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INTERPOLATION IN SPACES OF WEIGHTED MAXIMUM NORM

by
BARBARA HÁY and P. VÉRTESI 

To Professor O. Kis on his 50-th birthday

1. Introduction

Hermite—Fejér interpolation are investigated in spaces of weighted maximum 
norm. A general convergence critérium is established, which will be applied for 
the Jacobi roots. We give some estimations for the corresponding Lagrange inter
polations, too.

2. Preliminaries. Definitions

Considering the pointmatrix X  = {хкм}

(2.1) -1  S  Xnn <  <•••< x2„ <  xln S  1,

we can investigate the convergence behaviour of the Hermite—Fejér parabolas

(2.2)

Hn(f, X) =  Hn(f, X, x) = Z f ( xkn)hkn(x),
k = 1

Hn( f  d, x) =  Hn(f, d, X, x) =  H j f ,  x) +  2  dknbk„(x) (n = 1, 2, ...)
k = 1

(where, as usual,

hkn (x) = hkn (X , x) =  vkn (x) l\n (x), vkn (x) =  vkn (X, x) =  1 -  2l'kn (xkn) (x -  x kn), 

Ikn00 =  (fen (^) -*0 =  (x) [Í2n (xkn) (x Xkn)̂  ,

Qn (x) =  Í2„ (X, x) — cn I J ( x ~  xkn), i)kn (x) =  bk* (X, x) — (x xk) Гкп (x),
* = 1

dkn are real numbers). If X = X <-X'P), i.e., xk„=x(k*,ß) is the fc-th root of the n-th Jacobi 
polynomials P\,x,ß)(x) (a,/J=~ —1) then, if —l< a ,

(2.3) hm II//„(/, x )—/(x)|| =  0 if feC ,
П -*■ o o

where C denotes the continuous functions on [—1, 1], ||*|| is the max-norm on 
[—1, 1] (see e.g. [1], 14.6 and 4.1).

Our aim is to prove an estimation similar to (2.3) for any a, ß  >  — 1 in another 
(semi) normed spaces of continuous functions.

1 Siudla Scientiarum  M athematicarum Hungarica 14 (1979)
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2 В. HÁY AND P. V ÉRTESI

Definitions. Let w(x)ÇC, w(i:)ëO, tv(x)^0 and

(2.4) l l / I L =  m ax^O ^I/C*)! if Д С .

Let us denote by C w the linear seminormed space of continuous functions 
endowed by the seminorm (2.4). If ukn(x)£C, further w(x)>0 whenever x£X, 
one can consider the linear bounded operators Un= U„(X, w) from Cw to Cw 
defined by {uk„} as follows

(2.5) U„f(x) = 2 f { x kn)ukn{x) (n = 1 ,2 ,...).
k = l

U„ are bounded indeed, because by usual arguments

( 2 .6) \\U„\L sup \\Unf L  = 
II /'ll w = l

max
- I S l S l

n
w(x) 2

k = 1
K (* ) l
w(xk)

(compare [2], 1). Using the obvious fact, that

(2-7) IlglL s  HglHNI,
we immediately obtain that

(2-8) lim II//„ ( /, X )-f(x )L  =  0 (/€  C),

whenever (2.3) is true. In the next we prove (2.8) for certain X  when (2.3) is not valid.

3. Results

3.1. Let us consider a matrix X, a function w(x)€C, w(x)^0, w(x)>0 if x£X, 
and the operator-sequences H„ and /)„ of type (2.5) defined by {hkn{X ,x)) and 
{Цк„(Х, x)}, respectively (see (2.2)). It is easy to prove the next

Theorem 3.1. I f  fo r  the above X  and w(x)

(3.1) ^ ( w , ; n  =  l l tf jw =  o ( i) ,  

moreover, with M„ = m ax (l, max |<4„|) and v„(w, X )  =  ||D„||W

(3.2) M n-vn(w, X) = o(l), 
then
(3.3) lim \\Hn( f, d ,X ,x ) - f(x ) \\w = 0 when fÇC.

П-+-00

3.2. To apply this theorem we prove the following estimations which are in 
teresting in themselves.

Theorem 3.2. I f  X = X ix'ß) and

w(x) =  w(a + l /2, /1 +  1/2, x) =  ( l - x ) ‘+1/2( l +  *)'’+1/2 (a, j S ^ - 1/2),

S tu d ia  Scientiarum M athem atic a ru m  Hungarica 14 (1979)



then we have as follows: 
(3.4)
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(3.5)

lin(w, X )  = 0 (  1), 

2 In n
v„(w, X ) = ( l+ o ( l) ) n n (n ^  2).

By these statements we immediately obtain the analogous of (2.3).

Corollary 3.3. Supposing X —X w(x)=w(a +  l/2, /1 +  1/2, x) (a, ß ^  —1/2) 
and \dk„\ = o(n/\n n), we have (3.3).

3.3. Let us consider now the corresponding problem for the Lagrange inter
polation

(3.6) L„(J, x) = Ln{ f  X, X) =  Z f ( x k)lk{x).

By considerations similar to 4.1—4.7, we shall prove

Theorem 3.4. I f  X = X (-X’I>) and w(x)=w(oc/2 +  l /4 , /1/2 +  1/4, x) (a ,/1^ —1/2),

( l+ o ( l) )  —Inn i f  - l / 2 = sa ,)S s 1/2,

(1+o(l))<5(//) In n i f  t] = max (a, ß) >  1/2,

then

(3.7) 2 „ ( w ,2 0 ^ ||Z J w

where 5(t])>2/n.
3.4. In her paper [2] I. Melinder claimed that 2,,(w, T )= (l  +о(1))(2/л) In n 

for any a, / ? s _ l / 2. Unfortunately, the proof is not correct (see e.g. [2], page 41, 
rows 12—18). Let us remark that the constant ô(tj) comes from the fact that (4.11), 
contrary to (4.16), holds on the whole interval [0, n].

4. Proofs «

4.1. Proof of Theorem 3.1. By a suitable polynomial ps(x) of degree S2n —1 
we can write

\\Hn( f ,d ,x ) - f ( x ) \ \w =

= II H„ (/, x) -  H„ (ps, x) +  2  [dk -  Ps (x*)] пк (x) +  Ps (X) - f i x ) II w —
k = 1

S  ^„H /-psIL+[||pílL+Afn]vn +  | | / - p J w s  e,

which was stated (compare [3]).

4.2. Proof of Theorem 3.2. First we quote some relations. If x=cos 5, x£“'ß) = 
=cos x0n= l ,  xn+1'„= — 1, 90n= 0 , 9b+Jj„ = r then omitting the superfluous

и Studia  Scientiarum M athem atic arum  Hungarica 14 (1979)



4 В. H ÁY AN D  P. VÉRTESI

notations

(4.1)

(4.2) \ x - x k\

A
П

\ j - k \ ( j+ k ) к = 1, 2, .... п, к j,

where Xj is the nearest root to x,

(4.3)
( k - s n- ± ) n -

7k,n N ■ +  Ek ,n

if 0 < S ^ | ,  n= n0, |s„ |<M 0 and

(4.4) |P„(jc)| ~  \ x - X j \ 3 j * - 3l* n 112 ~  | e - S J|S7«-V, iiv*

uniformly in x£[— 1+ s, 1].

(4.5) Pnix) =
cos (N 9+ y)+ 0((n  sin 9) *) c __ n ^

Írni j(sint)n («4)^ + 1/2 > „ -  “ -

o O  is arbitrary,
(4.6) \P'n(xk)\ ~  k -* -3'2n*+\  0 S i ) t S  71-8,

(4.7) o'(X ) =  / d * - i ] f l  l+ O jk -1) 
ny k>  ̂ \  я ( . BkY +3l4  9ky + 3'2

2(smTJ (eosy j

uniformly in к if k > M ü and 0< 5Â 7t —e

-- f 1 /1/ 7T
lim(4.8)

Here

J W tt if - 1/2 1/2,
" \ 0 (a) where p(a) >  l /^тг if a >  1/2.

I/ Эу+ 1/2,Í s  y-max sin — COS —0sSSn/2 jl 2) 1l 2)

moreover a ,/?> —1, Pn(x) = РУ’^ (х ), s >0, is fixed, is integer, c0 and M„ are 
suitable constants depending on a and ß, N = n + (a + ß+ l)/2  and y = — (a+  1/2)л 
(see [1], (8.21.18), (8.9.2), (7.32.9) ((4.5), (4. 6), (4. 8)), [4] ((4.1), (4.2)); [5], Lemma 3 
((4.4)) and [6] Lemma 4.1 ((4.3), (4.7)); for the symbol see [1], 1.1). In connection 
with (4.8) see further [7], pp. 59. By Pjß’ß\x ) = ( — 1)"РУ,в)(— x) we can use the 
corresponding formulae in [e, 7t], too.

4.3. First we prove (3.5). For this aim let <pn = [[nri\ and rk = Bk — ek. We state

S lu d ia  Scientiarum M athem aticarum  Hungarica 14 (1979)
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Lemma 4.1. We have when

(4.9) = ( 1  + „ ( ! ) ) .  S in '*cos 9 —cos if (pn^ n-(p„, к 7* j
cos 3 —cos 3k 

uniformly in к and

Indeed, by sin 3k=sin rk +  cos i k(9k — xk) and

cos 9k = cos xk -  sin r]k (3* -  xk), Çk, rjk£ [3*, тк], 

sin 3k cos £,k
cos 3 —cos 3k 

sin tk

1 +  —Sin Tk
(■9fc Tfc)

1+ -
sini?k

' ( ß k  ~  Tk)

(4.10)

C O s 3  — COSTk " ' COS 3  — COST*

Let, e.g., 0 < З к^я/2. Then cos £k (sin тk)~1 = 0(n/k) and 

sin t]k __ sini;k4-sin3 _  0 (1)
Icos 3 —cos T,*1 |cos 3 —cos rt | sinJ3

Using these and |3k — rk\ = 0(n  1k  *), we obtain (4.9). 
By this lemma we can prove the following. Let

s , ( 3 )  =  . 2 ' -
sinp 3..

k=vn |cos3 — cos3*|

where I '  means that k ^ j .

Lemma 4.2. We have uniformly in 0 s 3 S i

(P = 1, 2),

(4.11) Sk =  (1 + o (l))— n In n.

Indeed, by (4.9) we have to prove (4.10) with xk instead of 3*. 
By symmetry we can suppose 0 ^ 3 ^ л /2 . Let

(4.12) g (0  =
sin /

|cos 3 —cos t\

It is easy to see that g(t) is monotone increasing if 0 s t s 3 ^ 7c/2. So 

g ( i —̂ r) — — g C0 if ^[T t.T j+J, (pn^ k < j - l
from where

(4.13) — f  g (0 < i 'S g ( it) S ^  J  g(t)dt if (pnS k ^ j - l .
П J 71 УTk-1 . к

Studia Sclentlarum M athem aticarum Hungarica 14 (1979)



6 В. HÁY AND P. V ÉRTESI

If k > j+ 1, by sin rç= sin гк + (г]—тк) cos ç we have

g ( 0 =  g 0 )  +
O W )  cos 4
cos 9 —cos / if /€[тк_!, t j ,

j + l < k ^ n  — (p„, from where uniformly for these к

N  V 1 ( N  \ N  rk ( N  '\(4.14) — !  e m d , + o[— ) Sg ( „ ) S -  /
Tt J Tk-1 J

By (4.13) and (4.14), using that g(xk) = 0 ( N ) (k ^ j) ,  we obtain by c„~l

zV„> ~ - 1° . <*« + 0 ( Л г) =
Л COS Ту —COS У cos У —cosyJ + 1

7t J  ]  V 7 7Г

uniformly in и if y^<p„ +  2. Similar considerations hold for the remaining values of /.

4.4. Let us consider the case p = 2.

Lemma 4.3. We have
2

(4.15) S2(3) = (l +  о (1)) — n In n uniformly in 0 S  У S  n, 

moreover,

(4.16) S2(ß) = (l +o(l))-^- n In n 

uniformly in У i f  n |У — л/2\ = о((рп).

Indeed, the upper estimation is trivial by and (4.11). On the other hand,
we can write for the mentioned У

( j-q>„ n - v n \

2 + 2
k = q>„ k=j+<pns

(  n-<p„ \
=  ( i  +  o ( i ) ) [ 2 +  2  I

4  = q>„ k=j+q>J

sin2 yt
|cos У—cos yt

sin2 У*
|cos 9k ~  (1 + ° ( 1))(Л +  ̂ г)-

S tu d ia  Scientiarum M athem atlcarum  Hungartca 14 (1979)
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Here by a suitable M k> 0 (see (4.3)) 
J-<p„ (  jJ-<p„ (  I ч J-<pr

h  = 2  -----q--- c o s s j  a  2* = 9„ '•COsSjj ) k = 4>n
J - V n  1

j - V n

^  2
к = ч>„

1

cos 5* 

1

[ k ТГ MAcos
+0(и) Ш 2  — L. и  k± in л kn M1

2 N  + N

+0(n) ^

+ 0 ( n ) =

= — 2  и --Ц гг  + 0(и) -  (1 + 0(1) ) -  n ln n.
Л K±ín N _ -k + M l 71

2 л

Using similar argument for /2, we obtain (4.16).

4.5. To prove (3.5), we have by (2.6)

\X-Xk\ll(x) def
v- -  - S T , ,  ”’<*+l/2’ l>+'12' x \ 2  „ („  +  1/2, /1+ 1/2, „,) - - B 5 Ï .  '

=  max (a:),

where xk=xjcx’ß), lk(x) = lfcß)(x) and я, /?ё  —1/2. We can suppose 0 s 9 ^ 7i/2. 
First we state

(4.17) 5„(jf) =  о ( - j - j  uniformly in 9, if 0 ^  9 ^  <p„.

Indeed, by (4.1), (4.2), (4.4) and (4.6)

[f]
* .( * )  =  0 (1 )  Б  2 ’n2k=1 \k+j\ \ k - j \  n

к2 1 " . , „  , j  \ (In « )_+_ 2 <»-*F+£j-»brJ-
■[?]+ 1

On the other hand, let ^ & ^л /2 . Then by (4.5) and (4.7)

Bn(x) =
[cos (/V,9 +  }>) +  0((n  sin .9) !)]i ) i 2 [ Иí ITJ

2 ' -
u=«>„

sin2 9«.
|cos 9 —cos &k\

(4.18)
I »-*»

-------h У1Y|2 ^
sin2 5+

[i+o(*-‘)l
‘-[t]+ 3

|cos$ — cosSJ [ l + 0 (,n - /c ) - i]2} +

+  ^ ' . . . +  2  ••• +  2 . - -  — Л + Л + Л + Л + Л -fc = l k —n—<Pn + l k = j

It is easy to see that now

moreover

/ 1 + / 2

А +  Л + Д  -  0 ( n  !),

[cos (N$-t-y) +  o ( l)]2
S * 0 ).
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I.e., by (4.15), Tj +  Z a ^ l  +  о(1))(2/л)(1п nirí), further, choosing the values of 9 
suchthat |cos (N9 + y)\ = 1 and 0^(n/2 — 9 ) n ^ K  if л ё и 0 (К  is fixed; obviously 
9 =  9(и)), by (4.16) we obtain that

(4.19) Л +  /« =  Ц ^ 2(9) =  (1+ о ( 1)) 2 1П"n n

By (4.17)—(4.19) we obtain (3.5):

4.6. To prove (3.4), we use (4.1), (4.2), (4.4), (4.6) and [1] (14.5.2) which says 

.. /-.л_ l - x x k + (<x-ß)(xk- x )  + (a + ß + \)x k(xk- x )Vk{x)- г=зг*--------- '
We obtain, if e.g. 0 ^ 9 S n /2 ,  as follows:

= 0<1> [ ? , # , ' - ( ^ + è , l , ' “~ g+^ + l)1 + 0<'> =

=  0 (l)(/1 +  / 2)+ O (l) .

Here by 1—xxk^ \ — cos 9 cos 9,+sin 9 sin 9k = 2 sin2 (9 +  9,)/2,

,‘=ой,#;-тЬг=о0)sin“

and

which give (3.4).

/z ° ( п 2) Д  9 -9 *  . 9 +  9, ° (1)’
sin- ■ sin -

4.7. Proof of Theorem 3.4. The proof is analogous to the above one so we 
only sketch it.

By definition

We write
...... ^  , w- W t 4 Li, -  • »  a w-l«*1»-! I-ЯС —-*ft| |/>„(xjfc)| w(x*) - 1SXS1

K  = max 2 ,-

Qn(.x )  —  2 '  +  2 ' +  2 '  +  2  —  Л + Л + Д + Л -
k =  1 k=(pn k=<pn+ 1 k  =  j

By (4.1), (4.4) and (4.6)

I cos 9 —cos 9, = o ( i )  2k=1 \k+ j\ \k j | +1 О (In cpn).
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Similar estimation holds for /3, further /4 =  0 (  1). To handle I2—I2(x), let us 
denote by z „ = cos{„, 0^ £ „ ^ 7г/2, that point for which

a + ß + l
(4.20) w ( z n) \ P „(z„)| =  2 * R n

(see (4.8)). Then, by (4.7), (4.8) and (4.11), we get for

I2(x) Ш vv(z„)|P„(zJ| max X
1

V n Rn "T?," sin lh/л /*\\ ,/-- Г '* -*Y,, Х"7/ 0111 l7fc
=  ( + o ( ) )^ t  — ;—  ™ 1(2  |cos9 -co s  öjl =

=  (1 4-o(l)) /n  Rn — lnn =
Л
2 . J (l + o(l)) — In n if — S  a S  1/2

[(l+o(l))<S(a) In n if a >  1/2.
Here ö{t)—2Q{t)l^n.

Using that the right sides are attained if x=z„, we obtain 

max I2(x) = (1 +  o (l))/2(z„).

Applying similar argument for — l^ x ^ O , we obtain (3.7).
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ON WAGNER SPACES OF IE-SCALAR CURVATURE

by
MASAO HASHIGUCHI and TÜNDE VARGA

Dedicated to Professor Dr. Makoto Matsumoto 
on the occasion o f his sixtieth birthday

Introduction. S. N umata [4] and T. Varga [5] have independently proved 
that if an «(^3)-dimensional Finsler space is a Berwald space of scalar curvature 
K, then it is a Riemannian space of constant curvature K, or a locally Minkowski 
space according as K^O, or K=0. The purpose of the present paper is to examine 
Wagner spaces of IE-scalar curvature and to prove a similar theorem.

The authors’ attention was drawn to this problem by Professor 
Dr. M. Matsumoto.

Throughout the present paper we shall use the terminology and notations of 
Matsumoto’s monograph [3].

§ 1. Wagner connections and Wagner spaces. V. Wagner [6] called a Finsler 
space a generalized Berwald space if it is possible to introduce a generalized Cartan 
connection such that the connection coefficients F /k depend on the position (x‘) 
alone. Nowadays these spaces are called Wagner spaces [1]. Wagner connections 
and Wagner spaces are defined as follows:

Definition 1. Let st(x) be a со variant vector field on a Finsler space F. The 
Wagner connection WF of the Finsler space F  is a Finsler connection (F /k, N ‘k,C / k) 
uniquely determined by the five axioms :

(Cl) W r  is r-metrical, i.e., g i j \ k — 0 .

(C2) The (v) r-torsion tensor S 1 of W r  vanishes, i.e.,
f t  — f t  *~]k — t-kj-

(C3) W r is Л-metrical, i.e., gtJ|fc =  0.

(C4) The (A)A-torsion tensor T  of WT is given by

T/k = F jk — Fkj =  ô 's . - ô l s j .

(C5) The deflection tensor D of W r  vanishes, i.e.,

D\ = yJF/k- N ‘k.

(Cl) and (C2) show that Cijk are the same as in the Cartan connection СГ.

D efinition 2. A Finsler space is called a Wagner space if there exists a vector 
field st such that F /k of the Wagner connection with respect to st are functions of 
X1 only.

Studia Scientiarum  M athematicarum Hungarica 14 (1979)
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§ 2. Wagner spaces of W  -scalar curvature. We consider one of the Bianchi iden
tities ([3] (11.10) of a W r  :

(2.1) a(iJk) {Tt\ T / k+ Т , \ к + СД RrJk - RihJk} = 0, 

where

(2.2) R'Jk = ôk N rj — ó jN rk [ők =  J L - ± - aN °^

are components of the (u)/г-torsion tensor, R{’jk are components of the /г-curvature 
tensor, and a(iJk) means the cyclic permutation of indices and summation for the 
expression in the brackets behind it.

First we derive the equation (2.4) which holds for some special Wagner con
nection of IF-scalar curvature K, and will be needed in our subsequent proof. From 
(C4) we obtain

Г'ft T  r   c 'T ft
i r 1 j  к —  ~ s i 1  j  k->

Sh T / k  — 0. 

a ( i jk )  { T i ' r  f  / k }  =  0 ,
and thus

a ( i j k )  { Т ^ \ к }  — a ( i j k )  {<5*(^fc|i Si|fc)}> 

dsj d sj
S‘lJ Sj' ‘~ d x > ~ W '

3sTherefore, if st is a gradient vector, i.e., then (2.1) gets the form

a ( i j k )  { C t r  R r j k  ~~ R ! ' j k )  —  0 .

Since W r  is /г-metrical, we get RihJk= —R hijk. Thus (2.1) is brought to the form

a ( i j k )  { C h i r  R r j k  +  R h i j k }  —  0 ,

which implies er((Jfc) == 0. Then on account of [3] Theorem 13.3 we obtain 
cr(ijk){Rijk}=0, which implies Ri0j=RJ0i.

Now we consider the equation

(2.3) Ri0kX iX k = KL2hikX lX k,

where R i0k is formed from the coefficients of the Wagner connection, L  is the metric 
function, hik=gik — lilk is the angular metric tensor, and K, called the W-sectional 
curvature, is a function of x, у  and of the vector field X. ((2.3) has the same form 
as (26.1) in [3] for the Cartan connection С Г .)

D efinition 3. If the IT-sectional curvature K(x, у ,  X) in (2.3) is a scalar field 
which does not depend on X ‘, then the Wagner connection is called of W-scalar 
curvature K.

Consequently, if we consider a Wagner connection ЯТ with a gradient vector 
field and of IT-scalar curvature K, then the symmetric property of R i0J leads us
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to the equation
(2.4) Riok = KL4iik,

which is the same as the well-known equation in a Finsler space of scalar curvature 
with the Cartan connection.

§ 3. Berwald spaces conformal to Wagner spaces. Let a Finsler space F„ be
3s

a Wagner space with respect to a gradient vector field s ,(x )= -^ .. The metric

function of F„ is L, the metric tensor is gtJ, and the Wagner connection is given 
by (F /k, N ‘k, C / k). Let us consider the Finsler space F* with the metric function 
L* — e~*(x) L. We define
(3.1)

(3.2)

(3.3)

F J\ = F /k-ô ) s k, 

N*lk = N ‘k- y ‘sk,
C *i   Г' i

j  к —  W k-

These (F f'k, N * \, C f ‘k) form the Cartan connection on F*. Namely, denoting quan
tities in F* by an asterisk we get

(3.4) gfj = e~*giJ,

and then we can easily check the validity of the relations g,* |fc= 0  with respect 
to F*‘k and gfj\k—0 with respect to C*‘k, D*‘k = 0, and moreover the symmetry 
of F*‘k and C y k in j  and k. These together mean that (F*‘k, N*‘k, C*'k) is the Cartan 
connection on F*. (See [3] Definition and Theorem 17.2.)

Since the F /k of the Wagner connection are functions of x‘ alone, so are 
the Fj'k. Hence, F* is a Berwald space. (See also Theorem В of M. Hashiguchi 
and Y. Ichijyö [2].)

We show that the Berwald space F* is of scalar curvature if the Wagner space 
F„ is of IT-scalar curvature. By virtue of (3.4) we have

Km  -  girKtrok = e-* g irR*'ok.

Since st is gradient and N ‘k is ( 1 )p-homogeneous, from (2.2) and (3.2) we get
D * r  __ n r
n  jk — ^  Jk »

and thus
K*ok =  e~“sRiok.

Assuming that F„ is of W-scalar curvature, (2.3) yields (2.4), and we obtain 

Rm  =  e~2sKL2hik = KL*2hik.
Furthermore

r )T *  Я Г *
Kk = = e~*hik.

Thus we have
Rm = e*KL**hfk,

namely, the Berwald space F* is of scalar curvature K*—e2sK.
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Thus, by the theorem of S. Numata ([4] Theorem 2) and T. Varga ([5] Theorem 
11), this Berwald space F* for 3 is a Riemannian space of constant curvature 
K*, or a locally Minkowski space, according as K^O, or K=0. Furthermore 
the Wagner space Fn is conformal to this F*, so we have the following

T heorem . I f  an n ( s3)-dimensional Finsler space is a Wagner space with respect 
to a gradient vector field, and o f W-scalar curvature K, then the space is conformal 
to a Riemannian space o f constant curvature, or conformal to a locally Minkowski 
space, according as Ky^O or K=  0.

It should be noticed that the above scalar 0 does not depend on the sup
porting element y \  but it is not necessarily constant.
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REGULAR EXTENSIONS OF QUASI-UNIFORMITIES

by
ÁKOS CSÁSZÁR

0. Introduction

In a recent paper [1], I investigated the following problem : Let (X , °U) be a 
quasi-uniform space, 2Г = ST (°U) the topology induced by °U, (Y, 2 Г ')  an extension 
of the topological space (X , ST) ; does it exist a quasi-uniformity ÚU' compatible 
with (ß , ST’), i.e., such that 3T(4ir) — 3 '' and W  induces on X  the subspace quasi
uniformity

For the terminology used above and in the sequel, the reader has to consult
[1]. In particular, for t£Y, s (t) will denote the trace in X  of the ^"'-neighbourhood 
filter of t, and, for A a X ,

(0 . 1) х(Л) =  Л€в(/)}.

A quasi-uniformity °U' on Y, compatible with (ÛU, ST'}, is said to be a strict extension 
of iff there exists, for any U'ÇlW', a such that

(0.2) s ^ i O n x )  c  U'{t) for t£Y.

A quasi-uniformity on X  is said to be regular iff there is, for U a such
that U1(x)czU(x) for x £ X  (the closure is understood with respect to

The main purpose of this paper is to give a solution for Problem 9.11 in [1]: 
Look for a necessary and sufficient condition for the existence of a compatible regular 
quasi-uniformity. The solution will be based on the results in [1] concerning the 
existence of compatible strict extensions. These can be summarized as follows 
([1], 7.2 and 7.3, cf. also 6.2):

If °li’ is a strict extension of aU compatible with (ty, 3Y'), then consider, for 
U'ÇiW, the set

(0.3) и = и 'Г \ ( х х х )

and the map S: Y - X — 2X defined by

(0.4) S(p) = U '(p)nX .

A M S (MOS) subject classifications (1979). Primary 54E15.
Key words and phrases. Quasi-uniformity, extension, strict extension, regular quasi-uniformity.
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Then the set Ф of the pairs (U, S ) obtained in this way satisfies 

(0.5) S(p)£s(p) for p £ Y —X, (U ,S)£0 ,

(0.6) for there is (U, Б)£Ф such that U c  U0,

(0.7) for p £ Y -X , S0£s(p)  there is (U, Б)£Ф suchthat S(p) a  S0,

(0.8) for a given (U, there exists (U*, such that

(a) U*2a U ,

(b) U *(S*(p))c:S(p) for p e Y - X ,

(c) t/*(x)€s(p) implies S*(p) c  U(x) for xdX, p £ Y —X,

(d) S*(p)£s(q) implies S*(q )c .S (p )  for p ,q £ Y —X.

Moreover, the topology ЗГ' is a strict extension of ST.
In connection with the above results, let us denote by I  the set of all maps 

S': Y -X -+  2X. Let us further call a family Ф с ^ X f  satisfying (0.5)—(0.8) an 
extensor for the pair (Ш, &'r). Hence we can say that if Ш' is a strict extension of 

compatible with (Tl, 2Г’}, then (0.3) and (0.4) furnish, if U' runs over 4^', an ex
tensor for (44, 2T’\

Conversely, if ST' is a strict extension of 2Г and Ф is an extensor for (4/, ST’), 
then define, for (U, Б)£Ф, W= W(U, S ) c f X Y  by

(0.9) fV(x) = U(x)Us(U(x)) for xeX ,

(0.10) fV(p) = S(p)Us(S(p)) for p € Y -X .

The set of these W(U, S ) constitutes a quasi-uniform subbase on Y  generating 
a  quasi-uniformity Ш'{Ф) that is a strict extension of °U compatible with (fii, ST’).

Finally, if Ш' is a strict extension of atl compatible with (fil, ST') and Ф is de
fined with the help of (0.3) and (0.4) then °W (fi)= aW.

1. Necessary and sufficient conditions for the existence of regular compatible
quasi-uniformities

Now we can formulate first a necessary condition:

Theorem 1.1. Let °U' be a regular quasi-uniformity compatible with (fii, 3~r). 
Define, for UfiTl', the set Udfill and the map SÇ. X according to (0.3) and (0.4), and 
denote by Ф the set o f all pairs (U, S). Then Ф satisfies (0.5), (0.6), (0.7), and

(1.1.1) for a given (U, 5')€Ф, there is (U*, S*)€<P satisfying
(a) U*(U*(x))czU(x) fo r  x ^X ,
(b) U*(S*(p))c:S(p) fo r  p£ Y —X,
(c) i f  U*(x) intersects each member o f sip ) then S*(p)czU(x) for x£X, 

Y —X,
(d) i f  S*(p) intersects each member o f  s (q) then S * (q )cS (p ) for p, q£ Y —X.
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Proof. By [1], 8.7, is a strict extension of °U so that Ф satisfies (0.5)—(0.7). 
In order to verify (1.1.1), let ((/, S)£<P be obtained from U fiW ' with the help of 
(0.3) and (0.4). Choose such that U[2(zU ' and such that cl t/2( / ) c
czU[{t) for /£ Y (where cl A denotes the ^'-closure of A while Ä is the ^-closure 
for A c X ) .  Put

U* = Щ Щ Х х Х ), s*(p) =  U '(p )n x .
Then (U*, S * № ,

U*(U*(x)) c  U[(cl Щ (x))C\X c U ; 2(x)C]X(z U'(x)(~}X= U(x) for x ^ X \  

U*(s*(p)) c  C/'(cl Щ (р))П Х  с  и ;2{р)ПХ c  U '(p )D X  = S(p) for P Z Y -X .

If U*(x) intersects each member of s (p) then p £cl i/* (x )cc l i/2 ( x ) c U[(x), 
hence

s*(p) c  U i{p)C \X c. Щ2(х) f l i c  U '(x)C \X  = U(x) 

for xdX , p£ Y —X.
If S*(p) intersects each member of s (q) then q£c\ S*(p)czc\ U2 (p)c:Ui(p), 

hence
S*(q) cr U[(q) П X  c  U{2(p)П Л 'с  U'(p)C\X — S(p) 

for p, q £ Y —X. I

Let us call a family ^ c f  X I  satisfying (0.5)—(0.7) and (1.1.1) a regular 
extensor for (fit, dT’). The terminology is motivated by 1.1 and the following

Theorem 1.2. Let ST' be a strict extension o f dT and Ф be a regular extensor for 
(fit, dT’). Define W= W(U, S) by (0.9) and (0.10) for (U, 5,)€Ф. Then

{W{U,Sy. (U, 5)€Ф}

is a quasi-uniform subbase and generates a regular quasi-uniformity 41' (Ф) compatible 
with (4l, dT').

Proof. Each of the conditions (1.1.1) (a)—(d) is obviously stronger than the 
respective condition in (0.8). Hence őtí'(Ф) is a strict extension of aU compatible 
with (4t, dT’). We show that it is regular. For this purpose, it suffices to verify that, 
if (U*, 5*)€Ф is chosen, for a given (U, 5)£Ф, according to (1.1.1), then W*— 
= W(U*, S*) satisfies
(1.2.1) c\W *(t)czW (t)  for t£Y.
In fact, then

c l( n  и ф )  = Cl ( n  » 7 ( o )  e n d  w,*(r) С П Wt(!) = (rí fv ]  (0

whenever t£Y , Wi=fV(Ui, S t), W *-W (U *, S*), and (Ut, 5,)€Ф satisfies (1.1.1) 
together with (U*, Б*)^Ф.

Now, in order to prove (1.2.1), we need the following simple 

Lemma 1.2.2. I f  dT' is a strict extension o f dT, then

(1.2.3) cl s(A) <z cl A for А с  X.
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Proof of the lemma. The sets s(G), where G is ^-open, constitute a base for 
SC'. Hence if ?€c! j (/4), then tds(G) implies .y(G)ru04)^0  for every ^-open G, 
whence GC)A^0 and, a fortiori, s(G)C\Ax&  for all these G, i.e., tdcl A. |

By hypothesis, ST’ is a strict extension of ST. Hence, for xdX , (0.9) implies 
by 1.2.2

cl fV*(x) = cl t/*(x)Ucl s(U*(x)) d  cl t/*(x), 

and if  yd X  then yd cl W *(x) implies

y (Eel U*(x)D X  = U*(x) d  U(x) c  W(x)

by (1.1.1) (a) and (0.9); on the other hand, pd Y —X, pdcl W*(x) implies that U*(x) 
intersects every member o f s (p), hence S*(p)czU(x) and U(x)ds(p),

pds(U(x)) a  W(x)
by (1.1.1) (c) and (0.9).

Now let p d Y —X. Then by 1.2.2 and (0.10)

c \W *(p) = cl S*(p)Ucl s(S*(p)) d  cl S*(p).

Hence xdX, x€cl IV*(p) implies

xdc\ S*(p) П Х =  5 Щ  c  S(p) c  W(p)

by (1.1.1) (b) and (0.10), and q d Y —X, qdcl fV*(p) implies that S*(p) intersects 
each member of s(<7) so that, by (1.1.1) (d),

S * ( q )d S ( p ) ,  S(p)d*(q), q£s(S(p)) d  W(p)
by (0.10). Thus (1.2.1) is established. |

Corollary 1.3. For the existence o f a regular quasi-uniformity compatible with 
(fU, SC') it is necessary and sufficient that ST' be a strict extension o f ST and there 
exist a regular extensor for (fU, ST').

Proof. 1.1 and 1.2. g

Corollary 1.4. I f  °U' is a regular quasi-uniformity compatible with (°U, IF'), 
Ф is defined as in 1.1, and а//'(Ф) is constructed as in 1.2, then °U' — .

Proof. By [1], 8.7, °U' is a strict extension of °U, hence the statement is a con
sequence of the corresponding result on strict extensions (cf. also [1], 8.8). g

2. Almost Cauchy Alters

From the above results, it is easy to deduce a necessary condition concerning 
the trace filters s (p). For this purpose, let us call almost Cauchy a filter base r in 
a quasi-uniform space (X, %) iff, for every Udfill, there exist Ufifiil and Radx such 
tha t R 0czU(x) whenever xd X  and each member of r intersects U0(x).

Theorem 2.1. I f  there is a regular quasi-uniformity °W compatible with (aU, SCr) 
then every trace filter s(p) is almost Cauchy fo r p d Y —X.
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Proof. By 1.1 there is a regular extensor Ф for (^ , 5"')- For a given 
select by (0.6) (U1, 5j)6Ф such that L^c U and by (1.1.1) (c) ([/„, 50)6Ф such that 
S0(p)czU1(x)czU(x) whenever U0(x) intersects each member of s(p). Clearly, 
U{f i aU and S0(p)£s(p) show that s (p) is almost Cauchy for an arbitrary pk Y —X. |

We investigate the properties of almost Cauchy filter bases.

Theorem 2.2. Every Cauchy filter base is almost Cauchy, ancl every almost 
Cauchy filter base is weakly Cauchy.

Proof. Let r be Cauchy, U^TI, and U ^Tl, U$aU. Select R0£r such that 
R0X R 0cz U0. Then if U0(x) intersects each member of r, then RuП U0(x)X 0, 
hence R0 c  t/02 (x) czU(x).

The second statement is obvious by the respective definitions (cf. [1]). |

There is no such relation between almost Cauchy and stable (see [1]) filter 
bases. In fact, if T = R  and °U is the euclidean uniformity, then

=  {(c, +°°): cgR}
is almost Cauchy without being stable, while

r2 =  {(— 1 —E, 1 + e ) :  e >  0} 
is stable but fails to be almost Cauchy because, if

U = {(x,y): Ix -y l <  1}
and X—0, then each member of r2 meets each neighbourhood of x but U(jc) does 
not contain any member of r2. Observe that both гг and r2 are round.

For almost Cauchy filter bases, we have a much stronger result than [1], 4.9:

Theorem 2.3. I f  r is an almost Cauchy filter base and x' is a filter base finer than 
x then r ' is almost Cauchy.

Proof. For IKdl, let U0d°2t and R0£x be chosen according to the definition, 
and R0z)R'0£x'. If U0(x) meets every member of r', then the same holds for the 
members of r, and R'0œ R0czU(x). |

The following lemma corresponds to [1], 4.10:

Lemma 2.4. Let (X , all) be a subspace o f (У, aW). I f  x is a filter base in X, almost 
Cauchy with respect to °W, then it is almost Cauchy with respect to aU.

Proof. For U ^ ,  choose U fiW  such that U= U'C\(XXX), and UódW, 
R0£x such that R0czU '(t) whenever Y  and Lfift) intersects every member of r. 
Define U0= U ^C fX xX ). Now if U0(x) meets each member of r for an x£X , then 
the same is true for t/0'(x) so that R0c U '(x)i)X =  U(x). |

Corollary 2.5. Let (X , Ü) be a subspace o f (Y, °U’) and x' be an almost Cauchy 
filter base in (Y, ÓW) having a trace x in X. Then r is almost Cauchy with respect to °ll.

Proof. 2.3 and 2.4. |

We know from [1], 4.6 that every neighbourhood filter is stable. The question 
whether neighbourhood filters are almost Cauchy is more delicate.
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Theorem 2.6. In a regular quasi-uniform space (X, aU), every neighbourhood 
filter is almost Cauchy.

Proof. Let x be the neighbourhood filter of y £ X  and JJÇfill be given. Choose 
UfifiU such that U\cz U and UfiJU such that U0(x )a  Ul(x) for x£X . Define
я0 =£/iOO€t. ___

If Ufix) intersects each member of r, then y£ Ufix)cz Ufix), hence 7?0c  
c L Í W c í / ( x ) .  g

Observe that 2.1 can be deduced from 2.6 and 2.5.
In general, neighbourhood filters need not be almost Cauchy. This is shown by

Example 2.7. Let (X, °d) be the quasi-uniform space defined in [1], 8.2, and 
suppose that there is a ,T = .T  fid)-open set G that is not closed. Let y tÓ —G,

It
U=TJG, and assume that U0 = P| UGi and a neighbourhood R0 of y  correspond

l
to U according to the almost Cauchy property of the neighbourhood filter of y. 
Consider all sets of the form

(2.7.1) G П П t f ,•
1

where 7/,=(7г or Hi = X —Gi for i = l , . . . ,n .  Clearly, у belongs to the closure 
o f at least one of the sets (2.7.1), say yÇA, and select x£A. Now Ufix) is the inter
section of those GI for which xÇG,, hence A cz U0(x), and every member of r 
intersects C0(x). On the other hand, Ru is not contained in U(x) = G. Thus r cannot 
be almost Cauchy, g

Since a filter base o f the form {{y}} is Cauchy, we see from 2.7 that a statement 
similar to [1], (4.6) does not hold for Cauchy or almost Cauchy filter bases.

3. Finite, regular extensions

Let us now consider the case when Y —X  is finite or, more generally, of the 
form occurring in [1], 5.1 and 7.6. In this case we can replace the conditions in 1.3 
by much simpler ones.

n
Theorem 3.1. Let Y —X = (J  Z h s (p) =  s; for p £ Z t. There exists a regular

1
quasi-uniformity compatible with {aU, YT') i ff  °U is a regular quasi-uniformity, -X' 
is a regular topology, and every s,- is round and almost Cauchy.

Proof. The necessity follows from [1], 8.5, 8.1, 1.1, and Theorem 2.1 of the 
present paper.

Suppose now that the conditions are fulfilled. We can assume st9*Sj for iX j. 
We construct a regular extensor for f i l l ,  I T ' ) .

Let Ф consist of the pairs (U, S) such that UÇ/Il, S fi s( are arbitrarily chosen, 
and S(p) = Si for p £ Z ; . (0.5)—(0.7) are obviously true.

In order to verify (1.1.1), let UÇ/JU and SfiSi be given (/=1, ..., «). Select 
U fid l such that U\czU, then by the regularity of aU a UfiTU such that U2(x) c
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c  U^x) for x£X. Since Sj is round, there are U3iÇ.W and Ssi£ sf such that 
[/3i(S3,)cS i, then by the regularity of S ''  choose S4iÇst such that S4iczS3i (S4l is 
the trace of a ^"'-neighbourhood of a having a ^"'-closure contained in a S~'- 
neighbourhood whose trace is S3i). Again by the regularity of S '', s ^ s } implies, 
for iVy, the existence of i§y€sf such that Su does not meet all members of sj. 
Finally, the almost Cauchy property of sf implies the existence of и ъ£°и  and 56i€s, 
such that S-oiczU(x) whenever x d X  and Ubi(x) intersects every member of sf. 

Define

u* = u 1n u 2n n  u3in  n  u 5iew,
1 1

s ;  = s „ n s „ n  n ^ n % ,

and S * (p )= S f  for PeZ,.
Then, for x£X, pdZ ,, qdZj,

U*(U*(x)) с  ^ ( Щ х ) )  c  U?(x) c  U(x),

U*(S*(p)) c  U3i( S J  a  U3i(Ssl) c  s , =  S(p),

further if U*(x) meets each member of sf then the same holds for U5i(x), hence 
S * (p )cS 5,c t/(x ) . Finally, i= j  clearly implies S*(q)= S * a  S3icz St = S(p); on 
the other hand, if i ^ j ,  then S* crS tj implies that S*(p) does not intersect all 
members of 5j = s(q).

Since S '' is regular, it is a strict extension of S', hence the statement follows 
from 1.2. I

The following example shows that the almost Cauchy property of the trace 
filters cannot be omitted from 3.1 :

Example 3.2. Let A"=R and П be the collection of all finite partitions of X

(i.e., Щ П  iff - , A n), X = \J A h A ,r A j  = 0 for /* /) .  For Щ П ,
1

*Р =  {Л> . . . ,A n}, set

£/0Ю =  и (л « х л ,).
1

Then
{и(Щ: %ЧП}

is a uniform base that generates a uniformity aU on X. Clearly, 2T(yi) = ST is the 
discrete topology of X.

Choose p$_X, let Y = X U {p}  and s (p) be the filter in X  generated by the 
filter base

r =  {(c, +°°): c£R}.

Denote by S '' the strict extension of S '  on Y  corresponding to the trace filter s(p).
is regular by [1], 8.3. The topology 3~' is regular because {x} is a ^"'-closed 

neighbourhood of x£ X  and (c, +°°)U  {p} is a similar neighbourhood of p. Observe 
that s (p) is round and weakly Cauchy so that, by [1], 7.6, there exists a strict ex
tension %' of °U compatible with (,!U, S ’’). In fact, if denotes the partition con-
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sisting of (c, -+- °°) and (— °°, c], then Ußßj)((c, +  =»))c  (c, +  °°), and if ф 2= 
=  {Q R-Qh  then [/(фз) (л;) never belongs to s(p).

On the other hand, s (p) is not almost Cauchy. Indeed, for i/= [ /0 ß 2), there 
is no С/1= [ / ( ^ 3) with the property occurring in the definition, because, if 
^ 3= 1̂ ! , then at least one of the sets A t, say Ax, is not bounded from
above so that, for x£A x, t / ( sf!o)(x)= Ax intersects each member of s(p) but U(sf>2)(x) 
does not belong to s (p). |

4. Questions of unicity

We shall show that, under the conditions of 3.1, the regular compatible quasi
uniformity Ш' is unique. In fact, a similar statement is true, more generally, for 
strict compatible extensions in the case examined in [1], 7.6.

In order to see this, let us first consider an arbitrary quasi-uniform space (X, °U) 
and an extension (Y , ST') o f (X , 2Г) where, as usually, 2Г = 2T(ty). Let Фх and 
Ф2 be two subsets of t X f .  We shall say that Фх is coarser than Ф2 or Ф2 is finer 
than  Фх iff, for (Ult Бх)аФх, there is (t/2, Б2)£Ф2 satisfying

(4.1) U2 a U x and S2(jp) c  Sx(p) for p ^ Y —X.

Фх and Ф2 are said to be equivalent iff each of them is finer than the other.

Lemma 4.1. I f  У  is a strict extension o f 2Г, Фх and Ф2 are extensors for IfU, 3~'), 
and Фх is coarser than Ф2, then %'(Ф1)с1 %'(Ф2).

Proof. By (0.9) and (0.10), (4.1) implies

W{U2,S 2)d W {U x,S x). I

Lemma 4.2. I f  Ф2 is an extensor for [fit, ST') and Ф2 is equivalent to Фх, then Ф2 
is an extensor as well.

Proof. For (U2, Б2)£Ф2, choose (Ux, 51)СФ1 such that

(4.2.1) Ux czU 2, Sx(p) c  S2(p) for p i Y - X .

Then Sx(p)Zs(p) implies S 2(p)^s(p) so that Ф2 satisfies (0.5).
Now, for a given Uu£dt, choose (Ux, БХ)€ФХ such that Uxd  Uu and 

(U2, Б2)£Ф2 such that

(4.2.2) U2 c U x, Sfip) c  Sfip) for p l Y - X .

Then U2czUx<zU0 and Ф2 fulfils (0.6).
For p £ Y —X, S0£s(p ), choose (Ux, such that Sx(p)czS0 and

(U2, Б2)£Ф2 satisfying (4.2.2). Then S2(p)(zSx(p )c iS 0 and Ф2 fulfils (0.7).
For (U2, Б2)£Ф2, select (Ux, БХ)£ФХ satisfying (4.2.1), then (Ux, БХ)^ФХ such 

th a t (0.8) be fulfilled by (Ux, Sx) and (Ux, S*) instead of (U, S ) and (£/*, S*), 
finally (U2, 52*)£Ф2 such that

(4.2.3) U * a U * , S*(p)czS*(p) for p f Y - X .
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Then
U p  c U* ci/,c  U2,

U*(s*(p)) c U*(s*(p)) c S fp )  c S2(p),

C/2*(x)€s(p) implies {/* (x)€s(p), hence

52*(p) c  S*(p) с  £/,(*) c  U 2( x ) ,

S Í(pK *(q )  implies S ï(p )£ s(q ), hence

S p q )  c Sí(?) c Si(p) c S2(p)

for x£X , p, q d Y —X. Therefore Ф2 satisfies (0.8). 1

Corollary 4.3. I f  S ' ' is a strict extension o f .T , Фх is an extensor for (fll, S~r), 
and Ф2 is equivalent to Фх, then Щ'(Ф1)= ‘%, (Ф2).

Proof 4.2 and 4.1. g

Lemma 4.4. Let ST' be a strict extension o f ST and Ф be an extensor for ifU., ST’). 
Then there exists an extensor Ф, equivalent to Ф, and such that

(4.4.1) s (p )= s (q )  implies S(p) = S(q) for p ,q £ Y - X ,  (Û,$)£Ф.

Proof. Clearly, Y —X=  IJ Z. where s(p) =  S; for p€Z f and s{ ̂  Sj for
1er

i ^ j .  Select a point p^Z,- for every i.
For every (U, -S)£<£, we define a pair (Û, in the following way.

We choose a pair (£/*, S*)£4> satisfying (0.8) and then we set

(4.4.2) Û = U*, S(p) =  S*(p,) for p€Z;.

We show that
(4.4.3) Ф = {(Û,S): (U, Б)£Ф} 

is the family we are looking for.
In fact, Ф clearly fulfils (4.4.1) so that, by 4.2, it suffices to show that Ф is 

equivalent to Ф. Now, by (0.8) (a), applied for Ф, we have Û—U*czU, and, by 
(0.8) (d), §(p )= S*(p t)<z S(p) if p£Z ; since then S*(p)£s(p)= s(pt). Hence Ф 
is coarser than Ф. On the other hand, for a given (17, S)d Ф, consider (U*, 5*)6Ф 
and (Û, as above, and then choose (£/**, S**)£<P satisfying (0.8) together
with (U*, S*) (i.e., by replacing (U, S ) and (U*, S *) by (U*, S *) and (£/**, S**), 
respectively). Then U**aU* — Û and, for p£Z i;

(4.4.4) S**(p) c S*(p) = £(p,)

since S**(p,)6s(pf) —s(p) implies (4.4.4) by (0.8) (d). |
n

Theorem 4.5. Let Y —X = \J Z i and s (p )= s f for  p€Z f. I f  У  is a strict ex-
1

tension o f 9~ and every s; is round and weakly Cauchy then there exists a unique 
strict extension o f Ш compatible with {fU, У ) .
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Proof. By [1], 7.6, there exists a strict extension of 4k compatible with 
(4k, ST'). Let 4k* and 4k2 be two such extensions. By [1], 7.3, aU'x= JU'(Фх), 4к2 =  4к'(Фа) 
for two extensors Фх and Ф2. By 4.4 there are two extensors $ x and $ 2, equivalent 
to Фх and Ф2, respectively, and satisfying

(4.5.1) Ш = § Ш  S2(p) — S2(q) 
for (Ûx,§ x)£ $ x, (Ûa,SjÇ . Ô2,p ,q ^ Z ,.  By 4.3

%  = <%'(ФХ), 4l2 = Щ'(Ф2).
Consider (Ûx, Sx)£ $ x. By (4.5.1) there are sets S ^ s , such that Sx(p) = St 

for f z Z i .  Choose points p ;€Z ; and apply (0.6) for Ф2. It follows that there is 
(Û2, S2) f  Ф2 such that Û2cz Ûx. Then apply (0.7) for Ф2 and p t\ we obtain 
(Ű2i, S 2l)d $ 2 such that

§ 2 i (P i )  c  S f  5 i =  s(Pi)-

By (4.5.1) §2i(p) = § 2i(Pi) for p £ Z h hence if we put

w 2 = w ( û 2,Ê 2) C \ n w ( û 2i,S 2d 
1

then and

(4.5.2) fV2(x) c W(Û2,S 2)(x) = Û.,(x)Us(Û2(x)) с

С гздщг/л*)) -  w ( û xJ x)(x)

for х £ Х  by (0.9), further implies

(4.5.3) W2(p) c  W(Û2i, §2i)(p) = S2i(p)[Js(S2l(p)) =

= S M \ J s ( S M )  c  5 ;Us№ ) =

=  ^ (p )U s(^ (p ))  =  W(Ûx,S x)(p)

by (0.10). From (4.5.2) and (4.5.3) we obtain W2<zW(Ûx, Sx) and this clearly 
implies 4к, (Ф1)с4 к /(Ф2)- The converse inclusion can be proved in the same manner. 
Therefore 4к( =4k2. g

Corollary 4.6. Under the conditions o f  3.1, there exists a unique regular quasi
uniformity compatible with (4k, Z ').

Proof. The existence is contained in 3.1. The uniqueness follows from 4.5 
because a regular extension is strict by [1], 8.7, the regular topology ST' is a strict 
extension of .Z, and the filters s; are weakly Cauchy by 2.2. g

Observe that [1], 7.12 is an obvious consequence of 4.5.
In the general case, it can happen that there are infinitely many regular quasi

uniformities compatible with a given pair ('fU, ST'). This is shown by

Example 4.7. Let X = R 2, 4k be the euclidean uniformity,

Ue =  {(x, y): d(x, y) <  e} (e >  0)
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with the euclidean distance d. Let Y d X  be chosen in a manner that there exist 
a bijection h from Y —X  onto the unit circle {x: d(x,a) — 1} where a=(0, 0). 
For p £ Y —X, a ë l ,  e>0, let R(p) denote the ray issuing from a and passing 
through the point h(p), and let A(p, a, e) be the unbounded rectangle whose bound
ary consists of a segment perpendicular to R(p), intersecting it at a distance a from 
a, and of two rays having the same direction as R(p) and lying at a distance e from 
R(p). Let s (p) be the filter generated in X  by the filter base

{A (p, a, e) : a ë  1, £ >  0},

and ST’ be the strict extension of S T { Щ corresponding to the trace filter 
system (s(p): p £ Y —X}.

Let f :  Y — X-~[\, +  °°) be an arbitrary function, and consider the family 
<Pf  consisting of the pairs

(Uc, S ( f  c, £))
where £ > 0, c^O, and

S (f, c, e) ( p ) = A (p ,f(p) + c, e).

The family <Pf  clearly satisfies (0.5)—(0.7). In order to see that it fulfils (1.1.1), 

consider, for a given (Ue, S ( f  с, е))6Ф/, the pair (̂7£/2, S ^/, c +  , y j  j . Then

(1.1.1) (a) and (b) are obviously fulfilled, and the same holds for (c) and (d) because 

Ue/2(x) never intersects every member of s (p), and similarly s j / ,  c +  -|-,-|-j(p)

meets each member of s (q) only if q=p, in which case 5 ^/, c +  y , y j c 5 ( / ,  c, e).

Hence W{d>f)=aUj- is a regular quasi-uniformity compatible with (?И,2Г') 
whenever /  is a function from Y —X  to [1, +  °°). Clearly, = can hold only 
if f —g is bounded so that there are infinitely many distinct 4i'{ . |

5. A problem

It would be interesting to know whether the simple conditions in 3.1 are suffi
cient in the general case. In other words, it would be important to solve

Problem 5.1. Look for X, Y , ^ , ^ '  such that °U and ST' are regular, every 
filter s (p) is round and almost Cauchy for p £ Y —X, and yet there is no regular 
41' compatible with {°U, 2Г').

In solving 5.1, it would be perhaps useful the following

Lemma 5.2. I f  there exists a regular 41' compatible with {fU, .T r) then, for Ua£4l, 
there is U fJJU such that Ua(x)£s(p) whenever x£X,  p£ Y —X, and i/x(x) intersects 
every member o f  s (p).

Proof. By 1.1 there exists a regular extensor Ф for (4l, 2Г'). For U^°U, choose 
(U, S ) £ Ф such that UczU0 and (t/*, Б*)£Ф satisfying (1.1.1). Then U1=U* will 
do according to (1.1.1) (c). |
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Now one can imagine that, if Y —X  is infinite, the condition in 5.2 is not ful
filled in spite of the fact that, for a given p£ Y —X, there is a Upiatl (depending on p) 
such that U(x)Ç.s(p) whenever U1(x) intersects each member of s (p) (moreover 
U(x)  contains a member of s(p)  independent of x). However, I did not succeed 
in finding an example of this kind.
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ON TÚRÁN—RAMSEY TYPE THEOREMS II

by
P. ERDŐS and VERA T. SÓS

This paper is a continuation of our papers [5], [10]. We investigated the follow
ing problem:

Let the edges of K„ be coloured by r colours, Gt, 1 á i á r  be the graph formed 
by the /’th colour. Let f (n ;  k y, , kr) be the largest integer for which there is 
an r-colouring of K„ such that

Kkl ф Gt, 1 == i S  r
and

r -1
О) 2  e(Gz) = / ( n ;  кi = 1
(Here e(G) denotes the number of edges of G.)

Due to Ramsey’s theorem for fixed k lt . . . , k r, n > N (ky, , kr) such a graph
does not exist. Therefore the problem makes sense only in the case when at least 
one of the k t —► oo with n-~ o o ,

It is trivial that f(n ;  3 , /)^-^-я/. We proved in [2] that if l= o(n ) then

(2) / ( n ; 2k +  l , / )  =  i - ( l - l ) n 2 +  0(n2).

Bollobás—Erdős [1] and Szemerédi [11] proved that /(и ; 4, /)= -— +  о (и2)
о

for l=o(n). No asymptotic formula is known for f ( n ; 2k, l) when l —o(n) 
and 2.

Here we start to investigate f ( n ; k l f . . . , k r) for r= 3.

Notation. Gn(V;E ) is a graph with \V\=n, e(Gn)=\E\, K(klt ..., k r) is a 
complete /‘-partite graph with k t vertices in the i ’th class, K„ is the complete graph 
on n vertices.

Let V  be the vertex set of the complete graph Kn. If we consider an /•-colouring 
of the edges of Kn, let E, be the set of edges of K„ having the /th colour for l ^ i ^ r .  
Put Gi = G(V; Ei) and

y t(x) = {y: (x, yKEi), di = |Fj(x)|,

Vi(x-,U) = {y. (x ,y)£E t, y iV - U ) ,  

di(x;U ) = \Vl(x;U)\.

For the case r —3 we prove the following theorems:
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Theorem 1.

(3) f(n ;  3, 3, en) <  ^- +  c2e/i2 

and for n >«0(e)

— +  с1еи2< / ( п ; 3, 3, en),

where cx > 0, c2>0 are absolute constants.

Theorem 2. Let G f V ; 1 S /S 3  èe graphs belonging to a 3-colouring o f
K„ with the property
(4) K3 ф G; i =  1,2,

(5) Кеп ф G3
and
(6) 1^1 & \E2\ >  cn2.
Then

(7) |^ 1U£'2|< n 2( - i - ^  +  2 c )+ ?/n2

where r}-* 0 h7/7z s —0.

Remark. We obtain the lower bound in Theorem 1 by a colouring in which

Gx is the complete bipartite graph [“ У“ ]) anc' G2 formed by two copies

of a trianglefree graph with maximum independent set of size o{n) and \E2\=o(n2). 
Theorem 2 shows that this extremum is sharp; by the condition (6) we have the 
stronger inequality (7) instead of (3).

Proof of Theorem 1.

(a) The upper bound.

We shall use the simple observation that

K3 ф Gi i=  1,2 

Km Ф G3
implies
(8) \V,(х)Г\У2(у)\ <  en
for any x?±y, X, yÇ_ V.

Assume |£’1| a |£ ’2|. Let x0 be a vertex for which d fx )  is maximal. Let 

d i(ya) = max d fy ) , y ^ V fx o ) .
Since K3 ф G\

V1(x)DV1(y) = 0.

Let U ^ - i V f x J U V f y , ) ) .  Put

E t  =  {(*, у): (х , у)£Е2, x $U  or y^U ).
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First we prove
(9) \E*\ <  Í2 sn \

By (8), obviously, any point V can be joined in G2 to at most 2m  points of 
Fi(Xo) U Vi(y0)- This gives (9). Thus we only have to consider the set of edges

Е Г  =  {(jc. jp): (x,y)£E2, x í U, ye U}.
Put

\U\ = ön
and

0*n = max d2(x; V— U) = d2(x*; V -  U) (**€£/).x£U
As before, by (8) we get that the number of edges in Gx incident to a vertex in V2(x*) 
is at most en.2. Since K3 cf Gx, the number of the remaining edges of Gx is less than

^-(1— á*)2. By all of these we obtain
2 2

(11) j ( l - «$*)*+<5<5* y +3ena

If |and consequently <5*<yj then (11) gives

I ^ i U £ 2| <  j  +  З е п 2.

, • c 2So all we have to show is .

We assumed \Ex\^\E2\, thus we may suppose

(12) W i ( x 0) \ > j .

Put |Fi(x;0) | = j  +  t. If \Vx{y0) \ ^ ^ - t  then

• X 2i.e., «5<T .

If If'iO'o)!—y j — then

с/Дх) S - ^ - r  for xeV^Xo).

This gives
1 (3 n \ ( n \ ( n W n )|<N

VII 4 + ' J + { j + t) ( .I2 - / ) »

1 in  \ 1( 5 ) 1 ( 5 „ 2 Л /i2
=  - r h r  +  H — n — 2t S -r- 1— n2+ — nt — 2t2\ <  —

2 U  ) '16 1 2 (24 3 ) 8
which contradicts to (12).
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This completes the proof of the upper bound of (3).

(b) The lower bound in (3) follows by the adaptation of a construction in 
P. Erdős [2] :

Let / be an integer which will be determined later, let the vertices of G be 
the 0 — 1 sequences of length 3 /+1 . Two vertices of G are joined by an edge in G 
if the Hamming-distance of the corresponding two sequences is at least 2 /+1 (i.e., 
if the sequences differ in at least 2/+1 places). This graph has no triangle and 
it follows from a theorem of Kleitman [9] that the size of the maximum inde
pendent set equals the common degree of the vertices.

Now from this graph G we construct the graph G* as follows: we replace each

vertex by a set of vertices of size , where / is the smallest integer for which

It is easy to see, that this graph has no triangles and the maximum independent 
set has <sm vertices. The number of edges in G* is >cem2 where c > 0  is an 
absolute constant.

Now we consider the following three-colouring of K2m:
Let V = V 1UV2 with \Vx\= \V t \=m. Let G*(F1), G**(V2) be two graphs iso

morphic to the above constructed G* and

GX(V) be the complete bipartite graph K(Vl , V2).
This construction gives the proof of the lower bound in (3).

Remark. Very likely the following stronger result holds: There is an absolute 
constant c such that (£-*-0)

but a t the moment we do not know how to prove this.

Proof of Theorem 2.

Now we construct a sequence of points xx, ..., xk and a corresponding sequence 
o f indices h , . . . , i k where /V£{1, 2}, with the following property: for А =  /г  let

E2 = E(G*(Vi))UE(G**(V2)),

A.i O i) >  An,

Aiv (xv ; Uy) >  An if V >  1
where for v > l

V

U y  =  V -  U  V t l ( x i ) .  
1=1
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Let x1, ..., xk be maximal in the sense that for any x £ F —{xx, .

di(x-, Uk) <  An.

Obviously, k< ^r . Put
A

V i =  и  Vt , (x , \U , ) , f2 =  U K { x t - Щ
1^Шк l^l^k
i, = l  *i = 2

(Fj П F2 =  0) and F3 =  F - ( F 1UF2),
ni=l̂ il> 1— i — 3.

Consider now the edges in £^U i?2 of the following type:

F}(,i =  {(x,y): xeVj, у£Уи (x,y)€£,}, 

l s j s 3 ,  l^ i /ё З , i =  l , 2.

(a) Щ г! — л и*> I ̂ 2,21
1

4 " I’ '* ü.zi — 4 "2

since Gx and G2 are triangle-free.

-= An2, l-Fi,2I ~=: An2
(b)

l^î,il ■*= Ans, 1/ 2,2! ■*= An2. 

Otherwise we would have two points xv and xM with

|F1(xv)riF 2(x;i)| >  n =- AAn =  en

which contradicts (8).

(c) |F j,3| < A n 2 for j  = 1 ,2,3, / =  1,2.

Otherwise we would have an x t  F  with

But since
max d.(x\ F3) S  An. 1=1,2 14

dt(x; F3) =  d,(x; £/*)

this would contradict the maximality of the sequence xx, . . . , x k. 
By (a)—(c) we obtain

03)

(14)

Now by the assumption 

we get

|£il =  nf +  10An2

|£2I — -ц- n2 + 10An2.

\Ek\ ^  \E2\ S  cn2 

n( 5: 2nVc —10A / =  1,2.
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Hence by (13) and (14)

l^il +  l^ l  =  и2^ —Vc +  2cj +  i/(s)n2

where, as a simple computation shows, 17(e)-* 0 with e-*0.

Remark. If c > 4 ~ , there does not exist a three colouring of K„, for which 16
K3 Ф G;, i = 1, 2

Ф G3
and

l^il ^  |£-2| =* cn\

Remark. First observe that the constant 4- — fc  +  2c in Theorem 2 is best4
possible. To see this, let

V = v1j v 2, v 1n v 2 = 0 ,

1^1 =  [2 fen], |K8| =  [ ( l - 2  fc )n \

V ^ A tU B ,,  M,.| =  [ l | 4  |5 ;| =  [ - i |F ,. |+ l] , i=  1, 2.

Join every vertex of Л; to every vertex of Rt in Gt (for /=1, 2). Let the further 
edges of Gy, resp. G2 form a graph on A2 and on B2, resp. on Ax and on Вг which 
has no triangle and the number of independent points is o(n). (It is well-known, 
that such a graph exists and in fact we used this method in P. Erdős—V. T. Sós [1] 
or in (6) of the proof of Theorem 1. Obviously this colouring has the required 
properties.

To get the exact result for f (n ;  3, 3, en) is rather hopeless because of its close 
connection with the Ramsey-numbers. This close connection is shown already by 
the following

Proposition 1. Let £(«)-► 0 with и — «=. Then

(15) R(3, e(n)n) =  o(n) 
implies
(16) f(n ;  3, 3, s(n)n) =  o(n2).

(Here R{k, l) is the Ramsey-number.)

Proof, (a) Suppose R (3, e(n)n) =  о(n) and that with a constant о 0

/ (« ;  3, 3, e(n) n) >  cn2

holds. This means, that we have a three-colouring of K„, for which

K 3 Ф  G ,  * =  1 , 2

К-г(п)n  Ф  G 3
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c
and, e.g., |£ j |> - j  n2. Thus we have a vertex x  with Since K3(tG y,

in V1 (x) we have only edges of E2 and E3.
But this means, that we have a two-colouring of the edges of Kcn, where in 

the first colour class there is no K3 and in the second there is no Kcln)n. This con
tradicts (16).

The converse statement, that (16) implies (15) is probably true, too, but we 
could only prove the following weaker result:

Assume that
R(3, c(n)n) >  cn.

Then

f [ n \  3, 3, >  cn2.

We hope to return to this subject later.

Some remarks on the Ramsey-numbers

As it is well-known, Erdős and Szekeres [7] proved

(17) * ( * . 0 s ( * í V ) .

Probably (17) is not very far from being best possible, in particular

n
2 (log u)2

It seems certain that

3, n) <  Cj n2 log log n 
log n

(18) Я(4, n) >  n3- ‘.

The probability method surely must give (18) but so far technical difficulties 
prevented success.

Greenwood and Gleason [8] proved

This gives for example 

and more generally

^ ( k i  +  l, .. . ,  fcr+ l )  S
f c  +  .-.+fc,)!

Я3(3, 3, n) ë  cn4 

ЯДЗ, 3, ...,3 , n) ^  crn2r.
1 r

A simple observation leads to the following improvement: 

Proposition 2.

(19) R (3, 3, n) =  o(n3)
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and more generally
(20) Rr(3, 3, 3, n) ^  rni?r_i(3, 3, n) -  o(nr+1).

]  r 1  I - - 1

Proof. Let us consider a “good” r-colouring of Km for Âq=... = k ,_1 =  3, 
k r=n. Let Gi, l ^ i ^ r  the graph formed by the edges of the z'th colour-class. Put

Vi(x) =  {y. (x,y)£EÙ, 1
Let U= {xj, ..., xv} be the vertex-set of a maximal-sized complete graph in Gr. 
We have v^n  — 1. By the maximality of |£/| we have

Ú LÎ V ,( x j )  =  v-u.
i=  1 i = l

Since Gt, l S ( g / - - l  is triangle-free,

\ V i ( X j ) \  <  /?,._i(3, ..., 3,n) for j  = 1, ..., V.

Now taking into consideration R(3, ri) = o(n2), this proves (20).

Remark. We have no nontrivial lower bound for R (3, 3, n). It is trivially true,
that

We expect that
R(3, 3, n) a  2R(3, n). 

R (3, 3, n)/R(3, n) -*■ oo 

R(3, 3, n)n~2 -*
or even more,

R(3, 3, n) >  n3-e.

Some remarks on the two-colourings of Kn

The following problem belongs to the questions we considered in [5]. Let 
f ( n  ; G) be the smallest integer for which every graph of n vertices and of f ( n  ; G) 
edges contains a subgraph isomorphic to G and f ( n  ; G, sn) be the smallest in
teger for which every graph of n vertices and f  (n ; G, sn) edges either contains 
a subgraph isomorphic to G or has an independent set of size sn.

First we investigate conditions which imply

(21) /(n ; G,en) ^  rjn2 
where ц -~0 with e—0 or
(22) f (n  ; G, en) <  f(n  ; G) (1 -  c) 
with a c > 0.

We prove some preliminary results about (21) and (22) and state without proof 
a few more results.

Proposition 1. (21) holds for G ^ K (\, r, r).

Proof. We need the following result of Erdős :
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For every / there exists a constant c(> 0 such that if и>л0 and e(G„)>cn2 
then G„ contains a K(l, ct, n).

Using this it is easy to show that if for Gn e(G„)=cn2 and the largest independent 
set in Gn has size less than e(c)n, then G„ contains a £(1, r, r).

Proposition.

f{n ;K (3 , 3, 3), 6n) =  ^ ( l + i i )

where with e—0.

Proof. The stronger

f ( n ; K ( 3, 3, 3 ) ) = S ^ ( l+ 4) 

follows from Erdős—Stone [6].

We can prove the lower bound as follows :

Let \VX\= y j ,  \V2\ =  • We join every vertex of Vx to every vertex

of V2. Additionally on fj resp. on V2 we consider a graph whose largest independ
ent set has size en and which contains no circuit Cr with 3 S rS 5 . (We know the 
existence of such a graph from [3], [4].) This graph contains no ЛГ(3, 3, 3) since the 
vertex set of K(3, 3, 3) cannot be decomposed into two sets neither of which spans 
a graph without a circuit.

In a forthcoming paper we prove the more general

Theorem A. Let G be a graph which is k-chromatic and the vertex-set can be 
decomposed into к — 1 sets which span graphs without circuits. Then there is a c> 0  
such that

for  Е<£0, /2>И0.

As to (22) we prove

Theorem B. Let G be a graph which is k-chromatic and the vertex-set o f  G cannot 
be decomposed into к — 1 sets such that the subgraphs spanned by these sets have 
no circuit. Then for every r\> 0

/ ( n ;  G, £") — 3 ( 1—
i f  E<e0(t]) ,n>n0(r]).

Added in proof (December, 1981). We proved with A. Hajnal and E. Szemerédi
that

f in  ; 2k, l) = j  (^TT^) ni +  ° ("2) for k -  2

when l = o(n). The proof will appear in a quadruple paper in Combinatorica.

3* Studia Scientiarum M athem aticarum Hungarica 14 (1979)



3 6 P. ERDŐS AND V. T. SÓS: TÚRÁN—RAMSEY TYPE THEOREMS II

REFERENCES

[1] Bollobás, В. and Erdős, P., On a Ramsey—Túrán type problem, J. C. J. (В) 21 (1976), 166— 168.
[2] E rdős, P., On the construction of certain graphs, J. Combinatorial Theory 1 (1966), 149—153.
[3] E rdős, P., Graph theory and probability I, Canadian J. Math. 11 (1959), 34—38.
[4] E rdős, P. : On circuits and subgraphs of chromatic graphs, Math. 9 (1962), 170— 175.
[5] E rdős, P. and T. Sós, V., Some remarks on Ramsey’s and Turán’s theorem, Combinatorial

Theory and its Applications. Coll. Math. Soc. J. Bolyai, Balatonfiired, Hungary, 1969, 
395—404.

[6] E rdős, P. and Stone, E. H., On the structure of linear graphs, Bull. Amer. Math. Soc. 52 (1946),
1087—1091.

[7] E rdős, P. and Szekeres, G., A combinatorial problem in geometry, Compositio Math. 2 (1935),
463—470.

[8] G reenwood, A. M. and G leason, A. M., Combinatorial relations and chromatic graphs, Cana
dian J. Math. 7 (1955), 1—7.

[9] K leitman, D. J., Families o f non-disjoint subsets,/. Combinatorial Theory 1 (1966), 153—155.
[10] T. Sós, V., On extremal problems in graph theory, Proc. Calgary Internat. Conf. on Combina

torial Structures, 1969, 407—410.
[11] SzEMERÉDi, E., Graphs without complete quadrilaterals, Mat. Lapok 23 (1973), 113—116 (in

Hungarian).

(Received April 10, 1980)

M T A  M ATEM ATIKAI KUTATÓ IN T É Z E T E  
R E Á L T A N O D A  U. 13— 15.
H — 1053 BUDAPEST 
H U N G A R Y

S tu d ia  Sclentiarum M athem aticarum  Hungarica 14 (1979)



Studia Scientiarum Mathematicarum Hungarica 14 (1979), 37— 41

SUFFICIENCY AND /-DIVERGENCES

by
D. MUSSMANN

0. Introduction and summary

We shall characterize sufficiency of a sub-cr-field for two probability measures 
by /-divergences, where /  is a convex function which is not affine. This extends a 
theorem of Csiszár. As a corollary we obtain a criterion for sufficiency in terms 
of total variations. This criterion may be applied to prove Pfanzagl’s characteriza
tion of sufficiency by power functions. An essential tool is a result on the attainment 
of equality in Jensen’s inequality for conditional expectations for convex functions 
which are not necessarily strictly convex.

1. Preliminaries

The first part of this section is concerned with strict inequality in some well- 
known inequalities for convex functions. In the second part we state Neyman’s 
criterion for sufficiency in a form suitable for our purposes.

Let /  be a convex (continuous) function defined on I\=]a,b[, where — 
S f l c è â - 1-°°. Furthermore we shall suppose /  to be not affine, i.e. not of type 
ax+ß. We denote the right derivative of /  at x£7 by D +( f;  x) and define 
[xy]( / ) := ( f(x )  —f(y ))/(x —y), where x, y £ l  such that x ^ y .  If a, resp. b, is finite, 
we define f(a):=\\m f(r), resp. /(è):= lim /(/•); fid ), f(b )  may be +■».

r \ a  r t  b
The assumption that /  is not affine is equivalent to each of the following two 

conditions:
(1.1) There exists an x0£ /such  that

f i x o) <  ———/(*) +  ———f(y )  whenever x, y£ I  and x <  x0 <  y. y x  y X

(1.2) There exists an x0£ l  such that

f ( t x + i  1 - 0  y) <  t f ( x )+ ( l- t ) f ( y )
whenever

x, y£7, x <  x0 <  y, and i€]0, 1[.

Otherwise every x„£/ would be contained in an open interval on which /  is 
affine (see [1], p. 232, Satz 2), hence /  would be affine on 7.

By the same reasoning as in [1], p. 197, 8.3.4.3 Satz, we get from (1.2):
(1.3) [rx ](/)< [y x ](/)< [y r](/)  whenever x ,y ,r £ l ,  x < x 0-=y, and x < r < y  

(same x0 as in (1.2)).
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Again by the same reasoning as in fl], p. 198, Satz (За), we obtain from (1.3):
(1.4) /(y)>Z>+(/; x)(y — x )+ f(x )  whenever x, y £ I  and x < x 0< y  or у <  x0 <  x. 
The strict inequality in (1.4) is even valid if a, resp. b, is finite and y= a, resp. 

y = b , because [yx](f) is iso tone in y.
f(y)

If b=°°, we have lim \r y \( f)  =  lim ----- . Combining this fact with (1.3),
y-*- oo y-*-oo  ~y

we have:

(1.5) f ( r )  < /(x )  +  ( r - x )  lim
y —oo

ЛзО
У

whenever r, xÇ/, x <  x0, and x <  r.

We close this section with a variant of Neyman’s criterion. Let P and Q be 
probability measures defined on a measurable space (Q ,si)  and let Р = ц1+/г2 be 
the Lebesgue decomposition of P with respect to Q, and y 2± Q .

A sub-u-field SP of sd is sufficient for P, Q iff

(1.6) there is an .^-measurable and a TÇ.SP such that ц2(Т)= 0  and Q {T)= \.

This assertion seems to be known. Concerning the “if” part, observe that the 

density with respect to n2+Q  of P, resp. Q, is (1 — l r) +  1T '-xxr, resp. 1T.

2. Equality in Jensen’s inequality

We employ the same notation as in 1 ; the point x0 is of special importance. In 
the following, expectations are understood with respect to the probability measure Q. 
Let X  be a g-integrable function with values in I (closure of I  in ] — <=, +°°[).

(2.1) Theorem. I f  there is equality in Jensen’s inequality / ( E(X \IP ))^  
= E ( f • X\£P)[Q\, then Q {Z < x0< E (T |^ )}  =  0 and Q{Е (Т |^ ’)< х 0<А'} =  0.

Proof. It is known that there exists a Markov kernel tp from (ß, s í )  to (/, Síx Pl I ) 
such that E(goX\lP)= J g(r)ep(-, dr)[Q\ whenever J goXdQ exists.

Define h(œ):=J  rep (to, dr), we may suppose — °°<A(o>)<°° for all codQ. Our 
premise can be rewritten in the form:

(2.2) There exists an NÇ,çJ of g -measure zero such that /(/z(co)) =  J  f(r)cp(w, dr) 
unless cd£N.

Now suppose m to be not in N. We shall show
(2.3) (p(m, ]x„,6]) =  0 whenever a ^ h (со)< x0, and <p(a>, [a, x0[) =  0 whenever 

x 0< h(co)^b.
First we assume h(co)$I, i.e. —°°<а=/г(ю ) or h(a>)=b< + “ , then tp(co, •) 

equals Dirac measure in a, resp. in b, hence (2.3) is valid.
Suppose next that h(oo)dI. Replacing x with h(w) in (1.4) we obtain /(>’)=- 

> D +( / ;  h(w)) (y — h(to)) + f ( h (со)) whenever y f j  and /г(ш)сх0<_у or y < x 0<Â(œ) 
( S  holds for every y£ l) . Integrating with respect to (p (to, • ) the assertion (2.3) follows.
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To conclude the proof observe that for A d s/  we have Е(1л \£/) = (р(-, A)[Q] 
and then using (2.3) we infer

Q { X ^ x 0 ^E(X\<Z)} = f  1{„ ^ оГ 1 {*«=*„> d ß =  / \{H~Xo)<p(-,[a,x0[)dQ = 0.
In an analogous manner we get Q {E(X\£f)< x0< X }= 0.

Remark. Pfanzagl ([6], p. 493, Theorem 2) proved that for strictly convex 
functions equality in Jensen’s inequality implies E(X\S/’)=X[Q]. This is easily 
obtained from (2.1). Indeed, for a strictly convex /  the x0d l  is arbitrary, hence, 
if M  denotes the rational numbers of I, then

Q { X ^  Е(Х\У)} =5 2  Q({X r < E (X \y )}U  {Е(Х \У ) <  r<Z }) =  0.
riM

(2.4) Corollary. Suppose a — 0 and b = +°°. Let D denote a countable dense 
subset o f I.

I ff(E (ß X \y ))= E (M ß X )\y )[Q ] fo r  allßdD, then E (X \P ) = X[Q].

Proof. If D is dense in /, so is 

we get

| y :  ß€£>J- Replacing X  with ßX  in (2.1)

Q{ E(X\<Z) * X } ^  2 dQ ({ E(Z |5o}) =  0.

Remark. If X  is bounded, then in (2.4) we only need j-^p /?£Z)j

to be dense in ]0, M[.
Now we shall investigate equality in another inequality. Suppose a= 0 and 

b =  +■» and let Y and Z be measurable functions on C2 with values in [0, °° [. Replacing 
X with Y (of and r with Y(w) + Z(œ) in (1.5) we obtain:

(2.5) I f  f (Y  + Z )= f{Y ) + Z  \ \ m ^ [ Q ] ,  then Q {Y < * 0, Z>0}=0.
S—°o S

Furthermore, let D denote a countable subset of I  with cluster point zero.

(2.6) I f  f(ß Y  +  ßZ) = f(BY)+ ßZ  lim —  for all ß£D, then ß {Z > 0} =  0.
~ s

This holds because of (2.5) and 12= |J {ßY<x0}.
ßiD

Remark. If /  is strictly convex, x0 is arbitrary, and therefore Q (Z > 0 }= 0  
follows even from the premise of (2.5). If Y is bounded, we need only one ß in (2.6).

3. The main result and applications

In this section we present a condition in terms of /-divergences which is equiv
alent to sufficiency. This is an extension of a result obtained by Csiszár for a strictly 
convex / .  Our condition is easily seen to be fulfilled if a certain condition for total 
variations or Pfanzagl’s condition for power functions hold.
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We employ the same notation as in 1. We suppose a—0 and b=°°. For /?>0 
the Lebesgue decomposition of ßP with respect to О is ßP=ßp1+ ßp2.

(3.1) Definition. IA ßP , Q):= f f o i ß ^ )  dQ+ßu2(Q) lim ^  is called the
J V dQ ) s

f-divergence of ßP with respect to Q (see [2], [3], [4]).
Set P ':—P\£P and in the same manner Q', p[, and p2.

(3.2) Theorem. Let D denote a countable dense subset o f I. Suppose If (ßP', Q') <  
< °° fo r  every ßdD. SP is sufficient for P, Q iff If (ßP', Q') = If(ßP , Q) for every 
ßeD .

Proof. The “only if” part is known (and follows at once from (1.6)), and the 
“ i f ” part is known for strictly convex /  with ß=  1 ([2], p. 90, Satz 1 ; [3], p. 310; [4], 
p. 141, Satz 17.2).

By the same reasoning as in [4], p. 145, one shows:

(3.3) If (ßP ',Q ’) = If (ßP,Q) iff / о е ( ^ - ^ - |^ ) = е ( / о(д - ^ - ) | ^ ) [ 0] and

where т х denotes with respect to Q' absolutely continuous part of p2.

Now, replacing X  with in (2.4) we get E [Q], hence theredQ V dQ I ) dQ

exists an ^-measurable
dQ

Replacing Y  with E and % with in (2.6) we obtain =  0 [Q\,

whence Q '_Lg2, i.e. there exists a T£SP such that Q(T) = Qf(T) = 1 and g2(T) = 
—p 2(T )= 0. Then the sufficiency of SP follows by (1.6).

(3.4) Corollary. SP is sufficient for P, Q iff\\ßP -Q \\= \\ßP '-Q '\\ for all ß£D 
(D  as in (3.2); || || denotes the total variation).

Proof. Take f(x )  — \x—1|. Let p and q be densities of P, resp. Q, with respect 
to v:=P+Q. It is straightforward to show that If (ßP, Q)= J  \ßp — q\dv and

WßP-QW = m a x jy  f  \ ß p - q \ d v + ^ ( ß - l ) ,  y  f  \ßp — q\ dv—^ - i ß - 1) |.

Hence \\ßP-Q\\ = \\ßP '-Q '\\ iff

i f (ßP, Q) =  i f (ß P \ вО-
In order to characterize sufficiency, Pfanzagl ([5], p. 197) presents the following 

condition:

(3.5) For every A d s /  there exists an ^-measurable test cp such that P(A) ^  
S  J  cpdP and Q (A )S J  cpdQ.
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If (3.5) holds, then obviously for every A there exists an ^-measurable test 
I\) such that P (A )S  J i/tdP and Q(A)S  j  \j/dQ.

The inequalities may be multiplied by /?>0. It follows that for every A £ s i  
there exists an .^-measurable test x such that

\ßP(A)-Q(A)\ * \ ß f  x d P - f  xdQ\ S  WßP'-Q'W,

hence \\ßP — Q\\ =\\ßP' — Q'\\ and (3.4) can be applied.
The following example shows that (3.4) is not valid with Z>={1}.

Example. ß =  {1,2,3}, sd=3?(Q). Let P, resp. Q, be given by ( P i ,  p2, p3) =

=  (4’ 4’ 4)’ resp‘ q'2’ q^ = (4’ 4’ 4) ' Let ^  denote the ff-field generated

by (3). takes the values -Jr, 1, 5, whence is not ^-measurable and Sf not 
dQ 5 dQ

sufficient for P, Q. But \\P—Q\\—^-=\\P' — Q'\\ and furthermore ||A—yu|| = 1 ^ '—p'\\О
when Я and p are in the convex hull of {P, Q}.

I wish to thank D. Plachky who suggested Corollary 3.4 and its application 
to Pfanzagl’s characterization of sufficiency by power functions.
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SUBBASE AND DIMENSION II*

by
J. DEÁK

Inequalities between topological dimension functions investigated in the first 
part of this series (Studia Sei. Math. Hungar. 11 (1976), 389—397) will be proved 
here for larger classes of spaces. The reader is supposed to have the first part at 
hand. A reference like (1.3.2) will mean (3.2) of the first part. All results of the present 
paper are consequences of Theorem (2.1).

§ 1. Definitions

Before introducing a new dimension function, we define some generalizations 
of total paracompactness. This notions are (with the possible exception of A -TPO  
not new.

(1.1) D efinition. Let & and 27.' be systems of sets in a space.
a) 2У is a tight refinement of 27 if for each YÇJ2J there is a 7.(27 with YczZ  and 

Fr y c F r Z .
b) 2У is a boundary-refinement of 27 if for each Y(°y there is a locally finite 

collection of closed sets covering Fr Y  and refining the system of the boundaries 
of the elements of 27. (A boundary-refinement need not be a refinement!)

Recall that a space X  is totally paracompact (TPC) if each of its open bases has 
a locally finite subsystem covering X.

(1.2) D efinition. A space is almost totally paracompact (A-TPC) if each o f  
its open bases has a locally finite open tight refinement covering the space.

(1.3) D efinition. (Nagami [13].) A space is o-totally paracompact (c-TPC) if 
each of its open bases has a u-locally finite open tight refinement covering the space.

(1.4) Definition. (Fitzpatrick and Ford [11]**.) A space is order-totally para
compact (O-TPC) if each of its open bases has a totally ordered (not necessarily

* Added in proof. Since our paper „On the generalizations of total paracompactness” submitted 
for publication more than a year later has already appeared [Studia Sei. Math. Hungar. 13 (1978), 
393—409], we delete the proof of Theorem (2.1) for it is an immediate consequence of Theorem 3H 
of the above-mentioned paper where some of the results in §3 of the present paper are improved 
on as well, but this overlapping cannot be remedied just by omitting parts of §3, so we leave it in 
its original form.

** Fitzpatrick and Ford give a somewhat different definition; F rench [12], however, uses 
O-TPC in this sense (cf. the Remark at the end of [11]).
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well-ordered) open tight refinement У  covering the space such that for each VÇY', 
the elements of У  preceding V form a system locally finite at the points of V.

(1.5) D efinition. (French [12].) A space X  is closure-totally paracompact 
(C-TPC) if an arbitrary open base & oî X  has a locally finite closed boundary- 
refinement covering X  and refining the system of the closures of the elements of 3S.

Note that the word “ closed” can be omitted from Definition (1.5). The fol
lowing diagram shows the relations between these notions (some of the implications 
are trivial, others are proved in French [12]):

cr-TPC =► O-TPC
1) Ц

TPC => A-TPC C-TPC
il U s 3
paracompact

The theorems of the first part are all corollaries to Theorem (1.3.3). In order 
to generalize the results of the first part, we prove a theorem similar to Theorem
(1.3.3) with ind+ replaced by ind° defined below.

(1.6) Definition. For a space X, ind° X =  — l iff X=Ç); ind° l s «  iff X  has 
a base with

ind0 Fr (JJ*? n — 1

for an arbitrary locally finite boundary-refinement £C of St (n = 0, 1,2, ...); ind° X —n 
iff ind° X ^ n  but ind° X ^ n — 1 is not true.

The only difference between the definitions of ind+ and ind° is that the word 
“subsystem” is replaced by “boundary-refinement” . Since a subsystem is a boundary- 
refinement, ind+ X ^ in d °  X  (proof by induction).

§2

(2.1) Theorem. For an arbitrary space X,

ind0 X  sbd X.
As ind+ X sin à °  X, Theorem (1.3.3) is a corollary to this theorem. The proof 

is similar to that of Theorem (1.3.3).

§ 3

In this section we prove theorems similar to those of the first part.

(3.1) Proposition. I f  all closed subspaces o f  a normal space X  are C-TPC, then

Ind X  3S ind° X.

Proof. The inequality is evidently true if in d ° l '=  — 1. Let now ind° X = n ^ 0  
and suppose that Ind T ^ind° Y  holds for any normal space Y  with the closed sub-
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spaces of it C-TPC satisfying ind° Y ^ n — 1. Let 36 be a base of X  as described in 
Definition (1.6). Let F  be a closed and G an open subset of X  with FaG . Take open 
sets V and Vx with

F c f c f c F . c K . c C .
We may suppose that

3 6 ^ { V x,X - V ) .

Since X  is C-TPC, there is a locally finite closed covering 3F of X  such that !F is a 
boundary-refinement of 36 and

3? < Я = {B\ BÇ.36).

Let now 43 be the system of those elements of 3F which intersect V. <3 is a 
finite boundary-refinement of 36, so

ind°F r \J43 ^  n - l .

\J43 is a closed subset of X, thus it is normal C-TPC and

Ind Fr(JV  si n - l ,

according to the induction assumption. Further,

V c U ^ c G ,
thus with

locally

we have an open set A 

Fr A is a closed subset 

and Ind I s « .

A = int (Jif
satisfying

Fez A c : G. 

of Fr \JV, thus

Ind Fr A ^  Ind Fr IJ43 ^  n — 1

(3.2) Proposition. For a ct-TPC S3-space X,
Ind X  S  ind° X.

Proof. A ct-TPC -space is paracompact, so X  is normal. The closed sub
spaces of X  are «7-TPC, thus they are C-TPC and Proposition (3.1) can be applied.

(3.3) Proposition. For an A-TPC space X,
Ind X  ind° X.

Note that the regularity of X  is not required here.

Proof. Suppose that the proposition is true for A-TPC spaces Y with ind° I s  
S h— 1, and let ind° X=n. Let F  be a closed and G an open set, FczG. Take 
a base 36 according to Definition (1.6). We may suppose that

36 <  {G, X - F }.

X  is A-TPC, so there is a locally finite tight open refinement У  of 36 covering X. 
Let У  be the system of those elements of У  which intersect F. Then

F c U f c  G.
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iV' is a locally finite tight refinement of 31, so it is a locally finite boundary-refinement 
of 3S and

ind°FrU ИГ — n - l .
The induction assumption can now be applied to Fr IJ#", since a closed subset 
of an A-TPC space is A-TPC as well.

Now we generalize Theorems (1.2.2), (1.4.9) and (1.4.7).

(3.4) T heorem . I f  X  is a cr-TPC S3-space or an A-TPC space, then
Ind X  ^  Dim X.

Proof. Propositions (3.2) and (3.3), Theorem (2.1) and Proposition (1.4.3).

(3.5) T heorem . I f  X  is a cr-TPC S3-space or an A-TPC S1-space, then

Ind X  =  D im  X.

Proof. Propositions (3.2) and (3.3), Theorem (2.1) and Proposition (1.4.4).

(3.6) Co r o lla ry . I f  X  is a regular Lindelöf space, then

Ind X  s  D im  X, Ind X  ^  D im  X.

Proof. A Lindelöf space is evidently cr-TPC.

(3.7) T heorem . I f  X  is a cr-TPC S3-space or an A-TPC Sy-space and it has an 
ind-nice subbase, then

ind X  = Ind X.

Proof. Propositions (3.2) and (3.3), Theorem (2.1) and Proposition (1.4.5).

(3.8) P r o po sitio n . For a separable metric space M,

ind° M  =  sbd M  = Ind M  =  ind+ M  

i f  any o f these dimensions is finite.

P roof. A s the proof of Proposition (1.5.2) (note that M  is Lindelöf).
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IF THE INTERSECTION OF ANY r SETS HAS A SIZE И г - 1

by
P. FRANKL and G. О. H. KATONA

Working on problems connected with data base systems, suggested by J. D emet- 
rovics, we observed the following simple but interesting

Theorem 1. Let Alt Am be a family o f not necessarily distinct subsets o f  an 
n element set X. Suppose that

( 1) n  Л,
1 = 1

И r - 1

holds for any r (1 S r ^ m )  and any distinct indices f ,  ir ( l s i ^ m ) .  Then 

(2) m S  n.

Proof. We use induction over n. d(x) is the degree of x£X: d(x)= \{j: x £ A j} |. 
1. We prove first that d(x)-^\At\ follows from x £ A t.
Fix an i and x£A t. Take the sets A ^ A j  — {x} for all j ^ i  such that xÇ Aj. 

If these sets do not satisfy (1), there are indices j \ ,  . . . , j r such that x£A jt (1 s /g / - )  and

П (A in A j-{ x } )
i=i

r — 1.

Hence П (AiO Aj)
t=i

=r would follow contradicting (1). The sets AjDAj — {x}

satisfy (1) on a set of size \At\ — 1 ^ n — 1 : so we may use the inductional hypothesis: 
the number of sets x£A j,jrA i is —1. Thus the number of sets xÇ.Aj is ^ \ A t\.

2. It follows from the induction hypothesis that the union of any r of the sets 
At has a size at least r if r ^ n .  By Hall’s theorem we obtain elements x ^A i  (1 s i s r ) ,  
where x t , ..., x„ lists all the elements of X. The first section gives

Hence

and

d(Xi) ^  \At\.

n n m

2 Ш  ^  2 d ( Xi)=  2  Mil
i = 1 ;= 1  i = i

m

2  M i l  =  оl = B + l

follows. Mil 5^0 by (1), consequently the sum must be empty. We have w S/i, and 
the proof is complete.
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The n different one-element sets give equality in (2).

Corollary. I f  A lt ..., Am are non-empty subsets of a set o f n elements, no 
two have an intersection equal to 1 and no three have an intersection >1 then m ^n .

Proof. It is easy to see that the sets satisfy (1).

Theorem 2. Let A y, Am be a family o f  not necessarily distinct subsets of 
an n element set X, and let f > 0  be a fixed integer. Suppose that

(3) П A, ^  r — 1 — t
j' = i

holds for any r (1 Ш г^т) and any distinct indices ..., ir (1 S / ^ м ) .  Then

(4)
moreover
(5)

m S  n + t

m s  n

with the additional conditions A ^ A j  (/Vy) and 2' _1==я.

Proof. Take the sets ( f l  DAj (t<j^±m). The intersection of any r dif

ferent ones cannot be of size r — 1 by (3). Apply Theorem 1 for these sets: m — t^n . 
The choice A t= X  ( l ^ i ^ n  + t) gives equality in (4).

The proof of (5) proceeds in a similar way. The only difference is that we have
t

nto choose some distinct sets A,, A: with
;=1

^ n  — t. It can be proved by

induction over t (with fixed n) that this can be done if /и ё и + 1 : By the inductional 
hypothesis we can find t — 1 sets with an intersection Y satisfying |T |S n  — i+1. 
If  |F |< h — i+ 1 , we are done, thus we may suppose \Y\=n — i+ 1 . If  there is one 
among the sets Ax which does not contain Y, we are done, again. It means, as the 
sets are distinct, that their number m is at most 2,_1. By the condition 2‘_1ё й  this 
contradicts т ё й + l .  The proof is complete.

It is easy to see that the family of all (n — l)-element subsets of X  give equality 
in (5) if n + t is even. But there are no 4 distinct subsets satisfying (3) if n — 4, t — 1.

While the condition of the corollary did not give stronger result than Theorem 1 
gave, this is not the case here. Choose /= 1  and take the stronger conditions

2 I I 3 I (wi \n  d j MO, n  ^[JsO . Then the intersections Т;ПЛ,- are all disjoint. Con- 
I = i  I | j = i  I

sequently, m

Theorem 3. Let A lt ..., Am be a family o f  distinct subsets o f an n element set X, 
and let /=»0 be a fixed integer. Suppose that

( 6) r — 1 +  t
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holds for any r (2 ̂ r ^ m )  and any distinct indices il , ir ( l^ i j^ m ) .  Then

Proof. Let us count the number of pairs (Ah G) (1 GczAi,  |G |= t)
in two different ways

( 8) i i ' f ' U  2  IH -: 1 S Í S M . G C 4
i = l  Y « /  IGI =t

Here |{Л(: l S i ë /й, G c ^ ;, — t by Theorem 1. Consequently, the right-

hand side of (8) is at most ^ J ( n  — i + 1):

I« i c t 1) * ( : ) < » - ' + » •
tЧ-1 / w / 1̂  ̂ 14

Suppose, that in contradiction to (7) m >  2 j I I • It is easy to see that ^  I 1 I >
V=1 VV/ i=iV t )

>  £  Í / )  I ” ) ^ ewer subsets with smaller sizes), and this contradicts (9). The proof 

is complete.

If we also assume (6) for r = \,  then we obtain the bound 2  ” j) •

(Received August 6, 1978)
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DICHTEABSCHÄTZUNGEN FÜR MEHRFACHE GITTERFÖRMIGE 
KUGELANORDNUNGEN IM  Rm

Das Ziel dieser Arbeit ist die Abschätzung der Dichte /и-dimensionaler /c-facher 
Kugelpackungen nach oben, bzw. der Dichte /«-dimensionaler k-fâcher Kugelüber
deckungen nach unten (m stets ë 2).

0. Dabei werden unter anderem folgende Bezeichnungen benutzt:

b, X, y, z Vektoren des Rm;

Ä(x):={y|y€Rra und IIX—y|| S 1};

K(x):= {y|y€Rm und ||x -y ||< l} ;

H:—(Ьх, ..., br) ein г-dimensionales Teilgitter des Rm mit der Basis {bl5 br}; 
Л (H ) das Volumen eines Fundamentalparallelotops eines Gitters H\ 
цт das Lebesgue-Maß auf Rm;

Cj, c2, . . .  , Сц C8> ... positive Konstanten, die nur von m (der Dimension) 
abhängen. 1

1. Sei G ein ///-dimensionales Gitter des Rm. Dann heißt {K(x)|x£G} eine 
k-fache gitterförmige Packung der Einheitskugel genau dann, wenn jedes y€Rm in 
höchstens к  Kugeln K(x) liegt. Für die abgeschlossene Einheitskugel B(x) gilt 
analog: {B(x)|xÇG} heißt k-fache gitterförmige Überdeckung mit Einheitskugeln, wenn 
jedes y£Rm in mindestens к Kugeln liegt. Wir werden im folgenden allerdings kurz 
von „k-Packungen“ bzw. „&-Überdeckungen“ reden, da wir uns s'ets auf gitter
förmige Anordnungen der Einheitskugel beschränken. Die Dichte d(G) einer beliebi
gen gitterförmigen Lagerung {Ä"(x)|x€G} von Einheitskugeln im Rmist definiert als

von

U. BOLLE

m

das Volumen der //г-dimensionalen Einheitskugel;

d(G):= lim 2  Ят(-К(х)П0 л),

wobei
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Bekanntlich existiert der Grenzwert, und es gilt

d(G) = K,
A(G) ■

d(G) ändert sich nicht, wenn man K(x) durch В  (x) ersetzt, so daß die Dichtedefini
tion auch für Überdeckungen geeignet ist.

Sei c4(ra):=sup {d{G)\G m-dimensionales Gitter, das eine k-Packung liefert}
D(km) :=inf {d{G)\G m-dimensionales Gitter, das eine k-Überdeckung ergibt}. 

Aus dem Mahlerschen Kompaktheitslemma folgt sofort, daß es À-Packungen bzw. 
/c-Überdeckungen mit der Dichte d£m) bzw. D[m) gibt. Der genaue Wert von d+ ] 
bzw. ist aber nur für wenige Paare (m ; к ) bekannt (vgl. [1]—[5]). Es stellt sich 
also das Problem, Abschätzungen beider Größen zu finden.

Zunächst hat man die trivialen Ungleichungen

Ferner gilt
d {km) — kd{"'\ D[m) kD{m). 

dim> Dim)

für alle Dimensionen m. Diese meines Wissens in der Literatur nirgendwo explizit 
bewiesene Aussage erhält man, wenn man in Gittern der Form (bZ)m, die Anzahl 
der Gitterpunkte in einer Kugel mit Hilfe des Volumens der zugehörigen Gitter
maschen abschätzt. Für weitere Ergebnisse sei auf [1], [2], [3] verwiesen.

Wir wollen in dieser Arbeit zwei Resultate aus [1] verallgemeinern. Dabei ergibt 
sich folgender

Satz 1. a) Es gibt Konstanten cm, Cm=-0, die nur von m abhängen, so daß für  
т = Ъ,1 (8) gilt:

Dim)
к

m + 1

> \+ C mk ~ ^

b) für m= 1 (8) gibt es c'm> 0, so daß
m + 3

2 m ■ ?

c) für m = 5 (8) gibt es ein C'm >0, so daß

r ) ( m )  m +  3

- £ - > l  +Cmk 2m

Der Beweis des Satzes ist etwas langwierig und erfordert einige Vorbereitungen.

2. G —(bj, ...,bm) £ R m heißt ein Gitter in Normaldarstellung, wenn es folgende
Eigenschaften hat:
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(1) Für l s / ^ w i  — 1 ist (bj, b,) ein/-dimensionales Teilgitter von (bj, bi+1)
und zwar so, daß d((bj,  ..., bj» minimal ist unter allen /-dimensionalen Teilgittern 
von (b,, b(+1).

(2) Das Koordinatensystem ist so gewählt, daß für lS /S m

bn
b, = mit bjj >  0 und |bJ+M| j b n .

0

Lemma 1. ist G =(bl5 ..., bm> ein Gitter in Normaldarstellung, so gilt:
m(m — 1 )

d(G) =  bn ...i>mmS ^ L )  2 bZm.

Beweis. Zunächst gilt stets:

. 2
b“ ~  ÿ j  b‘ + 1-i+1 -  » -  m -  O-

Es ist klar, daß
^ « b 1, . . . , b l» s d « b 1...... b,_j, bi + 1»,

da G sich in Normaldarstellung befinden sollte.

=> bn  ... Ьц ^  bn  ... hj-i,,-!^hf+i.i-bbf+i,j+1

=>b% Ш bf+lji+M+ui+1 ^ ^ b l i + b f +hi+1 

. 2
=>b,i~ ÿ f b t+i,i+i.

Die ursprüngliche Behauptung folgt nun leicht durch Induktion: Sei für / s  1
i ( i - i )

(was für /=1 jedenfalls richtig ist). Dann ergibt sich:
«Ci—i) «(«•—1)
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Sei wieder GQ Rm ein Gitter in Normaldarstellung. Die durch G vermittelte

mehrfache Packung heißt vom Typ n (£N) genau dann, wenn ------ =s b
n + 1 “  mm

Die Definition des Typs läßt sich sinvoll auch noch auf n = 0 erweitern, wenn man 
verlangt, daß sein soll. Analog liegt eine Überdeckung vom Typ n vor,

wenn - j - j - y —. Entsprechend zu definierende Überdeckungen vom Typ 0

gibt es offenbar nicht.
Der Typ ist eindeutig bestimmt, denn

h A(G)
mm A(( b1,...,bm_1»’

und beide Größen sind geometrische Invarianten des Gitters. Ferner definieren wir:

£>(m)(n, k)\— inf {d(G)\G liefert eine k-Überdeckung vom Typ n in Rm}.

Es ist klar, daß nicht für jedes k-Packungen vom Typ n existieren, denn wenn n 
hinreichend groß ist, liegt schon eine gewisse Anzahl von Gitterpunkten in jeder 
Einheitskugel. Sei also

u(n):= min {k|k£N, und es gibt eine k-Packung vom Typ n) 

und für k^u(n):

c/(m)(n, k):= sup {d(G)\G liefert eine k-Packung vom Typ и).

W ir werden zunächst Abschätzungen für ü?(m)(«, k), D,m)(n, k) beweisen, aus denen 
man dann Aussagen über d£m), D[m) erhalten kann.

3. Sei im folgenden G=<b1; ...,bm) stets ein Gitter in Normaldarstellung im 
2 2Rm mit ---- - S b mm̂ — . Wir können uns die Punkte von G in parallelen Hyper-n+ 1 n

ebenen Et (idZ) angeordnet denken, wobei £j-:= Rm_1 X {ibmm} ist. Wir betrachten 
nun die Schnitte einer beliebigen Kugel K(x) (oder auch B(x)) mit diesen Hyper
ebenen. Das Maß eines solchen Schnittes hängt offenbar nur von der m-ten Koordi
nate y  von X ab:

St(y, h):= П О Д ) =  /im_1(EinR(x)) =
m — 1

,(1 - ( i h -уУ )  2 , falls \ih—y\ S  1 
sonst.

Dabei haben wir, wie von jetzt an immer, h statt bmm geschrieben, um Indizes zu 
sparen. Sei weiter

S(y,h):=  Z s i(y’ h)-
i€ Z  S

S  is als Funktion von у  periodisch mit der Periode h; außerdem gilt

S ')■
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so daß bei festem h alle Werte von 5  bereits auf dem Intervall ĵ O; —J angenommen 

werden.
Über S gilt nun

L emma 2. Sei G =(b1; bm) ein Gitter in Normaldarstellung,

2 , 2
----- г á l i S -n + 1 n

und für beliebiges x£Rm
v(x):=  card (ЛГ(х)ПС) 

w(x):= card (ß(x)PlG).

Ferner sei PQ  Rm_1X {0} ein Fundamentalparallelotop von (b ,, Ьт _х). Dann gilt: 

f v(z, y )d z  = f  w(z, у) dz =  5(y, h)
p  p

für jedes j>£R.

Bew eis . Wir bezeichnen mit h....im die charakteristische Funktion von
^(i'xbj+  . . .+ /„ bm), also

П, falls ||x —ijbj—... —imbm|| <  1 
Zil....lo sonst.

Dann gilt offenbar
Ф, У ) =  2  K-h. . . fm ( z > У)<1....<m€Z

(z€Rm- 1,y€R),
so daß

j v(z, y )d z =  f  2  Xn... ,m(z, y) dz.
P  P  (1.......l m

Nun ist
f  Xh im(z, y) dz = pm_1 {K if bx + ... +  im b j  П P  X {y}) =

P

= /'m -l(K (lm bjn (/>X M - l 'ib 1- . . . - Í m_1bm_1)), 

wenn die Minuszeichen die Minkowski-Subtraktion bezeichnen, und insgesamt

2  /X i , .... ,J z ,y ) d z  =
t v - P m - l  P

=  . 2  M m - i № b j n ( P x M - i 1b1- . . . - i m_1bm_1)) =
*!»•••.im-l

=  /ím_1(tf(iMb j n R m- 1x M )  =

=  p ^ iK iO ,  у) Л R ^ X  {imh}) = Sim(y, h),
also

f  v(z, y )d z =  2  SiJy> h) = s (y< h)-
p
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Die Aussage für w folgt ebenso.

K orolla r , a) G liefert eine k-Packung =>S(y, h )^k fim_l (P) = k ^ ~ -  für  

alle y£R.
A ( G )b) G führt zu einer k-Überdeckung =>S(y, h ) ^ k —-—  für alle j'Ç R.

Aus dem Korollar ergibt sich leicht der für die weitere Rechnung grundlegende 

Sa tz  2. Sei für n£ N

Dann gilt:

ainm'> := min max hS(y, h)
h y

A (nm) := max min hS(y, h)
h y

2 , 2-----г  ë î i s -
n + 1 n

0 S y S h_
2

d(m)(n, к) 
к fü r  alle

< m) J
fc Ä и (n),

D<m,(n, к)
к

У т

< m)
fü r  alle k£ N.

Beweis z. B. für Packungen: Sei G ein beliebiges Gitter des Rm in Normal
darstellung, das eine Packung vom Typ n liefert. Dann folgt aus dem Korollar:

für alle y€R, also 

und damit erst recht 

so daß

hS (j, h) =S kA(G) 

max hS(y, h) â  kA (G)
У

min max hS(y, h) =  a(nm) kA(G),
h ji

d(G) Vm ^  Vm 
к к A (G) ~  a<m>

für jede A:-Packung vom Typ n. Der Beweis für /с-Überdeckungen verläuft wieder 
ganz entsprechend.

Daß diese Abschätzungen nicht von vornherein trivial sind, zeigt

Lemma 3. Sei n£N, m S 2 . Falls S (y , h) als Funktion von у  fü r  kein h konstant 
ist, gilt

a <m) >  у  un(j  j(n-) <  y

Beweis. Wir beschränken uns auf инО (2), der andere Fall läßt sich ganz
2 1analog behandeln. Sei also n — 2N, h —

n + 2x N + x
mit Dann haben
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WIT

wobei

und
h_

2 2

S (y ,h ) = Va. l 2  (1 - ( i h - y ) * ) *  =

=  Ут-г 2  (1  ~(ih -  У) 2)  2 +  Vm-I r(y> Л ),

r(.
i(l — (Nh + y)2) 2 , für у  <  hx 
io für у S  hx

f  hS(y, h)dy = 2Km_! 2 ’ /  ( !  - { i h - y f )  2 dy + 2Vm- 1 [  r(y, h) dy =
У 1= —N+l Q

/  N m~1 N-l 2
= 2Km_j 2; / d - * 2) 2 d z + 2  /

V»*=12I - 1  «= ° ih

2i-f 1
2  in  — 1  ( iV + д г)/»  m  — 1  \

(l — z2) 2 dz +  j  (1 — z2) 2 i/zj
N/l

n —1
=  2Fm_1 /  (1- z 2) 2 dz =  Fm.

0
2 21Sei nun /г£ ----- —I beliebig. Wenn S{y, h) als Funktion von у  nicht konstantln+1 ni

ist, so gilt m inhS(y, A)< Vm, m axhS(y, h)>Vm. Ferner sind m m hS{y,h) und
У У y

max hS(y, h) als Funktionen von h stetig. Daher ist а<т )>• Vm bzw. A[m)< V m, wie 
у

behauptet.

Bemerkung. Daß die Voraussetzung des Lemmas wenigstens in dem für das 
weitere benötigten Fall ungeraden m 's erfüllt ist, ergibt sich einfach daraus, daß

S (y ,h ) sich auf |o; y j  aus zwei Polynomen vom Grade m — 1 in у  zusammen

gesetzt, deren höchster Koeffizient von h nicht abhängt.

4. Es bleibt also noch, 5 ( j ,  h) genauer zu berechnen. Dazu benötigen wir eine 
Reihe von Sätzen aus der Analysis die der Bequemlichkeit halber im diesen Abschnitt 
zusammengestellt werden sollen.

1. Sei/ :  [a ;6]— R stetig und lim f(x ) = lim f(x )  = 0; ferner konvergiere
"  - x-~b_x-*-a

b

Dann gilt 

([6], S. 113).

2  f  /0 0  cos {2кгx) dx.
~~ °° а

+~ r
2  A i )  =  2  / / 0 0  cos {2krx) dx

a < j< b  
j  ganz
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2. Für M£N0 =  NU{0} und z > 0 gilt:

4 , 2UM\ ( M + 1 )f  (1 - t 2)M cos (zt) dt zM+1 cos |^z----- ttJ -

М 2м ~2(М + 1)! . Г M +S,„ (Z- Í Í ± I „ ) + 0 ( _ L _ )

([8], S. 366, 368).
3. Für Re (s)< 0  und 0 < a ^ l  gilt:

2 '
j=  1

sin ^2nja+^-^ (2nf
2Г(1 — s) C(s, e),

wobei £(,s, fl) für die verallgemeinerte ^-Funktion steht ([8], S. 268).
4. Für M €N0 und 0 < a S  1 hat man:

C(—Af, fl) =  - B\i +1 (fl)
Af +l

wo J3M+1 das Bernoulli-Polynom (Af-f-l)-ten Grades bezeichnet.
Wir benutzen die Definition der Bernoulli-Polynome nach [7]. Die angegebene 

Aussage findet man etwa in [8], S. 267, allerdings ist dabei zu beachten, daß die 
dort als „Bernoulli-Polynome“ bezeichneten Ф„ mit unserem Bn durch die Glei
chung

Фп(х) = Bn(x) — Bn (0)

( n ^ l )  Zusammenhängen.
5. Die Bernoulli-Polynome haben folgende Eigenschaften:

5.1 B'n+1(x) = (n + \)B n(x);

5.2 R „ [ l - x )  =  ( - l ) " R „ ( i-  +  x);

5.3 Für и ^ З , n=l (2) :

B№ =  Bn (1 )  =  вп(\) = o,

und Bn besitzt auf [0; 1] keine weiteren Nullstellen, ferner

s g n ^ i )  =  ( - 1)“S“ ;

5.4 Für n >2, 7î =  0(2):

B M  = BJ l )  = B- (t ) =  b-
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(bn steht für и-te Bernoulli-Zahl); B„ besitzt genau eine Nullstelle xn in ĴO ; — j;
n

sgn Д„(0) =  ( - 1)т+1;

Bn besitzt relative Extrema bei 0, —, 1 und keine weiteren auf [0, 1].

Für die Aussagen 5.1—5.5 sei auf [7] und [8] verwiesen. Weiter benötigen wir noch 

eine Eigenschaft der nach 5.4 eindeutig bestimmten Nullstelle x2r von B2r auf jo, y j , 
die man durch explizite Abschätzung aus [5] erhält.

5.6 Für 1 gilt
X 2 r '< X 2r + 2 •

Bew eis . Setzen wir mit L ehmer [7]

9:= 2r ( j - x * , ) .

Dann entnimmt man aus der genannten Arbeit, daß

sin 9 =  2_2r cos 29 +  3_2r sin 39—4 - 2r cos 49 —5 sin 59 +  ... 

und 0 < 9 < 2 _2f ist.
Wir wollen zunächst nachrechnen, daß

|sin 9 —2_2r| <  3 •4_2r

ist für r ^ 3 :

Weiter ist

|s in 9 - 2 - 2rcos29| <  3 -6 -2, + 4 - 2r+  f  x - 2'  dx =
4

=  4" ' [ 3 (т Г + 1 + 2 Г т ] - 2-5 - 4" '  für r s 3 '

|cos 29 - 1 1 ^  292( 1 +  (29)2+ (29)4 + ...)

