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ÜBER ERZEUGENDENMENGEN ENDLICHER 
PARTITIONENVERBÄNDE

von
H. STRIETZ

Den Ausgangspunkt der Überlegungen zu dieser Arbeit bildete die Frage nach 
Möglichkeiten der Beschreibung der Elemente in dem Verband П(М)  aller Parti
tionen einer endlichen Menge M  — dieser Verband wird auch Partitionenverband 
genannt. Die folgenden Untersuchungen liefern einen Beitrag zu der Frage, wie 
ausgehend von möglichst wenigen Elementen von П(М)  mit den Verbandsopera
tionen Infimums- und Supremumsbildung jedes andere Element von П (М ) beschrie
ben werden kann, d. h. wenige Elemente ek, e2, . . . ,e k in П(М) zu finden, so daß 
zu jedem х£П(М)  ein Verbandsterm t mit x= t(e1, e2, ..., ek) existiert.

Hauptergebnis dieser Arbeit ist, daß eine kardinale Summe von Ketten genau 
dann einen Homomorphismus auf eine Erzeugendenmenge eines Partitionenver
bandes П(М)  mit |M jëlO  besitzt, wenn die Summe aus wenigstens 3 Ketten 
besteht und im Fall, daß es genau drei Ketten sind, wenigstens eine Kette mehr 
als ein Element hat. Für endliche Partitionen verbände werden in diesem Zusammen
hang explizit minimale Erzeugendenmengen angegeben.

Für das anschließende Problem der Klassifizierung minimaler Erzeugenden
mengen wird ein Defektbegriff für Erzeugendenmengen eingeführt, mit dem u. a. 
gezeigt werden kann, daß die Anzahl nichtisomorpher minimaler Erzeugenden
mengen mit zunehmender Elementenanzahl von M  über alle Grenzen wächst.

1. Grundlagen und Hauptergebnis

In dieser Arbeit sei stets M: =  { 1 ,2 ,...,«}  eine endliche Menge. Eine Parti
tion (von M)  ist eine Zerlegung von M  in nichtleere, paarweise disjunkte Teilmengen 
— „Blöcke“ genannt —, so daß deren Vereinigung wieder M ergibt. In der Menge 
aller Partitionen einer Menge M  ist durch das Enthaltensein der Blöcke einer Parti
tion X in denen einer Partition y  auf natürliche Weise eine Ordnungsrelation gegeben. 
Die halbgeordnete Menge aller Partitionen von M  ist ein Verband und wird als 
Partitionenverband П(М) bezeichnet. Sind x, у £ П (M), so bezeichnet x + y  bzw. 
xy  das Supremum bzw. das Infimum der Elemente x und y.  Das größte Element 
von П(М), die Partition, die allein aus dem Block M  besteht, wird mit 1 bezeichnet, 
die kleinste Partition, die aus genau n einelementigen Blöcken besteht, mit 0. Eine 
Partition х£П(М)  mit к Blöcken Kt (i£l:=  {1, ..., £}), soll allgemein wie folgt 
angegeben werden : x=(K,)iiI.

П(М), |M|ÇN, ist ein vollständiger, einfacher, halbmodularer und atomisti- 
scher Verband (vgl. Birkhoff [1], S. 15 und 95, bzw. Ore [2], S. 573 ff).

I Studia Scientiarum  M athematic arum Kungarica 12 (1977)



2 H. STRIETZ

1st n eine natürliche Zahl, so bezeichne n die «-elementige Kette (total geordnete 
Menge). Weiter sei nx+ n2 + ... +nfc die kardinale (disjunkte) Summe der Ketten 
nx,n 2, . . . ,n x mit den Kardinalitäten n n2, ..., nk.

Der Begriff einer Erzeugendenmenge, sowie der einer minimalen Erzeugenden
menge eines Verbandes, wird wie üblich verwendet. (Р)=П(М) bedeutet, daß 
die Menge P von Partitionen den zugehörigen Partitionenverband П (M ) erzeugt.

Interessant für die folgenden Untersuchungen sind nur Verbände П (М ) mit 
|M |a 4 , da Я({1})^£>1, 77({1, 2})s=£>2 und I7({1,2 ,3})^M 3 ist, wobei 2)x 
den einelementigen Verband, D2 den zweielementigen Verband und M3 den fünf- 
elementigen modularen, nichtdistributiven Verband bezeichnet (vgl. Figur 1).

Figur l .

Der in dieser Arbeit bewiesene Hauptsatz lautet nun:
Satz 1.1 Sei P kardinale Summe von Ketten und M eine endliche Menge mit 

|M |s lO . So gilt: П(М) wird genau dann von einem homomorphen Bild von P er
zeugt, wenn P eine isomorphe Kopie der halbgeordneten Mengen l + l + l + l  oder 
1 + 1  +  2 enthält.

Eine Beweisrichtung erfolgt durch das Aufzeigen der Existenz von Erzeugen
denmengen welche als halbgeordnete Mengen isomorph zu l  + l  + l  + l  bzw. zu 
1 +  1 + 2  sind, die andere Beweisrichtung liefert der folgende Satz, der zusätzlich 
die Minimalität dieser Erzeugendenmengen zeigt.

Satz 1.2 (siehe W ille [4], S. 455). Für eine endliche halbgeordnete Menge P 
sind die folgenden Bedingungen äquivalent:

(i) Es gibt (bis auf Isomorphie) nur endlich viele einfache Verbände, die von 
einem homomorphen Bild von P erzeugt werden.

(ii) Jeder von einem homomorphen Bild von P erzeugte einfache Verband ist 
isomorph zu D{, D., oder M3.

Figur 2.

(iii) P enthält keine der folgendenh albgeordneten 
Mengen: l + l + l +  l, 1 +  1 + 2 und 1 + K2.

Dabei wird die halbgeordnete Menge 1+K 2 durch fol
gendes Diagramm beschrieben :

о Korollar 1.2.1. (a. a. 0.) Die einzigen einfachen
Verbände, die durch ein homomorphes Bild zweier endlichen 
Ketten erzeugt werden, sind Dl und D2.

Korollar 1.2.2. (a. a.O.) Die einzigen von 3 Elementen 
erzeugten einfachen Verbände sind Dx, D2 und M 3.

S tu d ia  Scientiarum M athem atic a rum  Нипдаггса 12 (1977)
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Ü BER ERZEU G EN D EN M EN G EN  ENDLICHER PARTITIONENVERBÄNDE 3

2. Minimale Erzeugendenmengen von П (M )

In diesem Abschnitt werden minimale Erzeugendenmengen von П(М)  an
gegeben, die als halbgeordnete Mengen isomorph zu 1 + 1 + 1 + 1  bzw. zu 1 +  1 + 2 
sind. In den Beweisen zeigt sich, daß nach einer gewissen Anzahl von Operationen 
ausgezeichnete Atome von П(М)  durch eine Rekursion erzeugt werden können. 
Atome von П(М)  sind die Partitionen, die aus genau einem zweielementigen und 
n —2 einelementigen Blöcken bestehen, falls \M\=n gilt. Diese ausgezeichneten 
Atome gestatten es, alle übrigen Atome, und damit auch alle anderen Elemente 
von П(М) zu erzeugen, da Partitionenverbände atomistisch sind.

Atome von П (М ) werden wie folgt bezeichnet:

t*. ß'■=(.<*, ß) und oc, ßZM.
Einelementige Blöcke werden im weiteren aus Vereinfachungsgründen nicht ge
schrieben, es sei denn, Mißverständnisse wären möglich. Speziell wird in den Be
weisen angegeben, wie die ausgezeichneten Atome /1( und t2j  mit 2 á i^ n  und 
З ё /ё и  erzeugt werden. Ein beliebiges anderes Atom tXtß̂ n ( M )  erhält man dann 
durch:

( * I (z,/J =  ß + 1> 2.

Satz 2.1. Zu jedem endlichen Partitionenverband П(М),  |M |s lO , existieren 
Erzeugendenmengen PQri(M), die als halbgeordnete Mengen isomorph zu 
1 +  1 + 2 sind.

Beweis. Der Beweis von Satz 2.1 erfolgt in zwei Schritten: Zunächst werden 
Erzeugendenmengen für П(М) mit \M\=n = \ (mod 3), 16, angegeben, danach
folgt auf einfache Weise der allgemeine Fall.

Sei M= {1, 2, ..., n), 16 <n< oo und « = l(m od3). Dann wird П(М ) von 
den folgenden Partitionen erzeugt :

*1= 0,2), (3), . . . , ( b),
ег'-~ (1,2,11), (3,4,12), (5, 6, 8), (7,9,10),..., (fc + 3, k + 4, k + 5),..., (n),
e3:= (1,4,6), (3, 5, 9), (2,7,12), . . . ,( f c -2, k, k+5), . . . , ( n - 5, n - 3,) ( n - 2, n),
e4:= (2,3), (4,8), (1,5,10), (6,7,13), ...,(fc-l,fc+ l,fc+ 6),...

• ••,(” —4, n —2), (n-1),
dabei ist k= \ (mod 3) und к durchläuft die Werte 10,13, ..., и —6. Diese Nota
tion ist demnach so zu verstehen, daß nacheinander jeweils in e2, e3 und e4 die mög
lichen Werte für к  (abhängig von n) einzusetzen sind. Zunächst ist festzustellen :

(a) e1,e2,e 3,e 4 sind Partitionen von M, denn es ist к — 1, £ + 5=0 (mod 3), 
k ,k  + 3, k + 6 = l(m od3) und k — 2, k + 1, k+4 = 2 (mod 3). Die ersten explizit 
gegebenen Blöcke überprüft man direkt.

(b) ( К ,  ег, e3, e4}, ё ) ^ 1 + 1  + 2, denn es ist ег< е ,.
(c) CjCj—O für i+ j und i, jd  {2, 3, 4}, da die Elemente der durch die Variable 

к beschriebenen Blöcke in drei verschiedenen Blöcken der anderen Partitionen 
liegen, die ersten Blöcke überprüft man wiederum direkt.

и S tud ia  Scientiarum M alhem aticarum  Hungarica 12 (1977)



4 H. STRIETZ

In den folgenden Schritten (1) bis (45), die, um eine bessere Lesbarkeit zu 
gewährleisten, ausführlich angegeben werden, sollen die Atome tlyi und t2J mit 
2 ^ 7 ^1 3  sowie 3 áy S l3  erzeugt werden. Daran anschließend ergibt sich die 
Möglichkeit für Rekursionsformeln für iM und t2j  mit 14^/, js .n .

(1) 0,7 =  Oo + e3)e4 =  (6, 7)

(2) 0, 5 =  (<0 + <0)<0 =  (3, 5)
(3) 9l =  (0,7+e2)e3 =  (5, 9), (8, 10)

(4) 0,8 =  (0,5 + ea)e4 — (4, 8)
(5) 92 =  (0,7 +  e2)e4 =  (6, 7), (5,10)

(6) 9з =  (9i+ 9 2)<0 =  (5, 8), (9,10)

(7) 0,10 =  (9i +  93)92 =  (5, 10)

(8) 0,8 — (0,8 +  e3) C2 — (6, 8)
(9) 0,6 =  (0 ,8+ 0 ,в) ез — (4j 6)

(10) 94 =  (9з+<0)0> =  (1,4), (5,9), (8,10)

(П ) 9s =  (0,7 + 0,8 +  o M  =  (1,2), (4,12), (6, 8) 47, 10)
(12) 9e =  (0 ,7  +  0.8 +  ез) е 4 — (4,8), (1,10), (6,7)

(13) 9? =  (72+95-(1 ,2), (4,12), (5 ,6 ,7 ,8 ,10)

(14) 0, 10 =  9i9i =  (8, 10)
(15) 0,8 =  (0, io+ 0, м)9з =  (3, 8)
(16) 4s =  (0 ,ю + 9 в)9 4  =  (1,4), (8,10)
(17) Ча =  (0.8 + 0.8 +  0, б)е2 =  (3,4), (5,8)
(18) 9io = (0+98 +  9o)e4 =  (2,3), (5, 10)
(19) 9n = (<78+99)00 +  910) =  (1,3), (5, 10)
(20) 0,10 =  (0,5+9ii)9e =  (1> 19)
(21) 12,10 =  (ei +  0, io) (0, s +  9io) =  (2, 10)
(22) 0,7 = (0 ,m+<0)0s =  (2,7)
(23) 0,10 =  (0,7 + 0,lo)e2 =  (7, 10)
(24) 0.7 =  (0 ,10+ 0 , îo) Oo +  0 ,7) =  (1,7)
(25) 0,4 =  (0 , 7 +  0 ,7 +  0, в) 9e =  (1,4)
(26) 0.4 =  (9o + 9io) (<0 +  0 ,4) =  (2,4)
(27) 0,3, =  ( 0 4  +  99)910  =  (2, 3)

StucLia Scientiarum M athem atic arum  Hungarica 12 (1977)



ÜBER ER Z EU G EN D EN M EN G EN  EN D LICHER PARTITIONENVERBÄNDE 5

( 2 8 ) *1,3 =  (*2,3 +  < h k u  =  ( l , 3 )

( 2 9 ) *1.5 =  ( * l ,3 + * 3 ,5 ) e 4 =  ( U  5 )

( 3 0 ) *2,5 =  ( e i  +  * i,5 )(* 2 ,3 + * 3 ,5 )  =  ( 2 ,  5 )

( 3 1 ) *1,6 =  (*1 ,4 +  *4, в ) (*1, 7 4" *6,7 )  =  0» 6 )

( 3 2 ) *2,6 =  (* l,6  +  e l)(* 2 ,4  +  *4,e) =  ( 2 ,  6 )

( 3 3 ) *1,8 =  (* l,4  +  *4 .8 )(* l,6  +  *6,8) =  0 >  8)

(3 4 ) *2,8 =  (* l,8  +  e l) (* 2 ,6  +  *6,8) =* ( 2 ,  8 )

( 3 5 ) *1,9 — (* 1 ,5 +  ? l ) ( ? 3  +  * l,lo ) — 0» 9 )

( 3 6 ) *2,9 =  (* l,9  +  e i ) ( ? 3  +  *2,lo) =  ( 2 , 9 )

( 3 7 ) *2,11 =  (*2,9 +  ^ 4 )^ 2  =  (2 , П )

( 3 8 ) *1,11 =  (*S ,ll +  e l ) ( * l ,9  +  e 4) — (1> 11 )

( 3 9 ) 4 l2 =  (*2,3 +  e 3)<?2 =  ( 3 ,1 2 ) ,  ( 7 ,  9 )

( 4 0 ) *2,12 =  (*2 , 3 + ^ 1 2 )  (*2 . 4  +  <h) =  ( 2 , 1 2 )

( 4 1 ) *1,12 =  (*2,12 +  e l ) ( * l , 3 + 9 l 2 )  =  (1 » 12)

( 4 2 ) *6,13 =  (* 1 ,и  +  ^ з ) е 4 =  ( 6 ,1 3 )

(4 3 ) *11,13 =  (*в, 1 1  +  *в,1 з ) е з =  (H >  1 3 )

( d a :  ?e, 1 1  =  (* i,e  +  * i ,n ) ( * 2 , e + * 2 . 1 1 .

( 4 4 ) *1,13 =  ( * i , e + *e, 1 3 )  (*1 , 1 1 + * u ,  1 3 )  =  (  1 » 13)

( 4 5 ) *2,13 =  (*2 , e +  *e, 1 3 )  (*2 , 1 1 +  * n , 1 3 )  =  ( 2 ,1 3 ) .

Mit den folgenden Rekursionsformeln lassen sich nun alle weiteren t1>t und 
t2j  erzeugen:
(46) *l,lfc +  4 ~  [(** + 2 ,*  +  3 +  е 4 ) е 2 +  *1Д  +  зП (*&  + 2 ,*  +  3 + е 2 ) е 4 +  *1Д  + 2]

(47) *2,Ic +  4 —  [(*IH -2,lt +  3 +  £ 4 ) e 2 +  *2, fc +  з ]  K*fc +  2, fc + 3 +  е г )  e 4 +  *2,fc +  2]

( 4 8 )  *l,jfc +  5 =  [(ífc — 2, fc -4- 3  “Ь  ^ 2)  e 3 +  ^1, fc — 2]  [ ( * * - 2 ,Ы - 3  +  е з ) е 2 +  * 1Д  +  з]

(49) *2,fc +  5 — [(** — 2, k  +  3 +  e2) ^ 3  +  ?2,fc—2] t(^ fc -  2, k + 3 +  e 3)  е 2 +  *2,*  +  з]

(60) *1Д  + в =  [ ( * k - l , f c  +  4 +  e 3 ) e 4 +  * l , f c - l ]  [ ( * f c - l ,*  +  4 +  e 4 ) <?3 +  ^ 1 ,fc +  4]

(51) *2 ,k  +  6 =  [ ( * * -  1, к +  4 +  ß 3)  e 4 +  f 2 , k - l ]  [ ( * f c - l  , k +  4 +  £ 4)  е З + ^ 2 Д  + 4]-

Dabei durchläuft к nacheinander die Werte 10,13, 16,..., n — 6. Die in (46) bis 
(51) verwendeten Atome /*+2Д+3, tk_2 k+3 und tk- lyk+i sind (zum notwendigen 
Zeitpunkt) nach (*) aus bereits erzeugten Atomen konstruierbar. Mit (*) lassen 
sich weiterhin alle übrigen Atome von П(М),  und damit alle anderen Elemente 
des Partitionenverbandes von M erzeugen, da die Atome tlyi und t2yJ für 2 s i^ n
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und 3S yS « erzeugt werden können. Voraussetzung ist bisher allerdings noch 
|M| =  l(m od3) und |M |S l6 .

In den Erzeugungsschritten (1) bis (41) überzeugt man sich leicht davon, daß 
in diesen Partitionen Elemente von M, die größer als 12 sind, nur in einelementigen 
Blöcken auftreten. (c) gewährleistet dabei stets den Schnitt der übrigen Blöcke 
zu einelementigen Blöcken. Das Prinzip der Rekursionsformeln (46) bis (51) ist 
nun wie folgt (man vergleiche dazu (44) und (45), dort wird schon in zu (50) und 
(51) analoger Form vorgegangen):

Zum Beispiel: Zur Konstruktion des Atomes thk+4 werden in e2 und e4 die 
das Element k + 4 enthaltenden Blöcke gesucht. Nun sind die Erzeugenden gerade 
so gewählt, daß in diesen Blöcken zusammen mit k + 4 noch andere kleinere (wenn 
man dabei in M  die natürliche Ordnung wählt) Elemente a bzw. ß von M  liegen. 
Hier ist dies in e2 das Element a=k+3  und in e4 das Element ß —k+2.  Verbindet 
man e2 mit dem Atom tk+a,k+з und schneidet dann mit e4, so hat diese Partition 
einen Block (k+2, к +4) und eventuell einen weiteren mehrelementigen Block, 
der aber nicht die Elemente 1 oder 2 von M  enthält. Entsprechend verfahrt man 
bei der Verbindung von e4 mit tk+2,k+3 und dem Schnitt mit e2. Verbindet man 
nun die entstandenen Partitionen mit t1>k+2 bzw. tlk+3 und bildet das Infimum 
dieser beiden, so ergibt sich die gewünschte Partition.

An dieser Stelle ist festzustellen, die Erzeugung der Atome nach den Formeln 
(46) bis (51) ist nicht von der Kardinalität von M  abhängig (M muß nur mindestens 
10 Elemente enthalten).

Aufgrund dessen ergibt sich der allgemeine Fall: Ist N ~  {1, 2, . . . ,m}, NQM,  
lO S m ^n , so bilden die angegebenen Erzeugenden e1,e 2,e 3,e i eingeschränkt auf 
Veine Erzeugendenmenge {e[, e'2, e3, e4} von П (N), d. h. es ist: (e[, e'2, e'3, e4) =  П (V).

Für 10^ wîS 16 sind dies gerade die Schritte (1) bis (36) (für m=10) bzw- 
bis (51) (für m = 16, wobei für к der Wert 10 einzusetzen ist). Man überzeugt sich 
leicht davon, bei einer Einschränkung von M  auf N  kommt es nie vor, daß ein 
Element von N  zugleich in zwei einelementigen Blöcken von <?2, <?з und e4 liegt, 
d. h. die Formeln (46) bis (51) nicht mehr anwendbar würden.

Damit ist Satz 2.1 bewiesen.
Da es sich bei Partitionenverbänden um einfache Verbände handelt, ist mit 

Satz 1.2 festzustellen:
K orollar 2.2. Die Erzeugendenmenge {e4, e2, e3, e4} (wie im Beweis zu Satz

2.1 angegeben) ist minimale Erzeugendenmenge von П(М).
Mit den Erzeugenden e4, e2,e3, e4 aus Satz 2.1 läßt sich nun auch leicht der 

folgende Satz im Fall |M |s lO  beweisen.
Satz 2.3. Zu jedem endlichen Partitionenverband П (М ) mit |M| S4, existieren 

Erzeugendenmengen PQII(M),  die als halbgeordnete Mengen isomorph zu 
l  +  l  +  l  +  l  sind.

Beweis. Sei M=  {1,2, ..., и}, dann bilden für |A f|slO  die Partitionen 
е[,е2, е 3,е4 (e2,e3,e4 wie im Beweis zu Satz 2.1), mit e[:—(l, 2, 3), (4), ..., (и) 
die gewünschte Erzeugendenmenge von П (M ), denn offenbar ist ({e[ ,e2,e3, <?4}, =) = 
^ l  +  l  +  l + l  und es gilt e'1e2=e1, so daß der Erzeugungsprozeß wie in Satz
2.1 verlaufen kann.
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Für |M |=4, 5, 6, 7, 8 und 9 werden am Schluß von Abschnitt 3 Erzeugenden
mengen für П(М)  angegeben.

Korollar 2.4. Die Erzeugendenmenge {e[,e2,e 3, et) (wie im Beweis zu Satz 
2.3 angegeben) ist minimale Erzeugendenmenge von Щ М)

In Satz 2.1 ist |M |^10 Vorbedingung. Es gilt

Lemma 2.5. Ist M  eine vierelementige Menge, so existieren keine Erzeugenden
mengen P von П (M ), welche als halbgeordnete Mengen isomorph zu 1 +  1 + 2 sind.

Eine offene Frage ist, ob П (M) mit \M \ =  5, 6, 7, 8 oder 9 eine Erzeugenden
menge besitzt, die als halbgeordnete Menge isomorph zu 1 + 1 + 2 ist.

Ein wirksames Hilfsmittel bei der Entscheidung, ob eine vorliegende halb
geordnete Menge eine Erzeugendenmenge sein könnte oder nicht, ist das

ü 2-Lemma 2.6 (siehe Wille [4], S. 456). Sei L ein einfacher Verband, der 
von einer endlichen Menge E erzeugt wird, und sei E —EQ\J El . Dann folgt: Ist L 
nicht isomorph zu D2, so gilt sup E ^ in f  E1.

Soll nun eine halbgeordnete Menge P von Partitionen von M  mit |M |^3  
eine Erzeugendenmenge sein, so ist für jede Partition P = P 0UPi die Bedingung 
supP0—infPi notwendige Voraussetzung.

Im Beweis zu Lemma 2.5 werden alle halbgeordneten Mengen P von Partitionen 
von M = (1, 2, 3, 4} betrachtet, die isomorph zu 1 +  1 +  2 sind sowie die notwendige 
Bedingung des Z>2-Lemmas erfüllen:

ei =  (1,2) 

e\--=( 1,2), (3,4) 

ej==(l,3), (2,4) 

ej =  (1,4), (2,3)

e| =  (1,2) 

el =  (1,2), (3,4) 

e§ = ( l,3 ), (2,4) 

e\ = (2, 3)

«5 =  0 ,2 )
el =  (1,2,3) 

ез — (1,4), (2,3) 
ei =  (2,4), (1,3),

Dies sind bis auf Isomorphie alle möglichen halbgeordneten Mengen von Partitionen 
von M, welche isomorph zu 1 +  1 +  2 sind, und zugleich Lemma 2.6 genügen. Eine 
einfache Überprüfung zeigt, daß es keine Erzeugendenmengen von П({ 1,2,3,4}) sind.

Im Hinblick auf die genannten (ungelösten) Sonderfalle sind folgende Sätze 
interessant:

Satz 2.7. Zu jedem endlichen Partitionenverband П(М) mit \M\^A existieren 
Erzeugendenmengen P, die als halbgeordnete Mengen isomorph zu 1 +  2 +  2 sind.

Satz 2.8. Zu jedem endlichen Partitionenverband П(М) mit \M \^5  existieren 
Erzeugendenmengen P, die als halbgeordnete Mengen isomorph zu 1 +  1 +  3 sind.

Beweis von Satz 2.7 und 2.8. Ist |M |slO , so gewinnt man aus den in Satz
2.1 angegebenen Erzeugenden durch Hinzufügen geeigneter Partitionen auf ein
fache Weise entsprechende Erzeugendenmengen. Für die übrigen Fälle werden 
am Ende von Abschnitt 3 in einer Liste Erzeugendenmengen aufgeführt, die als 
halbgeordnete Mengen isomorph zu 1 + 2 + 2 bzw. zu 1 + 1 + 3 sind.
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8 H. STRIETZ

Beweis von Satz 1.1. Sei P  kardinale Summe von Ketten und M  eine endliche 
Menge mit |M|^10.

Werde П(М) von einem homomorphen Bild von P erzeugt. Da es eine ab
zählbar unendliche Anzahl endlicher Partitionenverbände gibt, die zudem einfach 
sind, ist Satz 1.2 anwendbar. Danach muß P eine isomorphe Kopie von 1 + 1  +  1 +  1, 
1 +  1 +  2 oder von 1+K, enthalten. Da P kardinale Summe von Ketten ist, ist die 
Alternative 1+K2 nicht möglich. P enthält also wenigstens drei Ketten, und falls 
es genau drei Ketten sind, besteht mindestens eine von ihnen aus wenigstens zwei 
Elementen. P enthält demnach eine isomorphe Kopie von 1 + 1 +  1+ 1 oder von 
1 +  1 +  2 .

Enthalte P eine isomorphe Kopie von 1 + 1+ 1 +  1 oder von 1 + 1 + 2. So gibt 
es einen Homomorphismus auf die in Satz 2.1 bzw. Satz 2.3 angegebenen Erzeugen-

1

1

denmengen von Я(М) mit |M |^10. Das ist die zweite Beweisrichtung der Be
hauptung von Satz 1.1.

In Figur 3 und Figur 4 sind erzeugende Elemente in Partitionenverbände П (M ) 
mit |M |= 3  bzw. 4 eingezeichnet, die als halbgeordnete Mengen isomorph zu 
1 +  1 +  1 +  1 oder zu 1 + 2 +  2 sind.
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Figur 3: Erzeugendenmengen des Partitionenverbandes einer vierelementigen 
Menge, a) {e4, e2, e3, et} und {e[, e2, e3, e't} als halbgeordnete Mengen isomorph 
zu 1 +1 +1 +1, mit A (ex, e2, e3, e4) = 2 und A (e\ , e2, e3, ei) = -  2. b) {el5 e2, e3, e4, e5)
als halbgeordnete Menge isomorph zu 1 + 2 + 2, mit A(ei, e2, e3, e4, e5) = —y .
(Zur Definition des Defektes A einer Erzeugendenmenge siehe man Definition 3.3)

1

0
Figur 4.

Figur 4: Erzeugendenmengen des Partitionenverbandes einer fünfelementigen 
Menge. ( {e}, e\, e\, e\}, S  ^  1 +1 +1 +1 und A (e\ , . . . ,  e\) = -  2, ({ef, e\ , e\ , e\ , e|}, 
S )  =  l  + 2 + 2 und A{e\, ..., e|) = 0, sowie ({ef, dj, e\, e\, el), 1 + 1 + 3  und 
d(ef, . . . . ejj)=l.

3. Nichtisomorphe Erzeugendenmengen von П (M )

Zu Beginn dieses Abschnittes werden halbgeordnete Mengen P von Partitionen 
von M, isomorph zu 1 +  2+2, angegeben, die Я(М) erzeugen, die aber zu den 
entsprechenden Erzeugendenmengen in Abschnitt 2 nicht isomorph sind. Zwei 
Erzeugendenmengen P und P' von П (М ) heißen dabei isomorph, wenn P aus P' 
durch eine Permutation der Elemente von M  entsteht. Die Konstruktionsmethode 
bestimmter ausgezeichneter Atome, mittels derer sich jedes weitere Element von 
Ti{M) erzeugen läßt, ist die gleiche wie in Satz 2.1.
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Sei M — {1,2, ..., n) mit n ï  12 und n=0 (mod 4), und seien ferner folgende 
Partitionen von M  gewählt (vgl. Strietz [3], S. 257):

ex:= (1,2,3,4), (5, 6, 7, 8), . . . , ( k - 3 , k - 2 , k - l , k ) , ..., (n -3 , n -2 , n - 1, n), 

e2:= (1,3), (2,4), (5,7), (6, 8),..., (fc-3, k - 1), (fc-2,fc),...

...,(n —3,71-1), (n -2 ,  n),

*,:= (1,2,5,6), (3,4, 9, 10),..., (fc-5, fe-4, fc+1, fc+2),...

...,(n —5, n —4, n —1, n),

e4:= (1,5), (2,6), (3,9), (2,10),..., (fc-5, k + 1), (fc-4, fc + 2) , ...

. . . , (n —5, n— 1), (n —4, n),

e5:= (1,4), (2,5), (3,7), (6 ,9 ) ,...,(fc-4,fc-1), (fc-2, fc+1),...

...,(n -4 ), (n -2 ), (n — 1),(n);

dabei ist fcs0(mod4) und к  durchläuft die Werte 12,16, . . . ,n —4 (für n = 12 
existiert kein Wert für k). Diese Notation ist in gleicher Weise wie im Beweis von 
Satz 2.1 zu verstehen. Leicht ist festzustellen:

(a) et , ...,еъ sind Partitionen von M,
(b) {ex, ..., e5} als Teilmenge von Я(М) genügt dem D2-Lemma,
(c) e;£?~0 für iÿéj und i, j£  {2,4, 5}.

Weiterhin sei NQM, N — {1,2, ..., m} mit н - 4 ё т ^ и .  Dann gelten:
Lemma 3.1. Die Menge {e,, e2,es,e4, e5} eingeschränkt auf N  ist Erzeugenden

menge von n(N)  und ist als halbgeordnete Menge isomorph zu 1+2 + 2.
Lemma 3.2. Die Menge {е1еъ,е^,е4,еъ} eingeschränkt auf N  ist Erzeugenden

menge von П (N ) und ist als halbgeordnete Menge isomorph zu l  + l  + l  + l.
Zu bemerken ist, daß das „Konstruktionsprinzip“ der Elemente dieser Er

zeugendenmengen erheblich von dem der in Satz 2.1 verwendeten Erzeugenden 
abweicht. Will man hier eine konkrete Erzeugendenmenge für П (N) angeben, so 
ist, wenn |7V|=m, die nächst größere Zahl n=0  (mod 4) zu suchen (es sei denn 
m = 0 (mod 4)), die Erzeugendenmenge gemäß obiger Vorschrift zu bilden, und 
schließlich auf N  (unter Beibehaltung der Blöcke) einzuschränken. Eine weitere 
Einschränkung auf N ' c N  mit |N '|< n —4 ergibt keine Erzeugendenmenge für 
n (N ' )  mehr. Eine Erzeugendenmenge nach Satz 2.1 hingegen läßt sich beliebig 
einschränken, solange nur IW'Js IO gilt.

Beweis von Lemma 3.1. und 3.2. Es wird die gleiche Technik und Terminologie 
wie im Beweis zu Satz 2.1 verwendet. Zunächst ist:

ei e3 ~  (1> 2), (3,4), (5,6), (7,8), (9,10),..., (fc— 1, k), (k +  1, fc + 2),... 

. . . , ( n - l ,  n) 

und es gilt:
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(c') eieJ=0 für iVy und i, y€ {2,4, 5, 6}, wobei ee:=e1e3. Aus der Fest
stellung e2<ex und e4< e 3, sowie (с') folgen ({ex, e2, ea, e4, eb), S)s= 1 +  2 +  2
u n d ({<?г, e 4> е б5 ? в}> — ) — 1  + 1  +  1  +  1

( 1 ) =  ^1 £ 3  »

( 2 ) *1,4 =  e 4 e 5 =  ( 1 , 4 ) ,

( 3 ) *2,5 =  e 3 e 5 =  ( 2 ,  5 ) ,

( 4 ) 4 l =  ( i i , 4  +  e 2) e e =  ( 1 , 2 ) ,  ( 3 , 4 ) ,

( 5 ) =  (? 2 . 5  +  e 4) e 6 =  ( 1 , 2 ) ,  ( 5 , 6 ) ,

( 6 ) *1 , 2 =  7 i <72 =  ( 1 . 2 ) ,

( 7 ) *2,4 “  (*1 , 4  +  *1, г ) е 2  =  ( 2 , 4 ) ,

( 8 ) *1,5 =  (* l , 2  +  *2 ,5 )e 4 =  ( 1 .  5 ) ,

( 9 ) *4,5 — (* 1 ,4 +  *1 ,б ) ( * 2 , 4 +  * 2 ,5) =  ( 4 .  5 ) ,

( 1 0 ) *4,6 =  (<72 +  *4 ,5)(*2 ,4  +  е 4)  =  ( 4 ,  6 ) ,

( 1 1 ) *5,6 =  (*4,5 +  *4 ,e)72  =  ( 5 , 6 ) ,

( 1 2 ) *1 , 6 =  (*1,4 +  *4 ,в)(*1 ,5  +  *5 ,в) =  ( 1 , 6 ) ,

( 1 3 ) *2 , 6 =  (*2,4 +  *4 ,в)(*2 ,5  +  *5,в) =  ( 2 , 6 )

( 1 4 ) *3,7 =  (*1 . 5  +  ^ )  «’s =  ( 3 , 7 ) ,

( 1 5 ) *4,7 =  ( 7 i  +  *3 ,7)(*2 ,5  + ^ г )  =  ( 4 ,  7 ) ,

( 1 6 ) *1,3 =  (* l ,4  +  *4,7 +  * 3 ,7 )e 2 =  ( 1 ,  3 ) ,

( 1 7 ) *1,7 =  (* i, з  +  *з, 7)  (* i , 4  ~b *4 , 7)  =  ( 1 , 7 ) ,

( 1 8 ) *2,7 =  (* 1 ,2 + * 1 ,7 ) (* 2 ,4  +  *4 , 7)  =  ( 2 ,  7 ) ,

( 1 9 ) *2,3 =  (*2,7 +  * 3 ,7)(*1 ,2  +  *1 , з )  — ( 2 ,  3 ) .

Hier läßt sich festhalten: Ist N '=  {1, 2 , ,  7}, so ist die angegebene Erzeugenden
menge eingeschränkt auf N ' eine Erzeugendenmenge von Д(Л*'), denn Elemente 
von M, die größer als 7 sind, werden in den Schritten (1) bis (19) nicht benötigt. 
Das gleiche gilt für A*'U{8}, A*'U{8,9} und A 'U{8,9, 10}, denn

(20) *1,8 = (*l,e + e2)(*l,7 + ee) — (1,8),
(21) *2,8 — (*2,в + е2)(*1,8+*1,2) — (2, 8),
(22) *1,9 — (*i,3 + e4)(*i,e + e s )  =  ( 1 , 9 ) ,

(23) *2.9 = (*1,2 + *1,в)(*2,3 +  е 4) = (2, 9),
(24) *1,10 = (*l,4 + e4)(*l,9 + ee) =  ( 1 ,  1 0 ) ,

(25) *2,10 — (*1.2+ *l,lo) (*2,4+e4) =  (2, 10).
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Es folgen nun Rekursionsformeln zur Erzeugung der Atome thi und t2j  für
11 S i, j s n :
( 2 6 ) h , k - l —  ( h , k - - 3  +  e 2 ) ( t l , k - 4  +  е 5)>

( 2 7 ) h , k - l —  ( h , k - -3  +  e 2 ) Ü l , 2 +  h , k - 1)>

( 2 8 ) h  , k : i h , k - - 2  +  e 2 ) ( h , k - l  +  e e)>

( 2 9 ) h  , k —  ( h , k - - 2 + е з ) ( 11 , 2

( 3 0 ) h , k  +  l —  ( h , k - ■5 +  е д ( ( 1 , к - г  +  ^й).

( 3 1 ) h , k  +  l =  ( h , k - - b  +  e Ù ( t \ , 2 +  t i ,fc + i)>

( 3 2 ) h , k  +  2 =  ( h , k - -4  +  е 4 ) ( ?1 , к +  1 +  е б ) .

( 3 3 ) h , k  +  2 —  ( h , k - -4  +  e 4 ) Ü l . 2 +  ^ 1 Д + г ) ;

к  durchläuft dabei die anfangs genannten Werte. Schließlich ist
( 3 4 )  =  ( * 1 , ц - 3 + е 2 )(* 1 ,1 1 -5  +  е 4).

(35) t 2, n - 1 — ( h , n - 3  +  e d ( {i , 2  +  h . n - i )  ■

(36) Г1>п =  itl,n-2 + eÙi.h,n-i + eÙ̂
(37) i2,n = 02,п-2+е2)(?1,2+г1,п)-
Die Behauptung für die auf N  eingeschränkte Erzeugendenmenge folgt mit gleicher 
Argumentation wie im Beweis zu Satz 2.1. Zum Beweis von Lemma 3.2 ist nur 
noch folgendes zu bemerken: Da ee = e1es gilt, ist e1 = e2 + ee und e3 = e4 + ee, 
das heißt, die Erzeugungsschritte (2) bis (37) verlaufen völlig analog.

Aus den bisherigen Überlegungen in Abschnitt 2 und 3 stellt sich die Frage 
nach einer Klassifizierung minimaler Erzeugendenmengen, ähnlich wie dies in der 
Arbeit von I. M. Gelfand und V. A. Ponomarev in “Problems of linear algebra 
and classification of quadruples of subspaces in a finite dimensional vector space” 
durchgeführt wurde. Sie zeigten durch Einführung des Begriffes „Defekt eines 
Quadrupels von Untervektorräumen“, daß nur Defekte mit den Werten —2, — 1, 0,1 
und 2 auftreten können, was eine Klassifizierung der Erzeugendenquadrupel von 
Untervektorraumverbänden ermöglicht. In analoger Weise soll hier der Defekt 
einer Erzeugendenmenge von П (M ) eingeführt werden. Zunächst einige Vorbemer
kungen :

Unter dem Rang einer Partition p der n-elementigen Menge M  versteht man 
die um eins verminderte Anzahl der Elemente einer maximalen Kette in [0,/?]^ 
g  П (M ) ; dabei ist [0, p] das Intervall in П (M ) mit 0 als kleinstem und p als größtem 
Element. Abkürzend wird der Rang von p mit rg (p) bezeichnet. Wie leicht zu 
beweisen ist, gilt:
( * * )  rg(p) =  n -c (p )
wobei n=\M\ und c.(p) die Anzahl der Blöcke von p ist.

Definition 3.3. Der Defekt einer Elementefolge (et ,e2, ..., ek) von П(М ) mit 
\M\—n ist folgende rationale Zahl:

к к k к
Л(е! , е.2, . . . , ek):= 2 г§(е; ) ~ т rg ^ W )  =  2 rg f e ) - -у ( и - 1)-

i= l  ^  1=1 Z
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Ist Kpj, ek}\—k, so ist A(e1, , ek) schon durch die Menge {e1, ..., ek} fest
gelegt, weshalb dann auch im weiteren Verlauf vom Defekt der Menge {ek, ek) 
gesprochen werden soll.

Setzt man in die obige Beziehung die Formel (*  *) ein, so ergibt sich der fol
gende gut zu verwendente Ausdruck :

Sind die Defekte zweier Erzeugendenmengen von П (М ) verschieden, so sind sie 
nicht isomorph, d. h. es existiert kein Automorphismus von П(М), der die eine 
Erzeugendenmenge in die andere überführt. Das bedeutet weiterhin, hat man 
Kenntnis von auftretenden Defekten minimaler Erzeugendenmengen eines Parti
tionenverbandes П (M), so erhält man eine untere Abschätzung der Anzahl nicht
isomorpher minimaler Erzeugendenmengen von П(М).  Zugleich ist aber der Defekt 
einer Erzeugendenmenge von П(М) auch ein „Maß“ dafür, wie die Elemente 
der Erzeugendenmenge {ek, e2, ..., ek} „in der Mitte“ von П(М)  liegen, d.h. Defekt. 
Null bedeutet z. B., die Elemente der Erzeugendenmenge liegen „gemittelt in der 
Mitte von П(М )“. (Zu diesem Punkt vergleiche man Figur 3 und Figur 4.)

Im weiteren werden die Defekte von Erzeugendenmengen von П(М),  die als 
halbgeordnete Mengen isomorph zu 1 + 1 + 2 oder zu 1 + 1+ 1 + 1 sind, untersucht. 
Dabei treten nur ganzzahlige Defekte auf.

Für die Erzeugendenmenge {ek, e2,e3, <?4) von Л(М ) mit |Af|slO aus Satz 2.1 
wird zunächst der Defekt berechnet, dabei ist:

( *  * * ) A(ek, e2, . . . ,e k) =  — (n + 1) — 2  c(e,).
^ i=i
к , „  *

rg (Ci) =  l, für alle и ё  10

j i i  —j ,  für n = 1 (mod 3)

für n = 0 (mod 3)

für n =  2 (mod 3)

— n——, für 7i =  l(mod3) 

2
rgfe) —< n— 1, für n = 0 (m o d 3 )

2 2 — n ——
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und damit ist
4

Á(elt e2, es, e4) = 2  r g (e ,) -2 (n - l )  =  0
i=i

für alle n^lO.
Bisher wurden noch keine Erzeugendenmengen, welche als halbgeordnete Men

gen isomorph zu 1 +  1+ 2  sind, gefunden, deren Defekt ungleich Null ist.
Ein wesentlich anderes Ergebnis erhält man aus der Untersuchung nichtiso

morpher Erzeugendenmengen von П(М), die als halbgeordnete Mengen isomorph 
zu l  +  l  +  l  + l  sind.

Satz 3.4. П (M) sei der Partitionenverband der Menge M, und M  habe и ё  10 
Elemente. Dann existieren minimale Erzeugendenmengen Pt von П (M), die als halb
geordnete Mengen isomorph zu l + l  + l  + l  sind, für die gilt:

A (Pi) — i für *€/={1,2, ..., n —4).
Beweis. Für П(М)  mit \M\=n^lO,  werden Erzeugendenmengen P, ange

geben, die als halbgeordnete Mengen isomorph zu l  + l  + l  + l  sind. Dabei wird 
*'€/= {1, 2, ..., n—4} sein, und die Erzeugendenmengen werden so indiziert, daß 
gilt: A(P,) = i.

Sei M — {1, 2, ..., n} mit n ^ l6  und n =  l(m od4). Als Erzeugendenmengen 
von Щ М )  werden Pt:= {e[, e2, e3, e4} gewählt, wobei e2, e3, <?4 die im Beweis 
zu Satz 2.1 angegebenen Partitionen von M  sind, und e( wie folgt gewählt wird:
ifi—(1, 2), (3), ...,(*))

(1,2,3), also rg(e{) =  2 und e\e2 = e1, 
ef:= (1,2, 3), (4,6), also rg (ef) =  3 und e\e2 = elf 
ef:= (1,2, 3), (4, 6), (5, 7), also rg(ef) = 4 und e\e2 = e4,

ef := (1,2,3, 8,10), (4, 6, 9), (5,7,11,12).......(fc+3), (k+4), (k+ 5 ),.. .,  (n)
(und es ist rg (ef) =  9, sowie e\e2 = ег),

eП — 
1 (1,2, 3 ,8 ,1 0 ,..., fc+3, ...,n), (4,6,9, 

..., Zc +  5 ,...);

k + 4 ,...), (5,7,11,12,...

к  durchläuft dabei die Werte 10,13,..., n — 6.
Es gilt also stets: (a) rg(ej)=z'+l, (b) e[e2 = e1 (in e[+1 hat genau ein Block 

genau ein Element von M  mehr als in e\, d. h., rg (e|+1) = rg (e() + l, außerdem sorgt 
man stets dafür, daß (b) gilt).

Wegen (b) ist Рр. = {е[, e2, e3, e4) Erzeugen den menge von П(М) Diese Pt sind 
paarweise nicht isomorph. Weiterhin ergibt sich nun:

zl (Pi) =  A (e[ , e2, e3, e4) = 2  r8 (ej ) ~ 2( n - 1) =
J=1

=  2  rg (е;)+(< + 1)—2(n —1) -  2n —3+ (i + 1) —2(u — 1) -  i. 
J = 2
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Die Summe 2  r8 (ej) entnimmt man aus der Aufstellung zur Bestimmung des
j =2

Defektes der Erzeugendenmenge in Satz 2.1.
Ist NQM, N=  {1,2, m), /и£10, so ist leicht zu prüfen, daß mit e'j=ej\N

die gleiche Aussage für [е[, e'2, e'3, ei) gilt.
Korollar 3.5. Die Menge der Defekte minimaler Erzeugendenmengen endlicher 

Partitionenverbände ist (nach oben) nicht beschränkt.
Zum Abschluß dieses dritten Abschnittes wird die angekündigte Liste von 

Erzeugendenmengen von П(М)  für \M\—4, 5, 6, 7, 8 und 9 angegeben:
|M |=4 tvgl. Figur 3):

ei =  (1,2,3) ei =  (l,2) {ei,..., e|} ist minimale
ei =  (1,2,4) e\ =  (1,2, 3) Erzeugendenmenge.
e\ — (1,3,4) e\ =  (3,4)
ei =  (2,3,4) ef =  (2, 3,4) d (e j,..., ef) =  -1 /2
A (e\,...,e \) = 2 ef =  (1,4)

|M| = 5 (vgl. Figur 4):
e\ = (1,2), (3,4,5), e\ =  (1,3,5), (2,4), e\ =  (1, 5), (2,3)
e\ =  (1,4, (2,5) mit A(e{...... ej) =  2

e? =  (1,2) ef =  (1,2)

4  = (1,2,3), (4,5) el = (1,2), (3,4)
«8 =  (3,4) el =  (1,2), (3,4,5)
ei =  (2,3,4), (1,5) el =  (2, 3), (1,4,5)

«Î =  0 ,4), (2,5) e! = (2,4), (3,5)
d(ef,...,e!) =  0 d(e®, ...,е |) =  1
|Л/| =  6

«Î =  (1,2), (3,4), (5, 6), e\ = (1,6), (2,3), (4, 5), e\ = (1, 5), (2,4), 

e{ = (1,4), (3,6), mit A(e\, ...,e\) = 0 
eî =  (1,2) ej =  (1,2)

=  (1,2, 3), (4, 5, 6) 4  = (1, 2), (3,4), (5,6)
e! =  (3,4) ei =  (1,2,3,4), (5,6)
e42 =  (2,3,4), (1,5,6) e| =  (1, 5), (2,4), (3, 6)

ei =  0 ,4 )  (2, 5), (3,6) e| = (1,3), (2,6), (4, 5)

Л(е?,...,е?) =  4Л(е!...... e i ) = l
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\M\ — 7 (für Erzeugenden mengen, die als halbgeordnete Mengen isomorph zu 
1 +  1+  1 +  1 oder zu 1 + 2 +  2 sind, siehe Lemma 3.1)

*i =  (l,2)
*2 =  (1,2), (3,4), (5 ,6 ,7)

*3 =  0 , 2,3,4), (5,6,7)

*4 — (1, 5), (2,4,7), (3,6)

*5 =  (1,3), (2,6), (4,5) A(et , ..., e6) =  2
|M | =  8 (für Erzeugendenmengen, die als halbgeordnete Mengen isomorph zu 
1 +  1 +  1 +  1 oder zu 1 + 2 +  2 sind, siehe Lemma 3.1)

*i =  0 ,2 )
*2 =  (1,2), (3,4), (5 ,6 ,7)

*3 =  (1,2,3,4), (5,6,7)

*4 =  (1, 5), (2,3,6), (4,8)

*5 =  (1,4), (2,7), (3, 5), (6, 8) A(eu  ..., e5) = ±

\M\ = 9 (für Erzeugendenmengen, die als halbgeordnete Mengen isomorph zu 
l  +  l  +  l  + l  oder zu 1 +  2 +  2 sind, siehe Lemma 3.1)

*i =  0 ,2 )
*2 =  (1, 2), (3,4), (5,6,7), (8,9)

*з =  (1,2,3,4), (5,6,7), (8,9)

*4 =  (1,5,9), (2,3,6), (4,8)

*s =  (1,4), (2,7), (3, 5), (6, 8) A(ex, ..., e5) =  1

4. Schlußbemerkungen

Satz 1.1 liefert Aussagen darüber, wann eine kardinale Summe von Ketten 
homomorphe Bilder besitzt, die Erzeugendenmengen endlicher Partitionenverbände 
sind. Im Hinblick auf Satz 1.2 ist hier eine interessante Frage offen: „Existieren 
zu jedem endlichen Partitionenverband П(М)  mit \M \ gn0 Erzeugendenmengen 
P, die als halbgeordnete Mengen isomorph zu 1+K 2 sind?“ Eine positive Beant
wortung dieser Frage ließe dann folgenden Satz zu:

Sei P eine halbgeordnete Menge, und M  eine endliche Menge mit \M j =/г0. 
Dann gilt:

J7(M) wird genau dann von einem homomorphen Bild von P erzeugt, wenn 
P eine isomorphe Kopie von l  + l  + l  +  l, 1 +  1 + 2 oder 1+K2 enthält.

Im Zusammenhang mit der Frage der Klassifizierung minimaler Erzeugenden
mengen durch den Begriff des Defektes wurde gezeigt, die Menge der Defekte
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minimaler Erzeugendenmengen, die als halbgeordnete Mengen isomorph zu 1 + 1 + 
+ 1 +  1 sind, ist nach oben nicht beschränkt. Offen ist hier das Problem einer unteren 
Schranke dieser Menge. Bisher liegen dazu nur Beispiele für A (P)— — 2 als klein
stem Defekt vor:

Ist M — {1, 2, 3,4}, so bilden folgende Partitionen eine Erzeugendenmenge 
(vgl. Figur 3) C]=(l,2), e2 =  (l,3), e3=(3, 4), e4 = (2, 4). Sofort überprüft man, 
daß gilt: (eu  . .. ,ei)= n(M ) ,A (e1, ... ,e 4) = - 2  und ({e4, ..., <?4}, l  +  l  +  l  + l.

Für M={  1,2, 3,4, 5} bilden die folgenden Partitionen eine Erzeugenden
menge mit den gleichen Eigenschaften wie die vorher angegebene Erzeugenden
menge für П({ 1,2, 3,4}) (vgl. Figur 4): ^  =  (1,2), <?2 =  (2, 3), e3 = (l,4 ), (3,5) und 
c4 =  (1,5), (3,4).

Weiterhin wurde schon daraufhingewiesen, daß bisher nur Erzeugendenmengen 
endlicher Partitionenverbände, die als halbgeordnete Mengen isomorph zu 1 + 1 + 2  
sind, mit Defekt Null bekannt sind. Sollte sich bestätigen, daß für endliche Parti
tionenverbände zu 1 + 1+2  isomorphe Erzeugendenmengen nur vom Defekt Null 
möglich sind, könnte man hoffen, eine vollständige Klassifikation dieser Erzeugen
denmengen zu bekommen.
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ON SUPER-UNIVERSAL GRAPHS

by
J. PACH

1. Introduction

Let G" be a non-directed graph with the vertex set V(G")={P0, Plt ..., P„_i}. 
Let us denote the number of edges of G" by e(G"). The set S(Pj) of the points ad
jacent to Pi is called the star of Pt. It is quite obvious to investigate graphs where 
the position of the stars is regular in a certain sense. D. J. Kleitman and J. Spencer 
[1] have initiated the following definition.

Definition. Let S' be an и element set. If we have subsets Alt A2, , AkQ S,
then they will be called ^-independent if all the 2k intersections

(1) n  Bi (Bi = A, or Ä,)
i=l

are non-empty. A collection of subsets is ^-independent if every к of its members 
are ^-independent.

Applying the above definition to the stars of a graph we get the following 
definition, first proposed by S. H. Hechler [2].

Definition. The graph G" is k-super-universal if it has the property that for 
any к element subset A of V(G„) and any subset В of A there exists a point 
(not in A) joined to all points of В but to no point of A \B .

In other words Gn is A>super-universal if for any к element subset A o f V(G")

S (P d \A  (P,€A)
are ^-independent sets.

The question considered in this paper was raised by P. Erdős: At least how 
many edges must a A>super-universal graph with n vertices have? (An other ques
tion would be that at most how many edges can a ^-super-universal graph have, 
but this problem is equivalent to the above one, because the complement of a 
/c-super-universal graph has the same property.)

The case fcë3 is essentially settled as follows: It is not difficult to find a 
^-super-universal graph having n vertices and no more than ckn log2 n edges. Let 
n points be divided into two parts, the first one having 2ck log2 n points. Let the 
points of the second part be independent, and let us draw the other edges at random 
with probability 1/2. We can choose a к element subset A of the vertex set and a
subset В of A in different ways. In any case the probability that there does

not exist a point in the first part, which is joined to all points of В but to no point
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of A \ B  is at most (1 —2~k)2ck'°^n~k. Thus the probability that the obtained graph 
is not Æ-super-universal is not greater than

( Л fc k2 ~ ̂  Ofc
П I 24(1 — 2_s)2cklog2',"'t ^  -ü_2t e -2_,i(2ck|os2n-*) ^  .£____ nfc-cfc2l~'<log2e.
к ) к ! к !

This quantity is arbitrary small (for a fixed &) if и is sufficiently large and ck^ 2 k k~1. 
Since the probability that the obtained graph has no more than ckn log2 n edges 
is greater than 1/2, there exists a ^-super-universal graph with n vertices and at 
most к 2k_1n log2 n edges (n>nu(k)).

We denote the minimal number of edges of a /^-super-universal graph of n 
vertices by / (n, /с). We obtained
(3) f(n,  к) <  k2k~1n log2 n (n >  n0(k)).

On the other hand N. Sauer and M. Simonovits have proved (oral communica
tion) that for /г ё 3, this result is the best possible apart from the exact value of 
the constant. More precisely

(4) f in,  k) = \ n  log2(n-1 )  >  -i- n log2 n (к ё  3).
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The proof of (4) is surprisingly simple: Let the graph G" be /с-super-universal. Let 
us consider a point P0 of minimum degree in this graph. The neighbours of P„ 
form the smallest star S(P0) of G". Evidently, S(P0) intersects the remaining n — 1 
stars of the graph, and all intersections are different. (At this point we have used 
that 3.) Thus

| 2 S (po)| а  и - l ,

so the size of S(P0) (i.e. the minimum degree) is at least log2 (и —1) and (4) holds. 
In the second section of this paper we shall use this idea and the result of [1] to 
give a better lower bound for the function f (n , k )  in case ÄS3.

However, the case k=2  is essentially different from the above ones. In fact, 
for иг=г12, Erdős showed a 2-super-universal graph having n vertices and 3n—9 
edges if «=0(m od3). By a slight modification of this construction we obtain 
a 2-super-universal graph of n vertices and 3n — 9 edges in case n = 1 or 2 (mod 3). 
(See figure 1.) We thus have
(5) f(n, 2) s 3 n - 9  (if n s  12).

In the third section we shall substantially solve the problem in case k —2 
proving the main result of this paper: f (n ,  2) = 3n +  0(l). In the same section 
we construct some 2-super-universal graphs of another type with 3n—9 edges. 

In the last section we shall discuss the adequate problem for hypergraphs.

2. A lower bound in case к s  3

K leitman and Spencer in their above-mentioned paper [1] raised the follow
ing problem: How large can a ^-independent collection of subsets of an n element 
set be? Let us denote this maximal size by g(n, k). They also proved that for a 
fixed к  and n>n0{k)

(6) s  g(n, k) =£ 2*'«"*'“

where d1 and d2 are absolute constants. Let us mention that there is a strong con
nection between this problem and our original one. If we consider the above pro
babilistic construction of a Л-super-universal graph, we can find that those parts 
of the stars which belong to the first group of points, form a ^-independent collec
tion of subsets of the points of this group. Since there are 2ck log2 n points in the 
first group and we have n stars, by ck—k2k we get

n s  g(fc2t+1log2 n, k).

Clearly, this is equivalent to the left hand side of (6), with dk= 1/2.
Returning to our original problem, to give a lower bound for / («, k), we 

shall need the upper bound of (6). To make this paper self-contained we prove 
this statement in another brief way, in the form we need it:

(7) g (n ,k ) s 2 " 2*-k + k.

The proof can be found in the Appendix.
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If we have a fc-super-universal graph G", where the smallest star (denoted by 
S(Pj)) contains r points, by (7) we get

(8) n - l â g ( r , H ) s 2 t f - 4 K

because there are n — 1 intersection-sets of the smallest star with the remaining 
stars, and they form a (k—1) independent collection of the subsets of S(P1). By (8) 
we obtain r> 2 fc~4log2n (if n>n0(k)) and so е((?')>2,с-5 n log2 n holds. Thus 
we have the following.

Theorem 1. I f  k ^ 3  and n ^ n 0(k),

(9) f(n, к) >  2k~sn log2 n,

where f  (n, k), defined above, denotes the minimum number of edges o f a k-super- 
universal graph. (Compare with (3) and (4).)

3. The case к =  2

Lemma 1. The degree o f any vertex o f a 2-super-universal graph is at least 4.

Proof. Let P0 be a fixed point. There exists a point Рл adjacent to P0. Applying 
the condition to the pair (P„, P,) we get a point P2 joined to both P0 and Py, and 
a point P3 joined to P„ but not to Py. In case there is an edge between P2 and P3, 
the condition applied to (P0, P2) guarantees a point P4 adjacent to P0 but not to P2. 
(Consequently P ^ P lf Р ^ Р 3)  If P2 and P3 are not connected by an edge, 
then P0 and P3 have a common neighbour (P4). As Py and P2 are not adjacent to 
P3, P4^ P y and РХ7±Рг. Thus P0 is adjacent to at least 4 vertices (Pl5 P2,P 3, Л) 
in both cases.

Lemma 2. Let Gn be a 2-super-universal graph and Pxf V  (Gn) a vertex of degree 

n — a. Then G" has at least 3n — 3a + [y ]  edges.

Proof. Let T(Py) denote the set of vertices not adjacent to Рл. Thus T(P1) = 
= V(Gn) \S (P 1) \ P 1, where S(Py), defined above, is the star of Py. Any point 
P2 of SiPj) is joined to at least one point of Т(РУ). (We have applied the condi
tion to the pair (P1, P 2).) Further, if P3 is a point of T(Py), applying the condition 
to (P j, P3), we obtain a neighbour of P3 in T(Py). Therefore and by Lemma 1 we 
get the following lower bound for the sum of the degrees of the points

2e(G") ^  l(n — u) + (n — a)4+{(n — a) + (a — 1)},

which completes the proof.
By the help of the previous two simple lemmas we are able to prove the follow

ing statement, promised at the end of the first section.
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Theorem 2. Let Gn be a 2-super-universal graph having n vertices. Then G" has 
at least 3/i — 30 edges. In other words

(10) /(n ,2) ёЗ л -З О .

(Compare with (5).)

Proof. If each vertex of G" has degree greater than 5, the graph has at least 
3n edges. If each degree is at least 5, the number of edges is at least 3n —13. We 
prove this assertion as follows: Let P0 be a vertex of degree 5 (its neighbours are 
denoted by Pl5 ..., P5). Then each of the remaining n — 6 vertices (i.e. each point 
of T(P0)) is joined to at least one of P;’s (i=  1, 5), because, by the condition
of the 2-super-universality, P0 and these points have common neighbours. Therefore 
we get the following lower bound for the sum of the degrees of the vertices :

5+{5 + (n —6)}+(n —6)5 =  6/1-26.

The number of edges in Gn is at least the half of this value, Зи —13. (We shall see 
that if every degree is at least 5, then the number of edges, in fact, is at least 
3, 5л+0(1).)

Now, without loss of generality, we can assume that G" has a vertex P0 of 
degree 4. Let us denote the vertices adjacent to P0 by P4, ..., P4. In the same way 
as above, we can say that each of the remaining n — 5 points (Г(Р0)) is joined to 
at least one of P ,, . . . ,  P4. Let us denote the subset of vertices adjacent only to 
Pi (among P4, ... ,P 4) by /(P,), and the set of points of T(P0) not adjacent to P; 
by 7(P,). (Here /=1, ...,4 ). By this definition we have (for example)

(11) В Д  2  /(P2)U /(P 3)U /(P 4).

Evidently, we can assume that at least one /(P,) contains a vertex of degree 4. 
Otherwise each of the и —5 points of T (P0) is either joined to at least 2 vertices 
of Pj, ..., P4, or has degree at least 5. Hence for the number of edges we obtain

4+{4 + 2(n —5)— Í | / ( P i)|} +  Í4(/l —5)+ i | / ( P ()|}
(12) e (G n) ^ ------ ----------------------- — ----- y -—  -----------------— -----------— =  Зи — 11.

Now let us suppose that I(Pj) has a point of degree 4, and denote by Г  (P4) the 
set of points of I  (Pi) of degree 4. We call a subset J  of /'(P i) strongly independent, 
if it has the following two properties:

a) No two members of J  are connected by an edge (i.e. the vertices of J  are 
independent in Gn.)

b) No two members of J  are connected by a path of length 2, avoiding Pr. 
(In other words no two members of J  have a common neighbour, different 
from Pi.)

Let /  be a maximal strongly independent set in /'(P i), and I(J) denote the 
set of vertices different from P4 and joined to some vertex of J. If \J\=k then 
trivially \I(J) I =  3k. (See figure 2.)
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Now we are going to estimate the 
sum of the degrees of the points of /(/). 
Each point of /(Pi) is adjacent to at least 
к points of 1\J). This is obvious, since 
a fixed point of /(Pi) and any point of J  
have a common neighbour, which is diffe
rent from P i, and these neighbours are 
different for distinct elements of J  (by con
dition b of the strong independence). Fur
ther, by the maximality of J, each vertex 
belonging to / ' ( P i ) \ / \ / ( J )  is joined to 
at least one vertex of /( /) . Finally each 
vertex of / ( / )  is joined to one in J  and to 
at least one of P4, ..., P4. Let us denote 
the number of elements of / '(P j)n / ( / )b y  
kx. Thus we obtain the following lower 
bound for the sum of the degrees of the 
vertices belonging to /( /) :
(13)
A = к |/(P i)|+ (|/'(P i)!-/c-/c i) + 3/c + 3fc.

We know that the number of vertices of 1(Р1У \Г  (P^ not contained in /( /)  
is at least

(14) B = |/(P1) | - | / ' ( / ,i)|-3fc +  /ci
and these vertices are of degree at least 5.

We have already shown (see (12)) that the sum of the degrees of the points 
Px, ..., P4 is at least

(15) C = 4+2(n —5)—1 |/ ( Р ,) |.
/=i

Estimating by 4 the degree of the remaining points (not belonging to {P0, ..., P4}, 
/ ( / )  or /(P i) \/ '(P i))  we obtain the following lower bound for the number of 
edges of G".

_  4 + A + B + C + 4 ( n - 5 - 3 k )  e (G") S ---------------- ------------------.

By (11), (13), (14), (15) we conclude

(16) e(Gn) ^  3 n -1 6 + y (/c - l) ( |/(P i) |-1 0 ) .

Since &S 1, in case |/(Pj)| ̂ 10 the graph has at least Зи—21 edges. On the other 
hand, if |/(Pi)| s 9  then P1 is of degree at least n —12 and Lemma 2 implies e(G")^ 
ёЗи-ЗО . This completes the proof of Theorem 2.

We remark that we are unable to determide the smallest value c for which
/(n , 2) ё З  n — c.

S tud ia  Scientiarum  M athem atic arum  Hungarica 12 (1977)



ON  SUPER-UNIVERSAL G RA PH S 25

Even if /(и ,2 ) = З и -9  (as Erdős conjectured) the graph shown by figure 1 is not 
the only extremal one. For n = 1 or 3 (mod 4) we can construct a 2-super-universal 
graph with n vertices and 3n —9 edges, which is essentially different from the graph 
of figure 1. (See figure 3 and figure 4. On figure 3 P0 is joined to any point except 
P1, . . . , P 6 and Pt is adjacent to all points of I  (Pi).)

UP,) I(P2) I(P3) KÇ) I(P5) HPg)

Fig. 3.

We mention that a planar graph with n vertices can have at most 3«—6 edges. 
Theorem 2 states that a 2-super-universal graph must have at least 3n — 30 edges. 
Therefore and because both planarity and 2-super-universality are quite strong 
conditions, it is not surprising that a 2-super-universal graph (of sufficiantly large 
number of vertices) cannot be planar.
This statement was proven by G. B.
Purdy in [3].

4. Edge-universal hypergraphs

We shall formulate a problem for 
hypergraphs, which is very similar to 
the problems above for graphs.

By a hypergraph we mean a pair 
(V, Ж), where F is a finite set and Ж 
is a family of different subsets of V.
The elements of V are called points or 
vertices; the elements of Ж  are the 
hyperedges or, in short, edges. 0  will 
denote the empty set.

Definition. A hypergraph (V, Ж) is k-edge-universal if it has the following 
property : for any к element subset A of V and any subset В of A there exists an 
edge Н£Ж,  such that B c H  but (А\В)Г] H = 0 .

I(Fj) I(P2) 1(P3) KÇ )
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(Compare this definition to the definition of the k-super-universal graph. At 
this point we note that the k-super-universal graphs are often called k-point- 
universal, which fact makes our term reasonable.)

Now the following question can be asked: At least how many edges must a 
k-edge-universal hypergraph of n vertices have? Let us denote this minimum 
number by h(n,k). We can trace back this problem to another one, mentioned 
earlier.

Theorem 3. For h(n, k), i.e. the minimal number o f edges o f a k-edge-universal 
graph

(17) h(n, к) = min {x|g(;c, к) ё  n}

where g(x, k), defined in section 2 ., is the maximal size o f a к-independent collection 
o f subsets o f an x  element set.

Let (V, Ж) be a hypergraph of n vertices and m edges. The incidence matrix 
of ( V, Ж) is a matrix A =  (au) with m rows and n columns that represent the edges 
HfiA? ( I s i im )  and vertices Pf iV  (1 S j S n )  respectively, such that

(18)
_ r0  if P j iH t, 

° iJ " l l  if PjdHt.

The dual hypergraph of (V, Ж), denoted by (V*, Ж*), is a hypergraph of m vertices 
and n edges, with the incidence matrix A*, where A* is the adjoint matrix of A. 
A hypergraph is called к-independent if its edges form a ^-independent collection.

Now Theorem 3 is an immediate consequence of the following observation.

Lemma 3. A hyp er graph (V, Ж) is k-edge-universal if  and only i f  its dual hyper
graph (V*, Ж*) is k-independent.

Using (6) with dx — 1/2 and (7), Theorem 3 gives the following lower and 
upper bounds for h(n,k).

Theorem 4. For the minimum number o f edges o f a k-edge-universal hypergraph 

(19) 2*-3 log2 n ä  h(n, k) ^  k2*+1log2 n

holds.

Appendix

Proof of (7). If k —2 then (7) holds trivially. Let us suppose that our state
ment is true for 2, 3, ..., k —1. Let {A,B,C, . . .}  be a к-independent collection 
of g{n, k) subsets of an n element set. We can assume that there is a member in

this collection (say A), which has at most [^-J elements. (If we replace a subset
in our collection with its complement, we get a k-independent collection again.) 
Since this fixed subset A intersects the remaining g(n, к) — 1 members of the collec-
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tion in different sets, and the intersection sets form a (k — l)-independent collec
tion, we can state

(20) g ( [ j ] ,  f c - l ) s g ( M | , f c - l ) S g ( n , f c ) - l .

Thus

g(n, k) s  tfc-1> + fc— 1) +1 =  2«*-• + *
which completes the proof of (7).

Acknowledgement. The author wishes to thank M. Simonovits for his helpful 
suggestions and comments.
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A GENERAL DECOMPOSITION THEOREM 
FOR ARTINIAN RINGS

by
A. WIDIGER

1. Introduction

We call a ring A artinian if it is right artinian (i.e. the minimum condition 
on right ideals of A is satisfied). A left and right artinian ring is called a two-sided 
artinian ring. A ring A is a strong artinian ring (short: SA-ring) if the underlying 
additive group (A, + ) of A satisfies the minimum condition on subgroups. Up to 
finite rings the structure of SVl-rings was described in [7]. Call an ideal /  of a ring 
A an AVI-ideal if I  is an A/1-ring. One easily verifies that an artinian ring A con
tains a uniquely determined maximal SVi-ideal S(A) (cf. [2]). Recently D inh Van 
Huynh [2] has shown that a two-sided artinian ring A has a ring direct decom
position

A = Bf±]S(A),

where В is an artinian ring with identity. From this result easily follow results of 
A. Kertész and the present author [7] and of the author [10].

In this note we prove the following general decomposition theorem on artinian 
rings: Let A be an artinian ring. Then A has a group direct decomposition

A = B®C,

where В is an ideal and C a left idea! of A such that C is an SA-ring and S(A)QC; 
В is an artinian ring with right identity and has some other properties (cf. Theorem 1). 
From this result one easily obtains the above mentioned theorem of Dinh Van 
Huynh and other results.

Especially we obtain conditions for an artinian ring to possess a (right, left) 
identity.

2. Preliminaries

Let A be a ring. We shall denote the additive group of A by (A, +), the Jacobson 
radical of A by J(A), and the ring of all nXn  matrices over A by A„, respectively. 
The symbol Щ stands for a ring theoretic direct sum, the symbols © and T® for 
group theoretic direct sums.

A primary ring A is a ring with identity such that A/J(A) is a full matrix ring 
over a division ring.

For a prime p,Z(p°°) denotes the quasicyclic p-group and r(A) denotes the 
right annihilator of the ring A. We remark that an SA-ring A is a torsion ring and

A = ^P i)E ]...[±M (p()
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where the A(p,)-s, the so called /^-components of A, are parings for distinct primes 
Pi. (A(Pi), + ) is a direct sum of a finite group and finitely many copies of Z(p°°) 
lying in the annihilator of A (pt) (and thus of A).

Proposition 1. ([6], p. 205) Let Abe a semisimple artinian ring and M  a ( right) 
A-module. Then

M  =  Ma@M1

where M n is a trivial A-module and Mx a completely reducible unitary A-module.
If A is a semisimple artinian ring and M  a unitary simple Л-module, then clearly 

M  is isomorphic to a minimal right ideal of A. Therefore we have the
Corollary. I f  A is a simple artinian ring which is not a zero ring, and M  a 

unitary simple A-module, then M  is finite iff A is finite (i.e. a full matrix ring over 
a finite field).

We call an Л-module M  strong artinian if the underlying group of M  satisfies 
the minimum condition on subgroups. The following proposition will be 
used later on:

Proposition 2. Let A be an artinian ring such that A/J(A) is finite and let M  
be an artinian A-module. Then M  is strong artinian.

P roof. We prove the proposition by induction on the nilpotence degree 
m of J(A).

If m — 1, then A is semisimple artinian, and by Proposition 1

M = M0®MA

where M 0 is a trivial Л-module and MA a unitary completely reducible Л-module. 
Since M  is an artinian Л-module MA is artinian, i.e. MA is a finite direct sum of 
s'mple Л-modules. Since A is finite, from the corollary to Proposition 1 it follows 
that MA is finite. M0 is a trivial artinian Л-module, hence strong artinian. There
fore M  is strong artinian.

Now assume that the Proposition holds for every artinian ring B, B/J(B) finite, 
with nilpotence degree of J(B)<m  and let m be the nilpotence degree of J(A). 
Then MJ{A)m~1 is a submodule of M and therefore also artinian. Defining

xä = xa, x£MJ(Ä)m~l, a£a£A/J(A)

MJ(A)m~1 becomes an Л//(Л)-тос1и1е and the Л//(Л)-зиЬп^и1е8 and Л-sub
modules coincide.

From the first part of the proof it follows that MJ(A)m~l is strong artinian. 
Now it suffices to prove that M/MJ(A)m~1 is strong artinian. Similary as 

above the definition

ÿâ = ÿa, y£M/MJ(A)m~1, aÇ.âÇ.A/J(A)m~1

makes М/Л//(Л)т_1 to an Л//(Л)m“1-module and the Л-submodules and the 
A/J(A )m~^submodules coincide. The nilpotence degree of J(A/J(A)m~1) is 
and by induction hypothesis M/MJ(A)m~1 is strong artinian.
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Remark. Proposition 2 also holds (with the same proof) if A=J(A), i.e. 
A/J(A)=(0). Then MA = (0) if m = 1.

Corollary. ([1], Lemma II  and [2], Hilfssatz ЪЛ) I f  A is an artinian ring such 
that A/J(A) is finite, then A is strong artinian.

3. Main theorem

Theorem 1. Let A be an artinian ring. There are left ideals В and C o f A such that

where
A =  B®C

(1) BC — {§), i.e. В is a two-sided ideal o f A,
(2) C is strong artinian,
(3) S(A)ÇC,
(4) В is an artinian ring with right identity eR and CeR=(0),
(5) B/JfB) is a direct sum o f full matrix rings over infinite division rings,
(6) В does not contain a proper SA-right ideal.
Proof. Let

Ä = A/J(A) = ё1Аё1 ЕЕ]...[S ë„Aê„

with simple rings ё(/4ё( (/= 1 , ...,и). By Proposition 5 of [5] (p. 54) there exists 
a set of orthogonal idempotents {elt ...,e„} with e f ë t ( /= 1 , . .. ,n ). Consider the 
two-sided Peirce decomposition of A relative to the orthogonal idempotents 
K ,  -  fcf. [5], p. 56):

A =  etAej® (1 — e)Ae®eA(\ — e)® (1 — e)A(l — e)
where

i.j= 1

(1 —e)Ae=  {ae—eae: a£A},

eA( 1 —e) =  {ea—eae: a£A},

Define
(1 -

(l — e )A (l—e) = {a—ea—ae+eae: a£A).

-e)Aet = {aei — eaep. a£A}, etA( 1—e )=  {e,a — etae: a£A},

0 = 1 ,.. .,n). Clearly then

(1 -e )A e =  l~e)Ae„ e A ( l-e )=  е{А ( \-е ) .
i=1 /=1

e,Aet ( i= l, ..., ri) is a primary artinian ring with radical eiJ(A)ei (cf. [5]).
Now assume that eiAei!elj(A )e l^ ë iAëi is infinite for 1 =  1, . . . , t  and finite for
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i= t + l,  Let
t

B =  2 *  etAej<B 2 *  Q - e ) * e it
1 = 1 i=l
1=1 

n

C =  ei ^ ej®  2 9 (l —é)Aei® eA (l—é)®(l — é)A (l—é).
i=l 1=1+1J=t+1

Then clearly Л = .б®С.
Now F. Szá sz  has proved [8] that A (l — e)— {a—ae: a£A} is an artinian 

ring. Since A ( l— e)QJ(A) is nilpotent, it follows from Proposition 2 that A( 1—e) 
is strong artinian.

Since e/Aei is artinian from the corollary of Proposition 2 it follows that 
etAet is strong artinian for i= t + l , n .  etAej, iA j, j> t  is a unitary ejAej- 
right module. One easily verifies that if

з  U2 3 . . .

is a strictly descending chain of submodules of the -right module etAej, then

UXA 3  U2A 3 . . .

is a strictly descending chain of right ideals of A. Therefore etAej is an artinian 
ejAej-module and by Proposition 2 etAej is strong artinian.

The same argument shows that (1— e)Aet, i= t+ 1, « is strong artinian.
We have proved that C is strong artinian.
A simple calculation shows that В and C are left ideals of A. Now we shall 

prove Ж7=(0). Write

eA(l — e)= 2 9 eiA ( l— e).
i=i

if  we prove eiAej =(0) whenever i ^ t ,  j> t  and etA( 1—e) =  (0) whenever 
i= t, we are done.

Assume J(A)m=(0). We prove eiJ(A)m~keJ=(0) by induction on k. If k= 0, 
this is true.

Our induction hypothesis is eiJ(A)m~keJ = (0) and we shall prove 
eiJ(A)m- k- 1ej = (0.)

eiJ(A)m~k~1eJ is a unitary left e;^ -m odule  and is strong artinian (contained 
in C). In a natural way (see above) e,J(A)m~k~1eJ becomes an eiAei/eiJ(A)ei-left 
module since

eiJ(A)eieiJ(A)m- k- 1ej Я eiJ(A)m- kej = (0).

But eiAei/eiJ(A)ei is a matrix ring over an infinite division ring, therefore (since 
eiJ(A)m~k~1ej is completely reducible) if eiJ(A)m~k~1ej A (0), it is not strong 
artinian, a contradiction.

In case k= m —1 we have Acj= (0) as asserted.
The same argument shows е;Л( 1—e)=(0), / = 1, ..., t.
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Thus (1) and (2) of the theorem are proved. We remark that the structure 
of C is

C =  2 ®  eiAej®  2 ® ( l ~ e) Aei® 2 @etA ( 1 —e)® (1 —е)Л(1 —e).1,3 = 1 + 1 l-t + l i=<+l
Now В is (since A is artinian) an artinian right Z-module and from BC=(0) we 
have that В is an artinian ring. Moreover ег + ... + e, — eR is a right identity of 
В with CeR=(0). The validity of (5) follows from the denumeration of the e/s. 
To prove (6) let R be a right ideal of В which is strong artinian, i.e. finite. Then 
/?y(ß)'n_l1-1 is a finite right ideal. If RJ(B)m~k = (0) then RJ(B)m~k~1 is a unitary 
right B/J(B)-module, therefore it is completely reducible. From (5) it follows that 
every completely reducible -ß//(.ß)-module A(0) is infinite. Hence RJ(B)m~k~1—(0). 
We obtain RB=R = (0).

From (6) we have .Sfl 5(Л)=(0). Then if xÇS(A)
X =  b + c, b£B, cdC, 

xeR =  beR + ceR = b£B(~)S(A) =  (0), 

i.e. 6=0, S(A)QC. The proof is now complete.

4. Further results

If A is an artinian ring, then A contains a minimal two-sided ideal M  with re
spect to the property that A/M  is strong artinian. This ideal M =M(A) is uniquely 
determined, for if Mt , M 2 are ideals of A with A/M y, A/M2 strong artinian, then 
by the first isomorphism theorem

M1/(M1f]M 2) =  (Ml + M2)/M2 c  A/M,
is strong artinian and therefore A/iM^ClM,^ is strong artinian. From the main 
theorem we have M (A)=B, i.e.:

Theorem 2. M(A) is an artinian ring with right identity satisfying (5) and (6) 
and a complement left ideal C satisfying (2) and (3).
The decomposition

A = M{A)®C
is a ring theoretic one iff C is a right ideal of A, i.e. iff

[ 2®  eiA ( \ - e ) ® ( \ - e ) A ( f - e ' \ \  2®  ( \ - e ) A e \  =  (0)
Li=M-i J Lj = i J

and
t

2 ®  etAej =  (0).
i=l + l
v=l

Then clearly C = S(A ); i.e. is a ring direct summand of A; artinian rings 
with this property Dinh Van Huynh has called Z-rings. In [2] Dinh Van Huynh 
has given a necessary and sufficient condition for an artinian ring to be a Z-ring.
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Proposition 3. Let A be an artinian ring such that M{A) has a left identity. 
Then

A =  M(A) 03 S(A).
Proof. If eR is the identity of M(A) then CM (A)—CeRM (A)—(0).

Theorem 3. ([ 2], Satz 2A) Let Abe a left and right artinian ring. Then
A =  M(A) 03 S(A)

where M(A) has an identity and M(A) does not contain proper left or right SA-ideals. 
Proof. Follows by left-right symmetry from our main theorem.

Theorem 4. ([7], Satz 3) Let A be an artinian ring such that J(A) is itself an 
artinian ring. Then

(* )
where S (i) are infinite division rings and Q is strong artinian.

Proof. By Proposition 2 J(A) is strong artinian and therefore J(A)Q S(A )rLC. 
Hence J(M(A))=(0), M (A) has an identity and the Theorem follows from Pro
position 3 and the Wedderburn—Artin theorem.

One easily verifies that an ideal of a ring as in (*) is itself such a ring, i.e. is 
artinian. Thus the rings of Theorem 4 are precisely the rings each ideal of which 
is artinian, the so called hereditarily artinian rings.

Theorem 5. Let A be an artinian ring and I  an ideal o f A which is a left and 
right artinian ring. Then

A = I* [±]Z>

where I* is two-sided artinian with (5) and (6), I* f  7, 7/7* strong artinian. 
P roof. Let A —B® C  as in the main theorem. Theorem 3 leads to

7=M (7)[±]S(7).

Let e' be the identity of M (I), i'dM(I), a£A. Then
Va =  i"+s, i'fiM (I), s€5(7) 

since 7 is an ideal of A. It follows
e'i'a =  Va =  e'i"+e's — i",

i.e. 5=0. This shows that I*= M (I) is a right ideal of A. A similar argument on 
the left proves 7* to be an ideal of A with identity and therefore

A =  7*[+jD

and I* has the required properties.
It is easy to prove that S(I) is an ideal of A and therefore S(I)Q  S(A)QC. 
Now if A is two-sided artinian, then

A = 5|+] C
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and if 7=7*[+]S(7) is a two-sided artinian ideal of A, we have

у( =  г а л * а с ,
5(7)QC, thus I*\+\C is a ring theoretic direct summand of A containing 7 and 
(7*ЩС)/7 strong artinian. This is theorem 2.2 of Dinh Van Huynhs paper [2].

Let A be an artinian ring. Then A contains a maximal ideal N  with respect 
to the property that N  is a left and right artinian ring. By Theorem 5

A = N*\Ä]D,
N* two-sided artinian, S(A)QD.

From the maximality of N  it follows that the maximal two-sided artinian ideal 
of D is S(A), i.e. D/S(A) does not contain two-sided artinian ideals ^  (0).

Now N* splits into finitely many direct indecomposable two-sided artinian 
rings which do not contain a two-sided artinian ideal ^(0) by Theorem 5 (and 
since S(A)QD). This is theorem 2.3 of D inh Van H uynh [2].

Now
D = В 'ф С '

with В', C  as В, C in the main theorem. We prove that B' does not contain a two- 
sided artinian ideal ^(0):

Assume 7 is such an ideal. By Theorem 3

I= M (I) \± \S (I) .

As in the proof of theorem 6 we obtain that M(7), S(I) are ideals of B’. But B' 
does not contain any strong artinian right ideal ^(0), therefore S(I) =  (0) and 7 
has an identity, hence P = I. Then

7)7= (B' + C ')I  = B 'l+ C 'I Q I+ C 'I=  I+ C 'P Q I+ B 'IQ  I,

ID =  7(ß' +  C ')  = IB' Q 7,

i.e. 7 is a two-sided artinian ideal of D, a contradiction. This shows that the study 
of artinian rings is essentially reduced to the study of left and right artinian rings 
with identity not containing a two-sided artinian ideal ?í(0) and satisfying (5) 
and (6) and to the study of artinian rings with right identity satisfying (5) and (6) 
and not containing two-sided artinian ideals ^(0).

At least we consider the existence of a (one- or two-sided) identity in an 
artinian ring.

Theorem 6. An artinian ring A has a right identity iff A/M (A) has a right identity.
Proof. Clear by the main theorem since A/M (A)síC.
Corollary. I f  7(C) =  (0), i.e. A/M (A) has zero radical, i.e. J(A) M(A), 

i.e. A does not contain a nilpotent artinian left ideal, then A has a right identity.
The last statement of the Corollary is a result of F. Szász [8].

Corollary. ([3], [4], [9].) I f  A is a torsion-free artinian ring, then A has a right 
identity.
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Proof. C = (0) under the assumption
Theorem 7. For an artinian ring A are equivalent
(1) M(A) has a left identity and A/M (A) has a left identity,
(2) M(A) has an identity and A/M (A) has a left identity,
(3) r(M(A))=(0) and S(A) has a left identity,
(4) r(M(A))=( 0) and A/M  (A) has a left identity.

Then A has a left identity.
Proof. The equivalence of (1) and (2) is obvious. From the structure of 

M(A) = B we have at once
t

r(M(A)) — 2®  ^iAej® 2®  (1 —e)Aei.i=t+i i=i
J =г

Then r(M(A)) = {0) iff M(A) has an identity. Hence (2)o(4).
Theorem 8. For an artinian ring A are equivalent
(1) A has an identity.
(2) A/M(A) has an identity and r(A) = (0).
Proof. (1)=>(2) is trivial. (2)=>-(l): Let A = M(A)®C, e the identity of 

C = A/M(A). Let e' = et+1+ ... +e„. Since êl+1+ ... + e„ is the identity of 
(A/M(A))/J(A/M(A)), we have e — e'kj(C). Now e — e' = (e — e')2, therefore e—e'. 
Thus

C = 2®  eiAej.
i,j = t +1

t
From r(A)—( 0) we then have ^  (1 — е)Ле, =  (0). Then e1+ ...+ en is the iden
tity of A. i=1

Corollary. Let A be an artinian ring not containing a nilpotent artinian left 
ideal 5^(0). Then A has an identity iff r(A) = (0).
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RADICAL IDEALS OF PRINCIPAL CLASS

by
D. D. ANDERSON (Columbia)

E. D avis [1, Remark, p. 203] has shown that a prime P of principal class can 
be generated by an P-sequence of length ht (P).' Actually, the proof given by Davis 
also applies to radical ideals. In this note we offer a simple inductive proof of this 
result. We denote the Jacobson radical and the zero-divisors of a commutative 
ring P  by J(R) and Z(P), respectively.

Theorem 1. Let R be a Noetherian ring and I= (ax, ..., a,,} a radical ideal o f 
height n contained in J(R). Then ax, ...,o„ is an R-sequence and I,=(ax, . . . ,a t) 
is a radical ideal o f height i (О ё/^и, /„ = (0)). Moreover, each minimal prime ideal 
of /,_x is contained in a minimal prime ideal o f / г.

P roof. Assume that n — 1, so that /= (% )  is a height one radical ideal. Now 
l~ P xP\...C\Ps where each Pt is a minimal prime ideal of I  and h t(P;) =1. Let
Q i^Pi be a minimal prime ideal. Then Q1f ) ... C\QsczPir\...C)Ps = (a1), so that 
Qi n...C\Qs=C(a1) for some ideal C. Since C(ax)dQ j and a1 $Qt, C<zQt and 
hence QxC\...C\Qs=(QxC\...C\Q^(fli). But ax(LJ{R), so by Nakayama’s Lemma
QXC\... lTßs = 0. Thus {Qx, ..., <2s} is the set of minimal primes of R and Q i^ P f  
Since R is reduced, Z(R) = Qi{J ...U(3, and hence al $Z(R).

Assume that «>1 and pass to R=R/(ax). In P, I=(ax, ..., an)/(ax) can 
be generated by n — 1 elements and each prime ideal minimal over I has the form 
Р/(ах) where P is minimal over /. Hence ht (P) = n. But by the Principal Ideal 
Theorem ht(P/(a1))= « —1 and hence ht(l/(a))—n — l. By induction, ü2, ..., ü„ 
is an P-sequence, R is reduced (i.e., (ax) is a radical ideal) and l i = (a1, ..., 
is a radical ideal of height i — 1. Moreover, each minimal prime of 7; is contained 
in a minimal prime of Ii+1. We show that ht (/,) =  /. Let Q be a minimal prime 
ideal of /, (iS l). Then QczP is a minimal prime ideal of /. Since Ip—Pp,R p 
is an и-dimensional regular local ring. In RP, IiP—(a1, ..., a;)P is a prime ideal of 
height i. But Q cP  and Q is minimal over 7; so QP — IiP and hence ht (ß) =  
= h t (QP)=i. Thus rank It=i. In particular (ax) is a height one radical ideal. 
By the case и =  1, R is reduced, each minimal prime of R is contained in a minimal 
prime ideal of Ix and ax^Z{R). Hence ax,...,a„  is an P-sequence.

1 Following I. Kaplansky [2], let R be a commutative ring with identity l . l f A  is an R-module 
(left module), then we denote the set of zero-divisors of R on A by Z(A), i.e. Z(A) =  {rÇ Rf ra =  0, 
3 a ^ 0 , aÇA}. Then, a sequence x x, x2, .. . ,  x„ of elements o f R  is called an R-sequence (o f length n)
(i) f c ,  хг, . . . ,  x)n*  R, and (ii) x xZ (R ) , . . . ,  x, Z(R /(xx......x , . , ) )  ( i = l ,  2........и).
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Corollary 1.1. Let I —(a l5 ...,a n) be a radical ideal of height n in a Noetherian 
ring. Then G(I)=n and I  can be generated by an R-sequence}

Proof. By Theorem 135 in [2], there exists a maximal ideal M zd I  with G(I)— 
— G(IM). By Theorem 1, G(J)—G{IM)=n. Thus by [1, Appendix] or Theorem 
125 in [2], I  can be generated by an /^-sequence.

Corollary 1.2. Let P=(a1, ..., a„) be a prime ideal o f height n in a Noetherian 
ring R. I f  PcJ(R), then al5 ..., an is an R-sequence. In any case, G(P)—n and P 
can be generated by an R-sequence.

We first proved Corollary 1.2 for R a local ring in answer to a query in [3]: 
If R  is a local ring and P=(a1, ...,a n) is a prime ideal of height n, must alf ..., 
be an А-sequence? Later E. Davis communicated to I. Kaplansky a proof of the 
query similar to ours and remarked that he had proved the result mentioned in 
the introduction.

By starting the induction from the other end (as pointed out the to author by
J. Ohm) we have the following non-Noetherian result from which part of Theo
rem 1 may be derived. The proof is similar to Theorem 1 except we pass to R/(an) 
instead of R/fa). The implication (=>) uses the fact that if x  is contained in a height

П
one prime of a domain, then f) (x)" = (0) (Corollary 1.6 in [4]).

П = 1
Theorem 2. Let R be a ring and /= ( a l5 ..., an) a radical ideal o f R. Then

(0) ^  (ax) ̂  an) is a chain o f radical ideals with each minimal prime of
(als ..., a,) having height i and each minimal prime o f (a1( ..., a,_j) being contained 
in a minimal prime o f (a1, ..., a;) (1 S i^ri) i f  and only if for i =  l, ..., n

(1) a i is not contained in any minimal prime ideal of (% ,..., a,_ x) that is con
tained in a minimal prime ideal o f (al , ..., an), and

(2) П [(«i. ••• > ai-i) +  (a i)J] =  («i» •••> a ;-i)-S = 1
Corollary 2.1 (J. Ohm). Let R be a ring and P=(a1, ...,a„) a prime ideal 

o f R. Then (0)g (a}) f  ... (f ( a 1, .... an) = P is a saturated chain o f prime ideals if  
and only i f  for j= l ,  ..., n

(1) a, is not contained in any minimal prime ideal o f (al5 ..., ai_}) that is con
tained in P, and

(2) П Kai> •••>a;-i) +  Oi)s] =  Oi>S—l

2 Let I ^ R  be an ideal o f a Noetherian commutative ring R. Then any two Я-sequences of 
maximal length contained in I  have the same length. This is So, and it is called the grade o f I, and 
is denoted by G(Z). Thus G (I) may differ from the Brown—McCoy radical G(I) o f the ideal I. 
The term “grade” and notation G(Z) are by no means standard. N. Bourbaki and other French 
mathematicians use the word “profondeur”, which may be translated as “depth” . On the other 
hand, G(Z) =  n is the least integer n for which Extr (R/I, R )^ 0  (cf. Cartan—E ilenberg [5]).
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ON THE SCHRÖDINGER EQUATION 
OF THE THREE BODY PROBLEM I.

by
E. MAKAI

1.

, • 1, д2ф d2i1/ д2фLet x it y t, Zi (i = l, 2, 3) be real variables, ^  =  ̂  + E constant,
/Ju fe .fc  nonnegative constants, 2  llk> 0, U a function of the nine variables 
x lt yt , ..., z3 and let ф satisfy the differential equation

( 1 . 1 ) -  2 Щ- Е ф  =  о.
Л = 1

In the following we shall suppose that U is a function of the three variables 

Г1 =  [ ( * 2  -  *з)2 +  ( у 2 -  yù'~ +  ( z 2 -  Z3) 2] 1/2 

(1.2) r2 =  [(*3 -  * j ) 2 + (y3 -  уф2 + (z3-  Z j ) 2] 1/2

'з  =  [(*i -  ̂ a)2+ Öl -  fï)2 +  (Zi -  ztf]m

only* and U is reasonably smooth having singularities of a “mild” type. It is known 
that in this case (1.1) has solutions depending only on rl5 r2 and r3 and these solu
tions ф=ф{г1,г2,г^) will be the object of this paper. Introducing the notations

(1.3) А1ф = дгф 2 дф - r j+ r j+ rg
дг\ г2 дг2 г2г3

д2ф д2ф 2 дф
дг2дг3 (hl + г3 дг3 (cycl.)

it is known (cf. [2], esp. p. 233) that any function ф=ф(гг, r2, r3) satisfying (1.1) 
satisfies the differential equation

(1.4) — 2 1*кЛкФ+ иф — Еф —  о,
too. Eigenfunctions of (1.4) are solutions for which the Lebesgue integral

f f f  Ф2 V i  r3 dr1dr2dr3

* Formulae of type (1.2) will be abbreviated throughout this paper in the following way: 
ri= [(^s -X 3)! + ( y 2- y 3)a+ (z2 — Za)*]1/* (cycl.). By this it will be meant that the formula remains 
valid after a cyclic interchange o f the indices 1, 2, 3.
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is finite. Here the domain Dr of integration is defined by the triangle inequalities

(1.5) Гг + Гз- ^ S O ,  Гд +  ̂ -Г а  ë  0, тч +  Гд-ГдёО.
In this paper we are dealing with solutions of (1.4), which are not necessarily 

eigenfunctions, though their domain of definition is still Dr. Consider a plane 
P: 2 airi=zß in the real space rlt r2, r3, the intersection of which with the closed 
domain Dr is not empty. Let D0 be a plane domain in PC\Dr. The theorem of 
Cauchy—Kowalewski states roughly, that if we prescribe values and normal derivat
ives of a solution of (1.4) in D0, then there exists a domain Dx, the three dimensional 
measure of which in the space rl5 r2, r3 is positive, D0czD1c:Dr, further a unique 
solution of (1.4) such that it satisfies the prescribed initial conditions and is analytic 
in Dl provided certain conditions are met. These conditions are partly related to 
the smoothness of the initial data on D0, partly to the structure of the coefficients 
of equations (1.4) on and near to D0. If D0 contains no point of the boundary of 
Dr and e.g. U = ̂ e j r i, constants, then the theorem of Cauchy—Kowalewski 
is applicable, yet this is not within the scope of this paper.

The situation is quite different if we specialize the plane P so, that it should 
coincide with one of the boundary planes of the trihedral domain Dr, say, ax=  — 1, 
a2 =  ars —1> /1=0, cf. (1.5). (This means that the points (x;, z f), i= l ,  2, 3 lie 
on a straight line in the (x , y, z)-space.) The conditions of the theorem of Cauchy 
and Kowalewski are now not met, as we shall see it later. One cannot prescribe 
simultaneously on D0 values and normal derivatives, so that they should guarantee 
the existence of an analytic solution of (1.4) satisfying the initial data in some three 
dimensional domain.

Instead, let us consider a sufficiently small closed part D0 of the boundary 
of the trihedral domain Dr not containing any point of any edge of Dr and let us 
suppose that in the points of D0 the function U is analytic*. Then, prescribing on 
D0 analytic initial values, these initial data alone determine uniquely an analytic 
solution o f (1.4) in some closed domain Dt . Here D0(^D1c D r and the three dimen
sional measure of D1 in the space rx,r2, r3 is positive. This is the essential content 
of statement (i) is section 2.

Again, i f  a solution o f Cl.4) is analytic in the interior o f Dl then by statement 
(ii) of section 2 this solution is either analytic on D0 or exhibits a logarithmic singularity 
there. Here, as in the previous paragraph, D0 is part of the boundary of Dx and of 
the boundary of Dr. This is related to T. Kato’s result [4], that if U is sufficiently 
smooth, then the eigenfunctions of (1.4) are everywhere continuous in Dr and on 
the boundary of Dr, as well.

In the important special case U =^1eitri (e1,e 2,e3 constants), U is analytic 
everywhere in the trihedral domain Dr, save on its three edges and Kato’s theorem 
holds.

* Analyticity means in this context not analyticity with respect to the variables rlP r , f r3 but 
analyticity in the closely related variables s ! ,s2, s 3 defined by (2.1) for which s1+ s 2 — 2r3 (cycl.) 
holds.
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2.

Let us introduce the new variables

(2.1) =  Гг + г3- г 1ь s2 = r3+r1- r 2, s3 =  r1 + r2- r 3

already used by C. L. Pekeris [5] for the numerical approximation of an eigen
function in a special case. By using these variables the domain D, will be trans
formed into

(2.2) Ds: SO, s2 s  0, s3 s  0.
The quantities Акф in the Schrödinger equation (1.4) become in the variables 
more intricate, namely if ф(гг, r2, r^ — ip^Sx, s2, s3) then we have

(2.3) 2г1г2г3А1ф = 2
UJ- 1

fr») &<P 
b,J dsidsi+ JJ i = l OSj

where bip = b <j}) and
:= 2r1r2r3Aw cp (cycl.)

(2.4) biî> =  s1(s2+ s3)(s1 + s2+ s3), bg'1 =  — b $  =  b (3ÿ  =  s2s3(s2+ s3),

biV = b[ÿ = 0, = (s2+ s3)(2s1 + s2+ s3), 1411 =  -  K» = s i- s i  (cycl.)

yet one has the advantage that the equation (1.4) transformed by (2.3) into the form

(2.5) - 2  HkAm q> + (V -E)(p  = 0, t/(r1; r2, r3) =  F(sl5 s2, s8),

becomes a particular case of a type of partial differential equations, which was 
investigated in recent years by several authors, namely by M. S. Baouendi and 
C. Goulaouic [1] and by V. H. Froim [3]. As a simple application of their theorems 
we get the following two statements.

Suppose that the function V(sly s2,s3) is an analytic function of the arguments 
^ i,s2,s 3 in a complex neighbourhood N  of ,^= 0 , j2= j2(>0), j3= j3(>0), i.e. 
in a complex neighbourhood of a boundary point of the real domain Ds not lying 
on any axis of coordinates. This occurs in the special case U(r1,r.i ,r^) — 2 eilri 
{et constants) equivalent to

V(s,, s2, + _ £ з _ | 
Si +  S2/

since if N  is sufficiently small, each denominator is positive.
Further, let us define by the aid of the positive numbers R^ R2, R3, where 

R2< s%, í ?3-=í 3 the complex domain

GI I Si I <  Ri, |s2 s°2\ <  R2, |s3 s3| ■< R3
and the domain

G0: 0 -e IsJ <  Äj, |argSj| ■*= n, |s2—sg| <  R2, |s3—sg| <  R3, 
where we suppose that G cN . Then we have
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(i) For any function u(s2, s3) analytic in a neighbourhood N ' o f s%,s% there exists 
a uniquely determined solution <p (s1, s2, s3) of (2.5) analytic in a complex three di
mensional neighbourhood G o f 0, .s2,.s'3 with suitably chosen constants Rly R2, R^ 
and satisfying the only boundary condition

cp(0, s2, s3) = u(s2, s3).

(ii) I f  a non-trivial solution (p o f (2.5) is analytic in G0, then it is o f the form

(2.6) (p0(s1,s2, s3) + (p1(s1,s 2, s3) log Sj

where (p0 and (p1 are analytic in G, hence on the intersection of G and o f the surface 
=  0, too. On the latter point set |ç>0(0, s2, л3)| +  |<рх(0, s2, J3) |^ 0  holds. Further, 

ç>x(0, s2, j3)= 0  implies (pfs^ s2, s3) = 0  and the functions (p0(0,s2, s3) and <^(0, s2, s3) 
determine uniquely the solution of (2.6).

3.

Consider the partial differential equation

(3.1) vvu + a12 w12 + a13 w13 + (a22 w22 +  a23 w23 + a33 w33) +

1 / ч 1H---- (aiw1 + a2w2 + a3w3) q— 2 aw -  0,zx z{

where w = w(zt , z2, z3), wt = dw/c)zi, wij = d2w/dzidzj , the quantities au , a; and a 
are analytic functions of zl5 z2, z3 in a complex neighbourhood N0 of z1—z2—z3 = 0, 
finally

(3.2) a° =  ûi(0, z2,z3) =  1, a0 =  a(0, z2,z3) = 0.

Under these assumptions a special case of a theorem of Baouendi and 
G oulaouic [1] states, that there exists a neighbourhood N3 of Zj = z2= z3=0 in 
which a unique analytic solution of (3.1) exists completely determined by the only 
initial condition

(3.3) w(0, z2, z3) =  Ф(г2, z3),

where Ф(z2, z3) is an analytic function of z2 and z3, if (0, z2, z3)£N'0.
Further the theorem of Froim [3] states that under the same assumptions there 

exist suitably small positive constants Rt , R2, R3, such that any analytic solution 
of (3.1) in

0 <  |zj| <  Ri, |arg z j <  я;,. \z2\ «= R2, \z3\ <  R3

is of the form
Ф0 (z1, z2, z3) + Фх (zx, z2, z3) log Zi

where Ф0 and Ф, are analytic in \zj\~^Rj ( j=  1,2,3).
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4.

For proving the statements of section 2 it is obviously enough to show that 
equation (2.5) becomes a particular case of (3.1) after the introduction of the new 
variables

(4.1) Z! =  Sj, z2 = s2 — s2, z3 — s3 s®

and division by the coefficient of d2cplds\ (—d2w/dzf) taking into account that 
(2.5) is symmetric in the indices 1, 2, 3.

Using the notation

(4.2) g(sl5 s2, s3) = -^-(sj +  SaXsa + SaXsa + Sj) =  2r1r3r3

equation (2.5) is equivalent to

(4.3)

where

v c ; y c ^
i  iJ d s js j f  c‘ ds, +  C(p -  0,

(4.4) Cij =  ~  2  Vk ,  c, =  -  2  Ик Ь(,к), С
к к

giSj.s^SaXF-Æ),

and we are going to verify that (4.3) divided by cn  is indeed of the form (3.1) after 
a change of the variables Sj into z}.

By (4.4) and (2.4) the coefficients c1} are divisible by s\, they are of the form 
SiPjis i ,  s2, s3), where Pj(sx, s2, s3) is a polynomial. The polynomial

Л(*1> J2 , J3) =  -  PÁS2 + S3)(S!+ s3 + s3) -  n2(s1 + s3)sa- H3(S! + s2)s2

does not vanish in a neighbourhood of J t = 0 ,  s2—s2, j 3 = . ^ ,  since both 5® and 
j® are positive, hence [Рл (Sj, s2, s3)]~1=[P1(z1» z 2-\-s\,  z3+ í")]_1 is an analytic 
function of the variables Zj in a neighbourhood of the origin. Thus c12/cn  and c13/cn  
are analytic functions of the Zj-s near the origin.

If /, 1, then Cjj is a polynomial in the sr s, cij/cn = s{1[cij/P1(s1, s2, j3)]
and the quantity in the brackets is analytic. Similarly cjcu = sf 1[ci/P1(s1, s2, j 3)] 
and the quantity in the brackets is again analytic. In particular

thus

cf. (3.2). Finally

-  Pi (s2 + s3) (2s, + s2 + s3) -  /i2 (s§ -  sf) -  ц3 (s| -  X) 
~  P i  ( S2 +  Sa) ( S1 +  S2 +  S3)  ~  P-2 ( S 1 +  Sa )S3 — И з  ( S1 +  * 2 )  S2

lim fl, = lim a, =  1,zx~* 0 S i- 0

____2 C - g(Sl,S2>S3) ( ^ - £ )
Cl --- Sj — “  ~ "

C11 ‘ I (S1 > S2 > S3)

is an analytic function of the Zj-s near the origin, since both sL and the quotient 
on the right hand side are analytic functions of the Sj-s near 0 ,5®, j®. Moreover,
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a satisfies condition (3.2), since

a0 = lim a = lim a — 0.z i-*-0 Sj^O

Thus the theorems quoted in section 3 are applicable to equation (2.4).
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ON DISCRIMINANT FORM AND INDEX FORM EQUATIONS

by
K. GYŐRY and Z. Z. PAPP

Dedicated to Professor P. Erdős on his 65th birthday

1. Int'oduction

Let К  be an algebraic number field of degree 3 with discriminant DK, 
and let l , a l5 , otmfK  be wt + l s 3  linearly independent algebraic integers over 
Q 1 with heights s H . Let d be a fixed non-zero rational integer and 
x> 9 (k—l)(k —2)/2, £>0 be given numbers. As a considerable generalization 
of some earlier results (for references see Sections 2 and 3) the first named author 
proved in [9] that all solutions of the discriminant form equation
(1) DiscrA7Q(a1x1+ ... + amxm) =  d 
in rational integers х г, xm satisfy

(2) |x| -с Я т_1ехр{с1|^|х} 
and
(3) IXI <  H m~l exp {c1[|Dx|>»-W -«(|D JC|,» -« » - |W*+ log |d|)]1+«>,

where |x |= m ax (bc,|) and с1 — с1(к ,х ) ,с 2 = с2(к,в) are effectively computable
positive numbers. In [9] these estimates were deduced from an effective theorem 
on algebraic numbers with given discriminant ([9], Théorème 3; see also [10], 
Theorem 3), the proof of which was based on an effective estimate of Stark [37] 
for linear forms in the logarithms of algebraic numbers.

If in particular m =k — 1 and 1, oq, ...,a k_1 form a basis for an order О of 
К  with discriminant D0, then

(4) Discr^Q(a1x1H-...+ajk_1xt _1) =  [F fo , . . . ,  xk_J\2D0
where F(x ,, ..., xt _j) is a form of degree k (k—\)/2 with rational integer coefficients 
(cf. Hensel [15]). F  is a product of linear forms with algebraic coefficients. It is 
called the index form of the basis 1, al5 ..., a.k_1 of O. An important consequence 
of the above estimates is that all solutions in rational integers x l f ..., of the 
index form equation
(5) F(xx, =  a,
where a^O  denotes a rational integer satisfy for example

(6) i J T â - i <  Hk~2exp {ci\a2Do\x}

1 As usual, Q and Z denote the field of rational numbers and the ring of rational integers.
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with the above cx ([9], Corollaire to Théorème 7). The special case a— ± 1  is of 
particular interest, because (6) provides then an effective algorithm to determine 
all the integers a in К  for which 0=Z[ot]. (See also Corollaire 3.3 of [9]).

In the present paper we give p-adic generalizations of the above mentioned 
results on discriminant form and index form equations and improve the estimates
(2), (3) and (6). As an application of these we obtain explicit lower bounds for the 
maximum norm of the prime ideal divisors of a discriminant form.

Our proofs depend on certain theorems concerning algebraic integers with 
given relative discriminant over a fixed algebraic number field (see Győry [11], [12]), 
which have been obtained by using recent inequalities of Baker [3], van der Poorten 
[28] and van der Poorten and Loxton [30] on linear forms in the logarithms of 
algebraic numbers.

In our paper [13] some consequences of the main result (Theorem 1) of this 
paper are deduced from our results concerning generalized norm form equations [13], 
but the estimates obtained here are sharper in terms of certain parameters.

2. Effective estimates for the integer solutions of discriminant form equations

Before we state our theorems on discriminant form equations, we establish 
our notation, recall some standard definitions and refer briefly to the earlier results 
obtained on these equations in various special cases.

Let Kz>L be algebraic number fields with [K: L]=k=s3 and let Z K and ZL 
denote the rings of integers of К  and L. There are к isomorphisms of К  over L 
into the complex numbers; denote the images of an element a of К  under these 
isomorphisms by a(1), ..., a(fc). Let M(x) =  a1xr1 + ...+ amx? be a linear form with 
coefficients in К such that K=L(<Xj, ..., am) 2. Put M (J)(x) = a]J')x1 + ... +a(J )xm 
for j = l , . . . , k .  The discriminant
(7) Discr(M (x))= J] ( l f (' )(x ) -M (i)(x))2

l^i< j^k
is a form of degree k (k —1) with coefficients in L. A form obtained in this way is 
called a discriminant form over L  and will be written as DK/L(a,1x1 + ... +  amxm). 
This notion dates back to Kronecker (see e.g. [19] and [17]). It is easy to see that 
any discriminant form over L  is a product of norm forms with coefficients in L. 
Moreover, if К  is a doubly transitive extension of L, then any discriminant form 
DK/L(alx'l + ... + a mxm) is a norm form over L.

Let now cMO be a fixed element in L  and consider the discriminant form 
equation
(8) DK/L(a1x1+ ... + ccmxm) = Ô
in integers xx, ..., xm of L. We may assume without loss of generality that oq, ..., am 
and <5 are algebraic integers.

If 1, oq, . . . ,a m are linearly dependent over L  and (8) has a solution 
(xj, ..., x®)£Z£, then (xï +  zq, ..., x°m + um) are also solutions of (8) for any

2 If K ^ L (a i , . . . , a m), then in (7) Discr (M (x)) =  0.
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(tq, um)dZ£ satisfying u1x1 + ... + umam£ZL, that is in this case (8) has infinitely 
many solutions in integers of L.

In what follows we shall suppose that l , a l5 . . . ,a m are linearly independ
ent over L.

In the important particular case when L — Q, m =k — \ and 1, oq,...., afc_j 
is a basis for an order of K, the related equations (8) and (23) (i.e. (1) and (5)) were 
studied by many authors. The purpose of their investigations was, among others, 
to obtain results about algebraic integers with given discriminant or given index 
in various algebraic number fields K. We refer to the earlier results connected with 
the solvability of the equations in question in Section 3.

If L —Q and m —2, (8) leads to the Thue equation and a famous theorem 
of Thue [39] implies the finiteness of the number of solutions of (8)) (in case k = 3 
cf. Delone [5] and N agell [21]). Further a celebrated theorem of Baker [2] pro
vides an algorithm for determining all the solutions. Moreover, in case of a large 
class of discriminant form equations in two unknowns the number of solutions 
or even the solutions themselves can be explicitly given by means of the well-known 
results of Delone, Nagell and Faddeev on cubic diophantine equations (see, e.g., 
Nagell [20] and Delone and Faddeev [6]).

In the case L = Q, m s.k —1 =  3 the finiteness of the number of solutions of
(8) was proved by N agell [23], [24]. For a class of biquadratic number fields К 
his proof is effective [23].

As we mentioned in the introduction, in [9] it was proved in full generality 
that in case L —Q (8) has only finitely many solutions in rational integers xlt 
for any к and m with 2 ^ m ^ k —\ and all solutions satisfy (2) and (3). It is prob
able that if L=Q, the finiteness of the number of solutions of (8) can be deduced 
from well-known theorems of Schmidt [32], [33] on norm form equations,3 but 
only in an ineffective form, without giving effective upper bounds for the sizes 
of the solutions.

Let us now return to the general case when in (8) K zdL are arbitrary algebraic 
number fields with [K\ L ]= k ë3  and [L: Q ]= « ^ l. Denote by DK and DL re
spectively the absolute values of their discriminants. Let hL be the class number 
of L. As before, l , a l5 . . . ,a m will denote linearly independent algebraic integers 
over L  such that and max ( |а , |) ^ я 4. Let pl5 . . . ,p s be i& 01 /̂^m 4 7
distinct prime ideals of L with norms N(pJ)= p fj* 1, j =  1, ...,s , where pj denote 
rational primes not exceeding P (for л’=0 let P=2). Write yhf= {n j)  with some 
TtjÇ.Z L for y = l , ..., s. Further let <5, ß be non-zero integers in L with |AT/q(<5)|=t/ 
( d ^ 3), \NL/Q(ß)\^b.

The main result of this paper is as follows.
Theorem 1. Let L, K, oq, ..., am, n1, ..., ns, 5 and ß be defined as above. Then 

for every solution o f the equation
(9) D K /L(<XiX1 +  . . . + t x m x m)  =  ó n ?  ...

3 For this has recently been made by B. Knight (private communication of
Professor W. M. Schmidt). See also W. M. Schmidt, Proc. Internat. Congress Math., Vancouver, 
1974, Vol. I, pp. 177— 185.

1 |a| denotes the maximum of the absolute values of the conjugates of an algebraic number a.
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in integers xlt . . . ,x m£Z L, zx, . . . ,z , fZ  with (xl5 . . . ,x m)\(ß), Z jë 0 for j = 1, . . . ,J  
there exists a unit e in L  such that

(10) max •{[jCjfij, Ijcme|, (p{lZl... pf‘z*)hiJnk(k-V  }< bVnHm(f,+v>~1Ti

for i= l ,2 ,  where
_з

7] = exp {c3[c4(s+ l)30((Z)Lii1/'tP (s+1)")2 (5skn log(DL d/>))n+1)']s,+4}
and

T2 =  exp{c6Z>J/2P n' [ce(s+1)30 (log í ,)2(Z)3/xí:(log-DK)n)!Js,+4 lógd (log log d)2}

with l —k(k — l)(k —2) and effectively computable positive constants c3, c4, c5, c6 
depending only on n and k.

Theorem 1 is a p-adic generalization of Théorème 7 of [9] (which is quoted 
in the introduction). In case m = 2 it can be deduced from the effective theorems 
of Sprindzuk and Kotov ([35], [18], [36]) concerning the generalized Thue—Mahler 
equation (with estimates different from (10)).

It is clear from Theorem 1 that, for any given non-zero <5£Z7, one can effectively 
determine the set of all algebraic numbers Xj, ..., xm of L  satisfying (8), the de
nominators of which are divisible solely by powers of pl5 ..., ps.

If in Theorem 1 we take into consideration the sizes |<5|, |7q|,..., |7is| as well, 
we can easily get an upper bound for max (|xi|, ..., |xm|). However, the above formu
lation of Theorem 1 will be more useful in the course of its applications.

Of particular interest is the quite good dependence on H  in each of our results. 
In our theorems DK can be estimated from above by D) (2H)mkn(k'‘~1).

An important consequence of Theorem 1 is the following.
Corollary 1. Let L, K, a mbe as in Theorem 1. Let xx, ..., xm be relatively

prime integers in L. Suppose that DK/L(a1x1 + ... +amxm) has s distinct prime ideal 
divisors in L and denote by N (p) the maximum norm o f these prime ideals p. Then 
we have

(11) log A(p) + s log (s+ l) +slog log A(p) >  c7 log log N  

and

(12) N(p) => c8 log log N

provided that N ^ N 0, where TV = max (jA^/n(x;)|) and c7, c8, N0 are effectively1 /̂^m
computable positive constants depending only on H, n, к and DK.

Consider now the important special case of Theorem 1 when L — Q. As above, 
let К  be an algebraic number field of degree k^2> with discriminant DK, and let 
1, oq, ...,ocm be linearly independent algebraic integers over Q such that 
A = Q (a ! ,..., am) and max (la.l)sH. Let b, d denote non-zero rational integerslëj^m J
with d ^  3 and plf . . . ,p s, r S 0 distinct rational primes not exceeding P (with 
P = 2 if 5=0). We signify by \pr, ...,\ps the usual valuations of Q defined by 
Pi, . . . ,ps, normalized so that \pj\p = l/p j.
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Corollary 2. Under the above assumptions all solutions of the equation

(13) •••+«»*«) =  dPll ■■■ Pi’
in rational integers x : , ..., xm, zlt . . . ,z s with (xlt ..., xm)\b, Zj^O for j — 1, . .. ,s  
satisfy

(14) m ax iiu l,.... |xm|, (pi1... pj.)V*(*-i>) <  \b\H**-'T, 

for /= 3 ,4 , where

T3 = exp {ce[c10(s +1 )30((|d|V*P’+if'*(53k logfld |P))2)']*'+*}
and

T\ =  exp {cu P'[c12(s +1 )30(log P)2( |DX|3/2* log l),]s,+4 log |d|(loglog \d\f}
with l= k(k  — \)(k — 2) and effectively computable positive constants c9, c10, cn , c12 
depending only on k.

Corollary 2 implies the following

Corollary 3. Let K, oq, ..., am, plt ...,p s be defined as in Corollary 2. For 
any m-tuple o f relatively prime rational integers х г, . . . ,x m we have

(15) \Dk/q(ajXj + ... + amxm)\ [J |öK/Q(ai^i + ...+ a mxm)| >  |x |c13(i°gi°el*l)-»
J = i

provided that |x |=  max (IxJ) s  X0, where X0 and c13 are effectively computablelá/Sni
positive numbers depending on H, n, k, DK, P and s, but not on x lt ..., xm.

Corollary 1 enables us to get some information about the arithmetical pro
perties of those rational integers which can be represented by a given discrim
inant form.

Corollary 4. Let K, cq, . . . ,  am be as in Corollary 2 and let D be a rational 
integer with s distinct prime factors whose maximum is P. I f  there exist relatively 
prime rational integers хг, . . . ,x m for which AfsyQ(oqxx + ... + amxm) — D, then

log P+s log (s + l)+ s log log P >  c14 log log \D\

provided that \D\^Da, where cu  and D0 are effectively computable positive con
stants which depend only on H, к and DK.

For simplicity Corollaries 3 and 4 are stated only for L = Q, but in con
sequence of Theorem 1 they are also true in the general case when L is an arbitrary 
algebraic number field. Further, in view of \DK\s(2H )k<k~v* in Corollaries 3 
and 4 we can derive the same estimates with constants independent of DK.

Although our Theorem 1 remains valid for s= 0, in this special case we can 
give slightly better upper bounds for the sizes of the solutions, in which all con
stants are explicitly computed.
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Theorem 2. Let L, K, a, , ..., am and <5 èe ai in Theorem 1. Then all solutions 
o f the equation (8) w algebraic integers o f L satisfy

1 31

(16) max (|х,|) < |<5| (3mH)mn~1 exp {(5и/с3)30и*3 ((d-D£)3/2(log (dDL))nk) k}

and
1 j«

max (|Xi|) <  |c5| '‘('‘-D (ЗшЯ)"1'1" 1 exp {(5/i/)30<",+2) (ű K(log DK)nk) k (Df ,2k + log d)}

(17)

where l= k(k  — l)(k — 2).
Theorem 2 is a generalization of Théorème 7 of [9]. It implies that (8) has only 

finitely many solutions in integers x1, . . . ,x m of L  and all these solutions can be 
effectively determined.

In the special case L = Q  (16) and (17) are sharper than (2) and (3).
If  in particular К/L is normal, both (10) and (17) can be further sharpened. 

For example, by (28') we get

1
(18) max (Ы) <  |<5|it№_1)(3m77)m"_1exp{(5u/c)30(nfc+2)Z)K(logDK)3',*;_1(Z)|/2 +  logd)} 

in place of (17).
In (16), (17) and (18) one may take d—\ô\n and so for example (17) may be 

written in the form
max (Ы) <  c15H mn~1 |<5|сю

where the numbers c15, c16 depend only on n, к and DK and can be explicitly given- 
Finally we remark that Theorem 2 is proved in our paper [13] as well as a 

special case of a result concerning generalized norm form equations (see [13], 
Theorem 4). However, the estimates of Theorem 2 are better than those obtained 
in [13]. In (16) and (17) and in the other estimates of the present paper the dependence 
on H  is especially good.

An easy consequence of Theorem 2 is the following
Corollary 5. Suppose L, K, oq, ..., am are as in Theorem 2. There exist effect

ively computable positive numbers c17 = c17(n, к, H, DK), cls = cls(n, k, DK) such that

( 19) \Dk/l (cc1x 1+ ... + ctm x j \  s  c17 {max (|х,.|)}^

holds for any (xx, . . . ,x j £ Z 'f f
If L = Q, (19) is sharper than (15) in the special case 5=0.
As we mentioned before, the earlier investigations on discriminant form and 

index form equations yielded results concerning algebraic integers with given dis
criminant or given index. We should note that in [9] and in the present paper such 
an argument would be circular.
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3. Effective estimates for the integer solutions of index form equations

Let L and К be given algebraic number fields with the same properties as in 
Section 2, that is let [L : Q ]= « s l ,  [K: L]= k^3  and denote by DL and DK re
spectively the absolute values of their discriminants. Again, let hL be the class 
number of L. Consider an order О of the field extension К/L  (i.e. a subring of Z K 
containing Z L that has the full dimension к as a Z L-module) and suppose that О 
has a relative integral basis l , a x, , a*_x over L. This holds for example in the 
following important special cases : (i) L = Q, (ii) О =  Z K and hL = 1, (Ш) О =  Z, [y.] 
for some <xdZK. Further results and many numerical examples and references can 
be found e.g. in Berwick [4] and Narkiewicz [25].

Denote by DK/L(0) the principal ideal generated by DK/L( 1, ax, ..., a*_x) in L. 
Write M (x)= x1 ax +  . . .+ х к_ха*_х. We can easily see in the same way as in the 
case L = Q  that the discriminant form Discr (M(x)) defined by (7) may be written 
in the form

(20) Ac/t(a1* i+ ...+ a fc_iXi _i) =  [F(xx, xk-j]*D K/L(l, ax, ...,a*_x)
where F(x1, ..., x*_x)€Zt [xx, ..., xt _j] is a decomposable form of degree k (k —1)/2. 
It is called the index form of the basis, 1, ocx, . . . ,a 4_1 of О over L.

There is an extensive literature of index forms and their applications ; we refer 
the reader to the works by H ensel [15], [16], [17], Delone [5], Nagell [21], [22], [23], 
Delone and Faddeev [6], N arkiewicz [25], Payan [26], Gras [7], [8] and 
Archinard [1] and thence to the literature there mentioned.

As is well-known, H ensel’s famous theorems on common index divisors 
(see, e.g., [15], [16], [17]) as well as their generalizations obtained by H asse [14] 
and Pleasants [27] give necessary conditions for the solvability of index form 
equations (23) (see also (5)). In the important particular case L=Q, 8 = ± 1  (i.e. 
when a = + 1 in (5)) the solvability of these equations is settled for a great number 
of various special number fields К and orders O, and, in certain cases, all the 
solutions are explicitly given (see e.g. [5], [6], [23], [25], [26], [7], [8], [1]).

By virtue of (20) all the results enunciated in Section 2 can be stated for index 
forms in place of discriminant forms. As an immediate consequence of Theorem 1 
we get the following p-adic generalization of the Corollaire to Théorème 7 of [9].

