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1945
Egy Stieltjes féle integrálról. Doktori értekezés. (Doctoral dissertation.) Szeged, 
1945. 40 p. (Kézirat.) (Manuscript.)

1946
On a Tauberian theorem of О. Szász. Acta Sei. Math. Szeged II (1946/48) 
119—123.
Integral formulae in the theory of convex curves. Acta Sei. Math. Szeged 11 
(1946/48) 158—166.

1947
On the minimal number of terms of the square of a polynomial. Hung. Acta 
Math. 1 (1946/49) No. 2., 30—34.
О представлении четных чисел в виде суммы одного простого и одного 
почти-простого числа. Доклады Акад. Наук СССР 56 (1947) 455—458. 
О представлении четных чисел в виде суммы простого и одного почти- 
простого числа. Kandidátusi disszertáció. Leningrad, 1947. (Kézirat.)
Об одном новом применении метода академика И. М. Виноградова. До­
клады Акад. Наук СССР 56 (1947), 675-—678.
О некоторых гипотехаз теории характеров Дирихле (с Ю. В. Линником). 
Изв. Акад. Наук СССР 11 (1947) 539—546.

1948
О представлении четных чисел в виде суммы простого и почти-простого 
числа. Изв. Акад. Наук СССР 12 (1948) 57—78. (cf. 1947/3).
Játék a véletlennel. Középisk. Mat. Lapok 1 (1948) 101 — 111.
Játék a véletlennel II. Középisk. Mat. Lapok 1 (1948) 144—157.
Simple proof of a theorem of Borel and of the law of the iterated logarithm. 
Mat. Tidsskrift B, 1948, 41—48.
Remarque à la note précédente. (G. Alexits: Sur la convergence des séries lacun­
aires. Acta Sei. Math. Szeged 11 (1946/48) 251—253.) Acta Sei. Math. Szeged 
11 (1946/48) 253.
Generalization of the „large sieve” of Ju. V. Linnik. Math. Centrum, Amster­
dam, 1948. 5 p. (Mimeographed.)-

* Compiled by P. Medgyessy. This list does not contain book reviews, prefaces written to the 
first numbers of new periodicals, abstracts of lectures delivered on Hungarian conferences and 
colloquiums, articles and comments without mathematical aspects, etc published in periodicals.
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7. On the zeros of the L-function of Dirichlet. Math. Centrum, Amsterdam, 1948. 
4 p. (Mimeographed.)

8. Proof of the theorem that every integer can be represented as the sum of a 
prime and an almost prime. Math. Centrum, Amsterdam, 1948. 3 p. (Mimeo­
graphed.)

1949
1. О представлении чисел 1 , 2 N  посредством разностей (с Ласло Редей). 

Мат. Сборник 24 (1949) 385—389.
2. Some remarks on independent random variables. Hung. Acta Math. 1 (1946/49) 

No. 4, 17—20.
3. On the measure of equidistribution of point sets. Acta Sei. Math. Szeged 13 

(1949) 77—92.
4. Un nouveau théorème concernant les fonctions indépendantes et ses applica­

tions à la théorie des nombres. Jour. Math. Pures Appl. 28 (1949) 137—149.
5. A szovjet matematika 30 éve. Természet és Technika 108 (1949) 220—226.
6. Probability methods in number theory. Publ. Math. Coll. Budapest 1 (1949) 

No. 21, 1—9.
7. Sur un théorème général de probabilité. Annales Inst. Fourier 1 (1949) 43—52.
8. On the coefficients of schlicht functions. Publ. Math. Debrecen 1 (1949) 18—23.
9. A szovjet matematika 30 éve. I. A valószínűségszámítás megalapozásáról. Mat. 

