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ON THE ESTIMATION OF A PARAMETER OF A
CONVOLUTION WITH AN APPLICATION TO QUEUEING THEORY

by Jacob Eshak Samaan

INTRODUCTION

Suppose that the observed random variable X is the sum of two independent random
variables Y and Z, where Y is uniformly distributed in the interval (0, 1) and Z is
exponentially distributed with unknown parameter . We consider here the problem of

estimating A from a sample XI’X2""’Xn'

Such a problem may arise, if we consider, for example, the single server queueing system

for which the arrival process is Poisson with unknown parameter A, while the service time is
uniformly distributed in the interval (0, 1). The customer which arrives when the server is

busy is rejected. Let us observe the departure times TysTyrenesT, of the served customers.
Let:

X0 =),

Xy Sy =% = 125me s 5 Hs

Then each X, is the sum of a service time and an interarrival time (or a part of
interarrival time which is again expounentially distributed), and our purpose is to estimate the

arrival rate N\ from the sample X1 ’Xz’ T c ,Xn.

Conditional sufficient statistic:

If we have n independent observations y,,»,,...,», from a population with density
function Pe(»), where © is an unknown parameter, then a necessary and sufficient condition
for a statistic 7(Y) = Tys--- ,yn), to be sufficient for © is that, the joint density
function:

Ln(Ya @) 2 Ln(yls e ,yn;(-)) — p@(}’l), se® spe(.yn)
is factorizable in the form:

(1) L,(Y;0) = gglT(Y)]. K(Y)

where the first factor may depend on © but depends on Y only through 7(Y), whereas the
second factor is independent of ©.

It may happen that the joint density function of the observations is factorizable only on a
subset of the whole sample space.
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This means that, sufficient statistics does not exist on the whole space, but there is a
sufficient statistic on a subset of the whol space, such sufficient statistic may be called

”conditional sufficient statistic” for ©.

Such situation occurs in the problem of estimating A.

Conditional sufficient statistic for A:

The density function of X is given by:

1—e M 0<x<1
h(x) =
(@ - D™ x>1.
Since any sample Xy5Xys oo sX, may contain observations which have values less

than one, so it is clear that the joint density function is, generally, not factorizable in the

whole sample space.

However in the subset X > 1, it is factorizable and has the form:

n
L= -1l ? 2 x,
1=1

This means that the statistic::
n
L= i=2; %

is a sufficient statistic for A on the subset Xi = 1.

Conditional likelihood estimator for A:

Suppose that we continue sampling until we get »n observations all of which have value
greater than one.

Let:
A = denotes the event that X,. =1 forall #=1,2,... mn.

Then

P(4) = [P(x> D]" = [ [ — DeMax]" = (%)e‘)‘"(e)‘ =1
1

Thus, the conditional likelihood function of the sample (X 19X550.0, X)) s
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Ln(X;}\IA)= W—=)\e e .

i.e. the conditional likelihood equation is:
n

n %4 _
X+n——i%x,.—0.

The solution of this equation is:

>x,—n

fEL ¢

which we refer to it as the conditional likelihood estimator for A.

If: A, = denotes the event that x,> 1, then:

PX, |A)=p{x;<x|x;> 1} =]—eg Ax-D

which shows that under the condition A;, the random variable (X; —1) has an exponential
distribution with parameter A. This means that under the condition A, the random variable:

n
W= 2 X,—n
i=1
has a gamma distribution with parameters (n,\). So

E(i)=nf1>\

A
and consequentely the estimator A is a biased estimator for A.
To correct this biasedness we can consider the estimator

n—1
n

‘.ZX'.—n

i=1

Now, let us have a sample of fixed size n, which contains observations greater than one
and others less than one, and we want to find an estimator for A which bases only on the
observations greater than one in this sample. Let X* denotes the observations greater than one,
and n* denotes the number of such observations in a general sample with fixed size n.

Then n* is a random variable with binomial distribution:

n
k

k n—-k

Pn*=k)= ( ) p*q , where

P= ]:(ex_l)e_xxdx=$l\(l—e_)\), q= l_p
1



0

Thus, we may introduce the estimator

*
el =l g il 0

n*
2 ¥ gt
I
as an estimator for A, which depands only on the observations X i'* in the sample. Since
plop—-D<x}=1-e? x>0

Then, we have:

X k-1
p{Y*<x|n*=k}=I)\—Z——O\) e"‘ydy,

VAT
where
0 A
Y*= ZXi*—n*
i=1
i.e.
ply*<x,n*=k} _ f AL ag,
pin*=k| n -

Thus, the joint density function of Y* and n* is given by:

f =AM i () P Fowk L, x>0,

Since

Pln*>0}=1-¢"
then:

E{X*|n*> 0} =\,

So, A* may be called conditionally unbiased estimator for A.

Direct estimator for A :

Assume that we have a general sample of size »n, which contains observations greater than
one and others less than one. Then:
n
2 X, -

i=

=
i
2| —

is an unbiased estimator of %
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Thus, we may introduce the statistic:

iy

2

as an estimator for A, and call it a direct estimator. A disadvantage of this estimator is that,
there is a positive probability that it have negative values.

Let n denotes the number of times we get negative estimator for A out from one hundred
samples with size n. The following tables show the values of n corresponding to different
values of A for: n= 1000, n= 100.

X n A n
100 9 25 7
70 7 ' 20 5
50 2 15 2
30 - 10 -
15 - 5 -
n= 1000 n= 100
Table 1. Table 2.

All the estimators i, A* and A are consistent estimators for \. But because of the
difficulties in calculating the variances of A* and N\ we can not compare their variances.

But to see the advantages and disadvantages of using estimates based on conditional

sufficient statistics, we consider ,\l and é as estimators for % and compare their variances.
A A

Since:

plXr—D<x)=1-eM, x>0,
then we have:

E(Al)= E(x*-1)=E(x;—1)|4)= %’
A

And

1

1 1
Var ()= — Var (X*) = —,
x B ! n\?

A Ty il el o 1
Var(:_; —;Var(X‘.)— n()‘2 + 12).
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Thus from the point of view of minimum variance estimators, we see that the estimators

which based on conditional sufficient statistics are better than the direct estimator for %

But, on the other hand, in order to continue the observations upto obtaining » values all of
which greater or equal one, we need to have a random number v, of observations. The
random variable » ~ has the so—called negative binomial distribution given by:

N-1
[ ] T s if N=>n
N—-n
| P
J =
if N<n
Thus
E(Vn)= —%, P= %(l —e_)\),

which is more greater than n for the large values of A.

To avoid the needness of such a large number of observations in such cases, we introduce
the statistic

N T
g el o (R 1],
A B+ 1 =l

which depends on the observations X contained in a sample of fixed size n, as an estimator

for —)1-\ and compare the variances of —l and—l.

A A*

For ~ we have:

DTS 1 EF 1 TR
=%kj;k—]h(2)pkq"‘k
Noting that:
_ M (1"'3)"+1 1 1 —gntt
p n+1 (n+ l)p
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Then:

s
Also:

E(%z)=;1;k=2n(; l?%-_l :) pFg-*
Thus:

var (1) = BL) - E’(—‘,)
A* A

l+g+...+ l+g+...+ 4"
=._l_(l_ q q)( q q

A2 n+l n+l

).

Now, for the variance of —l*, to be less than that of the statistic :] we must have:
A

1 (1_l+l+

+q n l Rz
1+ g+...+40)<—(1+5
(n+ A2 n+ 1 € R il
ie.
l+g+ ...+ 2
@ -l dygggs <14 15
Since:

1_1+q+...+q" n
n+1 n+1°

Then (2) will be true if:

n 2 _qn+l )\2
3) ( ooy il = <1+ 3.

Thus for any value of n, we can say that the variance of —l* is less than the variance of :1

if’:
1% & 12 =5
S ET ML =N 1.

This is true for the large values of A (nearly A= 11).

This fact may be shown also as follows:
For the large values of A we have

—.l. _‘ka_l-
—)\(l e ) X"
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Thus (3) may be written in the form:

n
n+1

1 A2
F(1+ 19> GE201 - (1 - 31y,

This relation is also true if:

1 A2
X(l + 1—2)> 1

i.e. for large values of A\ (nearly A> 11).
This means that for such large values of \ and for any »n, we have:

4) var(£) < var ).
N, )

In fact, the condition (A> 11) deduced above is more than needed, because for some
smaller values of A, we can determine a value of » such that (4) is true.

For values A > 4 we can carry out the approximation.
1 . 1
p= X(l - Ny X

The error caused by using this approximation is equal to %e‘x which is less than 0.005

for A=4, and decreases when A increases.

Thus for any given A> 4, the value of n is determined from (3) after substituting

1 ;
p=x and g=1— %, i.e. from the relation

n_\2 Jgpaion o A2
& rPri-0-eyegi* 35
For A= 4, the maximum value of n satisfying (5)is n= 5, and for A= 7 we have
n=11.

Also for N\ = 10, relation (5) gives n = 28, while (5) is true for any n when A> 11.

From the preceeding discussion, it is clear that the estimators which have smaller variances
need a greater number of observations than the number needed for the other estimators with
larger variances. Thus the costs of the observations must be taken into consideration when we
compare the estimators. This leads us to consider the sum of the costs of the observations
needed for each estimator and its variance, as an objective function and compare these
objective functions. So the objective functions corresponding to the estimators —,{, i’ -;\1:
are:



LB

2 1 cn 1
= E+Var7—_+v =),
f, = cE, Y= ar()\)

7'1 =cn+ Var(_%),

f;=cn+ Var (% )i

where ¢ is the cost of each observation.
Now the values of »n for which:

©  f,<7,

will be determined.

It is to be observed that comparing the functions j—’n and fn* is exactly the same as
comparing the variances of the estimators —, —
A

So it is required to determine the values of n which satisfies the relation:

£pﬂ+ ﬁ <cn+ %(7\—12+ 11—2)
ie.
n* < l—iLqE .
This relation has meaning only when:
p> 12qc.
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Osszefoglalé

Egy konvolucié paraméterének becslésérdl és annak alkalmazisa
a sorban-illasi problémék koérében

Jacob Eshak Samman

A konvoluci6 paraméterének becslését az ugynevezett “feltételes elegendd statisztika”
felhasznélasaval végezziik. Az érkezési paraméter becslését egy veszteséges sorban-lldsi rendszer-
ben a feltételes elegends statisztikara alapozzuk, amelyet itt bemutatunk és 6sszehasonlitunk a
direkt becslésekkel.

Pe s3swwMe

OuneHka napaMeTpa KOHBOJOLHH, H
NIPpHUMEeHEeHHe ero B peuleHHH MNIpoblieMnl ouepeney

Hlaco6 Euxax llamaaH

U1 OlleHKM napaMeTpa KOHBOJIOLMM NPUMEHSeTCs Tak HasuBaeMas
"ycnoBHO mocTaTouHas CTATHCTHKA". OLeHKa napaMeTpPOB MpPHOHTHSA
NIpoOBEeNeTCsA B OIOHOW CHCTEeMe OOGCHYXHBAHHA C IIOTEPAMH HAa OCHOBE
YCJIOBHO OOCTATOYHOM CTAaTHCTHKH, KOTOpOe IIOKAa3HBaeTCS U CcpaB-

HHBaeTCA IOPYT'HMH HeIllOCpeldCTBEHHEIMH MEeTOIaMH OILEeHKH,
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OPTIMIZATION PROBLEMS IN A SIMPLE MARKOV SERVICE SYSTEM

by Ahmed F. Mashhour

ABSTRACT

A service system M(M)1, (n + 1) which operates for a finite period of time, is considered.
The system is associated with a simple cost structure. The paper deals first with the problem
of finding the optimal service rate which minimizes the expected total costs. Then the optimal
arrival rate under the same criterion is investigated, Numerical results for both cases are given.
The optimal service rate for queuenig systems with infinite operation time is discussed.

