falls in p oder q links oder rechts von allen q-Potenzen ein 
Buchstabe cq mit y'<i vor kommt, der nicht mit c; kommutiert, so ergibt sich die 
Behauptung schon aus der Induktionsvoraussetzung, (4) und Lemma 4.

Dies sei nun nicht der Fall, q  komme in p vor. Dann existiert in p eine 
Folge (bf,h, bfit-j1, ..., bf1), so daß b1 = ci, b f1 steht links von allen c;--Potenzen 
mit j -c i  und CjCi^CiCj, bkbk+1?±bk+1bk, bfct+i steht links von allen b$k und bh 
ist erster Buchstabe von p. Nach Induktionsvoraussetzung und Lemma 4 steht 
üf1 dann auch in pqe = qcp, in q€ und nach (4) in q links von allen c} mit 
und CiCj^CjCi- Induktiv kann man in pqe=qEp und nach (4) damit in q die 
Existenz der Folge (bßh", b ^ 1, ..., b{x) links von allen Cj mit j-c i  und сус;^ с ;с̂  
nachweisen. Weiterhin ergibt sich, daß bh erster Buchstabe von pqc=qep und q 
ist. Nach (3) ist bh nicht letzter Buchstabe von p oder q, und somit folgt (5) für 
bh nach Lemma 6.2.

Wie im ersten Fall kann man nun zeigen, daß (5) für bk gilt, wenn (5) für 
bk+1 gilt (1 Damit ergibt sich (5) für c;. Falls q  in q vorkommt, geht
man analog unter Ausnutzung von (4) vor.

Da p  und q Minimaldarstellungen von p bzw. q sind, folgt aus Lemma 4,
(4) und (5), daß man jede Minimaldarstellung von pqc und qcp durch Hinterein­
anderschreiben von p  und q und Kommutieren erhält. Insbesondere gilt:

(6) pqc und qcp  sind Minimaldarstellungen von pqc = qEp. Aus (6) folgt 
die Behauptung von Theorem 1 sehr einfach:

1. Fall. Für jeden letzten Buchstaben a von p oder q sind die Folgen der 
a-Potenzen in p und q gleich lang. Nach (2), (3) und (5) ist ein Buchstabe genau 
dann letzter Buchstabe von p, wenn er letzter Buchstabe von q ist. Da die Potenzen 
eines Buchstaben in p und in q links von einem letzten Buchstaben liegen, ergibt 
sich aus (6), daß p ^ q  gilt. Damit ist das Theorem in diesem Falle bewiesen.
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2. Fall. Es existiert ein letzter Buchstabe a von p, so dad ß ie Folgeder a-Potenzen 
in p länger ist als die Folge der a-Potenzen in q. Dies werde durch /.a(p)>/.a(q) 
abgekürzt.

{ c p lS i ^ f }  sei wieder eine Aufzählung der Buchstaben aus p und q, so 
daß für jedes /> 1  ein j  mit j < i  und СуСг^ с гСу existiert, und c1=a gilt. Da p und 
q zusammenhängend sind, ist es möglich, eine solche Aufzählung zu erhalten. 
Induktiv über i wird

(7) Ä ,(p) >  K M )

gezeigt. Es wird angenommen, daß (7) für j s i  nachgewiesen ist. Für i =  l ist (7) 
vorausgesetzt, Cj mit j ^ i  sei ein Buchstabe, so daß CyCi+1?^ci+1c,- gilt.

Liegen in q alle ci+1-Potenzen links von der /c-ten Cy-Potenz, so folgt aus 
der Induktionsvoraussetzung und (6), daß in p links von der Äc-ten Cy-Potenz 
dieselbe Folge von ci+1-Potenzen liegt. Da XCj(p)>/.Cj(q), muß in p aber auch 
rechts von dieser /с-ten Cy-Potenz noch eine ci+1-Potenz Vorkommen. Dies folgt, 
wenn man die Enden der Minimaldarstellungen pq£̂ q £p vergleicht. Nun sei in 
q die k-te Cy-Potenz die letzte Cy-Potenz, und ci + x komme noch rechts von dieser 
vor. Aus (6) ergibt sich, daß in p links von der nach Induktionsvoraussetzung 
existierenden (/c +1 )-ten Cy-Potenz sämtliche ci+1-Potenzen stehen, die auch in 
q Vorkommen. Beachtet man wiederum die Enden von qep ^ p q E, so sieht man 
wegen (6), daß in p rechts von der (k+  l)-ten Cy-Potenz weitere ci+1 -Potenzen 
Vorkommen. Hiermit ist (7) für ci+1 bewiesen. Aus (7) und (6) ergibt sich die Exis­
tenz eines Wortes w, so daß qw eine Minimaldarstellung von p ist, und 2(vv)< 
< 2 (p) gilt. Aus pqs=q’p folgt dann qwq£=qcqw und somit wqe=q£w mit 
X(w)+ X(q)<?.(p)+ / (q). Nach Induktionsvoraussetzung existieren ein Wort и 
und ganze Zahlen y, ö, so daß w=üy und q — üs und damit p= üy+s, womit der 
Beweis in diesem Fall abgeschlossen ist.

3. Fall. Es existiert ein letzter Buchstabe a von q, so daß die Folge der 
a- Potenzen in q länger als die in p ist. Analog wie im 2. Fall kann

(8) Xb(q)>Xb(p) für alle Buchstaben b aus p und q

gezeigt werden. Aus (8) und (6) folgt die Existenz eines Wortes w, so daß pw 
eine Minimaldarstellung von q ist, und 7. (vv) <  /. (q) gilt. Aus pq€=qep folgt 
dann p(pwy = (pwyp, (pwy = (wpy und hieraus mit Hilfe von Lemma 6 und 7 
pw —wp. Sind nämlich pw = vrv~1 und wp = tst~1 die nach Lemma 7 eindeutig 
existierenden Darstellungen von pw und wp, die den Bedingungen 7 i) und 7 ii) 
genügen, so sind vrEv~x und tset~x die entsprechenden eindeutig bestimmten 
Darstellungen von (pw)£ bzw. (wpy. Aus (pwy = (wpy ergibt sich t = v und 
P  =  s£ und nach Lemma 6.3 r= s, da r und s zyklisch reduziert sind. Analog 
wie im 2. Fall folgt die Behauptung aus der Induktionsvoraussetzung, q.e.d. 5

5. Schlußfolgerungen

T heorem  2 . pq=qp gilt in einer semifreien Gruppe genau dann, wenn es Elemente 
w undüi sowie ganze Zahlen ßt für  1 s i ^ n  gibt, so daß gilt:

1) Für i ̂  j  kommutiert jeder Buchstabe aus nt- mit jedem Buchstaben aus üy.
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2) Jedes ut ist zusammenhängend.

3) p = w  [J ii-'vv- 1 und q = vv f f  ü i‘w~l.
i=l t = l

B e w e is . p=wp'w~1 sei die in Lemma 7 angegebene eindeutig existierende 
Darstellung von p. p' ist dann zyklisch reduziert. Aus (wp'w~1)q=q(wp' vv-1) ergibt

n n

sich p'(w~1qw) = (w~1qw)p'. Weiterhin sei p'= [J Pt und vv_1fiv=  f f  qt, wobei
i=i ;=i

Pi und q t zusammenhängend sind, und die Buchstaben von p; und q t mit allen 
Buchstaben von pj und qj für j ^ i  kommutieren. Da p' zyklisch reduziert ist, 
sind auch die p; zyklisch reduziert. Aus Lemma 2 folgt = Nach Theorem 
1 gibt es Elemente üt und ganze Zahlen ßn so daß pt=ü*‘ und cu—ü f  gilt. 
Hieraus erhält man die Behauptung von Theorem 2. q.e.d.

K orollar  1. Für jedes zusammenhängende zyklisch reduzierte p existieren 
eindeutig bestimmt ein й und eine ganze Zahl a^O , so daß p=ü* gilt, und es für  
jedes v und jedes ß mit vß=p ein у mit üy=v gibt.

B ew eis . Es sei vő=we=p. Da p zusammenhängend und zyklisch reduziert 
ist, sind v und vv zyklisch reduziert und zusammenhängend. Es ergibt sich wvd = 
=ws+1=vs w. Dann folgt aus Theorem 1 die Existenz eines Wortes r und ganzer 
Zahlen rj, p, so daß w=rn und v= rß gilt. Da ein Element einer semifreien Gruppe 
nur endlich viele Wurzeln besitzt, wie man mit Hilfe von Lemma 7 leicht zeigt, kann 
man durch Anwendung der obigen Überlegung in endlich vielen Schritten ein ü 
finden, das Wurzel aller Wurzeln von p ist.

Die Eindeutigkeit von ü und a^ O  ergibt sich aus Lemma 6. q.e.d.

K orollar 2. Aus p°‘qß=qßp°i fo lg t pq=qp, wenn oc und ß ungleich Null sind.

B e w e is . Es wird angenommen, daß p zyklisch reduziert ist. Ist dies nicht der 
Fall, so betrachtet man entsprechende automorphe Bilder von p und q. Lemma 2 
rechtfertigt es weiterhin anzunehmen, daß p und q zusammenhängend sind. Nach 
Theorem 1 existiert dann ein Wort v und ganze Zahlen y,ö, so daß pr=v6 und 
q = vö. Auf vp7~p*ü wird nun noch einmal Theorem 1 angewandt. Es folgt die 
Existenz eines й und ganzer Zahlen rj,p, so daß p=ü" und v= nß. Hieraus 
ergibt sich die Behauptung, q.e.d.

n
Eine Darstellung p = w [J iifov“1 ist eine Standarddarstellung von p, wenn

i = l
gilt:

i) Wenn w eine Minimaldarstellung von vv und щ eine Minimaldarstellung
n

von щ ( l^ i^ n )  ist, so ist vv f j  uf‘vv”1 eine Quasiminimaldarstellung von p.
i = l

ii) Für jedes / ( l s /^и) ist üt zyklisch reduziert und zusammenhängend. 
Jeder Buchstabe von üt kommutiert mit allen Buchstaben von ü ,• für j ^ i .

iii) a^O , und für jedes v und jede ganze Zahl a mit iq = vx gilt üt=v oder 
tij — v 1 und ос —1 bzw. ot= — 1.

L emma 10. Jedes p besitzt eine eindeutig bestimmte Standarddarstellung.
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Beweis. p = wp'w 1 sei die in Lemma 7 angegebene eindeutig bestimmte Dar-
Л

Stellung von p. Dann existiert eine eindeutig bestimmte Zerlegung p'=  JJ Vi,
i=i

wobei jedes vt zyklisch reduziert und zusammenhängend ist, und jeder Buchstabe 
von Vi mit jedem Buchstaben von Vj für j ^ i  kommutiert. Wenn man dann u; 
und af mit Vi=ü?< gemäß Korollar 1 wählt, folgt die Behauptung, q.e.d.

Aus Theorem 1 ergibt sich:
n

K orollar 3. Wenn p = w JJü p w ”1 die Standarddarstellung von p ist, und
i = l

q mit p kommutiert, so existieren ganze Zahlen ßt und ein z, dessen Buchstaben 
mit den Buchstaben der ü; ( I s i s « )  kommutieren und in keinem щ Vorkommen,

n
daß q = w IJ  Sf'zw"1 gilt.

i=  1
n m

Zwei Standarddarstellungen p = w JJüpw -1 und q = v ]J r fiv~1 sind ver-
i =  1 i =  1

träglich, wenn gilt:
i) Es existieren t, und wls so daß iv= iwj und v=ivx gilt, alle Buchstaben

von wx mit allen Buchstaben der f j  (1 ^  m) und vt kommutieren, und alle
Buchstaben von vx mit allen Buchstaben der м; ( l s i ^ n )  und ivx kommutieren.

ii) Für jedes i (1 ^гёи ) kommutieren die Buchstaben von mit allen Buch­
staben der f j  ( l ^ j ^ m )  und sind von diesen verschieden, oder es gibt ein j  mit 
l ^ j ^ m ,  so daß щ —fj  oder üi=rj~1 gilt.

K orollar 4. Zwei Elemente p und q kommutieren genau dann, wenn ihre 
Standarddarstellungen verträglich sind.

Beweis. Daß zwei Elemente mit verträglichen Standarddarstellungen kommu­
tieren, ist klar.

Nun seien zwei kommutierende Elemente p, q mit den Standarddarstellungen
n m

p —w J] üf'w ^1 und q = v ][  rfiv~1 gegeben. Nach Korollar 3 existieren ganze
i = l  i = 1

Zahlen yt (1 ^ i ^ m )  und ein z, dessen Buchstaben mit den Buchstaben der ri 
( ls i 'S ffl)  kommutieren und von diesen verschieden sind, so daß

m
p = V П  rp zv -1

i = 1 

к
gilt. z = wx IJ  spw r1 sei die Standarddarstellung von z. Es ergibt sich p =

i=  1
m  к

= W  П rp П ~Si‘ (rwj) 1. Es sei t ij  eine Minimaldarstellung von v, so daß alle
i — 1 i=l

Buchstaben vonü, mit allen Buchstaben von Wj, f j ‘ (1 ^ im m )  und st ( l ^ i ^ k )  
kommutieren, und es zu jedem letzten Buchstaben von i einen Buchstaben von 
w1; einem fp  (1 S i ^ m )  odereinem st ( l ^ i ^ k )  gibt, der nicht mit ihm kom­
mutiert. Um die Verträglichkeit der Standarddarstellungen von p und q zu 
beweisen, genügt es jetzt zu zeigen:
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m  f  к

(1) p=(iwl) f j  Ту‘ JJ sp(lw1)~1 ist die Standarddarstellung von p, wobei
i =  l  i =  l

y'i = 0, und r'j — und y'i =  7; oder r[ = f f 1 und y- =  — yt gilt.

Wenn Wj eine Minimaldarstellung von w1 ist, so ist t\\\ eine Minimaldar­
stellung von . Dies ergibt sich sofort aus Lemma 4, da ein letzter Buchstabe von 
t nicht aus Wj sein kann. Wäre ein letzter Buchstabe von l aus wl5 so würde er mit

m
jedem Buchstaben von f; ( l ^ í ^ w) und von v\ kommutieren, und tv1 JJ rp(tv i)_1

1 =  1
wäre keine Standarddarstellung von q. Die Gültigkeit von (1) ergibt sich dann 
sofort aus:

m f к
(2) tw1 JJ r'i6i JJ .sf Ln’j) -1 ist eine Quasiminimaldarstellung von p, wenn

; = i  i = i
r'i und st Minimaldarstellungen von f- bzw. s; sind.

m f к

Da J] r[6■' /7  sf‘ nach Konstruktion eine Quasiminimaldarstellung ist, genügt
;=i ;=l

es zu zeigen:

(3) Ein letzter Buchstabe von kommutiert nicht mit allen Buchstaben von
m к

П г ? ‘ П Ф -
i =  l  i = l

(4) Wenn a letzter Buchstabe von Ш1 zur Potenz a und erster Buchstabe von 
f'iv‘ oder sp zur Potenz ß ist, so haben a und ß gleiches Vorzeichen. Wenn а 
letzter Buchstabe von zur Potenz а und letzter Buchstabe von r-y‘ oder sp 
zur Potenz у ist, so haben а und у verschiedene Vorzeichen.

Um (3) und (4) nachzuweisen, wird angenommen, daß a letzter Buchstabe von 
twt ist. Da tw1 eine Minimaldarstellung von ist, ist a dann entweder letzter 
Buchstabe von wls oder a kommutiert mit allen Buchstaben aus und ist 
letzter Buchstabe von t.

Falls a letzter Buchstabe aus ivx ist, so folgen (3) und (4) daraus, daß a dann mit 
allen Buchstaben der f t (1 ^ i ^ m )  kommutiert und von diesen verschieden ist,

к
und 77 sf' w f1 eine Standarddarstellung ist. Ist a letzter Buchstabe von t, so

i = 1
ist a nicht aus z, da ű sonst mit jedem Buchstaben von v± und von r; ( l s i s m )

m
kommutieren würde, und tvx П г f ‘(iPj) 1 keine Quasiminimaldarstellung von q

i = 1
wäre.

Es folgt, daß man sich beim Nachweis von (4) auf die f,'Ji ( l^ iS m )  beschrän­
ken kann. Ist a erster oder letzter Buchstabe eines r'y<, so kommutiert a mit allen 
Buchstaben von %, und (4) ergibt sich mit Hilfe von Lemma 8 daraus, daß

m

tvi П  ri i(tvi)~1 eine Quasiminimaldarstellung ist. (3) ist in diesem Fall durch die
i=l

Wahl von t und automatisch erfüllt, q.e.d.
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n m
Lemma 11. Sind die Standarddarstellungen p = w j j  öf'vv-1 und q —v [[

i = 1 i =  1
verträglich, und sind i,w l und so gewählt, daß ivv1 =  vv und i v ^ v  gilt, und 
jeder Buchstabe von Wj mit jedem Buchstaben von rt (1 ^ i ^ m )  und von und 
jeder Buchstabe von v1 mit jedem Buchstaben von üt (1 ^ i ^ n )  und von wt kommu-

n m
tiert, so kann pq = (tw1vj) JJ Щ‘ Ц  in die Standarddarstellung von pq

i =  1 i = l
umgeformt werden, wenn man in Fällen й;=г,- oder üi = r j x die entsprechenden 
Potenzen geeignet zusammenfaßt.

Lemma 11 wird ähnlich wie Korollar 4 bewiesen.

Theorem 3. Jede abelsche Untergruppe 93 einer semifreien Gruppe ist frei- 
abelsch.

П
Beweis. V sei die Menge aller vvüvv-1, wenn w [J rf'i<®vv-1 die Standarddar-

i =  l
Stellung eines Elements p von 93 ist. Wenn m7vv_1 und vrv~l Elemente aus V 
sind, so folgt aus Korollar 4:

(1) Wenn U und r einen gemeinsamen Buchstaben besitzen, so gilt ü = r und 
wüw~1 — vrv~1 oder ü = r _1 und wiiw~1 = (vrv~1)~1. Haben ü und r keinen 
gemeinsamen Buchstaben, so kommutieren alle Buchstaben von й mit allen Buch­
staben von r.

U sei eine Teilmenge von V, die von jedem Paar \vuw~1 und (vvävv-1)-1 aus V 
genau ein Element enthält.

93 ist dann Untergruppe der von U erzeugten Gruppe Cf. Es wird gezeigt, 
daß £  die direkte Summe der freien zyklischen Gruppen ist, die durch die Elemente 
von U erzeugt werden. Als Untergruppe der frei-abelschen Gruppe £  ist dann 
auch 93 frei-abelsch.

Zuerst wird nachgewiesen, daß die Elemente von U kommutieren. Wenn 
vvüvv“1 und vrv^1 Elemente aus U sind, so gibt es nach Korollar 4 Elemente Wj 
und vlt so daß wv1 = vwl gilt, und alle Buchstaben von vvj mit allen Buchstaben 
von r und alle Buchstaben von v1 mit allen Buchstaben von i< kommutieren. 
Hieraus folgt

wüw~1vrv~1 = wv1ü v j1w~1vw1r w j1v~1 = vw1ü r v j1w~l 

und wegen (1)

=  vw j^ riiv j 1iv_1 =  ü iv j f iv f1E—1 vvüi i7 üi- 1 vv — 1 =  v r v ~ 1w üiv~ i .

Es bleibt zu zeigen, daß die Elemente von U linear unabhängig sind.
n

Es gelte 77 ?> wobei die w; (7; vv,“ 1 verschiedene Elemente aus
i  =  1

U sind. Wegen Lemma 11 und (1) findet man ein vv, so daß m7; w-1 =  vvit7iwi-1 gilt. 

Dann ergibt sich JJ  «i'j >v-1 =  9 . Nach Anwendung des entsprechenden Auto-
n

morphismus folgt JJi7̂ = 9 . Aus (1) und Lemma 2 folgt dann a,=0. q.e.d.
i = l
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Theorem 4. Die elementare Theorie der semifreien Gruppen ist im Sinne von [1] 
universell und damit erblich unentscheidbar.

Einen Beweis von Theorem 4 findet man in [1], S. 149—150. Das hier bewiesene 
Theorem 2 liefert dabei den noch ausstehenden Beweis von Lemma 1 S. 149 in [1].
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A NOTE ON HILBERT CLASS FIELDS 
OF ALGEBRAIC NUMBER FIELDS

By
K. GYŐRY (Debrecen) and W. LEAHEY (El Paso)

Let L  be an algebraic number field with the following properties:
(1) L  is totally imaginary,
(2) L  contains a totally real subfield L0 suchthat [L:L0] = 2 and,
(3) L  contains a subfield К  such that L  is the Hilbert class field of K.

Then К  also satisfies (1) and (2). A great number of such pairs of number fields L 
and К  are known (see e.g. [16], [1], [7], [8], [17] and the references given in these 
works). In this note we show (Theoreml) that the number of number fields L  of 
bounded degree which satisfy (1),(2), and (3) are always finite. We also point out 
that aside from two exceptional cases these fields L  and their subfields K, over 
which they are Hilbert class fields, can be effectively determined. In Theorem 2 we 
list all the imaginary bicyclic biquadratic fields which have the above properties.

In the following hM and DM denote the class number and the absolute value 
of the discriminant of an algebraic number field M, respectively.

Theorem 1. For any positive integer N  there are only finitely many number 
fields L o f degree less than or equal to N  which satisfy conditions (1), (2), and (3). 
Moreover, fo r given N  all such pairs o f fields L  and К with [L: Q]=N can be 
effectively determined except possibly

(i) one pair L, К  in which К  is imaginary quadratic field  with hK^ 3 , and
(ii) at most 30A2 log2 (13A/6) pairs L, К  in which К are imaginary bicyclic 

biquadratic fields with hKS  2.
Proof. Let L  be an algebraic number field of degree s N  with properties 

(1), (2), and (3). Since L  is the Hilbert class field of К  it must be unramified at the 
infinite primes of K. Hence К  also must be totally imaginary. Let [K:Q\=2n and 
denote by K0 the maximal real subfield of K. Then K0 is totally real and [K\K^=2. 
(See e.g.[3].) Since DL= D )f and hK = [L:K]^N/2n, it is sufficient to show that for 
given N  there are only finitely many totally imaginary number fields К  of degree 
2 n ^ N  with hK^N /2n, which contain totally real subfields K0 suchthat [K\K^ = 2. 
In the following К  denotes such a number field.

By a theorem of H. M. Stark [11], for 0 -= e^ i/2  there is an effectively com­
putable function c(e)>0 such that

i _ i _  i__i_

кк >■ [и(и!)]-1с(в)"£)|0 " _V* 
where DK—D2Kaf  This implies

Dk 2" 2 < y n ! c ( 6)-"A.
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By taking s to be some fixed positive number less than 1/6 it follows from this 
last inequality that for given A  there are only finitely many number fields К  of 
degree 2 n ^ 6  which have the required property. All these fields К  can be effec­
tively determined.

Suppose now that 2n=[K:Q\=2. Such fields К  with hKs 2  are explicitly 
listed by H. M. S t a r k  [10], [12], and H. L. M o n t g o m e r y  and P. J. W e i n b e r g e r  [6]. 
In the general case (when hK ̂  N/2), by a theorem of T. T a t u z a w a  [13], we have

DK == 525A 2 log2 (132V/2)

for any K, with one possible exception.
Suppose now 2n=[K\Q] = 4. Let lh= hKlhKo be the relative class number of K. 

Since hK= N /4 we also have h1^N /4 . Then by a result of K. U c h i d a  ([15], p. 
352, Corollary) if К  is non-abelian, DK is bounded above by some effectively deter­
mined number which depends only on A. If К  is cyclic then by another result of 
K. U c h i d a  ([14],Theorem 1') there is an effectively computable upper bound for 
the conductor of K, i.e. for the smallest positive integer к for which К  is contained 
in the field o f k th roots of unity. Again this upper bound depends only on N. Further, 
DK< k<pW. In both cases the number of possible fields К  is finite and these fields 
can be effectively determined.

There are only finitely many imaginary bicyclic biquadratic number fields of 
class number 1 and all of these are known (see E. B r o w n  and C. J. P a r r y  [2]).

There remains the case when К  is imaginary bicyclic biquadratic and hK^ 2 .  
Denote by K 1 = Q(}'—D1) and K2 = Q \ —D.,) the two imaginary quadratic 
subfields of К  with discriminants —D1 and — D2 respectively. Then D \^ D K^  
^ (D ,D 2)2 and, by a well-known theorem (see, for example, H. H a s s e  [5], pp. 72—78), 
hKlhKi\2hK, whence hKlhK2S N /2. If neither К г nor K2 is exceptional in the above 
sense, then we can give an explicitly calculated upper bound for DK, which depends 
only on N. Therefore, these fields К  can be effectively determined.

Let us now assume that K2 is exceptional in the above sense. Then hKi^ 3  
and hKl^ N /6 .  Thus, by Tatuzawa’s theorem quoted above, we have

[D,I ^  2100(A/6)2log2 (13A/6).

Further, — D , =  0 or 1 (mod 4). Thus, as is stated in (ii), the number of the excep­
tional imaginary bicyclic biquadratic fields К  is less than 30A2 log2(13A/6). This 
completes the proof of the first part of Theorem 1.

Finally, consider those К  above which can be effectively determined. We can 
now effectively determine, for any of these K, those possible extensions L  of К  
for which DL = D ^,[L:Q ] = hK[K:Q], and (1), (2) hold. Moreover, for any such 
extension I  o f a given К  we can always decide whether L  is the Hilbert class 
field of K. Consequently, apart from the possible exceptions stated in (i) and (ii), 
we can determine all the pairs L, К  with the required properties.

R e m a r k  1. An algorithm for determining all imaginary quadratic fields with 
class number h for any given h would provide an algorithm for finding all L  and 
К  which fall into cases (i) and (ii) of the theorem.
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R e m a r k  2. A large collection of class fields over totally imaginary quadratic 
extensions of totally real fields can be obtained by complex multiplication of abelian 
varieties. (See [16], [4], [1], [7], [8], [9] and the references given there.)

By Theorem 1 there are only finitely many number fields L  of degree 3=4 
with properties (1), (2) and (3) and these fields L  can be effectively determined. 
We now consider the special case where the L  are imaginary bicyclic biquadratic 
fields. For brevity we write (a, b) for Q (\ a, \ b) and (a) for Q(la). We have 
then the following

T h e o r e m  2. There are exactly 50 imaginary bicyclic biquadratic number fields 
which are Hilbert class fields over one o f their subfields. They are

(i) ( -1 ,  —2), ( - 1 , - 3 ) ,  ( - 1 , - 7 ) ,  ( - 1 , - 1 1 ) ,  ( - 1 , - 1 9 ) ,  ( - 1 , - 4 3 ) ,
( -1 , -67), ( - 1 ,  -163), ( - 2 ,  -3 ) , ( -2 , -7 ) ,  ( -2 , -11), ( -2 ,  -19 ), ( -2 ,  -4 3 ), 
( -2 , -6 7 ), ( - 3 ,  -7 ) , ( -3 ,  -11 ), ( -3 , -1 9 ), ( -3 , -43), ( -3 ,  -6 7 ), ( -3 , -163), 
( - 7 , - 1 1 ) ,  ( - 7 , - 1 9 ) ,  ( - 7 , - 4 3 ) ,  ( -7 ,- 1 6 3 ) ,  ( -1 1 ,- 1 9 ) ,  ( - 1 1 ,- 6 7 ) ,
(-11 , -163), (-19 , -67 ), (-1 9 , -163), ( -4 3 , -67), (-43 , -163), (-67 , -163).
These fields are Hilbert class fields only over themselves.

(ii) ( -1 , 5), (-1 ,13 ), (-1 ,37 ), ( -2 ,5 ) , (-2 ,29), ( -3 ,2 ) , ( -3 ,5 ) , ( -3 ,  17), 
( -3 , 41), ( -3 ,  89), ( -7 , 5), ( -7 ,  13), ( -7 , 61), (-11 , 2), (-11 , 17). These fields are 
Hilbert class fields both over themselves and over the quadratic subfields (—5), (—13), 
(-37), (-10), (-58), ( - 6), (-15), (-51), (-123), (-267), (-35), (-91), (-427), 
(—22), (—187) respectively.

(iii) (—23, 5), (—31, 13), (—47, 5). These fields are Hilbert class fields over the 
quadratic subfields (—115), (—403), (—235) respectively and only over these sub­
fields.

R e m a r k  3 .  It is easy to see that the fields listed in (ii) and (iii) are exactly those 
biquadratic fields which have properties (1) and (2) and which are Hilbert class 
fields over one of their proper subfields.

P r o o f  of T h e o r e m  2. By the result of E. B r o w n  and C. J. P a r r y  [2] the fields 
listed in (i) and (ii) are exactly the imaginary bicyclic biquadratic number fields of 
class number 1, that is exactly those imaginary bicyclic biquadratic number fields 
which are Hilbert class fields over themselves.

Suppose now that L  is an imaginary bicyclic biquadratic field such that it is 
the Hilbert class field of one, say K, of its proper subfields. Let K = Q {Í— D) where
— D is the discriminant of K. Then since hK = 2, —D must be one of the numbers 
-1 5 , -2 0 , -2 4 , -3 5 , -4 0 , -5 1 , -5 2 , - 88, -9 1 , -115 , -123 , -148 , -187 ,
— 232, —235, —267, —403, —427. (See H. M. S t a r k  [12] and H. L. M o n t g o m e r y  
and P .  J. W e i n b e r g e r  [6]). Each — D can be written uniquely in the form —D=  
= PiPt where p  ̂and pi, are distinct prime discriminants. By a well-known theorem 
the genus fields Г of К  over Q is ö ( f p í ,  \pí)- Since Г is contained in L  and 
[T:Q\=A, T = L . Therefore we can easily list all the imaginary bicyclic biquadratic 
number fields L which are Hilbert class fields over imaginary quadratic fields. 
The imaginary quadratic fields of class number 2 listed above are the only proper 
subfields of the fields L  occurring in (ii) and (iii) whose Hilbert class fields are these 
fields L.
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C o r o l l a r y . There are exactly 11 Dirichlet biquadratic number fields Q{\d, \ —d) = 
— Q ( i— 1, Y—d )(d  square free integer) which are Hilbert class fields. They are

(i) ( - 1 ,  - 2 ) ,  ( -1 , -3 ) ,  ( - 1 ,  -7 ) , ( -1 , -1 1 ), ( -1 , -19 ), ( -1 ,  —43), (— 1, -6 7 ), 
(—1, —163). These fields are Hilbert class fields only over themselves.

(ii) (— 1, —5), (—1, —13), (—1, —37). These fields are Hilbert class fields 
over themselves and over the quadratic subfields (—5,) (—13), (—37) respectively.
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ON CRITICALLY HAMILTONIAN GRAPHS
By

LINDA LESNIAK-FOSTER (Baton Rouge)

A hamiltonian cycle (hamiltonian path) of a graph G is a cycle (path) containing 
all the vertices of G. A graph possessing a hamiltonian cycle is called a hamiltonian 
graph. If v is a vertex of a graph G, then G —v denotes the subgraph of G with 
vertex set V(G) — {v} and whose edges are all those of G not incident with v. 
A graph G is called critically hamiltonian if G is hamiltonian and for each vertex 
v of G, the graph G—v is not hamiltonian. Thus, for example, every cycle is 
a critically hamiltonian graph. It is known (see [1]) that if a graph G of order p S 4  
has at least (p2 — 3p +  8)/2 edges, then G is hamiltonian and G — v is hamiltonian 
for each vertex v of G. Therefore the size (number of edges) of a critically hamil­
tonian graph of order p ^ 4 is clearly less than (p2 — 3p+8)/2. The purpose of this 
paper is to establish several results concerning the size of critically hamiltonian 
graphs of given order. In this regard, the following lemma will be useful.

L emma. I f  G is a non-hamiltonian graph o f  order p ^ 3  which contains a hamil­
tonian path ul5 v2, ..., vp, then degGcx +  degGvp^ p  — l. Moreover, i f  degG i \  + 
+  degG vp=p — 1, then the following must hold:

(i) if v ^k iE iG ), 2 S k S p ,  then vk_1vp^E(G),
(ii) i f  p  is even and deggi-'^deggrp, then v1vl and vkvl+1 are edges o f  G 

for some l satisfying 2 ^ l ^ p  — 2.

Proof. That deggi^+degfjUp^p — I follows from a result in [2, p. 55]. Suppose 
degG t'i +  degG vp=p — l. Define the sets V1 and V2, where

VL =  {г,-11 S  i S p - 1 and VxVi+i£E(G)}
and

V2 = {uj|l á  i S  p - 1 and ViVi+1^E(G)}.

Then PiU V2={vu  v2, ..., Up-!} and K1f lF 2= 0 ,  implying that \Vk\ + \V2\= p — 1. 
Moreover, IF j^ d e g e iv  Since degGr1 +  degGrp= p - l ,  we conclude that degGr p =  
— \V2\. Now, vp is adjacent to no vertex of Vx; for otherwise, there is an integer 
i ( l ^ i ^ p  — 1) suchthat v1vi+1, vpvfE (G ). But then G contains the hamiltonian 
cycle v1,v 2, . . . , v i,v p,v p- 1, . . . , v i+1,v 1 which is a contradiction. Therefore vp 
is adjacent only to vertices of V2. Since degGup= [ V2\, the vertex vp is adjacent to 
every vertex of V2. Thus if vki\<[E(G), 2Ш к^р, we have that vk_ f  V2 so that 
vk- i  vp£E(G).

In order to prove part (ii) we note that the result holds for p —4. Thus we assume 
that p  is even and p ^ 6 .  Since degGt>xSdegGrp and degG 1>х+ degGvp=p — \, 
we have that deg0v1^ ( p  — \)l2, which implies that degGv1Sp/2. Therefore vk
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is adjacent to at least p/2 vertices in the set {v2, v3, пр_х} since i\vp$.E(G). 
But \{v2, vs, ..., vp-.1}\=p—2, so that vx is adjacent to both vt and vt+1 for 
some / satisfying 2 ^Ш р  — 2.

We now present an upper bound on the size of a critically hamiltonian graph 
in terms of the order of the graph. The corollary which follows is an immediate 
consequence of the method of proof employed in the theorem.

Theorem  1. I f  G is a critically hamiltonian graph o f order p= 4 , then \E(G)\g  
= p 2/4.

Proof. Let С:иг, u2, up, щ be a hamiltonian cycle of G. For each i, 
with \ S i ^ p ,  we wish to consider the sum degGM;+degGMi+2 (all subscripts 
expressed modulo p). Since G is hamiltonian, G—ui+1 is not hamiltonian. How­
ever, G—ui+1 contains a hamiltonian щ—и1+2 path. Using the lemma we obtain 
the inequality

degG- Ui+1u; +  degG_Ui+1ui+2 ss ( p - l ) - l  =  p - 2.

Therefore, degGui + degGui+2=p, and so

p
2  (degGiq + degGui+2) ^  p\

i = l

Since

2  (degGu(+ degGui+2) = 2 2  degGu; =  4|E(G)\,
1 = 1  i = l

the proof is complete.

C o ro llary . I f  G is a critically hamiltonian graph o f order рШ4 and size p 2/4 
and С:щ, w2, ..., up, mx is a hamiltonian cycle o f  G, then degGMi+degGMi+2= p  
(all subscripts expressed modulo p ) for l ^ i S p .

Since, for even p ^  4, the complete bipartite graph K (p/2 ,p /2)  is a critically 
hamiltonian graph of order p  and size p2/4, the bound given in Theorem 1 is 
sharp for even values of p. We observe that if G is a critically hamiltonian graph 
of odd order p, then \E(G)\Ш[p2/4]< p2/4. We improve this bound in Theorem 2.

T heorem  2. I f  G is a critically hamiltonian graph o f odd order p=5, then 
\E{G)\ = [pip— 1 )/4].

P roof. Since the only critically hamiltonian graph of order five is the 5-cycle 
C5 and |£-(С5)| =  5=[5(5-1)/4], we will assume p ~ l .  Let C:zx, z 2, z p , z r 
be a hamiltonian cycle of G and let i be an arbitrary integer satisfying l ^ i S p .  
We consider the sum degGz; +  degGzi+2 (all subscripts expressed modulo p). Without 
loss of generality, we may assume that degGzi+2EsdegGz;. Relabel the vertices of 
G in the following fashion:

U1 —  Z i + 25 M2 =  Z i+  3 ! M3 =  Z i + 45 » U p - 1 =  Zi ) U p =  Z i+  1-

Then щ, u2, up, щ  is a hamiltonian cycle of G and degGmx̂ degGwp_1. We 
wish to show that degGщ + degGup_1S p —1.
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Since G is critically hamiltonian, G—up is not hamiltonian. However, G — up 
contains a hamiltonian u1 — up_1 path. Using the lemma, we obtain the inequality 
degG_„pM1+degG_Upup_1^ ( /)- 1)-1  - p -2 .  Thus degGM1+degGMp_1=ip. Suppose 
degG Mi+ degG up. 1 =p. Then degG_UpM1 + degG_„pMp_1= (p -2 )  =  (Jp - l ) - l  and
degG__u„w1 =  degc _UpMp_1. Since \V(G — up)\ is even, we may apply parts (i) and 
(ii) of the lemma. By part (ii), we have that ихщ, ul ul+1^E{G — up) for some / 
satisfying 2 ^ Ш (р —\) — 2, so that ихщ, m1mí + 1€£(G). Since G is critically 
hamiltonian, щ u3$E(G). Thus ихщ, u1ui + 1^E(G — up) for some / satisfying 
4 ^ l ^ p —3. Now, since ихи3§.Е{С), щ and u3 are not adjacent in G — up. There­
fore, by part (i), u2 and мр_а are adjacent in G — up. But then u2, u3, щ, 
щ, и/+1, . . . ,  M p _ l 5  щ is a hamiltonian cycle of G — up, which is a contradiction. 
Therefore, we must have degGM1 +  degGMp_1S p  — 1.

In terms of the original labeling of the vertices of G, we have the inequality 
degGzi+2+degG z ,^ p  — 1. Since i was arbitrary,

P
2  (degGz2i - i  + degGz2i+1) sS p ( p - l ) .
i=l

P P
Equivalently, 2 2  degGZ;^p(p — !)• Since 2 degGz;=4 |£(G )|, the proof is

;=l i=i
complete.

The bound given in Theorem 2 is best possible for p = 5 and p —7. However, 
for larger values of odd p, this does not seem to be the case.

By Theorem 1, if G is a critically hamiltonian graph of order p ~ 4 , then 
\E(G)\Sp2/4. Our final theorem characterizes critically hamiltonian graphs which 
attain this bound.

T h e o r e m  3 . A graph G o f order рш 4 and size p-/4 is critically hamiltonian 
i f  and only i f  G is isomorphic to K(p/2, p/2).