2-4- 1 - 4 - f+ i < 2 ,5*4~2r für r £ 3
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und damit

|sin d — 2~2r\ 2 ,5 -4 -2r + 2 ,5 -8 -2r <  3-4~2r.

Schließlich erhält man mit

Q3 03 I

| s i n S - 9 | ^ ^ ( 1+f»2+ 9 4+ ...)  =  - r - n <  0,2 . 8“ * о о 1 —

|3 - 2 - 2r| <  3 - 4 - ^  +  0 ,2 -8 -^  <  4- 2r+1 für r è 3 .

Das ergibt

1 2~2r
^ = 4 - ^ Г +С^ "

wobei |cr| s l  für r g 2, und

*2r+2- * 2 r  =  g ^ 2 -2' - 4 4 - 2,- 2(cr+1-16cr)

- 2~2r~2("^r_ 1 7 ' 2_2r" 2) > 0  für r - 3-

x2 -= x4 -*= x6 kann man der Tabelle am Schluß von [7] entnehmen.

5. Um
m — 1

S(y,h)  =  Vm- 1 2  ( \ - ( i h - y f ) ~
\ i h - y \ s l

weiterzubehandeln, beschränken wir uns von nun an auf den Fall m = 2M + 1 (A7Ç N).

Wir benutzen zunächst 4.1 mit a = -----b = —^ ~  und /(* ):=  (l — (xh — y)2)M.

Dann ergibt sich
b

S(y,h) =  Vm_1 2  f  { l - ( z h - y ) 2)M cos (2nrz) dz =
Г= 00 n

K - i 2 cos
2 nry +i

f  ( l - u 2)Mcos-
2n nt

du,h ,= -00 h 2  ” '  h

da die Reihe nach 4.2 konvergiert. Nach leichter Umformung erhält man

2nruhS(y, h) =  Vm+4Vm_1 2  c o s ^  /  (1 - u 2Yг —1 “  n cos - h ■ du
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und weiter unter Verwendung von 4.2, 4.3, und 4.4:

hS(y, h) =  vm+2v- \ f - J_ L _ coŝ z x

( 2кг M + 1 ï M (M + 1)!
{ h 2 Л) 2км+2 ym- i  hu + 2 2

1
r  — 1 r

M + 2 X

Xcos 2nry . (2кг M + 1 ) .. w,

=  Km +  2MKm_1/iM+1( « - ^  öi) +  C(-M , a2)) — 
- 2 M- 1MKm_1/iM+2( C ( - M - l , a 1) +  C ( - A / - l ,  a2)) +  0(/zM + 3) =

-  K,„ 2M Vmz ±  hM+i (BM+1(a1) + Bm+1(a2)) +

+

M + 

2M~1MVn- 1
M +  2

wenn wir a j, a2g]0 ; 1] so wählen, daß 

1+У

h " +2(BM+2(a1) + BM+f a 2)) + 0 (h M+3),

1 — у=  űj mod 1 und —-— =  a2 mod 1 ist.

Der Kürze halber schreiben wir Tt(y, h) statt Bi(at) +  Bt(a2) ( /= M + 1, M +2). Nun 
gilt folgendes

L emma 4. Sei m = 2M +  1, M g N, «gN. Dann haben wir

(1) fü r  M =  1,3 (4) 

max min Тм+1(у, Л) ^  — cx <  0
h у

min max TM + 1(y, h) S  c2 >  0;
h у

(2) fü r  M =  0 (4) und alle hinreichend kleinen h 

max m in (rM+1(y, h ) -
A у

1 M (M +1)
2 M +  2 Vi) S  c3h\

(3) fü r  M  = 2 (4) und alle hinreichend kleinen h 

min max (TM + 1(y, h ) -
h у

1 M ( M + I ) lrr, , , чЧ
- — Ä f T T - hTM+2(y’ h» - c*h

Die с( sind dabei positive Zahlen, die wohl von m, nicht aber von n abhängen.

0 S y ^ j

2 2
-----г  ^  h ä  — ./7+1 П
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B e w e i s . Z u (1). Sei M =3(4), also M + 1=0(4). Das zugehörige Bernoulli- 
Polynom findet man in der Abbildung schematisch dargestellt. Für die Nullstellen 
gilt nach 5.2, 5.4

1 , 3
x m + i < _ 4 ’ l _ % + i  >

und sogar

^ +i ( j )  ~  + ^ ° °  fLir

G r a p h e n  d e r  B e rn o u ll i -P o ly n o m e  (s c h e m a tis c h )

Jedes he —j läßt sich in der Form h — mit einem geeigneten xe  jo, -̂ -J
schreiben.

1. Betrachten wir zunächst den Fall geraden n’s: n=2N (Ne N). Dann erhal-
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ten wir

=  N+X+-J-,  also ax h h

falls X — y = О
y

x + — sonst h

(o == x =§ y  und 0 .

1 — V V—;— - N + x —— und daher a2 h h

X — falls X > h
y

X---;--h 1 sonst.h

Wählen wir für beliebiges /г G ~"J Уг''—xh  ̂— > so erhalten wir

max min TM + 1(y, h) «  max TM + x (yx, H) ^
h y  h

— BM+ 1 (0 ) +  B,m+1 =  ~2M BM+! (0 )  =  : — Cj

Um min max TM+ x(>’, h) abzuschätzen, wählen wir
h y

1

0.

У»--

U 1
~ 2  für O ^ x S ^

— <  X ^  .0 für „4 z
Dann gilt offenbar

min max TM+1(y, h) ^  min Тм+1(у2, h)
h  V /I

2. Sei jetzt 

und damit

У "

- 2BM + 1 j  c2 > 0  (5.4, 5.5). 

n = 2N+l (N£ N0). Dann haben wir

i ^  =  w + I + l + f

1 y (... , y 1
X + 2 -~ h  fur , + I S 2

sonst;

a2 =

y  1
X+T~~2
1, falls X =  0, У

1 УХ + -— — -Г sonst.2 h
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Wählen wir xj h ,  so erhalten wir

nn T M + i ( y ,  h )  =  -^m+i O) +  ̂ aí + i _̂2"j =  —ci 0.max mm
h y

Für y 2 wählen wir

У2-=

0 für 0 ä  X s

— sonst.

Dann wird

min max TM+1(y, h ) ë  min TM+1(y2, h )  S  2B M + 1 (^-j =  : c2 >  0.

Dam it ist der Fall M =  3(4) erledigt. Die Abschätzung für M =  1(4) verläuft ganz 
analog. Wir beschränken uns daher darauf, die y t und das Ergebnis anzugeben.

3. n = 2N.

У1-=
/1 1— fur 0 ^  X ä  _

0 sonst.

max min TM+1(y, h )  S  2В м  + 1 Ш  <  0,

У 2 := X  h ,

min max TM+1(y, h )  ё  5 M + 1(0) +  ßAf+1 (^ J  >  0.

4. n= 2N + \.

У1 :=

0 für 0 ä  X ä  _  
4

— h  sonst.

max min TM+1(y, h )  Ш 2BM + 1 (^ J  <  0, 

y2: = ( ^ - x ) h ,

min max TM+1(y, h) ё  BM+1(0)+BM+1 (^}  >  0.

Zu  (2). M = 0(4). 

(5.6) Sei ^ — (xM+2 x M) >  0.
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1. n = 2N. Wählen wir

so erhalten wir

0 für O s r <  y -< 5

(x —xM) h für

für

für

für

weil

0 =§ x == xM: TM+1(y!, / i ) s O

Тм+гОь» h) — 2-®m+2(*m) >  0,

x M <  x <  y-<5 : тм+lOh, h) <  2Bm+l ( у _<5) <  °>

~2 ~~à -- x  Sj —: ТМ+1(У1, h) =  Btit+1(a1) + BM+1(xM) S  0

Тм+г(У1-> h) — BM + 2(a i) +  Bm + 2 ( % )  >  Вм+г{хм)> 

ax — 2 x—x M Ш 1 —2ö—x M =

Insgesamt ergibt sich
=  1 — 2-(*м+*м + г) >  1 *Af+ 2-

max minh уin + Л)-
1 Л/(Л/+1)
2 M + 2

hT>г+2(У> ^)j — сЛ.

2. n = 2N + \. Wählen wir

У1-=

(t _x+Xaí)

für 0 S r <  ——<5 

für | - á S x g | ,

so bekommen wir ganz entsprechend wie oben 

für 0 SE x si xM: TM+1(yx, h) =  2BM+1(x) =  0 

^M+2( h i  — 2b m + Áxm) >

für xM <  x <  y -< 5 : ^M+iOh, &) -= 2äm+i (-J -* 5) 0

für y -< 5  á x s l :  r M+iO>i, h) = BM+1(xM) + BM+1(a2) S  0

^М  + гО Ь »  =  2?j\f + 2( -* м ) ‘Ь-®ЛГ + 2(П 2) -3" 0 ,

weil хм+2 > * м  und fl2 =  2x—x M =*-1—xM+2. 
Zusammengefaßt ergibt sich wieder die Behauptung (2).
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Zu (3). Der Beweis ist fast wörtlich der gleiche wie zu (2); Wir geben daher nur 
die jeweils zu wählenden y t an.

~^(XM+2 x M).
1. n=2N:

für 0 ^ i <  — — (5

( x - x M)h für y -< 5 X S

2. n = 2N + 1 :

3 V -
( у  +  * м -* )

für О ^  X <  y  — <5

— + xM—x \h  für —■ — ä S  X ä

Aus Lemma 3 ergibt sich ohne Schwierigkeiten für die Abschätzung von d (m)(n, k), 
D^m\n ,  k)

Satz 3. Sei m £N und m § 3 . Dann gelten 
(1) für m = 3, 7(8):

dim)(n, k) =  1
m  +1 : 

n 2

D,m\n ,  к) ^  ] +  C '
m +  1 ’ 

2

(2) für  w  ее 1 (8 ):
t/(m)(". k) Ä j ___c;

(3) für  w =  5(8):
Д(т)(и, к) _ j +  с;,

т + З ' 
2

Dabei sind c'm, C'm positive Zahlen, die nicht von n abhängen.

Beweis. Wir beweisen nur die Aussage (1) für Packungen; alles übrige folgt 
dann ganz entsprechend. Sei also m =  3(8) oder w =  7(8). Dann liefert Lemma 4 2

2MV
aim) =  min max hS(y, h) =  Vm---- —

Xmax mm hM+1TM+1(y, h )+ 0  ( ^ 2) &

—  r  n M + 1 I n M +  2 I — v  Ш +  1 ’
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da ------s / i <  — ist. Mit Satz 2 haben wir
n + l  n

d(m)(n, к) 
к

V с
r s . — Ü L  'S  1 ________T íü _
—  а ( т )  —  1 m  +  1 ’

/I 2
wie behauptet.

Daß wir dabei c'm > 0  wählen können, ergibt sich für alle hinreichend großen n aus 
Lemma 4, für „kleine“ n aus Lemma 3.

6. Es bleibt schließlich noch Satz 1 zu beweisen, wobei wir uns wieder, um 
Wiederholungen zu vermeiden, auf die Fälle m = 3, 7(8) beschränken. Sei zunächst 
G ein Gitter in Normaldarstellung, das eine optimale /c-Packung im Rm liefert, und 
bezeichnen wir den Typ der Packung mit nk, d. h.

2 2— —  ^  h = bmm 'S 
m +  1 nk

Nach Lemma 1 gilt

2 ч 2
m(m —1) 

2 \~~2
« « • m  ш  ■

Andererseits ist sicher

1 ( f ) V -

m(jn  — 1)

also nk^ a mk m mit einem nur von in abhängigen <xm. Dann ergibt Satz 3:

djm) d(m)(nk, к) ^  c'm ^  __£m_
к к м + 1 m+l*

nk 2 fc 2m

Um den Beweis für /c-Übcrdcckungen zu führen, haben wir nur die Abschätzungen 
für nk unwesentlich zu modifizieren, alles übrige bleibt sinngemäß gleich.

Zu einer Schranke für nk kommt man auf folgende Weise:

m(m—1)

kD[m) ^  D[m> =  D ^ \n k, k) = >  ( Ç )  2 (-^-) Vm,

l
woraus sich nkS ß mk m ergibt mit einem nur von m abhängigen ßm, das allerdings 
noch das auch nicht genau bekannte D[m) enthält.
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GENERALIZED REGULAR NEAR-RINGS

by
A. K. GOYAL and S. C. CHOUDHARY

Introduction

The concepts of л-regularity, semi л-regularity, right and left TV-regularity have 
been defined in near-rings. Corresponding concepts in ring theory are given in [1] 
and [10]. Section 1 deals with the properties, relations among these and charac
terizations of these near-rings. Conditions are given under which such near-rings 
become regular. It is shown that every finite near-ring with identity is л-regular, 
semi-regular, right and left TV-regular. In Section 2, we have dealt with the radical 
properties of these near-rings. It is proved that the quasi-radical £>(R) and the ideal 
radical J0(R) ([6], [14]) of л-regular near-ring R are nil, and if R is a right TV-regular 
with identity, then the radical subgroup of R [4] is also nil. Let Q(R) denote the sum 
of all quasi-regular ideals of the unitary near-ring R. If R is a ring with 1, then Q(R) = 
=J(R), the Jacobson radical of R. It has been shown that for a near-ring with iden
tity» ß (Ä )i Л№ ) = ß W  =  ̂ W  and strict inequality may hold in this chain. Also 
contrary to the ring case, the radical J(R) may not be a nil ideal for these near-rings 
and therefore, the conditions are given under which /(R ) becomes nil.

Preliminaries

Throughout R will denote a left near-ring satisfying 0 - x = x - 0 = 0  for all x  
in R.

A subgroup H  of R is called an R-subgroup if HR={hr\h£H, r£R}Ç H . A nor
mal subgroup В of R  is said to be right ideal of R if (r1+b)r2 — r1r2£B  for all b£B  
and rlf r.,£R. Every right ideal is also an R-subgroup. The converse holds in rings 
but not in near-rings. An ideal /  of R  is a right ideal which also satisfies R IQ  I.

We denote by r(a)= {x£R\ax—0} to be the right annihilator of an element 
a£R. It is easy to see that r(a) is a right ideal of R. If R contains no non-zero nil- 
potent elements, then it can be seen that x y = 0 implies y x = 0 and xry= 0 for all 
x ,y ,r £ R  [5 Lemma 1].

A right ideal В of R is said to be strictly small if for every R-subgroup A of R, 
R = B + A  implies R = A.

A near-ring R is called regular [1] if for each a€R there exists x£R  such that
a —axa.

An element a f R is said to be right quasi-regular if a is in the right ideal generated

AM S (MOS) subject classifications (1970). Primary 16A56; Secondary 16АЗО.
Key words and phrases, л-regular, semi-n-regular, right and left /V-reguIar, radical subgroup, 

quasi-radical, the radical JCR, local near rings.
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7 0 A. К . GOYAL AND S. C. CHOUDHARY

by the set {x —ax\x£R}. Thus a is right quasi-regular if the right ideal generated by 
the set {x — ax|x£R} coincides with R.

Corresponding to the Jacobson radical in ring case the (right) ideals / 0(R), 
D(R), Jj (R), J2(R) have been obtained in near-rings by Betsch [6]. If R  contains an 
identity then J1(R) = J2(R) and it is denoted by J(R). In general, we have J0(R)Q  

D ( R ) ^ J 1(R )Q J2(R). D(R) is a right ideal of R  and D(R) is an ideal iff J0(R) = 
= D(R). If /? is a d.g. near-ring with identity, then J0(R) is the ideal radical, D(R) 
is the quasi-radical and J fR ) = J fR )  is the radical discussed by Laxton [12]. For 
the definitions of these radicals we also refer to Ramakotaiah [14] where ‘quasi- 
regular’ means ‘right quasi-regular’. It is known [14] that JQ(R) is the sum of all 
the right quasi-regular ideals of R and D (R) is the sum of all the right quasi-regular 
right ideals of R.

Throughout n will denote a positive integer.

§ 1

D efinition 1.1. A near-ring R is said to be 7r-regular (semi л-regular), if for 
every a£R, there exist x£R and an integer n such that a"=anxan (a" = anxa). Such 
an element a is called л-regular (semi л-regular).

D efinition 1.2. A near-ring R is said to be right TV-regular (left TV-regular) if 
for every a£R, there exist x£R  and an integer n such that an=an+1x  (a" = xan+1). 
Clearly, every regular near-ring is л-regular but not conversely and every л-regular 
near-ring is semi л-regular. Also every right TV-regular near-ring is semi л-regular 
(as a"=an+1x  implies an + 1 = a" • a = an+1xa).

follows :
R == {0, a, T>, c } with addition and multiplication

+ 0 a b c • 0 a b C

0 0 a b c 0 0 0 0 0
a a 0 C b a 0 0 a a
b b C 0 a b 0 0 b b
C C b a 0 C 0 a b C

It can be seen that {R, + ,  •} is л-regular, right TV-regular and left TV-regular near
ring but R is not regular, as the element a is not a regular element.

Remarks. In a л-regular near-ring, anx  and xa" are idempotents. We note 
that in a regular near-ring ax and xa are non-zero idempotents. This property has 
often been used in proving the theorems in regular near-rings [1]. But in a л-regular 
near-ring, the idempotents a"x and xa" may be zero ; as in Example 1.3 we have a2 = 
— a2ba2 and the idempotents a2b and ba2 both are zero. Also in Example 1.3 {0, a} 
is a nilpotent R-subgroup of R. This shows that contrary to the case of regular (near) 
ring, a л-regular near-ring may have non-zero nilpotent R-subgroups.

Theorem 1.4. R is a л -regular near-ring i f  and only i f  for all aÇ_ R, an£a"R and 
the principal R-subgroup generated by a" is the principal R-subgroup generated by an 
idempotent. The proof is same as that for regular near-rings [3].
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GENERALIZED REGULAR NEAR-RINGS 71

T heorem 1.5. The direct products and the homomorphic images o f n-regular 
(semi л -regular, right N-regular, left N-regular) near-rings are also n-regular (semi 
n-regular, right N-regular, left N-regular).

The proof is straightforward.

Proposition 1.6. The center o f a n-regular near-ring is also n-regular and in 
fact right N-regular as well as left N-regular.

Proof. Let R be я-regular and aÇ_ Z(R), the center of R. Then a"=a"xa" for 
some x£R  and some n. This implies a" = a" xa" xa”. It is sufficient to show that 
xanx£Z(R ). If y£R, then since a"tZ(R), we have (a"x)y=a"(xy) = (xy)a" = 
= (xy)anxan = a"xyxan=anxanyx = a nyx= y(anx) and so anx£Z(R). Now (xa "x )~ y  = 
=xanxy = xya"x=anxyx= y(anx ) x —y(xa"x) and therefore, xa"x£Z(R). It is easy 
to see that Z  (/?) is in fact right Ж-regular as well as left Ж-regular.

T heorem 1.7. I f  R is a right and left N-regular near-ring, then it is n-regular.

Proof. Let a£R. Then a"=an+1x  and am=yam+1 for some x, y£R  and some 
positive integers n, m. Therefore, a"= ß • a" x  = aa"+1 x x = a" + 2x2. In this way, we get 
a" = an+mxm. Similarly, from am=yam+1, we get am=y"am+". Now am+n — a"-am — 
— am+nxm • y"am+n=am+"zam + ", where z = xmy ndR and so R is л-regular.

T heorem  1.8. I f  R is a semi n-regular near-ring with no non-zero nilpotent ele
ments, then R is regular.

Proof. If R is semi я-regular, then for a£R, we have a"=a"xa for some xdR  
and some n. This implies that a(an~1—a"~1xa) = 0, and so (a"~1—a"~1xa)a = 0 since 
R  contains no non-zero nilpotent elements. This would imply (a"~1—an~1xa)2 — 0 
and therefore an- 1—an~lxa. By downward induction, we obtain a=axa. Hence R 
is regular.

Corollary 1.9. If R is a я-regular (or right Ж-regular) near-ring with no non
zero nilpotent elements, then R is regular.

T heorem 1.10. Let R be a n-regular near-ring with no non-zero nilpotent elements. 
Then R is regular as well as left N-regular.

Proof. R is regular by the above corollary. Let aÇR. Then an = a"xa” for some 
x£R  and some n. This implies a(an~1—an~1xa") = 0, and so (a"~1—a"~1xa")a = 0 
since R contains no non-zero nilpotent elements. From this we obtain

(a"-1 — an~1xa")2 = 0

and so an~1= a"-1xa". By downward induction, we have a=axan, which gives 
am=yam+1, where y=^axa"~2£R  and so R is left Ж-regular.

T heorem 1.11. Let R be a near-ring with identity and with no non-zero nilpotent 
elements. Then the following are equivalent:

(i) R is n-regular;
(ii) R is right N-regular;

(iii) R is semi n-regular.
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Proof. It is obvious that (i) implies (iii) and (ii) implies (iii). It follows by 
Theorem 1.8 that (iii) implies (i), and (i) implies (ii) is only to be shown. If (i) holds 
and adR, then an = anxan for some xdR  and some n. Clearly, a"x is an idempotent. 
Since R contains no non-zero nilpotent elements and R is with identity, by Bell 
[5, Lemma 2], every idempotent in R is central. This implies a" = an ■ anx= a n+1y, 
where an~1x= ydR . Hence R  is right TV-regular.

Theorem 1.12. I f  R is a л -regular near-ring such that for each non-zero ad R, 
there exists a unique xd R and an integer n such that a” = a" xa’\ then R is a near-field.

Proof. Let ab= 0 and a^O. Then anb = 0 for any n. This implies an(z+b)an= 
= anzan. By the given hypothesis, we have z+ b = z , which means b = 0. So R has 
no (^ 0 )  zero-divisors. Since R is я-regular we have a" xan=an for some xdR  and 
some n and zanx = e  is an idempotent. As R has no (^ 0 )  zero-divisors, e^O  and e 
is a left identity (as ex=y=>eex=ey=>ex = ey=>e(x— y)=0=*x—j'). Moreover R 
will have no (^ 0 ) nilpotent elements. Therefore, by Corollary 1.9, R is regular. 
The result now follows from Corollary 3.8 of Heatherly [11], which states that a 
regular near-ring with no ( ̂ 0) zero-divisors and a non-zero right distributive ele
ment is a near-field.

Definition 1.13. A near-ring R is said to be an 5-near-ring if adaR for each 
ad R. Clearly, if R contains a (right) identity, then R  is an 5-near-ring. But there exist 
near-rings (e.g., near-rings 1, 2 of 2.2 given by Clay [8]) which are 5-near-rings 
without (right) identity.

We now give some characterizations of these near-rings under ascending and 
descending chain conditions.

T heorem  1.14. Let R be an S-near-ring. Then R is right N-regular i f  and only 
i f  f or all adR, the descending chain of principal R-subgroups й5  3  a2 5  3  a3 5  3 . . .  3  
3  a" R  3  a”+1R ... terminates after a finite number o f  steps.

Proof. Since R  is an 5-near-ring, the principal 5-subgroup generated by a 
is of the form aR. Let а Л 2 а 2Й З а 3Л 2 ...Э й " 1 ? З а " +1Л З . . .  be a descending 
chain of the principal 5-subgroups of 5. If  5  is right TV-regular and adR, then 
an = a"+1x  for some xd R  and some n. Now anR = an + 1xR Q an+1R = a" • aRQ anR 
and so a"R=an + 1R  which means that the given chain stops. Conversely, if anR = 
= an+kR  (for every к ё 0), then anR=an+1R and so an — an+1x  for some xdR  because 
5  is an 5-near-ring (a"danR ). Hence 5  is right TV-regular.

Corollary 1.15. If 5  is an 5-near-ring satisfying the d.c.c. on 5-subgroups, 
then 5  is right TV-regular.

Theorem 1.16. Let R be a right N-regular near-ring with identity. Then R is 
left N -regular if, and only if, every ascending chain o f  right annihilators r(a) 3  r(a2) 3  
Q r(a3)...Çr(a")Ç r(a"+1) i  ... terminates after a finite number o f steps.

Proof. Let 5  be a right TV-regular near-ring with identity. If 5  is left-TV-regular, 
then for adR, an = xan+1 for some xdR  and some n. Let r(a)Qr(a2) ^ r ( a 3) ^ ... g  
3 r (a " )3 r (a " +1) 3  ... be an ascending chain of right annihilators. If ydr(an + 1), then 
an+1y —0 which gives xa"+1y  — 0 and so a"y—0, i.e., y  dr (a") and therefore r(an+1)bj 
Я=г(ап). Hence r(an)= r(an+1), which means that the given chain stops.

S lud ia  Scientiarum M athem atic a ru m  Hungarica 14 (1979)



GENERALIZED REGULAR NEAR-RINGS 73

Conversely, suppose r(ap) = r(ap + 1) = ... . Since R is right Ж-regular, am = am+1x  
for some x£R  and some m. Now m and p  may be taken to be the same, say equal 
to n, i.e., r(an)=r(a"+1)=r(an+k), k ^O  and an=an + 1z for some z£R. Therefore,

(1) a" zk — an+1 zk+1 for all к ^  0.

Now an+l — an • a — a"+1za implies a" + 1(a — za) =  0, i.e., (al — za)Qr(an+1) = r(an), so 
a " ( l—za) =  0 and we have a"=anza. Again, a"+1=a" • a—anza'a= a"za2=an+1z2a2 
from (1). This implies a"+1(l —z2a2) =  0 and so (1 — z2as)£r(an+1)=r(an). Therefore, 
a"( 1 — z2a2)= 0 , i.e., an = anz'l a2. Now assume that an=anzJaJ for some integer j ,  then 
an+1=a" • a=a"zJaj • a=an+1zJ+1aJ+1 from (1). This implies an+1(\ —zJ+1aJ + 1) —0 
and so (1 — zJ+1ai+1)£r(an+1) = r(an). Therefore, an(l — z-,+1aJ+1) =  0, i.e., an = 
=a"zJ+1a1+1. Thus a"—a"zk+1ak+1 for all &S0, so ап = а"гп+1ап+1 = хап+1, where 
anzn+1= x£R . R is therefore left Ж-regular.

This theorem with Theorem 1.7 immediately gives the following

Corollary 1.17. If R is a right Ж-regular near-ring with identity satisfying the 
a.c.c. on right ideals, then R is я-regular.

From 1.15, 1.16 and 1.17, we immediately have the following

Theorem 1.18. Every finite near-ring with identity is n-regular, semi n-regular, 
right N-regular and left N-regular.

Theorem 1.19. Let R be a local near-ring with identity. Then R is n-regular if  
and only i f  it is right N-regular.

Proof. In view of Maxson [13, Theorem 4.2], if R  is a local near-ring with 
identity, then the only idempotents of R are 0 and 1. Let R be я-regular and a£R. 
Then a"=anxan for some x£R  and some n. Therefore, a"x is an idempotent and 
so a"x= 0 or a"x=  1. If a"x=0, then clearly a"=a"xa" = 0 = an+1 -0; and if anx=  1, 
then an = a"• l= a "• anx= ainx= a n+1a"-1x= a n+1y, where a"~lx= y£R . Hence in 
either case R is right Ж-regular. Conversely, let R be right Ж-regular. Since R  is local 
with 1, from Maxson [13, Theorem 2.8], R contains a unique maximal 7?-subgroup. 
This means that R satisfies the a.c.c. on /^-subgroups and hence on right ideals. 
The result now immediately follows from Corollary 1.17.

§ 2

T heorem  2.1. I f  R is a n-regular near-ring, then the quasi-radical D(R) is a nil 
right ideal.

P r o o f . Let R be я-regular and a£D(R). Then am=amxam for some x£ R  and 
some integer m. Clearly, amx  = e (say) is an idempotent and e£D(R) since D(R) is 
a right ideal of R. If e^O, then e is a non-zero right quasi-regular element because 
each element of D(R) is right quasi-regular (see [14, Theorem 2.2]). But by R ama- 
kotaiah  [14, Theorem 4.2], a non-zero idempotent cannot be a right quasi-regular 
element. Hence e=0, and so am — eam = 0, i.e., a is a nilpotent element, which proves 
the result.

Since D(R) contains all the nil right ideals of R [14, Corollary 2.5] and U(R)Q  
QJ0(R)Q D(R), where U(R) is the upper nil-radical of R, which is the sum of all
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the nil ideals of R [14, Corollary 2 of Theorem 4], this theorem immediately gives 
the following corollaries :

Corollary 2.2. For a 71-regular near-ring, D(R) is the sum of all the nil right 
ideals of R.

Corollary 2.3. For a 71-regular near-ring, J0(R) is a nil ideal and J0(R) = 
= U(R), the sum of all the nil ideals of R.

Theorem 2.4. Let R be a n-regular near-ring having all the nilpotent elements 
in the center of R. Then D (R)= J0(R)= U(R) = the sum o f all the nil ideals o f R.

Proof. It suffices to show that the elements of D(R) are closed from the left 
by the elements of R. If a£D(R), then a is nilpotent by the Theorem 2.1. Therefore, 
a lies in the center and so a x ~ x a  for all x£R. Hence xa£D(R) for all x£R.

D efinition 2.5 ([4]). An element x£R  is called quasi-regular if there is an ele
ment x'ÇR such that (1 —x )x '= \ .  An ideal (right ideal, Л-subgroup) is called quasi
regular if its every element is quasi-regular.

If R happens to be a ring with identity, then it can be seen that the concepts 
of ‘right quasi-regularity’ and ‘quasi-regularity’ become equivalent. But in near
rings with identity, we note that quasi-regularity implies right quasi-regularity, 
whereas the converse need not hold. For this we consider the following

Example 2.6. Let R = {0 ,a ,b ,c ]  with addition and multiplication be defined 
as follows:

+ 0 a b c • 0 a b C

0 0 a b b 0 0 0 0 0
a a 0 C b a 0 a b C
b b C 0 a b 0 b 0 0
C C b a 0 C 0 C b C

Then {R, + , •} is a unitary near-ring and the element b is right quasi-regular but 
not quasi-regular. The only quasi-regular element in R  is ‘O’. Also, if R is a ring 
with 1, then every nilpotent element is quasi-regular. But in near-rings with 1, this 
may not be true; as in this Example, the element b is nilpotent but not quasi
regular.

D efinition 2.7 ([4]). A radical subgroup of R is defined as the intersection of 
all the maximal Л-subgroups of R.

We shall use the following theorem (mentioned here as a Lemma) of Beid- 
leman.

Lemma 2.8 ([4, Theorem 2.2]). The radical subgroup A o f a near-ring R is a 
quasi-regular R-subgroup that contains all the quasi-regular right ideals o f R.

We shall denote by Q(R) the sum of all the quasiregular ideals.

Theorem 2.9. Q(R) is a quasi-regular ideal.
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Proof. If В is any quasi-regular ideal of R, then by the above Lemma, B ^ A ,  
the radical subgroup of R. Hence Q(R)QA. Since A is quasi-regular by 2.8, Q(R) 
is also quasi-regular.

T heorem 2.10. For a near-ring R with identity

Q{R) g  U R )  g  D(R) g  J(R).

Proof. It is known that J0(R)Q D (R)Q J(R) ([6], [14], [12]) and so it remains 
to see that Q(R)QJ0(R). This follows from Theorem 2.9 and the fact that each 
quasi-regular ideal is right quasi-regular ideal and J0(R) contains all the right quasi
regular ideals [14, Theorem 2.3].

N ote. If R happens to be a ring with 1, then Q(R) = J0(R) = D(R) — J(R), the 
Jacobson radical of R. Also in a ring the upper nil-radical is always contained in 
the Jacobson radical [9]. But in near-rings the situations may be different, since in 
Example 2.6, (0) =  Q (R )g  U(R)= {0, b), where U(R) is the upper nil-radical of the 
near-ring R. The example 2.6 also shows that Q(R)<f J l)(R) (={0,6}). Moreover, 
the examples where 70(J?)gZ)(/?)g/(i?) are given in ([6] and [12]). Therefore, we 
may have the situation where the strict inequality may hold in the above chain.

This Theorem with Theorem 2.1, gives the following

Corollary 2.11. If R  is a 7r-regular near-ring with 1, then Q(R) is a nil ideal 
and so U(R) = Q{R)=J0(R).

T heorem 2.12. I f  R is a right N-regular near-ring with identity, then the radical 
subgroup o f R is nil.

P roof. If A is the radical subgroup of the right TV-regular near-ring R, then A 
is quasi-regular Л-subgroup by Lemma 2.8. Let a£A, then an=a"+1x  for some 
x(iR  and some n, since R is right TV-regular. As aÇA, we have axÇ.A and ax is a quasi
regular element. Therefore, (1— a x )x '= \  for some x'f_R. This implies that 
a"(l—a x )x '—an, i.e., an = (a" — an+1x)x '= 0  and hence A is nil.

Corollary 2.13. If R is a right TV-regular near-ring with identity, then Q(R) 
is a nil ideal.

N ote. If R is я-regular or semi я-regular or right or left TV-regular ring with 
identity, then the Jacobson radical J(R) is nil (see [1], Remark p. 39). But in near
rings J(R) may not be a nil ideal. For this, consider the near-ring T  of Laxton 
[12, Section 4], for which /(Г )  is non-nilpotent ideal. That near-ring Г is a finite 
(d.g.) near-ring with identity. Therefore by Theorem 1.19, T  is я-regular, semi 
я-regular, right TV-regular and left TV-regular. Moreover for finite near-rings, the 
concepts of nilpotence and nil coincide (see [3] and [7]). Hence J(T) is non nil. 
Also the finite near-ring R3 with 1 of Betsch [6, 4.3] where / 0(Л3)^ /)(Л з)^ /(Л з) , 
shows that J(R3) may not be a nil ideal. J(R) becomes nil under some conditions 
given below:

T heorem 2.14. I f  R is a right N-regular local near-ring with identity and R ^J{R ), 
then J(R) is a nil ideal.
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Proof. Since R is a local near-ring, by Lemma 2.9 and Theorem 2.10 of Maxson 
[13], J(R) will be a quasi-regular ideal and so J(R)QQ(R).  This with Theorem 2.10 
gives J(R) =  Q(R) which is nil by Corollary 2.13.

Theorem 2.15. If  R is a right N-regular near-ring with identity in which J{R) 
is strictly small, then J(R) is a nil ideal.

Proof. In view of Beidleman [2, Cor. 1], if J(R) is strictly small then J(R) is 
the radical subgroup of R. The result now follows from Theorem 2.12.
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A TOPOLOGICAL SEMIGROUP OF QUOTIENTS

by
JOHN K. LUEDEMAN

Abstract

A monoid S  has a maximal semigroup of right quotients Q(S)  in the sense of Mc Morris. 
For a locally compact topological monoid S, a topological semigroup of quotients C(S)  is con
structed, and every topological right S-system is shown to be continuously embeddable in C(S). 
A compact connected Hausdorff semigroup cannot be properly embedded as an open subsemi
group in any semigroup of q uotients. A necessary and sufficient condition for S  to be openly embedded 
in its classical semigroup of quotients is also given.

In his thesis, R. L. Johnson [2] described a topological ring of quotients C(R) 
of a topological ring R in which R  is an open subring. The crux of his work was 
determining the additive subgroup C(R) of the maximal ring of quotients Q(R) of 
R in which multiplication is continuous, because Q(R) is already a topological group 
when one takes the neighborhood system of 0 in R as a basis for the neighborhood 
system in Q(R).

F. R. M cMorris [4] constructed a semigroup of quotients Q(S) for a semi
group 5  and proved that it possessed properties similar to those of Q(R) for rings. 
In this paper we propose a candidate C(5) for a maximal topological semigroup 
of quotients in which a locally compact monoid 5  is openly embedded. Unlike 
the theory of topological rings, the topology of 5  is not necessarily determined by 
the neighborhood system of one of its elements. Consequently we must first find 
a method of extending the topology of 5  to Q(S), or at least a subset thereof.

We require the following definitions from [4].

D efinition. A right 5-system Г 3  У is a dense S-extension of the right 5-sys
tem Y  if for t ^ t i ,  t3£ T  there is some s£5  with t1s ^ t 2s and t3sÇ_Y.

A semigroup Г is a semigroup o f right quotients of 5  if T  is a dense 5-exten
sion of 5.

The maximal semigroup o f right quotients Q (S) o f  5  is constructed as follows:
Let Q>= {D:D is a dense right ideal of 5}, and let T=  (J Horn (D, 5) where

Horn (D, 5) is the collection of all right 5-homomorphisms from D to 5. Define a 
right congruence 0  on T  by fQ g  iff there is a dense right ideal D of 5  on which /  
and g agree. Then

Q(S) = T je .

A M S (MOS) subject classifications (1980). Primary 20M50; Secondary 20M99.
Key words and phrases. Topological semigroup of quotients, semigroup of quotients, open 

embedding.
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Note that if q£Q (S), then q ^ 1 S = {.?€S \q s£ S } is a dense right ideal of S, 
and if q£Q(S) and s£q~ 1S  and q is represented by f  then f(s )  = qs.

We refer the reader to McMorris [4] for a discussion of semigroups of quo
tients in the algebraic case.

§ 1. The construction of C(S)

Let S  be a locally compact topological monoid. A topological semigroup
S  is a topological semigroup of right quotients of S if T  is a dense .S’-extcnsion 

o f S. Consequently, multiplication in T  must be bicontinuous, and the evaluation 
mappings q:q~1S -»S  given by q(t) = qt must be continuous for all q£T. As is well- 
known [3], this requires that the topology of T  contain the compact open topology 
o f T  and so of S. Also, if we wish 5 to be open in T, q ~1 S is necessarily an open 
dense right ideal of S.

With the foregoing discussion as rationale, we topologize Q (S ) by taking as 
a subbasis the collection {M(K, U) : К  compact in S, U open in S} where M (K, U) = 
— {q£Q {S)\qK aU }. Note that this implies that K c z q ^ S  and that S=  M({1}, S ) 
is open in CHS).

Let C (5 ')= {çÇ 6(5 '):^_1>S' is open in S  and q is continuous on q~ 1S}.

Proposition 1.1. C( S ) is a subsemigroup o f Q (S ) containing S.

Proof. Since S  is a topological semigroup, for t£S, t~ 1S = S  is open in S 
and t is continuous on S.

Moreover, if r, qZC (S), then (rq)-1 S = q ~ 1(r~1 S)P\q~1 S  which is an open 
dense right ideal of S. Also, since q~1(r~1S)  is mapped into r~ 1S  by q, and q is 
continuous on q~1S  and r is continuous on r -1 S, the composition rq is continuous 
on q ^ 1(r~1 S)C)q~1 S. Thus С(>1>) is closed under the multiplication of Q (S) and 
so is a subsemigroup.

Proposition 1.2. C (S) is a topological semigroup in the subspace topology 
o fQ (S ).

Proof. We need only show that multiplication is bicontinuous in C(S). To 
this end let f ,g £ C (S ) and fgdM (K , U). Then К  is compact in S, K c z g ^ S  and 
gfK )czU  is compact. Hence for k fK , there is an open neighborhood Wk of к  with 
Wk compact and g (k)f Wka W k<^f~1(U) since both /  and g are continuous. Since

П
{Wk: k£K }  is an open cover of K, there are кг, . k , fK  with W={J  Wkiz>K. 

Then g£M{K, W ),f£M {W , U) and M(W, U)M (K, W )^M {K , U).

Corollary 1.3. S  is a topological subsemigroup o f C(S).

Proof. 5 is open in Q (S ) and so in C (S ) and since S  is locally compact, it has 
the subspace topology of Q(S).

We call C(S) the maximal topological semigroup o f quotients of S. The name is 
justified by the next result.
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T heorem  1.4. Let T  be a topological semigroup o f quotients openly containing S. 
Then there is a continuous monomorphism a: T-»C(S) whose restriction to S  is the 
identity.

P r o o f . For 7Ç T, t -1 S  is an open dense right ideal of S. Thus (p: t~ 1S -» S  
given by (p(x) = tx  determines a unique element qdQ (S) [4]. Define a: T -^Q (S )  
by cc(t) = q.

a is one-to-one for if a (i)= a(g ), then tx= gx  for all x  in some dense right ideal 
of S. Thus [4] ts=gs for all s£S  and so t = t l= g l= g .

a is continuous for if t£T, a(t) = q and q£M (K, U) then К  is compact in S, 
U is open in S and for k£K, q(k) = qk = tkdU. Then tdM*(K, U )= {t£T\tK (zU }. 
Since T  is a topological semigroup, the topology of T  contains the compact open 
topology of S  and so M*(K, U) is open in T  and <x(M*(K, U))QM(K, U).

a(T)czC (S) for if a (t) = q, q~x S = t~ x S, a dense open right ideal of S, and 
since the mapping 5 — ts is continuous on t~ 1S, q is continuous on q~ x S  and 
q e c (S ) .

Finally, a(s)= s  for s XS = S  and if oi(s) = q, then q XS = S  and so </(l) =  
= q • 1 = q£S  and q — q- 1 = 5 . 1= 5.

In the above theorem we would like a to be a homeomorphism, however this 
is seldom the case. Since Г is a topological semigroup, the multiplication (com
position of mappings t : t~ xS ^-S )  is continuous and so the topology of T  contains 
the compact open topology of S. However, the compact open topology of S  does 
not necessarily make the multiplication in T  (or Q (Sj)  continuous. In general, the 
topology of T  is finer than the compact open topology of T  of S. Thus C (S)  is 
algebraically the maximal topological semigroup in which S  can be openly embedded 
and topologically C(S) has the coarsest topology which will do the job.

A brief examination of the proof of the last theorem shows that the semigroup 
structure of T  was little used. T  need only be a topological S-system — i.e., the 
mapping TX S-+ T  is bicontinuous. In this case if S  is dense in T  we may contin
uously embed T in C(S). This is useful in considering C(C(5')). Since C(S)czQ (S), 
we may give Q(Q(S)) the compact open topology determined by the compact and 
the open subsets of C(S). Forming C(C(S)) as those t£Q (Q (S)) for which t ~XC (S) 
is a dense and open S-subsystem of C(S) and t: t ~XC(S)-+C(S) is continuous, 
then as ^-systems

S c  C (S ) c  C(C(S)) c  ß (ß (S ))  =  Q(S)

algebraically. Moreover, C(S) is open in C(C(S')) and so S  is open in C(C(5')). 
Consequently, there is a continuous embedding 3d: C(C(>S)) — C(S) which is a right 
.S’-homomorphism whose restriction to S is the identity. Thus C(C(5)) =  C(S) 
algebraically but the topology of C(C(.S’)) is generally finer than the topology of 
CtS). Moreover, C (C (S )) is not in general a topological semigroup.

Returning to C (S '), we have the following alternate description of C(S). J o h n 
son  [2] required S  to be a commutative ring for this description of C(S) to be valid.

P roposition  1.5. C (S )—{q^Q (S):q\s is continuous}.

P r o o f . Let T  denote the set on the right-hand side of the above equation. 
If q£T, then q£Q (S) so q~ xS  is a dense right ideal of S. Since q\s is continuous,
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and S  is open in Q (S ), q S  is open in 5  and Q (S'). Thus, q : q -1 S — S  is continuous 
and qdC(S).

Conversely, since C (S ) is a topological semigroup openly containing S, if 
q£C (S), then left multiplication by q is continuous so q\s is continuous.

§ 2. Products

Let {S';: i'Ç/} be a collection of topological semigroups each <S; having a zero 
0г and an identity ег. Let n S i denote the cartesian product of these semigroups. 
We require the following proposition due to H inkle [1].

Proposition 2.1. Q (n S г) is semigroup isomorphic to ilQ iSi).
Sketch o f proof. For q(iQ(IIS), let q f Q i S ^  be defined by q fs )  =  

where np H S j->■ S t is the ith projection mapping. Then (p\ Q {nS)-+  n Q (S )  
given by (p(q) = IIq; is the required isomorphism.

In order for IlS i to be locally compact, we require that all but a finite number 
of the S t be compact while the remaining S t are locally compact. Let Jq be the 
topology of Q(J1S) and be the product topology on T1Q{S,) where Q{flSi) 
and Q(Sj) are given the compact open topology of Section 1.

Theorem 2.2.
Proof. We will show that the isomorphism cp defined above is continuous, 

thus when Q (flS ,) and n Q (S )  are identified, To this end let n q f i n  Q(S,)
and U be a basic open neighborhood of Ih p . Then U= JJ Q(Sk)X  JJ Uj where

как je j
J  is finite, JC\K=Ç), JU K = I, and Uj is an open neighborhood of q} for all jfiJ. 
Let cp(q) = nqi, then by the definition of STX and without loss of generality, Uj = 
— M (K j, V f  for jd J  where Kj is compact and Vj is open in Sj. Therefore V= [ f  Sk X X

X JJ V: is open and K =  JJ {0t}X JJ Kj is compact in n S t, and q£M(K, V).
j e j  k i K  k j

Moreover, if y jM (K , V) then for j£J, y jik fip  Vj for k J K j  and j£J . Thus (p(y)£U 
and cp is continuous.

Corollary 2.3. I f  I  is finite, then cp is a homeomorphism.
P roof. Let x e Q (n S i) and U=M (K, V) = M(K, f iF j  be a subbasic open 

neighborhood of x. Then cp{x) = I lx i and if  K: =  nJK), then x J K )  a  Vt so that 
х £ М {К ь V). Since nM (K i, V) is open in n Q (S t), and (р(х)£ПМ(Кt, Vt) = 
= cp(M(K, V)) for all X, then cp is an open mapping.

We next look at С (Я 5 ;) and ПС(Б). In this discussion we identify <2{ПБ{) 
and nQ (Si) algebraically.

Theorem 2.4. As semigroups, C(П Б )с Я С ( S ) .
Proof. Let q = n q £ C ( n S j  then q ~1{ n S i) is a dense open right ideal of 

I IS ; . Since nOidq~1( n S i), there is a basic open neighborhood JJ SkX JJ UjC
k i K  j £ J

( ^ q ^ f t S )  of Д0;, where J  is finite, JC \K = 0  and J ‘J K = I .  Then for kpK, 
qp1 Sk = Sk — i.e., qkÇ_Sk. Now, let x J q j 1Sj , j f J .  Then there is x ^ q - ^ i l lS )  
with njX=Xj. Since q ~г(П Б) is open, there is a basic open set x P U J q ~ y(IIS )
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so that XjdUj =nJ(U)czqj'1 Sj is open. Since this is true for all xj £ q j1Sj , q j 1 Sj 
is an open dense right ideal of Sj. Since q is continuous on q~1(flS i) and the y'th 
projection Ttj is continuous, we have that qj = Tijq is continuous on q j 1 Sj and so 
qj£C(Sj) and q = n q i£nC (Si).

The following result shows the structure of C(77S'i) in 2(HS,).
T heorem 2.5. C (n S i)= {q= Ilq i£ Q (n S i): qjdSj for all but a finite number 

o f je  I and q fi C{Sf) for a lljfil) .
Proof. Let T  denote the right-hand set in the statement of the theorem. In the 

proof of the previous theorem we showed that C (n S ,-)§ T.
Conversely, let t = n t ldT. Then / _1(Л S,) =  TIti~1S i. Since t r 1Si= S i for 

all but a finite number of i and the remaining t f 1 Sj are dense open right ideals of 
Sj, then t~ 1(n S i) = I lt i~1Si is a dense open right ideal of HS). Moreover, since 
t= n ti  and each is continuous on ti~1S i, then t is continuous on / _1(Я5'1) so 
that i£C(HS,).

Corollary 2.6. С(Я5-;) =  Я С (5;) as semigroups iff  C(S() =  S, for all but a 
finite number o f i£l. Moreover, i f  C (nS l)= nC (S i) as topological semigroups, 
C(St) = S t for all but a finite number o f i£l.

§ 3. The position of C (S)

If S  is a discrete topological semigroup then only finite sets are compact and S  
is locally compact. The compact open topology on Q (S) makes each q: q~1S -*S  
continuous and so C (S) = Q(S).

Proposition 3.1. I f  S  is a discrete topological semigroup, then Q (S) — C{S).
On the other extreme, suppose that S  has no proper open dense right ideals, 

then for q£C(S), q~1S = S  and so q = q(l)dS.
Proposition 3.2. I f  S  has no proper open right ideals then C{S) — S.
Lemma 3.3. I f  S  is Hausdorff then C(S) is Hausdorjf.
Proof. Let qi^q*  be elements of C(S). Then for some s£ q ïl SC\q£1S, qxs ^  

7^q«s. Since S  is Hausdorff there are disjoint open sets Vx and K2 with qxs£ Vx and 
q2s l v 2. Thus q ^M {{s), Vf), q£M {{s}, V2) and Л/({*}, К^ГШЦ*}, K2) =  0.

T heorem 3.4. I f  S  is a compact connected Hausdorff topological semigroup then 
C(S) = S.

Proof. Let q£C(S), then q~xS  is open. Moreover, q ~ rS  is closed since S  is 
compact in Q(S) and so closed. Thus q~1S = S  and so qdS.

Note that by Theorem 1.4, a connected compact Hausdorff topological semi
group cannot be openly embedded as a proper (algebraically) dense subsemigroup 
of any topological semigroup.

The following example shows that C(S) may lie strictly between S  and 6 (S ).
Example. Let T=  {0}U {1/2": n= 0 , 1, 2, ...} be the multiplicative subsemigroup 

of the real numbers with the subspace topology. Then T  is compact, Hausdorff 
and {0} is the only limit point. It is easily seen that Q (T) = {0}U {2": n an integer}.
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Let S be the product of a countable number of copies of T  with the product 
topology. Then q £ Q (S ) \C (S )  if q is defined by ni(q) = 2 for all i. Moreover, 
y £ C ( S ) \ S  if y  is defined by я1(у)=2 and 7t;(y) =  0 for iV 1 by Theorem 2.5. Thus 
S £ C (S )Q Q {S ) .

§ 4 . The classical semigroup of quotients

In this section let S  be a locally compact monoid, C be the set of cancellable 
elements of S, and let S  have the common right multiple property with respect to 
C — i.e., if for ai) S, bÇ_ C there is x£S , y€_ C satisfying bx=ay. In this case we may 
form the classical semigroup of right quotients Q(S, C) of S  with respect to C. 
The elements of Q(S, C ) may be represented as ас~г where a f S  and cÇC. The 
following result gives necessary and sufficient conditions for S to be openly embedd
able in Q(S, C).

T heorem  4.1 [5]. A necessary and sufficient condition that S  be openly embedd
able in Q(S, C) is that for all cÇ C, left multiplication by c is an open mapping.

P r oof . => : Let S  be openly embeddable in Q(S, C) and c£C. Then c-1£(2(S, C) 
and so if V is open in S, (c-1)“1 V= cV  is open in S. Thus left multiplication by c 
is an open mapping.

<=: Conversely, let left multiplication by c be an open mapping for all c£C. 
Since Q(S, С )^ (2 (5 ) we give C) the subspace topology from Q(S). We will 
show that g (5 , Q E C iS 1). To this end let aZ»_1€ß(5', C). Then (ab~1)~1S=  
= {s£S: is a dense right ideal of S. Choose xÇ.(ab~1)~1 S  so that ab~1x£S.
Let V be an open neighborhood of ab~1x. Then xÇ.b{a~1V) which is open in S 
since b£C  and a -1 V is open in S.

Thus ab~1[b{a~1 V )\a  V c S  and so b(a~1 F)cr(aô-1)-1S. Since this is true for 
all x£(ab~1)~1 S, (ab^1) -1 S  is open in S. This also shows that ab~1 is continuous 
on (ab~1)~1S and so ab~1£C (S). Consequently, both algebraically and topologically 
SczQ (S, C )a C (S )  and so S  is openly embeddable in Q(S, C).
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A COMMUTATIVITY THEOREM FOR RINGS 
WITH CONSTRAINTS INVOLVING NILPOTENT ELEMENTS

by
HAZAR ABU-KHUZAM and ADIL YAQUB

A well-known theorem of J acobson [4; p. 217] asserts that a ring R with the 
property that for each x  in R there exists an integer и (x) >  1 such that x'*x) = x  is 
necessarily commutative. Our objective is to prove the following theorem the case 
A={0} of which yields Jacobson’s Theorem.

T heorem  1. Suppose that R is a ring with center Z  and N  is the set o f nilpotent 
elements o f R. Suppose that (i) N  is commutative; (ii) for all a£N and b£R, ab — ba 
commutes with b; (iii) for all b£R, we have bÇ_Z or bn(b) — b£N for some integer n (6) >  1. 
Then R is commutative (and conversely).

Theorem 1 also generalizes some of the results in [5], as will be shown below. 
Moreover, we give examples which demonstrate that Theorem 1 need not be true if 
any of the hypotheses is deleted.

P roof  of Theorem 1. The proof will be broken into several claims.

C laim  1. The idempotents o f R are in the center o f R.

P ro o f . Suppose that e2=e£R, x£R. Since e x —exedN, hypothesis (ii) implies 
that [(ex — exe)e—e(ex—exe)] commutes with e, and hence ex = exe. Similarly, 
xe=exe.

C laim  2. N is an ideal in R.

P r oof . The proof was essentially given in [3]. However, for the sake of self- 
containedness, we give it here also.

Let a£N, bdR. Let ah = 0. If then (ab)h=ahbh= 0, and hence ab£N.
Similarly, ba£N. So suppose ab$Z. Then, by hypothesis (iii), (ab)"—ab6N  for some 
integer n=n(ab)>~ 1. Hence we have [(ab)" — ab)m — 0 for some positive integer m, 
and thus there exists a polynomial /  with integer coefficients such that (ab)"‘ = 
= (ab)m+1f(ab). Let c=f(ab), d= cm, e = (ab)md. Then, as is readily verified,

(1) (ab)m =  (ab)me and e2 = e.

(Compare with the proof of Lemma 1.3.2 in [2].) By Claim 1, e is in the center of R, 
and hence

e = e2 =  e(ab)md =  aeb(ab)m~1d = ...  =  ahe {b(ab)m~1d}h — 0,

AM S (MOS) subject classifications (1970). Primary 16A70.
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since ah = 0. Thus, e —Q and hence by (1), (ab)m = 0. Therefore, ab is nilpotent. Simi
larly, ba is nilpotent. We have thus shown that ab and ba are nilpotent, for all a£N  
and bZR. Combining this and hypothesis (i), we conclude that N  is an ideal in R.

C laim  3. Any homomorphic image o f R satisfies the conditions (i), (ii), (iii).

P r oof . Suppose f :  R -+R* is a homomorphism of R onto R*. Let N* be the 
set of nilpotent elements of R*, and Z* the center of R*. We claim that

(2) N* czf(N)UZ*.

The argument is similar to that given in [3]. Thus, suppose that d*£N* with (d*)k=0, 
and suppose d*§_Z*. Choose d£R  such that f(d )  = d*. Then d$Z , and hence by 
hypothesis (iii), d —d"£N  for some integer 1. Let d' = dn~2. Then
d —d 2d fiN . Since N  is an ideal in R  (by Claim 2), we conclude that

d - d k+1(d')k = ( d - d 2d ')+ d d '(d -d 2d') + ...+(dd')k- 1( d -  d2 d')

is in N. Recall that f(d )  = d* and (i/*)fc=0, and hence d*íf(N ). This proves (2).
In view of (2), we see that N* is commutative, and hence condition (i) holds 

for R*. Now, suppose that a*£N*, b*£R*. If a*<EZ* then, clearly, a*b*-b*a* 
commutes with b*. So suppose that a*$Z*. Then, by (2), a*£f(N) and hence a*—f{a) 
for some a in N. Let f(b) = b*, b£R. By hypothesis (ii), ab — ba commutes with b, 
and hence a*b* — b*a* commutes with b*, which proves that condition (ii) holds for 
R*. That condition (iii) holds for R* is obvious.

We are now in a position to complete the proof of Theorem 1. In view of Claim 3, 
we may (and shall) assume that R  is subdirectly irreducible. First, we will show the 
following :

If X£R  and x#Z , then x £ N  or
(3)

R  has an identity 1 and x has an inverse in R.

To prove (3), let xÇ_R and x ^ Z .  Then, by hypothesis (iii), x —x n£ N  for some integer 
h=-1. Hence, as we have seen in the proof of Claim 2, xm = xm+1x' for some positive 
integer m and some x fi(x ) . Then, as is readily verified (compare with Lemma 1.3.2 
in [2]),
(4) xm = xme, e2 = e, where e — xm(x')m.

By Claim 1, e is a central idempotent in the subdirectly irreducible ring R, and hence, 
using the Peirce-decomposition (see [1 ; Lemma 9]),

(5) e = 0 or e is the identity, 1, of R.

Note that if 1  ̂7?, then e =  0 and hence by (4), x£N , which proves (3). So suppose 
l£i?. Combining (4) and (5), we obtain (3).

Now, if N Q Z , then Theorem 1 follows at once from hypothesis (iii) and H er- 
stein’s Theorem [4; § X.2, Theorem 2]. So suppose N % Z. Then,

(6) ab 9̂  ba for some a£N, and some b£R; a ,b  fixed.
Hence, b « Z  and b $ N  (since, by hypothesis (i), N  is commutative). Therefore, by
(3), l£ R  and
(7) b “ 1 exists in R.
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Let B=b+N£R/N. Since b$Z , hypothesis (iii) implies that, for some integer 
и> 1, b — b"£N, and hence

(8) (ВГ =  B, (n > 1).
Thus, by (7) and (8), (5)"-1 =  I. Moreover, note that not both 2b and 3b commute 
with a, since ab^ba. Assume, without loss of generality, that (2b)a?±a(2b). Then 
by a similar argument as above, we have (26)m_1 =  T for some positive integer m >  1, 
and hence (2b)(m_1)(',~1) =  T. But (5)(m_1)("“1) =  T, and so (2(ra_1)(,,_1)—1)T =  0, where 

1, and и>1. It follows that the characteristic of R /N  is not zero, and therefore, 
since R is subdirectly irreducible,

(9) characteristic of R = pk (p prime, fc S  1).
Hence
(10) characteristic of R /N  = p* (p prime, a ë l ) .

Let F=(B)QR/N. In view of (7)—(10), we see that F  is a finite commutative ring 
with identity and with no nonzero nilpotent elements and hence, as is well-known,

F  = 2 'F i  (direct sum),
i=l

F, =  GF(pk0; i =  1, t, (p as in (9)).

Let X = kyk2...kt. Then, as is readily verified,

(11) (B)p*k = B, and hence ЬрЛк — bdN.

Since a£N, bp*k — bdN, and N  is commutative, we have

(12) a commutes with bpXk — b.

An easy induction (see the proof of Lemma 4 in § X.2 of [4]) shows that if x, ydR , 
and X commutes with x y —yx, then for each positive integer k, we have

xky — yxk = кхк~к(ху — yx).

In our case, by hypothesis (ii), b commutes with ab — ba, and hence

(13) abp*k- b pXka =  pkkbpXk- k(ab -b a )  =  0, by (9).

Combining (12) and (13), we conclude that ab=ba, which contradicts (6). This final 
contradiction proves Theorem 1.

As stated above, the case N = {0} of Theorem 1 yields Jacobson’s Theorem 
(quoted in the introduction).

As a further corollary of Theorem 1, we have the following theorem proved 
in [5].

Corollary. Suppose R is a ring with center Z , and N  is the set o f nilpotent 
elements o f R. Suppose that (i) N is commutative ; (ii) for all x, у in R, x y —y x d Z ;  
(iii) for every x  in R, there exists a positive integer n —n(x) and a polynomial/ ( / )  = f x (/) 
with integer coefficients such that x n = x n+1f(x )  (both n and /(A) depend on x ). Then 
R is commutative.
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Proof. A careful examination of the proofs of Claim 1 and Claim 2 above 
shows that N  is an ideal in R. Moreover, since x" = xn+1f(x), x n~l (x — x 2f(x)) = 0, 
and hence

( x - x 2f(x j)n = (x -  x 2f(x ))  " - 1 (x -  x 2f(x))
=  h  (x) x ”~1(x — x 2f(x j) =  0.

Thus, x —x 2f(x)£N . Hence, by Corollary 3.5 of Stewart [6], x —x k+1£N  for some 
k —k ( x ) s  1. The corollary now follows at once from Theorem 1.

We conclude with the following examples which show that Theorem 1 need not 
be true if we delete any of the hypotheses.

Example 1. Let ■
a b c
0 a d a, b, c, ddGF(3)

jo 0 a ,
In this example, hypothesis (i) in Theorem 1 fails and, moreover, R  is not com
mutative.

Example 2. Let

R = ( Ш К К J)|o, içgt(2)}.

Here, hypothesis (ii) in Theorem 1 fails and again R is not commutative.

Example 3. The ring of quaternions shows that hypothesis (iii) in Theorem 1 
cannot be dropped.

In conclusion, we would like to express our indebtedness and gratitude to the 
referee Mr. E. Kiss for his valuable comments and helpful suggestions.
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APPROXIMATION BY A CLASS OF LINEAR OPERATORS 
INVOLVING A LOWER TRIANGULAR MATRIX

by
R. N. MOHAPATRA and B. N. SAHNEY

Abstract

The order and class of saturation of linear operators defined by considering Cesàro, Holder, 
Nörlund and Riesz means of Fourier series of continuous, 2n periodic functions have been con
sidered by various authors. The object of this paper is to generalize these results by considering a 
linear operator based on lower-semi-matrix transformation of the Fourier series of a continuous 
function.

1. Notations and definition

The Fourier series of a continuous, 2n periodic function f(x )  is given by

1 “  “
(1.1) —  a 0 +  Z  (akcoskx + bksinkx) =  2  A k ( x ) .

^  k =1 k =0

Let D = (dnk) be a lower-triangular infinite matrix. We shall write D=(3nk) where
n

(L k  —  2 d nr- г—к
Let us write

(1.2) Dn(J -x )=  2 3 nrAr(x).
r = 0

Clearly, D = Dn( f )  is a linear operator on C*, the set of continuous functions with 
period 2л. All norms considered will be supnorms.

We shall say that the class of operators Dn is saturated with order cp (n) and belongs 
to a saturation class Ж  if there exists a non-increasing function <p(n) and a class of 
functions Ж  with following properties:

(1.3) \\f(x)—Dn( /;  x)|| =  o((p(n)) =*f(x) is constant,

(1.4) У f ( x ) - D n(J- x)|| =  0(<р(п)) ^ Л х )0 Ж  
and
(1.5) А х )^ Ж  => II f { x ) - D n{ f \ )̂ll = 0{cp(nj).

Throughout the paper / ,  the conjugate function of / ,  is taken as

f (x )  =  - L  f  {f(x  + 1) -  f ( x  -  f )} cot у  t dt

A M S (MOS) subject classifications (1980). Primary 41A40.
Key words and phrases. Operators, saturation, summability, matrices.
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if the integral converges absolutely for all x  and if the integral

/  \ f ( x + t ) - f { x - t ) \  c o t^ r td t
о z

is an integrable function of x.

2. Introduction

The problem of considering the saturation class of operators involving (C, 1)- 
means of Fourier series has been considered by Z amanski [14] see also A lexits [1]. 
S u n o u c h i and W ata ri [13] have considered an analogous problem by taking the 
(C, a)- mean, Abel means and Riesz means of Fourier series. Some of these results 
have been extended by other authors (see [12], [9], [10], [11]). Many authors have 
also considered the general problem of saturation (see [2], [3], [7], [8], [9]). Recently 
G o el , H olland  et. al. [6] have considered the saturation class of an operator based 
on the Nörlund mean of a Fourier series. The object of this paper is to obtain the 
saturation class of the operators D „ (f ; x) and unify several of these results.

We prove the following

T heorem . Let the matrix D=(d„k) satisfy 

(2.1) d„0 > 0, dnk 0 and dnk = 1.
4  =  0

Then the following hold:

(a) II/—A,(/)ll = o(d„0) =yf is a constant.

(b) I fin  addition to (2.1) dnk/dn0-*yk (n —°°, к fixed),

(2.2) r,k = k2 y „  k/r,k =  0(1) and 1  (k + l) |d 2(/c///t)| <
i= 0  4 =  1

then
11/-А.СЯИ =  0 (d n o) =►/€ Lip 1.

(c) I f  in addition to (2.1)

(2.3) 2  \dnk-d„ ,k + 1\ = O(dn0),
4 =  0

then

/ € L i p  1 = H | / - A , ( / ) I I  =0(dj.
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3. Five lemmas

We shall need the following lemmas:

L emma 1 ([4], Lemma 2). I f  a^O, p^O , En — 0(n~p) and A^A* En\«*= then

(i) Z A ^ p\Ak+xEn\ <  - f o r  — 1 S l S « ,

(ii) А£+РА*Е„ is o f bounded variation for O ^ ls o t  and tends to zero as n —°° 
except when p = 0 and A =  0.

L emma 2. When (2.2) holds, we have

(3.1) à (n/rin) = 0 (\/n )

and

(3.1') 2  (n + l)M 2(l//?„)| = 0 (l/m ).
n — m

Proof. On setting E„=n/rin in Lemma 1 we have the estimate of (3.1). The 
estimate (3.1') follows from

. J J _ |  2 n/t]„ 2A(n/rin) A2{n/r]n)
IrçJ n(n+l ) (n +  2) (n+l ) (n +  2) (n +  2)

on appropriate manipulation.

Lemma 3. Let the matrix (dnk) satisfy (2.1). Then

(3.2) /
л 4 /  sin(fc+l)u ,

2j (“nk~dn k +1) I ~~2
* It

dt — О í  ^  Idnk i/„i4+il'j •
Vfc=o /

P ro o f . Since

/
sin {k+  l)u №+l)?t

d u = { k + 1) J  ^ l d O  =
№+!)(

° [ »  +  | ) | о г ( Ш ) 7 ]  <№ + l ) '
0 (l/( /c + l) t2) ( ( f c+l ) i>l ) ,

О-

we find that the expression the left side of (3.2) is

f  »  № + 1 3  j  I

° [ k2 \ d nk- d n,k+1\(k+l) f  1 0 8 ^ - 1 1 / ]  +

+ o \ 2 \ d n k- d n,k + i\(k+\)~1 f  t~4t=*
L*=° l/(k + l)

= О Í 1dnit dn, л +1ll •Ц-o J

Studia Scientiarum M athem atic arum Hungarica 14 (1979)
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mi fc Л
Lemma 4. Let a m (y) =  J £ t l ------ —=-r Ak(x) and {t]k } satisfy (2.2). Then

k=o У m + 1  )

|7mW|| =  - ^ r ]  Ak(X)4=1 L m + 1 J =  0 ( 1)(3.3) 

implies

where

(3.4)

Proof. From the definitions of an (x) and Tm (x) we have

4kA(.x) = (k+  l)Tk(x) — 2kTk_1(x) + (k —l)Tk_2(x)
and

= -« о + т г т -г  — {(fc+i)7;(*)-2fcrlk_1(* )+ (fc -i)r lk_1(*)}

l|o’m(*)-<P(*)ll =  0(l/m ) 

= 4 - a o +  2 ( k + \ ) Tk(x)A2(Mt]k).
Z k = 1

“ T ű o + m +

m + l k=i к 

1
г { д о < + 1 ) в д [ 11+ 2(m — k)  ̂ m — 1 — /cl

L hk hk + 1 hk + 2 J

+
(m + \)T J x )

hm

+

Tm(x)1 m_1 Г 1 1 1 m~1 Г F 1
= T “”+J  » + 1 ) П « ^ У - ^ ТГ г  №+.)n(*)J"[-] +

- i a’+Ä « +l)TM4 ß +0[ k l
by (3.3) and (2.2).

Lemma 5 ([1], also see [13], [15], and [11], Theorem 10). I f  on( f \  x) = an(x) then 

lkn( / ) - / l l  =  o [ i - ] o / € L i p l .

4. Proof of the Theorem

(a) From (1.2) and (1.1)

\ (* 1 n _ p
— J  Dn(f; x) cos kx dx = — 2  ^nr J  Ar(x) cos k x d x  = dnkak.

Thus
1 nak~ dnkak =  — f  { f(x ) - Dn( /; x)}cos kxd x  n J— л
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implies that \ak-3„kak\ =  O(\\ f—Dn(f)\\)=o(dn0), by the hypothesis. Since, by (2.1), 

(1— 3nk)/dn0̂ l ,  ak = 0 for k ^ l .  Similarly bk= 0 (k ^ l) .  H e n c e /(x )= y a 0 for all x. 

This proves (a).

(b) Since

(4.1) (1 - 3 nk)Ak{x) = ^  f  ( f (x+ t ) -D „( f ;  x  +  t)) cos ktdt,
— It

on multiplying both sides by (1 — k/(m + 1)) and summing from 0 to m, we can con
clude that

. - Ь — \ Ак{х) =  O(dn0)(4.21

uniformly in « ê m > 0. Dividing (4.2) by d„0 and replacing 1 by 2 ' d„k, we make
ll =  0

П—►oo. Then we obtain

(4.3)
k = l I m +1 A C * ) =  0 ( 1).

inFrom Lemma 4 we can infer that ||сгт (дг) — <p(x)|| =  О (<p(x) is defined

Lemma 4). But since am(x)-*f(x) everywhere by Fejér’s theorem, it follows that 
f(x )  = (p(x). Now the proof is completed by appealing to Lemma 5.

(c) Let Sn(f(x)) be the и-th partial sum of the conjugate series associated with 
f(x )  (see Z y g m u n d  [15]) we have

„ cos t / 2  — cos [и+4-
(4.4) S n( f ( x ) )  =  - -  f  { / ( x - t ) - f ( x  +  t ) } ------ — y2----- ~ d t -

Hence writing Dn(Sn(f(x )))=  2  d„kSk(f(x)),

D„{Sn(f(x))) = 2  dnk w~ f  {f ( x + 1 ) - f ( x - t ) }  cot t/2 dt

-  2  dnk j -  f  {f(x  + t ) - f ( X ~ t ) } -
cos

sin t/2 dt.

Since /б  Lip 1=>—/ + — a0 is identical to /  we have

(4.5) f ( x ) - D n( f \ x )  = 2^ /  { f (x + t)—f ( x  — t)}K„(t) dt,

S tu d ia  S c ie n t ia r u m  M a th e m a t ic  a r u m  H u n g a r ic a  14 (1979)
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where

(4.6)
cos

K„(t) = 2  d„,
[fc44]

k = 0  sin t/2

Applying Abel’s transformation to the sum on the right of (4.6), we get

* , ( 0 =  2 ( d nk- d n,k+i)-sl- . ^ )r =
k = 0 S in  1/2

=  f s  +  OO)} 2  (ßnk d„'k+x) sin (fc+1) z
U  ) k = 0

— 2 2  (dnk d„ k+1)
k =n

sin (k + 1 )t 0(dn o),

bv 62.3). Consequently, f (x )  — Dn( f \ x )  = Ik + О (dn0), where

(4.7) h  = ^ f  { f(x  + t ) ~ f ( x - t ) }  2  (dnk- d n,k+1)
71 J  fc =  0

sin (/c +  l ) i
? dt.

To complete the proof we need to show I1 = O(dn0). 
Set

Nn(0 =  f  2 ( d nk-d„'k + 1) Sm(k̂ l)! dt.
t  k =О I

Hence, by integration by parts

/ i = ~  f  { f 1( x + t) + f1( x - t ) } N n(t)d t = 0 [ f  |A„(0I dt]
71 0 0

since / 1 =  О ( 1 ) whenever /gL ip  1. By appealing to Lemma 3 and (2.3) f1 = O(d„0). 
This completes the proof of the theorem.

Remark 1. If the matrix D=(d„k) is such that instead of the restrictions imposed 
on the entries of D, we have (2.1) and

(4.8) d jd „ о -  1 as n CO for each fixed к

then also the conclusion (b) of the theorem is true as indicated below.
Dividing both sides of (4.2) by dn0 and making n-*°° we have

2
k = 0

( - k A k(xj) =  0 ( 1).
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One can easily follow the argument in [11, p. 100 and p. 101] and complete the 
proof.

However, (4.8) may not be satisfied by many standard summability matrices; 
for example, if

Pk гг- ll p

Pn ’
0, к >  я,

when pn^ 0  for all я and p0^ 0, we see that

dnk _  Pk 
d„o Pn

Hence when я —° ° ,  dnk/d„0 need not converge to 1, as я —° °  (forexample pk= \ / ( k + l ) ,  
к —0, 1, ...). Thus (4.8) is more restrictive than (2.2).

R emark 2. Although the condition (2.3) is satisfied by many infinite matrices, 
it fails to hold when (dnk) is the matrix associated with the Harmonic Summability, 
since in this case

dnk —

1
(я — к +1) log я ’

0,

к = 0, 1, ..., я;- 

к => я.

Hence our result cannot be used to obtain the saturation class of an operator asso
ciated with Harmonic Summability.

R emark 3. By specializing the matrix D=(dnk) to be the Cesàro, Nörlund or 
discrete Riesz matrices (see [7] for definitions and other references) we can deduce 
the results proved in [6], [8], [13], [14] and a result concerning an operator associated 
with the discrete Riesz method.

For some general results involving an infinite matrix that is not necessarily 
lower triangular see [10].
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ON FAITHFUL IRREDUCIBLE REPRESENTATIONS 
OF FINITE GROUPS

by
P. P. PÁLFY

1. Introduction

The problem that which groups have a faithful irreducible representation goes 
back to W . B urnside [1, p. 476—478]. In course of years several authors were inter
ested in the question, e.g. K . Shoda  [8], L. W eisner  [9], R . K o c hend örffer  [4], 
W . G a sc h ü tz  [2]. The purpose of this note is to give a formula expressing the square- 
sum of degrees of faithful irreducible representations of a finite group G over a 
splitting field F, such that charF-f |G[. In this expression there occur some structure 
constants of the socle of G. The proof hardly makes use of representation theory, 
its main tool is the Moebius function of the lattice of normal subgroups of G. As a 
corollary we obtain a condition for G to have a faithful irreducible representation, 
which is in fact a special case of the Kochendörffer’s one [4, Satz 5] for fields sat
isfying the above conditions.

2. The socle

First we summarize some properties of the socle of G. Let У  be the set of all 
minimal normal subgroups of G, and ..., £fr, Sfr+1, ..., £Fr+s be the G-isomorphism 
classes of У , where consists of abelian or non-abelian subgroups for 1 s i S r ,  
resp., r + l^ /S f - l - s .  Set S= (M \M d& ’) and Si=(M \M ££fi) for \ S i S r  + s. At last 
choose Aid#! for \ s i s r .  The following facts are more or less well-known.

Lemma 1. Let N  be a normal subgroup o f G.
(i) I f N s S ,  then  A K A rn S 1)X(JVn.S'2) X . . . X ( A r n S r+J).

(ii) I f  N S S t for an i, 1 S i S r ,  then N is the direct product o f some minimal 
normal subgroups o f G G-isomorphic to A t. Let us denote by tt the number o f such direct 
factors o f Si. Then 7V>->-Homc (Ah N) is a lattice isomorphism between {N\N<iG, 
N S  Si} and the subspace-lattice o f the t,-dimensional vector space HomG (A(, S() over 
End g (Ai).

(iii) I f  N s  Si for an i, r + l S i S r + s ,  then e ith e r  N — St or N=  1.

Concerning (i), (iii) and the first assertion of (ii) we refer to the paper of 
R. R emak [6], particularly to his Theorems 3a, 5 and 1, respectively. Therefore we 
sketch only the proof of the second assertion of (ii). One can see immediately that 
<Px, ..., <pk£HomG(Ai, S t) are linearly independent over EndG (At) iff the subgroup

к

sum 2  bn  (pj is direct and cpfs  are not zero. Hence we have
l=i

dimEndcMj) Homc (Ait 5 () =  /(.
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Moreover, let IT be a subspace of Hornс (Лг, S t) and <pl5 (pk be a basis of W.
к

Then it follows also from the preceding remark that 2  2  Im (pj, where
vew i=\

the sum on the right-hand side is direct. Applying this, one can easily check that 
W > 2  ini (p is the inverse of the mapping iV>-*-HomG (At, N). Since these mappings

vew
are inclusion preserving, they are lattice isomorphisms, as we claimed.

3. The Moebius function

The Moebius function of the lattice of normal subgroups of G is defined by 

(1) if K * l , K ^ G .
NMK

Making use of some results from the general theory of Moebius functions (see
G.-C. Rota [7]) we can determine // as the following lemma shows.

Lemma 2. Let N  be a normal subgroup o f G.
(i) I f N ^ S ,  then p (N ) = 0.

(ii) I f  N S  S, then f i ( N ) = rjJ S p iN H S f
i =  l

(iii) I f  N s  St for an i, 1 s i s r ,  and N is the direct product o f к minimal normal 
subgroups of G, then

p{N ) =  ( - l ) ' ‘|Endc (Ti) P .

(iv) I f  N = S ifo r an i, r + l S / S r + i ,  then p (N )=  — 1.

Proof, (i) follows from  a general result of P. Hall [3, the dual of Theorem 2.3, 
see p. 140]. The assertion (ii) is a simple consequence of our Lemma 1 (i) and [7, 
Proposition 3.5]. Now (iii) follows from Lemma 1 (ii) and [7, Example 2, p. 351]. 
At last, for r + lS iS r + s  by Lemma 1 (iii) St is an atom in the lattice of normal 
subgroups of G, thus obviously /х(5,)= —1, so (iv) holds, too.

4. Results

T heorem . Let G be a finite group, F be a splitting field for G with charTf |G|. 
Let us denote by Irr (G) the set o f pairwise non-equivalent irreducible representations 
o f  G over F. Moreover let r, s, S (, Ah q denote the same as in Lemma 1 and set qt — 
=  |Endc (T;)| for 1 S i S r .  Then we have

(2) 2  (deg(p)2 = |(7| /7  Ц 1 [l г т т )X 7 7  i l - 4 r l
<p€Irr(G) i= 1  k = 0  V i = r + l  a |*^il /
? faithful
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P r oof . First of all let us remark that under our assumptions on F

(3) 2  (degip)2 =  |G/7V|
(p £  I r r  ( G )
K e r  <p^ N

holds for any N o G . Now consecutive applications of (1), (3) and Lemmas 1, 2 
yield :

2  (deg (pY =  2  ( 2  и(Ю ) 2  (deg q>)2 =
I r r ( G )  K<\G N < G  < / > € I r r ( G )

K e r  <p =  l  N ^ K  K e r  <p =  K

= 2  n (N ) 2  2  (deg (p)2 = 2  2  (deg (p)2 =
N < G  K < G  4> £ I r r ( G )  N <  G  (p 6  I r r  ( G )

N S K  Ke r  tp = K K e r t p s N

= 2  fi(N)\G/N\ = \G\ 2  4 ^ r  =
/ / < G  N « G  1 ^ 1N^S

=  \g \ 2  -  2  n ^ = \ G \ n ( 2 ^ f - )  =N.<G Nr  + S « G  i = 1 l - ^ i l  i =  l  W , « G  I^Vfl /
^ 1  —  ^ 1  ^ r  + s — ^ r  + s  ^  l  —  S i

where in the latter expression the Gaussian coefficient

(<7Í‘-l)(<7Í'-<7;) ••• (<7Í'-<7i )

(4)

и л ,  ( ? / - i )(q{-Qi) — (q{-<i\ l)

satisfying 
is only to

— 1V n\V

stands for the number of normal subgroups N  satisfying N s S t and |2V | =  |̂ 14К 
(cf. Lemma 1 (ii)). In order to prove (2) it remains only to check that

'//1( i - ^ )  = i [ ;
fc=o V о > j=о 1 7

( - l ) V

holds for arbitrary natural numbers f^O, a=*0, q>  1. Proceeding by induction on t, 
we get

„k\ ( „t\ г m  ( —1)7^(2)
I l U - —) = ( l - ^ )  i f  i lk=o ( a )  \ a j j t o l j i q

7 S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)
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Moreover, we have

(see, e.g., [5, (3.1), p. 104]), which completes the proof.
Examining when the two sides of (2) be positive we obtain a condition for 

G to have a faithful irreducible representation. (The notations are the same as above.)

C orolla ry . G possesses a faithful irreducible representation over F  iff for 
all i, 1 q\‘s \A ,\, i.e., ff^dim  Enda holds.
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AN OPTIMAL STOPPING RULE FOR s jn  RELATED 
TO MARTINGALES

by
GÁBOR HANÁK

Introduction

Lety lt y2, ... be real valued random variables on the probability space (Q, sí, P), 
be a sequence of sub-u-algebras such that yn is (Fn-measurable for 

и = 1 ,2 , ... . Then {yn, is called an adapted sequence. Let xn= fn(y1, ...,y n)
where /„ is Borel-measurable for « = 1 ,2 , ... . Assume that xn is finitely integrable 
for « =  1 ,2 , . . . .  Denote C = {t: t is a stopping rule with respect to {J ,̂}~=1}, 
C={i€C : P(/<oo) =  i}.

We are interested_in the following question: Is there а /6С (tÇC) such_that 
Ex(^E xr for each r£C (rÇC). (Define xr/(/-=°°) =  limsupx„/(r=°=>) if r£C.) If

4 n -*■ oo  __ /

there exists such a t then it is called an optimal stopping rule in C (in C) with respect 
to the sequence {x„, J^}“=1.

1 ”
The case w h e n ^ ,^ ,  ... are iid, ^ n = a{y1, . . . ,y n} and .. . ,y n)= — £ y t=n i= 1

=  — for «= 1 ,2 ,... has been investigated in several papers. The problem was originally

formulated by Chow and Robbins [1] who considered the sequence {y„}r=i as the 
result of coin tossing and proved the existence of an optimal stopping rule. This 
result was generalized by Dvoretzky [3] who assumed y„  to be iid nondegenerate 
r.v.’s with mean zero and finite variance and proved the existence of a minimal 
optimal stopping rule in C and gave a description of the structure of that stopping 
rule. This latter result was sharpened by Shepp [8]. The structure of all optimal 
stopping rule in C (in C) was investigated by Klass [4]. Siegmund, Simons and 
Feder [9] found an optimal stopping rule in the following case : Eyx=0, E|_p1|max (2> w<oo 
and /„O '!, ...,у„)= «-° |ул|ь or =c„|y„|b «= 1 ,2 , ... where 2 a> 6 > 0  and {c„}~=1 is a 
certain real sequence. The case f n(y\ , yn) = c„s„ was also studied by Teicher and 
Wolfowitz [10] and Klass [5].

Ruiz-Moncayo [7] dealt not only with the iid case but also with the case of a 
stationary Markov chain with countable state space.

Now let {yn, be a square-integrable martingale difference sequence,
П П

s„= 2 У1> ^n= 2  E(F?f f i - i )  n = \, 2, ... (J50={0, ß}) and assume for sake of sim-
i=i i=i

plicity that Ejj =  0 and Eyf^O. Note that {/1„}“=1 is the increasing process associated 
with the submartingale {.s2, ^,}r=i by the Doob-decomposition (seee.g. N eveu [6], 
p. 148).

€ (s )We investigate the sequence x„ = - " where e and /  are certain Borel-meas-
J\^n)

urable real functions. In the iid case the denominator n stands for the time gone.

7* S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)



100 G. H A N Á K

So it is reasonable to take a function of A„ instead of a function of n as the denomi
nator of x„ in the martingale case because, essentially, {A„}f=1 measures the progress 
o f time of the process.

Let g„=ess sup (E(x(|#j,): t£C, t^ n }  n=  1 ,2 , . . . ,  í  =  in f{ /íS l; xn=g„} and 
V = sup {Ex, : t£ C }. gn can be interpreted as the greatest expected value of the stopped 
martingale if the past is given and the martingale is not stopped before n. Thus it 
is natural to expect that s is optimal in C (resp. in C). Assuming certain conditions 
Theorem 1 (resp. Theorem 2) proves this expectation.

Results

Let e(x)=x2 (x£R) and le t /:  R+—R + be a function with the following prop
erties :

(i)

(ii)

/ '  exists and f  & 0, 

1
/ т + / ( o

dt

(E .g.,/(x) = xa o r /(x )  =  (x +  l)(log(x+ l))a with a > l  in both cases will do.) Set

Conditions (i) and (ii) imply that F(x) is well-defined for each positive x.
The first fundamental result is the following

Lemma. Let {z„, be an adapted sequence in L.fQ, ,sf, P), let
be the martingale introduced above and let f :  R * R+ be a function fulfilling condi
tions (i) and (ii). Then fo r  every «£ N and every tdC for which t ^ n  a.s. we have

( 1)
(z„ +  s,-s„):

f{A t) A A n)
ГТ + F{An) a.s.

Proof. Let

*‘ =  ^ T + W  k = n ,n + 1.......

First prove that {hk, J^}“=n is a supermartingale. For each k> n  we have

(zn + sk_1-s,fi+£{yl\dFk_1)
Л Л - / Е М Й - ! ) )

+  / ’( Л - 1 +  Е ( ^ |^ _ 1)) =

where

d e f  C +  U def .
=  f (d  + u  ̂+ n d + u )  =  G(u) a.s.,

c =  f e  +  s ^ j - s J 2, 

d — Ak_1
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and
и =  E O ^ - i ) .

Then by (i) G: R+U{0} —R +, G' exists, G "s0 and G (0)sC (u) V u s 0 sc we have 
the supermartingale property, i.e.,

(2) E(hk\3?n) hn a.s. V £ S n .

Since {hk, #t}r=n is a nonnegative supermartingale and t ^ n ,  by a well-known result 
(see e.g. Chow  et al. [2] p. 78) we can change £ to t in (2) and the inequality remains 
true. □

The Lemma enables us to estimate g„. Assume P(A~*°°) =  1, in this case the 
Lemma has a few interesting consequences.

s2
Set {z„}r=i=R}7=i. n=  1 then hk = - ~ + F ( A k), £ = 1 ,2 , ... , is a nonnega-

$
AA)

converges a.s. Further-
AA)

tive supermartingale. Since F(Ak) converges to zero a.s.

more F(Ak) converges to zero in L lt too, because it is dominated by a positive con
stant in the following way: F(Ak) ^  F(A ) =  F(Esl). Consequently, if we show

"k — * SkE „f* „ —0 as £ —oo we obtain that hk and „ converge to zero a.s. and in Lx,
R A k) 

too. Since

(3) Sk
AA)

^  2E (sk - s „ ) 2

AA)

f (A k)

+  2 E -^ -y S 2 E (F (A ))+ 2 E AA)

(the second inequality is a consequence of the Lemma with {z„}”=1 =  (0}~=1 and t=k)
c2

>0 as £ —oo. This last convergence is obviouslyit is sufficient to show that E
Д А )

s* s2 s2
true by Lebesgue’s theorem since 0 a.s. as £ —°=> and - " ^  - =

f (A k) f ( A k) Д А  J
s2" ÇLj. Since g„g JV " ~+F(A„) a.s. for each n by the Lemma we have the

y(Esf)
following

/(A)

C orollary of the Lemma. Assume the conditions of the Lemma and in addi

tion P (A — °°)= L  Then gn and
f (A n)

converge to zero a.s. and in Lx, too as n — .

T heorem 1. Let {y„, ^ n}f=1 be a square-integrable martingale difference sequence,

s„= 2 > o  A „ = 2  E(Tí | ^ - i), n=  1, 2, ... , ( ^ o={0, ß}), / :  R + -R +  be a function 
1 = 1 1=1

s2
fulfilling conditions (i) and (ii) and x„ =  ... ” - . Assume that Eyk — 0, Ej j ^O  and

J  v*n/ _
P(An—°°)=1. 77ien s is an optimal stopping rule in C with respect to the sequence 

•A}n“=i-
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PROOF. lt is known (cf. [2], Theorem 4.10, p. 82) that in the case K«=° s is 
optimal in C if and only if

(4) /
{•<»)

and

(5) {/(s >  n)g„+}r=i
is uniformly integrable. The Lemma implies (4) and simultaneously setting
{z„}“=1=  {.*„}“ !, n= 1 and taking expectation in (1), while (5) is a simple consequence

We need a simple preliminary proposition before stating Theorem 2.

Proposition. Let {x„, ^ X = i  be an adapted sequence and assume that s is optimal 
in C with respect to {x„, Assume moreover that there exists a sequence
{ B X -  j C j/  such that

(6) VnÇN,

(7) /(s  =  a.s.

and

(8) E(xsj^„) <  x„ a.s. on Bn V/i£N.

Then s is optimal in C with respect to the sequence {x„,

Proof. It is obviously enough to show that P (j= o °)= 0 . Suppose the contrary 
and let i =  inf {nS 1; B„}, r= tA s. Then r£C and

Exs = f  x s+ f  xs = 2  f  xs+ j  xs <
{ f < s }  { f ^ s }  n==1 { t = n < s }  { í  5Ë s}

<  2  f  x n+ f  Xs = f  x ,+ f  Xs = Ex,
n —l  {f  =  n < s }  {*—s ) '  {r< s j  { f ^ s }

which is a contradiction. □

Theorem 2. Assume the conditions o f Theorem 1 and furthermore

(9) p ilim sup  Sn >  1+d) =  1l 2f(An)-F(A„) )

fo r  some ô >0. Then s is an optimal stopping rule in C with respect to the sequence
{x„, H i 

proof. According to Theorem 1, s is optimal in C with respect to 
{x „ ,^X = i-  Let

(10) B, =  {* >  - m  >

S tu d ia  S c ie n tia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1979)
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then (6) is obviously true. Condition (9) and Lévy’s convergence theorem imply
(7) thus by the Proposition we only have to prove (8). Now, on Bn we have

f W Ф 2е(ж>Ь)+2-4( s . - s ny~
/ Ш Ъ A s

f W
P (S <  ~ |^«) +  2F(An) <  2 : +  2f(A n) 2(2 + 0 ) ' f (A n) 2 + Ô f(A n)

(The second inequality is an application of the Lemma with {z„}“=1=  (0}“=1.) □

C orollary of Theorem 2. Assume the conditions of Theorem 1 and further
more

( 1 1 ) p i l i m s n p —  - S"---------- =  l ï  =  1
( ]/2An log log An )

(Law of the Iterated Logarithm) and that there exists a function g : R +—R + such 
that

(i) g' exists and g' £  — 1,

(12) (Ü) lim sup
t °0

g(0
г log logt 1,

(iü) f(x )  =  Cg(x)exp (7(x)}
for some c>0, where J ' = l/g. Then s is an optimal stopping rule in C with respect 
to the sequence {x„,

P ro o f . Conditions (11), (12) and Р(Л„—°°)=1 clearly imply (9). □

R emark  1. If we define/by (12Ш) then (12i) and (12ii) imply (i) and (ii), respec
tively.

E xam ple . Let 0 be arbitrary and g(x)=x/c. Conditions (12i) and (12ii) are 
obviously true, thus, by Theorem 2, the Law of the Iterated Logarithm and

P(An-~°°)=1 imply that s is optimal in C with respect to the sequence |
V -/л л J n = 1

R emark 2. The corresponding results can be obtained for the sequences 

I '?n , &A and & \  with a slight modification of the proofs.
Н 7 Ш  l -г  yf(An) in=i

R emark  3. Let p£(0, 1) be arbitrary and R(t) = t p (tsO ), then R is a monotone 
increasing and concave function. The following result is well-known (see e.g. [2], 
p. 90): let {n„, ,^}“=1 be an arbitrary adapted sequence for which Denote
the corresponding objects for the sequence {R(u„), ^ } Г =1 by writing a subscript 
R. If s is optimal in C (in C) with respect to {w„, i^}“=1 then and sR is also
optimal in CR (in CR) with respect to {/?(«„), J^}“=1. In this way the optimality of

S tu d ia  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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e optimality of sa b in

In the iid case (Еу| =  ст2<°о) A„ = a2n and the Law of the Iterated Logarithm 
is true. Thus Theorem 1 (Theorem 2) tells us that s is always optimal in C (in C)

valid. For example, in the iid case, s is optimal in C with respect to the sequence

on the basis of the above example and Remark 3 (2a=-Z>=-0, b^2).

Hence the existence parts of the results mentioned in the Introduction follow 
from our results. However, Theorems 1 and 2 provide only this existence, namely, 
they state that 5 is an optimal stopping rule but they tell us nothing about the struc
ture of s. In the martingale case this structure is not known yet.
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POISSON FORMULA AND ESTIMATIONS FOR THE LENGTH 
SPECTRUM OF COMPACT HYPERBOLIC SPACE FORMS

by
PAUL GÜNTHER

Introduction

Let V be an «-dimensional compact Riemannian manifold of constant nega
tive curvature — y2 (y >0). Further let (2 be the set of nontrivial free homotopy 
classes of V. In every class 0£Q  there is one and only one closed geodesic line ce; 
let 1(6), v(0) be its length and its multiplicity, respectively. The parallel displacement 
along ce induces an isometry of the tangent space in c0(0) = ce(/(6)); we denote its 
eigenvalues by ßi, ß2, ..., ßn- i ,  1; we have \ßi\ = l; with а; =  9?с/?г we define

(0.1) ct(0) =  _ L  J7 (coshyl(6)~cc,) -1/2.
VW  f=l

The quantities 1(6), v(6), a (6) determine the length spectrum of V introduced by
H. H uber  [12], [13]. (See also [21], [1], [4].)

Let ю be a harmonic 1-form on V. For every closed curve c the value of J со
C

depends only on the free homotopy class of c and is a linear combination of the 
periods of со with integer coefficients. We define for 0 £ß :

(0.2) f(6 )  =  exp 2ni J со.
c0

If A is the contravariant vector field belonging to и  a formal self-adjoint second 
order differential operator L  on F  is well defined by

(0.3) L[u\ = д  и +4niA(u) — 4л2||/1||2и.

There is a complete orthonormal system of eigenfunctions {<р;}ге0> L[<P;] +6i<Pi — Q 
with nonnegative eigenvalues jq depending on œ. The connection between this eigen
value spectrum Spec {V, со} and the length spectrum of V is described by a Poisson 
formula, which we shall prove in the first part of this paper.

AM S (MOS) subject classifications (1970). Primary 53C35, 58G99, 50C05; Secondary 35Q05. 
Key words and phrases. Euler—Poisson—Darboux equation for a hyperbolic space, hyperbolic 

space forms, eigenvalues of the Laplace—Beltrami operator, spectral geometry, closed geodesics, 
length spectrum, Poisson formula.
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10 6 P. GÜNTHER

Theorem A. In the sense o f distributions over R we have

2Dn:— 2 Z  cos (У/I,- — [у (и — 1 )/2]2/ ) =
i—0

— vol V • Tn+2 2 2  m  I (0) (0) {Sw  +  <5 -  «*,}•

The distribution Tnd3>'(R) is defined by

(0.5) (Tn, <p> =  (-2ТГ) 2 лУ 2 W )  +  4»(-0}|.-o(0.5)

i f  n is odd and by

i f  n is even; in both cases R) and Л :=(y/sinh yt )d/dt.

The distribution Dn is the trace of the fundamental solution for the hyperbolic 
differential equation over R x V :

According to a general theorem of J. J. D uistermaat and V. W. Guillemin [5]

It seems remarkable that for n odd Dn vanishes outside its singular support. This 
expresses the fact that in this case equation (0.7) obeys Huygens principle (in the 
strict sense).

From Theorem A we derive a more complicated formula analogous to (0.4) for 
the distribution

(Proposition 3.3).
Poisson formulas (or equivalent Jacobi formulas) for the distribution En in the 

case ш - 0  were given by several authors with different degree of expliciteness and 
for different types of manifolds with negative curvature. (See the papers [2], [3], 
[4], [5], [14], [15], [17], [20].) By our knowledge the case co^O was not yet treated.

In the second part o f this paper we give estimations for the length spectrum 
with the “weights” /(0). Setting

(0.7)

(0 .8) supp singD„ =  {±/(0)|0€ß}U {0}.

(0.9) En:= Z  cos (fjTit)

(0 . 10) P(t):= Z
0€ß, v(0)=l

( 0 . 11) N(t):= Z W t l w « ) ,

(rix is the Heaviside function with jump point x) we can prove
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T heorem  B. I f  F{t) equals one o f the functions P(t) or N(t), then for t-

y ( n - l ) (2 n - l) )
(0.12) F ( / ) = (b i)tZ  n 1£ (í^ [ V ‘ +  <5i] ) + 0 H í’

------- ^5 .^—-— к
2 n 1 2

2 П

Here is
(

r I 12 \ 1/2
j , « =  0 ,1 .2 , . . . , / ;

q0, Hi, ..., Hi are those o f the eigenvalues for which 0^/1;ё у 2(я — l)2/4. Finally 

(0.14) E(t, a) =  f  —  dr, oe>0.

This theorem was given by H. H uber [13] in the case n = 2 and without weights,
i.e., for co=0. Weaker results also for co =  0 were proved in the papers [1], [21], [4].

In order to prove Theorems A and В we use the theory of the Euler—Poisson— 
Darboux equation with parameter A:

№ ц ()li У̂
(0.15) - j^ + A y c o th yt —  -L[u} + ̂  {Я2- ( п - 1)2}» =  0.

If 9?e A is large enough the solution of the singular Cauchy problem for (0.15) pos
sesses a simple integral representation with kernel A (t, x, y, A), x, yÇ. V. A “cor
respondence principle” 1 allows to perform the transition from A to A±2k, k £ Z  
in a clear manner. The investigation of the aforesaid kernel is in the first instance 
combined with the Selberg trace formula, thus giving Theorem A, in the second 
instance it is combined with an estimation method due to E. L andau  [16], thus 
giving Theorem B. (For the euclidean case see [7].)

§1

Let H„ be the «-dimensional real hyperbolic space of sectional curvature — y2 
and ш a 1-form in H„ with dw = 0, 0a)=0. There is a smooth function g with co—dg. 
Let A be the vector field belonging to со and2

(1.1) L[n]:= A u  +4niA (u) — 4тг2|| A\\2u.

We consider the following Euler—Poisson—Darboux equation for functions 
мл(г, x)€C “ (RxH„) and parameter AÇR

(1.2) В я [ид] := { |^+ A y  coth yt ±  -  L + £  (A2 -  (n -  l)2)} [«J =  0

1 This means formulas (1.8), (1.9). By our knowledge the name was introduced by A. Wein
stein for the corresponding formulas in the euclidean case.

2 Here 1ИЦ2: A1 A,.
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1 0 8 P. G Ü N TH ER

with initial conditions :

(1-3) ид(0, •) =  Ф€С ~(H„), ^ - ( 0 , 0  =  0.

If Я ==-« — !, /> 0  the unique solution of (1.2), (1.3) is given by

(1.4)
U;(t, X) J-((A+l)/2) f sinhyr)1-* 

лп/2Г((Я —n +1)/2) l у )
À — n — 1

x  f { j 2 [c°sh yt -  cosh yr(x, y ) ] U(x, y)(p{y) dg(y).

Here g is the invariant measure on H„ and r(x, y):=dist (x, y). The function U(x, y) 
is defined for (х,у)£Н„ХН„ by

У
(1.5) U(x, y) =  exp 2я ; (g (y ) — g (x)) =  expln i f  w

X

and has the properties

( 1.6)

Finally,

(1.7)

U(x, y) =  U{y, x), \U{x, y)| =  1,

U(x, y) U(y, z) = U(x,z).

if г =- 0, 
if T ~  0.

The easy verification of (1.4) is left to the reader. Notice that the solution of (1.2),
(1.3) is an even function of t : ux( — t, x) = ux(t, x).

The differential operator T>x obeys the following “correspondence principle”:

( 1.8) я - »

(1.9)  ̂ \ У У д ТЧ Г !
H sin h y t d t\  sinh yt d t ^ x~i[uV

From  (1.8), (1.9) it follows for the solution of (1.2), (1.3):

(1.10) ux(t,x )  =  j- ^ “ ^cosh yt I ux+2(t, x).

If  the initial function <p£C“ (H„) is an eigenfunction of L:

(1.11) L[cp] + n<p = 0, 

we obtain

(1.12) ux(t, x) =  z(t; Я, p)q>(x),

S tu d ia  S c ie n tia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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where z(t; A, fi) solves the ordinary differential equation

(1.13) z" Ay cothyt • z' + \ц + ~ [ А г — (n — l)2]Jz =  0 

and has initial values
(1.14) z(0;A,fi) =  l, z'(0; А, fi) =  0.

For A=n±_ 1 the comparison of (1.12) with (1.4) gives the generalization of the 
mean value theorem for eigenfunctions of the Laplace operator. (See [10], [22].) 
From (1.10) we are led to

(1.15) z(t;A, fi) • = j-r-j-j- ( S--~ y?j -^ - + c° sh yt}z(?; Я+2, fi).

Moreover we have z( — f, A, fi)=z(t; А, fi).

Lemma 1.1. Let A ^  1 and %>0 be fixed. Then for  /> 0  and fi^ [y (n — l)/2]2 +  x 
the following estimation is valid:

t ' h Л -л/2
(1.16) \z(t\A,fi)\ S  const (— (m — [У(« — 1)/2]2)“A/4.

The proof of this lemma follows from a more general proposition concerning 
ordinary differential equations of type (1.13). (See [8], proposition 2.2 and the litera
ture quoted there.)

§ 2

Let © be a properly discontinuous group of orientation preserving isometries 
with compact fundamental domain operating freely on H„. We assume that the 
1-form со is ©-invariant. Then we have

(2.1) VbG©: t/(b(jc), b(y)) =  U(x, y).

Further, the function U(x, b(x)) is independent from x. If bx, b2, ..., bk are the 
periods of the harmonic form (со relative to a suitable choosen basis of the first 
homology group Hx( H„/©, Z), к is the first Betti number), then we obtain

к
(2.2) U(x, b(x)) =  exp 2ni У, m/(b)b/

i = l
with integers m,(b). From (2.1) it follows:

(2.3) VcÇ©: U(x, cbc_1(x)) =  U(x, b(x))

and U(x, b(x)) only depends on the conjugacy class of b.
For /> 0 , x, y€H„, Я>и —1 we define:

(2.4)
A-n-l

A(t, x, y, A) = r  _  ln +  {y ÿ  2  { y  [cosh yt -  cosh yr(x, b(y))]J+ U(x, b(y)).
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In this formula the range of summation is finite. Especially, for X = n + 1, co = 0, 
A (t, X, y,  A) is the number of elements b€© with r(x, b ( > ) ) < ? .  We complete the 
definition of A(t, x, y, A) for integer X=sn+ 1 by the agreements:

(2.4) ' A (0 ,x ,y , f )  = 0,

(2.4) " A ( - t ,  x, y, A) =  ( -1 )A_1 A(t, x, y, A), if / > 0 .

For a ©-automorphic initial function cp the solution и f t ,  x) of (1.2), (1.3) is 
©-automorphic, too; an easy transformation of (1.4) gives in this case for A>n — 1 :

(2.5) и f t ,  x) =  Я /  A(t, x, y, X)cp(y) dQ(y).

Let L2(©) be the Hilbert space of the complex valued ©-automorphic functions, 
which are quadratic summable over ,¥  ; the scalar product in L2(®) is given by

(2.6) ((р,Ф)= f  (p(x)ijj(x)dQ(x).
&

The differential operator L[u] for mÇC2(H„)DL2(©) is formal self-adjoint; there 
is a complete orthonormal system {ç>i};s0 of L2(©) with

(2.7) L [< P i\+ H i(P i =  0, i'feO .

We denote the sequence of eigenvalues by Spec {©, co}:= {/q}ia0. The following 
facts are easy to prove. (See [7] for the euclidean case.)

(a) g;=0. We can assume, that the sequence {/q}ia0 is monotonie increasing.
(b) p0=0 if and only if the periods bl , bk of w are integers.
(c) Let tal5 a>2 be two harmonic ©-invariant forms, then Spec {©, ojx}= 

=  Spec {©, <u2}, if cux —w2 has integer periods.
From (1.12), (2.5) follows:

( sinli y t Ÿ ”1

(2.8) f  A (t, x, y, A)<p;(y) dg(y) = n 2 ----- J r r 'i \ z(/; fli)(Pi(x)-
*  r l A ± l )

Thus the (Pi prove eigenfunctions of the hermitian kernel A (t, x, y, A) and the 
domain JF

Lemma 2.1. For fixed  A >2« the eigenfunction development of the kernel 
Aft, x, y, A)

( sinh y i)A_1

(2.9) A(t, x, у, A) =  гг2 -----J 2  Z(L 2-,
r  / + 1  *'=0

uniformly converges if  t£ (0, b), x, y£H„.
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Proof. Using Lemma 1.1 we obtain for pt>~[y{n —1)/2]2 and 0, b):

sinh yt
Iz(t; X, ai,)| S  q

sinh yb (A-2)/2
l<M*)l2+l<M.y)l2

A/4

The proof is finished by taking into consideration the well-known uniform con
vergence of the series

22 ’ âo hi 

(See [8], Satz 2.3 and the literature quoted there.)

Lemma 2.2. We define for  Я ^ и + l ,  t£ R  :

(2. 10)

Then the expansion

A (t, A) =  J  A (t, X, X, X) dgifi).

( 2 . 11 ) A(t,X) = n 2 f sinh yt Y  1
F((Â+\)/2) à i  У )

z ( t;k , Pi)

is uniformly convergent in every bounded t-interval, i f  X is an integer with Д=~2n.

Pr oof . The assertion follows from Lemma 2.1, our agreements (2.4)', (2.4)" 
and the fact, that z(t; X, p) is an even function of t.

Lemma 2.3. Let f  be an odd distribution, f d 3 ' (R). There is exactly one odd 
distribution A ft3 '(R )  defined by

Pr o o f . It suffices to remark, that the mapping

is a continuous one.

Proposition 2.1. Let 1 be an integer. The equation

(2. 12) 2 - in+k)n ^ - n)/24 - ^ n+k~1>A(t,2n + 2k) =  2 : c o s ( y p i - [ y ( n - l ) / 2 ] 2t)
at »=0

is valid in Ss'(R).

P r oof . According to (2.4)" we consider A(t, 2n + 2k) as an odd distribution 
over R. By Lemma 2.3 the left-hand side of (2.12) exists and is an even distribution. 
In the expansion (2.11) the operator (d/dt) л (п+к~1> can be applied term by term,
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because the convergence is uniform. The recursion formula (1.15) can be written in 
the following manner:

(2.13)

From  this we obtain by iteration

1 •3-5 ...(2n  + 2 fc - l)z ( t;0 ,/i)  =

Finally, it is easily seen from (1.13), (1.14):

z(f, 0, ц) =  c o s (] /n -[y (n - l) l2 ft) .

This proves (2.12).

§3

Let Q be the set of nontrivial free homotopy classes of the compact orientable 
manifold F=H„/©; for 0£i2 let 1(6), v(6), er(0) be the numbers defined in the intro
duction. As remarked in § 2 the function U ( x ,  b (x)) depends only on the conjugacy 
class of b£©; but these conjugacy classes are in 1—1 correspondence with the free 
homotopy classes of V. If x£H„, b€© \{Id}  are given, we choose any curve a con
necting x with b (x) ; to a corresponds a closed curve à in F  and there is exactly one 
0££2 with iÇO. Then we have

(3.1) C/(x, b(x)) =  exp 2ni f  o j= f(0 )
• &

and the number f(6) is correctly defined.

Proposition 3.1. L e t  k ( t )  b e  d e f i n e d  f o r  r^O a n d  p i e c e w i s e  c o n t in u o u s ;  th e  
s e r i e s

(3.2) / =  f  k ( r (x, b ( x ) ) ) U ( x ,  b(x))d о (x)
b € ©\{/d} £

m a y  b e  a b s o lu t e l y  c o n v e r g e n t .  7/*&(>) =  &* (cosh y t )  w e  h a v e

n — 1
2,71 2 — n "_Í

(3.3) /  =  — - У ■ -  2  m  I(0)<T(9)(cosh уl(6)) 2 /(0)
r  I n ~  ч  oen

with

(3.4) 7(0) =  f  7c*([1 + r 2] cosh yl(6))xn~2 dc.
0

S tu d ia  S c ie n t ia r u m  M a th e m a t ic  a r u m  H u n g a r ic a  14 (1979)



POISSON FORMULA 1 1 3

The proof of this proposition is analogous to the computations performed by 
H. Huber [13], Riggenbach [21] and L. Berard-Bergery [1] in the case A:(t) =  
=cosh~s )>T, <u=0; so it is superfluous to repeat them here. On the other hand, 
these computations are equivalent to the application of the Selberg trace formula.

Proposition 3.2. We have for  0, /> я  +  1 :

n(<sr\ Г 2 -»(л-л-1)/2
A (t, А) =  ^ ((д _ и I Щ  [cosh У* ~  Ч j  +

_(в-  1)/а f 2 iO-2)/2
+  2 < -^ Г (Я /2 ) 2ат т ° { ° )  {?  [cosh yt -c o sh  yl(0)]\+ .

Proof. From (2.10), (2.4) follows:

(3.6) A(t,X) =
A—и—1

= — , , 1 , . . Z  /  {4 [cosh У‘ ~ cosh V (x ’ b (*))] 1 U(x< b (*)) de(x).г  I л — n + i I be<sf '-У ■> +

We have to apply Proposition 3.1 with

(3.7) k( r):= [cosh yt — cosh
T "I

X—n —1

The arising integral 1(0) is reduced to an Euler integral (Beta-function) by the sub
stitution

, I cosh yt — cosh у l (0) j 1/2 
l cosh у 1(0) )

The first term in the right-hand side of equation (3.5) corresponds to the term with 
b =  Id in equation (3.6).

Corollary. Let к be an integer with 0==&<(Â —2)/2, X > n+ 1, then 
A (", A)£C*(R+).

Theorem A. In the sense o f distributions over R we have

(3.8)
2D„:= 2 Z  cos(]//ii-[y(n-l)/2]2t) =

i = 0

=  c W r ,+ 2 « - " > '! Z f(0 ) l(0 M 0 ){ô lw + ô_lw).
0£Я

Tn is given by formulas (0.5), (0.6) o f the introduction.
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Proof. We combine (3.6) for /.~2n +  2k, k £ 7,  1 with (2.12). According to
our agreements A(t, 2n+2k)  is an odd function of t. Firstly we have to compute the 
distribution

d (2  лл+fc-i
.  y j ^ n + k - l )  sig(i) [cosh yt — cosh y/(0)][

IУ J +dt
For it we easily obtain

(n +  fc-l)!2 '+ *-1^F {4((e)( i) - f ,_ IW(- /) }
(3.9)

(и +  к— l)!2n+*I- 1{(5i(e) +  <5_I(9)}.

This yields the terms of the sum in the right-hand side of (3.8). Further we have to 
consider the function

S is?  f 2  ï(» + 2*~l)/2
A0(t, 2n+2k):=  {? [co sh „-1 ]}+

and to apply the operator (d/dt) A<-"+k~1̂  on it. Let <p be an even test function, 
f/>€ C0” (R); then we get

K:= 2 - (-n+k)n<-1- n)/2( j ^  Л(-п+к- 1'> A0( - , 2n+2k), =
(;t l + 2 k - l )

(  _ i \ n + k p l - n - k 7T( l - n ) ß  “ | i  1 ---------» ----------- dJ  j —  [coshyt— 1 ] J- — A(n+k- 1)(p(t)dt.n l / J Cl l

(3.10)

Г((п + 2к+1)/2) J ly3

The last integral makes sense for integer к  with n + 2k— I s  — 1; the expression К  
is independent of k. If n is odd we choose k =  — (n —1)/2 and obtain

LA ÍLzl) 1
K = i - 2 n )  3 A( 2 )(p(t)\t=0= - { T n,cp).(3.11)

If  n is even we choose in (3.10): k=  —n/2. This leads to

(3.12) К  = j — f  cosh yt/2 • Л{л/2)(p(i) dt = j  (T„, cp).

Finally, if (p is an odd test function, then both К  and (T„, <p) vanish. Theorem A 
is proved.

Remark 1. We have

(3.13) sing supp Dn = { ±  l (0)| в £ Í2} U {0}.

Remark 2. If n is odd the regular part of Dn vanishes. In this case we can prove 
an alternative expression for Tn (n ё  3) :

(3.14) {T„, (p)

1-n
( - 7 Г )  2

(n—2)!
{ 2 ) л cp(0).
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(3.15)

Remark 3. If n is even outside its singular support Dn equals the function

2ß(Jr) ("yV coshy//2
1 - 3 - 5 . . . ( и- l ) - а

(3.16)

( - 2 7 t ) " / 2

L emma 3.1. For / i> 0 ,  o o O and iÇ R  we have

cos {Ÿjit) — cos {У ц — а i)

(sinh yt/2)n '

«Г У <x (í2 —z2) V

Bessel function with index 1.

Proof. If one uses the power expansions of the involved functions, the proof 
is easily obtained.