INTRODUCTION

This paper is motivated by [1] in which the input of a similar service system is controlled
by using a rejection time policy. The present paper deals with the problem of controlling the
system by two different approaches. First controlling the system through the service facility
by choosing the optimal service rate. Then the system is controlled through the input by
choosing the arrival rate optimally.

Consider an M/M/1, (n + 1) queueing system which operates for a finite period of time
(0,7). The system starts at time ¢ = 0 with no customers. Customers arrive according to a
Poisson stream with mean arrival rate A. An arriving customer enters the system only when
the number of the present customers at his arrival is less than n + 1. The service times are
independent exponentially distributed random variables with mean 1/u. After the closing
time 7, no new arrivals are accepted and the present customers in the system, if there are
any, are to be served in an overtime, The system is associated with the following costs:

i- The cost (loss) per unit time when the server is idle during the period (0,7), is G-
ii- The runing cost per unit time when the server is busy during the period (0,7),

iis Cg.
iii- The overtime runing cost per unit time (occurs after the closing time 7)), is Co-

To avoide trivial cases, we consider only the cases when
G>G>¢G, or G >G> G.

In both cases Cl = CB, since a busy server procedure revenue (the system operates economi-
cally), while a free server representes loss for the system.

THE EXPECTED TOTAL IDLE PERIOD DURING (0,¢)

Let B, (#) denotes the expected total time the system spends, with no customers during
the interval (0,f), given that the system has started at the opening time with k customers,
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k=0l ..;n% 1l

If the system starts with k customers at the opening time ¢ = 0, then it may happen that
the first transition in the Markovian queue size process:

i- is due to an arrival during (x,x + dx) which accurs with probability
e Ok, i 0<k<n

ii- is due to a departure during (x,x + dx) which occurs with probability
pe P* dx if k=n+1 ‘and with probability
pe~ AT WE gy if  1<k<n

Integrating over all values of 0 < x < ¢, it follows taht ka(t), k=01,...,n+ 1 satis-
fies the system of integral equations

t —
[ By =[x+ B(t—x)le " dx,
0
By X t
(1) ¢ Bply=Xje RT9E B (t—0)ds+ pf e ® g _E=0de, 1<k
0 0

4 B
B, = u({ g R e =30k,

\

If Bi(s)= [ e B(dr, k=0,...,n+ 1 denote the Laplace transform of B (1),
0

then the system (1) can be written in the form

[\ + 5)By(s) — MBJ(5) = Ns(A + ),

(2 4 (u+s) By, () — uBi(s) = O,

A+ pn+ $)BL(s) = NBp, () — B, _,(9)=0, 1<k<n,

The determinént of the coefficients of the system (2) has the form



Ats =X 0  sesnswsssmamss sves 0
- A+upu+s —NA\ 0
0
An*2(8)= .
0
—p A+p+s =2
QO sssesnesmese 0 —u u+s

Denoting the right lower subdeterminant of order k in A, 4,(s) by Ap(s), then it can be
easily shown that

)‘An +1 (S)
SN + 5)A, 45 ()

(3)

By(s) =

In order to decompose B;(s) by partial fractions, we examine the roots its denumerator
Ppes(®) = s\ + 5) A, ,,(5).

It can be shown, as in [2], that P, ,,(s) = O has

a) one repeated root So = 0,
b) one root s = — A,
c) n + 1 distinicit negative roots SysSgs e s s Spyg-

It is easy to show that the necessary and sufficient condition that one of the roots
815895+« + 5 8,4, ‘coincides with the singleroot s= — A is

A, (—N) = 0.

By the virtue of the above discussion, if A, (—A) # 0, then

n+l

Pasa® = =526+ N [] =),

and
by 49 © "H b
@  Bl@=—2+—t 3 L,
£ & FHL- MY

where the coefficients are given by
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e Bps &N
= n €=+ ’
IL 8, AT =g)
=1 ¢ i=1
VAT )
G 1 b= LA Y e T
2 ; =
5; (s}. + ) i],] (s; Sl)
i=
and
n+l
a0=—(c+l_=21'bi).
On inversion, we get
L g
(6) B,(t) = byt + ay + ce” M + 2 bl.ei .

By the same way, a similar expression can be obtained for B (1) when B X)) =

Now the expected total idle and busy period during the time of operation (0,7), is
BO(T) and T — BO(T) respectively.

THE EXPECTED TOTAL COSTS

It remains now to find the expected overtime caused by the customers present at the
closing time 7. Letp,(f), 0< k< n+ 1 be the probability that there are k customers at
time ¢, in the system. They satisfy a finite system of linear differential equations. The eigen-
values of that system are the roots of A, +(8) = 0, discussed in section 2. The corresponding
eigenvectors can be determined, as in Lemma 2 in [2], to get pi(¢) finally in the form

+
n+l P

(7) p =2 dod el k=01,...,n+1,
k i=0 i k+*1
where of) isthe (k + 1} componant of the eigenvector corresponding to the eigevalue

s;, and d;s are arbitrary constants to be determined from the initial condition of the system
(the number of customers in the system at ¢ = 0).

Now the objective function, given that the system has started with no customers, is given
by

n+l ;
®) CrW) = CBy(D) + Co(T = By(T) + C 5 1 pdD)

i=1
The numerical results concerning the optimal service rate u* for fixed values of A in the
case of finite waiting room with capacity n, can be summerized as follows:

8)C,=4, Cp=2,Cp=1,n=5 and T= 10,
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u* | 084 | 120 | 150 | 1.90

b) C, =2, C 3, Cg=1, n=35 and T = 10,

u* 1.70 2:.13 2.60 3.0

Concerning the optimal arrival rate X for fixed values of u in case of finite waiting room

with capacity n, we get

) C=12, G

T 0 3, Cg=1, n=5 and T=10,

L‘ 2.5 3.0 3.5 4.0
e 371 3.05 4.16 5.13

C,=2,C,=1, n=5 and T= 10,

=
N
Q
I
&

lp 0.84 1.20 1.50 1.90
.x 1.08 5.60 7.51 10.0

Tables 1 and 4 shows that for a queueing system M/M/1, (n+ 1) with fixed values of
C; Cys Cg,n and T, the optimal arrival rate A" corresponding to a fixed value u, does
not imply that u is the optimal service rate for the same system with A = X.

This is due to the fact that the dependence of the objective function (8) on A and pu is
not only throuhg the ratio Apu.

OPTIMAL SERVICE RATE FOR QUEUEING SYSTEM WITH T = «

Consider the system M/M/1, (n + 1) which operates for infinite period of time
(T = ). The arrival and service rates are A\ and u respectively. The system is associated
with the following costs:

i- r, 1is the revenue provided by a served customer.
ii- r, is the loss of the system caused by a lost customer (because of the fullness
of the waiting room).

iii- C ; is the cost (loss) per unit time when the server is idle.
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Denote by », (T) the number of the admitted (joining) customers during a time interval
(0,7), and by v, (7) the number of lost customers (beceaase of the fullness of the waiting
room) during (0,7).

The purpose of this section is to find the optimal service rate u* that maximizies the
average expected net revenue given by

©  CW= lim 5 Ey, (D)~ GBy(D),

where B,(T) is the expected total idle period during (0,7) given by equation (6).
Putting p = MNu, then the stationary probabilities p; that there are k customers in the
system are given, see [3], by

l=2n ok
(10) ] , k=01,...,n+1.
Pk 1 — p**2 l+p+...+ p""
Now we have that
o B
pes AP ow
and
(11 li Ztld
) Tlm“ T =Dy

From equations (10) and (11), the objective function given by (9) can be written in the form

B l+p+ ...+ p" 1
(12) C )= )"'11 nl G ntl
Fo+ iantp l+p+...p
}\’.pn+l+C
1 I
= N~ 6

1+p+...+p""
Taking the first derivative of (12) with respect to u and equating to zero, we get

n-1

n n
(13) M p™M k% (k+ )p* — (n + 1)p" k_z;pk] +C lg(;(k+ p* = 0.

The left hand side of the later equation is a polynomil of degree 2n in p, it can be written
in the form

2n
14 7 (= 2 ap,

I=

o

where
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ai=(i+1)CI, 0si<sn-1,
= (n+ 1)(C; — N\y), i=n,
=—Q2n+ 1 - My, n+ 1<i< 2n.

It is easly seen that the equation f2 (p) = 0 has only one positive root ; as follows:
n
Since f,,(0) =a, > 0 and f,,(~) <0, then f, (p) =0 has at least one positive root.

Applying Descartes’rule of sings, see [4], (which states that number of positive roots of a
polynomial is equal to the number of variations in sign in the sequence of coefficients of this
polynomial or is less by an even number), it follows that f, (p) = O has only one positive root
p, Itis clear that the number of variations in sign of the coefficients g«;s given by (14), does
not change whatever the relation between >\r1 and C].

Taking the second derivative of the objective function given by (12) with respect to pu,
we get

By virtue of the above discussion we conclude that the optimal service rate u* at which
the objective function C,(p) attains its maximum is unique and equal to Ap where p is
the unique positive root of (13).

However the upper bound of the positive root of (13) which is given in [4] by

as) 1+ " ac i,

may give a rough description of the behavior of the unique root p and concequently the
optimal value u* of the service rate, when the values of Ay, and C; changes. We discuss
in the following example the behavior of the optimal service rate u* for the simple case

n = 1, where an explicit formula for the unique positive root p exists.

Example: For waiting room capacity n = 1, we get
A (1+p)—C
1+ p+ p2

C,(w) =
and equation (13) gives
NP+ 200 — Cp+ €= 0.

The positive root p of the later equation is given by
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= -\ —C)+ VNV, —C)? = N,C
16 = 1 I 1 I Y a4 s
(16) p %, if &, 4c,

ol
Il
-

if &, =C,.

From (16) it can be aesily shown that u* has the properities

d «
d. T
) ac, uw <0,
i.e. the optimal mean service time 1/u* increases as C, increases.
£ 4
dr,
i.e. the optimal mean service time 1/y° decreases as r, increases.

C.) di)\ #* > Os

b.) i >0,

i.e. the optimal mean service time 1/u* decreases as \ increases.

It is clear that the properties of the optimal mean service time 1/u* agrees with the properties
of the upper bound of p given by (15) when n = 1.