P r o o f . We first observe that if a graph has order p and size p 2/ 4 ,  then p  is 
even. As noted previously, the graph K (pß,p/2) is a critically hamiltonian graph 
of order p  and size p 2/ 4, for even p-=4.

Conversely, let G be a critically hamiltonian graph of order p ^ 4  and size 
p2/4. If p  =  4, then G is isomorphic to K(2, 2). So we may assume that p ^ 6.

Let Ctz1, z 2, . . . , z p, z 1 be a hamiltonian cycle of G and let i be an arbitrary 
integer satisfying l ^ i ^ p .  We will show that

{w£V (G)\ziw£E{G)} =  {w£.V(G)\zi+2w<iE(G)} =  {zi+3, z i+5, , гг_1; zi+1},

where all subscripts are expressed modulo p. Relabel the vertices of G in the 
following fashion:

Mi — zi + 2, мг =  zi + 3, u3 =  zi + 4, ..., Mp_! =  z;, up — zi +1- 

We note that uxup, up^ 1up^E(G).
Since G is critically hamiltonian, G — up is not hamiltonian. However, G — up 

contains a hamiltonian u1 — up^ 1 path. Applying the lemma, we obtain the inequality 
degG_„pM1 +  degG_„pMp_1Ä ( p - l ) - l .  However, we must have degG_Upu1+ 
+  degG_UpMp_ i= (p — 1) — 1; for otherwise, degc u1 + degGup^ 1<p, which contradicts 
the corollary to Theorem 1. Since G is critically hamiltonian, щи3, mp_3mp_1^£'(G).

4* Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



258 LINDA LESNIAK-FOSTER: ON CRITICALLY HAMILTONIAN GRAPHS

Therefore и1ия, up- 3up^ 1^.E{G—up). By two applications of part (i) of the lemma, 
we have that u2up- x, u1up- 2€E(G —up). Thus u2up- 1, ui up^ 2dE{G).

We now observe that if u^ ^ e IG) for some / satisfying 2ш Ш р—2, then 
ui ui+i$E(G); for otherwise, u2, u3, u , ,  ulf ul+1, ..., up- x, u2 is a hamiltonian 
cycle of G—up, which contradicts the fact that G is critically hamiltonian. Simi­
larly, if up^ 1ul^.E(G) for some / satisfying 2 ^ Ш р —2, then up_1ul^ l ^E(G): 
for otherwise, ир_2, ир_3, мг, и ^ ,  hx, up_2 is a hamiltonian cycle
of G—up.

Since G is critically hamiltonian, u1up^ 1iE(G). Thus ux is adjacent to 
exactly deggHj — 1 vertices in the set {u2, u3, ..., up_2} and up^1 is adjacent to 
exactly degcMp-j — 1 vertices in the set {u2, u3, up_2}. Using the observations
made above together with the fact that deg0 иг4-degc up_1=p, we conclude that 
degG«1 =  degGMp_1= p /2 and

{w ^V iG ^U p -^ iE iG )}  = {w€F(G)|u1w€£'(G)} =  {и2, ut , u„ , ..., up}.
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SPLINE FUNCTIONS AND THE CAUCHY PROBLEMS. II
APPROXIMATE SOLUTION OF THE DIFFERENTIAL EQUATION 

y " = f( x ,  y, y') WITH SPLINE FUNCTIONS

By
T. FAWZY (Cairo)

1. Introduction and description o f  the method

The problem of approximating the solution of the non-linear second order 
differential equations was always of special interest. The problem was solved by 
K. D. Sharma and R. G. Gupta [4] by a one-step method depending upon the Lobatto 
four-point quadrature formula in which the function /  is necessary to be sufficiently 
differentiable. The same problem has been also solved by Gh . M icula [2], [3] using 
spline functions, but under the restrictions that the first derivative is absent i.e. 
y"= f(x , y) and that /(EC2 at least. He has constructed a spline function of degree 
m g  3 which approximates the solution of the Cauchy problem y"= f(x , y), y(x0)= y0, 
У'(.хо)=Уо and his convergence theorem is as follows.

T heorem 1.1 (Micula). Let s:[a, b ]^R  be the constructed spline function. 
I f  f d  Cn li  where m ^ 3 , then there is an A0>  0 such that for all H ^ h 0 and for all 
xd[a, b], there exists the constants Kx, K2, K3 such that

|s (x )-y (x )| <  KxH m, ■ |s '( * ) - / ( * ) l  <  K2H m~ \  |s"( * ) - / '( * ) I <
where y{x) is the exact solution.

More details on this theorem may be found in [3].
In this paper, following the same method presented in [5], we are going to 

approximate the solution of the prolem avoiding the restrictions in the above theorem 
and proving theorems of high rate of convergence and of best approximation.

For this purpose, consider the Cauchy problem in the non-linear ordinary 
differential equation

(LI) y" = f[ x ,y { x ) ,y \ x )], y(x0) = j/0, y'(x0) = yó

where f£ C r([0, b]X R X R )  and r is a finite positive integer, or zero. (The case r = 0 
is solved in [5].)

If S(x) is the spline function approximating the solution of (1, 1), it satisfies
(1.2) S(*)<EC'+2[0,b]

(1.3) S(x)dIJm in each subinterval [xk, xk+1], к  =  0, 1, ..., и — 1, 

where we define the knots by
(1.4) 0 =  xo < x 1< . . . < i , =  b

and in our case we shall deal with equal subintervals and denote
(1.5) xk+1- x k = h, fc =  0, 1 ,..., n —1.
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Also in what follows c0, c,, c2, ... will denote constans independent of h 
and consequently independent of n.

Here Пт denotes the set of all polynomials of degree Sm, and m = 2r+5.
We assume that (1.1) represents a single scalar equation, but nearly all of the 

numerical and theoretical considerations in this paper carry over to systems of 
second order equations where (1.1) could be treated in vector form. Moreover we 
shall use the Lipschitz condition on f  to guarantee the existence of a unique analy­
tical solution of (1.1).

As in [5], our method of approximating the solution of (1.1) will be divided 
into two main approximation processes the first of which is to obtain, numerically, 
the approximate values y k, yk, ..., yk +2> where k= 0, 1, ..., n. The second approxi­
mation process contains the construction of the spline function approximating the 
solution and the convergence of this function to the exact solution.

This section contains some assumptions concerning the function / and a method 
for obtaining the approximate values y k, yk, ..., yk +2) where k=  1, 2, ..., n and 
also we discuss the convergence of these approximate values to the exact values.

2.1. Assumptions and procedures o f  the method. In this paper we assume that 
/[x , y(x), y'(x)] satisfies the conditions

for all x€[0 ,b\ and all y lt y[, y2, y'2 in R, where К  is some Lipschitz constant 
and <7= 0, 1, 2 ,..., r. We assume also that y<r+2)(x) =  f (r> has a modulus of 
continuity cor( / (r), h)=cor(h).

Let у (x) be the exact solution o f (1.1) with the initial conditions y(0) =y() 
and y'(0)=y'0. Then by integrating (1.1) from xk to x where xkS x S x k+1, 
k = 0, 1, 2, ..., n — 1, we get

2. The first approximation process

(2.1.1) f[ x , у (x), / ( x ) ] € C r([0, b]X R X R )

X

(2.1.3)

X  t

= y ’k+ f  f  {t,y(t),y 'k+  f  f[u , y(u), y'(u)]du}dt

and
X  t

(2.1.4) У(х) = ук+ у 'Л х -х к)+ f  f  f{u ,y (u ) , y '(u )}d u d t =

X u
=  Ук + Ук(х-хк)+ f  f  f{u, y(u), yk+ f  f[v, y(v), / ( f ) ]  dv)du dt
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and y(x ),y '(x )  have the following Taylor expansion 

r+i vP'> ■ v(r+2> (c„)
(2.1.5) y (x )=  2  ^ ( х - х кУ + \  x* <  <  xk+1

j=0 J • V + z) ’-
and

>• v[j + 1> . v('+2Hn.)
(2.1.6) y'C*) =  2 —7i— (* — xkY + - -  ( x —xt)r+1, xk <tjk < x k+l

j = 0 J ’- U T 1 ! !

where xk^ x ^ x k+1 and k = 0, 1, 2, n—1, and these expansions may be approxi­
mated by using the approximate values yk, y'k, yk +2) to get

(2.1.7) 

and

( 2. 1.8)

r +  2 y l J )
yt(x) = 2  ^~r(x ~ x k)J. xk^ x ^ x k+1 

i=о J !

yV(x) — 2+1H j+1) (x ~ x ky Х к ^ Х Ш Х к + 1 .
1=0 J-

Setting x = x fc+1 in (2.1.4) and (2.1.3), we get

?” +1 f
f  f{ u , у (u), y'(u)}du dt =

**+1 '  «
=  yk+y'*h+ J f  f{u,y(u),y'k+  f  f[v,y(v),y'(v)]dv}dudt

*k x k x k

where xk+1 and
x k + 1

(2.1.10) y'(xk+1) =  y'k+i = Ук+ f  f { t , y ( t ) , y \ t ) } d t  =
xk

x k + 1 t

= У к + /  f { t ,y ( t ) ,y k+ ff[u ,y (u ) ,y '(u )]d u }d t
x k Xk

where xk ^ u ^ t S x k+1.
Define the approximate values yk+i, yi+i by

(2.1.11)

and

(2.1. 12)

where

Ук+ 1  = Ук+У*Ь+ /  f  f { u ,  yt(u), y ? '(u )}d u d t
xk Xk

y 'k + i  =  J* +  J+ f { t y k (t), yt*'(t)}dt
xk

y t* '(x )= y 'k+ f  [ m ,y * ( t ) , y ? ( t ) ] d t .
x k
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Finally, by knowing th a t = / <9) (x, y, y') which is expressed as a function
of x, у  and y '  only where q=0, 1, r, we define

(2.1.13) Ж +12) = f w (xk+i,yk+i, y'k+i), 4 =  0, 1, r.

In the relations (2.1.9)—(2.1.13), к —0, 1, 2, 1, and we can start our calcula­
tions by using the substitutions Уо=Уо> y'o=y'o and FÍ4 +2)—Fo4+2)> Я-O,  1, ..., r.

2.2. G eneral convergence processes. In this paragraph we prove theorems 
dealing with the convergence o f the approximate values yk+1, yk+1, ..., y*++i2) to the 
exact values y (x k+1), y '(x k+1), yC+2)(xk+1) where к in general may take the
values 0, 1, 2, ..., и—1. Before proving these theorems we are in need to prove 
some lemmas.

Lemma 2.2.1. The inequality

b i+ i-F * + il =  \y 'k-yk\(i+ c0h )+ K h (l+ c 1h)\yk- y k\+ c2o}r(h)hr+3

is true for all k  = 0, 1, 2, ..., n — 1.

Proof. Using equations (2.1.10) and (2.1.12) together with the Lipschitz condi­
tion (2.1.2) we get

*k + l
\y'k+ i- y k+i\ = \yk- y k\ + K  f  \y ( t ) - y k (t)\dt+

x k

xk + i ‘ <
+ K f  I y'k+ f  f[u , y(u), y '(u)]du-y 'k -  f  f[u , yt(u),yt'(u)]du\dt.

x k x k x k

Applying the Lipschitz condition once more, this will be

= \y'k-yk\ + K  J  \y ( t ) - y t ( t ) \d t  + Kh\y'K- y k\ + K 2 J  f  \y(u )-y t(u )\ du dt +
x k x k x k

X k  + 1 *

+ K- f  J Iy '(u )-y t '(u ) \d u d t.
x k  x k

Using equations (2.1.5), (2.1.7), (2.1.6), and (2.1.8) this becomes

W ~ r ‘ l+ K M  Т Ш Г  ~ +

r  +  2 I у  0) —  y O )  I h r  +  ̂

Kh\y'k-y 'k\+ K 2 2  / • , of, V +*+K*(or(h)-r - 7- ^ T +
j =о ( j  + 2 )! ( r + 4)! 

hr + 3r+ i  I v i - ' + i )  —  v O ' + 1 ) |  .
+  K 2 У — ------ ----- ■hJ+2 +  K 2co (h)Д  ( J  +  2)! +  Л ’ (r +  3)l
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Using the Lipschitz condition (2.1.2) once more, knowing that <7=7—2, i.e. for 
7= 2, 3, 4, ..., r + 2  we have

\Ук}) ~УкЛ I ^ К(\Ук-Ук\ + \Ук~Ук\),
i.e.

f  r + 2  y + i

^  \yk- y k\\K h+K * 2

I jt+ i- Л +il —
w 
2
U 2  r+2 /,7 + 2 r + 2 U j  +1T + K , + K s Ä  + K s Ä  i +

7=2 (7 + 1 )!
r U2 r + 2  u j  +  l  lj 3  r + 2

+  1Л-Й1 { l + M + ^  +  i ^ ^ n j T  +  A ' ^ + P J

7=2 0 + 2 )! 7 = 2  (7 +  1)
r+2 h j +2

r } -

+7=2 0 + 2)! 
r+2 /,7+1 1 / X h  ) /гг+3

+ otijtK ̂ l1+'r+TT4) (гщтs
=  1 л -л |(1  +  с0й)+.^й(1+с1й)Ь»-л|+С2С0,(/1)йг+3.

Thus the proof of the lemma is complete.

D efinition 2.2.1. We shall denote the estimating errors of у  and y ' at any 
point xfc£[0, b], k= 0, 1, . . . ,  n, by

ek = \yk~ y k I and e'k = \y'k-y 'k\. 
Lemma 2.2.2. The inequality

e'k+1 S  c3ero +  c4mr(h)/i''+2
mis true for all k  = 0, 1, ..., n— 1, where e,0 =  max {e0, el t ..., ek}.

Proof. By using Definition 2.2.1 and Lemma 2.2.1, the principle of successive 
substitution implies

e'k+1 ^  e£(l +c0/i)+ /7z(l + c1/i)et +  c2(Ur(/i)/i''+3 
e'k( l+ c 0h) =  e'k_1(l+ c0h)2 + K h (\+ c1h)ek_1(l+ c0h) + c2a>r(h)hr+3(\ +c0h) 

e'k( l+ c 0h)2 ^  e'k_2(l+ c0h)3 + K h(l+ c1h)ek_2(\ + c0h)2+c2a>r(h)hr+3(l +c0h)2

eí(l +c0h)k S  eó(l +c0h)k+1 +  АГй(1 + c2ft)e0(l +  c0/Oft +  c2a>r(/i)/ir+3(l +c0h)k 
and we obtain easily

e'k+i = e'0( l+ c 0h)k+1 + K h(l + с гй) 2  ej ( l + c0h)k- j + c2cor(h)hr+3 2  (1 +c0h)J.
7=0 7=o

Let ero=m ax {e0, eu  ..., ek}, 0 ^ r 0^ k ,  and substitute e'0 by zero to obtain

ek+1 S  K h{\+ c1h)er'l 2  (1 +c0h)J+ c2(or(h)hr+s 2  (1 + c 0/i)J =
7=o 7=o

=  Kh( 1 +CjA)er(
C 0  h c0h
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and

This implies
( i + Co/ofc+i =  ( 1+ - ^ )  - ( 1+ ^ =  ebc« =  const.

e'k+i ^  c3ero +  c4mr(/i)Ar+2
which completes the proof.

Lemma 2.2.3. The inequality

ek + i ^  ek( \+ c bh2) + c6hek + c1ior(h)hr+i
is true for all k = 0, 1, ..., n — 1.

Proof. By the same way as in Lemma 2.2.1 and by using the equations (2.1.9),
(2.1.11), (2.1.5), (2.1.6), (2.1.7), (2.1.8) and the Lipschitz condition (2.1.2) we can 
get the required result.

Lemma 2.2.4. The inequality

ek+i S  ero( l+ c sh) + c9(or(h) h'+3

is true for all k= 0 , 1, ..., n — 1 where ero = max {e0, ek, ek} and 0S r 0S k . 
Proof. From Lemma 2.2.2 we get

ek á  c3 er, +  c4 cor (h) hr+2

where er*=max {e0, ex, ..., ek- x} and by recalling e,0= m ax {e0, elt ..., ek- t , ek} 
then obviously er* S. еГд from which we get

e'k sa c3ef0+ci cor(h)hr+2.
Using this result in Lemma 2.2.3 we get

ek + i 3S ero( l+ c äh2) + c6h{c3er0 + ci (or(h)hr+2} + c7cor(h)lir+i 
i.o.

ek+1 S  его(1+ с8/0 +  с9а)г(/1)/'г+3 
and thus the proof is complete.

Lemma 2.2.5. The inequality

e'ro -  U o(l+ cu h)en + c12(or(h)hr+2

is true where r0 is the subscript o f  the maximum error ero where ero=max {e0,e1, e k} 
and en =max {e0, ek, e ^ - i]  with some i\ , 0 ̂  r„ — 1.

Proof. By using Lemma 2.2.1 with [xk, xk+1] replaced by [хго_!,хго] and by 
similar procedures as shown in Lemma 2.2.2 by Definition 2.2.1 it is easy to obtain 
the required result.

Lemma 2.2.6. The inequality

<?r0 ^  eri(l + c13h) + cu cor(h)hr+3
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is true, where ero=max {e0, ex, ek} with some /•„, 0^ r 0^ k ,  and eri = 
=  max {e0, ex, ..., ero- x} with some rx, 0 ^ r x^ r 0— 1.

P r o o f . From Lemma 2.2.3 by replacing [xk, x k+x\  by xro] we obviously
can get

ero — ero_1( l+ c 15h2) + clehe'ro_1 + c17cor(h)hr+i

and eri = max {e0, ex, ero_x}, as it was defined in Lemma 2.2.5, implies e,t - l S e ri 
from which we get

ero ^ e n (l+  c15h2) + c16he'ro_x + cx-(or(h)hr+l.

Lemma 2.2.5 implies
e'ro-i = cio(l + clxh)er* + cX2cor(h)hr+2

where er*—max{e0,e 1, . . . , e ro- 2} for some rí, 0 ^ r * ^ r 0—2, and it is easy to use 
the fact that

er* =  max {eo ,ei , - - - ,ero-2} S  max {e0,e x, . . . ,  ero_2, er̂ x} = en 

from which we get
e'r0- i  ^  cw( 1 + clxh)en + c12wr(h)hr+2.

Returning to ero and using the last inequality we get 

erB S  en (l+ c X5h2) + cX6h{cX0( l+ c lxh)eri + c12cor(h)hr+2}+cX7cor(,h)hr+i S

^  eri( l + c 13A) +  c14cor(/i)fcr+3

which completes the proof.

Theorem 2.2.1. The speed o f  convergence o f  the approximate value yfc+1 given 
by the formula (2.1.11) to the exact value o f the solution o f (1.1) at x k + 1 is estimated 
by the inequality

ek+1 — l-Vfc+i-  Л +il — clscor(h)hr 
which holds for all k —0 , 1 , . . . ,  и — 1 .

P ro o f. From Lemma 2.2.4 we have

ek+i ^  ero( l+ c sh) + c9cor(h)hr+3
where ero=max {e0, ex, e k} with some r0, 0 ^ r 0^ k ,  and k=0, 1 , . . . ,  n — 1 . 

From Lemma 2.2.6 we know that

er0 ^  + c13h)+cXicor(h)hr+3
where eri=max {e0, ex, ..., ero- x} with some rx, 0 ^ r x^ r Q—\.

Continuing by the same way as it was shown in Lemmas 2.2.4 and 2.2.6 we can 
obtain the inequalities

en ^  era(l +  c ífi) +  c2*(or(Jfi) hr+3

where еГг = тах {e0, ex, en ^ x} with some r2, 0 ^ r 2^ r x — 1, and

eras e , 3(l +cth)+ct*cor(h)h '+a
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where ers=m ax {e?, ex, ...,<?r2_1} with some r3, 0S r 3S r 2- l ,  and at the end we 
can get the inequality

ersS  ers+1(l+ c*h) + crcor(h)h'+3

where ers = max {e0, ex} with some rs, 0 ^ r s^ l ,  and e,s+1=max {e0} = e0 for 
some rs+1, OSrs+1sO , i.e. rs+1 =  0.

Now, taking c19=m ax{c8, c13, cx, c2, ..., c*} and c20=max{c9, cXi, c**, 4 * , ... 
c**} and by the rearrangement of the above inequalities we get

ek+i =  ero( l+ c i9/i) +  c20c0r(/1)^ + 3
er0 (1 +  с19й) =  eri( l+ c 19h)2 + c20cor(h)hr+3( l+ c 19h)

eri( i+ c x 9/г)2 =  erf l  +c19h)3+ c20(or(h)hr+3(l +c19h)°~

ers(l+Ci9h)s+1 =  ers+1(l + c19h)s+2 + ci0cor(h)hr+3(\ + c19h)iS+1

from which we get

e k + i  = ers+1( l+ c igh)s+2 + c20(or(h)hr+3 2  (1 +c19h)J
j = о

and using the fact that ers+1 — e0=0 this will be

S  c.20o)r(h)hr+3 *2 (1 +c19h)J = c20cor(h)hr+3 K1+Ci»fe) ----11 s  clscor(h)hr+2
j = 0 ^19 ™

which completes the proof.

Theorem  2.2.2. The convergence o f the approximate value y'k+x to y'k+1 given 
by the formula (2.1.12) is estimated by the inequality

e'k+i =  \y'k+i-y'k+i\ = c21wr(h)hr + 2
where k  = 0, 1, ...,n  — 1.

Proof. Lemma 2.2.2 tells us that

e'k+i =  сз er0 +  c4 03r 00 hr+2
where e,0 =  max {e0, ex, ..., ek} and from Theorem 2.2.1 we can obtain that

er„ ^  cX8cor(h)hr+2
and thus we obviously get

ek+x =  c3c18cur(/г) /гг+2 +  c4 cor (h) hr+2 ^  c2Xcor(h)hr+2 
which completes the proof.

Theorem  2.2.3. The error o f the approximate values y k9f]_® are estimated by the 
inequalities

е(к9Л 2) = 1т&+12, - Ж +12)| ^  c22a>r(h)h'+2 
where к —0 , 1, ..., и—1 and q = 0, 1, ..., r.
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Proof. Using equations (1.1) and (2.1.13) we get

\yiiV:L2) - Ж +12) I =  \ f (q)(xk+1, yk+i,y'k+i ) - f q\ x k+1, yk+1, y'k+i)|- 

Applying the Lipschitz condition this will be

S  K(\yk+1 - y k+i\ + \y'k+i-y'k+i\)-

Using Theorems 2.2.1 and 2.2.2 this redusec to

S  ciaa>r(h)hr+2 + Kc21cor(h)hr+2 S  c22cor (/i)hr +2 

which completes the proof.

3. The second approximation process

We have obtained, as we have seen before, the sets of approximate values

F (i): # , | { 9), ..., y p ,  q = 0, 1, ..., r +2

which are approximating the values

Г (9); у(ч)> y<«), yM , g = 0 , l ,  ..., r + 2,

respectively. In this section and on the base of these sets of approximate values, we 
are going to construct a spline function SA (x) which interpolates to the set Y on 
the mesh A and approximates the solution y{x) of (1.1). Further we shall discuss 
the convergence of this function to y(x).

3.1. Construction of the spline function. In this paragraph we introduce the 
spline function approximating the solution of our differential equation.

T h eorem 3.1. For a given mesh o f  points

d :0 =  x0 <  x k < . . .<  xk <  x k+1 < . . .<  xn =  b, xk+1- x k = h

and for given sets o f values

F<«>: y if \  yl*\ q = 0, 1, . . . ,  r +2

there is a unique spline function SA (x) interpolating on the mesh A to the set Y and 
satisfying the conditions

(3.1.1) Sa(7,x) =  ^ ( x ) £ C '+2[0, b]

(3.1.2) Sj?)(xk)= ylf> , q = 0, 1 ,..., r + 2 and к = 0 ,1 ......n

(3.1.3) F o r x k S x ^ x k+1 and к = 0, 1, ..., n — 1

SA(x) = Sk(x) = " z ^ ( x - x ky +  ' £  a'pk> (x-xky - ^ 2.
j = 0  ]■ P = 1
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P roof. From the continuity condition (3.1.1) and by using (3.1.2) for x= xk+1 
we get

(3-1.4) SP (xk+1) = S lU * k+i) = y & i

where k=0, 1, ..., n — 1 and í= 0 , 1, ...,r+ 2 . Substituting from (3.1.4) in (3.1.3) 
we get the system of equations

(3.1.5) 2 t i { p+rt + 2)
P=1  \  t  J

a ^ h "-1 =  h*~r~3 Í.№  i-
r + 2 - t  y ( j + 0

2  IЯ

where t=0, 1 ,..., r+ 2 . This system of eauations has a unique solution for the 
unknowns apk) (p=  1, 2, ..., r+ 3 ) since its determinant is

A  =
1 h h”- 1 h r + 2

m П m Wh ... ) Uh”- 1 2r j+ 5 j  1 !/f+ 2

2 ! m 2\h (r+!+P)2 1 /p7- 1 '2r2+ 5 )2 ! f c '«

(r + 2)! (r + 2)!/z ... ('"^ +2V) i r  +  2 ) \ ^ -

=  h^ +^ rf f tl
t = 0

(r+2)\hr+2

which is different from zero for h>  0. I f  we replace the ptb column in Dr by the 
column { F p , jF}*!, ..., FtyzY  and denote the resulting determinant by the 
solution of the system (3.1.5) will be

(3.1.6) e?> = - ^ - ,  P  = h 2 , . . . , r  + 3

and after factorizing Df in terms of F^k\  F[k\  F ^ 2 the solution (3.1.6) will 
take the form

(3-1.7) ap  = J - rg CpiF[k\  p — 1 ,2 , ..., r +  3

and, as we have said before, this solution is unique. This guarantees the uniqueness 
of the spline function SA (x), consequently the existence of such a function and thus 
the theorem is proved.

3.2. Convergence of the spline function to the solution. In this paragraph we 
prove a theorem concerned with the convergence of our spline function constructed
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in Theorem 3.1 to the exact solution of (1.1). Moreover, we prove that this function 
satisfies this differential equation as

Theorem 3.2.1. Let y(x) be the solution o f  (1.1) and let / € C r([0, b]y,R'AR). 
I f  S j(x ) is the spline function constructed in Theorem 3.1, then there exists a constant 
E independent o f h such that

|/«>(x)-5'<«>(jc)| ^  Ecor(h)hr+2~q

for all x€[0, b] and q = 0, 1, ..., r + 2.
For the proof we need the following

Lemma 3.2.1. We have

\ a P \ ^ ^ c o r(h), p = 1 ,2 , ..., r + 3

where A p are constants independent o f h.

Proof of the Lemma. At first we deduce some inequalities concerning the abso­
lute values of Flk) (t=0, 1...... r+2). They are calculated as follows.

From (3.1.5) we have

|Ff> I -  V- № i -  2
r+Z - t  SÜ+0УЕ
j~o j'-

■hj
and if we define the Taylor expansion of ym (x) for xk^ x ^ x k+1 to be 

(3.2.1)
r+l-t vO+0 v l r + 2)(£,  f

y (4 x )=  2  V ( x - x ky +  У ( x - x r 2- ) ,  X,
J=0 J  

So, we get for x= xk+1

( r + 2  —0 !

(3.2.2) У
r + l - t  v ( j + t )  + + 2 ) Ь ? ,  1

’*+1= 2 r̂r-hJ+'k h'+2-*
j = 0 ( r+2  — /)!

where í = 0, 1, 2, . . . ,  r + 2.

Using the last identity (3.2.2) together with (3.1.5) we get for + 0 ,  1, ..., r + 2

| f J 4 | s A * - '- * L f í 1- j i f í 1| + r2 r ‘
t  j = 0

\yij+,)- y l J+,)\ и  , b (r+2,( + ) - ^ r+2), hr+2
■ h J + - ( r+2  — /)! -} •

Using Theorems 2.2.1, 2.2.2 and 2.2.3 together with the definition of the modulus 
of continuity this will be

К-'-*{С?(ог(К)Ъг+2-'}

where C* ( t= 0 ,1, ..., r+ 2 ) are constants independent of h and so we have the 
result that

(3.2.3) 1 ^ 1  s c ;
cofh)

t — 0, 1, . . . ,  r+2.
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Now, after obtaining the last inequality, we go on to prove Lemma 3.2.1, and 
for this purpose we combine equations (3.2.3) with (3.1.7) to get

u * ) | < J _ y C С* -  А Шт{И)
\ p \ - h p- 1 é o CpiC‘ h ~ Ap hp

where Ap is a constant independent of h, and thus the proof is complete.

Proof of T heorem 3.2.1. By using equations (3.2.1) and (3.1.3) we get:

!/«>(*)- S Í *  (x)| =
Г +  1 - ,  y j J  +  4

J - 0  j -
( x - x k)j +

r + l — q  j;0' + e)

-  2
J= о

( x - x k)j у (Г 2)
{r + 2 — q)\

- Z \ ' . ( P +  ,q + 2) a P ( x - x ky

v(r + 2) (£. t
( x - x k)r+2- q-  (r + 2 - q ) \ K u

{ x - x ky+ *-«~

+ r + 2 - q

Ä  r+̂ \yii+q)-yy+q)\ , , ,  i / f + a ( ^ ) - y r aj ] , r+2- a , 
-  A  j \  ( г  +  2 - í ) !

+ z A \ p+rq+1) < ^ p+r+ 2 - 9

Using Theorems 2.2.1, 2.2.2 and 2.2.3 together with the definition of the modulus 
o f continuity cor(/z) and Lemma 3.2.1, this will be

^  C**o)r(h)hr+2~^.

Taking £= m ax C** where q = 0, 1, ..., r+ 2  we get

|yw (x) — S^q) (x)| S  Eojr(h) hr+ 2- q

and thus the proof of the theorem is complete.
At last we are going to prove that our spline function Sd (x) satisfies the diffe­

rential equation (1.1) as n — <».

Theorem 3.2.2. I f  Sd (x) denotes the function

S'Kx) = f[x , Sd(x), S'A(a)]
and S f x )  is the spline function given in Theorem 3.1, then for any x€[0, b] we have

|S" (x )—SJ(*)1 s  Mcafh) hr 
where M  is some constant independent o f h. Otherwise

S d (x) sí Sd (x) as n -*• °° or as h — 0.

Proof. We have

|S2(x)-S2(*)| ^  \S"{x)^y"{x)\ + \y"(x )-S ''(x )\ =
=  I f [ x ,  Sa (x), S'A (x)] - / [ x ,  y(x), / (x)]| +  \y"(x) -  S'' (x)|.
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Applying the Lipschitz condition on /  this will be

ё В Д ( * ) - Я * ) |+ В Д ( х ) - / ( ж ) |  +  |/(дс)-52|(дс)|.
Applying Theorem 3.2.1 this becomes

3= KEcor(h)hr+2+KEa>r(h)hr+1 + E(or(h)hr = (E+KEh + KEh*)cor(h)hr S

^  Mcor(h)hr

where M  is some constant independent of h, and thus the proof is complete.

R emark. In the case /6C °°[0 , b] we can choose r to be finite in such a way 
that the error will be in the allowable range, because as we have seen in the conver­
gence theorems, the error is 0 (h r+2). Also in practical applications if f í C r[0, b] 
where r is a large finite number, it is enough to choose a suitably small r in the 
sense that the error will be in the allowable range.

Acknowledgement. The author is very grateful to Professor János Balázs for 
many valuable discussions and encouragement in the preparation of this work.
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ON CRITICAL 3-CHROMATIC HYPERGRAPHS
By

V. MÜLLER, V. RÖDL and D . TURZÍK (Prague)

Introduction. It is a well-known fact, that 3-critical graphs are just odd cycles. 
This means that the valence of x is equal to 2 for all 3-critical graphs H  and for 
every vertex x  of H. On the other hand D ir a c  [1] proved that for кш 6 and h£N  
there exists a к-critical graph H  with val (x , Н)шИ for every vertex x£ V(H). 
The cases k = 4, 5 were investigated by G a l la i and completely solved by T oft  [4] and 
Sim onovits [3] independently. The situation for hypergraphs is quite different. There 
is no simple characterization of 3-critical hypergraphs. We can easily find a 3-critical 
hypergraph H  with val (x, H)=sh. Toft asked how the situation changes when we 
replace the valence of x by the quasivalence. (The quasivalence of x is the maximal 
number of edges containing x such that intersection of any pair of them is the 
singleton point x.) In [5], page 1456, problem 3, T oft raised the following problem: 
Let r, h be natural numbers. Does there exist a 3-critical r-uniform hypergraph 
with all quasivalences feA? E rdős and Spe n c e r  ([2], page 21, problem 4) formulated 
this question in a stronger form. They asked if there exists a 3-critical uniform hyper­
graph H such that

1) ex, e2£E(H), ex e.2 => ^ P ie ^  S  1

2) val (x, H ) ^ h  for every xg V(H).

In this paper a construction of a hypergraph satisfying the conditions of Toft’s 
question is given (Theorem 4). Theorem 3 gives an answer to the Erdős—Spencer’s 
modification.

We would like to thank L. Surányi for his kind help during the final preparation 
of the paper.

I. Preliminaries

A hypergraph H  is a finite set V(H) and a set E(H) of subsets of V(H), 
such that each element of E(H) contains at least two elements of V(H).

A hypergraph Я  is a к-uniform, k£N , if \e\ = k  for every e£E(H).
The valence of a vertex x of a hypergraph H, denoted by val (x, H ) is the 

number of elements of E(H) containing x. The quasivalence of x, denoted by 
qval (x, H), is the maximal number of elements in a subset E 'c E (H )  satisfying:

1. For all e£E': x£e
2. For all pairs ex, e20E ' with e19i e2: <?1Пе2=  {x}-
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A ^-colouring of a hypergraph Я  is a decomposition of V(H) into к  classes 
(called colour classes) A1, . . . , A k such that 1 ^ j^ k ,e £ E ( H )  implies ec tA j 
(i.e. e il U Ai ^ 0 ) .

i*j
The chromatic number y(H ) of a hypergraph H  is the minimal integer k, 

such that there exists a ^-colouring A 1, . . . ,A k of H.
A hypergraph H  is called ^-critical if y(H ) — k  and y(H  — e)< k  for every 

edge e£E(H) (where (H—e) means the hypergraph (V(H), E(H ) — {e})).
If Y  is a set then [Y]2 denotes the set of all pairs of elements of Y, e.g. [T]2 =  

= {X ; X c Y  and |ЛГ| =  2}.

II. Construction 1

Theorem 1. Let n£N. Then there exists a 3-critical hypergraph G—(V(G), 
E(G)) such that qval (x, G )^n fo r  every x£ V(G).

Proof. We can assume that я is a prime number, n ä 5. Put 

V(G) = {ahJ; 0 s i S n - l , 0 s j s n - i} U { í i ,ű o , . .„ í i , .1},

E(G) =  Ek\JE2U E 3UEt , where 

E1 = {{a ,a i}; I = 0 ,1 , . . . ,  и - 1 }

E2 =  {{a, a i>0, aitl, . . . ,a ;>„_i}; i =  0,1, ..., n - l }

E3 = |{a;> ao ,ji ai,y+i> a2,j+2ii •••> an-i,y+(ii-i)í}> 0 — 1 = n — 1, 0 = j = n —1} 

(the addition is taken mod n)

E* = {{«o, •••,a„_1,a 0iJO,a W l, O s j j S n - l ,  0 3S , s „ _ i

and {ai,a0<j0, ...,a n_lyJn_1} ^ E 3 for every i =  0 ,1 , . . . ,  n - l} .

R emark. Et is the set of ordinary edges of G, i.e. e£E1 with \e\=2. The 
sets E2, E3 and E t are sets of hyperedges of G. It holds e6£ 3U E3=>\e\=n+\, 
е £ Е ^ \е \= 2 п .

The hypergraph G can be viewed upon as follows: We take the affine plane 
of order n on the set {a,- ;; O s iS n  — 1, OS/ ^ я  — 1}. There are exactly n+  I 
directions of lines in that plane. We associate each of the directions to one of the 
points a, a0, ..., a„_x. Thus we obtain the edges in E2 and E3. An edge e^E x 
contains always the points a0, als ..., a„_j and points a0iJo, alyJl, ..., a„-1j n l  
provided that the later ones do not form a line.

It is easy to see that qval (x, G) s  n for every x€ V(G). So we are to prove only 
that G is 3-critical:

1. x(G) =  3. Suppose that in the contrary, there exists a 2-colouring M, N  of 
G. Let a£M. Then necessarily a0£N, a1£N, a„-1£ N  and there exist j f  {0, ...
..., n — 1}, i=0, 1, ..., n — 1 such that aitj f N  for every /=0, 1, ..., n — 1. Then
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either {a0, a„_l5 aOJo, or there exists an {0, n — 1} with
{a;, ű0jJo, an- 1Jn_1}£E3. So we have an edge lying in one colour class N, a con­
tradiction.

2. x(G —e)=2 for every e£E{G). a) Let e —{a,ai} , 0 ^ i ^ n  — l. We construct 
the 2-colouring M, N  of G — e. Put M =  {i7,-,yVi}U {a0;0, ai,i+o а2,2+гг> •••
• • • )  й л - 3 . л - 3 + ( л - 3 ) | >  й л  — 2 ,  п  — 1 +  ( л  — 2 ) i  > ű n - l , n - 2 + ( n - l ) i } >  V{G)—M.

b) Let e={a, ai;0, •••, 0 —г— Put  M =e, N=V(G ) — M.
c) L e t 6 {й| ,  й0,7'5 Й1 ,j + i* ***í Й Л — l,J  + (n — l)i}- P u t  Ad c U { űq, ö l ,  • ■ •, йл —1}‘

7V= F (G )-M .
d) Let <?={a0, a„_1, a0J(), a n_UJn_1}, e^E^. Put M = e ,N = V (G )-M .
We obtain a 2-colouring of G—e in every case. This proves that G is 3-critical

and also Theorem 1.
R emark . It is possible to get a 2/i-uniform hypergraph with properties o f Theorem 

1 by a simple modification of Construction 1.

III. Construction 2

In this section we give the second example of a 3-critical hypergraph with large 
quasivalences.

T heorem 2. Let /г 6 N. Then there exists a 3-critical uniform hypergraph Й 
with qval (z, H )^ h  for every zg V(H).

Fix

Proof. Since R(k, k)ss2kl'2, [2], we can find &£N  satisfying R(k, k)—2 
2 (fc —2) “  '

к with this property. Set n = R (k ,k ) and K={ 1,2, ...,«}. Define a
form hypergraph H  by:

JF (tf) =  [K f
\ e (H) = {[У]2; YczK  and |У| =  к}.