Theorem 3. Let L, K, n l , ..., ns, ß and 8 be as in Theorem 1 and let О be an 
order in Z K over ZL having a relative integral basis l ,a x, ..., ах_х with ^jnax  ̂(|а,-|)^Я 
and with index form F(x3, ..., x/t_j). Then for every solution o f the equation
(21) F(x1, . . . , x 4_1) = á7rít ...Trf*

in integers xx, . . . ,x k_ f Z L, zx, ..., z f Z  with (xx, ..., хк_х)|(/?), z ^ O  for  z =  l, ..., s 
there exists a unit e in L such that
(22) max {|хх£|...... |xfc_1e], (pi1*1... <

<  Ь1/"Я<*-1Х»+1)-1 exp {4c5Dl/2P"'[ce(s+ l)30(log P)2(£»2/2*:(log/)„У)']<'+4 •

• log (d N(Dk/l (O))) [log log (dN(DK/L(0)))f}  
with the constants l= k(k — \)(k — 2), c5 and ce occurring in Theorem 1.
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Theorem 3 remains valid even for 5=0. However, in this special case we can 
obtain a more precise result by using Theorem 2. Indeed, in view of 
\DKiL{\, ai. ■■■, <Xk-i)\—kk an easy consequence ofTheorem 2 is as follows.

Theorem 4. Let L, K, 5 be defined as in Theorem 2 and let О be an order in 
Z K over Z L having a relative integral basis 1, oq, . . . ,a k_1 with jjnax   ̂(|ос7|) ̂  H 
and with index from F(xx, ...,x:fc_1). Then all solutions o f the equation
(23) F(x1, . . . , x k_1) = <5 
in x x, ..., xk- f iZ L satisfy

2

(24) jnax (|*J) <  |<3| (3fcH)"('t_1) exp{(5n/)30in,+2)(.£)K(log DK)nk)3,/k •
. ( D f W  +  \ o g ( d * N ( D K IL( 0 ) ) ) ) } ,

where l= k{k—\){k—2).
Theorem 4 generalizes the Corollaire to Théorème 7 of [9], improves (6) in 

the special case L=Q  and implies that (23) has only finitely many solutions in 
integers x 1, . . . , x k- 1 of L  and all these solutions can be effectively determined.

By applying the other estimates of Section 2 it is easy to obtain upper bounds 
in (22) and (24) which do not depend on DK.

In (22) and (24) one may take d= |<51" and N(D k/l(0)) can be estimated from 
above by (kk H2{k~1))n. Therefore we get for example

iJ ia x _ i(H )< c 19( H ^ o

for every solution (xx, ..., x k- 1)(^ZkL~1 of (23), where the numbers c19, c2O=-0 can 
be explicitly given in terms of n, к and DK.

Finally we remark that Theorems 3 and 4 can be derived directly from the 
results obtained in [11] and [12] on algebraic integers with given index, too.

4. Preliminary results

We keep the notations of Section 2. Let S  denote the multiplicative semigroup 
generated by nx, ..., ns and UL, UL being the group of units of L. Obviously SczZL, 
and if 5 = 0, then S = U L. Again, let ô be a non-zero integer in L with 
\NL/Q(ô)\^d  (d^3).

We say that the algebraic integers a, a* are ZL-equivalent if a — a*6Z L.
As we mentioned in the introduction, the proofs of our theorems are based 

on the following theorems which were obtained in [11] and [12] as corollaries of 
more general results concerning polynomials with given discriminant.

Lemma 1. Let L, S, S be defined as above and let a be an algebraic integer with 
degree k ^ 3 and discriminant D(x)f_5S over L. Then a. is Z L-equivalent to an integer 
o f the form qa*, where q £ S  and a* is an integer satisfying

(25) p j  <  exp {c21 [c22 (s + 1)30 (fDL(Flk P(s+1>")3/2 (5skn log (Z>L dP))n+1)']sI+4}
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with l= k(k — \)(k — 2) and effectively computable positive constants c21, c22 depend
ing only on n and k.

Proof. This is Theorem 2 of [12].
Very recently Trelina [40] has proved the above assertion in the special case 

L - Q, <5 = 1. Her estimate is weaker than (25) with n = DL~ d — 1.

Lemma 2. Let L, S, <5 be as in Lemma 1 and let К be an algebraic number field 
o f degree k ^  3 over L with discriminant Dk = Dk/q . I f  a is an integer in К with 
DK/L(d)^ôS, then it is Z L-equivalent to an integer o f the form щ*, where t]£S and 
a* is an integer such that
(26)

|a*| <  exp{с23/)]/гР',,[с24(s + l)30(log P)2(|T>x|3/24log |Т>а |)")']5,+4 log d(log log rf)2}

with l = k(k — \)(k — 1) and with effectively computable positive constants c23,c2i 
which depend only on n and k.

Proof. See the remark after the enunciation of Theorem 2 of [12].
The exponents of (j  +  1) occurring in (25) and (26) are not explicitly given in [12]. 

However, replacing Theorems A and В 5 in [12] by Theorem 3 of [30] (see also [31]) 
and Theorem 4 of [28] respectively, we may take c* =  30 as exponent of ( j + 1) 
throughout the paper [12]. In this case we get (26), (10), (14) without (log log d)2.

L emma 3. Let L, <5 be as in Lemma 1. I f  a is an algebraic integer with degree 
& S3 and discriminant <5 over L, then there exists an a* Z L-equivalent to a such that

l
(27) |a*| <  |<5| exp {(5n k3)3°"tS {{dDkLf 2 (log dDL)"k)3(k - d«1-  2>}.

Proof. This is Theorem ЗА of [11].

Lemma 4. Let L, <5 be defined as in Lemma 1 and let К be an algebraic number 
field o f degree k ^ 3  over L with discriminant Dk = Dk/q . I f  a is an integer in К 
with Dk /l(a) = <5, then there exists an a.* ZL-equivalent to a. for which

l
(28) |a*| <  |<5| *<*-» exp {(5n/)30ín,+2>(|Z)K|(log lÖKD^f^d^Af'^ + log d)} 

holds with l= k(k—\)(k — 2).
Proof. This is Theorem 3B in [11].

If in particular the extension К/L is normal, by estimate (8’) of [11] we get 
the following better estimate

(28') |a*| <  |<5| *»-1> exp {(5/ik)30<'“ +2)|DJ(log |Z)KI)3"*-1 (|Z)X[1/2+ log d)}
in place of (28).

5 These very deep theorems are due to Baker [3] and van der Poorten [28] (see also [38]).
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We remark that the proofs of Lemmas 3 and 4 depend on a recent inequality 
of v a n  d e r  P o o r t e n  and L o x t o n  ([29], [30], [31]) for linear forms in the logarithms 
of algebraic numbers. Very recently W a l d s c h m i d t  [41] and Waldschmidt and van 
der Poorten (private communication) have obtained sharper estimates in terms 
of certain parameters.

5. Proofs

P r o o f  o f  T h e o r e m  1 .  Consider an arbitrary solution of ( 9 )  in xlt . . . ,x m£ZL, 
zx, . . . ,z ,£ Z  with (xlt . . . ,x j \(ß ) ,  zrSO for r = l ,  Put

(29) a =  a1x1 + ... + amxm.

Obviously, a is a primitive integral element of KIL and

(30) DK/L(a) = Sn? ... л*».

By Lemmas 1 and 2 a may be written in the form

(31) a =  —x0 +  a*e17r“1... я“*,

where x 0dZL, Ul , щ , ..., us are non-negative rational integers and a* satisfies

(32) Й  <  T ' and Й  <  П ,

T(, Tl being the expressions occurring on the right sides of (25) and (26) respectively. 
Denote by

(33) a '(i) = x0+ ai0*! + . . . + <x^xm — а*(0е1я;1 ... я“*, i =  1, ..., k,

the conjugates of a' = a + x 0 over L. Since 1, al5 ..., am are linearly indepenent 
over L, there are i0, ..., im such that

(34)
, ( / 0 ) a ( i o )

r ( * m )
* *

Replacing the elements of the (y-t-l)-th column of a by a*<‘o\ ..., We get
a determinant, say <jj. From (33) we obtain

(35) XjSï1 = л"1... я“> cTJ а

for у'=1, Let К* be the smallest normal extension of L containing К  and
put [К *: Ц - t .  Writing 7r“i...7t“« = r, (xl5 ..., xm)\(ß) implies

|Wk*/Q(t)| ' N ((an  ••• » O )  = I^k*/q((T)I7V((*1’ ••• * *m))>
whence

\ N l / Q ( t ) \  ^  \ N K*,Q ( a ) \ l ' ‘ \ N L / Q ( ß ) \ .
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As is known, there are t'ÇZl and e ^ U L such that т = т'е2 and

(36) | t ' |  S  I AL/Q(T)|1/n exp {c25ű j/2(log D J " - 1} s

— b1/n \a\ exp {c2bDY2{\ogDL)n- 1}
with an effectively computable positive constant c26 depending only on n.

Since all conjugates of a and Oj over Q can be written as determinants of the 
same form as above, hence

m + 1

(37) Щ s  Ут+ 1 (У(т + 1 )H 2)m = (m +1)“ Hm 
and similarly

m +1
(38) \(7j\^(m + \) 2
for and i—1,2. Putting (e1e2)_1 =  e, from (35) we get

x'j — XjE = t' o-j/ct
for This implies

xj — NK*/i(xj) = biK*/L(r(jj)/ NK*/L((r),
whence

W ï S  \N kVl (t'* j)\ |ATX. /L( f f ) | - 1 

and by (36), (37) and (38) we obtain

Щ  ^  ^  bllnH m̂n+1)- 1Ti, j  =  1, m,
with

T t =

for i= l ,2 ,  where c2e> l  denotes a suitable effectively computable constant 
depending only on n and k.

From (30) and (31) it follows

&К1ь(<х*)(еit)'‘(*-1) =  Őn?... ni-
and this yields

(PilZl -  p{-z')hl- =  — rcïOI ^  |Afí./Q(T)|k(t_1)|iVz./0(Z)K/I.(a*))| S

SS (jaI" 6)*(t_1) (2T[)k(k~Vn.
Thus we get

(p{lZl... g  b1,nH mTi

for i =  l, 2. Since 7j and T2 have the required forms, Theorem 1 is proved.
P r o o f  o f  C o r o l l a r y  1. Consider the prime ideal decomposition 

{DK/L(cc1Xi + ...+<xmxm)) = p“i ... p".

in L. Put Uj=hLZj + rj, 0 ^rj< h L and p =  (rtj) with itjÇ.Z L for j = l , . . . , s .  
Then we have
(39) D k / l (<x 1x 1 +  ... + a mx m)  =  ô i z l1 . . .  n l •
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with a suitable integer <5 in L for which ( á ^ P i1 ...pj* and \NLiq(ó)\s .3Ps”í}'l- V) 
hold, where # = m a x  N(pj). Applying now the estimate (10) of Theorem 1 with
T2 to (39), we get (11). Since 3? with an effectively compu
table positive constant c27, hence (12) follows at once from (11).

P r o o f  o f  T h e o r e m  2 .  Let (лг15 ..., xm)£Z% be an arbitrary solution of ( 8 ) .  Then

a — a1x1 + ...+ccmxm
is a primitive integral element of К/L  and

^к/г(а) — <5-

Denote by T5 and T6 respectively the expressions occurring on the right sides of
(27) and (28). By Lemmas 3 and 4 we have

a =  — x0 +  a*
with a suitable x0£Z L, where

Й < г 5 and jö*í <  Г6.

Following the proof of Theorem 1, we get now in the same way as there that
Xj =  о Jo

for j= l ,  whence

Щ  á  j ^ R - 1 ^  (3mH)mn~1Ti

for j= l , . . . ,m  and i= 5,6. This completes the proof of Theorem 2.

Added in proof. The results of the present paper have recently been generalized 
by the first author (see Ann. Acad. Sei. Fenn., Ser. A. I, 4 (1979), 341—355, and 
„Explicit upper bounds for the solutions of some diophantine equations” , ibid., to 
appear).
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QUASI-HERMITE—FEJÉR INTERPOLATION

by
T. M. MILLS

1. Introduction

In 1959, Paul Szász [6] introduced the quasi-Hermite—Fejér interpolation 
(QHFI) polynomials. These are defined in the following way.

Let x lt x2, ..., x„ be n distinct interior points of the interval / = [ —1, 1]. Then, 
for any function / :  / —(—°°, °°), the QHFI polynomial is the unique polynomial 
Qïn+1( f, x) of degree 2w + l (or less) such that

Q-zn+Af, xk) =/(**), к = 1,2, ..., /i, 
m  Qi„+ r(/, **) =  0, к =  1, 2, ..., n,

+ ! ) = / ( +  1),
lß 2n+i ( / , - ! ) = / ( - 1).

The case in which x x, x2, x„ are the zeros of certain Jacobi polynomials 
has been discussed in several papers. From the results of Szász [6], Sánta [5], 
Povcun and Privalov [4], and Mills [3], we can compose the following result.

Theorem 1. Let Q2n+X{ f  x) be the QHFI polynomial, based on the zeros of 
the Jacobi polynomial P(f ’ß}(x), for a function fÇ_C(I). I f  either (i) O s a < l  and 
0^ /?< l or (ii) a — /3 =  —1/2, then ß 2n+i( / ,  x) converges to f(x )  uniformly on I.

The aim of this paper is to extend this theorem to the cases a = — ß —l/2, 
and a = — ß = —1/2.

Let /€ C (/)  and со the modulus of continuity of / .  Now the main result of 
this paper may be stated.

Theorem 2. Let ß 2n+i(/> x) be the OH FI polynomial, based on the zeros o f
(1, _L)

P„ 2 (a), for a function f£C(I). Then, for n ^ n x,

l l ô * »  +  l ( / ) - / l l  ^  « b n "1 j > C / , l / / c )
k  =  l

where || • || denotes the uniform norm on I, and ck (and later c2,c3, ...) denotes a 
constant which is independent o f n and f

From the properties of ш (/, 6) (see e.g. G. G. Lorentz [2], pp. 43—44) we 
find that

л -1  2  to(f, l//c) ^  c2o)(f, (log n)/n).
= 1
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Thus, Ô27.+1C/) converges to /  uniformly on /  and Theorem 1 is extended.
It will be clear from the proof that a similar theorem can be proved when 

a =  —ß=  —1/2.
I understand that P. Vértesi [8] has recently extended Theorem 1 to the cases 

where a, ß satisfy both — 0.5ëoc, and |a—ß \ ^ l .

2. The Proof of Theorem 2

In a later paper, Paul Szász [7] introduced another interpolation process. 
Consider the unique polynomial Rin (/, x) of degree 2n, or less, such that

(2)
- ^ 2 n i f ’ %k) f i ^ k ) ,  к  '  2 ,  . . . ,  И ,

**) =  0, fc =  1, 2 , ..., n,
R2Á L  + 1) =/(+!)■

Szász proved that, under the assumptions of Theorem 2, R2n(f, x) converges to /  
uniformly on /  as In a more recent paper, K umar and Mathur [1] have
shown that, for n^ 2,

(3) 2 a > (j,i/k ) .
k  =  l

Now it follows from (a) the fact that the conditions (1) uniquely define 
Qin+i(f, x) and (b) the properties (2) of R2n( f )  that

(4) Q2n + l ( ^ 2n if), *) =  Rin i f ,  x).

In [8], Vértesi proves that {Q2n+x: и =  1,2, 3, ...} is a uniformly bounded 
sequence of linear operators.

Now we can prove Theorem 2. From (3), (4), and the uniform boundedness 
of ß 2n+1 , we have

llß2n+i( / ) - / l l  ^  I I + 1  ( / ) - +x (/))II +1102П+1(Я2„(/))-Я 2„(У)|| +

+  | л * ( Я - / 1 1  ^  ( l l ß 2 n + i l l  +  i ) l l ^ ( / ) - / l !  ^  c 4 n _ 1  2  coif, 1 Ik).

3. Lower bounds for the error

Since ß 2n+i is not a positive operator, it is difficult to find general lower bounds 
for | |ß 2n+ i( /)—/II. However, examination of the error for a particular function 
shows us that Theorem 2 is best possible.

Let g(x) = ( l — x2)|x |, —l S x ^  + 1. Now, from Theorem 2 and the pro
perties of co(g, <5) we can obtain

II ß 2„+1 (g) -  gll S  c13 (log n)/n, n а  щ .
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On the other hand,

l l ß 2 n + i ( g ) - g l l  ^  | ß t o + i ( g , 0 ) - g ( 0 ) |  = 2 f ( x k)qk(P)
k = 1

=  2(2и + 1)-* 2 ’( k l~ 1- 2 k l  +  k | . x t) S2(2n + 1)-2 2 ( k | - x)-6n(2n  +  l ) -* S
А- l  k = l

m
Ш 2(2n + 1)-2 2 ' ( W - 1) -3 (2 n + l) -1S

k = 1

1 rm
-  n ( 2 n + \ )  f  s e c t d t ~ 3 l ( 2 n + l )  S  ( 6 я ) ~ 1 ( l o g t i ) / n

f o r  n = 2 m  s u f f i c i e n t l y  l a r g e ,  w h e r e  t m =  c o s  x m . T h e r e f o r e  w e  h a v e

l o g ”  n o  . 4  „ l o g n
C14 ~  — IIÖ2/l + l ( g )  g ll — C13 “

for n even and sufficiently large. It is in this sense that Theorem 2 is best possible.
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ON THE OPERATIONAL SOLUTION OF A CONVOLUTION 
TYPE INTEGRAL EQUATION OF THE THIRD KIND

by
T. FÉNYES

Introduction

In papers [1], [2] we have solved the integral equation
t

(1) (i + a)/(0 +  f  f(z )g (t-z )d z  = h(t), t ё  0,
о

applying Mikusiriski’s operational method. We have shown that (1) is solvable 
in the operator field for every real a and for every locally integrable g(f), h(t), if
the quantity g(0) = I im ^ r )  exists and if the function is also locally

integrable. We proved that under the above conditions, every solution of the corre
sponding algebraic differential equation

(2) D f - a f - g f  = - h

is a finite order distribution having a support bounded on the left (see Fenyő [5], 
WLOKa [6]). We have proved in [1], [2] that the corresponding homogeneous equa
tion has nontrivial locally integrable solutions, if and only if, a s  0, g(0)<0. In 
the case of a > 0  (1) has exactly one locally integrable solution (this follows im
mediately from the Volterra theory) which can be written in the following form:

(3)

where

and

f ( t ) =  U(t)+U(t)*G(t)

h -Ь h Gq h 4” h G0
9(0)+1 dz

where G0(t) = Д  (g i f.L  ?-(.0)-}' 1

In the case of a= 0 (1) has no integrable solution in general. We have shown 

that the local integrability of the function guarentees the existence of a locally 
integrable solution of (1). The solution formula (3) also holds for a = 0, g (0 )s0  
if ̂ Í í l is  integrable. Moreover (3) also holds for a—0, g(0)<0 if is integrable,
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and if in (3) J  ... is replaced by J  ... where s> 0  is arbitrary. (So we obtain
0 e

infinitely many locally integrable solutions.)
In the more interesting case of ж  0, the inhomogeneous equation (1) has 

not been discussed in [1], [2]. It is obvious that (1) is not solvable in general and
it can be easily seen that the local integrability of *s neither necessary, nor
sufficient to the solvability of (1). Moreover the following question arises: What 
is the explicit form of a solution of (1)? Assuming the existence of an integrable 
solution of a (1) type integral equation, it is obvious that the solution formula (3) 
does not hold for ж 0 in general, since (i +  a)®(0) has no meaning for not an in
teger g(0) and letting g(0) to be an integer we see that the integral occurring in 
U(t) can have no meaning for g(0)^0.

In the first chapter of this paper we shall discuss (1) in the case of ж 0 .  For 
g (0) = 0 a simple necessary and sufficient solvability condition will be given. This 
condition will be only sufficient for negative integer g(0). In the case of a non 
integer g(0), the solution of (1) can be reduced to an Abel integral equation of 
the first kind.

In the second chapter we shall reject the above conditions made on the kernel 
g(t) and give a simple sufficient condition referring to g(t), which guarantees 
that the solutions of (2) are finite order distributions.

The main tool of the operational discussion of (1) is Gesztelyi’s rule of the 
algebraic integration of operators being finit order distributions having a bounded 
support on the left. It can be formulized in different equivalent forms (see [1], [2],
[3], [4]). For our purposes, the following formulization of Gesztelyi’s rule will be 
very convenient.

Let x=skeas {/}, k = 0 ,1 ,2 , ...; — oo<a-=°° and let f  be an arbitrary locally 
irtpnrable function, then x  is algebraic integrable and an integral o f it reads as

(4)

where the function Г f ( ‘ ) d t  
J  ( t  — a )k+1

must take the value 0 for / = 0 when a ^ 0 .

Remark. This formulization of Gesztelyi’s rule is based 
function

№ d t  
(t — a)k+1

on the fact that the

is locally integrable on 0 ^ ж ° ° .  This is trivial for ж О , proved in [1] for a=0, 
and can be easily extended to the case of 0.

Operational notations and symbols as in [1], [2] will be used in this paper. 
Sometimes the convolution will be denoted by *.
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l.§. The solution of (1)

Instead of (1) we shall write

(1.1) (t - a ) f ( t ) +  f  f(r )g ( t- i)d x  = h^t), a >  0.
о

The corresponding algebraic differential equation is of the form

(1.2) D f+ a f-g f = - h
where D denotes the algebraic derivative. With the denotations of the introduc
tion and the conditions made on g{t) we have shown in [1] that the general opera
tional solution of the corresponding homogeneous equation reads as

(1.3) /  =  Ce~asse(0) exp ÿ =  Ce-Oîs»(0)[H-{G}]

where C is an abitrary number. We can find a particular solution of (1.2) by apply
ing the method of variation of parameters. We have

(1.4) / , =  [ - / he"s-»<°>[l +{G„(0}]] e— j*<0>(l + {G(0})

where j  denotes the symbol of the algebraic integration.
In the sequel we shall distinguish the cases g (0 )s0  and g(0)>0.
I. Let g(0)= — A+eSO. Here A: is a nonnegative integer, 0 ^ £ < 1 . The 

algebraic integral occurring in (1.4) can be written as
(1.5) f  heassk- c(l + {G0}) = f  skea*{leh + lch*G0}.
By introducing the denotation

(1.6) {tf(r)}= {l'h + l'h * G 0} 

the application of Gesztelyi’s rule gives

(1.7) / s*e“ {tf(0} = - s k+ke ° * { ( t-a fJ  f f p }.

Substituting this to (1.4) we have

(1-8) fp = (1 +{G})s*+'\(t-a)kJ

Obviously the particular solution so obtained is a second order distribution in 
general. Taking into account (1.3) we can seethat every solution of (1.2) is a second 
order distribution in general.

It is important to investigate under which conditions is (1.8) identic with a 
locally integrable function? From the elements of the operational calculus follows

r_ a)* [ÆHdt
J J  ( t - ay

that if (/ - k +1 is not absolutely continuous, then (1.8) cannot represent
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f  Hit) dt ]
J  ( t - a ) k+1l

a function. By assuming the differentiability of the above function we have

(1.9) / , =  0  + { G } ) s * { ^ + fc ( / -a )  

and for g(0) = — к  i.e. for e=0 we obtain that

(1.10) f ,  = ( ,+ { G » { 2 § + * ( ! - « ) * - ‘/ -

holds. It is obvious from (1.10) that for k —0 (1.10) is a locally integrable solution 
of (1.1) if and only if the function

( 1. 11)
h + h* Gq 

t—a
is integrable on (0, °°). In the case of k>0, e =  0, the integrability of (1.1) is only 
a sufficient condition guaranteeing the existence of a solution of (1.1). In fact, by 
taking into account the above Remark, and assuming the integrability of (1.11)

and introducing the denotation K(t) = Hit) 
t — a we have

( 1. 12) f p = il + {G})\Kil) + k i t - a f г f  K jt)d t\
J  i t - a f  J

So is (1.12) locally integrable if (1.11) is. Necessity does not hold, since we can see
TJ(f\

from (1.10) that the integrability of (1.10) does not imply the integrability of ———.

Now comes the case of s^ 0 . If (1.9) is a function, then it can be written in 
the form of an Abel type integral equation of the first kind as follows

(1.13) / №  {t =  Щ + k i t - a f - 1ris)

+ G(t)*

t — a / Hit) dt 
i t - a ) k+1 +

H it) + kit — a)k
, f  H (t)d t ]
J  i t - a ) k+1\ '

(1.13) has a well-known solution formula, if the right hand side of (1.13) is ab
solutely continuous (see [7]). But (1.13) can have a solution even if the right hand 
side of (1.13) has no integrable derivative.

II. Let g(0)=k+e>0. k = 0 ,1 ,2 , .. . , ;  O ^ s ^ l .  Instead of (1.5) we have 
the following algebraic integral

(1.14) f  /2eass- 't-£(l + {Go}) =  f  ilk+4i + lk+eh*G0)eas.

Applying again Gesztelyi’s rule about algebraic integration we have

(1.15) /■— {№ }
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where the function Hk(t) is defined by

(1.16) Hk(t) =  lk+eh + lk+th*G0

which coincides with H(t) for k = 0 (H0(t) = H (t)).
By substituting (1.15), (1.16) into (1.14) instead of (1.8) we have

(1.17) f P =  (1+ {G})sl+t+1

Obviously the particular solution so obtained is a distribution of order k + 2 in 
general. Taking into account (1.3) we can see that every solution of (1.2) is a dis
tribution of order k + 2 in general.

The operator (1.17) can be a function only if the function J  
solutely continuous. By assuming this we obtain

is ab-

(1.18)

since by the definition

/ p =  (l+{G})s*+‘{ ^ }

it) dt vanishes for i=0.

(1.18) can be a function only if 
We need the following

Hk{t) 
t — a has a locally integrable fc-th derivative.

H (t)
Lemma 1. Let the k-th derivative o f kt — a be locally integrable. Then it is

(1.19) \H k{t)\ H O
1 t - а  J t —a (t — a)k+l

Proof. The proof goes by total induction First we can see that the i-th dérivât- 
H  (t ^

ives of — - vanish at /= 0  for O s is fc —1. (1.19) holds trivially for k  — 1,
since lH(t) = H1(t). Let us assume that it holds for k, we show that it is also 
holding for /с + 1. Since

we have

( 1.20)

Hk+1(t) = ik+1H (t) = niH (t)]

\H k+1{t)\ . . .

f t  t  T

J  Я(т) dr к f  (т — а)к~1 f  H(u)dudx 
0 0 0

1 t —a J - S t —a (t —a)k+1
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A partial integration gives that

( 1.21)

=  s
f  H(x)dx

t —a (t — a)k + 1
t

J  H  (t) (t — a)k dx
— s

цД+1| я , +1( 0 | _

jf* f  Я(т) d r - j  f  H (t) (x—a)k dr)

t

(k + 1 ) J  H(x)(x-a)k dx

(t~ a )Л+1
Я (0
t — a ,k +  2( / - a )

Я , ( 0and the Lemma is proved. By assuming that the function —— has a /с-th derivative 

by the above Lemma we obtain the operator
t

к J  H(j)(z  — a)k_1 dx
(1.22) f p — (1 +{G})s£

giving for e=0 the function

H(t)
t—a ( t-a ),fc +1

(1.23) / p =  (l+{G})
к f  H(x)(r — a)k 1 dx

H ( t )  o '

t — a ( t - a )Л+1

H (t\
We remark that now the integrability of ----- - is neither sufficient, nor necessaryt — a

to the solvability of (1.1) as it can be seen by trivial examples.
Finally for e=0 we obtain from (1.22), (1.6) the Abel type integral equation 

of the first kind

(1.24) dx = Hit)
t —a

t
к J  H(x)(x — a)k~1dx

о____________
{t—ak+i +

+ G (i)* H(t)
t—a

t

к J  H(x)(x — a)k~1dx
о________________

( t - a ) k+l

for the determination of f p(t).
We shall make of use of the following
Lemma 2. I f  the particular solution f p o f the algebraic differential equation (1.2) 

is not a function, i.e., an operator which is indentificable with a function, then the 
integral equation (1.1) has no locally integrable solution.
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Proof. The statement is trivial for g(0)<0 since by (1.3) the corresponding 
homogeneous equation has nontrivial locally integrable solutions.

Let g(0)=0. By (1.3), (1.8) we have that every solution of (1.2) reads as

f  = Ce-“ [l+{C}] + (l+{C})S{ y '- ^ - d / J

Let us assume that /  is a function for some C=CX.

Since by assumption /  ^  is not absolutely continuous we would obtain
J (~ a

i f )

and
1 + {G} {F (i)}= C ie- “  + s (№ }

which may hold only if
t

J  F(x) dx; - [ m * =  о
J t - a for

But this is impossible since J  F(x) dx is absolutely continuous J  ^  iis not

in the neighbourhood of the point t=a.
Let now g(0)>0. By (1.3), (1.17) we have that every solution of (1.2) reads as

/ =  Ce-“ s»(0)[l +  {G}] + (l+{G})s»<°>+1| y

Let us assume that /  is a function for some C=C1. We would obtain that
fs~9W

1 +{G} =  {^(0} =  Cie- “ + s {№ }
holds. So this case is reduced to the preceding one. Contradiction. 

Taking into account (1.3) again we have proved the following
Theorem 1. Let us consider the integral equation

t

(1.25) (t — a)f(t)+  f  /( r)g (/—t) dx =  h(t), a >  0, ( ä  0,
0

under the conditions that g(0) =  limg(r) exists and the functions 

are locally integrable. Moreover let

G(0= 1  {g(f)~ * (0)}', G0(0 = J  {.g(<b -g(0)|'.

A(0
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Let к  be a nonnegative integer, O Se<l,
Hk(t) =  {lk+'h  + lk+‘h*G 0} (H0(t) = tf(O).

I. First let g(0) =  — fc +  e^O, then (1.25) has the following general operational 
solution
(1.26)

where

(1.27)

/ =  Ce— srf»(l +  {G})+/,

/ p - a  +  ÍG})*1"  { ( f -« )* /j
#(<) dt

(t — a)k+1) ’
(1.27), (1.26) are second order distributions in general.

Hit'SFor g(0)=0 / .  is a function, if  and only if, the function------ is locally integrable.

For g-(O) = —k<0 the integrability of H it)
t —a implies the local integrability o f f p.

I f  f p is a function for  s =  0, then it is o f the form

(1.28) f , = (, +{G)) { m +([( , " a * } .

In the case o f e^O is (1.27) a function, i f  and onl if, the function

M (t) = Hjt)
t —a + k(t — a)k~ H{t) dt 

i t - a ) k+1

is locally integrable and the Abel-type integral equation

(1-29) { / / P(0  dx] = (1 +{<?}) {M(0}

has a solution.
I f  f ,  is a function, then for  g(0) = 0 it is the only locally integrable solution of 

(1.25), and in the case o f g (0) <  0 (1.25) has infinitely many locally integrable solutions. 
I f  f p is not a function, then (1.25) has no locally integrable solution.
II. Let g(0) = Æ + e>0.
The general operational solution of (1.25) is (1.26) where

(1.30) /p =  (l +  {g })^ 0)+1{ / g f f / }-

In this case (1.36), (1.30) are distributions o f order k  + 2 in general. I f  f p is a func
tion for  e=0, it is o f the form

(1.31) / ,  =  (! +  {<?})
Hit)
t—a

t
к J  H(v)(r — a)k~1dT

о________________
( t - a ) k+l
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In the case o f e^O is (1.30) a function, i f  and only if, the function
I

к J  H(r)(T — a)k~1dt
M (0 =

H i t )

t — a ( t—a)k+1

is locally integrable and the Abel-type integral equation

(1.32) { j  ^  dx] =  (l+{G}){M(i)}

has a solution. I f  MO} is a solution of (1.25) then

M O }  = f p
holds.

The occuring indefinite integrals must vanish at /=0.

Corollary. It follows from [1], [2] and [3], (1.28), (1.31) that for integer g(0) 
the integral equation

( t -a ) f( t )+  f  /(T)g(/-T)dr = h{t)
0

has a particular solution formula which holds for a > 0 and a< 0  provided that 
it is solvable and this particular solution can be written as

(1.33) -  о + { G » - « ) - » - * / ■

where the indefinite integral must vanish at i=0.

2.§. A generalization of the kernel function g(t)

If the kernel function g(t) does not satisfy the conditions introduced above, 
then the solutions of (1), if they exist, are not finite order distributions in general. 
This can be shown by trivial examples. At the application of the method of varia
tion of parameters, we obtain algebraic integrals of operators being not finite order 
distributions in general. So Gesztelyi’s rule is not applicable in general and since 
the problem of the algebraic integration is not quite solved, in the operational 
discussion of (1) we must restrict ourselves to interesting, but special cases. (For 
example see Schatte [8].)

The following question arises. Under what condition referring to the kernel 
git) are the solutions of (1) distributions of finite order? We give now a sufficient 
condition guaranteeing this.

Let us consider the algebraic differential equation of the form 

(2.1) Df—a f—bf = —h, — “  ■< a -c
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where it is not assumed a priori that the operator b is a function. Let us assume 
that the corresponding homogeneous equation has a solution of the form

(2.2) f h = e"s»(l+ {*(/)})

where y is a real number and x(t) is a locally integrable function. The method of 
variation of parameters gives that a particular solution of the inhomogeneous 
equation (2.1) can be written as

(2.3) / ,= - е " д * ( 1  + {*(0})/Ля-уе - " - 1 + ^ ц
where f  denotes the algebraic integration.

Taking into account Gesztelyi’s rule about algebraic integration, we can see 
that the solutions of (2.1) are finite order distributions for every function h(t), if 
(2.2) holds. The only one we must to show that (2.1) is the operational form of 
an integral equation, i.e. that the operator b is a function:

b = {g(0}-
Let us write the homogeneous differential equation

(2.4) D f- a f - b f =  0.

We have

(2.5) Dfh = fle‘,ss7(l +  {;r(í)}) + eoíysy~1(l+{x(í)}) + e‘,ss,'{— MO}- 

Substituting this into (2.4) we obtain

ae“*sy(l +jc) +  easys1’_1(l + +  M O }—

— aeossT(l + л)— bet’s1 (l +дг) — 0.

After simple calculation we have

(2.6) ь = {g(0} =  7 - - ! + ^ ) } -  =  {уЫ '* ( 0 }  ;| ( - 1 У М 0 } ‘

for every number y, and for every function (x(r)}. It is obvious that b={g(t)} 
is not continuous in the neighbourhood of the origin in general, so the conditions 
made on g(t) in the introduction are not satisfied in general.

On the other hand, if these conditions are satisfied, the function (x(t)} in
(2.6) reads as

(2.7) MO} -  exp | g(- b g(0)}- 1  = Д  {g(° f f (0)-}' j j  = {<?(/)}

and y=g(0). So it holds the following
Theorem 2. Let us consider the algebraic differential equation

(2.8) D f- a f - g f  = - h
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where a is any real number, h is any locally integrable function. I f  there exists a real 
number y and a locally integrable function x(t) such that

(2.9) g =  {g(0} =  M O }  2  ( -  № ( 0 } ‘

holds in the operational sense, then every operational solution of (2.8) is a finite order 
distribution having a bounded support on the left. These solutions can be written by 
the corresponding formulas given in [1], [2] and in the first chapter o f this paper, if  
we take the following substitutions in them:

g( 0)~У,
{G(0}~{*(0},

{Go(0 } - i ( - i ) 'W O } ' .
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ON A PROBLEM OF L. FEJES TÓTH

by
G. O. H. KATONA

It is easy to see by induction that n lines in the Euclidean plane determine at

statement holds for n convex sets. We prove in this note a slightly stronger theo
rem. Instead of convexity we need only that the pairwise intersections of the do
main are connected.

Let E denote the Euclidean plane. If A e E ,  then <5(A) denotes the set of 
boundary points of A. The family of subsets A which are homeomorphic to the 
closed unit disc is denoted by 3>. The elements of 3> are called domains. The family 
of closed connected sets is denoted by <ß. A homeomorphic map of an interval is 
called an arc. If an arc is non-empty and is not a single point we call it non-trivial. 
If it is not ambiguous we name the arcs by their endpoints a, b : (a, b) if the arc 
is open and [a, b] if it is closed.

Theorem. I f  Ax, . . . ,A n£3> and AtOAj^(2) ( l ^ i ,  j=ri) then

In the proofs we use the following trivial statements without proofs:
(i) Let AÇ.S) and let B ,C œA, B O C = 0  be sets in the plane. If x1,y 1£ 

£3(B)03(A). x2,y 2dô(C)Oô(A) and x1,x 2,y 1, y2 lie on 3(A) in this order then 
either В or C is disconnected (Fig. 1).

(ii) Let A(@. If B e  A and Т е  A are connected sets satisfying В О Т  ̂  0 ,  
B O ( A - T ) ^ 0  then В О З (Т )О З (А -Т )^ 0  (Fig. 2).

most j  bounded domains. L. Fejes Tóth conjectured that an analogous

tl
E— U At

has at most bounded connected componets.

X.

Fig. 1. Fig. 2.
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Let А£Я>, Bl , ..., Bm<z(€ be sets in the plane. The family of those connected 
components T of

A - U B ,
i= 1

for which ТП5(А) contains at least two connected components is denoted by 
$'m= ‘7'm(A-, Bk, ..., Bm). The set of the connected components of TDô(A) 
(Td3Tm) is rm= rm{A\Bx, . . . ,B m).

Lemma. Let А£3), Bk, ..., BmC& be sets in the plane satisfying Bt(zA 
(1 ^ i ^ m )  and BiC)Bj = 0  ( l^ i< j^ m ) .  Then YK,\ and \3Tm\are finite and

\ r m\ - \ S T m\ s  m - 1 .

Proof. 1. We first prove that there is an index j  such that between the extremal 
points of ô{A)C\Bj there is no element of Bt (iA j) on 5(A) (Fig. 3, 4).

Fig. 3. Fig. 4.

Choose к and two points a,b  of <5 (А) П Bk (and one of the arcs determined 
by them) in such a way that the number z of В-s having non-empty intersection 
with (a, b) is >0 but minimal. If the condition that z > 0 can not be satisfied, 
we are ready. On the arc [a, b] take the maximum point c of 5(A)C\Bk so that (a, c) 
does not contain any point of Bi (iVk). On the other hand let d be the minimum 
point (>c) of 5(A)C\Bk on [c, b]. It is easy to see that (c, d) still contains a point 
from some Bt (iAk). Thus, (c, d) satisfies the conditions required for (a, b), but 
it does not contain any point of Bk.

Choose now an index lA k  such that B, has a point on the arc (c, d). Let e 
and /  be the minimum and maximum points of Bt on the arc (c, d). If (e, f  ) 
contains a point of some Bt, iA l, then (<?, / )  contains points form at most z —1 
different Bh which contradicts the minimality of z. Consequently, (e, f )  contains 
only points of В,. If there is a point g of B, outside of [c, d], then we obtain a 
contradiction by (i), since c,d£Bk, e,g£Bl and Bk and BL are disjoint connected 
sets. It follows that there is no point of Bt on 5(A) outside of [e, f] , and there is 
no point of Bi ( i^ l)  in [e, /] .  Our statement is proved.

2. Choose j  according to section 1 of this proof. Let and b be the minimum 
and maximum points of 5(A)C\Bj (Fig. 3,4).

We shall use the following notations:
=  &~m-l(A\ Bk, ... , В j _ j , Bj + 1, ..., Bm),

^m-i =  "Kn-i(A; Bk, ..., Bj_i, b j+1, ..., Bm).
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We claim that

(1) K I - K - J Í S 2.
Denote by c the maximum of the points S a  of <5(Л)П(и 2?(). Similarly, let

i*j
d denote the minimum of the points in á (̂ 4) П ( (J Bt). Since the B'{ s are

. . .  '*./ disjoint, we have c< a  and b<d. Let us show that there is no element of i rm
in the arc (a, b). In the opposite case there is an arc а с.ТГ\0(А) in (a, b) for some 
T£&~m. There must be ап а^/?сГП<5(Л) by the definition of rm. If ß is outside 
of (a, b), then we obtain the contradiction by (i) becaused a, ß(zTC\S(A), a,b£ 
£ö(A)r\Bj and T  and Bj are disjoint and connected. If В is also in (a, b) then there 
is a point e between a and ß satisfying eÇÆ, for some i. It follows from the defini
tion of j  that i =j. We obtain the contradiction by (i) using the points a, e and 
one point of each of a and ß.

It is easy to see that the elements of У т and V m-\  lying outside of (c, d) 
coincide.

Thus V m—1rm-\  contains at most 2 elements: the arcs (c, a) and (b, d ). (1) 
is proved.

Equality holds in (1) only if both (c, a) and (b, d) belong to some members 
7\ and T2 of i rm, but (c, d) does not belong to any member of V m_x (Fig. 3). 

We prove now that
(2) I ^ J - I ^ I S - l .

Let T  be the connected component of A — (J Bt containing (c, d). If there
is a point of Bj outside of T, we may apply (ii) with A, Bj and T : BjC\ô(T)Ç\ 
Г)0(А — Т ) ^ 0 .  However 3(Т)П0(А — T )c: (J Bt since the B- s are closed, thus

i*j
the fact that B}C\ô{T) f)ô(A — Т)т± 0  contradicts the disjointness of B,'s. We 
have shown that BjCiT. As a consequence we obtain that Bj does not change the 
elements of ârm- 1 — {T}: 2Tm_ j— {T}<z$~m. We have proved (2).

Equality holds in (2) only if Tk.2Tm-\  but no subset of Т£Ут. It means that 
(c, a), (Jb, d ) \ i rm, and we have the stronger inequality \Vm\ — l^m-xl^ 0 . (It can 
be proved that this situation does not occur.) In this case we have

(3) ( K I - l ^ - x D - M - l ^ - j M i -
If both in (1) and (2) there is strict inequality (Fig. 4), then (3) is true, again. We 
still have to discuss the case when we have equality in (1) (Fig. 3). Then 
\Ут\ — l-^n-il S 1 can be proved. Indeed, in this case showing that

On the other hand (3) is proved.
3. To prove the lemma we use induction over m. For m = 1 it is easy to see 

that l^ml =  \d̂ m\ =0. Suppose that 1 and the lemma is true for m — 1 :

(4) 3  m - 2 .
The lemma follows from

1̂ | - т а = ( 1̂ | - | ^ - 1| ) - ( т а - | ^ п - 1|) +  ( К - 1| - | ^ - - 1|)
and from (3) and (4).
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Proof of the theorem. We use induction over n. For n = 1 the statement 
trivially holds. Let us suppose и + 1 >1 and the theorem is true for n, which means

П
that the number of the bounded connected components of E — П At is at most

/=i

( ” 2 ^ ) ’ ^aVC t0 Prove *bat subtracting An+1, the number of the bounded 
connected components does not increase by more than n—1. Then the statement 

for n +1 follows from the identity ^  ̂ и — 1 =  ^ J -

An+1 does influence only those connected components of E — 1J At, which
i=l

are non-disjoint to An+1. Denote these components by Cx, ...,C U. The connected 
components of Ct—A„+1 are denoted by Dn , ..., Diw.. Thus we have to prove that

(5) Z wi - U^ n ~ l -
i= 1

Construct a graph C, whose vertices are on the one hand Dn, ..., DiWi and on the 
other hand the connected components Ea, ..., Eiti of CiC\An+x. Two vertices are 
connected in Gt iff they have a common non-trivial arc on 3(A). If they have more 
such common arcs, then the are connected with more edges. It is easy to see that 
Gt is a connected graph, since Ct is connected. Denote the number of edges of Gt 
by vt. The number of edges of a connected graph is greater than or equal to the 
number of vertices —1. That is,

Wf + íj— 1 ^  t\ (1 S  i g  и)
whence

(6) Z wt ~ u =  Z vi ~  Z b -
i = 1 1 = 1 1 = 1

n
Denote the connected components of \J (An+1C\Ai) by Bx, , Brn. Ob-

í—1
viously
(7) m â  n 
and by definition

(8) i  u =  z v t =  \rm\.
i = 1 i'=l

Now (5) follows from (6), (8), the Lemma and (7). The proof is completed.
Recently M. Geréb, E. Győry and Gy. Szász found some other proofs and 

generalizations. They will be published in a forthcoming paper.
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CONCAVITY OF THE ZEROS OF BESSEL FUNCTIONS

by
Á. ELBERT

Let v^O and let j \k denote the kth positive zero of the Bessel function Jv(x) 
of first kind. There are many results concerning the behaviour of j vk as a function 
of order V, see e.g. in the books [1], [2] or in papers [3]—[6]. Here we shall present 
only those results which will be needed for our purpose.

First of all there is a very useful formula due to W a t so n  ([1], p. 508) 
which reads

(1) = 2и  f  K0(2jvk sh t)e~»" dt,

where K0(x) denotes the modified Bessel function of order zero. This formula is 
valid for all real v (see the extended domain of definition of j vk below).

By (1) the function j\,k is increasing as v increases since K0 (x) >  0 on (0, °°). 
About the asymptotic behaviour of j yk for large values of v T ricom i [4] proved that

—
(2) л* ~  v+cu v3+ c2Jkv 3 + ... for v »  1, fc = 1,2, ....
where the cik s are constants. In particular

(3) Сц = 1.855757...,
c12 =  3.2447..., 
c13 =  4.3817... .

It is clear from the definition of j vk that the sequence cn , c12, c13, ... is 
nondecreasing.

The ratio j\ k/v was studied independently by several authors (see [3], [5], [6]) 
and it turned out that this quotient is strictly decreasing. Combining this with 
(2) we have

(4) 0 <  <  1 for v >  0, к  = 1,2, ....
Jvk

Now we shall extend the domain of definition of the functions j yk from 
0S v< °° to — for k =  1 ,2 ,....

Let us consider the power series of the Bessel function Jy{x)

л м =  5 ( - i y/ = 0
Г

i!r(/ +  v + l ) ‘
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8 2 Á. ELBERT

Since JJx) is analytical in both variables x  and v except, possibly, at x=0, therefore 
the zeros of Jv(x) can be continued analytically as long as they remain positive. 
Consider first the neighbourhood v = — / and x =  0 on the plane (v, x), where 
/= 1 ,2 , .... The function f ( v , x )  defined by

(5) /(v,*) =  (v + Z )r (v + l) (y )  /,(*) =  (v+D 1 !(v+1) +

+ ( - 1  y - 1
( 1

21 — 2

(/ — l ) ! (v + l ) ... (v+ / — 1)J +

/ \ 2 

T
/!((v+ 1) ... (v + /—1) ( /+ l) (v + /+ l)1 —- (t )‘ ; +

is analytical in this neighbourhood provided it is sufficiently small. Since / (  —/, 0) = 0, 
/ / (  — /, 0) = l?íO, the equation f( v ,x )  = 0 has a unique analytical solution of 
the form

v + Z= 2  a,„xmm—1
for sufficiently small x’s (see e.g. [7] on p. 192). It is easy to verify that a1=... 
. . .= a 2f_1 = 0, a2l = 2~‘/[l\(l — 1)!] and the am's are real. This function has an in
verse function x=j{v) (see [7], p. 190)

j ( y )  — Z U ( v + 0 1/(2T ,m=1
where bt = 2 -|[/!(/-l)!]1/(2n| >0, bm’s are real.

The function w=z1/(2,) is a 2/-valued function, and we choose here that branch 
which maps the positive real z’s into positive real w’s. Then the function j ( v )  will 
be positive for sufficiently small positive values of v + l. If we chose another branch 
of w = z1/(2°, the function j ( v )  given above would not be real and positive for 
small positive values of v + l. Hence by (5) the function j(v) represents the only 
real and positive zero of Jv(x) for such v’s, therefore y(v) should coincide with 
one of the functions {лЛ/Г=1 in some right neighbourhood of v = —/. Due to the 
uniqueness of j ( v )  in the above mentioned sense there is no other j yk which might 
vanish at v = —/.

A simple consideration shows that there are no non-integer negative values 
of v at which any function from {л*}Г=1 vanishes. Since for a fixed к these func
tions are increasing, the function j vl is the one which vanishes at v = —1 and 
which exists only for — l< v < ° o . Then the function yv2 should vanish at v = —2, 
and so on. Thus we have that on the interval —k —l< v < —k (k = 0,1, ...) only 
the functions yVjit+1, j v, k+2, ■■■ are defined and the value yv,t+i is the first positive 
real zero of thé function J v(x). It may be of interest to remark here that by 
H u r w i t z ’ theorem (see [1], p. 483) the function J y(x) for — k — l < v < — к
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(k = 1,2, ...) has exactly 2k complex valued zeros and all of the real zeros are
±Â,*+i> + /y,ft+»....... and if v> —1 then Jv(x) has only real zeros.

We start with a lemma and then we shall prove the main result of our paper.
Lemma. Let j —j vk for k = 1,2 ......  Then the inequalities

(v+k) —  Ä / уdv ~ Jvk for - Í c < v á 0 ,

- 4 )

4>V for v ë ô
are valid.

Remark. The inequalities here imply that the ratio A ^ [v+ y j  is strictly
decreasing for — which sharpens the result cited above concerning the
decrease of the quotient j vk/v. It would be of interest to show that also the ratio 

j \ k l ( v + k )  is decreasing for —

Proof. First we consider the case —k < v ë 0. Let e>0 and ke=:k/(l+2e). 
Then we adapt the idea of Makai used in [5]. By Lommel’s transformation of the 
Bessel differential equation (see [1]) we have that the function w = wv(z) — ̂ z . 
f ( M z cKv+k)) is a solution of the equation

[f 6-/v* , 4 т - 1]2
l - l Í ev 1\ 1 +  - 1 1[{v + k Z J lv + kj1 z2 T 4z2 J

Let us denote here the coefficient of w by Pvk(z). Our aim is to show that the func
tion x(v)= jyk/(v+k) is strictly decreasing for -fc t s v s 0. By the continuity 
of x(v) it is sufficient to show this on any open interval (—r—1, — г)П [—kc,0] 
where r = 0 , 1 , k —1.

If we suppose the contrary, i.e. the function x(v) is not strictly decreasing for 
0, then by the continuity of x(v) there would be an interval, say 

(—r — 1, — г)П( — kc, 0), on which there should exist two numbers v', v" with 
v'<v" and z(v')s*(v'). Then it is easy to see that the function v2/(v+ k)2 is 
increasing for — 0 and

•Py-ikOO <  Py-k(z) for 0 <  z <  1.

The functions wv.(z), wv»(z) have the same number of zeros on [0, 1]. These 
are z =  0, z = l and the others correspond to Л\г+1> Л\г+2> ••• » Л \ * -1  and 
Л",г+и Л",г+2> •••» Л",*—1> resp. The existence of the zero at z = 0 follows from 
wv(z) being of the order z(1+2,)(v+*«)/12(v+*)1 jn the right neighbourhood of z = 0 
and from v', v "> — kt . Making use of the Sturmian comparison theorem we 
would have that the zeros of wv~ (z) except z=0 should precede the corresponding 
ones of h v ( z )  which is a contradiction because the ( k — r)-th zeros are equal to 1 for 
both functions. This contradicition shows that x(v) is strictly decreasing for 
- f c , < v s 0, hence x '(v )s0  there. Letting e— +0 we get the first inequality 
of Lemma.
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Next we deal with the case v>0. Since s h t> i  for 0 and K0(x) is a 
strictly decreasing function we have from (1) that

V

( 6) j' < 2j J K0(2jt)e~2'” dt = J K0(u)e J du
arcos■

J

where /=/„*, j'=dLJdv and the value of the infinite integral is taken from [1] p. 
388. Let oi = a(v) be defined by

(7) sin a = —. 
J

By (4) the function a(v) can be defined for all v£0. Since the ratio j/v  is strictly 
decreasing, the function a(v) is strictly increasing. So we have by (2) and by the 
definition

and by (6)

(8)

ot(0) =  0, lim a(v) =  —,
V— oo Z

71
2 " a
cos a

The function aj^/cos a takes on its maximum value я/2 at a =  0 hence 

by (8) j '^ n /2 .

In the case we have

( \ ) j '  2 2 2
|v +  —I — <  —  =S —  =S —  <  1
'  2 / J Jvk Jv 1 J 01

since j 01= 2.4048.... Thus the Lemma is true for these v’s.

Now we suppose that v > —. By (7) we have j — v/sin a and j '-  
=  (sin a —V cos a-aO/sin2 a, hence the relation (8) implies

(9)
cos* a

sin a cos a-

The quotient of the left hand side is positive and therefore a'=*0. Moreover 

cos2 a 3

sm a cos a- ( î - “) sisin- a sin a cos
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Indeed, this inequality is equivalent to the following statement: if Ф(a) =  3 cos a — 

— cos3a — 3 [-y_ a j sin a and 0 < а < я /2 , then Ф{а)>0. This, in turn, follows 
from Ф(п/2)—0 and from

*'(«) = 3 ( j - c c  ) cos « (Sin̂ ~ 2a) -  l) <  0 if 

Thus from (9) it follows that
oc' J _

sin a cos a 3v '

Integrating this from v to Vj (v<v1<°°) we have

tga(vi) tga(v)
vi/3 >  vi/3 >

thus the function tg a(v) • v~1/3 is increasing. Since sin a = v/jvk by (2) we have

lim tga(v)-v_1/3 =  ,
v’ ~ У2 clk

and thus
«1/3

(10) tga(v) <  —= ■ .

For proving the second part of the Lemma, it is sufficient by (7) and (8) to prove 
the validity of the inequaity

( 1 1 ) tga < for v 2 '

Let a = a ft(v) be defined by

( 12)
L.l/3

tg a  = Ÿ2clk ’
° < ä < T ,

then by (10) we have that a(v)>a(v). Since a j tg a  is a strictly increasing 
function of a, by (11) it is sufficient to prove that

i.e.

( 13)

(H tga 1 ’
V + 2

-—a < 2c
„2/3

V + 2
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By the definition (12) of a(v) we have

7ta =  — — arctg
vi/s

and the inequality (13) is equivalent to

d x

1 + x 2

(14)

f 2clk

d x  

l+ x 2 > 0 for

Let 4 ' — 4/ k ( v )  denote the function on the left side. Then

where

It is easy to see that there exists only one positive value vk for which 
and moreover

\j/k(v) ^  0 for 0 < V <  V*, V >  vk.

•Afc (Vfc) = о

Consequently the function lPA(v) takes on its minima on the interval l/2< v< °° 
at the endpoints of this interval. A simple consideration shows that lim 'P k ( v )  = 0.

V-*-oo

The case v=— requires a little computation. First let k —1. Then by (3) and (12)

we have cq =0.3908... and 4,1 = 0.8228... >0. If k ^ 2  then by (3)

and (14) we have

^  2W - T  ~ ^  >  °-

Finally we get that lFk{v)^0  for y < v < ° °  which completes the proof of 

the Lemma.
Having proved the Lemma we can deal with the concavity of the zeros.
Theorem. T h e  z e r o s  j vk c o n s id e r e d  a s  f u n c t i o n s  o f  v a r e  c o n c a v e  o n  t h e  i n te r v a l  

— f o r  k = l , 2 ,__
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P r o o f . Putting u—j vkt in Watson’s formula (1) and differentiating it with 
respect to v we have

'-ud_
dv ^2j  sh y j  du —j"  = 2 f  A ï(? /sh 4 ).

~ 2f  K° b 1 shj ) e~T “i 7 (7 - " ) du-

An integration by parts gives for the first term on the right hand side that

(2/  sh y  )
f  /:0' Í 2j s h ^ - b c h -  

o K j ' j

2 v  A
~ T " ±

dv

2 c h ~
J

■ du =

*0  (2;  sh ÿ )

— d ( w'j
e ' * p j s h j j

) i

2 c h 4
] 0

Г -%-u d (
e dv 12 jsh y )

2 ch u
. j .

du.

The first term on the right hand side is 0 since

(15)

and for K0(x) we have

d_
dv (2/sh -^ ï = 2j ' s h - ^ - 2« 4 -ch-^

'  J ' J J J

K0(x) = О (io4 ) for X => О, X ~  0 

for x » l .o(e~x)

A little manipulation yields that

(16) j ” = - 2  f  K0 [2/ sh^r \ e_~ a{—2v-Â- th —-4-th2-^-+2-^-| du.
o'  ̂ J ' 1 J J J J JJ

Let the function in braces be denoted by I, then

I  = 2 t - 2v -4 - th /  — 4 -th2 /,

S tu d la  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  12 (1077)



88 Л. ELBERT: CONCAVITY O F THE ZEROS O F  BESSEL FUNCTIONS

where t=ulj. If we show that / > 0 then by (16) we prove the Theorem. Since 
/ > 0  and th f < 1 therfore

2 t - 2 v ± - t h t - А-th í = 2 t - (2v +  l ) 4 thf.
;  J

This implies that if v S - 1/2 then 7>2t>0. If — l/2 < v < °°  then by the Lemma 

and making use of the inequality t h f < i  for /> 0  we have

„ 2( [ , _ ( , 4 ) г ] , ° .

Thus the proof of the Theorem is complete.
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KERNEL OF A HOMOTOPY

by
P. DAS

1. Introduction

A quasigroup G is a system of three compositions called product ('•')> right 
division ('/О and left division ( ' \ 0  such that a - b = c o c /b = a o c \a = b  for every 
a, b, c£ G. A topological quasigroup (G, т) is a quasigroup G endowed with a topo
logy T w.r. to which the operations of G are continuous. A topological quasigroup 
having an identity element is said to be a topological loop.

A homotopy of a quasigroup Gx into a quasigroup G2 is a triple A=(ax, a2, a3) 
where als a2, a3: Gx—G2 satisfy

(1) (*K •00  а'■2 = (x-y)a  a for every X, y£ Gx.

Replacing x, у by У/x, x  and X, y \ x  in (1) we get that

(2) (y)a3l(x)ct2=  (y /x)x1,

(3) (у )аз\(х)х1= (У\Х)а2
for every x, y£Gx.

If (Gx, Tj) and (G3, r2) be topological quasi groups, then h is a homotopy if, 
in addition, oq, a2, a3: (Gx, tx) — (G2, t2) are continuous.

In the present paper the notion of kernel of a homotopy has been introduced 
and some interesting generalisations of the results concerning the kernel of a homo
morphism and those concerning the normal equivalence relation defined by a homo
morphism have been obtained.

2. Kernel of a homotopy

(2.1) Let A=(oq, a2, a3) be a homotopy of a quasigroup Gx into a loop G2. 
Let Ki = {x^G1; (дг)а,= 1} for /= 1 ,2 ,3 . Then the triple (Kx, K2, K3) is said to be 
the kernel o f the homotopy h. We note that when A is a homomorphism, oq =  oc2 =  a3 
and then KX = K2=K3 = K (say) is the kernel of the homomorphism h.

In what follows we shall study some relations between Kx, K2 and K3.

(2.2) It holds that
(4) Kx-K2 <zK3.

For, by (1), xÇAT1,y 6Af2=>(x)a1= l ,  (у)а2=1=>(х*у)а3=л-а1*уа2=1 • 1 =  1=»- 
=>Х‘у£К3.
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Similarly using (2) and (3), it can be shown that

(5) KJK2 cz Ky,

(6)

Combining (4), (5), (6), we get that

(7) K , - K 2 =  K3; KJKt =  K1; K3\Ky =  K2.

(2.3) From (2) and (3) it follows that for every aÇ_G1, a \a£K 2 if, and only i f  
oq =  a3 and a/adKy i f  and only i f  a2=a3.

(2.4) / / ” « ! — a2, then К г - a = a • K y  for every a d  G y .

Proof. Let x£Ky and a£Gy and let y —(x- a )\a . Then (y)<x1=(y)<x2 = 
=(x-d)<x9\(a )a 1 [by (3)] =  1 ('.‘xÇKy and oq=a2). .'.ydKy and x*a=a-yda-Ky. 

Kx • a d  a • Ky. Similarly a- KyCKy • a. Combining we get that Ky- a=a- Ky.
(2.5) I f  cty=a3 and i f  a2 is a homomorphism, then

(8) Ky(a • b) = (Ky • a)-b  
for every a, bdGy.

Proof. Let xÇ Ky and let y —[(x-a)-b]/(a-b). Then (y)y.y = [(x • a)-b] aj(a ■ b) <x2 
[by (2)] =  1. For, [(x • a) • b]x2=(x ■ a)c/.y • (b)z2 [by (1)] = [(*K  • (a)a2] • (b)<x2 [by (1) 
since a1 =  a3] = (a*h)a2 xÇ_Ky and a2 is a homomorphism].
(9) ;.y£K y  and (x-a )-b= y-(a -b )dK y(a -b ), (Ky • a) • b c  Ky • (a • b).

Again let x^Ky and let y d G y  be such that X ' ( a - b ) — ( y - a ) - b .

Then [( y) cty • (a) a2] •(b)oc2=(y-a)ct3- (b) a2 [by (l)] =  [(y • a) • b]cc3 [by (1) since 
ai =  аз1 =  [x• (a• b)]a3 =  (x)oq • (a • b)a2 [by (1)] — [1 • (a)a2] • (b)a2 [\'x£Ky, and a2 is 
a homomorphism]

.‘•CfK  =  1 - :.yeKy,

(10) ; .X ’ (a'b)£(Ky‘ d)‘b, .‘. Ky • (a • b) c  (Ky • a) • b.

From (9) and (10), we get (8).
Similarly it can be shown that if а2= а 3 and if oq is a homomorphism, then

(11) b-(a-K 2) = (b -a )-K 2
for every a, bdGy.

(2.6) Let h be a homomorphism with the kernel K. Then ах = a2 = a3 and Ky = K2 = 
= K3 = K.

It follows from (2.2) that x, y£K=>x- y, ylx y \x d K .  Also it follows from
(2.3), (2.4) and (2.5) that for every a ,bdGy, ala, a \adK ; К - a = a -K; K-(a-b)=  
= (K-a)-b; b ■ (a - K)=(b ■ a) • K. ; .K  is a strictly normal subquasigroup of Gy. 
(A strictly normal subquasigroup of a quasigroup Gy is a subquasigroup H  of Gy 
such that ala, a \a d H \ H  - a —a-H; (H • a)-b= H  • (a- b) and b ‘(a-H )= (b-a)-H  
for every a, bdGy (Das [3]).)
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(2.7) Let h=(a1, a2, a3) be a homotopy o f a topological quasigroup (Glt t j  into 
a topological quasigroup (C?2, t2) and let (Kx, K2, K3) be the kernel o f h. Then (x, y) — 
-*Х’у  (x£Kx, y£K2) is a continuous mapping o f Kxx K 2 onto K3 [considering Kt as 
subspaces o f the topological space (Glt tj)].

P r o o f . Let Ж  be a neighbourhood of x -y  in K3. Then there e x i s t s  a  neigh
bourhood W  of x -y  in Gx such that W=W'C\K3. Since (Gx, r j  is a  topological 
quasigroup, there exist neighbourhoods U', V  of x, у  in Gx such that U' - V'cz W . 
Then U=U'C\K1, V—V'DK2 are neighbourhoods of x, у in Kx, K2 respectively 
and U- VczW. .'.(x-y)-+x-y  is a continuous mapping of KxXK2 onto K3.

Similarly it can be shown that (x, j ) — y/x (x£ K2, y£K3) and (x, y)-*-y\x  (x£Klt 
y£K3) are continuous mappings of K2XK3 onto Kx and of KxXK3 onto K2 respec
tively.

In particular, if A be a homomorphism with kernel K, it follows from (2.6) 
and (2.7) that К  is a strictly normal subquasigroup of the topological quasigroup
(Gi, Tx).

3. Equivalence relations defined by a homotopy

(3.1) Let h = (»1, a2, a3) be a homotopy o f a quasigroup Gx into a quasigroup G2. 
Let Рх = {(<2, b)Ç_GxXGx\ (a)a( = (6)a(} for i= l ,  2, 3. Then Plt P2, P3 are equivalence 
relations in Gx which satisfy the following properties:

(i) (c • a)P3(c-b)=>aP2b. For, (c • a)P3{c • b)=>{c • a)v.3={c- b)ct3=>{c)oix - (a)a2= 

=  (c)ax-(h)a2 [by (l)]^(a)tx2 = (b)(x2̂ >aP2b.

(ii) Similarly {a • c)P3(b • c)=>aPxb.

(iii) aPxb, cP2d=>{a - c)P3{b • d).

For, aPxb, cP2d=>(a)al = (b)o:l , (c)a2 =  (d)a2=>(a*c)a3 =  (a)a1-(c)a2 = 
= (b)<x1-(d)<x2={b-d)<x3 [by (l)]=>(a • c)P3(b - d).

Using (2) and (3) one can verify that

(iv) {cla)Pi(c/b) =>• aP2b\

(v) (c\a)P2(c\b)=>aPxb-,

(vi) (a/c) PJb/c) => aP3b;

(vii) (a\c)P2(b\c) =>aP3b;

(viii) aP3b,cP2d=>{alc)Px{bld)\

(ix) aP3b, cPxd =>(a\c)P2(b\d).

(3.2) Let GJPt be the quotient set o f Gx w.r. to Px and let {a, Pt) be the element 
in GJPi to which a belongs. Let p t be the canonical mapping of G onto GJPi and let
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Ij/i'. GJPi^G 2 be defined by the relation rî ( = a;. Then from (1), (2) and (3), we 
get that

(x, Л Ж  • (.y, Р2)ф2 =  (x ■ y, Р3)ф3\

(У, P3) ФФ(х, P-,)'h = (У/ x ) ,  Л i//j ;

(У, Р зШ (х, Л )Ф1 = (У \х , Р2)ф2-
(3.3) For every x, yÇGt

( 12) (x, Л) • (>', F2) =  (x ■ y, P:i) i.e. (x) pl • (>0 p2 = (x- v) p3.
P roof. x'€(x, Pj), y'€(y, P2)=>x'p1x, y'p2y= > (x '-y jp jx -y )  [by (3.1) (iii)]=* 

= * x '- /£ (x -y ,P 3).
(13) .■.(x,PJ>fy,P2)c : ( x - y ,P  3).

Again z£(x-y, Р3)=>(х-у')/>з(*-у) where y '=z\x=>y ',p2y [by (3.1) (i)]=>z= 
=  x-y '£(x, PJ-(y, -Р2).
(14) .•.(х -у ,Р 3)с :(х !Р1) .(У ,/52).
Combining (14) and (15), we get (13).

Similarly one can show that for every x,ydG 1

(15) (у , РЖ х, P2) = (Уlx, PJ i.e. (y)p3/(x)p2 = (yjx)p, 
and
(16) (y,P3)\(x, P J — (y\x,P2) i.e. (у)рз\(х)р1 = (y\x)p2.

(3.4) Let h be a homomorphism. Then oc1 =  ot2 =  ot3; P1 = P2=P3 = P (say); pY — 

=p2=p3=p (say); and ф1 —ф2—Фз=Ф (say). It follows from (3.1) that P is a normal 
equivalence relation (Bruck [1]). From (3.2) and (3.3) it follows that GJP is a quasi
group; p is a homomorphism o f G1 onto GJP and if  h be surjective then ф is an iso
morphism of GJP onto G2.

(3.5) Let h=(a1, a2, a3) be a homotopy of a topological quasigroup (G1; t j  into 
a topological quasigroup (G2, t 2). With the notations o f (3.1) and (3.2), ti;, defined by 
the relation
(17) P i ta  =  r 1Pi

is a topology on GJPt for i=  1, 2, 3. Also pt is a continuous and open mapping of 
(G\, T]) onto (GJPi, tu) and i f  a; be surjective and open, then t//; is a homeomorphism 
o f (GJP„ ti;) onto (G2, t2) for i=  1, 2, 3.

Also for every x, y£Gx,

(x, PJ) ru  • (y, P2) r12 — (x * у , Р3)т 13-
For, (x, PJ tu • (y, P2) r12 =  (x) x1 Pi • (y) t j  p2 =  [(x) Tj • (y) xjp3 =§ [by (12)]

[(x • y) r j  p3=(x- y, PJ t13 .
Similarly one can verify that for every x, y^G 1}

(У, P JtyÄ x, P2)т12 ^  (y/x, Л)Тц
and

(У> 7>3) ti3\(x, Pj)tii — (j\x , P2) t12.
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In particular, if h be a homomorphism, then it follows from (3.4) and above 
that (GJP, z'J where tu = t12= t13= tí (say) is a topological quasigroup, p is an 
open homomorphism of (Gj, onto (GJP, rj) and if h is surjective and open, 
then i// is an isomorphism of (GJP, xj) onto (G2, x2).

(3.6) Let P-i, P2, P3 be three equivalence relations in a topological quasigroup 
(Gj, Tj) satisfying the conditions (i)—(ix) of (3.1).

G JP ffG JP .^G JP f, GJPi XGJP3-»GJP1 and G JP.XG JP3-
-*GJP2 are defined by the relations (12), (15) and (16) respectively where p, are the 
canonical mappings o f G, onto GJPTopologies are defined in GJP, by the rela
tion (17). Then ' ' \ '  are continuous.

Also (a)pi=(b)pi if, and only if aPtb hold. Thus if P1=P2=P3=P  (say), then 
GJP is a topological quasigroup and Pi=Pz=p3=p (say) is an open homomorphism 
of Gx onto GJP such that normal equivalence relation defined by p is P.
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kind help and guidance in the preparation of this paper.
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МНОГОТОЧЕЧНАЯ КРАЕВАЯ ЗАДАЧА ДЛЯ ДИФФЕРЕНЦИАЛЬНЫХ 
УРАВНЕНИЙ СВЕРХНЕЙТРАЛЬНОГО ТИПА

М. М. КОНСТАНТИНОВ и Д. Д. БАЙНОВ

1. Постановка задачи

Рассмотрим краевую задачу

( 1 ) x(t) =  f( t ,  x(t), X(г), X(т0), X(т0)), te [h, tN] =  I
N

2  A i x ( t ,) =  T(xOi), x ( t N)); tl t  . . . , t Ne i ,i=1

где x=(x1, x " ) , /= ( / \  Г —(Г1, Г"), а ^ —(а/^-постоянные (nX«)-
матрицы. Преобразованный аргумент т0 определим следующим образом

Ч = х(0 , х(/), х(т* + 1), х(т* + 1));
к = 0, m —1 ; тт =  тт(г, х(0 , х(/)).

Предположим, что функции/О, £), т,0, Ç), j= 0 , т, где Ç=(x, у, и, г), 
определены в области

Q = IXD  = /Х А Х ^ Х А Х А , D, =  {х: ||х|| S  </,}
(II • II — некоторая норма в «-мерном вещественном пространстве R"), а функция 
Г(Е), S  = (Zi, ..., £„) в области Л /

Положим sup {11/0, í)||:€€X)}=F(0. Далее будем предполагать, что вы
полнены условия (А):

А1. Матрица А = А Х + ... + AN — неособая.

А2. Выполнены неравенства act+ Ф + у ё ^ , со =d2, где

а = \\А~% а =  min а, | /  F(t)dt\: se 1, a J =
*s

= 2 a  i \ j ‘F(f) dt\, а, = Ш ,
t4

Ф =  max { J  F(t)  dt,  f  F ( t )d t }  =  f  F( t )d t ,
J1 2̂ J

= tq\> ^2 =  Uqy ^]>

y =  sup{|M-1r(S)||:S€i)î'}.
со = sup {F(/): te /}■
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A3. В области Q функции f i t  Л.;) и ts(í, £), 5= 0, , т, удовлетворяют
условиям Липшица

Il f i t ,  о - f i t ,  Dll s  £ | i —î|+ £ 1||x—x|l+M 1||y -ÿ || +

+ L 2\\u-ü\\+ M 2\\v-v\\; f  =  (x, ÿ, ü, v);

Ir s ( t ,  s ( h  l ) \  ^  e  | i — ï | + ^ i l | x — x l l + ^ i l l y — ÿ | |  + A 2| | m — ü | |  + p 2\ \v— v\\.

A4. В области D t функция Г (S) удовлетворяет условиям Липшица

\\Г(Е)-Г(Ё)\\ ^  27,13,-5,11. S  = (S1; ...,£*),i = i
причем +

А5. Кообласть функций zs(t, ç), s —0 ,. . . ,m  принадлежит интервалу /.

2. Существование решений краевой задачи

Теорема 1. Пусть выполнены условия (А). Пусть кроме того

M t =  1 - М х >  0, AJ =  1 -А 2со > 0 ,  сх >  0,

Ci — 4с0с2, Д2С1 — 2А2 с2,

причем д2с1< 2А|с2 при c f= 4с0 с2, где

с0 =  % Е * + Ц ? ,  cj = piE * + M t4 - M 2e* -p 1L t

с2 = p1M2+p2M t, Е* = Е +Ь гш, £* =  6 +  1x60, L% = L2 со.

Тогда краевая задача (7) имеет хотя бы одно непрерывно дифференцируе
мое решение х. и ||х(г)|| ёс/х «pw iÇ7.

Д оказательство. Рассмотрим пространство Л непрерывных «-мерных 
функций z: I—R" с метрикой, порожденной нормой

Ml в =  sup {II 2(011 : í€ /}-
Определим Q как множество функций z€ Л, удовлетворяющих условиям

(2) MOU ^  F(t),

(3) \ \z { i) -z ( î) \\^ fi \t- l\ ,
где

ß = 27- {cí - } /  c \-A c0ctj.

Очевидно множество Í2 выпукло, замкнуто и компактно.
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Пусть оператор Я  действует в ß  по формуле

n z ( t )  = f ( t ,  x ( t ) ,  z ( 0 .  * ( To)> z ( t 0) ) ,  
где

1
*<» =  » +  f  z  (s) ds  

и

b  =  U ( b , z )  =  - A ~ 1 Z A i f ‘ z ( t ) d t +
i=1 U

h *7V
+  A ~ 1r [ b +  f  z ( t ) d t ,  . . . , b +  f  z ( t ) d t ) .

U
Отметим, что в силу условий А2 и A4 уравнение b = U ( b ,  z) имеет единст

венное решение b* =  b*(z) ,  ||Ь*|| ё а а  +  у.
Непосредственно проверяется, что операторное уравнение я=Я я экви

валентно краевой задаче (1).
Покажем, что оператор Я преобразует множество Q в себя. Действи

тельно, функция Tíz удовлетворяет условию (2) при каждом zÇ_Q, a x ( t )  ос
тается в области D1 при 76/.

Оценим число A —\\riz(t) — Пг(1)\\ при фиксированных t , ï d l  и z £ Q .  
Имеем
(4) A ё  E \t-1 \+ L 1\\x(t)-x(î)\\ +  M 1\ \ z ( t ) - z ( î ) \ \  +

+  Ь2\\х(т0) - x (t0)\\+M2\\z ( т 0)  -  z (то )II,

где через ï s , 5= 0, ..., т,  обозначена функция xs , в которой t следует заме
нить на I.

Так как ||x(/)—x(t)\\ Sco |i—ï|, то из (4) получаем 
A S  (E* +  M 1ß ) \ t —l\ +  (L l  +  M 2ß)\x0—x0\.

Аналогичным образом

\Ч~Ч\ — (е*+ Piß)]*—Ц+(Л2со+n2ß)\'ck+i—xk+i\',
к  =  0 ,  1 ;  â

Следовательно

(5) |г°-т0| 1'~г1>

так как в силу условий теоремы А£
Подставляя (5) в (4) приходим к оценке

A S  (я* +  M J  +  ( Ц  +  M 2ß)  - ^ ^ f ß )  =  ß V ~ A'

Итак условие (3) имеет место для функции ITz, zÇ_Q.
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Покажем наконец, что оператор П непрерывен на fi.
Пусть z, zÇfi. Тогда

(6) \\П г-т \\ S L 1||x -* ||+ A r1||z -£ || +

+  L 2 | |x ( t 0) - x (t 0) | | + Z , 2 ||à ( t 0) - x ( t 0) || +

+  II z ( t 0) — z ( t 0) | |  +  М 2 | |z ( t 0)  - z ( t 0) | |  s

— (Tl +  Z,2) Il д: -  x|| +  (Ml + M2) Il z -  z 11 +
+  (T2 + M2ß)\z0—т0|,

где через fs, 5= 0, обозначена функция t s , в  которой x n z следует за
менить на i  и z,

Аналогичным образом имеем

| т * - т * |  ^  ( A i + A 2) | | x - x | | + ( ^ 1 + í í 2) | | z - z || +

+ (Я2£о+ //2)3)|тл+1- т*+1|; к =  0, т - 1 ;
|тт —Тт| S  AilIx-xll+AíJz—z||,

, -  , _ _  ( A j + A 2)  | | х — х Ц в + ^ + д ^ Ц г — z | | b

|Т , _ , , |Я ---------------- î R S ---------------- '
С другой стороны

||х -х ||в ё  life—5|| + mz| | z — inj =  mes/,

||fe-£|| S - ^ - l l z - z l U ,
1—Уо

a = 2  (a i+ yù \h -tqV/=1
Следовательно

Доставляя (7) и (8) в (6) находим
(9) | |n z -n z ||B^ (M + rZ ,) ||z -z ||B, 
где

(10) М  — M1 + M2-i— — ц ß

L  =  Ьг+Ц+  + *

Итак мы показали, что оператор П, непрерывный на fi, преобразует это 
выпуклое, замкнутое и компактное множество в себя. Отсюда в силу прин
ципа Шаудера о неподвижной точке получаем утверждение теоремы.

откуда

(7)
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3. Единственность решения краевой задачи

Теорем а 2. Пусть выполнены условия теоремы 1. Пусть кроме того 
M + T L c l .

Тогда краевая задача (1) имеет единственное непрерывно дифференцируе
мое решение х, причем ||дс||в^«/1# х ££2 и lim xp(t)=x(t), хр= Л хр_1, рав-

р—°°
но мерно но t i l  при ||x0|Ib= í4 и x0iQ .

Утверждение теоремы непосредствено следует из (9) и (10) в силу прин
ципа Банаха о неподвижной точке.

4. Некоторые замечания

1. Запаздывание вида т„(*) (т. н. «итерированное» запаздывание) введено 
впервые в [1], [2] при исследовании некоторых вопросов фундаментальной 
теории начальных задач для уравнения сверхнейтрального типа (т. е. диффе
ренциальное уравнение нейтрального типа с запаздыванием, зависящим от 
производной решения [3]).

2. Теорема 1 имеет глобальный характер, потому что там никакие спе
циальные ограничения на интервале I  не накладываются. Кроме того, по- 
видимому, эту теорему нельзя заметно улучшить.

3. Теорему 2 можно сформулировать и следующим образом: пусть вы
полнены условия теоремы 1. Пусть кроме того Л/ < 1. Тогда если число 
mes I достаточно мало, то краевая задача (1) имеет единственное решение. 
Следовательно эта теорема локального существования и единственности ре
шения. Условия теоремы 2 можно несколько улучшить подходящим выбором 
индекса q или применением другой метрики в пространстве я-мернхы функ
ций (см. напр. [4]).

ЛИТЕРАТУРА

[1] К он ст ан т и н ов  М. М., Б айнов Д. Д.: Теоремы существования и единственности реше
ния некоторых дифференциальных уравнений сверхнейтрального типа, РиЫ. Inst. 
Math. (Beograd). 14 (28) (1972),

[2] К он ст ан т и н ов  М. М., Б айнов Д. Д.: Существование и единственность решения некото
рых экстремально — дифференсиальных систем сверхнейтрального типа, Arch. 
Math. (Brno). 4 VIII, (1972),

[3] Скрипник В. П.: Об уравнениях с преобразованным аргументом нейтрального типа
УМЖ, т. 22, № 5, 1970.

[4] BiELiCKi A.: Une remarque sur la méthode de Banach—Cacciopoli—Tikhonov, Bull. Acad.
Polen. Sei.. IV, 5, 1956.

Высший машинно-электротехнический институт имени В. И. Ленина — София 
Пловдивский университет имени П. Хилендарского

(Поступила 10 августа 1974)

7* Studia Scientiarum  M athemalicarum Hungarica 12 (1977)





Studia Scientiarum M at he mat ic arum Hungarica 12 (1977) 101— 116

ON VALID ASSERTIONS — IN PROBABILITY LOGIC

by
M. FERENCZI

§ 0.

The well-known Löwenheim theorem which was the starting point of the Löwen
heim—Skolem theorem group, deals with reducing the problem whether a formula 
of first-order logic holds on every model to the other problem whether this formula 
holds on certain (namely, countable) models.

Hitherto research in probability logic, a generalization of first-order logic, has 
essentially created the concepts necessary for the discussion of an analogous prob
lem. The resulting theorems are similar to the Löwenheim theorem. Using such 
concepts (or slight modifications thereof), the present paper is aimed at answering 
a question of the said type. To this extent, the present work is related to the research 
in probability logic presented in (2) and (4). Parallelly to the proofs of existence 
theorems, we shall, however, pay special attention to the search of practical proce
dures testing universal satisfaction. In spite of probability theoretic aspects, our 
point of view will be consistently that of model theory, using the terminology of 
probability systems (probability models), which, in a sense, are generalizations of 
models.

Naturally, the analogy with the classical Löwenheim reduction question group 
is only partial. In probability logic from the point of view of the universal satisfia
bility of the formulas — similarly to the case of Boolean models (cf. (10)) — the 
problem of reducing the class of models arises not only through the reduction of 
the power of the universe, but parallel with this, through the restrictions imposed 
upon the structures, the latter essentially characterizing the range of truth values. 
Already this provides a justification for first restricting our investigation to proposi
tional language. Beyond this we shall show the exceptional relevance of the case of 
propositional language to our problem by proving that, somewhat surprisingly, 
the problem of universal satisfiability in the predicate language can be reduced, in 
some sense, to the case of propositional language.

Through the propositional calculus, we shall see, beyond their theoretical 
interest, the immediate use of the results. Namely, we shall state a reduction theorem 
involving a practical method for deciding universal satisfiability.

§ 1 gives the necessary concepts and definitions; these involve the finitary logic 
language, the concept of probability systems corresponding to ordinary models 
defined for this language; the concept of valuation on such systems; the concept of 
probability assertions corresponding to propositions of first order logic, along with 
the concept of their universal satisfaction.

In § 2 the case of probability logic based on classical propositional language 
is discussed in the following order:
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In § 2.1 we prove the first mentioned reduction theorem. This is followed by 
hints to some further possibility of reduction. Finally, we shall construct an example 
which, in a certain sense indicates the bounds of further reduction. In § 2.2 we shall 
give a sufficient condition for the universal satisfaction of propositions of proba
bility logic. The corresponding theorem is based again on the reduction of the involved 
circle of models, which is the leading idea of the paper.

This theorem provides a useful tool for decidings universal satisfiability in 
concrete cases.

Thus we obtain a procedure based on entirely new theoretical considerations, 
which, for a wide range of propositions is easier to handle than the previous methods 
(4), (7).

§ 3 deals with the case of probability logic based on classical predicate language. 
It is shown here that the problem of universal satisfiability of a probability assertion 
in the predicate language can be reduced to the universal satisfiability — in a certain 
sense — of a probability assertion of the propositional language. Finally, the prob
lem of universal satisfiability is investigated under a different aspect, within the 
framework of the proposition and the models of the original predicate language, 
when we raise the question how the original lass of probability models can be restricted 
from the point of view of universal satisfaction of probability assertions. For proba
bility systems a comprehensive answer to this question is given by a necessary and 
sufficient condition of universal satisfaction. In fact, this answer includes both the 
problem of reducing the power of the universe and that of characterizing the Boolean 
algebras, which represent the set of truth values. We shall use the infinitary language 
(containing denumerable conjunctions and disjunctions) with a reference to the re
sults of (4), involving the infinitary language.

§ 1.

Let us consider a first order calculus <5, which contains denumerable individual 
variables: х1г x2, x „ , the logical constans Л, V, 1 , V, 3 and =, finitely 
many, (namely /) relation symbols Р1г P,, ..., Pt with respective number of argu
ments /(1), i(2) , ...,/(/), (/(y )= 0,./= l, 2, . .. ,/) .

Enlarging our language by the set C of individual constants, let us denote the 
resulting language by <5 (C). Let У  and denote the set of formulas without
free variable belonging to S  and ®(C) respectively; and assuming a standard sys
tem of deductions denote by £fj=  and Si(C)/=  the Lindenbaum—Tarski algebras 
of these respective sets of sentences.

By a probability system belonging to the language ® we mean an (/+4)-tuple 
V= {В, E, Pi, ..., Pf, si, m) — where В is an arbitrary non-empty set, s i  a Boolean 
cr-algebra, m a positive probability measure on s i  (recall that a probability measure 
m is positive when m(a)=0 iff a=0), F  is a function of two variables and the P'j-s 
are functions mapping the *(_/)’th Cartesian power of В into si. The function E 
takes the unit element /  of the Boolean algebra if b1 = b2 (Ьг, b2fB )  and the element 
0, otherwise. More precisely we have thus defined — just for the sake of simplicity — 
a probability system with the so called strict identity. It is perhaps worthwile to 
call the reader’s attention to the relationship of the present definition to Kripke 
models.
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If the language contains only propositional variables then it suffices to require 
in the definition, as for as só is concerned that it be simply a Boolean algebra, and 
m be finitely additive.

The valuation of the formulas of £f(B) may be defined by a usual recursive 
method:

f(b 1 = b2) =  E(bl , b2), f(P'j(b1, b2, ..., h((j))) — P°j(blt b2, ..., b/(j))
(biU)£B  J =  1, 2, ...,/) ,

/("!<?) =

A <Pm =  A /(<Pm). /  V <Pm I =  V f(<PmX
m = 1  * m = 1  '>m  =  1  '  m = 1

f(yxIp(x)) =  A / 0 Kb)), f(3xil/(xj) = V f('J'(b)).
ь£в ьев

(The last two definitions are meaningful because the strict positiveness of m implies 
the completeness of só ((3) 15. §)). The valuation function /  thus indirectly assigns 
to the formulas of the language a real value, too. This assignment will be denoted 
simply by m(cp) instead of m(f((p)) whenever this does not lead to confusion, and 
by otherwise.

By a probability assertion of a language 3  we mean an (N+ l)-tuple 
(Ф, i/f2, ..., i/fjy) where t/q, i//2, ..., and Ф is an algebraic formula of N
free variables (i.e. a quantifier free formula of the algebraic language: containing 
denumerable individual constants 0, + 1, —1 and the binary function symbols + 
and •).

We say that a probability system V is a model o f  9 =  (Ф, \j/1, ф2, ..., \]/N> (or 
that 9 holds on V) (see (4). 6 §), if the formulas i/q, Ф2 , •/'jv can be valuated on V
and the TV-tuple (/^(i/q), т(ф2), ...,m(\J/N)) satisfies Ф on the model (Re, S , + , -, 
0, +1, — 1) (where Re denotes the set of real numbers). 9 is valid i f  it holds on every V. 
We know that every algebraic formula is equivalent to disjunctions of conjunctions 
of certain polynomial inequalities 0 or 0 (disjunctive normal form). An 
algebraic formula is closed, if it is equivalent to the disjunction of conjunctions of 
formulas of the type 0. Closed algebraic formulas and especially the formulas 
of the type Р ё 0 proved to be particularly important in the study of probability 
logic.

To the origin of the notions and definitions used in this paragraph we refer 
to the above mentioned works of Gaifman, Scott and Krauss.

§ 2.

1.

In this paragraph we turn to discussion of our problem group in case of proba
bility logic based on classical propositional language.

Thus our language contains only the logical constants Л, V, 1 and the propo
sitional symbols Xlt X2, ..., Xn (1 =«), the latter also being called propositional 
variables.
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In the case of propositional language it is sufficient to require that the Boolean 
algebra of the probability system be simply a Boolean algebra (not necessarily a 
Boolean c-algebra) and that m be simply a finitely additive probability measure 
on this Boolean algebra. Moreover, since in this case the universe of the probability 
system plays no role, and the language does not contain the symbol = , the prob
ability systems will be denoted simply as (n+2)-tuples (Z®, X2, ..., Z®, si, m). 
Clearly, in the present case the valuation is defined only for the formulas of the 
propositional language. A probability system is said to have к atoms if its Boolean 
algebra has к atoms.

In this part and more importantly in the next one we shall make use of several 
wellknown notions concerning polynomials of several variables. It is well-known 
that any polynomial of the variables A1; A2, ..., /.N is a sum of finitely many terms 
of the form cklk2...kNk'{1k where kk, k2, ..., kN are non-negative integers, and the
coefficients cklk2  ̂kN are arbitrary non-negative reals. A polynomial is in the reduced 
form if to every A-tupIe of real numbers кл, к .,, ..., kN there is at most one term 
of the polynomial in which every Af is at the k\ th power. The degree of the term 
Ck1k2...kN̂ i1̂ 2>---̂ NN the number кк + к2+ ...+  kN. The degree of the polynomial 
itself is the maximum of the degrees of its term. A polynomial is homogeneous if 
all its terms have the same degree.

Let Ф(Хк, A2, ..., Aw) be an arbitrary algebraic formula, let (p1(X1, Z2, ..., Xn), 
(p2(Xk, Z2, ..., Xn), ..., (pN(Xk, Z2, ..., X„) be formulas of the propositional cal
culus, where Xk, X2, X „  are propositional variables, whereas A1(A2, ..., ).N are 
variables of the algebraic language mentioned in § 1.

T heorem  2.1. The probability assertion 9=(Ф, <pk, (p2, ..., tpN) holds on every 
probability system iff it holds on every system with 2" atoms.

P ro o f . The necessity part is obvious.
We prove the sufficiency. It is known that a probability assertion 

<•?, Ij/k, ф2, ..., \pN) for which h- 1 (i Aj),

N
\— V Vfi and {i: 1— 1 i/q} =  {T +1, L + 2, ..., N} ®

i=1

is true on every probability system, if for arbitrary non-negative real numbers pt, 
/= 1 ,2 , . . . ,L  such that pk+p2+■■■+pL= l the formula T(p1,p 2, . . . ,p L, 0, ...,0) 
in true on the model (Re, + , •, 0, +1, —1) (cf. (4), (6)).

Suppose that 9 holds on every system having 2" atoms. Consider the 2” elementary 
conjunctions of the variables X1, X2, ..., X„. Denotes them by Гp(X1, X2, ..., Xn)
(p =  1, 2, ..., 2"). We have \- ~\(Г4ЛГУ) (iXj)  and | -  V г г

i = 1
One can uniquely represent the formulas (рк(Хг, X2, X„) ( k ~ l ,  2 ,..., N)

as sums of certain Г ' -s, as it results from the existence of the disjunctive normal 
form.

Consider now the normal forms of Ф in the algebraic language. Suppose that 
all the polynomials it contains have N  variables.

Choosing any of them, P  say, by additivity of the measure m we see that there 
is a polynomial P2„ of 2" variables such that in every probability system
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V=(X°, X I ..., X°, s i,  m) we have

Р{т(91{Х1 ...,X°„)), ...,m(<pN(X?, ..., X°)) =

= Р'Ат(ГЛХ°, ...,XS)), . . . ,т (Г А Х 1  ...,Х%))).

Denote by Ф' the formula of 2" variables obtained upon replacing all the polynomials 
P in the normal form of Ф by P2n.

One sees that 9 and 9'=(Ф', Г ^Х ^ ,..., Xn), Г2*(Х1, Xn)) simultane
ously hold or do not hold on every individual probability system.

To the probability assertion 9' one can already apply theorem ®.
2 "

Let the numbers pl t p2, , p2"=0 be arbitrary with 2 Pi— !• We shall show
(=i

that there exist elements Alt A2, ..., A„ in the Boolean algebra 2") of 2" atoms and 
a probability measure p on â#(2n) so that

p {r i(A1, A2, ...,A„)) = Pi, i = 1, 2, .... 2".

By a suitable choice of the elements Am we first assure that r i(Al , , A„) be the 
fth  atom at of the algebra ( i= l, 2, ..., 2"). Then the choice of a p with the desired 
properties is straightforward.

We choose the elements Am as follows: representing the element Am as a sum 
of atoms, let a{ be included into this sum iff Xm is not negated in Г,. Hence af is 
included into the representation of Г;, and therefore no Г{ can be the element 0, 
even though their pairwise products are all 0. However, there is only one system of 
elements of this kind over an algebra of 2" atoms, namely, the system of the atoms. 
(This means that we have specified the elements Am (m = 1, 2, 3, ..., n).)

By assumption (Ar ,A 2,...,A „ , B(2n), p) satisfies 9. Thus (ax, a2,.. .,  a2", B(2"), p) 
satisfies 9', and hence S' meets the conditions of theorem ©. Accordingly, 9' holds 
on every probability system, implying that 9, too, holds on every probability system. 
Thus our assertion is proved. □

R e m a r k s , a) It i s  easy to see how this proof may be carried out in an equally 
simple way without using theorem ®.

b) Obviously, to a given probability assertion 9 more than one probability 
assertion 9' can be found so that 9' satisfies the conditions of theorem © and is 
equivalent to 9 in the said sense. (This is true even in the case of probability logic based 
on the language of predicate calculus.) However, in the case of transformations 
different from the elementary conjunctions used in the above train of thoughts, 
we can no more be sure that in a probability system having as many atoms as the 
number of arguments of the new probability assertion, the probabilities of the for
mulas involved in the assertion really run over all the possible values specified by 
theorem ®. We shall immediately return to this problem.

In the knowledge of the preceding theorem we may raise the question, whether 
the problem of satisfaction of probability assertions on systems having 2" atoms 
can be reduced to examining systems with less atoms. The following answers this 
question in a certain respect:
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T h e o r e m  2.2. The substitution values o f a polynomial P involved in a probability 
assertion over arbitrary probability systems with 2n atoms are determined already 
by the values of the polynomial taken over systems with к atoms, where A =  grad P 
and A< 2".

(The theorem will follow from the proof of the theorem treated in the next 
section.)

It is easy to set up a formula relating the values taken over systems with к 
resp. 2" atoms, however the investigation of such a formula doesn’t result in any 
simplification compared to the original problem involving systems with 2” atoms.

On the other hand, recalling that by Theorem 2.1, if a probability assertion 
holds on every system having 2" atoms, then it holds on every system having an 
algebra of a greater (or, of course, smaller) cardinality, one may ask whether in 
case of A =  grad P<2" a similar statement follows from the probability assertion 
being satisfied on every probability system with к atoms.

We give a negative answer by presenting an example of a probability assertion 
which holds on every system of 2П—1 atoms (and thus on every system with less 
atoms, too) while it does not hold on some systems with 2" atoms.

Let the elementary conjunctions of the variables Xx, X2, ..., Xn (n^ 2) be: 
Г1(Х1, . . . ,X n), Г2(Х1г..., X„), ..., r x(X1, . . . ,X n). Consider the probability asser
tion:

<(a—î y '- ^ î  + .-. +  AÎ) —1 SO, Г ^ , . .

where oc=2", and a >A. As it results from the first theorem of this part, there exists 
a probability system with a atoms and substitutions Xx, X2, ..., X„ on this system 
so that

Р(Гх) =  р(Г2) = . . . =  р Ю  =  ± .

Then the value of the polynomial involved in the above expression is: 

a negative number.
However even for arbitrary probability systems of a —1 atoms we have

2”
2  = 1 for every substitution Xx, X2, ..., X„ and probability measure p.
i=1
Further, there exist at most a —1 pairwise disjoint elements different from zero and 
hence for some j, p {rj)= 0. If e.g. j —a. then the value of the expression will be

( « - 1)‘ { ^ y (рк( г 1) + . . .  +  /0 г * _ 1) ) - ( - ^ т  (р (гх) + .. .+ р ( г а_1)))‘]

which, according to a well-known identity, is never negative.
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2.

We shall use the notation of the preceding part. For the sake of simplicity we 
shall require that the algebraic formula involved in the probability assertions has the 
form 0, say, with P being a polynomial of degree k. In a certain sense, this will 
not restrict generality.

Next we give a sufficient condition for the satisfaction of a probability asser
tion on every probability system, for the case of A:= grad P <  2" where P is the poly
nomial involved in the assertion; and “n” is the number of propositional variables. 
(This is an important case also, because for probability assertions arising in the 
practice 2" is a large number with respect to “к — and making investigation 
on Boolean algebras of greater cardinality requires more and more computational 
work.) One of the advantages of the present method is the fact, that it is not neces
sary to transform the given probability assertion into an equivalent assertion (unlike 
e.g. applying theorem ®). Such a transformation requires a lot of calculation, 
since it generally increases exponentially the number of variables in the polynomial. 
Moreover, our method is of model theoretic character.

D efin itio n . By a “saturatedsegment'’’ associated with the variables y1, y2, ..., ym 
of a reduced polynomial of several variables, we mean the sum of those terms of 
the polynomial in which these and only these variables appear with a positive expo
nent.

D efin itio n . By a “veritable realization" of the propositional variables 
Xx, X2, ..., Xn on an algebra of к atoms ax, a2, ..., ak we mean an assignment of 
the variables to the elements of the algebra with the property that expressing the 
elements substituted into Xx, X2, ..., Xm as a sum of atoms, for every pair ah aj 
with 1?£j there exist an “m" such that one and only one of ah aj appears in Xm.

Let 3=<Ф(Я1, ... ,2 n), <Pi(Xlt . . . ,Х П), ...,(рц(Х1г ..., Xn)> be a probability asser
tion where Ф has the form PsO  and P is a polynomial of degree “k"  with N  vari
ables (&-= 2").

Before stating the next theorem let us remark that checking the assertion on 
the examples following the proof before reading the latter might help the reader 
in a better understanding of the theorem and the involved genuinely practical pro
cedure.

T heorem  2.3. Let the elements ax, a2, ..., ak be the atoms of a fixed algebra, 
and consider an arbitrary but fixed “veritable realization" o f the variables Xx, X2, ... 
..., X„ on this algebra. Let “p" be the parameter probability defined on the algebra. 
Convert the polynomial obtained from P by substitution on the algebra into a reduced 
homogeneous polynomial Rk o f degree “k" o f the variables p(ax), p(a2), ..., p(ak). 
Clearly, this is possible. Let us consider a saturated segment of this polynomial, a 
polynomial o f “l” variables, say (/=1,2, ..., k). Let us regard this as a polynomial 
substituted on the probability system with “l" atoms, rather than on a probability 
system with “k" atoms. I f  the latter polynomial considered as a probability assertion 
after having substituted the probabilities, holds ( — is non-negative) for arbitrary 
systems with “l" atoms; moreover, the same is true for every saturated segment of 
Rk and this for every “veritable realization" o f the variables Xx, X2, ..., X„ then the 
probability assertion Ф holds on every probability system.
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R e m a r k s , a) It is evident that if the conditions hold for every substitution 
(i.e. not only for the veritable ones) on a system with к atoms, then the assertion 
is a fortiori true, though we have made unnecessary substitutions, too.

b) As it will become clear from the proof of the theorem, substitutions arising 
from earlier ones by interchanging the roles of two atoms (at and aj, say) in every 
substitution, (regarding the latter as sums of atoms) are superfluous, as well. Thus, 
e.g. for every substitution in which at is involved and a, is not, the other involves cij 
and does not involve at ; or if both a% and ctj are involved then the other substitu
tion also involves both, and so on.

However omitting such substitutions practically amounts to taking into considera
tion the symmetry conditions — which for a given probability assertion would 
emerge anyhow.

P r o o f . Notice first that the substitution values of the polynomial P on a system 
of к  atoms (k = gradP) do uniquely determine a homogeneous polynomial of the 
variables p1=p(.a1),p2=p(a2) , . . . ,p k=p(ak), i.e. the polynomial is uniquely deter
mined not only for the values pk+ ...+pk = l, but for arbitrary px^ 0, . .. ,p k^ 0. 
This can be seen e.g. by writing P into a homogeneous form P1 depending on 
P i,p 2, pk, using the property

P1{tpl , tp2, . .. ,tpk) =  tkP1(p1, Pi, . .. ,p k)

of homogeneous expressions. This means that P has a unique transformation into 
a homogeneous form, and thus P 1 is uniquely determined.

Let us start now from an arbitrary but fixed probability system

V = (X°, X2, ..., X°, si, m>.

We shall prove that under the conditions of the theorem the probability assertion 
9 holds on this system.

Applying the reasoning already used, with the same notation to the polynomial 
P appearing in 9 we have

Р{т(<рг(*?, ...,m(<pN(X?, ...,X°n))) =

=  Pin(m(Гг(X I ..., X»)), ..., m (Г2„ X°n))
where P2„ is a polynomial of 2" variables.

Let us pick arbitrary elementary conjunction formulas of our language and let 
us consider the sum of those terms of

P-în( m ( ^ ( X S ,  - ,  X°n)),  . . . ,  m ( Г 2 „ * » ) ) )
in which at least one of the variables

m (rh(X°, ..., XS)), . . . ,m ( r tk(X°, ..., 2f„°))
appears and no other variable occurs. (These are variables inasmuch the underlying 
probability system is arbitrary.) Let Як(т(Гн), ..., т(Гik)) be the resulting segment, 
which itself is a homogeneous polynomial.

On the other hand we claim that picking arbitrary conjunction formulas 
r h, r it, ..., r ik of the language, by a suitable choice of Xlt X2, ..., X„ we can achieve
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on the algebra of к atoms that f h, Г,...... . Гik respectively be equal to aL, a2, ak
while the other conjunction terms become 0.

The corresponding substitution is the following: If 1 we substitute the
elements into Xm in their form of sums of atoms, then ay (1 S jS k )  should appear 
in the element substituted into Xm iff Xm appears in Г, in an unnegated form. This 
way we achieve that the atomic representation of r tj contains ay and thus it is not 
0, whereas the Г) ’s are pairwise disjoint. However there is only one system of ele
ments with this property over an algebra having к atoms; namely the system of the 
atoms. Hence the remaining elements Г t; are necessarily 0. This realizes the desired 
transformation.

Observe also that having selected к different Г,’s the given realization is easily 
proved to be veritable. Conversely, every veritable realization is equivalent to a 
choice of к Г,’s and to their transformation into atoms — as it appears from reversing 
the previous deduction. (The nonveritable realizations amount to selecting less than 
к ГI s depending on the various Xm's. In this case the Г/ s do not necessarily trans
form only into atoms, rather, they transform into a system of pairwise disjoint 
elements of the Л-atom Boolean algebra which has as many elements as there are 
atoms appearing in a different way in the substitution. The above implies that the 
substitutions — mentioned in Remark b) are different transformations connecting 
the same systems, i.e. the system Ft of к elements and the probability system having 
к atoms, so that their separate discussion is not needed.)

Continuing with the main idea of the proof, let us repeat the transformation 
applied to the polynomial P, instead of the system V, for the system of к  atoms 
with the parameter probability measure p, assigning to the A^’s (m =  l , 2, . . . ,n ) 
the values corresponding to the already defined veritable realization (thus exploiting 
that the conditions of the theorem are valid for an arbitrary realization on a system 
with к  atoms). Then the polynomial P2* is transformed into the polynomial 
Rk(p(ai), P(ak)) where p is the same as before.

(At this point we observe that if we substitute into Xm the values of the algebra 
of к atoms resulting from the above defined veritable realization in the original form

/»(|и(ф1(ЛГ1, ...,*„)), ....m to v O i, ...,*„)))
rather than in the new form P.*„, we still arrive at the function, Rk(p(a j), p (ak)),
since

/» (m fo tf i, .... Xn)), ..., >n(<pN(X1, .. . ,X n))) =

= P*. (m (Г j № , . . . ,  Xn)\.......m (Г2п (Л Г *„)))

holds for every probability system. Here we also make use of the said uniqueness 
of the transformation of a polynomial into a homogeneous one.)

Continuing with the original idea of the proof, we see that regarding the asser
tions (S ,s 0) defined by the saturated segments of Rk(p{ak) , . . . ,p(akj), (e.g. 
Si(p(djd> •••iP(dj,)) which depends on p(ah), ...,p (aJt)) in their form after sub
stitution on an arbitrary probability system with atoms, (i.e. p(ajl)+p(ajt) + ... 
... +p(aJl)=  1) the conditions of the theorem guarantee that the assertions hold 
on the probability system with atoms. Using homogeneity, we also have:

SíitpídjJ, tp(aj)) = 1к5,(р(ал ), ...,p(aj))
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thus the non-negativity of Sl(p(ajl), ...,p(aj)) follows for arbitrary р(а71)ё О ,... 
...,p {aJt) ^ 0 (not only for the case p(dj)+ ...+ p(aJt) =  1 ).

Returning to the original system V and going backward we conclude that 
substituting on the original arbitrary, but fixed probability system V the segment

S tim iT j^X Í, ...,X„% . . . ,m { r h ( X l  . . . ,X %  
will again be non-negative for the choice

P(ah) = m (rh ( X l  ...,X°)), ...,p(flj,) = т(Ги {Х1 . .. ,Z n°)).
Still regarding the polynomial P in its substituted form over the system V the 

polynomial P£n can be decomposed into disjoint saturated segment, each of which, 
regarded as being substituted over V can be one obtained in the above way, whence 
its non-negativity follows by our deduction, i.e. starting from some formulas Г h, ... 
. . . ,Г !к, carrying out the proper substitution on the algebra of к atoms, we use the 
conditions of the theorem for some appropriate segment Rk of the resulting poly
nomial, with the parameter probability measure.

Thus Р'гп is a sum of non-negative terms. □
As a first illustration of how our theorem can be applied let us examine the 

satisfaction of the probability assertion:

(2X1 • /.2+ (A3+ A4+ ;.5)2—A j —A| — (7-6+A7 + A8) (A,, +  A10+ Au) + (A12+ A13+ A44)2 = 0,

XAYAZ, TVyVZ, X ,Y ,Z , XAY, XAZ, YAZ, XMY, X \Z ,  YMZ, iX A lY ,
~\XA 1 Z, 1УЛ 1 Z).

As the polynomial is of degree 2, the investigation can be reduced to the algebra 
of 2 atoms with corresponding probabilities px and p2 (Pi+p2= l)-

On this algebra, taking symmetry into account, one has the following substitu
tions for the variables X, Y, Z:

0.  0 .0  0 , 0 , /  0, 0, a 0,1 ,1  0, a, a 0,1, a 0, a, b
1, I, I  I, I, a I, a, a I, a,b 

a, a, a a ,a ,b
Among these I, I, I; 0, 0, 0; /, 0, 0 and 7, 7, 0 are not veritable realizations (i.e. in 
every term of these substituions either both or none of a and b are present). Let us 
examine e.g. the substitutions X=0, 7=0, Z —a. Substituting into the variables 
of the polynomial the probabilities previously obtained we get the polynomial 
p \— jPi + (1 +2^3)2. The reduced homogeneous form of this is: p\ + 9pl + 6plp2 (this 
can be obtained using the relationpx+p2= 1). The saturated segments: p\, 9p\, 6px • p2 
are necessarily non-negative.

Similarly to the other cases, the homogeneous forms are the following:

0, a, b : p\ + pl + PiPi, 0, a, I  : pl; I, a, a : pi
0, a, a : 9pl; I, I, a and I, a, b : 0
a, a, a : 9pl; a, a, b : pi
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Since in all cases the coefficients of the terms are always non-negative, according 
to our theorem the probability assertion holds on every probability system.

As a next example let us examine the inequality:

■ -'+ » + A  (”:!)•2 N "  -  ( T ) ]  *

^  I . V fi s  - /  + 1) + (" “  J )  • 2 . [v2(n) -  (Vl2 '] (/ =  2, 3, , n).
Here

y,M = 2
1  S / j S . - . S i j S n

and A"?, ..., X° are arbitrary realizations of the corresponding propositional variables; 
m is an arbitrary probability measure and the summation is extended to every com
bination without repetition of the numbers 1, 2, ..., n (ilt i2, ..., /„).

Our inequality is nothing but a probability assertion after substitution of appro
priate probabilities.

Introducing the notation:
ÍV/") = jV/"> -  V}1\(F/">- j + 1) 0  =  2, 3 ,..., n)

the inequality can be rewritten into the form:

(It is known that Wjn) is non-negative.)
However,

( 0 )  2 Z Í L 2 1  щ с )  s  щ м  s  H ~ ^ ~ ^  WjM ( j  =  2 ,3 ..............n).

Since here the polynomial of the probabilities is of second degree, it suffices to limit 
ourselves to algebras with two atoms (let them be again a and b put p1=p(a), p2= 
=P(b)).

If we consider an arbitrary but fixed, not necessarily veritable realization of 
the variables Xlt X2, ..., X„ on this algebra, where nx, n2, n3 and n4 of the A”s is 
equal to /, a, b and 0 respectively (nx+п2+п2+пх=п), then:

- fp i  ( " j - "■)+ ( 7 - Г3)) (Р1(л1+и^ + р .(п1+ '1э)_ 1 + 0 -

However, writing (0) into a reduced homogeneous form using px+p2= l the coeffi
cient of p\ and p\ will be 0 ; — while between the coefficients of px-p2 the desired 
inequality holds. Thus (0) holds for every probability system, indeed.
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Finally, we have to notice the fact, that the original inequality can be obtained 
as the product of the inequalities of (0) for j= 2, 3, — 1 — taking into considera
tion that the involved quantities are non-negative.

Using the theorem 2.3 the best-know probabilistic inequalities (more precisely, 
those which also define a probability assertion) can be proved. (A collection of such 
inequalities can be found e.g. in [6].) It is easily seen that all the inequalities which 
can be verified by the method of [7] and [8], can be proved by applying our theorem 
as well, since they are by far special cases of our theorem.

§3.

According to our program in this paragraph we shall examine the case of proba
bility logic based on the language of first-order predicate calculus.

Next we show that in case of the predicate language the examination of universal 
satisfaction of a probability assertion is equivalent to the examination of universal 
satisfaction in a certain sense — of a probability assertion of the propositional 
language.

Let i/q, ф2, be arbitrary closed formulas of the predicate language S,
and let Ф be again a quantifier-free algebraic formula with N  free variables.

T heorem  3.1. Let 9 = (Ф, ф1, ф2, ..., фц) be an arbitrary probability assertion 
and let 0  = {Ф, Х1г X2, ..., X f) be the probability assertion assigned to 9 by letting 
X l , X 2, ..., XN be propositional variables. Then there exist a finitary, atomic proba
bility system and a suitable fixed valuation of the variables Х1г X2, ..., XN on this 
system with the property that 9 is satisfied on every probability system iff 0  is satis
fied under the said valuation for arbitrary probabilities on the above finitary atomic 
probability system.

P ro o f . Consider the elementary conjunctions Гг(Хi> •••> XN), Г2(Xlf ..., XN) , ... 
..., Г 2n (Л/,.. .,  XN) of the variables Xlf X2, ..., XN and the formulas Гг(фл, ..., \j/N),... 
. . . ,Г 2я(ф1,...,ф к). Then analogously to the proof of the theorem 2.1 one can 
construct an algebraic formula Ф' of 2N variables, such that

9 '= (Ф ',Г1(ф1, ...,/>0A i> and 9

do or do not hold simultaneously on every probability model. Now, to the second 
one of these probability assertions one can already apply theorem ©. Suppose 
furthermore, that among the formulas Г1,Г 2, . . . ,Г 2" those which are identically 
false or precisely the (Z.+ l)’th, (L +  2)’th... and the (2iV),th.

On the other hand, using the idea of the proof of the theorem 2.3 we can assure 
that for a suitable valuation of the variables Xx, X2, .. . ,X N over the algebra of L 
atoms Г1,Г 2, . . . ,T L transform into the elements alt a2, ..., aL of the algebra of 
L  atoms whereas TL+1, TL+2, ... ,T 2* transform into zero. Hence, with a suitable 
definition of the probabilities one can achieve that, with the above valuation, one 
assigns arbitrary probabilities px,p 2, . . . ,pL=® to Г1ъ T2, ..., ГL, respectively, (sat
isfying the sole condition Pi + p 2+ -"+ P l = 1)> while assigning probability zero to 
the remaining Г/s.
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Consequently, if <Ф Г х(Xx, XN) , ..., Г2„(Xx, ..., XN)) holds under the said
fixed valuation of the variables Xx, X2, X N over the algebra of L atoms for 
arbitrary probabilities, then, in virtue of theorem ©, 3' holds on every probability 
system.

However, the probability assertions (Ф\ Гх(Хх, ..., XN), ..., Г2п(Хх, ..., XN)) 
(Ф, Xx, X , y) are equivalent, i.e. have the same probability models. Thus the 
given valuation of the variables Xx, X2, ..., XN on the algebra of L atoms, and, 
after having chosen arbitrary probabilities, the valuation of the probability assertion 
can be carried out with 0  as well.

Hence if 0  holds for the said valuation of the variables Xx, X2, ..., XN over 
the algebra of L atoms for every possible choice of the probabilities on this algebra, 
then 0  too, holds on every probability model. □

The rest of this section deals with a completely different approach to universal 
satisfaction of a probability assertion.

Let T  be the set of natural numbers. Let £P°°(T)/=denote the Lindenbaum— 
Tarski а-algebra of the language containing the denumerable conjunction A and 
disjunction V. Let a ' be an arbitrary probability measure on £f°°(T)/= and let 
£?“ (T)/= ke qUOtjent algebra modulo the cr-ideal {<р/ = :a'(cp)—0} of this algebra 
(where <p/= is the class containing cp). Let a denote the measure on the quotient 
algebra, obtained from a'. Let us define on T  the functions E', P[ , P2, ..., P[ in 
such a manner that the value Pj(tx, t2, ..., tHJ)) be the image in ^ “ (Г )/=  of the 
elements Pj(tx, t2, ..., tiU)) under the canonic homomorphism.

Denote by H the consisting of the systems having both a finite universe and a 
finite Boolean algebra, as well as of the systems

(T, E \  P'x, P', ..., P'i, У Г (Т )/= , «>.
The first observation is that the systems:

(T, E', P'x, Pi, P[, SP~(T)I = , a)

can in fact be regarded as probability systems ; to this end it suffices to verify that a 
is a strictly positive probability on ^ ~ (Г )/=  (cf. (3) 15. §).

Suppose now that the fixed probability assertion 3 holds on every system of H. 
Let V be an arbitrary but fixed probability system, upon which 3 is defined. Now 
we show that our hypothesis guarantees that 3 holds on V, too. This is done sepa
rating the cases of L’s universe being finite, denumerable or having a larger car
dinality.

If the universe is finite, then the Boolean subalgebra of the original algebra 
generated by the values assigned to the atomic formulas is also finite. If we modify 
the original probability system so that we limit ourselves to this finite subalgebra 
and to the measure defined on it, then by our assumption 3 holds on this system, 
and hence it holds on the original system as well.

Let us suppose that В is denumerable. Then the reasoning of the authors of [4] 
can be essentially repeated for the case of finite language and the corresponding 
probability systems, as follows; Limiting ourselves for example to the set of natural 
numbers, let V be an arbitrary probability system:

(T, E, Px, P2, ..., Pf, sá, m).
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The valuation function/ generates a er-homomorphism of £A°°(T)/ = into s i  (cf.
[4], lemma 4.1); thus at the same time, it generates also probability a ' on £f°°(T)j = . 
Because of the strict positivity of the original measure, the kernel of this homomor
phism is the n-ideal {(p/=:cpÇ.Si°°(T)/=, a\(p)=0} (cf. [3] §15). The quotient 
algebra of У “ (!Г)/ =  modulo the kernel of the homomorphism (as a cr-ideal) is 
isomorphic to the range of the homomorphism, which is n-algebra. Consider the 
system

(T ,E ',P i,  . . . ,Р ; , ^ “ (Г )/= ,а )

so defined. The measure associated with the quantifierfree formulas of £F°°(T) has 
not changed with respect to the original system, since a ' (resp. a) were obtained by 
means of the corresponding cr-homomorphism. Since our systems are probability 
systems, a and m satisfy on £f°°(T) the so called Gaifman condition: a'(3 x<p) = 
=  sup a ' ( V 9 (b)) where R  is taken over the set of finitary subsets of В and hence

R biR
the probabilities of the quantifierfree formulas determine the probabilities on £A°°(T).

Let now the cardinality of the universe be greater than denumerable. We shall 
show that in examining the satisfaction of 3 on such a system, it is sufficient to con
sider a system with countable universe. It is sufficient to show that if a probability 
assertion holds on a probability system with infinite universe, then it holds on a 
probability system with countable universe as well. So, let F be a probability system 
with a fixed infinite universe, upon which the probability assertion (Ф, фг, \j/2, ..., \pN) 
holds ; and let h be the n-homomorphism belonging to V. Consider now the arbitrary 
but fixed prenex forms \J/*, ..., \p% belonging to фг, i/(2, ..., \}/N. Because of
F t ( k = \ , 2 , , N)  takes the same values on t/rj as on the original formulas. 
Let the quantifier blocks of ф*, i//2, ..., t/^ have tx, t2, ..., tN elements, respectively. 
Because of the definition of valuation,

h0K ) = Vi'1**!v<‘>*2 ... V<»x,kcp (k =  1,2, ...,7V)
where the V-s can be the operations V and A ,  taken over the A universe of V; <p 
is the kernel of the prenex formula.

We claim that there exist a countable subset E0 containing E0 (i.e. for E0, too), 
there exist countable sets F fk)Q...QF,W  also containing EÓ with the property that 
performing the operations V}fc), V /1., ..., V// on the respective sets F1(Ä), F2W, ..., Ft(k) 
rather than on A we obtain the original values corresponding to the Boolean algebra.

V{k) is one of the operations V,  A taken over some infinite subset of A (i.e. 
of s i) .  Since the measure defined on s i  is strictly positive, s i  satisfies the countable 
chain condition (cf. [3], § 15). Hence s i  (and thus, also A) has a countable subset 
F (k’n) upon which we can restrict ourselves to the valuation of the operation Vfk\  
(clearly every subset containing F (fe,0) is suitable).

П
Let E0= U F (k’° \  Consequently for every countable subset F0' containing E0,

k=1
the operations V1(i) (/c =  1, 2, ..., TV) give the original value. Let F±k) =  F0' 
(k = \, 2, ..., TV). For every fixed element of F1(fc) (i.e. of EÓ) substituted into x1 in 
q> in case of the infinite operation V2(n) we can again limit ourselves to a countable 
subset of s i  or A, and consequently to every subset containing A. To every element 
of Eq one can assign such a countable subset, and since F{k) is countable ; the union 
of these sets is also countable. Adding E0 to this union; the resulting set can be

S tu d ia  Scientiarum M athem atic arum  Hungarica 12 (1977)



ON  VALID ASSERTIONS — IN  PROBABILITY LOGIC 115

chosen as F2(t). Then fixing an arbitrary element of F /fc) and F.£k\  respectively the 
operation V3(k) can be applied; and again there exists a countable subset of A upon 
which it is sufficient to take V3(k). Since F1(fc)XF2(t) is countable; the union of 
countable sets assigned to pairs of elements in the above manner is countable 
as well.

Adding F£k) to this union we can define Fjk). We can proceed until tk. The 
series of sets Ffk)QF£k)Q...QF,[k) (k= 1, 2, ..., N) and E0 obtained in this way 
obviously meet the requirements.

Let us define now the following series of sets. Let Ex be the union of the above 
sets F,*1*, F/22), ..., F,(£K Consequently, E1 is countable. Since Ex is countable and con
tains E0, the above procedure can be repeated for the choice F{k) =EX (k=  1 ,2 ,... ,  N). 
Let F2 be the union of the newly obtained Ft(k), ..., F/^1 sets, etc. We claim that

B — U Ei will be a countable set with the property, that choosing В as the universe
1=0

of V and limiting ourselves only to В at the valuation h assigns to i/tx, i/t2, ..., ij/N 
the same value of s í  as in the case of the universe A. Because of E0QB the opera
tion V{k) gives the same result on both the sets A and B. Let b be an arbitrary but 
fixed element of B. There exists a set E which contains b; but then F{k) corresponding 
to Ei+1, contains it, too. But F£k) is constructed in such a manner that for every 
element of Ffk) (including b), V|2) should give on F.jk> (and on every countable sub
set containing F2(<t>) the same value as for A. Since this is true for every element of 
В in applying V£4) we can limit ourselves to the set B. Similarly, fixing two arbitrary 
elements of B, there exists a set Ej which contains these elements, and thus F[k> 
and F2w , constructed in the ( /+  l)-th step contain then as well. F3(k) has the property 
that for every element of F1('t) X F2(fc), W(k) gives the same value on F3k\  or on a set 
containing F3№), as on A. This reasoning is valid for arbitrary pair of elements in B\ 
etc. Thus we obtained the desired assertion.

Summing up the above, we have proved the following theorem:

T heorem  3.2. A probability assertion 9 holds on every probability system iff 
it holds on every system having a finite universe and finite Boolean algebra as well as 
on the systems

(T, E', Pi,P't ...... PI, Уа~(Т)/ = , «>.

R emarks, a) The conclusion of the theory summarizing the train of thought 
above can be already proved by paragraph (4). 6, nevertheless, we have provided a 
direct proof.

b) The Gaifman condition — or its generalization — means that in every proba
bility system one can give a direct relation expressing the measure of formulas con
taining quantifiers, by the measure of quantifier free formulas.

Applying this fact to the probability systems of the present theorem, a further 
necessary and sufficient condition can be given for the universal satisfaction of a 
probability assertion. This condition not only reduces the problem of satisfaction 
of a probability assertion to its satisfaction on certain systems, but, it every reduces 
the problem to the satisfaction of quantifier free formulas of these systems.

c) If we choose a language without identity, similarly to the case of ordinary 
first-order logic, it is true that if a probability assertion holds on every probability 
system with universe A then it holds on every probability system the universe of
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which has a smaller power. Thus in case of probability systems without identity, 
the necessary and sufficient condition a probability assertion to hold on every pro
bability system is that it should hold on every probability system with denumerable 
universe.
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ON ÆS„-INTEGRAL

by
A. G. DAS and B. K. LAHIRI

1. Introduction and definitions

The following definitions are known [2].
Let a’, a, b, b' be fixed real numbers such that and let A denote

the subdivision of the form

x_x <  a = x0 <  xx < . . .<  xk = b <  xk+1,
where b<xk+1^ b '.  The norm of A, ||d||, is the number max (xf—
The functions f,  g, cp, и are defined at least in [a, b], и always being strictly increasing.

p (x -j- H) — 2  (jt)
Definition 1. If xd\a, b) and lim —----——2-— - exists, we denote it byA-0+ u(x + h )-u (x ) }

gu(x). A corresponding definition holds for g~(x), where x£(a,b]. When gü(x) = 
—Su(x), we say g is u-differentiable at x and denote the common value by g'u (x).

