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MTA SZTAKI Kézlemények 34/1986 pp.5-35

TABJIMIIBI KOHBOHKTUBHBIX 3AIIPOCOB

M UX TPUMEHEHUE

[ans AHremnoma
JlabopaTOpUsa MaTeMaTUUECKOH JIMHIBUCTHKH
MHCTUTYT MaTEMaTUKHU C BBHIUUCIJIMTEIIbHBIM IIeHTpOM

bonrapckas akageMusi HayK

1. BBEIEHHUE

Mousartue "rabnuua' BBenmeHo B | 1] u | 7] xak cpeacTso
H3yUeHHUus Kjlacca PEeJISIHOHHBX 3alpoCOB, KOTOPble B DPENSIUOHHOM
anrebpe npencTaBI€Hb IIPU IIOMOUM BHPAXEHUN, COOepxalluX TONb-
KO OomepaluHd CeleKIUw o, npoekmnuio I U (ecTecTBEHHOIo) coeOu-
HeHUue J. OTo Tak Ha3pBaemble SPJ - Bhpa)eHHsIM, COCTAaBIISWLUE
BaXHbIM KJIaCC BbhpaXeHUU B peNssuvMoHHOW anrebpe. Kaxmpomy SPJ -
BhipaXeHUKw I[OCTaBJIeHa B COOTBeTCTBUe Tabnumna, a nyrtem npeob-
pa30BaHUs 3TOW TaOJIUIIBI BO3MOXHO MNOJIYyUYUTh MHOXecTBO SPJ - Bh-
pPaxeHUuW, SKBHUBAJIEHTHBIX JaHHOMY; BO3MOXHO TaKke€ BHJIEJIUTh Cpe-
Ou Hux To SPJ - BppaxeHue, KOTOPOE COJEPKUT HAUMEHBbIIEE UHUCIIO
J - omepauui M Takum o6pa3oM OINTHMHU3IUpPOBATH HauvalbHoe SPJ -
BhIpaX€HHEe [0 OTHOmeHHw uucna J - onepauuii. [lpu nomMomu MOOHS=
TUSA TabJIULpBl MOKHO MNpPENCTAaBUTh HeoOXOOUMOE M IOCTAaTOYHOE yC-
JI0BHE 3KBHUBAJIEHTHOCTHM [BYX 3anaHHbx SPJ - Bopaxenuit [ 7.

Tak Kak MexOy KOHBIOHKTHBHBIMM 3amnpocaMd U SPJ - BbhIpaxXeHHUSIMH



CymecTBYeT COOTBETCTBHE, TO NDU IOMOMHM TabGIUIl KOHDBIOHKTHBHBIX
3aMpOCOB MOKHO MCCIENOBATh NpOBJIeMy 3KBUBANE€HTHOCTH [aHHBIX
KOHBOHKTHBHBIX 3ampocoB. [loHsTHe Ta6IuUb UIrpaeT BakHYK DOIb
M B alrOpHTME HHTEPNpPETALWM 3alpocoB moib3oBaTens B System/U
(067, 7] ), rme oHo mpumeHsieTCs MJIA HAXOKOEHHUsS OITUMAIIb-
HOr0 BHYTPEHHEIO MpEACTAaBJIEHUs] 3alpoca, KOTOpPOe SBIAETCS 3K-

BHUBAJIEHTHBIM HaA4yaJIbHOMY IIpeJCTaBJIEHHUI 3alpoca.

2. OCHOBHBLIE TIOHATHA

B coorsercTBuu ¢ [ 2], 6ymeM ucnonb3oBaThb C/IEAylue
IIOHATUA U OOO3HAUEHUH :

PensiuoHHoOW cxemMoW R OymeM Ha3bBaTh KOHEYHOE MHOXKECTBO
UMeH atpubyToB {A;, Asx, ..., An}. byoeMm 3amnuchiBaThb
R = {A, A2, ... , Ay}. Pensauuvonusle cXems OGynem o603HauaThb
ugpes Riy Ray; vvw 5 RK, s © 3

KaxgoMy aTpubyTy Ai CONOCTAaBISIETCH MHOKECTBO 3HAuyeHUH -
TaKk Has3piBaembll gomeH. JlomeH aTpubyra Ai byneM obo3HauaThb uUe-
pe3 dom (Ai).Ech dom (A;) ='{cy1; €25 #»5+ 3 Cis sewl; KAKOOR
3HayeHue Cj 6ygeM Ha3biBaThb KOHCTaAHTOH OgoMeHa dom (Ai).

[lyctp R - penauuoHHas cxema, R = {A;, Ay, ... , Ay}. OT-

HOWEHHWEM T HaI PENsAlMOHHOW cXxemMod R Oynmem HaspBaTh KOHEUHOE

MHOKECTBO YNOPAJAOUEHHBIX N-QK !



r={<a;a; ... ap> | aj edom (Aj), 1 £ i < n}
JleMeHTH <ajd; ... ap> 6yaem Has3pBaTh KOpPTEXaMu OTHolle-
HUs r. Ecim r - oTHoweHue Haj[ pelIsUMOHHOU cxemou R = {A;, Ay,

«++, An}, 6ynem sanucwmBaTb r(R) umm r(AjA; ... Aj).

llyctb o =<aja; ... ap> - kopTex oTHomeHHs T (A1A; ... Ap).
Torpa o [[Aj]=aj, T.e. uepes o [Aj]| 6ynem o6o3HauaTb 3Haue-
HUEe KopTexa a [Ais aTrpubyTa Ai' Ecnu X ={Ai1’ Aiz’ ey AiK}
To o [X] =<a I:Ailj a l:Aiz:] ceva [A ] >=< aj,a3, --+ 84> -

ByneM HCHonb30BaTh OINpeesIeHUs onepaluidl CeleKIHUH, Mpo-
eKIUMH U (ecTecCTBEHHOI'0) COEJUHEHMUS.

Iycts R = {Ay, Apy weey, Apl, T(R) B o edom(Aji).

‘Torpa i

- Cemnekuus Aiea (obo3HauvaemMass uepes oAiOa(r)) npeacTaB-

nsieT cobou:
cAiOa(r) = {a|]oaer u a(Ai)Oa} .

(6 - omHO U3 OUHAPHBIX OTHOWEHUH =, <, >

A

’

, 2, #). Takum 06-
pa3oM M3 OTHOWEHUS T 6epyTCsl TOJbKO TE€ KOPTEXKH, HUMEWIlHe B
atpubyte A; 3HaueHue b u boa. °Ai®a (r) sABIs€TCS OTHOWEHUEM
Han MHokecTBoM aTpubytoB {A;, Ay, ..., Ay} U crnegoBaTenbHO

npencTaBisgeT COo60MW ITOOMHOXKECTBO OTHOWMEHUS T.

- Jlpoeknusa HY(r) npencTaBiaseT Cobou:



Iy(r) = {a (Y] | wer m (Mg, Ko, sor o B} 2 ¥},

T.e. U3 BCEX BO3MOKHBIX KOPTEXEH OTHOmEHUs r 6epyTCs TOJIbKO
3HayeHuss aTpubyTOB MHOXKECTBA Y MU OOUHAKOBHE KOPTEXH OTOXIECT-
BJISIIOTCS . HY(r) SIBIISSETCS OTHOMEHUEM HaJ MHOXECTBOM aTpubyTOB
¥

- (EcTtecTBeHHoe) coenmuHeHue 1Pl 15,
[lycTp R; U R, ABIANTCSA PEJIALUHOHHBIMM cXxeMamMu M T)(Ry) &
ro(Ry). Torga

ri>qr; = {0 | o aABIgeTCH kopTexeM Had aTpubyTaMmu R; U R,

U CymeCTBYWT KOPTEXHM a) € T) H a, € ¥y, TakKue ,

4TO a; = o ]:Rl:| U oo, a [:R2:| }o.

Onpenenenue 1.

SPJ - BbIpaxeHus OyaeM Ha3biBATb BHIPAXEHUSIMH PEJITLHUOHHOHN
anrebpel, €CJIU:

a) omnepaHOb BbHPAXKEHHUH SBISWTCS PEIJISUHAOHHBIMU CXEMaMHu;

) omepalnyy BHpPaXeHHUI INpencTaBIgT CoO60H CeJIeKIHW, MNpo-
eKluuK ¥ (ecTecTBEeHHOE) COEeJUWHEHUe, T.€. BTH BHpaAKEHUS SABIIS-

lorca dopmynamMu Ham o, I, J U HMMEHaMH PEIIIIMOHHBIX CXEM.

OnpepneyieHue 2.

KOHBIOHKTHUBHBIM 3aIIPOCOM B DPEIISIIMOHHOM $I3bKE 3allpoOCOB Oy-

O0eM Ha3bBaTb BBIpAXEHHE BH]IA




(1) {aya, ... ap| (4 b) -+« (bp) (PAP,A ... AP;A...AP))
rnre P; (1 sick) Tepw Bupga a) unu 6);
a) R(clcé T cs) , 9TO O3HAYaeT, YTO KOPTEX C] C2 ...Cg

NPpUHAOIEeXUT OTHOWEHHI Hal pellIdlMOHHOM cxemoi R. 3mecs

IA

cj(1 < J £ S) SBOIAKTCS KOHCTAaHTaMU COOTBETCTBYImMEIo

JIOMeHa WU c; e{a;, a,, «es,.ap, by, by, .c., byl ;

6) cod, rope ¢ u d - NTU60 KOHCTAHTH COOTBETCTBYIOWUX [I0-

MeHOB, NM60 311eMeHTh MHOkecTBa {a, 6, a,, ..., ap, b,
b2, «.., bpl. 3necp © oOHO M3 GUHAPHBIX OTHOWEHHH
Sy W @ §; _Z_, #-

B BoipaxeHuu (1) CHUMBOIEB a,;, a,, «.., ap - cBoGopnube

rnepeMeHHble, a bl, b2, ..., by CBsA3aHHbE mepemeHHbIE .

I[lpumep 1.

PaccMoTpum crnenywmylo 6asy OaHHBX, COCTOSNMYKW M3 NSATH INPHU-
MEPHBIX PEJISIIUOHHBIX CXEM:

YACTb (4YmMd, YHOMEP, LEHA)

[IOCTABIMK (TIMMs, ITIHOMEP, TAIPEC, II'OPO]I)

KIIMEHT (KWMA, KHOMEP, KAIPEC, KI'OPOI)

[IOCTABKA (YHOMEP, IIHOMEP, KHOMEP, KOJIMUECTBO)

OBA3AHHOCTb (YHOMEP, ITHOMEP).

PeisiiMOHHBIE CXEMbl HOPMAJM30BaHbB B TpeThbeil HOPMAJIbHOMN
dopme [[7]. Kmouu nomuepkuyTs | 7 ]. OTHomenue OBA3AHHOCTH

naeT uHbpopManuw 06 0O6SA3aHHOCTSX, IPUCYNUX KakKIOMy I1OCTaBIHUKY.
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B kxauecTBe mnpuMepa KOHBIHKTUBHOI'O 3ampoca K 2TOW 6ase
OAaHHBIX MOXHO PAacCMOTPETHb CJEeAylHe 3allpoCH :
q; : HaWTu mMMeHa BceX MOCTAaBIUKOB, XUBYMUX B I'Opoac Cj .

95TOT 3anpoc MOXKHO NpPEeJACTaBUTh U CIEOYIIUM 06pas3oM:
(2) {a; | (3 b;)(d b,) raxue, uro NOCTABIUK (a;, by, by, c;)}.

qz2 - Hauitu umeHa BceXx IMMOCTAaBIUHUKOB, IIOCTABIIANIHUX YaCThb C)

KIIMeHTaM Hu3 TIropomga Cs.
9TOoT 3alIpoCc MOXHO 3alldcaTp IIpHU TIOMOIUM BbIpaXE€HU :
(3) {a1 | (d ;1) (3 b2)(F b3) (3 bu)(F bs)(Ibe (I 1) (I by) (I by)

MOCTABIUMK (a;, b,, by, bj)

1°?
A KIIMEHT (bu, b5, be, Cz)
A YACTb (Cl, b7, be)

A TIOCTABKA (b;, by, bs, bg)}

Kak M3BECTHO,KaxaOpli KOHBIHKTHBHBIM 3alpoOC MOXKET ObiTh
npeacraBjieH kak SPJ - BblpaxkeHue U HaobopoT, Kaxmgomy SPJ - BbI-
PAXEHUI COOTBETCTBYET KOHBIHKTHUBHBIM 3alpoc |:7] . Ilo sTom
npuyuHe Mbl 6yJeM CTPOUTb Tabnuusl | 7 | nna SPJ - BhpaxeHui

U yacTo OyOeM HUHTepnpeTUpOoBaATb 3THU TablIMUb KaK KOHBIOHKTUBHBbIE

3aIpoCH .

Onpenenienue 3.

BBenmeM noHsTHe TabiuUubl, CTPOSA TabGIUIY OIS KOHBIHKTUBHOTO
BplpaxkeHuss (1).
Kaxpmas Tabnuua npeacTaBiisgeT COOO0W ABYMEDHYW MaTpPHULY .

CTonbupl MaTpHIbB COOTBETCTBYWT 3aJaHHOMY MHOXECTBY aTpuOyTOB



{Ajs Aoy swwns Al}, yuacTBywmux B BbpaxeHue (1). Tabmuuma mo-
KXKE€T coOepkaThb INPOMU3BOIbHOE YUCJIO CTpOoK. Ee snemeHTamMu (CHMBO-
namMu) MOryT OBITH:
a) cBOoGO[HbIE NEpEeMEeHHble = COOTBETCTBYWT aji, a2, «.., ap
B (1). CBoGoagHbe nepeMeHHble B Tabinuuax 6yageM ob6os3Ha-
yaTh uepe3 OYKBY a C HWXKHBIM HHIEKCOM;
6) cBA3aHHbE MEepeMeHHbHEe - COOTBETCTBYWT by, bz, ..., bp
B (1). Bynem o603HauaTh MX uyepe3 OYKBY b C HHKHBIM
HHIEKCOM;
B) KOHCTaHTH - nojlaraeTcsi, 4TO KOHCTQHTH, HaXomsmuecs
B j-ToM crTonbue, NpuUHaaiIexaT OOMEHY, COOTBETCTBYI-
meMy aTpubyrty A.;

J
r) npo6esn (mycTole CHMBOJIB) .

Han Ta6muued (unu B KauecTBe €€ HYIEBOW CTPOKM) 3aja-
TCsT BCe aTpubyTH, yuyacTBywmue B Bopaxehun (1). B cnenymomei
cTpoke (oHa ABIAETCS MEePBOW CTPOKOW TabiIMIB) HAXOOATCSH BCE
CBOOOOHbIE INE€pPEeMEHHbE U MOI'YT HaXOOUTbCS KOHCTAHTH M MNpoOO6EJibl.
2Ta CTpoka HaspBaeTCsi pe3wMe Tabiauupl. Crocob pacIioIoKeHUus
CBOBOOIOHBIX IT€pEeMEeHHBX B pe3ioMe TabJiMUbpl [MoKa3bBaeT K KakKUM aT-
pubyTam cjenyeT ux orHecTu. Hampumep, a,a, He o3HauaeTr, 4TO
a, sABJIgeTCd CBOOOOHOW NMepeMeHHOW Han arTpubyrom A,, a a, -
cBo6OonHOU IlepeMEeHHOH HaJ aTpubyToMm A,. 3amuchb a;a, HMeeT
CMBICJT TOJIBKO B KOHKpPETHOM Tabnuile, NpHUUYEM DPACIIOJIOKEHHUE Tepe-

MEHHBIX a; M d, B pPE3KME€ II0Ka3pBaeT K KaKuM arpubyTam OTHOCST-
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Cs1 9TU OBe rnepeMeHHbie. OcTalibHble MO3UIIUU pe3iMe - MNYCTbie HIIU
Co/epkaT KOHCTaHTH .

OcTanbHble CTPOKM Oyaem Ha3bBaTh IpocTo ''cTpokamMu'' Tabnu-
bl U 6ygeM HMX MCIIONIb30BaThb [Jid ONUCAHUS TEPMOB BUOA
R(cy;, €2, «+., Cg) B TMNyHKTe a) onpenejieHus 2. Kakmomy Tepmy
R(cy;, ..., Cg) OTBOAMM OAHY CTPOKY TabiHUbl CIEAyoUUM CIOCO6OoM:

€CJIM OTHomeHue R 3agaHo Hay aTpubyTamu Ail’ Aiz, S ek TO

is’
Torna B CcTosibubl, COOTBETCTBYwIUUEe 3THM aTpubyram, CcTaBuUM C;

OJ151 Ail’ c, And Aiz""’ U C. OJd Ais' B crtonbusl aTpubyToB,

S
KOTOpHE HE YydYacCTBYWT B OTHOmMEHMH R, cTaBuM npobesnbl. M3 MyHK-
Ta a) onpenesyieHUss 2 BUIOHO, YTO TakuM 06pasoM B CTPOKE MOTYT

y4dyacTBOBaTb CBOOGO/HbE I€pPEMEHHble, CBs3aHHbe [EepEeMEHHBIE, KOH-

CTaHTH U IpobGesnl.

Kaxgo# cTpoke cTaBUM Mapkep (R) ¢ mpaBoW CTOpOHB Tabnu-
Lpl, eclIM CTpoka oTBeageHa TepMmy R(c;, Cp, ..., Cg); TakKum
ob6pasom oTMmeuaeTcsa ''orkynga' 6epeTcss 3Ta CTpoKa.

BumHo, UuTO Npd 3TOM ITOCTPOEHHHU pE3ME U CTPOK TabIIHULbI
epeMeHHbe YUaCTBYWT TOJIbKO B CcTojibuax aTrpubyToB, K KOTOPHIM
OHU OTHOCSATCS - T.e. OIOHA IepeMeHHasi HE MOkeT GUI'ypUpPOBaATH
OIHOBpPEMEHHO B OBYX pa3HbX cTonbuax. Kpome Toro tpebyercs,
uToOH CBOGOOHAs NMepeMeHHas He IOABJIAIach B CTpOoKaXx Tabmulibl,
eciu oHa He GurypupyeT B ee pe3wMme.

[lyHKT 6) omnpenesieHuWss 2 IOKas3biBa€T, 4yTO B BhipaxeHuun (1)

MOXeT y4yacTBOBaTb M TepMm Buaa cOd. Kaxpgwii TepMm Buma cod
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3alKiCchiBA€TCA IOIO CTpokKamu Tabiuubsl. Takum obpasom GopMHUpyeTCs
CIIMCOK OI'paHUUYEHHUN, KOTODHH TOXE paccMaTpUBAETCs] KaK 4acThb
TaOJINLIb.
llpumep 2.

Ins BuipaxeHus (2) Hay 6a30d OaHHBIX U3 IpuMmepa |

{a; | (db1)(3b,) Takwe, urto MOCTABINMK (a;, by, by, cy)}
nojgayuvyaem TabJIvMuy

[TUMA [THOMEP [MTAIPEC [Iroron

(4) 8]

aj b, b, o (TOCTABIIMK)

PesipmMe 5TOH TabIMUIbl COOEPKUT CBOOOOHYH NEpEMEHHYW aj.
Kpome pespme Tabnuua ComepxuT U CTPOKY <a; b; b, c;>»,coor-
BeTcTBYwomyl Tepmy I[IOCTABIMK (a,, b;, by, c;) U3 BrpaxkeHus
(2). losTomy cTpoka ormeueHa mapkepom (IIOCTABIMWK), mocraB-
JIEHHOM C IIpaBOM CTOPOHB TabOJIMLIHI.

PesynbTaToM TabmuMub (a Takxe pbsyanaTOM KOHBIOHKTHUBHOT' O
3anpoca ) gBJII€TCS OTHOWEHHWE. IJTO OTHOWEHHe-pe3yNnbTaT Hajg
arpubyTamMu, CoaepxallUMhd CBOOOJHHIE IIEpEMEHHHIE B pe3lMe€ OAaHHOH

TaOJIUIIbI .

[lpumep 3.

Nnsa tabnuusl (4) OTHOMEHUEM-PE3YJIbTAaTOM SBIISIETCH
Ty =i<a;> Ial e [IMMA u cymecTBylT 3HaueHuss b; arpubyra

[THOMEP u b, aTpubyrta [AJPEC Takumu, 4TO



KopTek a;b;bpc; NpHHAOIEKUT OTHOIEHUIO
NOCTABIIMK } |
3neck Mpl OyaeM MHTEpPIPETUPOBATb OTHOWEHHE T, Kak ''pe-

synsTaT'" Tabnuus (4).

[locTpouM Tadbauuy Olg KOHBIWHKTHUBHOI'O 3arnpoca (p, HWCTOJIb-

2ya BhpaxeHuss (3):

O
m
—
&
(=¥ Ay & B A U H O M\m
48 g MmO 3 SN 5 I o JR - |
B & = = = 6 B ;BOE BB o N
= o 2= = (e®) H O = @) H O =
= e MR O G B S O=E s B OO
o a° = = = = = i ' A & '
ai bl bz b3 (HOCTABMMK)
bz,, b5 b5 Co (KHMEHT)
Cq b; bg (UACTB)
b7 b, bs bg  (MIOCTABKA)

IOnsg »Tou Tabivubl OTHOWEHUEM-PE3YJIbTAaTOM SABJIAETCH

T, = {<a;> | a; e MM u cymecTBywr b; e [IHOMEP, b, e IIAIIPEC,
b3 e IMOPOJI, by € KUMA, bs e KHOMEP, bg e KAIPEC,

b7 € YHOMEP, bg € IEHA, bg € KOJIMYECTBO Takue, 4UTO



<a;bjbybjs>

™

™

A <bz+b5b6C2>

A <c;bybg>

m

™

A <b7b1b5b9>

[lpumep 5.

PaccMoTpuM Opyrymwo

[NOCTABIIMK
KIIMEHT
YACTb

[TIOCTABKA}.

npuMepHyw Tabnuuny T,

T, b Be  Be By Ao
a) a2
by a; b (Ry)
b, a; bs (R2)
by by €1 (R3)
by < ¢

CTpoku 3TOU TabIMUIB NMOKa3HBAKT, 4YTO

By ={hAy, Bz, Agh, Bo ={Ag, A4, A5}t & Bg= {Ap, Ay, Asg}

OTHOmWEeHUue-pe3ynbTaT MOXHO 3alucaTh cllegyomuMm o6pas3om:

R(T;) = {<aja,> | a; eAy, ar e Ay U CymecTBYWT b; € A},

b2 €A3, b3 €A5, bq €A2, b5 €Aq

Takue, 4To <bja;by>e R; m <bjasb3z> e Ry

)5 <b)+b5C1>€R3 41 b3<C1} .

Jlerko npencTaBUThb

3allMCb KOHBHWHKTHBHOI'O 3alpoca, niasd

KOTOpOI'o cocTaBjieHa Tabnuua T;:
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{ajap, | (db1)(db2)(db3)(s[by)(dbs) Takme, uro
Ry(byaiby) A Rp(bzazb3) A Ry(bybscy) A bz <cyl.

3amaBas Oojee CJO0XHBIE 3amnpoChl, Mbl 4aCTO IPENCTaBIIAEM B
BUme cTonbua Tabiauup BCe aTpubyThl, YuaCTBYWIHE B DEISIHUOHHBIX
cXemMaXx KOHKpeTHOHW 6a3b maHHbX. Tak KakK Tabnuua HCIoNIb3yeTcs
U 0715 ONMUCaHWUsg KOHBIWHKTHUBHBIX 3alIpOCOB B YHHBEPCAJIbHBIX DEIIs-
LIMOHHBIX CHUCTEMax, [Jg TaKuX TabJIUL NMPUXOOUTCS IMIEePEUUCTTIoTh
cTolbipl BCeX aTpubyToOB YHUBEPCAJIbHOI'O OTHOWEHUus. B CBA3U C
5TUM HYXHO OTMETHUTH HEKOTOPHE OCOOEHHOCTH mnpolecca OTOXKOEeCT-

BJIEHMS PAa3HBIX aTpuOYTOB KakK OOUH CToJibell JaHHOM TabJuLbl.

PaccMmoTpuMm cregyomui 3anpoc K 6asze OJaHHbBX U3 npumepa 1:
qs : Ha¥iTu MMeHa BCeX INOCTaBIMKOB U MMEHa BCeX KIMEHTOB,
KUBYINHUX B OJHOM U TOM Xe TIopoje.
KoHBIOHKTUBHOE TpeAcTaBJIEHHe 3alpoca:
(5)  fajaz | (3b1) (Ibz) (Ib3) (Iby) (Ibs) (I bg) Tasue, uro
[IOCTABIIMK (a;b;bybg) A KIMEHT (azbybsbg)
A (bg =bg)1l.

CooTBeTcTBYlomasa Tablnuia UMeeT BUI:

~ O = A U H
83] m (@) o8] o8 o
o = 0y A =R = oy =¥
> ) = o = o =H O
o = << K~ =~ == < —
= = = E X i X X
TZ: al ‘ap
a; bl b2 b3 (HOCTABHU/IK)
) bu b5 be (KHVIEHT)
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B sTtom npumepe aTpubyth [IAIPEC u II'OPOJl M3MEeHSIOTCS B
TeX XK€ OOMEeHaX, B KOTOPBIX COOTBETCTBeHHO uU3MeHdgwTCca KAJIIPEC
u KI'OPOI. IlpeacraBisieTcss O4YeHb 3aMaHYMBBHIM OOBEOMHUTH UX B
BUOEe [OBYX CToJIOUOB Tabnuub c uMmeHamu HamnpuMep AIPEC u T'OPOJ.

Torma nns g3 Mbl [IOJIYYUJIM TabIuLy :

ny (s ¥
[4a] O = m
== = = o = =
= (@) [a ¥ (oW} E &)
~ & H OO oo
t E B s =~ M X
] az—
a, b, b, b, (TIOCTABIIMK)
bq b3 as b5 (KHMEHTO

B cnydyae [OomnylleHUs Takoro OTOXOECTBJIIEHUS aTpubyToOB B
cTonbuax TabJULB MOTYT BO3HUKHYTH Npo6JieMb B nponecce IIoC-

TPOEHUs TabJauupl OJs 3anpoca qy:

qy : Ha¥iTum agpeca BCex NOCTAaBWUKOB M BCEX KJIMEHTOB, KUBYLHX
B OIHOM H TOM XK€ TIODOZE.
Ero KOHDOHKTHBHAsI 3alUCh MMEET BHI:
(6) {aja, | (5 b)(3 b2)(d bs)(d by)(3 bs)(J bg) Taxue, uro
IIOCTABIMK (b;bya;bs) A KIMEHT (bybsasbg) A
A (b3 = bg)} .

B sTOoM ciiyuae HeBO3MOXHO 3anucaTh (6) B Bume TabiUlb
co crTonbuamMd, Kak Tabiauuny Té , TakK Kak Mbl HyxkJgaeMcsi B OBYX

CBOOOOHBIX MepeMEeHHBIX, KOTOPble HYXHO BHecTH B ctTonben AJPEC



(uTo corJlacHO oIlpefesieHUus IOHATUS TabJIUIbB HE SBJIA€TCS BO3MOX-
HbM) . Ham HeoBxomuma Tabnuiua, CTONOLHH KOTOPOM [CJIXHB BHIIJIS -
OeTb KaK cTonbubl Tabnuubl T, .

CnegoBaTelIbHO MOXHO 3aKJIWYUTb, UYTO IIPU OTOXIECTBIIEHUU
aTpubyTOB U CTOJOLOB TabIHIl HYKXHO CoOJogaThb TaK Ha3bBaemoe
IIpEeNNoJIoKeHUEe O E€OUHCTBEHHOW posii (unique role assumption
3] ). B sToM ciiyyae MOXeM ObTb yBEpDeHbl, UTO OaHHOE BHIIE OI-
pererieHde TaOJIMIBl NO3BOJIMT HaM COIOCTAaBJIA®b KaXIOMy KOHBIOHK-

TUBHOMY 3alpoOCy COOTBeTCTBYWIYH emMy TabJuny .

3. TIOCTPOEHME TABJIML TI0 OAHHBIM SPJ-BHIPAKEHWAM

OnpepelieHyde 3 TOKasbBaeT [OCTPOEHUE TAabIUIBl MO OaHHOMY
KOHBIOHKTHBHOMY 3amnpocy. PacCMOTpuUM aJil'OPUTM IOCTpOe€HuUsA Tab-
JMUBl OJ1s8 gaHHoro SPJ-BeipaxeHUs .

Tabnuua maHHoro SPJ-BboipakeHUss COOEPKUT CTOJIOLUB aTpuUby-
TOB [IOJI BCEX PEIAIMOHHBIX CXEM, YUaCTBYWIHXX B HJaHHOM SPJ-=Bbi-
PaXeHUH.

3HaueHUue Kaxgoro SPJ-Bbpa)eHUS SABIIAETCS OTHOWEHUEM U
ero MOXHO paccMaTpUBaATh B KayeCTBE OTBETa HEKOTOPOI'O KOHBIOH-
KTHUBHOI'O 3amnpoca. (CinegoBaTeNlbHO [OJisi JaHHOTO SPJ-BblpakeHUs Mbl
MOXeM IIOCTPOUTH TablUully, OpencTaBlsdwmyw coboil 3anIpoc, OTBET
KoToporo manHoe SPJ-BopakeHue. Tak kak SPJ-BelpaxeHUE SBJISET-—
cs GopMyllIod U €r'o MOXHO CTPOUTH HMHOYKTHUBHBIM o6pa3soMm, To Tab-

nuny SPJ- BprlpaXeHUs TaKXe MOXHO CTPOUTB MHOYKTUBHbBM O0Opa3oMm.
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[l[pyu nocTpoeHuu Tabnuup O JaHHoro SPJ-Bblpa)XE€HHS BHITOJIHAETCH
WHAYKLHKS 10 OTHOWEHWI K YuCily omepauuu I, o, J, KOTOphE CO-

gepxaTcsd B ODavHoM SPJ-BbpakxeHHU.

[lyctp E saBnsiercsa SPJ-BripaxeHHeM, KoTopoe copepxuT 0 ome-
pauuut 1, o, J. Torma E = R, roe R pensdluoHHasas cxema
R = {Ail, Aiz’ R TIR .

i} Ans HEKoToporo MHOXecTBa aTpubyTOB
s

Ai1’ Aiz’ Sl Ais. Torpa Tabauua COCTOMT M3 pe3WME U elle
OOHOH CTpPOKM. B cTonbmax, COOTBETCTBYIONMUX HMeHaM aTpubyTOB
cxeMmbl R, B pe3sioMe HaxogsaTCss CBoOGOIHbe mepeMeHHbe. [Ipyrue
cToJyibupl B pe3wMe NyCcThe. B cTpoke B cTonbuax, COOTBETCTBYIOIUX
UMeHaM aTpubyToB cCXeMbl R, HaxoadaTcss Te Xe camble CBOGOHBIE

IIEpEMEHHbIE , KOTOPHE HAaXOOSATCSHA MU B pe3WMe; OpPYIHe CTOJ6LbI

5TOW CTPOKH 3aMOJIHEHbI Pa3HbBIMU CBSA3aHHBIMH II€pEMEHHBIMH .