Then x (H )^  3 according Ramsey Theorem.
Denote H ={V(H ), E{H)) an arbitrary 3-critical subhypergraph o f H. We 

prove that H  has all required properties. It is enough to prove qval ({x, j}, H ) ^
11 — 2 . ~ 

ä — —— . Suppose in the contrary, that there exists {x, y }d V (H )  with 
2 (/c 2.)

qval ({x, y } , H ) = p ^ ^ I y Then there exist edges [Ух]2, ..., [Ур]2 o f H  such

that {x ,y}(zY i for and У, П Yj = {x, y} for iVy. Put B=  l j  У;—{x, y},
i = 1

i.e. |2?| =p(k — 2) < П ^ . As qval ({x, у), H) =p it holds [Y]2£E(H) and {х,у}сУ

implies УП/М  0 . Now we can easily find a 2-colouring M, A with the property 
{x, y}£7V and {x, z}dM {y, z}£M  for all z£S.
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IV. Construction 3

In this part we prove the existence of a 3-uniform 3-critical hypergraph X  with 
the properties

(1) elt e2£E (X )\ ехФе2 => |exПе2| ^  1

(2) val x  ^  к  for every V(X).

The proof consists of two parts. In the first one (Lemma 1) we construct a
3-critical hypergraph with the properties (1) and (2) which is “almost” uniform. With 
the help of this we construct the required hypergraph.

Construction (i). Let k £ N, k ^ 2  be given. Define a hypergraph G=(V(G), 
E(G)) by V(G) =  A U B U C  where А, В, C are pairwise disjoint with |Л| =  |В| = 
=  \C\=k, A = {a0, alt ..., ак_г}, B =  {b0, blf ..., bk- k}, C =  {c0, ck, ..., cfc_x}.

Е{С) = {А}к) {/?}U{{a;, bj, ci+J}; O ^ i^ k —1, O ^ j ^ k  — 1} (the addition is taken 
mod k).

L emma 1. The hyper graph defined above is 3-critical.

P roof, a) Given e£E(G), we prove x(G — e) =  2. If e=A  put M = A\J{bk), 
N = C U B —{b1}. Then M, N  constitute a 2-colouring of G—{A}. The proof for 
e = B  is analogous. Let e— {at, b j, ci+j}. Put M =  {a^U {bfiUC, N = A U B — 
— {ai,bj}. Then M , N  constitute a 2-colouring of G —e.

b) /(G) >2. Assume that in the contrary, there exists a 2-colouring M, N  of 
G. If afiM O A , b jdM O B  then necessarily ci+J(iCC\N. Fix i so that а^М Г \А  
( ^ 0 ) .  Then clearly |СП1У|^|2?ПМ| since yVy" (mod k) implies /'-HyV 
9^i+ j' (mod k). In  the same way we obtain |СП!У|^|Л1ПМ’|, \CC\M \^\A  ПЛГ|, 
|СГШ|г=|ДПЛГ|. Since \A\ = \B\ = \C\, necessarily [ТПМ| =  |вП Л /| =  |СПАг|, 
|/4rUV| =  |ÄnV | =  |c n M |.  Then for every cr(LCC\N, bj€_BC\M there follows

Suppose that e.g. jő.OM \^k /2 . Then there exists j, O ^ j ^ k —l such that 
bj£BC)M  and, at the same time bj+1£Bf]M . Let cr£CC\N arbitrary. Then 
ar_ j£ M  and since bJ+1fB(~) M  we get cr^J+J+1 = cr+1^N. Thus cr£N  implies 
cr+1£ N  and CczN. Thus A c M ,  a  contradiction.

Therefore there remain only two posibilities: BC\M={b0, b2, bt , ..., bk- 2)
or BO M = {b1, b3, . . . ,b k_1}, к  even. Analogous possibilities remain for AC\M. 
By testing each of the possible cases we see that they all lead to contradiction.

Thus z(G) =  3 and so G is 3-critical.

Construction (ii). Let LgN be given. Define a hypergraph f f=(V(H) ,  E(H))
к k ‘ - 1

by K (tf)= (J  U A i'j, where AUj
i —0 j = 0

every i,j. Put Aiyj= { a } h ...,a?f}.

are pairwise disjont sets, \Aitj\= 3  • 2‘ for

For Omj ^ k k—l denote f { j )  = [^r] (integer

part). To have less indices, we put у'1 (у) =У0)-

Acta Mathematica Academiae Sclentlarum Hungaricae 29, 1977



ON CRITICAL 3-CHROMATIC HYPERORAPHS 277

Let us define E(H):

E (H ) -  { /fo ,o}U {R 7\ af'j, a?-i,/0')}, « =  1, 2 , k, j  = 0, 1,..., kl -  1,
r =  l , 2 , . . . , 3 .2 f-i}.

Clearly, Я  is a 3-uniform hypergraph. For e fE {H ), e2€E(H ) we have |е1Пс2| S  
S i .  If x€AitJ, /Sfc — 1 then valx=A :+l.

Lemma 2. Let 0 S y sL fc—1. Then there exists no 2-colouring M, N  o f the above 
hyper graph such that AktjczM.

Proof. Assume that M, N  is a 2-colouring such that AkJczM. It is  clear 
from the construction that Ak_ltf(ßCzN. In a succession we get Ak_i f nßCZ M, 
Ak .̂3'f 3(j)(zN, ...,A 0'0c:M  or A0t0(zN  (depending on the parity of k). This is 
a contradiction to A0t0£E(H ).

Lemma 3. Choose e^E (H ). There exists j 0, 0 ^ j0= kk — 1 and a 2-colouring 
M, N  o f the hypergraph H-e suchthat Akj ac:M.

Proof. If e= A0i0, the proposition is clear. Put simply

M =  U A . j ,  N  — ÍJ A j -
k — i even k—i odd

Let e={ai'jr l , effj,a',-i,/(j)}. Put j0=kk~‘ •] and let us construct a 2-colouring 
M, N  of the hypergraph H:

1) i S  i, j 5̂  J • k‘~l r even => aritJ^M

r odd => a 'jd N

2) i ^ l , j  = ] -к ‘- } k —ie\en=>Aitj ( z M

k — i odd => Ai'j c; N

3) i <  l , j  r even => a 'jd M

r odd => ari 'j£ N

4) i < l , j  = f l~‘(J) к — i odd, r
2r + l

r =

2>~‘ 

2r+ 1

k — i even, r

2l ~ ‘ 

2r+ 1

r =

2i-i

2r + l
2i-i

a', j€ N

arj'j£M

a 'ijeM

a'.j-eN.

We can easily see that M , N  is a 2-colouring of H - e  with the required properties.
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Lemma 4. Let 0 ^ j0^ k k — l, O ^j0^ k k—1, 0  VQz {1, 2, 3.2*}. Then there
exists a 2-colouring M ,N  o f  H  suchthat ak j f  M o rd  V, a l j  f - М о г  ̂  V and for  
j*jo>Jo> ark J £ M o r  odd, a'k J £M-o-r even.

Sketch o f  the proof. Suppose we have constructed a 2-colouring M, N  of
fc'-l

HI U U Ai.j (l=f'o=£) such that there exists f 0,Jio (it is possible that j io= jio) 
isio r=o

and it holds for j ^ j io, j ^ ] io a ^ jZ M o r  odd, a ^ j ^ N o r  even, MC]AioJ. ^ 0 ,  
N f ] A k . j , ^ 0  a n d  < , h ^ M<=>ario.J,^M -

к1- 1
We shall extend the 2-colouring M, N  with the same property on (J |J  A ; J.

We distinguish two cases: 1) f ( j io)A f( j io) and 2) f ( j io)= f(] io). The proof of the 
induction step is easy to see in both cases.

Construction (iii). Let к  be a positive integer and let R= (V(R), E(R)) be 
a 3-critical hypergraph with the following properties:

a) V(R) = T U U U V  where T, U, V are pairwise disjoint
b )  e£.E(.R) implies \eP \T \^ \  or е с Г
c) elf e2dE(R.) implies |exП e2| =  1
d) xg V(R) implies val x ^ k
e) V£E(R), \V\ = 3-2k
f) for every edge e^E (R )— {V}, \ e f \T \s \  there exist two 2-colourings M x,N k 

and M2,N 2 of R — {V) and a 2-colouring M 3, N 3 of R — e such that MkC\T= 
—М 2Г\Т=М 3П Т  and VczM k, V a N 2 (i.e. all three colourings coincide on T  
and the first two differs on V).

To every 3-critical hypergraph having properties a)—f )  we construct a 3- 
critical hypergraph B. This operation will be defined in 3 steps. (Then we will use 
this operation iterated twice on G of lemma 1 to get Theorem 3.)

(1) First we choose K s k k+1 (K odd) copies of R — {V} which we “merge” 
in the set T. M ore preciesly: We shall construct a hypergraph =(L (/?1), E(Rk)) 
as follows:

F(7?i) =  7'U(K(/?) — T ) X  {0, 1 ,2 ,..., K — 1} (a disjoint union)

B = { (b i , i1) , . . . ,(b s, i s) , t 1, t 2, . . . , t s) where fj, t2, ..., t-fT , 

b1,b 2, . . . , b s€ V (R )-T ,  0 s i j ,  . . . , i , * K - 1 

BZEiRJ о  í'i =  (2 =  .. .=  is and {b1,b 2, ... ,b s, tk, ... , t k}^E {R )-{V }.

(2) Lemma 5. Let Кш кк+1 ( К odd). Denote M = {{0,1), <1, 2), ..., (K -2 , K - \ ) ,  
(К — 1, 0)}. Then there exists a mapping g: M  — {0, 1, . . . ,k k— 1} such that for all 
i= 0, 1,..., К — 1, g ( ( i — 1, i))A g((i, i +1)) (addition is taken modK) and \g~*U)\ = k.

Proof. Clear.
In what follows, we put g (i,i+  1) instead of g((i, i+ 1)).
Put V={vr: l ^ r ^ 3 - 2 k}.
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Now we shall construct a hypergraph R2= (V (R 2), E(R2)) as follows:

V(R2) = I A J  =  3-2», AkJ = { « } , a3j %
j = o

£(Ä2) = £(Ä1)U{{<rr,i‘>,<pr, i  +  l>,e;(lll+1)}; O s i s t f - l ,  l^ r ^ 3 - 2 * } .
Here z'+l is taken mod A’ and g is a function from the foregoing Lemma.

(3) To the hypergraph R 2 we shall adjoin a hypergraph H  by identifying the 
sets Akij in both constructions. Hence we shall construct a hypergraph R = (V(R),

E(R)) where V(R)= V(R2)U V(H) (suppose V(R2)D V(H ) =  U  A ,j) , E(R) =

= E(R2)\JE(H ).

Lemma 6. The above hypergraph R has the following properties:

1) x£V (R ) => val х ё к

2) еу,е 2£Е(Ё), ex X e2 => \е1Г\е2\ ^  1

3) R is a Ъ-critical hypergraph.

Proof. Properties 1) and 2) are obvious. Let us prove property 3).
a) x(G) = 3. On the contrary, let M, N  be a 2-colouring of the hypergraph R. 

Since R is 3-critical the set V x  {i} is always one-coloured for z=0, 1, ..., К — 1. 
As К  is an odd number there exists z£{0, 1, К — 1} such that the sets V x  {/}, 
LX {z+1} are coloured by the same colour (z+ l is taken mod K). Let e.g. F X {i}c  
c M , Fx{z +  l} c M . From the construction of R 2 there follows AkijczN  where 

j= g (i, z+ l).
Thus М П  V(H), Nf] V(H) is a 2-colouring of the hypergraph H  such that 

the set Akij is one-coloured. This contradicts Lemma 2.
b) Let e£E(R). We shall prove x(R — e) = 2.
bl) Let e^E{H ). According to Lemma 3 there exists y£{0, 1, ..., k k— 1} 

and a 2-colouring M, N  of the hypergraph H  such that Akj t z M .  Let us choose 
z£ {0, 1, ..., K — 1} such that g(i, i+ l)= j. We shall extend the colouring M, N  
of the hypergraph H  to R  as follows: Fx{z}ciV, F x { i+ l} c lV , K X {z+z'}cM  
for V even, 2 ^ i ' s K — 1, fX { /+ i '} d V  for V odd, l S / ' S i - 2. (The addition 
is taken mod K.) Due to property f) of R, we can extend this colouring of sets 
FX {i}, z=0, 1, ..., К — 1 to the whole of R k.

b2) Let eeE (R 2)-J l(R i)  (i.e. e={(nf , l), (vf , 1+1), 4(U+i)})- Let us define 
a colouring M, N  of R — e :

F X { i} c M , F x { i + l } c M ,  V x { l+ i '} ( z M  if i' is odd, 1 ё  V S  K —2,

f X { l+ i '} c J V  if i' is even, 1.

Analagously to bl), we can extend the colouring to L(/?,)- Put further j 0 = 
= g ( i,l+ l) ,a rk'j0€M ,arkJl)e N  for rXr. Let j X j 0 then ark J £M  iff r is odd, 
ak'j£ N  iff r is even.

Via Lemma 4 we can extend this colouring to the whole of V{H).
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b3) Let e£E (R X), e c .74J F(Ä)X{/0} and le D T jg l. Via f) there exists 
a 2-colouring M, N  of Rx — {e} such that

V X {í'o +  i'} c  N  if i' is odd, l ^  i ' ^  K -2 ,  

V x { i 0+ i ' } c z M  if V is even, 2 s  /' ^  К — 1,

V X {i0}riAf 0  X F x { i0}riiV.

We extend this colouring to V(R2). For jX g (i0, /0+ 1), y V g ( /„ - l , /„) put 
ak J £M  iff r is odd, ark<J£ N  iff r  is even. Let j = g { i 0 , i0 + 1) or j = g ( i 0 —  1,  /„ ) .  
Put arkJ£N  iff (vr, i0)£M , arktJ£M  iff (vr, i 0)£N . According to Lemma 4 this 
2-colouring M, N  can be extended to the hypergraph R.

4) Let e c  T .  The proof in this case is only a matter of routine.

Theorem 3. Let lc(LN. Then there exists a 3-uniform 3-critical hypergraph 
X = {V {X ),E (X )) suchthat:

1) ex, ег£Е (Х ), ex ^  e2 => |е1Пе2| =  1,
2) x€V(X)=>val x ^ k .

Proof. The hypergraph G from Lemma 1 fulfils almost all conditions of our 
theorem; only two hyperedges in G have cardinality bigger than 3. We shall remove 
this deficiency in two steps.

1) There exists a hypergraph which fulfils 1), 2) and contains only one hyperedge 
with cardinality bigger than 3. Let namely G = (V(G), E(G)) be the hypergraph 
of Lemma 1 with 3 • 2k instead of k. We are using the notation of Construction (iii). 
Put T=B, U=C, V —A. It is easy to check that G fulfils all of the conditions in 
Construction (iii), hence we can construct G in the described way.

By the above Proposition, G is 3-critical and fulfils:

e1,e 2dE(G), ex X e2 => k i f l i i  =  1, x£V(G) => val x  & k.

Moreover, G contains just one hyperedge with more than three points.
2) We apply the above construction to G once more (put T = 0 ,  U=V(G) — B,

( V= В  to obtain a hypergraph G = X  which fulfils all of the conditions in our theorem.

Theorem 4. Let k, r, h be natural numbers, k ^ 3 , r ^ 3 .  Then there exists 
a к-critical r-uniform hypergraph X  with qval (x )^ h  for every vertex x£V (X ).

Outline o f the proof. For кшА  the theorem is proved in [5], Theorem 8. The 
case k  = 3, r = 3 is proved in Theorem 3. The rest (k= 3, r =s4) can be proved by 
induciton on r. Let G = (V(G), E(G)) be a 3-critical r-uniform hypergraph with 
all quasivalences шк which contains at least h disjoint edges (the hypergraph from 
Theorem 3 satisfies this condition with r =  3). We shall construct such a hypergraph 
for r + 1. First in the induction step we prove the folloving

Lemma 7. Let r, h be natural numbers, гШ3. Then there exists a 3-critical 
hypergraph H = (V (H ), E(H)) and V(H) such that the following conditions hold:
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1) e£E(H), x£ e  =>■ \e\ = 2

2) e£E(H), x$e=> \e\ — r+ 1

3) val (x) 1= h

4) qv a l(y )^ /z  fo r  every yeV (H ) such that {x, y}$E(H ).

Outline o f the proof o f Lemma 7. Let G be a 3-critical r-uniform hypergraph 
with qval (y)sA for every y£V(G). Let Glt G2, ..., Gr+1 be r+1 disjoint 
copies of G. Define the hypergraph H  by

F (tf) =  ( 4 U U  v(Gt) и  и 1 ( а д х { 1 , 2})
i=1 1=1

E(H) = where Eí =  {{*, y), y í Ü  ВД)Х {1}}

E2 = jeU  {у}, ее U E (Gd and у =  (е, 1>|

Ея =  jeU  {у}, ее U E (Gt) and у =  (е, 2) |

Е\ ~  {{уi 9 У2» ? Уг+i}’ where у,-€£■((?,)X {2}, i = 1, 2 , r+l } .
It is only matter of routine to prove that H  satisfies all the conditions of Lemma 7.

Now we can prove Theorem 4 using the Toft’s method (see [5], Theorem 8). 
We apply this method to the hypergraph H  just constructed and to the hypergraph 
G from the induction assumption.
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EXISTENCE AND BOUNDEDNESS OF RANDOM  
SOLUTIONS TO STOCHASTIC FUNCTIONAL 

INTEGRAL EQUATIONS
By

A. N . V. RAO and C. P. TSOKOS (Tampa)*

1. Introduction

The object of the present paper is to study stochastic functional integral equations 
of the type

t
(1.1) x(t; to) = h(t; co)+ J  k(t, т; w) /(t, xt(cu)) dß(r)

0
and

oo

(1.2) x(t\ со) = h{t; ш)+ J  k ( t - t; co)f(r, x t (co)) dß(x)
о

where f £ R + , / ? ( i )  a process, cofQ the supporting set of a complete probability 
measure space (Q, А, ц); x(t; со) is the unknown random function defined for 
? £ R + and co£Q; h(t;co) is the stochastic free term defined for i £ R + and <u£ß; 
k(t, x; со) is the stochastic kernel defined for 0S i^ r < o °  and co£ß; x,(co) is the 
restriction of the function x(x) to the interval [0 , í],T áf< «= , L2 = L,(Q, А,, ц).

We shall be concerned with the existence of a random solution, a second order 
stochastic process and conditions will be given so that the second moments of the 
random solution are bounded.

Stochastic functional integral equations are important in engineering sciences, 
especially in feed-back control systems with hysterisis, [2], [3]. That is, functional 
integral equations where the kernel is random and the integration is with respect to 
a process, a special case of which is Brownian motion. 2

2. Basic concepts

We shall assume for the process ß(t) that for every t£R+, a minimal 
<r-algebra Ata A  is defined so that the random variable ß(t;co) is measurable. 
In addition we shall assume that the process {ß(t; со), A ,, 0^r< °o}  is a martingale 
and that there is a continuous, monotone increasing function F(t), ?€R+, such 
that, for s<t,

E{\ß(f,a>)-ß(s;co)\*} = Em t;co)-ß(s-,co)\*As} =  F (t)-F (s), л-а.е.

For details of the above statements see D o o b  [1 ]. We should also remark that 
if F(t)= ct, c a constant, and if the martingale is real and almost all sample functions 
are continuous, the process ß(t; со) is a Brownian process.

*This research was supported by the United States Air Force, Office of Scientific Research, 
under Grant Number AFOSR-75-2711.
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We shall denote by Cc= Cc[R + , L2(Q, A„ ju)] a linear space of all continuous 
maps x(t; со), from R + into L 2. We shall define the topology in this space by 
means of the following family of semi-norms:

11* 0 ; co)L =  sup { f  \x(t;co)\2 diu(a)Y12-
0Ш1ШП 1 £ ’

This topology is metrizable and the space Cc is complete, [4]. For convenience 
we shall dentoe

11* 0 ; co)\\Li = { J  1* 0 ; P>l2 dnico))1'2- 
a

Further, we shall assume that k(t, т; cu) is Ax measurable, /с-essentially bounded and 
are continuous as maps from

A — {0, r); 0 S  T =  i  <  °°} into L „  =  L^(Q, А, fi),

and we shall denote by

IPO, t ; co)||| =  |t-esssup \k(t, г; co)|.

We shall call jc (t; to) a random solution of the stochastic functional integral 
equation (1.1) or (1.2) if x(t;co)£C  for each t£R + and satisfies equation (1.1) 
or (1.2) /т-а.е.

Finally, we shall employ the following well known fixed point theorem.

Theorem 2.1 (Schauder and Tychonoff). Let G be a closed convex set in a 
Banach space and let T  be a completely continuous operator on В, such that, T(G)(Z G 
Then T  has at least one fixed point in G. That is, there is at least one x*£G, such 
that, T(x*)=x*.

3. Existence theorems

Theorem 3.1. Consider the stochastic functional integral equation (1.1) under 
the following conditions:

(i) the mapping x(P, a>)^f(t, x,(co)) is a completely continuous map from 
Ce[R+, L2(Q, A„ fi)] into itself;

(ii) there exist two continuous non-negative real functions g(t) and l(t),t(íR+, 
such that,

a) ||*0 ; co)Hl2 — g (0  implies \\f(t, x,(wj)\\Lt =§ /(z);

b) \\h(f, ш)!k  +  { / 1||*0 , t ; o>)|||2/2(t) rfr}1/2 ^ g ( t ) .
0

Then there is at least one random solution, x ( t ; со), to equation (1.1) in Cc, such that,

ll*0 ;o))llx.2 =  g0 ), ?€R+-
P roof. In the space Cc we shall define the set

A = {x{t\со): IPO; co)lli2 ^  g it) , t€R+}.
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It is clear that the set A is a closed convex set. For each x(t: co)€A, let us define 
the operator U, by

t

(Ux)(t; со) =  h(t; co)+ J  lc(t, t ; co)f(r, xt («)) dß(x).
о

From the assumptions of continuity on h, к  and / ,  it is clear that the operator 
U maps A into Cc. We shall show that U Aс  Л. Let x(t; со)£ A. Then

||(t/x)(i; co)||ts S  IIh(t; m)||t2 + | | /  k(t, т; w) / ( t, xz(co)) dß(z)\\Li =
0

=  \\h(f, w)IIl2 +  { /  Щ и  т; са)/(т, лгт(со))||£2 dt}1/2 =g
0

S  \\h(t; (0)\\ьг+ { / \\\k(t, т; co)|||2| | / ( t, xt(co))||i2 dr}1/2 s  
0

= IIh(t; <o)||La +  { /  |||fe(t, т; си)|||2/2(т)с1т}1/2 ^  g(t)- 
0

This shows that UAczA. Furthermore, V  is a continuous map from A  into 
itself, as shown by the following chain of inequalities. On each compact interval 
[0, T] and for x(t; со), y(t; co)£ A, we have

sup H(Ux)(t;co)-(Uy)(t;co)UL2 =
O^t^T

= sup
O^t^T

k(t, t ; co){ /(t, x z(co))~f(r, yz(co))}dß(t)||l , =

=  sup { f  \\k (t,x \(o ){f(T ,xx{w ))-f(T ,y z{co)))\\l2dF{T:)yi2^

= sup i f  \\\k{t, t ; cu)|||2||{ /(t, vt(cj) ) - / ( r,yt (со))}||L dF(r)}1/2 =§
O^t^T о 3

=  sup ||/(т ,х т(ш ))- /(т ,у т(ю))||х. sup i f  \\\k(t, t ; <u)|||2 dF(r)}l/2.
0 ^ , s r  O S tr n T  Q

The continuity assumptions on /  and к  and the last inequality proves the continuity 
of U. Since /  is completely continuous by assumption, it follows that UA is 
relatively compact. This allows us to apply the Schauder—Tychonoff fixed point 
theorem to the pair (A, U), which proves the existence of a random solution to 
equation (1.1) in the set A.
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T h e o r e m  3 .2 .  Assume that the stochastic functional integral equation ( 1 . 2 )  
satisfies the following conditions:

(0 sup IIЛ(?; a>)||t „ -c M , M e R+;
O t̂

oo
(ii) f  \\\k(f,co)\\\*dt^K , Ke R+;

0

(iii) the mapping x(t; ш)—f{ t ,  x((cu)) is a completely continuous map from Cc 
into itself, such that,

\\x(t;co)\\L2^ M + fk 4 > (M )
implies

\\f( t , x,(co))||£l =  Ф(М), t e R+,

where Ф(М ) is positive real valued function defined for sufficiently large M.
Then there exists at least one solution to equation (3.2) in Cc such that ||x(f; co)||ts 

is bounded.

P r o o f . We shall give only a sketch of the proof since most of the details are 
similar to that of Theorem 3.1.

Define the set A,

A = {x{t-,(d): x(i; co)eCc[R+ ,L 2(ß, A„ p)\ and \\x(t; co)\\Lg^  М+кФ(М)} 

and operator U,
oo

(Ux)(f, со) = h(t; w)+ f  k ( t— x; co)f(x, xz(a>)) dx. 
о

Using the assumption placed on the stochastic kernel and the continuity of f  it 
can be shown that U is a continuous map from Л into Cc. Also, if x{f,co)eA, 
we have

II(Ux)(t; co)||Lí=s IIh(t; co)\\Lt + \ \ f  k ( t -x ;c o ) f(x ,x z(co))dß(x)\\Li s
0

— IIh(f, co)\\Li+ { f  | | |k ( t—т; ю)|||2| |/ ( т ,  x(x; m))|||2 </F(r)}1/2 =§
О

II h ( t ; со)\\Ьг + \ КФ(М) M +  \[КФ(М)

which implies that UAczA.
The rest of the proof follows that of Theorem 3.1.
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4. Boundedness of random solutions

In this section we shall give conditions to insure that the second moments of 
the random solution are bounded.

Corollary 4.1. Consider the stochastic functional integral equation (1.1) subject 
to the following conditions:

(i) the mapping x(f, co)-*-/(i, x t(co)) is a completely continuous map from Cc 
into itself;

(ii) IIh(t; co)||i2 is bounded on i£R +;
(iii) \\f(t, x t(ü)))\\L̂ ) . ( t ) \x t(oj)\, ).{t) is positive continuous function on R+ 

and |x,(qj)| =  sup ||x(í ; £а)||^;
OSsSÍ

(iv) there exists a real number m<  1, such that,
t

f  |||/c(í, t ; cü)|||2A2(s)<ís S  m, t£R + . 
о

Then, there exists at least one random solution o f equation (1.1) in Cc such 
that, ||x(i; co)\\L̂ M ,  M >0.

Proof. It is clear that we only need to show that condition (ii) of Theorem 3.1 
is satisfied. We shall choose g(t) to be equal to m and let l(t) = M),(t), where 
M  is some sufficiently large positive real number. Then condition (ii) a) of Theorem 
3.1 is satisfied. Further,

IIMC <o)IIl,+ {  /|||М*,т;ш)|||2/2(т) dF(T)Y'* s  sup \\h(t; co)\\L„_ + M  s  M,
V  OSI

if M  ^  C/(— 1 f» j)_1{sup \\h(t; <o)||L2}. Thus, the corollary follows from 

Theorem 3.1.
The following corollary is concerned with the exponential decay of the L,-norm 

of the random solutions to equation (1.1).
Corollary 4.2. Consider the stochastic functional integral equation (1.1) subject 

to the following conditions:
(i) the mapping x(t; co )^ f(t, xjtoj) is a completely continuous map from  Cc 

into itself;

(ii) ИMf; <w)IIl2 S  /2<,e-,!rt, + > h0 > 0 :
(iii) | | / ( / ,x ((co))||t2 S  L e -ßt\xt(co)\, <x<ß, L > 0 ;

(iv) |||fc(t,t ; co)||| á Ke~av~ z), O s i á / < « > .
Then, there exists at least one random solution to equation (1.1), such that,

\\x(t;co)\\L̂ y e - M, t£ R+, 

provided h0 + KLy {2(ß—a)}~1,2^ y .
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For the proof, choose g ( t)—ye~ai and l(t) = yLe~p‘. With these choices, 
it is not difficult to show that the conditions (ii) a) and b) of Theorem 3.1 are satisfied. 
Thus, the corollary follows from Theorem 3.1.
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INTERVALLES A RESTES MAJORÉS 
POUR LA SUITE {««}

Par
Y. DUPAIN (Talence)

§. 0. Introduction

Soient u=(u„)neN une suite de points de [0, 1[ et /  un intervalle de [0, 1]. 
Nous appellerons N ième reste de I  pour la suite и la quantité tp(I,N) = 
=  card {n; «ÇN, n e  N, u„£l}—N fi(l) (jx désignant la mesure de Lebesgue de [0, 1[). 
La suite и étant fixée, nous dirons que /  est à restes bornés (respectivement majorés, 
minorés) si la suite des restes N-»(p(I,N ) est bornée (respectivement majorée, 
minorée). Dans cet article nous considérerons uniquement la suite n -+{m ), où a 
est un irrationnel fixé. Dans ce cadre, H. K esten démontre en 1966 [2] qu un intervalle 
/  est à restes bornés si et seulement si n(T) = zct (mod 1) (où z£Z), en étudiant des 
intervalles ayant 0 pour origine et en utilisant le théorème de Bohl [1] « pour un 
intervalle la propriété d’être à restes bornés ou non ne dépend que de la longueur de 
l’intervalle». Nous nous intéressons au problème suivant: un intervalle à restes 
non bornés peut-il être à restes majorés? Notons que V era T. Sós dans [5] énonce le 
résultat: « Il existe des irrationnels oc et des intervalles de longueur ß (ß ^ z a )  
à restes majorés pour la suite {not) ». Nous précisons ce résultat, et remarquons que, 
contrairement au cas précédent, la propriété pour un intervalle d’être à restes majorés 
dépend de la longueur de l’intervalle mais aussi de son origine (§. 6).

Nous obtiendrons, entre autres, les résultats suivants:
1) Si la constante de Markov de a M (a)1 est infinie il existe des intervalles 

à restes majorés et non minorés (§. 3).

2) Si a =  -1 + Í5 tout intervalle I  ayant 0 pour extrémité à restes non bornés

(/c(/)^za  [mod 1]) est à restes non majorés et non minorés (§. 4).
3) Nous répondrons négativement à une question posée par M. Keane aux 

journées ergodiques de Rennes (juin 1974): « Pour tout irrationnel a, tout intervalle 
de longueur 1/2 est-il à restes non majorés »? (§. 5).

§. 1. Définitions. Notations. Rappels

Nous nous servirons des notations et résultats dus à J. Lesca ([3] et [4]). Dans 
tout ce qui suit a est un irrationnel fixé.

Pour ß£[0, 1[ et m£N* posons
cp~(ß, и) =  card {n; n£N, 0 â n < u ,  {nx}£[0, /?[} — иц([0, ß[)

cp+(ß, и) — card {n; n£N, 0 <  n ^  u, {na}£]0, /?}]— up(]0, ß]).
—  1

1 M (ct)=lim -------- , où llgall désigne la distance de qa à l’entier le plus proche.
q II qu. Il
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Relation de réciprocité (J. Lesca [3] et [4]).

1.0. — Pour tout (и, t>)ÇN*XN*

(p+ ({u<x), v) =  <p~({va}, u).

Soient (pjq„) la suite des convergents du développement de a en fraction 
continue et (a„) la suite des quotients partiels (qn + l = arqn+qn-x)

1.1. — Pour tout /?£[0, 1[ et tout indice fcë l,

I<P~(ß, Як)I < 1-

Posons 0n = qna —pn et Лп = \в„\. Alors:

1.2. 0„ =  (- l)" + U „

1.3. ^Æ +i +  ̂ n + Æ  — 1

1.4. Kdn+1 >  1/2

1.5. 2n =  яп+ 1 +1+ +2
oo

et 2  a2k + 1̂ 2k + l =  1Лс=0

Développement de ß par rapport à a  (J. L e s c a  [3 ]).

Soit yßcfO, 1[ développer ß  par rapport à a consiste à déterminer une suite 
d ’entiers (bn)nén* vérifiant les conditions suivantes:

1. 6.

0 =  =  ô] — 1
0 S  S  a„ (и =  2 ,3 ,.. .)
K  =  a„ =► b„_i =  0 (и =  2 ,3 ,...)
Il n’existe pas d’indice u impair tel que : 
bn = a«, Ьп+г = 0  (n =  ы ,и+ 2,и  +  4 , ...)

oo n

ß = 2  M »  = lim{r„a} où r„ =  2  bkqk.
n = l  k = 1

Un tel développement existe et est unique. (On peut remarquer que ce dévelop­
pement est différent de celui utilisé par H. K esten [2].)

00
18 = 2  bn6„ = uoc (n£Z) est caractérisé par:

1

{мёО tous les bn sont nuis à partir d’un certain rang
m<  0 tous les b„ sont alternativement égaux à a„ (n pair) et à 0 

(« impair) à partir d’un certain rang.
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et

Remarquons que 

1.8. Vn(=N*-{l}
n+p
2  M .

k = n
L - 1

1-9. r„ < qn+1.
Soit /?€[0, lf. Développons ß par rapport à a; )3 =  lim {r„a}, 

1.10. P o u r x < r „  \(p -(ß ,x )-(p -({ r„ a ) ,x ) \^ l .

Relations linéaires (J. Lesca [3]).

Soient и, V et n des entiers tels que и>0, u<qn, v< qn + 1 ((qn) suite des 
dénominateurs des convergents de a). Il existe deux entiers b et v', v' <  qn tels 
que v = bq„ + v', alors

{si n est pair <p+({na}, v) — ç>+({na}, v') + b(p+({ua), qn)
si n est impair <p_({ua}, v) = <p~({ua}, v') + b(p~({ua}, qn).

Nous appellerons Sn l’ensemble des points de [0, 1[ {0, {a}, {2a},..., {{n— l)a}} 
et Tn l’ensemble {{a}, {2a}, ..., {na}}. Soit <5„ la longueur du plus petit intervalle 
découpé sur [0, 1[ par S„ (<5„ =  inf(||ß -y \\ ,  y, ß et y€5„)

1.12. alors n <  qk => ôn È

Développement d'un entier.

(iqn) désigne toujours la suite des dénominateurs des convergents de a. Alors:

1.13. tout entier x <<7п+1 se décompose de façon unique sous la forme
n j

X = 2  di<h où 0 ^  dt ^  at et Vj =  1, 2 , n, 2 , di<h <  9j+1-i=l i=1
Extension de la notion d ’intervalle.
Pour ß, yÇ[0, 1[ /?<y, (y, ß) représentera la réunion des deux intervalles, 

(y, 1)U(0, ß) et sera considéré comme un intervalle.

§. 2. Lemmes préliminaires

Soit n un entier. Tout entier x < q n+1 se décompose de façon unique sous la 
forme x —y + dqn où _y<c/„ et ds a„ (d’après 1.13). Nous nous proposons d’ex­
primer (p~({rna}, x) en fonction de cp~ ({/•„_!a}, y).

Lemme 2.1. — Soient n un entier impair et x  un entier tel que x-^q„ + 1, x = y  + 
+ dqn (y< qn et d^a„). Alors:

<p-({/•„ a}, x) =  <p-({r„-1ct},ÿ)-A.B(drn- 1+b„x) + Aa(x) 
où

\ _  |M i n ( d + l ,  b„) si 
" * ~  { Min (d, bn) si y ts r „ _ 1.
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Lemme 2.2. — Soient n un entier pair et x  un entier tel que x< qn+1, x = y  + 
+dq„ (y<q„, d ^ a n). Alors:

où:
cp ({r„a}, x) = (p ({rn_1<x},y)+X„(drn_1+ b „ x )-B n(x)

B„(x) =
Min (d, b„) si y  >  r„_!
M in(d, bn + ï) si y  ^  rn_i et y 
Min (Max (d — 1, 0), bn) si y  =  0.

0

D ém o nstration  d u  L em m e 2.1. Comparons tout d’abord (p “ ({/•„ a}, x) et 
Ч>~({Гп-1<*}, *)•

Si b„ — 0, r„ =  r„_1 et ces deux quantités sont égales.
Si bn7±0, l’intervalle [0, {r„a}[ contient [0, {/•„_!«}[ (car d’après 1.2 0„>O) 

et la différence est union disjointe des bn intervalles de longueur Xn, [{rn_!a} +  
+  0'— 1) {qnct}, {r„_!a} +  i{qna.}[ (/= 1 ,2 , ..., b„). Evaluons le nombre de points 
de Sx appartenant à [{r„_ 1d], {r„a.}[ x  étant inférieur à q„+1, d’après 1.12, nous 
obtenons l’équivalence

{<«} a}, {r„a}[)

0 =  ( < r

t = rn. l + cqn 
0 ^  c <  bn 
t < x  = y + dqn

soit: card {/, 0 s / < r ,  iaÇ[0, {r„a}[} — card {t, 0 ^ t< x ,  taÇ[0, (rn_1aj[=A„(x) où:

ce qui entraîne :

(Min (d, b„) si y  ä  rtt_j_ 
(Min (d +  1, bn) si y  >  r„_!

<P =  ({rn-i*}, x) + An( x ) - b nXnx.

Remarquons que cette formule reste valable dans le cas bn= 0.
Exprimons maintenant q>~({rn_1oi}, x) en fonction de (p~({r„-\o),y). Comme 

rn_1 est inférieur à qn (d’après 1.9), nous pouvons appliquer la relation linéaire 1.11 
dans le cas n impair:

<P~(K-i«},*) =  < P ~ ( K y) + d<p~({rn- 1cc}, qn).

O r d’après 1.0. :
<P~(K -i Oî}, qn) =  (p+({qnoc}, rn_!).

rn_l étant inférieur à qn,]0, {q„a}] ne contient pas de points de ТГп_г, d’où 
Ф + ({?ла}, rn. i )=  rn—i Яп, ce qui entraîne:

cp-({rna},x) = (p-({rn_1cc},y)-Xn(bnx  + drn^ 1) + A„(x).
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Démonstration d u  Lemme 2.2. En appliquant le même raisonnement que 
précédemment nous obtenons:

(p-({rn<x},x) = q>-({rn- 1a ),x )  + b„Xnx-c„ (x)  
où:

(M in id , K) si y >>•„-!
°" ’ ~ { M in (S u p (d - l, 0), b,) si y ^ r n_ 1.

Mais n étant pair, nous ne pouvons plus appliquer la relation linéaire 1.11. 
Appliquons la relation de réciprocité 1.0. :

x) =  cp+({xa}, /-„..J.

Par un raisonnement analogue nous obtenons :

(p+({x<x), =  <p+({ya}, rn- 1) + d?.nrn. l + D„(x)
où:

f— 1 si d 0 et 0 
D„(x) = \ _1 0  smon

et en appliquant 1.0. :

<?“ ({'•„«}> *) =  (p~({>'n-i<x},y) + l n(bnx+ drn-.1) - B n(x).

§. 3. Intervalles à restes majorés et non minorés

Théorème 3.1. — Si la constante de Markov de a est infinie, il existe des 
intervalles à restes majorés et non minorés ( ces intervalles peuvent être choisis 
avec une extrémité en 0 ou en 1 ).

L’hypothèse faite sur a est équivalente au fait que la suite ( a , ) i€ N *  des quotients 
partiels de a est non majorée.