The numerical results obtained for the optimal service rate u* in the case of infinite
- operation time (7 = «) can be summerized as follows:

1.) For fixed C, =3, r, =2 and n=4

A 1 2 3 4
g 0.80| 2.04| 3.51] 5.15

2. For fixed \=2 and n= 5, the values of p are given in the following table

C.
Ty

1 1 2 3 4

228 | 1.88 | 1.68 | 1.55
2,15 | 228 | 2.04 | 1.88
3,08 | 255 | 2.28 | 2.11
3.28 | 275 | 247 | 2.28

A W -

It is clear from tables 1 and 2 that the properties a,b and c¢ for the case n= 1, are
still the same for larger values of the waiting room capacity (n =4 and n = 5). In table
2, u on the diagonal assume a fixed value (u* = 2.28) this is due to the fact that, when
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rn=¢ then the optimal service rate u* depends only on A and n (see equation 13).
Remark: Let us consider'the objective function

A7) G = lim 7 [CByT) + r,Ev (D),

which represents the average expected cost rate. Now our purpose is to choose the optimal ser-

vice M which minimizes C2 (W).
It can be seen that

C, + 7\r2p"+l

» C,(p) =
ur . l1+p+ ...+ p"t

since

iy WD 7
T AT n+l’

Comparing C,(w) and C,(u), (given by equations 12 and 17), we can see that, if

Iy = Ty then the optimal service rate u* that maximizes C1 (i) as the same that minimizes
C,(w). On the other hand if r, # r,, then the optimal setvice rate p* that minimizes
C,(u) is unique and has the same properities a,b and ¢ (replacing 7, by r2) described in the
given example.
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Osszefoglalé

Optimalizélasi feladatok Markov tipusu kiszolgélési rendszerekben

Ahmed F. Mashhour

Markov tipusi M/M/1 kiszolgal6é rendszer érkezési intenzitasénak optimalis megvélaszta-
sit vizsgilja a jelen dolgozat. Feltételezzilik, hogy az lizemeltetési koltség (idGegységenként)
C, ha foglalt a kiszolgal6, C, ha szabad, s ha véges a mikddési id6 és tulora is fellép, akkor
a talorazas idGegységenkeénti dija C,. Az aldbbi esetek lehetnek érdekesek:

Ealre, & C30%6.

Véges és végtelen miikodési idére kiszdmitjuk a minimélis (végtelen id6 esetén az egységnyi
idére es@) lizemeltetési koltséget biztositd érkezés intenzitast. Az eredményeket szamitastechni-
kai szempontbdl is analizaljuk s szemléltet6 numerikus eredményeket kozliink.

Pe 3w0wMe

3amavy ONTHMHM3alMU B NPOCTeHmHUX CHCTeMax

OB CIIy XU BaHUA

Axmen . Mauwxxoyp

B paboTe uHcclenyeTcs OITHMalJIbHOEe ollpelnesieHHe HHTEeHCHBHOCTH
BXOIAWEr'o IIOTOKa NPpOCTermUX CUHCTEeMH (M/M/I) obcnyxuBaHuAa. IlycTe
CTOMMOCTE pPabOTH CHCTEeMH /B eOuHHLY BpemMeHu/ CB eciii OB6CIIyXHUBa—
OHNUX NpHbOp 3aHAT , CI ecnu cBob6omeH., Ecsiu BpeMsa QYHKIHMOHHpPOBaA—
HHUA CHCTEeMH KOHEeUYHO K BO3HHKaeT CBepxXypouHas pabora, Torma
CTOMMOCTEL CBEPXYPOUYHON paboTH 3a €OUHHIE BpeMeHH Co. HUuTepecHH

cremywmyue cJaydawu:

/

C.*FLC. . *2C., B €

> >
1 2C;>Cg B G 2Cyp >C

B

I[IpuBeneHH HJUINCTPATHBHHE HYyMepHUUYeCKHEe 3SK3eMIJISPH .
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K pacuéry szepHHX MOAejed METO10M TUIepcHeDnrnUeCKUX

OYHEIMA

K.Banna

B suepsoit (uauKe NpU M3YYEHUU SIZNEPHHX UM KB 3UAZLEPHHX
CHUCTEM, COCTOANMUX U3 HYKJIOHOB U AHTUHYKIOHOB, NPUMEHTETCH M3
BECTHHI METOZ THUlepchepuaueCrKuyx QyHKIuH [}, 2], CBOZALMI MHO-
roMepHoe ypaBHeHue llpeguarepa ¥ OECKOHEUHOIl CUCTEME JNUHEHHHX
OCHKHOBEHHHX ypaBHeHuil Ha mojyocu C OCOOEHHOCTAMUB TI'paHUUHHX
TOUKAX. QI8 3a7auu Tpéx ren (Azep TpuTud u HeB) TaKUEe ypaBHE-
HUS IOJIyYEHH B[é].

Hacrosuad padoTa MOCBfLEHA YMCJIECHHOMY DEUEHUn 3a87a4i
0 CBFB4HHUX COCTOAHMAX CHCTEMH M3 Tp&x uacTuy (AZPO MOZEIB-
HOT'O TpPUTHS) MEeTOnOM Trumnepchepuuecrux (OyHKLUI B HpUOINKEHUN
OHOT'C U TPEX ypaBHeHul. ilozens sAnpa BHOMpaeTcsa TaKo#l %e, KA
B [4], $3, C IOTEHNXAaNoN B3auUMOZECTBMA B BUZE NPAMOYIT'OJIBHOU
fIMH ¥ IT@paMeTpaMy AME, HECKOJBKO OTANYHMY OT BHOPQHHHX B (4 J.
B [4] BHEDIUA CBA3U OCHOBHOTO cocrofiuus sxpa (E,=20.5:0.1 Mev)
HalimeHa IIyTEM UYUCIEHHOI'O DEHEHUS CUCTEMH OHOMEDHHX HHTEeI'-
PalbHHX yPaBHEHUI, MOMYYCHHHX U3 MHOTOMEDHHX HMHTEIDAJBHHX
ypaBHeHUil dazzeeBa.

HacTosuasa pa0oTa M03BOAAET CPABHUTE PE3YIBTATH DENEHUA
HeOOJIBIOTO YUCHA ypaBHEHUll, IIOJIYUYCHHHX B METOZe Trulepcdepu-
YeCKNX (yHKLIull, C pelieHueM UHTErpPajJbHHX YpPaBHEHUN B Eaﬁ, gozee
TPYAOEMKUX C BHUNCIUTEIBHO! TOUKYM 3PEHU.

BucTpass cXoZuMMOCT®H METOZAA rumnepcdepuuecKux QyHELU,
YCTQHOBJIEHHAA B [3] T8 HEKOTOPHX fNEepHHX Mozeleil, 1 pe3yib—
TATH BHUNCJEHUII B 7MaHHOH padoTe B NPUONUKEHUAX OLHOT'O U TPEX
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ypaBHEHHII MO3BOJANT HAZEATHCA, UTO IOJNYUEHHOE YXE€ AJNH OAHOTO

ypaBHeHUA COGCTBEHHOE 3HAueHue Ep = 2I.O'74i-_I.5-IO'3 CIN3KO K
9

VCTHHHOMY 3HAQUYEHWO SHEDPIUU CBA3M OCHOBHOT'O COCTOSHMUA MOZEJIMH.

HexoTOpOE pacxouzeHue Co 3HAUEHUEM EO B [4] 00BSICHACTCHA,
C OZHOIl CTOpPOHH, HEOOJBUXM BapBUPOBAHUEM IIOTEHLMANE B3aUMO-
nelicTBud, a4, C ZAPyroii CTOPOHH, INPUOINKEHHOCTHN BHUUCJIECHMH B
[4] (mocnemynomue MONPABKU MOTYT TOJBKO yBEIUYNTH EO).

I. B mepsom NpuOIu¥eHUy METOZa TUIepcHepruecrux QyHKIl
3a7a4a 00 OIpeAeCHUN DHEPI'U# OCHOBHOT'O COCTOSHUA A7pa MOZEIIb-
HOI'O TPUTUSA CBOAUTCA K HAXOXZEHUI MAKCUMAJIBHOT'O COGCTBEHHOI'O
3HQUEeHNA EI 3a7a4un:

x"+$%'+[—b£,+3b‘3‘o(9)—-3%]x=0, O0<g9< o (I.I)
Q=0
Lim X(9)=O) (IoB)
9-—00

A
r7e '}'0(9)=,J.—|2—-$ Vi-x2 V(gVi+ x )dx,
24

2,043

Cj = Ahkd-102,276 npu t=a=2,043,
V(t) = {’

nput=>a,
b=4,8229-1072. )
Bamerolt X (9)=z(9) ¢~ # y A=bEy IOJyuuM 38734Yy B BUAE:

Z”*[— 7\"’(}(9):IZ=O, 0< 9<co {I:4)

limz(¢) -0, (1)

Q-0

lga'm z(9)=0, ' (1.6)
TIe O,(9)=—4—%2 +3b7,(9) n, B cully noBezenna 3, (o),

| S mpu @< a |
g (9 4f+ f pu 9 7
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| a,(5>)=—h'?52 47A 7OCTATOYHO GONBUUX ©

Jus mepeHoca rpaHnmudnx yexoBuit (I.5) u (I.6) u3 0coGHX
TOYEK MHCIIONB3yeM pe3ynbTaTH pasoT, yKas3aHHHX B [5 ‘

Jenosue (I.5) ansa pemenunit ypaBHeuusa (I.4) nad 710CTATOU-
HO MAJEHBKUX @ OKBUBANEHTHO YCJIOBUW

902’ (9)=w(9)z(9), (I.7)
rie w(Q) ecTs peueHne 3azauu
9vﬂ+\MLﬂN+92E%+q(9ﬂ=Q 0<9sg,, (I.8)
. g |
LG W
IpUYEM e _
w(9)=2_ w9, (1.9)
i=0

TZe pAl CXOAUTCA AJsS AOCTATOUHO MAJHX @ U BCE KO3QHULMEHTH
noxyyaloTes GopualbHOl mozcraHoBroi# paAza (I.9) B ypaBheHue (I.8).

Yenosue (I.6) mas peumexuit ypasxenua (I.4) A8 Z0CTATOU-
HO GOTMBUMX @ SKBUBAJEHTHO yCIOBUW

z'(9)=v(¢)z(9), (I.I0)
rae v(9Q) ecTh pemeHne 3aAaun
visvZ-A+g (9)=0, Qoo = 9< o) (I.II)
Jim v (ol=-Va,
NpuYeH npu Q —= o=
v(Q)n 2o Vi, adhh

i=0 Q!
I Bce KOBDOUIMEHTH 3TOI'0 4CUMITOTHYECKOI'O pAZa IOJyYanTca (Hop—
ManbHoll ero mojcraxoBkoii B ypaBHeHume (I.II).
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B3saB nepsie nBa uieHa B pasnoxeHuax (I.9) u (I.I2), mo-
Jyund B TOUKAX Qo ! Qoo MPUOTMEEHHHE I'PAHUYHHE YCJIOBUA B BUAS

oz (o )= Wileo) z (o) ; (I1.7')

z’(9°o)=0(9oo)z(9m), (L.10")

rae w(g)=3 2 A?bc' 92,

v(o)=- V;‘(H’a}\g

O BEHOODE TOUEK Qo M Qoo MJIA NOCTUHEHUA HYXKHONW TOUHOCTHM CKa-
HEM HUXE.