Condition A. Suppose that gu (b) and g^(a) exist. The functions g, и are defined 
in [a', a] and [b, b'} such that и is strictly increasing on [a', b'] and

and

g(* )-gQ 0
и (x )-u (y )

g(x)~g(y)
u (x )-u (y )

=  gu+ (a) for all x ,y €  W, a] 

= gü (b) for all x, у £ [b, b'].

Definition 2. For x, y£[a', b'\, x ^ y

gu(x, y) =
is called the u-incrementary ratio of g.

g(x)-g(y)
u (x)-u (y)

Definition 3. A function g is и-convex on [a, b] if for a ^ a s ^ ß ^ b

g ({ )^
»(ç)-u(q)
u (ß )-u (a ) g(ß) +

u (ß ) -u ^ )  
и (ß) -  и (а) g(a)-

Definition 4. Let e=»0 be arbitrarily small. Then

d 2g (x )
du(x)
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is the number 7, if it exists uniquely, and there is a number «5 (e) such that for
S i ,S x i+1> i= l,2 , Zk=b

к
\ l -  2  f(^i)[Su(xi+i, xi)~  gu(x t , Xi-i)]! <  e

whenever ||d||<<5(£). When the integral exists, it is said i f  g)£RSu [a,b].
In this paper along with some new results we obtain certain modifications 

of the results of [2]. The following definition is needed for the purpose.

D efinition 5. We consider a A subdivision and make the following defini
tions:

Mt = sup fix), i = 1,2, ..., fc-1;
xi-l — x — xi + 1

tnt — inf /(x), i =  1, 2, ..., fc— 1;
x , _ 1S x S x i +  1

M0 =  sup /(x), m0 =  inf f(x);
х 0ШхШх1 •X oS X S *!

Mk =  sup fix), ™k = Ip C
Xk - l  — x — xk

к
SA 2  *,) ëu(.Xii Xi—i)],í=o

к
sa — 2  mt[gu(xi+1, X i ) -g u(xi, Xj- j)].

1 =  0
Then

к
SA- s a = 2  Oi[gu(xi+1, X i)-gu(Xi, х;_!)]

i = 0

where Ot=M ,—m„ i=0, 1, 2, ..., к, is called the oscillatory sum corresponding 
to the subdivision A and is denoted by coA.

We shall often, for the sake of simplicity, use the notation dig; х;_15 x(, xi+1) 
for the expression [g„(xi+1, xi) - g u(xi, х(_г)]. If no confusion arises we write 
d(xt_i, Xi, xi+1) for d(g; х ^ 1г xh xi+1).

2. Existence theorem and other results

Russell [2] proved the following existence theorem: i f / i s  continuous on [a', b'], 
g is u-convex on [a, b] and g, и satisfy condition A, then (/, g)€ RSU [a, b].

We note that the theorem may be proved under weaker conditions on /. Our 
theorem runs as follows:

Theorem 1. I f  f  is continuous and g is и-convex on [a, b] and g, и satisfy condi
tion A, then ( /, g)£RSu [a, b].
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Proof. For the proof we only construct Mh mi (/=0, 1, ...,k ), SA, sA as in 
Definition 5 and make the definitions

U =  inf SA and L =  sup sA.
A A

We do not go into the details, because the detailed proof may be carried on now step 
by step as made by Russell [2].

Throughout we shall assume that /  is bounded and g is м-convex on [a, b] and 
g, и satisfy condition A.

The following theorem is vital to prove Theorems 3 and 5.
Theorem 2. A necessary and sufficient condition that ( f,g )£R Su [a,b] is that 

the oscillatory sum tends to zero as the norm of the subdivision tends to zero.
Proof. We only prove the necessary part because the sufficient part is routine. 
If possible, suppose that the oscillatory sum does not tend to zero as the norm 

of the subdivision tends to zero. Then there exists <i>0 and a sequence of subdivisions 
A„ with jjd J  —0 as such that SAn—sAn>d, w = l, 2, .... Let An be given by

d„: a = x„ ,0 < x Bjl< .. 
where ű ' s \ _ i < a ,  b<x„ kn+1̂ b ' ; and let

•< хпЛп =  b <  хпЛп

Mn.t =  sup fix),
x«,l-l^x^ xn,l*l

* =  1, 2, . кщ- U

tn„,i= inf fix),xn,t-l — x — xn,l + l i=  1, 2, ..., kn 1,

Mn.o =  sup fix ), m,,0 =  inf f(x),
x n , 0 — x  — x n , l  * » ,  ° - X - Xn . l

M„,k„ = sup fix), m„'K = inf fix),
xntkn-l — x — xnt kn Xn,kn- l^ X̂ Xn,kn

k nZ Mn.idiXn.i — li X„ti, -Xn.i +  lX
( =  0

k„SA„ =  Z  * » . ( >  * n , i  +  l ) -
i =  0

Let e=»0 be arbitrary. Since g'u (m) and g'u ф) exist (by condition A), there exists <5>0 
such that

dix„t a, Ç) <  £ /3 (Л /-т  +  1)
and

dit], Ь, хпЛп+1) <  £/3(M -m +  l)

for all çdia, a + ô) and t]£ib—ó, b), where M, m are the upper and lower bounds 
of / i n  [a, b\. Since ||d„||-*-0 we may assume x„tl belonging to (a, a+<5), xnkn_x to 
ib -ô , b), £„,0=a, £,„Лп=Ь, so that

f i L . o l d i x ^ - u X ^ x ^
and

f(£n,kn)dix„'kn- 1, xn kn, xn tn + 1)
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differ from mn üd(xn< _l5 x„>0, xn>1) and

mn,k„ d (x„, k„-l’ xn, k„ > xn, k„ +1)
respectively by less than e/3. Also we may choose ÇnJ in xn>j+1], i= l ,  2, ...
..., kn— 1, such that

so that

differs from

\ M n , il <  £/3[gú(b) —gú(a)+ 1],

k „ - i
2  f^ n ,i)d (x„ ,i-i,xn, i ,x„,i+i)

2  x„ti, x„>i+1)
1 =  0

by less than e/3.
It therefore follows that the approximating sum for the RSU-integral,

К
2  f(^n, ;) d(x„ti - i î xn,ii xn,i+i)
(=0

differs from ,ŝ n by less than e. Likewise, it is possible to choose in [лги>{_!, xB>i+1], 
/ = 1, 2, .... k„ -l,

Си, 0 C l,
such that

К
2  f(£n, i) d (,Xn, i — 1 ’ X„t Í ’ -̂ n, Í +1) 
i =  0

differs from Sj by a small number. Consequently as ||d„||— 0 the limit of

2  f(L,i)d(x„ii- 1, xnA, x„ji+1)

does not exist. This proves the theorem.
Theorem 3. Let g'u(c) exist where a<c<b. I f  ( /,  g)£RSu [a, b], then ( /,  g)£RSu 

[a, c] and RSU [c, b\. Conversely i f  ( f  g)£RSu [a, c] and RSU [c, b\, then ( f  g)Ç.RS„ 
[a, b\. In either case

d2g(x) _  f  f(x) d2g(x) , f  f(::) d-g(x) 
du(x) ~  J J > du (x) r J du(x) '

Proof. Let e>0 be arbitrary. We consider subdivisions A1 and A2 of [a, c] and 
[c, b\ respectively as

and

where

X-x <  a =  x 0 <  Xx < . . .<  <  xp =  c <  xp+1

X 1 <  c =  x„ <  xp + 1 < . . .<  xt =  b <  x*+1,

a s  x_, «- a, c < x f + 1 < c + ^ ,  c — <5X <  xp_x -c c, b <  x*+1 ^  b'
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and 51(e)=á1> 0 is such that

d(ß, c, a) <  e/4(M— m + 1)
for c ^ a ^ c + ö lt c —ö1<ß~=ic; M  and m being the upper and lower bounds of /(x) 
in [a, b]. Let A—A1|J  A2 so that

A : x_! <  a = x0 <  xt < ... <  xp_x <  c =  xp <  xp+1 < . . .<  xk =  b <  xk+1.
The oscillatory sum corresponding to A is given by

к
u>a =  2  ° i d (Xt- г ,  x„ x l+1) =

i=0

P- 1
=  2  Oid(xi^ 1, Xi, x i+1) + 0'cd(xp^1, c, xp+1) +

+ 0"d(xp- 1, c, xp+1) + 2  Oid(xl- 1,x i, x i+J  +
i=p +1

+ (Op- 0 ; - 0 ")d(xp_j, c ,xp+1)
where O' and 0" are the oscillations of f(x )  in [xp_l5 c] and [c, xp+1] respectively.

Let m'Al and т"Лг denote the oscillatory sums over [a, c] and [c, b] corresponding 
to the respective subdivisions Ax and A2. Then

(1) ß>j =  c o ' ^ + c o ^ + C O p - O ' - O ^ d C x , , . ! ,  c , x p+1).

We first suppose that (f,g )£ R S u [a,b]. Then there exists a <52(e)>0 such that 
a>A <  e/4 whenever ||d|| -= S2(s).

Since each of O', O”, Op is s M —m, it follows that

(2) (0'c+ 0 ' ' - 0 p)d(xp^ ,  c, xp+1) <  3e/4.

Hence by relation (1), we obtain

^Аг+соАг <  e/4+3e/4 =  г

whenever norm of each subdivision Ax, A2 is <(5 =min (<5j, <52). Consequently 

w'Al < e, (оАг < s whenever UJJ <  ô(s), ||d2|| <  <5(e).

Hence by Theorem 2, it follows that

(f, g) € RSU [a, c] and RSU [c, b].

Conversely, if (f, g)£RSu [a, c] and RSU [c, b] then by (1), (2) and Theorem 2, 
it easily follows that ( f,g )£ R S i; [a, b\.

We now establish the equality. Let e>0 be arbitrary. There exists a <5(e)>0 such 
that for any subdivision

x - i  <  a =  x0 <  xt < . . .<  xp_! <  xp =  c <  xp+1 < . . .<  X* =  b <  xk + 1
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where a 'S r . j< a ,  b ^ x k+1^ b ',  with c as a point of subdivision and of norm <<5(e), 
we have

where

Since

z m d i x ^ x ^ x ^ - /

: e/4, 

e/4, 

e/4,

л:,-! ^  x l+1, i =  1, 2, ... , p - l , p + l ,  .... At—1;

ío =  «. €* =  b, £P =  c.

we deduce that
Z +  2 "  =  Z + / ( £ p ) d ( * p - i >  c > * p + i ) >

1 =  0 i =  p i= 0

d2g(x)
du(x) du (x) d

d2g(x) 
du(x) E.

Since £>0 is arbitrary, this proves the theorem.
N ote. Russell [2] obtained this theorem only in one part. His theorem runs 

as follows.
Theorem. ! f ( f ,  g)€ R SU [a, c] and RSU [c, b\, where a<c<b, and if f i s  continuous 

and g is u-dijferentiable at c, with g having bounded u-incrementary ratios in some 
neighbourhood of c, then { f  g)£RSu [a, b], and

d2g(x) 
du{x) =  / / «

d2g(x) 
du (x)

d2g(x)
du(x)

Our assumptions in Theorem 3 are that (i) /  is bounded in [a, b], (ii) g is «-con
vex in [a, b], (iii) g, и satisfy condition A, (iv) g '(c) exists.

It is not difficult to show that (ii), (iii) and Lemma 1.2 of [2] together imply 
that g has bounded «-incrementary ratios in [a, b\. But we do not need the con
tinuity of /  at c even to prove that part of Theorem 3 which Russell obtained.

Let ( f  g)€ RSU [a, b] and g'(x) exist in (a, b). By Theorem 3, ( /, g)£RSu [a, x] 
for x£(a, b]. Let

cp(x) = f  f ( t ) , a < x ^ b  with cp(a) = 0.

Theorem 4. Let f  be continuous in [a, b] and let g„(x) exist and be u-convex 
in [a, b]. Then <p (x) is u-differentiable in [a, b] except perhaps an enumerable set, and

(p 'u (x )  =/(x)g ''(x ) on [a, b] — E
where E is an enumerable set and g"(x) represents the twice и-derivative of g(x).
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To prove the theorem we require the following lemmas of which the proof of 
Lemma 1 can be constructed similarly as in [1].

Lemma 1. I f  g is и-convex on [a,b\, then both g„(x), g~ (x) exist everywhere 
in (a, b). Further g'u(x) exists on [a, b\ except atmost an enumerable set.

Lemma 2. Let a ^ c < d ^ b  and g'u(c), g'u(d) exist, then

We now prove the theorem.
By Lemma 1, g'u(x) exists on [a, b] — E, where E  is an enumerable set. For л:,

Proof. We consider a subdivision

A': y - j <  c =  y0 < y1 < . . .<  yk =  d <  yk+1.

whenever ||d'||<<5(e)

i.e.

whenever ||d'||-=:<5(e). We obtain, in the limit,

x + h (/MO) in [a, b]

= f ( x  + eh)[g'u(x + h)-g'u(x)}, 0 S  0 S  1,
by Lemma 2, and so

(p(x+h) — <p(x) 
u(x+h) — u(x) = f(x+ 0h ) g'u(x + h)-g 'u(x) 

и (x+ h )-u (x )  ’ O S 0 S 1.
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Hence as /г->-0, we obtain <p'u(,x)=f(x)g"(x) for all x  in [a,b\—E. This proves the 
theorem. *

T heorem  5. Let g(x) be и-convex on [a, b] and g, и satisfy condition A. Let 
{/„(x)} be a sequence o f functions which converges uniformly to f{pc) on [a, b\. I f  for 
all n, (/„, g)£RSu [a, b], then ( /, g)£RSu [a, b] and

ь
lim f  f n(x)
П —*■ со «/a

d2g{x)
du(x)

d2g(x) 
du (x)

We omit the proof of the theorem because the construction of the proof with 
the help of Theorem 2 is not difficult.
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НА ПУТИ К ГИПОТЕЗЕ ШАНУЭЛЛА. 
АЛГЕБРАИЧЕСКИЕ КРИВЫЕ ВБЛИЗИ ТОЧКИ

ОБШАЯ ТЕОРИЯ ЦВЕТНЫХ ПОСЛЕДОВАТЕЛЬНОСТЕЙ 
Г. В. ЧУДНОВСКИЙ

Как видно из заглавия, нас интересует какая-то определенная точка и 
кривые, проходящие возле нее. Нетрудно догадаться, что существование 
какого-то особенного семейства, проходящего возле точки, связано с осо
бенной арифметической природой точки. Так оно и есть — рассматривается 
точка (в пространстве), координаты которой — базис трансцендентности для 
семейства чисел, известних благодаря гипотезе Ш ануэлла [2]:

«1, e“i, ..., eV
Такое внимание к алгебраическим кривым и их семействам связано с 

одним явлением, которое всегда казалось автору неожиданным. Речь идет 
о известном более 20 лет существовании плотной последовательности ал
гебраических кривых, проходящих вблизи этой «ключевой» точки транс
цендентных чисел. Этим явлением, конечно, всегда пользовались при ис
следовании. Так, в работах Ленга [10], Г ельф онда [5], Броунвейля [3] и 
автора [6] семейство алгебраических кривых играло заметную роль. Затем, 
в исследованиях автора [7], [8], по гипотезе Шануэлла, различные семейства 
кривых и гиперповерхностей вблизи базиса трансцендентности вообще стали 
основным объектом исследования.

В настоящей работе будет детально рассмотрена двумерная ситуация 
и интересующие нас множества кривых без всякой связи с их прохождениями. 
Эта работа является вступлением в длинную (по ограниченную) последова
тельность работ автора, посвященных оценкам степеней трансцендентности 
полей, возникающих из гипотезы Шануэлла. Получаемые в конце концов 
оценки будут близки к требуемым и значительно лучше оценок [7].

§ 0. Предварительный материал

Все обозначения, определения и терминология стандартны [10], [14]. 
Остановимся только на одном определении. Для полинома Р(хк, ..., хк)£ 
£С[хк, ..., л*] через Н(Р) обозначается максимум модулей коэффициентов 
Р(хк, ..., хк), а через d(P) (степень Р(хк, ..., хк)) — dXk(P)+ ...+dXk(P). Полагая 
t(P) = max {ln (ЯР), d(P)} назовем t(P) — типом P(xk, ..., xk).

Сразу же укажем, что все рассмотрения в работе необходимо проводить 
для случая одновременно растущих высот и степеней полиномов. Поэтому 
воспользуемся старой идеей [5], [10] и просто будем исследовать все с точки 
зрения роста типа полиномов. Это значительно важнее, чем предполагать
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ограниченность степени, как иногда делают. Более того, рассмотрения типа 
важно и для применений к алгебраической независимости [5]. Заметим, что 
осуществить перенос наших соображений на случай одновременно применя
ющихся высот и степеней очень просто. Поэтому будем обращать внимание 
только на t(P) и больше к этому вопросу не будем возвращаться.

Чтобы стало ясно, с какими именно последовательностями полиномов 
придется иметь дело, укажем на канонический пример.

П рим ер 0.1. Пусть 0 =  (01, ..., 0П)£С", где в1,...,9„  алгебраически не
зависимы над Q. Тогда для всякого натурального Я  существует полином 
р а,в= р н, Рн(хг, ..., x J e Z f o .......хп] такой, что

1) PH(*i> & 0 ;

2) t(PH) = Я;

3) |/’я (01, . . . , 0 л) |< е х р ( - с оЯ»+1),

где с0 =  с0(и) > 0  — постоянная, зависящая только от п.
Семейство гиперповерхностей { Рн_ $ (xt , ..., х„)=0: Я  £  1}, удовлетворя

ющее условиям 1)—3), назовем семейством Дирихле вблизи точки в.
Такое название объясняется тем, что существование полиномов, удов

летворяющих 1)—3), обеспечивается «принципом ящиков» Дирихле. Соот
ветствующее доказательство см. [19], [18]. Впрочем, можно, дать много ин
тересных (не эквивалентных) доказательств 0.1. Через теорему Миньковского 
0.1 выводится в [19].

Теперь уже ясно, что нас интересует. Речь идет о последовательностях 
полиномов Рн (хг, ..., xn)eZ[xlt ..., *„], удовлетворяющих условиям 1), 2) из 
0.1, а вместо 3) — более сильному. Например,

30 |Р„(01, ..., 0„)| -= ехр( - # " + > (Я)),

где (р (Я) монотонно возрастающая неотрицательная функция; lim <р(Я) = °°.
Н-*~оо

Тут и возникает основной вопрос, ключевой для исследований по ги
потезе Шануэлла.

Вопрос 0.2. Для каких точек 0 =  (01; ..., 0„)6С" существует семейство 
полиномов {PH(xlt x ^ Ç Z l X i , xn]:H S  1}, удовлетворяющих 1), 2) и 3')?

Поскольку условия 1)—3') накладывают серьезные арифметико-анали
тические ограничения на 9, то Ленг [10] предположил, естественно, что 
0j, . . . , 0„, удовлетворяющие условиям 0 .2, должны быть алгебраически за
висимы над Q.

У него было веское основание сделать это предположение. Речь идет 
о признаке трансцендентности одного числа (т. е. п = 1), доказанном им [10],
[11], а ранее не в полной общности установленном Гельфондом [5].

П ризнак 0.3. Пусть 0ÇC. Допустим также, что F — монотонно воз
растающая неотрицательная функция натурального аргумента Я, причем 
lim Я(Я) = °о и существует постоянная а0, для которой F(H +1) = а 0F(H) для
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всех H sa i.  Если при всяком Я ё а 2 существует такой полином PH(x)£Z[х], 
PH(x)jéO, t(PH)sF (H ), что

|Рн(0 ) |< е х р (-С 1Е(Я)2),

для некоторой постоянной С1=С1(а0, аг, а2) >0, то число 0 — алгебраи
ческое.

В частности, при Р(Н) = Н : Я а  1 получаем, что при п= 1 всякое 06 С, 
удовлетворяющее условиям вопроса 0.2, должно быть алгебраическим.

Поэтому появление предположения Ленга выглядело естественным. Им 
никто специально не занимался (считая простым), пока Э. Бомбьери (см. [11]) 
не заметил, что оно просто неверно. Более того, неверен никакой его вариант 
с любой функцией ср (Я) в 30-

Дело тут в следующем. При исследовании сингулярных линейных форм 
Дж. Касселе [1] доказал такое утверждение:

Л емма 0.4. Для всякой монотонной неотрицательной функции (p(t):t£R + 
существуют два алгебраически независимых числа 01, 02 такие, что неравенство

\хв1+ув2+г\ <  ехр(-<р(Я))
разрешимо в целых рациональных числах x ,y ,z ; X=max(\x\, |у|, \z\)z0, Х ^ Н ,  
для всех H S c 2. Здесь с2= с2(<р)ё0 — некоторая постоянная.

Следовательно, при и ё 2 уже нельзя рассчитывать на точный ответ на 
вопрос 0.2. Тем не менее, точки в, удовлетворяющие 0.2, имеют специфичес
кую арифметическую природу. Речь идет о т. н. полях «конечного типа 
транцендентности», такие внесенными в заголовок. Приведем

О пределение 0.5. Пусть K=Q(01, . .. ,9 J tco) подполе С степени транс
цендентности d над Q, а Э1г ..., Д, его базис трансцендентности. Поле К  имеет 
тип трансцендентности S r(< °°), если существует такая постоянная С (К) >0, 
что для всякого полинсма P(xlt xd)kz[x lt ..., xd\, Р(х1г.... xd)?á0 имеем

(0.1) Im , .... ад| >  exp( -C (K )t(РУ).
Замечание 0.6. Поле К  имеет тип трансцендентности ё(т, т'), если (0.1) 

заменяется на
(0.2) № .  .... 9,)| >  ехр (— С (К) • t (РУ (ln í(P)Y).

Эти определения принадлежат [10], [14], [3].
Как показывает пример 0.1, поле К ez С степени трансцендентности d 

не может иметь типа трансцендентности ^ d + 1. Условие конечности типа 
трансцендентности является арифметическим ограничением, не имеющим 
всегда места. Однако для почти всех чисел 06С" поле Kf=Q(O l , ..., 0„) имее- 
конечный тип трансцендентности; при л=1 этот тип даже равен двум. Пот 
этому крайне ценно (хотя бы для приложений), что координатам 0, числа 
0= (0i, .... 0„), удовлетворяющего 0.2, отвечают поля 0 (0;) типа трансцен
дентности > 2.

Точнее, существует результат, принадлежащий Д. Броунвейлю [3]. 
Приведем его в той форме, в какой его используем в работе:
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Теорем а 0.7. Пусть 01; 02£С и в1, в2 алгебраически независимы над Q. 
Если для всякого H  S i  существует полином Рц(х , y)íZ[x, у], РП (х, у) jé 0, 
t (Рн) = II такой, что
(0.3) |Рн(01,0 2) |< е х р ( - с 3Я'‘)

для какой-то постоянной с3 — с3(в1,в 2)>0, то поле ß (01) (и поле О(02)) 
имеет тип трансцендентности =д/2. Если же (0.3) заменено на

(0.4) IРн (0J, 02) I <  ехр ( -  с3 т  ср (Я))

для неограничесной неотрицательной функции q>(t): t£R +, то Q (0Г) (и Q(02)) 
имеет тип трансцендентности >р/2.

В последнем случае это означает, что для любого с4>0 неравенства

!-P(0i)l <  сх р (-с4/(Р)"/2)
разрешимы в бесконечном числе различных полиномов P(x)íZ[x\, Р (х )^ 0.

Как будет ясно из дальнейшего, это очень слабое утверждение даже по 
сравнению с применяемыми результатами. Точный характер оценки будет 
обсуждаться в этой и в последующих работах автора на ту же тему.

Для усиления этого результата в последующих работах на основе методов, 
излагаемых ниже, будет привлекаться разнообразная алгебраическая, анали
тическая и комбинаторная техника. Понятно, что максимум, на что можно 
рассчитывать, это на то, что тип <2(0Д не менее р. Но и эта надежда слишком 
радужная, как показывает пример семейства Дирихле, отвечающий точке 
(01, 02) «общего положения» из С2. Тогда д=3, хотя g(04) и Q(0.) имеют 
«почти всегда» тип т=2. Во всяком случае, тип <2(0Д будет ближе к р, чем 
к р/2.

В конце работы подробно объясняется, зачем нужны все оценки тако
го типа.

§ 1. Плотное семейство кривых. Раскраска

В этой части работы анализируется о общих позиций семейство кривых, 
подходящих близко к точке 0€С2, удовлетворяющих условиям вопроса 0.2. 
Кривые Рн (х,у) = 0, отвечающие различным Я ё  1 «раскрашиваются» в два 
цвета: красный и синий. Раскраска носит условный характер и введена для 
иллюстративности. Она будет полезна также при непосредственном иссле
довании семейств кривых, относящихся к гипотезе Шануэлла.

Из всех вспомогательных фактов нам нужен пока лишь один:

Лемма 1.1. Пусть P jfo , ..., х„), ..., Рт(х1 г хп), Р(хг, ..., х„)<Е
€С[х15 ..., хп]. Если Р(хи  х„) = Р1(х1, х„)Х-..ХРт(х1, х„), то для
высоты Н{Р) полинома P(xí , х„) имеем оценку снизу

Я (Р ) ё в - « « Я ( Р 1)...Я (Р т).

Доказательство этой леммы; историю и ее уточнения можно найти в
[5], [14]. Приведем следствие из 1.1, которое и будет использоваться.
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С ледствие 1.2. Пусть .......хп), Рг(хг, .... xn)Ç.Z[xu  ...» xJ. Если
полином {Pi(xít ..., X,,))'; j £ l ,  делит Р2(х1у ..., х„), то для типа t(Pi) полинома 
Л(*», •••, Х„) получаем оценку

t(Pr)s ^  2t(PJ.

Теперь можно перейти к непосредственному исследованию семейств 
полиномов. Вначале докажем одну лемму в духе [3], [6], но примечательную 
тем, что исключения переменных не происходит. Метод доказательства этой 
леммы кочует из одной статьи в другую с незначительными изменениями.

Л емма 1.3. Пусть P(xlf x„)Ç.Z[xlt ..., х„] и 0 =  (01, ..., 0П)€С И. Если

(1.1) i m , . . . , 0 j | s e - c i
То либо существует делитель R (xlf ..., x„)Ç.Z[x1, х„] полинома Р(ху, ...,х„),
являющийся степенью неприводимого над Q полинома, для которого
( 1.2)

либо существуют два взанимо простых делителя Pi (x1, ..., х„), Р2(хх, ..., х„)£ 
€Z[xls ..., хл] полинома Р(хг, ..., х„), для которых

(1.3) |Л (01 ,...,0„ )|^ е1/3, |/»2(0х, —, 0„)| ^  е1/3-
Д оказательство . Обозначим через R\l , ..., Rhkk все различные делители 

Р(х1г ..., х„), являющиеся степенями неприводимых над Q полиномов из 
Z[x1( ..., х„]. Тогда, применяя лемму Гаусса, получаем
(1.4) />(*!, ...,х„) =  A(R1(x1, ..., х„))й1... (Rk(xlt . . . ,x n))h«,
где AÇ.Z, A?í 0. Для устранения тривиальных случаев предположим, что 
0х , • • . ,  0„ алгебраически незавивсимы или, точнее, что

(1.5) т , . . . , а д ^ о .
Если бы (1.5) не имело места, то получалось бы сразу же Ri(61, ..., 0„)=О 

для некоторого 1 S i S k  и (1.2) имеет место при 7?(х1 ;..., х„)—/?;(х15 ..., х„). 
Поэтому можно считать, что (1.5) имеет место.

Далее нумерацию полиномов R p A ^ i^ k  выбираем таким образом,
чтобы
(1.6) |Ä1(01,...,0 „ ) |A1 S . . .S  |л*(01, . . . , 0 в)|*«.

Далее, т .  к. е<  1, то из (1.1), (1.4) следует, что для некоторого /, 1 S /Шк 
имеем
(1.7) IЯ1(в1, ..., 0„)|N S . . . ë  |Ä((015 .... 0п)\". <  \А\-' Ш

— I*l + l(01> •••> 0n)|ft, + 1 — .. .— I^k(01> ...» 0„)|V 

Понятно, что существует такое lë i 'S / ,  что имеем, с одной стороны

(1.8) ...» № . . .  1* 1(0!, .... 0n)\h‘ <

<  |Л|+1(01,...,0 ^ * * ... |Д » (0 1, . . . , 0 ^ ,
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а с другой
(1.9) '

— \Ri(ei , . . . , e n)\h‘- \ M 0 1, . . . , 0 n)\h“-
Воспользуемся сначала (1.8). Обозначаем Р[(хъ ..., х„)=Л • (Rl (x1, ...,хп))'ч... 

. . . ( R i ( x . . . , x n))h< И Р1(хх, ..., x j  = (/?i+1(xx, ...,x„))hi^ ...(R k{Xl, . . . ,x nj)hK Тогда
Рх (х  ........ r j ,  Р2'(х1; ..., х„) — взаимно простые делители Р(хх, ..., хп).
Допуская, что (1.3) для них не имеет места, получаем, согласно (1.8), что

(1.10) |л (+1(01 ,.. . .  0 „ )Г -1 - |Л*(01,.... 0JI‘‘ > £1/3-
Воспользуемся теперь (1.9). Полагаем теперь

Р?(х 1, . .. , х п) = А • (R1(x1, ..., x„))fti... (Д-хСи. ..., xn))Ä<-i
и (хи  ..., х„) =  (Д(Хх, ..., хп))*.-... (Д (хх, ..., X*))V  Снова Д"(х1( ..., х„), 
Д '(хх, ...,х„) — взаимно простые делители Р(х1г . . . ,х п). Поэтому, если (1.3) 
не имеет для них места, то по (1.9):

( 1. 11) \ А I • |Д (0 Х, ..., 0„У.... Д-Д0Х, -  , 0П)|А-  >  е1/3

Перемножая (1.10) и (1.11), получаем:

(1.12) М М Д (01 ,..., 0„)|V.. 1Д-Д0Х,..., 0„)|А‘-1Х
Х |Д +1(015 ..., 0„)|Л< + 1... |Д (015 ..., вп)\К >  е2/3

Это означает, согласно (1.4), что
(1.13) |P(xlf ..., х„)| >  е**Ш в1ь ..., бп)\л‘.

Последнее неравенство перепишем, используя (1.1):
(1.14) е1/3 >  |Д (01, ..., 0J|*'.

Согласно (1.4), неравенство (1.14) доказывает (1.2) при Л(хх, ..., х„) = 
= (Д (хх, ..., x„))Äi. Лемма 1.3 доказана.

Лемму 1.3 можно нереписать в таком виде:
Предложение 1.4. Допустим, что существует полином Р(х1г ..., х„)£ 

ÇZ[xx, ..., х„] такой, что для заданных (в1, ..., 0„)€С" имеет место нера- 
веснтво

\Р(0г...... 0„ ) |S 8 <  1,
и t(P) = Т. Тогда либо существует полином R{xl , ..., x„)fZ[x1, ...,х„], являю
щийся степенью неприводимого над Q полинома S(xlt ..., x„)6Z[x1, ..., х„] с

^(©х, ..., 0„)! ^  е1/3
вида /?(хх, , xn) = (R(x1, ...,х„)у, причем t(S)s^2T; t(R )^2T; либо су
ществуют два взаимно простых полинома Д , (хх, ..., х„) и Д (х 15 ...,х„) из 
Z  [хх, ..., х„], для которых

| Д ( 0 х ,  . . . , 0 Л) |  55 е 1' 3,  | Д ( 0 х ,  0 П) |  —  f i l /3

и Д Д ),?(Д )^2Г.
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В таком виде предложение 1.4 следует из 1.3 и 1.2.
Изложенных предварительных сведений достаточно для начала иссле

дования.
Рассматриваем для простоты самый интересный — плоский случай. 

Зафиксируем точку 0—(01( 02)€С 2 такую, что 0Х и 02 алгебраически независи
мые над Q числа. Допустим, что существует множество алгебраических кри
вых, заданных уравнениями Рн (х,у)= 0, проходящих вблизи 0 и удовлет
воряющих следующим условиям:

(Ц. 1). Для всякого натурального числа Д, # ё с 5ё  1 (с5-какая-либо
постоянная) существует полином Рн(х, y)£Z[x, у] такой, что

1) Рн(х,у) £  0;
2) имеет место оценка типа Рн (х, у):

(1.15) t(PH) ^ c t H, 
где св-некоторая постоянная;

3) для какой-то неограниченной неотрицательной монотонно возрас
тающей функции (p(t):t£R+ имеем оценки

(1.16) |Рн(01,0 2) |< е х р ( -Я > ( Я ) )  
для всех # > C jS l.

Разумеется, в условиях (Ц. 1) основное внимание надо обратить на не
равенства (1.16). Входящая в показатель степени в правой части (1.16) постоян
ная ц привлекает особое внимание. Она отвечает утверждениям типа теоремы
0.7; но в настоящей работе ее вид несущественен. Впрочем, для устранения 
тривиального случая — семейства Дирихле 0.1 — можно предположить, что 
д ^З . Каким же образом можно преобразовать семейство кривых 
{Рн(х, y )—0:HÇ:N} к более удобному виду. Идеальным явился бы тот 
случай, когда все кривые были бы неприводимыми и продолжали бы удов
летворять условиям (Ц. 1). Удовлетворить условиям 1)—2) в (Ц. 1) очень 
просто; с условием 3) дело значительно сложнее. Поскольку Рн(х,у) может 
состоять из значительного количества неприводимых компонент: PH= R 1...Rk, 
то значения 7?, в точке 0 могут быть значительно больше, чем значения Рн 
в точке 0. В соответствии с этим и вводим деление чисел Н  (т. е. соответствую
щих полиномов Р„) на «красные» и «синие».

К «синим» условно отнесем пока те Н, для которые существует 
Рн(х, y)£Z[x, у], удовлетворяющий условиям 1)—3) из (Ц. 1), с, быть может, 
другими постоянными.

К «красным» естественно отнести все остальные Н. Естественно воз
никающая задача — преобразовать полиномы, отвечающие «красным», в 
полиномы более интересные, чем просто элементы Z[x, у].

Оказывается, и это составляет основной результат работы, что для каж
дого «красного» Н можно выбрать такой полином Рн{х, y)£Z[x, у] удовлет
воряющий условиям 1)—3) (Ц. 1), что Рв(х, у) взаимно прост с РН-Л х ,у ) и 
С Рн+Лх,у).

Соответствующее точное утверждение будет доказано ниже.
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Для доказательства всех необходимых утверждений для построения таких 
«красных» полиномов, нужно простое вспомогательное утверждение. Мы же 
приведем одно общее утверждение, которое будет использоваться и в пос
ледующих работах.

Л ем м а 1.5. Допустим, что {РДхх, х„), Рт(хх, х„}-некоторое 
семейство полиномов из С[х1г х„], не имеющих неконстантного общего 
делителя. Обозначим через 7?(х1; ..., х„), S(xlt ...,х„) два произвольные поли
нома из С[х1; ..., х„] максимум степеней которых не более d. Тогда существуют 
такие целые рациональные числа А1г ..., Ат, не все равные нулю, для которых

(1.17) \А,\ =  ( (m - l)d + l) " -1: 1 ^  i ^  т 
и полином

Ai Pi , ..., хп) + ... + Ат Рт (Xj, ..., х„),

взаимно прост как с T?(xl5 ...,х„), так и с S (лу, ..., х„):
Д оказательство . Под взаимной простотой двух полиномов из 

С[х15 ...,х„] понимаем, разумеется, отсутствие у них общего неконстантного 
делителя.

Обозначим через Ах(х1; ..., х„), ..., As(xl5 ..., х„) и qt {xi, ..., х„), ..., 
д,(хх, х„)-все различные негриводимые над С делители, соответственно,
R (x lt ..., х„) и 5(хх, ..., х„). Тогда, по определению степени, s^d (R )  и tSd(S), 
т. е.
(1.18) s ë d ,  i ë d .

Для всякого целего рационального а, а ^ 0, обозначим через Р а(х1г ..., х„) 
полином

(1.19) РДхх, ...,х„) =  РДх 1, . . . ,х в) + аР2(х15 ..., хв) + ... +  ат 1Рт(х1, ...,х„).

Покажем, что для какого-то а,а?± 0, \a\^(m —\)d + \, полином
Р а{хг, . . . ,х в) взаимно прост как с R(xlt ...,х„) такие S(xlt . . . ,х п). Допустим, 
что ни для какого а, а^О , \a\^(m — \)d + l это не имеет места. Тогда, по опре
делению hi и qj для всякого а,а?±0, \ а \ ( т — \)d + 1 полином Р я(х1, ...,х„) 
делится в C[xl5 ..., х„] на какой-то из полиномов /фч* >-О или #Дхх, ..., х„): 

l s j s í .
Определяем отображение F  множества {—(m—1)ű?—1 , — 1, 1 ,..., (m—1) í/+ 1} 
в {1, ..., s, í + 1, ..., J+ í}  так: при \а\^.{т—1) ( /+ 1, а^О  полагаем

( 1.20) F(a) = {/, если Ра делится на /г; ; 
s+j, если Ра делится на qj.

Поскольку выполнено (1.18), то s + ts 2 d  в то время как мощность мно
жества { — (m— \)d~  1, ..., — 1, 1, . ..,(m —\)d + \}  равна 2(w—1)^+1. Следо
вательно, какая то точка из {1, ..., s+ t}  имеет более, чем т — 1 преобразов. 
Это означает, что для т различных чисел at:i= l, ..., т, а, =  0 и |a,|S 
^ { т — \)d + \:i= \, ..., т имеем F(a1) =  ... =  F(am).
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Согласно (1.20) это значит, что все полиномы Ра* ( х х , xn):i= l, ..., т 
делятся на один и тот же неприводимый над С полином г(х\, ..., х„) (равный
какому-то из .......хп) или qh (xu , х„)).

Учитывая определение (1.19), запишем полученную информацию в виде 
серии равенств:

(1.21) Рг(хх, . . . ,х п) + . . . + < - 1Р„,(х1, ...,*„) = ^ (x j, ...,*„)•*•(*!» • ■•,*„),
Л (* 1, . . . ,х ^  + ... + а%~1Рт(х1, ..., xn) = rm(Xx, . .. , x n)-r(xx , ..., xn),

где r(xu  . . . , x „), . . . ,r m(xx, ..., x„)6C[x1;
Рассмотрим систему (1.21) как систему уравнений в С[х1г ..., х„) относи

тельно неизвестных Рх(хг, ..., х„), ..., Рт{х1, ..., х„).
Определитель этой системы — это определитель Вакдермонда:

1 a\ . . . a™~1
1 «2 a\ .. . а Г 1 7* 0,

1 am ■ aZ~l
т. к. все ű( — различны. Поэтому, решая (1.21) по правилу Крамера, получаем 
непосредственно серию равенств

(1.22)
Pl(Xi, ...,x„) =  Sx (Xj,.. •, xn) • Г (Xj , ...,x„),

Pm(x 1, . II СО
 

3 JT

где S,(xlt . ^m)€C[Xj, ... , xm]:i'= 1, ..., m. Но это означает
полиномов {Pi(x1; ..., х„), ..., Рт(хг, ..., х„)} имеет общий делитель г{хъ ..., х„). 
Это противоречит предположению леммы.

Следовательно, для какого-то целого рационального а,а?± 0, \а\ S
^ (m —\)d+ \ полином Ра(х1, ..., х„) из (1.19) взаимно прост как R(xlf ..., х„), 
так и с S(xx, ..., хп). Поскольку

шах (1, |а|, ..., |а|т_1} ё  ((т  — l ) d + 1)"*-1, 
то лемма доказана при Ai=ai~1:i= l, ..., т.

Замечание 1.6. На самом деле оценка \At\^ ((т — l) í /+ l)m_1 является 
чрезмерно завышенной, она удовлетворительна только в используемом ниже 
случае т —2. На самом деле оценка тах(|Л ,|: 1 ^ iS m )  может быть выбрана 
в виде 0(d 1/m); соответствующий результат нетрудно получить.

Приведем следствие из 1.5 в интересующем нас случае т =2:
Следствие 1.7. Пусть Рх(х1; ..., х„), P2(*i> •••> х„) — два взаимно простых 

полинома из С[хх, ..., х„]. Если Р(хх, ..., х„), S (хх, ..., х„) — произвольные 
полиномы, то существуют целые рациональные числа а, b такие, что |а| + 
+ |6 |И 0, тах(|а |, |6 | ) ^  max (d(R), d(S)) и полином

аРi(X !,..., хп) + ЬР2(х1; ...,х„) 
взаимно прост как с R(xx, ...,х„), так и с 5(х1; ...,х„).
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Теперь произведем предварительную раскраску чисел Я, Я ^ с 5.

О пределение 1.8. Натуральное число Я, Я ё с 5 называем синим 
(Н £В), если у полинома Рн{х,у) из (Ц. 1) существует делитель Р'п(х, у), 
являющийся степенью неприводимого полинома над Q, и такой, что вместо
(1.16) выполнено неравенство

(1.23) IР'н (х, у)I <  ехр (— 1/ЗЯ<р(Яд)).

В противном случае Я  называем красным (H£R). Получаем разбиение 
Я \ { 1, ..., [с5]}~RU  В на два непересекающихся подмножества.

В соответствии с этим определением в следующем параграфе будет дока
зана теорема о представлении плотной последовательности (Ц. 1) в виде 
цветной. Как уже отмечалось, необходимость в такого рода утверждениях 
будет объяснена в § 3.

§ 2. Теорема о существовании цветных последовательностей

В настоящем параграфе докажем основную теорему работы.
Теорем а 2.1. Допустим, что существует семейство полиномов 

{Рн(х, у): НШс5}, удовлетворяющее условиям 1)—3) (Ц. 1). Тогда существует 
семейство полиномов {RH(x, у):НШс8} из Z[x, у], удовлетворяющих следую
щим условиям:

(Ц. 2). Для всякого натурального H  = cs RH(x,y) — полином из Z[x, у], 
причем выполнены условия:

1) RH(x,y) ^  0;

2) имеется оценка типа RH(x,y):

(2.1) í (Rh) — 4с6Я  = с9Н;

3) для неограниченной неотрицательной функции (p(t):t£R+ из (Ц. 1) 
имеем оценки
(2.2) IÂhP ï , 02)1 <  ех р (-1 /4 Я > (Я )) 
для всех Я ^ с 10;

4) для любого Н ^ с 8 + 1, либо RH(x,y) является степенью неприводимого 
над Q полинома, либо RH{x,y) является взаимно простим как с Rn_1(x, у), 
так и с R[í+i(x, у). В первом случае Я  называется «синим», а во втором 
«красным».

В частности, для семейства полиномов {RH(x, y):H Sc8} из Z[x, у], удов
летворяющего 1)—3) (Ц. 2) выполнены также условия 1)—-3) (Ц. 1), если за
менить с5 на с8, с6 на сэ, с7 на с10 иф ункцию <p(t) на 1/4<p(t).

Д оказательство  теорем ы  2.1. Допустим, что существует семейство 
полиномов {Рн(х, у):НШс5), удовлетворяющее условиям (Ц. 1) 1)—3).
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Учтем определение 1.8. Покажем, что «синие» и «красные» натуральные 
числа в смысле определения 1.8 являются, соответственно, «синими» и 
«красными» в смысле 4) (Ц. 2).

Начнем с определения постоянных с8,с 9,с 10. Далее, т. к. cp(t):t£R+ не
ограниченная неотрицательная монотонно возрастающая функция, то су
ществует такое Я0^ с 5, что при # ё # 0 имеем <р(Н) £48(с6+ 1) и Я*св£  
£48(1+ св). Тогда полагаем с8= с10—Я0.

Теперь уже можно определять полиномы RH(x, y)£Z[x, у] при Я 5 с 8. 
Определение RH (х, у), наиболее просто в случае «синего» Я  в емнеле опреде
ления 1.8. Действительно, допустим, что Я  — «синее», т. е. H f B. Согласно 1.8 
это означает, что существует полином S(x, y)£Z[x, у], являющийся делителем 
Рц (х, у) и степенью неприводимого над Q полинома, такой, что выполняется 
оценка
(2.3) |5(0Х, ОД] <  ех р (-1 /З Я > (Я )).

В этом случае полагаем S(x, y)= R H(x, у), т. е. определяем /?н (х, у) ра
венством
(2.4) RH(x, у) = S(x, у), если Н£В.

Понятно, что условие 1) выголнено; 4) также выполнено, поскольку S(x, у) 
является степенью неприводимого над Q полинома; 3) выполняется согласно
(2.3). Осталось проверить 2). Но согласно (Ц. 1) 2) имеем оценку t(PH) = с6 Я, 
a s(x , у) является делителем Рп (х, у). Значит, слествие 1.2 дает оценку t(RH)= 
=  г(5)^2свЯ<4с8Я = с 9Я. Поэтому для полинома RH(x,y), определенного 
равенством (2.4) выполняются все условия 1)—4) (Ц. 2). Поэтому случай 
«синего» Я  в смысле определения 1.8, HÇ.B, рассмотрен.

Обратимся к «красному» Я, H£R  в смысле 1.8. Это означает, что Н$В, 
т. е. ни для какого делителя Рн (х, у), являющегося степенью неприводимого 
полинома из Z[x, у], не имеет место оценка (2.3). Применяем лемму 1.3 в случае 
п—2, Р(х,у)= Р„(х,у) и е—ехр(—Н ц(р(Н)). При этом е<=1, т. к. Я £  1 
и (р(Я)>0. Применяя лемму 1.3 и учитывая тот факт, что Я£ В заключаем, 
что существуют два взаимно простых делителя Рн (х, у) — полиномы Р['(х, у) 
и Pl'(х, у) из Z[x, у] такие, что

(2.5) \P*{0lt 02)\ s  ехр(— 1 /ЗЯ"<р(Н)); \P*(ßlt 0,)| == ехр( -  1 /ЗЯ >(Я )).

Оставшуюся часть построения полиномов (ÆH(x, у ):Я £с8} следует про
вести индукцией по натуральным Я ё с 8.

Во-первых, для всех «синих» Я, Н£В, определяем, как и в (2.4), R„(x, у) Ç 
ÇZ[x, у] так, что все условия (Ц. 2] выполнены.

Допустим, что для всех «красных» Я ', т. е. Я'(£ В, и таких, что с8^ Я '< Я  
построены полиномы R ^(x , y)ÇZ[x, у], удовлетворяющие условиям 1)—4) 
(Ц. 2].

Покажем, что при Я 5 с 8 существует и полином RH(x, y)€Z\x, у] также 
удовлетворяющий условиям 1)—4) (Ц. 2).

Допустим сначала, что Н€В. Тогда полином Рц (х, у), удовлетворяющий 
(Ц. 2), действительно определен выше. Поэтому рассматриваем тот случай, 
когда Я  — «красный», HÇR, Н<{ В и Я £с„. Воспользуемся в дальнейшем
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доказательстве следствием 1.7. Построение полинома RH(x,y) должно вес- 
тисть таким образом, чтобы учитывались уже существующие «синие» поли
номы. Поэтому различаем два случая.

Первый случай. Число Н + 1 — «красное», т. е. полином Rg+1(x, у) пока 
не построен.

Рассмотрим два взаимно простых полинома Р^(х,у), P$(x, y)£Z\x, у], 
являющиеся делителями Рн(х,у) и удовлетворяющие неравенствам (2.5). 
Сразу же заметим, что согласно лемме 1.1 или следствию 1.2 мы имеем следую
щую оценку типов: Р ^(х ,у )  и PÍJ(х, у):
(2.6) шах (í(Pf), t(P f)) ^  h(P») + t(Pl') =§ 2t(P„) ^  2c,H.

Применяя следствие 1.7, получаем два (не нулевых вдвоем) целых ра
циональных числа а, Ь; таки, что полином
(2.7) аРf  (х, у) + ЬР!/ (х, у) 

взаимно прост с RH-i(x, у), причем
(2.8) шах(|д|, |Ь|) S  d + 1,
где d=d(RH_1). Отметим, что в случае Я = [с8 + 1], вместо 7?н_1(х, у) можно 
взять единичный (константный) полином. Теперь уже ясно, что в качестве 
полинома RH(x,y) можно выбрать полином 2.7):

(2.9) RH(x, у) = аР!/(х, у) + ЬР%(х, у).

Поскольку \а\+\Ь\9±0, а Р?(х, у) и Р"(х, у) — взаимно просты, то 
Р н (х ,у )7± 0, т. е. условие 1) (Ц. 2) выполнено. Оценка типа RH(x, у) очень 
проста:

t(R„) =  t{Pi) + t(P$) + 2\n (шах (|а|, |Ь|))

^  /(Jf f )  +  í(P f) +  21n(d(PH. 1) +  l ) s  

^  t (P f)+1 (P f)+2 ln (4ce (Я — 1)+1).

Поскольку #c6S 48 при Я £ Я 0(см. (1.15) и 2) (Ц. 1)), то 1п(4св(Я —l ) + l ) s  
ШсвН. Отсюда
(2.10) t{P?) + t(P%) + 2c,H  ё  t(RH).

Если учесть (2.6), то (2.10) дает требуемую в 2) (Ц. 2) оценку:

(2.11) ((Rh) — 4свЯ  =  с9 Я.

Условие 3) также имеет место. В самом деле,

M i ,  0г)1 — шах([а|, |b |)-m ax(|Pf (015 02)|, |Я"(0г, 0^ 1) ^

^  ( ^ ( Ä e . J  +  l J - m a x d P f  ( 0 l f  0 2) | ,  IР ? ( в 1г 0 2) | ) .
Воспользуемся неравенствами (2.5), получаем:

(2.12) |PH(0l5 02)| —  exp (ln (J (/?„ _ х)  + 1 )  — 1 /ЗЯ '1 <р (Я)).
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Но при Н ^ с 10, (р{Н) ^48 (1+св) по определению с10, а т. к. и д £ 3 , 
то при НШс10,

1/2Я > (Я )  ^  48/12Я"св >  4свЯ >  1п(4свЯ ) S  ln (d(RII- 1)+ 1).

Отсюда и из (2.12) вытекает сразу же

(2.13) \RH(0!, 02)| s  ехр {г-1/4Я" ср(Я)).

Значит, 3) (Ц. 2) также имеет место. Наконец, условие 4) (Ц. 2) выполня
ется, т. к. RH(x,y) и RH_A X> у) — взаимно просты, а Я + 1 — не «синее». Так 
как Я +1 — красное, то и 7?н+1(х, у) будет взаимно просто с RH(x, у) по 
построению. Этим первый случай рассмотрен.

Второй случай. Допустим, что Я + 1 — «синее», т. е. полином
RH+Ax,y)Ç.Z[x,y] удовлетворяющий 1)—4) (Ц. 2) уже существует. Дока
зательство в этом случае ничем не отличается от предыдущего. Снова при
меняем следствие 1.7 к паре взаимно простых полиномов Р^(х,у), Р" (х, у) € 
dZ[x, у], удовлетворяющих условиям (2.5) и (2.6).

Получаем при d=max (d(RH-i), d(RB+1)) два целых рациональных числа 
а, Ь не равных вместе нулю, таких, что полином

(2.14) a P? (х, y) + bP!J (х, у) 

взаимно прост как с RH_1(x, у) так и с Рц+1(х, у), причем

(2.15) тах(|а |, |Ь|) á á + 1  = max(d(RH_1), d(Rf,+1)) + l.

Полином RH(x ,y ) полагаем равным полиному из (2.14):

(2.16) R,Ax, у) = аР['(х, y) + bPl' (х, у).

Тогда RH(x,y)féO, т. к. Р [\х ,у)  и Р"(х,у) — взаимно просты. Оценка 
тила R„(x, у) вида

t(RH) — t(P'1I) + t(Pl') + 2m ax(\n(d(RH. 1)+ l, \n(d(RH+1)+ l)) t(P?) + /(/>») +

+ 2 max (ln (4с6( Я - 1) + 1), ln (2св(Я +  1 )+ 1)).

Однако, как мы уже знаем, In(4с6(Я -1 ) + 1)ё с 6Я, a In(2с„(Я+ 1)+ 1) S  
ё с 6Я при любом Я > 1 , т. к. ln(3« + l)Sn  при всех п ^2 . Поэтому

(2.17) t(RH) ш t  (P?)+ t (Pg)+ 2св Я.

Используя 2.6), получаем из (2.17)

(2.18) /(/?„) ё 4 с в Я,

т. е. условие 2) (Ц. 2) доказано. Аналогично устанавливаем 3) (Ц. 2):

I-M01, 02)| -  max(|а|, |Ь |)-тах(|Р1н(01, 02)|, | / f ( 0i, 0г)1)-
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Применяя (2.5) и (2.15) выводим отсюда

(2.19) IRu (ßi, б2)| = exp (max (In (d(.Rh- i) +1),

ln {d (R„ +О +  О) — 1/ЗЯ" <p (Я)).

Поскольку при НШс10, cp(H) =48ce, то при H ^ с 10 

1/12#"<р(Я) ^  4с6Я д §=4с Я >

>  ln (4св ( Я - 1 ) +1) + In (2с6 (Я + 1) +1) ln {d (RH_ J  +1) + ln (d (RH+J  +1).

Поэтому (2.19) означает, что при Я ё с 10

(2.20) |/гя (01, 0«)1 <  ехр(— 1 /4 # > (Я ))

и 3) (Ц. 2) имеет место. Наконец, RH(x, у) по построению взаимно прост как 
с Ян _1(х:,у), так и с Rll+1(x, у). Все условия (Ц. 2) выполнены.

Таким образом, для всех «красных» Я& с8 построены полиномы 
RH{x, y)ÇZ[x, у], удовлетворяющие условиям 1)—4) (Ц. 2.) Теорема 2.1 
доказана.

Теорему 2.1 для некоторых технических целей удобно представить в 
несколько другом виде, в котором разделение полиномов на «синие» и 
«красные», проявляющееся в пункте 4) (Ц. 2), уже исчезает. Формулировка 
следующей теоремы кое в чем может напомнит работы Д эвенп орта и 
Ш м идта [20], [21], т. к. по духу рассматриваемые здесь и в [20], [21] задачи 
сходны.

Интуитивно идею формулируемого ниже утверждения можно пояснить 
следующим образом. Допустим, что существует последовательность поли
номов {RH(x, у ):Н ^сй}, удовлетворяющая условиям (Ц. 2). Постараемся 
выделить среди всех натуральных чисел Я ^ с 8&1 такую бесконечную после
довательность Х„:п = 1,2, ..., чтобы выполнялись следующие условия:

а) полиномы RXn(x, у) и Rx„+1(x, у) взаимно просты для любых 
п=  1, 2, 3, ...;

б) для всякого и= 1 ,2 , ..., если Х„+1<Хп+1, то RXn(х, у) — является 
степенью неприводимого полинома из Z[x,y], причем при Хп< Н < Х п+1 
всякий RH{x,y) является степенью того же самого полинома.

Реализацией этого соображения и служит устанавливаемая ниже

Теорем а 2.2. Допустим, что существует семейство полиномов 
{Рн (х, у): Я ïï с5} из Z[x, у], удовлетворяющих условиям 1)—3) (Ц. 1). Тогда 
существует семейство полиномов {RH(x, у ) :Н ^ с я} из Z[x, у], удовлетворяю
щих следующим условиям:

(Ц. 3). Для всякого натурального Н ^ Н 0 = [с8+ 1] выполняются все ус
ловия 1)—4) из (Ц. 2). Кроме того существует возрастающая бесконечная 
последовательность Х„:п <  °° натуральных чисел такая, что
(2.21) Н0 =  Х0 <  Хг <  Х2 <  ... <  Хп < ... : п <  <=° 

и выполняются следующие условия:
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i) для любого и = 0, 1, 2 полиномы RXn(x,y) и RXn+, (х, у) — взаимно 
просты;

ii) если Хп+1 < Хп+1, то полином RXn(x, у) является степенью непри
водимого над Q полинома SXn{x, y)£Z\x, у];

iii) если Х„<Н<Х„+1, то полином R,,(х, у) также является степенью 
полинома SXn(x, у) из ii);

iv) для всякого п= 0, 1, 2, ... имеют место неравенства, связывающие 
тип t(RXn) полинома Rx„(x,y) с |-ЛХп(015 02):
(2.22) t(RXn) ^  с9Хп;
(2.23) |Ä*.(elf 02)! <  ехр (—1/4Х?<р(Хп));

v) для всякого и =  0, 1, 2, ... существует такое натуральное S i ,  что 
выполняются неравенства, связывающие Х„ с ХП+1;

(2-24) sn • t(Rxn) — cn2í"n + i;
(2.25) |ÄzB(el5 Ö2)| <  exp(— l/A(Xn + 1 — \y<p(Xn+1—l)/s„),

где cu  — некоторая постоянная, cu =18c9.
Замечание 2.3. Интуитивно sn можно представить себе как ту степень, 

в которую нужно возвести RXn(x, у), чтобы получить Æx„tl-i(x, у) при Х„ s  
SA; +1- 1  (cm. iii)).

Д оказательство  теоремы 2.2. Допустим, что существует семейство 
{Рн (х, у ):Н ^с &), удовлетворяющее условиям 1)—3) (Ц. 1). Тогда согласно 
теореме 2.2 существует семейство полиномов {RH(x, у ):Н ^св}, удовлетвор
яющее условиям 1)—4) (Ц. 2). Сохраняем постоянные с8, св, с10, введенные в 
2.1 и объясненный в начале доказательства теоремы 2.1 их смысл.

Последовательность Х„:п=0, 1 ,2 ,... натуральных чисел, для которой 
выполняются условия i)—v) (Ц. 3), строим по и дукции. Во-первых, пола
гаем
(2.26) Х0 = Н0 = [с8 + 1].

Тогда условия i)—iii), v) тривиальны, a iv) является переформулировкой 
условий 2) и 3) из (Ц. 2).

Теперь предположим, что построена конечная последовательность

(2.27) Н0 = Х0^ Х 1^ . . . ^ Х т

натуральных чисел, m s 0, такая, что для всех п ^ т  выполняются все условия
i)—v), неравенства (2.22)—(2.25). Построим теперь Хт+1>Хт, чтобы прод
лить последовательность (2.27). Покажем сначала, что существует такое 
натуральное Y >Хт, что выполнено условие
(2.28) полином Rr(x, у) взаимно прост с RXm(x, у).

Действительно, предположим, что никакое У =- Хт не удовлетворяет (2.28). 
Тогда применим условие 4) (Ц. 2). Получаем при Y=Xm-И , что RXm+1(x, у) 
— является степенью неприводимого над Q полинома TXm+l(x, y)(LZ[x, у] 
и что RXm{x, у) также является степенью неприводимого над Q полинома
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TXm(x,y)£Z[x,y\. При этом, т. к. RXm(x, у) и RXm+1(x, >0 не взаимно просты, 
то ТХт(х, у) = ТХт+1(х, у). Далее применяем 4) (Ц. 2) при Y—Xm+2 и т. д., 
получаем, что все полиномы

R x jx ,  у), RXm+1(x, у), . . . ,R H(x, у)
при Н > Х т являются степенями одного и того же неприводимого полинома 
ТХт(х,у). Снова, используя отрицание (2.28) при Y —H + 1 и 4) (Ц. 2), заклю
чаем, что и RH+i(x,y) является степенью ТХт(х,у). Оконвательно все по
линомы

Rxm{x, у), RXm + 1{x, У), ■ ■■, Rn(x, у), ...
при всех Н > Х т являются степенями полинома ТХт(х, у)= Т0(х, y)ÇZ[x, у]. 
Тогда имеем для Н > Х т
(2.29) RH(x, у) = (Т0(х, у ) р ,
при tnm S 1. Используя следствие 1.2 и 2) (Ц. 2), выводим из (2.29), что при
н > х т,
(2.30) mHt(T0) ^ 2 c 9H.

Из (2.29) и 3) (Ц. 2) вытекает также, что при всех Н >Хт

(2.31) |ГО(015 02)| <  е х р (-1 /4 Я > (Я ) /т я).
Комбинируя (2.30) и (2.31), приходим при Н > Х т к неравенству:

(2.32) |ГО(015 02)| <  ех р (-1 /4Я '> (Я )/(7 ’0)/2сэЯ).
Однако д>3, a lim ф(Я)=°°. Следовательно, переходя в (2.32) к пре- 

делу при Я  получаем
7 Ж ,  02) =  О,

а т. к. Т0(х, у )^ 0  по (2.29) и 1) (Ц. 2), то 015 02 — алгебраически независимы 
над Q вопреки предположению (Ц. 1).

Значит, сделанное предположение о ложности (2.28) для всех Y > X m не 
имеет места, и какое-то Y> Xm, удовлетворяющее (2.28), существует. Обоз
начим через Хт+1 наименьшее Y = Хт + 1>Хт , удовлетворяющее (2.28).

Такое Хт+1<°°, Хт< Хт+1 существует. Покажем, что опо является 
искомым.

Во-первых, по определению Xm+1= Y  удовлетворяет (2.28). Этим дока
зано свойство i).

Покажем ii) и iii). Пусть Хт+1>Хт+ 1. Поскольку Хт+1 — наименгшее 
Y >Хт, удовлетворяющее (2.28), то Y =Хт+1 уже не удовлетворяет (2.28). 
Следовательно, по свойству 4) (Ц. 2) полином RXm{x, у) является степенью 
неприводимого над Q полинома SXm(x, y)£Z[x, у]. Поэтому ii) установлено. 
Допустим, однако, что iii) не имеет места. Тогда обозначим через Я  — такое 
наименьшее натуральное Я, Хт<Н<-Хт+1, что полином R,,(х, у) не является 
степенью SXm(x, у). В этом случае полином RH_1(x, у) является степенью 
SXm(x, у). Поскольку У=Я<ЗГт+1 не удовлетворяет (2.28), то полином 
R,i{х, у) не является взаимно простым с RXm(x,y) т. е. с SXm(x, у). Поэтому
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Ян(х>У) имеет общий делитель и с RH-i(x , .у). Согласно 4) (Ц. 2) это означат 
что Ки(х, у) является степенью неприводимого полинома S ' (х, у). Но RH(x,y) 
имеет общий делитель со степенью <SXm(x:, у), а это значит, что S'(x, у) = 
= Sx„(x,y). Свойство iii) также доказано.

Свойство iv), как уже отмечалось, является нереформулировкой свойств
2) и 3) из (Ц. 2), а неравенства (2.22) и (2.23), эквивалентны, соответственно,
(2.1) и (2.2).

Осталось доказать v). Во первых, отметим, что при Хт+1 — Хт+1 нера
венства (2.24) и (2.25) следуют при sm = 1 из (2.22) и (2.23) для любого cn S c B. 
Поэтому рассматриваем случай Хт+1>Хт+1; см. п) и iii). Мы имеем сог
ласно ii), что
(2-33) Rxm(x, у) =  (SXm(x, у))«

для некоторого натурального g s l .  Далее, применяя iii) при Н = Х т+1— 1, 
мы получаем
(2-34) RH(x, у) = (SxJ x ,  у))”

для Н = Хт+1 — \ >Хт, где р — натуральное число, p S l .  Теперь обозначаем 
через sm s  1 — наименьшее натуральное число, большее pjq. Иначе говоря,

(2.35) p / q ^ s m, sm- p /q <  1.
Покажем, что при таком выборе sm выполняются (2.24)—-(2.25) при п=т. 

В самом деле, из (2.33) и леммы 1.1 непосредственно получаем

(2.36) 1/3qt(SxJ  t(RxJ  Ш 3qt(SxJ .
Аналогично, из (2.34) и 1.1—1.2 следует

(2.37) 1/3pt(SXm) S  t(RH) 
при Н = Х т+1- 1.

Из (2.36) следует
(2.38) smt(RXm) S  3smqt(SXm).

Привлекая (2.35), получаем из (2.38)

smt(RxJ  — 3 (p/q+ \)qt(SxJ
при p ^ q ,  или

5тДТ?Хт) ^  3 qt(SXm)
при p<q.

Следовательно, в любом случае, имеем

(2.39) smt(RxJ  ё  шах {6р, 3q) t(SxJ .
Учитывая (2.36) и iv), получаем

(2.40) 3qt(SxJ  si 9t(RxJ  si 9сяХт <  9с8ЗГт + 1; 
а учитывая (2.37) и 2) (Ц. 2), получаем

(2.41) 6pt(SxJ  si 18t(R„) si 18c9(Zra+1- l ) .
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Поэтому, полагая cu =18c9Sc9, с6 (т. к. с9=4с6>с6), полчуаем, объе
диняя (2.39)—(2.41), что
(2.42) smt(Rxm) — СцХщ-

Теперь (2.24) эквивалентно (2.24). Покажем (2.25).
Учитывая (2.33) и (2.34), получаем

(2.43) \Rxm(ei ,e î)\ = \RH( x ,y ) \ ^
при Н = Хт+1— 1. Используя 3) (Ц. 2), получаем из (2.43):

(2.44) !RXm(fllt 0*)| <  exp (— #/4р • (Хт+1~ i y  cp(Xm+1 — 1 )).
Но по (2.35),

sm — Plq> T.e. q/p ё  l/sm или же -q /4 p  ^  -  l/4sm.
Значит, (2.44) дает

(2.45) \RxJ 9 i ,9 ù \  <  e x p ( - ^ - ( T m+1- l ) X T m+1- l ) ) .

Поэтому v) доказано. Следовательно, Хт+1, построенное выше, удовлет
воряет условиям i)—v) и последовательность чисел (2.27), удовлетворяющих 
(Ц. 3), неограниченно продолжается. Этим доказана теорема 2.2.

Именно в таком преобразованном виде, будут использоваться последо
вательности полиномов, которые мы назвали цветными.

§ 3. Некоторые объяснения

В этом параграфе поясним, зачем нужна теорема 2.1 или 2.2, описывающая 
свойства плотных последовательностей, удовлетворяющих условиям (Ц). 
В первую очередь плотные последовательности, удовлетворяющие условию 
(Ц. 1) возникают при исследованиях по гипотезе Шануэлла в стиле [3], [5],
[6] , [7].

В самом деле, например, для множества Шануэлла {ßj, e^Pj}, где аь ..., xN 
и ßx, ßM — два набора линейно независимых чисел, возникает последова
тельности типа (Ц. 1), только для полиномов от п переменных, где 
« =  deg Q(ßj, e*tPi). В качестве параметра р здесь появляется известный (см. [6],
[7] ) инвариант, связывающий М  и N:

M {N + 1)
tt = x' s=- m T n  •

Именно последовательность д= х2, удовлетворяющая (Ц. 1) вместе 
с теоремой 0,7 была применена для построения первых примеров чисел вида 
аг\  среди которых есть тир алгебраически независимых. По поводу результатов 
этого типа см Д. Броунвейль [3] и [14].

Затем эти результаты были усилены в работе автора [6], где вместо ус
ловия (Ц. 1) использовались значительно более тонкие условия [12]. Эти 
условия также приводят к последовательностям цветных полиномов и будут
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изучаться в общем случае позднее. Необходимо только отметить, что появ
ление этих тонких условий связано с дополнительной оценкой меры линейной 
независимости чисел и ßj, в то время как результаты [3], опирающиеся на
0.7, этого не предполагают. Поэтому устранение предположения о мере ли
нейной независимости а, и ßj связано с дополнительными исследованиями.

Однако теорема 0.7 оказалась полезной при изучении алгебраической 
независимости 4 — х  чисел. Опираясь на метод автора [6], М. Вальдшмидт 
[15] дал пример множества чисел вида ар, содержащего 4 алгебраически не
зависимых числа. Хотя этот пример и хуже результатов [7], [8], но пред
ставляет интерес относительная простота рассуждений.

Поэтому естественно ожидать, что применение теоремы типа 0.7 в со
четании с более сильными алгебраическими соображениями приведет к ус
тановлению, в частности, новых результатов об алгебраической независимости 
чисел вида аР. Именно так и будет, как мы увидим в последующих работах.

Существует и еще одно соображение в пользу изучения цветных после
довательностей. Кроме гипотезы Шануэлла существуют и другие задачи, 
относящиеся к алгебраической независимости значений мероморфных функ
ций. В частности, есть проблема, аналогичная гипотезе Шануэлла, для случая 
значений эллиптических функций и абелевых интегралов. Однако, в отличие 
от экспоненты, в этом случае уже нельзя рассчитывать на выполнимость ус
ловий, более сильных чем (Ц. 1). Только последовательности типа (Ц. 1) 
существуют после аналитической части соответствующих доказательств.

Поэтому исследования последовательностей, удовлетворяющих усло
виям (Ц. 1)—(Ц. 3), а затем  и последовательностей, удовлетворяющих более 
сложным условиям, может дать дополнительную информацию для изучения 
эллиптических функций. Информация эта, как и в случае экспоненты, будет 
состоять в том, что какое-то поле, порожденное заданными постоянными, 
имеет нетривиальную нижнюю границу для типа т своей трансцендентности. 
Если к тому жн из других соображений известна небольшая оценка сверху 
этого типа т, то мы приходит к новой информации о степени трансцендент
ности рассматриваемых полей.

Итак, мы видим, что исследование последовательностей, названных ус
ловно «цветными», важно для многих задач теории трансцендентных чисел.
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НА ПУТИ К ГИПОТЕЗЕ ШАНУЭЛЛА. 
АЛГЕБРАИЧЕСКИЕ КРИВЫЕ ВБЛИЗИ ТОЧКИ

II. ПОЛЯ КОНЕЧНОГО ТИПА ТРАНСЦЕНДЕНТНОСТИ 
И ЦВЕТНЫЕ ПОСЛЕДОВАТЕЛЬНОСТИ. РЕЗУЛЬТАНТЫ

Г. В. ЧУДНОВСКИЙ

Эта работа является непосредственным продолжением предыдущей, на 
которую будем кратко ссылаться как на [1]. Определения из [1] также будут 
использоваться, часто без дополнительных объяснений.

В ходе настоящего исследования общая схема «цветных» последователь
ностей из [1] будет применяться для изучения полей, возникающих при до- 
бавлении к Q координат 0; рассматриваемой точки ÜÇ_Cn. Как и выше [1] 
рассматриваем плоский случай (п=2) и вместо отдельного учета степени и 
высоты рассматривается сразу тип полинома. Однако методы, применяемые 
в работе общие и допускают простой перенос на пространственный случай 
(«>3). Целям такого переноса, который будет осуществлен в других работах 
этого цикла, служат также леммы общего плана, приводившиеся в [1], а также 
леммы этой работы.

Существенной особенностью работы является использование исключения 
неизвестной с помощью результантов по Сильвестру. Этот метод намеренно 
выбран как основной в работе, т. к. он хорошо известен и давно уже при
менялся в исследованиях на эту тему. Поэтому демонстрация новых мощных 
следствий, полученных даже на основе старого и неточного метода, показывает 
возможности, получаемые на основе точного изучения свойств цветных пос
ледовательностей.

В последующих работах мы разовьем и несравнененно улучшим конкрет
ные оценки, выводимые ниже. Однако эта работа является ключевой для 
понимания сути и схемы всех рассуждений на ту же тему. Поэтому мы соз
нательно идем на которое ухудшение оценок.

§ 0. Некоторое обсуждение

В § 3 [1] уже обсуждались причины, вынуждающие заниматься свойст
вами «цветных» последовательностей. Там же указывалось, что существова
ние цветной последовательности вблизи точки 0 влечет нетривиальные оценки 
снизу типа т трансцендентности полей, порожденных координатами в(. Одна 
(и единственная до настоящего времени) оценка такого типа т через показа
тель ц у цветной последовательности приводилась в теореме 0.7 [1]. В этой 
работе дадим принципиальное улучшение этого результата. Вначале напом
ним основное
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О пределение 0.1. Пусть K=Q(&1, ..., 9d, со) — подполе С степени 
трансцендентности d над Q, а ..., !)d — его базис трансцендентности.
Говорят, что поле К  имеет тип трансцендентности ё т  (<°°), если существует 
такая постоянная С(Я)=-0, что для всякого полинома Р{хг, xd)d 
€Z[Xi, ..., xd], P(xlt ..., xd)?é0 имеем

(0.1) ..., 9,)| >  exp(-C (K )t(P y).
Если в правой части (0.1) вместо t(P)r стоит t 1 (P)(ln t {Р)У то говорят, 

что К  имеет тип ё  (т, т').
Именно в рамках этого определения ведется все дальнейшее исследова

ние. Поскольку мы рассматриваем плоский случай, то исследования бугут 
относиться к случаю d=  1, т. е. полей степени трансцендентности 1. Для 
таких полей при т < « = ,т ё 2 и «почти все» такие поля (но не все) имеют т —2.

Поля конечного типа трансцендентности возникают в связи с исследова
нием цветных последовательностей. Поэтому напомним фундаментальное 
определение цветной последовательности, данное в [1]. На это определение 
мы будем часто ссылаться в дальнейшем.

Прежде всего раз и навсегда зафиксируем точку 0£С2, в =(01, в2), такую, 
что и в2 — алгебраически независимы над Q. Фиксируем также постоянную 
д > 0.

О пределение 0.2. Будем говорить, что (вбилзи в) выполняется условие 
(Ц) с фиксированным д, если существуют такие постоянные с1; с2, с3>  0, что 
выполнено исловие

(Ц. 1). Существует семейство {Рн(х, у):НШСх} полиномов из Z[x,y], 
занумерованных всеми натуральными числами ё с 1( такое, что

1) Ри(х, у)?-0 для всех натуральных Я ё с х;
2) для всех Н = сг имеем

(0.2) t(PH) = max {ln Н{Рн), d(PH)} с2Я;
3) для фиксированной неограниченной неотрицательной монотонно воз

растающей функции (p(t):tÇ.R+ и любого натурального Н ^ с 3 имеем оценку 
Рн (х,у) в 9:
(0.3) |Л 1(01,0 2) |< е х р ( -Я > ( Я ) ) .

Сделаем сразу же важное замечание. Поскольку семейство Дирихле для 
в (см. пример 0.1 [1]) показывает выполнение [Ц] для любой точки 0 при 
всяком д < 3, то естественно, для отбрасывания тривиальных возможностей, 
сразу же положить д ё З . Это мы и сделаем.

П редполож ение 0.3. Будет предполагаться, что в определении (Ц) из 
(0.2) всегда д^З .

Впрочем, для настоящей работы естественнее бы выглядела гипотеза д =4.
Первым результатом, с которым можно сравнивать все наши, является 

уже упоминавшаяся теореме Д. Броунвейля [3] — теорема 0.7 [1]. Сфор
мулируем ее:
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Теорем а 0.4 [3]. Допустим, что для 0=(в1,0 2) выполнено условие (Ц) 
с заданным д. Тогда ни поле ß(0j), ни поле Q(02) не имеют типа трансцен
дентности S  д/2.

Кратко обсудим, насколько возможно улучшение этого результата. Как 
видно из (Ц), наилучшее на что можно расяитывать — это оценка снизу вида 
т> д  (если бы у РИ (х, у) отсутствовала каждая из переменных бесконечно 
часто). Но случай д<3, имеющий (согласно 0.1 [1]) место для всех 06 С2 
и невозможность т > 2  для всех трансцендентных 0, убеждают в нереальности 
этого предположения. Видно, что и утверждение типа т> д  — 1+s для любого 
е=~0 также нельзя доказать. С другой стороны, в этой работе уже доказано 
утверждение вида т ^ д  —2, что значительно лучше 0.4 во всех нетривиаль
ных случаях (при д S4).

В конце работы кратко говорится о возможных обобщениях и примене
ниях доказанных результатов.

§ 1. Вспомогательные утверждения

В этом параграфе приведем несколько вспомогательных утверждений 
из [3], [5], [1], необходимых для исследований.

Во-первых, эта лемма об оценке типа делителя полинома — лемма 1.1 [1]. 
Ее варианты и доказательства приведены в [14].

Л ем м а 1.1. Пусть Р(хх, ..., хя), Рх(хх, ..., *„).......Рт{хх........х„) — по
линомы из С[хх, ...,.*„]. Обозначим через d(P) — степень Р(хх, ..., х„) d(P) = 
=dXl(P )+ ... +dXn(P). Если

(1.1) Р(хх, =  Рх(х17 . . . ,х п) ...Р т(хх, ...,х„),

то для высот Н(Р), Н(РХ), Н(Рт) имеем

(1.2) Я ( / > ) . ^ ё Я т . . . Я ( Р т).

Из леммы 1.1, в частности, вытекает, что при соблюдении условия (1.1) 
для типов t{P), í(Px)...... t (Рт) получаем вместо (1.2) оценку

(1.3) í(P1) +  ... +  í(P J S 3 /(P ) .

Поэтому лемма 1.1 будет использоваться скорее не в форме оценки (1.2), 
а в форме оценки (1.3).

Поскольку мы используем результанты, необходимы результаты о них. 
Для нас оказывается неважен вид или описание результанта двух полиномов. 
Необходимо на деле лишь использовать следующую лемму.

Л ем м а 1.2. Допустим, что P(x,ÿ), S(x, y)ÇZ[x, у] — два ненулевых по
линома, не имеющих неконстантных общих делителейх). Тогда существует

11 Такие полиномы, мы, как и в [1], называем просто взаимно простыми.
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полином R(x)Ç_Z[x\ — результант R(P, S)y полиномов Р{х,у) и S (х, у) по 
у — такой, что выполняются следующие условия:

1) R{x) & 0;
2) тип t(R) R(x) оценивается через степени d{P) и d(S) и типы t(P) и 

t(S) у  Р(х,у) и S  (х, у):

(1.4) t(R) ^  c,(d(P)t(S) + d(S)t(P)).
В частности,

(1.5) t(R) = 2ci t(P)t(S).

В (1.4)—(1.5) с4>  0 — некоторая абсолютная постоянная:
3) для любых комплексных чисел 91; Э2 имеем оценку:

(1.6) m a x i i d ,  ад |, 1 5 ^ ,  92)|} s  ex p (-c 5(d(P)í(5) + d(5)í(P)))• |Ä(S,)|,
где с5>  0 — некоторая абсолютная постоянная.

В частности, имеем
(1.7) шах{|Р(9Х, 92)|, IS{9lt 92)} S  ехр (-2 c 5í(P)í(S))• |Ä(Si)l-

Построение полинома R(x) через коэффициенты у Р{х,у) и S (х, у) как 
полиномов по у  есть во многих местах [3]. Результат 1) общеизвестен. Оценки
(1.4)—(1.5) и (1.6)—(1.7) есть в статье [3], там же изложен простой метод 
доказательства. Наконец, в работе автора (8] содержится лемма 1.2 и даже 
значительно более общие утверждения. Правда, в [8] нет конструкции R(x), 
но это и не нужно для целей исследования.

Наконец, исследуя цветные посцедовательности, мы опираемся на резуль
таты работы [1]. Из всех результатов доказанных [1], нам совершенно необ
ходима теорема 2.2 [1], являющаяся основой всех построений.

Теорем а 1.3 (теорема 2.2 [1]). Допустим, что выполняется условие (Ц) 
для заданного в£С 2 и при д( S3). Тогда существуют такие постоянные 
с6, с7, Cg > 0, эффективно определяемые по с\, с2, с3, р и (p{t), что выполняется 
следующее условие:

(Ц. 4). Существует такая бесконечная возрастающая последовательность 
Х„\п = 0, 1, 2, ... натуральных чисел:

(1.8) [св+1] =  Х0 <  Х1 < . . .<  Х„ < . . .< :  п

и последовательность соответствующих полиномов RXn(x, у) = Rn(х, у):

(1.9) R0(x,y), Ri(x,y), ..., Rn(x, у), ...: и< °°

из Z[x, у] такие, что выполняются все следующие условия:
1) для любого п = 0, 1,2, ...Rn(x, у )^ 0 ;
2) для любого п = 0 ,1 ,2 ,... полиномы Rn{x,y) и Rn+1(x, у) — взаимно 

просты ;
3) если Хп+ 1< Х п+1: п — 0 ,1 ,2 ,..., то полином Rn(х, у) является сте

пенью неприводимого над Q полинома Sn(x, у) из Z[x,y];
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4) для всякого и—0, 1,2, ... имеют место неравенства
(1.10) t(Rn) S  с7Хп;

(1.11) |Л„(0,, 02)| <  ехр(-1/4X fvV Q ).
5) Для любого п — 0, 1,2, ... существует такое натуральное 1, что 

выполняются неравенства, связывающие Х„ и Хп+1;

(1-12) snt(Rn) S  сЙХп+1;

(1.13) |ä„(0!,O2)| <  exp(— 1/4(Хп+1— \У(р(Хп+1— l)/s„).

Приведенная формулировка теоремы 2.2 [1] незначительно отличается 
от оригинальной. Здесь только из всех условий (Ц. 2), выполненных для) 
{Ян(я:, у)} оставлено одно — 1) (Ц. 2) — это условие 1). Далее вместо 
Rx„{x> У) пишем просто Rn(x, у). Условие i) (Ц. 3) — это 2) (Ц. 4) — ii) (Ц. 3) 
— 3) (Ц. 4); iv) и v) (Ц. 3) — это 4) и 5) (Ц. 4), а ш) (Ц. 3) просто опущено.

Теперь можно просто отказаться от определения 0.2 цветной последова
тельности и вместо этого использовать последовательность полиномов 
{Rn(x, у):п=0, 1,2, ...}, существование которых постулировано в теореме 1.3. 

Теперь уже можно приступить к изложению основного результата работы. 
В заключение этого предварительного параграфа приведем еце два ут

верждения (уже о полиномах от одной переменной), используемые только 
как вспомогательные утверждения в § 2. Одна лемма — довольно известное 
утверждение.

Л ем ма 1.4. Пусть P(x)Ç_Z[x], а в — произвольное комплексное число, 
причем
(1.14) |Р(0)| S 6 <  H(P)~id<-p\

где Н(Р), d(P) — высота и степень Р(х). Тогда существует делитель S(x) 
полинома Р(х), являющийся степенью неприводимого над Q полинома Р0 (.т) 6 
£Z[x\,
(1.15) S(x) = (Р0(х)У, 
такой, что
(1.16) \S(0)\ ^ eH(P)wp) <  1.

Для полинома P0(x)£Z[x] получаем оценки

(1.17) t(P0) =1 3t(P)/s;

(1.18) |РО(0)| s  e1,sH(P)iJiP),s <= 1.

Понятно, что (1.17)—(1.18) следуют непосредственно из (1.15)—(1.16) и 
леммы 1.1—(1.3). Доказательства леммы 1.4 приводятся в [5], [10], [14], [9].

Вторая лемма —- это фактически результанты дла полиномов от одной 
переменной. Эта лемма получается, если предположить просто, что Р(х, у) 
и S(x, у) в лемме 1.2 не зависят от х. Тем не менее, для полноты сформулируем 
отдельное утверждение:
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Л ем м а 1.5. Допустим, что Р(х), S(x)£Z[x] ненулевые полиномы без общих 
неконстантных делителей. Тогда для всякого комплексного числа в имеем
(1.19) max {1/40)1, |S(0)|) S  e x p (-c ÿ(d(P)t(S) + d(S)t(P)j) S  exp(-2c8/(/>MS)),

где c9 >  0 абсолютная постоянная.
Как отмечалось, 1.5 получается из 1.2, если Р(х, у), S(x, у) не зависят от х. 

В этом случае (1.19) следует из (1.6)—(1.7), т. е. R(x) = R0£Z и |/?0| = 1- Не
посредственное доказательство леммы 1.5 проводится в [5], [9].

§ 2. Типы трансцендентности полей, связанных 
с цветными последовательностями

Вспомогательные утверждения, установленные в § 1, дают все необ
ходимое для доказательства основного результата работы — теоремы 2.1, 
значительно обобщающей теорему 0.4.

Т еорем а 2.1. Допустим, что выполняется условие (Ц) для точки 
0 =  (0г, 02)£С 2 при заданном д. Тогда ни поле Q(0L), ни поле ß(02) не имеют типа 
трансцендентности ё д —2.

Замечание 2.Г. Эта теорема точнее 0.4 во всех нетривиальных случаях 
— д S4. При д< 4  как 0.4, так и 2.1 ничего не дают — поля типа трансцен
дентности < 2  — алгебраические.

Д оказательство  теорем ы  2.1. Предположим, что выполняется ус
ловие (Ц) из 0.2 для точки 0 =  (0Х, 02) и заданного д. Учитывая 0.3 и сделанное 
замечание 2.2, можно считать, что д =4. Впрочем, это ограничение не нужно.

Применим теорему 1.3. Получаем бесконечную возрастающую после
довательность натуральных чисел

(2.1) Х0
и последовательность полиномов /?0(х, у), ..., Rn(x, у), удовлетвор
яющих условиям (Ц. 4).

Идея всех дальнейших рассуждений состоит в рассмотрении результантов 
полиномов Я„ (х, у) и Rn+1(x, у) по у. Поскольку Rn(x, у) и Rn+1(x, у) взаимно 
просты по 2) (Ц. 4), то результант /?„,„+i(x )^ 0  существует, причем в силу 
леммы 1.2 имеют место хорошие оценки |7?„jn+i(0,)|. Однако, эти оценки будут 
тем лучше, чем боьлше Х„+1 по сравнению с Х„. Поэтому приходится расс
матривать одновременно все результанты R„t„+1(x).

Рис. 1
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На рис. 1 изображена симболическая таблица; на оси t отложены типы 
t(R„) полиномов Rn(x,y), отвечающих точкам X„£N. Стрелка от R„ к /?„+1, 
от Хп к Хп+1 — 1 означает, что согласно (Ц. 3)—(Ц. 4) (см. условия 3), 5) (Ц. 4) 
и замечание 2.3 [1]) между Х„ и Хп+1—1 все полиномы являются степенями 
того же неприводимого полинома, степенью которого является Rn(x, у) при 
Х„+1 <Х„+1 по 3) (Ц. 4). Показатель s„ ^l в 5) (Ц. 4) — это степень, в кото
рую нужно возвести R„(x, у) = Rx„(x, у), чтобы получить полигном Rx„+1(x,y) 
из (Ц. 3). Таким образом, рис. 1 как бы возвращает нас к чисто «цветной» 
последовательности из (Ц. 3).

Реализуем опсанную выше идею. Согласно 1), 2) (Ц. 4) R„ (х, у) и Rn+1 (х, у) 
— ненулевые взаимно простые полиномы. Поэтому согласно лемме 1.2 для 
любого л= 0 ,1 ,2 ,.. .  существует полином Rn,„+i(x) — результант R„(х, у) 
и Rn+i(x, у) по у  — удовлетворяющий условиям леммы 1.2. Это означает, что

K n + i{x)£Z[x], R„,n+1(x) jé 0,
причем имеют место оценки

(2-2) t(.Rn,n+î) — 2с4 t(Rn)t (Än+1);
(2.3) |/?„>n+i(0i)| ^  exp (2cst (Rn) /(/?,,+Д) • max {|Än(0j, 02)|, |Ä„+1(0!, 02)|}.

С помощью (2.2.—(2[3) и (Ц. 4) докажем теперь, что поле ß(0j.) не имеет 
типа трансцендентности = ц—2. Так как задача симметрична, то поменяв 
0Х и 02 местами, получим, что тип трансцендентности ß (02) больше д —2.

(2-4) K „ +i(0i)| ^  exp (2c,t(Rn)t(Rn + 1)~  1/4T„«q>(Xn)).
Используя неравенства (1.10)—(1.11) из (Ц. 4), преобразуем (2.2)—(2.3). 

Получаем
(2-5) t(Rn n+J  S  с10Х„Х„+1,
где с10=2с4*с?> 0. Кроме того, поскольку cp(t) — монотонно возрастающая 
последовательность, то из (1.11) и (2.3) следует

(2-6) K „ +1(0i)l — exp {c11XnXn+1— l/4X£<p(Xnj),
где c u = 2 c 5 c 7 > 0 .

Вернемся к доказательству того, что поле ß(0i) имеет тип трансцендент
ности > д — 2. Допуцтим, напротив, что поле О (04) имеет тип трансцендент
ности ё д —2. Согласно определению 0.1 это означает, что существует такая 
постоянная Св>0, что для всех полиномов P(x)£Z[x], Р (х)^0  справедлива 
оценка
(2.7) IP ÍO ^ ^ e x p í-Q ííP )" -2).

Мы покажем, что предположение (2.7) приводит к противоречию.
Для этого выведем из предположения (2.7) — о том, что ß(0 t) имеет 

т ^ д —2 — следующее ограничение на рост отношения Ilm ln (Z„+1)/ln Х„.
Л -*- о о

В лемме 2.2 показывается, что при т ^ д —2 этот предел не более д —3. После 
доказательства 2.2 покажем, что на деле этот предел больше д —3. Нужно 
заметить, что на деле существование оценки сверху для lim ln (А^+Д/ln Xn

П-*оо
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можно вывести даже из оценки для любого д >4. Это соображение
будет реализовано в дальнейших работах автора.

Л ем м а  2.2. Существует такое «0— 0, что при всех и=л0

(2.8) Хп+1 == Х Г 3.

Д оказательство  лем м ы  2.2. Допустим, напротив, что существует 
бесконечная последовательность n0<n1<...-<nk<...:k-<°° натураль-
них чисел, такая, что
(2.9) ХПк+1>Х»-*:

Обратимся к свойству 5) (Ц. 4) вместо (2.6). Для натурального y„Sl 
имеем:
(2.10) snt(Rn) = csXn+1\

(2.11) 1Л„(015 02)| <  e x p ( - l /4( ^ +1-l)> (JS rB+1- l ) / 5B).

Следовательно, из (2.3) получаем

(2.12) |Ä,„n + i ( 0 i ) l  — exp (c12*„2+1/S„)X
X  max {exp ( -  l/4(Zn+1-  1)>(X „+1- 1 ) / s „ ) ,  exp ( - 1 / 4 x ( ЛГ„+ x) ) } -

Поскольку (p(t):t£R+ — монотонно возрастающая функция и у„ =  1, то 
из (2.12) следует
(2.13) |Æ„,„+i(01)| ^  exp (с12X%+1/sn — 1 /4(Х„+1—l)', (p(Xn+1—l)/sn).

Поскольку д ^4 , a cp(t):tÇ_R+ неограниченно возрастающая функция при 
í —oo, то существует такое и такое с14>0, что (2.13) даёт при п ^ п 1г

(2.14) |i?„,„+i(0i) ^  ехр ( - сыХ£+ 1ср(Хп+1-  l)/s„).
В (2.14) постоянные «!<<=> и с14>0 находятся из условия:

<P(Xni+1- l )  ==: 1 +  с12; ЗГ„1+1 > 2 д ; с14 =  1/8-2".
Отметим, что ни здесфь, ни в других местах работы параметры не вы

бираются наилучшим образом; их выбор подчинён только конкретным 
требованиям.

Применим (2.14) к последовательности Х„к из (2.9). Выберем &0< °° так, 
чтобы п„0^ п 1. Тогда (2.14) записывается в виде

(2.15) |Æ„fc,„k+i(0i)| =  ехр (— сыХ£к+1<р {ХПк+J -1  ) s  - х)
при к ^ к 0. Оценим теперь тип t(R„,n+1) непосредственно из (2.2) и (1.10):

(2.16) i(Än n+1) S  2ci t(Rn)t(Rn + 1) S  2ci c7t(R„) • Хп+1.
Учтем, что по построению jR„>n+i(x )^ 0  для любого п. Поэтому к поли

ному 7гп>п+1(х) можно применить неравенство (2.7). Получаем согласно (2.16):

(2.17) K „ +i(0i)l ^  ехр (— сд(с1вt (/?„)Хп+1У~2)
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при с15= 2 с4с7. Сравним (2.15) с (2.17) при п~ пк для любого к =к0. 
Получим
(2.18) cltt(Rnky-*X ?-+\  ш си ХЦк+г(р(ХПк+1-1 ) .з -к\

Неравенство (2.18) перепишем в виде

(2.19) c„s„kt(R nkr -*  Sê Х 1+1ср(ХПк+1- 1)
при к ^ к 0. Согласно (2.10),

snkt(Rnk) — cs ХПк +1.
Поэтому (2.19) принимает вид

(2.20) csc17t(R nkY~3 ^  ХПк+1<р(ХПк+1- 1)
при к =к0. Учтем неравенство (1.10) для t(R„k):

t(Rnk) = ci Х„к -
Тогда из (2.20) следует

(2.21) сыХ*~* §è ХПк+1<р(ХПк+1- 1)

при clg = CgCl 7 c 7 . Выбираем k 1S k 0 таким образом, чтобы (р(Х„к +1 — 1) =>с18. 
Тогда при кш кг имеем <р(Х„к+1— 1)>с18. Следовательно, (2.21) при к ^ к г 
( S к о) дает
(2-22) Х 1 -* ^ Х щ+1.

Последнее неравенство противоречит (2.9). Следовательно, (2.9) невоз
можно и (2.8) имеет место. Лемма 2.2 доказана.

Покажем, что для всех полиномов /?„ „+1(х) оценки (2.2)—(2.3) вместе 
с леммой 1.4 приводят к выделению у /?п,п+1(д:) нетривиального неприводимого 
делителя, с хорошей оценкой сверху в точке 0г.

Для этого при любом и ё л ,  рассмотрим неравенство (2.13), являющееся 
являющееся прямым следствием (2.3) и (2.10)—(2.11). Перепишем это нера
венство для

(2-23) l^n,B+i(^i)l — ехР (— 1) '*л 1).
Учтем, что согласно (2.10) имеем 

(2-24)

Применяя (2.23) и 2.24), получаем

(2.25) \K n +À0ù\ — exp { - c wX № t{R n)cp{Xn+1- 1))
для всех при с19= с14 c g 1. Теперь параллельно с (2.25) рассмотрим
оценку t{Rn,n+\)- Именно согласно (2.2) и (1.10)—(1.11) получаем:

*(-Rn,n+i) — 2ci t{R„)t(Rn+1) S  2с4с7Xn+1l(Rn).
Следовательно, при с20=2с4 с 7 получаем

(2-26) t(Rn,n + l) — С201(Кп)Хп + 1-
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Найдем такое п2 =п1, чтобы при пШп2:
(2.27) 4(г(Яя,п+1))2 <  c J 2 X tâ t(R n)<p(Xn+1- 1).

Для этого в силу (2.26) нужно, чтобы
4С20ДЛ„)2У2+1 <

Последнее неравенство эквивалентно следующему
(2.28) 4С20г(Д„) <  cJ2Xtâq>(Xn+1- 1).

Для доказательства (2.28) согласно (1.10) достаточно, чтобы

(2.29) 4с1„с7 <  с19/2(р(Хп+1—1).
В самом деле, если (2.29) выполнено, то д ^ 4 , т. е. Х£+* ̂  ( и 

4с|0с7 <  см/2Х£+* ср(Хп+1 1).
Так как Хп<Хп+1, то

4с|о(с7Хп) <  с19/2 • Х%+1 (р{Хп+1— 1).

Тогда (1.10) даёт (2.28).
Теперь выбираем п2 так, чтобы и2 >их и

(2.30) 4с|0 с7 • (с19/2) 1 <  ç)(T„2 + 1—1).
Поскольку (p(t):t£R+ — монотонная функция, то из (2.30) вытекает (2.29) 

для всех и&и2. Поэтому выполнено (2.28) и (2.27) для всех й£ й2.
Неравенство (2.27) гарантирует возможность применения леммы 1.4 к 

7?„ п+1(х). В обозначениях леммы 1.4 имеем P(x)=R„t„+1(x) и согласно (2.25),

(2.31) е =  exp ( -  с19X fâ  t(Rn)(p(Xn+1- i) ) .
Условие (2.27) гарантирует выполнение при пШп2 усло-условия (1.14): 

l^n.n+i(0i)l — 8 <  exp(-4(í(7?n,n+1))2).
Теперь согласно лемме 1.4 для всякого й5 й2 существует такой непри

водимый полином над Q, S„(x)Ç_Z[x], что (Sn(х))^ является делителем 
ä „,„+i (jc) и выполнено (1.17)—(1.18) при P0(x)=Sn(x). Следовательно, при 
п S n 2:
(2.32) t(S„) ё  3t(Rnin+1)/fn

(2.33) \S M \ ^  Û,f" • exp (4(t(Rn,n+im „ ).

Учитывая (2.26) м (2.31), перепишем неравенства (2.32)—(2.33) в виде

(2.34) t(S„) = c21t(Rn) • Хп + J fп ;
(2.35) \ S M  ^  ехр ( -  c12X ^ t ( R n)(p{Xn+í- \ )  -Л“1+4(* (*„>I1+О)2 - fr 1)
при с21=3с20. Согласно (2.27) при и ё я 2 неравенство (2.35) записывается 
в виде
(2.36) |5'„(01)| == ехр { -cn X fö t ( R n) • ç>(ZB+1- 1) -Z"1)
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при с22=с19/2 и при Учитывая (2.34), получаем

- t ( R n)-X n+1f ^ ^ - C n 4 ( S n).
Поэтому из (2.36) следует при nS n2:

(2.37) 15.(001 ^  exp ( - c 23X t f t ( S n)(p(Xn+i - 1))

с  С  2 3  =  ^ 2 2  * 2 1 1  ■

Для заданного и ё «2 через т (л), «<m(n)<<» обозначим такое наимень
шее т, что Sn?£±Sm. Тогда

(2.38) 5. = ± S m: п S  т <  т(п), S. 9  ̂± SmM.
Такое т(п) <  °=> существует для любого п. Если бы его не существовало, 

то по (2.37) мы бы имели для всех т, п

15.(001 exp(-c23̂ ; f t(S„)<p(Xm+1-l) ) .
При это дает 5.(00=0, что противоречит трансцендентности 0г.

Следовательно, т(п)< °°, удовлетворяющее (2.38), существует. Теперь, со
гласно (2.37) и (2.38), получаем

(2.39) |5В(0О| ^  exp( - c 23X ^t(S„ )cp(X m(a)- 1)) 
и
(2.40) |5т(п)(0О1 — exp ( - c 23X £rf+1t(Sm(n)) ■ <р(Хт(п)- 1)).

Согласно (2.38) полиномы S„(x) и Sm(n)(z), являющиеся неприводимыми 
над Q, — взаимно просты и не имеют общих неконстантных делителей. Следо
вательно, можно применить лемму 1.5. Согласно лемме 1.5 получаем
(2.41) шах {15.(001, |5m(n)(0j)|} S  exp ( - 2 c9t(Sn)t(SmW)).

Будем сравнивать (2.39)—(2.40) с (2.41). Если l(5m(„))s/(S„), то (2.39)— 
(2.40) даёт

(2.42) max {|5„(0j)|, |5m(„)(01)|} — exp (— с23Х ^ t(Sm̂ )(p(Xm(n̂ — 1)) 
при /(5m(„))Sí(5„). Тогда из (2.41) получаем

(2.43) c23X*rf<p(XmW- l )  s  2cgt(Sn).
Однако, по определению, т(я)> л . Значит, из (2.43) следует

(2-44) c2i Xtâ<p(Xn+1 - l )  <  t(Sn)
при с21= с23(2с9)~1. Но по (2.34) имеем для любого и ёи 2,

(2.45) f(5„) S  c21t(R„)Xn+1 S  с21с2 ХпХ„ +1 ё  с21с7Т„2+1.
Но неравенства (2.44) и (2.45) несовместимы при п ^ п 3, где n3S n 2 

такое, что
Ф (А'.з+1 — 1 ) >• с21с7 (c2i) 1.

Следовательно, случай /(5m(n))S/(5„) невозможен для всех л ё л 3.
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Поэтому рассмотрим случай я ё и 3 и t(Sn) ^ t ( S m(n)). В этом случае из 
(2.39)—(2.40) вместо (2.42) получаем

(2.46) m a x i id ) ! ,  l*W 0i)l}  ^  ^ p { - c Y, X ^ t ( S n)cp(Xm(n)- \ ) )  
при всех п = я3. Сравнивая (2.41) с (2.46), получаем 

(2-47) с2з Х £ ^  2c9 t(SmW).
Теперь (2.34) вместе с (2.47) даёт 

(2-48) с2з^т(п) (Р(Хт(„)~ 1) — 2с9 с 21 с7 Tm(n) Хт(п)+1.
при т (я )> и ё и 3^й 1. При с25=2с9с21с7с£з1 получаем из (2.48)
(2.49) Х£(„)(р(Хт (п)—О — с25-̂ т(п) + 1- 

Неравенство (2.49) выполнено для любого п 5 и 3.
Теперь можно сравнить (2.49) с леммой 2.2, являющейся следствием оценки

(2.7). В этом месте мы пользуемся предположением о том, что поле 0(04) 
имеет тип трансцендентности =д —2 Нужно подчеркнуть, что все выкладки 
от (2.1) до (2.6) и (2.10)—(2.14), (2.23)—(2.49) никак не зависят от этого пред
положения, а являются следствием условий (Ц. 4)2).

Найдем такое и4^ и 3, чтобы
(2.50) ф(ТЛ4- 1 ) >  с25.

Поскольку (pit) — монотонно возрастающая и т(п)>и, то при всех 
я&и4 из (2.50) следует
(2.51) <p(Tm(n)—1) >  с25

при п ^ и 4. Тогда из (2.49) и (2.51) выводим при nSn4Sn3:
(2.52) m̂(n) ^  ^m(n) + l-

Это противоречит неравенству (2.8) для любого и^и4,я 0 т. к. т(п) 
Таким образом, лемма 2.2, а вместе с ней и предположение (2.7) неверно.

Поэтому поле ß(04) не может иметь тип трансцендентности —2. Ана
логично (в силу симметрии) и для <2(02). Теорема 2.1 доказана полностью.

§ 3. Дальнейшие работы этого цикла

Результат, доказанный в настоящей работе, наилучший с точки зрения 
результантов. Монжно даже выдвинуть предположение о существовании чисел 
0Х,0 26С последовательности ХрЛ и полиномов Pt(x, y)ÇZ[x, у], для ко
торых
(3.1) t(Pf) ^  Хр IР,(0Х, 02)| <  exp i-Xf+ŸXd;
(3.2) jim ln Xi+1/\n Xi = X <  °°.

21 Такое замечание необходимо сделать, т. к. величина д —2 в теореме 2.1 может быть
улучшена на основе (2.23)— (2.49) — см. дальше.

\
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Условия (3.1)—(3.2) гарантируют, что система полиномов

{ Л Д * .  У) = ( Л ( * >  >'))[Я/*']: * (+1; 1 s  » <  с о }

цветная. Для этого семейства результанты дают оценку типа т у g (0 j) :rê  
a / í - 2 .  В случае 3 так бы и было. Однако, случай %=/л—3 невоз
можен. Оценка т ^ /i — 2 может быть улучшена.

Доказательству подобного утверждения будет посвящена следующай ра
бота. В ней результанты уже не будут основным инструментом. Техника осо
бенностей на алгебраических поверхностях выдвигается на первый план.
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SOME THEOREMS ON FIXED POINTS

by
B. FISHER

In a paper by Kannan, see [2], he proved the following theorem:

Theorem 1. I f  T is a mapping of the complete metric space X into itself, satisfying 
the inequality

d(Tx, Ту) ё  c{d(x, Tx) + d(y, Ту)) 

for all X, у in X, where then T  has a unique fixed point.

The following theorem was proved in [1]:
Theorem 2. I f  T is a mapping o f the complete metric space X  into itself, satisfying 

the inequality
d{Tx, Ту) S  c{d(x, Ty) + d(y, Tx)} 

for all X, у in X, where 0 ,  then T  has a unique fixed point.

We now prove the following theorem:

Theorem 3. I f  T is a mapping o f the complete metric space X into itself, satisfying 
the inequality

[d(Tx, T y ) f  S  c{d(x, Tx)d(x, Ty) + d(y, Ty)d(y, Tx)} 

for all X, у in X, where 0 ^ c < y , then T  has a unique fixed point.

Proof. Let x  be an arbitrary point in X. Then

{d(Tnx, Tn+1x)}2 =§ c{d(Tn- lx, T nx)d(T n~1x, Гп+1л:) + 0}
S  c d i T ^ x ,  T"x) [d(Tn~1x, T nx) + d (T nx, T n+1x)}.

This inequality implies that

d(Tnx, T n+1x) S  {c + (c2 + 4c)1/2} d(T n~1x, Tnx)

fo r /2 = 1, 2, ... and since we have

у  {c+(c2+4c)1/2} <  1.
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It follows easily that the sequence {T"x} is a Cauchy sequence in the complete metric 
space X  and so has a limit z in X.

We now have
{d(Tnx, Tz)Y ^  с{<ЦТп- 'х ,  T nx)d(Ta- 1x, Tz) + d(z, Tz)d(z, T nx )} 

and on letting n tend to infinity, we see that
{d(z, Tz)Y ё  0.

It follows that Tz=z so that z is a fixed point of T.
Now suppose that z' is a second fixed point of T. Then

{d(z, z')Y = {d(Tz, Tz')Y ^  o
and so z=z'. The fixed point is therefore unique. This completes the proof of the 
theorem.

We finally prove a similar theorem for compact metric spaces:
Theorem 4. I f  T  is a continuous mapping of the compact metric space X  into 

itself, satisfying the inequality

{d(Tx, Ty)Y <  j  {d(x, Tx)d(x, Ty) + d(y, Ty)d{y, Tx)}

for all distinct x, у  in X, then T has a unique fixed point.
Proof. Since d and T  are continuous functions and X  is compact there exists 

a point z in X  such that
d(z, Tz) — inf {d(x, Tx): x£X ).

We will now suppose that T z^z . Then

{d(Tz, T 2z)Y < j{ d ( z ,  Tz)d(z, T*z) + 0} ^

S  — d{z, Tz){d(z, Tz) + d(Tz, T 2z)}.

This inequality implies that
d(Tz, T 2z) < d(z, Tz),

contradicting the definition of z. It follows that we must have Tz=z so that z is a 
fixed point of T.

Now suppose that T  has a second distinct fixed point z'. Then 
{d{z, z')Y = {d(Tz, Tz')Y <  0,

giving a contradiction. The fixed point is therefore unique. This completes the proof 
of the theorem.
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A NOTE ON KOLMOGOROV’S LAW 
OF ITERATED LOGARITHM

by
P. MAJOR

Summary: Let the sequence of independent random variables Xi t X%, ... satisfy 
the conditions of Kolmogorov’s law of iterated logarithm. Then the partial sums

n
S„ = 2  n= 1,2, ... can be approximated by an appropriate Wiener process.

i=i
This implies a Strassen type law of iterated logarithm.

Introduction

Kolmogorov’s law of iterated logarithm (see e.g. [1]) states the following result: 
Let Xlt X2, ... be independent random variables EXt= 0, EXf = of, i— 1, 2, ... ,

n n
S„ = %i, Bn— 2  и =  1> 2, ... . Let Assume the existence o f a numerical

i =  l  i = l
sequence Mn, n—1,2, ... , such that

M.
and

Then the relation
lim sup-

" - 0 ( ]^  log log Bn ) 

P(\Xn\ S  M„) = 1.

5.
\2B„ log log Bn

= 1 with pr. 1

(Д0=0, S(0)=0) and S{t) = S , -p ± ± - L  + Sn+1- '  B"

holds true.
Let us define the process S(t), t^O  in the following way: S(B„)=Sn,

if B „ ^ t^B n+1. We
JJn + 1  •L9n + 1

prove the following
Theorem. Let the sequence of independent random variables XJt X.., ... satisfy 

the conditions of Kolmogorov’s law of iterated logarithm. I f  the probability space 
where the Xrs are given is sufficiently rich, one can construct a standard Wiener 
process W(t) such that

lim — о with probability 1.
\ t  log logt

Since B„+1 — Bn^M%, and M%=o(B„) Strassen’s law of iterated logarithm for 
Wiener process (see [2]) yields the following
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C o r o lla r y . Define

S,(f) = S(B„t) 1, 2, 0 =2 f s  1.

TA is sequence of functions is relatively compact in the Banach space C[ 0, 1], and its 
limit points agree with the set K, K= {fit), O S /S l; f(0 )—0, f( t)  is absolute con-

\  2Bn log log Bn
is is relatively cc 
he set K, K= {j

tinuous, J f 2{t)d t^  1} with probability 1. 
о

This corollary contains Kolmogorov’s law of iterated logarithm as a special case. 
Proof of the Theorem. We need an estimate of P(S„ — Sm>x). Though this 

estimate is very similar to those needed in the proof of Kolmogorov’s law of iterated 
logarithm, for the sake of completeness we prove it. Our estimation is based on an 
idea of Feller (see [3]).

Lemma. Let s, <5, L be arbitrary positive numbers. Under the conditions o f the 
Theorem we have for every large n

cexp [-(1  s  P(S.-S,>  * ) a  exp

i f  n>m, Bn — Bm>eBn, ^B„ log log Bn. (c is a universal constant.)
P r o o f . First we estimate the moment generating function of Sn — Sm from

below and from above. Let 0 -K\l logl° gB " where K=2L/e.

We have for js .n  tM j^ ô /З if n is sufficiently large. Thus

E exp tXj =  I+ Jz J L e X} S  l + o j y  ( i + | м ^ | м ; + . . . )  S

-1+T (1+TMj) - exp [(1+4) ’
and

E e x p t X j  s  is  e x p [ ( 1_ y ) ff' Y ] -

These estimations imply that

exp ft1 -4) J  ( A ~  5 J ] -  £exp S  exp[ ( l+ - |)  J ( B n-  P j ]  .

Define the probability distributions
exp (tx)Fj(dx)Fj(dx) = j  = 1, 2, ...

and
J  exp (tx)Fj(dx)

G'n.m(dx) = (F‘m* ...*  F‘n)(dx),
where Fj(x) is the distribution function of XJt and * means convolution.
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For any Bord set H  the equation

P(Sn- S mi  H) = £  [exp t(Sn- S m)] f  exp (~tx)G'n,m(dx)
H

holds. (These formulae follow from the basic properties of conjugated distributions, 
see e.g. [4] Chapter XVI. 6.)

Choose
_  X

(f?n- i ? j ( l  + ! )
Since

. _  L ŸBn log log Bn _  ,
Щ. S h

the estimation

P(Sn- S m >  x) =§ E exp exp ( - tx )  s  exp J
holds true.

Set
E ) = {  xPj(dx), (D)y- =  f  x2Fj (dx) -  (£j)2

and

K.n = Ê  Ej, (D'm.n)2 = 2  Ф)у.j — m j  = m
In order to get an estimate from below first we show that

(1) (l - | )  <  ( D ^ y  <  (l + ~ ] (B„ — Bm)
and

(2) (l - | )  ‘(B n -B J  <  Е‘т,я <  (l + 4 )  t{Bn- B m)

Íf í< /o ‘ M
(3) (В'У ^  J ‘ exp(tx)x*Fj(dx) S  ( l + | )  f  x 2Fj(dx) = (l + | )  a*

-Mj
if j= n  since tM„^t5/4.

( 4 )
and

Similarly, exploiting that tM„-*0, as я — we obtain that

f x 4 ^ ( d x ) ^ [ l - ÿ ^

. Mj Mj I A Mj
I /  xFj(dx) — f  xF j(d x)\^  — f  xFj(dx), 
о о н 0

f  x F j i d x ) -
-Mj
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The last two inequalities imply

(5) ( Ej f  =  [ 4 /  -  Тб** ■
(3), (4) and (5) give that

(1-4 К'<да<(1+4 )** if j - n-

Summing up this inequality from m to n we obtain (1).

Since

relation (1) implies (2).
Let us choose t as the solution of the equation E,m „=x+ 2 \B n — Bm. (E‘m n is 

monotonically increasing in t therefore the equation has a unique solution.)

( i + - | ) ( * + 2  U n - B j

Bn- B m '  1 "  Bn- B m
because of (2).

Relation (1) and the Chebyshev inequality yield that

x  +  i  У в „ - в т

f  exp ( - ïx )G lm(d x )S
X

fe exp [ - 1 (x +  4 У Bn -  B j \  [Gln<m(x + 4]/B„— Bm) -  G*, m (*)] &

2 ______ 1
— exp ( -  tx — At \  В B j  & —  exp ( -  tx).

Thus we can make the following estimation:

P(S„-Sm >  *) ë  P(\Sn- S m- x - 2 Ÿ B n- B m\ <  2 \B n-  B,„) -
x + 4 f B n - J 5 m

= E exp [E{Sn- S J] J  exp ( - tx)Glttn[dx) S
л:

- ж ехр[[l - i ) j {B" ~ Bm~ 1x\  - cexp

This estimation completes the Proof of the lemma.
Similar inequality holds in the case OSxrS— L \B n log log Bn.
Set G„m(x) = P(Sn — Sm>x), and let a be a uniformly distributed random vari

able in [0, 1] independent of the Sr s.

(1 —<5)x2 
2 ( B - B J
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Define

and
*1 = Őn,m(Sn-Sm)

where (vn,m(x) = Gn,m(.x) + a((7„,m(.x-+0) —G„m(x)), and Ф(х) is the standard normal 
distribution function, rj is uniformly distributed in [0, 1] and Tn — Tm has a normal 
distribution functions with expectation 0 and variance Bn — Bm.

Our lemma has the following

Corollary. Let e, t] and L be arbitrary positive numbers. Let Bn — Bm>eBn. 
We have for every sufficiently large n

\{Sn- S m)- (T n- T m)\ -= r, \B n log log Bn

on the set |5 '„-5m|< L  У Bn log log Bn.

Proof. Since the Lemma holds for every <)>0 we have

I J 'Bn- B m ) ' { \B n- B m )

if |x |< L  У В„ log log Bn. This relation implies the corollary.
Proof of the Theorem. Given any e>0 we show that for я>«(е) there exists 

a Wiener process such that

(6) sup
r ï i .

15(0-^(Дп)-1 Р ( /-Д п)| 
]/1 log log t

E.

Define a sequence of integers n0, nly ... in such a way that n0=n and 
1̂ + önii< 5 niítl<  ^ 1 ß„t . Let us construct a sequence of random vari

ables T„k — T„k_x, k = \,  2, ... as it was done in the corollary. We may assume that 
the random variables T„k — T„k_l, k —1 ,2 ,... are independent. If the probability 
space is rich enough, a Wiener process W(t), r s 0 can be constructed in such a 
way that W(Bnk — B„) = Tnk — T„ for any ÆsO. We claim that this Wiener process 
satisfies relation (6).

First we show that

(7)

Indeed,

J . . r  П  j,
l*  ]/Bnk\oglogB„k 2) 2

lS (B J -S (B n)-W (B nk-B„)l Д № г ^ . , ) - ( г - г г»н ) •
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But the last sum is less than

к ___________ 20 ___________
ri 2  У  Bnj log log Bnj <  rj • —  У B„k log log B„k

j  =  1 e
if I Snj -  Snj_ 11 < L У Bnj log log Bnj for every j=  1,2.......

But choosing L  sufficiently large the Lemma implies that the exceptional set 
has very little probability. Thus choosing rj=e2/40 we obtain relation (7).

To finish the proof of relation (6) it is enough to show that

“  J  \S (t)-S (B J \
2  p \  sup . =

*=о W-='-="fc+i У Bn log log B„k
e

J ’
and

2  P\ sup
\W {t-Bn)-W {B nk- B n)\ 

У  Bn log log B„
£

T

Using a well-known estimation about the supremum of independent random 
variables one gets that the first sum is less than

2 2  P(\S(B„kJ - S ( B nk)\ >  4  УВПк log log BnJ  ё
k = 0 D

00 F 10
s  2 2  P(\Snk+1- S nk\ ^ - .  —  (logk+c(n))),

k = о •> £

where С(и)-*°° as If n is sufficiently large then this sum is less than e/4 because
of the Lemma. The second relation may be proved similarly.

One can choose a monotone sequence rk, k = 1,2, ... in such a way that rela

tion (6) is satisfied with e—— for n ^ rk, and the relations

(8) P(\Srk\ >  \'Brk log log log BrJ  <

(80 1 -  Ф (i'log log log i? ) k2

also hold. (Here again we apply the Lemma.) One can construct a sequence of Wiener 
processes

W k(t), 0 fc =  l , 2, ...
which satisfy

(60 sup
|5(Г)-5(ВГЛ -Ж (Г -В ГЬ) 1

yt log logt k2‘
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We may assume that the processes W k(t), k=  1, 2, ... are independent. Let JV°(t), 
be an arbitrary Wiener process, independent of the ^ ( / J - s ,  k = l,  2, ... . 

Define r s 0 as

W(t) = 2  wi{Brj^ - B r) + w \ t - B rk) if в Гк s  t <  в п
7=0 0 + 1 rj'

We claim that this W(t) satisfies the Theorem. Let us first observe that 

S (B J  W (B J
0,

i'Brk log log Brk ]/ BTk log log Brk
because of (8), (8')  and the Borel—Cantelli lemma. Thus

0 with probability 1

S(Brk)-W {B rk) 
iK k log log B.

0 with probability 1.

On the other hand using again the Borel—Cantelli lemma and relation (6')  one 
gets that

lim sup -------------------------------------=  0 with probability 1.
Í t log log t

These last two relations imply the theorem.
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HOLOIDES FACTORIELS

par
J.-E. PIN

Abstract

Let H  be a commutative monoid and suppose that the relation “divide” is an order on H. 
Then w esay that t f  is an holoid and write 3  for the relation “divide” : аш Ьк^Зх^Н a x = b .

Dubreil, Fuchs, Mitsch and Bosbach studied certain holoids in which every element has a 
unique factorization (possibly reduced) into irreducible, prime or maximal elements. We give a 
specific meaning to the words “reduction” and “reduced” . Then we study a new family o f holoids, 
called factorial — a concept which generalizes the previous holoids with “unique factorization” — . 
The most meaningful difference is that we don’t suppose any chain condition. However we have 
again the “good” properties o f these holoids: existence of l.c.m., existence of a minimum solution 
to the equation ax= b  in case ашЬ and prove that result: “ If H  is factorial, it is factorial too with 
respect o f l.c.m. as a law o f composition”.

Introduction

Un monoïde commutatif H dans lequel la relation «divise» est une relation 
d’ordre est appelé un holoïde. (Cf. B o s b a c h  [ 1 ]  D u b r e i l  [6].) C’est l’ordre « naturel » 
( F u c h s  [ 7 ]  et M i t s c h  [10]). On notera dans ce cas á  la relation «divise»:

a ^  b о  3x d H ax = b

B o s b a c h , D u b r e i l , F u c h s  et M i t s c h  ont étudié certains demi-groupes (non 
nécessairement commutatifs) dans lesquels tout élément possède une décomposi
tion unique — éventuellement « réduite » — en produit de facteurs irréductibles 
premiers ou maximaux [cf. 1, 2, 3, 6, 7, 9, 10]. Nous donnons une signification 
précise aux mots « réduction » et « irréductible » puis nous étudions un nouveau type 
d’holoïdes — dits factoriels — notion qui généralise les holoïdes à « décomposition 
unique » déjà connus. Ces holoïdes factoriels ne vérifient a priori aucune condition 
de chaîne ni la règle de simplification. Nous retrouvons néanmoins en partie les 
« bonnes » propriétés de ces holoïdes : existence du ppcm, existence d’une solution 
minimum à l’équation ax—b dans le cas a ^ b  (notion proche mais plus faible que 
celle de résiduel (Dubreil) ou de quotient (Fuchs)), caractérisation des diviseurs 
d’un élément et enfin le résultat suivant: Si H  est factoriel, H  est factoriel pour la 
loi V (ppcm).

N o t a t i o n s . Soit H  un holoïde de neutre e. On notera s  la relation*divise et 
a<b si a ^ b  et a^b.

— Si (Xj)i€/ est une famille finie, on note J] xt le produit des xt. En particulier
ta

П х ,= е .
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— S’il existe un plus petit majorant m (au sens de la relation s )  de la famille 
(*;)«€/> m est appelé plus petit commun multiple (en abrégé ppcm) de (x,)iei.

— S’il existe un plus grand minorant d, d est appelé pgcd de la famille (x,)i€/. 
A quelques nuances près on a repris la terminologie de Bosbach [1, 2].

§ 1. Le concept de réduction

Soit H  un holoïde de neutre e. I  désigne un ensemble fini. 
D éfinition 1. On dit que x est irréductible si pour tout 7 fini

X =  JJ xi =*• 3i € I, x t = x.
iil

Définition 2. On dit que x est premier si pour tout I  fini 

x ^  JJ Xi=>3idl, x ^ x , .
iil

Exemple 1. e n’est pas irréductible car e —JJxf.

Exemple 2. Dans le V-demi-treillis de la figure 1, p, q et r sont irréductibles; 
p et q sont premiers mais r ne l’est pas.

Remarque. On déduit immédiatement de la définition que tout élément premier 
est irréductible. Mais la réciproque est en général inexacte (cf. exemple 2). Exa

minons quelques propriétés élémentaires des irréductibles (cf. 
Bosbach [1]).

(1) Proposition. Si x  est irréductible et si a < x  alors 
ax—x.

□ En effet si û < x  il existe b tel que x —ab. Comme x?±a, 
x —b. D’où ax=x. □

(2) Proposition. Les conditions suivantes sont équivalentes: 
i) x est irréductible.

ii) Pour tout I  fini, pour toute famille (x,)i€I
Figure 1 (V i 6 I  X; <  x) => JJ Xt <  X.

ta
□ Preuve. C’est une conséquence immédiate de (1). □
Définition 3. On appelle décomposition de x  une famille D=(xj)ie/ d’éléments 

irréductibles dont le produit est x.
On utilisera, suivant le contexte, l’une des notations suivantes pour désigner 

une décomposition D de x:
X =  IJ Xi, X = J[, x  — JJ yny(x>.

t a  D y (LS

Seule la dernière notation demande des explications. L’ensemble indexant J  
est l’ensemble des irréductibles de H; ny(x) est le nombre d’éléments de D égaux à y.
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On utilise parfois une notation de ce genre pour écrire la décomposition d’un entier 
en facteurs premiers.

Soient D et D' deux décompositions de x. D est dite équivalente à D' et on 
note D ~D ' si D et D' ont les mêmes facteurs. Formellement: Z)=(x,);e /~ D ' = 
— (x 't)ier si et seulement si existe une bijection a de /  vers Г  telle que pour tout

Nous arrivons aux deux définitions les plus importantes.

D éfinition 4. Soient D=(xl)iiI et D'=(x't)KI. deux décompositions de x. On 
dit que D est plus réduite que D' et on note D RD' s’il existe une injection <r de /  
vers Г  telle que pour tout /'£/: a est appelée injection de réduction.

Par abus de notation on notera parfois сг(лг£) au lieu de x'a(i). On voit facilement 
que R est une relation de préordre sur l’ensemble des décompositions de x.

D éfinition 5. On dit que H  est factoriel, lorsque pour tout élément x  de H, 
l’ensemble des décompositions de x a un élément minimum qu’on appelle décomposi
tion réduite de x.