Supposons tout d’abord la sous-suite (a2ft)teN* non majorée. Considérons 
l’intervalle (0, ß) où ß est déterminé par son développement par rapport à a, 
c’est-à-dire par la suite (ù;)ie n* définie ci-dessous.

Soit K = {2klt l k 2, ..., 2k„, ...} l’ensemble d ’indices défini par récurrence de la 
façon suivante:

*i =  l
kt est le plus petit entier supérieur à ki_l tel que a2k. ^ 2‘-1 (/= 2 ,3 ,...) .

Cette construction est possible car la suite (a2k)k in* est non majorée.
Définissons bt par bt=0  pour i$K  et bt= 1 pour iÇ.K. La suite (ù;);€N*

oo
ainsi construite vérifie les relations 1.6. et ß =  bnOn^ z a  (z€Z) d’après 1.7. Le

n = 1
théorème de Kesten prouve que l’intervalle (0, ß) est à restes non bornés. Il suffit 
donc de montrer que (0, ß) est à restes majorés.
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Soit X un entier, x< q n+1; d’après 1.13. x=y+dq„ où y<q„ et O ^ d ^ a  

Evaluons q>~({r„a}, x) en fonction de q>~ ({r,,^«}, y) \rp= £  bkqk •
V k =  1 /

a) n = 2k +1 :

(p~({r2k+i«},x) =  cp- ( {r2ktx], y ) - À 2k+1(dr2k+b2k+1x) + A2k+1 (x)

(d’après 2.1). Or

b2k+1 =  0 => A2k+1(x) =  0, d’où <p_ ({r24+1a}, x) si (p~({rîka},y).
b) n — 2k et b2k= 1 :

<Р~({г2к<*},х) =  <P ~ ( { r 2k - i<* } ,y )  +  * 2k (dr2k- i  +  b 2kx ) - B 2k(x)

(d’après 2.2). Si î/= 0 :

<P~({r2*a},*) =  ^"({rat-ia} , ^)+Aa x, 

or: x = y  + dq2k = y < q 2k

<Р~({г2к<х}> x)  S  ^ “ ({rofc-ja}, jO +  A a*^» =§ 9»-({re _ i a } ,  j0 + -----
a 2k

en effet, a2kq2k< q2k+1 et Â2kq2k + i<  1 d’après 1.3.
Si et y?£0:

Ф_({ ^ а } 5^) =  (P^({r2k~ix}, y) + ̂ 2k(dr2k_1 + x ) - l  

(car y^0= > B „(x)^l)

(p~({r2k<*},x) =  (P^^{r2k - ix ) ,y )  + a2k?.2kr2k_1 Ä ç)-({r2fc_i a }, j ) + l 2t_1r2t_ 1

(en utilisant d ^ a 2k, x< q 2k+1, 1.3. et 1.5.).
Si d^O  et y  = 0:

<P~({rzkx},x) =  <Р_({^_1а}, j ) + l 2t_1r2t_1+ l .

c) n= 2k  et b2k= 0:

Ф " ( {r2k «} ,x)=<p-( {r2k _ j a}, y) + X2k (dr2k _1 +  b2kx ) - B 2k (x)

= <P~({r2k-i<*}, y )+ h kdr2k- 1 (car b2k =  0)

=  9 - ({i,2t-ia}»l')+i,2t - i^ 2 t- i  (d’après 1.5).

Soient 2k et 2k + 2p deux éléments consécutifs de K. Soit x  un entier. 0 -=.y- 
<  q2k + 2p + i • D ’après 1.13, x se décompose de façon unique sous la forme :

2k + 2p

x = Z  e jq jj=1
m

où Z  ej4 j^4m  +1 pour tout m = 1, 2, ..., 2k + 2p. 
j=x
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2 P
Posons x = y +  2  difok+i et majorons la différence

i = l
<P“({'*2t+2p3i}I х)-(р-({г2ка}, y) =

=  2  <P~{ C ü  + m « } .  У +  2 di42k + i \ - (P ~ \{ г 2 к  + т-1*},У+ 2  d i ?2* + i •/71 = 1 V i = l J V i = 1 '
m

Comme 2  e]4]^4m+u nous pouvons appliquer les formules a), b), c) pour majorer
7=1

cette expression.
/М —1

1. Si jr^O, pour tout w, j  +  2  diq2k+i?£Q, alors: si m impair,
i= 1

< Р ~ [ { г 2 к + т * } > У +  [{Г гк  + т - 1 < * } ,У  +  Д  d i ‘72* +  i )  S  0

(d’après a), si m pair, m ^ lp ,

<P~ ( { r 2* + ma } ,  У +  ' Z d i Q t k + ^ - V  ( { P2l< + m - l “ }> У +  2 d i ^ 2 k + i j ^ ^ ■ 2 k + m - l r 2 k + m - l

(d’après c), si m pair, m —2p,

<P [{Г2к + т<х}, У+ 2 di92k+i)~<P ( { n 2k + m - i a } , > ' +  2  d i<72k + i )  S

soit:

1
a 2k + 2p

+  ^2Â + 2 n - l r :2fc + 2p — 1 '2fc + 2p — 1

1 p
<P~({r2k + 2p<x}, x)-<P~({r2k<x}, y)  ^  ---- ------------------- 1-  2  ^21 +  27 - 1 ^  +  27 - 1 -

a 2k + 2p j  = 1

O r  p O U r  7 = 1 ,  2 ,  . . . , P ' ,  f 2k + 2 j - l  =  r 2k ( СаГ ^2k  + l  —  ^ 2 k  + 2 =  ■■■:= ^ 2 k  + 2 p - l = ^ )

1 p<Р~({Г2к + 2рХ}, x)-(p-({r2kx], á   -------------+ Г2к 2  ^ 2 1  +  2 7 - 1 -
u 2k + 2p 7 = 1

Or pour tout entier n, Â„+2 =  l/2/„ (d’après 1.5) et ^  Aífc+y _ 1-<2A2it+1 d’où
7 = 1

(Р~({г2к+2„х}, x)-q> ({r2k a}, j )  ë   ------+  2r2tA2k+1.
a 2k + 2p

OC r2k ~ Ягк^r2k-i~=:2q2k (car b2k— 1 et Ггк-г^Ччь) et Чгк~ _42k  + l  

a 2k
Alors

(3.1)
1 4

< P ~ ( { r 2k + 2 p<x}, x)-<p ( { r 2 k C t } , y )  ë - ----------+  — .O 01.2k + 2p a 2k
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2°) Si y = 0, soit m0 le plus petit indice tel que dmô O. Alors 

(p-({r2k+2P<*}, x )- (p -({ r2ka}, y) =

== 2  Ф | { r 2fc +  m a }» 2  di <l2k + i \ - ( P  I {r2k + m-l (X}9 2  ^ i#2fc  + i l *

Les majorations précédentes s’appliquent ici, sauf, peut être pour m —m0 cas dans 
lequel il faut éventuellement ajouter 1 (cf c) et

1 4
(3 .2 ) (p ( { r2k+2pa } , x ) - ( p  ({ r2Jfca} , y )  S  --------- +  —  +  1.

a 2k + 2p a 2k 
m

Soit X un entier, x< qm+1, alors x=  djq} . Soit 2k t£K  tel que x < q 2k..
j = 1

Majorons (p~ ( {r2ki«}, x) :
i (  (  inf(m , 2fcn) \  /  inf(m , 2fcn - 1 ) A

(р~({гтаЬ x ) = £  2  d j q ^ - c p - y ^ o ^ a } ,  Д  dj<lj)j +

(  in f (m, 2) \
+ <P~[{r2a}, Д  dj4jj-

inf (m, 2fcn) in f (#и, 2fen _ x)
Il existe au plus un rang n tel que JS djqj^O  et J?  d jq j= 0, nous

j =i j =i
pouvons appliquer les majorations (3.1) et (3.2), la majoration (3.2) s’appliquant au 
plus une fois

/  inf(m ,2) 4 i —1 } 4

r ( K « U ) s r  hä}, 21 </^ + 1+ 2 ’-— +— •
V j  = 1 '  и =  1 ö 2fen +  l  “ 2fc„

inf(m , 2)
Or, par construction: айл&2"-1 déplus J?  djqj<q3, d’où:

j=i

<Р~({'‘2*(а}>*) =  9з +  I l ­
ii est alors clair, d’après 1.10, que l’intervalle (0, ß) est à restes majorés.

Supposons maintenant que la sous-suite (a2k+1)kin soit non majorée. Considé­
rons (an) suite des quotients partiels de (1—a). La suite des (a2k)kèN* est (à un 
terme près) celle des (% +1)k n  donc non majorée. Il existe un intervalle (0, ß) 
à restes majorés et non minorés pour la suite {—na), l’intervalle (1— ß, 1) est 
donc à restes majorés et non minorés pour la suite {«a}, ce qui achève la démonstra­
tion.

§. 4 . Etude du cas où la constante de M arkov de a  est finie

a) Une condition nécessaire pour que l ’intervalle (0, ß) soit à restes majorés.

Lemme 4.1. — Soient n un entier impair, x  et s deux entiers tels que x < rn 
et s~n. Soit m0 le plus petit entier impair (s’il existe) tel que m0>n et Ь„0^ 0. 
Alors

(P~({rs<x}, x) S  (p~({rnct}, х )—хЛтв- 1.
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Ce lemme est une conséquence simple des lemmes 2.1, 2.2 et 1.8.

R emarque. Si tout entier impair est tel que bm—0,cp~({rsot},x)^
— <p_ ({r„oc}, x), pour tout entier s^ n .

Théorème 4.1. — Soit aÇ[0, lj dont la constante de Markov est finie. Soit 
ß €[0, 1[, non congru modulo 1 à zot (z£Z) de développement (bi)iiN* p w  rapport à a.

Une condition nécessaire pour que l’intervalle (0, ß) soit à restes majorés est 
qu’il n’existe qu’un nombre fini d ’indices impairs, n, tels que bn soit non nul.

Nous raisonnerons par l’absurde et montrerons que la négation de cette pro­
priété entraîne l’existence d’une constante strictement positive c telle que :

f si n0 et л'о sont tels que pour tout n-=n0 cp~({r„a.}, x0) s M
{il existe «! et x i tels que pour tout n ^ n x <p~({rn'x}, xj) = M  Ac

ce qui est en contradiction (d’après 1.10) avec le fait que (0, ß) soit à restes majorés.
Supposons donc qu’il existe une infinité d’indices impairs n tels que b„ soit 

non nul. La constante de Markov de a étant finie, les quotients partiels ( a ;) i€ N* de a 
sont majorés. Soit A =  Sup {ah iÇN*}. Posons K = A  + 1.

1°) Supposons qu’il existe une infinité d’indices impairs i tels que 0 <  ^  ö; — l ; 
770 et x0 étant deux entiers tels que, pour n ^ n 0, (p~({r„tx}, x0) ^ M ,  il existe un 
entier impair пг>п0 tel que:

Prenons x1= x 0+ô„1ç„1. Alors, d’après le lemme 2.1. :

r ( K « U i )  =  (P~({rni- i^ } ,x 0) - k ni(b„1rni^ 1 + bni(x() + bniqnj)) + bni &

car r„l_1<qni (d’après 1.9) et bnit£ani- 1.
De plus, x0^ r ni_1 entraîne x x< rni et nous pouvons appliquer le lemme 4.1. 

(avec т0^П!+2).
Pour tout entier n ^ n x nous avons:

V ~( K  a}, *i) ^  <P~( K i  - 1 a}, *o) +  bni [ 1 -  Xni (ani qnj)\ -  x0 bXl AB1 -  (x0 +  bni qnj) ?.ni + x. 

Or a ^ q ^ q ^ - q ^  et Xni+1qni+Xniqni+1=  1 (1.3) d’où:

*i) =  x0) + bni[lni qni- J  - x 0[bnikni+).ni+1].

Or (d’après 1.5) et d’où:

1
8K 2 '

= (P ({rni-ix } , Xol + b ^ l  - l ni[qni + (ani- l ) q nj ] - x 0bniXni

<P (K a } .^ i)  =  <P
Or

4 n \  + l_ _ _ _ _ _ _ _ _ _  Я  n i  +  1

(алх+1)(ап1-1 +  O K 2
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(car qn+i = anq„ + q„-i et tous les quotients partiels at de a sont majorés par K — 1) 
et (7„1+1Ani>  1/2 d’après 1.4; d’autre part wx— 1 et:

<P~({rni-i<x}, X0) =  M  et *04,-1 c  -g^â- 

par construction. Nous obtenons finalement, pour tout entier я ё /ij,

<p-({rnoc}, Xj) ê  =  M + 2 p

ce qui achève la démonstration.

2°) S’il n ’existe pas une infinité d’indices impairs n tels que 0 < è „ ^ a „ ~ l ,  
à partir d’un certain rang, pour tout n impair bn—0 ou bn = an. Comme ß n’est 
pas congru à za (zÇZ), il existe une infinité d’indices impairs n tels que bn = an 
et bn+2 =  0 (d’après 1.7).

De même que précédemment, x0 et nQ étant deux entiers tels que pour n = na, 
(p~({rnoc}, *0) = M, il existe un entier impair « i>n0 vérifiant:

* 0  ^ n i - l )  b n i  ü n i ,  Ь П1 +  2 0 ,  2 n, _ i * o  ^  •

Prenons * i = x0 + bni qni, alors d’après le lemme 2.1.

4> _( “}. *i) = <p - (  K ,  _ j a}, x„) +  ani -  4 ,  (û„, r„, _ ! + (x„ +  ani <7Я1) ani)
*0</•„,_! entraîne xx</■„,; appliquons le lemme 4.1. en remarquant que b„ 1+2=0. 
Pour tout entier й£ йj , nous avons

ç>-({r„a},*i) a  (p-({r„1_1a},*0) +  û„1( l - 4 1(rni_1 +  a„19„,))-

^  n  1 4 i  * 0  4 i  ; 3  ( -V( ) 4  4 ;  ! l7 / j  I )  •

Or bni = ani entraîne è„,_1= 0  (d’après 1.6) c’est-à-dire r„i_1<qni_1, et + 
Яni 4n\ + 1

<p-({r„a},x) & <р-({г„1- 1а},*0) +  я„,((41+1- 4 1+3)?„1) -

- л ;о(«П14 1+ 4 1+з) =  ^ + 4 1+2?ni-2 * o 4 1- i  
car « i-lS W o , ;.„1+1- 4 1 + 3 =  й„1+2ЯП1+2 et u„,4l-=41- i  (d’après 1.5). De même 

que précédemment 4 1 + 2?Я1> 2^ з  (d’aPrès l-4 et }-5) et 2xo 4 1- i < ^ 3  ce qui

entraîne: pour tout entier п ^ п г, (p~({rnu}, x^^M- t - — ce qui achève la démon­
stration.

De même une condition nécessaire pour que l’intervalle (0, ß) soit à restes 
minorés est qu’il n’existe qu’un nombre fini d ’indices pairs n tels que bn?±0 ((4)î€N* 
développement de ß  par rapport à a).

14 „  . ]/5 —1b) Cas particulier a = — -— .
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Théorème 4.2. — Soit a =
f 5 - \

2 Si ß Ç_ [0, 1[ est non congru à za (z€ Z),

l'intervalle (0, ß) n'est ni à restes majorés, ni à restes minorés.

Les quotients partiels de a sont tous égaux à 1. Supposons que l’intervalle 
(0, ß) soit à restes majorés. D’après le théorème 4.1., il existe un entier N0 tel que 
pour tout entier impair n ^ N 0, b„=0. Or b„ étant inférieur à an ne peut prendre 
que les valeurs 0 et 1, et ß n’étant pas congru à za (zÇ Z), d’après 1.7, il existe 
une infinité d’indices pairs n tels que b„— 1 et è„_1= é n_2— з=0. Nous allons 
raisonner comme dans la partie a).

Soint «o et xo deux entiers tels que pour n S n 0. q>~({rn<x}, x0)> M .
Il existe un entier pair n1>n0+ 1 tel que

x 0 < q ni- i ,  bni = l, ЬИ1-1 =  Ьщ-2 =  bni~3 =  0, N 0.

Prenons лг1= х 0+ ^П1_1

<P ( K í- í Cí^X j) =  (p ({rni_2a},x0)-A ni_irni_2

(d’après le lemme 2.1)

(p~({rni a},Xj) =  ?>-({гЯ1_1а},л:1)+ЯВ1(д:0+ 9Я1_1)

<P“ ( K i a }> * l )  =  <P~({r«1- 2 <x}’ X o ) - K 1- l rnl - ! t + K 1(Xo+q„l - l ) -

Or hni_2—6Я1_з = 0 entraîne rni_2<qni_3 et — 2^/70 entraîne <р-({гЯ1_2ос}, x0)>
<  M. D’après le lemme 4.1, pour tout entier n ^ n 1 nous avons

<P ({'■„«}> *i) >  ^ - Я П1_1 дП1-г+>-П1дП1-х  =  Л/+Яя Чпл- 1 —'
1 + /5

— 3

1 + 15en effet, Я„ = ——— Яя+1 (obtenu facilement en iterrant 1.5), de plus qni- i> 2 q ni^ 3 

et ЯЛ19Я1_3=>ЯЯ1̂ Я 1 + 1 (d’après 1.4). Nous obtenons donc, pour tout entier

*i) >  M + Y ’

ce qui prouve, comme dans la partie a, que (0, ß) n’est pas à restes majorés.
De même l’intervalle (0, ß) ne peut être à restes minorés. Il suffit de remarquer 

que la suite des quotients partiels de 1—a est (2, 1, 1, ..., 1, ...) et que la même 
démonstration s’applique pour la suite {— na,}; l’intervalle (0, l —ß) est à restes 
non majorés pour la suite {—m}, (l—ß, 1) est à restes non minorés pour la suite 
{—m )  et (0, ß) est à restes non minorés pour la suite {m} ce qui achève la démon­
stration.
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§. 5 . Construction d’un intervalle de longeur 1/2 à restes majorés

Théorème 5.1. — Soit a£[0, 1[ un irrationnel dont la suite des quotients partiels 
( a d u  N* vérifie:

V/c€N a2k+1 = 2, 2 —— < ” •N* a2k
Alors Vintervalle (1 /2 , 1) est à restes majorés.

Nous allons montrer la propriété équivalente, l’intervalle (0, 1/2) est à restes 
minorés.

Déterminons le développement de 1/2 par rapport à a; d’après (1.5)

d ’où:

1 = 2  a2k + l@2k + l k=0 2  202k+ik=0

1 “
"T =  2  2̂к + 1
■L к =  0

2  KO,
n = 1

fc€N* 
ke  N.

La suite ( ù „ ) „ € n * ainsi définie, vérifie les relations 1.6. C’est le développement de 
1 /2 par rapport à a.

Soient к  un entier au moins égal à 2 et x  un entier inférieur à q2k +2. D’après
1.13, x  s’écrit x = y + d 1q2k + d2q2k + 1. Exprimons <p~ ({r2k+1(x.}, x) en fonction 
de cp~ ({г2к-га), y)'.

<P ({'•a«}, y+drfik) = 9  ({r2k-i<x},y) + *2k 'd 1r2k- 1-B .2k(y + d1q2k) 
(d’après le lemme 2.2)

Ф ({r2k+i<x}> x) = <P ({r2ka},y+ d 1qiik) - j 2k+i(d2r2k+ x)+ A 2k+1(x)
(d’après le lemme 2.1)

=  <P~({r2k -1 «}. У) +  (r2k _1X2k -  q2k X^ +1) -
~ ^ 2k+i(d2r 2к + у)-У A 2k+i (x) — B2k(y + dkq2k) — d2q2k+1X2k + 1.

Minorons d1(r2k_1X2k- q 2kX2k+1)

X<-2k = XX2k+i + X2k+2 (d après 1.5) et q2k = Xq2k- 1+q2k- 2

d ’autre part: r2k_1^ q 2k_1 et d1 s .a 2k d’où:
. . .  , . . X-2k +ld%k + 2 1di\T2k -kX2k — q2kX2k+i) >  —o2kX2k+1q2k̂ 2 j -  >  j -

4a2fc-2 ча2к-2

en effet: q„^ n+-~ et Xnqn+1< l  (d’après 1.3). Minorons — X2k + 1(d2r2k+y) 
Qn

b2k = 0 entraîne r2k = r2k_1^ q 2k (d’après 1.9); y < q 2k (d’après 1.13), d2^ a 2k+1 = 2, 
d ’où

3
~ ^ 2k+i(d2r2k+ ÿ)  >  —3X2k+1q2k >  — •

ÀUlk
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Calculons enfin l’expression A2k+1(x)—B2k(y+d1q2k) —d2q2k+1X2k+1 que nous 
désignons par A k(x)

1) У=~г2к_ i ,  B 2k{y  + dxq2k) = 0 (car b2k = 0) et y+ d1q2k> r 2k_1= r2k entraîne 

A 2k+i(x ) ~  1> A k(x)  =  1 —d 2qok + i?.2k+i-

2) y =  r2k_ !

a) d1 =  d2 =  0 A 2k+1(x) = B u iy + d tfu )  =  0 et 4 (x )  =  0

b) 4  =  0, d2 ^  0 ^ 2*+1(x) =  1 ; ^ (y + d ^ ü * )  =  0 et

Akix) =  1 d2q2k+i -̂2fe+i

c) d2 =  0  A 2k+1( x ) = l  car y  + d1q2k > r 2k =  r2k_1 et

A k(x)  S  0

d) dx 0, d2 5̂  0 yt2t + iW  — B2k(y +  d1q2k) — 1, (x) — —d2q2k^-i22k+1.

Soit X un entier. D’après 1.5, x s’écrit

Posons
x  = y 2+ 2  d{q2j +  diq2J+1.

J =  2

У к = y 2+  2  diq2j +d iq2J+1 (k = 2, 3 , fc0)
J = 2

*0
<P ({''2ko+ix}, X)= 2  (W~({r2k+ix}, y k +  di1q2k + dk2q2k + 1) -cp- ({ r2k_1cc}, y k))-

k=  2

+ (p ({r3a}, j 2) — Qi ~r 2  — y  2  ~ b 2  dk(yk + dkq2k+d2q2k+]).4 k=2 U2k- i  X 4 =  2 « 2t  4=2
*o

Montrons que 2  Ak(yk+d£ q2k+d2 q2k+1) est minoré.
4  = 2

Considérons les quatre cas possibles 

°0 Л  >  et d | 7î 0;
A ( y k+dlq2k+dlq2k+J)  = l - d k2q2k+1X2k+1 (d’après 1)

-  l _flz u i Î 2i+i^â+i  - 0  (d’après 1.3).

ß) У к >  r2*-i et 4  =  0:

M y k + d\q2k + d\q2k+1) =  1 (d’après 1)). 

y) y k S  r2k_x et d\  ou d% =  0:

Ak(yk + d\q2k + dk2q2k+1) Ш0 (d’après 2) a, b, c).
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<5) yk = r2к- h  i  ^  0 et d 2 + 0:
d k(y k +  d^q2k+ d k2q2k+1) =  - d k2q2k+1k2k (d’après 2), d)

S —1 (d’après 1.3).
Remarquons enfin que si y k> r 2k_ k et d%?±0, alors:

Ук + l  r2 t-l+ ?2k  + l  — *̂2(ft +1) — X•

Soient A, B, C, D les ensembles des indices к ( 2 ^ k ^ k 0) correspondant à 
chacun des cas précédents ( a ,  ß, y, ô respectivement). Ak ne peut prendre une valeur 
négative que si k£D . Supposons qu’il existe k kÇ_D, alors dkl+=0 et dkl + 0 ce qui 
entraîne ykl+i > r 2(tl+1)_1. S’il existe k 2> k x, /c2Ç Ű, d’après la remarque précédente, 
il existe k£ B  (kl <k~=:k2). Par conséquent, card (£>)^card (B) + 1, ce qui entraîne

*o
2  ■àk(yk +  dk1q2k +  dk2q2k+1) ==-1

k = 2

(p-({r2ko+i0t}, x ) ^ —qi — l —2 2  ~ » ce qui prouve (d'après 1.10) que l’intervalle
t e  N* a 2k

(0, 1/2) est à restes minorés.

§. 6 . Translations d’intervalles

Nous savons que pour un intervalle I, le fait d’avoir des restes bornés ne dépend 
que de la longueur de l’intervalle [1]. Par contre, le fait d’avoir des restes majorés ou 
minorés dépend aussi de l’origine de cet intervalle.

Si I=(a,b)  est un intervalle de [0, 1[, pour /16 R, nous désignerons par 
ß + I  l’intervalle ({a+ß}, {b+ß}j.  Soit /  un intervalle de [0, 1[ à restes majorés. 
Nous nous proposons de caractériser les /?€[0, 1[ tels que l’intervalle ß + I  soit 
encore à restes majorés. Pour cela nous utiliserons le développement de (1— ß) 
par rapport à a: 1— /l=lim  {r„tx} (voir 1.6).

Pour y€[0, 1[, introduisons la notation :

(pv(I, n) =  cardjfe, к <  n, {fax}Ç 1 —y + l }  — np(I) = cp( 1 —y + I, n)

(nous avons alors (p(I, n)=q>0(I, ri)).

Lemme (P. Bohl [1]). — Si ô et y sont deux éléments de [0, 1[ tels que ||<5 — y|| <  
< /.b  pour tout n<qk+1

\(ps(I, n)—(py(I, n)I ^  1.
Proposition. — I  étant un intervalle de [0, 1[ à restes majorés, Vintervalle 

ß + I  est à restes majorés si et seulement si l'ensemble {(,o(/, rn), nÇN*} est minoré 
( 1 — j8=lim  {rna}).

Remarquons tout d’abord que:

<P{rka.)(.k n) =  <P(I, rk + n) (p (/, rk).
1°) Supposons l’ensemble {cp(I, г„)„ем*} minoré.
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Soit n un entier, soit к  un indice tel que n< qk+1. D’après le lemme, (p1- P(I, n) â  
^<Plrk*}(I,n)+ l, car \ \ l - ß - { r ka}\\<kk c’est-à-dire q>x- t (I, n)=<p(ß+I, 
^(p(I, rk+ n)—(p (/, rk) + 1, quantité majorée indépendamment de n.

2°) Supposons l’ensemble {<p(I, r„)„eN*} non minoré.
Soit к  un indice suffisamment grand pour que rk^ 0. Considérons n=qk+1—rk: 

0< n< qk+1

<p(ß + I, n) =  <?!-„(/, n) S  </>(/, rk + n) —</>(/, rk)~  1 =  </>(/, qk+1)- l-< p (r , rk).
Or \(р(1,9к+1)\ШЗ d’après (1.1) ce qui achève la démonstration.

§. 7. Remarques

a) Dans un article en préparation, nous montrons que, pour tout я irrationnel, 
il existe des intervalles à restes majorés et non minorés.

b) Nous avons montré l’existence de nombres a, tels qu’il existe des intervalles

de longueur -i- à restes majorés mais existe-t-il des nombres a tels que tout inter­

valle de longueur i  soit à restes non majorés?

c) Les mêmes prolèmes se posent pour des intervalles de longueur quelconque. 
Ils sont associés à la connaissance du développement par rapport à я de la longueur 
de l’intervalle.
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КОБОРДИЗМЫ ГЛАДКИХ ОТОБРАЖЕНИЙ 
С ОСОБЕННОСТЬЮ

А. СЮЧ (Сегед)

0. Введение

В работе [2] построено классифицирующее пространство для /-погруже­
ний, т. е. такое пространство ГхМО(к), для которого пп+к (Г, МО (к)) ̂  G1 (п, к), 
где Gl(n, к) обозначает группу кобордизмов /-погружений и-мерных много­
образий в (п + &)-мерную сферу (см. [2]). Однако, далеко не любое непрерыв­
ное отображение M n-»Sn+k может быть аппроксимировано погружением (и 
тем более /-погружением при /<°°). То есть /-погружения не являются 
общими (т.е. плотными в пространстве всех отображений). В связи с этим 
возникает вопрос — нельзя ли построить классифицирующее пространство для 
общих отображений?

Конечно, тип общих отображений зависит от соотношения между раз­
мерностью п и коразмерностью к.

Напомним, что когда п< 2к, то Z■'-отображения (опр. см. ниже) являются 
общими (см., например, Х еф лигер  [1]).

О пределение. Отображение / :  M "-»N n+k называется ^-отображе­
нием, если

1) rank d f(x )^ n  — 1 и

2) если f ( x 1)= f(x 2), то Im # (х а) и Im df(x2) порождают все касатель­
ное производство в точке / ( х л) = f(x2).

Данная работа содержит описание классифицирующего пространства для 
^-отображений. При этом описании мы будем пользоваться обозначениями 
работы [2].

Введем некоторые новые обозначения. Группа кобордизмов .^-отображе­
ний и-мерных многообразий в (и+&)-мерную сферу определяется стандартно 
и поэтому мы ее определение опустим. Обозначение этой группы будет 1 \п , к). 
Искомое пространство, которое мы обозначим через S(k), должно обладать 
свойством:

ял+ (S(kj) «  Z \n ,  к).

1. Конструкция простраснтва S(k)

Напомним, что для ^-отображений двойные точки образуют внутрен­
ность некоторого многообразия с краем, а край этого многообразия dV 
состоит из точек, в которых ранг дифференциала d f  не максимален (т. е. 
{ /(* )I rank df(x) =п -1}).
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Вне некоторой окрестности этого края отображение есть просто 2-погру­
жение. Поэтому естественно исходить при построении искомого классифици­
рующего пространства для ^-отображений из классифицирующего про­
странства для 2-погружений, которое мы обозначали через Г2МО(к).

Классифицирующие пространства всегда строились, исходя из нормаль­
ного расслоения многообразий. Поэтому, чтобы понять, что нужно приклеить 
к пространству Г2 МО (к), чтобы получить S (к), посмотрим, каково нормаль­
ное расслоение многообразия dV.

Нетрудно видеть, что оно допускает группу 0^>(к)@ 1 с  0(2к+ \). (Здесь 
0 (2)(&) есть сплетение О (к) ~  Z 2, см. [2]). Универсальное расслоение с такой 
группой имеет вид:

ЕО(2)(к)Х1 ВО(2)(к).

Слои ЕО(2) (к) мы представляем себе, как 2/с-мерные шары, разложенные 
в прямое произведение DkX D k. Поэтому слои пространства ЕО(к‘ (к) X /  
имеют вид lX D kXDk. Это пространство м ы  и приклеим вдоль своего края к 
пространству Г 2МО(к). М ы сейчас опишем приклеивающее отображение: 
Край пространства Е О ^(к )Х 1  есть объединение краев слоев. Край каждого 
слоя есть:

d(Dk XDk X /)  =  Dk XD k Xd/U 3Dk XD k X /U Dk XÔDk X /.

W  {*2} {-v3}
Точки первого множества этого объединения имеют вид

хг = х + е  где е =  0 V1 и xÇ £0(2,(Ar).
Их мы приклеим к точке х е Е О ^ ( к ) с Г 2МО(к). Точки второго множества 
имеют вид:

х2 =  {у, а, г} где te l ,  а (у, х)едЕО (2>(к) причем ||у|| =  1.
Эти точки мы приклеим к точке х  е МО (к) с  Г 2 МО (к).

Аналогично точки х3= {х , у, ?} приклеим также к точке х е М О (к )а  
с:Г2МО(к).

Полученное после приклеивания пространство и будет S(k). Значит:

S(k) = Г 2М О(к) (J ЕО(2>(к)ХГ.
д(.ЕО<2\ к ) х 1 )

Ут в е р жд е н и е  1. n„+k(S (k )) % Г1 (л, к).

Доказательство аналогично доказательству Теоремы 1 из [2].

2. Обобщение

Можно определить, конечно, кобордизмы ^-отображений л-мерных 
многообразий в произвольное, но фиксированное н+А:-мерное многообразие 
N n+k. (Пленка натягивается в цилиндре N n+kX l). Множество таких кобор- 
дизмов обозначим через 2? (л, N).

Нетрудно видеть следующий аналог утверждения 1 :
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Утве ржд е ние  2. I 1 (и, N) = [N, 5 (А:)] (равенство множеств).

Замечание.  В случае п < 2 к —2 любое непрерывное отображение можно 
аппроксимировать ^-отображением, поэтому

ß„(7V) -  Z \n , N) =  [У, S(k)].

3. Некоторые следствия

Напишем точную гомотопическую последовательность пары (S(k), 
Г2 МО (к))
(* ) -  жп+к+1(3(к)) — nn+k + 1(S(k), Г2МО(к)) — пп+к(Г2МО(к)) -*■ nn+k(S(k)) +  .

Обозначим относительную группу nn+k(S(k), Р2МО(к)) через Х(п, к). 
Предположим п < 2 к —2. Тогда (* )  перепишется так:

ß„+1(S"+‘ + 1) -  X (n + 1, к) -  G2(n, к) -  ß„(S"+i!).

0 0
То есть G2(n, к ) ^  X (n + 1, к). Но пространство Г2МО(к) /с-связно, а пара 
(5 (к), Г2 МО (к)) 2 к + 1 -связна, поэтому при п-=2к—2

X ( n + \ , k ) ^  nn+k + 1(S(k)/r2MO(_k)) =  7in+k+1(SMOW(k)) = G1(n — k, 1 ф CK2>(fc)).
Здесь G \m , Н), где Я сО (у ')  означает группу кобордизмов вложений /«-мер­
ных многообразий в т +  у-мерную сферу, норм, расслоение которых допускает 
группу Я.

В нашем случае Я  будет группа 1 ® 0 (2> (к), где 1 означает тривиальную 
группу SO(l). Значит доказано:

Утве ржде ние  3. Если п < 2 к —2, то G2(n ,k ) ^ G 1(n — k , \® 0 (k )~ Z £ )  ко­
торое сводит 2-погружения к вложениям.

Замечание.  Не вызывает сомнения, что аналогично можно построить 
группы кобордизмов и классифицирующие пространства для любых особен­
ностей Z1. Интересно было бы выяснить, нельзя ли применить эти группы 
для получения теорем о несуществовании некоторых неособых отображений.
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ON CONDITIONAL MEDIANS 
AND A LAW OF ITERATED LOGARITHM 

FOR STRONGLY MULTIPLICATIVE SYSTEMS1
By

M. CSÖRGŐ (Ottawa) and D. L. MCLEISH (Edmonton)

1. Introduction. In a recent paper Tomkins [4] studies certain properties of 
conditional medians. In an earlier paper Csörgő [2] employs the notion of a condi­
tional median and proves a law of iterated logarithm for strongly multiplicative 
systems of r. v. The aim of this note is to list two further properties of conditional 
medians and to study again, with their help, the earlier result of Csörgő [2] for 
strongly multiplicative systems.

2 . The conditional Chebyshev inequality and bounds on the conditional median.
Here we prove two simple propositions. Tomkins’ [4] definition of a conditional 
median is used throughout in the sequel.

Proposition 1. Suppose X  is a r. v., F  a sigma-field and e is a non-negative 
F-measurable r. v.. Then

P { \ X \> e \ F } ^ £ - xE(\X\x\F ) a.s. for  a >  0.

Proof. Put У = е - 1 |Х|. Then

E f lZ M iU e - 1 =  Е ( |Г |« |^ )  ^  E(Y4ir>1,\F)  ^  Е ( / 1У>Ц| ^ )  -  Р{|ЛГ| >  e\F}.

Proposition 2. I f  p (X \F ) denotes the conditional median o f  X  given F ,  
then fo r  any a>0

\p(X\F)\ (2E(|X\*\F))4* a.s.

Proof. Clearly for any <5>0

p ( m  >  ((!+ ! ) E (W ) m  s  =  t í t  ■=1/2 a-s-

by Proposition 1. The existence of p(X \F ) for every r.v. is guaranteed by Theorem 1 
of Tomkins [4].

3. A  law of iterated logarithm for strongly multiplicative system s. In this section 
we work with r.v. satisfying the conditions of the following

1 Research partially supported by a Canadian N. R. C. Grant.
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D efinition. A sequence {X„} of r.v. will be called a normed strongly multi­
plicative system (NSMS) if

where /i-<i2« = . f c = l ,  2, . . . ,  and ru r2, ..., rk, k—1, 2, can be equal to 1 
or 2.

We note that a martingale difference sequence of r.v. {X„} (that is E(Jtr1)= 0  and 
¥,{X„\Xx, ..., Xn_1) = 0, a.s. й ё 2) is a NSMS if it also satisfies the conditions

where <51; d2, ... are non-negative constants.
Studies of strongly multiplicative systems of r.v. usually require the sequence 

{Xn} to be uniformly bounded and equinormed (i.e., <5f are assumed to be equal), 
and the a.s. behaviour of such sequences is essentially known (cf. Alexits [1], R évész
[3]). Not all strongly multiplicative systems can, however, be made equinormed, and 
the uniform boundedness condition is also quite restrictive. It should, therefore, 
be of interest to study sequences of r.v. satisfying our NSMS definition. In this regard 
the following is known.

Theorem A (Csörgő [2]). Let {X„} be a NSM S, put Sk= X k + ...+ X k and 
o%=ök+ ... + S*. Assume that the conditional median p (Sk— Sn\S}, ..., Sk) o f the 
r.v. Sk — Sn satisfies the condition

In the light of Proposition 2, we can drop condition (3.2), and make Theorem 
A somewhat more plausible and also more comparable to Stout’s [5] martingale 
analogue of Kolmogorov’s law of iterated logarithm. We have

Theorem. Let {Xn} be a N  SM  S  and let Sk, <32, tn and \Xn\jdn be as in Theorem

(3.1)

(3.2)(3.2) Ip(Sk- S n\St, . . . ,S k)I ^  (2hl)1/2.

I f  <52-  +  °o and 1 |/(5„ =  о (log log “1/2 d2), tn =  (2 log log <52)1/2, then

(3.3)

A. Put ^ 2 = E ((S t — S„)2\Sx, ..., Sk). Assume, for every кШI, that

(3.4)

Then, for every к ш \, we have
2 2 Я 2—  1 ( n — )•

(3.5)
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Using now the assumption (3.4) instead of (3.2), one first proves (exactly as in [2]) 
that (3.3) holds. Then, applying again (3.4), we get (3.5).

The constant 1 of Theorem is likely the best possible one.
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DIMENSION TRANSITIV ORIENTIERBARER GRAPHEN1
Von

R. GYSIN (Dietikon)

Í. Einleitung

Ist s 0 eine partielle Ordnung der Menge P und sind a, b zwei bezüglich
unvergleichbare Elemente von P, so gibt es nach E. Szpilrajn [5] eine totale 

Ordnung welche erweitert und für welche gilt: a ^b . Hieraus ergibt 
sich unmittelbar: Ist I  die Menge aller totalen Erweiterungen von S 0, so ist S 0 
der Durchschnitt der Ordnung aus I:

a ^ 0b — (V ^i) (= id l  a b).