L emma 3.2. We define for  ç>ÇC0“ (R), z£R, а := [ у ( и —1)/2]2:

(3.17)

Then we have for /i> 0 :

(3.18)

L, ш = - .  f  / i (v«(t i - * » ,
2 У a. (t2 —z2)

(cos У tit — cos (Уц — a t), (p(t)) =

=  (co s(lV -a r), L„[<p](0).
Proof. One has to use (3.16), (3.17) and to interchange the order of inte

gration.

Proposition 3.3. We define the distribution

(3.19) En:= 2  cos fat£9'(R).
1 =  0

Then we have
(3.20) E „ = D n+DnoLn.

Proof. From the definition of L„ it follows, that the mapping ©(R)Э<р — 
-+L„[(p](:&i(R) is a continuous one. Then (3.20) follows from (3.18).

§4

D efinition 4.1. We set for isO :

(4.1) G (t)=  2  f m 0 M 0 ) r j m (t).
OiSi

We make the transformation of the variable t setting £ =  cosh yt and write G (t)=  
— G*(Ç), A(t, X)=A*(Ç, Я). Finally we define:

(4.2) G*(0 =  /  f  -  /  G *0h)*h ...dr,n.
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Lemma 4.1. For :

(4.3) <£«) =  ■

(4.4)

л(я-1)/2 2(п+1)/2

Proof. From (4.1), (4.2) it follows: 

1

Л*((, 2n+2) — e(̂ ')v',-1(í-i)("+1)/2
Г((/7 +  3)/2)71<п- 1№ ■

G* (О
П ! о~1^  Г(0) / (0) о- (0) {<? -  cosh у Z (0)К -

On the other hand, Proposition 3.2 with 2 =  2/i +  2 gives:

А Ж  2n+2)
q{3?) 2<"+l)/2

(4.5)
F((n +  3)/2)r

2(n+l)/2_(n-l)/2
+ --------г- я«-------  2  A ß )1 (0) er (0) {£ — cosh у I (0)}"+ .

ееяп \у 2п

These formulas prove our assertion.

D efinition  4.2. Let p0> Hi> hi be those of the eigenvalues for which 0 = h i— 
— [у(и —1)/2]2 is valid. We set yôi:=([y(n — l)/2]2 — ц,)1/2, i — 0, 1, . ..,/ . Further we 
define

(4.6)

(4.7)

7 /(0 :=  2("+1)/2 2  SinhJ ^ / , H(t) = H *(0;
1=0 У<л-

7?(0:= G (t)-H (t), R(t) = R*(0-

Finally, let 7/*(£), R* ( 0  be defined analogous to (?* (£) by the iterated integral 
(4.2).

Lemma 4.2. For £ S 1 vve have
nl/2(£2_ |\(2n+l)/2 со

а д  =  а д + ^  2и+2’ * > -
(4.8)

е (Я ? "
Г((/1+3)/2)я(л- 1)/2 

( О /course: z*(Ç ;...)=z{t; ...).)

iy«+D/2

P roof. We carry in formula (4.3) the development (2.11) of /1 (i, 2«+ 2). From
(2.13) it follows by iteration

, „ .. sinhyi , „1 • 3 • 5 ... (2n + 1)----2---- z(i; 2, /i;) =
(4.9)

=  л м  Л sinh yt 'I
У

У
2n +  l

J z(t; 2/1+ 2,> +)}•
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It is easily seen that

sinh yt z{t\ 2, Hi) = sinh yô,t
y yôf

Лм  -  yindn/d^

An л-fold integration of (4.9) then gives

i = 0, 1, 2, .... Z;

- 7 7 - 1 / 2 / 7 2  _  | \ ( 2 "  +  l ) / 2  /

4  2 г * « ; 2 И+ 2 , ^  =  я ; ( 0 .(4Л°) 2<"+1>/2уГ(2п +  3)/2) ái,

This completes the proof of (4.8).

D efin itio n  4.3. For a€(0, 1) we set rj=Ça. For a complex valued function F(£), 
defined for £fel, let the difference operators V± be given by

V+ F (£ )=  Í Í " ) ( - l ) " - vF(^ +  vi/),
V =  0 V V /

V - F ( 0 =  Í Í " l ( - l ) vF (í-v i,) .
v =  0  V V /

(Certainly V- is defined if £ё(/г+  l)1/(1_a).) In the sequel cx, c2, ... are positive 
numbers independent of £ and

Lemma 4.3.

(4.11) V± Я*(£) =  0 (^ + я- 1).

Proof. From Lemma 4.2 follows

K ( t )  = R iM )+ m .o
with

(4.12) R \( Ç )  =  Cj(^2—l)(2n+1)/2 2  2 * « ;2 и+ 2 , й ),
i = / + l

(4.13) F 2(£) =  c2( £ - 1 ) (b+1)/2.

In order to estimate V±FJ(^) we use Lemma 1.1 in the following form: 

i ^ l + l :  Iz*(i; 2n +  2, №)| S  c3(£2- i j -Oh-d/i ^ - om-«/*
This gives

|V±{(£2- l)< 2"+1)2z*(£; 2n-f 2, л,.)}| S

(4.14)
^  2  ( ~ )  |([iÍ ± ví/]2—l ) (2"+1)/2z* (^ ± v ^ ; 2 n + 2 ,  Hi)\ ==

v = 0  V V )

^  c6№ /- + 1)/2.
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On the other hand we have

|V±{(£2- l ) (2n+1)/2z*(£; 2n + 2, д,)}| =  

d=  r\"
d t5-{«*-!)(*"■*■ 1 m z*(£ \2n+ 2t fid}

i=i
with £±nrj). Using (4.9) we obtain

=  c6>/"|(£2- l ) 1/2z*(£;2, 

and applying Lemma 1.1 once more 

(4.15) *  c r f lr i*  =

Let b be a positive number; we can write

|V ± J S ( 0 |S Cl 2  |V ± { ( ^ - i y 2'-+1̂ z*(^ ;2n+2 ,/z i)}l +
isi+i,

+  U 2  I V * ^ 2—l)(2"+1)/2z*(( ;̂ 2n + 2, л,)}|-
isl+i, u(s{b

In the first sum we estimate according to (4.15), in the second sum according to
(4.14). This gives

s c sr  2  H -V '+ C s? 2  /U (n+1)/2.
is»+i,/i|-={* is/+ 1,л,а{ь

Now we use the well-known formulas valid for f  :

2 /к ~ в = 0(С* e) if e 2 ’

The result is
2 » г в = о ц *  e) if <?=►-£. 

|V±Ä i© l =  O (£"“+(n - 1)ь/2) -f О (£"- b/2).

We choose b = 2 ( l—a), then the exponents on the right-hand side equals. This gives 
the assertion related to R\(Ç). Further we have

|V±Ä*(Ö| ё а д "
dÇ

7 ( í -!/■ +«/*
î=î

with another |£ (£ , tt+пц). A simple estimation proves the last factor 0(1). We 
obtain

|V ± J Í (0 |S C IO«-« =  0 ( Í» -1+-).
Lemma 4.3 is completely proved.

P roposition  4 .1 . For i —
„  sinhyájí(4.16) 0 (0  =  2(n+1)/2

■ -L , (n-i)2 yôi --- ------------
- + 0(e  2n ).
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Proof. From (4.2) and Definition 4.3 follows with r } = £ a \

(+чп„+'1 is+n
(4.17) V + Gn*(<D= /  /  ... /  G*(rh)drl l . . .d nn.

i Чп 1г
An analogous formula is valid for V+#„*(£).

Firstly, we treat the case co=0; in this case/(0)=  1 and G(t) is real valued and 
monotonie increasing. The same is true for H(t). Then we obtain from

V + Gn*(£) =  V + tf*(£> +  V+/C(£>
at once

G*(0 ^  + + +

A simple application of the mean value theorem shows:

H*(ç + nq) = H *(0  + O (ia+(-n- 3)/2).
Lemma 4.3 gives

G*(0 S  # * (£ )+ О(£°+("- 3)/2)+ О (£("- 1)(1 - ű)).
Now we choose a=(n+ \)/2n. With this value both exponents in the right-hand side 
of the last inequality equals. So we have shown

(n-1)*
G * ( 0 ^ H * ( 0 + O ( l ;  2n ).

Using the difference operator V-  we obtain the inequality 

G *(0 ^  H * ( t - n r , ) + r r " V - R * n ( 0 ,  

and from it with the same value of a:
( я - l ) *

G*(£) ^  # *(£>+0(£ 2n )•
Together with the above inequality we get

( я - l ) *

G \Ç) = H *(0 + O(Ç 2" ).

Returning to the variable t and omitting those members in the sum for H (t) which 
have the same order like the remainder term we obtain the assertion (4.16) in the 
case cu=0.

Now we treat the general case co^O. For the purpose of our proof we denote 
the functions G, H, R related to cu =  0 by G, H, R. From (4.17) it follows with q = Ça:

\ V + G*n ( 0 - r , ”G * W \  ^

( + Н „ + Ч  1г+Ч
- f  I  -  I  \ G 4 r h ) - G * ^ ) \ d ^ . . . d r j n ^

( 4„ 4j
í +ЧЧп+Ч П г + Ч

- f  f  — J  {G*{r]1) - G * ( <0 } d r h . . . d r ] n.
i in 4%
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The transition from G* to G* is legitimate because |/(0)| —1. We obtain

| V + G „ * ( £ ) - > / BG * ( O I  S  V+S*n(0->1n0*(0 =
= v+/?„* (o -  4" ä* (o+V+ (ç)-^ r* «).

These considerations together with the first part of the proof show
(n-l)2

(4.18)

Further we have
|C * ( £ ) - 'r BV+ C7„*(£)| =  0(£  2" ).

(4.19) «î - " v + g : ( 0  -  4 - v + t f ; « ) + » r Bv +T O  =

=  Я Ч £) +  { 1 Г ^ +Я Л 0 - Я * ( 0 } + > Г '^ +Л„*(0.
(П-1)2

The last two terms are of order 0(£  2n ). The formulas (4.18), (4.19) give
(»-i)2

G * ( o  =  t f * ( i ) + o « ;  2n ) .
This proves Proposition 4.1.

D efinition 4.4. For every 0£ Q we set

(4.20) 1 " " Ч  a- ) _1/2

(Compare the definitions of v(0), a (0), given in the introduction.) Obviously, w 
have ^(0) =  (cosh у/(0))(и_1)/2(т(0). Further we define for 0:

m  = z m m n m i t ) .
een

(4.21)

Finally, we set for a> 0 , f > 0:
t

(4.22) E(t, a) =  J  e*z/x dx.
l

P roposition  4.2. For f —°°

[n — 1 (n —1): 
^  2и ]))'(4.23) cp (I) =  b i 2  Е ({’У +  «5,]) +  О \e  if, у f-

2 1 2n

P r o o f . From (4.18) and (4.1) it follows with a sufficient small positive number

(4.24) . /  (cosh ут)(и~1)/2
9(0 = f ~ ----- - i ------ dG(x).
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We denote the remainder term in (4.16) by then it is easily shown by partial 
integration

(4.25)

Owing to

we can write

/ (coshр т У -М  d r(l)  =  0 ( l e’' l
n — 1  ( n - l ) a  

2 +  2n ])■
lim ——— ^ tE(t, a) =  a

/  (coshyr)(n 1)/2 f ( f n —T (n — l)2111
Z 1------T ------*W  = о + ^ —JJJ.

Further we have to consider the integrals

2<n+!)/2 ‘ (coshyT)(',_1)/2
— j-----  / ------------------- d sinh y<5fT =

<5,7 ? *

=  / ( c o s h r t ' - W ^
^ T
e

In the integrand is

2<',+1)/2(COSh ут)(л~1)/2 cosh ydjt =  ( 2 + '  +  0(e***i)

with et = (n — 1)/2 +  <5,— 2 min {1, d;}. Taking into account that only such values <5f 
are relevant for which (л— l)2/2 n ^ő t^ ( n  —1)/2, we obtain s ,s («  —1)/2+(л —1)2/2и. 
This gives(4.26) *чч̂ )+оИч̂+̂]))-
From (4.24), (4.25), (4.26) Proposition 4.2 follows.

P r o po sitio n  4.3. For t-»°° :

(4-27) <-(,):= =  ? « ) + o ( i ( < . r [ ^ 4  +  ̂ ] ) ) .

P r o o f . For every 06 fi the following inequality is valid:

\ 1/2|
K&)—

l
v(0) = 4(0)

Thereby we have used that |а(|^ 1 ;  this leads to

\ / m m

* 4 „ M « [COShW(e)]-

(4.28) \<р(0~Ф0)\ s  cu 2efa cosh y/(0) (0 — cn  f
' cUp(z)

J cosh ут
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In (4.28) ф is the function cp related to the case w =0. From Proposition 4.2 it follows 
at once

r d(~p(x) 
g cosh yx = 0 ( E ( t ,y (n -  2))).

Because п —2ш(п — 1)/2 + (п — \)2/2п the assertion follows.
Now we are able to prove Theorem В formulated in the introduction. These 

last steps are the same as in the papers of H. Huber [12], [13].

Proof of Theorem B. Firstly we treat the case ca =  0. The above considered 
function Il/(t) and the functions P(t), N (t) defined in the introduction satisfy the 
relations

(4-29) Ф(0 = Р(0+  2 — P Í— ),

(4.30) N(t) = y p [— ).
m = l

If /„ =  min {l(6)\0£Q} then P(t/m) = 0 for t /m ^ l0. From (4.29) it follows

0 s < K O - P ( 0 s  2

Proposition 4.2 and 4.3 gives
y(n—1)

(4.31) P(t) = il/(t)+0(e 2 )

and this is the assertion related to P(t). From (4.30), (4.31) it follows the assertion 
related to N(t).

Now we treat the general case ca^O. The functions ф, P, N  related to the special 
case co= 0 are denoted by \J/, P, N. Then we have according to (4.31) (taken for the 
special case)

y ( n - l ) ,

\фЦ)-РУ)\шф(?)~Н0 = О(е 2 )

and this gives (4.31) in the general case. Finally we have

\N ( t) -P (0 \ ^  N (t)-P (t) Z P
m =  2 ( 7 i ï ) = 0 <e

y ( n - l )
2

From this the last assertion follows for the general case.
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TWO METHODS OF CONSTRUCTION 
OF FREE BOOLEAN ALGEBRAS

by
ALEXANDER ABIAN

Abstract

Let {^o  ̂S i, Si, •••} be an infinite set of preassigned cardinality. We give below two methods 
of associating with every g, a  dyadic sequence g* (of an appropriate infinite type) such that 
W .S Î.ft* !  ...} becomes a set of free generators of a free Boolean algebra whose elements are (finite) 
sums of (finite) products of g f ’s and the corresponding unit dyadic sequence and where addition 
and multiplication among these elements are performed coordinatewise Mod 2. One of the two 
methods yields the Stone representation of the corresponding free Boolean algebra and both methods 
coincide when {go,gi ,g2, •■•} is a finite set.

As usual, a sequence (of any finite or infinite type) is called dyadic if and only 
if its terms are 0 or 1. We recall that a ring with a multiplicative unit is called a 
Boolean algebra if and only if every element of it is idempotent (i.e., is equal to its 
own square). It is well-known [1, p. 19] that every Boolean algebra is isomorphic 
to a subset A of the set of all dyadic sequences of an appropriate type such that the 
unit dyadic sequence (i.e., the sequence all of whose terms are 1) is an element of A 
and such that A is closed under coordinatewise addition and multiplication Mod 2 
which constitute the addition and the multiplication of the Boolean algebra A. 
In fact, it is always possible that the elements of A be of the type of the cardinal 
of the set of all the prime ideals of A.

We recall also [1, p. 47] that a (not necessarily countable) set {g0, g i. g2. •■•} 
is called a set o f free generators of a Boolean algebra A with unit и if and only if 
{ ? o ^ i . f t , - } U M  generates A and every mapping of {g0, gi, g2, •••} into a Boolean 
algebra В can be extended to a homomorphism from A into B.

Based on the above, we describe below our First Method of constructing a 
free Boolean algebra on a set of preassigned (finite or infinite) cardinality of free 
generators.

First Method. Let к be any (finite or infinite) cardinal (i.e., к is an initial ordinal 
number). To construct a free Boolean algebra on the set {g(|/<A;} of к free genera
tors g o ,g i,g 2, ... we set up a к by 2k matrix M  with к  rows go. g*> st> • (or f°r 
the sake of simplicity, with к rows go.g1.g 2. •••) whose columns are all the pos
sible /с-termed dyadic sequences (i.e., sequences of ordinal type к whose terms are

AM S (MOS) subject classifications (1970). Primary 06A40; Secondary 16A06. 
Key words and phrases. Free Boolean algebras, free generators.
This work is partly supported by the Iowa State University SHRI.
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0 or 1). Thus:

( 1)

go =  0 1 0 1 0 1 0 1 0 1 0  10 10 1 ... 

gx = 0 0 1  1001 1001 1001  1 ... 

g2 =  0 0 0 0 1  1 1 1 0 0 0 0 1  111. . .  

g3 =  0 0 0 0 0 0 0 0  1 1 1 1 1 1 1 1...

g .  = 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

As we see shortly, the rows gt of the matrix M  serve as a set of к  free generators 
o f the free Boolean algebra A whose elements consist of all the (finite) sums of the 
(finite) products of the rows g; of M  together with the unit sequence и of type 2k 
(i.e., a sequence of length 2k all of whose terms are 1) where addition and multiplica
tion among g,’s and и are performed coordinatewise Mod 2.

Let us observe that the zero sequence of type 2k is readily obtained as the sum 
of any of the g/s with itself. On the other hand, however, the unit sequence of type 
2k cannot be obtained as the sum of products of g;’s. Indeed, let us assume to the 
contrary that the unit sequence и of type 2k is a sum of products of some g/s. Without 
loss of generality (since g ? = g i  for every i~=k) let

(2) gagcgi + glgœ + œ =  »•
Since by our construction of matrix M  every dyadic sequence of type к  appears 
as a column of M, clearly there exists a column c; of M  such that 0 is located at the 
intersection of ct with each of the rows g3, ga , g2, g7, gffl+w of M. Clearly, this implies 
that the left side of the equality sign in (2) is a dyadic sequence of type 2k whose 
г-th coordinate is 0. But this contradicts the fact that the right side of the equality 
sign in (2) is the unit dyadic sequence of type 2k. Thus, indeed и cannot be obtained 
as a sum of the products o f g/s.

Accordingly, we amend (at the beginning) matrix M  as given by (1) with a 
row of l ’s (which corresponds to the unit sequence и of type 2k) yielding matrix M' 
as given by (3).

Now, let A be the set of all the (finite) sums of the (finite) products of the rows 
u, So, gi> g2> g3> ••• > g и ••• ° f  matrix M ' where addition and multiplication are per
formed coordinatewise Mod 2.

и = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 . . .

g0 =  01 0 1 0 1 0 1  0 1 01 0 1 0 1 ...

gi = 0 0 1  1001 1001  1 0 0 1  1 ...

(3) g2 =  0 0 0 0 0 1  1 1 0 0 0 0 1  1 1 1 ...

g3 =  0 0 0 0 0 0 0 0  1 1 1 1 1 1 1 1 ...

g; =  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
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Clearly, A is a Boolean algebra (since A is a ring with unit и and x2= x  for every 
x£A) generated by {g0,gi>g2> ■••}U{u}.

We prove that A is a free Boolean algebra on the set {g0,g i ,g 2, ■■■} of free 
generators gt with i< k.

Indeed, let {B, + ,  •) be a Boolean algebra with unit u'. Let h be a mapping 
from {g0, gi, g2, ...} into B. We show that h can be extended to a homomorphism 
from A into B. Since every element a o f A is a sum of products of the rows 
g0 , gi, g2 ,  . . .  together with the unit row u, we extend h to A in the obvious way. 
Thus, if

a =  g4gmg41 +  « +  g»2 + lgs
then, as expected, we set:

(4) h(a) =  h{gi)h(g01)h{gil) + u '+ h{gco2+1)h{gs) with h(u) = u '.

The fact that h is a homomorphism will follow trivially from (4) as soon as we establish 
that h (given by (4)) is well defined. To this end we must show that if a and b are 
elements of A such that a=b then h(a) = h(b).

Without loss of generality, let a= g3g7 + u+g2gb and b=g7g9. Thus, assuming 
g3g7 +  “ + g 2g5= g 7g9 we must prove that h(g3)h(g7) + u'+ h(g2)h(g5) = h(g7)h (g 9). 
In other words, assuming

(5) g3 g? +  « +  g2 gs +  g7 go =  0 (the zero sequence in (3)) 

we must prove that

(6) h(g3)h(g7) +  u' +  /i(g2)/i(g5) +  /i(g7)/i(ge) =  0 {the zero o f B).

Clearly, h(g2), h(g3), h(g3), h(g7), h(ga) and u' are a finite number of elements 
of the Boolean algebra B. Let B' be the finite (Boolean) subalgebra of В  generated 
by h(g2), h(g3), h{g5), h(g7), h(g9) and u'. As such, every element of B' can be rep
resented as a dyadic sequence of length less than 2k (in fact, of finite length). Thus, 
in particular, we may assume that:

u ' = 1 1 1 1 1 1 1 1 . ..  1

h(g2) == 100 1 0 1  1 0 ... 0

(7) h(g3) =  00 1 1 1 00  1 . . .0

h(g8) =  1 100 1 1 0 0 . . .  1 

h(g7) = 0 1010  10 1 . . .0 

h(g,) = 1 1 1001 1 1 ... 1.

However, since in (1) every possible dyadic sequence of type к appears as a 
column (of matrix M ), it is clear that in (3) there are columns ct, Cj, ck, ... such
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that the intersection of ct with the rows u, g2, g3, g5, g7, g9 of (3) is identical with 
the first column of (7). Similarly, in (3), the intersection of column Cj with the rows 
u, g2, g3, g5, g7, g<j of (3) is identical with the second column of (7). Likewise, in (3), 
the intersection of ck with the rows u, ..., g9 of (3) is identical with the third column 
of (7), . .. .  But then from (5) it follows that the left side of the equality sign in (6) 
when interpreted as rows of (7) yields the zero row of (7), i.e., the zero element of 
B ' and therefore the zero element of B. Thus, (6) is established.

Hence, indeed the rows gi of the к  by 2k matrix M  as given in (1) form a set 
of к  free generators of the free Boolean algebra A mentioned above.

The fact that A given as the set of all the (finite) sums of the (finite) products (with 
coordinatewise addition and multiplication Mod 2) of the rows u, g0, g1} g2, g3, 
...,g i, ... of matrix M ' is the Stone representation of A can be shown as follows. 
Let P be a prime ideal of A. Then P is uniquely defined by a homomorphism p 
from A onto the two-element Boolean algebra {0, 1}. Clearly, p in turn is uniquely 
defined by an assignment of 0 or 1 to the generators g 0 , g i , g i ,  ■■■ ■ Since by our 
construction of matrix M  as given in (1), every dyadic sequence of type к  appears 
precisely once as a column of M, we see that to every prime ideal P of A there cor
responds a column of M  and vice versa. But this ensures that the representation of 
A by all those dyadic sequences of length 2k each of which is obtained as a sum of 
products of the rows of matrix M ' as given in (3), is the Stone representation [1, 
p. 18] of A.

R em ark . It is easily seen that if к is a finite cardinal then the sums of the products 
of the rows of the corresponding к by 2k matrix M ' yield every possible dyadic 
sequence of length 2k. Thus, in this case the corresponding algebra A is a (finite) 
free Boolean algebra on a finite set of к  free generators and has 22'‘ elements. Clearly, 
in this case, A is isomorphic to the direct product of 2k copies of 2-element field {0, 1}.

Recalling that every two free Boolean algebras with equipollent sets of free 
generators are isomorphic [1, p. 48] from the above it follows that we have proved:

T heorem  1. The free Boolean algebra A on a set o f к  (where к is a finite or an 
infinite cardinal) free generators is isomorphic to a subalgebra o f the direct product 
o f 2k copies o f 2-element field {0, 1}. Moreover, a set o f к free generators o f A is given 
by the rows o f a к by 2k matrix M  whose columns are all possible dyadic sequences 
o f length k. Thus, every element o f A is represented as a sum o f products ( coordinate- 
wise Mod 2) o f the rows o f matrix M  together with the unit sequence o f length 2k. 
Furthermore, this representation o f A is the Stone representation o f A. Clearly, if  
к is an infinite cardinal then A has к elements and i f  к is a finite cardinal then A has 
22k elements in which case it is isomorphic to the direct product o f 2k copies o f 2-element 
field  {0, 1}.

Second Method. If we examine our proof of Theorem 1, and, in particular, 
our reasoning in connection with (2), (5), (6), we see that all the reasonings remain 
valid if instead of matrix M  as given in (1), we consider a &-rowed matrix M x whose 
columns are all possible /с-termed dyadic sequences in each of which all but at most 
a finite number o f  terms are equal to 0. This is because in the left side of equality 
sign in each of (2), (5), (6), only a finite number of g f  s occur. Clearly, if к  is an infinite 
cardinal then M x is a A: by к matrix. Therefore, in this case, the elements of the ensuing 
free Boolean algebra A on a set of к free generators are represented by dyadic

Studia Scientiarum  M athem aticarum  Hungarica 14 (1979)



CONSTRUCTION OF FREE BOOLEAN ALGEBRAS 129

sequences of length k. Thus, this representation is not the Stone representation o f A. 
On the other hand, if A: is a finite cardinal, then in view of the above Remark, M x 
is a A: by 2k matrix in which case A is isomorphic to the direct product of 2k copies 
of 2-element field {0,1}, just as in the case of Theorem 1. In short, we have:

Theorem 2. The free Boolean algebra A on a set o f к ( where к is a finite or an 
infinite cardinal) free generators is isomorphic to a subalgebra o f the direct product 
of h copies o f 2-element field  {0, 1}. Moreover, a set o f к free generators o f A is given 
by the rows o f a к by h matrix M x whose columns are all possible к-termed dyadic 
sequences in each o f which all but at most a finite number o f terms are equal to 0. 
Thus, every element o f A is represented as a sum o f products (coordinatewise Mod 2) 
of the rows o f matrix M x together with the unit sequence o f length h. Furthermore, 
this representation o f A is not the Stone representation o f A i f  к is an infinite cardinal, 
I f  к is infinite then A has к elements and h = k. I f  к is finite then A has 22k elements and 
h = 2k and A is isomorphic to the direct product 2k copies o f 2-element fie ld  {0, 1} 
and the representation o f A is the Stone representation.
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EINE ALGEBRAISCHE CHARAKTERISIERUNG 
DES NORMALFORMENPROBLEMS FÜR AUTONOME 

DIFFERENTIALSYSTEM E

von
J. SCHWAIGER

§ 1. Einleitung

Das Problem der Bestimmung von Normalformen analytischer autonomer Dif
ferentialgleichungssysteme ist in der Literatur wohlbekannt und oft und in viel
facher Hinsicht behandelt worden (vgl. z. B. [1], [2], [3]). Hier sollen formale Über
legungen im Vordergrund stehen. Formale Normalformen sind von großen Interesse 
in der Theorie der analytischen (und kontinuierlichen) Iterationen formaler Potenz
reihen (vgl. [4], [5]). Im folgenden werden nachstehende Bezeichnungen verwendet 
(man vergleiche wieder mit [4], [5]).

X = \ X 1, X2, X „ )  ist ein и-dimensionaler Vektor der Unbestimmten 
X 1, X2, ..., X„ und C \X\ der Ring der formalen Potenzreihen mit komplexen Koeffi
zienten in diesen Unbestimmten. Für ein F£C|A1 und für T='(T1, ..., 7’п)6(С[Л'ри 
ist FoT  als formale Reihe erklärt, wenn nur die Ordnurg aller T\ größer als 0 ist 
(d. h., wenn alle 7) nur Glieder avX '  enthalten, deren Grad größer als 0 ist). Eine 
Reihe 5€(C[A'])m schreiben wir in der Form

(1) S =  2  Pv*v,
I v f io

mit pv€Cm, v=(vx, ..., vjeN g, |v|:= 2*j>  X r:= X p  •.. .  • X p  und definieren
1=1

(S)v:=pv.
Definiert man für diese S als Ordnung ord S:=  min ||v ||(S)v?í 0}, und ist 

ord S s l ,  so schreibt man S  in der Form S=AX+<Z(X), wobei A eine komplexe 
(m, «)-Matrix ist und die Ordnung von S  größer als 1 ist.

Zwei Differentialsysteme (F, G£(C[Y])", ord F, o r d G ^ l ,  /(? )=  2  P v (0 ^ v>

g (0 =  2  яЛОХ*)\v\mi
(2a)

l»1si

/  =  F (f)
und

(2b) g =  G (g)

heißen äquivalent, wenn für ein r€(C|VD" der Form T=  AX+% (X) mit d e tA ^O

(3) F oT

AM S (MOS) subject classifications (1970). Primary 34A25, 34A30; Secondary 39B70. 
Key words and phrases. Normalforms for autonomous systems of differential equations.
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gilt. Dabei ist
t <)T, dT\

дт ь х ,  -  дХ„

д х  ат ; ат ;
эх г

die Jacobische Matrix von T.
Ist nun F = A X + ty{X )  gegeben, so seien die Jordan-Blöcke Jl , . . . ,J r in der 

Jordan’schen Normalform J  von A so angeordnet, daß der Block

,0 h .
in den Zeilen /г_х-Ь1, tt der Matrix /  stehe.

Ein Monom X v heiße glatt für л; (bezüglich / ) := ( / , ,  ..., /.r)), falls mit

lvb :=  Z  V, gilt:

(4) 1. =  v l : =  Z \ v\j *j -
j =l

M it L(i) wird die Menge der Multiindizes v£N;j bezeichnet, für die X v glatt für 
ist.

D efinition 1. -|- îR(A')Ç(С [А'])га wird (glatte) Normalform genannt,
falls gilt:

i) B = J  ist eine Jordan’sche Normalform.
ii) In 9tfc, der k-ten Komponente von 91, treten für ti_1 + 1 ^ k s t t nur für A( 

glatte Monome X v wirklich auf.

In [4] findet sich das folgende Ergebnis:

Satz. Z u jedem F —A X + ^ { X )  existiert eine Normalform N  und eine formal- 
biholomorphe Transformation T=CX+% (X), sodaß

gilt.

dT
F o T ’ W N

Mit anderen Worten, es ist also jedes formale Differentialsystem

(5) f = F ( f )

äquivalent zu einem System

(6) g = Nig), 

wobei N  die Struktur einer Normalform aufweist.
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Das analoge Problem der Bestimmung von Normalformen für formalholo
morphe Abbildungen wurde ebenfalls ausführlich behandelt (vgl. [6]). In [7] findet 
sich ein in [8] näher ausgeführter Hinweis, wie die Zusatzmonome im Normalformen
problem für Abbildungen algebraisch deutbar sind mit Hilfe gewisser Vektorraum
endomorphismen. In [9] schließlich wurde u. a. gezeigt, daß (5) eine lineare Normal
form besitzt, falls gewisse kanonisch durch den Linearteil von F  bestimmte Endo
morphismen auf dem Raum der homogen Polynome eines Grades i (i=  2, 3, ...) 
in den Unbestimmten Xl , ..., X„ mit Koeffizienten aus C" Automorphismen sind. 
Hier sollen nun unter Verwendung der eben erwähnten Endomorphismen die Zusatz
monome im Normalformenproblem für Differentialsysteme ebenfalls algebraisch 
gedeutet werden.

§ 2. Das Normalformenproblem

Im folgenden wird der sogenannte „Fitting’sche Zerlegungssatz“ benötigt (vgl. 
[10], p. 378) Dieser lautet folgendermaßen:

Es sei V ein endlich dimensionaler K-Vektorraum und f :  V-»V  ein K-linearer 
Endomorphismus. Dann gilt für die Unterräume C/:=(J K e r / ‘ und И':— p  In?v‘

ISO ISO
von V:

i) V ist die direkte Summe von U und W.
ii) Die Einschränkung von /  auf W liefert einen Automorphismus von W.

Außerdem sind auch die Relationen K e r /‘c:Ker/ i+1 und I m / i+1c I m / ‘ 
erfüllt. Nun betrachten wir á3,, den Vektorraum der homogen Polynome von Grad / 
in den Unbestimmten X1, ..., X„ mit Koeffizienten aus C". Für eine eingangs erwähnte 
Jordan’sche Normalform J  betrachtet man dann die folgende lineare Abbildung
Ф/=Ф/,и

(7) Ф,: -*■ 3Pt , 0 l(q) = ^ J X - J q .

Dabei wird q£0*i aufgefaßt als Vektor q = \q 1, ..., <7„)6(C[V])n. Daß Ф, wirklichrv
eine Abbildung von 0>l in sich ist, ist klar deshalb, weil - eine Matrix ist, deren

Spalten in SPi-x liegen und weil / •  q ein Element von Й3, ist. Es ist auch leicht einzu
sehen, daß Ф, C-linear auf 0>l operiert.

Das weitere Vorgehen gestaltet sich folgendermaßen: Schreibt man eine Reihe 
AfÇ(C[V])" als Summe ihrer homogenen Bestandteile: N  — AX+  £  nh und ist ek

im 2
der Л-te Einheitsvektor des C", so kann man eine Normalform im Sinne von Defini
tion 1 auch so beschreiben:

Definition 1'. N = AX+  ^  nt ist Normalform genau dann, wenn
im 2

i) A = J  eine Jordansche Normalform ist und
ii) für iS 2  И; in dem Unterraum von 3Pi liegt, der erzeugt wird von der Menge 

{ekX v\l ĵ ^r , t j ^ + U Ê k S t j , v £L V \  |v| = i }.
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Es wird sich nun zeigen — und das ist die Hauptabsicht der vorliegenden Arbeit 
—, daß 2-i gegeben ist durch J ;=  IJ Ker Ф •. Außerdem fällt im Zuge dieser Betrach-

ШО
tungen ein neuer Beweis für die Existenz von Normalformen der obigen Art an.

D e f i n i t i o n  2. Sind ц, vÇNfj, so heißt v< p  (v kleiner als p) genau dann, wenn 
für ein l0 mit 1 = /0=n folgendes gilt: 

i) v,=/i, für /0< / ё п , 
ü) v,0> / v

Dies ist eine lineare Ordnung auf Ng, die also speziell auf der Menge der Multi
indizes v eines festen Betrages к = |v| eine Wohlordnung induziert. Es gilt der folgende 
Hilfssatz.

H i l f s s a t z  1. Für /,_ !+  1 vCN", |v |= s und nÇN gilt:

(8) ФАекХ ') = (VÄ - k iy e kX '+  2  cl,velX '’ + 2  c ^ X * ,
И=»

wobei die c,;/1 gewisse durch ekX v bestimmte komplexe Zahlen sind und in der zweiten 
Summe nur solche p auftreten können, für die pk = \X gilt.

Beweis. Induktion nach u. Im Falle des Induktionsanfanges w= 1 ergibt eine 
explizite Berechnung

(9) Ф с ^ Х ')  = ek 2  vlX ' - . s l(X )-* ,e t X '- e e k+1X '.
i=i

Dabei ist e=0, falls k = t t ist, und e = l  sonst. Für s fX )  gilt: st .(X) = A(-Xj sowie 
sl(X) — hjXl+ Xl+1, wenn tj _1+ l ^ I c t j  ist. Eine weitere Auswertung von (9) 
ergibt dann

Фс^кХ*) = ek(À.v-Ài)Xv+ek 2  v,X v- ei+ei + i — eek + 1X v,
oder

(10) Ф,(екХ*) = № -Х д е кХ '+  2  d ^ kekX *~  eek+1X \
/< - = > ’,  l / i | = s  /i'X=v-X

(10) gilt deswegen, weil für . . . , tn p = v - e l + e,+1, p< v  und \p\j= |v|y ist. Damit 
ist der Fall и— 1 erledigt. Der Induktionsschluß bereitet dann, wenn auf (10) Ф“ 
angewendet wird, keine Mühe mehr.

Nun zur angekündigten Behauptung:

Satz 1. Für i=2 ist eine Basis von SLt=  (J Ker Ф*/ gegeben durch die Vektoren
0

der Menge

R i '-  {ekX v|1 =  J =  r, i; _ !+ l — к =  tj, v£L(J), |v| =  i}.

Beweis. Rl ist als Teilmenge der „kanonischen“ Basis 

K  = f a X "|1 S  к S  и, v£Ng, |v| =  г}
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sicher ein freies System von Vektoren des Raumes 0 ,. Wenn man nun zeigen kann, daß

(11) Ä i C j ,

und

( 12) S,:= /Г \Л ,с ^ , :=  Г| Im Ф?
u m  о

gilt, so folgt für die von Rt bzw. S'; erzeugten Räume U bzw. V, daß U ein Unter
raum von ü; und V ein Unterraum von 0tt ist. Außerdem gilt dann dim f / s d i m  
und dim F s  dim Weil aber auch — aus dem Fitting’schen Zerlegungssatz fol
gend — ^ ,  =  .3;®^; gilt und weil außerdem auch die direkte Summe von U und 
V ist, folgt aus einem Dimensionsvergleich die Gleichheit der Dimensionen und U 
und ü; bzw. von V und Dann stimmen aber auch die entsprechenden Räume 
überein; und damit wäre alles gezeigt.

Es bleibt also noch die Richtigkeit von (11) und (12) nachzuweisen. Ich beweise 
zunächst (11). Dazu werde ekX'V£R; fest gewählt und Ф:=Фг gesetzt. Ist dann k = tj 
und V minimal bezüglich in

L O ') f ) { v |v € N S ,  IVI =  ('},
so folgt aus Hilfssatz 1

Ф(екХ *) =  (Ау-А;)е* ;Г + 0 + 0  =  0ekX  = 0.

Daher liegt ekX'1 in Falls nun t j ^ + l ^ k ^ t j  ist und angenommen wird, daß 
ein m£N  gefunden ist, sodaß <Pu(e,X,i) = 0 ist, wenn für ejV" entweder k ^ l ^ t j  und 
H£L,u,i) 0(jer l—k, n£Lu,i) sowie /i-=v gilt, so folgt:

Ф“ + \ е кХ'') = Ф \{ Ь - 1 ])екХ ' + Z  c ^ X ^  2  c ^ X » ) )  =
k<l^t

H<v, n£L.(J»
Ф“( 0)+0 +  0 =  0.

Das heißt aber, ekX v liegt in Ker #"+1c J j ,  womit (11) gezeigt ist.
(12) beweist man ähnlich.
Ist wieder k = tj und v minimal in

tfU.» =  {v|v€NS, |v| =  i, vA ^  kj),

so ergibt Hilfssatz 1 für u^O:

Фи(екХ ')  =  (vA-Ay)“e*AU;

ekX v =  $ u((vA-Ay) - u^ Z v)eIm Ф“.
d. h

Nimmt man schließlich an, daß alle in 0tf liegen, für die entweder t j ^ l> k
und n £ K U J )  oder l — k ,  p £ K u ’ °  sowie gilt, so kommt man bei nochmaliger
Verwendung von Hilfssatz 1 zu einer Relation der Form

Фи(екХ v) -  (Av-A;)“ekAU +  0 “(iO

mit einem geeigneten ри£ 0 (- Daher gilt schließlich

ekX v =  Ф“((Ау—A,)-“e*Afv- p u)€ Im Ф“
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für alle нёО. Verwendet man den soeben bewiesenen Satz, so kann man erneut die 
Existenz von Normalformen zeigen.

Satz 2. Es sei F = A X + >iß (X )= A X +  ^ / ‘6(С [V])'‘, wobei A eine (n, n)-Matrix
iS 2

mit Jordan’scher Normalform /= d ia g  (J, , ..., Jr) ist und die f  in 3Pt liegen. Dann 
gilt: Es existiert eine formal-biholomorphe Transformation U = SX +  2  ut = SX +

iS2
+  U (V) {ufSPd und es existiert eine Normalform N = JX +  2  n i  { n f2 . f  sodaß

i i= 2

(13) F o U ^ ^ y N  

erfüllt ist.

Beweis. Indem man gegebenenfalls von F zu R~XFR übergeht, wobei die 
(n, «)-Matrix R R_1A R = J  erfüllt, kann o. B. d. A. A = J  und S = E  angenommen 
werden. (13) ist dann äquivalent zu

(14) J U + y o U  = N + ^ N .oX

Vergleicht man nun in dieser Gleichung die homogenen Bestandteile vom Grad i, 
so erhält man für i=  1 die Identität JX=JX  und für i S 2

(15) Jut+(fß о U)i = щ+ ^ J X + ' z ^ n ^ j ,

wobei (go t/); den homogenen Bestandteil vom Grad i in dieser Reihe bedeutet. 
Das bedeutet aber :

(16) Ф;(и,) +  И; =  L t(ult ..., n2, ..., n.-.j) =  Li.

Dabei ist L f.. .)  ein homogenes Polynom des Grades i, das — abgesehen von den 
f  — nur abhängt von solchen Uj und nk, für die j ,  k < i  gilt. Nun sei für г'ё2 
ui — u f^  + u^l, Z,i= L j1)+Z,/2). u\v>,L \x> liegen dabei in und u[2) und L$2) in 
W ählt man jetzt für / ё  2 ufl> beliebig und schreibt Ф|(м)1)) als Summe v[1} + i j 21 mit 

und »/2)€á?j, so ist (14) äquivalent zu

(17) 4>i(«i(2)) +  «i =  ( L P - v W + i L P - v f » )  (i ё  2).

Bei beliebiger Vorgabe der uj1) folgt aus dem Fitting’schen Zerlegungssatz und 
wegen dem über Li Gesagten die eindeutige Auflösbarkeit von (16) nach den u\2) 
und H; gemäß

(18) up> =  Фг1(А(2)- п Р )) 

und

(19) щ = L ^ - v f \

weil ja  L[1)—vj1> in Æh L[2) —v-2> in liegt, weil ЗА{ die direkte Summe von und 
âîi ist und weil schließlich Фг|Я;: ein Isomorphismus ist.
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§ 3. Anwendung

Als Anwendung sei der folgende Satz genannt, dessen Beweis ich, da er dem 
seines Analogons in [8] ziemlich genau entspricht, übergehen möchte.

Sa tz  3. Es seien N = JX +  nh M = JX +  У, m t (nt, m fâ d  Normalformen und
te 2 te 2

es sei U eine formal-biholomorphe Abbildung der Form U=BX+ £ ui mit
t e  2Q| j j

Dann gilt: Ist die Gleichung No U=-7—  M erfüllt, so folgt daraus notwendigerweise:
oX

i) BJ=JB\ ii) И(63.1 für  i =  2, 3, ... .
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REMARK ON COMPATIBLE AND ORDER-PRESERVING 
FUNCTION ON LATTICES

by
E. TAMÁS SCHMIDT

1. Introduction

Let к be, a. positive integer. If L  is a lattice then Fk(L) denotes the lattice of all 
functions f :  Lk-*L. A function f£ F k(L) is called compatible if for any congruence 
relation 0  of L  а ,=й ,(0), /=1 ,2 ,  . . . ,k  imply f (a x, ..., ak) =f(bt , ...,b h)(&), f  is 
called order-preserving, if /=1,  к, implies f (a x, ..., ak) ^ f (b r, bk). The
set of all Л-place compatible functions on L  denoted by Ck(L), the set of all Л-place 
order-preserving functions on L  is OFk(L). In this paper we deal with the following 
problem: which modular lattices satisfy Ck(L)cz ОFk(L)l

For distributive lattices this problem was solved by D. Dorninger and G. Eigen- 
thaler [1]:

Theorem 1. Let L be a distributive lattice. Then Ck(L )^O F k(L) i f  and only i f  
L contains a proper interval which is a Boolean lattice.

In [2] we have given a simple modular lattice M  with the property that none 
of its proper intervals is complemented. In a simple lattice every function / :  Z,-*-L 
is of course compatible, hence Theorem 1 cannot be generalized for an arbitrary 
modular lattice. In [5] R. Wille and the author has proved the following statement:

Let L  be a modular lattice of finite primitive length. Then Ck(F)%OFk{L) if 
and only if L  contains a proper interval which is a Boolean lattice.

In connection to this theorem we prove the following

Theorem 2. There exists a modular lattice L  satisfying the following conditions:
(i) L is the subdirect product o f finite lattices;

(ii) there is a 1-place compatible function cpZCfL) on L which is not order
preserving;

(iii) none o f the proper intervals [a, b] o f L is complemented.

We give the proof in two steps. Let [a, b] and [c, d] be two isomorphic intervals 
of a chain C. The isomorphism f:  [a, />] —[c, d] is called an interval-isomorphism, 
/  is of course a partial operation on C, and can be extended to a unary operation 
/  as follows: f(x )= f(x )  for all a ^ x ^ b ,  J(x)= f{a) if x S a  and finally f(x )= f(b )  
for x ^ b .  We say that /  is the operation induced by / .  The congruence relations 
of the partial algebra (C ; /)  are exactly the congruence relations of <C,/). /  is de
termined by / , hence we can use the same letter for both.

First we construct an algebra T= (R , V, f \ , f )  iÇJ where R denotes the bounded 
chain of rationale, the f - s are special interval-isomorphism. This will be a sub
direct product of finite algebras and <6 satisfies (ii), (iii). The second step is the con
struction of a modular lattice L  which contains (€ as a sublattice and satisfies the 
given properties.
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140 E. T. SCHMIDT

2. The construction of

It is well-known that a bounded countable chain which is dense-in-itself is 
determined up to isomorphism. Therefore we can start with the chain R of rational

numbers — where -2пш к ^ 2 \  n = 0, 1, We take every r£R, r ^ ±  1 in two

copies r and r', i.e., we split the elements. We set 1 =  Г, —1 = ( —1)'.
Then we define on the set K={r, r'; r£R} an ordering
(1) r is covered by r ' (r?± ±1);
(2) r 'S s  if and only if rS s  in R.

К  is a chain and R is a subchain of K. The prime intervals of К  are the following : 
[r, r '] ( г ^ ±  1). The function defined by f 10(r) — r + \,  f 10(r')= (r+ l)', / 10( —1)=0' 
maps [ — 1, 0] onto [O', 1]. / 10 is an interval-isomorphism. On the same way we get

functions/21, / 20 defined on [ - 1 ,  - y ]  resp. [ ( - y )  , o j , / 21(r) =  r +  y , / 21(r') =  

=  ( ' + y ]  , / 2i ( - l )  =  [ y ]  ; / 2oW ='‘ + y , /20 ('■') =  [ /4 -y ]  • Figure 1 helps to vis-

_1 the function f nk:

U к V fc+11
И г * -1; ’ 2"-1.

2k+\

ualize these functions.
On the same way we can define for пШ 1, O ^ k

K - M ' 9«-1

/„*(>•) =  r+-

If r£R. {0, +1

2”- i  *

— 1} then we define

[ - ' ’.(-'•У ] [r, r'].

Finally, let cp be defined by <p(l) =  — 1, cp(—1)= 1, cp( — r)= r', ф ((—/•)')=/•. The next 
step is the description of the congruence relations of <К, V, A, f nk, gr) = . First 
we define for each natural number n i l  an equivalence relation 0„ on K: x = y (0 n)

( к У k + 1if and only if there exists a k, 0^ /c< 2"-1 such that either I x I Шх, y S -
2”~

or ( “ = x > Figure 1 the wavy lines denote the 0 2-classes.

There are two 0 x-classes: {л:, x^O'} {x; x^O}. It is easy to show that 0„ is a con

gruence relation of Ж0, J^ /0 „  is finite and Д 0 n = co. By an easy computation
n =  0

— applying the operations f„k — we get that the principal congruence

0
(7 к у  &+1 
[12"-0 ’ 2n_1

is 0 n.
Principal congruences of are the congruence relations 0„ and the congruence 

relations 0  (r, r'). All these are compatible with (p, consequently cp is a congruence
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preserving mapping, and cp of course is not order-preserving. Ж0 satisfies (i). Ж0 con
tains complemented intervals, these are the prime intervals [r, r'].

For each natural number i we take an isomorphic copy Ж{ of Ж0 such that 
i ^ j  implies Ж1Г\Ж] = $. We put an isomorphic copy of Ж̂  into the prime interval 
[r,r'] of Ж0, i.e., we have an isomorphism <p\: Жг-^[г, r'], satisfying <pj(l1) =  r ',  
(p}(0i)=r, where 0X resp. l x are the zero resp. unit elements of Жх (see Figure 2).

Using this construction for all prime intervals of Ж0 we get a new chain C0. <p} is an 
isomorphism, hence to the interval-isomorphisms of Ж1 there correspond interval- 
isomorphisms of (рХЖ ^сСо. By this construction, the prime intervals of Ж0 in C0 
are isomorphic to Ж1 i.e., to Ж. Continuing this construction we define the iso
morphisms

cpf: Ж2 Жг

then (J ((р1(Ж2) 0  (рЦЖ^и Ж0) is a chain Cx. On this way we get a sequence of
r , s £ R

chains C oC Q c:... . Let <6 be the chain (J  C,, i.e., the direct limit of the Cr s.
/=o

The conditions (ii) and (iii) are obviously satisfied. We prove that #  is the sub
direct product of finite algebras. We define special congruences Ф„ on # (n = 0 , 1, ...)

oo
such that ^/Ф,, is finite and Д Ф„=и>.

л =  0
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By the isomorphism the image o f the congruence relation 0„ is denoted
by 0 ‘„. Let us take ©{ on j f j  for j> n  and 0 ‘n on for Шп. By the construction 
o f & the image of these congruences defines a congruence relation Ф„ on Фп is 
the transitive hull of all 0 {  and 0 ‘ (i^n-< j). Then it is easy to show that ЛФ„=ш. 
On the other hand from Жй/ 0 Х = 2 it follows that if/Фп is finite.

3. The construction of the modular lattice L

We denote the chain of all non-negative rational numbers by Q + and Q~ is 
the chain of all non-positive rationale. We define a sublattice D of Q +XQ~. Let 
A = {(x,y); 0 ^ jc< 1, — l < y ^ 0 } g g + x ö _, B={(r, -1 ) ;  г ё  1} and

C =  {(1, r ) ;  r s - 1 } .
Then ( ß +X ß _1)\{ ^ U .ß U C }  is a sublattice D (see Figure 3).
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The elements {(1, r ) ; — l-=r^0}U{(r, — 1); 1} form a bounded countable
chain which is dense-in-itself, hence we can identify this with the chain If  cp is 
the congruence-preserving function which is not order-preserving then we can assume: 
(p(( 1, r )) =  ( — /% —1). Then we can extend this cp to D : cp(x, y )= (—y, — x).

Let M 3 be the five-element non-distributive modular lattice and let R  be the 
bounded chain of rationals. Then there exists a modular lattice M 3[R] having the 
following properties :

(a) M 3[R] contains a {0, l}-sublattice {0, ax,a 3, a3, 1} isomorphic to M 3;
(b) the interval [0, Oj] is isomorphic to R.

This lattice is determined up to isomorphism (see [4]).
An important property of M 3[R] is that Con (M3[7?]) is isomorphic to Con (R). 

The intervals [0, ax\ and [0, a3] are projective.
On % we have two different types of operations. Let r=[0, 0']. Take the opera

tion of K0, (p}(Kx), (pf(Pr(K2), . . . .  These are countable many unary operations there
fore these may be enumerated, a s / j , / 2, ... . Let us assume that the corresponding 
interval isomorphism is

f  : k , b j  - a j .

To i we can associate three intervals of D

/и =  [(-*>„ - 2 ( i+ l) ) ,  ( —«(,2i)]

/.» =  [(2/, —2 ( i+ 1)), (2(М -1), -2 /) ]

Iя  =  [(2i, ai), (2 (i+ 1), b,)].

All these intervals are isomorphic to RXR.
The other type of the operations are the operations of the chains K j, y >0. 

These may be enumerated as gx, g2, ... . Let us assume that the corresponding 
interval isomorphism is

gi- [u„vJ -  K ,  zj.

.Then we can assume that uh vt, wt, Let g( be defined by

g'i ■ -» ,]  -  [~Zi, - w j .

To each gt (resp. gi) we associate the following two intervals

Jn = [(zf+  U vt), (z, + 2, t/;)]

Jiг =  [(2i +1, zt), (2i + 1 , W|)].

Now, we change each Iik, Jik to the lattice Lik = M 3[R], The elements 0 ^ x ^ a x, 
0^ y ^ a 3 generates a sublattice of M3[R\ isomorphic to l ik, i.e., Iik is a sublattice 
of Lik. This technique was developed in [3]. On this way we get from D a lattice 
L(CzD) in which the intervals [at, bj, [ — bi( — a J ^ C  (resp. [u,,v,], [iv(, z j)  are 
projective, we say that this projectivity realize the functions f h g,. Then Con ( L )^  
=  Con ($ )  hence L  satisfies the three conditions (i)—(iii).
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ON ADDITIVE REPRESENTATIONS OF INTEGERS I

by
A. SÁRKÖZY

1. Throughout this paper, we write e2ni* = e(a).
The Hardy—Littlewood method is often used in order to show that a certain 

sequence A of positive integers a1-<a2< ... is asymptotic basis o f order k, i.e., the 
equation

(1) аХ1 +  ахг + ■■■+aXk — N

can be solved for N>~N0. In all these applications, we use the following facts:

(A) We have some information concerning the accounting function

A(u) =  2  >•
at^u

(In fact, e.g., the condition A (N )—A (N /k—1)>0 is necessary for the solvability
of (1).)

(B) For small moduli q, say for 1 ^ q ^ P ,  and for 0 Sh< q , I S u ^ N ,  we have 
an approximating formula of the type

(2) 2  1 ~  m(q, h) 2
a^u a^u

a i =  h ( m o d  q)

This approximation must be such that the absolute value of the so called “singular 
series”

(3) T = 2  2  [ 2  m (q,h)e(hb/q)\ e ( -N b /q )
q =  1  ' h  =  0  '

(*,«)=!

should be large, i.e., we have a lower bound of the form

(C) Write

m  >?/.

■Su(a) =  2  eOi«)-

Then for large moduli q, say for P < q ^Q , and for all b, и with O sb<q, (b, q)=  1, 
l ^ u ^ N ,  we have an upper bound for \Su(b/q)\.

The aim of this paper is to analyze and generalize the most important applica
tions of the Hardy—Littlewood method, by proving a theorem which says that
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possibly general conditions of the type (A)—(C) imply the solvability of (1). In 
fact, Sections 2, 3, 4 and 5 will be devoted to the proof of the following theorem:

Theorem 1. Let P, Q, N, k, ax, a2, ..., ay be positive integers such that

(4) 2P <  Q S  N,

(5) PQ S  N,

(6) a1 <  a2 -=...-= ay S  N  

and

(7) к = 3.

Let dlt d2, ..., dy be non-negative real numbers such that d ^ O  holds for at least 
one i with l S / S y  and let us put

max d, = A,
1 S j H y  J

D(u, q, hi) =  2  di,
a^u

a- =  h (m od q)

D(u) = D(u, 1 , 0 ) — 2  dh
at^u

Su(a) = 2  dieiflid),
at^u

5(a) =  SN(a) =  2  dieiap),
i =  1

and for j=  1,2, ... , denote the number o f solutions o f the equation

aXl+aX2 + ..-+ aXJ = aZl + aZí+ ...+ a ZJ, I ^  x 1, Xj, z1, . . . , z J tS y

by R 2J.
Let us assume the following conditions hold:
(i) There exist real numbers K, A and a real function F(u) ( definedfor 0 < w <  +=*= ) 

such that

(8) \D(u) — F(u)\ - К  for  1 S  к s  iV,

(9) K ^ l ,

F(u) has continuous second derivative in (0, N ],

(10) F(l) =  l,

(11) F \N ) > 0 ,

(12) F"(u) SO  for  1 s  u S  A
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uF'(u) AF(u) for \ ^  и ^  N.

(ii) There exist positive real numbers Ll , L2, ..., LP, and for l ^ q ^ P ,  O ^ h ^ q ,  
there exist real numbers m (q, h) such that

(14) 2  I^KU> <7> h) — m(q, h)D(u)\ <  Lq for 1 s  q = P and 0 S  u <  N.
/1 = 0

Write
я- 1

T(q, b) =  2  m (4> h)e(hb/q) ( for 1 S. q ^  P and all b)
/1 =  0

T  =  шах |Г(?, b)| (for 1 q p)0^b<q
(,b,q)=l

and

T = T m = 2  2  (T (q ,b ) fe (-N b /q ) .
<7=1 Ô b <<7 

(*.«) = !

(iii) There exists a real number H  such that i f  b, q are integers satisfying P < q ^ Q , 
(b, q )= l, and 0 then we have

(15) \Su(b /q )\^H .

I f  all the conditions above hold then we have

(16) 2  П  dx
1 ̂ x v  . . . , x k ^ y  i = 1 

« * , + • • • + ax k = N

2  П  F 'inj)
l ^ n v  ... ,nk ^ N  j  = 1 
пл + ... + nk =N

< m i n  2J * 2JRV+  2 2 3k + 1k(A + 5Yq(Lq+ T 4K ) { L ^ N ( q Q ) - 2 +
i  — V ) q= 1

N

+ T%-1{(K+ F i N ^ - 1 N ^ + K b-1 N k(qQ)-<-k+1'>+ N  f  a - 3 ( F ( a ) ) ‘ - 1 í / x ) }  +
«ß

p  qQ
+ 2  2(2A +  \)kqTk J  x~ 2(F(x))k dx.

9 = 1 2
Note that we usually have d1 = ... =dy= \ in the applications (and in this case, 

the first term on the left-hand side of (16) is equal to the number of solutions of 
(1)); however, e.g., in the case of Goldbach’s problem, it is more convenient to put 
i/(= log a ,= logp,.

In Section 6, we shall deduce from Theorem 1
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T heorem 2. Assume that all the conditions (4)—(15) in Theorem 1 hold, further
more, we have

(17) |T | ( F ' ( « ) * ( " : J )  »  ,Я 1 " „ (8ж Г ^ !' Л« +

+  Z 2 3k+1k(A + 5)kg(Lq + TqK ){Lkq- 1N(c/Q )-2 +
q = l

N
+ T%-1((K+F(N))k- 1N - 1 + K k- 1N k(qQ )-(-k + 1) + N  f  х " 8^ * ) ) * - 1 d*)} +

qQ
P  4 Q

+ 2  2(2A + 1)* qTk f  x - \F ( x ) ) k dx.
9 =  1 2

Then N  can be represented in the form  (1).

In order to illustrate the applicability of our theorems, we show in Sections 7 
and 8 that these theorems cover the Goldbach—Waring problem, by proving that 
for fixed s, the numbers ps form an asymptotic basis (of order less than 5s2 log s 
for large s). In the proof of this fact, we need, of course, also Vinogradov’s and 
H ua’s deep estimates (Lemmas 13—15 below); the point of our discussion is that 
our theorems provide a simple and quick way to deduce the final result from these 
estimates (and Theorems 1 and 2 can be used analogously also in other fields of the 
additive number theory). Furthermore, this application of our theorems shows that 
the great generality in the conditions of our theorems does not lead to a considerable 
loss in the final results.

One might like to seek for possibly general conditions which imply conditions 
(i), (ii) and (iii) of our Theorems but which can be verified more easily. This discus
sion will be carried out in the next parts of this series.

2. Proof of Theorem 1. Following the Hardy—Littlewood—Vinogradov method,
we start out from the integral

(18) J — f  (S('x))ke( —Noe) da = 2  П  dXi-
l ^ x v . . . , x k S y  i = l  

tiY + . . . + i 7 v  — N

If q is a positive integer, b an integer, then let Iqb denote the interval

[— --- Í—, —+ —У  . Let us form all the intervals F b with 1 s q s P ,  O s i g a - 1 ,
Я  d Q  Я d Q  J

(b, q )=  1. (These intervals are the so called “basic intervals” .) These intervals do 
not overlap. In fact, if 1 = qt , q<i = P,

?1- 1. O â M  <72- 1» (bl, q j  = (b2, q2) 
then by (4), we have

. , b, 6,1 and — ?£ —
<7i <7 a

2 _ _ 2 .
d i  Яг

I M z - g i  b2
<7i Яг

1 Q 2 P Я1 +  Я 2
Я1Я2 Q d  1Я2 Q d i d i  6<7i <72

1 l
d i Q  +  d i Q

which yields that /?1,ь1П /92>г,2= 0.
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Let

Then we have
QE= -Tv l ~n  - Ц .  U I,b.1 = 10^b^q~l 

<!>.«) = 1
1-1/Q

J =  J  (S(a))ke( — Na) da =
-1 IQ

hence

(19)

where

and

p
■y— ^

q = 1 0 =* ft Si i/ — 1 j
(b,q) =  1  ' « • b

2  J(S (a ))ke( — Na) da + J (S (a ))ke( — Na) da

J -  2  2  f  (S(a))ke ( -N a )  da
Л r\ ~r- и -r- 1 Vq = 1 O ^ f t ^ g — 1 j

(b,q) =  1  « • b

J  2  2  Jq.iq—1O^b^q—1 
(h,q) =  1

I f  (S(a))ke ( -N a )  da| s  f  |S(<x)|* da =

Л.» =  / (S (a))M -M 0</a =  +f °  f5 ÍA  +  / j ) r , [ _ i v í A +Jg)| dß
, _ 1/eß t v '/ ' /  V v " ' '

/*  =  f  |S(a)|*da.

Thus in order to prove (16), we have to estimate the integrals Jq b, J*.
3. In this section, we estimate the integrals Jq b (i.e., the contribution of the 

“basic intervals”).
Lemma 1. I f  q, b are integers such that 1 ^ q ^ P ,  (b, q) = \ and и is a real number 

satisfying 0 then we have
ISu{b /q )-T (q , b)F(u)\ «= Lq + TqK.

Proof. We have

Su(b/q) = 2  dle(aib/q) = 2  ( 2  d)e{hb/q) =  2  D(u> <b h)e(hb/q)
l - ^ k a ^ u  ft =  0 a{^ u  ft= 0

at = h (mod q)
thus by (8) and (14),

ISu(b /q )-T (q , b)F(u)\ ^  \Su(b /q )-T (q , b)D(u)\ + \T(q, b)\\D(u)-F(u)\ =§

+ TaK =2  D(u, q, h)e(hb/q) — D(u) 2  m(q, h)e(hb/q)
h = 0 ft=0

q- 1
2  (£(«> Я, h) —m(q, h)D(u))e(hb/q) + TaK:

tS 2  \D(u, q, h )-m (q , h)D(u)\ + TqK ^  Lq + TqK
ft =  0

which proves Lemma 1.
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L emma 2. Let q, b be integers such that 1 ^q^=P and (b, q)=  1, and let ß be any 
real number. Let

(20) U{ß) = 2  F \n)e(nß).
Л =  1

Then we have

s [ ~ + ß ] - T ( q ,  b)U(ß) (2(A+5)(Lq + TqK) for 0 ^ \ ß \ ^ l /N  
{2(A + 5)(Lq + TqK )\ß \N  for \ /N ^ \ß \ .

P roof . By Lemma 1, (9) and (10), and with respect to the inequality 

(21) \ l - e (ß ) \^ 2 n \ß \ ,

we have

(22) \s  { ^  + ß ) ~ T(q, b) 2  (П п) -  F(n - 1  ))e(nß)
I V 4  '  n — 2

Z ( Sn (b /q )-S n_1(b/q))e(nß)-T(q, b) 2  (F (n )-F (n  -  l))e(nß)
Nzn=1

2  Sn(b/q) (e(nß) - e((n +1 )ß)) +  SN(b/q)e((TV+ 1 )ß)-
П — 1

— T{q, b) 2  F (n ){e (n ß )-e ((n + \)ß ))-T (q , b)F(N )e{(N+\)ß) +
П = 1

+ T(q, b )F (\)e(ß)\ =

2 {S n (b /q )-T (q , b)F(n))(e(nß)-e((n + \)ß)) +
П = 1

+ (SN(b /q )-T (q , b)F (N ))e((N + \)ß) + T(q, b)e(ß)\ ^

2 \ S n(b /q )~T (q , b)F(n)\ |1 — e(ß)\ +  \SN(b/q) — T(q, b)F(n)\ + \T(q, b)\
П = 1

2 ( L q + TqK)2n\ß\+  (Lq + TqK) + Tq
H = 1

(Lq + TqK )2n\ß\N +2(Lq + TqK) = 2(Lq + TqK)(\ +n\ß\ N).
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(23)

Furthermore, by (10), (11), (12) and (13), we have
Nz

n  =  2
2 ( F ( n ) - F ( n - l ) ) e ( n ß ) - U ( ß )  =
» = 2

2 { F ( n ) - F ( n - l ) ) e ( n ß ) ~  Z  П п ) е Ш  =
i—2 п = 1  I

Í (  /  F '(u )d u )e (n ß )- Z [  /  F \n )d u ] e {n ß )-F \l)e (ß )  =
1 =  2  п — 1  п - 2  п — X

i (  / { F \u ) -F \r i) )d u )e (n ß ) -F \l)e (ß )  ^
1 =  2  л - 1

S  Í  / \F \u ) - F \n ) \d u  + F \ \ )  =
"  =  2  п - 1

=  2  f  ( F \u ) - F \n ) )d u  + F \  1)S
»=2„-i

s i /  (F ' (« - l ) -F ' (n ) )< l« + r ( l )=  Í ( F ' ( n - l ) - F ' H + n i )  =
п = 2 л - 1  « = 2

=  2 F \ \ ) - F \ N )  <  2F'(1) ^  2/iF(l) =  2Л.
(22) and (23) yield that

\ s [ - + ß \- T ( q ,b ) U ( ß )  S  S ( - + / ? ) - T ( q ,b )  2 { F (n ) -F (n - l ) ) e (n ß )
V Q ) V Q / n = 2

+

+ |Г (* . b)l 2  ( F (n ) -F (n - l ) )* (n /? ) -£/(/?)

2 (£ ,+ 7 ;л:)(1 + я |)3|ЛГ)+Г4.2Л <

2 а + г ю п + ^ + я | б | 7 У ) < | 2(/Г+5)(^ + 7 ’̂ ) for ° - |/J|- 1/iV 2 ( L 4 +  7 4 A ) ( l + / l + 7 r | p | W )  { 2 ( Л  +  5 ) ( £ 4 +  Г 4 Л :) | /? |Л Г  f o r  1 /Л Г  =£ |j8|

which proves Lemma 2.

Lemma 3. I f  U(ß) is defined by (20) then we have

[04 +  l)F(A0 for 0 =§ |ßl S  1 /N  
[(2A +  1)F(|0 |"1) for  1/JV s  |0| s  1/2.

Proof. If l ^ ^ g j v  then with respect to (10), (11), (12) and (13) we have
M

(24) \ u m  <  {[

(25) 2  F '(n)=  2  f  F \n )d u  + F \  1)S
l^n^v

M
"=2n-l

M
S  2  /  F » i l «  +  F ' ( l ) =  /  F'(u)du +  F /(1) =

=  F([t>]) — F(l) +  F '( l)  <  F(») +  F '( l)  S  F(v) + AF( 1) si (/H-l)F(u).
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Furthermore, we have

(26) \ u m  = 2  F'(n)e(nß)
П = 1

N N
S  2 \ F \ n ) \ =  2  F'(n)

(again by (11) and (12)). (25) (with v= N )  and (26) yield the first inequality in (24) 
(for all ß).

For и =  0, 1, 2, ... , let us write

GAß) = 2  e (Jß)-
j ' = o

Then for all n and 0 <  \ß\ =  1/2, we have

(27) \g m \ =
l-e ( (n + l)ß ) ^  l +  |e((n +  l)j8)|

l - e ( ß ) -  |1 —e(ß)\

2 ! _  ! 1
\e (-ß /2 )-e (ß /2 )\  sin \nß\ ~  2  2 \ß \’

—  • n \fS\

Using (11), (12), (13), (25) and (27), we obtain for \ /N ^ \ß \^ l /2  that

\U(ß)\ = 2  F'(u)e(nß)\
.-1 I 2

l S n = s | / J | -
F \n)e(nß) 1 +  1 2  F'(ri)e(nß)\-ä

\ß \~1< r v ^ N

ш 2  1П«)1 +  | 2  F'(n)(Gn(ß) — G„-1(ß))\ =

=  2  F \n )  + 1 2  (F '(n )-F '(n  + l))Gn(ß)~
l ^ n s \ ß \-1 V l - ^ n s i V - l

-  F\[\ß\ -i] +1 ) Güßi-ijOO +  F '(N ) Gn (ß)\ ^

^ ( A  + l ) F ( \ß n )  + 2  |F '( n ) -F '( n  +  l)||C?B(jß)| +
|р|-1«п^ЛГ-1

+  F'([\ß\ -Ч + 1) \GlW^(ß )\ + F '(N )\G N(ß)\ ^

s ( A  + l)F (\ß \- i)+  2  ( f ' ( « ) - n »  +  i ) ) i  +
|А|-1«палг—1 ^|p|

-  (A +  l )F(\ß\-1) +  2 F ' m - 1] + l ) ^  Ш

^ ( A  + l)F (\ß \- 1) + F'(\ß\ - 1)\ß\ ~ ^ { А  + \)F(\ß\ ~') + AF{\ß\ ~') =  
= (2A + \)F (\ß \-i)  

which completes the proof of (24).
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Lemma 4. Let q, b be integers such that l ^ q ^ P  and (b, q)=  1, and let ß be any 
real number. Then we have

m ax { |s(-^ + /j) |, \T(q, b)U(ß)\} ^

Í2(Л + 5)(Lq + Tq(K+ F(N)j) for 0 * \ ß \ s l / N  
^  12(A +  5)(Lq +  Tq(K\ß\ N+ F(\ß\_1))) for l /N ^ \ß \  S  1/2.

P r o o f . By Lemmas 2 and 3, we have

max | s ( - ^  +  /?)|, \T(q, b)U(ß)i j s

\S (f /  + ß) ~ T{q’ b) UW\ + \T^  W W  ^

IS { l i  + ß) ~ Tiq' b)U(ß) +T^ U^  <
l2(A + 5)(Lq+TqK) + T4(A + l)F (N ) for 0 == \ß\ == l/N  
l2 (A+5)(L + T  K)\ß\ N+  T (2A +1 ) F(|/?|-1) for l /N  ^  \ß\ ^  1/2

hence (with respect to (9))

(28) max IN-HI- I T(q, b)U(ß)\

<  2(A +  5)(Lq +  Tq К ) +  Tq{A +1 ) F(N) < 2 (A + 5)(Lq + Tq(K +  F(N))) 

for 0 ^  \ ß \ l / N and

(29) m ax{ |5(^-+ js)|, \T(q, b)U(ß)\^ <

<  2 (A +  5) (Lq +  Tq K) \ß\N+ Tq (2A + 1) F(\ß\ - 1) <

< 2{A+5)(Lq + Tq{K\ß\N+F{\ß\-1)))

for \ /N ^  |/? |s  1/2. (28) and (29) yield the desired inequality.

Lemma 5. I f  q, b are integers such that I S q ^ P , (b, q )= \ then we have
+1/2

(30) IJq,b-{T (q ,b ))ke (-N b /q )  f  (U(ß))ke ( -N ß )  dß\ <
- 1/2

<  23k + 1k(A + 5)(Lq + TqK){Lkq- lN(qQ)-*+T$-1({K+F(N))k- 1N - 1 +
N

+ Kk~l N k(qQ)~ik + 1) + N f  x-*(F(x))k- xd x§  +

qQ qQ

+ 2(A + l)kTk f  x~ 2(F(x))k dx.
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Proof. For any real numbers a, b, we have

|a*-b*| =  \a—b\
k - 1
2  aJbk~1_J

j =о
k\a — i>|(max {|a|, Ihl})*1-1.

Thus

(31)
+  1/2

J q ,b —  {T(q, bj)ke (— Nb/q) f  (U (ß ) fe (-N ß )
- 1/2

-  У  (T{q,b)U{ß))ke \ ~ N \ ^ + ß ^ d ß  =
1/2

T { { ^ + $ - ( n * , b ) u m Y ) e ( - N ( ± + ß ) } < i ß -

-  /  (:T ( q , b ) U ( ß ) ) ke \ - N [ - + ß ) } l
i / « Q 3 | i | 3 i / 2  l  У Ч  > )

+ l / « Q | r  / г  x ' i t

-  f  \\s h + ß ) \ - ( T (4’ V u m
- l l a O  IV

I dß 

I dß +

+  f  \T(q,b)\k\U(ß)\k d ß *
llqQ \̂ß\^V2

+VqQ I (h \ i f  fl / L \| 1
* /  И - + £  1-Г(*,Ь)СА(0) maxjLs - + / Ï  L \T(q, b)U(ß)\\\ dß +

-1  Iq O  I 4 "  '  I V l| '  Í  ' |  I J

+ T kq f  \U(ß)\k dß.
l / 9 Ö 3 | P | 3 1 / 2

By Lemmas 2 and 4, and with respect to (5) and the inequality

(a + by = 2  Í ?) aj b '- j s  2  Í *.) max {|a|(, |b |f} s  
i=ovy/ j=oyj  '

^  2 { t} ( \ a \ ‘+ \ b \ ,)  =  2 \ \ a \ t + \ b \ t), 
i=o VJ/
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we have

(32) y Q\ s [ ^ ß \ - T ( q ,  b)U(ß) |max j|.S ( ~ + ß ) |> \T(q, b)U (ß)\^ dß

I l  N

2 f  2(A+5)(Lq + TqK){2(A + 5)(Lq + Tq(K+F(N)))}k- 4 ß  +

1  IqQ
+ 2 f  2(A+5)(Lq + TqK)ßN{2(A + 5){Lq + Tq(K ßN + F(ß-')))}k- 'd ß

1  I N

<  22k(A + 5)k(Lq + TqK)(Lq~1 + Tk~1(K+F(N))k~1)N ~ 1 +
1 IqQ

+ 22*(A +  5)*(Lq + TqK )N  f  ß{Lkq- 1 + 1*-l (K ßN + F (ß-1)Y~1}dß  <
Il N

<  23k(A + 5)(Lq + TqK) {(L‘- 1 +  Tk- 1 (K+ F(N ))k~3) W - 1 +

i/«G 1 №
+ NLk~1 J  ßdß  + T%-1Kk- 1N k f  ßkdß +

0 0
1 hQ

+ NTk~1 J  ß(F(ß~1) f - 1 dß] «=
1 IN \

<  234 ^ + 5 ) 4 ^ + 7 ’í /:){ (L j-1+7',t - l (/i:+^(^))'[- 1) ^ - 1+7VLj-1( 9 0 " 2+
N

+ Tk- 1Kk- 1N k(qQ)-^k + 1) + N Tk- 1 f  x ^ F ^ f - 1 dx} =
iQ

= 23k(A + 5)k(Lq + TqK ){Lk9- 1N (c,Q r*((qQ /N y+ l) +
N

+ Tk~1[(K+ FiN))11- 1 N - 1 + Kk~k N k(qQ)-(k + 1) + N  f  jc“* ^ * ) ) * - 1 d*)}
4Q

< 2  3k+1(A + 5)k (Lq + TqK){Lk- 1N(qQ )-2 + T$-1((K+F(N))k- 1N - i  +

N
+ Kk- 1N k(qQ)~(-k+1)+ N  f  л - 3( а д ) и 1 ^ ) }

«Q
and by Lemma 3, 

(33)
1/2

/  IU0?)|*dß < 2 f  ((2A+ \)F(ß~1))k dß =
1 / « 0 Я | Р | й 1 / 2  1  IqQ

qQ
= 2(2A +  1)“ f  x~2(F(x))k dx.

(31), (32) and (33) yield (30) and this completes the proof of Lemma 5.
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4. In this section, we estimate the integral J* (i.e., the contribution of the so 
called “supplementary intervals”).

L emma 6. I f  ctZE then we have

|S(a)| <  8 H N
PQ

Proof. By Dirichlet’s theorem, there exist integers q, b such that l ^ q ^ Q ,  
fb, q)=  1 and

1
I Q "

(34) ba ----
q

By the definition of the set E, a f E  implies that 

(35) P -c q.
E

Let us write a -----—ß. Then by (5), (15), (21), (34) and (35), we have
<7

\S(«)\ M H-Ií MD-Mt))e(nß)

2  s n Й  (e(nJ8 ) - e((i.+ m )  +  SN Í - )  e((N+ l)ß ) 
n=1 \ q > \ q >

 ̂ | l - e (ÄI  + k f - ) U  ZH-2n\ß\+H =
«=iI W 'i  I ^ q f  n=1

=m < 4 +2"й wb +ж)s я(^+ж Ь 8
which proves Lemma 6.

L emma 7. We have

<зб> '•'•I -= а К 'ж Г á',RÁ

Proof. If j  is an integer satisfying \ s j< k /2  then by Lemma 6, we have 

|/* | =  f \S (a ) \kda=  f  \S(a)\2J\S(a)\k~2J doc ^

^  J* 15(a)I ̂  (max |5'(a)|)fc 2J dtx ^
E a ^

1
ä  (max |5(a)|)i:- 2-' f  |5(a)|2-/ d a <

( H N \k~2j 1
8-Б7Т / I  2  dxe(axtx)\2J dtx =
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8 PO Z  c Xl ' '
V )  « х , +  ■■■ +  aX j - az 1- - - az j  = °

l S x ^ . - . X j ,  z t ....... Z j S y

( H N \k~2J „
* ( * 7 e )  £ „ * - « , /

- Ю

^Xj^Zi d2j —

1 * * 1 ........X j .  Zv . . . , Z j S y

a 2Jr 2J.

This holds for all j  (with l^y<A:/2) which proves (36).

5. In this section, we complete the proof of Theorem 1.
By (18), (19) and Lemmas 5 and 7, we have

2  [ h d x\ - T  2  { П П п А  =
I s * ! ......... x k S y  \ i  =  1  /  I S » ! ..........n fc3 N  \ J —1 /

... -\-ax ^ = N  ... 4 - ^  =  N

I ( p \ +iI2
= H Z  Z  (T(q,b))ke(-Nb/q)\ f  (U(ß))ke( -  Nß) dß

' î  =  1 0 S b < 5  '  -112

=  I( Z  Z +
| 1  q = 1 0 S b S q - l  '(fc,e)=l

p  + 1 / 2

+ Z Z [jq,b-{T(q, b))ke( — Nb/q) f  {U(ß))ke(~ Nß)dß)
----1 П -e- U „ 1 '  У .q — 1 0 = * b ^ q — 1

( M )  =  1

J- 2  Z Jq.b
q = 1 O ^ b ^ q —1 

( M )  =  l

+

+ Z Z I Jq,b-{T(q,b))ke (-N b lq ) f  (U(ß))ke ( - N ß )  dß\ s
q = 1 o^b^q — l  —1/2

( M )  =  l

p  4 - 1 / 2

s J * + Z  Z ! • /„ » -№ >  *))M-M>/<7) /  ( U{ß))ke { -N ß )
q = 1 O ^ b ^ q —1

( M )  =  1

f H N Ÿ ~ ij p t
i Â l 8w J  +  2 2 зл+1^(/1 +  5 ) Ч ( ^  +  7 ;Ю { ^ -1Ж ?б )-

лг
s +

+  7’,‘;- 1((A:+F(iV))'I- 1Af-1 +  A:*:- 1A ^ 4?0_('I + 1) +  Aí /  х -3^ * ) ) * - 1 dx)} +
р  « G

+  22(2 /1  +  1 ) 4 ^  /  r 2(F W )kd í

qQ

which completes the proof of Theorem 1.
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6. In this section, we deduce Theorem 2 from Theorem 1.

Proof of Theorem 2.
In order to show the solvability of (1), it is sufficient to show that the first sum 

on the left-hand side of (16) is different from 0:

2  П  d x ,  ^  0 -1<X1, .... Xk-̂ y 1 = 1
fly. +...+ŰV = NX1 xk

By (16) in Theorem 1, this would follow from

(37) T 2  n n » j )
l ^ n v  . . . , n k ^ N  j = 1 
П-. +  .. .  +  nk  =  N

8— — A2jR2J +
PQ ) J

+ 2 2 3k+1k(A + 5)kq(Lq + TqK){Lkq- 1N {qQ )-2 +
9  =  1

+ Tk- i [(K+F(N))k- 1N ~ 1 + Kk- 1N k(qQ )-(~k+1̂  + N f  dx)} +

P  9 Ö

2 ,2 {2 A + \)kqTk f  x~ 2(F(x))k dx.

qQ
P

2
9  =  1  2

By (11) and (12), we have

(38) T  2  П  F ' ( n j )
1  Шпг, . . . , n k ^ N  j = 1  

. . .  + n k = N

s  I л  2  П П Ю =l^nlf ...,nk^N j = 1 
n, + ...+iifc=JV

= \t \(f '(N)Y 2  i.
1  Шпг, . . . , n k ^ N  
п г +  . . . + n k = N

It is well-known that the number of solutions of the equation 

n1 + n2+ ...+ n k = N, l á n 1(n2, . . . ,n k á iV  

is equal to J j  (see e.g. [2], p. 36) thus we obtain from (38) that

(39) \t  2  n n n j )
1  ̂ n v  . . . , n k ^ N  j = 1
n 1 +  .. .  +  nk  =  N

(17) and (39) yield (37) and this completes the proof of Theorem 2.

7. In Sections 7 and 8, we show that Theorems 1 and 2 cover the Goldbach- 
Waring problem.

Corollary 1. Let s be a positive integer, к a positive integer satisfying 

(40) к |2 S+1 for l S s S l l
ís2(41ogs +  21oglogs +  5) —1 for s S  12.
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I f  p is a prime number satisfying (p — l)/s then define the positive integer yp by 

pyp_1|s, pypfs for p ^ 2  or p =  2, 2-fs
and

2ya~2 * *|s, 2y»_1-fs for  2|s,
and put

(41) v = П  py,.
(p - D /s

Let N  be a positive integer satisfying N > N 0(lc, s) and

(42) N =  к (mod V).

Then N  can be represented in the form

4 i +  <7!+ ••• +  </£ =  bl 

where q1, q2, ..., qk are prime numbers.

C orollary 2. I f  s is a positive integer, к is a positive integer satisfying

(V+2S for  1 S  s == и
~ If  +  s2(4 log s +  2 log log s +  5) — 2 for  s ^  12 

(where V is defined by (41),) and N > N x(k, s) then N  can be represented in the form

rî +  r | +  ... +  rî =  N

where rx, r2, ■■■, r, are prime numbers and I s k .

Proof of Corollary 1.
Throughout the proof, we use the following notations: cx,c 2, ... denote positive 

absolute constants which may depend on certain parameters k, s, e but which are 
independent of the parameter N. <p (n) denotes Euler’s phi function. We put

and

Ip (u ,q ,a )=  2  Л(п)
n^u

n=a (mod q)

ф(и) =  ф(и, 1,0) =  2  л (п)-
n^u

Then by the prime number theorem (or a more elementary theorem) we have 

(43) |il/(u> q,a)- 2  logp| =  | 2  logpa| <  Cj.u1/2
p^u px^u,a^ 2

p = a  (mod q) px = a (mod q)
for all u, q and a.

If q, N  are positive integers and b is an integer then we write

W(q, b) = 2  e(bhs/q)
0̂ /l-eg
(M)-1
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and

jr/W
- I L l F s S t )  * < - H -?(b,«)=i

We will apply Theorem 2 with the prime powers р \,р \, . . . ,p sn(m^) (where pt 
denotes the ith prime number) in place of the sequence a7, a,,, ay and with dt= 
= log  Pi so that

(44)

(45)

(46) 
and

a, =  Pi, 
у = n (N 1/s),

A = max , d , =  max log p T— log N

Su(°t)= 2, logpe(psa),

5(a) = 5jv(a) = 2 ,  logpe(psa).
pSiVl/s

In order to show that Theorem 2 can be applied, we need the following lemmas: 

Lemma 8. There exist absolute constants c2, c3 such that for x ^ 2 ,  we have

\ф(х) — х\ <  c2xe~ĉ loex.

This lemma is equivalent to the prime number theorem; see e.g. [3], pp. 61—70. 
We need also the Siegel—Walfisz theorem (see e.g. [3], p. 144):

Lemma 9. I f  A is an arbitrary large but fixed positive number then there exist 
absolute constants c4, c5 such that i f  2 and q, a are any integers satisfying 1 = q ^  
S (log  x)A and (a, q )—\ then we have

ij/(x, q, a) —
<p(q)

cxxe~ 5 flog ,

Lemma 10. We have

cp{n) >  ce n
log log n

fo r  all n~3.

This lemma is well-known; see e.g. [3], p. 24.

Lemma 11. For all e=»0, there exists an absolute constant c7=c7(s, e) such that 
fo r  q = \, 2, ... and (b, q )= \ we have

\W(q, b)| <  c7q
1

----1-es

See [1], p. 9.
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Lemma 12. Let s, к be positive integers such that

k ë 3 s .

Define the integer V by (41) and assume that the positive integer N satisfies (42). 
Then the infinite series U(N) is absolutely convergent and we have

|C /W |fec8 =  c8(s, k ) >  0

( where c8 is independent o f N ) .

See [1], p. 99—106.

Lemma 13. Let a1, <r2 be any positive numbers satisfying

aj S  2es(<72 +  2).

Then for u>c9(s, cr1, <r2),

(log u)a 1 <  q ^  и (log u)_<T 1

and

(b, q) =  1,
we have

I 2  e(bps/q)\ <  u1/s(logu)-'T».
psul/s

For a more general form of this theorem, see [1], p. 65.

Lemma 14. For 5=1, 2, ..., u ^ 2  we have 

1
f  I 2  e ( jsa)\2S da ^  u2*_s(log u)c»(s).

O*7 1SJS»

See [1], p. 19.

Lemma 15. For s ^  12,

j  >  s2(2 logs +  loglogs +  2,5) —2
and m^ i we have

l
/  ! 2  c (jsa)\2J da <  c10(s, j ) u 2J~s.

See [1], p. 89.
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8. Now we are ready to complete the proof of Corollary 1. Let us write

в = max {1, c9(l), cg(2), ..., c9(ll)j

where c9(s) denotes the constant defined in Lemma 14 and put a-2= k + g+l, <r1 = 
— 26s(o2+2), (7=<T1 + s(a2 — 1). We apply Theorem 2 with

(47) P =  [(log Л0Ч and Q =  [7V(log # )-•].

We have to show that if к satisfies (40), N > N 0(k, s) and P, Q, аг, a2, ..., ay 
are defined by (44), (45) and (47), then all the conditions in Theorem 2 hold.

For large N, (4), (5) and (6) hold obviously. (47) implies (7) trivially.
Now we are going to show that for large N, (i) in Theorem 1 holds with

(48) F(u) = u1/s,

(49) К = N 1/Se~c n V w

(where c11 =  c11(i) is a small positive constant) and

(50) A = 1.

In fact, by (43) and Lemma 8, we have

(51) |£ (u )-F (u ) | =  I 2  lo g p - и 1'*! si
PŜ U

— I 2  lo g p -i/'(u 1/j)| +  |iA(u1/s)-M 1/sl <psu^‘

<  Clu1/Zs +  c2u1/se- f|0*“l/l <  N 1/se - cn ^ oeN = к  

for cll =  cJ2sx'2, u0 = u0(s )< u ^ N ,  and

(52) \D (u)-F(u)\ <  N llse~eu ^ "  =  К

holds trivially also for 1 ё м ё и 0 and large N. (9) (for large N), (10), (11), (12) and
(13) hold trivially.

Now we show that also (ii) in Theorem 1 holds with

and

<Pw) 0=s j ^ z q

j s  =  h ( m o d q )

(53) L q  = N 1,3e~c
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In fact, by (43), (48), (51), (52) and Lemma 9 (and since # ^ ,P s(lo g  AO"), we have

я- 1
=  2  

/1 =  0

2  ID(u, q, h) — m(q, h)D(u)\ =
h = 0

X7 'S7 I VУ 2  log p -  2  —7“T
0^j<q p^u1/s 0 ĵ-<q ф\Я)

j s =  h ( m o d q )  p = j ( m o d q )  ( j , q )  =  l
j s = h  ( m o d  q)

^  4z \  2h=0 I 0̂ j<q 2 ,  iogp+  2p^uus 
( j , q ) > l  p = j  ( m o d  q) 

j s = h  (m od q)

0^j<q
2 ,  logp- ф (u1/s, q ,j)

U ,q ) = 1 p s j  (m o d  q)
Js = h ( m o d q )

+

+ 'И и1", q,j)-
Al>

<p(q)
+

<p(.q)
|m1/j -Z )(u)|Й -

S  2  log Р + У  2  fc1U1/2s +  C4iV1/se_csl/|og N17* _|----1— 7\T1/s E _ rn f108 * | s
p S u 1'* h = 0  O S j ^ q  '  Ф \ Я )  'p
(p ,q)> 1

=? Ü,<7)=1
Ул=/1 ( m o d  (?)

ss log f  J p +  2  -/V^e- "13̂ 108̂  ä  log q +  ^Af1/se_ci3f,08N <  c14/iogjv
p |< ?  0 S J < ?0\«)=1

if TV is sufficiently large (in terms of 5) which proves (14).
Furthermore, we have

(54) T(q, b) =  " 2  т (я> h) e(hb/q) =
Л =  0

= - | т 2 (  2" l)e(hb/q) =  2  e(bJ4q) = -^ rW (q ,b )
<m ) /.=0 os7i* <m)o*y-=, <m)

(Áí)=i ü,«)=l
j 5= h ( m o d q )

thus by Lemmas 10 and 11, we have

(55)

(40) implies trivially that
(56) к a  3s.

By (42), (54), (56) and Lemma 12, the infinite series

Tq = max \T(q, b)\ = max <  c16(s, e)q~1/3+‘.1 0 ̂ b<q 0̂ b<<7 (PyCf)
(b,q) =  1  ( M )  =  l

C/W= 2  { 2  [ ^ г Г с(-ВД)}= Ï {  2  (T(q,b)Ye(-bNlq)}
q = 1  ' • O ^ b c ç  V 4* \ Я )  '  '  q =  1c<7 

( M ) = l ( M )  =  l

is absolutely convergent and we have

(57) I C/w | ^  c8(s, fe) >  0.

11* S tu d la  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r lc a  14 (1979)



1 6 4 A. SÁRKÖZY

By (47), (55) (with e—l/2k), (56) and (57), for N > N 0(s, к) we have

(58) 1П =  | r w | = Z Z  (T (q ,b))ke ( -N b /q )
q —1 0^ b < q  

(b ,q)=l

2  Z  I j s c , -  Z  q T \
q=P-\ - l  0^sb<q

( M )  =  1
q = P  + 1

>  c8 -  Z  cîs9 2 s >  Cg/2 =  c16 =  cie(s, к) >  0
?=r>+i

(provided that (42) holds).
Now we are going to show that (15) holds (for P < q ^ Q , (b, q)=  1 and 0< mS  

^  A ) with
(59) H  = c17 A1/s(log A)-'«+».
Assume first that

2A(log iV)_s(or2-1) <  a =  A.
Then for large A, P < q S Q  implies that

q >  P  S  (log A)a — 1 >  (log u)CTi
and

q ^ Q ^  A  (log N )~ a = 2A(log A )_s(‘T«-1) • у  (log A^K-D-® =

=  2A(log A )-s(<T2-1)--^-(log A )_<7i «s n(logu)_<Ti.

Thus Lemma 13 can be applied (in order to estimate I Z  e(bps/q)\) and we obtain
p S u l/s

for large A that

(60) \Su(b/q)\ =  I Z  log Pe(bpslq)\ = | Z  , logn( Z  e(bps/q )~  Z  е(Ьр7«))[ =
P^ulls l^tl^ul/s p^n p^n — 1

=  \ z , 0o g n - lo g (n  +  l)) Z e(^V^) +  log([u1/s] + l )  Z  e(bp7 )̂| Ä
X p^n p-̂ UX,s

= Z . |logn-l°g(n + l)|| Ze(W?)| + log([u1/s]+l)| Z  e(bp7?)| =

= Z . 7 7  | Z  e ( b p s/ 9)I + ci9 log AI Z, e(bp*/«)| =

S C18 Z  Z  1 + C18 Z  -7 I Z  e ( b p s/q)j +
l^ n S ( 2 N ) 1/s ( io g 7 V )-<T2 + 1 П P-n (27V)1/s ( lo g N )“ <T2 +  1 < n ^ M 1/s П p~n

+  <09 log AI Z  e(bp7 ?)| <  c20 Z  7^ — +
p s a 1/* 2 s n g ( 2JV)1/s(logJV)_<72 + 1 i 0 8  и

+  C21 Z  (log n) - ff2 +  c19 log A- M1/s(log u) - ff2 <
2 S n S a 1/s

-= c22 A 1/s(log A )_<r* +  c23H1/s(log и)_<г2 +  с19 log A* a1/s(log и)~аг <
-= c24 A1/s(log A ) - ff2 +  c25 A 1/s(log A )-ffa+1 <  c26 A 1/s(log A )_l72+1

S t u d i a  S c ie n tia r u m  M a th e m a t ic  a r u m  H u n g a r ic a  14 (1979)



ADDITIVE REPRESENTATIONS OF INTEGERS 165

while for 1 áMS2TV(log TV)-s(<rs-1), we have trivially

(6 1 )  \Su(b/q)\ = I 2  logpe(hp7tf)| S  2  log p <  c27u1/s S  c28̂ 1/s(log T V )- ffs + 1 .
P̂ U p^uVs

(60) and (61) yield (15) (with the number H  defined by (59)). 
Finally, define j 0=jo(s) by

(2 log s +  log log s +  2,5)]—1 for s is 12 
for s 5= 11.

Г691 ; -  F (2(®2) Jo — 12s- 1

Then Lemmas 14 and 15 yield that for N > N 0(s) we have

( 6 3 ) K > j o  = 2 1 1 Ä 2

' V - ■+ V / 1 -

+оII
e•"1

•+ 4 - 4 - - - Î 0 - '
1 S PxX- . . . , P X J . P Z V . . . , p z . =5Nl/s  1 S i ij , 

Jo
П ......

1 =

= [  2  e(/sa)!2y»da <  (T V ^ o -^ lo g  N 1,s)e ^  TV2V»~i(log N)a.
g isis)V1/s

(40) implies that k> 2j0 thus by (46), (47), (49) and (63),

(64) 1ST 1 / Í 8 | Í  21 A2jRV - { * % ]  2̂ 2jô o < ( 9 / / ) ‘-«o3^oÄ2j, <

<  4,(TV1/s(log A i)-^+i)*-2to(log A,)2J„7V2V J- 1(log NY =

— c30(k) N k,s~1(\og TV)-(‘-2-,°)'Tii+*+e ä  

S  c30iV'‘/s-1(log N )- ,r2+k+e =  c30TV‘/s-1(log TV)-1.

In order to complete the proof of Corollary 1, we have to show that (17) holds. 
By (48) and (58), we have

(6 5 )  \T \(F \N ))k ( J ) >  cie ( I  TV1 /s -1 j
(TV -l)(TV -2)... ( N - k + l)

(fc—1)!
c31(s, fc)7Vfc/s-fc A1*-1 =  c31 TV*/S-1

for TV>TV0(s, k).
On the other hand, by (48) and (56) we have

(6 6 ) J  X 3(F(v))t_1 dx <  J  x~3+(k~1),s dx =
qQ

=  J  a:(Ii-3s-1)/s i/x «= c32(s, fc)TV(k-3s-1)/s+1 log TV =  c32(s, /c)TV(ll-1>/I-2log TV
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(the factor log TV is needed in the case 5=1, k = 3 s —3) and

9 Ö  4Q qQ

(67) j  X 2(F(xj)k dx = j  x ~2+k/s dx = j  x<k~2-')ls ds

(qQ Y k-2s)ls + l  _  ( q Q f / s - l

Thus by (4), (5), (47), (48), (49), (50), (53), (55) (with e=l/2k), (56), (64), (66) 
and (67), the right-hand side of (16) can be estimated in the following way:

( H N Ÿ ~2i p i
(68) 1™%2{8-PQ) A RV +  qZ l3k+ik ( A + 5 ) kq{Lq+ T 4K ){L k- ' N ( <q Q y *  +

N
+ Tkq- 1[(K+F(N))k- 1N - 1+Kk- 1N k(qQ )-«  + 1'>+N J  d*)} +

q Q

P  q Q

+  У, 2(2/4 +  1 )kqTk f  x~2(F(x))k dx <  c33(s, /c){7Vfc/s-1(Iog TV)_1 +
9 — 1 2

P  ____
+  2  qN1,sе~счУ1овК{N (k~1),se~css/iogw jqQ~2+

g = l

+  TV(*_1)/STV_1 +  jv(*-i)/*e-cu j'ta«w ]ykQ-(k + i) + N ' i)/s—2 ]0g tv} +

+  2  ^ 1/s+1/2k)k(çQ)k,s- 1} <
9 = 1

<  c3e (s, Ж  - 1 (log TV) - 1 +  7V*/5 - 1 e -  c»7 l^iT? +  g*/* -1 J v /2
I ?=i

<  C38( s ,  к){№ '*-г(log TV)-1 +  Qk/s-1 P3/2} =

=  c38(s, fc) {TVfc/s - 1 (log TV) - 1+ (PQ)k/s- 1 P (5s- 2k)/2s} ==

=5 c38(s, fc){TV*/s-1(log JV)-1 +  JVt/*-1P<8*-e*)/2*} ==

== c39(s, ^TV^-^OogTVi-HGogTV)-1'/2} <  c40(s, fc)TV*/5- 1 (log TV)-1

(since we have <j — a1 + s(cj2 — l)^(X1 =  26s(<72 +  2)&2e*2>2). For sufficiently large TV, 
(65) and (68) yield (16), and this completes the proof of Corollary 1.

Proof of Corollary 2.
Let p denote the least prime number satisfying (p, V) = l. Then for all TV, there 

exists a non-negative integer t  such that

N - tp s = k - V  + \ (mod V)

S tud ia  Scientiarum M athem atic arum Hungarica 14 (1979)



ADDITIVE REPRESENTATIONS OF INTEGERS I 1 6 7

and

(69) 0 5  / =» F - l .

If N ^N ^Ic , s)= N 0(k —V + \, s)+ (V —\)ps then by Corollary 1 (with k —V + l  and 
N —tps in place of к and N, respectively), N —tps can be represented in the form

^  + 9t +  ... +  g£_K + 1 =  N - t p s

hence

W =  ql +  ql +  . - .+qi-v+i+Ps+ - - + P ’( =  4Í +  4l +  +  Чк-у+1 +  *Р*)-

By (9), the number of the terms on the right-hand side is

k - V  +  l + t  == к

which completes the proof of Corollary 2.
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ISOMETRIES OF THE SPACE OF COMPACT SUBSETS OF E d

by
PETER M. GRUBER and GÜNTER LETTL

Summary

The isometries of the space of compact subsets of E d with respect to the Haus- 
dorff-metric are the mappings generated by isometries of E d.

1. Introduction

Let Ж  denote the class of all (non-empty) compact subsets of ^-dimensional 
Euclidean space Ed. For A, B a E d and /l£R define A + B \= {x + y \x £ A ,y d B } and 
/.A := {lx\xdA}. Let U denote the unit ball and Ц • || the Euclidean norm of E d. 
Then the Hausdorff-metric <5 on Jfm ay be defined by

<5(C, D):= min {2<ER + |C c  D + W , D c  C + W )  

for C, Dd Ж or, equivalently,

Ô(C,D):— max (max min llx —yll, maxmin ||jc — yll}
7 l x ÇC y í D  X Í C  '  '

for C, D d X ( see, e.g., H a usdorff  [9], p. 145 or Blasch k e  [2], p. 60).
Let Ж  be endowed with the topology induced by <5. Properties of Ж  or, more 

generally, of spaces of closed or compact subsets of general metric and topological 
spaces have been investigated intensively during the last 50 years (see, e.g., H aus
do rff  [9], K uratow ski [11] and P opov [12]). <5 also plays an important role in 
convexity and approximation theory (see, e.g., Blaschke  [2], H a d w ig er  [8], K elly 
and W eiss [10] and Sendov  [15]). These investigations indicate that the particular 
metric space (X, <5) is of independent interest.

R. Schneider  [14] conjectured that the isometries of (Ж, <5) into itself are precisely 
the mappings of the form C —f(C )(:=  {z(x)|x€C}) for C d X  where i is a fixed iso
metry of E d into itself, i.e., the isometries of {X, 8) are generated by isometries of 
the underlying space E d. For the case of surjective isometries the conjecture has 
been confirmed by G ruber  [5] who has also proved some related results in [4]. 
In the present note we give a proof of the general case. This proof partly follows 
the proof of the corresponding result for the class ^  of compact convex subsets of 
E d (see [7]).

AM S (MOS) subject classification scheme 1979/80. Primary 52A99, 54E40. Secondary 46C99, 
54E35, 54E45.

Key words and phrases. Metric space, isometries, space of compact subsets, compact sets, 
Hausdorff metric, Euclidean space.
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T heorem . A mapping I: Ж-* Ж  is an isometry o f (Ж, <5) into itself precisely when 
there is an isometry i o f E d into itself such that 1(C) —i(C) for all СеЖ.

We conjecture that the Theorem holds also when the Euclidean norm is replaced 
by an arbitrary norm.

The above Theorem as well as the results of [6] and [7] belong to the following 
general problem: Let a class of functions J^on, or a class of subsets Sf of some space 
X  be given, such that one can metrisize OF or Sf in a simple manner using a metric 
or a measure or some other property of X. Then one may expect that the isometries 
of J^or Sf into itself are closely related to special mappings of X  into itself. Well- 
known examples for this are the classical theorems of Banach  [1], p. 173, and Stone 
[17] (see [3], p. 115) and Banach [1], p. 174, and their modern descendants. (The 
paper of Sourm our  [16] contains a review of some of them.)

Let ( ,  ) denote the inner product in E d. There is no danger of confusing 
(x, y )  and (Ж, 5). For x, y f  E d let [x,y] be the line segment with endpoints x, y. 
о denotes the origin, S  the (d— l)-dimensional unit sphere of E d. We will not dis
tinguish between xZE d and {х}еЖ. bd, diam, conv, lin and pos stand, respectively, 
for boundary, diameter and convex, linear and positive hull. o( • ) is the Bachmann— 
Landau symbol.

2. Preliminaries

This section contains a collection of simple results which will be needed in the 
proof of the theorem in Section 3.

(1) Let f ,  f ,  ... be a sequence of isometries o f (Ж, b) ( into itself) such that 
I fo ) , I fo ), ... are contained in a bounded subset o f E d. Then there exist a 
subsequence Ikl, Ika, ... and an isometry /„ such that 70(C )=  lim lkl(C) for all
сеж .

This has been proved for fd , à) in [7]. The same proof is valid in the present case 
if the more general version of the Blaschke selection theorem (as stated e.g. in [8], 
p. 154, or [13], p. 91) is used. The next proposition is due to Gruber [4]:

(2) Any isometry o f (Ж  <5) which maps some point onto a point is generated by an 
isometry o f E d.

For C, DpAÍthe definition of S(C\ D) shows that there is a point c£C (or D) such 
that for each point deD  (or C, respectively) which is nearest to c we have ||c —J[| =  
= ô (C, D). In general c and d will not be unique, c — d will be called a b-vector and 
(c — d)/\\c — d II a 5-unit vector from D to (the point c of) C. We show:

(3) Let C, C0, C f.fd  be given such that b(C, C0) +  <5(C0, Cl) = b(C, Q) and suppose, 
that there exists a b-vector from  Cj to ceC. Then there exists a b-vector from 
C, to C0.

Choose c0eC0 nearest to c, and cleCl nearest to c0. Then the definition of b implies 
llc — co!l =b(C, C0), ||с0-с , | | S<5(C0, c i) and thus llc - ci l l = l k - coll+ lko-c,||S
ä (5(C, C0)+ b (C0, C,)=«5(C, C,). Our assumptions show that c has distance
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fe<5(C, C,) from each point of C,. Therefore equality holds in each of the above 
inequalities. In particular ||c0—c,|| =<5(C„, C,). Since c f C t is nearest to c0ÇC0 we 
infer that c0—c, is a ^-vector from C, to C0. This proves (3). Essentially the same 
proof yields the following result:

(4) Let CQ, Cx, C2, . . . ,  C fJ fb e  such that (5(C0, Ci)-M (Q> C2)+ ...+ i5(C i_1, C,) — 
= ô (C0, C,) and suppose that there is a b-vector from  C, to c f C 0. Then there 
exists a vector и which is a b-unit vector from each o f Clt ..., C, to c0e C0.

Choose Ci^Cj nearest to c0, c f  C2 nearest to clt ..., c f  Ct nearest to c^x- As before
Ik o -cJ  ^  b(C0, Cj), ..., ||c ,_ i-c ,|| S  i(C ,_ lf Q .

Hence
IIc0- c , II ^  lko -c1|| +  ... +  | |c / - i - c l|| =  á(C0, Cj) +  ... + á(C ,_ j, Ci) =  <5(C0, C,).

Since the assumptions in (4) imply that c„ has distance ^<5(C0, C,) from each point 
of Ct, equality holds throughout. This implies that ||c0 — C;|| = b(C0, C() for {1, ...,/}  
and that c0 — cx,c0—c2, .... c0—c, are positive multiples of each other, thus con
firming (4).

The next two propositions are obvious:

(5) Let C, D eiï, cÇC, deD be given. Then |||c — i/|| —<5(C, D)|ëdiam  C +diam  D.
(6) Let C, DecC. Then b(C, D )^ b (conv C, conv D).

The smoothness of || - 1| yields the following results:

(7) Let R be a ray in Ed and a£R + . Denote by ' the orthogonal projection onto R. 
Suppose that for A£R+ compact sets С, С{Х)^.УГ are given such that С', C (?.)' ̂  0, 
C, C(X)œ R + <xU and min {||y\\\y£C(X)}-* +°° as A— +°°. Then, as А-~+°°,

<5(C,C(A)) =  5(conv C ,  C(A)) +  o(l)
=  <5 (conv C ', conv С (A) ')+ о ( 1 ).

(8) Let C, DeV. Then f |  {x+ C + b(x, D)U} = C+D.
xCE*

We will also need the following properties of convergent sequences in

(9) I f  C0, Clt ... € JT with Cx, C2, . . .—C0 then
conv C], convC2 convC0.

(10) I f  C0, Cx, .... D0, Dx, ...e V  with Ct , C2, . . .— C0, Dj, D2, . . .— D0 then
Cx+Dx, C2+D2, ... -*■ C0+D0.

Let ix, be orthogonal transformations of E J and At , A„Ç[0, 1] with 
A1+ ...+ A „ = l. The mapping m: V-+V defined by

m (C) := {Aj ix(xx) + ...  + A„ i„(x„)l*i, ..., xne C } for C€V
is called a rotational mean (see [8], p. 168). Then the sphericity theorem of Hadwiger 
may be formulated in the following way:

(11) Let D eV  consist o f more than one point. Then there exist a sequence т1г m2, ... 
o f rotational means and a number ß€R+ such that mx(D), m2(D), . . .—qU.
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If D has non-empty interior this is the theorem as stated in [8], p. 170. If D has 
empty interior choose some rotational mean / such that 1(D) has non-empty interior. 
Then there are rotational means l1, / , , ... such that / ,(ID), IfiJD), ... converges to 
a ball with center o. Now let m1:=llol, w2:= /2o/, ... . Taking into account that a 
composition of rotational means is again a rotational mean, we see that (11) holds 
also in the case when D has empty interior.

3. Proof of the Theorem

If i is an isometry of E d, then the mapping I: Ж^-Ж  generated by i is obviously 
an isometry of (Ж, <5).

Conversely assume that I: j f —JCis an isometry of (Ж, 5) (into itself).
In the first part of the proof we construct an isometry J  which is closely related 

to /  and will permit us to construct an isometry i of E d.
For each k e N define an isometry Ik of (Ж, (5) by Ik(C):= (\/k) I(kC ) for С£Ж. 

Since / 1(0), Ifid), ... —{0}, (1) yields the existence of a subsequence Ikl, 1кг, ... 
and of an isometry 4  of (Ж, <5) such that

(12) /„(C) =  fim Ikl(C) fo r  all Се Ж

In particular Ifio)={o}. Hence by (2) there exists an isometry of E d such that

(13) I0(C) = i0(C) fo r  all С^Ж.

Since I0(o)= {o}, we have ia(o) = o and thus i0(U)=U. Therefore fim 4,(o) =  
=  /„(o)= {0} and UmIkl(U )= I0(U)=i0(U) = U. Choose e€]0, l/2[ and such
that the mapping

(14) J(:= Ikm) defined by J(C):= I(k mC) for each Се Ж

is an isometry of (Ж, 5) satisfying the inequalities

(15) <5(0, / ( 0)) [=  ,5(4(0), 4 » ) ]  <  e,

(16) <5(6/, J(U)) [=  <5(/„(t/), 4 m(£/))] <  e- 
We shall establish the inclusion

(17) J ( x ) c  {y|||x||— e ^  ||y|| ^  ||x||+e} for each x e E d with ||x[| ^  1.

Choose X. Then ô(J(o), J(x))=ô(o, x) =  ||x|| yields / (x )c /(o )  +  ||x|| U and (15) 
implies J(o)czeU. Thus

(18) / ( x ) c [ / ( 0)-H |x||6/ C 8 6 /+ ||x ||6 /= ]{y |||y || ^\\x\\+s}.

This proves half of (17). Since by (16) U(^J(U) + eU, we deduce from (18), ||x ||^ l  
and г£]0, l/2[ that

(19) J(x) a  [(e+||x||)6/ =  6/+(e +  ||x|| — 1)6/c  

c  / (  U) + (H x|| +  2e - 1  ) U c ]  / (  U) +11 x|| 6/.
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Because of (16) / ( f /) c ( l+ e ) i7 . Hence for each ydJ(x),

(20) J(U) c  [(1 +e)U c y + ( IMI +1 +e)U c ]  7 (x )+ (M  +1 +e)U.
The definition of <5 together with (19) and (20) shows that

max {||х||,1Ы1 +  1+е} S  b (J (x), J ( U)) =  <5(x, U) = ||x|| +  l.

Thus llTll +  1+ß —ll^ll+  1 for each y£J(x)> i-e-> 7(x)c:{>'|||x|| — б^||у||}. This proves 
the second half of (17).

Now we take the first step towards a description of the images of points and 
prove

(21) diam/(/c,x) =  o(kt) as l -* °° for each x 6 £ d\{o}.

If x is given, then (14), (12) and (11) imply that

j -  J(k,x) = 4-■  T  /(*«(*•*)) -  ~  I0(kmx) = i0(/cmx).
Kl Km Kl Km Km

Consequently, diam ( l/k l)J(k lx)^-0  as /-*-<». This proves (21).
We show:

(22) For each xd S and Id N the set 7) of pairs (и, c)d S x J (o )  where и is a b-unit 
vector from J(ktx ) to cdJ(o) is non-empty and compact.

Choose x, l. J{klx)cz(kl-\-e)U by (17). Since (16) implies UczJ(U) + eU we conclude 
that J(k lx )c J (U ) + (ki + 2E — l)U c:J(U ) + klU. Therefore each point of J(k tx ) has 
distance ^/c, from some point of J(U). Taking into account that b(J{klx), J(U)) = 
=b{klx, U) = k l + 1 the definition of ^-vectors implies that there is a «5-vector 
from J(k,x) to J(U) and

b(J(U), J(o))+b(J(o), J(ktx )) =  [<5(7/, o)+b(o, k,x) =  1 +k,] = b(J(U), J(k,x)).

Thus by (3) there is a «5-vector from J{kxx) to some cdJ(o). Hence 7)^0 . The 
compactness of 7) is obvious. This concludes the proof of (22). The following is a 
refinement of (22):

(23) For each xd S  there is a unique vector ud S and some point cd. J{o) such that 
и is a b-unit vector from J(k lx) to cdJ(o) for each / f  N.

Let x d S  be given. For each Id N

<5(/(o), 7(/c1x)) +  á(7(/c1x), J(k2x))+ ■■■+b(J(kl- 1x), J(ktx}) =

= k1 + (k2 — k1) + ...+ (k l - k t- 1) = b(J(o), J(k,x)).

By (22) there exists a «5-unit vector from ./(/c,x) to some cdJ(o). Now (4) implies 
existence of a vector ud S  such that и is a «5-unit vector from each of 
J(kxx), ..., J(k,x) to cdJ(o). Using the notation of (22) we have Г1П ...П Г ,^ 0  
foreach Id N. Since Tx, T2, ... are compact T:= П {T^/CíN}^. If (u,c)dT  and /£N, 
the vector k,u is a «5-vector from J(k tx) to cdJ{o). To prove uniqueness of и choose
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(и, с), (v, d)d Т. Then с —кги, d —k ivÇiJ{klx) for all /6 N by the definition of (5-vectors, 
and thus

|fc,||u— u||— ||c—d |||[S  H(c — ktu) — (d — ktv)\\ ä  diam J(ktx)] = o(k,) as l — <=°

by (21). Hence u=v, concluding the proof of (23).
Let —i denote the map x~*u of S  into itself appearing in (23). Then

(24) i: S-+S is an isometry.