Lapok 1 (1949/50) 27—64.
1950

1. On a theorem of Erdős and Túrán. Proc. Amer. Math. Soc. 1 (1950) 7—-10.
2. Some problems and results on consecutive primes (with P. Erdős). „Simon 

Stevin” 27 (1949/50) 115—125.
3. A szovjet matematika 30 éve. II. A valószínűségszámítás új irányai. Mat. Lapok 

1 (1949/50) 91—137.
4. On the large sieve of Ju. V. Linnik. Comp. Math. 8 (1950) 68—75.
5. On the geometry of conformal mapping. Acta Sei. Math. Szeged 12 (1950) 

Pars B, 215—222.
6. On the algebra of distributions. Publ. Math. Debrecen 1 (1950) 135—149.
7. Az aprítás matematikai elméletéről. Építőanyag 2 (1950) 9—10. szám. 7 p.
8. A Newton-féle gyökközelítő eljárásról. Mat. Lapok 1 (1949/50) 278—293.
9. On the summability of Cauchy—Fourier series. Publ. Math. Debrecen 1 (1950) 

162—164. (cf. 1945/1.)
10. Об одной общей теореме теории вероятностей и о ее применении в теории 

чисел. Zprávy о spolecnem 3. sjezdu matematikû Ceskoslovenskÿch a 7. sjezdu 
matematiku Polskÿch, Praha, 1950. Casopis Pëst. Mat. Fys. 74(1949) 167—175.

11. К теории предельных теорем для сумм независимых случайных величин. 
Acta Math. Acad. Sei. Hung. 1 (1950) 99—108.

12. Harc a formalizmus ellen a matematika tanításában. A középiskolai matematika- 
tanítás kérdései. Szocialista Nevelés Kiskönyvtára 4. sz. Közoktatásügyi Kiadó 
Vállalat, Budapest, 1950; pp. 24—28.

13. Remarks concerning the zeros of certain integral functions. C. R. Acad. Bulg. 
Sei. 3 (1950) No. 2—3, 9—10.

14. On composed Poisson distributions, I. (with L. Jánossy and J. Aczél). Acta 
Math. Acad. Sei. Hung. 1 (1950) 209—224.
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15. Valószínűségszámítás. 1949—50. 1. f. é.—II. f. é. Egyetemi jegyzet. A Debreceni 
Tudományegyetem Matematikai Intézete, Debrecen, 1950.

16. Valószínűségszámítás. Egyetemi jegyzet. Az Eötvös Loránd Tudományegye­
tem Természettudományi Kara, Budapest, 1950.

1951
1. A valószínűségszámítás központi határértéktételének egy új általánosításáról. 

MTA III. Oszt. Közi. 1 (1951) 351—355. (cf.: 1950/11).
2. A Magyar Tudományos Akadémia Alkalmazott Matematikai Intézetének fel­

adatairól. Akad. Ért. 58 (1951) 483. füzet, 1951 január—február, 20—26.
3. A Poisson-eloszlás problémaköréről. MTA 111. Oszt. Közi. 1 (1951) 202—212.
4. On some problems concerning Poisson processes. Publ. Math. Debrecen 2 (1951) 

66—73.
5. Sur l’indépendence des domaines simples dans l’espace euclidien à n dimensions 

(with C. Rényi and J. Surányi). Colloqu. Math. 2 (1951) 130—135.
6. Összetett Poisson-eloszlásokról, I. (Jánossy Lajossal és Aczél Jánossal). MTA

III. Oszt. Közi. 1 (1951) 315—238. (cf.: 1950/14).
7. Об основах теории вероятностей. Годишник Физ.-мат. Факултет София, 47

(1951) Книга 1, 227—236.
8. Základy théorie pravdëpodobnosti. Mat. Ustav íeskoslovenske Akad. Véd., 

Praha, 1951. 10 p. (Mimeographed.) (cf.: 1951/7.)
9. On composed Poisson distributions. II. Acta Math. Acad. Sei. Hung. 2 (1951) 

83—98.
10. Összetett Poisson eloszlásokról II. MTA III. Oszt. Közi. 1 (1951) 329—341. 