Ha KoHEeuHoM UHTEpPBaJe [90 900] sagauy (T4), (I.77),
(I.I0') pemaeu MeTOHOM JCTOM%BOM nporoHEn A.A.AGpaMoBa. A

UMEHHO, loJarasa ctg@s= , Ipuxozum K 3azaue zas ©(9):
8 =i-[1+1-g(g)]sin28, o¢,<¢=9co, (I.13)
0(9o) = arctg W(9 y! (LI4)
0(9.)=arctg[- 0 (9 )] +(n+3)T, n=04.... (1.15)

rze N - HoMe) COOCTBEHHOTO uicla. /JIfd HaXoxAedUs MaKCUMAIL—
HOT'O COGCTBEHHOrO uucla Hazmo monoxuts B (I.IS5) n=0.

B pesynrrare 3azaua cBoguTcAd K pemesian ypaBHenusa (I.I3)
ClieBa HAIpaBO 10 TOUKM @, C I'PAHUYHHM YCIOBHEM (I.I4) 7 cmpasa
H3JEeBO 7O TOUKN @ ¢ rpaHuuHHM ycamoBueM (I.IS5) u cTpelsbe
no X . Taxk xar 3azaua. (I.I3) - (I.I5) o0xazaeT CBOHCTBOM MOHO-
TOHHOCTH, TO CXOAUTCA chexyluuit urepauuonnui npouece ( @(eA)
oGosnauaer pemenue (I.I3), ymosaersopsouee (I.I4), a@"(9>A)
- pemerne (I.I3), yzoBaersopsawuee (I.IS5) ): 3a7aéM Ao, § ecin

Ha xaKoM-TO mare 8”(g, Ak)>0"(gs Ak ) , TO Oepéren
Akl >Nk y CCIN K6 QA{?c'Ak)<@n(?m>‘k ), T0 Apaf < Ay
B KauecTBe TOUKM Q. yZAOOHEE Bcero OpaTh \7%' .
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Y06 BHOPATh HAUAJBHOE LPUOIHMKEHNE Ao AJS MaKCHMATb—
HOT'O COOCTBEHHOT'O uuc/aa, yuHOXui ypaBuenme (I.4) HAa Z U IIpo-
HHTErpUpyeM ero oT 0 70 co .« llomyuuu

(= =4

S D\ -q (9 )] z2 dg<O0,
OTKyZa ©

A<sup g (9)<< 3b(y

0< @< oo
lcxomst u3 A,=3bCy, HaxonuM ONUCAHHLIM METOZOM MaK-
CUMATIBHOE COGCTBEHHOE UMCJIO A U COOTBETCTBylE€e 3HAUCHUE .
Er o A7TA 3a7aun (leI) = (Le3)2 EI O=ZI.O74iI.5-IO'3,
? ?

2. Bo BTOpoM mpuOmuxeHuy MeToxa CUMOHOBA IIpU KCCIEZOBa-
HIM ONUCAaHHON AmepHoil Mozemu BuMecTo ypaBHenus (I.I) BO3HUKAET
CUCTEMa 7BYX CBf3aHHHX yDABHEHMWIl 1 07HO HEe3aBLUCUIOE YDPABHEHHUE.
B pesyabTaTe 3a7aua CBOAUTCA K MCCJASA0BaHMD ypaBHeHUA (3.I)
(CMe Me3.) U HAXOXIEHUO MAKCUMATIBHOT'O COGCTBEHHOT'O 3HAUGHUA
E2 3gmaun:

Lo W ~—

%*?xo*‘EbEz*?’b*o(?)"g'z]%o=v'%—'.¥4(9)%4_) (2.1)

" 1 1 -— »
%y + g Xy +[-D Ep +30%0 (9)+ b Ty (9)- %%]%r%%(?)%m Ocgeco,
llv)xo(p) const,lznrxh(g) =0, (2.2)

g ==0 Q—

Lim %o (@)= hm'xq,_(g) Oy & (2.3)
Q-+ co B

A

rae }4(9)““ S Vicc2 (16 xt—12x2+1 )V(g‘/ﬁx)dx)

av(), ¥ (¢),b. Te me, 4T0 B H.l.

3aMeHoi xo(9)=z4(9)9 ,'x,4(9) 22(9)9 ,7\ bE,  MONyuuM IJf
2ulZyZn )W 38744y B BUIE:

Z"+[—7\12+Q(9)]Z=0) 0<¢< oo, (2.4)
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lim 7 (9)=0, (2.5)
i D) (2.6)
rae I, - enuHNYHA# MaTpULU3 BTOPOTO IOPAZKA,
) T b
-= +3b%,(¢) _—‘j (0)
- =% () 4‘;3+3b?‘ CEREACTE

u B cuny noseneHns o(Q)u Fy ()

1
Q(9)=?2Qg+3bC412 npu 95-%—2— , Tze
o = g : I5 143
Qo - amaronampas MaTpUIA, diag Qg==(_.7:) __E_>
¥ LJaA JOCTATOUHO COMBUUX Q

4 o 4 co o
G(9)=?2Q2 “'O(?B), Q2 = Qo

llcmons3ysl pes3ynsTaTH padoT, YKA3QHHHX B [5], rojiyyaeu,
yro yciaosue (2.5) nua pemeduit cucTemu (2.4) Anf 70CTATOYHO
MANEHBKUX Q DKBUBANEHTHO YCIOBHI

9Z'(¢)=W(9)Z(9), (2.7)

rae W(Q) ecTs MaTpulla-pelieHne 3azaud

9W’+w2—w+92[—>\12+Q(Q)J=O, 0<9< 9, (2.8)
8

5 0

llm W(?) W = 2 13]»

==c B

IpUYEN

W(S)):Z)wigzi) (249)
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I'ZIe MaTPUUHHI DAX CXOMMTCA ANA JOCTATOUYHO MAlNHX @ U BCE
KODMHULHEHTH MOJNYyYalnTCs (JOPMANBHOK [107CTAHOBKOH psAna B ypaB-
HeHne {(2.8). :

Ainamoruuso, yecaosue (2.6) mua peuweHuit cucrent (2.4)
I ZOCTATOUHO OOJBUUX ¢ 9XBUBAJEHTHO YCIOBHD

Z'(9)=V(9)Z(9), (2.10)
rae V(9) ecTs MaTpuua-peleHue 3anaunm
VI+v2+[-N 15+Q(9)]-0, 0 < o<es, .
. S (211 )
Lir V(g)=—VA I,
[IPAYEM
V(?)Névi?_L> . {08

I BCE MATPUIL-KO3N[UIUEHTH ITOTO CUMITOTUUECKOTO pfZa MOIy-
YyaTcA (JopuanbHoil ero moacraHoBKOf B (2.II).

Baas mepBre nBa uleHa B pasnoxexuax (2.9) u (2.12),
NONyYud B TOUKAX Qo U @, TPAHUUHEE YCIOBUA

?OZ)(?O)=\;/(9°)Z(?O)) (2.7/)

Z'(9e6)= V(9e0) Z(Poo), (2.10%)
I7e »V(g)n V(g) IUaTOHANLHNE MaTDUIH ,

. A-2bC. A BbC
diag W(9)=(3+ 5 — 02 8+ 55— ¢2)

dlag V(?) ( \/—(4+87\9 ’_ﬁ(4+84;:;2))’

O BuGOpe TOUEK Qo U Qon IIA JOCTUXECHUA 38ZAHHOI TOUHOCTH
ClMe Hoq‘o

K pemerun sazaum (2.4), (2.7'), (2.I0/) HA KOHEUHOM
UHTEpBajie [?90)5%39 J NpUMEHSEM MATpPUUHLHIA BQpUAHT yCTOli-
unBOi MporoHxu A.A.ASpaioBa B CIEIYOUEM BUAE.



— 3

BBOsl 4ETLPEXMEPHYI0 BEKTOP=(yHKLND 5=(§,) n3 (2.4),

(2.7"), (2.10") momyuwmu Zas S  ypaBHeHUe

5’+p(>\,9)5=o, OnE 0L Ousy (2.13)

rne 0 "IQ
P(x,0)=|-al+tQ(q) 0O |,

1 T'PaHUYHEE YCJIOBIA

U2*5(90)=0, (2.14)
U2 5(900) =0) (2.15)

roe U u UPD, zus ymoGcTBa HOpMMpOBAHH TaK, YTOGH

A% A

*
Uy Ups=1ls 1 L Llr;o=12-

MHorooGpasue pemexuii cucrems (2.13), yzosaersopsomux (2.I14)
/cooTBeTcTBeHHO (2.15)/, ompemenseTCs COOTHOWEHUEM

U"*(9)5(9)=0, 90= 9% 0un,
(coorsercTBenHo U"*(9)S(9)=0 Y

A 5 -
rae U7 (Q) aBmmerca marpuiueii-pemenuen sazaun Kouu

T =l DI @1 ol U W Bl = 15606 R T (2. 16)
U* (90 =Ug
/coorBercTBeHH0 B (2.16) BepXHMII UHTEKC 3aMeHseTcd HA M , a
HQUaJIbHOE YCJIO0BUE - HA YyCJOBUE HA I[IPAaBOM KOHIIE uﬂ(g)oc,)=u;,1,3 [

CoGCTBEHHOE BHAUEHHME A HAXOAUTCS U3 yCJIOBUSA

A*(?c)

det
un*(?c) | (2.17)
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rme Q. — IPOKM3BOIBHAS TOUKA OTPE3KA [95,90;] (ymoGuee
BCET'0 BHOpATh Q.= 5% ). JcmoBue (2.17) ecThs HeENMHEiiHOE ypaBHE-

HI€ OTHOCUTEJIBHO A 4 €I'0 pelleHlEe OTHCHKMBAETCHA HTEPALUOHHEM MEe-
TOZIOMe

BepxH0O OLUEGHKY MM COOCTBEHHOT'O YMCNIG A MOXHO MOJYUYUTH
YyMHOXEHUEM IIEpPBOr0 ypaBHeuus (2.4) H@ Z4 ¥ BTOPOT'O ypaBHEHUA
Ha Z» , CIOXEHUEM WX UM IIOCIEAYNIUM MHTErpuposaHueM oT 0 70
oo . llomyuaeu, uTo

T D265 27, (0042 22)2t dg+{n-2bT (0 55,0t uge
‘SD 91(9))=tdg T[x arz@)]z%d?“@

I MMO3TOMY [0 MEHBleil Mepé Ha KaKOM—-TO OTpe3Ke

A< max(q,4(g>),q.2(9)),
OTEYZa A<NBbC;, N<<40.

lexoza us Ao=40bCy , HAXOAUTCA MAKCUMAABHOE COOCTBEH-
HOE UMCIO A I} COOTBETCTBYOUEE Epp=21.083 C OTHOCHUTENB—
Hoil morpeumoctsd 0.1 %0,

3. Bo BTOpOM MpHUOMUNCHNNX BO3HUKLACT ELE 11e3aBUCIIMOE
ypaBlenne, oTicauBmeecs oT cucreMmd (2.I1). [loxaxeM, UTO npH
J000M IoJoXuTensHoM E 3ax1gua

» V] ) o 16
X2 ¥ % 4—|:—bE+%b‘}'o (9)+—g—b 3p(Q)- ?]%2”0) 0<g<oo, (3.I)

Lim x2(9)-1urwx2(9) =0

§==0 .
UMEET TOIBKO TpABuaHBHOG pelleHne

SR To(9)= SV4XZ(4x2 4)V(9Vl+ x )dx,
-1
a V(t))}o(Q),lg T€ %6, UTO B H.l.
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. =L}
Samerolt xp (¢)=2z(g) o /2 MOMyunmd 3azady B Buae

Z//+[-—bE-+q,(q)]z=o) 0< < oo, (3e2)
i W
rze @(?>=—4§§2*—§'b§5 (9)4-% b3 (9).
B cuny mosezeHnus F @u 3,(g) Oynkmua g (Q) oc-
TaETCH BCHAY OTPUNATEIBHOI, MOCKOABKY MpH gs‘%
63 - : 63 1
q'(9>’"Z§3+ 3bC<0 & 17 [OCTATOUHO CONBHAX q,(9)=-@2+0~(§—3).