Let a:, and let u:= —i(x), v:= —/(>’). Then for each /ÇN the vectors ktu, ktv 
are ^-vectors from J(k,x) and J(k ty) to points c,d£J(o). Hence c — k lu£j(k,x), 
d —k lvÇiJ{kly). From this, together with (5) and (21) we infer

\W (c -d )-k l(u -v )W -k l\\x-y\\\

[=  | | | ( с - М )  —(d —M )ll- ő ( J ( k tx), J(k,y))\

=> diám /(/c, x) +  diam J(k l y)]

=  o(k,) as l — °°,

thus proving (24).
i can be extended uniquely to an isometry of E d which will also be denoted 

by Let

(25) К-.ЛГ^ЛГ be defined by K(C):=  Г ](У(С)) for C£JfT.

Obviously, К  is an isometry of (fii, S). The propositions (17), (21) and (23) now take 
the following form :

(26) K(x) c  { y |||x ||-e  ^  ||y|| sa ||x||+fi} for x€E d with ||x|| ^  1,

(27) diam K(ktx) =  o(kt) as I  —► oo for x£E d\{ o } ,

(28) for all x£ S  and /£N the vector —k tx  is a b-vector from K{ktx) to a cÇ_K(o). 

(26)—(28) will be used to prove that

(29) K(k [X)  c  lin {.v} +  2ei/ for x £ S  and / £ N.

Let a; and l  be given. Suppose there exists a w £ K ( k t X )  which is not contained in 
the cylinder on the right-hand side of the inclusion (29). Then one can choose a 
point

z£S  with (x, z) =  0, w =  £x: +  Cz, ( < — 2e.

Let (pd]0, n/2[ be so small that

(30) |£| sin (p+C cos q> <  — 2e.

Since z is orthogonal to a; we have

(31) IIfc/ас — kmz\\ <  km + e for all sufficiently large m£N.
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Since ||z|| =  l, (26) yields

(32) K(kmz) c  {y\km- e  S  ||y|| ё  km+e} for each mÇN.

Applying (28) to z we see that there exists a point ddK(o) such that for all m the 
vector —kmz is a <5-vector from K (kmz) to ddK(o). (27) implies diam K (kmz) = 
=o{km) as w - » .  Hence K (kmz)< z{y\hy-knz\\*o(km)} as m —►oo and thus

(33) K(kmz) c COS (p for all sufficiently large mÇN.

Fix an m£N for which (31) and (33) hold. Then the definition of Ô, (32), (33) and 
(31) imply

(34) weK(klX) c  K(kmz) + S(K(k,x), K(kmzj)U

= K(kmz) + \\klX- k mz\\U

c  jy|fcm- e  ^  ||y|| km + e, z j  s  cos(pJ +  (/cm+ e)t/

=: A+{km+e)U.

lin {z} is the axis of rotation of the compact set A. Thus there exists a point y£ACl 
fllin (x, z} which is nearest to w=ÇX+ÇzÇ_ lin {x, z). An elementary argument shows 
that y = (k m—e)(sin <p • sign <; -x+ cos (p • z). (Here sign 0=0.) From this together with
(34) and (30) we deduce that

(km+e)2 ë  II w - y II2 =  (Ç -(k m- e )  sin <p sign ^)2 +  (C-(/cm-e )  cos cpf

= (km- k )2-2\Z\(km- e )  sin <p-2\Ç\(km- e )  cos (p + t 2+C2

^  k2m- 2 k me+E2 + 2(km-e ) ( - \£ \  sin <p-Ç cos <p) + Ç2

>  fcm—2fem e+ в2+ 2  (fcm—e) 2e+ 4e2 =  (/cm+e)2.

This contradiction shows that our assumption was false, thus confirming (29).
The next part of our proof contains a rough description of the images of points. 

This will be used to obtain a rough description of the images of arbitrary compact 
sets. It will turn out that the convex hull of the image (under K) of a compact set 
can be obtained in a simple way from the convex hull of the set itself.

At first we show the following proposition:

(35) Let x£ S  and denote by I I  (x) the supporting half space o f K(o) with eXterioi 
normal vector — x. Then

K(k,X) c  7/(x) +  (/c, +  o(l))x  as I -

Because of (28) there is a point c£K(o) such that for each / the vector — k lX is a 
<5-vector from K(k,X) to c£K(o). Therefore the definition of (5-vectors shows that 
Äi(&,x)c{_y||| — c|| a /r,( =  ll —/c,zc||)}. Furthermore c+ klX£K(k[X), together with (27) 
and (29) shows that K(ktx) e p o s  {x}+2eU. It is obvious that cÇbd H (x). From
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these statements we conclude that K(klx)czH(x) + (kl + o(l))x  as This proves
(35) . Next we prove the following:

(36) Let zdEd, xd S  and let H(x) denote the supporting half space o f K{o) with 
exterior normal vector —x. Then K(z)czz + H(x).

Let jих be the orthogonal projection of z onto lin {a}. Clearly,

(37) ||z — fctx|| =  к,—р + о( 1) as l — °°.

Since <5(convAXz), conv ^r(A:,x))^(S(.K(z), AT(Äqx)) =  ||z — k tx\\ by (6) it follows 
from  (35) and (37) that

K(z) c  conv K(z) c  conv K (klx) + \\z — klx\\ U

cz 7/(х)+(/с(+ o(l))x  +  (/q—p + o(l))U

--- H (x )+ p x+ o ( l)x  =  H(x) + z+ o (\)x  as l °°

and thus K(z)<zH(x) + z concluding the proof of (36). An immediate consequence 
o f (36) is that

(38) conv A"(z) c  z +  conv K(o) for each zdE d.

The following refinement o f (38) will be required later on

(39) conv K (z)  =  z +  conv K(o) fo r  each zdE d.

Considering (38), (25), (14) and the definition of Ik we see that so far we have proved: 
F or each isometry of (Ж, 8) the convex hull of the image of an arbitrary point z 
is contained in a translate o f the convex hull of the image of o. Applying this to 
the isometry Kz of (Ж, ö) defined by K,(C):= K (C + z) for Cd Ж  one sees that for 
each zd.Ed the set conv K(o) =  conv Kz(~z)  is contained in a translate of conv K(z) — 
=  conV Kz(o). Together with (38) this proves (39).

Given xd S let '  denote the orthogonal projection onto lin {x}. Line segments 
o f the form [ax, ßx] will be written simply as [a, ß]. The following propositions
(40) and (41) will be used in extending (39) from points to arbitrary compact sets C. 

(39) together with (7) implies:

(40) Let xd S be given. Then

ô(C, K(Xx)) = (5(convC', conv/Г(Дх)') +  о(1) 

as A-*±°o for each Cd Ж.

We show:

(41) Let xd S  and conv K(o)' — [a, ß] (aSß). Then conv K{[p, v])' =  [a +  /q ß+v]for 
all p, v£R with v — p > ß  — a ( =  0).

Choose p, V and let conv K([p, v])'=:[cr, г](о-^т). (39) yields

conv K(kx)' [ =  (conv К  (о) +  Âx)' =  conv А(о)' +  Ях]

= [a+A, ß + E] for each A£R.
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From this together with (40) we conclude that

(42) max {a+A — it, ß + X — т} =  (5([<т, т], [a +  A, /J +  А])

=  ő(conv K([ß, v])', conv K(lx)')

=  <5(/sT([>u, v]), АГ(Ялг)) +  о(1) =  <5(0, v], Ax) +  o(l)

=  A—/i +  o( 1) as A-*- +  °°,

(43) max {<т — a +  A, t  — /? +  А} =  <5([<x, т], [а — A, ß — А])

=  á(conv К(\р, v])', conv К( — Ах)')

=  <5(*([/i,v]), tf(-A x))+ o (l) =  í(l/i,v], -A jc) + o(I)

=  v + A +  o(l) as A-»- +  °°.

In particular, а +  А — cSA — /i +  o(l), z —/?+Asv+A +  o(l) (as A-*-+°o) and there
fore a +  /iSff, T ^ß  + v. Suppose a+/í<<r. Then а+А —<x<A—/i +  o(l) and thus 
/? +  A — z =  A — /i +  o(l) by (42). Hence ß = z - ß .  Together with /i< v  this implies 
z — /? +  A =  ji +  A<v + A +  o(1). Now (43) shows that a — a +  A =  v +  A +  o(l), i.e., 
а =  ст — v. It follows from ß = i —ß and a=a — v that ß — a = (v — /i) +  (z — <r)^v — ц, a 
contradiction. Therefore а.+ц—а. Similarly, one can show that t= j8 +  v. Thus 
[<r, z] =  [a +  ̂ , )5 -+ v], confirming (41).

(44) For all x£ S  and ß, v£R+ (/k v ) /Ac inclusion K([ß, v])c[//, v]+conv K(o) 
holds.

Choose X, ß, v. Then (44) is a consequence of the definition of S, (6), (39) and (8), 
namely

K([ß, v]) c  conv K([ß, v])

с  П {conv /T(z) +  <5(conv K(z), conv K([ß, v]))t/}
z£Ed

с  П {z +  conv K(o)+ô(z, [/I, v])t/}
zÇEd

=  [ß , v] +  conv K(o).

It follows from (44) and (7) that

(45) for all x£ S  and CÇ.3+ we have

<5 (conv C ,  ±[A, 2A]) =  <5(C, ±[A, 2A]) +  o(l)

=  0(K(C), AT(±[A, 2A]))+o(l)

=  c5(conv К(СУ, conv Ai(±[A, 2A])') +  o(l) as A->- +  °°.

We are now in a position to prove that

(46) for all CÇ.JT and x £ S  the equality conv K (C )'=conv C ' +  conv K(o)' holds.
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For given С, X let conv K(o)' = [oc, ß] (a Ш ß) be as before and suppose conv C" = 
=  [£> '/] (£ =  »?), conv K(C)' = [(p, ф] (<р^ф). Then (45) and (41) yield

2A — rj = (S([£, tj], [A, 2/.]) — <5 (conv C', [A, 2A])

=  (5(conv К(СУ, conv K{[X,2A])') +  o(l)

= 0{[<р,ф], [<x+X,ß+2X])+o(l) = 2 X + ß ^ + o ( l )  as A -  +  °°,

2A +  { =  <5([£, ri], -[X, 2X]) = ö (convС', -[A, 2A])

=  Ô (conv К(СУ, conv K( -  [X, 2X])') +  о ( 1 )

=  с>([<р, ф], [ос — 2Х, ß — А]) +  о(1) =  (р + 2Х — а +  о(1) as А —+  °°.

Consequently, 2X — ̂ ] = 2X + ß — ф + o{\), 2Х + ̂  = ср + 2Х — а +  о(1) as А-*-+°° and thus 
<р =  ос +  £, ф=ß + r|, i.e., [(р, ф] = [£, rj] + [<x, ß]. This proves (46). An immediate con
sequence of (46) is:

(47) For each the equality conv K(C)=conv C+conv K(o) holds.

We now come to the final part of the proof. First we suppose that K{o) con
sists of more than one point. Then it is possible to construct an isometry L  for 
which L{o)=U. Now an investigation of images of sets consisting of two points 
only shows that L cannot be an isometry. This shows that we need to consider only 
the case when K(o) consists of a single point. Then apply (2) to prove that К and 
thus I  is generated by an isometry of Ed.

Suppose K{o) consists of more than one point and let Z>:=conv K{o). By (11) 
there exists a sequence of rotational means m1,m 2, ... such that

(48) m fD ), m 2(D), ...-+ qU for suitable £>€R+.

Given ÆÇN suppose mk(C)=X1i1(C) +  /„(C) for and let Kk:
defined for by

Kk{C):= Q~i X1 у (K(Xr1 i f 1 (A2ia(K(X2 1 i2- 1 ... { X J M íX ^ í^H qC ) ) ...).

It is easy to see that Kk is an isometry of (Ж, <5) for each k. Furthermore (47) yields

(49) conv Äfc(C)[= о - 1 Ax i1 (conv (K(Xf1 i f 1 (X2 i2 (K (Х2г i2 1...))))))

=  e - 1 Al il (conv (Af1 i f 1 (A2 i2 (K(X2 1 it- 1 ...))))+£>)

-  cony(e~1X2i2(K(X2 1i21 ...))) + Q^Xxi^D)

=  Q~1X2i2(con\(K(X21i21 ...))) +  0 - 1A1i1(D)

=  0- 1A2i2(conv(AT1i r 1 ..■)+D)+Q~1k1ii {D)
= conv (...) +  e -1 (Ax h(D)+ A2 i2 (£>)) =  ...]

= conx C + q_1 mk(D) for each CdJf.

This together with (48) implies that conv Kk(o) = Q~1mk(D)-»U. Therefore the 
sequence K fo), K2(o ),... is contained in a bounded subset of E d. Hence (1)
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shows that there are a subsequence Kkl, Ккг, ... and an isometry L of (Jf, S') 
such that

L(C) =  fim Kkl(C) for each

From this together with (9), (49), (48) and (10) we infer that

(50) L(C) c convL (C )[=  conv IimÀTt |(C) =  Umcon v Kki(C)

=  Нш(сопуС +  е _1т 4(£)))] = c o n v C + i/ .

Let X , y£ S  be chosen so that ő(x, j O ( = | | x — j ||)=2 sin (71/8). Then

(51) <5({—Ax, Ax}, { — Xy, Ay}) =  2A sin fo r  each A£R+.
О

Let '  and " be the orthogonal projections of Ed onto lin {x} and lin {j}, respectively. 
For line segments [ax, /Jx]clin{x} we simply write [a, ß]. Let S(x) denote the 
hemisphere {z£S|(x, z )s0} . Similar notations will be used for y. We have

(52) ( — S(x)—Ax)U(.S(x)+Ax) a  L({ —Ях, Ax}) с  [—A, A] +  U for each A£R+,

L({—Ax, Ax})'c [—A—1, —A + o(l)]U[A—o(l), A + 1] as A—+  °°.

To prove this choose A£R+. By (50) conv (L({—Ax, Ax}))=[—A, A]+ U. Since 
each extreme point of the convex hull of a compact set belongs to the set, 
( —5(x) —Ax)U(S(x) +  Ax)c;L({ —Ax, Ax}). This proves half of (52). Now assume 
A >2. As before

(-S(x) - ^ x)u(s(x)+Ax) c l ([--|, 4])'

This together with (48) and the first part of (52) implies

L(["T- t])+(t+1)ü э [((-эд“4*)и(эд+т*)Ыт+1) u
з  [—A, X\ + U 3  convL({-Ax, Ax})] з  L ({—Ax, Ax}).

Thus <5([— A/2, A/2], { — Ax, Ax})=A>(A/2)+1 and the definition of 5 imply that

(53) L({-A x, Ax})+/it/ 3  l ( [ - 4 ,  4 ] )

holds for yt — X but not for  ji£[0, A[.
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In order to prove

(54) L ({-A x, Ах})'П]-А+е(А), A-e(A)[=0

where г (A) =  max {A — ^A2 — 2, 2A — 2 У A2 — l}

assume that there is a point z£L({ —Ax, Ax}) with z'Ç] — A + a(A), A — e(A)[. Then by 
the first half of (52) and (47)

£ ({—Ax, Лх})+ц(/ 3  [(( — S(x) — Àx)U (S(x) + Àx)U {z}) + ftL/

\ *■ Л1 rr ( Í A Al) rr ] T ( Г A Al)3 — +  U =  conv — —, zx + C  3  \ l \ — I Il 2 2 J l L 2 2 \)  \ \ L 2 2 J)

for some n f[0, A[, which contradicts (53). Thus (54) holds. The first half of (52) 
together with (54) proves the second half of (52). The same reasoning yields:

(55) (-S (y )-A y)U (S (y ) +  A y)cL({-A y,A y})c=[-A y,A y] +  t/  for  A çR +, 

L ({-A y, Ay})" c  [( — A— l)y, ( —A +  o(l))y] U[(A —o(l))y, (A+l)y] as A — +  °°. 

Choose a coordinate system in lin {x, y} such that x = ( l ,  0), y =  (l//2", l/j/T). Then

z;— A y + ^ - s in |- ,  cos-^j€5(y)+Ay c  L({-Ay, Ay})

by (55). The point of T({ — Ax, Ax}) which is nearest to z is of the form Ax+(0, l) +  w 
with IIw|| =  o(l) as A—+°° by (52). Hence

(56) [|z—(Ax+(0, l) +  w)|| S  2A sin-^-+ il—c o s y j  +  o(l) as A — +  » .

On the other hand the definition of <5 and (51) imply that

||z —(Ax +  (0, l) +  w)|| =  ô(L{{-À x, Ax}), L({-Ay, Ay})) =  2Asin^-

which contradicts (56). Hence K(o) cannot consist of more than one point.
Now assume that K(o) consists of one point only. Then (2) implies that the 

isometry К  of (Ж, S) is generated by an isometry of Ed. Because of (25) and (14) 
this shows that /  is generated by an isometry of E d, concluding the proof of the 
theorem.
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SOME APPLICATIONS OF BOOLEAN SKEW-LATTICES

by
LADISLAV BERAN

Abstract

The lower and upper symmetric difference in an ortholattice L are defined. If L  is ortho- 
modular, conditions are given such that L  admits the Boolean structure. We use a theorem of Mars- 
den on the distributive identity in orthomodular lattices to obtain a similar result for Boolean 
skew-lattices.

§ 1. Introduction

Let i f  =  (L, V, Л, х ,0 , 1) be an ortholattice. Recall that the Boolean skew- 
lattice i f - corresponding to an orthomodular lattice i f  can be introduced as the 
algebra i f '  =(L, V, A, -L,0, 1) where the derived operations V, A are defined by 
a \b  = (a/\b±)\lb  and aÄA =  (aVbL)!\b. For basic facts about Boolean skew-lattices 
see [4], and for basic ortholattice definitions see [1].

§ 2. Properties of symmetric differences

Let i f  denote an ortholattice and let a,b£L. By definition, aDb = (aL\JbL) A 
A(aVè), aÂb = (aLt\b)\J(a/\bL). The operation D (respectively A) is called the upper 
(respectively lower) symmetric difference.

The next lemma follows easily from the definition and is given without proof.

Lemma 1. Let i f  be an ortholattice and let a, bÇ L. Then

(i) a Ab ^  aDb]

(ii) (aDb)x =  aAbL =  a±Ab;

(iii) (aAb)-1 =  aDbx =  aLDb.

If i f  is an ortholattice and a, b^L, write aCb if and only if a=(aAè)V(aA6-L). 
In this case we say that a, b commute.

A M S (MOS) subject classifications (1970). Primary 06A30.
Key words and phrases. Boolean skew-lattice, orthomodular lattice.
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Theorem 2. Let üf • be the Boolean skew-lattice corresponding to an orthomodular 
lattice d£ and let a, bÇ_L. Then

aDb =  (a-LAb)V(aAb-L) =  (bÂ ax)V(bx Aa);

аЛЬ =  (ax Vbx)Ä(aVb) =  (a Vb)A(ax Vbx).

Proof. Let

V = (a± A b)ÿ(a /\b±) = [(a J- V bx)Ab]V[(aVb)Abx].

Since bL Cb, è x Cax V£x , a\JbCa and aV6Cax Vb-1, we have

L =  [(ax Vbx)Ab]V[(aVb)Abx] =

=  {ax VhxV[(aV6)Abx]}A

A{bV[(aVb)Abx]} =  (a x Vbx)A(aVb).

By a similar reasoning we also have the second assertion.

Theorem 3. I f  ST is an orthomodular lattice and a, bÇ_L, then the following con
ditions are equivalent:

(i) aCb;

(ii) a Ab = aDb;

(iii) a Ab S  aDb.

Proof. That (i) implies (ii) and (ii) implies (iii) is obvious.
Now, suppose

(a x Ab)V(a Abx) S  (ax V hx)A(aVh).
Then also

а x V(aAbx) =  a xV[(ax V bx)A(aVb)].

But a^C adb  and a x Cax Vb1. Thus a-LV(aAèx)S a-LV^-L and, consequently, 
« J-V(aAAJ-) =  a J-VA-L. Hence аА(ах Мb)=aAb  and, by [1, p. 53], it follows aCb.

Corollary 4. Let jSf • be the Boolean skew-lattice corresponding to an ortho
modular lattice A£. Then the following are equivalent:

(i) Va, b£L  (ax Vbx)A(aVb) =  (ax Vbx)A(aVb);

(ii) Va, bdL  (ax Áb)V(aAbx) =  (ax Ab)V(aAbx).

(iii) .Sf is a Boolean lattice.
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Theorem 5. Let be the Boolean skew-lattice corresponding to an orthomodular 
lattice i f .  The following are equivalent:

(i) if -  is a Boolean lattice;

(ii) i f  is a Boolean lattice;

(iii) \fa ,b ,c £ L  aA(bDc) — (aAb)D(aAc);

(iv) Va, b, c£L aA(bAc) = (a!\b)A{al\c)\

(v) Va, b, c£L ah(bDc) = (aAb)D(aAc);

(vi) \fa ,b ,c £ L  ah(bAc) = (a/\b)A(aAc).

Proof. It is easy to see that in a Boolean lattice the conditions (iii)—(vi) hold 
and that (i) and (ii) are equivalent conditions.

(v) =>(ii). Substitution b = a A yields

l =  a /\(a± De) = aÄ[(aVcJ-)A(a-LVc)].

However, aCaVcx, aCaxVc and so

I =  aA(aVcx)A (ax Vc) =  aA(ax Vc) =  cÁa.
Obviously,

r = (aÀ a±)D(aÀc) =  0 D{af\c) — ahc.

Using [4, p. 54], we get aCc for every a, c£L.

(vi) =>-(ii). Put b — a1 . Since aCaAc and aCa±Ac±, we then have

A =  aÂ(a-Mc) =  aA(a± Ac) =

=  aA^aA^ViaJ-Ac-1-)] =  aAc.
Again, we get

Q =  (аАах)А(аАс) =  0 A(aAc) =  aAc.

This together with [1, p. 53] gives aCc.
The proof of the rest of the theorem is now routine.

Corollary 6. An ortholattice A£ is orthomodular if and only if (a\l c) A 
Л[(ах Лсх)£)с] =  с for every a, c€£.

Theorem 7. I f  JT is an orthomodular lattice, then the following statements are 
equivalent:

(i) d£ is a Boolean lattice;
(ii) the operation A is associative;

(iii) the operation D is associative.

Proof. 1) Suppose A is associative. Since Ax Ca-l Ab and bx CaAb±, we have 

l = (a Ab) Ab = {[(ax Ah)V(aAbx)]-LAh}V {[(ax Ab)V(aAbx)]Abx} =

=  [(aVbx)A(ax Vb)Ab]V(aAbx) =  [(aVhx)Ab]V(aAbx).
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On the other hand, r=aA(bAb)=a. By hypothesis, l= r  and it follows that (аУ br ) A 
A(aVЬ)=аУ[(аУb±)Ab]=a. In view of [1, p. 53] we can assert that aCb for every 
a, b£L.

2) In order to investigate D, we observe that, by Lemma 1,
[{aDb)Dc\-<- =  {aD byAc = (aA b^A c.

Similarly, aA(b±Ac) = [aD(bDc)]±. Hence D is associative if and only if A is asso
ciative.

T heorem  8. Let x, у  be elements o f an orthomodular lattice. Then x  and у  do 
not commute i f  and only i f  the element xDy is the greatest and the element xAy the 
least element of a sublattice having the diagram o f Figure 1:

P roof. 1) If xDy and xAy  are elements with the indicated property, then x
and у  do not commute by Theorem 3.

2) Conversely, if x, у  do not commute, 
then, again by Theorem 3, xD y^xA y. 
Write, as usual, a /b \c /d  (or c/d /a /b)  
if and only if bA c= d  and b\lc=a. Put

x0 =  xAy, x 1 = (x-LV y ±)A[xV(xJ-Ay)], 
X‘2 =  (x-LVy-L)A[yV (у-1 Ax)], 
x3 =  (xVyOALyJ-VCyAx-1)], 
x4 =  (xVy)A[xJ-V(xAy-L)], x5 = xDy.

By orthomodularity, we can easily show 
that

x5/xi \  x j x 0/ x f x 3\ x 2lx0/

У  x5/x4 \  x3/x0 /  x5/x2 \  Xi/X0.

Then since x0^ x 5, we have x ^ X j  for 
every 0 ^ i ^ j= 5 .

§ 3. A distributive identity

In [2] we established the basic cases in which holds the distributive identity 
in Boolean skew-lattices. For orthomodular lattices, a similar investigation has been 
studied in [3]. Here we give an analogue for a result of [3] in Boolean skew-lattices.

T heorem 9. Let A£' be the Boolean skew-lattice corresponding to an orthomodular 
lattice d£. I f  a, b, c, d£L are such that aCb, bCc, cCd and aCd, then

(aV b) A(cV d) = [(aÄd)V(bAc)]V[(aAc)V(bAd)]
i f  and only if

aV b\/ cLCd and aV bV d±Cc.
Proof. 1) By assumption, a\lb~-d jb  and сУ d= cdd. Therefore, 

l = (aV b)Ä(cV d) =  (aVb)A(cVd) =
=  [(aVhV(c-LAd-L)]A(cVd).
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Notice that /={aV[(6Vci-)A(èV^-L)]}A(cVi/) since bCc-1 and c± Cd±. Now, the 
element by d1 commutes with all the elements of the subalgebra (a, b, c, d) of i f  
generated by a, b, c, d and so

l =  (аУ ЬУ сх )А(аУ by dx )A (cy  d).
Further,

r — [(aÄi/)V(bAc)]V[(aAc)V(bÄd)] =

=  [(aAd)V(bAc)]V{[(uVc-L)Ac]V[(bVd-L)Ad]}.

In order to simplify this expression, observe that (aV cx)Ac and (by d x)Ad  commute. 
Hence,

r =  {[aAdA(b-LVc-L)]V(hAc)}V {[(aVc-L)Ac]V[(bVd-L)Ad]} =

=  {[(aAdA(b-LVc-L))V(bAc)]A[c-LV(a-LAc)]A[(b-LAd)Vd-L]}V 
V{[(aVcx)Ac]V[(Wdx)Ad]}.

Here we have aAdA(bx y  сх)СЬАс, bAcCc1, cx Cax Ac and ax AcCaAdA(bx y  cx). 
By [3, Corollary 5], it follows

r =  [(a-LAbAc)V(aAcJ-A<0]A[d-LV(b-LAd)]V{...}.
It is easy to check that ax AbAcCaAcx Ad, aAcx AdCdx , d1 Cbx Ad and bx AdCax A 
Ab Ac. By the same result we get

r = (aA bx Acx Ad)y(ax A bA cA dx)y

y[(a ycx )Ac]y[(bydx)Ad].

2) Suppose l—r. This implies

(1) (by d x)Ad ^  аУ by  cx 

and also

(2) (aVc-L)Ac S. a y b y d x .

From (1) we conclude that

ЬУ[(ЬУ dx )Ad] S  аУЬУсх .

Using the fact that ЬСЬУ d x and ЬУ d x Cd, we get (ЬУ dx)A(by d ) ^ a y  ЬУ cx . Since 
the element аУ c1 commutes with all the elements of the subalgebra (a, b, c, d), we 
can see that

,, ГаУЬУ cx ^  [(bydx)A (byd)]y(аУcx) —
( ’ \ = ( a y b y c x y d x)A (a y b y c x yd).

This yields aVЬУcx — (аУЬУсх Уdx)A (ayЬУсх Уd), i.e.,

( Iй)  аУ by cx Cd.

The same reasoning applies on (2) and so we have also 

(2') аУ ЬУ dx Cc.
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3) Actually, the conditions (1), (1") ((2), (2")) are equivalent. In fact, if (1") is 
valid, then from (Г) we can deduce that

{b\Jdx )Ad  =  (nVbVcJ-Vd-L)A(aVbVc-LVd) =  аУЬУ cx .
4) Suppose now (1") and (2") are satisfied. Then (1) and (2) hold and it is 

clear that
r = {aAbx Acx Ad)\/{ax AbAcAdx)\/[{a\/cx)Ac\\J[{b\/dx)Ad\ ^

~ (aVbVc-L)A (aV bV dJ-)A(cVd) =  /.

In order to prove the converse inequality, first note that the elements ax AbA 
A cA d x , aAbx Acx Ad  commute with all the elements of (a, b, c, d). Combining 
this remark with the fact that

[(a V c J-JA с] V [d Л ( b V d -1-)] =
=  (a\/ cx Vd)A(cVd)A(aV bV cx VdJ-)A(bVcV dx ), 

by tfVcx Cc, cCd, dCb\)dx , a\Jcx Cb\ldx and [3, Corollary 5], we conclude 

r = [aVc-LVdV(aJ-AbAcAd-L)]A(cVd)A 
A(aVbVc-LVd-L)A[bVcVd-L \J{aAbx Acx Ad)].

Since aV cx commutes with all the elements of (a, b, c, d), we get for the first expres
sion here

[...] =dV(aVc-L)V[(a-LAc)A(bAd-L)] =

=  d y  a \J cx \/{bA dx) = dV(aVbVc-L)A(aVcJ-Vd-L).

Since (1") holds, the element aVbV cx commutes with all the elements of (a, b, c, d). 
Therefore, [...] =  aVbVcx Vd. Analogously, the second expression [...] gives [...] = 
=  aVbVcVd-L. This means that

r = (aVbVcx V d)A(cVd)A(aVbVcx \ /d-L)A(aVbVcVd x) ^
S  (aVbVc-L)A(cVd)A(aVbVdx ) = I 

and, thus, /• =  /, as claimed by the theorem.
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ON A PROBLEM OF P. ERDŐS AND E. G. STRAUS

by
J. DÉNES and K. H. KIM

In [6] P. Erdős and E. G. Straus suggested the following problem:

Given a group G with finite commutator subgroup G', then there exist n (not 
necessarily distinct) elements x lt x 2, ■■■, xn o f G such that

G' = (x;ixi2... x in: (G, ..., /„) € S,}.

That is, G' consists o f the product o f all the x, in all possible order. We know that 
we can choose n^3 |G '|. What better bounds for n in terms o f  |G'| can be obtained? 
Is it possible to choose distinct x r, x 2, xn?

The aim of this paper is to obtain better bounds for n.
One of the present authors defined P- and C-groups in the following way :

D efin itio n . A finite group G of order / (a fG , /= 1 ,2 , . ..,/)  is called a P-group 
if every element b of its commutator subgroup G' or mG' (where m is an element 
of order two of G such that m $ G') can be represented by the following product 
b= ahah ...a ll, (/,, i2, ..., /,)€£,. G is called a C-group if every element of G' is a 
commutator itself (see [3]).

P- and C-groups and their interconnections were studied in [1], [2], [3]. In [10] 
A. R. R hemtulla  proved that every finite solvable group is a P-group. (Rhemtulla’s 
result implies that if G is a finite solvable group of order / then n ^ l + l  holds.)

T heorem  1. Let G be a P-group o f order l whose commutator subgroup is o f  
order r and o f index 2. Then n ^ 2 r+  1 holds.

P roof . Let ax,a 2, ..., я, be the elements of G then clearly all the products 
ahah ...a il (;\, i2, . . . , /,)£S, are included in G \G ' or in G'. Since G is a P-group,

every element of G \G ' (or G') can be represented as a product ahai2...air If JJ a,
7 =  1

is in G' then the number of factors is / and, obviously, /< 2 r + l .  In the case when
i I

I I  aij is in G \G ' then there exists at least one element b of G such that b f j  atf i  G' 
j = 1 ’ 1 = 1
and / + l = 2 r + l  holds and this completes our proof.

Theorem 2 will show that even for groups in Theorem 1 there exists better 
bound than the one in Theorem 1.

T heorem  2. Let G be a finite group and let G' be a perfect (i.e., G' = G") P-group 
o f order r then n ^ r  holds.
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P roof. Since G' is a perfect P-group of order r every element of G' can be 
represented as a product whose factors are distinct elements of G'. (By a quite recent 
jo int result of P. H e r m a n n  and one of the present authors: every finite group is a 
P-group (see [5]), so Theorem 2 is valid without supposing that G' is a P-group.)

With the aid of the above theorem one can obtain a further result which can be 
considered as a generalization of Theorem 2, see Remark below.)

/I
C orollary. For St (1^5), holds.

This Corollary is implied by Theorem 2.
An alternative proof is as follows:
In [7], [9] O. O r e  and N. Ito  independently proved that At (1=5), i.e., the alter

nating group of degree /, is a C-group. (For a generalization of Ore—Ito Theorem 
see [8].) It is known (see [1]) that if a group G of order s is a C-group and the number

sof its elements of order 2 is less than ~  then it is a P-group. This implies that A ,

(1=5) is a P-group. Since the alternating group is the commutator subgroup of the 
symmetric group the Corollary is proved.

R emark. In [3] one o f the present authors published his conjecture that every 
finite group is a P-group. A quite recent joint result of P. Hermann and one of the 
present authors gave an affirmative solution of this conjecture. (The proof of that 
result will be published elsewhere, see [5].) With the aid of the above result one can 
easily prove the following theorem:

T heorem 3. Let G0 be a finite non-solvable group i f  Gk denotes the commutator 
subgroup o f Gk_i (k=  1, 2, ..., t) and Gt is perfect o f order s and furthermore the order 
o f  the factor group G fG t is u, then every element o f  C, can be represented as a product

aiiah ■■■ ( '1*2 ••• i)€*S(
such that all the factors are distinct.

Until now (in Theorems 1, 2 and 3) we used products with distinct factors to 
represent the elements of the commutator subgroups. In the next theorem we shall 
show that for elements which are not necessarily distinct we might have better bounds.

T heorem 4. For A, (1^5) n ^  —— holds.

P r oof . Clearly, the set FI of all double transpositions (i.e., the permutations 
o f the form (ab)(cd)) form a generating system of A, (1=5). H  is a conjugate class 
of S t which does not split into two in A,, see [4]. The cardinality of FI is equal to

—— . It is easy to prove that every element of Al (1^5) can be rep-
О

resented as a product whose factors are distinct elements of H. Let us suppose 
that a ÇA, and oi = ß1ß2... ßi-.. ßk where ß ^ H  ( j=  1, 2, ..., к) and ßk=ßi since

ßl = ßl a =  ßzßi ••• ß i-lß i + l ••• ßk
where

ßlßzßl =  ßz> ßlßsßl = ßzi •••> ß lß i-lß l = ß i-1>
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and clearly /Г-s are elements of H. This procedure can be iterated until we obtain 
a product with distinct factors which form a subset Ha of H. Since every element 
of A[ ( /s5 )  is a commutator (see [7], [9]) and Hx—Hx- 1, every element a of A t 
(1=5) can be represented in the following way:

a =  ß y ß - 'y -1 = ßyß«... Ау!у2... yk.ßk ... ß2ß1yk■... у2ух;

where ßt (i—l, 2, ..., к) are all distinct elements of Hp and yj ( j — 1, 2, ..., k') are 
all distinct elements of Hy.

If the elements of H \ H p and H \ H y are ß -^ i= k+  1, ..., —— ——

, ,  , / ( /—1)(/ —2)(/—3)) . , ,у) I j —k  +1, . . . , -----------------------1, respectively, then obviously the identity ele-

» » 1(1— DCI-Tld—31
ment of At can be represented as f f  ß '2 [J y '2 where v —----------- -— -—-—. In

i= k  +  l  j = k '  + 1 »
this way we used every element of H  four times exactly we have a product with 4v 
factors. This proves the Theorem.

The results of this paper were published as a preprint of Department of Informa
tion and Computer Sciences, Faculty of Engineering Science, Osaka University 
Toyonaka, Osaka, Japan, February 1979. The authors are indebted for the referee 
of this paper who called their attention to the validity of Theorem 4.
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SOME PROBLEMS OF ANALYTIC NUMBER THEORY II

by
R. BALASUBRAMANIAN and K. RAMACHANDRA

§ 1. Introduction

In the present note we report on some progress made by us towards the fol
lowing

P roblem . Let A(x) be a complex valued integrable (in the sense o f Riemann) 
function defined in 0-=л:<°° by A (x) —0 in 0 < ;r<  1, and subject to \A (x )\^ (x  + 2)c 
where C is a positive constant. Consider the function

which is plainly analytic in <r>C. Suppose that F(s) can be continued analytically 
in a ̂ 0 o — 5 (where 0o and <5 are constants satisfying 0o^2<5>0J except possibly along 
certain lines t = tj ( j=  1 ,2 ,3 , ...). We assume that tj are distinct and do not have 
a limit point except possibly at «=. We also assume that there exists a singularity o f  
F(s) in cr>0o — ö and that 0o is the least upper bound o f  the singularities o f F(s). The 
singularities have to exist on the lines t = tj. They can be poles, algebraic singularities, 
logarithmic singularities, or essential singularities o f  any kind. We assume that they 
do not have a limit point in the finite part o f the half plane a ^ 9 0 — ô and that no sin
gularity lies on o=00—ô. Let g0 be a singularity in <r>0o — Ô and denote by D (q0) 
a disk with centre o0 within which the only singularity is q0 . Let L0 denote the anti
clockwise boundary o f D(q0), with the following point removed. Namely we remove 
that point o f intersection o f the boundary with the line i= Im  Qn which lies to the left 
o f q0. We now put

Then the problem is to find effective positive constants A, C1; C2, C3, such that i f  
m = [C2y\ then for all y  = C3 there holds

а д ,  X --.

and

л л
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1 9 4 R. BALASUBRAMANIAN AND K. RAMACHANDRA

Further i f  F (s) is regular on the line crÈïRe Qn, t= 0, and A(x) is real, then to deter
mine effective positive constants C4, Cs, C6 such that for all y = Ca there hold the 
inequalities,

M({ey, eco>)) >  C 5 R (ey)
and

m((ey, ec^)) >  -  C 5R(ey),

where M (I) and m (I) denote the maximum (resp. minimum) o f B (x)x(,mao> as x  varies 
over the interval I.

Remark 1. We give a solution of the problem where the only singularities of 
F(s) in erS0o —<5 are poles. Next we make some comments about the general problem.

Remark 2. This note is an attempt to give an effective version of a well-known 
theorem of E. Landau.

Remark 3. A number of special cases follow. For example if A 2 (x) = У) \p(n)\ —
n^x

-----гг we can take 2g0 =  the first zero of Ç(.?) on the critical line. It follows that then
г

maximum M  and the minimum m of A.,(x)x 4 in the interval eyS x ^ e 100y satisfy 
M & 10“ 1000 and m ^  —10-1000, respectively, for all 10. A similar result is also 
true for instance if

A O ) =  2  \ Z № \n^x dk/n
X

Ш

where /c=s2 is an integer. Here — has to be replaced by — . The other constants
I- 2/C

are effective and will depend on k. These results give the solution of the conjecture 
which we made at the end of § 1 of our earlier paper [1], in fact in a sharper form.

§ 2. Solution of the problem when the singularities are poles

We begin with

Lemma 1. I f  x > 0, we have

А { х + 0 )  +  А ( х - Ъ )  1 C + r + i “ ^ * s ,
----------- 2----------- = J  F(s)— ds.

^  C + 3 - i ~  Ä

Proof. It follows from the formula

1
2л i 7 ’ V s  i

—  ds = 0, -  s 2 or 1,

according as 0 < y < l,  or y = l  or y > \.  

We next introduce a definition.
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D efin itio n . With any pair of real numbers A, g with 1 <A á2, g ^  1 we introduce 
a killing operator Те0уд<х which destroys the singularities qt^Qq, of F(s) in the rec
tangle R ( qo, g, A), defined by crsRe q0, |Im q0— t |S g , as follows. We write

T eo,e, x ( n s ) )  =  F ( s ) {  П  (1 — A1- " ) } “ 
e^e0e in R(e0,9,A)

where a is the maximum of the orders of the poles in the rectangle R (q0, g, A). The 
product may destroy the singularity q0 as well. To avoid this we choose A such

that the distance ;---- - between the zeros of 1 — A1'1 is big enough depending on g.log A

Lemma 2. Let the complex numbers an be defined by
N

Teo,e,x{F(s)) =  F(s) 2  an?-n

where A„ =  A" and N  is a suitable integer depending only on q 0 , g, A. Then we have

2 аЛ°В(Хпх) =  -̂ -7
n = 0

C + 3 + /0 0 dsf  Teo,g.x {n s))x s- ‘o~ -
С + 3 - i »

P r oof . It follows by Lemma 1. 

Lemma 3. We have,

| a"A ^(A -x) =  Í  f T ' ^ M W ^ d s + ^ r  J*^eo.e,a(F(s)) — j —  ds,
L 0 L l

where L0 is already defined and L1 is defined as follows. Now Teo 9-A(F(j)) is regular 
in <rsRe q0, |Im q0 — t\< g  except at q0. We may assume that the point omitted in 
the boundary o f D(q0) to form L0 is Q0—b1, and that Твод A(F(s)) is regular in 
ffSRe (e0 — <5i), |Im (?„ — t\= g, except at q0. Let P1 = C+3 — ioo, P2 = C + 3 — ig + 
+ i 1m q0, P3 = Qo~ô1- ig ,  Pi = Q0- ô 1- io , P ^ Q o - ô ^ i o ,  Pe = eo~ôi + ig, P7 = 
=  C +3 +  zg+ nm  q0 and P8 = C+3 + i°°. L l denotes the shortest path connecting 
P1P2P3Pi in this order and then the shortest path connecting P„ Pe P- Рй in this order.

P r o o f . It follows by Cauchy’s theorem.

Lemma 4. Let Л S 1 be a real constant andm s l  an integer. Put dv= du1 du2... dum 
and f(x )  = 2  an^h°B(hnx). Then for у S i ,  we have,

л л
Л~т J  ... J  /(e?+“i+- +“m) dv =  /0 +  Л,

о о
where

J 0 = A~m f  ■■■ f  [-J-T f  ^ io .  e, a ( ^ ( s ) )  exP ( ( s  — 0 o )  O ' +  u i  +  • • • +  O )  ■“ )  dv
0 0 V Z7ÜÍ L 0 s  '

and

h  z= Л -” f  ... f  / Т ^ ^ я ^ ^ е х р ^ - ^ С у  +  ̂ + . - .  + О ) - ^ - ) ^ -
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Proof. It follows from Lemma 3. 

Lemma 5. We have

h = o exp( — A )  + ( ^ j )  ехр((у +  тЛ)(С + 3))

where the О-constant depends only on g0, g, À and is effective.

Proof. The paths P3PX and PsPe contribute О (exp ( — and the rest of the 
path Lx contributes the remaining part of the O-tcrm.

Lemma 6. Let g = 14Л exp (Л (C+3)) and m = [(С+б)^]. Further let O c^ j-d og  2. 
Then, we have,

h  = O ic x p l-yő ,)) , 
where the О-constant is effective.

Proof. It follows from Lemma 5.

Lemma 7. We have

Ш /  F ( s )  exp ((.s -<?0)>') —

where C7> 0 is an effective constant.

Proof. It follows since q0 is a pole of Твод> f f  F(s)) and also o f F(s), of the 
same order.

Lemma 8. I f  dv=du1...dum then for some n in 0 -<n<N, we have, 
л л

A ~m f  ••• /  lß (A.expO> +  «! +  •■■ +um))\dv ^

=  c 7 ^ 2  KIkReeo) I f H s )  exp ((s- 0o)y)

Proof. It follows from Lemma 7 and the definition of f(x).

Lemma 9. Let us write Re q0 = Qx. Let F(s) be regular in cr^01 + s, \t\=h. Let 
F(s) be regular in (г = вх, t = 0 and so in о = вх — ő2, | / 1 =т. Let A(x) be real for all 
x > 0 , and let

В Ax) = ^ ( Л ( х  +  0) +  Л (х -0 ) ) | x~ex

Then we have, with dv=du1du2...dum,
A  A

л ~т /  ••• f  B1(Inexp(y + u1 + ...+ u m))dv =

= 0\е~У0г + ( к У  exP (АУ + тЛ)) + { ^ ]  exp ((у +  тЛ)(С +  3 ) ) |,

where the О-constant is effective and m ё  1 is an integer.
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P roof. We start from the formula
С + 3 + i»

ifc, (a >  0),
C + 3 - io

and obtain by multiple integration (with the notation dv = du1...dum)
л л

Л~т/  • • /  exp(y + U! + ... + u j ) d v  =
0 0

2„, ,  J  c + 3 + i ~  j

/  <F(s)« < ^ 4

where y j= y + j'A  (j ' being an integer satisfying and the combinations
of signs is the obvious one. Consider a typical summand in the last expression. We 
deform the path to be the shortest distance joining the points P9, P10, Pn , P12, ..., P 18 
in that order. Here />„ = С + 3  — P10=C+3 — ih, Pll = 0l + ô — ih, P12=01+e — h ,
Pi3=01- á 2 —i t ,  Рц = 01 — ô2 + h , Р щ ^ О ^е  + ir, P ie =  01 +  e +  //i, Pl2 = C+3 + ih, 
P18 =  C +3 +  /°°. The paths P9PwPn  and Рц Рц Р ^  contribute

°(("Ж ") « Р ^ + ^ С С + З ) ) ) .

and the paths РцРцРы  and Рц Рц Рц contribute О exp (e(y + m /l))j

while the path Л» Pit contributes О (exp ( —y<52)) to the last expression involving the 
sum of 2m terms. This completes the proof of Lemma 9.

Lemma 10. We may choose r =  ő2<log 2</г without loss o f generality. N ext we

put Л=100т-1, h=  14Л exp (Л (C+3)) and /и =  [(С+6)у]. Then we have,

л  л
л ~т f  ■■■ f  В1(Лпсхр(у+ и1+ ...+ u j )  dv = О (exp ( -  yôj),

0 0

where dv=du1...dum and the О-constant is effective.

P roof. It follows from Lemma 9.

We can now complete the solution of the problem which we proposed to solve 
in this section. Lemma 8 solves the first part. Observe that B(x) and B fx )  have the 
same absolute value. Lemmas 8 and 10 give, for y ^ C 9,

л  л
(1) л~т/  —  f  |Si(A„expO;+u1 +  ... +  um))| dv >  CSR

(2) IA~m f  f  S 1(ABexp(y +  n 1 + ... +  Mm))i/u| <  (100) 'Ĉ R,
0 0

S tu d ia  S c ie n t la r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)
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respectively, where dv  =  dux ... dum and

R  = /  F(s)exp ( ( s -  q 0) y )  .
T S

Here C8 and C9 are effective. Plainly, q0 can be chosen to satisfy the requirements 
o f Lemma 8 and 10. Let us consider the error in the LHS of (1) by excluding the 
integration over the subregion V where \В^{Хп exp (,..))| does not exceed (100)_1С8Л. 
If  exp (...)) does not change sign in the complement of V we first limit the 
region of integration in LHS of (2) to this complement and then take the absolute 
value sign from the integral to the integrand. We see that

С8Я(1 — (100)-1) <  ((100)-1 +  2(100)-1)C8Ä 
which is a contradiction which proves the result required.

§ 3. Some comments on the general problem

The method of § 2 shows that it is possible to work with the case when 0O is
( 1 у  ( 1 у

attained and the singularities on the line er =  0o are of the form ——J ^log-------J

where a and ß  are real constants. Because the killing operator, though it does not 

annihilate the singularities, reduces very much the contributions J T(F(s)) —  ds
I  S

and so on, where Le is the latch associated with q . For an asymptotic evaluation of 
the contributions from these latches see Remark 2 on page 316 of [3]. It is clearly 
possible to solve the problem in slightly greater generality. But we have not been 
able to solve it in the generality stated in the introduction.

§ 4. Concluding remarks

The results of this paper deal with the oscillatory properties of kernels of Dirich- 
let integrals due to its singularities. We have also some results on effective oscilla
tion coming from the growth properties. For example divisor problem, circle prob
lem, Abelian group problem (in the last case we prove i2(x1/e(logx)1/2), ß ± (x1/14). 
In the two other cases we prove fí(x1/4), f i± (x1/8)) and further generalities. We had 
decided to publish these results in this paper itself. But we publish the oscillations 
resulting from the growth in another paper [2].

§ 5. Appendix

After writing the first draft of the paper we came across a paper of Kátai, 
where* he has proved some results very similar to the ones proved in this paper. 
The methods of proof are also almost similar. We show, in this appendix, that

* K á t a i , L, On oscillations of number theoretic functions, Acta Arith. 1 3  (1967/68), 107—123.
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our results are slightly stronger than those of Kátai, by improving his theorems. For 
the sake of simplicity, we restrict only to the Í2 version of M (x)=  /*00 and the

n^x
general result can also be proved by exactly same method.

Let i  + iz be the first zero of ((s)  above the real axis and b the absolute value 
of the residue of (£(í + /t))_1 at s= $ . Further we assume that there exists a constant 
В (^100) such that the region (cr>^; | i | s £ )  is free of zeros of Ç(s). Let

in 2 log В + 10

and define

м г(х) =  2 1
ц(п)

Then we have the

Theorem. There exists an absolute constant Cx, such that for all
у  ^  Cj log В log log B,

we have

maxеУ-̂ х̂ еУ + m
M fx )

*-1/2

b_ 
20 '

Corollary 1. There exists an absolute constant C2, such that

max
C , c>/2S u S e5 ,+

M(u)
,1/2

b_
40

Corollary 2 (Under Riemann Hypothesis). There exist absolute constants C2 
and C3 such that

max
C2e y l2^ u ^  еУуС 3

M(u)
,1/2

_b_
40

Remark. Corollary 1 improves Kátai’s result, which reads

M(u) a x
X S u S Y » e x p ^ 2 c l

max, loglog Blog X \

log В
:»  1 for some C >  0.

Proof. Consider the integral

i+—+(•> у
'  = + 7  /

1 g ( s - ( l / 2 ) ) j >  /  g *  — ( 1 / 2 )  —  I

C(s+ir)
/ ех-(1/2)_П-"

l - 7 4 W )Ц---- Í oo
У

Let L  be the contour defined by joining the points

l + i _ ÍOO) l + l - i B ,  4  +  y - iB,  J  +  - e - i .

y - e  + i, l  +  l + i . l  + I+iR, l+i+iß, 1+1+ioo

Studia Scientiarum  M athematicarum Hungarica 14 (1979)
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by straight lines in this order and call them L1( L 2, L3, L4, L&, Le, L7, L8 and Lg
1 .

in this order. Move the line of integration of J  to L. Define / •= — : / ... . Then
2 711 

9

J = R +  2! Jj where R  is the residue at the point s=%. 
t=i

L emma 11. We have |/? |s2 |6 |.

Proof. This is clear.

Lemma 12. We have 1Л1—~j^Q, for k=  1, 2, 8 and 9.

Proof. In Jlt |£ (s+n:)|~  1« |s |  ( |/ |S 5 ) ,

|l s —(1/2) J I -  Ы  |t|5’

|(?(s-i/2)yj<Si(,)>/2 an(j proves the result about J1. The other results are similar. 

L emma 13. There exists an absolute constant C4<  1 such that

e ( s - ( l / 2 ) ) _ J

s —(1/2)
„  1 1

=  a ~ 2  + j ’ l.

P roof. We have
e ( s - ( l / 2 ) ) _  J

I
s —(1/2) IJ0

p(s  — (l /2 ) )u du j —

/ e- , „ + 0 ( l ) L | ^ + 0 ( i ) | ss§C4.

Lemma 14. We have k = 3, 4, 6 and 7.

Proof. The result follows easily from Lemma 13 and the fact that 

| C ( s  +  î t ) | _ 1 < к  | t | clog>’ on <r =  y  +  y .

L emma 15. We have J5^ b
100

P roof. Since, in Jb,

| C ( s  +  i' t ) |  ! « : 1
| / e O - ( l / 2 ) ) _ l ' | m |

1 s —(1/2) J( 1/2) «  l;

the result follows.
| e ( l - ( l /2 ) ) j> |
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From Lemmas 11 to 15, there follows 

Lemma 16. We have •

Proof of the Theorem.

C+i°°
J  — J  du1 J  du2... f  dum J  --- — e(y+ul+ui+...+umxs a/г)).

о 0 0 C - i ~  С(.5 +  ,Т) 2nis

C +  lc c+n
[here J  is to be taken as Um J" ]. Consequently, there exist щ , w2, . . . ,  u„

C—i<*
such that

C+ioo

c l  C(s + ix)
ds__£{y + «i + • • • + wmKs -  (1/2))___

2 nis
b_
2

and OëMj, м2, ..., umS 1.
Putting x=e>'+ui+ui+ we have

-(1/2) y b_
2

and this proves the theorem.

Proof of the Corollaries. Fix x as in the theorem. Then

|M(x)| =

Hence

r 1f  S  |M(x)| +  /  T
M(u) du.

|Л/(х)| +  f  т
M(u) du =£ —- X 1/2. 2

Since

it follows that

Hence

(fc/4)x

I

1/2 M(u)
du sí — x 1/2,

M (x) +  f
(f>/4)*l/2

M{u)
du ë  -г  X1'2. 4

max(b/4)xl/2̂ u^x
M(u)

/1/2
_b_
20

and this proves Corollary 1.
In Corollary 1, take В such that y= C 1 log őlog log B. This proves Corol

lary 2.
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SOLID PACKING OF CIRCLES IN THE HYPERBOLIC PLANE

• by
A. BEZDEK

Let us recall the fact [1] that the face-incircles of the regular trihedral tilings 
{2, 3}, {3, 3}, {4, 3}, {5, 3} and {6, 3} form a densest packing of 3, 4, 6, 12 and infi
nitely many equal circles, respectively. Can these results be extended to the hyper
bolic tilings {7, 3}, {8, 3}, ...? This question started some investigations [2, 3] which 
led to the perception that in the hyperbolic plane it is impossible to define any “ rea
sonable” notion of density. In order to avoid this difficulty L. F ejes T óth  [4] intro
duced the notion of the solidity of a packing: A packing of convex discs is said to 
be solid if no finite subset of the discs can be rearranged (by a set of rigid motions) 
so as to form, together with the rest of the discs, a packing not congruent with the 
original one. With this notion a nice result [4, 5] can be phrased: For any integer 

1 the face-incircles of {p, 3} constitute a solid packing. The conjecture that 
also the face-incircles of any spherical, Euclidean or hyperbolic trihedral Archimedean 
tiling form a solid packing, has been confirmed in many cases [3, 6].

In this paper we want to deal with another conjecture of L. Fejes Tóth accord
ing to which the face-incircles of a tiling {p, 3} with p ^ 6  form a strongly solid packing 
in the sense that removing one of the circles the remaining circles continue to be 
solidly packed. This conjecture was suggested by the corresponding considerations 
on the sphere. Removing one of the face-incircles of {2, 3} or {3, 3} the remaining 
three circles will have a “free” play. On the other hand, removing one of the six 
face-incircles of (4, 3} the remaining five circles will have only a rather restricted 
play: two of the circles must be centered, say, in the north- and south-pole, while 
the rest of the centres must lie on the equator. Finally, the packing of eleven circles 
arising by removing one of the twelve face-incircles o f {5, 3} is, apart from rotations 
of the sphere, uniquely determined. Thus the face-incircles of {5, 3} form a strongly 
solid packing. Even more can this be expected for {6, 3}, {7, 3}, ... .

We shall prove the following

T heorem . The face-incircles o f a tiling {p, 3} with p s 8 form a strongly solid 
packing.

The problem for p = 6 and 7 is still open.
First we consider the case when p = 8.
Let S=  {c1; c2, ...} be the set of circles which arises from the face-incircles 

c0, Cj, ... of {8, 3} by removing c„. We say that a subset 5={сх, ..., c„} of S  is good

AM S (MOS) subject classifications (1979). Primary 52A45; Secondary 51M10. 
Key words and phrases. Solid packing, hyperbolic plane.
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if there is no other rearrangement of the circles cl5 cn than the trivial one which 
results in a packing congruent to S. If the property of being good is transmitted from 
s to the union of s and c„ + 1, we say that c„ + 1 can be joined to s. Starting with a set 
s0 consisting of a single circle of S, which is obviously good, we shall successively 
join to s0 new circles of S  so as to obtain an infinite set of enlarged sets JqCSj C í j CZ ... 
so that Jo U iiU ^ U ... = S.

We start with the following

Remark. If the circle cn cannot be joined to {c1; сп^ г} then in a non-trivial 
rearrangement of cy, c„ at least two circles overlap the original place of c„.

To see this we observe that in a non-trivial rearrangement at least two circles 
are not inscribed in faces of {8, 3}. Thus, supposing that only one (or none) of the 
rearranged circles overlap the original place of cn, we put this circle (or any of the 
rearranged circles) to this place obtaining a non-trivial rearrangement of cl5 ..., cn_1. 
This contradicts the tacit assumption that {cl5 ..., is good.

Lemma 1. I f  from among the circles touching c„ at most two belong to 
(c0, clt ..., c„_1} then c„ can be joined to {cy, ..., c„_x}.

We suppose that c„ cannot be joined to {cl5 ..., c„_J and consider the locus 
o f the centres of those circles which overlap cn without overlapping cn+1, cn+2, ... . 
I f  from the circles c0, cn_1 only one or only two not adjacent circles touch c„ 
then this locus is empty. On the other hand, if among c0, cn_1 there are only two 
adjacent circles which touch c„ then the locus is an open point-set whose diameter 
is equal to the diameter 2r of a circle q  (Fig. 1). Thus, in contradiction to the above 
remark, we have at most one circle overlapping c„.

Fig. J
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Lemma 2. Let the circles in the following triples mutually touch one another:

there is, apart from c4, c2 and cB, no circle touching cx or c„ or c3 then c„ can be joined 
to {c1, . . . , c n}.

We suppose that c„ cannot be joined to {cx, c„_x} and consider the circles 
c1,...,c„  in a not trivially rearranged position X. Since {ck, ■■■, cn_1} is good, 
{c2, c3, c4, c5, c„_x} is also good. By Lemma 1 c„ can be joined to {c2, cn_j},
but because of our supposition cx cannot be joined to {c2, c„}. Thus at least two
circles of X  overlap the original place of ct .

Let Ot be the centre of c;. The locus of the centres of circles which overlap c\ 
without overlapping cn+1, cn+2, ... is the open “ triangle” T= O iOi On bounded by 
arcs of circles of radius 2r concentric with cx and the circles other than c2 touching 
on the one hand cx and c4, on the other hand cx and c„ (Fig. 2). Let 7j and T2 be С  П T  
resp. T \ C  where C denotes the circle of radius 2r concentric with c4. Since the 
diameter of Tj is equal to 2r only one of the centres of the circles overlapping c4 
lies in 7 j . The centre of another circle of X  lies in T2.

We claim that this circle contains the point of contact P of c2 and c„. Let Ok 
be the centre of the circle containing the side OxOn of T. Since <  0,l 0 l 0 k~ 3 n j4 ^n , 
the circle C intersects the side O, On in a point, say, Q. By some computation we

Fig. 2
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obtain

Sh PQ = / l  + П
3 I—  =  sh r,

У2

i.e., PQ <  r, showing that the circle of radius r centred at P contains T2. This proves 
the assertion.

The same argument shows that in X  there is a circle overlapping c3 and contain
ing P. But the circles containing P and overlapping on the one hand cx, on the 
other hand c3 must be identical. Besides this circle no other circle of X  can overlap 
c„ because then either the circular-arc-triangle 0 10 2 On or its image 0 3 0 2 O,, reflected 
in the line 0 20 n would contain two points at distance > 2 r. This is impossible since 
the diameter of Or O., 0„ is equal to 2r. Thus, in view of our Remark, we have a con
tradiction to the assumption that c„ cannot be joined to (c1; ..., c5, ..., cn_1}. This 
proves the lemma.

We write Z0 =  {c0} and define the mth zone Z m of c0 as the set of those circles 
of S  which touch at least one circle of Z n_x but do not belong to a zone Z„ with 
k< n . We consider the union t/„=Z1UZ2U . . .UZ„. Since to any finite subset s 
of S  there is an index N  such that s c U N, the theorem will be proved by showing 
that for any integer 0 Un is good.

In order to obtain a better insight into the structure of a zone, it is convenient 
to consider besides {8, 3} the dual tiling {3, 8}. Let Vx be the union of the triangles 
of {3, 8} meeting at O0. Add to Vx all triangles of {3, 8} which have a boundary- 
point in common with a triangle of Vx obtaining V2, and so on. The triangles of Vx 
fill a regular octagon without overlapping and without interstices. Since the triangles 
added to Vx fill a ring without overlapping and without interstices, the triangles 
of V2 form a simple polygon. Since the angles of this polygon are equal either to 
2n/4 or to Зя/4, the polygon is convex. The same holds for the nth polygon P„ formed 
by the triangles of V„.

Fig. 3 shows a part o f {3, 8}. The horizontal lines represent the boundaries of 
Px, P2, P3 and P4. The vertical edges issuing downwards from the vertices of Px 
meet at O0. The construction of the figure can easily be continued. Since the vertices 
of P„ are the centres of the circles of Z„, and the centres of adjacent circles are con
nected with edges of {3, 8}, we see that each circle of Z„ has either one or two neigh-

Fig.3
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bours in Z„_x. Calling the respective circles of type 1 and type 2, we observe that in 
any zone Z„ with /?> 1 between two consecutive circles of type 2 there are either 
two or three circles of type 1.

Now we start with a circle of Z x. By Lemma 1 we can join to this circle the 
other circles of Z x successively in their cyclic order except the last one. The last 
circle can be joined to the previous ones by Lemma 2, showing that Z x is good. 
Referring to Lemma 1 we consecutively join to Z x all circles of Z2 of type 2, then all 
circles of Z2 of type 1 adjacent to those of type 2. The remaining circles of type 1 
which lie between two circles of type 1 can be joined to the previous ones by Lemma 2. 
Thus U2 is also good.

In Z„ with 2 there are, besides consecutive circles of type 21112, also circles 
of type 2112. Now we proceed as follows. Using Lemma 1, again we first join to 
U„_x all circles of Z„ of type 2. Then in all quadruples of type 2112 we join one of 
the circles of type 1. The other circle of type 1 can be joined by Lemma 2. The rest 
of the circles of type 1 can be joined similarly as in Z2.

This completes the proof of the theorem for p = 8.
The above proof can be applied also in the case when p > 8. Now the inequality 

PQ <r can easily be proved without computation. Let О be the centre of the triangle

0 10 20„. Since <1OxO.,О = — < 0 X0 0 2, we have 0 40 < 0 20 4 =  2r, so
2 p  5

that О lies within the circle with centre 0 4 and radius 2r. It follows that QP<OP. 

But because of < l002P = ^ ^ ^ ~ ^ ^ = < 0 20P, we have 0 P < P 0 2 = r, and thus

QP<r.
Finally, let us observe that in a zone Z„ with 1 generated by {p, 3} there 

are between two circles of type 2 either p — 5 or p — 6 circles of type 1. Therefore 
there are for 8 no quadruples of type 2112 which slightly simplifies the proof.
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ON A GENERALIZATION OF THE GAME GO-MOKU I

by
M. AJTAI, L. CSIRMAZ and ZS. NAGY

Abstract

We investigate the winning and drawing strategies in the generalized Go-moku games which 
are defined in 1.1. It is proved that every open game is equivalent, in a certain sense, to some gen
eralized Go-moku. We give an example of a recursive game in which player I has a winning strategy 
but has no recursively enumerable one. Examples are constructed for non-determined games of 
length co + 20 and ta-2 under certain set-theoretical assumptions. Finally, we determine the possible 
minimal lengths of winning strategies.

0. Introduction

The well-known game Go-moku [5] is played on an infinite chessboard. Two 
players, I and II, occupy the squares alternately. The winner is the player who 
has first 5 or more adjacent squares in a row, horizontally, vertically or along either 
diagonal. An easy argument shows (see, e.g., Proposition 2.1 below) that II cannot 
have a winning strategy (WS in the sequel) and either I has a WS or II has a drawing 
strategy (DS), i.e., a strategy which allows II to play indefinitely.

As far as our knowledge goes, it is not known which is the case in Go-moku. 
It is not even known whether a WS of I, if any, can be bounded in time. In other 
words, assume that I has a WS. Is there a natural number n such that I can win 
before his и-th move? The best available result is in [6, pp. 257—258]:

T heorem  0.1. I f  the game Go-moku is played on countably many boards (i.e., 
at every step the player chooses a board and occupies a square on it) and I has a IVS 
then II does not have arbitrarily long counterplay. (A WS can always be bounded 
in time.) I

The game и-Go-moku is a slight modification of the original game. The win
ner is required to have at least n adjacent squares. It is an easy exercise to prove the

P roposition  0.2. I wins 4-Go-moku in at most 6 moves, gj

On the other hand we succeeded in proving (cf. [1])

T heorem  0.3. For n >8, I has no W S in n-Go-moku.

P roof (Sketch). We describe a strategy of II which prevents I from occupying 
9 adjacent squares. Divide the board into pieces of size 5x5  along the border-lines 
of the squares. Let II play independently in each of these pieces. (If there is no more 
room for his move, occupy a square in any other piece.) The goal of II in each of 
these pieces is to prevent I from occupying either a full row, a full column, or one
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of the ten diagonals shown in Fig. 1. It can be checked that II can achieve his goal. 
I cannot have 9 or more adjacent squares because their intersection with some piece 
would be a part which I was prevented from occupying. |

Fig. 1

We know nothing about the missing cases 81.
These results led to some generalizations of the game Go-moku, one of which 

is discussed in detail here. For other generalizations, see our forthcoming paper.

1. Definitions

Our set-theoretical notation will be standard. Ordinal numbers are denoted by 
a, ß, etc., со d notes the first infinite ordinal as well as the cardinality of countable 
sets. The cardinality of the continuum is denoted by 2ю. Sequences are enclosed 
between angular brackets < and ), for example the empty sequence is denoted by <).

The family of all finite 0—1 sequences is denoted by -32, and “2 is the family 
of 0— 1 sequences of length со. If <rÇa2 then a\n£ 3-2 is the unique initial segment 
of a of length n. Let s and t be sequences; the relation s-<t holds if s is a proper 
initial segment of t.

1.1. 21 -games

The 21-game [A, F]a consists of the board A, the family F  of nonempty finite 
subsets of A which are the winning sets, and the ordinal number a which is an upper 
bound for the length of the game.

21-games are played by two players, I and II. They occupy elements of A alter
nately. Every element can be chosen at most once. I begins and every limit step 
(if any) is I’s turn. The game ends if either I or II occupies all elements of some 
X £ F  (covers X), the winner is the one who d ies  it. The game ends if all elements 
of A have been chosen or if a moves have been made. In these cases the game is a 
draw. If oc=co, the game is said to be finite.

1 R. K. G uy kindly informed us that Andreas Brouwer and others can prove Theorem 0.3 
for л =  7 and n= 8.
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1.2. %5-games

The ©-game [A, F°, F 1]“ consists of A ar.d a as above, and of the families F° 
and F 1 of finite subsets of A. ©-games are played by I ar.d II as follows. First I 
chooses an element of {0, 1} which we denote by k. After this they occupy elements 
of A alternately, starting with I if k = 0, ard  with II if k=  1. The title of the player 
who starts picking is W, the other’s is В (from white ard  black). Every limit step 
(if any) is I’s turn. The game ends if either I covers some element of Fk, or II covers 
some element of Р г~к; the winner is the one who does it. The game ends if all ele
ments of A have been chosen or if a moves have been made. In these cases the game 
is a draw. If oc — w, the game is said to be finite.

1.3. Positional games

Positional games contain (at least an evidently equivalent form of) every infinite 
two-person game of perfect information of length w where the families of the winning 
positions of both players are open sets [4]. The components of a positional game are 
a sequence of sets (Ap. i£co), and two disjoint sets Fw and FB of finite sequences 
such that (a0, ax, ..., ak)£ Fw U FB implies a£A i We assume that no sequence
in Fw U FB is a proper initial segment of any other element.

Two players, W and В take turns alternately. First IF picks a0£A„ then В picks 
a1ÇA1, again W picks a2£A2, etc. W  wins if (a0, ax, ..., ak)£ Fw for some к, В wins 
if (a„, ö j, ..., ak)£FB for some kdeo, otherwise the game is a draw.

Evidently, every finite © and ©-game can be transformed into a positional 
game. This transition can be done by a recursive function.

1.4. Snub-games

Let G be any positional game. The snub-G snub-game is played by I and II as 
follows. First I chooses who he wants be: IF or B. If he chooses W, he b gins the 
game G as IF and II plays as B. Otherwise II begins the game as IF and I plays as B. 
The other moves go by the rules of G. The winner of the game G is the winner of 
the game snub-G.

1.5. Strategies, equivalent games

The notion of strategy and that of play according to a strategy is discussed in [8]. 
The strategy G is a I-winning strategy, I-WS in short, if every play according to S  
is a win for I. The strategy G is a I-drawing strategy, I-DS, if every play according 
to S  is either a win for I or is a draw. Similarly, for II-WS, II-DS, etc.

The winning strategy S  is tx-bounded, if there is a y<oc such that every play 
according to S  ends before the y-th move. In case of ©- and ©-games, the I-winning 
strategy G is bounded in space, if there is a finite subset of the board such that in 
every play according to G, I occupies elements of this subset only. Lienee bounded
ness in space implies ш-boundcdness.

A game is determined if either both players have DS or one of them has WS.
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Let the games G0, and Gj be played, say, by I and II. We say that G0 is equiv
alent to G1; if there are recursive functions tp0 and (p1 (in the sense of [3]) such that

(i) (pi(Gi)=G1-i, (i= 0 , 1);

(ii) if S  is I-WS (I-DS, II-WS, II-DS) in Gt then tpfiS) is a I-WS (I-DS, II-WS, 
II-DS) in G ^ i  (/ = 0, 1).

Obviously, every finite 91- and 93-game is equivalent to some positional game. 
Equivalent games are equidetermined.

2. Basic results

Proposition 2.1. In 41-games II has no WS.

Proof. Suppose the contrary and let S  be a II-WS. Let I play by S  as follows. 
Choose any t0ÇÂ (an “imagined” element) and let I ’s first move be the answer by 
S  to this imagined move. If II’s answer is not the imagined element, answer I simply 
by S. If it is, drop t0 as an imagined element, choose an entirely new one and regard 
it as the move of the other. At limit steps I always has to choose a new imagined 
element. Now just the strategy ensures I to cover a winning set before II could do it, 
which is a contradiction, g

The same argument as above shows that

Proposition 2.2. In 41-games, 40-games, and snub-games II has no IVS. I f  II 
has DS then I has DS, too. |

Remark. This proposition remains true even if we allow the winning sets to 
be infinite.

Proposition 2.3. Positional games are determined.

Proof. This is the G ale— Stewart result for open games [4]. If I has no WS, 
II make a move such that I still has no WS. Since if I wins he wins after finitely many 
moves, this strategy is a DS for IL g

Corollary 2.4. Finite 91 and В -games as well as snub-games are determined. 
In these games I always has DS. |

Proposition 2.5. Even in the case o f finite 4i-games, the existence o f a \-WS 
does not imply the existence o f  an to-bounded WS ; the existence o f an to-bounded l-WS 
does not imply the existence o f  a space-bounded WS.

Proof. We give two examples which witness the assertions. Let first BY and 
Bn for n ̂ 2  be the set of nodes of the trees shown in Fig. 2.

Let F ~  {the full branches of Bt}, for example, every element of Fi consists of four 
nodes. I has WS in [ (J  Bt, (J F J “ because I can win in B l , but II may postpone his

i S l  i S  1

defeat for n moves by threatening in Bn.
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In the second example let the board be ^  =  {/?}U{Pj: i'€co, y'^7}, and let 
Ak—{R}iJ {P'j'. i< k, y^7}. The winning sets are

and
{Д,/*0, Pi}, {J? ,P i,P i,P i} , {R, Р‘0, Р{, П ,  P[), {R, Pi, P i  Pi, PJ} 

{Pi, Pi, Pi, Pi) for all i S  jeco

(see Fig. 3). I wins this game playing as follows. Start with occupying R. The response 
of II is an element of some Ak, then pic ■ P& P$, P$, P% in succession. On the other 
hand II has counterplay in every Ak picking first either R or P*-1. g

•  •  •

о

We define the rank of I-WS of finite 21-games as follows. Winning strategies 
can be regarded as trees, the root is I’s first move, the edges starting from the root 
are labelled by the possible moves of II, the nodes at the other end are I’s responses 
by the strategy, etc. To each node v assign the least ordinal which is greater than 
the ordinals assigned to the successors of v. This definition is sound because these 
trees are well-found^ d. The ordinal assigned to the root is the rank of the strategy. 
For example a I-WS is ш-boundcd if and only if its rank is less than со.
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The rank of a finite 21-game is the infimum of the ranks of I-winning strategies. 
So the rank of the first example in Proposition 2.5 is со. The construction described 
in the proof of Theorem 4.6 gives

P roposition  2.6. For every ordinal a there is a finite 41-game o f rank ^ a .  g

3. Equivalence of finite games

In Section 1 we have remarked that every finite 31-game is equivalent to some 
positional game. The converse cannot be true because there are positional games 
where II has WS. But in view of 2.4 we may hope for

T heorem  3.1. Every snub-game is equivalent to some finite 41-game.

P r o o f . The theorem is an immediate consequence of Lemmas 3.7 and 3.8 
below, g

To describe the construction we shall need the following structure.

D efinition  3.2. Let Г be an index set. The broom associated with Г  is the 
7-tuple (B, B°, B 1, C°, C 1, D°, D1) where В is a set, C° ar.d C1 are functions from 
Г  to finite subsets of B, and the others are families of finite subsets of B.

The set В consists of the points of the handle H={U, V0, Vx, V2} and of 
the points of the broomcorn J —{X£: j= 8 , а£Г}, see Fig. 4. The elements of 
B ° U B 1 are the winning sets, B° consists of the subsets {Xg, X “}, { X f  Xg, Xg}, 
{X?, Xg, XI, Xß], {Li, Xg, X f  Xg, X?} and {Xf, X “, Xg, X?, Xg, U) for all agF, 
ar.d B 1 contains all two-element subsets of H  and all 8-element subsets of J. The 
values of functions C° ar.d C 1 are the choosing sets C"(a)= {X f Xg, Xg, X f  U} 
and C 1(a)= {Xg, Xg, Xg, Xg, X£} for all а£Г. Finally, the elements of Z>° and D1 are 
the validating sets, D° contains the two-element subsets {U, V0}, {17, F j ,  {if, V2}, 
and D1 contains the one-element subsets {F0}, {F,}, {F2}. |
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U

L emma 3.3. Let (В , B°, B l, C°, C1, D°, D*) be the broom associated with Г. The 
Ъ -game [B, B°, / i1]" /га.? /be following property. Either one o f the players can win, or 
they cover the choosing sets C°(a), C 1(a) for exactly one а£Г and W covers a validat
ing set from D° in the first 11 steps. In the latter case В has a two-step threat playing 
which he can cover a validating set from Dl. Except for 
this, no player has a realizable two-step threat.

Proof. В threatens a two-step victory in the handle 
so W  always has to counterthreaten. Therefore W  must 
pick X", X I  X X “, U and one of F;’s in succession 
for some а£Г, because W  cannot counterthreaten more 
than 8 times. Then В picks a free element of the handle 
which forces W to pick the remaining point.

After these steps В has no more two-step threat 
whilst W  has a lot. But W  cannot cover more choosing 
set and cannot threaten more than three times because 
then W  loses the game. \

A simplified version of brooms for the case T={0, 1} 
is the brush as follows.

V3

Definition 3.4. A brush is the 7-tuple (B, B°, B x, C°, C1, D°, D1). The set В 
consists of 5 points, U and V, ( j S  3), see Fig. 5. The family B° consists of {U, V0, F j ,  
{Í7, F0, V2}, ar.d {U, Vx, F3}. The family B1 contains {C/}, {F0, F j ,  and {V2, F3}. 
The functions C° and C1 are defined as Dom (C°) =  Dom (Сх)=  {0, 1} and

C°(0) =  СЧ1) =  {V0, V3} c « (l)  =  CHO) =  {Vx,V2}.
Finally, D°—Dx and they contain the subsets {F0, F3} and {Fx, V2}. |

The properties of a brush are the same as of a broom, furthermore

L emma 3.5. After playing off a brush, all the points are occupied and no player 
has any threat. |

We interpret playing off a broom as IT’s choosing exactly one af_F, and playing 
off a brush as B 's choosing either 0 or 1.

Brooms (and brushes as well) can be fitted together to form an co-long sequence. 
The winning sets of the г-th member of the sequence are validated by the correspond
ing validating sets of the (/ — l)st member. So the players are forced to play off 
these brooms in sequence, exchanging the role of W  and В at every new broom. 
A bit more formally,

Definition 3.6. Let (B,, Bf, B}, Cf, Cf, Z)?, D}) be brooms (brushes) asso
ciated with Г,(={0, 1}) for z£co and let D°_1 = D i 1 =  0. The co-broom (co-brush) 
is the triplet (В, B°, B l) such that for k =  0, 1

B = U {Bp. iÇco}
Bk = {XU Y : X£Dk2i and F € ^ f +\  or X ^D lf-i and Y £B k2i, iÇco}. |

After these preliminaries we turn our attention to the proof of Theorem 3.1. 
We start by
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Lemma 3.7. Every snub-game is equivalent to some finite В -game.

Proof. Let the positional game G be given by the sets AL (idea) and by the 
winning sets Fw and FB. Let (B, B°, B 1) be the co-broom built from the brooms 
£%i = (B i, B f  Вf, Ci°, Cl, D°i, Df) associated with the sets A,. We are going to define 
a ©-game G* which is equivalent to the game snub-G. The board of G* is B. For 
every finite sequence s= (a0, ax, ..., a„) such that afiA; let

5J =  C8(e0)U Cl(fll)U ...U C ‘ (e11) 
s i  = Cg(a0) U CfiaA U ... U C Î-* (0  

with k = 0  if n is even and k =  1 if n is odd. Now let

F° =  F°U{Ss°: s€FV}
F ^ B 'U I S ] :  sdFB}.

We claim that the games snub-G and G* = [B, F°, F 1]“ are equivalent, (i) of the 
definition is evidently true, (ii) follows from the fact that the players in G* are forced 
to simulate the game G. Fs choosing to be IF in G corresponds to Fs choosing the 
winning sets F° in G* (i.e., being W  in G*, too). In G* W  is forced to start to play off 
the broom á?0 (otherwise he loses the game). So first the players play off the broom 
2йд and player W covers some Co(ö0) with i.e., W  chooses this a0. Moreover
they validate the winning sets of the broom by some validators in DB and D\ 
so next they have to play off Here player В covers some C®(ax), i.e., В  chooses 
axd A x, and so on. If any player does not follow this simulation, he loses.

Last, the winning sets of the form S i  ensure in G* the victory to that player 
who wins in the snub-G game. g

Lemma 3.8. Every IB-game o f  limit length is equivalent to some 41-game o f the 
same length. I f  ß is a limit ordinal then ß-bounded strategies are preserved.

Proof. Let the S-game be G=[Z?0) Fjj, F,,1]* and let [5 , , F “, F^]* be a new 
instance of G. Our aim is to construct an 21-game G* = [A, F]“ in which the players 
are forced to simulate G. B0 and Bx will be subsets of A. The elements of F” (F,)) 
amplified with some validating sets are among the winning sets of G*. These validat
ing sets are subsets of the finite set A —B0 — B1. We demand these sets to have the 
following property. Both players must be able either to win or to cover some validat
ing set within finitely many moves. Moreover, if a player validates (the elements of) 
ЕЦ, the other must not be the first occupying any element of Bk. If he validates F f  
the other must have no more than one occupied element in Bk.

This property ensures the portability of WS and DS from G* to G and back. 
We describe here a structure satisfying this. It consists of 10 points, Uk and ViJ k 
for i,j, k = 0, 1. There are two F® validating sets (Fig. 6)

D°k — {Ua, Vkio o, Ffc,i,o>
and

= {Fig, F jt,0, 0 » F jt,i,o»  F i - * , ! , ! }  

and there is one Fk validating set

D l= { U x,V kt 0A,V kiltl}
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for k =  0, 1. The only two-element winning set in F  is {t/0, и г). If I’s first move is 
U0 we interpret it as I’s choice k = 0 in the game G. Otherwise II’s first move is U0, 
therefore we may assume that in the first two moves they occupy U0 and Ux. Other 
winning sets in F  are

{U0,V U]<„ V uhl} for i , j  = 0,1 

and those among the sets

{^i> ^ o , o , V0AM, F1j0jÄ3, Vl l k t } 
which do not contain D\ or D\.

Let A = {Uk, Vij ' k}lJB0UB1 and let F  consist of the 14 winning sets defined 
above and of the sets DakUX, DlUX, D"kU Y  with X^Fg and Y^Fl for k  = 0, 1.

It is easy to check that for G* = [A, F]“ the (ii) of the definition of the equiv
alence holds and (i) is trivial, g

This proves Theorem 3.1, too.
The following lemma is about the converse of 3.8.

L emma 3.9. Suppose that there is a recursively definable choice function on the 
board o f the ‘'ll-game G=\A, F f. (This is the case i f  A is an ordinal number.) Then G 
is equivalent to the Ъ -game G* = [A, F, F]a. Moreover, ß-bounded strategies are pre
served for every ordinal ß.
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Proof. Both I and II can carry strategies recursively by the method of “imagined 
elements” as was described in 2.1 because there is a recursive choice function on A 
which, gives imagined elements whenever they are necessary, g

We mention here a rather surprising consequence of these lemmas.

C orollary 3.10. There is a finite 41-game [со, F \m such that
(i) every element o f  F  has fewer than 100 elements;
(ii) F  is recursive, i.e., there is a recursive procedure which decides whether a given 

finite subset o f со is an element of F or not;
(iii) every play ends before the 100th move, no matter how the players play;
(iv) (as a consequence o f  (iii)) player I has WS, but
(v) I has no recursively enumerable WS.

P r oof . We define a positional game G as follows. Let Ф be the set of all for
mulas of the ZF set-theory and let У сФ  be the ZFC-provable formulas. Obviously, 
both Ф and F are countable and, by Gödel’s theorem, '/' is not recursive. The game 
starts by W ’s saying 1 (if he does not say 1, he loses). Then В says a formula <p£ Ф, 
W  says a proof from ZFC, and finally В says a proof from ZFC, too. W  wins if 
either he has proved cp or neither he nor В proved cp. Otherwise the winner is B.

Obviously, W  has WS in G because if a formula is provable, he can prove it. 
On the other side I has no recursively enumerable WS. Supposing it were so, there 
would be a recursive function which assigns a proof to every provable formula, i.e., 
Ф would be recursive, a contradiction.

Because IF has WS in G, IF has WS but has no recursively enumerable WS in 
snub-G. Making the transformations as was described in 3.8 and 3.7 we get the 
desired game, g

4. Infinite games

In this section we study the determinacy and boundedness of 'Л-games [A, F]“ 
with limit coco. If |Л|-=ю or | F [ <  <x> then the game is equivalent to [A, F]n for some 
«ecu so we can assume \A\^co  and F\Zc.oj. In these latter cases, however, the study 
of 23-games gives all the information as was shown in Lemmas 3.8 and 3.9 because 
the cardinality of the boards and that of the families of winning sets are preserved.

First we recall here the basic properties of («-brushes (see Definition 3.6).

Lemma 4.1. Suppose that the IB-game [A, F°, F 1]“ with a Sea contains the co-brush 
(B, B°, B 1) (i.e., BczA, В 0C F°, B 'czF ') and there is no two-step threat but in the 
ca-brush. Then the players are forced to play o ff the elements of the ca-brush in the 
first со moves so that

(i) after these moves every point o f the co-brush is occupied;
(ii) the choosing sets C”(dfi C((d;) ( d f  (0, 1}) are covered in succession;

(iii) the value o f  the digit c( is chosen by В i f  i is even and by W  i f  i is odd in 
possession o f  fu ll information about the previous digits and no information 
about the rest o f  the digits.

Let s = (d0, dly ..., (/„) be any finite 0—1 sequence (i.e., 2) and let

(s)fy = U {C°fdO: i si n} (s)B = U (CHd*): i n}.
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In the w-brush either one of the players may win before the ю-th step or there is exactly 
one aÇ“2 such that every (c\n)w is covered by W and every (a\n)B is covered by B. |

This lemma says that an co-brush forces the players to play an infinite 0--1 
game [4].

Theorem 4.2. There is a non-determined 91-game the board o f which has car
dinality at most 2‘° such that some player may win before the (m + 20)th step.

Pr oof . By the remarks at the beginning o f  this section, it is enough to give a  
93-game with these properties. The non-determinacy means, by Proposition 2.2, 
that I has no DS, i.e., if either player W  or player В plays by a strategy, he loses.

Now it is well-known that there are non-determined 0—1 games [4], let the 
family of sequences C c ffl2 witness it. Of course, the cardinality of C is S 2 " . We 
build a S-game G as follows. We start with an co-brush. If the players in the first 
со moves encode a sequence сг£ C then player W  may win within 9 moves (no matter 
whether I or II is acting as W ) and if they encode a sequence o$C  then player В 
may win. This property ensures the non-determinacy of G, otherwise some player 
would be able to win the 0—1 game with C by a strategy.

We call the reader’s attention to the problem of the со-th move. It can be taken 
by either W  or В and we may assume the worst, i.e., it is the turn of the one who 
is going to lose.

Summarizing, let (В, B°, B 1) be an co-brush, (я)ж and (s)B for sdHT2 be the 
subsets of В as defined in 4.1. For every <r£C we take two instances of a game simi
lar to the second example in Proposition 2.5 with boards A„ and A \. Let the ele
ments of A‘a be R and Pj (/€co, j  ̂  7) and let the elements of the family F°,i be
{ /? ,P ',P Í}U (ff|íV ’ {R, Pi, Pi, P i  Pi}U(a\i)w and
[R, Pi, P-f Pi, Pi}U(cr\i)w f°r all /£co. (The branches of the /-th tree over the sequence 
<t are validated by the /-th cut of a.) Let moreover the elements of the family Fl '1 
be {P(, Pl, Pi, P{} for all /^/Çco. Let A — U {A‘„: a£C, 1=0, 1}.

The board of G is A U B, the family of IF-winning sets is

F° =  5 °U U {Fa’1 ’■ a£C, l  =  0, 1}

and the family of 5-winning sets is

F 1 = B1U \J{Fl’1: crÇC, 1=0, 1}U{six-element subsets of A}.

We leave to the reader to check that the ©-game [A U B, Fa, F 1]iu + 20 has all the 
described properties. |

This construction cannot give a nondetermined 91-game with countable board 
because every 0— 1 game with countable winning set is determined. The following 
theorems deal with the case of countable boards.

Theorem 4.3. I f  there is a Ramsey cardinal then every 'll-game [со, F ]"’2 is de
termined.

P roof. The existence of a Ramsey cardinal implies that every game is de
termined [7]. It is easy to check that the family of co-long plays after which I can 
win within finitely many moves forms a I j  set. By the assumption this set is de-

Studia Scientiarum  M athematicarum Hungarica 14 (1979)



220 M. AJTAI, L. CSIRMAZ AND ZS. NAGY

termined, i.e., either I has a strategy to remain in it, in which case I has a WS, or II 
has a strategy to avoid it, which means a DS for II. g

The axiom of constructibility V=L  implies the existence of a non-determined 
Z] game [9]. The existence of a non-determined Z\ game, however, seems not to 
imply the existence o f a  non-determined [со, F]a'2 game. But the construction can 
be carried over.

We proceed with two lemmas.

Lemma 4.4. Let W  and В play two instances G and G o f an unsymmetric game
[2] as follows. First W  chooses a finite 0—1 sequence s0€ LL-2 then В chooses a digit 
t0£ {0, 1} and a finite 0— 1 sequence s0. W  responds by choosing a digit t0£ {0, 1} 
and a finite 0—1 sequence sx, etc. Thus the players form two infinite 0—1 sequences, 
a = sfr t <r s 1- 't1'~'... and a  =  s()̂ t , f 's F 'I f ' . . . where ~  denotes concatenation.

Let C c “2 be uncountable and containing no perfect subset. I f  Wplays by a strat
egy, then В has a counterplay such that crí C and <т£ C. I f  В plays by a strategy then W 
has a counterplay such that ctÇ_ C and C.

Proof. Assume that W  plays by a strategy S, the other case is similar. The 
moves of IT in G depend not only on the moves o f В in G but on the moves in G, 
too. In view of this, we define countable sets X„, Yn for ndco by induction which 
satisfy the following conditions. The elements of X n are sequences of the form

{^o î  So ,  i 1,  , . . . ,  s „ _ i ,  i f
where th ii+16{0, 1} and s fH * 2 for such that ii+1 is the response of IT by 5 
to the sequence of moves t0, s0, f ,  su  ..., t ( , S; of B. Yn is a subset of “2 and for 
every t£“2— Y„ and for every tfi {0, 1} (г<и) there is exactly one sequence

s0, h> ***> bi—ii sn_ i, in)’GXn 

with the given digits tt such that
Let Xa =  {()}, Yo = 0 and suppose that X„, Yn are defined and have the described 

properties. Then for every

s So, q , ..., tn—i, tfÇ_Xn 

and /„€{0, 1} let Xn + 1 contain the sequences

s" C 0 1 + i
s^CO -S+ir^+i
s tn (1 — Í® + 1, 1 —ij + l) t~ + 1

where i®+1, ij+1, ... are the corresponding responses of IT by the strategy S. Let 
Y„+1 contain the elements o f Y„ and the infinite sequences

so h  ■■■ s„_! t„ (1 — I®+i, 1 —Ij+i, •■•) 

with the above notations for every sÇX„, /„€{0, 1}.
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Obviously, Xn+1 and Yn+1 are countable if X„ and Yn were, and they have the 
described properties. Therefore U{T„: n£<x>] is countable, C is not, so there is a 
xdC  for which T(£ Yn for every n£co.

Because Xn+1 is an end-extension_of Xn, we can define a “strategy” S of В as 
follows. Given fi€{0, 1} for /< « , let S(t0, ..., ?n_j) be the only sequence for which

(to, 5>(to), b , A, S(/0, tj), t2, tn_i, S(/q, ...,
and

S(t0) G ••• S(/0, • ••> î„ -< t.
Playing by this “strategy” S in G, j3 forces âdC  independently of his moves in G. 
What is more, В forces to form always the same sequence <t= t.

Now we turn our attention to G. Every move tt of В in G determines uniquely 
S in G (via S) so it determines uniquely lV’s response si+1 in G. This means that 
we may forget about G totally and the strategy S  reduces to a strategy S ' for W 
in G only. Now the outcomes of plays according to S ' form a perfect subset of “2. 
C contains no perfect subset so В can choose a counterplay which lead out of C. 
Combining this counterplay with S we are done. §

Lemma 4.5. Assume V= L. There are finite trees Г® and T} (trees in the set- 
theoretical sense, see [3]) for every sd lX 2 such that (i) and (ii) below are satisfied.

(i) I f  s, td w 2 and s-<.t then T\ is an end-extension o f T ‘.
By (i), n  — U {Tf. ,s'-<cr} is a tree o f height ^co for every odal2.

(ii) Let W and В play an infinite 0—1 game and let ad “2 denote the resulting 
sequence. I f  W plays by a strategy then В has a counterplay such that either W picks 
only 1 and В picks only 0 after finitely many moves, or T°a is well-founded and T„ 
is not. I f  В plays by a strategy then W has a counterplay such that either В picks only 
1 and W picks only 0 after finitely many moves, or T \ is well-founded and T® is not.

Proof. implies that there is а П{ subset Cc “2 of cardinality 2“ without 
a perfect subset [9]. Given any f l \  subset С с ш2 one can assign finite trees Ts to 
every 2 such that U{ins: Ä-<<r} is well-founded if and only if adC, see [10]. 
By these facts and by the previous lemma, we are done if we can code the twofold 
unsymmetric game G of Lemma 4.4 in a single 0— 1 game G*.

But this latter task is easy. Enumerate all finite 0— 1 sequences. Say W  (or В ) 
wants to choose in G some finite sequence s. Suppose s is the и-th in the enumera
tion then W (or B) chooses n consecutive l ’s followed by a 0 in G*. The single moves 
in G correspond to single moves in G*. Clearly, every position of G* determines 
uniquely the status of the simulation and every play in G* corresponds to some 
play in G except for those where W  or В picks only 1 after finitely many turns, g

Theorem 4.6. Assume V —L. There is a non-determined 41-game [m, F]a 2.

Proof. As in the proof of Theorem 4.2, we shall make a SB-game G with these 
properties. We start with an co-brush (В, B°, B 1) and let (s)^ ar.d (s)B for sd-iL2 
be the subsets of В as defined in 4.1. We define the remaining part of G with the 
help of the previous lemma. There are two essentially different cases.

Case A. The players in the first со moves encode an exceptional sequence x. 
For k= 0, 1 let be defined by

(d0,d u  ...)dCk iff d2i = k, d2i+1= l - k  for every i ^  i0.
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Obviously, tÇC°U C1, C °U C 1 is countable, and г £C° if В plays by a strategy, 
C 1 if W plays by a strategy. Let A[, F%J, F]'1 (1=0, 1) be as in the proof of 4.2, let

A \  = U { ^ :  ceC k, / =  0, 1} (* =  0,1) 

be the boards for the exceptional cases, and let

£ * = ( J { f i - M : a £ C k, l = 0, 1 }U U {^ ’': l = 0, 1}U

U (21-element subsets of AE~k}

be the W  winning sets for k  =  0, and the В winning sets for k = \.  The boards are 
countable, and this part o f the game has the following properties.

Suppose W plays by a strategy (the other case is quite similar). If they encode 
a sequence xÇ_Cl then В  can win at his fifth move in A \.  Moreover, В  has a three- 
step threat in A \ so either W  loses or W  has to threaten to win within three steps. 
(Remember, the со-th step is IV’s turn.) Well, W  cannot threaten in A \  and cannot 
threaten in the remaining parts of the game. So W  must play in A%. But В can fend 
off every threat in A°E and after 21 pairs of moves В wins eventually.

If  the encoded sequence t ^C °U C 1 (observe, т£C° cannot occur if В plays 
properly) then IV’s moves in A%, as before, do not count and there can be at most 
21 o f them. The IT’s moves in A \ ,  however, cause a little problem. Here W  wins 
after his 21-st move but he gives В ten free moves.

Indeed, W can threaten at his every other move only, and В can fend these 
threats off by one move. So В  must be able to win at the other parts of the game 
with 10 free, but not necessarily consecutive moves.

Case B. Otherwise. Let T ‘ be the trees for i ,2 ,  /= 0 , 1 the existence of which 
was shown in Lemma 4.5. Let T° and T1 be disjoint trees of height to such that 
every node has countably many immediate successors. If v is a ncde in T l then p(v) 
denotes its immediate predecessor and h(v)£co denotes its height: if v is the root 
then h (v) = 0, otherwise h(v)= h(p(v))+ 1.

We may assume that T ‘ are embedded in T l so that T l is an end-extension of 
T ‘ and T ‘ 0  T\ =  Tr where r is the longest common initial segment of s and t. There
fore for each node v of T l we can define a sequence sC  -C-2 such that T ‘ if and 
only if slv=s or 4 “<5-

Replace each node v in T l by a broom associated with the set of immediate 
successors of v. These brooms will be fitted together in such a way that the players 
m ust climb on branches of the trees (Fig. 7). First В has a threat in T° and W can 
fend this off only by occupying a “validated” edge starting from the root of T°. 
Doing so W  has a threat in T 1 and В fends it off occupying a “validated” edge of 
T 1, etc. The validatings are done at the first to steps. If they encode in the ca-brush 
the sequence a f m2 then the valid edges are just that of the subtrees Tla= U {T ‘: ^-< cr}. 
Now it is clear that if T° is well-founded and 7'j is not then W  cannot fend all the 
threats o f  В off because W  “ runs out” of his tree eventually. It means that В  wins 
within finitely many moves. Similarly, if T k is well-founded and T° is not, then 
W  can win within finitely many moves. The exact definition of this part goes as 
follows.

Let T l be the trees and slv the sequences as discussed above. Let v — 
= (B l v, B\\v, B}'tt, C(%, Cl„, D\\v, D}iV) be the broom associated with the immediate
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successors of the node v of T l. Let

AM =  U {B, v: и is a node of T l, l =  0, 1}

the board for the main case. We recall that for any node v, p(v) denotes its only 
immediate predecessor ar.d h(v) denotes its height. Let, by definition, <w, pc) 0 0 = 0  if 
v is the root of T (i.e., if p(v) does not exist) and let

k _ f {0} if /=1 and v is the root of T°
l’v lU{Z)*w: w is a node of T l and h(w) = h(v) — l} otherwise.

We define the families M kv for every node v of T l and k, 1=0, 1 as follows. 

K „ = { L U f U C g , J,w (!) )U(Sl :  X£B°0fV, Y t Hl v I 

M « „ = { L U y U C i,p(c)0 ): X £ B lv, Y tH S J  

M l , =  {XUY\JCl , M(v): X(LB\'V, Y Ç „}

M l. = {JTUyUCS.^rtW UísÖ,: X eB l„ , Y (zHo.v)-
Finally, let

M k = U {Mkv: u is a node of T l, l — 0, 1}

be the W  winning sets for k = 0 and the В winning sets for k=  1.
The main part (AM, M°, M 1) has the following properties. The board, AM is 

countable. We assume that always W  picks the first element of AM. At any moment, 
both W  and В have one or two-step threats so any free move means victory imme
diately or at the next move. If W  plays by strategy then В may win within finitely 
many moves, and if В plays by a strategy then W  may win within finitely many moves 
(but only if W  starts picking the elements of AM).

This main part cannot be put over an co-brush because there are two-step 
threats in it. By Case A, it must not contain even a four-step threat. And, what 
is the worst, it cannot be assumed that W  starts picking the points of AM. To solve
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these problems, we double the main part and put a little “prelude” before them 
as it was done in Lemma 3.8. Doing so we increase the size of the winning sets and 
assure that W starts picking.

Let (AM, M°, M 1) and (AN, № , N 1) be two disjoint instances of the main part, 
UM and UN be disjoint 8-element sets. The family of /-element subsets of U is denoted 
by [U]1. Let

f  = a m \j a n u u m u u n
be the board, and let

F° = [i/JV]5U[t/M]5U{A'UT: X eM °  and 7 £ [ i / J 4 or X a №  and У€[С/Л]4}

F 1 — {ZUT: Xa[UMf ,  те[1/*]4}и

U {TUT: X d M 1 and T<E[t/M]4 or X a N 1 and Y a [U ff)

be the W  winning and В  winning sets. Every winning set in F °U i?1 has at least 
five elements. Now suppose W  plays by a strategy, i.e., В is going to win. If W  picks 
an element of AM U UM (An U Un) then В picks simply an unoccupied element of UM 
(UN). Then В either wins or validates just one of the parts AM or A N. Clearly, 8 
free moves mean a victory for В during this prelude and 4 free moves do the same 
during the continuation.

At last if В plays by a strategy then the ю-th move belongs to B. If the first 
move of В in F is an element of AM U UM (H^U UN) then W starts picking elements 
o f UN (UM). W either can pick 5 elements of this (which means a victory because В 
has no 5-element winning set here), or В picks elements of UN only, i.e., W  can start 
playing in An.

Summarizing, the 23-game [F U ^ U U 4UF, 5°U F°U F°, JS1U £'1U F 1]ra'2 is a 
non-determined 23-game the existence of which was stated. |

In the last section of our paper we deal with the possible lengths of 21-games 
in which I has WS.

P roposition  4.7. Let oc=co-ß+n (паса) be an ordinal. Suppose there is an 
41-game [A, F]“ in which I has W S but has no oc-bounded WS. Then the following cases 
cannot occur:
(i) n > 0 and n is even;
(ii) /М 0  and и = 1 ;
(iii) ß is a limit ordinal and n = 3.

P roof . I cannot win after IPs move so (i) follows. If I wins by occupying an 
element at limit step then I can occupy that element before, which proves (ii). Now, 
suppose I wins by his second move after a limit step. He can do it only if he has a 

“valid” V  as shown in Fig. 8. This V became valid previously. 
Since ß is a limit ordinal, I has a limit step before the (со • ß)-th 
when this V is valid, here I can occupy the bottom of the V and 
win. I

T heorem  4.8. For every ordinal a not excluded in 4.7 there is 
an 41-game [A, F f  such that I has WS but has no oc-bounded WS.
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P roof. Let £ be any ordinal and let £=cо -ß+n (n£a>). £ is even (odd) if n is 
even (odd). We define the ^-train (T, T°, T ')  for every odd ordinal £. The elements 
of Tare the points P6 for <5<£. Г0 contains the subsets {Ра,Р д+х} where 0+1<Ç, 
ô is even, and if n ^ 5  then the subset {Pm.i+k: k<n,  к is even} and if л =  3 and 
ß=:y + l then the subset {Рш.у, Рш.р, Рш.р + 2}- Finally, T 1 contains the subsets 
{Py,P 0} where à â y + l < ^ ,  ô is even and y is odd. The train is led by 
the 6-point engine E. The points of E  are Ut, Vt for i=2, see Fig. 9. Let 
U={U0, Ulf U2) and V={V0, Vlt V2).

Fig. 9

Now let a be given and ß, n be defined by a.=a> • ß + n. We give the 91-games 
which satisfy the requirements. The easy work of verification is left to the reader. 
We distinguish three cases.

Case A : a is finite. This case is trivial.

Case B: <x = co • ß+n  is infinite, n is odd and either л >  3 or n = 3 and ß = y + l.

Let E be the engine, (T, T°, T 1) be the а-train. The board of the 91-game is 
E U T  and the winning sets are {t/„, F„}> {^o> *Л> F j ,  Wo* Uu F2}, U U X  for 
all Х£Т° and VU Y  for all YÇT1. I may win picking U0, С/х, U2, P0, P2, ... in 
succession. If I does not do so, II can either win or make a draw.

Case C: a is a limit. Let a =  sup {af: i£l}, a; =  co • /?г+п, such that nt is odd and 
«j>3. Let (7), Tf, T\ ) be the ar train, E be the engine and (P, B°, B 1, C°, C1, D°, D1') 
be the broom associated with the index set I, and R  be an entirely new point. The 
board of the 91-game is EU BU  {P}UIJ{Fí: The winning sets are {U0, V0},
{i/0, Ux, F j ,  {U0, Ult U2, V2}, FU{P}, the sets U U X  and VU Y  for all X £ B l 
and Y£B°, and the sets

.C/UCHOUJSrUr for X £D \ Y £ T P 

F U C °(0U Z U T  for X£D°, Y£T>
for all i£l.

After playing off the engine, I has to pick the point R, and II may choose any 
train to play in. Therefore there are plays of length at least <хг, i.e., I has no a-bounded 
WS. On the other side I can obviously win before the a-th step. |
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The cardinality of the boards in these constructions is equal to the cardinality 
o f a if a is infinite. This is the smallest possible value if a is not a successor cardinal. 
I f  a =  x + where x is an infinite cardinal then the lower bound is x. We can construct 
91-games [x, F]x* where I has WS but has no x +-bounded WS, but the construc
tion is too difficult to give here.
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A GENERAL THEOREM ON STRONG MEANS

by
V. TOTIK

§1

In the course of the development of strong approximation theory one of the 
most general theorems appeared very early. Namely, in 1965 L. Leindler [2] proved 
an estimate (see below) which covered many interesting and important cases. The 
key point was the inequality*

{I 2 n i x/p

-  2  Is* -/Ip — KpEn(J),
n  k = n + 1 >

where sk(x)=sk( f;  x) is the /с-th partial sum of the Fourier series of the 27t-periodic 
continuous function/and En( f ) is the best uniform approximation of / b y  trigonom
etric polynomials of order at most n.

In the so called very strong approximation ([6, 7]) we used the following general
ization of (1.1):

T heorem A. I f  p> 0  and 1 ...< k r^ n ,  f£ C 2n, then

f 1 r l 1/p 2 n
(1-2) -  2  I** - f \ p\ ^  KpEkl( f )  log —  ,t r  i = i ) r

where Kp depends only on p.

(1.2) is not an essential generalization of (1.1), thus, it is surprising and remark
able that we cannot go further. The following theorems, which follow very easily 
from (1.2), cover every non-negative summation method known for us.

In order to formulate our first result we introduce some notations. Let T  =  {/}Г=о 
be a non-negative sequence and ^V= {IVm}~=0 (N0 = 0, Nk= \)  a subsequence of the 
natural numbers. Let

T(Nm, Nm+1) = {tk\Nm ^ k s N m+1} 
and

T*(Nm, Nm+1) -  K |A m <  к s  Am + 1}

be the monotone decreasing rearrangement of the finite sequence T(Nm, Nm+1) 
finally let

IVmH-"m ( TV -ui V"
т(р, Nm, Nm+l) = 2  t*Nm+ k ( l o g ^ - )  (m =  1 ,2 ,...)

r(p, N0, TVj) =  t0 + tk.

* К, c and these with subscripts denote constants not necessarily the same at each occurrence.
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T heorem 1. For any f£ C 27C and p>  0 we have

{ OO ~î lP f OO " |l /p

2  h Is* W -/(* )lp ^  KP \ Z  Ф ,  Nm, Nm Vl)(ENj f ) Y \  ,

where Kp depends only on p.

If {xOOK°=i is a monotone decreasing positive sequence with z(2n)i^cy(n), 
we set

W?x = { f \E n(J) = 0 (n ~ yx(n))} (y >  0),

furthermore, in the case x(n )= l  we write W y instead of W yx- 
We obtain from Theorem 1

Corollary 1. I f f a W yx then

T ( f  p; X) ё  к\т(р, N 0, Nj)+  Z  Ф ,  N m, N m+1) (N - yX(Nm)Y \ =

= KT(W yx ,^ ,p ) .

Now we prove that this is the best estimate in the most cases.

T heorem 2. Let us suppose that J f=  {iVm} satisfies

# т ( 1 + т )  -  Nm+1 - cNm (c ^  0; m = 1,2> "■')'

There exists in every class W yx « function f  depending only on Ж  such that for every 
non-negative sequence T = { tk} all the subsequences T(Nm, Nm+1) o f which are monot
onie, we have

(1-3) T(J,p;0)^KPtCT(Wyx,^p),
and here Kp c depends only on p and c.

Let Т={Т% и  (/—*'„) be a summation method such that each T l = {tk}kLo is 
a non-negative sequence of real numbers (/ is an index set). We shall write

(T, w yx, p, 0  H  <5;
if for any fd  Wyx we have

со O/P
Z 4 \ s k- f ip * K S i  ( * > o ,  i - g

k = 0 >

furthermore, for an arbitrary subset { i f i fL  /V-*T0 there is an fa  Wyx with the property

2  t 'f  l**(0)-Л °)Г  S  cöp (с >  0, V -  =o),U=o >

where {i'v}= {h} is infinite.
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This says exactly that {(5f}ie/ gives the exact strong approximation order of 
functions belonging to the class Wyx- We obtain at once from Corollary 1 and 
Theorem 2

Corollary 2. Let us suppose that there is a sequence JA =  {Nm} with the property

Am( l + l ) = ä  Am+1^ c A m (c >  1, m = 1 ,2 ,...)

such that for every {г'„}Г=1 =  iv-*T0 there is a subset {/v.}“ =1^  {/„} for which all o f 
the sequences TV(Nm, Nm + 1) (V, m = l, 2, ...) are monotonie. In this case

(T ,W yX, p , i ) = T ‘(fVyx,yK p).

A similar consideration gives that the same is true (e.g. with Nm= 2m_1) if 
each sequence T ‘ increases to a certain irdex and decreases after it.

Thus, Corollary 2 reduces the problem of the order of a strong mean to the 
mere computation of T ‘(W yx>Ar,p).

We shall illustrate our results by examining the most frequently used methods. 
For the sake of simplicity we consider only the classes W y, and mention that if 
y = r+ot, r integer and 0 < a ^ l ,  then

ЦГУ = { f \ f ^ iW * } ,

where JF1 =  Lip a (0-=a-=l) and W1 is the Zygmund-class.

Applications

I. Let us begin with a wide class of non-negative matrices introduced by L. Leind- 
ler [2]. Let

T„(f, P, INI = Ê  ank\sk(x) - f (x) \p
У А „  k = 1

n
where A„= 2  cc„k. We assume that there is an index-sequence {Nm} (N0 — 0) and a

k = 1
q '>  1 such that for Nmo_t < и ^ Nma the inequalities

Nm l W

2  W  s  K N -V p'A„(Nm- t , N J

Ю  =  2  *nk, n 1 , 2 ,

are satisfied with In this case Theorem 1 gives

(1.4) A (N 1 ■ »-T 2  < *nk\sk- f \ p ^  K ( E N m _ , ( / ) Y
Л п \ ^ т - 2 »  ^ m )  k = N m _ t  + 1
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and
Г 1 т0 11/Р

(1.5) Г„(/, р, ||«|| ; X) ^  К \—  2  АЯ(К Я. „  JVJ(£Jïm. , ( / ) ) '[  .

The inequalities (1.4) and (1.5) were the basic ones of L. Leindler [2].

П. Riesz means. Let X— (А(и)}“=0 be a monotonically increasing sequence of 
positive numbers tending to the infinity, and let

r i n—l л11р
RnW> V, x) =  Д  (A(fe+ 1)-A(fc))|st (x) —/(x ) |pj

(see [3]). We may suppose that the function X(x) is defined for all x^O  and that it 
is continuously differentiable.

1. If X is convex and A'(x+1 )^KX'(x), then

■ in 1-™ -1

( 1.6)
{n l - y p A y l P
- щ -  f  X'(nx)\log (1 — x)|p dxj  4

{ 1 "/2 1 ->i Ip

JTn) f  r ~yP{ f  A'( ^ ) | l o g ( l - х ) |р^х)с?т| .X(n) {

Special cases :

(i) If A'(2x) =  0(A'(x)), then

1  Ip{ 1 n 1 y
7 ( n j  f  T~ypi f  ^ ( ™ ) | l o g ( l - x ) | p d x ) d r }

E.g., considering the means (see [2])

f 1 n l 1/p
Kn(f, ß, p ; x) =  Д (fc+l)/,_1|s*(x)-/(x)|p} (ß is 1)

we may write X (x) =  x l! and we obtain

{K, W y, p, n) =  Щ ’К’У,
where

Hp.ß.y = I n -ß J  x 1  Ip

(ii) If

n~y if ß >  yp
n~y(logn)1/p if ß = yp 

if ß <  yp.- P / p

then

( 1.8)

f  П у  IP

Tn( f  p; x) =  Ie~Ax 2^ eAk\sk(x ) —/(x ) |p|  (A >  0),

(T, W y, p, n ) ^  n~y log n.
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2. If A is concave and A'(x+1 )^сЛ '(х) ( c > 0) then

( I  n  Ip

—  f  X (r)T -” dr\ .A(n) J
Specially, for

f 1 " 11lp
T f '3( f, p ; x) = | n<,^log ny  Д  /c^ x(log k f  |st (*) - / ( x ) |pj  (O<0<1, -° ° < á < o o )

we have
n_)’ if ß =» yp
n~y(logri)llp if ß =  yp and <5> — 1
n_v(logn)1/p(loglog n)1/p if ß = yp and <5— — 1
n~p,p(logn)~>lP if ß <  yp or ß = yp and ô <  — 1.

III. Nörlund means. Let Я be as in II. The strong Nörlund means are the fol
lowing

f J n-i N \ llp
Ni; {f, p; x) = j - щ -  Д  (A (n -  fc) -  A (n -  fc - 1  )) | s* (x) - / ( x )  I p J .

(Tß-i ,W y, p, n) =

1. If Я is convex and A'(x+ l)sK À '(x)  then

I I " )1,p
( N \ W y, p , n ) ' = j j — f A ' ( n - T ) T - ypdrj .

Specially, for

^ / p ; x \  = { ± J oAß:t\sk( x ) - f ( x ) \ j 1/P ( / ï s i ,  ^  =  (” ^ ) )

we have (see also [2, 3])
( o i ,W \  p, и) =

2. If Я is concave and A'(x+ l)£cA'(x) (c>0) then

f  « 1  —VP 1 I 1/?  f  I n/2 i l / p

ÍW \ И'5’, p, n) =  /  A'(nx)|logx|p dxj + { д ^ у  /  т - урЯ '(п -т )11т | .

Special cases:

(i) The previous formula for <jß is valid for 0 < /J ^ l ,  too.