JonmycTuM, 4YTO BO3MOXHO IMOCTPOUTH TabIUUYy [OJIss JaHHOI'O
SPJ-BhlpaxeHusi, KOTOpPOE COOEPXKUT N omnepauuu I, o, J. Byoem
CTpouTb Tabnuny pans SPJ-BrpaxeHU, KOTOpPOE€ COAEpXUT n+1 omne-

pauu¥ I, o, J.

[lycte E sBnsiercss SPJ-Bhpa)xeHUeM, KOTOPOE COHNEPXKUT n+1
onmepauuu I, o, J. Torma uMeeT MeCTO OJHa U3 CJEOyINUX Tpex
BO3MOXHOCTEH -

a) E=Hx (El)’ PueX_C_:{Al, Az, ...,AK}PI
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E; saBnserca SPJ-BbpaxeHuemM, KOTOpO€ COJEPKUT He

fonbile uyeM n omnepauuu I, o, J;

6) E =0 we (El)’ FHeAiC{Al,Az, ...,AK}I/IEI

A4
aBigeTcs SPJ-BrpakeHUEeM, KOTOpPO€ COOEpXUT He O60JIb-

me uyeM n omepauui I, o, J;

B) E = E; E,, rone E; u E, aBnsiorcs SPJ-BbpaXeHHUSIMH ,
KOTOpbLIE coOepxaT He 60Jblle yeM n orepaudid I, o. J.

[lokaxeM Kak CTpoUTCs Tabnuua Oas KaxOgoro U3 HBTHUX Clyda-
€B:

a) Ilpenmnosoxum, uyTto E = HX(El)’ IpUUYEM T1 - Tabnuua
ong E;. Ta6bnuuy T ana E cTpoum u3 tabnuuel T, nns E, cnepy-
IomuM ob6pa3oM: B pe3oMe T1 cTaBuM ''mycTole cUMBOJH'' B CTOJOLL,
HerpuHamiiexamyue X. Bo BCceX OCTaJbHBIX CTpPOKaxX [OJId DTUX CTOJIO-
IIOB CBOOOJHBIE TIE€pPEMEHHBIE 3aMEeHSITCS Pa3HbIMU CBS3aHHBIMU II€-
PEMEHHBbIMH .

6) Ilpenmonoxum, uto E = oAizc(El). Torma, ecnu T; -
tabnuua aons E;, Tabnmuuy T nona E moxHo nmonyuuTb u3 T; cnenmy-
OIWKM CIIOCOOOM :

- ecinu cToiubeln Ai B pe3wMe T; - mycToi, TO Bhbipaxe-
Hue E He umeeT cmbiciia M Tabnuuma T - HeolpeaesieHa ;
- ecJu B cToyibue Ai B pesioMe T; uMeeTCcsg KOHCTaHTa

cy, To Tabnuuna T coBmagaer ¢ T;, ecmu c; = c. B

IIPOTHUBHOM CJiyyae pe3ioMe Tabiuupl T He COOEepXKUT

cBoOomHbEe TiepeMeHHble U Tabnuua T He COOEPXUT HHU-
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KaKue CTpoKH. B Takom ciyuae 6yngemM o603HauaTh
Tabnuyy T KaK IyCToO€ MHOXECTBO;
- ecqu B cTonbue Ai B peswMe T, mmeercsa cBobopHas
nepeMeHHas a, To Tabnuua T mojnydaeTcss OT TabIUIbI
T, nyremM 3amemeHust a uepe3 C, He3aBUCUMO OT TOrO,
B KaKOM MecTe BcTpeyaeTrcs a B T;.
B) llpennomnoxum, uto E = E; ] E, u Ty w T, - Tabnuus s
Ey u E; coorBeTcTBeHHO. Be3 morepu OBMHOCTH MOKHO NPEANOJIO-
KHTb, UTO MHOXKECTBA CBsI3aHHbIX nepemeHHnX T; u T, He mepece-
KapTCs U YTO €CJIM B OJHUX U TeX ke cTonbluax B CTpOKax pes3w-
Me T; u Ty, durypupywT cBOGOJIHbE IIEpEMEHHBIE, TO OHH SABJSAKNTCSH
onuHakoBeMU. Tabmuuy T gnss E KOHCTpyYUpyeM ClenyloluM CIIOCOOOM:
ecnu B peswMe T; u To Ha OOHOM M TOM Xe MeCTe QUIYPUPYKT pas-
Hple KOHCTaHTH, To T = . B npoTuBHOM cliyyae cTpokamMu T aAB-
nsawrcsa cTpoku T; u T,, nmpuuem pe3siomMe T o6pa30oBaHO U3 pe3KMe
Ty nw T, kak cnenyer. Ecnu B nannbm cTosnbue Ai OGHTypUDPYIOT :
- KOHCTaHTa C B pe3wMe OAgHoW u3 Tabmuy T; u T,, TO
B pe3ioMe T cTaBUTCs C U Bes3ne CBo6OAHAs IepeMeH-
Hasi OApyrou TabiUlLp 3aMEHSEeTCsI KOHCTAaHTOW C;
- cBobogHas nepeMeHHass B OJHOM M3 Tabnulu MJIMU B obe-
X, To B pe3wMe T CTaBUTCS Ta K€ IIepeMEeHHad,
- IIycTble CHUMBOJIbl B o6eux rabnuuax T, u To, To B

Tabauuny T CcTaBUM TakK ke IIyCTOW CHMBOJI.
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[lpumep 5.

[lpourutrkcTpUpyeM MNpOIleCC KOHCTPYUPOBAaHWA Tabnuub mjsa SPJ-
BbipakeHUsT Ha ClIelywlleM IpUuMepe :
s : HaliTu uMMeHa NOCTaBUMUKOB, MOCTAaBJIswmUe 4yacTu HeHou 50.
OTBeT 3amnpoca MOXHO NpeJCTaBUTb NpH Inomomu SPJ-Brhpa-
KEHUT :

(OBSA3AHHOCTD ™ o (YACTb) ) B TIOCTABIIUK)

(6) Ty € HEHA=50

llepeBO pas3bopa [:7] 3TOI'O BHIpaXeHUss mgaHo Ha odur.l.

Ha dur.2 npemcraBisieTcsd MOCI€O0BATENbBHOCTbh KOHCTPYHUPO-
BaHusa Tabnuubl Ons SPJ-Bupaxenus (6). Bo Bcex Tabnuuax 3amnu-
CaHel aTpubyThl, ydyacTBywmue B pesisuuoHHbX cxemaXx OBA3AHHOCTH,
YACTb un TOCTABIMK .

B Ta®nuuax Ha ¢ur.2 artpubyThl 0BO3HAueHbl TOJIBKO 4yepes
nBe O0yxkBbl (Hampumep, UYKMMA oBozHaueHo uyepes UU - ;), a Bce
CBsI3aHHbBIE TI€PEMEHHBIE, BCTpeUawmHUeCs TOJbKO OJHUH pas3, Ipomny-
weHs (T.e. 3aMmemeHb TYCTHMH CHMBOJIAMU) .

PacrosioxxeHue oOTHOENbHBX Tabnui Ha GUIr.2 COOTBETCTBYET
PAaCIOJIOKEHUID 3JIEMEHTOB B gepeBe pasbopa Ha ¢ur.l. PasnuyHble

TabJMUBl OTHEJIEHB OOHAa OT HOPpYIodW NHNYHKTUPHOHU JIMHUEH.
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YACTb

°UEHA=50

OBA3AHHOCTD

n
MNAMA
onr . 1.

JepeBo pas3b6opa ana SPJ - BhipaxeHusa (6).
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mﬁﬁﬁﬁﬁﬁ““_—ﬂ
MHIOHUAT |
!al ap 50 '
|aj ap 50 (4ACTD) | TR (1 T !
“““““““““ MHUOHUAT |
I I' dz az l
____________ L 8 __a _ _ _ (OBA3AHHOCTD)
MUUNTT I 7 J
IM HIOHWUAT |
:8.1 ap 50 a3 |
|a; a2 50 (YACTbB) |
L. 2 _as _ _ _(OBASAHHOCTD))
NMyynooonon ~— B
MHIHWUAT |
| dz dy dg ag !
e e e 6
. _ _asayasas (MOCTABIVK)
O A I I T
QHU HUAT '
Ial 3250 dzdydsdag |
la; az 50 (YACTDB) |
| a2  as (OBS3AHHOCTB) |
L ag i, 258 (IIOCTABIIMK) |
MYy nmmn oo T il
MHL HUW A I l
1 ay |
Ib1b,50 ~ (YACTb) [
b, bj (OBSI3AHHOCTB) |
L _ _ _bzauby bs _(HOCTABUMK) |

KoncrpyupoBaHue Tabnuun ana SPJ - BopaxeHus (6).



Omnpepnesnedue 6.

[lyctb Ty u T, - Tabnuubl. Orob6paxeHue h cumBonoB T; Ha
cumBonbl T, HasbBaeTcs ''comepxamuMm oTobOpakeHuem', e€ciu:
a) h orobpaxaeT cumBoibl pe3wMe T; B cUMBOIH pesime T,;
6) h orobpaxaeT cuMBOIB JTG60H CTpoKH T; B CHMBOJIB CTPO-
ku T, C TakuM ke MapkepoM, KakK y cTpoku u3 T, . Ilpu
5TOM h coXpaHseT 3HauyeHUe BCEX KOHCTAHT;
B) h orofaxaeT CHHCOK OI'PaHHUUYEHUH T, B MHO®RECTBO oOIpa-
HUUEHHWH , SBIIAKIEECS IOJMHOKECTBOM oOrpaHuyeHuu T,.
Ecau h oTto6GpaxaeT BCe CHUMBOJIbI CTPOKH B CHUMBOJIbI APYTOH
CTPOKH, TOBOPUM, 4TO h oTobpaxkaeT BCH OAaHHYW CTPOKY B IOpPYyryw.
Takum obpasom OynmeM paccMaTpuBaTh h UM Kak oTobBpaxeHue
OHOI'O CHMBOJIa B Opyrod, U Kak OToOpaxeHHe OJHOU CTPOKU B

OpyTrymw.

Teopema 1. 5 2 T, Torma ¥ TOIbBKO TOrIga, Korma CYHmecT-
9 1 2

ByeT ''comepxkamee orobpaxenue' h us T; Ha T,.
CnemoBaTtenbHo T; = T, Torma ¥ TonbKO TOrpma, korma cyume-
cTtByeT ''comepxamee ortobpaxenue' h; us T, uHa To u h, usz T,

Ha T;.

Onpepenenue 7.

I[lyctp T - Tabnupa. MuHuManbHOM Tabiuued gng Tabnuuw T
O6ynem HaspiBaTh TabJMIy, COIOEepXalylw MUHUMAJIbHOE UYHCJIO CTPOK

U 2kBUBaleHTHoW Tabnuue T. Ilpoumecc HaXoXOEeHUST MUHUMAJIbHOH



4. SKBUBAJIEHTHOCTb U MMHMMM3ALMA TABJIMI

Kak ykaszaHo Bbllle, MOHATHE TaOJIULB BBOJUTCS C LEJIbl HC-
CJIeJoBaTh SKBUBAJEHTHOCTbL KOHDBIWHKTHUBHBIX 3allpOCOB, moJjiarad,
4yTO TakKUM o6pasoM 3anpoc nerye noapmaetrcss dopmanuszauuu. Kak
clenyeT OXUOAThb, OBa 3ampoca SBJISKWTCS 3KBUBAJIEHTHbBIMH Torna
1 TONbKO TOrma, Korjma HUX Tabluib 3KBHBAaJIEHTHH .

Mcnmonb30BaHUEe TNOHSATUSA Taﬁnmuﬁ OCHOBHIBAETCS Ha CJI' . JIOMUX
onpenesIeHUsIX .

[lyerts € = {Tis Ta; ...,rn} npencTaBisgeT COO0OH COCTOSIHHE
6a3bl JAHHBIX, T.€. MHOXECTBO OTHOWEHUW HaO PEJISIHOHHBIMH CXE€-
mamu {R;, Ro, ..., Rn}. Torma oTHOWEHHe-pe3yJlbTaT, COMNOCTaB-
JIeHHoe pmaHHoH Tabnuue T IHpH IMOMOWM BHIIEONUCAHHONU HUHTEPHNPETa -
MM, 6ynmeM os3HauaTb yepes3 T(d), (ecrecTBeHHO, 3HAaueHUE HBTOIO

OTHOMEHUS SIBISETCS Pa3JIMYHbBIM [OJIS Pa3JIMUYHBIX COCTOSHUH d) .

Onpepnenenue 4.

byoem roBopuTb, 4YTO Tlé;TQ, ecnu OJd kaxgoro d B cuie

T{(d) € T,(d).

Onpepgenenue 5.

T, u T, saBasoTcsi 3kBuBaneHTHemMu (T; = T,) Torma u ToNb-
Ko Torma, korpa T; < T, u T, 2 B

B ocHoBe anropuTMa A5l oNpeaelIeHUS 3KBHBANEHTHOCTH ABYX
nannpx Ta6muy | 1] u [[7 ], nexur nousitue 'oroOpakeHus' mexay

CUMBOJIaMU U CTpokKamMd Tabiul.



Tabauusl OJid OaHHoU Tabnvusl T 6yneM Ha3bBaTh ONTHMH3alnued Tab-

auupl T.

B paccmarTpuBaembiXx 0 CUX nop Tabiuuax mapkepsl IToKa3bBa-
T U3 KaKoro OTHoumeHus 6epeTcsi HJaHHas CcTpoka. OnpemelyieHHas
Bbllle 3KBUBAJIEHTHOCTb, I'le B NyHKTe 0) omnpepeneHus 6 Tpebyer-
Cs COXpPaHUTh MapKep CTPOKHU ITpU OoTOOpPaAXEHUHM OOHOU TablIMlUbl B
OpYTryWw, Ha3bpiBAETCS CUJIbHOW 3KBUBAJIEHTHOCTBLIO. ECJM MBI mnocTa-
BUM cebe 3amady OINTHMHU3UPOBATHL UYMUCJO J-oIlepallid B IIpollecce
peanys3alnuu JaHHOI'O KOHBIWHKTHUBHOI'O 3ampoca, TO IOJIb3ysACh TeX-
HUKOW TabIuI], MOKEM HAWTH TaOIULY, SKBUBAJIEHTHYW OAaHHOU, CO-
oepxamyrw MHHHUMAJIbHOE YMUCJIO CTPOK (®Ta 3apmaua gaBiuseTrcsa NP -
nmonuoit [ 7). 3Ta MHHuUManbHas Ta6lHLa,CHJIbHO 3KBHBAJIEHTHas
daHHOW Tabiuile, [OOJIXHA COOepXaTb CTPOKH C TakuMH XKe Mapkepa-
MU, KakK 4 BeIXomHas Tabnvua. Takas MHHUMalibHasg Tabiuvua npen-
nojaraeT, 4ro npH ob6paboTkKe HayaJIbHOI'O KOHBHWHKTUBHOI'O 3amlpo-
ca 6yoyT NpUMEeHATbCS J-onepalH KO BCEM OTHOIEHUSIM, YIIOMSHY-
THIM B TepBOHAauajlibHOW GopmynupoBKe 3anpoca. OOHAKO 3TO He
Bcerpga sBliseTcss HeobxogumbM. TpeboBaHuEe pacCcMaTpuBaTb CTpPO-
KM TabluMl BMECTE C HX MapkepamMu He B CHII€, €CJId NPENIoJIOKHTDb
CYmeCTBOBaHME YHUBepcCalibHOro oTHoweHuss I Hapg aTrpubyTamu

U=8 U & U.WR, ,

TakKoro, 4To Trj = nRi(I) rone 1 < i < n. 3To INPEAINOJIOKEHUE HU3-—
BECTHO IO HMEHEeM ''mMpe/noJjioXeHHe CYWEeCTBOBAKHA yHuUBepcyma'

(universal instance assumption [_37]). B Takom ciyuae Kaxpas



cTpoKa Tabul OJisd KOHBIHKTHBHBIX 3alpoOCOB CHabkxeHa MapKepoM

U, T.e. kKaxgas cTpoka OepeTcs U3 yHUBepcyma. Takum ob6pas3om

HE HYXHO YUMTHIBATH OT KyJa B3sJlaCh Kaxiaass CTpoOKa U MapKeph
MOT'YT OHTH nponymeHbl. Torga mnpd ONTHUMH3ALUUKU TAOIMIBI BO3MOKHO
HCUe3HOBEHWEe BCEX CTPOK C MapkepaMud Rg JIsi HEKOTOPOT'O OTHOWEHHUSs
Ts, KOTOpPHE IPUCYTCTBOBAJIM B MNE€PBOHAYAJIIbHOM IIPECTaBIIEHUH
Tabnuup. [lpeamnonoxeHde O CymeCTBOBAaHUW YHHBEpCyMa BeOeT K OIl-

pelelleHdl0 MOHATUS Ccllabol SKBUBAJIEHTHOCTH.

OnpeneneHue 8.

llyctrb E; u E, - nBe BoipakeHUs HaZ OaHHbM cocTositHueM d u
nyctb I - yHuBepcamnbHoe oTHomeHue ans d. E; u E, aBuswoTcs
cnabo sKBUBalleHTHbIMU (3anuceiBaem E; Sy Es), ecaw By (1) = E(I)
IJISKaxJI0ro BO3MOXHOI'o cocTosiHus 1.

AHanoruuyHoe onpenejyieHHMe BBOOMM U O Tabnuil.

OnpepeneHue 9.

[lyctb T; u T, - Tabnuubl COOTBETCTBEHHO OJiI KOHBHWHKTHUB-
HeiXx 3anpocoB E; u Ep. Ty u T, aBnsiTcs cjabo 3KBHUBaji€HTHBIMU

(zanuceBaeM T, =, T,) Torma W Tonmbko Torma, korma E; = Es.

[Ipumep 6.

[loussTusg '"'cunbHasg SKBUBAJIEHTHOCTHL' U ''cirabasgs SKBUBAJIEHT-
HOCTB'" OyOyT IMpPOHIUIOC TPUPOBAHE Ha CJIEHYIOMMX BbIpAXEHUIX :
(7) I,,(AB D] BC) U
AB
(8) AB
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MoxHO mokasaTb, uTo BhipaxeHus (7) u (8) - cmabo sKBuBa-

JIEHTHBI .

Ilyctb U= {A, B, C} - yHuBepcym Hapg arpubyramu A, B, C
U NycThb I - KOHKpPETHOE OTHOIEHHE 3TOr'o yYHuBepcyma. Torga
r(AB) = {ab | (4 ¢) Takoe, uTto abcel} ;
r(BC) = {bc | (4 a) Takoe, uro abcel} ;
r(AB) DA r(BC) = {abc | (- c')(] a') Takue, uto abc'eI A a'bc e I}.
Tornoa
(9) T,p(r(AB) BT (BC)) =
{ab| (d c)(dc')(J a") rakue, urto abc' € I A a'bc e I}.
BroipaxkeHue (8) MOKHO 3amMcaThb CJeOylmuM o6pas3oM:
(10) {ab | (4 c) Takoe, uro abce I}.
[lonaras B (9) a=awu c=c mnonyuyaem, uTo BhpaxeHus (9)
u (10) - skBUBaNEeHTHH W clepoBaTesibHo (7) u (8) - cmab6o sk-

BHUBAJICHTHHI .

llokaxem, uTo BhoipaxeHusa (7) u (8) He HABIANTCH CHIBHO 3K-

BUBAJIEHTHBIMH .
IlycTs A B B _C
a; b, b; ¢
a, by b; ¢,
bs c3
Torpa pnsi BeipaxeHus AB D] BC umeem A B G

CnepoBaTeNbHO [OJIs BhIPAXEHUSA HAB(ABbQ BC) umeem A B



BuagHo, 4uTO Ha 3TOM IIpUMeEpe HAB(ABINQBC) # AB. CnemoBa-
TelnbHO, BoipaxeHus (7) u (8) - cnabo 3KBUBAJIEHTHBI, HO HE
CUIIBHO 3KBUBAJIEHTHHI.

B [7] noxasaHo, uTO HeOo6XOOHMMOE M HOCTATOUHOE YCIOBHE
cnabol 3KBHBAaJeHTHOCTH ABYX Tabmuu T; u T, 3TO cymecTBOBaHHE
"conepxkamero otobpaxeHusi'" h; uz T, Ha T, u hp u3s T, va Tj.
Kak Mbl yXe OTMETHUIIM, B 3TOM cliyyuae oTobpaxeHus h; u h, He Oy-
OYT YUYUTHIBATH MapKepel pa3HbIX CTpok Tabnuy (rak kak U sBnsgeT-

Cs MapkKepoMm BCE€X CTPOK).

Paccmorpum tabmuupl Tz u Tyt

®
[aa]
—
o
(a9 ) = (=¥ (a9 &)
m o m O m\m Mmoo
=< b oW} (oW = = oy
=2 2328 8k
E B B B & = =
T3:
a
a; b, (ITOCTABIIHUK)
b, bo (OBSI3AHHOCTD)
b, b, 500 (ITOCTABKA)
o
m
=
&)
oW ) =& [a ¥ m
] m@m ® o
= = [aW) [V = = =
£ - 22 = =
H B B B P B =

by 500 (ITOCTABKA)



Cpasy BupgHo, uto Tabmnuusl T3 u T, HEe CUIBHO 3KBUBAJIEHTHHI,
nmoroMy uto Ty, HEe COOEPXKUT CTPOKYy c mapkepom (OBSA3AHHOCTH).
Ho ecnu npeanosloxMm CymecTBOBAaHWE YHUBEPCAJIbHOI'O OTHOWEHHUS,
TOI'/Ia HEe HYXHO YUYMThHBAaTb Mapkepo B Tabmuuax Tz u Ty u 3TH
Tabnuup cnabo 3KBHUBAJIEHTHb, TAK Kak CYMECTBYWT oTobpaxeHue h;
CUMBOJIOB CTpPOoK T3 B CUMBOJII CTpoK Ty, M oToGpaxeHue h, cuUMBO-
JJOB cTpoK Ty B cumBONH CTpokK T3. h; oTo6paxaeT mepBYW CTPOKY
T3 B nepByw cTpokKy Ty, BTOpyw cTpokKy T3B nepByw CTpoKy Ty, u
rnocJjieiHyw CcTpoky T3 Bo BTopyw cTpokKy Ty; h, oTobpaxkaeT mep-
Byl cTpoky Ty B nepsByw cTpoky T3 4 BTOopyw cTpoky Ty B mnocnemn-

Hy®w CcTpoky Tj3.

5. WCIIOJIb30BAHUE TABJIML KOHBHWHKTWMBHHEI X 3AIPOCOB

Tax kak TexHHKa TabGIUIB JaeT HAaM BO3MOXHOCTbL YCTAaHaBIIU-
BaTb 3KBUBAJIEHTHOCTb [OBYX KOHBHWHKTUBHBIX 3aIIpOCOB, OHa MOXET
ObITH HIpUMeHeHa [OJId HaXOX/JEeHHUS ONTUMalIbHOI'O NpeACcTaBJIEHUd 3a-
IIpoca OTHOCHUTEJIbHO OAHHOI0 KpuTepus. TakKuM KpUTEPHEM SBIISET-
Cs: BbIUMCIMTb 3HaueHUe maHHoro SPJ-BhipakeHusi, UCIIONb3ys MH -
HUManbHoe uucio J-omnepauud (peanusanusa J-onepaluudd OOCTaTOYHO
Tsxena) .

N3 anropuTMa IMNOCTpPOEHUST TabIuOb OJIg gaHHoro SPJ-Beipake-
HUS BUJHO, 4yTOo omepanusa J HNOpOXOaeTCs IMapol CTPOK B Tabiule.
CrnepoBaTenbHO AN OAaHHOW TabGJIMLBl N CTPOKAMU MOKHO KOHCTPYUPO-

BaTh peajiM3alul COOTBETCTBYWIEMY 3anpocy MNpU nomomu n-1 J-



onepanuii. [[py TaKkoM KPUTEPUHM OINTHUMAJIbHOCTHU IpobiiemMa ONTHUMH3HU-
pPOBaHUs OAHHOT'O 3amnpoca CBOOUTCS K HaXoxXJEeHW TabJiMub, cyiabo

SKBUBAJIEHTHOMW OAHHOMU Tabiuue.

[Ipumep 8.

[lpearnonoxumM, 4To mJig 6a3bl JaHHBIX U3 npuMepa 1 BHITOJIHEHO
IIpEeANoOJIOKEeHUEe O CymeCTBOBAaHMM YHUBepcyma. Mmem oTBeT [ais Ccle-
Oywlero samnpoca:
qg - HaWTu uMeHa BCeX MMOCTaBHHUKOB, MOCTaBidwmUe (MU YK€

nocraBmMe) 4yacTHU, KOJIMdYecTBO KoTopwix 500.
SPJ-BhpaxeHue, peaJH3UpyYWIEEe OTBET:
(11) HHI/IMH (TTIOCTABIIMK D] OBH3AHHOCTbN0‘£<OHHqECTBO:50O (IIOCTABKA) ) .

CooTBeTcTBYyomass 3ToMmy 3amnpocy Tabnuua T 3. (Ilpu onucaHuu
Tabmuusl T ; mponymeHsl CTOJNOUE aTpubyTOB, He yuacCcTBYWNHUE B
OMMUCAHUHU) .

Cpas3y BugHo, uTto T, ABIAETCHA OINTHUMAIIbHOM cjabo 3KBUBa-
JIEHTHOW Tabnuued ansa Tabmuue T,.

Tabnuna T, npencraBiigeT BbhpakXeHHE

H(HOCTABHII‘IK pQA (IIOCTABKA) ) .

(12) Ty ®  OMUYECTBO=500

TakuMm o6pa3oM SICHO, uTo BhpaxkeHus (11) u (12) gBIFgNTCA
cj1ab0o DKBUBAJIEHTHbHIMH .

HyxHOo oTmMeTHTBh, UTO 34€Chb [JOIlyneHue CymeCTBOBAHUS YyHHU-
BepcyMa $SBJISeTCA cymecTBeHHbM. (Tabmuim T3 u T, He sABISAWTCH
CHUIIbHO KBUBAJIEHTHBIMH ) «

[lpumMep 8 WIICTPUPYET U NPHUMEHEHHE NOHATUS Tablulbl B

System/U [[ 6] u [[7] . Tak kak B System/U oCHOBHOe NpeANoJo-



KeHUe - MPeOroJIoKeHUEe O CYmMEeCTBOBAHHUU YHUBEpCyMa, KaxIObld KO-
HBIOHKTUBHBIA 3allpocC MONb30BATENS NpeacTaBlied C IIOMOIbI0 CBOEM
onTUMallbHOW Tabnuuw (ABnswmencsa cinabo 3KBUBAJIEHTHOW [OaHHOM
Tabnuue)u TakuM o6pa3oM ocymecTBiseTcs 6onee 3bbeKTHBHAS pe-
anMsalnus 3amnpoca.

Ipyrue mnpuUMeHeHUsT TE€XHUKHU TabUll OaHbl HalpuMep B ]_2],

C4]m [5].

6. 3AKJIOYEHKE

B HacTosmein paboTe omuMcCaHbl OCHOBHb€E XapaKTEPUCTUKU IIOHSA-
TUS TablIMUbl U OCHOBHBIE BO3MOXHOCTH €ro IpuMeHeHuss. Cemuac
TabJiMllbl paCCMAaTPUBAKTCAd KaK CpeacTBa OJId HU3YUYEeHUS KOHBIHKTHUB-
HbIX 3anpocoB. Tak Kak Tabjidua OgaeT CUHTE3WPOBAHHOE OIHMCaHHe
COOepXaHUsI HEKOTOPOI'O OTHOMEHUSI, €€ MOXHO NpUMEHATbh U [OJId
H3y4YeHUs CBsS3€U Mexay Pas3HbMM TUIAMH 3aBHCHUMOCTEH B paMmKax

9TOr'O OTHOLIEHHUS .



1

- 34 =

JIMTEPATYPA

Aho, A., Sagiv, Y., and Ullman, J. Efficient Optimization
of a class of Relational Expressions. ACM TODS, Vol. 4,
No.4, December 1979, 435-454.

. Maier D. The Theory of Relational Databases. Computer Sci-

ence Press, 1983,

. Maier, D., Ullman, J. and Vardi, M. On the Foundations of

the Universal Relation Model. ACM TODS, Vol.9, No. 2,
June 1984, 283-308.

. Mendelzon, A. Database States and Their Tableaux. ACM TODS

Vol. 9, No. 2, June 1984, 264-282.

Klug, A. and Price, R. Determining View Dependencies Using
Tableaux. ACM TODS, Vol. 7, No. 3, September 1983, 361-380.

Korth, N., Kuper; G.; Feigenbaum,; J., Val Gelder; A. and
Ullman, J. System/U: a Database System based on the Uni~
versal Relation Assumption. ACM TODS, Vol. 9, No. 3,
September 1984, 331-347.

« Ullman, J. Principles of Database Systems. Computer Sci-

enice Press, 1982.



Conjunctive queries tableaux and their application

G. Angelova

Summary

The paper discusses the concept of tableau for conjunctive
queries for a relational data base. The basic definition of
tableau is presented. The algorithm building tableaux for
given select-project-join relational expressions is discussed.
The problem of tableaux equivalence and optimization is con-
sidered. Using tableaux, a necessary and sufficient condition
for equivalence of select-project-join relational expressions

is given. Some applications of tableaux are presented.

Konjuktiv lekérdezési tablak és alkalmazasaik

G. Angelova

Osszefoglald

A cikk a relacids adatbazisokkal kapcsolatos konjuktiv lekér-
dezési tabla fogalmat targyalja. Megadja a téabla definicidjat.
Egy algoritmustad meg, amely egy adott kivalasztas-projekcid-
-Osszekapcsolas relacids kifejezés szamara épiti fel a téblat.
A tablak ekvivalenciadjanak és optimalizalasanak kérdéseivel

is foglalkozik. A k-p-0 relacids kifejezések ekvivalencidja-
val is foglalkozik, felhasznalva a tabl&dkat. A tablak alkal-

mazasarodol is szd van.
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SOME ADDITIONAL PROPERTIES OF KEYS
FOR RELATION SCHEME

J. DEMETROVICS and HO THUAN

MTA SZTAKI

ABSTRACT

In this paper we prove some additional properties of keys
and superkeys for relation schemes. Some of them and their
variants have been proved (perhaps by different methods) and
used to design an algorithm to find all keys for any relation
scheme [31].

INTRODUCTION

In [1J] some characteristic properties of keys for a given
relation scheme §S = <Q,F” have been investigated, in parti-
cular the necessary condition under which a subset X of @ is

a key.

In this paper we prove some additional properties of keys
and super keys for relation scheme. Some of them and their
varian ts have been proved (perhaps by different methods) and
used to design an algorithm to find all keys for a relation

scheme [31].

The notation used here is the same as in [1] and C[2].



_38_

LB

In this section we recall some notions and results which

will be needed in the sequel.

Let S = <{,F> be a relation scheme, where
g = {Al,AZ,._;,An}
F= {Li +Rili = l,2,o¢.,k; Li, RiEQ}

Let us denote:

K k
L= | L,, R= |J] R

(@)
Il

Q\LI, T S

I = {i|there is no j such that L; 2 Lj} E 41,2, .0..k}
Recall that for X c Q,

x¥ = {a]x + a) € F"}

is the closure of X w.r.t. F.