Ecmu Ob Ha KQKOM-TO OTpesxe OHiIo g (Q)=>0 , TO Hal-
nachk OH TOUKa, B HOTopoﬁ:q/(g)={7. JTO0 YCJOBUE 3KBUBANEHTHO
BHIIOJIHEHU pPaBEHCTBA

2191

i,
w(t) E(2t2-4)2t(l'f2) *= 32a2bCy

npu HexoTopoM t€ (o, 4) . Oznaxo max u(t)<3224 Z'bC .
Q
t€fo] ;

[Ipenmomoxui, 4YTO IIpU HEKOTOpoM E =0  CyLECTByeT He-
TpUBMANBHOE pemeHne sazaud (3.I) u MOTOMYy ¥ 3aZaull (3.2). Ji-
HoxumM ypaBHedue (3.2) HA HETO U MPOHHTErpupyed oT O 10 co .

[lomyumit, 4TO

(= =)
S[-bE+q(q)]z2dq>O,
o

YTO MPOTHBOPEUUT IIPEMONOHEHU0.

B pesynrTaTe AJS DHEPTHMU OCHOBHOI'O COCTOAHMA OMMCaHHOM
IIEPHOI MOZEeNM MH MONYUMi B NEpBOM MpHCIMEEHMM METOIa THUISp-
CwepuueCKUX (yHinuii sHavemie By 4=2L.074 lleV, a Bo BTOpOM
NpUONUKEHIN 3HAUEHUE 32,0:21'083 Me V. OTu 3HaQUEHUA yAOBIET—
BOPANT BapHALMOHHOMY NPUHLUIY METOZa IuNepchepuueciunx (OyHxuuit
(cum. ﬁ—@):

E o= E2,0 .

OTMETHM TaKXe, UTO [IOJNyYEHHAR MaXasa MOMNpaBKa K EI,O
Bo BTOpou mpuonuzenuzs (mopsaaxa 0.5 % ) m GaxT GHCTpOW cxogu-
MocTy MeToza CUMOUOBE 7JdA MAHHOW AAEPHOI MOZENN I03BOJANT
HaZIeAThCA, UYTO 3HEDPTUSA CBA3M OCHOBHOI'O COCTOAHUA DTOd MOZEIN
omuska K 2I.I MeV.



=

4. OCTANOCh yKA3aTh OLEHKN AJNA BHOOPa TOUEK Q, U @
B rpaHmudnx yemxosusax (I.77), (I.I07), (2.77) u (2.I07).

OueHUM MOTPElHOCTH 3aMEHH TOYHOI'O IPAHUYHOI'O YCJIOBUA
(I.7) npubmmwexnsiM. OC03HAUMM IOTDPEMHOCTDH 3aMEHH UEpE3

I(g)=9>p(g=w(9)-w(0)
1 HEBABKY IIpU II0;CTaHOBKE \Q/(Q) BMECTO V/(?) B ypaBHEGHUE
(I.8) uepes T(@) .« Ilpum aTou éi.n?:ﬁ (¢)=0 1T(e)= W§ o4,
A-3b()
6

e Wp = dma p (@) monyvaeu ypaBHEHIE

oL +(2+2wWo) Br2wy g2 B+o3 BErowf =0

Taxoe ypaBHeH!ES MLeeT eAUHCTBEHHOE peleHNe, CTpeMdAleecs
K Hymn OpM @ , CTPEMAMeMCH K Hyio. 00 pe2jiaraeTcs B CTENeH-
HOlf paAz no @ .« Ompenemmi (YHKIIND z(@) COOTHOWSHIAMY

wi (4.1)

3
D
Z - 5 (21wl 972+ 9%22) + 2 9+4o 9%

z()=0.

[Io TeopeMe O HEABHOW QYHKINY ;2(9) onpejaenena i
MaMX @ U IPeACTaBUMA B BUAE CTENEHHOI'O DARa. [eTpyaHO IIPO-
BEPUTH, UTO KODNOULIEHTH pa3JI0KeHUs z(?) IOMORUTEABHE U Ma-—
KOPUPYNT K02ODULMEHTH pasnoxexus S3 (@) IO MOZYID M NOTOMY
12(I<=z(Q) . Paspemas ynaBchme (4.1) OTHOCHTEIBHO Z,

JIETKO MOJIyUYUTEH OLEHKY Z(q)< 28 o 2 . [looramy npu zomycTumoil

nporpemsoctn 1d(@)l<d, ;zocmawormo 0paTsh

%
< = VIO
So V’ng 3 d;
B cryuae TpasuuHoro yciosus (2.77) mocTynaeu aHalIOTUU-—

HO. IlycTh MOTPENHOCTH 3aMEHH TOUHOI'O I'DHUYHOI'O yCJOBMAA IpH-
OJIAKEHHEM €CTH

M (g)=92B(g)=w(g)-w (o),

A
a nesssxa mpu moxcranoske W (@) muecto W(Q) B ypasuenue
(2.8) ecrs T(9)=Wj o4 , rze Wz - muaronaxsHas maTpmia,
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diag Wy - (2201, A3ECH),
Insa marpuunofl gymiuuu B Q) moJyuyaeM ypaBHEHHUE

0 B +(Io+Wo) B+B(In+Wo)+ 02 (B Wat Wy B )+g® piwZo0.
Taxoe ypaBHeHUE TaKXe UMEeT EINHCTBEHHOE peleHue,
CTpeMslieecss K HYMO NpU @, CTpeusaueucsa ¥ Hymo. OHO pasnaraercs
B MAaTpPUuHH{I CcTeNeHHOW pan nmo @ . Ompernemum (yHruun z(9) coor-
HOLIEHUAMHI

z=clvg?z+ 89322]+b49+b3?3) (4.2)
Z(0)=0,
r7Ie
c=ll(514+u)“ v =lvi,

b4=||(IL++U) HIl, ba=ll (31, +u) V(I4+Ll) "Wl a
Ll=12xwo+wox12, VeI, x W+ W3 x [,

sbc 3bC T
H= ((7\ 4) .0, 0, (A‘gé_l )

llo Teopeme o HeABHOH (yuxuuy z(g)onpeneneHa nisa MaIHX
Q u pasnaraeTcsi B CTENEHHOM paz mo @ . IlpM STOM JETKO Mpo-
BEpAETCs, YTO KOBDQUUIHEHTH pasnoxeHus z(Q) MOTORMTEIBHN 4 Ma-
HODPUPYOT MaTPULE-K03(O0MIMenTH pasnoxenua B(Q) mo Hopue u Io-
rouy I (@ )Il<z(¢). Paspeman (4.2) OTHOCHTENBHO Z , NOJyYHM
OIICHKY

Z(?)<8b4? R 9<? m’n(‘?CV)%/;;E-—"’ 24‘8bc))
2 {

UTaK IpU AO0MycTuuoil morpemuoctu |l P.(?)H<Jo A0CTATOUHO 0paTh

Qo = min (? ) V )'
J7Is1 oTeniu norpeuﬁoom yenosuii (I.107) # (2.I07) memo —
CPEACTBEHHO BOCIONB3yEeMCH OLCHKAMY 13 [5]. 0Gosuauus uepes
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d(@)=v(g)-+v(0) u
D(g)-V(9)-V(g)
I0JIy4aeM OLCHKU !d(?),éi‘-”_"5§3 ky u

A
10 (@Il AE’TQ—B Ko,

rie ky~ 160 4 a kp ~ 800 , NMOITOMY A7 JOCTUHCHHA 3a7aHHOI
roudocT d_. B ciayuae (I.I07) cmexyer GparTs

7T
900)77— ak-;i- )
a B cayuae (2.I07) SR
1 3
>3 V2 .
deo
ABTop BHOpaxaeT OnarozapsHocTds H.B.Komwoxosoit (BL AH CCCP)

33 OKA33HHYW MOMOWE B pemeHu: 3amaun u A.M.Bamamnas (UAO AH
CCCP) 3a oOCy#AeHUE pE3YABTATOB.

JuTepaTypa

(1] 10.A. Cmionos. A0 3,630(I966)

(2] B.A. Cmgoxos. A® 7,I2I0(I1968)

[3] A.d. Baganan, D.A.CmonoB. 0 3,1032(I1966)
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[5] E.C. Buprep. kBM n 1@ T8 i3, 674(I968)
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BHI.6, 3(I1973) u muruposazsas B [5 ] u [6 ] mreparypa.
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Summary

On the Evaluation of Nuclear Models by the
Method of Hyperspherical Functions

K. Balla

The paper is devoted to the numerical solution of the bound states problem for the three

particle system (nucleus of tritium model) by the method of hyperspherical functions. One
and three equations are used for the approximation, (1.1) and (2.1), (3.1) respectively. For

the solution of the problem the methods of effective reduction of the boundary value problems
on semi-axis with singularities in boundary points to the problems on the finite intervals
without singularities and variants of the stable factorization are used. For the substitution of
exact boundary conditions by approximative ones near the regular singularity error estimates
are obtained in the case of approximation by means of convergent series.

Osszefoglald

Atommag modellek szamitasai giperszferikus filiggvények modszereivel

Balla Katalin

A dolgozat egy hirom részecskébdl allé rendszer (a tritium magjanak modellje) kotott
allapotai problémajdnak van szentelve. A feladatot numerikusan a hiperszférikus fiiggvények
modszerével oldja meg, egy (1.1) és harom (2.1) és (3.1) egyenlettel valo kozelités segitségé-
vel.