N. B. Cette notion généralise les holoïdes « halbprimkanonisch » de Bosbach 
et les « primfaktorzerlegungen » de Fuchs.

Le résultat suivant éclaire la définition 5.
(3) P roposition . (D RD' et D' RD)*>D~D'.
En effet, si D ~D ’ il est clair que DRD' et D'RD. Réciproquement supposons 

que D — (Xi)it:RD' — (xl)t€I. et D'RD. Il existe alors des injections de réduction 
a: 1 ~*~1' et a’: Comme /  et Г  sont finis, a et o’ sont bijectives. On a pour
tout iÇ.1 Xiâx'aWS x a'0aw  Posons x—a'oa et supposons qu’il existe i0£ l  tel que 
xt,< Jvt(,-o). Puisque т est bijective, il existe n s  1 tel que x"(/„) — /„ et donc x,0< x z{lo)̂  ... 
. . . ^ x tn(io)=x/<i. Contradiction. Donc xt=x'„(i)=xTW pour tout iÇ.1 et D~£>'.

R em arques. Soit D= JJ y /* ) une décomposition réduite de x. Soient y0<y 
yts

deux irréductibles. Alors nyo(x)—0 ou ny(x)=0. Autrement dit deux irréductibles 
distincts et comparables ne peuvent figurer simultanément dans une décomposition 
réduite.

Il résulte de [3] que deux décompositions réduites de x  ont les mêmes facteurs 
à l’ordre près. Dans un holoïde factoriel on parlera donc de la décomposition réduite 
d’un élément (qui n’est définie en fait qu’à l’ordre près des facteurs).

Voici un critère permettant de comparer deux décompositions mises sous forme 
exponentielle.

(4) T héorème. Pour que D— JJ soit plus réduite que D '= J J  y'yW //
vis yes

faut et il suffit que, pour toute partie H de J , on ait

2  «y (a) — 2  пу (ьУyiH у’Шу
У ( . Н

□ Cela résulte du lemme des mariages. Soit A l’application

/ - £ ? ( / ' ) ,  i -*■ A(i) = {j\xt S  Xj}.
DRD' si et seulement si il existe une injection a: / —/ '  telle que pour tout

/€ /, o(i)Ç.A(i).
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D ’après le lemme des mariages il faut et il suffit que, pour toute partie K de I  

Card (U  A (0) = Card K.
KK

Posons K =  { / £ / ,  3j£K, x, =  Xj}. Il est clair que Card K a  Card K et que 
Card (IJ  .4(i))=Card (U  A (i)). Donc D R D 'o  pour toute partie K de I

iiK iiK
Card ((J /f(/'))sCardK ce qui n’est rien d’autre qu’une formulation différente du

iiK
théorème. □

Ce théorème permettrait de démontrer par le calcul certains des énoncés des 
§ 2, 3, 4 et 5. Donnons tout de suite un résultat simple, mais utile:

(5) Proposition. Soit x =  [[ ynéx) une décomposition réduite de x. Alors toute
yÇ.-?

décomposition a= JJ y"A^ — avec, pour tout yÇ.^, ny (a) ̂  ny (x) — est une décomposi-
yiS

tion réduite de a.
□  La démonstration est immédiate. □
Nous allons maintenant donner une caractérisation des décompositions réduites. 

Pour cela nous aurons besoin d’une proposition.
(6) Proposition. Si D = (x j)i€/ est la décomposition réduite de x, si D '={x’i)iir  

est une décomposition quelconque de x, il existe une injection de réduction a de D dans 
D' telle que x'a(i)—x'a(J)=>-x~Xj.

□  On procède par récurrence sur Card D'=n. C’est évident pour n =  0 ou 1. 
Supposons le résultat acquis jusqu’à и—1. Soit a une injection de réduction de D 
dans D' et supposons que x ' (il)= x '(i2) avec xiy9^xh. Puisque D est réduite xh et 
x h sont incomparables (cf. la remarque suivant (3)) et donc xh< x '(il), xi2< x '„(ia) =  
=x'a(il) d’où xhxit-=:x'a(il) d’après (2). On a donc:

X =  J J  Xj — X jjX j j  /7 Xi =  J J  X„ (,-) JJ  ^ tr( i)  — x
i£l  i ÇI — {/, *2} i € T— tfit *2} i € {*2)

et D' — {x;(i2)} est encore une décomposition de x. Or Card {D' — { x jh)}) = n — 1 et 
l’hypothèse de récurrence permet de conclure facilement. □

Avant d’énoncer le théorème précisons une terminologie: Si a est une injec
tion de réduction de D = (xi)iCI dans D' = (x');£r on appelle image dans ,? de a le 
sous-ensemble de ÿ : {x'(i) /€/}•

(7) Théorème. (Caractérisation des décompositions réduites.) Pour que 
x  — IJ  y ny(x) = D soit la décomposition réduite de x, il faut et il suffit que pour toute

y
décomposition D’ de x  il existe, pour chaque y £ ^ ,  des injections de réduction oy de 
y"yW dans D', d’images dans J  deux à deux disjointes.

□ La condition est suffisante: on peut construire une injection de réduction 
de D dans D’ en « recollant » les ay.

La condition est nécessaire: d’après (6) il existe une injection de réduction a 
de D dans D'telle que
(a) x a(,) — xff(j) => x t X j.
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Pour chaque y£ ./, a induit une injection 
de réduction ay de yMx> dans D'. Les ima
ges des ay dans J  sont deux à deux disjo
intes d’après (a). □

Ce résultat nous sera très utile au para
graphe 4 pour la démonstration du théorème 
fondamental (27).

Avant de terminer ce paragraphe, 
donnons un exemple d’holoïde factoriel. 
Il s’agit du V-demi-treillis de la figure 2 ci- 
dessous. Les éléments irréductibles sont a, b 
les x„ et les yn. Il n’y a que 2 éléments pre
miers: a et уг. En effet y 2, par exemple, n’est 
pas premier car y2 — аУг—x  mais 
y2^ y x. La décomposition réduite de x est 
x=ay1. Les éléments minimaux sont a 
et yx.

Cet holoïde ne vérifie ni la condition 
de chaîne ascendante ni la condition de 
chaîne descendante: c’est là une différence 
essentielle avec les holoïdes étudiés par 
Bosbach ou avec les demi-groupes à décom
position unique en facteurs premiers de 
Fuchs et Dubreil—Jacotin.

x

§ 2. Diviseurs d’un élément dans un holoide factoriel

En voici une première caractérisation:

(8) T héorème. (Première caractérisation des diviseurs d’un élément.) Soit un 
holoïde factoriel. Soit x S z  et z=JJ  yV2* la décomposition réduite de z. Alors x  — x1x 2

y(.s
où xx est absorbé par z et où x2 admet une décomposition réduite de la forme x2 =  
— JJ yM*»> avec, pour tout y £ J ,  я (x2)^ /i (z).

Soit x —J [ y nyM =D1 une décomposition de x. Posons
yts

* 1  =  П  r "„(xJ =  (ny( x ) - n y(z)) +,
yÇ.*? оц <

Xo= JJ y W ,  l l y M  = inf (fiy(x), ny(z)).
yc*

En vertu de (5) x2 vérifie bien les conditions de l’énoncé. De plus XjX2=:x. Reste à 
montrer que xxz —z. Soit a tel que ax=z et soit JJ y V a> =  D2 une décomposition 
de a. On a:

JJ y",<2> = JJ y",(«)+»„(*) =  JJ
УС* ytJ DtUDt

où DfÜD2 désigne l’union disjointe des familles Dx et D2.
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Mais puisque JJ y*(2> est réduite, il existe une injection de réduction a de
yZ*П  dans JJ — JJ у,(*)+»,(«). Posons

On a
г1 — IJ  > г2 IT  > Z3 JJa-'(Oá) d-Hôpn <T_1(Oi)n{)i|<7(}i)=-ji}

Z ZXX =  Z / 7  _уСпу(х) _п/ 2)1+ ^  Z  JJ

En effet ny(z2) ^ n y (z) et donc
(^(xj-HjXz))-*- ^  (n^OO-n^Za))-1- =  ny( x ) - n y(Z2) 

car Comme z= z 1z2z3 on obtient
z ^  z1z2z3JJ 3;C',y(x)_',y(z2)].

Or d’après (1) z3 est absorbé par JJ j/V »“" /z2). Donc
y Z S

z s  zxj ä  ZjZ2 JJ yinyM - ny(*2>i zyx  S  ax = z. 
yz*

Donczxj=z. □
Voici quelques conséquences de ce théorème.
(9) Corollaire 1. Soit y0 un irréductible et soit z — JJ y''y(z) la décomposition

y i . 2
réduite de z. On suppose que y™̂ z. Alors m ^ n yo(z) ou bien z absorbe y„.

□ Reprenons la démonstration de (8) avec x=y™- Si m >nyo(z) alors xx = 
~Уо _"x»(z) est absorbé par z; donc y0 et par conséquent ÿ$ sont absorbés par z. □

(10) Corollaire 2. Soit a= JJ y"yM une décomposition de a (pas nécessaire-
yiJ

ment réduite). Pour montrer que a= x il suffit de montrer que yny<-a'>s.x pour tout 
y £ j .

□ C’est une conséquence immédiate du corollaire 1. □
Citons encore un corollaire qui situe bien la différence entre éléments irréductible 

et premier.
(11) Corollaire 3. Soit y0 un irréductible. Si y0̂ ab, alors yü=a, y0=b ou y„ 

est absorbé par ab.
□ Soient

ab = JJ yny<ab), a = JJ ynyM, b — JJ yny(b)
y Z *  y Z f  y i f

les décompositions réduites de ab, a et b respectivement. D’après (9) y0 est absorbé 
par ab, ou nyo(ab)^l. Plaçons-nous dans ce dernier cas:

j j  y.ny(ab) est pjus réduite que JJ +»,,№). D’après (4), appliqué à H= {y0},
y Z S  y Z S

1 S  nyo(ab) = 2, (ny(a) + ny(b)).
У^Уо

Donc 2  ny(à )^ l  ou 2  пуФ)— 1 et Уо — а ou y0^b . □
У^Уо У-Уо
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Enfin on a le

(12) Corollaire 4. Soient y t et y2 deux irréductibles. Si y^l=y[\г (п1г «2€N*) 
alors y i= y2-

□ En effet soit z ^ ÿ j —y ^  et D la décomposition réduite de z. Supposons 
Ух^Уг- De (10) on déduit alors y^ytf'S  z, d’où ,y1z= z et y2z= z  et par consé
quent ni уг ni y2 ne figurent dans D. Soit a l’injection de réduction de D dans 
j ï 1. Pour tout xdD  on a xS o (x )= y1 donc x < j x (puisque yx ne figure pas dans 
D). On en déduit d’après (2) z= J ]< y1-^yn1l = z. Contradiction. Donc л — Ун-

D

§ 3. Associés minima

Nous introduisons maintenant une notion proche — mais distincte comme on 
va le voir — de la notion de « quotient » (Fuchs [7]) ou de « résiduel » (Dubreil [6]). 
La terminologie est due à Bosbach [2].

D éfinition 6. Soit t s z  et soit A l’ensemble des a tels que ax = z (appelés 
associés de x dans z). On appelle associé minimum de x  dans z un élément minimum 
de A relativement à S . Si cet élément existe on le note z:x.

Si a est le « quotient » (au sens de Fuchs) de z  par x alors on a l’éqiuvalence 
û ë lo z S x / .  On en déduit facilement que a est l’associé minimum de x dans z mais 
la réciproque n’est pas vraie ainsi que le montre l’exemple 2 : r est l’associé minimum 
de q dans r, r^q p  mais q ^p .

On sait (Dubreil [6] partie 2 chap. 5, Fuchs [7] chap. 12), que dans un holoïde 
à décomposition en facteurs premiers unique (mit eindeutigen Primfaktorzerlegungen) 
il existe des résiduels (Quotienten). Voici un résultat analogue pour les holoïdes 
factoriels.

(13) Théorème. Soit H un holoïde factoriel. Soient x g z  et x =  JJ ynAx'>
ycs

z= JJ y'yW les décompositions réduites de x  et z. Alors z:x existe et sa décomposi- 
j îs

lion réduite est JJ У"*^: x) avec nyo(z:x)=0 s’il existe yz~y0 tel que ny (x) >  0, nyo(z : x) =

= K «(z) “ n» W )+ sinon-
Posons x'=  f f  y»***') avec nyo(x ')= 0 s’il existe y> y0 tel que flu(x)>0, nyo(x') =

= K o(z)-"yoW )+ sinon-
On va montrer z ^ x x ' puis x x '^ z  et enfin x '= z :x . 
a) z sx x '.
D’après (10) il suffit de montrer que, pour tout y0£ ^  y j ^ ’sx x '.
— S’il existe y> y0 tel que ny(x)>0, y0 est absorbé par x d’après (1) donc par 

XX ' et c’est démontré.
— Sinon nyf x ' ) = (nyo(z)- nyo(x)) + et nyo(z)^nyo(x) + nyfx ')  donc ^ ° (:>S xx '.
b) xx 'Sz.
D’après (10) il suffit de prouver que, pour tout у0€<? удУо(х)+пУо̂хГ> ̂ z .
— S’il existe y> y0 tel que ny(x)> 0  alors nyo(x')= 0  et /iyo(x) = 0 d’après la 

remarque suivant ( 3 ) .  Donc 0 = / i>(I( x ) + / i№( x ' ) S / i , o( z ) .
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— Sinon nn (x') = (rtyo(z ) -n n (x))+ d’où иуо(х)+луо(х ')= тах  (nyo(x), nyo(z)). 
Si пУо(х)ШПу0(г) c’est terminé et si nyo(x)>nyo(z), (11) appliqué à l’inégalité j ^ (,)S z  
montre que y0 est absorbé par z et donc: yôyoM+ny<Jx^ z .  D’où xx'= z.

c) x'= z:x.
Supposons que ax= z  et soit a= JJ упУм  la décomposition réduite de a. Il

yiS
s’agit de montrer que x 'S a . Là encore il suffira de prouver que ÿôy°{x)=a pour tout 
j 0£ J . Le seul cas à étudier est celui où nyo(x')>0: on a donc 2  ny(x)=0. Appli-

У̂Уо
quons (4) avec H —{y0} à JJ R JJ ynyM+"y(°>. Il vient:

yZS yi-f
nyo(z) =  2  (ny(a) + ny(x)) =  nyo(x)+ 2  ny(a)-

У̂Уо У̂Уо
D ’où

ИуоОО =  ( пуо( 2) ~ пуо(Х) ) + -  2  пу(а )-ysy0
D ’après (4) yôy°('x) R JJ et donc

yt*
Enfin la décomposition de x ’ est réduite, d’après (5). □
R e m a r q u e s . Les résultats suivants sont faux  en général

— (ax:x)=a prendre a= x= x29̂ e, x2:x= x:x= e.
— Si (x:a)=b, (x:b)= a. Dans l’exemple 2 s:r=p 

mais s:p = q.
— z(y:x)=zy:x. Dans l’exemple 2 r(p:p)=r,

rp:p—s:p=q (cependant on a toujours 
z(y:x)^zy:x).

— (a:x1x2)= (a:x1):x2=(a:x2):x1 (prendre a—a2= 
= Xl=x2).

Le premier membre existe, mais ni le second, ni le 
troisième n’ont de sens.

— Si x à û S è  alors (a:x)^(b:x). Considérons en 
effet le V-demi-treillis représenté par la figure 3.

On a a ^ a p ^s , ap:a=p, s:a~b, mais p et b sont 
incomparables.

En revanche on a le résultat suivant:
(14) P r o p o s i t i o n . Si a ^ b ^ x  alors (x:b)^(x:a).
□ Soient

x = JJ yny(x), a — JJ yny(-“\  b = JJ y"y(b>
yi-f yi-9 yi-9

les décompositions réduites de x, a et à respectivement. D’après (10) il suffit de prou
ver que pour tout y0Ç ^, yoy°(xb)Sx:a. D’après (13) le seul cas où nyfx:b)?±0 est 
celui où

2  ny(b) = °> nyo(x) пуЛЬ)-
у=~Уо

Dans ce cas b n’absorbe pas y0 car sinon on aurait
b(x: b) — x  — b JJ y"y(x:b) d’où nyfx :  b) =  0.

yt*
У*Уо

s=ab=apb
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Par conséquent y0 n’est pas absorbé par b — ni par a — et £  ny(à)=0. (9), appliqué
У̂Уо

à l’inéqualité â b montre que nyo(a)^nyo(b). Il vient alors:

0 <  nyo(x ) -n yo(b) s  nyo(x )-n yo(a) S  (nyo(x )-n yo(a))+.

Comme 2  пУ(а) — >̂ пУо(x:a)=[fiy0(*)—и,0(a))+• On a donc montré que nyo(x:b)S
У>Уо

S nyo(x:a) ce qui achève la démonstration. □
Nous allons maintenant caractériser les associés minima des différents diviseurs 

de z, qu’on appelle également diviseurs minima de z.

(15) Proposition. Soit z — JJ la décomposition réduite de z. Les diviseurs
yes

minima de z sont les éléments a dont la décomposition réduite est de la forme a — f j  y"**-“)
yí*

avec ny{a)-&ny{z) pour tout у^У .
□ D’après (13) les diviseurs minima sont tous de cette forme.
Réciproquement soit a un élément de la forme indiquée ci-dessus. Posons:

x — JJ y ny(x) avec ny(x) = ny( z ) -n y(a). 
yi-*

Il est clair que x ^ z .  On va montrer que z:x=a.
Soit y< fJ  — S’il existe yz~y0 tel que ny(z)>0 alors nyo(z)=0 d’après la remarque 

suivant (3) et nyo(a)=0 d’après l’hypothèse. Donc nyo(z:x)—0—nyo(a).
— Sinon

ny„(z: x) = [nyo(z)-[nyo(z ) -n yo(a)]] + = nyo(a).
On conclut à l’aide de (10). □

De (8) et (15) on déduit la seconde caractérisation des diviseurs d’un élément.
(16) Théorème. Soit zÇ_H. Tout diviseur de z est produit d'un diviseur minimum 

de z et d’un élément absorbé par z. Réciproquement tout élément qui se factorise de 
cette manière est un diviseur de z.

§ 4. P.P.C.M.
П

On notera V Ie plus petit commun multiple (p.p.c.m.) d’une famille d’élé-
<=i

ments (x,)7=1 — s’il existe. — On sait (cf. Dubreil [6] et Fuchs [7]) que dans un 
holoïde à décomposition en facteurs premiers unique le p.p.c.m. existe. Comme on 
va le voir, ce résultat est conservé dans les holoïdes factoriels.

(17) Théorème. Soit (x,)f=1 une famille finie d'éléments d’un holoïde factoriel H. 
Soit x ~  JJ y">(xé une décomposition — pas nécessairement réduite — de x t . Alors 

yts
le p.p.c.m. des (x,)i”= x existe et on a:

n
V xi =  JJ ymax!" 1 ”y(x è
/=1 ‘ yiS

(décomposition non réduite en général).
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□ Posons z=  77 j max" i "/*<). и  est clair que X{S.z pour

Réciproquement soit a ^ x ; pour l ^ i ^ m  et soit a = f[  y"^a'> la décomposi

tion réduite de a. Soit у0£У. Puisque x ^ a ,  on a d’après (9).
— Soit иуо(х;)^луо(а) pour i =  l, m et donc maxfLi nfo{ x ^ n yo{a).

— Soit a absorbe y0 et donc également y™ix™inya(x‘\  Dans les deux cas
Donc z â u  d’après (10). □

R emarque. En revanche deux éléments n’ont pas toujours de p.g.c.d. dans 
un holoïde factoriel. Considérons en effet le V-demi-treillis représenté par la figure 4 
(x et y  n’ont pas de p.g.c.d.).

Outre les propriétés classiques (commutativité, associativité, idempotence), V 
possède une propriété de distributivité.

n n
(18) Proposition. z ( \ J  хг) =  V ( z x d -

i=1 1=1
Soient z — /7 у»(х) et хг=  f f  y"ŷ xi> des décompositions de z et x;. On a:

Voici une autre propriété du p.p.c.m.
П Пn

(19) Proposition. Si m=  V  xi> m<I=z V  * ? •i=1

X

>z

e e

Figure 4 Figure 5
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Preuve: c’est évident à l’aide de (17).
Nous allons maintenant examiner les relations entre p.p.c.m. et diviseurs minima: 

ce sera l’objet des propositions qui suivent.
(20) Proposition. Soit (xf)"=1 une famille d'éléments de H, m leur p.p.c.m. 

Soient (m:Xi)= J] ynAm:xè les décompositions réduites des m :xt. Alors pour tout
m

yuÇ.S, U nyo(m:xJ)—0. De plus cette condition caractérise le p.p.c.m. parmi les
i=1

multiples communs aux x(.

On a: f [  y"y(m) R JJ En appliquant (4) à H —{y0} on obtient
yi* yi*

nyo(m) s  2  max?= г ny (лг,).
У̂Уо

— S’il existe y> y0 tel que max"=1 Иу(х()>0, il existe i0 tel que лДх,о):>0 et 
donc nyo(m:xio)=0.

— Sinon пУо(т)^тах"=1 nyo(Xi). Il existe /„ tel que nyo(m)=nyo(xi(1) et donc 
M w :*io)=°- П

Supposons maintenant x ^ m '  pour tout i et JJ пУй(т ':xj)=0 pour tout у0£У.
t=i

Soit m' — JJ y"ém''> la décomposition réduite de m'. Soit /„ tel que nyo(m':xio) = 0. 
yts

Premier cas. Il existe y> y0 avec ny (xio)^0 . Alors y0 est absorbé par xio et donc 
par m. Donc yôyo(m)Sm.

Deuxième cas. 2  ny(x,0)=0.
У>Уо

0 = nyo(m': xl0) = (nyo (m') — nyo (x,0))+
donc

nyo(m') S  nyo(xio) S  maxJLt nya(x;) et yô"°(m ’ S  m.
On conclut à l’aide de (10) que m 'Sm  et donc m’—m par définition du p.p.c.m.

(21) Proposition. Soient хг et x2 des éléments de H, m leur p.p.c.m. Alors 
(m:x1)x1=m, (m:x2)x2=m et (m:xx)V (m:x2)=(m:x J(w :x2).

Les deux premières égalités résultent uniquement de la définition 6. La troisième 
égalité résulte de la proposition (20). En effet, on a pour tout y ^ fJ ,  nyfm :x j)~  0 
ou nyo{m:x^)=0. D’où

nyo(m: Xj) + nyo(m: x2) =  max(nyo(m: x x), nyo(m: x2))
et donc (m : xx) (m : x.J)= (m : Xj) V (m : x2).

Remarque. Si x ^ a  et x s i  on n’a pas en général (a:x)V (Z>:x)=(aVù):x.
En effet considérons le V -demi-treillis représenté par la figure 5 :

a: X =  z  et b: x  =  y, z f  y = a mais (aVb): x =  a: x  =  z.

Nous introduisons maintenant la notion d’adjoint. C’est l’analogue du « ал » 
de Fuchs [7 page 256]. On trouvera plus loin des propriétés voisines du « aà ».
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D éfinition 7. Soit x ^ z . On appelle adjoint de x dans z l’élément x= z:(z:x). 
Remarquons tout d’abord ceci: (x:z)=z  donc x —z:(z:x)^x.
L’objet de la proposition suivante est le calcul de x, x:x et z:x. Soient

X = Л  уПуМ, z = J J  У"у^\ X = ] J  
y i f  yi* yi-f

(x: x) — J] y"y(x' ■ (z: x) = JJ yny(z:
y i - f  y i - f

les décompositions réduites de x, z, x, x:x, et z:x respectivement
(22) Proposition.

( nyo(x) -  nyo(z) s’il existe y >  y0 tel que ny(x)> 0,
^  l /7yo(3c) = Min(nw(x), nyo(z)) sinon,
b) nyo(x: x) = (nyo(x)- nyo(z))+,
c) nyo(z: x) = nyo(z: x).
□  a) Tout d’abord supposons nyo(z) = 0. Alors d’après (13) nyo(z:x)= 0 et 

nyo(x) = 0  : a) est vérifié.
Supposons nyo(z)>0. Alors ny(z) = 0 pour et donc ny(z:x) — 0 pour y=~y0-

On distingue alors deux cas.
— Il existe y >>„ tel que ny(x)=~0; alors nyo(z:x)= 0 d’après (13) et nya{x) — 

= (nyo(z )-0 )+=nyo(z) toujours d’après (13).
— ny(x) = 0 pour y  >>’() d’où nyo (z : x) =  (nyo (z) -  nyo(x))+.

( nv„(x) si
n yo (*) =  ( n yo (z) -  K o  (z) -  п У0 (x))+)+ = { ^  (z) si 
nyo(x) = Min(n},0(x), nn (z)).

nyo(z) 2 ? nyo(x), 
nyo(x) S  nyo(z),

b) Si nyo(x)—0 la formule est évidente.
Si rtj,o(x)>0, alors ny(x)>0 pour y> y0 donc nyo(x) = Min (nyo(x), nyo(z)) et 

/7j,o(x)= 0  pour >’>>’„ d’après a). Par conséquent
nyo(x: x) =  nyo(x) — Min(nyo(x), nyo(z)) =  (nyo(x ) -n yo(z))+,

c) Si nyo(z)~0 la formule est évidente.
Si nyo(z)>0, ny(x) = 0 pour y> y0 (même raisonnement qu’au b)).
On en déduit

r 0 s’il existe y > y0 tel que ny(x) >  0, 
"” (i: *> = W 4 “ "” ® )*  =  1 sinon

=nyo(z:x) □
R emarque. Si x est un diviseur minimum de z, on déduit de b) que x = x .

(23) Corollaire. Si x est l’adjoint de x dans z
a) z:x=z:x,
b) x:x est absorbé par z.
Le a) résulte du c) de (22).
Le b) résulte du b) de (22) et de (9): si /2Уо(х:х)>0, пуа(х)=»луо(г). D’après

(9) appliqué à ^ w Sz, y0 est absorbé par z, donc est absorbé par z.
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R emarque. On retrouve ainsi le théorème (16).
Voici quelques autres propriétés de 3c.

П n
(24) Proposition. Si V x t = m  et si 3cf est l ’adjoint de x t dans m ,  \J x t = m .

i=î /=i
n

Posons m '= V  x t ; puisque 3c(s x ,s d i, m ' ^ m .  D’autre part { m : x j — { m \ x j
/=i

d’après (23). D’où m — m '  d’après (20).
(25) Théorème. Soient a et b des diviseurs de z. 

i) â â  a,
ii) â = a,

iii) a ^  b =>â Ш Б

iv) dVS =  aVb.

i) A déjà été démontré (après la définition 7).
ii) D’après (23) on a â=z:(z:â)=z:(z:a)=â.
iii) D’après (14) on a a^b^z=>(z:b)^(z:a)^z=>z:(z:à)^z:(z:b), soit encore

â sh .
(iv) On utilise (22) pour calculer les décompositions réduites de aVb et âV5. 

Soient
a =  JJ yn>ia\  b=  JI yny(b\  z = JJ yn>M 

yèS yts  yZS

les décompositions réduites de a, b, et z respectivement. D’après (22) et (17), on a: 
аУБ= [ J yy<âV6> avec 

y ts

Пу„{аУБ) =
nyo(z )  s’il existe y  >  y0 tel que ny(a) > 0  ou 
max (min (nyo (a), nw(z)), m i n ( n w ( b ) ,  nyo(z))) =
= min (nyo(z), max(nyt(a), nyo(b))) sinon.

ny(b) =*■ 0

Cette décomposition est à priori non réduite, mais puisque pour tout y £ S  ny (5 V Б) s  
S/i,(z), la décomposition est réduite d’après (5). Donc аУБ est un diviseur mini
mum de z. Soit аУЬ = j ]  y / aVi>) la décomposition réduite de аУЬ. D’après (22)

yiS
on a:

nw(âV5) =  nyo(z) s’il existe y >  y„ tel que пу(аУЬ) =- 0,
=  min (nyo(z), nyo(aVb)) sinon.

— Or, s’il existe y=-y0 tel que Wj,(aVb)>0 2  пу(аУЬ)>0, or d’après (4)
У=*Уо

appliqué à H= {yÇ.S\y>y0},
D — f j  yn/ aVb) et £>' =  JJ утлх(пу(а),пу(Ь)) 

yt-r yZS

0 <  2  пу(аУЬ) S. 2  max(ny(a), ny(b))
У>Уо У>Уо
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donc il existe y>y0 tel que ny(a) > 0 ou ny(b)>0. On en déduit пУо(аУБ)=пУо(г)= 
=nyo(aVb). _

— Si 21 пу(аУЬ)=0, пуо(аУБ) = тт (nyfz ) ,  пуо(аУЬ). Or d’après (4) appliqué
У>Уо ___

à H =  {_v0} à Z) et à D' nyo(аУ Ь)^max (nyt(a), nya(b)) donc nyo(аУЬ)^пУо(аУБ). On 
en déduit finalement аУЬ^аУБ.

Réciproquement, on a а ^ а ^ а У  b, Б^ЬШаУЬ donc йУБ^аУЬ d’où d’après
iii) аУБ^йУБ  mais comme aVE est un diviseur minimum de z, on a аУБ=аУБ.

C onséquence. Soit Z  l’ensemble des diviseurs de z. L’opérateur de Z  dans Z. 
défini par XI-+X est un opérateur de fermeture pour la relation ë ,  compatible avec 
la loi V (cf. Fuchs (7) page 257 pour des propriétés analogues).

H  muni de la loi V est un holoïde. L’ordre est en effet le même que dans (H, • ) 
puisque: а^ЬоаУЬ=Ь. On peut donc définir des éléments irréductibles pour la 
loi V, qu’on appellera éléments V -irréductibles. On introduit de façon analogue les 
notions de V-décompositions, d’holoîde V-factoriel, etc.

Voici une caractérisation des éléments V-irréductibles.
(26) Proposition, x est V -irréductible si et seulement si x est une puissance 

(non nulle) d’irréductible.
Soit y £ J  et «£N*. Supposons que y"— y  at. Soient at les adjoints de a,- dans

yCI
y" .y n= y  a, d’après (24). Puisque at est un diviseur minimum de y ,  а ~ у п‘ avec

iCI
m a  \ n t

n ^ n  d’après (15). Comme il est clair que V y”‘= y i(-1 =y" ou bien il existe /0£ / 
r~ id
tel que max n ~ n io ou bien 1=9. Le second cas est exclus car и>0. Donc: y% =

ici
=aia=y". Mais comme a;oS a ioë j "  aio=yn donc yn est V-irréductible.

Réciproquement soit x У -irréductible. Si x =  [J est une décomposition
CyS

de x, il vient x=  V УПуМ d’après (17). Donc x= y ly«-x) pour un у0£У.
yCf

Enonçons maintenant le théorème le plus important.

(27) Théorème. Si H  est factoriel, H est У -factoriel.
□  Soit D = [J yvW la décomposition réduite de x. Alors x = y  y"yM = Dv

y C f  y C ÿ
est une V-décomposition de x (d’après (17)).

Considérons une autre V-décomposition de x; soit x=  V У"y(x)=D'v. On a
y C S

alors pour la même raison x =  J ] yAM=Z)'. Puisque D est réduite (7) s’applique:
ycs

pour tout >'(,£■/ il existe une injection de réduction oya de y f l x)=D’ et les images 
dans «/ des oya sont deux à deux disjointes.

— Si l’image dans ÿ  de oyo contient un y> y0 on pose

°W) =
— Sinon on pose

av(y> ixy) = У>(х).
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crv est une injection de Dv dans D'v. En effet, si

a ( y ï iM) = -  <тЧу> (х)) = я

alors x \= x 2 d’après (12). Mais xt et x2 sont dans l’image dans J  de ayi et оУг respecti
vement donc yi= y2. Enfin il est clair que x S a v(x) donc xVov(x)=ov(x) et x  est 
inférieur ou égal à ov(x) pour l’ordre associé à la loi V.

Donc a” est une injection de réduction de Dv dans D'v et Dv est la V -décomposi
tion réduite de x.

R emarque. La réciproque du théorème fondamental est fausse. Considérons 
en effet l’holoïde H= {<?, p, q, z) dont la table est

p  q z V p q z

P Z  Z  Z p p  Z  Z

4 z z z q z q z
Z z z z Z Z  Z  Z

H  est V-factoriel: p et q sont V-irréductible, z= p\q .
H  n’est pas factoriel: pq=pi =q*=z.
(28) Corollaire. L ’équation en x  aVx= m  (pour a sm ) admet une solution 

minimum.
□ C’est la traduction du théorème (13). □

§ 5. P.G.C.D.

Nous ne mentionnerons dans ce paragraphe qu’une seule propriété.
(29) Proposition. Soit H un holoide factoriel, x  et z des éléments de H. Si le 

p.g.c.d de x et z existe (on le note x!\z), on a (xf\z)(x\/z)=xz.
□ Soient x=  ]J yytx) et z=  JJ ynAz> les décompositions réduites de x  et z

y Z J  y Z S
respectivement.

Posons t= J[ynyW où «y(/) = inf (лу(л:), ny(z)). On a tS x  et /S z  donc
y Z f

tS x A z .  Or П  ^lnf(ny(z:), ny(z)) J J  у т я х  (ny(x), ny(z)) _  x z  

y Z S  y Z *

Donc xz= /(a:V_v) s (a:Aj )(xV_v).
Réciproquement soit d tel que d s x  et d s z .  Soit d= JJ la décomposi-

yZ*
tion réduite de d. Soit y0Ç_f (9) appliqué aux inéqualités ytyo^Sx  et 
conduit à la discussion suivante:

1er cas. nya(d)Snyo(x) et nyfd ) S n yfz ) .
Alors nyo(d)Snyo(t). D’où

nw(d) + max(nyo(x), nyo(z)) S  nyo(x) + nyo(z).
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2ème cas. y0 est absorbé suit par x, soit par z donc par xz. Alors
^ o (‘0+max(n*„w -'4°:)) s

On conclut d’après (10) que (xV z)(xAz)^xz.
R emarque. En généralp(xA z)^pxA pz  (même si les deux membres sont définis).
Remerciements. Je tiens à remercier mon ami Jacques Van de Wiele qui a 

largement contribué à la génèse de cet article et Messieurs les Professeurs K. Kei
me!, B. Bosbach, G. Lallement et H. Mitsch pour leurs précieux conseils.
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ON THE DEGREE OF APPROXIMATION BY MATRIX MEANS

by
HUZOOR H. KHAN and A. WAFI*

1.

Let f(x )  be a 27i-periodic function integrable in the sense of Lebesgue over 
(—ж, л). Let its Fourier series be given by

1 °°
(1.1) f(x )~ -x -a 0+ 2  (<*n cos nx+ bn sin nx).£ n = 1
Let (An>fc) (n=0, 1,2, ... , к —0, 1, 2„0=1) be triangular matrix of real or
complex numbers. Let

(1-2) an(f’ X) — 2  K,kUk = 2  dk„'kSkk=0 k=0
where Sk denotes the n,h partial sum of (1.1). Let

and
Лкп,к — K  ,k~^n,k + l 

4 2k„'k — AXnk—AÀ„'k+1.
A series I  u„ with partial sum sn is said to be summable to a finite limit s if 

the sequence {tr„(x)} tends to 5 as n tends to infinity. The necessary and sufficient 
conditions for matrix means (denoted by (Л)) to be regular are that

(i) there is a constant M  such that
л

lim 2  (J <  M  for every к, 
*=о

(ii) lim AXn k = 0 for every k,n —► oo *

(iii) lim 2  ^n ,k = 1-
k = 0

In particular, if

AÀn, к
P n - k

Pn
0

(k s  n) (is non-negative and non-decreasing),

(к >  n),

* Sponsored by the CSIR, New Delhi, India under the SRF grant No. 7/112(537)/76 — 
EMR — I
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where P„—p0+Pi+P2+ as and {p„} is non-negative non-increasing
generating sequence, then an defined by (1.2) is the same as Nörlund means generated 
by the sequence of coefficients {pn} which is usually written as (N, p„) means. 

Similarly, if
(n — fc + a — П
l « -1  )

АКл — ( " Г )
o,

a >  0, for к ^  n

for к >  n

then an mean is the same as (C, a) mean, the familiar Cesàro means of order a>0.

2.

The following theorem on the degree of approximation of a function fa  Lip a, 
by the (C, (5) means of its Fourier series, is due to G. Alexits [1].

T heorem 2.1. I f  a periodic function /6  Lip a for  0 < a S l, then the degree of 
approximation of the (C, ő)-means of its Fourier series for 0<a<<5^ 1 is given by

max |/(x)-<rJSi)(x)| =  0(l/n*),ÔJĈ27C

and for  0<aS<5sl, is given by

max0̂ JĈ27T

where o (nà) are the (C, S)-means of the partial sum o f (1.1).

Later on Holland, Sahney and Tzimbalario [2] extended theorem (2.1) on 
the degree of approximation to a function by Nörlund means of its Fourier series 
belonging to C*[0, 2тг], the class of all continuous functions on [0, In], periodic 
and of period In. Their theorem states as follows:

T heorem 2.2. I f  w(t) is the modulus o f continuity o f /£С*[0, 2it], then the degree 
o f a approximation of f  by the Nörlund means o f the Fourier series for f  is given by

En = max |/(0 -0=>tS2n ■Tn(t)\ = ° { t  2
l - G i  k  =  l

P M  i/fc)j

where T„ are the (N, pn)-means of the Fourier series for f

H olland, Sahney and Tzimbalario [2] have shown that the theorem (2.2) 
reduces to Theorem (2.1) if we deal with Cesàro means of order <5 and consider a 
function f£ Lip a, 0 < a S  1.
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3.

In this paper we have given the answer of the open problem (i) imposed by 
H o l l a n d  etc. [2] by using a more general operator (matrix means) of which (N, pn) 
is a special case for the Fourier series.

Our Theorem may be stated as follows:
Theorem 3.1. I f  {A).„ik\ l =0 is non-negative and non-decreasing sequence with 

respect to к and if  w(t) is the modulus o f continuity o f f(LC*[0, 2n], then the degree 
of approximation o f f  by matrix means of the Fourier series for f  is given by

where on{ f  a:) are the matrix means of the Fourier series of (1.1).
In order to prove the theorem (3.1) we need the following Lemma [3].
L emma 3.1. I f  {АкПшк}%=0 is non-negative and non-decreasing sequence with respect 

to k, then for 0 O ^ t^ n  for every n
ь

where т is the integral part o f \/t.
P roof of T heorem  3.1. Let us write

1 "
‘S ' t W  =  T  a o +  ^ ( ^ c o s  v x  +  b v s i n  v x ) ,

2 у=lV == 1
then

and
n

°n(L x ) - f(x )  = 2  (*)-/(*)} =

. t 
s m 2

=  f  Jn(t)[f(x + t)+ f(x - t) -2 f(x ) \  dt,
0

where

Л (0  =  ~ - 2Л Х n, kin  k=o
n

sin — 2
t
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Now

W n ( f , x ) - m  | s  /  i/ ( jc+ o + / ( * - o - 2 / ( * ) ii/ . ( o i*  =
о

n/n ô П

= = [ / +  /  +  / ] [ |Л * + 0 + /(ж -0 - 2/(* ) |] -1Л(0 |Л .
0 7С/Л Ô

It is clear that 4>(t)^co(t), when

ф (0 =  L/‘(* + 0 + / ( * -0 - 2 / ( x ) ]
and therefore

кл(/, * )-/(* )!  =  [ /  +  / + / ]  w (0 W .(0 l*  =  A + /«+A  (say).
n/n ô n

- f  +  J
0  Tt/n Ô

For evaluating It , we notice that

n/n

h  =  f  w(0
sin

—  ^  А К л'ATI k = 0
m

. t 
s m 2

d t  =

n/n

=  0 ( w ( l / n ) )  /

n/n

= 0(w(l/n)) f

sin
2  Ah,km

k = 0

m
. t sin — 2

^dA „,t (2fc+ l)
k = 0

Л

uniformly in S it/л. Now applying Abel’s lemma, we get

* /"  r  n —1 /  it/*/ "  f п- l  / I t  \2  2 1 ^ * 1  | 2 f c  +  l - 2 f c - 2 | +
0 U = o  Vo /

+ (2w +  1) ^  ^  =
0 J

n/n

= 0 ( w ( l / n ) )  J  {2Mn + (2n +  l )  M ] d t  =
о

=  0 ( w ( l / n ) ) .
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Next,

=  0 (1) f  w ( t ) 2  ^K,n-k ‘
k  =  0

sin +

. t  sin — 2

d t -

A^„,„-T= 0(1) f  H i) — t
it/n

d t

(by lemma 3.1), where т is the integral part of l / t .

By regularity condition of the matrix means, we have

п Л }  n

2  — w(l/fc) S  w(l/n) 2  AK,n-z =  0 (w(l/n)).k = 0 К (t = 0

Hence

h  =
V i

° ( D  f
n/n

w ( l / t )

1 It
AK (dt/n ,

. « ( / в » ) ,njn

=4 l w № ) % 4
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Finally, for the evaluation of /3, we have

(2 fc+n
n l — Jh =  f  w(0 1 "

j -  2 -In k=0ö t  2 л К к- . t 
SHI у

dt =

= О

• „ p /c + lï
It sm ? Г

+ ̂ \ A 4 nJ  n

sm"l - t
/ » ( ' )Ő

2  И Ч .Лk = 0
\  Z J \  Z J dt
• 2 1 Sill“ — • о tsm-—

2 2

= o ( f  w(0 |O(0 |dr).

„max |fl(f)| < ----- —̂ r - Y z  \Кл\ +  o (l)l =  o(l)
o s i s i a i t  d  Lk=0 J

2n sin2 —2

as n

Hence
73 =  o(l) as n ■+<»

which is dominated by the bound for /2. Adding the bounds for Ilt /2, 73, we have

\ m - a n( f , x ) \ = o { z i

which is the best order of approximation when w(l/k) is decreasing.

4 .

Using similar techniques, the following theorem for conjugate Fourier series 
is quite obvious:

Theorem 4.1. I f  {A2„tk}1=0 is non-negative and non-decreasing sequence with 
respect to к and if  w(t) is modulus of continuity o f /(|C*[0, 2л], then the degree of 
approximation of f  by the matrix means of the conjugate Fourier series o f f  is given by

max0̂ f̂ 27T \f(x )-crn(J,x)\ = о l 2;
U=1

AK
Щ

where 5„(J, x) are the matrix means of the conjugate Fourier series o f f  defined as

R x)  ~  f t  (b„ cos nx-a„  sin nx) =  J 1 Bn(x).
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5.
Let {/?„} and {<7,,} be non-negative, non-increasing generating sequence for 

(N, pn, qn) method such that

A given series 2  gn with the sequence of partial sums {i„} is said to be summable

and tS'4( f  x) 's called the generalized Nörlund operator.
Theorem (2.2) can further be extended for generalized Nörlund operator as 

follows:

T heorem  5.1. I f  w(t) is the modulus o f continuity o f/£С*[0, 2л], then the degree 
of approximation of f  by the generalized Nörlund means of the Fourier series o f f  is 
given by

where tH'4( f, x) are the (N,p„,qn) means of Fourier series o ff.

R em a rk s. (1) If the matrix means is replaced by Cesàro means, Nörlund 
means and generalized Nörlund means in particular, then our theorem (3.1) deduces

P, = Т0+ Р 1 + - + Д , as /1 -00

Q n  —  Ч 0 + Ч 1 + • ■ • + 4 n

and
К  =  Po4n + Pidn-i+-- +Pn^o as n

( N >Pn> 4 n )  to g, provided that

1 "
■K- 2  r„-kSk -  g as n -00

non-negative and non-decreasing]:

(i) Theorem (2.1) with an improved order

(ii) Theorem (2.2), when AX„ik= Pn *
-* nn

and

(iii) Theorem (5.1) when A).„ k— r” k , respectively.
' Rn

(2) When qn— 1, then Theorem (5.1) reduces directly to Theorem (2.2).
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RINGS WITH CONSTRAINTS ON NILPOTENT 
ELEMENTS AND COMMUTATORS

by
M. S. PUTCHA and A. YAQUB

Abstract. Suppose R is an associative ring with the property that, for every x  in R, there exists 
a positive integer n=n(x) and a polynomial / { ) . ) = ix (X) with integer coefficients such that 
x"=x"*1f(x ). Suppose, further, that (i) the nilpotent elements of R commute with each other, and 
(ii) every additive commutator xy —y x  is in the center o f R. Then R is commutative. Moreover, 
examples are given which show that this theorem need not be true if either (i) or (ii) is deleted. 
The proof utilizes the structure theory of rings and yields the following structure o f R \

Ä a a subdirect sum of local commutative rings and nil commutative rings.

A well-known theorem of H erstein [1] asserts that if R is an associative ring 
with the property that, for every x  in R, there exists a positive integer n=n(x) and 
a polynomial /(A) = f x (/.) with integer coefficients such that x" = xn + 1f(x), and if all 
the nilpotent elements of R are in the center of R, then R is commutative. Example 1 
below shows that the above constraint on the nilpotent elements of R (i.e., that 
they are central) cannot be weakened by replacing it with the hypothesis that these 
nilpotent elements commute with each other. However, by adding another constraint 
on the additive commutators, x y —yx, of R, commutativity follows. In fact, we 
prove the following

T heorem  1. Suppose R is an associative ring with the property that, for every 
x  in R, there exists a positive integer n —n(x) and a polynomial/( /)  =f x(?.) with integer 
coefficients such that xn — xn + 1f(x), (both n and /(A) depend on x). Suppose, fur
ther, that

(i) The nilpotent elements o f R commute with each other; and
(ii) For all x, y in R, the additive commutator x y —yx is in the center o f R.
Then R is commutative.

We also give examples which show that Theorem 1 need not be true if we delete 
either (i) or (ii). Our proof utilizes the structure theory of rings and yields the structure 
of the ground ring R given in Theorem 2.

In preparation for the proof of Theorem 1, we first establish the following

Lemma 1. Suppose R is an associative ring which satisfies all the hypotheses 
o f Theorem 1. Then any homomorphic image o f R inherits all of these hypotheses.

P ro o f. Suppose a: R-+R is a homomorphism of R onto R. Clearly, R inherits 
from R all the hypotheses in Theorem 1 with the possible exception of hypothesis (i). 
To _prove that R satisfies (i) also, suppose that x and ÿ  are any nilpotent elements 
of R, and suppose
(1) (3c У =  0 , (ÿf =  0 .
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Let x and y  be pre-image elements in R of x and y, respectively, under the homo
morphism cr. By hypothesis, there exists a positive integer n and a polynomial 
f(X) with integer coefficients such that xtt = xn+1f(x). Since x" ̂ 1 (x—x-f(x)) = 0, 
(x —д:2/ ( л:))', = ал_1(1—x/ ( x))',_1(jc—л:2/(х))=0. Therefore, x — x2f(x) is nilpotent. 
Similarly, there exists a polynomial g(X) with integer coefficients such that y —y2g(y) 
is nilpotent. Hence, applying hypothesis (i) to the ground ring R, we conclude that

(2) x —x2/(x ) commutes with y —y 2g ( y ) ,  (x, у £ К).

Repeating this argument for x2/(x) (instead of x), keeping у fixed, we conclude 
that there exists a polynomial f 2 (A) with integer coefficients such that (see (2))

(3) x2/ (x)—x4/ 2 (x) commutes with y —y2g(y).
Combining (2) and (3), we see that

x —х*/2(х) commutes with y — y 2g(y)-
Continuing this process, we see that, for every positive integer /, there exists a poly
nomial /j(A) with integer coefficients such that

(4) x —x2'/,(x) commutes with y —y 2g (y) -  

Choose l0 such that 2'» Then, by (4),

(5) x —x2,°/,0(x) commutes with y  — y 2g ( y ) ,  ( 2 >  r).

We now fix  x in (5), and repeat the above argument (which led to (5)) to у  to conclude 
the following: For every positive integer x, there exists a polynomial gx(A) with 
integer coefficients such that
(6) x —x2Í0/ ,0(x) commutes with y  — y 2"gx(y).

Now, choose x0 such that 2*° >-x. Then, by (6), x —x2'° ffx )  commutes with 
у  — y 2“0 gx0(y), (2'o>r, 2*o> a). This reflects in R as follows:

(7) x -(x )2'°/i0(x) commutes with ÿ - (ÿ )2X°gX0(ÿ), (2'» >  r, 2*° >  s).
Combining (7) and (1), we conclude that x commutes with p, and the lemma is 
proved.

Lemma 2. Suppose R is an associative ring with the property that, for all x, y 
in R, x y —yx is in the center o f R. Then all the idempotents of R are in the center 
o f R.

P r o o f . Suppose that ex, e2 are any idempotent elements in R. By hypothesis,

and hence
(e1e2)e1 — e1(e1e2) commutes with ex, 

ex ((?i e2 ex — ex e2) = (e1e2e1 — e1e2)e1 — 0.
Therefore, e1e2=e1e2e1. Similarly, by considering the additive commutator ex(e2ex) — 
— (,e2ex)ex, we conclude that e2e1 = exe2e1. Hence,

(8) exe2 =  e2ex for all idempotents ex, e2 in R.
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Now, suppose that x £ R  and e  is any idempotent element in R .  It is readily verified 
that e + e x —e x e  is idempotent, and hence, by (8),

e ( e + e x — e x e )  =  ( e + e x — e x e ) e .

Therefore, e x = e x e .  A similar argument shows that x e = e x e ,  and hence e x = x e .  
This proves the lemma.

Lemma 3. Suppose R is an associative subdirectly irreducible ring which satifies 
all the hypotheses o f Theorem 1. Then either R is a nil commutative ring, or R is a 
local ring in the sense that every element in R is either nilpotent or has an inverse 
in R.

P roof. Suppose that x£ R. Then, by hypothesis, there exists a positive integer n 
and a polynomial /(A) with integer coefficients such that

x "  -  x n+i f ( x ) .
An easy induction shows that

(9) x"  = x " + r { f ( x ) } r, for all positive integers r.
In particular,
(10) У  =  x2" {/(*)}".

Now, let e=x" {/(x)}n. Then e2=e.
By Lemma 2, all of the idempotent elements of R are in the center of R. Since 

R is subdirectly irreducible, an easy argument [2, Lemma 9] shows that the only 
possible idempotents in R are 0 and 1, and hence

(11) e = 0 or e = 1.

If R does not have an identity, then e=0 and hence x" {/(*)}"=0. Therefore, by
(10), x"=0. In this case, R is a nil commutative ring. On the other hand, if R has 
an identity 1, then, by (11),

*” {/(*)}" =  0 or Xя {/(*)}"= 1.
Hence, recalling (10), x  is nilpotent or x_1£/L This proves the lemma.

Lemma 4. Suppose R is an associative subdirectly irreducible ring with identity 1 
which satisfies all the hypotheses of Theorem 1. Then the set N of nilpotent elements 
of R forms an ideal, and R/N is a field of prime characteristic.

P roof. By Lemma 3, R is a local ring. It follows at once that N  is an ideal in 
R and R/N is a division ring. In fact, by Herstein’s Theorem [1], R/N  is a field. 
Moreover, R/N cannot be of characteristic zero in view of the “x"=x"+1/(x )” 
hypothesis. This proves the lemma.

We are now in a position to prove Theorem 1.

P roof of T heorem  1. It is well-known that the ground ring R is isomorphic 
to a subdirect sum of subdirectly irreducible rings Rt (i£T) each of which inherits 
all the hypotheses of Theorem 1 (Lemma 1). Hence, by Lemma 3, either Rt is a 
nil commutative ring, or Rt is a local ring. Hence we may assume that the ground
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ring R is a subdirectly irreducible local ring with identity 1. Let N  be the set of nil- 
potent elements of R. By Lemma 4, the characteristic of R/N  is a prime p. Hence 
p~ 1 Ç.N. Thus (p • l)m =  0 for some positive integer m. Therefore
(12) characteristic of R = pm.

Let Ö^B^R/N. Then, in view of the “xn~ x n+yf(x )” hypothesis, the subring, (B), 
generated by b is a finite field. Hence,

(13) <B) = GF(pk).
Therefore,
(14) (Byk = B , and (B)pmk = B.

Now, let a£N and b£R. By hypothesis (ii), ab — ba commutes with b, and hence by 
an easy induction (which we omit)

bna —abn = nb" ^(fia—ab), 

for all positive integers n. In particular,

bpmk a —abpmk = pmk bpmk~1 (ba — ab) = 0,
by (12). Hence,
(15) abpmk = bpmka, (a£N ,b£R ).
But, by (14),

bpmk~brz N,
and hence, by hypothesis (i),

(16) a(bpmk- b ) = { b pmk-b )a , (a£N, b£R).

Combining (15) and (16), we obtain

ab = ba, for all a £ N  and all b£R.

Hence, by Herstein’s Theorem [1], R is commutative, and Theorem 1 is proved. 
In the process of proving Theorem 1, we also proved the following
Theorem 2. Suppose R is an associative ring which satisfies all the hypotheses 

o f Theorem 1. Then R has the following structure:
R=  a subdirect sum o f nil commutative rings and local commutative rings.
We conclude with the following two examples which show that the above two 

theorems need not be true if we delete either hypothesis (i) or (ii).

Example 1. Suppose

It is easily verified that R satisfies all the hypotheses in Theorem 1 (and Theorem 2) 
except hypothesis (ii). Also, R is not commutative. Thus, hypothesis (ii) cannot be 
deleted from the above theorems.
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E xam ple  2. Let

R ={ 'a b c 
0 a d  

lo 0 a
a, b, c, d£ GF(p)

It can be checked that R satisfies all the hypotheses in Theorem 1 (and Theorem 2) 
except hypothesis (i). However, R is not commutative. Thus, hypothesis (i) cannot 
be deleted from the above theorems, even if we were to further assume that the 
ground ring R has an identity.
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ON SOLUTIONS OF LINEAR SECOND ORDER 
DIFFERENTIAL EQUATIONS

b y

A. ELBERT

Consider the second order differential equation

(1) У"+Р(х)у =  0 C =  d/dx),

where p(x) is a positive monotonie function with continuous first and piecewise 
continuous second order derivatives on (a, b), — Throughout this
paper we assume, that

(2) D(x) = Dp(x) = 2р5/2(*)[р-1/2М Г =  4  P ' 4 x ) - P ( x ) p " ( x )  ^  0,

i.e. D(x) does not change its sign on (a, b).
A simple example for p(x) which fulfils (2) is any positive monotonie concave 

function. To explain our aim, we consider a solution of (1) with such a concave 
function p(x). Suppose the solutions has consecutive zeros at u, u€[a, b\, then by a 
result of E. Maka I [5]

f  P(x) dx ^  n.
U

On the other hand if u, vvÇ [д, b] are consecutive zeros of the derivative of another 
solution of (1) with the same p(x) then from [2] we know that

w

f  P(x) dx S  я.u
Comparing these two inequalities we conclude that vSw. In what follows we gen
eralize this fact showing that rS w  is a consequence of the inequality Dp(x)^0. 
We shall introduce two functions cpi(x), <p2(x) (see e.g. in [2]) which can be considered 
as polar angles in a polar coordinate system. These functions are increasing if Dp(x) 
does not change its sign in (a, b) and if Dp (x)p' (x) > 0 then the difference <pt(x) — <p2 (x) 
will be estimated depending on the sign of Dp(x). As an application we solve a 
problem posed by W. Leighton in [3] which seems to be still unsolved (see [4], 
pp. 462).

The interested reader may find similar results in J. Vosmansky’s paper [6] 
(see esp. Theorem 5.1. on pp. 61—62) where the class of functions differs some
what from ours.
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Suppose that the differential equation (1) has solutions Ji(x), y2(x) with the 
initial conditions

yi(a) =  0, y[(&) =  1,

y2(a) = 1, y2(a) = 0.

Denote by a0=a, ax, ..., ani all the consecutive zeros of } \ (x) in [a, b] and 
similarly by a'0=a, a[, ..., а’пг those of y2{x). Let щ, n2S  1. Since 0 in (a, b)
therefore by (1) (x) takes on the value zero exactly once, say at x= äj, in (а}-х, aj),
y '= l, 2, . .. ,n 1. Similarly y 2(x) vanishes at a'- where /= 1 ,2 , ... , n2.

It is possible that y[ (x) may have a zero on (ani, b] which will be denoted by 
ani+1, and let c1=äni+1 if this value exists at all, otherwise let сг=аП1. Concerning 
the solution y2(x) it is possible that there is a value a*2+i£(a'a, b] satisfying 
yz(.ä'„2+1) = 0. In this case let c2= a '2+1, otherwise c2= a'„2.

We introduce the continuous functions <Pi(x) and Qi(x) by

(3) tg (Pi{x) íp íx)yiix)
y'i(x)

q ? ( x )  =  y ' i 2 ( x )  +  p ( x ) y f ( x ) ,  x  S  a ,  i =  1, 2.

Since with a given <p,(x) the functions (pi(x)+kn  (fc= ± l, ±2, ...) also fulfil (3) 
for the sake of uniqueness we choose those which satisfy

(4) < P i ( a )  =  0 ,  ( p 2 { a ) = - - .

The geometric meaning of the functions just introduced is clear: Qt(x) and 
cPi(x) are the polar coordinates of the point, the Cartesian coordinates of which are
X = y'i O ), Y  —  i p  ( x )  y ,  ( x ) .

The solution уг(х) is concave on (a, aj) hence y{ (x) is strictly decreasing there 
thus the curve (yj(x), jp (x) y1 (x)) on the plane X Y  crosses the У-axis only once 
at x=Ü! and at x —ax it crosses the 7-axis. These are crosses in the proper sense, 
since at x=ax the function y[(x) changes its sign and at x —ax the function yx(x) 
does it. On (ax, a2) the curve passes below the 7-axis while y[{x) is strictly increasing. 
Proceeding on this way we conclude that the curve (y'x(x), Ÿp(x) yx(x)) crosses 
alternatively the 7- and 7-axes when q>x(x) assumes the values 0, jr/2, n , . . . .  A  simi
lar statement holds for the curve (y'2(x), )p(x) y2(xj), too. Thus

(5)
<Pi (öj) =  f r ,  q>! (a j +l) =  [ j  +  -j ] n ,

( p 2 ( a ' j )  =  (y + ^ -j n ,  <p2 ( ä j )  =  j n ,  7  =  0 , 1 , . . . .

Differentiating the first formula of (3) and making use of (1) we have

(6) <p'i = ip + j^ ù n lc p i (i =  1, 2),
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since by (3)

(7) sin ip,- =  — — , cos (p, = —  (i =  1, 2).
Qi Qi

Theorem 1. I f  Dp(x) does not change its sign on (a, b) then 0 on (a, c,)
for / = 1, 2.

Proof. We remark that if p(x)=const.>0 then p'(x) = 0, £)p(x)=0 and <p,'(x) = 
=  f p > 0 on (a, b) for /= 1 ,2 . Hence the condition Z>p(x)=-0 or F>p(x)<0 throughout 
(a, b) is not necessary for the validity of the inequality <p'(x)=>0.

Instead of <p'(x) we shall consider the function Vfx) introduced by

(8) Vfx) =  =  f py * + y ? + J ? L  у .у[ (i =  i, 2).
p Vp 2p3'2

This function has a derivative of rather simple form

(9) K(x)=-±
Thus the function Vfx) takes on its local extrema on the closed interval [a, cj 
where either yf(x:)=0  or .y-(x)=0, and we see that the local minima among them 
are positive with the possible exceptions at x= a  and x=b. By (9) the limit 

lim V fx )— Vfa) always exists, though it may not be finite. Since for x£(a,b)
x-*-a +  0
0<p(x)<°° and p'(x) is continuous, therefore F;(x)>0 if у^х)у'(х)—0. Further
more, if p(x) has these properties at x=a, too, then, of course, K,(a)>0. Otherwise 
a detailed discussion is needed.

Suppose first that Z>p(x)>0. Then by (9) Уг(а) is local maximum of V1(x) and 
V fa) is a local minimum of K2(x). We shall show that Fs(a )s0 . By (2) the func
tion p'p~3/2 is strictly decreasing and lim p'p~312 exists. If this limit is finite then
we conclude from (8) that F2(a )ë 0. If lim p'p~3'2 — oo then in a right neighbour-x-*-a+0
hood of a p'(x)>0 and the function p(x) is increasing. Thus lim p(x)=p (a) existsx-*-a + 0
and it is finite. By the definition of j 2(x) and by (1) we have

y*(x)=- f  p(Z)y2(Z)dZ.
a

Thus _y2(x) is decreasing and positive on [a, a[) hence if x is sufficiently near to a, 
we have

0 ^ 2 ^  = ~2p3̂  Уг f

> - /  2pm У2 «) К = -  [ V Р(Г) У! (ОУа + /  УЖПУШ'dt >

> - U W ) y m Y a  + vîHx) f  ъ т \  d t = Ш - 1 Ш
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and therefore

lim
c -a  + O p 3/2 У2У2

and V2(a)^0.
If Dp(x)<0, then Fj(ü) is a local minimum for V1(x). Now the function p'p~3,i 

is strictly increasing. Hence lim p'p~3/2 exists. If this is finite then by (8) У1(а) ̂  0.
x - * a  +  0

If lim p'p~313— — 00 then in a sufficiently small right neighbourhood of a p '< 0
x -^a -h O

and the function p is decreasing hence lim —— exists and it is finite. By the initial
*-*+0  I!p

conditions of (x) we have
X

yi(x) =  J  yi(£) dÇ >  0 for a -= л: <  аг
a

and yi(x) is decreasing and positive on (a, at) therefore if x  is sufficiently near to a 
we have

0 > P’
2p3/2 A f  y'ÁÍ)dc>

a

Г p'(Z) 
"  !  2p3̂ )

[yitfWdÇ = [ - У? it) Y  , г О Т
/ т Ы *  1  1fpíO

dç>

and thus

f  w m 'd ç
a

_ l _______ l _
У pip) / p W

limх-*а + 0 yiy'i = 0,
and Vx(a)ë  0.

If any of the relations cx—b or c2=b holds then the proof runs in similar manner 
as in the case x=a  and the proof of Theorem 1 is complete.

Now we proceed to comparing the zeros of y1 (x) with those of já 00-
Theorem 2 . I f  Dp(x )^ 0 , then for the zeros alt a2, , a„L of yx(x) and for

the zeros a[, a2, ..., а'„г o f y 2(x) the inequalities

hold.
a j ^ a ' j ,  j =  l , 2 .......minW.Bj)

Proof. Let y(x) be a solution of (1). Then Y(x)=y'(x)p  1/2(x) satisfies the 
differential equation

0 °) > "4 « - T

(see [1]). If we choose y (x )—y 2(x) then Ÿ (x)=y2(x)p~1/2(x) has the same zeros as 
y'2(x), i.e. a,a{, a f.  This is clear for those a'-s which are in the open interval 
(a, b), because p is continuous there. By our assumptions the function p is monotonie 
hence the limit lim p~112 exists and is either finite or infinite. In former case Ÿ (a) — 0.
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In the latter case lim p = 0 and since p is positive and monotonie in {a, b), p is 
increasing in this interval. By (1) we have for a< x< ai

0 > y't p-v* = p-v* f  yliOdt = -p-u* f  p(.Oy,ÍOdi > -p112 f  y2(Z)dZ,
a a a

thus in this case, too, we have
lim y'p~112 = lim Ÿ(x) — 0.

x - o  +  0 x - a + 0

A similar argument is needed if а'„г=Ь.
Suppose first that Dp(x)>0. For уг(a) = Ÿ(a) = 0, the differential equation (10) 

is a Sturm minorant to (1) hence by the Sturmian comparison theorem we can 
compare the solution .^(x) of (1) and the solution Y(x) of (10) and we obtain

a j ^ a ' j j  =  1 , 2 ,  n 8 .

In the case Z>p(x)<0 the proof runs in a similar manner which completes the 
proof of Theorem 2.

It may be of interest to determine those p-s for which Dp= 0. Since 
Dp=2p5/2(p~1/2)"=0 therefore p~1,2=Ax+B  where A and В are real constants. 
If A —0 then p=const. if A j í0 then p=(Ax-\-B)~2. In the former case it is clear 
that we can choose b=°° and а1г a2, ... and a[, a'2, ... exists and aj=a'j 0  =  1, 2, ...). 
In the latter case it may happen that there are no aj-s and no a'j-s. This occurs if 
A s  2 when the solutions are nonoscillatory. Therefore one should be careful with 
supposing the existence of any aj or a] for a given p(x) at all.

Let us consider the function 9>iO) — ç>2(jc). By making use of the formulas (7) 
the Wronskian

W'OWü) = y iy l-y iy *  =  - l
will have the form

w  =  eie2P~m sin(<Pi~(P2) =  - i .

From this it follows immediately that the function sin ((px — <p2) does not change its 
sign on (a, b). By (4) (p1(a) — <p2(a)= —n/2 thus we conclude that

(11) - я  <  ( P i ( x ) - i p 2 ( x )  <  0.

What is really surprising the function cos (cpt — <p2), too, does not change its 
sign under appropriate conditions which enables us to get a sharper estimate for the 
difference (pi — <p2 as the next theorem shows.

Theorem 3. I f  the functions p'(x) and Dp(x) do not change their signs on (a, b) 
and if  p'(x). Dp(x)>0 then

71
- y  < 9 i W - w ) < 0 if Dp(x)>  0

and
71- n  <  (pi(x)-(p2(x) < —— if Dp(x) <  0

for all a ^ x ^ b .
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P r o o f . Let the function ф(х) be defined by

Ф(х) = У1У2 + РУ1У2
then by (1) we have
(12) ф' = p 'yxy2 
and by (7)

(13) cos (ç>i —<Рг) =  ~~~~~ •
в1в2

To prove Theorem 3 it is sufficient to show that the function ф is positive if 
0 and Dp> 0 or it is negative if 0 and Dp< 0. By (12) the function ф has 

local extrema where ух(х) =  0 or y2(x)=0, i.e. at a0, ax, ... and at a2, . . . ,  respec
tively, then the two sequences are interlacing:

(14) a0 <  -= ax < . . .<  a'j <  a, < ...  (ë) b.
In order to show this we put x —ä] into (11) and by (5) we have 

<Pi(ä'j)-(p2(äj)<0 =  q>i(aj)-q>2(äj),

hence <Pi(ü))<<PiOj)> thus by Theorem 1 a)< a}. Similarly, putting x=a'j+1 into
(11) we obtain

(Pi(äj+i)-(P2(äj+1) > - 7 t  =  <Pi(a;)-<?>2(ä)+i),

hence ç>i(â)+1)>ç>1(aJ), and so o ,< ü '+1, as we stated.
By (7) the function ф' in (12) can be written in the form

(15) ф' =  -^-e1(?2sin<p1sin(p2-

From this and from (5), (14) follows that if p '> 0 then the function ф has local 
minima at a0, al t . . . ,  and if / /< ()  then ф has local maxima also at a0, alt ... . Con
sidering ф at these places we have by (7) and (5)

Ф (aj) = yi(aj)y'2(aj) =  qx q2 c o s  (pfaj) cos (p2{aj) =  (~ \y  Q1g2cos(p2(aJ).
If Z)p=-0 on (a, b) then by Theorem 2 and by (14) thus by (5)

j n  <  <p2 ( a j )  <  ( ) + y )  л ,  

and so ф ( а ^ ) > 0  for j =  1, 2, ... .
Similarly we get ф(х)<0 for if Z)p<0, which proves Theorem 3.
C o r o lla r y . Under the conditions of Theorem 3 the sequence of the inequalities

(16) . . .<  <  áj <  áj <  aj <  a'j < ... O '= 1, 2, ...) if Dp(x) >  0,

(17) . . .<  а^_! <  5) <  äj <  а) <  а,- < ...  0  =  1 ,2 ,...) if í»p(x) <  О

holds. The sequence breaks down where the next value in question does not exist in
[a, b\.
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P ro o f . With respect to Theorem 2 and (14) only the validity of the inequalities

a'j-i < ä j -<äj ( j  =  1, 2, ...)
is still to be proved in the first case. Applying Theorem 3 for x=5j and taking into 
consideration the values of (p2(a ' j -1) and (p2(a'j) from (5) we get immediately the 
desired inequalities. In the second case only the relations

a'j <  äj <  a'j ( j = 1, 2,...)
are new and their proof is similar to the former case.

As an application of our results we solve the problem posed by W. L e ig h t o n  in
[3] which reads:

“Consider the (modified) Bessel equation

У"+Р(х)у =  0,
where

. . , 1 — 4n2
P(X) =  1+ 4x2 >

and suppose there is a non zero solution with zeros at x —a and x=b  (that is, b is 
conjugate to a), 0 Prove that if y(x) is any solution such that у(а)т±0 then 
the integral

/ 1 / 2 (x) -p (x )y 2 (x)] dx>  0 
ь

when «2> l/4  and negative when n2< l/4 .”
First we remark that this Bessel differential equation belongs to the class treated 

in this paper since p(x) is monotonie,

Dp{x) = 3 4n2— 1 
2 x

ЗС4иг_П2
Dp( x ) p '( x ) = ± — 7 ̂ - >  0 (л: >  0),

and p(x) is nonnegative if n2S. 1/4. If, however, и2 =-1/4 we should make a restriction 
on a to ensure p (x )s  0 :

|/4n2— 1- _i-----------
2 if И2 :

4
instead of a > 0.

Let Ух(л:) be a solution which has zeros at a and at b and y'1(a)= 1. With our 
notations let a=a0 and b=ani (/iiSl). Let y2(x) be defined as above. Then the solu
tion y(x) in question can be written as

У(х) = ocyI(x) + ßy2(x),
where a, ß are suitable constants, /М0, since y(a)^0 . Consider the integral

(18) Ф= f  [y'2- p y 2]dx.
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Since p y — —y", integrating by parts we obtain that

Ф =  [y(x)/(*)]£ =  ^ß[y'i(b)y2(b)-y'1(a)y2(a)] + ß2y2(b)y'2(b).
Taking the Wronskian W(ylt y ^ = y 1y i—y{yi = — l at x=a  and x~ b , we get that

- y i ( b ) y 2(b) = - y ' i ( . a ) y 2(a)  = - l ,
thus we have

Ф = P y * W № .
By (7) Ф can be expressed as

ф = -у  el(b)p-1/2(b) sin 2(p2(b).

Taking into consideration the relations (16), (17) we have for b=ani

â'ni< b  < а'Я1 if |n| >  1/2, 
or

<  <  b <  ani+1 if \n\ <  1/2,
hence by (5)

ni7r <  (p2(b) <  (ni + ̂ )  n if |n| >  1/2 

or

(”i + t ) П ^  4,2(ft) ^ (" i+ l)71 if

thus sign <£ = sign sin 2tp2(£) =  sign ( м ~ y ) ,  which was to be proved. □
Finally we remark that we have, in fact, proved a more general statement than 

required in Leighton’s problem, namely that if (i) a and b are two zeros of a solution 
to (1), (ii) p{x) is a positive monotonie function on (a, b) (iii) p'(x)Dp(x)>0, on 
(a, b) then Ф/)Дх)=>0 on (a, b) where Ф is defined by (18).
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OPTIMUM CONFIDENCE BANDS FOR DENSITY FUNCTIONS

by
R.-D. REISS

Introduction

The different classes of confidence bands for density functions which are known 
by now do not contain an optimum procedure (see e.g. [1], Corollary, page 1072, 
and Applications (i), pages 1077—1079, and [5], Sections 4 and 5). Every confidence 
band in [5], Section 5, is defined pointwise by means of two order statistics which 
depend on a predetermined integer m(n) for every sample size n. By enlarging this 
class of confidence bands we can find the optimum order of the integers m(ri) as n 
goes to infinity.

§ 1. Preliminaries

Denote by R (respectively, N) the set of all real numbers (positive integers). 
Let Pn denote the independent product of n identical probability measures P. R" 
denotes the Euclidean л-space. The i-th order statistic ZÍ:„:R" —R, for the sample 
size n, is defined by Zi:n(x1, ..., xn)= zi.„ where z1:„S ...S z0  are the components 
of (xl5 ..., x„)€R'' arranged in the increasing order.

Given m(«)£{l,. .. ,«  —1} and m (n )< i^n —m(n) define

( 1 . 1) Pm (n), и 00 •
2 m(n)

n  ( Z t + m (n):n ~~ Z t  -  m

for Zf;KS y < Z i+1;n. The density estimator /?m(n)i„ was proposed by R évész ([6], 
Definition 3.2).

Let 0<y, <y2< l.  Let P be a probability measure with the distribution func
tion Fand the Lebesgue-density p. Let be a solution of the equation F(^) =  y,- for 
/=1, 2. Assume that for some constants O<CJ<C2<00

( 1.2) Cl ^  p (x )  c2

for every xÇ[^j, £2]. Thus, the inverse function F  1 of F exists on (yl5 y2).
Assume that F _1 has a third derivative on (yl5 y2) such that

(1.3) |(poF -1) (F - 1)(s,| S  A

on (ylf y2) for some constant 0.

E xam ple 1.4. The distribution function F  with F(x)=A~112 log x  for l s x s  
^  exp (A1'2) has the property

(р о Р -1) ^ - 1)™ = A on (0,1).
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2 0 8 R.-D. REISS

Let £P(A, q , c2, yi, y2) be the family of all probability measures P which fulfill
(1.2) and (1.3) (given the constants A, clt c2, y1; y2). Since our interest mainly con
cerns the dependence of the optimum sequence m(n), n£N, from the number A 
we shall write 3PA in place of &{A, cl5 c2, y1; y2) for brevity. Hereafter we shall 
always assume that the number c1 (respectively, c2) is sufficiently small (large) so 
that the probability measure in Example 1.4 is an element of SPA. We remark that 
our asymptotic results will not depend on the particular values of cx and c2.

Given у1</?1</?2< у 2 and A >0 define

+ ( 2, +  !°g I°g -  log , ) / ( 4 (m („) !„g " ) ) .

Keep in mind that amMi„(t) also depends on A and ß2~ßi-

§ 2. The results

The density function will be evaluated between the /?t- and ß2-quantile where 
0< A < ^2< 1. In statistical problems the quantiles are unknown and, therefore, 
they are replaced by their consistent estimators and Zinpil:„. Put

[Z[nßд ]:/[, Z[nß2]:n],
Theorem 2.1. Let m(n)dN, ndN, be a sequence such that

(2 .2) n1/2+ï g  m(n) S n 1' 1 for some e  >  0.

Let 0<у1<Д1<у52< у 2<  1 and A > 0. Then
lim
л€Г<{ inf P"{pm(n),n(y)(l—ят(п),и(0) s  p(y) s
Urn -4
n£N

— e_e>
^  Р т ( п ) , п ( у ) ( 1 + а т <п) , п (1 ) ) ,  e - a n » e - ‘

uniformly for every iÇR.
The proof of Theorem 2.1 is postponed until Section 3, (3.6). If n1/2+ĉ m (ri)^  

S n i,5~e, ndN, for some г> 0  then one can easily derive from Lemma 3.1, (3.3), 
that uniformly for every PddPA
(2.3)

1 im T"{pm „(y) (1 - um(«),л(0 ) s  p (y )S p mM'„(y)(l + amM'n(t)), ydCn} = e—~'

for every iÇR. We remark that (2.3) is a correction to [5], Theorem 5.3, according 
to the correction to [1], Theorem 3.1, in [2].
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We conjecture that
(2-4) J»" inf Pn{pmW,n(y){\- a -w ,.(0 ) S  p(y) S

S  Pm<„),„00(1 +Ят(п),п(0). J'ÇQ} =  e - (1/2)«->
for every f£R if л4/5ё /л (л )ёя 1_‘, лб1Ч, for some e>0. We do not know whether
(2.4) holds true.

The purpose of this paper is to characterize optimum asymptotic confidence 
bands of the form

[Pm(„),„0)(l -a"). Pm(»),»(y)(H-fl п)], y€C n, 
at the level 1—a, a 6(0, 1): consequently, an, л 6 N, is a sequence with the property

(2.5) hm inf P"{pmW,„(y)(\ -a„ )  ^  p(y) == pm(l)),B(k)(l + <Ü, k€C„} is i _ a.
n 6 N  ̂* ̂ .4

It follows from Theorem 2.1 that

(2.6) a n : =  am log (-log (1 -a))) fulfills (2.5).
The performance of confidence bands is measured by the probability that 

[Pm(n),„O0(l ~ an), pmM,n(y)( 1 +n„)W „
does not cover functions q which deviate from the true Lebesgue-density p by the 
amount of 2p(y)b„ at some point y£Cn where b„>0, лб!Ч, is a suitably chosen 
sequence. The sequences m(ji), uÇN which are optimum in this sense have also the 
property of minimizing (asymptotically) the values of am(B)>B.

Theorem 2.7. Let and a6(0, 1). There exists a
sequence а„>0, лбN, such that

(2.8) lim inf Р"{рт(п).л(у)(1 — я„) S  p(y) ^  pm 00(1 +a„), y£CB} ё  1 -a ,
«6N

( 125 )1/sand for every AJ

(2.9) lim inf Pn{[pm(„),„00(1 -  a„), pm(n),п(у) (1 + a„)] c:
ngN

iff
( 9 )1/5(2.10) "4 2/5(l°gn)1/5n4/5.

Theorem 2.7 will be proved in (3.7). We remark that
lim ^inf P"{[pm(„),n(y)(l ~ an), pm(„),„(y)(l+a„)] c

for every m (n)> n€N, fulfills (2.10) and an is defined as in (2.6).

14 Studia Sclentlarum M athem aticarum Hungarlca 12 (1977)



2 1 0 R.-D. REISS

§ 3. Auxiliary results and proofs

Let

a ; (»),»(0 := ( l o g ( ^ y № - ^ i ) ) )  m(n) 1/2
2H-log log

+-
m(n) -log n

( n V/2
4r (n)logi^ ) )

The proofs of Theorems 2.1 and 2.7 are based on
L em m a  3.1. Let O ^ y ^ ß ^ ß ^ y ^ X  and c1; c2, C >  0. Assume that m(n), n£ N, 

fulfills condition (2.2). Uniformly for every probability measure P which fulfills (1.2) 
(for cx, c2) and has a Lebesgue-density p such that

(3.2) \p(x)~P(y)\ ^  C \x -y \  for every x ,y £
the following holds true: For every t£R

(3.3)
and

Hm P"f max I— Е Щ ^ — - е1гЯ\ ,„(/)} =  e e" ',n€N I p ( . (Zi:n) I J[»̂ 2! I Pm(n),ni.̂ i:n)

(3.4) lim P"{ max f— P Ẑ‘:£ - r —et.B] g  a'm(nh„(t)\ = e~"5N IwjsiSW y l pm(B)l„(Zi:n) ' J J (1/2)«-*

where ei n is defined by

P r o o f . I. The proof of (3.3) is based on results of B ickel and R osenblatt 
([1], Theorem 3.1) and K iefer ([3], Theorem 2).

Define the “natural” kernel type estimator /„ by

/<*   *п) л,) = --- 1—  ÿ  I
Jn W  2nb(n) i = i ( b(n) J

for every sample (xls ..., xn)6 R" andy'ÇR where b(ri)>0, n£N, is a sequence such that

n‘ =  b(n)_1 = n1/2_£, ijéN,
for some s>0. Let ß  denote the uniform distribution on (0, 1). We have
(1) lim ß"{ sup \(2пЪ (п)у1 \Ш - \ ) s

n6N 'ß^sysßfi

(-П ß2 - ß i Y '2 , 2/ + loglogh(n) ^ lo g T cl 
“ I 8 b ( n ) J  +  2(2 log b(n)-1)1/2 J

for every t£R. ((1) can be proved in the same way as [1], Theorem 3.1. (1) is slightly 
more general than [1], Theorem 3.1, as far as the sequence b(n), n£N, and the interval 
[ßi > ßzl are concerned ; furthermore, Q does not fulfill the conditions (A2) and 
(A3) in [1]. Notice that Theorem 3.1 in [1] is corrected in [2].)
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It is a consequence of the Bernstein inequality that for every i^N

e - { ( » H » > r , sup+i I *  n f y  *
—Sys- (лЬ(л))1/2 J

~ - 1ог” г) , о („ -.)-  4(nb(n))1/2J
uniformly for every / with nb(n)< l< n—nb(n). 

This together with (1) implies

(2) limg"{ max (2wh(n))1/2 (/„ f—) — ill ^
n€N^ Im j s /s w j  v v ’ ’  I / "VnJ ) \

Ä Í21o r ^2~ ^ )1/2| Zf +  loglogfcC nr^logTtj . ..  
“ I g b(n) ) 2 (2 log bin) - 1)1/2 Jb(n) J ' 2(2 log b(n)~1)1/2

for every i€R.
Let/„ be defined as/„ with lc_1>1) in place of 1С_1Д]. It is clear that (2) also 

holds for/„ in place of /„. Notice that

fnO’) =  ~Щп) (F*(y+b(n) ) - Fn(y~ b(«))>
where Fn denotes the empirical distribution function for the sample size n.

(2) will be applied with b(n)—m(n)/n (with /„ in place of /„).
It follows from [3], Theorem 2, (see also [5], (5.2)) that

( m(n)
U1/4 + maxm(n) </<n-m(n) l b ^ k H + ( ' - f â - ' W = °

for every <5>0 and e > 0.
This together with (2) implies

(3) lim Qn \lim (J" i maxl[iií,]SiS[n/y P m (n) ,n (Z i :„ )
— am(n),n(Oj — C C

for every r£R.
Using the inverse probability integral transformation for order statistics we get

(4) p n
*(1 =[»/»dlPm(it),n(2j;„)Jj=

14* S tu d ia  S c le n t la r u m  M a th e m a tic  a ru m  H u n g a r lc a  12 (1077)
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where F ~x denotes the generalized inverse of F. (Pn* g denotes the measure induced 
by P" and the measurable function g.)

Define

m (n)1/2 It

I t follows from [4], Lemmas (7.9) and (7.10) that 

(5) lim ö "W  =  l.

m (n):n ~
2m (ri)

The following considerations hold uniformly for all Р £^л . (1.2) and (3.2) 
imply that uniformly on Bn and uniformly for every rÇN with —m (n )^ r ^
s M + » i ( f l )

(6) F~1(Zr:n) =

Moreover, as the reader will easily verify

(7) p { F - \Z ,.n))
uniformly on Bn, and

(8)
1

p(F~4y))
1

p{F -\x)) = 0 ( |x -y |)

for every *, y€(7i, y2). By (7), (8) and (6), applied for r=i+m(n) and r = i —m(n),

(9) 2m{n) p( f l  (z i:«)) <7r_‘1 (Zt+m(ny.n)-F”1 (Zi _ m („,.„)) -

1 , п [ Хо%п I flog”)2
Pm(n),AZi :„) ‘,n ^ n 1/2 m(n)

uniformly on Bn.
(3.3) is an immediate consequence of (3), (4), (5), and (9). 
II. The proof of (3.4) is based on the following result:

( 10) limß"{ sup ((2nb(n))1/2(/n( y ) - l ) ) ^ Í 21og4 7̂ L] "ÊN l/î.sv se . V Ь(И) )

1о8 Л_| =

+

2H-log log b(n)-1-
+  - 2 (21ogb(n) - 1)1/2

for every /£R. (To prove (10) use [1], Theorem A l, (A.2), instead of [1], Corollary 
Al, which was applied to prove [1], Theorem 3.1) (3.4) follows from (10) in the 
same way as (3.3) from (1).

R em a rk  3.5. The conditions (1.2) and (1.3) imply condition (3.2) with some 
constant C which only depends on c1; c2, A and y2 — yx. Thus, Lemma 3.1 is applicable 
to the probability measures P^SPA.
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(3.6) P roof of T heorem  2.1. For every P ^ A let e, „ be defined as in Lemma 
3.1. Uniformly for all i with [n/JJSiSl/i/la]

Let Q be a probability measure such that

uniformly for all i with [nß1]^i^[nß2] (see Example 1.4). Lemma 3.1 together with
(1) and (2) implies

Qn {max( P - e,,n) S  a;(n)i„(/)} =
1 4 Р т ( п ) , п \ ^ г . п )  '  >

= g" {m axi n- P(Z'y  ; - l )  S  am(n),n(o] + ° ( 1) S
I ^P m (n ) ,n K Z i.n) > 1

3"{rinf P"imax|Pt»y

ä  inf P" ( max
p î» 3n{r

P(Z,J
Pm(n),n(Z i:n)

P(Zi-.n)

- I s

Pm(n),n(Z i:n)
for every ?£R where the maximum ranges over all i with [/2/?JsiS[/i/?2]. 

Thus, applying Lemma 3.1 again we find
lim r , . - > " -e"P(Zi:n)

Яш(п).п(0 } + 0(1) S  

S  ûm(il),n(0 } + ° (1)

îïïn
1 inf P" max\P Í » A Iwysiswy Pm(n),n(Z i:n)

- 1 ^m(n), n(0 | j
S  e

si e
1
2 e

Ü m  ^ ”'{ P mM ,n ( Z i:n) — c l / 2 ,  ln ß}]  S i S  [n ß 2]} — 1,n 1

uniformly for every f£R.
By (1) and (3.3)

(4)
and

(5) lim P" {|Zl+l!„ - Z J  s - L - ,  [nßJi S  i S  [«/?,]} = 1 

for every e> 0  uniformly for all P(̂ &>A.
(5) follows from (5), proof of Lemma 3.1, by means of the inverse probability 

integral transformation.
Thus,

p(Zi:n) p(y)(7) lim P" I max
n€N U i:nS y S Z J + , ;„ Pm(n),n

-  "̂ Г=7> W i\  -  * =  1

for every £>0  uniformly for all P€^V
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(3) and (7) together imply the assertion.
(3.7) Proof of Theorem 2.7. Theorem 2.1 implies that

( 1)

iff

lim inf Pn p(y)
n€N Р(.»л 11рт(я)>л(у)

^  am(n),n(t0), n i  N

= an, уеС „| ^  1- a

for some suitably chosen /0ÇR. Put bn: 
ing to (1)
(2)

„ ( l o gnV'5 1 „ (125 \v—-—J where ^  -Aj . Accord-

Ilm inf n i p mM,n (y№ -  an)> Pm (n), n (y)(l+a„)]cz 
n€N

c[p(y)(i-h„),p(y)(i+h„)], y e c n} =

=  lim inf P"n€Npê ^
P<y) ^  l ~ a* v€c i  = 

Ъ + ья - PmW,n(y)~ 1 -ft* "f

iff

=  lim inf Pn ..' l l p(y) - 1

b n -a „ ^ a m(n)fM  for some i^ R .
Thus, (1) and (2) hold for some sequence a„, n£N, iff
(3) bn i= am(n),n(to) +  ßm(n),n(0
for some i0, /^R .

By elementary calculations it is seen that (3) holds for every 

iff m(n), n£N, fulfills condition (2.10).
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CAUCHY PROBLEMS FOR SYSTEMS OF LINEAR SINGULAR 
PARTIAL DIFFERENTIAL EQUATIONS

by
A. SZÉP

1. Introduction

The immediate predecessors of the present paper are those of M. S. B ao uend i 
and C. G o ulaouic  [1], [2]. Actually we shall deal with systems of the form

Here x= (x1, x 2, . . . ,  xm)dCm, t a scalar, D,=d/dt, the Ak(x)-s and CN_j-s are 
nXn  matrices,/and и are «-vectors. The components of / and of the unknown и 
depend on t and x, the entries of the Ak(x)-s only on x, whereas the entries of the 
Cjv-j-s are linear differential operators with respect to the Xj-s, and, moreover, 
depend on / in a way to be specified later. The references to [1] and [2] provide a 
great variety of problems which can be reduced to the form (1.1). The precise results 
can be described only after introducing suitable function spaces. We shall deal 
separately with two different cases: analytic (A) and continuous (C). This distinc
tion will be made concerning the time variable t which is allowed to be complex 
in case (A).

Analyticity with respect to x  is assumed throughout. The reason for dealing 
with the two cases separately is natural regarding the simple ordinary differential 
equation

In case (A) (g(t) analytic at /=0) equation (1.2) has a unique analytic solution 
at t = 0 iff a^O, 1, 2, ... while if g(t) is merely continuous (case (C)) and Rea<0  
then there exists a unique solution continuously differentiable for t x  0 such that 
lim ty'(t) exists.
t~0

We emphasize that in contrast to the title for (1.1) no initial conditions are 
prescribed. We shall immediately see how initial conditions can be “built in” a 
given equation.

We introduce some local concepts and still do not make assumptions on domains 
of definition beyond necessity. The real variable t varies in a neighbourhood of / —0, 
x£Cm. For a multiindex a= (a l} a2, ..., am) with nonnegative integer entries we define

( 1 . 1) 2  Ak(x)(lD,)ku -  2  Cfi-jt(D,t)Ju = / .

( 1.2) ty'+<xy = g(/).

2. Assumption and tools

Dxx = dM/dxl'dx E". (<*) = a1 +  a2+ . . . + a m.
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2 1 6 A. SZÉP

D e f i n i t i o n  2.1. A differential monomial is a formal expression c(t, x ) t lD^Dßx 
where c(t, x) is continuous in t at t = 0 and satisfies c(0, x )^0 .

The weight of the monomial is p —l. (Here p and / are non-negative integers.) 
We shall start with the following Cauchy problem:

(2.1) Bu = f
where B=(bik)i<k=1 denotes an nX n  matrix whose entries are linear differential 
operators representable as sums of monomials.

We shall make some assumptions on the weight and order of monomials 
occurring in B.

(Al) The monomials of minimal weight do not contain differentiation with 
respect to the coordinates xt .

Suppose that the highest order of differentiation with respect to / is N  (=*0). 
If  the minimal weight in (Al) is positive, that is there exists a monomial of 

minimal weight of the form c(t, x ) tk D?Dßx (OsfcdV), then we may prescribe Cauchy- 
conditions

D[u\t=0 — (pfx) l = 0, 1, N — k — 1.

Assuming differentiability of the solutions this is equivalent to

(2.2) u ( t,x )=  2  TT<Pi(.x) + tN~kv(t, x).
l=o i!

Substitute (2.2) into (2.1). We can see that concerning v(t, x) as unknown 
function, В contains no term of positive weight and assumption (Al) holds.

Assume that the coefficient functions in the operator matrix В are suitably 
differentiable with respect to t. Applying the identity D,t=tD,+ \ and using Taylor 
expansion for the coefficient functions, we arrive at the form (1.1). Note that the 
right hand side obtained is different from the original one in (1.1), it contains a 
simple linear expression of the functions <pt(x) and their derivatives that are supposed 
to exist. Concerning the operator matrices CN̂ j we make the following assumption. 

(A2) Let there be given non-negative integers mk,m 2, ..., m. Suppose that

CN- j  =  (carJ)lk=i 0  =  0 ,1 ,. . . ,  N - 1)
and

ord c‘̂ _j ä  m.—mk+ N —j.

We turn to introduce the function spaces necessary for stating and proving 
our theorems.

Let Q be a bounded non-void subset of Cm. We define its polycylindrical hull 
of radius s as the union

= U B(a, s)
xZli

where s>  0 is fixed and В (a, j )  is defined by

B (a ,s)= {z:  z€ Cm, z = (zu  z2, , z j ,  \z,-a,\ <  s}.
Denote by ES(Q) the set of complex valued functions analytic in Qs and continuous 
on Qs. ES(Q) is a Banach-space with respect to the supremum norm. Denote by Жт
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the set of complex valued functions analytic on Cm and by XS—XS(Q) the closure 
of Жт in EfQ). For an лг^Л ,̂ its norm will be denoted simply by ||x||s. Moreover, 
consider the space of power series

X = 2  xil‘;=o
such that xt£Xs (1=0, 1, ...) and

(2.3) M , . t =  i w , ï ’, <  +  » .
k = 0

The set of all such power series will be again a Banach space which we denote 
by Xs T, with the norm (2.3). The elements of this space are analytic { (/)< T } x ß sc  
c C m+1 by Weierstrass’ theorem.

We note that Xs T is a natural generalization of the space used in [4] to prove 
Lettenmeyer’s theorem. A straighforward calculation shows that Xs T is also a 
Banach-algebra with respect to the given norm.

An elementary application of the Cauchy integral formula gives the following

L emma 2.1. (M. S. B a o u e n d i, C. G o u l a o u ic , [1]) For any i, differentiation 
d/dzt is a bounded linear map from Xs into Xr (s=-r=~ 0) and for u£Xs

(2.4) du
dz.

1
s —г

Applying (2.4) we have

Lemma 2.2. (C) Let P be a linear differential operator o f the form

P= 2  СЛ<> x)Dl

then i fO ^ s ^ s ^ S o ,  0<T, u£C ([-T, T), XS2) and for all \<x\ ĵ, сл£С ([-Т , T], Xso) 
then

(2.5) Mcsup \\Pu\\Sl sup ||u||4
I< |ST  (So — S J J (,)ST

with a suitable constant Mc depending only on the coefficients ca but not on slt s2.
Lemma 2.3. (A) Let P (formally), s0, slt sz, T  be the same as above, u£XSi T 

and for all a, |a| =./, cx(iXS0 T. Then

(2-6) 11^11«,г S  llu llj2.T

with a suitable constant MA depending only on the coefficients cx but not on s1, s2.
P ro o f . Expand и into a power series with respect to the variable t. Differentiat

ing the coefficients, Lemma 2.1 can be applied. For estimating the products the 
Banach-algebra-property of the Xs T space can be used.

Remark 2.1. Actually only inequalities (2.5) and (2.6) are needed for the proofs, 
hence the results immediately extend to pseudodifferential operators or, more gen
erally, to systems of operator equations on scales of Banach spaces.
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2 1 8 A. SZÉP

Consider the principal part in (1.1), i.e.

&u = 2  Ak{x)(tDt)ku.
k = 0

Note that here Ak denotes an nXn  matrix with entries depending analytically 
on X and An =I (identity).

D efinition 2.2. The Я-matrix (or matrix pencil)

(2.7) 0(Я) = 2  М х)Л к
k=0

will be called the characteristic polynomial (or indicial polynomial) of the operator 
jSf (or corresponding to equation (1.1)).

D efinition 2.3. Let W  be an arbitrary Banach-space, C(f—T, T], W) the space 
of functions mapping [— T, T] continuously into W. The operator tD, is densely defi
ned on С ([-Г , T], W). Define

CN = CN([-T, T], W ) = n  R ’ (tDt)kweC(.-[T ; T], IV)}.
k = 0

Lemma 2.4. Suppose that the matrices Ak(x) are scalar multiples o f the identity, 
Ak(x)= ak(x)f, k=0, 1, ..., N, and for the roots r.fx), Я2(х), ..., 1N (x) o f (the poly
nomial ß ( 2) the inequality

Re Я;(х) «= — A < 0 (i =  1, 2, ..., N)

holds fo r  the values x under consideration. Then there exists a linear integral operator 
Hc so that i f  f —fit, x) is continuous in t for \t \sT , then STHcf = f  and u=H cfZC N 
is unique. Moreover if ak£Xs (k= 0, 1, ..., N — 1) then the operator (D,t)NHc is a 
bounded linear map from C([ — T, T], Xs) into itself for any 0 <  7\ =5 T, with operator 
norm uniformly bounded for 0 < 7 ’1ё Г .

P roof. Suppose T£u=f. By the assumption we have essentially «-times the 
same Euler-type singular ordinary differential equation containing the variable x 
as a parameter. For one copy of the equation (with и and /  scalars) introduce the 
new (scalar) variables yx, y2, . . . ,y N as follows (cf. [5], p. 84):

Then
yj = (tDiy - 1u (j =  1,2, ..., N). 

ty 'j=  Уj +1 0  = 1,2, . . . ,N )

ty'N = -  aa(x)y1 -  ax (x)y2 - . . .  -  aN _ j (x)yN _ 2 +/.
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It follows easily that j£ C  iff u£CN. Introduce the matrix

1
0 1 

0 1

0 1 
0 1

- a 0 ( x )  - a ^ x ) . . .  - a N ( x )

and the vectors/= (0 , 0, , 0,f),y=(y1,yi, ..., yN). We have the following ordinary
inhomogeneous linear system

ty' =  Ly+f.

It is well known that the corresponding homogeneous equation has the funda
mental solution tL=eLlog‘ and variation-of-constant yields

t

(2.8) y(/) =  tLc + tL J s ~ L~! f(s, x) ds =
0

l
= tLc+ J  a~*-L+l)f(a t, x) da.

о

By (2.7) and the definition of Л
| | e7- ( L  + r ) || g  K(J-Л-1

У
where || • || denotes some matrix-norm and A" is a positive constant depending on 
the type of this norm and on the difference

—Л —sup АД*) >  0,
l.x

where x  varies in the domain under consideration. Thus the integral in (2.8) con
verges and depends continuously on t .

On the other hand all coordinates of у  remain bounded iff c = 0 in (2.8). Thus
1

(2.9) и = Hf =  Рг J  a~L~If(a t, x) da
о

is uniquely determined where Px denotes projection on the first coordinate. The last 
assertion follows from the last row of (2.8).

R emark 2.2. (2.9) shows that и depends analytically on x  whenever L  and 
/  do.

R emark 2.3. Essentially the same statement was proved in [1] without deducing 
the direct representation (2.9).
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Lemma 2.5. (С) [1]. For a constant oc>0, an arbitrary Banach-space W, 
vÇC([ — tx, a], W) 1 ^k= iN  introduce the operator

l i  l
( 2 . 1 0 )  Жско = ! ! ■ ■ ■ !  V (a [ fT 2 . . .  ^k t'} dcrk da 2 ••• dcrk.

o o  о

Then Же is a linear bounded operator from C([—a, a], W) into C*([ — a, a], IV). 
Proof. Induction yields the statement.
In the sequel we give the analytic counterpart of the above results.
D efinition 2.4. For a positive integer N  denote by X fT the space of power 

series

x = 2  xktk,• k=0
such that xk£Xs and

(2.11) I K  г =  i l l * j s(fc+ i)*:r*<+~ .4 = 0

Again, X f T is a Banach-space of analytic (in t and x) functions with the norm
(2.11)  .

Lemma 2.6. Allow the Ak-s in the operator to be arbitrary nXn matrices 
with entries belonging to Xs. Suppose that for any non-negative integer p, Q(p) —

N
= 2  A fx )p l is invertible, moreover ||0(p)-1|| <-S0 for xÇ_Qs where || • || is some 

/=o
matrix norm and B0 denotes a constant. For convenience for any Banach space S  
denote by S== S x  S x  ■■■ X S (n-times) the product space endowed with the norm 
defined as the sum of norms. Then there exists a linear operator HA such that i f  fd X sT 
then £FHAf = f  and u=HAf£ X ^ T is unique. Moreover the operator (Dtt)N HA is a 
bounded linear map from Xs> T into itselffor any 0<  T with operator norm uniformly
bounded for O -^T ^T .

Proof. Let/ =  2  хк*к> xkÇ.Xs. By the uniqueness theorem for power series the
4 = 0

only possibility for u — HAf i s

u = HAf =  2 Q ( k ) - 'x ktk.
k=0

Since

Q(k) = kN [ r + j  Afl_1(x)+ ...+ -±r 4 0(x)j,

if к is large enough, k ^ k 0 the matrix in the bracket is close to the identity, with 
respect to a given matrix norm, uniformly for x£Üs. Thus

(ô(fc))-1 — -ÿу |^+ -^ -^ n- i W +  •••+ p r^o W j >
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whence

(*+ l)"(ß (* ))-l =  P ^ - )  ( / + { v 1W + . . . + ^ o W )  •

For k ^ k 0 the last matrix is bounded in norm, while for k —0, 1, k0— 1 we have
to take the maximum of finitely many quantities to get

sup (fc + ir ilß (k )_1|| <  +  “>,
xiO,

whence our statement follows.
Definition 2.5. For x Ç _ X s T  we introduce the operator

* J :  (1 = 0 ,1 ,2 ,...).

Lemma 2.7. (А) Ж 1А is a bounded linear operator from X s T into X j  T ( where 
K t =X..t) (AO lX lA = I  (identity) for 1=0, 1, ... .

3. Existence and uniqueness results

Using the results of the previous section we can prove the following theorems 
for the system

(3.1) Z M x ) ( t D , f u -  1 q _ ,/(A 0 A  = / .
* = 0 j =0

Theorem 3.1. Suppose that 0, i0> 0 and
(i) The matrices Ak are scalars,

Ak ak /, ak £ XSo, Afl =  I,
(ii) The roots 2;(x) of the polynomial

(3.2) ö ( 0 =  i x w ok = 0
satisfy

КеЯ,.(л:)<-Л < 0  (i =  1,2.......N)
for x fÖ S0.

(iii) The matrices CN_j contain linear differential operator entries with coefficients 
belonging to

C ([-T,T],XS0).
(iv) For the order o f these operators assumption (A2) holds.
(v) The right hand side f —f ( t ,x ) is an n-dimensional vector valued function 

with coordinates in C([—T, T], Xso).
Then there exists a unique u=u{t, x)=(u1, u2, ..., u„) such that for a suitable

u*ec"« -£ ,e],3 fsi).

Moreover this solution can be obtained by a suitable successive approximation process.
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T heorem 3.2. Suppose that T > 0 , s0>0 and
(i) The matrices Ak are scalars,

Ak = akI  (k =  0,1, ..., N — 1), ak£X S0, AN = /.

(ii) For the polynomial 0(A) in (3.2)

holds.

supp = 0 , 1 , . . .

1
Ш р)\

2?! <  +°°

(iii) The matrices CN _y contain linear differential operator entries with coefficients 
belonging to XSOtT.

(iv) For the order o f these operators assumption (A2) holds.
(v) The right hand side f —f{t, x) is an n dimensional vector valued function with 

coordinates in XSQtT.
Then there exists a unique u=u(t, х )—(щ, u2, ..., u„) such that for a suitable

0 <  e <  T,
uke x , l '  (k = 1, 2, ..., n).

Moreover this solution can be obtained by a suitable successive approximation process.
T heorem 3.3. (i7) Let Ak be arbitrary matrices, AN= I and the entries o f all Ak 

belong to XSo ( i0>0, T>0). Suppose 
(ii7) For the matrix pencil

ß(A )= Z M x )* -kk = 0
sup II Q(p) 1 = + ^p = 0,1 , . . .

holds.
(iii7) =  (iii) in Theorem 3.2.
(iv7) For the order o f these operators assumption (A2) holds with mx =  m2 = ...

••• =  « .  =  0.
(v7) =  (v) in Theorem 3.2.
Then we have the some conclusion as in Theorem 3.2.
Proof of Theorem 3.1.
(a) By Lemma 2.4, equation (3.1) is equivalent to

и = Hc \ f + NZ  CN-jt(D ,t)Ju
L j =о

or

(3.3) iq =
(b) Define

НсШ + Нс\NZ 2 c%-jt(,DttyU\  (i =  1,2...... n).
Lj=o k = 1 '

UUo =  0, Uitl = Hc(fi) (i =  1,2, ..., n),

(3.4) щ,Р+1 =  Н с Ш + h A Y  2  4 - A D ,t)u k \v=0 k = 1 '
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and, for p s i
Vi.p = (D,tN) (uitP+1- u tiP).

(c) We shall prove by induction the inequality

(3.5)
where

„ . ... T. C peNp(t)ppm‘
- H p( O L ^ *  (s0- s ) Np+m> ’

K = K max Ш са -т .п х .),

К is a finite bound existing according to the last assertion of Lemma 2.4, C —NMKn, 
M  denotes the maximum of the Mc-s of Lemma 2.2, evaluated for all linear dif
ferential operators occuring in the CN_j-s.

Taking the difference of (3.4) for p and p +  1 and using Lemma 2.5 we get

v,,p+i(t) =  (Dtt f H c Í J ’ 2  c $ - j tœ cN- J(vk,P)(Ol •
lj=0 k = 1 J

Taking Ts-norms (s< s0) and using again the last assertion of Lemma 2.4 
we get

(3-6) K p +iH*-K 2  2  SUP \\ciN - j^ c ~ J(.Vk,P)(.T:)L-J=0 k — 1 |t|<|f|
(d) Consider a single term in the right hand side of (3.6) and suppose that (3.5) 

holds for p. By Lemma 2.2, for |r |^ |/ |,  0<?/<50—s,

\\c4f-jrjecN- J(Vk,p)(r)\\, ^  \\^cN- J ( V k ,„ m \s+n â

л/kl
■ ^cN- J(\\Vk.P( . r ) l +n)).

Here we made use of the simple inequality

valid for yÇC([-£0, e0]> ^ s), £0>0.
Using (3.5) for vk p and integrating we get

G 7) lie1'* )MII -  M|?l KC’ e»p(tyr>{P+\)i-»
(3 .7 )  ||c w _ y T ^  (Fil,p )(T )|U  _  ^ N _ J + m _ , „ k { s 0 - S - r j ) N P + mk

(e) Choose t]= s0—s . Then (3.7) can be estimated by
M\t\p+1eNpCp (p+ l)N-J+mi~mkP'”k(p + l)J-N

(s0—s)(-N+1'>p+m‘- J U - V
I p + l j

=  M \ t \ W  [ Р ± 1 ] ^ ( , + 1).,

Here ^1+—j< e , and by j0—j < 1, summation in (3.6) yields only the factor Nn.
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(f) Fix s<s0, i0—s < l  and choose e>0 so that

(3.8)
By (3.5) this implies that

CeNz
s0- s

2 vi,P( 0  ( } = l , 2 , . . . , r i )
P = 1

converges in C([—e, e], Xs), whence up converges in CN([—e, e], Xh) to a limit и 
which is a solution of (3.1).

The proof of uniqueness is standard: if м; (/=1, 2) were solutions with the same 
/ then the difference и=щ — и2 satisfied the homogeneous equation. For v=(Dtl)Nи 
we get from (3.4)

»|(0 =  ( A t)NHc \ NZ  2  c% -jarcN-J(vkm ] .lj=0 k = 1 J

Repeating the same argument as in the proof of (3.5) we get

Ik-(OIL — К  max ||t>illc([-r,r],xSo)
C peNp(t)pm‘ 
(s0- s ) Np+mi ‘

Suppose that inequality (3.8) holds and let p -*-oo. Thus y=0, i.e. u=0.
Define w=(D,t)N~1u. By the definition of the space CN, w is continuous. It is easily 
seen that the only continuous solution of D,tw is w—0. Repeating this argument 
{N — l)-times we get u= 0. Q.e.d.

P r o o f  of T heorem 3.2. Note that the time variable is allowed to be complex, 
\ t \s T .  Steps (a) and (b) are the same as above, with HA instead of Hc and Lemma 
2.6 as reference, with scalar Ak matrices.

Steps (c) and (d) should be modified as follows, (c'):

(3.9)
where

K pIL
C”eNp{t)pmi 

K (s0- s ) Np+mI ’

K = B max Ц/ll SOt T 9

C=NnMB. Here В denotes the finite bound existing by the last assertion of Lemma 
2.6 while M  denotes the maximum of all MA- s of Lemma 2.3 evaluated for all linear 
operators occurring in the CN_j-s.

From the modified recursion (3.4) we get

vitP+1(0 =  (D,t)NHA[ 2  2  CN-jt^A ■,K p )(o l • Ly = o k = l J
Taking XSt |,| norms (|t| ^ | í |). 

(3.10) Vi,p+ih,\t\ = B 2 2 \\cn-ĵ a 'OOCOIL,j=0 k = 1 I'l-
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Consider a single term in the right hand side of (3.10) and suppose that (3.9) 
holds for p. By Lemma 2.3, for s,

K k- j ^ A N- J(vk.„)(r)L |,| -  3T^ 2 ,L fc \ № ~ 'Ь к.РШ , +ч. |(| =
Ml

yjN—j + nti + mk

Here we made use of the equality

* ë ~ J{ K ,W L +,.|,|)-

(3.11) \ № л { у ( * ) % . \ , \  = ■ * c ( I M L | , | ) ,
where the operator ЖС1 should be applied to the continuous function ф(t')=\\y\\Sit’, 
/ '> 0, and yÇJ!it(l, £0>0, /=1, 2, ... . Using (3.9) and integrating we get

i»i
M\t\ KCpeNp\t\p pmk(p+l)J-N

rjN - j  + mJ- m k (s0-S -f? )WP + m-<

The remainder of the proof of Theorem 3.1 requires no essential changes. If s 
satisfies (3.8) then

2 4 p(0

converges in Xs e, whence up converges in XSNC to a limit и which is a solution of 
(3.1). Q.e.d.

P r o o f  o f  T h e o r e m  3.3. In the sequel u, v denote vector valued functions, the 
norm of a vector is the sum of norms of its coordinates, HA denotes a matrix-type 
operator (see Lemma 2.6). (3.1) is equivalent to

r N+l I
u = HA \ f + Z  CH.j+iD' tyu].L j = 0 J

Defining up and vp similarly as in the proof of Theorem 3.1, we claim

V,p\\s, T
Сре^р |/|p 
(so—s ) N p  ’

where K=K  | | / | |SiT, К  denotes the bound existing by the last assertion of Lemma 2.6, 
C=NKM  where M  is a positive constant for which

(3.12) IIQv-j.ylU.r —
M

(S2~Sl)N~
II«.r 0  =  0,1,

Such an M  can be obtained by summing the constants MA in (2.6) for fixed / (for 
each operator-entry of CN_j) and taking maximum in j. s0—s<  1 should be assumed 
throughout. We have

< V i ( 0  =  ( D , t ) NH A \ Nz  с » - у ж ” - Ч р р№U=0
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whence

K +ilL |t| N£ \\C N- j ^ - i { v p){T )\\^ . 
j =о

Using (3.11) and (3.12) we get

_ n - i \,\p+i I K C p eNp
I |P P + 1 I U | ( | S  М К Д  ^ N _ J  { p + V ) N - T  { S ( i_ s _ r ] ) N p -

The remaining steps of the proof are the same as above. Q.e.d.
Finally, as a corollary of Theorems 3.1 and 3.2 we prove the following
T heorem 3.4. Consider equation (3.1). Suppose that T > 0, so>0 and
(i) The matrices Ak are scalars, Ak—akI, (k= 0, 1, ..., N — 1), AN = I.

(ii) The roots Aj(jc) o f the polynomial Q(x) ((3.2)) satisfy

Re A,(jc) < A (i =  1,2, . . . ,N )

for x fQ S0. (No restriction on the sign of the constant A.)
(iii) The matrices CN_j contain linear differential operator entries with coeffi

cients belonging to TSOi T.
(iv) For the order o f these operators assumption (A2) holds.
(v) The right hand side f —f( t ,x )  is an n-dimensional vector valued function 

which is x times differentiable, or, more precisely

(3.13) f = * 2 m t i+ t* j( f ,x )
1=0

where f f X S0, f(t, x f f iC a -T , T], Xso).
(vi) =  (ii) of Theorem 3.2.

(vii) A-zx.
Then (3.1) has a unique solution u£Cy([ — c, e], Xs) for a suitable s<s0 and 0 < e <  T.
Proof. For short denote the i-polynomial in (3.13) by f x. Thus equation (3.1) 

may be considered in the form
& *= h+ txJ.

By Theorem 3.2 there exists a uxfX Stt such that SPul—f\ .  Note that after a change 
of variable u—txv the weight of each monomial in the principal part of SA attains x 
and after cancelling the factor t* we get an equation

(3.14) 2A -v= f

where Ф satisfies (Al) and (A2) and the corresponding characteristic roots are shifted 
into the negative half-plane. Hence Theorem 3.1 applies and (3.14) admits a solution 
u£C([—e2, £2], XSi). Putting e=min (sj, e2), j= m in  ( í j , j2) and using the inclusion 
A's>eczC([—6, e ] ,  Xs) we see that ux + t*v is a solution of (3.1). Uniqueness follows 
directly from the uniqueness statement of Theorem 3.2. Q.e.d.
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R emark 3.1. If (vi) does not hold, i.e. there are nonnegative integer charac
teristic values, then Theorem 3.4 fails to be true. For the solvability of (3.1) the 
Taylor polynomial of /  should satisfy certain semi-algebraic, (i.e. algebraic with 
respect to the variable t ) conditions — these are the compatibility conditions in [1]. 
In this case a Fredholm-type alternative holds.

R emark 3.2. If all conditions but (v) hold, i.e. the only failure is the non
smoothness of / ,  then a  solution to (3.1) still exists in the distribution sense.

R emark 3.3. If the order of differentiation with respect to the variables x 
exceeds the bounds of (A2), then similar results can be proved for functions belonging 
to suitable Gevrey-spaces (see [6]).
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APPRAISING THE CENTRALITY OF VERTICES IN TREES

by
P. J. SLATER

Abstract. Pollák and Ádám have asked if there exists a tree in which the center, centroid 
and end vertex centroid are pairwise disjoint. An affirmative answer is given, and it is shown that 
these sets can be made non-collinear and arbitrarily far apart in trees.

Let Г be a tree with vertex set V(T). The terminology and notation of [2] will 
be used whenever possible. In particular, the distance in T  between vertices и and v, 
denoted d(u, v), is the number of edges in the unique и to v path. The eccentricity 
of ud V(T), denoted e(u), is defined as

e(tt) =  max {d(u, v): vÇ_V(T)), 

and the distance of ud V(T), denoted d(u), is defined as

d(u)= 2  d(u, t;).
юегчг)

Further, bw(u) denotes the branch weight of u, and bw(u) is defined to be the largest 
number of vertices in a component of T —u.

The sets of vertices at which these functions are minimized are respectively 
known as the center, centroid and branch weight centroid of T. An early study of 
these measures of centrality showed the following.

T heorem  1 (Jo r d a n  [3]). Every tree has a center consisting of either one vertex 
or two adjacent vertices; every tree has a centroid consisting of either one vertex or 
two adjacent vertices.

More recently the last two sets were shown to be identical.

T heorem  2 (Z elin k a  [5]). For any tree T the branch-weight centroid o f T  is the 
centroid o f T.

In many places, such as D eo [2], it has been noted that when using trees one 
is “generally interested in computing the sum of the distances of all end vertices 
from a given vertex и”. That is, if РЯ) V(T) is the set of vertices of degree one in T, 
then one is interested in 2  d(u, v). More general measures of centrality in which

V iP
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S is any subset of V(T) are examined in [4]. Two of the functions examined are the 
following. The S-distance of и is defined as

and the subset of vertices with minimum S-distance is called the S-centroid. The 
S-branch weight of u, denoted bws(u), is defined as max |SD2?| where В is the vertex 
set of a component of T —u, and the S-branch weight centroid is the set of vertices 
in T  of minimum S-branch weight.

Theorem 3 ([4]). For any tree T  and any SQ V(T) the S-branch weight centroid 
o f T  is the S-centroid.

Theorem 4 ([4]). For any subset S of the vertices o f a tree T the S-centroid of 
T consists o f the vertices o f a path in T.

In ádám [1] five functions measuring the centrality of a vertex are considered. 
The sets of vertices determined to be most central by these functions are the center 
in two cases, the centroid in one case, and the P-centroid in two cases (where P 
is the collection of end vertices). [1] concludes with a question suggested by 
G. POLLÁK.

P roblem. Does there exist a tree in which the center, centroid and P-centroid 
are pairwise disjoint?

Theorem 5. For any fc ë l  there exists a tree Tk for which the center, centroid 
and P-centroid are pairwise separated by distances greater than k, and no path in T  
contains a vertex o f each o f these sets.

ds(u) =  2  d(u> v)>

Q U2h*6

О U1 
<> uo

Figure 1. A tree with disjoint center, centroid and end vertex centroid.
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Proof. Consider tree Tk in Figure 1. Selecting h ^k /2  and y'=5A+15, it suffi
ces to show that the center is {ы0}, the centroid is {u}, and the P-centroid is
{Wj, ív,, w3, w4}.

Since e(u0)—2h+6, е(и,)=2А+6+/, and ут^щ (0 s/s2A  + 6) implies that 
d(y, u2h+e) = e(y)^2h + 7, one has that {и0} is the center.

Making use of Theorem 2 to determine the centroid, one has bw(v)=2j, bw(vt)= 
= 4 /'and bw(v()=4j— 1 for 1 S/Sy, and for any other vertex y  one has b w (y)^2 j+ 1. 
Hence {f} is the centroid.

Similarly one can make use of Theorem 3 to determine the P-centroid. One 
has bwP(Wi)=j+2 for l ^ / ^ 4 ;  for O ^iS j+ 2  one has bwP(w'i) = 2j+3; and for 
any other yÇ. V(T) one has bwP(y)^ j+ 3 . Hence {w1, w2, w3, w4} is the P-centroid.
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A STRONG LAW OF LARGE NUMBERS AND SOME APPLICATIONS

by
L. GYŐRFI, Z. GYŐRFI and I. VAJDA

In this paper a simple generalization of the strong law of large numbers is 
presented, and its interesting applications have been found in various fields, namely:

— density estimation based on non-stationary and dependent samples,
— for Neyman—Pearson decision the estimation of error probability of second- 

kind,
— estimation of asymptotic error probability of convergent sequences of 

decision functions,
— estimation of optimal risk for risk minimizing procedures.

1. The Law of Large Numbers

Let (Q, Ж, P) be a probability space and H  a separable Hilbert space with 
the norm || • || and the inner product ( •, • ). Let Ж  denote the c-algebra of Borel 
subsets of H. Let  ̂ be a random element taking values in (Я, Ж), for which E ||£|| < 
<  +°° and let S ' f s i  be a c-algebra. Then the definition of the conditional expecta
tion of £ with respect to Ж is the following: For all f£ H  ( /, E[^,/#']) =  E [(/, £)/Ж], 
and the expectation of t; is E[ç/{0, Í2}] ([1], [2], [3]).

Let {£„}, n = l, 2, ... be a sequence of random elements taking values in (H, Ж,) 
such that E||iJn||<+oo, n—\, 2 , . . . .  Moreover, let {Жп}, и=1, 2,... be monotonically 
increasing sequence of cr-algebras such that is measurable with respect to 3Fn, 
и = 1, 2, ... .

T h eorem . Assume that there exists a random element Ç for which

(10 lim ||EKn+1/ ^ J —£11 =  0 a.s.
П-+ OO

or

O 'O lim
Л-t-oo

-  m - zn i=1 =  0 a.s.

Finally, let {Xn}, n= 1 ,2 ,... be a sequence o f random elements defined by

(2) Xn+i — Xn(l —уп)+у„£„+1 , n =  l , 2 , ...
where Xx stands for an arbitrary random element for which E || Y,|[ <  +°°, and {y„}, 
n = l, 2, ... is a sequence o f positive numbers for which

(3) П  ( 1 — Yn) = 0
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and

(4) Í t f E | |E [ c „ W ^ W I,+1ll2 <  +  ~ .
П — 1

Then (Г ), (2), (3) and (4) imply that
(5) lim P f ,—£ | | = 0  a.s.

П—-0о

and, for У п = ^ j ,  (1"), (2), (3) and (4) imply (5).

2. Applications

2.1. The Kolmogorov Theorem and the Law o f Large Numbers 
o f Komlós and Révész

In this section let Я  be the R* space. Let {£„}, л —1, 2, ... be a sequence of inde
pendent random vectors with mean {mn}, n—I, 2, ... and variance d%=E||^„—m„||2, 
n— 1, 2, ... , so that

(6)

and

||1  »
lim — 2Î Щ—т n-°° Il n ,=i

=  0

n éA n + i) +<

then, by the Theorem, it is easy to verify that if

(7) 
then

(8)

1 "
П n=l

lim ЦЛГП—m|| =  0 a.s.

(Since if ^1=X1 and , then Xn+1=Xn(l-y „ ) + y„tn+1, n= 1, 2, ... .)

This proposition does not guarantee the convergence (8) in case of d„ — ÿ l +и. 
Now let mn=m, n = l, 2, ... . R évész and Komlós [4] showed that if we con

sider, instead of (7), the following weighted average

2  Ш
(9) Хп =  Щ -------

2 W/=1
then the sufficient condition for (8) is

( 10) 2i=1
l/df =  +  oo.
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Now we show that (8) can be proved by the Theorem also in case of lim \\m„—m\\ =0.
П— o o

In order to verify this we have only to consider the choice

„ J A g + iin n + 1
2  W Ît =* 1

n = 1 ,2,....

(9) can be written in the form

Хп+1 = Х „(1-Уп) + уп^ +1, n =  1 ,2,...
and (10) implies that

77 (1 ~7n) = 0Л = 1
and by the Abel—Dini theorem

2  7nd2„ <  +П —1

2.2. Density Estimation by Non Stationary and Dependent Samples

Let {rjn}, «=1,2, ... be a sequence of random vectors taking values in (Rw, â$N). 
Suppose that the conditional distributions

Q„(^) = P(ln€A/ri1, ...,rtn. 1), n =  1,2, ...,A<i38N

are regular and dominated by the Lebesgue measure Я, n= 1, 2....... /„ denotes the
corresponding density

fn =
dQn
d l n = 1 ,2 ,....

Now let H = L2(RN,dSN,X) and suppose that f ndL2, n= 1,2,... a.s. Choose the 
function h£L2 such that

J  h (x) X (dx) =  1

and, if {c„}, n = 1,2, ... is a sequence tending to 0 then let

Кя(х, n = l ,2 ,. . . ,^ ,y € R w.
c n '  c n '

Finally, define {X„}, n=  1,2, ... as a sequence of random elements taking values 
in L2:
(11) Xn+1 = Xn( l - Уп)+у,Кп(.,г ,п+1), n = 1,2,...

where Xl = x£Li is arbitrary and {y„}, n= l, 2, ... is a sequence of positive numbers 
and, for {y„}, « =  1 ,2 ,... ,  satisfying (3).
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The properties of the algorithm (11) has been often scrutinized when {rj„}, 
n = 1,2, ... is a sequence of independent and identically distributed random vectors, 
and under some further conditions

(12) lim \\Xn- f \ \  =  0, fn = /, n =  1 ,2 ,... a.s.П-*- oo

is proved ([5], [6], [7]).
Now, we consider the non-stationary, dependent case:
Corollary 1. I f  for a f£ L 2

(13) lim ЦЛ-/Ц = 0 a.s.
П —» -o o

then (12) holds for the sequence {X„}, n= 1, 2, ... defined by (11) supposing that

yl(14) + lim c„ = 0.