Without loss of generality, in this paper we assume that

B, R, =20, = 1,3 sesk

LUR= Q

We have the following lemmas.

= <Q,F> Dbe a relation scheme,

O]
|

Lemma 1 [2]. Let
X, Yc f, then

x¥yHt = xun’

i 2y”
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Lemma 2 [2]1. Let K be a key for S = <Q,F>. Then

zn(k\2) = ¢ for all % < K.
Lemma 3 [2]. For any 1 € I,

Ly is a key for s iff C; = ()

2, §

We are now in a position to prove some properties of keys
and superkeys for relation scheme which can be used for the

design of algorithms to find the keys of a relation scheme.

Theorem (key representation).

Let S = <§,F> be a relation scheme.

Then any key K for S has the following form

K = Li Xi

where xi & Ci’ i € I,

Proof. Let be given K € Ks - the set of all keys for S.
If K = Q, then obviously K = Li Xi vier, If K¢ @,
then by the algorithm to find the closure Kt of K w.r.t. F,

there exists Lj such that Lj c K. [see 4]

Consequently, 3 i € I such that L, ¢ K,
Thus K = Li Xi’ 1 € I
Now we have to prove that X; ¢ Ci'

By lemma 1, we have

+ + ; I + 4+ -
Ly X, € (Ly X) = (Ly X;) =K =48 -= (1)
By lemma 2:
+ 4+ -
Li n (K\Li) = Li n Xy g.
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On the other hand, it is clear that

Hence, from (1) we have:

The proof is complete.

Remark 1. This theorem can be considered as an immediate
corollary of theorem 2.2 [2]. But for our purposes the

representation given here is more appropriate.

Lemma 4. Let S = <Q,F> be a relation scheme.
If Ci # § then with Jj # i

C; NLycCy# 0.

J
Proof. Assume the contrary that
€. i T s = 0.
; 4 i M| v

In that case, it is easy to see that /[see Fig, 1/

3
(B4 TisXTis
i€ PNy
and
+
Tx O o= Tit
j 73 E i

Thus we have

*)
L sy Ly C; > @

*
) In the following instead of (X > Y)€E F+, XUY we write X %Y and

X Y respectively.
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This contradicts the hypothesis of the lemma stating that Ly
is not a superkey (because Ci + Q).

The lemma is proved.

Property 1. Let S = <Q,F> be a relation scheme and
suppose that [C;| <1 Vvie€r.
Then for any i € I, L Cy is a key for S iff there is no

j € I such tbat Li Ci > Lj Cj'

Proof. If L; C, is a key for S with i € I, then it
is impossible to have a j such that Li Ci > Lj Cj because
Lj Cj is itself a superkey for S.

We have only to consider the case lCi[ = 1. (Otherwise
by lemma 3, L; is a key).

Suppose that L; C, contains strictly a key

e ’

’
it Li < Li'

By the theorem just proved above

i o . : ;
L{ Ci Lj Xj’ T3 & Ty I o ds

The case Xj = (¢, by lemma 3, it is clear that Cj = ¢ and

Li Cc; o Li Ci = Lj Cj (with Cj = (). The case Xj + 0,

obviously Xj = Cj'

But this shows (in both cases) that Li Ci o Lj Cj’ a contra-

diction.

Remark 2. Property 1 is still true if the set I is
replaced by the set{1,2,...,k}

Corollary 1. Let S = <Q,F> be a relation scheme with
eyl 2 1 Wie L
If for any i €I, C; n Lj =@ Vv 3j# i, then L, C; is a

key for sS.
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Proof. From the conditions of corollary 1, it is evident
that there is no j € I such that Ly Ci =3 Lj Cj,
Indeed, were this false and there exists a 3j € I such that
Li C; 2 Lj Cj‘ Since Ci ¢ Lj and Lj C.Li Ci, we have
Lj c Li’ a contradiction.

By property 1, L; C; is a key for 8.

Property 2. Let S = <Q,F> be a relation scherc.
For any I ©:1d1,2::«sasK}s
if |cy| =1 and Ly n Ry=9¢ Vv3j#i then L;C; is a

key for S.

Proof. From Li n Rj =@¢ Vv j=1, it follows that

Thus Li E TN\ R.
Moreover [1]

L\ REK VKEKS.
) +
On the other hand L; C; is a superkey for S and L; c .,
This shows that Li Cy is a key for S.

Remark 3. Let S = <Q,F> be a relation scheme,
If [cy| =1 then C; is a subset of 2 which consists of
a single prime attribute.

+
Indeed, since Lj Ci is a superkey for S and Li c
(because Ci # @), it follows that L, Ci must contains a

key K which has the form

== 4 f
K = L.l Ci where Li £= Li'

This shows that Ci is a prime attribute.



Property 3. Let S = <Q,F> be a relation scheme.

Then ¥ 1 # j, 4, J € 11,2,+4:k}

Li(ci n Lj Cj) is a superkey for S.

Proof. The case Ci = @, we have

Li(ci n Lj Cj) = Li'

But in that case it is obvious that Li is a superkey.
We now consider the case C. # 0.

By Lemma 4 we have Ci n Lj Cj + 0.

It is clear that

Consequently,

¥ 4
Li(ci n Lj Cj) -+ Li(ci n Lj)(Ci n Cj),

On the other hand we have:

4
Lj = (Lj\Ci)(Ci n Lj) g_-Li(_Ci n Lj),
+
Cj i (Cj\ci) (C] 8 Ci) < Li(ci n Cj)-
Hence
% :
Lj Cj A Li(Ci n Lj)(Cif\Cj). (see Fig, 2)

Finally we have

*
(&, ML, ) »%. €
Ll(Cl LJ CJ) 5 5



showing that Li(Ci n Lj Cj) is a superkey for S

© ‘m
i Ll
Fig. 1 Fig. 2

Remark 4. The case lCil = 1 we have:

Li(ci 1 L '€

Remark &. Let L, X and Lj Y be superkey for S, i # j.
In general Li(X n Lj Y) 1is not a superkey.
Let us consider the relation scheme;
Qi =123456 7,

F=1{12~+> 36, 64 - 52, 23+ 17}

It is easy to verify that 641 and 234 are superkeys.

)+

Il
=2

(641 6415237

Il
o)

(234)T = 2341765

On the other hand we have:

64 (L n 234) = 64,
and
+
)

(64 = 6452 # Q.
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Property 4. Let S = <Q,F> be a relation scheme.
If Ci # 0, Cj # @ then

. Ch)] is a superkey for S,

T = Li[(Ci N L. Cj) n Lj(Cj n L}

J
where i # j, 3j # h.

Proof. By property 3, it is clear that Lj(cj n L, Cy)

il

is a superkey for S.

Let us denote

—— + )
Y = Li[(Ci n Lj cj. n Lj(Cj N Ly ch)l
_— + + L]
= Li(ci n Lj Cj) n Li Lj(Cj n Lh Ch),
*
Obviously T < ¥ and

+ ¢
Li Ly(Cy N Ly C) 2L5(C5 N Ly €.

On the other hand,

+ ") < g 1 T }
Lj Cj c Li(Ci n Lj Cj) (from the proof of prog 3)

It follows that

. . L- C- DLo Co n L C .
Ly (C; N Ly Cy) 2 Ly (Cy h Sn!

Hence

=
¥k
<
¥ %

Lj(Cj N Ly, C)
showing that T is a superkey for S.

Corollary 2. With the same conditions as in Property 4,

we have:

Ci N Lis . 2E e N T =
(C; N Ls C5) N Ly(Cy NIy Cp) # 6
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Property 5. Let K be any key for S = <Q,F> having
the form K = Li X; &Xe Ci) :
Then there exists jg # 1 such that

Proof. Assume the contrary that
L, XELi(Ci N Lj Cj) vV j#i,
or, equivalently
xgcinchj v 4 # 1.

Then, for all j # i there exists an attribute

1.

&, & (ETNELY X (see Fig, 3)
j 3%

b

Obviously we have:

Then there must exist p such that Lp S L; Ry X (otherwise
* _
L; X 4> @, a contradiction).
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Let A. € (LY\L) n X and let X’ = x\{a,} .
i D P -
p p
Since Aip i Lp’ so Lp C Li Ri X’.

Therefore, it is easy to see that

+
p

* * *
’ 5 ’ ’ ’
Li X" >+ Ly Ri b, il - Li Ri Lp R Xf = Li Ri L = X7,

P
+
Moreover, Ai &€ B .

p

Consequently
* *
4
Li X" o Li X =y
showing that L; X 1is not a key, a contradiction.

The proof is complete.

Corollary 3. The family

ey nnycpli#4, 134, 3§ <kl

can be used to find all keys for the relation scheme S.

Property 6. Let S = <Q,F> be a relation scheme,

B Li(Ci n Lj Cj) = Li Ci Y j # i, then either Li Ci is

the unique key for S including Li’ or S has no key of
the form K = Li X with X E.Ci.

This means that if L; €4 contains strictly any key of
the form Li X then there always exists jO # i such that

Li(Ci N Ljo cjo) c.Li ci.

In other words, L, C; is a key for S Iff

L,(Cyn Lj Cj) =Ly €y ¥ 3 ¥4
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and there is no key of the form K
: ’
with LicLi, XgCi.

L! X contained in L; C;
1 p P

<

Proof. Since c; N Lj Cj =0y j # i, it follows that

2 & 4
c; N @i\Ly =g vj.

Therefore if A € Ci then
<+ i
tA} n (L]\L]) = gr v J-.

Let A be any element of C;,, A €C; and X = Ci\{A}.

It is easy to see that
*
->
Li X Li Ri X.
: _ +
Since Li Ri n Ci = @ (because Ly Ri S-Li)’ A € Ci’ A # X,
it follows that R g Ly R, X.

Now suppose that there exists L, ¢ L; R; X, h # i.
Obviously A ¢ L, and

B s
LiX-*LiRiX'*LiRiLthX.

It is clear that A & Rh’ otherwise
A € (L;\Lh), a contradiction.
By repeating the same reasoning, we can prove that
7 Q
L, X 7 .
This shows that either L; ¢ is a key for S, or S has no
key of the form Li X, X §=Ci'

The proof is complete.

Corollary 4. Let S = <Q,F> be a relation scheme.




- A =
If
=L, C; Vi#i

and
L.N R. =@ vi#i

then Lj Cy is a key for S.

Proof. The proof follows immediately by the application
of Property 6 and by the fact that in this case Ly is

contained in any key for S [1].

(Ly\R = L; ¢ I\R ¢ K, VK € K,).
Remark 6. The case Ly € is a key for S, we have:

T = Li[(ci n Lj Cj) n Lj(Cj n Lh Ch)] = Li Ciu

Remark 7. Property 1 can be considered as a corollary of

property 6 in the case ]Cil = 1 for all i,
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A relacids sémdk kulcsainak néhény ujabb tulajdonséagardl

Demetrovics Janos - Ho Thuan

Osszefoglald

A szerzd néhény ujabb kiegészitd tulajdonsagot bizonyit a rela-
cidés sémék kulcsaira. Néhany tulajdonsagot mdr (3]-ban bebizo-

nyitott, de az ittlevd bizonyitasok mdédszere mar,

A tulajdonsagok jo6l haszndlhatdk az Osszes kulcs megkeresésére

vonatkozd algoritmusban [3].

HeKoTOpHEe OOMNOJIHUTEJIbHHE CBONCTBA KJIOUEeH A PeJIAIHOHHOH CXEMH

Ad. IOemeTpoBuY -~ Xo TXxXyaH

Pe 3wMe

B cTaThe IOOKas3HBAKWTCA HEKTOPHEe MOONOJIHUTEeJIbHHEe CBOHCTBA
KJIlOUEeH ¥ CBEepX-—KJueln IJa PeJISIIMOHHONW CXeMh. HeKOTOpHe M3 HHUX
M UX BapUaHTH OHBJIM OOKa3aHH /MOXeT OHTh HOPYI'MMH MeTomamMu/ M HC-
IOJIE3BaHH B O6OpaboTKe OOHOI'O aJIrOPHTMa IOJiA HaXOXIOeHHA BCeX KJIo=

yen g mobol pesisiHOHHOM cxemH [3].
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A DISTRIBUTED DATABASE MANAGEMENT SYSTEM IN TERRITORIAL
PLANNING

B Dipotetz, A, Benczur3

INTRODUCTION

Programs concerning the territorial planning and the
long range development of economic regions are extremely
needed, but only seldom carried out in developing
countries. In Cuba, conditions have been createdl in
order to successfully face those important Procrams.
Regional planning is concerned with the collection,
filtering, storage, processing, protection and dis-
semination of quite a lot of different kind of data
(geographical, social, economical, etc.) spatially
distributed. In other words, a very efficient and
complex information system is needed, helping the
experts in the regional planning environment, to make
good decisions in the adequate time.

The former information system belongs then to a
territorial-multi-site organisation,l with decentralised
operations, but requiring intersite information for
integrated control at the higher level.

The need of a decentralised management with local
control and at the same time cooperating at a higher
level for greater cood, makes; distributed databases very

desirable for this application. With cheaper ad more

1 DIPOTET P.-8l. Elaboracidén de un Sistema Hombre-Maquina
para la Proveccidn del Desarrollo de
Nuevos Territorios.
Habana. IMACC-ACC. T-31904

2. IMACC-ACC Habana, Cuba

3. ELTE University. Budapest
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reliable hardware and communication links, this technology

m

a real alternative to centralised processing. In our

case, without big installed mainframes and with good

tributed approach has been adopted in our project.
In this paper we present the preliminary ideas of the
Cistributed database system we are designing for a long

range regional planning Program.
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PROBLEM STATEMENT

When we analyze the regional planning problemsl.We
observe there are external factors, that we must take
as compulsory, and internal factors, particular for
the Region, bounding, to some extent the development
of the Region.

The external factor , policy for lona rancge development

of the country give us:

* global requirements in products, raw materials and

services from the Region;

- the external resources to be allocated in the Region

during the planning period;

- indicators for social and institutional infrastructure

to be developed in the Region.

The main internal factors are: natural and human re-
sources; population requirements; tradition, experiences

and material resources accumulated in the Region.

The economic development depends on the efficient
management of external and internal reources in the

sense of satisfying actual and forecasted requirements.

In order to have a clear picture of the former factors
and,in general, of the Region current situation and
trends, a retrospective analysis of its economic devel-
opment was performed. The former analisvs allowed us to
get mbie precision about the objectives, tasks and

functions of the Program.
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Main Objectives of the Program

To elaborate
alternatives

for the long range
socio-econimical
development of

the region allowing
to satisfy,Aas much
as possible, the
needs, motivations
and aspirations of
the local population;
and to maximize the
regional contribution
to the global social
product of the

country

To maximize the satisfaction
of people needs, motivations

and aspirations.

To develop the food and
agricultural production needed
to satisfy regional and

national requirements.

To develop the assortment of
industrial products,according
to regional and national
requirements and local pos-

sibilities.

To develop the social and
productive infrastructure

satisfying the regional deve-

lopment requirements.
L]

To look for the balanced
rate and proportions of

the regional development
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PRINCIPAL TASKS OF THE PROGRAM

To study the regional way
of life and to caracterize
the factors and indicators
of the social development
of the region. Social Models
To develop a model to

prognosticate the population

growth in the region.

To develop models simulating
alternatives for the long
range agricultural and food

production in the region

To develop models simulating
alternatives for the long
range planning of the indus-

trial sector of the region. _
Economical

Models and
To develop models and systems

Svstems
simulating alternatives for
the long range planning of the

building sector of the region.

To develop models and systems
simulating alternatives for
the long range development of

the regional infrastructure.

To develop systems updating
the economical, material and
resources balances and com-
municating to given people Systems
new information and

information changes.

Balance and

Information

System for
simulating the
long range
development
alternatives
of a developing
region, and
also to
supervise and
control the
performences
of selected

plans.
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Some Indicators of the Socio-Economic Development of the Region

In order to know and to follow the development of the
region and to have references allowing us decision
making, some indicators are next given. These indicators
give us quantitative information which can be used in

economical planning, supervision and control processes.

One known indicator is the relation between fixed
assets and the labor. It measures the intensity of
economical investments in the region.

We denote it F.= £ where f.a.= fixed assets ir ;

i 1 w !

(residual value)
wr = number of workers.
f. = coeffient of

propertionality

Indicators of economic efficiency are:

Productivity = f2 - F2, IP = Internal Production
Wy WL, = Number of workers
Cost per dollar =F3=f3% C = total investment (S)

P = total output
production (S)

Expected time to recuperate investments =F4=f4%

I = Investment (S)
P = production per year
(S/Year)

(S)
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Indicator of way of life (Related to the national media):

BE_*S5._~0_*F_. «~N.~m_*1/F
r Y r 31
5 5 E_¢§ -On-F °Nn-mn'l/F3n

where E = Expected life

S = mean salary

O = Ocupation coefficient = ;5 , h=number of in
habitents

N = cultural (school) level

m = migration coefficient = 1l+g

h
= number of inmigrants
g = coefficient (100 in our case)

()r,()n= regional, national mean value respectively

Former indicators are simplified ones. In developing
countries these indicators are frequently affected by
technological, skilfulness and tradition, organizational,
etc. One of the main points in the organizational factor
is the quality of the actual information system in our

geographically distributed and complex environment.
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In our developing region, a dynamic approach in the
development of the Programz, was applied (Figure 1).
This approach allowed us to gradually improve the
available information about de region, and to use also

the new information in decision making.

With the improvement of the information base and, there-
fore, the new knowledge about the object and its environment,
it is now possible to develop an information system for
planning the long range development of the region. In other
words, it is needed to perform the simulation of long ranage
investments planning projects for the region, and this work
must be based on some kind of man-machine system, helping

the "man" (responsible for decision making) to evaluate

the consequences of different plan alternatives and to

control the deviations of actual plans (Fig. 2.)

The proposed information system must be geographicallv
distributed with one center (regional node) and 14 sub-
regional nodes). Each site should be capable of operating
independently. In our case, each .oude has strong relation
with the center, and weak relations with the other nodes.
Most informational activity originates from pre-defined
transactions that are executed repeatedly using the same

statements.

2
Dipotet P. Models in the socio-econimic development of

a new agricultural region.
Kozlemények 27/1982. Budapest. MTA SZTAKI
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OUTPUT
REGION =] Experts COORDINATION
Information
Base

Figure 1. Preliminary system to study the Region

Supervision
OUTPUT and Control
SIMULATION \\\\\\\\‘
REGION “‘-~\\-3s
-Experts DBMS
New
information DATA BASE

Figure 2. System for long range planning of a developing
Region
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In our case we require a distributed data base manage-

ment system for the followina reasons:3

3B.G. Lindsay. Query Processing in B,

Economic. Large databases exceed . the storage capacity
and processing power of a single machine. In the former
three years the cost of micro-machines have been lowered
to be competitive with the larae mainframes on which
DBMS systems have traditionally relied. For several
reasons, the cost of communication links between

computers has also been reduced.

Organizational. Departments expected to use DBiibs are
both geographically and organizationally distributed

but require integration due to new regquirements and
organizational changes. DBMSs must therefore be
distributed, in order to model effectively the terri-
torial organization that they serve. They must provide to
each component a degree of local responsibility for;

and control over, the data that it "owns".

Technical. Performance and availability are enhanced
when data can be situated close to the majority of
its users, rather than in a distant center. The
impact of the failure of one machine - or the link
to it - is reduced, particularly when redundant
copies of the same data are maintained on other

machines.

Reliability. Local data processing and site autonomy

in general, allow us to have an up-to-date information,
reducing what might be called "information float",
which is not desirable for territorial gevernment

decision making.

North Holland. 1984.



PROBLEM ANALYSIS

The proposed distributed database is purpose-built

and a good control can be exercised on the nature of
each node and their contents. We may recognise two
types of users, the global user processing the data

of the distributed database under the control of some
kind of Distributed Database Management System (DDBMS)
and local or nodal user (figure 3) processing the data
of a particular node under the control of the Nodal
Database Management System /NDBMS) .

Due to the presence of global and nodal DBMS we have

two levels of control. The global control is centralised.

All global processing are controlled bv a central computer

(a node act as the center) onto which all global trans-
actions must be chanelled. The NDBMS controls the activies

of each node, but these nodes are fullv autonomous having

its exclusive local users who need not be aware of the
existence of the DDN (Figure 4). In this case some of the data
captured by a node is contributed to the DDB and, of

course, some of the data of the DDB is contributed to the

node (Figure 5).

Next we present some definitions used in this paper.

A fragment (a set of records) is the elementary object
of a DDB.

A logical fragment is a part of a logical Nodal Database.
Physical Nodal Databases consist of phvsical fragments

A logical Node is the owner of a Logical Nodal Database
A Physical Node is responsible for the Phyvsical Nodal
Database

A site is responsible for a physical Node.

A Node is a set of physical Nodal Databases.
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Figure 3 represents the generalised architecture of
the proposed homogeneous and centralised DDB.

GLOBAL GLOBAL
- . £
USER USER
7 &
DDB
Nodal DB # " N Nodal DB
NODAL NODAL
USER a i ; USER
Figure 3

The distributed data base
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GLOBAL GLOBAL
USER, - USER_
LOGICAL LOGICAL
GLOBAL i GLOBAL
NODE, NODE

DISTRIBUTED DATABASE
.MANAGEMENT SYSTEM
LOGICAL LOGICAL
NODE, . NODE 5
NODAL NODAL
USER, . E USER,
Figure 4
LOGICAL DDB
A B

Figure 5 Logical Nodal Database

Nodal user 1is responsible for the collection of information A-C.
The Logical Node contributes information B-C to the DDB.
Information C-D is received from the DDB.



The proposed DDB is fully homogeneous allowing only
identical data models at each node and having as well
identical machines.

Ideally a global user should be able to formulate his
transactions treating the DDB as a single database,
without having to specify where the data of his interest

reside (data transparency). In our case in a
Logical Global Database it is possible to have the

same Logical data than in a set of Loaical Nodal

Databases.

In order to improve processing efficiency in the L.3, a
statistical analysis of users data requirements was
performed.4 This analysis allowed us to fragment data and
to distribute and replicate them "optimallv" over selected

nodes to improve the overall performance of the DDB.

The processing of global transactions requires at least
one user language that is acceptable in all nodes. When
a user transaction is submitted, the DDBMS have to
decompose'it down to subtrancsactions optimally - one
subtransaction for each node, taking the replicated
data into account. The aim is to reduce the total cost

of the execution, including the cost of communications.

In our particular case, privacy is a very sensitive
issue, and safeguards for its protection is very important.
We are implementing some protection facilities in all

logical nodes.

4 Dipotet P., et al. 1985. "Introduction of Mathematical

Modelling and Computer Technigues in
Territorial Planning." TEchnical Report.
IMACC-ACC Habana.
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Constraints are specified in the nodal data model /and
also imposed by user programs/ in order to assure
semantic integrity. The protection of the database
against errors caused by the simultaneous update of
related data by two or more user programs (interprocess
integrity, also known as concurrency or internal
consistency) is tackled by the NDBMS. The protection of
the DDB as a whole,against the potential inconsistency
that can be caused by the update of replicated data or
related data is faced in our case (centralised control)

using a locking strateay.

In our conditions, the need for database recovery is

of paramount importance. It arises due tos: user program
failure; physical storage failure (in parts or whole) ;
processor failure; DBMS failure; Communication link
failure. Up to now communication link failure is a serious
problem for our proposed DDB. We are providing adequate
(and expensives) backup and recovery facilities to enhance
the reliability of the propcsed DDB. Next future Qe will
use special (dedicated) lines improving the quality and

reliability of the communication links.

In this purpose-built DDB, the global requirements have
priorities respecting local requirements, dictating

completely which data should be in which :wde.

DL <t AT .
Rien Van de R.P.; Litwin W: "Distributed Data Sharing
Systems"
North-Holland, 1982.
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In our case a single command is called a transaction

(query or update). Transactions6 are the units of

atomic interaction between the DDB and the external

world.

The DDB consists of relations (logical). Each relation

is partitioned into subrelations called logical fragments

which are the unit of
each may be stored at
Logical fragments are

fragments to sites is

data distribution, meaning that
any of several sites in the system.
defined and the assicnment of

made when the database is designed.

A stored copy of a logical fragment is called a physical

fraagment.

User transactions are

unaware of data distribution or

redundancy. They reference relations, not fragments. It

is DDB responsibility

to translate from relations to

logical fragments, and then to select the physical

fragments to access in processing anv given transaction.

°Bernstein P.A. et all.: Introduction to a System for

Distributed Databases ACM Transactions

on Database Systems. Vol. 5, No 1, March 1980
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In our proposed DDB there are two types of transaction,
global and nodal transactions respectivelv. The system

of global and nodal logical databases gives a distribut »n

of the logical fragments.

A transaction must specify the local or global database
wanting to access, but only global transactions can have

access to logical Global Databases.

Then, our DDB is a collection of three elements: Logical

Databases, Physical Databases and Communication Network.

The Logical Databases plan and control the distributed

execution of transactions, performing the following tasks:

* fragmentation, the LDB translates queries on relations

into queries on logical fragments and decides which

instances of stored fragment to access;

Concurrency control, the LDB synchronizes the transaction

with all other active transactions in the system.

The Physical Databases store all data managed by the DDB.
PDP respond to commands from LDB /Read, Move, Manipulate,

write/.
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The Communication Network interconnects LDB and PDB

(Global and Nodal) providing the following services:

' guaranteed delivery, allowing messades to be delivered

in all circunstances;

transaction control, guarenteing update sequenses

and validation;

site monitoring, to keep track of which sites have

failed and to inform sites impacted by failures;

network clock, a virtual clock kept approximately

synchronized at all sites.
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SELECTED EXAMPLE

Our application exhibits two important characteristies:
First, the activity requires an integrated database.
That is the activity entails access to a single pool
of information by multiple persons and dependencies
(global users). And second, the users of the information
and ist sources (Nodes)are distributed geographically.
Then, centralized control and Global Databases are
needed to ensure operation in accordance wich the
Regional overall policy and goals; and decentralized
processing in Nodal Databases is required, for reasons
of performance, reliability and flexibility of function.
By meeting both former goals (centralized control and
decentralized processing) in one system, the DDBMS
offers very good benefits to our Program as it is

possible to see in the following example:

Within a Region, it is needed to develop databases
according to different functions (labor, transport,
finance, health care, education, inventory, etc.) and
the higher (recional or global) level must have complete
access to the lower (sub-regional or nodal) levels.

Nevertheless, subregions need to develop their respective



- =

plans, and require data from the higher level and from
other subregions (Figure 5). In Figure 6 we present the
most important actual logical data records (forming the
basis of the respective logical Nodal Database) related
to people (Persons) living or working in subregions.
Data item identity may be used as a common (numeric)

key for records shown in Figure 6.

It is apparent that the relational data model approach
can be successfully applied, operating with the former
four databases to get new information about the Personal
(in our case Logical Nodal) Databases shown in Figure 6.
The higher (regional) level contributes (Figure 5) data
about national and regional educational, health care,

migration and housing possibilities, normatives, etc.
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Personal record (in Personal and Housing Departments)

IDENTITY ADDRESS DATA FAMILY DATA

Labor record (in Labor Department)

IDENTITY ADDRESS LABOR

|

Health Care record (in Health Care Department)

IDENTITY ADDRESS HEALTH CARE

Public Education record (in Public Education Department)

IDENTITY ADDRESS PUBLIC EDUCATION

1 1

Figure 6.

Logical Data Records related to persons in the Region
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IDENTITY ADDRESS LABOR DATA HEALTH CARE PUBLIC EDUCATIONS

l
[

— — ——

employeesin

Health Care |
System '

Teachers in

Public Education

- - = — —

Figure 7

Personal (Logical Nodal) Database

For example Health Care Logical Nodal Database consists
of identity, address and health care data for each person
living or working in the sub-region,and Labor data

concerning employees in Health Care System of the sub-

region.
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sub-region Labor Labor data
groups

Logical Global Database (LABOR LGDB)

sub-region Health Health Care
Care Parira
Groups

HEALTH CARE LGDB

sub-region Public Public Education Data
Education
GROUPS

Public Education LGDB

Figure 8. Logical Global Databases
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In the Personal LNDB, of course, using union and
projection (relational operations) it is possible to
derive logical fragments aswering query requirements

on database relations

In Figure 8. some Logical Global Databases related with
personal data, are shown. An important task for global
users is to have statistical data, concerning their
respective interests about LNDB. In This case, data

in LGDBs are aggregated data contributed from LNDBs.
Access to both Global and Nodal Databases, is controlled
in sites by database administrators and also by secret

passwords in the DDBMS.

It is convenient to maintain directories (for Global users)
containing identity locations (identity key vs LNDB where
they occur) and usage statistics. It is possible to use
directories as ordinary (global) user data. Directories
speed up the information retrieval process and, knowing
the LGDB content, allow global users to have a complete

picture of available information in the DDB.
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CONCLUSION

We have discussed several aspects of the design of a

DDBMS within a Program for long range planning for a
development region. Constraints imposed to the systenm,

and previous knowledge and evaluation of main global

and nodal users requirements; allow us to purpose a
centralised control, decentralized processing, homogeneous
DDB. In our case, the relational data model is an appropriate

one satisfying users and system requirements.

Next future we will present a report describing also
other aspects of the proposed DDB we didn’t face in

this paper
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Egy osztott adatbazis-kezeld rendszer teriileti tervezés céljara

P. Dipotet, A. Benczur

Osszefoglald

A szerzO0k a Kubdban megvaldsitandd terilileti tervezési rendszer
szamara szant osztott adatbazis-kezeld rendszer tervezetét

I

ismertetik.

PaszesieHHas yhnpaBJidwomas CHCTeMa 6a3b JaHHHX B TeppUTOPHAIbHOM

NJIaHUPOBAHUHU

II. JunorteT, A. BeHuUyp

P e 3wmMe

ABTOPH IOUCKYTHPYIT HECKOJIbKO aCIIeKTOB OCylleCTBJIEHHS pas3le-
JIEHHOHW ymnpaBJIAmel CHCTeMBl 6a3h OaHHHX OJIA LeJied OOJITOCPOYHOTO

pPEerHOoHaNbHOTO IJIaHHPOBaHUs Ha Kyb6e.
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MODULA-2 USED IN THE IMPLEMENTATION OF
DATA ACCESS CONTROL MECHANISM

B. SZAFRANSKI

Warsaw, Poland

SUMMAKY

Experience gained by using Module-2 for implementing a data
security mechanism based on the data access control is
presented. It entails some questions of the data access control
idea but its main aim is showing the use of Module-2 in a real
application. We show how in the simple way you can amplify
capabilities of Modula-2 as a result of introducing data access

control features.

1. INTRODUCTION

The problem of data security for any programming language

system is considered in the three following aspects:

e security of standard translation facilities (like-compiler,
linker, library of subprograms),

e security of translation products,

e security of data units processed by the programs written

in this lanquage.