(ii) The harmonic mean. This is the mean

f f  W, PI x)

and for this we have

(# , W P. n> =  {(“
~y log n 

(n log ll)-1/p
if yp S  1 
if yp >  1.
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IV. Generalized de la Vallée Poussin means. These were defined by L. L ein d - 
ler  [4] as follows: Let A= {/„} be an increasing sequence of natural numbers with 
A i= l, Ал+1-А я=§1 (« =  1, 2, ...), and let

i l "  11lpvi(fp-,x) = \— 2  k(*)-/(x)lpf .
I  К  f c = n - A „ + l  >

For these we have (see also [5, 7])

(1.9) ( V \W y,p , n )=  n-Mog-

0 if yp <  1

„ Г Т Т  if yp=  1
n -1/p(n -A „+ 1 )11- 1̂  if v p > l .

n_vlog-

V. De la Vallée Poussin’s method. This is the following matrix-method

к а р , * )  =  Ц т  ы * )  - № \ p+ {n+ щ п + 2) h i* )  - m \ >  +  -

(2; +  \)n{n  — 1) ... (n - i+ 1 )  
+  (n +  l ) . . . ( n  +  i+ l)

•|i/p
i(x ) ~ f ( x )lp+  ■ J •

For this the formula
(V, wy, p, n) =  m-j-y^  \n

holds true.

VI. Euler’s method. Let 0<<7< 1 and

We have
E n (f p \ x) = {Д { j ,)q kO - q ) n~k\sk(x)- f(x ) Ip} .

(Eq, W y, p, n) = n~y log n.

VII. The circle method. This is analogous to the Euler method and is defined by

Q(/> P \x)  =  {^ +1 ( ^ ] ( 1 - # ~" Is*(x)-/(x)IpJ .

For this we have also
(Cq, W y, p, n) == n~y log n.

VIII. Abel’s method. For

\Vp
A 4 /, p; X ) =  { ( 1 - 0  i  0 |st (x )- /(x )p }  

t k=0 j
(0 <  t <  1, t -  1)

the formula 

holds true.
(A ,W y, p, t) == 77f/’(i’2r)
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IX. Lindelöf9s method. If

r «> l *Ip
W ,  p ;  X) =  {Д(п-"Ми + 1)-(п+1)0М*)-/(*)1р|  (í > 0, / -*- 0)

then

{L, W y,

1 V if yp <  1( / lo g T )

(, l o g ! ) ’ (log j f  if

if yp >  1.(1 Ip

we have

X. Borel’s method. For

r -  tk Ÿ lp
P, x) =  j e - '  Д  J J  ls*(*)-/(*)lP} (í >  0, t -  ce,)

(B, W'1, p, t) ^  t~y log t.

XI. Mittag-Leffler’s method. Actually, the following is a slight modification 
of Mittag-Leffler’s method (the latter is not non-negative). Let Г(х) be the gamma 
function and

M ,(f, p; x) ШГ (2 + kt) r (2  + (k+ l)t) ) M * ) - / ( * ) lp} (t =» 0, t 0)

(in the original mean stood Г (1+£?))•
For this the order of the approximation is given by

(1.10) {M ,W y,p ,t )  =  H tf-y .

XII. The R2 method. This is defined by

{2 “ sin2 к/ l 1/p
—Д  -  kr t |s*(*) - /(* ) lpj  >  0, t -  0).

For this
(T, W ,  p, o  =  t f ß 1-»

holds true.

We remark that many of I—XII could be proved by other methods. We listed 
them only to illustrate the strength of Theorems 1 and 2. Also, anyone interested 
in the classes Wr Lip a :=  { / | / (r)6Lip a} may feel a certain lack, namely if y — r + 1 
with integer r then the class Wy does not coincide with W r Lip 1, it is wider than the 
latter. Unfortunately, we cannot prove Theorem 2 for W  Lip 1 (perhaps it is not 
valid at all), but most of the corollaries I—XII hold if we replace Wr Lip 1 for W y.
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§2

Proof of Theorem 1. We write Ek instead o f Ek( f) .  It is clear that

2  tk \sk(x)~f(x)\? ^  KpT(p, N0, Nt)Eg.
k =0

Let m ^ l .  For some permutation n of the set {iVm +1, Nm+1} we have

+1 ^m+1
2  tk\sk(x ) - f(x ) \p = 2  #!«*(*) {x)-f{x)\p =

n = N m +X  k=Nm+l

= 2  U k -tt+ 1) 2  I W * ) - / ( * ) |P +  ̂ m + 1 2  |ŝ (i)(-X:) “ / ( X)iPk=Nm + 1 i=Nm+l <=Nm+l
and thus, using Theorem A we obtain .

k=Nm + 1

- 1
,)P 2 ( {Nm + k ~  {Nm + k + l

1 k=l

L -  Ю  (lOg Kn+1 Y)
A „ , + 1 — N m)  J

+

= W . J ' f  ; ï " "  *„♦. [к ( lo g % l)’ - № _,) (log ̂ ± l)P) +

+  4 m+i(log Am+1)p) á  Kp(EnJ p V'"+i  Nm t*Nm+k( \ o g ^ f i - J  =

-  Kp(ENJ pT(p, N m, Nm+1),

by which we have proved our theorem.

Proof of Theorem 2. For the sake of simplicity we prove Theorem 2 for the 
sequence Nm = 2m~1 (m —1 ,2 ,...). The necessary changes in the general case are 
obvious.

Let
_ , . "(cos(m  — l)x  cos(m + l ) x \  „ . " sin lx
Qm,n{x) = 2  [-----K—j— t---------- -- r  ---- j =  2 sin mx 2  — J—

be the Fejér-polynomials and

f(x )  =  cos 4x +  2  X (2k) 2~ky Q2k, 2k-2 (*)■
k = 2

As |ß m n|s 8 ,  we have for 2m+1< n ^ 2 m+2

2 ?„ (/)â  |s2m+1_2»-1_1( / ) - / |  ^  2  8Z(2fc) 2 -^  ^  8Z(2-+1) 2  2-*» =
f c = m + l  f e = m + l

i.e., /€  lFyz-
=  ^ ( 2 m+1) 2 - (m+1>y =s K x(n )n -\
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For О ^ Я ^ л - 1

by which

” 1 tl
\sm±ÁQn,n\0)1 = 2  — c 1o8T ’

/= A  + 1 1 Л

2  tk\sk(J; 0) - / ( 0)|p ^  c(x(2m))p2~myp 2  t^-1+x
k = 2m~1 + l

2m—3

Л =  1
+

+
2т~г / 2т - 2У’)
2  /2m_A[log— J I ^  c(x(2m))p2 - mypz(p, 2m~1, 2m

on the ground of which the proof of (1.3) is very easy. 
Finally, we sketch very briefly the proofs of I—XII.

Ad I. The Hôlder inequality gives (see also the proof of Theorem 1) with

P = -7q ' - l  

r„в Oh Nm. t , N J  =  (log-X 1) M N m- N J У 1 =£

{ Nm . . i W r l V - - ) * - . , /  Д/ - iP 'P lW

k=jv2 + it ó ) 4'} { 2  (log 4 ^ )  } {Ап{Мт- г, N J ) - ^ K N - V p,Nî!pl^ K
'»-1+1 

where we used that
N У N.m ( \T У

. З Ь т т ) я к /  h ^ ) ä x a K >N-

Theorem 1 and the previous estimate already give (1.4), which in turn implies (1.5).

Ad II. In the following we shall write у,~<5( if — d ^ y ^ c d i  for some c>0,

and once for all \tt — {Nm) be the sequence Nm = 2m~1 (m = 1, 2, ...).
1. When Я is convex then X / ,  A(k + 1) — A(k)^A(k +  2) — A (k+1), and thus, 

by А'(л:+1)~A'(*) we obtain

T„0h ju/2, ц) = (Ain) ) -1 2  (A(k + 1) — A(/c)) Í log------ r ) ~
k=ul  2 + 1  V Ц — K + l J

- ( Я ( п ) ) - 1 *2 (A (fc+ 1)) — A (k ))(log —“ r f ~ (A(n))—1 ï / V w f l o g - ^ - Î ^ -
k=ul2 V U — K )  k = ul2 i f  V U — XJ

(A(n) ) -1 f  X(x) flog —3 -) dx~(A (n)) 1 f  A'(x) (log - 2 —) dx
|i/2 \ fi X/ 0 \ fl X/

~  (A(n))-1/i f  A'(^*)|log(l - x ) |pdx.
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Now the expression on the right increases if p does so, by which we obtain for

I m0- l
Rxn(W \  Ж, p) ~ \n-yPrn(p, n/2, n)+  2  2 - wpr„(p, 2», 2P+1) ~

{n l - y p  1 } V p  (  1 "^2 1 1X/p
- Щ -  f  A/(n x ) |lo g ( l-x ) |pdx:| + { д ^ у  /  Т~7Р( / 2 '(™ )|log(l- ^ ) |pd x )с?т| 

and this is the same as (1.6).
If X'(2x)~X'(x), then the second term on the right of (1.6) majorizes the first 

one, thus (1.7) follows immediately.
If X(x) = eAx, then X'(x)—eAx and

1
P f  X '(px)\\og (\-x )\p dx ~  eAp(\ogp)p 

0
on the ground of which the proof of (1.8) is easy.

2. If X is concave, then A '\  and thus

TП(Р, Pß, P) ~  (A(n))-1 *2 (X (k+ l)-X (k))
k= n l  2

~  (A(n))-1/i f  |log (x — l)|p dx.

Let the expression on the right be h(p/2). The monotonicity of X' gives

m m ^
2 2 - p->ph{2p) ~  (A(n))-1 2  2 ~ ^p2pX'(2p) f  |Iog ( * - l)|p dx  ~

Л=0 я = 0 1
2m

~  (A(n))-1 J  Х'(т)т~7Р dx
X

thus we obtain for Nmo< n ^ N mo+1

log P

* - f + i

Rp(W7, JÍ, p) ~  \п-™т„(р, n/2, n)+  2  2~pyprn{p, 2", г ^ 1)}
/1 = 0 J

{ 1 « ïl/p

1 м / а д , " ' * |  •

The proof of III is similar. 

Ad IV. First observe that

(2 . 1) , , t  ~  Ь т Г
Stud ia  Scientiarum M athem atic arum  Hungarica 14 (1979)
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thus we have either

Л , p) ~  n -4 o g
2n

or, using (2.1) with k=n/2,

f  1 lo g n + l Ÿ lp Í 1 r  1 1/P
V Î Q V \jr ,p ) ~  j y  2  2*2-” >\ ~  y  /  T -» 'dr[ ,

f  A .  *<=Iog(n-A „) J  „ 2 ^  J

which proves (1.9).

Ad V. As for large n and i^2 ^n

и (и — 1 )•••■• (и — 1 +  1 ) a  yy" Í J -------2»-----) J_ ( _  -----2i---- )  0
(n +  2) • ... *(n +  i + 1) “ Д 1  n +  i + l J - 2  ‘Ч  Á  и +  i + U

we obtain by (2.1)*

{log }fn Ÿ'P M log/и *»‘ + 1 V
2  2~руртп(р, 2", 2"+1)[ ~  - 2  2 - « ' ?  2  (log (2"+1//c))4

д = 0 j I И *1 = 0 к = 2** + 1 t

f 1 log fïï л11р í I f i  )1,p
~ Ь , з  ~ Ь / ' , - ’Ч  ~ я ^ ’ >

and so
К „ Г Д р ) ё с Я ^ .

On the other hand if i > 2 \n , then tni+1< tni and

4 i+ 1 (n — i) •... -(n —2 i + 1) _ ( ^  2/ )
fn.Jfnj ~ 2i+1 (n + i + 2). . . . . (n+2t + l) -  eXPl j=?+i n + j + l ) -

by which
s 2“ p ( - 2£ ) * t -

logn  __  logn 2“ * 1
2: J - pypTn(p,2p,2p+1) ^ K { f i r ) - yp 2  J * . v  2  (log(2Г+2/к))р ^

ß  = lo&\in * /= lo g f jr  k = 2'1 + l

logn 00 /  1 \A< _
^ к { У Л ) - ур 2  2 | - t | i p+^ ~ n ^  K ( f ^ ) - yp,

/^Iog/n ß = l \ ^ )

and we have to remark only that {fn) yS K H y ^ ’y (see the estimate of (2.2)). 

Ad VI. Let M„ = [(n+l)q]. As
V  * 1

Z j  _  ‘ n , M  +  h  <  у

From now on log ( .)  stands for log2 (.).
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holds if n is large (see [1, p. 201]), we have

(2.3) E*(W y,JT ,p) Шсп~у log n 2_t«,M+h >  cn~4ogn.

On the other hand 

M/2 r n \
2  1 ,1  qk(l — q)n~k(logn)p = o(e-"«a/12(log n)p) =  o(n~y log n)

k = 0 \  f t  /

(see [1, p. 201]) and
\Vp

_Z/2( ^ )  4*0 - ? ) " _4 lo g n )p|  =  0(n~ y log n),
by which

E*(Wy, Л , p) s  Kn~y\ogn,

and this, together with (2.3), proves VI.

The proofs of VII and X are similar (see the estimates of [1, Theorems 137— 
139]).

Ad VIII. As

%

we have

't(P, 2/t) ~  ( 1 - 0  f  txi lo g ~ ^ - j  d x ~ ( l - t ) p  f  tpx\\og(x — l)|pdx,
P ^  1

f CO 2 'll /P
AtQVy, Ж, p) ~  Ц 1 - t)  У 2 - рур2р f  t2̂ | lo g ( x - l ) |pdx[ ~

1 p = o {  J

Í oo 2 -|l/p

~  1(1—0 У 2 - рур2рЕн f  |log ( x —l)\p dx\ ~
1 л=о {  >

г °° -ji/p  j i / ( i - 0  -ji/p

-  { ( 1 -0  f  T -w /'A j ~  {(1—0 /

and 

by which

Ad IX. A simple computation gives that

n - "' —(n +  l)“("+1)i ~  n _niilo g n  (tlogn ^  1) 

n~nt — (n + i)-(»+Df ~  t log n (tn log n ^  2)

p,2p) ~  riogat^ [ l o g j j  ~ tp \o g p  (p s  2(flog 1/0 !),

rr(p, ju, 2/r) S  K p -p,pt log —

and
: ( t logj ) /1 — 4/t

г,(р,р, 2 p )^ K p ~ p,p (4lt <  /().
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Thus, with p,=[log (2/(t log 1/0)] we obtain
C Ut y  Ip  i / ( d o g  i/o

2  2 -w'^ (P -2 ', 2"+0 | ~ { t  f  T-^logTi/tV
i//=o > 1

( tlo g l/t)7 if yp <  1 
t i ( \o g l / ty +1/p if y p =  1 
i1/p if y p > l ,

flog (4/0 y l P  (  f y i P  f ~  y  IP

2  2-™pTt(P, 2", 2р+1п  = s X t l o g  — 2~ypt\ 2  2~ ''2'‘p+p|  sï 

^  x^tiog-j-j 2- w { 2 - <2,',pt+i‘t}1/pä  A :|t io g ÿ j

and

{ 2 1 2-«*т(р, 2“, 2p + 1)l siATt7 j j  exp [( —2 " í+ 1) log 20 S  Xt7.
1/1=log (4/0 1 д = log (4/i)

Collecting the above estimates we obtain (1.10).

Ad XI. If n=52/t then

r (2  + nt) T(2 +  (n + l) t)

by which

?( r ( x ) )  I , . ,

{log 1/i i Vp

2  2 -р7Рт((р, 2", 2p + 1) f  ~  {t f  т~7Мт}1/р~  tffr1-7.
M=0 j 1 X

On the other hand, using the formula ( l/ r (x ) ) '~ lo g х/Г(х), we obtain with 
P«= [log 1/0

I  »  I г р̂
2  2 - П ( р , 2 ' , 2 '+1) SI

Vi = tí, J

~  î (2 <  5 <  4),

KH=Mt

{ со 2** +1 1 4P
2 -л 7Р 2  ((Г(2 +  2р0 ) - 1-(Г (2  +  (2 " + ] )0 ) -1) 2  (Iog(2',+1/(fc -2 ',))W  =>

ц=ц, к=2«+1 j

®Ч1/тШ2'Р8Л5’
and this, together with (2.4), proves (1.10).

Ad XII. On the ground of the estimates

(sinnt)2 , (sinnt)2 12— (nt ё  1); -— -т-2- Sí —5-  (nt =- 1)n2t n2t n2t

the proof is very easy (see the above computations).
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A NEW PROOF OF S. A. TELJAKOVSKII’S APPROXIMATION THEOREM

by
T. M. MILLS and A. K. VAR MA

1. Introduction

In this paper we present a new simple proof of S. A. T eljakovskiJ’s [7] funda
mental approximation theorem.

Let i/„_1(x) be the Chebyshev polynomial of the second kind of degree n — 1, 
and denote the zeros of (1 — x2) и„_г(х) by

( 1 . 1)
kn , r\ ,xk n = cos tk'„ =  cos — , к — 0, 1, ..., n.

The fundamental polynomials, lkn (x), of Lagrange interpolation based on the nodes 
xk n are given as follows (where x= cos t):

( 1.2)

i.,,w
sin nt sin t 

2n(l —cos / ) ’
( —1)"+1 sin nt sin t 

2n(l 4-cos/) ’

(1.3) ' m W
(—l)k+1 sin nt sin t 

n(cos / —cos tk) к — 1,2, ..., n — 1.

Now consider the following interpolation process (first suggested by S. N. B er n 
stein [2]) based on the nodes (1 .1).

(1.4)

where

(1.5)

Hn[ f  x] = 2 A xk,n)K, nWk = 0

'Kn  =  (0,»(4 l ,« W  =
у  __  Ik — 1, л (■*•) ^ к, n (-*•) +1, n (-*-) jç    2 3

t 4
and

n  —  2

, ,_л 3l\,n(x) + h,n(x) , 3/n_ltn(jc) +  /e_2>„(x)
^--------- 9 ЛЛ-1,Я W  “  ^ *

We can now state the main result of this paper.
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T heorem 1. Let / € C ( [ — 1, 1]) with modulus o f continuity w (f;  <5). Then there 
exists a positive constant c which is independent o f  n, x and f  such that

\Hn[ f  x]~f(x)\ cw [ / ;  
fo r  all n ^ 3 and all x£ [— 1, 1].

2. Preliminaries

In this section we shall list various inequalities and formulae that will be useful 
in proving Theorem 1. Let us fix n and then, for simplicity, denote x k „ by x , . , A „ (x )  
by 4 0 ) ,  and AM 0 )  by Xk ( x ) .

D. L. Berman ([1], p. 251) has shown that

(2.1) 1 4 0 )1 = 2  for —1,1] and к =  0, 1, ..., n.

From (2.1) and (1.5) it follows that

(2.2) 1 -4 0 )1 ^ 2  for x£[— 1,1] and к = 0, 1, ..., n.

We deduce, from the definitions of ).k (x) and 4 0 ) . that

(2.3) 2 Ш =  2 h i x )  = \.
k=0 k=0

One can easily check that, for к = 2,3, . . . ,n  — 2,

(2.4) sin tk ^  2 sin tk+1 ё  2(sin i+sin tk+1) ^  4 sin (l/2)(t +  tk + 1) 

and

(2-5) s i n ^ 2~ ~  — 2 sin ^  4 sin (l/2 )(t+ tk_1).

For r =  0, 1, ..., n we have

(2.6) |sinui| =  |sin nt — sin ntr| ”  2n|sin ( 1 /2)(rr —1)|,

(2.7) 0 =  sin t — sin H-sin tr S  2 sin (1/2)(/ +  ir), 
and
(2-8) sin ( l/2 )( í+ ír) ^  |sin ( l / 2 ) ( i - / r)|.

Now, let x=cos t where

If 2 ^ k ^ j —3 then k = j—i where 3 ^ i ^ j —2 and hence
(2.10) |sin (l/2)(/ —/fc+m)l =  ( i - m - l ) / n  for m =  l , 0 , -1 .  

I f  j + 2 ^ k ^ n  — 2 then k = j+ i  where 2 S i ^ n  —j —2 and hence
(2.11) |sin (l/2)(t — ii + m)l ^  (i + m)/n for m =  1, 0, — 1.
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3. Another representation of the fundamental functions

From (1.2), (1.3) and (1.5) it follows that, for k = 2, 3, ..., n  — 2,

(3 1) l  ( x )  +  l  ( X) =  2(~  0 * sin n t  sin r sin ( п К 2 п У) sin ((2fc- 1)тг/(2и)) 
‘ ' lW  n ( x - x k) ( x - x k _ 1)

and
/ ч , , / ч _  2 (—l ) ^ 1 sinnt sin t s m ( n / ( 2 n ) )  sin ( ( 2 k + \ ) n / ( 2 n ) )

(3.2) lk ( x ) + l k + 1 ( x ) -------------------------n ( x - x k) ( x - x k+1)  •
If we write

sin ( ( 2 k  +  \ ) n / ( 2 n ) )  =  sin ( ( 2 k — l ) n / ( 2 n ) )  +  2  cos ( k n / n )  sin (я/(2n)) 

in (3.2) and then add (3.1) to (3.2) then we obtain

(3.3) Лк ( х )  =  p k ( x )  +  q k( x )  

where
( — l)lc+1 sin n t  sin t  sin2(^/(2n)) cos (k n / n ) 

n ( x - x k) ( x - x k + 1)(3.4)

and
Pk(x) =

(3.5) q k ( x )  =
(— l)k sin n t  sin t  sin ( n / ( 2 n ) )  sin ( n / n )  sin ( k n / n )  sin ( ( 2 k — \ ) n / ( 2 n ) )  

n ( x - x k . 1) ( x - x k) ( x - x k+1)

4. Estimates

In this section we derive certain estimates which will be necessary to prove 
Theorem 1.

Lemma 4.1. For - l s x â l ,

(4.1) 2  I4C*)I — ci>
k = 2

(4.2) 2  |x -x* l |A*(*)I ^  c 2 У ( 1 - х 2) / п ,
k =  2

where clt c2 (and later c3, c4, ...) are absolute constants.

P r oof . Let x=cos t where ( j —\)n /n ^ t^ jn /n  for some j=  1, 2, ... , or n. Now

Л—2 j - 3  j + 1  n  —  2

(4.3) 2  I4(*)l =  2  I4MI + 2  I4WI +  2  14(•*)!•
k = 2 k = 2 k=T- 2 k=J+ 2

To prove (4.1) we shall estimate each of these sums.
From (3.4), (2.7), (2.8), and (2.10) it follows that

(4-4) 2  1л(*)1 — сз 2  j j  Tűi tût — c*•
k —2 £=3 1 Д 1 -
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From (3.5), (2.4), (2.5), (2.7) and (2.10) we obtain

(4.5) Â M x ) l s c ° à w ^ m r = T )

Therefore, from (3.3), (4.4) and (4.5) we obtain

(4.6)
i - 3
2  14 M l 32 c4 +  c6.

k = 2
From (2.2) it follows that

(4.7) 2  I4M I ^  8.k = j -  2
In the same way that (4.6) was established, one can show that

(4.8) 2  |4(*)| == c7.
k = j+2

Now (4.1) follows from (4.3), (4.6), (4.7) and (4.8).
To prove (4.2) we use (3.3)—(3.5), (2.4)—(2.5) to obtain

n "2  I*-**114 M l _(4.9)
k = 2 ]/(l — JCa)

n“2 |sin nt\sin2 (7t/(2n)) n~2 |sin nt\ sin (n/n) sin (я/(2п))
~  k = 2 \ x - x k + 1\ + kéz Isin ( l /2 ) ( í - tk+1)\ |sin ( l/2 )( í- i* _ 1)| '

From (2.6), (2.8)—(2.11) it follows (by proceeding as in the proof of (4.1)) that 

(4.10) "~2 \x — xk\ |Ak(x)| 
n 2  . - Д Ц т  =  C7 +  C8.

k = Z У ( I - X 2)

From this follows (4.2). Thus, Lemma 4.1 is established. 

L emma 4.2. For — l ^ x ^  +  1,

(4.11) |/ (x ) -/(**)! |4 (x )| — e9 w
k  = 0, 1 and k = n —\,n .

P r o o f . If x=  ±  1 then equality holds in (4.11). Using the properties of the 
modulus of continuity, we obtain

1/(*)-/(**Ж (*)1 =  w(/; \ x - x k\)\lk(x)\ ё

\\lk(x)\.

From (2.1) and
|X — JCjfcl |/t (x)| . . ,n ----- . S  sin ni| ^  1

i l - x 2
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it follows that

(4.12) l/(* )-/(**)l I/.M l ^  3w ( / ;  Ÿ ï= * /« ) .

Therefore we have

(4.13) 1Я*)-/0)11Л>(*)1 S  3w ( /;  V(1 -  x 2)/n),

(4.14) 1 / М - Л - 1)1 |A„(x)| == 3vv ( / ;  /Г=3?/и).

For A: — 1,

l /« - /M ) I I A 1(x)| s  ^ \ Л х ) - Л х Ж ( х ) \ Н Ш Л х ) Н х 1) Ж х ) \  —

S  |-w (/;  ) T ^ / « )  + (1/4) | / M - / ( x2)||/2(x)| +  (1 /4 )|/M )-/M )||/2MI ^

S  3w(/; f'l - x 2/n) + c10w(f; l/n2) |/2(x)| ^

S  3w(/; )/l —x2/n) + c10w(f; ] / l - x 2/ n ) ( l+ — *---- -) |/2(x)| S

S  3w(/; l71 —x 2/n) + c11w(f; V1 - x2/n) S  

S  c12w(/; V l - x 2/n).
Similarly,

l/(* )- /(* » - i)I IV i(* ) l S  ci3w(A  Vl - x 2/n).
This proves Lemma 4.2.

(5.1)

5. Proof of Theorem 1

From (1.4) and (2.3) one immediately obtains

Hn( f  x ) - / (x )  =  2  ( /(* * )-/(* ))4 M  =
fc =  0

=  í  Í +  2 +  Í  )(/(* * )- A * ) K « -
Vfc =  0 k = 2 k — tx — l '

Lemma 4.2 implies

(5.2) Í  2 +  2  ) | ( /M ) - /M ) ^ ( x ) | s  4cew (/; f T ^ / n ) .
= 0 k = n - l '
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Using Lemma 4.1 and the fact that # „ ( / ,  ± 1 )= /(± 1 )  one obtains

(5.3) 2V (**)-A *)I|A *(x) |S
k — 2

— w(/; V1 - x 2Jn) \lk(x)\ ^  (ci +  c2)w (/; / l  - x 2/n).
k = 2 ( f l  —X2 )

By combining (5.1)—(5.3) we obtain (1.6) and Theorem 1 is established. 
Related results on this problem are due to T. M . M ills and A. K. V arma [6], 

A. K. Varma [8], G. F r e u d  and A. Sharma [4], P. V értesi and O. Kis [9].
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THE LAW OF LARGE NUMBERS FOR ADDITIVE FUNCTIONS

by
IMRE Z. RÚZSA

1. Introduction

Let f x , * = 1 ,2 , ... be a sequence of additive arithmetical functions, where f x 
is defined at least on the interval [1, x]. Our aim is to find the condition under which 
the relative frequencies

“  10*: n =§ x, f x(n ) -a x £  u}|

converge to the improper law as x —» ,  with suitably chosen centering constants ax .
Starting with T u r á n ’s proof (1934, 1936) of the Hardy—Ramanujan theorem 

on the normal order of the number of prime factors, much work has been devoted 
to this problem. (Even more attempt was made on the problem of convergence to 
a proper law; this is the main object of the books of K u b iliu s  [4] and E llio tt  [2].) 
A fairly general result has been obtained by Elliott [1] and M anstavicius [5]; they 
solved the case

/ ,0 0  = /0 0 /* ,.

i.e., one additive function with normalization, where the normalizing constants bx 
satisfy

bxt =  0(bx).

We are going to solve the problem in complete generality.

2. Concepts and results

We shall use a probabilistic setting. An arithmetical function can be regarded 
as a random variable as soon as a probability measure is defined on N. Throughout 
this paper this measure will always be a relative frequency measure vx for some x, 
which assigns the weight 1/x to each number 1,2, ..., x. The symbol ( /,  vx) will be 
used to denote that /  is regarded as a variable with respect to vx. For example, 
we shall use E to denote expectation and for arithmetical functions we shall write

e ( /, vx) =  x - 1 2  m
n^x

AM S (MOS) subject classifications (1980). Primary 10K20, 10H25.
Key words and phrases. Additive functions, law of large numbers, limiting distribution.
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For a random variable Ç let

L{g) =  inf(e +  P(|£ —a| >  e)),0,8

i.e., L{f)  is the Lévy distance of £ from the set of constants. For arithmetical func
tions we write L ( f  vx).

For an additive function /  put

U (J,x,X) = X2+ 2  P~k min (l, (f(pk) —X log pk)2),
pbsx

U ( f  x) =  min U (/, X , X),

V (/, x) =  m in(l, U ( f  x)).

T heorem . For every real-valued additive function f  we have 

(2-1) V ( f  x) «  L ( f  v j  «  V { f  x)1/3;

the implied constants are absolute.

Now we can answer our starting problem.

C orollary. Let ( / x) a sequence o f real-valued additive functions. A neces
sary and sufficient condition for the distribution o f ( f x — ax, vx) to converge to the 
improper law with a suitable choice o f the centering constants ax is

(2-2) U(fx, x) — 0.

I f  (2.2) holds and Xx is a sequence o f real numbers such that

U( fx, x, Àx) 0,
then one may choose

ax = K  lo g x +  2  ~  (fx (p) 2X log p).
|/*(p)-^iogp|si P

The Corollary follows immediately from the Theorem except the choice of ax, 
which is shown by the Lemma in the beginning of the next section.

3. Upper estimate

This will be very simple. It is a consequence of the lemma below, which is easily 
deduced from the Túrán—Kubilius inequality.

L emma 3.1. I f  f  is a real-valued additive function, X a real number and

U(J, x, X) =  5,
then with

A = X log x +  2  — (f(p )~ M ogp)
| / ( p ) - A l o g p |^ l  P
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and with an absolute constant cx we have

(3.1) vx( \ f ( n ) - A \ ^ 2 ô ' l * ) ^ Clô 'l\
P roof. P u t

fin )  = log n + /i(n )+ /2(n),

where f x and / 2 are additive functions, defined by f i i p k)= fip k) —l  log pk, f 2(pk)=0  
if \f(P k} -)- \o g p k\ s l , f 1(pk)= 0 ,f2(pk)= f(p k) - l . lo g p k otherwise.

Evidently, we have

<5 = я2+ 2  p - kf i ( p k) +  Z  p - k =  v + b + s , .
ркШх Pk ^ x ,  f t (pk) * 0

Obviously,

(3.2) vx( f2(n) á1'3

assuming <5^1, but otherwise the lemma is trivial.
Denoting

Ai =  Z f i ( P ) I P ==A- ^ ° ë x
P ^ X

the Túrán—Kubilius inequality yields

with an absolute constant c2, and hence

(3.3) v,(|Ш - А г \  ^  ô**) ^  с20х0~2'3 S  c2ô'i*.

Finally, utilizing A2S<5

(3.4) v^A log n — A logx| ^  ô113) ^  exp( — (51/3/|A|)

S  exp( —(5-1/e) c3(51/3.

Combining (3.3), (3.4) and (3.5) we get (3.2). □

4. Lower estimate

This is based on the following two lemmas.

L emma 4 .1 . Let f  be an additive function, and suppose

vx(f(n)€[a,a+h]) == q; 

then there is а Я, |A|^cA/^ such that

(4.1) Z  — min ih2’ ifiP ) -  к log P)2) — ch2q~2,PSI P

where c is an absolute constant.

(See Rúzsa [6].)
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Lemma 4.2. Let P be a set o f primes and let F(P, x) denote the number o f square- 
free  numbers up to x  which are divisible by no element o f P. Suppose

We have
2  i /р s  к.

píp

F(P, x) £  y(K )x

with a positive constant y(K ), depending only on K.

(See [3], Section 1, Corollary.)

Proof of the lower estimate. Suppose that

(4.2) У*(1/(л)-а| <<5) >  l -<5;

we want to find an upper bound for U ( f  x).
We shall assume

(4.3) <5 <  Cj,

where cx is a small but positive absolute constant, to be specified later. As <5 approaches 
1, the estimate for U gets worse. (4.1) yields

U ( f x ) « (  \ - 0 ) ~ 2

and no essentially better estimate can be stated, that is why we use V ( f  x) in (2.1) 
instead of U.

For <5 <1/2 (4.1) yields

(4.4)

where X satisfies

2  — min (<52, ( f (p) -X  log p)2) =  c20 \
p s x  P

(4.5) |A| <  c30.

Now we regard a decomposition similar to that of the previous section. Let

/(n )  =  X log n + /1(n )+ /2(n),
where

f i(P k) = / ( / ) ” A log pk, f 2(pk) = 0
if

l/(Pfc) —A log pk\ s  Ô,
and

A  (pk) = 0, f f p k) = f (p k) -  X log pk 

otherwise. (4.4) means that

(4.6) 2 A 2(Pk)P~k = c2<52,

(4.7) 2  P~k s  c2,
M p)*o

S lud ia  Scientiarum M athem atic  aru m  Hungarica 14 (1979)



TH E LAW  O F LA RG E NUMBERS 251

the summands arising from higher powers can be estimated directly, in (4.6) utilizing 
l/i(P*)l — (From the sums we omitted the trivial condition pk^ x .)

Let
P  = { P ■ f Á P ) *  0, p  =s x)

and
P i  =  { Pk ■ \ f A P k)\ >  П, Pk ^  x ) ,

where <5<rç<l, p will be chosen later. Let Q denote the set of squarefree numbers 
n ^ x  which are divisible by no element of P, and let S  be the set of numbers n ^ x  
of the form

(4.8) n = pkm, pk£Pi, p\m , m£Q.

Evidently,/2(/z) =  0 if n£Q and | / 2(rí) [^ p  if n£S. 
We have

161 s  c3x
by (4.7) and Lemma 4.2. Put

« = 2 P ~ k-p^iPi
We are going to show

(4.9) |S | S  c4ax.

Namely, for a given р к£ Р г a “good” m  must satisfy m ^ x p ~ k, it must be square- 
free and must be free from prime factors from PU { p } .  The number of such m ' s  is

F(PU {p}, x p ~ k)  ^  с ^ х р ~ к

by Lemma 4.2. The numbers m p k belonging to different p k£ P 1 are different, thus 
we obtain

|S | ёг 2  CiXp~k =  c4oo:.

Now regard the function

fa = / - / 2  = Я log-ь/,.

If n f Q and \ f (n )~ a|s<5, then necessarily

| / 3( n ) - a | â  ó;

this happens for at least (c3 — 8 ) x  values of n ( ^ x ). If n£S  and \f(ti) — a \^ ô ,  then

| / 3( n ) - a | S  t]-0 ;

this happens for at least (c4a —<5)x values of n.
For the variance (which we denote by D) this implies

(4.10) D (/3, vx) ^  L ( r]-2 0 )2(cioi-ô)(ca- ô )  >  c 5i / 2( c4a-<5)

supposing <5<c3/2, which is automatically satisfied if we choose c1< c 3/2, and also
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3<5. On the other hand,

D (/3, vx) = D(A log+ Л , vx) ^

— 2 (l2D(log vJ +  DCA, vj).
We have

D ( / l5 V ,)  «  d 2

by (4.6) and the Túrán—Kubilius inequality and

D(log, v j  <sc 1

by an easy computation. Combining these inequalities and (4.5) we obtain 

(4-11) D(/3, v j  =§ c6<52.

Now choose ц = ^0  (it satisfies our requirements if <5< 1 /9). (4.10) and (4.11) yield

съг]\съсс-0) ^  ce<52,
hence

a c7<5.
Therefore

Z p - km m ( l , f 2(j>ky )  ^  Z  P~k + tf  Z  P~k ^ « + c 2r,2^ c sô;
| / 2(P,‘)|=-'I f 2(Pk) ^ 0

combined with (4.5) and (4.6) this gives

{/(/, Я, x) «  (5. □

5. Concluding remarks

(2.1) is best possible if we look for an estimate in terms of U (f, x). A better 
result can be expected in the following more complicated form.

Let Я be a real number and let cp (p prime) be independent random variables 
with the distribution

P(Íp —/(Рк)-Л log Pk) = p-4 1 -l/p).
Moreover, let £0 be independent of the £p’s and with the distribution

P (É o
Je“ for и <  0, 

=  l l  for и 0.

Finally, put

r1 = *l(x,X) =  Я£0 +  Z  Zp-
p^x
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I think that L(rj) will be close to L { f, vx) for a suitably chosen value of A; more 
exactly, I conjecture that

L ( f  v j  X  min L(t](x,X))

holds. I can prove the upper estimate, the lower one seems to be considerably more 
difficult.
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THE MEAN-SQUARE DISCREPANCIES 
OF SOME TWO-DIMENSIONAL LATTICES

by
VERA T. SÓS and S. K. ZAREMBA

§ 1. Introduction

Let Q2 denote the square defined by

0 s  x  1 ; 0 ^  y <  1,

and let Z be any finite set of points z„, ..., zm_1 contained in Q~, zt= (xt, y() 
( /= 0, m — 1). The degree of equidistribution of Z can be described by the func
tion

g(z) =  m~1v(z)—xy,

where z =  (x, y) is in the closure Q2 of Q2, and v(z) is the number of points of Z 
for which x (< x  and у(<у.

Clearly, if the equidistribution of Z is good, |g(z)| should be small throughout 
Q2. I f  we want a single number to measure the equidistribution in question, the 
obvious choice is a norm of g(z). The two most natural norms are

(i)
and

D*(Z) =  sup |g(z)|

(Ü) D<2>(Z) =  ( / g(z)2dz)1/2
Q1

The first norm is known as the extreme discrepancy of X, or, more simply, its dis
crepancy. For the second, the name of L 2 discrepancy, or mean-square discrepancy 
was introduced in 1968 Zaremba [10], although its concept appeared as early as 
1954 Roth [7]. The definitions of D*(Z) and D2(Z) can be extended in an obvious 
manner to any number of dimensions; however, the present paper deals only with 
the case of two dimensions.

The two concepts of discrepancy, apart from their intrinsic number-theoretical 
interest, play an important part in numerical analysis : If we regard the expressions

m - 1  ( / ( z o) +  • . • + / ( z m —i ) )
as approximate values of the integral

/ / ( z) dz, 
v»

the absolute values of the errors have, under suitable conditions of smoothness 
imposed on / ,  upper bounds of the form

C*D*( Z) or C(2)Z)(2)( Z),
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where the coefficients C* and C(2) depend only on /  (see, for instance Hlawka [3], 
Z aremba [10] or [11] or Korobov [5]). If Z is a suitable lattice, then, depending 
on the smoothness o f / ,  the error of integration can be of a much smaller order of 
magnitude than the bounds indicated above (see, for instance Hlawka [4], Koro
bov [5], Zaremba [11] or Vilenkin [9]).

K. F. Roth [7] proved that

Z)(2)(Z) ^  c2m _1 (log m)l/2

for every finite set Z = { z „ . . . , z , . I} c 6 !, where c2 is an absolute constant. 
W. Schmidt [8] proved that for any such set Z

D*(Z) ^  cm-1 log m,

where c is again an absolute constant.
Sequences of sets Z c  Q2 for which

(1.1) D*(Z) =  0 (m -4 o g m ),

in particular sequences o f such lattices Z are well-known (see, for instance Hlawka 
[4], Korobov [5], Zaremba [11] or Vilenkin [9]). Sequences of sets Z ez Q2 for which

(1.2) D2( Z) =  0 (m -1(log m)1/2)

have also been known (D avenport [1], Halton—Zaremba [2], Vilenkin [9]). But 
none of these sets formed a lattice, although the one considered by D avenport [1] 
was a symmetric union o f two lattices. In view of the theoretical and practical impor
tance of lattices, it was felt that it was worth investigating which lattices Z, if any, 
had an L2 discrepancy o f the order of m_1(log m)112.

At this stage it should be recalled that if A is an upper bound of the partial 
quotients of the finite or infinite continued-fraction expansion of a number a, if m 
does not exceed the denominator of a in the case when a is rational, and if Z con
sists of the points

(0,0), (m -1, {a}), (2m -1, {2a}), ..., ( ( m - l ) m -1, {(m- l)a}>,

{x} denoting the fractional part of x, then

(1.3) D * (Z )^K * m ~ 1logm ,

where K* is a constant depending only on A; this is an immediate consequence of 
Proposition 4.3 in Zaremba [12].

The main purpose o f the present paper is to show that if all the partial quotients 
o f the finite or infinite continued fraction expansion of a are equal, m S 1 not exceeding 
the denominator of a when a is rational, then

Z)(2)(Z) =  O(m-1(log m)1/2).

We obtain this result by examining the expressions

1 m-1
0-4) -  2  S?,

m  q =  0
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where

(1.5) S4 =  i ( { M - y ) -

Propositions about the behaviour of (1.4) and its connection with D2(Z) may also 
be of some intrinsic interest.

In a forthcoming paper we are going to prove that if the partial quotients of 
the continued fraction are not all equal, even if they are bounded, D(2)(Z) can be 
of the order of m~l log m.

§ 2. A crucial lemma

L emma 2.1. With the previously introduced notations, assuming that the partial 
quotients o f  the continued-fraction expansion o f  a are bounded, and that m does not 
exceed the denominator o f  a in the case when a is rational,

D2( Z) =  0 (m -1(log m)1/2)
if, and only i f

I rn —  1

—  2  s l  =  О (login),m q—о

where Sq is given by (1.5).

P r oof . We use a technique due to H. D avenport  [1]. To simplify some nota
tions, we put

G(x, y) =  mg(x, y) = v(x, y) -  mxy
and

m  = m ~ j .

It is easily verified that for any ß and any t] in [0, 1]

Hence

Clearly

where

, + W - , ) - W ) = {“ jf f l

v(*,y) = 2  {у+Ф (j'a—у)—ф 0a))-

\ G ( x , y ) - G ( x , y ) \  ^  1,

G ( x ,  y ) =  2  ( Ф (j<* ~ У )  — Ф (Ja))-

Since it is well-known (R oth  [7]), that
1 1

f  f  G(x, y fd x d y  
0 0
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is at least of the order of log m, the order of magnitude of the last integral is the same 
as that of

J  J  G (x, y)2d xd y .

Now we take advantage of the Fourier expansion

. . .  1 ~ sin 2nnot.
iK*) = —-  2 — -—n n = 0 И

valid for a 7^0. With this representation,

G(x, y) 2
0 ^ j < m x h U -V n n=1

sin 2nn(ptj — y)
■ Ф 0 a )

(2.1) = — - ^ ’/c~1cos2 nny 2  sin 2nm.j +
и =  1 0 ^ J < m x

1 ~
H—  ^ /с-1 sin 2nny 2  cos 2nnotj— 2  *A(ia)-

^  n =  1  0 0 Ш ^ ^ т х

Now we want to square this expression and integrate it with respect to у  from 
0 to 1. The three terms of the integrand being orthogonal to each other, the integral 
of G(x, у)г is equal to the sums of the integrals of the three squared terms. We shall 
denote these integrals by Ix, / 2 and I3, respectively.

We begin with / 2. By the Parseval formula

(2.2) 4  =  2  cos 2nwxjf.

Now we have to distinguish the cases of a being irrational and of a being rational. 
We begin with the former case, following D a v en po rt  [1].

It is well-known (see, e.g., Lemma 6.5 in Zarem ba[ll]) that if no. is not an 
integer, then for any m

(2.3) ' -  ~  1I 2  cos(2nna/)|
0 ĵ<mx 2 II nail

where ||£|| denotes the distance of £ from the nearest integer. 
But also

I 2  cos (2ninxj)l ^  [mx],
0^)<mx

Thus

(2.4) 1 y ]_
2n2 Á  n2 ~ л  m in( M 2,2  2 H na|| 2).

Let p jq k be the successive convergents of the continued-fraction expansion of a, 
defined by qt = 1, q2 = a1, ..., qk^ = a kqk+qk_x (k = 2, 3, ...), Pl= 0,p2= l ,  ...,p k+1=
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—akpk+Pk-i, where alf a2, ... are the partial quotients in this expansion. If  qk_[ â  
^ n ^ q k, by Lagrange’s theorem,

IIna|| — \qk-i<*—Pk-i\ ^  (<7*-i +  <7*)_1-
Hence

(2.5) n||na|| £  qk-i/(qk- i+ q k) >  (A + 2)“1 =  C, 

where A = max at.
If 2r-1^ n c 2 r, then by (2.5),

II na|| > C /n  > C /2 r.

But, for any given integer s, there can be at most two values of n, say n1 and n2 
in [2r_1, 2r) satisfying

(2.6) sC -2 -r S  ||nfa|| <  ( s + l )C -2 - r ( i= l ,2 ) .

Indeed, if there were a third one, we would have an n* with |n*l<2r and 

II n*a|| <  C • 2~r <  C/\n*\,
which contradicts (2.5).

The two values of n in [2r_1, 2r) satisfy

||na ||-2 <  C~2s~22r,

and according to (2.4), we find

(2.7)
/2 s  JL 2  г2- 2' 2  min ibnx]2, c~2s~222r) =§

Tl r = l  s — 1

4 [log2m] 1 1= ,r2 2  2 - z  + ZZ 2  2  [mx] 2 C 2 2 2 s
7Г C  r — i  1 S  7Г r> [lo g 2m] s =  1

Since the first sum is О (log m) and the second is 0(1), we obtain 

(2.8) I2 =  О (log m).

If a is rational, we denote by d its denominator, and we put 

n — kd +1 with 0 ^  / <  d.

3
~2

We have to single out the terms of (2.2) which correspond to values of n being multi
ples of d. The sum of these terms does not exceed

1 у  [ m x ] 2 ^  1 “ 1 _  1
2n2 Á  k2d2 -  2л2 Á  к2 12'

Concerning the other terms of (2.2), we note that ||ла|| Н |/а||, while, as in the 
case of a irrational, /||/а||=»С, and all the more и||ла|| >C , or

II ла|| C
n '
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Argueing as in the case o f an irrational a, we find that the sum of the terms of
(2.2) which correspond to values of n other than multiples of d  is smaller than the 
right-hand side of (2.7), and therefore is О (log m). Thus (2.8) holds both for rational 
and irrational values of a.

Concerning /j, instead of (2.2) we have

h
1 “ 1

2^  * §  F 2 (sin 2 л: key)2.

The treatment is exactly the same as that of 72, the only difference being that in 
the case of a rational, all the terms corresponding to values of к divisible by d vanish. 
Thus in both cases
(2.9) Д =  О (log ni).

Both f  and 72 have to be integrated with respect to x in [0, 1]. Since the upper 
bounds obtained for them do not depend on x, the double integrals are also О (log m).

J3 is quite different. Since the square of the last term in the right-hand side of
(2.1) is independent of y, it is equal to 73. Now it has to be integrated with respect 
to X in [0, 1]; since it is a step function, in view of the definition of ф, its integral 
reduces to the sum (1.4).

Thus, apart from a term which in any event is of a lower order of magnitude,
1 1

£><2)(Z)2 =  f  f  G(x, y )2 dx dy 
0 0

is the sum of two terms which were found to be 0(\ogm )  and of the sum (1.4). 
This proves the lemma.

§ 3. Further lemmas about continued fractions

Let a be fixed and ak, qk, pk (k = 1, ...) have the same meaning as before.

D efinition 3.1. A finite sequence (br , ... ,b s), with s< n' if a=p„dqn■ will be 
described as admissible (with respect to a) when

0 ^  br <  ar and 0 ^  bt ^  a,-, 
but Ь;_х =  0 whenever bt = a ; (i =  r +  1, ..., s).

The two lemmas and two corollaries which follow are well-known (they were 
exactly implied in O st r o w s k i [6]) and in any event are easy to prove.

Lemma 3.2. I f  (b1, ..., b„_г) is an admissible sequence,
b1q1 + ...+b„_1qn_1 <  q„.

Lemma 3.3. Assuming that n ^ n  i f  v.=pn.!qn., any nonnegative integer p < q n can 
be uniquely represented in the form

(3.1) q = b1q1+... + bn. 1qn. 1

where {b1, ..., bn) is an admissible sequence.
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Corollary 3.4. Assuming that n ^ n '  if a=/v/<7„. there is a one-to-one cor
respondence between integers 0, 1, ...,q n— 1 and admissible sequences (bk, Ь„_к) 
determined by (3.1).

Corollary 3.5. Under the same assumptions, the number of admissible 
sequences (blt ..., Ь„_к) is equal to q„.

It is well-known from the theory of continued fractions that for any / S i

with q<pn- if <x=p„'/q„■■ According to Lemma 3.3, q admits a unique representa
tion (3.1) where (6;) is an admissible sequence. Hence Sq can be represented uniquely 
in the form

We consider now the special case when the number a has a finite or infinite 
continued-fraction expansion whose all partial quotients are equal to a positive 
integer a. The convergents of the expansion of a are easily found to be

If a=  1, the sequence is that of the Fibonacci numbers, and (3.5) is nothing else but

(3.2)

where |0 ;|^ 1 . We consider now the various sums

/1 —  1
(3.3)

where
s 4 = 2  °  i1 =  1

when 0, and at = 0 when bt= 0, while

/-1
ti =  2  bkqk (i =  2, ..., n —1); tk =  0.

k= 1
According to Ostrowski [6] we have

1

(3.4) i = 1...... fc-1.

Pilqi = v-i-i/Vi
where
(3.5)

and

vj = ( ^ + ( -  1У + 1Д-;)(«2 + 4 )-1/2 ( j  = 1, 2, ...)

i ? = - ( a + ( u 2 +  4)^)-
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the Binet formula. Thus either
(3.6) a =  vn,_1/v„. 
for some integer or

(3.7) a =  lim v„_1/v„ =  ß - 1 =  ^ -((a2+4)1/2_ a).

In our case, (3.2) becomes

(3.8) « =  +
V,

with г<и if a is given by (3.6).

Lemma 3.6. I f  a is given by (3.6) or (3.7), the sums 0 r+  ... +  0 S with 
and s< n' in the former case are bounded by a number depending only on a.

Proof. Since [0 ;|^ 1  for all i, it suffices to show that the sums

2  l®2к +  ®2k + l\,
when a is irrational, and

РтЧ
2  |Ö2fc +  ®2fc + llk= 1

when a is rational have an upper bound depending only on a. 
By (3.2) with qi= vi, qi+i= v i+1 and pi=vi_1

(3.9) 0 , =  vi+1(avi- v i_1),

and if a is irrational, we find

( - l ) i+10 , =

Similarly

Hence

and further

a 2 +  4

( - 1У

- (1 +ß2+ ( -  i)‘ß - 2i- 2+ ( - i y ß - 2i).

6>i+1 = ^ 4  0  + ^ 2+ ( - l ) i+1/5-2i- 4 +  ( -  l)i+1^ - 2i- 2).

о + г г) у 2,-
a2 +  4 P ’ 

( l+ ß ~ 2)2 1
Д |0 М + 0 Я + 1| ■ fl2 +  4 •

The case when a is rational, i.e., is given by (3.2), is slightly more complicated. 
Substituting (3.5) and (3.6) in (3.9), we find

0< =

(ßi+1+ ( - \ ) iß - i- 1) ( ( - l ) n'ßi- n'+1+ ( - \ ) n'ßi- n' - 1+ ( - l ) i+1ßn' - i - 1+ ( - \ ) l+1ßn' - i+1)
(a2 +  4)3/2 vn,
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and a similar expression for 0 i+1, with / + 1 substituted for i everywhere. After some 
simplifications, we obtain

(1 + ß 2) ¥ 2i_" '+ (l + ß~2)ßn' - 2i 
(a2+4)3/2iv

Since (a2 +  4)3/2гv//?", is bounded, to prove that 0 r+ .. .  +  0 s is bounded, it suffices 
to show the boundedness of

2  ((1 4-^2)2y54v- 2n' +  (l +  y8-2) ^ - 4v),
V=1

which is trivial.

§ 4. A probabilistic interpretation of the problem

The sum (1.4) with m = qn, i.e., the sum

1 ?"-1 „ 
-  2  ЪЧп <7=1

where if a can be regarded as the expectation E(.S2), q being a random

variable taking each of the values 0, 1, ...,q n — 1 with the same probability 

To compute
E(Sp =  E(S?)2+var Sq,

1
4n ’

we need the first and second order moments of the joint probability distribution o f 
alt ...,cr„_1. Owing to (3.4), this will be deduced from the relevant moments of 
b\ , •.., bn—\ •

We consider the case a ~ a ,  /= 1 , 2, ... . We begin with the probability P[bt= k] 
with 0 it is, of course, equal to 0 when a=  1. If 1, bt , ..., b can form 
any admissible sequence and according to Corollary (3.5) there are vt such sequences. 
Independently of them, bl+1, ..., Ь„_г can be any admissible sequence, which gives 
v„_i possibilities. Thus the total number of admissible sequences featuring й; =  /с 
is vivn_i; since ® i=l, this is true, in particular for /= 1  and for i=n — 1. Since each 
of the sequences in question has probability l/vn, we have

(4.1) P(b; =  k) — vtv„-i/vn 0 < / c < a ;  i =  1, ..., n — 1.

If b ~ a  with i> l ,  we must have bi_1= 0. Hence the factor vt in (4.1) has to be 
replaced by v{_x and so

(4.2) P(b( =  a) =  vi-.1vn- t/v„ (i = 2, ..., n - 1 )

while necessarily P(h1 =  a) =  0.
From (4.1) and (4.2) we obtain .

(4.3) E(b,-) = a ( « - l )
2 Vi + aVi
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This is still valid for /= 1  since v0 =  0. Substituting here, for vh vn_{ and 
vn their expressions in terms of ß, we find

(4.4)

where
E(b,) =  A + 0 ( ß - 2i) + 0 (ß 2i- 2n),

_  a(a — l) + 2aß~1 
2(a2 +  4)1/2 '

Similarly, we deduce from (4.1) and (4.2)

E { Ь Ь  =  Щ — ~ Ъ а 2  +  а  

and eventually, in terms of ß,

(4.5) E (bf) = B + 0 (ß ~ 2i) + 0 (ß 2i- 2"),

where

-V: + a2v,4

в  = 2a3 — 3a2 + a + 6a2ß 1 
6(a2 +  4)1/2 '

In view of (3.4), we also need E(bhbd- Assuming h< i, and argueing as before, 
we find

(4.6) P(bh = k, b( = l) = v hvi- hvn-.i/vn 0 < k < a ;  0 <  / <  a, 

and similarly

(4.7) P(bh = a, bt =  0 =  y * - i (0 <  / <  a)

(4.8) P(b„ = k, bt =  a) =  vhvi_h_-i vn_ilvn (0 <  к <  a)

(4.9) P(b„ =  bt = a ) = nfc_1ni_ft_1nn_i/n„.

Consequently,

(4.10)

С П .П  a2( a - 1 ) 4 ,
E (^ b f) = -----------7-------------+-Tisn

, а а( в - 1)(»*»г- » - 1  +  »*-1»1-* )о« -г  , a2vh- i V i- h- 1vn_ i
2v„ + V.

and eventually, in terms of /?,

(4.11) Е(Ь„Ьг) =  A2+ ( - l ) i- ft+1C)S2A- 2i +  O0?-2A)+O0S2i- 2n),

where
_ a 2((u^  l)2 —2(a — !)(/? —/I-1) —4)C =

4a2 +  4

Now we can prove the following proposition:

L emma 4.1. With the previous notations, Е(5в) has an upper bound which depends 
only on a.
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Proof. According to (3.3) and (3.4)

where
n-l ni

*(1>= i=l Z
a(2) _  "y1 .

i - i  2vi+1 ’
л-1 Д i-l n-l £ ) . h .

= 2 ^ 2  vhbhbj', <r<*> = 2
1 = 1 y( + l /1=1 /=1 zy i + l

Now, according to (4.4),

n -l ( — l)1 »—1

i =1
e(<t(1)) =  л 2  2  o(ß~2i)+ 2  o(ß2i- 2"),

^  ; = i  i = i

which is obviously bounded.
Concerning <t(2), we observe that

ß'H 1),+£  =  ß-'+oy-").»i+i ßi+1+(-l)‘ß
Consequently, since b\^.a2 and |0 t| ë l ,  we find

E( (̂2)) -  i  2  0.E(fof)+2  o(ß-2i),ZP 1=1 /=1
and further, by (4.5),

E(ff<20 =  4  ' 2  ©, + 2  0{ß~n) + 2  0 ( Г - 2").2p í=x (=1 i=l

Here, the last two terms are immediately seen to be bounded, and so is the first by 
Lemma 3.6. Thus E(tx(2)) is bounded.

Passing to <r(3), we observe that, with h <  i,

Consequently

Vh
v i + l

ßh + (~l)h + 1ß-h 
ßi+1+(-i Yß-1-1= ßh-,-1+o(ß-h-i).

i - l

E(ff<3)) =  2  ®, 2  ßh~i~lE(bhbi)+ 2  0, 2  E(bhbi)0(ß-h-i)-
i=  1 /1 = 1 1 = 1 /1 = 1

Here, 0t and E(bhbt) being bounded, the second term is easily seen to be bounded. 
Substituting (4.11) in the first term, we find

n-l /-1
a2 2  ®i Z  P -1-1 

/ = 1  /1=1
+ c ÿ e ,  2 ( - 1 У-л+1^ЗА- 3/- Ч

í=i /1=1

+ 2  0i 2  o(ß-h-,-1)+"21 &i 2*°(ßh+i~2")-1=1 /1=1 i = l n = 1
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The first term of this expression is easily seen to be bounded in view of 
Lemma 3.6. A similar argument shows that the second term is also bounded. Since 
&i is bounded, there is no difficulty over the boundedness of the last two terms. 

The boundedness of E(<r(4)) is trivial, since eri4) itself is bounded.

§ 5. The variance of S q

Throughout this section we assume that all the partial quotients in the con
tinued fraction expansion of a are equal to an integer a. Some variances and covari
ances have to be computed before attacking varS^. There would be no difficulty 
in writing down an exact expression for var bi on the basis of (4.4) and (4.5). How
ever, it suffices for our purpose to note that var bt is obviously bounded, say

(5.1) var b i ^ V  (i =  1, ..., n — 1).

Similarly, it suffices to know that for some W

(5.2) var b f ^ W  (i =  1, ..., n — 1).

We need to know more about cow (bh, bß — E (7;,Д) -  E(f>;,) Е(Ъ;). We can rewrite
(4.10) in the following form:

(5.3) E (bhbí) =  a 2 ( 'V
a — 1

'+  Vh
a -  1

- + Vi-h-l)vn-i/vn-

In view of (4.3), we have therefore

(5.4)
соv (b h, bi) = a2

a — 1 )
- Y ~ + vh - i j vn-i

Vn
X

It is easily seen that, here, the first fraction is О(ßh~i). In the numerator of 
the second fraction, if we express it in term of ß, we find a linear combination of
ß h - i + n  ß h - i + n  + 1 ß i - h - n  ß n - i  ß i - h - 1 1 - 1  ß h - i - n  +  1 ß n - i - h  ß n - i - h + 1  ß i + h - n  ß h - i - n

ßh+i-n-1, antj ßh-i-n+i' Xaking into account the denominator v„, which is exactly 
of the order of ß", it can be seen that

соV (bh, bi) = 0 (ß 2h~2i) when h <  i.
In fact

(5.5) |cov (bh, bi)\ ä  Cß2h~2i when h -= i,

where C has the same value as in (4.11), but the precise value of this coefficient is 
irrelevant from our viewpoint.
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In an exactly similar way, we evaluate cov (fif, fi?), obtaining, for a D depending 
only on a,

(5.6) |cov(frj|, b'f)I S  Dß2h~2i when h <  i.

Now we proceed to compute E(bhb:bkbi) for 0<h<isk<jSn. We have for 
K, L, R and S' in (0, a)

p(K  = K, bi = L, bk = R, bj = S ) = vhvi_hvk_ivj _kvn_jlvn,

P(bh = K, bt = L, bk = R, bj = a) = vhvi_hvk„ivJ_k_1vn_J/vn, 

and soon. Eventually we find

E(bhbibkbj) =  a4 [vh^Y~ + [v‘- b - y ~  +  vi-h-i)'

'{ vk - ^  + vk -i- i)  [vj - k ^ Y ~  + Vj-k- i) v n-j/vn,

and, in view of (5.3) 

i - l

cov (fifth,., bkbj) — 

a — 1
=  a3[vh- y ^  + y/.-i) ( i f i - A ^ y ^ i - f t - i ]  \vj_k ^ Y ~  + vj-k - i\v n - jV ï1X

X a i ( ^ - i ^ 2~+t i f t - , - i ) i ;n (i?t -^j-^ +  nt _i)] v„ \

The first line above is easily seen to be 0 (ß ‘~k). In the second line, if we express 
the w’s in terms of ß, we find, after crucial simplifications, a linear combination of 
ß‘~k, ßk- i- in, ß - l- k, ßk+‘- 2n and ß‘- k- 2n. Under our assumption, i —k  is the biggest 
exponent of /?; hence the second line is also О(ß‘~k). Thus there exists a constant M  
depending only on a such that

(5.7) cov (fifth,-, bkbj) ^  Mß2(i~k) when 0 <  h <  i ^  к <  j  <  n. 

Obviously, there exists also a number N  such that

(5.8) cov(fiftfi;, fiftfiy) ^  N  for h , i , k , j  between 0 and n. 

Lemma 5.1. With our previous notations

var Sq =  O(n) =  О (log m),
where m — v„.

P r o o f . Owing to Schwarz inequality, we only need to show that 

var a(k) =  O (n) (k = 1,2, 3, 4).
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According to (5.1) and (5.5),

var &
n — \ C n—1 1-1

2  2  ß2h- 2i4 2 i=2 h= 1
n 1 Г/ I C ( n ~ 2 )

4 2(ß2- l ) = O(n).

Since ßvi/(2vi+1) is bounded in view of (5.6), <r(2) can be treated exactly like 
<r(1), yielding

var u(2) =  O(n).
Now

1 =  1

where

Qi = &i 2  vhvr+\ b hbi.h = 1

Assuming i=j> we have, according to (5.7) and (5.8),

|cov{Qi, Qj)\ Ä —  2  2  vhvk\cov(bhbi,bkb j ) \^
Vi + l Vj + l h = 1 k = l

M i- 1 J- 1
2  2  ^ 2i- 2k-л=1 *t=i

дг i- i  i 1
2 ^ 2^i+i^j+i л=1 /1=1

it being understood that when i= j, 0 should be substituted for the first term of the 
last expression. When /'</, this term is of order of

ß - i- j 2  ßh J2  ß2i- k = ß‘- j 2  ßh 2  ß~k = o (ß ‘- J).h=l k = i /1=1 fc= 1

The second term is of the order of

ß-‘-j 2  ßh 2  ßk = o(ß‘-J)./1=1 fc=l

Thus there exists a constant R, depending only on a, such that 

C° y (Q i,Q j) ^ R ß ‘-J when i = j .
Eventually,

var<т(3) =  2  c o v (Q i ,Q j) S (n - l )R  + 2R 2  2  ß‘~J = ° ( n)-i,j = l J = 2 i = l

Finally, a(i> being obviously bounded, so is var aw .
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Theorem 5.2. Let all the partial quotients in the continued-fraction expansion o f  
a be equal to a positive integer a. Then there exists a constant A depending only on a, 
and such that

I m  — 1

— 2  S  A log m
П1 q = о

for any positive integer m >  1 and not exceeding its denominator if  a is rational.

Proof. As an immediate consequence of Lemmas 4.1 and 5.1, there exists a 
constant X depending only on a and satisfying

Alogn„
V.n < 7 = 0

for all и if a is irrational and for all n ^ n '  if x = v„._Jvn.. If then

] m  — 1

— 2  m eto
1 a +

-— ~ 2  ------ 2  s l ^ ( a  + l)X\ogvn,
V n - 1  9 = 0  Vn 9 = 0

and if we put, for instance

A =  X (a+ l) log (a (a +  1))(log a) \

we have (5.9), at least when m ^ v 2=a.
If necessary, an adjustment of the value of A will take care of the case 1

<г>2.
As a corollary to Lemma 2.1 and Theorem 5.2 we have the following propo

sition :

Theorem 5.3. I f  all the partial quotients in the continued-fraction expansion o f  
a are equal to a positive integer a and i f  Z is the sequence o f points

<°,°), ( 1 ,  {a}), ( У  {2a}), -  , { (m -l)a> ),

m being an arbitrary positive integer i f  a is irrational and not exceeding its denominator 
i f  a is rational, then the mean-square discrepancy D(2)(Z) o f  Z satisfies

£><2>(Z) =  0 ( т - ! (  log m)1'2),

where the constant implied in the right-hand side depends only on a.

It may be worth returning for a moment to the behaviour of Sq.

L emma 5.4. Under the conditions o f Theorem 5.2, to any e>0 there corresponds 
a number c depending only on a and e, and such that

Sq <  c ylogm

holds for all but at most em values o f  </Ç[2, ni), /î i è 2 being arbitrary.
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P roof . We return to the probabilistic interpretation of our problem. According 
to the Chebyshev inequality, for any positive K, Р[.‘>2^А’]^А '~2Е(,5'2). In view of
(5.9) , putting K = ^ A  log m/e, we find

P Cl̂ el = / c _M lo g m ] Ä £, 

and the Lemma holds with с=]/Л/ё.

T heorem 5.5. Under the conditions o f Theorem 5.2, to any e > 0  there corresponds 
a number C depending only on a and e, and such that

Sq< C  /log  q

holds for all but at most em values of q in the interval [2, ni), m S2 being still an arbitrary 
integer.

P roof. We divide [2, ni) into the intervals [2, 22), [22, 23), ..., [2r_1, 2r), and 
[2r, ni), where 2r <  m ̂  2r+L According to the preceding Lemma, to any e'=-0 there 
corresponds a number c' depending only on a and e', and such that Sq^ c ' \ log2v 
holds in the interval [2V-1, 2V) for not more than 2ve' values of q. But for these values 
of q, log 2VS2 log q, and so we have

(5.10) Sq ^  С  У2 log q

for at most 2 V  values of q in [2V_1, 2V). Similarly, (5.10) holds for at most me' values 
of q in [2r, ni). Thus, in all, the number of values of q in [2, m) for which (5.10) holds 
is at most (22 + 23+ ... +  2r +  m)e'<3me/, and if we put e' =  e/3 and C = c'^2, we 
obtain the conclusion of the theorem.

R emark . The above Theorem might be surprising knowing the following: 

(* ) For SN we have the same best possible Q-estimation, as for DN :

SN = a ( log N )
and

Dn = ß(log N ).

(*  *) For Dn a much stronger result is true: for an arbitrary a

D >  c log N

holds for all but at most №  values o f q; lS a S JV  where £—0 with c —0. (See 
V. T. Sós [13].)
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1. Introduction. The following pages describe what would be merely an exercise 
in Descriptive Geometry, if it were not for the fact that we are in the space R", and 
are thereby forced to use analytic geometry. The 8-pointed star called Stella Oclangula 
(abbreviated to SO) mentioned in the title, is shown in Figure 1.
It is composed of the union of the surfaces of the two regular tetrahedra

(1.1) П3 =  ABCD, and П3 =  Ä S C Ö ,

both inscribed in the cube y3. Notice that П3 and П3 are regular simplices of R3, 
and that they are symmetric to each other with respect to the center О of y3.

My colleagues Carl de Boor  and Donald C r o w e  observed that Kepler’s SO 
is an analogue in R3 of the star of David, the tetrahedra П3, П3, playing the role 
of the two regular triangles of David’s star. An analogue of SO in R" now seems 
obvious : In R” we consider two congruent regular simplices a„ and â„ having a com-

18 Stuclia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)



2 7 4 I. J. SCH O EN BERG

mon center О and so placed, that they are symmetric to each other with respect 
to O. This, however, is not the analogue of SO in R", that we have in mind.

We denote by SO„ the analogue in R" of SO to be now defined, writing S03 =  SO 
if n = 3. Let

0 .2 )  . ..........................................и}

be our fundamental measure polytope, or hypercube. For the natural number j  we 
consider the cross-polytope

(1.3) Oj„ = {(*;); 2  |xf| =  2 / - l }  

for values of j  such that
(1.4) 2j — 1 <  n.

Its 2" facets are in the hyperplanes (we abbreviate “hyperplane” to HP, plural 
HPs).

П
(1.5) 2  Bix i = 2 /—1, where e , = ± l .

1
Its intersection with y„ we denote by

(1.6) FjOb, e„) =  У * п |^  EfXj =  2j —1 |.

S t u d i a  S c ie n t ia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1970)
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Notice that this intersection is a non-degenerate convex (n-\)-dimensional polytope. 
The reason for this is that the vertex (et , ..., £„) of y„, and its center 0  =  (O, 0)
are on opposite sides o f the HP (1.5), because we assume that n> 2 j— 1.

The Fj(et , are by definition the facets of SOn\ to define SOn we merely
have to form their union

(1.7) SOn = U  U  F j l ß x ,  . . . ,  £„).
2 j — 1 < л  e t =  ± 1

This, then, is our analogue o f SO in R".
Let us look at the simplest examples.
1. n=2. The inequality 2j— 1 is satisfied by the single value j — 1. By (1.6) 

we obtain the edge

Fi (fii, £2) =  y2n{£iXi +  £2̂ 2 =  1},

and so (1.7) reduces to

(1.8) S 0 2 =  U Fx(£l5 e2) =  Я » ,
ef =  ± 1

which is the slanting square of Figure 2.
2. /1 =  3. Again 2j— l<7i has the only solu

tion 7=1. We see that (1.3), (1.4), reduces to 
the single octahedron

(1.9) Os =  {(*!, *2,*s); 2 W  =  !},

and this is the regular octahedron whose 6 vertices are the centers of the 6 facets 
of the cube of Figure 1. According to (1.6) and (1.7) we are to take the 8 HPs of the 
facets of 03 and form the union of their intersections with y3. In this way we get 
the 8 facets of

(1.10) S 0 3= U ^(£1,£2,£з) =  Я зи Л з.
«,= ±1

The definition (1.7) is seen to lead to Kepler’s SO i f  п — Ъ.

The two cases of л =  2 and п — Ъ are typical of the general situation. The follow
ing results will be established.

1. I f  n = 2k is even, then

(1.11) SOn = n„

is a connected skew poly tope in R" having n2n~1 facets.

2. I f  n = 2k+1 is odd, then

(1.12) SO„ = n„\jn„.

Í

F i g .  2

18* S tu d la  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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Here Пп and П„ are connected skew polytopes in R", which are symmetric to each 
other with respect to the center O, hence

(1.13) n n = - n n.
П„ is composed o f (и —1)2" _ 2 facets.

The way the facets Fj (e1, ...,£„) of SO„ are distributed among П„ and П„ is 
described by the representations

(l-H ) Я " = - 0 „  U FÁ Ei ’ - ’ Sn),

and

(1-15) =  U U Fj(e i,...,e„ ).
J  1 П е, =  ( - 1 У  + 1 l

The case when n = 3, hence k = 1, already shows clearly this structure: We 
divide the 8 facets of the octahedron (1.9) into two classes depending on the sign of 
the product £1£2e3, to obtain
(1.16) n 3 = U Fi(£i , e2, £3)
and
(1.17) IICO

«4
elE2e3~ 1

U k, (s1, £2, £3).
e l £ 2£ 3 ^

The 4 facets of Ol with e1e2s3= — 1, and the 4 facets with £1e2e3=  1, form a kind of 
“checkerboard” design on the surface of 0 3.

We may assume that Rn= R "+1n  {x„+1=0}, and it then follows that y„czyn+1. 
From (1.6) we conclude that

l j  O' 1 - • • • ? en) hj (fij, ..*} £,,, £„ +1),
and finally the definition (1.7) o f SO „proves the inclusion

(1.18) SO„<zSOn+1.

For n = 2 the, inclusion S 0 2<^S03, hence П2а П зи п 3, is nicely exhibited in Figure 1, 
where the square Д 2, of Figure 2, appears as the intersection of S 0 3 = i l 3[JП., with 
the plane x3=0.

We come to the characteristic properties of П„. The polytope П,, was derived 
in our previous paper [4, equation (1.15)], and was there denoted by Д ”-1. It was 
there shown that П„ is a so-called König— Szűcs polytope, and that among all such 
polytopes in general position, it is the one that stays farthest away from the origin. 
These concepts and results will be discussed in § 2. However, our discussion will 
not be independent of the paper [4], because we take over from [4] the parametric 
representation of П„ stated in Theorem 1 below.

The contents of the chapters, sections, and appendix are deemed to be suffi
ciently explained by their headings.

I am grateful to Professor H. S. M. C oxeter for suggesting the present study 
o f the geometric structure of SO„ based on the parametric representation of П„ 
as given in [4]. An altogether different approach to SO„ was given by Coxeter in 
his paper [1].

S t u d i a  S c ie n tia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1979)
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I. The skew polytope П„

2. A characterization of the skew polytope П„ of R". Let

(2.1) y ,: - l s x v s l ,  (v =  1...... n)

denote the cube 7", where / = [ — 1, 1]. In R" we consider the hyperplane in parametric 
form

(2.2) L'n: x v = Z  A'u(+ a v (v =  1...... n),
i=i

where a =  (öv) is an interior point of yn. It helps to think of L'„ as carrying an (n —1)- 
dimensional pencil of light-rays emanating from the point a =  (av) and spreading 
uniformly through L'n. We think of the In facets xv =  ±  1 of y„ as mirrors which 
reflect back into yn any rays that may strike them, as well as any reflected rays. 
The complete path of these reflected rays is a skew («— l)-dimensional polytope П'„ 
such that

(2.3) n'n (zy„.

For the two special cases when « =  2 and n = 3, the skew polygons П 2 and skew 
polyhedra П'3 were first considered by D. König and A. Szűcs in their pioneering 
paper [3]. For this reason we refer to 17' as a К—S polytope. Observe that П 2 is 
also the path of a billiard ball moving within the square “table” y2.

Our first task is to find a convenient representation for the polytope 77'. This 
is nicely obtained by using the reflecting function R(u) defined as follows:

(2.4) Л ( и ) = { 2 “ м £  J ~  “ “  *’ and 7?(u +  4) =  R(u) for u.

This function is an appropriate normalization of a so-called linear Euler spline; its 
graph is shown in Figure 3. Using R(u) it is found that a parametric representation 
of the К—S poly tope 77' obtained by reflecting the HP (2.2) is given by the equations

(2.5) П'„: xv = R ^ Z  K ut+ a ^ ,  (v =  1, .... n).

The reasons are briefly as follows: By (2.4) we have R(u) = u in the interval 
— l ^ n S l ,  and this implies, by (2.2), that the intersection L 'D yn is left pointwise 
unchanged in passing from (2.2) to (2.5). The remaining portion of 77' is obtained

*

S tu d ia  S c ie n t ia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1979)



2 7 8 I. J. SCHOENBERG

by successive reflections o f L 'fly„ in the facets of yn, due to the zig-zag nature of 
the graph of Figure 3.

In order to avoid essentially lower-dimensional problems, we assume that the 
H P  (2.2) is not parallel to any o f the coordinate axes. The conditions for this are that

(2.6) The n X (n — 1) matrix ||Aj,[| has no vanishing minor o f order n — 1,

and we then say that L'n, as well as П'„, are in general position. 
Our problem is as follows.

Problem 1. Among all К —S  polyhedra П'п, defined by (2.5), which are in gen
eral position, to find those which stay away “as far as possible” from the center О
o f  y n -

What does “as far as possible’ 
*

Fig. 4

mean? We use here the Minkowskian nor/n

N U  =  max (1^1, ..., |x„|)

and determine the open neighbourhood 
u ||x |U < e , with maximal q , which con

tains no point of П'п. We find that

(2.7) max q — —,

and determine the corresponding extremizing П'„, which we denote by Л„. This 
extremum problem, resulting in Theorem 1 below, was solved in our previous paper 
[4]. In describing its solution, it is convenient to use a different linear Euler spline 
denoted by ( m) ,  and related to the function (2.4) by

(u) =  R{2u — 1).

This function may also be defined by

/ . 1 2м — 1 if 0 = и = 1, , . . .
(2.S) <«> =  { _ 2u_ 1 if m d  <U +  2> =  <M> f ° ral1 u-

Its graph is shown in Figure 4
It should be clear that also the equations

(2.9) 2  K ui+o,t=i
(V =  1, . . . ,n),

always define a К—S polytope, except that it no longer arises by reflexions of (2.2), 
bu t by reflexions of a HP simply related to (2.2). In terms of the function (2.8), 
the solution of Problem 1 as given in [4, § 6], is described by the following

S t u d i a  S c ie n tia r u m  M a th e m a t ic  a r u m  H u n g a r ic a  14 (1979)
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(2. 10)

T heorem  1. 1. The special К—5  polylope1

xt = (u,) (i =  1,
П„:

x n = C z  + ’ (° -  u< -  2- * = И)

и a finite skew polytope which has no point in common with the open cube

C„: 1Ы1( 2 . 11) П
so that

(2.12) Я„ПС„ =  0,-

while all 2" vertices ( ± — , ..., ±  —) of Cn are points o f  Я„.

2. I f  (2.2) is a HP L'„ in general position which is différent from the HPs o f  the 
facets o f  П„, and also different from the HPs o f the facets of

(2.13) П„ = —Пп,

then the К—5 polytope П'„, obtained by reflecting L'n, must satisfy

(2.14) Л'ПГ)С„ ^  0, 

which means that П'„ penetrates into the cube (2.11).

R em a rk . Let p satisfy 1 ^ p S ° ° ,  and let

(2.15) (" \ llp l " ( 1 \pY lp 1
? * ■ ) - f t  - T 3

4 '  n p

denote the p-sphere circumscribed to the cube (2.11).

In § 11 we show that Theorem 1 remains correct i f  we replace in its statement the 
cube Cn by the open p-neighborhood

(2.16)
1

ll—
n p

(1 S  p s  °°).

1 In [4, equations (1.3)] we used a different normalization of our present function (2.8); let
us denote the old function for the moment by ((и)). In terms of the present function (и) its expres

sion is ((« ))= — ((«) + 1). This reflecting function was adapted to the measure-polytope

y'„: { 0 s r vs l ,  v = l , w h i c h  we now abandon in favor of (2.1). It should not be surprising 
that our equations (2.10) are identical with the old equations (1.15) of [4].

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)
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П. Symmetry properties of the polytope Пп

3. П„ is invariant on permutations of the axes. We state this property as 

Lemma 1. I f

(3.1) (xj, ..., х„)€Я„,

and (xfj, ..., xin) is a permutation of the coordinates (x1 ; ..., x„), then

(3.2) (x,-,, . . . ,x in)6 П„.

Proof. This will become evident as soon as we rewrite the equations (2.10) in 
a symmetric form. We introduce the new parameter un by the equation

(3.3) 2 « ,  =  - ^ ,  

and (2.10) show that
/n — \ ft — ]\

«гН— 2—/  =  =

Therefore the equations (2.10) may be replaced by the symmetric system

(3.4) xv =  <uv), (v =  1, ...,n),

where the n parameters uv are connected by the equation (3.3). Since (3.4) is symmetric 
in the u, the lemma has become evident.

4. The symmetries of the polytope Пп. These depend strongly on the parity of n. 

Lemma 2. We assume that

(4.1) n = 2k is even.

The poly tope П„ remains invariant if  we perform a reflexion in the hyperplane xv=0. 

Proof. By Lemma 1 we may assume that v =  1, and we are to show that

(4.2) (x1; ..., х„)£Л„ implies that ( —xl5 x2, ..., х„)£Я„.

By (2.10) and (4.1) let

X, =  <u,>, x„ =  ( 2  Mi +  f c - y )

and

x'i = (u't), x'n = ( 5 1 u ' i + k - j ^  

be two points of Я„, where

u{ =  l —ult u 'i= —Ui (i =  2...... n — 1).

S t u d i a  S c ie n t ia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14. (1979)
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From Figure 4 (u) is seen to be odd about the point м =  ̂  > and so

while

Finally

x ' l  =  <«i> =  ( l-M i)  = -< « !>  =  - X x , 

x ’l = ( u ' l )  =  (-U ,) = (и,) = X ,  for i = 2 , . . . , n - l .

к = Cl-'+*4) - {i-|“,+l-T> = <‘+T-|“‘) =
(I «, -k4) “ (I + * “ t) = *" '

proving (4.2).

A consequence of Lemma 2 is

C orollary  1. I f  n is even, then П„ has the origin О as center o f symmetry, 
hence

(4.3) n = ~ n „

For odd n we have

L emma 3. Let

(4.4) n =  2fc+l be odd.

The poly tope П„ remains invariant i f  we perform a reflexion in the hyperplane x (= 0  
followed by a reflexion in Xj = 0 ( j ^ i ) .

P r o o f . Again in view of Lemma 1 we may assume that i = l  and j —2, and we 
are to show that the mapping

(4.5) (*!, x2, ..., x„) — (— - x 2, x3, ..., x„) leaves П„ invariant.

By (4.4) the equations (2.10) become

x t =  <m,>, x„ =  { 2  ut +  k

However, the identity ( и + 1 ) = — (и) shows that (u + k )=(— l )k(u), and so we may 
replace (2.10) by

X i  =  ( U t ) ,  (i —  1, ..., n  1),
(4-6) П": /П-1

X„ =  ( - 1  )kCz и.)-
Besides the point (xv) defined by (4.6), we consider a second point (x() corresponding 
to parameters u\ defined by

“i =  «i +  l> «2 =  m2- 1 ,  n't = Ui (i =  3 ,..., n -1 ).

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)
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From  the equations
=  <«0 =  <Mi+l> = -< » i>  =  - * i ,

* 2  =  (Má) =  <M2“ 0  = — <«2> = - ^ 2 ,
* i = * i  ( i  =  3 ,  . . . .  n - 1 ) ,

* *  =  ( - 1 ) ‘  « ( )  =  ( - ! ) *  ( 2 1 Mi )  =  ï » >

we see that (4.5) indeed holds.
We have the

Corollary 2. Let (4.4) hold, and let us define the symmetric image o f  Л„ with 
respect to the origin by

(4.7) Пп = - П п.

Then a reflexion o f П„ in a coordinate hyper plane carries П„ into 77,,.

Proof. By Lemma 3, and because n is odd, we have

(4.8) (х1, х 2, . . . , х п)еП„

if and only if (xk, — x 2, ..., — х„)£Пп. Now (4.7) shows that the last inclusion holds iff

(4.9) ( ~ x 1, x i , ..., x„)enn.

The equivalence of (4.8) with (4.9) proves our corollary.

III. The geometric structure of П„ revealed

We separate the discussion according to the parity of n.

5. The case when n= 2k  is even. From n = 2k and properties of (и), the equa
tions (2.10) defining Пп may be written

(5.1) П2к :
x t = (Ui), (i =  1, . . . , n -  1),

On the other hand we have defined the analogue of Kepler’s Stella Octangula by 
the equation (1.7). As j  ranges over the natural numbers satisfying 2j—\~^n — 2k, 
we find that j — 1, 2, ..., k, and so we may rewrite (1.7) as

(5.2) 

where

(5.3)

S 0 2k= U IJ Fj(s1, . . . ,e2k),
j'=le,= ±l

Fj(«1, e2k) = у » Г |{ ^  £ix i = 2/ —1 j .

Our main result for even n is

S t u d i a  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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Theorem 2. We have

(5.4) П2к — S 0 2k.
Proof. Observe that П 2к as defined by (5.1) and expressed in terms of (u), is 

automatically a К—S polytope. On the other hand S 0 2k, as defined by (5.2), appears 
as just a collection of k22k facets about which, a priori, we have no idea how they 
hang together, if at all. We will show, however, that the facets o f S 0 2k are precisely 
the facets o f П2к.

We start by identifying an obvious facet of П2к, and we do this by restricting 
the ut to satisfy the inequalities

(5.5) 0 (i =  1, ..., л —1),
л — 1
2  ui — 2 '

Figure 4 and (5.1) show that the x v may be explicitly expressed in terms of the u, 
by using (u)=2u—l if 0ШиШ1. It follows that the image of the simplex (5.5) is in 
the HP

Xj =  2iij — 1, ( - l ) kx„ = 1 - 2  2  I(i_1  =  - 2 2  ui-1 1
n — 1 n — 1

Eliminating the щ we find that ( — l)*xr„ =  2  (— 1 — x() — — (и — 1) — 2  xi> and it
1 1

follows that the HP
—x 1 — x 2 — . . .—xn_1—( —\)kx„ =  и — 1

contains a facet of П2к. Applying to it the arbitrary reflexions in the coordinate 
HPs allowed by Lemma 2, we conclude that the 2" HPs

(5.6) 2 six i ~  и - l  (=  2k —\)1
contain facets of Пп. Notice that these are precisely the facets

(5.7) U Ft (ei, ..., s2k)
«,-±i

o f the last term ( for j= k ) o f the union (5.2).

The question arises :

(5.8) Where do we go from here by reflexions?

An answer depends on which facets of y„ the facets of (5.7) intersect. And by inter
sect we mean strictly, i.e., intersecting the interior of the facet ynГi {xv=?;}, {rj= ±  1). 
Incidentally, we will just write x v=r\, meaning thereby the facet у„П {*„=!/}.

An answer to the question (5.8) is provided by

Lemma 4. The hyperplane (5.6) intersects strictly the facets

(5.9) x i =e„  (i =  1, ...,« ),

but (5.6) has no point in common with the remaining n facets o f y„.

Studia Scientiarum M athem aticarum Hungarica 14 (1979)
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Proof. 1. We may assume that /= 1 . The intersection of (5.6) with the facet 
x1 =  s1 is in the HP

n
2  х л  =  « - 2 ,

2

and this equation has solutions in the open cube

- 1 < x2 < 1 ,  — 1 <  x3 <  1, ..., —1 <  xn <  1,

for instance the point x i=(n —  2)(n — l)~1ei ( i = 2 ,  ..., n).

2. On the other hand, the intersection of (5.6) with the facet x x =  —  s, is in 
the H P

n

2  Eix i = n
2

and this equation has evidently no solutions in the closed cube

1 — X2 — 1, * 1 — xn =  1,

because its left side has only n — 1 terms, all of absolute value S 1.
Let the HP

(5.10) Í e ;x; =  C
1

intersect the interior of y„ so as to produce the facet

F  = eíxí = C).

W hat are the reflexions of F  in the facet of y„ ? The answer is given by

Lemma 5. 1. I f  (5.10) intersects strictly the facet x1= e1, then its reflexion in 
лу =  e1 is in the HP

(5.11) — s 1 x 1 +  2 Ei X i = C  — 2 .
2

2. I f  (5.10) intersects strictly the facet хг =  — e ,, then its reflexion in лу =  — гх 
is in the HP

(5.12) — e1 x 1 +  2  Ei x i =  C  +  2 .
2

Proof. 1. To perform the reflexion it is convenient to shift the origin to the 
point (e1; 0, ..., 0) by writing (5.10) in the form

n
) + 2 eix i = C - L  

2

We now obtain the equation o f the reflected HP by changing the sign of the factor
n

(•*i — £i) t0 obtain —s1(x1 — £1) + 21 81Х1= С— 1, and finally (5.11). 2. Likewise, to
2
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reflect (5.10) in x k= — slt we write (5.10) as e1(x1+ e1) +  2  eiX,=C+1, to obtain
2

the reflected HP —e1(x1+s1)+  Z  e(x(= C + 1, and finally (5.12).
2

By Lemma 4 we can reflect (5.6) in x1= s1; setting C=n — l=2fc — 1 we obtain 
from (5.11), by applying the reflexions of Lemma 2, the entire collection of 2" HPs

(5.13) Z w  — 2k —3, for arbitrary et = ± 1 .

If we reflect this HP in x k—— e1; we return to the HPs (5.6). However, if и ^ б , 
and if we reflect (5.13) in x 1 = e1, we obtain, again via Lemma 2, the collection of 
2" HPs

П
(5.14) 2  etx t =  2k — 5, for arbitrary ef =  ±1.

1
We can continue this process until we reach the 2" HPs

(5.15) Z e iX,=  l.
1

We claim that from this point on no further HPs will appear by reflexions. Indeed, 
reflecting (5.15) in x1=e1, we obtain by Lemma 5, for C— 1, the HP

П
-E 1X1 + £  EiXi = - l ,

2

which is already among the HPs (5.15). Reflexion in Xx=—ex will lead to a HP
(5.10) with C=3, which was already obtained before.

Our discussion shows that SO.,k, of (5.2), a К—S polytope which is identical 
with I l2k, proving Theorem 2.

6. The case when n = 2 k + l  is odd. We found in (4.6) that we can write

Xi = (Ui), (i =  1, ..., n —1),
( 6. 1) П,

xn =■ ( - l ) k ("Z ui )  ■

In (1.7) we have defined SOn, which in our case when и=2&+1, becomes

(6-2) &̂2к + 1 — U U TyCfij, ..., c2k + 1).
j '= l  e , = ± 1

In (1.14) and (1.15) we have decomposed this union into two parts

(6.3) S 02k+1 =  Z oU Z i>
where

(6.4) Zo — U U fl/(E 1» •••> e2* + l)
j = in « ,= ( - ip
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and

(6-5) 2i = U U Fí(£i’ •■•>e2t+i)-j= imi=(-i)i+1
Here we wish to prove 

Theorem 3. We have

(6.6) П 2к+1 =  2 o  and kl2k+1 =  H i 
proof. This is a variation of our proof of Theorem 2. We begin by identifying

a certain set of facets o f П 2к+1. Restricting the и; to the simplex

(6.7) O s » ,,  "Z ui=
1

and expressing the xv o f (6.1), using (2.8), in terms of the щ, we find on eliminating 
the Wj between these n equations, that the simplex (6.7) is mapped by (6.1) into 
the HP

(6.8) — Xj — x 2 —... — *„_!+(— l)kxn = n — 2 (=  2 k — 1).

Notice that the product o f the coefficients of the left side =(.— 1)*, because n — 1 
is even. Also, because n = 2k + \, we can no longer use Lemma 2, but must appeal 
to Lemma 3, with the result that from (6.8) we get the collection of 2"_1 HPs

(6.9) 2  Eix i = 2fc — 1, where JJSi = ( —l)k.
l 1

Lemma 5 remains valid. From (5.11) and (5.12), we see that a reflexion in
П

x 1=e1, or xx=  — E1; will change the fixed sign of the product JJ st for the successive
1

families of HPs (5.13) and (5.14) thus reached.
In this way we find that the collection of facets (6.4) is closed with respect to 

reflexions. It follows that Z0 is a finite К—S polytope which must be identical with 
the К —S polytope П 2к+1. This proves the first identity (6.6). Finally, it should be 
clear from (6.4) and (6.5) that

Zi = —Tq.

In view of П2к+1= —П24+1, the second identity (6.6) follows from the first.

7. The polytope 77„ and the cube C„ are disjoint. It seems worthwhile to point 
out that the results of Part III immediately imply the property (2.12) of Theorem 1, 
to the effect that П„ does not penetrate into the open hypercube

(7.1) C„: | |x |U < l .

Let n = 2k be even. Among the facets of SO„ as exhibited in (5.2), the facets 
Fk(ej, ...,£„) are nearest the origin O. The HP of F1(e1, . ..,£„) has the equation

(7.2) 2  £ix i =
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and it evidently contains the vertex

<” > f ô ' T ......... 7 )  ° f  c -

Therefore (7.2) is seen to be the HP through (7.3) and perpendicular to the diagonal 
of C„ joining its center О to its vertex (7.3).

I f  n = 2 k+ \ is odd, the situation is similar, in view of (6.4), the only difference 
being that we consider only such HPs (7.2), and vertices (7.3), that satisfy the con
dition

£x £2 ... £„ — +  1.

IV. The true shape and size of the facets of П„

8. A choice of coordinates in the parameter space R"-1. As throughout this 
paper, our foundation is the representation

( 8. 1) n -
Xi

Xn

=  <«,•>>
/п -1

-  ” ' +

(i =  1, ..., n 1),

our objective being to describe geometrically the mapping

(8.2) F : ( u d ~ (  *,).
This will be a piecewise isometry, provided that we select in R"-1 a coordinate system 
as follows.

Let a„_x be a regular simplex in Rn_1 such that

(8.3) all edges o f a„_x are =  /8".

Let О be one of its vertices and let fl5 f2, ..., f„_x denote the vectors representing 
its r —1 edges issuing from O. The point u =  (wf) is then represented by

(8.4)
П — 1

« =  2  fi“i-1

From our choice of the f, we have, in terms of inner products, the equations

(8.5) ff • f,- =  if  =  8, f,- • fj =  iS  )/8‘ cos 60° =  8 -i- =  4.

The mapping (8.2), explicitly given by (8.1), is piecewise linear due to the presence 
of the function (и). In particular (8.1) is continuous, and has everywhere continuous 
(in fact constant) partial derivatives dxjdut, with the exception of the hyperplanes 
on which the expressions inside the function (•> assumes integer values. These 
HPs are

(8.6) ut = j  0 '€Z , i =  1.......n —1)
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and

(8-7) 2  MH--- 9— =  f  (j’ÇZ).

If  the point u =  (m;) is in none of these HPs we have by (8.1) and (2.8) that

n — 1
dXi= ±2dU i, d x „ = ± 2  2 d u i

1
and therefore

( d x f  = 2  (dxvy  = 4 *2 (dud2 +  4 [ Z  du,)

and finally

(8.8) (dx)2 — 8 2  (dui)2 + 8 Z d u id u j.
1 i<j

On the other hand, from (8.4)

(du)2 = [ Z  f, du) = "Z fKdud* + 2 2  (f. • fj) dUf duj, 

and the equations (8.5) show that

(8.9) (du)2 = 8 "Z (dud2 + 8 2  dUi du} .
1 iW

The identity of the quadratic forms (8.8) and (8.9) shows that \dx\=\du\, and there
fore the mapping (8.2) is an isometry in each of the bells into which the HPs (8.6) 
and (8.7) divide the space R"~\

We state our result as

L emma 6. The cells into which the HPs (8.6) and (8.7) dissect the space R'l_1 
represent in true shape and size the facets o f the skew polytope Пп.

Let us look more closely at the dissection of R',_1 by the HPs (8.6), (8.7). The 
HPs of the system (8.6) being parallel to the oblique coordinate HPs, divide R"-1 
into a lattice of congruent acute rhombohedra, the fundamental one being

(8.10) Rh0 =  {(tq); О ^ ц. й  1, i =  1, ..., n — 1}.

Figure 5 represents in parallel projection Rh0 for the case n=4. The location of the 
second system (8.7) depends on the parity of n. Accordingly our discussion branches 
out into two cases.

9. The dimension n= 2k  is even. Now (8.7) becomes

(9.1) '2 « i  = j + i >  0€Z).1 Z.
Since the sum 2  ui varies in the rhombohedron (8.10) from the value zero, at 0, to 
the value и —1 at the opposite vertex 2  f<> we see that the HPs (9.1) that intersect
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Rh0 are the л — 1 HPs

(9.2) Z  ui - J + \  for J — 0» 1» —» n —2.1
These л — 1 HPs dissect Rh0 into n cells. By Lemma 6 these n cells represent in true 
shape and size n facets of the polytope IJ„.

What are all the facets of П„, for n = 2k, and how many are there? Rh0 contains 
just n of these facets. To obtain them all, we recall that (и) has the period 2. We 
would therefore expect a fundamental region of the mapping (8.1) to be the domain

(9.3) A ,-! =  {(m,); 0 S  ii| ^  2, i = 1, ..., i i - l} .

This is again a rhombohedron of twice the linear size of Rh0 and expressible as

A -i=  U [Rho©*Z fi'/.-)•
i l p O . l  V l  >

Since each of these 2"-1 unit rhombohedra contains n cells, we conclude that

(9.4) the total number o f facets o f Пп is — n2n_1.

This agrees with the number given in Theorem 2 and therefore shows that all these 
facets are different.

Since the mapping (8.1) has the period 2 in each of the variables ut, we con
clude that opposite facets of Dn j are to be identified, and we obtain the following:

T heorem  4. I f  n = 2k is even, then the skew poly tope I I  n is topologically a torus
'J-’ll — l

For « = 4  Figure 5 shows that Rh0 is divided by the 3 planes (9.2) into 4 cells 
of which the first and fourth are regular tetrahedra having edges =  l//2, while the 
second and third are truncated tetrahedra, each bounded by 4 regular triangles and 
4 regular hexagons. By (9.4) Я 4 has a total of 4 x 8  =  32 facets of which 16 are tetra
hedra and 16 are truncated tetrahedra.
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10. What is the topological structure of П2к + 11 In this case of n odd (8.7) 
becomes Z  ui=J (y'ÇZ), and exactly n — 2 among them, namely

( 10. 1) 2 « , = 1  0  =  1, 2, . . . , n - 2)
l

dissect the rhombohedron (8.10) into и —1 cells. We would expect a fundamental 
domain of the mapping (8.1) to be given by (9.3). However, this is not the case due 
to the following

L emma 7. Let n = 2 k+ \ be odd. The mapping (8.1) is even about every lattice 
point (u,) = ( j i , k ,  — J n - i), (7i€Z).

Proof. We found in (6.1) that (8.1) may be written as

Xi =  <«;>
(Ш .2 ) Пп:

*» =  ( - ! )k \ 2  “ ;/•

The points (w;) and (и-) are symmetric in the point ( _/,) provided that

u 'i= 2ji-U i, (i =  1, ..., n — 1), 

and we are to show that this implies that

x; =  xv, ( v = l , . . . , n ) .
This follows from

x'i = (u't) = < 2 =  <-«,■> =  <м,-> =  X;
if and

/ и - l  \  /  и  — 1  n  — 1  \  / и - l  \

=  i - v k { 2  < )  =  ( - 1 / ( 2 д  u - z  U i )  = ( - 1 / ( 2  « ,) =  xB.

In particular, the mapping (10.2) is even about the point (м;) =  (1, 1, ..., 1), which is 
the center of the rhombohedron (9.3). But then we can certainly reduce £>„_x to one 
of its two halves, namely

(10.3) />:_! =  {(«!>; 0 S M 2 ,  i = 1, . . . ,  n —2, O s V i S l } ,

and still obtain the complete П„ as the image of D*_±.
In D*_i we have the union of 2"*2 unit rhombohedra. Because (10.1) and their 

analogues, dissect each of these into и—1 cells, we get for Пп a total o f (n—1)2"_2 
facets. This agrees with the number given in Theorem 3 and shows that all these 
facets are different.

We turn now to the topological structure of Пп. In the parallelepiped D*_x 
of “height” =  1 we consider n — 2 pairs of opposite facets

(10.4) M; =  0 and и,- =  2, (i =  1, ..., n — 2),

and also the top ип_г = 1 and the bottom un_1 = Q. By the periodicity of (10.2), and 
by Lemma 7, we are to

1. Identify pairs of opposite facets (10.4);
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2. Identify two points of the top u„_1= \  that are symmetric in its center 
(1, 1, 1, 1). Likewise identify two points of un_x=0 that are symmetric in its
center (1, 1, 0).

I am unable to identify the topological structure of the fundamental domain 
D*_ 1 with the above identifications of its boundary. Accordingly, we close Part IV 
with the following unsolved

Problem 2. To determine the topological structure o f the poly tope П2к+1.

V. Appendix

11. Replacing the norm ||x|U in Theorem 1 by ||x||p. Here we wish to justify 
the remark at the end of § 2. Let us first circumscribe a p-sphere ||x||p= e p to our cube

( 11 . 1) C llxll

The p-norm ( l^ p < ° ° )  of its vertices •••> ± -~ ) is

(11.2) в р ~ { п 'т Й  = 1  / n 1-< 1/p\

and so the open p-sphcre circumscribed to C„ is

(11.3) S p : ||x||p <  l/n1-W'>.

Since Sp is convex we certainly have the inclusion

(11.4) C „ c S ,

Let us show that2

(11.5) 5р с Х , = { | й < 1 } .

Proof. This follows from the monotonicity of the ordinary means

( 1 " )1/p
Mp(|Xj|) =  2  l*i|PJ as functions of p

as shown in [2, §2.9, p. 26]. This monotonicity implies that M ^ x ^ )  ё М р(|х(|), 
hence that

Ip

or

1 « ( 1 » V
- 2 W s 7 2 N pn  1  V n  X

(n лЧр ,
| W pj  г 2 М -

n P

2 This is also evident geometrically from the convexity of Sr and because the 2" facets of Sx 
are the HPs of support of Sp at the 2" vertices of C„.
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But then the inclusion x = (Xj, x„)€Sp, which means that ||x||p<  1/л1-1/р, surely
n

implies that |x;|< l  and (11.5) is established.
l

A third preliminary remark is that

(11.6) n„Ç)Si =  9.

P roof . This should be clear from (5.4) and (5.2) for even n, and from (6.6) 
and (6.4) for odd n. Indeed, observe that in either case the facets of П„, which are 
nearest the origin O, are in HPs of facets of the open cross-polytope

Si =  { i  M  <  i}.

In order to show that ||x||«, may be replaced by ||x||p in Theorem 1 we have to 
establish the following

L emma 8. 1. That i f  1 then

(11.7) n nC\Sp =  0.

2. I f  П'„ is a К — S polytope in general position with facets different from the 
facets o f SO,,, then

(11.8) n'nn s p ^ 0 .

P roof. 1. From (11.6) and (11.5), the equation (11.7) follows immediately. 
2. From Theorem 1 we know that

(П.9) Л 'П С „ ^ 0 ,

hence П'п intersects C„. But then (11.9) and (11.4) clearly imply (11.8), and our proof 
is complete.
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TOPOLOGICAL COMPLETE SUBGRAPHS IN RANDOM GRAPHS

by
MIKLÓS AJTAI, JÁNOS KOMLÓS and ENDRE SZEMERÉDI

1. Introduction

We say that a graph contains a topological complete subgraph of order к 
(TCk), if there are к vertices such that any two of them are connected by a path, 
and these paths do not intersect. Let I  denote the largest к for which the graph 
contains a TCk.

H ajós [7] conjectured that I  is at least as large as the chromatic number x  
of the graph.

This has been disproved recently by Catlin [3].
Erdős and Fajtlowicz [5] remarked that almost all graphs provide a counter

example, for a typical graph has

X ^ n f i o g n  and I  =  0 ( / n ) .

Bollobás and Catlin [2] made this latter bound precise by showing that one 
actually has

I  ~  2 /n

for almost all graphs. They also mentioned that if the edges of a random graph are 
drawn independently with a (fixed) probability p, then one has

almost surely.
On the other hand, the case of scarce graphs has already been investigated by 

Erdős and R én y i. In their fundamental paper [6] they proved that the threshold 
for a topological complete 4-gon is n/2. More precisely, if we draw cn edges at ran
dom, then for c=~l/2 (and n large) the graph almost surely contains a cycle with 
two “crossing” diagonals (a topological 4-gon), while in the case c<  1/2 every com
ponent of a typical graph is either a tree or a component with exactly one cycle 
(i.e., r==3).

They also asked for the determination of the threshold for TCk in case /c=»4.
In this paper we determine the asymptotic behavior of I  for random graphs 

with an arbitrarily prescribed number of edges, in particular, we show that for any 
fixed к the above threshold is n/2.
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2. The theorem

Random graph will always mean a graph, in which the edges have been chosen 
at random with a prescribed probability p  (possibly dependent on n, the number of 
vertices), and with mutually independent choices. We will mostly characterize the 
graph by the parameter v=(n—\)p, the expected valency of a vertex, rather than 
by p  itself.

In these terms the Bollobás—Catlin result says that if v is of order n, then

I  ~  c ÿn
almost surely, where

Let p denote the maximal valency of the graph. Although p is a random vari
able, it is very stable, almost surely near to the number p(y) determined by the 
equality

kl n '

T heorem . For v >  1, v=o (}/?) we have

I  ~  p.

More precisely, we have for any fixed e> 0  and 0 <  <5 <1/100:

(1 — S)p <  I  ^  p

with probability tending to 1 as n-+°° uniformly for

1 +e ä  у ^  <54 yfn.

The inequality I ^ p  obviously holds for any graph, and thus the Theorem 
says that for typical scarce graphs this theoretical bound is achieved.

Since the valencies follow a Poisson distribution of parameter v (more precisely 
a binomial distribution), one has

jf / V  V for v/log n —► CO

(the graph is almost regular)

p ~  d log n for v ~  c log n, d =  d(c)

V =  о (log л)

(i.e., p'~p{v), that is why we can treat p as if it were a number, identify it with
Mv)).
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Thus the following more detailed picture arises:

C oro lla ry . One almost surely has

I  ~  d0 ÿn for  V ~  cn, d0 = d0(c) =

( Bollobás— Cat lin)

dxYn <  I  < d 2 f t  f or Y и, ï « n

dl =dl (c), d2 = d2(c)

In particular,

I  ~  V for  

X ~  d log n for

V 5S> log n, V <SC Ÿ n

V ~  c log n, d — d(c)

1 +  £ ^  V <SC log П.

log n 
|log log n

for any V>  1, V fixed (i.e.,for fixed  v > l  and n large, X is practically independent o f 
the value o f v), and 1 =  2 or 3 for  v < l,  v fixed.

This is an abrupt change (from 3 to log n/log log n) in the structure of a ran
dom graph at the point v = l ,  similar to the ones discovered by Erdős and Rényi.

3. The proof

The proof will heavily depend on the following recent result of the authors:

For v>  1 the random graph almost surely contains a path o f length cn, c =  c(v). 
Further, c is close to 1 for large v. (See (1]. Simultaneously proved by F er n a n d ez  
de  la  V ega [4] to appear in Studia Sei. Math. Hungarica.)

P roof of the Theorem. Let be such a large constant (independent of rí)
that almost all graphs on n vertices with average degree Vj have a path of length 
(1—<5/10 )n.

We restrict ourselves first to the case of large v, the case of small v will only 
need little modification.

Case I. v>v0=10v1/0. Set

v2 =  v — Vj — v<5/10 >  v (l —S/5), 

v3 =  v<5/10,

Pi =  v(/ ( n - 1), i=  1,2,3.
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By first throwing nvj/2 edges (precisely, making randomizations with prob
ability pt) we almost surely get a path of length m = ( 1 — <5/10)«. Cut this path into 
ô2vm /fn  small intervals Jlt J2, ... each of length

l =  Ÿrî/(S2v).

Now throw the next nv2/2 edges (randomize with p2). Choose a vertex v out 
o f the remaining <5n/10 ones. The probability that at this stage v and Jk gets con
nected, is

I -O -P * ) '
v2 1

ő2v Уn
Thus the number of intervals Jk connected to v follows a Poisson distribution of 
parameter > (1— <5/3)v (more precisely, a binomial distribution). Setting p2 = 
=  (1— ô/2)p, we have, with a probability 1— o„(l), p2 vertices out of the above 
Sn/lO ones such that each one is connected to at least p2 intervals Jk.

Indeed, p is determined by the condition that

2 k\
be of order l /и, and this implies that for v = (l —<5/3) v the probability

2
e~i vk

k\
is larger than p,J(nô/10); now appl> the laws of large numbers.

The condition v^(54ŷ T guarantees that we can choose these intervals Jk dis
joint.

Now consider p3= ( \ —S)p  of these p2 vertices, and let / ; k, ..., It m, /= 1 , ..., p3 
denote the corresponding disjoint intervals.

Let us now throw down the last nv3/2 edges (рз~ттг—I. The probabilityI 10 и /
that two of the above intervals are connected by at least one edge in this last stage, is

l - ( l - P3) M
10<53v ^  n

thus these intervals (interpreted as vertices) form a very dense graph (cf. Shrinking 
lemma in Ajtai—Komlós— Szemerédi [1]).

We claim that one can almost surely find a “complete disjoint representative 
system” for these intervals, namely that for any pair (/,/), iVy, one can find indices

k, t  in such a way that l i k and I j t  are connected by edges, and among these ^ sj

pairs each interval occurs a t most once. Indeed, if this was not possible, then we 
would have two indices i ^ j  and 2(p2—p3) intervals

Ji, к ’ kÇ.K ez {1, ..., p2}, IК I — р2 р3 
Ij.t, t£ T  ez (1, ...,Pi), \T\ = р2~Рз 

such that no Ii k, k£K, is connected to any of the intervals tcz T.
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But the probability of this latter event is certainly less than

i ^ 3 )  * =  4 " « - ' * * / ( 4 M v )  <  е - д  _  0 ( i ) _

Case II. v^Vj, (but v s l+ e ) .
Only change is that now we do not have a long path at the first stage, but after 

throwing (l+ e/2)« /2  edges we still get a path of length cn (say). We have en/4 
additional edges to be thrown down (randomization with p' = E/(ln)). Only change 
in the previous proof is that the valencies in the vertex-interval even “graph” do 
not follow a Poisson distribution of parameter almost v, but only of small parameter 
v'=ec/2. But the maximum of и Poisson variables is log «/log log« anyway, regard
less how small V is. (The only point we needed v > l was the first stage, when we 
found a path of length cn.)
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MEASURE PRESERVING TRANSFORMATIONS

by
E. GALANIS

Let (X , si, p) and ( Y, 39, v) be measure spaces. A bipartite measure graph with 
vertex sets X  and 7  is a triple (X, Y; M), where M  is a subset of X x Y  which is 
measurable with respect to /ng)v. N ash—Williams [6] (see also [1], p. 101) asked 
for measure graph versions of well-known theorems in graph theory. Recently some 
of these questions were answered by Bollobás [2] and K atona [4]. The aim of 
this note is to prove a measure graph analog of the theorem of Philip H all.

As remarked in [2], the most natural bipartite measure graph analog of a com
plete matching in a bipartite graph is a measure preserving transformation f  : X-*-Y 
whose graph is contained in M. It is also pointed out by Bollobás [2] that because 
of M aharam’s theorem [5] on homogeneous measure algebras, when looking for 
measure preserving transformations / :  X^-Y, we may assume that s i  and 39 are 
homogeneous measure algebras of the same density character. Even more, one is 
very likely to need topological restrictions on the (edge) set M c X x Y .  In this paper 
we shall consider the case when both X  and Y  are the unit interval [0, 1] with the 
Lebesgue measure.

For simplicity the Lebesgue measure of a set Acz[0, 1] is denoted by \A \; our 
graph theoretic terminology and notation is that of the book [1].

Before stating and proving our theorem, we have to make some preliminary 
remarks. Given a metric space X  with distance d, a subset AczX  and a positive real 
number e, put

A(e) =  {y£X ‘- d(x, y) ^  e for some x£A}.
The Hausdorff distance of two non-empty subsets A, BczX  is defined as 

g(A ,B) = inf {e:A с  B(e), В с  Л(е)}.
It is immediate that on the set H (X) of all non-empty closed subsets of X  the func
tion g  is indeed a distance, so endowed with q , M ix )  is a metric space. In the proof 
of our theorem we shall make use of the fact that H (l)  is compact, where /  is the 
unit interval [0, 1] with the Euclidean distance. To prove the compactness of H (I) 
it suffices to show that / / ( / )  is totally bounded and complete. The space / / ( / )  is 
totally bounded since the 2"—1 sets of the form

Л(5, n) =  {-^: fc€sj, 0 ^  S c  {1, 2...... n}

form a 1/я-net in # ( /) .  Indeed, if A d i  is a non-empty closed set and

S  = {lc: ^  0}<= {1,2, .... я}

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  M  (1979)
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then
A <z A (S ,n) ez A (l/n)  

so
g(A,A(S, n)) \/n.

When proving the completeness of # ( /) ,  it suffices to consider Cauchy sequences 
(Z„)“=1 with q(A„, Ат)< 2~ п for m>n. Put Bn= |J  Ak. Then BkZ)B2Z)... is a

ksn
CO

nested sequence of compact sets so B=  Q Bm is a closed subset of /. Since B c A nc
/1 =  1

<^B„cA„(2-n), g (A „ ,B )^2~"  and so A„-*B in the Hausdorff metric.
Let 7j and /2 be two copies of /= [ 0, 1]. For M c ^ X Í í and A c z f ,  put M A = 

= {y: (x, y)£M, xÇAj. It is clear that if M  contains the graph of a measure preserv
ing transformation then | ^ [̂ 41 for every Lebesgue measurable set A. Our theo
rem shows that slightly more than this natural necessary condition is, in fact, suffi
cient.

T heorem . Let M  be an open subset o f f  X / 2 such that M ,x= f  and whenever 
A is a closed subset o f f  and Qa A A /, we have \M Л\> \А \ .  Then there is a piece- 
wise linear measure preserving 1 — 1 transformation f :  f ^ f  whose graph is con
tained in M, that is

(x, f(x ) ) f  M for every x, O â ï S  1.

P ro o f . For every natural number n we shall construct an n by n bipartite graph 
G„. The vertex classes of G„ are Xn= {x1, x 2, ..., x„} and Yn =  {y \, y2, . . . ,y n}, and 
Xi}’j is an edge of G„ if and only if the square

Q \f  = {(*> ^ i - l S K S  i, j -  1 S  ny == j )

is contained in M. It is clear that if the graph G„ contains a complete matching from 
Xn to Y„ then there is a piecewise linear measure preserving 1 — 1 transformation 
/ :  —/2 whose graph is contained in M : we can use the diagonals of the squares
Q if  corresponding to the edges of the complete matching to define such a transforma
tion. Thus to prove the theorem it suffices to show that there is an n for which G„ 
does contain a complete matching from X„ to Yn. Suppose no G„ contains a com
plete matching. Then by Philip Hall’s well-known theorem ([3], see also [1], p. 9) 
for every natural number n there is a set W„ cz Xn such that

\г (Ю \  <  \wn\,
where Tn(Wn)= {yk: x iyJt€£'(G„) for some x f  W„}.