C orollary 2. Assume a f(LL2, for which

(15)

Choose = 
thermore

lim
П со 7  2 / « - /n i=i

=  0 a.s.

n—1,2 , ... and the sequence {c„}, и = 1 ,2 , ... satisfies (14), fur-

(16)
and

(17)

lim - Í2 -  =  1
n~“ ri.+i

sup — 2 ” »« n i=l 4 + 1
- 1 <  -j- OO

а /г г / í /г е г е  e x i s t s  а и  e > 0  аи с?  й > 0  smc/z that for all \a—1 | < г

(18) J* |а^/г(ах) — fo(x)|A(rfx) ^  h|aN —1|

then, for the sequence {Xn}, n=  1, 2, ... , (12) holds.
Considering the following three lemmas and the Theorem, the statements of the 

Corollary 1 and 2 are obvious:
Lemma 1. (13) and lim c „ = 0  implies thatП—► oo

lim 1!E[AT„(- , tin+J/rh, ...,i?nl-/ll = 0  a.s.П-*- oo

Lemma 2. (14) implies that

2  « * : „ ( . ,  
n = l hn+dhi, -  , '7JI2 <  +  <
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Lemma 3. Under the conditions of the Corollary 2

lim
n i=1 =  0 a.s.

(The proof of these lemmas can be found in the Appendix.)
Remark 1. For the sequence с„=(1/л)“, л = 1 , 2, ... the assumptions of Corol

lary 2 hold if 0 < a < l /N.
Remark 2. For example, (18) is met for

if *6 [-1/2, 1/2],
h(x)

and for
■ii0 otherwise

1 - í ih(x) = - = e  2 (N =  1).
\2n

Remark 3. For the sample щ, г)г, rj„ satisfiyng the conditions of Corollary 2 
let us consider the case when цг, r\2, ..., rj„ is strictly stationary, ergodic, Markov 
sequence of random variable such that the transition density — denoted 
by g — is square integrable and its L2 norm has finite expectation. In this case

1 "
/„(■*, ЧиЧг.......hn-i)=g(x>t1n-i)- The average — 2 8 ( '> Ч к -1) tends to the com-

n k= 1
mon density of t]„ in L2 norm since the following version of ergodic theorem can be 
verified by a simple generalization of [12]. Theorem 3: let £!,e2, ... be a strictly 
stationary and ergodic sequence of random element taking values in a separable 
Hilbert space and having expectation, then

lim
«-►co — 2 * i - E£i n ; =1 =  0 .

2.3. Estimation Error Probability o f Second-Kind for 
Neyman—Pearson Decision

Let >j and ( be random elements taking values in the measurable space ( Y, <&). 
Let denote Qn and Q their distribution respectively.

The Neyman—Pearson problem is the following: Considering a given number 
O á a á l ,  determine the set for which

where
Q fA ) = inf Q((B)

<&' = {B\B<i<y, 1 -Q ,(ß )^ a }
According to the Neyman—Pearson lemma the solution is as follows: let ц  be a

measure on (Y, <&) such that Q,,, Q;«:/i and =  and f  = ~^~  denote the 
Radon—Nikodym derivatives and

A = A(c) { y / y C
r M y )  
’ М у)
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where c is a real for which A(c)Ç_'W1 and for all Qll(B )sQ n(A(c)). Consider
the case when there exists a ca which is the solution of 1 — Qn(A (c))=a. Assume a 
sequence of random elements {q„}, n = 1,2, , having the same distribution as q,
and a sequence {C„}, «=1, 2, ... of real random variables so that C„ is measurable 
with respect to {qlt ..., q„} and
(19) limC„ = c* a.s.

П-*- oo

(For instance the sequence {C„}, л = 1,2, ... can be generated by the following 
stochastic approximation algorithm :

(20) C„ + 1 =  C„ -  /„ [y^n + 1<t л (c„)} -  a],
« =  1, 2, ... Сг=с; stands for the indicator of the event {•}, and the sequence 

{Я„}, « =  1,2 ,... fulfils 2 ^ n=+°°, Í ^ < + ° ° . )  moreover let a sequence {£„},
n = 1 n = l

n — 1, 2, ... of random elements be given having the same distribution as Ç. Let us 
suppose that the pairs {(q„, £„)}, л=1, 2, ... are independent.

The question is how to estimate Qr (A (ca)), the error of the second-kind when 
the sequence {C„}, n —1,2, ... and the sequence {£„}, «= 1 ,2 ,... are only given.

Corollary 3. If Q? (A (c)) is continuous in c* then, for the sequence {X„}, 
n— 1, 2, ... , defined by X1= x 1,

X„+i = Xn(l Уп)F УвХ{С„+х€A(C„)}> n = 1, 2, ...
we have

lim Xn= Q((A(cx)) a.s.
П-*-оо

provided {yn}, «=1, 2, ... ,

(21) Ул — + °°> ^ ’Ул< +  °°-n=l n—1

This statement is a trivial consequence, observing that

E[Zk„+1£A(c„)}|Ci , •••> CB> 'll» •••> '/J  =  Qcí-^ÍQ))-

2.4. Estimation o f the Asymptotic Error Probability of Convergent 
Sequence of Decision Functions

Consider the following Bayesian decision problem: let t] be the observation, 
a random element taking values in the measurable space (Y,<&) and q, a random 
variable taking values in the set {1,2, ...,M }. An arbitrary D: У— (1,2, . .. ,M } 
measurable function is called decision function and

P(2>0l) *  (?)
stands for its error probability. The minimization of this error probability in D 
is the Bayes decision which uses the conditional distributions of q given q. How
ever for practical problems (i.e. pattern classification) these distributions are unknown 
and only a labelled sample {(q„, g„)}, «=1, 2, ... is given, where {(q„, g„)}, « =  1, 2, ...
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are independent and have the same distribution as (q, g). Solving this problem, 
a sequence of decision functions {£>„}, n= \, 2, ... is generated so that, if y£Y, then 
the random variables D„(y) is measurable with respect to {0h> öi)> •••> (in> Ön})- 

Suppose now that, for a D : У—{1, 2, ..., M } decision function, the sequence 
{Д,}, и = 1 ,2 ,... converges to D in the sense that, if P„ — P(Dn(q)^g\(ql , g j, ... 
• ••, (ri„, Q„)) and PD = P(D(q)-^g), then

(22) lim Pn — PD a.s.
n-+oo

Corollary 4. I f  the sequence of real random variables {Xn}, n —1,2, . . .  is 
given by

X.+i =  В Д - 7 j+ y mXu>„b„o+'„4, n =  1.2,... 

then (22) implies that
lim Xn =  PD a.s.
n — CO

supposing that (21) holds for the sequence {y„}, n=  1, 2, ... .
(Obviously, because

E [ X ( D n (4n + i ) ^ i „  + i)  l ( 7 l >  0 l )>  •••> 0 / j n  ö n ) ]  Pn)-
Such kind of statement is given by Wolverton with respect to the nearest neighbor 
decision rule [8], and by L. G yőrfi [9] generally with assumption differing from (22).

2.5. Estimation o f Optimal Risk for Risk Minimizing procedures

Let (У, ЧУ) be a measurable space and L be a real function defined on the product 
space ( У х ^ Д Х ^ ) .  Supposing that q is a random element taking values in 
( Y, $0, we define the real function К as

K = EL(rj, •)

The cost-minimization task is to find the extremum of K. Suppose that the gradient 
of the function L(y, •) exists for all y£ Y, and it is denoted by / :

Finally, let
f ( y ,  0  =  gradL(y, •), y£Y . 

R = Ef(q, -).

Suppose that the gradient of К exists and it equals to R. If we are given a sequence 
of independent and identically distributed random elements {qn}, n= 1, 2, ... , hav
ing the same distribution as q, then the usual stochastic approximation can be used:

@n +1 — @п~Л„/(г]п + 1,вп).

Assume that the conditions of the convergence of {0„}, n = 1, 2, ... are met ([11]) then
(23) lim ||0,,-0|| = 0 a.s.П-~оо
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It would often be necessary to know the optimum risk value К(в). Now we show 
how to estimate K{9) if the observation of the {/?„}, n= l, 2, ... and {0„}, n=  1, 2, ... 
are only possible. Ultimately, suppose that (23) holds for the sequence {0„}, n =  1, 2,... 
and в„ is measurable with respect to {th, ..., qn}, и= 1 ,2 , —

C o ro lla ry  5. I f  the function К is continuous at the point в then, for the sequence 
{Xn}, и = 1 ,2 , ... defined by

Xn+1 = Xn( l - y n)+y„L(ri„+1, 0„), n =  1,2, ... ,

Xi = xÇ_R', it holds that
lim X„ =  K(9) a.s.

П-*-оо

supposing

2  =  + 00 n—1
and

0„)- K(9n) f  <  +  - •И = 1

(Observe that E[L(r]n+1, 9„)\t]1, ..., цJ=AT(0„).)

3. Appendix

First of all we need the following generalization of the Toeplitz theorem proved 
by F r it z  [10].

L emma 4. Consider an array {C„(i}, i, и =1 ,2 , ... o f bounded linear operators 
on H. Let Cn>i=0 i f  i>n. Assume that the subsequent conditions are valid:

(24) l i m 2 C n>i =  CИ-̂ °° | = 1

pointwise in H, where C is a bounded linear operator on H,

(25) lim ||C„ ||| =  0, i =  1,2 ,...
П-*- 00

moreover

(26) sup 2  IICJI <  +  “n 1 = 1

then, i f  for a sequence {/„}, n = l ,  2, ... and an element f  in H

l i m  I I / . - / I I  -  0 ,П-* 00
then

(27) lim
П-+-00 /=1

=  0.

S tu d ta  Scientiarum M athem atic arum  Hungarica 12 (1977)



A STRONG LAW OF LARGE N U M BERS A ND SOM E APPLICATIONS 241

I f  furthermore 

(28) 
then

sup 2  illQ ,, —C„>i + 1|| <  +  oo
" í=1

lim 1 n
i  2  f i - fn / = 1 = 0

implies (27).

P roof of T heorem . Introducing the notation 

(29) Yn+1 = T„( 1 — y„) +  y„E[£„+j/&„], n = 1, 2, ....

Yx= ЕХг, it is easy to check by induction that

Yn+1 =  2 С , , , Е К 1 + 1 / # а ,  В  =  1 , 2 , . . .
where

C M  =
УÍ I I  (1 — Vj)I if i <  n,

J=l+1
y,I if Í =  n,
0 otherwise.

It is easy to verify that conditions (24), (25) and (26) of the Toeplitz theorem (Lemma 
4) hold (C=I) so (Г) implies

(30) lim IIYn-£ || = 0 a.s.

If y„= ——  then f°r tt,i=  1,2, ... (28) holds too, so (1") really implies (30). 
Let Un—Xn— Yn, и=1, 2, .... Then

Un+г = 2  CB>i« i+1- E K i+1/ m  « =  1,2......i = 1

Because of (30) we have only to show, that

lim ИС/ J  =  0 a.s.
Obviously

(31) E||t7„||2 — E 2  C B _ 1 > ( ( í i + 1 - E [ í í + 1 | ^ ] )

=  E  2  I I C n - 1 , i ( £ i + 1 - E [ £ i + 1 | J ^ . ] ) l l 2  =
1 =  1

=  2 B C . . l l l | | » E | | € l + 1 - E K < + 1 / ^ J B i .i = 1
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Applying the definition of {C„if}, n, /=1,2, ... and (3), (4), Lebesgue’s dominated 
convergence theorem implies that

(32) lim E||i/n||2 -  0.
П — oo

Consider the sequence of random variables {V„}, n = 1, 2, ... defined as

vn = i i t / j2- i=i
n — l, 2, .... It is easy to check that the sequence {(V„, #"„)}, n—1, 2, .... Is a super
martingale and because of (4) and (32) there exists a number M  such that

+ и =  1,2........
This implies that there is a real random variable V for which

lim V„ = V.
П-+ o o

However, (4) implies that

iy ? E [ | |£ i+1-E fê l+1№ | ^ ]  <  + ~  a.s.
1 =  1

therefore

lim \\UnV = K+ iy j^ [ ||Ê 11 + 1- E f ê и̂ J W,̂ -“ n= 1

P roof of Lemma 1. Let {L„}, n= \, 2, ... be a sequence of the linear operators 
in L2 so that for any g£L2

(33) L„g = f  Kn(-,y)g{y)X(dy), n =  1,2, —
Then, as
(34) Ъ[Кп{-, fln+1)/rh, = L„/„, n =  l,2 , ... .

We have to show that for (14) and lim c„=0

lim ||L„/„-/|| =  0 a.s.
П- *-oo

This follows, however, from the fact that, for the sequence {L„}, n= \, 2, ....

lim ||L„/—/И =  0 a.s.
П-+со

(see e.g. [7]) and that

l|L„/„—L„/|| l|L„|| ||/„—/II S  f  \h(x)\k(dx)\\fn—f\\.

P roof of Lemma 2. Because of condition (14) it is enough to show that

!l№
E [ K ( . ,  r,n+1)-E [K n(-, « /„ „ ) /» ? ! , r f M , .... »/„] s  i f .
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Obviously

— Е[||ЛГ„(*, ri„+i)\\2lrii, ífiJ =

-  V  { ^ ] ш щ х ) 1 ( с ! у )  = Ä .

Proof of Lemma 3. Let {Сл>1}, n, j= l ,2 ,  ... be an array of operators in L2 
defined as

c  . = R Ll’ if i s "''-n, i —
0, otherwise,

where the sequence {L„}, « =  1,2, , is defined by (33), then we have to prove that

(35) lim 2 W/=1
- 0 a.s.

For this purpose we use Lemma 4. In the proof of Lemma 1 we have shown that

lim 2  C„.t =  IЛ-°° / = 1
pointwise, and

l|C„,,|| — ~ f  1 h( x ) \ Hd x ) .

First of all, for any g£L2,

lic„,g-c„,„rt = ^ / { / [ ^  * ( ^ ) - i  * f e ) ]  »0W «w }V ) =

=  2) -  л (z)] ? (x - c‘z)1 ̂ z)} * № ) =

=*//{[£* (£ •)-»»] [£* (£ •)-*«] •
• J g(x — Ci U) g( x—cfd) Я(í/jc) | l ( d u) h( d v )  S

4 .|rf!{/llií(d 2)-M2)lí№,r
Thus from condition (18) we obtain 

Therefore (18) implies that
Q,, j+i-  Cnil|| ^  —

c?----1
c{+1

sup i||C„,i-Cn,i+1|| <  + “ . 
n / = 1

We have verified the conditions of Lemma 4, consequently (35) is met.
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ON REPLACING COMPOSITE HYPOTHESES BY SIMPLE ONES

Summary: Huber and Strassen had shown in 1973 (cf. [1]) that minimax-tests 
between two composite hypotheses can be reduced to tests between simple hypotheses 
of a fixed representative pair which is independent of the level of significance, if 
the two composite hypotheses are described in terms of 2-alternating capacities. 
In this paper we extend their result to the case of more than two composite hypotheses 
0j, , вп showing that they can be replaced by simple hypotheses PI, ..., P*. In
addition we give an example showing that, in general, these simple hypotheses can
not be chosen independently of the level of significance, even if all the composite 
hypotheses 01; ..., 0„ are described by 2-alternating capacities.

Introduction: Let M  be a Polish space and 91 the system of its Borel sets. Further 
let p be the set of all probability distributions on (M , 91) and 0t , ..., 0„ n disjoint 
subsets of p. The generalized Neyman—Pearson problem for composite hypotheses 
may be formulated as follows: Given the n hypotheses 01; ..., 0„ and a vector of 
significance a=(als ..., a„_j) (af€[0, 1]/=1(1)« — 1) one has to find a test 
<Р«€Ф:={<Р (M ,9ib([0, 1], 93П[0, 1])} satisfying both

Lehmann [2] had given a solution to this problem for the case of simple hypotheses.
The case of composite hypotheses, n = 2, had been successfully attacked by 

Huber and Strassen [1]. They showed, under certain assumptions, that the com
posite hypotheses Oj and ()., can be replaced by properly chosen representative simple 
hypotheses P* and Pf. This means that in finding optimal decision functions one 
can reduce the case of two composite hypotheses to that of two simple ones. In 
this paper we will extend this result to the case и ё 2. More precisely, we will show 
for a class of composite hypotheses that they can be represented by single measures

b y

N. KUSOLITSCH

and

with
Ф* := {<р€ Ф'- sup J  (p dP ^  oCiV i =  1(1) n — 1

»,

P.........p„, P?£Qt, such that

sup inf J  cpd P = sup
<p: J vdPfs ix , ,  V /= l( l)n —1

holds true (see Theorem 4).
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Huber and Strassen also proved that the pair P%, P£ can be chosen independently 
of the “level-vector” a. Unfortunately this result can not be extended to the general 
н ё 2 case, as is shown by an example.

The replacement o f the composite hypotheses by an n-tupel of distributions: We 
assume all 0t to be convex and dominated by a c-finite measure p. We will consider 
the topology on p, for which all functionals Lf (P ):= JfdP  with bounded and con
tinuous / :  Af—R are continuous. This topology will be called weak topology, and 
we assume all to be compact in this sense.

We will use the minimax-theorem of the game theory and a theorem on the 
Lagrange-multipliers. They are recalled as Theorems 1 and 2:

Theorem 1 [4]. Under the assumptions:
a) U, V convex subsets o f linear topological spaces,
b) U compact,
c)  / :  t/X K -R  concave-convex,
d) / (  •, v): U-*R upper semicontinuous (USC) for every vf_ V, 

the following equality holds true:
sup inf f(u, v) =  inf sup f(u , v).

Checking the assumptions we get the following important 

C o r o l l a r y  1 . sup pnf J (p d P +  — sup J <p d / 5) ]  =

inf sup [ J <p dPn+ 2  f e; ( a i - / <P dPij\ V o t i €  (0,1), fc,  S  0, i =  1 (1) n — 1.
X о, ф 1=1i = l
P r o o f . Ф is a weak* compact subset of the set L„(p) of p-ae ( = almost every

where) bounded functions.

Furthermoref(q>; Plt ..., Pn):—J  (pdPn+ 2  k i(xi ~ f  <pdPi) is linear and there
fore concave-convex in cp and (P1, ..., P„). Because the set c(p) of bounded, count
able additive set functions is isometrical isomorphic to the set Lfip) of /r-integrable 
functions, the equality lim f  cpnd P = ( tpdPi Р С р П с ( р )  holds true for every sequence

n->oo V V
of tests ((p„), which is weakly convergent to a test cp. Therefore f(<p; Рг, ... ,  P„) is 
an USC function with respect to the weak* topology on for every fixed n-tupel
(Plt . . . ,  Pn). So all assumptions of Theorem 1 are satisfied.

Theorem 2 [3]. Let X  be a linear vector space, Q a convex subset o f X, f  a real
valued concave functional on Q and {g(; i~  1 (X)m) a set o f real-valued convex mappings 
on Q. Assume that Q contains a point x1for which £;(х,)<0 Vi= 1 {\)m, and assume 
that <i0:=sup {/(x): xÇ Q, g;(x)S 0 V/= 1 (l)m | is finite. Then there are nonnegative

m
numbers knt i=l ( l )m such that /i0 = sup [ f(x )~ 2 1  k<ISi(x)].

х€П i=l
Furthermore if the supremum p0 is achieved by x0d Q, gt(x0) S 0 V/ =  l(l)/n ,

m  m
then 2 khi(.x0) = 0 and f ( x 0) ~  £  k"gt(x0) = p0.

/ =1 1=1
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Corollary 2. For every vector a:= (a i, . . . ,  a„_i)€(0, l]"-1 there exist non- 
negative numbers к* /=1(1)и— 1, such that

sup inf JcpdP = sup [inf J(pdP+ 2  sup J<pdP}].

Pro o f . The corollary follows immediately from Theorem 2 if we set

X =  L^in), Xi = <рг =  0, Q= Ф, / ( • )  =  inf f - d P  and & (•) =
К J

= sup J - d P —a,, i= l ( l ) n  — 1.

Theorem 3. For every vector aÇ(0, 1]"_1 and all nonnegative numbers k,, 
/=1(1)и  — 1, there exists an n-tupel (P°, ..., P°) from  X в, such that

/=i

sup [ f  <pdP2+2  kt ( « ; - / <pdP?)] =  inf sup [ f  (p dP„ +  Д  к i f a - f  <pdP^.
X »,

Л — 1
2
i= l

P ro o f . Let Фс be the set of continuous decision functions cp. The functionn
f(yp; on X 0i is continuous with respect to the weak topology. Therefore(=i
supf((p; . , . . . , . )  is lower semicontinuous (LSC). Taking into account that the con- 
tinuous functions are dense in Lf v )  (v a regular measure) one can show that 
sup /(<?; P i, ..., P„)=sup/(<p; P1.......P„) for every fixed /г-tupel (Pls ..., P„)£ X в,.
«-c * n  1=1

Because of that sup /(<p ;   ...... ) is LSC, too. This implies the existence of an n-tupelФ
(Pi, ..., P„°)e X et such that sup /(ç>; P°, .... P°) = inf sup /(<?>; Px, ...,P„), since

ф  n Ф

i = 1
all 0,- are weakly compact.

By means of these theorems we can formulate our main result.
T heo rem . For every vector ot£(0, l]"-1, there is an n-tupel (P“, ..., P “)£ x

i=i
/or н’/г/с/г

sup inf J" cp dP =min sup J  (pdPn= sup f  <pdP'„.
®« "  <p: f  v.dP,**, V i = l ( l ) n - 1  JvdPfSot, V t = l ( l ) n - 1

Pr o o f . Because of Corollary 2 there are и — 1 nonnegative numbers k\ for 
which

sup inf f  (pdP = sup[inf f  (p dPn+ 2  kfi«,- —sup f  <pdPX\.
Ф, вп J  Ф L вп J i =  l  v et J n

It follows from Corollary 1 that this expression is equal to inf sup \ f  cp dP. -f-
n ф  L Jxet

1 <al 
+ 2  k ï fa —JtpdP^ , and Theorem 3 implies the existence of an «-tuple (Pf, ..., P*)
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such that the infimum above is equal to sup [ f  cpdP* + k ï ^ - f  cpdP^ ]. So

we get

sup inf J  (p dP =  sup [ f  (p dpxn+"2i k î f a - f  <pdPÏ)].

This implies
sup inf J (p dP s  sup J <pdP*.
ф « 9"  <p: ftpdPf S a ,  V/ =  l ( l ) n - l

On the other hand, we get

supinf J (p dP ^  sup f  (p dPn ^  sup J cp dPn V(Pi, ..., P„)€ X 0/,
ф « e"  <j>: J p d P (s « i  V / = l ( l ) n - l  i= 1

which completes the proof.
The above used technic of Lagrange-multipliers is adequate to the dual-program

ing technic used by K r a fft  and W itting  [5] to solve the case for n=2.

H u b e r  and Strassen  had shown [1] that the representation (Pi, P |)  may be 
chosen independent of a in the case n = 2, provided the hypotheses are described 
by 2-alternating capacities. In what follows we will present an example, showing 
that, in general, this condition does not ensure the existence of level-independent 
representation.

At first we recall a definition.

D efin itio n . Let M  be as before and let Iм denote its power set. A function 
V: 2M [0, 1] is called 2-alternating capacity if

(i) p(0)=O, v(M) = 1.
(ii) dc5=>!)(d)Sr(5).

(iii) If Л;с:М, i=0, 1, ... and A„jA0 then v(An)\v(A0).
(iv) If Fn, P0Ç(5VnÇN, Fn\F0 then v(Fn)[v(F0) where g  is the system of closed 

subsets of M.
(v) v(A{JB) + v(ADB)^v(A)  + v(B).

Let v{ i=l ,  2 be two 2-alternating capacities and let the hypotheses 0ls 02 be 
of the form 0 ,=  {P€p; P(A)^v(A)  VAÇW}. Then the main result of H u b er— 
S t r a ss e n  [1] is that there exists a pair of “uniformly least favourable” distributions 
(Po, ßo)€öiX02, such that

sup inf f (pdQ=  sup f  (p dQ0 Va£[0, 1].

/ в* J r "(pdP̂ a <p: I <pdP0̂ a
°1

The following counterexample shows that this result cannot be extended even 
to the case n — 3.

E x a m pl e . Let M={1,2}, <Я=2М, 01 =  {P1:= ( 1,0)}, 02= (P 2=(O, 1)}, 03 =  
=  { ß = f e , l - i ) :  ?€[l/3, 2/3]}.
S tu d ia  S c ie n t la r u m  M a th e m a tic  a r u m  H u n g a r ic a  12 (1977)
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These hypotheses can be described by the following 2-alternating capacities.

A\ Vi(A) ”2(Л) р3(Л)

M 1 1 1
0 0 0 0

{1} 1 0 2/3
{2} 0 1 2/3

It is easy to see that these three functions are really 2 alternating capacities.
We will show by direct computation that no triple (Plt P2, Q) can represent 

0i, 02, 03 for the “level-vectors” a '= (l/6 , 1) and a"= (l, 1/6) at the same time. 
First we consider the case a '=(1/6, 1): 

r
sup ! l£f J V dQ =  SUP >nf Up(l)q + (p(2)(}-q)] =

v.fipdP^Y 3

( l  2 , 1\
-  s u p , ( 6 - T + b l )p: <jp(l)=—

s_
18 sup f  tpQ'

V- <P<X)=—О

with

But sup J (p dQ" with ß " = f y , - ^ - j  is equal to
<p: f VdP1* j

Analogous we get for a"= (l, 1/6)

sup in i f cpdQ=  sup J<pdQ" = - ^  c
<p:f<pdP2s — ф: ç>(2)=—

13 
18 '

su pJ< pdQ ' = ^ .
4>(2) =  -
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A CATEGORY-THEORETICAL CHARACTERIZATION 
OF SURJECTIVE HOMOMORPHISMS OF PARTIAL ALGEBRAS

by
ANA PÁSZTOR

In t r o d u c t io n . A central problem in the investigation of partial algebras is 
the importation of the Birkhoff-variety concept and the theory of the Galois con
nections related to it from total algebras to partial algebras (cf. Slo m insk i [10], 
K erkhoff [7], H öft [5], B urm eister [3], Poythress [8], Jo h n  [6], A n d rék a— N émeti 
[1, 2]). This importation was done with tools of partial algebra, but with tools of 
category theory too. The second way of importation resulted in a generalized identity 
concept which is the function of three operators : H — homomorphic image, 5  — sub
algebra and P — product operators (cf. A n d r é k a — N émeti [1, 2]). Choosing for 
H  the weak homomorphic image operator and for S  the strong subalgebra operator, 
Andréka—Németi got a generalized version of the so called “strong identities” 
(cf. H öft [5], B urm eister [3], Jo h n  [6]) which were the first step in the investigation 
of partial algebras (see Sc h m id t  [9]).

In the last ten years the category theorists tried to find an adequate category 
theoretical generalization of the concept of weak homomorphic image or with other 
words of that of surjective homomorphism, since they discovered that in (total) 
varieties it is different from that of epimorphism (cf. in variety of semigroups). 
The class of strong epimorphisms (Hs) is in total varieties exactly the class of surjec
tive homomorphisms, but even in similarity classes of partial algebras they doesn’t 
coincide. In A n d r é k a — N émeti [1,2] the authors give the definition of relative 
epimorphism, which is a good generalization of the surjective epimorphism, but 
which is, since defined by help of special objects, somewhat too “local” . I tried in 
this paper to give a “global” definition of relative epimorphism, which is easy to 
work with. The factorization pair of relative epimorphism, the relative monomor
phism, gives the category theoretical generalization of relative subalgebra concept 
(cf. A n d r é k a— N émeti [1, 2]).

Symbols and notations
— a category

Mor — the class of morphisms of
№ — the class of objects of <6
ia — the identity morphism of a

fg- a—c — the composition of / :  a-+b and g : è —
Is — the class of all isomorphisms of
Epi — the class of all epimorphisms of #
Mono — the class of all monomorphisms of #
MN = {fg\f£M , g£N}, where M, NQ М ог‘ß’
M st = {at\<e\\3a -Í b ,f£M , bisd)
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M sá

P ( fi)
i í l
A(<f)

{aíW W la b ,f£M , b ír f)
and M gM or <e,
the product o ff -s (KI)
for ÍQ M o r^  — is, by Str ec k e r  [11], the class of such f£Mor<£, 
which satisfy the condition of «f-lower diagonalizability, i.e. for any

commutative diagram with s^tf, there exists

g, which makes both triangles commute.
(Ж, S)-category — a category which is uniquely (Ж, S/factorizable (see H err

lich— Str ec k er  [4], definition 17.15) and Ж Ж ^Ж , S S Q S  
P ‘ — the class of all i-type partial algebras
91, 33, (£, ... — partial algebras, i.e. 31= (A,f(a) iiI with t(i)£co (/£/)
/(31) -  < Л 4 Ш | «  fo r/: 91—ЗЗсМог P<
ргл — the projection map from a product to the factor A
Ss — the class of strong monomorphisms (in the sense of H er rlic h—

Strecker  [4] p. 265.) i.e. Ss=^(E pi)
t — an arbitrary similarity type (for algebras), i.e. t: / —со, where I  is

the set of operation symbols 
со — the set of natural numbers

D efinition  1. / :  a —b is a relative epimorphism iff for any g: c-*b, ( f ,  g) has 
a weak source-pair (r, s) with s£Epi, i.e. there is an r: d—a and an s: d->-c with 
rf=sg  and s£Epi.

f
a  •

N o ta t io n . Hr is the class of relative epimorphisms in (€.

Theorem 2.
(1) HrQ Epi.
(2) Hr is closed under composition, i.e. НГНГЯ=НГ.
(3) Hr is closed under left cancellation, i.e. i f  for any f, gC Mor (ß fgQHr, then

g iH r.
(4) Hr is closed under right cancellation w.r.t. monomorphisms, i.e. i f  for any 

f  g£M or Я? fg£Hr and gÇMono, then f£H r.
(5) Hr is closed under formation of pullbacks.
(6) I f  has pullbacks, then for any S'/М о г  'й’ closed under formation o f pull

backs and for any sd f - S H rsdQHrSsd.

S t u d i a  S c ie n t ia r u m  M a th e m a t ic a r u m  H u n g a r lc a  12 (1977)
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(7) I f  4? has enough HT-projective objects, i.e. i f

(Ув€|«0(В*€Р; (Яг))(Э/: b -  a) fa H r,

then Hr is closed under formation of products, i.e. PHrQHr.
P r o o f .
(1) Let fd  I f  be arbitrary. Let (r, s) be a weak source-pair of (/, lb) with i-ÇEpi.

г 1ь

Then, since Epi is closed under left cancellation and rf= slb=sÇ.Epi, fdEpi.
(2) Letf :  a-*b, g : b-»cO.Hr and h: d-+c be arbitrary. (r,s) is a weak source- 

pair of (g, h) with s£Epi and (p, q) of (/, r) with #£Epi. Since Epi is closed under 
composition, grsÇEpi. Now, p(fg)—qrg=(qs)h. Hence, fgO.Hr.

a

P

X

V feH r

q

b vgtHr c

Vh

d

(3) Let / :  a-+b, g: 6—c£M or# with fgÇ.Hr and h-.d^-c be arbitrary, (r, s) is 
a weak source-pair of (fg , h) with ,s£Epi. Then (r f s) is a weak source-pair for (g, h). 
Thus, g£Hr.

a

G

Vf

(4) L et/: a-»b,g: b-+c be arbitrary with fg£H r and g£Mono. For any h: d-+b 
let (r, s) be a weak source-pair of {fg, hg) with s£Epi. g£Mono implies that (/*, s) 
is a weak source-pair of (/, h) (rfg=shg=>rf=sh). Hence, f£H r.

a

r

e

€Hr
-~c
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(5) For any _/j: a-*b£Hr and / 2: c—bÇ.Mor^ let (g1;g2) denote their pull
back. Consider an arbitrary h : e—cÇMor (€. Denote with (r, s) a weak source- 
pair of (A , hf2), where iÇEpi. Now (t, s) is a weak source-pair of (glyh), where t 
is the unique morphism in the definition of pullback. Thus, giZHr.

VfiCHr

(6) Let aZ§Hrs4. Then there are b, f ,  g, c as in the diagram, where fZ  S, 
gZHr and cZsi. If (r, s) denotes their pullback, then sZS  and by (5) rZHr', hence 
aZ Hr SsJ.

Va------------ *-beHr&

g e H r

(7) Let {fi)izi£-JHr be arbitrary. Let / — P ( f ) .  For codo /  there is a ^ -p ro 
jective object a and g: a — co d o /€ # r. Since (V  iZ l)f(ZH r, (V  iZ l)O S i)S r f — g' 
where the qr s are projections. But do/ =  P  ( d o / )  implies that there is an h with
(Уid l)h -p j = gi, where the p r s are projections. Now O liZ l)h 'f-q i = h - p f f  = 
= g i’f  = g ’9i- Since (qî)içi is a mono-source, h ■ f= g Z H r holds, which implies by 
( 3  ) / € t f r .

3 a  e PjtHf)
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Definition 3. /£  M o r#  is called a relative monomorphism iff for any commuta

tive diagram with s£Hr, there is a unique и which makes

both triangles commute.

Notation. Sr is the class of all relative monomorphisms of c6.
Theorem 4. In any category c€,
(1) Sr 2  Ss, i.e. the strong monomorphisms are also relative monomorphisms.
(2) Sr SrQ Sr, i.e. Sr is closed under composition.
(3) Sr is closed under right cancellation, i.e. for any f ,  g with fg£Sr, f f S r.
(4) Sr is closed under formation of pullbacks.
(5) Sr is closed under formation of intersections.
(6) Sr is closed under formation of products, i.e. PSrQSr.
Proof. See Strecker [11] with Sr=A(Hr).
Theorem 5. (Representation theorem for P‘.) f:  91—93ÇMorP‘ is a relative 

epimorphism in P‘ iff it is onto.
Proof. 1) Suppose/ :  9Í—93€Mor P‘ is a relative epimorphism in P‘. We want 

to prove f(A ) — B. If 5 = 0  then we are ready. Let bÇfB be arbitrary and consider 
g: {й}—В where g=idp,}. Since f f H r there are r: (£ — 91 and s: (f — {£} with r f—sg 
and jÇEpi. Now for any c£C, f(r(c))=g(s(c))=b, hence bÇf(A).

2) Let / :  91—93 be onto. We want to prove that f f H r. Therefore consider an 
arbitrary g: (£ — 93. Let D= {(a, c)£AxC\fia)=g(c)}. Since/is onto prc\D : D-~C 
is epi. Now (pr^f D, prc\ D) gives a source-pair for ( /, g) which proves f f H r.

Note. The above characterization of Hr in P‘ works both if empty universes 
are allowed in P* as well as in the case when empty universes are not allowed in P‘. 
Specifically, it works for the category “Cat” of all small categories.

Lemma. Let Jtf’QEpi and Is^S . I f  ^  is an (Ж, S)-category, then S = Л(Ж).
Proof. 1) By the proof of Herrlich—Strecker [4] theorem 33.3, if <6 is a 

(Ж, S)-category then S Q A (jf).
2) Now let ffA (JP )  be arbitrary and let f —gh with and h^S.

деэе

V-feA(at)

h e s

By definition of Л(Ж), there is a к with gk=  1 and k f—h. Hence g is a section 
and thus an isomorphism. This implies gh=fÇ_S.
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Theorem 6. (Representation theorem for P ‘.) f  : 21—23Ç Мог P‘ is a relative 
monomorphism i f f f  is injective and /(St) is a relative subalgebra of 23, i.e. i f f f  is injec
tive and
( * ) (V i € / ) (Va 6 ,(0A) ( / f  (/(a)) =  f(b ) - / f  (a) =  b).

Proof. Let us denote with 5 the class of those morphisms, which are injective 
and satisfy (*). We’ll show that P‘ is a (# ,, 5)-catcgory which implies by the lemma 
that 5 = Л (Я Г) = 5Г. By theorem 2, HrHrQHr and it is easy to see that also SS Q S  
holds. Now we show that any / :  21—23£MorPf has up to isomorphism a unique 
factorization f=gh  with g£Hr and hf S.

Denote by & = (f(A ),fimD(((i)+1) f{A))iit and let g: 21—G be defined by g = f  
and h : (£—23 by h=idf(A). Since (V/€/) —ft®)* g and A are homo-
morphisms. By theorem 5 gd Hr and h£S since it is injective and satisfies (*). Now 
let f= g 'h ' with g'£Hr and h '£  S.

Since ffA )= h \g \A ))= h \C ')  and h'£S, А'(С:')=</(Л),/®П('(г)+1)/(^ )> .а= е - 
Hence h' is an isomorphism between (S' and (£. Now, (V  aPA) g(a)=f{a) = h\g'{aj), 
hence g=g'h'. This, by g'£ Epi, implies h'h=h'.
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ON THE SCHRÖDINGER EQUATION OF THE THREE-BODY PROBLEM, II

b y

E. MAKAI

1. Let Pj(xt, y i t  Z;), /=1, 2, 3 be three points in the 3-space,

Г1 =  [ ( * 2  -  *з)2 + Ö 2 -  b )2 + ( z 2 -  z3)2]1/2, r2 =  [(x3 -  x j 2 + (y3 -  yxf  + (zs -  Zl)2r \  

r 3 =  [(Xj -  x j 2 +  (yx -  > g2 +  (Zl -  z2)2]1/2, A , =  d 2l d x f + d 2/ d y j + d 2l d z f  

and consider those solutions of the Schrödinger equation

(LI) [ - 2 н * , + и - Е ) ф  = 0

[(it, E  constants, U=U(rlt r2, r3)] which depend only on the quantities rlt r2, r3. 
In the special case

( 1.2) Pi =  /r2= l/2 , ц3 = 0, U = - 2 r 11- 2 r 31+T rli - - i

T. Kinoshita [4] observed that introducing the quantities

s  =  r ! + r 2 ,  p  =(1.3) " — ' l l ' ! !  у — >
”l"i ~2

equation (1.1) admits formal solutions of the type

4 =
Гл-П

(1.4) 2  clmnslpmqn,
l, m, n = 0

or what amounts to the same, formal solutions of the type

0 -5) 2  Clmnslpmqn.I, m,n=0
He conjectured that the first eigenfunction of equation (1.1) in the special case (1.2) 
is of the form

°° oo m oo oo m
(1.6) e~ks 2  2  2 cimns,pmqn — 2  2  2 с ^ ' р тяп.

/ = 0 ш  =  0 л  =  0 / = 0 m  =  0 n = 0

The question arose whether there exist formal solutions to (1.1) of the form (1.6) 
and subsequently it was shown by G. M unschy and Ph . Pluvinage [6] that in the 
special case (1.2) there do exist formal solutions of type (1.6).
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In the present paper by an admittedly longer analysis we derive Theorem 2, 
a consequence of which, namely Theorem 1 generalizes the result of Munschy and 
Pluvinage to the case where

(i) px, /i2, /í3, E are any constants with the restriction pt + p2A0 and
(ii) the function L°= w -(U —E) with w = (l — p2q2)p2s2 is of the form

(1.7) L°= Z p kL°k(s,q).
fc=o

Here q)=0 and for /с=-0 L\(s, q) is a polynomial in q of degree k — 1 :

(1-70 L°k(s, q) = 2  ykv(s)qv
v  =  0

where the functions ykv(s) are infinitely many times differentiable in some interval 
s1c s c s 2.

For the sake of convenience we shall assume that 

(1.7") K (s ,q ) = 0 if к > 4 .

It is easily seen that the function

(1.8) U—E = 2 eirr 1—E (c; =  const.) 

satisfies conditions (1.7), (1.7') and (1.7"). Indeed by (1.3)

wrff -  2p2s ( l-p q ) ,  wr2k = 2p2s(l +pq), wrä1 = p s ( l -p 2q2).

T heorem 1. Under assumptions (1.7) and (1.1') and if + equation (1.1) 
has formal solutions o f the type

со  m
(1.9) Ф = 2  2  amÁs)pmqn,

m =  О /I =  0

where the am„(s)’s are infinitely many times differentiable in some interval sx<s<s2.
T heorem 2. I f  рх+р2^ 0 ,  (1.7) and (1.1') hold, then the most general functions 

gm(s, q) in the formal solution

(1.10) ф = 2  émis, q)pmm=0
o f equation (1.1) are of the form

(1.11) gmn(s, q) = 2  Umnis)qn + ßmn(s)qn^ o g \ ^ ]  .
/1 = 0*- l —CJJ

Alternatively, if P„(x) is the Legendre polynomial of degree n and

(1.12) Qn(x) = Pn(x) Рп- х( х ) - ^ п P„_3( x ) - ...
( —  1 <  X <  1)
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is the Legendre function of the second kind [2; vol. I. p. 141] then the coefficients 
of the most general formal solution (1.10) can be expressed in the form

(1 11') <?) =  2 [ a m„(s)Pn(q) +  bmn(s)Qn(q)].n = 0
The functions amn(s) and bmn(s) (and thus xmn(s) and ßm„(s), too) satisfy recur

rence formulas: for a fixed m and n, n<m, amn(s) and bmn(s) are uniquely defined by 
the choice o f the functions

(1.13) a00(s), an (s), ...,iim- 1,m- 1(s); b00(s), bu (s), ..., bm_1,m_1(s).

The functions amm(s) and bmm(s), m = 0, 1, 2, ... can be arbitrarily chosen, provided 
only they are infinitely many times differentiable in SjCjcSj. Finally all functions 
a m n ( s )  and bmn(s) [«„„(i) and ßmn(s)\ are o f class C“ (5lf s2).

C orollary . If bmm(s) = 0 (m—0, 1, ...) then all bmn(s)’s vanish. In this special 
case (1.10) is of the form (1.9) generalizing the result of Munschy and Pluvinage. 
If, however, b00(s)=bu (s) = ... = èm_j m_1(j)= 0 , but bmm(s)?±0, then the func
tions gm(s, q), gm+i(s, q), ... exhibit logarithmic singularities at q—±  1.

Note that by (1.3) q= ±  1 corresponds to a degenerated shape of the triangle 
P1P2P3 the points Pl3  P2 and P3 lying on a straight line. If (1.8) holds, then by a 
general theorem of V .  H. F r o i m  [1], [ 5 ]  solutions of (1.1) analytic in a complex 
neighbourhood of ^ = ± 1 , i.e. in a domain |#:f 1|<£j , \p— /70|-=e2, |j —í 0|<£3 are 
either regular at ^ = ± 1  or they have a logarithmic singularity there. On the other 
hand, T .  K a t o  [ 7 ]  has shown that if (1.8) holds, then the eigenfunctions of (1.1) 
are continuous everywhere, thus in a neighbourhood of q= ±  1, too.

If (1.7) and (1.7') hold, then by (1.9) formal solutions of (1.1) regular every
where in the domain гг+г2Шгя, r2+r3 ^ r 1, r3 +rx^ r 2 can be written in the form

(1.13) Ф= 2  Y + î r  r”~n^ ~ r*)nn ^ m  V I  t  r 2J

so they are formal power series of the variables r3 and r1—r2. In view of the above 
said, equation (1.1) has formal power series solutions of the form

(1-14) Ф =  2
*L(r2+r3)
(Г. + Г.Г 1 (a  3)

and ф — 2
(Г3 + Г1У

r?~ n(r3- r lT

too, at least in the case (1.8).

2. We begin with two definitions.
D efinition  1. A function u(s, q) is of class П„ or П*, if it is of the form

2 ’0£v(s)?v, or 2
v = 0  v = 0

av(s)9v +  ̂ v(s)9vlog 1 + g
\ - q V

respectively. Here the functions av(.r), ßAs) are of class C“ (í 15 s2) and any of them 
may vanish identically.
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Lemma 1. The class П„ and П* coincides with the class o f functions o f the form 

2<*А*)РАя) and 2 '[ a v(s)/,v(^) + bv(s)0 v(9)],
v = 0  v = 0

respectively, where av( i)€ C “ ( j1, s2) bv(s)ÇC°°(s1, s2).
This statement follows from qv being expressible as a linear consequence of 

the Legendre polynomials P0(q), PAq), •••> PAq) and from (1.12).
D efinition 2. A linear operator M  is of the type T(n, n') if it maps any func

tion of class П„ into a function of class П„- and any function of class П* into a 
function of class Л*.. If M  maps any function of class П* into the identically 0 func
tion, we shall write M£T(n, —1).

Lemma 2. I f  M£T(n, n') and N£Tin', n") then NMd T(n, n").
Lemma 3. I f  M£T(n, n ') and N£T(n, n') then M +N£T(n, n ).
Before giving examples of various operators of the above defined type we quote 

some known formulas [7, with a somewhat different notation]. Let Rn denote either 
P„(q) or Q„(q)• Then one has

(2.1) {l-q*)R"n-2qR'„+n(n+l)Rn = 0 (n = 0 ,1 ,...),

(2.2) (q2- l ) K  = nqR„-nRn_ x (и =  1, 2, ...),

(2.3) {2n+\)qR„ =  (n +  1 ) (n = 1,2, ...),

(2.2') (q * - l)P '(q )  = 0, (q2- l)Q '0{q) =  - 1 ,

(2.3') qPAq) = PAq), qQo(q) = Q A q)+ 1.
3. In this section x denotes any non-negative integer; the following examples 

will be needed later in section 5.
Example 1. The operator Lk defined by (1.7'), i.e. multiplication by Lk is an

operator of type T(x, x + k  — 1), k = 0 ,1 ,__By Lemmas 2 and 3 it is sufficient to
observe, that qvZT(x, x+ v). This, however, follows directly from Definition 1.

Example 2. The operator

Mi* =  (l ~ q 2) j ^ - 2q j j + x ( x + 1)

is of type T (x ,x—1). Indeed, using (2.1) and Lemma 1, one has

M lx 2  [aAs)PAq) + bAs)Qv(q)] = *2 [*(*+ l) -v (v + l)][a v(s).Pv(?)+ bv(s)ßv(?)].
» = 0  v = 0

Example 3. The operator

M2x = (q2- l ) 4 ~ - x q
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is of type T(x, x). Indeed by (2.2) and (2.2')

M2xRv =  (v-x)qRv- v R v. 1 (v =  1, 2, ..., x),

M2xP0(q )= -x q , M 2xQ0(q) = - l - x q Q 0(q), 

thus, if <5(x, v) =  l —sgn (x — v)2 denotes Kronecker’s delta one has

M2x Py(q)Ç. n v+1- 3 v ), M2xQv(q) Ç f7v+i_j(X,v> (p =  0, 1, ..., x).

Finally by Lemma 1 one gets the statement.
E xa m ple  4. The operator

M 3x = ( l - q 2) q j - £ - ( q 2+ l ) j ^  + x2q 

is of type T(x, x). Indeed, by (2.1)

M3XRV = (q2- l )  K  + [x2-v(v+V]qRy
and then by (2.2), (2.3), (2.2'), (2.3') and Lemma 1 one has

M 3x Py(q') €  -Hv + l  — 3(x, v)> ^ 3 X  ö v ( ^ )  £  -ffy +  l  — J(X, V )  ( ^  ^  I j  •••> ^ ) -

E xam ple  5. The operator

^«* =  ( 1 - ? 2)? 2̂ -2 < 7 ^ + х * (< 7 2-1)-*(<7г+3) 

is of type T{x, x+1). By (2.1) and (2.2) one has for v = l,2 , . . . ,x  

MixRv = 2q(q2 — l)Ä' +  [(x2—x — v2 — v)q2— x2 — 3x]Äv —

= [{x2- x —v2-\-v)q2 — x2—2>x]Ry — 2vqRy_1,
hence by (2.3)

Py(q') £  I 7 v +  2 — 23(v,x)» -^^4x ö v ( ^ )  €  f f y  + 2 —23(r, x) ( 0  <  V x ) .

The two statements in the last row hold in the case v=0, too, thus by Lemma 1 
Л/4х€ Г(х, x+ 1) follows.

4. Let the functions Oy=fly(s, r/) be of class C“ in the rectangle R: 
qi<q<q2, where the closed interval [<7l5 #2] does not contain any of the points 1 and 
— 1. Consider the formal differential equation

(4.1) Lu= j?  pkLku(s, p ,q ) = 0
* = 0

where Lk=Lk(Ds, pDp, Dq) stands for the formal polynomial of the operators 
D,=d/ds, pDp—pd/dp, Dq=d/dq

Lk =  akn D2 +  akloDspDp+ a k13DsDq +  ak22(pDp) 2 +  aki3 pDpDq + a\3 D2 +

+ ûîoAs+a20 pDp + a3<)Dq + û00-
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Here Dl=d2/ds2, DsDq=d2/dsdq, etc. We seek a formal solution of (4.1) in the form 
of the power series

(4.2) и =  2  P*uÁs, q)-x = 0
Denoting by L kx the operator

Lk{Ds, x, Dq) =  a\1D‘ls + ak12Dsx + a\2x ‘i + aklzDsDq + a\3xDq + al3Dl +

+  û 10Ds +  a20 X +  a 3 0Dq +  f l00
one has
(4.3) Lkpxux(s, q) = pxLkxux(s, q)
and if a rearrangement of the double sum is permitted one gets from (4.1) that

Lu = 2 2  pkLkpxux = 2 2  pk+*Lk*ux =

oo m

= 2  pm 2  Lk,m- kum- k = o.
m = 0 k= 0

A formal power series solution of (4.1) in the rectangle R and of the form (4.2) 
is an infinite sequence {u (s, <7)}“-°= ° f  functions, for which

(i) ux =  0 if X <  0,
(ii) ux(s, q )d C -(R )  and
(iii)

(4.4) L Omum+ L lm- 1um- 1+ ...+ L mOuo = 0 (m = 0 ,1 ,...)
holds.

Theorem 3. Suppose that
(i) L0=c[<<pDp)2+pD p+ ( \ - q i)D \-2 q D ql  0;

(ii) the operators L kx are of type T{x, x  + k — 1).
Then each formal solution (4.2) of (4.1) in the interval (s1; s2) is o f the form

00 m
U = 2  Pm 2 [ amn(s)P„{q) + bmn{s)Qn{q)l

m=0 л = 0

Here amn(s), bmn(s)eC °°(s1, s2).
Proof. It is known that if m—1

f(q )=  2  [anPn(q) + b„Qn(q)]n= 0

then the most general solution of the inhomogeneous ordinary differential equation

(4.5)

is
(1 c r )^ 2 -  1 ’ dq2

_ dy■2q—r- + m{m- dq 1)У+/(<?) = 0

(4.6) У =
У  а„Рп(д) + ЬпС!„(д) 
„=0 n(n + l) —m ( m+ l )

+ APm{q)+BQm(q),
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where A and В are arbitrary constants. By assumption (i) of the theorem and by
(4.2), (4.3) one has

= c [ ( \-q 2)D24-2qD q + m(m + \)] (c 0).

On the other hand, from the recurrence formula (4.4) in the case m = 0 

[ ( \ - q 2)D2g-2qD q]uo = 0 

hence by (4.6) w0 =  n00(.y),P0(tf)-f b00(s)ß (?) and
m

(4-7) um =  2  №mn(s)Pn(q) + bmn{s)Qn{q)\n = 0
holds in the case m = 0.

Next we use an induction in m. We suppose that the functions ux 
(x=0, 1, 1) are either of class Пх or of class П*. Then by assumption (ii)
each term of the sum

m
f(ß> 4} 2  ̂ к,т — к ̂ m-к* = 1

is either of class Я т _х or of class Д* _ 1, thus by (4.4) and (4.5) formula (4.7) holds 
for m.

R emark 1. The construction shows that if u0,u ly ..., um_t are already known, 
then the functions amm(s) and bmm(s) can be arbitrarily chosen provided they are 
of class C“ (í1,52) and the functions am„(s), bmn(s ) (ж ли) are uniquely determined 
by Щ, Mi.......nra_ i, i.e. by the choice of Ooo(j ), ..., űm- 1>B,-i(s), *oo(í ). •••

R emark 2. By the foregoing construction, if

(4.8) bmm(s) = 0 (m = 0 ,1 ,2 ,...) ,

then b,„„(s)=0 for all m and n and each of the functions (4.7) is a polynomial in q 
the degree of which does not exceed m. If, however, (4.8) does not hold, then at 
least one of the functions (4.7) has a logarithmic singularity at q— 1 and q— — \.

5. Theorems 1 and 2 will be proved, if one shows that when U satisfies (1.7) 
and (1.7'), then equation (1.1) fulfils both assumptions of Theorem 3. Though this 
is true, it is easier to verify that equation (1.1) when multiplied by w=(l —p2q2)p2s 2 
is of the form specified in Theorem 3. Starting from the well known formula

. , d2v - r \  + r% + rl d2v d2v 2 dv 2 dv
diE (r i ,  r2, r3) -  -5 1 - + ----------------- if" а - +  -5- Д + ---- 5— +  — X—

Of 2 f*2^*3 Í/ Г 2(jf“3  Of 3  У2 O f  2 У3 d r 3

and two similar formulas for A2v and A3v a straightforward but tedious calculation 
shows that

4

(5.1) wd,u(s, p ,q )=  2  PkLkU(s, p, q)
k = 0
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where the operators L‘k=Lk(Ds, pDp, Dq) are formal polynomials of the operators 
Ds, pDp, Dq with coefficients depending on s and q:

L\ = Ll = (j>Dpr+ p D p+ a - q 2)D2q-2 q D q,
Ц  = ~ Ц  = 2q(pDpy  + 2(\-q*)qD *-2spqD sDp +

+ 2s(q*-l)D sDq-2 (q*+ l)D q,
Ц  = Ц =  S*D2s + (q*-l)(j>Dpy  + ( l-q* )q*D l-2sq*D spDp +

+ 2sq(q*-l)D sDq+4sDs-(q*+ 3)pD p-2qD q,
L\ = - L \  -  2q[~(pDpY + sDs-pDp + 2sDs-2pD p],
L\ = L \=  q*[-s*D*s-(pD py  + 2sDsPDp- p D p],
Ц = Ц = Ц =  0,
L\ =  4 [s2Z)| — 2sDs pDp+ (pDp)2 + 2sDs — PDp + (1 — ç2)Z>, — 2 qDq],
LI = 4 [ -  s2Dl + 2sDs p D -  (pDp)2 -p D p\.

Hence equation (1.1) multiplied by — w is of the form (4.1) with

Lk
3

2  HiL'k,;=o P o = ~ h

cf. (1.7) and (1.7"). Note that L0 meets assumption (i) of Theorem 3 with c= p1+p2.
For calculating the recurrence formula (4.4) we introduce the quantities L‘kx 

defined by
LÍxu(s, q) = p~xLkp*u(s, q) = p~xLi(Ds, pDp, Dq)u(s, q) = L[(D„ x, Dq)u(s, q) 

and so we have
3

Lkx ~~ 2  k-i Lkx .1 = 0
Again a straightforward calculation shows that

(5.2) Lixd T ( x ,x + k - l ) (* =  0 ,1 ,2 ,...),
thus by Lemma 3 Lkx£T(x, x + k — 1) and assumption (ii) of Theorem 3 holds. We 
indicate only a part of the results of these calculations:

Lf)x Lqx M lx »

L\x = - L \ x = 2sDsM2x + 2M3x,
L\x =  L\x =  s2D2 + 4sDs + 2sDsqM2x+Mix,
L\x = 4{s*D] + 2 s{ \-x )D s + M lx-2x],
L\x =  4 [-s2D2 + 2xsDs-x (x + \)] ,

with the notations of section 3. By sections 2 and 3 these formulas yield (5.2). Those 
operators L‘kx which are not given here explicitely, fulfil trivially (5.2).
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LÖSUNG GEWÖHNLICHER ANFANGSWERTAUFGABEN 
SINGULÄREN TYPS UND SINGULÄRER NICHTLINEARER 

GLEICHUNGSSYSTEME

von
S. FRIVALDSZKY

Summary. The two problems pointed out in the headline are apparently far from each other 
A special (non-polynomial) Hermite type interpolation is developed (Chapter 1) and forms the 
bases o f a predictor-corrector method founded on a non-polynomial fitting. The latter method 
is suitable to the numerical evaluation of the initial problem of systems of ordinary differential equa
tions with solution curve changing abruptly towards the end of the solution interval (Chapter 2). 
To such a problem reduces — by means of the continuation method (otherwise called Davidenko 
method) — also the numerical evaluation of those nonlinear systems of equations, for which the 
Jacobi matrix has a singular point near the wanted root.

1. Eine nichtpolynomiale Interpolation Hermiteschen Typs

1.1. In Äquidistanten Grundpunkten

xk = x0 + kh, к =  0, 1, 2, ... , h >  О
seien die Werte

Y„_j =  Y(xn-j), Y'_j =  Y'(x„-j), j  =  0, 1, . . . ,  m, n ^ m ^ l

einer Funktion Y(x) und ihrer Ableitung Y'(x) bekannt.
Nehmen wir an, daß für gewisse Werte s> xn und p das Produkt Y(x)(s — x)p 

im Intervall [x0, л ] genügend vielmal differenzierbar ist, oder genauer aus
gedrückt, daß

<u > у « = с ^
ist mit

u ( x ) € C r + 1 [ x 0 , s ] ,  m ( s ) ^ 0 , r g ) ,

P ^  0 ,-1 ,  ..., - r .
1.2. Wir beginnen mit der Abschätzung der Parameter der Formel unter (1.1) 

bzw. des Parameterpaares (cn,p ) in einem Grundpunkt x„, wobei

( 1.2)

Zwischen den zu den verschiedenen Grundpunkten xn_j gehörenden Parametern 
cn_j bestehen im Sinne des oben gesagten die Beziehungen

(1.3) C„_; = 1 +CJ ’ C . = C n - i

1—C, J =  ± l ,± 2 ,
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Als Derivierte der Funktion unter (1.1) erhalten wir

(1.4) Y'(x) = u'(x)(s—x) + u(x)p  
(s—x)p+1

v(x)
( s - x y +1

mit n(x)€Cr[xo,s] und n (i)^ 0 .
Werden die linke bzw. rechte Seite der Gleichung unter (1.4) durch die ent

sprechende Seite der Gleichung unter (1.1) dividiert und dann die Stützpunkte xn_j 
( j= 0, 1, , m) eingesetzt, so ergibt sich — unter Berücksichtigung der Definition
unter (1.2) und auch der Folgen von (1.3) —

(1.5)
hY'n —j hli'n-j pcn

Un-j  1 + c „ j  ’
j  =  o, 1.... m.

Sind ( s —x„) und h  genügend klein, so haben wir u (x ) t±0 im Intervall [x„_m, x n], 
weshalb die Definition

Ologu(x) (u(x)>0), 
1“ log [ -  и (x)] (u (x) <  0)

sinnvoll ist; für diese Funktion gelten dann

a 'O ) =  «(*)€ Cr+1[x„_m, x„].

Jetzt werden die in den Grundpunkten xn_j ( j = 0, 1, ..., m) angenommenen Werte 
dieser Ableitung in die entsprechenden Gleichungen unter (1.5) eingesetzt und dann 
die folgende Linearkombination derselben gebildet:

( 1.6)

Ä") =  i ( - 1У (7) ̂  =  h 2 ( -  iy (7) a ' -J+P 2 ( - iy (7) T T 7 T -
j=o J J-n- j  ;=o \ J J  j = 0 \ J /  l + cnj

Die Größenordnung der auf der rechten Seite von (1.6) stehenden ersten Summe 
kann bei einer Funktion

a(x)€Cr+1[xn_m,x„] nur 0 (h™iâ +1)
sein.

Um dies zu beweisen (was mit ganz einfachen Kunstgriffen gelingt) und die 
obige Summe genau abzuschätzen, benutzen wir das folgende Lemma:

(a) i ( - i y ( 7 ) ^ = ^ -  ( - 0 ) ,
J=о KJ , Z + J J J  ( z  +  i)

(1-7) (b) i ( _ i y ( 7 ) / _ L . =
l V J > Z+J

1= 0  

(-1  )kzkm\
m

П  O + O
i  =  0

(1 ^  к ^  m, z >  0),

О) 2 ( - 1 у ( 7 ) ; т+1т ^ 7  =  (-!)'l V J > z+J
m+l m I 7m +1

П  0 + 0/=0

( z >  0);
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es kann durch die Partialbruchzerlegungen der rechten Seiten dieser Gleichungen 
leicht eingesehen werden.

Die erste Summe auf der rechten Seite unter (1.6) läßt im Falle r>m , auf Grund 
von (1.7) (c) eine gute Abschätzung zu, die durch den Grenzübergang z= 0  erreicht 
wird. Diese Abschätzung ergibt annäherungsweise hm+1 a£m+1). Auch im Falle rSm  
könnten wir für den obigen Ausdruck eine (allerdings praktisch unbrauchbare) obere 
Schranke angeben.

Deswegen werden wir jetzt die erste Summe der rechten Seite der Gleichung 
unter (1.6) vernachlässigen, die zweite aber mittels der Beziehung unter (1.7), (a) 
umformen, die wir an der Stelle z=  l/c„>0 anwenden. So erhalten wir die Annähe
rung

( 1.8) = P-
m!c” + 1
m

IJ  0+<v)
i = 0

Auch im Grundpunkt x„_x, d. h. für die Linearkombination ß(nl \ ,  kann eine ähn
liche Formel aufgeschrieben werden. Davon und von der Beziehung unter (1.8) 
ausgehend ergibt sich leicht das Parameterpaar (c„,p), wenn auch noch die erste 
Beziehung unter (1.3) benutzt wird. Wir haben also

(1.9) ßn( m )

ml

m
77(i+c„o

i=l
rm +1

1.3. Nachdem das Parameterpaar (cn, p) berechnet ist, kann die Interpolation 
bezüglich der Funktion У(х) auf die polynomiale Interpolation bezüglich u ( x )  zurück
geführt werden. Das Verfahren besteht darin, daß man für die Funktion u ( x )  eine 
geeignet gewählte polynomiale Interpolationsformel oder eine Linearkombination 
solcher Interpolationsformeln aufsetzt, wobei die Koeffizienten auch von den Para
metern (c„,p) abhängen können. Das aber kann so erzielt werden: aus der Beziehung

(1 .10 ) u ( x )  —  7 ( a:)(s —x ) p  (л: <  s ) ,

die wir durch Umformung der Beziehung unter (1.1) erhalten, ergeben sich durch 
Differenzierung Ausdrücke für einige der ersten Ableitungen der Funktion u(x). 
Werden diese wieder in die interpolierende Beziehung für u(x) eingesetzt, so ent
steht eine Interpolationsformel für die Funktion Y(x). Bei diesem Verfahren müssen 
auch die Beziehungen unter (1.3) benutzt werden, damit in der endlich erhaltenen 
Intarpolationsformel nur ein, zu einem Punkt x„ gehörender Parameter c„ vor
komme.

1.4. Gehen wir z. B. von der Interpolationsformel
L L

( i-i i )  u n+1 =  Z a iUn- i + h  2  d i K - i + t n
i=o /= -1

aus, wobei die Koeffizienten at ( /= 0, 1, ..., L) und dt (/=  — 1,0, 1, ..., L) den r+1 
linearen Gleichungen

(1.12) 2 a>= -  2  iai+ 2  dt = \ ,  usw.1 = 0 / = 0 i=-l
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( r + 1 S2Z. +  3) genügen, mit deren Hilfe der Wert des Fehlergliedes t„ beliebig 
klein gemacht werden kann, und d_x^ 0 ist (s. [1]). Das Fehlerglied tn kann häufig 
in der Form
(1.13) tn = Chr+1u(r+1'> (rf) mit <  r\ <  xn+1 
angeben werden.

Durch Derivierung der Gleichung unter (1.10) erhalten wir
(1.14) u'(x) =  y , (* )(s-* )p-.py(;c)(s-;r)p- 1.
Aus den Beziehungen unter (1.10) und (1.14) ergeben sich die Funktionswerte unter 
(1.11) in allen Grundpunkten xk, und es können sodann — mit Hilfe der ersten 
Beziehung unter (1.3) — sämtliche Parameter ck durch den Parameter c„ ausgedrückt 
werden. Die so erhaltene Gleichung dividieren wir noch durch hpc~p und ordnen 
sie dann in geeigneter Weise. Dadurch ergibt sich die Beziehung

(1.15) 
wobei

(1.16)

gelten.

yn+i =  2 ^ i (Cn,P)Yn^i +  h 2  D ^ ,  p ) Y ' . t +  Tn,

ßi(l +c„i) — dipcn (l+c„i>P-1

T = t —x n l n »  ~

■ (1 -c„) + d ^ p c n ( I - O " - 1
di(l+cni) ( l+ ^ O " -1

1 (1 — c„) + d -1pcn ( i - O p_1 ’
cpcn 1 1
hp (1 -c„)p 1 (1 - c j  + d^pc,,

1.5. Weiter kann auch der Interpolationsausdruck für die Ableitungen höherer 
Ordnung der Funktion У(х) aufgeschrieben werden, indem man sich auf die Ablei
tungen erster Ordnung und evtl, auf die Funktionswerte stützt. Möchte man sich 
aber in der Interpolationsformel auf die Werte der Funktion Y(x) nicht stützen, 
so besteht noch die Möglichkeit, die Ableitung von der aus (1.4) folgenden Glei
chung

u(x) =  r(* )(s~ * )p+1
— anstelle von (1.10) — ausgehend zu führen.

So erhalten wir z. B. die Interpolationsausdrücke

(1.17) y ;  

mit

und

(1.18)

2 h ^  id - -сп)р+1- У п'_1(1+сл)р+1]> (p+ l)c„ «4 (*Г 'Oh)

2
¥ {Y'+1 (1 +  c„)p+1 [1 + (p + 1) cj + Y'_! (1 + O p+1 •

.[1 - (р  +  1)с„]-УЛ2-(р + 1)(р+2)с„2]} +

+ ( ^ ) P+1 [ - ^ ^ У)Ы + (Р+31)С" hv"'(,h)\
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mit
*„-i <  ЧиЧг <  xn+1

sowie den — sich auch auf die Funktionswerte von Y(x) stützenden — Ausdruck

(1.19) y;  = -1  { rB+1(i -  c„y [2+ -2(lp<inc-j  ] + r - x d  +c„r •

í 2 - w k > h r - ^ ~ ' ^ } - é -

■[К+1(1-спУ-Г;- г (1  + c ny -4 p c „ Y n' l + ^  ( ^ ) Pti<VDf e )

mit
Xft — 1 <  tla ^  x n+i>

von denen sich der erste an die Interpolationsformel

, _ уя+1-у„-1 h2 
Vn~  2h 6 V

der zweite an die Linearkombination dieser und der Beziehung 

und endlich der dritte an die Beziehung

_2(ц„+1 2цп + мп_1) ___ \ I ^ . . ( v u -,
|j2 2|j W»+i Mn-i) + 360 ^ Ws)

anlehnt, unter den Voraussetzungen r ë 3, r ^ 4  bzw. r^5 .
1.6. Schließlich drücken wir noch den Deriviertenwert

Y '. ,  =  Y'(xn—eh)
wobei 0 < e <  1 ist, mit den Werten Y ' und Y'„_t aus. Von der Beziehung

v „ - e  =  (1 -e)y„+ev„_1— /iV'(i/4)
mit

x „ - i  < 4 4  <
leitet man — ähnlich wie unter 1.5 — das Ergebnis

1
( 1.20) Y'* n-e (1 +ecn)>+

- ( — —— ) l 1 + e c J

г [ (1 -£)У„'+еУ;_1.(1 + с„)'’+1] -

c„

ab. Die Bedeutung des Index ist dabei dem obigen analog.
Für unsere bisherigen Ergebnisse werden wir im folgenden Verwendung 

finden.
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2. Lösung der gewöhnlichen Anfangswertaufgabe von singulärem Typ

2.1. Nehmen wir an, daß sich einige Funktionskomponenten der Lösung der 
Anfangswertaufgabe
(2.1) y' =  F(y, x), y(xa) =  y0
gegen das Ende des zu untersuchenden Intervalls stark ändern, was bei Anwendung 
der üblichen, im allgemeinen auf polynomialen Ansatz gegründeten Lösungsmetho
den zu großen Formelfehlern führen kann. In solchen Fällen können wir auch 
Verfahren benutzen, die auf nichtpolynomialem Ansatz beruhen, oder wir können 
im Verlauf der Lösung auf solche Verfahren übergehen. Es existieren tatsächlich 
Methoden dieser Art (s. [2], [3], [4]); allerdings zieht ihre Anwendung praktische 
und evtl, auch theoretische Schwierigkeiten nach sich (s. [5]).

Wir verfolgen einen neuen Weg, indem wir die sich singulär verhaltenden Funk
tionskomponenten der Aufgabe unter (2.1) mit einer Summe der Form

(2 .2 )  y ( x )  =  F ( x )  +  2 ! B i (x  — x ) ‘> x < s
;=o

annähern, wo die Funktion Y(x) dieselbe ist wie die unter (1.1) und der festgesetzte 
Punkt x in der Nähe der Singularitätsabszisse s der vorliegenden Funktion liegt.

2.2. Bei jenen Ansatzfunktionen der Art unter (2.2), wo 0 gilt, genügt es, 
den zum Wert /=  — 1 gehörenden Ausdruck zu benutzen, während man im Falle

—1 an den Verfahren festhalten kann, die auf polynomialer Ansatzfunktion 
beruhen. Im Falle —1</7<0 lohnt sich es mit einem genaueren, zu den Werten 
/= 0 , 1, 2, ... gehörenden Ausdruck zu versuchen.

Bei /=  — 1 läßt sich der Ansatz unter (2.2) einfach anwenden, wenn einige 
Funktions- und Ableitungswerte (in äquidistanten Grundpunkten) der sich sin
gulär verhaltenden Funktion j ’(x), aus denen die unter (1.6) definierten Ausdrücke 
ßlm) berechnet werden können, schon bekannt sind. Auf diese Weise erhalten wir 
aus der Beziehung unter (1.9) eine Abschätzung der Parameter (cn, p) im Punkt 
x„ (d. i. der Punkt größter Abszisse von den obigen Grundpunkten). Hiernach 
können wir die gesuchte Funktion mit einer, auf dem Ansatz unter (2.2) beruhenden 
Prediktor-Korrektor-Methode berechnen (s. (1.15) und (1.16)), die wir gewöhnlich 
nach dem bis zum Grundpunkt x„ angewendeten polynomialen Gegenstück wählen, 
und die auch eine obere Schranke für den Formelfehler liefert:

Tkorr =  C k o r r
Ук о г г  

я  +  1  ~ 

• J k o r r

. VP*-
-1  n  4-

Cpr 1̂ + — j -  Ckori

wenn die Beziehung unter (1.13) besteht.
2.3. Es sei xN der im Verlauf der vorigen Aufgabe vorgeschriebene letzte Berech

nungsgrundpunkt, u. zw. soll er kleiner sein als die Singularitätsabszissen sämtlicher 
Funktionen. Zunächst führen wir die Berechnung bis zum Grundpunkt xN_t nach der 
polynomialen Lösungsmethode (der Vektor y'N läßt sich wohl nur sehr ungenau 
berechnen), und dann errechnen wir für jede sich singulär verhaltende Funktions
komponente die Parameter (ci¥_1,p). Die Neuberechnung der letzten paar Vektoren

S tu d ia  Scientiarum M athem atic arum  Hunganca 12 (1977)



LÖSUNG G EW Ö H N LICH ER A N FANGSW ERTAUFGABEN SINGULÄREN TYPS 273

{y,,}, {y'} erfolgt mit der auf dem polynomialen Ansatz beruhenden bzw. der dieser 
entsprechenden Prediktor-Korrektor-Methode unter (1.15) und (1.16), bei jeder 
Funktion mit den ihr entsprechenden Parametern (c„, p), die mit Hilfe von (1.3) 
aus den Parametern ( c ^ j ,  p) gewonnen werden. Das Verfahren wird iteriert, und der 
letzte Prediktor-Schritt, die Berechnung des Vektors yN erfolgt erst, wenn in den 
vorangehenden Grundpunkten schon hinreichend genaue Funktions- und Ableitungs
werte ermittelt worden sind.

2.4. Anstelle des obigen Verfahrens kann der Ansatz unter (2.2), bei /= 0 , mit 
verhältnismäßig wenig Mehrarbeit auf sich singulär verhaltende Funktionen angewen
det werden. Dabei gewinnt man für jede Funktion und zumeist in jedem Schritt 
den Parameter B0 durch Auflösung einer nichtlinearen Gleichung, die in einem Punkt 
xn aus der Forderung entsteht, daß die Parameter c„ und с„_г der Bedingung (1.3) 
genügen. Diese Bedingung kann mittels der Beziehung (1.9) derart ausgedrückt 
werden :

(2.3) (m+2) ß(nm)
ß№l

>nß(nm-\+ß!,m)
ßi%

worin durch Anwendung des Ausdrucks unter (2.2) (mit 1=0) und der Ableitung 
derselben von der Funktion Y(x) zur Funktion y(x) übergegangen worden ist.

Eine ähnliche Substitution ist auch im Falle vorzunehmen, daß man bei Ш  0 
die auf nichtpolynomialem Ansatz beruhende Prediktor-Korrektor-Formel unter
(1.15) und (1.16) anwendet.

Wir lösen die Gleichung unter (2.3) im Grundpunkt
2.5. Von einem genaueren Ansatz dürfen nur dann auch genauere Funktions

werte {y„} erwartet werden, wenn zu Beginn der Lösung der Aufgabe unter (2.1) 
der Fehler, der sich im Verlauf des polynomialen Ansatzes angehäuft hat, genügend 
klein ist. Widrigenfalls kann sich der geerbte Fehler schon im Grundpunkt xN_1 
in bedeutendem Maße anhäufen, und wenn wir auf noch so genaue Ansatzfunktionen 
übergehen.

Wenn der obenerwähnte, während des polynomialen Ansatzes angehäufte Fehler 
klein ist, so können wir es nach dem bisher beschriebenen Verfahren auch mit einer 
genaueren Ansatzfunktion versuchen, die sich aus der Beziehung unter (2.2), bei 
/=1 ergibt.

Zuerst bestimmen wir, mit Hilfe der momentanen Parameter (cN_1; p, B0) und 
des dazugehörenden Ansatzes unter (2.2), bei /= 0 , die Näherungswerte der Ablei
tungen zweiter Ordnung __ Das geschieht mit Hilfe des Ausdrucks
unter (1.17) oder des genaueren Ausdrucks unter (1.19), wobei nicht nur der Ansatz 
unter (2.2) (mit /=0) und die Ableitungen derselben benutzt werden, sondern auch 
die Beziehung unter (1.3). Dann setzen wir für den Parameter Вг im Grundpunkt 
xN_« eine Gleichung, ähnlich derjenigen unter (2.3), auf, die auf den an die Bezie
hungen unter (1.6) und (1.9) erinnernden Eigenschaften der Ableitungen höherer 
Ordnung der Funktion Y(x) beruht. Sind nämlich die Schrittlänge h genügend klein 
und l ^ k ^ r — 1, so besteht dié folgende Näherungsgleichung:

(2.4) ßik» m)
m

1Уy = o
(m) hYn(k_+j «
W  r.%

-  (P + k)
m!c™+1

m
П  0 + c „ 0
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Die Behauptungen unter (1.9) und (2.3) können auch auf die Ausdrücke für 
die ßj,k’m) bezogen formuliert werden. Die letztere Behauptung kann auf eine Glei
chung für den Parameter Bk führen, wenn man nämlich die dem Ansatz unter (2.2) 
entsprechende Substitution bei l= k  vornimmt und die nötigen Ableitungswerte 
{jnfc + 1)}> W 10} schon kennt.

Wir kommen jetzt auf die Bestimmung des Parameters Bk zurück. Da die Nähe
rungswerte der zweiten Ableitungen {y" } bekannt sind, ergibt das oben beschriebene 
Verfahren, im Grundpunkt x N_2 angewendet, einen Näherungswert des Parameters 
Bx. Die hiezugehörenden genaueren Parameter (cN_1,p, B0) erhalten wir dann in 
der üblichen Weise — aus der Gleichung unter (2.3) und dem Ausdruck unter (1.9) — 
bloß muß jetzt die Substitution unter (2.2) bei /= 1  durchgeführt werden. Die so 
ermittelten Parameter ermöglichen eine genauere Bestimmung der zweiten Ablei
tungen {>’"}, aus denen wieder ein genauerer Parameterwert Bl errechnet werden 
kann, usw.

2.6. Endlich behandeln wir, als Spezialfall, das Singularitätsproblem bei der 
Anfangswertaufgabe der Differentialgleichungen höherer Ordnung.

Nehmen wir die Anfangswertaufgabe

die auf bekannte Weise zum Ausdruck unter (2.1) umgeformt werden kann. Es steht 
auch fest, daß die Funktion y(x) und ihre Ableitungen sich nur zugleich singulär 
verhalten können, in dem Sinne, daß sie sich mit solchen Funktionen unter (2.2) 
gut annähern lassen, wo der Wert des Parameters p nicht eingeschränkt ist. Im Sin
gularitätsfall werden die Ansatzfunktion (2.2) bei l —M —l und ihre Ableitungen 
— die ebenfalls von der Gestalt (2.2) sind — eine Annäherung der Funktion y(x) 
und ihrer Ableitungen abgeben, und demzufolge können die Koeffizienten Bk 
{k—M — 1, M —2, ..., 1, 0) aus den im Verlauf der Rechnung erhaltenen Ableitun
gen höherer Ordnung unmittelbar bestimmt werden. Die Prediktor-Korrektor- 
Methode wird in einem Punkt xn so angewendet, daß die nötigen Werte in der 
Reihenfolge

ausgehend von einem gegebenen Punkt y0, der evtl, auch eine gute Annäherung 
der gesuchten Wurzel sein kann. Die beiden Punkte werden durch eine Vektor
funktion y(x) verbunden; eine solche ergibt sich etwa aus der Beziehung

У(М) = F(x, y, / ,  ..., y(M_1)), 
Ут (х0) =  Уо,к> к =  0, 1, ..., M - l ,

3. Lösung eines nichtlinearen Gleichungssystems 
mit der Fortsetzungs- (Davidenko-) Methode

(3.1)
3.1. Wir suchen eine der Lösungen eines nichtlinearen Gleichungssystems 
I F( y) =  0,

(3.2) GÂ У) =  F(y) + ( x - \ ) F ( y 0) = 0.
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Im Falle gewisser, dem Gleichungssystem unter (3.1) aufgelegten Bedingungen (s. [6]) 
bestimmt das Gleichungssystem unter (3.2) eindeutig die obige Vektorfunktion, 
welche der Anfangswertaufgabe

(3.3) y '(* )= -F '(y  (*))-! F(y0),

У(0) =  y0
entspricht. Hier kommt die Inverse der Jacobischen Matrix (Ableitungsmatrix) 
F' vor.

3.2. Ist die Jacobische Matrix in der Nähe der gesuchten Wurzel y(l) singulär, 
so konvergieren die numerischen Verfahren überhaupt nicht oder nur sehr langsam. 
Diese Schwierigkeit tritt bei der Aufgabe unter (3.3) in der Art auf, daß einige Kom
ponenten der Vektorfunktion y(x) in der Nähe der Abszisse x = l  eine starke Ände
rung zeigen. Das gegebene Problem kann so auf die im Kapitel 2. dargelegte Aufgabe 
zurückgeführt werden, das Lösungsverfahren weicht aber von dem dort beschriebe
nen folgendermaßen ab:

3.3. a) Die Berechnung eines jeden Ableitungsvektors ist mit der Lösung eines 
linearen Gleichungssystems verbunden, dessen Koeffizientenmatrix (Jacobische 
Matrix) vorerst bestimmt werden muß. Wir nehmen an, daß die Elemente der Matrix 
analytisch, in einfacher Form dargestellt werden können. Bietet sich keine andere 
Möglichkeit, so lösen wir das lineare Gleichungssystem auf direktem Weg, durch 
Darstellung der Koeffizientenmatrix als Produkt einer unteren und einer oberen 
Dreiecksmatrix (d. i. die sog. L • £/-Gestalt). Diese Zerlegung ist eigentlich der die 
meiste Arbeit verlangende Teil der ursprünglichen Aufgabe unter (3.3) (s. [7]).

In gewissen Fällen können auch die Iterationsmethoden zur Lösung heran
gezogen werden, wodurch die Berechnungen oft eine bedeutende Beschleunigung 
erfahren. (S. [8].)

b) Die Lösungsgrundpunkte wählen wir so :

xn = nh, n = 0, 1, 2, ... N
mit Nh = l.

c) Ist eine Annäherung y„ des Vektors y„ bekannt, so kann dieselbe beliebig 
genau gemacht werden. Wir dürfen daher annehmen, daß wir bei der Lösung der 
Aufgabe unter (3.3) genaue Funktions- und Ableitungswerte erhalten. Der Vektor 
y„ ist nämlich bei x=x„ eine Wurzel der Gleichung (3.2), die vom Anfangswert y„ 
ausgehend mit der Newtonschen Methode rasch gelöst werden kann, wenn nur der 
Grundpunkt x„ nicht zu nahe zu 1 ausfällt, d. h. die Schrittlänge h im Verhältnis 
zur Genauigkeit des obigen Anfangswertes nicht zu klein ist. Die Lösung der Glei
chung unter (3.2) erhält man am schnellsten mittels der Variante

(3.4) Гпт+1) = t tm)- F'(ÿn)"1 [F(y'm)) + [*„ — 1]F(y0)], m — 1,2, ..., M - 1,
Л(1) — у v _Л(М)
J  n J  ni  J  n J  n

des Newtonschen Iterationsverfahrens, da wir bei der Bestimmung des Vektors 
y„ (im Korrektorschritt) die Jacobische Matrix F'(y„) schon als Produkt einer unte
ren und einer oberen Dreiecksmatrix dargestellt und diese Zerlegung gespeichert 
haben. Das Lösen des bei der Iteration (3.4) auftretenden linearen Gleichungs-
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systems reduziert sich daher auf das Lösen von zwei linearen Gleichungssystemen 
mit Dreiecksmatrizen.

Jetzt erhalten wir auch den genauen Ableitungsvektor y' nicht aus der Lösung 
des linearen Gleichungssystems unter (3.3), sondern mittels der Iteration

(3.5) ÿ;(m+1) =  ÿ;(ra) - ^ ' ( ÿ j - 1 [^ , (y„)ÿ;(m)+ П у л  m = i, 2, . . . ,  p - 1,

v'W =  V' v' =  v,(P)J n  JU9 Jrt  J n  9

wobei wir in Kenntnis der Matrizenzerlegung der Gestalt L • U nur lineare Glei
chungssysteme mit Dreiecksmatrizen angeben und die Matrix F'(y„) nur ein einziges 
Mal herzustellen brauchen. Die Iteration unter (3.4) als auch diejenige unter (3.5) 
konvergiert schnell, wenn nur der Vektor y„ eine hinreichend genaue Annäherung 
darstellt.

d) Da die gesuchte Wurzel, der Vektor у(1)=Улг, verhältnismäßig genau zu 
bestimmen ist, genügt es oft nicht, bei den Ansätzen der Form (2.2) die Werte /=  — 1 
oder l —0 zu wählen.

3.4. Wir führen die Berechnungen zur Lösung der Aufgabe unter (3.3) zuerst 
bis zum Grundpunkt хы_г; wo es nötig ist, wenden wir den Ansatz unter (2.2) an, 
vorläufig bei /=  — 1 oder /= 0 . Erst dann bestimmen wir die obigen Vektoren genauer, 
in einigen letzten Grundpunkten {x„}, nach 3.3. c).

Es ist nämlich folgendes von Bedeutung:
Wird irgendeine, von der approximativen Gleichung unter (1.8) abgeleitete 

Beziehung angewendet, so soll jeder dort auftretende Funktions- und Ableitungswert 
mit einem Formelfehler gleicher Art belastet sein, d. h. sie sollen nach derselben 
Ansatzfunktion berechnet werden. Wenn wir also diese Werte sofort nach ihrer 
approximativen Bestimmung genauer machen würden, so müßten wir im weiteren 
mit allen Funktions- und Ableitungswerten dasselbe tun. Sind wir im Verlauf der 
Rechnung dennoch zur Änderung der Ansatzfunktion gezwungen, so müssen wir 
für einige Schritte die wiederholte Berechnung der Parameter einstellen.

3.5. Im ersten Schritt wenden wir bei l—\ die obige Ansatzfunktion an. Wir 
setzen für jeden Parameter Br die durch das nachstehende Verfahren festgesetzte 
Gleichung auf.

Wir bestimmen für irgendeinen Wert Bx auf die übliche Weise die dazugehören
den Parameter (cN_x,p, B0), deren Gesamtheit, bei 1=1, eine Ansatzfunktion nach
(2.2) festsetzt. Durch die letztere werden die Parameter der Prediktor-Korrektor- 
Formel, deren allgemeine Gestalt unter (1.15) und (1.16) zu finden ist, bestimmt. 
Der Parameter Bx ist so zu wählen, daß der im Grundpunkt xN^ 2 aufgesetzte obige 
Korrektor als Ergebnis den genauen Wert von yN- x ergebe, d. h.

(3.6) y)T-i = yN-i
sei.

Es lohnt sich im allgemeinen nicht, bei einem auf gegebene Schrittlänge h auf
gebauten System von Funktions- und Ableitungswerten eine genauere Ansatzfunk
tion (2.2) anzuwenden. Man benötigt dazu ein Wertsystem, das sich auf Grundpunkte 
x N — nh* (n=\, 2, ...) mit einer bedeutend kleineren Schrittlänge h* stützt. Wir wer
den im folgenden eben ein solches Wertsystem bestimmen.
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3.6. Zu diesem Zweck berechnen wir zuerst die Werte der Vektoren

(3.7) У„-£ =  У(x„-eh), n = JV— 1, N -2 ,  ..., N - L - l

und der dazugehörigen Ableitungsvektoren y'_E, wo e eine festgesetzte Zahl mit 
0 < s« ;l und L die auf die Grundpunkte der bisher benutzten Prediktor-Korrektor- 
Formel bezogene Zahl (s. unter (1.15)) bedeuten.

Die Näherungswerte der Vektoren unter (3.7) berechnen wir mit Hilfe der 
Vektoren y„, y'„ komponentenweise, u. zw. so, daß wir im Grundpunkt x„ und mit 
der Schrittlänge eh, die Eulersche Prediktor-Methode, nach dem polynomialen bzw. 
dem momentanen Ansatz unter (2.2), aufschreiben. Die Näherungswerte der dazu
gehörenden Ableitungen bilden wir nach der Formel unter (1.20).

Die so erhaltenen Näherungswerte können wir auf übliche Weise, nach 3.3. c), 
genau machen, allerdings mit der Abänderung, daß wir in den Formeln unter (3.4) 
und (3.5) an Stelle der im Punkt y„_E berechneten Inverse der Jacobischen Matrix 
die Matrix setzen, weil ja die L • {/-Zerlegung der letzteren schon bekannt
und e eine kleine Zahl sind.

Wir berechnen den Näherungswert des Vektors yN- € mit Hilfe der Vektoren 
unter (3.7) und der dazugehörenden Ableitungen, u. zw. so, daß wir für jede Kom
ponente den, auf dem entsprechenden Ansatz beruhenden, bisher angewendeten 
Prediktor im Punkte x^ -i-s  —̂ jv- i - £ h aufschreiben. Als Ergebnis erwarten wir 
einen so guten Näherungswert, aus dem die genauen Vektoren y^_E, y'_E, mit 
wenig Rechnungsarbeit, auf die übliche Weise gewonnen werden können.

Die neuen Grundpunkte bezeichnen wir, im Einklang mit den bisher benutzten 
Bezeichnungen, mit
(3.8) =  xN — nhe*, n = 1, 2, ..., m + 5,

wobei (m+5)e*=e ist, und die Zahl m ist durch den Ausdruck unter (1.8) bestimmt. 
Ähnlich bezeichnen wir auch die Funktions- und Ableitungsvektoren in den obigen 
Grundpunkten. Diese Werte berechnen wir für jede Komponente mit der nicht- 
polynomialen Eulerschen Prediktor-Korrektor-Methode, vom Grundpunkt xN_c aus
gehend und mit Anwendung der entsprechenden Ansatzfunktion.

Ähnlich wie bei dem bisher Beschriebenen können wir auch im Punkt xN_t = 
—xN—eh (0<£«£*) die Näherungswerte der Funktions- und Ableitungsvektoren 
bestimmen (und zwar mit Hilfe des nichtpolynomialen Analogons der Eulerschen 
Prediktor-Korrektor-Methode) und dann genaumachen auf Grund von 3.3. c).

3.7. Sind diese Berechnungen durchgeführt, so lassen sich in den Grundpunkten 
x N-m*  (и = 2 ,3 ,..., m +  4) die zweite und die dritte Ableitung der gegebenen Funktions
komponente mittels des Ausdrucks unter (1.17) oder (1.19) bzw. jenes unter (1.18), 
auf Grund des momentan benutzten Ansatzes, berechnen. Nach 2.5 kann man mit 
Hilfe der Beziehung unter (2.4) zwei Gleichungen aufschreiben, so wie wir es bei 
dem Aufsetzen’der Gleichung unter (2.3) getan haben. Die Lösung der ersten Glei- 
chuog — mit k —2 — ergibt den Wert des Parameters B2, während die zweite Glei
chung — mit /с = 1 — den Wert des Parameters Bx liefert. In beiden Gleichungen 
ersetzen wir die Funktion Y(x) und ihre Ableitungen derart durch die Funktion 
y(x) und deren Ableitungen, daß wir den Ansatz unter (2.2) bei 1=2 anwenden.

Den Parameter B0 berechnen wir aber nicht aus der Gleichung (2.3), sondern 
mittels eines Verfahrens. Der Parameter B0 ist demnach so zu wählen, daß, nach
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Bestimmung der ihm entsprechenden Parameter (cN_e*,p), der in dem Grundpunkt 
x N - c* mit der Schrittlänge ( ß * — S ) h  aufgeschriebene, auf dem zu den fünf obigen 
Parametern gehörenden Ansatz unter (2.2) beruhende Eulersche Korrektor als Ergeb
nis den genauen Wert
(3.9) y)?L\ = yN- t
ergibt.

3.8. Im Besitz eines hinreichend genauen Ansatzes läßt sich der Funktions
wert y N — die entsprechende Komponente der Wurzel von der Gleichung unter
(3.1) — durch einen im Grundpunkt xN_t* aufgeschriebenen Prediktor-Schritt gut 
bestimmen, wenn nur c,y_£»^ 1 ausfällt. Ist das Letztere nicht der Fall — was nur 
als Folge der ungenügenden Genauigkeit der Rechnung geschehen kann —, so 
besteht die Möglichkeit, y^= y(s)  als guten Näherungswert zu nehmen. Wir könn
ten im Sinne des obigen die bisherigen Berechnungsverfahren durch Hinzunahme 
der entsprechenden Bedingung cN_ j ^ l  oder c„._e. s l  auch ergänzen.

4. Beispiele

4.1. Die im 2. Kapitel empfohlene Methode soll nun anhand der folgenden 
Anfangswertaufgabe dargestellt werden:

(4.1) x'{3 yexy- 1-2 x )  + y'(3xex’’- 1- 2 )  = a14,

y ' (4y — 3zeyz~1)+ z'(2—3yeyz~1) = a24,

z'(3zexz~1—2)+x'(3xexz~1—2z) = a34,

wo auf der rechten Seite der Wert der Vektorfunktion ( / i , / 2, / 3) unter (4.2) für 
x= y= z= 0.85  steht. Annäherungsweise haben wir

a14 — a34 — 0.149473 305, a24 ^  0.128 026 695.

Die Lösung wird in den Grundpunkten t,=0.025n (n = 1, 2, ..., 39) gesucht.
a) Die Berechnung führen wir — nach der geeignet gewählten Startphase — 

mit der folgenden Prediktor-Korrektor-Methode aus:

L  =  2, a — (1, 0, 0), d =  (0,23/12, -4/3, 5/12)
und

a =  (1,0,0), d = (5/12, 2/3,-1/12,0).

Die Iteration haben wir so lange weitergeführt, bis der Fehler IO-7 nicht mehr 
überstieg.

b) Bei der zweitmaligen Ausführung der Berechnung haben wir in jedem Grund
punkt nur einen Korrektor-Schritt getan und dann auf die letzten 6 Grundpunkte 
gestützt die Parameter (c39,p ,B 0), (m = 3), der Ansatzfunktion unter (2.2), 1=0, 
bestimmt.

Im Sinne von 2.4 haben wir die Durchrechnung der Aufgabe (4.1) in den letzten 
6 Grundpunkten nach dem nichtpolynomialen Analogon der Prediktor-Korrektor-
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Methode unter a) wiederholt. Um das Resultat genauer zu machen, wiederholten 
wir den unter b) beschriebenen Ansatz bzw. die Durchrechnung der Aufgabe (4.1). 
Jetzt zeigten der Prediktor- und der Korrektorwert kaum mehr eine Abweichung 
voneinander. (Den letzteren haben wir jeweils nur einmal berechnet.)

Das Resultat ist in der Tabelle 1 zusammengestellt.

Genauer
Wert

Der Korrek
tor nach 

4. l.a)

Der Korrek
tor nach 

4.1 .b)

X (0.975) 1.019 369 9 1.019 1084 1.0193326

у (0.975) 0.978 507 7 0.978 756 8 0.978 535 7

z (0.975) 0.978 587 0 0.978 846 6 0.978 624 4

Tabelle 1

Der Aufwand an Rechenoperationen ist bei den Berechnungen unter 4.1.a) 
und 4.1.b) ungefähr gleich groß. Die Fehler der Werte in der letzten Spalte ent
stehen fast gänzlich aus der Anhäufung der Fehler bis zum Grundpunkt t33.

4.2. Das im 3. Kapitel beschriebene Verfahren soll durch die folgende Auf
gabe veranschaulicht werden. Wir suchen eine Lösung des nichtlinearen Gleichungs
systems

fx = x2+ 2y—3exy~1 =  0

(4.2) f 2 = 2y2 + 2 z - Зе”1- 1- 1 =  0

/ 3 =  z2 + 2x—3exz~1 = 0
vom Punkt xr=j>=z=0.85 ausgehend. Bei Anwendung der Newton—Raphson- 
Methode divergiert das Verfahren. Mit der Fortsetzungs-Methode beginnend gelan
gen wir zur Anfangswertaufgabe unter (4.1), wenn wir die Parametrisierung unter
(3.2) anwenden. Führen wir in den gegebenen Grundpunkten die Berechnungen 
nach 4.l.a) bis zum Grundpunkt t39 durch (wobei jeder Korrektor nur einmal aus
gerechnet wird), so gelangen wir in die Nähe der Lösung x —y —z —l, wo die Jacobi- 
sche Matrix des Gleichungssystems singulär wird. Wir führen zuerst das Genauer
machen nach З.З.с) in den letzten 6 Grundpunkten, und dann die Abschätzung der 
gesuchten Wurzel mit Hilfe der Ansatzfunktion unter (2.2), /=0 (s. die 1. Zeile der 
Tabelle 2) mit der Wahl m —4 durch. Wir werden in der Tabelle nur die wiederholte 
Annäherung des Endwertes xi0 angeben, da der momentane Ansatz unter (2.2) für 
die Endwerte yM und z40 jeweils bessere Abschätzungen als für den Wert дг40 ergibt. 
Im Laufe der Berechnungen wird die Bedingung c39S  1 nicht gestellt, weil sonst 
die Ergebnisse viel zu günstig ausfallen würden. So erhalten wir nur dort einen 
Näherungswert für xi0, wo diese Bedingung erfüllt ist.

Wir berechnen in den neuen Grundpunkten die Werte des Funktions- und des 
Deriviertenvektors bei e= 1/10 und e*=e/10 (anstelle von e*=g/9). Auf diese gestützt 
ergibt der Ansatz (2.2), /=1 die 2. Zeile der Tabelle 2, wenn der Parameter von

Studia Scientiarum  M athematlcarum H u n g á r ia  12 fl977)



2 8 0  s. FRIVALDSZKY: L Ö S U N G  GEW ÖHNLICHER A N FA N G SW ERTA U FG A BEN  SING U LÄ REN  TYPS

der Bedingung ausgehend berechnet wird, die im Grundpunkt xJV_e* aufgeschrieben 
ist und jener unter (3.6) entspricht. Wird an Stelle der letzten Bedingung diejenige 
unter (3.9) gesetzt (I—10~4), so ergibt die vorige Berechnung die 3. Zeile der Tabelle 2.

Endlich bestimmen wir, mit Hilfe der erhaltenen Parameter (c40_£*,p, B0, Bf) 
die Derivierten zweiter und dritter Ordnung. Nach der vollständigen Durchführung 
des im 3. Kapitel beschriebenen Verfahrens erhalten wir die 4. Zeile der Tabelle 2.

Laufende
Nummer

Abschätzung für 
den Wert von x40

1. 1.002 469 981

2. 1.000 002 346

3. 1.000 000 824

4. 1.000 000 093

Tabelle 2

Zum Abschluß möchte ich Herrn Prof. A. Békéssy für seine wertvollen Anregun
gen (vor mehreren Jahren), mich mit solchen Problemen zu befassen, und Frau 
Katalin Demetrowitsch für das sorgfältige Durchlesen des Manuskripts dieser Arbeit 
meinen herzlichen Dank aussprechen.
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SCHEIBENPACKUNGEN MIT NACH UNTEN BESCHRÄNKTER
NACHBARNZAHL

von
J. LINHART

Herrn Prof. L. Fejes Tóth 
zum 65. Geburtstag gewidmet.

Einleitung

Unter einer Scheibe verstehen wir eine offene, beschränkte und konvexe Teil
menge der euklidischen Ebene. Unter der Newtonschen Zahl N  einer Scheibe S 
verstehen wir die maximale Anzahl von disjunkten, zu S kongruenten Scheiben, 
welche sich mit S in Berührung bringen lassen. Eine Packung von zu S kongruen
ten Scheiben heißt Maximalpackung, wenn jede Scheibe genau N  andere berührt.

Von L. F ejes Tóth stammt die Vermutung, daß es Maximalpackungen nur 
für 21 gibt und 21 die genaue obere Schranke ist [2, p. 201]. P. GÁcs [3] gelang 
es zu zeigen, daß für N  jedenfalls eine obere Schranke existiert. Seine Methode 
lieferte jedoch eine Schranke von der Größenordnung 108.

In der vorliegenden Arbeit wird nun bewiesen, daß tatsächlich JVä 21 gilt. 
Ob 21 wirklich bestmöglich ist, bleibt noch offen. Die verwendete graphentheore
tische Methode liefert außerdem interessante Abschätzungen für die Nachbarnzahl 
in allgemeineren Packungen, welche das Resultat eines früheren Aufsatzes [4] verall
gemeinern und verbessern.

I. Endliche («, gj-Packungen

Für die Zwecke dieses Kapitels scheint es natürlicher zu sein, auch Packungen 
auf der Kugelfläche in die Betrachtungen mit einzubeziehen. Wir setzen dabei zu
sätzlich voraus, daß der Durchmesser einer Scheibe auf der Kugel <7t sei.

D ef in it io n . Seien n und g natürliche Zahlen, und g ë 3. Unter einer (n, g)- 
Packung verstehen wir eine Menge paarweise disjunkter Scheiben (in der Ebene 
bzw. auf der Kugel), in der jede Scheibe mindestens n andere berührt, und höchstens 
g Scheiben einen Randpunkt gemeinsam haben.

Sa t z  1. Für endliche (и , g)-Packungen gilt:

(1) n <  2g für g ^ 3

und

(2) „ < * ■ - 3 * + 1«
g - 6

für  g ё  7.

Bemerkungen. Die Ungleichung (1) wurde in [4] nur für den Fall bewiesen, 
daß jede Scheibe genau n andere berührt (sogenannte n-Nachbarnpackungen). Es 
wurde außerdem gezeigt, daß sie für gS.6 genau ist. Die Ungleichung (2) ist für
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g = Í2 besser als (1). Beispielsweise ergibt sich

( 3 ) n <  2g —3  = 21 f ü r g = 12
u n d
( 4 ) n <  g+4 f ü r g ^  42.
Was die Genauigkeit dieser Ungleichungen betrifft, seien außer den in [4] genannten 
Beispielen noch die folgenden erwähnt:

1) Das sphärische Netz des Sternpolyeders |б, y j  (siehe [1]) ist eine (17, 10)- 
Packung, d. h. n =  2g—3. Hier ist also (1) noch verhältnismäßig gut.

2) Das Sternpolyeder |з ,  y j  liefert eine (19, 12)-Packung (vgl. (3)).

3) Zeichnet man auf der Kugel einen Großkreis und verbindet die zugehörigen 
Pole durch g verschiedene Halbkreise, so erhält man für beliebiges 4 eine 
(g+ 2, g)-Packung. Es wäre interessant, zu wissen, ob es für große g auch (g+3, g)- 
Packungen gibt.

Es sei bemerkt, daß die Beispiele 1) und 3) sogar n-N ach barn packu n gen sind.
Beweis des Satzes. Wir betrachten eine endliche (n, g)-Packung und ordnen 

ihr folgendermaßen einen ebenen paaren Graphen G zu : Aus jeder Scheibe wählen 
wir einen (inneren) Punkt aus. Die Menge dieser Punkte bezeichnen wir mit A, 
ihre Elemente heißen A-Ecken. Wir definieren weiters eine Menge В so: Wenn q 
Scheiben (q = 3) einen Randpunkt у  gemeinsam haben, dann sei y£B  (so ein у  
nennen wir auch Berührungsecke). Wenn zwei Scheiben einander berühren, aber 
nicht in einer Berührungsecke, dann wählen wir einen gemeinsamen Randpunkt 
aus und nehmen ihn zur Menge В hinzu. Die Elemente von В heißen ß-Ecken. 
Jede A-Ecke wird nun geradlinig mit allen ß-Ecken, die auf dem Rand der zu
gehörigen Scheibe liegen, verbunden. Auf diese Weise erhalten wir einen schlichten, 
ebenen, paaren Graphen G mit folgenden Eigenschaften:

a) Jeder Scheibe entspricht umkehrbar eindeutig eine A-Ecke, welche in dieser 
Scheibe liegt.

b) Jede Л-Ecke ist mit mindestens n anderen A-Ecken durch je zwei Kanten 
verbunden.

c) Der Grad der ß-Ecken ist Sg.

Wir können o. B. d. A. annehmen, daß G zusammenhängend ist (andernfalls 
betrachten wir statt G die einzelnen Zusammenhangskomponenten).

Unter einem Vierkreis von G verstehen wir einen Kreis (d. h. einfach ge
schlossenen Kantenzug) von G, welcher aus vier Ecken und vier Kanten besteht. In der 
Ebene sind diesbezüglich die Begriffe „Inneres“ und „Äußeres“ sinnvoll. Auf der 
Kugel wollen wir unter dem Inneren eines Vierkreises dasjenige der beiden in Frage 
kommenden Gebiete verstehen, in dem die (kürzeste) Verbindungsstrecke der beiden 
ß-Ecken des Vierkreises liegt. Eine Fläche von G, deren Rand ein Vierkreis ist, 
nennen wir Viereck.

Lemma 1. Im Inneren eines Vierkreises von G liegen keine Ecken und Kanten 
von G (daher ist jeder Vierkreis Rand eines Vierecks).
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Beweis. Seien x l3 x2 die beiden Л-Ecken des Vierkreises K, Slt S2 die entspre
chenden Scheiben, und y l t y 2 die beiden Ö-Ecken. Wir zeigen zunächst, daß das 
ganze Innere von К  zu SxUSg gehört (S bezeichnet die abgeschlossene Hülle von S). 
Sei z ein Punkt im Inneren von K. Dann ist entweder (i) z in dem Dreieck x 1y 1y 2 
oder (ii) in dem Dreieck x2y1y2. (Auf der Kugel sind die Seiten dieser Dreiecke 
laut Voraussetzung alle <n.) Im Falle (i) betrachten wir die Gerade (bzw. den 
Großkreis) durch xx und z. Sie schneidet den Rand des Dreiecks auf der Seite У!У2. 
Der Schnittpunkt heiße w, also zÇjvjW. Da j x, j 2€ Sl3 ist wegen der Konvexität 
von auch S1 und daher auch z£ St . Im Falle (ii) ergibt sich analog zÇ S2, 
also jedenfalls z f  SxU S2. Daher liegt keine Л-Еске und keine Berührungsecke 
innerhalb von K. Es kann aber auch keine Ö-Ecke vom Grad 2 im Inneren von 
К liegen, denn nach Definition der Ö-Ecken dürften sich dann .Sj und S2 in sonst 
keiner Ö-Ecke berühren, also auch nicht in y1 und y2.

Lemma 2. Man kann G so modifizieren, daß alle Eckengrade ё З  sind und den
noch die Eigenschaften a), b), c) erhalten bleiben, und auch der modifizierte Graph 
schlicht, eben, paar und zusammenhängend ist.

Beweis. Wenn eine Л-Еске Grad 1 hat, kann die entsprechende Scheibe höch
stens g —1 Nachbarn haben, und die Ungleichungen (1) und (2) sind trivialerweise 
erfüllt. Diesen Fall können wir daher ausschließen. Ö-Ecken vom Grad 1 sind per 
def. unmöglich. Eine Л-Еске x vom Grad 2 kann nach Lemma 1 nicht auf dem 
Rand zweier Vierecke liegen. Es ist daher stets möglich, in einer der beiden Flächen 
(bzw. in der einen Fläche), auf deren Rand x liegt, eine zusätzliche Ö-Ecke ein
zufügen und sie mit x und zwei anderen Л-Ecken am Rand dieser Fläche zu ver
binden. Wenn bei einer solchen Einfügung eine 2-gradige Ö-Ecke auf dem Rand 
eines Vierecks zu liegen kommt, lassen wir sie mit den beiden zugehörigen Kanten 
weg. Die von x jetzt ausgehenden drei Kanten werden davon nicht betroffen, denn 
sonst hätte die x entsprechende Scheibe x höchstens l+ ( g —1) Nachbarn gehabt, 
was wir ausschließen können. (Beim ursprünglichen Graphen liegt keine zwei- 
gradige Ö-Ecke auf dem Rand eines Vierecks, wie sich aus ihrer Definition ergibt.)

Auf diese Weise kann man erreichen, daß alle Л-Ecken einen Grad ^ 3  haben 
und die genannten Eigenschaften von G erhalten bleiben. Es ist dabei nur zu über
legen, daß es nie Vorkommen kann, daß eine zwei-gradige Л-Еске an zwei Vierecken 
liegt. Beim ursprünglichen Graphen kann dies, wie gesagt, wegen Lemma 1 nicht 
der Fall sein; also müßte es im Laufe der Modifikation eintreten. Die Kanten 
zweier solcher Vierecke können nicht bei der Modifikation entstanden sein, denn 
sonst wäre eine der beiden Ö-Ecken samt den drei Kanten neu hinzugekommen 
und daher die betrachtete Л-Еске vorher vom Grad 1 gewesen, was wir ausgeschlossen 
haben. (Auch während der Modifikation kann eine Л-Еске niemals Grad 1 erhalten, 
denn die Anzahl der mit ihr über je zwei Kanten verbundenen Л-Ecken wird bei 
der Modifikation nicht kleiner, also niemals = g—1.) Also gehören die beiden 
Vierecke zum ursprünglichen Graphen, im Widerspruch zu Lemma 1.

Wenn alle Л-Ecken Grad ̂ 3  haben, verbinden wir jede verbleibende Ö-Ecke 
у  vom Grad 2 mit einer noch nicht mit у  verbundenen Л-Еске am Rand derselben 
Fläche. Das ist stets möglich, da у  nicht am Rand von zwei Vierecken liegt. Wenn 
dabei eine andere zwei-gradige Ö-Ecke an den Rand eines Vierecks gerät, wird sie 
wieder sofort mit ihren beiden Kanten weggelassen. Wenn dadurch eine Л-Еске
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Grad 2 bekommt, wird zunächst wieder, wie vorhin beschrieben, eine ß-Ecke vom 
Grad 3 eingefügt, sodaß von dieser A-Ecke wieder drei Kanten ausgehen. Erst 
dann wird mit der Behandlung der zwei-gradigen ß-Ecken fortgefahren. Bei dieser 
Vorgangsweise kann es wieder nicht Vorkommen, daß eine zwei-gradige A-Ecke 
am Rand von zwei Vierecken liegt, denn sonst hätte sich die weggelassene ß-Ecke 
innerhalb eines dieser beiden Vierecke befunden, d. h. sie wäre mit ihren beiden 
Kanten am Rand von zwei Vierecken gelegen. Das kann nie eintreten, da eine zwei- 
gradige ß-Ecke schon weggelassen wird, wenn sie am Rand von einem Viereck 
liegt, und niemals zwei solche Vierecke auf einmal entstehen können.

Auf diese Weise kann man erreichen, daß alle Eckengrade S3 werden und 
der Graph trotzdem die gewünschten Eigenschaften behält.

Der gemäß Lemma 2 modifizierte Graph ist i. a. nicht mehr geradlinig. Es 
gibt jedoch einen dazu isomorphen geradlinigen Graphen mit genau entsprechenden 
Flächen [5], den wir der Einfachheit halber von nun an betrachten wollen.

Ein Tripel (zlt z, z2) von Ecken einer Fläche p heißt (orientierter) Winkel von 
p  in der Ecke z, wenn zxz und z2z Kanten auf dem Rand von p sind und es ein e>0 
gibt, so daß in einem (geometrischen) Kreis Kr (z) mit Radius e um г die Strecke 
zxzC\Kfz) in die Strecke z2zC\Ke(z) um z in positivem Sinn so gedreht werden 
kann, daß die Drehung ganz innerhalb von p  verläuft. Den bei der Drehung über- 
strichenen Bereich nennen wir den zugehörigen Winkelbereich. Wenn es in einer 
Ecke von p mehrere (etwa m) Winkel von p  gibt, so sprechen wir von einer mehr
fachen (m-fachen) Ecke, sonst von einer einfachen Ecke von p. (Für mehrfache 
Ecken scheint die Winkeldefinition von O r e  [5] nicht verwendbar zu sein.)

Lemma 3. Sei p eine Fläche mit s Ecken, der Vielfachheit nach gezählt (wir 
sagen dann einfach s-Eck). Dann können diese Ecken derart in eine Folge zl5 ...,z s 
angeordnet werden, daß jede Ecke ihrer Vielfachheit entsprechend viele Indizes er
hält, und je drei aufeinanderfolgende Ecken einen Winkel von p bilden (dabei heißen 
z. B. auch zs, z x, Zjj aufeinanderfolgend, d. h. die Indizes sind modulo s zu verstehen).

B e w e i s . E s  wird im wesentlichen behauptet, daß die Ecken von p im U h r 
zeigersinn numeriert werden können. Dies folgt z. B. daraus, daß man das (einfach 
zusammenhängende) Gebiet p konform auf das Innere eines Kreises abbilden kann. 
Diese Abbildung läßt sich nämlich stetig auf den Rand fortsetzen, wobei die m- 
fachen Randpunkte von p zu m verschiedenen Randpunkten des Kreises gehören 
([6], S. 364).

Lemma 4. Jede Fläche von G hat mindestens eine einfache A-Ecke.
Beweis. Wir numerieren die Ecken gemäß Lemma 3 und nehmen an, daß es 

keine einfache A-Ecke gibt. Wir betrachten eine A-Ecke zk, bei welcher die mini
male Differenz von Indizes (modulo v) auftritt, also zk=zk+d, und wenn für eine 
Л-Ecke Zj=zj+l gilt, dann folgt |í |s |í/|. Da Grad (zk+x) Л 1, ist zk+2Azk, also 
sicher fife4 (o. B. d. A. d>0). Nach Annahme ist zk+2 auch eine Mehrfachecke. 
Es ist daher möglich, einen Punkt ux des Winkelbereichs (zk+1, zk+2, zk+s) innerhalb 
von p  mit einem Punkt щ eines anderen Winkeibereichs von zk+2 zu verbinden 
und diesen Weg durch die beiden Strecken uxzk+2 und zk+2u2 zu einer geschlossenen 
Jordankurve J  durch zk+2 zu ergänzen (Abb. 1). Der geschlossene Kantenzug 
(zk, zk+1, ..., zk+d) tritt bei zk+2 von einem der beiden durch J  bestimmten Gebiete
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Abbildung 1.

in das andere über. Da er J  nur im Punkt zt+2 schneiden kann und wieder zu zk=zk+i 
zurückgeht, muß er mindestens noch ein zweitesmal durch zk+2 laufen, d. h. zk+2 = 
=zk+i mit im Widerspruch zur Minimalität von d.

Lemma 5. Wir können G weiters so modifizieren, daß alle Flächen Vierecke sind, 
ohne die Eigenschaften a), b), c) und die von Lemma 2 zu ändern, und daß auch der 
modifizierte Graph schlicht, eben, paar und zusammenhängend ist.

Beweis. Man kann jedes 2i-Eckp mit s ^ 3 in folgender Weise in Vierecke 
zerlegen : Sei zx gemäß Lemma 4 eine einfache A-Ecke von p, und von zx ausgehend 
seien die Ecken von p gemäß Lemma 3 im Uhrzeigersinn numeriert. Wir fügen in 
p eine ß-Ecke yx ein und verbinden sie mit den A-Ecken zx, z3, z5 durch sich nicht 
überschneidende Kanten derart, daß die zu einer Ecke zt führende Kante durch 
den Winkelbereich (z/_x, z(, zj+1) geht und durch keinen anderen zu zf gehörigen 
Winkelbereich. Dadurch wird p in zwei Vierecke und ein 2(.ç— 1) —Eckpx zerlegt 
(Abb. 2). Im Inneren von px fügen wir nun eine ß-Ecke y2 ein und verbinden sie 
in analoger Weise mit zx, z5, z7 durch Kanten in px, usw. Schließlich wird ys_2 
im Inneren eines 6-Ecks ps_3 gewählt und mit zx, z2s_3, z2s- X verbunden, wodurch 
p in Vierecke zerlegt ist. Die Einfachheit von zx garantiert, daß dabei keine Mehr
fachkanten auftreten. Die Grade der /1-Ecken werden nicht kleiner, die Grade 
der alten Ö-Ecken bleiben unverändert, und die neuen Ö-Ecken yt haben Grad 3ëg .

Wir betrachten von nun an den gemäß Lemma 2 und 5 abgeänderten Graphen G. 
Wir beweisen zunächst die Ungleichung (1). Bezeichnungen:

a . .. Anzahl der /1-Ecken,
b. .. Anzahl der ß-Ecken,
bq... Anzahl der ß-Ecken vom Grad?,
/с... Anzahl der Kanten.
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A - E c k e n

B - E c k e n  
A bbildung  2 .

Jede /1-Ecke ist mit mindestens n anderen d-Ecken über je zwei Kanten verbunden. 
Wenn zwei d-Ecken zu demselben Viereck gehören, dann sind sie auf diese Weise
doppelt verbunden. Bei jeder B-Ecke vom Grad q treten Verbindungen

auf, davon mindestens q Doppelverbindungen. Da die Doppelverbindungen zu 
zwei .ß-Ecken zählen, erhalten wir für jede ß-Ecke vom Grad q höchstens

^  —y  = zu zählende Verbindungen. Die Gesamtzahl der Verbin

dungen muß wegen b) =~y  se*n> a ŝo

(5) na =§ 2  q (q -2 )bq S g  2 (.9 ~ 2 )b q.
<7 =  3 <7 =  3

Aus dem Eulerschen Polyedersatz folgt k<2(a+b). к = 2  Фч> also JV(cl ~ 2)6,< 
<  2a, und daher folgt aus (5): na<g-2a, somit ж 2g.

Zum Beweis der Ungleichung (2) verwenden wir außer G noch folgenden ebenen 
Graphen H : Die Eckenmenge von H  sei B. Wenn zwei ß-Ecken zum selben Viereck 
gehören, dann verbinden wir sie durch eine Kante innerhalb dieses Vierecks. Die 
Grade der ß-Ecken in H  stimmen mit denen in G überein. Auf diese Weise liegt 
jede Л-Еске x  vom Grade s in einer Fläche von H  mit der Seitenzahl s, die wir

S t u d i a  S c ie n t ia r u m  M a th e m a tic  a r u m  Н и п д а ггса  12 (1977)



SCHEIBENPACKUNGEN 2 8 7

mit X bezeichnen, x enthält sonst keine A-Ecke. Umgekehrt enthält jede Fläche 
von H  genau eine Л-Еске. Da die /t-Ескеп genau den Scheiben entsprechen, ist 
also jeder Fläche von H  genau eine Scheibe zugeordnet und umgekehrt. Auf H 
wenden wir nun das Konzept der „Eulerschen Beiträge“ an [5, p. 54ff.]. Sei fVp 
die Menge der Winkel einer Fläche p in einem ebenen Graphen, s(p) die Seiten
zahl (= Winkelanzahl) und q(ß) der Grad der zu einem Winkel <5 gehörigen Ecke. 
Dann heißt

C(p):= 1 - 4 ^ - +  2  ^ 71 àiwoq(p)

der Eulersche Beitrag von p. Aus dem Eulerschen Polyedersatz ergibt sich [5], daß

(6) 2 C(P) >  o,
P i F

wenn F die Menge aller Flächen des Graphen bedeutet. Es muß daher mindestens 
eine Fläche p0 geben mit

(7) C(p0) >  0.

Wir betrachten nun eine A-Ecke x  vom Grad j . Jede mit x  in G verbundene ß-Ecke 
ô vom Grad q(ö) liefert q(ô) — 1 Л-Nachbarn von x. Mindestens s solcher Nachbarn 
gehören jedoch zu zwei ß-Ecken, also gilt wegen b) 2  (q(ö) — l ) —s^n . Da 

2  1 =s, folgt daraus: >iW*

(8) 2  q (ß )^ n  + 2s.

Für und ist — I— s ----- p H ------- p .  Durch wiederholte An-
1 2  (i (2 h - h  t2+h

Wendung dieses Prinzips erhält man aus (8) unter Beachtung von 3^q (ö )^g :

>3-x q ^ )  -  3 +  - +  3 +  (n+2s)—(s—2)-3 —g +  g
(s—2)-mal

= - +  — + --------——г ,  falls и—g —s + 6 s  3 ist.3 g n —g—s+6
In diesem Fall ergibt sich aus (7) die Ungleichung

, s s - 2  1 1
1 — ----x----1----- 1------------ TT2 3 g  и- g - s + o 0 für s =  s(p0).

Die linke Seite ist eine monoton fallende Funktion von s, wir können daher s 
durch 3 ersetzen und erhalten

J_ 1
g + n - g  + 3 - ,  d.h. g2-3g+ 18

g - 6
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Wir zeigen nun noch, daß der Fall n —g —s+ 6<3 nicht eintreten kann. Wir 
können n> g+ 3 annehmen, da sonst die Aussage des Satzes in trivialer Weise 
folgt. Also wäre 6<5, und falls n—s+ 3 s3 , hätten wir

^  1 s -1  1 s -1  1
*  q(ö) -  3 + (n +  2 s ) - ( s - l ) .3  _  3 + n - s  +  3 ’

und aus (7) folgte l ~ 4  +  ̂ ^ -  + ......1 , - >0.2 3 n — s + 3
Wegen Monotonie müßte diese Ungleichung auch für 5=6 gelten, und es 

wäre — y  + - —j> 0 ,  also 6, im Widerspruch zu n>g + 3 und g >6. Schließ
lich wäre noch der Fall n—5+3<3, also n<s zu behandeln. Da hätten wir 

s s1—y  + y > 0 , somit 6, also auch einen Widerspruch.

П. Unendliche (n, g)-Packungen in der Ebene

Sei M  eine unendliche (и, g)-Packung in der Ebene, und G ein zugehöriger 
Graph (wie in I.). z sei ein beliebiger fester Punkt, und Kr sei ein offener Kreis 
mit Mittelpunkt z und Radius r, auf dessen Rand keine ß-Ecke von G liegt. M ' 
sei die Menge der Scheiben von M, die in Kr enthalten sind und M":= {5ПАГГ|0 ^  
7*sr\Kr?± S£M}; schließlich sei Mr:= M'rU M ". Die Scheiben von M'r haben 
in Mr genausoviele Nachbarn wie in M, also mindestens n. Weiters seien a(r), a{r) 
bzw. a"(r) die Anzahlen der Elemente von Mr,M'r bzw. M ".

Satz 2. Wenn in einer unendlichen (n, g)-Packung in der Ebene a(r) endlich ist 
(für jedes r> 0, für das es definiert ist), und

(9)

dann gilt

( 10)

und

(П ) n =

lim f l »
a'(r)

n = 2g 

g2 —3 g + 18
g - 6

■ =  0,

fü r

für

g S  3 

g — 7.

Bemerkung. Die Voraussetzungen des Satzes sind sinnvoll, da G nur abzählbar 
viele ß-Ecken enthält und daher nur abzählbar viele r> 0  ausgeschlossen werden.

Beweis. Sei s > 0  beliebig vorgegeben. Wir wählen r  so groß, daß a"(r) + 1 
a'(r)

ist. Wie in I. konstruieren wir zu Mr einen schlichten ebenen paaren Graphen Gr, 
für den a) und c) gelten. Wenn GT nicht zusammenhängend ist, dann gibt es ein 
Gebiet /  von Gr, dessen Rand Ecken aus mindestens zwei Zusammenhangskom
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ponenten Zx und Z2 von Gr enthält. Wir fügen innerhalb von /  eine neue Æ-Ecke 
ein und verbinden sie mit einer Л-Еске des Zx-Randes von /  und einer Л-Еске 
des Z2 -Randes von f  Dadurch wird die Anzahl der Zusammenhangskomponenten 
von Gr um eins erniedrigt. Da Gr endlich ist, wird er auf diese Weise nach endlich 
vielen Schritten zusammenhängend. Die obengenannten Eigenschaften von Gr 
werden dabei nicht geändert.

Gr kann /1-Ecken vom Gradl oder mit weniger als g + l zweiten Nachbarn 
enthalten und daher nicht unmittelbar gemäß Lemma 2 modifiziert werden. Solche 
Л-Ecken liegen notwendigerweise am Rand des Außengebiets von Gr. Wir ändern 
daher Gr folgenderweise ab: Seien xlt ..., x, die /1-Ecken des Außengebiets von Gr, 
in dem in Lemma 3 definierten Umlaufsinn.