Two first questions belong to the wider security problem of
standard library and files. Such kind of data security should
be resolved by the operating system and will not be considered
in this paper. However, we focus on the third problem. It
touches, in general principle, some questions of the language
system facilities to define access rules and to detect the
violations of these rules. Development of the programming

languages points out, that using their capabilities to build
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data security mechanisms is absolutely right. Among other
things, the necessity of data protection has led to such high
level languages features as module structure with IMPORT and
EXPORT lists, possibility to define the own structure, SCOPE
rules and so on. However in data processing systems the princi-
pal question is processing of data stored in the external
files. One can find out that above listed facilities refer to
internal program objects and not influence directly the data
security in the external storage. To confirm above we can
state, that the most popular languages as COBOL, FORTRAN,
PASCAL, PL/1l have no capabilities of such data security. This
paper describes the experiences gained by using Modula 2 for
implementation a data security mechanism based on the data
access control (DACM). The first implementation was done by
Mr Wlodzimierz Kubalski.

2. FILES IN MODULA-2 FOR RT-1l1

Access operations to data file in this disc storage always
depend on the file system, which is a part of the operating
system. For this reason and to save machine’s independence of
Modula-2 system, operations mentioned above can not be
determined by the Modula-2 implementation [WIRTH801. However,
to provide program compatibility, the module Files (containing
file processing procedures) was created by the authors of
Modula-2. Each data file is identified by a value of type File,
which in terminology RT-11 is named a channel number. The data
file is assigned a channel number by calling either Lookup or
Create procedures. In both cases, it is necessary to provide a
file name. A file name consists of 12 characters and can be
given in a static (as a literal) or a dynamic (by value of
variable) form.
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3. THE MODEL OF DATA ACCESS CONTROL

The complete model of data access control is presented in
[SZAF781. We show below only those elements of the model, which
are important for the aim of this paper. These elements create
the simplified model of data access control, which determines
capabilities and operational rules of implemented mechanism
[SZAF811.

Definition

Data access control model is an ordered triple:
S = <2,T,9

where

Z - finite object names set,
Z = UUB
where:
U - finite active objects set,
B - finite passive objects set
T - finite operation names set,
Y - set of model relations,
v = {wl,wz}
where:
ch.UXBXT, Tl is an access relation, which determines
access privileges of active to passive
objects,

¥_C TxT, ¥

2 is operation scope relation. To clarify

2
this relation let us introduce formally

the definition of the operation scope:

Definition

An operation scope tiET is an operation set {tj}EZT such
that, the ability of doing the operation ti implicates the
ability of doing operation tlE{tj}.
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Definttion

The operation scope {t }62 of operation t. is smaller

i
(equal) than the operatlon scope {t }62 of the operation t, if
and onlv if {tj re{t, ).

The operation scope relation Wz is defined on pairs of

operation names.

Definition

For tl,t ET we say, that (tl,tz)e‘l’2 if and only if the
operation scope tl is smaller (equal) than the operation scope

t2.

Definition
The process of data processing, from data access control

point of view, is defined in the following way:

P = {(al,Bl,‘Yl),...,(Gi,BigYi)ao..,(QIQBIQYI)}

where:
aiEU, BiEB, YiGT for iI=l,2;5s9pls

Definition

Process P is correct, from data access control point of

view, if and only if:

2

For implementation reasons it is better to check legality of a

V[(aigBi ,YI)EP]H[ (aiQBlat)Ew] ]A(Yi :t)ely

process by using the checking function f:

Definttion
f : UxBxT=»{0,1} in such a way, that
1l if and only if 3[(a,B,t)EW1]A(Y,t)EW2
(as;Bsv) =
O in other case

Now we can say that:

Process P = {(a],B],Yl),...,(ai,Bi,Yi),.--,(aI,BI,YI)}
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for aieU, BiEB’ yieT is correct if and only if:

]f(ai'Bi'Yi) =1

=+

i

4, DATA ACCESS CONTROL MECHANISM - DACM
4.1 Assumptions of DACM

A selective DACM is based on the model S and entirely
respects its features describes above. The concrete forms of
model elements, which determine the implementation conditions
of DACM are the following:

e a set of active object names U is a set of character
strings representing the user identifications,

e a set of passive object names B is a set of RT-11 file
names,

e an ordered set of operation names which contains
operation names provided by system Modula-2 in the module
Files (see Fig.l):
T={Nil,Lookup,ReadBlock,WriteBlock,Delete, Rename,Create},

e ordering of set T, important for operation scope relation
Wz , is defined by above enumerating of set elements.
This means that the operation scope is growing from left
to right. As you see the file T does not include the
Close and Release operations because they only have the
technical significance. Moreover, we have introduced the

operation Nil to forbid any processing of a data unit.

Such model allows DACM to grant access selectively to the
files, depending upon user identification and privileges that
are included in the user access privilege file - USER.PRV.

This file is an implementation of access relation ¥ The

organization of the file USER.PRV bases on capability list
(C-1ist) and it can be treated as known security matrix
CHOFF771. The checking function f we should consider as two
functions, because of static and dynamic features of file name

declaration function ft is a translation time checking function
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DEFINITION MODULE Files; /#*Ch.Jacobi, for RT-11 */

FROM SYSTEM IMPORT ADDRESS, WORD;

EXPORT QUALIFIED FILE, File Name,Lookup,Release,Create,

Delete,Close,WriteBlock,ReadBlock,Rename;

TYPE FILE = [0..15] /% chanel number */

File Name = ARRAY [0..11] OF CHAR /#File namex/

Procedure Lookup (f:File, FileName, VAR reply INTEGER)
/*lookup file f in dictionaryx/

Fig.l A fragment of definition module Files

and fr is a run time checking function. The function ft is
called during translation whenever any file access operation
occurs. In the case of the static declaration of file name the
legality checking is performed. In the other case, the call of
function fr is introduced in the procedure form to the user

module. Later at run time fr is invoked whenever it is required

(see Flg.2) . Start PASS ¢

]

Geting of user
identification (UI)

}

Does UI exist
in the system

¥y T W
[ [

¥

Geting file name with
source module

J

L

Searching for
files operation

l

Does it find?
¥ | N
[ [
%
Is the file
name static?
N D ¥

L sy e

Introducing the run
time checking
procedure

¥

End of PASS ¢

Checking of
operation legality

L

Is the operation
legal?

Y [ N Violation of

l | access rules;

top compilation

Fig.2 Simplified schema of access legality checking l
(during campilation)

end
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4.2 Architecture of DACM

Implementation of the functions ft'fr and other elements of
DACM requires additional language system features, a modi-
fication of standard language processors, and/or a language
preprocessor. In our case the elements of DACM showed on the

Fig.3 create two subsystems:

e subsystem of creating and maintenance file USER.PRV.
The main element of this subsystem in the program module
EDIPRV, which is used by data administrator to manage
access privileges file USER.PRV.

e subsystem of operation legality checking.
The main program module PREPROC of this subsystem
realizes following functions:
e» geting and examining user’s identification,
ee geting of file name including source user’s module,
ee searching of file access operations and when occurs:
eee static file name - checking of operation legality
(function ft),
eee dynamic file name - introducing into user’s module
suitable procedure from module
VERYFIER (function fr) and
into IMPORT list the name
VERYFIER.

Modules USEMOD (access procedures to source user’s module),
USEPRV (access procedures to file USER.PRV), VERYFIER (checking
procedures) include the auxiliary procedures which are used by
PREPROC and EDIPRV.



e O

source form of examining
the user module
(before static
checking)

source form of the
user module (after

|

f

VERYFIER USEMOD USEPRV .
| static checking)

PREPROC

USER.PRV

'
L]
‘ Data

D S— administrator

User ’ gzsating and ggitfng

Fig.3 Elements of DACM
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4.5 Compilation in MODULA-2 with DACM

The compiler is running on the Modula-2 system. It is
written in MODULA-2 itself and generates code for PDP-11. The
compiler is organized in a base part and several so called main
parts. The base part remains in the memory during the whole
compilation and schedules the execution of the main parts,
which are called sequentially {WIRTH811. The compiler has five
passes (from 1 to 5) and the interpass files. According to the
above, the DACM mechanism in current version was implemented as
a PASS ¢ of the compiler. The main part PREPROC is linked to
COMP. Therefore some changes have appeared in the compile
process. The compiler, as before, is invoked by typing the file
name COMP but instead of string "source file" will appear the
string "user identification". So one must write the corre-
sponding UI. If it is right, the string "input file" and next
"output file" will appear. The input file (default extention
PRV) consists of source user’s module, which will be checked by
DACM. The output file is an interpass file between PASS O and
PASS 1. It consists of the normal source file (module DEF or
MOD but default extension is MOD) in terminology Modula-2
system by after checking by DACM. The following passes are
running without any changes. If during PASS ¢ the violation of
access rules occurs, the compilation will stop and the error

message will be written.

R MODULA <cr>
COMP <cr>
user ident >U 124 <cr> /*user identification#*/
input file >PROGl <cr> /*name DK: PROG1. PRV %s acceptedx/
output file >PROGl <cr> /*name DK: PROGI. MOD is acceptedx/

pO /*pass of access rule checkingx/
p!

p2 /*indicates succession of*/

p3 /*activated compiler passesx/

p4

PS5

end compilation
*

Fig.4 BAn example of campilation process with DACM
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5. CONCLUSIONS

The problem of data security exists not only in data pase
but also in general data management systems (for example in
file systems). Therefore, we should develop data security
mechanisms in such systems. The best approach to design that
(in my opinion) relies on capabilities built into programming
language. The DACM implementation described in this paper
provides a nearby satisfactory solution of this problem.
However, this work should be completed and generalized in a
number of directions. The following two directions are parti-

cularly important:

1. The problem how to add the DACM capabilities to
MODULA-2 definition.
2. The problem how to expand possibilities of DACM for

checking data access not only files but also to elements of
files (for example record occurences, field of record).
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Adat-elérési vezérlési mechanizmusok megvaldsitdsa

Modula-2 segitségével

B. Safranski

Osszefoglald
A szerzO azokat a tapasztalatokat ismerteti, amelyeket a

Modula-2 felhasznaléasaval megvaldsitott adat-biztonséagi

mechanizmusok terén nyert.

[IpuMeHeHHe s3HKka MOIVIIA-2 B OCYHmECTBJIEHHH

MeXaHHu3Ma KOHTPOJIA OOCTyIra K OaHHEM

B. lladpaHBCKHU

Pes3swmMme

B cTaTke nperncTaBJIfeTCHA ONHT COOPaHHHN BO BpeMsa OCylWeCTBJIe—
HHA MeXaHH3Ma 3amUTH [OaHHEX OIHUpawmerocs Ha yIpaBJIEHHH OOoCTyma
K IOaHHBEM Ha f3HKe MOIVJIA-2. 2TOT MeéxXaHHU3M JaeT BO3MOXHOCTH
KOHTPOJIA Olepalnuy OOCTyra K [JaHHEM BO BpeMs KOMITHJISIIMH W HCIIOJI-
HeHUs TMporpaMMH. MexaHH3M IOCTPOEeH Ha OCHOBe (opMasibHOM MOLOEITH

nponecca 3aumuTH OaHHHX.






MTA SZTAKI Kézlemények 34/1936 pp.91-104

ON STRONG OPERATIONS

Vu Duc Th<

MTA STTAKI

§1. INTRODUCTION

The families of strong dependencies were introduced and
investigated in (1,2]. In this paper we define strong operations
and investigate the properties of strong operations. Based on
these properties we give some combinational results which are
related to the families of strong dependencies.

First we give some necessary definitions, and in §2. formu-

late our results.

§1. DEFINITIONS

Definition 1.1. Let R={h1,...,hm} be a relation over the
finite set of attributes Q, and A,BSQ. Then we say that B

strongly depends on A in R. (denote A % B) if

(vh, ,h4€R) (( a€A) (h, (@)=hj(a))~(¥beEB) (h; (b)=hj(b)));

Ayrh

B functionally depends on A in R (denote A B) 1E£€

(¥h, ,h4€R) ((¥a€R) (h; (a)=hj(a))~(¥be€B) (h; (b)=hj(b))).

Let

e o " S

B Bl

SR is called the full family of strong dependencies.
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Definittion 1.2. Let R, R, be two relations over Q. We say

2
that Ry and R, are s-equivalent if SR1=SR2-
- . ; : ’ 5
Rl is an irredundant relation if for all R CRl S SR,+SRl .

Definition 1.3. Let Q be a finite set, and denote P (Q) its
power set. Let Y-P(Q)xP (Q). We say that Y satisfies the S-

axioms iff for any A,B,C,D&Q, a€q.

(sl) ({a}, f{a}) ey ;

(s2) (A,B)eY, (B,C)eyY, B#p - (A,C)EY ;
(s3) (A,B)€Y, CEA, DEB - (C,D)€Y ;
(s4) (A,B)ey, (c,D)ey - (AnC, BuD)E€Y ;
(s5) (pA,B)eY, (c,D)ey - (AuC, BnD)€Y .

It is clear that SR satisfies the S—-axioms.

Definition 1.4. Let Y _P(Q)xP(Q).

We say that Y satisfies the C-axiom iff there is a family of

2
subsets of Q, {Ei g i=1,...,2;ig Ei = Q} such that
(i) for any A,BS E., =~ (A,B)eY ;
EiﬂA#¢
(ii) (€,;D)ey,; CﬂEi#:Q) = B gEi .
§2. RESULTS

Theorem 2.1. Let Y-P(Q)xP(Q). Then Y satisfies the S-axioms

iff Y satisfies the C-axiom.

Proof. First we suppose that Y satisfies the S-axioms. Then
by (S1), (S3), and (S5) for each a€Q we can construct an
E; (E;£Q) so that ({a},E;)€Y, and VE':E.CE’' implies ({a},E’)¢Y.
It is obvious that aeEi, and we obtain nnsuch Ei-s, where /Q/=n.
Thus, we have the set E={Ei:i=l,...,n; iglEi=Q}. We assume that
A={al,...,ak : ajeqQ, j=1,...,k}#0, and Bl is a set such that

(A,Bl)eY, ¥B,:B,CB, implies (A,B2)¢Y. According to the
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construction of E, it is clear that for each ?jthere is an

4 4 . N . =
EijeE sg that ({aj},Eij)eY. By (S4) we have (jglzaj, j=lElj)
=k(A, jg E,  )€Y. By the definition of B, we obtain
leEijg B1:1 On the otherhand, by (A,Bl)eY, and by (S3) we
have é{a-},Bl)eY for allkj (3=1,...,k). Consequently,

c N $
Bl==j=l Eij ; l1.e. B
nEi e Kk
n

BiNA%0 3

=.N_E, It is obvious that
1 3=1 iy

E;. - Thus, for all B (BS N E; ) : BEB, .
1 73 EiﬂA#¢

Consequently, (A,B)evy. If (C,D)e€Y, CnEi#¢, then we assume
that aleCﬂEi . On the otherhand, suppose that a is an attribute
such that ({a},E,)€Y, and VE’:EiCEV implies ({a},E’)§Y. By

eEﬁ, and (s3) (f{a}, {al})eY holds. By (S3), and a,€C we

B i

oétain ({al},D)eY

Consequently, by (S2), and al$¢ ({a},D)eY holds. According
to the definition of E, we have DgEi. Thus, Y satisfies the C-
axiom. It can be seen that by convention N¢=Q, for all B (BEB)
we have (¢,B)€Y. The proof of the reverse direction is easy and
so will be omitted. The theorem is proved.

Now, we define thefollowing operation.

Definition 2.2. Let Q be a finite set. The mapping

F: P(Q)»P(Q) is called a strong operation over Q if for every
a,b€Q, and AS Q, the following properties hold:

(i) a€F ({a}l),
{ii) beF ({a}) - F({b}) € F({a}),
(ii1): @A) = agAF({a}).

Remark 2.3. It is easy to see the following elementary

properties of strong operations.

For A,B€ P(Q) : F(AUB) = F(A) N F(B). By convention nN@=Q we
obtain F (@)= Ng=Q .

For ASB F(B)SF(a).

Definition 2.4. Let Y=P(Q)xP(Q). We say that Y is an s-

family over Q, if Y satisfies the S-axioms.
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Lemma 2.5. Let S be an s-family over Q. We define the
mapping Fg: P(R) — P(Q) as follows: FS(A)={a€Q: (A, {a})€s}. Then
FS is a strong operation. Conversely, if F is a strong operation,
then there is exactly one s-family S so that F=F
s={(A,B): A,BEP(Q):BSF (A)} .

g’ where

Proof. Suppose that S is an s-family. It is obvious that
VaeQ:aGFS({a}). By Theorem 2.1. S satisfies the C-axiom, and so
we have (C,D)eS, and CﬂEi#¢ implies DgEi. It can be seen that in
Theorem 2.1 for any a€gQ, FS({a})e {Ei:i=l,...,n, [Q/=n}.
Consequently, (b,FS(b))GS, beFS({a}), i.e. (A,FS(A))GS,

Va€A : AMFg(a)#® imply Fo(A) =Fg(fa}). Thus, Fg(a) €
On the other hand, by (S5) in the S-axioms we obtain

Va€eA: ({a}, FS({a}))GS implies (A,agAEé({a}))GS, 1.8

n = = NF
2682 FS({a})= FS(A). Consequently, FS(A) aeA({a}) holds.

Conversely, assume that F is a strong operation over Q and
S={(A,B):BSF(A)}. We have to show that S is an s-family. By
Theorem 2.1 we prove that S satisfies the C-axiom. We set
E={F ({a}): a€eQ, /Q/=n}. By the definition of S it is obvious
that BS F”( {ab;)(eri;& implies (A,B)€S by F”( {a}F)(n{g% S F(A). On the
other hand if (C,D)e€S, and CNF ({a})#¢®, then we assume that
beCnF ({a}), hence by (ii) be€F ({a}) implies F({b}) € F({a}). It

is obvious that D§F(C)=d%%({d}). By beC, and é‘eFC({d})g F ({b})

we obtain DEF ({a}). It is clear that ¥ASQ: (9,A), (A,P)e€s. It
can be seen that F=FS. Now, we suppose that there is a s-family

S’ so that FS,=F. By the definition of S and F we obtain S’ES.

If (A,B)ES, then B%F(A)=Fs,(A). By the definition of FS, we have
(A,B)esS’. Consequently, S’=S holds. The proof is complete.

N (
aeaFe (fal).

Remark 2.6. Clearly, if Fl and F, are strong operations
(F1$F2), then Sl%Sz, where for i=1,2 : Si={(A,B): A,BSQ: BgFi(A)}.

Definition 2.7. Let S be an s-family over Q. We say that a

relation R represents S iff 8,=5.

In [2] the equality sets of relation are defined as follows.
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..,hm} be a relation over Q.

Definition 2.8. Let R={hl,.
Denote by E; . the set {aGQ:hi(a)=hj(a), 1<i<j<m}. We set
]
= . <4 .
E {Elj : l_1<3Sm}.
Now, we give a necessary and sufficient condition for a

relation R to represent an s-family.

Theorem 2.9. Let S be an s-family, and R be a relation over

Q. Then R represents S iff for each a€Q:

F.({a}) = NE,; if 3E, : a€E, .
= a€E; ] 15 13
14 (1)
FS({a}) = 0 otherwise.

Proof. By Lemma 2.5 gr=S holds if and only iZ Fgp=Fg-

Consequently, first we show that

F. ({a}) = nE,  if E, :a€E, . ,
Sgr a€el] 3 3
2
and in other case FSR({a})=Q holds. Clearly, FSR({a})=
= {beQ : {a} % {b}}. Accordint to the definition of strong

dependency we know that for any a€Q: {a} % B <« {a} % B, where

a#®. Let us denote by T the set {Ei" :aeEi,}. It is obvious

that if T=¢, then {a} % Q. i.e. FSR({a})=Q. If T#® holds, then

we set A = fWEi_ . If T=E holds (E is the set of all equality
aeEig p

sets of R), then it is obvious that {a} B A. If TCE holds, then

for Ei,: Eij$T, hi(a)#hj(a). Consequently, we have also {a} % A.

Denote A’ the set with the following properties:
(1)  fa} £a’,
(ii) A'CA" implies {a} % A%

It can be seen that A’=A. According to the definition of FSR we

obtain Fg,({a}) = NE.. . Thus, if S_.,=S holds, then
=
B (fa}) = 0NE. , if 9 E;. 2a€E. .
S aeEi? 15 iy

1)
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FS({a}) = Q otherwise.

Conversely, if FS satisfies (1), then according to the above

part for any a€Q we have Fs({a})=FSR({a}). Because F_. and FSR

S
are strong operations, and by Lemma 2.5. We obtain
VASQ: FS(A) = FSR(A). Consequently, Fg=Fg, holds. The proof is
complete.

We say that a relation R represents a strong operation F iff

F=FSR . Based on Theorem 2.9, the next Corollary is obvious.

Corollary 2.10. Let F be a strong operation, R be a relation

over Q. Then R represents F iff

F({a}) = nE,, if 3 E, :a€E, .
acet] 15 ij !
13
F({a}) = @ otherwise ,

where a€Q.
Clearly, from a relation R we can construct the set of all
equality sets of R. Consequently, a following corollary is also

obvious.

Corollary 2.11. Let R be a relation, and F be a strong

operation over Q. Then there is an effective algorithm, that

decide whether R represent F or not. This algorithm requires

time polynomial in the number of rows and columns of R.
Based on Theorem 2.9. We going to construct an effective

algorithm, which determines an irredundant relation.

Algorithm 2.12. Let R={hl,...,hm} be a relation over
Q={al,...,an}.

Step 1l: From relation R we construct

E={E, :E.. is an equality set of R 1<i<qy<m} .
l:] lj

If there is not an Ei' so that Ei,$¢ /| then we choose any

J
pair hi’hﬁ . It is obvious that R’={hi,hj} is an irredundant
relation such that SR’=SR . Now, we assume that atyre--sat, are
attributes such that Eij:athEij , Wwhere g=1,...,4% .



-

Step 2: We construct sets of indexpairs, as follows:
€Ey see s Ty=0(1,9): atzeEif. Let A= N Eij P

Ir=401,9): a
- 5 ¢ eEi'
% =3

i &

q = 1yeuiilks

It is obvious that %2<n. Denote by Si the number of elements
ef Ty iA=L, . eie ;%

Z 1 2

Denote Ii(j)’ and Ii(j) the first and second indices of jth
pair in Ii' =1 e i ISjSBi. After that we perform the
following bloc-scheme.
I, (18, T,..., 1,115,

c:=¢, p:=1

yes

t(pstsz) so that

] 5
3(Ip(q),k)eIt.Atanij

i#IE(q), and j#k
or
S -
3(k,1p(q))€It.AtCnEij

s
C:=C
UIJq)

#k, and j#I:(q

From all It(pstSL) delete
(19(a),3), (1,13(q))-s.
It can be seen that if I =
contains (I;(q)) or (i,Ip(q)),
then St decrease




- s

Then R’={hi:i€C} is an irredundant relation such that R’ER,

and S =S itern-S and S_ are s-equivalent.
R B K

RI

Proof. It is clear that by Theorem 2.9., and Lemma 2.5. we
have SR'=SR' It can be seen that in Step2 the Algorithm
formulated in the bloc-scheme deletes all redundant rows of R.
Thus, R’ is an irredundant relation.

The proof is complete.

Remark 2.13. It can be seen that Algorithm 2.12 requires

time polynomial in the number of rows and columns of R.

Example 2.14. Let ©@={1,2,3,4,5,6} and

R={hl,h2,h3,h4,h5,h6,h7}
be a relation over Q.
Attributes: 1 2 3 4 5 6
J-%00! 4002 2 T2
2+ © @k 3 830
3 3.3 2 1 0
R=1 1 2 4 3 3
4 .2. 4 1 0O I
5 27 4 5 4 4
6 4 5 5 5 b5

Clearly, E12=E56={2,3}, E23=E67={4}, El4={l}, E23={6}, and
E2,=1{5}.

Consequently, I,={(1,4)}, I,={(1,2),(5,6)}, I,={(1,2),(5,6)},
I4={(l,3),(6,7)}, IS={(2,4)}, and 16={(2,3)}.

It is obvious that A2={1}, A2={2,3}, A3={2,3}, A4={4},
A5={5}, and A6={6}.

It can be seen that by Algorithm 2.12 we obtain C={1,2,3,4},

i.e. 1 68 22 2
=2 6 0 3 38 ©

5 .2 3 2 & B

1 1 2.4 3 3
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Definition 2.15. Let T€P(Q), and I closed under inter-

section. Let M=P(Q). Denote M’ the set {nM’':M'EM} . We say that

M generates I if M+=I.

By convention n@=Q, i.e. M+ always contains Q, so Q is never
required in M. It is obvious that Q€I.

J.Demetrovics in [2] showed that for a given family M of
subsets of @ there is exactly one family N, which generates M+,

and has minimal cardinality.

Lemma 2.16., [2] Let M=P(Q) be a family over Q. Let N =
{A€M: (¥B,CeM) (A=BNC - A=B or A=C)}. Then N generates M' and if
N’ generates M+, then NEN’. It is possible that @€N.

By Remark 2.3 we obtain F(AUB)=F(A)NnF(B) for A,BEP(Q), where
F is a strong operation. Thus, the set {F(A):2€Q} closed under

intersection. It is easy to see that
The set {F({a}) # Q: a€Q} generates {F(A): ASQ} . It is

possible that a#b, but F({a})=F({b}). It is known (see [1,21)
that if S is an s-family over Q, then there is a relation R over
2 such that SR=S. However, here we construct for a given s-

family S a simple concrete relation R so that R represents S.

Proposition 2.17. Let S be an s-family over$2={al,...,an}.
Let {FS fal @ A=144s:500 ={Al’°"'Ak:Ai+Aj' 1<izk, lSjSk,
i#j, k=n}. We set T={Al,...,Ak}, and

N={A€T:A#Q, (¥B,CET) (A=BNC»A=B or A=C)}. Suppose that
N={B1,...,B2}, (2<k). Then we set R={ho,h1,...,h2} as follows:
for all aeQ:hO(a)= (6%
0 if aeB, ,
for each 1 U=li.e-0l) ¢ hi(a) =

T otherwise .

Then R represents S, i.e. SR=S.

Proof. By Theorem 2.9 we prove that for each a€Q:
N B
i

J
a€E; |
+3

i AVEL i a€Bay o,
g i

FS({a}) o 3 ]

Q otherwise.

Fg({a})



It is easy to see that if FS({a})=Q , then there is not an Eij

so that aeEi. (by the construction of R). If F({ait})=Bt, then
J

by (ii) in Definition of strong operation we have VBk:aiteBk

implies FS({ait})=Bt gBk. Consequently,

F.({a;, 1) = NEy = By = B,.
S 1t aeEit t T
For a;,€Q : F({a;,}) =B N...N By, . We obtain that for any
1 it J Jt
By (ait €B,) F( {ait}) gBk by (ii). Consequently,
( }) NE L E
P ({a; = & = N o
$a aeEi% g=1 ©°Jq

It can be seen that by (ii) for any a (a€Q) so that

F({a}) = F({aj,}). We have
t
F{{a}) = N E." =K or F({a}) = NE, = n E_,
aGElJ Pk aeElJ q=l ojq

The proof is complete.

Based on Proposition 2.17, if can be seen that if F is a
strong operation over Q, then there is an effective algorithm
(this algorithm requires time polynomial in /Q/), which
determines a relation (it is analogous to R in Proposition 2.17)

or that this relation represents F.

Definition 2.18. Let S be an s-family over Q. Let

Q(S)=min {m: SR=S, /R/=m, R is a relation over Q}. Thus, Q(S)
is the number of rows of minimal relation which represents the

s—-family S.

Corollary 2.19. Let S be an s-family over Q.
Let
T ={FS({a}): a€Q} and N={A€T:A+Q, (¥B,CET) (A=BNC-+A=B or A=C)}.

Then if /N/=0 i.e. T={Q}, then Q(S)=2. If /N/21, then
szog27N7 < Q{8) = [N]+1 & [0]+l.

Proof. According Theorem 2.9 if R represents S, then



O =

F . ifal) = mEe - A -IE, tragkl,

£ a€E ] v il
3

FS({A}) = Q otherwise .

It is easy to see that if T={Q}, then for all Eij we obtain
Eij=¢. Consequently, Q(S)=2

It is clear that according to the definition of strong
operation N determines the family {FS({a}): aenl}. It is obvious

that /Q/=/N/ and for VAi,AjeN (Ai%Aj) we have

{(i,5): l<i<jsm, [R/ m, AiSEij} +

{(i,j): l<i<jsm, /R/ = m, Ay S D 5

1j
) _
Consequently, /N/<2 . Thus, J210927N/<m. By Proposition 2.17

Q(S)</N/+1. The proof is proved.

The next corollary is obvious.

Corollary 2.20. Let Q(n)=max {Q(S): S is an s-family over Q,
/R/=n}. Then Q(n)<n+l.

Definition 2.21. Let

TEP(Q) and let N={A€T: A+#Q, (¥B,CET) (A=BNC-A=B or A=C)}.

Then we say that T is s-semilattice if T closed under inter-
section, Q€T and N satisfies (1): for all AEeN

(3aen) (AieN and A¢Ai b aeAi) 3

Theorem 2.22. Let F be a strong operation over Q. Let

Tp= {F(A): AEP(Q)} and

NF={A€TF: A#Q, (¥B, CGTF) (A=BNC - A=B or A=C)} .

Then TF is a s-semilattice. Conversely, if T is any s-semilattice,

then there is exactly one strong operation so that T=T Where

P
for each a (a€eQ)
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F({a}) = N Ay if JA,eN:ae€r, ,
aeA.
9
A.EN
o
Bli{ab) = a otherwise

Proof. It is obvious that for arbitrary strong operation we
have ¥A,BEP(Q): F(AUB)= F(A)NF(B), F(®)=0 and ASB-F (B)SF (A) .

Consequently Q€ TF and T_, closed under intersection. Now we

F
assume that AGNF. If there is not attribute a so that F({a})=A,
then if A=F(B) (/B/>2), then A = ‘;fe(ébi”.
i
definition of Ng. Consequently, there is attribute a (a€R) so

that F({a})=A. It is obvious that a€A. Clearly, NF satisfies (1).

Conversely, we assume that T is a s-semilattice over Q. Then

This contradicts the

we set for each a (a€Q)

F({a}) = 0NAj if 3A;€EN:a€r; ,
beEA.
3
A.€EN
3:
F({a}) = Q otherwise.

Clearly, for all AEN (Ja€ A: AieN and A¢Ai - aeAi)we obtain
F({a})=A for different set A(AEN) is easy to see that there is
attribute a so that F({a})=A. Consequently, VAEN: a€Q: F({a})=A.
Now we prove that F is a strong operation. According to the
construction of F it is clear that a€F({a}) and if there is AieN
So that a€A., then F({a})€N'. If beF({a}), then

F({b}) = NA; EnAay =F({a}).
aeAi aeAi

A.€EN A.€EN
3 1

It is obvious that the set {F({a}): bEQ} determines the set
{F(A): A€P(Q)}. Consequently, F is a strong operation and T=TF.
If we suppose that there is strong operation F’ so that T=TF’ -
Then for all a (a€Q) there is b (b€R) such that

F({a})=F' ({b}). It is obvious that a€F’ ({b}). Consequently, we
have F’ ({a}) € F({a}). On the other hand, there is attribute

c (c€Q) so that F'({a})=F({c}). By a€F ({c}) we obtain
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F({a}) S F’ ({a}).

The proof is proved.