A feladat megoldésédra felhaszndlja azokat a modszereket, amelyek féltengelyen 1évé ha-
tarpontokban szingularis peremérték problémékat véges intervallumon szingularit4dssal nem ren-
delkez6 feladatokra effektiven visszavezetnek; valamint a véges intervallumon értelmezett sta-
bil faktorizdciés médszereket. A pontos peremfeltételeket a regularis kritikus pont kérnyeze-
tében konvergens sorral helyettesitd kozelités hibabecsléseit is megadja.
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K onpezeneHui olnepauuiis OTHOUEHUE KBUBAJIEHTHOCTH,
OTHOWEHNE YAaCTUYHOM YIOPANOUEHHOCTH, OTHOWEHNE
VIOPSAZOUEHHOCTH I'pYINa METpUK]

d. Cromex- X. BunTep %

0. Beezenue

B pamxax pa3pabaTHBaeMOii B HacToAllee BpeMa oOleil Teopuu
aBTOMATHU3MPOBEHHANX CHUCTEM YIPaBIEHUA TEXHOJOTMYECKMUMU I[IpoLec-—
camu (ACYTI) /I/ omucuBalOTCS pPEaabHHE U aOCTPAKTHHE OGBEKTH
(omepaTopH, ONMepaHnL, OIepalui, WMHCTPYKUUK U LEIM olepauuil) B
0a3UCHHX W HHA{OPMALMOHHEX CHUCTEMaX, 4 UMEHHO C IIOMOLBN KJaCCHU-—
OMKANZOHHHX (HOMUHAJBHEX), CPABHUTEIBHHX (OpPAMHANBHHX) ¥ KOJIU-
UEeCTBEHHHX (METpHUECAUX) NPU3HAKOB, & TaK®e COOTHOWEHM MeXIy
nociaeninMi. IIpy 3TOM OKa3HBaeTCdA, UTO BTU NMPU3HAKU CISAYET
CUMTATH BIOJHE OAHOCTENEHHHMZ. ONUCAHNE C IIOMOLBD

KJIQCCHOUKALMOHHOTO
—— CPABIUATEIBHOI0 [IPA3HaKA OCHOBHBAETCS Ha CYECTBO-
KOJNAYECTBEHHOT'O

BaQHUU
OTHOMEHNA SKBUBAJIEHTHOCTHU
OTHOMEGHUA YaCTHUUYHON WM IMOJHOM YIOPAZOUEHHOCTH
B MeTpUKe

BO MIOXCCTBE BEJIUUUH IIPH3HAKOB. I3 aroro BHTEKaeT, UTO U OT-

i lpe3neHCKuil TeXHUYECKU! yHUBEDPCUTET, CEKIUT 0CPaCOTKM HHDOD-
Manuu
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HOLWGHNE SKBUBAJIEHTHOCTHI, OTHOMEHUS YACTUYHOIl WM MOMHOHI ymop-
SI0YEHHOCTH M METDPHKY CIHEAYyET CUMUTATH OTHOCTEIEHHHMN MOHATHAMIU,
YTO CIEZyeT CMOTDPETh HA HUX C eJUHHX TOUeK 3peHud. HacTosmmas
padoTa XOUeT CO37aTh IS BTOr'0 MATEMATIUYECHYD OCHOBY.

lIpeanoxas padory /2/, NDABOAUM O0JAEE [MPOKYD YHHUOUKQLUD
opejeseHuii HE3BaHHHX IOHATHH, BXANUAS TDYINY, KOMMYTATHBHYD
TpyIily, KBAa3UMETPUKY, JUMHEIHYD MeTpuxy. CQOpMYyINPOBIHHHE 3aTeM
MATDAYUHHE KPUTEPUN AJNA CYWEeCTBOBAHNUA OTHOWEGHMII SKBABAJIEHTHOCTH,
YaCTUYHOH MJIM MOJHOfI yHOPSZOYEHHOCTH, ANA CYLEeCTBOBAHUA I'pyld-
b, KOMMyTaTUBHOI IDYyIIH, KBa3UMETDPUKI, METDUKM U JMHEHHOI
METPUKI [MOKE3HBAKNT (JOPMANBHO OXUHAKOBYH CTPYKTYDY. JTO 3H3UUT
-~ HasBaHHHE IOHATHUA €CTH ONHOCTEIEeHHHE AByXxpaspsnHue "cBasu"
DJIEMEHTOB MHOMecTBd I, ONUCAHHHE OH03HAUHHM M300paXeHUeH
P:MxM-—N.

I. OnpeznenecHus

I.I. OTHOmMEHNE DSKBUBAJIEHTHOCTH

JIBonuHOE OoTHOomeHue R BO MHOXECTBE MI/ Ha3HBaETCA OTHO-
NEeHNEeM SKBUBAJJEHTHOCTU B M, €cil AJd ABYXPaspsanHoil (yHKLINN

¥ MxM~{0,1} (I.I)
COOTHECEHHOK C IOMOLBI
0 (x,y)¢R
Lp(x’y):: AJIA (I'z)
1 (x,y)ER
ACliCTBUTENBHO CIEIyONCe:
a/ (Vx) P(x,x) =1 (2:1)
XEM
6/ (¥x) (Vy)¥ (x,y ) =P(y.x) (2.2)
X,y EM

I/ llycts OymeT M 3zech U B CIEAyLIEM KOHEUHHM MHOXECTIBOM,
a
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3/ (Vx)(Vy) /\ (P(x,z)-P (y,2)) = P (xy) 2/ (23T}
x,y€EM z€M
Uian, 4TO fABJAECTCH PABHO3HEYHLIM:
(V)I(VYN/ @ (x,2)AP(y,2)) =P (x,y) (2.52)
XyEM zEM e

I.2. QrHOmEHME YaCTUYHON_ YHOPATOUEHHEOCTH

JBouyHOe oTHomeHue R BO MHOXECTBE il HA3HBAETCHA

HEPENICKCUBHEN —— opyomennen YacTiuHOl yuopanoueHHocT B i,

p@ﬁﬂGHCMBHHM//’///
GCJM 7Js1 ABYXPA3PAAHOH (YHKIMH
¢: MxM—~{0,1} (5.5
COOTHECEHHOIl C IOMOILBN
0 (x,y) ¢R
‘P(&Y)= I (3.2)
1 (x,y) €R

nelicTBUTEIBHO CIEeAylIee:

{(HE PEDIEKC. )

0
a/ (x) P(xx) =< (4.I)
xEM 1 (pedmexc. )
6/ (¥x) (Vy) P(xy)AP(y,x)=0 (4.2)
XyEM
X%y
2/ Eenu NIPpercTaBUTh (X, Y) B BHUIE M3 T pUIIH

TO B/ PaBHO3HAUHO CO clexyluuM: [Jd BCEX X, ¥

M Hexoropas crpoxa (crombeln) X OT , HACUET CyLECTBOBAHUSA

B Hell enuHMI, WM UIEHTUUHA C HEKOTOpoit crpokoit (croxGuom)

y, WIN Xe OTaMYaeTCA OT nocrexHeil. To ecTh, OTHOUWEHUE DKBU-
BaJIEHTHOCTU B I ompegendeT Kiaaccuduranuo B M Taxum olpa-
30M, UTO BCETZA CYLECTBYET COOTHOLEHKE MERAYy BCEMU 3JEMEH-

TaMI ZJAHHOTO KJjacca, HO HE MEXNy ZABYMA JJIEMEHTAMHU pPa3IUUHHX
KJIQCCOB.
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B/ (Vx) (YY) AN\ (9lx,2) - Ply,2))=F(x y) 3/ (443.1)
xy€EM z€EM -
WM, YTO ABJAACTCA DPABHOBHAUHMMS
(vx) (V) \/ ($x,2) A\P(zy) = Plxy) - (4.3.2)
X,yEM z€EM
rae \
/ {\P(x,y) b8 }; i ; (Hepedmexc. )
\P'(X)Y)= \ L (4.3.3)
Pxy)

{pejierc. )

HepeQueKCUBHOS — OTHOWEHNEe YaCTUYHOI yMopAmouyeHHOoCTH R B M

pPeIeKCUBHOE
Ha3HBaeTCA
He?e@HeRCHBHMM':: OTHOMEHUEeM yrnopszoueHHocTu B M, ecau nmeficT-
pedIeKCUBHEM
BUTEJBHO Clexynuee: 6
X#EY
(vx) (Vy) Pxy)==(yx)={ 111 . (5)
x,y €EM 1 £ =3

3/ B/ paBHO3HAUHO €O ciaexywwumM: Jad BCex X, y € M HexoTopad
crpoxa (cronden) x or®'=(¥"(xy)) , HacueT CyLECTBOBAHNA
B Hell ejuHMIL, MIX BXOJZUT B HEKOTOpPYyD CTPOKy (cToxmben) y,
UMM %€ OTJAUYAETCH OT IOCIHEHEIs

LP(X,Y) (Hepeduexc. )

LP(X,Y) Xty
{o Sait X=Yy (pediekc. )

P'(x,y) =



e -

I.4. Ipymna

IByxpa3panHada airedpauueciad onepalus X 0 y X O7xHOpas3-
pAAHan axreOpaundeckas onepanud X - (MHBepcUd) BO MHOXeCTBE M
IyCTh OYZYT ONPEZEeIeHH CJIEAYIONNIM oﬁpasom.
(vx) xox ! =x"lox=e
XEM (6)
Torza X O y HasuwBaeTcd Ipymnnoii B M, ecau nasa ;ByXpaspaAnHOi
(OyHKIIN

P :MxM—M, (7.1)
COOTHOCEHHOY C II0MONBIO
P(xy)=xo0y (7.2)

ZEeCTBUTEILHO Clenynlee:

(vx) (Wy) id (P(x,2)0P(zy)) = f(x Y)
xy€EM zEM (8.I)

e

I.5. HoumyraruBHasg Tpymng

Ipymna x o y B il HasuBgeTcA KoMMyTaTHBHOH rpynmoil B I,
ecJiid JelCTBUTESIBHO CIEAYRLESE:
(Vx) (Vy) Px,y)=P(y,x) . (9,1)
X,YEM
C yudrom (9.I) Burexaer u3 (8.I)
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I.6. KBasuueTpura

[AByxpaspszHas QYHKLUA
Lp:MxM—’R 4/

Ha3HBaeTCA KBA3UMETpUKOoi Ha M, ecim meiicTBUTENBHO:

a/ (Vx) LP(X,X)=0.
xEM

6/ (Vx)VY)P(x,y)=¥(y,x)
X, YEM

B/ (Vx)(Vy) min(@(x,2)+P(y,2)) =P (x,y)
X, YEM ZzEM

IByxpaspsaznHasa QYHEIUA
LP:MXM"’RO 5/

(10)

(1Ll

(IT.2)

(I1.3)

(I2)

HasHBaeTCcA MeTpuroil (paccrosHueM) Ha M, eCaym 7nelicTBUTENBHO:

X =y

=0
o/ T P0y) {)0 iy ;Y
6/  (V)(Yy) P(x,y)=P(y,x)

X, YEM
B/ (Vx)(Yy) min(9(x,z)+P(y,2)) = P(xy)
X,YEM ZEM
nam, 4YTO ABJIAETCHA PABHO3HAUHHM

(Vx)(Vy) maxlP(x,z)-P(z,y)l=P(x,y)
X, YEM zZEM

4/ [R - MHOXECTBO BELECTBEHHHX UUCEJ]

5/ R, - MHOMECTBO HEOTPULATEJBHHX BEULECTBEHHHX UUCEI

(I3.1)

(I3:2)

(I5+3.1)

(I3.3:2)
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1.8 Jlugeiinag MeTpura 6/

IByxpaspsaznHas QyHKIUs
LP:MXM_’ R, (14)
Ha3LBaeTCA JUHEHHOH MeTpurgoid Ha I, ecaum 7elicTBUTENBHO:

=0 X=y
a/ (Vx)(¥y) lP(x,y){ s (15.1)
X,y EM >0 X#Y

v/ =
6/ g’;wywcx,y) P (y,x) {152}

B/ (V)(Vy) id ((Q(x2)+P(y,2)) vellP(x.2)-P(y,z)|)=P(x,y) (I5.3)
K, YEM  zEM

6/ JpaBHeHUEe B/ BHTEKaeT U3 ypaBHeHuil a/, 6/ U U3 HEepPaBEHCTBA
TPeyTONbHIKS

(Vx)(Vy)(Vvz) (P(x,2)+ P(z,y)) ZP(x,y) .
XY\ ZEM

IycTs ycunuTcs HEpPABEHCTBO TPEYTOMBHMKA CISLYOIMM 00pa30M:

Ina Bcex Tpoer (X, y,z)éﬁM3 BCErja €CTh NBa pacCTOAHUA,
CyMMa KOTOpDHX paBHA TPETHEMY paccTosHMD (cpaBHU M300pa-
KEHHH psAznoM rpad, mpuuyeM y3Ju - dJIeMeHTH M, pedpal pac-
CTOfIHNE, CYLECTByLLiEe BCETZa MEXAy AByMA djieMeHTaMu ).
lnaue rosopsa - maaa Beex (X, y,z)E?M3 JI0Ianb TPEeyIONBHUKE
co cropoHamu Y(x,y),P(x,z) P(y z) paBHa HyJo.