Diese Äquivalenz gilt im allgemeinen offenbar nicht nur für die Menge I  
aller totalen Erweiterungen, sondern auch schon für gewisse ihrer Teilmengen Г . 
Nach Dushnik und M iller [1] heißt die kleinste Mächtigkeit m, zu der eine solche 
Teilmenge Г  mit der Mächtigkeit m existiert, die Dimension von ^ 0. Für end­
liche partielle Ordnungen (was im folgenden stets vorausgesetzt wird) ist diese 
Dimension endlich.

Die Dimension von ist offenbar genau dann 0, wenn P die leere Menge 
ist; sie ist 1, genau wenn P mindestens ein Element besitzt und selbst eine 
totale Ordnung ist.

Um auch für den Fall der Dimension 2 eine notwendige und hinreichende 
Bedingung angeben zu können, wird einer partiellen Ordnung (P, nach folgender 
Vorschrift ein Graph G=G(P, zugeordnet:

Eckpunkte von G sind die Elemente von P; zwei verschiedene Elemente 
x, у  von P  sind genau dann verbunden, wenn sie vergleichbar sind (d. h. xS.y  
oder y ^ x ) .

Zu einem Graphen G wird ferner der komplementäre Graph G folgender­
maßen definiert: G besitzt die selben Eckpunkte wie G und zwei verschiedene 
Elemente x, у  sind in G genau dann verbunden, wenn sie in G nicht verbunden 
sind.

Es gilt dann der Satz (1): Eine partielle Ordnung (P, Щ_0) besitzt genau dann 
eine Dimension ^2 , falls der zu G(P, ^ 0) komplementäre G transitiv orientierbar 
ist, d. h. falls es eine partielle Ordnung (P, =f) gibt mit G(P, S a) =  G.

Aus diesen Kriterien ergibt sich für partielle Ordnungen der Dimension =2 
der folgende

1 Diplomarbeit bei Prof. Dr. E. Specker an der E.T.H. Zürich.
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Sa t z . Sind (P1; S j)  und (P2, =  2) partielle Ordnungen, deren zugeordnete 
Graphen G(P1, und G(P2, = 2) isomorph sind, so ist

dim (P i, s x) =  dim (P2, iS2).

Das Ziel der vorliegende Arbeit ist der Beweis dieses Satzes für beliebige endliche 
partielle Ordnungen.

B em e r k u n g . Für endliche Dimensionen überträgt sich der Satz leicht auch auf 
unendliche partielle Ordnungen. Die Frage ob es auch für unendliche Dimensionen 
gilt, muß olfen bleiben.

Ein wesentliches Hilfsmittel für den Beweis ist die folgende Äquivalenzrelation 
A auf der Kantenmenge eines Graphen G, welche von P. C. G ilm ore und A. J. 
H offm an in [3] eingeführt worden ist. Die Kanten (a, b) und (c, d) stehen genau 
dann in der Relation A, wenn es eine Folge von Kanten (xh x i+1) (/=  1, n, 2 ^n )  
mit x ±=a, x 2 — b, x„ = c, x n+1= d  und (xh x1+2)6 G gibt.

Für transitiv orientierbare Graphen G ist die Relation A zu folgender Be­
ziehung äquivalent:

Für alle transitive Orientierungen Ox, 0 2 von G stimmen Ox, 0 2 genau dann 
auf der Kante (a, b) überein, wenn sie auf der Kante (c, d) übereinstimmen.

2. H ilfssätze

Satz 1 (T. H iraguti, Satz 6.1 in [4]). Sei ein System {(As, 5} von
punktfremden partiellen Ordnungen und eine partielle Ordnungsrelation auf
S  gegeben, ferner soll ein er 6 S existieren mit dim  (As, = s)=  dim (Aa, für  
alle s fS .  Dann gilt:

dim 2, (As, s=s) =  max (dim (Aa, =§„), dim (S, Щ )).
(S.S,)

Dabei bezeichnet ^  ( A s> = s) die Ordinalsumme der partiellen Ordnungen
<s, S,)

(As, ^ s) (^65) über der partiellen Ordnung (S, s e).

Sa t z  2 (T. G a l l a i, Satz 1.2, Pkt. 2, Pkt. 3a, 3b in [2]). Sei G ein endlicher 
Graph, ohne Schlingen und ohne Doppelkanten.

(1) Ist der komplementäre Graph G von G nicht zusammenhängend und sind 
P i, ..., P„ die Punktmengen der Komponenten von G, so gilt, daß fü r  alle Indexpaare 
i , j  (1 S.i, j  S  n) jeder Punkt aus P ; mit jedem Punkt aus P, durch eine Kante von G 
verbunden ist, und daß die Kanten, die P ; mit Pj verbinden, eine A-Klasse Etj 
bilden.

(2) Sind G und sein Komplement G beide zusammenhängend und mehrpunktig, 
so existiert eine echte Zerlegung {P3, ...,P„} der Punktmenge von G mit den fol­
genden Eigenschaften:

(a) Für alle Indexpaare i , j  (1 ^ i < j ^ n )  entweder ist kein Punkt aus P; mit 
einem Punkt aus Pj durch eine Kante von G verbunden oder jeder Punkt aus P, 
mit jedem Punkt aus P j.

(jo) Die Kanten (x, y) von G fü r  welche es kein i (1 á i á n )  gibt mit x € P;, 
y~P, bilden eine einzige A-Klasse E  von G.
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Dabei heißt {Px, ...,P„} eine echte Zerlegung der Menge P, wenn gilt: 2Sn, 

PiCiPj = 0  /,7=1, n) und U  Pt=P-
i  =  1

Sa t z  3 (T. G alla i, Satz 1.9, Pkt. 1 in [2]). Sei G wie in Satz 2. Man betrachte 
die Zerlegung {Px, Pn} mit den Eigenschaften von Satz 2, und Р г, Pj seien 
verschiedene Mengen aus {Px, P„}, so daß die Punkte von P. mit jenen von Pj 
durch Kanten verbunden sind. Ist G transitiv orientierbar, so erhalten bei einer jeden 
transitiven Orientierung von G sämtliche Kanten aus G die P ; und Pj verbinden 
bezüglich der Mengen P, und Pj die gleiche Richtung. (D. h. entweder sind alle von 
Pt nach Pj orientiert, oder sind alle umgekehrt orientiert.)

L em m a . P x, ..., P„ seien die Punktmengen der Komponenten des Komplementären 
Graphen des Graphen der partiellen Ordnung (P, S). Dann gilt:

dim (P, s )  =  max dim (Рг, s ) .

Be w e is . 2 Wir setzen Рг̂ 8Р; genau dann, wenn x £ P ; und у  £ Pj mit хШу 
existieren. Nach Satz 2, Pkt. (1) und Satz 3 folgt, daß eine totale Ordnungs­
relation auf der Menge S= {P 1, ..., Pn) ist, und daß (Pf, « )  — (/>, g )  gilt.

(s. ==s)
Nach Satz 1 folgt die Richtigkeit des Lemmas.

3. Hauptsatz

Sa t z . Sind (Px, S x) und (P2, =  2) partielle Ordnungen deren zugeordnete 
Graphen G(PX, =x) und G(P.Z, Ш2) isomorph sind, so ist

dim (Px, ^ j)  — dim (P2, s 2).

B e w e is . Wir nehmen PX= P 2= P  und G(PX, = j) = G(P2, ^ 2) = G an und 
führen den Beweis durch Induktion nach der Anzahl der Elemente von P. Für 
card (P) = 1 gilt: dim (P , S  x) —dim (P, ^  2) =  1 •

Sei nun m (2sm ) gegeben. Unter der Annahme, daß der Satz für alle partielle 
Ordnungen mit card (P )< m  gilt, werden wir den Satz auch für partielle Ordnungen 
mit card (P)=m  beweisen. Es bestehen folgende Möglichkeiten:

1. Der Graph G der beiden partiellen Ordnungen ist nicht zusammenhängend. 
Seien P x, ...,P„ die Punktmengen der Komponenten von G, dann nach dem 
Satz 1 folgt:

dim (P , =  max ( max dim (Рг, S x), 2) undl^i^n
dim (P, s 2) =  max ( max dim (P-, s 2), 2).

Aus der Induktionsannahme und weil card (Pt)-<m (i=  1, ..., n) ist, folgt: 
dim (P;, ё х) =  dim (P;, s 2) (i =  1 ,..., n)

also :
dim (P, ä x) =  dim (P, s 2). 2

2 Für den vereinfachten Beweis des Lemmas möchte ich dem Referenten danken.
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2. Das Komplement G von G ist nicht zusammenhängend. Seien Pu  ..., P„ 
die Punktmengen der Komponenten von G. Nach dem Lemma folgt:

dim (P, =  max dim (P;, und dim (P, ^ 2) =  max dim (Р;, ^ 2).

Ferner wegen der Induktionsannahme und weil card (Р;) < т  ist, gilt auch: 
dim (P;, äj) =  dim (Pi; iSa) (i =  1 ,..., n)

also:
dim (P, ^ j )  =  dim (P, S j).

3. G und G sind zusammenhängend. In diesem Fall betrachten wir die echte 
Zerlegung Z = { P 1; ...,P„} von P  aus dem Satz 2 und für i , j = l , . . . , n  setzen 
wir PiR^Pj (PiRoPj) genau dann, wenn x€P; und ydPj mit х ^ ху  ( x ^ 2y) 
existieren. Nach Satz 2, Pkt. 2(a) und Satz 3 folgt, daß R x und R,, partielle Ordungs- 
relationen auf Z  sind, und daß

2  (Pt , Si) =  (P, S j)  sowie 2  (Pi, =  (P, Sa)
(Z ,R t) ( Z ,R 2)

gilt. Nach dem Satz 1 gilt auch :

dim 2  (P;. =i) =  max (dim (Z, P x), max dim(P, S j )
I Z . R A  Х Ш Ш п

Ferner, da sämtliche Kanten von G, die verschiedene P ; Mengen verbinden eine 
einzige A-Klasse (Satz 2 Pkt. 2 (b)) bilden, ist R x gleich P 2 oder ihrer Inverse; 
insbesoderes gilt:

dim (Z, R x) — dim (Z, P 2).

Aus der Induktionsannahme und weil card (P;)< » t ist, ergibt sich dim (Pf, = t) =  
=  dim (Pt, s 2). Also ist auch in diesem Fall

dim (P, S i)  =  dim (P, s 2).
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ON THE SUM OF DISTANCES BETWEEN 
n POINTS ON A SPHERE. II

By
R. ALEXANDER (Urbana)

§ 1. Introduction

By sphere we will always mean those points (x, y, z) in E 3 for which x 2+ y2 + 
+ z2— 1. If  p  is a point on a sphere and O-^cpSn/l, those points on the sphere 
which with p  form a central angle в^<р will be called a spherical cap. All distances, 
unless otherwise stated, will be Euclidean.

If Р\>Ръ, - чРп are variable points on the sphere, we let S(n) denote the 
maximum value of the function 2  \Pt~PjV In our article [1] we proved that

( 1)
1

— cxrp <  S(n)

and neither of these inequalities has been improved. However, К. B. Stolarsky [6] 
by using a nice improvement of our method combined with results of W. M. Schmidt 
has given a much better version of the right inequality in (1) for the distance sum in 
higher dimensions.

Stolarsky [7] has also studied the function d(pt) —min \pt— pA under the
assumption that the distance sum is maximal, and shown that d ( p ^ c s/n for each i. 
The obvious conjecture that d(pt) is of order л"1/2 seems beyond any present 
technique. Later, using a method of integral geometry, we will show that d(p{)<  
< c 4/n3/ie when the p t are in an extremal configuration. However, we first prove 
a general result relating distance sums and uniform distribution on the sphere.

§ 2. Uniform ly distributed sequences of sets on the sphere

For k  = 1, 2 ,..., let Ak be a set of к  points on the sphere. We say that the 
sequence Ak is uniformly distributed if for each spherical cap C,

(2) lim \AkClC\k~1 =  (Area С)/4л,
k-*-oo

where |W| denotes the cardinality of X. For convenience we define .?(ТЛ) —
= k~2 2  \Pi~Pj\ where Pi,Pj are members of Ak. 

i^ j
Theorem 1. For each positive integer k, let Ak be a set o f к points on the 

sphere. Then the sequence o f sets A lt A 2, ... is uniformly distributed i f  and only i f

(3) lim s(Ak) =  .
k —°° j
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Proof. Let us suppose that the limit in (3) is indeed 2/3, but that the sequence 
A x, A2, ... is no t uniformly distributed. Choose a subsequence, indexed by /', such 
that lim \A jC \C \j~1 exists bu t does not equal (Area C)/4n for some spherical
cap C.

Let [ij be the measure on the sphere defined by placing mass at each 
point in A j. By the Helly compactness theorem there will be a subsequence, indexed 
by m, of measures which converge weakly to a Borel measure /< on the sphere. 
By well-known properties of weak convergence it must be true that

jim  s (A J  =  y / /  \p -q \d p (p )d p (q ),

and this limit is 2/3 by assumption. However, Bjőrck [4], has shown that 
f f \ p  — (l\dp(p)dp(q)=4/3, an absolute maximum, only for the uniform measure 
among positive Borel measures o f total mass 1 on the sphere. This contradicts the 
fact that /( is not uniform.

Because it is straightforward, we omit the proof in the other direction.
The following Corollary answers a question raised by Professor Erdős on his 

recent visit.

Corollary 1. I f  Ak is chosen so that s(A k)= k~ 2 S(k), then the sequence 
A x, A2, ... is uniformly distributed.

Proof. The corollary follows a t  once from (1) and Theorem 1.
Another consequence of Theorem 1 is that

lim [max (d (p,): p f A k)] =  0k-*- oo

for the Ak in Corollary 1. We will strengthen this result in the next section.

§ 3. Inequalities for certain generalized distance sums

In this section p will always be a signed Borel measure of total mass 1 con­
centrated on the sphere. We let I(p) denote the integral f f \ p  — q\dp(p)dp{q).

Theorem 2. Let C be a spherical cap o f spherical radius <p and let p be such 
that \p\C=0. Then

(4) ± I ( p ) ^ j - c 5cp*.

The proof of Theorem 2 depends on integration with respect to the usual measure 
г on the planes o f E 3. This measure is invariant under Euclidean motions, and 
the measure of the set of planes which cut a line segment is the length of the segment. 
In  general, if T  is a Borel set of planes and u is a unit vector, let T(ii) be those 
planes in T  which are orthogonal to ii, and let h(yi) be the Lebesgue measure

o f Т(й)Г\Ь where L  is any line parallel to ü. Then x(T) = -—Jh{u)do(u)

where a is the usual surface measure of the sphere.
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Let t be any plane which cuts the sphere, and let A, and B, be the portoins 
of the sphere which lie in the two open halfspaces determined by the plane t. In our 
article [2] we established the following formulas:
(5) I(p) = 2 J f i (At) p ( B t) dx(t)

(6) / | i í i + I í l ) _ | [/(jUi) +  / (AÍ2)] =  i . y  [ fi^ A J -p M ,)] 2 dx(t).

We shall apply the identity (6) for the case where рг is the uniform measure 

on the sphere and q2 is a measure for which |/i2[C=0. Here anc*

[7(jtt1)+/(Ai2) ]> /(g 2) by Bjorck’s theorem, which itself follows easily from (6) 
as we shall later show. Therefore if /q is uniform,

( 7 )  4 - / Ы  >  3 / ^ (At)-BÁA,)]2dx(t).
In order to get a lower bound for the right side of (7), we shall integrate only 

over those special planes which cut the sphere in a small circle which lies entirely in 
the spherical cap C. Because of the general nature of g2, it would be difficult to 
consider the effect of other planes. However, for these special planes, [/j1(At) — 
—^2(fft)]2= a 2(r) where a(t) is the spherical area of the spherical cap determined 
by t and which lies in the cap C.

Suppose the centre of the cap C is given by the unit vector m0; let й be a unit 
vector which makes an angle 0«=<p with n0. For the special set of planes we are 
considering, h(u) — \ — cos {cp — 0), where h(u) is as above. Also it is easily seen 
that the average value of a2(/) for t in T(u) exceeds c6 sin4 (<p—в). Thus the 
incremental contribution of the planes in T(u) will exceed c6[l —cos ((p—0)] •
• sin4 (9 —Q)do(u). A Riemann integral which sums these contributions over all 
vectors й which lie in C is given by

(8) c7 J [ 1 — cos (cp — 0)] sin4 (cp — 0) [271 sin в dd].
0

Since 1— cos (cp — 0)>c8(<p — 0)2 and sin 0 > c 90, a simple computation shows 
that the right side of (7) exceeds c6<p8, and this proves Theorem 2.

Corollary 2. Let the points pu p2, ■■■,p„ be placed on a sphere so that
2  \Pt~ Pj\ = S(n). Then for each i, d(pi) ^ c i n~3li<i. 
i^j 2

Proof. From  (1) we know that 5(n)> — и2 — cx«1/2. Let be the measure
formed by placing weight и-1 at each pt and let dipd equal 2(pt .

1 2 2 
By Theorem 2, — — c-oVÍ- Thus it must be true that — — c5<pf>

and I n~3116. Since spherical distance exceeds Euclidean
3 \ c J

distance, c, = - — works. 2 с-л
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In the case of the circle, L. Foes Tóth [5] showed that d(pi)=2nn~1 by identi­
fying the vertices of the regular л-gon as being the extremal configuration. Our 
method, applied to the circle, would give г/(р;)< с 10я _2/5. Since we are working 
with a local distortion technique, it is not surprising that our result is far from

1 2optimal. By considering an inequality — /(jU2)< -r-— 2  thus bringing in theZ J f
local influence of all points, one might hope to obtain (for the sphere) 
or perhaps a slightly better inequality.

Also, if /q is the uniform measure on the sphere and цг is arbitrary, 

f f \p -^ W d i(p )d p 2(q )= -j. From this it follows that I  ^ 1 ^ 2j =  ̂ - / ( / ia) +  l. 
Substitution into (6) gives the identity

(9) j - j  / Ы  -  / [Mi(Af) - / i 2(A )Fdr(0,

which is perhaps more pleasing than the inequality (7). An analogue of (9) for positive 
measures, using Haar integration, was developed by Stolarsky [6], and he should 
be credited with discovering this very pretty class of identities for /(/г) on Euclidean

4
spheres. Also, we note that (9) immediately shows that 7(/i2)= - j , and hence Bjőrck’s
result holds for signed measures which satisfy J  dp= 1.

However, from the viewpoint of integral geometry (9) is a special case of (6), 
which holds for a broad class of metrics and arbitrary compact sets in Euclidean 
space as discussed in [2]. Thus the problems studied in [3] and [5] continue to be 
a source of interesting results.
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ON ALMOST EVERYWHERE 
r-CONVERGENCE SYSTEMS

By
I. JOÓ (Szeged)

1. Let (Q, A, //) be a measure space with finite positive measure ц, let S=  
=  S(fí, А, f )  be the class of almost everywhere finite measurable functions on Q 
with the usual metric of convergence in measure. Let T  be a summation process 
generated by a matrix ||?ii7-|| (not necessarily with finite rows) having the following 
properties:
(1) I ' d  ^  К (/,7 =  1,2,...) 
and

(2) lim ti,j =  1 ( j  =  l , 2,...),

where К  is an absolute constant. Furthermore, let В be the Banach space of 
sequences1 such that

ta  = (ах,а 2, ...)£B  implies
f u (^ i 1 (0, . . . ,  0, , öjvj-f. 1, . . . ,  Ujv2 . * * *) € B,

( 3 )  1  l | e ( J V x , N J h  S  | | a | | B , lim I I a ( 0 ,  J V ) - a | | „  =  0 ,
N-*- CO

' and |fl;| ^  l|a||B-2
For example lp (1 <  =») is such a space. A sequence {/!,}- S is called T-con-
vergence system for В if for every a()B the limit

(4) f (a ) =  lim lim т?(а) i if (a )  =  2  )
1 —  0 0  j V - ° o  V J  =  1  1

exists for almost every t^Q .
The aim of this paper is to give a necessary and sufficient structural condition 

for {/„}; that is, which does not use the elements of В  under which it is a T- 
convergence system for B. We think these results (when B= l2) may be useful in 
understanding the reason of the following fact, proved by M e n s o v  [ 2 ] : There exist 
a uniformly bounded orthonormal system {(p„) on (0, 1) and a regular positive 
summation method T  that is not equivalent, in the class of L2(0, 1) with respect 
to this system, to the a.e. convergence of any fixed subsequence of partial sums.

Our results will generalize those of N ik iSin [3] to summation processes; however, 
his proof cannot work in all parts of our proof. In the general case we need some 
results of Banach.

1 Algebraic operations are defined in the natural way (by coordinates).
2 The condition |a,| ^  ||ajlB is tacitly assumed in N ikisin’s work [3].
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2. First we prove the following

Theorem I. Under the assumptions (1), (2), and (3) the sequence { /„} cS  is a T- 
convergence system for В if and only i f  for all e > 0  and 0«=<5< 1 there exist a meas­
urable set Ec öczQ with pECtS< e and a constant Ce>s depending only on e and 
6 such that

(5) f  sup I lim sup
n-EeyS is l v N~°°

or all a£B.

We need three lemmas. To this effect, let E  be an arbitrary Banach space. 
A mapping G o f E  into S  is called an operator with convex absolute value (briefly 
convex) if for every x ,y £ E  and A£R  (real) the relations

(6) IG(x+j>)| |G(x)| +  |G O )|

and

(7) |G(A*)| =  1АМОД1

hold true a.e.
G is called bounded if the image of the unit ball of E is bounded in measure 

in S, that is, for every x£E  with ||x||£S l  and for every e> 0  there exists a 0 
such that

(8) p{t£Q : |G (* )(0 |>  AT} <  e.

According to (7) a convex operator is bounded if and only if it is continuous 
in the origin of E. From (6) it follows that

П о д п а д и  s  ig ( * - t)I-
This shows that a convex operator is continuous if and only if it is continuous in the 
origin óf E.

Lemma 1(Nikisin  [3], Theorem 1). Let G be a convex bounded mapping o f E 
into S. Then fo r  all e > 0  and 0<<5<1 there exist a measurable set ECidczQ with 
pEE'S<8 and a constant CEt3 depending only on e and Ő such that

( 9 )  /  \С(х)\'-ЧрШСС'Лх\\\-д
П-Е„6

for  all x£E.

Lemma 2 (Banach [1], Theorem I). Let {Ln} be a sequence o f  bounded linear 
mappings o f E into S  such that fo r  every x£E  the function

<7(x)(0 =  sup \L„(x)(t)\
nSl

is finite for almost every t£Q. Then G is a bounded convex mapping o f E into S.

Z  aj ti,jfj(f)\ ) dp(t) CEtd\\a\\\-6
j= 1 I /
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L e m m a  3  ( B a n a c h  [ 1 ] ,  Theorem III). Let {!„} be a sequence o f bounded linear 
mappings o f E  into S such that for every x fE , limsup \Ln(x)(t)\ is finite for

П-*- oo
almost every t c Q. Suppose that for all x  from a dense subset o f  E  the limit lim L n{x){t)П— oo
exists for almost every t£Q. Then lim L„(x)(t) exists fo r  almost every t£Q  forЛ со
all x£E.

P r o o f  of T h e o r e m  I. Necessity. Suppose that { /„ Id s ' is a T-convergence 
system for B. Because the f„’s are finite for almost every t£Q, further (1), \a \^  
S ||a ||B, and IIa(N1} A2)||BS ||a ||B are fulfilled (see (3)), one can easily see that the 
operators i f  in (4) are bounded and linear, for arbitrary i and N. Apply Lemma 2, 
with a fixed i, to the sequence {if} of operators and to E=B. Thus we obtain 
that the limit operator (denote it by тг) is also bounded and linear. We must only 
notice that for every a fB

'> lim Zi(a)(t)\ ^  sup |xf(a)(i)|
Ns 1 '

for almost every tfQ . Now applying Lemma 2 to the sequence тг, we obtain that 
the operator

G(a)(i) =  sup (lim sup 2  a j t i . j f j ( 0  )
iS I  '  j = 1 I/

is a convex bounded mapping of В into S, and hence Lemma 1 gives (5).

Sufficiency. Conversely, suppose that (5) is fulfilled. Then

/  limsup |т?(а)(0 |1-*<МО =  Cm N Ib- * (г =  1, 2,.. .)
n - E ei6  N ~ ° °

for all a ffi ,  which implies that for every a fB , limsup xf(a)(t) is finite for almost
JV-*-eo

every t f Q —EE0. As we noticed above, the operators xf (г, N = 1, 2, ...) are 
bounded and linear. It is clear that the set A =  {a(0, M ):a fB ,M =  1,2, 
is dense in B. This follows from the part lim ||а(0, А ) —a||B=0 in (3). For any
fixed i and o(0, M )£A , the limit lim xf(a(0, M ))(t) exists for almost every 
t fQ .  Thus Lemma 3 gives that for every afB , lim xf (a)(i) exists for almost

N-*- oo
every t fQ  — Ettd. Since e > 0  is arbitrary, for every a fB  the limit lim zf(a)(t)

N-*-oo
exists for almost every tfQ .

Denoting by X; the limit operator, Lemma 2 implies that the xfs are bounded 
and linear. In fact, repeat the above argument to the sequence rt. By (2), for every 
a(0, M )fA  the limit lim zt (а(0, M ))(t)  exists for almost every t fQ ,  further
(5) gives

/  sup|x; (a) (?) I1- 15 dp (0  Ä c e, i II a |ß- ‘*, 
isl

which shows that for every a f B, sup |х,-(а) (t)\ is finite for almost every t f Q —Eed.
i a i

Applying Lemma 3 we obtain that for all а f  В, lim хг(а) (t) exists for almost1—► oo
every t fQ  — EEid. Since г> 0  is arbitrary, Theorem I is proved.
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R em ark . The proof of Theorem I gives also the following statement. Under 
assumption (1), (2) and (3) the sequence {/„}c S  is а Г convergence system for 
В  if and only if

N

sup lim sup 2  ti,jaj f jiSl IV —oo j = 1
oo

in almost every point of Q, for all a£B.

3. We shall give a sharper form  of Theorem I in case B = lp (1ё/><=°) as 
follows.

T heorem II. Under the assumptions (1), (2), and (3) the sequence {/„}cS is 
a T-convergence system for lp ( l^ p < ° ° )  i f  and only i f  for all e > 0  and 0 
<  min (p, 2) there exist a measurable set Eeqd  Q with /сЕе в< г  and a constant 
Ccq depending only on г and q such that

( 10) { /Уп-Е.
sup [lim sup
i^l \  N-*-oo

к i9\ Iq
2  aj t i j f j i t )  I j Ф ( 0 |  =  C[tf \a

fo r  all a(Up.

The proof runs along the same lines as that of Theorem I, but instead of Lemma 
1 we use another result of Nikisin. For this we recall a definition of N ikisin [3]. 
A mapping G of E  into S  is called sublinear if for all x £ E there exists a linear 
mapping Tx of E  into S depending on x  such that

(11) T (x )( t)  = G(x)(t) 
and for every y £ E

(12) 1^00(01 S |GGO(OI
for almost every t£Q . It is easy to prove that every sublinear operator is convex3 
(see also [3]). It is obvious that every linear operator is sublinear.

L emma 4  ( N ik is in  [3], Theorem 2). Let G be a bounded sublinear mapping o f  
lp (1 Sp<°=) into S. Then for all £ > 0  and 0<^r<m in (p, 2) there exist a meas­
urable set E[ qc:Q with pE^q<e and a constant C[ q depending only on e and 
q such that

(13) { f  |G (n ) (0 № (0 } 1/?^ C E,4M |ip
n- Ec,q

fo r  all afjp.

P roof of T h eorem  II. First we prove that if { / , ) c S  is a T-convergence 
system for lp (l^ /> < °°), then the operator

G(a) =  sup (lim sup
1^1  A N-*- OO

2  aj {i , j f j ( t )  I) )=1

3 In fact, every convex operator is also sublinear. This follows from the proof o f the Hahn—Ba­
nach theorem, using the well-known fact that S  is an ordered complete lattice.
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is sublinear from L  into S. To this effect, fix an a cJ„ and define a function ia(t)
by the equality:

G(a)(t) = sup ( lim 2  aj ti , j f j (o|)
í^ l V N-+00 j  = 1 I/ 2  ajUa(t),j Jj(.0j= 1

and set

Ta(b)U) = [sign ^ß b jtia w .ifji* )

It is easy to see that (11) and (12) are fulfilled. Now we can apply Lemma 4 and the 
proof of Theorem II is similar to that of Theorem I, thus we omit it.

4. In this section we consider the very important special case B= l2. We shall 
prove the following

Theorem III. Under the assumptions (1), (2), and (3) the sequence {/„}c:S  is 
a T-convergence system for  4 i f  and only i f  for all e > 0  there exist a measurable 
set Eea Q  with /.(£)<£ and a constant C3 depending only on e such that

(14) 2  ( 2  h - l,j)  f  f j ( 0  dp(t)] S C ,<  00
j =1 xfc=1 (,а-Ее)ПЕк >

holds fo r  an arbitrary decreasing sequence {Ek} o f measurable subsets o f  Q (tO j= 0  
for j —l, 2, ...).

This is a structural condition for {/„} in order to be a Г-convergence system 
for 4 , because it does not contain the elements of l2. In the special case, when 
t j j= 0  if г and =1 otherwise, (14) reduces to

2 [  f  fj(0 d p (t))
J  =  1 \[}-E,)nEj ’

and this is a result of N ikisin  [3], p. 159.

P roof. By Theorem II one can obtain the following assertion: { /„}cS  is 
a Г-convergence system for 4 if and only if for all г=»0 there exist a measurable 
set E3czQ with pEe<e and a constant Ce depending only on e such that

(15) /  supilimsup 2  aj ti,jfj{ t) \ \db(J) = Ce\WWii
S2- Ec 1 V ЛГ—oo j —1 I)

for all a 6 4- In virtue of this, it is enough to prove the equivalence of (14) and (15).
First suppose that (15) is fulfilled, and let Ek be an arbitrary decreasing sequence 

of measurable subsets of Q. Define a function i(t) by setting i(t)= k  if t z E k — Ek+l
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Then we have

r r l{ß) f  00 \
(^) f  2  aj ii( t ) j f j (0  dfi(t) =  f  2  \ 2  aj(*k, j ~ h - 1,j ) f  j(ОI dfi(t)

Q - E J  =  1 Q - E e k =  1 V J " 1 )

= 2  f  2  a j i h . j - h - i ,  j) fj( t)  d\i(0 =
k = 1  ( ! ) -Е с)ПЕк J =  1

= 2 aj 2  (tk, j - t k - i , j )  f  fj(t)dn{t).; _ 1 ir _ 1 _ *r. - _j=1 k=l П - Е е)П Е к

The change of the sums in the last step is permitted, because for almost every t£Q  
the sum with the running index к  contains only a finite number of terms different 
from zero. Taking the upper bound of the right-hand side of (16) on the set {a£l2: 
!!«[)i2 — 1}, further estimating its left-hand side by (15), we obtain (14).

Conversely, suppose that (14) is fulfilled, but (15) not. Then there exists an 
й£/я such that

(17) G(a) =  /  supijim sup 2 aj U . j f j ( f ^  dn(t) = ~ .

In fact, if G{a) is finite for all а(Ц2 then the method of proving Theorem I gives 
that {/„} is a T-convergence system for /2 and hence Theorem II implies that (15) 
is fulfilled, which is a contradiction.

By (17) it follows the existence of a measurable function i(t) on Q such that

(18) f  2 ajtw ,jfj(t)d ii(t)  =  +  0 0  or - 0 0 . 
Q—Er J = 1

Put Ek= {t£ Q \i( t)^k } . From (16) it follows that

2  [ 2  f  f jO )
U = 1  Ш-Е.1ПЕ,. >

and this is a contradiction to our assumption. Thus Theorem III is proved. 
In the special case

_ f l  if j  == n;, 
t,’J j o  if j > n t,

the T'-summability means the convergence of nk,h partial sums. Then (14) is of the 
special form

(19) 2 2 { f  fj(f)dv(tjp*ct^-.
k  =  l  j = n k _ 1+ l  ( [ } - E c) c E k

Comparing conditions (14) and (19), it is obvious that one can make the right-hand 
side of (14) less than that of (19). We think that this is the turning point of M ensov’s 
result [2]. However, we are unable to give a new proof of Mensov’s result on the 
basis of the difference in conditions (14) and (19).
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R em ark . The core of B a n a c h ’s paper [1] is our Lemma 2  and the other results 
of [1] follow from this easily. But Banach’s proof for this lemma gives slightly more 
than this, namely it gives the following more general statement :

T heorem  IV. I f  {<?„}“  is a sequence o f bounded convex mappings o f the Banach 
space E into S  (S  is the same as before throughout in our paper) such that for  
every x f E  the function

G(x)(t) =  sup IG„0)0)1
Ili= 1

is finite for almost every t£ Q, then G is also a convex and bounded mapping o f  
E  into S.

In the special case when Í2 consists of only one point, further its measure is 
positive and finite (say, equals 1) then S = R  (real line) and Theorem IV reduces 
to a well known lemma of Gelfand, which is very useful many times in the theory 
of orthogonal series (see e.g. [3] or С. К ачм аж , Г. Ш тейнгауз: Теория ортого­
нальных рядов, Государственное Издательство Физ.-Мат. Литературы (Москва, 
1958)). Gelfand’s proof given in the just mentioned book does not seem to work 
for the general case of Theorem IV above.
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ISOMORPHISM PROBLEM FOR A CLASS OF 
POINT-SYMMETRIC STRUCTURES

By
L. В APAI (Budapest)

1. Introduction. For a group G, the right regular representation GR of G 
is a permutation group acting on G, which consists of the right multiplications by 
members of G. A graph X  is a Cayley graph1 of G if V(X) = G and the auto­
morphism group aut I  of I  contains GR. It is easily seen, that the image X х 
of X  under an automorphism a of the group G, is again a Cayley graph. It is 
natural to ask the converse:

1.1. P roblem . Given a group G and a Cayley graph X  o f G, are those o f the 
form X х (a£ Aut G) the only Cayley graphs o f G isomorphic to X?

The graph X  (the group G, resp.) has the Cayley isomorphism property, if the 
answer to 1.1. is positive (for all Cayley grahps X  of G). A. Á dám  conjectured [1] 
that the cyclic groups have this property. E lspas and T u r n e r  [5] have found that 
this is false for Z16, but they and D jo k o v ic  [4] have proved that Zp (p prime) has 
the Cayley isomorphism property. Their elegant proof uses the spectra of the adja­
cency matrices of these Cayley graphs. Quite surprisingly, this result extends far 
beyond the possible range of applications of adjacency matrices. One can extend the 
definition of Cayley graphs to any kind of (algebraic, combinatorial, topological, 
etc.) structures (objects of a concrete category). If G—Z p, problem 1.1 has a positive 
answer even for Cayley objects of any concrete category, as can be shown by elemen­
tary group theoretic arguments (Theorem 2.3). Refining the method we obtain 
that Z 2p and Dp have the Cayley isomorphism property for ternary but not for 
quaternary relational structures (Theorems 4.4, 4.6). The corollary that Dp has 
the Cayley isomorphism property for graphs, and a formula, expressing the spectrum 
of a Cayley graph of G in terms of irreducible characters of G, are used in [2] 
to construct large families of cospectral Cayley graphs of Dp, thus showing that 
the spectrum cannot be used to prove that Dp has the Cayley isomorphism property 
for graphs.

In a forthcoming paper we shall prove that ZpX Z p has but Zpi has not the 
Cayley isomorphism property for graphs [3]. 2

2. Definitions, preliminaries. Throughout this paper, G denotes a group, 
1 its unit and SG the symmetric group acting on the set G. Thus permutations from 
SG operate on the members of G. We write the operation to the right. The right 
(left) regular representation GR(GL) of G is defined by

Gr =  {gR: g€G}, Gl = {gL: g£G}
1 Contrary to the usual definition, we do not require in this paper the connectedness o f  a Cayley 

graph. For basic facts concerning Cayley graphs see [6, 7, 8].
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where gR, g£ 6 SG act on G according to

xgR = xg, x  gL = gx (x£G).

A colour-graph is a binary relational structure (containing any number of binary 
relations). A graph is a colour-graph with one colour (relation) only, which is sym­
metric and irreflexive.

Although we are interested in isomorphisms only, it will be convenient to use 
category language to formulate the problem in its most general form.

A concrete category is a pair (€={C, F) where C is a category and F, the 
forgetful functor, is a faithful set-functor F.C-+  Sets (associating an underlying set 
with each object and an underlying mapping with each morphism of C; for a, 

Hornc{a,b), o t^ß  implies F(ot)^F(ß)).
We shall write

iso (X, У) =  { F ( f ) : f  is an isomorphism of X  to У); 

aut X  =  iso (X, X) (X , Y  6 Ob C)

(the concrete isomorphisms and automorphisms, resp.). Clearly, iso (X, У) consists 
of bijections; aut (A) is a permutation group.

We shall require the uniqueness property: if  idf (X>6iso (X, Y) then X = Y .
Moreover, we require that c€  be closed under isomorphisms, thus

given an object X  and a bijection defined on F(X) there is an object У such
that >̂6 iso (X, Y).

In view of the uniqueness property, У is unique and will be denoted by X ,p.
Henceforth we always assume that (€ has the above properties.
We remark, that, from our point view, all morphisms except the isomorphisms 

can be omitted, hence the “category of graphs” means the category of graphs 
and graph-isomorphisms, etc.

An object X  of ^  is a Cayley-object of the group G if

(i) F(X) = G;
(ii) & \itX ^G R.

Pro po sitio n  2 .1 . I f  a is an automorphism o f  the group G and X  is a Cayley- 
object o f G in then so is X

P roof. ot~1gRct = (gcl)R, since x(a_1gÄa) =  (xa xg f  = xga. Hence 

a u t^ * )  =  a _1(aut X)a  £  oc~1GRa = GR.

Let A be a Cayley-object of G in the concrete category <6. We shall say that 
X  has the Cayley-isomorphism property (shortly AT is a CZ-object) for G in c6, 
if, given any Cayley-object У of G in if X ^s Y  then some automorphism of 
G belongs to iso (X, Y).

The group G is a Cl-group with respect to  (shortly, a 'if-CZ-group), 
if every Cayley-object of G in ^  has the Cl property.

In this terminology, the result of Djokovic, Elspas and Turner, mentioned in 
the introduction, asserts that
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2.2. Zp is a CI-group with respect to the category o f graphs.

We shall prove

T heorem  2.3. Zp is a CI-group with respect to any concrete category.

3. Characterization and application to /i-groups. The following lemma provides 
a characterization of the Cayley objects.

3.1. L em m a . For a Cayley-object X  o f  G, the following are equivalent:
(i) X  is a CI-object;

(ii) given a permutation cp£Sa such that (pGRq>~x^ a u t X, GR and cpGR<p~l 
are conjugate in aut X.