Damit wir auf Gr ohne Schwierigkeiten die Modifikationen von Lemma 2 
anwenden können, ist es zweckmäßig, vorher die mehrfachen /(-Ecken des Außen
gebiets p0 von Gr folgenderweise zu eliminieren: Wenn xt eine mehrfache A-Ecke 
von p0 ist, fügen wir in p0 eine neue Ü-Ecke ein und verbinden sie mit xf_l5 x, und 
xi+1 in den entsprechenden Winkelbereichen. (Wenn dabei eine Ä-Ecke vom Grad 
2 an den Rand eines Vierecks kommt, wird sie mit ihren Kanten weggelassen.) 
Anschließend numerieren wir die /(-Ecken von p0 neu gemäß Lemma 3. Auf diese 
Weise verringern wir schrittweise die Gesamtmultiplizität der mehrfachen Л-Ескеп 
von p0, bis schließlich keine mehr vorhanden sind. Wenn dann zwei aufeinander
folgende Л-Ecken Xi, x i+1 über eine einfache zweigradige B-Ecke des Außengebiets 
verbunden sind, bezeichnen wir diese 2?-Ecke mit y t. Andernfalls verbinden wir 
x t und xj+1 durch zwei zusätzliche Kanten über eine neu eingefügte 5-Ecke y t 
außerhalb von Gr. Führt man dies sukzessive für /=1, ..., t durch, so wird schließ
lich das Außengebiet von Gr von dem geschlossenen Kantenzug (xl5 у1г x2, ... 
..., x,, y,, xx) berandet. Damit die neuen zwei-gradigen R-Ecken yt bei der Modi
fikation nach Lemma 2 nicht weggelassen werden, fügen wir in p0 eine neue A- 
Ecke x„ ein und verbinden sie innerhalb von p0 der Reihe nach mit уг, ..., yt . Da
durch bekommen die y t Grad 3. Lemma 1 gilt in einem modifizierten Sinn auch 
für den so erhaltenen Graphen: Wenn nach dem Einfügen von x0 ein Vierkreis 
Ecken oder Kanten sowohl im Inneren als auch im Äußeren enthielte, so müßte 
x0 eine Ecke dieses Vierkreises sein; die andere A-Ecke des Vierkreises wäre dann 
aber eine mehrfache Ecke von p0 gewesen, was wir oben ausgeschlossen haben. 
Wir können daher diesen Graphen gemäß Lemma 2 und 5 modifizieren, denn die 
Tatsache, daß die A-Ecken mindestens g+ l zweite Nachbarn haben, wird dabei 
nur für die von x0, . . . ,x ,  verschiedenen Л-Ecken verwendet.

a'(r) ist dann kleiner oder gleich der Anzahl der A -Ecken von Gr, welche mit 
mindestens n anderen /(-Ecken aus Gr durch je zwei Kanten verbunden sind. Die

Gesamtzahl der (zu zählenden) Verbindungen in Gr ist daher s ” ^ -r *. Wir haben
also in (5) a durch a'(r) zu ersetzen und erhalten dann:

n • a'(r) < g-2(a (/*)+ 1) = 2g(a\r) + a"(r)+1),

also M-=2g(l+e). Da e beliebig war, folgt (10). Wir konstruieren nun zu Gr einen 
ebenen Graphen Hr wie in I. Den Eulerschen Beitrag einer Flächep von Hr bezeichnen

wir mit Cr(p). Da s(p) ^ 3 und </(<5)^3, ist Cr(p)s-r- für alle^Flächen von Hr.
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Sei nun F' bzw. F" die Menge der Flächen von Hr, deren zugehörige Scheiben aus 
M '  bzw. M" sind. Die Fläche, die zu der hinzugefügten A-Ecke x0 gehört, rechnen 
wir zu F". Aus (6) erhalten wir dann:

2  c r(p)+ 2  c r(p )>  о
Vi F ' r p <LF;

1 8und daher a'(r) • max Cr(p)+(a"(r) + l) • — >0, also maxCr(p)~—  —, d.h. es
pZ F ' r  2  P i F ' r  2

gibt eine Fläche pr^ F ’r mit

(12) Сг(Л ) > - | -

Da für die Flächen aus F ' die Ungleichung (8) gilt, erhalten wir wie in I., indem 
wir (7) durch (12) ersetzen:

s_ s —2 J_ 1
2 +  3 +  g T n - g  — s + 6 s =  s(pr).

(Der Fall n—g —s + 6«=3 läßt sich wie in I. ausschließen.) Wir können wieder 
s — 3 setzen und erhalten

1  1 _ L _ j l
g + n - g  +  3 ^  6 2 '

Die linke Seite ist nun nicht mehr von в abhängig, also folgt — |-----------= t  un<i
daraus (11). g n -g + 3  6

Ш. Maximalpackungen

Eine n-Nachbarnpackung kongruenter Scheiben heißt maximal, wenn n gleich 
der Newtonschen Zahl N  dieser Scheiben ist.

Satz 3. Für jede maximale n-Nachbarnpackung in der Ebene gilt
n ä  21.

Bemerkung. Wie schon in der Einleitung erwähnt wurde, ist 21 vermutlich 
die genaue Schranke, und zwar scheint das zum Archimedischen Mosaik (3, 12,12) 
duale Mosaik [2, Abb. 135] eine maximale 21-Nachbarnpackung zu sein.

Zum Beweis des Satzes :

Lemma 6. Jede maximale n-Nachbarnpackung erfüllt die Voraussetzungen von 
Satz 2.

Beweis. Die Endlichkeit von a(r) ist trivial. Sei nun d der Durchmesser und 
f  der Flächeninhalt der Scheiben von M. Diejenigen Scheiben von M, die zu M" 
beitragen, liegen nicht ganz innerhalb von Kr; folglich sind sie in dem zu Kr kon
zentrischen Kreisring mit den Radien r—d und r + d enthalten, und es ist

(13)
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In jedem Quadrat mit Seitenlänge 3d muß mindestens eine Scheibe S aus M  ganz 
enthalten sein, denn sonst könnte man in dem konzentrischen und homothetischen 
Quadrat mit Seitenlange d eine zusätzliche Scheibe S0 einfügen, die zu den anderen 
disjunkt ist, und man könnte dann S0 so verschieben, daß sie eine Scheibe von 
M  gerade berührte. Dadurch würde man die Nachbarnzahl von Sl um 1 erhöhen, 
im Widerspruch zur Maximalität der Packung. Wenn nun das Quadrat innerhalb
von Kr liegt, gehört S zu M'r. Da in Kr mindestens disjunkte solche Quadrate 
Platz haben, folgt: ^

< i 4 >

Aus (13) und (14) ergibt sich die Richtigkeit von (9), und auch die Unendlichkeit 
der Packung.

Lemma 7. Die Newtonsche Zahl einer Scheibe mit Minimalwinkel a ^ —  = 
=24° ist S23. 15

Beweis. Sei E die zu diesem Winkel a gehörige Ecke („Spitze“) der Scheibe. 
D sei ein Randpunkt der Scheibe, für den DE gleich dem Durchmesser ist. Wir 
nehmen an, daß DE= 1 ist. Bei E legen wir 9 Nachbarn mit ihrer Spitze an, so 
daß sie in einem Winkelbereich von 9 • 24°=216° liegen, und die Symmetrale 
dieses Winkelbereichs möge gleich der Symmetralen von a in S  sein. Bei D legen 
wir weitere 6 Nachbarn mit ihrer Spitze an, sodaß der entsprechende Winkelbereich 
=6 • 24°=144° ist und die Symmetrale parallel zu der vorhin genannten ist (Abb. 3). 
In den Bereichen, die in der Zeichnung die Nummern 13 und 20 tragen, können 
wir zwei weitere Nachbarn anlegen. Diese werden unter Umständen S  nicht im 
Punkt D berühren. Wir legen nun durch den Mittelpunkt M  der Strecke DE eine 
Gerade parallel zu der Trennlinie der Bereiche 8 und 9. Dadurch wird die Begrenzung 
des Bereichs 10 definiert. Dieser umfaßt ein Dreieck mit den Winkeln 24°, 60°

1 cos 18°und 96°, und die kleinste Seite ist -------Die zweitlängste Seite ist daher2 cos 6° 6
1 COS 18°-Sin 60° . . . . .  . , .  . , xi uu . , •S —-------—:——~->1, also können wir hier sicher einen Nachbarn unterbringen.2 cos6°-sin24°

Analog wird der Bereich 23 konstruiert. Die Trennlinie der Bereiche 11 und 12 wird 
parallel zu der von 9 und 10 gelegt, und zwar so, daß ihr Schnittpunkt mit der 
Trennlinie 10/11 auf dem Rand von S zu liegen kommt. Es ist nun leicht zu sehen, 
daß der Bereich 12 nicht kleiner als der Bereich 10 ist, also können wir hier auch 
einen Nachbarn anlegen, und analog beim Bereich 21.

Beweis des Satzes. Für Scheiben mit Minimalwinkel a kann man die Newton
sche Zahl folgendermaßen nach unten abschätzen [3]:

M v M ä - 1-
Für Maximalpackungen folgt daraus wegen g —-^-'- л=Л Гё£+Jy j — 1. Wegen
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Lemma 6 können wir Satz 2 anwenden. Das gibt, falls g ë 7 ist:

[ V I ,  ^  g2—3g + 18
L 2 J -  g - 6  ’

woraus g ë l5  folgt. Für g^. 14 ist ns21  nach (10) und (11), also bleibt nur
“2,71der Fall g=15 zu untersuchen. Hier muß a — sein, also N^22> nach Lemma 7.

Andererseits ergibt sich N = nS22  aus (11). Dieser Fall kann also gar nicht ein- 
treten, womit der Satz bewiesen ist.

Abschließend möchte ich Herrn E. Makai jun. für zahlreiche wertvolle Verbesserungen mei
nen aufrichtigen Dank aussprechen.
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A NOTE ON THE PRODUCT OF DISTRIBUTIONS

by
B. FISHER

In the following we define a sequence {/„} of infinitely differentiable functions 
to be regular on the open interval (a, b) if the limit of the sequence

{(/„  ><?)} =  { /  fn  (* )  <P (* )  d x }  
a

exists for all test functions tp with support contained in (a, b).
The product of two distributions /  and g on the open interval (a, b) was defined 

in [1] as the limit of the sequence {/„£„}, provided this sequence is regular on (a, b), 
where

f« = f* à n, gn = g*ôn, S„(x) = ng(nx)

for n = 1,2, ... and о is a fixed infinitely differentiable function having the follow
ing properties :

(1) e(x) = 0, for |x| ё  1,

(2) g(x) ^  0,

(3) p(x) = e(-x),
1

(4) f  g(x)dx=  1.
- l

It is obvious that {<5„} is a regular sequence converging to the Dirac delta- 
function 0(x).

It was then proved in [1] that this definition of the product was in agreement 
with the usual definition of the product when it exists, but with this definition of 
the product, further products of distributions are defined which are not defined 
by the usual definition. For example, it was proved that

xr+á(r)(x) = -^ -( -1)rr!<5(x), 

jc,_á(r)(x) =  ^ -r!á(x )
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for r= 0 ,1 ,2 ,.. .,  where x+ and xr_ are the summable functions defined by

' - е

X? for X =»• 0, 
0 for x ^  0.

|x|r for X -c 0,
for x =  0.

It follows immediately from these equations that

(1) |х|2' - 1<5(2г- 1)(х) = ( x ï ^ + j e ï - 1) ^ - 1̂ )  =  0 

for r =  l, 2, ... and

(2) (sgn X • x2*-) <5(2r) (x) =  (x+ —x2_r) (5(2г) (x) = 0 

for /-= 0 ,1, 2, ....
We now prove some further results. First of all we have 
Proposition 1.

(3) (sgn x-ln |x|)<5(x) — 0, 

where sgn x • In |x| is the summable function defined by

In x for x >  0,
sgn X * In Ixl = -ln|x| for x < 0 .

P roof. Putting

(sgn x • In |x|)„ = (sgn x • In |x|)*<5„(x) =
1 In

= J  ln (x—t)ôn{t)dt— f  In(jt—x)ôn{t)dt,
—  1  /п X

we note that (sgn x • In |x|)„<5„(x) is an odd function and has its support contained 
in the interval ( — l /и, l /и). It follows that

Further

J  (sgn x- In \x\)nôn{x)dx = J  (sgn x • In [х|)„с)л(х)dx = 0
-  oo —1 In

1 In
J  [x(sgnx-ln |x|)„<5„(x)| dx ^

- l / n

1  In X

S  J  |x|<5„(x) J  |ln(x — t)\ôn(t) dtdx+
- 1  In - 1  In

l /n  l/n

+ J  |x|c>„(x) J  |ln (t — x)| <5„(i) dt dx.
—l/n
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Putting &=sup q(x) we have
1 /n X

J  f  \ln(x-t)\Sn( t ) d t d x *
-1  In - 1  In

1 In

S  nk2 J  |ln (x — i)l dtdx =
-i/«

Vn
=  nk2 J  (x + l/n)[l — In (.r+ l/n)] dx S 

- 1  In 

1 /»
^  2fc2 J  [1 — ln(x+l/n)] dx

- l / n

which tends to zero as n tends to infinity.
Similarly

l / n  l /n

Hm f  |x| <5„(;c) f  |ln(í—x)| ö„(t) dt dx = 0.
- l / n  *

It follows that
l / n

lim f  |x(sgnx-ln |.x|n<5„(x)| dx =  0.
" —00 ,,- I I  n

Now let <p be an arbitrary test function with compact support. We have

(p(x) = <p(0)+x(p'(Çx) 

where Thus if £= sup  |<p'(.x)|,

|((sgn x  * In |*|)<5(*)> <p)| =
l / n

= Jrm I f  (sgn x • In |.v|)„ <5„(x) [<p (0) +  x<p'(ç.v)] dx j 
- 1  In

1 In
S  lim|(/)(0) J  (sgnл:-In \x\)nô„(x) dx +

- l / n

l /n

+  f  |x(sgnx-hi ~
- l / n

l / n

ä  lim |0 + /f  J  |x(sgn лг-ln |x|)„<5,,(;c)| dx} = 0,
- l / n

from what we have proved above. Thus

Jim ((sgn л- • In M)„ <$„(*), (p) = 0 

for arbitrary test function (p and equation (3) follows. □
2 S tu d la  S c le n t la r u m  M a th e m a tic a r u m  H u n g a r lc a  12 (1977)
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P roposition  2 .

(4) (|x2,- 1|ln W)<5(2r~1)(x) =  0 
for r=  1, 2, ... and

(5) (sgn x • x2'  In |x|)(5<2r)(*) =  0 
fo r r= 0, 1,2, ....

P roof. Assume that equation (5) holds for some r. Then since it is easily proved
that

(|x2r+1| In |x|)<5(2r)(x) = lim (|лг2,-+1| In = 0

we have on differentiating that
lim {(2r+l)(sgnx-x2rln |-v|)„A„(-r)(x) +  (sgn x • x2r)„d‘2r)(x) +
П-*-оо

+  (l*2r+1|ln -

=  (2r + 1)(sgn x • X2'  In |x|)(5(2r)(x) +  (sgn x • x2') S(2r)(x) +

+  lim (|x2''+1| In |x|)n<5*2,+1)(x) =

=  0 + 0 +  lim (|x2r"*"1 |ln |х|(|<5<2' +1)(х) =  0П —► oo

by our assumption and using equation (2). Thus equation (4) is true for r+1. 
Similarly, differentiating the easily proved result

(sgn x -x 2r+2ln |x|)(5(2r+1)(x) =  lim (sgn x • x2r+2ln |x|)„^2r+1)(x) =  0n — oo
we get the result

(sgn x -x 2r+2ln |x|)d(2r + 2)(x) = 0

by what we have just proved and using equation (1).
Thus equation (5) is true for r +  1. Since equation (5) holds when r =  0, being 

equation (3), the proofs of equations (4) and (5) follow by induction. □

P roposition  3.

(6) Я (х)|х-1| = x + \  

where H(x) denotes Heaviside's function and

(7) x2£-1(sgnx-x-2r) =  x+x-(p (2 r-l)ô (x ),
(8) x2+'|x-2r- 1| =  x-+x-(p(2r)0{x)

r
for r= 1 ,2 ,..., where cp(r)= 2! !/*’•

i=i
P ro o f . Using the result

Я (х )^ п  x • In |x|) =  lim Я „ (х )^ п  x • In |x|)„ = In x+П-*- oo
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we have on differentiating that

Hm {<5„(x)(sgn X- In |х|)п + Я„(д-)(|л:_:1|)п = X+1
П-+оо

and using equation (3) we have

lim tf„(x)(|x-1|)„ = x+ \
П-+ oo

completing the proof of equation (6).
We will now assume that equation (8) holds for some r. Then using the result

x%+1\x -2r~1\ = lim (х2+г+1)п(|л:-2г_1|)п =  H(x)
Л - * - о о

we have on differentiating that

lim {(2r+ l)(x+)ll(|x~2,~1|),,—(2r + l)(x++1)„(sgn x  • x-2 ,-*)11} =  ô(x).
П-+00

By our assumption we now have

lim (x^+1)II(sgn x  * л:~2г~2)" = x+1-ç (2 r)ô (x) -  2Д  j Ô(x) =

= X+1 —<p(2r+ 1)<5(*)

and so equation (7) holds for r + 1.
Now using the result

x~l+2 (sgn x • x ~2r“ 2) =  lim (x++2)„(sgn x ■ x~2r~2)n = H(x)
П-*-оо

we have on differentiating that

lim {(2r+2)(x++1)n(sgnx*x“ 2r-2)B—(2r+2)(x++2)„(|x-2r- 8|))I} = S(x).
П-+ oo

By what we have just proved, we now have

lim (х^+*)п(|х-2г-8|)п =  x+1-q>(2r+ 1)«5(jc)— ^ -  (5(x) = x f l -<p(2r+2)S(x)

and so equation (8) holds for r +  1. Since equation (8) holds for the case r= 0, being 
equation (6), equations (7) and (8) follow by induction. □

Pro po sitio n  4.

(9) x2_f-1(sgn x - x ~ 2r) = — x l 1 + (p(2r — \)ô(x),

(10) х21\х~2'~г\ = xZ1-<p(2r)ô(x) 

for г = 1,2, ....
P roof. Replace x by —x in equations (7) and (8) and equations (9) and (10) 

follow immediately. □
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P roposition 5.

x2r—1 (sgn x • x~^r') = |x -1| — 2(p(2r— 1)<5(лг),
|л:2,“1| (sgn x • x -2') =  л:-1, 

x2' > - 2r- 1| =  |jc-!| — 2ç>(2r —1)0(лг),

(sgnx-x2r)|x~2r_1| = x-1
for r= 1 ,2 ,....

P roof. Using equations (7), (8), (9) and (10) we have

x2,~1(sgnx-x_2r) = (x+“ 1 — x2_r ~ ̂  (sgn x • x “ ̂  =

=  \х\~г - 2 < р ( 2 г - 1 ) 0 ( х ) ,

IX2' 11 (sgnx*x-2r) =  (x+-1 +  x?T-1)(sgnx*x~2r) =  X - 1 , 

x2r|x~2,~1| =  (x++x!_r)|x_2r_1| =  |x_1| — 2<p(2r — l)<5(x), 

(sgnx-x2r) |x _2r_1| =  (x+—x?T)|x_2r_1| = X - 1 .
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ОБ ОДНОМ МОДИФИЦИРОВАННОМ ДВУСТОРОННЕМ 
ИТЕРАЦИОННОМ МЕТОДЕ

J. HEGEDŰS

Работа примыкает к статье [1], где с помощью весов, примененных к па
рам верхних и нижних приближений решения линейного дифференциального 
уравнения в частных производных, установлена ускоренная сходимость полу
ченных приближений к решению.

Мы приведем такую конструкцию (аналогичную конструкции в [1]) с ве
сами, при которой на каждом шагу получаются снова двусторонние прибли
жения решения, и в отличие от [1] дадим достаточные условия возможности 
выбора весов для соблюдения этого свойства. Результаты получены в случае 
начальной задачи (часть II работы) и общей изотонной (см. [2], [4]) краевой 
задачи (часть I) для нелинейного дифференциального уравнения и-го порядка.

Из приведенных в работе формул легко получить оценки для весов. 
Затронута и проблем квадратичной сходимости метода.

Несмотря на некоторое сходство двух задач (в I и II), мы привели все 
же два разных метода: в части I метод неравенств в интегральной форме, 
а в части II в дифференциальной форме. Дело в том, что и тот и другой метод 
имеет свои преимущества и недостатки по сравнению с другим. Второй метод 
можно применить и в части I, первый же трудно применим в части II. С другой 
стороны второй метод требует вычисления постоянных в соответствующих 
нижних и верхних оценках (для невязок) на каждом шагу для определения 
искомых величин: весов Ар, цр (но он дает более точные результаты для оп
ределения Ар, ftp), а первый метод более удобен в силу того, что Ар, цр определя
ются из явно выписанных линейных уравнений с одним неизвестным (этому, 
конечно, способствует и характер задачи в I).

Номера формул в части I и во Введении (кроме задач (Г), (1*)) идут без 
штриха, а в части II снабжены штрихами: (2'), (3 ') ,__

Введение

Введем некоторые обозначения и основные условия рассматриваемых 
задач.

Через J Í  будем обозначать пространство (и —1)-раз непрерывно дифферен
цируемых на [0, 1] функций, удовлетворяющих краевым соотв. начальным 
условиям рассматриваемых ниже задач, и вводим в Л  расстояние- q и час-
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(.В)тичное упорядочение s  по следующему правилу:

(A) q ( u , v) =  2  max |мif)(лс) — u(i,(x)| (и, vÇ.JK),
i = о  * € [ 0 , 1 ]

(B) и У  » <=► и(0 (х) S  v(,)(x) ( O á x S l ;  i =  0, — 1; u ,v £ J /) .
Мы будем рассматривать две задачи ((1) и (Г)):

Ум (х) = /[у ] = /(х , у, .... у«-«) (О S  х S  1, п == 2,/£С([0, 1]XÄ")),
( 1)

Ц у  =  2  [аftУ(к>(0) +  bikyífc)(1 )] =  0 (i = 0, и -1 )(с = 0
с такими постоянными aik, bik, чтобы однородная задача 

у(п) = 0, £,у = 0 (i =  0, и — 1) 
имела лишь тривиальное решение у =0  ; и задачу

У(п)(х) = /М  =  /(* , у, ..., у("-1)) (0 =  х =  1, п ё  1, feC([0, 1]ХЯЛ)),
у(0) =  . . .=  у<"-1>(0) = 0 .

(1*)

где

И

Задачи (1), (Г) эквивалентны в Л  уравнениям
1

У =  Ау =  f  G(x, t) f( t, y{t), у(п- 1}(0) dt

G(x, t) — функция Грина (в случае задачи (1)), 
О д: S í

( x - t ) " - 1G(x, t ) —
(и

——  X =- t (в случае задачи (Г)).

Предположим, что в обоих случаях /(х , щ, ..., ип_ )̂ непрерывно дифферен
цируема по последним п аргументам, причем

И O s J ^ S A  (í =  0, ..., п — \),

а в случае задачи (1) пусть еще и 

dl G (x,t)[iii] OS дх‘ (i =  0 , . . . ,  п — 1; 0 s  х, г s i ) .

Задача (1*) имеет ровно одно решение если например выполнено следую
щее условие (см. [3], [4], [5])

fiv]
п — 1

N  У. шах 
í=o * е [о, i] /

(У G(x, t ) 
дх‘ dt S  0 1 ,
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обеспечивающее, что А сжато отображает М  в J Í  относительно Q.
Из [i], [ii], [iii] вытекает, что задача (1*) является изотонной (см. [2], [4]), 

поэтому учитывая и [iv] можно сконструировать (см. [4], [5]) такие z1( 
с которыми последовательности

(d) zp+1 = Azp, tvp + 1 =  Awp (р =  1, 2, ...)

обладают свойством zp^ y W w p (р=  1,2,...) и свойством
(В ) (.В) (В ) (В ) е

(С) Wx W2 =5 ..., ^  Z2 S  ZX\ Wp, Zp --- ►y, p

(см. (A), (В)), где y  — решение задачи (1*).

Постановка задачи

Пусть 0<ЯР, др<1 (р —1, 2, ...) постоянные, Z1=z1, JV1=w1 и

(D) Zp+1 = ApAZp-t-(l —Ар) А1Гр, Wp+1 = (1 —pp)A Zp+ppAWp ( p = l ,2 , . . .) .

Возникает следующий основной вопрос: можно ли выбрать zx, wx и числа 
Ар, рр на каждом шагу так, чтобы последовательности (D) обладали свойством
(С) и свойством

(Q ) Z p lz p ,  w / I V p  (p = 1 ,2 ,...) .

I.

Прежде, чем формулировать основной результат для задачи (1), введем 
одну вспомогательную функцию

г
<р(х, с) — с J  G(x, t) dt,

о
где G—функция Грина задачи (1).

Известно, что функция Грина задачи (1) имеет вид (см. [6] стр. 12, 30, 31)

G(x, t) =

Л — 1
2 Bi(t)x‘

2  М * )х ‘1=1

( O S x ^ t ^ l ) ,

(0 =S / S  x S  1),

где A,(t), В {t) полиномы степени не выше « — 1. Из условий склеивания для 
G(x, t) при x = t  (см. там же) можно вывести, что

A i(t)-B iit)
(—l)»-1-* tn - 1 

(и — 1)! I i
^  Л — 1  — I* 0 =  0...... n 1)
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следовательно
п ~  1 ( х — t ' ) n ~  *

Отсюда, и из структуры G, заменяя At(i) на [A,■ (í) —J3,(/)]+Bt(t) при интегриро
вании G(x, t )  no t  (при любом фиксированном х )  получаем

/  Vй я - 1  1 \  (  х "  n _ 1  1

(р{х, с) =  с I—  +  2  х> f  B i ( 0  d t \ =  с I—T"*" 2  г>*’1V и ! i=о if  > V « ' i=о )
где все постоянные

1
r i =  f  B i (ß )d t  =  О

о
в силу того, что 0 согласно [iii]. Покажем, что среди чисел rt есть от'
личные от нуля. Действительно, в противном случае

B0(t)= ...=  B„-1(t) = 0 
и

(О = X ^  t = 1),

(О = t = X 1),

откуда краевые условия (см [6] стр. 12, 30, 31)
L,G(x, i) — 0 (i =  0, ..., и —1),

G(x, t ) = (х - t)"
(и- l ) !

которые должны выполняться при любом 0 ̂  t s  1 приобретут вид

h hn ( (1 - / ) " _1 0°Q,Q ••• °0,n-l (n -1 ) !
• ( I - / ) " - 2 •
• (n -2 ) ! •

bn-1,0 1 0
Здесь вектор-столбец левой части есть фундаментальная система (ф. с.) для 
уравнения

j>w (0 = 0 ( 0 ^ í á i),

следовательно из линейной независимости ф. с. все bitJ=0; а в этом случае 
задача (1) сводится к начальной задаче (Г), которую будем рассматривать 
в части II.

Таким образом мы показали, что в случае, если краевые условия при 
х =  1 не вырождены (т. е. если в условиях Lxy —0 не все bUJ равны нулю), то

где

постоянные.

q>(x, с) =  с ^  + г ^ + . - .  + г ^ . )

rh,
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ОБ ОДНОМ  М ОДИФ ИЦИРОВАННОМ 3 0 5

Теорема 1. Если f  удовлетворяет условию

(2) дин ди,з
тогда наш основной вопрос решается положительно.

Д оказательство . Отметим сразу, что вместо условия (2) можно было 
бы взять положительность той же суммы на каком-нибудь компакте, охваты
вающем решения у  и его производных.

В качестве z1= Z 1, w1 = W1 возьмем решения уравнений

(3) zx =  Azj + (р, Wj =  Aw1 — (p (zx, Jí).

Легко доказать по индукции, используя изотонность А и равенства Z l =z1,
-  / 1 -1 4  r í ,  <в > „ ,  (В) <в > т  <В)Т  сW1 = w1 что первое из свойств (С): W1 s  W2^  ..., . . .ä Z2s Z j соблюдается при

(В) (В )
любых 0 < А р , / / р < 1  поскольку AWp^ W p, ZpëA Z p (см. [3]) и

z p+1(l  ;.pAzp+ (i - ap)a z p =  A zp,

WP+Í(Ü (1 - Р р) ш р + Р р ш р =  Ш р (p = 1, 2, ...),

при этом очевидно, что второе из свойств (С): Zp, И7,,—— у (р— °о) тоже соблю
дается. Нам осталось обеспечить, то, чтобы все Wp ( р ё 2) остались мино
рантами, а все Z p (р ё2) мажорантами решения. Докажем это по индукции по р.

Покажем для этого сначала, что к любым натуральным тх, кг ё 2  можно 
выбрать Aj, Pi такими, чтобы соблюдались неравенства:

(3) A,AZ1+(1 -A j)AB7! i  Am*zx =  Z1+mi,

(4) ( l-p O A Z j+ p jA B '/i A*iWi =  w1+kx

T. e .

(5) A^AZj - z^ I s O -A jXz^ - A B 7,),

( 6 )  / < i ( w 1 + ( l - A ^ )  f  ( l - p O C A Z ^ w ^ ^ ) .

В неравенствах (5), (6) выражения в скобках слева оцениваются снизу, 
а скобки в правых частях сверху в смысле (В) функциями а(р(х,с), Ь(р(х,с) 
соответственно, где а,Ь>0  постоянные, возможно зависящие от т1,к 1. 
Чтобы это показать, заметим, что из свойства (С) последователностей (d) 
и сжатости А следуют равенства:

(7)

(8)

т 1

AZj —z1+mi = 2  ( A ' z x — А ' + ^ О  = 2  (A 'z,—A  'z j ,  
j=l з- i

AB7! =  2 ( A ' +1Wi —A'wi) =  2  ( A 4 - A'»,),

Studia Scientiarum M athem aticarum  Hungartca  12 (1977)
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и аналогично, с помощью AJZi——y, Alwt- - * y  (/=1,2;

(9) z1+mi-  AW1 =  jjj (a Jzi -  A-'Za) + 2  (A1 w 2 — A' wx),
1 = 1

( 10) Az l - w 1+kl =  2  (AjZi - A jz2)+  2  (A'wa-A'wn).
J = 1 1 = *ч

Оценим теперь отдельно каждый из членов рядов (7), ..., (10). Из самого 
выбора Zj, в1! получаем, что

(Щ
далее
( 12)

Zj —  Z 2 =  <?>(*> с), w2 - Wx =  <р(х, с)

A zj_-A z2 = f  G(x, í){ /[z1(f)]-/[z2(í)]}í/í =  /  G(x, г) 2 ” 
0 0

0 3 )

" -1 #_ 
iío dui

A w2 — Awx = f  G(x, t){ f[w 2(t)\-f[w 1( t) ] } d t= J  G(x, t) 2  Ж ~
o 0 i=0 ÖUi

( Z i - Z 2) ( í , ( f ) í / / ,  

(w2-Wi )(i){t)dt,

и совершенно так же получаем:

(14) Ajz1—Ajz2 —

1 }  * - i  O f
= Г G (x,t){f[zl+J( t)] - f[ zM+j(t)]}dt= f  G ( x , t ) 2 - jT -

n 0 i=0 <”6
(zi+j z2+jY‘\ 0  dt,

(15) Aiw2- A !w1 =  f  G(x,t) 2 (w2+,-w 1+i)(0(/)i/i,

где 1
дИ;

0 i=0 дщ

как и везде в дальнейшем, означает промежуточное по формуле Лаг

ранжа значение этой производной.
Воспользуясь сжатостью ([iv]), из (11), ..., (15) легко доказать следующие 

оценки сверху (напр. по индукции):

(16)

(17)

Ajz1—Ajz2îÊ c6J(p(x, 1),
( В )AJw2 — AJw1 S  cOJ(p(x, 1).

Совершенно так же можно вывести и соответствующие оценки снизу левых 
частей (16), (17); надо лишь использовать условие (2) теоремы и вытекающее 
из него и [iv] неравенства:

» - i  d f
(18) с в ^ 2  4 -1=0 Olli

п - 1

(Z i-z 2)(i) = 2  S -i= 0 ou I <Pw ( t ,c ) * c  2  S -j=1 OU: (ijV-rij ë c i l > 0 ,
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« - }  d f

< 1 9 >  .
л-1 t)f

(w2- w ^ > = z  4 -1 =  0 Olli
c) fe c z  j r -  

j  = 1
( i j ) l r , j  ë  Ch >  0.

Существование положительного минимума с/г последних сумм, вытекает из 
непрерывности частных производных /  и того, что точки в которых берутся

à fзначения тг— находятся в компактном множествеО Ы(
2>= {(х,и0, ..., Мп_!)|0 S j c s l ,  WlSM0 S  Zj, w '"-1* S  «„_! S  zi"“ 1»}.

В итоге последних рассуждений получаем оценки снизу:

( 20)

(21)

( В )Ajzx — Ajz2 ^  chJcp(л, 1),
( S )Ajw2 — Ajwx s  chJ(p(x, 1).

Подставив (16), (17), (20), (21) в соответствующие формулы (7), ..., (10) полу
чаем наконец нужные для выбора Aj, цх неравенства

(22) AZl - z 1+miS  с Д  /)JVp (х, 1) =  сер (х, 1 ) h ^  Д  ‘ =  <р (х, с) ( 1 -  /imi),

(23) Wj+tl -  A s  с Д  húp (х, 1 ) =  сер (л:, 1)Л ^ _Д ‘ =  </> (х, с) ( 1 -  /гН

(24) z1+mi- A ^ (i  с<р(х, 1 )-^+ с< р (х , l ) j 3 g =

(25) A Z j-W i+ i/i c<p(x, l)-j-^+cç>(x, 1 )^ г ^

из которых по (5), (6) можно установить, что выбрав Aj, цх из уравнений

в  в

Aj l+Ö '".-1 1 -0(26)
1—Aj

1+ 0ш> 
1 — h"

/б
1-/^1

1-Л

i - о
1 —hkí h ~  

I - h

полученные Z2, W2 останутся мажорантой соотв. минорантой решения. В част
ности при О<0<к1,/Mj»l, Aíj» 1 ; hzzO получаем, что Aj,/гх близки к 0,5.

Покажем теперь, что А2, д2 можно выбрать такими, чтобы при наперед 
заданных тг>тх, к2> кх выполнялись неравенства аналогичные (5), (6):

(27) A2(AZ2- z 1+ms) (í  (1 — A2)(z1 + ma —АИд,
(В)

(28) Ht(w1+kt -АИ/2) s  (1 - /z 2)(AZ2- w 1+Jti).

Выражения левых частей в скобках, учитывая Z2SZj+mi, оцени

S tu d ia  S c ie n t ia r u m  M a th e m a tlc a ru m  H u n g a r ic a  12 (1977)
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ваются снизу по (7), ...,(21) так же, как и выше:
(В) т % - \

^1 + т 2 — ^ ^ 1  + mi  z l  + m2  z 2 + mi Z1 + т к “  t 2  A J Zx A J'z2J —ffíj + 1
откуда

(В) '" г - 1 . 1
(29) A Z 2 -  z 1 + m 2  S C  2  hJ(p(x, 1) =  rp (a-, c)hm i + 1 --------- :— - ---------

j = m1 + l 1—/1
и аналогично

(В)
w l  +  k 2 ~ A f V 2 S  Wu i ! - A w 1 + t l  =  W1 + kç — W2 + kl =

* 2 -1
=  A'£2_1w2—A ' ti + 1 w 1 =  2  A J w 2 — A J w 1 ,

j  = k1 + 1
откуда

(В) *2-1  1_K *2—*i~1
(30) w1+A2- . W 2 s c  2  hJ(p(x,l) = cp(x,c)hki+1----- -— ----- .

J=*! +1 1—Й
Оценки сверху скобок правых частей (27), (28) по (7), ...,(21) используя

а и/ (В) Л ^  ^и AW 2щ Из, AZ2ä z 3 получаются следующим образом.
Аналогично (24), (25) выводим неравенства

(В)^а+^-АЖ , ä  z1+m2 — w3 — 2 ’ AJ'z1- A Jz2 + 2  AJ’w2 — А-7'и?!,
т. е.

(31) (В)
Zl  + m2 “ ' А Ж 2 =  С 2  0 Уф ( .Т , 1) +  С 2  0 > ( ^ ,  1 ) =  < Н * ,С )

0"'2 + 02 
1 - 0

и соответственно
(В)

AZ2 — w1+j[2 =  z3 w1+(,2 — 2  AJz1 — AJz2 +  2  AJvv2 — AJwx,
J=2 J=*2

T. e.
(B) 00 00 Й2Л-Йк2

(32) AZ2 —w1+*2 ^  c 2  l) +  c 2  ö-'Xx, 1) = cp(x, c)—— —•.
J = 2 i — ö

В итоге, в качестве подходящ их /.2, к-> м ож н о взять решения уравнений:

Я2 (0m2 +  02) ( l - / i )  д2 (0кг + 02)(1 — й)(33)
1-А а (h" -А"»)( 1 - 0 ) ’ 1- а*2 (й*1+1- й**)(1-0 )  '

Отметим, что получающиеся отсюда 22, //2 вообще говоря не будут уже 
близки к 0,5.

Покажем наконец, что если кх, ..., ip -j; fix, ..., цр_х выбраны подходящим 
образом, при соответствующих заданных т 1; ..., тр_1; кх, ..., &р_! то к любым 
т р >тр_х, /ср >кр_х можно подобрать такие / р, цр чтобы Zp+1, И/ р+1 образовали 
мажорантно-минорантную пару решения, для чего мы потребуем, чтобы вы
полнялись неравенства
(34) ЛР(АZ „ -z 1+mp) 1  (1 - X p)(z1+mp-A W p),

(35) iip(w1+k- A Wp)™ ( 1 - д р)(АZ p- w 1+J .
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Из индуктивного предположения мы знаем, что
( В ) (В )

Z p  £  Zl + mp-t’ ^ р  —  w l + t p - i

кроме того очевидно, что при любых 0 <кр, pp< \: Z ptlz p, w /lf f , ,.  Следова
тельно скобки левых частей (34), (35) можно оценить снизу так:

(36) AZ, —z1+mp a  z2+m - z 1+ s  <p(x, c)hmP-1+1----------------1 - h

(B) (B )( 3 7 )  w 1+kít- \ W p a  w 1 + t F - w t + l k p . t  a  < p ( x ,  c ) h kp - 1+i 1-A k,
1-Л

Скобки правых частей (34), (35) будем оценивать сверху, используя индук
тивные предположения AWpü w p+1, AZ pi z p+1 таким образом:

( В )  ( В )  ,  0 тр +  0 Р
(38) z1+mp-A W p ^  z1+mp- w p+1 = <р(лг, с) - ^ 0- ,

( В )  ( В )  ч ö p  +  0 k p
(39) AZp- w 1+kp ä  zp+1-vv1+tj> = <p(x, c ) - j—0- .

Возвращаясь к (34), (35) устанавливаем, что Яр , др можно выбрать нуж
ным образом, например как решения уравнений:

Яр ( 0 " р + 0 ' ) ( 1 - А )  М , _  ( 0 ^ + 0 ' ) ( 1 - й )
^ '  1 - Я р  (Л " » -1 + 1 - А " р ) ( 1 - 0 )  ’ 1 — ц р (hkp - i+1 — hkp)(l —в)

и при таком выборе будем иметь Z p+1^ z 1+mp, n/p+1^ w 1+kp и значит 
(Zp+1, IFp+i) мажорантно-минорантная пара решения, причем поскольку 
О <  Яр, Др <  1 при всех р, то эта пара дает лучшие приближения, чем исходная пара

( В )  ( В )(Zp+i, Wp+1) в том смысле, что Z p+1^ z p+1, wp+1^ fV p+1. Теорема доказана.

Замечание 1. Для простоты выкладок мы ввели zk, wt как решения 
(точные решения) задач

(41) z =  Az+(p(x, с), w = Aw—(p(x,c),
решить которые вообще говоря не легче, чем исходную задачу у= Ау. Од
нако, приведенная выше конструкция мало изменится если в качестве zx, wk 
возьмем такие приближения решений задач (41): zl5 w ^ J Í  при которых

(42) гк = Агк+ф, w1 — Aw1 — (p
( В )  _  ( В )

(сир ш <р S  Ь(р),
где 0 < a < í  постоянные (см. Замечание 3). Во всех оценках снизу вместо 
<р(х,с) будет фигурировать функция аср(х,с), а в оценках сверху Ь(р{х,с), и 
тем самым исходя из этих zx, тоже можно найти все Яр, р„ так, чтобы 
{Zp}, {IVP} обладали нужными свойствами. Изменятся лишь уравнения (40),

bгде в правых частях появится множитель —.а
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Замечание 2. Если в теореме 1 , z 1,w 1 взять как «неравноотстоящие» 
от у элементы JÍ, т. е.

2j =  Azx + (p(x, с), иу =  Any — q>(x, d) c ^  d; c, d >  0,
то в оценке левой части (35) появится <p(x,d) вместо ср(х, с) а правые части 
(34), (35) оцениваются выражениями вида С1ср(х, с)+С2<р(х, d), т. е. в конеч
ном счете и в этом случае в правых частях (40) появится некоторых новый 
множитель: некоторая постоянная С. Существование подходящих Лр, цр следо
вательно и в этом случае доказано.

Замечание 3. Для построения zx, ну удовлетворяющих (42), можно ука
зать простую процедуру. Воспользуемся для этого техникой невязок (см. 
напр. [3], [4]), т. е. вместо интегральных форм неравенств выше перейдем 
к дифференциальным неравенствам.

Пусть z произвольный элемент из J(C\ С". Тогда невязка

ос(х) = zM (х) - /  [z (л-)] (0 = х = 1)
непрерывна на [0, 1], следовательно

Аг s  я(х) = А .2 ( O á í á  1),
где Ал, Л2 некоторые постоянные (допускаем и случай Ах< 0). Покажем, что 
постоянную с > 0  можно выбрать настолько большой, чтобы имели

(43) 0 < ű á  (z+<p(x, c))M—f[z+(p(x, с)] =  â(x) s i ;  (0 S  X S  1),
a это эквивалентно тому (см. [3], [4]), что первое уравнение из (42) выполняется 
для z1=z + <p(x, с). Существование упомянутого только что с> 0  вытекает 
из условия сжатости [iv] и того, что применяя формулу Лагранжа для раз
ности /[z  + ç>]—/[z] в

à =  (z + q>(x, c))M -f[z+q>(x, с)] =  (z+<p(x, c))(n)~(f[z+<p(x, c )]-/[z ])-/[z ]

я =  tx + (pM
i=o diii

<p(,)(x, c) =  a (х) + с — св =

= a(x) + c(l — 0) = А г + с(1 —в) 
и

à(x) 'Ш a(x) + c ( O S x s  1).

Конструкция иу для (42) совершенно такая же. Из двух полученных с 
нам осталось взять большую.

Замечание 4. Пусть в конструкции теоремы с> 0  маленькое число 
(ср(х, с) = с(р{х, 1)). Расписав Azx — Ay, Ay — Аиу подобно (12), (13) легко по
казать, что

, , , да . . да „, .h (z i-y )  = A zj-A y  0 (2 !-у), j г . д а .  . да п, . h (у — пу) — Ay — Any ~  в (у — Wj),
а поскольку

Z j-y  =  A Zi-A y-f <р(х, с), у -п у  =  Ау-Апу + <р(х, с)
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ТО

0(C) =
<р(х , с) (В) 
1-Л  - L У у y - w  1 —

(В) <р(х, с)
1 - 0 = О (с).

Если мы теперь захотим, чтобы  Z2 —у, y — fV2 бы ли величинами О (с2) т о  —  
в частном случае

/[>’] = 2  ai(x)yw +M x)
í=0

в качестве Ах мы должны взять Aj=0,5 (если искать Ах среди положительных 
Zj -= 1), поскольку

Z2- y  =  À1(z1-(p )+ (l-À 1)(w1 + (p)-y = <p(l-2Ax)+Ax(zx- y ) + ( l - A x)(wx-y ) .

Аналогично получается, что дх должно равняться 0,5.
Если здесь zx, и»х заменим на приближенные решения задач (3), то уже 

нелегко выяснить: можно ли 0 <  Ах, д, <  1 выбрать так, чтобы Z2— у, y  — W2 
были величинами порядка О (с2), тем более если захотим при этом еще и сох
ранить мажорантно-минорантное свойство Z2, И7,; не говоря уже об общем 
случае нелинейной /.

II.

Рассмотрим теперь начальную задачу (Г). Согласно сказанному в самом 
начале, в этой части мы будем применять дифференциальные неравенства. 
В приведенной ниже теореме Г мы покажем лишь то, что zx, wx, Ар, цр можно 
выбрать так, чтобы последовательности (D) обладали свойствами (С), (Сх). 
После доказательства теоремы укажем, как можно уточнить полученные 
результаты.

Замечание 1'. Применение метода части I для задачи (Г) вообще говоря 
невозможно, потому что вспомогательная функция <р(х, 1) в этом случае равна

Если Есе же попытаться проделать оценки выражений 

Ajz1—AJz2, AJ w2 — Aj wx

подобно тому, как это в части I сделали, то в отличие от I здесь на каждом 
шагу появляется множитель х, который усложняет вид оценок (особенно не
удобно с нижними оценками), может привести к тому, что производные высо
кого порядка ( j »  1) станут большими. Сравнить нужные величины на ана
логию I все же возможно, но только отдельно в двух интервалах: в [0, öp] 
и в [<5Р, 1] если ôp достаточно мало; однако это приводит к необозримым 
формулам для выбора Ар, цр.

Введем одно обозначение: пусть

вх(и, V) =  2 1 | u ( i ) W - ^ ( 0 W I -
1=0

Л емма 1'. Если выполнены следующие два условия:
z(x)€C"[0, 1 ]ПЛГ, а(х) = zM(x)-f[z(x)]  ^ 0  (0 =» jc S  1),
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тогда
, \ (В) / чz(x) s  у(х).

Аналогично, из того, что

w(x)6C"[0, 1 ] П  Л , ß(x) = w(n)(x)—/[w(x)] = 0 ( O á í S  1),

следует
, Лв) , ч w(x) = у(х).

то

Более того, если при этом, с некоторым р = 1 натуральным 

mtp~1 S  a(t) S  M tp~x ( O ^ / S l ;  m, M  >  0 const.),

em T ^ ßx(Z,y ) S M x p-m _ e) ( O ^ x S l) ;

аналогично, из

Ktp~1 S  jS(i) S  /cip~1 ( O â i S l ;  k ,K <  0 const.)

следуют неравенства:

^  0 Л У ^ ) = \ К \ х р щ ^ — ^  ( O á t á l ) .

Д оказательство. Из определения невязок а, ß получаем
1 1 1

(2') f  G(x, t)z (n)(t)dt — J  G(x, t)f[z(t)\d t + J  G{x, t)x{t)dt,
0 0 0 

1 1 1  
(3') f  G(x,t)wM (t)dt = f  G(x,t)f[w(t)]dt+ f  G(x,t)ß(t)dt.

0 0 0

Ограничимся пока (2'). В силу того, что zÇJiïf1 С" левая часть (2') есть 
z(x), и значит

1
(4') z(x) — Az+ J  G(x, t)a{t)dr

о
откуда в силу неотрицательности G и ее производных, учитывая условие 
a s 0 получаем

1 (В)
(5') z(x) — Az = J  G(x, t)oc(t)dt s  0,

о
(B)

откуда в силу того, что Apz \ y  при получаем z s y  (см. [3], [4]). По
скольку

(6') И х)-A y  =  0,

Studio. Scientiarum M athem aticarum  Hungarica 12 (1977)



О Б ОД НО М  М ОД И Ф И Ц И РО ВА Н Н О М 31 3

т о  в ы ч и т а в  ( 6 ' )  и з  ( 5 ' ) ,  п о  ф о р м у л е  Л а г р а н ж а  п о л у ч а е м

(7') z ( x ) - y ( x ) - f  G{x, t) "j? -p - ( z (i> ( t ) - y w ( t ) ) d t  =  f  G(x, t )<x( t)dt ,
о i = o  о  i i i  P (0  о

о т к у д а

(8') z (J)( x ) —y ÍJ)(x) = f  Gu>(x,t) 2  (z<0(0 —y w ( t ) ) d t +  f  Gli)(x, t ) z ( t )  d t
о <•=о o U i \ P ( f )  J

при всех j= 0 ,1, n—1; O á x s l .
(Я)Учитывая вид G(x, t); z —y s 0, ct&O отсюда вытекает, что z(j) (x) —y (J) (x) 

не убывает по x. Используя это и вид G{x, t) после просуммирования (8') 
по всем j  получаем:

(90 f  "Z G G \ x , t M t ) d t  ^
V i = l  I ! /  о 3 = 0

^ m a x a( í ) Í 4 ( l - ^ Í 4 )[o.x] ( t i  г! г  í = i  i !  7

откуда
0M

, ! 4 r -  ív ó - « x p ( O s x ä  1 ) .

С другой стороны из (8') получаем

и - l  i / n - 1  ч и - l  д г

2  z ^ M -у Щ х )  =  /  2 ” с 'л (*, о 2  # -
j=o í  v= o  /  î=o o u l p(t)

(zw( t) - y w(t)) dt +

+ f  "z GU)(x, t)x(t)dt, 
0 3=0

следовательно
i  n - l

(íoo ex(z, y) ë  f  2  gu>(x, t)<x(t)dt =  f  2  { x - p - y-(t) dt S
o*7 3=o 0*̂ í=o ,!

/ yV
mtp~1dt =  m —  ( O á x S  1). 

« P

Займемся наконец оценками для и. Из ( 3 0  получаем

( П О  w ( j c )  =  A w +  f  G(x, t)ß(t)dt,
о

а значит используя Gw (x, í ) s 0, ß ^ 0 из (ПО вытекает 

( 1 2 0  w(x)(Ë Aw

откуда, в силу того, что Apw / y  при получаем w ^ y  (см. [3], [4]).
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Вычитав теперь из (6') равенство (11 после применения формулы Ла
гранжа получаем

(13') у (х)~w(x) = f  G(x, t) "Z Ж; (yw ( t) -w ,n(t))d t- f  G(x, t)ß{t)dt,
Q(<)

откуда все получается как выше для z — у. Лемма доказана.
Наша цель показать (по индукции), что Z 1; W, можно подобрать так, 

чтобы при некоторых 1 все невязки

«, S  Z«")(x)-/[ZP( 4  ßp = W ^ (x ) - f{ W p(x)] ( O s x s l )

были неотрицательными соотв. неположительными. Поэтому очень важно 
иметь удобные формулы для выражения хр+1, ßp+1 через сср, ßp. Выпишем 
сначала эти выражения для трех частных случаев f  затем перейдем к двум 
леммам и теореме 1' касающихся уже случая общего /.

Замечание 2'. Если

fly] = "É а,(х)у0, + а(х) =  Lxy,
1 =  0

тогда
1

<xp+i(x) = f  Lx ( G) yp(t) + ( \ - A p)ßp(t)}dt

( ö á x s  1).

ßp+i(x) =  /  LJG) { ( \ - f,p)yp(t) + Lipßp(t)}dt

Замечание 3'. Если /  выпуклая в том смысле, что при всех 
г, H’ÇC"[0, 1] имеет место неравенство

то

(14')

xp+i

f[Az+(l-A)w] ^  Áf[z] + ( l-A ) f[ W], 

df
du. ApZp(i) +

P(x) Olli ß(*)
( l - A p)ßp(t) dt (0 S  X S  1),

где P(x), Q(x) точки (n +1  )-мерного пространства (x, ...) последние n коорди
наты заключены между (AZp)(i,(x) и Z (p°(x); W(p°(x) и (AlVp)u>(x) при каждом х; 
1= 0, — 1 соответственно.

Замечание 4'. В случае вогнутой /  аналогично

(15') ßp+1(x) ^ / 2  GW(x, 0 àf\ df
du, U / 1 + du, CM

dPßP(0 dtx

с точно теми же ограничениями на jP (x:) , О(х) что и выше.
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Перед формулировкой Теоремы Г докажем еще две леммы. Предположим 
при этом, что всюду ниже выполнено условие

(160 df
дип-г

где конечно ведь в силу [iv]

> 0

J v ( l + ...+ i)  =  e.

Л ем м а 2'. Если существуют такие постоянные тр, Мр> 0 ,  с которыми 

( 1 7 0  mptp~x s i  ар(0 ^  Mptp~x ( 0  1 ) ,

тогда

( 1 8 0
01

/  Z  G(i)(x, t) ap(t) J L
diij <*)

clt -= QMpxp ( O S l S  1),

и аналогично, если при каких-нибудь постоянных кр, К 0

( 1 9 0  v p _ 1  ^  ß e ( t )  S  v p _ 1  ( O s / s ’i ) ,
то

( 2 0 0  0Kpxp ^  f  2  с < 0 ( * ,  / ) / ? , ( * )  #
о i=0 "«i

=  —  k .x p ( O á í S  1 ) ,  
(X) P

где нам безразлично, в какой точке берутся частные производные / ,  важно 
лишь то, что эти точки не зависят от t; от х могут зависеть.

Д о к а з а т е л ь с т в о .  П о с к о л ь к у  н а  о т р е з к е  [ 0 ,  .y] н е в я з к а  v.p{ t ) ^ M px p~x 
т о  и с п о л ь з у я  в  ( 1 8 0  я в н ы й  в и д  G п о л у ч а е м :

J  = f  "Z Gw (x, t)ccp(t) d t S N f  M pxp- ' [ X ° " ~ 1 + . . . +  l)
a i —о P du, M J p  (  ( и - l ) !  )

dt.

После интегрирования, используя условие сжатости [iv] и то, что в случае 
задачи (Г) в [iv] левая часть достигает максимума при * = 1, получим

A / p * p - 1 7 v ( - ^ - + . . . + x |  s  M p x ' w ( - ^ - + . . .  +  l )  =  Мрхр -в.

О ц е н и м  т е п е р ь  с н и з у  J ,  п р и ч е м  т а к и м  о б р а з о м ,  ч т о  н а  о т р е з к е  [ 0 ,  х] 
л-i d f

в ы р а ж е н и е  Z  GM(x, t)  з а м е н я е м  н а  е д и н и ц у ,  а  —  з а м е н я е м  н а  вг; в м е с т о
1=0 0уп-1

о с т а л ь н ы х  п р о и з в о д н ы х  / п и ш е м  н у л ь  а  в м е с т о  ap(t) н а п и ш е м  mp t p~ \  Т а к и м  

о б р а з о м  п о л у ч а е м
X

/ /77
m ptp~1 d t  =  Ox — - х р ч . т .  д .  

о Р
Н е р а в е н с т в а  ( 2 0 0  д о к а з ы в а ю т с я  с о в е р ш е н н о  т а к  ж е .
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Лемма У. При условиях Леммы 2' имеют место оценки:

OÁ\kp\+ m p) у  ^ f [ Z p{x)]-f[Wp(x)] S  Л у ( Мр+\Кр\)х>. 

Д оказательство . Применяя формулу Лагранжа имеем

V  df

откуда в силу

oui

[Z M -y W + yW -w m i

(i =  0, n - 1)

и Леммы Г получаем доказываемую верхнюю оценку.
Что касается нижней оценки, то заметим, что из той же формулы Лагранжа

f [ z p] - m P] ^ àu„ -1
[Z tn-V -y^-U + y^-V -ÍV j"-!)]

а поскольку из неравенств (8') при j= n  — 1
* * vP

Z<,n_1)(x)—у(п_1)(х) S  J  G(n~1)(x, t)xp( t)d të  J  mptp~1 dt = mp —
о о ?

и аналогично

y c - » ( x ) - » ÿ - « (x ) s |f c pi j ,

то получаем в силу -д----- ё Д  требуемую оценку:
OUn—i

f[ Z p(x)\-f[Wp(x)\ ё  öxdfcpl +  m ^ y .

Теорема Т. В случае задачи (Г), иди выполнении условия (16')) можно 
выбрать zu Wy таким образом, что при некоторых 0 -=Ар, др<1  последователь
ности (D) будут обладать свойствами (С) и (СД. Более того Zy ,  w x можно 
найти в явном виде, а в качестве Хр , рр можно взять любое решение 0 <  Ар <  1, 
0 < д рс1  систем неравенств (36'), (37') соотв. (38'), (39').

Д оказательство . Явная конструкция z1=Z1,w 1 = W1 дается в Заме
чании 3; для построенных там Zy, ИД выполняются неравенства
(2Г) т х  s  осДх) S  Мх, Ку S  ßy(x) ё  fcj

(0 S  X S  1 ; Ky, k y  <  0  m x , Му постоянные).
Предположим, что уже доказано, то, что существуют такие Ху, plt ... 

..., Яр_15 рр_у с которыми при всех у '=1, 2, . . . ,р
(22') mJxi ~1 ^  oíj(x) S  MjXj~x, Kj xJ~1 ^  ßj(x) ë  kjXj ~l (0 S  x S  1),
где Kj, kj< 0< m j, M j постоянные.
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Покажем, что из последних из неравенств (22'):
(23') трхр~1 S  ар(х) S  М рхр~г, К„х”- 1 ё  ßp(x) ё  крХ”- 1 (О S  х ^  1),

Кр, &р-=0</ир, Мр постоянные,

вытекает, что существуют такие Ар, ц„ при которых выполяются неравенства

(24') тр+1хр S  сср+1(х) =э М р+1хр, Кр+1хр S  ßp+1(x) S  kp+1xp ( O s x á l )
с некоторыми постоянными Кр+1, Æp+1< 0< m p+1, Мр+1.

Для этого, и для дальнейших рассуждений, вычислим

«p+i O) = Z (pnlx (x )- f[Z p+1(x)]
подставив здесь — в силу определения последовательностей (D)

Z p+1 = XpAZ„ + ( l - X p)AWp 
в аргумент / ,  а в силу равенства

(Аг)<"> =f[z]  (z£Jf)

первый член ар+1 заменяем на

г<р”Ш  = xpf [ z p(x ) \+ ( \ -xp)f[wp(x)].
Таким образом

« p + i  -  Xpf[Z p]+( 1  - A p) / [ W g - / [ A p AZp+ (l - А р)  AWp] 
откуда разбив вычитаемое на две части
ар+1 =  Ap(/[Z p]-/[A pAZp+ ( l -Á p)AWp]) + ( \ -X p)(f[Wp]-f[À pAZp+(l -Ар) AWp]). 

После применения формулы Лагранжа к двум разностям

я- 1 л/-
aP+iW  ■= К  2  ^ 7

(25')
<zp + i. ZP)W

{ Z f  (x) -  [Ap (AZp)(i) (X) +  ( 1 -  Ap)  (АЖР)<‘> (X)]} +

+ (1-Д Р) 2
d f

" -1
éo diif (Wp,Zp + 1Kx)

(*) -  [Др (AZp)(,) (x)+ ( 1 -  Ap)  (АЖР)<‘> (X)]},

где берутся в некоторых точках (д-Н)-мерного пространства (х, ...) с пос-ОЩ
ледними п координатами между Z (pJh (x )  и Z f (x), IV f (х) и Z $ x(x) 
( у = 0 , п — 1) соответственно. Порядок записи Zp+i, Zp и Wp , Zp+1 при любых 
0<АР, ц <1 правилен, поскольку (используя индукцию)

и так же
Zp+1 (i  APAZP + (1 —Ap)AZp =  AZP1  Zp 

fTp(i  AH' =  (1- др)АЖр + дрА1Кр(2  Zp+1.
Разобьем теперь Z f ,  W f  в фигурных скобках (25') на две части с ко

эффициентами Ар,(1 —Ар). Таким образом после прибавления и вычитания
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некоторых членов, первая фигурная скобка примет вид:

(26') AP[Z<‘> —(AZp)'i)]+ (l -AP)[Z<» -(A Z p)C>+(AZp)(i)-(А ^)< г>],
а вторая фигурная скобка (25') преобразуется к виду:

(27') Ap[(AZp)«> -  (AtVpf> +(AlVp)(i> -  W«>]+(1 -  Ap) [{AWpf '  -  W«>].

Подставим эти выражения в (25') и заметим, что

(28') Z «(x )-(A Z p)«(*) =  /  G<‘>(*, 0( 4">( 0- ЛЗД) Л =  /  G(i)(x, f)* ,(/)* ,
О О

1
(29') ^ > (х )-(А Ж рЯ (х) =  f  G<‘>(x, t)ßp{f)dt,

О
1

(30') (AZp)<'4*)-(A^p)«(x) =  /  G(í, (a\  ?j(/[Zp(/)] —f[IVp(t)])dt,

и с помощью последних, оер+1 преобразуется к виду:

-p)ßP{t)-д[_
ди( (W'p.Zpti К*)

«P+iW  =  f  2  GM(x, t) b ä  (0 ^ 4  +(1 -  A
0 •'=« I «W, |(Zp + 1,Zp)(*)

1')

\{Î[Z p{t)]-f[Wp(t)])\dt. 
, Z p  + 1Xx->) J

+

+ A P(1 — A ) _ d f_  
(zP+l.zp№  àut

Для дальнейшего нам удобнее будет, когда частные производные при 
ар, ßp взяты в общих точках, поэтому перепишем (ЗГ) в виду

Ар + 11 (х) -  f  "z g0>(x ’ 0 |A pap( í ) ^ -м_
dili + (1 -X p)ßp{ t ) ^ -

(Zp+1,Z p)(x) У d U t
+

( Z P  +  1 , Z P )(.V )

(32')
+  ( 1 -Я р ) |^

+ A p ( l - A p)

- Æ
C (hii

d f

(Zp + i.Z p)(x)
ßp(0 +

( z p + 1, z p )(.v) diu
\ ( f [ Z M - f W P( tÚ d t .  

( > n , . z p + p c * ) )  J

Аналогично получаем и формулу для невязки ßp+i:

ßp+1(x) = f  П£  G<‘>(x, t) \upßp( t ) £ -  
о i=o  L »и,-

a/!

(33')

+ i)W

_ .а /
* K"rp+i.zpX*) 

df

+  (1- д р)«р(0 7— I +
őui k^P.Tp+1)w

^Mf (%.»»rp + i)W
ap(0 +

(^P+i,zp)W dUi (УУ,
}(f[Zp(t)]-filVp(t)])\dt.
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Воспользуемся теперь индуктивными предположениями (23') и тем, что 
частные производные /  и их разности не превосходят числа N. Мы получаем:

ар + 1(х) S  Ар0МрхрЧ 1 -А р) ^ | к р|хр + (1-А р)О|Кр|хр +

+Ар(1 - k p)N* f  "Z G(i)(x, i)Q,(Zp, Wp) dt,

где последний член (без множителя Ар(1 -  Ар)) не превосходит (используя и 
Лемму Г и условие [iv])

" -1 (x - t ) J
N 2ex(Zp, Wp) J Z - - 7 

о }-» J
dt ^  N (wJ tt)(Мр + \Кр\)х” в

Щ 1- 0)

^  (M p+ \K p\)-~ jXp+1.

В итоге получаем:
(34')

* ,« (* )  SJC'(ApAfpe - ( l - A p)-^ |fcp|+ ( l - A p)e|iK’,H-Ap( l - A l)(Mp+|Äp|) T^ J c ) .

Аналогично оценивается (с помощью Леммы 2') ар+1 снизу: 

ар+х (х) ёг Ар т р х* -  (  1 -  kp) в  \Кр\ хр -  (  1 -  Ар) 0  |ЛГР| хр -

(350 -А р(1-А ^(Л /,+ |А ,|)т ^ * ' + 1 *

^  X" (яр тр- 2 (  1 - Яр)в IКр\ - (  1 — Ар) Ар(А/р + 1 АГр|) ^  х) .

Из (34'), (35') получаем два условия на Яр при всех х (O sx ë l) :

(360 ApMp0 - ( l - A p) -^ |k p|+ ( l - A p)0|/i:p|+Ap( l-A p)(Mp+|A:p|) r ^ x s O ,  

(370 Ар^  #ир—2(1 - к р)в\Кр\ —Ар(1 -АР)(Л/Р +  |* р|) у ^ х  >  О,

которые при Ар близких к единице выполняются (как это и можно было 
ожидать).

Приведем наконец оценки для ßp+1 на основе Лемм Г, 2', 3' и условия 
[iv]. Из (33'), если на последнем шагу воспользуемся оценкой типа проделан
ной перед (34'), получаем

/ ? р + 1 ( х ) ё - ц р 0 | А : р | х р + ( 1 - ц р ) у / п р х ' ’ - ( 1 - ц р ) 0 Л / р х ' ’ -  

- Л Р ( 1  - Ц р ) ( М р + \ К р\) х р + 1 ,
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о т к у д а  п о л у ч а е м  у с л о в и е  н а  д р :

( 3 8 0  1Лрв\Кр\ - ( 1  - ц р) ^  т р  +  (  1 -Ц„)вМр +  ц р ( 1  - д р ) ( М р +  | К р | )  ^ S  0 .

О ц е н и м  т е п е р ь  с в е р х у  ßp+1 ( о ц е н к а  п о с л е д н е г о  ч л е н а  д а е т с я  т а к  ж е ,  к а к  

и  в ы ш е ,  н а  о с н о в е  ф о р м у л  п е р е д  ( 3 4 0 ) :

ßp+Лх)  =  - у  |f c p | p p x p + ( l  —цр)в М рхр+(1 - ц р)вМ рхр +

в2
+ Д р ( 1  - д р) ( М р + |А Г Р | )  y - y  хр+1, 

о т к у д а  п о л у ч а е м  в т о р о е  у с л о в и е  н а  д р  :

( 3 9 0  ИРу  \к„\ - 2 ( 1  — д р) 0 Л / р — д р ( 1  - д р ) ( М р  +  |К „ \ ) ^ х >  0 .

О ч е в и д н о ,  ч т о  ( 3 8 0 ,  ( 3 9 0  П Р И  ИР д о с т а т о ч н о  б л и з к о м  к  е д и н и ц е  в ы п о л н я 

ю т с я .

В ы б р а в  т е п е р ь  в  ( 3 6 0 ,  ( 3 7 0  к а к о е - н и б у д ь  и з  п о д х о д я щ и х  7.р ,  в  к а ч е с т в е  

М р + 1  м о ж н о  б у д е т  в з я т ь  з н а ч е н и е  л е в о й  ч а с т и  ( 3 6 0  П Р И  х = 1 ,  а  в  к а ч е с т в е  

тр+1 з н а ч е н и е  л е в о й  ч а с т и  ( 3 7 0  п р и  х = 1 .  А н а л о г и ч н о ,  п о д с т а в и в  п о д х о д я щ е е  

з н а ч е н и е  цр в  ( 3 8 0 ,  ( 3 9 0  п р и  * = 1  п о л у ч а е м  —  Кр+1 с о о т в .  —  кр+1.
Т а к и м  о б р а з о м ,  и з  и н д у к т и в н о г о  п р е д п о л о ж е н и я  м ы  в ы в е л и ,  ч т о  с у щ е с т 

в у ю т  т а к и е  / р ,  р р  с  к о т о р ы м и  п р и  т о л ь к о  ч т о  в ы ч и с л е н н ы х  п о с т о я н н ы х  М р+1, 
тР+i> Кр+1, кр+1

тр+1хр ар+1(х) ё  М р+1хр, Кр+1хр = £  ßp+1(x) S  kp+1xp ( 0  ^  х  = § 1 ) .

Т е о р е м а  д о к а з а н а .

З а м е ч а н и е  5 ' .  И з  у р а в н е н и й  ( 3 6 0 ,  . . . ,  ( 3 8 0  м о ж н о  о п р е д е л и т ь  н а и м е н ь 

ш е е  з н а ч е н и е  п о д х о д я щ и х  А р ,  д р , ч т о  п р и в е д е т  к  д а л ь н е й ш е м у  у л у ч ш е н и ю  

с х о д и м о с т и  п р о ц е с с а .  О т м е т и м  т а к ж е ,  ч т о  п о с л е д н и е  д в а  ч л е н а  в  ф и г у р н ы х  

с к о б к а х  ( 3 2 0 ,  ( 3 3 0  и м е ю т  р а з н ы й  з н а к ,  и  у ч е т  э т о г о  ф а к т а  т о ж е  у л у ч ш а е т  

у с л о в и я  н а  / р ,  цр.
З а м е т и м  н а к о н е ц ,  ч т о  н е р а в е н с т в а  ( 3 6 0 ,  ( 3 8 0  с л е д у ю т  и з  ( 3 7 0  с о о т в .  ( 3 9 0 ;  

п о э т о м у  д л я  о п р е д е л е н и я  2 р , д р  д о с т а т о ч н о  р е ш и т ь  н е р а в е н с т в а  ( 3 7 0 ,  ( 3 9 ' )  

о т н о с и т е л ь н о  к в а д р а т н ы х  т р е х ч л е н о в  о т  2 Р с о о т в .  д р .

З а м е ч а н и е  6 ' .  Е с л и  /  д в а ж д ы  н е п р е р ы в н о  д и ф ф е р е н ц и р у е м а ,  т о  в  ф о р 

м у л а х  ( 3 2 0 ,  ( 3 3 0  р а з н о с т и  ч а с т н ы х  п р о и з в о д н ы х  м о ж н о  р а с п и с а т ь  п о  с о о т 

в е т с т в у ю щ и м  ф о р м у л а м  Л а г р а н ж а ,  и  т а к и м  о б р а з о м  у б е д и т ь с я  ( н а  о с н о в е  

Л е м м ы  Г ) ,  ч т о  п о с л е д н и е  д в а  ч л е н а  в  ( 3 2 0 ,  ( 3 3 0  в  ф и г у р н ы х  с к о б к а х  и м е ю т  

в т о р о й  п о р я д о к  м а л о с т и  е с л и  п о р я д о к  ар, ßp е с т ь  о д и н .

Е с л и  п р и  э т о м  a p æ  —ßp, т о  в ы б е р а я  л р ,  д р  б л и з к о  к  0 , 5  м о ж е м  п о л у ч и т ь ,  

ч т о  ар+1, ßp+1 т о ж е  б у д у т  и м е т ь  в т о р о й  п о р я д о к  м а л о с т и .  К о н е ч н о ,  п р и  

ap= —ßp, э т о т  э ф ф е к т  о б я з а т е л ь н о  с о б л ю д а е т с я  с  / р ,  д р = 0 , 5 .

В  з а к л ю ч е н и е  а в т о р  в ы р а ж а е т  б л а г о д а р н о с т ь  р е ц е н з е н т у  А .  Э л ь б е р т у  

з а  ц е н н о е  о б с у ж д е н и е .
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ЧИСЛО КОНГРУЭНТНЫХ ШАРОВ, 
ЗАКРЫВАЮЩИХ ДАННЫЙ ШАР ТРЕХМЕРНОГО ПРОСТРАНСТВА,

НЕ МЕНЬШЕ ЧЕМ 30

G. CSÓKA

Пусть К0, К1; К,у — совокупность конгруэнтных шаров трехмерного 
евклидова пространства Е3, попарно не имеющих внутренних точек. Мно
жество шаров к\, К,у называется облаком шара К0, если любая полупрямая, 
исходящая из центра шара К0, имеет хотя бы одну общую точку с каким- 
либо из шаров К 1 ;  Ку. Говорят также, что шары К 1 ;  . . . .  K v  «закрывают» 
шар К0.

Вопрос А. Хорниха, после которого и стали рассматривать конструкцию 
облака, следующий: каково минимальное число А шаров облака?

Первый результат в связи с вопросом Хорниха получил Л. Фейеш Т от
[1], доказав что число шаров облака A s  19. Позже А. Хеппеш [2] показал, 
что A s 24. Он использовал тот факт, что если шары образуют облако, то 
некоторые из них должны быть расположены довольно далеко от шара К0, 
так что их «тени» достаточно маленькие. Тенью шара К,, принадлежащего 
облаку шара К0 с центром в точке О, называется проекция из точки О шара 
Kj на поверхность шара К0. Д анзер [3] сконструировал облако из 42-х шаров, 
то есть получил оценку AS42.

В этой статье показано, что A s  30. Чтобы получить названную оценку, 
исследуются проекции из точки О центров шаров облака на поверхность 
шара К0. Пусть К1; К2, К3 — три таких шара облака, каждый из которых имеет 
хотя бы одну общую точку с некоторой прямой ОР, и пусть д = 0 ( 0 ^  — 
сферический треугольник, образованный центрами этих шаров (рис. 1). Оценив 
сверху площадь треугольника д , мы и выведем нижнюю оценку числа А.

Рассмотрим кривую Вивиани, заданную следующим образом: в пря
моугольной декартовой системе координат (О, х, у, z) возьмем кругловой 
цилиндр радиуса 1, ось которого совпадает с осью О., и на нем точку 
Ох{1, 0, (3 ) .Тогда пересечение поверхности этого цилиндра и поверхности 
шара центром в точке О, и радиусом 2 образуют нужную нам кривую Вивиани. 
Заметим, что плоскости z = \ 3 и у = 0 являются плоскостями симметрии 
этой кривой. В дальнейшем мы будем рассматривать только ту половину 
этой кривой, которая лежит в полупространстве z è /З . Её уравнения:

x = ^ ( z * - 2 \ '3 z  + l),

(1) У — ± ÿ l  —X2,

\'3 SU z s  /3  + 2.
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Очевидно, на кривой (1) лежат центры единичных шаров, касающихся единич
ного шара с центром в точке 0 1; оси О. и не имеющие общих внутренних 
точек с единичным шаром К0, центром которого является точка 0(0, 0,0). 

Рассмотрим точки

0 , ( 1, 0, Уз), Q (l, О, У3 +  2), О20( - 1, 0,Уз); *

021 (0, - 1 ,  Уз +  У2), 031 (0, 1, уз +  У2), Р(0, 0, 1)
первые три из которых лежат на плоскости Oxz, а остальные на плоскости 
Oyz. Точки О20, 0 2i, 0 31 и Q лежат на кривой (1).

Спроектируем из точки О на поверхности x2+y2+z2= 1 шара К0 кривую
(1) и точки (2). Проекции точек (2) мы будем обозначать теми же буквами, 
что и сами точки, добавляя знак ' (рис. 2). Для дуг больших кругов на поверх
ности К0 получаем

w  О', О'20 = 2 • < (OiOOD -  2 arc s in^  = 60°

-  O 'M ,  = 2- < (0 810 0 Í j) =  2 arc tg - = Х - =  =  35° 16'
УЗ  + У 2

- F Q '  =  <(QOQ ) =  arc tg—J —  =  15° T
У 3 + 2

где знак " над буквой М  обозначает ортогональную проекцию точки М н а 
прямую Oz. w  MN обозначает как дугу большого круга (меньшую из дуг 
с концами М и N) так и её угловую величину.
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Так как проекция кривой (1) на плоскости Oxz есть дуга параболы, то 
функция x=x(z) для проекции является графиком, строго возрастающая. 
Отсюда вытекает, что если точка М движется по проекции кривой (1) от (Х0 
к Q', то длина отрезка РМ строго уменьшается (на рис. 2 РМ2<РМ 1).

Теперь докажем три леммы, на основе которых будет получен наш ос
новной результат.

Л емма А. Пусть конгруэнтные шары {К,} ( /= 1, ..., N) образуют облако 
шара К0 и пусть {О,-} — проекции их центров О, из центра О шара К0 на его 
поверхность. Тогда cyufecmeyem такое разбиение поверхности шара К0 боль
ших кругов на треугольники, что вершинами треугольников являются точки 
О • и для каждого треугольника 0,( О/, О/, существует полупрямая 
o p (P € A (o tlo ;2o,g, которая имеет хотя бы по одной общей точке с каждым 
из трех шаров Kfl, К,,, KÍ3 облака.

Доказательство. Считаем, что облако не имеет лишних шаров, то есть 
таких шаров, после выбрасывания которых из состава облака, последнее не 
перестает быть облаком. Кроме системы таких {О-}, рассмотрим на поверх
ности S0 шара К0 тени С[ (/=  1, 2, ... , N ) шаров Кг; через i\ обозначим сфери
ческий (угловой) радиус тени С-. Произведем следующее разбиение I, поверх
ности S0: каждой точке О- соотнесем множество точек X поверхности, для 
каждой из которых величина ^ О -Х —rt минимальна при / = 1, . . . ,N  (так 
называемое «гиперболическое разбиение» или разбиение Фейеша Т о т а — 
М олнара [4]). Кривыми, производящими разбиение в этом случае являются 
дуги сферических гипербол и больших кругов.

Разбиение II. Поверхности S0 дугами больших кругов дуальное раз
биению I, имеет своими вершинами множество точек {О-}. Вершины всякой 
клетки разбиения II обладают тем свойством, что тени с центрами в этих 
вершинах покрывают вершину разбиения I, соответствующую данной клетке.

Если клетки разбиения II не являющиеся треугольниками, разобьем не
которым образом диагоналями этих клеток на треугольники, то получим
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разбиение поверхности S0 на треугольники обладающие указанными в лемме 
свойствами. Чтобы убедиться в этом, осталось показать, что в каждом треу
гольнике разбиения существует внутренняя или граничная точка, принадле
жащая всем трем теням с центрами в вершинах треугольника. Пусть большой 
круг 0 0 ( Ói отделит общую точку Р трех окружностей—теней С(, С2, С3, 
от вершины 0 3 (рис. 3) и пусть точка Р ' симметрична точке Р относительно 
плоскости 0 0 ^ 0 2. Тогда P 'f С ,. Р '£С2 по симметрии; вследствии того, что 
плоскость симметрии отделила центр тени С3 от точки Р, имеем P 'çC 3. Если 
точка Р ' попала внутрь треугольника O J  ( К  0 3, утверждение доказано. Если 
нет, то утверждение вытекает из того, что отрезок РР' пересекает треугольник 
0 (  CXQá и состоит из общих точек всех трех окружностей С[, С2, С'3, поскольку 
множество таких точек выпуклое. Лемма доказана.

Лемма В. Пусть единичные шары К0, К ,, К2, К3 попарно не имеют общих 
внутренних точек; а полупрямая /, исходящая из центра О шара К0, имеет 
хотя бы по одной общей точке с каждым из шаров К ,, К2, К3. Тогда площадь 
сферического треугольника 0 ^0 20 3, вершинами которого являются проекции 
из точки О на поверхность шара К0 центров О ,, 0 2, 0 3 шаров К ,, К2, К3, будет 
максимальна в том и только том случае, когда каждый из шаров К ,, К2, К3 
касается /, и когда расположение этих шаров таково, что ни один из них нель
зя приблизить к точке О, перемещая параллельно прямой I.

Доказательство. Если шар К3 перемещаем параллельно прямой /, тогда 
0 31 заменяется точкой 0'32 (рис. 4). Пусть OOj ; 0 0 2?  0 0 3. Так как тени 
шаров К15 К2, К3 — сферические круги Сх, С2 и С3 имеют общую точку и наи
меньший из них С3 ,легко видеть, что С3 покрывает по крайней мере одну из 
двух общих граничных точек кругов С, и С2. Обозначим эту точку через Pt . 
Если Сх и С2 касаются, тогда Р, является точкой касания. Следовательно, 
существует полупрямая ОР15 только касающаяся шаров Кх и К2, и касающаяся 
или пересекающая шар К3.
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Покажем, что в этом последнем случае можно удалить точку 0 3 от OPj 
так, что шары К15 К2 и К3 попрежнему не будут пересекаться внутренними 
точками, а площадь сферического треугольника (0 ,'020 3) увеличится. Для 
этого рассмотрим плоскость I ,  содержащую прямую 0 0 3 и перпендикуляр
ную плоскостьи [OOj 0 2]. Обозначим через OJ и 0 2 перпендикулярные про
екции точек О, и 0 2 на плоскости I .  Точки О, О? и 0 2 будут точками обшей 
прямой плоскости Z и [О 0 , 0 2] (рис. 5). Очевидно, если передвигать центр 
0 3 шара К3 на плоскости I  по окружности с центром О? и радиусом 0 3 Оа 
или вне круга этой окружности, то шары К3 и Kj не будут иметь общих внут
ренних точек. То же самое имеет место и при движении точки 0 3 по окруж
ности с центром 0 2 и радиусом 0 2 0 3 или вне круга этой окружности — шары 
К3 и К2 не пересекаются.
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Поскольку точки Oi и 0 2 лежат внутри отрезка 0 0 3 (OÍ — ортогональная 
проекция точки 0 3 на прямую 0 0 3), то точку 0 3 можно двигать по окруж
ности радиусом 0 0 3 (см. рис. 5) таким образом, что шар К3 не будет пересе
каться с другими шарами и будет удаляться от прямой ОРх, причем такое 
удаление может проводиться до положения касания К3 и прямой OPt . Пос
кольку при этом точка 0 3 движется перпендикулярно дуге 0 [0 '2, то площадь 
треугольника 0 ^ 0 30 3 увеличивается. Тем самым первое утверждение леммы 
доказано.

Лемма С. Пусть из начала координат 0(0, 0,0) на поверхность единичной 
сферы К0 с центром в точке О спроектированы кривая Вивианы (1) и точки (2); 
обозначим через G' проекцию точки G кривой (1) с координатами z — ( 3+0,05, 
а через (O'20G'), (O',0Q') проекции дуг кривой (1) с концами соответственно 
Oá0G' и OáoQ Тогда площадь всякого сферического треуголь
ника с вершинами 0 ( , 0 3, 0 3 (рис. 6), где 0 3€ (O20G'); O3Ç(O30 Q') удовлетворяет 
неравенству
(3) г ( о ; о ю ')  < 0,23.

Доказательство. Утверждение Леммы С вытекает из того, что при дос
таточно близком расположении точки 0'2 к точке О30 величина ^(О^ 0 30 3) 
тоже будет достаточно малой, в частности, она может быть сделана меньше 
оценки (3) для любого расположения вершины 0 3 на дуге (OáoQO- На осно
вании оценки (3) в дальнейшем при оценке площади произвольного сфери
ческого треугольника с вершинами на проекции кривой Вивиани можно будет 
исключить из рассмотрения часть кривой, состоящей из дуги (OáoG') и ее
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отражения (О00С') (см. рис. 6). Такое исключение нам потребовалось из-за 
неограниченности производной одной из рассматриваемых функций в точке 
Oó0 проекции кривой (1). Переходим теперь к доказательству леммы.

Из уравнений (1) находим координаты точки G':

X = j  [(у'3 + 0,05)2—2 ^  0^3 +0,05) +  1] «  -0,9987,

у = V 1-0,9987* % 0,0498, 

z = ^ + 0 ,0 5  % 1,7820

и оцениваем величину дуги большого круга ^ G ' O ^  1°35'.
Пусть OíeíOíoGO и 0 :jÇ(OàoQ')- Обозначим через W точку пересечения 

дуг больших кругов wG'Oá и -^OÓO;. Для площадей получившихся сфери
ческих треугольников (рис. 6) имеем равенство:

(4) 7-(ОЮ;Оз) = r (G ' Oí Oá) + Т  (Oá WO3) — T(G' W).
Способом, который будет описан ниже, при доказательстве теоремы, полу
чаем оценку 7'(G'O1'Oá)<0,184. Из нее и равенства (4) имеем

740 ^ 0 $ )  <  0,184 + r(O;WO^).
Оценим теперь величину Т(O2WO3). Из свойства кривой (1) о котором гово
рилось выше, перед Леммой А, следует, что ríO áW O ^-c^G 'O áoO ^ +  ríO), 
где через Т{0) обозначена половина площади сферического круга радиуса
■yíwG'Oáo). Вычислив Г(0) находим, что Д0)<0,006. Так как T(G' О.^ОД
меньше площади равнобедренного сферического треугольника ô со сторонами 
с 60°, 60° и 1°35', поскольку wOÓ„G'< 1°35', ^ О 0 0Оз<60° и ^ G 'O '< 6 0 ° , 
то вычислив площадь <5 получаем неравенство Д С ' (К,, Oá) <0,033, из которого 
и следует неравенство (3). Переходим теперь к доказательству основного 
результата.

Теорема. В пространстве Е3 любое облако состоит не менее, чем из 
30 шаров.

Доказательство. Пусть К0 — единичный шар с центром в точке О, {К,} 
(/ =  1, ..., N) — облако шара К0, О, — центр шара Кг, О,- — проекция точки 
О, из точки О на поверхность S0 шара К0. Считаем, что облако {К,} не имеет 
лишних шаров.

По Лемме А существует разбиение поверхности S0 на сферические треу
гольники, вершинами треугольников являются точки {О-} и всякому треу
гольнику соответствует полупрямая OP (Р принадлежит к треугольнику), 
имеющая хотя бы по одной общей точке с шарами проекции центров которых 
являются вершинами треугольника. Будем искать верхнюю оценку площади 
треугольников такого разбиения.

Рассмотрим полупрямую ОР соответствующую некоторому треуголь
нику д (0 (0 0 0 з )  разбиения; тем самым полупрямая ОР имеет общие точки 
с каждым из шаров Кх, К2, К3 облака {К,} (рис. 1). Согласно Лемме В в наших
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поисках верхней оценки площади треугольника д  (Oí Oá Oá) достаточно рас
смотреть случай, когда шары К15 К2, К3 касаются полупрямой ОР и ни один 
из них нельзя приблизить к точке О движением параллельно прямой ОР.

Предполагаем, что OOi Д 0 0 2 ï 0 0 , , откуда следует, что шар Кг ка
сается шара К0. Основная идея доказательства состоит в исследовании пло
щади сферического треугольника, который получится после приближения по 
направлению прямой ОР шара К3 к шару К, до касания, допусти, что при 
таком приближении шары К3 и К2 могут оказаться пересекающимися. При 
таком приближении, как об этом говорилось при доказательстве Леммы В, 
площадь д  (Oá Oá Oá) увеличилась. Точки 0 2 и 0 3 теперь лежат на кривой 
Вивиани, которая определяется пересечением цилиндра единичного радиуса 
с осью ОР и шара радиуса 2 с центром в точке Ох (рис. 7). Прямоугольную 
систему координат выберем так, чтобы начало совпало с точкой О, а точка 
Р имела координаты (0, 0, 1) то есть кривая Вивиани описывалась уравнениями 
(1). На рис. 7 указаны проекции точек (2) на поверхности шара К„. Теперь 
наша задача свелась к оценке сверху площади треугольника д  (Oá Oá Oá).

Оценку получим следующим способом: пусть точка О'2(х2, у2, ^2) про
бегает дугу (OáoOái) проекции и при каждом фиксированном положении точки 
Oá точка Oá(x3 , у3, z3) пробегает дугу (Oá0OáiQ'). Тогда на основе (1) мы полу
чим, что площадь 7\OáOáOá) будет функцией двух переменных z2 и z3: 
5p(OáOáOá) = 7’(z2, z3). Областью определения функции T(z2, z3) в плоскости 
(z2, z3) является квадрат с вершинами (( 3, } 3), (фЗ, У3 + 2), (|/3 + 2, У 3),
(У з+  2, Уз+  2).

Разделим этот квадрат прямыми параллельными его. Расстояния между 
любыми двумя из этих прямых возьмем равным данному числу d. Вдоль 
каждого из отрезков прямых попавшего в квадрат функция T(z2, z3) будет 
функция только одной переменной: Т{с, z3); 7'(z2, с), где У 1мсёУ З+2 (гра
фик одной из таких функций дан на рис. 8).
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Вычислив значение функции T(z2, z3) и значение ее частных производных 
в точках квадратной решетки со стороны d, которая образовалась от пересече
ния двух систем параллельных прямых, мы найдем и оценку для этой функции 
на всем квадрате, то есть получим оценку плошади TíOÍCKOá). Результат 
вычисления дает верхнюю оценку 0,23. Следовательно, в разбиении поверх
ности шара К0 на треугольнике описанном в Лемме А имеется по меньшей

мере / граней, где ' Обозначим через е число ребер, а через с число
вершин разбиения. Так как все грани разбиения треугольники, то 3/ = 2е.
Из равенства 1+с—е+ 2 (теорема Эйлера) получаем с = у /+ 2 ^ -^ -  +
+ 2ё29,3. Учитывая, что с-целое число, получаем что с ^30, то есть утвер
ждение теоремы.

Переходим к подробному описанию расчетов для получения оценки 
Т(0[ (ХОз). Рассмотрим векторы ООх(1, 0, | 3), OÖ2(x2, у2, z2) и 0 0 :,(х3, у 3 , z3), 
где 0 2 и 0 3 точки кривой Вивиани. Рассмотрим также точки 02€(021G ') m 
Oá€(Q' G') (рис. 7). Мы не рассматриваем случаи, когда 0 26(021Q') и 
OáííOájG') так как точка Р не попадет в треугольник A(OJOáOá) если 
Oá€(Oá,Q') и когда Oá€(G'Oá,) -из-за симметрии проекции кривой (1).

При данных условиях рассматриваемые векторы образуют правую тройку. 
Единичные векторы, идущие в направлениях их векторных произведений
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следующие:

*12 (OOjXO O,)0 = ( - / 3 у2 , jb x 2- z 2, y2)
У 4yl + Ъх\ + г\ — 2 /3x2z2

ё23 = (OOoXOÖg)0 = ___ (Угz 3 2гУз> z2x3 x2z3, х2у3 У2х3)____
/(У2 Z3 -  Z2 Уз)2 +  (z2Xз -  х2 z3)2 + (х2 Уз -  у2х3)2 ’

*31 — (ОО3ХОО])0
(У3у8, za- Ÿ Зх3, -уз) 

Ÿ 4уз + z\ +  3x1 -  2 /З*3 z3

Обозначим через U(z), V(z), R(z) соответственно знаменатели множителей 
в выражениях для ё12, ё23, ё31; они являются и длинами векторов векторного 
произведения. Эти длины ограничены и снизу и сверху, так как длины век
торов, которые мы умножали, больше 2_и меньше 2(z+ /3), а углы между 
ними по Лемме С больше угла <  (G' OG') и меньше 60°.

Площадь изучаемого нами треугольника такова:

T(z2, z3) = arc cos (e12 e31) + arc cos (e12 e23) + arc cos (e23 e31) — n.

Дифференциал функции T(z2, z3) в том случае, когда z2 и z3 изменяются на 
величину d имеет вид:

AdT(z2,z3) =  Т'(с, z3)d + T '(z2, c)d,

где Т'(с, z3) и T '(z2, с) частные производные.
„ ЬТ

При данных условиях ищем верхнюю оценку частной производной -OZ%
на всей области определения функции T(z2, z3). Поскольку функция T(z2, z3) 
симметрична относительно переменных z2 и z3, то полученная оценка будет

„ „ дТ „ , 3 т  дТоценкой и производной —. Обозначим T — max —— = m ax^— , где
6/Z 3  OZt£ 0Z3

2г€[/3+0,05, /3  + /2] и *»€[/3+0,05, /3 + 2 ] . Если Т' существует, тогда раз
ность между значением функции T(z2, z3) в точке z2 —} 3 + 0,05 +  kd, z3 = 
— )3  +0,05 Jrjd  и значением ее в произвольной точке квадрата

[/3+0,05 + Ы, /3 + 0 ,0 5 + (fc+ l)d ]x  [ /3  +  0,05 +jd, /3 + 0 ,0 5 + 0 + l)d]
оценивается неравенством max (AdT(z2, z3) ) ^ T '2 d  . Переходим теперь к дока
зательству существования Т'.

à T    ( * 1 2  * 3 l ) ____________ ( * 1 2 * 2 з ) ______________ (* 2 3 * 3 l)

dz3 / 1  _  ( * 1 2 * 3l ) “ I 1 —  ( е 1 2 е 2 з )2 V I  -  (* 2 3 * 3 1 )“

Покажем, что каждое из трех слагаемых в отдельности ограничено. Поскольку 
выражения всех трех слагаемых аналогичны, достаточно провести доказа
тельство для одного из них. Рассмотрим, например, первое слагаемое. После
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подстановки значений векторов имеем

('AY  ^ + "3 -  zJ]}
j / l - ( ê 12ê31)2 |/1 -  (ё12 ё31)2

Величина 1 — (ё12ё31) ограничена снизу числом большим 0, потому что ё12 =  
= (ОО, X OÖ2)°, ё31 = (00*3 X 0 0 0 °  а угол между 0 0 2 и 0 0 3 не меньше угла 
<X(G'OG') (см. Лемму С).

Обратимся к производной, стоящей в числителе (5). В знаменателе этой 
производной стоит произведение U(z)R(z), которое ограничено. Числитель 
производной имеет вид:

(4угУз +  Зх2х3 + z2-  \ Зх2-  |3z2х3) U (z)R(z)~

-  (̂ У-гУз -  КЗ-Хо z3 + Зх2х3+ z2z3 -  l/3z2x3) U(z) R'(z).
Нужно доказать ограниченность сверху функций x3(z), y3(z) и R'(z). Функция 
x'3(z3) — z3- уЗ ограничена и снизу и сверху, так как z3ç[|/3 f0,05, фЗ + 2 ] .

JC (z- )Функция у3(z3) = —  3 ~:! -  х3(z3) также ограничена, потому, что множи-
\  1 — X3(z3)

тели в числителе ограничены сверху, а знаменатель ограничен снизу на основе 
оценки А'3(г3) £0,9987 (Лемма С). Наконец, ограниченность функции

R'(z3) = —7= =  (8y3y3 + 2z3 + 6x:3x3 —2 )/Зх3 —2 )/3z3x3)
2 ]//?(z3)

вытекает из уже сказанного.
Подходящими оценками сверху выражения (5) находим конкретную вели

чину Т ' и при выборе величины d достаточно малой сможем оценить сверху 
величину AdT(z2,z 3). На основе полученных оценок и была найдена оценка 
для площади треугольника r (0 i0 '0 ') -= 0  ,23. Метод уже использовался ранее 
при доказательстве Леммы С. Теорема доказана.

Замечание. Легко видеть, что ход доказательства теоремы позволяет на
писать функцию оценки N(R, г) числа шаров облака шара фиксированного 
радиуса R, состоящего из шаров радиуса г. В частности, мы нашли оценку 
числа JV(1, 1). Вероятно, полученную оценку можно улучшить оценивая сверху 
тень системы, состоящей более чем из трех шаров, хотя до сих пор это не 
удалось.
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A GENERALIZATION OF FITTING-SUBGROUP

b y

P. HERMANN

It is well-known by the theorem of Fitting, that the subgroup of a finite group 
generated by all nilpotent normal subgroups is nilpotent. The aim of this paper 
is to show the normal persistency of some properties, which are all weaker than 
nilpotence. However, we deal with the ^-solvable case.

Proposition 1. Let t= (px,p 2, ...) be a fixed order on the set o f the primes, 
N  and M norma/ subgroups of the finite group G. I f  N and M have Sylow-towers 
of the type t, then NM also has a Sylow-tower of the type t.

Proof. Induction on the order of G. We can suppose, that G = NM. Let p 
be the greatest prime factor of |G| according to t, then, by the assumption, N  and 
M  have characteristic p-Sylow subgroups R and S, respectively. Factorizing by 
RS NS/RS  and MR/RS are normal in G/RS, and they have Sylow-towers of the 
type t. Since |G: ÄS|<|(7|, G /RS=NS/RS-M R/RS  also has a Sylow-tower of 
the type t, and the same holds for G, because RS  is the unique p-Sylow sub
group of G.

One can prove in the same way

Proposition 2. Let p be a prime. I f  N and M are normal p-nilpotent subgroups 
o f the finite group G, then NM  is also p-nilpotent.

Before the final generalization we recall some facts about the finite one step 
non-nilpotent groups.

Theorem 1. Let G be a finite non p-nilpotent group, all o f whose proper subgroups 
are p-nilpotent; then

1) G is solvable, moreover \G\—paqh (p^q).
2) Every proper subgroup o f G is nilpotent.
3) G has a normal p-Sylow subgroup P, and for any q-SvIow subgroup Q, 

G=(Q*\xiG) (see [1]).

Groups like in Theorem 1 are called (p, ^-groups. It is clear, that a finite 
group G is p-nilpotent if and only if for every çÇ7t(G)\{p} it does not contain a 
(p, ?)-group.

Theorem 2. Let G be a finite group, p and q fixed different primes, N  and M  
normal subgroups of G. I f  N  and M  do not contain (p, q)-groups and G is p-solvable, 
then NM does not contain a (p, q)-group.
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P roof. Let G be a counterexample, for which |G| +  |G: fV| +  |G: M\ is minimal. 
Then by assumption, G — NM, and there exists a (p, <7)-group U in G. Let us denote 
the unique p-Sylow subgroup of V by Up and a r/-Sy!ow subgroup of G by Uq. 
Let L<\G, L?± 1, then G/L = NL/L- ML/L and NL/L, ML/L do not contain (p ,q )- 
groups because of [2], so G/L does not contain a (p, <7)-group, consequently UL/L 
is nilpotent by Theorem 1. The nilpotence of UL/L involves UqL/L<i UL/L, so 
UL/L=((UqL)x \x£U)IL=U qL/L, which implies Ups L .  In fact, p\\L\ and 
Op (G) = l, hence by the ^-solvability of G Op(G)=-1. Taking L = Op{G) we get 
Up^ O p(G), and the choice L = M  and L = N, respectively, gives UP̂ NC\M, 
consequently, Uq^pN and Uqф M. Suppose that N<K<G  for some K<\G. 
Using K —KC\NM=N  • (KC\M ) we get by the minimality of G, that К does not 
contain a {p,q)-group; but |G :/f|< |G :N implies in this case that G = KM 
does not contain a (p , c/)-group, contrary to the assumption. Thus G/N and G\M are 
simple //-groups, hence Op(G)^NÇ) M. Denote by О a </-Sylow subgroup of G 
containing Uq, then Op{G)-^Nf}M  implies QC\N^:CN(o p(Gj) and QC\MS 

CM(Op(G)). Finally, we get by Uq̂ Q  = (Qf ]M)  . ^ N ) ^ C g{Op(G))^Cg(Up) 
a contradiction, which completes the proof.

*
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DICHTESTE KLGELPACKUNGEN IM OKTAEDER

von
GEORG GOLSER

t. Einleitung

Ein öfter behandeltes Problem der Geometrie der Zahlen bzw. der diskreten 
Geometrie ist die Angabe von dichtesten Kugelpackungen in konvexen Körpern 
im RJ. Die vorliegende Arbeit befaßt sich mit diesem Problem für Oktaeder im R3.

Es seien B, Klt ..., K„ kompakte, konvexe Teilmengen des Rd mit nichtleerem 
Inneren. Das System {Aj} heißt Packung in B, wenn 1J KtczB ist und die Kt paar-

i=i
weise keine gemeinsamen inneren Punkte haben. Von nun an seien die Einheits
kugeln, (d. h. Kugeln vom Radius 1). {ÄT,} heißt dichteste Packung von n Einheits
kugeln in B, wenn {K,} eine Packung in В ist und kB für keine Packung
von n Einheitskugeln enthält.

Im folgenden sei stets d=  3. Den Arbeiten [8], [9], [10] von Schaer  entnimmt 
man die dichtesten Packungen von 3, 4, 5, 6, 8 und 9 Einheitskugeln in einem Würfel. 
Schaer löst nämlich das Problem, im Einheitswürfel 3, ..., 9 Punkte so anzuordnen, 
daß der kleinste ihrer gegenseitigen Abstände möglichst groß ist.

ln [5] gibt G o ldber g  Packungen von  zehn bis siebenundzwanzig Einheits
kugeln im Würfel an. (Die Frage, ob sie dichteste Packungen sind, bleibt offen.)

ln der Arbeit [2] von B l a c h m a n n  wird die größte Anzahl von Einheitskugeln 
berechnet, die eine Packung in einer Kugel vom Radius r ^ l  + y2 bilden; für 
r > l  + ]/2 findet man in [2] Abschätzungen für diese Zahl. Blachmann gibt auch 
höher dimensionale Resultate an.

Von H orváth  [6] stammen Abschätzungen für dichteste Packungen von Ein
heitskugeln im Zylinder mit Radius S2. Die Resultate werden auch auf höhere 
Dimensionen verallgemeinert.

Im Abschnitt 2 dieser Arbeit wird die Seitenlänge des regulären Oktaeders 
angegeben, in dem drei Einheitskugeln am dichtesten gepackt sind.

Im 3. Abschnitt werden die Seitenlängen der regulären Oktaeder angegeben, 
die dichteste Packungen von jeweils 4, 5 und 6 Einheitskugeln enthalten. Davon 
folgt, daß ein reguläres Oktaeder, das eine Packung von vier Einheitskugeln enthält, 
stets eine solche von sechs Einheitskugeln enthält.

Für die Anregung und Betreuung dieser Arbeit danke ich Herrn Prof. Dr. P. M. 
G ruber  sehr herzlich.
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2, Dichteste Packung von drei Einheitskugeln im Oktaeder

Satz 1. Die Seitenlänge des regulären Oktaeders, das eine dichteste Packung 
von drei Einheitskugeln enthält, ist ()/2 + 3 |/б)/2.

Ohne Beweis geben wir eine Verallgemeinerung an. Seien oc, ßZR, 
und sei

________ i(j/3 + a)/2 für c t s / i
у  : =  П + а 2 +  0 2 +  _ _

1 2 a /f l+ a 2 für a ^ y 3 .
Dann enthält {̂ rj [лтх! -(-а |лг2[ |дг3| =y} eine dichteste Packung von drei Einheits
kugeln.

Zum Beweis von Satz 1 benötigen wir zwei Hilfssätze. Es sei ex:=(1,0,0), 
e2:=(0, 1, 0), e3: =  (0, 0, 1) und die gewöhnliche euklidische Norm werde mit || || 
bezeichnet. (, ) und Л bezeichnen das innere und das äußere Produkt. Im Hilfssatz 1 
betrachten wir einen Bereich A, dessen Rand aus n(€{5, 8}) glatten Flächenstücken 
besteht. Unter einer Kante von A verstehen wir einen nichtleeren Durchschnitt 
zweier dieser Flächenstücke.

H ilfssatz 1. Es seien B,C  die Bereiche B:= {У jx^ +  |x2| +  l-V3j =  1}, 
C := { x| |jc1|4-|*î|-4*8I —1» \\ез+х \\ = )^} und sei A£{B,C).

Dann gibt es Punkte qx, q2, qs auf Kanten von A mit
min II <7,- — <7j|| =  sup min ||р;- р у||.

l^ i< j^ 3  {p 1,p 2t p 3 ) ( z A  l^ i< J^3
Beweis. Der Rand von A besteht aus den Flächenstücken t \  := А П {x | f  (x) =  1} 

wobei die f :  R3 — R folgendermaßen definiert sind:
1. A:=B. n:= 8, fi(x):— ((ex, e2, e3), x) mit £1,б2,е3€{1, -1}.
2. A :=C. n:—5, /|(л-):=<(в1, e2, 1), x) mit 1 ^ i^ 4 ,  eu e2€ {1, —1} und

/.(* ):=  2 ~ \ e t + xb

Wir definieren eine Funktion e: R3 — R durch e(x):= 1 und be-
x £ Ft

weisen die folgende Eigenschaft von A, die unten benötigt wird:
Zu je drei Punkten px, p2, p3£A gibt es Punkte p[, pfp 'z  mit

( 1) min e(p'i) =? 1, min llp.'-pjll & min ||p,—py||

Wegen pxeA gibt es ein р'1€{х\х= р1+к(р1—р2)Л(р1—р3), 1^0}П {x|e(x)^l}. 
Für pi gilt : e (/?í) — 1 > II Pi ~РЛ — Il Pi ~ Р Л  » Il Pi —Рз11 — Il Pi—P s l l  • Vom Punktetripel 
p [ ,p 2, Pz ausgehend schließt man analog weiter und beweist so (1).

Nun gilt folgende Aussage :
(2) Wenn {р1,р 2,р 3} а А ,е (р 1) = 1,е(р2)е{1,2} ist, dann gibt es Punkte 

Р1 ,Р г,Р ^А  mit
min Jp'i-p'jW ■ mm J / ? , - pjу

Es ist A = {x \ f f x ) - ^ \ ,  lS i^ « } . Wegen e{px) = 1 gibt es ein je  {1, ..., n} 
sodaß f,(Pi) = U max /i(P i)< l- Die GeradeJ 1 ̂ i^n, ij*j

{x \x=Pi+X(Pî- pJ a{ ^ ( pù, ^ ( pù, ^ ( P ù), A€r }
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enthält einen Punkt p[ mit
(3) lIPÍ-Psll >  Il Pi-Pill 
und

(4) р[ел, IIp í- psII =- IIp i- Р зИ- 
Wir greifen aus {1,...,и} zwei Elemente k, e heraus, daß

, • /((P2) ^Л(Рг) S / e0 2).1 ̂ i^n, t^k, ir̂ e
Nach (3) gibt es einen Punkt

£< *> ■ ë w)A(ëw> I N ’И
mit

(5) Р2£Л, IIPÍ-P2 II >  IIP1 - P 2 II, llPá-РзИ >  Ир2-Рз1|.
Mit p3:—p3 und (4), (5) ist (2) bewiesen.

Da die Menge A kompakt ist, nimmt die Funktion

in: /t3-*R, m(pu p2,p3):=t min J1 SICJ53
einen größten Wert an. Nach (1) gibt es Punkte g i,g 2,g 3 mit

l ä e ( g , ) s e ( g 2) s 4 ) ,  /«(gi, g2> gs) =  sup m(p1,p 2,p 3).
{Pi.Pa.Pa)̂ -*

Wegen (2) können wir uns auf folgende zwei Fälle beschränken:
1. ^min^cig,) ^  2. Hier gilt Hilfssatz 1 mit qt g;, 1 S  / S 3.

2. c(gx) =  1, e(g2) = e(g3) =  3. Dann ist g^Ac:{x\\\x\\ S  1},

{g2, g3}c{ei, e2, e3, - e u - e 2, - е 3}, daher ls^iPs3 Ilgf-gJ ^  1 2.

Mit q^.—ei, /€{1, 2,3} ist Hilfssatz 1 bewiesen.
H ilfssatz 2 . Es sei a die Seitenlange des regulären Oktaeders, das eine dichteste 

Packung von n Einheitskugeln enthält. Ferner sei ô :=sup min IIPi~P/Il, wobei
das Supremum über alle Anordnungen von n Punkten ptd {*| |jcx| -F |jc2| + |a;3| s 1} 
genommen wird. Dann gilt: o= ^6 + 2y2/ö.

Bew eis. Der Bereich Lei |х1| +  |*2| +  1*з1—"7=4 enthält eine Packung von n 
{ 1 \2  )

Einheitskugeln. Die Mittelpunkte dieser Kugeln liegen in j 1̂ 1 -I- |ле2| -F |лг3| ̂
und haben paarweise Abstand S2. Daher ist

2^2
T i^ \

( 6 ) er S  16  +  -
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Der Bereich jx  | l^l-b |x2| +  |x8| á y j  enthält n Punkte pt mit paarweisem Abstand 
ë 2 . Die Einheitskugeln mit Mittelpunkten in p t bilden eine Packung in

{* 1м1 +  !л'2| + кз1 =4 + 4 Daher gilt:

(7) а

Aus (6), (7) folgt die Behauptung.

2V2 
I 6 +  — ^

B ew eis vo n  Sa t z  1. Wir bezeichnen die abgeschlossene Strecke zwischen zwei 
Punkten X, у  mit [x,y]. Sei B:= {x| 1̂ 1 + |x2| +  |x3| =  l}, := (1,0, 0), e2:=(0, 1,0),
e3:—(0, 0, 1) und sei

(8) <5 := sup min \\Pi~PjW
{Р1,Рг.Рз)<^В lS i* = J S 3

definiert. Die Punkte ()'3 — 1, 0, 13 — 2), (l —1̂ 3, 0, ^3 — 2), es liegen in В und haben 
paarweise Abstand 2(УЗ — l). Daher ist

(9) <5 = 2 ( |/ 3 — l).
Im folgenden zeigen wir, daß

(10) <5 S 2 O/3 - I )

st. Nach Hilfssatz 1 genügt es, (10) für Punkte P i,p 2,Pa zu beweisen, die auf Kanten 
von В liegen. O. B. d. A. sei px£[ei, 41- Bei p2 beschränken wir uns auf folgende 
Fälle:

1. p2€[-ß i, - e 2], 2. p2e[~e1,e2], 3. p2£ [-e 1, - e 3].

Im ersten Fall nehmen wir p3£[—ex, e2] an, die Fälle 2, 3 unterteilen wir folgender
maßen: 2.1. р3£[ег,- e 2], 2.2. p3£ [ -e 2,e 3], 3.1. p3€[<?!, ~e2], 3.2. p3€ [ - e e 3], 
3.3. p 3£[—e2, e3]. Die Fälle 1,2.1 sind trivial— hier liegenpx,p2,p3 in einem Quadrat. 
Fall 2.2 wird durch | | p i — p 3| | =  |k 2+Pill>  ||/?2 —/^зН =  11̂ 2-FP2 II auf Fall 1 zurück
geführt. Ferner werden die Fälle 3.1, 3.2 durch Fall 2.2 erledigt.

Wir untersuchen nun Fall 3.3: p1£[e1, e2], p2€[~ex, — e3],p3€[ — e2, e3].
Für passende 2X, 22, 23€[0, 1] ist px = ( 1—4 ,  4 ,0 ), p2= (—A2,0 ,Я 2 —1), 

p3 = (0, 23 — 1, 23). Die Ungleichungen

(11) 2?+2| >  А1Ле+ А1, 2|+2§ >  2223 +  22, 2,}+23 >  24-3+4
stehen zu 0 s 2 fS l ,  /€{1,2,3} im Widerspruch. Daher gilt (11) nicht,

min \\р{—рЛ =  j/2 min2 {2j+ А1—АхА2 — Ах + \, 21+21—2223 —22+ 1,

4  + 21-243-23+ 1} =  У2 <  2(F3 — l).

Damit ist (10) gezeigt. Nach (9) ist ö — 2{^3 — \) und wegen (8) und Hilfssatz 2 
der Beweis geführt.
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3. Dichteste Packungen von 4, 5 und 6 Einheitskugeln im Oktaeder

Satz 2. Die Seitenlangen der regulären Oktaeder, die dichteste Packungen von 
vier, fü n f und sechs Einheitskugeln enthalten, sind alle gleich 2 + ^6.

Zum Beweis benötigen wir den folgenden

H ilfssatz 3. Es se i ag |o , y j ,  p£P:= {x| ta l + ta l  = a> x 3 —oi —  1} und q£Q:=

^ { x lta l +  lxglël, |*i|+ |*2|—*3^1, |a2| s 1 - а ,  x35 a - l ,  ||e8+x|| S 11) .
Dann gilt: ||/>—

Beweis. Seien P, Q die im Satz definierten Bereiche. Für a= 0  gilt der Hilfssatz 
trivialerweise. Sei also a£ jo, ÿ j .  Der Abstand von einem p£ P zu q£Q ist am größten, 
wenn p Ecke von P ist. Aus Symmetriegründen ist

(12) sup \\p-q\\ =  sup||po-?||, p0 := (a, 0, a-1 ).
píp.qíq «ее

Wir behaupten:

(13) Ist q keine Ecke von Q, so gibt es ein q'£Q mit ||p0 —#'|| Н1л> — ?ll» wobei 
wir unter “Ecke von 0 “ einen der unten angeführten Punkte q„ id {1, ..., 24} 
verstehen.

Wir beschränken uns darauf, daß qdK:— Ö0{x|lks+x|| =  F 2}- К ist ein 
Kugelstück, dessen Rand aus acht Kreisbögen besteht. Liegt q im Inneren von 
K, dann ist \\Po-q'\\>\\Po-q\\ für jedes q'eKD {x\(p0-q ,  x)=(p0-q ,  q), x ^ q } \  
wegen oc>0 ist diese Menge т^{ }. Sei nun q auf dem Rand von K, z.B. sei 
q(LKC\{x I jcx = а — 1}. Durch f—х= (л —1, /1 + 2 а —a2 sin /, ^1 +2а—a2 cos t  — 1 )  

wird ein Intervall [ — i0, /„] auf KO {xj Xx = a — 1} abgebildet, wobei x  für t = ± t0 
Ecke von Q ist. ||/7„ —лг||2 = 2 + 2а —2af 1 +2а —a2 cos t ist bei t = ± / 0 am größten. 
Analog zeigt man (13), wenn q auf einem anderen zum Rand von К gehörenden 
Kreisbogen liegt.

Aus (12), (13) folgt: sup \\p-q\\ = тахЧ|р0-? ,||,  wobei <?.,/'€ (1, ..., 24}
PÍP.4ÍQ lsi^ 2i _________

folgende Punkte sind: (±(1 — a), ±a, 0), (±(1 —a), ±a, ß) mit /?: = / l+ 2 a  —2a2—1, 
(±(1 — a), 0. — a), (± a , ±(1 -a ) , 0),(±a, ± ( l - a ) ,  ß),(0, ± ( l - a ) ,  - a ) ,  (0, ±a, a —1),

(±a, 0, a —1). F ü r /Ç{1, ..., 24}, açlo, y j  ist ||p0 —QiW — und damit Hilfssatz 3 
bewiesen. J J

Beweis von Satz 2. Zunächst zeigen wir, daß
(14)

min \\Pi-PjW S  12, wenn {plt p2, p3}<zA:={x\ W  +  W H -W ^M ks+ *ll

Nach Hilfssatz 1 genügt es, (14) für Punkte p i , p2, p 3 zu beweisen, die auf Kanten 
von A liegen (Definition einer ,,Kante von A“ bei Hilfssatz 1). Eine Kante von 
A zwischen zwei Ecken x, y  von A sei mit [x, y] bezeichnet. Wir beschränken uns 
auf folgende zwei Fälle:
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1. л € [е х, e3\, p2e [ - e x, e2], />8€ [ - ^ ,  ~e,].
Wir unterscheiden nochmals:

1.1. {р2>Рз}с;{*1*1= - у | -  Pt, Pa Hegen in

{ x l -X i  +  Ixal+Xgál, x ^ - y ,  д-з^О} 

mit Durchmesser <  f’2.

1.2. y j .  Dann ist

p2£R:= | д | - д 1+д2+Д3=1> - у  — — 0, i - j .
R ist ein Rhombus und hat folgende Ecken :

Aus

1 к з+ р 211

e Í 1 1 n [ 1 i - 4 H Á Ie2> ^ 3 ’ 3 ’ 3) l 3

lk3+ e2|| =
( 1 1 1 ' II ,= 11 ( 1 2 Л|

е з + Г Т ’ 3 ’ 3. \ \ - у 2’ Ь  +  Г 7 ’ У ’ 0)
folgt:
(15) p2 liegt im Dreieck mit den Ecken 
Daher ist

II P i~Рг\\ =max | | |д - ^ | | |д е |с 2, ( - у ,

«‘•(-т-т-тМЧ-т)-
У ' т И 0>У >т ) } ' * 1' ,>'*)} = n .

2. e2], p2Ç[ — e 1,e2], p3£[— ex, — e2]. Wir geben einige Dreiecke
d xx >..., D3i durch ihre Ecken an:

Dn : Г1 1 î } L  2 1) ( 1 1 1) (2 1 )
e2’ l 3 ’ 3 ’ 3 ) ’ l° ’ T ’ T.)’ D12 : b T ’ t ) ’ (т• ° - t J 9

D31 : Í 1 1
вгЛ  3 ’ 3 ’ '1). I». 2

T ’ 't ) . D22: ( 1 1
_ T ’ 7 ’ '1)■ ( - 4 - 0, 4).

D3X-
( 1 1 1} (°- 2 n

1 » D32 :
( 1 1 1 )1 ( 2 0,

i )M 3 , 3 ’ З Г ~ 7 ’ з] - m - ~ 7  ~  3’ 7Jj, (—j» У Г

Wir unterscheiden bei Pi, l £ Ш 3 die Fälle w - y bzw. |xx1 =•T  und zeigen,
ähnlich wie wir (15) bewiesen, daß p ^D ^V j D12, Pt£.D21{JD22, p3£ D:nU D?jl. Sei 
/£{1,2,3} und Aj ein Dreieck 6 { A i ,  Di2}, das pt enthält. Dann gilt:

min IIp, — 0 :|| s m :=  min max {||x—y||\x — Ecke von Д.-, v = Ecke von Д.Л.
i e i - = j s 3  J i * i < = y a 3  1 1 J ’
Es gibt acht Fälle dafür, daß Дх£ {Du , Z)12}, д 2£ {D21, D22}, д 3£ {D31, D32} ist, 
und in jedem dieser Fälle ist m ^ \  2. Daher ist (14) bewiesen.

Wir behaupten weiter:
(16) Für je vier Punkte 6 . 8 : =  {асI|лгх| - F |jc2 1 +  1̂31 =  1} gilt min \ \ P i ~ P i \ \  — \ 2 .1 J=4 * J
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Unter den Koordinatenbeträgen von plt p2, p3, px betrachten wir den größten. 
О. B. d. A. sei dies der Betrag der JE3-Koordinate t, von pt , und £<0. Wir unter
scheiden wieder zwei Fälle:

I. {лг|||̂ 3-1-л:|| S ^2} enthält einen Punkt p£ {p i,p2,p 3}-

Für passendes a^Oist £ = а — 1. Wenn a g i  ist, liegen die Punkte pt, l ^ / ä 4  

in einem Würfel der Kantenlänge 1. ln [8] wird gezeigt, daß daraus folgt:

, min \\Pi-pjW = Ÿ2.

Wenn aber ас|о, y j  ist, dann gilt (16) wegen

P€{*|l*il +  I**l^l, W  + I*a|-*3^1> lxni^l- я ,  |дг2| =  1 —a, ||c3 + a:||ä j /2},

K l +  kal^a, *3 = * - !}
und wegen Hilfssatz 3.

II. {p i,Р2 , />3}cz{jc|||е3-Fjc|| S]/2}. Hier folgt (16) sofort aus (14). Aus (16) folgt:

ö:= sup min !|p(-p,.|| == ]fl.
{Pl.P2.P3.P i}<=B  1 S |« 3 S 4

Da vier Ecken von В paarweise Abstand ^  ( 2 haben, ist ö = \2. Nach Hilfssatz 2 
beträgt die Seitenlänge des Oktaeders mit einer dichtesten Packung von vier Ein
heitskugeln 0  = 2 -f- V 6. Da dieses Oktaeder sogar eine Packung von sechs Ein
heitskugeln enthält, ist Satz 2 bewiesen.
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ON THE REMAINDER TERM OF THE PRIME 
NUMBER FORMULA Ш
Sign changes of я(х) — lix

by
J. PINTZ

1. Riemann [14] asserted in his famous paper in 1859 

(1.1) тг(х) <  lix  =  f  ( x > 2 ) .

About 50 years later E. Schmidt [15] proved that dealing with the function 

n (x)  =  2  — =  2  — «(**)r̂r. fYl - V x 7( 1.2)
pm̂ x V S1 V

the analogous difference Я (х )—lix  changes sign infinitely often as x- 
naturally could not decide Riemann’s problem, since

This

(1.3) П(х) — л(х) Гх
logx ■

On the other hand he observed that if (1.1) is true then the famous Riemann con
jecture concerning the zeros of Ç(s) is also true. This remark made naturally even 
more interesting the question whether (1.1) is true or not.

The truth of (1.1) seemed to be supported by the calculations of D. N. Lehmer
[9], who showed in 1914 that (1.1) is valid for all x<107. But Littlewood [10] 
in the same year disproved Riemann’s assertion (1.1) proving that n(x) —lix  has 
infinitely many sign changes.

2. However, after Littlewood’s work the curious problem arose that it was 
known that 7t(x)—lix  changes sign infinitely many times but no explicit bound X  
could be given that (1.1) would be false for any x< X. Namely, Littlewood’s proof 
was completely ineffective and so it could not give any explicit upper bound for the 
first sign change of 7i(x) —lix. The problem of the effectivization turned out to be 
a very deep one. Only 14 years later in 1955 could Skewes [16] give the first ex
plicite, however, incredibly large upper bound

(2.1) e4 (7,705)
for the first sign change, where e4(x) means the four times iterated exponential 
function. In 1966 this was improved by Sherman Lehman [8] to

(2.2) 1,65 -lO11«8.
3. Littlewood’s proof also did not give any information about the problem
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how often n{x) — \ix  changes his sign. So the more deep and general problem 
was: what can one say from the oscillatorical behaviour of various forms of the 
remainder term of the prime number formula.

Let

Лг(х) =  я(х) —liw,

A 2(x ) =  П(х) — li X,

== 0 (x )-x  =  J£ lo g p -x ,
P=2X

Ai(x) =  ф (х)-х  = У, logp -x ,

and let Vi(Y) denote the number of sign changes of d ;(x) in [2, У].
The first result in this direction is due to Pólya [12] who showed

(3.2) hm >  0z-°° log Y

but he could not prove anything for the more difficult case i= l .  For F4(y) the 
first and very important though conditional result was proved by Ingham [3] in 
1936. Let в denote the least upper bound of the real parts of the zeros of ç (sí
in gh am showed that if there is a zero on the line a = 6 then for Y >- У0 A г (x) 
has a sign change in every interval of the form

(3.3) [Y,c0Y]
with a constant c0. Ingham’s result trivially implies that if the condition is sat
isfied then

(3.4) lim
У—=o

Vi(Y)
log Y >  0.

We must note, however, that Ingham’s condition is very deep. It is satisfied naturally 
if, e.g., the Riemann hypothesis is true, but it implies 0<1, i.e., the so called quasi 
Riemann hypothesis. A second disadvantage of this beautiful theorem is that the 
constant c0 and thus also the lower bound for the left side of (3.4) cannot be com
puted effectively even if we suppose the Riemann hypothesis.

4. The first unconditional lower bound for F ^F ) was given by S. Knapowski
[4], [5] in 1961 and 1962 using Turán’s method. He proved the completely effective 
lower estimate

(4.1) Vi(Y) 5 log* У for y > e s(35)

where log4 У denotes the four times iterated logarithm function, i.e., log4y= 
—log log log log У. He also showed the sharper but ineffective inequality

(4.2) lim VÁY)
Y l0g2y

0 .
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These results were improved in 1974—76 by S. Knapowski and P. Túrán
[6], [7]. In the first work [6] they proved that n(x) — li x  changes sign in every interval 
of the form

(4.3) [Y, Y exp {Iog3/4 T(log2 У)4}]
if У>У0 ineffective constant. This implies for Vi(Y) the ineffective inequality

(4.4) lim
У-СО

УЛУ)
log1/4 y(log2 У)-4

>  0.

In the second work [7] they showed the existence of effectively computable positive 
constants c4 and c2 such that for У>с4 the inequality

(4.5) K1( y ) > c 2log3 y  

holds.
This result was recently improved by the author [11] to

(4.6) V fY ) > Cf\og.z Y)c* for У > С 3 
where Cx, C2 and C3 are positive effective constants.

5. In this paper we shall prove using Túrán’s method 

Theorem 1. For Y >  У, (1 s / s 4 )  the interval

(5.1) [У, У exp{63 l'íögy log2 У}]

contains a sign-change of A fx )  ( lS /^ 4 ) , where Yx and Y3 are ineffective constants, 
У2 and У4 are effective ones.

This theorem already implies the partially ineffective inequality (see 10)
V(Y)(5.2) lim ,v ’------- >  0.

r —  flog У (log2 У)-1
However, using a more explicit form of Theorem 1 it will be possible to deduce 

from it the inequality (5.2) in an effective form for all /=4, namely we state further

Theorem 2. There exist effectively computable constants c3 and c4 such that for 
Y > c3 the inequality

,5.3) W » c . - g f  ( 1 . 1 * 4 )
holds.

The reason why we stated the seemingly weaker (because for i= l ,  3 ineffective) 
Theorem 1 as a separate theorem is that it contains a localization for the sign changes 
of Afx), whereas Theorem 2 gives only a lower bound for the total number of sign 
changes without any localization (or more precisely with a very weak but effective 
localization, which one can read out from the proof, namely the interval 
[exp (c flog У (iog2 У)“1); У].
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We mention that part IV of this series will be devoted to the proof of the parti
ally ineffective improvement of (5.2), namely, we shall prove

(5.4) V,(Y)5-10-11 f°r Y ^ Y ,

where the constants Yt are effective for i—2 and 4 and ineffective for /= 1  and 3.

6. We shall give only the proof for the most interesting and deep case i= l .  
Our proof implicitly contains the case i—2, too, with ineffective Y2. In 24 we shall 
mention the slight changes in the course of proof of Theorem 1 which make possible 
to get for T2 an explicitly calculable value. The cases i= 3 and 4 are very similar 
to the cases /=1 and 2, resp., they are even easier, so we do not work them out. 

Theorem 1 will be the immediate consequence of the following

Lemma 1. I f  for a Z > 6 '3 (effective constant) the function £(s) has a zero q* = 
= ß *+iy* with

l j  10 logy*
2 4 flog Z (log2 Z) -1

0 <  У* exp ^  1 log Z (log2 Z )-1j
then the interval

(6.2) /(Z) = (Z exp (—31 /log Z log2 Z), Z  exp (31 /log Z log2 Z))
contains a sign-change o f A fx ) .

Namely, it is easy to see that if the Riemann conjecture is not true, than any
zero Q*=ß*+iy* with ß* satisfies (6.1) if Z  > Z 0(ß*), and thus in this case
Theorem 1 follows from Lemma Í indeed.

On the other hand if the Riemann conjecture is true then Ingham’s quoted 
theorem (see 3.3) shows the validity of Theorem 1 even in a stronger form. (For 
the sake of completeness we note that Ingham’s theorem with essentially unchanged 
proof is true for the cases /= 2 ,3 ,4 , too.)

With the proof of our lemma we shall use the following notations:

(6.3) L  =  logZ,

(6.4) M  =  100(log2 Z)2 =  100 log2 L,

(6.5) , def /lOg Z  л [ Т  \

'■ 10 log2 Z ~  \  M '
Let к be a real number to be determined later, which will be restricted at 

present only by

( 6.6) M ^ k s M
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Let further

(6.7) n =  k k \

(6.8) A =  exp(/i-3H ),

(6.9) В =  exp (ц +  3LA),

(6.10) f(x) =  n ( x ) - l g x ± f i c  =  П(х)~ 2  -r^— ± f a2ШПШХ log«

(6.11) H(s) gLf i l ( 5 )  +  C ( s ) - lT - 7  1 2 ,

2Ы
where both in (6.10) and (6.11) the upper or in both the lower signs are meant. 

Let us assume that f ( x )  has no sign change in the interval

(6.12) / '  =  [А, В] c  /(Z).

We shall show that this assumption leads to contradiction, and thus proves the 
existence of

(6.13) r ' , x ' ( / ' c / ( Z )  

for which

(6.14) n (x ) - \g x '  >  №  

and

(6.15) n(x")-\gx" 
and so the inequalities

(6.16) 7 t(x ')-lix ' j/7

and

(6.17) n {x" )- \\x "  ^  

hold owing to the trivial estimate

(6.18) n (x ) -n (x )  = o ( J ^ }
and

(6.19) lg X = li x + 0 (l).

7. We shall distinguish the following two cases.
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Case A. There exists a zero q0= ß0+iy0 with

(7.1) ßo a 1 I 1о§Уо 
~  2 4Я ’ о <  Уо = №.

Then let q [  = ß[ + iy[ be the zero with the maximal real part ß[ among those 
satisfying (7.1). Let successively g'n+1 be the zero with the maximal real part 
ß'n+1 satisfying

(7.2) у'я ^ у 'я+1&у'я+2Х, ß'n+1^ ß 'n + j

if such a zero exists. Thus we get after at most 

e'N =  ß'N +  iy'N =  ei = ßi + i)’i with

steps the existence of a zero

(7.3) 0 <  y1 ё  2/.5

for which the domains
(7.4) И 3= №, a >  ßx 

and

(7.5) \ t-y J i^ 2 X ,  < т > & + у  

are zero-free.

Case B. There is no zero satisfying (7.1).
Then let Qi=ßi +iy1 be any zero satisfying (6.1); i.e., with our new notations 

in this case we have

(7.6) ß ^ 1  +  lSÈÏL
-  2 + 4л , Я5 Vi =

8. Then in both cases our starting formula is:

(8.1) f  f ( x ) - ^ ( x  s logx)dx = H(s)

which can be proved easily by partial summation for <т =-1.
Further we shall use the formula (A >0, В arbitrary complex)

( 8.2)
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Using (8.1) with s iyI instead of s, multiplying both sides by eks2+lls and in
tegrating along <7=2 we get our basic identity as follows:
(8.3)

U — —— f  H(s + iy1)eks2+>ts ds =
ATT l J

(2)

= f  f  f(x )-^ -(x  s **ilogx • eks>+fls)dxds 2ni J J ax
( 2)  1

= J  fix )  ~j~ |  log X • - ~ t j  eks,+(>‘ log*ls ds j dx =

= 1 Ш I m  é  к " ‘ 1ов * exp(~  ('° '7 r g- )} dx  =2

=  — U /
2 У лк f

fix ) x~iyi exp | -  ^  j j -  iyx log X +1 + log л: ß 2*°S * } dx.

9. The main idea of the proof is that supposing that /  (x) does not change its 
sign in Г  one can deduce an upper bound for the absolute value of the right side 
of (8.3); on the other hand one can give a lower estimate for the absolute value 
of the left side of (8.3) choosing к suitably in the interval (6.6) and these two esti
mations will contradict.

In course of the proof of the lower bound for the left side of (8.3) essential 
role will be played by a powersum theorem of Vera T. Sós—P. Túrán, which we 
state as Theorem A of the Appendix.

10. We split the integral U on the right side of (8.3) into the following three 
parts :
(10.1) U =  Ui + U, + U3 
where A B  oo

(10.2) V% =  / .  U3 = f .
1 A B

Considering our notations (6.7)—(6.12) and (8.3) we have
(10.3)

m /
2 in k  a

l B
— ---- = r  f2 in k  a

!/(*)! log * exp
(-

(logx-ц )2)(
l / W I / i ( l + y )

• exp ( -

4 к

(logx- ц ) 2

Vi + 1 , 1Д-1о8*1-logx| ) 
2k )

4k

\ogx

yI+ i + ^ ] d x S

dx S

2/i(yi + A) f  |/(лг)|
J  x  eX P2 fü k

2/i(yi+A)
2 \n k

r fix )
f  i r exp (-ÆS5 Fi £ ) 4

since f i x )  does not change its sign in [A, В].

S lu d la  S c ie n t ia r u m  M a th e m a t lc a r u m  H u n g a r ic a  12 (1977)



3 5 2 J. P IN T Z

On the other hand we can trivially estimate

m  =

/ ex p (-

(log X - f l f
4 к dx

(10.4)

(log .V -  /i)2 
4k

y ‘‘

dx ■

=  /  exp L + y - j - - \ dy ^3k 7. 4 '
CO oo

Ш f  exp (/i + у — 2y — 2fcA2) dy ^  J  e~*~ydy =  e- "

and analogously 

(10.5)
m  = j fix ) exp

1
ем-3 к A

( -
(log л: — fi)'

4 к - j dx j Si

=  /  exP (“
9/с2Я2>| 

4k J dx = e
ц - а  кЛ~—ц

s  e

Naturally we have mutatis mutandis
(10.6) C/x ^  e- '1 and C/3 S  e_,i.

Thus using (10.1)—(10.6) we can change the intervals in the left and right 
side of (10.3) from [A, B] to [I, °°) and so with the notation

(10.7) К < le f 1
I

/М ( (log X — /i)2 ) , 
' xpl --------  4--2 Упк 1 X

we get
(10.8) \U\ =  |17г|+о(1) =  2 ^ + Х )\К \+ о { \) .

11. With the upper estimate of |X| our starting formula will be

f § - T T d x  =  7  { /  (t  ( z ) + (̂z))  d z + h } ±  — Ц" =

( l i . i ) S 2

^ Ф ) ± —
s---

which is valid for <t> 1 with a constant h. This can be proved easily by partial 
integration.

Now multiplication by ек*г+цз and integration along the line ct= 2 gives:
1 „ ptei+ns 1

*  =  ± 2 5 - , / — Г  * + 2 5 - , /  =
( 11.2)
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Applying Cauchy’s theorem for Kx we get

(11.3)
A+2L2 + 27 / - ---- i— * ” •*

2
12. Now in Case A we transform the way of integration in K2 on the broken 

line / defined for fëO  by

( 12. 1)

for t

, 0 1 5 for t = X,

I3: a — ß1 + —
И

for 10 S  í S  A,

It : ± * a * ß 1+j for / =  10,

for 0 ё  Í S  10,

and for /SO by reflection on the real axis, because by the choice of (see (7.3)—
(7.5)) <p(s) is regular right of the broken line / and on /. Thus we have

(12.2) K* = ~èd / <p(s)e*s,+Msds.

We shall use the fact, that if Ç(s) has no zero in the domain

(12.3) < г > ф у ) ,  W s r + l

then for
(12.4) 

one has

(12.5)

c S ß + r j,  2 s | f | = s r

° m -
r

(This follows easily from Satz 4.1 of Prachar [13] (p. 225) in case of k = 1.) 
Further we use the classical estimate

( 12.6) |C(z)| =  0(j/|7i) for < T S j ,  | t |S  10.
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From (12.5) and (12.6) we get by easy computation for the integrals on the 
intervals/j ( lá í 's 5 )  the estimates

1Л1 =  о [ е х р ( / с .^ - Ы 2 +  ̂ ) ]  S  A

1 Л 1  =  О  | l o g  Я  • Ц e x p  ( b - ^ - - f c ; „ 2 + - ^ j j  â  e 3 ,

(12.7) 1Л1 =  o |logA .pexp (-98k+ /í()S 1 + -i))j á r m+" . ,

1Л1 =  О (exp (-98fc+*i (& +  ■!))j SE е~ш +^г,

Ш  =  о ( « р ( А + £ ) ) в Д .

Thus we have considering (11.2)—(11.3) and (12.7) the upper bound

l/q = o (e -97M+^i +  e 4 + 2).( 12.8)

Further, using (7.3), (10.8) and (12.8) we get

(12.9)
к ß

\U\ Ä е-9бм^1 + еТ+^ 1_Т +я
pkßi+fißi

—  „96M

13. Now we shall give a lower bound for the absolute value of the integral 
U on the left of (8.3) by suitable choice of к  using Theorem A of the Appendix.
Shifting the line of integration to a = — -i- we get

(13.1)

u -  2  exp {k[(Q -iyj2+ Я2(e - iyj]}T
Q

т 4

+

2 ds 
1

2ni j  H(s + iy j exp (ks2 + jus)ds.
(-i)

Easy computation shows that the last integral is 0(1) and the second residue 
is absolutely

1 ,1 , -+A _fcy? gWl+rtr
(13.2) ^  ( 2 k \ - - i yi\+n)e* 2 Vl- - --------—  „99 M

Further we shall use that the number of zeros of £ (s) in T + 1 is
(13.3) c c l o g T  where c — 15 for Г > Г 0
(see, e.g., W. J. Ellison—M. Mendès France [1] p. 165).
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The number of zeros with
(13.4) 10 S \ у - У1\ S  2k 

is owing to (13.3) and (7.3)
(13.5) s  2 ’2/. -c-6 log Я S. ц.

Thus for the contribution of such zeros to the infinite powersum we get by
(7.5) the upper bound

i f  П 2 f  I ) ]  g M f + n i i
(13.6) ц exp I к |ßi + —J -Ю О к + ц ^  + j  JJ g99M •

Using again (13.3) we have for the contribution of zeros with |y—у1|>2Я 
the upper estimate

(13.7) 2 Z  c log (>>! + «) exp (/c-/cn2 + /r) =  0(1).
и  =  [2Я]

So the number of remaining zeros with
(13.8) \ y - yi\ <  10 
is again by (13.3) and (6.5)
(13.9) l S n <  20-clog(y1+10) <  300 log (2A5+  10) <  900 log L. 

Now we can apply Theorem A of the Appendix for the numbers

(13.10) ccj = (Qj— iyiY+ k2( e j - in) 
with

(13.11) lu - 7 i l< 1 0
and with the choice

(13.12) . Ma — M, a = — .L/

So we get the existence of a & satisfying (6.6) for which 

(13-13) ekß\+kX1ß

\Щ\ = I Z  exp {k [(e,. -  iyO2+ ;.*(oj -  iyi)]}|
|yy - y , |^ 1 0

k̂ßl+nßl gkßl+pßl
ЛОМ—  ( 3 0 L ) eOOIogi —  glOOO log2 L g v

Thus (13.2), (13.6), (13.7) and (13.13) together imply

(13.14) \ U \  ^

gW+vßi
2e10M

which contradicts to (12.9) and thus proves the lemma in Case A.
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14. In Case B we transform the way of integration in K2 on the broken line 
/ defined for fSO by

for t  S 2 ,

r 1 5
A* 4

for t — 2,

(14.1) , 1
I 3 : a =  o H — for 10 =S t =2 2,

T 1 1
/ 4 : - r  =  s  a + — 4 /г for /  =  10,

7 ‘ : f f  =  7
for 0 =  i  S  10,

where

(14.2) a -  2 + log 2
22

and for t^L0 by reflection on the real axis, because there is no zero with (7.1) 
and so (p(s) is regular right of / and on /.

Considering that the only change compared to the way in (12.1) is that is 
replaced by a, and so we get for K2 analogously to (12.7) the estimate

(14.3) \K2\ =  0 (е -”м+гя+е 3) e
Taking in account (7.6) and (14.2) we have

(14.4) n _  logy! log;. _  log?1 5 logyi
Pl “  42 22 -  42 22

l°g 7i
82 ‘

Thus estimating here \U\ we get from (10.8), (14.3) and (14.4) the inequality

(14.5) |E/| ^  e2
em+ßi 

log 7*1

gkßl+pßl 
2 - МЛ log

To get a lower bound for \U\ we have to consider that in (13.1) the integral is 
again 0(1); the residue is owing to (7.6) absolutely

(14.6) — -^ (2 k |^ --iy j|+ /i)e 4 2 * Vl <  2) *Л«
■ e 4 2 = e‘ g  J

Further the infinite powersum belonging to zeros with |y—yx|s2 2  is, as given by
(13.7) , 0(1).

Thus here again only the behaviour of the finite power sum belonging to the 
zeros with
(14.7) l7 -7 il< 2 2  
is interesting.
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The number of terms is here by (13.3)

(14.8) 1 S  n <  4Я-15-log(yx+2A) <  61A logyx

and thus proceeding as in (13.10)—(13.13) we get for our finite powersum by ap
propriate choice of к satisfying (6.6) the lower bound:

Wa\ =  I 2  exp {fc[(Oj- -  i'hŸ+PiQj -  i'7i)]}| 3  
1у, - уЦ-=*я

(14.9) ekß\+IU*ß1 ekßl+Mßi gkßl+rf! gWÎ+KÎi
-  (30Z,)eUlog),l ~  e«2A log у ! log L -  Â log y1 log2 L = _l_AMlogn •

This implies essentially the same estimate for \U\, namely taking in account the 
upper estimate of the integral, the residue and the contribution of the zeros with 
|y -y x|>2A we have

(14.10) \ U \

gkß\+pßl

2е'Шш 'овУ1

in contradiction to (14.5). Thus the proof of Case В is also finished; Lemma 1 is 
proved.

15. For the proof of Theorem 2 let first

(15.1) def 1 V log У Y
/ -0 --

Y ( 1 log Y 'I
Y \ 20 log,У ) ' 1io iog2|/ÿ

In the course of proof we shall distinguish the following two cases. 

Case I. There is a zero Q*=ß* + iy* with

(15.2) Г  S -T  +
1 , logy*

4A0 0 y* =  e*».

This case is essentially settled already by Lemma 1. Namely, the zero q* for 
which (15.2) holds, satisfies the condition of Lemma 1 for any Z ë Ÿ Y  (if Y >c6) 
and thus for any Z with

(15.3) y ¥  S Z ^ Y

there is at least one sign change of 4х(.г) in the interval

(15.4) /* (Z) = (exp (log Z  -  31 ^logT log, У), exp (log Z + 31 I7log У log, У ))
because of (15.3) /*(Z) contains the interval /(Z) given by (6.2). 

Applying this for

(15.5) Zv = I F  exp (62 V ) Ï ^ T  log2 У), I á v á  [ "  1

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r lc a  12 (1977)
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we get at least 

(15.6) Г 1 log У ] 1 124 log, У J -1124 log2У 
disjoint intervals contained in 
(15.7) [\Y, У]

1
Î25

H ogy
log2y

such that every interval contains at least one sign change of A^x). Thus in Case I 
the total number of sign changes in [2, У] is

(15.8) Vi(Y)
1

725
H ogy 
log, У

which proves Theorem 2 for the Case I.

16. As the zeros of £(s) lie symmetrically to the line 0-=-^- we can formulate 
the other case as 1

Case II. All zeros Q = — + ö + iy of £(j) with
(16.1) |y |S e ;o
satisfy

(16.2) 1*1 log ly|
4A0

In this case we shall prove that there are at least
(16.3) c7A0

(c7 positive effectively computable constant) sign changes of d1(x) in [2, c 2] and 
thus we get the inequality

(16.4) K( Y)  ^  К(еЬ  =  M o c7 flog У 
20 log, У

which will prove Theorem 2 also in Case II.
In this case we shall use ideas of Littlewood, Ingham and Skewes, too.
17. Now we shall show that under the condition (16.1)—(16.2) the investiga

tion of dj(x) can be reduced to the investigation of the easier manageable d4(x) 
(for the notation see (3.1)).

Introducing the notations

(17.1) A(x) = f  А,(9)с19,

(17.2) Al(r) = ~ ^ L ,

(17.3)

(log J

At(r)= A* - ) 
Vr

we shall use two well-known lemmata. (All the constants as well as those implied 
by the О and о symbols will be absolute, effective constants.)
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Lemma 2. 

(17.4) л (") = -  2
IIÖ + 1

■ + 0(u).
|rlшиг £ ? (0 + l)

The proof follows easily from Theorem 28 (p. 73) of Ingham [2]. 

Lemma 3. For r-*°° we have

(17.5) Л?(г)-Л4*(г)+1+0(1) = Mr)
logr

+12
i r  У u2! log3 и

For the proof see, e.g., Ingham [2], formula (33) in Theorem 35 (p. 104).

18. Combining this with Lemma 2 we get
Lemma 4. Under the condition (16.1)—(16.2) we have for

Яо
(18.1) u ^ e *  

the inequality
(18.2) И (ti)| ^  c8u +

For the proof we consider (17.4). This gives using (18.1) and (16.1)—(16.2) 
the estimate

-+i

(18.3)
И 0 0 + О («01 S  2

|у|Э«2 r ^  2|y|=u2

1 iíá и 2 e 2

= u ' 2|у|5и!

/ip log 1УI 
g 2 4Ao 1  У8 3

s  « 2 2  Д -  = o(u~ï)

which proves the lemma.
Now using Lemmata 3 and 4 we get

Lemma 5. Under the condition (16.1)—(16.2) we have for
Ao

(18.4) r S e 2 
the relation
(18.5) J j( r )  =  J j ( r ) - 1+0(1).
(By the o(l) symbol we mean that the corresponding quantity is absolutely less 
than e if r> r0(e) and r satisfies (18.4).)

Owing to Lemma 3 it is enough to prove that the right side of (17.5) is o(l). 
This is trivially true for the first term by (18.2) but again using (18.2) we have also 
for the integral on the right side of (17.5) the upper bound

(18.6) /  logM+2 , f r  ( О )
I c»u ~Ti—rr~duSC g-— — = о U------J u2loc3u log“ r v lo g r/

and thus the lemma is proved.
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19. Due to Lemma 5 to guarantee a sign change for Ax(r) in an interval

(19.1)
it is sufficient to show that

(19.2) 
and

(19.3)

Яо
/ с  [c10, e 2]

rnaxdJO) >  —riJ 1

mindî(r) <  —T . 
r í J  Z

But the shortened form of the Riemann—van Mangoldt exact prime number
Яо

formula gives for r^e '2
(19.4)

fà+iy
A î ( r ) = -  Z  —— +o(l)

lïlse'-o Q
(see, e.g., Ingham [2] Theorem 29, (p. 77)) and thus A\ (r) can be treated easier 
than A*(r).

Thus introducing the notation
(19.5) c ( r ) =  Z .  e

|y|ss*

,(^-f iy)v

Ax(r) has certainly a sign change in an interval

(19.6)
if we can show that
(19.7) 
and

(19.8)

Яо
[eai, e°2] c  [cu , e2]

max G(v) =» 2al^v^a2

min G(v)a^v^a 2
(We remark that since the zeros of Ç(s) lie symmetrically to the real axis, G(v) 

is real.)
20. Now we shall use an idea of Ingham [3] which makes use of the Fejér

kernel

( 20. 1)

со

/ sin7
y_
J

f 2tt(1 -
S“, y d y  =  j  o27t(1 — |u|) for (uI ^  1, 

for lui =7 1

and which makes possible to reduce the number of terms in G(v) and so the effective 
application of Theorem В of the Appendix.

Let A > 20 and 5 >8 be sufficiently large effective constants, В an integer, 
to be determined later, further <u any real number, satisfying

logCn + l S f f l S y -  1.
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We note that the further constants c'vs with 12^v^22 will be absolute effec
tive positive constants whose values do not depend on A, В either.

Using the notation (19.5) we define the integral

7i(co) def /
(20.2)

A.
‘ 4

. уsin Y

2
2

''(m + j ) d y

J 6  + ly) < 0

= 2  1-------
| у | З е Я°  ö

Further we define the integrals

/A.
” 4

. у 
s m 2 . У byiy-T T

A
4

(20.3) 

and

(20.4)

(ô + iy)œT f \ def ^h(oi) =  2  — —
|y|SeA» «

. „ ( á  +  iy ) c u

/ , ( « ) "  2 Яо í?

/
_ _ A

4

oo

/

y.
2

. У
smT

eA dy.

2
2

. у 
sin2

e0’'4 dy

2
2

'IT dy.

We shall prove that
(20.5) l/jicu) —/3(ro)| = c12
and so with the use of Fejér’s kernel we can show that in the investigation of the

average of G(u) in the interval [ ю— in (20.2) only the contribution of

the low zeros, i.e., those with |y|< 4  is essential.
To prove (20.5) we get with easy computation by partial integration

/A 
" 4

sinT

( 20.6)

A

dy ‘y-r(eA — l)e A dy

A
s m j

iy У
{  2

2- A 1
\y\

001
 X tO

iy
(eA- l ) +

A.
i

• У 2

d T by
(eA- \ ) ■dydy У

2
Ml Ml

|yl
A \ S \

\y\
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3 6 2 J. PINTZ

Thus we get

|/i (®)-/,(<ö)|

(20.7)

2
\уЫеХ»

A
4

f  N
. y

2

e(à + iy)a> I f Sm2 iyz  9j .
e A (eA —  1 )  dy

в J
A
4

У

l 2 J

-  2
е9а> A\ô\

|у|з >о Irl Irl — С14 а  2
|у|=

log 1УI *0
g 4Яц 2____ log Irl 1

Irl ' 4Я0 ’ М

Ä Сц А log |у| • Irl8 Си А ^
-  420 Г  Irl2 4Я0 -  15

Further again by partial integration we have

\
. y sm —

2

2 i y A Ae A dy
У
2 J

\ 2*1oo ( \
(2 0 .8 ) A Jy1 sinT

+ A  1 à .
sin-^-

2

iy y
l  2  J

A
4

iy J
A
4

dy У
l  2  J

A 1 A Cjg î7 
Irl ^ j 2 + lrl A ^  |y| ’

and the same holds for the corresponding integral in — °o 
have analogously to (20.7) 1

(20.9) | / 8 ( ш ) - / 2 ( а > ) |  a s  2  T T
\y\S eX» 1П

2̂ 17
Irl

From this we

So using (20.7) and (20.9) we get (20.5) to be valid with the choice c12 = ci;,+ c18.

21. Thus we must investigate now the integral given by (20.4) which can be 
written according to (20.1) in the form

(21. 1)
p (i+iy)a>

/ . ( « ) «  2  4 ---------
l’1-  4 + i+ iv
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Using the fact that the zeros of £(s) lie symmetrically to the real axis easy 
computation shows that

(21.2) /,(«,) =  InZ g‘4 < 1 +  м ><” * f r f  +  b«») U - 2 ) .
(!+ «)•■ •■  '  A ’+ Г

Now if we restrict œ beyond the previous log cu + l5coS-2t— 1 by

(21.3) log Сц+1 = 01 =
21ogv4

then we have for the zeros with 0<y<A

log A A0
\S\a>

1
4A0 2 log A 8

(21.4) 

and so

(21.5) 0.8 -c eia> < 1.2.

Let us introduce the notation :

(21.6) /„ ( ,)  = 2» 2  « '•« l + а д с °» (н )+ 2 у sh. (Ий t t _ x ) .

+  r
Then obviously we have

(21.7) I3(u) = JJca).

First we note that choosing in Ja(ri)

(21.8) 1 a 1i/ =  j  and I/ , resp.,

Л>0/) can be made “big positive” and “big negative”, resp., for any <u in (21.3), 
if we choose A sufficiently large.

Namely, using (21.5) and the well-known fact

(21.9) N(T) =  2  1 = - ^ l o g - ^ + 0 ( l o g T )  > 7 l o g J  for T  >  7\
0 -c y < T  2 я е  7

(see, e.g., Ingham [2], Theorem 25) further the inequality

(21.10) sin 7 ё  — • ? for O S i â - ^я 2
we get by

(21.11) у >14
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for any A > 2T1 the inequality
2 y

(21. 12)

/ 1 \ 0.8 • 2y ‘ V

( ' - j )

1 6  A , A 1 , A
^  T  ' a  ' 2-7 ° g 2 ^  5 ° g 2

And analogously we have for A ^■2T1 

(21.13)

10

" > ( 4 )  -

< 4 .8 tt2 Í - t  -S' ( 1 _ т )  -= ci9--i77log^-
y > 0  У  0 < y < z 4  V ^ 4  /  i U

log/l.

22. Now we shall apply Theorem B of the Appendix for the numbers

(22.1) with 0 <  у <  A2n
their total number being

(22.2) N  =  N(A) < A log A for A >  c20 

and owing to A >20
(22.3) N(A) s  l.

We choose in Theorem В of the Appendix

(22.4)
and

(22.5)

q = В =  [log2 ̂ 4]

M =

A„
2 log A -1

ßNU) =  с(Д)А0

where c(T) is an effectively computable constant depending only on A.
Thus denoting the distance of a real number x  from the nearest integer by 

||jc||, we get the existence of positive integer и„’s with

(22.6) 1 ^  Wj <  n2
for which all the relations

пм — A0 - -1

(22.7)

hold.
2k 5

2 log A

(1 S j  =  A, l S v ^ M )
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This implies

(22.8) sin |y ' ( " • i j )
îs 2 ■ yjnv sin -Ц-— 

2
2 к-< ---
В

and

(22.9) cos jy4 ,,v±j ) | - c o S( ± i ) 1 ~  2
2n

2 в

for 1 s .js N ,  l s v s M ,  where in the above formulae always both the upper or 
both the lower signs are meant.

Choosing the numbers со' and со" as

(22. 10) COU) Hv + (-1 )1

we get from (22.8)—(22.9) (the inequality (21.3) is satisfied owing to (22.6)) for 
v>log cn + 2

(22.11)
У4 о(со<‘>)-Уш( о ( - Ц ^ ) |< 2 я (

1.2 ( 2 -

2  -
< y <  A

, » . 2л
т2у)" Т
у2

ПО 2
в  0 у

considering (22.4) and the relation

110 , , .— -c21 log" A 22

(22.12) 2  — -*= c21 log2 A
0 < у < А  У

which is an easy consequence of (21.9).
Thus we have using (22.12)—(22.13)

(22.13) A,;(coC) =  73(co') <  --j^ -log  Л +  c19+ c22 

and

(22.14) - / „ ;« )  = /3« )  > - ^ - lo g ^ - c 22.

Combining this with (20.5) we get already the needed results for the average 

of G(v) in | co— с о namely we have

(22.15) /1 (со',) <  -  - ^  log Л + c19+ c22+ c12

^  "j-Q log A — C22 CJ2.

and analogously 

(22.16) Л ( 0
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23. Now fixing A as
<23.1) A = max {ew(c«+ci,+c1,+4„)j 2Тг, c20, 20}

from (22.15) and (22.16) we get considering the definition of /i(cu) in (20.2):

(23.2) 

and

(23.3)

4

/_A 
“  4

. У sin — 2

2

A s
4

f
. У 

S,n2
./ у
.4 l 2

have

f
J

Îœ’ + j ) ‘!y

í < + 7 ) dy

-471

47Г.

(23.4)

(23.2)—(23.4) give immediately

(23.5)

and

(23.6)

• У sin —
\2

dy - 2л

min G(v) <  — 2l , i

^max G(v) =- 2.

Taking in account ar|d (22.10) we get

(23.7) o> i°+ j] c  [nv- y ,  nv + y j .

Thus by (19.6)—(19.8) Ax(r) has at least one sign change in every interval

(23.8) / у^ [ Л " ^ Л +Т ] с [ с п , ^ ]
(if v>logcu +2).

As the nv-s are positive integers, these intervals are all disjoint, further their 
total number is by (22.5) at least

(23.9)
M —(logcu +2) s  c(A)20 — log cu —2 S

—  с2з 2y log Сц  2 = c 7 2 0
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(since here A is already fixed and so c(A)=c23 is an effectively computable absolute 
positive constant).

Thus we have in Case В in the interval [2, e 2] at least c7/ 0 sign changes of 
d t(x), and thus owing to (16.4) Case В is settled, too, so Theorem 2 is completely 
proved.

Now we describe what sort of changes are necessary in the course of proof 
of Theorem 1 to get an effective value for Y2. Analogously, even simpler one can 
effectivize the proof in the case i'=4.

In the formulation of Lemma 1 we assert (6.2) without any condition. In (6.10) 
in the definition of f ( x ) we work with x1/4 instead of x1/2 and analogously in

1 . . . „ 1(6.11) we define H(s) in the last term with

■ И ) ’
instead of

Ф4 1

:. We

do not distinguish Cases A and B, we follow the line of Case A. As to Q0=ßa+iya 
we choose the zero with the minimal imaginary part, i.e., e0= y + гУо (Уо^ 14.3).

Then (7.1) is satisfied trivially, and we get after at most |y-J steps also the zero

É>i as in (7.3) but we have now only Л —у  instead of /?х^ у  + —.
The next change is only in (11.1)—(11.3) where we get for Кг in (11.3)

JL+JL
(24.1) = e16 4+0(1).

The estimation of K2 being unchanged valid we get instead of (12.8) for К

(24.2) A+-I*|/q  =  0 (е “97М+"/’ 1 + e16 4) =  0 (e_97M+,IA)

by (6.3)—(6.7).
From this we get immediately

(24.3)
pkßi+pßi

1̂ 1 — ТэбМ

again by (6.3)—(6.7), (10.8) and (7.3); i.e., the upper estimate (12.9) for U is un
changed valid.

Further we get for the residue R in (13.1) even a better upper bound than in
(13.2), i.e., the final estimate in (13.2) remains valid

(24.4) \ R \ S ± ( 2 k \ ± - i yi\+ n y * +4
e k ß \ + ß ß 1 

£,99 Ai

and so the final lower estimate for \U\ in (13.14) is again valid, and the contradic
tion proves our modified Lemma 1.
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Appendix

The following theorem is a special case of the so called second main theorem 
of the powersum theory.

T heorem  (T. Sós—Túrán). For arbitrary complex numbers z}, and for a natural 
number n

max J = 1

I Z-i
Se

(t + 0

For the proof see Vera T. Sós— P. Túrán [17].
и x “ :1 d

If we choose here m = a —, Zj=e 1 m =e 1 n we get from this

max j = i

d < v s ( a + d ) -  | e “ l  „  v |

1
'

1

Sù
O

O (H
The above inequality implies immediately the continuous form of the second 

main theorem:

Theorem A (T. Sós—Túrán). For arbitrary complex numbers oij, and for posi
tive real numbers a and d

max j=1
a^t^a+d \e 1

Se (И
The following theorem is an extension of Dirichlet’s classical theorem on 

simultaneous approximation.

T heorem  B. I f  p 2  and M  are integers, ylt уц arbitrary real numbers, 
then there exist integer n fs  with

1 ^  <  n2 < . . .<  nM -■ MqN

such that for l ^ p s M ,  1 g v s iV

II«m Tvll = ~

where jjx|| denotes the distance o f x  from the nearest integer.
For the proof see T it c h m a r sh  [18], p. 153.
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ON THE ACCELERATED STOCHASTIC APPROXIMATION

b y
NGUYEN HUU TIEN

§ 1. Summary

An improvement of the Robbins—Monro procedure is given. The essential 
feature of this modified method is that it employs both the Kesten’s idea and 
Venter’s idea in order to improve the rate of convergence of the Robbins—Monro 
procedure.

Let M(x) ( — “>) be an unknown function with M(6)=0 and M (x)^0 ,
if x^O. Suppose that for any x, we can measure the value of M(x) only with some 
random error Yx, i.e., if we denote the result of measurement by Z x, then Z x= 
— M(x) + Yx. Our aim is to find the root 0.

For the solution of this problem Robbins and Monro ([1]) constructed the 
following sequence: let Xx be an arbitrary real number and define the sequence 
{X„} by recursion:

where л = 1,2, 3, ...; я>0 and Z„ = Zx . It was shown that X„ converges to 0 
in probability. This process will be called Robbins—Monro process (RMP).

Blum [2] under some simple conditions proved that

(see also Dvoretzky [3], Sacks [4] and Venter [5]).
From practical point of view it is important to find that stochastic approxima

tion method, which have a good enough rate of convergence.
In order to solve this problem Venter [6] proposed a modification of the RMP. 

Venter’s idea is the following: for each step the slope of the regression function 
at the root is estimated by the results of measurements and this information will 
be used to improve the rate of convergence.

Another modification of the RMP was proposed by Kesten [7]. The basic 
idea of Kesten is the following: if the results Z„ of our measurements are positive 
(or negative) in a long run, then we can conjecture that our points Xn are far away 
from the root 0. Therefore we can modify the values of X„ in a stronger way to get 
the better rate of convergence (see also Révész [8]).

The purpose of this paper is to give some results about the modified RMP, 
which will be based on the ideas of Kesten and Venter. Then we shall see that our

§ 2. Introduction

(2 . 1)

(2.2) P { lim Xn = 0} = 1
КП-+оо
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method can join the advantages of the Venter-method and those of the Kesten- 
method. Through this paper our process will be called Kesten—Venter proc
ess (KVP).

In Section 3 some conditions and preliminaries are given for later reference. 
Section 4 contains the results on the KVP.

§ 3. Preliminaries and conditions

In this section we shall formulate some lemmas and conditions, which will 
be used to study the KVP.

L emma 3.1. Let {V„} be a sequence o f random variables and {&„} a sequence 
o f а-fields such that {Fls ..., F„_x} is measurable with respect to 3tin for n>  1.

(i) I f  2  EV%<°° and 2  E[Vn ! âSn] converges a.s. then 2  converges a.s.
n = l n = 1 Л =  1

(ii) I f  2 К 2Е У п^°° with bnf°o5 then
n=1

P{lim  b -1 2  ( К - Ш Ш  = 0} = 1.
k=l

L emma 3.2. I f  {£„} is a real sequence for which

n̂ + l 0  a„)cn-{-bn,

where a„SO, a„-*-0, 2  an= °° an(i 2  b„ converges, then
Л =  1 П =  1

-*■ 0 as n -* oo.
L emma 3.3. Let u„k (n, k = ], 2, 3, ...) be a double array such that

(i) E{unk\unl, . .. ,u ntk. 1} =  0;
kn

(ii) lim 2  E\E(u°;k\unl, ..., n„,*-i)-.E'(i4)| = 0;
n~°° k = 1

(iii) lim 2  E (ulk) =  s2;fc=i
(iv) For every e>0

kn
lim 2  E(KkI{\unk\>s}) = °,

k = l

where IA is the indicator function of A.

Then S„= 2  unk ™ asymptotically normal with mean 0 and variance s2.
k= 1

L emma 3.4. Let <?l5 ..., ç„, ... be a sequence o f random variables with the distribu
tion functions (d.f.-s) F1(x), ..., F„(x), .... Suppose that F„(x) tends to a d.f. F(x)
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as h — Let  t]x, ... be another sequence o f random variables and suppose
that r\„ converges in probability to zero. Put

Xn =  £„+>/„.
Then the d . f  o f X„ tend to F(x) as n —°°.

R em ark  3.1. Lemma 3.1 is a simple extension of theorems D and E, p. 387 
of L oève [9]. For the proof of Lemma 3.2 see V en ter  [6]. Lemma 3.3 is a special 
case of a result of Sacks [4]. Lemma 3.4 follows from a theorem of C r a m e r  (p. 
254 [10]). Therefore we will not prove these lemmas here.

We will also need the following condition on M(x) as referred to:

(M I) (x-0)M (x)>O if x ^ 0 .
(M II) For every <5>0 there exists cä>0 such that

. M(x+c)+ M (x—c) M (x+c) + M (x -c )inf —  -----—— 1------- =- 0 and sup —  ----- —  -------- — <  0.
X — 0 x 5  2  X — 0 <  —  Ô

0  < c < C d  0  < c < C {5

(M III) For some positive constants cx and dx and for all x
|M(x)| S  cx+dx\x—Q\.

(M IV) For some s^2 , q>0 and for |jc—0 |< e
M(x) =  a(x — 0)+f(x)+ó(x), 

where a is a positive number,

/(* ) =  2  ъ (х-вУ ,

(5(x) =  o (|x—0|s) as |x—0]-»O.
Especially, if s = ° °  then q is the radius of convergence of the power f ( x )  while 
á(x)=0 for |jc—0|<ß.

The next conditions are regarding to the random error Yx as referred to: 
( Y I )  U m E ir j2  = EIYel2 = o2.

X -*■(/

(Y II) lim lim sup Е(|У,|2/ {|^ |>Г}) =  0.
Г -*- o o  £ —► 0 + 0 <  |x  — 0| < £

§ 4. Modification of the “accelerated stochastic approximation method”

4.1. A modification o f Kesten’s general convergence theorem

In order to prove the convergence of the KVP we will need the following 
modification of Kesten’s general convergence theorem. Let 0 be a real number
and Tn=T„(tx, ..., i2n_i) be measurable transformations, n= 1,2,3....... Let {a„}
be a sequence of positive numbers and Xx, {F„} and {(/„} be random variables,
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п — 1 ,2 ,3 ,.... We define the sequence {Xn} as follows:

(4.1) Xn+1(<o) = Тп{Хг(рз), . ..,X n(œ), Ufico), ..., Ua- 1{œ))+bu<fi>)Ya{œ),
where the sequence {Z>„(cu)} is defined in the following way

an if n =  1, 2, 
v(n) if n ' =  3 , 4 , 5 , . . . ,

(4.2) 
where

(4.3) 
and

ь =  ( a"

< p(n)  =  2 + 2 1 [ ( * i - * « - i ) ( * i - i - * i - . ) ]

*(*) = {
1 if t S O ;  
0 if X >  0.

It means that we take another an when (Xt—X(_j) differs in sign from (Xi_1—Xi_2).
Let «„(jcj, ..., x„), ßn(x1, ...,x„), yn(xlf ..., x„) be nonnegative functions 

(n =  l, 2, 3, ...) and put

(4.4)

(4.5)

£N =  S U p  2  ß n f r ! ,  . . . , X „ ) ,
W) »=iv

(?(<5) =  inf inf
n =  1 , 2 , 3 , . . .  \x „ -0 \ S ä  

arbitrary
b„

Now we can formulate our
T h e o r e m  4.1. Let us suppose that the following conditions are satisfied:

(H -ß .(* i, -  ,х„))\хп~ в \ - у п(х1, . .. ,x n)
(4.6) |Гл(дг15 ul5 ..., ti„_!)-0| = if  (T „-0 )(x „-0 )>  0; 

<*„(*!, ..., x„) i f  (T„—0)(x„ —0) =  0;
(4.7) lim aBtxl5 ..., jc„) =  0 uniformly, for all sequences xL, ..., xn, ... with

<P (л)-*- oo

ç>(w)-

(4.8) lim — — =Q uniformly, for all sequences x lt ...» x „ ,...;

(4.9)

(4.10)

(4.11)

lim en  = 0;N -*-oo
q(0) > 0  for every <5 >  0;

CO

Z an=°°, 2 fl‘ <00. яп+1 = а„;Л = 1 П = 1
(4.12) i) E(Yn\Xl r . . ,X n, U1,...,U n_1) = 0,

ii) E{Y;\Xl t ...,X „ , U, ё  a2 <«?,
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with probability one; and

liminflim inf р\т л{Хх, Ulf U„-J+b„Yn S
n — oo r-*-0 0 < | x n  — в \ ^ г  t
...... « 1 ..............U„ _ 1 arbitrary

(4.13)

Then

X̂ i xk, ..., Xn xn 1 Q 
1 =  Ml» •••> ^n-l =  « „ - J

im inf lim inf р\т п(Хк, ...» Xn, Ul t  ...» Un^ + b „ Y n <
и —oo r — 0 0 -= |x „  —9 |S r  l

A'i =  X i , =  x„ ) 0
1 == U l !  " • >  i^ n - 1  =  U n ~ l >

limП-
...... t  arbitrary

P {lim л ; =  0} =  1.
'n-*-oo J

Since the proof of this theorem is based on the idea of Kesten [7], we will not 
give the details here, see [11].

4.2. Kesten—Venter Process (KVP)

Let Xx be an arbitrary random variable, and {c„} be a sequence of positive 
numbers such that
(4.14)

where
c„ =  c n -^ l+ o f l ) ) ,

c > 0 ;  O c y c - ^ - ;  n =  l , 2 , 3...........

Suppose that there exist known constants a and b such that 

(4.15) 0 <  a <  a «= b <=», where a =  M'(0).
Define the sequence {A"„} by the following recursion:

1 Z'n+Z''(4.16) ИпА*п
where Z '= Z x n+c„, Z "= Z Xn_Cn are random variables with conditional distribu
tions

P{Z'„ <  z\Xu Z'k,Z Ï , k =  1, . . . ,n - l}  = P{Z'n -= z\Xn+cn) = H(z\Xn + cn\
and

P { z :  <  z \ x l t z i , z ; ,  k  =  i , 1 }  =  P { z :  <  2 | Z „ - C „ }  =  н Ш п - С п ) - ,  

further, A* is an estimate of a defined in the following form:
C constant if n =  1 ; where a á C á t ;

(4.17) “  ’{C constant it n =  1 ; w 
An_i if n = 2, 3, 4, ...;
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where
a i f  B„ <  a ;

(4.18) An = Bn i f  a = B n == b;

and
b i f  B„> b

(4.19) Bn
1 л r7/ _7 ”1 X7 .
n Á  2 ck ’

finally
n i f n - 1 , 2;

(4.20) Vn = Hn-1 i f (Z,_i+Z"_1)(Z '_2+Z'''_2) > 0 and n =  3, 4, 5,
Aín-i+l i f ( Z ^ + Z I - ^ Z U + Z ^ ^ O and n = 3, 4, 5,

The random variables Z ' and Z" may be considered as the results of the 
measurements at (Xn+c„) and (X„—c„), respectively, i.e.,

(4.21)
|Z '  =  M'n + Y'n = M(Xn+cn) + YXn+Cn 
\  z : = m ''+ y: = M (x n~cn)+ YXn_Cn

-  Z x n +cn ,

= z x _c .лп Cn
For this reason (4.16) can be written as follows:

(4.22) ln + l
1 (M (Xn + cn) + M(Xn- c n)

H„A*n l 2
r vn+c„

This {V„} process will be called Kesten—Venter Process (KVP).

R emark 4.1. Let us consider the KVP {Xn}. Let {£/„} be a sequence of random 
variables, which are defined as follows:

U„ = k - z :
2 c. ’

n =  1, 2, 3,

Let ffin be the c-field in the underlying probability space induced by {V1; Z'k, Zk , 
k = 1, ..., n — 1}, i.e.,

®n = a{Xu Z'k,Z'', k =  1, . . . , n - l ) .

Then the random variables Xk, ..., Xn, Ult ..., U„-1 are measurables with respect 
to âSn, i.e.,

a(Xlt . .. ,X n, Ux, . . . ,Un c  a(Xx,Z'k,Z " , к = 1, ..., n -1 ) =  SSn.
It is also easy to verify that

a{Xx,Z'k, K ,  к =  1, ..., n -1 ) c  <j {Xx, . . . ,X n, Ult ..., Un. ь).
Hence

@n = <j{Xi,Z'k, Z l  k = l , . . . , n - l )  = a(X1, . . . ,X „ ,  Ux...... Un-J.
After this we can prove our
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T heorem 4.2. I f  the sequence {X„} is given by (4.16), the conditions (M I), (M  II), 
(M  III) hold and there exists a <r0=*0 such that for every n

(4.23) E{Y$n±Cn|* i, ..., ЛГ„, Uu  .... I7„_x} S  a0 < - ,
vw7/z probability one;

(4.24)

Then

lim^ inf P{M(x+c) + M ( x - + +  >  0} >  0;
0 - c c < C 2

lim inf P{M(x + c) + M (x-c ) + Yx+c+Yx- c ^O ) >  0.
r — 0 0 < | jc—0 | ^ r  О cc-cC*

P{ lim Xn =  0} =  1.

P roof. For sake of simplicity we assume that 0=0. By the definitions of 
the KVP and the random sequence {£/„} we have

/ C constant if n — 1 where a ^  C 3  b ;

’n-l —*„-i(0i, •••
1 »-1

, u„-ù = — r Z u kn — 1 fc = i
if n == 2 and a s  B„.x s  b;
if n S 2  and в п- 1 <
if n s  2 and >  h.

Hence the equation (4.22) can be written in the following form:

(4.25) Xn+l(co) =  Tn{Xx{<o), ..., T„(m), üi(û>), ..., U . - ^ + b . W X a ) .  
where

1 M(Tn + C„) + M(Tn-c„)
Tn = Tn(Xu  . . . ,X n, Ult ...,[/„-!) =  X„-

(4.26) К  =  -i-;

y* =x  и

1 * Х п + с„ +  * Х „ - с п

л*а{их, . . . , и я-д
Let aB=a„(JC!, ...,*„), ß„=ßn(x1, xn), y„=yB(*i, .... *„) be nonnegative func
tions defined as

(4.27)

<*„(*!> — , *„) =

ft.(*i. . . . ,x n) =  0;

1 Ci + d iM  
fin a

1 Ci +  dx cn 

И* я

if kn l> c„, 

if |*„|-=cB;

уп(х1г ...,x„) = 1 \M(x„ + cn) + M  (x„ — c„)|
Un 2b
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Now we want to show that these nonnegative functions under the conditions of 
Theorem 4.2 satisfy the conditions of Theorem 4.1. Therefore the assertion of 
Theorem 4.2 follows from Theorem 4.1.

Since this proof is very simple, using the definition of KVP, Remark 4.1 
and the conditions of Theorem 4.2, we do not give the details here.

In order to investigate the rate of convergence of KVP we will also need the 
following

L e m m a  4.1. Suppose that the conditions o f Theorem 4.2 and the following con
dition will hold:
(4.28) M(x) is continuous at x=0;
(4.29) The distribution functions H (t\xn + cn) and H(t\xn — c„) o f random errors 
YXn+Cn and YXn_Cn are continuous in t, symmetrical with respect to t —0 and equi- 
continuous in certain neighborhood of t = 0.

Then

where — < /?<l

R e m a r k  4.2. Lemma 4.1 is very simple. One can see it by an elementary argu
ment, using Theorem 4.2, Lemma 3.1, conditions (4.28) and (4.29) and the law of 
large numbers. So the details will be omitted (see [11]).

In the following we shall give some further theorems characterizing the pro
perties of KVP. The proofs of these theorems are similar to those of Venter’s 
results (see V e n t e r  [6 ] ) ,  using Lemmas 3.1—3.4, 4.1 and Theorem 4.2. Therefore 
we can omit them.

n

T h e o r e m  4.3. I f  the conditions o f Lemma 4.1, condition (M IV) and 

(4.30) sa =~ yb
hold, then A*-*a with probability one as n - > - ° ° .  Condition (4.30) can be omitted 
i f  s= °° in condition (M  IV).

T h e o r e m  4.4. Suppose that the conditions o f Theorem 4.3 hold. Then 
a) for any

(4.31) 
we have

0 ^  Я <  min

(4.32) ^ „ -0  = o(n x)

with probability one as n —°=; 
b) for any

(4.33) 0 <  p
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we have
(4.34) A*-oc = o(n-^) + o(n->‘)
with probability one as

Theorem 4.5. Suppose that the conditions of Theorem 4.3 and conditions (Y  I),
(Y  II) hold. Then for any

(4.35) 1 1— -с y <  —
4 y 2

we have

(4.36) rF{Xm- 0 ) ~ j r [ 0,
and

(4.37) n * cM :  * ) ^ ( ° - 2 ( i + 2y))

I f  instead of condition (4.35) we have

(4.38) y = j ,  
then

(4.39) 

and

(4.40) ПТ (л : _ а ) _ ^ 0>^ 1 )  

as n-+°°.

*
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EXAMPLES FOR NON-ORDERLY SPACES

by

J. DEÁK

Is every completely regular space orderly (in the sense of [3], 2.8)?— E .  D e á k  

raised this problem in 1964 ([1], (7.1); see also [2], (18.22) and [3], 7.8). We shall 
answer this question in the negative. To make the difference between the two counter
examples clear, we introduce the notion of the orderly directional dimension. The 
problem of the characterization of orderly spaces remains open — a solution in 
terms of classical separation axioms cannot be expected for our examples are he
reditarily normal compact spaces and, on the other hand, the Sorgenfrey-plane 
is hereditarily orderly but not normal ([2], p. 58). The last paragraph contains an 
example concerning the directional dimension and orderliness of the Stone-Cech 
compactification of orderly spaces.

§0

The terminology and notations of [3] will be used, with the exceptions below:
1) AczB does not mean that A is a proper subset of B;
2) the closure of a set A is denoted by Ä;
3) the axiom Rj) of [3], (1.5) is replaced by

0 € ^ ) ,
(this modification of the axioms of direction has no influence on the definition of 
directional dimension, orderliness &c and all the theorems in [3] remain valid, 
cf. [4], (0.1) and (0.5));

4) the natural order of a direction Я  (see [3], 1.7) is denoted by
5) the elements of an ordered pair in a direction are separated by a semicolon: 

(G;F); otherwise, ordered pairs are put into pointed brackets: (a, b).
Further notations. W is the class of all ordinal numbers;

L = {a + t, —(a-И): a€lF, /€[0, 1)}
with 0 + 0-= —(0+0). Consider L with the linear order defined by

a </?=>■ a + ?i < L ß + t2, 
h -= h  => я + íi < La + t2> 

a +  fi < l /? +  /2 - ( ß  +  ti) < L—(a +  f j
where a, ß£ W and tx, ?2€[0, 1). For a € W, a+0 and —(a+0) will be denoted by a 
and —a, respectively. For p, (j+L, L (p, q) is the open interval (p, q) in L with the
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topology induced by the order <-L| (p, q) (which will also be denoted by <L). The 
symbols L[p, q], L[p, q) and L(p, q] will be similarly used for closed and half- 
closed intervals of L. Observe that for two intervals A c  В of L, A is a subspace 
of B. Now L1= L (—col5 cOi) is the so-called long line; H‘ =  L[0, со,) (1 s»i<cw) 
is the ith long halfline. (Usually the space H1 is called the long line.)

For a feebly orderly (i.e., completely regular) space X, the orderly directional 
dimension of X, denoted by О-Dim X, is 0 iff X  is indiscrete; otherwise, О-Dim X 
is the minimum of the cardinalities of the compatible orderly directional structures 
of X. In this terminology, the orderliness of a feebly orderly space X  means 
Dim Ä'=0-Dim X.

Let Ш be an orderly direction of a space X. For a point x£X, there is a unique
element (Gx(3)):Fx{31)) = (Gx;Fx)Ç_3t with x^F x — Gx. Fx — Gx is the 31-plane con
taining X. The order induces a partial order on X:
(O.a) X <<*> у <=> (Gx ; Fx) <  * (Gy ; Fy) •=> x€ Gy о  у $ Fx Fx c  Gy.

§ 1. Some lemmas

Lemma 1. Let 91 he a compatible orderly directional structure of a space X  and 
qÇ_ X. Then there is another compatible orderly directional structure 91* o f X with 
|9T|==i2|9i| such that Fq(M‘) = X  for each

P r o o f . For each J2£9L take

0F = {(G; F)i®: qíF )\J{(G q(3ty, X)}
and

0 2 = {(G ;F): (.X - F ; X -G )G^, q Í F } [ j{ ( X - FflM)-, X)}.
Then the open {3t\ ^ 2}-halfspaces are just the open ^-halfspaces and F„(ßl) = 
= F4(â$2) = X. Now

9î* = {Я \ SU2: ^€91}
has the required properties.

Lemma 2. Let 31 be an orderly (but not necessarily compatible) direction of 
the space X —L[ — y, coJ, y a countable ordinal number. Suppose that

0 -a )  mi <EGW1, FWi =  X.

T hen

(l.b) Grai = Z - K }
and for <x<co1, there are sets G* with

( 1 - c )  G ' & l ß ) ,  G ^ G W1, C Ml =  U  G * .
a<co1

P r o o f . First of all we construct a series y(ß) satisfying 

d-d) y(ßKGai (ß < coo,
(b e) ß ^ ß  ' ^ m ^ y W ^ y W )
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and

(l.f) ß ^ ß ' ^ a b ^ y l ß i ^ y W ) -
To begin with, lety(O) be a point from Gai (which is, according to (l.a), non-empty). 
Suppose that 0<a<co! and y(ß) has been defined for each /?<я satisfying (l.d), 
(l.e) and (l.f) with ß,ß'^<x. From (l.d) and (O.a) we have $ Fy(ß), thus the 
countable system of the closed sets Fy(ß) (ß <  a) has a common upper bound у  (я) +  ojt 
in the order <L. According to (l.a), this у (a) can be chosen from Gmi, so (l.d) 
is fulfilled for ß-a. as well. Since y(ß)£FHß) and y(fi) is an upper bound of Fyiß) 
(ß<a), we have (l.e) for ß'=a, too. Furthermore, y(«)^FyUi) (/?<a) means (l.f) 
with ß' = я (see (O.a)).

Let now a point x£ X — {«J be fixed. We are going to prove that xdGai. Choose 
a countable ordinal number я such that

(l.g) x < Ly(/J) (a < /? < coj)
(there is such ап a, since [y(ß)} is an increasing series of the type oj1, see (l.e)). 
If я + 1</?<со!, we have у(я + 1)<(йг)>’(0). so y(a + l)€G,(W (see (O.a)). On the 
other hand, (l.g) gives x-=:Ly(a +  l), thus

GHß)0  L[x, coj 0 (a+ l <  ß <  cuO-
Take now

z(ß) =  i n f  Gyiß) П  L [ x ,  c u j)  ( a + l  <  ß <  c ü j) .

Suppose that a + i < ß < ß ' and z(ß)?±X9*z(ß'). From (l.f) we have y(ß )^ Я) 
^ y ( ß ' ) ,  i.e., F„iß)<zGy{n, so G ^ )c G y(ß.) and z (ß ')^ z (ß )  (since L[.v, w j 
is connected). But in the space X  there is no decreasing series of the type w1, thus 
z(ß)= x  for some ß^co1. Now

x ^^y(ß) c  6y0> + i) c  Giai
and (l.b) has been proved.

To show (l.e), put Gx — Gy(x) (a-^aij). Here GxcG 1+la X —{щ}, thus G* + 
+Grai. The lemma has been completely proved.

The proof above could have been told for со,- instead of co1; thus we have 
(with у=0) :

Lemma 2°. Let 01 be an orderly direction of the space T = L [ 0 ,  ojJ, lá /< ű ) . 
Suppose that a>£ GM|, Fai — X. Then G0i = X — {to,} and Gmi = U  {G* : я <  ft),} 
where G*Ç ̂ (0 ), G1 + G<ai (а<а>,).

§ 2. A space with Dim =2 and О-Dim uncountable

E xam ple  1. Let Y be the one-point compactification of the long Une L1. Then
Dim Y = 2

О-Dim Y »  w.

(2.a)
and
(2.b)
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The point in F —L1 will be denoted by cu,. If y is a countable ordinal number, 
then L[—y, cu,] is a subspace of Y.

Proof of (2.a). The directions

*  =  {(U - y , y); U - y , y ]): 0 < Lco,}U{(Li; F)}
and

=  {(0; 0), (L(0, cu,); L[0, eu,]), (Y; F)}
form a compatible directional structure of F, thus Dim F s 2. On the other hand, 
Dim F>1 follows from [3], (1.13).

Proof o f  (2.b). Suppose that there were a countable compatible orderly direc
tional structure 91 of Y. According to Lemma 1, we may suppose

Fcll(m  = Y (Я €Я ).
Now 91 can be divided into two disjoint subsystems

91, =  {<*€9i
and

912 = {^6 91: coAG ^JW )}.
If  á?€91,, then

(2.C) L(0, « ,)

or
co,£ СШ1 (.«) D L ( -  eu,, 0),

say (2.c) holds. Then Lemma 2 can be applied to the direction

á?|L[—y, taj,
y an arbitrary countable ordinal number, (l.b) means now

Gai0#)D L[-y, cu,] =  L [-y , cu,),

thus (as y was arbitrary): Gtl)1(á?) = L1. On the other hand, the closed sets Gm(M) 
(á?£912) have common lower and upper bounds in L1. To sum it up:

9Í = á?,Uá?2.
(2.d) 91, =  691: GM1(á?) =  Llj,

91, =  {âge 91 : Gai(âg) c  L ( -  <5, S)}, ő <  eu,.

Let now a be an ordinal number, d<x<cu,. As F  is a íj,-space, there is 
a direction ,i$aç9î such that the points a and —a are in different ^ “-planes, i.e., 
- a < “a or a<"—a where •«=* means <(*“). Because of (2.d), 91,. Now
we define a regressive function /(a )  for (5 <  a <  cu, :

(2.e)
sup {ß < er. ß <* —a} 
sup {jß <  a: —ß  a}

if - a < aa, 
if a < a —a.
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Evidently, /(ct)Sa. To prove /(а )^ а , suppose — a-=“a (the other case can 
be similarly dealt with). Then the ßs in (2.e) are separated from a by the .^“-plane 
containing — a, thus the ordinal numbers in an L1-neighbourhood of a are not 
considered when taking the supremum in (2.e), so / ( a)<oc, indeed. Further,

I / ( a ) + H G .t W  if - a < “a,
(2' ) l - ( / ( a ) + l ) C G ,W  if a < * - a .
(Indeed: say — a< “a and suppose (2.f) does not hold; then /(a ) + l a ,  and 
since /(a )  + l was not taken into account in the supremum in (2.e), we have 
/ ( a) +  I =  a, contradicting the condition — a<*oc.)

As /(a )  is a regressive function for őca-^cüj, there is a countable ordinal 
number у such that /(a )  = y (ot£A) for an uncountable set A of countable ordinal 
numbers. Since 9^ is countable, we may suppose that there is a direction J0Ç9îi 
with = & (а^Л) and, say, a< a — a (ocÇÂ). Now (2.f) means

- ( 7  +  l)$G«(Ä) (a ÇA),
thus

(2.g) - ( ? +  m  U g . (Я) =  G€xíA
Таке a set F  such that (G;F)£dt; if there are two such Fs, choose the larger one. 
Because of (2.d), (L1 ; Y)£.%. (2.g) gives now

(с.(Л ); F) < * ( l 4; y > (*€Л),
so

a€Fa(^) c  F c  L1 (a€Z).

Since /1 is uncountable and F is closed, this means co^L1, which is a contradiction. 
Thus (2.b) has been proved, too.

§ 3. A space with Dim =  3 and O-Dim =4

E xam ple  2 . Take two copies each of the long halflines H1, H2, H3 and H4. Let 
Z be the one-point compactification of the topological sum of these eight spaces. Then

(3.a) Dim Z =  3
and
(3.b) О-Dim Z =  4.

Notations. The two copies of H' (1S /S4) will be denoted by FI1 and H ~l, 
Н ‘0 Н - {= У ‘. The points of H ‘ and H~‘ corresponding to the point yZH ' are 
(y ,i)  and (у , — j), respectively. The point added at the compactification is q. All 
the symbols (со,, /) and (co;, —/) ( l^ /^ 4 )  will mean the point q. Then the mapping

Г/.: L[0, со,El] — F/E
I МУ) = <У, £>

(1 S  |e| S  4)
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(the closure being understood in the space Z) is a homeomorphism. Further nota
tions:

H \a , b) = /,(L (e , b)) (a, be L[0, a»,.,], 1 £  |s| â  4)
and

V‘(a, b) =  H ’(a, b)U H -‘(a, b) (a, bÇL[0, со,], l s i á  4).
Similar notations will be used for the / £-images of half-closed and closed intervals. 

P roof of (3.a). With

M =  {(0; 0), ( (J U H% (Z; Z)},
l 5 i ^ 4  l ^ t ' ^ 4

%  =  {(0; 0)}u {(f -'[o, y); v ‘ [o ,  y ] ) :  y e l (o, ш,)}и
U {(F1'; Z -  VJ)}U {(Z -V J[0, y]; Z -V '[ 0 , y)): y€L(0, co7)} U {(Z ; Z)},

{3t, ât12, íM3i} is a compatible directional structure of Z, thus Dim Z ^ 3 . It is left 
to the reader to prove that the equality holds here.*

P roof of (3.b). Suppose that О-Dim Z s 3 .  Then by Lemma 1, there is 
a compatible orderly directional structure (R of Z  with

(3.C) | Ж | £ б ,  Fq(,%) =  Z  { л е щ .

Take now an Hz ( l^ |e |^ 4 )  and a direction M el'R. According to Lemma 2° (ap
plied to 34 \ He) :

H ° a G q(3t) or qeTFeVG jß).
Since an arbitrary neighbourhood of q in Z contains another neighbourhood of 
q homeomorphic to Z, we may suppose without loss of generality that

(3.d) Hc c.G q(,%) or H°C\Gq(34) =  0 (Л€Я, lW |e |s 4 ) ,
i.e., each Gq(ß) is the union of some # es.

Now we are going to prove that

(З.е) [Ы 5* |e2|, 3te%  H*i c  Gq( m  =>H**C\Gq(M) = 0.
Suppose that (З.е) is not true. Then, by (3.d), there are e1( e2 and 31 e 'Л such that 
1 ^  |ex|c  |e2| =4 and
(3.f) H hUH cz c  Gq(ß).
Lemma 2° applied to the direction 34\Htl gives that there are sets G^e&iß) (a<ct)|Cl|) 
such that

(3.g) GxCH Bi ^  H ei (a < cüm )
and
(3.h) H h=  (J GxC\Ht i.

* From the point o f view o f the present example for a non-orderly space with О-Dim finite,
it is irrelevant whether D im  Z =  3 or less.
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Now

(3

(3.h) implies qaA  , thus Г = Gq(Я). From (3.f) and (3.g) we have

(3.j) G“ П # £2 с  Н ег (a< coM ).
Further, (3.f), (3.h) and Г = Gq(ß) give
(З.к) Я £а =  U G*nHe2.

Я £а is homeomorphic to L[0, C0|£2|], and (3.j) means that the open subsets of 
L[0, C0|£2|] corresponding to the sets G*iT Я £2 (о«Ю|£1|) do not intersect a neigh
bourhood of <U|£J|. Now (З.к) contradicts the inequality lej.| <  |sa[, thus we have 
proved (3.e).

According to (3.e), each Gq(M) (á?£9t) intersects at most one of the sets V' 
( lá /^ 4 ) .  As |9 l|s6 , there are a set V‘° ( l ^ i 0^ 4 , i0 fixed) and a direction 
á?06 9? such that

Since Fq{ß)= Z  (à?Ç9î), (3.1) means that á?0|F io is a compatible orderly direction 
of the subspace V‘°. Thus V ‘° is sub-orderable (so — as a compact space — order- 
able) with q the last element — this, however, is impossible, therefore О-Dim 3.

On the other hand, \ß ' \ 1S(S4} is a compatible orderly directional structure 
of Z, where

= {(0; 0)}U{(#'[O, y); H ‘[0, y]): yÇL(0, cof)}U 
и{(Я ‘; г - Я - ‘)} и { (г -Я - '[0 , у]; Z - H - ‘[O, y)): y€L(0, eu,)} U {(Z; Z)},

S. Purisch [5] has proved that the Stone—Cech compactification of a Tn- 
space X  is (sub-)orderable iff X  is pseudocompact and sub-orderable. Thus, in 
terms of the theory of directional structures: if the space X  is pseudocompact and 
Dim X s  1, then

i) D im /lA ^l and
ii) ßX  is orderly

(because of [3], 1.13). It is natural to ask if similar theorems hold for higher dimen
sions. Suppose that the space X  is pseudocompact, orderly and Dim X ^ n  {n a na
tural number) — is it true that

i) Dim ßX ^n  and/or
ii) ßX  is orderly?

(3.1) F ‘o(lGq(2l) = 0 (á?€9í, Я  тс ât0).

so О-Dim Z s4 , and (3.b) has been completely proved.

§ 4. On the directional dimension and orderliness of the 
Stone—Cech compactification
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The answer is negative, there is a pseudocompact orderly 7',,-space X  with Dim X=2, 
Dim ßX=3, О-Dim ßX=4.

Example 3. Let A; be the one-point compactification of the topological sum of 
the long halflines H2'-1 and H2', at the point added at the compactification ( i= l, 2), 
A = A 1X A 2, X a subspace o f A,

X  = [A (({<?]} XAS) U (Ax X {аг}))] U({íJj} X {flo})- 

Then X  is pseudocompact,

(4.a) Dim X — О-Dim X  = 2

(thus X  is orderly) and

(4.b) Dim ßX = 3, О-Dim ßX = 4

(thus ßX is not orderly).

Proof of (4.a). The spaces Ax and A2 are orderable, so they admit compatible 
orderly directions and .d>2, respectively. These two directions induce in a natural 
way an orderly directional structure of two directions on the product space A (cf. 
the proof of [1], (3.1)). О-Dim is monotone, so О-Dim Xd2. On the other hand, 
X  is evidently not sub-orderable, so 2^D im X . Thus (4.a) has been proved (re
member that Dim A^O-Dim X).

Proof of the pseudocompactness. H' (1 d id 4 )  is sequentially compact and 
so is the product of two long half-lines. The space X  is the union of four such prod
ucts and one point, so it is sequentially compact as well, therefore it is pseudo
compact.

Proof of (4.b). Let В be the topological sum of L[0, cuj and L[0, cuj. C is 
the topological sum of L[0, co3] and L[0, co4]. The copies of L[0, со,] (i— 1, 2, 3, 4) 
used in the construction of В and C will be denoted by В', В2, C 3 and C 4, respec
tively. The point of B‘ or С' (1 g /==4) corresponding to yéL[0, со,] will be denoted 
by y ‘■ The subset of B' (/=1, 2) or C‘ {i— 3, 4) corresponding to the interval L [p, q)d  
cL [0 , coj is B'[p, q) or Cl[p,q), respectively. Set

QiJ = B‘[0, со,)X a [0, tOj) (i = 1,2; j  = 3,4).

Take now D=BXC  and construct another space E by identifying the four points

(i = 1,2; j  =  3,4)

of D. This point will be denoted by e. (See Fig. 1.) One can readily see that

= *  { c } U  U  Q iJ =  A " .i=l,2 
J  =  3 , 4

Any real-valued function defined on a long halfline is constant on a tail of it, 
thus a real-valued function defined on X ' can be extended over the compact 
space E, so E d ßX.
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Further, with Z  the space from Example 2, the mapping

f(z) =
</, col)

< < У .й > 4 >

<"b /}  
{col, y‘)

if
if
if
if
if

Z = q,
z = ( y , i ) £ H ‘, l
Z =  <У, - i ) Ç . H ~ l, \ 
z = ( y , i ) £ H ‘, l

z =  (у,

i =  U 2,

i =  3, 4

is a homeomorphism from Z  onto Z ' = {e}(J(X—X') (Z ' is the eight-pointed 
star in Fig. 1), so — according to (3.a) and (3.b) — Dim 3 and О-Dim 4 
(as both dimensions are monotone).

To prove (4.b), we have to show that Dim £ s 3  and О-Dim £ s 4 .
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If
я  = {(0; 0), (ß13Uß24- M ;  ß 13U ß24), (£; £)},
0tB = {(Я1 [0, y)xC ; B'[0, y ]x C ): y€L(0, cu^U

U{(0; 0), (Я4[0, содхС; E - (B 2[0, co2)XC)), (E; £)}U
U { (£ -(5 2[0,y]xC ); £ - ( £ 2[0, y)XC)): y£L(0, ш2)}

and 0tc is a direction defined analogously to 3kB (see Fig. 1), then {&, â$B, 3&cj 
is a compatible directional structure of E, so Dim £ s3 .

With
®b‘ = >’)X C3; 2f'[0, y]X C3): y€L(0, a>,)}U

U{(0; 0), (В‘[0, <и,)ХС3; E - (B ‘[0, co,)XC4)), (£; £)}U
U { (£ -(5 ‘[0, y]XC4); £ -(Я '[0 , y)X C 4)): y€L(0, to,.)}

(/= 1 ,2 ) and á?c3,á?C4 defined analogously (see Fig. 1), 3?вг, â$c,, âfci}
is a compatible orderly directional structure of E, thus О-Dim E ^4 . This com
pletes the proof of (4.b).
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ÜBER HALBPRIMÄRE RINGE MIT KETTENBEDINGUNGEN
FÜR IDEALE1

von
A. WIDIGER

1. Einleitung

Das Hauptziel dieser Arbeit ist es, einen Zerlegungssatz für halbprimäre Ringe 
zu beweisen, die der Minimal- bzw. der Maximalbedingung für zweiseitige Ideale 
genügen und deren Radikal den Nilpotenzgrad 2 hat. Genauer: Ein halbprimärer 
Ring A mit den genannten Eigenschaften ist die gruppendirekte Summe

A = B@C
eines ideales В von A und eines Unterringes C von A, wobei B2 = B ein Ring ist,, 
für den B/J(B) direkte Summe von Matrizenringen über unendlichen Schiefkörpern 
ist und C der strengen Minimal- bzw. Maximalbedingung genügt (siehe unten für 
die Definition). Dies verallgemeinert (allerdings nur für den Fall, daß J(A)2 = (0) 
ist) die Resultate von [5] und [6]. Ferner geben wir für einen halbprimären Ring mit 
nilpotentem Radikal mit Minimalbedingung für Ideale Spaltbarkeitskriterien an.

Das (Jacobson-) Radikal eines Ringes A bezeichnen wir mit J(A). Ein halb- 
primärer Ring A sei ein Ring (im allgemeinen ohne Einselement), für den A/J(A) 
artinsch ist (d. h. der Minimalbedingung für Rechtsideale genügt). ® oder J!*1® 
mögen gruppentheoretische direkte Summen bezeichnen, [+] oder 2®  ringtheoreti
sche. Q sei der Körper der rationalen Zahlen, Z(p°°) die Prüfersche p-Gruppe 
(p Primzahl).

Die additive Gruppe eines Ringes A werde mit (A, -F) bezeichnet. Genügt 
(A, + ) der Minimal- bzw. der Maximalbedingung für Untergruppen, so sagen wir, 
der Ring A genüge der strengen Minimal- bzw. Maximalbedingung.

2. Spaltbarkeitskriterien

Ein Ring wird spaltbar genannt, wenn sein maximales Torsionsideal ring
direkter Summand ist.

Sei A ein halbprimärer Ring mit nilpotentem Radikal 

А =  A/J(A) = ë1Âë1@...®ënAê„
eine Zerlegung von A als direkte Summe einfacher artinscher Ringe. Bekanntlich 
([2], S.54) gibt es orthogonale Idempotente {elt ..., en} von A mit efce-, (/=1, ..., n). 
Es seien die Idempotente nun so numeriert, daß ê1, . . . , ê t unendliche und 
ê , + 1 , ê „  endliche Ordnung haben. Dann haben auche(+1, ..., e„ endliche Ordnung,

1 Diese Arbeit ist während eines Studienaufenthaltes in Budapest entstanden.
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denn es gibt z. В. eine natürliche Zahl к mit ke,+1£J(A), also gilt kmet+1= 0 wenn 
J(A )m=(0) ist.

Wir betrachten die zweiseitige Peircesche Zerlegung von A bezüglich der Idem- 
potente {elt ...,e„}:

n

А = JF<seiAej @(l—e)Ae(BeA(l—e)® (l—e)A (l—e).
i , j  =  l

Offenbar kann man schreiben

( l-e )A e  — ^ ® (1  — e)Aet, eA(l — e) — etA (1 — e).
t = i  < = 1

Man setze

C — j?® e.Aej® 2 9 (1~ e) Aet® eiA (l — е)®(1 -e )  А ( l -e ),
i , j = t + l  i = t - r -1 i = t  + 1

В  =  e t A e j ®  ( 1  - e ) A e t ®  e i A ( l ~ e ) ,
Rest i =  1 i =  1

wobei £  bedeuten möge, daß über alle Indexpaare i, j  summiert wird, die in
Rest

C  nicht Vorkommen.
Trivialerweise sind die Gruppen von e^Aej, ( l —e)Aei, etA( 1 — e) für i, j ^ t + 1 

beschränkte Torsionsgruppen.
L e m m a  1 .  Für i> t, j ^ t  ( und j> t , i ^ t )  gilt etAej={0 ) .

B e w e i s . E s  ist Angenommen, es gibt ein />1 mit e ^ C j H

n J(A )'= (0) und e.AejDJÇA)1- 1^ 0).
eiAeJr\J(A)‘~1 ist ein ejAej-Rechtsmodul und kann wegen

(eiAej r\J(A y~ l)eJJ(A)eJ Q e ^ e j í l ^ A ) 1 =  ( 0 )

als unitärer ej AeJejJlA) <?y -Modul aufgefaßt werden.
Als vollständig reduzibler Modul über ëjÂêj ist е^еуПУСЛ)'-1 torsionsfrei 

wegen jä t .  Andererseits (wegen i> i)  ist die additive Gruppe von e^e j eine 
Torsionsgruppe. Unsere Annahme ist also falsch. Da J(A) aber nilpotent ist, gilt
eiAej= (0).

L e m m a  2 .  e i A e j , ( \ — e ) A e i , e i A ( \ — e )  sind für i, j s t  torsionsfrei und teilbar.
B e w e i s . Der Beweis werde etwa für e^Aej geführt; in den anderen Fällen ver

läuft er analog. Wir schließen induktiv nach dem Nilpotenzgrad m des Radikales 
J{A) : Ist J(A)=(0), so ist егЛе,=(0) für i ^ j ,  und für i= j ist е{Ае  ̂ ein voller 
Matrizenring über einem Schiefkörper der Charakteristik 0, also seine additive 
Gruppe torsionsfrei und teilbar.

Sei nun die Behauptung für Ringe mit einem Nilpotenzgrad Sm des Radikales 
als richtig angenommen und sei J{A)m+1—(0), J(A)m7i (0).

eiAej nJ(A)m ist (wie im Beweis von Lemma 1) ein unitärer Rechts-êyЯёу 
Modul, also vollständig reduzibel und wegen der Eigenschaften von ёуЛёу teilbar und 
torsionsfrei zu sein, auch teilbar und torsionsfrei.

eiAeJl{eiAej C]J(A)m) ^  {eiAej +J{A)m)/J{A)m
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ist torsionsfrei und teilbar nach Induktionsvoraussetzung, denn der Nilpotenzgrad 
des Radikales von A/J(A)m ist ^m . Folglich ist etAej torsionsfrei und teilbar, wie 
behauptet. Über die additive Struktur von (1—e)A(\ — e) läßt sich im allgemeinen 
natürlich nichts aussagen. Fehlt dieser Summand in der Zerlegung von A, so ist 
offenbar C das maximale Torsionsideal von A und offensichtlich gilt (wegen 
( l - e )A e ,A ( l- e )g ( l- e )A ( l- e )= (0 ) )

A = Í 0 C .
Satz 1. Ein halbprimärer Ring mit nilpotentem Radikal und mit (Rechts-, Links-) 

Einselement ist spaltbar.
Beweis. Hat A etwa ein Rechtseinselement e', so lassen sich die Idempotente 

ex, ..., en bekanntlich so wählen, daß e1 + ... + e„—e' gilt. Dann ist also 
( l-e ')A (l-e ')= (0 ) .

Satz 2. Ein halbprimärer Ring mit nilpotentem Radikal und Minimalbedingung 
für Ideale ist spaltbar genau dann, wenn (1— e)AeiA ( \— e)=(0) gilt für i = l ,  ..., t.

Für den Beweis und auch noch später benötigen wir das
Lemma 3. Ist A ein halbprimärer Ring mit nilpotentem Radikal und Minimal

bedingung (Maximalbedingung) für Ideale, so ist ( l —e )A (l—e) ein Ring mit strenger 
Minimalbedingung (Maximalbedingung).

Beweis. Wir schließen wieder mit vollständiger Induktion nach dem Nilpotenz
grad m von J{A).

Ist J(A) = (0), so gilt ( l-e )A ( l-e )g j(A )= (0 ) .
Sei die Behauptung für Ringe mit einem Nilpotenzgrad ^ m  des Radikales 

als richtig angenommen und sei /(Л)т+1=(0), J(A)m^ ( 0). Wir betrachten 
Х = (1-е)А (1-е)Г Щ А )т.

Sei x£X,a£A. Dann ist a—ea^J(Ä). Es sei

Wegen xea=0 gilt
x  = y — ey—ye+eye, y£A. 

x (a —ea) =  xa£J(A)m+1 =  (0),
also xa—0. Genauso folgt ax—0.

Folglich ist jede Untergruppe von (1— e)A(Y — e)C\J(Ä)m ein Ideal von A.  
Wegen der Voraussetzung über A ist daher (1 — e ) A ( \  — e )C\J(A)m ein Ring mit 
strenger Minimalbedingung (Maximalbedingung). Weiter gilt

(1 —е)Л(1 —e)/((l —e ) A ( l  —e)C]J(A)m) (1 - ë ) Â ( l - ë )

( je  das Bild von x beim natürlichen Homomorphismus von A  auf Ä = A ! J { A ) m). 
Nach Induktionsvoraussetzung genügt (1— ë ) Â ( \ — ë)  der strengen Minimalbeding
ung (Maximalbedingung). Hieraus folgt die Behauptung.

Beweis von  Satz 2. Nach Lemma 3 hat (1— e ) A ( l —e) Minimalbedingung für 
Untergruppen, ist also direkte Summe einer endlichen Gruppe und endlich vieler
Exemplare von Prüferschen Gruppen. Ist ( 1 —е ) А е (А ( \ . —е ) = ( 0 )  ( i= l, ..., t), so 
gilt offenbar wegen Lemma 1

А = В [+] С,

und C ist das maximale Torsionsideal von A.
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Sei umgekehrt A spaltbar, A —D(±\C, D torsionsfrei. Da (1 —e)Aei, etA( 1-e) 
teilbar sind für i= \ , ..., t, ist (1 — e)AetA ( í —е) teilbar. Ferner ist (1— e)AeiA (l— e)Q 
^ ( 1 — e)A(l — e) eine Torsionsgruppe. Nach [3], Hilfssatz 10.3 liegt jedes Z(p°°) 
im Annullator von A. (C2, + ) ist daher eine beschränkte Torsionsgruppe, folglich 
(1— е)Ле,М(1-е) = (0), i=  1, ..., t.
\;SSk'

F olgerung 1 (vgl. hierzu [1 ]).  Dann und nur dann ist der halbprimäre Ring 
mit nilpotentem Radikal und Minimalbedingung für Ideale spaltbar, wenn A2 keine 
Untergruppe vom Typ Z(p°°) enthält.

Wir geben ein Beispiel für einen nicht spaltbaren halbprimären Ring mit 
Minimalbedingung für Ideale an: Es sei E die Gruppe aller rationalen Zahlen mit 
ungeradem Nenner und Q = (Q, + ) / £ ’ = Z ( 2 “ )  und

0 Q Q 0 a d
A = 0 Q Q = ■ O b e : a, b, c£Q, d£Q

0 0 0 0 0 0
Die Addition sei die übliche Addition von Matrizen; die Multiplikation sei definiert 
durch

0 a d 0 dx 0 abx ac!
O b e 0 hi Cj = 0 ЬЬг bcx
0 0 0 0 0 0 0 0 0

Man überzeugt sich leicht, daß ein Ring vorliegt, der die verlangten Eigenschaften hat.
Folgerung 2. Ein halbprimärer Ring mit nilpotentem Radikal mit Minimal- 

und Maximalbedingung für Ideale ist spaltbar.
Beweis. Wegen der Maximalbedingung enthält der Ring kein Z (/>“).
F olgerung 3. Ein halbprimärer Ring A mit Minimalbedingung für Ideale, fűi

den J(A)2=(0) gilt, ist spaltbar.
Beweis. ( \-e )A e iA (\-e)< ^J(A )2.
Folgerung 4 (Szász. [4]).  Jeder artinsche Ring ist spaltbar.
Beweis. Der Beweis von Lemma 3 zeigt, daß für einen artinschen Ring etA( 1 —e) 

der strengen Minimalbedingung genügt. Wegen Lemma 2 ist daher etA( 1—<?) = (0) 
für i =  1, ...,/.

3. Zerlegungssatz

Satz 3. Seien А, В halbprimäre Ringe mit nilpotentem Radikal und der Eigen
schaft, daß A/J(A) und B/J(B) endlich sind. 1st M  ein A — B-Bimodul mit Minimal
bedingung (Maximalbedingung) für Untermoduln, so hat (M, + ) Minimalbedingung 
(Maximalbedingung) für Untergruppen.

B ew eis . Wir beweisen den Satz mit vollständiger Induktion nach dem Minimum 
/• der Nilpotenzgrade von J(Ä) und J(B). Es sei r= 1. Ohne Beschränkung der
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Allgemeinheit können wir annehmen, daß ./(B) —(0) ist. Wir schließen wiederum 
induktiv nach dem Nilpotenzgrad m von J(Ä). Im Falle m = 1 ist M also ein A — B- 
Bimodul über den halbeinfachen Ringen A und B. Als B-Rechtsmodul hat M  
etwa die Darstellung

M = M0®MX
mit einem trivialen B-Rechtsmodul M0 und einem unitären B-Rechtsmodul Mx. 
Offenbar sind sowohl M0 als auch Mx Untermoduln des Bimoduls M. M0 hat als 
A-Linksmodul die Zerlegung

X/q —  иЛ / 0 ® 1Л / 0

mit einem trivialen A-Linksmodul 0M0 und einem unitären vollständig reduziblen 
A-Linksmodul XM0. Beide sind offenbar Untermoduln des Bimoduls M  und genügen 
daher der Minimalbedingung (Maximalbedingung) für Untermoduln. Folglich hat 
(0M0, + ) Minimalbedingung (Maximalbedingung) für Untergruppen. Aus dem 
gleichen Grunde ist XM0 die direkte Summe endlich vieler einfacher Л-Linksmoduln. 
Wegen der Voraussetzung über A ist jeder einfache v-t-LinksmoduI endlich. Daher 
ist XM0 endlich.

Entsprechend ist Mx die direkte Summe

Mx — q\ í x®xM x

eines trivialen Л-Linksmoduls und eines unitären Л-Linksmoduls. Sowohl 0MX 
als auch XMX sind Untermoduln des Bimoduls M. Wie oben folgt, daß 0M X endlich 
ist. Um die Behauptung zu beweisen, genügt es zu zeigen, daß XMX endlich ist. 
Wir können also annehmen, daß M = XMX ein unitärer A — f?-Bimodul ist. Sei 
xx£M. Wegen der Endlichkeit von A und В ist der von xx erzeugte Untermodul 
AxxB von M  endlich. Wäre M  unendlich, so gäbe es x2dM, AxxB. Dann ist 
Ax.,B endlich und folglich AxxB + Ax2B endlich. Ferner ist Ax1B ^ A x 1B + A x2B. 
So kann man weiter schließen und erhält eine streng aufsteigende Kette von Unter
moduln von M. Im Falle der Maximalbedingung ergibt sich also ein Widerspruch. 
Für den Fall, daß M  die Minimalbedingung für Untermoduln erfüllt, beweisen 
wir zunächst eine

Zwischenbehauptung: Ist M unendlich, X  ein endlicher Untermodul von M  und 
M = X ® Z  eine Zerlegung von M  als B-Rechtsmodul, so gibt es ein 0 ^ z £ Z  mit 
AzQ Z.

Denn sei A —{a1, . . . ,a l). Für z£Z hat man

aiz = x l+yi, x,£X, yt€ Z, i = 1,
Da nun X  endlich und Z unendlich ist, muß es z, z'ÇZ, z ^ z '  geben mit x t=xi 
für jedes i= l ,  Das bedeutet aber a,(z—z')ÇZ, i = l , ..., /, wie behauptet.

Sei jetzt etwa M = AxxB@Zx eine Zerlegung von M  als B-Rechtsmodul. Falls 
M unendlich ist, gibt es wegen der Zwischenbehauptung und wegen der Zornschen 
Lemmas einen Untermodul и хт±(0) von M, UXU Z X, der maximal ist bezüglich 
der Eigenschaft AxxBC\Ux — (0). Sei 0 ^ x 2Ç.Ux. Dann ist AxxB + Ax2B endlich 
und man hat eine Zerlegung von M als B-Rechtsmodul :

M = AxxB®Ax2B@Z2,
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Z 2^ Z X. Wie oben folgt die Existenz eines Untermoduls U2 von M, für den offenbar 
U1 ig U2 gilt. Da M  unendlich angenommen war, kann man das Verfahren fort
setzen und erhält eine streng absteigende nicht abbrechende Kette von Untermoduln, 
im Widerspruch zur Voraussetzung.

Sei nun die Behauptung zunächst als richtig angenommen für Nilpotenzgrad 
von J(Ä)<m  (weiterhin J(B)—(0)), und sei J(A)m=(0), J(A)m~1^(0). Dann 
ist ./04)m~1M ein Untermodul von M. Wegen J(A)(J(Ä)m~1 M )=J(A)m M =(0) 
kann J(A)m~1M  als A/J(A) — B-Modul aufgefaßt werden, wobei die Untermoduln 
übereinstimmen. Nach dem ersten Teil des Beweises ist J(A)m~l M  daher ein Modul 
mit strenger Minimalbedingung (Maximalbedingung). М\1(А')т~л- M  kann wegen 
J(A)m~1(M/J(A)m~1 M) als A/J(Ä)m~1- B - Modul aufgefaßt werden, wobei die 
Untermoduln übereinstimmen. Nach unserer Induktionsannahme (Nilpotenzgrad 
des Radikales von A/J{A)m~x ist <m) genügt M/J(A)m~1 M  der strengen Minimal
bedingung (Maximalbedingung). Wir haben also, daß sowohl J(A)m~1M  als auch 
M/J(Ä)m~1 M  der strengen Minimalbedingung (Maximalbedingung) genügen, also 
auch M. Für r —1 ist damit Satz 3 bewiesen.

Angenommen nun, der Satz sei richtig, falls das Minimum der Nilpotenz
grade von J(A) und J(B) kleiner als /• ist, und sei M  ein A — ß-Mod ul, wobei (ohne 
Beschränkung der Allgemeinheit) J(A)r = (Q), J(A)r~17£(0), J(B)r~1= (̂0). Wir 
betrachten J(A)r~1M. J(A)r~1M  ist ein Untermodul von Mund kann als A /J(A )-B - 
Modul aufgefaßt werden. Nach unserer Induktionsvoraussetzung ist J(A)r~1M  
ein Modul mit strenger Minimalbedingung (Maximalbedingung). M /J(Ay~1 M 
kann wieder als AIJ(Äy~x—B-Modul aufgefaßt werden und ist folglich nach In
duktionsvoraussetzung ein Modul mit strenger Minimalbedingung (Maximal
bedingung). Dasselbe gilt also auch für M, und Satz 3 ist bewiesen.

Folgerung 5. ist A ein halbprimärer Ring mit nilpotentem Radikal, so daß 
A/J(A) endlich ist, und genügt A der Minimalbedingung (Maximalbedingung) für 
Ideale, so genügt A der strengen Minimalbedingung (Maximalbedingung).

Folgerung 6. Besitzt ein Ring A wie in der letzten Folgerung ein (einseitiges) 
Einselement oder genügt A sowohl der Minimal- als auch der Maximalbedingung für 
Ideale, so ist A endlich.

Jetzt geben wir den angekündigten Zerlegungssatz an.

Satz 4. Es sei A ein halbprimärer Ring, der der Minimalbedingung (Maximal
bedingung) für Ideale genügt und für den J(Ä)2 — (0) gilt. Dann ist

A = B®C,
und es gilt:

(1) В ist ein Ideal und C ein Unterring von A.
(2) C ist ein Ring mit strenger Minimalbedingung (Maximalbedingung).
(3) B/J(B) ist die direkte Summe von vollen Matrizenringen über unendlichen 

Schiefkörpern.
(4) B2 = B und В enthält kein Ideal A(0), das der strengen Minimalbedingung 

(Maximalbedingung) genügt.
Ist A ein Ring mit Maximalbedingung für Ideale, so auch B.
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B ew eis . Wir setzen wieder A = B®C  mit
n n n

C — 2®  ei^ ej®  (1 —е)Ле(® 2®  е|Л(1 — e)®(l — e)A(\ — e),

(*) В = 2 ® etAej® 2®  (1 — e)Aet® 2  9etA ( l — e)
Rest i=  1

wobei hier die et so numeriert sind, daß gerade ë1Aê1, ...,ê,Aë, unendlich und 
ё,+1Яё,+1, ..., ё„Яё„ endlich sind.

Daß C ein Unterring von A und В ein Ideal von A ist, bestätigt man durch 
Nachrechnen, wenn man beachtet, daß У(^)2=(0) ist. Nach Lemma 3 genügt 
(l — e )A (l—e) der strengen Minimalbedingung (Maximalbedingung). eiAej 
( i , j ^ t + 1) ist ein ejAei-ejAej-Modul. Gilt t/x^  U2 für zwei Untermoduln 
dieses Moduls, so gilt trivialerweise AU1A ^A U 2A. Sei etaej€Ult etaej$.Ut . 
Wäre AU!A=AU2A, so müßte gelten

ein Widerspruch. Folglich gilt AU1A ^ A U 2A. Es folgt, daß etAej der Minimal
bedingung (Maximalbedingung) für Untermoduln genügt. Nach Satz 3 genügt 
eiAej der strengen Minimalbedingung (Maximalbedingung).

(1 —e)Aet ( ië /- f l)  ist ein 0 —e.^Cj-Bimodul. Wegen /(Л)2 = (0) gilt
A ( l — e)Aei — (0) (vgl. den Beweis von Lemma 3). Sind i/jjg U2 zwei Untermoduln 
von (1 — e)Aet, so zeigt man wie oben UiA ^ U 2A. Wegen der vorausgesetzten 
Minimalbedingung (Maximalbedingung) für Ideale ist also der 0—e^^-M odul 
(1— e)Aet ein Modul mit Minimalbedingung (Maximalbedingung) für Untermoduln. 
Also folgt nach Satz 3, daß auch (1—е)Ае/ der strengen Minimalbedingung 
(Maximalbedingung) genügt.

Aus Symmetriegründen gilt das auch für e{A( 1—e). (2) ist damit bewiesen. 
(3) gilt nach der Numerierung der et B-—B ergibt sich aus (*). Sei D ein Ideal 
von B, das der strengen Minimalbedingung (Maximalbedingung) genügt. DJ(B) 
( g  DPI./(5)) genügt auch der strengen Minimalbedingung ÍMaximalbedingung) und 
ist ein B/J(B)-Modul. Wegen (3) muß daher (DJ(B))B=(0) sein. Analog folgt 
B{DJ(B))—{0). Wegen (* ) ist daher DJ(B)=(0) und analog J(B)D=(0). Also 
ist D ein B/7(B)-Modul. Wieder folgt DB=BD = (0), also wegen (* ) £> = (0).

Um die letzte Behauptung des Satzes zu beweisen, sei also A ein Ring mit 
Maximalbedingung für Ideale. Es genügt ersichtlich zu zeigen, daß etAe} , i^t,  
j> t,  als -Linksmodul jder Maximalbedingung für Untermoduln genügt. Wir 
setzen der Kürze halber ëiÂëi= S, ëjÂëj—K.

Wegen J ( A ) 2—(0) kann man eiAej als S-Linksmodul auffassen. Angenommen, 
er genügte nicht der Maximalbedingung. Dann wäre е{Ае} als vollständig reduzibler 
S-Modul direkte Summe unendlich vieler einfacher Untermoduln:

etaej = 2  aiuiaU a,,a',eA, ut£U2,
also (mit u, — Ciu,e,)

etaej = =  2  (е,а,е,)(^и,еу)(е^а,'е;)€ U2,

etAej = 2®  Г unendlich.
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Ferner ist etAej zugleich ein iS—K-Bimodul mit Maximalbedingung für Unter
moduln. Nun ist К endlich (j>-t). Sei 0 ^ x 1dXVi. Dann ist x1K  endlich, also 
x 1K <̂ AVl® ... ® XVJ, folglich Sx-lKQ X^® ...® X Vl. Man wähle 0 t±x2£XVi + 1. Es 
folgt analog Sx1Äi+Sx2Ä ig l'Vl®...®ArVl®...©Ä'V|+fc und SxjK g Sx1K+Sx2K. 
M an kann also (so fortsetzend) eine streng aufsteigende Kette von Untermoduln 
des е,Аег — -Moduls etAcj angeben, im Widerspruch zur vorausgesetzten 
Maximalbedingung für Ideale von A. Damit ist der Beweis beendet.

Ob das Analogon der letzten Behauptung auch für die Minimalbedingung gilt, 
wissen wir nicht. Es gilt aber die

F olgerung 7. Es sei A ein halbprimärer Ring mit Minimal- und Maximal
bedingung für Ideale und J(A)2 — (0). Dann gilt

A = B®C,
(1) В ist Ideal und C ist Unterring von A.
(2) C ist ein endlicher Ring.
(3) BjJ(B) ist die direkte Summe von vollen Matrizenringen über unendlichen 

Schiefkörpern.
(4) B2 = B. und В enthält kein Ideal ^(0), das der strengen Minimal- oder 

Maximalbedingung genügt.
(5) В ist ein Ring mit Minimal- und Maximalbedingung für Ideale.
Beweis. (1), (3) und (4) folgen unmittelbar aus Satz 4. C ist einerseits ein Ring 

mit strenger Minimalbedingung, andererseits ein Ring mit strenger Maximalbedin
gung, also ist C endlich. Nach Satz 4 genügt В der Maximalbedingung für Ideale. 
Nach dem Beweis von Satz 4 haben die etAej, i^=t, j> t  endliche Dimension als 
etAäi -Linksmoduln, genügen also auch der Minimalbedingung. Da analoges für 
ejAei gilt, folgt die Behauptung.
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S-SPECTRAL CAPACITIES AND CLOSED OPERATORS

by
В. NAGY

1. Preliminaries

Bounded decomposable operators in Banach spaces are generalizations of 
spectral and prespectral operators. C. A postol [1] and C. F oia§ [6] have proved 
that an operator is decomposable if and only if it has a spectral capacity which is 
uniquely determined by the operator and which, to some extent, plays the role 
of the spectral measure. F.-H. V asilescu  [10], [11], [12] has defined and studied 
S-residually decomposable operators, an extension of the notion of closed spectral 
[4] and prespectral [7], [8] as well as of decomposable operators. The aim of this 
paper is to extend the result of C. Apostol and C. Foiaç to S-residually decomposable 
operators. We remark that a similar result was proved by I. Bac a lu  [2], [3] for 
bounded A-decomposable operators. Our method of proof will be different in 
most parts, and will employ a technique, due to C. F o ia§ [6], in a simplified form. 
We observe that a different definition of closed operators having a spectral capacity 
was employed by I. E rdélyi [5].

Let I  be a complex Banach space and let B{X) and C (X) denote the class 
of bounded_and closed linear operators in X, respectively. C will denote the complex 
plane and C is its compactification. Unless otherwise stated, all topological con
cepts will be understood in the topology of C. H and H° will denote the closure 
and the interior, respectively, of a set Я сС , and H c:= C \H . If TZC(X), then 
D(T) denotes its domain and o(T) denotes its extended spectrum [9; p. 298], i.e. 
°°£ег(Г) if and only if TZC (X)\B(X). Further, we set q(T):=u(T)c. If Y  is 
a subspace of X  and T(YP\D(T))<zY, then T \Y  denotes the restriction of T 
to УПТ>(Г).

Recall [10] that an open set G cC  is of analytic uniqueness of T£C(X) if 
for any open set HczG and any holomorphic function / :  H-»D(T) such that 
(z—T )f(z)= 0  for z£HOC, it follows /(z ) = 0 on H. For any TZC(X) there 
exists a unique maximal open set of analytic uniqueness QT, and QCT is denoted 
by ST. A holomorphic function f x:G-~D(T) for which (z—T )fx(z)=x if zGGPlC 
is called a Г-associated^ function of x£X  on the open set G. dr (x) denotes the 
(open) set of points z€ C such that z has an open neighbourhood where a Г-associ
ated function of X exists. We put yT(x):— ST(x)c, QT(x):=дг(х)П fíT and trr (x):= 
= qt {x)c. Hence, on q7(x ) there isji unique Г-associated function of x, which will be 
denoted by x(-)- For any H<zC define

XT(H) := {x£X; aT{x) a  H)
which is a (possibly void) linear subspace in X. A closed subspace F in A belongs 
to the class IT if YczD(T) and TYczY. If Г is a closed set in C, define

IT,F := {FÇ/T; o(T\Y) a  F}.
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If  IT'F has an upper bound with respect to the relation c ,  which belongs to IT F, 
then it is denoted by XT F and is called a maximal invariant space of T  (on F).

Let S' be a closed set in C. A finite family of open sets (Gls G2, ..., G„; Gs)
is an 5-covering of the closed set D aC  if (J Gj\JGsZ)D\J S  and 0 ,0 5 = 0

j =1
for j= l , . . . ,n .  Suppose T£C(X) and Sz_ct(T). T  is called 5-residually de
composable [10], if for each closed set Fez C with FO 5= 0  there exists X TF, 
further for any 5-covering (G1; ..., G„; Gs) of a(T) there exist subspaces Xx, X2, ... 
. . . ,X n£ lT such that o(T\Xj)<zGj and X= X1 + ...+ X n+ X T(Gs).
Notice that [11; Proposition 3.1] implies that an 5-residually decomposable oper
ator T  belongs to B(X) if and only if the set S  is bounded.

For a closed set S z C  define

A := {F is a closed subset of C, FC\S = 0},

В {F is a closed subset of C, F z> 5},

and let Z:=A\JB.

D efinition  1. An S-spectral capacity is a mapping E of Z into the family of 
the closed linear subspaces of X  for which

(i) F(0)={O} and E (C) = X,
(ii) for any sequence F„ÇZ (и=1,2, ...),

£ ( n  Fn)= П E(Fn),
/i =  1 n =  l

(iii) for any 5-covering (G1,.. . ,G n-, Gs) of C

X  = E(G1)+ ...+ E(G n)+E(Gs).

Let T£C(X) and suppose 5 is a closed subset of <т(Г). T has an S-spectral 
capacity if there exists an 5-spectral capacity E  such that for all FÇ Z

(iv) TE(F)<zE(F),

(V) a(T\E{F))zF,

and for all FÇZ

(vi) E (F )zD (T ).

R em ark . Suppose T  has an 5-spectral capacity F. If 5 is bounded, we may 
choose an 5-covering (Gx, Gs) of C such that Gs is bounded. By (v), then 
F|F(G.,)€F(F(GS)), and (vi) yields that X=E(G 1)+E(Gs)<zD(T), hence TÇ_B(X). 
Conversely, T£B(X) clearly implies that 5 is bounded.
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2. A characterization theorem

T heorem . T£C(X) has an S-spectral capacity E i f  and only if T is S-residually 
decomposable and XT(F) is closed in X  for every F£B. In this case

E(F) =  XT F for every F£A, 
E (F )= X T(F) for every F£B,

hence E is uniquely determined by T.
P roof. I. Suppose T  is S-residually decomposable and XT(F) is closed fo r  

every F in B. Define
XT F for F in A 

E('F) := XT(F) for F in B.
Note that if S=0 (hence A =  B), then [10; Proposition 4.1] yields that T£B(X) 
and T  is decomposable in the sense of F oia§ [6]. Hence X t (F)=Xt f  for any 
F in Z, thus E{F) is well-defined even in this case. Returning to the general case, 
it is easily seen that the mapping E satisfies properties (i), (iii) and (vi) of Definition 1 
as well as properties (iv) and (v) for F in A, and property (ii) for F in B. We will 
show that E satisfies the remaining properties of Definition 1.

Suppose F£B, x£X T(F)(~)D(T), then (z—T)x(z) = x  for z in ег(*)ПС, and 
z^*Tx(z)=zx(z)—x  is analytic there, with values in D(T). Hence (z —T)Tx(z) = Tx.

Further, if °°£qt(x) and x(z) — У x„z" in a neighbourhood of infinity,
П= —oo

x  (z) x  (z)then lim —— = 0 and lim T  = x 0. Since T  is closed, x0=0, thus z>->-zx(z)
Z-+  o o  2, Z-+  ° o  2

is holomorphic at «>. Hence <rT(Tx)czoT(x), proving (iv) for F in B.
If FEB and z£Fcn c ,  then x£X T(F) implies x (z)€XT(F), by [10; Proposi

tion 2.2]. If we define T2x:—x(z) on XT(F), then it can be shown as in [12; Lemma 
2.8] that T-fB{XT(F)). Further, for xÇXT(F)

(z - T ) T zx  =  (z - T ) x ( z ) =  x,
and for x fX T(F)DD{T)

T f z - T ) x  - ((z -T )x ) (z ) =  x,

hence T:=(z —T\X t (F))~1. Further, FcЭ°° implies TdB(X), which proves (v) 
for F in B.

To prove (ii), first we show that F£A, H f B (hence FOHÇ.A) imply XT FnH = 
= ХТгрГ\Хт(Н). By definition, we have XTiFnH<zXT,F- For zÇ_(Fc\JH c)C\C 
and y£.XT<FnH=\ Y we have (z—T)(z—T\Y)~1y= y, hence ôT(y)z>Hc. [10; 
Proposition 4.2] implies STcS<^H, therefore v r (y)= yT(y)lJ Sr czH. Thus we 
have obtained YczXT Fr\Xr (H), and now we prove the converse inclusion.

By (iv) and (vi), V := XT FГ\ХТ(Н)£1Т. We show that for every z0£(FcU /fc)n C  
the operator z0—T is injective and surjective on V. Assume that (z0— T)v—0 for 
some v£V. If z0ÇFe, then u=0, for z0— T is injective on all of XT F. If z0£H c, 
then the same is valid for XT(H). Thus z0— T  is injective on V.
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Now let w be arbitrary in V. If z0€(FcUЯ с)ПС belongs also to q(T \X t f ), 
then w0\=(zü—T \X t f)~ î wÇ.Xt f , further aT(w0) = aT(w), by [10; Proposition 
2.2], hence w0£V  and (z0 — T)wn = w. On the other hand, if z0£a(T \X r f)czF, 
then z04 Hc, hence there exists vv(z0)£ XT(H) and (z0 —r)w(z0) =  w. Further, by 
[10; Proposition 3.1], X TF is a Г-absorbing subspace of X, which implies w(z0)ÇF. 
Hence Zq— T is surjective on V. Finally, VÇIr implies that T\V£B(V), thus we 
obtain XFífc\ и Fy Xj (II ).

Now we prove that if the sets F„ (n = l, 2, ...) belong to A and F:= f j F„,
П = 1

then X T F = П Xt,f„- Notice that if some F„ is unbounded, then F„ П S’=0
n = l

implies that S is bounded, hence TC__B(X) and <r(T) is bounded. Corollary 2 to 
Proposition 3.1 in [10] yields that a(T \X TFi)c:FnF\a(T), hence XTFn= 
= XF ) n t) 1 thus we may and will assume that each F„ is bounded. Suppose first 
that F?4 0.

Set Gn:= {z£C: dist (z, F )< n -1}, then the sequence of the sets G,. is directed 
on the left by the relation ci, and [10; Proposition 3.2] gives that XTF= p| XT Gn

n = k

where к is sufficiently large. Put Y:= f] XT Fn, then clearly X t f c iY. To prove
И = 1

the converse containment relation, we assume that, on the contrary, there exists 
у  belonging to Y \ X TClr for some rs/c, for which G,.£A also holds.

Now choose an open set Hs such that GcrczHs and Hsc F c, then (Gr, H j 
is an open S-covering of C, hence y = y r+ys with yr£XT Gr and ys£XT(Hs). Setting

G:—Fcf)Hcs, we have yT(y )c  f) Fn=F, hence gT(y)^> Fc\ S TnG , thus the
n = l

functions у (• ) and ys(-) exist in G. Then y\{ • ) also exists and we have for zfG
y{z) = yr(z) + ys(z).

If F  is a bounded Cauchy domain [9; p. 289] such that FcZ) and DaFlcs, 
then its positively oriented boundary B(D) is contained in G and f  ys(z)dz=0,

_  B(D)
since y,( • ) is holomorphic in Hcs. Further, T \X T Fn (n is arbitrary but fixed) is 
a bounded linear operator on the subspace XT Fn with spectrum in F„. Since 
y £ X T Fn, there exists a bounded Cauchy domain Dl such that FnczDl and D1œ Sc 
and

(2яс)-1 f  y (z)d z  = (2ni)-1 f  ( z - T \X TiFn) - 1y d z  = y,
B (D ) n y n )

for y ( ‘) is holomorphic in F cf lSc and coincides with the latter integrand on SfDJ.
For any fixed z in G we decompose yr(z) according to the covering (Gr, Hs) 

and obtain
F r O )  =  g r + g s

where yr(z)FD(T) and grd XT G C)D(T), hence gsFXr (Hs) belongs also to D(T). 
Applying (z—T), we get, by what has been proved earlier,

yr- ( z - T ) g r =  ( z - T ) g sc X T'G n X T(Hs) = XTtGrn„s =: Xrs.
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Since zÇ.GœHcs, there exists

g =  ( z -T \X rs)~1( z - T ) g s£Xrs c  X T(HS).
Thus g —gsZXT(H(S) and (z— T)(g —gs)=0. Since z —T  is injective on XT(HS), 
we get gs=g£XT'Cr, hence yr(z)£XT Cr for any z in G. But this implies

y = (2ni)~1 f  y(z)dz = (2тг/)-1 f  yr(z)dz^X T<Gr,
B(D ) B ( D )

a contradiction.
CO oo

Suppose now that F:= P) £„ is void, then ifr F= { 0 } c fj XT<Fn. When
n=1 n=1

we prove the converse containment relation, we may assume that no F„ is void. 
Since C is compact, we may also assume (rearranging the indices, if necessary)

r  — 1 r
that for some positive integer r the set K\ := p| F„ is nonvoid and П F„=Q = F.

n = l rt = 1
Putting K2:=Fr, by [10; Proposition 4.2] we have that KtП Sr =0 (/=1,2). 
Hence the open set

L := й тГ)К{Г)К£
r — 1 OO

is non void. By the preceding paragraphs XTKl= P| XTFn. Take any x in Q X TFn, 
then xdX T Kl (/=  1, 2). Define n=1 n=1

Ш  := (Z -TIX T 'K ,)-^  for zÇKfClC (i = 1,2).
Since L is nonvoid, the functions f  have a common holomorphic continuation 
on all of C, which we denote by /. Moreover, /(co)= lim  (z—T\XT K.)-1x=0,

Z -+ -o o

hence Li ou ville’s theorem yields that / ( z ) = 0. Thus for z£K[C\C we have

x  = (z — T)(z — T\XTKl)~1x  =  0,
oo

therefore p) XTFn= {0}=Ir  f . Thus we have proved that E has all the properties
n = l

stated in Definition 1.
II. Now suppose that T  has an S-spectral capacity E. The proof of the fact 

that T  is S-residually decomposable with the stated properties will be divided 
into several steps.

1° If z £ C \S  and (z -T )x = 0 , then x£E({z}). Indeed, if и is a sufficiently large 
positive integer, then F:={w£C: |w—z \^n ~ 1}£A, H:= {wÇC: |tv—z|^(2/j)_1}U 
U and (F °,H °) is an open 5-covering of C, hence (iii) gives x = x 1+ x 2,
where x^E (F ), x2£E(H) and xl5 x2£D(T), by (vi). Applying z —T  we obtain, by 
assumption, 0= (z—^X x + iz— T)x2. (iv) and (ii) yield (z—T)x2Ç.E(FC\ H), thus
(v) implies

и := (z -T \E (F f]  H))~1(z — T )x2€E(FÍ] H).
Hence u—x2ZE(H) and (z — T)(u—x2)=0. By (v), z —T is injective on £ (# ) , 
thus х2=и££(£), which implies x€£(£) for all n large enough. But then (ii) 
yields x€£({z}).

2° STczS. Indeed, we may assume that S ^ C .  Suppose that G is a nonvoid 
connected open subset of ScflC and (z—T ) f( z ) = 0 for z£G, where / :  G-~D(T) 
is holomorphic. If Dx and D., are two disjoint closed disks contained in G, then 1°
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gives /(z)££({z}) <=£(£>,) for z£D;. The Hahn—Banach theorem implies that 
f(z)Ç.E(D1) for z€G. For zÇT2 we obtain f(z)£E (D l)C\E{D2) = {0}, hence, by 
analyticity, /(z )= 0  on G, which implies Sr czS.

3° For TÇВ we have E(F)czXT(F). Indeed, we may assume that TVC. 
By (v), for zdFcDC there exists (z—T\E (F ))^1̂ B(E(F)), and 2° implies the 
statement.

4° If the open set G contains SU<rr (x), then xÇE(G).
To prove this put GX:=G and let G2 be an open subset of C such that 

G j U G a  — C and .S'U r n , (x)czG2. Then, by property (iii), x = x x+ x 2 with x;€F(G;) 
( / = 1 , 2 ) .  Define the set G'  "by ScC\Qj (x) D G 2, then for z in G' there exists 
(z— T\E(G^)~1^B{E{G^).  Hence G'Œот(х)П Qr (x2) ( Z and for z in G'

xx(z) =  x (z)—x2(z), and x2(z) = (z — T\E(G2))~1x2.

Now we show that for every z in G', x1(z)€£’(G1). For a fixed z we obtain, 
by (iii)

*iO) =  gi +  g2> where gi£E(Gd (/ =  1,2).

Further, G.2eA implies g2£D(T), thus x1(z)£D(T) implies also gxeD(T), and an 
application of z —T  gives

хг- (z -T )g j =  (z—T)g2€E(Gi r\G2).

Since z€G 'cG 2, there exists

g =  (z -T |£ (G 1nG 2))-1( z -7 ’)g2€£:(G1nG 2) c  £(G2).

Hence g —g2̂ E(G2) and (z—T)(g—g2) ~ 0. But z —T is injective on T(G2), hence 
g2=g£E(G1), thus x1(z)€£(G 1).

Now we distinguish between two cases. If T£B(X), then S cC  and <xr (x)c 
С (г(Г)сС  imply that S{JoT(x) is compact in the topology of C, hence there 
exists a bounded Cauchy domain D such that SUo-r ( r ) c ö  and D cG 2(TC, 
thus its positively oriented boundary, B{D)aG'. Then

(27u)_1 J  x(z)d z = (2ni)~x J  (z — T)~1x d z — x.
виз) i*|=i:r|+i

Further, Gc2<̂ q(T\E(Go)) implies

/ x 2(z )d z=  f ( z - T \E ( G 2)) Xx2dz = 0,
B (D ) B(D )

hence
X =  (2тп)_1 f  x i (z)dzÇis(G).

B(D)
If T£C (X )\B (X ), then «=€SUcrr (x), and this set is compact in the topology 

of C, and we may assume that it is a proper subset of C (otherwise E(G)=X). 
Then there exists an unbounded Cauchy domain D [9; p. 293] such that 
SU(Tr (r )c f i, 5 c G j,  with positively oriented boundary B(D)cG'. The set Dc 
is a bounded Cauchy domain with positively oriented boundary ~B(D), and x ( - )
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is holomorphic in Dc, hence I x(z)dz —0. Further, a (T \£(S2) ) c ű c, thus
B ( O )

(Ini)-1 J  x2(z)dz = (2rti)_1 f  (z—T\E(G2))~1x2dz = — x2,
B(D ) B(O)

hence
x 2 =  (2л/)-1 f  x ^ d z Ç E iG ) .

B (D )
From this x=.x1-|-jc2€.E(G), and 4° is proved.

5° For Fd В we have E(F)=XT(F). Indeed, we clearly can construct open
CO

sets G„ such that FezGn (« =  1,2, ...) and F= П G„. If xdX r (F), then xdE(G„)
/7=1

for every «, by 4°, hence XT(F)czE(F), and 3° proves the statement.
6° For FdA we have E(F) = Xt f .
By (iv)—(vi) of Definition 1 we obtain that E(F) belongs to the class ï t,f - 

We will show that F € /r f  implies YezE(F).
Suppose, on the contrary, that and there exists y£Y \E (F ). Let Hn

be a sequence of open sets such that FaH„ , HnOS=Q (« = 1 ,2 ,...) and
o o

F=  p| H„, then for some r we have yd F(Hr). Put Gr:=Hr and choose an open
/7 =  1  _

set Gs with the following properties: Gcr(zGs and Gsc f c. Then (GrJ Gs) is an 
open S-covering of C, hence y= yr+ys,_ where yrdE(Gr) and ys£E(Gs) = XT(Gs) 
in view of GS£B and 5°. Put now G:=Gcsf)F c. The function >>,(•) exists on Gcs, 
whereas (z — T\ Y)-1£B(Y) for z in Fc, hence y(z) = (z—T\Y)~xy  exists for 
z£F cC\ Sj-zjCj. Thus }’,(• )  exists on G and

yO) = yr(z) + ys(z) for z£G.
For a fixed z in G we decompose yr(z) as follows:

JVO) =  gr+gs where g.-Ç^G;) (i =  r ,  s).

Since zÇGcGj, the same technique as in 4° yields gsÇ.E(GrC\Gs)c:E(Gr), hence 
yr(z)dE(Gr) for z in G.

We make a distinction depending on the boundedness of F. If F is bounded, 
then there exists a bounded Cauchy domain D such that FezD and D<zGcs, 
thus B(D)czG. We obtain

(27ti)_1 f  y(z)dz  = y  and J  ys(z)dz = 0,
B (D ) B(D )

for ys( • ) is holomorphic in Gcs. Hence

y =  (2ni)-1 f  yr(z)dz£E(Gr),
B(D )

a contradiction. If F is unbounded, then °°Ç_F, hence 5 is bounded and TdB(X). 
yd Y \E (F )  implies that F is a proper subset of C. Then there exists an unbounded 
Cauchy domain D satisfying the inclusion relations above, and Dc is a bounded
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Cauchy domain with positively oriented boundary —B(D). Then
f  y(z)dz  =  f  ( z - T \Y )~ 1yd z = 0,

£ (D )  B(D)

for the latter_ integrand is holomorphic in Fc. On the other hand, j>s ( • ) is holo- 
morphic in G* and ys(z)~ (z—T)~1ys for |z |> |T |, hence for К large enough

( I n i ) - 1 f  y t ( z ) d z  = - ( 2 m ) - 1 J  ( z - T ) - l y s d z  = - y s .
B (D )  \ z \ = K  ,

Thus we obtain
ys =  ( 2 n i ) - 1 f  yr(z)dze£(G r),

B(*D)
which implies y= yr+ys£E(Gr), a contradiction. Notice that we have proved 6° 
and the uniqueness of the spectral capacity.

7° T is 5-residually decomposable.
Indeed, for F in A, X T F exists, by 6°. Further, for every open 5-covering 

((Gj)j=i, G,) of a(T) there exists an open 5-covering ((#j)"=1, Gs) of o{T) such 
that HjCzGj (y = l ,  2, ..., n). Also, there exists an open set H0 such that Я„П<т(Г)

n __  n
is void and IJ Hj(JGs = C. By (iii), we have X — ^  E(H})+ E(G S). further,

j=0 j=0
a(T)£B, hence E(a(T))= XT(a(T))=X, since al (x)da(T) for each x in X.
Then Е(Н0) = Е(Н„Г\о(Т))— {0}, thus X=  ^  XT b ,+Xt (Gs), and 7° is proved.

j=i ’ J
8° For F in B, XT(F) = E(F) is closed, and the proof is complete.
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A CHARACTERIZATION OF THE CLASS OF COMPACT 
HAUSDORFF SPACES

by
D. PETZ

Abstract. The category of compact Hausdorff spaces is characterized as the only full, non
trivial, epireflective subcategory of the category of Hausdorff spaces and continuous maps which 
is preserved by epimorphisms.

Fixing a category of topological spaces, for example the category T2 of Hausdorff 
spaces and continuous maps, classes of spaces can be characterized by means of 
the global behaviour of the objects and morphisms. Such kinds of characterizations 
were .obtained in [1] for various familiar subcategories of T.z, among others for 
the full subcategory CT2 of compact Hausdorff spaces: СТг is the only non-trivial, 
left-fitting, productive subcategory of T2 preserved by shrinks, in TOP, of T2 ex
tremal monos. A very algebraic characterization is due to Herrlich and Strecker: 
CT2 is the only non-trivial, epireflective subcategory of T2 which is varietal ([3]).

In this paper a subcategory is assumed to be full and isomorphism-closed, 
and a subcategory is called non-trivial provided that it is proper and contains 
a space with at least two points. With this terminology we state 
у».

T heorem . CT2 is the only non-trivial, epireflective subcategory of T2 which is 
preserved by epimorphisms.

P roof. It is well-known that in T2 an epireflective subcategory is a productive 
and closed-hereditary class and the epimorphisms are precisely the continuous 
dense maps. So the theorem can be reformulated in the form: CT2 is the only non
trivial subcategory <€ of T2 which has the following properties

(i) productive (i.e., if X ^  (*'£/) then f]  {Xp. iÇ l} ^ ) ;
(ii) closed-hereditary (i.e., if X^<6 and F is a closed subspace of X  then YÇ/d) ;

(iii) preserved by continuous onto maps (i.e., if f :  X-+Y is a continuous onto 
map, X ^ €  and Y£T2 then YÇW);

(iv) extensional (i.e., if X$f€ and У is a Hausdorff extension of X  then Уё*^).

Let <€ be a subcategory of T2 which satisfies the conditions (i)—(iv) and con
tains a non-singleton space. Then it contains the discrete dyad D and the Cantor 
set fl“. Since the continuous image [0, 1] of Dm is in (в, hence according to the 
condition (i) and (ii) #  contains all compact spaces.

Let us suppose that there is a non-compact space X  in 4>. Since a Hausdorff 
space is compact if and only if its every closed subspace is Я-closed (see [4]), hence 
there is a closed subspace У of X  which is not Я -closed and У is contained in c6. 
Let Z =  LU {p) be a one-point extension of У and x be a cardinal. WX = Z * \ {(/?)}
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is an extension of Yx, so Wx is in r4. Let us define

Dx — {x€Z*: X/ equals to p or to q for any i£x 
and x t equals to q for only one i£y,}

where q£ Y  is a fixed point. Dx is a closed discrete subspace of Wx with cardinality x. 
Hence we obtain that a subcategory (4 satisfying the conditions (i)—(iv) and con
taining a non-compact space must contain all discrete spaces and so by virtue of 
the condition (iii) <6 is identical with the whole T2.

Finally, we show some classes of Hausdorfif spaces which satisfy three of the 
four conditions.

Example 1. The class of //-closed spaces is productive and preserved by epi- 
morphisms but it is not closed-hereditary.

Example 2. The class of finite discrete spaces is closed-hereditary and preserved 
by epimorphisms but it is not productive.

Example 3. A Hausdorff space is said to be co-bounded provided the closure 
o f any countable subspace is compact. The class of cu-bounded spaces is productive, 
preserved by continuous onto maps and closed-hereditary but it is not exten'sional.

Example 4. The class of compact O-dimensional spaces is productive, closed- 
hereditary and extensional but it is not preserved by onto maps.
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A REMARK ON THE HADWIGER NUMBERS OF A CONVEX DISC

by
L. FEJES TÓTH and A. HEPPES

A set of closed convex bodies is said to form a packing if no two bodies have 
interior points in common. In a packing the bodies a and b are said to be neigh
bours of order к or kth neighbours if there are in the packing k + 1 bodies, but not 
less than к +  1 bodies, containing a and b and having a connected point-set-union. 
The kth Hadwiger number Hk of a body b is defined as the maximal number of 
its neighbours of order = k  extended over all packings of translates of b.

It is known [1, 2, 3] that in и-space we have for any convex body

Hk =g (2Ä T -1-1)"— 1

with equality only for parallelohedra. What is the minimum of Hk for all и-dimen
sional convex bodies? We shall see that this question is even for и=2 hopeless.

In the plane we have for any convex disc

3k (k+ 1) S  Hk 4fc(fc+l).
The upper bound is attained for parallelograms. The lower bound follows from 
the fact that in a lattice-packing of translates of a convex disc in which each disc 
has six first neighbours, a disc has 2.6 second neighbours, 3.6 third neighbours, 
and so on, and thus 1.6+2.6 +  ...+ k -6 = 3 k (k  + l) neighbours of order á к . For 
a strictly convex disc d the above lattice-packing is a special case of a more general 
packing of translates of d which arises by adding to d the maximal number of first 
neighbours, then the maximal number of second neighbours and so on. In each 
step of this process we can choose the position of a new neighbour of a certain 
order arbitrarily by which the rest of the neighbours of this order is uniquely de
termined [4].

It is known [5] that this “greedy” construction is for each disc d only up to 
a certain value k0=k0(d) renumerative, so that for k > k 0 we have Hk^~3k(k + l). 
But it is imaginable that there is a set of discs dk, d2, ... such that the sequence 
ko(dj), k0(d2), ... tends to infinity. We shall rule out this possibility by proving 
the following

T heorem . For k > 2 4  we have for any convex disc Hk>3k(k + l).

Since the kth Hadwiger number of a convex disc d is equal to the kth Hadwiger 
number of the disc arising from d by central symmetrisation we can restrict our
selves to a  centro-symmetric convex disc c. According to a theorem of D o w k e r  [6], 
there is among the hexagons circumscribed about c of least area a hexagon H  sym
metric about the centre C of c. The side-midpoints of H determine an affinely
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regular hexagon h inscribed into c. It is easy to see that \H\/\h\=4/3, where |x] 
denotes the area of the domain x.

Let H be the hexagon of area |H j_concentric with and homothetic to h (Fig. 1). 
The disc c must intersect a side s of H, since otherwise there would be a hexagon 
containing c of smaller area than \H\= |# |,  contrary to the choice of H. We suppose 
that s is in a horizontal position above C. Let P be the highest point of c, and Q 
the intersection of h and the segment CP. We have CT/C0 = 2/1'3.

Let L be the lattice-packing of translates of c which arises by tiling the plane 
with translates of H  and inscribing into each hexagon a translate of c. In L  let A 
and В be the centres of two discs a and b, both touching c, as well as each other, 
such that the triangle ABC contains P. Let rt be the horizontal row of discs which 
contains those /tb neighbours of c in L whose centres lie in the closed angular region 
ACB. Let ct be the disc arising from c by the translation 2iCP. In the sequence 
cl5 c2, ... let Cj be the first disc which has a point in common with a disc c' of rj+2. 
Since

7 • 2 CP 7 -2 ^ rC Q  >  8 • 2 CQ,
У  3

the centre of c7 lies above the central line of the row rs, showing that /=7.
Let us first suppose that besides c' Cj has no interior point in common with 

another disc of rJ+2.
Remove from L  all discs which have interior points in common with any of 

с г ,  We claim that the number of these discs is at most 3/+1. To see this
observe that any row is overlapped by at most two members of the sequence and 
any pair of touching translates intersect at most three discs of a row. Thus our
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sequence intersects at most three discs of a row. But from rx we loose only a and b. The 
row r2 is intersected only by cx and c2, but the only disc in r2 intersected by t\ (which 
arises from c by the translation CA+CB) is also intersected by c2. Thus we loose 
also from r2 only two discs. The same is true for rJ+1 because this row is intersected 
only by Cj. By supposition, we loose from rJ+2 only c' and from rj+3 no disc. Thus 
the number of discs in question is at most 2 + 2 + 2 + l+ 3 (y —2)= 3/+ l, as claimed.

By the removal of a and b some discs which were (y+2)nd neighbours of c 
in L become (y+3) rd neighbours of c in the mutilated packing. Therefore we start, 
instead of c, with the disc c0 which arises from c by the translation AC + BC. It is 
easy to check that each neighbour of c„ of order = j+ 4  in L which has not been 
removed remains a neighbour of c0 of order S /+ 4  in the mutilated packing. 
Adding to the mutilated packing the discs cx, ..., Cj we obtain a new packing in 
which c0 has fewer neighbours of order ^ j+  4 than in L. However, the number 
of the neighbours lost is not more than 2/+1.

Now we translate c' upwards parallel to those sides of H which are not inter
sected by the lines AC and BC so as to obtain a new disc cJ+1 which has a boundary 
point but no interior point in common with Cj. Consider all discs in L  which arise 
from c' by a translation CX  where the point X  lies in the closed angular region 
ABC. Together with c' translate these discs in the same direction and through the 
same distance as c' and replace the original discs by their translates. In the packing 
Lf obtained in this way cJ+1 is a (_/+3) rd neighbour of c0 and the two first neigh
bours of cJ+1 above it are (y+4) th neighbours of c0. Thus in L' the defect in neigh
bours of order S /+ 4 compared with L is at most 2y'+l—3=2y—2. But since 
for k ^ j+ 4  c0 has in L' one more fcth neighbours than in L, the defect in neigh
bours of order sfc decreases by one when we go over from к to k + 1. Thus c„ 
has in L' at least as many neighbours of order g3y'+2 as in L and more neigh
bours of order S3/+3 in L' than in L.

We still have to discuss the case when Cj intersects the interior of two discs 
c' and c" of the row rJ+2. Now we consider all discs in L which can be obtained 
either from c' or from c" by a translation in a direction CX. We translate simul
taneously c' and c" along with these discs so that they should not interfere with 
other discs of L until Cj has neither with c' nor with c" interior points in common 
but touches one of them. This construction also guarantees more neighbours of 
order ^ 3 /+ 3  of c0 in the new packing than in L. Since j= 7, we have 
3y+3s24.

This completes the proof of the theorem.
By a modification of the above construction, the number 24 in the theorem 

can be reduced to 23. First we consider the case when CP/CQ^6/5. Let c' be 
a disc in r9 intersected by c7. Consider the discs c'7, c'e and c'h which arise from c 
by the translations 2PC, 4PC and 6PC and connect c3 and c’b by a disc c\ touching 
both c3 and cb. Now the discs cx, c2, c3, cx, c'&, cb, c'7 intersect at most two discs 
from rx, r2, r7 and r8, and it can be shown that they intersect at most three discs 
from r3, ..., re. Thus we have to remove at most 20 discs.

In the case when CP/CQ> 6/5 we have, in the original proof, ./ =  5 so that
3 / + 3 S 1 8 .
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ON THE RATE OF CONVERGENCE IN THE MARTINGALE 
CENTRAL LIMIT THEOREM

by
T. MÓRI

Abstract. Heyde and Brown have given an estimate o f the departure from normality of a certain 
class o f martingales. The proof of their theorem is based on the martingale version of the Skorokhod 
embedding theorem. The aim of the present paper is to give a more general estimate of the rate 
of convergence in the martingale CLT. The method to be applied is based on the Esseen inequality 
and on the proof of the martingale CLT due to Brown.

Let (O, si, P) be a probability space and

{X,n k i  ‘̂ 'n .k  ■ к  —  1 , 2 ,  . . . ,  k n}

be a martingale difference array (MDA) defined on it,i.e.,for each n ê  1 and \ ^ k ^ k n 
we suppose that Xnk is -measurable and E(X„k\#rn k_1)=0  a.s
(3Fn0 is the trivial field).

We shall denote the conditional expectation E (• \&„k) by Ek(- ), if hereby
K,

no ambiguity can arise. For the sake of convenience we shall write JV instead of Jv.
к k = 1

к

Assume that and define Snk= 2  Xnj, Sn=S„tkn, o*k=Ek_1X%l,
к * J=1

V%k= 2  al i ’ Vn = v;-k„, A ,= E \v ; - \ \ .  Denote by Fn the distribution function
j =1

of the variable S„. The standard normal distribution function will be denoted, 
as usual, by Ф.

We shall need some simple properties of the Lévy metric defined on the set 
of all distribution functions. Let X, Y be random variables with distribution func
tions F and G, resp. Then

(1) &(F, G) ^  [Е (Х -У )г]11ъ
and

(2) X (F ,G )*  sup\F(x)-G(x)\.
X

If G is totally continuous, then

(3) sup|F(*)-G(*)|=5(l+g)JS?(F,G)
X

where g =  sup \G'(x)\.
X

By the help of the term L(n,s) = ̂  E(X%kI(\Xnk\>e)) (where I  denotes the
к
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indicator function) the (strong) Lindeberg condition can be formulated as follows:

lim L(n, e) = 0 for all г 0.
M — oo

It is clear that the Lindeberg condition is equivalent to
1

Wn =  f  L (n ,e)d£—0 as n —► CO,
0

supposing that the sequence An is bounded.
Now we can formulate our
T heorem.

(4) sup |Т„(л-)-Ф(х)| U W ^+ A™ ).

This theorem seems to compare with the result of H eyde and Brown (1970) 
in a similar manner as the Lindeberg theorem does with the Ljapunov version of 
the CLT. We mention, however, that applying a suitable refinement of the method 
due to Heyde and Brown one can estimate the departure from normality of the row 
sum Sn by C(WHn +Alf*).

In the case of independent summands H ertz (1969) has used Wn for estimating 
the rate of convergence in the CLT. As a consequence of her results the following 
estim ate can be obtained :

sup\Fn(x)-<P(x)\ ^  C(Wn + An),
X

and this is sharp in the sense that neither the power of Wn nor that of An can be 
increased. We should remark, that (4) seems to be far from being sharp eyen in 
the martingale case.

Proof of the theorem. First we deal with the case

(5) V? s  1 a.s.

By partial summation we get

\E (exp {itSn + - j  *2 K2}) — 11 =

=  12  E (exP {*’*Sn* + " j Kl}~exp { x+ y  i2 K*k-i})I =
(6)

=  2  |£(exp{ihSB>i_ i+ y  i2^ i} £ t - 1(exp{/iÄrBJ —ex p {-y  tV^}))| =

— e'2/2 2  E \Ek-i (exp {itXnk)  — exp { -- \  i2cr^})| 

for every real t .
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It is easy to see that for real x

(7) \eix — 1 — ix + у  хг\ S 4  х2ц(х) 

where /*(*) = min {2, у  |jc|}, and for positive x

(8) \e~x— 1 + x | ^  v(x)

where v(x)=yjc2 if x ^ 2  and 2л: —2 otherwise.
Now using (7) and (8) then applying the Jensen inequality to the convex func

tion v(x) we get

2  E  |£*-i(exP № }  -  exp { - ÿ  f2<r2t})| =

=  2  E I Ek _ ! (exp {/t x nk}  - 1  -  i t Х пк + у  i2X 2k -  exp ( -  у  t2ff2t} +1 -  y  t2 CT2fc)I S
(9)

t 2x 2nkn { t x nk) )  + 2  £ v ( l t°-o ik) ^
к 2  к 2

— t 2 2  Е ( х м х пк))  + 2  ^ v (y  t 2x 2k).
2  k к 2

Since we may assume that t?±0, the right side of (9) can be treated as follows: 

^  t2 2  E(X2kn(tXnk)) =
2  к

=  4-  t * 2 E { X l  f  I ( y  <  \ t X J ) ) d n ( y )  =
z k о

(10) = y t 2 / 2  E(X2nk I(y <  IfJTJ)) dfi(y) =
Z 0 k
1 6  /  v  \  I  ® / l f l

= ~б‘\ 1  L [n’ W dy “ T |i|S/  L(" ,£)i/£-

5 М 1+|7г)иЧ ',4 |'|'Н

2 £ v ( y f 2̂ ) s ( / 2+ y |< 3|)n ;.

By similar arguments 

( 11)
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From (6), (9), (10) and (11) it follows that
1

1£ (e x p { ffS „ + li2F„2} ) - l |  ^  «-/«(2t* + \\t\*)W n.
Since by (5) we have

£ | eT '2_ eY K"| ^ £ |^ /2  1 2( l _ ^ 2)| _  1 ,2 ^ 2 ^ ^

the following inequality is valid for the difference between the characteristic func
tion of S„ and that of the standard normal distribution:

(12) |£(exp {//S,,}) —exp {--^-?2}| =

=  exP { -  \  i2} \E (exp {ffSn +  2  t2 V2}) -1  + E [exp {itSn} (exp {2 t2} -  exp {2 t2 F„2})] | =§

S (2?+j\t\>)Wn+ 2 t* A n.

Now it is time to a p p l y  the Esseen theorem (see L o è v e  (1955)). With the nota
tion Z„= Ŵ l4 +  A^3

2 2 1 24
sup|F .(*)-#(jc)| S -  f  [(2t + j t 2)lV„ + jtA„-] dt+ —  (2n)~1/2Zn

^  1  [2Z | +  2  Z„+ 2  Z„ + 24 (2я) -1/2Z„] ^  4Z„

because we may assume that Z „ ^ 2 , This completes the first step of the proof.

The general case is fairly easy to reduce to the special case proved above. We 
have only to apply the familiar technique to be found e.g. in B il l in g s l e y  (1961). 
Let

if K 2 ^ l ,  and тп =  к if

cn = 1 if K2 ^ l ,  and 0 < c , S l ,  = 1 if K2 = L
Z k  =  Xnk[I(k <  r„) + cnI(k  =  t„)].

Since I(k<  t„) and c„ I(k = z„) are -measurable random variables,
{Xnk, J 5̂ } is also MDA. Quantities to be defined analogously to those related 
to the original MDA are to be distinguished by tilde. Then

\V2n = 2  °lk = 2  kU(k <  rn) +  c2/(/c =  t„)] =  min{E,2, 1}
I * k

thus À„^A„, and since \X„k\^ \X nk\, therefore L(n, e)sL(n, e), thus W„ s  Wn.
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Referring to the special case already proved we have 

03) sup |Д,(*)-Ф(*)1 S  A W '+ A 'J*).
X

In virtue of (1)

<£(Fn, Fn) S  { E [ 2  ( ^ - е д 2}1/8 =
к

(14) =  {e [2  {хл - а д } 1/з =  { E [ 2  =

=  { E Z  (<Ü -  à% -2 E k_, [Xnk (Xnk -  Д,к)])}1/3 =

=  {£[(K,2- l )  + - 2 c „ ( l - 0 4 J } 1'3 ^  A]>\
Finally, (2), (3), (13) and (14) imply

SUP |F B( x ) - < J > ( * ) |  S  ( l + ( 2 T T ) - 1/2) ^ f ( ^ „ ,  Ф)

á  (1 +  (27г)~1/2)5(И'1/4 +  Л2/3) <  l i W ^  +  A'J*) 

which was to be proved.
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ON THE PERMEABILITY PROBLEM

by
J. PACH

A set of non-overlapping open domains lying in the plane in a parallel strip 
of width w, is said to form a layer. The permeability p of the layer was defined by 
L. Fejes Tóth [2], as follows:

( 1) P =
w

inf /
where l is the length of a path connecting one edge of the strip to the other, evading 
all domains of the layer, and the infimum extends over all paths of this kind.

In [3] the following theorem is proved.
T heorem 1. The lower bound o f the permeabilities o f all layers o f squares equals —.

We note that the tiles on the wall can form a horizontal layer of squares of
2permeability arbitrarily close to — (Fig. 1). In [1] B. Bollobás gave another proof 

of Theorem 1. *

Fig. 1

L. Fejes Tóth made the conjecture that in any arrangement of non-overlapping 
open unit squares every two points being at a distance d from each other, can be

3
joined by a path of length ^ — d-\-o(d) evading all squares. However, the methods
used in [3] and [1] do not work for this problem. The aim of the present note is 
to verify this conjecture. Actually, we prove the following
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Theorem 2. Let £f be any arrangement o f non-overlapping open squares with 
sides S i .  Let y and z be two points outside the squares, satisfying d (y ,z )—d. Then

3 _
y  and z can be connected by a path o f length =— d+4 ! <r/+1 avoiding the members 
o f . (Here and in what follows d(y, z) denotes the distance o f y  and z.)

Before we turn to the proof of Theorem 2, let us show that Theorem 1 can 
easily be deduced from it. Let L  be a layer of squares with width w, having 

2
permeability p = ——б, (e >0). We may assume without loss of generality that

every square belonging to L  has sides Ш1. (Otherwise we apply a similarity trans
formation.) Let us fit together n congruent replicas of the layer L. The obtained

2
layer L" has width nw and its permeability is at least — — e. Let /  be an arbitrary
straight line orthogonal to the edges of L". The intersection points of /  and the 
two edges are denoted by y  and z. Then, using Theorem 2 for i f  — Ln, there exists 

3 -—a path of length Ш— nw + 4ynw-\-\ connecting y  and z. By the definition of the 
permeability we get

( 2)
nw

- — nw-\-4\nw + 1

which is a contradiction if n is large enough. This proves Theorem 1.
Let £/’={Si\i£l} be an arbitrary arrangement of non-overlapping squares, 

y  and z be two points contained in no St. We say that P fy , z) is a simple path avoid
ing St if P fy , z) can be obtained from the straight segment yz in the following 
way. If yz does not intersect <S) then P fy , z)=yz. Suppose that yz intersects St 
in the segment игиг. The points щ, vt divide the boundary of St into two arcs, let
UiVi denote the shortest one. (In case of equality ut vt can be chosen arbitrarily.)
Now we obtain P fy , z) by replacing the segment щ vt of S ) with U; vt. If we carry 
out these replacements for all i f j  at the same time then we get a simple path 
avoiding i f ,  denoted by P(y, z). The length of P fy , z) and P(y, z) are denoted by 
li(y ,z )  and l(y,z), resp.

R emark 1. l(y, z)-^2d(y, z).
To prove Theorem 1 we need a lemma. Let R = x1x2x3xi be a rectangle and 

SfR — {^1 i£J] be any arrangement of non-overlapping squares inside R. Let х£хгx2, 
then x ' denotes the only point of x3x4 for which xx is orthogonal to х ххг. Let 
l(x) = l(x, x') denote the length of P(x, x'), that is the length of a simple path from 
x  to x', avoiding ifR.

L em m a . Let R, SfR, l(x) be as above. Then the following inequality holds:

(3) f  l ( x ) d x ^ j A ( R ) ,
xi

where A(R) denotes the area of the rectangle R.
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(4)

P roof. Let d(xx, x^)—a, d(xx, x4)—b. First we show that

A (SJf  Ui(x)-b]dx

holds for any /£/, where lt (x)= /,- (x, x') denotes the length of a simple path from 
X to x '  avoiding St. Assume that the straight segment xx ' intersects St in the segment

ui(x)vi(x). The length of the arc их(х)ьх(х) will be denoted by A;(x). Obviously, 
we have

(5) f  [lI (x) -  b] dx =  J  [А,-(x) -d(ui(x), vt (x))] dx =  f  A,(x) dx -  A (Si),
*i

where the integral extends over all values x for which xx' intersects SL. Let
denote the angle of a side of St and the line xxx2 (Fig. 2). An easy computation 
shows that

(6) J  A,(x)dx = rt sin at(rt+rt tg a,) + (  2r, cos + ' 2r, —
I - ri cos ( j + a , j

2 cos a.

= 3 _ 1 + W a ,  s 3
2 3 cos a, 2

Fig. 2

(Here г j is the length of a side of St.) Combining (5) and (6) we obtain (4). Since

(7) J  l(x)dx — A(R) — J" [l(x) — b]dx = £  f  Vi(x)—b]dx,
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using (4) we get

/  l ( x )d x -A (R )S
J  i C T Z

A(R)
2

which completes the proof of the Lemma.
Now we are in the position to prove T heorem  2. The proof is indirect. Suppose 

that i f  is an arrangement of open squares with sides ш\, у  and z are two points
3

outside the squares such that d(y, z)=d  and there is no path of length S —

4 \d + \  from у  to z evading the members of i f .  Clearly, 64 must hold, 
otherwise taking into consideration Remark 1, у  and z can be joined by a simple

3 -path of length d + 4 \d + \ .  Let e and /  be the straight lines orthogonal
to yz, passing through у  and z, resp. Furthermore, let xx, x2Ç_e and .y3, x46 / such

\d  —
that d(xlt y)=d(x2, y)= d(x3, z)=d(x4, z )= — + \2. SfR denotes the set of all 
squares belonging to i f , which are contained in the rectangle R = x1x 2x3xi (Fig. 3).

V3 Vd ./к
V2 2 2 ^2

Fig. 3
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Let л- be an arbitrary point of the segment xxx2 and l(x) denote the same as in the 
Lemma. First we prove that

(8) №  s

j d + 2 y d + l - 4 Í 2

d

if d(x, y ) s — , 

if d(x, y ) > - y - .

We have to show only the first part of (8), because the second one is an immediate
ídconsequence of the definition of l(x). Suppose d(x, y ) S —  and P(x, x') is a simple

path avoiding 9 R. Using our assumption that any square belonging to У  has sides 
S I ,  we can find two points r, s£P(x, x') such that d(r, x), d(s, x ') ^ )  2 and the 
arc of P(x, я ') between r and s does not intersect any member of У . Taking into 
account Remark 1, we can proceed from у  to r on a path of length s 2 d(y, r). 
Then, from r to s we can follow up the arc of P(x, x') and finally, we can reach 
z using a simple path of length s 2 d(s,z) which evades the members of У . The 
length of this path from у  to z is at most

/(.v) + 2[с/(x, y) + d(r, x)] + 2[d(s, x') + d (x \ z)] S 

S  /(*) +

3 /—Using our indirect hypothesis, this expression is greater than — d+ 4 \!d +  \ which 
proves the first inequality of (8). From (8)

-X2 "1 _  __
(9) f  l ( x ) d x ^ i d [ - d  + 2\^d+\-4 \2 ' ]  + 2y2d

X1
follows immediately. On the other hand, by the Lemma we have

(10) f  l ( x ) d x ^ ^ d ( y d  + 2y2)
xi

which leads to a contradiction if 64. This proves Theorem 2.
By the same method as used above, one can prove the following theorems 

which are generalizations of the corresponding results of [3].
T heorem  3. Let dt be any arrangement o f non-overlapping open rectangles with 

sides ^1  and with side-ratio S r. Let у  and z be two points outside the rectangles,
О -|— у

satisfying d(y, z)=d. Then y  and z can be connected by a path of length S —-—d+ 
+ О(} d) evading the members of M.

T heorem  4. Let M. be any arrangement o f non-overlapping open rhombi with 
sides S i  and with acute angles Sa. Let y  and z be two points outside the rhombi,
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satisfying d(y, z)—d. Then y  and z can be connected by a path o f length

a) = § _ ! _  d + 0 { fd )  i f  <x -Л arccos y ,
s i n  —2____________

b) s  3 j/s in 6y  + cosey  d + 0 (y d ) i f  y. >  arccos y , 

avoiding the members o f ffl.
Finally, we note that L. Fejes Tóth made the stronger conjecture that instead

3 3 1of — i / + 4 / j + l  in Theorem 2 one can write —*/+ — . For a similar open problem
A  A  A

concerning circle-layers see [4].
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ON THE TRIANGULARIZABILITY OF PLANAR 
DIFFERENTIAL SYSTEMS WITHOUT CRITICAL POINTS

by
G. TÓTH

1. Preliminary Concepts and Results

In this note we continue the examinations of the paper [3] to get further results 
about the triangularizability of the two-dimensional differential system

(1) = / ( * 2), *2 =  g(*i, *2)

where the functions /  and g are continuous and

/ 2(*2) +  g2(*i> * 2) >  0 for every (xl5 x2)6R 2

i.e. the differential system (1) has no critical points. We shall suppose moreover 
that the functions /  and g are n-times continuously differentiable for some «Ç N.

We call the differential system (1) triangularizable (in diffeomorphic sense), 
if there exists a C"-diffeomorphism U=(ul , u2) of R2 which transforms the system
(1) to a triangularized form:

ù1 = a(u1), ù2 = b(u1,u 2)
(see [4]).

Throughout this note we shall use the definitions and notions of the above 
mentioned papers [3] and [4] and we refer also to the book [1].

In [3] we gave a sufficient condition for the triangularizability of differential 
system (1) in homeomorphic case where our examinations were based upon the 
total topological description of unstable triangularizable dynamical systems on 
the plane.

In [4] we proved the validity of this description in diffeomorphic case, too, 
therefore we may state the diffeomorphic version of Theorem 2 of [3] as follows:

T heorem  1. The differential system (1) ( with the above conditions) is triangular
izable provided that the following assumptions are valid:

A. The function f  has at most two zeros;
B. g(xlt for every \x2\>K, where К is a sufficiently large number.

2. New Results

Our aim now is to give two generalizations of Theorem 1. To do this, first 
of all we mention that in the proof of Theorem 1 Condition В ensured the 
parallelizability of the dynamical system induced by (1) outside a sufficiently wide
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strip parallel with the first axis. So, if we introduce the property:
CL. The dynamical system 
<p|<p(R2-R X (-T ,T ) ;  R)

is parallelizable for some L>0,

then our problem is reduced to find analytic assumptions ensuring the condition CL, 
First we give a simple generalization as follows:
T heorem  2. I f  Condition A holds and for each finite interval I d  R the set

Zsn(/X R )
is bounded, where Zg= {(лу, x2)f R-: g(xx, x.f =  0}, then the differential system (1) 
is triangularizable.

P r o o f . We must show that our assumption implies CL for some Z.>0. Let 
L>m ax (\ц\, |v|) where ц and v are the zeros of / ,  if an>. Without loss of generality 
we may restrict ourselves to the upper half-plane RX(L, <=o) since otherwise we 
perform a reflection to the first axis. By similar reasons we may suppose that /=>0 
on (L, °=) since otherwise we can introduce a new independent variable ? = — tÇR.

If cp is not parallelizable on the upper half-plane R X i f ,  °°) then — because 
of the fundamental theorem of topological dynamics (see [1]) — there is an im
proper saddle point on it which has limit half-trajectories <p(p; R+), cp(q; R _)c  
c R X ( L  <») with P i^q i-  Since the function /  does not change its sign on (L, <=o) 

the functions
<Pi(P, •)» <Pi(q, •)•• R

are strictly increasing and so <p1(p, t)<(px(q, s) for each t€R+ and ^ÇR_. Therefore 

p* = lim (pfip, t) Ш lim (pfq, t) =  q*
t-* -o o  i - > - o o

and
(2) lim (p2(p, t) =  lim (pfq, t) = °°

t  -*■ OO l  —*■ — oo

(see Figure 1). Let I=[Pi,qi\ and consider the restrictions:

<Р2(Л  -)I{^R: срЛг", t)£l},
where r’{ = px with r ^ / p 2. Since cp(q; R) is a limit trajectory there exists a divergent 
sequence (i„)„eNc R + so that (pfip, tn)=q1 with (p2(p, tn) / q 2 for each sufficiently 
large n^NÇ.N. Because of the relations (2) there exists a maximum point z" on 
cp2(rn, -) I {?ÇR: cpfr", t)£I} from an index n ^ N 0£N such that z\^I. But 
and which is contradiction to the boundedness of Z9n(/X R).

The reasonings of the previous proof show that the situation is in close 
relation with the continuations of solutions of ordinary differential equations. 
This idea leads us to the following :

T heorem  3. I f  Condition A holds and for each finite interval I d  R there exists 
an integrable function

Mr. R — ( - £ ,£ )  - R  +
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(£>max (\fi\, |v |) as above) for which

“ I ~L i
/ Т Г - / Т Г

and

(3) max |g(s, x2) -g ( t ,  x2)| S  M ,(x2)\f(x2)\ for each \x2\ è  L,
s , i £ /

then the differential system (1) is triangularizable.
P ro o f . T o prove the validity of CL we proceed again the argumentation as 

in the proof of Theorem 2 and we have two trajectories (p(p; R) and (p(q; R) 
satisfying (2).

Now let I=[pi, qf\ again and let h: [pi,p*)~*R be defined by

h((Pi(p, 0) =  min cp2(p, т), ( ë  0.

Obviously, h is nondecreasing and lim h(s)=°°.Ê-+ n*
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From the relations (2) it follows that there exists a number x£[p1, p*) such that 
<p2(p, is valid when cpi{p, t)Ç\x,p'). Then we state that

Mjoh h
on the interval [x ,p *) except possibly a countable point-set on which h does 
not exist.

This is clear when h vanishes. Therefore it is sufficient to restrict ourselves 
to the case h>0. So let (pip, t0) be an arbitrary point for which q>x(p, f0) :=x and 
let us prove the inequality at the point <Pi(p, t0) provided that h((p1(p, /„))>-0. 
Clearly h((p1(p,t0))=(p2(p ,t0). If we set

s0 =  suppr1(Rx{ç>2(P> t0)}r\(p(q; R))€/
(the section in brackets is not empty because cp2(p, 0=9г and (2)) then 
g(y0, PaCP, h>))=0 and therefore

;  /  /  .  M g ( < P i ( P ,  to), VÀP, t0)) „  g(<Pi(p, to), 4>ÁP, to))-g{so,  <P2 ( P ,  to))
к Ы р ’ to)) =  / ( < p 2 ( p , v 0) ) -------------= --------------------------------- Ш р , to))-----------------------

So
=  Mi(cp2(p ,  t0j )  =  (М го/г)(ф!(р, t0)).

P < - X S J
I,

which is a contradiction.
Mi° h bd) M>

f  —  J M,

R e m a r k . If w e  s t u d y  t h e  t r ia n g u la r iz a t io n  p r o b l e m  o f  u n s t a b le  s e c o n d  o r d e r  
d i f f e r e n t i a l  e q u a t io n

x  +  g ( x ,  x )  =  0

we see that Condition A is automatically satisfied because

/ ( *  è  =  ~ x 2 , x 2€ R .

In this way we can get some results to the second order equations, too, as con
sequences of Theorem 2 and 3.
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ON THE STRONG SUMMABILITY BY THE (C, a)-MEANS 
OF FOURIER SERIES

by
V. TOTIK

1. Let /  be a 2^-periodic integrable function with Fourier series

SU] =  4^+  2  (ai cos vx+ bv sin vx) =  2  AÁ*),
Z v = l v=0

and let
o o

S [/] =  2  (av sin vx — bv cos vx)
V  =  1

be the conjugate series to S [/] . Let us denote by ck( f ;л) = ak(.x) and ck(f;x) — 
—dk(x) the (C, a)-means of S [/] , and 5 [/], respectively, thus, e.g.,

<**(*) = - 4 - 2 '  Ak-vAÁ*) (a > - l ,  к = 0, 1,...),
v =  0

where Specially, sk(x) = a<k(x) and sk(x) = <j£(*) are the partial
sums of £ [ / ]  and S [/].

By the well-known result of Zygmund [6] we have for any p> 0

( 1 . 1)

and

( 1.2)

—ГТ 2  \sk U ) - f ( x ) \ p =  o x (  1)n + 1 k = o 

1
и+ 1 k = 02 14  (*)-/(*) Ip =  °v(i)

almost everywhere (a.e.). Zygmund proved also that (1.1) is valid at every point 
of continuity.

L ein dler  [4] raised the problem: Can we replace the partial sums s k and s k 
in (1.1) and (1.2) by (C, a)-means with negative a? In the present paper we deal 
with these questions. Our main results are1

1 J L
T heorem  1. Let 0 ^ a > ——,p > 0  and p a >  —1. I f  /€ L 1+a then we have

(1.3) - j -г Í  MW-/Wlp = o,(l)И-bl k=0
1 It has turned out that G. S u n o u c h y  proved also this result (see Tôhoku Math. J. 6 (1954), 

220—225). Our proof, using a result from [7] is much shorter.
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and

(1-4) —х т  2  К  (* )- /(* )  I * =  ox(l)<1+1 t=о
almost everywhere.

From this, using the method of [2, Theorem 8] we get easily the

and

Corollary. With the assumptions o f Theorem 1 we have for у

lim -77 2  Aynz lK ( x ) - f ( x ) \p =  0 (a.e.) A rn k=0

lim 1
(n +  l)p 2 ( k + l ) fi- 1leri(x)-f(x)lp = 0 (a.e.),

—pa and for

respectively.
1

Theorem 2 will show that the assumption fZ L l+<* cannot be reduced in 
Theorem 1.

Theorem 2. I f  0 =—  1 and p >0, then there are functions f  such that fZ L ß
fo r  every /?<  ̂^  but

(1.5)

almost everywhere.
lim sup 1

n + l u=o2  K (x ) - f ( x ) \p =

The existence of such an /  for which f£ L ß for any ß-=

lim sup —J r  2  Ш х) - f ( x ) \p = «  (a.e.)
" —00 n + l fc=o

1 + a and

could be proved similarly.
We have mentioned that (1.1) is valid at every point of continuity. As regards

(1.3) and (1.4) the corresponding statement is

Theorem 3. Let us suppose that the assumptions of Theorem 1 are fulfilled. 
I f f  is continuous at x  then (1.3) is true. I f  in addition, there exists f  (x), then (1.4) 
is valid, too. J

Furthermore, there is a function f  such that f£  IJ  for every /?<------ , /  is con
tinuous at the point n, but

(1.6) limK(7r)| = 00.к —со

Corollary. Under the assumptions o f Theorem I (1.3) is true uniformly in x, 
i f  f  is a continuous function.

The following theorem shows that the condition — 1 was essential in 
Theorem 1.
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T heorem  4. I f  0 > a >  — 1 and pa< — 1 then there are continuous functions 
for which (1.5) is true almost everywhere.

2. To prove our theorems we require some lemmas.

Lemma 1. Let a>— and

(2.1) F(z) = a0 + 2  К  -  ibv) zv
L  v=l

which for z —eix reduces to 5 [ / ]  +  /S [/]. I f  t k(x) is the k-th (C,oi)-mean o f  (2.1) 

for z= eix, then we have f o r -----> p ê 2

{ 2 ^ (1+a)p|t2W
k =  0

1_

t * + 1 ( * ) I V p } p  =  к \F'(zeix)\4
|1_^ |(И -« )4

(? =  J Z J ’ z = Qei"’’ Ö <  l)-

The proof can be found in [3, pp. 158—159].

Lemma 2. Let us suppose that у =-1, /  is non-negative and vanishes in a perfect 
set EQ(0,2n). I f  U(ß,(p) is the Poisson-integral o f f  then

f  Цу(в, (P + x) 
J \ \ - ве<*\У dtp = ox((l -  e)1 y) (в -  1 -0 )

for almost every x£E.

The proof is given in [7, II, pp. 184— 188].

Lemma 3. If{(pk}r=i Is an orthogonal sequence on [a, b] with |<p*|sl (k = 1, 2, ...),
then

H m ^ r  2  <Pk(0  =  0

a.e. in [a, 6].
This is an easy consequence of [1, 1.5.1.].

1 J _
3. Proof of Theorem 1. We may suppose ——<a<0.  But then fZ L l+x 

1 2 
implies /<cLl+I (see [7, I, p. 253.]), and so we have to prove only (1.3).

It is enough to prove that 1

(3.1)
1 2 n

— 2  K(x)- f (x) \p = ox(l)
a 4=n+l
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a.e. for any p <  ——, namely (3.1) implies for 2m_1< n ^ 2 m

—т у  i  W W - /W lp * 2  |e îW -/W I») =и T 1 k = 0 n + l  v = 0 k = 2V+1

= о, ( ) 7Хт 2 12т) =  ол(1) (a.e.).\n-\- I y = 0 /
First we show (3.1) when /617 for some 2 s r : 1+a

1 r ( 1
By Hôlder inequality we may su p p o se -----> P= -----г  namely r > - —r \ a. r —I t  1 -t-

implies - —— a =—  1J.

With the notation (рх( 0 = - ^ ( / ( х + t)+ f( x —t) —2f(x)) we have

°k (x )- f(x )  = — /  q>x(t)K£{i) dt 
n  о

where K£(t) denotes the (C, a)-kemel (see [7,1, p. 94.]). This gives
1 1

+ a

I l  I* IT  í 1 J; | 2  Jr IpIT
2  K ( * ) - / ( * ) l 4  s | —  2  —  f  <Px(!)K£(t)dt\ }  +  

i  l « *=n + l I Я g II

+f^- 2 ~z /</>*(0^f(0^i }P= AW +^(4I n  * „̂ + i Я I J

If X is a Lebesgue point of /  then by \Kg(t)\^2k  ([7, I, p. 95]) we have
1 In 1/n /  1 \

I /  q>x(t)Kg(t)dt \ == 2k J  \cpM dt = 2kox -  =  0, ( 1) (fc s  2n)
о 0  v '* '

and so 71(x)=o,(l).
To estimate I2(x) we use the formula

**“(0

« Ы Г

20(0 а (1Л, , 1 )+ 7 7 7 -1 7  liei*l,T ^ i S «J
H 2 sm y J

(see [7, I, p. 95]). Writing this in the place of Kg(t) we obtain

* <P*(0 cos I
h ( x )

2 n
2k = n +1

——  f
П Al !/„

1 +  a  ̂ 7za
2 1 2

(2sí"t)‘
sin kt dt +
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+
f J in
-  2  l И k-n + - -  /  n Al i,„

. f l + a  mxl
— y \

(г“'тГ
cos ktdt\ } +

J

F
+ \ ±  2  1  j  у, (026(0« j y  = h Á x)+ h Á x)+ h Á x).

[ n k =„+1 n  t )  |J
k (2s in j f

h

Let <Px<T(h)= J \(px(t)\r dt. At every Lebesgue point <Px l (h) = ox(h), and so

we get by partial integration

/ íP* (020(0“
V» к (2 siny)

dt 8 j  |y,(QI _  8 Ф,л «)
1/П

Г  \<Рх у л  d t  =

-  п J t2 И /2 " + V  / - ^ * = 0 , ( 1 ) ,
п 1/п ‘

and together with this /23(д:)=ох(1).
The estimations of /21 (x) and /22(x) are similar, so we shall deal only with the 

former.

Let q— ^ . Because of o s — and r^ 2  we have p s 2  and byp —1 Г—1 1 J
apply the Hausdorff—

. . .  Г1 + a  roxi<px(0sin [—  J

which f t L 9. Thus we can apply the Hausdorff—Young theorem ([7, II, p. 101]) 
to the function

M O =
(2siny ) " ’

if t t i b n

and we obtain
otherwise,

h \ (*) = O ln p

since сака-^А1^Ьхк* (ot~— 1, c„>0, k = \, 2 , ...).
f t L 4 implies that <l>xq(h)=ox(h) a.e. ([7, 1, p. 65]), and so

l M  = o \ n ~ т ( * * 1»  [ ] ’+ „ — j {  - 1

(  1  1
1 ft ft 1 1 1 ft J(  i Д  q \ I I1 к  В  — Т 1 Т И  I

\ n  p + n  p  1 Ы9
l +  o , 11” "(1 In

a.e., where we used that a 4— >0 and (l-j-a)<7>l.
p
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Collecting the above estimations we obtain (3.1).
1

After that we turn to the case /€L 1+a.
We may suppose that f= 0 . Let f x be a bounded function coinciding with 

/  on a perfect set EQ(0; 2n) and equal to 0 elsewhere. By the above case ( fÇ_U
for some j, (3.1) is true for f x a.e., and so we only have to prove that

it is also true for f —f x a.e. in E, since the measure of E may be arbitrarily close to 2n.
1

Thus we have reduced the problem to proving that if an f f L l+x is non-negative 
and vanishes in a perfect set E, then (3.1) is true a.e. in E.

Because of al+1-*f(x) (k-+°°) a.e., it is enough to show that for ----

(3.2)
a.e. in E.

1 2 n

-  2n *=„+1
Ok+1-Ok(x)\p = ox( 1)

Since a >  — — and pa - 
p ' Ш max (2, p) and p' a -

T, we can give a number p' having the properties

1, and so, by Hôlder inequality, we can suppose in

the proof of (3.2) that —.a
Using the notations of Lemma 1 we have

(3.3) { i  k(1+“)p\г*к(х)-т Г Ч х)\р вкрУ  ^  / \F'(zé

(3.4)

Let (5 = 1 — 0. If we show that

\F'(zel*)\*Г 'r  KZ
J II — ne}|1 _ ее.>|а+«о«

- Qei<p |(1+a,4 

dcp = ox( ^ - (2+i)«)

d<p\ (z =  q e ^ ).

f i _ ± V U 1__lvl  n)  l n )

a.e. in E, then setting 8 = — and using the inequality

( 1 Ч2и
(/< = 2 n)

we obtain (3.2) from (3.3) (take into account also that ak(x) — o |+1(x) is the real 
part of rl(x)-T xk+1(x)).

Finally, if /  (Q, <p) is the Poisson integral of /  then

IF \z e ix)\ si - | / ( ö ,  (p+x)

(see [7, I, p. 258]), thus to prove (3.4) it is enough to show that

f q(Q, ( p + x )г г ч _  Г 7 40, '
I x Q  ̂ J  1 1  — ne''\l-Q ei<p\(1+x>q dq> = ox(81-^1+x)q)

a.e. in E.
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Let P(q,<p) and U(Q,cp) be the Poisson kernel and the Poisson integral of
l

f l+a, respectively. By Jensen inequality we have
1

f 1+a(e ,  <p) =  f  f ( u ) P ( Q ,  ( p - u ) d u }  S y  f  ( f ( u ) ) 1+xP(Q, ( p - u ) d u = U ( Q , < p )
—it — It

and so by Lemma 2

/  ( q )  =  f  ( / 1 + , X ( g >  < ?  +  A - ) ) ( 1  +  c 0 l i  ,  Г Ua + X)4(g, (p+x) ^ 1 - ( 1  +  а ) л

a.e. in E, and thus the proof of Theorem 1 is completed.
P roof of T heorem  2. We shall give a function which is in Iß  for every ß- 1 +а

and for which (1.5) is true almost everywhere in  ̂— у  ; oj. At the end of this proof

we shall sketch how could be constructed a function satisfying (1.5) a.e.
For the 27r-periodic function /  let

fix )  =
X (1+at)log— if 0 < x S l ,д.-

It is clear that / € / /  for every ß-

if xÇ(—7г; 0]U(1; 7i], 
1

1+a
Since /  vanishes in ( — n; 0), it is enough to show that if

Ck(x) =  —  f
г / ( * + 0 sin[ ( f c + 4 + | ) t - f ]

k 1 Ik
(2siny)^

dt

then

(3.5)

a.e. in

I 2 n
lim — 2  IQ(*)IP = °°

П k = n  + l

y ;  oj (see the proof of Theorem 1).

Let e be a fixed positive number which we shall choose later, and let 
y ;  oj. For large enough к we have

Q(*) =  - /
1 ;  /tosin[(fc  + y  +  - f j ( T - * ) - ^ ]

k 0 ( -  . T — л Л 1+а

l2sm— J
dr,

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  12 (1977)



4 3 6 V. TOTIK

and so with the notations

and
ak(x) =  {k + \ + - Ç \  (-* )  —y  (mod 2л) (ал(лг)€(0; 2тг])

b*W =  ( f c + y + y )  (2тг-  afc(л:)) (fc = 1, 2, ...)
we obtain

,  [ /
* 0 bk (x )

Now let us suppose that

(3.6)

! / i\ / ( T) sin [ifc+ y  +  y )  T +  (*)]

Q W  =  l f l /  + , / J  г т т д а
l2sm — J

dr = /и (*) + 4г(*)-

a*W€(0; e).

By the second mean value theorem we get 1к2 (х)ш0, thus if we show that with 
the suitable choice of e it is attainable that (3.6) should imply Jki(x)^c(x)  log к 
with a c(x) > 0 constant independent from k, then

(3.7)

will be satisfied, too. But

Q (x) ^  c(x) logic

4 iO ) =  

(3.8)

2 ™ т ( ^ Ч ^ _Д;)] -к ]/W sin  [ ( * + - j + l ) '  +
k+ l  + 2

= -j7 Ï  /с о  sin [(k+-г + 4 ) т+ ak с о ]dz-
Here

f>k(x) 

0

M*>
(3.9) J  /(r)s in  [(к + у  +  у ) т +  а*С0 dr =

1 2я — ûk(x)

1 „■ /
C+ T + T  • 7 1  a

k + T + T

-(!+*)
log

1 a
k + T + T sin(u + ak(x))dM =

=  (/с+т + т )  | 1оё(^+ т + т ) ] ^ ( а* ^ ) + (/с+Т + т )  4 a*C0)
where

з я - у  2я - y  /  j  \

g(y) = J  [(-<!+“) sin (u + y)du and h(y) = j  м_(1+а) ^log —I sin(M+y)du.
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Clearly, g(;>) and h(y) are continuous functions and g(0)>0, Л(0)>0, thus we
can give e>0 so that g(at (x ))> y  g(0) and h(ak(x)) >0 should follow from (3.6).

If we choose e in accordance with the previous condition then (3.8) and (3.9) 
give (3.7) for every к satisfying (3.6). Thus we have

(3.10) ±  2  1С*(*Жё(с(х))Ч1о8 п у 4  2  1-
n k—n + 1 П n<fĉ 2n

ak(x )  £ (0 ; e)

Let now х=9л ( ^ ( - y ;  ojj where 9 is irrational. It is known (see [5, p. 71])
that the sequence {&9}Г=1 is mod 1 of uniform distribution in (0; 1], and this im
plies that {ak{x) } k=1 is of uniform distribution in (0; 2л]. Thus to every rj>0
there exists Nn such that for n >Nn we have

I f l  / £
— 2  1 1 V n lets» l ~ 2 я <  1 -

ak (x )  6 (0 ; c) 0

By this we have for n>N t
12я

-  2  1 > — Í í y --- -7J-n n П 1 А 2 я  1 2 л
I2" “ — + — 1/ I = _L

Лп \Ъ i) J 4л
ak(x)i(0;e)

and so (3.10) gives
1 2n F

— 2  IC*(*)IP >  (Ф )  log и ) '— ,n k=n + l 47t

from which (3.5) already follows.
Finally, we sketch in a few words how we can prove the proposition of Theorem 2 

with the aid of the above argument.
For 0<>7<£< 1 let

The function

*-<!+«> lo g -  if x ^n -e ),

if x€[-rc; r;]U[e; л).

f ( . X )  2  2  n  +  j >  X  j  ~  J
n = l  j = 1 V -4 /

is in U  for every provided that e4 „+1)+J<t]in+J(n = l , 2 , j = l , 2 , 3 , 4 ) .
Now taking into account that (1.3) is true a.e. for bounded functions, we can 
determine the sequences {t;*}r=i and {efc)r=i step by step so that /  will satisfy (1.5) 
a.e. We do not go into the details.
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Proof of Theorem 3. Let e> 0  such that /  be bounded in ( x — e ;  x+e), 
let / i  coinciding with /  in (x —e; x+e) and 0 elsewhere and f 2= f—fi-  The first
part of the proof of Theorem 1  ̂f£ L r for some /•>  ̂^  j shows that (1.3) is
true for f lt thus we only have to prove the same for f 2.

f 2 = f2 —f 2 where / 2+ and f 2 are the positive and negative part of f 2, respec
tively. But / 2+ is non-negative and vanishes in (x —e; x+e), thus cr%+1 ( f 2 ; x)-*•()= 
= f2 (x), ff*+1(/2+ ; x)—/ 2+ (x) (see [5, I, p. 94]), and the proof of (3.4) shows that 
it is true for / 2+ at x. By the proof of Theorem 1 these imply that (1.3) is valid for 
/ 2+. Similar argument shows that (1.3) is true for f f ,  too, and so it is also true for 
/ 2, which was to be proved.

The proof of (1.4) when /(x )  is defined and /  is continuous at x follows the 
same line, only we have to use the formulas

and

Щ 0 ) =

m )  = j  c o t g j - H k*(r)

К, 1 a )  roxl
1 + 2 + x I ' ~ t I

--------7-------ГЧТГ"---------- b-
200) a

(2si4 ) ‘

( -1
instead of the one for K£(t).

u  l, j

fe(2siny ) ’

n )

and let

Finally, to prove the last statement of Theorem 3 let g(x) be 27i-periodic and

if x£[— 7r; 7Г], 

n - \x \ Ÿ +a

g(x) =  |x| (1+a)log
1*1

/(* ) =
gW  (2 sin -

1 + acos—-—x
(х£[-л; я]).

have

We shall show that /  satisfies the requirements.

It is clear that f£ L ß for every /?<- , ■■■ and that /  is continuous at n. We1 +  a

k o o i =  K 0 0 - /0 0 I 71 Л„ I/
1 In

n , 4 . \( 1 (x\ 7ral
• V .(0 « m [(n + T + T J l - T .J

(2sin t)1+j
dt

l /И  r \  71

- ~ \ f  <p.(t)KS(t)dt\-~ f
0 l /и

2 ?

n (2 s in { )
dt
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(see the proof of Theorem 1). Here the second and third member are o(l) since 
/  is continuous at я.

Now (pn(t)= 2f(n — t), thus

=  (—1)" J  g(r) cos nrdT + (— l)n+1 J  g(r) tg sin nr dz + O .
— к — n

The function g(r) tg *s °f bounded variation on [—я; л], thus its Fourier

coefficients are It is known (see [7, I, p. 190]) that the cosine coefficients

of g(r) are asymptotically rf log n, and so we get that

К (я)| S  c -jj- nx log n ä  d  log n (c, cx >  0, n £  n0) 

which proves (1.6).
The proof of Theorem 3 is thus completed.
P roof of T heorem  4. To simplify the computation we assume that 0 > a £ y .

We shall construct a continuous function /  for which (1.5) is true a.e. in

(—У  ; у ) '  kas‘s our arêument the proof of the general case is very
easy but technically much more complicated.

It is enough to show a continuous /  for which

lim sup — \o*(x)—f(x)\p = o° л — о» n
■ ( л я )

a e' Ш 1  3 ’ 3 J '
Taking into account that 

T V"
< (x )- f(x )  =  — /  <px(t)K*(t)dt+ — —  f

^ 0  71 A n J
1 I n

<px(0 sin [ Jn + у  +  y j  Г -

(“ п т Г "

dt +

+ — M . i )
7Г , /1 In n 12 sin y j

and that the first and third member on the right are o(l) whenever /  is continuous,
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our problem is reduced to constructing a continuous /  for which

Let и be a fixed natural number divisible by 3, and for the 27t-periodic gn(t) let 

g„(t) =  sign t sin nt л]).

With the notations Xj=J~  ( |У 1 ^у ) and ÿ x( t ) = j ( g n(x+ t)+ g n( x - t ) - 2 g n(x)) 
we obtain easily that

(3.12) x/,Xj(t) =  

Let

Q n

0 if 0 ^  t ^  or n — = 1 u,n n

(— I)7 sin nt if

?n ( f ;  X) =  J

1 In

? ^ { f ( x + t ) + f ( x - t ) - 2f(x)} sin [(«+ 4- +  4 )  y ]

(3.12) gives
1Л*

Q n (g n l  Xj) =  J  ( —  i y

I

7til*
dt+

iji*

+ T ( - i y +1

1

/
\j\n

(2 ™ т Г '

“ 1( H ) - f ]
(2siny)'+a

K2-4 +l ) - f ]
12* " т Г

dt.

cos
dt.

By the second mean value theorem the second member on the right is not greater 
in absolute value than

1 1
2 L • IV* I я )1+ot

l2sm 2n J
- 1 a
2n+T + 2
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thus if nSn, and 171—y  then we have

.. 1 2л/3 (1 + a  яа) , 1
(3.13) l ß « ( g » ;  *>)l S  у  /  cos| — — j - J A s  —.

Using the inequality
rc/3

1,(01 ^ 2 п М  =  2Ы

we obtain from (3.13) that if O s j ^ y l O  2( —a) then

|ß . ( & ;x / + - J - y ) |s ß 1(g .;x j) -  / т — - T + 7 J' ' 2 X7C- 10 1
1/B |2 s in y J

We have got that if я ^ я 0,10_т°: 10_2( —а) 
2я (m0 integer) and

x4in; 7) = f'w (J = " T ... y-1)
then

(3.14)

Let

ß n(g„; л:) s  10 x. 

2 P

We shall define a sequence {n*}“=1 of natural numbers as follows: Let us suppose
it—x

that «0^«!-=...< я к_! are already defined. The function hk(t) = 2  nt~sg ni( t)
i = l

belongs to the class Lip 1, which implies (as one can see easily) that Q„(hk‘, *:) =  
= 0(n“) uniformly in x. Let now nk be such that

(a)

(b )

and

(c)

IQnk(hk\*)| <  10 2nk (д:€[—я; я]),

10mont _1|nt

minIsiik̂ - х { ^ (“ а)”Г4}

should be satisfied. Thus we have defined the sequence {я*}. 
We claim that the function

gnk(x)fix )  = 2

satisfies our requirements. 

11

k“  4
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(c) shows that j-, and so /  as the sum of a uniformly convergent
series of continuous functions is continuous itself.

If now xZlj(nk) for some к and |y '|S y -, then (3.14), (a) and (c) imply

lö„k(/; *)l S  IQ„k{g„knk s; x)\-\Q„k(hk- x ) \-
oo 71

- 2  max I 2  » rÄg„,(0| /

(2sinT  Г
■d/

10-1иГл- 1 0 - аиГл- 2

and so
(-« )

“  10-2 I
/ = fc + l ^ ^

1 1  , -f-(-ap-l)
---------- ie„k(/; *)lp ^  cnk 1-*p- Sp = cnt2n* {Alky

If & — the right-hand side tends to infinity, thus it remains to show that if

n k= U W
ö

(71 Tl\
— — ; y l  is contained in infinitely many Hk.

Let Xk(0 — 1 if t£Hk and 0 elsewhere. We have to show that 2  Xk(t)= °°k = 1

a.e. in | — у ; yj, and this will follow if we prove the existence of such a sequence 

{»?„} for which

(3.15) lim —  2  f o ( 0 - 1 0 - m°) = 0mn k=1

a.e. in (—Z ; y j .  (b) and the structure of Hk the sequence — 10_m°}~=1

(
71 71 \

— у  ; y j ,  and so the existence of a sequence { m „ }  satisfying

(3.15) follows from Lemma 3.
The proof of Theorem 4 is completed.
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IF THEN c a n n o t  be a m in im u m

by
A. MALLIK

In t r o d u c t io n . If L(s, x )  is the ^-function belonging to the real primitive 
character x (mod |£>|), for a fundamental discriminant D, then it is an outstanding 
conjecture that

(1) L(s, x ) * 0  for s€[0, 1].

This conjecture seems totally unapproachable at the moment, but we mention here 
a result of Low [2], who proved that

(2) £ (s,* )? iO  for s€[0,l] if 0 >£> > -5 9 3 0 0 0 . £ > ^ -1 1 5  147.

Values for for Z><0 have been used by Montgomery and Weinberger

(3) , in connection with the class number two problem. For a selection of values 
of the class number /?(£>), they selected the largest |Z>| known, e.g., hi —163) =  1,
h( — 427)=2, and amongst other things computed C ^ y ,x j for that discriminant.

The values found were extremely close to zero, e.g., they found C ^ y ,x j  = 
=6.0362Xl0~s, £)= —115 147. This numerical evidence might lead one to suspect 

that £ ^ - , * j  is a minimum of L (s,/)  for у£[0, 1]. To prove that this is not the 
case we prove:

T heorem . Let /  be a real primitive character mod | £ ) j ,  with |£>| >320, such 
that L ^ y , / j >0, then L ^ y , / j  cannot be a minimum of L(s, /) for s£[0, 1].

C o ro lla ry . I f  D?± — 115 147, ami — 320 >£)>  — 593 000, then £ /^ - , ; ( j< 0 .

P roofs. The functional equation for £-functions belonging to real primitive 
characters is given by

(3) G(s, X )  =  ( ^ y )  2 Г ( ^ ) c ( s ,  X )  =  G(l - s ,  x ) ,
where

a  = y ( l - x ( - l ) ) € { ° .  ! } •

S'udia Sclentiarxim M alheniaticarum Hungarica 12 (1977Y
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Thus from (3) we have,

(4)
4

L(s, X).

Differentiating (4) with respect to s and then setting s = —, gives

(5) - ^ .z ) - * ( £ ) +f(M )-
We now show that for \D\ sufficiently large the r.h.s. of (5) is positive. For

<2=1, 

and for <2= 0,

The lower bounds are got from Table 2 on p. 15 of [1].

Thus the r.h.s. of (5) is positive for log >4.22, i.e., |ű|=-7ie4-6%314.
This proves the theorem and the corollary follows immediately from Low’s result 
[2], on noting that L( 1, y) >0.
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A PROBLEM CONNECTED WITH MULTIPLE 
CIRCLE-PACKINGS AND CIRCLE-COVERINGS

by
G. FEJES TÓTH

Dedicated to Professor J. Molnár on his 60th birthday

A system of circles is said to form a к-fold packing if each point of the plane 
belongs to at most к circles. Analogously, a system of circles is said to form a k-fold 
covering if each point of the plane belongs to at least к  circles. Let ôk be the su- 
premum of the densities of all k-fold packings of equal circles and let Ak be the in- 
fimum of the densities of all k-fold coverings with equal circles. The longstanding 
problems of finding the densest k-fold packing and the thinnest k-fold covering 
of the plane with equal circles are solved only for k = l ,  i.e., for ordinary packings 
and coverings, and seem to be extremely difficult for k^2 . Therefore the rather 
vast literature devoted to the study of multiple packings and coverings with equal 
circles [1, 2, 3, 4, 5, 6, 7, 10, 12,14, 18, 19] deals only with the following two simpler 
problems :

Find the densest k-fold lattice-packing and the thinnest k-fold lattice-covering 
with circles.

Give possibly good lower and upper bounds for the quantities 5k and Ak.
As to the first problem, the densest k-fold lattice-packing of equal circles is 

known for l ^ k á 7  [2,7, 18]; the thinnest k-fold lattice-covering with circles is 
known for l s k á 4  [1]. Denoting with 5k the density of the densest k-fold lattice
packing of circles and with 2 k the density of the thinnest k-fold lattice-covering 
with circles, we have

Sx = — -  = 0.906..., 5* =  25j =  1.813...,
2  f i

= 3(5j = 2.720 ..., 54 - 454 =  3.627 ...,
,  35л ,  . . .5e = ----— =  5.611 ...,

8 [6

= 6.489...;

Ax = - ^ L =  1.209..., A2 =  2Ak = 2.418 ..., 
V27

Ая = пУ 21138 +2910 У97 ,
216 -  3.435...,

Л
25л

И Г = 4.363 ....
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Several attempts were made to construct dense A>fold lattice-packings of circles 
for k > l  and thin A>fold lattice-coverings with circles for a few values of k>4  
[3, 4, 5,14] but almost all of these constructions have been improved by U. B o l l e  [7]. 
Bolle also gave asymptotic bounds for 5k and Ak. He proved that there are positive 
constants cx, c2, c3 and c4 such that

k —cxk2ls k — c2 k1/4
and

fc + c3/e1/4 s  Ak ë  k + c4 ki/s.

It is known that <52^1.854... =>52L<53ë2.781. . .><53, <54^3.708...><54 [19], 
zl2s2 .3 4 7 ...< d 2 [10] and d3Ü3.298...<Л 3 [6]. Obviously, we have Sk^ 5 k, and 
for k > 4 no better lower bound for ök is known. Similarly, we have АкшАк, 
and for k >~3 no better upper bound for Ak is known. As to the opposite bounds 
for Sk and Ak we have obviously <5k^ k ^ A k. Independently from one another 
L .  F e w  and K .  B ö r ö c z k y  proved bounds of the form d2=c< 2 with о  1.999 
(oral communication). But it is surprising that apart of these unpublished bounds 
no better upper bounds for ôk and no better lower bounds for Ak were known than 
the above trivial bounds. In a recent paper [12] I proved that

~ 71 71 1 . 7Г 71
3 k - - 6 c o t 6 k  a n d  J ‘ - T c o s e c 3 p

The fact that these bounds are better than the trivial bounds becomes obvious 
by observing that they are equal to the density of к  coincident circles with respect 
to the circumscribed and inscribed regular 6A>gon, respectively.

As a starting point of our investigations we mention the following problem 
(see [15] p. 80). Distribute in the plane equal circles with a prescribed density d 
so as to cover the greatest possible part of the plane, more precisely, so as to maxi
mize the density sk of the part of the plane covered by the circles. If d ^ ô k the circles 
can be arranged so as to form a packing. Now we have sk=d. On the other 
hand, if d s A k the circles can be arranged so as to cover the plane completely, 
i.e., we can attain i x= l .  For d>ôk we have sk-^d  and for d<Ak we have 5X<1. 
As we see, the problem under consideration is a generalization of the problems 
of the densest packing and thinnest covering of the plane with equal circles. For 
S1^ d ^ A 1 the solution of the problem is given, roughly speaking, by placing the 
circles in a lattice generated by an equilateral triangle [15]. We shall study a natural 
generalization of this problem which connects the problems of the densest &-fold 
packing and the thinnest fc-fold covering of the plane with equal circles.

Distribute in the plane equal circles with a given density d. Let st be the density 
of the set of those points of the plane which are covered by at least i circles. How

к
should the circles be arranged so as to maximize the sum 2  stl

i= 1 к
Let hk(d) be the supremum of 2! si taken over all systems of equal circles

i= 1

with density d. It is easily seen that 2  si=d. Thus we have hk(d )^d  and equality
i=l

holds only if there is an arrangement of equal circles with density d such that st = 0
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for />Л. It is not difficult to deduce that then there exists also a Л-fold packing 
of equal circles with density d. Hence we obtain ôk— sup d. In a similar way we
see that Ak = inf d.

M<0=*
Of course this problem is hopelessly difficult for k ^ 2 .  Therefore we shall 

deal only with the more modest problem of finding a non-trivial upper bound for 
hk(d). We shall also study the above problem for k —2 under the restriction that 
the circles form a lattice.

к
Let Ek(d) be the su premum of the sum У st extended over all lattice arrange-

i = l
ments of circles with density d. Let f„{x) denote the area of the intersection of 
a circle of unit area and a concentric regular и-gon of area x. We shall write \X\ 
for the area (Lebesgue measure) of a point set X  and ||У|| for the cardinality of 
the set Y. Using these notations our results can be formulated as follows:

T heorem  1. Let SP be a finite system of circles o f unit area, H a convex polygon 
with at most six sides and F(i) the set o f those points o f H which are covered by at 
least i circles o f SP. Then we have

2 \ т \ ^ т м к \ н \ / т ) .
1=1

T heorem  2. We have
Ш )  = df6(2 /d).

I f  S2 — d = 2 2 then the lattice of circles o f density d for which 5х+52 й maximal is 
generated by two orthogonal vectors whose lengths are in the proportion ) 3:1.

In the case when к — 1 Theorem 1 reduces to a theorem of L. F ejes T óth  
(see [15] p. 80). Theorem 2_is a generalization of the above mentioned results which 
state that d2=2<5l and A2 =221. As a corollary of Theorem 1 we obtain the 
following

T heorem  3. We have
hk(d) =1 dUik/d).

Theorem 3 contains the bounds for ök and Ak mentioned in the introduction:

and

ôk = sup d ^  sup d — — cot —
hk(i)=d dftk(k/d)=d о bk

= inf r f ê  inf d — — c o s e c . hk(d)=k dfek(k/d)=k 3 3 к

The proof of the Theorems 1 and 2 rests on the investigation of the /c’th Dirichlet 
cells. Let be a system of different equal circles and H  a domain. The k ’th Dirichlet 
cell Dç of the circle CÇ.ST with respect to H  is the set of all points P f H such that 
there are at most к — 1 centres of the circles of nearer to P than the centre of C. 
It will not make any confusion that we do not indicate in our notations the de
pendence of the k ’th Dirichlet cell on and H. We shall use the following simple 
properties of the k 'th Dirichlet cells:
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(i) I f  k^\\if\\ then the к 'th Dirichlet cells cover H exactly к times. More 
precisely, each point of H  which is not a boundary point of a k' th Dirichlet cell 
lies in the interior of exactly к  &’th Dirichlet cells. Indeed, if P is an arbitrary point 
of H  and Ok, О2, ... are the centres of the circles of i f ,  choosing the notations 
so that P01^ P 0 2^ . . . ^ P 0 k^ P 0 k+1S . . . , then P lies in the interior of the /r’th 
Dirichlet cell of the circles centred at Ok, ..., Ok except when POk=POk+l. In 
this latter case P is a common boundary point of the &’th Dirichlet cells of the 
circles centred at Ok and Ok+1.

(ii) Let F(i) be the set o f those points o f H which are covered by at least i circles 
o f i f . Write Fq — DçC\C. Then each point o f H  which is not a boundary point of 
a k ' th Dirichlet cell is covered with the same multiplicity by the sets F(i), i=  1, ..., k, 
as by the sets F£, C O f

Let P be an arbitrary point of //which is not a boundary point of a /v’th Dirichlet 
cell and belongs to exactly j  of the sets F c,C £ if. By property (i) we have j= k . 
If j = k  then the statement is obvious. Suppose that j-=k. Let C\, ... ,C j be the 
circles for which P f Fki, 1=1, We have to show that there is no further
circle of i f  which contains P. Let CJ+1 be the circle of i f  other than Ck, ...,C j 
whose centre lies nearest to P. If there are more than j  circles of i f  containing P 
then obviously P£Cj+1. But this is impossible, since, by definition, we have 
P£DcJ+1. This proves property (ii).

Let now Я  be a convex polygon with at most six sides. Then Dkc is a simple 
polygon. To see this we observe that Dkc can be constructed in the following way: 
For each circle C fi i f ,  C '^ C  we draw the radical line of C and C'. Then Dkc is 
the set of all points PÇ.H for which the segment joining P with the centre of C 
intersects at most к —1 of these lines. Let nkc be the number of angles of Dkc less 
than n. We shall need the following

L em m a . Let i f  be a finite set of different equal circles such that the centre of 
any circle of i f  lies in H. Suppose that there are no four centres of the circles of i f  
lying on a circle or on a straight line, no three centres have equal distances from a point 
o f the boundary of H  and no two centres have equal distances from a vertex o f H. 
Then we have

2  nkc 6 k\\a\\.
cey

As to the proof of the Lemma which requires a deeper study of the combinatorial 
structure of the k’th Dirichlet cells we refer to [12].

In the proof of Theorem 1 we shall make use of a further notion. Let A and 
В  be two domains and p and q two positive numbers. We define the weighted area 
deviation, in short the deviation of В from A by

a(A, В) = p \A -B \ + q \B -A \.
In various investigations it is convenient to impose certain conditions upon

the weights. In [13], e.g., it was supposed that — =1.  In the present paper the
P 4

condition p+ q= 1 will be more convenient. Note that for p f q  the deviation 
is not symmetric in A and B.

Let a(n) be the minimum of the deviation of an и-gon from a circle C of unit 
area. Let В be an и-gon for which a(C, B)=a{ri). It is easily seen that В has the
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property that each side of В is divided by the boundary of C into three segments 
in the ratio p:2q:p. It follows that В is a regular я-gon concentric with C.

It is obvious that the sequence a(n), я=3, ... is decreasing and it follows from 
a general theorem [13] that it is convex:

a(n—\) + a(n + l) ^  2a(n), n = 4 ,5 ,. .. .
This can be checked also directly by a simple computation [11] using the above men
tioned property of the и-gon with minimal deviation.

After this preliminaries the proof of Theorem 1 will be rather simple. Let un 
be the area of a regular я-gon inscribed into a circle of unit area. Let vn be the area 
of a regular я-gon circumscribed about a circle of unit area. If хш.ип then /„ (x)= x 
and if x^v„ then f„(x) =  1. Thus for k\H\/\\£F\\^u6k and k\H\/\\£F\\ Theo-

к
rem 1 yields for 2  |/г(г)| the trivial upper bounds k\H\  and ||У||, respectively.

i=i
Therefore we suppose that uek<k\H\/\\£f\\<vek. By property (ii) we have

к
2  |-F(0I— 2  \Fc\- This shows that we may restrict ourselves to the case when
i = l  CiSr
k^£ F ^ . For, if Л:=-||^|| then we have obviously

2  \ m \  =  2  \ n \  =  2  \c c \ h \ Si=i a y  czsr

Further, we may assume without loss of generality that £F satisfies all the conditions 
of the Lemma.

We have, on the one hand, |Fc| = |C| — \C — Dkc\, on the other hand, \Fc\ — 
= \Dkc\ — |£>с— C\. Thus if p and q are positive numbers for which p + q—l then

(1) i  \F(i)\ =  2  n  = P 2  \C\ + q 2  m - 2 a{C,Di).i=i czy  a y  a y  c^y

By property (i) and the supposition that k-^\\£f\\, we have

(2) 2  |T>cl = k\H\.a y
Further, since the circles of SF have unit area,

о) 2 \c\ = m -cçy
We continue to investigate the sum 2  a(C, Dkc). We shall show that a(C, Dkc

cç_y
S а(яс), where, in accordance with the notations of the Lemma, nkc denotes the 
number of angles of Dkc less than n.

Let Fk be the convex hull of Fç_. We say that the segment XY is an edge of 
Fc if XY  belongs to the boundary of Fkc and no line-segment belonging to the bound
ary of Fç contains XY  as a proper part. Let X Y  be an edge of Fk. We associate 
with XY  the maximal segment X 'Y ' of the line X Y  with the property that X ' and
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Y ' are boundary points of Dkc and the segment X 'Y '  is contained in C U D k. If 
X ' Y '  is not identical with the arc XY  of the boundary of Dkc then we construct 
a new polygon by replacing the arc X 'Y '  of the boundary of Lfc by the segment 
X ' Y ' .  By this transformation the number of convex angles of Dq does not in
crease while the number of concave angles and the deviation from C certainly 
decreases. Iterations of this transformation provide in finitely many steps a polygon 
Dk which does not have vertices with concave angle in C. Let Z be a vertex of Dk 
such that the angle at Z  is concave. We observe that then the edges emanating from 
Z  do not intersect C. Let UV be a segment contained in Dk—C such that U and V 
are boundary points of D£ and Z f UV. Replacing the arc UV of the boundary of 
Dc by the segment UV the number of concave angles and the deviation from C 
decreases and the number of convex angles does not increase. Repeating this opera
tion we finally obtain a convex polygon Dk with at most nkc vertices such that 
a(C, т ^ а ( С ,  £>c) =  a(nk).

Using now the Lemma and the fact that the sequence a(ri),n = 3,4, ... is 
decreasing and convex, we see that

(4) 2  a(C, Dkc) S  2  a(nkc) ^  \\П  a (6 k).С£У Ci?

Combining the relations (1) to (4), we obtain

(5) 2  i^(oi ^  p m + д к \н \ -  m a { 6 k).
i— 1

The inequality (5) is valid for any positive weights p and q for which p + q = 1. 
We claim that p and q can be chosen so that the right-hand side of (5) becomes
equal to \\<Y\\fek( k \H \/m ) .

Let C be a circle of unit area and В a 6L-gon for which a(C, B)=a(6 k). We 
remind of the fact that В is a regular 6/r-gon concentric with C such that each side 
of В  is divided by the boundary of C into three segments in the ratio p:2q:p. It 
immediately follows that varying the weights p  and q (p+q—1) so that p  increases 
from 0 to 1, |.B I increases continuously from uek to v6k. By the supposition that 
uek<k\H\l\\£f\\<vek we can choose the weights p and q so that |2?| =  /c|2/|/||^ ||. 
Then we have a (6Æ) =  я (C, 2?) =p \C \+ q\B \-fek(\B\)=p + qk\H\l\\£B\\-f6k(k\H\/\\&’\\). 
Substituting this value of a (6k) into (5) we obtain the inequality to be proved.

Now we turn to the proof of Theorem 2. Let Sf be a lattice-arrangement of 
circles of unit area with density d. Let C be an arbitrary circle of i f  and D —Dq 
the second Dirichlet cell of C. By the homogeneity of the arrangement and the 
properties (i) and (ii) we have j1+s'2= i / |c n D |.  Thus the inequality j j+ i jS  
S df6 (2 /d) is equivalent with the inequality \CC\D\sf6(2 /d).

Let О denote the centre of C. Let Ox be one of the points of the lattice Л of 
the centres of the circles lying nearest to O. Let 0 2 be one of the points of Л not 
collinear with О and Ox lying nearest to О such that <  Ok 6>02S2 7t/2. We think 
О to be the origin of a coordinate system and shall denote a point P of the plane 
with the same symbol as the vector pointing from О to P. Write 0 3 = 0 2 — 0 1, 
O4 =  Oi, 0 .5= — 0 2, Oe=Ok—Oo, OT=j0i +  O „ 0 8= —Oj —0 2, 0 9 =  2 0 x and 
O10=  — 20x. We introduce the notation C(XYZ)  to denote the centre of the circum-
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circle of the triangle XYZ  and define the points Et, 
E1 = C(OOïOJ, E, = C (0020 3), 
£4 = C (0040 5), F5 =  C (0050 e), 

= CfOOjO,), F2 = C (0020 4), 

f 4 = C (0040 8), / ;  =  С (0010 Д  
Gx =  C (0030 7), G, =  C(OO3O10), 
G4 = C (00e0 8), Gj =  C (0060 9),

F, and Gf, i =  l, 6 

E3 =  C (0030 4),
Fe = С (00в0 4),

F3 =  C (0 0 50 8),

F6 =  C ( 0 0 20 7),

G3 =  С(ОО,О10), 
G6 = C (0070 9).

as follows:

It is easy to check that D is nothing else but the 18-gon 
Ei Fj Gj Ег F2 F3 Gj G3 F3 F4 F4 G4 F5 F5 £e G5 Gg Fe. Obviously, all of the four quad
ruples of points (Glf F2, F3, G2), (G3, F3, F4, G4), (Gg, F5, Fe, Gs) and (Ge, Fe, F ,, G4) 
are collinear. Also it is clear that OEi=OEjSOFi=OFj-&OGi = OGj for any 
i, j=  1...... 6. Further we observe that the triangles E2 Fy F6, F2F2F3, F3F4F4 and
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EbFaE3 have the same area. Of course, some of the points Et, F(, G„ i=  1, 
may coincide. For < 0 10 0 2< л /2 D is a 16-gon if 0 0 x = 0 0 2< 0 0 3, a 14-gon 
if 0 0 x< 0 0 2= 0 0 3 and a dodecagon if 0 0 x = 0 0 2— 0 0 3. If < 0 10 0 2 = 7t/2 
then EX=FX = F6, E2 =E3 = F2, ЕЛ=Е3=Е4 and E3 = Ee = F3. In this case D is 
a hexagon which degenerates to a quadrangle if 0 0 x = 0 0 2.

We prove the inequality \CC]D\^fe(2/d) first in the case when ОР^1/Уп=  
the radius of C. Now the triangles E1F1 F6, E2 F2 E3, F3Ei Fi and E5 FbE6 are all 
contained in C. Let H  denote the hexagon 6\ G., GsG46’5Ge. Since H  arises from 
D by cutting off the triangles E2F2E3 and EsF5Ee and adding the triangles E1FlFe 
and F3 EiFt , we have \H\ = \D\ and \CF,D\ = \CГ\H\. We also observe that 
by property (i) we have \D\ = 2/d. Now the inequality |Cnz>| =  |C n / / | s / 6(2/d) 
follows immediately from the known fact (see e.g. [16] or [17]) that the area of 
the intersection of a circle of unit area and an n-gon of area x  is at most f„{x).

Consider now the case when О Е ^  1]Лг. Let w be the area of the segment 
of C cut off by the line G2G3 (w=0 if G2G3 does not intersect C). Then we have 
]СПТ>| = |С| —2w. Let 0 '2 be the point of the line 0 20 3 for which <í OxOO'2 = -r\2, 
A ' the lattice generated by O, and 0 '2 and /У the second Dirichlet cell of C in the 
arrangement of circles of unit area centred at the points of A'. A' is a rectangular 
lattice with the same determinant as A. Therefore D' is a hexagon for which \D'\ = 
= \D\=2/d. Using the fact that the circumradius of 0 0 x0 2 is not greater than the 
circumradius of 0 0 x0 2 it is easy to see that \CC\D'\ = \C\ — 2w=\CÇ\D\. Thus 
we have again |СПТ>| =  \CC\D'\sfe(2/d).

We have still to consider the case when O E ^l/Ÿ ^t^O F i. Now we cannot 
construct directly a hexagon H  with \H\=\D\ and |Я П С |> |О П С |. Thus we 
shall use an indirect argument. Let 0 '2 be a point of the segment 0 2 0 3, A' the lattice 
generated by Ox and 0 '2 and D' = EXFX... F£ the corresponding second Dirichlet 
cell of C. Clearly, we have again \D'\ = \D\=2/d. It can be easily shown by a well- 
known compactness argument that the quantity \CC\D\ has a maximum when A 
ranges over all lattices with determinant l/d. Thus in order to finish the proof of 
the inequality \DC)C\^fn(2 /d) it suffices to show that 0 '2 can be chosen so that 
|£>ПС|<|2>, ПС|.

Assume first that 0 0 x^ 0 0 2< 0 0 3. Then if 0 '2 is sufficiently near to 0 2 
we still have 0 0 x< 0 0 2< 0 0 '3 {03= 0 2— Ox), thus D and D' have the same 
topological structure. Let Mt be the midpoint of the segment ExEi+1, i=  1, ...,6 , 
E7 = Ex. We define four polygons D1, D2, D3 and Z)4 with vertices E{, F( and Gj, 
i =  l, ..., 6, y = l , ..., 4, as follows:

Let e and e' be the lines perpendicular to 0 0 2 through the points Mx and M4. 
Let E l , E 2 ,F2 and Fl be the intersections of e with the lines FxFb, GXG2, F2 Fi 
and GjGe, respectively. Let El, El, FI and Fl be the intersections of e' with the 
lines F2 Fx, G4G5, G3G4 and FxFe, respectively. The remaining vertices of D1 coin
cide with the corresponding vertices of D.

Let /  and / '  be the lines perpendicular to 0 0 2 through the points -Ü-02
1 2and — — 0 2. We define D2 in the same way as D1 with /  and f  instead of e and e'.

Let g and g' be the lines perpendicular to 0 0 3 through M 2 and M b. Let 
E2, E i, Gf and G\ be the intersections of g with the lines F fF f, F |F 42, G\G\ and
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G\Gl, respectively. Let E l, El, G\ and G\ be the intersections of g' with the lines 
FIFl,  Fl F‘l , GlG\ and Gf G2, respectively. Let the remaining vertices of D3 coincide 
with the corresponding vertices of D2.

Finally, we define Z)4 in the same way as D3 with the lines h and h' instead of 
g and g', where h and W are the lines perpendicular to 0 0 3 through — 0 'я and — — 0 3.

Let the boundary of C intersect the line EtEi+1 in the points £, and £ j+1 
(/=1, ..., 6, E1=E1, E1=E1) choosing the notations so that the order_of the points 
on the line Е,Е1+Х should be E,, E,, Ei+1, Ei+1. Write ExEx = E2E2 = r,E 2E2 = 
— E3 E3=s, 0 20 2 = x, <l02 0 0 1 = a and < 0 2 0 1 0 =  ß. Then it is easily seen that

I c n z ? 1! =  |СП£>|+0(х2),
|СП£>2| = |СП Z)11 - 2rx cos a + О(x2),

| C n / > 3| =  \ C r \ D 2\ + 0 ( x 2),

|СП£>4| =  \СП D3\+2sx cos ß + 0 (x 2),

|СПТ>'| =  |cn z )4|.
Combining these relations we see that for sufficiently small values of x  we have
(6) |CnZ>'| =  \CC\D\+2x(scos ß — rcosa) +  0 (x2).

If 0 0 x — 0 0 2 or 0 0 2 — 0 0 3 then displacing 0 2 on the segment 0 2 0 3 new 
edges of D arise changing thereby the topological structure of D. (Even the order 
of the distances OOx, 0 0 2 and 0 0 3 may change.) But if the displacement of 0 2 
is small, the new edges do not intersect C. Repeating the above argument we see 
that (6) remains valid also in this case.

If 0 0 2< 0 0 3 then we have and cosa^cosß , i.e.,
s cosjß —r cos a >  0.

In the case when 0 0 2 = 0 0 3 we have s cos ß —r cos a=0. But if 0 2 moves on 
the segment 0 2 0 3 in the direction of 0 3 then 0 0 2 decreases and 0 0 3 increases 
so that .9 cos ß — r cos a becomes positive. Thus (6) implies that if 0 2 is sufficiently 
near to 0 2 we have |С П /)'|> |С П /)|.

This completes the proof of the inequality |С П /) |ё /в(2Д/) and simultaneously 
the proof of the inequality sx+s2^ d fe(2/d). The condition for the equality is that 
Gx...G6 is a regular hexagon which is equivalent with the condition described in 
Theorem 2.

To finish we mention some unsolved problems. As already noted Theorem 2 
is a generalization o f  the result of A. H eppes that S2=251 and the result of W. J. 
B l u n d o n  that A2=2AX. These results were generalized by D um ir  and H ans— G ill 
[8, 9] to arbitrary centro-symmetric convex domains : The density of a lattice double
packing of a centro-symmetric convex domain C cannot be greater than twice the 
density of the densest simple lattice-packing of C. Analogously, the density of 
a lattice double covering of C cannot be less than twice the density of the thinnest 
simple lattice-covering of C. It may be conjectured that these theorems can be 
united in a single theorem in the same way as the results of Heppes and Blundon 
are united in Theorem 2. However, the method used to deduce Theorem 2 does
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not enable us to prove such a generalization of the theorems of Dumir and 
Hans-Gill.

Let ef, /= 1 ,2 ,... be a sequence of numbers from which, for sake of simplicity, 
we suppose that e, =  — 1, 0 or 1 and only finitely many £,’s differ from O. What is

o o

the supremum of the sum 2  е ^{ for all arrangements of equal circles with density d?
i = 1

We emphasize the following special case: e1= l ,  e2=  —1, £;= 0  for i= 3 ,4 ,.... 
The quantity st —s2 is nothing else but the density of the part of the plane covered 
exactly once. The problem of finding the maximum of this density for all arrange
ments of congruent circles is a longstanding problem ([15] p. 97). It is solved only 
under the additional condition that s2=sn ([15] p. 98). With suitable choice of the 
sequence e; we can obtain other generalizations of known problems. So, e.g., it

ft-Fl
is easily seen that the problem of finding the supremum of the sum 2  s> f°r

i =  2
arrangements of equal circles with density d unites the problem of the densest 
simple packing and the problem of the thinnest A>fold covering with equal circles.
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PRIMZAHLEN IN ARITHMETISCHEN 
PROGRESSIONEN UND EXPLIZITE FORMELN

von
H.-J. BESENFELDER

1. Einleitung

Man zeigt ganz elementar — analog dem euklidischen Beweis von der Un
endlichkeit der Primzahlenmenge —, daß z. B. in den beiden arithmetischen Pro
gressionen An — 1 und 4/i +  l jeweils unendlich viele Primzahlen liegen. Die ent
sprechende Aussage für eine beliebige Progression an+b, mit teilerfremden a und b, 
liegt dagegen sehr tief. Sie wurde zuerst von Dirichlet bewiesen und heißt seit dem 
„Dirichletscher Satz von den Primzahlen in arithmetischen Progressionen.“

Der analytische Grund für sein Bestehen liegt in der Tatsache, daß die (zur 
jeweiligen Progression gehörende) Dirichletreihe L(s, ■/) an der Stelle s = l  von 
Null verschieden ist. Die allermeisten der inzwischen gängigen Beweise dieser Eigen
schaft von L(s, x) haben die methodische Schwäche, zwischen „reellen“ und „nicht 
reellen“ Charakteren /  unterscheiden zu müssen. Dies gilt für den originalen Beweis 
von Dirichlet, der Hilfsmittel aus der algebraischen Zahlentheorie heranzieht (siehe 
etwa [8]), wie für mehr analytisch orientierte Beweise, siehe etwa [1], [2], [7].

Die schärfere Aussage, daß in jeder der <p(a) prímen Restklassen mod a grob 
gesagt „gleich viele“ Primzahlen liegen, was z. B. durch

oder durch

oder auch durch

lim
5 - 1  +  0 2  p - 'l  2  p - ’ = 1psb̂ a) p = b2(a)
lim n(x, b mod a)ln(x) - ■■ . -■
X— ф( й)

,.  n(x, fúrnod а) _  ,
n(x, b2 mod a) ~

präziseren Sinn bekommt, erfordert noch weitergehende Untersuchungen und be
ruht auf der Tatsache, daß L(s, /)  nirgendwo auf der Geraden Re (s) =  1 verschwin
det (vergl. [5], S. 107).

In der vorliegenden Arbeit wird gezeigt, wie man den Dirichletschen Satz — 
inclusive der Erkenntnis über die gleichartige Verteilung der Primzahlen über alle 
prímen Restklassen — mit Hilfe von Expliziten Formeln methodisch einheitlich 
erhalten kann. Eine Trennung von reellen und nicht-reellen Charakteren fällt also 
nicht ins Gewicht. Zudem ist bemerkenswert, daß der Nachweis von L(1 + i t ,  y )  ^ 0  
(zum Zwecke einer schärferen Verteilungsaussage) mittels einer simplen Zusatz
argumentation umgangen werden kann !
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2. Voraussetzungen

2.1 . C h ara k ter e

Um den Dirichletschen Satz zu beweisen, genügt es z. B. zu zeigen, daß die 
Reihe

2  -
p  =  b m o d  a P  

Р̂ У

über alle Primzahlen in der Restklasse b mod a für wachsendes у  divergiert — und 
dies für alle zu a prímen b.

Eine erste Schwierigkeit hierbei liegt in der Aussonderung der Primzahlen 
p mit p=b  mod a. Man erreicht dieses durch Einführung einer speziellen zahlen
theoretische Funktion, des „Charakters“ x (mod à). Ein Charakter läßt sich auf
fassen als Homomorphismus von der prímen Restklassengruppe á?x mod a in die 
komplexen Zahlen mit dem Betrag 1. Die Menge X  der Charaktere wird selbst zu 
einer Gruppe, wenn man die Multiplikation in X  durch

(Zi-ZüXb) := X i ( b ) - X z ( b )

definiert. Das Einselement /о in X  mit der Eigenschaft z0(b) = l, für alle J?x, 
heißt Hauptcharakter. Die Werte dieser Charaktere sind stets а-te Einheitswurzeln, 
woraus sich schließen läßt, daß die Gruppe X  ebenso wie genau q>(a) (Eulersche 
(^-Funktion) verschiedene Elemente enthält. Wir benötigen für später die leicht 
zu gewinnenden Beziehungen:

2  x(b) =
(ф(а), für X = Zn

(A) to sonst

_  í für n = 1 mod a
(В) 2  х(п) = 1хех i 0 sonst

<p(a), für n = m mod a und n, m €
(С) 2  Х(п)-Х(т) =  i 0 sonst

X ist hierbei der zu x konjugiert komplexe Charakter.
Um die Isolierung der PZ vom Typ p= b  mod a zu erreichen, wählt man in 

der Beziehung (C) n=p  und m=b, versieht dann beide Seiten mit dem Faktor

— und summiert schließlich über alle p=y- Das liefert 
P

(2) 2  2  x ( p ) - X ( b ) - \  =  < p ( a ) -  2
P ŷ P P ŷ P

p  =  b mod a

also eine Gleichung, bei der die rechte Seite bis auf den Faktor <p(a) genau der 
Summe in (1) entspricht. Wir werden eine ähnlich gebaute Summe untersuchen.
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2.2. D ie D irichletschen L-Reihen

Erweitert man den Argumentbereich Sk * der Charaktere auf das vollständige 
Restsystem &ta durch die Festsetzung x(6)=0, für b$äi* und definiert

X(n) : = /(n  mod a), für N,

so gelangt man zu den „Dirichletschen Charakteren“, mit denen sich die „Dirichlet
schen L-Reihen“

(3) L(s, x) =  2  > s = a + it,
n£N П

ergeben. L(s, x) ist ersichtlich eine Verallgemeinerung der Riemannschen £-Funk- 
tion und bei beliebigen x für Re (s) >  1 durch (3) definiert. Analog zur Eulerschen 
Identität

1 für Re(s) =*• 1,

hat man wegen der Multiplikativität von x

Us,x) = Z ^ - =  П-nen n pgp
1

1 -x (p )p '
für Re (.?)>1. Es ist hier, wegen x(p) ~ 0 für alle prímen p, die den Modul a teilen, 
gleichgültig, ob das Produkt über alle p€P läuft, oder nur über solche p, die relativ 
prim zu a sind. Für den Hauptcharakter Xo (mod ä) hat man

L(s, xo) =  77(i - x(p)p ~s)_1 = £00- 770
p £ P  p \ap\a

woraus man entnimmt, daß L{s, x0) zur Zetafunktion analoge analytische Eigen
schaften besitzt.

2.3. Explizite Formeln

Wir gehen aus von der Expliziten Formel

lim 2" Л/(б) = £0{M(0) + M(l)} +  F(0)log —+
T-°° e=<r+iy 71

bl <r

(4) + 2  2 \ ° ё Р - Р  2 i l  (P") F (log pn) + x ( P  ")F(logp-n)} +
p n =  1

— CF(0) + v.p. f  F(x)' e 2-_-
— oo 1 (

F(0)
,2|X | d x ,

welche für eine gewisse Klasse von Funktionen F und deren Mellin-Transformierte 
M  gilt [3]. In dieser Formel wird auf der linken Seite über die im kritischen Streifen 
liegenden Nullstellen q  von L(s, x) summiert (nach der angezeigten Vorschrift); 
die Doppelsumme auf der rechten Seite läuft über alle Primzahlen p und über die
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natürlichen Zahlen N; die Konstante C ist die ,Eulersche Konstante1; weiter ist

und
£o = £0(X) = { n für X /0  

1 0  X 9* Xo

и  x ( - l) =  - i
fÜr * < - ! ) - 1 ;

/  ist der „Führer“ des Charakters x■ Da der Term F(0) log — in den folgenden
7C

Betrachtungen aus Gründen seiner Größenordnung von unbedeutendem Einfluß 
ist, kann auf eine weitere Erläuterung der Eigenschaften des Führers von x hier 
verzichtet werden. Das Kürzel „v. p.“ (valor principalis) deutet an, daß im Falle 
einer Sprungstelle von F bei 0 der Hadamardsche Hauptwert des Integrals zu nehmen 
ist. In unserem Falle wird jedoch die in (4) konkret einzurechnende Funktion F 
bei 0 stetig sein und daher wird das „v. p.“ einfach fortgelassen werden.

2.4. D ie N ullstellen  v o n  L ( s , / )

Die Lage der Nullstellen q von L(s, /), über die auf der linken Seite der Formel
(4) summiert wird, ist von entscheidender Bedeutung für das Dirichletsche Resultat.

In Analogie zur Riemannschen ^-Funktion und ihrer Funktionalgleichung, 
welche z. B. in der symmetrischen Form

£(s) = ç(l - s )  
mit

É ( s ) = i - s ( s - l ) 7 r ^ r ( i - ) c ( s )

gegeben werden kann, haben auch die L-Reihen eine Funktionalgleichung, und 
zwar gilt für (primitives)

Z(s, x) = -s , X),
wobei

ist und rjx eine nur vom Charakter /  abhängende Konstante vom Betrag 1 ist [6]; 
/  und <5 haben die Bedeutung wie in 2.3. erläutert. Für die Nullstellen von Ç(s, x) 
gelten analoge Aussagen wie für jene von {(s), jedoch mit dem Unterschied, daß

sie im kritischen Streifen (O ^R e(j)s l)  zwar symmetrisch zu s’nc*’ a^er
» nicht unbedingt symmetrisch zur reellen Achse liegen müssen. Leider wissen wir 

i.A. wegen der Vielzahl der Charaktere über diese Nullstellen viel weniger als 
über jene der Zetafunktion, weshalb wir feinere Untersuchungen über 21 M(q)
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vornehmen werden müssen. Dabei werden wir folgende Tatsache über ihre Ver
teilung verwenden:
(D) Die Anzahl der Nullstellen von ^(j, /)  im Rechteck O s a ë l  und J ä |y | s  

s r + 1  ist von der Größenordnung
O(logT) für T -+ °° [6].

3. Der Dirichletsche Satz

3.1. Eine spezielle explizite F ormel

Wir gehen mit der (zulässigen) Funktion
F(x) =  e(c+1 n)x-x*i*y

mit den Parametern 0 reell, c komplex, in die Forme! (4) und erhalten zu 
jedem y ^X  speziell

l i i i y  2 ’*ey(e+c)a = e0{2|/T^(e),c2 + eJ’(1+<:)2)} + lo g ^  +
«(*)

(5)

mit

-  2 "  lO g  p  • p"C e - lo g »  (p»)/4y x ( p « )  +

- 2  log P- p -na+c)e - ' ^ (’’n)̂ x ( p - n) + ̂ »u)p,n
wHx) = - c + f

e - x * l i y + ( l - i - c ) x _  J

1 —e2x dx+ f
e -x2/4)) + (2-Ä-c)x_ J

1 - e 2x dx.

Der Stern * am Summenzeichen erinnert an die Summationsvorschrift. Nun multi
plizieren wir (5) mit x(b) und summieren alle diese Gleichungen über die Charaktere 
f x X  auf, das ergibt

/
n

l i n y  2  ( x ( b )  2 *  е Нй+с)г)  =  2 \ n y { e > cl +  e * 1+c)2} +  2  j((b)log — +xtx eOt) xtx w

(6) — (p(a) 2  log P’Pnce w(p"V*y +
pn = b mod a

-<p(a) 2  log p . p-"^1+c'>e~log2(pn)/iy + 2  X(b)WSU)-

Wir werden nun das Wachstumsverhalten der beiden Seiten von (6) für y-*a> 
untersuchen. Dabei wird sich zeigen, daß — bei geeigneter Wahl des Parameters 
c — das Verhalten der linken Seite von (6) die Divergenz der Summen 2  > 2

erzwingt, woraus wir die Unendlichkeit der Primzahlenmenge p= b mod a für 
jedes b aus 3X1* ableiten werden. Insbesondere wird bei diesem Vorgehen der Zu
sammenhang dieser Primzahlverteilung mit der Tatsache L(1,x) t±0 für alle x 
deutlich hervortreten.
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Wir wählen zunächst und b = 1, dann wird aus (6):

(7)
2 y ^ Z  2

x <?(*)
*en t(«Ч)2 4 ]rnyey<i 4- 2  log — +

г  7Г

- 2 < p ( a )  2 ^ g p - p  2 e - i o g , (P', ) /4 у  +

p - = l  X

Zur Vereinfachung dieser Formel (7) stellen wir folgendes fest:

(a) Es ist jedes Wi(x) ^bei c = — y j  beschränkt für y -+<*>. Man weist dies

mit elementarer Abschätzung nach; vergleiche dazu etwa [4], wo dieser Formeltyp 
zu anderem Zweck benutzt worden ist.

/
(b) У. log — ist eine feste Zahl, also für y  °° beschränkt.

X  n

(c) Die Imaginärteile sind auf beiden Seiten identisch Null.
Es wird daher aus (7) für großes y :

2 \'ny 2  2 * e ^  ^  ’ =  4 ÿnyey/i+

— 2 cp(a) 2  logp-p  2 e-i°82(p")/4j> + 0(1).
p n =  1 mod a

Wir zeigen nun, daß die linke Seite ein geringeres Wachstum besitzt als 4 |f%y ey,i, 
woraus sich zunächst auf die Unendlichkeit der Primzahlenmenge von Typ l mod a 
schließen läßt.

3.2. D a s  N ich tv ersch w in den  v o n  1,(1, y) fü r  x ^ X o

Wir erinnern daran, daß L(l, y0) unbeschränkt ist, daher sei y^y0. Ein Wach
stum der Summe

(9) 2 * е ^ ° ~ ^ ~ У'}X e(x)
von der Größenordnung 4Улу eyli für großes у  ist wegen der Dichte der Nullstellen 
Q  (siehe (D) in Abschnitt 2.4) nur möglich, falls es ein q  mit q  = \ gibt. Die Annahme 
£(1, y)=0 für einen komplexen Charakter können wir angesichts der Gleichung
(8) als „trivial“ abhaken. Mit L (l,y)=0 ist nämlich auch L(l, ÿ)=0 und da 
wegen der Symmetrie der Nullstellen dann auch £(0, y)=0 bzw. L(0, y)=0 ist, 
wird das Wachstum von (9) mindestens gleich 8 in y e yli, was von der rechten 
Seite nicht erbracht werden kann. Daher ist für komplexe Charaktere stets L( 1, yj^O.

Ein entsprechendes Argument zeigt sogleich, daß es unter allen yCV über
haupt nur einen (reellen) Charakter geben kann mit einer derartigen, dann einfachen 
Nullstelle. Diese Einsicht verwenden wir nun weiter.
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Annahme: Es gebe ein reelles x mit L(\,  /0=0.
Die Formel (8) entstand aus (6) durch Wahl des Parameters c— — — bei

b= 1. Da nach unserer bisherigen Kenntnis die als existent angenommene Null
stelle bei 1 (bzw. bei 0) einfach ist, erscheint in (6) links der Term

2 j/ïrÿ {eyc2+  e y^1+c)2},

der sich ohne Einschränkung bezüglich c stets gegen den ersten Term auf der rechten 
Seite von (6) weghebt. Wir erhalten demnach bei der Wahl c— —y+ i'/, f£R, aus (8):

1Т у  z  *),_(ï ')S}COs{2>-Í<t- 1 ) ( 7 - o} =
X  « (* ) 1 V 1 '  JQ9* 1,0

= - 2 cp(a) Z  log p- p~^ e - ,og2(̂ /4y cos {/ log p,l} + 0 ( 1).
pn= 1 mod a

Die Abschätzungen, welche die übrigen Terme betreffen, bleiben dieselben wie 

bei c = - y  und sind in 0(1) für y -*°° zusammengefaßt.

Die Summe links spalten wir nun in drei Summen £*> 2 2 > 2 ъ  gemäß fol
gender Überlegung auf :

Wir betrachten eine „Fliege“ 3* im kritischen Streifen, wie die Abb. 1 zeigt 
Für jede Nullstelle q, die außerhalb dieser Fliege liegt, gilt

|Im (e)| >
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also= °  (
2 yfnÿè 2 ) ' 1 cos ̂ 2y yJ

woraus wir entnehmen, daß im Fall t 
zelne Summand

c= — —) der zugehörige ein- 

für wachsendes y

„exponentiell“ fällt. Alle von solchen Nullstellen herkommenden Terme werden 
in aufsummiert.

L emma 1. Es gilt £$-+0 für У —*■ со.

B ew eis.

2 ; 2 Æ / i (""W‘' d c o s { 2 ,^ - I ) y}j s  2 f í j A - b

Sei d > 0 der minimale Abstand dieser Nullstellen zum Rand von Dann gilt 
für diese q die Beziehung

woraus

f  >  [ v - j )  + d 2
folgt. Demnach ist

( 11) 2 t  2 =  e ^ y 2 t  2

mit negativen Exponenten der Terme in 2 Î -  Es S°H nun die Summe rechts unab
hängig von g abgeschätzt werden. Dazu ersetzen wir durchweg a durch 1 und lassen

í/2 1die endlich vielen Nullstellen q mit y2̂  —  + — unberücksichtigt, da ihr Term im 
Betrag in у  monoton fällt, ihre Summe also beschränkt bleibt. Den Rest

2 t  21/ ^ / { f +T-72}
2  d2 , 1  

r 2 4

dürfen wir mit Hilfe des Integrals

{C+log4_y}

abschätzen, da die Anzahl der q mit T s  Im (q)<T+]  von der Größenordnung 
О (log T) ist (siehe (D) in 2.4).

Es wird also schließlich aus (11)
d2 ___ fd2 , /  1 \ 2 ,1 d2

e - * ’ 2 î 2 ÿ n y e y\ T +( - j )  ~ П  =  e ~ ’ 0 ( \ o g y ) .

Für у о verschwindet daher 2 t  > w*e behauptet.

I : log w dw = — 1/ —
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Die 2 t  enthalte alle diejenigen Summanden, die von Nullstellen q auf dem 
Rand der Fliege SF herrühren. Für diese endlich vielen gilt bei t=0:

|Im(e)| = R e(< ?)-y
und es wird

2 t  = 2  2 ifny cos (2 yy2).
q auf den Rand 
von ^ ,< r^ l/2

Diese Summe ist entweder identisch Null oder wächst wie iy , eventuell mit wech
selnden Vorzeichen, die der Kosinusterm regelt.

In der Summe 2 t  schließlich stecken alle Terme von Nullstellen inner
halb !F. Sie ist entweder identisch Null oder wächst — eventuell auch mit wech
selnden Vorzeichen — höchstens wie ecy, wobei ist, da im Exponenten
von

/{ (я-т )% !}

( 1Y  1der Ausdruck ĉr——J echt größer ist als y2, aber unter — bleibt.

Fassen wir diese Untersuchungen zusammen, dann bleibt aus (10) für t=0  
stehen

02) 2 t + 2 t  + 2t= ~2< P (a) 2  log p • р~’̂ е_1о8*(рп)/45’+0(1).
p n= 1 mod а

Die linke Seite haben wir „fest im Griff“, daher wenden wir uns der rechten 
Seite zu. Wir nehmen an, daß die Summe 2  für divergiert. Dann

p n =  1 mod а
wird die rechte Seite von (12) für genügend großes у  negativ bleiben und gegen 
— о» gehen. Da 2 Î  verschwindet und die überhaupt als divergend in Frage kommen
den Summen 2 t  und 2 t  fortwährend ihr Vorzeichen ändern, oder aber gegen 
- ( - с о  gehen (falls es in 2 t, 2 t  ein entsprechendes q mit y=0 gibt), widerspricht 
dieses Verhalten dem der rechten Seite.

Nehmen wir andererseits an, die Summe rechts konvergiert für y-*°°, dann 
gilt dies auch für die linke Seite und es kann überhaupt keine Nullstelle in und 
auf dem Rand der Fliege geben ! Wegen

|—2 <p(a) 2  log P'P 2 e-i°g»(p")/4.v cos {t log pn)\ S.
p n =  l  mod а

S  2(p(a) 2  log p ■ р~%
Рп s i

bleibt die gesamte rechte Seite von (12) bei beliebigen t beschränkt. Mit dieser 
Kenntnis wählen wir dann t derart, daß es mit der kleinsten überhaupt auftre
tenden Ordinate y^O einer Nullstelle (? —д +iÿ zusammenfällt:

t = ÿ.
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Der Term

2 у Г7гуеУ̂ а 2) (î 0 } • cos í̂ 2y <̂т — y j  (f — í)J

wird dann gleich

und geht mit wachsendem y  nach unendlich.
Der „Rest“ der 2 *  gebt wieder gegen 0 oder wächst sogar exponentiell (even

tuell mit wechselnden Vorzeichen), falls etwa ganz in der „Nähe“ von q noch eine 
oder mehrere Nullstellen liegen, für die

(< r-y ) > ( y - ? ) 2

gilt. Es führt also die Annahme der Konvergenz von 21 als auch die An-
p n =  1 mod я

nähme ihrer Divergenz zu Widersprüchen. Wir können daher zu dem Schluß 
kommen, daß die Annahme

L{\, x) =  0
für kein X mod a möglich ist.

3.3. D ie M en g e  d e r  Pr im z a h l e n  vom  Typ p =  1 mod a 

Aus dem eben abgeleiteten, folgt sogleich aus (8) mit t — 0, daß für großes y

(13) o(ey/i) = 4 Улуеу/4 — 2(р(а) 21 logp-p  e~]og2(pn>/4y
p n =  l  mod а

ist, also

(14) cp(a) 21 \ogp-p~~2 e - log4pn)/iy ~  2 \rnyeylt
p n = 1 mod а

gilt.
Um uns von den höheren Primzahlpotenzen zu befreien, schätzen wir die 

Summe 2  folgendermaßen ab.
p n  = 1 mod a n̂ 2

Die elementaren Beziehungen

(15) 21 -'° g P — log*+0(1) für großes X
P S x  P

und

(16) 2 - ^ f -  =  - y ( s )  <°° für R e ( s )> l
P, m P  (s

seien dazu als bekannt vorausgesetzt ([7], S. 36, 31).
Für иШЗ ist aus (7)

2cp(a) 2  log p -p  2 e-i°e2(p")/4)’^ k  2  l° V  <0°
nn = l mod n allen.« ~r-n
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nach (16) mit einer geeigneten Konstanten к bei großem y. Dieser Teil der Summe 
bleibt also 0(1) für y —oo.

Für n — 2 wird das Endstück

j y  l ° g  P c  — Ion2 ( P2) /4y

p2= 1 mod a Pp2̂ e у' 2

nach oben durch die feste Zahl

2  logp
alle p2 P

nach (16), abgeschätzt. Das Anfangsstück

2p2= 1 mod a p2-сеУ/2

i ^ Í _ E _ e - lo g 2 ( p 2 ) /4 >

P

wächst nach (15) höchstens so schnell wie —, denn es ist

2  ]°g P
alle p<ey/a P

1 + 0 0 ) .

Zusammengenommen hat die Teilsumme über die höheren Primzahlpotenzen 
höchstens das Wachstum 0(y)  für _y— «>. Es ist daher (14) gleichwertig mit der 
Beziehung

(17) ц>(а) 2  l°g P ‘P 2 e~,ogtp/4y ~  2 \nyey!i,
p=1 modo

woraus sich die Unendlichkeit der Primzahlenmenge in der Restklasse 1 mod a 
ablesen läßt.

3.4. Die Primzahlen in den übrigen Restklassen

Das 3.3. entsprechende Resultat für eine beliebige Restklasse b mod a  in M*  
erhalten wir aus der Formel (6). Zunächst ergibt sich gemäß den vorangegangenen 
Überlegungen eine Beziehung der Art

o(eyli) — 4 Ÿ2ÿeyli —
__i_

— <p(a) 2  logP‘P 2e-iog*p/4y_
p = b mod о

— <p(a) 2  logP'P 2 e~'os2p,iy
P = -̂ -modo

(entsprechend (13)).
Hieraus entnehmen wir sofort, daß in wenigstens einer der beiden Restklassen 

b mod a, mod a  unendlich viele Primzahlen liegen müssen. Dieses „symmet
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rische“ Resultat beruht darauf, daß wir den komplexen Parameter c speziell gleich 
—y  gewählt haben. Nun sind aber in (6) alle Terme bis auf die fraglichen Summen 

2 ,  2  invariant unter der Substitution c -  — 1 — c. Wir wählen jetzt z.B.
pBb > 4
c = — —. Wären in einer der beiden Summen, also etwa in 2  nur endlich viele 

4 р=ь
Glieder, so müßte die andere Summe, hier also 2  logp .p-(1+c'>e~log*p/iy,

p = -^-moda 
b

1 3für die Werte сг= — у  und c ,=  — 1— cx= — — dasselbe (exponentielle) Wachstum 

haben, was unmöglich ist.
Diese Zusatzüberlegung zeigt, daß in jeder der beiden Restklassen b mod a

bzw. -j- mod a unendlich viele Primzahlen liegen. Da b beliebig aus 0% wählbar 
b

ist, folgt das Dirichletsche Resultat in voller Allgemeinheit.«

4. Die Verteilung der Primzahlen auf die Restklassen

Die weitergehende Frage, „wieviele“ PZ in einer jeden prímen Restklasse 
mod a, gemessen an der Anzahl aller PZ, liegen, läßt sich aus unseren Untersuchun
gen fast unmittelbar entnehmen.

Aus (5) erhalten wir bei x —Xo und c— — —-, entsprechend (17), die asymp
totische Beziehung

2  l°g P ' p ~ 1 2 e ~ >os~p,iy ~  2 Ÿnÿeyl1
alle p

und aus (6) bei c = — (mit obiger Zusatzüberlegung), ebenfalls nach (17), die 
Beziehung

<p(a) 2  log p • p - W e - w n *  ~  2 Ínye*'*.
p  =  b  mod a

Über den Quotienten
2  \ogp-p~1/2 e~log2r,/iy

j p  =  b  mod a

2  log p ■ p - 1i2e~logip/4y ~  cp(a)
aile p

erreichen wir die Einsicht, daß die Primzahlen über alle Restklassen in 01% gleich
artig verteilt sind. Grob gesagt, es befinden sich in jeder prímen Restklasse b mod a
gleichviel PZ, ihr Anteil beträgt jeweils ——  von allen.

( p { a )

Bemerkung. Obwohl diese Summen über alle, bzw. gewisse Primzahlen bis 
unendlich laufen, muß man de facto nur bis p= exp ( 2y) summieren, um eine

S tu d ia  S c ie n tia r u m  M a th e m a t ic a r u m  H u n g a rica  12 (1977)
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Größenordnung der Art 2 ^яуехр 0>/4) zu erreichen. Für p=-exp (2y) läßt sich 
das Endstück der Summe mit

vergleichen.

У logp
£  „1 + C
P P

£ >  0,
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ON THE ESTIMATION OF REGRESSION COEFFICIENT 
IN CASE OF AN AUTOREGRESSIVE NOISE PROCESS

b y
I. H . G  A U D I

Abstract

T h e re  is  given a  s im p le  ex am p le  illu s tra te d  b y  n u m e ric a l re su lts  w h ich  p o in ts  o u t  th e  defec t 
o f  th e  c o n d itio n a l m ax im u m  lik e lih o o d  e s tim a tio n  m e th o d .

Introduction

In statistical time series analysis one of the most frequently discussed problem 
has the following formulation: a time series of the form

y(f) =  m(f)+x(r), t = l , 2 , . . . ,N
is observed, where m(t) is an unknown deterministic function and x(t)  is a stochastic 
process with 0 mean and known spectrum. The purpose is to draw some conclusions 
for m(t) from the observed process y(t). In the practice we seek the function m(t) 
in the form

m(t) = 2  av(p(v)0 ),
V =  1

where av are unknown coefficients and <p(v) (t) are known functions (usually poly
nomials or trigonometric polynomials). We have to estimate the coefficients av. 
The most natural way is the method of least squares.

Making use of the following notations

a  =
( N
a i

» y  =

' y ( l )  > 
y (  2 ) , (pW  =

( У л ( 1 )
Ф 0 ) ( 2 )
(pW  ( А О .

and
Ф =  (<p(1), cpw , . . . , ( p w ),

the least square estimator & of the vector a takes the form

& = (Ф*Ф)~1 Ф*у.

In the case of normal white noise the estimator & coincides with the maximum 
likelihood estimator of the vector a. If we suppose, that the noise process x(t) is 
normal, but not white and it has known correlation matrix R, we have the maximum 
likelihood estimator a„ of the vector a in the form

a0 = (Ф*Я)~1Ф*Я~1у.
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It is well-known, that a0 has minimal dispersion among the linear unbiased estimators 
of a. From the point of view of computational technics of the inversion of the 
matrix R  for enormously large TV is a difficult problem. Both the estimators & and 
a0 are normally distributed (as linear combinations of Gaussian variables) with 
expectations and variances

Ей. = (Ф*Ф)~1Ф*Еу = (Ф*Ф)~1 Ф*Фа = a,
Е ( й - oc)(á-a)* =  (Ф*Ф)~1 Ф*КФ(Ф*Ф)-\
Ea0 = (Ф*К-'Ф)-1ф*К-1Фх = a,

E (a0 — a) (a0 — a)* = (Ф*Я~1 ФУ1.

If the noise process is of autoregressive type with known parameters then another 
simple method — the so called conditional maximum likelihood estimation — is 
widely used (see A r a t ó , 1978; B r i l l i n g e r , 1973). The purpose of our comparative 
study is to point out the limits of the applicability of the last mentioned method.

1. The conditional maximum likelihood estimator

Let us consider the process

y(t) — a cos cot+x(t)

where the frequency со is a given constant, a is the unknown parameter and x(t) 
is a discrete time parameter second order autoregressive process, i.e., x(t)  satisfies 
the difference equation

x(t) = ax(t— l)+ßx(t—2)+e(t).

The coefficients a and ß are known real numbers satisfying the condition 
a2+ 4 /l< 0 , the process s(t) is a standard discrete time parameter white noise. 
The hidden period of this scheme is 2nlwi, where

Nсо, = arc cos — ;-----.
2 lf—ß

Further on the damping parameter cp is equal to У—ß.
If the frequency со varies then this example becomes pathological in the neigh

bourhood of the hidden frequency a>1 of the noise process.
The least square estimator â has the form

N
2  y(f)cos cot

cos2 cot
r=l

(The estimator â is the maximum likelihood estimator of a under the false hypothesis 
that the noise is white.)

f
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The conditional maximum likelihood estimation aM c can be calculated from 
the conditional density function

Л  =  (2n)Nl2 a P { - j 2 ( x ( 0 - « x ( t - l ) - ß x « - 2 ) Y }

of the process x ( t ) —y ( t )  —a cos cot, t =  1, 2, ..., jV, under the condition that x(0) = 
= x 0, x( —l)= x_j. The solution of the likelihood equation

can be written in the form

d \n fc
da = 0

where

and

a M, c  — A
Ac

Ac = (cos cot-oc cos со (t — 1) — /Jcos co(t-2))2
»=i

Be = 2! O' (0 _  <xy 0  — 1 )— ßy (1 -  2)) (cos cot — a cos со (f -1  )—/? cos со (t — 2)).

If the noise process x(t)  is stationary then its unconditional density function /  
has the form

/= /* { * (“  l).* (0)}/c
where / st{x(—1), x(0)} is the density function of the two dimensional normal 
distribution with zero mean and covariance matrix ^

with
1— ß o\ _  a

“ Т+/Г (i- д 2-«2 ’ ri2~ T = ß ru
(see Box and Jenkins, 1970). So the unconditional maximum likelihood estimator 
aM can be written as

where
A = cos2(— co)+[y cos (— co)+<5]2+ £  (cos cot—a cos co(t—1)—̂  cos co(t—2))2

t = 3
and

В = у (— 1 ) cos ( -  со) + [уу (— 1 ) + с5у (0)] [у cos ( -  со)+ ó] +

+  2  Lf (0 ~ ХУ 0  — 1 ) —ßy (t—2)] [cos cot—a cos со (t — 1 ) -  /? cos со (í — 2)].

Here (y, <5) is one of the solutions of the system of equations
0 = rn y +  r12<5,

1 =  Гп(У*+02)+ 2у0г12.
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Observe that the terms in the expressions for Bc and В are independent random 
variables.

All of these estimators are unbiased if the noise process jc( — 1), x(0), x(l), ... 
is stationary. Under this assumption their variance can easily be determined :

where

d2 =  £ (d -a )2 =
2  r\i-j\ cos coi cos coj

2  COS2 coi cos2 coj ’
1.7=1

r\i—j\ = Ex(i)x(0); E(a 1 1
Af.c" a)2 =  — a2M = Е{ам- а ) г = —.

2. A numerical example

In our concrete example the parameters were chosen as follows: 

a =  6.8, a = 1.83, у? = -0 .9 8 , со = —  , 

ru = 173.23, r12 = 160.10.

So the period of the noise is 16.04 and the damping parameter is close to 1 (f 0.98)- 
Table I shows the dependence of 8 , aM c and aM on the number N  of observa

tions for fixed со. Tables II, III and IV show the dependence of 8 , aM c and aM 
on the frequency со for N —40, N —Anfco and N=2n/co, respectively.

TABLE I
The dependence o f  8, oMtC and a M on the number N  

o f  observations fo r  f ix e d  co(ca =  2 л /10)

N 5 10 15 20 30 40 50 60

& 10.08 8 .34 5.99 3.57 1.83 2.29 1.32 1.33

&M,c 2.77 1.96 1.60 1.38 1.13 0.98 0.88 0 .80

a M 1.20 1 .10 1.02 0 .96 0 .86 0.79 0.73 0.68

TABLE П

The dependence o f  8, a MlC and a M on the frequency со fo r  N  =  40

r  =  —CO 40 30 20 18 16 14 12 10 8 5

8 4.06 2 .9 9 9.34 _ 11.19 12.31 9.83 3.76 2.29 1.32 0.73

&M, c 1.78 2.14 4.18 7.11 2 9 .0 8 4.75 1.93 0.98 0 .5 2 0 .18

a M 0.89 0.93 1.02 1.05 1 .08 1.08 1.00 0.79 0 .5 0 0 .1 9
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TABLE III

The dependence o f  d, aM, c and а м  on the frequency со fo r  N  = 4лIсо

_  2*  T =  —CO
60 40 36 32 28 24 20 16 12 10 8 6

» 2.88 9.34 11 .97 12.47 10.65 7 .2 6 3.57 1.22 2.15 2.84 3.50 4 .13

G\i.c 1.71 4.18 7 .52 32.52 5.70 2 .4 9 1.38 0.82 0.49 0.37 0 .2 7 0.20

(Гм 0.88 1.02 1.05 1.08 1.09 1.06 0 .96 0.77 0.53 0.41 0.31 0 .2 6

TABLE IV

The dependence o f  â ,a M. c and  erM on the frequency со fo r  N  =  Injco

T
CO 50 40 30 20 18 16 14 12 10 8 6 5 4 3

d 2.13 4.06 4 .09 12.79 13.16 12.79 11.74 10.17 8.34 6.62 5.43 5.12 5 .00 5.01

&M. c 1.49 1.78 2 .42 5.92 10.63 4 5 .99 8.06 3.53 1.96 1.16 0.69 0 .5 2 0 .39 0.29

<*M 0.85 0.89 0 .95 1.04 1.06 1.08 1.10 1.11 1.10 1.02 0.82 0.68 0 .5 4 0 .65

If cx>=(ol then the least square estimator is better than the conditional maximum 
likelihood one. Naturally, aM is always minimal. This phenomenon can be explained 
as follows. The function

z(t) = 0.98'/a cos w *  
is a solution of the difference equation

z{t) = a z (f- l)+ /? z ( i-2 ) ,
so the denominator Ac^ 0 .

The pathological behaviour of the conditional maximum likelihood estimator 
is the consequence of the false assumption that x ( —1) and x(0) are known.

*
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BOOK REVIEW

Dodson, C. T. J., Categories, bundles and spacetime topology, Shiva Mathema
tics Series No. 1, Shiva Publishing Limited, Orpington, 1980, 223 pp.

T h is  in te res tin g  b o o k  g iv es a  good  survey  o f  th e  m a th e m a tic a l  co n cep ts  a n d  to o ls  re q u ire d  by  
su ch  ra p id ly  develop ing  fie lds o f  th e  theore tical p h y sic s  a s  gauge-fie ld  th eo ry  an d  th e  s tu d y  o f  v a rio u s  
sp ace tim e  s tru c tu re s  o f  re la tiv ity . T h e  con ten t re flec ts  very  w ell th e  d iversity  o f  n o tio n s  a n d  th e o re m s , 
w hich h e lp  th e  beg inner to  lo o k  in to  th is “n e w  w o rld ” o f  sp a c e tim e  geom etry  a n d  to  m a k e  h im se lf  
m a s te r  o f  h a n d lin g  the  so p h is tic a te d  analy tical m a c h in e ry  o f  m a th e m a tic s . By n o w  th e  c o o rd in a te -f re e  
g lo b a l m e th o d  gained g r o u n d .n o t  only  in  th e  d iffe re n tia l g e o m e try  b u t a lso  in  its  a p p lic a t io n s  to  
physics, a n d  prevails b o th  in  th e  new  view o f  th e  p ro b le m s  a n d  th e ir  m ath em atica l fo rm u la tio n s . 
T his b o o k , w h ich  is the  firs t v o lu m e  o f  a  series to  be  p u b lish e d  b y  S h iva  P ub lish in g  L im ite d  a t  p o s t
g ra d u a te  o r  resea rch  level, is w r it te n  in  this s ty le  a n d  it is  v e ry  su itab le  to  a ro u se  in te re s t o r  to  in t ro 
duce  to  th e  research  w o rk  th o se  w ho are  in te re s te d  in  th is  im p o r ta n t  an d  fa sc in a tin g  c h a p te r  o f  
science. N o w  let us g lance  th ro u g h  the b o o k .

T h e  firs t p a rt (c h ap te rs  I — III)  is an  in tro d u c tio n  to  th e  n a iv e  ca tegory  th eo ry  a n d  to p o lo g y . 
W e find  h e re  th e  basic c o n c e p ts  o f  category  th e o ry  (m o rp h ism s , fu n c to rs , d iag ram s, lim its  o f  d ia g 
ram s, p ro d u c ts , pu llback , e q u a liz e r , com plete  c a teg o rie s , l im it p reserv in g  fu n c to rs , a d jo in t  fu n c to rs )  
a n d  to p o lo g y  (topo log ica l sp a c e , c o n tin u o u s m a p s , s e p a ra t io n  ax io m s, com pactness, c o n n e c te d n e ss , 
p a r tit io n  o f  u n ity , h o m o to p y , covering  sp a c e ; p a r tia l  o rd e r in g , su p  a n d  in f  to p o lo g ie s , c o in d u c e d  
an d  in d u ce d  topo log ies, p ro d u c t an d  c o p ro d u c t to p o lo g ie s , p ro jec tive  lim it a n d  in d u c tiv e  lim it 
to p o lo g ies). T h e  m ain  p a r t  o f  th e  book  is c h a p te r  IV  o n  m a n ifo ld s  a n d  bundles. H e re  th e  d efin itio n s  
o f  m a n ifo ld s  an d  Lie g ro u p s , th e n  th a t o f  v e c to r  b u n d le s , ex ac t sequences, d ifferen tia ls , je ts ,  fibre  
bu n d les , L ie  a lgeb ras a re  g iv en . T h e  reader c a n  g e t a c q u a in te d  h e re  w ith  th e  n o tio n s  a n d  re su lts  o f  
co n n ec tio n  th eo ry  as w ell a s  th o se  o f  the th e o ry  o f  c u rv a tu re . R ie m a n n  a n d  p se u d o -R ie m a n n  s tru c 
tu res a re  co n sid ered  a n d , a s  a n  exam ple, th e  fu n d a m e n ta l  q u a n titie s  o f  the  S ch w arzsch ild  g e o m e try  
a re  d e te rm in e d . C h a p te r  V  is d ev o ted  to  the sp a c e tim e  s t ru c tu re s . B eg inn ing  a t th e  L o re n tz  s tru c tu re s  
a n d  tre a tin g  the  co n seq u en ces  o f  the o rien tab ility  o f  th e  sp ace , th e  a u th o r  show s th e  c o n n ec tio n  
be tw een  th e  p a ra lle lizab ility  o f  a  m anifo ld  a n d  th e  ex is te n ce  o f  sp in o r s tru c tu re s  o n  it. T h e  last 
se c tio n  o f  th is  c h ap te r d e a ls  w ith  the s in g u laritie s  o f  th e  sp a c e tim e  struc tu res.

T h e re  a re  m any e x a m p le s  in the  b o ok . I f  th e  p ro o f  o f  a  th e o re m  has been o m itte d  —  a n d  th is  
o c cu rre d  v ery  o ften  —  th e n  h in ts  an d  reference  b o o k s  h a v e  a lw ay s b een  g iven to  h e lp  th e  r e a d e r  to  
re c o n s tru c t o r  find the  v e rif ica tio n  o f  the s ta te m e n t.

J. M erza

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r ic a  12 (1977)
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