Definition 2.23. Let S be a s-family over Q, and (A,B)E€S.

We say that (A,B) is a maximal right side dependency of S if
¥B':BSB', (A,B')es - B=B’,.

Denote by M(S) the set of all maximal right side de-
pendencies of S. We say that B(B ) is a maximal right side of
S if there is an A such that (A,B)EM(S). Denote U (S) the set of

all maximal right sides of S.

Corollary 2.24. Let S be a s-family over Q. Then u(sy is =a
s-semilattice. Conversely, if T is a s-semilattice, then there
is exactly one s-family so that T=U(S). By Lemma 2.5 and

Theorem 2.22 this corollary is obvious.
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Az erds operacidkrol

Vu Duc Thi

Osszefoglald

A szerzd az erds operdcidk tulajdonséagait vizsgalja. Néhany
uj kombinatorikus eredményt is ad, amelyek az erds fliggdségek

csaladdjaira vonatkoznak.

CUJIbHHE OIepaliuu

By ek Txu

Pe3swmMe

B HacTosAmey paboTe H3y4YaeTCHd CBA3b MExIy CHJIBHEMH ornepa-

IIUAMH H CHJIBHEIMMH 3aBHCHMOCTSAMH.
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SUR L'EXUSTENCE DES MESURES CONTINUES
INVARIANTS POUR TRANSFORMATIONS DE L'INTERVALLE

Nguyen Cong Thanh

Institut de Recherach
Métebrologique et Hydrologigue,
Hanoli, Vietnam

La notion d’orbites strictement turbulentes est en relation
avec celle de trajectoires turbulentes de Ruelle-Takens. Dans
[1] Lasota-Yorke ont étudié 1l’existence des mesures continues
invariantes pour une transformation avec les orbites
strictement turbulentes. Ici, on expose les résultats de Lasota-
Yorke, les applique dans le cas d’une dimension pour obtenir

des resultats plus généraux.

1. DEFINITIONS ET RESULTATS

Soient X un espace topologique de Hausdorff et T une
application continue (transformation) de X dans lui-méme.Pour

chaque orbite O(XO) du point X 1l’ensemble

L(®) = nQO (™), ou (T"9) est fermeture de T'g

est dit l’ensemble limit de ®. Pour insister le r8le de la

transformation T on écrit quelque fois OT(x) et LT(O L'orbite

)
T
BT s’'appele strictement turbulentes (plus précisement,
strictement turbulente par rapport a T) si LT(OT) est un
ensemble compact non-vide qui ne contient pas de points

périodiques.

Une mesure m sur X est invariante pour T si
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m(a) = m(T 1a) pour tout A€B

ou B O-algébre de Borel de X.

La mesure m est dite continue si m(x)=0 pour tout xeX.

Proposition 1

Soient T: X-X une application continue et s=TP avec un
certain entier p. Pour chaque x€X deux affirmations suivantes

sont equivalentes

(5

a) GT(x) est strictement turbulente par rapport a T,
b) GS(X) est strictement turbulente par rapport a S.

La démonstration est immediate des définitions.

Proposition 2

Soient T: X-»X une transformation et ©(x) une orbite
strictement turbulente. Alors il existe une mesure continue

concentrée sur L(®) et invariante pour T.
La demonstration de la Proposition 2 est simple (Voir [1]).

La résultat principal de [1] est la Théoreme suivant qui
donne une condition simple assurant l’existence des orbites
strictement turbulentes.

Theorem 1 [1]

Soit T: X-X une transformation. Suppose qu’il existe deux

sousensembles copacts, non-vide, disjoints A et B de X tels que

T(A) n T(B) > AUB

Alors pour T il existe des orbites strictement turbulentes

et en consequence des mesures continues invariantes pour T.
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2. LE CAS D'UNE DIMENSION

Dans le cas X=[a,B], en appliquant Théoréme 1 Lasota-Yorke

ont démontre le résultat suivant

Théeorem 2

Soit f une transformation de 1l’intervalle [a,B] dans
lui-méme. Alors l’existence des points periodiques de periode
3N, pour un certain entier N, implique 1l’existence des mesures
continues invariantes pour f.

Le théoreme ci-dessous est une géneralisation du Théoréme 2.

Théorém 3

Soit f une transformation de 1l’intervalle fermé dans
lui-méme. Suppose que f ait des points périodiques de période
differente de puissances de 2. Alors il existe des orbites
strictement turbulentes, et en consequence, des mesures

continues invariantes pour f.

Démonstration

Suppose f ait des points périodiques de période n-2k, ou n
est un entier .impair. En posant T=f2k on obtient l’application
continue T avec des points périodiques de période n.

Soient O une orbite périodique de période n de T et

K = [min©® , max0 ]
Puisque T(max0 )< max0® et T(minO )> 0. On peut poser
b = min{x€0 tel que T(x)<x}

et il est facile de voir que b#mino .
On prend a comme le point de © 1le plus voisin de b a
gauche. Ainssi on obtient

T(b) £a et T(a) 2 b (1)
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et pose
A= [a,bl]

En tenant compte de ce que deux égalités dans (1) ne peuvent
avoir lieu simultanement, on voit que T(A)>A et T(A) # A. De
cela il résulte qﬁe la suite {Ti(A)} i=1,2,... est croissante
et ensuite T (A) D K.
De 1’'imparité de n on deduit que les nombres de points de
3 deux cotés de A ne sont pas égaux. Suppose que les points

de O d’aprés 1l’order naturel sur la ligne réelle soient

0 = {xl,...,xk,a,b,yl,...,ym}

ou k+m+2=n.
Pose

G = {xl...xk} et D = {yl...ym}

Sans limiter la généralité on peut supposer m>k. Puisque
T(b)<a sous l’action de T 1l’une des images de ¥ doit rester
encore a droite de A. C’est a dire il existe un point c€D tel
que T (c)=b.

Si T(b)<a d’aprés la continuité de T il existe un point
de€(b,c) tel que T(c)=a . En posant B=[d,c] on a T(B) 2A.

Si T(b)=a on considére l’emsemble E=DU {a,b}. Alors

T(E) N G#0

S’il ne 1l’était pas, l’ensemble E serait invariant sous
l’action de T et des points de E seraient de période plus
petite que n. C’est une contradiction.

Ainsi il existe un point yiED tel que T(yi)<a. En posant
B=[yi,d] (ou B=[d,yi]) on obtient aussi T (B)DA.

Donc dans tous les cas il y a toujours un intervalle fermé
B tel que

BNA=¢ et T(B)>A.

Vu que
Tn(A)DK et T(B)»A on a
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™l aysk et T (E)=T"(t (B))> T (A)>K

En somme
™l @a) n ™1 (B)oaus.

En notant F=fFP avec p=(n+l)°2k on voit que l’application
F vérifie les conditions du Théoréme 1. Donc pour F il exite
des orbites strictement turbulentes. Et grace a la Proposition

2 il existe des mesures continues invariantes pour f.

C.Q.F.D.

Remargue

Les applications continues satisfaisant aux conditions du
-~ ~ ~
Theoreme 3 ont le compeértement chaotique d’apreés le sens de
Li-Yorke. Donc l’existence des mesures continues invariantes
est un caractére du phénom@ne chaotique dans le cas d’une

dimension (Voir [2]).
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Az intervallum leképzések folytonos invarians mértékeinek

létezésérol

Nguyen Cong Thanh

Osszefoglald

A dolgozat f0 eredménye a kovetkezd tétel: Legyen X egy
Hausdorff tér, és T: X - X egy folytonos leképzés; X-nek
létezik két kompakt diszjunkt, nem lires részhalmaza - A és B -
ugy, hogy T(A) n T(B) > A U B, akkor T-nek létezik folyto-

nos invarians mértéke.

Kbvetkezmény: ha f egy zart intervallum Snmagadba vald lekép-

zése és f-nek van nem 2-hatvany periddusu periddikus pontja,

akkor f-nek van folytonos invarians mértéke.

#* %%

On the continuous invariant measures of intervall mappings

Nguyen Cong Thanh

Summary

The main result of this paper is the following: let X be a
Hausdorff space and T: X »+ X a continuous mapping; if there
exist two disjoint compact subsets - A and B - of X such
that T(A) N T(B) 2 AU B , then T has a continuous invariant

measure.

If f is a continuous mapping of a closed intervall having
periodical point with period k # 2, then f has continuous

invariant measure.
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O HelnpepHBHHX HHBaApHaHTHHX Mepax oTo6paxeHusa eOHHHYHOI'O HHTepBaJia

HryeH KoHr TxaH

Pes3swmMe

T'JIaBHHM pe3ysbTaT pPaboOHT 3akJwyaeTCss B clenywmeM: nycTs X
XaycmopdoBO MpPOCTPAaHCTBO U T:X-X HenpepHBHOE OTO6paxeHHe; ec)H
CymecCTBYWT Hernepecekawmuecs KOMNaKTHHE NMOIMHOxecTBa A H B, Ta-
kue uto T(A)N T(B)2A U B, To Torma T uMeeT HeNpepHBHYH HHBa-
PHAHTHYI Mepy.

CnenctBHe: ecnu f oro6paxeHHe 3aMKHYTOI'O HHTepBalla M OHO
UMEeeT IepHOOUUYEeCKYKw TOUYKY IepHoma kﬁ#Zk, To Torma f umeeT He-

NIPEepHBHYK HHBApPHAHTHYI Mepy.
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REMARKS ON DUAL DEPENDENCIES

Vu Due Thz

MTA SZTAKI

§0, INTRODUCTION

One of the main concepts in relational database theory is
the full family of functional dependencies, that was first
axiomatized by W.W.Armstrong C1l1].

The full family of dual dependencies have also been
introduced and axiomatized (2,313].

In this paper, we give some results, that are related to
dual dependencies. Séme properties of functional dependencies

are investigated also.

€1, DEFINITIONS

In this section, we present some necessary definitions.

Definition 1.1. Let Q be a finite set of attributes, and

R={hl,...,
dually depends A in R (denote A % B) if

hm} be a relation over Q, A,BEQ. Then we say that B
(Vhi,hjeR)((aaeA)(hi(a)=h.(a)%~(3beB)(h.(b)=h_(b)));
3 1 ’
£
B functionally depends A in R (denote A E B) 1if

(Vhi,thR) ( (¥a€n) (hi(a)=hj (a) )= (¥bEB) (hi (b)=hj(b) e

Let d f
DR={(A,B) : A = B} and FR={(A,B) : A E B} .
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DR(FR) is called the full family of dual (functional)

dependencies.

Definition 1.2. Let R be a relation over Q, and A€Q. A is a

key of R if A i Q. The key A is a minimal key of R if for any

4

R
AY [(A'Sh) = A Ef Q implies A’=A.

Denote by K, the set of all minimal keys of R. It is clear

R
that KR forms a Sperner-system over Q.

Definition 1.3. Let K be a Sperner-system over Q. We define

the set of antikeys of K, denoted by K_l, as follows:

k1= (aga : (BeK) ~ (B§A) and (agC) - (IBEK) (BEC)} .
Clearly, K-l is also a Sperner-system over Q. K;l is called the

set of antikeys of relation R.

Definition 1.4. Let Q be a finite set,. and denote P(Q) its

power set. Let Y _P(Q)xP(Q). Then we say that Y satisfies the
F-axioms, if for all A,B,C,DEQ.

(Fl) (A,n)eY;

(Fz) (A,B)ey, (B,C)ey - (A,C)eY;
(F3) (A,B)€Y, ASC, DEB - (C,D)ey;
(F4) (A,B)eY, (C,D)eY - (AUC,BUD)EY

Y satisfies the D-axioms, if for all A,B,C,DEQ

(Dl) (A,A)EY;

(D2) (A,B)e¥, (B,C)e¥ - (A,C)eX;
(D3) (A;B)E¥, CEA, BED =~ (C,D)e¥;
(D4) (A;B)EY, (c,;D)eY = (AUC,BUD)EY;:
(Dg) (A,9)eY - A =0Q.

Definition 1.5, Let ¥ _P(Q)xP(Q),. We say that ¥ 4ds a d.(£f-)

family over Q if Y satisfies the D-(F.) axioms.
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§2. THE FAMILIES OF DUAL DEPENDENCIES

Definition 2.1. Let D be a d-family, and R be a relation

over Q. Then we say that R reprezents D iff Dp=D.

Definition 2.2. Let D be a d-family over Q, and (A,B)€D. We

say that (A,B) is a maximal left side dependency of D if
VA’ :A€A’, (A',B)ED—-A’'=A

Denote by M(D) the set of all maximal left side
dependencies of D. We say that A is a maximal left side of D if
there is a B so that (A,B)eEM(D). Denote G(D) the set of all
maximal left sides of D. A family G of subsets of Q is called
d-semilattice iff G contains ¢,Q, and A,BEG imply ANBEG.

In paper [2], the next theorem is proved.

Theorem 2.3. [21. Let D be a d-family over Q. Then G(D) is

a d-semilattice over Q. Conversely, if G is any d-semilattice,

then there exist exactly one d-family D so that G(D)=G, where

D = {(A,B) : ¥CEG : A¢C -~ BfC} .

Definition 2.4. Let I_P(Q), and I is closed under inter-
section, i.e. A,BE€I - ANBEI. Let MEP (Q). Denote M+ the set
{NM' :MEM}. We say that M generates T iff M'=I.

Definition 2.5. Let R={hl,..

Let Nij = {a€ :hi(a):#hj(a), 1<i<j<m} . We call Nij the non-

equality set of R. Denote by N the family of all non-eqgiality

.,hm} be a relation over Q.

sets of R.

Practically, it is possible that Q€EN, there are some Nij r
which are equal to each other. According to the definition of
relation. We obtain (@¢N.

We assume that

N={Nij :1$i<j$m}={Al,...,A
We set S={Al,...,Ak}.

K :AinAj Tor dAfd i 15 9%l wii, Bl
Based on the non-equality sets of R we give a necessary and

sufficient condition for DR=D. We can consider the set of non-
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equality sets as a characterization of dual dependencies in

relations.

Theorem 2.6. Let D be a d-family, and R be a relation over
Q. Then R represents D if and only if G(D)=(S\Q)+u{¢}.

Proof. By Theorem 2.3, it is easy to see that R represents
D 1Ef G(DR)=G(D). Consequently, we only must prove that G(DR)=
= (s\@)"u (@} . Clearly, G(Dg) is a d-semilattice over Q. It is
obvious that G(DR) contains ¢,Q, and (S\Q)+ contains Q (by
convention NP=Q). Now, we suppose that Nij*Q (it is obvious
that Nij#¢). Because for anywaeQ\Nij we obtain hi(a)=hj(a),
but VbeNij: hi(b)#hj(b), aUNij z Nij . Hence NijeG(DR) holds.
Consequently, SéG(DR) holds, i.e. we have (S\Q)*IJ{®}§éG(DR).
Conversely, if AGG(DR)\{¢,Q}, then if we gssume that
Vhi,hjeR: a€A so that hi(a)=hj(a). So @ E A, this contradicts

to the definition of A. Consequently, there is an index pair

| L & & - e s J 1 )
(i,5) so that A=NiJ . We set H {NiJ 'A—Ni]} . If there is a NlJ
such that A=Nij , then A€S. If
AE NNj 5 7
Nijeﬂ
then for all NijGH we have AgNij « SO
NN; ga
N,:€H R

e

holds. This contradicts AGG(DR)\{¢,Q}. Consequently, we have

A= ﬂN.j .

Nijén

Thus according to the definition S we obtain AeS+. So
G(DR)=(S\Q)+[J{¢} holds. The theorem is proved.

The next proposition shows that from given any d-family D,
we can construct one simple non-empty relation R such that

DR=D.
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Proposition 2.7. Let D be a d-family over Q, G (D) be a set

of all maximal left sides of D, and let

N2 = {AeG(D): A+#Q, (¥B,CEG (D)) (A=BNC-~A=B or A=C)}

Then we assume that N2={Al,...,Ak}, we set
R={hl,h2,...,h2h_l,h2h} as follows:

for i1=1,...,Kk = ¥aeQ hZi_l(a)=21-l

2i-1 if aeq-a, ,
h,;(a) =

24 other wise.

Then R represents D.

Proof. It is obvious that |N2I21. Consequently, R+#® holds.

Clearly, N={Nij :Nij is a non-equality set of R}=N2U{Q}. On the

other hand N;=G(D). By Theorem 2.6 we obtain Dp=D. The

proposition is proved.

Remark 2.8. Let R be a relation over Q.

Let Fé=FR—{(®,A)€ Fp ¢ A#0}, D(FR)={(A,B) : (B,A)GFé} . The paper

[3]1 showed that Fé (D(FR)) satisfies the F-({D_) axioms.

1£ Fé#FR holds, i.e. {(¢,A)€FR : A#Q0}#¢, then we assume that
R={hl,...,hm}, let R'={hl,...,hm,hm+l}, where for all aefQ, and
all i(1l<i<m):h (a)#h, (a) . It is obvious that F
m+1 i
Dt Ppe -
It is known that usually D(FR)#DR. We give a necessary and

R’=F§ , and

sufficient condition for D(FR)=DR.
First we investigate the f-families.

Definition 2.9. Let F be a f-family over Q, and (A,B)€F .

Then we say that (A,B) is amaximal right side dependency of F
if ¥vB’':B&B’, (A,B’)€EF-+B’'=B .

Denote by M(F) the set of maximal right side dependencies
of F. We say that B (BEQ) is a maximal right side of F iff
there is an A so that (A,B)eEM(F). Denote I (F) the set of
maximal right sides of F. Thus, I(F): {B: 3A: (A,B)EM(F)}.

W.W.Armstrong in [l1l] proved an important following theorem.
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Theorem 2.10.L11.Let F be a f-family over Q. Then I(F) is

closed under intersection. Conversely, if I is any family of

subsets of Q, which is closed under intersection, then there
exists exactly one f-family F such that I (F)=I, where
F={(A,B): WCEI: ASC—BEC}.

By convention N@=Q we have that if I is closed under inter-
section, then Q€I holds. ‘

In [3] it is showed that for given family M of subsets of
Q there is exactly one family N, which generates M+, and has
minimal cardinality.

Lemma 2.11. [31 Let MEP (Q) be a family over Q. Let
N={A€M: ¥ B,CEM: A=BNC~A=B or A=C}. Then N generates M+ and if
N’ generates M+, then N=N'.

(It is possible @PEN and by convention @=Q we have that Q

is never required in M.)

Definition 2.12. In [3]1 the equality sets of the relation

are defined as follows: Let R={hl,...,

for 1l<i<j<m, we denote by Eij the set {a€N: hi(a)=hj(a)}. We
set E={Eij: 1<i<j<m}.

hm} be a relation over Q.

Practically, it is possible that there are some Eij '
which are equal to each other.

Let T={Eij: i qu,EstGT, then qu%Est}z

={B .,BQ:Bi¢Bj for i#4} .

l,-o

It is obvious that 2 is the number of elements of T, and
all elements of T are not equal to each other. It is obvious
that Eij#Q.

Lemma 2.13. Let R={hl,...,hm} be a relation over Q. Then
+

Proof. It is clear that I(FR) is closed under intersection,

and EijGI(FR)' where 1<i<j<m. Consequently, T+=I(FR).

Conversely, it is obvious that Q€T+ and QGI(FR). If

3 S
AGI(FR)\{Q}, then there is a Eij (EijeT) such that A=Eij . We
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- » o (=3 g i g . =
set S—{E.JGT. A_Eij}. If there is an Ei] (EiaeT) so that EiJ Ay

then A€T holds. If A NEj 4y , then for all inderpairs (p,q)
E, €S
such that ques or theréjis an E, s (Eijes) so that E_=E.. we

J pag 1]
obtain that:

(VaeA)(hp(a)=hq(a)) - (¥be ST?.g)(hp(b)th(b))
i

On the other hand, for all other inderpairs (p,q) (if exist)
there is an a€A such that hp(a)#hq(a). Consequently,

holds. This contradicts to the definition of A. Thus, we have

A= By

EijGS

Definition 2.14. Let R be a relation, and F be a f-family

over Q. We say that R represents F iff FR=F s
Based on Theorem 2.10 and Lemma 2.13 a following corollary

is obvious.

Corollary 2.15. Let R be a relation, and F be a f-family

over Q. Then R represents F if and only if T+=I(F). Now, we
give a necessary and sufficient condition for D(FR)=DR.
Theorem 2.16. Let R be a relation over Q.
Liet
Nl={A€E: A+#®, (¥B,CEE) (A=BNC+A=B or A=C)
E is the set ofall equality sets of R}.

and
N,= {DEN: D#Q (¥X,Y€EN) (D=XnY=-D=X or D=Y),
N is the set of all non-equality sets of R}.

Thus, N2 is the unique family, which has minimal cardinality,
and generates N.

Then D(FR)=DR holds if and only if N,=N, holds.
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Proof. By the definition of D(FR) we have I(Fé)=G(D(FR)),
and ¢€I(F’). By Theorem 2.3 we obtain that D(F )= DR holds
if and only if G(D )—G(D(F )) holds. It is obv1ous that @€N.
From Theorem 2.6 we have G(D )—N U {@} .

By Lemma 2.13 we obtain that I(F )U{¢} I(F ) and
Nl U {P} I(F ) holds. Consequently, N1 =N holds b i G(D )=
= G(D(FR)) holds. The proof is complete.

It can be seen that from E, and N we can construct the N

2

1
and N2. Consequently, the next corollary is obvious.

Corollary 2.17. Let R be a relation over Q. Then there is
=D(FR) holds or

an effective algorithm, that decide whe there DR
not.
It is clear that the time complexity of this algorithm is

polynomial in |R|, and |Q].

Definition 2.18. Let R={h;,...,h } be a relation over Q,
and E be a family of all equality sets of R.
Let

T={A€P (Q) : BEijeE: A=Eij}, and M={A€T: 3IBET: A%B}

M is called the family of maximal equality sets of R.

Theorem 2.19. Let R be a relation over £, and K;l be a set
of antikeys of R. Then K;1=M.

Proof. It is obvious that Fr is a f-family. Now, we suppose
that A is an antikey of R. It is clear that A#Q. If there exists

exists a B such that AgB, and A % B, then by the definition of

antikey B % Q. Hence A % Q holds. This contradicts
VCEKp: CEA. So we have A€I(Fp). If there is a B’ such that

B’eI(FR)\Q, and ACB’, then B’ is a key. This contradicts B’#Q.
Consequently, A€I(FR)\Q and 3B’ (B'EI(FR)\Q) :ACB’. On the other
hand, according to the definition of relation Q#M. It is easy
to see that EijGI(FR). Thus, MgI(FR). If D is a set such that

VEijeM:DQEij » then by the definition of functional dependency
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we have D % Q, i.e. D is a key. Consequently, M is the set of
distinect of I(FR). So we have AEM.

Conversely, we assume that A€EM. Then according to the
definition of relation and M we have A-% Q; 1.6, VBSKR:BiA. On
the other hand, because A is a maximal equality set, we obtain
that if A€D then D § Q. Consequently, by the definition of
antikey AGK;l. The theorem is proved.

Based on Theorem 2.19 the next corollary is obvious.

Corollary 2.20. Let K be a non-empty Sperner-system over Q,

and let R be a relation. Then a necessary and sufficient

condition for K=KR is that K_1=M.
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Megjegyzések dualis fliggbségekrol

Vu Duc Thi

Osszefoglald

Ebben a cikkben néhany uj eredményt adunk, amelyek dudlis
fligg6ségekre vonatkoznak. A funkciondlis filiggGségek néhéany

tulajdonsagait is vizsgaljuk.

3aMeuaHHusa 06 OyaJiIbHHX 3aBHCHMOCTAX

By Imkx Txu

Pe3swwMe

B HacTosmel paboTe H3YyYawTCH OyaJibHHe 3aBUCHUMOCTH. Pac-

cMaTpUBaeTCsI TaKXe CBA3b MexOy OyaJIbHEMH 3aBHCAMOCTAMH H QYyHK-

IIHOHAJTbHEIMH 3aBHCHMOCTSAMH .



MTA SZTAKI Kozlemények 34/1986 pp.123-149

SKBHUBAJIEHTHOCTB OIHOI'O KJIACCA PEJIAIIMOHHBIX
BEIPAXEHHH

o CyaH Txo

BBEIODEHUHE

Ha ocHOBe pensamuoOHHOHW anrebpu /[relational algebra/ BBemeHHOM
noxkTopoMm Kommom /1.3./, 3ampOCH HCHOJNBb30OBaTeJied 6GashH JaHHHX

/BI/ MOr'yT 6HTE BHPaXeHH B BHIE PEJISIHOHHHX BHpaxeHui. [osaTo-
My B O6JIaCTH OIITHMH3ALUH OOpaboOTKH 3anpocoB B Bl 60JibmOe BHH-
MaHHEe YOeJiaJIoCh BOIPOCY NPpenCcTaBJ/IeHHA PENAUUMOHHHX BHPAaXEHHHA H

CO3JaHUsA 3KBHBAJIEHTHHX [peOo6pa30BaHUN PEJIALMOHHHX BHPAaXEHHH.

B /4/, /5/ 6muio ucnone3oBaHO Ta6bno [tableaux/ xak OByXBepHoe
npencTaBlIeHHEe OIHOI'O KJjlacCa 3alpoOCOB HCIIOJIb3O0BaTelieH cooT-
BETCTBYWUWEr'O Or'PaHHYEHHHM PEeJIAUMOHHEM BHpaxXeHusM [restricted
relational expressions/. OrpaHHYEeHHHM PEJISIIHOHHEM BHPaXeHUEeM
Ha3HBaeTCsA BHpPaxeHHe obllafapmee Tpemsa ONepalUaMH PeJIFIIMOHHON
anre6pu: BHOOP /Select/, npoekxTupoBaHue [Project/ M coenuHeHue
/Join/. /B /4/ ero HasHBawT BHpaxeHHeM SPJ./

Ta6so /o6o3HaueHHoe T/ - OByXMepHas MaTpHNa, KaxIui CcTojber
KOTOPOM COOTBETCTBYET OOHOMY H3 aTPHOYTOB YHHBEpCaJIbHOT'O OTHO-
meHuss B QUKCHPOBAHHOM nopsike. [lepBas CTpoKa Ha3HBaeTCs CBOIO-

Ko#t. CHMBOJIH B TabJi0 BHPaAXEHH H3:

1/ - XapakTepHHX rnepeMeHHumXx [distinguished variables/,
2/ - HexapakTepHHX nepeMmMeHHHX [/nondistinguished variables/,
3/ - KoHCTaHT,

4/ - BIIaHKOB.

Kaxmoe orpaHWYeHHOE DPEeJISIHMOHHOE BHpPaXeHWe MOXeT OHTE NpelncTaB-

JIEHO B BHIE COOTBEeTCTBywmero Tabio. B /5/ 6mnu npenyioxXeHH Me-
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TOOH 3KBHBAJIEHTHHX Npeo6pa3OBaHHM J060r'o Tab6JyiIo K BHIOY TabJsio To
C MHMHHMAJIbHEM YMCJIOM CTPOK. Kak HM3BEeCTHO, YHCJIO CTPOK B Tabjio
GoNbme YeM YMCJIO Onepanyuii COeNUHEHUS B OTDAHHUEHHBX pPeJIAIHOH-
HHX BHpPaXeHHAX Ha eOWHHHY H, OCYymMecCTBJIEHHE OlNepalHWH COeOHHEeHHUSH
B BHUYHCJIMTEJIBHOM MamMHe Tpe6yeT MHOI'O BpPeMeHH H o6bemMa NaMsATH.
[Io3TOMy 3THM MeTolaM OHJIO yIeJIeHO 6GOomnbmoe 3HaYeHHEe JIA ONTH-—
MaJIbHOM 06pabOTKHM PEeJNIAIHOHHOI'O BHPEXEeHHsi. HecMoTps Ha TO,
MOHATHEe Tabyio HanucaHo B /4/, /5/ MMeeT HeKOTOpoe OrpaHHUYEeHHEe.
C ero noMompl JIMIE TOJIBKO MNPENCTAaBHT B BHIEe TabJi0 pesyslHOHHOEe

BHpaxeHue obliamawpmee onepamnHel BHOOpa BHIA aA=c(r).

[IpakTHYECKH HaM IMPUXOOUJIOCH obpabaTHBaTh HauboJiee CJIOXHHE 3a-—

MpocH. PaccMOTpHM clnenyiomue npumepn /cMm. /6//.

IlycTe B BJl XpaHATCA CBEONEHHS O CJHAYXamMHX H HX YUYPEeXOeHHAX. YHH-
BepcajlbHOe OTHOmEeHHe R omnpepnesieHO Ha aTpubyTax H /HoMep ciyxa-
mero/, 3 /3apnnara/, YV /HoMmep yupexneHus/, ® /daMHIHUa Clyxame-
ro/, I /momxHocTh/, B /Ha3BaHue yupexneHus/, A /anpec/, T.e.

R =R (H,9,1,3,Y,B,A)

R1=R1 (H,¢,n,3,Y) - cxeMa oTHomeHus CJIIVXAIUE

R2=R2 (V,B,A) - cxemMa OTHoOmeHHs YUYPEXIEHUE.

[lepBHM 3amnpoC: MOJYYHUTh HOMEp, daMHIIMI0, HOOJIKHOCTH TEeX CIyXamux,
KOTOpHE paboTawT B yYpexIOeHHH B 19 u uMewT 3apniaTy 60Jbue

1500. 1-# 3amnpoC nNpelcTaBHM B BHIOE PEJISIIMOHHOI'O BHPAXEHHS:

( (R1))

Iy o,n1'9351500 a y=19

BTOpO# BOMPOC: MOJIYYUTH HOMep, OGaMHIIHI0, IOOJIKHOCTHL TeX CJyXa-
myUx, paboTammux B yupexmeHuax N 17, 19, 32.
2-0OR 3amnpoc npencTaBMM B BHIE:

I ( (R1))

H,o,0 %y=17v y=19 v y=32

Jlerxko BUOETh, YTO l1-#, 2—-0OM 3anpOCH He MOI'yT 6yTh IpeIcTaBJie-—

HH B BHOe TabJlio.
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B sTOi pa6boTe MH BBeOeM HOBOE IOHATHE - oO60o6meHHOe Tabjio /o6o3-

HayeHpe T /.

BBeOeHHOE HaME IOHATHE T IIO3BOJIAET pa3BHUBATh Pe3yJbTAaTH ONY6JIH—
KoBaHHHEe B /4/, /5/ Insa OrpaHHUYEHHOI'O PEJISIHOHHOT'O BHPAaXEeHHUS

obJlajawmero ornepandey BHO6Opa TaKHUX BHIOB:

(r) 6/ G

a/ %pec ng 1808500008y )

roe A - aTpubyT, C — KOHCTaHTa, 0 € {==,#,<,s,>,2},ai€ dom(A)

ByoeM o603HavyaTh B obfuem BHIOE O onsg cnydaeB a/ u 6/,

A€t
£ - MHOXeCTBO 3HaueHu# u £ Sdom(A).