P roof, (ii) implies (i). Let Г be another Cayley-object and cp an isomorphism: 
Y— X ,p. (So, <pf.SG.) Clearly,

aut X  =  <p(aut Y)cp~1 £  (pGRcp-1,

hence by (ii), q>GRcp~1 = ß~1GRß for some /i£autA. Let ßcp = y, thus y~1GRy = 
= Gr . If  ly ~ 1==g, set 6 —gRy. So, 1(5 =  1 and ö~1GRö = GR. Hence <5 induces 
an automorphism a on GR:

<5_1gR<5 =  (ga)* =  a _1gRa
for some Aut G. Consequently, (5oc_1 belongs to the centralizer of GR in SG. 
As well known, this centralizer is GL, the left regular representation of G, whence 
(as (5cc-1 fixes a letter)

da~x = \dG, gRßy = gRy = ö = a, cp =  ß - xgRxcc,

Y  =  X« =  X e-1**1* = X х (as ß, gK£aut X), 

proving that A is a C/-object.
(i) implies (ii). Suppose <p^SG and q>GR(p~1^  aut A. Let Y = X V. Y  isaCayley- 

object of G since aut Y=(p~l (aut X)<p=sGR. If A is a CZ-object we have Y= X* 
for some a£Aut G. Hence Х а= Х ч>, A4’* * =  A, consequently /? =  (pa_1£aut A. 
We conclude that

<pGR(p-1 = ßa GRa~1ß - 1 =  ßGRß~x,
as stated.

3.2. C orollary . For a group G the following are equivalent:
(i) G is a CI-group with respect to any concrete category.

(ii) Given any permutation <p € SG, GR and (pGRcp~x are conjugate in the sub­
group {GR,cpGR(p~x) o f  SG.

P r o o f . The implication (ii) =>(i) directly follows from 3.1, (ii)=>(i). To derive 
(i)=Kii) from the corresponding implication of 3.1 we only have to observe that for 
\G\=n there is an object A of the category Mn of n-ary relational structures 
with automorphism group aut A =(GR, cpGR(p~x). (Any permutation group of 
degree n trivially coincides with the automorphism group of some n-ary relational 
structure.) A is a Cayley-object of 0t„, hence a C/-object by 3.2 (i). Thus 3.1 (ii) 
proves 3.2 (ii).
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Now Theorem 2.3 easily follows: the group G = Z P (p prime) satisfies (ii) 
since now both GR and <pGR<p~1 are p-Sylow subgroups of (GR, q>GR(p~v).

One can easily see that Z4 and Z 2x Z 2 satisfy 3.2 (ii), too, hence

3.3. Corollary. Z4 and Z 2X Z 2 are CI-groups.

3.4. Problem. Are there infinitely many CI-groups other than the cyclic groups 
o f prime order?

Similarly to our proof of Theorem 2.3 we obtain

3.5. L em m a. For p a prime and G a finite p-group assume that GR is a p- 
Sylow subgroup o f  aut X  for some Cayley-object X  o f  G. Then X  is a Cl-object.

Proof. |фСя ф_1| =  |Сд | hence an application of the Sylow theorem proves 
that X  satisfies 3.1 (ii).

This lemma leads to another generalization of 2.2.

3.6. T heorem . Let G be a finite p-group and X  a connected Cayley graph 
o f G. I f  the degree o f  the vertices o f  X  is less than p  then X  is a CI-graph (for G).

Proof. If GR is a p-Sylow subgroup of aut X  we are done by 3.5. Otherwise 
there is an automorphism л 6 aut X  of order pk fixing at least one letter. In view 
of the connectedness of X  there is an edge [x, y] in X  such that х л= х , у л ^ у .  
The order of the orbit of у  under (л) divides p k hence y, yn, ..., ynp'~1 are 
different neighbours of x, a contradiction, proving the theorem.

4. Groups of order 2p. 4.1. Lemma. Let G be a finite group, Q a subgroup 
o f SG containing GR,Q p a p-Sylow subgroup o f  Q and cpdSG. Assume that 
both Qp and GK are contained in <p~1Q(p. Then there is a iß£Sa suchthat

(0 ^ e N So(Qp);

(ii) ißcp-'iQ;

(iii) i f  moreover, GR^ NSa(Qp), then \xß=\.

Proof. Both Qp and <pQp(p-1 are p-Sylow subgroups of Q, hence

vQpfP"1 = ß^Q pß
for some ß£Q. Set g=l(ßcp)~1 if GR^ N Sc(Qp) and g = l  otherwise. Let i// = 
=gRß<p. (ii) and (iii) hold obviously. As gR^.NSa(Qp), (i) holds, too.

4.2. L em m a. L e i G be a finite group, (pdSG, and Q a subgroup o f SG con­
taining Gr . Assume that GK contains a p-Sylow subgroup P o f Q, and GR^  
= Ф 1 Q(P- Assume further that all automorphisms o f  P  extend to automorphisms 
o f Gr . Then there is an x^Aut G and y£CSc(P) suchthat

(i) ycup-'eQ;

ifi) if, moreover, f < G s , then 1 у =  1.

Proof. The conditions of 4.1 are satisfied now (in case (ii) even the assumption 
of 4.1 (iii) holds). Let iß satisfy 4.1 (i), (ii) and (iii). By 4.1 (i), conjugation by iß
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induces an automorphism of P. Let this automorphism be the restriction o f a€Aut G 
to P. As (g“)« =  a _1g*a (g£G), we have

= 3t_1gR0i (g*€P),
hence

7 — \j/a.~1 II.dCSa(P).

Now (i) follows from 4.1 (ii) and (ii) from 4.1 (iii).

4.3. T heorem . Lei \G\=2p, p prime S3. I f  X  is a Cayley-object fo r  G and 
p2\  |aut X\ then X  is a CI-object.

P ro o f . Let Dp= {q, a\ qp= o2=1, (jq<j = q~1), Z 2p=(g, a: gp= a2=  1, oq= qo). 
G is either Dp or Z 2p. Let H — {1, g, ..., g”-1}—(в)- We thus have G=HUaH. 
Let % denote the cyclic permutation (1, g, ..., £>р_1) and n2 the cyclic permutation 
(a, eg, ..., с£?р-1), both considered as members of SG.

Clearly, gR= n1n2 generates the p-Sylow subgroup P of GR, being now 
a /7-Sylow subgroup of Q = autX , too. Let x denote the involution x— 
=  (1, <j)(q, gq)...(qp~1, gqp~1). Actually, x= oL, hence for G =Z2p, x = o R.

Let (p^SG suchthat GRS.(p~1Qcp.
Now, all assumptions of 4.2 (including that of 4.2 (ii)) are satisfied. Hence, 

by 4.2 there exist x^AutG, ß fQ  and y£CSa(P) suchthat

(p — ßyot
and 1 у = 1.

The centralizer of P in SG is the group of order 2p2 generated by nlt n2 
and г, hence the stabilizer of 1 in Csa (P) is (n2). Consequently, у =  л | for 
some integer k.

Now we split the proof according to the two possibilities for G.

I. I f  G=Dp, observe that' 7t2€Aut G, hence ydAut G, yagAut G, and we 
conclude that

v Gr V '1 =  ßiycüGniycü-'ß-1 =  ßGRß~x

thus Gr and <pGR <р~г are conjugate in g = a u t X  proving the theorem by 3.1.

II. If G = Z 2p we have xn2x = n1, hence xyx = n\ and уту~1т =  ЛхП2к. But 
now we have x£GR,

yxy~1£yGRy~1 = ß - 1(py.-1GR*(p-1ß = ß~1<pGR<p~1ß ^  ß -'Q ß  =  Q 

hence yxy~1x£Q. Consequently,

n f  = (л1п2)кп1п{к =  (QR)k(yxy~1x)‘̂Q.

If k ^ O m o d p , (n2k)= (n 2) hence О contains the subgroup (я19 7r2) of order p2, 
a contradiction. Thus k = 0 mod p, у is the identity and

<P = ß<*, (pGríp- 1 =  ß i G ^ - 'ß - 1 = ßGRß - x

at once proving the theorem by 3.1.
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4.4. Theorem. For p a prime and \G\=2p, G is a Cl-group with respect to 
the category á?3 o f ternary relational structures (with any number o f ternary relations 
defined on them).

Proof. For p = 2 we are done by 3.3. Let p s 3 .

Let X  be a Cayley object for G in á?3. If p- does not divide the order of 
Q = aut X, X  is a Cl-object by 4.3. Henceforth we assume that p2\\Q\. We shall 
use the notation introduced in the proof of 4.3.

i >=<7T17r2) is the /j-Sylow subgroup of GR. P  is contained in a unique 
p-Sylow subgroup Qp= (n1, 7To) of S G, hence Qp is a p-Sylow subgroup of Q. 
Let (p£SG such that cpGncp^^Q. The mentioned uniqueness of Qp implies 
(pQP(P~1 — Q- Now all assumptions o f 4.1 (including that of 4.1 (iii)) are satisfied. 
Thus we deduce that 4.1 (i), (ii), (iii) hold for some iß€.SG. By 4.1 (i) and (iii),

\{/~1n1ll/ = Ui

for some к  ( ^ 0  mod p). Some automorphism a of G produces the same:

(a is defined by вх = дк, oc‘ = (J.) Let

к  —  ф о с~ г ;

thus к  fixes each member of H = (q) and

к ~ 1 П 2 к  — 7T2

for some / (^O m od/?). By 4.1 (ii), cp=ßф for some ß £Q, hence (as cc6A u tG s  
^ N Sa(GR))

<pGRcp- 1 -  ß i ß G ^ - 'ß - '  = ßkGRk-'ß ~ K
By 3.1 we only have to prove that GR and are conjugate in Q. (k~l GRk ^ Q
since (pGjtcp^^Q .) Actually, we assert that k£Q.

Let v=koRk~1oR. As kGRk _1^ Q  we have v£Q . Note that the restriction 
of v to oH  coincides with that of k, as oRk~1oR fixes each member of oH.

In order to prove к £ Q, let x, y, z в G, and assume (x, y, z)dT  for some ternary 
relation T  belonging to X. We have to show that (xk, yk, zk) $ T. This is clear 
if x, y , z  each belong to Я: then x k = x , yk= y, z k —z. If x ,y£ H , z £<j H  then 
zk£oH  hence zk= zn \ for some t, thus (xk, yk, zk) = (хп2, yn’2, zn%) £ T  (since 
7T2£Qp = e = z u t  X). We proceed similarly if x f H  and exactly one of у  and z 
belongs to oH. Assume now x£ H  and y,z£oH . As x v c_H there is a t such 
that xv= xn'1. Hence by a remark above.

(xk, yk, zk) — (x, yv, Z V )  — (xV7lf‘, y v n f ‘, Z V 7 l f ' ) r  7 ’

since both v and belong to Q. We argue similarly if x  and exactly one of у  
and z are in oH. Finally, if x, y, z each belong to o H  we have

(xk, yk, zk) — (xv, yv, zv)£T.
The proof is complete.
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4.5. C o ro llary . For p a prime and \G\—2p, G is a Cl-group with respect 
to the category o f colour-graphs.

Pro o f. The rule (x , y)>-+(x, x, y) associates a ternary relational structure 
with each colour-graph. Trivially, the isomorphisms remain the same, hence 4.4 
in turn implies 4.5.

In contrast with theorem 4.4, we prove

4.6. T heorem . For p a prime, p = 3 and \G\=2p, G is not a Cl-group with 
respect to the category o f  quaternary relational structures.

Pro o f . Let 3, act on G as
Qj 92 = qJ; (q<Jj) 9 2 = (7Q~J.

Let 91 = <j r 92<tr and

Q =  , 7tx, 7i2, 0k).
Clearly, (9г92, %, n2) is a subgroup of index 2 in Q, (9lt л1) ^ ( 9 2, n2) ^ D p.

We assert that GR and 92GR921 are not conjugate in Q. (92GR92 1^ Q ,  
since 9 l= 9 2=id, 92л292= л 2 1, 32л132= 7г1, 92(7r92=9192<tr .) Consider K1n2£GR. 
92Tt1n292= n 1n21£92GR92. Assume that is a conjugate of some member
t/ of Gr in Q. As о(л1л21)=р, we have tj =  (nt n2)m for some m ^ 0 mod p. 
However, Q s N Sa(n1n2), hence ß~1qß is again a power of nl n2 for any ß£Q. 
Thus, there is an s such that

O i rc2)s =  1
hence 5 = 1  (modp) and 5 =  — 1 (mod p), a contradiction, proving the assertion.

In view of 3.1 it remains to prove that one can define a quaternary relational 
structure X  on G suchthat aut X —Q. Let us define the quaternary relation T  
as follows: let п= л1п2,

T = {(x, x, y, y ): x  = yn or у  =  xn, x, y£G}U

U {(x, хл, y, yn): x£H , y£.oH  or x d o H ,y £ H }U

[){(xn, x, yn, y): x%H, y£ o H  or x£crH, y£H }.

Let X=(G ; T). Clearly, aut X ^ Q . As Q acts transitively on G, it suffices to 
prove that the stabilizers (aut Х)г and Qx coincide. The relations (x, x, y, y) 
guarantee that (aut X )1^ ( 9 1, 92, n2). We have to show that (aut X)1^ ( 9 192, л2), 
thus if some ß£ aut X  fixes all members of FI then ß = n2 for some m. Otherwise 
ß would be 92n2; here n% dautX  but 32$autX : for x£H , y £ o H ,9 2 takes 
(x, xu, y, yn )6 T  to (x, xn, y92, y92n~1)$ T , a contradiction. This completes the 
proof.

Added in proof (August 17, 1977). Several authors have obtained further 
partial results on Ádám’s problem and its generalizations given in the present note. 
For p, q different primes, Z pq has been proved to be a CF-group with respect to 
the category of graphs by M. H. Klin (Soviet Union) and R. Pöschel (GDR) al­
ready in 1975, and by C. D. Godsil (Australia), as well as py T. D. Parsons (U. S.) 
and B. Alspach (Canada) independently in 1977. (Recent personal commutations.)
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Babai and Frankl have obtained strong constraints on the structure of CI- 
groups with respect to the category of graphs [3]. Problem 3.4 has been answered 
to the positive by the following remarkable result of P. P. Pálfy:

T heorem  (P. P. Pálfy). Let n= p1...pk where the pt’s are prime numbers, 
Pt+ i> Pi-Pi (1 = i = k — 1), and g.c.d. (n,cp(n))= 1. Then Z„ is a Cl-group with 
respect to any concrete category, (cp denotes Euler’s function.)
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1. Introduction. We investigate certain orthogonal systems and by these we 
prove that there does not exist rough theory for the Hermite—Fejér step parabolas.

(We use the expressions 2  f ta W fiW as Lebesque-constants; see (2.13).)
k= l

2. Notations and preliminary results. 2.1. Let us consider an arbitary system of 
nodes

(2.1) - l S J t M < V 1,»< - < ^ » < i 1,» =  l (и =  1 ,2 ,3 ,...) 
in [—1, 1], further denote

(2.2) Qn(X, x ) =  c (x - x1(„)(x - x2,„).. .(x -  xn> „) (с Ф 0),

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

/* ,„ (* ,* )= -Tv
Qn(X ,x )

Q'„(X> xk,„ ) (x -x k'„) (k  =  1 , 2 , . . . , «) ,

Ln( f;  x , x) Ш Z f ( x k,n) h,n(X, x) (n =  1, 2, 3,...),
k=1

vk,n(X>x) =  1 - 2 l'k,n(X, x k'„ )(x -x ki„) (k = 1,2, ...,n), 

К n(T, x) =  Vk n(X, x )ll„ (X ,x ) (k =  1 ,2 ,..., rí), 

Ък,п(Х, * ) =  ( x - x k,„)lk,„(X, x) (k  =  1,2, ...,n),

( 2.8) Я„( / ;  X, x) ÍLf 2 /(W , „) К, n(T  *) (n =  1, 2,3,...),

(2.9) LL* ( / ;  X, x) áLf ( /;  X, x) +  2 T (W ,„ ) „ №  x) (n =  1, 2, 3, ...),
fc = 1

where X  is the matrix {x4 „}t=1 (/?=!, 2, 3, ...), /£ C (= /(x )  is continuous on 
[—1,1]), moreover in (2.9) we suppose that / '€ C , too.

2.2. As F aber [1] proved, for any Axed system of nodes there exists a continuous 
function for which the Lagrange parabolas Ln do not converge uniformly to the 
function considered. But studying the Lebesgue constants

(2. 10) 7-n(X) =
II

n(X,  X) I (n = 1,2, 3,...),
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in many cases we can decide the convergence-divergence behaviour of Ln( f;X ,  x) 
for a well-defined class of function (||gj| stands for max |g(x)| for g€C).

1 ̂  X  —  1
As in their paper [2] P. E r d ő s  and P. T ú r á n  proved, if X„(X)~ns (0<<S< 1)

then

a )  I f  then  there is  a n  / i € L iP ^  ( = { / ( * ) ;  \ f(x)-Ry)\=cU)\x-y\y,
x, y£[— h  1]. 0 < y ^ l} )  such that the sequence ||E„(/i; X, x)|| is unbounded;

b) If y> d  then lim \\Ln( f;  X, x )—f(x)\\ = 0  whenever f £Lip у ;

c) If ^ <y<(5 then there is a matrix Z  with ),n(Z )~ n* such that 

lim ILn(f;  Z, x )—/(x)|| = 0  whenever /£  Lip y, but we can define another matrix Y
П- »-co

with X„(Y)~ns and / 26 Lip у such that the sequence ||L„(/2; Y, x)|| is unbounded.
As one can see, in a) and b) only the order of Xn(X) decides the convergence- 

divergence behaviour for Lip у (“ rough” theory); in c) we have to investigate the 
finer structure of our matrix, too (“fine” theory).

2.3. Now we turn to the Hermite—Fejér step-parabolas Hn. Here, contrary 
to the Faber’s theorem, as L. F ejér [3] proved for the ChebyschefT-matrix T =

=  j c o s  — 711, Hn( f ; T , x ) uniformly converges to /(x) in [ — 1 , 1 ] ,  supposing

/ 6  C. More generally, as later G. G rünwald [4] showed, if A is a so-called “strongly 
normal point-system”, which means

(2.11) vk'„(X, x) ^  a >■ 0 (k  =  1, 2, ..., n; n =  1, 2,3 ,...;  x€[— 1, 1])
then also

(2.12) lim ||# „ (/; X, x )—/(x)|| =  0 f o r / i C .Л-+-00
Denoting by Pjf’^ (x )  (a, ß >— 1) the Jacobi polynomials of degree и (which are 
orthogonal in [ — 1, 1] with respect to the weight function (1 — x)a(l + x /) ,  (2.11) 
holds if Qn(X,x) = P (nx‘ß) (x) and — 1 We notice that Qn (T,x) = P(n~ll2'~ 1/2)(x).

Let us introduce

2  \vk,n(X ,x)\ll„ (X ,x) .
k = 1

Knowing that for any X, H *(f; X, x )= f(x ), supposing /  is a polynomial of degree 
S k, we have

(2.14) Í r M ( T , x ) t ( I , x )  =  1.
fc=i

So if vKn(X, x ) ^ 0  for any к and n then цп(Х) = 1. This is true, e.g., if (2.11) 
is valid. Another well-known example is the case Qn(X, x)=P^°’°^(x) (Legendre 
polynomials; see e.g. [4]).
N Following P. Túrán, one may ask whether — using ц„{Х) — there exists the 
fine and rough theory for the //„ process and if it does, let us determine those 
y’s for which / /„ ( / ;  X, x) uniformly converges to / (x )  in [— 1+a, 1— e] whenever 
/ с  Lip у and fin(X) = 0(ns) ( 0 < y ,5 < l)  (see [5], Problems XIX and XX).

(2.13) P nW  =
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2.4. Let us remark that here we have to restrict ouselves to  closed subintervals 
of ( — 1,1), because for the Legendre abscissas if

(2.15) lim x ) - / ( x ) I -  0 (|x| = 1)n-*- oo
then

j  f  f ( x ) d x = f ( - l ) = f ( l )  ( f eC)

(see [6]). On the other hand, Hn( f \ P (a,et), x) uniformly tends to  f ix )  if I x l s l  — e, 
f e e  and pn(P(*‘*))~n2x for a=?0 (see [7], 14.6).

3. Results. 3.1. First we deal with the second problem raised in 2.3 and prove 
that there do not exist у and 5 satisfying the requirements.

For this aim let

(3.1) Я ^ « ( х ) ^ р ( ‘.« ( 1 _ 2 * 2) (n =  1 ,2 ,3 , . . . ;  a , y S > - l ) .

Denoting by the matrix formed by the roots of the polynomials R i f 11 > (x)
of degree 2n we state

Theorem 3.1. I f  a^O , —1 then we have

(3.2) ць, ( a f e O , * £ j i ^ - l )

and for the function f  (x) =  x 2
(3.3) H M ;  R ^ “\  0) ~  n* ( a s O , a M > - l ) .

It seems to be worth to formulate the following special case.

Corollary 3.1. There exists such matrix X  for which ц2п(Х) — 0 (  1) but
for f f ix )= x 2

Иш IЯ 2„(Л; X, 0) —/ г(0)| >  0.
П-*- ©о

If we investigate X  for which np~1(X) = o(l) we can use the following

Theorem 3.2. Let np~1= o( 1). Then fo r  each such a sequence {/r„}“=i 
there exists a matrix Y = Y M  such that pn(Y )~ p n (n= 1 , 3 ,5 , . . . )  further for  
the function / 2(x) =  x  and for arbitrary but fixed  x^O , |x |S l

( \  2 / 3

— > 0  ( | x | ^ l , x ^ 0  ,fix).
/V

3.2. To complete our assertion we prove a convergence-theorem. Let co(t) be 
a modulus of continuity on [—1, 1], co(f; t) the modulus o f continuity o f /€ C ,  
further C (co)={/(x); w ( / ;  t)^a (f)c o (t)) . We prove the following

Theorem 3.3. Lei 1 ^p„ = o(ri). Then for each sequence {ц„}™=1 there exist 
a matrix Z = Z (  {/;„}) and a function-class C(co) depending on the sequence {//„} 
such that pn(Z )~ p n, moreover

(3.5) lim \\Hn( f;  Z , x ) - / ( x ) | |  = 0  if f£C(co).
H-*-oo

By 3.1, 3.2 and (4.46)—(4.48) we obtain the following
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Corollary 3.2. Lei <5 be fixed  with 0<<5< 1.
a) V then there is a matrix Z  with p„(Z)~nd such that

lim ||# „ (/; Z, x )-/(x ) || =  0 for  Lipy.И-*- oo
b) There exist a matrix Y  with p.o„(Y)~n3 and f f iY ip  1 suchthat

lim \Hu(fű Y,0)-f1(0)\ = ao,И-*- oo
i.e., using цп(Х ) and Lip y, there does not exist rough theory for the Hermite— 
Fejér step-parabolas, either on the whole [—1, 1] or on a closed subinterval (see [5], 
Problem XIX).

3.3. In this part we state further properties of the polynomials defined by (3.1). If

(3.6) Д&Д - 2 x 2) (n =  0,1, 2 ,...; a, ß >  -1 )

then using similar ideas as in [7], Theorem 4.1, we can verify that the polynomials 
(x) (a, /?=—  1) o f degree n defined by (3.1) and (3.6) form an orthogonal 

system in [ - 1, 1] with respect to the wight function

(3.7) p(a, jß; x) =  |* Г +1(1 ~ х 2У  (a, ß >  -1 ) .
By (3.7) we obtain

Corollary 3.3. Supposing a, ß>  — 1, we have
R (-V 2,V (x) = C(n, fi). P jf.n  (jc), 

where c(n, ß) does not depend on x.

Now we state
Theorem 3.4. I f  — 1 then we have

(3.8)
f In n

А„(Л(-Л) ~ { ив+1У1
and

(3.9)
Ü

g2M (*’ß)) ~ { n

(—l < a  
( - 0 .5  -

-0.5),
a)

21 (a S  0).

3.4. Remarks. 3.4.1. The following problem is also due to P. Túrán ([5], 
Problem XII).

For a fixed 0 < y < l  let us give a matrix of nodes X  such that 
lim IILn{f; X, x) —f(x)\\ =0  if / 6  Lip y, but for a suitable /i(jc)€Lip у we have
I h n ||Я „ ( /1; X, ж )I N « .П-+- oo

In [8] and [9] we gave some positive solutions for this problem. Now we provide 
another particular answer. Indeed, using (3.8), we get by standard argument

(3.10) ||L2n( /; /? < “A * ) - / ( x ) | |  = 0 (1 )0 )  ( / ; 1 } „ ‘+1/S ( - 0 . 5 a, a S  ß),

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SOME PROBLEMS OF P. TÚRÁN 341

from where
lim II L 2n ( / ;  *>, x ) - / (x)|| = 0  if / €  Lip у,
И-*- oo

moreover, applying (3.3) we get

Em R,lz'ß), *)|| =  “  if f i  = x 2(eU py),П-*-оо

supposing coO, and y>a+0.5.
3.4.2. In [8] and [9] we handled those cases when, in order to characterize the 

Hermite—Fejér interpolation, one uses A„(X) instead of цп(Х).

4. Proofs. 4.1. P r o o f  o f T heorem  3.1. 4.1.1. Using [7], (4.3.1) we have

(4.1) (1 - x Y ( l  +x)ßP(*-ß>(x) = {(1 "О +  х / +"} ( a , / J > - l ) .

As we know the roots of P (na’ß)(x) satisfy

(4.2) - 1  <  x<%ß> <  <  <  4%ß) <  4% ß) <  1.
With x —cosS  and xk*’„fi) =cos З^У  (0 ^ 3 , 9к<пШп) we have the following relations 
(sometimes omitting the superfluous notations)

(4.3) ^ ё З * +1- 3 * ^  (к =  0 ,1 ,..., n)

with 0 < c 1 =  c1(a, ß)\ c2 =  c2(a, ß), x0 =  cos 30 =  1 and xn+1 =  cos 9n+1— — 1;

(4.4) \ x - x k\ ~  n~2\j2- k 2\ if x£[xJ+1, xj], к =  0, 1...... n + 1, к ^  j ,  j  + 1

(see [10], Lemma 1 and Lemma 2). Further

( 4 . 5 )  P< - «  ( x )  =  ( - 1  ГР*-* ( - * ) ,  ( 1 )  =  ( "  £ ' “ )  ~  n«,

(4.6)

(4.7)

(4.8)

(4.9)

|р(«.Л (cos 3)1
0 ( 3 - « - 1 /2 / r 1/2)  i f  £ * ^ 3 = ^ - 6 ,

0 (n“) if 0 s 3 á '

|/с- “- 3/2 ( 0 < 3 t S  тг-е),
( n - /c  +  l ) - ß- 3/2n?+2 ( e ^ 3 fc<7r),

[Р<«-«(*)Г =  у (п + а+ /?+ 1 )Р „(1У’*+1)(*),

_  a -/?+ («+ /?  + 2)
1- x f

(see [7], (4.1.3), (4.1.1), (7.32.5), (8.9.2), (8.9.9), (4.21.7) and (14.5.1)).
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By (3.1), denoting the roots o f by yi%ß), we have

(4.10) y t ß )= ~ y (- i  f i = Y ~ sin -9,k , n (k = 1, 2, ...,n),2 2

(4.11) R M  = - 4 y kP'n(xik{) (k = ± 1 ,  ± 2 ,..., ± n ),

(4.12) K M  = \6ylP:(xw ) - 4 P ’n(xw) ( k = ±  1, ± 2 ,.. . ,  ±n).  

So for the fundamental functions, by (2.3) and (3.1)

Pn( \ - 2 x 2)(4.13) ik,n(x) = ~:4УкК(х\к])(х-Ук) 

7 further by (2.5), (4.11), (4.12) and (4.9)

(к = ±  1, ± 2, . . . ,  ±n),

(4.14) »*,»00 =  1 +
ot — ß  + (a+ß+2)x 1*1 У к Л (x-y*)-

4.1.2. Let us prove now (3.3). By (4.13), (4.5), (4.7) and (4.10)
„20!

(4.15) 2  Ш
n

— 1 + — Ő
2 - - - - - - - - n 2* ( a  :

— 1 + Ö ft
-1, 0 <  <5< 1).

By (4.13), (4.10), (4.6) and (4.7), using that for f k = x 2

(4.16) x2 =  H b if i l  x )+  2  2У к(х-ук)1%(.х) (n ^  2)
i*i= i I

I where 2  stands for 2  ) we obtain
'  |f c |  =  l  k — —  n'k* 0

1̂=к̂ г~- —<k^n
2 2

Ik | = 1

Let us see now ц2п. By (4.14) we have 

(4.17) vk(0) =  2 — 

so by (4.15)

4 [(« -Д + (« + Л  +  2) . , . | ] )|[зв2 for a a A  
1 —  X |* |

ß  —  CL

a+/? + 2

(4.18) /U IP * » )  ^  c (a)n2« ( a S ) 5 > - l ) .

But, of course, we need an upper estimation, too.

4.1.3. Lemma 4.1. We have

y 2M ’P)) ~  n2« (a & 0, a £  ß  >  - 1)
(л?<? (3.2)).
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A. We can suppose x ^ y k ( k = ±  1, ±2 , ±n). Let, e.g., 0 S x  =  c o s 5 s l ,
so l - 2 x 2= l —2cos 25 =  — cos 25= cos (я;-25). Let min be — yk\ = \x—y,\ whichl skmn *' J{
means |тг — 25—5,| =  0 (и -1).

B. At first let J i< x -= z0=j|;n/2]. Then

c4-̂ - ■*= 5 <  2 _  — where 0 <  c4 =  c4(a, ß) <  2 and 0 < c 5 =  c5(a, ß)
4 2  n

(see [7], 6.21). To prove (3.2) we write, using (4.10) and (4.14),

(4.19) vk(x) =  1+— 2 oc — ß + (a + ß + 2) x lki 
1 T-̂ C|fc|

- 1  ( x - y k) =

2 l - x ]kl x  3jc,fc| — 1 2(cc-ß) + 2(ct + ß )xw
1+*|*| Ук l+ * |t | T i( l+ x |Jk|)

n
We shall break up £  \vk(x)\lk (x) according to (4.19). We write

№i=i
n

(4.20) 2  \vk(x)\lk(x) =

We use the notations
2  =  2 (1), 2  =  2 (2)-

Then, by (4.13), (4.4), (4.5), (4.6), (4.7) and (4.10), we have

2 (1)t t ^  ,*(*) =  0 (1) 2 (1)I-\-x к
к 2 [sin (ji—2$)] —2а—1

[sin( f - * ) - * ] yl
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For the ^ (2> with similar argument, moreover, using that now yk ~  1

y m l z í L P f r í  = ™  ( n - k + 1)2̂ 1
^  l + * k Z‘ W  723+1 ^  (7 -fc )2 ‘

If 7—у  then ^ (1) =  0 ( I)  and ^ ( 2> =  0(1). Sólet Then

1 k2x+s 1
j2* + i « 2 ^  U-kf  ‘ j2a+1n

0 ( 1 ) • 2 у /2 а  +  3

j2a+lyj2 kfiU-k)2kŷj

‘ 2 /  7 r 2 a  +  3  7 ,2 а  +  3
У ----------- 1- У ---------

Á U - k ) 2 n U - k fk*J 2-^*s  4

k2,x+3

2 j ' - = t S -
fc2 0 (nB),

further

n2““2* ™  (n - fc + l)2"+1 0(и««-*) ^  („ -fc + 1 ) 2̂ 1 л ,„,
,-2а + 1 ^  z' i _ b \2 ;2a + l ^  M2 —

So we have

( j - к Г

у  l - * f c

fc=i 1 +x* 
k*j

llipc) -  0 (n2a), y k <  л: <  z0.

and

C. If 0^x< _v l we get by similar estimations

J> 2 «  +  3
>_2___
U - к )2(1) lUx) = ^  Z (1) Tj~zjr\2 =  ^  2 (1) fc2si+1 =  0 (n -)

l + xk
„ъ (n — k +  l)2g + 1

U - k f

=  0 (n2a- 2'!) ^ (2) fe+ 1)‘/,Tl =  0 (и2а)

D. Let us see now the second part of (4.20). Using that \х—у}\ ^ —
for >>■(-< x < z0

y ’(i)---------- l l  (x) =  - .ffi W ) k2X =  0 ( n 2z)
Z  Ук(l +  x k) l k W  Г-* Z  U - k f  h

2 (b Ук(1 + х к) H(x) =  0 ( 1 )  Z (2) H(x) =  o ( n 23).I -tXb

XFor the interval 0 x b y  similar estimations we get 2 —77——- / |( x ) :
k^j

, we get

о-

we have

0(n2z).
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E. Finally, let us see the third part. If ot=ß= 0 then this term is 0 (see (4.19)). 
So we can suppose ooO. Let _y1< x < z 0. We have as above

and
<c,=- 0)

2 ,<2)~ } f  y k . Il(x) = z ( 2 ) =  o (n *).
Ук(\ +  хк)

If 0 = x < y x, we have

\ j~ k \

and
2 т ш й )  ,l(x) “  0 ( 0  2<1> 1 Г Щ  -  <“ =■01

2 (2) - / г ~у *"т JJ(x) =  o f o 2- * * - 1) 2 (2) ( и ~ , * Л ! . г - -  =  O O 2“)-
7 t(l+ W )

So we proved (see В, C, D and E)

\ j~ k \

2  l»*(*)l4(x) = 0 (n2st) if O S i < z 0. 
№1=1 kj*j

(4.21)

F. Let us see now the y-th term. By (4.19) we have for any ОШхШ 1

(4.22) »,(*) =  0 (1) [l- \ x~y j  1
yjiX + Xj).

l%x).

If l^ y 's -L  then \x—y j\[ y j ( l+ x J)]~1 = 0 ( j~ 1) = 0( l) ,  on the other hand, if

~j=n  then by (4.10)

=  0 ( 1)

1 ■ 2^J1 —sim —
O -y jK l+ y j)  0 (1) 2

^ J 2 cos2 ~2

=  0 ( 1).
L/0  +  *,) >’/ 1  +Xj)

So using (4.22) we have to prove that lj(x) = 0 (n2*) (O S x^ i). By (4.8) 

lj(x) £ T Ю X to

1 2 4 z P '( l — 2z2)
AyjK (.x j ) ( x - y j ) . l 4 VjKiXj)

= О (и2) z P<i+11’i+1)(l - 2z2)12
у /  K ^ H x j )
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where, e.g., so by z=cos £ we have \л—2£ —Sy| =  0 (и-1).
Then, by (4.6) and (4.7)

max |P<iV’^+1) (x)|
l2j(x) = О Or) 

from where using (4.21) we get 

(4.23)

P'n^KXj)
0 (1) (0 = § x ^ l) ,

2  \vk(x)\ll(x) = О(n2x) ( O S x <  z0). 
l*l=i

G. Now we investigate the case z0< x < j ’ i.e., — < S = c 4-̂ - (0 < c6n 4
=  c6(a, /?)). We use another form of r fe(x). By (4.19) 

(4.24)

2 ( a -ß )  + 2(cc + ß )xm

, N (1-^ |* |) (2y * - l )  +  2xw _ (x —l)(3x|fc| — 1) i
P‘ W  У*(1+**) >'*(!+**)

+  - J * ( l + x t) (x -> ’fc).

As at В we shall break up 2  |u»(x)|/|(x) according to (4.24). First of all we prove
in=i

(4.25)

К1 -* |* |) (2 Ук - 1 )  +  2xm \ = 0[{n — 9kf]  =  О [ (n~ knt l f  ] (k =  1 ,2 ,..., rí). 

Indeed, we have

У к =  s i n  у

X|fc| =  cos 9к =  - l  +  y ( ^ - S t)2+ 2^ c o si/(7r - S fc)4, 

from where using (4.3) and (4.10) we get (4.25). Further we shall use that now

-л — 9 ^ л —г, i.e.,

(4.26) sin (71—20) ~  sin Sj =  sin(7C — 9j) n - j + l

At 2 <~1) we use that now x —yk^ c .  For 2 ^  we shall apply 

(4.27) cos ( л  9  ЭА ( л  Э л —9к\ . ( 9  л — 9к}
Í4 -  2 + t J =  COS4 2  -  2 + - ^ J  =  Sm4 2  +  *

2 л — 9к (n—k + 1)2
c • sm" 4
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H. We have by (4.25) and (4.26) for z0<x<y„

^Z(i) ^ ) ( 2j ’fc l) + 2xkl j2 0 (n2ß) ^ i u n3 к2х+3
-1  1.3

Л ( 1 + * * )  ■KV'V/ (” - j +  l ) 2 / i+1  k3 n 2 a + 4  

0 (rt*-fc-i)
( n - J + l ) 2'’

further as in B, by (4.25)—(4.27)

2 >(2) | ( l - ^ ) ( 2yfc- l )  +  2xt | ^

i _ 2 (1) k2* = 0 ( n 2ß)

Ук(1+Хк)
o (n 2ß) ( n - k + i y ____ «:

ы ^( n - J  +  l)2̂

( n - / c + l ) 2^ + 3 0 ( 1)
( j ~ k Y  ( n - f c + 1)2

0 ( 1)

n2ß + 4 ( и —y ' +  l ) 2/! + 1« s

pß+з

__ V(2)1„2

774 (/7 — f c + 1 ) 2

( n - k  + l)2ß+3
U - k F

i - ‘-T
U*u

I. At the second part of (4.24) we shall use that 

(4.28)
, . 9 ,  (тс ВЛ . ( n  9,\ ( n  S i—7i) . Tz—9:1 —x  ~  1 —sm -j =  2 cos^—+ -2J sin (T - ^ J  =  2cos[T + ^ - J  s m ^ —

(77-J +  l )2
i f  к 7* j.

So we have by (4.26)—(4.28) for z0< x < y „

2 «  4 M  =  . .  =  o ( " “ )
and

Л (1 +  **) ( n - j  + l)2ß+1 772

2 <% т а , г м =
o(n2ß) ( n ~ j + 1)2 242) n 772 (  77 - f e + l ) 2^ 3

( n - j + l ) 2^  + 1 772

0 ( 1)

(n — /c +  1)2 ( j  — k )2 (n — k-H)2 n2,,+4
( n - f c + l )2'1- 4 _ 0 (1) i 2̂ -1

( 7 7 - J + l ) 2^ - 1 Z  ( j - f e ) 2 И2* " 1 зл (И  — О 2
i - ,sTÍ̂ U

0 (1) _  i2̂ -1 0 (1)
И2" " 1 ( и - 0 2 + М2<’- 1 „ ^ 3 n ( l - M ) S -  0 ( 1 )  { 2 ß  1 < 0 ) ’

7Г— i — ~T2 2 4ij*u
For 2ß— 1 ^ 0  we have the estimation 0 (й2/,_1).