P(x,y)

¢ (x2) P(z,y)

Taxum oOpas3oM IOIyYaeMm CIeLMalbHyl METPUKY, KOTODPYyl B Cle-
oyoneM XOTuM 0003HAUUTH KaK "JnuHelHYD MeTpury".

JUUTHBAA U300pPa%EHUE [ETEPMUHATOB IIJIOWAAU TPEYIOJIBHUKA

Ipn 3aTaHHHX AJAMHAX CTOPoOH (Cp.
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A JNUHENHOH METpPUEM 7elICTBUTENBHO CIEIyhIee:

0 P(x,y) P(x,z) P(y,z)
P(x,Y) 0 Py, z) Lp(xlz)

POV Loz 0z) 0 Py

Y(y,z) Y(x,z) @(x,y) 0

P (x,y) (P(x,z)+P(y,2)) P(x,y) ltp(x,z)(—yupz—)l
(P(x,z)+P(y, 2) Px,y) 1P(x,2)-P(y,2)l  Pix,y)

=0

"

U4 [ocie Ipeo0pasoBaHus
(Vxﬂxy)(vZ)”¢(my)=(@(&20+¢(y,2)f'
HEEE \"P(x,y)=1P(x,z)-P(y, z)|"

13 KOTOPOI'O0 HAKOHEI BHTEKAeT, YUUTHBAA yp. (3.2):

(Vx)(vy) id ((P(x,2)+P(y,2)) vel | P(x,2)-P(y,2)1) =P(x,y)
Pﬂex,yéM ZEM

NI x; WIAU X2 Xy ¥ Xo
Xy vel x5 = { 4514
Xy Xy = X
JcuneHHoe HepaBEHCTBO TPEYIONBHUKA S
Insg Bcex (X, ¥,z )E > BCETZa €CTH NBa PACCTOAHUSA,

CyMMa M3 KOTOPHX DPAaBHA TPETHEMY .

MO¥HO UCTOJNKOBATH U CIEAyLUMUM 00pa30M:
I Beex (X, Yoz )E M3 NEeACTBUTENBHO claenyluee:

OrxnanbiBafd Ha IPAMOl ZPYT 3a ApyroM o0a Golee KPATKAX PAaccTo-
fIHNA, MOXHO MOJYYUTH Ha Heil Tperwse (caumoe GOIBIOE) pPaCCTOAHUE
- KaK CyMMy II€pBOI'0 U BTOpOI'0. JTO 3HAQUUT, UTO B OOCLEM Kaxioe
paccTosHNEe Meiny IByMs ajaeMeHTauu M uau ABIAeTCcA ''sJeMEHTAPHHM
paccrosgHueM" WU MO03BOJAET M300paMeHMe Ha IpAMOli, IyTeM OTI0-
XEHUA TaM ZAPYT 33 JAPYI'OM BJEMEHTAPHHX pPAaCCTOAHUil. ITO OTBEUaET
OCHOBHOMY IpUHUUIY WU3MEPEHUA C IOMOWBD mnpamoit (aumHeiinol) mu-
HEeliK.



e A=

2. MaTpuuyHoe IpencTaBICHUE MNaHHHX B [I€DBOIl I'IaBe

OIpeneJeHHI

Ecau BBOZUTCA card (M)-card (M)- MaTpuna QyHenmuum P (x,y)
P =P,y - (I6)
I UCIONB3yeTcsa 000CULEHHOEe MATPUUHOE MPOU3BEAECHUE

0¥ 7

TO MOXHO HAlMCATh B MATPUUHOM BHZE YCJIOBUA CYylLleCTBOBAHUSA
OTHOlEHUA 3KBUBAJIEHTHOCTH, OTHOMEHUI UYACTUUHON M IMOJHOA yIO-
PAZOYEHHOCTU, IPYIIL ¥ KOMMYTQTUBHOW TpYIIL, KBa3UMETDPUKH,
METPUKN NI JMHEHHOH MEeTpuKN. OTM MATPUUHHE KPUTEpUN CHCTEeMa-
THUYECKU COCTaBIEHH B Taonuue I.

(I7)

13 Ta6auus I. BHTEKaeT cJiaezybuee:

I/ MaTpuuyHHe KDUTEPHUU CYUECTBOBAHUA OTHOMEHUA 3KBUBANEHTHOCTH,
OTHOWEHN YaCTUYHOW U IOJHOW YHIOPAAOYEHHOCTH, CYLECTBOBa-
HUSI TPYIIH 1 KOMMYTQTMBHOI IpynIH, KBasUMETPUKU, METPUKU
UM JTUHEHHOH MEeTpMKNM MMENT (QOPMaJIBHO OIMHAKOBYWD CTPYKTYDPY
(cp. paGory /2/). To ecTh, OTHONEHNE SKBUBAJEHTHOCTH, T'PyI—
Iy 1 METPUKY CHAEZYET CUMTATh ONHOCTEIEHHHMU ABYXPA3DPAZHHMU
"cBa3auMu" 2IEMEHTOB HEKOTOpPOT'0 MHOXecTBa M, ONUCAHHHMU Of=—
HO3HQUHHM U300pakeHUeM

P:MxM —=N (18)

7/ Cp. bepx, K.: Teopus rpadoB u ee MpUMEHEHUSA
MfockBa, 1962 r., ctp. I50-I52.

a+b - oGoGueHHOe CIOXEHUE

aeb - 0000WeHHOE YMHOXEHINE



I M
B cnyyae N=——m 3Ta CBA3b OTHOCUTCA K

~ U bzw. RO

TUNY OTHOLLUEHWA

TMnNy onepauyun (rpynnbi)
MeTpUYecKoOMy Tuny.



2/

Eem Py (v=42,...yn)

fBIAETCA MaTpuueil QyHXLUN
Lp\):M\)xM\) == N )
COOTHOCEHHOH C.._._. 29

B (Ha)uHokecTBe I,

TO 0000WEHHOE TEH3DPHOE
MaTPUUHOE IIPOU3BETEHIE

P-9,09,0..09,

C Qeb =

ABIAAETCHA MaTpuUleil
QYHEU NN

P:MxM — N,
COOTHECEHHOH C ——.—.—. o

B (Ha) MHOXecTBe

M=MyxMpx .. xMn

m
OTHOMEHIC SKBUBAJNEHTHOCTH a/\b OTHOWEHNE 9KBUBAJIEHTHOCTH
Pe{NVIEKCHIBHOE OTHOIEHIIe & Ak peiIeCUBHOE OTHOMEHUE
YgCTAYHON YNOPATOUYEHHOCTHU YaCTUYUHOH YIIODAIOUEHHOCTH
KBA3HUMETPUKA a+b KBa3NUlETPUKS

a+b

HaTpuHa




\P:MXM _’(O/‘)

(V) 9x,x) = | (vx) P(x,x) =0 (vx) P(x,x) =1 (vx) 9 (%,%)=0 (i e
x EM x EM x EM x€EM L
0- ¢ onT0 | @A¥T-e oA -0 i
f‘—’.\er._g
P P8 ePT-e o @eT-¢ e
P=Pye P e
a+b = a Ab a+b =a Ab
a-b = a==b a=hm =
ff‘f f’:_p’: '-P' f_‘f =£ £‘_LE=."E Lgf‘f
Y- P ve P-P ve
a*b = a vb




P: MxM—=M P:MxM =R P:MxM =R,
A/ = =0 wY
P i) =0 (Vx)(Vy) Wx,y’{ ><
X,YEM >0 xFY
=tad ek o
el PeT=9 2eT-¢
P** = (P(x,y-1))
a+b=id (a,b) a+b=min(a,b) a+b=1id (a,b)
aeb=aob a-b=a+b Q.b:(a+b)ve[|a-bl
Po*- g =¥
P*=(9(x' )
a+b =id (a,b) a+ b =max(a,b)
a-b=aob a-b=]a-b|




-

=/

iTyees drier a =day; i) aj €M, m-m- HRNNS.L T b=( by,
b EM, n-n- @&aT) .1:.,(3;1. Torma Cm-n)—(m-n)— 1T A
b apb - ambk
azi b a2 b -+ azmk
a® b

amib am2b - ammb

naseBacica 000OHEIHE TS”BOpH'I IDOM3BENEIIIeH HMaTpul & U
, o oTioucHnd K (000GLEHI0MY ) VHIIONeHIN

a7 Qarcopaivyecxoli CTPYUTYpOoil

a+b =b<+a, aeb =bea

(a+b)*c =a+(btc), (a*b)ec=q «(bec)

(a+b)*c =(aec)+(bec)

TGiCTBITEABHO CASTYLER S

(é@)é)@g = a®®c)

(2@ ) =a"®b"

(21®2,®..Qa,)(6;® bB.Rby) =(a,b)Xa,b,)R .. Qla, by)
3 MOCHSAHEI0 Cpas3y CJeIyeT: Acii HET A BCCX
Po Py =P

ro geficrsurensio u 1ua P=POL,0 @y,

L e
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2 Stoschek, E., Stahn, H., Zur Definition der Begriffe Aquvalenzrelation, Halbordnungs-
relation und Metrik EIK (in Vorbereitung)

(roToBuTCA X U37AHID).
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Osszefoglalé

A miiveletek definici¢jardl; equivalenciarelacio, részleges
rendezés, teljes rendezés, csoport, tavolsag

Sztosek E. — Winter H.

A véges M halmazon definidlt binéris reldciékat/ mint equivalencia relacié, algebrai mii -
velet tavolsag, stb. matrix alakban felirva, és a kapott 1 matrixra érvényes @@ = ¢ azonos-
sag felhasznéldsaval az adott relaciora existencia kritériumokat vezetiink le.

Summary
On the definition of operations; equivalence relation,
partial ordering, complete ordering, group, distance

E. Sztosek — H. Winter

Writing a binary relation, such as equivalence relation, ordering, algebraic operation,
distance etc., on a finite set M in matrix form of and using the identity ¢ = ¢ existence
criteria are obtained for the given relation.
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RELAXACIOS MODSZER ALTALANOSITOTT
MATRIXINVERZ KISZAMITASARA

Galantai Aurél — Varga Gyula

A Southwelltsl szarmazo relaxacios elv sok esetben igen hasznosnak bizonyult (ldsd pl.
[4]). Ezt az elvet fogjuk most kiterjeszteni 4ltaldnositott matrixinverzek szdmitdsanak esetére.

Legyen A (mxn)-es mitrix és W az (nxm)-es komplex elemii métrixok Banach tere az

euklidesi normaval. Jelolje tovabbd P, a C™ ortogonalis projekcidjat R(A)-ra, és

R(4)
Bp4#) @ C" ortogonilis projekcitjat R(A™)ra.