PaboTa COCTOMT H3 4 OCHOBHHX pas3ejIoB. B nepoM paslejie NOBTOope-
PHl OCHOBHHE IOHATHA PEJIALHOHHOM MoIeNH. BO BTOpOM paslejyie BBe-
OEHH IOHATHA O606mMEeHHOr'oc TabJio T M npaBHJIa TIOCTPOEHHSA TabJio

COOTBETCTBYWIEIr'O OI'PaHUUEHHOMY PEeJIAINHOHHOMY BHPaXeHHw E c one-

paunuenr BHO6Opa o B TpeTmpeM pasznesie 6yOyT OIHCAHH TOHATHSH

A€t "’
S5KBUBAJIEHTHOCTH M 3KBUBAJIEHTHOE Npeofpa3oBaHHEe IOBYX OGOOmEeHHHX
Tabjlo. B ueTBepTOM pa3smesie 6ydeM ToKa3HBaTh CBA3b Mexny Tabio

T ¥ O60O6mEeHHHM TabJio T .

1. OCHOBHHE IOHATHS PEJISHHOHHON MOIEIH

B penanuoOHHOM B]Jl O6beKTH OMHCHBAKWNTCHA NPH TOMONH XapaKTepH3Yyio-
MHUX TIPHU3HAKOB, KOTOPHE HaA3HBAKWTCA aTpHOyTamMH. KaxIOwli aTpHBYT
HMeeT HUMA M MHOXEeCTBO 3HaveHHUN. MHOXeCTBO 3HaueHu#i arpubyra A

Ha3HBaEeTCHaA ero IJoMeHoM H ofozHauvaeTrcs dom(A).

R ={A1,A2,...,An} —= MHOXEeCTBO HMMEH aTpHOYTOB OTHONMEHHSA Y.
R Has3HBawWT CXeMOH OTHOmeHHUs r. [Ion NMOHATHEM OTHOmEeHHS NOHHMa-

0T Jmo6oe INOIOMHOXEeCTBO IOeKapTOBa ITPOM3BeINeHHSA AOMEHOB, T.e.

r(Al,...,An) = dom(Al)x v e dom(An)

DJIEMEHTH OTHOMEHHST (al,...,an), aie dom(Ai) ABJIAETCA KOPTEXEM.
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3HavueHHe aTpubyTa A B KOPTEexXH p obozHaueHo ul[A].

BynemM o6o03HauaThk oOrnepando BHOOpa uepes o A — aTpHBYT CXeMu

A€E’
oTHOmeHus r, & < dom(A).

o(r) = {u€r | u(A] €t}.

ycTes X € R. Onepanus NPOEKTUPOBaAHHS OTHOmMEHHS r Ha X /o603Ha-

ueHa Hx(r)/ onpenenseTcsa CAeldyronHM o6pa3oM:
M (r) = {u[X] | uer}.

Ecny OTHOmWEHHUSA rl H rz HMEeTCHA, CXeMHl Rl, RZ COOTBETCTBEHHO.

Torga onepanus €CTeCTBEHHOTI'O coeguHeHus [natural join/ oTHO-

H r, B r HayeHa r, X r,.
WeHHT T 5 0603Ha 1 2

X XX

1 i {u | /u - KOPTeX OTHOMWEHHS CO CXeMoM R1 H R2/

/\(Bulerl/\ v,€r, : vl[Rl]= u[RllAuz[Rz] — u[Rz])}

[IyCTh OTHOWEHHS Y, H r. HMEWNT ob6umylw CXeMy OTHOmEHHs. Bynem

1 2
obo03HavaTh Orepandiw O6beOHHEeHHUS OBYX OTHOUWEHHMN rl H r2:

r,V r, = {u| ver, v per,}.
Onepauus nepecedyeHus OTHOHEHHH r1 %4 r2 o6o3HavaeTcsa r1(7 r2
R {u| uer Auer,}.
3AMEUYA HHU E: Ecnu rl b5 r2 HMernT obmyw cxemy, TO
r. Xxr,=r N r_ . [Io3TOMy CUYHTaeM, 4YTO Onepalusa nepeceyeHus -

1 2 1 2
YaCTHHEM CliydyaeM onepanuu eCTeCTBeHHOI'O COeJHHEeHHs.

Onepalyss BRHYHMTAHUS OTHOWEHHS rl u r2 /O0B03HaAYHUM rl-rz/ onpene-

JIg€eTCA:

Ky Sy = {u| uer

1 A uerz}.

1

[Ion NOHATHEM pPEeJIAHHOHHOI'O BHPaXEHHS ITOHHMAWT BHpaxeHHe, oO6Ja-
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mamumee ornepaHgaMH - PeNgiUMOHHEMH CXEeMaMH, onepaTopaMH - onepa-
LHUAMH DPEeJIALMOHHON anreébpu. B /3/ Konono onpenesyus, YTO MHOXECTBO

onepalnyy PeJsIsUMOHHON alrebpr ob6bllajaeT PeJIAIIHOHHOM TIOJIHOTOM.

HaM M3BEeCTHO, UTO pPeJdAIHOHHOE BHpaXeHHEe MOXET OINHCHBATH MHOIO
OOBOJIBHO CJIOXHHX H Pa3HOO6pa33HHX 3anpoOCOB NOJIb30BaTeJlIe, B KO-
TOPHX Onepanuyd BHOOpa, NPOEKTHPOBaAHHA H COEIHHEeHHA HUMEeKWnT OXBa-

THIBawimee 3Ha4YeHHEe.

[IoaToMy B 3TOM paboTe MH 6yIoeM paCCMaTpHBaTh OI'PaHHUYEHHOEe pendg-
IIHOHHOE BHPAaXeHHWe, B KOTOPOM HMEWTCH TOJIBKO OonepaunHH BHOOpAa,

IIPOEKTHPOBAHHUA H CO€eIHHEeHHSs.

B /4/, /5/ 6mnuM BBeIEeHH NOHATHA O YCHJIEHHON 3KBUBAJIEHTHOCTH
/strong equivalence/ u cna6oit 3KBHBaJIEHTHOCTH /weak equivalence/

IBYX PEeJIALHOHHHX BHPAaXeHHH.

NycTe E peNIAIUMOHHOE BHpPaxXeHHe C onepaHIaMH-CXeMaMHM OTHOMEHHM!

Rl'RZ""’Rn' IpHCBaKWBaHHEM a Ha3HBAETCHA 3aMeHa KaxXIo¥M CXeMH

Ri (i = 1,n) B E ee COOTBETCTBYWHMHM COIepXaHHEM ri, T
a = R.=>T 3 1 =(1,n).

Bymem o603HauaThk Va(E) ~ 3HAaUYEeHHEe PEeJISIHOHHOTO BHpaxeHus E
COOTBETCTBYyWIEE NMpHCBAaHBaHUKW o . A V(E) ecTh oTo6paxeHHEe TNpHC-
BaMBaHHUA o JIUIA ONMEPaHOOB B BHPaXEeHHH E Ha 3HaueHHEe BHpPaXEHUHA
VG(E), T.C.

V(E) : a - Va(E).

Torma IOBa PEeJNIAIIMOHHHX BHPAaXeHUS E1 U E2 CUHUTANTCA YCHJIEHHO 3K-
BUBAJIEHTHEIMH , €CJIH Va(El) = Va(EZ)’ Yo HIIH V(El) = V(Ez).

[IoHATHE O Cclabol SKBHUBAJIEHTHOCTH OCHOBAHO Ha NPennoOJIOXKEHHH Cy-

mMEeCTBOBAHUA YHHUBEPCAJILHOI'O OTHOMEHHS Ha MHOXeCTBe aTpy6yTOoOB

n
U Ri' H U1 OmpenesIeHHOI'O COCTOSAHHMA I YHHBepCcallbHOI'O OTHoue-
i=1

HHS KaxIon cxeme Ri npucBauBaeT COOTBETCTBEHHHM 3HAUYEeHHAM

r, = 0. (I),
& Ri
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O603HaYUTh VI(E) - 3HaYeHHEe pPelIAIIMOHHOI'O BHpPaXeHHa E npH coc-
TOSAHHU I. VI(E) onpernenseTcsa HHOYKTHBHO IO YHCJY PEeJIAIIMOHHOM

orilepaniK B BHpaxeHHH E clenywomyMm o6pa3oM:
1. Ecau B E MMeeTCsa TONBKO CXEMa OTHONEHHS Ri’ TO:

Vi(E) = @Iy (I)
i

2a. Ecimu E = oAieg(El) 4 TO

VI(E) = GAieg(VI(El)).

26. Ecou E = nx(El) ;7 TO

VI(E) = HX(VI(El))’
2B. Ecmu E = E1 X E2 7 TO

VI(E) = VI(El) X VI(Ez).
2r. Ecou E = Eq ) E, , TO

VI(E) = VI(EI) V) VI(EZ).
2n. Ecnu E = E1 - E2 ;s ‘TO

VI(E) = VI(El) = VI(EZ).

PaccMaTpHBaeTCsA KakK OTO6paxXeHHe M3 COCTOgHHN I yHHBepCaJIbHOT'O

OTHOIIEHHsA B OTHOUIEHHe VI (E).

Ecnu ¥I, VI(El) = VI(E2), TO T'OBOPA, 4YTO E1 cnnabo 3KBUBAJIEHTHO

/WY SKBUBAJIEHTHO/ E2. O603HavawT Elez.

B sTol paboTe HCClemyeTcs ciayday cliaBoit »KBUBAJIEHTHOCTH. Ho mo-
JIy4eHHHE pe3yJIbTAaTH MOI'YT o606maTh M Ha Ciydyal yCHJIEHHON 3DKBH-

BaAJIEHTHOCTH .
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2. [loEaTHe 0B60B6mEeHHOr'o TabJio

O6o6meHHEM Tabso /o603H. T / Ha3HBaeTCA OBYXMEpHas MaTpuua,
KaXOHM CToOJI6Eel] KOTOPO# COOTBETCTBYET OINHOMY H3 aTPHOGYTOB yHH—
BepcaJIbHOI'O OTHOmMEHHS B (UKCHPOBAHHOM nopsanke. llepBas CTpoka

Ha3mBaeTCda CBOIKOH.
CHMBOJIEI MaTPHLBE MOI'YT OHTB:

1. XapakTepHHe NepeMeHHHe /0603HavyawTCH a17

2. HexapakTepHHE IepeMeHHHEe /oGosnaquu*bi/

3. CHMBOJIH MHOXECTB 3HaueHHH & , NpHHaIJIexamux OOMeHaM aTpH-
6yTOB YHHBEPCAaJIbHOT'O OTHOmEHHus /06O03H. E /

4. BiaHKH.

3 AMEUYAHUHW E: B cinyuyae, kKorga Kaxgoe MHOXECTBO 3HadYeHUHN

£ HUMeeT TOJIbKO OOHWH 3JIEMEeHT, TO nojiydyaeTcs Ta6so T. IosTomy

MOXHO paccMaTpuBaTh T KaK YaCTHHYM 0606meHHOro Ta6jio 1 .

[IlycTep T 0606meHHOEe Tablyo , MHOXECTBO CHMBOJIOB TOSABJIAOMHUXCH
B T . [lon noHaTueMm ouneHku [Evaluation/ P IVIA T TOHUMAKWT TIPH-
CBa¥BaHHE COOTBETCTBEHHOTI'O 3HAUEHHA KaXIOMYy CHMBOJIY H3 ¢ B

9TO MPpHCBaHBaHHE 3HAQ4YeHHA YyIOOBJIETBOPAET CJIIyOYIHM YCJIOBHAM:

~ ~
a/ Ecnu &€ - CHMBOJI MHOXeCTBa 3Ha4YeHHsa, TO { npHCBauBaeTCH

OOHO 3HaueHHe C € . BymeM o603HadYaThm o(g) = C.

Ecoim § = @, To pP(E) = @ wm Tabno T o6ranapmee NMYyCTHM MHO-
XecTBOM - nycrtoe, Ilycrtoe Tabno /o6o3H. @/ oTobGpaxaeT H3 Juo—-
60r0 CcoCcTOsHUA I YHHUBEpPCANIbHOIO OTHOMIEHHA B NyCcTOe OTHOome-
HHEe,
6/ Ecnu w = Vi Vo eee Ve = oOoHa cTpoka TabJlo T , TO

p(w) = p(vl)... o(vn). MHOXECTBO aTpUBYTOB COOTBETCTBYIO-
mUX CTOJNI6IIaM He UMenmuM 6JIaHK Ha CBOIKE T Ha3WBaKwTCHA leje-—
BOM CXeMoOM OTHomeHHs [target relation scheme/.

3HaueHHe TabJIO T COOTBEeTCTByWIEe OOHOMY COCTOSHHIW I YHH-
BepcalbHOI'O OTHOmEHHA /0603H. T (I)/ onpenseTcs CclenyomUM
obpa3oMm:
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Lo () T D | p(wb)l IOJIT HEKOTOPON OIEHKH P HMEewnT p(wi->_
i =1,m}, rne W, — CBOZOKa, W, — CTPOKH TaByo T .

[IpaBHJla NOCTPOEeHua O6O0BmEeHHOTrO TabJsio

I[lycTs E OrrpaHHYEHHOE peJigliMOHHOEe BHpaXeHHe, Torma o6obmeHLEoe
Tabyno 1 IOy E CTPOHTCA HHOYKTHBHO IO YHCNYy onepanuu B E cie -

OyomuM o6pas30oM:

1. Eciu B E HeT HHKAKOM omnepanmHM, To E - cxemMa OTHOumeHHS R,

Torpopa Ta6JIO T COCTOHT H3 CBOIOKH H OIOHOU CTPOKH.

a/ Ecnn Ai - aTpubyT cxeMm R, TO B cToOJble Ai Ha CBOIOKE H

Ha CTPOKEe HMeeTCdA OIOHHaKOBasA XapaKTepHasa IIepeMeHHas ai.

6/ Ecnu Ai He fABJIFETCHA aTpubyTOM CcxXeMHm R, TO B cToON6me Ha
CBOIOKE COCTOHT 6JIaHK, M Ha CTpPpOKe CTAaBHTHL HOBYI Hexapak-
TEPHYI IEepPEeMEeHHY.

2. Nyctes E (El). Ty 0606meHHoOe TabJIO NMOCTPOEeHHOoe NONdA

oAiGE

El' Toroa T = pAieg(Tl) nonyvyaeTcsa U3 T4 CJenyomuMm ob6pa-

30M:
a/ Ecnu B cToOn6ue Ai CBOOKH Tq uMeeTcda 6yaHK, TO BHpaxe-

HHe E He HMeeT HHKAKOM CMHCJI, W Tabso Tt g E He onpene-

JIEHO.

6/ Ecnu B cTonbre Ai CBOIOKH Tq HMeeTca CHMBOJI MHOXeCTBa

3HaYEeHUsR Ei Torma:
(i) Ecam &, N t=g, To ¥I:

VI(E) =G (VI(El)) = @, orcrioma T = @,

A€

(ii) Eciam Eln E#Q, To TaBNO T mNONYyYaeTCH H3 T, 3ame-
HOM £, Ha E,(E, = 61(\ £) B Mecrax rme £, nosBaA-
eTcsa B CTonb6bile Ai’

B/ Ecnu T, HMEeT XapaKTepHYW MepeMeHHyo a, B CTonbue Ai
CBOOKH, TO T NOJyYaeTCa M3 T, 3aMeHOol a; Ha tE B Mec-

Tax, TAe a, TMNOABJAETCA B CTon6ume A; .
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NycTs uveercss E = I (E) u 1, - 0606mEHHOe TabJsIo ONA E, .
Ta6J10 T = Hx( T1) MoNy4aeTCa W3 T, CIJenyouHM o6pasoM: B
cTonbrmax COOTBETCTBYWIHX ATPHOBYTaM HEeBXOOAmHX B X BCE CHM-—
BOJIH CBOIKHM 3aMEHAITCA 6JlaHKaMM, a XapaKTepHNe TepeMeHHHEe

Ha CTpOKaX 3aMeHAKNTCA HOBHMH HeXapaKTEepHHMH INNepeMeHHEMH,.

[lyctp E = E1 X E2 H Tl’ T2 OBa OOOBmMEeHHHX TafBJio oJja El’
E2 cooTBeTCTBeHHO. Torma T= Ty X T, Ina E cTrpouTcsa clie-
OYIMHM 06pa30M:

a/ Ecnu B cTOnbie Ai CBOIOKH Téﬁno T, HMMEeT CHMBOJI MHOXeCT-
Ba El’ a Tabiso T, HuMEeT &, M glf1 Ey) = ¢ . Torma ¥I,
VI(E) = ¢, oTcwma T= g,

6/ NycTs 1 U 2 MHOXEeCTBAa CHMBOJIOB IOBYX Ta6JIO Tl u T2

COOTBETCTBEHHO. HeHapymasa OO6mWHOCTHL MH NpeanoJsiaraeM, 4TO

Ty # T, MMENT ONMHAKOBHE XapaKTepHHE NepeMeHHEE B
cToNblax COOTBETCTBYIOMUX OOHHM aTpHbyTaMm, Ty H T2 ume-
0T Helnepecekawm#e MHOXeCTBa HexXapaKTepHHRX NepeMeHHHX.

Torpma Tabyno T BKMOUAET B cebs BCe CTPOKH TabJio T1 H 12

C CHUMBOJIAaMH ONpenesIFomHMHA IO CIIeOYMHM NpaBHJIaM:

(i) Ecim B cToOnbéue Ai CBOIKH o6e Tl’ T2 gnu OOHO U3
HHUX MMEeeTCs CHMBOJI MHOXeCcTBa 3Ha4YeHHNM § TO B CTOJNG-
ne Ai CBOIOKHM TabJjio T CTaBHT CHMBOJI E. Bce xapakTep-
HHE negemenuue B cTonéue Ai TabyoO T 3aMEeHAWTCHS CHM-—

BOJIOM £.

(ii) Ecnamu B crosbue Ai CBOOKH T, mMeeT CHMBQJT MHOMECTBA 3Ha—
YeHu#t £,, T, HMEET CHMBOJ MHOXeCTBa 52051(\ 527% .
Tornga B COOTBETCTBEHHOM cronsng Ai Ta6bJo T Ha CBOO—-

K€ NMOCTaBHUTL CHMBOJI MHOXeCTBa E' g = 51 n 52 , U BO

-~

BCeX MeCTax TIJle MOABJIANTCA &, 52 3aMeHAIT CHMBOJIOM £ .

(iii) Ecnu B cToOnNbIie Ai o6e Tqr T, HJIM OOHO H3 HHX HMe-
eT XapaKTepHYK NepeMeHHy®o a; H NBa NPeINOymMHX NPaBH-
Jla He HCIOJIb3YyeTCH, TO Ha CBOIOKE T MNOCTABHTh Xapak-

TEpHYI0 NMEePEeMeHHYW a. .
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(iv) Iy OCTalbHHX CJlydaeB Ha CBOIKE T TIIOCTaBHTH 6JIaH-

KH.

I puMEDP :

1-#1 3amnpoc /CcM. BBeleHHe,/ NMPeICTaAaBUTh B BHIE PEJIANHOHHOTO BHpa-
KeHHUSHA

E=1 (

H,0,1 '°3€g,AvE Ez(Rl))’

roge §; = {C/C > 1500AC€dom(3)}, By & {19}, Torma no nmpaBuJIaM

IIOCTPOEeHUusT 1 ImOJiga E uMeem:

H ® I 3 v B A
al a2 a3

= — -
aj @, @&y & &5 b by

TemmMmal : IIycTs Tqr T2 IoBa O606mEeHHHX TabJrsio. Insa Jonoboro

cocTossHHA 1 YHHMBEPCAJBbHOT'O OTHOHMIEHHS HMEeWnT MeCcTO CclienywmHe pa-

BeHCTBa:

1°F @y gpl T (VY = Doy

(1) (1),
1eg

AiGE,‘
g m(t(I)) = (I (1)) (I),
(@]

3 7 ®w{I) % Tl(I) = (1 x rl) CE 2

HIoKasaTenRnsp»cTn O:

1. JokazaTenbCcTBO 1-0ro paBeHCTBa NMPOHM3BOOUTCA IO OBYX miaram:

a/ o &
AiGE( T(I)) S (°Aieg( T ) SCE D
ycThb oAieg( T(I)) # §. B aTOM clyyae Hano OoKasaThb, UYTO
Yu # @§, ecnu p€ oAiGF,( T4I)); TO ue(oAiGZ’;( T3 (1),
O603HavaemM MHOX€eCTBO CHMBOJIOB Tabyno T H u==(u1“.ui.”un).

Torga CymecTBYeT OIeHKa o g T

I Bl Jone BURTTRe BIOR D = Ty cacigie iy D
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p(wj )eIl j - llm’

= (W wa ¥y o'V - CBOIOKa, W. — CTpOKa Ta6jo T .
Wy ( 1 N n) oKa, j P 6510 T
[Io ompemeseHH0 Ta6JI0 CHMBOJIH MOABIANMHECH Ha CBOIOKE MOTYT GRITH
XapaKTEepHHMH INepeMeHHEMH, CHMBOJIaMH MHOXECTBa 3HaueHHI HIIH

6aHkaMu. Tak Kak OA-eg( T(I)) # ¢, nosaTomy v, He MOxXerT BHTH
1

6J1aHKOM. PaccMoOTpuM mOBa ciaydas: (i) vV, — XapakTepHas MepemeH-

Has ai . Torgas

P(vi) = u[Ai] = u,€L.

(ii) vy~ CHMMBOJI MHOXECTBa 3HauUeHHH El' Torzna

P(vg) = (&) =u [A;] =n,€8 0 g,
IlycTs - MHOXEeCTBO CHMBOJIOB Tablo = o (R
A€t
= i '
Wy = (ul...ui...un) cBOOka Tabno T .

[lo nmpaBHJIaM NOCTPOEHHS T M3 1 OYEBHOHO 4YTO Y’ OTIMYaeTCs OT

Y TOJIBKO OFHMM CHMBOJIOM V., H U, . Bynem BHOHMpPaTb OueHKy o' mns t’

crenyiomuM O6pa3oM:

~-vdey’ u dey /r.e. d # ui/, Torma f’'(d) = p(d)

p(E)= D(vi)=u[Ai]=ui€£, eCnM V. XapakTepHas mnepe-

MeHHas a;
d(g,)= p(g )=ulA ;l=u.€E, , rme £,=¢ Ng , ecnmn

~

o%ui)

Vv, CHMBOJ MHOXeCTBa &, .

[lo criocoby nocTpoeHus P u p uMeeM:

": — . "=. '=__.
o(wo) p(wo) I ) (wj) D(wj)GI, ) 1,m
CnemyeT u€ UAiGE( BOIRICT) S
ECJ¥ o (t (1)) # @, BuUOHO, YTO a/ = YOOBJIETBOPEHO.

Aieg

6/ - aHAJIOTHYHO MOXEeM OoKasaTh, YTO
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UAiGE( TLI)) 2 (oAiGE( $53 €X) (1.6)

o
TakuM o6pa3OM paBeHCTBO 1~/ moxasaHo.

2/ llo onpenesyieHHKw O606mMEHHOro TabJIO M NMpaBHJIa TIOCTPOEHUS Hx( T )
H3 T JIerKO noKasaTh, 4YTO: Hx('r(I))=(nx('r)) (3, 'WE:

3/ Ins pmokasaTesNbCTBa 3-ero paBeHCTBA, CHadalsla MH TIOKaXeM, 4TO
a/’ T{E) x Tl(I) S (1tx Tl) CL) , %1 .

IycTs TLE) % Tl(I) # ®. Hamo mokasaTh, 4YTO
¥v # ¢, ve€ 1(I) x Tl(I) - ye(T x T,) tE)

[Io NMPemJIOXEHH Vv = u W W , rOoe ue€ 71(I), ule T (X))

5TO O3HavaeT, uTo 3 omeHka P miIA T H Py ANA T, TaKHe, UTO:

- p(wj)e I, J=1m

p(wo)

W, = CBOAKa, wj - cTpoka Tabino T .

% o 1 .
l(wo) = My ol(wj)GI r 3 =1,m

wé - cBOOKa, w; - CTPOKH Tabyio T, .

IlycTe ¥V, Yl MHOXeCTBa CHMBOJIOB OBYX TabJo T s Tl COOTBET-

CTBEHHO.

Yy’ MHOXeCTBO CHMBOJIOB ot =T ox Tl' BufupaeM OmeHkKy p’ misa
T! crnenmywomuM O6pas3oM:

ecnu dey’, dey, deyl, TO p’(d) = p(4d)

ecnu dey'’, dev, deyl’ TO pf(d) = ol(d)

ecnu dey’, dey deyl’ TOD'(d)=p(d)=pl(d)==u[Ai]==ul[Ai].

/3'1‘0 UMeeT MeCcTO, Korma d ABISeTCHS XapaKTepHOH TIepeMeHHON HJIH

CHMBOJIOM MHOXecCcTBa £ B Y H Yl./

Ecnu dey’, devy, dey1, TO IO NpaBHJIy NOCTPOEHHA T X Ty d mo-
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XEeT OHTh TOJIBKO CHMBOJIOM MHOXECTBa 3HaAYEeHHN B KaKOM—HHOYIOb

cTaréle Aj CBOIOKH Tatyio T rl.B COOTBETCTBEHHOM CTOJI6lle CBOIOKH Tab-—

JIO T HMeeT CHUMBOJI MHOXeCTBa £, a Tabyo o él' EN El#=6,
Eheg, &, .
MH uMeeM:

2 = 4 r = r = r = = =
Ha ocHoBe BHO6GHpaHus p’ mgng T X T HMeem:

p'(wé) = v , p’(wﬁ)eI, j = 1,m+m1 i

14

’
w
o

- CBOIKa, wj = CTpOXKa Tabymo T X T

Orcwopma cnenyeT, 4YTo ve( T ™ Tl) €T
Ecnu T (E )b Tl(I) = ( , BHOHO, 4UTO a/ — YIOBJIETBOPEHO.

Tak U TpebOoBaJIOChk OOKas3aThb.
B. AHAJIOHYHO MOXHO IOOKa3aTh:

Iy T,(I) LT x T,) (T) .
TakuM O6pa3oM paBeHCTBO 3/ HoOKasaHo.

Teopema 1

IycTe E Oor'PaHHYEHHOE pPeNISHUOHHOE BHPaxXeHHe, HCIOJIb30BaHHe mnpa-
Buila 1 - 4 1nO3BOJISET CO3JaTh COOTBETCTByWmEe O0606meHHoe Tablso
T nonu E:
VI(E) = LX) WL .

JdoxasaTenhpecTBO 3

JokasaTeJlbCTBO TEOpEeMH IIPOBOIOHTCHA HHAOYKTHBHO IO YHCJIY OIepalnHH
B E.

1/ ODycte E - cxema oTHomeHHs R. Torzma u3s onpepmeneHus T1(I) H
VI(E) HernocpenacCTBEHHO cienyer, 4YTo VI(E) = TLT).
(E._)
‘ajee 17 "
11 o0606mEHHOEe TabJIo El' UHOYKTHBHEM O6pa30OM HMeeM:

2/ TlyCcTh BTOPOE MPaBHJIO OHJIO HCIOJNb30BaHO. E
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VI(El) = Tl(I). O6o3HavYaeM T= - 0oBobmeHuEcs TaR-—

o N
AiGE 1
70 misa E NOCTPOEHO C HMCIOJIb30BaHHEM npaBuia 2/. Torrma us oc-

HOBe OmpelesIeHHA OTO6paxeHus V. /npaBunio 2a/ u Jemmy 1 nony-

yaeTcHa:

VAL °Aie£(E1)) = oAiGE(VI(El))
= UAieE( Tl(I)) = (oAiGE( Tl)) (1)
= T(I).

3/ IlycThr TpeThe MPaBUIIO BEUIO MHCMNOJIL30BaHO E = nx(El)' IIo MHOYK=—

1)
TabJI0 NMOCTPOEeHHoOe Jig E MCNnoJsib30BaHHeM 3-ero npasuna. Toroa

THBHO, TO VI(El) = Tl(I) ¥I . O603HaYeHHe T = HX(T

Ha OCHOBe OornpenesieHus VI /npaBusio 26/ u nemMu 1 uMmeeMm:

VI(E) VI(HX(El)) = Hx(VI(El))

m (ot (1) = (M (1)) (I)

TX)s

4/ Nyctp E = E1 D] E2, Tl U T2 IOBa O6OBMEHHHX TabJso I El'

E, COOTBETCTBEHHO. IO NPEeNnOJIOXeHUO HHOYKNUH
VI(El) &= Tl(I), VI(EZ) = T2(I).
OBosHadaem T = T, W T, Tabyo NOCTPOEHHOE HCIOJIb30BaHUEM

4-oro npaBHJIA.

Tormoa: VI(E) VI(El.m E2)

VI(El) ® VI(EZ) - Tl(I) x 2(I)

(1, Tz) (1)

1

TAI) B T B Tl

Tak¥M 06pa3oM IJIS JI060I'0 OTPAaHHUYEHHOI'O PEeJISHHOHHOI'O BHPaXeHUSNA
E MOXeM TOCTPOHTH €ro COOTBETCTByWHmee Ta6jso T . [Io3ToMy T
HCIIONIB3YETCH KaK CIIOCO6 NMpencTaBJIeHUS PEeJIAIMHOHHHEX BHPaXeHHM,
B TpeTbeM pasnesie 6yOeM MCIOJIb30BAaTh SKBHBAJIEHTHOCTH O606mEH-

HHX TabJio.
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3. DKBHBAJIEHTHOCTEL OOOOmMEHHHX TabJo

Ta6jo T, ¥ T, HASHBANTCA SKBUBAJIEHTHHMH /0603H. T, = T1,/,

eCJIi TpH JIW60OM COCTOSHUM YHHBEPCAaJIbHOI'O OTHOmeHHs I:
T ) ie= L TGT) S
1( ) 2( )
TabJio T, Ha3HBAeTCA BKJIOUEHHEM B T, /0603H. T4 < T2/, ecJiu

VI
b = 7, LT}

3 aMeYvyaHHU e : Heo6XOOUMBEIM YyCJIOBHEM IJA T1 = T2 HIIA

T T ABJIAeTCHA TO, 4YTO Tl Hu T

b=
(8 2
OTHOUIEHHS .

5 MMENT ofuylo LeJIeByl CXeMy

IIycTb Tl H T2 IOBa 0606meHHHX TabJI0 UMEenHHX MHOXEeCTBO CHMBOJIOB

v, H Y2 COOTBeTCTBEHHO. OTo6paxeHue ¥ : Vl *»YZ Ha3HBawT T'OMO-—

Mopdu3MOM, ecnu ¥ yIOOBJIETBOPSET CJIYOYIOMHM YCJIOBHSAM :

~

1/ Ecou gleyl, £ CUMBOJI MHOXeCTBa 3HadyeHHsA, TO

1

w(&l) = 52 - CHMBOJI MHOXeCTBa 3HaueHu# u E, < &y

2/ Ecnu aiey1 XapakTepHas epeMeHHas, TO W(ai) ABJISETCHA MJIH Xa-
PaKTEepHOM IepeMeHHON HJIH CHMBOJIOM MHOXeCTBa 3Ha4YeHUuH Ek’
KOTOPHI TMOABJIAETCHA Ha CBOIKE B COOTBETCTBEHHOM CTOJIBIE Tab-

0 T,.
3/ Ecnu wj Kakasg-TO CTpoka TabJio Tqr TO ?(wj) TOXe CTPOKa T ,.

AHaJIOru4YyHO B /4/ s oBo6meHHOro TabJio ME HMEeM MEeCTO CJIenyn-

mer TeOopeMH .