Put
Z„ =  {xÇ f : i - 1 ^  nx ^  i, x f fV n},

that is let Z„ be the subset of the interval /, corresponding to W„. By definition, 
each Z„ is a non-empty closed subset of f . Since the space H( f )  of non-empty 
closed subsets of f  with the Hausdorff metric is compact, there is a subsequence 
(Z„k) of (Z„) converging to a closed subset Z c / ,  in the Hausdorff metric. To complete 
the proof we shall show that the existence of this set Z  contradicts our assump
tions.
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Let us note first that Z ^ l y. Indeed, as M  is open and we can find
a finite collection of open rectangles in M, whose projections into 7X cover the whole 
of 7X. This implies immediately that there are e>0 and n0 such that if n ^ n a, Wna X n 
and q(Z„, /,)<£, where Z„ is the subset of 7X corresponding to W„, then Г„ ( fV„) =  
= Y„ so

\Гп(Ю\ =  \Y„\ S \wn\.
Now, since

\MZ\ S |Z |+ 4 e

for some 0. Since M  is open there is a finite subset F of Z  such that

\ M F\ a | Z |  +  3e .

For a natural number n, denote by Л7}/° the collection of points >’Ç7, for which 
there is an F such that the square with centre (x, y) and side length 4/n is contained
in M. Since — \MF\ as n — there is an n0 such that

|Л7£">>| a  | Z | + 2 e .

We are about to obtain our desired contradiction. There is an n=n0 such that 
e(Z n, Z)=§l/n0 and |Z „ |ë |Z | +  e. Then the subset Wna  {1,2, ..., n) clearly sat
isfies

|г„(и д | i s \wn\

contrary to our assumption. The proof of our theorem is completed.
In conclusion let us note the following reformulation of our theorem.

Let M cfjX fa  be open and suppose that for every closed set ^ c 7 x there is a 
closed set B<z.MA(zI2 such that

\B \^ \A \ .

Then there is a piecewise linear measure preserving 1 — 1 transformation / :  7X —12 
whose graph is contained in M.

I am grateful to Dr. Bollobás for his advice concerning the problem discussed 
in this note.

REFERENCES

[1] B o l l o b á s , В.: Extremal graph theory, Academic Press, 1978.
[2] B o l l o b á s , В. : Measure graphs (to appear).
[3] H a l l , P. : On representatives of subsets, J. London Math. Soc. 10 (1935), 26—30.
[4] K a t o n a , G. : Continuous versions of some extremal hypergraph problems (to appear).
[5] M a h a r a m , D.: On homogeneous measure algebras, Proc. Nat. Acad. Sei. USA 28 (1942),

108—111.
[6] N a s h -W il l ia m s , C. S t — J. A.: Unexplored and explored territories in graph theory, in "New

Direction in Graph Theory”, ed. F. Harary, Academic Press, 1973, 149— 186.

(Received September 4, 1978)

D EPARTM ENT OF M ATHEM ATICS
N A TIO N A L TECHNICAL UNIVERSITY O F ATHENS
24. PATISSION STREET
ATHENS 147
G REECE

Studia Scientiarum  M athematlcarum Hungarica 14 (1979)





PRINTED IN HUNGARY 

Szegedi Nyomda, Szeged





Die Studia Scientiarum Mathematicarum Hungarica ist eine Halbjahrsschrift der Ungarischen 
Akademie der Wissenschaften. Sie veröffentlicht Originalbeiträge aus dem Bereich der Mathematik 
in deutscher, englischer, französischer oder russischer Sprache. Es erscheint jährlich ein Band.

Adresse der Redaktion: 1053 Budapest V., Reáltanoda u. 13—15, Ungarn.
Technischer Redaktor: J. Merza

Bestellbar bei Buch- und Zeitungs-Aussenhandelsuntemehmen Kultura (Budapest 62, 
P. O. B. 149), oder bei den Vertretungen im Ausland.

Austauschabmachungen können mit der Bibliothek des Mathematischen Instituts (1053 Buda
pest V., Reáltanoda u. 13—15) getroffen werden.

Die zur Veröffentlichung bestimmten Manuskripte sind in zwei Exemplaren an die Redaktion 
zu schicken.

Studia Scientiarum Mathematicarum Hungarica est une revue biannuelle de l’Académie Hon
groise des Sciences publiant des essais originaux, en français, anglais, allemand ou russe, du domaine 
des mathématiques.

Rédaction: 1053 Budapest V., Reáltanoda u. 13—15, Hongrie.
Rédacteur technique: J. Merza

On s’abonne chez Kultura, Société pour le Commerce de Livres et Journaux (Budapest 62, 
P. O. B. 149) ou chez ses représentants à l’étranger.

Pour établir des relations d’échange on est prié de s’adresser à la Bibliothèque de l’Institut 
de Mathématique (1053 Budapest V., Reáltanoda u. 13—15).

On est prié d’envoyer les articles destinés à la publication en deux exemplaires à l’adresse de la 
Rédaction.

Studia Scientiarum Mathematicarum Hungarica — выходит два раза в год в Издании Акаде
мии Наук Венгрии. Журнал публикует оригинальные исследования в области математики на 
русском, немецком, английском, и французском языках. Отдельные выпуски составляют 
ежегодно один том.

Адрес редакции: 1053 Budapest V., Reáltanoda u. 13—15, Венгрия.
Технический редактор: J. Merza

Подписка на журнал принимается Внешнеторговым предприятием „Култура” (Buda
pest 62, Р. О. В. 149) или его представительствами за границей.

По поводу отношения обмена просим обращаться к Библиотеке Института Математики 
(1053 Budapest V., Reáltanoda u. 13—15).

Работы, преднасначенные для опубликования в журнале следует направлять по адресу 
редакции в двух экземплярах.



INDEX

Háy, B. and Vértesi, P.\ Interpolation in spaces of weighted maximum norm ............................  1
Hashiguchi, M. and Varga, T.: On Wagner spaces of IT-scalar curvature....................................  11
Császár, A.: Regular extensions of quasi-uniformities .................................................................. 15
Erdős, P. and Sós, V. T.: On Túrán—Ramsey type theorems II.....................................................  27
Mussmann, D.: Sufficiency and /-divergences....................................................................................  37
Deák, J.: Subbase and dimension I I ................................ 777............................................................. 43
Frankl, P. and Katona, G. O. H.: If the intersection of any r sets has a size p^r—l .................... 47
Bolle, U.: Dichteabschätzungen für mehrfache gitterförmige Kugelanordnungen im R m ............  51
Goya!, A. K. and Choudhary, S. C.: Generalized regular near-ríngs ............................................  69
Luedeman, J. К.: A topological semigroup of quotients ................................................................ 77
Abu-Khuzam, H. and Yaqub, A.: A commutativity theorem for rings with constraints involving

nilpotent elements ........................................................................................................................  83
Mohapatra, R. N. and Sahney, B. N.: Approximation by a class of linear operators involving

a lower triangular matrix ............................................................................................................  87
Pálfy, P. P.: On faithful irreducible representations of finite g ro u p s ..........................................  95
Hanák, G.: An optimal stopping rule for s jn  related to martingales ..........................................  99
Günther, P.: Poisson formula and estimations for the length spectrum of compact hyperbolic

space forms ....................................................................................................................................  105
Abian, A.: Two methods of construction of free Boolean algebras ..............................................  125
Schwaiger, J.: Eine algebraische Charakterisierung des Normalformenproblems für autonome

Differentialsysteme........................................................................................................................  131
Schmidt, E. T.: Remark on compatible and order-preserving function on lattices ....................  139
Sarkozy, A.: On additive representations of integers I .................................................................... 145
Gruber, P. M. and Lett I, G.: Isometries of the space of compact subsets of E d ..........................  169
Beran, L.: Some applications of Boolean skew-lattices .................................................................. 183
Dénes, J. and Kim, K. H.: On a problem of P. Erdős and E. G. S tra u s ......................................  189
Balasubramanian, R. and Ramachandra, K.: Some problems of analytic number theory II . . . .  193
Bezdek, A.: Solid packing of circles in the hyperbolic p lane ..........................................................  203
Ajtai, M ., Csirmaz, L. and Nagy, Zs.: On a generalization of the game Go-moku 1..................  209
Totik, V.: A general theorem on strong means ...............................................................................  227
Mills, T. M. and Varma, A. K.: A new proof of S. A. Teljakovskil’s approximation theorem 241
Rúzsa, I. Z.: The law of large numbers for additive functions ......................................................  247
Sós, V. T. and Zaremba, S. K.: The mean-square discrepancies of some two-dimensional

lattices ............................................................................................................................................. 255
Schoenberg, I. J.: Extremum problems for the motions of a billiard ball IV. A higher dimen

sional analogue of Kepler’s Stella Octangula .......................................................................... 273
Ajtai, M., Komlós, J. and Szemerédi, E.: Topological complete subgraphs in random graphs 293 
G alunis, E.: Measure preserving transformations ............................................................................  299

Index: 26 748 

HU ISSN 0081—6906



A U X IL IO

C O N S IL II IN S T IT U T I M A T H E M A T IC I 

A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

R E D I G I T

L. FEJES TÓTH

A D I U V A N T I B U S

Á. CSÁSZÁR, I. CSISZÁR, A. HAJNAL,

P. RÉVÉSZ, O. STEINFELD, T. E. SCHMIDT, 

J. SZABADOS, D. SZÁSZ, L VINCZE

MUS XIV. 
SC 4.

A K A D ÉM IA I K IA D Ó , BU D A PEST



Studia Scientiarum Mathematicarum Hungarica

A Magyar Tudományos Akadémia matematikai folyóirata 

Szerkesztőség: 1053 Budapest V., Reáltanoda u. 13—15. 

Technikai szerkesztő : Merza József 

Kiadja az Akadémiai Kiadó, 1054 Budapest V., Alkotmány u. 21.

A Studia Scientiarum Mathematicarum Hungarica angol, német, francia vagy orosz nyelven 
közöl eredeti értekezéseket a matematika tárgyköréből. Félévenként jelenik meg, évi egy kötetben.

Előfizetési ára belföldre 120,— Ft, külföldre 165,— Ft. Megrendelhető a belföld számára az 
Akadémiai Kiadónál, a külföld számára pedig a Kultúra Könyv és Hírlap Külkereskedelmi Válla
latnál (1011 Budapest I., Fő u. 32.).

Cserekapcsolatok felvétele ügyében kérjük az MTA Matematikai Kutató Intézete Könyv
tárához (1053 Budapest V., Reáltanoda u. 13— 15.) fordulni.

Közlésre szánt dolgozatokat kérjük két példányban a szerkesztőség címére küldeni.

Studia Scientiarum Mathematicarum Hungarica is a journal of the Hungarian Academy of 
Sciences publishing original papers on mathematics, in English, German, French or Russian.

It is published semiannually, making up one volume per year.

Editorial Office: 1053 Budapest V., Reáltanoda u. 13—15, Hungary.
Technical Editor: J. Merza

Orders may be placed with Kultura Trading Co. for Books and Newspapers, Budapest 62, 
P.O.B. 149 or with its representatives abroad.

For establishing exchange relations please write to the Library of the Mathematical Institute 
(1053 Budapest V., Reáltanoda u. 13—15.)

Papers intended for publication should be sent to the Editor in 2 copies.



Studia Scientiarum Mathemalicarum Himgarica 14 (1979). 303—309

RADICALS OF ADDITIVELY INVERSIVE HEM IRINGS

by
TALAT SHAHEEN and S. M. YUSUF

In this paper we obtain a generalization of radical classes of a ring as discussed 
by W ie g a n d t  [4]. The first section contains some definitions and basic results. In 
the second section we define radical class of additively inversive hemirings. It is 
shown that every radical class satisfies the extension property. After defining an e -  
potent element and an e-set, a class N of additively inversive hemirings is defined 
which is shown to be a radical class and is in fact, a generalization of the nil radical 
class of rings.

1. Introduction

Two elements a  and b  of a semigroup S  are said to be in v e r s e s  of e a c h  o th e r  if 
a b a — a  and b a b — b . An i n v e r s e  s e m ig r o u p  is a semigroup in which every element has 
a unique inverse. By [1] (Theorem 1.17, p. 28), the following two conditions on a semi
group S  are equivalent:

(i) S  i s  r e g u la r ,  a n d  a n y  t w o  id e m p o te n t  e le m e n ts  o f  S  c o m m u te  w i th  e a c h  o th e r .
(ii) S  i s  a n  in v e r s e  s e m ig r o u p .
The unique inverse of a d S  is denoted by a -1. A subsemigroup T  of an inverse 

semigroup S  is called an i n v e r s e  s u b s e m ig r o u p  of S  if a d T  implies a ~ xd T .  If  a ,  b  
are elements of an inverse semigroup, we have ( a ~ 1) ~ 1 = a  and ( a b ) ~ 1 — b ~ 1a ^ 1.

If we denote the binary operation of an inverse semigroup S  by + , the inverse 
of an element a d S  will be denoted by a ' . In this case we have a = a + a ' + a ,  a '  = 
= a ' + a + a ' .  Moreover,

(i) (o')' = a,
(ii) (a + b y  = b ' + a ' .
An ordered triple ( S ,  +  , •), where S  is a non-empty set and ‘+* and ‘ • ’ are 

two binary operations such that (i) ( S ,  + )  is a semigroup, (ii) (S , •) is a semigroup,
(iii) ‘ • ’ is both left and right distributive over +  is called a s e m ir in g . A semiring 
(S, + , • ) is called h e m ir in g  if +  is commutative. A semiring (hemiring) (S, + , •) 
is called a d d i t i v e l y  in v e r s iv e  s e m i r i n g  (hemiring) if (5, + )  is an inverse semigroup. 
If a, b are elements of an inversive semiring, then (ab)'=a'b=ab' and (ab)=a'b'. 
If there exists an element 0d S  such that 0 is the identity element of (S , + )  and 
0 • a  =  a  • 0 =  0 for all a d  S ,  then 0 is called the z e r o  e le m e n t  of the semiring (S , + ,  • ). 
We shall write E s  to denote the set of all additive idempotents of the semiring S .  
A subset of an additively inversive semiring S  is called a l e f t  i d e a l  if (i)

1980 Mathematics Subject Classification. Primary 16A78; Secondary 16A21. 
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a, bds4=>a+b£s4, (ii) aÇ_s4=>afisd, (iii) aÇ_sJ and x(zS=>xa£s4. If we replace (iii) 
by (iii)' aÇ.s4 and xÇ.S=saxÇ.s/, then s4 is called a right ideal. If both (iii) and
(iii)' are satisfied, then $4 is called a two-sided ideal or simply an ideal.

If  (S, + , •) is an additively inversive semiring, then Es is an ideal of S. For 
if ex, e2£Es , then ex+e2£E s (as idempotents commute in the inverse semigroup 
(S, +  )). Again if a£EsS, a= es, where e£Es then a+ a= es+ es= (e+ e)s—es—a. 
Thus a£Es . Hence EsS Q E s . Similarly SEs Q E s . Thus Es is an ideal of S. 
We call Es a trivial ideal of the additively inversive semiring S. A left (right, two-sided) 
i d e a l s  such that s4 zdEs is called a non-trivial left (right, two-sided) ideal of S.

Ordinarily we shall use script type sd,  3d etc. to denote ideals. But when we refer 
to the complex product of two such ideals we shall use the corresponding latin letters, 
and write AB. The symbol s43ft will denote the ideal generated by AB.

T heorem  1.1. Let S  be an additively inversive hemiring. Then the complex sum 
,s/, + s /2 o f  two left (right, two-sided ideals) s4x and s42 is a left (right, two-sided) 
ideaI o f  S  and is the intersection o f  all left (right, two-sided) ideals o f  S  containing s4x 
and .s/2.

Proof follows from [2], Theorem 4.

We shall denote by (A) the two-sided ideal generated by a complex A of an addi
tively inversive hemiring S.

The proof of the following theorem follows from [3], Theorem 1.
T heorem  1.2. Let {s4x}xiJ be an arbitrary collection o f  left (right, two-sided) 

ideals o f  an additively inversive semiring S. The left ( right, two-sided) ideal o f  S  gener
ated by {s4}xiJ is the set o f  all finite sum o f elements from  (J s4x. This ideal is de
noted by 2) J/x. a£j

a£ J
C orollary . Let {s4x, ..., séfi denote a finite collection o f  left (right, two-sided) 

ideals o f  an additively inversive hemiring S. The left ( right, two-sided) ideal o f  S  gener
ated by {six, sd2, ..., л/„} is the complex sum s ix +  s,42 + ...+s/„.

The concept of homomorphism (isomorphism) for semirings is defined in the 
usual manner.

A homomorphism ф o f an additively inversive semiring S  into an additively 
inversive semiring T  is called a principal homomorphism or a P-homomorphism if 
ф\Е3 is one-to-one mapping of the set Es onto the set E T. A P-homomorphism 
ф: S-+ T  is called a non-trivial homomorphism if (Б)ф?^Ет. If ( S $ = E T, then ф 
is called a trivial homomorphism.

Let ф be a homomorphism of an additively inversive semiring S  onto an addi
tively inversive semiring T. The set of all element of S  which map onto E T is called 
the kernel of ф. Thus ker ф = (Е т)ф~1. We have

T heorem  1.3 ([2], Theorem 8). Let ф be a homomorphism o f an additively inver
sive semiring S  onto an additively inversive semiring T. The kernel o f ф is a two-sided 
ideal o f  S  and contains Es .

T heorem  1.4 ([2], Theorems 9 and 10). Let ф be a homomorphism o f an additively 
inversive semiring S  onto an additively inversive semiring T. I f  f  is a left (right, two- 
sided) ideal o f S, then {-А)ф is a left (right, two-sided) ideal o f T.
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Theorem 1.5 ([2], Theorem 13). Let . i  be any ideal o f an additively inversive hemi- 
ring S. Let S  denote the set o f  all those additively inversive subhemirings o f  S  which 
contain J  and E denote the set o f  all those additively inversive subhemirings o f  S j . f  
which contain the set o f all idempotents o f the additive semigroup o f  S /J . Denote 
S /У  by S. I f  T£E then Т —Т /У (~ Т )  is a one-to-one mapping o f  I  onto I .  Also i f  T  
is an ideal o f S  containing ÿ  then T is  an ideal o f S and S /T ~ S /T (  — S / ^ /Т/У).

Theorem 1.6 ([2], Theorem 14). Let S  be an additively inversive hemiring. Let 
U Ne be an ideal o f S  and T  any additively inversive subhemiring o f  S. I f  E T —

=ESC\T, then
( U N .+ T )/  u  Ne ss 77( U Nen r ) .

e 6 ET e £ E T e £ E T

2. Radical class

A class R of additively inversive hemirings is called a radical class, if R satisfies 
the following requirement: A fR  i f  and only i f  every non-trivial P-homomorphic 
image o f  A has a non-trivial R -ideal.

We shall write A to denote the class of all additively inversive hemirings having 
their set of additive idempotents isomorphic. Thus if A l ,A 2£A , then e á i= e Aí . 
We shall write E to denote the set of additive idempotents of any member of A. 
It follows that each of A and E is a radical class.

Theorem 2.1. A class R o f  additively inversive hemirings is a radioed class i f  and 
only i f  R fulfils the following conditions:

(a) R is P-homomorphically dosed.
(b) Every additively inversive hemiring A£  A contains an R-ideal R (A), which con

tains every other R-ideal o f A.
(c) The additively inversive factor hemiring A/R(A) does not contain any non-trivial 

R-ideal, i.e. R(A/R(A))=E.
The proof is essentially the standard one (cf. [4], Theorem 3.2), so we omit it.

D efinition. A class R of additively inversive hemirings is closed under exten
sion or it has the extension property, if it satisfies the condition:

(e) I f  В is an R-ideal o f an additively inversive hemiring A such that C = A /B£  R, 
then A is also an R-additively inversive hemiring.

T heorem  2.2. Every radical class satisfies the extension property (e). Further R 
is a radical class i f  and only i f  R satisfies conditions (a), (b) and (e).

Using Theorems 1.4 and 1.5 one can use analogous reasoning to that of ring 
theory (cf., e.g. [4] Theorem 3.3).

D efinition (cf. [3]). An element a of an additively inversive hemiring A is called 
e-potent, provided there is a positive integer n such that a"= «?€ Ел . A  non-empty 
complex M  of an additively inversive hemiring A is called an e-set provided every 
element of M  is e-potent. A left (right, two-sided) ideal s i  of an additively inversive 
hemiring s i  is called e-potent provided there is a positive integer n such that s i nQE.

R em ark . Any e-potent left (right, two-sided) ideal s i  of an additively inversive 
hemiring S  is also an e-set. Any left (right, two-sided) ideal 3H<fzsi is e-potent.
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Let N denote the class of all additively inversive hemirings S, where S' is an e-set. 

L emma 2.1. The class N has the extension property (e).

P r oof . Suppose В  is an N-ideal of A such that A/B£N. We show that T f  N. 
Let afA.  Suppose B — [J N e and a£Ne+a. where Ne denotes the additive sub-

e è E
group of В with idempotent e£B  as its identity.

Now Ne+a£A/B  and А/ BfN.  Therefore there exists a positive integer n such that

But

where f=e"dE. Thus

(Ne+a)"dE.

(N e + a)n = Nen + a" =  Nf  + an,

Nf  + a"eE=  { N 'U e -

Hence Nf +an = Ng for some gdE. Thus a 'fN gQB. Since В  is N-additively in
versive hemiring there exists a positive integer к  such that (a")k=e£E, i.e. ank = 
=(a")k=e£E. Thus ad A is an e-potent. Since a is an arbitrary element of A, A is an 
e-set. Hence AÇN.

T heorem  2.3. The class N is a radical class.

P roof. Obviously, N is P-homomorphically closed.
The usual reasoning shows that condition (b) is also satisfied (cf. [4], Theo

rem 4.2).
By Lemma 2.1, the class N satisfies (e). Hence N satisfies (a), (b) and (e) so by 

Theorem 2.2, N is a radical class.

D efinition . An additively inversive hemiring A is called an artinian additively 
inversive hemiring, if every strictly descending chain of left ideals terminates in a 
finite number of steps.

L emma 2.2. I f  A is an artinian additively inversive hemiring, then every N -left 
ideal o f A is e-potent. In particular, the radical N (A) o f  an artinian additively inversive 
hemiring is e-potent.

P roof. We show that every non e-potent left ideal of A has a non e-potent ele
ment. Let i f  be a non e-potent left ideal of an artinian additively inversive hemiring 
A  and consider the set M  of all left ideals J  of A such that and 5£J%E.
Since i f  is not e-potent, i f  i f  = 3T'*%E, so i f f M ,  i.e. M  is nonempty. Choose 
a left ideal f  which is minimal in M. Since i f E, therefore there exists an ele
ment such that T£j%E. Note j$ E ,  for otherwise £TjQE. Now T£j is a
left ideal of A and T T j f ß f  i f  and T£T£j%E. Hence i f / f  M. Since is a mini
mal left ideal of the class M , therefore T£j—f .  Thus there exists an element u £ if  
such that aj=j. Multiplying both sides from the left by a, we get a f= a j= j  and 
by induction a"j= j and j(t E. Thus a£ i f  is not e-potent. Thus we have shown 
that if i f  is not e-potent left ideal, then i f  (£ N. Since radical N(.4) is an N-ideal of A, 
N (A) is an e-potent.
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L emma 2.3. T h e  r a d i c a l  N(/() o f  a n  a d d i t i v e l y  in v e r s i v e  lie m ir in g  A  c o n t a i n s  a l l  
e - p o t e n t  o n e - s id e d  id e a l s .

P r o o f . Suppose L £  is an e-potent left ideal of an additive inversive liemiring A .  
Then there exists a positive integer n  such that dCnQE. By [3], Theorem 5, L£ + L £ A  
is an e-potent two-sided ideal of A .  Since the radical IS ( A )  is a maximal e-potent 
ideal of A ,  therefore JSf Q L C  + ̂ C A Q N ( A ) .  Similarly we can prove ( A )  for
every e-potent right ideal 01 of A .

C oro lla ry . I f  A  i s  a n  a r t in ia n  a d d i t i v e l y  in v e r s i v e  h e m ir in g ,  th e n  i t s  r a d i c a l  N (/ i )  
i s  th e  u n io n  o f  a l l  e - p o t e n t  l e f t  id e a l s  o f  A .

P r o o f . By Lemma 2.2 N(T) is e-potent. Let U , denote the union of all e-potent 
left ideals of A. Then N (^)^C /,. Let i.e. Ж is an e-potent left ideal o f A.
Then by Lemma 2.3, S C Q S ( A ) ,  for all & Q U , .  That is, 1 / ,C N (4  Hence 
N ( A ) = U , .

T heorem  2.4. I f  A  i s  a n  a d d i t i v e l y  in v e r s iv e  h e m ir in g  s a t i s f y in g  th e  m a x i m a l  c o n 
d i t io n  f o r  l e f t  id e a ls ,  th e n  th e r e  e x i s t s  a  u n iq u e  m a x i m a l  e - p o t e n t  l e f t  id e a l  o f  A ,  w h ic h  i s  
Щ А ) .

P r o o f . Let C denote the class of all e-potent left ideals of A .  By the maximal con
dition, C  contains a maximal member, say M .  By Lemma 2.3 M gN (yi). Suppose 
S { A ) < f M ,  and let m £ N ( A ) \ M .  Now ( m )  is an e-potent left ideal and by [3], 
Theorem 5 the left ideal (m ) + M  is e-potent. Now (m)+ M ^ M .  As m £ ( m )  +  M  
and m $  M ,  M c z ( m ) + M .  This contradicts the maximality of M .  Thus M =N(^4).

C o r o lla ry . I f  A  i s  a n  a d d i t i v e l y  in v e r s i v e  h e m ir in g  s a t i s f y i n g  e i th e r  th e  m a x i m a l  
o r  m in im a !  c o n d it io n  f o r  l e f t  id e a ls ,  th e n  N(T) i s  e - p o t e n t .

In the following we shall assume that the set E  of the additive idempotents of 
the considered additively inversive hemiring A ,  has the following property:

( * ) e f  =  e/e =  f e  holds for every e , f £ E .

L emma 2.4. L e t  J  b e  a n  id e a l  o f  a n  a d d i t i v e l y  in v e r s i v e  h e m ir in g  A  w i th  z e r o  e l e 
m e n t  a n d  E  h a v in g  p r o p e r t y  (*). L e t  Ж  b e  a n  i d e a l  o f  J  a n d  a d  A ,  f u r t h e r  J — 
=  1J L c . Ж =  |J  N e a n d  а Ж =  1J G f  w h e r e  N e = L e C \Ж , G  г = Е г Г \ а Ж  a n d  F  i s

e£E egE
th e  t r i v i a l  i d e a l  o f  а Ж . I f  Ж * — |J  N f  a n d  1J L f , th e n  У Ж * + Ж * Ж ^

/€Е f£F
Q K *  a n d  а Ж + Ж *  i s  a n  id e a l  o f  J *  a n d  ( а Ж + Ж * ) / Ж *  i s  a  h o m o m o r p h i c  
im a g e  o f  Ж .

P r o o f . Let a+ a'= e. If хг,х ^ Ж * ,  then x ^ N fl  and for some
/ ! , / 2£ F  and so x 1 + x 2d N f l  + N f t = N f l+ J ri Q Ж * as f i + f ^ d F .  Hence Ж *  as well as 
а Ж + Ж *  is closed under addition. Obviously, к £ а Ж  + Ж *  implies к ' ^ а Ж + Ж * .  
Let us consider elements /£ ./, and х 2€_Ж* such that i+ i'—d, x 1+x'1= g1
and ;c2+ jc j= g 2. Then

/'(aXi +  Xj) =  ( i a ) x l  +  i x 2 Q  L de N gi +

+  N d N gi g  Ndcgi +  N äg2 =  N edgi +  N gtd  g  Ж *
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as E  is commutative by * and g f  F by xf_K*. Also we have

(аХх + x ^ i  — a(x1i) + x2i g  a K + N gi g  аЖ+Ж*.

Thus У(аЖ +Ж *)+(аЖ +Ж *)УЯаЖ +Ж * and ЖЖ* + Ж *А^Ж *  hold. Since 
F  is the common trivial ideal of аЖ + Ж* and Ж*, аЖ+Ж* is an ideal of J * .

Since Е ^аЖ О Ж *, we may consider the additively inversive factor hemiring 
аЖ/ (аЖП Ж*). As аЖ= (J Gr a n d X * =  IJ Nf , we have аЖПЖ* =  U M r

f è F  f £ F  / Ç F

where M f —Nf C\Gf . Define ф: Ж-<-аЖ/(аЖГ\Ж*) by (х)ф—а х+ М е/ where 
xd Ж, x + x '= f .  If X, y£ Ж, x + x '= f, у  + y' =g, then

(х+у)ф = a (x + y )+ M e(f+g) =

Also
=  (ax+ M ef)+ (ay+ M eg) = (х)ф+{у)ф.

(ху)ф  =  a xy+ M efg g  (аЖГ)Ье/^ ) + ( а Ж П Ж * )  g  аЖГ\Ж* = U  M f .
f í F

Thus the congruence class a x + M efg coincides with some congruence class M f , 
f £F .  Let z £ a x y + M efg. As z+ z'= efg, axy + M efg = M efg. Hence (ху)ф = M cfg. 
Now

(х)ф(у)ф = (ax + M cf) (ay + M eg) =

=  axay + Mefeg = a x a y + M efg, 

as E  has property (* ). As ахауЯ^аЖ Г\УЖ *^аЖ Г\Ж *,

a x ay +Mefg g  аЖГ)Ж* =  J  Mf .
f i t

As above it can be proved that axay+ M efg = M efg. Thus (ху)ф =(х)ф(у)ф 
and ф is a homomorphism. Now Theorem 1.6 is applicable for Т= аЖ  which gives

ф: Ж  -~аЖ/(аЖПЖ*)  ^  (аЖ+Ж*)/Ж*.

We finally show that the radical of an ideal of an additively inversive hemiring A 
is always an ideal of A,  provided that the radical class R has the following properties :

(i) R is homomorphically closed, that is A £ R  implies (А)ф£Л for any ho
momorphism ф of A;

(ii) Let E  denote the trivial ideal of A  and F= eE  where efE-  If

A = U &e and A<-e) = U <$f ,
e t E  f ^ F

then
R(A<‘>) =  R ( A ) D A (e\

Note that the previously considered radical class N possesses both properties
(i) and (ii), meanwhile N has neither (i) nor (ii).

Theorem 2.5. Let R be a radical class having properties (i) and (ii). I f  J i s  an ideal 
o f  an additively inversive hemiring A with zero element and E having property ( * ), 
then R (./) is an ideal o f  A.
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P r o o f . Suppose that X = R ( S )  is not an ideal of A .  Since J f  is additively closed 
and also E Q X ,  there exists an element a £ A  such that a X % X  or X a % a .  Assume 
that a X % X .  Denoting the trivial ideal of a X by F , which is exactly F — e E ,  a + a ' — e .  
From a X % X =  |J  N e it follows a X %  U N f = X < e). Hence ( a X + X < - e)) / K M

e$E fçF
is a nontrivial P-homomorphic image of ( a X +  X ie)) / X M . Applying Lemma 2.4 we 
obtain that ( a X +  X ie)) / X M  is a homomorphic image of X — R { J ) Ç R .  Hence 
(i) ( a X + X (c> ) / X (e)£ R .  Since

X<e) = U A} = (U  Ю П (и  h) = * П-/(е)
f  Ç.F e £ E  f C F

where J  — |J  L e , we get 
«€£

jreo/jf<e) =  S M/ X r \ S (e) =  Jf(e)/ ( R ( ^ ) n ./ (c)) =  A MI R ( X e>),

by property (ii). Thus by Theorem 2.1 (с) A (e)/ X (e) does not contain any non-trivial 
R-ideal, contradicting the properties of ( a X +  X м ) / X м . Thus a X Q X  holds. 
Similarly we get X a Q X  and so X = R ( S )  is an ideal of A .

C o r o lla ry . L e t  R b e  a  r a d ic a l  c la s s  h a v in g  p r o p e r t i e s  (i) a n d  (ii). I f  J  i s  a n  i d e a l  
o f  a n  a d d i t i v e l y  in v e r s iv e  h e m ir in g  A  w i th  z e r o  e l e m e n t  a n d  E  h a v in g  p r o p e r t y  ( * ), 
th e n  R ( J ’) Q R ( A ) C ] A .  I n  p a r t ic u la r ,  R { A ) = E  im p l i e s  R ( X ) = E .
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ÜBER DIE ANZAHL DER ÄQUIVALENZRELATIONEN 
DER ENDLICHEN MENGE

von
K. TODOROV

PASCUAL JORDAN 
zum 80. Geburtstag

Mit den Stirlingschen Zahlen 2. Art

die die Anzahl aller Äquivalenzrelationen über einer endlichen Menge von n  Elemen
ten mit genau m  disjunkten Teilmengen (Klassen) bestimmen, hängt die Lösung 
einer Reihe von Problemen der Mengentheorie [2], [4], der mathematischen Logik 
[1], der Halbgruppentheorie [6], der Wahrscheinlichkeitstheorie [3] u.a. zusammen.

Im vorliegenden Artikel sind die Formeln (2) für die Stirlingschen Zahlen 
S ( n , m ) gegeben. Davon sind die Sätze 2 und 3 (Formeln (3) und (4)) abgeleitet. 
Es kommen dabei lediglich algebraische Methoden in Frage.

Hierbei sind für große m die aus der Formel (2) bestimmten Aus

drücke für S(n, m) relativ einfächer als die aus der Formel (1) bestimmten.
Wir lassen uns möglichst von der in der Literatur üblichen Terminologie lei

ten. Weiter sei die Menge X „ — {al5 ..., a „ } mit 1 verschiedenen Elementen 
gegeben. Beim Rechnen können wir annehmen, daß V„= {1, 2 ,..., n }  ist, da die 
konkrete Beschaffenheit der Elemente keine Bedeutung hat.

Lemma 1. |_/т (тг)| s e i  d i e  A n z a h l  a l l e r  Ä q u iv a le n z r e la t io n e n  n  d e r  l in e a r g e o r d n e te n  
M e n g e  X n( < ) = { a 1< a 2< . . . < a „ }  m i t  m  K la s s e n ,  d e r e n  m in im a le n  E le m e n te  e in  u n d  
d ie s e lb e  F o lg e

fm (E ):  a t l , ..., a fm
b ild e n  u n d  s e i

X n  {aii> •••> üim}U { a j l ’
w o b e i

1 =  *1 <  h  <  <  im» j l  — -=Л»

u n d  m  +  k = n  s in d . D a n n  g i l t

l/m00| =  (Â - fc ) (Â - i -^ + l) - - - ( A - l) -

Die Forschungsarbeit wurde mit Unterstützung der Alexander von Humboldt-Stiftung erfüllt. 
1980 Mathematics Subject Classification. Primary 05A17; Secondary 10G15.
Key words and phrases. Equivalence relation, Stirling numbers of 2nd kind.
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B eweis. Es sei f m(n) eine festgehaltende Folge von m Elementen der Menge X„. 
Dann ist die Anzahl der Äquivalenzrelationen n über der Menge X„, für die f m(я) 
eine Folge mit den Eigenschaften von Lemma 1,

a71 =  ait (mod n) und i, <  j\

sind, gleich j \ —1. Jeder von diesen j \ —l  Möglichkeiten entsprechen neue j \ —2 
Möglichkeiten, für die

öj2 -  aik (mod л)> 'к < h ,  und ik ji  
sind. Durch Induktion folgt, daß

!/т (я)| =  ( Ä - k ) ( A - i - f c + l ) . . . ( A - l )
ist.

Sat z  1. Die Äquivalenzanzahl S (n ,m ) der Menge von n Elementen mit m 
Äquivalenzklassen wird nach der Formeln

(2) s(n, m) = 2  2  ■■■ 2  2  (A - fc ) ( A - i- f e + i ) - ( j ' i - i )
j lc= k + l j k _ 1= k  j , = 3  j , = S

bestimmt, wobei k —n — m ^ l  und S (n ,n )=  1 sind.

B ew eis. Es seien X „ (< )  =  {ö1< a 2-=:...<on}; A m die Menge aller Äquivalenz
relationen л  über der Menge Xn, für die \X/n\=m  ist. Dann bezeichnen wir für 
eine bestimmte Äquivalenzrelation n£Am mit

û/j, • ••, <*im
die Folge der minimalen Elemente aller Äquivalenzklassen von n.

Über der Menge Am definieren wir aufs neue eine binäre Relation в durch die 
Regel: n1~ n 2o f m(n1)= fm(n2). Es ist evident, daß в eine Äquivalenzrelation über 
A m ist, daß jede Äquivalenzrelation n mit m Klassen von X„ eine Folge f m(n) ein
deutig definiert und je zwei verschiedene Äquivalenzrelationen von X„, die zu ein- 
und derselben Klasse в gehören, auch verschiedene Äquivalenzrelationen von 
Z „ (< )  sind.

Also haben wir nach den Bezeichnungen von Lemma 1, daß

[/.001  -  (À -fc ) (À -i- fc  +  l ) - - ( A - l ) .
Ferner folgt aus den Bedingungen

1 =  i'i <  i2 < .. .  <  im5 Ji ^  Ja ^  jk»
daß für alle r=  1 ,..., к

1 =  h  - = .• • • - =  Л - i  <-îr
ist, d. h., es gelten für r = l ,2 ,  . . . , k — 1 die Ungleichungen

und
Г < j r, Г <  r +  1 S ; 'r S jV+i - 1  

k + 1 S j k S  n.
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Da die Menge Am die Summe aller Klassen von A JO  ist, ist also die Anzahl 
S(n, m) der Elemente der Menge Am nach der Formel

n j k —'1  j  3 — 1 j% — 1

S(n, m) =  2  . 2  ••• 2  2  1/mWI
Jje — fc + 1 i~к j2—3 — 2

bestimmt, q.e.d.
Offenbar ist S(n, и) =  1.
Wie es am Anfang betont würde, sind für große m die aus der Formel (2) be

stimmten Ausdrücke für S(n, tri) relativ einfacher als die aus der Formel (1) be
stimmten. Z. B. haben wir

aus der Formel (1) und

5 ( n , n - l ) =  Í ( A - 1 )  =  ( ” )

aus der Formel (2).

Satz  2. Es seien U1 eine bestimmte Untermenge der Menge X„:\U1\ = n1 und 
m ,r  natürliche Zahlen, fü r  die die Ungleichungen 1 erfüllt sind.

Dann gilt:
Die Anzahl S(nt ,n ; r ,m ) der Äquivalenzrelationen n über X„, fü r  welche die 

Gleichungen \U1/n\= r und \X jn \= m  gelten, ist durch die Formel

(3)
п Л+«-1 "l

S(nx, n; r, m) =  2  ■■■ 2  2  ■
jk=k + l jt + i=ni+l

2  (Jk~k) ••• ( A - i ) .  
A  =  2

wobei t —m —r, k = n —m sind, gegeben.

B eweis. Wir können annehmen, daß die Ungleichung au<av für alle Elemente 
a j U 1 und a jX „ \U i  gilt. Weiter sei л eine Äquivalenzrelation über X„ mit m 
Klassen, deren minimale Elemente die Folge

f m( f) . 1, flj,, ..., Я(л, u,r + 1, ..., Ujm, 
wo

atl =  1, а1ф ..., a fr€ г/х und alr+1, ..., a imÇZ„\£A»

bilden. Wie im Beweis des Satzes 1, bezeichnen wir hier mit ah , ..., ajk die restlichen 
Elemente von f j n )  der Menge X„ so, daß aJt+1, ..., ajJ X n\ U 1.

Dann enthält die Mannigfaltigkeit aller solchen Äquivalenzrelationen nach 
Lemma 1 \fm(n)\ Elemente, wo

ist.

Satz  3. Es seien U2a U 1d X n\ \Ux\=nx, \U2\=n2^ r .  Dann wird die Anzahl 
S(n2, «j, n; r, m) der Äquivalenzrelationen über X„, fü r  die die Gleichungen

\U jn \ = \UJn\ = r, \XJn\ = m
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erfüllt sind, durch die Formel

(4) S(n2, nlt n; r, m) =  r"i-"*S(n2, n - n ! + n 2; r, m)

gegeben.

B ew e is . Die Behauptung folgt leicht aus den vorhergehenden Beweisen der 
Sätze 1 und 2, wenn wir beachten, daß die Anzahl der Äquivalenzrelationen n über 
X„, für die die Gleichungen

\UJn\ =  г, |( Х „ \(^ и С /2))/я| =  |( (A ;\tf i)U t/2)/7t| =  m

gelten, S(n2, п —щ+щ-, r, m) ist. Dabei kann man jedes Element der Menge t / i \ i / 2 
mit beliebigen Elementen der Menge U2 zufügen.

Herrn B. Schlender  sei für den Hinweis auf das Buch [6] des Literaturverzeich
nisses gedankt.
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A COM M ENT O N  AUTOM ORPHISM  GROUPS OF FIELDS

by
E. FRIED

In our paper [2] we proved that every group is isomorphic to the automorphism 
group of a suitable field. The fields we constructed were very special, e.g., they did 
not contain any algebraic elements outside their prime fields.

Naturally arises the following

P roblem  I. Given a field К  and a group G, does there exist a field L  containing 
К  the automorphism group of which is isomorphic to G?

I conjecture that the answer is affirmative and as in the case of integral domains 
(see [1]) one can choose L  such that the elements of К  are fixed by every automor
phism.

In fact, I think that fixing К  is not a further stronger result but this is “the 
way” how to prove the original statement. A further relevant question is the follow
ing:

Let К  be a field and G a group. Does there exist an extension L  of К  the auto
morphism group of which is isomorphic to G such that К  consists of the fixpoints 
of the automorphism group?

As easily seen, such an extension is necessarily Galois. If К  is the field of ration
ale and G is finite then this gives a famous unsolved problem of E. N o eth er .
I. Safarevttch proved that for solvable groups the answer is positive. If К  is the 
field of complex numbers and G is finite then the answer is, of course, negative.
J. K ollár  mentioned to me, that if К  is the field of rational functions in one indeter
minate over the complex numbers then one can prescribe the group of relative auto
morphisms for finite groups. The proof uses the methods of algebraic geometry [3]. 
These show that the question in this generality is too difficult to handle.

However, one can weaken this problem in another direction when not the 
“ starting field” but its automorphism group is given. Let us mention that M. A dams 
and J. Sic h ler  [4] have obtained results on the analogous problem for lattices and 
posets.

Let AutÂ' denote the automorphism group of К  and Fix К the set of fixpoints 
of Aut K.

1980 Mathematics Subject Classification. Primary 18B15; Secondary 12F99.
Key words and phrases. Fields, automorphism groups, graphs, group universal categories.
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P roblem  II. Let the groups G, H be given. Does there exist a field К  such that 
A u tX síG  and A utF ix K ^ H I

The answer is, in general, negative, for if G has one element only then H  must 
have, also, one element.

C o n jec tu r e . There is an affirmative answer for Problem II, provided G has 
more than one element.

The following theorem gives a partial answer to Problem II.

T heorem . Given a group H  and an infinite group G there exists a field К  such that 
G = A u t К  and H = A u t¥ \x  K.

In the proof of this result we shall make use of the following construction given 
in [2].

Let (S= (y, E) be any (undirected) graph where V  denotes the set of vertices 
and E  denotes the set of edges. We may view F  as a set of indeterminate over the 
field Q of rationals. We considered, also, auxiliary in determinated tl t ..., t„ ,... 
indexed by the natural numbers. Let L  be the algebraic closure of Q(V, Vx, ..., t„ ,...) 
and we consider a subfield K('d) of L  as follows:

We choose a sequence of different odd prime numbers p ,p x, ...,p n, .... To each 
X in V  and natural number к  we choose exactly one y 'm L  such that y pk—x  and 

is already chosen.
Also, to each (x;, xfi in E  and to each natural number к  we choose a z in L 

such that z=Xi+Xj for k = 0 and for positive к  we have z2= tk—z' where z' 
was chosen for the same edge and for the number к — 1.

The field K ( & ) = Q ( . . . , y , z , ...) has the property that A u tK ( ^ ) ^  
s=Aut ((f).

The above construction would suggest the following solution for Problem II. 
Let %  be a subgraph of (d1 such that AutC^ssG, Aut and the vertices of
(f2 are exactly Fix (Sl the fixpoints of Aut (§x. In this case Fix К (í?x)= K((fÀ) would, 
clearly, imply an affirmative answer. However, Fix K((S)=K (Fix (f )  is not true in 
general. Indeed, suppose G is finite. Then, K((S) is an algebraic extension of Fix K((§), 
while each vertex not belonging to Fix У is transcendental over К  (Fix <&). Therefore 
our Theorem seems to be the best possible result one can prove using the above con
struction.

P roof of the Theorem. It is easy to construct a graph ^  such that Aut (f=G, 
A ut Fix (S=H and the orbits of any vertex not belonging to Fix (S is infinite. So, it 
is enough to prove that Fix K ((f)~K  (Fix (d). The right-hand side is, clearly, con
tained in the left-hand side. Now, any a of the field-extension belongs to the alge
braic closure of some Q (x\, xr, tx, ..., ts). Let {xl5 ...,x r, tx, ..., ts} be a mini
mal set of variables on which a is algebraically dependent. This set is uniquely deter
mined because of the exchange property of algebraic dependence. Now for any 
automorphism a, the element ста is algebraically dependent on {axx, <rxr, ot1, 
..., ats}. Therefore if a is a fixed element then the orbits of xx, ..., xr are finite hence 
they are fixed elements. This proves the theorem.
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A NOTE ON POINTWISE LIMITS OF FUNCTIONS WHICH ARE 
APPROXIMATELY CONTINUOUS AND ALMOST 

EVERYWHERE CONTINUOUS

by
G. V. COX and P. D. HUMKE

1. Introduction

In a recent paper, [G], Z. G rande supplies a condition, that we call APt as in 
[N], which is necessary in order that a function be the pointwise limit of functions 
which are both approximately continuous and almost everywhere (a.e.) continuous. 
Subsequently, he asks whether APX is also sufficient provided that the function in 
question is separately the pointwise limit of each of the above mentioned classes. 
In [N], T. NtsHiURA continued the AP, investigation from a topological perspective 
and used a topology which is between the usual topology and the density topology 
and for which the continuous functions are exactly those functions which are both 
approximately continuous and a.e. continuous. This topology, 2Г, was first described 
by R. O’Malley [O’M], where it was called the almost everywhere topology. He then 
used this topology to define a new and quite technical condition, AP2, which when 
coupled with APt , is sufficient to conclude that a function which is separately the 
pointwise limit of approximately continuous functions and the pointwise limit of 
a.e. continuous functions is also the pointwise limit of functions enjoying both prop
erties. And again, Nishiura asks whether APj alone is sufficient. In this note we show 
that APX is sufficient for characteristic functions of countable sets and related func
tions. While the result was known to Nishiura, the arguments given here add insight 
to the property A P j, as well as to the topology, 2Г. The method of proof is as fol
lows: First we define a new condition (appropriately designated AP3) which is easy 
to handle but proves to be equivalent to APX. We then adopt Nishiura’s topological 
perspective and show that AP3 is entailed by the usual notion of scattered in the 
appropriate topological space, (R", .T). Finally we show that scattered sets in this 
space are A d sets, where A denotes the collection of co-zero sets of ^-continuous 
functions and from this are able to conclude that characteristic functions of count
able sets which are AP3 are also AP2.

2. Preliminaries

Although the basic charge of this discussion concerns functions defined on R", 
Theorem 1 is true in a quite general setting and is treated as such. In addition to the 
usual topology on R", we will also work with O’Malley’s almost everywhere topology 
which Nishiura renamed as the ^"-topology. The topology, consists of sets of the

AM S (MOS) subject classifications (1980). Primary 26A15; Secondary 54C30.
Key words and phrases. Baire functions, density topology, almost everywhere continuous, approx

imately continuous, scattered.
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form G U Z where G is open in the usual sense, Z  is of measure zero, and every point 
of Z  is a point of full density of G. In [N], and [O’M] it is shown that У  is a complete
ly regular, Hausdorff topology which contains the usual topology and is contained 
in the density topology. Let A  denote the collection of co-zero sets of continuous 
real valued functions on (Rn, У ). If XczR", we will denote the usual closure of 
X  by X  and the ^"-closure by cl (X); if X  is measurable, A (X) will denote the set of 
points at which X  has positive upper density. Finally, X  is said to be scattered (rela
tive to a specified topology) if X0= X  and

and
Xx+1 — X is a limit point of .JQ

Xa = Г) Xj5 if a is a limit ordinal,
ß

then Xx—0 for some a <coj.
The sets of functions concerning us here are s i, the set of approximately contin

uous functions and У, the set of a.e. continuous functions, and &Х{ЧГ), the set of 
pointwise limits of functions in a specified class (€. For consistency we use Nishiura’s 
notation in defining the properties APj and AP2 below (APX was originally defined 
in [G]). Property AP3 belongs to this work and is later shown to be equivalent to APX.

A function /€ A P X (or has property AP,) if whenever a ^ b  and U  and V  are 
nonempty sets satisfying

i. U c z E a ( E .  =  { x :  f ( x )  <  a})

ii. V  c E b ( E b =  {* : f i x )  >  b } )

iii. U  c A(Ü) and fcJ(F), 

then either С /\Р ^ 0  or V \U ^ Q .
A function / 6AP2 if whenever a < h  and F  is a closed set with /r(F)=  

= р(ЕГ\Еа)< + »  (^=Lebesgue measure) it follows that the set J F ^ F fK Ä ^ F i)  
has the property that ( S \ W  П  S ) \ i R n\ E b)  is A à where S = d(ÎF ).

A function / £ AP3 if whenever a < b  and U  and_F are nonempty sets satis
fying both U c z E a and V c z E b, then U V 1 V  *  A ( V C \ V ) .

Now we give several background theorems.

T heorem  N j (Theorem 2.4, [N]). T h e  p o i n t  x  i s  a  У - l im i t  p o i n t  o f  X  i f  a n d  o n ly
i f  x d A ( X ) .

(Thus, when considering ^scattered  sets, Х а + 1 = Х С \ А { Х в) . )

T heorem  N2 (Theorem 3.4, [N]). T h e  f a m i l y  s i  i s  c lo s e d  u n d e r  c o u n ta b le  u n io n s  
a n d  i s  a  b a s i s  f o r  ST.

T heorem  N3 (Theorem 5.1, [N]). I f  ^ & Х№ ) Г \ Я Х( У ) ,  th e n  f f J % x{ s i E \ & )  i f  
a n d  o n ly  i f

i. /£A P t , a n d
ii. f  a n d  —f  b e lo n g  to  AP2.
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3. The main results

We first show that APj and AP3 determine the same set of functions.

L emma 1. A function /€  APj i f  and only i f  f£  AP3.

P r oof . Suppose that /$ A P X. Thus for some a<b, there are nonempty sets 
U and V such that UczEa, VczEb, U aA(U ), V a A (V ), and both i / \ F = 0  and 
V \U = 0 . But, then U=V  so that UU VaA(UC\V) and it follows that Д А Р 3.

Now, if /$  AP3 then for some there are nonempty sets U and V contained 
respectively in Ea and E b such that UÖVczAiÜCl F). From this last set inequality 
it follows that each of U and V  iscontained in both A (U) and A (F) and consequently 
that both U \V = 9  and V \U = 0 .  Thus, Д А Р ^

L emma 2. Suppose f :  R"-+R and that S= E°[JE0 is countable. Then f £ AP3 
i f  and only i f  for every b>0, Eb and E_h are У-scattered.

P r o o f . Suppose that / £ AP3. Now, if V is any nonempty subset of E b (or E - b) 
then we must show that VPi A (V)A V. But if VC]A(V)—V  then U could be chosen 
to be a dense subset of d ( F ) \S .  (Note that F  has positive measure in each of its 
relative open sets and S  is_countable.) We would then have (for b=a/2) that UczEa, 
VczEb, and U\JVczA(T3 P\V)=A(V). This, of course, contradicts AP3 and it 
follows that Eb (or E - b) is ^scattered.

Suppose now that /$ A P 3. Then there are a<b  and nonempty sets UczEa 
and V c E b suchthat t /U F c d ( í7 n F ) . Either_a«=0 or b>  0 and for definiteness 
we suppose the latter. It follows that V cA (V )c:A (E b) and similarly, for every 
ordinal a, V c (E b)„. This, of course, implies that E b is not ^scattered and the 
lemma is proved.

Note that the latter half does not require that S  be countable, and that we also 
have the following

Lemma 3. I f  S  is countable, then Xs has AP3 i f  and only i f  S  is У-scattered.

In what remains, we will investigate the relationships between the properties 
listed below:

1. S' is ^scattered;
2. S  is y-Gt ,
3. S is У-Аь.

T heorem  1. I f  (X, y ) i s  a first countable, regular topological space and S a X  is 
countable, then 1 =>2. If, in addition, (X , У ) is completely regular, then 2<=>3 also 
holds.

P roof. In order to prove that 1=>2, we let S ^ f o ,  sz, ...} and let {t/j}n=1 
be a base of neighborhoods of sk for every natural number k. Then, for each fixed 
к there is an ordinal a such that J*€Se\ S . +1. Let Gk be a neighborhood of sk such 
that

[*] GfclTSa =  {st} (Gk =  closure of Gk in (X, T)).
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For every pair of naturals к  and n, there is an open set Gk such that

[**] if i€{l, 2, ...} and sk$Gh  then GnkÇ\Gi7 V̂>,
and
[***] sk£Gk c  Gkf]U k.

OO OO CO oo

We prove that S  =  p| \J Gl. Obviously, See П 1J Gnk. Suppose that
и  =  1  k  =  1  »i =  l  k = 1

o o  o o

xÇ П  U Gk, and let a be the first ordinal such that there exists j toÇS'a\ S ' t(+1 with
л  =  1  к  =  1

x £ G ko. Let n ^ k 0 and suppose x€G]. Let Sj(- SX\ S (, bl. It follows that /Lsa and thus 
If iV/ifj, then Sj $Gk0 by [*]. Consequently, [**] implies that GnjC\Gko=id 

which is a contradiction. Therefore, xÇ.G^0 for every n> k0 and hence by [***],

*€ П Gloa  П Uk =
n = k 0 « = * „  _ _

Now suppose that (X, ST) is completely regular. To prove that 2=>3, we let

S =  {jl5 s2, ...}=  П G„, where each Gn is open. Let U'{ be a cozero set such that
»1 =  1

sk£U£c:Gn, for each pair k, n of natural numbers. Since the class of cozero sets is 

closed under countable unions, the set U„= |J  Uk is a cozero set for every n, and

s = n u H.»» = 1
The implication that 3=>2 is immediate, and this completes the proof.

Lemma 4. I f  Q ^SczR" i.s countable and 2T~Gä, then S'П /1(5)^ 5 .

Proof. As S  is ST—G&, 5=(G jUZi)(T(G 2U Z 2) n ... where each G} is a usual 
open set having fufi density at every point of Z j. Suppose that S r \A (S )  =  S. Then 
G jO S  is dense in S because every neighborhood of a point in S  contains points of 
positive upper density of S, and some of these must be in Gj as Z j  is a null set. But

then, П  (Gj П S) is a residual subset of S, and as such is uncountable. This, however,
u=i

contradicts the fact that p) (0 )П 5 )с  f ]G j(cS  which is countable.
»1=1 »J =  l

Remark. The conclusion of the lemmas is still valid if the hypothesis that S  is 
countable is replaced by the hypothesis that S  is not residual in S.

T heorem 2. I f  S(C R" is countable, then 1,2 and 3 are equivalent.

Proof. It follows from Theorem 1 that we need only prove 2=> 1. As S  is 
3~—G6 and Sp differs from S  in an at most countable set, it follows that S ß is .T—G6 
for every ß. Further, it follows from Lemma 4 that Sp+1^S p  unless S f. 0. Conse
quently, there is an a< w , such that ,S’a =  0, and so S  is .^scattered.

Consider now a function / :  R"^R for which "U E0 is countable. From a 
result of D. Preiss [P], we know that f f  {sé) s ince/is in the usual second class of
Baire. Obviously, /  is the pointwise limit of functions which are zero except at fini-
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tely many points. It follows that (&)■ Thus we obtain from our theorem, the 
following

C o r o lla ry . Suppose f  : R"-+ R and that E°{JE0 is countable. Then f^ââfstfCâP) 
i f  and only i f  /€APj (equivalently A P a) .

P r o o f . According to^Theorem N3, we only need to show that/ and —/belong  
to AP2. If a-<0, S= A(W ) is empty and so the set in question is A s. If  b=»0, then 
the set Rn\ E b is countable and, by Lemma 2, ^scattered. That is, for b > 0, let 
b'= b/2  and R " \E bc E b'.

We note that as a special case, we have

C o r o lla ry . I f  S  is countable, then i f  and only i f  ys€ А 1/ (equiv
alently AP3/

The authors would like to thank the referee for his useful suggestions including 
the proof of Theorem 1 given here.
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ON THE OSCILLATION OF BOCHER’S PAIRS II

by
I. BIHARI

1. Let us consider the half-linear differential equation

(1) (РУУ + q f(y , py') = 0 ( '=  , x Ç /= [a ,b ] ,

under the conditions given in [1], namely

p ,q£C (I), p >  0, x £ l,

f ( k u ,  k v )  =  k f ( u ,  V), u f ( u ,  v )  S  0, /(0 , v )  =  0, У k , u , v ;  f £ C ( R 2) .

(Further suppose the uniqueness of the solution for some given initial condition.) 
In [1] a first kind of Bôcher’s pairs were regarded. Now a second kind of them will 
be investigated, namely

и = ф у 1-фру'и  

V = (руг-\1/ру'г
under the assumptions

(3)
(4)

à =  У'хУя~/хУх *  0, q>, i/'€C1(/), 1
{ç, ij/} =  p  (<?' - < А » + 9 2+ ФрчЯФ, <p) И  o * 1!

хЧ1

where y x and y 2 are two (linearly independent) solutions of (1).
Now some results of Bôcher [2] valid for linear equations will be extended here 

with respect to (1) and a system studied later in Section 2.
Concerning the pair U, V  the following assertions hold:

1° U and V  have no common zeros. Namely, at such a point by (3) (р=ф=0 
which is excluded by (4).

<f
1 I.e. u = — must not satisfy in any point the Riccati-like equation 

V
pz' + z*+pqf( 1, z) =  0

( p y ’ )^fulfilled by z = -----1 which corresponds to (I).

1980 Mathematics Subject Classification. Primary 34C10; Secondary 34C15.
Key words and phrases. Oscillation, half-linear differential equation, Sturmian theory, Bôcher’s 

pairs.
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3 2 6 I. BIHARI

2° U (and V) has no double zeros. At such a point we would have U—U '—0, 
or in a more detailed form

<P

(U = 0)=> УУг-фру! = 0
pyi =  — yl5 if ф F  0 => 0 (case 1)

y x = — py[, if (p ^  0 => y[ ^  0 (case 2)

(5) (U '  =  0) => 0 =  q>' у г + ( p y i  -  ф' p y i  + ф q f ( y 1 , p y i )

{<p, Ф}, (case 1) фр

—  {(p, Ф), (case 2),

but the last expression cannot vanish.

3° The zeros of U (and V) do not accumulate to a finite point, since this would 
involve that there U = U ' = 0.

4° The zeros — if any — of U and V separate each other. For, let х г <  x, be 
two adjacent zeros of U and suppose V 0 for x1< x < x 2. By 1° V (xyjFO, 
V (x2) piO, i.e. V  has constant sign in [xl5 x 2]. From (2)

Uy2- V } \  =  —фрЛ,

Uy'2-V y [  = —q>A
and at a zero of U

thus by (5) we have here

consequently 

which is impossible.

V ' = у  №> 

sgn U'\X1 = sgn U'\Xi,

U
5° Let us define a =  a(x) by a branch of a =  arctg — . Then

D
a = D = U 'V  — V'U.

U' A I IX« =  —  =  —2 W , ФЬ

u 2+ v 2’

A t a point X; where U(x,) = 0

=  V V 2

i.e. a' has the same sign at every zero of U and a point x[ where V(x<)= 0

- ~ V' A I= 7 W W ,  Ф)U U 2

S tu d i a  S c ie n tia r u m  M a th e m a i ic a r u m  H u n g a r lca  14 (1979)
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holds, thus a ' is of the same sign at every zero of V, too. These facts involve the fol
lowing statement:

If A {</>, then a passes the values in and (2г+1)^ 0 =  0, 1, 2, ...) in

creasingly (and therefore once) and conversely, provided A {<p, i//}<0. Consequently,
if а(л-„)=0, Xí^ x 'í , then

a (Xi) = in, а (л-) = (2i + l) — ,
or 0  =  0, 1, 2, . . . )

Ф д ■in, a (xt) =  — ( 2 i - f - 1 )  — ,

respectively.

6° Theorem o f the simultaneous oscillation. I f  <x(x) is the function defined in 5°, 

o:0 =  arctg—  y < a 0(.v0)<-^-j and 2<pr\ — \j/pri' does not vanish inside o f  I —

=  (x„, °°), then

tg (a-ao ) = Цуг- V y i  _
Uyi + УУг 2(рч-фрп7 . 0i = yl + yi)

never becomes infinite at a finite point, involving |a —a0|-cy (xSx0) consequently 

the two pairs (yi, у  2) and (U, V) are oscillatory or non-oscillatory at the same time. 

Obviously </> and ф can be chosen in such a manner that а0(х0)т^ ± -^-.2

2. Let us consider now the half-linear system

(ел x ' = affix, y) + bgi(x, у), l, d l  , _
<6) y n d b t o , »  \ -  T i b  : iiA - B] -  1

under the conditions stipulated in [1] and repeated here as

a , b ,  c , d £ C ( I ) ,  f ,  g f C ( R 2) ,  f ( / . u ,  À v) =  X f ( u ,  v ) ,  g f X u ,  ).v ) =  2 g t (u ,  v ) , VA, и , v 

sgnfi = sgn u , sgn g; =  Sgn V, 

f ( 0 ,  v )  =  g f u ,  0) =  0,
(i =  1 ,  2 ) .

Let (xi, y i) ( i = l ,2 )  be two independent solutions of (6), i.e. х 1у 2—х 2у 1?±0, t£ l  
and consider the pair

и  = (рх1- ф у 1,

V =  (рх2~ фу2 .

Here (p,\fiiC fil) and

( 8 )  {(р,ф) = (р'ф-ф'(р + (р[а^{ф, (p)+bgfil/, cp)]-il/[cf2(\l/, <p)+dgfiil/, (p)] 0 ,

t i l .

2 See the analysis of the condition 2 щ  — vp if^O  in Section 4.
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3 2 8 I. BIHARI

Then the above assertions 1°—6° hold also in the present case with the same wording 
but replacing the above definition of {cp, ф) by (8) and y;, y\ by x t, y, (г—1, 2), 
respectively. (See some details in Section 5.)

3. Supplement to part I  (i.e. [1]).

Let y be a non-trivial solution of (1), the zeros — if any — of the pair

Ф  =  ( p i . y - c p z p y ' ,
A = (piÿz—fpzÿi 0, xZI

4> =  фху - ф 2ру

—  under the conditions {cpx, cp2} ^ 0, {фг, ф2} ^ 0  — separate each other, and — 
under the assumption {<px, cp2}- {t/rlT ф2}<0, xÇ.1 only one of (p and ф can vanish, 
moreover once at most.

Letting now фг=1, ф2—0 we have 4 '= y  and {ф1, ф2}=1. If (p2^ 0 ,  then 
A = — (p2?*0 and assuming {cpl , <p2}<0 the second case occurs which is possible 
just when y  has at most one zero in /, i.e. y  is disconjugated on /. On the other hand 
if y  has two zeros then {<px, cannot hold for x ^ x = x 2. E.g.,
if  the conditions

pq > 0 , — °° ts X °°

hold, then (1) (and y) is oscillatory and

{«’■'«’■>=[<’(■57) +(%)

cannot hold on the whole line —

4. Analysis of the condition фрг]'—2щ?±0, x£I.

We have to show: cp and ф can be chosen in such a way that in the formula

(9) tg (a —a0)

the denominator does not vanish at a finite point. Indeed, Ц=у\+у\ ^ 0 and z 

remains finite inside I, thus can be chosen as wanted, e.g. to be larger (smaller)

than z. This choice of is connected to the given pair (ylt y2) of solutions of (1). 

I f  (1) is linear, i.e. / (« , v) = u then this choice is of universal validity, that means the 

function is suitable to  any pair (ÿ2, y 2) of linearly independent solutions, too.

S tu d io . S c ie n tia r u m  M a th e m a t ic  a r u m  H u n g a rica  14 (1979)



OSCILLATION OF BÔCHER’S PAIRS II 329

Indeed, every such pair can be obtained from the pair (уг, y 2) by a non-degenerated 
linear transformation which is composed of an orthogonal transformation (rotation),

У 1 =  y iC o sß -y 2sin/J 

ÿ2 =  y 1sia ß + y2cosß
( 10)

which leaves

r] = y l+ y h  n' = 2(yiyi+y»yi), ^
invariant and a stretching

(ß =  const.)

=  ^ ,  A -  
V У х У г -У г У х

(11) ÿ i  — kty i, ÿ% — к2у2> (ki ^  0> k2 ^  0, in general kt 5̂  k2)
where

Л = ÿ'xÿz —pip! = kxk23  =  fc2 l̂ ?± 0.

Therefore, for (10) z = z  and the assertion is evident while in the case of transforma
tion (11) we have to consider that the zeros remain invariant (do not move away) 
consequently if the pairs (ÿlt ÿ2), (ü> ï7) are oscillatory (non-oscillatory) simulta
neously, then so are the pairs (ÿi, ^ 2). W , V), too.

However, in the non-oscillatory case we can state more. The quantity z satisfies 
an equation of Riccati type, namely

( 12) z 4 — + 2 ï  =  2£Ü, u = y ? + y ?  
P  П

and by the easily verifiable identity

or
4 A2 — 4r\u—t\'2 (pA = c =  const.)

4c2 4 pu z2
РЧ2 ~  П P ’

S tud io , S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)



3 3 0 I. BIHARI

(12) will have the form

(13)

which involves

, z2 2c2
Z + 2 i  + 1‘l P>r

(14) о“ 2 /  qdx  + 2c- f  =  F(x), z0 =  z(x0).
РЧ

By a theorem of W. E. Milne (see e.g. [3], p. 354, Th. 6.3) in the non-oscillatory case

/°° clx
——< °° and one at least of уг and y 2 (and also rf) does not tend to zero as x — «>,

xo  ̂ ^
involving

(14') У P>r

too. If in addition J qdx> — »(now j  qclx< °° see [7]j, then by (14) and (14')
2(pz is bounded above and the denominator и í z ---- — at a suitable choice of ,l <A ) Ф

— remains above a positive number in absolute value as x-»°° involving |a — a0|<
7Г 00 dx 00— — e for some г >0. In the oscillatory case J" ---- =°° and just / qdx- ■ °° is

sufficient condition of this behaviour. Thus (14) does not give an upper bound for z. 

However, the choice F(x) or simply ^ - > z ( x ë x 0) is appropriate in this

case to assure |a —а0|<У- for x ^ x 0.

5. Concerning the system (6) of Section 2 the simultaneous oscillation theorem 
is the following:

Let t0 be a zero o f U,

U V,a =  arctg — , a(f„) =  0, x0 =  arctg — , 
V У 2 (orarctgf)’

—-=a0(t0)<-^-, then cp and ф can be chosen in such a way that |a — oc0| -= for2
t ^ t 0.

(15)

Here

The proof proceeds as previously. Namely now

иУг—УУг <Pd лt g ( x - x 0)  =
Uy'i + Vyz (pW — фг) К)n

w
4

IV =  x 1 y L -f x2 y.,, 1] = y l +  y \ , A =  X j  y2-  x 2 J ) .

Studio. Scientiarum  M athem atic arum  Hungarica 14 (1979)
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If system (6) is linear
X

(16) x ' =  ax+ by, y ’ =  cx + dy, A =  fcexp( J  (a +  d)dt), к = const,
*0

W’ Wthen again an equation can be derived for z, viz. z' = --------- —z,
* П b

W  =  (a + d W  + bti + cÇ, — =  2 (cz +  d), (£ =  x\+x%),
b

involving

(17) z' + 2cz2+(d — a)z — b = c — .

Furthermore from the identity

(*i у 1+ x2 y 2)2+(*! y2 -  x2 y O2 =  (xï+xl)(yî+y|)
we have

implying

(18)

W- + A2 = çt] or — 
Ц

z' + cz2+ (d—a)z — b

Contrary to the case of equation (1), it cannot be supposed here — not even in the 
non-oscillatory case — that x,->0, y(> 0  for with some to>0 (which would
involve w>0, z>0). If d=a, o O  ( /S /0), then

t  t A 2

(19) z ( i ) < z ( /0)+  f  bdt+  f  c —  d t= F (t) .
t t10 ro

In the non-oscillatory case the second integral is convergent if t-~ °° (Milne). Sup
posing the same behaviour of the first one, z is bounded above, while in the oscilla
tory case the convergencies of these integrals are not assured. All these facts permit 
assertions similar to those at the end of Section 4.

6. In order to illucidate the behaviour of the solutions x  and y of (16) let us carry 
out in (16) the transformation

(20) и =  x e ~ ïai\  V = y e -S di', f =  .
We obtain

(21) is a system equivalent to (16) while equations (22) are two independent second 
order linear equations concern inn и and v, respectively, which are satisfied by the

u’ \  f  
-77 and — bj csolutions of (21) provided —  and — v' are differentiable.

S tu d la  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r lc a  14 (1979)
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The following statements can be easily proved by means of (21) and (22).

(i) If for t S / 0 hc<  0, thenthezeros — if any — of x and y  separate each other.

(ii) If h>0, J  b fd t= °o ,J  y d t — — °°, then jc and y are oscillatory. (Exten

sion of a theorem of W intner [7].)

(iii) The simultaneous oscillation theorem can be applied to the pairs (vx, v2), 
(U, V) where U=(pu1 — ij/v1, V=<pu2 — \j/v2. Then equations (18)—(19) have simpler 
forms (with no linear term), viz.

(18') z' +± z2-bf-- Ck

(19') KO

Г  ~J f>12 ’
t t

-0 o )+  f  bfdt + k j  d t — F{t), к = const.

In the non-oscillatory case (19') gives a bound for z without restriction d=a.

(iv) The corresponding of Milne’s theorem: x  is oscillatory (non-oscillatory) 
if and only if

7 ЪА ,
f  ~ r =  » ( « - ) ,  л =  { « j j + j j .

(v) In the non-oscillatory case the extension of a theorem by H artman and 
W intner ([3], p. 355, Th. 6.4) reads as follows:

There is a solution xx with the property

7 bA ,
f n i d‘

and for every solution x 2 which is linearly independent from xx

Г bA .
f  x 2 dt

w __ f  adt
(vi) If decreases and is negative, then the amplitudes of u ~ x e  J are

-  fddt
о  J

A similar result holds concerning y, too.
c

f*b

decreasing and those o f v —ye J ~" are increasing. (Extension of a theorem by 

Sonin and Pólya, see [6].)
c

(vii) If we change a, b, c, d in such a way that — or —b f  (or both of them) 

increase, then и and v (i.e. x  and y) oscillate more quickly (in a familiar sense).

(viii) Under the conditions of (vi) the areas of the half-waves and quarter-waves 
of и and v are decreasing and increasing, respectively (see [4] and [5]).
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LONG PATHS IN RANDOM GRAPHS

by
W. FERNANDEZ DE LA VÉGA

Abstract

A random graph with cn edges, c>1.39, contains a path of length 

directed graph with cn edges, c>2.78, contains a  directed path of length
(■— )"

A random

§ 1. Introduction

A. We define Gn>p as the random graph on n vertices where each edge is present 
with probability p, independently of the other edges. Similarly Dn p will denote the 
random directed graph with independent (directed) edges, each one present with 
probability p, so that the possibility that two vertices be joined in both directions is 
not excluded.

We further define the random graph G'n N (resp. the random directed graph
Yl ( n ___1  )

D'n N) as the graph obtained by picking at random N  elements from the — ^-----

possible edges (resp. from the «(«— 1) possible directed edges) defined on an «-vertex 
set. We are going to prove the following theorems, in which “almost surely” means 
“with a probability tending to 1 as « tends to infinity” .

Theorem 1. The random undirected graph G'n яп on n vertices with am edges,
( 1.39)a >1.39, almost surely contains a path o f  length 11---- — I «.

Theorem 2. The random directed graph D„ »„ on n vertices with ßn edges, ß >2.78
(  2 78 )almost surely contains a directed path o f  length ^1---- -—J«.

B. Remark. We have learned that M. Altai, J. Komlós and E. Szemerédi [1] 
proved the following theorems:

The random directed graph D'„Pn with n vertices and ßn directed edges )S>1 
almost surely contains a directed path o f length cn3 c=c{ß).

The random (undirected) graph G'n an with n vertices and am edges, a > 1 /2 , 
almost surely contains a path o f  length cn, c=c(a).

A M S (MOS) subject classifications (1980). Primary 05C38.
Key words and phrases. Random graph, constant average degree, long path, Markov chain.
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Moreover, these authors obtain in each case an exponential rate of convergence 
to 1 for the probabilities that these graphs contain such paths for suitable c(a) and

c(ß). For large ß these authors obtain a path of length ~ ( l ~  ~ so that our

Theorem 2 improves slightly their results in this range. On the other hand our Theo
rem 2 says nothing in the range 1 < /ÎS2.78. Similar remarks apply to the undirected 
case.

C. Theorems 1 and 2 will be deduced from the following analogous statements 
concerning Gn p and D„ p:

Long paths in the undirected independent case (L.P.U.I.C. for short):

The random undirected graph G„ P, p ——, oc<2.18, almost surely contains a
, r , , f ,  2.78) 11path of length I I ----—  In.

Long paths in the directed independent case (L.P.D.I.C. for short):

The random directed graph D„ p, p — —, /1^2.78, almost surely contains a( 2 78  ̂ ^1 ----- -ß— J  n.

The proof of the L.P.U.I.C. and L.P.D.I.C. statements is done in §1. Let us 
now show that the L.P.U.I.C. statement implies Theorem 1. We are going to show

that, if Gn p with p ——, almost surely contains a path of length 1̂ — then so

cn
does G'„ n , with N  ^ . Clearly, this will imply Theorem 1 if we take fc=2.78 as

given by the L.P.U.I.C. statement. To proceed with the proof let X = X(n, N, b)
cndenote the subset of the graphs with n vertices and N  edges, which do not

contain a path of length 1̂ — Let n denote a random permutation of the edges 

of the complete graph on n vertices and let M  denote a binomial r.v. with parameters 

and p, independent of n. Then the N  first elements of n are jointly distrib

uauted as G '>JV, 7V =-y , while the M  first elements are distributed as G„ p. If HdX,

cnthen very nearly half the times where n begins with H ,M  will satisfy M S y ,  

so that the corresponding element of G„tP will be included in H and will not contain 

a path of length 1̂ —^-j». Hence the G„_p measure of the graphs that do not contain

such a path exceeds — — o(l) times their G'„ N measure so that the former can tend

to zero only if the latter does and that is just what we wished to prove. The same 
argument applies to show that the L.P.D.I.C. statement implies Theorem 2.
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§ 2. The cases with independent edges

In this section we prove the L.P.U.I.C. and L.P.D.I.C. assertions. We give the 
proof for the undirected case and we shall indicate the rather obvious modification 
that yields the directed case.

For given p we define r as the positive root of the equation

(1) p = 2 r - r 2

and we shall consider the random multigraph //„ r defined as the edge union o f two 
independent random graphs with same vertex set, with white and black edges respec
tively, and both distributed as Gn r . It is clear that if we drop the colours of the 
edges of H„ r and count the double edges only once we obtain a graph distributed as 
G„iP. Hence we just have to prove that H„ r , for r equal to the root of (1) corre

sponding to p = — , contains almost surely a path of length [l — We are
n  \  a. )

going to define an algorithm which, given a multigraph on n vertices with white 
and black edges, constructs a sequence of paths of this graph and we will show 
that, when applied to a graph distributed as H„ r , this algorithm gives almost surely 
a path of the required length.

Each of the constructed paths will be considered in the obvious way as a se
quence of vertices, some of which can be marked (which vertex is the first and which 
is the last will be obvious from the construction). We will denote the last vertex of  
the current path by e . We will consider single vertices as paths. Empty paths do also 
occur, so that e is not always defined. At each step of the construction we refer to 
the set of vertices which have not been used before this step as the set of “free verti
ces” and denote it by V. We denote by Q the current path, by v the cardinality o f V.

The algorithm starts with the path Q=Q0 consisting of the first vertex as u- 
niqueandunmarkedvertex.lt consists in the iteration of a “basic step” and ends when 
the set of free vertices becomes empty. We do not mention in the description o f the 
basic step the updating of the set V  which is done of course by immediately suppress
ing front it each vertex which is added to Q.

Basic step. The basic step takes exactly one o f three possible courses o f action.

Case 1. Q i s  empty. Then keep it so with probability q = (l —r)v or (with proba
bility 1 —q) make g  =  the first free vertex.

Case 2. e i s  not marked. Then, if there is some free vertex joined to e  by a white 
edge, add the first such vertex to Q. If  not, mark e .

Case 3. e i s  marked. Then, if there is some free vertex joined to e by a black edge 
add the first such vertex to Q. If not, then
— if all the vertices of Q are marked make <2 =  the empty path;
— if there are unmarked vertices in Q mark the rightmost of them and 
suppress from Q all vertices following it.

This ends the description of the algorithm for the undirected case. For the di
rected case the only modification needed consists in specifying that the added edges 
be conveniently directed. Note that the basic step adds at most one vertex to Q (and 
therefore suppresses at most one vertex from V) at each call. Note also that, by the
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last stipulation in the description of the basic step, each vertex can be used at most 
once as unmarked extremity and at most once as marked extremity of current paths. 

We shall denote by
Q k the state of Q  just after the к  first executions of the basic step, 
e k the extremity of Q k , 
l(k) the length of Q k ,
Vk the corresponding state of the set of free vertices, 
vk the cardinality of Vk.
The following inequality is crucial for our proof:

(2) l(k)È = 2(n-vk) - k - 2 .

For the proof of (2) observe that vi+1 is equal to vt — 1 exactly when the basic 
step adds one vertex to Q  and then no vertex is marked. When v[+1= v( the basic 
step marks at most one vertex. Since only marked vertices are eventually suppressed 
we can write

l(k) S  2! 2
; = о i = o

which is exactly (2).
If  we apply this algorithm to a random graph distributed as Hn r then the vk s 

become well-defined random variables. We claim that then the sequence (w*)*=0,i,... 
is a Markov chain with state space {0,1, ...,/2 — 1}, initial distribution concentrated 
at /г- l  and with the stationary transition probabilities

P[f*+i = J h  = j]  =  (1 ~ r)J,
and

Pb*+i = j f - i k  = j]  = 1 — (1 ~ r )J O s j  S  /2-1.
Let i0, i\, ..., ik be integers satisfying the conditions i0= n— 1 and ih — 1 ^  

S i h+1S i h, й = 0 ,1, ..., к — 1. We have to prove that for each such set of integers we 
have
(3) Pb*+i =  =  к  •••> vk =  ik\ = (1 -г)'*
which will of course entail

(4) P|>*+i =  i * - l k  =  »о» •••. v k =  ik] =  1 —(1- Ф -  

Let us define the events
к

Ak =  A {vj =  ij}A{ek is not marked}, 
j —0

and
к

Az =  A {vj =  ij}A{ek is marked}.
1=0

The non-empty events of the form ^ iA{efc=x}A {Fk= 5 ’}, /=1 ,2 ,  where x ranges 
over the vertex set and S  ranges over the family of subsets of the vertex set of cardi
nality ik, form, together with the event Qk = 0, a partition of the conditioning event
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in (3) and (4). Therefore, it will be enough to verify that 

(5) Р[уй + 1 =  ik\Ai, ek =  =  S] =  (1 - г ) ‘к(5)
holds for conditioning events of positive probability. But, for i =  l (resp. i= 2) 
the algorithm has never yet looked at the white (resp. black) edges joining x  to the 
set S. Hence the conditional distribution, under the conditioning event in (5), of 
these white edges (resp. these black edges) coincides with their original distribu
tion, i.e. these edges are in each case conditionally independent and each one is pre
sent with probability r. Therefore (5) holds and this ends the proof of (3), (4) and of 
the Markovian property of the sequence (vk).

We denote by s( the time spent by the chain (vk) in the state i. By known results 
concerning Bernoulli sequences we have

Using (6) and (7) and bounding the sums by integrals it is easily checked that, for 
/7= log 2, the following inequalities hold

which implies

(6) Es- -S  -----------------------------
1 1— exp{— ri}

and

which implies

(7)
\  / VAU » I I I
Var Sj S  fi------ —,— -TÿTo ■[1 — exp {—ri}]2

exp {— ri}

The hitting time of the state j  is given by

By the strong Markov property the s', s are independent and so
И —1

Var 7} =  2Î VarSj.
/ = 7 + 1

(8)
and

(9)

Define now /„ by 

so that /0 satisfies

( 10)

Var T, S  — S  1 r
g  —

a
4n

log 2 <  rjо S  log2 +  r

log 2 2 n log 2
J 0 S - J - + I S — j S _ + l .
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Tchebycheft inequality implies, using (8) and (9)

(И) Th ^ n  + 2k ër 1

Now, replacing in (2) vk by the bound of /„ given by (10) and к by the bound of Tjo 
given by (11), we obtain

l ~ l ÿ

Since 2.78 is greater than 4 log 2, the last inequality implies

p [ / ( 7 V > £ n ( l - ^ ) ] ^ l  as 

completing the proof.
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SIMULTANEOUS APPROXIMATION OVER A 
FIELD OF FINITE TRANSCENDENCE TYPE

% by
K. SARADHA

§ 1. Introduction

In this paper we deal with the values of the exponential function over a field 
of transcendence type á r  (see Definition 3.1 below). In 1966 L a n g  proved that cer
tain values of the exponential function cannot all be algebraic over a field of tran
scendence type á r .  In the sequel we take the following common hypothesis.

Common H ypothesis 1 (CH 1). Let the sets of complex numbers { tq ,..., um} 
and {fx, ..., v„} each be linearly independent over Q, the field of rational numbers. 
Lang [2] proved the following theorem.

T heorem 1.1. Under CH 1 i f  К  is a field o f  transcendence type S r  2 S t and 
x(m + n)^m n, then at least one o f  the numbers

(1) exp(Mjt)y) 1 í  i á  m; 1 S j S n  

is not algebraic over K.

In his thesis, W. D. B r o w n a w e l l  [1] proved the following two theorems.

T heorem 1.2. Under C H I, i f  т ( ш + п ) < т л + т + л  and К  is a field o f  tran
scendence type S t, then at least one o f  the numbers

(2) u(, Vj, ехр(м,иД I S i S m ;  l S j S n  

is not algebraic over K.

T heorem 1.3. Under CH 1 i f  x (m+ri)Smn+m and К  is a field o f  transcendence 
type S t, then at least one o f  the numbers

(3) u(, e\p(UiVj), 1 ^  i ^  m ; l S j ' S n  

is not algebraic over K.

Theorems (1.2) and (1.3) generalize the classical Hermite—Lindemann and Gel- 
fond—Schneider theorems; since Q is a field of transcendence type S i .  These theo
rems (1.2) and (1.3) were rediscovered by Waldschmidt [6] in a more general setup.

A M S  (MOS)  subject classifications (1970). Primary 10F10; Secondary 10F05, 10F25, 10F30, 
JOF35.

Key words and phrases. Transcendental numbers, exponential function, simultaneous approxi
mation, transcendence type, field of finite transcendence type.
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§ 2. Main results

In this paper we additionally make two more common hypotheses besides CH 1.
Ф

CH 2. К is a purely transcendental extension over 0  of finite type (see the re
m ark under Definition 3.2).

L is a finite extension of degree D over K.
CH 3.

m in +  > e x p { - F ( 0)}
| í | i —<7

/f not all zero
and

m jn |i1t?1+ . . . - b /nt?„! >  e x p { -F ( t f ) }
U<l*9

/. no t all zero

where F(x) is an increasing real valued function with It / ;'(x)= °=.X-+00
Under the above three common hypotheses, we now establish quantitative re

sults concerning the three theorems stated in § 1, that is, we get nontrivial lower 
bounds when the numbers in (I), (2) and (3) are approximated simultaneously by 
numbers from L.

To every a^L, we associate a real number /(a), called its size (see Definition 
3.3 below).

We now state the main results of this paper.

T heorem 2.1. Under the common hypotheses CH 1, CH 2 and CH 3, let atj  
( I s / < m ;  lS_/Sn) be mn elements o f L  with ((ay) á S .  Also assume that 
т л > г ( т + и ) ,  tS2. Then

2  |exp(«j»j)—ay
i j

( 4 ) max (m,n)

exp{ /  c m «  \ m n —т ( т + и )  Г (  (  C t  \ m n —т ( т + л )  I'll

- M ö s p H  Н + т - Ы  111
where Dx and D2 are constants independent o f  S  and are easily computable.

T heorem 2.2. Under the common hypotheses C H I, CH 2 and CH 3, let ai( I f ,  a,y 
( l ë i S m ;  l s ) s n) m n+ m + n elements o f  L  with /(a,-), t(ßj) and t((Xij)SS. 
Assume that m n+ m + n> x(m + n). Then

( 5 )
2 ” Iui— ail + 2  lu-^l + 2  |exp (t/jUy)—a,y| >
* J i,J

т(ти-Ьт-1-п) max (m ,n)t

exp \ - D 3 s mn-^~ 1̂ m+"> 1 +
F(D 4 ÿniB-it-iXm+n))

lo g s ]}•
where D3 and Z)4 aw  absolute constants independent o f  S  and are easily computable.

T heorem 2.3. Under the common hypotheses CH 1 ,C H  2 and CH 3, let txf,a SJ 
( lS /S m ;  1 S /S n )  fee m n+ m  elements in L with t(a,) and t{a;j)^S. Assume that

S tu d ia  Scientiarum M athem atic a rum  Hungarica 14 (1979)



SIM ULTANEOUS APPROXIM ATION 343

т и + т > т ( » 1+и). Then
m

2  \«i~<*i\ + 2  |e*P(«i»y)-«yl >
(6)

1 =  1 ij
tmi(h + 1) т(я + 1) 1 T(»»-l)

>exp{-£>5lS'"m-<^-1>m-" , [logS+Т{Лвта х (5 я',_(1_1)ш_ТЯ, (log5)"11 S m"- о - 1)”1 - *«)}]} 

where Db and D6 are absolute constants independent o f  S  and are easily computable.

For sake of convenient reference we collect in this section some definitions and 
notations. Let us consider a polynomial (péO) in q variables

LetdegJC(P = r i anddegP=  2  ri- H(P) denotes the height of P, i.e.,the maximum of
i = l

the absolute values of the coefficients of P. We define the size of P denoted by t(P )
as

t(P) = max {degP, log H (P)}.

Let AT be a subfield of the field of complex numbers and let т be a real number ё  1.

D efinition 3.1. К  is said to have a transcendence type S t over Q if К  has a 
finite transcendence degree over Q and if (xly ..., x q) is a transcendence basis o f К  
over Q, then for all a € Z [x l5 a^O, one has

(The constant involved in the sign <sr does not depend on a.)

D efin itio n  3.2. The set of elements { ;q ,..., xe,y} is said to form a system o f 
generators for К  if the following three conditions are satisfied.

1) K = Q (x\, . . . ,x q,y);
2) Xi, ..., x q are algebraically independent over Q;
3) у  is integral over Z[ x l t ..., x,].

R em ark . К  is purely transcendental if K = Q (xt , x q) with (2) above. Any 
element a o f К  can be written uniquely as

where <5=[ AT : Q(xl f ..., л-,)] is the degree of у over Z [ x y, ..., x4], and <2, and P, 
are elements of Z  [xl 9 x j  without common factors. Let P be the least common 
multiple of Rx, ..., R6. This is called the denominator of a. Then

§ 3. Definitions and notations

P(x i , ..., x ,)€ Z [x !,..., x q].
q

-(*(«))*« log l«l-

Ö
Pa — 2  Л У "1

where P f Z  [.Vj1 > •••» -bq.*,], ls /p ső .
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D e f i n i t i o n  3.3. Size of a, t(a), with respect to the system of generators 
(x l5 ..., x q, у ) is defined as

t(a) = max (t(P), t{Px), 'Ca 

r e m a r k  1. When if  is a purely transcendental field i.e., K = Q (x 1, ..., xq) 
then any finite extension L  of К  has a system of generators (jcl5 ..., xq,y ). This fol
lows easily from the theorem on primitive elements.

R e m a r k  2. When a£K  has size 1(a) then |a| = C l(l1 where C is an absolute 
constant.

R e m a r k  3. If K = Q (xx, ..., xq) has transcendence type S r  with respect to 
(_Yj, ..., Xq) then any finite extension L of К  has transcendence type S t with respect 
to (*!, . . . ,x q,y )  (see Lang [2]).

We make use of the above three remarks as we go on without any mention 
thereof.

§ 4. Some lemmas

(A) LEMMa 4.1 (see Waldschmidt [7]). Let К be a finite extension o f  Q o f finite 
type. Let (jcj, ..., x q, y) be a system o f generators o f К over O. I f  aly ..., am£ 
Z[x1, ..., xq,y] then
(7) t(jxx + ... - f a j  s  max t (a,)-flogm.l^l^rn
There exists a constant c >0, depending only on (jel5 .... xq, y) such that for ail 
(ax, ..., am)£Km, one has
(8) t(a1+ . . . + a m) S  c (i(a a) +  ... +  i(aJ)>

(9) t{a1...am) S  c(/(u1) +  ... +  /(aJ).
I f  a fZ  [xx, ..., xq,y] and ß£Z [xx, ..., x q], ß ^O , one has

(10) 11 j  j S  c max ( t (a), t (/?)).

L emma 4.2 (see Waldschmidt [7]). Let K\ a  K 2 be two fields in C o f  finite type 
with {a, , .... Xq, y} and {<?,, .... Cv, z} as systems o f  generators, respectively. Let tx 
and t2 be the respective sizes. Then there exists a constant c depending only on these 
generators such that

— h(a) S  t.2(x) S  c tfa )  c
fo r  all nonzero aÇÀ).

This lemma shows that the size that we have defined in § 3 does not depend on 
the system of generators.

L emma 4.3. Let K = Q (xx, . . . ,x q), IK = Z [ x x, ... ,x q], L = Q (xx, . . . , x q,y)
I L — Z [ x x, ..., xq,y] and D = [L: К]. Consider

m

(U ) 2  au zj = 1 — i — л.
j =1

S t u d i a  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)



SIM ULTANEOUS APPROXIM ATION 345

(i) I f  atj^ IK, t (a ,j)^S  and m >2q+1n, then there exists a nontrivial solution 
for ZjdIK such that

t (Zj) =£ Ct (S + log m), 1 — j  — m.

(ii) I f  ajjdIL, t(atf ) ^ S  and m > 2q+1Dn, then there exists a nontrivial solution 
for Zj£lK such that

t(zj) ^  C2(54-logm), 1 S j S  m .

Here Cx and C2 are absolute constants.
This is the analogue of standard Siegel’s lemma that deals with solutions of a 

set of linear equations.

P ro o f , (i) Write
aiJ = 2  aU(X)XÎ1 ...  x x*

U)

zj = 2  z j ^ x ï 1 ... Xj«
aij(X)’ zJM ^Z ’

where deg Zj with respect to each x t is S S .  Substituting this in (11) we find that (11) 
is equivalent to a system of equations in which there are m {S+ l)q unknowns in 
n ( 2 S + 1)? equations with rational integer coefficients. Each coefficient in this new 
system of linear equations has absolute valu e atmost es (l T S 1)’. Hence by the stand
ard Siegel’s lemma over Q

n(2S +  l)4  Я л

\zm \ 92 (mes (l +  S)24)m(s+1>, -"(2S+1>'' =2 (mes( l +  S )2,)m_2,n.
Hence the result in (i) follows.

(ii) The system of equations in (11) is equivalent to

2  Í 2  Ö.7*/“ 1) zj =  0 1 S i g n ,  aijke l K.
J = 1 V f c = l  >

m

Since 1 ,y ,  ..., y D~1 are linearly independent over AT, this is equivalent to 2 aijkzj —®.
j = г

l ^ /S / j ,  I S k ^ D ,  aijk£IK. Now the result follows from (i).
(B) We now state two important lemmas due to Tijdemán [5] which we utilize 

in establishing the quantitative results mentioned in § 2 .
Lemma 4.4. Let m, s and t be positive integers and set r=st. Let a a l5 ..., am_1 

and ßo, ßi, ..., ßs- i  be m and s distinct complex numbers, respectively, and let

a = max (|av|, 1) b = max (\ßa\, 1)
0 ̂  V <  Ж 0=5<T<S

Ű0 =  min (|a —av|, 1) tí0 = min ( \ß -ß „ \ , l ) .
O S /i, v < m  <x<s

For arbitrary complex numbers A v, let
Ж  —  1

E(z) = 2  A ,** ,
v =  0

A — max ' A v\ and E — max \E(e>(ß„)\.
03ít<s
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Assume

( 12)

cS2ffl+13ab. Then

A =2 s \  m ! elab E.

This is Theorem 3 in Tijdeman [5].

Lemma 4.5. Let n ,s , t  and и be positive integers and set m = mi and r—st. 
Let a„, al5 ...,an_1 and ß0, ..., ßs_t be n and s distinct complex numbers, respectively,

a =  Л?ах (Н >  b =  „ m a x  {l/U !}0^v<u 0̂ <r<s

Я° =  o Ä „  1} Ь„ =  0 ш ш 1 { I& - /U  1}.

Denote by A)lv (0S /í < h; 0 Sv<w ) виу да Г о /  /ни complex numbers. Further put

E(z) = " Z  2  A ^ e ^ - ,
v = 0 /* = 0

A =  max |/LV| дам/ £  =  max |£ (i,(ß<r)|.
ÔVCIJ 0̂ <r<s

Assume finally that r^2m + \3ab . Then

(13) A ^  s
6a

«0 I7»
■=r max

This is Theorem 2 in Tijdeman [5].

§ 5. Proofs

This section gives the proofs of the theorems stated in § 2. The main pattern of 
the proof is classical. See [3] and [4]. For the first theorem we construct an auxiliary 
function which is small at certain lattice points while for the second theorem the 
auxiliary function, together with some of its derivatives is small at certain lattice 
points. The third theorem can be approached eitherway. See § 5 (c).

Let us now on adopt the following simple notations. Я=(Я1? ..., Ят); p=  
—(Pi, ...,//„) where each gj take only non-negative integral values. Also Ям= 
=Я1и1+ ...+ Я т и1И, py= pl vl + . . .+ / í„v„. The constants c, c , , c2, . . .  in Theorem 2.1, 
d , d ± , d 2 , ... in Theorem 2.2 and e, ex,e 2, ... in Theorem 2.3 are numbers depend
ing only on K, L, и-, and Vj and independent of S. These are easily computable.

(A) Proof of Theorem 2.1. Let exp (и,у,)—йц=еу and |e|=m ax (|еу |). 
W ithout loss of generality assume that |e |< l. Thus a lower bound for |e] will yield 
the necessary result (4). Let

(14) </> 00 = 2  P(á) exp (Ян)2
Я
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where O s X ^ X ,  1 S /S iii  and p ( / . ) ( : i K are unknowns to be determined as follows. 
Set

(15) =  2  Р Ф  П n«ifJ = 0 forI  i=x j =1

This gives (A '+l)'“ unknowns in T" equations with coefficients in L .  To make them 
elements of I L , multiply by a polynomial P £ l K with t ( P ) ^ C 1 X Y S .  Still the size 
of the new coefficients is S c 3X Y S . Choose

(16) x = [ 2 <-4+1)lmD 1lm Y n/m].

Then by Lemma 4.3, (ii) there exists non-trivial solution p ( X ) £ I K such that

(17) i(p(A)) ^  C 3( m  lo g (Z + l)+ Z T S ) Q X Y S .

Take
(18) Y *  =  [2(m+2)/nA'm/n]+  1.
Note that У*>У.

Claim. There exists p* with max p * =  Y *  such that ^ „ .^ 0  for |e| sufficiently 
small. Suppose \ j / g = 0  for all p with т а х р ё У * . Consider

(19)

\ ( p ( pv ) \  =  \ ( p ( ß v ) ~ ^ t \ =

=  \% р ( Щ ( * и + с и ) ^ - П « { Г < } \  =

2 р < З П
*4*J
2k,j=°

k(j not all zero( t h

^  \ e \ ( X + l ) mc c i XYSc f* XY*s 2 mnXY* ^  

=> \e\ exp ( C e X Y * S ) .

Now use Lemma 4.4 with
‘К Г  =  {Ли}о*А,=5ХlS/^m

hence ‘m '= (X +  l)m and
‘ { ß a Y  = (Pv}l SnjlSY*

~  1 S j S n

hence ‘s’ =  y*n. Let ‘t ’ =  1, hence ‘r’=Y*n. Also ‘а’^ С 7Т, ‘Ь’;=С8У*. By CH 3, 
‘a0’sex p  {—CÿF(X)} and A ’^exp { - С 10Т(У*)}. Take ‘£(z)’=<p(z), ‘E ’^  
^  |e | expíCgTT^iS). The condition ,rs2 m  +  13ab’ can be easily verified for large X .  
Hence

|p(A)| =5

=s Y*n l/(A+ l)m! e7C7csxy*
UC8T* ех р (-С 9В Д ) )

y x + ir r  72 C 10Y *  '
1у*л/2е х р (-С 10РХУ*))>

r*

X|e| exp(Ceyy*S)s=

á  |e| exp [Cu  { *  m(F(2f) + log У ) +  У *" (F( У *) +  lo8 y *) +  *•?}]•
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N ote that
|р(А)|=Ёехр{-С1а(*У5)*}

for p (a) t±Q, and by construction there exists a t least one р(Х)^0.
If

(20) |e] <  e x p [-C 11{Zm(JP(jy) +  logZ) +  y*"(F(y*) +  logF*) +  Z y*iS } -C 12(Z y5)r] 

then !/?(/:)!< exp {—C12 (ТУЗ1)1} for all л which is a contradiction. This proves the claim.

Let Y± be the least such У*. Hence there exists p* with max p* =  Y1 such that 
and for all p with m axp < Y x, 1/^ =  0. Note that У -гУ ^У *.

Firstly, we estimate |<p(/r*y)l from below. Consider

~ I  i,j

where P fI K and P \ j i ^ I L. We know that t ( P ) ^ C 1XY1S. Using (7) and (10) of 
Lemma 4.1

K M  â  C ^ X Y .S .
Hence

|^_*| ë  exp { - C ^ i ^ S y } .
From  (19) it follows that

(21) \cp(p*vj\ S  e4> {-C M(JryiS)*}-|e | exp(Cu XYl S).

Secondly, we estimate \cp(p*v)\ from above. For that consider the integral

1 r <P(Z)
2ni J  z —p*v П  O -juy)

ß
max ß < Y 1

dz

where C: |z |= C 16y iS' where C16 is taken suitably so that the lattice points pv with 
max p < Y y all lie inside C. Thus we get

<p(p*v)  =
1

2ni I
cp(z)

z -p * v
т а  х ^ < У х

П  (M*v-^y)
( p ( p ' y ) m a х /г <  Yj

?  ( p v - p * v )  П  ( £ ' v - / i v )
max д / < У 1 if

m a x / i< y l 
ß'^ß

I t is easy to see that
\ f \ ä  exp (C„XY1S ) S -(Fi-l)”
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To estimate I ,  use (19) and the CH 3. Then we get

|T| |e] exp { C18YîiFiYJ+ lo g Ух) + У  y t S } .
Thus

(22) \<p(t *v)\ ^  exp(C17X Y 1S )S ~ y!/2" +  |e| exp {C18 [У ^ О Д ) +  log Ух) +  X Y, S]}. 

Now the lower bound (l.b) and the upper bound (u.b) found are inconsistent if

exp { - С и Р Г В Д 'Н е !  exp {С ^У У ^} >

>  exp { C ^ Z T ^ J ^ - ^ + le le x p I C ^ f T ^ F iT J  +  lo g T O + ^ T ^ ]} ,
i.e., if

1 >  exp {C19(X Y \S y } S - Y"'2" +  |e| exp {С20У ; (Т(УХ) + log Уг)+ C19(У У ^)'}, 

i.e., if
S Y' ^  >  exp { ^ ( y y ^ r K l T  |e| exp [ C ^ y ^ F ^ + l o g  Y ^ S ^ 2"}.

So now if
(23) |e| S  exp ( -  log y j ) ^ ' 2"

then the above inequality is valid if

5 yï/2n> 2 e x p C 19{(yy1S)t},
i.e., if 

i.e., if
У" lo g S > C !1( I f 1S)1, 

У Г Ч о § 5 > с 22У г/т 5 '
(substituting for X  from (16) and observing that У7> У ). Thus l.b. and u.b. are 
inconsistent if

o r
y m „  — t ( m  +  „ ) / m  >  Q

22 log S
Now let tnn—%(vn-\-ri)—E\ (> 0  by assumption). Choose 

(24) ' + B 1 -UogSJ

Then the above conditon is satisfied. Thus the l.b. and u.b. are inconsistent for 
this choice of У when (23) holds. So we get from (20) and (23) that either

(25)
e| S  e x p l - C u t y ^ F í y H l o g ^  +  y ^ F í y ^  +  lo g y ^  +  y y ^ J - C i ü í y y S ) 1} 

N >  exp {—C23[y"(F(y1) + l0g yx +  log S')]}.
or
(26)
Note that

У! sS Y* ( s* \mlEl 
Uog 5 J ; У ^ с 2 í— 1’b o g s ';
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On substituting these values in (26) we find

(27) |e| : 

(25) becomes

(28)
[ /  CM \ r!E 1 ( ( /  Ç!

-МтоИ ИС“Ы  | +
+ F

UogS)

Thus the required l.b. for |e| is of the form
\(m ax  (m, n))/£j'

exp

This proves the theorem.

) +  log s j j .

(B) P roof of Theorem 2.2. Let м,—a;=e'-, Vj—ßj— s'j and exp (utVj)—a;j— 
=Sjj for 1 Ë /S m , \-ëijS.n. Let |e|=m ax(|e;|, |e'-|, |e;j-|). Take the auxiliary func
tion as

p O ) - i

(29) (p (z) =  2  2  PQ-o, A) z*° exp (Au) z
я0=о 2

for O ^A jgZ , 1 â 'S m  and

Then
k ( ; I

(30) ? ® (z )=  2  7 Г ^ ^ ( 1 « / - е х р ( Я « ) г
я0=о i  r= o U i tA0—r)l

for O^k^p(X)  where p(?.0, X)£IK are unknowns to be determined as follows. Set

(31) «,*> i  f kr) 7 Г °-;т г (áz)*-f W - - fП =  оя0=о à г=о V г  J  (А0 — г)! — tj

for 0^к-=:р(Х). (Here Аа=А1а1+ ... +Amam and piß=Pißi+
+  ...+p„ß„.) This gives p{X)Yn equations in (X + \)m p{X) unknowns with coeffi
cients in L. A denominator P  for the coefficients has size ^dl (X1+(m/n)+XY)S.  
Multiplying by P the above equations, the coefficients go to IL with size ^  d2 (X1+(m/',) + 
+XY)S.  Choose
(32) jir=  [2(4+1)/mD1/mT"/m].

Hence by (ii) of Lemma 4.3, there exists p (A0, A)Ç/K, not all zero with

(33) r(p(A0, A)) ^  d3(X 1+M » + X Y )S . 

Set
(34) Y* = [ 2im+V'nX mln]+ \.
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C la im . There exists p* with max p* — Y* such that ф„\к^ 0  for some к with 
OS* </>(*).

Suppose фц*л =0  for all p* with т а х р * = У *  and for all к, 0 ^ k ^ p ( X ) .  
Then

|ç»<*)Qt*v)| =  |<р(*)(р * у )-^ .,* | ^

(35) S (.У-l- l)m p(X )23p(X)+mnXr*p(X)p(x) |eI dJ*(Xl+(m/n>+xr*>s s
=? |e| exp ds(X 1+im,,,)+ X Y *)S

(on using the expressions in (30) and (31)).
Now apply Lemma 4.5. Using the notation in that lemma, set

‘£ (z ) ’ =  Ф(г);

‘КГ =
V  =  (JT+1)M;

‘ { ß a Y  =  {/fï}l S<íjST*.

‘5 ’ =  Y * " ,  V  =  р ( Х )  =  •/’, ‘ш ’ =  ( Х + 1 ) т р ( Х )

‘г’ =  Y*np(X), ‘a ’ =§ deX, ‘h’ d,Y*,

‘flo — exp { -  da F(X)), ‘b0’ S  exp { -  de F(F *)},

‘F ’ =» l e l e x p K ^ + ^ + A 'F ^ S } .

The condition r s 2 m +  \3ab' can be easily checked for large X. Then 

|p(;.0,A)| =£ |e|exp{d10[jr1+ -+ < « / - > ( H - ^ .)  +

y*" у1+(и/л) Ц
+ ---------------(F iy ^  +  lo g y ^  +  i A ' ^ ^  +  Z T ^ s J j .

Note that
IP(A0, Я)| == exp {-<*11(ЯГ1+<-Ю+.Х'У)*5'}

for р(Я0, Я)^0 and by construction there always exists a non-zero p (Â0, Я).
If

(36) |e| <  exp [— d10 {jf1+m+(m/',) ^1 +  +

y*"y l + (m/n) 1 1
+ ---- -----------(F(y*) +  log y*) +  (A'1+(m/") +  Ä 'y*)S | — i/11(Arl+(m/,", +  Äry*)rS'IJ ,

then
|р(Яо, Я)| <  exp { - d n i X W '+ X Y y s * ) .

This is a contradiction. Hence the claim.
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Let Y1 be the least such Y*. Thus ^„,*=0 for max Yx and for all 0 
< p ( X )  and there exists ( p * ,  k * )  suchthat when m a x  р * = У г  for some
0 Let  us take such pair ( p * ,  k * )  with least k * .  Then using familiar ar
gument we find that

10 /w * ) s  d ^ X '  + ̂ + X Y J S .
Hence

W r,* \ ^  exp { - d n iX ' + M '  + XYJS*}.
Therefore using (35)
(37) |̂ ><**>(/г* v>| S  exp { - i /13(T I + (m/", +A'T1)I5’t}-  |e| exp {dM(X 1 + (m/"} + XY^)}.
For estimating <p(*’)(/i*v) from above, consider the integral

J _  r <P(Z) -  1
2ni J2ni J П

m ax u - < Y1
(z -p v )p<~x>dz

where C: \z\=dlsY\+(llm̂  containing all lattice points pv with max p < Y r . Hence
k*\

^ * ) ( ^ v )  =  — /
(p(z) h(z) 

*,Дк* +12ni J ( z —p*v)[ d z—

(38)
V  k *  ! ( rU * ч 1 r  h ( z )

-  Л  - г  * )(^ >  "2яГ Jfi-)t»v|=T exp (—Г(У,))
dz —

S
(z — u'vy h(z)r m - i  p* I 1

хл'^г, lz~ííl!"Texp(~F(yi))
where ( p*v—pv V

* > =  ?  I Y - „ T  )
max/t<y1

Thus
1 <pikt)(M*v)\ ^  l / |  +  |I |.

I t is easy to see that

p№

exp {dle[(T l + (m/n)+ Z T )S ,+  XTÎ + (1/m)]}T r(ï'1- 1)"'’(X)

and
|I| â  l e l e x p ^ p W L i in i y + l o g T J + d x e ^ + ^ + ^ S } .  

Comparing l.b. (37) and u.b. (38), we find that they are inconsistent if
(39)

y(y ï/2")P(x)>  exp (t/ie( x 1 + (m/") +  A'T1)T5r} { l+  |e| exp [d2()p(X)Y{(F(Y,) + \ogY1)]}. 

So if
|e| <  exp { - dwp (X )Т "(/Г(У1) +  log 7,)}
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then the above inequality holds if
у (У»/2»)Р(Л)> 2 е х р + +

Y{ log 7j >  d21A,(1+m/"><t- 1>5t log X,

Y" >  dil iSt y1((m+',)/m)(t_1)
on using (32).

Let now Es=nm — (т— 1)(ш +  и) (> 0  by assumption). Choose

i.e., if 

i.e., if

(40) Y = [d21Sm'lE>].

This makes the above inequality hold. Thus for this choice of Y  and from (36) and 
(39) we get either

{ Г / yi+On/fi)
-d10 [X1+'"+<'"/")[l + logX И П  + log Y*) +

+  (X 1 + lm/n) +  X Y *) S]-  dn (X v+ (т/я) +  X  Y )rS'} 
or

{ y l  +  ( m / n )  Л

-  dM |og Y ~ Y* {F{YX) +  log .

Now Y1^ Y * ^ d i2S m4E* and X ^ d 23SnrlE* and

p W  ss du
S<.m+nyilEt

log 5  •

Substituting these values in (42), we get

(41) becomes

|e| è  ex p j — I

S  exp I — d25 S^mn+m+"'/£> | l  +  *̂ ) |  •

d2i 5^*»+m+*)№il i +(■F(dn S mTlE*) , F(d23SmlEz)

Hence
log 5 +  - logS %

Щ >  e x p (,  +  ) j

This proves the result in (5).

(C) P roof of Theorem 3. We can prove this theorem either with the method 
that was used in proving Theorem 2.1 or with that used in Theorem 2.2. While the 
method of Theorem 2.1 yields a bound only when т и > т ( т -  1)+ти+т, the method 
of Theorem 2.2 gives a bound for all /ш=*т(/и— 1)+ти. Since the ideas are exactly 
the same as before we shall merely indicate the main steps using the second method, 
only.
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Take the auxiliary function as 

(43) <p(z) = Z  P №  exp (Яи) zl
for l= * = w . Then

<p(k'(z) =  Z  р(Я)(Яи)‘ ехр(Яи)г

for O sk< p (X )  where 

(44)

Let now

[ j ^ ( m + n ) / n  + l  1

(log A')n/n+1J "

(45) Ф„.к =  2  р(Я)(Яа)‘ I J  «{/•‘J =  О
— Л I, J

for 1 S p j ^ Y ,  1 S j^ t r ,  0 ^ .k< p (X ). This yields {X + 1  )'" unknowns in Y"p(X) 
equations. Set

(46) Y = [Xím- 1)lH+1(]iogX)lla+12 - iq+1)í”D - llK\-

Then using Siegel’s Lemma 4.3, there exists p(X)ZlK, not all zero, such that

(47) /(p(A)) == e1X (m + n),n+1 (log X )1,n+15.

Let

(48) у* = [2(m + а1/и j f (m -!>/"+! (log x ) 1/n+12~(4 + 1/B] +1.

Now use Lemma 4.4 with suitable parameters to conclude that there exists at least 
one p* with max/r* =  T* such that for some k, with 0 S k < p (X ), 0. This
happens if

|e | <  exp [ - c 3 { Ä " " ( F ( Z )  +  logJir)+T*np(3r)(T(T*) +  logJir) +

+  (T(m+">/n+1(log A')1/n + 1 +  Ary*)S} — e2 (X (m +n)/"+1 (log X )1/n +1S ) t] .

In the course of proving the above we also find that

(50) |?>(t)(pv)-»/Vfc[ S  |e| exp [ ^ { T ^ + ^  + HlogЯГ)1/л+1+ЯГТ*}5]

whenever max
Let Tx be the least such Y*. Choose the pair (p*,k*) with m axp*= T 1 and 

some 0S k*< p(T ) for which •А„*д*?£0. By the usuafargument, we can get a lower 
bound for 9 (**)(p*y) as

(51)
|ç»tfc*>(/z*v)| ^  exp {—e5(A'(m+',)/',+1(log Лг)1/я+1 +  ЛгТ1) '5 г} — 

-  |eI exp {e„(T(m+n)/n+1 (log ЯГ)1/п+1 +  ArT1)5}.
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To get an upper bound integrate the function

<P(z) rj 1
( z - j f v ) k*+1 'J  { z - n ? ) p W

max/icYj

on the circle |z| =  e7A'm_1/2;'" + 1. Then

(p* v) I S  exp {esX <-m+n+1/2)/"+1 (log X )1'"+15} X -O'!-«"**) +
(52)

+  |eI exp ea{Y"p(X)(/"(Tj) +  log Tj) +  (Z (m + ")/n+1 (log X)1 /n+1 + X Y t) S }. 