Tétel. Legyen B, €W olyan mdtrix, amelynek oszlopai az A* oszlopai dltal kifeszitett

linedris vektortérben vannak.
Ha teljesiilnek a 1B, Il < K1 ;

(1) 1By 4y — AB Il < K< 1
és a
(2) 1)~ BAl<K<I

feltételek (n = 0,1,2,...), akkor az

3) X=BAK_ B —AR) W=12..)

sorozat (X, = B,) konvergal az AT dltalanositott inverzhez, és alkalmas 0 < ¢ eR! konstans-

sal

(4) X, =A< e X",

Bizonyitds. A tétel bizonyitasdhoz azt a tényt fogjuk felhasznilni, hogy az egyidejiileg fenn-

4116
(5) XAX=X

é

(6)  AX=Bpn, XA=Fpom

egyenl@ségek mar egyértelmiien meghatdrozzak az 4 matrix A" altalanositott inverzét 21,
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a.) El6szora lim ||P,
n

R(A4) ~ AX || = 0 reléciot igazoljuk. A (3) rekurzié €s

A=AA A= A= AP

(D P, R(A")

R (A4)
alapjan

Ry A% =By ~A4X, Iy~ AB)—]](R(A) AB).

i

Minthogy

By = AL 17 0By 4y~ ABIS K™ *1,
azért
(8) ,,“Ln.. I 4y — AX, 1l = 0.

b.) Hasonléan belathaté, hogy

9) Biary = XA = B0y — X, A)By vy — B,A) =
_]7 :
z=0(R(A) 1)

és

(10) lim [|Pg 4% — X, Al = 0.
n > e

c.) Belatjuk, hogy  lim IX AX, — X Il=0

n
Legyen
QI:l;l(A) AB,

és

Dn=I;Q(A*)_BnA
Ekkor

&l::Bn +X;l-1(’;z’
illetve zart alakban

n-1 n n

(1 Xx=B+2 BRI Cx+r5 llc Wm=12..J
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A zart alakbdl konnyen lathato, hogy

B (a*yXn = Xn
és

Kl
(n
1-K

X, Il < =1.2,..).

A (9) relaciéobél kapjuk, hogy
n
X,A=H A%y — i{()] D;,
ahonnan

X AX — X, =

n n
n R(A*)Xn i (i{ZDi)Xn - Xn A ('_ZZD'.)X" g

Ezért

K
e 1 +1
IX,AX, - X I <—p &,

amelybdl, K < | miatt,
(12) ”lig.° IX,AX, — X, Il = 0.

d,) Végiil belatjuk, hogy X, » A" linearisan -

Tekintsiik a

nll—T,AX" = 1}2(,4)
: + _
Jim A4t =B,
és
nll_r:'lw XnA = PR (A*)
nll_l;ﬂmA A= PR(A*)
valamint

lim (X,AX, —X,)=0

n > e

lim (444t - 4t)=0

n = e

reldciokat, amelyekben a konvergencia sebessége legalabb linearis. Vilagos, hogy egyrészt
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X,A-AT4=5,+0, AX,-A4*=T, >0
lineérisan, masrészt

q =IX,AX - X, —[AT44% -4t~ 0
szintén linedris sebességgel. Minthogy !

a, =X AX - X,A—-a)At + 4Y - x 1< c K",

azért az |4 Il — 4,ll < l4; — A, |l relaciét haszndlva

WAt — X, = 1X,(4X, — A4*) + A, AT <c K",
Innen egyszerii atalakitassal

I4* = X,Il < ¢, K"

kovetkezik, ami allitasunkat igazolja.

A javasolt médszer az [ 1] — [2] altalanositasa.

Numerikus példa:

6 =2 3
T=A4"=|-2 9 6
3 6 10

T legnagyobb sajatértéke R = 12+ ¥13.
Az A matrix altalanositott inverze

—22 —64 45
i 13 14 27
T3 |-70 -25 36
-39 —-42 50
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AB=ad, B

y = A specidlis valasztast és az o; (i = 1,2,3,4) értékeket alternative
alkalmazva € = 103 pontosiggal kapjuk, hogy

—0.1679 — 0.4885 0.3435

0.0992 0.1069 0.2061
—0.5349 — 0.1908 0.2748
=~ 02977 —0.3206 03817

(o = 0.05, o, = 0.07, o = 009, o = 0.1:1):

Végiil koszonetiinket fejezzik ki Lee Anndnak értékes segitségéért és tandcsaiért.
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Math. Hung. 8 (1973) 457461. :

[3] Rao,C.R.— Mitra, S.K.: Generalised Inverse of Matrices and its Applications. John Wiley
and Sons, New York, 1971.

[4] Szidarovszky F.: Bevezetés a numerikus modszerekbe, Kozgazdasigi és Jogi Kiado, Buda-
pest, 1974.

Summary

A relaxation method for computation of generalized
inverse of matrices

A. Galantai — Gy. Varga

The paper extends the relaxation principle to the computation of the Moore-Penrose
inverse of matrices by an iteration. The rate of convergence of the proposed method is linear.
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Pe 3swMe
(0] peJylIaKkCallMOHHOM MeTOolne BHUYHCIIEHHSA
0b606meHHOM OOpaTHOMW MaTpPHUIH
A, Tamgarau - [Is. Bapra

B cTaTke HUOes peJjlakCaluu PaclIpOCTPaHAETCS Ha BHUHCIEHUE
oBpaTHOM MaTpHUH TUna Mypa-IleHpo3a UTepaluOHHOM MeTOOoM. Cxo-

OHUMOCTE IpemjiaraeMoro npolecca JIMHeHHas.,
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LOCAL ERROR ESTIMATE OF ONE-STEP METHODS

Aurél Galdntai

An explicit one-step method for the numerical solution of the problem

y'= flx,y)
(1) (feIxR™ = R™, I=[ab]lCR)
y(xg) = ¥,
can be written in the form -
(2) Vyei =¥, + B d(x,.y,.0) (n=0,12,..),

where ¢elxR™ xR -~ R™ is a given function and ¢(x,y,0) = flx,y). Here, y  is a numerical
i =0 =012, ...
About the continuous functions f and ¢ we assume that there exist constans K,L = 0

approximation to the solution y at the point x e/ and x

such that the inequalities

(3) I foey) — fo,y ™IS L lIly —y*i
and
4) lgp(x,y,h) — d(x,y* WI< Kl y—ypy*I

hold for every (x,»), (x,y*)eZ(f) and (x,y,h), (x,»,} h)eZ(¢). Concerning the promiem (1)
the local error of the method (2) at the point x is defined by

() T(x,h) = y(x) + ho(x,y(x),h) — y(x + h),
the global error is defined by
(6) e =y =) (xel).
Denote 7, (x,h) the local error of the method (2) concerning the problem

y' = fxy)
(7
yix,) =y, (x,¢€).
Finally we suppose that there exists a constant 1 > 4 > 0 such that

(8) Yh<h,<h (=012, ..

b—a
N

In general we estimate the global error of the method (2) under the following hypoth-

and A =



b s

esis.
HYPOTHESIS: If the local error of the method (2) holds the inequality

9 IT,(x,,h)I<8 (n=0,12,...;xeéD,

then there exists a consant ¢ = ¢(f,2) = 1 such that

(10)  lel<c& (x,eD)

and ¢c6 >0 if &= 0*), s=2 and k- 0.
Since a weaker form of this hypothesis with the condition

(11 I Tx,h) | < & (xel)

is proved ([1]) in special literature, we will prove this hypothesis, which can be considered
as the real situation in numerical solution of problem (1).

THEOREM: Let’s suppose that there exists a constant ¢, > 0 such that
(12) 1T I < ¢ WP*1 (xel, p= 1),
then there is a constant ¢, > 0 with the property

(13) IT,(x, I < c,i?™ (x,€D)

and applying the hypothesis with &= c,h? *1 there exists a number ¢;3 > 0 such that

(14) le, Il < c3hp (. €l)-

Proof: It’s known [1], that from the condition (12)

(15) el < clEL[b = "] W (xel)
follows, where
X e
B =1 @>o.

With the aid of (15) we first prove that
(16) T (x,,h) — TCx,,h) = 0*Y)  (x,eD).
By the definitions
T, (x,,h) — T(x,,h) = y, — y(x,) + hl¢(x,,y,,h) — ¢(x,,y(x,),h] —

=[x, * )=y, + B,
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where ?n: I - R™ denotes the theoretical solution of the problem (7).
Applying the condition (4) we have

(A7) AT, (x,,h) — T(x, W) I < hK le, | + I[y, — y(x,)] — [7,(x, + B) = p(x, + D]

Since
x_+h

G + W) =y + D= [y, =y = [y, (0) — fooy()dx

ising the inequality of Peano ([3]) and the relations (3) and (15) we have
x th

Iy,(x, + ) —yCx, + A)] —e, <L "f 13 (x) — yOo)ll dx <
X,

x, th x "

n
<L ' e letx-xnidx < Lét [ lle,ldx < bt
X

X
n n

From this fact and inequalities (15) and (17) the relations (16) and (13) are proved.
If we use the hypothesis with & = c,#?*! then

Bt = Vo T B P B = F R I [0 ) = Py )] =

n+l

TG0+ 0 = 90%.0)]

Using the relation (13) and the inequality of Peano we have

ley oy | < 0T, Cx, ) + le It <g + e le, I (n=0,1,2,..)).

It is easy to verify by induction that
L(b — a)
nh _ v _ : '
it R L (e, = 0).
g% =1 et — 1

l|en I <

In the special case L = 0 we can chose a small positive L. The choice of & guarantees
the existence of 2* > 0, ¢, > 0 such that

le, 0 < ¢,i (xpel, h<h").

Thus our theorem and hypothesis are proved.
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Osszefoglalbd

Egylépéses modszerek lokalis hibabecslései

Galantai Aurél

A dolgozatban megfogalmazzuk és bebizonyitjuk az explicit egylépéses modszerek lokalis
hibabecslési elvét amely figyelembe veszi az el6z6 1épésekben elkovetett perturbacidkat is.

Pes3swMe

[IPHUHLUN OLUEeHKH JIOKAJIbHOW MNOI'PEWHOCTH OIHO-

HaroBuHX MeTOIOOB

Aypen TamasTan

B crarpe paccMaTpUBAETCHA KM NOKA3HBAETCS NPHHLHUI OLEHKHU JIO-
KaJbHOM NnorpewHocTd /npu yciosuu (9), (10)/ omHOmATrOBHX MeTOHOB
OJIs1 MPUOJIMXEHHOI'O pelleHUsT OOHKHOBEHHHX nuddPepeHlLHalbHEX ypaBHe-
HUH, Kak MHe H3BEeCTHO B CllelHaJIbHON JIUTepaType OOKa3HBaWwTCH
TOJNIBKO 6oJsiee ciiabhHe QOpMHI 3TOM THIIOTE3H I[IPH BHITOJIHEHHN YCJIOBHH
(11), omHakKO OeWCTBUTENbHAA CHUTYalUs INPH INPUOGIMKEHHOM peleHUH

npob6nemul (1) oTpaxaeTcsa Hame#d IMIIOTE30l,
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