TeopeMa 2 :

nycte T, ¥ T, ABa O0606mMEeHHHX TabJIo C ofmel HeJeBOM CXeMOoM OT-

HOLEHHsA, HMewmero MHOXeCTBa CHMBOJIOB yl H YV, COOTBETCTBEHHO.

2

HeO6XOAMMEMY [OCTATOYHEMH YCJIOBHAMH LN T, Sirl ABJIAETCHA Cy-

mecTBOBaHHEe I'OMOMOpPQH3Ma

4
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Dok, a, 3 ast. e d b T BrO 1

Heo6xoouMocTh - Eciu T, = T,+ TO CymecTByeT romomMopdusm. IycTs

02 oneHka TabJio T2, KOTOpasgs B3aMMOOIHO3HAaYHO oTo6paxaeT y2

B MHOXECTBO 3HaueHu#t C. BrbepeM I COCTOSHHE YHHUBepCaJlbHOTO OT-

HOMIEHHS COCTAaBJIAMWEIrOCH M3 TaKUX KOpTexei: p2(w§), j=1,m2,
w§ - CTPOKH TabJio T2.
C TakuM BHGOPOM I M p, — OUEHKA IJIA T, HMeeM:

- 2
pz(wo) = pe€ T2(I), Ve CBOAKA T ,.

[Io mpennosIoXeHHI0 T2 €S 1T, - u€ l(I), oTCcoIa cinenyeTr, 4ToO Cy-

il
mecTBOBaHHE OIeHKH pl 1A T1 TAaKOBO, 4YTO:

i
pl(wl) - i S > c
O
-1
(wl) eI i = 1.m p2
pl i ’ 3 iy
y= o010 1
1 1 S | 1
rme w_ - CBOAKa, wj - CTPOKH Tab- Y,y
JI0 Tl ¢ (peld)
-1
NocTpouMm oTo6GpaxeHue /puc. 2./ ¥ = 02 P, ¥ OOKaxeMm, 4TO ¥ ro-

MoMopduaM. ToO ecTb ¥ HYXHO YIOBJIETBOPSATE YCJIOBHSM 1-3.

NycTp W

N O -
I
<

o)
-
=
=}

Hcxomsa M3 TOr'o, 4YTO T4 H T, HMeT o6my MeJIeBYyKn CXEeMy OTHOoume-
1 2
H U P, (w = P (W = nosaTomMy ¥ : v, = u,. "
us 1( o) 2( O) (TR 3TOMY i i r THe Vg,
U, ABIANTCA JIN60 XapaKTEPHHMH T€pPeMeHHEMH JIH60 CHUMBOJIAaMH MHO-
XeCTBa 3HaueHHM. TakuM o6pa3oM Y yIOBJIETBOPSAET 2-OMY YCJIOBHI

roMoMopdHu3Ma .

Ecinu A CHMBOJI MHOXECTBa 3HaUeHHUH él, TO W(vi) HEe MOXEeT O6HTb
XapaKTepHON IepeMeHHOM. JJeNCTBHTEJIbHO B O6paTHOM Clydae

W(gl) = a; ¥ C - 3HAUEeHHe NPHCBOEHHOe XapaKkTepHOM IepeMeHHO¥,
c € dom(Ai), cé 51 .
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CtpouMm I'u3 I Cc 3amMeHoOH pz(ai) B CcTOJI6e i 3HaAYEHHEM C H BHEe-

PEeM OILeHKY pé s pl(d) = p2(d), Iy dey2 ud # aji pé(ai)==c.

Torma u' = p4(w))€ 1, (1Y, Ho u'é¢ T, (I’). 3TO0 mpoTHBOPEUHT

[IpearoJyIOXeHH0 T, c Tl ~

U Tak W(gl) ABJISETCSA CHMBOJIOM MHOXeCTBa 3HadYeHHuM! 52. Boree
3TOTO 52 §-£1 . IeicTBUTENbHO B O6paTHOM ciyuae 3ce;2—§1 + 0

M aHaJIOTHYHHEM pacCCyXIeHHEeM NpelmHaymeMy NPHIUTH K NPOTHBODEYHI0
T T .
2 & 1

TakuM o6pa3oM ¥ yIOOBIETBOPSeT 1-oMy YCJIOBHK IOMOMOpPOH3MA .

CenpyacC HaM HYXHO OoOKa3aTh, YTO Y YyIOOBJIETBOPAT 3—-eMy YCJIOBHI I'O-—
-1

Momopdusma, rme ¥ = p, Py~
1 1
Ecnu wj - CTpoka T,, TO pl(wj) - OIOUH KOPTEeX COCTOsHHuA I.

Py ~ B3aHMHOOIOHO3HAaYHOEe OTO6paxXeHHe H3 y2 B I. Tormoa
_1( (wl)) - cTpoka T
Pg P \%4 2%

IocTaTo4YHOCTS B : [IlycTh CcymecTByeT I'OMOMOPOHU3IM

¥ o YI - Yz, I - moboe COCTOAHHE YHHBEpCaJIbHOI'O OTHOMEHHA,
He T2(I). Tornoa OlleHKa Py oJis Tod Py oTo6paxaeT MHOXECTBO

Y2 Tabsio T, B MHOXeCTBO 3HaueHuyt C, T.e.
Py * y2 > C
(w2) = uj (wz)eI j = 1,m
P2 er T B PaRy v £12
W2 - CBOJIKa wz - Hu T
A oKa, 3 CTPOK 2

Iis WJUTICTpauuu e Tl(I) BHOEpPEM OIEHKY p1 s Tl TakKuM 06—
pasoM /p.2/

vaey, —~ pl(d) = pz(W(d)) ¥ -V

1

/p.2/
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[lo omnpepnesieHUw TroMoMopdH3Ma, eCJiH Eleyz - CHMBOJI lM.._ihewaiod 3Ha-
YeHHN, TO
01(51) = pz(W(El)) = 02(82) = ceE;2
~ - r [ = -
C Opyri CTOPOHH &, W(El), £2 (= El cegl.

U3 ycrnosusg roMomopdusma crenyer

pl(Wé) = pZ(W(Wé)) = p2(w§) = 4
. w2 o K To 3 T COOTBETCTBEHHO
S 1 _ 2
pi(wj) = DZ(W(wj)) = oz(wk)eI
. - ctpoku T, m T COOTBETCTBEHHO
Wyr Wy POK 1 2 .

TakuM ob6pa3oM ue Tl(I) %4 TZ < Tl . Teopema IOokasaHa.

Nycte T, B T, o6oBmeHHHe Ta6y0, © OTO6pasaeT CTPOKH Tabio T,

B CTPOKH T,.

© HAa3HBAaeTCH BKJIWUEHHEM OTOOpaxeHHueM, €CJIH OHO yIOOBJIETBOpHAET

ciyieywonuM YyCIJIIOBHAM:

a/ Ecnu B cTOnN6GuE A, Ha CTpoOke i Ta6no 1, MMeeTcs XapaKTepHas
nepeMeHHas, TO B CToJGme A, Ha CTpOKe 0(i) Ta6no T, Tak-

Xe HMeeTCsa XapakKTepHasa IrepeMeHHas.

6/ Ecnu B cTonbue Ak Ha CTpoke 1 TabJio Tl “MeeTCsT CHMBOJI MHO-
XecTBa 3HaueHu# &, TO B cToOnbie Ak Ha cTpoke 0(i) Ta6no

12 uMeeTCcsa CHMBOJI MHOXeCTBa 3HauveHu#t £ : £ S £.

B/ Ecnu cTonéer, Ak Ha CTpoOKax i m j Tabno T, HMEOT ONHHAKOBHE
HexapaKTEpHHE NepeMeHHHe, TO B CToJbue A, Ha CTPOKax e(i)
u 0(j) Taéno T, MMEKWT OAHHAKOBHE CHMBOJIH. 3TOT CHMBOJI MO-
XeT 6HTH CHMBOJIOM MHOXECTBa 3HaYeHHH, XapaKTEepHON HJIH Hexa-

pPaKTEpPHOM I1€PEeMEeHHOM.

BKJIOYEHHOE OTO6BpaxeHHue HABIISEeTCA OCHOBON [JIS NMPOBEPKH 3KBUBa-—
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4., CBa3p Mexny Tabsio U 0606meHHEM TabJio

B /7/ BBeOeHH IOHATHE MOHOTOHHOI'O PEJIALHOHHOT'O BHPAaXEHHS H
obbenuHeHHsa TabJrsio. [lono NMOHATHEM MOHOTOHHOTO PEeJIAIITHOHHOTI'O BHpA-—-
XeHUs ITOHHMMawT BHPpAUWEHHa obJlajawmue onepalnHaMH BHOOpa, NPOEKTH-

POBaHUS, COeOHHEHHA M OObelHHEeHHA.
n
O6benuHeHHEM TabJ/i0 Ha3hBaeTCH BHpPaxXeHHe LJ Ti' roe Tl'Tz'”"T

i n
i=1

TabJI0O uMewpmHe obuyKw lLieJIeByln CXeMy OTHomeHHsa. O6masa nesieBasd Ccxe-

Ma OTHOWEHHus TabJio Ti’ i =1,n saBIseTCH LeJIEBOH CXeMo! ob6bemu-
n

HeHusa Tat6mo (J Ti’ O6benuHeHHe Tablo - dopma NpencTaBJIEHUS
i=1

MOHOTOHHOT'O PEJISIUOHHOT'O BHPAXEHHA.

I[Ipy OOHOM COCTOSHHHM I YyHHUBEepCaJIbHOI'O OTHOmEHHA 3HadYeHHuA obbenu-

n
HEeHHsA TabJIO0 onpenesyledlnTCH clenywmuMm obpasom: (U

n
P ICL)= LT ICT)
i=1 1 =

AHAJIOUHYHO IpeOHOymeMy MBI HMEeM NOHATHEe OObenIUuHeHHHaA OB60O6meHHHX
Tabno. IlycTse 11,..., T ob6o6umeHHHe TabJsIo uMewmue obmyw Ilesye-

BYHW CXeMy OTHOUmEeHHSA.

n
Torma U Ty o6bemHHeHHe O6OOmEeHHHX Tabyio. ¥I - 3HaueHHe Ob6be-
i=1
OUHEeHHA OO6OOMmEeHHHX TabJio onpenesIfeTCAd TaKHM Xe obpa3oM:
n n
(U (1 = U =, (D).
i=1 i=1

I;ig BHABJIEHHS CBA3U MexnOy Tabno (T) ¥ o6obmeHHBM Ta6so (1 ) MH
PacCMOTPHM TIPAaBHJIO pa3JIOXEHHA O6O06meHHOro Ta6sio T Ha obbenu-

HeHHe TabJio.

I[IycTp ¥ - MHOXECTBO CHUMBOJIOB T ¥ TabJo T HMEeT TOJILKO OIOHH
CHMBOJI MHOXECTBa_3HadeHHH E BY /obosnawaeM T = T |E|/. Mu 6y-
IeM o603HavYaTh Sg T1(|€|) samena £ B Ta6no T ONHUM DIIEMEHTOM
CEE B MecTax, rme £ nossigeTcs. T [c] - Ta6io, moJy4eHHOe MOC-
ne sameHH. BumoHo, uTo T [c] = T[c] Taxk kak Ta6no (T) sABIAET-
CA YaCTHHM CJlydaeM O6O6MEHHOTO TabJI0 KOrJa BCEe MHOXECTBAa HMMEKWT

OOHUH 3JIeMeHT, T.e.
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Sé ¢ el ve ¢ fe] =%l

Eciu T #MMeeT K CHMBOJIOB MHOXECTBa 3Hagennﬁ~§1,£2,...,€k, T s

T=1 [;l,...,gk]. O6o3HauaeM uepes Séi:::ét('r[zl...gk]) - 3a-

MeHH B 0O606meHHOM Tablio KaXIor'o0 CHMBOJIa 3HAaUYeHHSA Ei OOHHM 3Jie-

MEHTOM clegi.

Tabysio noJYeHHOEe IIoCcJie 3aMeH HMeeT BUI:
gl...gk

Scl...ck(T [Eg-5-5]) = 7 [egeneer] = T[e .000.].

TemMMa 2 : llycte T - ob6obmeHHOe TabJio, HMEKmEee TOJBKO OIWUH

CHUMBOJI MHOXecCcTBa 3HavyeHH#¥ § B ¥, T.e. T=T [EI . Torma

v [e] = VU r[e].

CEE

N e Ka3s3aTenhecT B O &

Hamo pokaszsaTh, 4YTO ¥I mMeeT MeCcTO paBeHCTBAa:

(e (1) = (VU e
ceg
oycTs HE( [g])(I) H u # @. OTo o3HavaeT cymecTBOBaHHE OlLIeH-
KM p ONIA 'r[&], Tako¥, 4YTO: p(w05=u, p(wj)GI, j=1,m;
p(€)=ckegl

Yo cBOIKa, wj - CTPOKH TabJjio 1t .

[10 nmpaBUIY pPa3JIOXKEeHHuA TabJio T, B U T(c) umeeTcs Tabno
-p ceg

T[ck] = Sé T[g]. Ecnmu S - MHOXeCTBO CHMBOJIOB Ta6yio T, ToO S u
k -

Y OTIHMYAnTCH TOJIBKO OOHHM CHMBOJIOM c, H .
BubepeM oOLeHKY p' mas T[ck] crlenyomuM o6pa3oMm:

p’(d) = p(d), vdes, 4d # Cri p'(ck) = p(E) = C

T T ; —_—
Torma p’(wo) =, p'(wj)GI, J = d,m

T iy
W, — CBOmKa, wj - CTPOKH Tabyio T.
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JIEHTHOCTH Ta6JIO M YCTAHOBJIEHHUA 3KBHBAJIEHTHHX Npeo6pa30BaHuil.

Teopema 3: IIycTs Tl’ 12 - O6006umeHHHe Ta6JIO HMewmHe o6-

My IeJIeBYyKH CXeMy OTHOmeHHA. HeO6XOOMMEM M OOCTATOYHBRIM YCJIOBHA—
MH IJIsg T2 =3 Tl ABJIAETCA CymEeCTBOBAHHE BKIIMUYEHHOI'O oTobpaxe-—

HHUS O : Tl - 12.

IJokxkamsaTeas cTBO

Heo6xomoumocTek: Ecnu T2 < Tl’ TO IO Teopeme 3 CcymecTByeT I'OMO-
MOp®dHu3M Y 3 y1 - y2, Hamo mokasaTh, YTO Y ABJIAETCH BKJIIOYEHHBM

oTo6paxeHHEM.

U3 1l-oro u 2-oro ycnoBusa roMomMopdusma criegyeT, 4To ¥ yIOBJIETBO-—
psieT ycnoBHsaM a/ M 6/ BKJIINYEHHOro OoTOo6paxeHus. U3 3-ero ycio-
BHA ToMoOMOop®H3Ma crenyeT, 4TOo ¥ oTob6paxaeT CTPOKH TabJio T] B
CTPOKH TabJio 12, OOHOBPEMEHHO Y yIOOBJIETBOPAET YCJIOBHI C/ éxnm~

YEeHHOI'O OTO6paxeHUus.

o PraT o H O CcC T &

[lycTp CcymecTBYEeT BKJIWUEHHOe oTobpa3eHHe O HaIo IOokas3aTh, 4YTO
<

12 < Tl.
[IlycTe oTOBpaszeHue VY : Yl - Y2 YIOOBJIETBOPAET cCJlleoywnieMy YCJIOBUIO:
ecJiu dl - CHMBOJI B cCTON6I1e Ak Ha CTpoke w; TabJsio Tl %8 d2 CHM=—

BOJI B cToOJIGLE Ak Ha CTpOKe e(wﬁ) Tabyo T TO W(dl) = d

2* 2

IokaxemM, uTOo ¥ - romomopdusm.

HU3BEeCTBHO, YTO O - BKJIWYEHHOE oTobpaxeHHe. U3 ycroBua 6/ oTO6-—
paxeHus 0 cienyet Y ymoBieTBopsieT 1-oMy yCloBHW. U3 yciosusa a/
oToGpaxeHusg 0 ciienyeT, 4YTO Y yIOOBJIETBOPAET 2-OMYy YCJIOBHW. Y TO-
Xe yIOOBJIeTBOpseT 3-eMy YCJIOBHKW, TakK Kak Y O6mRJIO onpenesyieHO Ha
OCHOBe oTo6paxeHus 0., Takum obpa3oM Y romomopdusm. I[lo Teopeme

| =
3’ Tz-—‘.Tlo

Cnencrsue 1: 14, T, OBa OBOOCMEHHHX Ta6JIO HMEWmHX O6-

myn LeJIeBYI CXeMy OTHOumeHHs. HeOo6XOOMMBEM H OJOCTAaTOYHBEM YCJIIOBH-
eM IJisA Tl = T2 ABJIAETCHA CymeCTBOBaHMHE BKJIWYEHHOI'O OTOOpaxXeHHu#A

U3 Tl B T2 H BKJIOUEHHOI'O OTOOpaXeHUs H3 12 B Tl .



n rax we(T[c,]) (1) => we(U Tlc])(1) .
i cet

AHAJIOTHYHEM OOpas3OM MH MOXeM IoKa3aTh, 4YTO eCJIH

pe( U Tlc])(1) => we(t [E])(T) .
ceEe

JleMMa HOokasz3aHa.

U=z neMMn <« OOKas3aTh HHOYKTHBHO IO YHCJIYy MHOXECTBC 3HadYeHHH B

Tabrno T 2 HUMEeeM MEeCcTO cJlienymwued TEeOpeMH:

TeopeMmMa 4 : Ilyctp 1 o6o6meHHoe Tabno, uMewmee k CHUMBO-

JIOB MHOXECTB 3HaYe€eHHUH gl,gq,”.,gk B k cTon6imax COOTBETCTBYH—
mux kK arpubyTam Tabino T . Toroma umMeeT MEeCTO clyiengywnee paBeH-—

CTBC:

 amMeyudyaHHue : He moboe NMPpOU3BOJIbHOE PEeZIFIIHOHHOE BHpaxXe-

HIFe TpeIcTaBJIeHHOe B BHIOEe Ob6beOuHEeHHsA TabJio MOXeT OHTh Nnpen-

CTaBJIeHO B BHIe 0606meHHOr'O TabJlio.

Il puUME D : PeldAllHOHHOE BHPAaXEHHEe:

Uy.0,0,3 “v=19 A (>IMPEKTOP“v 3=2000) R1’’

MoxeT OETh NpencTaBJ/IEeHO B BHIOe OO6beIUHEeHUs, HO He MOXeT OHTb

NMpelcTaBJIEHO B BHIEe 3KBHBAJIEHTHOTO O606meHHOTO TabJlio.

3aknn4yeHue: C noaaruem tabmo T B [4], [5], [7] sanpo-

CH o6lamawmue ornepaunuer BrHOOpa BHIA (r) oOB6mYHO

g
Ae{al...an}

nomilexaT pa3JIOKeHHw Ha O6beIHMHEeHHA N NOI3anpocoB M 6ydyT npel-
CTaBJIeHH B BHIOEe OObeIUHEHHS TabJlo, KaxIoe H3 KOTOPHX COOTBET-
CTBYyeT OIOHOMY 3anpocy. Hamnpumep, BHPaxXeHHe

HH,@,Y(GYG(17,19,32}(R1)) MOXEeT OHTE INPEencTaBJIEHO B BHIe oOb6be-

IOHHeHUSA TpeX INOIOBHPAaXeHHH:

(R, U n (_Rl))UII (R,)) .

Oy,0,v'%y=17 H,0,v “y=19 H,0,v %y=32
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TeM CaMEM OIOHO MOXET O6HThL MNpPencTaBJIEHO B BHIE lJ Ti ; Kaxioe
i=1 :

Ti COOTBETCTBYET MNOLBHPaxXeHHw. C TOYKH 3PEeHHUdA OCymeCTéheHux Ha
npaxkTHKe, TaROH noaxon 6yneT NOPOrOCTOAWMHM H3-3a 60JIbWON Samo-
MHHapumeR eMKOCTH M BBMNHUHCJIMTEJIBHOI'O BpeMeHH 3BM. 3To oOO6bAcHsaeTcs
TEM, UTO KOJHYECTBO Tabyio, HaAXOOAMHUXCH B NMaMATH, H, C xofopmmn
BCE BpPEeM# HOOJIKHH obpamaThbCsa, PaBHO n. B ¢rnydyae HocTaTOYHO 6OJib-
woro n patora 6ymoer cnnmxdm CJIOXHO¥W . B T BpeMa Kak noOKasalld
BHIIE, TaKHe 3anpoCH MOr'yT OHTh NpelcTaBJIEeHH B BHIOEe 3KBHBaJIEHT-—
HOT'O O600meHHOro Tabno T . IlosToMmy O6paboTKa TAaKHX BHPaXEeHHH
6ymeT 6oisiee YyOOOHOH M s3ddexTHBHOM. KpomMe 3TOrO BBeIeHHUE INOHA-
THA QOOOWEHHOIO TabJso eme NOo3BONAET PACHWHPHTL pPe3yJIETATH B

/4/, 75/, /7/ nfia PENALHOHHHX BHPaXEHHE C onepaupen BHO6ODA

OAQC ’ l‘ne O = {*'(,S,>,Z},

B obuieM A OOCTHXEHHSA 2THX paCuMPpeHHHX PpPe3yJIbTaTOB TPREeO6YTCH
6oJiee CJOXHHE H TOHKHE TEeXHHKH IOoKa3aTeJIbCTBa.

ABTOp 6GanaromaputT nOou. Xo TxyaH, HryeH KaT Xo u Jle TueH BHOHI
3a IoJsie3HHe OOCYXIEHHS.
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The equivalence of a class of relational expressions

Do Suan Tho

Summary

Many database queries can be formulated in terms of rela-
tional expressions using the relational operations select,
project, join. The equivalence problem for these queries is

studied with query optimization in mind.

In this paper we introduce the so-called generalized
tableaux, two-dimensional representations of queries. Every
relational expression over the operations select of the
OAEE(r) form (A-attribute of the relation r, & < dom(d) ),
project and join can be represented by generalized tableaux.
We consider the equivalence problem for generalized tableaux,
then we discuss the relationship between tableaux and general-

ized ones.

A relacids kifejezések egy osztdlyanak ekvivalencidjarél

Do Suan Tho

Osszefoglald

TObb adat-bazis lekérdezést relacidés kifejezések formajaban
lehet megfogalmazni, haszndlva a kivadlasztas, projekcid és
Osszekapcsolas operacidkat. Ezen lekérdezések ekvivalencia
problémadjarodl vanszd, kiilonds tekintettel az optimalizaciéra.
A cikkben a szerzd egy u.n. altaldnositott tablat vezet be,

a lekérdezések kétdimenzids reprezentacidjat.

Minden olyan relaciés kifejezés, amelynek erg(r) formaja van,
reprezentalhatdé altalanositott tablaval. A cikkben az ekviva-
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lencia problémat a szerzd egyrészt az altaladnositott tablakra
és az altalanositott és kdzOnséges tablakra vonatkozodan

vizsgalja.
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SOME INVARIANTS OF COVERS FOR
FUNCTIONAL DEPENDENCIES

Ho Thuan

MTA SZTAKI

ABSTRACT

The nonredundant and minimum covers have been investigated
by different approaches in [1l], [2], and several useful pro-
perties of them have been proved and used in various problems
in the logical design of databases. But few attention is paid
to the study of invariants concerning the attribute sets of the
left and right sides of these covers. In this paper, we prove
some additional invariants for covers and nonredundant
covers.

Most of these results have been presented in [3] but the
proofs given there are too long and the required assumptions
are too strict. We will provide them in a weakened form and
with much shorter proofs.

1, INTRODUCTION

In most studies concerning covers for functional
dependencies, we usually start from a set F of FDs on
Q={A1,A2,...,An}

F={L;, # B, {1 = 1,k Ly, R

i - § G 8}

i
and try to find a shorter representation for F, i.e. a new set

F’ of FDs with either a fewer number of FDs or a less total
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size such that F and F’ imply the same set of FDs. So doing,
several algorithms concerning relational databases which start
with a smaller cover will run faster.

But few attention is paid to the study of invariants
concerning the attribute sets of the left and right sides of
these covers.

In the following, we prove some additional invariants for
covers and nonredundant covers.

Most of these results have been presented in [31 but the
proofs given there are too long and the required assumptions
are too strict. We will provide them in a weakened form and
with much shorter proofs. These invariants can be used, for
instance, as a simple criterion to check whether two sets of FDs
are not equivalent.

In this section we recall some notions and results in the
theory of relational database needed in the sequel.

Definition 2.1. A set F={L >R, | L,,R; € Q, i=1,k} of FDs

on Q is in natural reduced form if

(1) Li=ﬁLj for all i#j
(14) LiﬂRj=¢ ¥i=1l,k .

Through this paper we will only consider sets of FDs in

natural reduced form (since this form is the most natural and

concise representation), and we assume that all attributes are
chosen from some fixed universe Q.

Given a set F of FDs, we denote by F+ the closure of F, i.e.
the set of all FD that can be inferred from the FDs in F by

repeated application of Armstrong’s axioms [51].

Definition 2.2. The sets of FDs over Q

{L( s (l)l i=1,k.} and

2 o

; ; ; +__+
are said equivalent, written Fl'FZ’ if Fl—Fz. If Fl_F2 then Fl

is a cover for F2.
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Definition 2.3. A set F of FDs is nonredundant if there is

no proper subset F’ of F with F’:=F. If such F’ exists, F is
redundant. Fl
for F2 and Fl

Let F be a set of FD over Q and let X+Y be an FD in F.

Attribute A is said extraneous in X»Y if A can be removed from

is a nonredundant cover for F2 1€ Fl is a cover

is nonredundant.

the left side or right side of X-»Y without changing the closure
of F.

Definition 2.4. Let F be a set of FDs over Q and let X*Y

be in F.
X+Y is left reduced if X contains no attribute
A extraneous in X-»Y .
X+Y is right reduced if Y contains no attribute
A extraneous in X-»>Y .
X+Y is reduced if it is left-reduced and right reduced
and Y#0 .

A set F of FDs is left-reduced (right-reduced, reduced) if
every FD in F is left-reduced (respectively right-reduced,

reduced) .

Lemma 1.1. Given sets of FDs F1 and F2 over Q. FlEF2 if and

: & ca +
only if Fl_ F2 and F2--F1 =

Lemma 1.2. [4] Let F be a set of FDs on Q,

Kk
If (X»Y)€F' and AEL(F) where L(F)= U L,, then
1=1

(X\{A} » Y\{A}) € F' .

Let F be a set of FDs on Q

+Ri| LogRyS @y Asf ki,

F = b s iR !

i
Let us denote by

AF= {L;>R; | (L;>R;) EF A |L; [=1},

the set of all FDs in F with left side consists of only one
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attribute, and
3'6(AF)={L1| (LR} €, AP} .

We have the following lemma:

Lemma 3.1. Let Fl and F2 be two equivalent sets of FDs on Q

), p M) |37

Fl={Li

e h2Y ) g
F,={L;">R{ |1—1,k2} .
Then

5C(AF1)=£(AF2) g

Proo?. Without loss of generality, suppose that there

exists Lj )=Ai. = aC(AFl)\éfz(AFz) . It is easy to show that
g Frep + |
J J 2
Infact, it is obvious that
-+ (1)
I
J <y J
On the other hand we have
(1) (1)
f PR ) I - v —
3 3 ? ,
(Fl is in natural reduced form).
Hence "
{L) (1)
Rj $(L] )F2 ’

(12, o (1)

showing that Lj +I% éF;, a contradiction. The lemma is proved.

Example 3.1. Let be given

Q = ABCDE
Fl={A+BC, AD~CE}

F2={A+B, B~»C, AD-»CE}.

We have aﬂ(AFl)= (A}

% (aF,)= {A,B} # &L(aF)
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Hence

Remark 3.1. Lemma 3.1 is equivalent to the assertion that

for a given FD-graph G_ =<V,E> , all covers of G_ have the same

F E

set of simple nodes without outgoing arcs [213].

Lemma 3.2. Let be given tw> equivalent sets of FDs in

natural reduced form on Q:

" @6 G & b B
F,= {L;7" >Ry |1—l,kl}

1
;. 2) |
F,= {Li( )+Ri( )|1=l,k2}.
Then
R(Fl) = R(F2)
where 3
S
R(F.) U R, 0=1.2,
I el

Proof. We first show that R(Fl)ER(F2). Let A€ R(Fl).
It follows that there exists

Lgl)+R$l) with Rsl)= AX, X#Rfl).
i 1t 5l x
Since FlEFz, we have
(1) &
S
(Li > AX) F2
or, equivalently,
+
ety ey qu g2,
i F2 1. :
Jea

ok o I

On the other hand: Aani(l)==¢.
This shows that AER(Fz).

Similarly, we can show that R(FZ)EiR(Fl).
Hence
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Remark 3.2. It is obvious that lemma 3.2 holds in the case

Fl' F2 are equivalent, nonredundant and right reduced, and this

is the content of one theorem in [3].

Example 3.2. Let be given

Q = ABCDE

{A>BC, AD->CE}
F2 = {A~>BD, AD->CE}

!
—
Il

We have
R(Fl) = BCE # R(Fz) = BCDE

Hence

Theorem 3.1. Let Fl and F2 be two equivalent and non-

redundant sets of FDs on Q.

it ) aldd ) gl o
Fj—{Li >Ry ll—l,kj } j=1,2

Then _
where k.
2 . B4
L(F.) = U L, . j=1,2 .
J j=1 1
Ky
R(F,) = U Ri(]) ) j=1,2 .
i=1

Proof. First we prove that
<
L(Fl)\L(Fz)- R(Fl)'
Suppose AEZL(Fl)\L(FZ), fee.
Ae L(Fl) and A€ L(Fz).

Then, there exists

(1) (1)
(Li + By )EFl
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with L;l)= AX, X#¢. (This follows from AEEL(FZ) and lemma 3.1)

Since F, is nonredundant,

e
o

ik
> 2®
I

must participate in some derivation sequence for some

(2] .. (Z)
(Lh +Rh ) E F2. £i6 1
So we have:
(2) (1)
L = L.
h i,
L}(lz)Ri(l) 2Li(l)
1 2
Léz)Rél)Ril)... R£1)2L51)= AX
1 2 t
PR W@ M@ ()
i 2 t t+2
So
A € L(Z)Rfl)... Rﬂl)

h ol

G | t
Since A'e-L(FZ), it is. obvious that A€R(F1). Thus we have
proved that

[y
L(Fl) \ L(Fz) _.R(Fl).
Similarly, we can prove that

L(FZ) X LokP ‘-‘-R(Fz).

1) €
On the other hand, by lemma 3.2,

R(Fl) = R(FZ)
Consequently,

L(F))\R(F)) ={CL(F;)\L(F,) I\R(F;) }Ju{LL (F))NL(F,) I\R(F,) }=
=CL(F)NL(F,) I\R(F{)=CL(F,)N L(F;) I\R(F,)
=L (F,)\R(F,) .



=158 =

The theorem is completely proved.