Comparing (51) and (52) for the inconsistency of the l.b. and u.b. we get 

M <  e x p { -e 10Yîp(X ){F (Y1) + \og Y1) } X - ï"l2np(X)

and
y; p (X) log X  >  en (X(m+n)/n+1 (logХУ1"+1)rS \

The choice o fp(X)  and л> (т — 1) and (48) yield that the last condition is equivalent 
to

— (г — 1 )т -т л ) /л  + 1 ^  C i o S r

Let Ea = inn — (z—\)m — xn (> 0  by assumption). Choose

X  =  [е1аБ«п+»1Ег].
Note that

Tx S  Y * =S ei35('"-1W£3(log S)1/n+1.
Hence for this choice of X, (49) and (53), respectively, become

|e| S  exp{— e14S tm(B+1)/£»[log S,+  i r(e155 t(n+9/£3) +  F(ele5 t<m-1^£3(log 5 )1/n + 1)]} 

or
|s| >  exp { -e 175 tm(M+1WE3[iog S  +  F(elsS ^ -  1)/£a(log 5)1/n+1)]}.

Thus in either case we get

|e| >  exp {— e,05 тт<"+1)/Ез[log S +  F { e ,0 max (5'г(|,+1)/£з, 5 r(m̂ 1)/£3(log 5,)1/,, + 1)}]} .

This holds for т и > ( т -  1)ш+ти. This completes the proof of Theorem 2.3.

A cknow ledgem en t . I thank Prof. T. S. Bh a n u  M urthy  for his constant en
couragement and guidance.
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ON SOME CONVOLUTION TRANSFORMS

by
B. P. DUGGAL

1. Introduction

Let V, V , f  and h be some non-trivial elements of L \ 0, °°). Then

( V o f) (u )— J  V(ux~1)f(x )d x /x
0

and
oo

(voh)(u) =  J  v(ux~1)h(x) dx/x
и

are well defined as elements of L 2(0, «=). Now let g£L2(Q, <*>), and let k lt k 2 be some 
Lebesgue measurable functions on (0, °°). We study conditions on k\ and k., in order 
that the pair of equations

oo
(V o f)  (m) = f  к 1 (их) g (x) dx,

(1Л)

(voh)(u) =  J  k2(ux)f(x)dx 
0

hold. We show in this note that a necessary and sufficient condition for (1.1) to be 
satisfied is that both k[ and k2 €L2(— °°) and that v~V~~h~ =
= k l~ k 2g~. Here / '  denotes the Mellin transform of the function /  and f ~  (t) = 
—f ( —t), — oo<í<oo. Assuming now thatv~(j)F" (1 —s)/(kî (1 — s)k2 (s ))= l/P (l  — j ), 
.s =  ̂ + /r  (— oo<r<oo)ç£'0—the so called Laguerre-Pólya class ([6], p.174) — this leads 
us to the inversion formula

'p ( l - e j h ^  = S ^ ’ 0 < х < “ ’ 0 =  ~ x (dldx)-

A  particular case of this inversion formula has recently been considered by N asim [2].
Suppose again that the system of equations (1.1) holds. Let h=g;  let k± = 

= (V 'Q )/P~  and k2=(v~P)/Q~ for some functions P  and Q in L“ (— °°). 
Then our problem reduces to that of iterations of Laplace transforms, and it is seen

A M S (MOS) subject classifications (1970). Primary 42A68, 44A05; Secondary 44A35.
Key words and phrases. Convolution, Mellin transform, multiplication operator, Laguerre—• 

Pólya class.

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)



3 5 8 В. Р. DUG GAL

th a t a necessary and sufficient condition for the pair of functions /  and g to be k- 
transforms of each other, i.e. for the system of equations

( V оf)(u )  =  j  k l (ux)g(x) dx,
0

( 1.2)

(vog)(u) - /  kl (u x)f(x )  dx  
о

to  hold, is that V~QQ~=v~PP~ and (v~P)/Q~£Lz(— °°, °°)Г)1.“ (— °=, °°). 
A  suitable choice of v and V  (see [1]) in (1.2) then leads us to the reciprocal formulae 
o f  W atson ([4], Theorem 129) and the unsymmetrical formulae of H a r d y  and 
T itch m a rsh  ([4], p. 226).

2. Some notations

In the sequel, we denote T2(0, °°) by L 2 and Lr(— °=>, <=>), lë rS « = , by U . 
M  will denote the Mellin transform operator, and the Mellin transform of a function 
/ ,  whenever it exists, will be denoted by/ " .  For the properties of Mellin transforms 
we refer the reader to [4]. The functions f L ( x ) ,  «>, and f ~  (t), -oo< í< oo ,
will be defined by f ± ( x ) = x ~ 1f ( x ~ 1) and / ” ( * )= /(—t ) .  Although we do not 
explicitly say so in the sequel, almost all our results are to be taken as holding almost 
everywhere only. Also we assume our functions to be non-trivial.

3. Main results

Let the convolution (fog ), whenever it exists, of a pair of functions /  and g 
on (0, ° o )  be defined by

( f° g ) (u )  = f  f(u x ~ 1)g (x )d x /x .
0

Then, g iven/and gZL2, i t  follows from the properties of Mellin transforms that

(3.1a) (f°g )(u ) = M - H f 'g l ( u )
and
(3.1b) ( /o g ) i(« )  =  M - 1( f g ' - ) ( « ) .

T heorem 1. Let v, V  be some functions in L 2. The functions f g a n d  h,all f  L2, 
satisfy the system o f equations
(3.2) (V  o f )  =  (/q о g J-), (vo h) = (k2 o /J-)

i f  and only i f  ki(zL2f)L°°, k 2 £Т2ПТ“ and v~V ~~ h~= kî~k2g~.

P roof. Suppose firstly that (3.2) is satisfied; then the bounded linear transfor
mations (of L2 into itself)

S 1g = (k1°g±), S2f = ( k 2o f± )
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satisfy the functional equation

S'jt(a) =  a~1t(a~1)S i, 0 ■<= a <  °°, i =  1, 2,

where /(a) is the operator (t{a)f'){x)—f(ax). It follows from [3] that there exist 
functions Ki and K2£L°° such that

№ d ‘ = ^ r  and (52/ r  = K tr ~ .
We thus have that

V ' f ~  = Kxg~~ and v ~ h ~ = K 2f~ ~ .
which implies that
(3.3) K2K{ g~ = v ~ V ~ ~ h \

Nowset K2g" —b~ ; then b~£L2, and h~=(KÎ/v~V~~)b~. Set K —K Î/(v~  V '  *); 
then the multiplication transform PKb~=Kb~ is bounded on L2 into itself, and so 
it follows that ÄT6L“ . Since v~V~~ÇLa, we now have that v~V~~KÇ.L2, i.e. 
K l,  and so also K1, £ZA A similar argument shows that K2 also Ç.L2. Hence K h 
/= 1 , 2, €L3flL “ . From the uniqueness of the Mellin transform on L2 we now have 
that K t—k î , i =  1,2. Substituting in (3.3), this implies that

= v~V~~ h~,

thereby proving the necessity of the conditions.
To see the sufficiency of the conditions, we note that v~h~ = (kî~k2/V~ ~)g~£ 

£ZA Set (ki ~g~)/V~~ = f~ ~ . Since k 2g~£L2, and since the multiplication 
operator (k î~ /V '~ )b ‘ , b ' = k2 g ~, is continuous on L 2 into itself, we have that 
(kÍ~/V~~)£L°°. This implies that f~ ~  =(& Í~/V~~)g~, and so also / “, ÇZA 
Thus V ~ f~ d L 2. An application of (3.1) now shows that (3.2) holds. This completes 
the proof.

We say that E(s), s= $+ it, belongs to the class E0, the Laguerre—Pólya class, if
oo

£(s) =  exp (bs) J] (1 -s/a„) exp (s/a„),
11 =  1

where b, an are some real constants and 2  a n  2< °°. It is known ([6], p. 176) thatn = l
if l /E ( l- s )£ E 0, then £ ( j)€ £ 2( i —i°°, i+ /°°). The following theorem, due to 
Widder [5], will be used in our next result.

T heorem  W. I f  E(s)£E0,
+  loo

<p(x) =  (1/2тп) J  x~ s/E(s)ds,
— /oo

and
oo

h(x)=  J  <p(xy-1)g (y)dy/y  
6

for almost all x > 0 , then E(0)h(x)=g(x), where 0= —x(d/dx).
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T heorem 2. I f  there exist functions f  g, h, v and V, all £L2, 
satisfied, and i f  l/P~ =(v~V'~)/(kî~lc2)Ç.E0 on -

1
^ d - 0 )

h(x)=g(x).

such that (3.2) is 
-oo<f<oo5 then

P roof. By Theorem 1 ,v~V~~h~=k2 ~k2g~, i.e., h~=P~g~. The conti
nuity of the multiplication operator g~-*P~g~ thus implies that P~, and so also 
P,£L°°. Now set l<l~g~ =b~. Then iTÇL2, and the continuity of the multipli
cation transform b~-+(k2/(v"V~~))b' implies that In conse
quence P ~, and so also P, ÇZ.2. Thus P ^L 2C\L°°. Let p = ( ll /b t)M ~ 1P. Then, 
since h*=P~g~, we have from the properties of Mellin transforms that

h ( x ) =  f  p(y)g(xy)dy =  J  g(u)<p{xu *) du/u,
0 0

where we have set <p(u)=u~'p(u~l). Since

1 lq>~(s) = l /p ~ ( l - s )  =  \ /P ( l- s )£ E 0, s = $+it, - o o < t< 0o,

we have, upon taking E(s)= l/P (s) in Theorem W, that [1/P(1 — 0)]/j(x) — g(x), 
as required.

4. Applications

Let v, V£L2. We say that the pair of functions/ and g£JL2are (ky, /c2)-transforms 
of each other (or /с-transforms of each other if k 1 = k 2) if there exist functions k y 
and k 2 such that

(V o f )  = (кг о g J-) and (nog) =  (fc2 offi).

T heorem 3. Let в, v and V be some functions in L2, and let P and Q be some func
tions in L°° such that p  — M ~ x(y 'Q )  and q = M  ~1(v" P). Then there exist functions 
f  and g£L2 such that

(4.1) (K o / )  =  (pocp-L), (no g ) =  (qo<p).

A  necessary and sufficient condition for f  and g to be (кг, k2)-transforms o f  each other 
is that

(V~QIP~) =  k ï£ L 2f)L~  and (v~ P/Q~) = k2 <ЕТ2П1/-.

Proof. Since P  and Q£L°°, {Q(p~ ”) and (Pep~) are in L2, and so there exist 
functions/and g£L 2 such that f= M ~ 1(Q(p~~) and g = M “1(P<p"). This implies
that
(4.2) v y ~  = V~Q<p~~ =  p >
and
(4.3) n~g~ =  v~ P(p~ =  q~ cp~.

An application of (3.1) now shows that (4.1) holds. Again since, by (4.2) and (4.3),

V ' f ~ = { p ' v ~ ~ l q ~ ~ ) g A'~
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and
v~ g '  =

we have from Theorem 1 (upon letting h —g) that /  and g  are (kt , /c2)-transforms of 
each other if and only if

(.p~v~~/q~~) =  (V~QIP~)€L2C\L°°
and

= (v~PIQ’)eL 2n L ~ .

This completes the proof.

R em ark . Theorem 3 contains Theorem I of [1]; for it is clear from Theorem 3 
that a necessary and sufficient condition for the functions /  and g of (3.4) to be k- 
transforms of each other is that (V^Q/P~ ) = (v~ P /Q ')£ L 2f}L°°. The condition that 
(V ' 0/P~) must belong to L°°, as well as being an element of L2, although not explic
itly stated in Theorem I of [1] is implicit in the fact that the multiplication trans
form g~~ -~(y~0/P~)g~~ is continuous on L1 into itself.

Now let

»(•*) = V{x) = |^ _ i
if 0 <  X <  1
if 1 ■< X .

Then v~(t)=V~(t)= l/(% —it), — oocfcoD, and it is seen that (3.2) reduces to

(4.4)

U oo

f  f ( y )  dy = u f  k1(ux)g(x )dx ,  
0 0

U OO

f  h (y) dy — и f  k2(ux)f(x) dx. 
0 0

Now set yk1(y)=p1(y) and y k 2(y)=p2(y). Then (4.4) reduces to

f  f ( y ) d y  = f  Px{ux)g{x) dx/x,

f  h (y )d y =  f  p2(ux)f(x) dx/x.
0 0

Theorem 4. I f  there exist functions f  g and h£L2 such that (4.5) is satisfied, and 
i f  (l/(pî~p~))=(l/P~)€E0 on s = $ + it , - o o < f < o o ,  then (1/R(1 -6 ))h (x )=  
g(x)\ 0= -x(d /dx).

Proof. Since к / (s)=(p? (s)/(l —s)), /=1,2, upon substituting for t", V~, k[ 
and k2 we see that the hypotheses of Theorem 2 are satisfied.

We remark that the preceding theorem properly contains the Main Theorem of 
Nasim [2] (which, indeed, is the non-integrated version of our result).
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ON THE ORDER OF CONVERGENCE OF FINITE ELEMENT 
METHODS FOR THE THIRD BOUNDARY VALUE PROBLEM

by
L. VEIDINGER

Finite element methods for the so-called third boundary value problem have been 
investigated by many authors (see, for example [1]—[5]). It is well-known that for 
this problem the functions admissible in the associated variational problem are not 
required to satisfy any boundary conditions and hence regions in two or more dimen
sions of general shape may be treated without any difficulty. In the present paper we 
shall obtain error bounds for some finite element methods in two dimensions under 
weak assumptions on the regularity of the boundary of the region.

1. Let R be a bounded open plane region whose boundary C  consists of a finite 
number of piecewise analytic simple closed curves. For the sake of simplicity we shall 
assume that the boundary C  consists of two analytic arcs which meet at the corner 
A = (0, 0) and form an interior angle na (0< a< 2) there. The general case can be 
treated in the same way.

We consider the boundary value problem

(1) Lu(x, y) =  g(x, y), (x, y)e R,

E  ^ и~ У^-+о(х, у)м(х,у) =  °, (x,y)€C,

E  — {[a cos (л, x)+ b  cos (л, y)]2+[b cos (л, x )+ c cos (л,у)]2}1/2

and N  is the conormal with direction cosines

cos (N, x) =  [a cos (n, x) + b cos (n, y)], cos (N, y) = ~  [b cos (л, x) +  c cos (л, у)].
lL I-j

AM S (MOS) subject classifications (1970). Primary 65N30.
Key words and phrases. Elliptic equations, boundary value problems, finite element methods.
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3 6 4 L. VEIDINGER

Here n is the outward normal to C. At the corner A we require that

where

e i - ^ -  + (t(A)u(A) = Е2- щ + а ( А ) и ( А )  = 0,

Ei =  {[a(A) cos (n,-, x) + b(A) cos (n,-, y)]2+
+ [b(/l);rcos (nf, л)  +  c  (T) c o s  (и;, y)]2}1/2 (i = 1,2),

and JVj. are the “ left-hand” normal and conormal, n2 and N2 are the “ right-hand” 
normal and conormal to the boundary C  at the corner A.

Let the coefficients a(x, y), b(x, y), c(x, y ) ,f(x , y) and the right-hand side 
g(x, y) be infinitely differentiable in R. Suppose that at all points of R
(2) a^2 + 2b^t] + ct]2 ^  v(^2 + t]2) (v =  const. >  0)
for all real Ç, rj. Moreover, we assume that f ( x ,  y) =  0 in R. On the boundary C we 
assume that the function a(x, y) is infinitely differentiable,
(3) а ё  0 on C, ff pi 0, if min / ( x, y) =  0.(x, y) c R

Let 12 be an open bounded region in the plane of R and let Г  be the boundary of 
Q. We denote by 1V^S)(Q) the Hilbert space of all functions which, together with their 
generalized partial derivatives up to the ith  order, belong to L.,(Q). The norm is 
given by

M f,n =  2  where Hj.o = 2
j=0 |i|=J

i () I * I v _
Here i=(i'i,ig), |/| =  i1-l-i», D 'v=  . We denote by C(s)(ß) the set of func

tions which have continuous partial derivatives of all orders up to л in the closed 
region ß = ß U r .

It is well-known that under the above assumptions the solution u (x ,y )  of the 
boundary value problem (1) minimizes the functional

(4) F (.) =  / /  [„ ( £ ) ‘+ » £ | p - + «  ( |L ) - +/„*+ 2g„] i x  dy+  J W  dC 

in the space Wÿ:)(R).
Lemma 1. Let u{x,y) be the solution o f the boundary value problem (1) and let

(5) x* = k Ax  + lAy, y* = mAx + n Ay
be a linear transformation which transforms the operator into the normal form at the 
point A =  (0, 0). Let r = \  x 2+ y2. I f  the transformation (5) transforms the angle 
их into an angle 7га*(0<а*-=2)1 then for n = 0, 1,2, ... we have

u(x, y) = „(<p)ra* (log rd^.P + wix, V)
0<---V-p̂ n + 1a*

1 It is easy to show that a* depends only on a, a(A), b(A), c(A) and does not depend on the 
choice of the transformation (5).
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where m is a positive integer, p and </m>p are non-negative integers, the coefficients
y

am,p((P) are infinitely differentiable functions o f  the polar coordinate <p =  arctg — , 

<7i,o=0 i f  а * И у  (s is an integer), qlf0= 1 i f  a* =  1, у , w(*,jO€»'i,,+2)(Ä).

This lemma follows from the results of Kondrat’ev and Wjgley (see [6]— [8]).

2. We cover R by a finite number of arbitrary real (non-curved) triangles such 
that any two triangles are either disjoint or have a common vertex or a common side. 
We retain only those triangles T  for which

f j  dx dy >  0,
T O R

i.e., for which T  and R  have some common area. Denote by M h the set of triangles 
covering R, where h is the largest side of the set of triangles covering R. Let 9 be the 
smallest angle of all triangles T€M h. In the sequel we assume that

(6) h -c c fi, 9 ^  90 >  0,

where h is the smallest side of all triangles T£ M h, c\ and 90 do not depend on h• 
Denote by Rh the union of all triangles T£M h. We emphasize that (just as in the 
case of the Neumann problem (see [9])), neither curved triangles nor special triangles 
near the boundary are necessary, the triangles T  are real and arbitrary. For example, 
we may choose a regular mesh consisting of right isosceles triangles; this mesh may 
be especially advantageous in practical computations.

Let k^2,TÇ_M h and let Рг, P2, P3 be the vertices of T. We choose the following 
nodes for T :

(a) the vertices of T,
(b) the k —2 points on each side of T  that divide the side into к — 1 equal seg

ments and
(c) 0,5(fc — 3)(fc— 2) distinct points in the interior of T, chosen so that if a poly

nomial of degree k — 4 vanishes at all of them, then it vanishes identically.
Here (c) applies only to k ^ 4 and (b) applies only to fcs3.
Denote by Pll( p = l ,2 , . . . ,3 k —3+ 0,5(k—2)(k—3)) the nodes of T  and let 

Рц=Р(Рц) where p(Pfl) is any real-valued function defined at the nodes Pfl. Let 
p(x,y)  be the Lagrange interpolation polynomial of degree =/c— I determined by 
its values at the points Pf, .

Denote by Hk_fiR) the set of all functions, defined and continuous on R, which are 
equal on each triangle T(LMh to the corresponding polynomial p(x, y). It is clear that 
Hk- 1(R)cz W ^ iR ). The solution u(x, y) of the boundary value problem (1) is approx
imated by the function uh(x, y) which minimizes the functional (4) in the space 
Hk_k(R). The existence and uniqueness of uh(x ,y )  follows immediately from our 
assumptions.
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Lemma 2. Let T £M h and let v (x, y) be a real-valued function defined on T. 
Define the interpolate p ( x ,y ) o fv{x ,y )  by requiring that v{x ,y)—p {x ,y ) vanish at 
all the nodes. I f  v(x, у)£С (к>(Т), then

(7) (maxr |i>(*, y ) -p (x ,  y)| S  c2hk (т а л , \D‘v(x, j) |
Úl=*

where / = (*i, /‘a), |/| =  /'i-f-/2• I f  v(x, y)£W ik\ T ) ,  then

(8) 11»-р111,т^с3й*-:1|1?|к>г.

Here c2 and c3 are positive constants which do not depend on the triangle T  and the func
tion V (x, y).

For a proof, see [5], p. 139 and p. 144, respectively.

Lemma 3. Let TÇ.M,, and lei p(x, y) be the Lagrange interpolation polynomial o f  
degree determined by the conditions p(Pll)=pß(p = l ,2 , . . . ,3 k  — 3 +
+  0,5 ( k —2)(k—3)). Then

(9) max \p(x,y)\ ckq,

(Ю) |p |i,r — cbQ
and

(11) IIpIIe3(d —
where q—max |p„|, p = 1, 2, ..., 3/c —3+0,5(/c—2)(fc —3), c4, c5 and c6 are positive 
constants which do not depend on the triangle T  and the parameters pß.

For a proof, see [10], p. 404.

Theorem 1. Let u (x ,y )  be the solution o f  the boundary value problem (1) and let 
uh(x, y) be the function which minimizes the functional (4) in the space Hk^ 1(R). Then

( 12)

and
(13)
where

<  c7h<>'

max \u(x, y)-u„ (x , y)\ <  c8/^* |log (jt.y)e R

1
* i f 1 < a * < 2 ,a

1 —e i f «* =  1,

1 f | s a ’ < l ,к

k - l f 0 <  a* <  4-К or i f  there are no corners,

c7 and c8 are positive constants which depend only on k, the region R, the function 
o{x, y), the coefficients o f  the operator L  and the right-hand side g(x, y), e is any pos
itive real number.
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P ro o f . Let the functional D(v) be defined by

в<о)=U  [° fâ’+“ë|-+c [ Ш + / Л dx d y + / ^ J c

for all v(x, y)€lF£l)(Æ) and let г(д:,у)€Як_1(Л). Then, we have (see [4], p. 398)

(14) D(u — uh) S  D (u—z).

If min /(x , y )= /0>0, then

D(v)-'’ (f [ © ’ +Ш)dx dy + /" U dx dy
for all vÇ l¥^(R ). Hence by the inequality (14) it follows that

(15) I|w- « J Ï , r ^  c, [ | |m- z||ï,â +  f o ( u - z ) 2dC]
c

for all z^H k-^R ). If ( minR/(x ,y )  =  0 then from our assumption (3) it follows 
that ff^<70> 0  on a part C0 of C for an being sufficiently small. Then

(16) D(v) ^  v f f  +  ( | ^ )  ] dx dy + au f v -  dC

for all v^Wÿ-ï^R). By the generalized Friedrichs inequality (see [11], p. 212) we have

(17) J J j i x d y  s  c. . { / / [ ( £ ) ’ + ( 0 ]  d x d y + f S d c } .

From (14), (16) and (17) we again get the inequality (15).
By Lemma 1 we have for n—0, 1, ....

m

u (x ,y )=  2  am,p((p)r**+P(\og r)^,p  + w(x,y).
0<-^+р^л + 1 

a*

By the Calderon extension theorem (see, for example, [12], p. 171) there exists a 
function wext(x ,y ) iW in+'l)(Rh) such that w„t(x ,y)= w (x ,y )  for all (x ,y)£R  
and

(18) llVVcxtlln + 2.Rh — CllllWlln+2,R»
where cu  is a positive constant which depends only on the region R. Let the function 
nCIt(x, y) be defined by

m

(19) ucxl(x, y) = 2  amiP{(p)r^'P(\og r)«-».» +  Wc x t(x, y)
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for all (x, y)c Rh. We define the interpolate Qhucxt(x, y) of ыех,(х, у) by requiring 
that ucxt(x, y) —ehuext(x, y) vanish at all the nodes. Then from (15) it follows that

(20) llw—MaIIx.h S  c9 [||Mext- ß fti/ei,||fjKh+  f  a (u -Q huext)2dC].
c

Denote by r(A, T) the distance from the corner A to the triangle T £M h. Let 
us first consider a triangle T£M h such that r(A , T )> ry, where rx is a fixed small 
positive real number. Setting n = k  in (19) we obtain from the Sobolev embedding 
theorem (see, for example, [12], p. 32) that if  T d M h, r(A, 7 ')> r1 then

(21) max ID‘uext (x, y) | <  c12,(x,y)€T
where i= (i\, i2), |i |= г\+ i2 and c12 is a positive constant which depends only on the 
data of the boundary value problem (1). Substituting this into (8) we have

(22) Il wext-  e,,weIt||f, t <  c13h2k~2 mes T,

where cla is a positive constant which depends only on the data of the boundary value 
problem (1). Summing (22) over all triangles T £ M h for which r(A, T ) > i\  we ob
tain that
(23) 2  \\uexi- e hucxt\\ï,T = 0 (h 2k- 2).

T<LMh, г ( Л ,Г > г 1

Substituting (21) into (7) we have for all triangles T£M h such that r(A, T )> ry

(24) max |и (x, y )-Q hu (x, y )| <  c14 hk,(x,)оет
where c14 is a positive constant which depends only on the data of the boundary value 
problem (1). Denote by C\ the part of C which is covered by triangles T d M h such 
that r(A, T)>7'1. Then from (24) it follows that

(25) f  <j(u-Qhuext)2dC  =  0 (h 2k).
Cl

From  (23) and (25) we obtain

(26) 2  l l« « t-^ w ext||f>r+  f  <7(u-QhU'Xt)2dC = O ih ^ -2).
T £ M h, r(A, T)>~rx cx

If  -^ -j-< a* < 2  and «"V I, y ,  ..., * , then by (8) we have

2  l|Mext-e/,«eI.llí,r =
Г 6  M h, h ^ r ( A ,  Г )^ Г Х

1_2k
(27) = 0 ( h 2k~2 2  (mes T)[r(A, T)]*' ) =

T £ M h, h ^ r ( A , T ) ^ r x

2 ri 2 2
=  O (ih2k- 2 f  f  dxdy) =  O [h2k~2 f  K -2*+1 dr) = 0 (h *),

h ^ r - ^ r 1 h

where r = ^x 2+ y2.
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If T£M h, hSr(A , T ) ^ r 7 then by (7) we have
■I-* i .

(28) max |м „ ,(х ,у ) -0лг/е1,(х,у)| <  cu hl [r(A, Г)]** <  с15Г .(х ,у)ет

Denote by C2 the part of C which is covered by triangles T€M k such that A s 
^ r (A , Т)^Гу. Then from (28) it follows that

(29) f  a(u~e„u„t)2dC = 0(h«*).

(27) and (29) imply
2

(3°) 2  l|tf««-e*“e*tllî.r+ f  <r(u-QhU'u)2dC = 0(h**).Г £ Mh, ĥ r(A, T)^r1 c~

If a * = l, y ,  ^ * ■ ■, then in a similar way we get

2_
(31) 2  l|Wext-<?*WeJÎ,T+ /  <x (н -  i/ext)2 d C = 0 (h 'm \TiMh,h?iri>A,T)Sr1 c“

where e is any positive real number.

If 0< «*<  ■ *- , then setting n= k  in (19) we find that uc%t(x ,y )d W (<>k)(GA) 
к  — 1

where GA — {PdRh, and by (8) we have

(32) 2  ll«ex.-e*««tllî,T =  0 (h 2k~2).
TíMh, iisKa/osi-i

If — а p T£M h, h S r (A , T ) ^ r 7, then from (28) it follows that

(33) ( max. I «ext (*, У) ~  Oh“*« (* , У) I < c16 Aa* <  c16h‘_1.
I / _

If 0 < a * <  — then м(х,^)€С№)(Сд) and thus by (7) we have for all triangles 

T£Mi, such that h ^ .r (A ,T )^ r 1

(maxr  |«e» (x ,y ) - p (,Mexl(x,y)| <  ciefifc.

From the last two inequalities it follows that if T£M h,h ^ r ( A ,  r ) S r 1( ()<«*< * ,К. 1
then 34 35

(34) max |«ext(x, y )-Q kua t(x, y)| <  c17hk- \(x,ji)€T

By (32) and (34) we have

(35) 2  ll«ext-0ft«cxtlllr+ f  o(u-ehU '«)2dC = 0 (/i2*-2).
TiM„,hSr(A,T)Sr1 £
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(30), (31) and (35) imply that

(36) 2  ll“ext-0A««.llï,T+ /  0(u-QhUe« y d C  = O(h2ß*).
TiMh,h^KA,T)sri с*

Let us now consider a triangle TdM h such that r(A, T)^kh. If l< a * < 2 , 
then from (19) it follows that

(37) \ucxt( x ,y ) -u ( A ) \ l r  = 0 {  f f  ;  \ lx d y )  = 0 { f  r* l d r ) = 0 ( h n
Ô r /̂i 0

and

(38) II «/.„(*, y)~u(A )  ||£8(r) =  О (A01* 2).

On the other hand, if we define the interpolate p (x ,y ) of u(x, y) by requiring 
tha t u(x, y )— p(x, y) vanish at all the nodes, then by (10) and (19) we have

(39) \u (A )-p (x ,y )\ltT = 0(h**).

Finally, from (11) and (19) we obtain that

(40) II u (A )-p (x , у)||МТ) =  0 ( h ^ \

(37), (38), (39) and (40) imply that if TdM h, r ( A ,T ) ^ h  and l< a * < 2 , then
2_

(41) \\Ucxt(x,y)-p(x,y)lliUT = 0(h**).
If T£Mh,r ( A ,T ) ^ l i  and l< a* < 2 , then by (19) we have

'■ 4-1

(42) max |н„ ,(* ,у )-и (Л )| =  0(h**).
( x , y ) Z T

On the other hand, from (19) and (9) it follows that

(43) (maxr  \p(x, y )-u (A )\ = 0 (h a*).

Denote by C3 the part of C  which is covered by triangles TdM h suchthat r(A, T )S h . 
I f  1 < a*<2 then from (42) and (43) it follows that

2

(44) f a ( u - Q hucxty d C = 0 ( h =*).
c a

(41) and (44) imply that if l< a * < 2 , then
2_

(45) ll«e*t-0A“«.lli,T +  f  <r(u-ehuex,)2dC  =  0(h«*).
c3

If  a* =  l, then in a similar way we get

(46) il«ext-eh«eJ l , r +  /  <r(u-QhU„t)2dC = 0(A2- £).
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Let us now consider the case when - rS a * S l .  Then from (19) it follows that
К

the first partial derivatives of ucxi(x, y) are bounded in T  and, consequently,

(47) =  0 [  f f  dxdy) = 0 (h 2).
O^r^h

Further, since u(A) = w(A), from (19) by Taylor’s formula we obtain that

(48) у)-и (А )\\1гт  =  0 ( К +2+ й 4) =  0(h<).

On the other hand, from (19), using (10), it follows that
2_

(49) \u (A ) -p (x ,y ) \ lT =  0(А^ + А2) =  0 (fi2), 

where p (x ,y ) is defined as in (39). Using (11) in place of (10) we get

(50) \\u{A )-p{x,y)\\il(T) = 0(h**+2 + h4) = 0(A4).

(47), (48), (49) and (50) imply that

(51) \ \U 'A x ,y ) -p (x ,y ) \\lT = 0(h*).

From (19) by Taylor’s formula we obtain that

(52) max \ucxt(x, y )-u (A )\  =  0(h** + h) =  O(h).где, y) e t
On the other hand, using (9), we get

l
(53) (maxr  |p(x, y )-u (A )\ = 0(fia* +  A) =  O(fi).

From (52) and (53) it follows that

(54) f  (T(u-ghuexty d C  = 0 (h 2).
c3

(51) and (54) imply that

(55) l!«ext-^ w „ ,||ï ,T +  f  <r(u-ßkuext)2dC = 0 (h 2).

Finally, if 0<ot*<-^-, then ucxt(x, y)€W$,k\GÀ) and by (8) we have

(56) II «/„, (x, y ) -  p(x, y)|| j, r  =  О (A* - x).

On the other hand, if 0<a*«=-^-, then uext(x,y)£Cw (GA) and thus by (7) we have

max \ucxt(x ,y ) -p (x ,y ) \  <  c18A\i*,y)€T

f  <T(u-Qhucx{)2dC = 0 (h 2k).
c.

whence
(57)
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(56) and (57) imply that

(58) ll««t-e*Wextll* r +  f  < r(u-ehuext)2dC = 0 (h ik~2).

It follows from (6), (45), (46), (55) and (58) that

(59) 2  ll«ext-e/.w«x.llï.r+ f  (u-ehU»t)2dC = 0 (h 2ßt).
TiMh, r(A,T)Sh c,

(26), (36) and (59) imply that

ll«ext-e/.Wextlll,Rh+  f  <7(U-QhUext)2 dC = OQl2ß*). 
c

Substituting this into (20) we get the inequality (12). The inequality (13) follows di
rectly from (12) and a theorem of V. P. Il’in (see [13], p. 101). This completes the 
proof of Theorem 1.

3. If we want to compute also the partial derivatives of u{x,y), then we have 
to  use the Hermite interpolation polynomials introduced by K oukal (see [14]). 
As in the previous section, we cover R by a finite number of arbitrary real triangles. 
W e assume now that the corner A is a vertex of a triangle T f  M h. Let P±, P2, P3 
be the vertices of the triangle T£M h and let P0 be the center of gravity of T.

Let l ^ 2 ,p ltl= p'(P fi (p=0,\,2,2>), where i= (i1, i 2),p i is any real-valued 
function defined at the points P^ and let p(x, y) be the Hermite interpolation polyno
mial of degree 5-2/ — 1 determined by the conditions

D 'piPj) =  p), | i | ^ / - l ,  j  = 1 ,2,3,

D'p(P0) = p'o, |i| ^  1-2,
where \i\ = i\+ i3. Denote by I2i-y(R) the set of all functions, defined on R, which 
are equal on each triangle T£M h to the corresponding polynomial p(x, y). It is easy 
to  show that / 2i_i(/?)cz Wÿ^ (R). The solution u(x, y) of the boundary value problem 
(1) is approximated by the function vh(x, y) which minimizes the functional (4) in 
the space /2,-xiR). The existence and uniqueness of vh(x, y) follows immediately 
from  our assumptions.

In the sequel we shall restrict ourselves to the case 1=2, but our results can be 
probably generalized to arbitrary I (see [14]). We shall need the following two lemmas.

L emma 4. Let T £M h and let v (x, y) be a real-valued function which is defined 
on T  and which is differentiable at the vertices o f  T. Let p(x, y) be the cubic polynomial 
determined by the conditions

p(P fi = v(Pfi (p, = 0, 1, 2, 3),

др{Рц) _  dv(Pfi др(рц) dviP fi ,
dx dx  ’ dy dy ‘ ’ ’ h

I f  v (x ,y ) fC (AUT), then

(.xmyKXT '',V('X, y )~ V{X’ -  C'*h> (xm̂ fXT \D'V(X’ У)I-
i’ll =4
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I f  v (x ,ÿ )£ W p \T ) , then
Ik “ Pili, г — с2о̂ 3к|4,т>

where c19 and c20 are positive constants which do not depend on the triangle T  and the 
function v(x, >').

For a proof, see [5], p. 139 and p. 144, respectively.

Lemma 5. Let T £ M h and let p iß = p l(p„) where i = , /2), H = b  + 4  — 1 and 
p‘ is any real-valued function defined at the points Р ^ (р —0, 1, 2, 3). Let p (x , y) be 
the cubic polynomial determined by the conditions

Then

and

where

р(Л.) =  р£°'0) (P =  0,1, 2,3),

~ ^ T  = ^ 1,0)’ =  ^ 0,1) =  h  2>3)-

Ip Ii .t ^  c2i(q0+hqy + hq^,

max |p(*,y)| S  c 22( q 0 + h q 1 +  h q 2)
( x , y ) e t

IIpIIl2(T) S c 23h ( q 0 +  h q 1 +  h q 2) ,

<7o =  m a x  |p < ° - 0 ) | ,  q x =  m ax |p<1>0)|, q 2 =  m a x \ p ^ \ ,
/1 =  0 , 1 , 2 ,3  /1 =  1, 2 ,3

c2i , c2г аис/ c23 are positive constants which do not depend on the triangle T  and the 
parameters p'ß.

For a proof, see [10], p. 404.
Using Lemma 4 and Lemma 5 in place of Lemma 2 and Lemma 3, respectively, 

and repeating the proof of Theorem 1 (see also [10]) we obtain the following theorem.
T heorem  2. Let u (x,y) be the solution o f the boundary value problem (1) and let 

vh(x ,y) be the function which minimizes the functional (4) in the space I3(R). Then

and

where

l|K-yJli,R <  cu hy*

max \u{x, y ) - v h(x,y)\ <  c25/T* |log h|1/2,
(х,у)ея

= <

a*
1 —г

i f  1 2,

i f  a* =  l, 

i f

i f or i f  there are no corners,

c24 and c2b are positive constants which depend only on the domain R, the function a (.v, y) 
the coefficients o f the operator L and the right-hand side g (x, y), e is any positive real 
number.

Siuclia Scientiarum M athem aticarum Hungarlca 14 (1979)



3 7 4 L. VEÏDINGER: FINITE ELEMENT METHODS

REFERENCES

Ш Oganesjan, L. A., Convergence of difference schemes in case of improved approximation of 
the boundary, Z. Vycisl. Mat. i Mat. Fiz 6 (1966), 1029—1042 (in Russian). MR 
34 #  7044; erratum 35, p. 1577.

[2] Oganesjan, A. and Ruhovec, L. A., Variational-difference schemes for second order linear
elliptic equations in a two-dimensional region with a piecewise-smooth boundary, 
Z. Vycisl. M at i Mat. Fiz. 8 (1968), 97— 114 (in Russian). M R  38 #1846.

[3] Oganesjan, L. A. and Ruhovec, L. A., An investigation of the rate of convergence of variation-
difference schemes for second order elliptic equations in a two-dimensional region 
with smooth boundary, Z. Vycisl. M at i M at. Fiz. 9 (1969), 1102—1120 (in Russian). 
M R  45*4665.

[4] Zlámal, M., On the finite element method, Numer. Math. 12 (1968), 394—409. M R  39 #  5074.
[5] Strang, G. and Fix, G., An analysis o f the finite element method, Prentice-Hall Series in Auto

matic, Computation, Prentice-Hall Inc., Englewood Cliffs, N. J., 1973. M R  56*1747 
(Russian translation: M R  56*16985).

[6] K ondrat’ev, V. A., Boundary value problems for elliptic equations in domains with conical
or angular points, Trudy Moskov. Mat. Obsc 16 (1967), 209—292 (in Russian). MR 
37*1777.

[7] Wigley, N. M., Asymptotic expansions at a corner of solutions of mixed boundary value prob
lems, J. Math. Mech 13 (1964), 549—576. M R  29*2516.

[8] Wigley, N. M., Mixed boundary value problems in plane domains with corners, Math. Z.
115 (1970), 33—52. MR  41*7274.

[9] Veidinger, L. : On the order of convergence of finite element methods for the Neumann prob
lem, Studia Sei. Math. Hungar. 13 (1978), 411—422.

[10] Veidinger, L., On the order of convergence of a finite element scheme, Acta Math. Acad. Sei.
Hungar. 25 (1974), 401—412. M R  50*9012.

[11] F riedrichs, K., Die Randwert- und Eigenwertprobleme aus der Theorie der elastischen Plat
ten, Anwendung der direkten Methoden der Variationsrechnung, Math. Ann. 98 
(1928), 205—247.

[12] Agmon, S., Lectures on elliptic boundary value problems, Van Nostrand Mathematical Studies,
No. 2, D. Van Nostrand Co., Inc., Princeton, N. J.—Toronto, Ont.—London, 1965. 
MR  31 #2504.

[13] IlTn , V. P., Some inequalities in function spaces and their application to the investigation of the
convergence of variational processes, Trudy Mat. Inst. Steklov 53 (1959), 64—127 
(in Russian). M R  22*9738.

[14] K oukal, S., Piecewise polynomial interpolations in the finite element method. A pi Mat. 18
(1973), 146—160. M R  47*9851.

( Received March 6, 1980)

M TA  M ATEM ATIKAI KUTA TÓ  INTÉZETE 
R E Á L T A N O D A  U. 13— 15.
H — 1053 BUDAPEST 
H U N G A R Y

S t u d i a  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)



Studia Scientiarum Mathematicarum Hungarica 14 (1979), 375— 380

HOMOLOGY AND V-CENTRAL SERIES,  I

by
J. FURTADO-COELHO

1. Introduction

The variety of all groups, the variety of abelian groups and the varieties of abe
lian groups of exponent p (p any prime) are such that any subgroup of any (relatively) 
free group in one of these varieties is itself (relatively) free. Moreover these are the 
only subvarieties of the variety of all groups for which this holds. For other subvarie
ties there are some theorems by P. Hall [8], M ostowsky [12], Stallings [15], 
Stammbach [16], Smelkin [14] and others which give sufficient conditions for a sub
group of a given group to be (relatively) free. Under inspection these theorems exhib
it a very similar structure. On the other hand Knus [10] gave analogous theorems 
for different algebraic systems, namely, rings, algebras and Lie algebras. Again, some 
theorems by Stallings and Knus, used by them and also by Stammbach in order to 
derive the aforementioned theorems, do present a very similar structure. Following 
the line indicated in [7] we shall show in the present paper how it is possible to unify 
and generalize the results already known. The generalization is twofold: first, most 
of the authors who dealt with the subject only envisaged the case of ordinary groups, 
whereas our results hold for any type of group with multiple operators ; and second
ly, our results hold for any type of variety subfunctor [3], [4], whilst most of the 
previous authors only considered the ordinary commutator [—, —] of ordinary 
groups, or subfunctors closely related to it. Moreover, as often happens, by putting 
the problem in more general terms one is able to concentrate on its essential features 
and leave out the episodic details, thereby obtaining simpler, more transparent 
proofs.

Looking at the main theorem (Theorem 4) one clearly sees that we are strongly 
indebted to Stallings [15]. This theorem and its corollaries are given in Section 2. In 
Section 3 we give some instances of the wide applicability of the general results.

2. Main result

From now on the term “group” with no further specification will mean ß-group 
(i.e., group with multiple operators) for a fixed, but otherwise arbitrary, choice of Q. 
We assume the reader is familiar with the concept and fundamental properties of a 
group with multiple operators [9]. We assume, as well, familiarity with the notions 
described on pages 252—257 of [2].

AM S (M OS) subject classifications (1979). Primary 70J99; Secondary 20F19.
Key words and phrases. Group with multiple operators (group, ring, module. Lie algebra etc.), 

variety, variety subfunctor, lower central series, nilpotency, polynilpotency, homology group, free 
presentation of a group.
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Let <€ be a variety of groups and let L  be a subvariety of (€. Let V  be the sub
functor of the identity functor in (€ associated with У  and let V, be as described in 
[4] or [6]. Given a group A we put [7]

V°(A) = A; V 1(A) = V(A); Vn+1(A) =  V1(V(A)\A), n ë  1.

These ideals of A form a chain A ^ V ( A ) zdV 2(A)z>... which we call the lower 
V-central series of A. It is convenient to write A„ for V"(A), but we must bear in 
mind that one is referring to a particular variety subfunctor. We shall also write 
A aa =  П  A„. A group A is said to be V-nilpotent if there is some n for which

ns 0
A„ = 0. It is easy to see that

Lemma 1. A group А У в is residually V-nilpotent i f  and only i f  the intersection 
o f  all terms o f its lower V-central series is trivial (i.e., iff Am= 0).

We recall that, given an exact sequence

(1) О - С - Я - Л  - 0

of groups in e6, then the sequence (same notation as in [4])

-  DXU{A) -  C/VfC \B)  -  U(B) -  U(A) -  0

is exact and functorial with regard to the category of exact sequences of type (1). We 
shall apply this to the exact sequence 0~-A„—A-*A/A„-»0 to obtain the exact se
quence

DiU{A)  -  D fJ (A /A n) -  AJA„ + 1 -  0,

since, by definition, V1(A„\A)=A„+1 and U(AIA„)^A/A1—A/V(A)=U(A).

Proposition 1. I f  D1CJ(A)=0, then D1U(AIA„)^AjAn+1 for every n.

Let В  be another group and f :A -* B  a homomorphism. One has, then, a com
mutative diagram with exact rows

D ,U (A )  ------ --  0 , и ( А / А п) ------- --  A n / A n+1------ --  0

D ^ i B )  ------ -- D, I XB/ Bn) -------- -  B n/ B n , , - - - - - - - 0

Proposition 2. Let f \A — ß be a homomorphism which induces a surjection 
DyUlAj^DffJjB) . Then

(i) i f  f  induces an isomorphism A/An=zB/Bn, then f  will induce isomorphisms 
A J A n+1^ B J B n+1 and A/An+1^ B /B n+1:

(ii) i f  f  induces an isomorphism f n: A/A, ,^  BjBn for every n> 0, then f  will in
duce an injection / „ :  A/A^-^B/B^',

(iii) let f  be as in (ii) and, in addition, surjective ; then will be an isomorphism.
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As regards (ii) we remark that there are cases in which /<*, is definitely not sur
jective [15].

Using this proposition and induction on n one can prove
Theorem 1. Let f : A —B be a homomorphism which induces an isomorphism 

A / A ^ B / B i  and a surjection D1U(A)-^DlU(B). Then f  wilt induce an isomorphism 
f :  A/An^ B / B n for every n; it will also induce an injection f m:AIA00-+B/B„; if, in 
addition, f  is surjective, then /<*, will be an isomorphism.

The proof is parallel to the proof in [15], except for the fact that, as we have 
shown, the five term exact sequence actually reduces to a three term one. The same 
applies to Proposition 2.

Corollary l. Let f :A-*B induce an isomorphism AI A, =BIB, and a surjection 
DXU (A)-~ DJJ(B).

(i) I f  A v 0 is V-nilpotent, i.e., if, say, А „ - У 0, An=0, for some n, then 
A ^ B / B n, Bn = Bn+1 = . . . , f  is injective and D1U ( A )~ D lU(B).

(ii) I f  Д ,_г^ 0 , Bn=0 for some n, then A/An^ B ,A „ = A n+1=.. .  and f  is 
surjective.

(iii) I f  A and В are both V-nilpotent, then their nilpotency class is the same and f  
is an isomorphism.

Corollary 2. Consider two subvarieties У  and У  o f <6 and let А, В£У' .  
Assume A and В are both V-nilpotent. I f  D1U(B)=0, then a homomorphism f :  A^*B 
will be an isomorphism i f  and only i f  so is the induced f :  A/A1-+B/B1. In particular 
this is so i f  В is У -free.

Proof. The result follows from Corollary 1. Notice that, since А , В £ У ' ,  both 
have if'-free presentations and if В is if'-free, then (0\B  ) will be one such for B. In 
terms of this presentation DlU(B)=0  [4], [6].

Corollary 3. Let У  and У  be two subvarieties o f  Я> and assume the free  groups 
o f  У  ' are residually V-nilpotent. Assume moreover that А £ У '  is such that D lU(A)=0,  
that A/A1 is ( У  C\y')-Jree and that a transitive dependence relation holds in A/A1. 
I f  {a,} is a set o f elements o f  A whose images in А/Аг (under the quotient map) form  
an independent set, then {a,} freely generates a subgroup o f A.

Proof. Let us consider the set {a,} of the images in AjA1 of the aj s. This set can 
be completed [2] to a basis of A\AX, which we may denote by {äj}. Let X =  {a,} 
be a set consisting of the aj  s plus counterimages of the elements of {äj} — {d,}, one 
for each of them. Let F be the if'-free group on the set X  : we shall define a homo
morphism f :F-»A  by the correspondence / :  a j ^ a j  • FjF1 is (У  П У ')-free on 
{äj}, therefore /induces an isomorphism / x: F/F1Z.A/A1. Consequently,/ induces 
an injection f-.F—A/A^  and so f :F -*A  has to be injective.

Corollary 4. Let У  and У  be two subvarieties o f  and let А С У  be such that 
DlU(A) = 0. I f  A/Ai is (y n y ' y f r e e , then there exists a У -free group F and a ho
momorphism j :  F —A which induces an isomorphism / , : FjFn^A/A„ for every n > 0.

Corollary 5. Let У  and У  be two subvarieties o f  <6 and suppose that У  is 
a V-nilpotent variety. Let А £ У '  besuchthat f í lU(A) = 0. I f  Л/Т, is ( У  C\y')-free, 
then A is У -free.
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3. Applications

Let G be an ordinary group, N  a normal subgroup and p a prime or 0. We assume 
that a choice ofp has been made and stick to it. We denote by jV #  pG — iV #  G the 
subgroup of G generated by all elements of the form g ^ 1n~lgnmp, with g£G,n,  m£N. 
Ifin  Theorem 1 we put V  (G)= G #  G we shall obtain Stalling’s theorem [ 15]. In fact 
it is not difficult to see [6] that V1(N\G) = N # G ,  hence V"(G) = G„ — G„_X # G ; 
also tf0(G; Z p) = Z p. t f / G ;  Z p) = (GjGj ® zZ p -  G/ (G #  G)= G/G,, t f 2(G; Z p) =  
= D XU(G). Stalling’s theorem extends some results due to Baer .

The following theorem will provide an illustration for Corollary 2. The concept 
of polynilpotency for ordinary groups is well-known : given a finite list (nx, n 2, ..., nk) 
of integers equal to or greater than 1, one defines polynilpotency of type ( n x , n2,
nk). Let G be an ordinary group: we shall denote by G„b„,,.... the subgroup of G
obtained after performing the commutator operations corresponding to the integers 
("i, n2, Thus G„1>n2...jBjjl will denote [Gni, . G Hl.....

T heorem 2. Let r6 be the variety o f ordinary groups and let us assume that GÇ/6' 
is free polynilpotent o f  class (nx ,n2, ..., nk), i.e., G is the quotient o f a free group
F by Fni....„k. Then an endomorphism f:G-*G will be an automorphism i f  and
only i f  it induces surjections DxU(G„l t t „J)—D 1U(G„1....nj) and automorphisms
in Gni „j/Gni x, where 0g /S k  —1, and one assumes that, fo r  j=  0,
c ni......„ ;= g .

P roof. It is known [4], [6] that, for V(G)—[G, G], one has K1(A^|G)=[A', G], 
so that F 2(G)=[[G, G], G], etc. We consider successively the exact sequences 
0 —G,—G —G/Gf—0, 1. If we assume that /induces an automorphism in
G/Gx and a surjection D1U(G)-+D1U(G), we end up with an automorphism of G/Gni; 
one then goes over to the exact sequences 0-*G„Iti~*G„1-*G„JG„lil-*0, lS ( 'g / i2- 1, 
etc. If, in particular, the list (nx, ..., nk) consists of a single integer, then one has a 
theorem due to Mostowsky [11].

We illustrate Corollary 3 with two theorems.

T heorem 3 [15]. Let G be an ordinary group and p a prime number such that 
Hn(G; Z p)=0. Let {x,} be a set o f elements o f  G whose images in HX{ G ; Z P) are 
linearly independent over Z p. Then {x,} is a basis o f  a free subgroup o f  G.

This result generalizes a theorem of Hall [8] and Mostowsky [12].

T heorem 4 [14]. Let G be an ordinary group free  polynilpotent o f a given type. A sub
group FI o f G is itself a free  polynilpotent group (o f  the same type) i f  and only i f  it 
possesses a system o f  generators {x,} linearly independent modulo the commutator 
group G'.

The following result, to be found in [16], illustrates Corollary 4. Let be the 
variety of ordinary groups, let F(G)=G #  PG, for a fixed p either prime or zero, and 
let 'V  be the corresponding variety. Given a variety ir ' d f ,  and G£ Тг ', we consider 
DXU(G) evaluated in terms o f  a 'F'-free presentation [6].

T heorem 5. Let G be a group in a variety T"' c %’ such that DXU(G)—0. 
In the case p = 0 we shall require U(G)=G/[G, G] to be (ir> П 4lb)-free, where
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s2Ib denotes the variety o f  abelian groups. Then there will be а У '-free group F and 
a homomorphism f:F -*G  which induces an isomorphism f n: FjFn-*G/Gn fo r  every 
n, where Fn denotes the n-th term o f the lower central series.

As regards Corollary 5 one has

T heorem 6 [16]. Let the general situation be as in Theorem 5. Let У  be a nilpotent 
variety o f  exponent 0. I f  G is a finitely generated group in У  with D1U(G) = 0 for  
all primes, then G is У '-free.

Finally we consider a somewhat different case. Let Л be a commutative ring 
with identity and let be the variety of Л-modules. Let J  be an ideal of Л and let us 
write V{M )—JM.  This defines a variety, namely, that of the modules which are 
annihilated by / .  It is easy to see that V1(N \M )—JN.  Also [4] M \M X = M \ J M — 
=  (Л //)®  ЛМ, D1U ( M )= Tor Í  (Л/J, M).  One can then apply Theorem 1. In partic
ular one has

T heorem 7. Let fi  be the variety o f Л-modules and let J  be a nilpotent ideal o f  Л. 
Then: (i) Let МаЧ> be such that T ori (Л //, M ) =  0; then a Л-endomorphism 

f \ M —-M will be an automorphism i f  and only i f  so is the induced f  on (Л //)® ИМ. 
(ii) Let M/JM be a free Л|J-module; then Tori (Л //, M ) = 0 i f  and only i f  M  is a 
free Л-module; in particular let J  be a maximal nil potent ideal o f  Л; then 
T o ri (Л/J, M ) = 0 i f  and only i f  M  is a free Л-module.
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ON APPROXIM ATION OF THE SPECTRAL DENSITY  
FUNCTION OF A SELFADJOINT OPERATOR

by
KRZYSZTOF MOSZYNSKI

Introduction

The aim of this paper is to define and to study a certain method of approxima
tion of so called spectral density function of a bounded selfadjoint operator A in a 
Hilbert space X.

For the spectral family E(X) of A we define by фх(/.) — \\Е(л)х\\2 the spectral 
density function, which is clearly real, non-negative and increasing function of real 
variable À.

The family {фх}х(Х contains the whole information about the spectrum a (A) 
of A. Any particular function фх yields some information about a certain part of 
cr(A). By studying the intervals of constancy, the points of increase, the points of 
continuity, and the jumps of the functions фх, it is relatively easy to situate the spec
trum a (A) and even to classify its points. Thus it is to be expected that appropriate 
approximations of functions фх should yield the corresponding approximate infor
mation about the spectrum of A.

In Section 1 we give preliminary definitions and recall several known facts.
In Section 2 we define approximating sequence ф,v for spectral density function, 

and state two theorems on convergence. This is entirely based on classical material, 
mainly on one of Helly’s theorems.

Section 3 discusses approximation of the spectral family £(A) of A. It is shown 
that at any point of continuity, E{X) can be strongly approximated by a certain se
quence of operators which may be effectively constructed. The result can be found 
in [3], but here it is obtained by a different method, as a byproduct of Section 2, in 
modifying slightly some theorems from [10].

Section 4 is devoted to the study of the nature of convergence of the sequence 
{0jv}. It contains theorems on rate of convergence and on the elimination of the so 
called “ rubbish point effect” in the approximation (Theorems 4.1 and 4.2). We 
discuss also in a special case the behaviour of the sequence {фм} at the points of dis
continuity of the approximated function.

Section 5 contains another algorithm for constructing the sequence фц. This 
algorithm is more effective than that contained in Section 2. It is shown that фц 
is completely determined by an eigenproblem for a certain tridiagonal, symmetric, 
real matrix. However, this algorithm does not seem to be yet in the computer stage,

A M S (M O S) subject classifications (1979). Primary 47B25; Secondary 33A65, 41A10, 65D15, 
65D32, 65F15.

Key words and phrases. Spectral family, spectral density function, spectral approximation, 
spectrum, zeros of orthogonal polynomials, selfadjoint operator.
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3 8 2 K. MOSZYÎSTSKI

mainly due to the disadvantages of the Lanczos orthogonalization process applied 
here. The author hopes to be able to eliminate this inconvenience in the future.

All the theorems contained in this paper are proved by elementary methods, 
based on properties of polynomials.

§ 1. Preliminaries

Consider a linear, bounded, 
into itself:

selfadjoint operator A  mapping a Hilbert space X  

A: X  -* X.
Then

( 1. 1)

where

ь
A =  J  A dE(X)

a

a = inf (Ax, x)incii=i
b — sup (Ax, x)

and E:[a,b]-*3?(X), is the so called spectral family of A. For any ÀÇ[a, b], 
E(X): X-»X  is an orthogonal projection such that E(X)E(р)=Е(ц)Е(Я) for any 
A, /r€[a, b], E(a)=0 and E ( b )= I  — the identity operator.

Moreover, for any )Æ(a, b] we have E(X)=E(/. + 0) in the strong sense, and

A S  /i implies E (A) ^  E(p)

i.e., E  is monotone. The last condition is equivalent to the following:

A ^  /i implies E(X)E(ji) = E(X).

We shall use the notation E([c, d])=E(d)—E(c) for [c, d]a[a, b\.
Integral (1.1) converges in the uniform operator topology [7].
A point X£[a,b\ is a point of constancy iff there is an e> 0  such that, 

(A — e, A+e)c[a, b\ and E  is constant on (A —e, A+e).
Any point of [a, b\ which is not a point of constancy of E  is called a point of 

increase. The spectrum a (A) is the set of all points of increase of E. The points of 
discontinuity of E  are eigenvalues of A.

Let x£X,xAO;  define the spectral density function

(1.2) фх(Х) =  (E(X)x, x) = ||£(A)jc||2 ^  0, A€[a, b].

It is easy to show that

Фх(а) = 0,

фх(Х) S  фх(р) if А ^  /г, A, fi£[a, b], 

Фх(Л) =  фх(Х+0) if Л£(а,Ь],

ФЛЪ) =  IWI2.
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Any point of increase of фх is a point of increase of E, i.e. it belongs to a (A). 
Any point of discontinuity of <j>x is an eigenvalue of A. Hence the set of all the points 
of increase of фх is a subset of <r(A) and the set of all the points of discontinuity of 
фх is a subset of the set of all eigenvalues of A.

We shall write ф instead of фх, whenever it does not lead to a confusion.
Let us introduce now another function фх>у: [a, b]— C

(1.4) фху(Х) =  (E(X)x,y) 
where x,y£X,  x^O , y^O.

It is easy to verify that

(1.5) фху(Л) =  ±{фх+у(Л)-фх- у(Л)+ПФх+1у(Л)-фх- 1ут

hence фху is completely determined by the functions of the form ф,, for z£X. 
Notice that

(1.6) ф » (A) =  i.E(A) Z xjXj , 2 4 * * )  =  2  2 “A & v J A )  =
V j'= i  * - i  )  i= i* = i

where a = [a lt ..., a„]T and BXlXn(X) =  {фх.Xj( A ) =i ,2 „ is the nXn Hermitian
matrix.

Moreover,
Фх{Х)-Ф,Ю =  № * ,  x-y)+(E(X)(x-y),y).

Since ||£,(Я)|| =  1 we have the following estimate

(1.7) \фх(Х)-фу(Х)\ 7Ê ( | |* | |+  W ) H * - y | .

Finally, if f:[a,  h]— C is sufficiently regular, then

(1.8) f ( A ) =  f  /(A ) dE{X)
a

and

(1 .9) (f(A)x, y) —  f  /(Л)с1фху(Х), X ,  y£X.

j j . fixed

H(A,/) 

A fixed

Fig. 1
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For any Я, ju€[a, b\ define now the function

Я(Л,/г) =  {^

It is easy to verify that
ь

а Ш Я <  Ц 
/1 S  I  á  i).

Я(Я +  0) =  f  Я(Я, p) dE(n) = Я(Я, A)
a

(Я(Я+0)=£(Я) in (a, b)) (see [7]).

§ 2. Approximation of the spectral density function

Consider now the space Y —C[a, b] normed by ||y|| =  sup |j>(f)| for y£Y.
|£K‘]

According to the Riesz Theorem any linear bounded functional F belonging to the 
dual space Y'  is o f the form

(2.1) F(y )=  f  y(À)da(X)
a b

where a is a certain function with bounded variation: Va<0°.
a

Correspondence F-*a. given by (2.1) is not a function, but we can always choose 
a such that

a (a) =  0
and

а (Я) =  a (Я+0), Я€ (о, b).

The space VBN[a,b] of all the functions with bounded variation satisfying these con-
ь

ditions is a 2?-space normed by ||a ||=  Va.
a

It is well-known that the correspondence

F~<i£VBN[a ,b]
is a function.

Let us now recall Helly’s classic theorem:

T heorem 2 .1 . Let  F ,F n£Y' ,

F(y)= f  y{X)d«{X) ,  y £ Y ,

b
Fn O') =  /  У (Я) dan (Я), ye Y,

with a, an£ VBN [a, b].
Let W be a subset o f  Y  such that W— Y. I f
(i) Fn{w)-+F(w) fo r  any W, 

ь
(ii) °° fo r  a certain constant independent o f n,

a
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I hen for any yÇ Y
F „(у) — F (у) when п —► оо.

Deduce now several conclusions. Taking j (7 ) = l  in Theorem 2.1, we get

(2.2) ап(Ь)-*а(Ь) when n -* °°.

If for any fixed A£[n, b\
ÍA -í for t£[a,k]

У()  l 0 for f€(A,b]
then for any A€[n, b]

я я
J  a„(t)dt->- J  a (í)dt, when n <».

If а„ are increasing (i.e. t á t '  implies o c „ ( t )^ o c „ ( t ' ) ) , then for sufficiently small
/i=-0

j  A J  A +  h

у  /  «,.(/*)Ф  ^  an(A) a„(/r)d p .
Я—h Я

Hence
j  Я J  A  +  h

— f  a ( p )  d p  si fim ал (A) si fim a„(A) si - j -  f  a(g) Ф- 
" я—ft я я

Assume now that A is a point of continuity of a. If  h - * 0  then

a (A) S  fim а „(A) fim a„(A) S  a(A)
and thus
(2.3) lim a, (A) =  a (A) (see [7]).

If we assume that not only а„ but also a are increasing we obtain similarly
f я I A+h
T- /  a(/i) d p  ^ а(А) si -г- /  cc(p) dp .

Я-ft "  я
Subtracting the inequalities for a„ and a we get

Я+Л . Я+ЛJ A A t /1 I Л +  Й A

£  [ f  <*(/*) Ф- /  <*„(/*) dp] S а(А)-а„(А) si -j- [ f  cc(p) d p -  f  an(p) d p ]  .
Я-h я

Now if « — оо then
Я-h

■j Я A+h
-Г [ /  a(g) d p -  J  cc(p) d p 1 si lim (а (A ) -a n(A)) si fim (a(A )-a„(A )) si
“ Я-h Я « A+h Я

- " h t /  * < ß ) d p -  f  d ( p ) d p ] .

But, for A£(a, è)

- r  /  a (/i)d /r-a (A -O )
Я-h

6* Studia Scientiarum M athem aticarum  Hungarica 14 (1979)
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and

— Í  a(g)dg -*■ а(А +  0) =  a(A) 
h я

when /i-*0. Hence in this case the following convergence estimate holds for any 
A£(a, b):

(2.4) а (A -  0) -  ос (A) ^  Щп (a (A) -  a„ (A)) П т (a (A) -  a„ (A)) si a (A) ■- a (A -  0).

Let us give another interpretation of the convergence in Theorem 2.1.
Put

t

y ( t )  =  f  Q ( s ) d s  
0

where q is any integrable function. Integrating by parts we get
b

F(y) =  f  Q(t)<*(t)dt
a

and
b

F „ (y )  — f  Q ( t ) u „ ( t ) d t .
a

Hence Theorem 2.1 implies
ь

(2.5) f  Q(t)(a(t)—<xn(t))dt — 0 when h — 0
a

fo r any integrable £>. This is in some sense weighted mean convergence. The last for
m ula can be also understood as L2 [a, b] weak convergence of oc„ to a.

Another general theorem can be helpful in studying the nature of convergence 
o f the sequence {a„}. We quote here this theorem without proof.

Theorem 2.2 (see [2] for slightly more general formulation). Let {/„} be a se
quence o f  real increasing functions converging to a continuous function f  on a closed 
fin ite  interval [а, [I]. Then f n converges uniformly to f  on [a, ß].

The Lanczos orthogonalization process.

Assume now that the function ф(Х)={Е{Х)х, x)  defined in § 1 has infinite 
number of points of increase in [a, b].

X
Put х_х=0, x0= T T €Z, and define the orthonormal sequence {x*} of points 

o f the Hilbert space X , by the formula

(2 .6)

where

(2.7)

Axk — akk- 1xk- i  + akkxk + akk + 1xk + 1

akj =  (Axk, Xj) for j  = к - l ,  к 

akk+i = (.\\Axk\\2—akk_1—akk)113 >  0.
S tu d io , S c ie n tia r u m  M a th e m a l ic a r u m  H u n g a r ic a  14 (1979)
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The orthogonalization process (2.6), (2.7) is called the Lanczos’ process.
In the sequel we shall use the notation

(/, е ) ф  =  f  /(A)f(A)<ty(A)
a

and [I • II ф for the norm corresponding to the scalar product ( , )^ .

Theorem 2.3. L e t  P0, P x, ..., P k , ... b e  th e  s e q u e n c e  o f  o r th o g o n a l  p o l y n o m ia l s  
w ith  r e s p e c t  to  th e  s c a la r  p r o d u c t  ( , )ф ( J  b e in g  th e  d e g r e e  o f  P j ) .  T h e n  th e  o r th o g o n a l  

s e q u e n c e  {x*} g iv e n  b y  (2.6) a n d  (2.7) i s  in f in ite  a n d

(2.8) =  P M ) x .

M o r e o v e r ,  f o r  a n y  k  = 0, 1,2, ... th e  f o l l o w in g  th r e e  t e r m  r e c u r r e n c e  f o r m u l a
h o ld s

(2.9) X Pk (X ) — a k k ~ i P k- i ( L )  +  a kkP k( k ) + a k k + 1 P i+ i(l) .

1
Proof (Induction with respect to k). Put Р _х =  0, P0= — -  and define the

sequence of orthonormal polynomials with respect to the scalar product ( , )ф. It is 
well-known that for this sequence the three term recurrence formula holds

where
ЛР|к № — к — 1 — 1 (̂ -) + atfc +  + H lW

«*,= /  я р*(Л)р ,(Я)</<мя) for j = k - i , k
a

+ 1 =  ( /  VPW.)d4>(l) - >  0
a

are real coefficients.
Observe first that for any k ,

Qk+ lW  ~  ЯРk(^)~akk-lPk-l(J-)~xkkP*(Я)
is non-zero polynomial because Pj is exactly of the degree /.

Since Q k + , has only k  + 1 zeros our assumption on ф  implies

т + Л ф  ~  (Qk+n Qk+1)(/> >  0-

But for any к —0, 1,2, ...
ь

0 ^ llßt+ill̂  = J Я2Р*(Я) ̂ ф(к)—a.kk_x~akk — afn+1,
Л

thus the sequence of polynomials {Pt} is infinite.
Observe that

x0 =  P 0 ( A ) x  =
IWI

and assume that the condition (2.8) holds for х0,х 15 ..., x k .

S tu d io  S c ie n t ia r u m  M a th e m a t ic  a r u m  H u n g a r ic a  14 (1979)
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Then
b

аи = J  ÀPi(k)Pj(/.)d<l>(X) = (APl(A)PJ(A)x, X) =
a

= (APt(A)x, Pj(A)x) = (Ax„ Xj) =  au 

for /= 0 , 1, k ; j = l — 1, /, and similarly

afi+i =  (Л/>,(Л)х, APl(A )x ) -a f ,_1-af ,  =.

=  M x j f - e f j . i - a f ,  =-af,+i 
for / = 0 ,1, /с. In other words, for 1 = 0 ,  l , . . . ,  к

ÀP,{a) — fl/i- i/5 ||(А) +  я/1+1/>| + 1(А).

Taking Л for /. we get

APk{A)x = akk_1Pk_1(A)x + akkPk(A)x-\-akk+1Pk + 1(A)x.

Applying now the inductive hypothesis we obtain

and hence 

Finally,

Axk — a k k - i X k - 1 + akkxk + akk+1xk+1

x k + l  —  ^ k  + l ( A ) x -

ll** + ill2 = (Pk + i(A)x, Pk+1(A)x) = (P2k+1(A)x, x) =

= f  Р1+1( Я ) # ( Я ) = | |Р * +1| | ^ > 0 ;
a

hus the sequence {x*} is infinite.
Observe that the Lanczos process determines the infinite tridiagonal matrix of 

coefficients of the three term recurrence formulae (2.6) (2.7). Denote by TN its JV-th 
principal submatrix:

a 0 0 t ű o i> o , 0 ,  . . . 0

a i o > a l l > a 12> 0 ,  . . . 0

0 0

0 0 a N -  1ЛГ-2* a N ~ l N

It is easy to prove that the zeros i f ,  i f ,  ..., s% of the orthogonal polynomial 
are the eigenvalues of TN. Since the numbers i f ,  i f ,  ..., i f  are zeros of the ortho
gonal polynomial PN, they are all distinct and contained in the open interval (a, b)\ 
thus we can assume that

ci <  sk <  i f  < ........ <  i f  <  b see [10].

S tú d ió . S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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Let H be the function defined in Section 1, and let /у (A) be the basic Lagrange 
interpolatory polynomials corresponding to the knots s^, i.e.

_  ( A - * f ) ... ( X - ^ H l - s f + J  ... (A—s# ) _  ЛДА)
A  > ( ^ - ^ )  ... (S?-S?-MSJN-Sj"+1) ... ( s f - s j í )  (?.-s?)P'N( s n  •

Let be the Lagrange interpolatory polynomial for /  and s?, s%.
Define qNj and фц by the formulae:

( 2 . 10)

Then clearly

qNj = f  Щ X ) d ф ( X )  j  = 1, 2, N
a

Фп(Х) =  2  s f)  for A€[e, b\.
j=i

b

Фя(1) =  j  Ln(h,H(X, -))с1ф(ц)- □

Theorem 2.4 (the convergence theorem).

(i) For j —l, 2, ..., N

qNj = f  [/?(А)]М<НА)> 0
a

hence фн are increasing step functions.
(ii) For any AÇ(a, b) the estimate

(2.11) ф(Х-0)-ф(Х) S J im (^ (A )-^ (A ))  =§ Ш(ф(Х)-фАХ» Ш ф(Х)-ф(А -0 )

holds.
(iii) For any point о /  continuity AÇ(a, h) о / t/ie function ф

(2.12) ĵv(A) — </>(A) when TV — 
and

ФЛа) =  0(a) =  0, Ы * ) =  *(Ь) =  l№
(iv) F/jc convergence (2.12) «  uniform in any closed interval [a, /?]c[a, h] 

.«idi that any AÇ[a, /?] /$ the point o f continuity o f  ф.
(v) For any Q integrable in [a, fc]

ь i>
J  p(A)^>jy(A)dA ->• J  Q(l)ф(l)dl when N  — <».

a  a

Proof.

(i) Let w be a polynomial of degree m S 2 N — 1; then
» ft

(2.13) f  w(X)dф(X) = f  LN(X, w)dф(X).

S lu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1979)
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Taking w—(/^)2 in (2.13) we get m = 2 N —2 and

L n (X,  ( i v y )  =  14(A)
hence

0 <  /  [IJ4A)]*#(A)= /  l » j ( l ) d <t >{ ) )  =  q l
a a

(ii) (iii) Observe first that since the functions фу are increasing we have

V ф„ =  ^ ( b )  =  i  9У Я  (b, л/) =  i  97 =
я J=1 J=1

=  /  J  iyWd<K>.) = f  с1ф(2) = Ф(Ь) = IUP.
a  J — 1 a

Thus фц satisfy the assumption (ii) of Theorem^ 2.1.
Let W  be the set of all polynomials (clearly W=Y=C[a, b]) and let w£lV 

be an arbitrary polynomial of degree m. If N  ' then according to (2.13)

/  w ( X ) d ф ( X )  =  /  1 ^ , * ) с 1 ф ( Х ) =  f  2 i U V w Á ss ) W W
j=1

= Z q j w ( S j ) =  2  Q j  f  w(A)d H ( k ,  s f )  =  f  w(A)d 2  S j )  =
j=1 j' = l a a J=1

=  /  w(A)d<MA).
a

This means that
Ь h

fy(w)  =  /  w(A) # jv(A) =  F(»v) =  J  w(A)#(A)
a  a

for u’Ç IT, i.e. the hypothesis (i) of Theorem 2.1 is satisfied, and hence, for any 
Д У , FN( f ) - F ( f )  when ЛГ—°°.

From the condition а < ^ -= Ь , y=  1,2, ..., N  it follows that фу(а) = ф(а) —0. 
Since the functions фк and ф are increasing, we can apply (2.3) and (2.4). This 

gives (ii) and (iii). Conditions (iv) and (v) follow from Theorem 2.2 and the formula
(2.5), respectively. □

As we shall show further, it is possible to compute the values of the function 
фу by means of a certain relatively simple algorithm (see §5).

§ 3. Approximation o f  the spectral family

For fixed Aç[a, b], let
Лл(А,х) = Тл(Л,Я(А, •),*)

where /.*•(•, //(A, • ), x )  is the Lagrange in terpo la to r polynomial for the function 
//(A, • ) (A—fixed) with knots s%, s%,..., s%. Observe that sf, j =  1,2, ..., N  depend

S t u d i a  S c ie n tia r u m  M a th e m a t ic a r u v i  H u n g a r ic a  14 (1979)
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on л- (because 0(A)=||£(A)x||2 depends on x), so do also L N and i lN. We shall here 
exhibit this fact in notation. Notice that for x and A fixed

Я*(А,х): X-~ X

is a linear selfadjoint operator. However, x can be also understood as the variable. 
So we have defined a nonlinear operator

Я„(А, • ) • :  X ~ X .
Similarly, for I —[c,d\(z[a,b\ the function

defined by
n N { I , x ): X  — X

n N(I, x) =  L n(A, H(d, О - Я ( с ,  •). *)

is a linear operator, while
n N(I, •)*: X - » X

is a nonlinear one.
For the function H (A, • ) the following version of the Erdős—Túrán theorem 

holds :

T heorem 3.1. I f  A is a point o f continuity o f  ф, then

(3.1)
/  [LN(p, Я(А, .), x) — Я  (А, р)Тс!фМ  =
a

=  ||£w( . ,  Я(А, .)** )-Я (А , . ) | | ; - 0  as N

Sketch of the proof. We prove first that if A is the point of continuity of ф and 
is continuous then

б*(Я(А, • ) • ( ? ) - /  Н(Л, р)д(р)<1ф(р) = f  ()(р)(]ф(р)

where

with
Q Á f )  =  2 q Nj f { s Nj )

J=i

Q j ~ f  lj (h) <1ф(р),

is the Gaussian quadrature of the function / .
From this we infer that

01у([Я(А, f  1Н(к,р)-еШс1ф(у1)  as Я -CO,
a

and hence

О й В т ||£ ж(.,Я (А , •) — x)—(Я(А, ■ ) - ЦН{ к ,  - ) -в 1 >  

as Я — oo.

Studia Scientlarum  M athematicarum Hungarlca 14 (1979)
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Now we can take for e > 0  arbitrary such a polynomial q that ||Я (/, •) — g||^<e, 
and (3.1) follows easily.

Complete proof can be found in [6]. □

We can rewrite the formula (3.1) in the following way

b
( 3 .2 )  /  [LN{p, H(A, ■), x ) -H (A ,  p ) ] 2 с1фх(и) =  | | [ Я М(Я , x ) - 7 s  ( Я ) ] х | |2 -  О

а

as T V --, if Я£(а, b )  is a point of continuity of ф ^ .
Define now the space Y ( A , x ) c X  for any fixed xÇA':

Y(A, x) = l y € X \y  -  2, XjAJx  and 2  MIMII' <  °°}- 
t j =о j =о >

T heorem 3.2.

1° Let A b e  a point o f  continuity o f  E. Then the nonlinear operator n N(A, •)• : 
:X~*X converges strongly to E(A) in X, i.e. fo r  any xdX,

11(77̂ (2, x )—-Е(Я)]х|| 0 when N  -» °°.

2° Let Abe a point o f  continuity o f  фх. Then the linear operator /7Л(Я, x): X-~X 
converges strongly to E{A) on Y(A,x) ,  i.e. fo r  any yÇY(A, x),

||[77*(Я, х)-£(Я )]у || — 0 when 7V^°°.

Proof. 1° follows directly from (3.2). To prove 2° take у — 2  °tj^i with
j =о

oo
2  \<*-]\\\А\\1шК<°°. By the commutativity, for any point of continuity Affa, b)

j=o
of фх :

[nN(A, x)-E(A)] 2  ZjAJx  
j=о

\\[П„(А,х)-Е(А)]у\\ =

2  \«j\\\A\\J\\[nN(A, *)-ВД]*|| ^ KIWAl,  *)-£(А)]*Ц
J=0

and the formula (3.2) implies

\\[nN(A ,x )-E(A)]y \ \ ^K \\ [nN(A,x)-E(A)]x\\  - 0  

when 7V-«-°°. □

By linearity of the in terpo lato r polynomial LN with respect to the interpolated 
function, we get for any y £ Y ( A ,x )  and I —[c,d\ci[a,b]

II [n N (/, x) -  E(I)] у  I -  0 when TV — oo, 

provided that c and d are points of continuity of фх.
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§ 4. Rate of the convergence estimates

We shall first investigate the convergence of functions </>,v to ф in an interval of 
constancy of ф, i.e. an interval consisting of points of constancy of ф. Clearly any 
interval of constancy is open. For fixed N  any interval of constancy of ф can contain 
at most one zero of the polynomial PN, orthogonal with respect to ( , )ф (see [10]). 
Such zero is called a ’’rubbish point” whenever, roughly speaking, it does not approx
imate ends of the interval of constancy when N — °° (compare Lemma 4.1). Ob
viously, the existence or non-existence of ’’rubbish points” has an influence on the 
character of convergence.

L emma 4.1 (the rubbish points dumping). Let [a,ß]c[a,b] be a closed inter
val contained in an interval o f  constancy o f ф and let i€[a, ß] be zero o f the orthogonal 
polynomial PN (i.e. s is a ‘rubbish point'). Let

PNW
a - s ) P ' N(s) dф(X) >  0.

Then for any natural p there is a constant C(p) such that for N > \ + p

(4.1) 0 <
b — c 

2 (N —l)
b — a

2(2N — 2 — p)

where cop is the modulus o f  continuity o f a certain function from C°°[a, b] depending 
on the interval [a, /?] (hence сор(т)—0 when t—0).

P r o o f . Let (Ax, A2) be an open interval of constancy of ф such that Ax, A2 are 
points of increase of ф and v€[a, /J]c(Ax, A2).

There exists a function /[«,«: [a, b]-*-R such that

and
/[*./»€ C “  [a, b]

/ ь .« а )
0 for A s  Ax
1 for A€[a, ß] 
0 for A ï= A2.

S tu d ia  S c lc n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  14 (1970)
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Let Ô2iv-i be an arbitrary polynomial of degree 2 N —1. Applying the notation of 
§ 2 we can write

b b

f f b .n W < K X ) -  f  LNV,fb.n)d<HX) =
a  a

b b

= f  [/is,я(Д) ~Qín- 1(A)] dф(À) + J  Ln()., Q2N-i~f[a,ß]) d<f)(X).
a  a

On the other hand, since f lx ßl(sj ) —0 for Sj 2, N  and
/[«,«(•*)= L we have

(4-2) j  Ь ^ ,А ,^ А ф { к ) =  j

Moreover

(4.3) f  Лф(Х) — j  j u fi]
b

(A)d$(A) +  f  А ' ,я (1)с1ф(л) = 0. 
*2

To verify (4.3) observe that

where

and

/ / [ . « ( A )  d<A(A) = lim 2 Л Ш ( £ к+1) -ф ( Ы )  
A ar_o* 1

2-1 — Ci £2 < ..• <  Сг+i - 2<j, Ct =  îk =  è\+) 

Ar =  Max (ç* + 1- ^ ) .

Ф *

Fig. 3

Since the right continuous function ф is constant on (Als Я2) and 
hence

/ / г . ,« ( А ) ^ ( Я )  =  lim / м & Ш Ы - Ф Ю ]  =
A1 Лг-О

=/и.«(А,)[Ф(Я1)-ф (Д 1-0 )]  =  0.

S lu d la  S c ie n ü a r u m  M a th e m a ü c a r u m  H u n g a r ic a  U  (1079)
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From (4.2) and (4.3) it follows that

/  [/[..,](A )-ßav-i(A )]#(A )+  f  £*(А, Q w - i - /[ . ,« )  <ЖА).

Since qj>0,  /'=1,2, ..., TV and =ф(Ь) =  ||.т||2 we get the following esti
je i

mate for qs :
(4-4) 2||/[в11р)—ß2\-ill~ll-̂ ll'
where || • |l~ is the supremum norm taken over [a,b\.

The estimate (4.4) is valid for any polynomial Q i N - x of degree S2/V— 1 ; hence

(4.5) 0 — qs — 2||x||- inf liyîor,̂ ] Ô2N—ill °° •*2M-1
To evaluate the right-hand side of (4.5) we can apply Jackson’s Theorem [8] 

which states that if g£Cp[a, b] and n>p + \ then

where со(/, t) is the modulus of continuity of/ and P„ ranges over the set of all poly
nomials of degree Sn.

Let си„(т)=со(/[(Д ],т ); we get

Here

b — a
2 ( 2 N - 2 ~ p ) .}■

C(p) =  ix||! ^ .  □ 
P+1

Theorem 4.1. Let [a, ß]a[a, b] be a closed interval contained in a certain open 
interval o f  constancy o f the function ф. Then for any natural p there exists a positive

constant K(p) such that for

(4.7)

holds uniformly for A€[a, ß]. Here wp has the same meaning as in Lemma 4.1 (сор(т)—0 
when T—0).

I f  for N sufficiently great the interval [a, [i] contains no zeros o f PN ( ’’rubbish 
points"), then фн is constant in [a, ß].

Proof. Let A1( A2 be points of increase of ф such that (Ax, A2) is the open interval 
of constancy of ф, containing [a, /?]. Define the function H[o,iPiÇ.C°°[a, b] such that

0 =  A/[aP](/i)
1 for

S i  for a S  p S  ß 
0 for ß S  p S  b.

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r lc a  14 (1979)
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Clearly, such function exists:

Hr«Pl H(V>

Fig. 4

Let A(E[a, ß]. Then since ф is constant on the closed interval [a, ß], we have

-  f  HU, и)Лф(ц) = f  0ф(р)+ f  HU, И)с1ф(ц) =
a a a.

ß •>
=  ^ a H / 4 , « W # ( / í ) =  /  H if i ik 1)(1ф(ц).

л  а

In the interval [a, ß] o f constancy of ф there is at most one from among the 
points S j , j=  1, 2, N, say s^tt such that s^0€[a, ß]. Hence

b  N

ф»и) = f  l n (h , HU, •))с1ф(ц) =  2  qNj HU, sD+qj'HU, W  =
t i u

=  2  # [..« (*7)+ c, lHUM( s l ) + < [//(A , s i ) - H ^ { s l ) \  =
j= } 
jr^j 0 b

= f  LNu ,  н ^ < 1 ф { 11)+чЪ [н и , ф - н м л (*Ъ)1
a

This implies
Ф и ) - Ф * и )  =b

= f  [HM , U ) - L NU, Hu^ ]d ф U )+ q ^ H ^ ß ^ K )-H U ,  s l ) l
a

Observe that
IH ^ U D - H U ,  s i )I S l;

and by Lemma 4.1

0 -  qlo -  C (P) • ( “2 (TV — 1 ) )  ' <0p { l ( 2 N - 2 - p )  '

S t u d i a  S c le n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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It remains to estimate
ь

f  n )  —  L N ( f i ,  H lx  p] ) ]  ( 1 ф ( ц ) .

We can apply the same method as in the proof of Lemma 4.1. Let Q 2N - x be an 
arbitrary polynomial of degree S 2 N — 1. Then

ь
I /  # £ . , « ) s
a

b  b

— I f  1Нм Ы > - 0 ш , - г т Л ф ( 4  +  \ /  Ln(h, Q2N Hu.ßi) d<t>(fj)\ ^
a a

— Il d1[atp] Ö2Y — i!l<» Ф (h) *T ü7 II — ill <» =  2||зг||“||//[а><,]—ßaiv-ill«..

Hence
ь

IJ  [tfc^O O -i-ivC i, s  2 ||x ||2oinf ||^[«,^]—Ö2/í- i I!~

where QiN- i  ranges over the set of all polynomials o f degree ^ 2 N —l.
We can apply Jackson’s theorem to evaluate the last inequality 

ь

I /  [#£„,,jOO-LjvGi, s
a

-=2||дс||2С (р ) .(2(лг_ 1) )  (2 (2 Л ^ -2 -р ) ) ‘
Finally we get

-  <1+ 2 M -)C (r t  ■ (— ^ j ) ’ - » ,  (2(2^ : 2a _ r t )
uniformly on [a, ß ] ,  □

Let us pass to an estimate for intervals of continuity of ф.

L emma 4.2. (This is a slight modification of the so called "separation theorem” . 
Proof is the same as in 3.4.11 of [10] or in [6].)

L e t  P N b e  a  p o l y n o m i a l  o f  d e g r e e  N ,  o r th o g o n a l  w i t h  r e s p e c t  to  th e  s c a l a r  p r o d u c t  
( , )ф a n d  l e t  S i ,  . . . , s ß  b e  i t s  z e r o s .  W e  a s s u m e  h e r e  th a t  a  a n d  b  a r e  p o i n t s  o f  

in c r e a s e  o f  ф .
P u t

ь

< f l = f  l 1J { k ) d ф { k )  j  =  l , 2 , . . . , N
a

w ith

a n d

/}ЧА) = P,v(A)
(A -s7 )^ (s7 )

zj =  q ï + q 2 +  ~ + q j  j  =  1, 2 , N .

S tu d ia  S c ie n t ia r u m  M a th e m a iic a r u m  H u n g a r ic a  14 (1979)
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Then there exists numbers

a <  У1 <  y ï  ... <  y NN- i  <  b =  y#
such that 
(4.8) ф(уУ-О)  == *jr=s f ( y f ) j  = 1,2, . • N
(4.9) <P(sj) < z f  < 4>(Sj+i-0) j  = 1,2, . .., N - 1

(4.10) $  < У" < sj+i j  = 1,2, . .., A-l
Lemma 4.3. (An extension of 6.11.1 from [10].)

Let PN be an N-th degree polynomial orthogonal with respect to ( , )ф, let j J'c  
-== -= — <  Ajv be its zeros. Take natural numbers n ,m  satisfying the condition
m(2n  — l ) ^ 2 N —l.

Let

ф(3) =  a 4- a- ^ > cos 9 for  0 =  S á  л.

W )  =  J? У =  1, 2, ..., N;  0 ^  3? s  ж.

Consider а у£[0, я] у ^  Зу for j —1,2, . . . , N  and let 3$ be the nearest to у 
among all 3 j , j —1,2, For n sufficiently great define

Then

<4.11) sin -

* K )
when y€(0, jt)

a when 7 =  0,

* K )
when у€[0, л)

b when у = n.

3»
1

20(b) ÿ=
~  4n ф{ап))

Proof. Let for a fixed у

Qm. n W  =
sin n (y — 3) 2 m

+
sin n(y +  3)

. y — 3 
[ Sin 2

. y + 3  sin ——— 
2

where Х=ф(3), ОёЗ^ж,  and a s X ^ b .
It is easy to show that Qm<n(X) is in [a, b] the polynomial of degree m(2n — 1) 

w ith respect to X [10]. Put (p—y — 3 and

F„W) =
sin rup

S lu c l ia  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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sin

Applying the formula

F„{(p) =  F„ c o s  (p + 2 cos (n — l)<p cos -y

we prove by easy induction that F„ increases in the interval [ ——, o] and decreases 

in the interval jo, —J. Moreover,

sin 1l(p
F"(0) =  - y  =  2n

sin —

F" f e ) “ F- ( - i r ) = ^ b r s T"-

Hence for ц=ф(у) 

and for Щ а п,Ьп]

On the other hand, if m(2n — l ) ^ 2 N —l, applying (2.13) and (4.12) we get
„ь N Î»

/  e*,«(A)d^(A)= 2em,n(sj)<}j ^  s
à  a n

s í - 4 - l  [Ф(ь„)-Ф («„)].
V 7 t n  /

Using the same method as in [4] we can easily prove that

4n

<?«.,(/*) S  (F„(0))*" =  (2h)2“ ,

(4.13)

sin

. 7 -S ysin —— 1

hence

and

(4.14)

. y +  9sin —-—
for j  = 1, 2 ,..., N

em.nfSj) - ( ■ У-9ЦУ
lSm— J

/  = i  вт Л Ф яУ  ^
( s i n r f f - 1

2 f l  =

( ■ y -S fV
(Sln— J

</>(*>)•

7 S tu d ia  S c ie n t ia r u m  M a th e m a tic a ru m  H u n g a r ic a  14 (1979)



4 0 0 K. M OSZYNSKI

Combining (4.13) and (4.14) we get

sinl . у - 9 П 2п' Ф{Ь)’rV )
i.e.

• y —^s sin 4— — - m '
V 7UX )

2

2 фф)
Ф (b„) — ф (a„) '

Theorem 4.2. Assume that there exists a subinterval [a, ß] а  [a, b] such that for  
any pair Aj, A2€[a, ß] satisfying the condition

0 ^  S  1
the following inequality holds

(4.15) L * Q * - K T *  & ф { Ь д - ф ( 1 д  S

where positive constants L x, L 2, ax, a2 depend only on [a, /1] and <p.
Then there exists a constant К depending on [a, ß\ and ф such that for any

A£(a, ß) and N  sufficiently great the following estimate holds

(4.16) |<HA)~<MA)|S

^(mÇm +  3 )) ''
12

2m

a.---jY 2m

Proof. We shall use the notation introduced in Lemma 4.3.

For arbitrary fixed positive integers m, n take We shall

first estimate the value \ s f —s?+1|. For any fixed j = \ , 2 , . . . , N  take 
9*! + 94

y =  -— J .. Applying Lemma 4.3 we get

(4.17)

Since

. y - 9 j  sin ——r- J Í~  4n l
2 ф{Ъ)

Ф(Ь„)—ф(ап)

2̂m

Ф (7i) -  Ф M  =  ^-пг- tcos “  cos Уа! =  Ф - a )  sin yA ± l l  sjn

( b - u ) s i n ^ L ^ i Z Z â sin ZLZ2!

= (b —a) jsin ax Vi-y* • У1-У 2 cos — sin —X------cos yx2 2
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sin y COS ■ ■as -cos y sin y - 9 ÿ

V- З У  . y - 3 ÿ----- -sin  .  J2

taking р = ф(у), we obtain

P-Sk = (b - а ) [i 

for к = j  and j  +1 and hence

I tfn -a ÿ l =  Iaí—Sj+ i—At+sÿ| =  2(6 —a) jsin y cos 2 

because 3?+1 —y=y — 3*. Applying now (4.17) we get 

ci 1Ü4 ijv „ni ^  (b — a)n ( 2ф(Ь) I
(4Л8) |Sj'+1 Sj l =  2 » U (6„)-0 (n „)J

for j —l , 2 , . . . , N ,  independently of /.
From the formula (4.15) it follows that any point of (a, ß) is a point o f increase 

of ф. Since near any point of increase of ф there is always a zero of PN for N  suffi
ciently great (see [4], [10]) hence for an arbitrary /„€(«, ß) we can find j ,  1 S j M N  
such that

a <  s? S  Я0 <  s?+1 <  ß (s? <  sÿ+i)

(provided that iV is sufficiently great).

l
2m

---------- ф

Фы

1 _ - l*
!

A
II
I

—I— 
yN

- i  г1=Ф^0>=Фц(У|М)

S.N
J 0 'j

Ft?. 5

S N
И

Applying Lemma 4.2 (see formulae (4.9) and (4.10)) and the definition of фК,
we get

Ф(ф  <  Zj = Фа(20) <  Ф($+1- 0) S  ф(*У+1).

On the other hand, since ф is increasing, we have

Ф (&  & Ф а  о) -= Фау+i)-

Now, applying (4.15) we obtain

\Фа«)~ Фа (2 о)1 <  Фау+1)~Ф ау) —
(bn~ a nÿ ^

where Kx is some constant.
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However,
a —b

- a „  —

=  (ft — a) sin y sin s  -r— (ft — a)  sin y 
2 n  4  n

provided that n S l .  Hence

( K - a „ ) ‘
й  Kon

with another constant K„. Therefore

\Фао)-Фл*о)\ =
K \K 2

1 2m

Till now the only assumption on n is n ^ ^ -  + ~ [  1— — Assume addition-m 2 V m )
,, , tn + 1ally that —------h i and put

ÍN 1 í , 1 ) >  N 1 ( 1 Ï (
— +  -^ 1 ----- V IIT+

(m 2 К m ) ~~ m 2 f m )  V

Since 2 N ^ m + 3 ,  hence

n ::: TVГ—------ —  m + 1 |  s  ------ m +  1 ) = n
U  2 N  m ) l  m m(m + 3)j

and finally

\ Ф ( Ы - Ф М \  -
a , a-2(

(m +  3); 

m (m +  3) j 1 2'

m (m +  3)

-• □
N  2"

Behaviour o f the sequence {c/),v} in points o f  discontinuity o f ф.
A very rough but general information on the behaviour of фы at the point of 

discontinuity of ф is furnished by Theorem 2.4 (see (2.11)). Here we shall investigate 
only a special case of the operator A —A*: X-»X  such that a (A) is countable with 
the unique accumulation point pf<j(A). This class contains all the compact opera
tors and there is no ’’rubbish points” in the approximation (see [4]).

Let
о (A) =  {U ~ - ~ U M

where

and
/I =  lim ;.v

2V >  /.v+1 >  p for V s  0, 
Ày <  Лу_! <  p for V -с  0.

S íu d ia  Scientiarum M athem aticarum  Hungarica 14 (1979)
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4---- 1-------1------- 1------- H-J-H--------1------- 1------- 1-----h
a  A-i X_2  A-3 У  Л2 А, Л0 b

B g .  6

Let
£ V =  £(AV)- .E  (Av_j) for v ê ô ,  

£ V =  £(AÏ_1) -£ (A V) for V <  0,
then for any x ^ X

b „
X =  f  dE(A)x = 2  Evx.

a ~
For arbitrary fixed x^O  let

(pv = Evx/\\Evx\\

then (pv is an orthogonal sequence and

A

X  =  2  < P v (* >  <Pv) =  2  A v4>v
v =  — oo V =  1

where
Av = (x, <pv) V = . . . - 1 ,0 ,  1, ... .

Moreover

M 2 =  2  A l
V =  —  oo

This enables us to apply here the theory of orthogonal polynomials on discrete 
set of points discussed in [4]. In this case ф as well as фк are piecewise constant, in
creasing functions on [a, b].

From Theorem 3.3.7 of [4] it follows that if we consider for arbitrary <5 >0 
the points of discontinuity Av of ф, lying outside of the interval [p—ö,p+ő]  (let us 
order them: л1< л 2<А3< . . .< / p), then A’s less then fi are approximated by corre
sponding Sj from right-hand side, while A’s greater then ц are approximated from left- 
hand side. Every X j , j= l ,  2, . . . ,p is approximated by exactly one s'-. All the other 
Sj are contained in [/r — <5, /i+(5]. Applying now Lemma 4.2 and Theorem 2.4 we 
see that for N  great enough the situation is like on the diagram below (given for p — 6).

On this diagram arrows indicate the direction of convergence of s'- to A7 and 
of фн to ф in the points of continuity of ф. Dots indicate the right limits contained in
the graph. (------ o r ------- ) indicate that the corresponding one sided limit does not
belong to this part of the graph.

More exactly we can state the following

T heorem  4.3. Let be two consecutive points o f discontinuity o f  the func
tion ф, i.e. such points o f discontinuity that between them there is no other point o f  
discontinuity o f  ф.

1° Assume ű<A1<A2< / i. Then
(i) for any ^6(AX, Aa), фц(£)>ф(£) holds for N  great enough and < M £)-^(C ) 

when N-*°° uniformly in any closed subinterval o f  (Als A2);

Studia Scientiarum  M athemailcarum H ungarica 14 (1079)



4 0 4 K. M OSZY tfSK l

(ii) Ф]у(Я;) ^  ф(/-д and 4>n (A,) -» ф (А; — 0) when N f or i =1,2.

2° Assume ц ^ Х ^ Х ^ Ь .  Then
(i) for any Çd (Al5 A2), фм(ф)<ф(ф) holds fo r  N  great enough and </>*(£)-► 

-*ф (0 when N —°°, uniformly in any closed subinterval o f  {X1, A2) ;

(ii) фц(Х}) á  0(A;) and 4>n(Аг) — ф(A,-) when N -» °° for /= 1 ,2 . ij 

3° <^(а) =  0 a«i/ фп(Ь) = ф(Ь).

Proof. 1° (i) Since $ belongs to the open interval (Xt ,X2) for N  great enough 
^(•Si ,  s$) and hence фн{ф)>ф(ф) follows from Lemma 4.2.

Since £, is the point o f continuity of ф the convergence фм(ф)-*ф(ф) follows 
from Theorem 2.4.

(ii) Let A„ be the nearest to Xt point of discontinuity of ф less then Хг; then

a <  X0 <  Ax <  A2 <= ju.

X- +X-
Since, for N  great enough — — L€(s?Li, sf) ,  / = 1 , 2 ;  hence applying Theo-

S tu d ia  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  14 (1979)
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rem 2.4, we get

<№ i) -  ф м  =  Ф* ( Ai~12+Af) -  Ф =  ф(ь-о) .

Proof of 2° is similar; 3° is obvious because of Theorem 2.4. □

Remark. Let now A  be compact. Denote by the nearest number from the 
set {s7}7=i to the number Xh i= l ,  2, ...,/>.

The easy extension of the result contained in [9] to the case of a compact self- 
adjoint operator enables us to state the following rate of convergence estimate :

I A; — Cq

where q >  1 is some constant depending on the distance between / , and the remain
ing part of the spectrum, and independent of N.

§ 5. An algorithm

The definition of the function (j>N given in Section 2 (see (2.10)) seems to be rather 
uncomfortable for practical application.

Here we present another method of computing <t>N(A).
Denote, as before by T N the N X N  real, symmetric, tridiagonal matrix determined 

by the coefficients of Lanczos’ process (2.6)(2.7). Its eigenvalues are the numbers 
.s'i < Í 2 '̂iv which we shall use in computing the values of the function <j>N;

ФАХ) =  2  4Nj H { i ,  sf).
J =1

Since direct application of the formula
ь

q 1 =  f  ЩX)dф^k) =  W(A)x,x)

seems to be not very convenient (necessity of calculating 1^(А)\), we give here dif
ferent expression for qj.

Let Uj be the normalized eigenvector of TN, corresponding to the eigenvalue 
and let UN=[u%, u%,..., ujj] be N X N  — orthogonal matrix 

composed of the vectors Uj as its columns.

Theorem 5.1. Put

Then 

and hence

«7 =  K X , . . . ,  u i v j  =  l , 2 , . . . , N .

qNj =  M W , j  =  1 ,2 , ..., A,

N
<MA) =  IM2 2 K ) ! w (À  ф .

j=i

Sludla Scientlarum  M athematicarum Hungarica 14 (1979)
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(5.1)

while

Proof. Put
CJ =  (p o(s?)2 + Л ( Ф 2 +  - + P N- i ( s j )2)112 >  0.

We prove first that

M l  ^ - l ( ^ ) l r .
J ~  [ С/ ’ c Nj  c f  J ’

Indeed, ||wj|| =  l and for /= 0 , 1 , ÍV— 1 ;_/=!, 2 , iV

aii-i-Pi-i(^j) +  (aH--y7)^i(sj) +  an+1P/+i(sJf) =  0

i*w(sÿ) =  0 j  — 1, 2, ЛГ.

The above formulae can be written in matrix form as follows

Ро(ф
(TNs p )

hence (5.1) holds. 
Since the matrix

UN =

is orthogonal, we have: 

(5.2)

[PN- i(*y)J

Po(s?)
r N > C1

TF =  0.

p 0(4)
CN

Pn- l(Sl) -1 (sy)
r NC1

£  Ро( Ф 2
Ä  ( c f f

| M M ) =  о l — \ 2 N —l>4 (c^)2 f X, X, ..., jy l.J=1

P0(sN), .. •,  Po(s$)

Pn- i (si )> • > Pn—l (sn).

Г П Й Po(s%)f
[ (c?)2 ’ " ’ №  J

We can consider (5.2) as the system of N  linear algebraic equations with non
singular matrix

and with unique solution

On the other hand, for any polynomial W  of degree S 2 N — 1 the following 
condition is satisfied

/  w{/.)d(j)(/.) = J  LN(k, w) с1ф(/.) -  q*w(sj).
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Hence, taking w(X)=P0(X)P,(X), we get when 1=0:

(5.3) 1 =  f  Pl(>.) d<t>(X) = 2  </?(W ) ) 2 =  П  2  qNj = PI
a J=1 j=l

because P0 is constant.
Moreover, for /= 1 , 2, ..., N — 1 :

(5.4) 0 =  f  P(i{X)Pl{X)d<t>{X)= 2  qNj P M )  P:(sNj).
a  J  =  1

Notice that, because of the uniqueness of solution of (5.2), the equations (5.3),
(5.4) yield

a = __1— ; — 1 2 N
4 j  ( c N y ,  J  ’ ’ • • • ’

and thus (5.1), (5.3) imply
■ л , ( W ) ) 2 1 . 1  _  «7К ) 2 =

for j=  1,2, ...,7V. □
llxll2 (c?)2

Assume now that in the space X  there is a sequence of points of the form {xM} 
for . /= 1 ,2 ,..., rM\ M = \,  2, 3, ... such that for any x £ X  and any 8> 0  we can 
find natural M 0 in such a way that for M > M 0 the coefficients a f ,  ..., exist 
and satisfy the inequality

(5.5) X -  2  a f x f
7=1

8.

This is equivalent to the property of approximation of the space X  by the family 
of finite dimensional subspaces {XM}M=12..., where

X M = Span (xf, xtf, ...,x% f}.

Many examples of such sequences are known when, for example, A" is a Sobolev 
space. In this case even the rate of convergence of approximation (5.5) can be deter
mined (see Galerkin and finite element method [1]). Thus in this case we can proceed 
in the following way:

1° Choose enough good sequence x f , ..., x^M to have satisfactory approxima
tion for all elements x£X , for which we want to have фх.

2° Applying formulae (1.5) and (1.6) from Section 1 as well as Theorem 5.1, 
form the matrix

% ....(Я),
1 rM

approximating the matrix В хм  xm  (Я) from the formula (1.6).
1 rAf ~

Taking now the values of the quadratic form а.*Вхм хм  (Я)а for а =  [а15 ...,1 I’m
аГм]г, we obtain the approximation of the function фх for any x€Span {x^, ..., A'“ f}.

Rate of approximation of фх for any x£ X  is determined by Theorems from 
Section 4 and by the formula (1.7) from Section 1.
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ALTERNATING APPROXIMATION ON SHORTER INTERVALS
by

CHARLES B. DUNHAM

Abstract

Chebyshev approximation on intervals by a family with the alternating property for error 
curves of best approximations is studied. Whether uniform convergence occurs if a slightly shorter 
interval is used is examined.

For g€C[a, ß] define

llgll, =  sup {|g(*)|: a s ê x ig y }  a <  y S  ß.
Consider approximation of /ÇC(a, ß] with respect to this norm on С [а, у]. Let the 
family of approximations (F, P) be an alternating family ([26], 15 fif; [9], [13]) on 
[a, ß]: for every A£P, there exists Q (A) (the degree of F  at A) such that F (A , .) is 
best to g£C[ot, ß] if and only if g —F (A ,.) alternates at least g(A) times on [a, ß]. 
It is known that a best approximation on [a, ß] is unique (if it exists) : denote it by 
S(y). In this note we consider the dependence of S (y) on y as y-*ß.

This problem has practical interest. First, ß might be a number not representable 
on the arithmetic at hand: for example 1/10 is not representable exactly in binary. 
Secondly, Ralston suggests that trouble in ordinary rational approximations will 
occur if an approximation with degeneracy of one is best on a slightly longer interval 
([25], 159, 170). Cody expresses the same idea less explicitly in [6] (407-case (i), 408- 
top diagram in Figure 1). We exhibit some of that trouble in this paper.

The major mathematical interest of the paper is the exhibition of simple and 
natural sequences of subsets for which uniform convergence of discretization fails. 
It is noted after the theorem that these sequences need not be intervals.

Approximation on [a, y] is a special case of approximation on subsets, treated 
by the author in [13], [15], [21]. In [13] is shown

Theorem. Let S(ß) be non-degenerate then \\S(ß)— 5'(y)||i -*0 as y—ß.

We observe also that if f —S(ß)—f —F(A,.) alternates q(A) times on [a, y0] 
for some y0</?, then f —S(ß) alternates g(A) times on [a, y], y0S yë /? , implying 
S (y )—S(ß). We are therefore left only with the case

HypothesisD. (a) S(ß) is degenerate;
(b) f —S (ß )—f —F(A ,.) does not alternate g (A) times on 
[a, y] for any y</?.

1980 Mathematics Subject Classification. Primary 41A50.
Key words and phrases. Minimax, alternating, subinterval, non-uniform convergence.
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We first examine this case for some simple but important alternating families 
o f variable degree and then go on to more general families.

For several simple approximating families, in particular
(i) the ordinary rational family R?„ [a, ß] of ratios of constants to m"' degree poly

nomials q ,q> 0 on [<x, ß];
(ii) several families o f the form F(A, x )—a1(p{a2x) [12], of which the case 

F {A, x)= al exp (a2x) is o f special importance, the only approximation not of maxi
mum degree is the zero function, which has degree 1. Let Hypothesis D hold. For 
y < /? , /— 0 does not alternate once, hence £ (у )^ 0  and S(y) is of degree >1.There 
is no sequence yk-*ß such that \\S(yk)—S(ß)\\p-+0, for f —SyW alternates more 
than once on [a, yt] and f — 0 alternates exactly once on [a, ß).

Perhaps nearly all more complicated alternating families of practical interest 
are covered by

T heorem . Let F (A ,.) be o f  less than maximum degree. Let G =  {F(B,.} : o(B)<  
<  maximum degree} be alternating on [a, ß] and F (A,.) be o f degree S q(A)— 1 
in G. Let f —F(A,.) alternate q(A) times on [a, ß] but not alternate q(A) times on 
[a, y] for any y</?. Then fo r  any y in

[sup {x: I f ( x ) - F ( A ,  x)| =  \ \ f -F (A ,  . )||p, x <  ß), ß),

S  (y) ( i f  it exists) is o f  degree > q(A).

P roof . Suppose а у exists for which the assertion fa ils./— F (A,.) does not alter
nate g (A) times on [a, y], hence it is not best on [a, y], hence

( * )  \\f~F(B, .) ||y =  | |/ -S (y ) ||7 <  II f~ F ( A ,  ,) ||y =  \\f-F (A ,.)\\„ .

By failure of the assertion q(B)^l q(A) and F(B,.)£G. Let (x0, ..., x„_l5 x„} be 
any alternant off —F(A,.) on [a, ß]. By choice of y, x„_1̂ y . Hence f —F(A , .) al
ternates q(A )-  1 times on [а, у]. But this implies that F(A , .) is uniquely best in G 
on [a, ß\, giving a contradiction to (*).

Use of previous reasoning for the case of 0 degenerate gives

C orollary . There is no sequence {yk}-*ß with ||5”(yfc) — *S()S)||̂  —►O.

An examination of the proof shows that the result generalizes to approximation 
on subsets Xk each containing {x0, ..., x„_i} from an alternant {x0, ..., x ,,^ , x„} 
o f f —F(A , .).

This approach gives a much easier construction of failure of uniform convergence 
in approximation on subsets than that of the author in [11] : on the other hand, that 
latter construction made no assumption of location of error extrema except that 
they be nowhere dense and non-existence was not a problem.

We now consider applying the theorem. One application is to ordinary rational 
functions Rnm[i, ß] for n S l ,  perhaps with a multiplicative weight. It should be noted 
th a t rational families sometimes depend on the domain (e.g. [8]), but this possibility 
does not matter in this paper. Let F (A,.) be an element of R')n[a, ß] of less than 
maximum degree (n + m + l). By the theory of A chieser ([28], p. 55), the following 
happens. If F (A ,.)ф0, it is of degree n + m + \—d(A) in R",[a, ß], where d(A) is
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the defect of F ( A , .) in R"m[a., ß ]  and is >0. F ( A ,  .)ф 0  is of degree n + m — d ( A )  in 
G =  Ä^“11[(X, ß ] ,  an alternating family. If F ( A ,  .) =  0, it is of degree и+ l  in Ä;,[a, ß]  
and degree n  in R nm - i№ ,  ß ] -  Thus the degree of F ( A , . )  in G  is precisely q ( A )  — I 
and the theorem applies.

Another application is to alternating generalized ^-polynomials [5], [20] У„ ,„(Ф) 
of the form

Normally, the degree is 2n + m —d(A),d(A) the number of zeros in {a1, . . . , a n}. 
A special case of these are alternating y-polynomials [3] : the best-known of these are 
simple sums of exponentials ([24], 176ff; [27]). Other families have been studied in
[14], [17], [19], [29]. In all known cases with families of maximum degree ^ 3 ,  the 
set of elements of less than maximum degree, namely those with at least one of 
ciy, ..., a„ equal to zero, form the family F„_lim(<p),an alternating family and elements 
of degree д(А)<2п + т (maximum) in F„+m(<p)are of degree q(A) — 1 in F„_i.m(<p). 
Thus the theorem also applies.

We now give an example to show that problems do not necessarily occur for 
F (A ,.) merely degenerate

Example. Let [a, /9] =  [— 1, 1]. Approximate by

Use of theory for the family F'(A, x) = at exp (a2x) and the family of constants shows 
that the above is an alternating family on [—1, 1] with q(A) — 2 if ^ > 0  and e(A) — 
=  1 if акШ0. The zero approximation is degenerate by the definition of [13], p. 99. 
Now let f(x )= x . A s /—0 alternates once on [—1, 1], 0 is best on [—1, 1]. For any 
y < l ,  there is a negative constant S(y) such tha t/ — S (y) alternates exactly once on 
[— 1, у]. Theory for approximation by constants guarantees that ||.S(y) —S f / i ) ^  —0 
as y ^ ß .

It is not difficult to see that the theorem can be extended to generalizations of 
the Chebyshev problem, including simultaneous approximation [7], use of a weight 
function [9], and restricted range approximation [16]. Alternating families can be 
replaced by alternating families with a fixed point [18], partly alternating families 
[10], and perhaps the families varisolvent in the sense of Gillotte and McLaughlin 
[22].

A non-standard alternating theory for approximation on [0, °°] by reciprocals 
of polynomials (and more generally, Williams’ type decaying rationals) is due to 
Brink and Taylor [4]. The exceptional case in their theory is when the polynomial 
in the best approximation is of less than maximum (polynomial) degree and one less 
alternation than standard on [0, °°] occurs. As standard alternation occurs on all 
finite subintervals [0, y], we cannot in this exceptional case have uniform convergence 
on [0, °°] of S(y) to 5(°°).

What happens in the problem of Blatt [1] would be of interest.

/I m

F(A, x) =  2  акф(ап+кх)+  2  a *«+***“ 1-

ak >  0
«X =5 0.
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The case where (F, P )  is an alternating family on [a, <5], where ö>ß, and y-*ß 
from above is also of interest. Uniform convergence of S(y) to S(ß) when S(ß) is 
non-degenerate is proven in [21]. The situation for S(ß) degenerate is open. It ap
pears that much more powerful techniques than those of this paper are needed.
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(n, 7>TO W ERS FOR APERIODIC TRANSFORM ATIONS T

by
CHRISTOPH KOPF

Abstract

in, 7>tcwers are introduced for nonsingular invertible transformations T  and it is shown that 
the existence of (л, 7>towers for every n^ 2  is necessary and sufficient for the aperiodicity of T. 
As a consequence the uniform approximation theorem is obtained for arbitrary probability spaces.

Let (ß , 21, p) denote a probability space and let T  denote an invertible nonsin
gular transformation from ß  into itself, i.e. T  : ß —ß  is bijective, T  and T ~ l are 
measurable and p(T  ~XA )= 0= p(T A )  for all A £ 21 with p(A)=0. An invertible 
transformation T  is called aperiodic iff for every natural number n ^ l  and every 
measurable set A with p(A)>  0 there exists a measurable subset В of A such that 
ц(В A  T ~ nB)>0. We write A = B  for р ( А л В )  = 0.