A cta Mathematica Academiae Scientiarum Hungaricae 29, 1977



348 P. VÉRTESI

J. At the third part we have, supposing ß>0  (see E), for z0<.r<>;,

Z (1) - Й(*)  =  -i r - S  2 ’(1) fc2* =  0 (n
and

L*(l +  **)

( n - j  +  1)2̂

K. With similar argument we have

i n - j + i y n

Q (' W 2 (2)- n# , , | )2'  -  o (n^).17 — *|

2  k (* )l /*(*) =  o (n 20  (f„ <  x == l).
Ifcl=lk*j

So we completely proved the relation (3.2).

4.2. P r o o f  o f  T h e o r e m  3.2. 4 .2 .1 . Let us consider the matrix Y  defined in [8], 
4.1, i.e. let for odd r ís

(4.29)

2 к —\ (к = 1,2,У к,и =  cos —-—  л  2п ..., и; п = 2s — 1)

( п \
, where 71

Уо,п = COS -  ßnJ :

Further, by (4.29), the и-th row of Y  contains л+1 nodes, Q„(Y, x) is a poly­
nomial of degree n + 1, etc.

At first we prove
Д.(Г) ~  n - V 3.

By (4.29), with T„(x) = cosnS we have

(4.30)

(4.31)

(4.32)

lk<n(Y, x) = lk,n(T, x) - 2 - Л .  (к = 1, 2 ,..., и),
У к -У  о

/о.п(^, х) =
Тп(х)
тп{у0) 5

Л ) = ■ +  -
1

2 (1- L 2) ' Л -Lo
T M

(к =  1, 2,.... и)

тЛУоУ

Тп(Уо)\ = Isin И0П| ~  ие„, |г;(у0)| =  |и cos П0„! ~  и.

So we have, using lkt„(T, x) = (— l)t_ 1r„(x) sin 3*и- 1(;с—у*)-1

T%{x) sin2 9ft(x — y0)22 K Á Y , x ) \ l l „ { Y , x ) = 0 { \ )  z
fe-1 k=1
kr̂ s k^s

Ш - +  '  L -
L(sm2 Sk \yk\) ' Ук 1 +  1

п Ч х - у к)2Ук
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4.2.2. We sketch the estimations as follows.

y ,  T Z (x )(x -y 0)2 
Á  na\ x - y k\yk

2 '  +  2  = ° ( n) if1 1  2

2 '  + 2  = O Q n n )  if | x | < ^ - ,
3  3  £

W s 4 W »j

where 2 '  means that we omit the л-th term. Further 

(4.33) 1

y ,  T% (x) (x — y0)3 sin2 9k
Á  ’̂ x - y k l y l 4

2 ' +  2  =  o(n)  if | x |  &1 1  2lrklsj lrkl=~j

2 '  +  2  = ö ( i )  if |x|=s-£.,
3  3  n

2  +  2 ' +  2  = 0(n )  if - < x  1

For У' F„2(x)(x—>’0)2 sin2^  
»=i n2( x - y kf y t

'•х~ У к^  |X_)’>‘I>2 W =

we use the ideas of (4.33).

2 "

2 \ v U Y ,x ) \ l l „ ( Y , x )  = 0(n).
k = 1
k?±s

So we get

(4.34)

4.2.3. We know that

(4.35)

(see [8], 4.13). So by (4.31)

(4.36)

Finally, using (4.30) and (4.31) we get |t>0i„(F, 1)]/02,„(F, l )~ n ~ 2g~3, form where 
by (4.34) and (4.36) we have

(2 _ )
l nQ„.V

i _ L \
\ngn.)

= ° \ » ¥ ;)

= ° \ L U
yn2Q3J

(4.37)
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(4.38)

4 .24 . In [8], 4.3.1 we have shown that

1|Я „ (/2; У, х)\
п2в1

(х 7̂ 0, |х| ^  1, fix).

By n„=n~2g~s we get our theorem.
4.3. P roof of T heorem  3.3. Using цп(Т) = 1 we can suppose 1).

We shall use the matrix Z  as follows. Let n=2s or n = 2 s—l and

2Лг — 1 , ,  . .
zk,n =  XktB =  COS -  7Г (fc=  1, 2, n, k ^ s )

(4.39)

Then, as in [9], 4.1, we have

(4.40)

where

lk(Z, x) = lk(T, x) 

1S(Z, x)

x - x s zk- z .  
Tn(x) zs- x s

s (, 2s —1 t- cos — —  n
s { 2 и j

(4.41)

T„(zs) ’

l ' k ( Z ,  zk) = l'k(T, zk) (k s),

i ' / ^  -л , 1h (Z, zs) = ^ - 7- r + :^<X ) Xs-Z s’

(4.42) |r„ (zs) | ~ n 0„, [T;(zs)| ~  n,

finally, if 4<p„=zs+1- z s+2 and /„ =  [zs+2 +  <pn; zs+1-cpn], then

(4.43)
IIh(Z, x)|| =  О f - i - 1 , ||ZS+1(Z, лг)|| -  О í ~ ) ,

\nQn' '  "кп''

Ш ,  *)l KQn
ls+1( Z , x ) \ ~ —  for x<E/„.II Qn

Let us prove the relation 

(4.44) Hn(Z)

Indeed, by (2.6), (4.40), (4.41) and (4.42) 

(4.45) 2  \vk( z ,  x ) l l ( z ,  x)| =
fĉ S,S + l

=  0(1) 2  vk(T ,x ) l l (T ,x )  (X7 r + v V f ~
k ^ s , s + i  \ X  X s )

T2(x)
=  0 (1) 2  (1 - x z k) I ,  , . .n2( x - z ky  L n2( x - x s)2 n |x -x s|n2(x — x ,)2 "*"n|x—xj] =  0 ( 1),
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further

IКi(Z ,* ) l = 0 ( , ) ( ,  +  Ji ^ ) ^ - ^  =  0 ( l ) ( l  + I x - x s+xs~ z :
Q n

finally
• ( T"(%  l~i =  ° 0 ) (-4-г +  4 з +  4 з) =  o U J ,  (х —х,)2 п*д3 \n2g 2 п3д3п n3Q„) \n3g3J

\U ( 7  \ \  - П  \  T n ( x )  ( X - Z s ) -  ( Z s + 1 - X s) 2 1 I
\hs+i(Z,x)\  (1 **.+ i)„ .(je_ Zf+i). (je_ Xi). (zs+1- z sy- ° { n 2e2J -

We obtain (4.44) if we remark

I h . ( Z , x ) \ ~ - ~  for x£/„.
П (Jn

Now we have by usual argument

Itf„(/; Z, x ) - f ( x ) \  =  0(1) [ 2  \f(Zk)-f(.x)\\hk(Z, *)| +L fc=l
kr̂ s,s+1

+  I /  (zs) —/  (x)\\h3(Z,x)\ + \ f ( z s+^)—f(x)\\hs+l(Z,x)\'] (/eC(©)).

Let us estimate the parts figuring here. Using the argument applied at (4.45) 
we can get

(4.46) 2  \ f(xk) - f (x ) \ \h k(Z, *)| =  o(l).
k j ^ s ,  S + 1

For the remaining part we estimate as follows. If zs+2< x < zs- 1 we have

(4.47) 2  \ f (zk) - f ( x ) \ \h k(Z,x)\ =
k = s , s + 1

=  0(1)©  (-i) (ne„)-3 -  0(1)© ( 1 )  rt,(Z).

On the other hand, let x(E[— 1, zs+2](J[zs- 1, 1]. Then

(4.48) 2  \ f (zk) - f ( x ) m Z , x ) \  =
k= s ,s  + 1

-  0 (1) [© (|x r,|) +  Zs+ll) (x - z s+1y- n4J

=  0(1)© ( I )  (ne„)-3 -  0(1) © ( I )  rt,(Z).

By (4.46)—(4.48), o„= — U  and со f—1 =о(/г~г) we have got our assertion. 
n3Vp„ Kn )
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4.4. Proof o f T heorem 3.4. By the method used in 4.1 we can prove more. 
Namely, supposing n =2, 4, 6, ... we have

2  |/*,„(*<“■«,*)I 
№ 1=1

2 I y)\ 
№1 =  1

JO(ln n) for - l < a s  -0 .5 , |*| s  1 — e, 
jo (n a+1/2) for — 0.5 < a, |*| S 1 — e,

Inn if у is fix, |y| <  1, n£Ny, - l < a á - 0 . 5 ,
пг+1/2 jf у  _  fi, a=— 0.5, n =  l , 3, 5......

n (O(lnn) for — 1 <  /? s  —0.5, E s  1*1 s i ,
2  \ h . n ( R ( * ’ ß ) ,  Л)I = {0 (np+1/2) for _ 0 5 < ß t  e  ^  |X| ё  1,№1

2  у) I№1 =  1 СInn, if у  is fix, 0  <  |y| S 1, Ny, — 1 <  ß S — 0 .5 ,  

>+Ua if y  = 1, / i s - - 0 . 5 ,  и =  1,3, 5 , . . .  .

By these relations we gain (3.8).

For (3.9) we can prove as in 4.1 the following:

2  \hk,„(K"’fi\ x ) \  
№ 1=1

= 0 (1) for - l < a s 0, | * | s l  — e, 
= 0 ( n 2*) for a s  0, |*| s i — e,
~  n2x for a S  0, *  =  0,

2  \K,n( R ^ ß\  *Ж  № 1=1

— l < / ? s — 0.5, £ s  |*| s  1 or 
0(1) if j - 0 . 5 < j ß s  a SO, £S |*| S 1 or 

- 1  <  j j S 0, a s —0.5, £S  |* |S  1, 
= O(n20  if 0 S ß, a s  -0 .5 , £ S |*| S 1,

~ n 2" if OS ß, a S - 0 . 5 ,  * =  1.

By these and (4.18) we obtain (3.9). (The crucial part of these estimations is 2 (1) at 
H  and J.) We remark that by (4.24), e.g., 2  l ) |^ n 0,8, from

к
x k S 0 .9

where, e.g.,
lim /i2„(/?(-0-9-°))n-0-8>  0.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SOME PROBLEMS OF P. TÚRÁN 353.

References

[1] G. F a b e r , Über die interpolatolische Darstellung stetiger Funktionen, Jahr. D. Math. Verein.
23 (1914), 194— 210.

[2] P. E r d ő s , P. T ú r á n , On the role of the Lebesque functions in the theory of the Lagrange inter­
polation, Acta Math. Acad. Sei. Hungar., 6 (1955), 47— 65.

[3] L. F e j é r , Die Abschätzungen eines Polynomes, Math. Zeitschrift, 32 (1930), 426—457.
[4] G. G r ü n w a l d , On the theory of interpolation, Acta Math., 75 (1942), 219—245.
[5] P. T ú r á n , On some unsolved problems in approximation theory, M at. Lapok, 25 (1974), 21—75

(in Hungarian).
[6] L. F e j é r , Über Interpolation, Göttinger Nachrichten (1916), 66—91.
[7] G. S z e g ő , Orthogonal Polynomials, AMS Coll. Publ. Vol. XXIII (New York, 1959).
[8] P. V é r t e s i , Contribution to theory of interpolation, Acta Math. Acad. Sei. Hungar., 29

(1977), 165— 176.
[9] P. V é r t e s i , Comparison of Lagrange- and Hermite—Fejér interpolation, Acta Math. Acad.

Sei. Hungar., 28 (1976), 349—357.
[10] G. I .  N a t a n s o n , Two-sided estimate for the Lebesgue-function o f the Lagrange interpolation 

with Jacobi nodes, Izv. Vyss Ucebn. Zaved. Matematika, 11 (1967), 67—74 (in Russian).

(Received June 8, 1976)

MATHEMATICAL in s t it u t e
OF THE HUNGARIAN ACADEMY OF SCIENCES
1053 BUDAPEST, REÁLTANODA U . 13— 15.

10* A cia Mathematlca Academiae Scientiarum Hungarlcae 29, 1977





Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 29 (3—4 ), (1977), pp. 353—360.

ILLUMINATION OF CONVEX DISCS
By

L. FEJES TÓTÉI (Budapest), member of the Academy

We say that a point-set {A} is illuminated by the point-set {5} if to any bound­
ary point A  of {A} there is a point В of {5} such that no point of {A} lies 
on the open segment AB. (According to this definition a parallelogram can be 
illuminated by two points, while according to a more restrictive definition used in 
the literature [1] a parallelogram cannot be illuminated but by four points.)

T heorem  1. The point-set-union of n>  1 circular discs can always be illuminated 
by 2n points.

The example of successively touching circles whose centres lie on a line shows 
that 2n lighting points are actually needed (Fig. 1). We shall see that in any other 
case at most max (In- 2 ,  3) points will suffice.

Fig. l

The case when the circles are centred on a line but some of them overlap or 
successive circles are disjoint can easily be settled. Thus we may suppose that the 
centres are not collinear. Obviously we also may assume that no circle is covered 
by the other ones.

Consider the generalized Dirichlet cell [2] of a circle c defined as the set of 
those points whose power with respect to c is smaller than with respect to any 
other circle of the set. These cells are convex polygons or unbounded convex polygonal 
regions which fill the plane without overlapping and without interstices, in short, 
they form a tessellation. The vertices of a bounded cell will illuminate the arcs of the
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corresponding circle lying in the cell. (About the arcs lying outside the cell we need 
not care because they are contained in other circles of the set.) In order to illuminate 
the corresponding arcs of a circle whose cell is unbounded we must add to the ver­
tices of the cell two further lighting points one on each infinite side of the cell suffici­
ently far from  the circle (Fig. 2). Thus, if there are к infinite edges, then the union 
of the circles can be illuminated by the vertices of the tessellation along with к 
further points.

In order to give an upper bound for the total number p  of these points it is 
convenient to suppose that the infinite edges meet in an ideal vertex. Thus we have 
p = v —l+ k ,  where v is the total number of the vertices of the tessellation. If e is 
the total number of the edges then

(1) n+v = e + 2.

On the other hand, if vt is the number of ordinary vertices of order i then

(2) 1 +  v3+  v4 +  ... =  v 

and

(3) /c +  3i>3 +  4t>4-t-. . .— 2e.

Hence
2e S  3(i> —l) +  fc.

Combining this with (1) we have

whence p ^ 2 n  — 2.
v Ití 2n —к — 1,

Theorem 2. The point-set-union o f n>  1 non-overlapping open convex discs 
can always be illuminated by m ax (2n, 4n — 7) points.
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We shall see that the number max (2n, 4и—7) cannot be replaced by a smaller 
one. For closed discs the theorem does not hold any more, as can be seen by the 
example of a square and a circle touching a side of the square. If these two discs 
are closed their union cannot be illuminated by a finite set of points.

The proof rests on a construction which turned out to be useful in the theory 
of packing [2, 3, 4]. Suppose that each disc tends to grow unboundedly in all direc­
tions, say, through the continuous set of outer parallel domains, but the growth is 
limited by certain “walls” . These walls consist of the supporting lines which separate 
a disc, either in its original or increased state, from those other discs which have 
a boundary point in common with it. In short, whenever two discs collide, a wall 
comes into being, preventing them of growing into one another (but not hindering 
the growth of the rest of the discs). In this way each disc will expand into a convex 
region bounded by a finite number of straight lines. With the possible exception of 
a finite number of bounded or unbounded gaps, these regions fill the plane.

It may occur that a region abuts along a whole side on a gap, so that the region 
can further be enlarged without loosing the convexity and without overlapping other 
regions. This situation is caused by a “wrong” supporting line between two regions 
(Fig. 3). Replacing the wrong supporting lines by “good” ones and continuing to 
expand the regions according to the above principle, such situations can be eliminated. 
Thus we may assume that to each side of a gap there is a region leaning partly or 
entirely against this side and simultaneously partly against the elongation of this 
side in one direction. Let us elongate the sides of a gap in accordance with adjacent 
regions. Since from two sides meeting at a vertex only one is elongated beyond this 
vertex, the sides of a gap are cyclically unidirected (Fig. 4). It follows immediately 
that the gaps are convex polygons and each side of a gap leans against exactly one 
region. Thus the set of the vertices of the gaps coincides with the set of the vertices 
of the regions.

In the following discussion we first suppose that among the regions under 
consideration there is neither a half-plane nor a parallel strip.

Consider the “tessellation” consisting of the regions. We call the points at 
which more than two regions meet along with the gaps vertices of the tessellation. 
As a tentative definition we call the set of points at which exactly two particular 
regions meet an edge of the tessellation. An edge may consist of a point, namely of 
coincident vertices of two gaps (Fig. 5). Extending the above definition, we call 
a point in which a vertex of the tessellation and a vertex of a gap coincide also an edge. 
Similarly as in the proof of Theorem 1, we consider the unbounded regions to meet 
in an ideal vertex. Preserving the notations of the proof of Theorem 1, the relations 
(1), (2) and (3) continue to hold for our tessellation.
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Now we choose the lighting points as follows: 1. the ordinary vertices of the 
tessellation consisting of one point, 2. two arbitrarily chosen vertices of each triangular 
gap, 3. the vertices of all non-triangular gaps and finally 4. one lighting point on 
each infinite edge of the tessellation so that they span a convex polygon P containing 
all the discs. We claim that these points jointly illuminate the discs.

Fig. 6

Let d be one of the discs and D the intersection of P and the region pertaining 
to  d. Translate the sides of D inwards so as to obtain a polygon circumscribed 
about d, and decompose the boundary of d  into arcs whose extremities lie on 
adjacent sides of this polygon. Let a be one of these arcs and A  the corresponding 
vertex of D. Since a is obviously illuminated by A, we have to consider the case 
when A is not among our lighting points. This occurs only if there is a triangular 
gap ABC in which В and C have been chosen as lighting points, and we have only 
to observe that, without being impeded by other discs, В and C  together also 
illuminate a (Fig. 6).

Denoting the total number of the lighting points with t and using (1), (2) and
(3), we have

t S  k + 2v3+4vi + 5v5+ . . .^  k + 2(v3 + 2v4+3v5+ ...) —

— k + 2(2e — 2v — k  + 2) = 4n — k —4 S  4n— 7.

We continue to consider the case when some of the regions are half-planes or 
parallel strips. If all of the regions are either half-planes or parallel strips then the 
discs can be illuminated by 2n points. Therefore we exclude this case. On the other 
hand, we first assume that there is at least one parallel strip. Let this parallel strip 
be in a vertical position. Let / be a horizontal line “far below” the discs. Let / 
intersect the vertical edges in m points Lu . . . ,L m. Cut off the parts of these edges 
lying below a horizontal line below / and bend the truncated edges so as to meet 
at a point V. Adding a new infinite edge issuing from V and pointing vertically 
downwards, we obtain a tessellation with n faces with a topological type considered 
previously (Fig. 7).
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Now we distribute the lighting points essentially as described above: we put 
two lighting points in each trigonal vertex, i lighting points in each i-gonal vertex 
with z>3 and one lighting point on each infinite edge. The total number of these 
points is at most 4n—l. Among these points there are some which must be rear­
ranged. These are the coincident points at V and one point on the new edge. Since 
the order of V is m + 1, the number of these points is m + 1 or m + 2 according 
as m —2 or m>2. On the other hand, besides the points which are already at their 
proper places, we need at most m +2  further lighting points, namely the points 
Lx, ..., Lm and one additional point in each half-plane. But since in the case when 
m — 2 we have at most one half-plane, the number of the necessary lighting points 
is again at most An—7.

Fig. 7

We still have to consider the case when we have one or two half-planes but no 
parallel strip. Now there is at least one vertex on each line bounding a half-plane. 
But such a vertex necessarily consists of one point. Thus, choosing the lighting points 
as above, with each half-plane we gain at least one point. This suffices to complete 
the illumination of the corresponding extreme disc.

This completes the proof of Theorem 2.
For each 1 it is easy to construct a set of discs which cannot be illuminated 

by less than max (2n, An — 1) points. The case n < 4  being trivial, we assume that
3. Consider three mutually touching smooth discs which include a “general 

sharp-cornered triangular gap” . The attribute “general” means that the boundary 
of the gap cannot be illuminated from inside but by two ponits. To illuminate these 
discs 5=4 • 3 — 7 points are needed. Inscribe in the gap a new smooth disc so as to 
obtain three smaller gaps of the same type as the original one. Since the number of 
the gaps has increased by two, we need 5 + 4 = 4 -4 —7 points to illuminate these 
four discs. Inscribing in any of the gaps a new disc and continuing this process we 
see that the number of points needed to illuminate the discs increases with each new 
disc by four.

A practicable characterisation of all cases when An — 7 lighting points are 
claimed is not known.

Let us still mention that by a slight generalisation Theorem 2 can be brought 
into a closer analogy with Theorem 1. We say that two discs cross each other if
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removing their intersection causes both discs to fall into disjoint pieces. Theorem 2 
continues to hold if we replace then term “non-overlapping” by “non-crossing” . 
This follows from the fact that in a finite set of non-crossing convex discs the discs 
can be contracted into non-overlapping discs which cover the same part of the plane 
as the original discs [2, 5].

What happens if we drop the condition that the discs do not cross each other? 

The fact that the plane can be decomposed by n straight lines into — (n2 +  n + 2)

regions from which — (n2+n + 2) — 2n are bounded implies that the order of magni­

tude of the minimal number of points by which the point-set-union of any set of n 
convex discs can be illuminated is at least n2/2.
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ON SOME PROBLEMS OF THE STATISTICAL 
THEORY OF PARTITIONS WITH APPLICATION 

TO CHARACTERS OF THE SYMMETRIC GROUP, I
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M. SZALAY and P. TURAN , member of the Academy (Budapest)

To the 65th birthday o f  Theodor Schneider

1. In one of the papers of the second named author with P. Erdős on statistical 
group theory (see [1]) the following theorem is proved. If C runs over the conjugacy 
classes of Sn, the symmetric group of n letters, and |C| stands for the cardinality 
of C then for an arbitrarily small £>0 the inequality

( 1.1) n! exp j — (1 + e) Yn log2 /г| 5  |C | S  n! exp | —(1 —e) 1 n log2 n j

holds for almost all classes C, i.e. with the exception of o(p(n)) classes at most. 
Here p(n) stands, as usual, for the number of partitions of n, i.e. for the number 
of solutions of

(1.2) n =  1x1 + 2x2 + ..., Xj ^  0, integers.

We remind the reader that the total number of the C’s is p(n) and the o-sign 
(and later also the O-sign) refers to n—°°.

The following corollary of (1.1) was observed much later by the second of us via 
the second orthogonality relation of the group-characters. Denoting the characters 
belonging to irreducible representations of S„ by

Xv(C) (v =  l, 2 , p(n))
we have for arbitrarily small e> 0  and almost all C’s the inequality

(1.3) |/v(C)| ^  exp{(H-e) Yn log2«}

for all v’s and this is no more true for all v’s replacing 1+e by 1— e. Among 
the many important natural questions in connection with this we mention only four.

I. What analogous “best” inequality can be given which holds for almost 
all Xv’s and all C’s?

II. What analogous “best” inequality can be given which holds for almost 
all Xvs and almost all Cv’s?

III. Does there exist a “best” inequality which holds in two-dimensional sense 
for almost all pairs ( jv, Сд)?

IV. Does there exist in this last case perhaps a value-distribution theorem? 
Mentioning these problems in connection with a lecture in Rome in 1973 (see [2]),

Professor M. P. Schützenberger called afterwards our attention to the interest of the 
further question what can be said on the distribution of the numbers %V(E) (E is (he
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unit class). The most direct plausible attack on this problem can be based on the 
classical explicit formula for the numbers yv (E) due to Frobenius and I. Schur (see 
[11] p. 119). Introducing for the generic partition Я  of л the notation

(1.4)
n — Л1 + Л2 + ... +  Am 

— 2̂ — ••• — — 1
and using the fact that the conjugacy classes are in one to one correspondence with 
the Я ’s it is better to use yM (E) instead of ~/v(E); then the formula of Frobenius— 
Schur asserts that

11 &ß- k v + v - f i )
(1.5) Xn(E) = n \ ^ i Z & Z --------------------

JJ (lß + m-n)\

The statistical treatment of these weird expressions seemed impossible without 
a statistical investigation of the distribution of summands and the first such theorem

for the number of summands ^ n« (0< a < — and fixed) for almost all I7’s

was announced among others in a lecture in May 1974 (see [3]). Still the first result 
for the problem of Schützenberger was attained without such investigations in a lec­
ture in October 1974 (see [4]) which asserted that for almost all 77’s the inequality

(1.6) (log/n! s )  \ogyn (E) ^  log ~fn\ — n loglog n — n
holds.

Owing to the relations o f orthogonality, this result gave the following answer 
to the question I. For almost all Л ’s the estimate

maxc IXn(OI =  exP { y  n log n + 0(n  log log n ) |

holds. (Here the factor log log n can be omitted in view of Theorem VI of the next 
paragraph.)

2. The main aim of the first three instalments of this series of papers is to prove 
the following

Theorem  VI. I f  A stands fo r  a well-defined constant with the value

(2.1) Л >  —• 0.0271*

and c is an explicitly calculable positive constant then for an arbitrarily small e> 0  
and /i='/70(e) the number o f  IT’s satisfying the inequality

(2.2) |logXn(E)— log(fül) +  Tn| <  cn7/8log4n 

is greater than (1 — e)p («).
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Shortly the inequality (2.2) holds for almost all irreducible characters on S„. 
It would be very risky conjecture that the relation

(2.3) Xn(E) — YtÄ exp {—An + A x Yn log2n + A2 Yn log n+0(Yln log log и)}

holds with suitable constants At and A2 for almost all irreducible characters of Sn. 
Since the numbers yM (E) are equal to the dimensions of the matrices of the corres­
ponding irreducible representations, (2.2) asserts that these dimensions are “relatively 
equal in a weak sense” . The truth of (2.3) would imply the same in a much stronger 
sense.

3. The proof of theorem VI will be given in the third paper of this series. The 
first two papers will deal with the statistical theory of partitions, which are partly 
needed for theorems I and II, but all are, in our opinion, of independent interest, 
some even for statistical physics. The fact that the theory of partitions can be used 
at all in statistical physics is well-known. (See e.g. Bohr and K alckar [5], Auluck 
and K othari [6], Temperley [7] and others. They use essentially the partition 
formula

(3.1) pW  =  (1 + „ (,))  _ J _ e x p ( 3 | ^ )

of H ardy and R amanujan [8]).

4. The first theorem in the statistical theory of partitions is due to Erdős and 
Lehner from 1941 (see [9]). They proved that if m in (1.4) is denoted by /(/7), 
the “length of the partition Л ” then for almost all П ’s the inequality

(4.1) Yn co(n)

holds if co(n)/'°° arbitrarily slowly. Though this theorem played an important role 
as background, it will not be used in the sequel; we shall show in the paper II how 
theorem I of this paper and theorem III in the second paper give another proof for 
it which in addition will give an explicit upper bound for the cardinality of the excep­
tional set of TPs. This would be rather difficult to deduce from the rather concisely 
written original paper of Erdős—Lehner (which contains no upper bound for the 
exceptional set apart from о (p(n))). The same applies for the formula of Szekeres
[10]. This slightly generalized form of Erdős—Lehner’s result will be theorem IV.

5. Based on the representation (1.4) let 5) (n, П, Л) stand for the number of 
2/ s  satisfying the inequality

(5.1)
Confining Л first to the interval

(5.2)
Ye11 log í á d á  —  p i log n — yn log logn 2л

we assert the following two theorems.
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T heorem  I. I f  Л is restricted by (5.2) then the inequality

(5.3) S fn ,  n , A ) - ]~ l / n \ o g
1

' ехрШ

1 [  n log n
7  Л

holds for all but cp(ri)n 7/4 I l ’s at most. 

Requiring a bit stronger than (5.2)

11 logn S  A ^  —  Уп logn — 3 fn  log log«2n(5.4) 

we assert

Theorem II. I f  Л is restricted by (5.4) then the relation

(5.5) S fn ,  П, Л) = 1 + 0

holds for all but 

(5.6)

FI’s at most.

(log n ) I 71 , ( пЛ\
!- ехрЫ )

cp(n)n -7/4

Throughout this paper c’s stand for explicitly calculable positive constants 
not necessarily the same in different occurrences. As we shall see it is important to 
have a good command of the size of the exceptional set.

6. To see a bit closer the content of theorems I and II say let first

(6.1) Л = Лг =  —  n* jo  <  a <  y  and fixed constant j .

Then for almost all ГГs the number of summands a ,  is, owing to theorem I,

(6.2) —  j-^- — a j  Уn logп + 0 ( п (1~х)12• ]/logn) +  0 (n“) 

which is better than the formula given by theorem II. Next let

(6.3) Л =  Л2 =  ß fn  log n jo  <  ß <  and fixed constant j .

Then for almost all 77’s the number of summands = A 2 is, owing to theorem I,

/6
(6.4) nl/2- i  +  0 (nl/4) +  0 („l/2- 2̂
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which makes sense only for /?< — whereas theorem II gives

(6.5) 16 , 1/ 2 - 0 (1+оШ
for the whole range —. In the “border line case”

( 6 .6) Л = A3 =  —  у Yn (у >  0 and fixed constant)

again theorem I is the stronger; then for almost all Л ’s the number of summands
=£Л3 is

(6.7, | i ? -—  Yn log  ------ l—— - + 0 ( n l l i]/\ogn).
к  1 —e x p ( —у) v '

In the most delicate case

(6.8) A =  Л4 =  Yn log n — 3 —  Yn l°g log n
2.71 71

theorem I gives nothing whereas theorem II gives for almost all I7’s the number 
of summands = A i is

Yb(6.9) —  log3 n+O  (log2 n).n

For even bigger yl’s we shall return later.
The previous comparison motivates that we actually prove theorem I with the 

more complicated error term

О
Yn logn

exp
( l / d  \

instead of О( № ) ■

7. In the second paper we shall investigate -— based again on the representation
(1.4) — the quantity S2(n,IJ, A) which stands for the number of Я/ s  satisfying 
the inequality

(7.1) Aj ^  A = integer.

Here the “fine” case is when A is “small” , let

(7.2) A ^  13 log n.

Let A (n) be such that

(7.3) A ( n ) / ■=<= arbitrarily slowly for n — <=o
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further

(7.4) A(n) 1000

(and a fortiori Л (л )^ -_ ^ -  log n). Then we assert the

Theorem III. I f  A is restricted by

(1000 A(n) = ) A = 13 logn,

A (n) by (7.3)—(7.4) then the inequality

—  ~fn log/1 ——  Гп log A (n) ^  S2(n, П, Л) S  —  in  log A +  —  fn  A(n) и n n n

holds with the exception of
8р(п)ехр(-Л (п))

Id's at most.

Theorems I and II have important consequences. The exceptional sets in these 
theorems can vary with A but only at integer values of A. Using the restrictions 
for A we have the

Corollary of Theorem I. The inequality (5.3) holds uniformly for the A's 
log Yl

in (5.2) apart from cp(n) • exceptional fVs at most.

Corollary of Theorem II. The inequality (5.5) holds uniformly for the A’s

in (5.4) apart from cp(n) logn
„5/4 exceptional n ’s at most.

8. In order to give an interpretation of theorems II—III in statistical mechanics 
let us consider the assembly consisting of К  identical linear harmonic oscillators, 
with the same eigenfrequency v0, without interaction, and totalenergy E. As well

known the possible values of the energy of each oscillator are given by hv0 |n + ^ - j

{h is the Planck constant). Let us suppose the applicability of the Bose—Einstein

statistics. If a„ stands for the number of oscillators with the energy +

and with

( 8. 1)

we have obviously

( 8.2)

Supposing

(8.3)

2  n*n = Ntl^l

E  s  ~  Khv0
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(which can be checked from the initial data) we get from (8.2)—(8.3)

(8.4) 7V=s K.

Conversely, if (8.3) is satisfied and N  (the “normalized total nonzero-point-energy”) 
satisfies (8.4) then the partitions of N  give all possible energy distributions. Then 
theorem II (or III) gives for all sufficiently large TV’s a bit unprecisely that for

Yn  ( nlog N < A < -,---- — the total number of oscillators with the energy ё  Л + — \ hv0 islogiv t 27log N

7Г 7LÁ
with a probability nearly 1.

Theorems I and II settle the behaviour of S) (n, П, Л) for almost all ff’s 
in the range (5.2) more or less satisfactorily. The case of the complementary ranges 
will be settled in the last few pages of the second paper by theorem V.

The continuation of this sequence of papers will refer — we hope — to prob­
lems II, III and IV mentioned in section 1.

9. Before turning to the proof of theorems I and II we shall need some simple 
lemmas. Let for лг>0, y >  0

(9.1)
Then we shall need

D(x, y) =
oo
2

1 = 1

1
exp(lx+y) — l '

L em m a I. We have the inequalities

1  1
x  ё 1— exp(— x — y) S  D(x, y) S  — log

1 —exp

Namely we have
”  exp {—(lx+y)} 

{ , y )  Ä l - e x p  {-(lx+y)}

oo oo= 2  2  exP{~m(lx+y)} = 2  exp (-m y ) 2  exp{—/(mx)}
1=1 m = l m = 1 1 = 1

which gives for D(x, y) the alternative representation

(9.2)

Since for /=-0, 1 we have

D ( X , y ) =  2  .rn=i 1 — exp (— mx)

* - L í l í
4-1)! ”  k\ 127(fe+1)
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we get the inequality

t exp t >  exp t — \ =  , (1 +  ̂ j +  | l +  •••) -

b ' { i + T Í T + 5í (t ) +  ~ } " ' M p T
for / > 0 , i.e.

(9.3)

Hence this and (9.2) give

1 1 I t
—  <  ------г  <  —  exp —t 1— exp(— t) t 2

(9.4)
“  1

D(x, y) >  z  —  exP { -  m (A+y)} = — log
and

ш=1 mx X

(9.5) D(x, y) - ^ - e x p i - m  i^ - + y ) | = — log

Q.e.d.

m = 1 M X  1 V 2 )) X

( 10. 1)

10. We shall need two simple lemmas on the sum

„  1
ÍTA exp{/x+y} —1 '

(i integer)

Lemma II. For ; o 0 ,  y > 0 , Л >1 we have

у  --------- 1--------- £  — log_________ 1_________
exp{Zx+y}—1 x  1 — exp{— (х+у+Лх)}

Namely, owing to

Л ^ - [ - Л ] < Л  +  1, Л — i S  — [— Л] — 1 < Л ,
we have

1
1&л exp(bc +  y ) - l D{x, y + ( - [ - A ] - \ ) x ) ^

Ш D (x ,y +  Ax)S 1

owing to (9.4), indeed.
The next lemma refers to (10.1) but with negative y.

L emma III. For Л > 1 ,х > 0  and (у |<(Л  —l)x  we have the inequality

2 exp{/x — |y|} — 1 x  *°8 ( I I a )“ X 1 —exp | —Л х+  |y |+ —J
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Namely, the left side expression is
oo

=  2
1

1=1 exp {/* -  |y I +  ( -  [ -  Л] - 1) x} -1  
=  D(x, {(A — l ) x — |y|»

and applying (9.5) the lemma is proved.
We shall also need the classical formula

(10.2) Д х )Ш  П
1

=11 — exp(— vx) =  ( 1+o<1) ) | /f^ e x p ( ~ - )
for x-* +  0.

11. Next we assert the more difficult 
L e m m a  IV. For /1 >  1 and n>c the inequality

S^n ,  П, A) ^  —  fn  log 
n

1 7 j/и log n

Í 71/1)
j

ехрШ - ‘1 ]/6nJ

1/2

holds except perhaps 

TI’s at most.
cp(n)n -7/4

For the proof of this lemma let g(n, к) be the number of Л ’s with exactly к  
summands = A; here by definition

(11.1) g(0, 0) = l ,  g(0,k) = 0 for к s i .
Then we have for x > 0 ,y > 0  (with notation (10.2))

( 11.2) 2  2  s(n, k) exp (— nx — ky) =
n=0*=0

=  П 1
Л 1 -e x p (-v x )  Mt 1-e x p  ( - l x - y )

Let G (n, к) stand for the number of 17’s with at most к summands ^ A ; here by 
definition

1

(11.3)

Then we have

(11.4)

G(0, k) = 1.

L(x, y) =  2  2  G(n, k) exp (—nx — ky) =
n =  0 k = 0

f i x )
1 — exp (b i d 1

exp у —
exp (lx +у )Ы-
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Next we shall apply the simplest Tauberian argument. Let n=N, k = K  be 
fixed and observe that G{n,k) is nonnegative and nondecreasing in n as well as in &. 
I f  x0>0, y0> 0  will be chosen appropriately we get from (11.4)

L(x0,y 0) sr G(N, K) 2  2  exp (— nx0 — ky0)
n = N  k = K

= G(N, K )
exp (— N x 0 — Ky0) ^  G(N, K){1 —ex p (-x 0)}{l - e x p (->■„)}

Hence from this and (11.4) we get

G(N, К ) ^  L(x0, y 0) x 0 exp (Nx0+Ky0) • {1 -e x p  (->'„)}

exp ( - N x 0- K y 0) 
x0{ l - e x p ( - y 0)} ‘

i.e.

(И.5) G(N, K)  exp ( Л ^ + В Д * ,  П  {l

- = / ( * . ) * , а р { л Ъ „ + К л - л £  S p f a ’+ j - j — } ■

Using (10.2) in the form that for sufficiently small x-values

f ( x )  <  с V x  exp —

we get

(11.6) G(N, K )  <  cx%12 exp \ ^ —  + Nx0+ Ky0 - y 0 2
I O X 0  I ^ A

Choosing
7Г

(11.7)

exp (lx,
1 _______ 1.
о  - Ь  > ’o )  —  1 >

x 0
Í 6 N ' N >  c

and taking into account also (3.1) we have further 

t2 \  /• /2  n
4 /2exp <  2 2  exp | - |  JA'j <  cp (N )N 111

V<
(11.6) takes the form

G(N, К )<  С р т »̂̂{у\к-2e x p f e ‘+ ya)_ ,  )}■

Hence if we choose К  and y0 so that

1
( 11.8)

say, then we have 

(11.9)

2  —  iSa ( In , ) ,ехр(ш+л)-‘
- 2 -

У о

G(N, K) <  cp(N )N ~Vi.
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12. Applying lemma II we get

2 1
l ,s  — log ■ l

isa  exp(/x0 +  y0) - l  Xo" 0 1- е х р ( - х 0- у 0-Л х 0)

= J_ j I_________1_ j L  +  1 — exp (—x0 —y0)
x0 S l —exp(—Лх0) x0 ехр(Лх0) —1

s l l o g ______1________l l - e x p ( - x 0- y0) s
x0 1 —exp (— Лх0) x0 exp (Лх„) — 1

s l l o g ______ -_______ *> +  * > _______1_____.
x0 1— exp(— Лх„) x0 ехр(Лхо) —1

Hence (11.8) is certainly fulfilled if 

(12.1) К  _  xo log j _ eXp ( _ Лх0) ехр(Лх,
1_ _ _ _ _ _ [ к о .
lx0) - l  lx„

1
-+ 2 log A)

exp (Лх0) — 1 у о

We choose finally y0 to minimize the expression in bracket as 

(12.2) y0 = f 2 x 0 log A{exp (Лx0) — 1}

i.e. the requirement for К  is from (12.1)

(12.3) log-
1 1

n ~ 1 —exp (— Лх0) exp (Лх0) — 1 

We have obviously

- 2
^  /А  log An

exp (Лх0) — 1

1 1
exp (Лх0) — 1 ^exp (Лх0) — 1 l /  c; Лп {

f Í6N

N 112
exp (Лх0) — 1' 

Hence for N > c  (11.9) certainly holds if we choose

1
(12.4) К  = —  \ N  log n 1 — exp

l }/6N)

]/N log A
7ГЛexp - =  - 1  
|/6A

In other words this means that the inequality

^  ГГТ. 1(12.5) S^N , П, Л ) : /А  log -

~а Л ~ т \
■-3 V A log A

7 1 Л  .exp _= — 1
У6А
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holds with the exception of cp(N)N  7/4 i l ’s. Writing back n instead of N, lemma 
IV is proved.