Remark 3.3. In [3] theorem 3.1. have been proved under the

additional assumption that Fl and F2 are both R-reduced.

zample 3.3. We take up again the example 3.2.

= ABCDE
Fl= {A-BC, AD-CE}
F.= {A->BD, AD-CE}

We have L(Fl)\R(Fl) = AD # L(Fz)\R(Fz) =: A

Hence
Fy z:F2 a
Theorem 3.2. Let F1 and F2 be any two equivalent and non-
redundant sets of FDs over Q
JEREIL IR v N LA
Then
L(Fl)u R(Fl) = L(Fz)u R(Fz).

Proof. We first prove that
=
L(Fl)u R(Fl)-— L(Fz)u R(Fz).
By lemma 3.2., we have
= ==
R(Fl) R(F2) = L(Fz)u R(F2) .

We have to prove

)
L(F;) € L(F,)u R(F,) o

Suppose AGL(Fl). Then there exists (L£1)+R;l))€F1 with Lfl)=AX.
(1) .5 0) il .
i ; must participate in some

Since Fl is nonredundant, L
derivation sequence for some (Lé2)+Ré2))eF2, such that

%) It is much better to argue as follows:
By the proof of theorem 3.1 we have L(F1)\L(F,)E R(F;p).
But R(Fj)=R(F,). Hence L(F;)S L(F,) UR(F,) ...
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(2) (1)

Lh D Lil

LéZ)Rél) > Li(l)

1 2

L@@ D o L)
ll 12 13

---------------------

s Aol L S Rfl)EELél)= AX

h 11 12 lt
LéZ)R;l) % = Rfl)Ril)glél) :
i1 1t £+2
It follows that either AeL(zégL(F ). O AeRfl)RFl) ...Rfl)
h 2 i, i, i,

SR(Fl)ER(Fz)uL(FZ).
In both cases, A€L(F2) U R(Fz), showing

L(Fl) v R(Fl) < L(FZ) U R(F2) .

Similarly, we can prove that

L(F2) U R(F2) = L(Fl) U R(Fl) .
Q.E.D.

Theorem 3.3. Let F1 and F2 be any two equivalent, non-

redundant and left-reduced sets of FDs on Q

R b G T o
Fj {L;7~R; [1-1,kj} E j=1,2.

Then
L(Fl) = L(Fz)

Proof. Suppose L(Fl) - L(F2). Without loss of generality,
assume that there exists AeL(Fl) and AéL(FZ). It follows that,

there is

L (1) (1)
1

-> Rél) with L;7'= AX, X+p .

Since AéL(Fz), by lemma 1.2. and from AX»Ri(l)€F2+, we have

(1) A+ : + __+
X—+Ri eF&_ (since F2-Fl) 5



This means that in F, we can replace AX-»R

altering Fl

We arrive to a contradiction because, by the hypothesis, F
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(1)

i

1 by X+R£l) without

“+

h

is left reduced. Thus, we have: L(Fl)==L(F2),

QBB

Remark 3.4. Proofs of theorems 3.2. and 3.3. that we gave

above are substantial improvements and are much shorter than

the proofs given in (31].
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Funkciondlis fliggdségek lefedéseire vonatkozd invariansok

Ho Thuan

Osszefoglald

A cikkben a lefedésekre ill. nem-redundans lefedésekre vonat-
koz® néhany ujabb invaridnszdl van sz0. Az eredmények tobb-
sége mar [3]-ban megvolt, de itt a szerzd az eredményeket

gyengébb feltételekkel bizonyitja és bizonyitésai egyszeriibbek
18

HeKOToprHe HHBapHaHTH HOKEHTHﬁ onsg QYHKIMOHANBHHX 3aBHCHMOCTEH

Xo TxyaH
Pe s3swmMe

B cTaThpe [OOKA3HBAKWTCA HEKOTOPHEe HHBAPHAHTH MOJIS ITOKPHTHHA H
He JIMWHHX [OKPHTHN. BONBMHHCTBO 3THX pPe3yJIbTATOB OBUIH H3JIOXKEHH
B [3], HO 3JecCh JOOKAa3HBAKWTCA Te CaMHe pe3yJIbTaTH C OCJIabJIeHHH-

MH TIPEeOnoJIOXeHHAMH U JaHHHEe JoKa3aTelbCTBa 6oJiee npoCTHEe.
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DIRECT DETERMINATION
AND FD-GRAPH

HO THUAN

MTA SZTAKI

ABSTRACT

The notions of direct determination and FD-graph were
introduced by D. Maier and by G. Ausiello et al. respectively
[1,2] to study the structure of minimum covers.

However, the relationship between these two notions are not

explicitly presented.

In this paper, we establish the relation between FD-graph
and direct determination and prove some well-known and new
properties concerning direct determination. A remark on the

definition of FD-graph is also given.

1. INTRODUCTION

The notion of direct determination was introduced by
D. Maier in [1] to study the structure of minimum covers.
Using direct determination he showed it is possible to find
covers with the smallest number of functional dependencies

(FD) in polynomial time.

In [2], G. Ausiello et al. presented an approach which
is based on the representation of the set of FDs by FD-graph
(a generalization of graphs). Such a representation provides
a unified framework for the treatment of various properties
and for the manipulation of FDs.
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However, the notion of direct determination in its

relationship with FD-graph is not explicitly presented.

In this paper we establish the relation between FD-graph
and direct determination, and prove some well-known and

new properties concerning direct determination.

A few comments on the definition of FD-graph are also

given.

The reader is required to know the basic notation of the

relational model and FDs [3].

82,

In this section we recall some definitions and results
which will be needed in the sequel.
Without loss of generality, we use only sets of FDs in the

natural reduced form [4].

Throughout this paper we assume that all attributes are

chosen from a fixed universe .

Definition 2.1. The set of attributes X and Y are equi-

valent under a set of FDs F, written X+»*Y, if X - Y and
Y + X are in FT.
Definition 2.2 [1] Given a set of FDs F with X =+ Y in F+,
X directly determines Y under F, written X -+ Xy AX
X > Y E [F\EF(X)]+, where EF(X) is the set of all FDs in F

with left sides equivalent to X.

That is, no FDs with left sides equivalent to X are used to
derive X =+ ¥,

Definition 2.3 [2] Given a set of FDs F on &, the
FD-graph Gp = <V,E> associated with F 1is the graph with

node labeling function
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w: V = P(2) and arc labeling function
w’: E = {0,1} such that

(i) for every attribute A € @, there is a node in V labeled

A (called a simple node) ;

(ii) for every dependency X + Y in F where | x| >1,
there is a node in V 1labeled X (called a compound

node) ;

(iii) for every dependency X =+ Y in F where Y = ApeeoBy
there are arcs labeled 0 (full arcs) from the node

labeled X to the nodes labeled Al,...,AK;

(iv) for every compound node i in V labeled Aj...Bp there are
arcs labeled 1 (dotted arcs) from the node i to all
simple nodes (component nodes of i) labeled AyreeerBy.

The set of full arcs (dotted arcs) is denoted Eo(El).

Definition 2.4 [2] Given an FD-graph Gp = <V,E> and
two nodes i,j € V, a (directed) FD-path <i,j> from i to j is
a minimal subgraph éF = &V,B>  of Gp such that i,j € V
and either (i,j) € E or one of the following possibilities
holds:

(a) j 1is a simple node and there exists a node k such
that (k,j) € E and there is an FD-path <i, k>

included in @F (graph transitivity);

(b) 3j 1is a compound node with component nodes ml,..,,mr
and there are dotted arcs (j,my),...,(j,m.) in EF and
r FD-paths <i,m;>,...,<i,m> included in @Z (graph

union) .

Furthermore an FD-path <i,j> is dotted if all its arcs

leaving i are dotted; otherwise it is full.
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Definition 2.5. [2] The closure of an FD-graph

GF = <V,E> is the graph G; = <V,E+>, labeled on the nodes

and on the arcs, where the set V 1is the same as in GF, while

the set E' = (E+)o V) (E+)l is defined in the following way:
+ s ¢ st a0 )
(E )1 i, 30| 1] % V, and there exists a dotted FD-path <i,j>}

(E+)O ={(i,j) 1,5 € Vv, (i,3) € (E") and there exists a full

FD-path <i,j>}.

Definition 2.6 [2] Two nodes 1i,j in an FD-graph are said

equivalent if the arcs (i,j) and (j,i) both belong to the

closure of GF' Furthermore a node i of GX is said to be

equivalent to a node j of G2 where Gf is a cover of

Gy (i.e. st = f+), if i,j are equivalent in some cover of Gy.

Theorem 2.1 [2] Let Gp = <V,E> be the FD-graph associated

with the set F of FDs, and let G; = <V,E+> be its closure.
An arc (i,j) is in EY if and only if w(i) » w(j) 1is in Ft.

Remark 2.1 The definition 2.3. is reasonable and concise

in the sense that the FD-graph Gp includes all the "meaning part"
of the closure of the set of FDs. On the other hand, with the
FD-graph we can provide a simple and unified treatment of all

properties of sets of FDs.

By the definition of a FD-graph, it is clear that eypepry

compound mode has at least one outgoing full arc,

However in[2, page 755] we found the following observation:

"Finally we may observe that by definition of FD-path, a
compound node without outgoing full arecs can only be either

a source or a target node of FD-paths to which it belongs"!
Part (ii) of lemma 1 [2, p. 757] arises the same problem,
Let us see it:

"(ii) If G_ is a subgraph of Gy such that all arcs in
2
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E-E are dotted (i.e., Gy may contain compound nodes not in G
but no more full arcs) and (i,j) 4is in (E+)O[(E+)l], then
(1:;4) 1s in (1_3+)o [(E+)l]". (where 1i,j are two nodes
belonging to both VvV and V).

It is obvious that, strictdy following the definition 2.3,
there is no possibility that Gy may contain compound nodes

not in G_ but no more full arcs. And it is easy to show that
z

under these conditions the subgraph G_ coincides with Gy -

In that case, part (ii) of lemma 1 isztrivial. How to overcome
theses difficulties? A natural way is to think that a FD-graph
GF = <V,E> associated with F 1is defined precisely to an
arbitrary finite number of different compound nodes which are
not correspond to the left side of any FD in F, together with
the dotted arcs from each of them to its corresponding

component nodes.

In our opinion, the view just presented above must be men-
tioned after introducing the definition of an FD-graph,
In so doing, according to the necessity, we can freely add to
an FD-graph some new compound nodes without outgoing full arcs
if it makes easy the proof of a certain required propriety.

In fact, this technique was often used by the authors of r[23].

By the above reasons, it would be better to remove part

(ii) of lemma 1 in [2], changing it into a remark.

83,
We are now in a position to establish the relationship

between direct determination and FD-graph, and to prove some

well-known and new properties concerning direct determination.

Definition 3.1. Given an FD-graph Gy S SV, B2 and a node
i € V with at least a full outgoing arc. A strong component

of GF with representative node i 1is a maximal set of pair-
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wise equivalent nodes which contains i, denoted by SC.i).

Notice that every node in SC(i) has at least one full

outgoing arc.

The following lemma is obvious.

Lemma 3.1. Given an FD-graph GF = <V,E>, a node i €V,
its corresponding strong component SC(i) and two nodes j,k
such that Jj 1is equivalent to i. (j 1is not necessary belong
to SC(i), i.e. j can be a compound node without outgoing full
arc that we add it to the FD-graph. The same situation can be
happen tc the node k too).

Then w(3j) > w(k) if and only if there exists a dotted
FD-path <j,k> containing no full outgoing are from any node
of sC(i).*)

In that case, for sake of simplicity, we write <j §£#31>k>.

Example 3.1. Given { = ABCDEI

F={aA~>BC, BC~+ A, AD +- EI, EA -+ ID}

It is easy to verify that

Ep (AD) = {AD - EI, AE - DI}

and
BCD <— AD

The corresponding FD-graph with an added node BCD (without out-

going full arc) is shown in the following figure;

*)

In other words, the dotted FD-path <j,k> contains no intermediate
nodes that are nodes in SC(i).
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SC(il) = (il,iz} where w(il) = AD., w(iz) = BEA.
We find that BCD -+ A and
BCD + AD

Lemma 3.2. Given an FD-graph GF = <V,E>, two equivalent
nodes 1i,j € V and iy jl are two nodes equivalent to i
and Jj respectively.

SC(i) SC(3)
If <j_1 —_—r jl> and <jl —_—rt> k>

then SC (i)
<il-—7h—>k>.
Proof. Since 1i and j are equivalent nodes, we have
SC(i) = sC(3)
Merge two FD-paths <il —§giil> jl> and e §9All—>'k>
appropriately at component nodes of jl which are inter-
mediate nodes of the FD-path <jl,k>, we obtain the FD-path

<1, M) 5 g,

In the other words, from

w(@) Wi )ew (i), wili) > wip), wiip) * wik)
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we have w(il) 3 w(k) .

Notice that the above lemma corresponds to [1, Lemma 5].

Lemma 3.3. Given an FD-graph GF = <N, E2 - dr e V' 1 is a node

having at least one outgoing full arc and iO is equivalent
to, i (iO can be an added node to the FD-graph and without
outgoing full arc).

Then there exists j € SC(i) such that <iO.Sc'l)

>j>

Proof. Suppose that 1 g SC(i) . Otherwise, take j =i

and the lemma is proved.

o

Consider the dotted FD-path <io,i>. In the case, there
is no intermediate node in <io,i> that is node of 8SC(i) then
i is the node to be found. Otherwise, suppose i, € SC(i) |is
an intermediate node of <io,i>. Now we have only to consider
the FD-path <i_,i,>. Repeat the above reasoning for <io,il>.
Finally, we will find the required 3j such that

SC(i)

<i, =A=%> j>. Q.E.D.

Notice that the above lemma corresponds to [1l, lemma 6],

Il

Lemma 3.4. Let Gg <V,E> be a minimum FD-graph (i.e. F

is minimum), and i € V 1is a node with at least one out-

going full arc. Then in SC(i) there exists no jl’ j2, jl s j2

such that <jl §£Ail+j2>.

Proof. Assume the contrary that there exists 51’j2 g s,

J; # 3, such that there is a dotted FD-path from jp to 3,.

Since J, 1is equivalent to jl’ jl is a superfluous node, We

arrive to a contradiction [2, Theorem 3].

Definition 8.2. [2] An FD-graph Gp 1s nonredundant if F
is nonredundant.

Given two FD-graphs G and G, , G
. F P

is a cover o i
1 ver of GF if

1

Fy
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; : 4 i
F, is a cover of Fq (i.e. Fl - F2).

Lemma 3.5. Given two nonredundant FD-graphs Gp and GF2
1
where G is a cover of G_ ,
F B
2 X
GFl — <V1’El>' GF2 = <V2'E2>

Let il and i2 be two equivalent nodes in El and E2
respectively with at least one outgoing full arc, (p2,q2) be
a full arc of E, with p, £ SC,(i,).

+ SCq (i4) *)
L (il’p2) (3 E2 then < Py —_— q2>.

Proof. Since (il'p2) € E;, by theorem 2.1, there is a
FD-path in GFl from il to P, -
Now, assume the contrary that the FD-path in GFl from p, to q,
has an immediate node i, € SC(il). The presence of the
FD-path <jl,il> shows that Py is equivalent to il' l.e.
p, € SC2(12), a contradiction. Q.E.D.

Theorem 3.1. With the same assumptions as in lemma 3.5,

if we replace in GF all nodes belonging to SCl(il) together
with their correspo%ding outgoing arcs by all nodes in SC2(i2)
together with their corresponidng outgoing arcs, then the new
FD-graph is a cover of Gp .

1

Proof. We have only to prove that for every full arc

(J,-k,) € E; with j; € SC,(i,) there is a FD-path <j;,k;?>
in the new FD-graph. By the lemma 3.5 we have just the requi-

red result.

Remark 3.1. Theorem 3.1 can be formulated in an another

form as follows:
Lf Fl’FZ are nonredundant and equivalent set of FDs' then

{f‘l\EFl(X)} U EF2(X) 5 {FZ\EFZ(X)} u EFl(x).
And this is the content of a theorem in [5].

o)

The subcripts 1,2 correspond to GFl’ GFZ respectively
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Direkt meghatdrozas és FD-graf

Ho Thuan

Osszefoglald

A cikk a direkt meghatarozas és FD-grafok kozotti kapcsolatra
mutat ra és néhany ismert és uj eredményt bizonyit. A cikkben
az FD-grafok definiciéjdra vonatkozd néhény megjegyzés is meg-
talalhaté.

HenocpencTeeHHas OeTepMHHauua H FD-rpad

Xo TxyaH

Pes3wmMe

B cTaThe ycTaHaBJIHBAeTCH CBA3b MexOy NOHATUAMH FD-rpada u
HernocpelICTBEeHHON HOeTepMHHAIUM M OOKA3HBAKWTCA HEKOTOPHE CBA3aH-—
HHEe 3HaKOMHEe H HOBHE pe3yJIbTaTH.
neneHuw FD-rpada.

Toxe 3aJaHO 3aMedyaHHe K onpe-
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LATTICE POINTS IN DIFFERENCE SETS

B. UHRIN

MTA SZTAKI

l. Let A be any Lebesgue-measurable set in R By the dif-
ference set of A we mean the algebraic difference of A with
itself. We shall denote this set by DA, i.e. DA := A - A.

DA is clearly symmetric (about the origin), i.e. DA = - DA,

The most familiar example for a difference set is any symmetric
(about 0) convex set K, because K = D(% K). Denote by A € R
the set of points having integer coordinates (lattice points).
The quotient space Rn/A is usually identified with the set
P:={xerR":02x <1, 4i=1,.,.,n}. The cardinality of
the finite set S C©RP® will be denoted by [S]|.

The present note studies the question: what is the connection
between |DA n A| and the volume (L-measure) V(A) of A?

It is intuitively clear that if V(A) is too small then we
cannot in general expect that DA will contain non-zero lattice
points. For example the open unit hypercube

c := {x € R": [xil <1, i=1,...,n} has the volume V(C)=2",
but the only lattice point in C 1is the origin Q. However if
we increase this set a little, i.e, take the set

e’ = {x: lxil ¢ 14, 471,>.+;n}, where e ? Q Ads arbitrarily
small, then Vv(c’) > 2™ and lc’n Al = 3B,

The latter example reflects a more general rule: if for any
symmetric (about ©) convex set K we have V(K) > 2 then

|K n A|] > 1. (This is the well known Minkowski’s convex body
theorem, see [1l].) Taking into account that V(K) /2D = V(% K) ;
1

we can formulate this statement in terms of D(i K) :
V(%K) > 1 => 10(%— K) nal = 1

AMS Classification Numbers (1980): 10EO5, 10E30.
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This result proved to be true for any measurable set A:

if V(A) > 1 then |DA n Al > 1. (This is the generalization
of Minkowski’s theorem due to Blichfeldt, see [1]).

On the other hand, let us look at the set S on Figure 1,

Figure 1

It is symmetric and convex, its volume is ¢L, but it contains
v L/Y2 lattice points. So we have a set of "almost zero volume"
containing "almost infinitely many lattice points".

The basic aim of this note is to give a rule which sharpens

the Blichfeldt's result and which works also in the above case
of "thin sets of small volume containing many lattice points”.
The second aim is to present a new method of proof which seems
to be at most natural and simple when compared with known ones,

2 The basic tool in our investigations will be the so called
lexicographic ordering of points in R™, denoted by "', It i3
defined as follows: x » O if and only if either X O or
X] = Xy, =..= %3 =0 and X >0 for some 1< i <n,

Of course, x » y means x-y >» @. This is a total (linear)
ordering in R? consistent with the addition of vectors,

Let H ¢ R%, be any finite set containing the zero vector @
and symmetric about O (i.e, H = -H). If we want to list all

elements of H, we can proceed in the following way:
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First take O. Secondly, take hl € H that is the first
positive (in the orderingp) element of H (i.e. h; > © and
there is no h € H such that hl.> h » 0). It is clear that
-hl € H and —hl is the first negative element of H (-h1-4 C]
and there is no h € H s.t. -h;4 h < 0). Take the second
positive element of H, h2, (1.e. h2 > hl and there is no
he€H s.t. hy,?» h>hl). Again -h, is the second negative
element of H. And so on. In this way we list all elements of
H and we get

H={-h 4 -h ;<. 04 by =0<h < hy< ... <h ).

At the same time we have just also proved that |H| is an
odd number. Now, let A < R be an arbitrary measurable and
bounded set. Applying the previous remark, we have for some
p21

Y

a.*"blAO<bl<b ‘oo-<b

(1) pANnA = {rbp_l<-b 2

p—2'< p-1

showing that

(2) [DA n A| = 2p-1.
The relation (2) implies that

(3) la n Al < p.

Indeed, assume that q = |A n A| > p. Writing A N A in the
order » , we have A N A = {al-< a,<...< aq}. The elements

al_a < al—aq_l < Y < al—az < O < az—al < a3—al< ) < a Val

q q
are mutually different and all belong to DA N A, This implies
that |[DA n A| > 2g-1 > 2p-1 that contradicts to (2),

In general A N A may be empty (hence |A Nn'A|] = 0) but (2)
may hold with some p > 1. The second "extreme" case of (3) is
when |A N A| = p. This implies quite strict conditions on the

structure of A N A, namely we have
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Proposition 1. Assume (2) holds and |A n A| = p. Thern
AnA = {a,a+d,a+2d,...,a+(p-1)d} for some a € A and 4 > ©

(i.e. A NA is an arithmetic progression in the lexicographic

ordering). O
The proposition will be a simple consequence of the following.

Lemma. Let S,H C R® be two finite non-empty sets. Let
S+H be their algebraic sum. Then

(5) |s + H| > |s| + |H| -1
and equality is in (5) if and only if S and H are of the

following form: S = {s,s+d,...,s+(r-1)al,
H = {h,h+d,...,h+(q-1)d}, where d¥» 0, r =|S|, q=|[H .o

Proof. Write S and H in the order » , say,
s =1{s, 4 574 ...< #oqte B = {ho-< hjL...<h
have

q?l}. Now we

(6) sothy £ s th; ... < so+hq_l £ sl+hq_l {,..4s__;th

1 q-1'
which proves (5).
The "if" part of the equality statement is clear. As to the

"only if" part, denote s, .:= si+hj and

13
Ly &= {soo'sol""’soj'slj’SZj""’sr—l,j'sr-l,j+l’""sr—l;rJ}’
3 = ©0;1;:«s59=1s Each Lj consists of lexicographically
increasing sequence of elements, begins with Beon and ends
with Sr-l,q—l' This implies, using the assumption

|s + Hl =r + g - 1, that each Ly represent the whole set

S + H. This further implies that the k-th elements of any two

Lj—s are equal, k =1,2,...,r+g~1l. So we have for Lj—l' Lj

and Ly, ¢ 8y +hyy =85y Fhye 834 * Ry T 8y By
Si+1 + hj = s, + hj+l’ This implies: d = By = By =
By T By = hj - hj—l = hj+l - hj'

Here i and j were arbitrary, so the lemma is proved, m
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Proof of the proposition: It is clear that

(6) DA NA 2D(A N A).

Using (5) with S :=A nA, H :=-(ANnA), we have
(7) |pa n A > [D(ANAN)]| >2p -1,

hence

(8) [D(Aa nA)|] =2 |AnA| -1,

The lemma now implies the result. =

The relation (2) implies a more general inequality, containing
(3) as a special case. Namely, it is cleat that DA 1is inva-
riant under the translations of A, i.e, D(A-x) = DA for all
x € R®. So (2) implies

(9) |pAa n A| = |D(A-x) N A| = 2p - 1,

hence all results proved above hold for A-x Instead of A,

say:
(10) | & - x) n Al < p.

The function | (A-x) N A| (of x) is periodic modA, i.e,

| (A=x+u) n A|] = | (A-=x) n A|, Vx, Yu, hence when dealing with
it we can restrict ourselves to the set P (a basic cell of A).
(9) and (10) give

Proposition 2. For any set A C R” we have

(11) |pA n A| > 2.  max| (A-x) n A| -~ 1, o
x€EP
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5. Let us study now the volume (L-measure) V(A) of a
L-measurable bounded set A & R". Using A, we get two de-

compositions of A:

(12) A= | ((p+u) nAn) ,
uel
(13) A= |] (&N (A+x)) -

xepP

In both decompositions the sets in the union are mutually
disjoint. In (12) only finite number of sets are non-empty,

hence

(14) vV((A) = Z V((pP+u) n A)
uel

(where the sum is finite).

In (13) each A n (A+x) 1is finite, so we have to collect many
of them to get sets of positive measure, This can be done,
say, in such a way that we put together the sets A n (A+x)
having the same cardinality.

For this denote

(15) By s=lx € P 4 1A 7 [hex)l = 4t 2=0,1,2,s%s »

For x € Ai’ i > 0, the set A N (A+x) is of the form

(16) {al(x) = uy (x) + x, a,(x) = U, (X)+x,...,a4 (x) = uﬁx%ﬂd.

Let us partition Ai further according to the rule: x,y € Ay
belong to the same set if uj(x) = uj(y) for 2kl 9=1,2;caxds
This will give a finite partition of Ai’ say Aik’

k m 1,256 w1

Hence we can write
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%= NCi)
(17) a= U U (an (A + x)).

i=1 j=1 x€A,.

i]
Clearly, there are ulj’ u2j""’uij € A such that
! 1
(18) (Aan (A+x)) = |J] (a,5 + u..).
x€A; . k=1 3 xJ

Substituting (18) into (17) we get

©

(19) v(a) = Z i-V(Ai).
i=1
The set
(20) o(a) := | A, = {x e P: An (A + x) # ¢}

i=1

plays an important role in the algebraic theory of RY, It is
nothing else then the canonical map of A into the tours
group R"/A (after identifying R"/A with P). This mapping is

important also in our investigations. The quantity

(21) V(ip(a)) = 12 V(Ai)

i=1

is the measure of the projection of A into Rn/A.
4. Now we put together the results of previous two sections
to get main results of this note. It is clear that

| (a-x) N A] = |A n (A + x)| for all x'& P,

Proposition 3. For any bounded L-measurable set A C R"

we have

(22) |DA n A|*V(g(A)) > 2 V(A) - V(p(A)).
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Proof. (19) and (21) shows that V(A) =0 1f and only if
V(p(A)) = 0. Let V(A) > 0. Inequality (11) implies that
(23) [pAa n A] > 2i -1

holds for all 4 ‘such that V(Ai) > 0. Hence

(24) DA n A|-V(A;) 2 21 V(A;) - V(A;).
Summing up both sides of (24) we get (22). ]

Proposition 4. Let A be as in Prop.3, If for some

positive integer m we have V(A)/V(¢(A)) > m, then there
are uj € AN; A= 1,.+s,m; sSiudch that

(25) i-u. 4 —um_l4...4—ul<@< u; < u, ...-(um}g_DA e "

Proof. Using (22) and (2) we see that p-1 > m, so (1)
gives the result. O
This result is clearly sharper and more "exact" than that of
Blichfeldt. Moreover, sets of the type seen on Fig.l are
succesfully treated by this rule. For such sets V(A) may be
very small, but V(¢(A)) is necessarily smaller (see (19)
and (21) ), so that their ratio may be quite big., For the
investigation of this ratio the representations (19) and (21)

are very useful.

5. In the course of our proofs we have used two structural
properties of i only: it is an Abelian group having a total
(linear} ordering consistent with the group operation.

Hence all results are true in the same form for any topological
Abelian group G and its discrete subgroup A, assuming that

A  can be totally ordered. (Of course we have also to assume
that the quotient group G/A 1is compact.) In this case V

means the Haar-measure in G.

2% a6t
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The method sketched in this note can be succesfully developped
to prove some estimations in geometry of numbers which are
both more general and sharper than the known ones, see [2],[3].
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Differencia-halmazokban levd racspontok

Uhrin Béla

Osszefoglald

Z cikkben az (A-A)NA halmaz szamossadgara vonatkozd alsé
becslésektdl van szd6, ahol A C R? L-mérhetd halmaz és A

egy pontrdcs (diszkrét részcsoport) az R"-ben. Az eredmé-
nyek élesitik a klasszikus Minkowski-Rlichfeldt tételt a geo-

metriai szamelméletben.

PemeTOUYHHE TOYKH B Pa3HOCTHHX MHOXecCcTBax

B. YXpuH

PeswmMe

B craThe H3YyYawTCsa HHXHHE OLEHKH IJIS MOMHOCTH MHOXeCTBa
(A-ANA , Tme A c R? H3MepHMOe MHOXecTBO U A ecThr pemeTka /Oouc-
KpeTHas nonrpymna/ B R'. PesyasTaTH YTOUYHAKNT KJIACCHYECKUH pe-
3yJBTAaT MHHKOBCKOrO-BnuxdesinTa B I'€OMETDHH UYHCEJI.









	G. Angelova: Conjunctive queries tableaux and their application����������������������������������������������������������������������
	J. Demetrovics - Ho Thuan: Some additional properties of keys for relation scheme����������������������������������������������������������������������������������������
	P. Dipotet - A. Benczúr: A distributed database management system in territorial planning������������������������������������������������������������������������������������������������
	B. Szafranski: Modula-2 used in the implementation of data access control mechanism������������������������������������������������������������������������������������������
	Vu Duc Thi : On strong operations����������������������������������������
	Nguyen Cong Thanh: On the continuous invariant measures of intervall mappings������������������������������������������������������������������������������������
	Vu Duc Thi: Remarks on dual dependencies�����������������������������������������������
	Do Suan Tho: The equivalence of a class of relational expressions������������������������������������������������������������������������
	Ho Thuan: Some invariants of covers for functional dependencies����������������������������������������������������������������������
	Ho Thuan: Direct determination and FD-graph��������������������������������������������������
	B. Uhrin : Lattice points in difference sets���������������������������������������������������
	Oldalszámok������������������
	_1���������
	_2���������
	1��������
	2��������
	3��������
	4��������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������
	20���������
	21���������
	22���������
	23���������
	24���������
	25���������
	26���������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������
	35���������
	36���������
	37���������
	38���������
	39���������
	40���������
	41���������
	42���������
	43���������
	44���������
	45���������
	46���������
	47���������
	48���������
	49���������
	50���������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������
	60���������
	61���������
	62���������
	63���������
	64���������
	65���������
	66���������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������
	82���������
	83���������
	84���������
	85���������
	86���������
	87���������
	88���������
	89���������
	90���������
	91���������
	92���������
	93���������
	94���������
	95���������
	96���������
	97���������
	98���������
	99���������
	100����������
	101����������
	102����������
	103����������
	104����������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������
	122����������
	123����������
	124����������
	125����������
	126����������
	127����������
	128����������
	129����������
	130����������
	131����������
	132����������
	133����������
	134����������
	135����������
	136����������
	137����������
	138����������
	139����������
	140����������
	141����������
	142����������
	143����������
	144����������
	145����������
	146����������
	147����������
	148����������
	149����������
	150����������
	151����������
	152����������
	153����������
	154����������
	155����������
	156����������
	157����������
	158����������
	159����������
	160����������
	161����������
	162����������
	163����������
	164����������
	165����������
	166����������
	167����������
	168����������
	169����������
	170����������
	171����������
	172����������
	173����������
	174����������
	175����������
	176����������
	177����������
	178����������
	179����������
	180����������
	181����������
	182����������
	183����������
	184����������
	185����������
	186����������


