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ALFRED RENYI’S WORKS*

1945

1 Egy Stieltjes féle integralrol. Doktori értekezés. (Doctoral dissertation.) Szeged,
1945, 40 p. (Kézirat.) (Manuscript.)
1946

1 On a Tauberian theorem of O. Szadsz. Acta Sei. Math. Szeged Il (1946/48)
119—123.
2. Integral formulae in the theory of convex curves. Acta Sei. Math. Szeged 11
(1946/48) 158—166.
1947

1. On the minimal number of terms of the square of a polynomial. Hung. Acta
Math. 1(1946/49) No. 2., 30—34.

2. O npefAcTaBneHWM YETHbIX YMCEN B BUAE CYMMbl OHOIO MPOCTOrO W OLHOrO

noutu-npoctoro umcna. Aoknagbl Akag. Hayk CCCP 56 (1947) 455—458.

O npeAcTaBfeHUM YETHbIX YMCeN B BMAE CYMMbl NPOCTOr0 M O4HOr0 MOYTW-

npocToro uucna. Kandidatusi disszertacid. Leningrad, 1947. (Kézirat.)

O6 o4HOM HOBOM NPUMeEHEHWWM MeTofda akafemuka V. M. BuHorpagosa. [o-

Knagbl Akag. Hayk CCCP 56 (1947), 675—=678.

5 O HEeKOTOpbIX rMnoTexas Teopun XxapakTtepos Aupuxne (¢ FO. B. JINHHMKOM).
W3B. Akag. Hayk CCCP 11 (1947) 539—546.

> w

1948

. O npeacTaBieHUM YETHBIX YMCEN B BUAE CYMMbl MPOCTOrO U MOYTM-NPOCTOro
yucna. M3e. Akag. Hayk CCCP 12 (1948) 57—78. (cf. 1947/3).

Jaték a véletlennel. Kozépisk. Mat. Lapok 1(1948) 101—111

. Jaték a véletlennel I1I. Kdzépisk. Mat. Lapok 1 (1948) 144—157.

Simple proof of a theorem of Borel and of the law of the iterated logarithm.
Mat. Tidsskrift B, 1948, 41—48.

Remarque & la note précédente. (G. Alexits: Sur la convergence des séries lacun-
aires. Acta Sei. Math. Szeged 11 (1946/48) 251—253.) Acta Sei. Math. Szeged
11 (1946/48) 253.

6. Generalization of the ,large sieve” of Ju. V. Linnik. Math. Centrum, Amster-
dam, 1948. 5 p. (Mimeographed.)-

PN

o

* Compiled by P. Medgyessy. This list does not contain book reviews, prefaces written to the
first numbers of new periodicals, abstracts of lectures delivered on Hungarian conferences and
colloquiums, articles and comments without mathematical aspects, etc published in periodicals.
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On the zeros of the L-function of Dirichlet. Math. Centrum, Amsterdam, 1948.
4 p. (Mimeographed.)

8. Proof of the theorem that every integer can be represented as the sum of a
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12.

13.
14.

prime and an almost prime. Math. Centrum, Amsterdam, 1948. 3 p. (Mimeo-
graphed.)
1949

O npeactaBneHun uncen 1, 2 N mocpeAcTBOM pasHocTei (¢ Jlacno Pegeir).
Mart. C6opHuK 24 (1949) 385—389.
Some remarks on independent random variables. Hung. Acta Math. 1 (1946/49)
No. 4, 17—20.
On the measure of equidistribution of point sets. Acta Sei. Math. Szeged 13
(1949) 77—92.
Un nouveau théoréeme concernant les fonctions indépendantes et ses applica-
tions a la théorie des nombres. Jour. Math. Pures Appl. 28 (1949) 137—149.
A szovjet matematika 30 éve. Természet és Technika 108 (1949) 220—226.
Probability methods in number theory. Publ. Math. Coll. Budapest 1 (1949)
No. 21, 1—9.
Sur un théoreme général de probabilité. Annales Inst. Fourier 1 (1949) 43—52.
On the coefficients of schlicht functions. Publ. Math. Debrecen 1(1949) 18—23.
A szovjet matematika 30 éve. I. A valdszinliségszamitds megalapozasarol. Mat.
Lapok 1(1949/50) 27—64.

1950

On a theorem of Erdds and Tdran. Proc. Amer. Math. Soc. 1 (1950) 7—10.
Some problems and results on consecutive primes (with P. Erdds). ,.Simon
Stevin” 27 (1949/50) 115—125.

A szovjet matematika 30 éve. 1l. A valdszin(iségszamitas Uj iranyai. Mat. Lapok
1 (1949/50) 91— 137.

On the large sieve of Ju. V. Linnik. Comp. Math. 8 (1950) 68—75.

On the geometry of conformal mapping. Acta Sei. Math. Szeged 12 (1950)
Pars B, 215—222.

On the algebra of distributions. Publ. Math. Debrecen 1 (1950) 135—149.
Az apritds matematikai elméletér6l. Epitéanyag 2 (1950) 9—10. szam. 7 p.
A Newton-féle gyokkdzelitd eljarasrol. Mat. Lapok 1 (1949/50) 278—293.

On the summability of Cauchy—Fourier series. Publ. Math. Debrecen 1 (1950)
162—164. (cf. 1945/1.)

06 ofHoli 06LLEn TeopeMe TEOPUM BEPOATHOCTEN U O ee MPUMEHEHNN B TEOPUM
umcen. Zpravy o spolecnem 3. sjezdu matematik( Ceskoslovenskych a 7. sjezdu
matematiku Polskych, Praha, 1950. Casopis Pést. Mat. Fys. 74(1949) 167—175.
K Teopuu npepesnbHbIX TEOPEM A5 CYMM He3aBUCUMBIX CAyYaliHbIX BEUYMH.
Acta Math. Acad. Sei. Hung. 1(1950) 99— 108.

Harc a formalizmus ellen a matematika tanitdsaban. A kdzépiskolai matematika-
tanitas kérdései. Szocialista Nevelés Kiskdnyvtara 4. sz. Kozoktatasugyi Kiadd
Villalat, Budapest, 1950; pp. 24—28.

Remarks concerning the zeros of certain integral functions. C. R. Acad. Bulg.
Sei. 3 (1950) No. 2—3, 9—10.

On composed Poisson distributions, 1. (with L. Janossy and J. Aczél). Acta
Math. Acad. Sei. Hung. 1 (1950) 209—224.
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Val6szinliségszamitas. 1949—50. 1 f. é—I. f. é&. Egyetemi jegyzet. A Debreceni
Tudoméanyegyetem Matematikai Intézete, Debrecen, 1950.
Valdszinliségszamitas. Egyetemi jegyzet. Az E6tvos Lorand Tudomanyegye-
tem Természettudomanyi Kara, Budapest, 1950.

1951

A valdszinlségszamitas kozponti hatarértéktételének egy Gj altalanositasarol.
MTA Ill. Oszt. Kozi. 1(1951) 351—355. (cf.: 1950/11).

. A Magyar Tudoméanyos Akadémia Alkalmazott Matematikai Intézetének fel-

adatairdl. Akad. Ert. 58 (1951) 483. flizet, 1951 janudr—februar, 20—26.
A Poisson-eloszlas problémakorérél. MTA 111 Oszt. Kozi. 1 (1951) 202—212.

. On some problems concerning Poisson processes. Publ. Math. Debrecen 2 (1951)

66—73.

Sur I'indépendence des domaines simples dans I’espace euclidien a n dimensions
(with C. Rényi and J. Suranyi). Colloqu. Math. 2 (1951) 130—135.
Osszetett Poisson-eloszlasokrol, 1. (Janossy Lajossal és Aczél Janossal). MTA
Il. Oszt. Kozi. 1(1951) 315—238. (cf.: 1950/14).

06 ocHOBax Teopun BeposiTHOCTER. MoanILHKMK ®u3.-maT. PakynTteT Codms, 47
(1951) KHura 1, 227—236.

Zaklady théorie pravdépodobnosti. Mat. Ustav ieskoslovenske Akad. Véd.,
Praha, 1951. 10 p. (Mimeographed.) (cf.: 1951/7.)

On composed Poisson distributions. 1l. Acta Math. Acad. Sei. Hung. 2 (1951)
83—98.

Osszetett Poisson eloszlasokrdl 1. MTA 11l Oszt. Kozi. 1 (1951) 329—341.
(cf.: 1951/9).

Két bizonyitas Janossy Lajos egy tételére. (Turan Pallal.) MTA Ill. Oszt. Kozi.
1 (1951) 369—370.

Levél a szerkeszt6htz. HOmunkasok viz- és sGanyagcseréje. — A matematikai
statisztika mddszereinek alkalmazésa az orvostudomanyban. (A kdvetkez6hoz:
Somfai Jend és Nogrady Gyorgy: A munkaklima hatdsanak vizsgalata béa-
nydszokon. Orvosi Hetilap 91 (1950) 871—875.) Orvosi Hetilapé Szovjet Or-
vostudomanyi Beszdmolo 92 (1951) 945—947.

On the approximation of measurable functions (with L. Pukanszky). Publ.
Math. Debrecen 2 (1951) 146—149.

Komplex flggvénytan. Egyetemi jegyzet. Tankdnyvkiadd, 1 Jegyzetsokszorosito,
Budapest, 1951. 34 p.

Komplex fuggvénytan. Egyetemi jegyzet. VKM 2. Jegyzetsokszorositd. Buda-

pest, 1951. 59 p.
1952

Sztochasztikus fliggetlenség és teljes fliggvényrendszerek. Az Els6 Magyar Ma-
tematikai Kongresszus Kozleményei. 1950 augusztus 27.—szeptember 2. Aka-
démiai Kiadd, Budapest, 1952; pp. 299—308.

CToxacTnyeckasn-He3aBMCUMOCTb U NOJHbIE CUCTEMbI (DyHKUWIA. Az Els6 Magyar
Matematikai Kongresszus Kozleményei. 1950. augusztus 27.—szeptember 2.
Akadémiai Kiado, Budapest, 1952; pp. 309—316. (cf.: 1952/1).

On a conjecture of H. Steirjhaus. Annales Soc. P6lon. Math. 25 (1952) 279—287.
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Hozzészolas. (A kovetkez6hoz: Kalmar Laszlo: A matematika alapjaival kap-
csolatos Ujabb eredmények. MTA I1ll. Oszt. Koézi. 2 (1952) 89—103.) MTA
I11. Oszt. Koézi. 2 (1952) 104—107.

Uj eredmények a valdszinliségszamitas terén. MTA I1l. Oszt. Kozi. 2 (1952)
125—130.

A. Ja. Hincsin ,,A statisztikai mechanika analitikus modszerei” c. kdnyvérdl.
(Fényes Imrével.) MTA I11. Oszt. Kozi. 2 (1952) 275—280.

A valoszinliségszamitas elvi kerdései a dialektikus materializmus megvilagita-
séban. Filozofiai Evkonyv. 1952. Akadémiai Kiad6, Budapest, 1952; pp. 63—97.
On projections of probability distributions. Acta Math. Acad. Sei. Hung. 3
(1952) 131—142.

Jordan Karoly matematikai munkéassagarol. Mat. Lapok 3 (1952) 111—121.
Gépalkatrészek és felszerelési targyak torzskészletének val6szinliségszamitasi
meghatarozésa. (Szentmartony Tiborral.) Mat. Lapok. 3 (1952) 129—139.

. Gépipari Uzemek elektromos energiaszikségletének és egyidejlségi, illetdleg

szlikségleti tényezéjének valdszinliségszamitasi meghatarozasa. (Szentmartony
Tiborral.) MTA Aik. Mat. Int. Koézi. 1 (1952) 85—104.

Kompresszorok és légtartalyok racionalis méretezése lizemek s(ritett levegGvel
valé ellatasara. MTA Aik. Mat. Int. Kozi. 1(1952) 105—138.
Poisson-folyamatok altal szarmaztatott torténés-folyamatokrol és azok technikai
és fizikai alkalmazasairol. (Takacs Lajossal.) MTA Aik. Mat. Int. Koézi. 1(1952)
139—146.

Megjegyzések Gombas Pal és Gaspar Rezs egy dolgozatdhoz. MTA Aik. Mat.
Int. Kozi. 1(1952) 393—397.

On the zeros of polynomials (with P. Tdran). Acta Math. Acad. Sei. Hung.
3 (1952) 275—284.

Bolyai Janos, a tudomany nagy forradalmara. Mat. Lapok 3 (1952) 173—178.
Val6szinliségszamitas. Egyetemi jegyzet. FelsGoktatasi Jegyzetellatd Vallalat,
Budapest, 1952,

1953

H. Steinhaus egy sejtésér6l. MTA 1ll. Oszt. Koézi. 3 (1953) 37—44. (cf.
1952/3).

YKpenneHne cBA3M MaTeMaTUKU C npakTukoW. [Mpupopga, 1953, 69—73.
Pozndmka u uhlech mnohouhelnika. fasopis Pest. Mat. 78 (1953) 305—306.
Valdszinlség-eloszlasok vetileteir6l. MTA 1ll. Oszt. Kozi. 3 (1953) 59—609.
(cf.: 1952/8).

Bolyai Janos felfedezésének tudoméanyos és vilagnézeti jelent6sége. Természet
és Technika 112 (1953) |—4.

A Bolyai—Lobacsevszkij geometria vilagnézeti jelentésége. MTA 111 Oszt. Kozi.
3 (1953) 253—273.

Ideologicky vyznam geometrie Bolyai—Lobacevského. Casopis Pest. Mat. 78
(1953) 149—168. (cf.: 1953/6.)

8. Hozzaszolas. (A kovetkez6hoz: Janossy Lajos: Beszamold a berlini fizikus

kongresszus egyes problémairol. MTA 1ll. Oszt. Kozi. 3 (1953) 323—325.) MTA
1. Oszt. Kozi. 3 (1953) 326—327.

Hozz&szolas. (A kovetkez6hdz: Gombéas PAal: Elméleti fizikai kutatdsokban
alkalmazott matematikai modszerek kiilénds tekintettel a kvantummechanikai

Studia Scientiarum Mathematicarum Hungarica 6 (1971)
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kozelit6 mddszerekre. MTA 1Il. Oszt. Koézi. 3 (1953) 329—340.) MTA 1L
Oszt. Kozi. 3 (1953) 344—347.

Az Alkalmazott Matematikai Intézet munkja a valdszin(iségszadmitas ipari alkal-
mazasai terén. MTA 111 Oszt. Kozi. 3 (1953) 363—372.

On the theory of order statistics. Acta Math. Acad. Sei. Hung. 4 (1953) 191—231.
A rendezett mintdk elméletérél. MTA 1ll. Oszt. Kozi. 3 (1953) 467—503. icf.:
1953/11).

Eine neue Methode in der Theorie der geordneten Stichproben. Bericht iber die
Mathematiker-Tagung in Berlin, Januar 1953. Deutscher Verlag der Wissen-
schaften. Berlin, 1953; pp. 203—212.

Hozzaszolas. (A kovetkez6hoz: Ankét O. J. Smidt ,,Négy el6adas a Fold ke-
letkezésének elméletér6l” cimd konyvér6l. MTA 111 Oszt. Kozi. 3 (1953) 579—
601.) MTA Ill. Oszt. Kozi. 3 (1953) 595—600.

Kémiai reakciok targyaldsa a sztochasztikus folyamatok elmélete segitségével.
MTA Aik. Mat. Int. Kézi. 2 (1953) 83—101.

Ujabb kritériumok két minta dsszehasonlitdsara. MTA Aik. Mat. int. Kozi.
2 (1953) 243—265.

A val6szin(iségszamitas alapfogalmair6l. Mérnoki Tovabbképz6 Intézet el6adas-
sorozatabdl. Fels6oktatasi Jegyzetellatd Vallalat, Budapest, 1953. 51 p.

A raktarkészlet potlaséardl 1. (Palésti llondval, Szentmartony Tiborral és Takacs
Lajossal.) MTA Aik. Mat. Int. Kozi. 2 (1953) 187—201.

Val6szinliségszamitas. Egyetemi jegyzet. FelsGoktatasi Jegyzetellatdé Vallalat,
Budapest, 1953,
Jaték a' véletlennel. Pedagdgiai FOiskolai jegyzet. 1 valtozatlan utdnnyomas.

FelsGoktatasi Jegyzetellatd Vallalat, Budapest, 1953. 9 p.
1954

Zé&kladni problémy poctu pravdépodobnosti ve svétle dialektického materialismu.
Casopis Pest. Mat. 79 (1954) 189—218. (cf.: 1952/7.)

. Elementary proofs of some basic facts concerning order statistics (with Gy.

Hajos). Acta Math. Acad. Sei. Hung. 5 (1954) 1—®6.

Vipeonorunyeckoe 3HadeHve reometpum bosn—lobayesckoro. Acta Math. Acad.
Sei. Hung. 5 (1954) Supplementum, 21—42. (cf.: 1953/6).

A val6szinliségszamitas Uj axiomatikus felépitése. MTA Ill. Oszt. Kozi. 4 (1954)
369—427.

A val6szinliségszamitas torténetének rovid attekintése. MTA I1l. Oszt. Kozi.
4 (1954) 447—466.

Val6szinliségszamitas. Tankényvkiadd, Budapest, 1954.

. Elemi bizonyitasok a rendezett mintak elméletének néhany alapvet6 dsszefliggé-

sére. (Hajos Gyorggyel.) MTA Ill. Oszt. Kozi. 4 (1954) 467—472. (cf.; 1953/2).

. A kémiai frakcionald6 megosztas matematikai targyalasa nem-teljes diffizio ese-

tében. (Medgyessy Pallal, Tettamanti Karollyal és Vincze Istvannal.) MTA Alk.
Mat. Int. K6zi. 3 (1954) 81—97.

A komplex potencial egyrétlségér6l, L (Rényi Katdval.) MTA Alk. Mat. Int.
Kdzi. 3 (1954) 353—367.
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Die prinzipiellen Fragen der Wahrscheinlichkeitsrechnung im Lichte des dialekti-
schen Materialismus. Philosophisches Jahrbuch, 1952. Zusammenfassung. Aka-
démiai Kiado, Budapest, 1954; pp. 7—8.
Hozzaszolas. (A kovetkez6hoz: Sedimayer Kurt: Nagyobb termések elérésének
tudomanyos alapjai. MTA V. Oszt. Ko6zi. 5 (1954) 187—197.) MTA IV. Oszt.
Kdzi. 5 (1954) 198—200.
Egy lucerna nemesitésével kapcsolatos kombinatorikai probléméarél. (El6adas:
Matematikai Statisztikai Kollokvium. 1954. szeptember hd 27.—29., Jésvaf6.)
Kivonat: Az 1954. szeptember ho 27,-ét6l 29.-ig Josvafén, a Bolyai Janos Mate-
matikai Tarsulat altal rendezett Matematikai Statisztikai Kollokviumon elhang-
zott el6adasok kivonatai. Bolyai Janos Matematikai Tarsulat, Budapest, 1954,
pp. 13—15.
Megoldatlan problémak a rendezett mintak elméletében. — Referatum. (El6adas:
Matematikai Statisztikai Kollokvium. 1954. szeptember hé 27.—29.. Jésvafo.)
Kivonat: Az 1954. szeptember ho 27.-ét6l 29.-ig Josvafén, a Bolyai JAnos Mate-
matikai Tarsulat altal rendezett Matematikai Statisztikai Kollokviumon elhang-
zott el6adasok kivonatai. Bolyai Janos Matematikai Tarsulat. Budapest, 1954;
pp. 18—20.

1955

Egy kombinatorikai probléma, amely a lucerna nemesitésével kapcsolatban me-
ralt fel. Mat. Lapok 6 (1955) 151—164.
Bizonyos trigonometrikus rendszerek teljessegérél. (Czipszer Janossal.) MTA
I11. Oszt. Kézi. 5 (1955) 391—410.
A matematika fejlédése hazankban a felszabadulds 6ta. (Alexits Gyodrggyel és
Hajos Gyorggyel.) A magyar tudomany 10 éve. 1945—1955. Akadémiai Kiadd,
Budapest, 1955; pp. 87— 106.
Generalization of an inequality of Kolmogorov (with J. Hajek). Acta Math.
Acad. Sei. Hung. 6 (1955) 281—283.
On a new axiomatic theory of probability. Acta Math. Acad. Sei. Hung. 6 (1955)
285—335.
A sztochasztikus folyamatok elméletérdl és annak néhany miszaki alkalmazasa-
rél. (Mérnoki Tovabbképzl Intézet el6adassorozatabdl.) FelsGoktatasi Jegyzet-
ellaté Vallalat, Budapest, 1955. 78 p.
On the density of certain sequences of integers. Publ. Inst. Math. Acad. Serbe
Sei., Beograd 8 (1955) 157—162.
Matematikai statisztika. Egyetemi jegyzet. Jegyzetsokszorositd, Budapest, 1955.
A vilag tudosainak tapasztalatcseréje egyarant hasznos a béke és a tudomany
szamara. Beszdmold egy kilfoldi tanulmanyat élményeirdl és tanulsagairol.
Szabad Nép, 1955, december 18, 6.
Pour la coopération entre'savants du monde. Journal article, 1955. 2 p. (cf.:
1955/9.).
A matematikai moddszerek alkalmazasanak eredményei és lehet6ségei. Szabad
Nép, 1955, szeptember 8, 4.

1956

Szakkdrokben elvégezhetd valdszinlségszamitasi kisérletekrél. — El6adasok az
iskolai matematika korébdl. A Bolyai Janos Matematikai Tarsulat kiadvanya.
Tankdnyvkiadd, Budapest, 1956; pp. 135—150.
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Axiomatischer Aufbau der Wahrscheinlichkeitsrechnung. Bericht Uber die Ta-
gung Wahrscheinlicheitsrechnung und mathematische Statistik in Berlin, Oktober,
1954. Deutscher Verlag der Wissenschaften, Berlin 1956; pp. 7—15.

An inequality for uncorrelated random variables (with E. Zergényi). Czech.
Math. Jour. 6 (81) (1956) 415—419.

A szdmjegyek eloszlasa valds szamok Cantor-féle elallitasaiban. Mat. Lapok
7 (1956) 77—100.

On some combinatorical problems (with P. Erd6s). Publ. Math. Debrecen 4
(1955/56) 398—405.

O npegensHOM pacnpegeneHun ans CyMM He3aBUCUMbIX ClydaliHbIX BefMYMH
Ha OGMKOMMNAKTHbLIX KOMMYTaTUBHbIX TOMOAOrMyeckux rpynnax (¢ A. lMpekona
n K. ¥YpbaHukom). Acta Math. Acad. Sei. Hung. 7 (1956) 11—16.

On conditional probability spaces generated by a dimensionally ordered set of
measures. Teopus BeposTHocTein 1 (1956) 61—71.

Az entrdpia fogalméardl. (Balatoni Janossal.) MTA Mat. Kat. Int. Kozi. 1(1956)
9—40

Az ingerlletatvitel val6szinlisége egy egyszer( konvergens kapcsoldsu inter-
neurondlis synapsis-modellben. (Szentdgothay Janossal.) MTA Mat. Kut. Int.
Kozi. 1(1956) 83—91.

On the number of zeros of successive derivatives of analytic functions, (with
P. Erd6s.) Acta Math. Acad. Sei. Hung. 7 (1956) 125—144.

Az arrendezés problémajarol. (Brédy Andrassal.) MTA Mat. Kit. Int. Kozi.
1 (1956) 325—335.

A Monte-Carlo mddszer mint minimax stratégia. (Palasti llonaval.) MTA Mat.
Kut. Int. Kozi. 1(1956) 529—545.

Discussion on Dr. David’s and Dr. Johnson’s paper. (F. N. David and N. L.
Johnson: Some tests of significance with ordered variables. Jour. Roy. Stat.
Soc. Ser. B, 18 (1956) 1—20.) Jour. Roy. Soc. Ser. B, 18 (1956) 29.

A Poisson-folyamat egy jellemzése. MTA Mat. Kut. Int. Kozi. 1(1956)519—527.

On the independence in the limit of sums depending on the same sequence of
independent random variables (with A. Prékopa). Acta Math. Acad. Sei. Hung.
7 (1956) 319—326.

Internationaler Erfahrungsaustausch der Wissenschaftler erhélt den Frieden und
fordert die Wissenschaft. Journal article, 1956. 2 p. (cf.: 1955/9.).

”Scientific exchange is beneficial to world peace and science”. Journal article,
1956. 2 p. (cf.: 1955/9.).

1957

On a new axiomatic foundation of the theory of probability. Proceedings of the
International Congress of Mathematicians 1954. Amsterdam September 2—Sep-
tember 9. Vol. I. Noordhoff N. V., Groningen — North-Holland Publishing Co.,
Amsterdam, 1957; pp. 506—507.

On the theory of order statistics. Proceedings of the International Congress of
Mathematicians 1954. Amsterdam September 2—September 9. Vol. 1. Noord-
hoff N. V., Groningen—North-Holland Publishing Co., Amsterdam, 1957; pp.
508—509.
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A new deduction of Maxwell’s law of velocity distribution. 138. Mat. VHCT.
Codtms 2 (1957) KHura 2, 45—755.

Probabilistic proof of a theorem on the approximation of continuous functions
by means of generalized Bernstein polynomials (with M. Aratd). Acta Math.
Acad. Sei. Hung. 8 (1957) 91—98.

On the asymptotic distribution of the sum of a random number of independent
random variables. Acta Math. Acad. Sei. Hung. 8 (1957) 193—199.

On the number of zeros of successive derivatives of entire functions of finite
order (with P. Erd6és). Acta Math. Acad. Sei. Hung. 8 (1957) 223—225.

A probabilistic approach to problems of diophantine approximation (with
P. Erdés). lllinois Jour. Math. 1 (1957) 303—315.

8. Mathematical Notes. Il. On the sequence of generalized partial sums of a series.

11.
12,
13.

14.

15.

oo

e A

Publ. Math. Debrecen 5 (1957/58) 129— 141.

A remark on the theorem of Simmons. Acta Sei. Math. Szeged 18 (1957) 21—22.
Val6s szamok el6allitasara szolgald algoritmusokrél. MTA 111 Oszt. Koézi. 7
(1957) 265—293.

Representations for real numbers and their ergodic properties. Acta Math. Acad.
Sei. Hung. 8 (1957) 477—493.

Az L(z) valbszinlseg-eloszlasfiiggvényrél. MTA Mat. Kat. Int. Kozi. 2 (1957)
43—50.

Szénszemcses ellendllasok vizsgalata valdszinliségszdmitasi modszerrel. MTA
Mat. Kat. Int. Kozi. 2 (1957) 247—256.

Uber den Begriff der Entropie in der Wahrscheinlichkeitsrechnung. (El6adas:
IV. Osterreichischer Mathematikerkongress Wien, 17—22. IX. 1956.) Kivonat:
Nachr. Osterr. Math. Ges. Beilage zu ”’Internat. Math. Nachr.” 11 (1957) April,
Nr. 47/48., Sondernummer, 83.

Uber den Begriff der Entropie. (Balatoni Janossal.) Arbeiten zur Informations-
theorie. I. Deutscher Verlag der Wissenschaften, Berlin, 1957; pp. 117—134.
(cf.: 1956/8.)

1958

On a theorem of Erd6s—Kac (with P. Tarén). Acta Arith. 4 (1958) 71—8&4.
Some remarks on univalent functions. 38. MaT. WHcT. Codmst 3 (1959) KHura 2,
111 121

Some remarks on univalent functions Il. Ann. Acad. Sei. Fennicae Series A. I.
Mathematica. 250/29. Suomalainen Tiedeakatemia, Helsinki, 1958, 7 p.
Quelques remarques sur les probabilités d’événements dépendants. Jour. Math.
Pures Appl. (9) 37 (1958) 393—398.

On mixing sequences of sets. Acta Math. Acad. Sei. Hung. 9 (1958) 215—228.
Egy egydimenzios véletlen térkitoltési problémarél. MTA Mat. Kat. Int. Kozi.
3 (1958) 109—127.

On Engel’s and Sylvester’s series (with P. Erd6s and P. Sz6sz). Annales Univ.
Sei. Budapest. Sect. Math. 1(1958) 7—32.

Probability niethods in number theory (in Chinese). Shuxue Jinzhan 4 (1958)
465—510."

On Cantor’s products. Colloqu. Math. 6 (1958) 135—130.

On mixing sequences of random variables (with P. Révész). Acta Math. Acad.
Sei. Hung. 9 (1958) 389—393.
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On singular radii of power series (with P. Erd6s). MTA Mat. Kut. Int. Kozi.
3 (1958) 159—1609.
On the probabilistic generalization of the large sieve of Linnik. MTA Mat. Kut.
Int. Kézi. 3 (1958) 199—206.
Matematikai statisztika IV. éves alkalmazott matematika szakos hallgatok sza-
mara. Fels6oktatasi Jegyzetellatd Vallalat, Budapest, 1958. 211. p.
Levél a szerkeszt6hoz. (A kovetkez6hoz: Pdlya Gyorgy, A gondolkodas isko-
l4ja c. konyvérdl (Vamosi Pal) (Koényvbarat) VII. évf. 5 szam 46. 0.) Konyv-
barat, 8 (1958) I. szam, 30.

1959

Some further statistical properties of the digits in Cantor’s series (with P. Erdds).
Acta Math. Acad. Sei. Hung. 10 (1959) 21—29.

On random graphs 1 (with P. Erdds). Publ. Math. Debrecen 6 (1959) 290—297.
On a theorem of P. Erd@s and its application in information theory. Mathematica,
Cluj 1(24) (1959) 341—344.

On the dimension and entropy of probability distributions. Acta Math. Acad.
Sei. Hung. 10 (1959) 193—215.

New version of the probabilistic generalization of the large sieve. Acta Math.
Acad. Sei. Hung. 10 (1959) 217—226.

On the central limit theorem for samples from a finite population. (With P.
Erdés.) MTA Mat. Kut. Int. Kozi. 4 (1959) 49—61.

Some remarks on the theory of trees. MTA Mat. Kut. Int. Kézi. 4 (1959) 73—85.
On Cantor's series with convergent 2 (with P. Erd6s). Annales Univ. Sei.

Budapest. Sect. Math. 2 (1959) 93— 109.
Autoklavok soros és parhuzamos kapcsolasarél és a keverés elméletérél. MTA
Mat. Kut. Int. Kozi. 4 (1959) 155—165.
On measures of dependence. Acta Math. Acad. Sei. Hung. 10 (1959) 441—451.
On connected graphs, I. MTA Mat. Kut. Int. Kozi. 4 (1959) 385—388.
Summation methods and probability theory. MTA Mat. Kut. Int. Kozi. 4 (1959)
389—399.
Dialdégusa matematika tanitasarol. (El6adas: Kozépiskolai Szakfelligyel6i Ta-
nacskozas a Kozponti Pedagdgus Tovabbképz6 Intézetben. Budapest, 1959 janu-
ar.) Az MTA matematikai Kutatdintézete, Budapest, 1959.17 p. (Mimeographed.)
Sztochasztikus kapcsolatok mérészamairdl. (On measures of correlation.) (Lec-
ture: Biometriai Symposion. Budapest, 1959. szeptember 7—9.) Abstract: Bio-
metriai Symposion. Budapest, 1959. szeptember 7—9. El6adaskivonatok. Buda-
pest, 1959. 1 p.

1960
On the central limit theorem for the sum of a random number of independent
random variables. Acta Math. Acad. Sei. Hung. 11 (1960) 97—102.

Additive properties of random sequences of positive integers (with P. Erd6s).
Acta Arithm. 6 (1960) 83—110.

Bolyongasi problémakra vonatkoz6 hatareloszlastételek. MTA 1Il. Oszt. Kozi.
10 ('i960) 149—169.
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On the evolution of random graphs (with P. Erdés). MTA Mat. Kut. Int. KozL
5 (1960) 17—61.

Probabilistic methods in number theory. Proceedings of the International Con-
gress of Mathematicians 14—21 August 1958. (Edinburgh.) Cambridge U. P.,
London, 1960; pp. 529—539.

Az informécidelmélet néhany alapveté kérdése. MTA I1l. Oszt. Kozi. 10 (1960)
251—282.

Dimension, entropy and information. Transactions of the Prague Conference
on information theory, statistical decision functions, random processes held at
Liblice near Prague, from June 1to 6, 1959. Publ. House of the Czech. Acad.
Sei., Prague, 1960; pp. 545—556.

Bemerkungen zur Arbeit ,,Uber gewisse Elementenfolgen des Hilbertschen
Raumes” von K. Koncz. MTA Mat. Kut. Int. Kozi. 5 (1960) 265—267.
Uzletek aruellatadsaval kapcsolatos szélséértékfeladatok. (Ziermann Margittal.)
MTA Mat. Kit. Int. Kézi. 5 B (1960) 495—506.

Taran P&l matematikai munkassagardol. Mat. Lapok 11 (1960) 229—263.

On measures of entropy and information. Fourth Berkeley Symposium on
Mathematical Statistics and Probability. Held at the Statistical Laboratory,
University of California, June 20—July 30. 1960. 28 p. (Mimeographed.)

On the evolution of random graph (with P. Erd6s). Random Graphs, 3 semi-
narer holdt af A. Rényi. Februar—marts 1960. Matematisk Institut, Aarhus
Universitet, Aarhus, 1960. 57 p. (Mimeographed.)

On the evolution of random graphs (with P. Erd6s). 32 nd Session of the Inter-
national Statistical Institute, Tokyo, 1960. Tokyo, 1960. 5 p. (Mimeographed.)
Jordan Karoly 1871—1959. Magyar Tudomany 5 (1960) 233—235.
Boszorkanysag-e a matematika? Népszabadsag, 1960, augusztus 25, 8.

1961

On the evolution of random graphs (with P. Erd6s). Bull. Inst. Internat. Stat.
38 (1961) 4 e Livraison, 343—347. (cf.: 1960/13.)

On measures of entropy and information. Proceedings of the Fourth Berkeley
Symposium on Mathematical Statistics and Probability. Held at the Statistical
Laboratory, University of California, June 20—July 30. 1960. VVol. 1 University
of California Press, Berkeley—Los Angeles, 1961; pp. 547—561. (cf. 1960/11.)
Egy altalanos modszer valdszinliségszamitési tételek bizonyitasara és annak né-
hany alkalmazasa. MTA I1ll. Oszt. Kézi. 11 (1961) 79—105.

On random generating elements of a finite Boolean algebra. Acta Sei. Math.
Szeged 22 (1961), 75—8L1.

On the strength of connectedness of a random graph (with P. Erdés). Acta. Math
Acad. Sei. “Hung. 12 (1961) 261—267.

On a classical problem of probability theory (with P. Erd6s). MTA Mat. Kut.
Int. Kdézi. 6. A (1961) 215—220.

On Kolmogorov’s inequality. MTA Mat. Kut. Int. Kézi. 6. A (196! ) 411—415.
Legendre polynomials and probability theory. Annales Univ. Sei. Budapest,
Sect. Math. 3—4 (1960/61) 247—251.

Egy. informécidelméleti probléméarol. MTA Mat. Kut. Int. Kdzi. 6. B. (1961)
505—516.
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On random subsets of a finite set. Mathematica, Cluj 3 (26) (1961) 355—362.

. Uber verschiedene Masszahlen von Entropie und Informationsgewinn. (Lecture:

V. Osterreichische Mathematikerkongress, Innsbruck, 12—17. IX. 1960.)
Abstract: Nachr. Osterr. Math. Ges. Beilage zu ,,Internat. Math. Nachr.” 15
(1961) Janner, Nr. 66, Sondernummer, 79—380.

On different measures of information. (Lecture: Second Hungarian Mathematical
Congress, Budapest, August 24.—31. 1960.) Abstract: Deuxiéme Congrés Mathé-
matique Hongrois Budapest, 24,—31., August. 1960. IL Akadémiai Kiad6, Buda-
pest, 1961: Section IV, pp. 26—28.

Gondolatak a matematikusképzés tovabbfejlesztésér6l. Magyar Tudomény 6
(1961) 593—600.

Statistical laws of accumulation of information. 33rd Session of the Internati-
onal Statistical Institute, Paris, 1961. Paris, 1961. (Mimeographed.)
Matematikai kongresszusok és a Il. Magyar Matematikai Kongresszus. Magyar
Tudomény 6 (1961) 13—23.

Véletlen informéacié akkumulacioja. (Német nyelven.) (In German.) (Lecture:
Kollokvium iber Wahrscheinlichkeitsrechnung und Statistik, Eisenstadt, 15.—18.
XL 1961. (Manuscript.)

Statistical laws of accumulation of information. Michigan State University,
Department of Statistics, East Lansing, 1961.11 p. (Mimeographed.) (cf.: 1961/14).

1962

Statistical laws of accumulation of information. Bull. Inst. Internat. Stat. 39
(1962) 2 e Livraison, 311—316. (cf.: 1961/14).

. Az informécid-akkumulacid statisztikus torvényszer(iségeir6l. MTA Mat. Kut.

Int. Kozi. 12 (1962) 15—33.

. Egy megfigyeléssorozat kiemelked6 elemeir6l. MTA I1l. Oszt. Kozi. 12 (1962)

105—121.
Three new proofs and a generalization of a theorem of Irving Weiss. MTA Mat.
Kat. Int. Kozi. 7. A (1962) 203—214.

. Théorie des éléments saillants d’une suite d’observations. Annales Fac. Sei. Univ.

Clermont-Ferrand 2 (1962) No. 8, 7—12.

Dialégus a matematikarol. Az MTA Matematikai Kutatdintézete, Budapest
1962. 25 p. (Mimeographed.)

On a problem of A. Zygmund (with P. Erdés). Studies in mathematical analysis
and related topics. Essays in honor of George Polya. Stanford Univ. Press,
Stanford, Cal., 1962; pp. 110—116.

A new approach to the theory of Engel’s series. Annales Univ. Budapest. Sect.
Math. 5 (1962) 25—32.

On the representation of an even number as the sum of a prime and of an almost
prime. American Mathematical Society. Translations. Series 2, Vol. 19. American
Mathematical Society, Providence, 1962; pp. 299—321. (cf.: 1948/1).

Egy grafelméleti problémardl. (Erd6s Pallal.) MTA Mat. Kuat. Int. Kozi. 7. B
(1962) 623—641.

A matematika alkalmazasair6l tartand6 vita tézisei. Magyar Tudomany 7 (69)
553—559,
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On the theory of outstanding observations. (Lecture: International Congress
of Mathematicians, Stockholm 1962.) Abstract : International Congress of Mathe-
maticians, Abstracts of short communications. Stockholm, 1962. Almgvist and
Wiksells, Uppsala, 1962; pp. 165—166.

Théorie des éléments saillants d’une suite d’observations. Colloquium on Com-
binatorial Methods in Probability Theory. August 1—10, 1962. Matematisk
Institut, Aarhus Universitet, Danmark, Aarhus, 1962; pp. 104—117.

. Wahrscheinlichkeitsrechnung, mit einem Anhang tber Informationstheorie. VEB

Deutscher Verlag der Wissenschaften, Berlin, 1962.

Sur les graphes aléatoires (). L’évolution des graphes aléatoires. — Sur les
graphes aléatoires IL Symeétrie et asymétrie des graphes aléatoires. Institut
H. Poincaré, Paris, 1962. 20 p. (Mimeographed.)

Dialégus a matematika tanitasarol. — El6adasok a kdzépiskolai matematika ko-
réb6l. A Kézponti Pedagogus Tovabbképzé Intézet és a Bolyai JAnos Matemati-
kai Téarsulat kiadvanya. Tankonyvkiadd, Budapest, 1962 ; pp. 5—19. (cf. : 1959/13.)
Dialégus a matematikardl. Valdsag 5 (1962) 3. szdm, 40—56.

1963

. Remarks on a problem of Obreanu (with P. Erd6és). Canadian Math. Bull. 6

(1963) 267—273.

. Uber die konvexe Hulle von n zufdllig gewdhlten Punkten (mit R. Sulanke).

Zeitschr. Wahrscheinlichkeitstheorie 2 (1963/64) 75—8&4.

. On stable sequences of events. Sankhya, Ser. A, 25 (1963) 293—302.

On the distribution of values of additive number-theoretical functions. Publ.
Math. Debrecen 10 (1963) 264—273.

. A study of sequences of equivalent events as special stable sequences (with

P. Révész). Publ. Math. Debrecen 10 (1963) 319—325.
On “small” coefficients of the power series of an entire function (with C. Rényi).
Annales Univ. Budapest, Sect. Math. 6 (1963) 27—38.

. On two problems of information theory (with P. Erd6s). MTA Mat. Kut.

Int. Kozi. 8 A (1963) 229—243.

. On random matrices (with P. Erd6s). MTA Mat. Kut. Int. Kézi. 8. A (1963)

455—461.

. An elementary inequality between the probability of events (with P. Erdds

and J. Neveu). Math. Scand. 13 (1963) 99— 104

Un dialogue. Les cahiers rationalistes, 33 (1963) janvier—février, Nos. 208—209,
4—32. (cf: 1962/17.)

Biaise Pascal. 1623—1662. Magyar Tudomany 8 (70) (1963) 102—108.
Megjegyzések egyes ,,megjegyzések”-hez. (A kovetkez6hoz: Tekse Kalman:
Néhany megjegyzés Rényi A. ,,A matematika alkalmazésair6l tartand6 vita
téziseihez” cim( cikkéhez. Magyar Tudomany 8 (70) (1963) 46—50.) Magyar
Tudomény 8 (70) (1963) 419—429.

Uber stabile Folgen von Ereignissen und Zufallsveranderlichen. (Vortrag: Tagung
tber Mathematische Statistik und Wahsrscheinlichkeitstheorie. Oberwolfach,
4—8. Marz 1963.) Auszug: Tagungsbericht. Mathematische Statistik und Wahr-
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scheinlichkeitstheorie. Oberwolfach, 4—8. Maérz 1963. Mathematisches For-
schungsinstitut, Oberwohlfach, 1963. (Mimeographed.)

Dialégus a matematikardl. (Részletek.) A matematika tanitasa. Szemelvény-
gyljtemeény. (Szerkesztette Varga Tamas.) Kézirat (255—504. 0.). Tankonyv-
kiado, Budapest, 1963; pp. 381—415. (cf.: 1962/17.)

Dia'6gus a matematika tanitasarol. A matematika tanitdsa. Szemelvénygydijte-
meény. (Szerkesztette Varga Tamas.) Kézirat (255—504. o0.). Tankdnyvkiado,
Budapest, 1963; pp. 365—380. (cf.: 1959/13.)

A kultdra egységér6l, matematikus szemmel. Valdsdg 6 (1963) 3. szam 51—53.
A Socratic dialogue on mathematics. Az MTA Matematikai Kutatdintézete,
Budapest, 1963. 24 p. (Mimeographed.)

On the foundations of information theory. 34th Session of the International
Statistical Institute, Ottawa, 1963. (Mimeographed.)

1964

Uber die konvexe Hiille von n zufillig gewéhlten Punkten. 11 (mit R. Sulanke)
Zeitschr. Wahrscheinlichkeitstheorie 3 (1964/65) 138—147.

Informécidelmélet és nyelvészet. Altalanos nyelvészeti tanulményok. 11 A ma-
tematikai nyelvészet és a gépi forditds kérdései. Akadémiai Kiadd, Budapest,
1964; pp. 245—251.

Additive and multiplicative number-theoretical functions. University of Michigan,
Ann Arbor, 1964. 23 p. (Mimeographed.)

Dialdgus a matematika alkalmazasairol. Az MTA Matematikai Kutatd Intézete,
Budapest, 1964, 20 p. (Mimeographed.)

A természet konyvének nyelve. Dialogus. 1964. Az MTA Matematikai Kutatd
Intézete, Budapest, 1964. (Mimeographed.)

On an extremal property of the Poisson process. Annals Inst. Stat. Math. Tokyo
16 (1964) 129—133.

. A generalization of a theorem of E. Vincze (with R. G. Laha and E. Lukacs).

MTA Mat. Kit. Int. Kozi. 9. A (1964) 237—2309.

On two mathematical models of the traffic on a divided highway. Jour. Appl.
Prob. 1(1964) 311—320.

On the amount of information concerning an unknown parameter in a sequence
of observations. MTA Mat. Kit. Int. Koézi. 9. A (1964) 617—625.

Hervorragende Elemente von Beobachtungsreihen. (Lecture: Internationale Ta-
gung Uber Mathematische Statistik und ihre Anwendungen, Berlin, von 4. bis
8 September 1962.) Abstract: Abh. Deutsch. Akad. Wissensch. Berlin, Klasse
Math., Phys. Technik, 1964, No. 4, 101.

11. A Socratic dialogue on mathematics. Canadian Math. Bull. 7 (1964) 441—462.

(cf.: 1962/17).

Mathematics. A Socratic dialogue. Physics Today 17 (1964) December, 24—36.
(cf.: 1962/17).

13. A Socratic dialogue on mathematics. “Simon Stevin” 38 (1963/64) 125— 144.

14,

(cf.: 1962/17).

On the amount of information in a frequency count. Bull. Inst. Internat. Stat.
41 (1964) 623—626.
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Sur les espaces simples des Probabilités conditionnelles. Annales Inst. H. Poincaré,
Nouvelle Série, Sect. B, 1(1964) no. 1., 3—21.

A dialogue on the applications of mathematics. Ontario Mathematics Gazette
31 (1964) Number2, 28—40. (cf.. 1964/4).

A dialogue on the applications of mathematics. University of Michigan, Ann
Arbor, 1964. 15 p. (Mimeographed.) (cf.: 1964/4).

Discussion on Mr. Lewis’s paper. (P. A. W. Lewis: A branching Poisson process
model for the analysis of computer failure patterns. Jour. Roy. Stat. Soc.,
Series B. 26 (1964) 398—456.) Jour. Roy. Stat. Soc., Series B. 26 (1964) 445—446.
Eine Extremaleigenschaft des Poissonschen Prozesses. (Lecture: Tagung Uber
Mathematische Statistik and Wahrscheinlichkeitstheorie, Oberwolfach, 2.—7.
August 1964.) Abstract: Tagungsbericht. Mathematische Statistik und Wahr-
scheinlichkeitstheorie. Oberwolfach, 2.—7. August 1964. Mathematisches
Forschungsinstitut, Oberwohlfach, 1964. (Mimeographed.)

Mellékvagany? (A kovetkez6hoz: Farkas Miklos: A magyar matematikusok
kozotti vitarél. Magyar Tudomany 8 (1963) 824—829.) Magyar Tudomany 9
(1964) 228—230.

Information and statistics. Symposium on mathematical statistics, Budapest,
1964. 5 p. (Mimeographed.)

1965

. On the foundations of information theory. Rev. Inst. Internat. Stat. 33 (1965)

1—14. (cf.: 1963/19).

. Probabilistic methods in group theory (with P. Erdés). Jour. Analyse Mathé-

matique 14 (1965) 127—138.

. Some remarks on periodic entire functions (with C. Rényi). Jour. Analyse

Mathématique 14 (1965) 303—310.

Levelek a valdszinliségrél. 1—4. Az MTA Matematikai Kutatointézete, Buda-
pest, 1965. 46 p. (Mimeographed.)

On some basic problems of statistics from the point of view of information
theory. Ecole d’Eté de TOTAN 1965 sur les Méthodes Combinatoires en Théorie
de I’ Information et du Codage (Royan: 26 Ao(t— 8 Septembre 1965). Royan,
1965. 26 p. (Mimeographed.)

On certain representations of real numbers and on sequences of equivalent events.
Acta Sei. Math. Szeged 26 (1965) 63—74.

Dialégusok a matematikéarol. Akadémiai Kiadd, Budapest, 1965.

On the theory of random search. Bull. Amer. Math. Soc. 71 (1965) 809—828.
On the mean value of nonnegative multiplicative number-theoretical functions
(with P. Erd@s). Michigan Math. Jour. 12 (1965) 321—338.

A new proof of a theorem of Delange. Publ. Math. Debrecen 12 (1965) 323—329.

. A természet konyvének nyelve. Fizikai Szemle 15 (1965) 129—138. (Cf.:

1964/5.)

The language of the Great Book of Nature. Az MTA Matematikai Kutatointé-
zete, Budapest, 1965. 39 p. (Mimeographed.) (Cf:. 1964/5.)

A Matématica — Um Dialogo Socratico. Gazeta de Matematica, 1965, No. 100,
Julho—Dezembro, 59—71 (cf.: 1962/17).

On the amount of information concerning an unknown parameter in a sequence
of observations. Lectures to the Fifth Summer Research Institute of the Austra-

StutiUi Scientiaj'um Mathematicarum Hungarica 6 (1971)



15.

16.

17.
18.

19,

20.

o o1 AW N

~

14,
15.
16.

ALFRED RENYI'S WORKS 17

liln Mathematical Society. Preprint. Australian Mathematical Society, 1965;
pp. 1—13. (cf.: 1964/9.)

On the theory of random search. Lectures to the Fifth Summer Research Institute
of the Australian Mathematical Society. Preprint. Australian Mathematical
Society, 1965; pp. 14—16.

On an extremal property of the Poisson process. Lectures to the Fifth Summer
Research Institute of the Australian Mathematical Society. Preprint. Australian
Mathematical Society, 1965; 17—20.

Véges geometridk kombinatorikai alkalmazésai I. Az MTA Matematikai Kutat6-
intézete, Budapest, 1965. 67 p. (Mimeographed.)

Uj modszerek és eredmények a kombinatorikus analizisben I. Az MTA Mate-
matikai Kutatdintézete, Budapest, 1965. 89 p. (Mimeographed.)

On the amount of information in a frequency count. 35th Session of the Inter-
national Statistical Institute, Beograd, 1965. Beograd, 1965, 8 p. (Mimeographed.)

On the aount of information in a frequency-count. Bull. Inst. Internat. Stat. 41
(1965) 623—626, (cf.: 1965/19).
1966

On a problem of graph theory (with P. Erdds and V. T. S6s). Studia Sei. Math.
Hung. 1 (1966) 215—235.

Véges geometridk kombinatorikai alkalmazasai I. Mat. Lapok 17 (1966) 33—76.
(cf.: 1965/17).

Probability theory. Lecture notes. Stanford University, Stanford, 1966, 110 p.
On the existence of a factor of degree one of a connected random graph (with
P. Erd6s). Acta Math. Acad. Sei. Hung. 17 (1966) 359—368.

Uj modszerek és eredmények a kombinatorikus analizisben, 1. MTA 111. Oszt.
Kozi. 16 (1966) 77—105. (cf.: 1965/18).

On the amount of missing information and the Neyman—Pearson-lemma.
Rsearch papers in statistics. Festschrift for J. Neyman. Wiley, London, 1966;
pp. 281—288.

On the amount of information in a random variable concerning an event. Jour.
Math. Sei. Delhi 1(1966) 30—33.

Statistics based on information theory. European Meeting of Statisticians, Lon-
don, 1966. 17 p. (Mimeographed.)

Mathematics. A Socratic dialogue. (Mimeographed form of: Alfréd Rényi:
Mathematics. A Socratic dialogue. Physics Today 17 (1964) December, 24—36.)
Mathematics Department of Ohio University, 1966, 16 p. (cf. 1962/17).
Sokratischer Dialog. Neue Sammlung 6 (1966) 284—304. (cf.: 1962/17).

A dialogue on the applications of mathematics. “Simon Stevin”, 39 (1965/66)
3—17. (cf.: 1964/4).

Uj mddszerek és eredmények a kombinatorikus analizisben, 1I. MTA I11. Oszt.
Kozi. 16 (1966) 159—177. (cf.: 1965/18).

Levelek a val6szin(iségrél. Fizikai Szemle 16 (1966) 278—288. (cf.: 1965/4)

A Matematikai Kutaté Intézet 10 éve. Magyar Tudomany 11 (1966) 81—91.
Val6szinliségszamitds. Tankonyvkiadd, Budapest, 1966.
Wahrscheinlichkeitsrechnung, mit einem Anhang Uber Informationstheorie. 2.,
berichtigte Auflage. VEB Deutscher Verlag der Wissenschaften, Berlin, 1966.
(cf.: 1962/14.)

Studia Scientiarum Mathematicarum Hungarica B (1971)



18

17.
18.
19.
20.

21.
22.

~

14.

ook W N

ALFRED RENYI'S WORKS

Calcul des probabilités. Avec un appendice sur la théorie de I'information.
Dunod, Paris, 1966. (cf.: 1962/14).

Dial?gL)Jsok a matematikardl. 2. kiadas. Akadémiai Kiad6, Budapest, 1966. (cf.:
1965/7.

Valészinliségszamitasi modszerek az analizisben. Az MTA Matematikai Kutato-
intézete, Budapest, 1966. 65 p. (Mimeographed.)

Eine Ungleichung zwischen die Irrtumswahrscheinlichkeit und die fehlende In-
formation. (Lecture: Tagung tber Mathematische Statistik und Wahrscheinlich-
keitstheorie. Oberwohlfach, 17—24. April 1966.) Abstract: Tagungsbericht.
Mathematische Statistik und Wahrscheinlichkeitstheorie. Oberwolfach, 17.—24.
Apri:] 59)66. Mathematisches Forschungsinstitut, Oberwolfach, 1966. (Mimeo-
graphed.

On the mathematical theory of trees. “Rouse Ball” lectures, Cambridge, 1966.
(Manuscript.)

A Poisson-folyamatroi. (Lecture: Matematikai Statisztikai Kollokvium, Deb-
recen, 1966 (oktdber 13—15.) Abstract: Matematikai Statisztikai Kollokvium.
Debrecen, 1966. oktdber 13—15. El6adas kivonatok. Debrecen, 1966; p. 4.

1967

Levelek a valdszin(iségrél. Akadémiai Kiadd, Budapest, 1967.
Valdszinliségszamitasi modszerek az analizisben. I. Mat. Lapok 18 (1967) 5—35.
(cf.: 1966/19).

Valészinliségszamitasi moédszerek az analizisben 1l. Mat. Lapok 18 (1967)
175—194. (cf.: 1966/19).

Remarks on the Poisson process. Studia Sei. Math. Hung. 2 (1967) 119—123.
Statistics and information theory. Studia Sei. Math. Hung. 2 (1967) 249—256.
On the height of trees (with G. Szekeres). Jour. Australian Math. Soc. 7
(1967) 497—507.

Remarks on the Poisson process. Symposium on probability methods in analysis.
Lectures delivered at a symposium at Loutraki, Greece, 22. 5—4.6. 1966.
Lecture Notes in Mathematics, 31. Springer, Berlin, 1967; pp. 280—286.

On some basic problems of statistics from the point of view of information
theory. Proceedings of the Fifth Berkeley Symposium on mathematical statistics
and probability. Held at the Statistical Laboratory, University of California,
June 21—July 18, 1965 and December 27, 1965—1January 7, 1966. Vol. I. Uni-
versity of California Press, Berkeley and Los Angeles, 1967; pp. 531—543
(cf.: 1965/19).

Jaték és matematika (). Természettudomanyi Koézlony 11 (98) (1967) 61—63.

. Jaték és matematika (I1). Természettudomanyi Kozlony 11 (98) (1967) 116—119.
. Jaték és matematika (111). Természettudomanyi Kozlény 11 (98) (1967) 211—213.
. »Az ember ginnyal — tudjuk — arra tamad, amit meg nem ért!” (A televizié-

ban elhangzott ,,Jaték és matematika” c. sorozat befejez6 része.) Természettudo-
manyi Kozlény 11 (98) (1967) 296—298.

Dialogues on mathematics. Holden—Day, Inc., San Francisco, 1967. (cf.:
1965/7.)

Dialoge Uber Mathematik. VEB Deutscher Verlag der Wissenschaften, Berlin,
1967. (cf.. 1965/7.)
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Dialoge Uber Mathematik. Birkhduser, Basel, 1967. (cf.: 1965/7.)
Probabilistic methods in combinatorial mathematics. (Lecture: Symposium on
combinatorial mathematics, Chapel Hill, 1967.) Mimeographed text: Symposium
on combinatorial mathematics, Chapel Hill. University of North Carolina. Mono-
graphs Series, 1967. 13 p.

Probabilistic methods in combinatorial mathematics. Combinatorial mathema-
tics and its applications. Proceedings of the Conference held at the University
of North Carolina at Chapel Hill, April 10—14, 1967. Preprint. 13 p. (cf. : 1967/16).
Letters on probability. 4th letter. Az MTA Matematikai Kutatointézete, Buda-
pest, 1967. 18 p. (Mimeographed.)

Dialoguri despre matematicd. Editura Stiintificd, Bucurefti, 1967. (cf.: 1965/7).
On some problems in the thory of order statistics. Az MTA Matematikai Kuta-
tointézete, Budapest, 1967. 17 p. (Mimeographed.)

On some problems in the theory of order statistics. 36th Session of the Inter-
national Statistical Institute, Sydney, Australia, 28 August to 7 September 1967.
Sydney, 1967. 17 p. (Mimeographed.)

1968

Kerekasztal-konferencia szovjet matematikusokkal a matematika elvi kérdései-
rél. Mat. Lapok 19 (1968) 3—s8.

A rendezett mintdk elméletének egy problémakdrérél. MTA 1Il. Oszt. Kozi. 18
(1968) 23—30. (cf.: 1967/20).

Zuféllige konvexe Polygone in einem Ringgebiet (mit R. Sulanke). Zeitschr.
Wahrscheinlichkeitstheorie 9 (1968) 146—157.

. On quadratic inequalities in the theory of probability (with J. Galambos).

Studia Sei. Math. Hung. 3 (1968) 351—358.

. On random matrices Il. (with P. Erd6s). Studia Sei. Math. Hung. 3 (1968)

459—464.
Information and statistics. Studies in mathematical statistics. Theory and appli-
cations. Akadémiai Kiadd, Budapest, 1968; pp. 129—131. (cf.: 1964/21).

. Sur la théorie de la recherche aléatoire. Colloques internationaux du Centre

National de la Recherche Scientifique. No. 165. Programmation en mathéma-
tiques numériques. Besancon, 7— 14 Septembre 1966. Editions du Centre National
de la Recherche Scientifique, Paris, 1968; pp. 281—287.

. On the distribution of numbers prime to n. Abhandlungen aus Zahlentheorie

und Analysis. Zur Erinnerung an Edmund Landau (1877—1938). VEB Deutscher
Verlag der Wissenschaften, Berlin 1968; pp. 269—278.

. Valészinlisegszamitas. Masodik kiadas. Tankonyvkiad6, Budapest, 1968. (cf.:

1966/15).
Véltozatok egy Fibonacci-témara. Természet Vilaga, 1968, 22—27.

. Véltozatok egy Fibonacci-témara (Il). Természet Vildga, 1968, 87—90.

Ars Mathematica. Fizikai Szemle 18 (1968) 60—61.

. Ars Mathematica. Elet és Tudomany 23 (1968) 654—655. (cf.. 1968/12).
. Die Sprache des Buches der Natur. Neue Sammlung 8 (1968) 117—123. (cf.:

1964/5).
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Some remarks on the large sieve of Yu. V. Linnik (with P. Erdés)." Annales
Univ. Sei. Budapest. Sect. Math. 11 (1968) 3—13.

On some problems of statistics from the point of view of information theory.
(Lecture: Informéacidelméleti Kollokvium. Kossuth Lajos Tudoméanyegyetem,
Debrecen 1967, szeptember 19—24.) Abstract: Informaciéelméleti Kollokvium.
Kossuth Lajos Tudomanyegyetem, Debrecen 1967. szeptember 19—24. EI§-
adaskivonatok. Bolyai JAnos Matematikai Tarsulat, Budapest, 1968; pp. 87—90.
Stochastische Prozesse in der Biologie. (Lecture: A Nemzetkdzi Biometriai Tar-
sasdg Magyar Csoportjanak Biometriai Konferencidja. Magyar Tudomanyos
Akadémia, Budapest 1968. marcius 19—22.) Abstract: A Nemzetkdzi Biometriai
Térsasag Magyar Csoportjdnak Biometriai Konferencigja. Magyar Tudomanyos
Akadémia, Budapest 1968. marcius 19—22. El6adaskivonatok. Az MTA Biol6-
giai Tudoméanyok Osztalya, Budapest, 1968; p. 50.

Uber die Potenzreihen ganzer Funktionen (mit P. Erd6s). (Lecture: Tagung
Uber komplexe Analysis. Oberwolfach, 8,—14. September 1968.) (Manuscript.)

1969

On random entire functions (with P. Erd6s). Zastosowania Matematyki 10
(1969) 47—55. (cf.: 1968/19).

Measures in denumerable spaces (with A. Hanisch and W. M. Hirsch).
American Math. Monthly 76 (1969) 494—502.

Lectures on the theory of search. Department of Statistics. University of North
Carolina at Chapel Hill. Institute of Statistics Mimeo Series No. 600. 7. May
1969. 78 p.

A szerencsejatékok és a valdszinliségszamitas. Matematikai érdekességek. Gon-
dolat, Budapest, 1969; pp. 197—220.

A Barkochba jaték és az informéacidelmélet. Matematikai érdekességek. Gon-
dolat, Budapest, 1969; pp. 269—286.

Dialégusok a matematikarol. 3. kiadas. Akadémiai Kiadd, Budapest, 1969.
(cf.: 1965/7).

[unanorn o matematnke. Mup, Mockea, 1969. (cf.: 1965/7).

Bgr)gef/e)Uber die Wahrscheinlichkeit. Akadémiai Kiadd, Budapest, 1969. (cf.:
1967/1).

Briefe Uber die Wahrscheinlichkeit. VEB Deutscher Verlag der Wissenschaften,
Berlin, 1969. (cf.: 1967/1).

Briefe Uber die Wahrscheinlichkeit. Birkh&user, Basel, 1969. (cf.: 1967/1).
On some problems of statistics from the point of view of information theory.
Proceedings of the Colloquium on Information Theory organized by the Bolyai
Mathematical Society, Debrecen (Hungary), 1967. Bolyai Janos Matematikai
Térsulat. Budapest, 1969; pp. 343—357.

Lezioni sulla probabilita e I'informazione. Lezioni e conferenze. Universita di
Trieste, Istituto di Mecanica. Trieste, 1969 (to appear).

Remarks on the teaching of probability. Lecture to the First CSMP Inter-
national Conference (March 18—27, 1969). The International Conference on the
Teaching of Probability and Statistics at the Pre-College Level. Co-Sponsored by
Southern Illinois University at Carbondale and Central Midwestern Regional
Educational Laboratory. Carbondale, 1969. 16 p. (Mimeographed.)
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On the enumeration of trees. Lecture to the International Conference on Combi-
natorial Structures and their Applications, Calgary, 1969. (Mimeographed.)
On Cayley’s polynomials for counting trees. Proceedings of the Calgary Inter-
national Conference on Combinatorial Structures and their Applications. Calgary,
1969. (To appear.)

Gondolatok a valoszin(iségszamités tanitasarol. Az MTA Matematikai Kutatd-
intézete, Budapest, 1969. (Mimeographed.) (cf.: 1969/13).

Mathematical models of biological processes. Lecture. Kingston, 1969. (Manus-
cript.)

Applications of probability theory to other areas of mathematics. Lectures held
at the 12th Biennial International Seminar of the Canadian Mathematical Cong-
ress at Vancouver, August 1969. Preprint. Canadian Mathematical Society,
Vancouver, 1969.

Probabilistic methods in combinatorial mathematics. Combinatorial mathema-
tics and its applications. Proceedings of the Conference held at the University
of North Carolina at Chapel Hill, April 10—14, 1967. (Edited by R. C. Bose
and T. A. Dowling.) The University of North Carolina Press, Chapel Hill, 1969;
pp. 1—13 (cf.: 1967/16).

On some problems in the theory of order statistics. Bull. Inst. Internat. Stat.
42 (1969) 165—176 (cf.: 1967/21).

My fourth letter to Pierre Fermat. By Blaise Pascal, Paris, France. First CSMP
International Conference (March 18—27, 1969). The International Conference
on the Teaching of Probability and Statistics at the Pre-College level. Co-spon-
sored by Southern Illinois University at Carbondale and Centre Midwestern
Regional Educational Laboratory. Carbondale, 1969. 18 p. (Mimeographed.)
(cf.: 1967/18).

On the distribution of numbers prime to n. Number theory and Analysis. A Col-
lection of Papers in Honor of Edmund Landau (1877—1938). Plenum Press,
New York, 1969; pp. 269—278. (cf.. 1968/8).

Ars Mathematica. (In English.) 1969. (To apgear in the Festschrift in honor of
Professor Herman Wold.) 5 p. (Manuscript.) (cf. 1968/12).

1970

. Gondolatok a val6szin(iségszamitas tanitasarél. Mat. Lapok 21 (1970) 31—37.

(cf.: 1969/13).

. Valoszinliségszamitasi feladatgy(jtemény (with K. Bognar, J. Mogyorddi, A.

Prékopa, D. Szasz). Tankoényvkiadd, Budapest, 1971.

. Probability theory. Akadémiai Kiadd, Budapest — North-Holland Publishing

Co., Amsterdam, 1970.

Foundations of probability theory. Holden-Day, Inc., San Francisco, 1970.

On the mathematical theory of trees. North-Holland Publishing Co., Amster-
dam, 1970 (to appear).

. Stochastische Prozesse in der Biologie. Vortrage der Il. Ungarischen Biomet-

rischen Konferenz (Budapest, vom 19. bis 22. Méarz 1968). Akadémiai Kiadd,
Budapest, 1970; pp. 27—33.

On a new law of large numbers (with P. Erdds). Journal d’Analyse Mathémati-
que 23 (1970) 103—111.
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. The Priufer code for Utrees (with C. Rényi). Combinatorial theory and its

applications Ill. Bolyai Janos Matematikai Tarsulat, Budapest—North-Holland
Publishing Co., Amsterdam—London, 1970; pp. 945—971.

. On the enumeration of search codes. Acta Math. Acad. Sei. Hung. 21 (1970)

27—33.

Valdszinliségszdmitas. (In Czech.) Praha, 1970. (To appear.)

Uniform flow in cascade graphs. In a publication edited by M. Behara (Springer,
Berlin). (To appear.) 19 p. (Manuscript.)

On the number of endpoints ofa C-tree. Studia Sei. Math. Hung. 5 (1970) 5—10.
Naplojegyzetek az informéacidelméletrél. Part of a book in preparation for Mag-
vet6 Kiadd, entitled ,,Ars Mathematica”. 1970. (Manuscript.)

Dialégusok a matematikarol. 3. rész. (In Italian.) Sapere, 1970. (To appear.)
Applications of probability theory to other areas of mathematics. Proceedings
of the 12th Biennial International Seminar of the Canadian Mathematical
Congress (Vancouver, 1969). Vancouver, 1970. (To appear.) (cf.: 1969/18).

On the enumeration of trees. Proceedings of the Calgary International Confe-
rence on Combinatorial Structures and their Applications, Calgary, 1969. Gor-
don and Breach, New York 1970; pp. 355—360. (cf.: 1969/14).

Naplé az informécidelméletrdl. Fizikai Szemle 20 (1970) 161—172. (cf. : 1970./13).
Remarks on the teaching of probability. The teaching of probability and statis-
tics. Proceedings of First CSMP International Conference on Teaching of Ma-
thematics at the Pre-college level. Jointly sponsored by Southern Illinois Uni-
versity and CEMREL. March, 1969. (Edited by Lennart Rade.) Aimqvist and
Wiksells, Stockholm, 1970; pp. 273—281. (cf.: 1969/13).

Mucbma o BeposTHOCTU. Mup, Mockea, 1971. (cf.: 1967/1).

Letters on probability. Akadémiai Kiad6, Budapest, 1970. (To appear.) (cf.:
1967/1).
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POLYNOMIAL APPROXIMATION ON THE REAL LINE

by
G. FREUD and J. T. SCHEICK

The aim of this work is to define a linear method of approximation by poly-
nomials which, for functions/ of restricted growth, will converge uniformly to/ on
each compact interval of the real line upon which/ is continuous. The following
theorem of Chiodouski ([1], p. 36) is a prototype:

Theorem. SUPPOSE q,,*°° and njn 0 where q,,> 0for all n. Letf be given
and define p,, by

n-k (
X\ .o\ 4 X

m-/) = 4f

If sup {\ff(H)\:0St2Q np=Oe(*"IQ)) for all a >0 then p,,{x0) —£(x 0) at each point x0
wheref is continuous.

PnwW= 2h\ --
n ) (?«n

We will construct a more flexible device of approximation. Let (<), (v,) be se-
quences of natural numbers and put K,,(t) — Wiere [/ An(r) dt = ).n.
Then Knis an even trigonometric polynonmial of degree p,,(v,,—1). Further, if g
is an even integrable 2k periodic function, J g{ 0 t)Kn{t)dt isa polynomial in cos 0

of degree not exceeding p,.(v,,—1). We wish to consider functions measurable on
the real line and bounded on each bounded interval: such functions we shall call
locally bounded. Let (q,,) be a sequence of positive numbers. For/locally bounded, put

II-Zllin= sup {|/(t)l :k I—(2}» The expression
I
1) Pn(x) = pn(f;x) = k~1f f(Q,,(R + t))K, {t)dt, X = @QcosQ
—It
defines a sequence of polynomials with degreepn”p,,vn. The basic theorem is

Theorem 1 Letf be locally bounded. Suppose

2 and 0,,= o(v,,)
and
(3) 11/1L = o(e>»).

* fl,,(h;t) denotes the Bernstein polynomial of /levaluated at r.
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Then, for the polynomials (1) we have
(4) / continuous at x o implies pn(f', x0) -*-/(x0)
(5) / continuous at each point of [a b] implies pn(f)-+f uniformly on [a b\.

Proof. It will be sufficient to prove (5) since we do not exclude a=h. First
let us estimate the mass of the kernel on (s, n). From n £ sinx ~ ~m——jx for

2 n
Q\T W
1 %o 2pn+1

0 < x <nwe have

and 1s sin® s Z—for 0 < x < n yields
2 n
a a _—
@2(,- D\s
whence
’ 2R-1
k- j f. (0dtS if 0<s<m

Now let e>0 be given. There exists (5=-0 such that {x£[a, b] and \y—x\ S
— M AAX)HyY)\ < e. But \g,cos (0 +t)-Q ncos 01 ~ &if t| ~ 06/g,,. Thus if
x £]a, b] and x =0ofcos 0, one has

A

I/M -pnx)s JAF(Q ncos(0 +1))-f(Q,,cos&)\Kn(t)cltts

o
i {Hclt + 4 ko (DOUS 2e+41lL f%é
04 % 1]
Choose N so that for n N one has
[a,b\C .[-0n,Qn]
and
if O
6 v,

Hence for all x£[a, b] and all n*N
\f(x)-pn(x\ « 2e+ 4]||/||ene-"
from which the assertion follows.
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The maps defined by (1) are linear, so (1) defines a linear method ot
approximation. We will now investigate the possibility of adjusting the parameters
to provide a fixed linear method of approximation for a class of functions whose
growth is known. We desire the additional condition that p,,v,,Sn so degree p,,Sn,
for all n. Let ¢ be even and continuous on the reals, increasing in [0,  and <p(X)
as X— Denote by m(cp) the set of all locally bounded / for which \f(t)\ = e
for all t. It turns out that (p,,) may be fairly arbitrary.

Theorem 2. Let (pn) be a sequence of natural numbers such as

Define 2 v, " Then for each class M (<, there exists {2} such that for all
/€ M(<p), (4) and (5) of Theorem 1 hold.

Proof. Since \WA\Qe~R"S exp (tp(e,,) —p,,), it is sufficient to define {7} so
that cp(Q,,2 lin for n and (2) holds. To this end, let

X, = Sup jx €0 :<p(x) S " J.

Then ¢ (x,)=2 /, and x,,-°°. Put fte,= min {pnx,,, pnn) and gn=vre,, Then

Qe

so that tp(gn  <p(x,) = ~ fin; Q.e.d.
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2 [x] denotes the greatest integer not exceeding x.
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ON THE WEAK CONTINUITY OF CONVOLUTION
IN A CONVOLUTION ALGEBRA OVER
AN ARBITRARY TOPOLOGICAL GROUP

by
I. CSISZAR

To the memory of C. Rényi

Summary

It is proved that the convolution of T-regular Borel measures on an arbitrary
topological group X is joint continuous, ie. /<1—fi and va—v imply
this has been known so far only under the condition that the measures considered
are uniformly tight. This result is obtained as a corollary of a general theorem on
the weak* continuity of convolution of linear functionals on the space of uniformly
continuous functions on X (theorem 1). In 83 some possible applications and a
generalization of theorem 1 are pointed out and also several open problems are
mentioned.

§ 1. Preliminaries

Let X be an arbitrary topological group; let e denote the unit element of X
and Y the class of all symmetric (open) neighbourhoods of e.
Let Ur(X) be the Banach space of all bounded and right uniformly continuous
(real-valued) functions on X. l.e., /£ Ur(X) means that ||/|| = sup |[/(x)| and
iX

X1
for every e>0 there exists VEY such that xtx2 1€ V implies \f(xl)—(x2\ < s.
The advantages of considering Ur(X) rather than C(X) (the Banach space of all
bounded continuous functions on X) will be apparent soon.
Let fEr{X) denote the dual of Ur(X) endowed with the weak* topology. l.e.,
Y I(X) is the set of all bounded linear functionals on Ur(X) and LX-~L means that

@) LJ-Lf forevery fEUTI(X);

here we have convergence of nets in the sense of Moore—Smith in mind, cf. e.g. [6],
Chapter 2.
If LE~fr(X), consider the linear operator L defined by

2 ;-3 (LF)(x) = Lfx, fx(y) =f(xy) (/€ Ur(X))

L maps Ur(X) into itself; moreover, if for a given/6 Ur(X) and V. we have
I/(*i)-/(*2)l < ewhenever xixT" £V, then W4 -f \ = sl& \f{xiy)-f{x2y)\ S e

if XjXj'CF (using the fact that (xly)(x2y) 1=x1x21), implying

3) (T(XD-(F)(n-2| = \L(FEX- X\ s NZlle if Xx.xi~V.
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Here ||L|| = IiS;/LIJID_ \Lf\ denotes the norm of the functional L; actually the operator
Si

L has the same norm:
W\ = sup LI = sup sup \Lfx\ = sup \LA\ = ||LI.

s [HTsi xzx 5
We shall consider £Pr{X) as a convolution algebra, cf. [4], §19. The convolu-
tion LM of L and M\n£?r(X) is defined as the functional L (Mf) having the associated
operator LM:

4) LMf —L(Mf); LMf—LMf {ffUfX)).
Here the second equation follows from the first one using the relation
() {M)x(y) =(Mf) (xy) = Mfxy = (MfX)(y);

(5) can bejnterpreted by saying that the left translations f-+fx commute with the
operators M (xEX, M £JS?2..(A)).

Observe that if we considered linear functionals on C{X) instead of on Ur(X),.
it could not be guaranteed, in general, that L maps C(X) into itself, thus difficulties
would arise with the very definition of convolution. Moreover, the estimate (3) will
be essentially used in the sequel; this estimate has no analdégon for functionals,
on CI(;(), unless considerably restricting the scope of investigation (to tight func-
tionals).

Of course, all the concepts introduced above have their “left” analogues:
UfX) is the Banach space of all bounded functions on X for which to every e>0
there exists V such that xj~1x2€V implies I/Cxq)—fe)l e- (X) is the
dual of U,(X), and if Z-CjSft(X), an operator L: U,(X)->-UI(X) corresponding
to L is defined by (L/)(x) = Lfx where no\\'fx(y) =f(yx). The convolution in *.(X)
is defined by (LM)f=M(Lf). On account of the complete symmetry, nothing will
be lost by restricting attention to SEr{X) (this choice is the contrary of that having
been made in [2] but it is more convenient for the present paper).

We shall be interested in the continuity of the operation of convolution, i.e.,
we look for a possibly weak condition under which Lx-+L and imply
LXMX-*LM. The following example shows that this implication can not be ex-
pected to hold unconditionally.

Example 1 Let X be the additive group of real numbers with the usual topology
and consider the sequences Ln and Mn defined by L,,f—{n), Mn(f) = /( —«). As
the unit sphere in the dual of a Banach space is weakly compact, there exist con-
vergent subnets LX*L and MX-*M of the sequences Lnand M,,, respectively (the
underlying directed sets of both subnets may be assumed to be the same). If/£ Ur(X)

is such that I|m f(x) =a exists, then I|m Mrfx=a for every xEX, implying

(MF)(x) —fo afor every X £X, thus LMf a, as well. On the other hand LnMn=N
for every n, where Nf=f(0), thus LXxM§j-*N -/- L A4

This example shows, too, that the operation of convolution need not be com-
mutative even if X is Abelian. In fact if L and M are such as above, then for every
fEUr{X) for which both lim f(x) =a and limf(x) =b exist and a”b, we have

LMf=a MLf=h.
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Our interest in the convolution algebra <fr(X) is motivated by that in the con-
volution of probability measures on the group X. A Borel-measure on X, i.e. a
measureln defined on the cr-algebra 38 of Borel subsets2 of X is called T-regular if for
«very increasing net of open sets Gxa X we have

(6)

Let jS+00 denote the set of all positive linear functionals on Ur(X). A positive
linear functional ME££7?f(X) is called T-continuous if for every decreasing net of
functionsUr(X) converging pointwfise to 0 we have lim Mfx=0.

It is an easy consequence of a general measure-theoretic theorem (cf. [8], 11—3,
I11—7) that there is a one-to-one correspondence between T-continuous positive linear
functionals on Ur(X) and T-regular Borel measures on X, established by

@) Af/= Jf(x)n(dx)

(see [2], lemma 1, with the unsignificant difference that in [2] attention was res-
tricted to functionals with M \ —1 thus the resulting Borel measures were probability
measures).

Let us remark that a T-regular Borel measure on a topological group X (or,
more generally, on an arbitrary completely regular topological space) is a regular
measure in the sense that 1(B) —Bicyef [i(C) for every Borel set fie | where G ranges

over the open sets containing B, cf. [2], remark 1

A sufficient (but not necessary) condition for a Borel measure to be T-regu-
lar is
(8) u(B) = supy(K) for every BE£38

where K ranges over the compact subsets of B. The measures with the property
(8) are called /(-regular (or Radon) measures. A functional ME3£?(X) can be rep-
resented by a /(-regular measure /t if and only if M is tight, i.e. if to every e>-0
there exists a compact set Kta X suchthatf£ Ur{X), 0 s/” landf(x)~0 for xEKe
imply Mf<-& (by the aid of Dini’s theorem easily follows that a tight functional is
T-continuous, thus it can be represented by a T-regular Borel measure /i; from (7)
one concludes that 1 (X\K ¢ < g thus, as )t is regular, it is /T-regular; conversely,
if /(in (7) is /M-regular, M is obviously tight).

Let us also remark that the convergence of a net of T-continuous functionals
Mat (A) to a T-continuous functional ME£3£f(X) is equivalent to the usual
(weak) convergence ux-+u of the corresponding T-regular measures. In fact, if

ff(X)Hx(dx)  ff(x)/.i(c/x) for every/ £ Ur(X) and // is T-regular then the same limit

relation holds for every fEC(X), where C(X) is the Banach space of all bounded
continuous functions on X (for a proof see e.g. [2], lemma 3).

1 We restrict attention to finite measures, i.e. viX )~ 0 will be always assumed without saying
this explicitely.

2 In the literature, the term “Borel set” is used in two different senses: it means a set belonging
to the smallest cr-algebra containing either all compact sets or all closed (or, equivalently, all open)
sets. In this paper, we have the latter definition in mind.
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The one-to-one correspondence between T-continuous positive linear functionals
on Ur(X) and T-regular Borel measures on X enables one to define the convolution
of T-regular Borel measures as the convolution in£fr(X) (it is obvious that the con-
volution of T-continuous positive linear functionals is again such a functional).
The operation defined in this way deserves the name of convolution of measures
becaHse ;)f the following proposition, having been proved in [2] (theorem 1and its
corollary).

Proposition 1. If p and v are x-regular Borel measures on X, there is a unique
x-regular Borel measure ftv on X, with the property that

©  ffix)pyv(d = J [T oy p@oTvidy) = (FF (xy) v(dyj) p(dx)

for every bounded Borel-measurable function f on X. This pv is the convolution of p
and v in the sense described above and it is uniquely determined already by the integ-
rals offunctions in UfX).

Let us remark that when defining the convolution of T-regular Borel measures
on X one could have used instead of IFr(X) the convolution algebra JFfX), as well;
the Iabove proposition says, in particular, that both approaches yield the same
result.

According to the author’s knowledge, no similar proposition is available for
arbitrary Borel measures; this suggests that when defining the convolution of Borel
measures on X one has to restrict attention to T-regular measures.

8 2. A general theorem on the continuity of convolution in &r(X)

It is well-know that if pxand va are uniformly tight3 nets of A'-regular Borel
measures on a topological group (or even a semigroup) X converging to (AT-regular)
Borel measures p and v, respectively, then pxvx-*pv. A proof of this statement is
contained essentially in Grenander’s book [3], where, however, the assertion is
given in a less general form; as Tortrat [11] has pointed out, Grenander’s proof
actually yields the result formulated above.

We are going to consider the more general problem of the continuity of con-
volution in JFr(X).As a corollary of theorem 1 below we shall see that for T-regular
Borel measures on a topological group X px"p and va—v always imply pavx-+p\,
without any additional assumption. In the proof, the group property of X will be
essentially used, and it remains open whether such a general result holds for semi-
groups as well.*

Let us send forward the following lemma:

Lemma L For LC  (X) (positive linear functional on Ur(X)) the following
properties are equivalent:

0] iffx is a decreasing net of (right) uniformly equicontinuous functions on X
converging pointwise to 0 then Lf -m0;

3 fi,, is uniformly tight if for every e >0 there exists a compact set Kcc X such that fifX\Ke)< e
for all a.
* Added in proof: F. Topsoe settled this question in the affirmative (private communication).
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(ii) to every VdX' and e>0 there exist afinite subset xt, of X and a
function gdU r{X) such that O ég”"I, g(x;)=o, i=\, ...,n, g(x) =1for x(J U Vxt
and Lg<e;

(iif) iffx is an arbitrary net of uniformly bounded and (right) uniformly equi-
continuous function converging pointwise to 0 then Lfx-+0.

(Recall that "Vis the class of symmetric neighborhoods ofthe unit element e of X).

Proof. Let 0s</(x)él be a function in Ur(X) vanishing at e and equaling 1
outside F; the existence of such a d is an easy consequence of the fact that the sets
of form {X:f(x)< 1},fd Qr(X) are a base at the identity. Let a range over the finite
subsets of X and for

a= (Xxisx2, X, set &<(*)= 1@]‘8« c/(xxj ")

Then the functions ¢« (x) are (right) uniformly equicontinuous and they form
a decreasing net converging pointwise to o (the ordering for the a's being the set-
theoretical inclusion). Hence, if L has the property (), Lgx<e for some
a= (I>_<I,, ..»X,,). Here, by the definition of ¢« 4 axjy =0, /—L1, ...,n and g*(x) —1 if
Xi iM ¥x,; i.e., (i) implies (ii).

=1

Let nowf be an arbitrary net of uniformly bounded and (right) uniformly
equicontinuous functions converging pointwise to o ; without any loss of generality,
we assume that | 4|~ 1 for every a.

For given e>0 pick Vd'V such that x,xji1€F implies |/a(x,)—ffix2\ < £
for every a. If there exist x,, ...,x,, and ¢ with the properties in (ii), take an ao
such that

(10) la(x,)|<E 1= 1,0..,«,  X><*0\

then we have |/a(X)| < z2e for every xd /U Fx- and hence j|/,,(I —g)|| S 2e. Since L is
positive, \L(fxg)\sL\fxg\*Lg<E thus we obtain

() \Lfa*\H f'g)\ + \L (f.{1-g))\&e + m-2e,

proving the implication (ii)—iii).
Finally, (iii) trivially implies (i), since if/a is a decreasing net converging to 0
then 11/J SH/JI for x>(xO0.

D efinition. A functional Ld (X)) satisfying the equivalent conditions (i)— (iii)
will be called g-continuous.

Of course, every T-continuous L d (X) is ~-continuous (by (i)) but the con-
verse is not true, in general.

Example 2. Lei X be the group of rational numbers O sxS| with addition
mod 1 and with the usual metric topology (regarding the interval [o, 1) as a circle).
Iff d Ur(X), let Lf denote the Lebesgue integral of the unique continuous extension
of/ to [0, 1). Then Ld”r(X) is ~-continuous, since for any decreasing net of uni-
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formly equicontinuous functions converging to 0 on X, the net of continuous ex-
tensions to [0, 1) also decreases to 0. On the other hand, L is not T-continuous, nor
can be represented by a («additive) measure on X.

Theorem 1 Let La-*L be a convergent net in ZE?(X) and Mx-*M a convergent
netinif, (X);then, ifL is Q-continuous, we have L XM X-+LM.

Proof. Let/ £Ur(X) and £>0 be arbitrary; pick VC.'f' such that
implies \f(x1) - (x2\ < e. As Mx—M in £Pr(X), it follows from the Banach—Stein-
haus theorem that there exists an ao and a o such that LKJMAT for a>-a0l
then, of course, [|[M|| =K, as well. Thus from (3) we have for a>-ao

(12
V(M) (XD -(MJI)(x2\s Ke, [(M/)(x1)-(M /)(x2D)| & Ke if V.

According to (4) one may write

(13) LXM J = LfMJ) = Lx(Mf) + Lxhx
with
(14) hx=Mx-M f.

Let xi5 ...,X,, and g be chosen as in the lemma, (ii). Since Mx-+M means
(Mx) (x) = Mxf x-~Mfx = (Mf)(x) for every fixed xC X (see (1), (2)), there exists
an ao (which, without any loss of generality, may be assumed to be the same as in
(12)) such that for a>ao

(15) \(MXF) (x « M) (x)] < £, i=1
(12) and (15) imply for a>-ao
(16) fa(x)| = \(MJI)(x)~{Mf)(x)\ < (2K+ )e if x€ 0 Kxy.

n
hence, taking into account that 1—g(x) = 0 if 1) vxt,
i=1

()] la(l-g)|| "{2K+\)e (a>a0).
From (14) follows also
(18) Pall =(||MJ+ I[M|)li/]| 2ATIAI (a>a0)

(recall that the operator M has the same norm as the functional M).
Since LxdL(’f(X) and géO, we have \Lxhg\ S \\h\Lxg for any hE£Ur(X); thus
(17) and (18) imply
(19)  \LxhA\M\L xhxg\ + \Lxhx(1-g)\s 2 K\\f\\L xg + 2K+De\\LX\ if a>a0.
Here Lxg -+Lg<e and ||ZJ =Lal —LI, thus, as £>0 has been arbitrary, (19)
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shows that the second term on the right hand side of (13) converges to 0. Since, on
the other hand, — wWe arrive at

(20) L'MJALMT for every /€ Ur(X)

completing the proof.

Corollary. Let px and w be arbitrary nets of Fregular Borel measures on X
converging to Fregular Borel measures ft and v, respectively. Then pxva-*pv.

Proof. The theorem applies for the T-continuous functionals corresponding
to the measures under consideration. Since the weak convergence of T-regular
measures is equivalent to the convergence of the corresponding T-continuous func-
tionals, the corollary follows.

Remarks, (i) As it has been pointed out in § 1, in the convolution algebra £fr(X)
Lx—L and —M do not imply LXMX-*LM without any supplementary assump-
tion, even if one restricts attention to ST?(X). In this respect, when considering
£?1(X) only, theorem 1 can be regarded as very satisfactory, since the condition of
A-continuity of L is a rather weak one. Nevertheless, it would be interesting (although
from the point of view of probability theory apparently irrelevant) to find a similar
simple condition under which LX-»L and MX-*M would imply LXMX—LM also if
Lxand L are not assumed to belong to £f?(X).

(i) We have been interested in the joint continuity of the operation of convolu-
tion in <&r(X). As regards separate continuity, it is an immediate consequence of
the definitions that Lx-+L always implies LXM —LM. On the other hand,
does not imply without any additional assumption. In fact, if X, L, Mx
and M are the same as in example 1, and if for /£ Ur(X) both x!,iirﬁeof(x) =a and

X!i[n f(x) =b exist", then LMxf=a for every a while LMf=Db. It may be conjectured

that if LEEfr(X) is such that LMX—LM whenever then also LxMa—LM
whenever La—L, Ma-mM.

8§ 3. Some possible applications and generalizations

In [1] we have studied infinite convolutions of probability measures on a locally
compact topological group. Tortrat [11], [12] has considered similar problems on
arbitrary topological groups but under a uniform tightness condition. Sazonov and
Tutubatim [9] pointed out that the methods and results of [1] are also valid under
considerably weaker hypotheses than local compactness. Nevertheless, the study
of infinite convolutions of arbitrary probability measures on arbitrary topological
groups seems to be a very complex problem and in the general case no such nice
results can be hoped for as those obtained in the mentioned papers. Of course, the
general problem of infinite convolutions in the convolution algebra £fr(X) is even
more complex.

The theorem proved in 82 can be regarded as a first step in attacking this pro-
blem. Let us restrict attention to positive linear functionals on Ur(X) with norm 1
Such functionals will be referred to as means', the class of all means over Ur{X)
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will be denoted by J/r(X):M £Jir(X) if and only if MEE/??(X) and WM\ =M 1= 1
The set of all *-continuous means will be denoted by Jt°(X).

Observe that /1 [(X) is a weak* closed subset of the unit sphere in the dual of
the Banach space Ur(X), thus JT1I{X) is a compact subset of ¥ I(X); Jir(X) is a
semigroup with respect to the operation of convolution, but it is no topological
semigroup, in general. JiR(X) is a topological semigroup (the convolution of £>con
tinuous means is again “-continuous, on account of the fact that if M £Ji?(Z)
and fxis a net of (right) uniformly equicontinuous functions converging decreasingly
to 0 then M f shares these properties, by (3) and the definition of p-continuity;
the joint continuity of the operation of convolution in Ji3(X) follows from theorem 1)
but JiR(X) is not compact, in general.

The following is an easy consequence of theorem 1

Proposition 2. Let JiczJiRfX) be a set of g-continuous means having the pro-
perty that LfJt and LM CJi imply M £Ji.

Let T be an arbitrary directed set which does not have a maximal element and
let us be given means L& (for every pair s, t in T with s-<t) belonging to Ji and sa-
tisfying
(21) LsVs= L\ (r,s,tET,r<s<t).

Then if M£Jir(X) is any cluster point of the net Lr, tjr (with rdT fixed)’
there exist a directed set A and afunction /(a) on A such that to every tOCT there is
an ao €/( with t(a) J t0 whenever a>ao for which the subnets L(@ of the nets U,
i >V (s being regarded as fixed) are convergentfor all SET and, denoting the limits
of these subnets by Ms, we have Mr—M, moreover, also the subnet of the net
M, is convergent (to M , say).

If M=Mr Ji, we hawe Ms£JI for all sCT, M,, fJi and

(22) LsMs=Mr=M (s>r1),MsM,, =Ms (s*r), M,M, =M,,.

Moreover, if t(a) and t'(a) are netss with the above properties constructed to the
(different or not) cluster points M AJiand M'£ /1 of the net L[ (for the same r£T)
and if Ms, Ms, Mand Mf are the corresponding limits, we have

(23) M'=MN, NN'—
where N and N' are arbitrary cluster points of the nets and Mt,(X) respectively.
Such cluster points always exist and they belong to Ji.

Proof. The existence of the limits for a proper choice of t(a) is an immediate
consequence of the compactness of JifiX): consider in the topological product
Z = s?ér Zs, Zs=1Jir(X) for every sCT, the net z‘, td T where the s'th coordinate

of z'is LI ifs-<tand some fixed LO£Jir(X) ifs” t. Since Z is compact (by Tyhonov’s
theorem), there exists a convergent subnet of z( for which r’th coordinate converges
to the given M ; taking again an appropriate subnet, it may be achieved that in addi-
tion to the already existing limits Msalso lim Mt(X) = M,, exists.

4 The underlying directed sets may be assumed to be identical without any loss of generality
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Since LsdJI is ~-continuous, from (21) follows by theorem 1 LsMs= Mr for
every rJ,s. Thus the first relation of (22) is true, whence in case of Mr=M £J1,
by the assumption on /1, follows that Ms£JI ($>-/+). Rewriting the relation Ll M X=
= Mr (r-<s) as L'SM, = MS(s”t) and taking limits as t= t(a) (this is legitimate by
theorem 1, if since lim Z ()= Mse ~# is ~-continuous) we obtain the second
relation in (22). This relation, on the other hand, implies £ 1 by the assumption
on J1.

Finally, the third relation of (22) obviously follows from the second one and
from lim M, (X = M,, , (even without referring to theorem 1).

To prove the remaining assertion, first observe that by the compactness of
JIr(X), the nets and Aft{e) surely have cluster points N and N' (say). Let
t(R) and t'(R) be subnets of t(a) and f'(a) converging to N and N' respectively. In
view of the first relation in (22), we have L|L M'= M"; taking limits as s=t(R) and
having in mind that i(B) is a subnet of t(a), we obtain by theorem 1 the first relation
of (23). This relation implies, by the assumption on /1 , also NC.JI and, by symmetry,
N'£JI as well.

To prove the second relation of (23) take limits in LSM, = MS(s-<?) as t =t"()
to obtain MSN' = Ms; hence, by taking limits as s =t(B) and having in mind that
t(R) is a subnet of /(a), the assertion follows.

The proof is complete.

A typical example of means with the property (21) is obtained by considering
a sequence Nt,N2, » of means in JI and setting Lk=NKkNk+i ..7V,,_, (in this
case T is the set of positive integers with the natural ordering). If JI is a semigroup
with respect to the operation of convolution, Nn(iJl (n=1, 2, ...) implies LkEJI
for every k<n and proposition 2 applies. Observe that this particular case of pro-
position 2 is just the specialization to the present problem of theorem 2. 1 of [1],
which has been used there as a starting point for the investigation of infinite con-
volutions of probability measures on a (locally compact) topological group. Here
we preferred to formulate the proposition for a general set of indices, having possible
applications to the study of 3f-valued continuous parameter stochastic processes or
random fields with independent increments in mind.

Our first concern is to see whether proposition 2 applies already for,// =JIj!(X).

Let JIR{X) denote the set of all such means L£JIr(X) for which the operator
L defined by (2) is strictly positive in the sense that /£ Ur(X), /SO, Lf=0 implies
/= o.

Lemma 2. Let L and M be such means that L JII'(X) and LM £/1?(X). Then
Manyx).

Proof. Let”, be a decreasing net of (right) uniformly equicontinuous functions
converging to 0. Then the functionsftx for fixed x£ X (wheref, x(y)=f1(xy), see (2))
also form a decreasing net of (right) uniformly equicontinuous functions converging
to 0. Thus, as LM is "-continuous,

(24) (LMfX)(x) = 0 for every XxEX.

On the other hand, the (right) uniform equicontinuity off aimplies that of Mfx>
too, in view of (3), and as the netfais decreasing, the net Mfx is also decreasing.
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Hence follows that h(y) = lim (M/,,)(y) exists and hdU,.(X). Furthermore, M/as/z
impies (forarbitrary LEECf(X)) that for every a

(25) (LAI’Y(r)2 (L(®)(r) for every x£X.

In view of the second relation of (4), from (24) and (25) follows that Lh is
identically O; in view of the assumption L£Jtf(X), h must bs identically 0 as well.
In particular, lim Mfi =h(e) =0, proving that M is “~-continuous.

Lemma 3. Suppose that the topological group X has the property
(P) to every t/E U there exists  1C such that to every xOC X there exists a

finite set {z,,22, ..., z,}c X for which (j ztUci VxO0.
Then Jte(X)C.Jtp{X).

Proof. Suppose that there exists a nonnegative/£ Ur(X) which is not identically
0 while (Lf)(x) =Lfx=0 for every xEX. Without any loss of generality, we may
assume that/(e) —L Then, for some uT~,/(x) > L2 ifjcE I/. Pick a satisfying
(P). If L is ~-continuous, consider a function g with the properties (ii) in Lemma 1;

then 0~ 1—g S 1, 1—g vanishes outside U Vxtand L(1—g) > 0. From the
1=1 in
assumption (P) follows the existence of a finite set {zx, ..., zn} c dfsuch that (J z,-t/o
. 1= 1
idiU VX implying
=1

(26) 2 (2r b0 's (1-900) 2 f(zr )" (=)

thus, see (2), we have arrived at the contradiction

27) IZL?L_f)(er) is i‘L(\ —g)>o,

completing the proof.

The lemmas 2 and 3 show that proposition 2 certainly applies to Jt=J/((X)
if A has the property (P), in particular, if X is Abelian or locally compact (or locally
precompact).

The question whether a ~-continuous mean L always gives rise to a strictly
positive operator L, i.e. if Jt*(X) d.M?(X) unconditionally, remains open. Of course,
in the case this question were answered in the affirmative, it would be possible to
assert, in general, that proposition 2 applies for Ji=Jt-(X). Anyway, the choice
Jt = J/jI(X) C\Jtf (X) is certainly feasible. In fact, as LM dJtfiX) obviously implies
M£EJt?(X) (even if L$JIt?(X)), the set Jt = JtfiX)C\ItfiX) surely fulfills the
assumption of proposition 2, in view of lemma 2.

Unfortunately, proposition 2 alone does not seem sufficient to prove such desir-
able results as (with the notations of proposition 2)

Conjecture 1L If M(iJt and M fiJt are two different cluster points of the
net L\, ty~r (with T fixed) then M' = MAa for some a£X where Aa denotes the
functional AJ=f{a) (/€ Vr(X)).
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Conjecture 2. Ifthe nets L's, ty s are convergent for every fixed s"r:L's-*Ms
and if Mr=M then the net M, (/>/¢) is convergent as well: M,- * . and M,,
is an idempotent: M

To prove these conjectures in the above generality, one would need some
further information, first of all a characterization of the idempotents in Jt.

Such a characterization is available for tight idempotent means, or, in other
words, for idempotent JI-regular Borel measures (cf. the paragraph containing (s)).
A well known theorem proved first for compact X by Wende1 [10] then for locally
compact X by Heyer [5] and in the form cited below by Tortrat [11] says namely
that a tight Borel measure /t on an arbitrary topological group X is idempotent if
and only if LI= x,, , the (normed) Haar measure on some compact subgroup H of X.

Using this fact and the well-known formula

(28) SA = SfiSv

valid for the supportss of arbitrary T-regular Borel measures on X it is easy to conclude
from proposition 2 that conjectures 1 and 2 are true if JI denotes the class of all
tight means. Of course, one has to check that this class satisfies the condition on
N1 of proposition 2.

Lemma 4. If LdJir{X) and M £Jf(X) are such that both L and LM are tight
then M is tight as well.

Proof. Let Al, and K2 be compact subsets of X such that iffEUr(X), O sfsl
and /vanishes on Kxor on K2then L/<ej or LMf<£2>respectively. Then ifi6  Ur(X),
O s/sl and f(x) =1 for x CAT, we have L(I—) S e,, ie Lf~ 1—et. This
immediately implies for hd Ur(X), h~O

(29) I/i S (1- £))a if //(x)Ea for XxE£Kt.
Let us suppose thatfdU r(X), 0sfs\, and/vanishes on ATFIK2 then
(30) h(y) = max/(.v_j)

vanishes on K2.

We have to show that hdUr{X)\ if Vd'f is such that yty2:€V implies
[/(y,)—(y2)| < eand V d” issuch that V'xczxV if xd K{ (the existence of such
V' follows from the compactness of Kv, see e.g. [1], lemma 3. 1) then for every
xd K x

(x~yp{x~lyr~1= x~I ATl 1YxaV
whenevery, y2 1d V, implying \f(x~V|) ~f(*~ V)l <eifd1H] 1€V, forevery x €A,
thus /(y,)] —h(yd < £ as well
Now, since hd Ur(X), Osh s\ and h vanishes on K2, we have by assumption

LMIk s 2. Hence follows in view of LMh —L(Mh) and of (29) that there exists at
least one XxO£Aj for which

(31) MY  (W)(X0) < r5e  (xodKt).

5 The support S,, of a measure 1 is the smallest closed set with /i(5,,) =/i(T); the existence of

the support is an easy consequence of the definition of T-regularity, see (6).
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In view of (30) we have hXy) = %%/(x y) M I(y), thus (31) implies

£ . £ . . -
< —- ) —_——=e>
M f —3" as well. Since —g e > 0 is arbitrary, we have arrived at the

conclusion that to every e>0 there exists a compact set Ke (Ke=K 11K2) such
that the assumptions fd U r{X), 0S/w 1 f(x) =0 for xdKE imply Mf<s, ie. M
is tight.

Theorem 2. Let T be a directed set without maximal element and let A
{s, tC.T, w<t) be afamily of K-regular Borel probability measures on an arbitrary
topological group X, satisfying

(32) KXS=K (r<s<t).

Thenfor any two K-regular cluster points p and p' of the net Xr, V>r (with rC_Tfixed)

there exists an ad X such that g = pba, where da denotes the point mass at a.
Furthermore, if the nets X (t>.s) are convergent6 for every fixed s~t:r, and

pr=Ilim A is K-regular, then so are ps=Ilim A (sy~r), moreover, ps converges to the

Haar measure xHon come sompact subgroup H of X.

Proof. Applying proposition 2to the class of tight means with L's corresponding
to the measures A, from (23) follows

(33) p' = pv, w' = xH

(having in mind that the means N, N' and M,, in (23) must be also tight thus N and
N ' correspond to AT-regular measures vand V while the idempotent M x corresponds
to a Haar measure xH).

In view of (28) we have SvSv.c H and hence SvczHa for some adX, implyingz
xHv—xHba. Since p =pxlt, by the second relation in (22), p'=pda follows now
from the first relation of (33).

If the nets A((ts) are convergent for every fixed sizir and pr= Iip1 A is A-regular,

proposition 2 implies that the measures ps= limA(, s>r, corresponding to the
t
means Afs=lim Us are also A-regular (see footnote s.) We claim that every con-

t
vergent subnet of the net M s has the same limit.
In fact, if and M")—M.,, the N and N' of (23) are equal to

and M i, respectively (as now MS=MSfor every s*.r). As Mx and Mi must cor-
respond to Haar measures xH and xH, respectively, the second relation of (23)
becomes xHxH =xH, implying H'czH. By symmetry, we also have HaH"', i.e.

However, since JtfiX) is compact, the fact that every convergent subnet
of Mshas the same limit means that the net Ms s convergent; the proof is complete.

6 By this it is enough to understand that f f(x)X$§(dx) is convergent for every /€ Ur(X)
the statement that fis= lim At is Ai-regular, is interpreted so that there exists a AT-regular measure
U, with f f(x)Us (dx) = lim f f(x)\\(dx) for every fdU r(X) (and then for every / 0C(X) as well).

* Cf. (9), taking into account that f f(xy)xH (dx) = Jf(xa)y.Hdx) if y €Ha.
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Remark. Both statements of theorem 2 are well-known under some more
restrictive conditions, see e.g. [1], where the method used here was first developped.
The first statement is related to Kioss’ “convergence principle” [7] and its most
general known formulation is apparently that of Tortrat [12], where, however,
a uniform tightness assumption is imposed. A particular case of the second statement
(with T being the sequence of positive integers) has appeared in [1] as a step in
the proof of the main theorem 3. 2, and in a similar role but under less restrictive
conditions, in [9].

The novel feature of theorem 2 consists mainly in eliminating the condition of
uniform tightness; this has been made possible by theorem 1and lemma 4.

Of course, one expects that theorem 2 remains true also if the measures )'s
as well as the cluster points 1 and u' are supposed to be T-regular only. Since the
characterization of T-regular idempotent measures has been obtained in [2] (corollary
of theorem 4), and the relation (28) holds for arbitrary T-regular Borel measures,
this generalization of theorem 2 would be immediate, if one knew that the set of
T-regular means satisfies the condition on Ji of proposition 2. Unfortunately, | have
not succeeded in proving this*, thus the problem, as well as the more general problem
of finding less restrictive conditions under which the conjectures 1 and 2 are true,
remains open.

Finally, | should like to point out that the results of § 2 remain true even for func-
such convolutions where the left factor is a functional on Ur{X) and the right one a
tional on t/( Y), where ¥Yisa “homogeneous space” and X is the group “acting on Y.

More exactly, let X be a topological group, let H be a subgroup of X and let
Y = X\H denote the class of left cosets of H endowed with the gquotient topology;
while Yis not a group in general (unless A is a normal subgroup of X), the multiplica-
tion of elements of ¥ by elements of X can be defined: if xEX and y€ Y is a left
coset of H (y = yOH, say) then xy is again a left coset of H (namely xy =xyOH).
Clearly, the class of setss VycY, VC.'V is a base for the neighborhoods of y£ ¥,
moreover W can be considered as a uniform space, a base for the uniformity being
the sets of pairs {(y,, y2'Y 1€ Fy2}, (as V=V~I for KCE€, yt£ Vy2 is equi-
valent to y2(zVyi). Let U(Y) be the Banach space of bounded and uniformly con-
tinuous (real valued) functions on ¥; let J*(Y) be the dual of U(Y) i.e. the set of
all bounded linear functionals on U(Y), endowed with the weak* topology.

If MCjS?(y), the linear operator M defined by

(34) (MA)(x) — Mfx, fx{y) =f(xy), (fEU(Y),xtX)
maps U(Y) into Ur(X) and Mf is (right) uniformly equicontinuous with /in the
sense that if is such that y2=Vy, implies [f(y,) (Y2l < ethen x, x2:€V

implies [(M/)(x,)-(M/)(.v2| S |ILJIE.
Thus, if LEEPr(X) and M££?(Y), the convolution L M (¥) can be de-
fined as

(35) MNf= M(Nf) (/€ U(Y)).
One can prove quite similarly to theorem 1that if Lx—L in £P?(X) and My—J1/
in £i(Y) then LXM2-»LM (in BJY)) provided that is ~-continuous.

“where Vy —{ty:v€Y}
* Added in prof: A. Tortrat has given a counterexamle (private communication).
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THE SERIES QUEUE ///C/1-/IM/1 WITH FINITE
WAITING ROOM IN THE FIRST STAGE

by
C. PEARCE

1 Introduction

Although the problem of ascertaining queue length distribution in an un-
restricted M/G/\ — tandem queue is still unsolved, a number of papers
treat of this problem in the practically important case when one or other of the
service points has finite waiting room (see Avi-ltzhak and Yadin [1], Neuts [4],
Prabhu [5] and suzuki [6] for the queue with a restricted second stage and cintar
[2] for a restricted first stage). The analysis tends to become involved and is usually
based on our being able to regard the restricted queue as a semi-Markov process.

Our purpose is to give a simple alternative approach based on the imbedded
chain method for single stage queues. We develop this for the queue with restricted
waiting room at the first stage.

In section three we extend our results to cover Erlangian services at the second
station and in section five we prove that the equilibrium queue length distribution
in the unrestricted M/G/I -+.../M/1 queue can be obtained as the limit of distribu-
tions in the corresponding finite systems as the size of the finite waiting room in-
creases without bound.

We denote by X u respectively the parameters of the Poisson input stream and
the service time process in the second stage and by F(-) the probability distribution
function for service times at the first server. The maximum number of customers
which the first stage can tolerate is k<°°. So long as the first stage contains K custo-
mers further arrivals are lost. The system is said to be in state (i,j) at any instant
if the first stage contains i customers and the second /.

2. The equilibrium joint queue length in the restricted queue M/G/l —.../M/1

Consider the state (i,j) of the system at departure instants of the first stage,
where we take / as the number of customers left behind in the first stage by the
departure and j the number he finds in the second stage.

It follows from Feller’s theory of recurrent events that to demonstrate the
existence of a joint limiting equilibrium distribution of queue length independent
of the initial state, it suffices to find a non-trivial solution with N |nn|<°° for the

L)

equations
i+1 °o 0 )
(2. 1) mo= 2 2 nrj_2, Pmr,0» 03 I<K—,
r=0 7=0 n=J +1
iF!l o . ]
2.2 2 nrtJ-1+mPm(r9i)9 0SS I<K—1, ] > o0,
(2.2) 1] N mPm(r9i) J
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2.3 . :
(2.3 K- 1,0 r2:0 72=0 Jm=2y+1

K—= ®©
(2.4) nk-1,j— 2 2 nrj-km j>0

where the transition probabilities pm(r,s) are
(29 pm(r, ) =

J exp(—A+ p)(IxY+1 7 (i + 1—)!B)mmIdF(x), o < M is1 < K
(6]

J exp(—n+/«)x) 2 (JIXY+1~"/n+1 —)\(px)mdml dF(x),
0 0<rs 5+1 =k

ff exp(- (A+ A (x + jO{XxFIS\(p(x + A)mim\?.dy dF (x),
0 @ 0= r< 5+1 < Kk,

J f oexp(-(/.+i))(x+>)) 2 @x)IMN(p(x+y))mm\XdydF (x),
0 o J=k~1 r=0, s=k-1
0, otherwise.

The 7;j normalized to sum unity then provide that equilibrium distribution.
We first seek a solution for (2. 2) and (2. 4) of the form

(2.6) TJ=aiTJ, ySo.

If |T|<1 this solution will satisfy the requirement 2 \ij\< o0 f°r each i. Under

the condition that the traffic intensity for the second sgage is less than unity we shall
find there are K (in general distinct) such values of T. It then only remains to verify
that by taking a suitable linear combination of these basic solutions we can also
satisfy (2. 1) and (2. 3).

Substitution of (2. 6) into (2. 2) and use of (2. 5) gives, for all ./>-0,

(2.7) atT = r2=O B[+1-,", + AA+"(1-T)) 1a0chl
where

A=/ exp(—A)AX)i! exp (—Hd(1 —T)) dF(X).
0
Similarly (2. 4) yields
(2.8) ok-\T _r2=1 <§=&—r ®,+ L, +p(\—T))~Ia10r=k2_1 <A
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The K simultaneous equations (2. 7), (2. s) in the ut possess a non-trivial solu-
tion ifand only if T satisfies the determinantal equation

L0.+Fi(-T)) 100-T & 0 0
AA+ (L -1))"V | - ® w o

<2.9) ) . = 0.
).(>.+u({-T)Y gk 2 ax-2 PK-1 « o

60152 0 28 B e2 00T

Removal of the obvious solution T= 0 leads to

(2.10) JHo (2 + /(1 —T))~1 + ),
where
-~ e 0
@ O\-T o o
(2. 1) . €2

2Pr 2 dr -r2=1CDr—T

r=p r=p—
DI =2 @r-T,

=1

Do = 1.

Expansion of the determinant in (2. 11) gives a recurrence relation for the Dp,
frdm which their generating function 2 Tpzp is found to be
=

(2.12) 2 Dp="=[M2+~MU>(-2000}-1\-T2+2{\ +276")(4"(1)-4"(-2ily0))].
where !
Mo = SZ—OCD’(*
(2.13)
= J exp[—ina —/) —rv(l —T)] (IF(X).
We use (2. 12) to rewrite (2. 10) as
<2. 14 AA+ L —Ty)-1 » coeff. of 2k~2 in p. s. expansion of
2(1-2)-‘[++(C-Vj)/(-Tz+ HO)]
—eoeff. of 2k~1 in p. s. expansion of
z(I-2)-'[1 +(7'-N11))/(-7>+N1))] =
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By virtue of Rouche’s theorem and (2. 13), (2. 14) considered as an equation
in T can be shown to possess kK —1 roots inside the unit circle in the complex plane
provided that the condition

(2.15) p "M fx dF(x)+X i/(coeff. of zk 2 in p.s. expansion of
0

—z +J exp (—X(1—2)) dF(x)

is satisfied.

(2. 15) is, however, simply the condition that the traffic intensity for the second
stage be less than unity. This can be seen as follows:

For the first stage the equilibrium queue length distribution values dj (0" j<k)
taken on the imbedded chain of departure points satisfy the recursive relations

(2 - 16) G = 2 am(r),
wher

I exp (/1) (A)s+1 7 (s+ 1 —)! dF{x), o<rSi+l,

p(r.s) ! exp (—A) (kxfjs1dF (x),  jgO,

o otherwise.

By defining gj forj~ k recursively through extending (2. 16) to hold for all positive
integral j we find on taking generating functions that

(2. 17) qj =qOmcoeff. of zJ in formal p.s. expansion of
(I-z)/|1-z J exp (—Ax(l —2))dF(x) |,

and the are fixed through the normalization

K:
(2.18) 2
J:

Thus the mean inter-departure time d for the first stage is given by

Co

j=1L
d = mean service time in first stage +A 1-q0 =

:J x dF(x) + ]licoef‘f. of zk~2 in p.s. expansion of

exp (—Ax(1—z)) dF (x)
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Hence by comparison with (2. 15), we have that the traffic intensity conditionp 1-~d
ensures that (2. 2), (2. 4) have k —1 solutions

“ij=ai(p)TP, \Wp~rk-\.
A further solution

nij= ai(k)bjo
is provided by the root T=0. We note that (2.2) implies
at(k) = -l +p)-1a0(k)5n.

As the ctjip) is determined only to a (common) scalar multiplier for each p

Wi = 2 s(p)ai(p)Tp+ 6j0s(k)a0(k)[6i0 - W + p)-ioil]

will also satisfy (2. 2), (2. 4) for any constants s(p). For suitable choices of the k

quantities s(p), (2. 1), (2. 3) can also be satisfied. (2. 1), (2. 3) impose k simultaneous

homogeneous linear conditions on the s(p), but one of these derives from the others

and (2. 2), (2. 4), since the relation obtained by adding (2. 1)—(2. 4) is an identity.
The working in practical calculations is much simplified by use of

(2.19) . = r2_i0n,.P(r. O» O0s i<k—1
K- 1 »
2.20 i = - ir i
( ) i. rgo nr. s=%_1p|r, i).
where
(D .
Ki. = 2 Itjm, 0S) AK- 1.
m=0

Equations (2. 19) are simply the recurrence relations (2. 16) for the imbedded
chain equilibrium distribution of queue length in the first stage, (2.20) can be veri-
fied by addition to be deducible from (2. 19).

3. Extension to Erlangian services in the second stage

Suppose now the services in the second stage are Erlangian of order m. We
adopt the standard simple device of replacing these services by negative exponential
services with the same parameter and simultaneously replacing the customers by
batches of m units which arrive and are served collectively at the first stage but
receive individual services at the second stage.

If (m1, O"iSk—1,./™o} denotes the joint equilibrium probability (when it
exists) that a batch leaves / batches in the first stage and finds j units in the second
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stage, we have analogously to (2. 1—(2. 4)

I+1 © @®

(3.1) i0 — 2 *ri i 0=; / < K—1,
nio rgojzo rj n=%_HT]Pn(r, i),
i+1 @ * )
(3.2) 7= 2 2 P+ >0 Osi~k-1,
r=0 n=0
i+1 @
(3. 3) "II3= 2 2 nr,j--mnPnges o2 o < 2
r=0 n=0
K—t ODT'
(3. 4) o - [ 2  Pn(rk-.
nk~10 - raejzo r]rrzj+m ( t
K-1 o .
(3.5) o1 j— 2 2 KmPimmews . 1N = T,
r=0 n=0
K-1
(3.6) 4-13- 2 2OnrJ-T+r|Pn(P>K—1>, je ow
£0 .5

where the pr are defined as before. When the traffic intensity condition is satisfied
for the second stage it turns out that (3. 3), (3. ) possess geometric solutions

= ai(p)TP O0=i=kK 1jy—o

for (k—\)m values Tp, \ *p LU (k—\)T. Corresponding to the root T=0 removed
from (2. 9) there is an m-fold root T—0. These roots lead to a solution to equations-
(3. 1—(3. 6) inclusive of the form

e | '=oofj<m
AN S(p)al(p)T@+1.gb<+p) Ibj, i=L40"j<m

4. Repeated roots

In sections two and three we have assumed that, apart from the root T=>
of multiplicity m in section three, the roots Tpare distinct. It seems likely that this is,
in general, true, but as with the single server queue no simple proof for such a re-
sult is apparent. Our methods can, however, be extended to cover such a contingency
along the lines of wishart [7] for the G/EJI queue.

In the special case of exponential services (with parameter v, say) in the first:
stage, the root T=0 is multiple even for m= 1 This can be seen as follows:

Directly from its definition

= VAIA+ N (1-7 )+ )i+, is o,
from which an expansion of the determinant Dp yields
Dp=-TDp_i-Tbhb(k +p(\-T) + v)~2Dp_2, pn2.

By an easy induction Dp has a factor T[p/Z] so that by (2. 10) the determinant in
(2. 9) has a factor of TIkz2i.
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5. The queue length distribution when the waiting room is unrestricted

It would be interesting to be able to extend the foregoing results to unres-
tricted queues, but this seems quite difficult to do. We can, however, prove the
following result

Theorem Let n(i,j; m) (n(J,/)) be the equilibrium queue length probabilities
on the imbedded chain for the system withfirst stage waiting room ofsize m (unrestric-
ted). We assume the traffic intensity condition

o)

(5.1) A1 > max (/1—1, )xdF(x)

for the unrestricted queue. Then for all i,j=0,
X/, 7;m—n(,j) as m-+°°

Proot. We first label the joint queue lengths in the two stages in the case of an
unrestricted first stage by the non-negative integers. This can be done in a 11
manner by denoting the successive points in the path sketched below o, 1,2, ...
We shall use the same label to refer to a

given joint queue size in the case when quete length in first stage

the waiting room in the first stage is

restricted. o 12 3
Take any two (fixed) joint queue 0

lengths T, 7 ’in the unrestricted queue. If
the size m of the waiting room in the
first stage of the corresponding restricted
queue is sufficiently large, ‘V and ' will be
states of this queue also, and the one-step
transition probabilities PA(T), P will have
the same values. In particular /'I/LU&) Pu{T)

exists for every ordered pair (i,j) and .
has the value Pu.

Let us denote the limiting (joint) queue
length distributions in the unrestricted
queue and the queue with finite waiting room m by (zr.}, {nfm)}, respectively. Then
by a standard result on Markov chains,

«
* g;‘e‘
E °n
w

o
« e“m

Fig. 1

(5.2) nfm) - 2 nj(m)Pji> i =0,
j=o

for each in” 1.

Under our ergodicity assumption (5. 1) each of the series queues under con-
sideration will be positive recurrent and so the limiting probability that a customer
leaving the first stage empty also finds the second stage empty will be non-zero.

(5. 2) may therefore be written as

Vi(m) = 2 vi(m)pji(m)” i~ o,
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for each m, where \\(T) is defined as n{(T)/T10(T). Letting m—° we find that

lm() = 2 WjeOPji, =0

lim(kbl )aO, /s 1

We note that

and that

But by a well known result in the theory of Markov chains (see, for example,
Kartin [3]), the system

vi= 2 vjPJ}, iso
. 3 N
' b= 1>
M SO, 1S 1

has a unique solution if the Markov chain with 1-step transition probabilities (Pu)
is recurrent and irreducible.
As the quantities vt — /a0, /SO, obviously satisfy the relations (5. 3) with
equality, we thus have
lim (Vi(m)) = Wi, /S O

By symmetry we shall also have
fim(f; (m)) —Vi, iSO,
so that W!Lr_nn (r;(m)) exists and has value vt for each /SO. This establishes that

mjiim)-~ni for each is o,
which gives the required result.
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EINIGE METRISCHE ERGEBNISSE IN DER THEORIE
DER CANTORSCHEN REIHEN UND BAIRESCHE
KATEGORIEN VON MENGEN

von

T. Sarat

Es sei x = i G 4’1) die g-adische Entwicklung der Zahl x6(0, 1) (also g ist

ganz, g> 1, C,,(x) smdq ganze Zahlen, 0€C ,,(x)<g(«=1,2, 3, ...) und fur unendlich
viele n ist C,,(x)<g—1). Die Zahl x€(0 1) nennt man g- “adisch normal, wenn fur
jede r=0, 1, ...,g—1 die Beziehung

U mn’\Ub

gilt, dabei N,,(r, x) = 2 1- Bekanntlich sind fast alle Zahlen x£(0, 1) g-adisch

k=in, Ck(x)=r

normal (siehe [1] S. 125—128). Also die Menge Ngaller g-adisch normalen Zahlen
des Intervalles (0, 1) ist vom metrischen Standpunkt eine reiche Menge. Eine ganz
andere Situation tritt ein, wenn wir die Menge Ngvom Standpunkt der Baireschen
Kategorien von Mengen in dem metrischen Raum (0, 1) (mit euklidischer Metrik)
studieren. Dann kann man beweisen, dass die Menge Ngnur eine Menge von erster
Kategrie in (0, 1) ist (siehe [2]).

A. Renyi hat gezeigt, dass der Begriff der normalen Zahl auch auf die Cantor-
schen Reihen erweitert werden kann. Es sei {?*}“»i eine Folge von natirlichen
Zahlen, gk>1(£=1,2,3,...). Es sei

x _ V BEX)
*=j Y\Y2-

die Cantorsche Reihe der Zahl x£(0, 1), also e*(x) (k = 1,2, ...) sind ganze Zahlen,
sogenannte Ziffern von x, 0Set(x)<” (£=1,2,3, ...) und fir unendlich viele K
ist e¥(X) < gk—1 (siehe [3] S. 113). Setzen wir

(1)

Nn(r.x) = kSn |4(|) r
Die Zahl x nennt man normal in bezug auf die ,,Grundfolge” §*}H=1>2 1= +*“>
=1
. A y N _ xpoo i
wenn fur jede ganze Zahl r*O, fiir welche *,,(r) kSn?r—zqkyLlK ist,
lim - P 1gilt. Aus den Arbeiten [4], [5] folgt, dass (im Falle/2: 1]/|7|K —+°°)

fast alle Zahlen x£(0, 1) in bezug auf {igr=i normal sind. In der Arbeit [s] ist ein
topologisches Ergebnis bewiesen, aus welchem folgt, dass (im Falle = ch/k = 4-°°)
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die Menge N(ql,q2, ...) aller in bezug auf normalen Zahlen eine Menge
von erster Kategorie in (0, 1) ist.

Im Zusammenhang mit den erwéhnten Ergebnissen wollen wir in dieser Arbeit
noch einige andere Fragen Uber die Verteilung der Ziffern in Cantorschen Reihen
vom Standpunkt der Baireschen Kategorien von Mengen studieren.

Definitionen und Bezeichnungen

1 {an},, bezeichnet die Menge aller Haufungswerte der Folge
2. \M\ bezeichnet das Lebesguesche Mass der Menge M.

3. Wenn A eine Menge der natlrlichen Zahlen ist, dann setzen wir A(n) =
= £ 1 Die Zahl (1) = lim A(r—'), sobald sie existiert, nennt man die
allin,aEA n-+°°

asymptotische Dichte der Menge A.
4. Die Intervalle

(k) JC+I )
fh AP -AJ ioin-i

nennem wir die Intervalle der n-ten Ordnung. Offenbar (0, 1) -1 U SeaWWeiter
=0

werden wir kurz sagen, dass das Intervall itk>zur Folge el(e2, ..., e, gehort, wenn

(=0, 1

- [ — +o00 e 5
AA2--4,, A1 A\A AxA2' " ¢h
ist, wo 0SSj<qj (j=1,2,...,n), § (j= 1 2, ..., ri) ganze Zahlen sind. Offenbar
gehort die Zahl x (siehe (1)) zum Intervall ifk>dann und nur dann, wenn z,(x) =£m
(./- 1,2, ...,%).

5 T bezeichnet die Menge aller Endpunkte aller Intervalle ifk), n—1,2, 3, ...

A=0, 1, glg2...gn—\. Weiter setzen wir X = (0, 1) —T. Im weiteren betrachten
wir (0, 1) (und auch X) als einen metrischen Raum mit der euklidischen Metrik.

Im Zusammenhang mit dem erwéhnten topologischen Ergebnis der Arbeit [6]
beweisen wir folgende zwei Sétze.

Satz 1. Es sei <= +°°. Dann gilt fir alle x G(0, 1) bis auf eine Menge von
erster Kategorie in (0, 1) die Beziehung

*)
r=0,12 3 ..).

Beweis. Es sei CE€(0, 1), rS 0, k, s seien natiirliche Zahlen. Bezeichen wir mit
M(C, r, k, s) die Menge aller

XEX, fur welche I'I'I\s/l K ist. Setzen wir
2 M(C, 1, Kk, ).
(2) we.n N pglsgp ( )
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MAUSIRY

ist. Erwdgen wir, dass M((, r. k, s) gleich der Vereinigungsmenge einer endlichen
Anzahl der Mengen der Form ist, also M(f, r, k, s) eine in X offene Menge
ist. Aus (2) folgt, dass M(C, r) eine G&-Menge in X ist.

Wir zeigen, dass A/(E, r) in X dicht ist. Es genligt zu beweisen, dass fiir jedes
Intervall (a,b)a(0, 1
(3) M(C, r) M[(a 0)narjno

ist. Es sei also (a, b)<z(0, 1). Wéhlen wir / so, dass------------ < und qm >

1 —
> r+1 fir jedes mS/. Die Existenz einer solchen Zahl / folgt aus der Bedingung
gn-+oo. Dann existiert ein Intervall /Jp i-ter Ordnung derart, dass s =/, i§p) <z(a,b).
Es gehore jgp) zur Folge <y, 2. ...,es. Es sei A={ml<m2<m3< ..} eine Menge
von natirlichen Zahlen mit ni,>j und <5(JT)=£ (siehe [9] S. 194—195). Definieren
wir die Zahl

x _ v f(xo
if))lgendermassen ; o 1-i9192-C]
() eioy= & TUr j= F2,..,s;
(6) i oy -« UM j= 12,3 .
@) £j(*o) = p+1  fUr j7™mk (k=123

Dann ist offenbar (4) die Cantorsche Reihe der Zahl x0, *0€(0, 1) und da alle Zahlen
der Menge T endliche Cantorsche Entwicklungen haben, ist x0OEX. Aus (5) folgt
x0Cijp)c(Q, b), also x0€(i, b) MX. Weiter mit Ricksicht auf (6), (7) und auf die
Wahi der Menge A ist XO£ M(G, r). Also mOEA/((, r) M [z MMNAT und so gilt (3).

Da die Menge M(£, r) eine dichte G"-Menge in X ist, ist diese Menge residual

in X (siehe [7] S. 49). Dann ist auch M(Q = f| AJ(E, r) eine in X residuale Menge

und wenn R die Menge aller rationalen Zahlen des Intervalles (0, 1) bedeutet, dann
ist M — fge M{C) infolge der Abz&hlbarkeit der Menge R eine in X residuale Menge

und infolge der Abzéhlbarkeit der Menge T auch eine in (0, 1) residuale Menge.
M ist aber ersichtlich die Menge aller derjenigen 16(0, 1), fir welche (*) gilt. Damit
ist der Beweis des Satzes beendet.

Satz 2. Es sei lim sup gk =t<=<=. Dann giltfur alle x£(0, 1) bis aufeine Menge
k-+00
von erster Kategorie in (0,1) {e.(x)}* {0, 12, ..., ..}
Beweis. S€tzen wir bei natirlichem n und ganzem r”0

i . H{n,r)= {x¢£ X' En(x):r}.
Weiter sei

8 Hr:nlen,r.
(8) (r) P=ln=p( )
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Wenn x£H(r), dann ist offenbar re {e,(.*)}. Setzen wir noch H = ﬂgH(r). Far
I

x£H gilt dann
{£.0}=3{0, 1, 2, .}

Es geniugt zu beweisen, dass H(r) eine in (0, 1) residuale Menge ist. Die Menge
H{n,r) ist entweder leer (dieser Fall tritt ein, wenn gn=r ist) oder sie ist gleich
der Yereinigungsmenge einer endlichen Anzahl der Mengen der Form /® M X (dieser
Fall tritt ein, wenn q,,>r ist). Tn beiden Fallen ist H(n, r) eine in X offene Menge.
Auf Grund von (s) ist also H(r) eine G&Menge in X

Es geniigt noch zu zeigen, dass H(r) in X dicht ist (siehe den vorigen Beweis).
Um die Dichtigkeit der Menge H(r) zu beweisen, geniigt es zu zeigen, dass, wenn
m eine beliebige natiirliche Zahl ist und / ganz, 0~ 1~ q 192...gm—I, dann ist

9) 1® A (r)"0.

Es haben also m, 1die vorige Bedeutung. Es gehoére r® zur Folge et, €2, ...,.£,,,.
Mit NO bezeichnen wir die Menge aller derjenigen j>m, fur welche gj >r + list. Auf
Grund der Voraussetzung des Satzes ist NO unendlich. Definieren wir die Zahl

x0 = 72 ﬁ£ j — folgendermassen: Es sei Nn=NkUN2, AilMAz2= 0 , Nk, N,
i r=-1

seien unendilch Dann setzen wir es¢x0) = B{j = 1,2, Sjcxoy=r1 flr /CN\,

cicy =rfur /CA,, und 8j(v0) =0 fir j>m, j CNO. Dann ist ersichtlich x o

MH(r), also gilt (9). Damit ist der Beweis des Satzes beendet.

Bemerkung 1 In der Arbeit [s] ist bewiesen, dass im Falle 21 g, <+°°

fur fast alle xC(0, 1) die Beziehung IL%e,,(x) = +°° gilt. Im Zusammenhang mit
diesem Ergebnis bemerken wir, dass aus dem Satz 2 das folgende Ergebnis folgt:
Die Menge
{* (0,1); lim£,,(x)= +o0}
ist eine Menge von erster Kategorie in (0, 1), wenn Iirlr(w sup gk = + °° ist.
-00

Aus der Konstruktion der Cantorschen Entwicklungen der Zahlen x6(0, 1)
folgt leicht, dass im Falle I|m ) Sup gk = + » die Menge Moo=Mw {gx, g2, ...) aller

x6(0, 1) (siehe (1)) mit den beschrankten Folgen von Zziffern {s,(x}"=1 das Lebes-
guesche Mass 0 hat. An dieses Ergebnis knupft der folgende Satz an.

Satz 3. ES sei Iinkw*soyp gk = + = Dann ist die Menge M®=Mm (qt, g2, ...)

von erster Kategorie in (0, 1).
Beweis. Offenbar ist
M. = C M,,
S=1

wo Ms={x£(0, 1); &k(x)"s, k= 1,2,3, ...} ist. Es geniigt also zu beweisen, dass
jede der Mengen Ms (j=1,2, ...) nirgends dicht in (0, 1) ist.

Es sei / ein Intervall, 7 ¢ (0, 1). Dann existiert eine natlrliche Zahl n und eine
ganze Zahl/,0s1Sql...qgn—1so, dass iff>c / ist. Es gehore/® zur Folgesl, €2, ..., £,
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Wahlen wir w>/i derart, dass gm> j+ 1 Das ist infolge der Voraussetzung des
Satzes moglich. Konstruieren wir jetzt das Intervall der m-ten Ordnung, welches
zur Folge

e,, €2, ...,e, 0,0, ...,0,s+ 1

gehort. Bezeichnen wir dieses Intervall mit 1*. Dann ist offenbar und
I*P\MS = 0. Daraus folgt, dass die Menge Ms nirgends dicht in <0, 1) ist. Damit
ist der Beweis des Satzes beendet.
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ON THE CONVERGENCE OF EMPIRICAL DISTRIBUTION
AND DENSITY FUNCTIONS

by

G. DAVID

1 8. Introduction

We wish to estimate the distribution function F(x) and density function f(x)
of some random variable £ by means of the ordered sample £ , * , & (that is
£*S<l;=+1 for k—1, 2, m—1). The empirical distribution function is defined by
the formula

where kx is the number of elements of sample, which are equal or less than x. In
the Monte-Carlo-methods we are in need of samples whit great number of elements,
so we have no possibility reserving all elements of the sample because of the capacity
of the memory of computers. In this paper we give estimators which on one hand
are uniformly convergent with probability one, and on other hand which are applic-
able in case of a great number of trials.

In 28 and 3 8§ we shall give the new definitions of the empirical density and
distribution functions respectively, and we shall prove theorems for the rate of
convergence, and a similar theorem for the Fm(x).

2. 8 Theorems for the density function

Having the ordered sample £*, £jj. s,  let us denote by I"(x) that interval
from the intervals (—o, £%], (E*, ££], ...,(£*, -0y Which contains the point x. For
arbitrary /u(>u) let us define the empirical density function by means of the first n
elements of sample with the following formula

O e

where 2.(A) ist the Lebesgue-measure and Pm(A) is the empirical probability measure
generated by Fm(x)-of a Borel-set A.

Theorem 1 If [a b] is a dosed interval in whichf(x) and the inverse of F(x) in
[F(a), F(b)\ are continuous then

lim lim sup Fm(x)-fO)\ = o
n*-00 IN oo a:£[a, /]

with probability one.
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Proof. Since
‘mNe » p(*-W)
p(/"w) i(i>w)

and the Glivenko—Cantelli-lemma gives for fixed n, that Pr(/"(x)) -mP(/"(x)) uni-
formly with probability 1; so it is sufficient to prove that

P(%)
e )
uniformly with probability one.

We have to prove only the uniformity of this convergence which depends on
the uniformity of the convergence of lengths /.(/"), but this fact follows from on
one hand the Glivenko—Cantelli-lemma applied to the ordered sample of the uni-
formly distributed random variable 1j in [o, 1] received by the transformation 3= F(x)

and on other hand the uniform continuity of F~1(x).

Remark 1L From the proof we can conclude the pointwise convergence of
the sample-density ff(x) to f(x) with probability one without the assumption in
Theorem 1

Let the functionf(x) be differentiable, positive and

mfix)

/o )=-c>0, |I'(x)|<cl< -fco, f'(x)"0

with suitable constans ¢ and ct.
Let us define

col {n,oc) = —4CI f1 —e o)
c!

(2) a2(n, m, x) = n(/"(x)) sP  P{"(X))[I - PU"(x))] log log m

co(n, m, a, x) = —min{dij(n, a), w2(n,T,x)},

for all n,m (m>n) and for arbitrary small a>o.

Theorem 2. If the point x has a neighbourhood [a, b] satisfying the assumption
of the Theorem I, f(x) > ¢> 0 andf(x) has first derivate f'(x) ~ 0, \f'(x)\<cl < +<»

then
PPHE&)A#HO a>(n m, a, x)\Ff(x)—(x)\ s I)) =1
where the function u)(n, m, a, x) is defined in (1).

Proof. Itis enough to prove that

n2=I I?]Z(Il&s] oo(n, m, a, X)|/f"(x)-/(x)| > 1+§) < +<x»
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for arbitrary a>0. But

LTI w(n, m, a, X) | "(*)-/(x)| > 1+e) &

2 =, lim w(n, m, &, X) () - (o) 12+e U

U I hm w(n, m, a, x) \f,,(x)-f(x)\
where

P UITH) M

Now for the second event

jlim a{e, m, a, X)\F,,(X)-FOO\ > ~ A3 U {® (, a)|l,, (*)-/(x)] > 1+ e}

follows. 1+e
We shall estimate the latest event by means of the chain

\E()-FOY\ _ \F(X)-F)\  -y\
W -/W 1 \x-n \FH{x)-f(y)

f(x)+o(x-y)  f(x)+o(x-y)
" UaF)+o (*-y)l - )

and this holds except for a set of Lebesgue-measure 0, and on the other hand

©)

sup, |/ (x)-1o )| > ’
X.yei

a&1(n>a)
and this implies the existence of points xo, yO€["k, £*+i] =~n(x) f°r which |/(x0)-
—+(jo)| i and applying the estimation (3) we have

(o -m * 8i ~ iN(vo)- "00)i » NTx°)+°(x°~Y0). w~ - -
Using this:

e (%) ~F(X)\

@i (« @)
f(xg+0(X0—y0 1
,Ci oot (u, )

C)

57
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where we used the Beta-distribution with parameter-pair (I,n) for rit+i—ht (for
t]= F(£)), — that is we have for arbitrary >0

(5) 2 p(/nW -/W 1"i(«. Q> 1+e) < +°°
The probability of the first event in the right side of (2)
lim 2(I"(*)) F;r;r(x)) F;(/}'(*)) i leg
P (x))(1-P ("(*)) log logm ") ALY

from the theorem of the iterated logarithm. This and (5) prove the Theorem 2.
It is easy to see if the inequality

1 1+a)l
. 1—exp " (1+a)log7 2P(7"(.y)) (1—P(""(ar)))  4Ct

log log m C
holds for tn and n then
1
(7, m, a, X) = 8C, 1'- exp ""ﬁ(l +a) log 7

So we have
Remark 2. If (6) holds for n and m then, under the assumptions of Theorem 2
C \fm(x) - F(x)\ L1

A-m I’T!I—’ni"l) N l+((
1—exp logr7

The proof is immediate.

This remark and (6) make possible the appropriate choise of the function
[r2(7).

In the sequel let the function oo*(/7, @) be

2+a
«) = 4C il-exp R log7

and

G(/7, 777, X X) — 2 m'niog*(n’ °0° QR (7, 777, X)}

with arbitrary small 000. Let be true for m and n the following inequality:

I2

mi 1 2" Blog
i 1—exp 09 2P(/"(d)) [L —P(" ()]

) log log 777 LV (X))
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Theorem 3. Let [ab] be such an interval for which F 1(x) is continuous in
[F(a), Fb)], f(x) has boundedfirst derivatef'(x) in [a J] andf'(x) * Ofor x €[a, b], so

I'|'|'n'|'|'m ' 0% (d, a) supb] |/ (*)-/(*)] 1)1: 1
x€[a,

Proof. Repeatlng the decomposition applied in the proof of Theorem 2 and
taking m=g(n) when the equality holds in (7), we get the estimation

2 p hm ~w\{n, a) sup \ff(x)-f(x)\ > 1+e| S

m>g(n) 2

“ ni
(8) 2 2 P(I™ co*fn, m, a, tH\fm(tf)-Am |> 1+E2
t m

n=1li=1

W2 n max P(MTe*(n, m, xtf) Iff(ft) -/«,*)I
n=1 (=1.2.x
where we used the monotonity of function f(x).
We shall only deal with the probabilities

P(iima;i(n, a)|/,,(x)-/(x)| > 1+e) = ?2(w\(n, a)\fAX)-f{x)\ > 1+¢g)

as in the proof of Theorem 2. Repeating the argument used there we have (see (4))
that this probability is less or equal than «*“(2+7), and taking into account (8), we
proved the theorem.

3 8§ Theorems for empirical distribution functions

The following theorem is an obvious one:

Theorem 4. Let F,mx) = f fm(t)dt + F,,(@ be the modified empirical dis-

tribution function, then
AN —_
PgIZrFTJO/ﬂT sup |*nm(.v)-F(jr)| = O}

The proof is routine. _
Theorem 5. Under conditions ofthe Theorem 3 and denoting Q(n, a) = ngzl()ri’aa))
we have

Pllim ITmQ(n, a) sup \F,,mv)—F\ =N = 1

\' n m XE [a, b] )

The proof: this theorem is an immediate consequence of Theorem 3.

In the sequel we shall deal with the groupped empirical distribution function
defined by the following manner:

Let us divide the real line by points a* for all n and i'=1, 2, ..., n such that
af = - °°, a'<a"+!, anH =+° and \a';-a'l \ "0 i=2, 3, ' —
a'-»+ ooifn—», let us denote by w, the number of elements of the sample <*£2, ..»
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with n”m, which are contained in the interval (a",a™1], so put
i)

2 mi
©) CNx) ==~ if XE[G(X> aM)+]
Suppose that [a, b] is such an interval in which 0< C2< F(x) <C3< 1and the
function Q(m) is such that --- - < /r(;0[1 —F(X)] in [a,b\

Using the monotonity of the distribution function F(x) we have
P((iZ(m) sup |Gm(x)-F(.v)| > 1+ EJ n
*€]«,«

k~1
2 mi
2P Q{m) m - F(e) >1+£

It is well known that if is the frequency of the event A in m trials and P(A)=p
and O0<e-=/?(I —p) then

(r:n”_p S eU 2exp

2 1+
Hence
2 W 1
m mFm s 6(w),
fiti'2m
S 2exp 2
_ . 1L 1+£
2F(<4)[\-F(a"K} o 2F(eO(I-F(f10)0(fn)_
1+£ 1+e

Because of 5% F(x) (1—F(xV) = 4 and 2F(x)(1- F(x))Q(m) 2
we have

f K- 1
2 mi m
p Q(ni) > 1+£ " 2e 2)»
Hence
/%zilfg:l P(i2(m)|Gm(a2)-F(02)| > 1+r) s mgl ) <+"m
m 1 . .
If exp —202(m)j m2+a from which the equality
_ m
(10) Qm) = I/ (4+a)logm

follows with arbitrary small a>0.
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Applying the Borel—Cantelli-lemma we have the following theorem:
Theorem 6. IfO<cl< F(a) < F(b) <c2< lin [a b] and Q(m) is defined by (10)

then
P{*Irgl Q(m) xé[%%] IGm(x) —F(X)| s F; =1

Theorem 7. |f the distribution function F(x) is continuous then for arbitrary a
(@a>0) and interval [a, b] in which 0< F{a) < F(b) < 1 we have

N N -
im 2 4@ ayiogm Py M —FOgl s 1) = 1

Proof. Let @6=a<a"'< s < a”(m= 6 be points of [a, 6] such that — denoting
{«, aT+,] by IT —

Pm = i:O,TaXn—l{P(”")} )//)')2

and (7,,(v) is defined in (9), we have

m
B s o tog m iy IFOO-F (01 > 2

mr (4+a)logw xilaH C.n(V)-FrX)| > 1

+P nms I|/ (4+a) Iogorxfs[%% IGm(x)-F(x)| > 1

The latest probability equals 0 because of Theorem 6. On the other hand for arbi-
trary fixed e (1 >£>0) we have estimation

g P

S[L,J»%] IGm(x)-F,,,(x)] > 1+ £

m
2?3 (4+a)logor

Ke=1 v jc€la

2 P sup |GmM(x)-FmXx)| > |+£2 S 2 p(m SL’qu CmW-4W1! S 2}
w =1 \
=m2_ m22p(m|—k)" mp|2 pm—cz mp*
From the Borel—Cantelli-lemma the theorem follows.

Aknowledgement. | should like to express my thank to Mr. P. Révész for his
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REFERENCES

[1] Parzen, E.: On the estimation of a probability density function and modes, Ann. Math. Slat.
33 (1962), 1065—1076.
[2] Révész P.: The laws of large numbers, Publ. House of Hung. Acad. 1967.

Computing Centre of the Hungarian Academy of Sciences
(Received September 4, 1968.)

Stuaia Scientlarum Mathematicarum Hungarica 6 (1971)






Slut/id Scientiarum Mathematicarum Hungarica 6 (1971) 63— 65.

SPHERICAL FUNCTIONS ON COMPACT RIEMANNIAN
SYMMETRIC SPACES

by

R. G. LAHA

The main aim of the present note is to give a simple, alternative proof of the
theorem on integral representation of spherical functions on compact Riemannian
symmetric spaces (cf. [1], p. 426).

Theorem. Let (G, K) be a Riemannian symmetric pair of the compact type such
that the group G is a compact connected Lie group. Let dk be the Haar measure on
K such that

k< * = | °

Let (p be a sphericalfunction on G. Then there exists afinite dimensional irreduc-
ible unitary representation n ofgroup G ofclass | with character / such that thefunction
< has the integral representation

® g = f x@-1k)dk  (9£G)

Moreover thefunction <pis an elementary positive definitefunction on G associated
with the representation n.

Conversely let n be an arbitraryfinite dimensional irreducible unitary representa-
tion of G of class | with character y. Then the function @ on G defined by the formula
(1) is an elementary positive definite spherical function on G

Proof: Let tp be a spherical function on G. Let Tg:x —g_1x (XEG) be the left
translation of the group G associated with the element g CG. Let i%2(G) be the Hilbert
space of all complex valued measurable functions on G which are square summable
with respect to the Haar measure dg on G. Let be the closure (in the fiz-norm)
of the linear hull of the set £51:g£G} in the space £2(G). Then the space £)f=is a
Hilbert space. Let n:g-*n(g) (g£G) be a representation of G in the space defined
by the formula

@ n(g)0- Or,
for g£G, Then we see easily that a is a unitary representation of G in the
space 8v. Moreover the relation n(k)(p = (p holds for all kEK.
Let O, We now set
®)) B(O, IO= 7 (n(k)O, ip) dk.
K
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Then we can verify easily that B is a bounded bilinear form in the space b,Pso that
there exists a bounded linear operator P in the space bv such that the relation

4) (PO, ) = B(8, ) =f (n(K)B, ) dk
holds for all B, b b?-
We now set
(5) P =fn{k)dk.
K

Then it can be easily verified that P satisfies the relation
() p2=p*=p=Pn(k) =n(k)P

for all kKEK. Hence P is a projection operator in the space bv' We also note that
the relation Pep= (p holds.
Let g£G, thaby. Then we have

() (Pn(@)(p.ip)= j(n(kg)(p\ij)dk = (p(g-i)(<p1i).
K

Hence we conclude from (7) that the relation
(s) P(pTg= Pn(g)cp = (p(9-D(p
holds for all gdG. Then it follows from the definition of the space b<pthat
©) Pb« =G
where C is the field of complex numbers.

Let be the closure of the sum of all closed subspaces which are

invariant with respect to n and satisfies the condition P1= (0). Let b2=bv&bi
be the orthogonal complement of fq in 8 . Then both Sj, and s 2 are closed sub-
spaces of which are invariant with respect to n and moreover Pbi= (o) while
PbrsM(o). Let 917(0) be an arbitrary closed subspace of the space s 2 which is
invariant with respect to n. Then we have P91?*(0) so that we can verify easily
from (9) that ¢>CP9lc91. Hence we conclude that n(g)(p£9l for every g£G, so
that 91= bvmTherefore the only closed subspaces of the space b,p which are in-
variant with respect to n are (0) and b,PmConsequently n is an irreducible unitary
represgbntation of G in the space by B%t since G is compact, we conclude that the
space ,Pis finite dimensional. Let dim QV=n-

We set ||<prz ={ P Let MI2 = (p,,(p2, be an orthonormal basis
of the space bv- Then it follows immediately from (s) and (9) that

Pn{g)P(Pi =4>{g~)<FG Pn{g)P(pj=0 for j=2,3 ..., n
so that we conclude that
(10) (Pig-1) = tr(Prffe)P) = tr(a(g)P)

o f gk = xigh ck
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Moreover in this case we have
(<Pi. n(g)<pi)=(n(g-i)<pl, Pepi)
={Pn(g-(pl.(p) = (p{9).

Consequently tp is an elementary positive definite function on G associated with
the representation 5.

Since (p is bi-invariant with respect to K, we conclude that 5 is a representation
of G of class 1

Conversely let n be a finite dimensional irreducible unitary representation of
G ofclass 1in a Hilbert space § and let / be the corresponding character. Let 0 €$>
such that (f0, £0)= 1 and moreover the relation n(k)*0="0 holds for all kdK.
Then the function tp on G defined by

(12) 4(9) = {Zo’ t(g)to  (9€C)

is an elementary positive definite function on G which is bi-invariant with respect to
K. Hence in view of Theorem 4. 5 ([1], p. 414) we conclude that <pis a spherical
function on G. We now set

P =f n(k) dk
K

and we note the P satisfies the relation (s).
Therefore we have

(13) tr (Pn(g)P) =J y(gk)dk.
K
On the other hand in view of (s) the relation
(14 n(k)Pn(g)£0=Pn(g)£0
holds for all g£G, kEK. Then using Lemma 4. 7 ([1], p. 416), we conclude that
(15) /,$ = GH0.

Let co=¢,, €2, ..., &, be an orthonormal basis of the space §. Then in view
of (15) we have Pn(g)Pej=0 forj=23, ..., n
Hence we conclude from (12) that

(16) tr (Pn(g)P)=(Pn(9)"0, £,)
=N#Ko, Q =4>(g~)-

Then combining (13) and (16) we conclude that the function ¢>defined by the
formula (1) is an elementary positive definite spherical function on G
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ON THE THRESHOLD DISTRIBUTION FUNCTION
OF CYCLES IN ADIRECTED RANDOM GRAPH

by

. PALASTI

Let I,, Nbe a random graph having n given labelled vertices and N edges chosen

fi" |
at random, so that all the ! possible choices are supposed to be équiprobable.
I N)

P. Erdss and A. Renyi investigated in their paper [1] the evolution of random

graphs. They treated the “typical” structures arising at a given stage of evolution,
if N increases together with n, as a given function of n. By a typical structure they
mean such a structure the probability of which tends to 1for n “m». If A is a structural
property which a random graph may or may not posses, and P,fN(,,)(A) denotes the
probability that the random graph TI,, N posesses the property A where N(n)
is a given function of n, and if

(1) A PBN,)H).= 1

then we say that “almost all” random graphs TI,, Nn) posses this property. If it is
also true that there exists a probability distribution function F(x) such that

) lim P.NA) = F{x) if lim~ = x

then we say that A(n) is a regular threshold function, and F(x) is the threshold
distribution function concerning to the property A. In such a way they obtained
“threshold functions” and “threshold distribution functions” for certain structural
properties. Among a lot of theorems they proved the following two concerning
cycles. (A cycle is called of order k if it has exactly k points and k edges.)
Theorems of P. Erd6s and A. Rényi: (Theorems 3a. and 3b. of [1])
a) Let us suppose that
&)} N(n) ~cn where c>o,

and let us denote by yk the number of cycles of order k contained in the random
graph T,, N (where k= 3,4, ...). Then

@ fm ARG =) = e
where
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Thus the threshold distribution corresponding to the threshold function A(n)=n
(2c)k

for the property that the random graph contains a cycle of order K is 1— X .
b) Suppose that (3) holds. Let  denote the number of isolated cycles of order
K contained *n I'n K—3,4, ... Then

(s) Aim PaMn)(yt = / (7= 0,1,...)
where

(2ce~20)k
(7) K _ ‘

Further on we shall deal with directed random graphs.
As a graph is called directed, if all of its edges are directed; a directed random

graph T,,,nis obtained, if we chose N different edges among the possible n2 (directed)
ones connecting u given vertices so that each of the J possible choices are équi-

probable. We allow now loops, that is edges (Pt, Pt) too. We suppose furthermore
that there are no parallel edges with the same direction connecting two points.

In our paper [2] we were intent to know how large directed cycle would appear
with probability 1 in such a directed random graph T,, N at the evolution stage
for which the number of the chosen edges is Nc = [ulog n+ cu], where c is an
arbitrary fixed real number and [X] denotes the integral part of the number x in the
brackets, and found the following.

A directed random graph T,, N contains a directed cycle of order [log log u]
“almost surely” if Nc — [mlog n+ oi]; by other words, the probability of the di-
rected random graph T,,Nc containing such a cycle tends to 1 for n <.

This result was used as a lemma for proving the strong connectedness of the
directed random graphs. After having all these it is easy to state the theorems which
are analogous to the above mentioned theorems of P. Erdss and A. Renyi, but
concerning to the directed random graphs. That is to say to the distribution of
the numbers of directed cycles arising in the directed random graphs. The results
may be formulated as follows:

Theorem 1. Let us denote by <, the number of directed cycles of order /, that
is the number of cycles Pil -Pn>— —RH in a directed random graph f\ v
(where il, i2, ..., /, are all different and 1=1,2,3, ...). Then the limiting distribution
of the number of edge-independent directed cycles is a Poisson distribution with the
parameter

|
(8) A=y
That is
(©) UMPAUYA =7) = v (= o.l,..)
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supposing that, N(n) ~cn and ¢>0. Thus the threshold distribution function of the

cl

directed random graph I',, Nn) with N(n) ~ cn containing a cycle oforder 1 is | —e 1.

Theorem 2. Let us suppose again that N(n) ~ cn and let us now denote S* the

number of isolated directed cycles of order / contained in T,,N(n), where 1=1,2, 3, ... .
Then the number OF has a Poisson distribution, for n—°, with the parameter

(10) (ce 201

First let us consider the proof of theorem 2. We shall prove it in an analogous
way as it was done in paper [1].

Let us denote by x =(il,i2, m i) an ordered /-tuple, where the different num-
bers ...,I; are arbitrary chosen from the numbers 1,2,...,«. We do not-
distinguish between the /-tuple x and its cyclic permutations. Let I, be the set of
all possible such /-tuples x.

Let us introduce now the random variable

1 if the isolated directed cycle —Ph
belongs to the random graph F,2V
o  otherwise.
Then the mean value of ex is
Q-2
N—I NINJ fl (n-1)2-j
(m Me) v n21/Jo n2-1-j m
N
That is
N¢ -21
(12 M(eJ

where—N————- c. Accordingly if xIt x2, .... xr are disjoint ordered /-tuples formed
from the numbers 1, 2,...,«

(n-rh2
(13) M(eXise ... eX) = Nn'zf' qu el
N

Let be e = 2 then e is clearly equal to the total number of isolated cycles of

order /in T,,jv On the other hand the number of elements x of I, is equal to ~ j ((—D1

In view of the asymptotical formula

(14 mom <D g
u)( 11 / J /
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forn and for a fixed value of / we obtain
15 2
(15) CETl

(m=1, 2, r)

In such a way it is obtained that uniformly in r

(16) Lim xé] .. BXY) = X,
0=12. 1)

where

(V) X (ce )1

Now clearly each r-tuple x1, ...,xroccurs r! times in the sum on the left hand side
of (16). If we extended the summation out over all different combinations of order
r of elements of x, then the sum is equal that in (16) divided by r\. Thus if 2

P §
denotes that the sum is extended out over all different combination of order r o)f
elements of x we get

X

lim Me* 4) 71

2
N
U )
The Lemma 1 of P. Erdés—A. Rényi in [1] states the following:
Letef,s2 ..., Eb be a set of random variables such that et (1”i”b n takes
on only the value 1 oro. If

uniformly inr, r—1, 2, where A>o0, and the summation is extended over all
combinations of order r of the integers 1,2, b,, then
(19) rI}LrglP&Z:i Bw,—llJ =_ﬁ' Y=0,1,.).

Applying this Lemma, Theorem 2 follows immediately from (18).

Let us now consider the proof of Theorem 1. It can be proved as follows.

As from 1given points (/—1)! directed cycles of order 1can be formed, we have
for fixed / evidently that

n2—/

N -1 nl (AN if A]
(20) M(d,) (/- 2 I[n2) 1 n)

N

If we denote by /, the set of all the possible cycles of order / and to every v cycles
(where vCJ,) let us associate a random variable i/v such that i/vis equal to 1 0i o

according to that vis a subgraph of the directed random graph TnNp) or it is not.
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On the other hand K. Jordan’s formula states the following: if uj denotes
the probability of that exactly j events occour among the possible Ax, A2, ..., An
events then

21 1y |
1) J(-1) ; gt
where

22 P(AtAR..AtJ

(22) ki <t ® ]

where the summation is taken over all different combinations of order j +r of the
integers 1, 2, n (for the proof and applications of (21) see [3] or [4]). As in our
case the events Ak (k =1, 2, ..., n) are equivalent thus the probability P(AIAR2..Ajj+)
depends only on j +r, that is P(AitAi2... Aijtj) = P(A1A2...Aj+). Therefore

n2-(j+r)l

N—(J+r)l Uﬂﬂ
n2
N

For calculating SJ+rwe deal with the case when the directed cycles of order / have
no common edges, then taking into consideration the asymptotical formula

(23) PAIIAI2..ALjJ =

n[*J+)
7—1  \n—(J+r—\)I
(24) OIDH/II [ I (7+0! °
Thus by (22) we obtain , J ¥
ge 1
Put—'r\]I ~ ¢ into (25) thus we have ‘Ki )
: H
(26) I wment

As for every fixed value of j (21) holds, consequently

lim 4] = 21(-@¥% .‘]j Tlﬁﬂr!g'-l?r)\
@7 e 7 :

Since evidently
29) o (t)
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thus we obtain

cl
(29)
By using the notation nj=PnN,) (3j=j) we obtain the desired result, that is
0
cl
(30) Jim =j) = e

Let us now compare these two couples of theorems. Putting 1=k into (9) and
(10), then it can be seen that the asymptotical mean values (5) and (7) of the numbers
of undirected cycles being the 2t_1-fold of those of directed ones (9) and (10) res-
pectively, supposing that the number of the chosen edges (3) is always the same.
This is clear enough if we considerate that in the case of directed random graphs
we do not enumerate those configurations in which the directions of the consecutive
edges are not suitable. Since a cycle of order k has k edges, and evidently every
edge can be directed in two different ways, and since among the whole 2k possibilities
only two yield a well directed /c-cycle, thus the number of unsuitable directed cyc-
les is 2k~1. This fact is reflected in the asymptotical mean values too.

Finally we shall prove the following theorem which is analogous to the theorem
5b. of [1].

Theorem 3. Let L denote the property that a graph contains at least one directed

cycle and if P, N,,)(L) denotes the probability that the directed random graph TnN(n)
possess the property L then we have

30) lim Pwh (L) = ¢,

supposing that 7V(«) ~ cn holds with ¢~ 1. That isfor ¢c= 1it is “almost sure” that

the directed random graph 'n N contains at least one directed cycle, but for c< |
this is not true.

Proof. We shall determine the probability of the opposite event and sub-
tract it from 1.

Let H,, Ndenote the number of all directed cycles contained in Tn NM. Then
for H,, Nwe obtain

(32)
where according to (20)
(33)

n

By using the supposition N(ri)~cn, thus for M(#,,j\j we obtain
M
(34) lim 2, , =—oga—0), for o<c<:
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and

(35) 2 |~ logh, if C=1

The probability of I',, Nn) having two directed cycles with common points is neglig-
ibly small as we have supposed in theorem 1, therefore we have

(36)

where L denotes the opposite of L.
Thus theorem 3 is proved.

REFERENCES

[1] Erdés, P. and Rényi, A.: On the evolution of random graphs. Publ. of the Math. Inst, of the
Hung. Acad. Sei. 5 (1960) 17—61.

[2] Palasti, 1: On the strong connectedness of directed random graphs. Stadia Scientiarum Mathe-
maticarum Hangarica 1—2 (1966) 205—214.

[3] Rényi, A.: Egy altalanos moédszer valdszin(iségszamitasi tételek bizonyitasara és annak néhany
alkalmazéasa. A Magyar Tudomanyos Akadémia Matematikai és Fizikai Tudomanyok
Osztalyanak Kozleményei. 11 (1961) 79— 105.

[4] Rényi, A.: Valésziniiségszamitas, Tankonyvkiadé, Budapest, 1966.

Mathematical Institute ofthe Hungarian Academy o f Sciences, Budapest
(Received December 20, 1968.)

Studia Scientiarum Mathematicarum Hungarica B (1971)






Stadia Scientiarum Mathematicarimt Himgarica 6 (1971) 75— 79.

ON THE CONNECTIONS BETWEEN APPROXIMATION
BY CONVOLUTION AND THE MULTIPLIER PROBLEM

by
L. MATE

At the end of the fifties a series of papers written by A 1exeiewitz and Semadeni
appeared concerning the various types of linear functionals of a two-norm space. A two-
norm space is defined as a linear space X with a limit generated by two norms | «| and
Il « I+for which (X, BeIl)is a Banach space, |[x|| s- ||x||* for every x£ X and the sequence
{x.} converges to xZX iff {||xj, n=1,2,...} is bounded and lig [Ix,—X|L = 0. There

are three natural classes of linear functionals in a two-norm space (X, | ¢||, | < Lt):
The dual X* of the Banach space (X, | ¢||), the dual Y* of the normed space (X, | ||}
and the mixed dual (X, | ¢, | «|*)* i.e. the linear functionals/ of Y for which x,, —x
in the two-norm limit implies /(x,,) —#(x); obviously

Y*c (X, WAL HU )*cn*.

If the unit sphere in (X, | ¢||) is closed in the topology generated by the weaker
norm HBeU* then the two-norm space (A, | ||, | *|[#) is called normal.

It follows from the Groetendick Theorem ([2] Thm 6. p. 148) that in this
case (X, I+l B« IF)* is the closure of Y* in X*. The main efforts in the papers of
Alexeiewitz and Semadeni are directed to find conditions for which
Y*= (X, Nell, IeH** resp. (X, Nell, Ie[[+*= X*.

The subject of this paper is a continuation of the above mentioned investiga-
tions of A 1exeiewitz and Semadeni and the application of the same to a particular
two-norm space consisting of continuous functions which seems to be a natural
setting for the multiplier problem in Lebesgue spaces.

A bounded linear operator from LPG) into L4(G) where 1€/>, </<°° and
G is a locally compact group is called (p, A-multiplier if it is commuting with trans-
lation. A (p, *-multiplier is called shortly a p-nuiltiplier.

If LPL4GP is the projective (greatest) tensor product of LAG) and LRG)
\F bp— = 1, 1</>< °°
tions on G tending to zero at infinity, then in the case of Abelian G there is a con-
tinuous homomorphism from Lp(&Lp into Co defined by

, CO(G) the usual Banach space of the continuous func-

* f& g -+f*g (* is the convolution)

The range of this homomorphism with the quotient norm will be denoted by A.,.
Figa-Talamanca [6] studied the algebra Mp of the /A-multipliers (I</><°°) and
established that Mp= A* i.e. there is an isometric isomorphism from Mp onto the
dual space of Ap.
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If 1 lk is the uniform norm then it foriows from [7] Thm 1that (Ap, | *|l, | l|.,)
is a normal two-norm space. In this case Y* = M(G), X* =Mpand (Ap, | *|l, I *i..)*
is the closure of M(G) in Mpi.e. in the operator norm. Hence (Ap, | ¢, || *Il.,) is a
natural setting to investigate how to connect bounded measures and /7-multipliers.

The organization of this paper is the following: In §1 new conditions for
Y* =(X, Il l«H%* and a new proof for Alexeiewitz and Semanedi's original
results are given; in 82 the /--multipliers represented by bounded measures and the
subsets of CO(G) represented in the form of the convolution series

kZ fk*ngZI w1lpblp' < °ofkeL,gkeLp
=1 =

are characterized; in 8§ 3, with the same two-norm space technique, a proof for the
impossibility of the Cohen—Hewitt factorization for the convolution algebra
L P{G) (G compact and /7>1) is given; in 84 a characterization of amenable groups
by ~-multipliers is given by an easy adaptation of the results of H. Leptin’s paper [12].

8 1. Let Y be the completion of (X, || «IU)- There is a continuous injection
T from (X, Bell)into Y hence, the dual operator T* is a continuous injection with
(X * Aj-dense range. A two-norm space is called trivial if X=Y evidently, in this
case both T and T* are topological isomorphisms.

Theorem. The following assertions are equivalent:
I. The two-norm space (X, |||, || *|| is trivial.
Il. Y is the completion of (X, | *|, | Lt

1. T*Y* is closed in X*.

IV. T*Y*=X*.

Proof. I1=>1l is obvious. 11=>I1I: It follows from Il. that for every y£ Y there
exists K> 0 and sequence {xa} such that |xal|<A"' and Txx"-y. Now, let {T*y*}
be convergent; then from

bl-Y*Ty)\ s sup Ky*,,-y*m Txfl = sup|<rx071-7),jc,>|  K\T*y*-T*y*W

it follows that there exists ay*£Y such that a—im y* = y* and hence a —lim T*y* =
= T*y*. Consequently, lim T4 = T*y* also in the norm topology.

H1=>V: Since T*Y* is tr-dense, from the Krein—Smuljan theorem ([2] p.
152)) it follows that we have only to show that 7FY*M5* is c-closed if S* is the
unit sphere in X*,

If T*y*£S* and {(x, T*y*)} is convergent for every x£X, then from

< Tryt) =(Tx,yt)
it follows that {>*} is pointwise convergent on a dense subset of Y. Moreover,

{y*} is bounded since it follows from the Banach homeomorphism theorem that

T*~' carries bounded set into bounded set. Consequently, from the Banach—
Steinhaus theorem it follows that there exists y*£Y* such that a —limy* = y*
Moreover,

lim <, T*y*) = lim (Tx, y?) = (T, y*) = < T*y*)
for every XC.X.
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IV=>l: It follows from IV. and the Banach homeomorphism theorem that
the continuous linear operator T* is a topological isomorphism and hence T**X= TX
is closed in Y. On the other hand TX is dense in Y by definition.

Remark 1. It would seem that T*Y* is dense in X* in any two-norm space,
however this is not the case at all. Indeed, the closure of T*Y* is included in the
dual of the locally convex space (X, | ¢, | L&) which is identical with X* only in
particular cases. (See [II] p. 290.)

Remark 2. The Theorem is valid for locally convex and metrizable X and Y
too with similar proof.

82 Let G be a locally compact Abelian group.

If M{G) is the usual Banach space of bounded measures on a locally compact
G then evidently M a A* moreover, MX=M (see e.g. [7]) i.e. every multiplier in
L1 is a convolution with a certain /i(M and there is an isometric isomorphism
from M onto J1/, defined by p —7], (Tp is the operator presented as the convolution
with //). If 1</)<«. then the situation is quite different. It is shown in [s] that if
I"p<<7<°° then MraM qand the inclusion is proper. Particularly, M~ Mp for
any Thus, it is natural to ask the following question motivated also
by [4]:

Y [Eet G be a locally compact group and 1 °°, Let us characterize the dosed
subsets PaG for which every F4A* such that supp FaP is a bounded measure.

The main subject of this § is to give an answer to this problem by a simple
application of the Theorem.

Let Ap be the range with quotient norm of the continuous homomorphism
from LP&LP into CO(P) defined by f& g —f*g\p where f*g\P is the restriction
off*g to P. If we apply the Theorem to the two-norm space (Ap, |||, |l *|l..> then
we obtain

Proposition: The following assertions are equivalent:
I. If hECO(P) then there exist fkCLp, gkELp k= 1,2,... such that

Lzl LW Plbllp'<0° and h = k2=t fk*gk for tEP.
. If hECO(P) then there exist K>0 and sequence {/;} h,,CAp such
W..dl; K and {,} converges on P uniformly to h.
. {Fp; pEM(P)} ie. M(P) as a subspace of A* is closed.
IV. If FCA* and supp FaP then Fis a bounded measure l.e. (Apy*= M(P).

Remarks: 1 The assertion 1l=»1ll is essentially the same as Theorem 1.4. in
[4]. Moreover, we learn from the Proposition that 111 implies the stronger assertion
l., too. le. in this case every hdCO(P) is not only uniformly approximated on
P by convolutions but h is given in the form of a convolution series.

that

2. If p=2 then we get [1] Theorem 5. 6. 3. on the characterization of Helson

sets. Indeed* A(G) consists precisely of the convolutions /i~/2 with/, and f2 in

* fui the notations see [1]
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L2{G) ([ Thm 1.6. 3.), hence AczA2. On the other hand from

LS F200A = H 12 LS [[1L)2 |]/2]j

it follows that if/l%1 12 ej2<ce then kZlfk*Sk s a Cauchy sequence in A

and hence Z fk*SKEA. Consequently, A and A2 consist of the same functions.
=1
It follows from a similar argument that also

2fk*gk\\ = Zfk*Sk
k=1 A K=1 A
hence it follows from the Banach homeomorphism theorem that the norms | ¢||A
and | ' lla2 are equivalent. o o _ _
Finally, it follows from the definition of A(G) that A(G)* is isometrically iso-
morphic with L°°(T).
3 The results of this §is valid also for amenable groups (i.e. for locally compact
groups with invariant mean) with a slight modification.

Rieffer [9] proved that Mp= Ap for any compact group G if — instead of (*) —
Apis the range of the continuous homomorphism

f®grf*g  (fU)=f(I-1).

Moreover, C. S. Herz proved that Mp—A* also for any amenable group G if Apis
the range of the continuous homomorphism

f®g-»A(-)ilp'f*g

where A is the modular function and f(t) —A(?_1)/(t_1) (see e.g. [9]). Hence, for
the case ofan amenable group G any of/—II1 in the Proposition characterizes p-multi-
pliers represented by bounded measures.

83. Let G be compact and 1 p, Then each Lgis an Lp-modul and it
follows from the Conhen— Hewitt factorization theorem (see e.g. [10]) that every
h£Lqcan be written in the form

A=f*g IEL\ gfLg

In the following it will be proved as an application of the I=>1V part of the
Theorem that a similar factorization is far from being true for pA .

If Aq is the range — supplied with the quotient norm — of the continuous
homomorphism from Lp&Lqinto Lgdefined by f& g —f*g then by applying the
Theorem to the two-norm space (Aq, | ||, | *[le) the following assertions are found to
be equivalent: "

r. IfhELg)then there existfkdLpgkELgk = 1,2,... such tha Zl HAlplIN&ller

<°=>and h = kZ— fk*gk the sense of Lg-convergence.
=1

IV'. Every FE(Ap™* can be represented by a certain fFELG.

Now, in order to prove the impossibility of the Cohen— Hewitt factorization
it is enough to prove that IV' is not true forp ~ 1. Moreover, on the basis of a result
of Riefrer [9] —asserting that the Banach space M qof (p, q) multipliers is isometrically
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isomorphic to (Aty* — in the case when G is compact, it is enough to prove that
there are (p, *-multipliers which cannot be represented as a convolution by a

L4-function. Indeed, it is well-known (see e.g. [9]) that if/ELP g£Lr and F+ —

———d—z 1 thenf*g L4\ on the other hand, it is evident that——r——--a7 > 0 hence

r<g\ Consequently there exists an/, /([//, J\L d which is a (p, t/')-multiplier.
Q.E.D.

Finally we remark that a similar assertion as the Proposition can be established
for (p, ~-multipliers also in the case of p~q and for any locally compact G.

8 4. It follows easily from the results of H. Leptin [12] that the following asser-
tions are equivalent for a locally compact group G:
1 G is amenable i.e. there is an invariant mean in G.
Il. For every positive definit function h FCO(G) there exists K> 0 and sequence
{..}, P, —fn*f,, where f,, is a continuous function with compact support, such
that 1/,l12<K and {/,} converges to h uniformly on every compact subset.
1. If liry||p is the norm of f£ L I(G) as a convolution operator in LP(G) then

[[7>llp= NI/l for every positive f£L I(G).

IV. If Tuis an operator of Z/(G) represented by the convolution with a positive
measure /1, then p is a bounded measure.

If we compare | and IV with a theorem of Brainerd and Edwards Which
asserts that every positive /7-multiplier is represented as the convolution with a
positive measure, then we obtain the following characterization of amenable groups:

The locally compact group G is amenable iff every positive p-multiplier on G is
represented by the convolution with bounded measure.
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VERALLGEMEINERUNG EINES SATZES VON A RENYI

von
G. MONCH

Es sei [A, o™ ein vollstdndiger separabler metrischer Raum, 9t die (Algebra
der Borelmenge, © der Ring der beschrankten X aus 9t und N die Menge derjenigen
MaRe Vauf 9t, die auf © endlich sind.

Ein ® aus N heit Punktfolge, wenn @ als Summe einer abzéhlbaren Familie
)it/ von <5-Mallen dargestellt werden kann. Sind in einer und damit jeder Dar-
stellung dieser Art die af paarweise verschieden, so heilt @ einfach. Es bezeichne
M die Menge aller Punktfolgen und 9/ die kleinste ff-Algebra von Teilmengen von
M, bezliglich der fiir alle X aus © die reelle Funktion

POD(X)  (PEM)

meRbar ist. Die Menge E aller einfachen Punktfolgen liegt in 971 Greifen wir uns
namlich zu jedem natiirlichen m eine abzahlbare Uberdeckung (Xmnn=12 von A

durch paarweise disjunkte, in 91 liegende Mengen mit * nicht (bersteigenden
Durchmessern heraus, so gilt

£= 0 1V ( {P:PeM-, & (XT18K(2)) 2},

wobei Sk(z) die offene Vollkugel um den beliebigen, aber festen Punkt z aus A
mit dem Radius k bezeichnet. Jedem v aus N kann in Gestalt des Poissonschen
Verteilungsgesetzes Pv mit dem IntensitatsmaB v ein wohlbestimmtes Verteilungs-
gesetz auf 91 zugeordnet werden.

Ein Poissonsches Verteilungsgesetz genligt genau dann der Bedingung

Py(® ist einfach) = 1,
wenn

MW)=0 (atA)
erfullt ist.

Fir jede endliche Folge X{, ..., Xnvon Mengen aus © und jedes Verteilungs-
gesetzt P auf 91 bezeichnen wir das beziglich P gebildete Verteilungsgesetz von
[DAC), ..., D(X,,)] mit PXt...Xn. Zwei Verteilungsgesetze P, Q auf 91 sind gleich,
falls fiir alle endlichen Folgen XI, ..., Xn paarweise disjunkter Mengen aus © die
Gleichung

o pxt...xn= Qxl,...x,
erfallt ist.
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A. Renyi bewies in [1], dal im Spezialfall P=PV, vEN schon ans der Giiltig-
keit von

Px= Qx
fir hinreichend viele X aus 23 auf P=Q geschlossen werden kann, falls
rfa))=0  (atA)

gilt. Es zeigt sich nun, daB diese Aussage nicht an eine spezielle Gestalt von P ge-
bunden ist:1

Satz. Es seien P, Q Verteilungsgesetze auf idi. Gilt nun
Px—Qx
fur alle X aus einem Teilring X von 23, so kann auf

P=Q
geschlossen werden, falls folgende Bedingungen erfillt sind:
a) Es ist P(® ist einfach) =1,
b) Der kleinste X umfassende o-Teilring von 23 ist 23

Hierbei nennen wir einen Teilring n von 23 einen cr-Teilring von 23, wenn fiir alle

Folgen (F,) von Mengen aus u mit der Eigenschaft Y = U F,£23 die Beziehung
FC» erflllt ist. n=1

Den Beweis fiihren wir in mehreren Schritten.

1 Es bezeichne £ das System derjenigen X aus 23, fiir die

Px = Qx

gilt. Fir jede absteigende Folge (F,) von Mengen aus £ erhalten wir fir alle &
aus M

D(X)—  D(X),
wenn X = p| X, gesetzt wird. Fir mM=0, 1, ... kann hieraus auf
Px({m}) = P{®(X) = m) = lim P(®(Xn) = m)
= Jim pxs{m}) = lim QX @7
Jim 0(®(X,,) = m) = Q(0(X) = m)
Qx{”P> d.h. auf

Mn*,££
=1

geschlossen werden.

Entsprechend zeigt man fiir jede in 23 nach oben beschrankte, aufsteigende
Folge (F,) von Mengen aus £

5

=1

1 Vgl [1], [21 [3].
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Das X umfassende System <3ist also in © monoton abgeschlossen und fallt daher:
auf Grund von b) mit © zusammen. Wir kénnen daher von jetzt ab o. B. d. A. zu-
satzlich annehmen, es sei $ = ©.

2. Wir wollen in diesem Beweisschritt zwei spezielle Abbildungen von [M, 9/1]
in sich untersuchen, die wir im weiteren Beweis benotigen.

Wir ordnen jedem @ aus M und jedem 0 die durch ,Verdinnung* ent-
stehende einfache Punktfolge

W0 g@, O
a5 @)1

zu, wobei Sr{a) die offene Vollkugel um a mit dem Radius bezeichnet. Fur alle
I/> o vermittelt

PO, »  (PEM)

eine meRbare Abbildung von [M, 91 in sich. Auf Grund der Definition der rr-Algebra
9N reicht es aus, die MeRbarkeit der reellen Funktion

®0,,d(20
fur alle X aus © nachzuweisen. Wir zerlegen den Phasenraum [A, cg] in abzdhlbar
viele, paarweise disjunkte Mengen (Z,,Rk=12,.. aus © mit — unterschreitenden

Durchmessern.

Es sei X eine beliebige Menge aus ©. Wir kénnen o. B. d. A. die Mengen Znk
so wahlen, dal’ Z,,ikf]X gleich Z,k oder die leere Menge fiir alle n, Kk ist. Die Menge
dieser Znk bezeichnen wir mit g, Nun bilden wir die Folge (/,,(®)),=112,.. der
Funktionen / me)= f KW mit

< 7znk )9 '

o flir <S@K- 0
o fir *(zM)> 1
o fir <x(Z,k= 1) und ®(Z) > o fur mindestens

fn.kW='  ein zes, mit Pa(Z,,ik,Z)<u,-§
1 fir <sghk)=1 und @(r)=0 firalle Z€s,
2
mit eA(Znk,Z) < n- —,

wobei mit QA(Z,,y, Z) der Abstand der Mengen Znk und Z bezeichnet wird. Die
FunktionenY,y{®) sind fir alle n, kK mefbar, und damit ist auch/,,(®) firn= 1, 2, ...
meRbar. Es gilt aber

[(®P)-,,®(X) fir n»o und festes &

1 Aussage und Beweis von Theorem 2 aus [2], §6 bleiben ja gultig, wenn an Stelle des vollen
Potenzmengenverbandes der bedingt a-vollstdndige Ring © benutzt wird.
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Daraus folgt aber, daB die reelle Funktion

& Mup(X)
fur alle X aus © meRbar ist.
Wir ordnen jedem @ aus M die einfache Punktfolge

O*= R, &

zu. Die Abbildung
dNd*

von [M, 9K] in sich ist meRbar.
Es reicht wiederum aus, die MeRbarkeit der reellen Funktion
dMNod*(X)

fir alle X aus S nachzuweisen. Es sei X eine beliebige Menge aus ©. Zu jedem na-
tirlichen n wahlen wir eine abzahlbare Uberdeckung (Xnk)k=l 2 . von X durch

paarweise disjunkte Mengen aus © mit —unterschreitenden Durchmessern aus.
Wir bilden die Folge (/,,(®)),.= von Funktionen

In(®) 2 nAd)
mit
JO fir ®(xs® =0
IMAD) 11 fir oX,’W> o.

Jede dieser Funktionen /nk(®) ist meRbar und damit auch /,(®) fir n=1, 2, ... .
Nun gilt aber /n(®) —d* flir n °°, und unsere Behauptung ist bewiesen.

3. Fir jede nichtleere endliche Familie (V;);£i paarweise disjunkter Menger
aus © und jede Teilmenge J von | gilt

P(®(A)EL fur iCj, ®(Xj)=0 fir i€J\J)
=e(PNe)é1 fur 163, d(xp=0 fir ieilj).

Wir erbringen den Nachweis durch vollstdndige Induktion nach der Anzahl n von J.
Fiar n=0 ist

P(P(A) & 1 fur ifj, ®A) =0 fir iel\J) =
=P e ) =95- PVl =Quxm) =Q@®WU =0 =
= e(PNe) & 1 fir iCJ, d(X)=0 fir i£I\J).

Wir wollen jetzt annehmen, unsere Behauptung sei fir n0 gultig. Es sei J eine Teil-
menge von | mit der Anzahl n0+ 1 .Wir greifen nun irgendeinj0 aus J heraus. Vor-
aussetzungsgeman ist dann

P(OX)£ 1 fir iEj, ®A) =0 fur iEP\J) =
= P{O{X)~ 1 fur ied\{jOp ®(Xg =0 fur zT(A{yo})\(-\{70}))-
P(®(xaw 1 fur iEIV{jOh ©(X) =0 fir /€/N\\{y0D)
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gleich
5(dNe)é 1 fur i€JI\{jO), PNe) = 0 fur /E(N{Y0o})\(*\bl))-
-6 Ne A fir |"6n o oH N ) = 0o fUr /e/n(3\{/0})),
d.h., es gilt

P{D(X,) s 1 fur i£J, ®(X,) = 0 fur ifI\J) =
= 5 (<>() =1 fur i£J, (X)) = 0 fur i£N\J).

4. Fir alle X aus © und alle £>0 existiert ein v>0, so daB fiir jede abzéhl-
bare Uberdeckung (t/j)iei von A'durch Mengen aus AflO mit | unterschreitenden
Durchmessern die Ungleichung

P(®(n,)>1 fir mindestens ein /£/)<e
erfullt ist.
Zum Beweis ordnen wir jedem ® aus M und jedem t]>0 die durch ,,Verdin-
nung“ entstehende einfache Punktfolge

D= D - *({«d)™.
ef((S{z(«)F
zu. Die MeRbarkeit der Abbildung

®0,0 (PEM)
fiir alle ij> o wurde unter 2. gezeigt.
Fur alle einfachen @ gilt
CD&X) 4“0 0% gﬂ)
Somit ist auf Grund von a)
PLOX)MD (I )) N 20

erfilllt. Fiir jede abzdhlbare Uberdeckung (t/j)ie/ von X durch Mengen aus .AM©
mit tj unterschreitenden Durchmessern gilt aber

P(® ([/,m)>1 fir mindestens ein 1€/)&P (ub(I)T O(A)),

und unsere Aussage ist bewiesen.
5. Unter der zusétzlichen Voraussetzung

(I(@ ist einfach) = 1

P=0Q.
Es sei Xly ...,Xn eine endliche Folge paaH/veise disjunkter Mengen aus ©. Eine

gilt

abzihlbare Uberdeckung (i/8ia von X = U 2fE£durch paarweise disjunkte Mengen
1=1

aus XINM © sei so gewahlt, dall jedes Xs in der Gestalt

1€/.
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dargestellt werden kann. Fir alle nichtnegativen ganzen ml, ...,mn erhalten wir
P(<P(X3=ms fir 1SiS«, O0(Ui)s1 fir i£fl)
= 2 P(®(C/-)inl fir i£J, ®E)=0 fir i£1\J)
Anz(JC\Is)=Jngrf[]r
jél P(®d(n,)WI 1 fur i£J, dE)=0 fur i£I1\J,

Anz (JC\Is)=ns fur I17s”/z
®(17,)>1 fur mindestens ein /£/).

Nun sind aber die Mengen

{P:D([[H)EL fur [E£/, d)=0 fur i£1\J, ®{/)>1 fir mindestens ein
i CJ}

paarweise disjunkt und in

{P:d({/;)>1 fir mindestens ein /€/}
enthalten. Somit ergibt sich
P(<P{Xs)=ms fir 1SiS«, ®t/H~ 1 fir iel)
- 2" P(®(C/)NL  far i£J, O(UI)=0 fur i£1\J)\
Anz (IN/s)=ms far 17s~n

N XD(Cr,y>1 flr mindestens ein /£/)

und folglich
P(®(X3 = ,n3 fur 1 i j s f 2
Anz (JMIs)=ms fur

sI fur /€/, 0 UUj=0

N2 1XD(<7})>1 flr mindestens ein /¢ /).

Eine entsprechende Ungleichung gilt auch fiir £ so da wir mit 3. auf
P(<P(Xs)=ms fiir 1Ss5S/1)- Q(<P(Xs)=ms fiir
S2[P(i(t/;)>1 fir mindestens ein i£/)

+ £2(P([/;) > 1 fir mindestens ein /£/)]
schlieBen kdnnen.
Die rechte Seite dieser Ungleichung kann vermdge 4. beliebig klein gemacht
werden, indem (U;)i€/ so ausgewahlt wird, dal die Durchmesser der QOf sdmtlich
hinreichend klein sind. Es ist also

P(@(X*)=T1* fir 17s"n) =Q(<P(Xs)=ms fir U iS ri),
d.h., es gilt
fur alle endlichen Folgen X1,...,X,, paarweise disjunkter Mengen aus S.
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6. Es bleibt nur noch nachzuweisen, dalR die zusatzliche Voraussetzung aus
5. stets erfillt ist. Jedem ® aus M ordnen wir die einfache Punktfolge
P*=
G?{Q)

zu. Die MelRbarkeit der Abbildung
dNod*

wurde unter 2. gezeigt. Ein Verteilungsgesetz Q auf 30 wird durch diese Abbildung
in ein Verteilungsgesetz Q* auf SJ mit der Eigenschaft

i2*(® ist einfach) =1

uberfhrt. Fur alle X aus 23, alle nichtnegativen ganzen m und alle abzdhlbaren
Uberdeckungen (Clpiez von X durch paarweise disjunkte Mengen aus Vfj 23 erhalten
wir mit Hilfe der Schliisse aus 5.

<fr(@d)-m)- Z Q*(dC,)s 1 fur i£J, @ =0
AnzJ=
€ 22 *(P(E/,) > 1 fir mindestens ein i£l).

Nun ist aber stets i
0*(d(E/)M1 fur ig/, d( U UA=o)=
= R(#(tf[)S1 fur i€/,<P( U~7i/;j=0),

und es ergibt sich

O*(i>(V) - m)- Z Q(®E,)S 1 fir i£J, ®J U UA=0)
AnzJ=m

s2Q*fo(Uj) > 1 flr mindestens ein /£/),

woraus wiederum wegen 3. auf

\P(D{X) = m)—0*(P(X) = w)| S 2[P(D(C/,)>1 fir mindestens ein i£/)

+ 0 *(P(EH)> 1 flr mindestens ein i€/)]

geschlossen werden kann. Wegen 4. kann die rechte Seite beliebig klein gemacht

werden, d.h., es ist
QX=PX=QX

fur alle X aus 23.
Ware
<2 ist einfach) <1,

so mifte ein X aus 23 mit der Eigenschaft

0(® ((.)M1) ist einfach) < 1
existieren. Dann ist
B(P*(X)"® (X))>0,
was der Gleichung

X=Q*x
widerspricht. O=Q
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Damit ist unser Beweis beendet.

Abschliefend geben wir ein einfaches Beispiel dafiir an, dafl unser Satz nicht
gilt, wenn nicht vorausgesetzt wird, dal ®£M fast sicher einfach beziiglich P ist.
Dabei gehen wir von einem Gegenbeispiel aus, in dem P, Q Verteilungsgesetze
zufélliger Vektoren mit nichtnegativen ganzen Koordinaten sind. Die s-dimensio-
nalen zufélligen Vektoren [EX, G2, ..., G] mit nichtnegativen ganzen Koordinaten
G lassen sich namlich als spezielle zuféllige Elemente des meRbaren Raumes [M, &X]
ansehen, denn im Spezialfall A= {1, ...,a} erhalten wir in Gestalt von

$o[p({1}).,...0(M)]  (Pem)

eine umkehrbar eindeutige Abbildung von M auf die Menge aller a-dimensionalen
Vektoren mit nichtnegativen ganzen Koordinaten.

Es seien P, Q Verteilungsgesetze zufalliger Vektoren [Cf, £2] mit nichtnegativen

ganzen Koordinaten. Die Verteilungsgesetze von £U mit /Q{1, 2} beziiglich P, Q
[

sind gleich, d.h., es gilt

P&l Q¢
fur alle je {1,2%}
Hat nun P die Gestalt

P=ntXnl

wobei w1 die Poissonverteilung mit dem Erwartungswert 1 ist, so kann man min-
destens ein Q mit den genannten Eigenschaften und Q xP angeben.

Ein Verteilungsgesetz P auf Sit heiflit kontinuierlich, wenn alle a aus A der
Gleichung

P(®({a})>0)=0
geniigen.

Wenn wir nun in unserem Satz die Voraussetzung, da & fast sicher einfach
beziglich P ist, ersetzen durch die Bedingung P auf Sit ist kontinuierlich, so kann
nicht auf P—Q geschlossen werden, falls Px = Qx fir alle X aus S gilt. D.h. also,
wir kdnnen nicht die Bedingung

P(® ist einfach) = 1
durch

P(d({a})>0)=0 fiur alle aCA

ersetzen. Dazu geben wir ein Beispiel an und erhalten zugleich das bereits ange-
kindigte Beispiel dafiir, daB unser Satz ohne die Voraussetzung

P(® ist einfach) = 1
nicht gilt.

Es sei [A, qa] speziell das Intervall [—1, +1] mit der Ublichen Metrik. Mit

Hilfe eines zufalligen Vektors [[£t,£2], ,t]%j mit den unabhangigen Komponenten
[{i >iL %71 un(f Y bilden wir die Menge M aller Punktfolgen der Gestalt

Die zufélligen Vektoren [<Jj, cZ] mit nichtnegativen ganzen Komponenten mdgen
die voneinander verschiedenen Verteilungen

PEI=hiz2=j) und g = e =j)
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mit gleichen Rand- und Summenverteilungen haben. Verteilungen P und Q mit
den genannten Eigenschaften existieren, wie das oben angegebene Gegenbeispiel
zeigt. Weiter wird vorausgesetzt, daR die ZufallsgroRe in [—1,0) gleichverteilt
ist und die ZufallsgréRe »2 in [0, +1]. Mit Hilfe von P und Q erhalten wir dann
auf der zu M gehdrenden cr-Algebra 9l zwei Verteilungsgesetze. ®ist nicht fast sicher
einfach beziliglich P, denn es ist /¥<t> 1 oder £2>])>0. Die Verteilungsgesetze
P und Q auf 30 sind offensichtlich kontinuierlich, aber nicht gleich, weil fur die
Komponenten und ¢ der zufélligen Vektoren [ii,C2] gilt £i = ~([I>0)) bzw.
c2—d([0, + 1]) und weil die zufalligen Vektoren , £2] die voneinander verschiede-
nen P- und R(-Verteilungen haben. Wir konnen jedoch zeigen, daf}

. Px —Qx
fiir alle X aus © gilt.
Fir n>0 und alle © qilt
Px({n}) = P(®(X) =n)= . 25 = »h, ®(Xr) = m2),

wobei V, = ATI[—1,0) und X2 = VFI[0 +1] ist.

Die einzelnen Summanden P(®(X) =711, ®(X2) =712 lassen sich wegen der
stochastischen Unabhéngigkeit der Komponenten des Vektors [[£i,£2] , w i €
folgt berechnen:

1 Essei m2>0 und m2>0. Dann ist

P(®(XY=w,, PX2)=m2=P(thE VJ «P(42€X2) WP {" =/?i,,£2 = m2).
2. Essei/Wj=0 und mz>0. Dann ist
P{P{X2 =0, d(X)=m2 =P(i/l €Xi)*P(n2€X2)m =0,:2=m2)
+ P(ril<tX)'P(r,2e X2.P(C2=m2).
3. Esseim, >0 und m2=0. Dann ist
P(®(XD)=T1 ®(X)=0)=P(n Xt) wP(rj2€X2) -P (= m2, £2= 0)
+P(r,2$X2)-P(r,1i X i)-P(Ci=m ).
Somit erhalten wir flir n>0 und alle X£ ©:

Px({"}) =P (*(X) =n) = P(rii <iXi)P(r,2<:X2) 2  P(tl=>nl,d=>0)+

ml+ m2=n
+ I»foi EX2)P(r,2i X2 P (t, =n) +P(r,A X2P(42€X2P(¢2= ri).
Fir /=0 und alle VE© gilt:
~N{0}) = I{P(A)=0)=/"(® (~,)=0, D(X)=0)
=Piriiix2-P L x2+P@l€x,)-pr\n XD Piti=0)
+P(tH$XY-PU2EXD) -P({2=0)+P(4it XJ- P(T £€X2mP(cl=0, £2=0).
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Entsprechende Darstellungen gelten auch fir Qx({n}) mit 0 und ~7=0. Nach
Voraussetzung haben die Verteilungen P, Q der zufdlligen Vektoren [Ci,f2] die
gleichen Rand- und Summenverteilungen, d.h., fir die Werte i,j,k =0, 1, 2, ... gilt

2=i)- 2PCL U" =))=72Q (* =Ui2=)) =Q(i2 =),
P(tr=0=2 P(Z1=Ub=)=2 B(fr=if2=y)=R«i=0,

i+J2=kp(( 1=/{2=N= i+%=k B(?i=1,i2/)
Dann erkennen wir aber unmittelbar, daR

. nr=RY
flr alle WC© qilt.
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HERMITE-FEJER INTERPOLATION BASED
ON THE ROOTS OF LAGUERRE POLYNOMIALS

by
P. O. H. VERTESI

1. In this paper we intend to continue our investigation begun in [2]. For a
continuous function f(x) on the interval [p, °°) we define the uniquely determined
Hermite—Fejér interpolating polynomials of degree ~ 2n—1 as follows.

*W ;X) = Zf(4V)K:4x) * or
CD
HAifix) = HEV-X)+ Z ihnW(,x),
| 1=1

where L”(x) is the nth Laguerre polynomial defined by the well-known relation

df

(1.2) e *x*Lf](x) nl\ o (870041
xjf are the roots of L"ix) having the property
(1.3) o <Tii<pa:W A

L ffx)
14 lkn(x) = 16 (X& Kx-xI*y
1.5 Hix) = ! MEL, V@ irx))2 = vI#XO[I&(X)]2
(1.5) X) WKX&V Y (x)]2 = vi#(x)[1&(x)]2,
(16) Ne(X) = (x-xff)Ne(x)]2,

Bkn are prescribed (s. [1], 14. 1). It is well known (s. [1], 14. 1) that
1.7) k2 *2*)=1 («=1.2,..., XE[O, °),
=1

(1.8) Sic>(;acfi>) = AWC/;arfi)=/(JcW,) (&= 1,2, ...,n; n=1,2,..),
(1.9) W=>(f;xjS=>)=0, Hy(f-,xiV) =Rk (k=\,2..... n; n=1,2, ..).
We have the following theorem (s. [1], Theorem 14. 7.).

* Throughout this paper let a> —1.
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Theorem 1.1. Let fix) be continuous on [0, 7 ), fix) = O(xm for x- °° (/»> ¢
isfixed). The sequence i ff (/; x) uniformly converges tof(x) in [GA] (0< &< d <=»
arefixed). Ifa< 0, then the uniform convergence is true on [0, 4j as well. Further, if
a S 0, then there exists a continuousfunction such that

(1.10) Eigy \Hfiif; 0)—0)] > 0.

2. The purpose of this paper is to give some further estimations for the diffe-
rence H f1(/; x) —{x). Let e an arbitrarily small, but fixed positive number. Denote
by A(f; t) the modulus of continuity of f{x) on the interval [0, A + €] further let
oiA{t) be a modulus of continuity on [0, d+e]. Then we have

Theorem 2. 1 Let fix) be a continuous function on [0, «), f(x) = 0{x"") when
x-*°° (m>0 isfixed). Suppose cA(/; I) —0[a>Ait)). For the interval [5 A] we have
the relations

2.1)  fix) —H)fi(f; x)|

Before proving this we investigate some special cases.
2. 1L The case —\ S a.
We can easily prove the convergence. Indeed, we have

If /£ Lipp(0< QS1), then we obtain
(2.2) =«(1 )y~ 1 [-"+]ra).

Le.,
0 (.-*) for 0<e< 1 Ssx"A —;! g a,
\fix)~ HSfiif] x)\ = « dogul

o

Jfor o=Il, SAx"A —'s a
. Yn 2
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2.2. The case —l<a< —"
By (2. 2) we can see that the difference between 2. 1 and 2. 2 is the part

IN 1

n 5, . So we have to estimate only this expression. Prove the con-
=1 In
vergence. i
|Og« ), LT o«+1 A
\Ax)-HIT(/5x)\ = 0(1) i~ < © (n-1-*)2 1« 2/+iJ =
logn .
= 0(D CO.Iin -co. fi144] L =o(l)a>,|" (isrg d).

If/CLipo (0<BSI), then we obtain
3IfiH e - g,

l%i f12 =

oc.-T) for tt+l a |, O6°x"A, -1<a<-—y,
J(.r)-A«(lx)] =
o(n a3 for a-blSy, 4Sré/l, m<a<——

*
2 - BG«eeh),

le.

2. 3. Proof of Theorem 2. 1
We shall use some formulae of [1]. We have

*

2.3 SR =— " e Pl 1~XK (K= 1,2,..,1, N=1,2,..),
Xk
<. 4) 2ix$= N [fcit + 0(D] ©O<t|;)"U, n=1,2,..),
n
2.9 \L'f*\xK\~k “ 2«‘#1 (o <.v*Mi, n=1,2,..)

(The notation z,,~w,, means that c, S |zB/[ivB < ¢2 (n*N) where 0<c1éc2<°°,
w,,?i0. In (2. 4), (2. 5) and (2. 6) the O, cxand c2 depend only on a, 8 and fi.)

a_ 1 ( a
2 6) WY * 2 4 0In2 1) for a1 ’axsfi,
<Z. =
) o (/id) for OSxSc/i1

where ¢ and fi are arbitrary fixed positive numbers (see [1], (14. 5. 5), (s.9. 10),
(8.9. 11) and (7.6. s.)).
Now we estimate the difference |/(jd —4zc)|. Denote by sy«1 the nearest roots

to X (plainlyj =jw)).

* Sometimes we omit the unnecessary indices.
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Then by (2. 4) we have
K=j+i for k>j,

@7) x| =0 (1) h-n[n e A =0 () T i kg

K=j—i for k<j (Os -, xk- Q).

So
(2.8) [/(X)-I(x*)] = o (1) co. +@Q (k™j, k=jxi, Osx, xk A +e).
We prove the estimations
ij(ri)=1 for x=o,
(2.9 J(, ) ) .
ly'(n)~In, for 0<a”x, rkSfi.

The first formula is obvious. On the other hand, by (2. 4) we have that xknSx S £
if and only if &= 0(Yu). Thus we can easily prove the second statement as well.

Further by (2. 4) xB+1—xk ~ 21 5o
for k= o (1),
1
o for ds xt, xfe+1s o
In
Te.
0 (1)«, for X =0,
(2.10) [1(x)-1(x,.)i =
o (1)«, -=|, for ds x, x-s A+e.
ind

Consider the expression vk(x). By (2. 3) we can prove that there exists a £(a) such:
that

2. 1) O<m@Sv$ (xX)SM(@) if |x—xk] S £@) S e

k=12, n=1,2,...)*%
This means that

(2.12) 0s m(y)If,,@(x) s hii(x) s M(*)Ij™ (x) (Ix-xj s {(a).
By (2. 3) and (2. 4) we get

0(xk’) = o an for o < xks Xs Q
(2. 13 KA\x)\ =

0(xk =0 for ds x <xks Q.

Clearly we can suppose that 0<£(a)Lle.
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We shall use the following relations

(2.14) k=l - Ty %ri’+r1>dﬂb +3) -
(m=1,2, ...,2/7T =3),
(2.15) Ox LE>(X) = -L i Va-v),

(s. [1, (14.7.5), (5. 1 14)).
We divide the interval [0, °°) as follows:

A-.k?'-(;)""l_ Fali x+i(a) T ad)
;2\

By (1.7); (2.10); Al=0~J+w ~'j: 0-4p (213, (2-6), (2.5); (2.11),
(2.6), (2.5), (2.7); (. 13) (2.6), (2.5), /(x) = O(vW); (2.6) and (2. 15) we get
N - H()] = 2 U00- 1] 1Y) =

2 [/(X)-1(**)] hk(X I(X) -1(X,)1hj(X) =
!k*j[()( )T hK(X) + [/(X) -1(X )] hj(X)

= 0(1) A I/(x)—.l(x*)l |n(n)| + wA( Lj hj(x) =

A
- 0(D [J + L D )
k<||| xka2 a3 xkiij 2 | e M |
= 0(1)1 2 Aink-2n*-*k2*+3n-2I-2¢-2+
+" W 'w \xku t
+ 2 AtMoi)nx~ik2x+3n~2*~2n2(ij+i2)~2+
xka 2ui3
+ 21A|k2n Inx-ik2x+3n-2x- 2i~2+ 2 XZXknx-1[Ly(xRK]-2C-2+
xk~ 14 xkels

+ 0AIN Im(@)(NxH/2x+H3n-2x- 2+\] ).

By (2.9) and (2. 14) we obtain

= 0()
*«fl. beraub *ké/4 /"

If x=Xj, then hj(xj= 1 On the other hand,
LA(X)-LA (X
CILD 2 Lo = -L (it
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If 2a+ 1SO (-|S d), then by (2.9) we get

() -tfrx)] = 0(1) 27 LN S
- ; = T + ~=+
i=| mhTs + Wb
117 iin Q2 i
— +—+2+
n n
m | 1 1 1
2.15 to. -Q0, - *
(2.15) +21 in 'f+7)r/n & n
1Ml 1 [

1
- 0 (1 -+co. - _ _ o
DT 15 8 TR = (Ve 0
For —l<a< —J we have by a similar computation
o MO (i [ i)i *
(2.16) =o(1) o
2x MAIEY Y &y in)i
as we stated. Q.e.d.
3. In this part we investigate the convergence at the point 0. It can be shown

arguing as before the following

Theorem 3. 1. Let f(x) be a continuous function on [0, 7], f(x) = 0(xm when
X“moo (m>0, fixed). For x =0 we have the relation

(3.1) 11(0)-tfW (/;0)] = O(.».
Before proving this let us consider the special case.

3. 1 By a<0 we have the convergence for x =0.
3. 2. Proof of Theorem 3. 1L By (2. 3) we get

(3.2) vik{0) = xk-oc.
We divide the interval [0, °=) as follows.
I

f
| I
Let x=0. Then by (1.7); (2.8), (3.2), (2.6), (2.5), (2.4); (2. 14)

n
1/(0)-11,,(/; 0) = i2 [/(0) - f(x K]nk(x)

@3.3) = 0(1) | 2. O o nAi2a+3n AL 2n2i 4+
' V\h 2a+
+ 2 Wt ingaE@bedBd2\ = 0(2) 2 ]0)3 ’ I_+ i1 + JF
kM5 i=1

o @Y 42vuariew o).
1=1
Q.e.d.

If xkClu then k2**' = QV!)e
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4. Now we wish to give a lower estimation for the above mentioned Her-
mite—Fejér procedure. We shall use Theorem 3.2 from [3].

Let co(t) be a modulus of continuity on [0, A], co(t) «t~I for /-»+0,
CAw) —{g{x)\g{x) is continuous on g(x)=0 for T€3, co(g;t)=
= 0[co(/)]}. With the notations of [3]

L.(g: x) = HR\g\x) = Z g(xk,)Ji](x).
Let In={xIn, xkn) where xkn*A. Hence

A.(/,,;0) = Ne (o)l ~ 2¢-2 ~

XA A X
K* 1 k*i

~ —3 ‘AZ+1+a-A2%- ) ~ nt,
We know that =
d,,(K) = min (xk+1',, -xk) ~ j
Hence by Theorem 3. 2 from [3] we have
Theorem 4. 1 If liin 51,¢,,; 0)> 1 or wWnm(,; 0)< 1, then there exists an
f(X)E Cj(w) such that
(4.1) [/W ;0)—H0)] (n=uln2,...).
(Here 0</it<n2m=es are suitable integers.) (We can see (by remodelling of the
proof) that the theorem mentioned above can be applied in our case, as well. We
notice that f(x) = Q/El oj(dni(Ini))g,,.(x)eCA(of) because of f(x) =0 for xSJ.)

5. Notes
5 1 We can obtain similar results for H ~(f; x) as well.
5.2. If a is large enough then H,*)(f-, 0) diverges very rapidly for a suitable

fix) (s. (4. D).
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ON A PROOF OF JACKSON’S THEOREM
THROUGH AN INTERPOLATION PROCESS

by

K. K. MATHUR

1. Jackson’s theorem has been proved by various mathematicians using dif-
feient methods. In a recent paper, Professor Freud [1] has given a proof of this
well-known theorem in the closed interval [—e£« directly by means of an inter-
polator polynomial constructed on the roots of 7,(x)-Cebysev polynomial of the
first kind. Saxena [5] improved Freud’s result by proving the theorem in the closed
interval [—L1, 1] through an interpolation process having as abscissas the zeros of
t/,,(x)-Cebysev polynomial of the second kind. Vértesi [7] proved the same result
by choosing the interpolatory polynomial on the roots of Cebysev polynomial of
the first kind. Later, in a joint paper, Freud and Vértesi [2] remarkably improved
he result contained in [7], and gave a very elegant proof of Timan’s well-known
approximation theorem. Further Kis and Veértesi [3] proved the same theorem by

. . . 2Jen
choosing another interpolation process, constructed on the nodes cos—----,
k=\,2,...,n. n+ |

M. sarray [4] has proved Jackson’s theorem in (—1, +1) with the help of
an interpolation process on the zeros of an orthogonal polynomial, whose weight
function is positive on the segment [—1, +1] and satisfies a Lipschitz condition
of order 1 In the present paper, we prove Jackson’s theorem in the interval [—1, +1]
through an interpolation process, built on the abscissas

2k-\ ,
(L. 1 xkn = cos 2”7 §-n’ K="17 ...n+1.

The points xkn (k= 1, 2, ..., n) stand for the zeros of Jacobi polynomial PA~*'~(x),
where

(1.2) x = cosfl.

ynr(n+1) 0

2
2. Setting
I+

D uwg= XXK L 00 Tkgey « 20v - xk) NGO X, (XK 1,
where ’
(2. 2) h W= ) (*_**")

“ xkn
(2.3) XAxAx)y=2~1 4
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100 K. K. MATHUR

and

(2.4) (—)k+1sin20kcos (A T |)0

P=pyi - —c
Pyi™>(xk)(x-xk) (24T 1) sin 2*cos % (cos 0—cos Ot)
X=cos0

is the fundamental polynomial of Lagrange interpolation, we have for an arbitrary
function f(x) defined in -1S x S|, the interpolation process:

(2. 5) S,,(f;X)=—x/(—I)TkglN9J+V(—I))feW 1
of degree N 4n—1, such that
Sn(A xk) =f(xk) 2, k=12 ...,n+ 1

We shall prove the following:

Theorem. Let f(x) be a continuous function in the closed interval [—L1, +1],
then for the sequence of interpolatory polynomials {Sn(f; x)} given by (2. 5), we
have

IS,,(f; x)-f(x)\ ~ 738m (/,

in —ISxSI, where co(f &) stands for the modulus of continuity of f(x).
To prove this theorem we require the following lemmas.
3. Lemma 3. 1 Setting

5 n—
(3.1) Yn_I(t, u) @i+ 1) 1+7[‘12:1
we have
n
(3.2) k2_1hk(x) = [(1T %) Yn_J(x, x)]2.
Proof. By formula (4. 5. 7) on page 70 in [6], putting a = B=2 and
x = xk, we get
[ - H .i>f -1)*
(33) ( Xy 7 1> a) *>(**) - ( l) +1r(ﬂ+$) /2(1_X*)
m+ 1) [Trr(aT2)
. 2fc—1
using (1. 1) and the fact that % =
2aT1

0
1 From (2. 1) obviously (xJdn) = {I;. for
U =k.

> For simplicity we shall write xk for xkn and Ik for Ik, etc.
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ON A PROOF OF JACKSON'S THEOREM 101

The well-known Christroffel-Darboux formula for with the help
of (2. 4) and (3. 3) gives

Ix(*k) — 20+** *
@4 =5 «*)

= 1 +xKY,, I(xk,x).
Now, let
n(x) = [(I+x)Yn_i(x, 0]2,
he a polynomial of degree S2«, which satisfies the properties

<Ph(Xk) = 1kiO, <@n(-1) = 0
and

PAXK = N N+ 2L+ xKIK(QX,,. 1(xk, O, 94,,(-1) = Q.

Then, constructing the well-known Hermite—Fejér interpolation process of degree
S 2n+ 1on the abscissas (1. 1) for the polynomial q,,(x), defined above, we have

faL a2 X xF)

U+*J 11 I-xi) Ne +
é”; Efg) + 21 + xR AE)X,,_Lxk, ( (Xx—X2()
Putting x = G we find that
"1+ x [-2x*
[+ -1 Gnlx= 2 0 1 T (XA +
1
+ 2(1+ x*)(x- X)X, _j(x*X) = Z Hk(X)
by (2. 1), which proves the lemma.
Lemma 3.2. For -1~ x S |, we have
1- *2_1111(*) "3
and
6
0-*2 1-%=1aw P+ 1
Proof. From (3. 1) and (1.2), we get
AN o
(1+x)¥n_,(x,x) = 1+ (n+7)sin 9 X = c0s9

sin (R—i) 90082+ 1) 9
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which on simplification, gives

]2 cos («+ 1) 0sin («—£)0

3.5) (n+])sin0
X 2+ B («+1i)0 sin («—i)0
(n+1)sin0
Now
11 i 1
Sm]l-_l I I“ls IU’|_\S- Ol or (2«_1)

Thus with the help of (3. 2) and (3. 6), (3. 5) gives

i *
b 2,ne - e 2 G

and
6
- (m+|) " i) @y
Lemma 3. 3.
1+ X 1 1
X *-i(xk,x)\
2c0s3—= €0s2— sin— sin” _A
2 2 2 2
- _ k= —
where Xn_,(xk, x) is given by (2. 3), x=cos 0 and 6k = n, k=1.2
Proof. From (2. 3) and (1.2)
*»-i(X*,X) = jo--me- VE-?COCD *T)
N+ 21\] =1 Clisysmoté
1 .0k
(J+ 2)sin {j+ D O“oos CCB(rl Ot sin
2 0~

oS
where x = cos0. Therefore,

]{ I+ iXn_ I(xk,x)\S

Vv (/+ D{sin O+ i)(0fc + o) + sin (/+ i) (o k—o)}
(2«+ L ei sin 0-cos O

(3.7)

A Q0B(./+ 1)(0* —0) + cos (./+1)(0fc + 0)
4(2«+1) 0 cos® 0~

Studia Sciéntiarum Mathematicarum Hungarica 6 (1971)



ON A PROOF OF JACKSON'S THEOREM 103

Further, we refer to the summation formulae

et Sinlit—sin t

3.8 o
@ 8 /é)cos/+ 21' =

2sin -

and

(n cos nt—cos t) sin t 1 oS d (sin nt —sin /)

(3.9) Z j+7rsin /+, <=-
r=1

2sin2—

(the second we obtain by differentiating the first).

Next, from (3. 8) and the inequalities
(3. 10) [sin0|él, |sinnO\S/ijsin 0] and |cos/jO|SI,
we get
(3.12) \jil {c0s04-i)(Ot-0) + cos(y +i)(Ot + 0)} | LL2(n + 1).
Similarly, from (3. 9) and (3. 10), we have

2
} jz . [+4] sin|./+ E 1(0*-0) +sin I/+ -' \(BK+B)

(3.12)
(n+1) . (H+])
m 0k-0 sin Ok+0

Thus (3. 7) with the help of (3. 11) and (3. 12) completes the proof of the lemma.
4. In this section we shall estimate the sum

\2
I+ X

2 \+ xk Tk (x)\x-XK\.
Let
@9 K IDX
and

= j= 2«-1 i—
X=cos0, Oi S M i= L2, ...,(n+]).

then (2. 4) and (3. 3) reduce (4. 1) to

_ sin4 Okcos4 ¢7 + )0
T (77+ £)41(COS 0 —COS 6%) 3|

@ 2)

We now need the following
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Lemma 4. L In the interval [xi+1,5,], we have

1
for 1lwk<lan
+m -k
@3 tks O
W - 1)3 for 1sis A-2, 1+2S As u
n+ - -
I
44 f.< /
(4-5) fi+i S 8_ loT
and (A+1)
13
4. 6) = (n+i) for —1Sa 1
Proof. By the elementary inequality
sin 6t 1
4.7 |cos 0—cos Ot _ek-e
sin
we have
4.8 fk A 1 by (4. 2).

]_H_,q_ 4lsin30k-e

Ifa+1®aéqa;,then0;S0S0i+1.Forl <iSn, we have 0,-0" S 0
N onand

. 0—0k B{—O0k_ . (i—kK i—k
(4. 9) sin - — s sin—2—== sin Eiﬁ:_\%ﬂ> (+i) -
Also, if IS/Sn-2, i+22"A:S», then 0k—O0i+1 LLU9%—8 £ n and
L . . i ok —i—I K—i—1
Iredl | E)fc _0 A 0 fc 0i -
(410) sin 2 sin * = sin o+ 1 0+ )

From (4. 8), (4.9) and (4. 10), we easily get (4. 3).
In order to prove (4. 4), we observe that

|cosiJ iale%z lcos {+>2]
= 2 sin\n+ 2“{020;) Sin b+ 1 0.-0

S 2lsin In+ 1110.-0 oM+ 1 sing’-'g
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and

(4.12) sml(-l)szm—-—:L since Drsol

Now (4. 2) for k—i, (4. 11) and (4. 12) easily give

|cos (n+1)0] |sin O, 1
(n+1i) (n+i)

Also (4. 2) and (4. 7) for k = i+ 1 and (4. 11) with i replaced by /+1 easily
prove the inequality (4. 5).
Lastly, to prove (4. 6), we have

él‘k kzlfk +fi+f+ 1+k_2+2fk|

which on account of (4. 3), (4. 4) and (4. 5) gives (4. 6) for —1S x < 1and by con-
tinuity it is valid for x =1

5. In this section we shall estimate

\2
I+ x o A122%,

|3:i(1+-** ()(I**Z)( xky .
Let

l+x *
51 Y*)2, Isii
(5.1) fk 1+th ZI*Z)(X ) siin

cos4 (n +\)0 sin29k11—2 cos Ok when x = cos9
(n+i)4(cos0—cos 02 -

(5.2) 3cos4{n+\)0 sin2BK

(w+i)4(cos0—cos 9k)2*

Lemma 5.1. In the interval [xi+1,Xj], we have

3 o
(n+h)2(i-k)2 for 1S k~ iS n
G 3 f R 5
(n+$)2(k—i—I)2 for 1§ iSn—2, i+2sksn
3
(54) ft* (n+\N> for
(- 9) fill A 7T740 for 1- 1- n 1
and
. A fkx- (n+i)2 for _1 R
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As the proof of this lemma is exactly similar to that of lemma 4. 1, we omit
the details.
6. In this section we shall estimate

2 {(Jgr™r) K+ xkikoo X,,_1(X,*)|o - xK2
Let

~ 1” (1 +xRI20)XK 1(xk, X)\(x~xK2  Is(gn.

Then putting x —cos 0, we have

1

8sin2 Cxcos3 — cos3+-T(0 1sinG  ~T X Xn_1(xk,x) |

K r [cos 0—cos 0.

8cos31 , 0lsinOt|
n+T

oK

k =

1 1

2+"' . 0k-0

K |cos 0—os BK\ sin )
4 cos3 h

I 0 1 L

2
= by (4.7)
290

(6. 1) by lemma 3.3

n+— sin

Lemma 6. 1 In the interval [xi+],x;], we have

(n+i)1(2i~k)2 for 1Sik <ian
(6. 2) - 1
, )2 for 1SiS/i-2, i+2sign
n o+ — 1
6. 3) e B gor 1sis«
(«+%)
(6.4) $5 . Ofi) for 1s=/=Su—1
and
136
*
6.3 207 T e
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The lemma easily follows on the same lines as lemma 4. 1 by using (6. 1).
7. Lemma 7. 1L For —léxél, we have

Which obviously follows on account of (2. 1), (4. 6), (5. 6) and (6. 5).
8. Estimation of the sum \2
I+ X

21 1+ xk 44(V).

(H'X)Zlk(x) by gk, then putting x=cos 0 and using (2.4),

If we denote V4 XK

we have

cos4 (n+1)0 sin4 0k
(8.1 ok ( )

(n+£)4(cos B —cos 04
Lemma 8. 1 In the interval [x/+1,x,], we have

1
(i-ky for 1S k<isn
(8.2) gKS 1
. for 1~i=n—2 i+2&(sii
(k-i-iy
8.3 girle for 1SiSn
8.4 gi+1S16 for Isis« -1
and
(8.5) kélgk<|6 for X s 1
9. Estimation of the sum
\X-XK\
Y 1+ £  4(x)|]l —2xk .
*=11 1+ Xk ()l X (1-X1Y
Let
I+ x \x-x k\
HKU(x)|l1-2x* .
gk 1+xk ) {1-XTi

Then x=scos 9 obviously gives

* 3cos4(a+ 1) 0sin29k

(.1) K S (4+i)4|(cos 0—cos OK)3L

3cosdlia+ 2 1®
. by (4. 7).
I/I 4cos 0—cos Oqlsin—Qg-o—
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Lemma 9. 1.In the interval [ai+l,x,], we have

3 .
(i-K)2 for  1g ( <ig «
(9.2) Sk - ¢
2 for Igién-2, i+2S<:S)I
(9.3) £?S12 for 1~i=n
(9.4) g**ks 12 for

<rd M the interval — 1) ™ 1 we have

9. 5 34.
fe=l

10. Estimation of the sum

(~ 0 1+ xk(x- xKI?2(x)Xn_, (xk, a)l.
Let

I+ x '
gt* = I+ xk 11 +xK (x-xKI?(x)Xn_1(xk, x)\, 1) « LUn.

Then owing to x=cos B and (2. 4), we get

coss In+ * 1B sina Ok |
gV *Xn-i(xk,X)
Kf slmgzk:(cos 0—cos K2

cos' (I-I-{)B Isin4 Ok 1
1

n+ —I (cos B —C0S BK)2,sin Ok 2c033—3< cos2 Klsih Ky &0

by lemma 3. 3.

- sz | 4 since ls:infﬂl > sinX=5,

ae N3 20ke  sin0d G0 |
|

SICOSSM)
3
G i,
]

Studia Scientiarum Mathematical'um Hungarica 6 (1971)

(10. 1)



ON A PROOF OF JACKSON'S THEOREM 109

Lemma 10. 1 In the interval [xi+,, x,], we have

8 1 .
(i-W for 1Wk 1S/
(10.2 gI*& 8
. 3 for i+2Sk<n 1SiS/i-2
(k-1-1
(10.3) gf* < 64 for 1s/én
(10.4) g*+i < 64 Jor 1Sian-1
and
(10.5) 2 gk*<154 for -1sig 1

We omit the proofs of lemmas 8. 1, 9. 1 and 10. 1 as they run on the same
lines as lemma 4. 1

n
11. In this section we shall find an estimation of the sum k2_1|/t*(x)|.
Lemma 1L 1 For —~x "1, we have

2 bl x)1<378.
k=1

Proof. From (2. 1) and (2. 2), we get

*2:1 nx)[ _kZ:I gk+k2:I st+2k2:19k*-
Now making use of (8. 5), (9. 5) and (10. 5), we get the required estimation.

12. Proof of the theorem.
Let a>(f § be the modulus of continuity of the function fix), then

(12. 1 (o(fpd) ~ (p+\)a>(f O, <5>0.
Now

fix) - S,(/:x) =/(x)- Z fix)pk(x)+kZ=lfix)hk(x)+x/(—l)—
Z (f(xK-xf(-1))p.k(x) = (/(x) +x/(-1)) 1- Z Vkix)
+Z,(Bx)-Ax*)blx) = [L+x){/(x)+/(-D} + (1 ~){/() (DX

n
XL PR+ Z (fix) -f(x K)pk(x).
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Further, since co(/, (® is the modulus of continuity of f(x), therefore,
n I

| *

028 (I()+/( 1) 1- 20 5 (AW - <7V

n
[+ x
, @+ @7+ NIx—1o [, 50 1o 2w

by the inequality (12. 1) replacing p by (27+ 1)ix—11land s by In-h

1 g ,
S Pibhy) J-A2kp2 T T A el GTXAN 2 e
1
(12.3) 600 /, o741 by lemma 3.2.
Similarly
(12.4) - 2}(/W-A-1)) 1-2ftw 60 o,
Also,

ﬁ:l IM*)I/C*)-/(**)] = "él IM*) <(» [*-**1)

= 20 1a(M)|(1+(2/7+1)|n:-x*)w|/,

by the inequality (12. 1) replacing p by {2n+\)\x —xk\ and $by 2/71 1

Sffl /

2 bl *)[+(21 + 1) 2 Ax- x K\WHK(x)\

" 2/7+1

1 1
(12.5) @ [, 2+ J1(378+348) = 726WIf -, 4

by lemma 7. L and lemma 11.1.
Hence (12. 2), (12. 3), (12. 4) and (12. 5) give

1/(*)-m*,,(/;%)] < 738w(/’2nVI>

which completes the proof of the theorem.

In a subsequent paper, | shall prove that the interpolation process given by
(2. 5) is of Timan’s type.

1 am very much thankful to the referee* for his helpful suggestions.

* Professor G. Freud
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A REMARK CONCERNING POLYNOMIAL MATRICES

by
P. FISCHER

. A rectangular matrix whose elements are polynoms of Xis called polynomial
matrix. We assume that the coefficients of the polynoms are arbitrary complex
numbers. A polynomial matrix is called an elementary polynomial one if this matrix
possesses either a right or a left polynomial inverse. The elementary polynomial
matrices appear at the examination of several technical problems as useful tools
1. . [3].

g Thr[o]ughout matrices will be denoted by upper-case letters, and its elements
by the same lower-case letters. . denotes the unity matrix, and .. the x . unity
matrix, and /?(J1) denotes the rank of the matrix A.

Let us consider the following square matrices S“ and T* (/= 1,2,3) defined
in the following way: Sland S2and S3are different from /,, in the following ele-
ments:

Su=c
su=b(X)
°§l'|3i°§jj_\9> 1(:§|J3jp3r1

where b{X) is a polynom and c is a constant different from zero. Let the matrices
TI be the conjugate of the matrices S* (/= 1,2, 3). The so defined S* (resp. T°) are
called elementary left- (resp. right-) sided matrices both of which together are re-
ferred to as elementary; or elementary matrices of order n.

The following theorem is known [4]. If the determinant of a square polynomial
matrix P(X) is independent of A and is a constant different from zero, then this
matrix can be written as a product of a finite elementary matrix.

It is easy to see that a square polynomial matrix is an elementary one if and
only if its determinant is a constant differing from zero.

Therefore it follows from the previously mentioned results, that a square poly-
nomial matrix is an elementary one if and only if it can be written as a product of a
finite elementary matrix, where the order of each elementary matrices is equal to
the one of the original square polynomial matrix.

The purpose of this paper is to generalise this theorem for the case of non-
square matrices, with such an addition, that we add to the set of elementary matrices
the following two matrices also.

Uu=(Uiji) i=1,.. ., n, n>r
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where Uij = 5ij
v=xwt)  1=1, .,n
T=1, oo 1,

where vij = 6ij

6ij is the Kronecker symbolum.
For this, first we shall prove the following theorem:

Theorem L The necessary and sufficient condition for that an /1(7.) polynomial
matrix be an elementary one is that it has an inverse matrix and R[A (/.)] is a constant
function.

Remark 1 If A(k) is a square polynomial matrix the Theorem 1 expresses
the same as one of the previously stated theorem.

Remark 2. Theorem 1 is a generalization of the following well-known theo-
rem:
Let us take the polynomials

Xi(A), X,,(A)

then 1 can be written as a polynomial linear combination of the polynomials
. X,(X) if and only if their greatest common divisor is equal to 1

Remark 3. From this theorem it follows: in order that an (rXn) polynomial
matrix was an elementary one, the sufficient condition is that it possess an rxr
subminor which is an elementary polynomial matrix.

Proof. The condition is necessary. In fact, let /1(7) be an rXn polynomial
matrix. Then we can state without the loss of the generality that rS«. According
to this statement there exists an (nXr) polynomial matrix B(k) such that

A(K)B(K) = Ir 1)

If there would be such a A= A0 point, where R [A(XO\ < r, then on the basis concern-
ing to the theorem on the rank of the product of matrices, we find that the inequality

NNAQSAY] = N[/ ]=min {IN00], NARD]}<r @

also holds, which is a contradiction.

The condition is sufficient. From the condition, that the rank of matrix A(X)
at every point, is equal to r, it follows that the greatest common divisor of rXr
subdeterminant of T(A) is equal to 1. From this we find that ir, invariant
divisors of the matrix A(k)

Dr. Dr-r _ A
K e T -lT g bt ®

are equal to 1 where Dk (k=2, ..., r) is the greatest common divisor of all kXk
subdeterminants of A(k), because, as it is known, Dkis divisable by Dk_j (k=2, ..., ).
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Let us consider the canonical form of the matrix A(A)

fIW
AR = AiA) A2A) @
W)

where the A1(X) (resp. A2(A)) is an elementary polynomial matrix of the order r

(resp. n).
So we have also

A2(") ©)

which proves our Theorem.
From the demonstration of the previous theorem we get immediately the
following theorem.

Theorem 2. The A(A)(rXn) (ran) polynomial matrix is an elementary one if
and only if it can be written in the form of a product offinite elementary matrices
1
1 0
of the order r is multiplied on the left side by the matrix and their

product is multiplied on the left side by the product offinite elementary matrices of
the order n.

Il. The square elementary polynomial matrices can be characterized by the
following Theorem.

Let us consider the following dilferential equations’ system:

ali(A)xI(t)+---+aln(A)xn(t) = 0
A(A)X(t)=[ (6)
(>0%i ()+eem + a,n(A)X,,(t) = 0

where the polynomials aiy(A) (i,j= 1, ...,n) are dilferential operators with constant
coefficients with the initial conditions x,(0) = e =x,,(0) = 0.

Theorem 3. The equation (6) has only a trivia! solution if and only if the A(A) =
=(au(A)) matrix is an elementary polynomial matrix with the condition that the
solution is differentiable up to a degree large enough.
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Proof. This theorem is a consequence of the fact that if the functions xt(t), ...
..., X,,{t) are differentiable up to a degree large enough then the equation (6) is equi-
valent to the equation
5'J1(A)x(0 =0 7
for /=1,2, 3. (Ax( 0
So if A(A) is an elementary polynomial matrix, then the equation (6) has only
a trivial solution. If the A(A) is not an elementary polynomial matrix then it can be
shown by induction that (6) has a non-trivial solution too.
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A CLASS OF SPACES WITH IDENTICAL REMAINDERS

by
G. R. BLAKLEYY J. GERL1TS and K. D. MAGILL, Jr.

1. Introduction. It is assumed that all topological spaces discussed in this paper

are completely regular and Hausdorff. By a remainder of a space X, we mean any
space of the form aX—X where aX is any compactification of X. We denote the
family of all remainders of X by OI(X). If one does not distinguish between homeo-
morphic spaces, and we shall not, then 0L(X) is actually a set whose cardinality does
not exceed 22* where m denotes the cardinality of X. This follows from the fact
that 22" is an upper bound for the number of different compactifications of X (see
6, p. 231)).
( IOThe Er)ﬂrd author has devoted several previous papers to the problem of determin-
ing when 0t(X) contains spaces with certain prescribed properties. For example,
in [3, Theorem (2. 1), p. 1076], characterizations were given for those X which have
the property that 01(X) contains the space consisting of TVpoints where TVis a posi-
tive integer. It was shown in [4, Theorem (2. 1), p. 617] that for locally compact X,
the family 0$(X) contains a countable space if and only if it contains all finite spaces.
In [5, Theorem (2. 2), p. 323], it was shown that there exists a rather extensive class
of spaces with the property that each such space includes all Peano continua among
its remainders. These are the locally compact normal spaces which contain infinite,
discrete, closed subsets. J. w. Rogers [7] has recently extended this result by showing
that any locally compact nonpseudocompact space includes all metric continua
among its remainders.

This paper had its genesis in an attempt to answer the following question:
Do the remainders of all Euclidean TV-spaces coincide for TV>1? It is easily seen
that the answer is negative without the restriction TV>1, for the real line Ex has a
two-point compactification while no EN does whenever TV>1 (this follows from
[3, Theorem (2. 6), p. 1079)), i.e., Of(EI) contains the two-point space while O((EN)
does not. We have been able to show, however, that all the Euclidean spaces whose
dimensions exceed one do have identical remainders. In fact, we show that if both
X and Y are noncompact, locally compact, connected, locally connected metric
spaces and neither have two-point compactifications, then the remainders of X
coincide with those of Y.

2. The results. It will simplify our discussion considerably if we provide those
spaces mentioned in the last sentence of section 1with a name.

Definition (2. 1). A space which is noncompact, locally compact, connected,
locally connected and metric and has no two-point compactification will be referred
to as a ringed space.

1 Work supported, in part, by NSF Grant GP 12042.
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As we noted previously, it follows from Theorem (2. 6) of [3, p. 1079] that if

1, the Euclidean TV-space EN has no two-point compactification. It follows
from that same theorem that the half-open interval [0, 1) whose topology is the usual
topology induced by the real line has no two-point compactification. Thus, we have
the following

Proposition (2. 2). The class ofall ringed spaces includes all Euclidean N-spaces
for N>1 as well as the half-open interval [0, 1).

The half-open interval [0, 1) plays a rather central role in our subsequent de-
liberations and, because of this, we find it convenient to denote it hereafter by the
symbol J. The family of all remainders of J will be denoted by . Our next result
gives a sufficient condition in order that all of the remainders of one locally compact
space be remainders of another. We then apply this to show that the family of re-
mainders of many spaces includes all of the spaces in 01*. As usual, the Stone—Cech
compactification of a space Z is denoted by X.

Theorem (2. 3). Suppose that X and Y are locally compact and there exists a
continuous function f mapping X onto Y with the property that for each point g£Y,
there exists an open subset G of Y containing g and a compact subset K of X such that
f[X-K]JC\G = 0. Then M(Y)<z&(X).

Proof. Let g denote the Stone—Cech extension of/ which necessarily maps
RX onto BY. We want to show that g maps X —X onto Y —Y. Since g maps no
points of Zinto Y —Y, we have only to show that g(p)£RY—Y for eachpd 3 X—X.
Suppose, on the contrary, that g(p)£Y for some p CBX—X. Then there exists an
open subset G of Y containing g(p) (which is also open in BY since Y is open in BY)
and a compact subset K of X such that

(2.3.1) g[X-K]f)G =/[z —Z]DC = o.

By continuity of g at p, there exists an open subset V of X containing p such that
g[V] (zG. Then W = Vi) [RX—K] is also an open subset of X which contains p
and is mapped into G by the function g. Since X is dense in BX, there exists a point
/E W(~)X and it follows from the previous remark that

g(t)=meG.

But this contradicts (2. 3. 1) since t£X—K. Consequently, g(p) must belong to
BY—Y and it follows that B Y —Y is a continuous image of  X—X. Now Theorem
(2. 1) of [5, p. 322] states that a space A is a remainder of a locally compact space
T if and only if A is a continuous image of BT —T. Therefore, it follows that every
remainder of Y is also a remainder of X.

Before stating our next result, we recall that a space is said to be tr-compact if it
is the countable union of compact spaces.

Theorem (2. 4). If X is a locally compact, noncompact connected o-compact
space, then LL¥cJfiz).

Proof. Let X* = ZU {to} be the one-point compactification of Z. Since Z is
cr-compact, the point o is a (Ja set in Z* and, consequently, is a zero set. Hence,

there exists a continuous function/ mapping X* into [0, 1] such that/ -1 (1) = {oo}
In fact, since Z is connected, there is no real loss in generality in assuming that/
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maps A* onto [0, 1]. Thus,/maps X onto /=[0, 1) and we show that it satisfies the
conditions of Theorem (2. 3). Let y be any point in J and choose any point p such
thaty </>< 1 Then/-1 ([0, p]) isclosed in X* and is therefore compact. Thus G = [0, p)
is an open subset of J and K= f~1(]0, /7)) is a compact subset of X with the pro-
perty that f[X —K] (TG = 0. It now follows from Theorem (2. 3) that X).

Corottary (2. 5). If X is any ringed space, then 3&<czEA(X).

Proof. A ringed space is locally compact, paracompact and connected. Con-
sequently, it follows from Theorem 7. 3 of [1, p. 241] that X is crcompact and we
have only to apply Theorem (2. 4).

In view of the previous corollary, we must yet show that 3A{X)cz3A* for any
ringed space X in order to get the main result of this paper. Our first step in this
direction is to obtain a characterization of ringed spaces. First, some definitions
and a lemma:

Definition (2. 6). Let {AT,}=1 be a countable cover of an arcwise connected
space X. The order (with respect to the given cover) of a pair of points p and q of
X will be denoted by O(p, q) and is defined as follows: if every arc joining p to g
intersects Kt, then 0{p,q) = 1 Otherwise 0(p, q) is the largest integer N such that
there exists an arc A joining p to g with the property that Af)Kj = 0 for each

N.

There is no difficulty about the existence of the order of a pair of points p and

g. Specifically, since {A,}~=i is a cover, p £Ktfor some / and it follows that O(p, q)Si.

Definition (2. 7). Again, let {A,}*=i be a countable cover of an arcwise con-
nected space X. When Kt* 0 " K i+i, we define the complexity c, of the pair (K,, Ki+l)
to be the least of all orders 0(p,q) where pC.Kt and qZKi+l. Otherwise, define
da=i

We recall that any collection of subsets of a space is said to be locally finite
provided that each point of the space belongs to an open subset which intersects
only finitely many members of the collection.

Definition (2. 8). A set of bands for an arcwise connected space is any locally
finite countable cover {Aj,}/=1 where each Kj is a Peano continuum and lim =

Lemma (2. 9). Suppose X is noncompact, locally compact and locally connected.
Then X has no two-point compactification if and only iffor each compact subset C of
X, there exists a compact subset K of X such that Ca K and X—K is connected.

Proof. Sufficiency follows immediately from Theorem (2. 6) of [3, p. 1079
so we need only prove necessity here. Therefore, suppose X has no two-point com-
pactification and let C be any compact subset of X. Denote the components of
X —C by {Ga:<xtA}. Since X is locally connected, each Gx is open. We assert that

(2.9. 1) for some ad€/1, CL) Gap is not compact.

We prove this by contradiction. If (2. 9. 1) does not hold, then CU Gais compact
for each s£ J1. This and the fact that X is not compact implies the existence of an
open subset G of X such that CczG and G”cfG for each a belonging to some infinite
subset AO of A. Now let At and A2 be any two infinite subsets of AO such that
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n1inn2 —0 and AXUA2 — AO and define
U, = U{C,:af Ai),
U2 = n{Ca:a€n-n,}.

Then Uland U2are nonintersecting open subsets of X whose union is X —C. Further-
more, CU {/; (/= 1, 2) is not compact. Indeed {G}U {Ga:a€ At} is an infinite cover
of CU t/j which has no proper subcover much less a finite one. All this, together
with Theorem (2. 1) of [3, p. 1075] implies that X has a two-point compactification.
This, of course, is the contradiction we seek and so we conclude that statement
(2. 9. 1) is valid, i.e., CUG,,0is not compact for some aO£/1. Define

K= U{Ga:a”a0}UC.

Then X —K = Gao is connected and it follows from Theorem (2. 1) of [3, p. 1075]
and the fact that X has no two-point compactification that K is compact.
Now we are in a position to characterize ringed spaces.

Theorem (2. 10). A topological space is a ringed space if and only if it is arcwise
connected and has a set of bands.

Proof. First, suppose X is arcwise connected and has a set of bands {A,}“=1.
Since the family {K,,}{=I is locally finite, there exists for each x in X an open neigh-
borhood G of x such that only finitely many of the sets K,,, say {A,})'=1 intersect G.
We may assume that x£K,, for I"nSM and x(f Knfor M<n”N. Then

XxXGC-""*"unu...n*c*n...n".

That is, X belongs to the interior of KI U ... U KM which is a Peano continuum since
rCfl {KJ=1 and each Knis a Peano continuum. It follows from this that X is locally
compact and locally connected. Furthermore, X is metrizable since any (T0) space
is metrizable if it is the union of a locally-finite family of closed metrizable subspaces
I, p. 207, section 9, problem 4].

The space X is not compact because a locally finite system in a compact space
is necessarily finite. In order to conclude that X is a ringed space, we need only to
show it has no two-point compactification. Let C clbe a compact set. Since the
family {&m}=! is locally finite, there exists an integer N such that CcU {Kn}*=i
We choose an integer M such that for m =?2M, cm>N holds. Now for each m -aM
there exists an arc Amjoining a point of Kmto a point of Km+, and AmCI[Ki = 0
(/=1 2, ..., N). The set H—U {AmUT,,,}*=M is connected and HOC = 0, hence
H a G where G is a suitable component of (X—C). Since the subset G is open, it
follows that the set K = X —G a U {ATjfill is compact, CaK and X —K is con-
nected. Thus the Lemma (2. 9) implies that x has no two-point compactification.

Now suppose that A is a ringed space. Since X is locally compact, connected,
locally connected and metric, it follows from [8, 5. 2, p. 38] that X is arcwise con-
nected. Now, we want to construct a set of bands {A}*=L for X. It follows from
Theorem 7. 3 of [1, p. 241] that X is (~compact. Consequently, by Theorem 7. 2
of [1, p. 241], A= U {G,}*=1 where for each positive integer n, G, is nonempty and
open, cl Gnis compact and cl G,,cG,,+1. Let n be any integer greater than 2. Then
since X is locally connected, each component of G,+1—¢l G,,_2 > open and the
collection of all such components is an open cover of cl Gh—G,,_1. Since the latter
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is compact some finite subfamily, say {C;:/£/,,} is also a cover. Now each C; is a
closed subset of the space U{Cf:/€/,} and thus = [d G,—G,, \r\Ci is com-
pact. It follows from [8, p. 38, 5. 3] and [2, p. 183, §45. I. 5] that there exists a Peano
continuum Lt such that djCLjCCi for each i£l,,. Thus, we have

(2.10.1) clG.-G,_1cU{L,:/€UcCl+H-clG L2

We need one more observation before we construct the set of bands . An
argument similar to that given above will lead one to the conclusion that

(2.10.2) ol G2c U{L, iC/2}cC3

where each Lt is a Peano continuum. Now we are ready to define what will turn
out to be a set of bands for X. The first 12terms of the sequence {A,}‘=i will be the
members of the family {Lf:i£/2} The next 73 terms will be the members of the
family {Lp. /£/3} and so on. One readily shows that {AT,}‘=i defined in this manner
is a locally finite cover for X. We need only show that lim c, = °° where c( denotes
the complexity of the pair (Kt, Ki+i). Let any natural number n be given and let
C=U 1. By Lemma (2. 9), there exists a compact set W such that Ce W
and X —W = G is connected. Since the family 3 is locally finite, the set
{/: ArM W X101} is finite and we take M to be the largest integer in that set. Then
for w>M, KmczG and since G is arcwise connected, it follows that cm>n.

With this characterization, we are ready to prove the main result of the paper.

Theorem (2. 11). The remainders of all ringed spaces are identical.

Proof. We show that if X is any ringed space, then dt(X) =P#*. In view of Corol-
lary (2. 5), we need only show that dt(X)<”dt* and for this, we appeal to Theorems
(2. 3) and (2. 10). By the latter, X is arcwise connected and there exists a set of bands
{A . 1 for X For each positive integer n, define /,, = [uW—)/n, n/(n+1)]. Since
each K, is a Peano continuum, there exists a continuous function /2n , mapping
/2, j onto Knfor each positive integer n. Furthermore, it follows from the defini-
tion of a set of bands that for each nand each pair of points p and q with p£K,, and
qEKn+l, there exists an arc A joining p to g such that ANMKj =0 forz <c,, where
G,, denotes the complexity of the pair (K,,, Kn+l). Consequently, there exists a homeo-
morphism f 2, from I2n into X such that

I2,(@n- i2n) - fu-1(2«- 1)2n),

f @22+ 1)) = fn+!1(2n/(2n + 1))
and

(2.11.1) fn[/MNKj =0 for 7<c,.

Let/be the function which is defined byf(x) =/ 2, '(g) for x£/2,_, and/(x) =f 2n(x)
for xE£12,, It is immediate that/ maps J continuously onto X. Now let p be any
point of X. Since {Kn \ is locally finite, there exists an open subset G of X con-
taining p and a positive integer N such that GMKj = 0 forj>N. Since lim c,= °°,
there exists a positive integer M such that c,>7V for Let F=1ax {N, M}
and define

A=u{/,b2 1=[0,27/(27'+1)].
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Then 4 is a compact subset of J and we assert that
(2.11.2) /I[/-N]N<7=0.

Take any point xGJ—H and consider two cases: (1) xfl2n 1 and (2) x£ 12n. Sup-
pose (1) holds. It is immediate that Ten. Hence N<n and

fin- = Knf)G =0.

Thus f(x)$G when x”12, 1. Now consider the case where xdI2n. Again, T<n.
Hence, n>M and it follows that c,,>A. This implies that

I3ynk.=0 for j*N.

Since Ga U {Kj}j=i, it is true in this case also that/(x)i G. Thus (2. 11. 2) is valid
and it now follows from Theorem (2. 3) that each remainder of X is also remainder
of J.

Perhaps it is worthwhile to mention that, among other things, Theorem (2. 11)
implies that in order to study the family of remainders of any ringed space, it is
sufficient to devote one’s attention to J2*, the family of remainders of J. In conclu-
sion, we make the observation that the class of all ringed spaces is by no means
maximal with respect to the property of having identical remainders. Let X be the
discrete union of any ringed space Y and any compact space. It is a routine matter
to check that BX—X = RY—Y and it follows immediately from Theorem (2. 1)
of [5, p. 322] that 3%(X)=g#{Y). However, X is certainly not a ringed space since it
js not even connected.
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N3YUYEHUE OOAHOWMN CUCTEMbI FPYMNMOBOTIO
OBCNYXMNBAHWA

C. X. CMPAXOVNHOB, T. A. A3JIAPOB, B. BA3APOB

PaccmatpumBaeTcs cnefytollasd cuctema O0OCNYXMBaHWA T — pasMepHbIM
npubopom. TpeboBaHWA NOCTYNalOT K MeCTYy OXMAaHWA MO 3akoHy [lyaccoHa ¢
napameTpom  [pubop npucTynaeT K 06CAYXMBaHWIO TONBKO B CMy4aiHble MO-
MeHTbl BpemeHu tl,t2,...,tk  TpeboBaHUA 06CNYXMBatOTCA B NOPSAKE WX NOC-
TynneHus. MiHTepeabl BpeMeHn K= [/t +1—tk, As 1mexay A—T n A+ 1—T MOMeH-
Tamy Hadana obcnyxuBaHus, OyneM npeanonarats He3aBUCUMbIMU U OAMHAKOBO
pacnpefefieHHbIMU  ClyYaliHbIMW  BeMYMHAMU C O6LLei (hyHKUMEn pacnpeseneHns
B(x) = P(rfc<x) M ¢ KOHEYHbIM MaTeMaTUYECKUM OXUAAHWEM

h= Mt =] xclB(x) -¢
0

KonuyectBo Tpe6oBaHWil, UMetOLMXCA B Npubope K Hayany A-To 06CNyXMBaHWS’
0603HaYMM 4epe3 LK U OyaeM cuuTatb, 4TO rii,rR2, ... — NOCneaoBaTe/lbHOCTb
HE3aBUCUMbIX, OAMHAKOBO PacnpefeNieHHbIX CyYaiHbIX BE/MUMH:

-
(fi=pCk=i), Og/sm; a= M/*=2 ig-

CneposatenbHO, T —i\K — u4ncno CBO6OAHLIX MECT B Mpubope K Hadany A-ro 06-
CNYXXMBaHWS.

Uuncno TpeboBaHWiA, MpUObIBAIOLLMX K MECTY OXMWAaHUS B UHTepBasie (tk, tk+2),
A's 1 0603HaumMm uvepe3 (k= C(TK). Torga oueBngHo, Yto (K MMeeT pacnpegeneHve

W= PQt=j)- - fe-xxydB(X, J=012 .
ji*o0
C MaTeMaTU4YeCKNM OXXngaHMeEmM

MK=1b.

Heo6xoAyMo 3aMeTUTb, YTO Takas CYCTEMA YaCTO BCTPEYAETCS B XKM3HM (FOPOACKON
TPAHCMOPT, NUGT, >Kene3HOAOPOXKHas COPTUPOBOYHAA CTaHUMUS U T. 4.).

B npegnaraemoit CTaTbe M3yyalOTCsl CTaLMOHapHble pacnpefeneHns cnegy-
fOLLMX OCHOBHbIX XapaKTepUCTUK:

a) ynucna TpeboBaHWUiA £, HAXOAALLMXCS B OYepeay B MOMEHT Hauana 06Cnyxu-

BaHMA; 6) Bpems OXMAaHUa W Havasa 06CnyXXMBaHWA MPOU3BOSILHOIO TpeboBaHws.
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Kak n B pa6oTe [1], MOXXHO MoOKa3aTb, YTO 3TW CTaLMOHapHbIe pacrpefeneHus
CYLLECTBYIOT WM He 3aBUCAT OT HAYalbHOr0 COCTOSIHUA CUCTEMblI B TOM W TO/bKO
B TOM C/ydyae, Korfa

$= M(In—*)—MeL= T —a—Xb> 0.
MycTb
P,=PE=1n), n-0,1,.:.;  F(*)=P(vp<x);

P(?) = 2yn. ((2) :/ggl

B(s)=fe*dBx): /(j) =/ e-“
(0] (0]

Teopema 1 i? kpyre |z|*l MMeeT MeCTO COOTHOLLEH/e

SA-VB{X.(\-2)) T o4,
mB(X{\ -zj)q(z) i\ 1—z. (2>

rge rl,z2,...,zm, — KopHu ypaBHeHus zm—R(X(l —z))q(z) = 0 Haxogawwmecs
BHYTPU €OVHWUYHOTO Kpyra.

Teopema 2 B nonynnockocTu Re siz O cnpasegMBo COOTHOLLEHNE

fis) = |.q (2)

MaTemMaTNyecKme OXKUAaHNA CAyYaiHbIX BeMUMH CUwW OMNpedenstoTcs creayowmmm
thopmynamu:
A2yX2B2+Xb 2a+6—1 & 1

b= 2 T +2 ©)

T=Mv= X0 Zi tB)t =1 1 gr 4
roe
A2=Dik, B2= Dzk.

O6e Teopembl fABNAOTCA 0606LLEHWEM COOTBETCTBYIOLUMX Pe3y/bTaToB
beinu [2] n AoyHTOoHA [3], NONYYeHHbIX B NPEANONOXeHUU, YTo Npubop B MO-
MEHTbl Havana o06Ccny>KuBaHusi Bcerga OblBaeT CBOGOAHLIM.

B dopmynax (1)—(4) ato cootBetcTBYeT ciydato g0=1, qt=0, /VO. Ecnm m=\,
q0—\, qt=0, To 3 chopmynbl (1) cnegyert [4] KnacCUYecKuiAi pe3ynbTat

(1 —26)(z—1)/2(1(1-2))

PO =" sx(I- 2)

NoNMyYeHHbIR ana cuctembl MG\
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OfHako npeobpasoBaHue Jlannaca—CTunbTbeca A1 BPEMEHU OXUAAHUSA.

1
1-
fis) I
A[1-/2(*)]

BbIUYMC/IEHHOE NPY TEX XE YCMOBUSX OT/IMYAETCA OT COOTBETCTBYIOLLErO pe3ysbTara

I(S) § 1-B(s)]

nony4yeHHoro ana cuctembl MAG\\.

JTO 06bACHAeTCA TeM, 4TOo ecnm B cucteme MAG\\ TpebosaHue, 3acTaBLlee
npuoéop cBO60AHBLIM HauYMHAET HeMeANEeHHO 06CNY)XMBaTbCA, TO B paccmaTpuBae-
MO cucTeme MOCTynvBLUEE TpebOBaHWe OXWUAAET 0YepefHOro MOMEHTa Hauvana
06CnyXnBaHus.

Kak nokasbiBatoT qopmynsl (3) 1 (4), B yCNoBUsSX «BO/bLLOA 3arpy3Ku», Te.
korga (50 cpegHasa annHa odepean L 1 cpegHee BpeMs OXuaaHua T HeorpaHUYeHHO
Bo3pacTatoT. [M03TOMY BbICHEHME acCMMMTOTUYECKOrO MOBEAEHUS pacrnpeaesneHuit
COOTBETCTBYHOLLMM 00pa3oM HOPMMPOBaHHBIX CyYailHbIX BeMuMH £ WU W npeg-
CTaBNSIET 3HAUMTENbHBIA UHTEpEC.

Teopema 3. MycTb Drk = R2<°°. Torga npu <50 UMEOT MeCTO MNpeaenbHble
COOTHOLLIEHUS:

/m 2b2X
'i_m P(<’._‘E< . Jj _£ (m—a+A2)b2+(m—a)2B2 X = O
AIO
lo, x < 0,
r 2bx
. iJ_¢ (in-atA2b2+(m—a)2B2 X=- 0
lim P(@w - x) - *
10, X < 0

[lBe nepBble TeOpeMbl [OKa3blBAOTCA TEM >Ke CMOoCcOo60M, YTO U COOTBETCTBY-
owme pesynbTtatbl padoT [2] u [3]. OgHako npu 3TOM NPUXOANTCA YCOBEPLLUEHCTBO-
BaTb 3TOT METOA, YTOGbI €ro MOXXHO Obl10 MPUMEHUTb B Hawem 60nee 06LEeM
cnyyae. A Teopema 3 [0Ka3blBaeTCA METOAOM XapaKTepUCTUUECKUX (PYHKLMIA.

B 3akntoueHMe OTMETMM, UYTO aHaIOrM4Hble pPe3ynbTaTbl MOXHO MOyYUTb
M B TOM Cnyyae, KOrga JOMYCKaeTCs MULb KOHEYHbIA 06beM ouepeap.
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SOME FURTHER CONSTRUCTIONS FOR G2(d) GRAPHS

by
R. C. BOSE and S. S. SHRIKHANDE

Abstract. A Gfd) graph is a finite, undirected graph without loops or multiple
edges in which each pair of vertices is adjacent to exactly d other vertices, Js 2
An infinite family of such graphs was given in [2]. The present paper gives some
further constructions for these graphs.

1. Known results. We use the notation and terminology of [2] and quote some
results contained in this paper.

Theorem A. A G2(d) graph, d*2 is regular of valence ny such that v—1 =
= nl(nl—1)/d where v is the number of vertices and there exists a positive integer m
such that

0] = d+m2 and

(i) d/m is an integer with the same parity as v—I —m.

We note that a G2{d) graph with parameters (v,ny,d), d*2 is essentially a
strongly regular graph with parameters (v, ni, p\n,p2i) where p\y=pyi=d. By a
pseudo Lr{k) graph we will mean a pseudo net graph Lr(k) and by an NLr(k) graph
a negative Latin Square NLr(k) graph.

Theorem B. The existence of a pseudo Ln(2rl) and a pseudo Lrf2r2) graph
implies the existence of a pseudo Lr(2r) graph with r=2ryr2.

Theorem C. The existence of a pseudo Ln (2rl) and a NL,2(2r2) graph implies
the existence ofa NLr(2r) graph with r=2rlr2.

Theorem D. Pseudo Lr(2r) and NLr(2r) graphs exist for r= 3m2ra+"'~1, where
m, n are nonnegative integers (m, n)” (0, 0).

Noting that a pseudo Lr(k) graph is a strongly regular graph with parameters
{k2 r(k—21), k —2+ (r—2)(r—2), r(r—21)) and a NLr(k) graph is strongly regular
with parameters (k2 r(k + 1), —k —2+ (r+ )(r + 2), r{r+ 1)) we have

Theorem E. A G2(d) graph with parameters

@) v- 4r2 ny=r@2r—1), d = r{r—1,
@iy v=4r2 w = r(2r+ 1), d = r(r+ 1),
(iii) v =4r2—1, =2r2 d=r2

exists for all r=3nm2m+B 1, where m, n are non negative integers (m, n) ~ (0, 0).
2. New constructions. We first prove some preliminary results.
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Lemma 2. 1 Letv, b, K, r be non negative integers, K < v and vr= bk. Let there
exist an incomplete block design D with v symbols (treatments) in b subsets (blocks)
of size k such that any pair of treatments occurs together in at most one block. Then
a necessary and sufficient condition that each block in D intersects precisely k(r —1)
other blocks in D is that each treatment occurs exactly r times in D.

Proof. It is obvious that any two blocks in D intersect in at most one treat-
ment. If each treatment occurs r times in D, then any block containing, say, treat-
ments i1; t2, ..., tk intersects (r —1) other blocks containing tp, 1= 1,2, ...,k. The
sets of (r—1) blocks containing tt and tj are obviously disjoint, i*j. Hence this
block intersects precisely k(r—1) other blocks necessarily in one treatment. This
proves the sufficiency part of the theorem.

Now suppose that each block intersects precisely k(r—21) other blocks. Let rt
be the number of times the treatment i occurs in D. Then obviously

Let N =(ntj) be the usual (0, 1) incidence matrix of D with v rows and b columus
where ntj=1or 0 according as treatment i occurs in block j or not. Then from our
hypothesis

N'N = klb+A

where A is an adjacency matrix of order b which is regular and of valence k(r—1).
Also
NN' = diag (/j, ..., ) +B

where B is also an adjacency matrix of order v with /-th row sum rfk —1). Hence

tr (NN'XNNf) = Zrf+(k-1)3 L

= 2l r?+(k-Dvr.
But

tri(NN')(NN") = tr (N(N'N)N")
tr N(klb+ A)N'

= KIrNN'+tr NAN'

KtrNN' +trAN'N
Ktr NN' +tr (A (klb+ A))

K% L+trA2

kvr +bk(r—1)
vr(k +r—1).
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Hence equating the two values of the trace

%’(n~r)2= % r?-vr2

v

=0

which implies that each treatment occurs r times in D. This completes the proof of
the lemma.

We now define the concept of an ascendant graph G* of a strongly regular
graph G with parameters (v, til, p\x, p\j). Let (F1; V2) be a partition of the vertex
set F of G where Vt and V2 respectively contain n* and v—n\ vertices. Let °° be a
vertex not in Fand let G* be a graph with vertex set (°° U F). We define adjacency
in G* as follows: The vertex °° is adjacent only to vertices of Vt (and to all vertices
of Fj). If X'y are in F, then they are adjacent in G* if and only if they are adjacent
in G and belong both to Fj or both to V2, or if they are nonadjacent in G and belong
one to F, and the other to V2. If the graph G* is strongly regular with parameters
(\?*, n™,p\\,p\\) where v* is necessarily t>+I, then G* is said to be an ascendant
of G.

We derive the conditions under which a graph G with parameters (v, nl, p\t,p\t)
has an ascendant G* with parameters (v*, ri[,p\\,p\\). We will assume that G is
neither a void graph nor a complete graph ie. my*0 and n2= v—1— " 0.

If G* is an ascendant of G, then G is a descendant of G* with respect to the
vertex o» and hence from [Z]

2.9
«l = 2n*- 2pi*. (2.2)
p\ I = nl—n*+p\* (2.3)
From (2.2, (2.4) PAL= Hirtrept (24)
2p\r = 2{nl-p\1)
= 2(i»T-71)
Hence from the usual parametric relations
(2.5
(2.6)
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Also from (2. 1), (2. 3) and (2. 4)
P+1 = 471 —2p\!—2/f1
or V= 6p\x—2p\i —L 2.7)

Thus (2. 7) is a necessary condition for G to have an ascendant. It is easy to
see that for a graph G with parameters (v, nl,p\1,p\i) each of (2. 5), (2. 6), (2. 7)
implies the other two. It also follows from [2] that the vertex set V of G can be parti-
tioned into (Vt, V2 with nl vertices in Vy and v—n* vertices in V2, where the set
VI is the set of vertices in G* which are adjacent to °°. Further, each vertex in Vx
is adjacent to p\\ = n*—nl1+p\i vertices of V1in G and each vertex in V2 is ad-

jacent to
[BZ;: ﬁ’i_ﬁ?’f
= tl-PllI
= pii

vertices of V2in G

Conversely, suppose (2. 7) is satisfied for G and further there exists a partition
(Kj, V2 of the vertex set V of G with /?* vertices in V, and u—n* vertices in V2,
such that each vertex in Vxis adjacent to n\ —nl + p\x vertices in Vx and each ver-
tex in V2is adjacent to p \x vertices in V2. Then by using arguments similar to those
in [2]. it can be shown that G* is a strongly regular graph with parameters (2. 2),
(2. 3), (2. 4) provided p\\, p\\ are non negative integers. From the relation

niPi2 —n2Pn
it follows that n* satisfies the equation
f(x) = x2+x(p\l-5p2)+vpR = 0.

The above equation is easily seen to have real positive roots. Since n\ is necessarily
an integer a further necessary condition for G to have an ascendant G* is that the
above equation has an integral solution.

We easily verify that

f'(nl-ph) = -(ph+ph) <0
['(Pi-Pii) = -(1 +Pi2+p\i) < 0.
/(«i-Pii) = p\iP\i > 0.
f(Pi-Pii) = Pii (b11-1).

Further, it is easily seen that ifph =0, thenf(x) =0 has no integral solution. Hence,
if the equation has an integral solution then we can assume that p\x=1 and then
the above relations imply that

Pit = n\-nx+p\1 SO.
Pit =n*-nl+pii > 0.

Thus the condition that f(x) =0 has an integral solution n\ is necessary and suffi-
cient for non negativeness of p\\, p \\. We can, therefore, state the following theorem.
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THEOREM 2. 1 Let Gbe a strongly regular graph with parameters (v, » ,, p\i, p\i).
Then G has an ascendant G* with parameters (v*, n*,p\\,p\\)) ifand only if thefollow-
ing parametric and structural conditions (P) and (S) are satisfied in G.

(P) v = 6pn —2p\i—l.
(S) The equation
*2+ *(>1 1—5/7,) Fr>fl = 0

has an integral solution n* and there exists a partition (VI, Vf) of the vertex set V
of G with n* vertices in V, and v—n* vertices in V2 such that every vertex in Vx has
n\—nl +p\] adjacent vertices in Vx and every vertex in V2 has p \x adjacent vertices
in V2.

The parameters of G* are then given by
= y+l, n* p\ =n*-nx+p\i, p\* =ri\-nl+p\x.

It is obvious that any two blocks of a BIBD with k= 1 have at most one treat-
ment in common. Consider a BIBD with r —2k+\, k= 1 Then the values of v
and b are given by v = 2k2—k and b = 4k2—1 Consider the blocks as vertices
of a graph G and define two blocks as adjacent or nonadjacent according as they
have a treatment in common or not. Then [2] G is strongly regular with parameters
(4k2—\, 2k2, k2, k2) and satisfies the condition (P) of the above theorem. Also
the equation /(.x) =0 has integral solutions k(2k—1) and k(2k+\). Take //* =
= K (2k —1). If the 4k2—1blocks can be partitioned into sets F, and V2of k(2k —1)
and (k+\)(2k —1) blocks respectively such that each block in Ft is adjacent to
k2—k blocks in F, and each block in V2 is adjacent to k2 blocks in V2, then the
condition (S) is also satisfied. From Lemma 2. 1this means that the set V, (respecti-
vely Vf) contains each of the 2k2—« treatments exactly k (respectively k +\)
times.

We note that a BIBD with r — 2k + 1, A= 1is « partial geometry (r, k, t) —
= (2k +1, k, k). The graph G is then [1] the graph of the dual configuration and is
also a partial geometry (k,2k-\-\,k). We can, therefore, state the following theo-
rem.

Theorem 2. 2. Let G be the graph of the dual ofa BIBD with r = 2k + 1, k=\.
Then G has an ascendant G* which is a pseudo Lk(2k) graph if and only if the 4k2—1
blocks ofthe BIBD can bepartitioned into sets V, and V2ofk (2k —l) and (k + 1) (2k —1)
blocks respectively such that each of the 2k2—k treatments of the BIBD occur K times
in Vx and K+ 1 times in V2m

BIBD’s having the structure of the above theorem exist for k=5 and 7. See
for example Appendix | in [4]. Hence we have the following result.

Corollary. Pseudo Ls(10) and pseudo L7(14) graphs exist.

Goethals and Seidel [3] have constructed a pseudo Z5(10) graph in precisely
the same manner.
Using the Corollary and Theorems B, C and D we have the following theorem

Theorem 2.3. (I) pseudo Lr(2r) graphs exist for all r=Yn5"lc2mtat+cHrI
where m, n, a, ¢ are non negative integers (m, n, a ¢)F (0, 0, 0, Q).
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(I NLfilr) graphs exist for r=>5al c2a+c where, a, ¢ are non negative integers
andfor r=3mba7c2m+a+c+n~1 where m, n, a, ¢ are non negative integers and (m, n)
~ (0, 0).

The proof is similar to that of Theorem 9. 3 and 9.5 in [2] and is omitted.
Finally, noting that pseudo Lr{2r) and NLr(2r) graphs are G2(d) graphs we
have

Theorem 2. 4. C2(d) graphs with the following parameters exist

@) v=4r2, nl = r(2r—I), d = r(r—1);

(i) V= 4r2—1 nv=2r2 d=r2;
for all r—3mba7c2m+a+c+n~1 where m, n, a, ¢ are non negative integers (m, n, a, ¢)”
70, 0,0, 0).

(iii) v=4r2 nt = r(2r+X), d = r(r+ 1);
with r—5“l c2a+c, where a, care non negative integers and with r = 3mba7c2m+at+cHr1
where m, n, a, ¢ are non negative integers and (in, n) r*(0, 0).

We remark that since our construction is essentially by a composition method,
any new G2(d) graph with parameters as in Theorem E can be utilised in conjunc-
tion with the above theorem to enlarge such a family considerably.
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UBER PARKETTIERUNGEN KONSTANTER
NACHBARNZAHL

von
G. FEJES TOTH

Eine Menge konvexer Polygone, die die Ebene schlicht und liickenlos (ber-
decken wird eine Parkettierung genannt. Zwei Polygone, die gemeinsame Rand-
punkte haben, nennen wir Nachbarn. Hat in einer Parkettierung jedes Polygon
dieselbe Anzahl n von Nachbarn, so sprechen wir von einer n-Nachbarnparket-
tierung.

Fir n=6, 7, 8 9, 10, 12, 14, 16
und 21 sind einfache Beispiele fir «-

Nachbarnparkettierungen mit kon-

gruenten Flachen bekannt [1]. Ande-

rerseits lasst sich zu jedem Wert von

n>5 eine «-Nachbarnparkettierung

konstruieren, indem man von einem

«-Eck ausgehend zu den freien Seiten

immer neue «-Ecke hinzufiigt, und

zwar so, dass sich die «-Ecke immer

entlang ganzer Seiten aneinander-

schliessen [2]. Die so entstehenden Par-

kettierungen sind aber im Sinne der Abb. 1

hierfolgenden Definition keine Nor-

malparkettierungen. Eine Parkettierung wird normal genannt [1], wenn die Inkreis-
radien der Flachen eine positive untere, und die Umkreisradien eine endliche obere
Schranke haben.

Es erhebt sich die Frage ob es fir jeden Wert von n>5 eine normale «-Nach-
barnparkettierung existiert. L. Fejes Totn [1] sprach die Vermutung aus, dass die
Antwort bejahend ist. Bisher war aber ausser den oben genannten Fallen von Par-
kettierungen mit kongruenten Flachen nur ein Beispiel, ndmlich eine normale
11-Nachbarnparkettierung bekannt. In diesem Aufsatz beweisen wir folgenden Satz,
der die obige Vermutung bestétigt.

Es existiert zu jedem ganzzahligen Wert von » > 5 eine normale n-Nachbarnpar-
kettierung.

Es sei R ein Rechteck. Wir bezeichnen die Seitenmittelpunkte von R in ihrer
zyklischen Reihenfolge mit A, B, C und D. Wir betrachten auf der Srecke AC zwei
Punkte A' und C so, dass AA'=C'C =AC/4 sei. Ferner zerlegen wir die Strecke
BD durch «—5 Punkte in «—4 kongruente Teilstrecken. Wir verbinden diese Punkte
mit A" und C, und zeichnen noch die durch A" und C hindurchgehende, zu BD
parallele Sehnen von R. Die so erhaltenen Strecken zerlegen R, zusammen mit den
Srecken AA', C'C und BD in 4 Rechtecke, 4 Trapezen und 2 (« —6) Dreiecke (Abb. 1).
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Wir sagen, dass diese Vielecke einen n-B/ock bilden. Innerhalb von einem n-Block
haben die Rechtecke n—3, die Trapezen n—1 und die Dreiecke n Nachbarn. Wir
nennen AC die Achse des Blocks.

Wir verschieben den obigen Block in der Richtung AC um AC, (m—NAC.
Die verschobenen Bldcke bilden, zusammen mit dem urspriinglichen ein m-faches
n-Block. Bemerken wir, dass innerhalb von einem mehrfachen n-Block die ,,inneren*
Rechtecke n—1 Nachbarn haben.

Abb. 2

Wir konstruieren jetzt fur n>-8 die in unserem Satz angedeuteten Parkettierun-
gen. Wir unterscheiden vier Falle, je nachdem ob n durch 4 dividiert 0, 1, 2 oder 3
als Rest ergibt.

Wir betrachten die in Abb. 2 dargestellten, aus schwarzen Quadraten und
weissen Quadraten bzw. Rechtecken bestehende Mosaike, die wir mit M5, M6,

M-, und Ma bezeichnen. Die schwarzen
Quadrate bedeuten k-fache n-Blécke
mit vertikalen Achsen, je nachdem
ob n—4k+5 4k+ 6, 4k+ 7 oder
4A + 8 ist.

In M5 beriihren sich die schwar-
zen Quadrate entlang grosseren Strec-
ken als eine halbe Seite. In M6 ist die
kirzere Seite eines weissen Rechtecks
grosser als die halbe Seite eines schwar-
zen Quadrats. In M, liegen die Ecken
der Quadrate in je einem Seitenmit-
telpunkt eines anderen Quadrats. M8
bedarf keiner Erklarung.
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Wir erinnern an die Tatsache, dass innerhalb von einem /r-fachen «-Block die
Dreiecke «, die Trapezen und die inneren Rechtecke «—1 und die Ubrigen vier
Rechtecke « —3 Nachbarn haben. Man Uberzeugt sich leicht, dass in Mj (j —5, 6, 7, 8)
diese Vielecke noch 0, 1bzw. 3 weitere Nachbarn bekommen. Jedes weisse Viereck
bekommt von dem entlang einer vertikalen Seite anstossenden /cfachen «-Block
4k, und von den ubrigen Polygonen genauj Nachbarn. Folglich hat in den konstruier-
ten Parkettierungen jede Flache genau « Nachbarn. Da in diesen Parkettierungen
nur eine endliche Anzahl von verschiedenen, d.h. nicht kongruenten Polygonen
vorkommt, sind sie normal. Damit ist der Satz bewiesen.

Es sei K—K(n) die kleinste ganze Zahl mit der Eigenschaft, dass sich aus kon-
gruenten Exemplaren von K konvexen Polygonen eine «-Nachbarnparkettierung
konstruieren lasst. Wir haben erwahnt, dass Ai(6) = Ai(7) = AN8) = Ai(9) = /£(10) =
=K(12) = A(14) = Iv(16) = AT(21) = 1g||t Die in Abb. 3 dargestellte 11-Nachbarn-
parkettierung zeigt, dass A{11)"2 ist, und wir haben vermutlich K(\\) =2. Man

zahlt leicht nach, dass in unseren obigen Beispielen Sorten von Polygonen

auftreten, so dass K(n) * gilt. Es lasst sich vermuten, dass lim K(n) = °°
ist. Dies steht aber noch nicht fest.
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A GENERALIZATION OF BELLMAN’S INEQUALITY
FOR STIELTJES INTEGRALS AND A UNIQUENESS
THEOREM

by

1. GYORI

1. Introduction

In the study of uniqueness and stability of solutions of differential equations
some integral inequalities play a very important role. An inequality referred often
to of this kind was published by Betiman [1] in 1943; several extensions and ge-
neralizations of this inequality have been established by a number of authors (see
e.g. Bihari [2], Viswanatham [5], Brauer [3]).

In this paper we discuss a non-linear inequality of Hinton’s type involving
Lebesgue—Stieltjes integrals, and with the aid of this shall obtain a uniqueness
theorem for the solution of the equation

y'=f(ty), y(t0=yo0,

as general as implying the theorems of Nagumo, Osgood [2], Yang En-Ho [6].

2. Generalization of Bellman's inequality

Theorem 2. 1. Assume

(@) u(t) is a non-negative and bounded function in the interval a”“tsb ;
(b) v(t) is increasing and continuous in (a, b);
(©) g(t, h)ys Ois continuous for

aSthb, OSu”k+ sup u(x)=u0,

where K is an arbitrary positive constant. Forfixed t, g(t, u) is a non-decreasingfunc-
tion of it, and, moreover g(t, u(t)) is integrable.
Then the inequality

2.3

a

impliesfor some a-"b'"b that,

(2. 2 m(i) S z(i) (a™t™"b")
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where z{t) is the maximal solution of the equation
t
(2. 3) z(t) = k+ fg(s, z(s))dv(s)

on the interval atBt*"b', where this solution exists.1
Proof. It is enough to show that (2. 3) has a solution satisfying (2. 2), and this
can be done by successive approximations as follows. Put

zQt) = u(t)
t
(2.4) z,H(t) = k+ fg(s,.z,,(s))dv(s)  (A=10,1.2,.);
the functions zn(t) u= 1,2, ...) are obviously continuous. Denote by 0 the

maximum of g(t, u) while 0”uSu0,a”t"b. We are going to show that for a suit-
able a<b'*b we have

(2.5) 0Sz,,(t)~u0

for all positive integer n, whenever (iSiSé".

In fact, assume that z,,(t) (7= 1, the case n=0 is obvious) already satisfies
(2. 5).

Then by (2. 4) we infer

0S znH(t) S k+MJ[v(t)-v(a)\ S u0,
whenever (Sa is as small as satisfying the inequality
sup u{x)

The continuity of v(t) implies the existence of such a t. This shows that the sequence

{zn(t)} is bounded in the interval for some b’>a\ moreover, for every t
and n the point (t, zn(t)) belongs to the domain of g(t, U). By induction we easily
obtain that z,,(t)=z,+1(?) for every a”t"b"', 0. Namely, if z,, t(t) Sz,,(i)

(™1, the case a=0 being obvious), then by the monotonity of g{t,u) and v(t)
we have

) =k+ fg(s, z,, Us)dv() a k+f g(s, z,(5) dv(s) i+1 (0
(@ tLb).

The definition of the functions {zn(t)} implies that for any e>0 there exists a
$>-0 such that for every a S 11, t2=b" and n” 1 the inequality

'S MW(t2)-v (tI\ < £
1 The notion of maximal solution is analogous to that in the case of differential equations,
and also its existence can be proved in the same way.
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holds, provided \t2— < <& Therefore Arzela’s well-known theorem implies that
this sequence of functions converges uniformly. Put

z(t) = lim zn(l) (a™tsb").

It is easily seen that this function is a solution of equation (2. 3). Inequality (2. 2)
is also satisfied, because we have

u(t) =zo(t) zI(t)~... rz(t) Mz (t).

Remark. By the substitution v(s)=s we obtain the generalization given by
Viswanatham [6] of Bellman’s lemma.
As a consequence of the above theorem we now derive

Theorem 2. 2. Assume

(@ wn(t) isa non-negative and bounded functionon the interval [a, b];

(b) v(t) isa continuous non-decreasing functionon [a b];

(c) g(u) isa continuous non-decreasing functionon Oén<°= and thereexists
an u()>0 such that g(u)>0 for n3u0, and moreover g(u(t)) is integrable.

Then, for an arbitrary positive constant k the inequality

t

(2.6) u(t) NMk+Jg(u(s))dv(s)
implies :
2.7) i) =G-1<A) + u())-y(a))  (a™trb’Ab),

where b'> a and
(2.8) cu= ' da  (so,

and G 1lis the inverse of G; moreover b' is chosen so that G(k) +v(t) —v(a) belongs
to the domain of G~1 whenever a”tsb"'.

Proof. In view of the theorem just proved we have
m(/)az(0

where z(t) is the maximal solution of the equation

2.9 Z(t) - k+ 3 9(z()) av (i)

Thus it is enough to show that any solution of equation (2. 9) satisfies the in-
equality

(2. 10) z2(0 < G_i(G(A: + 8)+ D(0-//(a)) = >(0
This, however, will obviously follow if we show that the right hand side of (2. 10)
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is a solution of the equation

t

(2. 11) y(t) = k+e+f g(y(s))dv(s), 2
ie. :

(2.12) G-1(G(fc+ e)+ v(t)- t'@) = k+e + 3 g(G~1L(G(k+e) +v(r) - v(a)))dv(r).
Here for the right-hand side we obtain )

t v(l)
fg(G UG(k +e)+v(z)-v(a)))dv(x) = J g(G~1LG(k+r +s-v(a)))ds.

v(a)

i.e., taking into account the definition of G, or rather its direct consequence, the
equality
dG-\t) .

we have

t

f 9(G~ UGk +e)+r(1)- v(a))) dv(v) =

= G_1(G(k+ £)+r(0-r(a))-G_L(G(/: + &)+ r(0)-y(a)) =
= —k- e+ G~1[G{k + e) + v{t) - y(a)).

This proves (2. 12) and therewith the theorem.
Remark. If »,(()a0 is continuous and

t

v0) = f Vi(z)dz

then our theorem yields the assertion of Bihari’s lemma (see [2]).

3. A uniqueness theorem

In the last section of our paper we apply our Theorem 2. 2 to the derivation
of a uniqueness theorem of a general type, and, as a conclusion of these notes, we
list some of its various implications.

Theorem 3. 1. Assume
@ /(/,y) is afunction continuous in the domain

G={(t,y)\ t0St"t0+a, \y yO-= b}
for some positive a and b;

An easy argument, similar to classical ones in the theory of differential equations, shows that
each solutlon of (2. 9) is dominated by any solution of (2. 11).
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(b) for every sufficiently small 6, 0 the function v(t;6) is continuous
and non-decreasing in t, provided tO+6 S t S. tO+a

(c) g(n) is continuous and non-decreasing i/0 LLi

(d) There is no positive constant k such that the inequality

(3.1) f - * dzS v(to+a; 8)-v(t0+6; 0,
s+aiH») 8 'X'

holds for any e, <5=0 and for any function ¢(a) tending to 0 if 5—0.
If apart from the above conditions, f(t, y) satisfies the inequality

\fO,y2)-f(t,yi)\ = V\t;0)g(\y2-y 1Y) %
0+ 6 —Ff —10-\-a\ Yo~b = y!, y2 —Yo\-b)

<3.2)

then, for some positive 1j, the solution passing through the point (t0, y0) of the differential
equation

(3.3) y\)=£{t,y)
is uniquely determined in the interval (t0, tO-fq).

Proof. Suppose that y(t) and z(t) are two solutions of equation (3. 3)
such that y(t0)=z(t0)=y0. Then in a sufficiently small neighbourhood of (f0,y0)
we have

t
(3.4) z(t)-y (1) =% [/(tz(9)-/(xy(m)1.
Let ancl fix <5>0 so that i0+ 6< 1» Now by (3.2) we have
t t
ME(x,z{2))-f(xy{x))"dx j 9(lz(T)—5 (O)V(x;0)dx S
i0+o t +"

~ o IN(K(T)-y (T)DN(T:<5); 4

therefore (3. 4) implies
t

MO-.KO1 § f(x,2(x))-F(x,y{x))dx s § max (e 2(9)-/(ty() +
’ t
+,IQ%(|2(T)-V(T)I)H(T; 9
3 Namely, V' (/; S) may possibly not exist for every I.

4 This last inequality follows since by omitting the singular part of V(t\ <5) in its canonical
decomposition as a continuous and monotonie function we have equality.
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Choosing the function ¢(0) featuring in (3. 1) as

(3.5
we obtain

KO-AO01 = 0p(0)+ J g(\z(t) 5 (v dv(e; O  (tO+S LUt).

If s>0 is arbitrary but fixed, the inequality
\z(t)-y(t)\+e ~ Op(0) +r+ f g(\z(x)-y(x)\+e)dv(x;0)
to+0
holds, to which we may apply Theorem 2. 2 to obtain
G (|z(i)-j(i)|+e) s G(6il/(6)+s) +v(t; S)—v(t0+0; ),

where G(u) is the same as in (2. 8):
u

Gu =J — dt (0> 0, msO).
Q !
By the definition of G here we obtain

|z(%)|+8 .
(3. 8) dx  v(t; 6)—v(t0+8; 6) s v(t0+a;N)—X/0+5 H
et s(T)

(t0+ S5 /)

for every e, $=0 which, by virtue of condition (d), implies
\HO-y(t)\ = 0.
('o”O

Since t>1t0 was arbitrary the assertion of the theorem follows.
Remarks 1. (Nagumo’s uniqueness theorem.) Assume g(u) =u and
t

v(t; 6)-v(t0+8; 0) dx {to+0< /).

Then g(u) and v(t, § satisfy the requirements of our theorem, and so the inequ-
ality

1/o >T2)-/(b>"i)l S T \y2-Yx\
implies the uniqueness of the solution of (3. 3).
2. (Osgood’s theorem.) Put
v(t; 6) —u(?0+ c06) = t—t0—06

U

lim f ——-dt~ i 0).
oadof gy *TE @ 0

and assume g(0) =0 and
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Then, according to our theorem, the inequality
L ] \ANYn)~AnYx)\ = sdTi-Til)
implies uniqueness.

3. It is not necessary to require

u J

o-of gy 7

as we did in the previous remark.
In fact, if t > t0+ §&5>0) and

V(f,5)-v(t0+6;8) = (t-t0)s-09

holds, and moreover g(u) = Vu, then g(u) and v(t; S) satisfy the requirements of our
Theorem 2. 2; namely the inequality
k+e
ab—o0s”™ j | du=2ie+k —2ys+4ail/(0)
e+6H) YU
for sufficiently small s, $>0 implies k= 0. Thus
\fif,y2)-f{t,y{)\ si 6 (t-i0s-" Y\y2~yi\

OGS t-t0
also implies uniqueness.
4. (Theorem of Yang En-Ho [7].) Put g(u)=ubkand

t

v(f, 6)-v(t0O+06\H=L f - dz, (to+as ts t0+a)
io+o(r r>
where /J>1, a”™l and L >0 are arbitrary constants. Then conditions

(b)—(d) of Theorem 3. 1 are satisfied. This is obvious for (b) and (c). The satisfac-
tion of conditions (d) can be verified as follows.

For a start assume the contrary, i.e. that for some positive constant kK the in-
equality

r+K
J 1 dz™\v(t0+a-,0)-v(t0+06;0)\ (&S (-(0
+4w £(T)

holds for every e, <5>0. This implies, provided t > t0+0, by the definition of g(u)
and v(t; 6) that

1 1 L 1 1
1—RB)e+kB~1~ (I-RHe+tyQff-1~ 1-a a*-1 "cP"1

1 L i 1 L
(1 —B)(e + k)B~1—(L—a)a*- 1 “ (L- B)(e+Sil/(8)y-1 (l-a)~"1
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for all §£>0. Put £ = 0—0(0); then the above inequality implies
1 L 1 L
(1-B)(d-67{6) +ky-1 (l-a)a*-1* (I-B)6R-1 (l-a)nr1“1
By the assumptions for the constants involved we can infer
i 1 L (' _«)-L(I-B)on
J')*'B XI-8)6"-1 (l-a)6*-\  JNo (@1—a)(l —RB)dR~1
») (3.9) implies
1 L
(I-fik*-1 (l—)aa_ 1= "'

and this is an obvious contradiction. The case can be handled similarly.
Since, as we have shown, conditions (b)—(d) of our theorem are satisfied, and

(3.9)

G~toy’

the continuity (as required in condition (a)) off(t;y) in the domain i0SiS/0+fl
\y~¥o\ = b, and the inequality

S P[T_{'Hrbz - yAp,

where, we recall, 1</1, O *a”Rk, oc”l and 0, imply the uniqueness of the so-
lution of the equation (3. 3) at the point (/0,To)-
5. Define

vit<t= /| — ——dT, (f0O+s tS t0+a)
O+

where g(u) is the function defined in Theorem 3. 1 Assume that condition (d) of
Theorem 3. 1 is satisfied, i.e. that the inequality

«* a .
(3.10) f dtr f o o-oas

E+ 6111(6) a 8 (0

does not hold with any positive k for every £ 6>0.
Then, by Theorem 3. 1 iff(t, y) is continuous in a neighbourhood of (?0»>'0)
and satisfies the inequality

(3-11) \At,y2)-f{t,yd\ = g(\yi-yi\X

(tO" t~ t O+ a)

then at most one solution of the equation (3. 3) passes through the point (t0,y 0).
If in particular g(u) = e"—I, then (3. 10) cannot be satisfied and (3. 11) be-
comes

\f(t,y2)-/0,yi)\ s j (eyzyl—l)
(t03 1).
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DURCHLEUCHTUNG GITTERFORMIGER KUGELPACKUNGEN
MIT LICHTBUNDELN

von
I. HORTOBAGYI

Herrn Professor J. MOLNAR :it seinem 50. Geburstag gewidmet

Eine Menge kongruenter nicht Ubereinandergreifender Kugeln wird eine Kugel-
packung genannt. Wir sagen, dass die Packung in einer Richtung undurchsichtig
ist, wenn jede zu der gegebenen Richtung parallele Gerade mindestens eine Kugel
trifft. Liegt die Packung zwischen zwei parallelen Ebenen und ist sie in der zu diesen
Ebenen senkrechte Richtung undurchsichtig, so sprechen wir von einer Kugelwolke.
Den Abstand der begrenzenden Ebenen nennen wir die Breite der Kugelwolke.

Fejes Toth [1] hat bewiesen, dass die Breite einer Einheitskugelwolke stets
£ 2+ Y2 ist, und Gleichheit nur dann gilt, wenn die Wolke aus zwei quadratischen
Kugelschichten besteht, so dass jede Kugel vier Kugeln seiner eigenen Schicht und
vier Kugeln der anderen Schicht beriihrt.

Er hat das analoge Problem fiir Dunkelwolken aufgeworfen, d.h. fiir Wolken
die in jeder solchen Richtung undurchsichtig sind, die zu den begrenzenden Ebenen
nicht parallel ist. Da aber die Bestimmung der minimalen Breite einer Dunkelwolke
hoffnungslos schwierig zu sein scheint, missen wir uns hier mit Abschatzungen
begniigen. Eine bessere untere Schranke als 2+ 12 ist auch bei Dunkelwolken
nicht bekannt. Eine obere Schranke hat Borsczky [2] angegeben, der aus 7 Schichten
eine verhdltnismassig dinne Dunkelwolke konstruiert hat.

Die Schwierigkeit dieser Frage zeigt folgender Satz von Heppes [3]: Eine gitter-
formige Kugelpackung ist stets in drei linear unabhdngigen Richtungen durch-
sichtig (nicht undurchsichtig). Der folgende Satz beantwortet eine diesbeziiglich eine
Frage von Heppes.

Satz. Eine gitterformige Packung von Einheitskugeln lasst sich stets in drei linear
unabhangigen Richtungen mit einem zylinderférmigen Lichtbindel vom Radius

3\2 1 « 0,0606 durchleuchten.

4

Diese Konstante lasst sich nicht durch eine grdssere ersetzen, wie es das Beispiel
des dichtesten Kugelgitters zeigt. Vor dem Beweis des Satzes machen wir einige
Bemerkungen :

1. Die ortogonale Projektion eines reguléren Tetraeders mit der Kantenlédnge
2 auf eine zu einer Kante des Tetraeders senkrechte Ebene ist ein Dreieck mit den
31/2

Seiten ¥3, Y3, 2. Der Umkreisradius dieses Dreiecks ist
2. Gilt fur die Seiten a, b, c eines Dreiecks a£" 3, fcé/3 und e s 2, dann ist
der Umkreisradius des Dreiecks £ 3/2
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3. Gelten fir die Seiten a,b,c eines Dreiecks die Ungleichungen /3 " ii< 2,

[/376<2 und j/3"c<2, dann ist das Dreieck spitzwinklig.

4. Das Spiegelbild einer Ecke eines spitzwinkligen Dreiecks beziiglich des Mit-
telpunktes der gegenuberliegenden Seite liegt ausserhalb des Umkreises des Drei-
ecks.

Wir wenden uns jetzt dem Beweis unseres Satzes zu. In einer gitterférmigen

Kugelpackung seien OB und OC zwei nicht parallele Gittervektoren, und OA ein
von OB und OC linear unabhéngiger kiirzerster Gittervektor. Wir werden zeigen,

dass sich die Packung in der Richtung OA mit einem zylinderférmigen Lichtbiindel
N

3N2
vom Radius e = —i 1 durchleuchten lasst.

Wir projizieren die Packung auf die zu OA senkrechte Ebene n. Die Projektion
der Kugelmittelpunkte bildet ein Punktgitter, und die Projektion der Kugeln be-
steht aus Einheitskreisen um diese Punkte. Wir werden zeigen, dass diese Kreise
die Ebene n nicht vollstandig Uberdecken.

Wir bezeichnen die Projektionen von A, B, C mit A', B’, C, den Umkreis des
Dreiecks A'B'C' mit kK und den durch k hindurchgehenden geraden Kreiszylinder
mit H (Abb. 1). Wir kdnnen voraussetzen, dass das Dreieck A'B'C" spitzwinklig

ist. Wir werden zeigen, dass fur den Radius R von k R i1 il gilt.

In [3] beweist Heppes, dass jede Seite von A'B'C' ist. Nach der Bemerkung
2 kénnen wir voraussetzen, dass die Seiten von A'B'C'<2 sind. Wegen der Wahl
des Vektors OA ist ABMOA und ACLLIOA, also <[AOC~<ACO und <4055
A~iABO. Deshalb kdnnen wir voraussetzen, dass CM= 2 ist, weil wir im Falle
OA >2 den Punkt A durch einen Punkt A* ersetzen konnen, fir den OA* —2 und
CM*IIOM ist. Weiterhin kénnen wir ohne Beschrankung der Allgemeinenheit voraus-
setzen, dass die senkrechte Projektionen von B und C auf die Gerade OA auf der
offenen Strecke OA liegen.

Wir bezeichnen die durch den Mittelpunkt F der Strecke OA gehende und
zu der Ebene n parallele Ebene mit Wir untersuchen die folgenden Mdoglich-
keiten:

I. Die Ebene nltrennt die Punkte B und C nicht.

Il. Die Ebene 7! trennt die Punkte B und C.

I. Wir kénnen voraussetzen, dass die Punkte B, C und O auf derselben Seite
von Kt sind. Weiterhin setzen wir voraus, dass B naher bei niiegt als C. Liegt B
nicht in Tj, dann bewegen wir B auf der zu OA parallelen Geraden in 7t!.Inzwischen
veréndert sich der Radius von k nicht, und die Entfernungen werden nicht kleiner
als 2.

Ist die Strecke FB> f'3, dann bewegen wir B auf dem Durchschnitt kt von

Fl und 7t!, so dass FB —y 3 wird. In diesem Fall ist AB=0B=2 und inzwischen
hat sich der Radius von k nicht verandert. Wir werden zeigen, dass diese Bewegung
moglich ist, d.h. dass wéhrend der Bewegung der Abstand BC nicht <2 wird. Wir
bezeichnen die senkrechte Projektion von C auf nt mit Cj, das Spiegelbild von

Cx beziiglich des Mittelpunktes von ky mit Cx. Da FCté /3 und der Radius von
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A < K3 ist, erhalten wir EC~"3. Deshalb nimmt der Abstand BC wéahrend der
Bewegung von B monoton zu.

Wir bewegen den Punkt C parallel zu der Geraden OA auf zu, so dass CB =2
sei. Dann bewegen wir C auf der Durchdringungskurve von H und der um B mit
dem Radius 2 geschlagenen Kugel gegen . Nach der Bemerkung 2 kénnen wir
doraussetzen, dass wir den Punkt C nicht bis nt bewegen kénnen. Wéhrend der
Bewegungen verdndert sich der Radius von k nicht. Nach den Bewegungen sind
vie Kantenlangen des Tetraeders OABC mit Ausnahme von AC gleich 2.

Abb. 1 Abb. 2

Wir drehen den Punkt C um die Achse OB so, dass AC =2 sei. Wir werden
zeigen, dass in diesem Fall der Radius von k abnimmt. Wir bezeichnen den Mittel-
Punkt der Strecke OB mit K, die senkrechte Projektion von K auf s mit K'. Der
Punkt C bewegt sich auf einem Kreis k* mit dem Mittelpunkt K. Die senkrechte
Projektion von k* auf n ist eine Ellipse. Der Mittelpunkt der Ellipse ist K', seine
kleine Achse ist A'B'; weiterhin geht sie durch den Punkt C und durch den Spiegel-
punkt C' von C bezlglich K', sowie durch den Spiegelpunkt C" von C' beziiglich
der Mittelsenkrechte der Strecke A'B' (Abb. 2.).

Nach der Bemerkung 4 ist C' ein dusserer Punkt von k. Wahrend der Bewegung
bewegt sich die Projektion von C auf dem Ellipsenbogen A’C .

Wenn A'C'AC'B' ist dann liegt der Ellipsenbogen im Inneren von k; deshalb

nimmt der Umkreisradius des Dreiecks A'B'C' ab. Wenn A'C'—"3 ist, gelangt
der Punkt C in die Ebene nl und es gilt AC=2
Wenn C'A'>C'B" ist, dann bewegen wir den Punkt C so, dass seine Projek-

tion C" sei (Abb. 2.). Wegen A'C" <C"B' haben wir wiederum mit dem ersten Fall
N

zu tun. Nach der Drehung ist der Radius von K gleich 3
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Il. Die Punkte C und O bzw. B und A liegen auf zwei verschiedenen Seiten
von 711 Wir kénnen die Punkte C und B parallel zu OA so bewegen, dass OC=CB=2
sei. Auf Grund von I. kdnnen wir voraussetzen, dass nl die Punkte B und C trennt.
Bewegen wir den Punkt B auf der Durchdringungskurve von H und der um C
mit dem Radius 2 geschlagenen Kugel gegen 7i,. Wéhrend dieser Bewegung kommt
der Punkt C entweder in oder, wird AB gleich 2. Auf Grund von I. kénnen wir
voraussetzen, dass AB =2 ist. Gleichzeitig gilt fir die brigen Kanten des Tetraeders
OABC: OA=0C=CB =2, AC>2, OB>2. Wir drehen die Punkte C und B um
die Achsen OB bzw. AC so, dass AC= 0B =2 sei. Es ist leicht einzusehen, dass
flr die Projektionen B' und C diejenigen Bedingungen des Falles I., die bei der
Drehung benutzt wurden, erflllt sind. Also nimmt der Umkreisradius des Drei-

ecks A'B'C’ ab, und nach den Drehungen wird R — 3/2 Damit haben wir be-
wiesen, dass der Radius von k grosser oder gleich als —3/42 ISt.

Auf Grund der Bemerkungen 3 und 4 enthélt der Kreis k ausser A', B' und
C keinen anderen Gitterpunkt. Q sei der Mittelpunkt von k. Der Kreis k mit dem

3/2
Mittelpunkt Q und dem Radius ~— 1 wird die Projektionskreise der Kugeln

hdchstens berthren, deshalb wird der Zylinder mit dem Grundkreis k und der zu
OA nparallelen Achse die Kugeln héchstens berlhren.
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A HOMOMORPHISM THEOREM WITH AN
APPLICATION TO THE CONJECTURE OF HADWIGER

i

l. T. JAKOBSEN

1. Definitions and Terminology. In this paper a graph is an undirected graph
without loops and without multiple edges.

Let ' be a graph. Then Y(I') denotes the set of vertices and E(I") the set of
edges. I is said to be finite, if Y(I) is finite. n(I") denotes the number of vertices
in I and e(") the number of edges. If S is a set, |Sj denotes the number of elements
of S. An edge joining two vertices x and y is denoted by (x,y) or (y, x). A graph
with Vvertices in which each pair of distinct vertices are joined by an edge is called
a complete v-graph and denoted by (v). A (v) with just one edge deleted is denoted
by (v—) and a (v) with exactly two edges deleted is denoted by (v=).

If the graph " is contained in the graph I as a subgraph (i.e. V(F")Q V(T)
and E(T)EE(I)), F=T" possibly, we write ', If WQV(T) then ' —W de-
notes the graph obtained from I by deleting all vertices belonging to W and all
edges incident with at least one vertex of W. I'( W) denotes the subgraph of I span-
ned by the set W defined as the subgraph of I' whose set of vertices is W and whose
set of edges is the set of all edges of I' having both end-vertices in W. Any such
subgraph is called a spanned subgraph. If " T, then ' —Y(I"") is also written
M- T 1fx,y 6 Y(1), (x, y) $E(T) (resp. (x, y) €E(IN)), then T U (x, y) (resp. ' —(X, y))
denotes the graph obtained from I by adding (resp. deleting) the edge (X, y). For
convenience if (x,y)$E(I'') then ' —(x,y): —I". If x*Y(I''), f'Ux denotes
r(f(f)U{x)). v(x, I') denotes the valency of x in I, i.e. the number of vertices
of I joined to x by edges in T.

Apath is a graph with vertices x t, x2, xB,4 S 2 and edges (xy, x2), (x2, x3), ...
v (X1, X,,), Where XX, ..., x* are all distinct, x, and x,, are called the end-vertices
of the path and are said to be joined by the path. Let I be a path and x, y 6 ¥(I).
Then M[x,y] denotes that subgraph of M which is a path and has x and y as its
two end-vertices. M[x,x] is defined as the graph consisting of the vertex x.

Let My and 2 be two mutually disjoint subgraphs of I'. A (F'X{l2-path is a
path with one end-vertex belonging to 'y and the other one to '2 and which has
nothing else in common with 'y UT 2.

A set of vertices of " is called independent if no two of them are joined by an
edge, and a set of edges of I' is called independent if no two of them have a vertex
in common.

I" is said to be I-fold connected, I's 1, if n{l') ~ | f1 and whenever g |-1
vertices are deleted the remaining graph is connected.

If " is connected, a cut-set of " is a set S of vertices such that ' —S is discon-
nected.
Let A be another graph. A contraction is a mapping m from Y(I) onto Y(A)
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such that (1) VxC YCA): I'[T~1(x)) is connected and (2) dx, yE V(A): (X, y)C.E{A)
if and only if ' contains at least one edge joining a vertex of m~1{x) and a vertex
of m~I(y). A is said to be obtained from I' through a contraction and I is said to
be contracted into A if such a mapping exists and is applied on I". T is said to be
homomorphic to A, written I'Y-A, if [ can be contracted into a graph containing A
as a subgraph.

Let ' be a connected graph. Let J1 be a spanned proper subgraph of I'. Let
C denote a connected component of ' —J1 and let x be.any vertex of A joined to
C. Any contraction P from I'(AUC) onto a graph A defined by contracting CUX
into one vertex and keeping the other vertices of A fixed is called a simple projection
from C onto A and A is denoted by PA. V(A)= V(A) and AfA. (A similar concept
has been introduced by W. Mader in [6]).

Let x,yEV(A), (x, y)iE(A). If by the simple projection P a graph PAfj.
31 U(x,Y) is obtained, the new edge (x, y) is said to be provided by P for A from C.

For convenience the identical mapping on V(A) is considered as a simple
projection onto A. If F is a simple projection, then PA = A possibly. Clearly "p-P/1.

For K£ 2: T is called k-colourable if there exists a partition of F(F) into K
disjoint classes each consisting of independent vertices. For kS3: I is called k-chro-
matic if it is k-colourable but not (k—)-colourable. I" is called contraction-critical
k-chromatic if it is k-chromatic and connected and every graph with fewer vertices
to which I can be contracted is (k—)-colourable.

A (y)-cockade ofstrength p is any graph constructed by the following procedure:
®dx, ..., @y, are x mutually disjoint (v) —s, x Si, vE2. Let 1=p=v—1; if x£2
a (p) contained in @j and a (p) contained on ®2 are selected and identified with
each other. If x£3 a new (p) is selected from the graph constructed in this way
and identified with a (p) in ®3and so on with ®4, ..., dx, if x£4. The class of all
(v)-cockades of strength p is denoted by JfC. (These graphs were first described by
G. A. Dirac in [2])

2. Summary. The object of the present paper s to give a proof of an extension
of a certain kind of homomorphism-theorem and a new partial result concerning the
Conjecture of Hadwiger [4]) for k=7.

In [2] G. A. Dirac proved for v=5 and 6 that if " is a finite graph n(IN) £ v,
e(F) £ v—=3n—\ (v—1)(v—4) and T ( then T>-(v=). He also asked
whether this is true for all v.

The present author has proved that the above holds for v=7 and 8 as well,
but in this paper only the result for v=7 is included as Theorem 1 (for v= 8 the
result is yet unpublished). For v= 9 it ceases to be true, as a complete 10-graph with
five independent edges deleted shows.

In [7] K. wagner proved that every 5-chromatic graph is homomorphic to a
(5 and in [3] G. A. Dirac proved that every 6-chromatic graph is homomorphic
to a (6—). These results are partial results concerning the Conjecture of Hadwiger
for k=5 and 6. The Conjecture of Hadwiger states that every k-chromatic graph
is homomorphic to a (k). Theorem 2 of the present paper gives a new partial result
for k —1, namely that every 7-chromatic graph is homomorphic to a (7 =). This
implies the five-colour theorem for planar graphs.

I want to thank G. A. Dirac for his encouragement to take up this subject
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and B. Toft for valuable discussions. As far as the proof-ideas are concerned 1owe
much to the papers [2] and [3] by G. A. Dirac.

3. Results to be used

(A) A member of JT/li with u vertices has exactly (v—3)u— (v—)(v —4) edges,
hence for v=7:a member of with n vertices has exactly An—9 edges. ([2].)

(B) If I is a finite graph with n & 6 vertices and e edges such that e S 3n—5 and

Jfi, then /><6=> ([2])

(C) An extension of the theorem of Menger. ([1].)

(D) Let I' be a contraction-critical Ar-chromatic graph different from a (k). Then
1 No three of the vertices joined to a vertex of valency k are independent.
2. If £s7 then I is 7-fold connected. (For D1 see [3]; for D2 see [5].)

4. A Homomorhism Theorem

Remark. Let K composed of @1, @2, ..., ®,, Then every complete
subgraph of Aiis a subgraph of some @,.

Lemma I. Let ANJfALi, vA5. Then
(A) If Kit (v—1), then K contains at least six vertices of valency v—2, among
them there are six which in K span a graph consisting of two disjoint triangles.
(B) Kxf(v =), but if K -®(v—1) and an edge joining any two vertices not already
joined by an edge is added to K and any edge of K deleted, then the resulting graph
is homomorphic to a (v =).

Proof. (A) and (B) are proved by induction over the number x of (v —1)—s
of which K is composed.

If K= (v—1), /0]>-(v=?). Hence assume K & (v—1), then x"2.

For x =2 (A) and (B) are easily verified.

Suppose then that the conclusions hold for cockades composed of fewer than
y. (x€3) (v—1)—s. Let K be composed of x(v—1>—s, @, P2, ..., dx, succes-
sively. The cockade K' composed of @,, d2....... ® ,.,, successively, is a member
of composed of x—1(S2) (v—1)—s, hence K' @ (y—1).

(A) : By the induction hypothesis K' contains at least six vertices of valency
v—2 in K', six of which span a graph consisting of two disjoint triangles. At most
one of these triangles can have anything in common with @, hence K contains
three vertices of K' of valency v—2 in K, spanning a triangle and having nothing
in common with dx. Furthermore three of the vertices of & have valency v—2
in K, span a triangle and have nothing in common with K'. Hence K contains at
least six vertices of valency v—2 in K, six of which span a graph consisting of two
disjoint triangles. Hence B holds.

(B) : K'xf(v=) by the induction hypothesis and K'C) ¢ = (v—4), hence
*>Kv=>

Let s,tEV(K) such that (s, t)$E(K) and let kt, k2, ... 4 ,., be the vertices
of @, the notation being chosen so that kv_,, kv_2, kv_3 have valency v—2 in K.
Two alternative cases are considered:

i) s,t?ikv_I,k, 2,kv_i. Then (s, t) is added to K'. If any edge is deleted
from K" or from &x it follows by the induction hypothesis that the resulting graph
is homomorphic to a (v=).
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i) sortisoneofkv_ t,kv 2, kv 3. Say s=kv_I. If tisjoined by an edge to
every vertex of <x—kv, y—£,, 2~y 3then (cf. Remark) Y(Px—ky 1—Av 2—Av 3
and 't are all vertices of the same (v—1), @, say. i*x, because if dx. Let e denote
an arbitrary edge of K. ®;u &dxu(.r,t)—e > <v=) by the induction hypothesis
because du dx is a (v —I) -cockade of strength v—4 composed of only two
(v—1)—s. If tis not joined by edges to all the vertices of dx—,, 1—kv_2—kv_3,
say (t, ky)$E(K), then, if e again denotes an arbitrary edge of K: K U (s, t)—e >
>- K" U(i, ki)—e > (v=) by the induction hypothesis.

This completes the proof of Lemma 1

Theorem L LetT be afinite graph with n vertices and e edges. Ifn=1,e S 4n—9
and Tf X\, then T>-(7=).

Proof. By induction over n. The theorem is trivially true for n=7.

Induction hypothesis: Assume the theorem is true for all graphs with m vertices
satisfying the conditions, where 7 m ~n —\.

Let I be a finite graph with n vertices and e edges satisfying the conditions of
the theorem.

It is sufficient to consider the case e — An—9 in the rest of the proof. For assume
that e > An—9 and that the theorem holds for all graphs with n vertices having
exactly An—9 edges. By deleting edges from I a graph ™ may be obtained such
that e(lr) = An—9. If I'*f then T*>-(7 =) by the last assumption, and there-
fore M>-(7=). If I'*£ then, because n>7 and by Lemma IB again T>-(7=).
This proves the assertion.

(1) If 3xeV(r): v(x,T)"3, then /I><7=>

Proof of (I): n{l —X) = n—1S 7, e(T—x) S e—3 = 4(7—)—8. By (A)
and the induction hypothesis I'—x> (7 =).

(2) Let I'" be a graph with n vertices, and e' edges. If 'S5, ' S An'—9,
then either '>-(7=) or

Proof of (2): If n'=5, then e'wl impossible. If n'=6, then e'*15, hence
If n'A7, then by the induction hypothesis T/>(7 =) or T'f X\.
This proves (2).
(3) If I is disconnected or has a cut-set S such that |S’|S3 Or such that |5| = 4 and
f(S)=(4), (4—>, or (4 => then 7><7=>

Proofof (3): If " has a cut-set, then it has a minimal cut-set. In the sequel let
S denote a minimal cut-set of I, when I' has a cut-set.

Let T —Tju I'2, 'l and "2 being spanned subgraphs of I, ¥(I'1Mra = S.
where S=0 possibly. If S» 0, Sisa minimal cut-set of F rt—sS, r2—s 0.
Let ISI=a and the vertices of 5 be denoted by il5...,s,,, ¥=1 possibly. Let
\E(r(S)\=p and IK(T)! =/7;, \E(i")\=ei for 7= 1,2. Then n = nl+n2—(r and
e = el+e2—p. If 570, then let Tj be a connected component of ' —S contained
in M1—S for [=1,2; I'l is joined by edges to every vertex of S, because S is a mi-
nimal cut-set.

Let Pvdenote the simple projection from I'[ onto T2 obtained by contracting
r[ usj into one vertex, and let P2 denote the simple projection from "2 onto 'y
obtained by contracting F2Ur, into one vertex.
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If for /=1 or 2 «, =4, then every vertex of I-—S has valency *3 in I, there-
fore by (1) > (7=) in this case. Hence it may be assumed from now on that

(3.1) w,é 5, i=1,2.
el +e2 =e+p = An—9+p = 4{nx+ n2) —4a—9+p.

By the symmetry between I, and I 2it may be assumed thate, & 4«! 3\ (4<r -f9—p).
i) I=4.

) rG)=¢@
Thenp==6and ex & 47, — ,hencee, & 47,—9. By (3. D)and 2) ',>-(7 =)
except when I, £Jf|. If I, then ' (5) is contained in a (6)i=T,. By contract-

ing 2 into one vertex ™ is contracted into a graph containing a (7=) as a sub-
graph.
2) r(S)=<4->.

Then p =5 and ex & 4«! —10. Assume w.l.g. (s2,s2)$E(r). Consider P2l X=
=T,U(s,,$2. n(P2ri)= nifE5 by (3.1), e(P2rx) = ex+ |l ¢ 471,-9. By (2
[2T1>(7 =) except when P2r | £Jif'l. In this case by (A) e, = 4/7,—10 and con-
sequently e2 & 4/i2—10. Consider PX"2 = T'2U(j,, 52). n(PxI'2 =n2" 5 by (3. 1),
e(PxI2) = e2+ 164/72—9. By (2) PXr2>(1=) except when PX 2£4rL. Sup-
pose that Px~2@.X'l. P2r x(S) is contained in a (6) EP2 1and Pxr 2(S) is con-
tained in a (6) =P\I'2. Let the former (6) be denoted by A’ and the latter by A".
Then fi/l'U T -(s, sIN(7=>.

3 T(S)=<4=).

Then p=aand e, é 4«,— , hence ex & 4/71—10. Assume w.l.g. (s,, s2H

$E(IN) and s3is incident with the other missing edge, denoted by e, and s, is not
incident with e. Consider P2I' X= T, U(.ii,s2.n(P2rX)=wu, é5 by (3. \). e(P2Irx) =
= ex+1lé 44a,-9. By (2) /2IN1>(7 =) except when P2l XEXK1- 72T1 " (6) be-
cause e$SE(P2Irx. Assume then that P2 XE)K1. P' denotes the projection from
2 onto I'x obtained by contracting r 2Us3 into one vertex. P'TX= P2EX—
-(iurjU e and e$E(P2Ix), hence by Lemma IB PT 1>-(7=).

Then ex & Anx—9. By (3. 1) and (2) '>(7=) except when I In the
latter case ex = 4nx—9 by (A) and consequently e2 & 4/22—9; by (3. 1) and (2)
27 (1 =) except when IM2£ . But if this is so then " C.3f| contrary to hypothesis.
Hence T>-(7 =) in this case.

2 p=2

Then e, & 4/7,—35?. Assume w.lg. (j,,s2$ E(I"). Consider P2I', = 'xU

u(i,.i2). N(P2r)y=s 65 by (3. 1), e(P2I,) = ex+\ > 47,—9. By (2) and (A)
P2 X>(1=).

3 P*1
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Then el N 4//j— —. Assume w.l.g. (ij,s2), (jt,iEE(). Consider P2l x—

= nP2F)=mas e(P2rh)=cei+2>47-9. By (2
and (A) P2r,>{! =).
i) @S-2.
Then ej £ 4hj —s, hence by (3. 1), (2) and (A) T,>-(7=).
This completes the proof of (3).
(4) If I is 4-fold connected and I is not separated by a (4), (4—), or 4=), then
M>(7=>
Proof of (4): Assume I has the properties stated in (4). The proof will be by
the steps (4. 1—4. s).
4.1 If Ti<6>, then /><7=>

Proofof (4. 1): Let 1 be a (6)QT. T —J1 ~ o , because «>7. Let C be a con-
nected component of ' —J1. T is 4-fold connected, hence C is joined to at least 4
of the vertices of J1 and by contracting C into one vertex I' is contracted into a
graph containing a (7 =) as a subgraph. This proves (4. 1).

Let xo be a vertex of minimal valency in I'. v(x0,r)=j, say. j =4 because I
is 4-fold connected. 7 = s implies e*4n contrary to the fact that e = An—9. Hence

(4.2) 4=3/==
Let the vertices joined to x0 be denoted by x1,x2, ....Xj. [(x1,x2, xf is
denoted by I'}.
(4.3) If Tj=(j), then I>(7==>
Proof of (4. 3): )S5 implies FjUx0 = (6), hence by (4 1) '>(7=).j

implies (T —x0) = 4(«—1)—9. By (2) with n' = u—1S 7 [—x0 >(7 -
except when '—x07>X \. But in the latter case ' 2(s) and by (4. 1) T>(7 =).

(4.4) If 3XieV(rj): v(xhrj)*2, then /><7=>

Proof of (4.4): Assume w.l.g. /=1. By contracting I'(x0,x X) into one vertex
I" is contracted into " say. a(lF'") = mn—1S 7, ¢(T") S e—<a+i—3 S 4(h—1)-38.
By (2) and (A) ><7=>

(4.5) If Mc*€V(T])): v(xk, 1f)=3 and
3X;EK(TM,): »(x,,N'Yy=3, then I><7=>

Proof of (4.5): /=4 implies I-=(4), hence because of (4.3) /=5 may be
assumed.
Assume w.l.g. i=1and xt joined to x2, x3, x4. By contracting I'(x0, x:) into

one vertex I is contracted into (IF—xQU U (xx,xk =T". n(T) =n—1¢& 7,

e(l = e—j+j—4 = 4(«-1)-9. By (2 T><7 = >except when '6 . Assume
then that '~ (6> because n—1 ~ 7.

If7 =6 : By the contraction of T(xC>x j only the vertices x2, x3, x4 have their
valency decreased ; the valency of x, is not decreased becausej >4 and (x,, X;) $ E(I').
The valencies of x2, x3, x4 each decrease by 1. Hence the minimal valency of '
is = j —1 =5 and at most three vertices of I'" have valency 5, contrary to Lemma 1A.

4
)
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The casej —5 remains to be dealt with. Then x, isjoined to x2, x3, x4 and not
to x5. Hence I = (F—x0) U (x3, x5. Assume that " contains a (6) to which
Xj, ..., x5 all belong; then in I x0 is joined to five vertices of a (6 —) 3T —x0,
hence I 3 <7=). Assume next that this is not the case. Then one of the edges (x2, x3),
(x3,x4), (x4,x5 is not in I'5, assume w.l.g. that (x2,x3$£(I"). By contracting
_I(x0, x2) into one vertex I is contracted into a graph containing (Fr —x0)U (x2, x3) =
= U (x2, x3) —x,, x5 >{1=) by Lemma IB, because (x2,x3)$E(I").

This proves (4. 5).

As a consequence of (4. 4) and (4. 5) it may be assumed that

(4.6) Vixk6 V(Tj) : v(xk, [j) S 4.

Then necessarily y'S 5; j —5 implies 'j =(y), hence by (4. 3) I'>(7=) in this
case. It may then be assumed that

(4.7) ja 6.

Assume T —Tj—x0=0. Then ' —ryUxO0, hence n = j +1j is the mini-
mal valency of ', hence ' = 0°+1)i(7) by (4.7). Consequently

(4.8) —j—x0 9 0

may be assumed from now on. Every connected component of '—j —x0 is joined
to at least four vertices of I'j because I is 4-fold connected.

By (4.2) and 4.7)j=6 or 7.

Let C be a connected component of ' —j—x0. C is joined to at least four
vertices of Ij.

Assume there exists a simple projection P from C onto I'j (possibly P ‘ils the

identical mapping on K(I™Y)) such that e(PTj) S e(lj)+j—5. Then e(PJ) S —j +

+y-5 = 3/—b5. PIj8 XX § because a member of cannot have just six or seven
vertices. Hence by (B) 6=) and consequently JP>-(7=).

Assume then that /—5 new edges cannot be provided for I'y by any simple
projection from Conto I'y. For /= 6: If Cisjoined to two vertices of ['6 not joined
by an edge, one new edge can be provided, contradiction. But a (4) does not separate
I according to the assumptions of (4), hence C is joined to at least five vertices of
I"6 spanning a (5), but then '>-(7—). Forz = 7: two new edges cannot be provided
by any simple projection from C, but I" is not separated by a (4), (4 —), or (4=),
hence C is joined to at least five vertices of I'7 and these vertices necessarily span
a graph containing a (5=) as a subgraph. It may w.l.g. be assumed that C is joined
to x,, X2, x3, x4, x5. If (73 (5), then ' 3(6) and by (4. 1) >-(7 =), hence assume
w.Lg. (xt, x2$£(I). If (x6,x7)$ E(I") then by (4. 6) x6 isjoined to four of xx, x2, ...

x5; let P denote the projection from C onto I'7 obtained by contracting C U xt
into one vertex; 'T73(6 =), hence >-(7=). If (x6,x NCE(f), then xt and x2
are by (4. 6) both joined to I'(x6,x 7). By contracting each of C and ' (x,, x6, X7)
into one vertex T —x0 is contracted into a graph containing a (6 —) as a subgraph,
five vertices of which are joined to x0, hence '>-(7=).

This completes the proof of (4).

(3) and (4) exhaust all possibilities, hence Theorem 1 is proved.
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5. An Application to the Conjecture of Hadwiger

We now turn to the application of Theorem 1 to the Conjecture of Hadwiger.
First we prove a lemma:

Lemma 2. Let ' be a 5-fold connected graph and let a, b, ¢, d, e, f g be seven
different vertices of I'. If " {a, b, ¢)=(3) and I (d, e,f g) =(4), then I can be con-
tracted into a (s =) so that six of the vertices a, b, c, d, e,f g are mapped by the con-
traction into different vertices of the (6 =).

Proof. By (C) there exist four (I'(a, b, ¢))(I"(d, e,f g))-paths with nothing in
common in N—a—b—c—d—e— —g and such that two of them have b as an
end-vertex, one has a, one has c, and each of d, e, f g is an end-vertex of exactly
one of the paths. The notation may be chosen such that the four paths are an
(0) (9)-path 77,, a (s)(/)-path 772, a (s)(e)-path 77; and a (c)(f/)-path 774.

Ir—a—c—e—f is connected, hence contains a ((J1, —a)U (n4—<))((772 —+)U
U (773 —))-path M. Assume w.l.g. that M is a (77, —a){MN2—)-path with end-
vertices z£77,—a, y d 77, —

By contracting each of 77,[z d], Mx[a z]—a, N2[by], M2[y,/]—, M-y,
M3—b, and 772 into one vertex I is contracted into a graph containing a (s =)
as a subgraph such that six of the vertices a, b, c, d, e, f g are mapped mto dif-
ferent vertices of the (¢ =) by this contraction. This proves Lemma 2.

Theorem 2. Let ' be a 1-chromatic graph. Then F>-(7=).

Proof. Because every 7-chromatic graph is homomorphic to a contraction-
critical 7-chromatic graph (see (s) p. 50 in [3]), it is sufficient to prove the theorem
for contraction-critical 7-chromatic graphs. Let ' be a contraction-critical 7-chro-
matic graph.

n(F)S7. For F=(7) the theorem is trivial, assume therefore that I (7).
By (D). 2. I is 7-fold connected. Then each vertex of I has valency S 7.

Assume that each vertex of F has valency £ s. Then e(I") & 4u(l") > 4n(I") —9,
n(l) >7. By (A) and Theorem 1T>(7=) in this case.

Hence it may be assumed that there exists a vertex x0 in I of valency 7. Let
the vertices joined to x0 be denoted by x,,x2,...,x7, and let T(xx, ...,x7) be
denoted by I'7.

Assume now
(1) BxfViT,): v(xt,r n"2.

Assume w.l.g. that 7=1 and x, is not joined to x2, x3, x4, xs. By (D). L
T(x2,x3,x4,xs)=(4). If X, is not joined by an edge to xs or to Xz then
T(x2,x3,x4,x5,%-)= (5), ] =6 or 7 respectively, by the same theorem, so " 3(6).
By (C) X, is joined by paths having only x, in common to all six vertices of this
<), hence '>~(7) in this case. Assume then that x, is joined by edges to both Xs
and x7. If (x6, x7)ET?(T) it foIIows from Lemma 2 that ' —xO0, which is s-fold
connected, is homomorphic to a (s =) all the vertices of which are joined to x0,
therefore T>- (7=) in this case. Hence it may be assumed that (x6, x7)<+£(I).
One of x6, x7 is joined to at least 2 of the vertices x2, x3, x4, x5, otherwise there
would be 3 independent vertices in Tz contrary to (D). 1 Assume w.l.g. that Xe
is joined by edges to x4 and x5. ' —xo—x, —Xs is 4-fold connected, hence by (C)
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contains four paths 4,, A2, A3, M4 with only x7 in common from x7 to each of

the vertices x2, x3, x4, x5. By contracting each of " (x,, x6), Mj—x1, j= 1,2, 3, 4,

into one vertex ' —x0 is contracted into a graph containing a (6= as a subgraph

all the vertices of which are joined to x0, hence 7=). So in case (1) >-(7 =).
Assume next:

(2 VA-*EK(r7):i,(x*,r7) s 4 .

If no vertex of I'7 has valency exactly 4 in I'7, then e(I'7) » "5¢7 >3-7 —5;
hence by (A) and (B) '7>(6=) and consequently I'>(7 =). Assume then that
there exists a vertex X(EK('7): v(xn I'-)=4. Assume w.l.g. that /=1 and x, is
joined to x2,x3,x4,x5, but not to x6,x7. The minimal valency in I" is 7, but
c(x1,r7Ux0 = 5 hence '—I'7—x0"0. Let C be a connected component of
I—7—x0. I is 7-fold connected hence C is joined to all vertices of I'7. Let P
be the projection from C onto '7 defined by contracting CUX, into one vertex.
Pr-, = r'7u(x,, xeU(x,, x70. e(Pr7) S ~4-7+2 = 16 = 3-7—5; no member
of has seven vertices, hence by (B) PI'7>(6 =) and consequently I'>-(7=).
So in case (2) >(7 =).

In view of (1) and (2) the only case left to consider is

(3) Vxt6K(f7): v(xk, TS 3 and 3XCK({I7):>Xx,IF?) =3

First it will be proved that '7 contains two disjoint triangles.

Assume w.l.g. that /= | and X, is joined to x2, x3, x4, but not to x5, x6, x7.
By (D). L F'(x5,x6,x7)=(3) and x2, x3, x4 cannot be independent, hence it may
w.l.g. be assumed that (x2,x3£E(I"). Then '7 contains the two disjoint triangles
M{x3,x2,x3 and I(x5,x6,x7).

Assume now w.l.g. that the two disjoint triangles are I'(x{,x2,x3) and
M(x5,x6,x7) (and /=1 need not be the case). Then x4 is joined to two vertices
in at least one of the two disjoint triangles, because v(x4, 7))~ 3. Assume w.l.g.
that x4 isjoined to x, and x 2. If (x4, x3)£E(I") as well then it follows from Lemma 2
that T —x0 is homomorphic to a (6 =) all the vertices of which are joined to x0,
hence '>-(7=) in this case. Therefore assume that (x4, x3)$E(I"). Then x4 is joined
to at least one of x5, x6, x7, assume w.l.g. to x7.

If X3 is joined to neither x5 nor x6, then by (D). 1 x4 is joined to both x5 and
x6and by Lemma 2 >{7 =) in this case. Assume therefore w.l.g. that (x3, x5) CE(I").

By (D). 1 either (x3,x6)aE(I") or (x4,x6)£E(I"). By the symmetry between
x3 and x4 it may be assumed w.lg. that (x4, x6)£E(I).

N —x0—x3—x4—x5—x6 is 2-fold connected, hence by (C) it contains an
(X (x7)-path 77, and an (x2)(x7)-path M2 such that 4, and A2 have only x7 in
common.

—x0—x3—x4—x5—x7 is 2-fold connected, hence contains an
x6) (A, UN2—x7)-path A. Assume w.l.g. A has end-vertex z on A42—x7. By
contracting each of A, —x,, A2—x7, A —z, and '(x3,x5) into one vertex ' —x0
is contracted into a graph containing a (6 =) as a subgraph all the vertices of which
are joined to x0, hence '>(7 =).

This completes the proof of Theorem 2
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EIGENVALUES OF POWERS OF FUNCTIONS
by

E. MAKAI

Let us consider the two eigenvalue problems

@ y'+kr{x)y=Q £0)=7(/1=0
and
) Y*+Ur(x)ry =0, y(Q)=y(T)=0.

We denote by Xx and Xg, respectively, the smallest eigenvalues of these two
problems. A. M. Fink [2] has shown recently that if Xxis positive, then X2S(TXxn)2.

If we restrict ourselves to the class of those functions r(x) which are non-negative
in (0, T) we can prove somewhat more. Indeed we have the following

Theorem. Ifq=\, r(r)&o in (0, T) then the smallest eigenvalue Xgof (2) satisfies
XgS (T/m)2Ag~-)Xf with equality only if r(x) = const.

Let namely yq be the eigenfunction of (2) belonging to the smallest eigenvalue
Xgand A the class of differentiable functions vanishing in 0 and T. Then we have

= min
yen

Using in turn Holder’s and Wirtinger’s [3, p. 184] inequalities we have if
p~x+q~Il = 1,

[ 1,2dx (/ y\2dx)P(/ y't2dx)9
Xi = ) 1 T
\] Y1 ry* dx (f yjilv) (J rogy\dx)

A T

T p T
(f) W dx I y7dX . (I yf)dX r
T "‘( T ¢ Xg.
1y\dx f roy\ dx 1Vy2dx
0 0 0

Equality holds here everywhere if and only if r=const.
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With the help of the variational principle combined with Holder’s inequality
one is able to treat analogous multidimensional eigenvalue problems, too. Let us
consider e.g. the equation

Au+Xrdu = 0

of an inhomogeneous membrane, where r is a non-negative function in a domain
D, g a constant not less than 1 and u satisfies a condition gu/gn+ou = 0 (<r=0)
on the boundary B of D. If Xqis the first eigenvalue of this problem and A0 is the
first eigenvalue of a homogeneous membrane (r=1) with the same boundary con-
ditions, then one has (cf. [I], p. 210)

33 (Vu)2dA+J au2ds

A=mRD
SSr4u2dA
and in the same way as above
Aq = AO
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ON BOUNDEDNESS PROPERTY OF THE SOLUTION OF
CERTAIN NONLINEAR DIFFERENTIAL EQUATIONS

by
M. BEHZAD and B. MEHR!

I Abstract. In this note we consider second order nonlinear differential equ-
ations of the forms:

(1) x"+a(t)x'+ b(t)x+g(t)f(x2 = ke(t),
and
(2 X" +a(t)x" +b(t)x+g(t)f(x) = ke(t).

Under certain conditions imposed on the functions involved we prove that
every solution of (1) and every solution of (2) is bounded as t—".

Il. Results. First we consider the differential equation (1) and prove the follo-
wing theorem.

Theorem 1. Assume that a, b, g, and e are continuous functions of t and k is a
constant. Furthermore, assume that:

() b is non-negative, nondecreasing, continuously differentiable, and b(0)” O;

and

convergent;

Then every solution of (1) is bounded as t

Proof. Let

S

we have:
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164 M. BEHZAD B. MEHRI

Assuming C = *'2(°) +x2(0), we have:

b(0)
_ ,o2x'X" x'2 db\
4 At) = c+(J) 2XX b b2 dtJ
Using (1) and (i) we obtain:
t 1
(5) A s c-f % 2 gixy- XX adt

Taking the absolute value of both sides of (5) and using the triangular inequality
we obtain:

2+ M . 2x'fix2)\ + IM. 2X'e
ALY *WAf[mor fb fb n b at.

Employing the inequality 2al S a2+ R2 and the assumption (iv) we obtain:

A(t)rc+f 2\a\A() + 4 Afo\dt +
0 b )

+

Next, we use (ii) to obtain:

6 A(t) & c+\kK\M+ M +AIM (A1) + F2(A(L))) dt.
(6) (t) /b ™% W (A +F2AA WD)
Now suppose D = C+\k\M, and
E() =2 1,11
Yb Yb'
From (6) we obtain:
t

A(f) A D +f E{t)(A{t)+fAA(t))]dt.

Assume m(s) = s+/(s2), and Q) =J Cg(SS)

approaches °°as u— It follows from (iv) that o is a nondecreasing function ofs.
Hence by the well-known Betiman—Binari Lemma [2, 3] we have:

A(t) A~ Q~1(B(E>) +/ E(t)dt).

Now the assumption (iii) implies that A(t) is bounded as This completes
the proof of the theorem.
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It should be mentioned that if in (1) we substitute k =0 and b(t) =0, we obtain
a result of Bihari [1].
Next we consider the differential equation (2) and prove the following theorem,

Theorem 2. Assume that:
(i) ais a positivefunction,
(i) h is a posmve continuous nondecreasingfunction t=10>0,

(iii) b and b_ are continuously differentiablefor large t satisfying the inequalities

8 € i
b o) t T2’ and ii

for t sufficiently large, and constants a and oq.
(iv) D[f] is the set of all real numbers and fnf ()lz\llil) @

(v) Furthermore, assume the boundedness of for all x, where F(x) =

= f f(s)ds.
Then every s%lution of (2) is bounded as t -»».
Proof. Let A(t) = XZHl;—. Then, as we have seen in the proof of Theorem 1,
we have:

-

Aft) = Aft)+ T §-2 K2 ZXTR) | 2xkel,

Since a is positive, we have:

@ A(ysam+1-2 Y gt g v
o o
In (7) we use integration by part to obtain:

A(t) ss K-2F (x)™ + 2kxb +2 f dx-2K J x [jj dt,
where

K=AM +L *bl)

Take the absolute values of both sides to obtain:

A()S [*[+2[F(X)[ W +m-\x\-\~ +
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Suppose M is the maximum value of x on [f0, 7] attained at u, where
Then
M2 TOO S \K+2\F(M)\ +2WK\M f+
(8)
+ 2\F(M)\f -~dt+2\kK\M\f yI dt.

Next, we find the values of the integrals in (8) to obtain:

M2S \K\+2\F(M)\ = + 2\k\Mt(;‘ .
This inequality can be written in the form:

M2S \K\+2\F(M)\— + -frz{2m "\
_ to to te'2
Since lab S a2+ b2 we have:
9 M2MK\+2 F{M)\" +]%\IM 2+*}
o ©o
The inequality (9) reduces to:
M f K \FM)1 «K *1
We can select /0 in such a way that
K\ F(M) a 1
l—T,'(I)'72-2 M 2 2
Hence with this value of tO we have:
(10) ’V'2_2< M211- —— 2F(M)a gy W

ST s T M2 foy-1 o1 et

Now, since the right-hand side of (10) is bounded, M is bounded as well. This
in turn implies that x is bounded as This completes the proof of the theorem.

Again Theorem 2 is a generalization of another result of Binari [1], for a(t) =0
and k —O0 yields that result.
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Ob OHOPOOHbLIX TAYCCOBCKWMX
MAPKOBCKWX TMPOLUECCAX

A. KPAMJIN

B HacTosllLeil cTaTbe [10Ka3bIBAETCs Credyollas Teopema:

Teopema:

E,qI/II-FI)CTBeHHbIMI/I OAHOPOAHLIMW BEPOATHOCTHLIMU M/IOTHOCTAMU, NpPUHage-
XallMMK  HenpepbIBHOMY rayCCOBCKOMY MapKOBCKOMY MpOLecCy SBAAKOTCA Te,
KOTOpPble OMUCLIBAIOT PeLUeHUs CTOXacTUYECKOro AnddepeHLMansHOro ypaBHeHUs
dC(t) = —ACdt + Mdt +dw(t) (wit) — cTaHAapTHbIA BUHEPOBCKUIA MpoLecc.)

HecmoTps Ha TO, YTO [J0Ka3aTe/bCTBO ONWPAETCA Ha NPOCTble PacyeTbl, OHO
He BCTpeYaeTCs B U3BECTHOW NuTepatype.

Mpobnema BO3HMKNA Mo Bonpocy HKO. A. Po3aHoBa.

[, 0Ka3aTeNbCTBO: WM3BECTHO, YTO MepexodHas BEPOSTHOCTHas MIOTHOCTb
VMeeT B[

1

. ex| .

i2n(\ -Q)a\t) P 2(1-Q2azit)

3aecb npegnonaraeTcsd, 4to tAs; m(s) u a(s) maTteMaTM4ecKoe OXugaHue M guc-
nepcua (NPou3BOSbHbIE HEMPepbIBHbIE (hYHKLMM OT BpeMeHW) a g(s, t) KoadduumeHT
Koppensaumm mnmeet Bug: g(s, t) =eHs)~Kl) (F(s) HeybbiBarowasa hyHKumMs). Tak
Kak p(y, 1Je s) MOXeT paccMaTpuBaTbCA KakK BEPOSTHOCTHas MOTHOCTb FayCccoB-
CKOW CNy4aiiHOM BE/MUMHBI UMEIOLLE MaTemMaTuyeckoe oxugaHue MI(t,s)x +
+M/{t, S) = Qa(')x+nt(t)—f3 —a?-(—sr)-wT(T) un guecnepeuio V1(t, s) =Y (1—e2<2(t),

Heob6XoAMMoe W [OCTATOYHOE YCNOBME OAHOPOAHOCTM -  3aBUCMMOCTb (DYHKLWIA
Miit, s), M2(t, s) n I{t, s) Tonbko oT (t—s5).
PaccmMoTpUM OTAENbHO BbILLEYKA3aHHbIE (YHKLWN:

Mi(t=4) = Bns)-F(o () ~F(oait)
ais) ais)

3TOMY (PYHKLMOHA/IbHOMY YPaBHEHWK) — CPeAM HEempepbiBHbIX (YHKUMA — Yy[0B-
NeTBOPSET TOMbKO (DYHKLUMA (hOpMbI

e-FH0aiO = Ce-M T1.6. M™t-s) = e~A(-9
IA HekoTOopas MocTosHHas). Vimes 310 B BMdy, MONy4aem
m 2”:'3) = fr2(0. € *AYS)aZis).
MepenucbiBas NpaByK) 4aCTb OHO MEPEXOAMT B
Zif~s) = e~2A(02it)e2A —a2is)e2).
O603Haunm aZzit)e2A uepes Git).

p(y, t\x, s) =
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2
[JokaxeMm, 4To npegen !Ln% —, - CyllecTsyeT n Tak G(t) anddepeHLmpyema 1

' = i Ay
G'(t) = e E||1'wnb TT)J
CyulectByeT Takas nocnegosatefnbHocTb {1}, 4TO B n npefen KoHeueH.

(MpoTKBHbLIW cnyyaii Ben 6bl K HenenocTu.) Ecnm "' focTaTo4HO Maso, U3 HenpepbIs-

HOCTW (hyHKUMM e~2M BbITEKaeT
W-1 .1 k+1 3

2(6' - “METIEFTE)-G(] S 1+ Z e T+

K+1 .
G\s + N T —G |—fN Alel
Takmm >Xe 00pa3oM MNOMy4YaeTcs HepaBEHCTBO

200, Vlin

Mo HenpepbIBHOCTU (yHKUMM [(T) NpM AOCTATOYHO MaioM O Mbl MOXEM YycCTa-
HOBWTb

(1_e)2W s ZC)S (,+e)2W

X(X") B0 _ g

-—»Aling —
MpocToii pacuyeT nokasbiBaeT, uyto G(i) —be2A+C ecnim A0 n Bt+C
ecim A=0

npu T<<G.

Tak Kak e npoun3BoJibHOe U

rpe b—- oA
b—be 2At 99 npmu A O
[B(t—s) npm A —0
AHaNOrnyHble paccy>KaeHnst OTHOCATCA K (yHKumMn M2(t, s):
Miit—s) = mit) —e~A<~9m(s)
Am—me~A(~s) npu A O
M{t—s) npm A=20

Z(t-s)

M2{t—s) o

roe m =

MNogsena utorn, cnyyau Q A=0 n /I <0 npuHagnexar COOTBETCTBEHHO
K CTalvoHapHOMY, BMHEPOBCKOMY W 3KCM/I03MOHHOMY MPOLECCy; AaKe napameTpbl
A, B n M coBnagaloT C napameTpaMy CTOXacCTMYECKOro AuddepeHumanbHOro
YPaBHEHNS.
NINTEPATYPA

[1] Ay6, Ox. N.: BepoaTHoCTHble npoueccol, 1, 1956. MockBsa

(MocTynuna 1l-oro sHBapsa 1970 r.)
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KBA3VMAPKOBCKWEC/TYUYAWNHBIE
MOCJ/IEAOBATE/NNIbHOCTMU

T. TEPFEN, U. N. EXXOB

1 OcHoBHbIe orpesesieHus

Myctb {G,J0 — NponM3BONbHAS MOCNELOBATENbHOCTL CAyYaliHbIX BEANYMH
co 3HaveHusmmn u3 [ = {EO, £,,...,En, ..}:P{<",€/; a=0, °°} = ]. CocTosHMe
Ef HasbiBaeTCcA Mapkoeckum (no oTHoweHuto K {E,}6)> ecnm u3 Toro, yto G,—Ei
cnenyet HesasucumocTb {£¥H+1 ot {"}o-1 [nsa no6oro HaTypanbHoOro n. bonee
TOYHO 3TO O3HAYaeT Ccredyloliee: A8 OObIX HaTypaibHbIX N, T (< T) W”
Eio, £),, ...,E, T{EIX=E,)

P{" - Elkk = 67m} = P{{* = Eikk = O/}P{E* = Eikk = n+ Lw/En= E,) (1)

MoMeHT nonagaHus (¢, B MApKOBCKWE COCTOAHUSA GyAeM Ha3blBaTb MapKOBCKUMU
MOMeHTamu. MHOXEeCTBO BCEX MapKOBCKMX COCTOSHWA 0603Haunm uepes D u
nonoxum I\D = D'. CoctosHus n3 D' bygem MHOrga HasbiBaTb HEMAaPKOBCKUMM.
CnyvaiiHyto nocnegosatenbHocTs {£,J0 Ha30BeM KBa3MMapKOBCKOW, ecnm
COOTBETCTBYHOLLIEE €1 MHOXECTBO MapKOBCKMX cOoCTosHMIA D He nycTo Ecnn D—O0,
TO mocnefoBaTeNibHOCTL {£,,J0 Ha30BeM aHTVMAapKOBCKOW. B TOM 4yacTHOM cryuae,
korga D=1, {£,}6— uenb MapkoBa (ganee LIM). BepHO, KOHeYHO, 1 ob6paTHOeE:
echm {£,36 — LIM c (pa3oBbIM npocTpaHcTBOM |, TO — KBa3MMapKOBCKas
nocnegosatesibHocTb ¢ D=1. MycTb {g,JO — HekoTopas KBa3MMapKOBCKas mnocne-
foBatenbHocTb (cokpaweHo, KMIM) n D(D') — MHOXeCTBO ee MapKOBCKMX (He-
MapKOBCKMX) COCTOSIHWIA. BBefieM 0603HaueHus:

P{" =EjkM =0, “}=Qqq], (EKID"k=0, <),

Ejk,k =0, m; £ml =E,} = QJoJl....jJO (EKED\k =0, m; E"D),

p{~+i= E\n=El}= {Ei, Ej£ D),
PZ#=Ejk, k=1,  greme1= EAL =EBF=RW{jl, seoximl>
{Ei, Eh, .omEj,€E).
P{tn+=EX £ = 8sE) =RY\ji 9 {ECD, EjK6E>Ar=T7-),

p{& = EX;k =0,m}=QJji Jn (EKED',k=0,m):
PiEst=Ejk kK =YIMI,=£}=R7AUi, JJ (EeD, Ej... EMD").
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B ganbHeiilleM Mbl OrpaHMUMMCA PacCMOTPEHMEM TONMbKO Takux KMI, y
KOTOpbIX C BEPOATHOCTbIO 1 npoucxoguT 6eckoHeuyHoe uucno nonagaHuii B D.
Ana takux KMI Bcerga

Can.=N“6n..nu=°

R\ ji,i2”~m) =1 i m mmjn) =0 (3)
Ceskem ¢ KMIM {£ M cnyyaiiHyto nocneaoBaTenbHOCTb MHOXECTBOM
COCTOSIHWUIA KOTOPOWA SIBNAOTCSA CUMBOJIbI
(), (EkC_D';k=17°°)

[E] [E;EX, .. [Ei;Ejt>..EX,.. (EfsD;EXCD, k=1, @,

npuyem
¢;=(EJdo,...,EJ)
TOorga W TONbKO TOrAa, Koraa

fo=Ejo, Cl=HEJI, ...,.C,,=En,
a M =Ne; Eh,... EX (Osatsh),
TOorga U TOMbKO TOrga, Korja
Enk=Ei, £q#+1-FEji, ... @=Ejk

CornacHo (1)—?3) {ct}0 — LM (HasoBem ee Lienbio MapkoBa, HaTAHYTON Ha
KMN {£,}6), Ans koTopoii

P{Co= (Ej)}=P{HO=Ejl  Ej(LD;
PKo=[E]}= P{v="}, E~D;

P{«H = (E},, *e, EjMH)\CI=(Edo, ..., Eji)} IO

P{it+1= [EM*n=(Ej0....EX)} = QJOJJQ
Qjo.....

P{"+1=[A]1"=[A]1}=", @
P{a+1=[E ;Ej] WEED=RMON) (M£DD

pin+1 = [Et;Eh, ..., en+111a - [Ei, En, ..., EK}} =

E\"-k4j\, ....jK)

pfo+l = [Er]l« = EiiEj,....EK[} =
MycTb

0 = 10<T1l<c = "i, < -
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nocnefoBaTe/lbHOCTb BCEX MAapKOBCKMX MomeHToB KMIM  {£)d- Echm £fi=
TO [BYMepHas nocnegoatensHoctb {|,,, T,}0 06pasyeT ofHOpPOAHYHO Lenb MapkoBa
(OUM), ans koTtopoii

P{|0=E,, 10= 0}=P{co= £},

P{l0=£()T0=*}= 2 Qjo N (5)
Bio® * wk-1€P

P{|n+l= £r,T(t+L=//|{I=£i,Tn=m}= 2 *Irla , +i,-J«-i)
fymtl  £a- e0’

OouM {c.,.r,,}6 Ha30BEM BNO>KEHHOIA LieMblo MapkoBa cooTBeTCTBYOLEA KM

2. Knaccnimkaumsa coctosiHUst

{c.Jo 6yaem Ha3blBaTb OfHOPOAHON KBA3WMAPKOBCKOW MOCNeA0BATENbHOCTHIO
(cokpawleHHo, OKMIM), ecnn R[n[0‘i....A) n WPOu —J)> durypupytowme
B (2), He 3aBUcAT OT Nn. V13 (4) cnegyeT, uto ecm {£,Jo — OKMI, o {££}0 — OLIM.
bonee Toro, B paccmatpuBaemom cnyuvae {|,.}0 Takke o6pasyer OLIM (6yaem
Ha3blBaTb €€ B Aa/bHENLLEM ype3aHHON BNOXKEHHOI Lenbio MapkoBa, COOTBETCTBY-
towein OKMIM {£,}6). B camom pgene, ucnonb3ya (5), nMeem:

P{lo=E} = P{E0= £}+ 2 2 Qjo....A.,(0;
*« 1£30...£] -.e°

P{zk= Eik;k=(5,n}= 2 P{L=EikTk=1Ik;k=0,n} =

O gC---<In<00
2 P{Zo=Ei0 *o= IO}kﬂ p{tk=Eik,4 =1k/L-i =Eik |, Tk_1=Ik i}=
—-c/n<oo =1
0S/0< /PR0 —i>To K g 2

X Joee “A i-1-14

"Eik_lik(j\, *s:7lfz |k 1-1) —P{Co = A} m

22 miliey 2o TCeom =

=P{lo=£id/7 2 2 Afe-hCl,....AJ
WE A kK

3Tum pokasaHo, uyto {|,.} — OLM, ans KoTopoii
P{lo=£/}= AP
P{Ui =EBn=ER}=TI, (6)
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rge
T{= P{£0= £}+ 2 2 0N...A-, (O ©)

k=1EJo-
Tij= ZRijM, Nuk) = 2
m=0 £N....%jmev

Bceuny 3) z Ti~ z Tij — 1 (1.e. matpuua |[Tu\ ctoxacTuyeckas).
Ej£D EjiD

3aiimemcsa Tenepb Knaccudmkaumeid coctosHma OLM  LI*}0, HaTaHyTOl Ha
OKMM {£,}0. MNpn 3TomMm Mbl 6yAeM CYLIECTBEHHO WCMO/Mb30BaTb COOTBETCTBY-
IOLLYI0 KMacCUMUKALMI0O COCTOSIHWMIA Ype3aHHOW BnoXeHHoin uenu Mapkosa {c,,JoT
C matpuuel nepexofHbix BeposiTHocTel [TM\. MycTb

D=wn¢E,
i=0
rae FO— nogMHOXeCTBO BCEX HEBO3BPATHbIX COCTOAHUN, a F; (ré 1) — 3aMKHYTbI
Knacc COOOLLAIOLWMXC BO3BPATHbLIX COCTOSHMIA (sicHO, 4uto FjOFy = 0 ecm
TonbKo r?L). N3 onpegeneHns UM {i*}Z cnepyeT, 4TO MHOXECTBO BCEX ee BO3-
MOXHbIX COCTOSIHMIA COCPeAOTOYEHO Ha TeX U TO/IbKO TeX CUMBOJAX

(EjO, EK), ..., (EjkED",ksO),
[£], [E; EjJ, Eik], ..., (E*D; EjkED\ kw 1),

Ha KOTOpbIX
nto =EjG}>0> QO A>0 (EkED'k"DOQ),

~NA, «>EjkCD'; /Té 1)

Tak kak OKMI {£]})o c BepoATHOCTbO 1 MpMHMMAeT 3HadyeHus u3 D, TO
{(EJo, ..., Ejk); <& O0}c F¢, roe Ff— nogmMHOXeCTBO BCEX HEBO3BPATHbLIX COCTOS-
Huii OUM {£*}0. Bnpouyem, TO 4TO Kaxgoe coctosHue Buaa (EJo, , Ejk) He-
BO3BPAaTHO, CregyeT M3 TOro, 4To

P{C*(EN  EjK), m>i*l«=(Ga EK)=1

Ecnm FO=D (7. e. Bce coctoaHma LUM {c,,)Z HeBo3BpaTHble), TO U PO coBnagaet
CO MHOXXeCTBOM BCeX COCTOsHUIA LM {"i}o * [leiicTBUTENBbHO, €Cn 6Gbl COOOLLANC
[Et; EJit ..., EX]wn [Er; Eh, ..., F/in, To coobwanmcs 66l 1 [FJ ¢ [Er], uTo npoTuBo-
peunT TOMy, uto Ei, Er£F0. 3Haunt nm6o [Ei, EJt, ..., EjJ, [Er,Eh,... EIMEF%
nnéo [Et;Ej,, ..., EjflEF*, [Er;Et, ..., EJEFZ, rge F* n F* — pasHble 3aMKHY-
Tble Kfaccbl BO3BpaTHbIX CcOCTOsHMI OLM {E*}£\ TNokaxem, 4To nocnefHee He-
BO3MOXHO. B camom fene, M3 TOro 4to

[B;Eh,..., EX]EF* ([E,;£,,..., £J BE}Y
cnefyet CylLecTBOBaHWe XO0Ta 6bl ogHoro coctosHus [Ev] ([Er]) Takoro, 4to
[Et]EF* (JF,.]£F*). Ho Torga [Et] v [F]] ([Fr] v [Fr]) coobwiaetcsd, 4TO MpOTUBO-
peunT ToMy, 4To F; n Er — HeBo3BpaTHble cocTosHua OUM {|,,}6m
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Myctb Tenepb FOciD. W3 paccyxxaeHuii npeablaywiero obsaua cnegyer, 4yto
ecnn EI£FO0, To [E°; Eh, ...,E]KIEF% (fes 1).

PaccMoTpum Tenepb TOT cnydaid, korga Et(iFm (T >0). Ecm F,,={£} T. e
Et — nornowatollee COCTOSHWE, TO COCTOSIHUS

[E], [E-Ejt, .... [Er,Eh, ..., EJ, ..., [EXE£D, ri=l)
06pasytoT 3aMKHYTbIA K1acc coo6LLatoWmXcst cocTosHuA OLIM. Tak Kak

PEEY* = [EMC = [} - RV = RAK-\)+ "Z Ru(m-DRu(k-m -1) +
+ eset R,,(0)RU(0)...Rt(0)
T

TO COCTOsiHWe [Fm] (a 3HAuMT M Bce cocTosHus [Et; EJt, Ejk] uveet nepuopg

PaBHbIA HambonblleMy 06LeMYy AenuTento (H. 0. A.) TeX K, Anst KOTopbiX r'M> 0
(kSi). HeTpygHo BMAeTb, uTO

2 AV = Aa(z) = , roe Bu() =2 4,(/c-1)rk

Ecnn i CFm(T >0) n FmcogepxuT 6onee 04HOr0 COCTOAHMUSA, TO BCE COCTOAHMSA
W [Er-,EjM ...EX....(ErEFmM; EED" ks 1)

06pa3yloT 3amMKHYTbI Knacc F* coobwatowmxcs coctosHuie OUM {"}0r. 310
o4eBMAHO. Mccnegyem Tenepb MepMof BCEX COCTOSHUMIA M3 Knacca F*. Beegem
0603HaveHus:;

P{CHE [EMC =[Es}=Ri? (Ei,Ej€FJ
Vcnonb3ys onpegeneHve R;j(fw) v dopmyny NOMHOR BEPOATHOCTU MMEEM:

*>= Eii(n-1)+ 2  Rr(kl-1)Rij(k2-\) +

Trtr,,, .
+ eoot 2 n(@X0)nrwr20)...nMmbA0) ©
Eri,..., Ern_IIFm
Ecnn nonmxumTb =1 = (ij(2), V\2,:1E|J(n—l)z = bjz2),

2l = ~(2),  lI6(2)lI=2i(z) (£., EIE£FJ,

TO u3 (8) cnegyet, 4TO
A(z) = B(z) [I—B(2)\~I ©))

MycTb Ej — npon3BonbHbIA 3neMeHT 13 Fm. Tak Kak BCce COCTOsiHME U3 F* coobula-
tOTCS, TO BCE OHW UMEIOT OZMH W TOT Ke Nepuos. STOT Nepuos paseH H. 0. 4. Tex n,
ans kotopbix Rjf >0. BeposaTHocTb Rfj MoryT 6biTh onpefefieHbl M3 MaTpUyYHOro
cooTHoweHus (9) nmbo HenocpeacTBeHHO (Yepe3 Ky (w)) m3 (8)

M3 BbllleckasaHHOro cnegyet
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Teopema 1 MycTb {EM}0 — OKMTI1, co 3HaueHmamm 3| = {EO,E1, E T}
M MHO>KECTBOM MapKOBCKUX COCTOsHWA D;
{£,.Jo — OLM, HaTaHyTasa Ha {C,JO\ a {£}0 — ype3aHHas Bno>keHHass OLIM,

cooTBeTCTBywWan {£,}o-
L Ecm D' =1\D #u

p{im=EJmm =0k} =Qjo n (BJMED'T=0,K),
nZn+m=EJmm=1K\C,,=Ei}=Ri(J1, ..., (E*D, EjmED"),

TOo (hasosoe npocTpaHcTBO OLIM {c*}0 cocTOMT M3 Tex v TOMbKO M3 TEX CUM-
BO/NOB
(EJo, Ej,,..., EK) (Ej,«D\r=0,k,k =0 -y,
w [Ei-El, ..., EjJ (EidD, EjréED\r=1k;k=1T-),

13 KOTOpbIX
Qjo....,jk> 0>RiUi> —Jk)>0.

MepexogHble BeposiTHoCTU OLM {£X10 n ee HayanbHOe pacnpefdeneHue onpenens-

l0TCS COOTHOLWEHMAMN (4);

2. ®a3oBoe npocTpaHcTeo OLM coBrnagaeT c D, a ee HayanbHOe pacnpe-
[leNeHne 1 MaTpuua NepexodHbiX BeposiTHocTeln umetoT Bag {73} |7J|, roe

T, = P{io = E-)+ 2 P{<"= E-, @=Ejr,r=0,k—1},
k=1Ejo. ;. 6D’

Tij :mZZORij(m), Rij(m) :I:"jr...},EjrrﬂJP{@+m+l:Ej;cKH: B, r=1,T\{a=E{};

3. Ecnm FO— MHO>KecTBO BCeX HEBO3BPATUMbIX COCTOAHMIA {GKT>a ET (T >0)
HEKOTOpbIN 3aMKHY ThIil KNacc BCeX COOBLUAOLLMXCA MeXKAY CO60i COCTOSHUA, TO

F& = {(£..,..., EiK, [EJ), [b,E],,..., EJ :E€EQ;En"D',nog-
MHO>KEeCTBO BCEX HEBO3BpPaTUMbIX COCTOsHUA {££}0\ a
F* = {[TJ, [Ei, Ej,, ..., EJ :EAFm;EfD", ns1}-
3aMKHYThI/i Knacc COOOLLAOLMXCA COCTOSHWIA 3TOW >e uend. [pu aTOM ecnun

D= (J EmmI* — asoBoe npocTpaHcTBo (JJ,
m=0

TO /= U K
=0
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4, Meprog Bcex COCTOAHMIA M3 F* (T >0) paBeH W. 0. 4. Tex N, AnA KOTOpPbIX
Rjj >0 (j tmkcuposaHo Tak, 4uTo EjdFn), rae

2 RAz" = aj@), eyl = Iy@II/ - IBy(DI)-"
O*y: £>

btd(z)= 2 Rij(m-\
a (2) 2, ij(m-\)zm

3. Oproguyeckan Teopema

3aiMemcsa Terepb BbLISCHEHWEM TeX YCNOBUIA, MPU BbIMOMHEHUM KOTOPbIX BCe
coctosHua u3 P,(T =-0) UMeloT KOHEeYHOe CpefHee Bpems BO3BpalleHus. Ecnu
nik — maTemaTnyeckoe OXmAaHue TOro NpPoMeXxyTka BpemeHu, 3a Kotopoe OLIM
{d)cT> Bbixoga u3 [£,] Bnepsble nonagaet B [FJ ([E)], [FJ CF*), 1o

d« = 2 mRi(m-1)+ 2 TuKKk, (KO)
T=1 r"K

roe
Ri(m-1)= 2 RrRik(w- O-
K

OTmeTnM, 4TO mR”m —1) coBnagaeT co CPeAHNM BPEMEHEM TOFO MPOMEXYTKa
T=1

BpeMeHu, 3a KoTopblil KM (£,}0 Bbixogs u3 £(E, 6 D), Briepsble nonasfaet B D.

Ecnm 31O cpegHee 0603Ha4MTbL Yepe3 Tb TO cornacHo (10)

Kk = "U+ 2 Tirk  (Ei,Ek,ErEFJ (1D

MpeAnonoXumM, 4To CUCTEMA YpaBHEHWIA

Q= 2 QkTk (EJ£ Fm) (12
Ek<F,,

06nafaeT efUHCTBEHHbIM (C TOYHOCTHIO [0 HOPMUPYHOLLErO MHOXWUTENS) HEeoT-
puLaTeNbHbIM peLLeHreM. PelleHune, yaosneTeopstoLLee yciosuio 2 Qi= 10603Ha-

umm uepes {e*} *

* OTMeTUM, 4To ecnm F,, UMeeT KOHEYHOE UWCNO COCTOSIHWIA, TO CYLLECTBOBaHWE U efUH-
cTBeHHOCTb {0,*} cnegyeT M3 TeopeMbl PpobeHMyca 0 COBCTBEHHbIX YMCNaX U BeKTopax Hepasno-
XXMMO MaTpuubl ¢ HeoTpuuaTenbHbIMU 3neMeHTamu ([1], cTp. 355). B obuiem cnyyae Teopema
dpobeHmnyca, K coxaneHuto, He umeeT Mecta. OfHaKo, ecnn MNPefnonoXKUTb, YTO BCE COCTOSHMUA
u3z F,, OUM {GJn anepurognuHbl 1 NONOKMTENbHBI (T. €. UMEIOT KOHEUHOE CpeaHee BpeMsi BO3-
BpalleHunst), To pelueHve {y?} CyLlecTBYeT, eAMHCTBEHHO, MOMIOXMUTENbLHO U COBNAafaeT CcoO CTaLmo-

HapHbIM pacnpegeneHviem {£,}’ npu ycnoeuu, uto £06 ET.
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YMHOXas 06e vactu (11) Ha gf n cymmumpya ux no Bcem i (Eif£ FT) vmeem:
| _ a~ - * -
2 BlwkK-= EI%FmQImH rg‘k mk£,éFV\/Q Tik,
2 QANk 2 Qriie 2 Ak QK
m Er C_Fm

Ei €F Ei<iFm

mnan

0TKyfa

= . N T 13
k= g 2 QI 13)
3 (13) cnegyeT, 4TO Ans TOro, 4Tobbl BCe COCTOAHMSA U3 F* 6binn nonoxuten-

HbIMU HEOOXOAMMA U [OCTATOYHA CXOAMMOCTb psiga 2 Qimi,
E,IFm

Mpepnonaras Tenepb, YTO BCE COCTOAHWSA U3 F* anepuofmyHbl, 3aHOBO Bbl-
Befem (13) v ycTaHOBMM SBHbIN BUA cTauMoHapHoro pacnpegeneHus OLUM (¢*}q
npu ycnosuu, 4To ~

QeF* un N Qlmtc°o

LimP Ne = 1EK}=Px, (14)
Jim ?2{& =[Ex, Eh, ..., EX]}=pk(jL, ...J 1)

BeegeM 0603HaYeHus:

(EkeFm; Eh ....EIrC D\ fS1)

Mpegenst (14) Bcerja CyLWECTBYIOT M NGO BCE PaBHbl HYNO, MGO BCE CTPOrO
NOMOXMNTENbHbLI. TO 3aBUCUT OT TOrO, KaK Mbl yBUAUM, Oyaet pag 2 QILL, Pac'

E, oF,
X0AMTbCS UM cxoauTbes. Mcnonb3ya nepexofHble BeposTHocTM {/1}0 (4) umeewm:

PKO\,-jrjr+u=Pki\, :jr)Rk(‘i_,QiJ{,,j,g.;jé ) (15)
/\ (20BN}
Ef€EFmMr=0 Ejllf,.'..:,EJre%‘Z ”"K"i'le-Il', IﬁJr) n

3 nepsoro paseHCTBa B (15) crefyeT, 4To

PkUI, —,jr) =Pk RKU i, mmJr) 0—0) (16)
Wcnonbsys (16) n BTopoe paBeHCTBO B (15), nmeeMm:

Pk= RikUi, -Jr),

EffFm ' A=0En,..21;r8

mnan

= 1Ti 17
Pk EﬁFmPlle 17

CornacHo nNpeanosioKEHNSIM OTHOCUTENbHO PELUEHWUsI CUCTEMbI YPaBHEHWIA (12
NMeeMm:
Pk=C</l (EKEET) (18)
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C HaxoauTcs M3 YCNOBMSi HOPMUPOBKM:

1=2 2 2 PbUI-Jr)=c 2 et?2 RKUi, -Jr)
EKTF, p=0Ej{, EKiFn ' —o E]]... JD

Tak Kak

2 2 RkUI, -,jr)=mk
o r Bl...Ex

C 1=E(2Fme’k”k
OTKy/la
. & EKO'1>—*Hr)
PkiJl, - Jr) X (19)
Elzame il

N3 (19) BmaHo, uTO pk(JX, ...J N NONOXWUTENbHO TOrAa WM TOMAbKO TOrda, Korga
PAL CTOAWMIA B 3HaMeHaTene cxogutcs. Tak kak nk = Pk\LL, ctp. 381) 10 (13)
paBHocuabHO (19) npu r=0.

WTaK, Hamun [oKa3aHa

Teopema 2. Ecim 1 F* — 3aMKHYTbIA KnacC COOOLLAIOWMXCA anepuoam-
yeckux coctosHuii OLUM {"}o ; 2. A £F*; 3. cucTema ypaBHEHWA:

Qi=B<2CFkaTki (EftFJ

06nafaeT eaMHCTBEHHbIM (C TOYHOCTbHI [0 HOPMUPOBKM) HeOTpPULATENbHbIM
peLueHnem, TO

lim RE* = [Ek;Ejt, ...,EjJ} ekRkUi, - Jr) *

EifFm®

roe mt — cpegHee uucno waros, 3a koTopoe KM {Er}0\ Bbixoas m3 E( Briepsble
nonagaeT B D.

4. PacnpefeneHve MOMEHTOB BpPeMeHW AOCTUXKEHUS
3afjaHHon 06nacTn ha3o0BOro MPoOCTpaHCTBa

Mycte c/ — npou3BoOMbHOE MOAMHOXECTBO cocTosiHuin OKMIT (£,}o,
a —|[m B3, ,EJ, roe {££}0 — cootsercTBytowas OLIM, HaTaHyTas Ha
{£,}5\ Hac wHTepecyeT pacnpefeneHwe TOro MepBOro MOMEHTa BPEMEHU
i = 1{Ep, EJI,...,Ej \, "), ana kotoporo Bnepsble £,€I. OueBngHo, 4to =0
Torga v TonbKo Toraa, korga EjrCI, nbéo um3 ycnosua ££ = [Eh EJt, ..., EJX]
cnepyet, uto QO=EJr.

* Ecnu pag 2 Qimi pacxoguTcs, TO Npefen cnefyeT CUMTaTb PaBHbIM HY/HO; B 3TOM
E.iFm

c/yyae BCe COCTOSIHME U3 F,, ABNAOTCA BO3BPaTHO-HY/IEBbIMU.
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Beefem 0603HaYeHMS:

Mz[[E ..B>n=S?(E, EA 1),
n,al,eeen)5?( [ E , E 4 1)=Sr(E EX], 2), (20)
Sr([Ei,z) =Si(r,z), I'=1\Tl,
bk({Er,En, ... EA>= oo v R25%JIr+i
Ecnn EJrC.r', To cornacHo (4) Heer
T{[E;; LJEN; T} =
0 . b1([Ei ; Eji, ...,
RiUi, ees,.
e TR @
T{[EK, 1} Ne (/15 «%5Tr)

A;(1> me>7r) °
M3 cToxacTnyecknx cooTHoweHwin (20) n (21) cnemyeT, 4To

Sr(IE,; Ejt, ....Ej],2) = zbt((EWEX, ...,Ejr], ) -
Ri(jL,...,jrk)Sk(r,z)+z 2 Sr([E>Ht, ..., EX+],2)

, 22)
+
“BifD

Cuctema NIMHEMHBIX ypaBHEHWIA (22) MOXET 6biTb Mpeobpa3oBaHa TaK, YTOObI
npaBas 4acTb B (22) cofepXkana TONMbKO Hem3BeCcTHble Buaa Sk(r, z). [eictsu-
TeNbHO, HETPYAHO BUAETb, 4TO

“{[ENEN, . p g N =
b{[ENEJL e n . i,

é 1
E;(/1, >n)
bm([EjiFJt""’E’J’E)' S 1, E(Er'nAa
RAh, - 1)
rge
Ejd N = i Rilijl, « Sjr+- 1)
EJ+!'-Ejr+k-,iDTir
MMoaTomy

J?odbk([Et; Eh, -..EM.,r)z* +

2 zk_ 2 bH(E.<Ej,...., EQ NS,
* &, Hgippp M Bl EA DS 2)
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nnm
SrNe \Ej,, .... §J,2) = B,([Ei; £J,2)+ 23)
2 BP([Er,Ej,, ...,EJ],z)St(r, 2),
+Eitr'HD ([Er.E]j 1.2)st(r, 2)
roe
Br( [ £ , £J,2= 2*»(Ne; eee £.J,1)2\
N ; E£l,,-,98 2)= *Z_lbkl([Er, Ej,,... EfX r)zk
W3 (23) BugHo, uto ana onpegenenus Sr ([£( Ej,, ...,Ej\, z) pocTaTouHO 3HaTb

Si(r, z) (E,££' T 0). Monaras B (23) r= 0 noayunmM CreaytoLlyro cuctemy JMHeR-
HbIX anrebpanyveckmx ypaBHeHWin aonsa onpefeneHuns S,(r, z):

St{r, z) = BI([E], 2) + £ e2mD"'>([£(], 2)E(T, 2) (24)

(E’\F';'Iﬂ).

(24) onpegenseT £,(£, z) ofgHO3HA4YHO Ana BCex z € |z|s 1
Cuctema ypaBHeHuid (24) aBnsetca perynspHoi [3]. MoaTomy ee pelueHue
CYLLECTBYET, eAMHCTBEHHO M MOXeT OblTb HailgeHo MeTofoM pefyKuun [3].
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ON THE ERROR EXPONENT FOR SOURCE CODING
AND FOR TESTING SIMPLE STATISTICAL HYPOTHESES

by

. CSISZAR and G. LONGO1

Summary

The problems of estimating the optimum probability (i) of incorrect decoding
when messages of length n from a discrete memoryless source are being encoded
by means of 2'R codewords and (ii) of the error of the second kind in testing simple
alternative hypotheses when the probability of the error of the first kind decreases
exponentially with a prescribed exponent, are very tightly connected. In this paper
these problems are dealt with by the aid of a properly chosen auxiliary probability
distribution2. This approach provides a simpler and more motivated derivation of
the known results; moreover a sharp theorem of Strassen is used to obtain more
accurate estimates.

Acknowledgement. G. Longo thanks for the support of Consiglio Nazionale
delle Ricerche, Italy.

8 1. Introduction

Let X = {H, ....X,,,} be a finite set, &={pl, a probability distribution
on X and al,...,am positive numbers whatsoever. Let X" denote the set of the
n-length sequences, u= Xit...xin, of elments of X (for the sake of simplicity, commas
will be omitted). For any u=xh...x,n£X" we put:

@ P(.u)=pir..pin, a(u)=ail...ain,
and for any subset E of X" :
2) p(E) = fer (WP a(E)7R0Y

We shall be interested in the limiting behaviour for n-+°° of the minimum of3
a{E) (or of p(EQ) under the condition that the value of p(Ec) (or of a(E), respec-
tively) is given (possibly depending on n). This interest is motivated by the following
two problems.

[0) Let us be given a discrete memoryless source having alphabet X and prob-
ability distribution 3P. Its messages of length n are required to be encoded into
2"R codewords in such a way that the probability of incorrect decoding be as small

1 This work was done while G. Longo was a guest of the Mathematical Institute of the Hunga-
rian Academy of Sciences. He is indebted to Prof. A. Rényi for helpful suggestions.

2 A similar idea was used by Rényi [5] p. 473 in connection with the statistical interpretation
of the entropy of order a and by Arutjunjan [I] in connection with channel coding.

3 Here Ec denotes the complement of the set E with respect to X".
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as possible. The minimal probability of error Pe=Pe(n, R) is obviously achieved
if the 2"Rmost probable sequences of length n are encoded into different codewords
(and the others quite arbitrarily); then decoding consists in stating that each code-
word comes from the most probable of the sequences of the form u=xt .. xj

from which it could arise. In this case, taking at= 1for i= 1, ..., m, the probability
of error equals the minimum of p(Ec) under the condition a(E) = 2nR Conversely,
we may also fix the error probability y we are prepared to tolerate in decoding, and
look for the minimum number of codewords, i.e. the minimum of a(E) under the
condition p(EQ"y.

(i) Suppose that 0>= {pi, ..., pm} and A£={qL, are two a priori pos-
sible probability distributions on the set X; on the basis of an independent sample
of size n, say u=xh...xin, a decision should be taken as to which distribution is
the true one. If the sample belongs to a suitably chosen set EAX™, then hypothesis
3P will be accepted, otherwise hypothesis U will. Setting = (/=1, ...,m) the
minimum of a(E) =q(E) under the condition p(E¢LLy is just the minimum pro-
bability of the error of the second kind under the condition that the probability of
the error of the first kind is not greater than y. It should be emphasized that y need
not be constant, as it is usually assumed ; actually, we shall obtain an accurate esti-
mate for the probability of the second kind error also in case the probability of
the first kind error is required to vanish exponentially as n—<= with a given positive
exponent.

§ 2. Preliminary lemmas

Our starting point will be the following well-known elementary lemma (the
notations of § 1 are used):

Lemma 1. Define:
@ DY) =, MR, ., )
then

(4) lim log2h(n, y) = —JZ_i pi Iog2—,u LLIM.

_ Proof. Let F,(0) denote the set of sequences u=xil...xin satisfying the con-
dition ;
00w xmwm ="

where 6 is any positive constant. Since

LMI
Chebyshev’s inequality implies
2 p(u) IogZIZ&luJ} +nM »2 pi log2—a+M
() uig%(d)p(u) = W oo (ndfi n262
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so that

(6) p(FZ(S) = 7 PO0-0 as

The definition of Fn() entails:

@) 2m M- Da(n)wp(n)r2r-m+3a(n)  if m<ERS),

whence, on account of (6), for sufficiently large n

(8) b(«.7)Se(F,(i))= «EE,(«)H(")SZHIMH)u(rZJd) p(u)N2" "M+
On the other hand, for any EaX", (7) yields also

9 a(E)*a(Er\F,,{O))» Z 2*M~9p(u) =2 - Op(ET)Fn(B))-

WEE MFN(&
Now in view of (6), if P(EQ "y and n is large enough, we have p(EC\ F(<5)) *
S 17y and consequently (9) gives

(10y PPW= ccre ey p (B)S2"M>—5

Since 4>0 is arbitrary, (8) and (10) yields (4).
We shall use also the following considerable sharpening of lemma 1, due to
Strassen [6] (logarithms are taken to the base e):

Lemma 2. The exact asymptotic expression for b(n, y) is given by
(12) logb(n,y) = nM+\n kS-"\ogn +-~"(k2-\) -

—A2- log (I72ns) + o(l),

where M, S2 and T3 are the expectation, variance and third central moment, res-
pectively, of the random variable h(xt) = —og P', with respect to the probability

distribution  and Ais defined by the equation
A
(12 ) dt = 1—y.

Expression (11) is valid if the distribution of the random variable h(-) is non-
lattice; in case h(*) has a lattice distribution, a slightly different expression, also
given by Strassen [6], holds.

The only further tool we need is the following simple particular case of the
Neymann—~Pearson lemma.

Lemma 3. If E*c X" is a set such that p(E*) = 1—y and that v$E* implies
Ei}gr S a(_u)r_ then
P uigpp(u) ’

(13) b(n, y)=a(£*).
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Similarly, if E**czXn is a set such that a(E**) =a0 and that v$E** implies

p(,v)l is sup p(u)
a(v) UiE** O (w)
then

(14) P{E)=p{E**).

Ean a(E)"aO

Proof. If E*czX" is an arbitrary set satisfying p(EQ”y, ie. p(E) s 1—y,
then EEZ\E*P(P)= P(E\E*) » p(E*\E) = Eg*\E/>(»)l Thus

* /Q - *
. . n(E\E )ssuE o(u) V£E\E* P(P)= suP }% 152*\5 P(u)S;a(E*\E)
implying
a{E) = a(ENE*)+a(E\E*) £ a(EMNE*) +a(E*\E) = a(E¥).
The assertions concerning (14) can be proved similarly.

§ 3. The results

Our aim is to estimate the minimum of p(Ec), EezX", under the condition
a(E) = 2nA being A a constant whose value ranges within an interval to be specified
later. Set
(15) P(n.A)= E<zX" a E)s2nA P(EQ.

Let us introduce an auxiliary distribution &a= (qal, gar) defined as fol-

lows:
I-a

(16) qi D i=1, m

;zflia)~*
(this form for the auxiliary distribution is suggested by the requirement that we
want ga and ga(u)=qxl ...gxn (u=xii mmXn) to be similar functions of pt and ai
and of p(u) and a(u), respectively). In (16) a is a non-negative parameter whose
value will be fixed later.
Consider the function

m

an *(«)=- ?=l %i 1082 Aﬂ («S 0).

An elementary calculation shows that
( m 2 /'m \21
2™ 4 log2 J -y2y*ilog2 g4 j log2

so that h(a) is a strictly decreasing function of a, unless p{=cat for every i (LS i'Sm)
for which Pi> 0 (in the latter case h(oc) is obviously constant).
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Since
m

m
N0) = Iog2_2I ai and A(l) = - _2I Pilogz R- = M
= 1= al

it follows that the equation

(19) h(a) =A
[
always has a unique solution a*, with 0<a*<I, whenever M < A < log2 2 ai-
i=1

m
Theorem 1 Incase M < A < log2 a; we Jlane
i 1

(20) Jigws - Tog2aP (if i<)=-/(3..|I")

where a* ¢ the (unique) solution of equation (19) and /(4 JtP) denotes the 1-divergence
(or Kuriback— Leibter information number) of the probability distributions 3A
and SL\

’ * I~
2D iajm " & My YRR log, Bo1ab 1
/=1 jZ:1DJQ'*

Proot. Let us order the sequences of the form u=xi%.. xinaccording to decreas-
ing ratios W then, see (16), the sequences UEX" are ordered also according to

decreasing ratios for every a >0 and according to decreasing ratios for
S ) i B 9T x(w)
0 <ax<1l
Let E,,(A) denote the set made up by as many sequences as possible chosen in
this order and satisfying the condition

22 - A
(22) aEn(A)= 2 a(u)"2m

From (15), (22) and from lemma 3 (with En(A+e') playing the role of E**)
we obtain for any e'>0 and n sufficiently large

(23) P(EZ(A +e)) = P(EN\ -P(n, A)*p(EL(A)).

min
<(f)=a(E(A+£))

Let us fix £>0 such that 0 < a*—e < a*+e < 1, and let e'>0 be such that
rf@*+¢e) < A < A+e' < h(a*—e); applying lemma 1 first with Jla*+e and second
with instead of 3Aand taking into account lemma 3 (with En{A) resp. EE(A + €')
playing the role of E**) we can conclude that

G+, (£(1))-0

(24
q*-t(ES(A+*"))* 1
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We are going to apply lemma 1 with a;=p; (/=1, m) and with [, in the
role of 37 (first for a = a*+e and second for a = a*—s). Observe preliminarily
that in this case an application of lemma 3 with E((A) resp. EE(A +¢') instead of
E* gives for n sufficiently large

25> - p(e;(a+1))mf »(£).

taking into account that (24) implies pga~+e(E$(A)) < \ and ga*-BEn(A >£))
if nis large enough.
Now applying lemma 1 yields, in force of (23) and (25)

. . Al _
(26) —(Ua t\&) Lujl1—|r(1(1 . log2P{n. A) r|+'~r9° . log2P{n, A) s —I(Ex*
Since £>0 may be arbitrarily small, and 1{&a\3?) is a continuous function of a,

this completes the proof of theorem 1

Remark i. If A<M, equation (19) still has a soultion a=a* provided
A > lim A@), but now a* >1. Observe that whenever a> 1, ordering the sequences

n £ Xnaccording to decreasing ratios corresponds to ordering them according

P(u)

to increasing ratios . This means that in the last application of lemma 3 in

M
proving theorem 1, E(1_l(/2) cannot play the role of £*; it is rather En(A) that plays
this role. This leads to the conclusion that 1—P(n, A) and not P(n, A) decreases
exponentially asn  o*

II/HJDI;I.|I092(1—P{n, A) =-1(BAN)
where a*>1 is the (unique) solution of the equation h(oi)=A.
Remark 2. It is easy to check that the “error exponent”
e(A) = lim  —bg2P(n, A

is a strictly convex function of A (M < A < log2 £ a). In fact, an elementary
-1
computation shows that

1 rm
(28) Arl(d)a») = («-1D){22.i log2p‘l- 12 a™log log2e,
whence, using (18) and (19)
de (A) A
(29) dA Ola/(JJ )/ — A(a)”:a -
Since the function //(a) is decreasing, the solution a* of equation (19) is a decreas-
ing function of A, thus from (29) we see that d_z%’k) is an increasing function of A.
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Specializing theorem 1to the case at=1, /= 1, m, we obtain a solution for
problem (i), § 1 In fact, in this case, setting A=R, P{n, A) becomes Pe=Pe(n, R)
l.e. the minimum probability of erroneous decoding, when the outputs of length n
of the source are encoded by using 2rR different codewords. In this case the constant

m

M of theorem 1 is the entropy of the source, ie. A = - 2 ft log2Pi and/ 2 a;

becomes simply m; thus from theorem 1 and remark 1 vve obtaln the following

Corollary 1 Given the discrete memoryless source of §1, (i), if R satisfies
log2/a then

p =

being @& (0<a*<l) the (unique) solution of the equation

(31) H(lg=- 2 log2
i=1 iZ: Pj 721
If, on the contrary log, r 4<wherer is the number of the indices / for which
Pi = max pj, we have
(32) Pe=1_2-K +())

where a* (a*>I) is again the unique solution of equation (31).
Specializing theorem 1 to the case at= qt, /= 1, ....m where ~={q¢{, ....qm}
is another probability distribution on X, we arrive at a solution of problem (ii)

mof § L In this case the constant M appearing in theorem equals —.2_m?. Pi I°g> /ii =

—_ and 2 ai = l2l 4i = 1 Thus we have (writing —A instead of A):

Corollary 2. If in problem (i), 8 1, of testing hypothesis & against hypothesis
the probability of the first kind error is required to decrease as 2~nA where 0< A<
</(™||G), then the minimum probability of the second kind error is +
where a* (0<a*<l) is the unique solution of the equation

. Pidi -
% P )i 27T —I0R2 = A
= §~*
1‘17:1 Z pWj

The results of corollaries 1 and 2 are known in the literature of information
theory and mathematical statistics, respectively.

Formula (30) is derived in [4] and the result of corollary 2 can be deduced
from the results of [3]. Both references rely on the method of large deviations (or
C hernoff bounding technique) and obtain the estimates in a somewhat different
algebraic form. Our method seems us more direct and more motivated. It should

4 Observe that log2r= lim H($J.

<X*0o
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be noted, however, that the proof of the “large deviations theorem” is also based
on an auxiliary distribution, cf. e.g. [2], Appendix 5A, thus no substantial difference
exists between the two approaches. Formula (32) is closely related to Theorem 1,
p. 473 in [5].

If instead of lemma 1 we use the sharper estimate given in lemma 2, the follow-
ing improvement of theorem 1 can be obtained :

Theorem 2. Under the conditions of theorem 1, log2 Pin, A) has the following
asymptotic expression:
log2 P{n, A) = -nli£M\0>)- ™ |og2/7+
(33)
(1-ax)71 _ TI - -
6a*Si 6Si lofcST-itofcSIT-"log 2L ~T +°(1)

where 2ais defined by (16), a* is the solution of equation (19), Sj and S2 are the
variances and 7\3and T2 are the third central moments of the random variables

hiiXi) = —og2 _‘ and h2iXj) = —log2 Igl_’L , respectively, in terms of the auxiliary
ai

distribution ta*

To be more precise, (33) holds in case the distributions of the mentioned random
variables are non-lattice; otherwise a slightly different formula holds. Let us remark
that the distributions of hi and h2 are non-lattice if and only if the distribution of

the random variable hAx ) = —og2-- is non-lattice.
Proof. Choose a, such that g*™n(EniA)) =\, where En(A) is the same as in
(22); for n large enough this is always possible (cf. (24)). Setting y =\, ie. 2=0,

in lemma 2 and applying it with aXinstead of 2P we obtain keeping in mind lemma
3 (attention should be paid to the bases of the logarithms):

34) nA-= n/r(a,,)——l°an—.6n log2i2nS1) + log2log2e + o(l).

S?!

Actually, we should have used in (34) the moments of the random variable
—IogZ—O— with respect to the distribution #ar\ however, since from (34) one im-

mediately sees that as the error introduced in this way vanishes in
the limit.
Now we apply lemma 2 once more, still with y =\ and in the role of 3>

but with pi instead of a In force of lemma 3 we get

log2Pin, A) = —nl(ij|™) - j log2n-
(35)
- N 2- 2tog, (2nS)) +log2log2e + o(l)
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Expanding both h(a) and g(a)'*1(&J0>) around a = a* and taking into account
that h{<®) = A we get

(36) h(a,) = A + (sn-«*)Ii(@*)+ 0(«,,-**)
(37) 1(&jt?) = 1("@ ) + (8- @)™ (@) + 0(@,- a);

(34), (36) and (37) give rise to

(38)
E(«*) 1

T (a%) nl [°g2n+ £3 + % log2 (2rtSj) —og2log2e +0o(\)

Since + —1-—* (cf. (29)), substituting (38) into (35) completes the proof

of theorem 2.

Of course, theorem 2 can now be used to solve problems (i) and (ii) of § 1 with
greater accuracy. Namely, under the same conditions and with the same notations as
in Corollary 1 we obtain the following

Corollary 3. If the distribution of the random variable A0(jig) = —log2p, is
non-lattice, the exact limiting behaviour of the minimum probability of erroneous
decoding in case #<7?<log2w is given by

Pe = exp2j-i*J(J,*[|[N)-2\log 2/i+
(39)

Tl —a*
l0g2S?-ylog2Si- N 1oH rw ™ +o(l)

being a* the (unique) solution of equ. (31).
Conversely, if #>#>1og2r, we have

Pe= 1l-exp2\-nl(2.A&)-2y* ioé2n+" 6 "sfL
(40)

Ti I-a* c2 1. 2 1. 2n

6S| 2a* 102 - 2,0g3S2- «*"log2 b ger O =

Under the same conditions and with the same notations as in Corollary 2,
from theorem 2 we obtain the following:
Corollary 4. If the distribution of the random variable hQx®) ——IogZE is

non-lattice, the minimum probability of the second kind error in testing hypothesis”
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against hypothesis J is given by

exp2 log2,, +

-3 I lofoS}~ 1082S |- Tog=logTe + ° (1)1

whenever the probability of the first kind error is bound to decrease as 2~nA 0< A<
< /(™). Here a* (0O<a*<I) is the unique solution of the equation at the end of
Corollary 2.

For the case of lattice distributions slightly different asymptotic formulas hold,
which can be derived in a completely similar way.

8 4. Concluding remarks

For the sake of simplicity, we have restricted our attention to the case when
X is a finite set. With slight modifications and under some regularity conditions,
theorems 1and 2 remain valid for the general case as well. If X is an arbitrary set
and Xis a cralgebra of subsets of X, one may consider a probability measure p
and a (7-finite measure A on XX instead of the pt's and a,’s, respectively. Assuming

/<<k/ and letting p(x) = Alax be its Radon—Nikodym derivative, the set E,{A)
may now be defined as a subset of X" with the property that

IJpiydS inf M P(xd

i=1ply (xi, !<n)gEn(A)i=1 (X
whenever (yl, ...,yn$E,,(A) and such that X"(En(Aj) =2"A (or, if equality cannot
be reached, A"(En(Af) should be as large as possible below 2my. The auxiliary distri-
bution playing the role of  can be defined as the probability measure va having

. . . A . _ R7(N).

J— = >— —_
density (i.e. Radon—Nikodym derivative with respect to A) gXx) 7ox(0)1. (@9
provided the integral in the denominator is finite. Unlike the case of a finite set X,
the auxiliary distribution (with density g*(x)) need not be defined for every a*O;
it can be shown, however, that the function h(a) = —f ga(x) log2 gx(x)A(dx) possesses
all the properties of the function (17) in the interval where gx(x) is defined, apart,
conceivably, from the endpoints of this interval. Thus, if the constant A is given,
(A > M = —p(x) log2p(x)A(dx)) and is such that the equation h(a)=A has a
root a = a* belonging to the interior of the domain of A(@), theorems 1and 2 remain
valid, and their proofs run along the same lines.

As regards the problem of source coding, only a finite or countably infinite
set X makes sense if we stick to the adopted formulation. In the case of a countably
infinite X corollaries 1 and 2 remain valid with the only change that the inequality
7/<7?<log2m should be replaced by H< RO where RO = IiB] - h(a), being

a0 the infimum of those a’s for which £ P*< 00 Let us point out, however, that

i=1
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even the case a0= 1can occur |e.g. if pi = W(Tg% (/+i'\j»|:l,2, - for which

the assertion becomes vacuous. If °® and the asymptotic behaviour
of Pe remains unknown.
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ON THE MINIMUM VALUE OF A QUADRATIC FUNCTION
UNDER LINEAR CONSTRAINTS

by
G. KERI

Introduction. The theorem being proved in this paper states a proposition, the
validity of which is presupposed in several quadratic programming contributions.
Its proof is outlined, as far as | know, only in [1] by Frank and Woife. It is mentioned
there that in case of unbounded polyhedron K the statement can be proved by
means of the Motzkin theorem; this proof is referred to, for instance in [3] and
[4. In case of bounded polyhedron the proposition is self-evident. However, |
could not find out how to complete the proof by means of the instructions given
in [1], so here I am going to show a straightforward inductive proof.

Theorem. |If @ quadratic function
g(x) = x'Qx +2c'X
is bounded from below in an (unbounded) polyhedron
K={x\Ax'&b}
then there exists a vector x° CK, such that
<(v°) = min {((y): x £K}.

Proof. The theorem will be proved by induction on the number of the variables
of q(x), that is for the number of the components of x. In the 1-dimensional case the
statement is trivial. Denoting

*'=C*i. x2,
let us suppose that the theorem has been proved for any quadratic objective func-
tion of n—1 variables and for any polyhedron in the n—1 dimensional Euclidean
space.

Let us denote

X=(x2,x3,

c'=(cl,c") ={cl,c2, ...c,,).
Then we can write
q(x) = p(xt;x) +g*(x),
a
d2
where p(xt:x) = axl +2(d'x)xl +2clx| (the vector d3 being the first

13 Studia Scientiarum M athematicarum Hungarica 6 (1971)



194 G. KERI

column of the matrix Q), while g*(x) is a quadratic function of the n —1 variables
X2,X3, ...,Xn.

Further notations:
R’ for the n-dimensional Euclidean space;

d'= (d2,d3, ....d,);
«11  «12 « o «in’
A = «21 «22 me «2n

Miml  «m2 « * «mn.
01 =«
«wj=dj 0=2,3,..,«);
bo= - co
letj£J if and only if O”j~m (j integer) and an "0;

bj~ 2 ajkxk
m = =2 — Ued);
an

L+1(¥) = P(x2;y) = axi+2|[ 4 IX2+ 2cx .2;

J' = Ju{m+ 1}
lw = v, (1 . y)ea
Now we can write that
(@) inf{q{x): A} )¢in {g*{x) + Inf{/?2(*!;x) : xt CI(X)}}.
Let be such a vector that /(x°) is non-empty. Then

) inf{p{xI;x°) :xt£/(xy0} = min{p(lj(x°); x°) :j£I", (;(i°), ¥°) €K}
To prove the validity of (2), let us denote
Sieft="-M*i;-Y°): *1 <?7(x0)}

bright = {p(1j(x°); x°): J£J", (1j(x°), x*)6/1:}.
First we shall demonstrate that .Sigt is non-empty. On account of the convexity
of K, I(x®) is a finite or infinite interval. Let us first consider the case where 1(x°) *
— +°°), and let x° be an end point of the interval /(x°). Then (x°, x°) must
lie on the boundary of the polyhedron K, consequently

and

3) an xL+ 2_ajkek = b
=2

for at least onej (1 Let J° be the set of those indices |, for which x { satisfies
the equality (3). IfaJ{=0 for allj£J° then, for sufficiently small e>0, (jc? + £ x°)dK
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and (x?—e, x°) £K, which contradicts to the fact that x? has been chosen as an
end point of 7(x°). For this reason, there must be aj, for which x? satisfies (3), and
For this /, jdJ' and

bj- 2 ajk*k
I R [0
an

that is (/j(ic), x°)C_K. If, on the other hand, 7(x°)=(—"°, +°°) then m+ ICJ"'
and (/,,+ (x°), x°)EK. Now it can be seen that Srigt is a finite, non-empty set.
Moreover, since obviously S|efIDSrih,, we can state that

inf{p(XI :je°):jict€/(VO} - min {p{li{x°)\x°) (1j(x°), x°)EK).

In order to prove the inverse inequality first we can observe that
inf {p(x{;x°): E7(xQ)}< + °° because of 7(xo)r™0, then

inf {12(*, ;.v°):*i €/(x0Q)} > -»,

which follows from inf {</(x):xCAi} >-«>. Since p(x,,x°) is now being regarded
as a quadratic function of only xx, there exists an x? £7(x°) satisfying

(4) I5(*2, x°) = inf{/>(xi; x°) : Xi C/(xO)}.

If this X? is unique and lies in the interior of 7(x°), then a=a01>-0 and

/oo n

consequently the minimal element of §j,,,, is among the elements of 5rigtn. 1f 7(x°) =
= (—o0, +0=) then, because of the finiteness of inf Sleft, p(xx; x°) is independent
of Xi in the whole (— + <9 interval, so x? = /m+1(x°) may be chosen. Finally,
in any other case an x? £/(x°) satisfying (4) may be chosen as an end point of 7(x°).
Then according to the argumentation of the previous paragraph, there exists a
y'E{1,2, such that aj19i0 and x? =/0x°). Now the validity of (2) has been
justified for each possible case.

From this point the proof can be easily completed. From (1) and (2) we gain
that

(5) inf {<(x) : x€K) = min {inf {g*(x) : x€A}},
where
q*(x) = q*{x)+p(1j(x)\S:)

KI= {x-{1j{x),x)iK}.

and

Since inf {g(x):xE7f} is finite, inf {qJ(X):xEK]j} >-«> for arbitrary /6J".
</*(x) is a quadratic function of x and Kj is a convex polyhedron in the n —1 dimen-
sional space, thus by the inductive assumption

(6) inf {*;(*) :*€*,} = <lu*0J)
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provided that jdJ' and Kj is non-empty. If Kj is empty for all JEJ' then I(x) is
empty for any xERn~I, consequently K itself is empty. If this is not the case then
by (5) and (6) we can arrive at

infla(x) - K) = min {q*(x0J} = g*{x*n) =

where

that is

The theorem is thus completely proved.
Acknowledgement. | am indebted to A. Majthay for letting me acquainted
with the problem and his proof in the case of convex quadratic objective function.
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EXISTENCE THEOREM FOR WEAK SOLUTIONS OF
ORDINARY DIFFERENTIAL EQUATIONS IN REFLEXIVE
BANACH SPACES

by

A. SZEP

. The general problem

Let £ be a topological vector space, denote R the real line, and let x(t) be a
function with values in E, defined in a neighborhood of the point IOER. Denote x
the topology of the space E. The function x(?) is said to be differentiable according
to the topology r, or briefly T-differentiable if the quotientﬂf—)—:)—(—(—tl converges

. —to
to a certain x'(t0)£E for t-*10, in the topology x. Let I2 be a (temporarily arbitrary)
but non-void subset of the product space RXE, and fit, x) a function, defined on
X)EE for (t, X)E B. Let (t0, x0) be a fastened point of Q. Consider the problem

*=/(", M
*('0) = * (1)
(‘o) =*0J
Definition: An £-valued function x(t), defined on some non-degenerated real
interval /, containing t0, is a solution of the problem (1), if:

a) x(t) is T-differentiable for t£/,
b) (r, x(/))Efi for ?£/

C) x(t0)=xo

d) x\t)=f{t,x(1)) for /£/

The problem cannot be expected to be solved in such generality. Various conditions
on E, x,Q and / enable to be proved existence theorems.

Such theorems are the Cauchy—Peano and the Caratheodory existence theo-
rem (both are valid only in finite dimensional spaces), the Picard—Lindel6f existence
theorem, which can be extended to arbitrary Banach spaces (see [1]), the Kras-
noselskii—Krein-theorem [2] and so on.l

Il. The special problem

In this paper we shall investigate the following special case. The space E will
be a reflexive Banach space, the topology x will be the weak-topology, which by the
assumption coincides with the weak* topology of the adjoint space of E. The set
12 will be closed in the norm-topology of E and the function/(/, x) will be continuous
on (2, in the weak-weak sense, that is for every (/', x')£EQ and arbitrary weak neigh-
bourhood U of the pointf{t', x')€£ there exist an s>0 and a weak neighbourhood
V of x' so that for every xEV, t—1\ < e (/,x)€R, f(t, X) £U is valid.
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111. The tools

The first property, which will be used repeatedly is the weak completeness of
reflexive Banach spaces. Strictly speaking:

1 Let {x,f* ! be a (denumerable) sequence in the reflexive Banach space E.
Suppose, that for all x*£ E* — that is for all linear continuous functionals on E,
the sequence x*(xn) converges. Then there exists an element xO£E, for which
Jim x* (xn) = x*(x0) for x* C.E* arbitrary. For proof see [3], p. 69, 29 Corollary).

2. A Banach space is reflexive if and only if its closed unit sphere (hence all
closed spheres) is weakly compact. ([3] p. 425 Theorem).

3. Asubset C of a reflexive Banach space is weakly compact if and only if it is
clostid in the weak topology and bounded in the norm-topology (see [3], p. 424 3.
Cor.).

4. Our main tool is the Evertein—Smutian theorem:

Let A be a subset of a Banach space E. Then the following statements are
equivalent:

(i) A is weakly sequentially compact, i.e. any sequence in A has a subsequence
which converges to an element of E.

(i) every infinit subset of A has a weak limit point in E.

(iii) the closure of A in the weak topology is weakly compact ([3] p. 430 1
Theorem).

Corollary 1 Let E be a reflexive Banach space {x,}“=t a sequence ofelements of
E, bounded in norm, that is there exists a number o for which |)x,J| S Kfor all n.
Then there exists a subsequence {xXi£}*=i of the original sequence which converges
weakly to an element of E.

Proof. Let S be the closed sphere in E with center in the origin and with radius
K. S is compact by 2, it follows by 4, that our sequence contains a weakly convergent
subsequence. Q.e.d.

Corollary 2. Let E be a Banach space, R the the real line, a, b> o given real
constants. Denote P the “ci/yndre”

{(t, x):t0MtstO+a, ||[x-x0] b}: Pa RXE

where t0 is afixed real number and xOGE afixed elements. Let fit, x) be a function,
defined on P, with values in E. Suppose that fit, x) weak-weak continuous on P (cf.
Ch. 11). Then there exists an upper bound M, so that

I fit, )| aM for (t,x) EP.

Proof. According to TychonofTs theorem on topological products, P is compact
in the “realXweak” topology. The continuity of / implies the weak compactness
of its range fiP), hence by 3., the range is bounded in norm. Qu.e.d.

" We shall use the following simple consequence of the Hahn—Banach extension
theorem:

5. Let x0 be an element of the Banach space E with the property ||x*(x0)|| &1
for all x*EE*, |x*| = 1, then ||jrO] =*
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IV. Some remarks on Banach space analysis

Let £ be a Banach space — reflexive or not — denote £* its adjoint space. In
this chapter we shall deal with functions, the values of which lie in E. These functions
will be called briefly vector-valued-, or vector-functions.

A more detailed theory of such functions is developed in [1] and [3]. Here we
shall give only the definitions and theorems essential to our purposes.

Let x(t) be a function of the real variable t with values in E.

1 Definition. The function x(t) is said to be weakly continuous at t=10,
if /—10 implies x(t) -*x(t0) in the weak topology. Our condition is equivalent to
the following one:

implies  x*(x(/)) —x*(x(i0)) for all Xx*££*.

2 Definition. The function x(t) is said to be weakly (Riemann) mtegrable
in some mterval [a,b\, if in any choice of the points «(¢, ti_IS.ii*tii=1 .

the sums £ x (xi)(h—fi- i) converge weakly to the same element XO£E, provided
max I —O0. Let the space £ be weakly complete, then our condition is

eauivalent to the Riemann integrability of all complex-valued function of the form
x*(x(0)- In this case there exists an element x0 of E, for which

b

for all Xx*E£*.
a

3. Definition. The function x(t) is said to be weakly differentiable at t =10,
if the difference-quotient x(t) —x(t0)/(t—t0) converges weakly for r—t0 to an ele-
ment x'(t0)ZE. In the weakly complete case this condition is equivalent to the
differentiability of all functions x*(x(t)), x*££*. It can be easy to be proved that
weak differentiability implies weak continuity, the latter implies weak integrability,
the integral of a weakly continuous function is weakly differentiable with respect to
the right endpoint of the integration interval and its derivative equals to the integrand
(at the same point).

4. Definition. Let / be an interval on the real line, and x,,(t)€£ for /C7,
n=1,2,.... The sequence {X,(?)H=1 converges weakly uniformly to the vector
function x(/), if for all Xx*££*, =-0 there exists a n0=/70(x*, €), so that nén0

implies [x*(x,,(t)) —x*(x(t))| < e for all /C/5

5. Theorem. If all terms of the sequence {x.,(/)}“=, are weakly-continuous in
/ (that is in all points of ) and the sequence converges weakly uniformly to thefunction
X(t), then x(t) is weakly continuous.

Proof. Let x*££*, >0 arbitrary. Choose «0= woi-v*>y] hy means of the
weak uniform convergence. Let né/i0 be a fixed integer, tO£1 arbitrary, but fixed
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too. The function x*(xn(t)) is continuous at t0, therefore we can choose a <5>0 to
£ Let \t—D| < 6, then

x*(x(1))-x*(x(t0) = x*(x(1))-x*(xn(t))+x*(xn(t))~

- X*(X,,(t0)) + X*(xn(t0)) - X*(x (t0)),
hence

Lv*(x(0)-.v*(.r(?0))i <y + T +T = £ Qu'ed-

6. Derinition. The sequence {x,,(/)}“=1, defined on the real interval / is weakly
uniformly fundamental, if for all x*EE* and e>0 there exists an n{=n0(x*. ;)
so that m ,n*n0 implies |x*(x,,(/)) —=*(xm(?))| < £ for all t£l.

7. Theorem. Let the Banach space E be weakly complete, the sequence {x,,(/)}*=,
weakly fundamental in 1. Then the sequence converges weakly uniformly to a certain
vector function x(t).

Proot. For all fixed t£] the sequence {x,(t)},7=i is weakly fundamental, hence
it has a weak limit. Denote this limit element by x(t). Let x*££*, e>0 be arbitrary

n0 —nO|x*,yj by means of the weak fundamentality, n, m~n0. Then

IX*(X,,(r)) —=X*(X,,,()| < 2 for all tEL Let t and m be fixed, while n— then
x*(xn(0)-*x*(x(t)), that is

x*(xn(t))-x* (xm(t)) - x*(x(r))-X*(xm(i)),

hence
Ix*(x(t)) X)) S <E

8. Theorem. Let E be a weakly complete Banach space, {x.(t)}"=1 a weakly
uniformly fundamental sequence of weakly continuous functions defined on the real
interval I. Then the sequence converges weakly uniformly to a well-determined weakly
continuous function x(t), defined on I.

Proof. The assertion is an easy consequence of Theorems 8 and 7.

9. Definition. Let E be a Banach space, 3* ={xa(t): x£A) a family of vector
valued functions defined on the real interval I, A some index set. The family S'
is said to be equicontinuous, if for e> 0 there exists a <6>0, so that \t'—t"\ < ¢
implies ||x,,(0 —xx(t")\ -c e for all a£A. This implies, among others, the weak
continuity of all xa(?) in 1.Q

10. Theorem. Let E be a reflexive (hence weakly complete) Banach space. Let
S'be, as in 9. Definition, afamily of equicontinuous function. Moreover let the family
be bounded that is let there exists a 0, so that ||xa(t)| for allaCA, tCl. Then
there exists a sequence a(n) so that the sequence {xx(M}f=, is weakly uniformly funda-
mental.
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Proof. Let {7.}=1 be a denumerable dense set in/. The set xx(t{) is bounded
by the assumption, hence by Corollary 1 of Chapter 111 there exists a sequence
au,al2 ..., aln, ...CA so that {x”"y/,)}” is weakly fundamental. Consider the
set {Xc,.(%2)=1 *It is bounded, hence contains a weakly fundamental subsequence,
denoted with xXA(t2), x,2Xt2), ...,x,,2(t2), ... . We construct in the same way the
sequences X,, (t) for all /, and put a(«) = a,,,. Then the subsequence {XI(B)(/)}"=i ‘s
weakly fundamental for all t=1t1212, ... . We shall prove that {x,<B)()} =1 is weakly
uniformly fundamental. To this end let x*£E*, e>0 be arbitrary. Without loss
of generality we can suppose, that |x*| = I. Choose to e/3 by means of the
equicontinuity. The intervals with radius 6 and centre in t{ (/=1,2, ...,) cover /,
hence there exists a finite covering system.

Suppose that the covering system consists of the first N interval. Chose n0
by means of the weak fundamentality in /,,...,/N, so that for k1,k2=n0

WMD) -x* (xRN <y for /= 1, ..., N,

Let K{,K2"n 0, til be arbitrary. There exists a term of the finite covering system,
containing. We can suppose without loss of generality that it is the first one.

FH(*)(0) - ** (0) = X*(=.(*)() - X=(xa(ki)(t]) +
+ X)) (")) - VF(xa(@(F,) + x* (xa()112)- X (xa(k)(/)).

For /=1,2 by means of the equicontinuity

x*(xalt]) (7)) X0 (K (D) 37 [ « e (/) )t S 'y =y -

The weak fundamentality in / implies

e ) (M) V(D)) <y

Hence
Mx«(*)(0)-x*(xaQ(i))| <y +y +y = £

Since n0 is independent from t the proof is complete.

V. The existence theorem

Through this chapter let E be a reflexive Banach space, denote R the real line,
/(/, xX) a weak-weak continuous function on the cylinder
P={<sS/St0+a, |[x0—| £ b}

in accordance with Chapter Il. By Corollary 2 at Chapter 111 there exists an upper
bound 0 of/ in norm. Let a=min (a, b/M)

Theorem. The problem (1) in Chapter 1 has at least one weak solution defined
on [/0, to+ °0- (Strictly speaking we assert the existence of a solution in the sense of
Chapter 1, while x is the weak topology of the space E.)
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Proof. The mean idea used in the sequel constructing approximate solutions
due to Tonerti [4]. Problem (1) is equivalent to the following (set of) integral equa-
tion”):

t
X*(x(t0) = X*(x0)+ Ix*(f(s,x(s)))ds forall x*f _E*.
fo

| et d>0 be a suitable small real constant, x0(?) a weakly continuously differentiable
function on [0-<5, i0L for which x(t0)=x0; x0(t0) =f(t0, x0); |[x0(0-*oll =b
and ||x6(0ll SAT (The property “weakly continuously differentiable” means that
x0(t) is weakly differentiable and its derivative, as a function of 1is weakly con-
tinuous.)

Let us remark that for <5(>0) small enough the function

*0(0 = x0+(t-t0)-f(t0, x0)

has the required properties, but we do not restrict the choice of x0(r) beyond the
required properties. For 0<e”(5 define x£(t) on [[0—{t0+a) by

*0(0 for 0 i=1/=o

X:(J) =
tO~ tS t0+a

This formula defines « e;v) first in the interval /0, «o + « J, where a, = min (&, -
The substitution is allowed, /(s, x£(s —e)) is a weakly continuous function of s,
hence it is weakly integrable. Let x*EE, ||x*|| = | be arbitrary. For t0O* t*t0+ai

t
X*(xe(t) --xo0) = f X*(f(s, XE(S- £)))ds,
whence D

[F*(*«(0-*0)] s M -\t-t0, M-a's M- = b

Lienee by Chapter 111, 5, ||xe(?)—x0| = b for /oSiSto+cq. It follows that
X£(?) may be extended to the interval [0—c;t0+ ar] where a2= min (a, 25). We
extend the definition of x£(/) in the same way to [0—&r0+ aj, conforming the
relation [jx£(/) —xO0| & i. It follows, that the function family {x£(t)}; 0<eSc> is
bounded as it was required in Theorem 10 in this Chapter. In addition, we shall
point out its equicontinuity in the closed interval [f0—Q 0 +a]. To this end let
X*6E*, |x*| = larbitrary and consider the formula of x£(r).

2

W( ti)-xc(t2) — J f(S, XE(S-B)) ds
il

Hence
W *(xe(Mx) - xe(12))\ Mitl—/21

t2€[r0’ *o+al
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In the interval [to —b, tq] all xc(t) equals to x0(t). The weak dmvaﬂve % the latter
is bounded by the assumption, hence |n*(nc(?) —x£(/2)j = =2+ 1n both
cases from Ill. 5 it follows

¥« (')-*«(*2)I1 » M\ti~t2\

It is an easy consequence of this inequality that for w> o arbitrary, rj/IM possesses
the property required from 6 in 9. Definition of this Chapter, hence the assertion is
proved. Applying theorem 10, we get a sequence e(1), e(2), ... for which n-*°° implies
«(«)—0. and xe(n)(i) is weakly uniformly fundamental on (0—¥, /o +a]. Hence
by the s. Theorem there exists a weakly continuous function x(t), so that xe(n)(r)
converges weakly uniformly to x(t), as All closed spheres in E are weakly
compact, much rather weakly closed, hence for all t, considered above ||x(t) —xO| Sb.
Hence f(s, x(s)) exists and it is weakly continuous.

Regarding the formula for xe(t), it is to be pointed out, that for x* £ E*, 107111
S t0+a arbitrary, n—"° implies

t

t
f Xe(n)(s-£(n)))) (i3 j X*(f(s, x(s)))ds
to 0

Let x* and t be fixed. The integrand converges pointwise, and can be majorized
with a universal constant, hence our assertion follows from Lebesgue’s classical
theorem.

Corollary: If we suppose the “strong-weak” continuity of/(/, x), then it follows
that the solution constructed above is differentiable in the norm-topology (strongly).
Hence we can get a “strong” existence theorem too.

Remark: It is easy to prove that the weak solutions are always strongly con-
tinuous. This remains true in non-reflexiv Banach spaces too if we suppose the
boundedness of/.
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ON STRUCTURE SPACES
by

R. WIEGANDT

To the memory of Professor Alfréd Rényi

1 In [3] Sulinski has given a category theoretical generalization of (strong)
structure spaces. Structure spaces are well-known in the ring theory as well as in
the theory of Banach algebras, further also the 0-dimensional compact spaces can be
considered as structure spaces of Boolean algebras. Sutinski has defined a closure
operation on structure spaces on the usual way, but it remained the question whether
the structure space has become a topological 7, -space. The purpose of this paper is
to give an affirmative answer of Sulinski’s question.

In section 2 we shall define structure spaces on lattices, further we shall establish
a condition which will involve that a structure space shall be a 7\-space.

Applying this condition, in section 3 we obtain that Sulinski’s structure spaces
are always topological 7 ,-spaces.

1 am grateful to Dr. E T. Schmidt for his valuable remarks and for simplify-
ing the proof of the Theorem.

2. Let L be a complete lattice. Denote M a set of dual atoms of L. An element

L will be called M-representable if c can be represented as a complete intersection

of elements belonging to M. Let LM denote the sublattice generated by all M-rep-
resentable elements.

A closure operation can be introduced into M as follows. For any subset A

of M, let the M-closure CI (A) consist of all elements mfM having property

m S p, n. In what follows, the intersection p n will be denoted by N.
neEN MeN

It is obvious that A—CI (A) is a closure operation, moreover, since the elements
of M are dual atoms, therefore the M-closure of a single point is itself. The set M
equipped with the M-closure operation will be called the structure M-space of the
lattice L. It remains the question when the M-closure operation is topological,
i.e. for any two subsets A,, A2gM the relation ClI (A,)U CI (A2 = C/AJIAN
holds. Clearly a structure M-space is a T{-space if and only if the M-closure opera-
tion is topological.

Theorem. |f the sublattice LM is modular and every element m CM has at most
one relative complement, then the structure M-space is a topological TI-space.

Proof. We have to show that Cl (Aj)UCI (A2) = CI (A, U A2 holds for any
two subsets A,, N2QM. Clearly Cl (A,)UC1 (A2) 4 C1(A,UA2) is always valid.
Let us assume Cl (A)UCL1 (A2 ¢ C1(A,UA2). Now there exists an element
w€C!(A,UA2) such that /m"Cl(A)UCI (A2. /rom CI(A)UC1 (A2 c
¢ CI (A(UA2) it follows that neither NIsN 2 nor N2—"1 hold.
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A In the most general case ni, TV, and T\2 gene-
rate a sublattice given by F|g 1 such that
/=1,2; IV/, and by the mo-

dularlty

B=A1MNA2=((Tv2n m) UTV) n((TV, Mm)U TV) =
= (TV, Mm) U (M2MNm).

Let us observe that some elements of Fig. |
may coincide. Since N”*A, and TVgur, O
A:7$T follows for /=1,2. Hence mC_M implies.
ARJm = 1 On the other hand by the modularity
we have

mMOA, = mOMVU@MNm) =
= (MOT™)UMNT™) = B.

Thus Axas well as A2 are relative complements of m. To get a contradiction we
have to show that A, and A2 are different elements.

By ™d m it follows /7INMT™ < TV, further VI (MM T™V) = TV, HTV2 holds for
[=1,2; | Aj. Hence the modularity implies that (MM m) UNj and ™ UT\2 are dif-
ferent elements i.e. an= (IV-Mm) UTV < TV,UTV2. Taking into account W;*/4,<
<TV,UTVZ2, it follows Aiti A2 and the Theorem is proved.

3. Now we turn to answer Sulinski’s question. We shall adopt the category
theoretical notions and notations of [3] (see also [2]), moreover, let us assume that
the considered category " satisfies all the conditions (C,)—(C,0) of [3]. (We omit
to recall them.) In such a category both of the Noetherian Isomorphism Theorems
hold in the following sense.

1. Consider the commutative diagram

k xld Tm

I H &

kra”™b
>
c

where x,, X, §y are normal monomorphisms and a, 3, p normal epimorphisms such
that Kera= (k, x), Ker8=(m,y). Then Kerp= (k, x,), moreover Ker a3 = (d, d)
and af is a norma/ epimorphism. (Cf. [5] Theorem 2, 1; the last statement is an easy
consequence of [2] 9. 8).

2. Consider the commutative diagram

A\ H
d2b a = m

where x,, x2, 51t 62 are normal monomorphisms and a, [L norma/ epimorphisms such
that (k, x161) =(dl,6 1)C](d2, 62 and (r/,, S)U (d2, &) = (a, £,). Then there exists
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an equivalence p: m{-~m with commutativity preserved in the diagram (Cf. [3] Pro-
position 2, 4).

Let JI be an abstract class of simple objects such that a£Jl and a”“b imply
b£JI. If o a-*b is a normal epimorphism such that b£J1, then the ideal (m, p) =
= Ker y is called an M-maxima! ideal of a. The set of all ~-maximal ideals forms
the structure JI-space of the object a and it is denoted by Ma. In [3]
it is supposed :

(we) If (p, n) is an idea! of a andp CJI, then there exists a unique *
JI-maximal idea' (m, p) such that (p, n)r\(T,p) = (0, g) and
(P,mMU(m,p) = (& &)

Let us mentlon that in [3] it is shown: by a suitable choice of i
J1 the category of rings, alternative rings and Lie rings satisfies
condition (-*-). K

Proposition 1 The lattice of all ideals of an object afff is Fig. 2
modular.

This statement follows from the Second Isomorphism Theorem. In contrary,
suppose that there exists a nonmodular sublattice given by Fig. 2 Here (c, y) is
an ideal of a, moreover, there exist such normal monomorphisms ¢, g, f that (x, ¢),

(y, @) and (z, Q are ideals of c. By the Second Isomorphism Theorem we obtain
the commutative diagram

where a, B, y are normal epimorphisms and g, a equivalences. Since B is a normal
epimorphism, therefore by [2] 9, 8 there exists a map n: b2-+bl such that Rn=ot.
This implies that n is a normal epimorphism. Since a~l=ng~I, so s is a mono-
morphism too and hence an equivalence. From this t;8 = C(an~1) =to follows, and
so there exists a map "“t:x”"y such that =  Hence (x, ¢)".(y, q) holds,,
contradicting our assumption.

Let us remark that Proposition 1is essentially the converse statement of De-
dekind’s transponation principle (cf. [1] Theorem V. 6 or [4] Theorem 3 6).

The ideals being complete intersections of _#-maximal ideals, are called M-rep-
resentable ideals. Again let LM denote the lattice generated by all AZ-representable
ideals of an object a.

Proposition 2. An element (m, p)f Ma has at most one relative complement
in LM.

Studia Sclentlarum Mathematicarum Huntjarlca 6 (1971)j



208 R. WIEGANDT

Proof. Suppose that there exists an element (m, /QCMa having two relative
complements (x, £) and (y, g). Since by Proposition 1 LMis modular, so it follows

easily
(X, €)D(m, n) = (y, hr(m, /0 = (x, HC\y, # = (k, ).
Further by the Second Isomorphism Theorem the diagram

K -+x — bx
| 1 n
m—m b

is commutative, and so bx”*Jt holds.
(@) Assume (x, QU (j, b) = (a ed. By the First Isomorphism Theorem the
diagram

K —X “mbx
1 |
K—a -KC
\ 1

d

is commutative, further (bx,/) is an ideal of c. Consider the images (rat,/<c) and
(yc,rjt) of the ideals (in, p) and (y, W) by the epimorphism y. Now we have

(bx, /) U (mc, pg = (bx, y) U (yc, flc) = (c, sO).

Hence by condition (¢£) it follows (mc, pc) = (yc, ) which implies the contradiction
(m, W=(y. n).

© If(y,OU{y,w) = (zQ < (a €a), then there are normal monomorphisms
0, bz such that (x, 0) ar)d (>mbz) are ideals of the object z. Since by Proposition |
LM is modular, so we have

{nu, V) = z,QMN(m, /;) n (x, c) Ny, w.

Moreover, there exists a normal monomorphism vz such that (mz, vz) is an ideal
of z. For (k. x.) = (xz, F2)0(y, bz) the Second Isomorphism Theorem implies that
the diagram

K- *- bx
| 1 It
mz-~z -»D,

is commutative. Since bx”Ji, therefore (mz, vz) is an *-maximal ideal of z. Hereby
the .A-maximal idea! (mz, vz) has two relative complements (x, <€) and (y, bz) such
that (x, i,) U(y, bz) — (z, £, and we have traced case (b) back to case (a).

The Theorem and Proposition 1, 2 yield immediately

Corollary. The structure Ji-space of any object of T is a TI-space.
Remark: By the Corollary the assumption of [3] Theorem 5, 12 that the structure
l-space should be a TI-space, has become superfluous.
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ON THE DISTRIBUTION OF ADDITIVE AND THE MEAN
VALUES OF MULTIPLICATIVE ARITHMETIC FUNCTIONS

by
G. HALASZ

1. Let the number theoretic function g(n) be additive (g(mn) = g(w)+g(n)
for (m,ri) = 1) and integral valued. We are going to study its “local** distribution,

i.e. the behavior of N(m, x) = piﬁ“ 1
n=T

(m is an integer). “Global” distribution in the sense of probability theory of additive
(not necessarily integral valued) functions has been extensively investigated; a general
theory is laid down in Kubilius’s book [1].

Our problem is not new either. Landau [2] derived from the prime number
theorem q (logl "

N(m, x) ~ x m—Djilogx

for fixed m ifg(n) is (o(ri), or Q (n), the number of distinct and the number of all prime
divisors, respectively. Much later Sathe [3] obtained similar formuli valid up to m &
Sc log logx (c<2 for Q(n), c-=e for co(n), the latter extended afterwards by A.
Selberg [4] for any value of ¢) and independently Erd6s [5] for a smaller interval.
Sharp upper bounds had been known before for all m, Hardy and Ramanujan
[6], and also lower bounds by Erdés and Pilnai in certain neighbourhoods of the ave-
rage loglog x. (See [7].)

Renyi [8] considered g(n) — Q(n) —w(n) proving the existence of the asymptotic
densities

X m=0
This function is characterized essentially by g(p) =0 for all primes p, and it was
this case that first lent itself for generalization: Kubitius [1] extended Rényi’s theorem
to any function satisfying
(i\

2 ~ < +°°
Ap®0 P

For larger exceptional sets the picture is entirely different as we shall presently see.

Recently Kubilius was able to generalize the case of co(n) and Q(n) (i.e. g(p) = 1)
as well, again by admitting an exceptional set of primes, this time an even sparser
one:

Under certain additional conditions he obtains formuli for m—log log x =
= cK”log log jc log log log x) or even m—log logx = o(log log x) (See [9]).
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In this paper we combine the above two cases by considering functions assum-
ing 1 on an arbitrary set  of primes and 0 at all the other primes. For the sake of
simplicity only, we suppose g(n) completely additive.

Theorem 1. Let g(ri) denote the number of prime divisors pdfiR of n, counted
with proper multiplicity. With the definition

EM :p%x ;’_

pe'9
we have
Fm(xn Im—E(x)\ "
N(m,x) = 2 1= X--7] exp{-£(x I+o0 Ol-L
(m, x) 2z I ep{-£()} £00 ks
uniformly in T and x for 6's E?;() — & E(x) s 2, with anyfixed 5> 0.

It should be noted that, contrary to the earlier results, neither the “sparseness”
of ip nor that of its complement is assumed here. Should E(x) tend to », and in
view of Kubilius’s generalization (1) of Rényi’s theorem this is the case left open,
our theorem gives asymptotic relation whenever m —E{x) = o(E(x)). As the con-
stants involved in the symbols O( ) are absolute constants depending only on 5,
it also yields sharp lower bounds for the larger range \m—E(x)\ —cE(X); the
exact value of the universal constant ¢ remains unknown. On the other hand, our
formula supplies sharp upper bounds for the whole 6E(x) S m a (2—0)E(x).* This
2—0 is caused by complete additivity and the prime 2, so to speak and is of less
importance here. It will be clear from the proof that when prime divisors are counted
without multiplicity it can be replaced by any number and also that one can get
uniform bounds for all m contending with less sharp ones outside the above in-
terval.

The author owes the problem to Professor Erdss. Actually he asked if

N(m +1, x) ~ N{m, x) for m—E(X) = o(EX*)

which is obvious from Theorem 1 His old conjecture, now Wirsing’s theorem (see
below) concerning multiplicative functions (i.e. f(mn) =f(m)f(n) for (m, ri) = 1) with
f(n) = +1 would follow easily and he told the author he had tried to prove the con-
jecture this way.

Another connection with multiplicative functions is due to A. Setberg [4].
In his analytic proof of the sathe—Erdss formula he considers the multiplicative
f(n) =z9n) and represents N(m,x) as

g(z;llﬁr{lzul-l J' l\?(_m ?)

where

M(x,z) = 2148) = 2 z&) = 2 N(m\x)zm

* For some complementary results see the author’s forthcoming paper in Acta Sei. Math. Hung.
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thus reducing the problem to the summation of multiplicative functions. While,
however, the special w(n) and Q(n) led to special function /(n), we are led to ge-
neral fin).

2. So we assume /(1) to be completely multiplicative, f(mn)=f(m)f(n) for all
m, n and seek estimates or asymptotics for
2 /00

in terms of a majorant of/(«). This problem was already considered by Wirsing in
[10]. Here, for simplicity, we take only |/(w)| as a majorant. In this case essen-
tially under the condition

cef f(p)
V(p)\

for fixed 90, 6 and all primes p, Wirsing proved very deep and general results of
this type, but his formuli were just of the form

G = {C+o{\)A{X),

clearly insufficient for our application. (Let us mention in passing that the case
Ci£0, at least when the majorant is 1, |/(n)|*1, had been completely solved be-
fore by Delange [11] and that afterwards in [12] we, again for the majorant 1 settled
the case of any C, removing Wirsing’s condition.) Therefore, we set out to estimate
the errors. It would not be difficult to do it in complete generality as in [12], however,
having in mind our application, we restrict ourselves to Wirsing’s case. Our results
are still more general than we actually need.

\ewp—e'eg a S, €p

Theorem 2. Lei/(«) be completely multiplicative, 0<<5s]|/(/>)|= 2—>and with
the definition 9. = arg/(/>) A
\e“p—€°0\ S O
for fixed § 90 and all p. Then

_ \f(p)\-Ref(p)
qz‘xm _ObxeX][-!)'g(Au'l'Fr“A-C’F’?“x P

Here and in that follows c,,c2, ... are positive constants depending only on
&or are universal if 0 is irrelevant. (The same is true for constants involved in 0 ( )).
This latter is the case e.g. when/(n) = £ 1 and we get the conjecture of Erdés, now
Wirsing’s theorem of which we spoke earlier in an explicit form. We remark that
we could then take  =0,07 but not 0,37.

Coiresponding to Delange’s theorem with non-vanishing main term we state

Theorem 3. iffin) is completely multiplicative, \f(p)—1 = g < 1for all pri-
mes then

2m =Xe*Azfw_ .. +
n"x 1p3n P |
Re/(P)-1 L e-adi+

+O(X) )YeXPj p%x |OgC3X exp)pax N P_
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These are by no means the first error estimations for general multiplicative
functions, (see e.g. [13], [14]). While, however, in the earlier results sharper asymptotic
relations have been derived from rather regular behaviors of f(p), here especially
in Theorem 2, we are given an irregular distribution of f{p) and are to find estimates
in terms of some simple gquantities.

As to the method of proof, we shall modify our analytic method of [12]. The
original form would only work in the case \f{p)\ > ¢ and therefore we now
combine it with some elementary argument taken partly from wirsing [10], although
the proof remains basicly analytic and still much simpler than wirsing’s. Since
we, too, assume his condition on the 5p’s we do not claim that our results cannot
be proved by his elementary method. (According to a remark in [10], they can in
a special case.) It will be clear from the proof, however, how to remove his condition,
giving the behavior of the sum function in general with precise explicit extimations
in terms of some more complicated expressions than in Theorems 2 and 3.

Our analytic approach depends of course on

f(s) = n2_| f 0 = «+it)
for which by multiplicativity
)
2o o)
! i Fvm) 23 =
F(S) = 1J |+:f4-Fz) ! f ZIP) + - _ e = pS _ o1 n

BTRON

where by \f(p)\<2 the product, hence the series converge absolutely for = Re
representing an analytic function there;

if n=pk

otherwise.
We shall also use the symbol

- _ flogp if n=pk
Ny = I(mlog« = | o otherwise.

In order not to interrupt the proof we gather here some easy estimations.

©)
1 log P 0o
rl(g,\a%d(«)/(«). SZi0p pLzyl 2 m Z—pip—g +6)=03<+ {an 1)

and also in the case \f(p) —1| = j? (Theorem 3), using \zZk—\\ S k\z —112 —f"1
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for 0 S 2—0
2-S)kk
@) Fé —S iZJ‘°gPZJZ( Bk) - = VW
riog X/1 [Iogxl
N 7"
Z A(M\(N)\ & = (2- S)k/Z{ log/l? S c4 (2-5)kx1,ks
k2 k=
(5) IogX log(2-<)
_QI 0g 2 y(2 8)2xl2+2x lok2 )~ r5

the general term being a convex function of k, thus assuming its maximum for
the extreme values of k.

* N
®) Lyre, VAT 090

For, denoting x2' by x,, the sum is

2 2 2 s

£ eg /2_'1I'e-2,- 10**«'-1) s cB]7:1e -2- 2= cT.
Here we have made use of the elementary

—=loglogx,- loglogga:,.!'+o(l) ~ log2

X|- |<p3x P
_I] _ _
S c9log 2+ an= 1+ -——--—- , a=Res>1
® P23x0 P P 9 " ffo- logx0
and in particular
1 1 3(ffo- 1)
asS 1+
® P28x0 P-P"ArC°
For
- - = _ ~(s-Dlogp
’%*OP i--2rl _pzs,XOPn
s k-1] 2 -°~ s auili-1]logx0S 2cn
psx0 P

if j —11S 2(a0—1), say. If lj —11> 2(<t0—1I» the same way for |i —11log/iS|,
ie. p = epr —e

2-1 1— N s~ I\pz"a~ R Cnk-l|loge = Cu,
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while for p>a the trivial estimation 1— 2 is better:
2- — 3 2(log log x0- logloga)+ 0(1) = 2log (]i—Y log y0) + 0(1) s
- k-i
—Clzlogq) Je

Combining this with the previous case we see that (7) holds in any case.
We define

©) -2,

for 1/(n) lis also completely multiplicative and so the exponential representation (2)
holds. Taking logarithmic derivative and using (3)

_fbc‘b " =1ér., NN [ = Ai09p|/(p)|[+ 0 (1) Sngl inA +0(1) =

W _ o -
=

(10)
= -2--((1) + 0 (1) ="y + 0 (D)
and also
@
(n) 4 q( nNo2 ,0(11 =

= -<5|-M +0(i)s-? 1+0(1)

by elementary properties of £(cr). Here £(v) is the Riemann zeta function, i.e. F(s)
withf(n)= 1 Integrating (10) and (11)

(12) (<i]3l)a_ DO ;s (<°71j"|)2 1< ff3 3).

Next we shall give various estimations of F(s) in § 1and §3. In §2 integration
with respect to s will lead to Theorem 2 and in §4 to Theorem 3. A straightforward
integration with respect to z will lead to N(m, x) (Theorem 1) in §5.

8 1. Let us compare |F(s)| with the ®(a) of (9) by their exponential representa-
tions (2) and (9):

JT(5)] _ £ ()| =R er(<)n~lt)
P{?) e

The preliminary estimation (3) shows that we can drop terms with n=pk, k52
making only a bounded error. The sum left,

V |/(p)|(I-ReeV™) 1—Re eisp "
r P° P°

(13)
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has non-negative terms. When, however, p:* passes through the middle of the omit-
ted neighbourhood of Theorem 2, \p" —'P| = -r, say, then under the condition
of that theorem

\pu-e”p\' S 2 > 11— S 2
and we have the sharper

1—Rte'9p "s

Let us therefore construct a function A(e'9) that vanishes for |e'9—e'P| S &2 is
positive otherwise but never exceeds </8. Then

1- Reelpp-“a hipl)
and we get for our sum

-y 1—Ree™pp~tt __ -y hip")
Y@~ h g
By readding terms with n=pk, k * 2 we complete the sum into
ylmm(n*)
n~l n”
making another 0(1) error. We now expand /;(ei9 into its Fourier series

fi(el9) = 2 aie iig-

K

ao = ~fh (e, 9d9

is a fixed positive quantity. All we need for the other coefficients is e.g.

ai=°[1i\  (/*1)e

fi(e'9 can in fact be chosen to satisfy these requirements: the triangle shaped func-
tion with height €8 built over the positivity interval is one possibility.
Substituting A(e'9) by its Fourier series

y kimhjn") _ v A®)

n=1 I f rf |

a
an =2 az 2O
(14)

= 2 Slog Qe+ /)
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by the exponential form (2) for C(s). (The interchange of the summation signs is
justified by absolute convergence.) Now, by the pole at s=1

logG(n) = log ', +0(1)
logt(o +ilt) = log— j+— + 0(1) = —logler—L+ [/i]) + 0(1) =

= -log &-1 +|i)+ 0(log (/| + 1) ()]

provided \It\ S3, say. If, however, we first let |i|]s3, the last equality holds for
lt1>3 as well: the 0( ) term dominates over the main term jsincelog |/| » 1 0 g j

and owing to estimation of £(s) valid for large values of the argument we in fact
have
logQer+ /Iy = O(loglog \itl) = Of(loglog 3|/]) = O(log (/| + 1))

uniformly for <> 1 From the rapid convergence of a, we see that the contribution of
0(log ¢jr1 +1)) is bounded in (14). The main terms give
«olog jo—l -log(<7-1+ |t|)ll’\*€"

The sum here, completed by a0, is just the value i(e*®) = /r(1) that is non-negative.
The factor log (@r—1+ 1/0) is bounded above (if e.g. alll3 for now |/|S3). Thus
we get further

(15) s golog a—i ta0 log« 1+]r)) /t(l)log4 = golog i+ A1) 0 (D
For |/|>3
log Qer+ ///) = O(log log |/i]) = O(log log (J/| +2)) + 0(log log |t|

for all /+ 0, hence in this case (14) becomes

1 A log log (/| + 2
a0log 4_ 4 o—(-i)lgog g(=2| )-+ 0(log log |t|)/2*072

1
= «0 log a1 0(log log [f1).

Only jt| S jj—  will be needed. Then the last term on the right is negligible

here and we see that the lower bound found in (15) is valid here, too, if we replace
a0 by go/8, say. Returning to (13) and taking into account the various bounded
errors made in the meantime

IFG)| _  ~<75log (1+a2r)+°(1> R 1
(16) Ho) = e t (a-lf
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Our next aim is to get a uniform estimate in terms of F(a):

” A ) 1f7 (bl - 1 )

17
(@7 ®@) - Cl6kpfe)) 1 1% (<T-1)6]
Consider

FE) ‘= «m>("-")

nHtr =*
and use (3) to drop terms n=pk with /cé2, (6) to drop terms with k= 1,
p>X t_I_6§]_§<_= a—llI and (7), (8) to replace s, a by 1 After the last step the sum

vanishes and the errors made are 0(1) and once O |ffig ~2+ J j jj. Here *—1[ S

S ¢—1+ Ifl. Hence
F(s) c *eGQ Iq:;( S0

. F{a) ’
Writing
\m \
) ®(a)
we have
1B B ’ Cl9log”2+-17Lj-10¢g ﬁ%—g‘
. d)(ae: 18

/
N 1. )
@log L+ 5~ 1 509 |F(tr)

we obtain (17) with c17 = 1/2. In the alternative case (17) with c17 = -EC%_ is
weaker than (16) that we have already proved.

3. Proof of Theorem 2 Instead of an exact coefficient formula, as in [12],
we consider

(18)

Its relevance will soon be clear; we first estimate it.

The infinite part |/|€ with T appropriately chosen is to be estimated tri-
vially:
jFfr) = In\ill(”)r:@n N /\\If(n)\ll_logn = e () = ----?*?j((T)(D(<r) s o ®(a)

(see preliminary estimation (10)),
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H N = - —
By (12) ®(a) is at most of order (<7-ﬁg and we can eg. take T 1--g to

make the contribution bounded. On the finite part we write F' = llzz m-and factor
out F:

*) F e x
|n|slr@¢|F<s>|2/ o x
168 «

owing to the choice of T the uniform bound (17) is valid giving

I+00If7
(19) \r?ai( [F(s)]2 c2 @(a) ®(a)

Taking logarithmic derivative of the exponential form (2), the integrand,

can be rewritten by partial integration, introducing

L) = Y A(n)f(n)
as

dL(u) L(eye wsdu.

By Parseval’s formula

(20) M —_ \L(eu\2e~luadu.
MW ~J

Here
\L(U\ = Z A00/00 S2 HLoP+ nTﬁg\unoouom: c22u

(for the second sum see (5)), implying
J \L(ey\2e~2adu » c23 e~2(al)du= ——
0 0 c—1

We have thus found for our original integral in (18)

2 ttc23

(21) 1(@) = c2 P(a) V(L (I—1 + 0 (D).

®(a) ,

Now, the Parseval equation applied to F'the same way as to Ff in (20) relates 1(a)
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to our problem on coefficient sum:
@ oo 2

(22) fa) = 2kf |Veu\2e~2"du=2«f A L du
0 o 1
where

N(u) = Y f(ri) logn
is the coefficient sum of F'(s). Our task is now to deduce the necessary information

from the sharp bound of 1(a).

We think x0 large but temporarily fixed, 9<0—1 = g %0 and consider the

variable ie. with o—1= —------ Or£<70. For logu S .---=—----— = log X
log x a—I

2(0-1) S e~2and keeping this range only,

Schwarz’s inequality implies
(23)

We want to replace N(x) by
M(x) = 2 /(<)

The relation is given by
(24) N(x) =\] log udM(u) = M(x) Iog.xr—]c du.

We can save the actual estimation of terms of secondary importance like the last
one by defining

(25) R = oR%o

In/(n-)! logl

Here and in that follows &L;€, ... and K{, K2, ... will denote positive constants
to be fixed later sufficiently small and sufficiently large, respectively. With R so
defined we can write (24) as

T
(26) N(x) = \f(x) logx + O [y?J log™ “ nitj = M(x) logx + 0(Rx loga* 1x)
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and (23) takes the form

[ \M(u)\ \M(u)\ log n
J u2 du ‘log —V{ au
1
27) ®]log x
"25 -w (_a R ' ' ’
62Iog| ?+’\|og.,1.

To be able to use this rather weak average we make another essential use of
multiplicativity:

N(u) = nZAUA") logn

2 An)2 () =2 A(d)d) 2 f(k) =

28) k—d

2 A(d)f(d)M

(29) mu)\s2MA\F(d)\ m

(Here we omitted dSu since j = 0 for d>u.)

We first show that to estimate N(x) it suffices to estimate
1
J jIM(n)| du
y
with y sufficiently close to x. In fact, for the deviation (y*u”ax)

(30) | ArM)HAr)[| S |Arw)-Nr(x)| s cg y |/(«)|logn=Slogx %k 1/001
yen? y <n"kx

by Holder’s inequalit ith —+ —=1 a= 1+ —— as usual
y inequality wi 573 . Iog X usual,

—log Xexald 2 = log Xe(ex)I(x —y+ l)]/pJgi mn,\ox

\f(ri)\g here is again multiplicative and determining g so as to satisfy (2—0)4 < 2

the sum is a function like ®(a) from (9) also of order — —— at most (see (12)).
. . _ X
Choosing y with x— = TogaBx we get further
A Q7X1/9X1j (logx)1-cBP+2'« = c27X,
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the value of ¢26 to be determined by 1—c26lp+2/q = 0. The bound obtained for
(30) means fory ~u " x

X

@) V) = BVEOL+ 0(x),  ANCGOVX-Y) A AN(U) du +c21x (X-y).
Putting (29) into the integral Y
X [ \i /d
annelus 2M d)my T mIM du=2 a@niand | wiepds =
j yld
(32)
=AM\ 2 A(d)\m\d\du.

For the sum, using (5),
2 A(d)\f(d)\d s B(2 Z logp+c5BRI-'b).
)

t aSpsSo

We need the prime number theorem with logarithmic remainder term to infer

Z log/> c28(R-a)
Xspsp

with arbitrarily large but fixed K,. If so,
A(d)\f(d)\dsc29B3(BR-a).

B
for B—a S logk &
"d"B

X

In our case a = y7 B"= — and the condition for applicability becomes

"

X

Xy " X V— , U= xe~'"sCxlKL 4fV
logr1 2 1B g -
V]

Integration up to this v in (32) thus gives

}‘W u)|f, 2 _ A()\f(d)\d)du w c29x (x-y) f du.

Here, for we can make use of our basic estimate (27), while for
we apply (25), i.e.
M (up s RulogB_1:
\ xXn2
" ix Ju ro 2I du
62Iog 5 ) R 1

1

=2 COx(x->1) 02log. ;n_ 1T—"—Iog]5!x)_|.|, R 1og*+1/H .
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It remains pS hS x We write our gquantity in the last but one form in (32) and again
estimate in terms of R:

2 A(d)\f(d)\d / IM(u)\du ~ AM\f(d)\d log*.-1».
d L On I X a a
v ' od) d \

For K1>c2 VeE('X, say, and we get further

N Rx(x—y)\ogS~lix 2 A(d),f(d)\ ~
(34) sc"Ax"-jOlog~rxf Z IOg/;+O(I)\5V
(d Sel0OgC26/K I X P

N G2-Rx(x—y)log'si_1 xloges/AiX,

taking into account (3). Putting our estimates (33) and (34) into (32) and then into
(31) and at the same time expressing N(x) again by M(x) with the aid of (26), we get,
after dividing by x(x—y) logh x,

WM i ! I/ K+
log' ™ X's C8 logx loghix &logTFaix | er—1

+j- o h-f'an + Al -
51(@09)( <aa ogcBK- i x

for 2SS x 0. Let us choose x to maximize the left hand side. The maximal value
was called R in (25), and as we have anticipated, all the terms on the right contain-
ing R can be neglected compared to R on the left for large enough x and Kl . The
only exception is the last but one. Here we can achieve the same result by choosing
b2 sufficiently small once $Xto be determined later (depending only on O is fixed.

Thus we have proved, rewriting log x everywhere as g1

(35) Rs c3Hy/(a)(ff-1)4-27+ 0(1)
where the 0(1) is to take care of the possibility that the maximum is attained for

r S ¢ 35 in which case the above argument is not applicable. Inserting here our bound
for 1(¢) in (21), we have, combining the 0(1) terms together,

RA ¢35(u-1)bdh Ll ] a#0(1)

for one particular g™ g0. Suppose we can show that the first term on the right is
decreasing in 4. Then we can replace ¢ by e0and also the second term can be omit-
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ted. Hence
VYD) 1091 vvo g A S C J6(ff0- 1) 4 (110 LHOL
. oy INK)I YT
IM(.v0)| S ~36"0C"0 —1)D(°0)
(36) <
®(al) (|R<M)|
X iky 1 o0

and since x0 is arbitrary, Theorem 2 follows on observing that

£1A(ﬂ)(|/m(§)-1) AR (o IS

D("0). = gu= — gP—x0
Chbl
- 7 AW)(I/(W)l-Re/(w)) - /(p)|-Re/(p) |
e n=l o =g psriO oo

P0b)

by (3), (6) and (8) the usual way.
So it remains to show that

* Ne IYT
(«7_ l) ¢’(<T) (D(CI')J

is decreasing or, equivalently, that its logarithmic derivative is negative. By (11)

A
oW " T W),
by (10)

@)y mmnre gt W N)N)] o
f@ T e o L ow (-

and the logarithmic derivative in question,

1 —c1n0 1 2cl7 +0(1)
a1« -GIEW * o Nppf - a1 a1 T e

s Jn fact negative for 6t = &2 say, possibly by further decreasing the value of c17,
4y in Theorem 2, at least for small enough <—1 that is all we actually need.

We continue our investigation of F(s) started in § 1 aiming at a main
¢ work with the assumption \f(p) —1 Si; of Theorem 3 implying also
ion of Theorem 2 so that all our previous results hold in this case as well.

ler
AN/()-1)
m =A
cw
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for 1+a°2 —Res —a —3, fixing go as in §2. Terms with n=pk, i s 2 con-

tribute, according to (4), 0(rj). Summation over fc=l, o lxo —ffo 11>
owing to the factor |/(/>) —1] S q gives another 0(ri), by (6). The remaining sum is

2 9dp)--'
ps*0o P

where 5 when replaced by 1 causes an error o|r¢clog"2 + AN jj (see (7). Defin-
ing therefore

2 f(p)~1
A=ep-x0 p
we have shown
0T) T™M =7(.«.-.(»"7)) =~ (,+0],log [2+iEr "])|
C(A 1 0-0- 11
provided
>?log Go- 1 3
or in an equivalent form, using
as) =0 ! i 2
k~1]
log 2+GO- L

FO) - ICE)H0 Ml (o
We have derived this uniformly in the strip 1+ g°* S<ra3 with a view to
apply it to F' by the aid of Cauchy’s estimate for the derivative. For fixed vthe circle
\z—s| » A—— lies in the above strip and our remainder gives a uniform bound in

the circle if we replace js—1| by its double and half, respectively, giving rise only to
another constant in 0( ). Thus

log
(38) mar S

ri1 k-1 J

under the conditions
i= k~1] 1Q i
(OSRej=(rs2, rglog 2+G0_ . S2, [I'Si.
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8 4. Proor Of Theorem 3. This goes essentially on the same lines as that of
Theorem 2 in 82 with the new definitions

m{x) =2 {m-A),

N(x) =2 (/(«)- A)logn,

Repeating first the elementary part (from (22) onwards), most of the relations con-
necting these quantities remain unchanged (e.g. (22), (24), etc.). We enumerate now
the differences.

Writing down (28) for both /(«) and/(«)= 1, multiplying the second by A and
substracting, we get for our new functions M, N

n(u=2 *NeN 2.m -2 any)2 a=

and this will make an additional term (using (4))

on the right of (29). Also, in estimating the deviation in (30), we have to take into
account the contribution of the main term,

The proof then goes unaltered up to (35) where, to be precise, the 0(1) term is
to be complemented by an O(\A\). The above two changes yield then (35) in the
form

; C39\A
RS cll(a)(a-1)I1+2*+0(1) +c38ri\A\\og1-" o Lo I +

(39)
+0(\A\) =S cdo0/7(a)(<r-T)I+2a>+f?|"4|log1~& *o+ \A\+ )
for a a*<J0.
Now we turn to the analytic part. We recall

, o)
If ¥ log €+ S 2, we define t by

Mlog
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in the alternative case set t= 1 For a > | +T the asymptotic relation of §3 is
about to break down and we handle the two terms of the integrand separately, using

\a—b\2 A 2(,a\2+ \b\2). For the square integral of FE) we found in (21), omitting
a factor S 1then essential,
o) JK"
(ff)
For the second term J
AC'js) a3 1412
41 life!
“h) y " (f-1)3

For, by the second order pole of C'(s) at s= 1 and the well-known estimate for large
values of t,

dt f log4 i| d L45

s) .
yE ite] m c. "is- 14 Ji+~ t (Ff- 1)3+ C46-
() 0 ﬂ’l—Q

Let now a * 1+t. Then by the definition of T the asymptotic formula (38) holds
up to Is—1j = 2t, certainly for |i|S t, giving

in.M CW 2ar e 00
In. n r e
4 ANk ony T T
) i
214 2(ff-1)

G(u-Lh3log2 2 - 1

In fact, the contribution in the last integral of |j —j S 2(<«—1) is less than

2(ff-1)
ff-1)log2 2+
(ff-Dlog2 2+ <0170
(u-1)2
and the contribution of [s—1 S 2(u—1) is less than
It 2(u—)

f'r~ E J 1, 2 tvrt@2+2)" ~ cAy uo- 1
J £2 a0- 13, t uw 1 a1

M1 uo- 1
the same as above, proving the last step in (42). For |t| = r we again separate terms.

The square integral o f—'—:——(f)— can be estimated the same way as in §3 (see (18)—(21))

log2 2+
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except that in place of (19) we only need TLU|f| T and here we use (16) instead of
(17). We get

f'~p ds\sell gl + 0D
o3
For the (-function as above
M) 1= e

(37) applied for s = 1+ « shows, taking into Account the definition of T that

\Af 1 CF(I+t) 200

_ [®0+T)]2
T3 T3 C(1+ t) | [® +7)T]2= c2 T

and we see that it is inferior to the previous bound. In fact, we shall show later
that the latter one even when multiplied by a positive power of <—1 is decreasing.
Sincenowdg 1+7, its minial value, attained at a = 1+ Tis c50[dP(1 +T)e~ci5logZ]2T—

and our statement follows.
Combining these estimates with the one for [t|Sx in (42),

ll-l—l f \F'(S)'AC(S)\Z *
(43)

nm 2(g-1) 1
s ¢5 lor
(<T- 1) g2 *0-1

for a W1+71. But this, possibly with another ¢53 also holds for 1+t<u”2. In
fact, as T< 1definitely, by its definition
A<r—1) )

Wlog2
g ffo-i i

Plog2 S4

and we see that (41) can be included in the first term on the right, while our first
bound, (40) for the case <> 1+z is smaller than the second term on the right,
since logil + Tj-j ~ log2. Putting (43) into (39), taking square roots term
by term,

RS~ rS +A.,-D-I'_"—

+ (<—1)i+3 + WA\logl-* x+ \A\+ 1
for a particular ao.
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The first term on the right can be seen directly to be decreasing for cré<:0.
The same is true for the second term, in fact, the logarithmic derivative, by (11),

3 0] N C,ST 5
1t ot (@14 (<7—) <F—1 I1 I

is negative for small enough <is c1s and <—. We can therefore replace < by <o in
the first two terms and noting tS 1, <~2 and also

I0 (1)

by (37), the four other terms are superfluous. Recalling the definition of R we are

left with
. -fis Iy
IA/GTO) logr °x0=R S cs6 #¥%log: S'70+ M<M)e }
V(0] log's o

2
F
or Zlog 2+ <Tn- S 2
r is defined by

flog 2+ 2t =2 TE @@—l)ent

D0- 1
and we get
M (x| = % (/(«)~ A) = csi xo@ Mi + %Og&l)e CI/I/'-%

. _ . . o bl . )
Otherwise r = 1 and there is an additional term X0 logl+cBN0 giving the three re
mainder terms in Theorem 3 using again

o 10 ®10 e

log w - “60 40 Cme" X

§ 5. Proof of Theorem 1 As in the introduction we define the completely multi-
plicative f(n) =zeM, z—reiS |9~ , ie.

z if pey
p) it pity.
The quantities occuring in Theorem 2 and 3 take the form, recalling E(x) _p25x Pi>
PIV
A=ep-X p =g(z-i)EX)

.]X_M -

\f \—Re/p
ey DT

Or(I-cosd)£(x)
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The conditions of Theorem 2 and 3 are satisfied if d*r”2 —06 and in the latter
) = \z—11< 1 They give

J_ "Y' 7gW — Q7g(r-1)EM -clr{l-cos3)E(x)\

X n"x

and/or

v 2aey - e @ % _11g(Rez- DE() LE( DEX) o @z 11+ . T

X »SV' - loge3x
We have

N (m, X)
X

Our estimations give for the integrand the maximal value efr LE()r mand the

. . . m .. m R
optimal choice of r will be r = E@) hence the condition €S E(x) S 29
in Theorem 1

For \&\s9076/2 we apply our formula with main term, for |9|s9 0 just the
upper bound. Integrating first the main term,

J" g(i- DE(X)g = r__J" e(z- )E(X)e~imSJQ j_

S0 —«

2n

40 Y-'m 1: e(rcosS-EW”
|S[*90

The first integral is the /nth Taylor coefficient of the function e(; 1FJO0, i.e.—E——ran] X)e BX).

The error, factoring out r~nmeir~1£X) = em £(r) from this and all the sub-
sequent error estimations, is

/ ~r(cosd- 1)E(X) < 2 | e~CO&EM =
sli e"*
N—

@

y 2 I e~e~“2du LU
E(x) 30>J4_b() YE(x)
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Integration of the remainders give, as [z—11S \r—11+ 29,

f\z-N\ere™>-DEXd9s f (|r- 4 +2|9])e-cBi92EWi/9 =
d=3q
ronoc

“¥EX) TE(Y))
290e 21—4 if [r-1]a290

e 1*-11d9
13550 290e 40  if |r—11= 29,
—t—9g —-— = * -
ogax "~ 9 Tlogp Ely  ©a()« loglogn)
and the bound for |S| = 90 gives
fog-cir(l-c°s HE®X) N @B p-cbinlE(X)A
[»[ssO \ E{x)

a similar quantity occured before. 90 is therefore to optimize the last and the last
but two. A straightforward calculation suggests9

9° 1 \r-NE(x) T k-i
90 = [E()]-* if k-1
the optimal values being at most Yggi()e |rcfegl1L and c70e cififPl respectively
and both are well exceeded by other error terms. Hence we find
N(m,x)  E™(x) £(x)|mem-EX) * 4 4
m! m) fwx) _EX) YE(X)

and Stirling’s formula shows that this is only an alternative formulation of Theo-
rem 1

£(n)+ O
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PROBABILITY DISTRIBUTIONS
IN THE GEOMETRY OF CLUSTERS

by
R. V. AMBARTZUMIAN

Abstract. The term “cluster” is used in the present paper instead of more usual
“finite set of points”. Only the planar case is being discussed.

The probability distributions, to which we arrive, arise, when a fixed cluster
%t is intersected by a random (oriented) straight line. But instead of defining the
latter directly as a random point in appropriate phase space (in fact the “invariant
measure” [1] of straight lines on plane is involved) we rather consider it as a limit
of certain random circle, when its radius tends to <° This is the so called “invariant
imbedding” technics, which has proved itselfto be quite useful in far deeper problems
of integral geometry, [2].

Independently of their probabilistic interpretation, some results of the paper
seem to be new in the cluster geometry. For example, it is shown, that for centrally-
symmetrical “rich” clusters (1, the number of points in %l tends to °°, limiting
quantities are considered)

hm+2 —4 |l —2»i+l

where is the mean length of the perimeter of minimal convex hull of a randomly
chosen /«-subset of the cluster, r is the mean distance of the points, belonging to
%l from 0, the center of symmetry. This result holds under the condition, that r and
H =h,, do not increase with n.

Another result for “rich” clusters states, that

Q 1
77 ~ -

where g is the mean distance between the pairs of points in %L
In fact, these inequalities are derived from their analogs for clusters with finite
«. The cases when equalities hold are indicated.

*

Denote the points of the planar cluster %i by ., 2.

Definition 1 The random circle C(r) has a constant radius r and its center is
distributed uniformly in the interior of the “basic circle” of radius R centered
in the origin. It is assumed, that R is taken large enough, so that % lies in the basic
circle and the distance of 91 from the boundary of the “basic circle” exceeds r.
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We consider the probability Pk(r) of finding k points from 91in C(r).

Inside the random circle C(r+h) (h is assumed to be small) we consider a
concentric circle D of radius r. Obviously, the distribution of the number of points
in D coincides with that for C(r). We denote the annulus formed by the boundaries
of C(r+h) and D by K

We introduce the probability P of an event, which occurs, when kK

points from 9 are found in D, and i points from ®Lare found in K. The probability
of a point from @l to be found on the boundary of D is equal to zero, so we have

K

(1) OO +/0 =iZ=0p

Now, the probability of finding two or more points from 9 in K is o(h) when h—0.
We will refer to this fact as to Remark 1 (RI).

According to RI, the probabilities for r> 1 are o(h) when /r-~0.
Thus (1) is simplified to
D K
@ ey =P D e B o

Here, and in the sequel, the probabilities, invonving negative numbers of points
from 99 should be replaced by zeros.
On the other hand, RI implies that

@) P/r) = PFk K\+P o(/r)

D K
K’ 1

Subiracting (3) from (2) we find, that
4) Pk(r+h)-Pk(n=pP D K _p

k-v 1
Taking account of RI again, we establish

d a
+o(h
S+ olh)

D K D K
©) 1 =2> o to)

where P K:I ks the probability of an event, which occurs when k points from
9N are found in’D and 3Palll is found in K

Definition 2. The random circle C(r; has a constant radius r, and the
center of C(r; 3P) is distributed uniformly on a circle of radius r with its center
in the point ”;69/1. Thus, the point ~ r£9/1 is found on the boundary of
C(r; iPj) with probability 1

Denote by nk(r; 4?) the probability of finding k points from @1 in C(r; SPfi
It causes no difficulty to show the validity of
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Lemma 1
iD K 2rh _
PW . R nK(r; &) +o(h), h-~ 0.
From Lemma 1 and the equations (3) and (4), it follows, that
dPk(r)
(6) dr

The next step consists in analysing the probabilities nk(r; 3A) by means of
variation of r. In order to do this we make an additional

Assumption. No three points from dJi lie on the same straight line. We shall
refer to this Assumption as to A

Inside the random circle C(r +h; 3A) we consider a circle D, which has radius
r, and has a common tangent with C(r +h; 3A) in The distribution of the
number of the points from 91 found in D coincides with nk(r; &). Denote by K
the part of C(r +h; 0=) which lies outside of D.

As a matter of a fact, A implies, that for larger values of r the probabilities

of finding j points from 91 in K (I, refers to probabilities, associated with

the random circle C(r +h; 3A)) are o(h) when /7—0 for i*2. We shall refer to this
fact as to R2.
According to R2 the equations

D K

an o K
nk(r khi3) = A 0 by g o)

<7) b K
(mu=n ., +n P95 +oM

are valid. The notations in (7) are analogous to ones in (2) and (3).
Hence, for larger values of r

D K
n>:K +om

D
"k-V 1 U ;
Again, from R2 we deduce, that for larger values of r

<8) nk(r+1Ir, 05)- nk(r; &) = //

D K . D.K
9 I_Iy 7 = 1'+0h
<9) K1 J%AWIKSPJ (h)

The notations in (9) are analogous to ones in (5). An easy geometrical reasoning
ensures the validity of

Lemma 2. Under assumption A for larger values of r

D K)N h QGVEigiP)) +/>w
kA 2n  w4r- “jj
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where g} is the distance between and PPjCSR and

0 if neither of the two halfplanes, in which
the plane is divided by the straight line,
passing through 49£ SR and -CSR does not
contain K points from SR

K@, H) = %1 if only one of those halfplanes contains k
points from SR

2 if both halfplanes contain k points from

m, k =

The equations (8), (9) and Lemma 2 lead to the differential equations, valid
for larger values of r
dnk(r; &) _ Z

(10
dr j r\4r2—Qf

The equation (10) taken together with (6) permits to find the asimptotic (r —°)
behaviour of the probabilities Pk(r). A strightforward calculation shows, that

Po(r)= | r2-rR:2e,M~r,n) + %)
()
PAr) = - nR2 2 Bljv=(~. &) —2vk_ 1 (SPi, &j)+vk_2(", PIV+Q. o

, . o(n)
Pn(r) R2 TiRe Z BiVN-2&I1,Pj) + po
For any cluster SR, sattisfying A the following function is introduced
fm =2 vm(m, &)Qj, m=o,..n-2

As seen from the definition of vm("%, and (11), it possesses the following pro-
perties

a) fo=fn.. —H, H is the length of the perimeter of minimal convex hull of SR
b) fk=fn-2-k-
c) Xk 1—+4k—k_2 0.

d) 2of =2

c) is easilly seen to be true for several special cases, but as a general result it
seems to be new.
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The ratios 1p OP(jr-Ir)Pn ; which may be interpreted as conditional proba-
bilities to find k points grom gl)l in C(r), under the condition, that the border of

C(r) intersects 91 do not depend on R, and from (11) we easily find the limits

_ Pk(r) Ak, -A- A
12 pk= i 1—Po(r) —Pn(r) 21

The feeling that the distribution uk, as introduced in (12) should arise in the
context involving random straight lines is justified by the Theorem 1, which follows.
Writing the equation of a straight line on (x, y) plane in the form

(13) mcos p+ysingp=p, p>0, QS(p"2n

we denote by F the domain in (g% p) stripe composed from all the ((p,p) points, for
which the straight lines, given by (13) intersects 91

Definition 3. M is a random oriented straight line, which corresponds to the
random point with uniform distribution in F. The orientation of M is choosen at
random, with probability 72, independent of (ip, p).

k =

Theorem 1. The probability, that k points from 'H are found on the right of
M is equal to pk in (12).

We omit the proof.
In calculating the moments of the distribution pk is important the symmetry

(14) Pk = Un-k. K=1, ..,u—1
It follows from (14), that
EC=14

(C stands for the random number of points on the right of M).
For the variance of Cone gets the expression

=)
H
This gives a rough estimate
Q n 2iZ<j R
H' 4(n-\Y a(n- 1)

~ This bound of the ratio f/FI coincides with the sup g/H, only in the case when
n is even.

Indeed, if nis even, Qi may be taken to consist of two subclusters with numbers
of points equal to n/2, placed in distant circles of radius e Denote by 9/10 the

limiting cluster when e—0. For 9/10, C= )9 with probability 1 and hence DC= 0.

B . .
sup I Z%/*—B if n iseven.
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On the other hand, when n is odd, DC can not be made arbitrarily small, because
” is not integer. One can see from (14), that in this case DC> —. Assuming, that

9Ji consists of two subclusters, with " - —points in one andM”  points in
another, placed in two distant circles of radius e, tending to zero, we find, that

infoc= 1
This means, that
Q_ _ n+l . .
supy an it n is odd.

_in=2" . . .
The sup DC = . is approched, when one point of 91 goes to This assures,
that

inf 1
n

L
H

c) finds another application in the problem of evaluating the mean length
hm of the perimeter of minimal convex hull of a randomly chosen m-subset of 9)i.
For instance, if n is even

1 T-m

n ;% X 2- KN m 4-r
m+2
since each pair belongs to the perimeter of convex hull of exactly )
N En “2-K \mldifferent m + 2-subsets of 91, where K s is defined by the
condition iPj)>0.

c) implies that

A+« O sA -sf.

As it follows from the Theorem, the cluster 9Ji0 here again gives the equality.
Thus we find, that

\a-1)

1
(15) Am2S 28y (/I»_,-a) +B(n,mH+ m .

1
m+ 2)

The functions A and B depend on 91 only through n, and may be written in the
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following compact form

>
n x M n
N1 2+1 %2 b E -
A =\n4d me2  me2 ggl ) l_f(T'Z) m+1
n I
-~ n—11_ 2

B(n, m) = m+1 * m+1 \m+ 1

It should be noted, thatf,,  {n is even) permits nice interpretation in the case of
2 1
centrally-symmetrical clusters (Othe center of symmetry) as
f« = 22r,
2

yl being the distance from to 0. B
For such clusters denote by r the mean distance of the points belonging to 9l

from 0, r = —I/-;, and let n in such a way, that r and H tend to finite limiting

.. n * . . .
values (this means, that a sequence of centrally-symmetrical clusters is considered).
In the limit (15) simplifies to

(16) Mtz —A4r f1—"TT
Obviously, on the right hand side stands the limiting (n-*°°) value of hm+2 for

VO cluster
Acknowledgement. The paper was discussed with late professor A. Renyi.
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CONGRUENCES DE THUE ET /-LANGAGES

par
M. NIVAT

Résumé: On introduit la classe des /-langages, sous-classe de celle des langages de
Chomsky. Tout /-langage est susceptible d’une définition algébrique puisqu’il s’agit
de I'image homomorphe inverse d’un élément d’un groupe libre et d’une définition
combinatoire au moyen d’une congruence de Thue que I’on construit explicitement
a partir de la définition algébrique. Il en résulte la décidabilité du probleme de I’équi-
valence de deux /-langages. La premiere partie de cet article contient un lemme
combinatoire qui est a la base de nos résultats.

I — Un lemme combinatoire

Soit Z —{y\\i=\, e =+1} un alphabet fini. Il est classique de con-
sidérer I’application g de Z* (monoide libre engendré par Z) dans Z* définie par
— g(e) =e (e désigne le mot vide dans ce qui suit)

-P pour tout feaZ -y {= A(/x 8§ «(f)Eziyr!

La relation d’équivalence g définie par fQgog(f) =e(g) est une congruence
sur Z*. Le quotient de Z* par g n’est autre que le groupe libre a n générateurs.
Nous utiliserons dans la suite toutes les propriétés de q (voir par exemple Magnus,
Karass el Solitar [1])

Nous noterons |/| la longueur du mot/ et si / —y]\ YL mmy\p>nous désigne-
rons par /- 1le mot / “1=yT*ryT*?71 )
Le lemme essentiel dans ce travail est le suivant:

Lemme 1. Soientf X, ...,f des mots de Z* satisfaisant g{f\, ...,fp.=e. li existe
un entier 1, 18 /<p

\e(f,/H)l = max \q(/i)
=1, ...p
D émonstration. Si pour tout /'=1, ...,p e(fi)—e le lemme est trivialement
veérifié. Sinon il existe certainement un entier j, 1Sj<p, tel que
le(/i-/,-)1>0.

Comme [e(/i> ...,fp\=0 il existe un entier /, \SI<p tel que
le(/i —i?2(/i eoe//)!
NN e /)4 &(/ieom//+i)l-
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244 M. NIVAT

Il se présente alors deux cas:
0 e(fi-fi-i)=gig2
e(fi-fi)=gig3 ou ]g3l= "2

ce qui suppose_e%f): gilg3 eifi —f+i) =gig4g6 avec g3=g4g5, |E5|>|E61ce
qui suppose Q(fi+1)=gJ1g6.
Finalement Q (f,f+1)=Q(g21gtgsgslgé) e(fifni) =eigilgdg6) et comme

ItfsIH fel o

\e(if+i]l = \e(g2dgAge)] = ['[+ "1+ ft] «

<IN+ 1sd + Ifsl = le(/i)l-
2) e(fi-fi-i)=gig2g3
Q(fi--fu=gig2g4 avec bl = bl
ce qui suppose e (f)=gjlgs
(fi—f+i)=gigs avec ]g5 < \g2\+\gA

ce qui suppose g (f+l)=g41g2Vs-

Nous avons alors
8(fifi+i) =8(gJigl1g5)

\e(fif,+0\ = kal + I] + Issl = 1M1+ \g2\+ Ifsl = le(/i+i)l-

Avant d’établir les lemmes suivants nous avons besoin de quelques définitions
que nous empruntons a [1] page 288.

Définition 1. Les schémas binaires de parenthéses sont des mots sur l’alpha-
bet d={( ,), » } que I’on définit récursivement comme suit:

— L’ensemble St des schémas binaires de parenthéses d’ordre lest S1= {(*-)}.

— L’nsemble Sn des schémas binaires de parentheses d’ordre n est

sa= {(Bk-BD\Rkesk,Blesh k+i = n)

Nous appelerons sous schéma du schéma de parenthéses R tout triple [BY, &', 82]
ou B' est un schéma de parenthése, 1 et B2 sont des mots de A* et B =R13'R2-
Les propriétés suivantes sont immédiates.
) Si [Bi, R, B2A est un sous-schéma de BESnavec ' CSket si B"CSt BiR"R2 est
un schéma de parenthéses d’ordre n—k + 1.
2) Si [Ri,R",B2] et [yl5y’, y2] sont deux sous schémas de B, I’un des deux cas
suivants se produit:
a) ce sont des sous schémas disjoints, c’est-a-dire:

soit

soit B1=yly'y'l, soit yl =R1B'R[.
b) I'un des sous schémas est intérieur a l’autre, c’est-a-dire:
soit Bi =yiy't, B2=y2y2 et [y[,R',y2] est un sous schéma de y'
soit y1=R1R[, y2=R2R2 et [RBi,y',R2] est un sous schéma de R'

Studia Scientiarum M athematicarum Hungarica 6 (1971)
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Définition 2. Si fi, mmm/,, est une suite d’éléments d’un monoide multiplicatif
le produit fi .../,, parenthésé par le schéma binaire de parenthéses R £Snest défini ré-
cursivement comme suit:

pour n=1 PRP=(*): B(fi) =(fi)
pour #i>1 B=(BkR:
B(fi eeo/,,) = (BK(fi - A)RI(A+i eee/))

Nous appelerons segment de fi-..fn parenthésé par R tout produit f...fi+
facteur dej\ 1, tel qu’il existe un sous-schéma [/1,, B\ BR2] de B avec fiifi .../,,) —Si
B(f---f
( Il est clalr que la correspondance entre segment et sous schéma est biunivoque.

Lemme 2. Soient f\...f,, des mots de Z* qui vérifient q¢a\ ...f,) =e. Il existe
un schéma binaire de parenthéses 3 tel que tout segment f dej\ ...fi, parenthésé par
R satisfait

[f2(/Ol — max  [f2(/)]|

D émonstration.

Nous faisons une récurrence sur I’entier n.

Pour n=1 c’est immédiat. Supposons la propriété vérifiée pour tout et
considérons fi, ...,fp tels que q{fi ...fp =e.

D’aprés le lemme 1il existe un entier / tel que

le(/«/i+i)l S mex |ell| = A
/=1,....P

Posons ff+ i—g. D’apres I’hypothése de récurrence, il existe un schéma de
parenthése B satisfaisant les conditions du lemme pour lesp —1mots fi mmmfi-+Hgfi+ ...

Or max (le(/;)], le(@):i=1 .../—L /+ 1 ....,p) S k

Soit [Bi,R',82] le sous-schéma de B correspondant au segment g (B' = (*))
et considérons le schéma de parenthéses y=R(((*)(*0)/?2- Ce schéma satisfait
les conditions du lemme pourf x...f,,. En effet, soit [yl5y', y2] un sous-schéma de vy,
auquel correspond le segmentf'. Distinguons les trois cas:

— les sous-schémas [y2, V', y2 et [/?,,y", BZ] de y sont disjoints. Alors f' est
un segment de /, ...f |gf|+ A parenthese par B d ou \q{f")\"k,

— le sous-schéma | y2,vy', y2] est intérieur a [Bi, y", B2} En ce cas,/' est soit./j
soit/i+l soit/,/I+1 et |R(/')|SA,

— le sous-schéma [Bt, y", 82] est intérieur a [yt, y', yZ: alorsf est de la forme
f...f,fi+i.. . f+Aet comme/j.../d_1g/J+2...yj+4 est un segmentde/t...f-igf+i-.-f
parenthésé par 3 on a bien |e(/Ol —

Remarque 2. Nous pouvons énoncer un lemme un peu plus fort que le lemma 2,
dont la démonstration est presque identique:

Lemme 2': Soient/,, ...,/,, tels que <?(/,, ...,f,,) =e¢, f'=f...fi+h unfacteur de
f —fi .-fn et ' un schéma de parentheses tel que pour tout segment f* def' paran-
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thésé par B' on ait \6(f') S J1 Il existe alors un schéma de parentheses B =RiR'R2

tel que:
a) f soit le segment de f parenthése par B, associé au sous-schéma [/i,. B' B2\

de R
b) pour tout segment f'" def parenthésé par £ on ait Q(f"")\ =k

Il — Algorithme

Soit @ un homomorphisme de X* dans Z* ol Z* est comme au paragraphe
précédent, muni de Ilapplication g. Posons A — max \g((p(x))\. Construisons ré-

cursivement les ensembles Ak, Bk, Rk, k=\,2, ,n, ... Les Ak et Bk sont des
ensembles de mots de X*, les Rk des ensembles de relation entre mots de X* que

nous noteronsf=g. ) )
Si R est un tel ensemble de relations, R désigne I'ensemble de leurs membres

gauches.

Bk = X
RL= {x=e\g((p(x)) = e}

Aj = X\R,

B+ = \fg\fEAK,gEA, .k +1= n+\\Q{tpm)\ (‘v 5| A%

{f=e\fEB N+, a(<?(/)) = e)

Uj/=£1/EA ,+i,g6 U Ai, e((p(fj) = <A<

A(i+ = 5,+1\R,, +1

Remarguons que cet algorithme se termine.

En effet, il ne peut figurer de mots/ et g tels que g((p(f)) = ApP(@)), (<K?N) —A
dans deux ensembles AketA, distincts. 11y a donc au plus card {/€ Z*\q(f) =f |/| & A-
valeurs de Iindice i pour lequel At est non vide. D’autre part si Ak est vide pour
tout k compris entre n et 2n, Bk donc Rk et Ak sont vides pour tout K supérieur a
2n. 1l existe donc certainement un N tel que pour tout k>N. Rk est vide.

Posons R — U Ri-
i= 1
Etablissons d’autre part la propriété:

Lemme 3. Le motf appartient & Bn+l si et seulement si les deux conditions sui-
vantes sont satisfaites:

— aucun facteur de f n’appartient a MJ RA
— il existe un schéma binaire de parenthéses B tel que tout segmentf def paren-
thésé par R vérifie \gc>(/))[ S A
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D emonstration. Nous faisons une récurrence sur n.

Soit /C 2,+,:J=g\g2, gi€Ak, g2CA,, A+/ = n+ 1 D’apres I’hypothese de
récurrence il existe deaux schémas de parentheses pour gk et g2 soient 3t et B2 satis-
faisant la condition du lemme. On prendra pour B le schéma (RifR2). D’autre part

/ ne contient pas de facteur dans [JlR par définition.

Réciproquement suppons que f satisfasse les deux conditions du lemme avec
B =(RtR2), BiESk> Ri**i A+/ = n+ 1 Par récurrence les segments de/ corres-
pondants aux sous schémas [( , Bk, B2)] et [(Bt, 82, )] de B et satisfaisant les con-
ditions du lemme sont respectivement dans Bk et Bh mais aussi dans Ak et A, sans
i=n __
quoi / aurait des facteurs dans /UAR;. Finalement f£ B nH QED.
=1

Interprétation de I'algorithme.

Soit R I’ensemble de relations {f=gi\f, g"X*, /C/}. Notons f=g(R) le
fait que / et g sont congrus modulo la congruence a la plus grossiére sur X* telle
que fi<rgi.

Une telle congruence est une congruence de Thue: c’est la congruence de Thue
engendrée par R.

Nous pouvons énoncer: en posant R = (J.R

Lemme 4. Les deux conditions suivantes sont équivalentes:
Df=e(R),

) Of(p(D)=e

L’implication /=e(/?)<=>-{?(<p(/)) = e est immédiate puisque par définition si
f'=g'C.R on a <A<>(f)) = (A<S>H))e

Réciproquement faisons une récurrence.

e((p(f))=e-e>f=e(R) est vrai pour \f\ —\ par définition de Rt.

Supposons le donc vrai pour tout/': f'\ < |/| =n+1

Deux cas se présentent:

— ou/ contient comme facteur propre un membre gauche de relation de R.
Ainsi sif 2=f'2CR

[= 11213 —1/ 213 (O

a(<?(/)) = e(p(/1/ 2/ 3))=«
Or/,/213 étant plus court que /, par récurrence / 1./.2;3 =e(R) d’ou f=e(R),
— ou/ ne contient pas de tel facteur. D’aprés le iemme 2 il existe un schéma
de parenthése R tel que pour tout segment/' de/ parenthésé par R: |e(<p(/"))| SA.
f satisfait alors aux conditions du lemme 3. D’oufd B n+l et comme (?(</>(/)) =0
la relationf=e appartient a R,,+i. QED.

Remarque 1 La remarque suivante est fondamentale dans la suite: il est certain
que si f=g est une relation de R tel que pour tout h”*, h2dX*: e((p(hx, gh2))"e
on peut supprimer cette relation, dite inutile, puisqu’il est impossible que / ou g
soient facteurs d’un mot congru & e modulo (R).
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Or nous avons un algorithme pour décider si une relation dans est inutile.
D apres le lemme 2, en effet, pour quef= g soit utile il faut et il suffit qu’il existe
une suite de mots glt ...,gp de X* tels que:

1) gi=g

2) gl+r = agi ou gta avec /ylA

3) le(g;)] SAetinj=> Q(gi) * e(gi)
4 ep) =e

Nous supposerons toujours désormais que R ne contient que des relations
utiles.

Remarque 2. Les résultats des deux paragraphes précédents peuvent se résumer
en le

Theoreme 1. Pour tout homomorphisme ¢>de X* dans Z* ou z={y]} et Z*
est muni de I'application g, I'ensemble des motsf de Xx tel que Q{<p{f)) soit le mot
vide de Z* est égal & la classe d'équivalence du mot vide de X* pour une congruence
de Thue, sur X*, finiment engendrée.

111 — /-langages

Définition 3. Le langage LaX™* est un /-langage si et seulement si il existe un
alphabet Z={yfj un homomorphisme ¢>de X* dans Z*, muni de I’application
g, et un mot yEZ* tels que L = {/£X*\g(y<p(/)) =ej.

Nous avons le théoréme qui justifie leur considération en ce lieu.

Théoreme 2. Le probléme de I'équivalence est décidable pour deux t-langages.
Ce qui signifie que étant donné deux /-langages L et L’ sur X* respectivement définis
par I’nomomorphisme ¢>de X* dans Z* et y dans Z* et I’hnomomorphisme o de
X'* et y' dans Z'* il existe un algorithme qui permet en un nombre fini d’étapes
de savoir si L=L".

Considérons alors L = {/EX*\a(y(p(/)) =e}.

Soit @$.X et X' = XI1J {oo}

Posons (p(m) =y étendant ainsi I’homomorphisme q: T *—Z* en un homomor-
phisme cp:X'*—Z * L’algorithme du paragraphe Il nous permet de construire
I’ensemble fini S de relations utiles tel que

VgET'™*: e(<P(g)) =eog =e(S)
S est aussi tel que
VIET*: e(y(p(f)) =e<"mf=e(S)

De la méme facon nous pouvons construire un ensemble S' de relations utiles sur
X" *telles que

VIBT* e{yW)) =e**a>f=e(S')
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Des conditions nécessaires et suffisantes pour que LczL' sont alors:

1) (f=g)c¢.s, fax™, gex*=>Q(cp'(f)=e(<pXqg)).

2) (ef=g)E£S fEX™, giX*=>Qy'<pXf)) = e{<PX)-

3) (ef=ceg)es, /€**, gEX*=>e(y"(pXf)) = o(y'(pXg))-

Ces conditions sont suffisantes puisque si elles son Vérifiées et si fC_L nous
avons co/=e(S) donc il existe une suite f | =cef, 2, ...,fp=e de mots de X'* tels
quef+i se déduit de  par substitution d’un membre a lI’autre d’une relation de 5
ayant I’'une des formes f=g, cof=g ou wf=g. Réciproquement, supposons l’une
de ces trois conditions au moins non Vérifiée, soit par exemple:

f=9(s), BX<p'(N)*eblé)y

Il existe alors, puisquef=g est une relation utile, hi, h2€ X* tels que g[(p(hlgh2) =¢,
donc hlgh2£L. Le mot hlgh2 congru & high2 modulo (S) est aussi dans L. Or
hIfh2 et high2ne peuvent étre tous les deux dans L' puisque d’aprés notre hypothese
Qi"pX~ifhi)) N difpXhighzi) et donc au plus un des mots

(jiy'ipXJhflhj) et d{yX>hgh2)) est égal au mot vide.

D’ou la nécessité et ainsi un algorithme permettant de décider si LczL'. En renversant
les roles, nous obtenons un algorithme pour décider si L'czL et finalement le théo-
réme.
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SOME INEQUALITIES CONCERNING POLYNOMIALS
HAVING ONLY REAL ZEROS

by
A. ELBERT

Throughout this paper, the symbol / denotes a polynomial

(1) = (DT> 1 (x-Xi) il),

where n1,n2,n3 are nonnegative integers and nl +n2+n3 = n > 0, x real. The
symbol /Il denotes the norm of/:

Il = _max [/0)].

We are concerned with the connection of quantities ||/||, n3, n2and the centroid
of the roots

-« +UN2+ Xi
=l
()

The quantities til, n2 and x are not completely independent, because by the aid®
of the relation |x(|Si we have the inequality

©) —1H-5-2 srsl —

Introducing the function p(oc, ) by

@ uy(ocR) = (\+(x +By+*+B(\+ z-By +-B(\-0i +B)I-*+B(\-0i-By-*-B

for 0 Wa, B, a+R S 1* we can formulate our statements as follows.
Theorem 1. For apolynomial (1) the inequality

1l S-y-iA*
holds, where the the equality holds if and only if n3=0.*

* If it is needed, the relation 0° = 1 must be taken into account

** This theorem can be extended to those polynomials, in which the factor/]i (X—m,) is rep-

laced by xIB+a:x"3~1+... +“,3m
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Theorem 2. If |x| Sa§, where 0saos|, then

s ~{Ai(ao>0)p,

and the equality holds if and only if a0=1, te. either ni =n or n2=n.

Theorem 3. Let the quantities nt, n2and [x| = a2 be prescribed, and let us suppose
Jhat nt =n2, then

if n\-n\*a\n2
I

if mM\—Ie> @G,

2 n
and the equality holds if and only ifa2 —1— 2.* In the cases nl n2 the roles
of nLand n2 here are to be interchanged.
Remark 7. It is well known, that

5) !

and this minimum is attained only by the Tshebysheff polynomials Tn(x) =
= 2-n+1 cos n (arc cos X). For these polynomials we have by Theorem 1 |Tn\>
>2~"{/((©0, )} /2=2-".

Remark 2. It is easy to verify that if n3=0, i.e. all zeros are lying at the end-
points x = £ 1 then in the theorems above the equality sign holds.

Remark 3. The polynomial (1) can be written by the aid of (2) in the form
jc"—nx exn~1+  t00, Zolotareff[1]considered the quantities min \\n~ax~1+ ...||
for fixed a with no other restrictions concerning the zeros and he expressed them
by means of elliptic functions. The value of this minimum is lying in the interval
12~"+1, 2~n+2); we see from our theorem that by the conditions |xf|< 1the minima
are increased.

Remark 4. A consequence the the Theorem 1is already proved in our paper [2].
In order to prove of theorems above, first we consider the quantity

(6) Mn (nl,n2 = m/in /1.
P1«S
It is clear that for every fixed ny, n2 and for all admissible ** a0 there is an extremal

* Using (3) it can be shown that the sum of the two arguments of /i here is not greater than 1.
** W ecall an a0 admissible if there is at least one polynomial (1) with centroid x fulfilling the
requirement \x\—ixl and the relation (3).
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polynomial f O satisfying the relations
M,'xo{nln2 = ”/d'

@ JOW = (*+ )L (x- 02 [ (x-x(*>)  U>| <1
A0 0 1 M0
«0 771717 =

(95 =1, rio)si72.

Let us now consider the polynomial / @. This polynomial is of degree 27 and has the
form (1) with nl =2n[0) and n1—2n@) and its centroid is the same as of/ 0, there-
fore by (6)

8 MInr{2n[°\ 2/7i°>) & ll/oll2 = M IXQ(n, , n2).
We have again an extremal polynomial  of degree 2n which fulfils the relation
M2,,,0(2 <\ 27<>) = 11/).

By the aid of this polynomial /i we have similarly a polynomial / 2 of degree An,
and so on. We have arrived on this way to the polynomial /,, of degree n(V) = 2u7
(v=12, ...) which has the form o

O = (.v+|)"!v,(x—I)"\1>l\l\]l (x-xW) PV < 1 (i=L....171w),
where N . ) _ |

i L]
(10) az_ _ W}‘IZ'F/ : 1/|(V)A§§ AN« R i =
and

(io 2r» )= m s iilv-j2
Concerning the zeros {jc(V)} we state here that they are, if they exist at all, simple

(henceforth we assume that they are enumerated in increasing order) and there
are points £0) such that

(12 1/IVCTI = n o O a1 el 2. B

Supposing the contrary we would have |/v(X)| <||/,,]| in [XN), x[+J for some 1SfcS
S/7™) —L Let us consider the polynomial/, Bx) = f v(x)-(x —x£J) +e)(x —x * | —e)/
Mxk—xKWB(x ~ xi+1)] for sufficiently small e>0, then all zeros of / weare in [ —1, 1],
the centroid of its zeros is the same as those of/v, the multiplicities of the zeros at
the endpoints are unchanged and finally / VEX)//»(x) < 1 for x $(x"»>—e, x " t + g).
This and the continuous dependence on e of f, e in [xX\)—e, xE+t + €] supply the
existence at least one value of e for which LI/ | < ||[f\|, in contradiction to the extre-
mality off ..

A consequence of (12) is that ifn/-1*>0 then the polynomial/,/2 cannot be
extremal for M2,.,,0(2/7lv-1), 2/7’v_1)), hence the relation (11) can be completed by

(11%) Wv-ill2i /vl if ni-~ O .
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Let us introduce the quantities a<), B\ y() and Al by

n ()

ni "
13 o F - N> 0= 8 M= Y
By (11) we have a(v)Sa(v J), j<¥g~(v 1), MVSM YV ,, therefore the following,
limits exist:

(14 a=lima@ira©, 8= limAYs 0. y=limy@= 1—a—,

V—»ei0

(15) M = lim MvA MO.

y-*-00

By (5) we have M & 1/2. We are going to establish the relation

(16) M=1j /a(«, B)

At first we shall prove this in the case y= 0. If there is an v _1) =0 then by
(11) mMAp=0, aA=a, Bw =Rand by (9) |/ 9) = |x+ UGjc—1 forall AS v—IL.
hence Mx=M = ||A +xX)3( —1H = Y ), which proves (16) in this case-

Now we can assume that y(v)>0 and y() -*-0. Let

£ = a)—) and £ = <R

then |[(1 —5c¢/|| = L+ £)“( —Cf — Yh(d, R)/l. From (9) and (13) it follows.
M 7
= (I+xfM( - x)BM 1!11 (x-xP) I(L + x)a)(l —x / <v|| «2yM

hence by (14) and (15)
17 M"—>]’u,(a,r3).

According to a result of G. Poélya [3] for a polynomial
g(x) = xn+a,,_Ix"~1+— +a0 (at arereal, ns 1)

the inequality |g(x)| > 1 holds except a set being composed of intervals which has;
measure less than 4. As a consequence of this result we have

(18) Mes {x; [g(X)| » €",£>0} < 4e.
Hence we have a point in (EM—y\), £V + yV) ¢ [—L 1 for which
geV2 myw -

N, Cvral
therefore by (9) and (13) .

(V>

ATV>(CW D*v,(i-Cv) e
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hence by (14) and (15) and
ms(\N+m\-z/ =jYW'P),

which completes the proof (16) by (17) in the case y=0.
Now it remains the case y>0. Since the sequence {y(v)} is nonincreasing there-
fore w\) = y(v)/i() Sy/i(v). Let w(v>s2. By an inequality due to Bernstein [4] we have

with our notations \f'\W S «(\)||/M|/*"l —x2 and by (12)
1/, «/V)] S «<AIJI T (XN {f and |/,«/*>)| = 2" U/J I(E]'», *1?,),

\
where 1(x,y) = 3 dtI"X—t*, hence
(19) /(K> >SS N, [«/»> acr) N, (=12, itf>-1).

Let us introduce the functions

------------------------------------ Y.v) <.y y (") j—1 m(v) _1
Bx) = MOXt\xI>) 1 1
0 X<x[v), XsEX")

(20
r,(x)= 1/ Q*(t)dt.
As a consequence of this definition we have

(1) FV(*N) = A (I=1,...u"),

moreover the function pw(x) fulfils the relation

22 V) < —— = -1 <*< ],
(22) o) < g g )
because by (19) we have 2/«(\) r; /(x/v), x/+\), and putting x = cosfl, x/\)=cos
(2 >Q2N o >0) it is sufficient to show by (20) that
01-01+1 :
2(cos Oi+1 —co0s0;)  sind (6i+1s0s0 (.
But
01-01+!
max sin 0 2
0-=B1+ 1158==B,-=,r ;in ~ + + » cin fy— fy+1 2 ’
2 2

hence (22) is true.
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By (20) and (22) the sequence {I'y(x)}7=0 is equicontinuous, hence by Arzela’s
theorem there is a convergent subsequence:

(23) limr\ex) = F(x) (-1 aX» J).

The limit function (x) is continuous, nondecreasing and fulfils the relation

(24) F(x")-r(x) j f — == (-1S/S/S 1

From (20) and (21) we have ' (—1)=0, F(l) = y. We define

(25) a=max{x;F(x) = 0,xs —1}, b=min{x;Ix) =y xs 1}
We are going to show that

(26) BE—1ifa(=0 and b5 1if B((O.

it is sufficient to treat the first inequality with a. Let first a>0, then we can choose
a value 61€(—1,0) such that (1 + Xx)al2(l —x)1~¢12 < M if —I*x"~0q. For all
sufficiently large v we have a(\) >a/2, therefore by (9)

|
INWIL< (i+ * rv(i-*) @ =x)2( » M

in [-1,0]], hence by (11%), (13) and (15) |/v(X)j < ||/ here, by (12) r v((j)< U»(\),
onsequently MNad)=0, i.e. a”at>— 1 On the other hand if a= 0 then aW=0=
= n)\) because the sequence {a(V)} is nondecreasing. Let us assume the contrary

—1, then let [—1, a] contain the zeros xI5 (henceforth we drop the
indices V5ifthe notations remain unambiguons). By (21) and (25) Ii_mj'jn —r(@ =0.

Let s£(0,a+1) an arbitrary fixed number, then (18) guarantees a value
GE€[—L —L1+e] with

n IG-*il
then by (9) )
(27 lIvjl S |/N(Q| > |C,-I|"a AL IG- al
An other inequality can be derived from (12)
Invjl = 1iv, ()< sk
1=),+

comparing this with (27) and using the inequalities 1S GBS -e1+s<a<xj <
<X:< 1we have

l—a X a
2—C S, FiX+ 1—e
but §—a)/(x;+ 1—e) < (1 —a)/(2—e), hence by extraction of nth root of both

sides, letting s to » we obtain 1—a » 2—e or a s —1+e, which contradicts to
the choice of e and this completes the proof of (26).
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Let doy(x) be defined by

(28) y(x) = 3 log|x -/|-Qy(.t)dt.
-1
The sequence {"V(*)}=0is equicontinuous, namely
(29) \P Nx+k)-dIx)\*Tt for O s/K -
where
(30) r,(h)=Vh+2n f log ' dt
i-hhyi  '-*Vi-t2

and the bound (3—1/5)/2 is explained by the requirement h+"h < 1

To show (29) we assume —1 < X —//1 < x+/;+//i < 1(the proof for other
values of x goes on similar way), then

x-fh
\y(x+M)-coy(x)\ I jlog(xFz t) log(x N[Q(t)dtT
x +h-"h
+ log|x —| + log|x + /z-/| Qy(t)dt +
x-fi,
1
+ f \\og(t-x-h)-\og(t-x)\Q v(t)dt.
X +h+Yn

Using the inequality log(I+x) < x we have

x —]th
J o+ 3 < fh J Qt)dt<fh,
and by (22) e
X t-met-yn X +h+Vh J F Moo /
f ||Og(»-*)|\/|<)*<J / ||0*«_*)|:/\Sj g ( )ld‘
[ Hg(x- ol X0 dt < f dt,

/1-0

1-A-f/i

and estimating the integral of log \x + h—t\ similarly we obtain (30).
To determine the connection between dwy(x) and/,, we recapitulate a result of
F. Wenz1 (see [5], especially Satz 2):

Lemma. If P(X) = (x—x0(Xx —x2)...(x—x,,), —1~rXi <x2<..<x, 1 and
I

e*(x) - n(xi+l-x,)
0 otherwise,

for XjSXSXitl (/=1,...,n=1)
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thell

= J

—log |P(x)| = log x—\Q*(t)dt +S* for xr :x<x,
where

9* = —nllog(l+x) + —ﬁlog (1-x) *— Iog(x—x;)+F log(xi+1-x)
and

0<<51;62< 2’0<9j<l,—"‘<92<y

Let the set /v, c) be defined for O<e, c< 1 by

B)  Me 9= [, —1+gUL—e JUU M- oy

(V) W (V)

then by (20) and by the Lemma we have for xC[—L, I1\/v(g, ©)

Tylog 77 |x-x/V)|= J log\x-t\B~dt +
1 1

o 1_ 3 e
9.0 “eyn+ 2 °g ¢

with suitable BE(—1, 1), hence by (9) and (29) the required relation is

B

yi) logjf,,(X) 1= a@Mlog (1 + x)+ BM log (1- X) + |[/IMX) +

32
2 1 3, yvn@

Ok

for all xC[—L, I17\/v(e, c) with [O[<1. It is clear the the term in brackets on the
right hand side tends to 0 if nv_. co.

According to the Helly—Bray theorem we have by (20) and (23)

(33) lim~y(x) = Um g log k-t\dr\4t) =3 log [x-t\dr(t) = \I*X).

It is obvious that the function d(x) is continuous, therefore taking into account
the relations (13), (14) and (32) it follows directly

(34) (P = alog (1 4-x) +8 log (1—x) +(x) ~ log M (-1ISAEID.
It remains to show the main relation
(35) <p(x)=logM for a”x"b.

We prove this first for such an x06]a, b] M (—1, 1) which fulfils the relation
M(x)>I(x0 for all x=-x0. Such a value is for example by (25) x0=a if a*O.
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Let X £(xq, 1) be fixed then we have for all sufficiently large 5 n(V* [F\gx) —\,s(x0)] >
=,0)_(r()-rM =2 hence by (21) the interval [x0,x] contains at least

two zeros of f\§ say, x; and xi+1. Let s = min (x0+ I, 1—} and ¢ < ]/e(2—€>
then ~j~/\4e, ¢) because by (19)

1 dt if —
=y Jfi—R2 N 11—’

and similarly xi+l— > /e(2 —e)/n(*> therefore by (12), (32), (34)

h(xQ)—og MV =

1+x0
+

(a- a\®) llog (1 + x0)| + (B- i5v)) Jlog - x0)| +aM) log 4 g

\0 1 X0
+ /(¥ log + 1<KK*0) - <M*0)l + I<M*0) - *v.(«| +
1-11

1 log 1 3 Io vy, nfv)
«ad De2-e) Tz 9T

Letting this yields by (14), (33), (29)

1+X 1-Xo .
I<p(x0) —log Af[ s a log l+; +R log "y T +i/(x-x0).
This estimation is valid for all x > x0in the vicinity of x0. The function on the right
hand side is continuous in x and vanishes at x = x0, hence (p(x0) = log M. Similar
consideration shows the validity of (35) if I'(x) < '(x0) for all x <x0. It remains
now to prove that "(x) is strictly increasing on [a b\. Let us suppose the contrary,
then there would be an interval [u, V¢ [a, b\ where I" (X) would be constant. We may
assume u=min {x; F(x)=T(m), iSx4aé} and u=max (x;F(x)=r(n), a*x*b}.
For such n and v we proved already (p(u) = (p(v) =log M, and we could write

(p(x) = alog(l +x) +/Hog(l —x)+ J"log |x —f| dT(t)+ f \og\x-t\dr(t),

hence <p(X) would be concave in (u, v), therefore
u

<p ’[Vj L fop) + (0] = logM,

in contrary to (34). Since '(x) has no interval included in (a, b), where it assumes a
constant value the relation (35) holds.

The function I'(x) is absolutely continuous, it has a derivative y(x) almost
everywhere with the properties

dr (x) S n
(36) dx = K¥> s yX)dx=y, 0sy(x)S 2?I~P ae- L
3 :
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and by (34), (35) .

(37) salog(l +x) +R log 1 —*)+ /log \x—t\y(t)dt —log M (a™xsh).

This integral equation concerning y(x) has the solution (see [6])

_ R )Y (b-t)(t-a)
Y0 = Mib— x—a) Ty o>/ (ra-A ) x—t &

where the integral is defined as a Cauchy’s principal value. By calculations we have

1—x2—(1—x)a/(l + @)(1 +b) —(L+x)RY (I+a) (L —b)

¥0) 1(1—x2) Y(b—x) (x—a)

In the case a/M 0 by (36) the numerator must vanish at x =a and x =b, hence

1Y(b—x)(x—a)

(38) yo) LU (a”x"b)
and
(39) o= NI+ QL) 10— 0B
or

@ csyg FatB)(I+a-R)(l-a +R)(l-a-R).

We can verify the validity of these formulae in the cases al =0, too.
Multiplying (37) by I/(nY(b—x)(x —a)) and integrating over [a b\ we have
by (39)

M =j Ym"Tp),

as we stated in (16), hence the relation (16) holds in all cases.
Finally, we shall express the quantity a0 by means of the newly introduced
quantities. From (10) and (20) we have

3 V) + W)
X =-aW+ B(V)+T)Ki;21 *N)= - *\)+ B(v)+_jx drv(x) +: 1-

hence by (23) and (38)
= —or+/r
therefore

41 V2-13 2

Having now all the required relations we can pass over to the proof of the
theorems.
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Proof of Theorem 1. A polynomial (1) fulfils the relation
[I[1"M s3o(nl,«2) = ||/0]|=M5,
and by (15), (16) I/l é2~"{/i(a,/?)}"/2. Using the fact that Kis increasing in both

of its variables @ R, we have from (14), (7) ||/]|'é NJj , as it was

stated. Concerning the footnote **) on page 251 we must consider first the extremal
polynomial / which minimizes ||/||. The polynomial /has again the form (1) and
has zeros only in [—1, 1], hence ||/|| W||/|| & 2~"{/i(w,/w, n2m)}"/2.

Proof Of Theorem 2. We start with the study of the behaviour of u{a, B) along a
hyperbola a2—32 = x(x is fixed) in the domain 0~ a,3,a+R8 S 1 Now R can be
expressed by a, hence we may write B =[3(a) and we have

d|09/ (<€/7(<<)) f (+a+/Ql+«—A) g, v [(+=+/)1—a+))
gl—a+9l—a—R)+P U g(l+u-B)(I-a-B)

because from a2—32 = x it follows RR'—a, therefore R'"O0.

Since |x|Sao, by (42) we have /n(a, ) *u(]1/\X\, O~/i(a0, 0), and by the same
method as in the proof of Theorem 1 we have ||/|| 2 -"{/i(a0, 0)}'/2, as it was
stated.

Proof Of Theorem 3. Now we have to find the minimum of //(a, ) under the
restrictions a S Hi/n, B S nAn and al—R2 = + Go- Let nlén2. From (42) we
conclude, this minimum can be attained only on the lines a = u/u and B = n2n.
The corresponding points Pt(a,,/?) of the hyperbolas a2—32 = +oto are

Pl (njn, V(ni)2-g8) ifn\-n\ a .2 or Pi (a2 + (n2n)2,n2n) if M\ —ni-=aln2

and P2(w]/n), “ao+(«i/«)2) if 1—(2/ij)//i>a0. Using the relation /t(/J, a) = /i(a, R)
we have that the point P2(R2, a?) (if P2exists at all) is lying on the same hyperbola
as Pi, and by (42) /.i(a2, /72) = /<(/?2, a2) — (ai, Bi)- By the same method as in the
proof of the Theorem 1 we obtain the desired inequalities.
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O CYWECTBOBAHUW TPEXUYNEHHbLIX APN®METUYECKNX
MPOMPECCUWM B MN/IOTHbIX MOAMHOXECTBAX
HATYPA/IbHOIO PAOA

I. KAXOAH

PaccmaTpuBaeTcsi Cneaytolas 3agada: nyctb M MogMHOXECTBO HaTypaiHOro
PAAa, VIMEIOLIee NONOXKWUTENbHYIO BEPXHYIO M/IOTHOCTb, TO €cTb fim,— > 0 3aech

yepe3 Mn 0603Ha4YeHO YMCNo anemMeHToB TEM Takmx, 4To T/n. Torga M copgep-
XWUT  TPeXUNeHHble apuMeTUyeckue nporpecund. 3TW  3afadn Apyrum MeTofoM
6blna pewweHa PoTom.

O603Haunm yepe3 M{n) nogMHOXecTBO B M cocToswee n3 TEM Takux 4To

T/ n. Mbl foKakeMm, 4TO 3 (DYHKUMS u(e) Takas, 4TO €ecnu —n"éE u n>un(e) T0

M(n) cofepxun TpexuseHHble nporpeccun. WTak nNpeanonoXuM 4To uucio «
thmkempoBaHo. Mbl XOTUM fAOKa3aTb, YTO €C/M N AOCTOSHO Bennko u M c/,, rae /,,
MOAMHOXKECTBO HATyPa/HbIX YMCEN 3/1EMEHTbI KOTOPOro He 6o0sblue 1, \M\ LLan,

To M coaepauT TpexuneHHble nporpeccun. Ecnm a TO Teopema O4eBM/HA.

y 7

XoTenochk 6bl f0Ka3biBaTh 3Ty Teopemy, MokasaB 3<5>0 Takoe UTO MOXHO
BbIGpaTb apudmMeTnyeckyto nporpeccuto  Der/,, Takyto, yto \ONM\ é (a+ <G|
n1n| >/|(ﬁ<3) roef(n) —< (OueBUAHO, 4NS 3TOr0 OCTATOMHO MOCTPOUTL MHOXECTBO

N e /, Takoe, uto TM1M\ S (a+ a) M v pacnagaetcs Ha A/IMHble apuimeTUYeCKne
nporpeccun.) Torga 66l Mbl Teopema cpasy AoKasbiBasiacb OT NpoTuBHOro. K co-
XKaNEeHW0, Takue MpPOrpecunm MOryT He CyLecTBOBaTb OAHAKO, MOXHO [0Ka3aTb
CNefyoLWyo albTepHaTUBY.

Nnun cywectByeT MHOXeCTBO N pa3bbiBatoLleecs Ha apuMeTUdeeKble npor-
peccum

D, \D\>c]/n, [Z11] > (a+ GE)E]

nim B M cofepXunTtcs apupMeTUUECKMX MPOrpeccuii ANNHbI TPU CKOMbKO JO/MKHO
ObITb M3 BEPOATHOCTHLIX COOOPAKEHWIA (TOUHYIO (HOPMYNMPOBKY CM. HIDKE.)

Ha camom fene Mbl ByaeM cunTath, UTO M NEXMUT He Ha OTpe3Ke /,, @ Ha KOHey-
HbI ,,0KPY>XHOCTU” Zprae p NPOCTOe YMC/IO U UCKaTb apuiMeTUHecKre Nporpeccun
B CMbIC/le Ornepauun Ha 3TOW rpynne, TO eCTb Takue neMeHTsl T1, T2, T3bM e Zp
yto T2—1! = T3—T2. Ang TOro, 4tobbl y6eaMTCA B 3KBUBAIEHTHOCTU 3TUX
3afja4 [0CTaTO4YHO 3aMeTUTb, UYTO €CM Mbl BbiGEpEM p Takoe, 4TO 2«<pé4n,
YTO BCErfa BO3MOXHO W BAOXWUTb OTPE30K /,, B Zp, TO u4ucna nporpeccuii 8 M
paccmaTtprBaeMoro NogMHOXECTBa B /,, U KaK NOAMHOXeCTBa Zp 6yayT coBnagarth
M OLEHKW, KOTOpble Mbl NOAy4yMm OyayT HeTpuBMasbHbl. Tak nyctb M nofMHO-
)KecTBO B Zp Takoe, uto \M\ é ap 1 p 6onblioe NpocToe umcno. Mol mwem X(M)
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4YMCNO PpeleHnid ypaBHeHUs T2—TN = T3—T2 wm T3 = 2T2—T1. YT06h!

3anucaTb KOMMAKTHEE 3TO YMCNO BBEAEM XapaKTEPUCTMUECKYIO (YHKUMIO YM(X)

MHOXecTBa M. Torga, Kak nerko sugetb X(M) = p2eXm*Xm*Xu (°) re Xm(x) =
—2X) 1 * 0603Ha4aeT onepaluio CBEPTKM:

Jr*f20) = \-2fi O)fi (x- x)

Mpwn M3yyeHUM CBEPTKM (YHKLMIA yA0OHO MCMOMb30BaTb MpeobpasoBaHne Dypbe.
HanoMHuM, 4TO 3TO Takoe. Ha rpynne 7 p CyLLecTBYeT xapakTtep Y,(X) Takoe, yTo
xapakTepbl Y(x) = vy,(/n") (OS iS/) - 1) 06pa3yt0T OPTOHOPMMWPOBAHbIiA 6asnc B
NPOCTPaHCTBE (PYHKUMA Ha Zp, CHabXeHbIM CKansipHbIM npowu3segeHuem (/, g) =

= —2 f(x)*&*) MoeToMy Kaxaylo (yHKLUMIO MOXHO 3anucatb B Buge f(x) =

X

—1
= IO2 ﬂieXi(x) rge ai = (f> Xi) HasbiBalOTCA KoaphuumeHTamy Dypbe QYHKUMM [ 1
=0

(n = |ﬂ [2 Mpu aTom, ecnun a- KO3PUUMEHTbI Pypbe PYHKUMK /,  (YHKLMK

n G (pyHKu,MMf"g TO ci=aibi. MNoeTomy, ecnm A 310 KoedpuumeHTbl Dypbe
(byHKu,vm yM TO,

(M3
Jlerko BMAOETb, YTO ,,HyNneBon  4neH aTom CYMMbI Aq— = a3 aBngeTcA TEM

OTBETOM KOTOpLIA CnefoBasio 6bl 0XUAaTb WX BEPOSTHOCTHBLIX COOBGPaKEHWUIA.
OueHnm 0) B cnyuvae korgaf, g u h Tpu dyHKUMM Ha Zp KO3W(ULMEHTDI
KOTOpbIX paBHbl at, br, cr cooTBeTcTBEHHO (/,/)= (g, g)=(h,hy=a un Jar=0(1)
3anuwem

[*g*/1(0) = /”_2'0'; aibici = aObOcO+/pg; aibiCi
OLEeHUM MOCNefHIO CYMMY
-1
i‘%_l ctibi
Jlerko fokasaTb OLEHbKY

2 vibici amax [a®;2

i=1 ivo

Ntak |/*g™/i(0) -tfoOA] @ wax |Gjli max MpUMEHOM 3Ty OLEHKY KChy-
ivo ivo
yato, Korga /=XMm, 8=XM 1 b =Xw B aTom cnyq%e a0=b0=cO0=a. Mbl BUAUM

4yTo, €ecm [A(|<T npp ¥V 0 10 X(M)"p2 OcTanock pasobpaTb ciy-
yaii korga OMO Takoe, UTO |Aj a221 Nlerko nokasatb 4to 3c>0 Takoe 4TO
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MHOXKecTBO Tex uncen rae Reya(x) *Afl> c obnagaeT cBoicTBamMM TpPeOyeHbIMM
B a/bTepHaTMBe. AnbTepHaTMBa [0Ka3aHo.

B03MOXHO, YTO M3 JOKasaTe/IbCTBa CrefyeT CyLLeCTBOBaHWE KOHCTaHTa y >0
Takoe, 4yto ecnm h>50 1 M nogmHoOXecTBO /,, Takoe 4to |M]=»y«/logH T0 M
COLEPXMNT TPEXUNEHHYIO MPOrpeccuto.
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DUAL AND PARAMETRIC METHODS IN DECOMPOSITION
FOR LINEAR FRACTIONAL PROGRAM

by
P. ANAND

Abstract: This paper considers a large structure linear fractional program. The
decomposition procedure based on dual simplex for optimizing the fractional program-
ming problem is developed. This approach can also be used, for solving certain
parametric linear fractional programs in which the parameter is either contained
in the requirement vector, or in the costcoefficients of the numerator (or the de-
nominator).

Introducton: Recently much attention has been paid to decomposition algo-
rithms for solving large structure programming problems. Dantzig and Woife
[3, 4] developed a decomposition principle for solving large linear programs. The
procedure developed has two main characteristics: — (1) The number of contraints
in a linear program is reduced at the expense of introducing (in general) a large
number of unknowns; then (ii) the simple algorithm is modified by the introduction
of a generalized pricing operation” so as to render the new problem amenable
to practical solution in spite of the large number of unknowns. Their approach is
basically a primal method.

J. M. Abadie and A. C. wirtiams in their paper [1] developed a decomposi-
tion algorithm which is basically a dual method. Their method also allows certain
parametric linear programs to be solved by decomposition. The algorithm consists
of constructing a sequence of admissible vectors such that the sequence of their
values is monotonie strictly decreasing. Here the admissible vectors are drawn from
a finite set, the convergence is thereby assured.

In this paper, we consider a large structure linear fractional functional program.
A decomposition algorithm based on dual simplex method for optimizing a linear
fractional program is developed. The dual decomposition algorithm can also be
used for solving certain parametric linear fractional functional programs in which
the parameter is either contained in the requirement vector or in the coefficients
of the numerator (or the denominator). This paper is divided into three sections.
Section | provides a dual decomposition procedure for a large structure linear
fractional program. In section Il, we modify the procedure for b=0 and in section
11, we treat four parametric linear fractional programming problems to be solved
by the decomposition method.

Preliminaries: A general linear fractional programming problem is as follows:

Maximize z= —GFX
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268 P. ANAND

subject to
Ax=a

Several primal methods have been given by various authors for its solution [2, 6],
[8, 9]. In a recent paper, Kanti Swarup [10] developed a dual simplex method for
the solution of such problems under the assumption that the denominator of the
objective function is possitive for all feasible basic solutions. The approach given
resembles with the dual simplex method in a linear program. With well established
notations if all 4/SO and some of the basic variables are negative, the rules for
making a change of basis are:

(i) The variable to leave the basis is the most negative xG call it xG

(ii) The variable xk enters the basis, where K is determined by

Min 4 -
dxauk ) daxcuj O™ O
where
Aj = d&XG(J—aG 1Aj) - caxG(dj- dcG 1AR
and
_ xQ(dj—daG 1AR
dGxG

G being the basis matrix and ur. the rth component of G_1Aj. The rth column
of G is replaced by the &th column of A. The new basis inverse and a new basic
solution with all 0 are computed. The next iteration then commences. The
procedure is continued till all the basic variables are nonnegative.

Section I. We modify the dual simplex method described in the Preliminaries
to treat a large linear fractional functional program of the form:

c X

(1.1 Maximize z = d'x
subject to

(1.2 Problem (1) Ax=a

(1.3) Bx=hb

(1.4) x"O

where A is an ml Xn matrix, B is an m2Xn matrix, a and b are respectively mi and
m2 dimensional column vectors, ¢ and d are n dimensional column vectors and X is
the n dimensional column vector of unknowns. The denominator of the objective
function is assumed to be positive for all feasible basic solutions. It is assumed that
axX0, bx0. The set of points x50 which satisfy Bx=b, is also assumed to be
bounded convex set with only a finite number of extreme points. Under this
assumption, any xé0O solving Bx=b can be represented by a convex combination
of the extreme points of the set of feasible solutions of Bx=b, x&0. Let g1, ,gK
be all the extreme points of the convex set. We can represent any solution x by

(1.5) X=k2:1KBi> k2:1 = 1> for all k.

.Stuclia Scientiarum M athematicarum Hungarica 6 (1971)



DUAL AND PARAMETRIC METHODS 269

If b—0, the restriction requiring convex combination of solutions of rSO, Bx=b
should be dropped in the development that follows. In that case, any x can be
represented as a convex combination of the extreme point solutions and nonnegative
combinations of the homogeneous solutions. Thus, in place of (1. 5), we have

1.6 * =
(1.6) fc2:1ku<+qgll4l4Ba

k2_l A= 1 A&eE0, bg=0 f°r a% k and q.

being a complete set of homogeneous solutions of Bx=0, x*O. We
shall first consider the case of b~ 0. In this case the linear fractional functional
program (1) is equivalent to

1(cV)Ak

2(d'QKRK
k=1

Maximize z

Problem (2<
kg l(Aek)xk:a

2 xk—1» AS 1 forall
k=1

in the sense that if is optimal for (2), then x° = k2_ 1Q<A7 is optimal for (1). Thus

we have replaced the linear fractional program (1) by an equivalent linear fractional
program (2). Let us write c'Qk=fk\ d'Qk=gk and Agk=qk (1.7). Then (2) becomes

2fkh
(1.8) Maximizez = kA
k7£ ik xk
K
1. ~
(1.9 kg ll-l KK~a
(1.12) A*E0 for all k.

We now solve the problem (2) by dual simplex method. In order to solve the
linear fractional program (2) by the dual simplex method, we assume that we have,
at each iteration (1), a basic solution (%) i.e. a basic solution to the constraints (1. 9)
(1. 10) [but which may not satisfy (1. 11)] with all Aj-*0 and (ii) an inverse matrix
i.e. the inverse of the matrix whose columns are the columns corresponding to the
various kk of the given basic solution.
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Let XB be the basic solution with all Aj SO. Let Bi be the basis matrix of di-
mension (ml+\)X(mr+1). Let the Zth row of the basis inverse be denoted by
(n;, w) =(uf, ..., ufy H). If all the components of the basic solution XBl are non-
negative, then the current solution is optimal. If one or more Xt< 0, then the variable
to be deleted from the basis is given by A= Min d(Ar<0) (1. 12) i.e. the Pivot row

1
r has been selected. Now the vector to enter the basis is that vector which minimizes-

v = over the set of all vectors for which the denominator is negative.
urj

Aj = w)(4j’ J) ] w)(aj, 1] =
= v2\fj- Cl4j- c¢2)- Vi[gi- Jiigj- F
"2—gBINBI> fBIU=(T1
gBlu=nl, fBw=a2 and gBiw=n2.

where

Here at and r4 contain the first mt components off Bl (1, w) andgBi(n, w) respectively.
a2 and n2 are the (m1+ I)th component, of fO(u, w) and gBI(u,w) respectively.
Therefore,

Aj = V2(fj - oigj)- Fj(gj- nlgj)-V 202+ Fin2
=[V2(c-a, A)-V1(d-niA)]Qi -V 2a2+ Vin2 by (1.7)
trj = K[gj-gBI(u”w)(gj>1)] + \2[(ur, w)(aj, 1)] =
= K(gj-nlqg)+\2urgj-A rn2+\2wr = [Ar(d'-7i1A) + V2irAJQI-~Ar 72 + \2wr.
Thus, the vector to enter the basis is determined from

. M2(c'-OyA)- Vi@ '-n tA]Q+ Wn2- \2a2
(1.13) Mml/mlzev [Ar(d'— A)+ \V2urA] gJ+ \V2wr—xrn2

and

over the set of all vectors for which the denominator is negative.

The problem which we are considering is thus reduced to the problem of find-
ing that q; from among the 4 for which the denominator of (1. 13) is negative and
for which the ratio (1. 13) is a minimum over such g. We note also that the numerator
of this ratio is nonpositive. Therefore the subproblem takes the form: —

_ [2(c'—g1A) —Fj (d' —Til A)]x + VIn2—\2n2
T A —lA) + V20 Ak + F,wr—n24

Bx=»s
rSO

which is a linear fractional programming problem and can be solved by several
well known methods. An optimal solution of the problem of minimizing (1. 14)
subject to the conditions Bx —b, X0 occurs at an extreme point of the convex
set of feasible solutions to Bx =b and réO. Let us assume that the minimum occurs
at gqj and the denominator of (1. 13) is negative for gK Then we shall introduce
Aj into the basis and delete Xr from the basis. We compute a new basic solution

(1.14) Minimize v
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and a new basis inverse. At each interation we maintain AjS. 0. The above procedure
is continued till all the basic variables are nonnegative. We also note that if for
some gj an optimal basic solution of (1. 14), we have

Br(d'-niA)+V2urA]JQi+Vawr- n 2Ar LLIO

then there is no admissible basic solution. Therefore the problem (1) has no optimal
solution. Thus, we find that the above procedure is repeated to determine whether
the new basic solution is optimal, or if not, what variable enters the basis of the
next iteration.

Section 1l. Modification for 6=0.

We shall now modify the above procedure for 6=0.

In this case, we substitute (1. 6) into the linear fractional program (1) to replace
it by an equivalent linear fractional program of the form:

K Q
2 ceke 2 e

(2.1) Maximizez = '=' = L
kz l(d'(;f)Xk+ qz; l(d'rio)ng
2.2 Problem (3)" 2, (AQh+ q2=l(An4)kq = a
K
(2.3) 2,K=1
(2.4) RO

Let (AB nBI) be the basic solution with Bv as a basic matrix. We assume that for
each basic solution,

[V2(c’—0l1A) —VI(d' —KIA]k+VIn2—V2(MR S 0 k=1, .., K
and for each homogeneous solution,
[V2(c'-(71A)-V I(d"'-nlAW" SO g=1..Q

The pivot row will be determined from (1. 12). The vector to enter the basis for the
columns of the type Agk is determined by (1. 13), and the ratio (1. 13) for the co-
lumns of the type Afi is given by

25 M2(c' - dA)-V 1(d '*ntA)]fi
' M2urA+K(d' - n yA)]
i.e. we have to solve the following nonlinear program:

M2(c —alA) —Vi{d'~ n,A)x
[ (<! —n1A) +\2urA\X

Bx=0
xé0.

Minimizes
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In this nonlinear program, the numerator is nonpositive and we have to minimize
it over all vectors for which the denominator is negative.

Thus, in this case our problem is to find that 4; or 4o from among the . and
ij for which the denominators of (1. 13) and (2. 5) are negative and for which the
ratios (1. 13) or (2. 5) is a minimum over such q and r} The determination of the
correct vector g or ij according to the above criterion is the “subproblem” which
has to be solved at each iteration. This subproblem can be solved by several well
know-methods.

The dual decomposition algorithm thus requires that on each step either we
obtain an extreme point solution or we obtain a homogeneous solution. This algo-
rithm has the same termination properties as in the case of b FO, since the set of
possible homogeneous solutions generated in this manner is finite.

Section Ill. Parametric Linear Fractional Functional Programming. Here, four
types of parametric linear fractional functional programming problems have been
considered which are to be solved by the decomposition method. We assume that
the denominator of the objective function of the parametric linear fractional pro-
gramming problems considered in this section to be positive for all feasible basic
solutions. The parameter can take only nonnegative values.

Part I: — We find the optimal solution x°(9) a function of the parameter 9
for the parametric linear fractional program

Maximize z = ';=XY
AX = a+ 94
Bx —b
xSO.

Again, we consider the linear fractional program (3), where in (2. 2), we replace a
by a+Da We assume that an optimal basic solutions (A0, /t°) for 9 =9 (initially
9=0) has been found, and we have also obtained a basis inverse. We now wish
to compute an optimal solution for all 9>9 for which such solution exists.

Let us consider the problem

Maximize z = <X
d X
Ax = a+9a
xsO

Suppose we have a basic optimal solution x° for 9=9=0. Let U be the inverse
basis matrix. Then x° = Ua+SU&a = a+ 94 (say). If all "0, 9 can be increased
without limit, and x° will be an optimal solution. If one or more & -<0, we define3

3= = mi% %@. Then x°(9) = a, + %t for 9s9siS. if 9>3, the basis

a,<

must be changed in order to maintain feasibility. When 9 becomes slightly greater
than 5, we have a basic nonfeasible solution with all zlj-SO. Then by the dual simplex
method, we can determine the vector to be introduced into the basis by minimiz-
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ing the ratio - over all vectors for which the denominator is

r(d - 7t,cijy+ v2 urcij
negative.

Clearly, the parametric linear fractional programming problem by decomposi-
tion i.e. for a program of the type (3), is similarly reduced to the problem of select-
ing a vector for which the ratio (1. 13) or (2. 5) is a minimum, subject to the con-
straint that the denominator be negative.

Part 1l: — The second parametric linear fractional programming problem is

o s _ (c'+$c")x
Maximize z = d X

Ax=a

Bx=b

X0
We reformulate it again in the form of the problem (3). We assume that an optimal
solution (A0, co®) is achieved for 0=5=0 and also the inverse basis matrix.
Let VI = Y (BIQQtf+ 2

k=1 g=1

and (<7i, 62 =B (U, W)

Now the vector to enter the basis (so as to compute x°(S) for 3>0) is that vector
for which

M2(c- a, A)—M(d'—iA* gJ+Vin2- \2a2
M2(c'—&,A) —Vx(d' - 1, A)]qgj + Vi n2—\2d2
or
M2(c'-a IA)- V,(d"—nt A\ ik
M2(c'-dIA)-VI(d'-nlA)]r,>

is @ minimum over the set of all such vectors for which the denominator is negative-
(if the denominator is nonnegative for all gj and all t]g then the current solution is-
optimal for all 569). The problem is again reduced to the previous ones.

Part 1llI:
The parametric linear fractional functional programming problem is as:

- _ C'X
Maximizez = (d'+ lid")x

Ax=a
Bx=b
xs0O.
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Reformulate it again in the form of the problem (3). Let (A0, u°) be an optimal
solution with (u, w) an inverse basis matrix for 9=3=0

Let V2= 2, (B + 2,

and (&j, A2)=gBlI(u, w)

The vector to be introduced into the basis (so as to compute x°(3) for 3>0) is
that vector for which

M2(c! —Vi (d'—T4A)]gj + M n2- \2<2
M2(c'- alA)- Vi(d'-TCiA)] gj + Mt n2- V2a2
or
M2(c'-a1A)-V1(d'-n 1A\ri*
M(c - atA)- V,{d'- KiA)]nqg

is a minimum over the set of all such vectors for which the denominator is negative.

Part 1V:
Lastly, we consider the following parametric fractional programming problem
_ _ (c'+9)x
Maximize z = (d" + 9)x
AXx=a
Bx —b
xSO

We reformulate the problem in the form (3). We solve this problem for 3=3=0.
Let (A0, /<°) be an optimal basic solution. Let (1, w) be the inverse basis matrix of
dimension +1) X(mt +1). We now wish to compute an optimal solution for
all 3>3 for which such solutions exist. In this case a change of basis is required.
The vector to be inserted into the basis is that vector for which

(V2(c'-0-i A)- Vj(d'-  A)]gd+ Vjn2- Va2
[V(c'- alA)- V{d'—TiiA) + uA(Vi —\V2)]qj + Vn2- Va2+\2-V t+w(Fi - \2)
or
[YNc'-*A)-Vi(d'-njA)W___
[V(c' -a 2A)- V(d'-TiiA) + uA (Lt- V2\rf

is the minimum over those vectors for which the denominator is negative.
Here V=2 k+ 2
K—1 g=1

(If the denominator is nonnegative for all gj and rjgthen the current solution is
optimal for all 3s3). The problem is again reduced to the previous ones.
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We remark that the decomposition procedure can be applied to parametric
linear fractional functional programming problems in which the parameter can
take any value not necessarly nonnegative, provided the denominator of the objective
function remains positive for all feasible solutions and all basic solutions.

Acknowledgement: | would like to acknowledge gratefully the valuable help
received from Dr. Kanti Swarup and Dr. s. P. Aggarwar Faculty of Mathe-
matics, University of Delhi.
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SOME INEQUALITIES CONCERNING BESSEL FUNCTIONS
OF FIRST KIND

by

A. ELBERT

If yvis the first positive root of the Bessel function of order v of the first kind
then the well-known estimations (see Watson [1])

0) l14v +2) 2(v + 1)(v +3) vsO

hold. Now we want to obtain similar inequalities for yv in the case —1< v-
too. We shall prove the following inequalities:

2 I/(v+1)(v+5) V< 12(v+ 1) (v+ 3) -1 :v<0
1 1
€) {Vv-7t(I+v)> Sg|v+y 0 -1 2 2
1
4 w  T+A v+ -1
where

SN P = 1,8519....
b v

Proof of these inequalities. Let us consider the solution Ya(x) of the differential
equation
(5) y" XXy =0 (—<a<eey

with the initial conditions ¥5(0)=0, ¥4(0) = 1, then
Yx(x) = exYx Jil(x+2) (x1+42I(1 + A/2))
Y'x(x) = cix(ArDR2Y_mU(n+2) (X 14+A2/I(1 + 2/2)),

where cx is some constant. Let a0 denote the first positive root of Y\(a) = 0, then
K

© Vi 1, A

By (6) the inequalities (2) are equivalent to

and

() n+ - *o42</l+y -1
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By transforming the differential equation (5) of Ya(x) into the integral equa-
tion

(8) Y,(x) = X- 6 {x-t)txY,(t)dt = x-K Y x(x),
we obtain
9) M(x)= 1-f txyx(t)dt.

0

From (8) we have by induction on n

YAK) = 2o (D) N+ (D) MHATHIAW kxs 0

Since ¥Ya(x)=-0 for 0<x«=xo0, therefore ¥5(x)>0 for 0 <x”*xoand K"H ¥i(x)=-0
for 0<x”xoand n é0 hence by (9)

(io) 1-f tx2(-iyK ‘tdt=p(xx+)< y;(x)-c1-/V 2(-YfKadt 9%
0 *=° o} <°
= N +2) (O <xsx0).
By a simple computation we obtain
1+i(s+2)

KU A+ 2) (A+ 3) QA+ 2) QA+ 5) .. (A+ 2i) (A+ 2+ 1) O b
hence

PO =1 Av2 2A+2)2A+3)  BA+2)3(A+ 3)2A+5)’
If we take into account the inequality
min 11— + L L
0szS/1+9/4 [+2" 20A+2)2(A+ 3)J =4(A+3) ' 32(A+ 2)2(A+ 3)’
we get
1
0szsi+9/4 4A+3) 6(A-F2)3(A+ 3) (2A+5)
9 3
3 N+4
- 12(A+3)_™g T T2A+5 A+2:

hence by (10) the left hand side inequality of (7) is true.
Similarly we have for p*{z)

0,

P() = 1- a+ 07 oA+ 2)2(A+ 3)  6(A+2)3(A+ 3)(2A+5) T
4

T 24(A+ 2)4(A+ 3) QA+ 5) (3A+ 7)
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The right inequality of (7) will be proved if we show p*(J1+5/2) <0. Indeed,

96 (1+ 2)4(A+ 3)(21 + 5) (31 + )p* (1 + 5/2) = (1 +5/2)q(1+ 5/2),
where
q(z) = - 48z4+ 108z3- 88z2+ 30z- 3,
but
q(z) =-1- 14(z-1)-52(z-1)2-48(z-1)3(z+ 3/4),

hence <jr(z)<0 for zS|I, i.e. 2(A+572) < 0if 1 S —3/2, which was to be proved.
We remark here, that we proved now somewhat more as we stated in (2) or
in (7), respectively, namely that the right hand sides of these inequalities are true
by (6) for O Svél, too, as in (1). But by a finer estimation for p(z) the left inequality
of (7) can be proved for O *v S|, too. It is very possible, that this inequality holds
foral v > — 1
To prove inequalities (3) and (4) we introduce the function (p(x) by

n_
y2Y ovt

(11) tg o>(x) = my K0) = 0,
which satisfies the differential equation

A X |
(1 ® = x2+msm2¢_

From (11) it is obvious that @(x0) = n/2. Taking into account the initial values of
Yx(x) we have by (11)

r , a - 2(*) Jaw |
a3 NAN ™Mo tg<p(X) Ay; (X)

and using the inequality sinx<x for x>0, we obtain from (12)

(<p-x2)< 20  (Ipio),

therefore
I((px 2y < 1,
hence by (13)
I(p(x) < Ix
and especially at x=x0
Tr- 1+T0 0,
'1+><+z
or
V+ 2 1[n(l+v)-yvd > 0,
which proves the inequality (3). The case v= — is of no interest, while y_1/2 = n/2.

Studia Scientiarum Mathematicarum Hungarica 6 (1971)



280 A ELBERT

For proving inequality (4) first we have to prove the following inequalities:
(14) ®4*) >-0 x>0
(15) 1+ "2 | <P-X<P 0 if 2+0, 2>—2, for 0<x<xo.
Using the identity sin 2(p = 2tg¢>/(l + tg2cp) we have by (11) and (12)

**~Y0n 2+ YNP=xYI2+xa+1r/ + A My; = g(X,
where g(0) =0, and by (5)
g'(x) = 1+yj(FI2+ XaF@) >0 for X>0,

therefore g(x) >0 for x>0, hence (14) is true.

Concerning the inequality (15) we can point out that in the case 2=0 we have

xcp' —@ = 0 for all values of x. By (13) we can write ¢>(X) = O(x1+2/2) for sufficiently
small values of x, therefore from (12)

- 2 3.2
<P = x2 +~<p(x)+ 0(x2" ),

0

Repeating this procedure we have

> = s+ 0(.vI'* 4,

361+D) 4 o(x 5UBY,

therefore
. f1 A 144 212+ 2) 3i1+A) 5 (1+4 ).
w = II+2* 1(1+3T* +o 0+
Using the notation

UX)=j (p— X(p 2+O,

(/(x) can be written in the form

oM -65W ,-i("4) +o+ (‘4%

Consequently the statement (15) is true if x is small enough. Let a be defined by
d=inf{x; f(x) =0, 0< xS x0}. Itisclear that a > 0. We show that the case 0 < a< x0
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would be a contradiction. Indeed, in this case it would be (a)=0, 0<”(a)<4d/2,
0<t/i(x) for 0<x<a, hence

(16) ¢'@) = lim q’(g)j: ™) 5 o

On the other hand, the function d(x) fulfils the differential equation

v = cos20, 2+ A[sin 2<p-2(p- cos 2,

therefore b(a) >0, because the expression in the brackets is positive for 0 <q/2,
which contradicts (16), i.e. a=x0, and the relation (15) is true.
Integrating the differential equation (12) over [0, xO] we get by (6)

7 K #Fsin 29(x)
(1) 7=, 01 +T1 ax,
b+
hence for A=0, i.e. v= —1/2 the relation (4) is true. For v= — + l/(A+ 2),
K > —2, A+0 we have by (6), (14), (15), (17)
n A . sintp
db =
PVl 2A+2) P ®
1'°s\n2(p(x) j A r"Si ' -
0 ¥ 2(2+2) J ' dx =
f Fh 2 e sin 2(p-cp'dx > 0
2(2+2) ﬂ) X(p (9 !

which proves the inequality (4).
.
Let us consider now the solution Zx(x) of the differential equation (5) with the

initial conditions Zx(0) = 1, Z\ (0) = 0, where 0 < k< °°, and denote by x6, x[,Xx2,...
the consecutive roots of the equation Z*(x) = 0. The values

e = Z}(x'n (n=1,2, ..)

have an interesting meaning [2], and it was given the estimation

A
QX =« 2+2 O<ax< 1 A>0.

Studia Scientiarum Mathematicarum Hungarica 6 (1971)



282 A. ELBERT

Now we shall prove the following relations:

-
2) 2
(18) 0,617 < lane ) 22
ar (1+1
2+ A
) 1+A
(19) lim \rage 22 - 2 AT [2 1262
r 1) 1n.

where I (n) is the gamma function.
Let L= I/(A+2) and r = x1+3/2/(1 + A/2), then the solution Z;.(*) can be
expressed in the form
Zx(x) = M'T(1-AD Ix 7_,(2),

or using the formulae due to Schafheitlin (see e.g. [1])

F(1-/02 @1 2sin z+012 +B

-2z ctgfl
(20) ZAY) 1 1) l cosi+"0+sin1 0
u\r
2 0
From this we have
r (l -d2-2"+1 ‘ e -2zctgfl
e do
r | cosi +"0*sinl s
(H n
* 40 (i 4o 22ctgfl  Od Jui “dy = (27)"
t‘l (tg0)* +"(sin ey-#ie g i ue 2“du = (22) —ft
therefore
(21) 1Z,(x) 1™ (l
r

Now we need upper and lower estimations for the values of x'-s. Let z, be the
nth positive zero of the function 7_wz) and x,, the corresponding zero of rn(x)
= 1,2, ..). Let X=XAX) be defined byx

X 2ZAX) n

(22) tg/= Z-(xj ' X(0)=2,

Stucia Scientiarum M athematicarum Hungarica 6 (1971)



SOME INEQUALITIES 283
then Xn(X) fulfils the differential equation
(23) i = X2 +4xsin2*

and we have /(x'n) = 7+ n (n-1,2,...), X(x,)=nn (n=1,2,...).

It was proved in [2] that the sequence J[f ﬂKx sin2’}Ai/xJ«_o is decreasing”

Xn

while the sequence | 3 — sin 2xxdxj “is increasing. It can be easily seen that they

have a common limit, therefore by (23) this limit is

i { oy S = fim o 2acdc= T g, )- 1= 0
1+ 2

= lim \\n n-Zr lim n--"\n-mz+ Jn\|—1+n\\ = 1_|/|

where z, = Xj, +x,2/(1 +k/2) is the [7th zero of the Bessel function J-i/(x+i)(z)y

having the asymptotic value (see Watson [I]) nn—" # ) It follows from

2+2+
this immediately that

0>/ ifsin2xdx> - jIL-/1> 3 fosin2xkdx  (¢=1.2,..),

4x
therefore
. . R TI1
M =zn=f 10-svsin2¥Aldx<nmn , , (7=0,1,..)
ISZ.<nn- (/17=1,2,...).
Let =nn+2+2 — -and fn be defined by = CL+/2/(\ +k/2). It is clear
that
(24)

By (21) and the definition of G, we have

()

which is the right hand side of (18).
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By (24) we have
(-1)"zAx;>>(-i)"zKo,

hence by (20) and the substitution 0 = n/2 —9

(-1)"Zx(Xn- -21-2
rij-"ri
sin Qw6 1y +0 2  QBly +/i|0
i e-2C,ctgo” ~nd9
( 4  Cos*+10esinl 209 Q8L 2°0-sini+"0 '

Let 0Obe a fixed value in (0, ©2), then
A "0 r
(26)  (-1)"Z.(") d-0)  21-2J-1 w gp+"0ecos I
"H r(r

_ 11 2ivtgpo
*(tg0) i -re-2¢c,tg3~tg 0 > cosi+0O cos — + /i/ 00-(2C,)'I_f 8 x 1 Be xdx,

therefore
fim(—XyZXipL['H)_"* wg T (11"E|" n %_).*'»cosi +'00-C0S (17+ 9 5o

for all 00C(0, n/2), hence

. . . M(1- 2)i-"
fim(-1)"ZAMN)«i_'1 (-p) (n‘)
and this implies with (25) the relation (19).
Using the inequalities
G190 2G990
J  x~~=re~xdx > "_2’?1gjb J  x~-*-pdx = -——— (2£5tg e-2G1g0
i1 ~ "/t
and

[ X-b-*e-*<lx< (20ntg00g-*-'t f e~xdx = (2C,tg0g-*-"¢
21930 G190
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we have

X180 2C, 1930

J X xadx f(x*"e xdx

2UgSo +yﬁ‘—’\ 0
2C,,tg%
rw-v\>
208930+i - L

hence by (26) i

r(l-w© 212 cosi+,t90cos | £ +/4  +(2C, )M *X
r 2-" r

X 2Gt9 % F\~-u\ S cos290mW -\2nnr->-"»° w1 H
2C,tgS0+y -~ 2ntg90+r (

Let tg 90 = 2-»then
S o 2 1 a2 4 2n
20 > @0Y5 g o
swhich proves the left inequality in (18).
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ON A PROBLEM OF W. SCHMIDT
by

E. SZEMEREDI

schmidt asked the following question. Does there exist a set H of real numbers
of infinite measure so that the ratio of two numbers in H is never an integer. In the
present paper we are going to construct such a set H. After writing the paper | learned
that Haight about simultaneously also constructed such a set.

Let R denote the real line and p the Lebesgue measure.

Theorem. There exists a subset Hc R with the following properties

1 H is Lebesgue measurable and p(H) = c.
2. For every x, yd H andfor every integer ns 2

MX 72y.

Proof. Let p{,p2, ...,pm ... denote the sequence of primes. We set

Mm= (pj)2n for m=1,2,...

- for m—1,2, ..., 1"is.m
Pi
L nt=23

<D m log m log log m Tose

Nml = Mm:+ m—2, 3, 1

Pi
If A—Jab] we put A a b for ?>0.
t rt
We define H as follows:
2 wU 000"

( ) H= m=MrT0i—1 t=Zm'=n0j =1

where m0 is a sufficiently large integer.
H obviously satisfies 2. by construction. H is obviously Lebesgue measurable too.

To conclude our proof we prove
©) p(H) = +°.
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First of all let us remark that by construction we have

. N,,—f_ , .
4) Nmif)—"J=0 for every m'*m, 1Si*m, 2st.
There is mO for which the following holds:

(5) w0Sm<m"', [ISiSffl, 1SjSm",

1 N
U Mmt

On the other hand for suitable mO we also have

KNmdn(NmJ
(6) Bh% ¥))S Mmilog log m'
where U' is extended for those fs2 all whose prime factors are £ log tn . Medita-
tion shows that we have

co 00 nx AT co co logm* AT 00 m' Ar
(7) u u u =un U U "U Ul omoon
t=2 T'=T10j=1 t t=2 m'=m0 j=1 t"2 m=m0j=1 *

where Uris extended all for those tS2 all whose prime factors are S log m . Thus
by (4) and (7) we have

J"m u u'"M.Mnfu MmnM U

sAfAnfu  UT M 1E Mo (Ll uuM ]

Vi=2m'>w j=1 Vir2 mi>mj= 1
where U' means the same as in (6) and (7). Thus by (5), (6) and (7) we have
| K/a NI Q ZmUmOJM [ L) -3 g f \m'2>mj—l wi>mj=ti loglogm

Thus by (8) we have

=52, 2y2}] =

m’=m0 j=1

- ]2 m!mOTTﬁog'm':log logm'
Q.e.d.
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DEUX THEOREMES SUR LA PREMIERE FORME
FONDAMENTALE DE LA GEOMETRIE EQUIAFFINE

par
J. MERZA

Dans cet article nous allons déduire deux théorémes a la caractérisation géo-
métrique de la premiére forme fondamentale de la géométrie différentielle équi-
affine. Par ces théoréemes la signification géométrique des quantités en question
deviendra plus claire. Le premier donne une construction affine-métrique a la dé-
termination de la premiere forme fondamentale des hypersurfaces de I’espace affine
a (n+1) dimensions, l’autre exprime quelle relation existe entre le changement
des espaces tangents de I’hypersurface et une partie de la premiére forme fondamentale.
Au cours des calculs I’'accomplissement des conditions analytiques nécessaires sera
toujours supposé. Commencons par I’énumeration des formules fondamentales de la
théorie équiaffine des hypersurfaces.

On appelle hypersurface a n dimensions I’ensemble de points de I’espace affine
Antl a (n+ 1) dimensions donné par I’équation

(1) r= r(u\

si et seulement si

H, dr |
rang I du* -~ I_I (a= 1 >00->(()o

On introduit la métrique équiaffine & I’aide des quantités

= 09=1

[]»+2
ok
N = det Wi\

et les fonctions Ad sont définies par la formule

R d2r ar dr
afs du*du”’ dul” ’ du"

Les quantités Gdi sont les composantes d’un tenseur et la forme différentielle-
(p= GXRdu"*du

est la premiére forme fondamentale de I’hypersurface. On écrit la seconde forme
fondamentale (ou bien la forme cubique), pareillement au cas a deux dimensions,
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sous la forme
3 ; (k dt
®= (Gl ' du’ du”

puis on définit la normale affine a I’aide de la formule

d3 dip = Ajlyy du*duBdu?,

dr
did

1. L .
no | «|ClY2 duB [Cly2-G8

ou G=det \G4)\ et A dénote I'opérateur différentiel de second ordre de Beltrami.
Les fonctions
Mpy = riy+ARy

ou les rfy sont les symboles de Christoffel formés des coefficients de la premiere
forme fondamentale, déterminent sur I’hypersurface une connexion symétrique
affine. Ces paramétres de connexion nous permettent d’écrire les équations de Gauss
sous la forme
d2t rQ AT

) du* dup dux G

Rappelons encore une formule de la théorie affine des surfaces, notamment la
relation

dr dr
® p did dir Y2

Considérons une courbe u*=u*{t) sur I’hypersurface (1). On peut déterminer
la longueur d’arc équiaffine de cette courbe en partant de I’équation

(1) = r[u'(Y), ..., U]

2 @ ~
s =f |r&r*, ... r*|n(nl) dt

par I’emploi de la formule

Naturellement, nous ne nous occupons que des courbes dont la longueur d’arc
existe. Nous écrivons I’équation de la courbe rapportée a son arc affine sous la
forme u*=u*{s) et, pour simplifier, nous appliquerons la notation r(s) a la fonction
rpO), ..., u"(s)\. Choisissons le point PO de la courbe et comptons de ce point
la longueur d’arc affine. Soit P un autre point de la courbe qui appartient a la valeur
s du parameétre. Mesurons la distance équiaffine du point POau point P dans I’espace
selon la formule

(4) r<»-r(0),

Cette expression est la généralisation naturelle de la formule appliquée par
W. Blaschke & la détermination de la distance d’un point de I’espace a un point
d’une surface.
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Développons en série la différence figurante dans la premiere colonne du dé-
terminant de I’expression (4) et substituons le résultat recu

r(s) —(0) = r'(0)-i+r"(0)y +0(3)

dans la formule. A cause de la décomposition

T dua’
on peut supprimer le vecteur r'(0)-5 de la premiére colonne du déterminant

dt dt

r0u+rQ 2 +0(3), du'Jo’ du”Jo

\a 1/2

Par I’emploi des équations (2) de Gauss on peut substituer le vecteur r" pa

--------- uan P+ILjpx
du*du du*
vie, oo AL _
—1 Jug+ n u*uf§+’au—7u* =

. t
= (U'e+rju'u') d + GtRu'*u'»n.

Remarquons que ce n’est que la composante dans la direction du vecteur n
qu’on doit substituer dans le déterminant parce que les autres membres seraient
éliminés par la soustraction des autres colonnes multipliées par un facteur conve-
nable. De cette maniére on obtient le résultat

dt

n+ 0(3), jdutT, gy

Grfu'7u'pe

|C|12
(tous les coefficients sont mis au point P0) qu’on peut transformer en

C,arl“«/' s2 dt dt

= "o 2 Mare ar 706

Prenons en considération I’équation (3), divisons par s2 et passons a la limite
pour énoncer le théoréme suivant.
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Theoreme. S0it d la distance de deux points d'une courbe sur la surface, ou cette
distance est calculée a Vaide de laformule (4), soit s la longueur d'arc affine de la
courbe et cp(s) = GyRu'7u'l} la valeur de la premiére forme fondamentale de la surface
associée a la direction du vecteur tangent de la courbe. En ce cas on a la relation

lim~2 = op(0).

Remarque. Si Fon définit la distance centro-affine du point z au point r d’une
surface quelconque par

dr dr
Z~r17 d»l, ee’ du™l
dr dr
dawl’ 7 du"

le théoreme précédent sera valable dans la géométrie centro-affine aussi en supposant
qu’on remplace les quantités équiaffines par celles de la géométrie centro-affine.

Pour prouver le second théoréme, considérons I’hypersurface (1) et supposons
que le point r0O=r(nl, est fixé. Choisissons pour repére les n+ 1 vecteurs
qui sont composés des vecteurs tangents des lignes de parameétre passant par ce
point et de la normale affine. Les calculs seront faits par rapport a ce systéme. Fixons
sur les lignes de paramétre passantes par le point rO les points

r;=r(ul,..,ul  u+AU, u+l, ..., U @i=\,....,n)

et ajoutons a ceux le point
r,+i = r(ul+Au\ u2 YAu?2, ..., un+ Aun).

La construction se commence par la détermination des équations des plans
tangents de la surface aux n+2 points recus. Rappelons encore une fois que les
calculs seront faits par rapport au repére au point r(td, ...,urn) et désignons les
coordonnées relatives a ce systeme par y1, ...,y +1. Faisons encore une convention;
nous ne ferons pas sommation dans ce qui suit aux indices latins, les indices de
sommation seront désignés par des caractéres grecques. Nous appliquons la con-
vention d’Einstein mais si ce nous parait utile nous écriverons des signes de somma-
tion aussi.

Il est trivial que I’équation du plan tangent au point rO est

yn+l= 0.

Pour déterminer les équations des plans tangents aux points r; (i = 1, ..., n+ 1)
employons la formule

®) R—;, = 0.

Nous voulons avoir les équations dans le systtme de coordonnées yl, ...,ynH
c’est pourquoi il faut que nous décomposons les vecteurs de la formule (5) dans le
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repére mobile. En partant du développement
rf=r(uy, ..., n'-1, nl+Aul w+l, ..., ) =

dr V. 2 YOG E

d de 1 (A2 o,
P [W)oAINI R T o®

(0:1, oo.,(()
et en tenant compte de la relation
A — 6f *
On]_i of dul
on obtiendra au vecteur y du point r, I’expression (nous omettons les indices 0,
0
auf le cas rQ)

Al N2 42
&)’= *)~ro= HAK+r# (AW) *®i +0(3) n

Le développement
dr dr) dar

du's,  {dukio+ 1du"dul)oAU'+° (2)

= ( é—(g)’g@ ;JWAu‘+GkIAu’n+0(2),

ou, omettant les indices O,

(I+),=  +T"  +0@)I + (GkAu'+ °(2)n

nous donne les expressions pour les dérivées partielles nécessaires. En utilisant les
coordonnées y relatives au repere choisi, I’équation du plan tangent S, au point

rf (/=1 ..., n) sera

[dri (dri
Sétail (dtd V w o, o«
ou en aetal
J1_(6 o\ +0(1)... i“+0(l)
y2_¥02 di+0(l)... 62+ 0(1)
= 0.
y —(% di+0(l)... di+0(l)

y+ !_(36+ 1 GuAu‘+0(2)... 0,idvi+ 0(2)
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En développant le déterminant selon la premiére colonne nous avons I’équation
&+ 0(1) .. Si+ 0(1)

n rri1+0(1)... &#l+o(l)
iz=|(ye'(0e) (-i)ert $I+1+0(1) .. @®+1+0(1)

S+ 0(1) = K+o0(T)
GUAU‘+ 0(2) ... C,,au'+0(2)

al+0(1) .-si+0(1)
+( Dn+2(yn+l—yn+1n =
() o\N+o¢l) . m8+0(I)

&+ 0(1) S51+0(1)

A4 0(1) e~ +0(\)
2V =Y (DPHCLE GUAI+02)  GniAw+0(2)
e 0 S1+0(1)  S1+ 0(1)

G+ 0(1) &+ 0(1)

|6+ 0(1) ...«5,1+0(1)

(_)»+2(yi+l _J«+1)

) 05+ 0(1)... &+ 0(l)
et en divisant par (—1)"+1 nous obtenons I’¢quation du plan St:
(\Ve- ¥°) (GeiAu'+ O(2)) - (y"+1- y"+’)(1+0(1)) = 0.
e 0
On sait déja que

i = <Sdid+ 0(2)
0

"+l = G, ’2\ +00),
c’est pourquoi
(ye- ®AU'+ O(2) (Geid«‘+ 0(2)) —yn+1- Gu¢-p-2+0(3)1(1+0(1)) = 0,
d’ou, aprés avoir supprimé les termes d’ordre supérieur, on recoit I’équation du
plan St sous la forme
- jG u(Au92
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Si Ton veut trouver I’6quation du plan S,+, il ne faut qu’apercevoir qu’en
augmentant toutes les variables on doit faire sommation a I’indice i aussi. Cela con-
staté, en partant des formules

yJ =0iAu< + =-r*tTAu* Au°+0(3)

(1+1) z

(/Iy;j)'i'l: "\G eaAueAua+0(3)

on recevra I’équation
GeaAuaye—yn+l=  GoaAuQAu”

du plan Sn+1.

Ayant les équations des plans Sk (k = 0, 1,...,u + 1) nous commencgons &
déterminer les sommets du simplex a n+1 dimensions formé par ces plans. On
obtiendra les n+2 points nécessaires comme les solutions des n+ 1 équations qui
se résultent du systéme

-y ¥1=0

GeiAu‘yo~yn+l = y Gu(Au)2

GeaAu'ye—y"+1= 2 G"AUtAu*

par la suppression de I’'une des équations. Si c’est la /iene équation qui est supprimée,
le point déterminé par le systéme recu sera désigné par X.

Le déterminant formé des coefficients du systeme qui sert a la détermination du
point POest

Glt Aul G2l au1...GnlAul -1
Gi2du2 G2dn2. Gn2Au2 -1

GlnAu- G2,au" .. GnnAu- -1
GlaAu® G2aAu" .. GmAu" -1

Si I'on soustrait la premiere, deuxieme, ..., (n—Il)iene lignes I'une aprés les
autres de la ligne derniére on aura la valeur (n—I)GAul...Aun du déterminant.
Nous verrons plus loin que la détermination des quantités y 1, ...,y" est super-

) . , ) (0)
flue et c’est seulement la coordonnée yn+l qui est nécessaire. On recevra sa valeur
(0)

en développant le déterminant

CjiAul G2 Aul.. GnlAul jGuCd«1)2
C12dn2 G2Au2.. Gr2dn2 \G22(Au2)?2

GinAu"  G2,Au- .. GnnAus iG m(Au™)2
GiaAu® G2aAua .. G,,,,Au" \GyaAu“Au"
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L’application de la soustraction réitérée des lignes de la («+ l)iare ligne et
I’introduction de la notation

n
= <p- 2, Cee(Aue)?2
= <p- 2 Gee(Aug
nous donne le résultat %(PGAuv... Au" c’est pourquoi

Wl A
O 2(n—17

Passons ensuite au calcul des coordonnées des points P; (/=1, ...,ri). Ces
points sont situés dans le plan y"+l =0, a cause de cela nous ne devons calculer que
les coordonnées(gl, 2/ Le déterminant du systeme

(0]

-yn+t1 = 0

GtkAukye-y n+l =y GKk(Auk)2 (k=1 1./+ 1, ri)

Gs,,Au"ye—y"+1= jG eaAueAu’

qui sert a la détermination des coordonnées du point P, est
0 0 .. 0 -1
Gl Aul G2i Aul ... GnlAul -1

G2i—Au'~" Gni-iAu'-1 -1
Gi'i+i Aui+l G2[i+i Aui+1... Gni+l Aui+1 -1

Gin Au" G2nAU" ... GmAU" -1
Gi,, Au" G2aAu" .. GhAU" -1

On peut I’écrire immédiatement sous la forme

Gu AU’ G2i Aul ... Gnl Aul

G\,i-1Au'~1 G2i-iAu*-" Gni_i Au'~1
Gi,t+i Aui+1 G2,i+i Aui+1ee Gni+iAui+1

GInAu" G2, Au" .. G, A"
Gm Au" G2a Au® ... GnaAu®

En effectuant la soustraction réitérée des lignes de la ligne derniére puis en
transposant la nigne ligne dans la /iene ligne on aura au déterminant I’expression
(-1)3~GAul.. Au".
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On peut commencer le calcul du déterminant

0 0 0 0 .. 0 -1
G,AU Gic-1 , .dul CKH.J"" ...GniAu1 -1
G,t.,Au‘-1... ck-i GKH\.,i-iAU" 1..G,,i- 1AuU*l -1

G, iHAUI*1... GK-1,,+,~u‘+l iC I+1,i+1(IMi+D2 Gk+,,i+1 Aul*" ... G, t+ Aul*" -1
G,,,Au" 1nd«” iG,,,,(Au")2 GK+, nAu .. G,,,AU" -1
\GiaAu” GK-1 ,Nn- iGiaAu°Au’ Gk+1,aAu ... G,,,,Au" -1

mi sert a la détermination des coordonnées yk a la maniére précédente puis on
. . . (0
développe le déterminant recu

(_ Dn+3+»-1
...................... X
2

G,,Aul eck_11 AU Glt(Au9H2 Gk+1, 'Aul ... G,, Aul

G,i-l1Au~l. ck_ Gk+1t- yAU' 1. (7,ti_jAur?
X Gt,i Au’ «Ck- 1, (/n* ¢>- C'l‘zlGec(Au“)2+ G,,(Au")2 Gk+1idw1 ...G,,,Au*

Gi.tHAUI*1. o¢ - 1,#1Ju +1 ¢ (+1,(+1(d«*+)2 Gk+1 I+H Au“*" ...G,,,,+ 1 Aul+1

G,,,Au" nGk. ,,,,AU" Cou(/lUuT Gk+1 ,,Au” ...GL.0Au

selon la Aiame colonne. On obtient I’expression

n3-i I "
_|2|' \)%}. Gee(Au»)2GGKAM L. lu*~1Aue+1... Au”+

-

T'

[

+ [@+ Gu(Aul2]GGikAnl... Aul* 1Aul+1... Aun} =
(D™ 7 GEyAUQ2GKAUL .. Aut~1 AUQH.. Aun+
Z

+ ®C/TAux...Au' 1Au+i..Au"
Si I’on introduit la notation

n

Bl= Z G"Au*)2#« Aul..Au«-1Au«+l...Aun
e=1
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on trouve a la coordonnée (gkla relation

86 2(—|)(?:-1‘333;A\Sl Au—(Bk+ <FGKAUL..Au" 1Au'+l..Au")

1 (Bk+ ®CkAul. Au' 1Au'+l..Au")

2JJ Aue
e=1
En employant les moyens déja vus on a pour les coordonnées du point Pn+t

les expressions
(-1)n+3GBk Bk v
* (*=1...... »)

Y = - e = —
M) 2(—)"+3G JJAue 2 I3 Au*

et c’est trivial que yn+1=0.
(«+D . . . ) - .
Le volume du simplex a n+ 1 dimensions déterminé par les points PO,P 1, ...

..,P,,+l est fourni par la formule
l -
(n+ 1) IO RN

qu’on peut écrire sous la forme
1 1 . 1
O bl

(n+ 1)t ynel yn+l . yn+l
O] (i) (n+1)
1 1 o

Substituons les coordonnées dans ce déterminant. Nous écrivons le résultat
schématiquement de la maniere suivante

(b) Bk: ®BKAN'... Au‘~1Aui+1l... Au" Bk
n n
. 2 JJ Aue 2 JJ Au6
(-1-2 o ) e=l Q=1
e 0 00
2(n—1)
1 1 11
dOnAul...Au' 1Aui+l...Aun Bk
(-ne 23] Aue 2 U Aue
e=1

(n+ D' 2(n—1) e=1
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Le développement de ce déterminant, par I’'emploi de I’identité

det WG*H= 1
donne au volume du simplex
VE = —
(n+ DL —n)2"+iG JJ Au*

P-

Aprés avoir eu le volume du simplex déterminé par les plans Sk
(k =0, 1 ...,n+1) nous le comparons au volume du simplex déterminé par les
vecteurs I;—0 (/=1, ri) et par le vecteur normal. En partant du développement

ri-re= Jne+ 0(2)

relatif au repere mobile, on voit que le volume cherché est donné par

Aul 0 .0 0 n
1 0 Au2 ... 0 0 M Aue
YR — 1! P I
My o a0 @D
02) 0(2)...0(2) 1
et par conséquence
Gn+1

[(n+ DL —)2"+i G

On sait que la valeur F* du volume calculée dans le repére mobile et la valeur
V du volume mesurée a I’aide des vecteurs de base de I’espace sont jointes par la
relation

V*.y*

V= (- 1)"|G|V2F*
En appliquant ce fait dans notre calcul nous voyons que
d'+1= 2n+1(1 -n)[(n+\)']2\6-VR

d’ou, par I’emploi de la relation

@ =cp~2 Gee(Aug)2-2 2 GeaAu*Au",
e=' G)
1 -
2 G eaAuw»Au" A riT(nH)!2(n-1)Fs.F
©S)

ce que nous voulions démontrer.

on déduit
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Si I'on introduit la notation "
c= [+ DR«
on peut énoncer le théoréme suivant.
Theoreme. Considérons sur les lignes de parametre passant par le point r0 de la
surface les points
r, = r(k", "1, n'+ Nim\ ui+l, ..., u”) (/=1 ....n)
et le point r,,#1 = r(ul+ /nl, ..., W'+ Jn"). Désignons par Vs le volume du simplex

déterminé par les plans tangents aux points r0, r,, ..., r,,+t et par VR celui du simplex
formé des vecteurs r;—r0, n (a est lanormale affine). Ces volumes sont liés a lapremiére

forme fondamentale de la surface par la relation
«4-1

3C'yIn'Nu» « o YWS.VR\.
40
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A NOTE ON OPERATOR TRANSFORMATIONS

by
T. FENYES and P. KOSIK

Introduction. In his paper [1] Gesztelyi has introduced the concept F of operator
transformation as a linear map of M into M where M is the field of Mikusinski
operators. Gesztelyi [1] defined also the continuity and multiplicity of operator
transformation and proved interesting theorems related to such operator trans-
formations.

The purpose of this paper is to show, in addition to Gesztelyi’s interesting

paper, some elementary properties of operator transformations especially of T*
and UK.

1. On operator transformations of logarithms

Notation : The set of linear, continuous and multiplicative operator transforma-
tions is denoted by 3. The set of logarithms is denoted by /1.
Theorem 1 An maps J1 into itself.

The proof is analogous to that of the special case given by Gesztelyi [1] and
the formula

@ F(e~X) = e-AHW), WEA
holds.

Remark. If F has a continuous inverse F_1, we conclude that F is a bijective
m