13. Next we prove the

L em m a V. Let n > c  and

(13.1)

Then the inequality

У 6 /—11 log n =  Л ss -г— у n log n - 
2,71

Yn log log n.

S* I ' « Í 7 Í I  og---------i—

■ ' - “ ’ h d

+  100 1In log«
7ZÁ

exp - =  — 1
Уы

holds for all but cp(n)n~7/i exceptional Id’s at most.

For the proof of this lemma we start from the identity of (11.2)

(13.2) 2  2 g ( n ,  k ) e x p ( - n x - k y )  = f ( x )  f j  fln= 0  k= 0  ISA V exp (bc+y) —1 )

valid for y> 0, y> 0 . It is easy to see that the identity (13.2) holds also for the 
domain

x  >  0, у =  0, |y| S  {Л — \)х.
Hence

(13.3) 2  2  g ( n , k ) e x p ( - n x + k \ y \ )  ^ f ( x )  J j U +  - j -  ( ™P i,J~V ^  )•/1 = 0  k=o шл  t  exp (lx \y\) 1 /

Since g in ,  к) is nonnegative and g(n,  k)  is nondecreasing in n we get, fixing 
n =  N  and k = K ,

(13.4) 2  2  g ( n> k ) e x p ( - n x + k \ y \ )  ^  2  2  S(N, k)  ex p (-n x  +  fc|y|) ё
n=0k=0 n=Nk=K

— exp (7V|y|) 2  exp (— nx) J  g ( N ,  k) =  H ( N ,  К ) е2 Е ^ 2 2 + 2 Ш  
n—N к=к  1 exp ( X)

where

(13.5) H (N ,  K )  =  2 g ( N , k ) .
k = K

Using (9.3) we get from (13.4) and (13.3) for all x > 0  and —(Л — \ ) х < у ^ 0

я д а  Л0  s  *  exp д а *  -кто», ff (> +  )  •
Choosing here again

х = Хо = Ш  N - c
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we get as in  section 11

(,3.6) H(N, K)- cpm>*»  exp ( -  В Д Я  (l +  e^ , ” P_(^ l )  •
Since

, g ( '  +  а х ^ Г - М ) - .  )  e x p (,e x p ( l x 0- \ y \ ) -

we get from  (13.6)

(13.7) H(N, К)-= с ,(Л 0 Л « « х р { |у |(„ 2  е х р ( ) х , - М ) ~ 1 ~ * ) } ~  
H ence i f

(13.8)
1 Ш Л  “ Г ̂ »л0— \ y \ J  —  X

we get from  (13.7)

(13.9) H ( N , K ) ^ c p { N ) N - ’,‘i .

log N
П з Г

14 . Applying lem m a III we get

1
=  — log -

™  exP ^ o - b l ) - l  л:о 1 _ ехр(-Л;с0+ М + ^ )

l - e x p ( -  b | - y ]
=  — log

1 ,
+  — logx0 l - e x p ( - A x o )  x 0

exp [ л х о - Ь | - ^ ] - 1

^  — log
X,

í 1 — exp ( — M  —"=r) exp (Лх0) — 1

„ 1 - е х р ( - Л х 0) *o exp (Лх0) — 1 exp Í Лл:0 -  ^ -  i

exp (Л х0) — 1
S  — log

1
■+ —

*• 1 —ехр(-Л х0) x . e x p (Лх,) expU o_ b | _ *»)_ j  '

H ence (13.8) is certainly satisfied if

(14.1) * S - l o g
1

x0 1 — exp (— Ax0) +

+
|v| +  —2 exp (Лх0) — 1 ^_2 log  N

x° a p (A x ,)- l  exp^ t _ b | _ ^ ) _ 1 M

Acta Mathematica Academics Scientiarum Hungaricae 29, 1977



374 M. SZALAY AND P. TÚRÁN

Here the minimizing value for \y\ cannot be found directly; we shall perform a 
“partial minimization” for

1 \y\ ___ [ 2 log N
x0 exp (Лх0) — 1 [у I

and show afterwards that owing to the restriction (13.1) we did not lose much. 
Hence we choose

(14.2) у  = yx =  — ^2x0{exp (Лх„) — 1} log N  (<  0); 

we have to verify by this choice that

(14.3) |уг|< ( Л - 1 ) х в
is satisfied and also that for N > c

exp (Лх0) -(14.4)
exp [ / 4 х о - Ы - у ] - 1

30.

Supposing (14.3)—(14.4), writing n instead of N, the inequality (14.1) is certainly 
fulfilled if

(14.5) ЛГ^- l o g - -------1 - -+ 1 5 ----- 1 - + 6 0 |/A— ■—
x0 1 — exp (—Лх„) exp (Л х0) — 1 1 х 0{ехр(Л х0) - 1 }

But owing to A s  11 log n we have for n =» c

' 1 1 7Г. . ч ^  (И л  , \ . log/exp (Лх0) — 1 ^  exp —= .  log n — 1 >  —== 
U 6n ) I n

log n _ x0 
In  log"

ue.

x0) - 1 ^ 1  x 0

log n
exp {Ax^

and thus (14.5) is certainly fulfilled if

{exp (Лх0) - 1}

(14.6) 1 , 1K ^  — log----------x 0 1— exp(— Ax, — 4-100 ]
o) '

Г J /1 log n
exp (Лх0) — 1

But this means that choosing

(14.7)

the inequality

K =  £ „ =  1 + i '°« i------- V - r - r + 100/  ,x0 1— exp(— Лх0) г ехр(Лх0) —1

(14.8) H(n, KQ) <  cp(n)n 7/4

holds. Hence under supposition (14.3)—(14.4) lemma V is proved.
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15. In order to verify (14.3) we write it in the form

— log n {exp (Лх0) — 1} <  А — 1

which will be certainly true if we can show
exp (/lx0) — 1

(15.1) 2 log n - A x0
0 99 Л.

Let first Л —. Then (15.1) is certainly true if

2(e — 1) log и <  0,99 Л.
1But this is true for n> c  owing to (13.1). Next let Л >  — . Then (15.1) is certainly

*0
satisfied if

Putting Ax0—t we have to show that for

(15.2)

the inequality

holds. But

H>C

1 <  t S  у  log n - y =  log log n

e' — l 
t 2 0.49 jb  f i i

n logn
-1

t

e' — l

being monotonically increasing we have in the range (15.2) for 

e' — l ]fnlog~*l1*n
t 2 l ogn— log logn

0.49 — •r^ -
7Г l O g n

indeed. Hence (14.3) is completely verified.

16. In order to verify (14.4) let first

(16.1) (11 logn ==)Л s

If we succeed in showing that in this case

(16.2)

holds then this is settled since

(16.3) exp (Лх„) — 1

. , x0 4 , 
Ы + -2 <  -J Лх0

exp (Ax0) — 1 1

e x p ^ x o - l y j - y j - l  ехр^уЛх0] - 1 e2/5 — 1 30.
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To show (16.2) in the case (16.1) we get using (14.2) the equivalent form

2 log» - T i  ' LЛх0 [5  2Л)

which is certainly satisfied for n> c  if

2 log ‘ .:0 .7 9 mЛх0
which in turn would follow from

owing to (16.1). But owing to

e2 —1 
0.792 log n <  Л

e2 —1 
0.792 11

this follows from (13.1). Hence (14.4) is proved in the case (16.1). 

17. Finally we have to verify (14.4) in the case

9 yß    _
— < y l s  7Г— V« log t l - f n  log log«. 
X q 2.71

(17.1)

In this verification we shall need two simple observations. Firstly 

exp (/) — 1
(17.2) is monotonically increasing for t ь  2.

1Secondly, if - S a ^ l  and t ^ 2  then

(17.3) 1— exp(— t) 1— exp(— t)
1— exp(— at) -ex p  ( - I t )

2.
1

(17.4)

For the verification we shall need first that

1
Ifi Лх0.

(17.5)

2 yiog«

Owing to (14.2) this is equivalent to

exp (Лдг0) — 1 1 У68 log2 n • (Лх0)2

But for t= A x 0 we have owing to (17.1)

x0 n

2 <  t ^  -^-log«—j^ lo g lo g n
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and hence using (17.2) the left side expression in (17.5) is indeed

8 log2 n |/" exp( " W l°8 '08”) te

- j  log2 n
\n

for n>c. Owing to Л ^11 log n it follows for n> c  at once 

(17.6) , . CY0 1
l j l l+ ~  -----  ЛХд.2 \ \ogn '

Now we can quickly finish the verification of (14.4)—(17.1). We have, using
(17.6) and (17.3)

1—exp (— Лх0)

1 -e x p  [-Л хо+ b i l + y ]

— 2 exp +  <  3exp \yt \

for n> c. But using (14.2) and (17.1) we have for и>с

3 exp у  log n {exp (Лх0) -1}

3 exp I у  1 n . exp ^  log n — log log nj j  <  4

Hence the verification of (14.3)—(14.4) and also the proof of lemma V are complete.

18. From lemmas IV and V we can complete easily the proof of theorem I. 
These give namely for the /I’s in (5.2)

for all but cp(n)n~7,i I7’s at most indeed.
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Theorem II follows also easily from Lemmas IV and V. For this sake we inves­
tigate the quotient

(18.1)

First let 

(18.2)

Then

(18.3)

fn  log n 
пЛ

ex p -p = —1
fbn

f n  log I
,ÍLf M.

I' О  / ~ — 1 /  6  r ~  / —— уn S  Л S  —  \n  log n —3 fnlog log n. 
ro~ 2n
£6
né

M S logn

''"{“ " i r 1)

•exp пЛ

Finally let 

(18.4)

Then we have

] / " l o g  W  n A  c  l / 2 - ) t / f 6 . 3 / 2  n

I h6n

11 logn S  Л <  Уи­тте-

logn '

M <  c
. №  
08 T T

^ c  ) log n
. y6nmm У a log •nx

V6 , rwhere the minimum refers to 11 log n S x S  —  yn. But this minimum is taken at 

x = l l  log n and hence also in this case
пе‘

M

This completes the proof of theorem II.

logn '
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ON SOME PROBLEMS OF THE STATISTICAL 
THEORY OF PARTITIONS WITH APPLICATION 

TO CHARACTERS OF THE SYMMETRIC GROUP. II
By

M. SZALAY and | P. TÚRÁN , member of the Academy (Budapest)

To the 65th birthday of George Szekeres

1. As in Part I of this paper, П stands for a generic partition of n

( 1. 1) П:
n — + Я2 + ... +  Ят
k ^ k 2^ . . . ^ k m S i

and S2(n, П, A) gives the number of л/ s  in (1.1) satisfying

(1.2) kj S  Л = integer.

Let further

(1.3) A ( n ) / ° °  arbitrarily slowly,

(1.4) A(n  ̂ -  moo л
and

A (n) ^  -i- log n,(1.5)

further

(1.6) (1000 A(?i) =)A  s  13 logn.

Then as indicated in Part I, we assert

T heorem  III. Under the above restrictions the inequality 

—  in  log Л — —  1V logT (n) =  S2(n, П, Л) ^  j/n lo g /l+ —  Уn A(n)
71 71 71 71

holds with the exception of
Sp(n) exp ( - T(n))

W s at most.

2 . For the proof we shall need a number of observations. Let for 1 ^Ш к

(2. 1)
( l - - ^ ( l - * ‘ - l) . . . ( l - x ‘ - ,+1) 

Jkj{X) ( l - x ) ( l - x : 2) . . . ( l - x ' )
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and

(2-2) / m W  =  I-
These are polynomials of degree l{k — l).

Based on the recursion formula

(2.3) / u u + i W  = f k A x)+ xl+1fk,i+i(x) (where f k,k+l(x) =  0) 
we get at once for the coefficients dv(kJ) defined by

= 2  dik’l)x v
v —0

£  0, v =  0, 1...... l(k  — l)

l » - 1) //,4
Z  <*?■'>= , •

v = 0  V /

We shall need further the easily provable formula

(2.4) 

that
(2.5) 
and also

(2.6)

(2.7)
к I - x

1 П - —1 - z  j i l  1 — x lz
1 к

+ 2i=i= 1  1 — л  z  1 — Z

further the easy fact that if <p(z) is regular for
1 — x lz

|z|-=:p with 1 and

(2 .8)

then for [z |^ l and

(2.9)
we have

(2.10)

< p ( ? ) =  2  c v Z v , /-v =  2 c j  
v =  0 j  =  v

=  2  rv zv
v =  0

<p(l)-z<p(z)h(z) = 1 —z

3. Now we turn to the proof of theorem III. Let first a(n, m, K) be defined 
as the number of the partitions of n where the number of summands not exceeding 
К  is exactly m. If for |jc|-= 1, |z | s l ,  F0(x, z) is defined by

(3.1) F0( x , z ) = l + 2  2  a (n> m > K )xnz m =  2  2  a (ii, m, K)x"zm
n =  1 m = 0 n =  0 m =  0

then we have

(3.2) fG(r,z)= J  + 1 . jj __L_.
k 1 =  0 k 2 ~ 0  v =  1 A X  Z  \= K + 1  A X

Defining F(x) for |x |< l by

(3.3) F{x) =  1+ 2 p ( y ) x v = I f  т
v =  l  v =  1 A= 1 1 —X

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



ON SOME PROBLEMS OF THE STATISTICAL THEORY OF PARTITIONS. H 383

we get from (3.2)

(3.4) F0(x, z) = F(x) П  1
V =  1 1 — л  Z

Let now b{n, m, K) stand for the number of partitions of n where the number 
of summands not exceeding К  is

(3.5) £  m.

Obviously we have

b{n, m, K) =  a(n, m, K) + a(n, m +  1, 

hence, defining Fx(x, z) by

(3.6) F1( x , z ) = _ 2 ' 2  b(n ,m’
n = 0 m = 0

we get, using (2.10)—(2.9) and (3.4)

F0(x, 1) —zF0(x, z) F (x ) - z F 0(x, z)
(3.7) Ft (x, z) = 1 — z 1 — z

Hence, using (3.3) we have for т ё  1
b(n, m, К ) =  coeffs. x”zm in Fx(x, z)

=  p(n) —coeffs. xnzm~1 in F(x) 

Applying (2.7) with the abbreviation

(3.8) ( -1  )lx ^ \ , l(x) = Dl

we get for m = 1

11 — Z V=1 1 — XVZ

b(n, m, K) = — coeffs. xnzm~1 in H l d í T Í -

=  — coeffs. x" in I F(x) 2  F>:x l(m 11 [,

or

(3.9) b{n, in, K) =  2  ( - 1)'+1 coeffs. x" in {F(x)x w /* >((*)}.

Using finally (3.3) and (2.4) we get the sieve-type representation
к  Ц К - l ) (  ( l \  \

(3.10) Ып,т, K) = 2 ( - D ,+1 2  d f *  p \ n - l m - [ 2 J - v j .
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form

(4.1)

4. We shall use the classical formula of Hardy and Ramanujan on p(n) in the

p(n)~ 1
4n УЗ

exp l2n
f t

f t си- 3/2 exp(1И-
We shall need also the following simple inequality. If a, b, c, d  are positive 

numbers so that

(4.2)

then we have

(4.3)

For the reader’s convenience we remark that

1 a - c\ ^  1 1 b -
a _  2 ’ b

a c \a-c \
b d - ~ d ( c + j

*)•

and from (4.2)

a с c (a — c d — b
~b~~d ~  7 '  +

d _  b + \d — b\ _  3 
b -  b -  2

) t

which proves (4.3). We apply (4.2)—(4.3) with

(4-4) 1c =

a — p (n —t), b — p(n),

2 n r----- ) , 1
4(n —0  V3

— exp —  fn  — t , d
f t An f t  f t f t

2 n /—exp —  У n

where

(4.5) m == t ^ K ( m + K )  

where we require on m and К  provisorily only

(4.6) 10“100 у n ^  m ^  2 \ n  log n, 100 log n.

This implies for n>c

(4.7) f t  t Ä 300 jn  log2«.

Then, owing to (4.1), (4.2) is satisfied for « > c  and hence from (4.3) we get for the 
r’s in (4.5)

p ( n - t )
P 00 '" 7 T ^ 7 exp

(n
” 3/2 exp (y n —t — y'«)l < -£= exp i — ~  ----- f— —1,

- 0 7 1У6 J / n  1 f t f t f t i  + f t \
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or after easy estimations 

P ( n - t )
Р(и)

(  Л t ) f t  Г2 ) ( n t

ехт ш \ ^ с Ь +щ ехт ш
Using the lower bound in (4.7) we get finally the useful inequality 

p(n — t )
(4.8)

P(n)

( nt )| t 2 f nt \
-exT W n ) r c ^ exT W n \

if (4.7) holds.

5. We write now the sieve formula (3.10) in the form

b(n m K) K HK-i)
(5.1) 1 j =  2 ( - i )'+1 2 1

P ( t l )  i =  1 v = 0

For the quantities

Im +  fy +  v

we get the lower bound m and the upper bound 

1(1- 1)

p (u — lm — (2) — v) 
p(n)

Km+- + l ( K - l ) ^ K ( m  + l ) ^ K ( m + K )

and hence under restrictions of (4.6) the requirement (4.7) is fulfilled and (4.8) is 
applicable to each term in (5.1). Let us estimate first the contribution of the error term. 
This is absolutely

(5.2> S  ^  1  ' Y  »{ta + ( 2 ) +  v}2 exp { -  y =  (ta  +  ( 2) + >)} •

Using (4.6) and (2.6) this is

с 5 г  2  ;2exPn i=1
l(K-l)
2  d<*-*exp -

and using (4.6) further

log411 x (K\

W n\lm+{ |6h])

(5.3)
V

Л
n Á U J

exp 7гтП
^би]

log4 n
Yn 1 +  exp mn IIK 

]/6n\\

So far the restrictions for m and К  in (4.6) were enough. In order to make the 
right side of (5.3) small we must be more careful. We shall replace (4.6) by

(5.4) X Yn  ^  m ^  2 Y™ log n, K ^ Y logn

12* Acta Mathematica Academiae Scientiarum Hungaricae 29, 19П



386 M. SZALAY AND P. TÚRÁN

where X  and Y  are appropriate constants (however not violating (4.6)). Then the 
right side of (5.3) is

, log4 n n

with

Hence requiring

(5.5)

say, (5.1) and (4.8) give

(5.6)

b(n, m, K)

c —
1 n

U =  F log jl- |-e x p |

y 4 1+ e x p ( - ? f ) } a4

p(n)

c log4 n

i l i r f V ^ e x p í — 7TV

1̂6«

„1/4

by 1. The error madeNext we want to replace the factor exp { - 7 § Г Ш }  

is absolutely

_  С £ ,„ ( K \  [  n m l )  clog2« f ( 7 i m \ ] K  log2«
- Л' (I) “T is J  * ~ 1 Г  {‘+exp г щ /  - c Vя“

Hence from (5.6) we get — under the restrictions (5.4)—(5.5) — that

(5.7)
b(n, m, K)

P(n)
log4 n

„1/4

6. To deal with the last sum we write it as

(6. 1) 1 -  2  ( -  1 ) 7 k,i (1) exp f - J = 1  1=0 l \6n)

±  ( - D -  { / , , 0 , - Л . ,  (exp exp Tilm 
16 n

Since
—M -sr-*

i(K-D v к 2 п Л
c 2  ( K '

v= 0  \ n  \ t/ z b )
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we get using (5.4) and (5.5) 

Ю
f t  i=

and hence finally

b(n, m, К )

,rr, -f2 J , (K\ ( nlni\ К 2 f ( nm  H*
(6.2) | Z | < c ^ 2 ( , ) e x p [ - 7= ]  <  e + «xp( - 7= ) }

log2 n

(6.3)
p(n)

7. In order to get upper and lower bounds for the left side in (6.3) we shall apply 
it twice (taking care of (5.4)—(5.5) and (4.6)). Let T=13 and X = X 0 so large that

(7.1) log | l  +exp 

We choose

(7.2) in — I f t  (log A+A(n)) , К = Kx = A.

m-i
1 ̂  ^  (iog л +A ̂

Then (5.5) is fulfilled; owing to A(ri)/°°, (1.5) and (1.6) also (5.4) (and (4.6)) for 
и=»с. Then we have on the right side of (6.3) with a — 1 + 1

(7.3) 1 - { l  -ex p  ( - l g ) } “  -  l - { l  -e « P  ( - l o g Л - Л W  +  ̂ ) [ '  =

=  1 -
Using the inequality

1-
exp I — A (n )+ -^L  

У 6 n

11— -  & 1 - 2x O á r S - ,  d positive integer

and for « > c

we get from (7.3) and (1.5)

b(n, m1, K J  
Pin)

exp — A(n) +
f tn , ~2

=  2 exp — A (n) H—7=1 +  c log4 n

3 exp (— A(n))+c log4 n
„1/4

y6w

4 exp (— A («))

for n> c. Hence the number of I7’s with the property that the number of summands 
not exceeding A is

>  —  f t  (log A+A(n)),
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is 4p(ti) exp ( — A(n)) at most. In  other words the inequality

(7.4) S2(n, 17, A) ^  ~ - / n  (log Л +Л (п ))

holds with the exception of 4p(n) exp (—A(n)) J7’s at most.

8. In order to  get a lower bound for S2(n, П,Л) let again Y= 13, X = X 0 
(7.1), further

( 8 . 1) d e fm = m,= ,/—, A —  \ n  lo g -7-т- n A(n) +  1, К —K2 — A.

by

Using also (1.4) one can verify (5.4)—(5.5)—(4.6) as before. Then we have on the 
right side of (6.3)

and

Í ”т * ) Г М
7Г 'll

{ i t o ) \  1
1 exp I o g ^ (ji)

W J

= | l  —e f f a < 3 e x p ( — Ain))

0  (^TT-) >  -e x P  (~A(n)),

hence the number of FI’s with the property that the number of summands not 
exceeding A is

ё  —  Yn (log A —log A in)),

is greater than (1—4 exp (—A(n)))pin). In other words the inequality 

(8.2) S2{n, П , А ) ^ Ц -  N (log  A  - lo g  A(n))

holds, with the exception of 4p(n) exp ( —A (nj) FI’s at most. (7.4) and (8.2) prove 
theorem III.

Next we shall show how one can deduce the strong form of Erdős—Lehner’s 
theorem mentioned in Part I. This will be

Theorem IV. I f  (o{ri)/°° arbitrarily slowly and satisfies

(8.3) co{n) =  o(logn)

and lil l)  stands fo r  the number o f  summands in FI (with multiplicity) then the 
inequality

l i n ) - t ~ Y n \ o g n Vncoin)

holds with the exception o f  cp(n) exp ( — co(n)) FI's at most.
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For the proof let

(8.4) Л0 =  [12 log n]

and we start from the relation

(8.5) 1{П) = 5,(11, П, Л0+1) +  52(п, П, Л0).

We apply theorems I and III with Л =  Л0 + 1, resp. A = A0 (for which both are 
applicable) and in theorem III with A(n)=co(n). These give on one hand

( 8.6) 1(11) s —  i n  logn
1

1 — exp n(A0+ l)
\6n

+ c fn +

+  —  fn \og  A0+c } nco(n) <  tr -  У̂П log n +  c  inco(n) n 2 n

apart from cp (n) exp ( — со (и)) JTs at most. On the other hand we have with an 
exceptional set of the same measure

(8.7) l (П) S  —  \  n log---------7C -1 — exp
/-Т~Г '1лч ~ СУ" +n(A0+ 1)1
/6  ̂ J

+  -— in  log Л0 — ci~n logco(n) >  — \ n \ o g n - c  I'nmin) n 2n

for n>c. (8.6)—(8.7) prove theorem IV.

9. As mentioned in Section 8 of Part I, here we shall investigate 5, (и, П, A) 
for the ranges

(9.1) B(n) S  Л S  13 log n

where B(n) / ° °  arbitrarily slowly and

(9.2) i n  log n — i~n log log n s  A in lo g n  — i~nco(n)
2n 2n

where io(ri)S The range (9.1) can be settled easily. Applying theorem III with
A (n) =  f  log A we get for this range

(9.3) S2(n, П, [A]) -  ^ - \ n \ o g A  + 0 ( i n  log Л)
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with 0(p(nj)  exp (— /log  Л) exceptional /7’s at most. Then applying theorem IV 
with ет(«)= /log  A we obtain for the /Ts in (9.1)

(9.4) S t (n, П, Л) =  g  1 n log n + 0 ( f n  log Ä ) - S 2(n, П, - [ -  Л] - 1)

=  2“ /n  log-p- + О ( /n  log Л)

with the exception of 0(p(n))  exp( — f log Л )  exceptional / 7 ’s .

10. The treatment of the range (9.2) is a bit more difficult and the result we can 
prove is of weaker character but this seems to be inherent in the matter. We remind 
the reader to the combinatorial proof of the theorem (due to Euler) according to which 
the number of П ’s with 1(П) =к(Щп) is the same as the number of П’s with the 
maximal summand k. The same reasoning gives the following

Lemma. I f

(10.1) l s r . l s n

then the number o f  ITs with

(10.2) S t (n, П, r )  s  / 

is equal to the number o f  the ITs with

(10.3) Si(n, П, l ) ^  r.

Hence if (10.2) holds for almost all IT s with U(n) exceptions at most then the 
same holds for the TTs satisfying (10.3).

Let now /0 be such that

(10.4) B(n) ^  /0 =  log2/?.

Then (9.4) and theorem I give that

(10.5)

I / /
S fn ,  П, l0) <  —  1 /1 log -j2 T c 1 n log l0 =  Tj,Z7T (0

SiO/, П. l0) Ä ~  \  n log c \ n log 1q == /*.>

with the exception of О (p(n)) exp (— f log /„) 17’s at most. Applying now the lemma 
with r =  r1 resp. r=r2 and /= /0 we get

(10.6) Sx(n, Я, i\) <  /0, S f n ,  П, r2) ^  l0
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with the exception of 0(p(n )) exp ( -  У log /0) 77’s at most. I f  /0 varies in the interval
(10.4) then each rj (J= 1, 2) fills an interval of the form

Iff r- Уб r- , ,-------------- V(10.7) —  Уn log n —2 -— \n  log log n + 0 (yn  log log n)  S

5  r, =  ~  У/г logn— —  1 n logB(n) + 0(\'nlogB(n))2% и
and /„ has the form

(10.8) I, =  exp I„g„ +  0 (1) у  i  log „ - i g } .

Replacing >j by Л and

16 log B(n) + 0 ( \ )  f  log B(n) =  ы(п)

we obtained

Theorem V. I f  ta (r i ) /<*> arbitrarily slowly and

I 6 l /r i

then we have

_ ■ Уп log n — i n  log logn S  Л ^  Уп logn —У^гсо(п)271

S,(„, Л,Л)  =  e x p j f i l o g ^ y D  + o í D ^ . o g o - ^ }

with the exception of

0 (p(»>) exp y y i  log n -  e У  2  log «

/7’.S’ at most. For the range 

we have
B(n) S  /1 ^  13 log n, B(n) /  °° 

S^n ,  77, Л) — 2 -̂ Уп log -^- +  0 ( ) n l o g A )Л2

with the exception o f  0 ( p  (n)) exp ( -  ( log Л ) I l ’s at most.

11. Analogous reasoning can be applied to S2(n, П, Л); we shall not perform it. 
In this case the bounded A’s present novelty, which is easy but we mention it for 
the sake of completeness. Let us investigate the case Л =  1 i.e. the statistical situation 
on the number of occurrences of 1 as summand in П. The number of 17’s containing 
1 as summand к-times at most is (with notation (3.3))

coeffs. xn in (1 + x 11 +  x1'2+ ... 4-x1'*) f j  * -v =  (1 — x* + 1)F(x:)
v =  2 1 — X
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i.e. the number of П ’s with

(11.1) S2(n, П, 1) к  
is

(11.2) p ( n ) - p ( n - k - 1) =  p(n) | l  -  ^  j •
Using the weaker form of (4.1)

M„) = (l + „(1)) _ l _ e , p ( ^ ^ |

and supposing k= o(n ) a priori we get for the cardinality of Я ’s satisfying (11.1) 

p(n) 11 (l o(l)) exp Í * ——7= = = = ) }  =
1 v { Ye y n + Y n - k - i ) l

° (p(n)) if к =  o(V«l
(1— o(l))p(n) if -̂ - =  o |—L j and к  — o(n).

Hence if cú(n)/' сю arbitrarily slowly then for almost all H’s

^ ^ S 2(n, П, 1 )^ 1  neu (n)

and this is no more true replacing

0 ).

)n
ca(n)

or \noj(n) by byn (with a constant

(Received August 3, 1976)

EÖTVÖS LORÁND UNIVERSITY
DEPARTMENT OF ALGEBRA AND NUMBER THEORY 
1088 BUDAPEST, MÚZEUM KRT. 6— 8.

MATHEMATICAL INSTITUTE
OF THE HUNGARIAN ACADEMY OF SCIENCES
1053 BUDAPEST, REÁLTANODA U. 13— 15.

Acta Mathematica Academiae Scientiarum Hungaricae 29, 1977



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 29 (3—4 ), (1977), pp. 393—398.

APPROXIMATION OF UNBOUNDED FUNCTIONS 
ON UNBOUNDED INTERVAL

By
T. HERMANN (Budapest)

1. Let Sn[f\ x] be the well-known Szász operator, that is

(1)
where

It is known [5] that if

SJ/;*] = 27 hr Рпл(х)fc = 0 \ n ;

Pn,k(x) = e "x ~j~r~

(2) f(x) = 0(e*x) (a 0, л: -  °°)
and /  is continuous in [0, °°) then for all A>~ 0

(3) \ f (x )-S „ [ f;  x]\ ^  0(co2A( f ;  n - 1'2)), x€[0, A] 

where
сод(/; <5) =  s u p { |/ ( x + í ) - /W |:  \t I ^  8, *€[0, A]}.

We investigate two questions. The first question is : For which similar operators does 
the convergence hold under the restriction (2)? The second question is: May (2) be 
changed to a stronger condition or not?

2 . In the following all functions will mean continuous functions. For the first 
problem we need the next

L emma. Let {L  ,}“=1 be a sequence o f  positive linear operators so that fo r  all 
bounded functions f

(4) Ln[ /;  x] -  f (x ) ,  x e l

holds, where I  is a bounded or unbounded interval. I f  for any function F(x) 0

(5) L n[F; x] -  Fix), x^D

where D e l  and D is an open set, then for all f i x )  with f i x )  = 0(F(x))

Ln [/; *] - 7  (x), xeD.
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Proof. Let x be any fixed element of D. D is an open set so there exists 
(5>0 suchthat [x—2ö, x + 2ő]a  D. Let

X Á0 = X x . s O )  =

0 if \t—x| S  25
1 if |í—x| <5 
linear otherwise.

Let x ( i ) = l  —y(t). From the linearity of L„ it follows

К  [f; x] = Ln [yf; x]+L„ [yf; x]. 

x f  is a bounded function, so according to (4)

Ln[xf \ *] -  *(*)/(*) =f(x).

If we prove that Ln\yJ] x]—o{ 1) then we are ready. It is obvious that x f = 0 ( x F )  
so from the positivity of Ln it follows:

L n[xf ',x] =  0 ( L n{yF\ *]).

Because / F  is bounded, by (4)

Lnt/.F; x] -  F(x)z(x) = F(x)

and since x£D  so according to (5)

Ln[F; x] -  F(x).

Ln[xF; X] = Ln[F; x ] - L n[xF\ x] -  0.
Consequently

This completes the proof.
Let X x, X 2, Xn, ... be independent random variables of the same distribution

1 "with expectation x. Let У„=— Xit let the distribution of the F„’s be F„tX(t) 
and

(6)

n “ i

LnU \ x] = f  f ( t )d F „ iX(t).

It is well-known [3, p. 218] that if /  is bounded then (4) is true for this operator. 
The problem is: if we replace the boundedness by (2), when will (4) be true? Accor­
ding to the Lemma, it is enough to test e*x only.

We get with easy computation (similarly as for the characteristic function):
a

L„[e«; x] =  (L Je” x])n.

From this it is obviosusly enough to prove:
a ^

lim n log Lj [en ; x] =  ax.
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The left part is a derivative:
log L Je"5; x]lim ■

s - 0

f  atettts dFl x(t)

f  e * d F lwX(t)

^-log-LJe“*; x]|

= ót J  t dFliX(t) — xx.

So we have
Theorem 1. Let {Ln}f=1 be a sequence of positive linear operators o f  type (6), 

f ( x ) = 0 ( e xx). Then (5) is fulfilled i f  and only i f  Lx [еш; x] exists.

3. In many cases Ln[eM\ x] is easily computable.

Examples, a) If F„ x is the Poisson distribution (that is Ln is the Szász operator 
[3, p. 219], [7]), then

V'=
=  fe!

b) If F„ x is a gamma distribution, we get the gamma operator of Feller 
{3, p. 219]:

“  „ n l n - l p - n U x  „
G „ [ f - ,x \= f f{ l )  [ e...------ dl.

0
Then

(n — 1)! x

=  i l  f £ T ) ‘J ’ = ( , _ « rC„[e” ;» ] =  I -  e
V X n

c) If Fn_x is the negative binomial distribution, then L„ is the Baskakov 
operator [1], [7]:

\ k

Then

L- ^ -  xi =  ( ь Ь  Л  ( f i r ) * ) ”“  0  - x(e’" - 1,)" '
R emark. It is obvious that the Baskakov operator is equivalent to the Z„

X
operators of Meyer-König and Zeller with the substitution y=  , g (y) = f(x).  

Then g€C[0, !]•

Z,lr,?]=0 -У Т * 1 J  ( ^ I j )  ( " '+ 1 “ 1) / ■

Here the equivalent of the condition (2) is

gO) =  0(eI l~y).
F o r this condition the convergence was proved by M eyer-K önig an d  Z eller in [6].
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A generalisation o f  the Z„ operators due to C heney and Sharma [2] is the 
following:

C„[g; y] = il-y r+1e'& i  Lin) (O /'g i-X T ;]fc=o \n  +  lc)

where {L[n)} are the Laguerre polynomials. Cheney and Sharma proved that for 
all bounded functions the convergence is valid if t —o{n) (n — °o ).

Let /о (у)= exp a ( j ~ ) -  Then

C„[foiy] =  (1 + y - y e g/n)~(n+1) exp [ l  -  { + ^ _ ■
Since in the case t= 0

Cn[fo; У] =  Z n[f0; у] -  e x~y
for the convergence it is enough to prove that the limit of the second part of the 
product equals 1. But

According to our Lemma C „ [ /;y ] - /(y )  for all f ( y ) £ O ( f 0).

4. Our second problem: is it possible to weaken (2) in the case of the Szász 
operator? (This problem was proposed by J. Gróf [4].)

Theorem 2. I f  f i x )  — 0 (x xx) (a=-0) then (3) is fulfilled. I f  / ( х ) ^ х ф(-х)х where 
Ф(х) is any monotonically increasing function so that lim Ф(х) =  CO then S „ [ / ;  x]

X-*-oo
does not exist.

Proof. First we prove the second part of the theorem.

£Л 'Ф(,),;* ] =
k = 0

where

öt =1 — 1 Рп,к(х).
We use the Cauchy criterion:

f t+ L  =  J J L  e\  T - log— “ ф Ы  n losnf
ak

Ф

k + 1

fc+1[Чг)Ч 1 L + l  \ k \ k  кlog--------- Ф — — log — =n I n i  n n

=  Ф1 — 1 -  Ф Í-1] —  log —  +  ф [ - } 1  lQg —  +  Ф Í - ] 1  log\  n ) \ n ) )  n n { n ) n  n \ n )  n 1 + T  ä

— ф | — — log — — (fc s  n). 1 n I n n
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So

a k + 1 nx M V
k + 1 l n J

■(Ifi
=  X

k + 1 H T

If к is large enough then 1; hence the sum is divergent.

Now we prove the first part of the theorem. Let /= [0 , 2A], x£[0, А]. Then

IS„U; x] - f (x ) \  =  IS J t f X i + f X i l  x]- f (x ) \  S

s  IS„[fxi; x ] ~ ( f z I)(x)\ + \Sn[zIf ;  x]\ = Rx + R.2.

F °r h f  (3) is fulfilled because x i f  is bounded. Obviously m2A{f/A\ S)=co2A(f:  d) 
hence i ?1 =  0(co2i4( / ;  <5)).

Now it is enough to prove that i?2 =  0 ^ j .
к к0 0  a -  l o g -  0 0

R 2 = %  e n np„,k(x)=  Z  bk,
k^2An k^‘2An
a ( f c  +  l ) / n

пх V n ) V к
k + T  ^ k j k/n “  *  j-fe +  i j

-ikz/n

1+x)
k + i y ~ x/n

o*ln

= A
(2A y-* ln -  3

if n is large enough. Consequently

k  =  0
Rz =  b2An Z  h r  =  °(Рп,2лЛх)), Pn,2An(x) =e ("*)2

With the Stirling formula we get:
(nx)2An

P n ,2An(x)  -  e~
Í.2An)
V e J

1 ( « x л2
1 =  / - g  JL l

f 4яЛи l 2T J

(2 An)'.' 

1
f 4хсЛи

The right hand side equals 0 ( e  cn) for any c>-0 if O ^ x ^ A  which proves the 
Theorem.

Remark. For operators of type (4) which satisfy Theorem 1, (2) generally cannot 
be strengthened. For example if Ln is the Baskakov operator, then Ln [еф(t>‘; л] 
diverges where (p(t) —CO (*—°°) and Ф is monotone.

£„[*■*">;x] =  Í ( " + ‘  1 ) < п ^ т г « * и ( Э  -  ifc=0 V Си-

We apply again the Cauchy criterion:

cfc 1+ x  fc +  1 1+ x
The right part tends to the infinity so that the sum is divergent.
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