D efinition. Let n = 2  be fixed. A family ( U i j ) i S i S n , i ä j < n + i  of measurable 
sets U f j  is called (n, T)-tower iff

Uu n U k., = 9 for ( i ,  j )  (Ic, l), 1 S  i, fc s  n, 1 S j  <  n + i, 1 S / < n  + /c; 

Г -1 U ij = 1 for 1 S i g n ,  2 g j  <  ti+ i;

t /u ) =  Ű и ,,п+1- 1
\ i = l  1 1=1

and
ß  =  U  u UJ.

Isfsn 
1^ j < n + i

П П
The set U U t  x is called the b a s i s  and the set (J U t n+i - i  is called the top of the

i = l  ’ i  =  l

(и, 7>tower ( U , j ) .

Theorem. Let T  denote an invertible nonsingular transformation on Ű.
The following conditions are equivalent:

(i) T  is aperiodic;
П — 1

(ii) For every n ^ 2  there exists a measurable set G with U T ‘G = Q  such
i =  — П +  1

that G, T ~ lG, ..., T~n+1G are mutually disjoint;

AM S (M OS) subject classifications (1970). Primary 28A65; Secondary 54H20.
Key words and phrases. Tower of a transformation, nonsingular transformation, aperiodic 

transformation, periodic transformation, uniform approximation theorem.
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4 1 6 CH. KOPF

(iii) For every и ё 2 there exists an (n, T ftow er with a basis (or with a top) o f
fi(Q)pi-measure less or equal than ------- .n

We note that there is a maximal invariant measurable subset of Q on which T  
is aperiodic (see e.g. [3]).

P roof.

(i)=>(ii).
Let и ё 2 be fixed. Since T  is aperiodic there exists an (и — 1, e)-Rohlin set for

every 6>0, i.e., a measurable set D with /i^ lj > p (ß )  — e suchthatD ,T ~ XD,

..., T ~ n+1D are mutually disjoint (see [2]). For ex =  sup {/г(Л)|Л£21; A, T ~ lA, 
Т~"+1А are mutually disjoint} we therefore conclude ег>0. Assume a measurable 
set A  such that p(A )>2~1e1 and A, T~XA, ..., T ~ n+1A  are mutually disjoint. Let

n - l
e2 =  sup{/r(5)|5€9I; B d  Q \  (J T 'A ; В, T ~ x B, , T~n+1 В

i= -n + 1

are mutually disjoint}.

If у. f̂l\ (J T ‘A ^> 0  it follows from Rohlin’s theorem that e2>0 and we

choose a measurable subset В  of ß \  1J T 'A  such that p(B )> 2~1ei and
i = —/1 + 1

B, T ~ lB, ..., T~"+1B are mutually disjoint. We repeat this argument on
n - l  n - l

ß \  U T'(AU B) and so on. We obtain a measurable set G with (J T ‘G=Q
i = - n + 1 i= _n  + l

such that G, T~XG, ..., T ~ n+1G are mutually disjoint.
(ii)=>(iii).

/1 — 1
Let пШ2 be fixed and let G be a measurable set with (J T'G — Q such that

Í = — n +1
2/1-1 2/1 — 1

G, T ~ XG, ..., T~"+1G are mutually disjoint. From (J T ~ lG = Q= (J T JG we
i=i j=l

2n_ 1
conclude G c  f>)T~'G  because the n sets T ~ n+1G, T ~ XG, G are mutually

iz=n
2/1-1

disjoint and in the same way we conclude G c  £  T}G because the n sets G, TG, 

. . . ,T " ~ XG are mutually disjoint. We define Hi = T n~1+iGC\G for l s i 'S n  and 

obtain 2 Hi = G = Z  T - n+1- JH:.;=i j=l
For an arbitrary integer k 0 we set Uij —T k»~"~i+jH i for 1 1

and obtain thereby the desired (n, T)-tower. To show

и и1Г\икЛ = 7’*.+>-1G n r ‘'- " - i+J'G n r t«+,- 1G n r ‘r “- ‘+, G =  0
we first assume /< / .  I f  0 <  / —j <  n then

T - ko-J+1(UiJ f]Uk<l) c  G f)T l~JG = 0.
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If n S l —j ^ n + k — 1 then

T,-*i- ' +1(i/Mn i/JM) с  сП 7’-"-‘+,--'+1С = 0
because — и + 1 S  — — k + l —j+  1 <0.

If /= /  and i ^ k  then

T- ko+"-J(Uij n U kJ) с  Г-'СП7’-*С = 0.

The relations T ~ 1Uij= U ij ^ i  for 1 S / S h, 2 s /< w + i  are evident. 
Furthermore we have

r - ^ j j  í/.м) =  Г " 1 (Ű  =  Г*»-1 G =  T ko ~ 1H i i=l

Finally we show
ß  =  U  t / i . j .

1ä J-cn-f-i
и  — 1  n  — i

Let co£ T ko+i G — Q be fixed. If <w£ 2  T k»+J G, for instance a>£Tk°+Jo G
i = - n  +  l  j = 0

It

with OS/0S n —1, then, since G =  2 T ~ n*l~iHi for some /„ with l s / 0â «  we
j = l

have
w€Tko+J*~n+1~'<>Hi t— Ui0j 0+i.

-1
If a>£ 2  T ko+JG, for instance co£Tko-"+JoG with 1S /0 S  и — 1, then, since

j = - n + l
II

G= 2 H i’ f°r some /„ with ! = /0= «  we havei= l
(o€Tko-n+J»Hto =  UioJo+io.

Since T k«G is the basis and T k°~1G is the top of the (и, TJ-tower (Uitj) by a suitable 

choice of the integer k0 we get n (T k«G) or n (T ko~l G) less or equal than .

(iii)=>(i).
Assume a measurable set A with ц(Л)>0 and assume a natural number n ë l .  

Let (Ujj) denote an ( n + 1, D-tower. Since Q= (J UitJ there exist natural
1 =S Í =£ ft -f 1l^j<n+i+l

numbers i0 and /0 with l s / 0s « + l  and 1S-/0< « + /0+1 such that ft (А П t/;o,,o) =-0. 
We obtain

м ((А П и ^л ) л Т - " ( А П и 1о,л ) ) ^ 0  

because U tt j t C \ T ~ n U toj 0= f l .
As a consequence we get the uniform approximation theorem for arbitrary 

probability spaces, which is proved in [1], §7 for the unit interval by using a more 
special definition of periodicity. We call a nonsingular invertible transformation T  
periodic on (2 iff there is a natural number such that A = T~"A for every
measurable subset A of fi.
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Corollary. For every £ > 0  andfor every nonsingular invertible transformation T  
on Í2 there exists a nonsingular invertible periodic transformation T  on Q such that 
fi({üjOQ\T(ú7 íT(ü})<E, i.e. the periodic transformations are dense in the set o f non
singular invertible transformations with respect to the uniform topology.

Proof. The essential step is to show that for every e> 0  and for every nonsin
gular invertible aperiodictransformation T  on Q there exists a nonsingular invertible 
periodic transformation Ton Q such that ц({со^й\Ти)^Тсо})се. This follows from

the existence of an (n, T)-tower with and with a top of «-measure less 01n
equal than - by setting

By decomposing Q into the aperiodic part and into the periodic parts ([3], Theorem 4) 
the assertion now follows easily.

[1] F r ie d m a n , N. A., Introduction to ergodic theory, Van Nostrand Reinhold Mathematical Studies.
No. 29, Van Nostrand Reinhold Co., New York—Toronto, Ont.—London, 1970, 
M R  55*8310.

[2] K opf, Ch., On a theorem of V. A. Rohlin, Math. Nachr. 92 (1979), 161—162.
[3] K opf, Ch., Negative nonsingular transformations, Ann. Inst. Henri Poincare Sect. В 18

(1982), 81—102.
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for (OÇiUij, 1 S i  S n ,  1 S j  <  я + i - 2, 
for œÇ_U;j, 1 á  i S  n, j  =  n + i — 1.
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ON CONNECTEDNESS OF A RANDOM GRAPH WITH A 
SMALL NUMBER OF EDGES

by
Z. FÜREDI

Abstract

Consider the nXn  lattice graph G (rí). Let G(n,p) denote the random subgraph of G(n) defined 
by choosing the edges of G (rí) with probability p mutually independently.

We prove: 1/3 is fixed then G(n,p) is highly nonconnected, i. e. the largest component of
G (n,p)< C (p)\ogn, if p~-2ß  then G(n,p) is nearly connected, i.e. there is a giant component. 
But G(n,p) will be connected if p  is very close to 1, more precisely if p = \ —c/ln  then 

lim Prob (G(n,p) is connected)=e~c .

It was P. E rdős and A. Rényi who first posed the problem of investigating the 
properties of random graphs (see [2], [3], [4], [5]). One of their most known result is 
as follows [2].

Let us consider the  ̂” j edges of the complete graph on n points as (completely)

independent random variables. Let us denote by e the random variable which cor
responds to the edge e. It takes the value 1 or 0 according to whether this edge be
longs to our random graph or not. Further we suppose that p =  Prob (c = l)  =

J o g  Yl C
= --------1—  and Prob (c =  0 ) = l — p. This random graph (or random vector vari-

n n
able) will be denoted by G„iP. Now as n tends to infinity and c is fixed,

lim Prob (Gn p is connected) =  e~e~c =

=  lim Prob (Gn p has no isolated point).

This theorem was generalized in many ways, e.g. [8] if

log и w(n)р = - 5 -  + -Л-А
il n

then
lim Prob (G,. „ contains a Hamiltonian circuit) =  1 or 0 

according to lim w(n)=°° resp. —11 -» oo

(The threshold function is not yet known.)

1980 Mathematics Subject Classification. Primary 05C40; Secondary 60C05. 
Key words and phrases. Random graph, threshold function.
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4 2 0 Z. FÜREDI

Another direction of generalization which is considered in this paper, is that one 
regards not a complete graph but some other one as the underlying graph. In this 
case only the edges of this underlying graph are chosen randomly. There are several 
theorems similar to the above cited one in this topic, e.g. for the complete bipartite 
graph or the и-cube [1], [6], [7]. However, the investigated underlying graphs usually
have О jj edges [9]. It is surprising that the case when G has only few edges
has not been investigated. Questions of this type are of similar character and have 
important applications in physics.

In this paper we consider the following special case. Let G (и) be the graph 
formed by an иХн square lattice. |F(G)| =  (« + l)a \E(G)\ = 2n(n + 1) .Choose the edges 
o f G (и) independently with probability p, and denote this random graph by G(n,p).

c
T heorem  1. I f  p  = \ ----- —  where c is fixed, then

\n

lim Prob(G(n, p) is connected) =  e~c1 =

=  lim Prob (G (я, p) has no isolated point).

Theorem 2. Let p be fixed not depending on n. Then
a) I f  p > 2/3 then G (n,p ) contains a giant component and the

2-nd largest component of 

b) I f  /?< 1/3 then

G(n, p) ( logn 
llog  (1/3(1 -p)) +  w

the largest component of G(n, p ) <  C(p) log n.

(The inequalities are meant in the sense that they hold true with probability 
tending to 1 as n-* oo.)

The Theorems mean that G(n,p) is highly nonconnected if p is small, but for 
large p G(n, p) is nearly connected and it will be really connected if p is very close to 1. 
It seems to be difficult to determine at what value of p the threshold value lies, but it is 
very likely 1/2 (cf. [6]). The method of the proof of Theorem 2 yields that the con
stant 2/3 can be improved to 0.658.

P roof of Theorem 1.
A cutset of G (и) is said to be connected if its edges can be linearly ordered in such 

a way that consecutive edges are neighbouring. The edges are neighbouring if they 
belong to the same small square in G(n) (see Fig. 3). It is easy to see that if G(n,p) 
is not connected then there exists a cutset of G(n,p) so it has a connected cutset by 
its planarity.

We shall see from the proof of Theorem 2 that

Prob (there exists a connected cut with к  or more edges) <  2n(n-|-l)3*(l — р)к/ 
/(1 — 3(1 -p )).
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Put k —5, then

Prob (there exists a connected cutset with £  5 edges) <

<  2n(n + \)(3c/ÿn)"/(l — Зс/уТГ) =  0 (c 5/ /n ) .

On the other hand any connected cutset with 2, 3 or 4 edges must be one of the follow
ing five types (Figure 1).

Fig. 1

(i) A connected cutset with 2 edges is in the corner. There are 4 such cuts.
Prob ((i)) <  4(1 — p)- =  4c2/n.

(ii) A connected cutset with 3 edges is in the corner. There are 8 such cutsets.

Prob((ii)) <  8(1— p)3 — 8c3/n Уn.
(iii) Isolated point on the boundary o f G(n). There are 4(n — 1) such cutsets.

Prob ((iii)) <  4(n - 1)(1 - p ) 3 <  8c3 f i .

(iv) A connected cutset with 4 edges on the boundary o f  G(n). There are 4(n — 2) 
such cutsets.

Prob((iv)) <  4(n—2)(1 — p)4 <  4c*/n.

(v) Isolated point inside G(n). There are (n— 2)a such cutsets.
From these we get.

Prob (G(n, p) has no isolated point) =
=  0 (1 )+ Prob (There are no isolated points and no connected cutsets with s 5 edges)=  
=  0(1) +  Prob (There are no cutsets with ^ 2  edges) +  0(1) =
= 0 ( l )  +  Prob (G(n, p) is connected).

We are finished with the proof of the equation

lim Prob(G(n, p) is connected) =  lim Prob(G(n, p) has no isolated point).

Further
Prob (G(n,p) has no isolated point) =

=  Prob (There is no isolated point inside the lattice G(n, p)) — o(l) —

= Prob ( l  (v)) —o(l).
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By an application of the sieve method we determine Prob (“1 (v)). Write At 
for the event that the /-th inner point is isolated in G(n,p) (1 ё г ё (и —l)2). Au 
and A v are neighbouring if the и-th and r-th points are joined by an edge in G(n).

Prob(~ |(v))= Prob (“|(v) and there are no neighbouring AUAV at all).

(Clearly, the non-existence of isolated points implies the non-existence of pairs of 
neighbouring isolated points.)

Prob (l(v)) =  2  (-1)* 2  Prob(AhA i t ... A ik and У  neighbouring AUAV) =
4=0 *i.*.....

=  2  (—О* 2  Prob(AllA lt'. . .A tk and $ neighbouring A„AV).
k = 0 iv i  , i fc and

$ Ai A i  neighbouring 
« ß

In the last sum it suffices to consider only those к  with 0sA:-=log2 n • max (6c4, 3), 
because if к is more than this upper bound then

0 <  2 ,  Prob (Ai t ... Aik and $ neighbouring AUA V) ^
...»*fc and

Ъ neighbouring A-, A-.
« ß

2  Prob (Ah . ■■ A ) . . 2  a
* д , ,*k and 

1 neighbouring A-. A.-
i j j i g a n d  

% neighbouring A: A-.
« ß « ß

n 2k c4k ( c4e Ÿ  t
"  At ! n2k ^  l к ) ^  n3 ‘

So it suffices to sum over /c<(6c4 + 3) log2 n.

Prob (l(v )) =

(1 ч c log j'l
— 1 + 2 '  (-1)* 2 РгоЬ(^,ч ... ziifcand $ neighbouring ЛМЛ„) =
n> 4=° „ , ‘.Л. Л .

v A-i A;  neighbouring 
a  ß

c lo g 2 /1
=  o( l )+  2 C“ 1)* 2 Prob (Ait ... A ,J —

k =  l  a n d
$ Ai Ai  neighbouring

a ß
c lo g 2«

-  2 ( - 1)1 2 Prob ( A h . . . A , k and 3 neighbouring A UA V)  =
k = 0 / , , i 2, . . . , i k and

$ A i  AI  neighbouring 
« ß

—  ° ( l)  +  ‘S'l — S h

where S x and S2 are the sums.
Now we show that is equal to c_c4 +  o(l). To do so we have to count how 

many times one can choose к  out of the A -  s so that among the chosen к  ones there

1The symbol $ stands for 13 .

S tu c lia  S c ie n l ia r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1979)
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are no neighbours. The number of such choices is at most ^  j 
( (л“ 1)2) - 4 ( Л - 1) ( (" “ 1)2) .  From this we get that

and at least

We divide every term of S2 into two parts.

5l =  1 - T T + i r - " + 0 1 4 o ( l ) .

2  Prob ( A h . . . A ik and 3 neighbouring A UA V)  =
i j . i j , a n d  

$ A j  A j  neighbouring
a ß

= 2  Prob ( A t j . . . A ik and 3 neighbouring A UA V)  +
Л-i , . . . ,А (1 . ., k •contain no neighbouring pair, 

but they imply a neighbouring pair
Au (see Fig- 2)

+  2  Prob ( A ii ■■■ A ik and 3 neighbouring A UA V).
a,-....Aj1 fc

contain no eighbouring pair, and 
they do not imply a neighbouring pair.

If the position of A t l ,  ..., Aik implies the existence of a neighbouring pair (see 
Fig. 2) (but and A,ß are not neighbouring) then

Prob (Ai t ... Aik and 3 neighbouring AUA„) =

= Prob (Air ..A ik) =  (1 - p ) ik = c"/n“ .

But the number of A it, ..., Aik in such a position is at most (и— 1)2I I.

If this is not the case then

Prob (Atl... Aik and 3 neighbouring AUA„) =

=  Prob(A ^ .- .A ^  and 3 neighbouring AUA„ and 

[one of A u and Au or A v are neighbouring]) +

+ Prob(Ah ... A,k and 3 neighbouring AUA„ and 3 

[one of A im and Au or A v are neighbouring]) <

-*= (1 — p)4‘(4fe(l— p) +  2n2( l — p)k). 

Using these facts we get that S t is o(l), consequently

Prob (n(v)) = e ~ c, + o(l). Q. E. D.
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Fig. 2 Fig. 3

P roof of Theorem 2.
a) To begin with we show that the number of connected cuts of G {rí) with к  

edges is at most n(n+ 1 >3̂ “ 1 -4 (see Fig. 3). This follows from the fact that on every 
connected cutset we can choose a starting edge and find (at most) two orderings of 
the edges of this cutset. Thus we can encode the form of the cut by 4 signs. We get 
a sequence of к signs with no consecutive identical signs. The number of such se
quences is at most 4 -3 t_1. Hence

Prob (G{n,p) has a connected cut with 5fc edges) â

S  2  Prob (6’ (n, p) has a connected cut with i edges) <
i —k

<  2  n(n +  l)4 -3 '1- 1( l - p ) i =  и(я +  1)4 • 3<I- 1(1—p)* 1------r .
i=fc 1 — 4 ( 1  — p )

Thus if k> 2  log n/log(l/3(l — /?))+vv(n) then

Prob (G(n, p) has a connected cut with ^  к edges) =  o(l).

In view of the fact that a cutset with к edges surrounds a set of at most к2 points :

( /с2 \Prob I G(n, p) has a component with s  points I =  o(l).
!

b) Starting from an arbitrary point A let us go on the edges of G {rí), in every 
point P  we can choose from at most three edges. Those new points connected with 
P  are called the successors of P. As we can list the edges of G{n) arbitrarily, so there is 
an appropriate branching process for the building of the component of G{n,p) 
containing A (see [0]). Since

E (number of successors of Р )^ 3 р <  1,
this process is subcritical (Galton—Watson), i.e. it extincts exponentially, more pre
cisely, there are positive constants c, e such that

Prob (the cardinality of the component of G{n,p) containing A 
is more than k)<ce~EK.
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Thus
Prob(G(n, p) contains a component greater then C (p )lo g n )s

S  21 Prob (G(n, p) contains a component containing A and greater than C(p)logn)-^ 
x <  n2ce-c(p)l°gn _  0 (j)

R em ark . The methods presented here can be generalized to connected graphs 
for which the maximal degree is very small compared with the number of vertices, 
e.g. the lattice points of d  dimensional cubes of size n (n-~°°,d  is fixed).
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ELEMENTS OF THE SOCLE OF A 
SEMI-SIMPLE BANACH ALGEBRA

by
ABDULLAH H. AL-MOAJIL

The purpose of this paper is to give different characterizations of the elements of 
soc A for a semi-simple Banach algebra Л. In [1] J. C . A lexander  proved that soc A 
exists and x£soc A if and only if the operator a-*xax has finite rank. That is xA x  
is finite dimensional. On the other hand A. W. T u llo  proved in [6] that the condition 
“rí =soc A” is equivalent to the finite dimensionality of A. Other conditions which 
are equivalent to finite dimensionality of A  (and hence to the condition “A =  soc A ”) 
can be found in [2], [3] and [4]. These conditions include: (i) Every element of A is 
algebraic (i.e. satisfies a polynomial identity) ([2] and [3]), (ii) The spectrum of every 
element in A is finite ([2] and [4]) and (iii) Every closed right ideal in A contains an 
idempotent and A  contains only a finite set of orthogonal idempotents ([2]).

Following the general pattern of proofs in [2] and [4] we will attempt to charac
terize elements of soc^i. We will show that imposing conditions similar to (i), (ii) 
and (iii) above on the right ideal xA  gives equivalences to the condition that soc A 
exists and x£socrl. Our results also give an alternative proof to Alexander’s result.

Let A be an algebra over the field of complex numbers C. We mean by an idem- 
potent in A a non-zero element е£А  such that e2 — e. Two idempotents e and /  
are orthogonal if ef= Je—0. The idempotent e is said to be minimal if eAe is a divi
sion algebra. We mention that if A is normedthen in this case, the Gelfand— Mazur 
theorem implies that eAe consists of scalar multiples of e. Moreover, in a semi-simple 
Banach algebra A, an idempotent e is minimal if and only if eA (Ae) is a minimal 
right (left) ideal in A. It is also well-known that if /  is a minimal right ideal in A such 
that УМ 0 then there exists a minimal idempotent e such that J — eA [5; 2.15]. If A 
contains minimal right (left) ideals then their sum is called the right (left) socle of A. 
If the right and left socles exist and are equal, then the resulting two-sided ideal is 
called the socle of A  and is denoted by soc A. The elements of soc A are precisely the 
finite sums of elements from minimal right (left) ideals. By previous remarks one 
can easily see that if (0) is the only ideal in A whose square is (0) then soc A exists if 
and only if A contains one-sided minimal ideals (right or left), [5, 2, 1.12].

Our terminology is consistent with that of [5], and algebras considered are over 
the field of complex numbers C. We recall that if A is an algebra and х(ЦА then the 
spectrum of x  in A (denoted by <r(x)) is the set {Я€С:Я—x is not invertible} if A 
has an identity. If A does not possess an identity then a (.v) =  {()} U {/€C : /  ̂ 0 and

—X is not quasiregular}.
Я

AM S (MOS) subject classifications (1970). Primary 46H05, 46H10; Secondary 16A32.
Key words and phrases. Minimal idempotent, minimal ideal, socle, spectrum, closed ideal.
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Let A be a semi-simple normed algebra and suppose that e and /  are minimal 
idempotents in A. If xÇ/A and exf^O  then exfA  ^  (0). Therefore, by minimality 
o f eA we get ex fA —eA and hence ex fA f= e A f  But fA f= C f  by the Gelfand— 
M azur theorem and therefore eAf= C exf Therefore eA f is either (0) or 1-dimensio
nal. This observation appears as a lemma in [2] and other parts of the literature. It 
is used in the proofs of our theorems.

T heorem  l. I f  A is a semi-simple Banach algebra and x fA  then the following 
conditions are equivalent:

a) socA  exists and .vÇsoc A.
b) The subalgebra xA x  is finite dimensional.
c) The right ideal xA is algebraic o f bounded degree.
d) For every closed right ideal J  o f A either J ПxA = (0) or J O x A  contains 

a nonzero idempotent. Moreover, xA contains at most a finite number ofpairwise ortho
gonal idempotents.

e) There exists orthogonal minima! idempotents e1, . . . , e J in xA  such that

x = { k e¥
P r oof . If (a) holds, then since A is semi-simple, there exist minimal idempotents 

e\, • ••, r„ ; / i ,  and elements х 1г..., x n; yx, such that x = I e ix i=
и, m

= T y j f j .  Therefore xAxcz et A f . But et A f  is either (0) or I-dimensional.
U=i,i

Therefore, xAx  is finite dimensional.
Now suppose that (b) holds. Let c/= dimension (xAx) + 2. If yÇA, then 

xyx , (xy)2x, ..., (xyf^Kx  are linearly dependent, since xAx  has dimension d —2.
d- 1

Therefore there exist scalars tx1, ...,a d_1 not all zeros such that а, (ху)‘ x= 0.
i = 1 d

Hence multiplying on the right by у  we get 2  a.-iCM7) '—0. Thus xy  satisfies a poly-
i =  2

nomial identity of degree d. That is xA  is algebraic of the bounded degree d.
Next assume that (c) holds. Let d be a positive integer such that every element 

o f xA  satisfies a polynomial identity of degree d. Then, by the spectral mapping theo
rem [5; 1.6.10], every element of xA  has at most d  elements in its spectrum. (If 
p(y) = 0  then p (a(y)) = <7 (p (y)) = o(0)= {0}. Therefore every 2£<r(y) is a root of 
p. If  p  is of degree d then p  has at most d distinct roots.) Now, suppose that ./ П xA 
yí (0). Then, by semi-simplicity there is yÇJÇ\xA suchthat o(y)A0. Let В be the 
subalgebra generated by y. Then BczJf')xA. Since у is algebraic, then В is finite di
mensional, therefore, closed. That is В is a commutative Banach algebra, and there 
is a 1— 1 correspondence between the set of maximal modular ideals in В and the set 
o f non-zero elements in cr(y) which is finite. Thus В has a finite number of maximal 
m odular ideals. It follows that if R is the Jacobson radical of B, then B/R  is the di
rect sum of finite number of copies of the field of complex numbers. Therefore, B/R 
contains idempotents which can be lifted to ß  [5; 2.3.9]. Thus В  contains idempo
tents. But BaJC \xA . Hence, JO xA  contains idempotents.

This proves the first assertion of (d). On the other hand if xA  contains orthogonal
" 1

idempotents ег, ...,e n with n>d, then setting y =  — ek we get yÇxA  and
*=i к
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yek= T Ck'
1 That is This implies that Therefore, o(y)

contains at least n elements, namely 1, —, .  This contradicts the fact that a(y)

contains at most d elements. Therefore, xA  contains at most d  orthogonal idempo- 
tents, which concludes (d).

Finally, let (d) hold. Let ex be an idempotent in xA. If  ex is not minimal, then 
exAczxA  is not a minimal closed ideal [5,2.1.10] and must contain an idempotent 
/  by (d). Lete2=felÇe1Ae1. If e.2 is not minimal this process can continue to produce 
a sequence {ej with e^ejA ej for i£y. But if f = e i+1 — ei then th e /f’s are ortho
gonal and hence {/,} is finite. Therefore for some n we must have e„ minimal. There
fore xA  contains minimal idempotents. Choose E =  {ex, ed} to be a maximal 
family of orthogonal minimal idempotent.

Now, let f= e 1+ ...+ e d. T hen /is an idempotent and hence (1 —f ) A  is a closed 
ideal in A (note that no identity is needed to define (1 —f)A ) .  We have (1 —f)A  ПxA  =  
=  (1 —f)x A  since f£ x A .  If (1 -f)xA?±(0), then by the assumption of (d) (1 —f)x A  
contains an idempotent g^O . We have g —( \ —f)g -  Let h = g ( l—f ) .  Then It is 
an idempotent. Moreover, h is orthogonal to for i = l , ..., d. But by the argument 
in the last paragraph hAh contains a minimal idempotent which is necessarily ortho
gonal to et for i '= l, ..., d. It follows by the maximality of E, that h = 0, which im
plies that g=gi —hg = 0 which is a contradiction. Hence, our assumption that 
(1 —f)xA A (0 )  is false and we have (1 —f)xA = (0). Therefore, by semi-simplicity,

(1 —/ ) x = 0 ,  i.e. л г = /х = |^ е , |  .V. This proves (e). Since it is trivial that (e) implies

(a), this concludes the proof of the theorem.

R emark 1. Let H  be a separable Hilbert space and В (El) the algebra of bounded 
operators on H. Then soc B(H) consists of the operators on H  with finite rank. We 
observe that condition (e) of Theorem 1 in this case says that if T£soc B(H) then T  
can be represented as an infinite matrix with only a finite number of non-zero rows.

R emark 2. In part (b) of Theorem 1 the condition about xA x  can be relaxed 
by replacing it with the condition that there is a positive integer n such that (\A )nx  is 
finite dimensional. This is evident in the proof of “ (b) implies (с)” as we can take d 
in this case to be dimension (xA)"x-\-2. Then for yÇA we have (xy)"x, (xy)"+1x, ..., 
(xy)"+d~2 are linearly dependent. The rest of the proof now proceeds as before. 
Nevertheless, Theorem 1 does not hold if the ideal xA  was replaced by the subalgebra 
xA x  in the statement of the theorem. For example if Я  is a separable Hilbert space 
with orthonormal basis {x^ a ,̂ ...} and A = B(H ). Let T£A  be defined by Tx2i- x — 
= x it and Txtl = 0. Then Т г= 0, so TAT  satisfies the identity 22=0. Therefore, 
T A T  satisfies the condition stated about xA  in Theorem 1 (c). Nevertheless, as T  
is not of finite rank it does not belong to soc A.

We now use condition (c) of the theorem to show that x£ soc A implies that xA  
is closed. This helps to relax some of the conditions in Theorem 1.

T heorem 2. I f  A is a semi-simple Banach algebra and x€A  then the following 
conditions are equivalent:

a) soc A exists and xÇsoc A.
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b) The right ideal xA  is closed and algebraic.
c) The right ideal xA  is closed and o(y) is finite for every y (x A .

P roof. Let (a) hold. Then, by condition (c) of Theorem 1, there exist orthogonal 

minimal idempotents ex, ...,e„ in xA  such that x — j ^ c j  x. Now let (xy„) be a se

quence in xA  converging to y. Then, xyn= (I  e^xy,,. Therefore, ( I  et)y=  
=  (Г c,)lim xy„ =  lim ( I  e,)xy„=limxyn= y. But efixA  and therefore y  =

n n n

— ( I  ejyÇxA. This says that xA  is closed. Condition (c) of Theorem 1 implies that 
xA  is algebraic, and hence (b) follows.

If (b) holds, then as in the proof of Theorem 1, the spectral mapping theorem 
implies that every element of xA  has a finite spectrum. Therefore (c) holds.

Next, let (c) hold. We will show that (d) of Theorem 1 holds which is equivalent 
to (a). L e t /  be a closed right ideal. If J f)x A ^(O ), then / ПxA  is a non-zero closed 
right ideal, and by semi-simplicity it contains an element y  with non-zero spectrum. 
Moreover, by condition (c), a{y) is finite. If В is the closed subalgebra generated 
by y, then BczJO xA  since JC\xA  is closed. Now, the same argument as in the 
proof of “(c) implies (d)” in Theorem 1 applies and we conclude that /  П xA  contains 
an idempotent. Moreover, if {ex, e2, ...} is an infinite family of pairwise orthogonal 
idempotents in xA, we can choose {AJüi distinct numbers such that |Af| ||с;|| < 2 - í. 
Then, since xA  is closed, I  Xtet converges to an element у  (LA, Since yei=?.iei 
for each i we have /.fio ly )  for i —1,2, .... This contradicts the assumption that 
<r(y) is finite. Hence xA  contains only a finite number of orthogonal idempotents. 
Therefore, (d) of Theorem 1 holds which concludes the proof.

We mention that in the example of Remark 2 following the proof of Theorem 1, 
T A T  is closed (the reader can verify that). Therefore TAT  satisfies condition (b) and 
(c) which are stated about xA  in Theorem 2. Nevertheless, as seen before, T $ soc B(H).

REFERENCES
[1] A l e x a n d e r , J. C., Compact Banach algebras, Proc. London Math. Soc. (3) 18 (1968), 1—18.

MR  37 #4618.
[2] A l - M o a jil , A. H., Characterization of finite dimensionality for semi-simple Banach algebras,

Manuscripta Math. 33 (1981), 315—325.
[3] D i x o n , P. G., Locally finite Banach algebras, J. London Math. Soc. (2) 8  (1974), 325—328. MR

50*996.
[4] K a p l a n s k y , I., Ring isomorphisms of Banach algebras, Canadian J. Math. 6  (1954), 374—381.

MR  16—49.
[5] R i c k a r t , С. E., General theory o f Banach algebras, The University Series in Higher Mathematics,

D. van Nostrand Co., Inc., Plinceton, N. J.—Toronto—London—New York, 1960. 
MR  22*  5903.

[6] T u l l o , A. W., Conditions on Banach algebras which imply finite dimensionality, Proc. Edin
burgh Math. Soc. (2) 20 (1976), 1—5. M R  54 *  3407.

( Received May 7, 1980)
D E P A R T M E N T  O F M ATHEM ATICAL SCIENCES 
U N IV ER SITY  O F PETROLEUM  A N D  M INERALS 
D H A H R A N  
S A U D I ARABIA

Present address:
G U L F  O RGANIZATION FO R  IN D U STRIA L CO NSU LTIN G
P. O. BOX 5114
D O H A
Q A TA R

S t u d i a  S c ie n t ia r u m  M a th e m a t lc a r u m  H u n g a r ic a  14 (1979)



Stadia Sciential um Mathematicarum Hungarica 14 (1979), 431— 439

GENERALIZATIONS OF PRÖSSDORF’S THEOREMS

by
L. LEINDLER

1. Let f ix )  be a continuous and 2re-periodic function and let 

(1) f i x )  ~  4 r +  2  ia„ cos nx+ bn sin nx)
I  л = 1

be its Fourier series. Denote sn(x)=s„if; x) the п-th partial sum of (1). Let 
A= {A„} be a monotone nondecreasing sequence of integers such that f  — 1 and 
A„+i —A„Sl. The mean

F„(A; x) = ^~ " z  s fx )  in S  1)
У = и-Дп

defines the и-th generalized de la Vallée Poussin mean of the sequence {.v„(x)} gener
ated by the sequence A.

The usual supremum norm will be denoted by || *|lc-
Let cu((5) be a nondecreasing continuous function on the interval [0,2/1 having 

the properties:
<u(0) =  0, tuOL +  fD ^  c u ^  +  co^a).

Such functions will be called moduli of continuity. If

m(/;<5):= sup \ f ( x ) - f( y ) \
\x-y\^S

denotes the modulus o f continuity of /£ C 2)t, then the class of function fd C 2n 
for which

coif; ö) ^  Aooiö)
will be denoted by H w, and

l l /L  := ll/llc+sup \Amf i x ,  y)|,

where
x»y

A'1'f ix , y) = \ f jx ) - f jy ) \
coflx-yl) ’ X7± У,

defines a norm in In the case a>iô)=ôx ( 0 < a á  1) we write, as usual, H x, ri“/ (x ,  y) 
and ll/L  instead of H*', Aô*fix,y) and | |/ | |Ä«, respectively.

1980 Mathematics Subject Classification. Primary 41A25.
Key words and phrases. Fourier series, class Я " , modulus of continuity.
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Recently Z. Stypinski [3], generalizing a theorem of S. Prössdorf [2], proved the 
following

T heorem A. Let /С Я ’ (0 < а ё 1 )  and Os/?<oc. Then

(2) W n - f h  = {о(А ГН 1+1о8 яп)),
0 <  a <  1, 
a =  1.

Theorem A, in the special case 2„=n, reduces to a theorem of S. Prössdorf 
([2], Theorem 2).

In the present paper first we extend the validity of Theorem A to the class H m 
and improve its second statement.

Let us define ot=a(eo) as the infimum of those a ' for which there exists a natural 
number /(=/<(«') such that

(3) 2'и/со(2-л- '‘) >  2co(2~")

holds for all n. It is easy to see that for any modulus of continuity o.)(ö) the definition 
o f a has sense and O ^ a S l ,  namely if a '> l  then (3) holds obviously by the monot
onicity of 2na>(2~"), furthermore (3) with а 'ёО  will never be satisfied. (We mention 
tha t a definition being equivalent to a was given by  V. T otik  [4], p. 152. He denoted 
this number by u>0.)

It is also clear that if (3) holds for a certain a' and then

22М«'-г)ш(2 -" -^ )  s=■^■22',:̂ 'œ(2-n- 2,̂ ) = j 2 f‘°,'(2t‘*'w(2 

S  j 2"“' (2 « ( 2 S j 2 2co(2~") = 2co(2~")

is also true, and this shows that (3) holds if and only if а '> а , i.e. (3) is not valid for 
a' =  a.

Thus (3) determines for any modulus of continuity oj(ô) a number a uniquely, 
and this enables us to use the notation ci)x(S) for any modulus of continuity satis
fying (3) for any а '> а .

Since for a)(ô) = ôa ( 0 < a ë l )  (3) holds for any а '> а  we can write that 
d* = a)*(S). We remark that a modulus of continuity cox(ô) does not necessarily 
coincide with ô“.

Now we define a certain subset of the moduli of continuity cou(ô) to be considered 
later on.

Let Qx denote the set of the moduli of continuity o)a(S) having the following 
additional property beside (3): For any natural number ц there exists a natural num
ber N(n) such that if n> N (n) then

(4) 2"‘шД2-п-") s  2cox(2~")
holds.

Our result reads:
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T heorem  1. I f  O S j ? < a S l ,  wß(ö)£Qß, cox(â)ÇI2x and f£ H m* then

holds.

(5)

or ß >  0,

i f  /5 =  0 and a = l

It is clear that Theorem 1 includes Theorem A and if /5>0, ot—1 then it gives 
a better approximation order than (2) does.

In [2] Prössdorf also proved the following

T heorem  B. I f  f d H a (0<a==l) and 0si/5<a then

(6) Ik- / l ip  =  0 (n P~x log /7).

If À„ = 1 then V „ + 1 ( X ' ,  x) = s„(x), but (6) gives a better result than (2) (or (5)) 
does in this special case. Thus in order to generalize (6) we have to refine our proof. 
Next we prove a generalization of Theorem B.

Theorem 2. I f  1, a>ß(ö) and ша(<5) belong to the class Qls and Qx,
respectively, and ff_ H “« then

(7)
holds.

k - / I L ,

2. To prove our theorems we require the following lemmas.

L emma 1. I f  1, œp(ô)Ç.Î2e and ojx(S)dQx then for any n

( 2. 1)

and

( 2.2)

réi cox(2-k) -  соЛ2-")

у  в> .(2-*) у  о « ( 2 - " )
i á  ш,(2-*) -  '■* 10,(2-)

hold, where Kßx is a positive constant independent o f n.

Proof. If /?'>/? then there exists a natural number v=v(ß') such that

2 v f ’ ( O ß ( 2 ~ n ~ v)  >  2 c û f ( 2 ~ n)

holds for any n. Hence it follows obviously that

(2.3) 2kvß'wß(2 -n- vk) >  2kwß(2 -n).

Since cox(ő)£Qa thus for this v there exists a natural number N(v) such that if 
m >A(v) then

2v*a>„(2-m- v) =s 2ша(2 -га)

9* S tu d ia  S c le n t la r u m  M a th e m a tic  a r u m  H u n g a r ic a  14 (1979)
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holds, and consequently for any к

(2.4) 2kvx(ox(2-m-',k) =£ 2k(ox(2~m).

If /?</?'< a and m>JV(v(/?')) then (2.3) and (2.4) imply that

(2.5)

whence

^  2*K. - r )  V 2" ”)
0 J j2 -m- ' k) ojx(2 -m) ’

(2.6) as t - 0
cox(t)

follows.

Now we can prove (2.1). Let ß '= ^ ~ ^ ,  and let us choose j= j(N (v))  and 

l = l(ri) such that
V (j — 1) ^  N(y) <  vj and v(Z — l ) i n < v l

hold. Then, by (2.5), we can make the following estimations:

y Ä J y + У l® eÖ . = í у  А. у 1 T l Ä i
Á  (ox(2-k) -  U t'i kJ f +i) cox(2~k) h ú ^ á j  uJf+i) cox(2~k) ~

(2.7)
/-1

— *(v) + 2  V
i = j

(Oß(2~iv)
coA 2-<i + 1'0

K(v) + vK( ot-/J)
« a (2 -,v) “

— K(V) + v 2 ^ K ( o c - ß ) ^ ^ l

where K(v) and K(oc—ß) denote positive constants depending on the parameters de
noted in the brackets.

Since v=v(ß') depends also just on —̂ —(=ß')', thus in respect to (2.6)

(2.1) is proved by (2.7).
The estimations (2.2), by (2.5), can be proved similarly, we omit the details. 

Lemma 2. I f  0 ^ /S < o tS l and f £ H “ *, œp(ô)(i£2p, a>x(ô)Ç.Qx, furthermore

<Px (0 = f( x + t) + f ( x - t ) - 2 f ( x ) ,
then

(2.8) \<Px(f)~<Py(f)\ ^  Kœf ( \ x - y \ ) ^ ^  
holds1 for any x, y  and positive t.

Proof. It is clear that / 6  Л “* implies the following estimations:

(2.9) \q>x(f)-<Py(f)\ ( 'S O )

1 K, Kl t Kt , ... denote positive constants not necessarily the same at each occurrence.
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The proof of (2.8) for 0 < / s |x  — is trivial, namely then by (2.9)

1*-(0-Ф,(01 a  s

If t > \ x —y \  then, using the result (2.1) of Lemma 1, we obtain, by a simple 
consideration on account of the monotonicity of cox and oj/; , that

a>g(0 Ä K ^ ( k - ^ l )
<»«(0 _  3 œ .flx -y l) ’

whence and from (2.10) our statement (2.8) follows obviously.

Lemma 3. For any nonnegative sequence {a,,} the inequality

m
(2.11) 2  ан — Kam (m =  1, 2, K >  0)

n=i

holds i f  and only i f  there exist a positive number c and a natural number p such that for 
any n
(2.12) a,1+1> ca„ 
and
(2.13) ап+11-ш2а„ 
are valid.

P roof. An elementary calculation gives the proof. Namely, (2.12) follows from
(2.11) if c= l/K . Furthermore, by (2.11), we have for any p that

1 n+p J B+M ^
^в + в — ~jp 2  — ~J7 2  ^b

A  i = n + 1 A  i = л -f 1 A к 2

holds, and if p ^ 2 K 2 then this proves (2.13).
Conversely, if (2.12) and (2.13) hold, and ( n - l ) p ^ m S n p ,  then

m и — 1 ц к  m

2°i =  2 2 at+ 2 °t -
i  =  1  k = l  i = n ( k - 1 ) + 1  i = ( n  — l ) f t  + 1

(n-l)fi m 2 / 1 / 1  у
s 2  2  ai+ 2  a; =  2 2  — I om =  Kami = (w —2)д +1 i = (»i — 1 î = l VC/

which proves (2.11).

3. P roof of T heorem  1. The proof runs on the same line as that of our first 
theorem in connection with the convergence of the means V„(2; x) ([1], Theorem 2, 
see also [3]).
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A standard computation gives that
1 я/2

Qn(x) =  Vn( l\  x ) - f ( x )  = —j -  f  <px(2t)Kn(t) dt,

where

Kn{i) =
sin Xnt sin (2 n —?.n)t 

sin21
Hence

j  */2
Qn(x)-QH( y ) /  \<PÁ2t)-(Py(2t)\Kn(t)dt = I.

Let us split the integral /  into three parts:
Л/2 1/n 1/Л„ Я/2

/  =  /  — Jf +  J +  f  = h  +  h + h -
О 0 l /л 1/An

These integrals, by (2.1), (2.2) and (2.8), can be estimated by elementary methods
i/n l/n

Л = Kn J  \(px(2t)-<py(2t)\dt Ä ^ntu^ d x-y l) f  ~ ^ r d t  s
О о ( ‘ 1

"«ОАО— ^ 2 ^ ( |X -> ’|) (Oß(l/n)'
h  == K3 f  " \<Рх(21)-<Ру{Щ ,П Г „  ..14 У" <»«(0

1/«
■dt =S * 4<a/,( |x -y |)  /

n- i  V*
^4%(!дс- у !) У  /  ^ d ^ ^ ( i x - y l )

*=л„1/*+1 to />v0 *=*„ К COßO/k)

1 Jn '"ДО

£ 1 "«(1/fc)

w i * - td Wa(1Mn)
and finally

m = log^„ " Д 2  m) p (Oß(l/2„)

r ^  „ 1 ?  \<px(2 * )-< p ,m  ^  1 7 \  /I „ ©.(/> _4  =  A8y  J -----------I - 2 ------dt =  A9-t-  I coß( \x -y \ ) -^ -^ d t  s
/•n m 1 1 An -, »j" VL, V*„ t2coß(t)

“ 4 “‘(
Here the last sum can be estimated easily if a < l ;  namely then

2  - 2- A g a  ,  * .  '! '•  2 -ш. ( 2 - )  «  AV. A W «
"Д 2  m) nty(l/A„) m=0 

(see Lemma 3 and (3) with a ' — 1 ).

2 E , where a and 6 are not integers, means a sum over all integers between a and b. The log
m = a

arithm is used with basis 2.
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If a = l  and /J=-0 we obtain the same upper estimation for this sum but then
(3) holds if and only if a '=»l(=a). Using the monotonicity of the sequence 
2m<-l+ß,2ia>i (2~m) we get that

Л  (Oß(2~m) W ' O ' W n )  °Z 2mßri(Oß(2~m)

and if we show that
loĝ

(3.1) 2  2~ (2_m>)—1 ^  Ki 2~fl2(œfi(l/2n))~1
m =  0

holds, then our statement is verified.
To prove (3.1) first we show that there exists a natural number ц such that

(3.2) 2 -(-m+ll)l,l2((Oß(2-m-'‘) ) -1 >  2 • 2~mß/2(cüß(2~m))~1.

Since cOß( ö) £  Qp thus for any /i there exists an index N ( p)  such that if m > - N (ß )

then
2 ^ coß(2~m~l‘) S  2coß(2~m); 

and if /i> 4 Iß then hence we get that

2 ^ Wß(2-m->1) <  - ^ 2'"’/2co„(2 - m),

which implies (3.2).
A standard calculation similar to the proof of Lemma 3 shows that (3.2) implies

(3.1).
In the case a = l  and /1=0 the sum investigated before does not exceed

z r - \  / 1  I 1__ 1 \  * ® l( lM * )/:;.„ (!+ log/„) Wo(1/An) -

namely {2mtu1(2-m)/co0(2 ~m)} is a nondecreasing sequence. 
Consequently, collecting the partial results, we have that

1 =  I £ „ ( * ) - & ,  O ')  I ^
^ ( k - j l ) 7777777 if « < 1  or 0 >O,

Ka>ß(\x-y\) ^ i ! ( ; n!-(l+ lo g -U  if a =  l and ß =  0, 
. a>ß \4 Än)

whence (5) obviously follows.

Theorem 1 is proved.

Proof of Theorem 2. In the proof we follow Prossdorf’s method. Denote

S *  C*) =  s„ (x) — y  ( u „  COS nx  +  bn sin nx).

S tu d ia  S c ie n t ia r u m  M a th e m a tlc a r u m  H u n g a r ic a  14 (1079)
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An elementary calculation shows that if f £ H a" then an = 0  \ mc 

Hence we get thatЬ. =  о ( „ . ( 1 )).

(3.3)

И) and

S n-S ÎL . =  O ■ Ш т %
namely if |лг— y \>—  then

F j > ( x  y )  ■= Is-(*)~ sn (*)-s„(y) + s*(у)I  ̂ Kcox(i/n)  ̂K tu„(l/n)
°}ß(\x ~y\)

and if |лг—y | s — then by Lagrange’s theorem

F !(x , у ) S  К w£ hl\ ,  n \x - y \  = К,

<Oß(\I n ) '

where we have used that

■ t as t — 0.

<op ( i /n )

Oiß{t)

In respect to (3.3) it is enough to consider the functions R„ (x)= (x) —f(x )  
and to estimate the difference \R„(x)-R„(y)\. Using a known estimation (see [5], 
p. 107) we obtain that

l*„(x)-7?„(y)| — Л  +  Л  +  ̂ з +  Л>
where with t]=— 

n
1 n

Ji =  — f  * ~ % * (0 -Р ,(0  +  <Р,(*+»/)-9>*('+»/)|Л.
n

j% =  n f  t~2\<Px(t)-<Py(t)\dt,
4 2 4

J 3 =  2r]-1 f  \<px( t ) -q > , ( t ) \  d t

and
7Г

Л =  f  \<Px(t)-<Py(t)\dt.
7С-Ч

Using (2.6) and the obvious inequality cop( l/n )^ K m )x(\/n) / 4 can be estimated 
as follows:

h  ^  ^ с и а( | х - у | ) 1  ^  K2C O ß ( \ x - y \ ) ^ j ^ .

Following the same considerations as in the estimation of Д at the proof of 
Theorem 1 we obtain that

K3Wß(\x-y\) в>«(1/и) 
o)ß(l/n) '

S tu d ia  Scientiarum M athem aticarum  Hungarica 14 (1979)



GENERALIZATIONS O F PRÖSSDORF’S THEOREM S 4 3 9

whence

If we put A„=n into the estimation obtained for / 3 we immediately get that 

J ^ K iWfi{ \ x - y \ ) ^ ^ l o g n.

Finally, an elementary consideration shows that

J, К  min Ííua( | x - J ’|), со. ( — ) ]  log n,

follows. Namely if l /« s |x —y>| then

( ' l l  . . . .  а)а(1 /n) ,, ,4 cox(l/n)

and if 0<  |y —у |< 1/и then by (2.6)

Mk-Jl) = ca„(lx-,yl) -  K<°ß(\x~y\)

„(1 /» ) ’ 

cua( l /n )
<иД1/и) ■

Now collecting our partial results we obtain that (7) holds and this completes 
the proof.
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/•-ZUGÄNGLICHE UNTERDECKUNGEN DER EBENE DURCH 
KONGRUENTE KREISE

von
G. BLIND UND R. BLIND

1. Eine Packung von offenen Einheitskreisen {Ä',},eN im E 2 heißt r-zugänglich, 
wenn an jeden Kreis К; aus beliebig großer Entfernung ein Kreis vom Radius r so 
bis zur Berührung herangeschoben werden kann, daß er in keiner Lage einen inneren 
Punkt mit einem Kreis К, gemeinsam hat.

Das Problem der dichtesten /--zugänglichen Kreispackung wurde in [5] aufge
worfen und untersucht. In [1] wurde gezeigt, daß für die Unterdeckungs-Dichte 
D einer /--zugänglichen Kreispackung gilt

D ^  ....... 7L-zrr---------=r für r >  0,
^ ( l + r ) * —1 +  /3

wobei ein Beispiel zeigt, daß diese Schranke nicht verbessert werden kann.
In der vorliegenden Arbeit wird ein erheblich einfacherer Beweis dieser Schranke 

angegeben. Benützt werden Methoden aus [2].

2. Es ist zweckmäßig, die Unterdeckungs-Dichte von allgemeineren als den r- 
zugänglichen Kreispackungen nach oben abzuschätzen: Im E 2 sei {Aj}f€iV eine 
Packung von Einheitskreisen (Systemkreisen) mit der folgenden Eigenschaft: Die 
Indexmenge N kann in zwei disjunkte Teilmengen Д und /2 zerlegt werden mit

(1) An jeden Kreis Aj mit /6А kann aus beliebig großer Entfernung ein Fahr
kreis vom Radius /■ so bis zur Berührung herangeschoben werden, daß er 
in jeder Lage disjunkt ist zu allen Systemkreisen A((/€N).

(2) Für jeden Kreis Aj mit /£ /2 gilt, daß im Innern des zu ihm konzentrischen 
Kreises vom Radius 2 +  2r kein weiterer Systemkreismittelpunkt liegt.

Die /--zugänglichen Kreispackungen erhält man speziell für /2=0. Weil die Unter
deckungs-Dichte der Packung {Aj}ie/V nach oben abgeschätzt werden soll, kann 
o.B.d.A. angenommen werden, daß es zu jedem Punkt PÇ.E2 einen Systemkreis
mittelpunkt im Innern des Kreises um P mit Radius 2+2/- gibt; denn sonst kann man 
der Packung einen Systemkreis mit Mittelpunkt P  hinzufügen, ohne die Eigenschaften 
(1) und (2) zu verletzen.

3. Der Mittelpunkt eines Systemkreises Aj heiße O,. Nach der Methode der 
Stützkreise (siehe z.B. [3] oder [4, S. 228], jeder Stützkreis hat nach 2 einen Radius

1980 Mathematics Subject Classifications. Primary 52A45.
Key words and phrases. Convex sets, packing and covering, packing of circles in the euclidean 

plane.
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< 2 + 2 r) gibt es im E -  ein Polygonnetz M ' aus konvexen Polygonen mit den Ecken
0 1, das E 2 schlicht und lückenlos überdeckt. Der Mittelpunkt eines Stützkreises ist 
der Mittellotschnittpunkt des zugehörigen M '-Polygons. Wenn also P1 und P2 zwei 
M'-Polygone mit gemeinsamer Seite Px П P 2 und Mittellotschnittpunkten Qx 
bzw. Q2 sind, und wenn das Mittellot auf PXC\P2 in Richtung von Px nach P2 orien
tiert ist, so liegt Qx vor Q2 auf dem Mittellot.

Aus der Definition von M ' folgt außerdem, daß M ' dual ist zum durch {K,}í€ív 
definierten Netz der Dirichletschen Zellen : Die Ecken der Dirichletschen Zellen sind 
genau die Mittelpunkte der Stützkreise, d.h. genau die Mittellotschnittpunkte der 
M'-Polygone; die Kanten der Dirichletschen Zellen verbinden genau die Mittel
lotschnittpunkte von zwei M'-Polygonen mit gemeinsamer Seite, und sie liegen auf 
den Mittelloten dieser Seiten.

Durch geeignete Zerlegung der Polygone von M '  erhält man ein Dreiecksnetz 
M  mit den Ecken 0 ;, das E 2 schlicht und lückenlos überdeckt. Der Mittellotschnitt
punkt eines Dreiecks von M  ist identisch mit dem Mittellotschnittpunkt des ent
sprechenden Polygons von M '.

Weil der Radius jedes Stützkreises < 2 + 2 r ist, ist 2(2+2r) eine obere Schranke 
für die Länge der Kanten von M  und n(2 + 2 r f  eine obere Schranke für den Flächen
inhalt eines M-Dreiecks.

4. Es sei 2  die Menge aller Punkte Q mit 0 0 , ë l + r  für alle iÇN. Die Teil
menge von 2  aus allen Punkten, die als Mittelpunkte für einen Fahrkreis in Frage 
kommen, besteht aus Wegzusammenhangs-Komponenten 2j ( j f J ), die alle nicht 
beschränkt sind.

Г' sei der folgende Graph : Die Knoten von Г' seien die in 2  liegenden Mittellot
schnittpunkte von M-Dreiecken ; zwei Knoten von Г' werden genau dann durch 
eine Kante verbunden, wenn die ihnen entsprechenden M-Dreiecke eine gemeinsame 
Seite haben und wenn die Verbindungsstrecke der beiden Knoten ganz in 2  liegt. 
Die Knoten von Г' sind also höchstens 3-wertig.

Zur genaueren Untersuchung von Г' betrachten wir zunächst die Systemkreis
mittelpunkte 0 ;( i€ /2). Alle Punkte auf dem Rand des Kreises К (0 ,, 1 +r) um 0, 
mit Radius 1 +/- liegen in 2, wegen der Voraussetzung (2) über {K,}. K{Ot, 1 +r) 
liegt deshalb ganz in der K, enthaltenden Dirichletschen Zelle, so daß jeder ihrer 
Randpunkte in 2  liegt. Daraus folgt: Die M-Dreiecke mit der Ecke 0 , haben als 
Mittellotschnittpunkt einen Punkt aus 2, und die Verbindungsstrecke der Mittel
lotschnittpunkte von zwei nebeneinanderliegenden solchen Dreiecken liegt ganz in
2. Zu jedem 0 ; (i+/2) enthält also Г' einen Kreis, und Г,- sei die Komponente von Г', 
die diesen Kreis enthält.

Zu gegebenem j£ J  seien nun Qx, Q2£ 2 j  Mittellotschnittpunkte von Ai- 
Dreiecken. Wegen des Wegzusammenhangs von 2 j  gibt es dann einen ganz in 2j 
verlaufenden Weg W, der 0 , und Q2 verbindet. Wenn W  nicht nur aus Kanten von 
Dirichletschen Zellen besteht, gibt es eine einen Kreis Kt enthaltende Dirichletsche 
Zelle Di (/£N) so, daß Punkte von W  im Innern von £>, liegen. Verändert man den 
Weg W, indem man 1РЛД- ersetzt durch die Projektion von 1+П A  von 0 ; 
aus auf den Rand von D ,, so erhält man wieder einen Qx und 0 2 verbindenden Weg, 
der ganz in 2j verläuft. Daher kann o.B.d.A. angenommen werden, daß W  nur aus 
Kanten von Dirichletschen Zellen besteht. Der Untergraph Гj von Г', der durch 
die in 2 j liegenden Knoten von Г' erzeugt wird, ist also zusammenhängend. Dabei
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ist Г, Komponente von Г'. Weil mit einem Punkt einer Dirichletschen Zelle auch 
eine Ecke der Dirichletschen Zelle zu äj gehört, und weil äj nicht beschränkt ist, 
ist Гу unendlich.

Nun betrachten wir die Systemkreismittelpunkte O, (/£/1). Weil an jeden Kreis 
Kt 0'€/i) ein Fahrkreis bis zur Berührung herangeschoben werden kann, gibt es 
auf dem Rand des Kreises K(Ot, 1+r) um O, mit Radius 1+ r einen Punkt Q^2.j 
für ein geeignetes j£J. Die K-t enthaltende Dirichletsche Zelle enthält Q, so daß 
eine ihrer Ecken in liegt. Deshalb gibt es ein M-Dreieck mit der Ecke O, so, daß 
sein Mittellotschnittpunkt in üy liegt, also Knoten von Гу ist.

Es sei schließlich Г der Graph, der durch Vereinigung aller Graphen Гу (j£J)  
und aller Graphen Tj (/€/*) entsteht. Nach Konstruktion hat dann Г die folgenden 
Eigenschaften :

(3) Die Knoten von Г sind mindestens 1-wertig und höchstens 3-wertig.
(4) Jede Komponente von Г ist auch Komponente von Г ' .

(5) Jede endliche Komponente von Г enthält einen Kreis.
(6) Jeder Systemkreismittelpunkt O, (/£ N) ist Ecke eines solchen M-Dreiecks, 

dessen Mittellotschnittpunkt Knoten einer unendlichen Komponente von Г 
ist, oder die Mittellotschnittpunkte aller 0, enthaltenden M-Dreiecke sind 
Knoten von Г.

5. Es sei О ein beliebig, aber fest gewählter Ursprungspunkt der Ebene, und 
K (0 , R) sei der Kreis mit Mittelpunkt О und Radius R. Es sei n=n(R) die Zahl der 
Systemkreise, die ganz innerhalb K (0 , R) liegen. Dann ist die Unterdeckungs-Dichte 
D der Kreispackung {Г,}кл. gegeben durch

D = IlmR -*■ oo
n(R) 

Я- ’

Weil eine obere Schranke für D angegeben werden soll, kann o.B.d.A. im folgenden 
R jeweils so groß angenommen werden, daß die durchgeführten Konstruktionen 
sinnvoll sind.

Alle M-Dreiecke, deren Ecken Mittelpunkte von ganz in K (0 , R) liegenden 
Systemkreisen sind, sollen den Bereich Gu bilden. G0 besitzt dann n Eckpunkte, und 
es sei к  die Anzahl jener M-Kanten, die Randkanten von G0 sind. Nach dem Euler- 
schen Polyedersatz besteht dann G0 aus 2n — k —2 M-Dreiecken.

Diejenigen Systemkreise, die die к  Randecken von G„ als Mittelpunkte haben, 
liegen ganz außerhalb des Kreises K (O, R —(2(2+2r) +  2)), weil nach 3 2(2+2r) 
eine obere Schranke für die Kantenlänge von M-Dreiecken ist. Diese к  Systemkreise 
liegen also ganz innerhalb des Kreisrings K (0 , R ) \K (0 ,  R —(6+4r)) mit einem 
Flächeninhalt kleiner als 2nR(6+4r), so daß gilt

(7) k<2R(6+4r).

Weil die Länge der Randkanten von G0 unabhängig von R durch 2 + 2 r be
schränkt ist, liegen für genügend großes R auch die Randkanten von G0 außerhalb des 
Kreises K (O, R —(6+4r)), so daß G0z>K (O, R —(6+4r)). Weil die Fläche eines
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M-Dreiecks nach 2 kleiner als л (2+ 2/-)- ist, gilt für die Anzahl der ̂ /-Dreiecke von G0

6. Zu jedem M-Dreieck, das eine Randkante von G0 als Seite hat und nicht in 
G0 liegt, betrachten wir nun das gleichschenklige Dreieck mit derselben Randkante 
als Basis, mit demselben Mittellotschnittpunkt, und auf derselben Seite der Rand
kante gelegen. Alle diese к  gleichschenkligen Dreiecke bilden zusammen mit G0 
einen Bereich G ; dabei können Dreiecke von G gemeinsame innere Punkte haben.

Die Länge jeder Kante von G ist wie die von M-Dreiecken ^2 .
Es ist G0czK(O, R), und die к  Dreiecke von G \G 0 haben alle einen Flächen

inhalt < л (2 + 2/-)a. Deshalb gilt für den Flächeninhalt F  aller G-Dreiecke

Wir teilen nun die Dreiecke von G in zwei Klassen ein: Ein Dreieck von G 
heiße Dreieck 1. Art, wenn sein Mittellotschnittpunkt Knoten von Г ist, sonst heiße 
es Dreieck 2. Art. Zwei Dreiecke 1. Art heißen im folgenden benachbart, wenn die 
ihnen entsprechenden Knoten von Г benachbart sind.

7. Der Flächeninhalt eines G-Dreiecks A läßt sich gemäß den Figuren 1 und 
2 aus den Flächeninhalten von 3 rechtwinkligen Dreiecken berechnen, die alle den 
Mittellotschnittpunkt von A als Ecke haben. Der Flächeninhalt eines rechtwinkligen 
Dreiecks ist

Wegen « > n -----— folgt daraus zusammen mit (7)

( 8)
к 2R(6 + 4r)

(9) nR2+kn(2 + 2r)2.

F(e, u) = — u2 ctg £,

Fig. I Hg. 2
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wenn и  eine Kathete des Dreiecks ist und s der и gegenüberliegende Winkel. Weil nun 

(10) -  F(e, u) = F(n—e, u),
gilt für den Flächeninhalt F(A) von A

(И) F{A) =  2 2  F(em, um),
m = 1

wobei man die Definitionen von em und um den Figuren 1 und 2 entnimmt.
Ein so am Mittellotschnittpunkt von A auftretender Winkel heiße y-Winkel, 

wenn A ein Dreieck 2. Art ist; wenn A ein Dreieck 1. Art ist, so heiße £,„ a-Winkel, 
wenn der eine Schenkel von e,„ Mittellot einer solchen Seite von A ist, die gemein
same Seite von zwei benachbarten G-Dreiecken 1. Art ist, sonst heiße em ß-Winkel.

Damit gilt für den Flächeninhalt F aller G-Dreiecke

( 1 2 ) 2  F(tx,, u,) + 2  F(ßp, up) + 2  F(y4, uq),
I p q
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wobei die Summationen sich über alle Teildreiecke von G'-Dreiecken mit a- bzw. 
ß- bzw. y-Winkeln erstrecken (siehe Fig. 3), und wobei

(13) Z <*1+2 ßp+2 Vq — ( 2 n - k - 2 + k ) n  = (2л-2)л.
/ p  q

Im folgenden wird aus (12) und (13) eine Abschätzung für F  abgeleitet. Zur 
Vorbereitung dient 8.

8. Es seien A1 und A2 zwei G-Dreiecke 
mit einer gemeinsamen Seite AXDA2. Qx 
bzw. Q2 seien ihre Mittellotschnittpunkte, 
die auf dem Mittellot L  zu AXDA2 liegen.
Ox und Q2 liegen nach 3 auf L  in der durch 
Ax und A 2 gegebenen Reihenfolge. 0 io sei 
eine gemeinsame Ecke von Ax und A2.
Dann ist Qx Scheitel eines in 7 definierten 
Winkels <5i so, daß ein Schenkel von áj der 
auf L  von Qi ausgehende Halbstrahl in 
Richtung von Ax nach A2 ist, und daß 
der andere Schenkel von dx die Ecke O,0 
enthält; Q2 ist Scheitel eines Winkels ö2 so, daß ein Schenkel von <S2 der auf L  von Q2 
ausgehende Halbstrahl in Richtung von A2 nach Ax ist, und daß der andere Schenkel 
von <52 die Ecke Oio enthält.

9. Gezeigt werden soll

(14) Z  F (<x, , ui) = Z  . 1 +  '0,l l
wobei

ol[ ^ Z  und 2 ai = Z af  4 ; 1

Es seien speziell Ax und A2 benachbarte G-Dreiecke 1. Art; dann sind <5X und <52 
a-Winkel, die o.B.d.A. mit ax und a2 bezeichnet werden.

■ft _____
Wenn nun a.x,^.2 = —, dann schneidet АХПА2 die Strecke QxQ2c:A>. Die

Länge von Axf]A2 ist deshalb £ 2 + 2 r, und es gilt F(ax, ux) +  F(a2, u2) ^  
S E K ,  l+ r) + F(a2, l+ r)  = F(oc'x, l+ r) + F(a2, 1+/-) mit a.'x:=ax, a2: = oc2.

Ti Ti
Falls aber nicht <xx, a2 — S^t (siehe Figur 4), ist o.B.d.A. ax>-—. Das Lot 

von Qx auf QxOio schneidet dann Q2Oio in einem Punkt D. Der bei D  im Dreieck
Ti

DQxOio auftretende Winkel a ist dann a =  ot1 +  a2— Weil für die Flächeninhalte

der D reiecke DQxOits und Q2QxOio gilt F{DQxOia) ̂  F(Q2QxOio) und F(DQxOit)=  
= F(oc, QxO J  und

F (Q2 Qi Oh) = F(ax, ux) +  F(a2, u2),
ist

F(ax, ux) + F(a2, u2) ä  F(a, QxOio) ^  F(oc, 1 +  r)
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TI яwegen Mit a i := a !+ a 2—- ,  a2:=-^ ist also auch in diesem Fall

F{ax, Ux)+F(aa, u2) s  F(a.[, l + r) + F(aí, 1 +r) 

mit a í ,a 2^-í- und ai +  a2 =  ai +  a2-
Weil man durch Betrachten aller Paare von benachbarten G-Dreiecken 1. Art 

jeden a-Winkel genau einmal erhält, ist (14) gezeigt.

10. Gezeigt werden soll

(15) 2  F(ß?’ Up)+ 2  П уя, uq) ё  2  F(ßp, 1 ) + 2  F(yt , 1).
P 4 P 4

Es seien speziell Аг und A2 nicht benachbarte G-Dreiecke, dann sind <5, und <5a 
beide keine a-Winkel, sondern ß- oder y-Winkel. Die Länge von /4ХГЫ2 ist =2.

Wenn nun ö1,ö 2=-^-, so gilt

F(<5X, mx) +  F(<52, u2) S  F(«5X, l) + F(St , 1).

7Г 7ÜFalls aber nicht ô1,ô 2S — gilt, ist o.B.d.A. <5X> —, und wegen <5х +  <52^ я

TCist ô ^ n —ô ^ — . Die 1. Ableitung nach и von F(<5X, u) + F(ö2, u) ist für (52S

7ZS n  — ö x ^ — nichtnegativ, d.h. F(Sx, u) + F(ô2, и) ist monoton wachsend in u. 

Somit ist auch in diesem Fall

F(Sx, Ux) + F(ö2, щ) S  F(öx, l) + F(ö2, 1),
wegen Ux—u2.

Durch Betrachten aller Paare von nicht benachbarten G-Dreiecken mit einer 
gemeinsamen Seite erhält man alle solchen ß- und y-Winkel genau einmal, bei denen 
der eine Schenkel nicht Mittellot einer Randkante von G ist. Nun sind die Randkan
ten von G die von den Basen verschiedenen Seiten der gleichschenkligen Dreiecke 
von G \G 0; diejenigen ß- und y-Winkel, bei denen der eine Schenkel Mittellot einer

Randkante von G ist, sind also Die Länge jeder Randkante von G ist nach 6

außerdem S2. Damit ist (15) gezeigt.

11. Für alle Winkel ßp gilt

(16)

Nach 10 gilt (16) für alle diejenigen ^-Winkel, bei denen der eine Schenkel Mittel
lot einer Randkante von G ist. Wenn also (16) falsch ist, so gibt es zwei nicht benach-

7Г
barte G-Dreiecke d x und A2 mit gemeinsamer Seite d xfM 2 so, daß <5X> — und ein 

ß-Winkel ist. Dann ist d x ein Dreieck 1. Art, also Qx^FL und <2хО,0̂ 1  +r. Wegen
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ist dann für alle ß £ ß i ß 2 auch ßO,0S l  +r. Nun ist der Kreis K(Q X, QiOio)

um  Qi mit Radius ß ,0 /() Stützkreis, ebenso der Kreis K(Q2, ß 2Oio), so daß im Innern 
dieser Kreise kein Systemkreismittelpunkt liegt. Für jedes ö £ ß iß 2 enthält deshalb 
auch der Kreis K(Q, QOio) keinen Systemkreismittelpunkt in seinem Inneren. Für 
alle r'ÇN ist somit ß O ; =  ßO,0= l  + /' und folglich Q1Q2c ä .

Nach (4) ist also auch ß 2 ein Knoten von Г, der zu Qx benachbart ist, im Wi
derspruch dazu, daß Ax und A,, nicht benachbart waren.

12. Es folgen Abschätzungen für die Anzahl der G-Dreiecke 1. und 2. Art und 
der a- und /i-Winkel.

Dazu betrachten wir die Einschränkung von Г  auf die Knoten, die Mittellot
schnittpunkte von G-Dreiecken sind; dieser Graph werde mit F G bezeichnet.

G0 hat n — k innere Eckpunkte. Genau .v von ihnen seien Ecken von solchen 
M-Dreiecken, deren Mittellotschnittpunkte Knoten von unendlichen Komponenten 
von Г  sind. Jede Komponente von fjG , die Teil einer unendlichen Komponente von Г 
ist, besitzt mindestens einen Knoten, der Mittellotschnittpunkt eines Dreiecks von 
G \G 0 ist; deshalb gibt es höchstens к solche Komponenten. Wenn eine Komponente 
von F|G ex Knoten hat, und die durch die Knoten gegebenen Dreiecke insgesamt e2 
Ecken haben, so gilt ex^ e 2 — 2. Damit gibt es mindestens s — 2k Knoten von E|G, 
die auf unendlichen Komponenten von Г  liegen.

Für die restlichen n —k —s  inneren Eckpunkte von G0 gilt nach (6), daß alle sie 
enthaltenden M-Dreiecke von 1. Art sind; daher besitzt T|G noch mindestens 
n — k —s  weitere Knoten.

Insgesamt hat Г |G also mindestens (s—2k) + (n — k —s)—n — 3k Knoten. Damit 
gibt es n — 3k + t (0 = tS n  + 3k — 2) Dreiecke 1. Art und п + Зк — 2 — t Dreiecke 2. 
Art.

Am Mittellotschnittpunkt eines Dreiecks 1. Art treten so viele oc-Winkel auf, 
wie die Wertigkeit des dem Mittellotschnittpunkt entsprechenden Knotens von EjG 
ist. Nach (3) sind höchstens solche Knoten von F|G 0-wertig, die Dreiecken von 
G \G 0 entsprechen; E|G hat also höchstens к  0-wertige Knoten.

Eine Komponente von F|G, deren Knoten nur G0-Dreiecke entsprechen, ist 
eine endliche Komponente von Г, die nach (5) einen Kreis enthält, so daß die Anzahl 
ihrer 1-wertigen Knoten kleiner oder gleich der Anzahl ihrer 3-wertigen Knoten ist.

Alle anderen Komponenten von F\G besitzen mindestens einen Knoten, der 
Mittellotschnittpunkt eines Dreiecks von G \G 0 ist, so daß es höchstens к  solche 
Komponenten gibt; für jede solche Komponente ist die Anzahl der 1-wertigen Knoten 
kleiner oder gleich der um 2 vermehrten Anzahl der 3-wertigen Knoten.

Wenn also vx bzw. vs die Anzahl der 1- bzw. 3-wertigen Knoten von F.G ist, 
so ist vx^ v 3+2k. Weil es nun n — 3k + t Dreiecke 1. Art gibt, gibt es also mindestens 
2(n—3 k + t—k )—2k—2{n—5k+ t)  a-Winkel und höchstens n + k + t  ß-Winkel.

Gemäß (8) sei R so groß, daß n —5 k ^ 0  ist.

13. (12) bis (16) ergeben zusammen

(17) 4 F = 2  П4, 1 + r) + 2  F(ßP, V + 2  F(yq, 1)L I p q
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mit

a und 2 < x i+ 2  ß p + Z v q =  2 ( и - 2)я.z I p q
Im folgenden wird Z  F(yq, 1) weiter abgeschätzt: Wir betrachten ein Dreieck 2. 

ч
Art; an seinem Mittellotschnittpunkt treten drei y-Winkel auf, o.B.d.A. die Winkel
7i, Va. Уз-

Wenn Ун so gilt mit Hilfe der Jensenschen Ungleichung

F(yi, 1) +  F(y„ 1) +  F (y„ 1) а З ^ ( У1 +  Уг +  Уз-, l) =  3f ( | - ,  l ) .

7Г 71
Falls aber nicht y i,y2,y 3^ -y , ist o.B.d.A. y ^ y .  Aus yi +  y2 +  y3 =  7t folgt 

dann У з=у und уг^ п  — Dann ist

F(y2,1 )+ F (y ls 1) =  F (y„  1) - Я я - У1, 1) (nach (10))

-  ^ ( т _ ((71" у1) _ у*), 1 ) - ' р ( т 5 0

^weil F(e, 1) für 0< еш ^-  monoton fallend und konvex istj 

=  F ( Vl +  y2- - | ,  i ) +  f ( | ,  l)

]j (nach der Jensenschen Ungleichung). 

Damit ist mit Hilfe der Jensenschen Ungleichung auch in diesem Fall

F(yt , 1 )+F (y„ 1) +  F(y„ 1) S  3^ ( У1 +  Уа +  Уз , i ) =  3f (-j , l ) .

Weil es nun nach 12 genau п+ Зк—2 — t Dreiecke 2. Art gibt, ist also

(18) ^ F ( y e , l ) £ ( n  +  3 f c - f - 2 ) 3 F ( - j ,  l ) .

14. Es folgt eine Abschätzung für

Z  F(«i , l  + r) + Z  F(ßp, 1),

wobei
, _  л ß Ш -  p ~  2_s II/ 4

und
2  aí + 2  ßp/ p

=  (n — 3 k  + t)n.
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Nach 12 gibt es mindestens 2{n — 5k + t) a-Winkel und höchstens n+ k + t 
/ji-Winkel. Deshalb gilt

2(n — 5k + t)

2  F(«'iA + r) + Z  F(ßp, i ) =  Z  F(at\ l  +  r)+ 2  F(a,M  + r) +
l p  1 =  1 1 =  2(11 — 5fc +  f ) - f l

2(n — 5Л -f- f) n + k  +  t

+ Zf (ßP, 1)^ 2  F (a i,l  + r)+ 2  nß'pA),
p i=i p=i

wegen der Monotonie von F(e, u) in и und nach Umbezeichnung gewisser a-Winkel 
in //-Winkel. Wegen der Jensenschen Ungleichung gilt weiter

2(n — ok + t) n + k  +  t

(19) 2  F W , l  + r ) +  Z  F{ß’p, \ ) ^ 2 { n - 5 k  + t)F (* ,\+ r) + (n + k + t)F {ß,\)i=i P=1
mit

Daher ist 

oder 

(20)

Æ  4

1 ( n + k  + t  \  1

Z  ß'p — -,— •
p=i p) n + k + t2(n — 5k + t)

2(n — 5k + fyy. + (n + к + ß — E ccj + E ß p = (и — 3/с —f- r)zr, 

(n — 3k + t)n — 2(n — 5k + t)a.
ß = n + k + t

Nun ist die rechte Seite von (19) monoton fallend in a für a £ ß, und es ist ß 
monoton fallend in a. Deshalb gilt (19) auch unter der Annahme а ё / / ,  was nach

71
(20) äquivalent ist zu а ё — . Damit ergibt sich schließlich

(21) Z  F(«í, 1 +r) + Z  F(ßp, 1) ё  2 (n -5 k  + t)F(x, 1 + r)+(n + k + t)F(ß, 1)

für ein а mit und für
3 2

ß =
(n — 3k + t)n — 2(n — 5k + t)oc

(22)

n + k + t

15. (9), (17), (18) und (21) ergeben zusammen

{ (лК- + кл(2 + 2г)2) ё

ё  2(n — 5k+t)F(ix, l + r) + (n + k + t)F(ß, l) +  (n +  3 /c - i - 2 ) 3 / ’| y , l j ,

für ein а mit y  = und für

(n — 3k + 1 ) л — 2 (n — 5k +  0  а 
n + k + t
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Nun ist die Funktion auf der rechten Seite von (22) für alle a mit 
monoton wachsend in t, so daß gilt

( 2 3 )
у ( я Я 2+/ся(2+ 2г)2) ёг

ё  2 ( n  —5 / c ) F ( a ,  l+ r)  + (n + k)F(ß, 1 )  +  ( n  +  3 / c - 2 ) 3 F ^ y , l j ,

für ein a mit у  S a g  у  und für

ß =
(n — 3k)n — 2(n — 5k)tx 

n + k

Die rechte Seite von (23) ist eine Funktion von a, ihre erste Ableitung nach а

ist für а =•?- kleiner als 0 und für a=-^- genau dann größer als 0, wenn - 7—— =*• 3 2 1 +r

>-sin Í ), was nach (8) für genügend großes R erfüllt ist. Deshalb nimmt die 
4 n + k )

rechte Seite von (23) in y S a g y  ihr Minimum an für ä und ß:=ß(öi) mit

( 2 4 )
i l - ß ^ W l - 5 * ) «

Я . . . .  V И /  V 1 1 )sin а =  (1 +  г) sin ß — (1 +  г) sin------------------- ---------------
1+ -

16. Damit folgt aus (23) für die Dichte D

1
—  ( n R -  +  k n ( 2  +  2 r ) 2) + l 0 k F ( ä , l  +  r )

(25) D = lim s  lim —' ’  R -> ee  R Z R - . e e  R 2
2F(ä, l + r)+F(ß, 1)+3f (-j , l)

я я . Wegen j S a s — ist

( 2 6 ) F (« ,l  +  r ) S F [ y  1 +  r ) .

к кNach (24) ist weiter ä. eine implizite Funktion von —, die für — =  0 stetig ist.n n
к

Wegen (8) ist lim —=0, so daß also lim а existiert, und nach (24) istR -*■ °° fl K-*°°

(27) а := lim а =  a rc cos^—-----г,2(1+  r) R
lim ß = я — 2a.
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(25) zusammen mit (7), (26) und (27) ergibt nun

2F(5, \  + r) + F (n -2 ä , 1 )+3f (j , l)

1

oder wegen (27)

)/4(1 +  г)2- 1  +  )/3 ‘

LITERATURVERZEICHNIS

[1] Blind, G., /--zugängliche Unterdeckungen der Ebene durch kongruente Kreise, I und II, J. Reine
Angew. M ath. 288 (1976), 1—23 und 289 (1977), 1—29. M R  5 6 #  1205a, 1205b.

[2] Blind, G., ^-zugängliche Unterdeckungen der Sphäre durch kongruente Kreise, Resultate der
Math. 4 (1981), 141— 154.

[3] D elone, B. N. and Ryskov, S. S., Extremal problems o f the theory of positive quadratic forms,
Trudy M at. Inst. Steklov. 112 (1971), 203—-223, 387 (in Russian). M R  49 #4939.

[4] F ejes Tóth, L., Reguläre Figuren, Akadémiai Kiadó, Budapest, 1965. M R  30 #3408.
[5] H eppes, A., On the densest packing of circles not blocking each other, Studia Sei. M ath. Hungar.

2 (1967), 257— 263. M R  35 #6037.

U N I V E R S I T Ä T  S T U T T G A R T  
M A T H E M A T IS C H E S  I N S T I T U T  В  
P O S T F A C H  80  11 40  
P F A F F E N W A L D R I N G  57 
D — 7 0 0 0  S T U T T G A R T  80  
W E S T  G E R M A N Y

(  Eingegangen am 15. M ai 1980)

S t u d i a  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r ic a  U  (1979)



Studia Scientiarum Malhcmaticarum Hungarica 14 (1979), 453 454

STANDARD ELEMENTS OF ORDER TWO OF A LATTICE

by
IQBALUNNISA and S. AKILANDAM

G. G rätzer and E. T. Schmidt in [1] defined an element s of L  to be standard 
element of order two if it is a standard element of a standard ideal S  of L. They posed 
the problem “Do the standard elements of order two form a sublattice of L?” (cf. 
p. 74, Problem 18 in [1]). In this paper we give an answer to this problem in the nega
tive. We show that the intersection of a finite number of standard elements of order 
two is a standard element of order two, while the sum of two standard elements of 
order two is not necessarily a standard element of order two of L. In other words, 
the set of standard elements of order two of L  is closed with respect to intersection 
but it is not with respect to union.

We begin with

Lemma 1. I f  sl and tx are standard elements o f  order two o f L, then Si Л tt is a 
standard element o f order two o f  L.

Proof. Let sit tY be standard in S, T, where A and T  are standard ideals of L. 
Let 51! — (íj] and Г1= (/1]. Now S x is standard in S  and S A T Q S . Thus by Lemma 
9 (page 38 of [1]) S iA T  is standard in S /\T . Similarly T^AS is standard in SA T . 
Therefore (S1AT)A(T1A S)  is standard in S A T , as the standard elements form a 
sublattice SAT(by  Theorem 3, p. 33 in [1]).

But (S1AT)A(T1A S )= S iA T i, therefore S^AT, is standard in SA T . Further 
S iA T 1 = (s1At1]. Thus .ViЛtx is a standard element of order two in L.

Lemma 2. I f  s1 and tx are standard elements o f  order two in L, then s f f  tx need 
not be a standard element o f order two in L.

Proof. By a counterexample, consider the lattice L  of Fig. 1 and the elements 
s, t, Si and ti as marked there in. Now s is standard in L  because the congruence 
generated by (л] is a standard congruence whose congruence classes are (.v] and [b).

Now consider the congruence generated by (f]. Clearly, the congruence generated 
by (/] is a standard congruence as its congruence classes are (/], intervals (s ,f) ,  
(e, s), (b, g) and {1}. Now consider the congruence generated by (.s j  on (.?]. This is a 
standard congruence on (,s] as its congruence classes are (jJ , intervals (fl5 d), (t , f  ) 
{e} and {5}. Clearly, the congruence generated by ( i j  on (/] is a standard congruence 
on (/] as (/] is a distributive lattice.
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Consider d= s1 . We claim that d is not a standard element of order two in !.. 
Firstly, we observe that d  is not standard in L  and (s] for

/A(dVe) =  /A s  =  f

(/Ad)V(/Ae) =  d V Sl = d.

Therefore /A(í/Ve)?í(/A<i)V(/Ae). The only possibility left is that d is stand
ard in ( /]  a n d /is  standard in L. This fails a s / i s  not standard in L. For

sA(/Vg) =  s A /=  s,

(sA/)V(sAg) = / V  t — f .

Therefore sA(/Vg)=?£(sA/)V(sAg).
Thus we conclude the

T heorem . The set o f  standard elements o f  order two o f L do not form a sub
lattice o f  L, in general.
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A REMARK ON THE CONCENTRATION FUNCTION OF 
COMBINATORIAL NUMBER THEORY

by
JÓZSEF BECK

§ 1-

Throughout this paper c1,c 2, . . .  will denote large enough positive absolute 
constants, [a] denotes the integer part of a. The notation | | will be used in two mean
ings, for a real number a let |a| denote the absolute value of a and for T c R  let 
IГ I denote the Lebesgue measure of T, but it will not cause any misunderstanding.

Let s^ = {au a2, ..., an} be a sequence of positive integers and for a fixed in
teger X ,  let Q (s /,x )  denote the number of the solutions of

n

2 4 « *  =  *
V *=1

where ek may have the value —1 or + 1.
Let

Q r  =  Q r 0 0  =  max { 2  е< У , x + j) \ ,

that is, Qr denote the maximal number of sums which can fall into an open interval 
having length r. Qr is called the concentration function of the sequence , its variable 
is the length r. For simplicity let Q = Q (s/) = Q1(stf). Clearly, Qr^rQ  and in what 
follows we shall investigate Q  only.

For the basic results and methods on the concentration function see G. H a
lász [3].

In the following we shall assume that the elements of the sequence are pair
wise different, i.e.
(1) 0 ax <  a2 < . . .<  a„.

In this case P. Erdős and L. Moser proved that

Q <  c12nn_3/2(log n)3/2,
and they conjectured
(2) Q <  сй2"п~а/2.

A. Sárközy and E. Szemerédi [1] proved that for e> 0 , n > « 0(£), (2) holds with
g

c2= ( 1 + ë) —  . J. L. N icolas [2] recently improved on the value of the constant
У it

1980 Mathematics Subject Classification. Primary 10K99; Secondary 60G50.
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4 5 6 J. BECK

c2, but the best possible value of c2 remained to be unknown. Halász [3] investigated 
a multidimensional generalization of the problem above; his results involve (2) as a 
very simple corollary.

(2) is sharp as far as the order of magnitude is concerned, e.g. let ak=k. A nat
ural way of excluding this extremal case is to assume

(3) ak+1- a k И al+1- a ,  if к ^  l.

I f  we require that (3) holds, then we obtain an improvement on (2).

Theorem 1. I f  in addition to ( 1) also (3) holds, then

Q <  c32"n~512.

This estimate is also sharp, the order of magnitude can be attained, e.g. if 
ak = k 2.

We state also the case of a more scattered distribution.

Theorem 2. Let s /=  {ak, a2, ..., a,,} be a sequence o f positive integers such that 

Aak =  ak+1- a k S  1, 1 k S n - 1 ;

A~ak = A(Aak + 1 Aak) : ak + 2 — 2ak+1-\- ak S i ,  1 =  к = n — 2;

Alak = A(Al- 1ak+1- A l~1ak) = 2Ч - 1У Í ^  1, l ^ k ^ n - l ;
j = о \ J t

then

0 < c 4(02" n " '_ T .

Finally, we mention that Theorem 2 for 1=2 is weaker than Theorem 1.

§ 2

Our proofs are based on the following inequality

2"-1 ж "
Q(sd) S ------  / TJ |cos akt\ dt.

П -n
Indeed, using the orthogonality of the functions eint

Q(sd, X) =  J  j  [J  (e'V +  e_iV ) | e~lx‘ dt =

2»-i “ г и "I 2"~1 ж n
= ------ f  1 J ] cos akt\e ~ ixt dt á  —  f  П  Icos akt\dt.

n  Л  b = i  J К  л  * - 1

Applying the elementary inequality x ^ e ~ (1~x> if aSO we obtain 

|cos akt\ = У cos2 akt S e x p j  — (1— cos2 я* Г)} =  exp j — ̂ -(1 — cos2aki)j,

S tu d ia  Scien tiarum  M athem aticarum Hungarica 14 (1979)



A REMARK ON THE CONCENTRATION FUNCTION 457

multiplying for k = \ ,2 , . . . ,n ,
П

J] |cos akl I á  exp

where

therefore

(4)

{ - > > } •

f ( ‘)=  2 ( l ~ co&2ak0,
fc =  l

j n - l  n  f  1 4

ß  =  —  / « p j - j / w } * -

We shall estimate the integral of exp j — - j - / ( / ) j  in Lebesgue’s sense as we have learned 

in Halász’s paper [3], that is,

(5)
/ exp { - - j / ( o } ^  ^  Д  | { / € ( —  7Г, л]: j  S / ( 0  ^  j+ l} |i

S  2  tt]: / ( /)  ^ j  + \} \e - J,i.
J = 0

In order to bound the size of sets {t£ (—л, л] : f( í)= h ]  we need the following lemma 
of Halász.

Lemma (Halász). Let bx, b2, ..., b,„ be a sequence o f  distinct positive integers, then

| | /£ ( - л ,  л]: Д  (1 —cos bki) g  /íj ^  С J L
5 m ‘

Proof (Halász, see [3] and [4]). The following measure theoretic lemma forms 
the core of the proof:

Let S  be a closed set on the real line, periodic with 2л, symmetric with respect
. к

to the origin and Sk be the set of points representable as и =  2 ui with u ^ S .  Then
i=l

either Sk is the whole line or \S\, where \Sk\ and \S [ denote their Lebesgue
measure mod 2л.

The proof is given, e.g. in [4].

For notational convenience let

T(h) =  | / € ( - л ,  л]: Д  (1 —cos bki) =£ hj.

From the elementary inequality
к  /  к  \  ^ к  к

(6) 1 —cos 2  aj =  21 sin 2  OLjll\ S  2k 2  (sin «//■ 2)2 =  к 2  (1 — cosa^)
j - 1  V J = 1 '  j  = г J = г
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immediately follows that tÇ.T(k‘ih) if it is representable as the sum of at most к 
numbers from T(h), therefore by the measure theoretic lemma

(7) \T(k2h)\ £  min (2я, fc|r(ft)|).

On the other hand, by Parseval’s equality

\T(m/2)\ ( y )  s  f  cos v )  di =  mm.

We thus have

\T (m/2)\ — ~ -
Returning now to (7) we obtain

\П т Щ  * [ % ] '“ %( m s  2),

which was to be proved.
§3

Proof of Theorem 1. Let Лак—ак+1 — ak and rearrange {Aak}lz{ in increasing 
order

Aakl <  Aakt Aakn_1.

The proof is based on the fact that the numbers

akj- à a kt, I S i S y ,

are pairwise different. Indeed,

@kj @kj ^ ^ k i — ^kj ^kj  — 1) ~ @kj — 1*
Applying Halász’s lemma to the sequence

{2 (akj- A a kl): j  <  j  ^  n, 1 5= i S  y j

we obtain
If " I"/2] , , Il c.Vh
|jiÇ(-7r, я]: Z  2 4 l - c o s 2 ( a j t S  — у
il j=[B/2]+li=l JI [n/3]

By (6) used for
n  [n/2]

Z  Z  ( l - c o s 2 ( a fcy- d a k|)í)7=[b/2] + 1 i=l 
" [n/2]

— 3 Z  Z  {(1—cos2ak i)+ ( l~ c o s2 a t +1í ) + ( l—cos2flkT)} SJ=[n/2] + li  = l

^  9 [ y ]  ^ ( i - c o s  2a* i)-
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From this follows

l{'e(- ”' *1: ■ 9 щ } |  -
that is,

|{t€  ( -  n , n] : J j  (1 -  cos 2ak t)  S  y } | ^  .

Let us now return to (4) and (5)

2n_1 J i l l
Q ^  —  /  exP { " Щ dt -

— ——  2  я, я]: 2  ( 1 - c o s  2 a k t )  s  j + l l l e - ^ 4 S
71 y  =  0  I t  fc =  1

“  л[п/2]5/2 2  (1 +уУ'*е-»'*
2"

2 n5'2 ’

and Theorem 1 is proved.

P r o o f  of Theorem 2. Our basic observation is that the numbers

а * „ - М 1-412а*2- . . . - 4 1 ,а*,
where n ^ k 0 and k 0 — 2 ^ . к х > к г > .. .  > k t ^ \ ,  are pairwise different. Indeed, in 
this case

>  a k%- A a k l - A 2a k t - . . . - A , a kl S  a ko. x .

Applying again Halász’s lemma and (6) we can complete the proof similarly as above.

A c k n o w l e d g e m e n t . I am especially grateful to Mr. G. Halász, who has simpli
fied my proof.
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ON A GENERALIZATION OF THE GAME GO-MOKU, II

by
L. CSIRMAZ and ZS. NAGY

Abstract

Two players, I and II play the following game. They pick alternately the points o f a set A 
until either all elements of A  have been chosen or a moves have been made. The first and every 
limit move (if any) is I’s turn. I wins if he picks all elements of some set of the winning family 
F c f ( 4  otherwise the winner is II. If the elements of SF are finite and I has a winning strategy, 
then 1 has a winning strategy in finitely many moves. The cases when the elements SF are count
able are discussed in details. Various consistency results are given for undetermined and deter
mined games. Several interesting problems are stated.

We study here another possible generalization of this well-known Oriental game. 
This part of our paper can be read independently from the previous one [1], but we 
do not repeat here the motivation behind our concepts.

1. Definitions

Our set theoretical notation will be standard. Ordinal numbers are denoted by 
a, ß, etc. cardinal numbers by x, A. If A and В are sets, then AB denotes the family 
of functions from A to B, and, by definition, [A]x={XczA: \X \= x},[A ]<x= 
— {XczA: |T |<x}. In this paper the inclusion AczB  allows the sets A  and В  to be 
equal.

The game we are going to deal with is denoted by (А, iF)a, and consists of the 
board A, the family of winning sets F c f ( d ) ,  and the ordinal a. The game is 
played by the players I and II as follows. The players pick elements of A  alternately, 
every element can be picked at most once. I starts and every limit step (if any) is 
I’s turn. The game ends if either all elements of A  have been chosen or if a moves 
have been made.

The winner is I if he picked all elements of some X^SF, otherwise the winner 
is II.

The game (A, 2F) denotes the game (A, 3F)\A\*. In this paper under the word 
“game” we always mean game of this type.

The notion of strategy, that of a play according to a strategy can be found in 
[6]. A same is undetermined if neither I nor II has a winning strategy, abbreviated
as WS.

1980 Mathematics Subject Classification. Primary 04A20; Secondary 54A35. 
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2. Basic results

We start with some trivial observations.

Proposition 2.1. I f  I  has a WS in (A, S')* and A1z^A ,SF1zoSr, then
I  has a W S  in (Аг, S'y)*1. Moreover, i f  II has a W S in (Ay, S'y)*1 then he has a WS in 
(A, &)*.

Now suppose that I has a WS in G=(A, S '). Then there exists a least a£On 
such that I still has a WS in (A, S')*, and a least cardinal x, such that I still has a WS 
in (A, S ’') for some S ' f l S ' ] ”. Let us say that a =  ord(G), and x = card (G).

Proposition 2.2. For every ordinal a. there is a game Gy and for every cardinal 
x  there is a game G2 such that ord(Gx)=a and card (G2)= x .

Proof. We construct a game (A, S')* such that \S \̂ = [ot|, I has a WS in it but II 
has a WS in

(i) (A,3?Y  if

(ii) (A, S ’)* if #■' d  S ', S '  S  S .

Let A={Pp, Qp\ /?<a} and let the elements of S  be {Py: y ^ ß } ( j  {Op} for 
each ßcy. and the set {Py: y<a}. I can win only by picking the points Py in suc
cession, so the game (A, S ')  has all the properties required.

Proposition 2.3. card (G)+S  ord (G).

Proof. For every /?<ord (G) there is a play of length ß which is not a win for I. 
Obviously, we may assume that II kills at least one winning set by his every move, 
i.e. card (G)s|jß|. From this the proposition follows immediately.

Remark. The proof shows that if ord (G) is not a cardinal number then 
card (G)+ >ord (G), and the game defined in the proof of 2.2 gives examples where 
card (G)<ord (G).

Problem. Is card (G)+ >  ord (G) always true?

Proposition 2.4. 2 |ord(G)l^card  (G).

Proof. Let a = o rd  (G), and G*=(A, S')*. I has a WS in G* so we may assume 
Scz[A ]a ^K This strategy is function F from SA =  U {ßA : /?<а} to A, which gives 
the response of I to the series of moves (by\y < ß )  of II for every ß<a. Now there 
is a subset Be:A, |Æ |ë 2 !a| which is closed under F, i.e. whenever b .fB  for y<ß, 
then F((by: y<ß))£B. This means that F\B is a I-WS in (B, S f)P (B ))* . There
fore, by 2.1, I has a WS in (A, S  OP(B))*, i.e.

card (G) \SO P(B)\ ^  \*B\ Ш 2'“'.

Remark. Let A  be the points of a normal binary tree of height a, S' be the fam
ily of the (maximal) branches. If  G=(A, S ’) then ord (G)—a and card (G )=21“1. 
Therefore the inequality in 2.4 is sharp.
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3. Games with finite winning sets

In this section we discuss the games with finite winning sets.

T heorem  3.1. Let ^ (z [A ]<m and suppose 1 has W  S  in G = (A, S ')1. Then there 
is an \&>0\<co and «Çw such that I  wins the game (A,&0)".

P roof. Let 5  be a I-WS, and let /?<oc be an ordinal. The sequence

s =  (ay: y <  ß)€~A

is a partial play according to S, if ay = S(s\y) for every even ordinal y. We identify 
S  with the tree whose nodes are the partial plays (excluding the empty sequence), 
and s<st iff.? is a proper initial segment of t. We assume, that every branch in this 
tree has a highest node in some even level, and climbing on a branch I covers some 
element of 3? only at the last node (i.e., if I wins, the strategy ends).

Now let s be a node of -S', S\s  is the subtree above (and including) s. If the level 
of s is even then it induces a subgame G\s as follows. Let s= (ay: y< ß), ß even,

A' =  A - { a y: y <  ß)

=  ( X — {ocy: у -= ß}: X £&  and XC\ {оу: у <  ß and у is odd} =  0}.

Then Gis=(A', Р')*-*1. Obviously, S\s  is a I-WS for G\s, and if we replace S\s 
by any I-WS for G\s, the resulting tree is a I-WS for the game G.

We shall prove the existence of a I-WS in which all of I’s moves belong to the 
same finite subset of the board. The existence of this strategy implies the statement.

The proof is by induction on the height of the tree S  which will be denoted by h.

Case 1. h —0. The statement is true because I wins by his (unique) move.

Case 2. 0< /i<ai. h is even, so /is2 . Let {.?,,} be the set of nodes at level 2. 
Because height (Sisy)S h  — 2, we may apply the induction assertion for the game 
G\sy. Changing the subtrees S\sy to these strategies, we get that in every S isy only 
finitely many points are engaged to I. In particular, let B d A , be the set of
I-engaged points in i>':j„. Now for every y, if sy( l ) $B  then replace S\sy by S\s„. 
The resulting tree S* is good because В is finite and therefore only finitely many 
S M',, remain unchanged. S* is not necessarily a I-WS because it may require I to 
pick the same element twice, but it can be turned into a strategy easily (Fig. 1).

Case 3. /i>co is a successor. Let /?</j be the maximal limit ordinal below h 
and let s£ S  be a node of height ß. By Case 2 we may assume that S \s  is a good 
strategy, i.e. there is a finite # '0c # '  such that I covers one of them totally. U#n 
is finite and there is a y< ß  such that the elements of this finite set picked by I 
during the first ß moves, were picked before the y-th move. Let s\y — t, and then 
we may replace S \t by S fj (Fig.2).

This transformation can be done for the remaining nodes of height ß, and we 
get finally a tree S* of height ^ ß which is a I-WS, and the induction assertion can be 
applied.

Case 4. h is a limit. Let the node s be a *-node if the height of the tree S\s  is h. 
For example the root of S  is a *-node and the predecessors of a *-node are *-nodes,

i S tu d ia  S c ie n l ia r u m  M a th e m a tic a l’urn  H u n g a r ic a  14 (1979)
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Fig. 1

í3

Fig. 2

too. Suppose that in some branch of S the limit j  of *-nodes is not a *-node. Then 
height (S\s)<h , and by the induction assertion, S \s  can be supposed to be good. 
Then, as in Case 3, this S fs  can be lowered in placé of some *-node of this branch.

Similarly, if no successor of a *-node is a *-node, then we apply the induction 
assertion on these successors and just as in Case 2 we may replace S\s  by a good 
subtree.

Therefore applying these steps sufficiently many times, we may achieve a I-WS 
tree S* in which the limits of *-nodes are *-nodes and every *-node has a *-node 
successor. It means that if there are *-nodes in S*  then there is a cofinal branch of 
*-nodes. But this is impossible, because a I-WS has no cofinal branch (of limit lenght). 
Therefore the root of S*  is not a *-node, i.e. height (S*)<h, and we are done.

Theorem 3.2. Let / ’c [y i]<ra, then the game (A, LFf is determined.

Proof. Suppose that I has no WS. Then II can make a move such that I still 
has no WS. This strategy is a WS for II. We have only to check that at limit moves I 
still has no WS. If he has, then, by the previous theorem, he has WS in some finite 
part of the game, therefore he has a WS before this move, a contradiction.

4. Games with countable boards

While we have a nice compactness theorem for finite winning sets, we cannot 
hope for one in general, as the following example shows.

Example 4.1. Let с:[со]ш, |# j= 2 <0 be the (maximal) branches of a binary 
tree of height со, such that U ^ ^ c o . Then I has a WS in (со, S7) but II wins the games 
(со, IF'} with and (A, P(A)PliF) with Лрсо.

There exist undetermined games. The following example is due to R alph 
M cKenzie.
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T heorem  4.2. Let UcP(co) be a non-trivial ultrafiller on со. The game (со, U) 
is undetermined.

P ro o f . Suppose first that II has a WS. At the end of the game either I or II (but 
not both) pick all the points of some element of U, therefore this strategy ensures 
II to cover an element of U. But also I can play by this strategy, and so he too covers 
an element of U, a contradiction.

Now assume that I has a WS, and let them play three instances of this game, see 
the figure. Let the first move of I be II may manage, that after the first со moves 
every square is occupied and in every column (of three squares) except for the /„-th 
one, at least one square belongs to him. If I has played by his strategy in each of the 
rows then the sets of squares occupied by I in the rows are elements of U, i.e. their 
intersection is infinite, a contradiction.

0 1 2

I 11 I
<

I I II

11 I I

Fig. 3

In both examples the set of winning sets has cardinality 2ю. This cannot be im
proved as the following theorem shows.

T heorem  4.3. Martin’s axiom implies that i f  SFcz\co\\ |# '|< 2 ‘" then II has a 
fKS in (w, 3F).

P roof. In fact, we show that II may kill all of the winning sets in the first со
steps.

Let %(.v) =  min (x, k) for x, kdco, and in general let 

Tlk((x0, ..., *,_!» =  (llk (x0) , ..., n^Xi-x)).

Let tlco = U{'co: /<и} and f:H(o-+co(nico) be a partial strategy for II, i.e. 
f ( ( x 0, ..., * ,_!»$ {*o> etc., such that f= fo n k for some kdco. Obviously,
the set P of these strategies is countable, therefore the partial ordering f \= f t  iff 
/ ( э / 2 for / i , / 2€P satisfies c.c.c. Given FdFF, the subset

d f =  {f£P-  ( V g£ "'со) ( 3 Z € «) /(g t 0 € T}

is dense, and by Martin’s axiom there is a chain G<zP such that for
every FddF. Now UG is the strategy whose existence was stated.

On the other hand we have the following

T heorem  4.4. Con (ZFC + 2,0 = cOo+“there is an ^а[со]0>, \tF\ = co1 such that 
П has no IVS in the game (œ, J5")” ).
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Proof. It is well-known that 2" =  oo2 is consistent with the existence of a non
trivial ultrafilter generated by co1 elements [2]. Let F  c[co]ta, \F\=co1 be the set of 
generators, and suppose that FF is closed under finite intersections. We claim that II 
has no WS in (со, FF). Indeed, otherwise after the game the set X  of the points occu
pied by II intersects every element of F . Similarly, I can also play by this strategy 
therefore the set со—X  of the points occupied by I intersects every element of F  as 
well. But either X  or со—X  is an element of the ultrafilter, i.e. contains some F()F  
and then the other one cannot have a common point with F.

Problem. Is it consistent that 2“ = to2 and for some Fcz[co]‘°, \F\=co1 
I has a WS in (со, F f .

5. Large games

So far we have dealt with games on countable boards, let us take a step ahead. 
For boards of cardinality cot we have some results similar to that of Section 4.

Example 5.1. Let Fa[coL]a, |#"|=2Ю be the (maximal) branches of a normal 
Aronszajn tree such that UF=co1. Then I has a WS in (<a., F )  but II wins the 
games (co1,F ')  with F ,(g .F  and (A, P (A )C \F )  with ASzcox.

A version of Theorem 4.4 is true in this case.

Theorem 5.2. Con (ZF C +2“ = co2+ “there is an F a[w Yf‘, \ ^ \  =o>i such that 
I  wins the game (wl , F ) ”).

Proof. The result Con (ZFC+ 2“ =  tOoF-fr) is from [3], where is the follow
ing combinatorial principle:

“ There exists a sequence (Sx: ct^coj^, a. is limit) such that U Sa — a and for 
every ХасОгГ\ there exists a limit « < %  such that SxczX.”

The family F  =  {S^} evidently works.

Problem. Is it true (in ZFC) that there is an F ctcuj]", \F\ =co1 such that 
(a>l5 F )  is a win for I?

If the cardinality of the board and that of the family of the winning sets do not 
exceed x, and the length of the game is then the strategies can be formulated in 
Vx, therefore we have

Proposition 5.3. Let x be a weakly compact cardinal, F c[x]‘°, \ F \ ~ x ,  a < x +. 
I f  1 has a WS for (x, F f -  then there are F 'c zF , \F '\< x  and X<x such that I  wins 
(x, F ' f .

The following construction is an unpublished result of A. Hajnal.

Theorem 5.4. Let V = L ,x> co ,x  regular and not weakly compact. Then there 
exists an F c.[x]0’ such that I  wins (x, F)*, but

(i) II wins (x, IF') i f  FF’a  IF, \F '\^ x ;
(ii) /  has no WS in (x, F ) k i f  the regular cardinal /.<*.

Proof, (ii) follows from (i) and from the following lemma.
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Lemma 5.5. Let Asct> be any regular cardinal, and suppose that I  has IVS in 
(A, 3FŸ. Then there is a BczA,\B  | ^ 2 i =  2м such that I  still has WS in

(.В, P(B)C\SF)\
Proof of the lemma. A I-WS is a function from LA=  U{M: a<A} to A, choose 

В as the closure of any point of A with respect to this function.
As for (i) of Theorem 5.4, let S e x  be a stationary set consisting o f w-limits 

only such that for every limit <Sfl\£ is not stationary in £ but S  is stationary in 
x, and let (Xx: ct£S) be a ()s -sequence [4].

If we fix for every a€_S such that Ö X a—a a cofinal subset Fa of Xx of type at, 
the family 3F of these Fa’s will do.

Indeed, let I pick the elements of some closed unbounded set C of x. (He can 
do it by simply picking the smallest unpicked element above the set of previously 
picked ones.) Then, by ()s , the set {aCS1: ,Ув= С П 5 П а}  is stationary in x, and so 
is its intersection with C, i.e.

A = {a<ESnC: X . = CDSDot}

is stationary, too. Now for some aÇA, U Xa= a  otherwise there would be a regressive 
function on A which is impossible. But a£S,  therefore a is an со limit and FaczXacz 
CCDS'. So Fa is covered by I, i.e. I wins the game.

Now let and 3F̂  — { F ^ \ F c ( } .  We claim that II wins the game
(ç, âëç), hence (i) follows. Instead of this we prove the following statement. 
Let а < /? < и ,а  and ß be limit ordinals, a, ß £ S ,  and (SD (а, ß): F£lF
and a < U  F</?}. Obviously, the elements of are countably infinite sets, and 

II wins the games {ß—a.,dFx ß), this will be proven by induction on ß — а.
If ß —a is countable, then is countable, too. (Different elements of 3Fx<ß 

have different suprema.) Let II sort the elements of in order type со and at his 
z'-th move pick an element of the z'-th set.

If  ß — at^co! then S f ] ß  is not stationary in ß, i.e. there is a strictly increasing 
continuous sequence (jc{ such that x 0=oc, x y= ß ,x i+1 — xi < ß — ot for £ <  у and
xf £S.  Now if F£3Fa<ß then ( jF£S,  i.e. U F < x i+1 forsome therefore for 
some F 'Ç .^  Xf+1, F'czF  and \F -F '\^co . Because x i+1—x (^ ß —ot, II can play 
independently in each of these intervals by his previously defined strategy.

By this theorem, if V = L  then for every not weakly compact x there exists an 
IF a \x \a such that card ((x, iF)x)—x.

Problem. Is it consistent that for every ^ с [с о 2]ю, card ((eo2, ^ r)W2)<-co2€l

6. A topological game

Let ( x ,  t )  be a Hausdorff topological space, t c P(X)  be the family of open sets 
in X. The game (X, t )  is the open-dense game. I wins if he covers an open subset of 
X,  and II wins if he covers a dense subset of X.  I f  X  contains an isolated point then I 
has a WS, he has only to pick that point. However, I. Juhász made the following 
observation.

Studla Sc ien tia rum  M athematicarum Hungarica 14 (1979)
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Theorem 6.1. Suppose X  is a locally compact Hausdorff space with no isolated 
points. Then II has a JVS in the game (X, г).

Proof. Let dcz x be the family of open sets G which have the following property. 
Every non-empty open subset of G has cardinality equal to that of G. d  is evidently 
a я-base, take a maximal disjoint subfamily d* of G. (Jd*  is dense in X  therefore II 
can play independently in each element G of d*, because if II wins all of these games 
then he wins the whole game, too.

Now if GGd* then G is locally compact (endowed with the subspace topology), 
therefore the weight of G is at most |G|, see [5]. Let the base {Ga: a <  |G|}, 0A G xciG  
witness this assertion, then |Ga| =  |G] because G £d*czd . Then, at his a-th move 
(in G) II can choose an element of Gx, which ensures him the win.

On the other hand we have succeeded in proving the following theorems.
Theorem 6.2. Assume CH. There is a O-dimensional Hausdorff topology т on со 

such that the game (со, т) is undetermined.

Proof. Let S\ and Sx for be the possible strategies of I and II on со
respectively. We define the sets Bx, xx, Xx and Ya for a <co1 by induction on a such 
that

(i) \Bx\=co is a base for a T2-, O-dimensional topology on со, and 
Bßd B y if £<y.

(ii) xx is the topology induced by Ba.
(iii) Xx, Yxaco, X x is dense in xß if /i< a , and is open in xß if /)>«. Moreover 

YXD Z  is infinite for every Z£Bß if a, ß<cox.
(iv) If I plays by the strategy Slx then II has a counterplay such that he covers Yx;
(v) if II plays by the strategy 5" then I has a counterplay such that he cov

ers Xx.
By these conditions the topology t=  U {тя: okcoj}  satisfies the requirements of the 
theorem.

Now let t _ !  be the topology of the dense linear ordering without endpoints on 
со (i.e. the subspace topology of the rationals) and lé tü k b e  a countable base for it.

Suppose we have defined Bß,xß, Xß, Yß for /i< a , and let B =  U {Bß: /?<ое) 
and x — U {tfj'- Д<а}. Observe that т is generated by the countable base B, and there 
is no isolated point in t . Therefore II has a counterplay against the а-th strategy S'* 
of I playing which he covers such a set Yx which has the following property. For 
every ZÇ.B, Z f ] Y a is infinite, in particular Ya is dense in t.

Similarly, I has a counterplay against the strategy S’«1 of II playing which he 
covers such a set Xa which has the following property. The sets XxC)Zi)Yß and 
(co—Xx) f ]Zf ]Yß are infinite for each ZÇB and ß ^ a .  Finally, let Ba = {Xx П Z , 
( co- Xx) n Z : Z € B } .  The validity of the conditions (i)—(v) for a can be checked 
easily.

Theorem 6.3. There is a O-dimensional Hausdorff topology т on со without isolated 
points such that I  wins the game (со, x).

Proof. By Zorn’s lemma there is a maximal O-dimensional T2-topology т on A  
without isolated points where \A\ = co. We claim that there is no XczA  such tha t
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both X  and A —X  are dense in t. Assuming the claim false, we find that т U {X, A —Xj  
constitutes a subbase for a O-dimensional T2-topology a on A. Of course u d i , 
a ^ z  and z is maximal, therefore a contains an isolated point p£A.  It means that 
for some G€t, either GC\X={p} or G i l ( ^ - I ) = { / ) } .  Let q£G and G'Çr 
be such that qÇ_G' and p$G'.  Then Q^G'HGÇ.z and either G 'f lG f \X or 
G' C\GC\{A —X)  is empty which contradicts to the denseness of X  and A —X.

Let (A\  z') be a disjoint copy of (A, z) and let I and II play on the topological 
sum of these spaces. By the previous remark, II cannot cover dense subsets in both 
of these spaces if I plays as follows. If  II picked a point in A, I picks the same point 
in A',  and if II picked a point in A',  I picks the same point in A.
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