(cf.: 1951/9).
11. Két bizonyítás Jánossy Lajos egy tételére. (Túrán Pállal.) MTA III. Oszt. Közi. 

1 (1951) 369—370.
12. Levél a szerkesztőhöz. Hőmunkások víz- és sóanyagcseréje. — A matematikai 

statisztika módszereinek alkalmazása az orvostudományban. (A következőhöz: 
Somfai Jenő és Nógrády György: A munkaklíma hatásának vizsgálata bá­
nyászokon. Orvosi Hetilap 91 (1950) 871—875.) Orvosi H etilapé Szovjet Or­
vostudományi Beszámoló 92 (1951) 945—947.

13. On the approximation of measurable functions (with L. Pukánszky). Publ. 
Math. Debrecen 2 (1951) 146—149.

14. Komplex függvénytan. Egyetemi jegyzet. Tankönyvkiadó, 1. Jegyzetsokszorosító, 
Budapest, 1951. 34 p.

15. Komplex függvénytan. Egyetemi jegyzet. VKM 2. Jegyzetsokszorosító. Buda­
pest, 1951. 59 p.

1952

1. Sztochasztikus függetlenség és teljes függvényrendszerek. Az Első Magyar Ma­
tematikai Kongresszus Közleményei. 1950 augusztus 27.—szeptember 2. Aka­
démiai Kiadó, Budapest, 1952; pp. 299—308.

2. Стохастическая-независимость и полные системы функций. Az Első Magyar 
Matematikai Kongresszus Közleményei. 1950. augusztus 27.—szeptember 2. 
Akadémiai Kiadó, Budapest, 1952; pp. 309—316. (cf.: 1952/1).

3. On a conjecture of H. Steirjhaus. Annales Soc. Pólón. Math. 25 (1952) 279—287.
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4. Hozzászólás. (A következőhöz: Kalmár László: A matematika alapjaival kap­
csolatos újabb eredmények. MTA III. Oszt. Közi. 2 (1952) 89—103.) MTA
III. Oszt. Közi. 2 (1952) 104—107.

5. Új eredmények a valószínűségszámítás terén. MTA III. Oszt. Közi. 2 (1952) 
125—139.

6. A. Ja. Hincsin „A statisztikai mechanika analitikus módszerei” c. könyvéről. 
(Fényes Imrével.) MTA III. Oszt. Közi. 2 (1952) 275—280.

7. A valószínűségszámítás elvi kérdései a dialektikus materializmus megvilágítá­
sában. Filozófiai Évkönyv. 1952. Akadémiai Kiadó, Budapest, 1952; pp. 63—97.

8. On projections of probability distributions. Acta Math. Acad. Sei. Hung. 3
(1952) 131—142.

9. Jordan Károly matematikai munkásságáról. Mat. Lapok 3 (1952) 111—121.
10. Gépalkatrészek és felszerelési tárgyak törzskészletének valószínűségszámítási 

meghatározása. (Szentmártony Tiborral.) Mat. Lapok. 3 (1952) 129—139.
11. Gépipari üzemek elektromos energiaszükségletének és egyidejűségi, illetőleg 

szükségleti tényezőjének valószínűségszámítási meghatározása. (Szentmártony 
Tiborral.) MTA Aik. Mat. Int. Közi. 1 (1952) 85—104.

12. Kompresszorok és légtartályok racionális méretezése üzemek sűrített levegővel 
való ellátására. MTA Aik. Mat. Int. Közi. 1 (1952) 105—138.

13. Poisson-folyamatok által származtatott történés-folyamatokról és azok technikai 
és fizikai alkalmazásairól. (Takács Lajossal.) MTA Aik. Mat. Int. Közi. 1 (1952) 
139—146.

14. Megjegyzések Gombás Pál és Gáspár Rezső egy dolgozatához. MTA Aik. Mat. 
Int. Közi. 1 (1952) 393—397.

15. On the zeros of polynomials (with P. Túrán). Acta Math. Acad. Sei. Hung. 
3 (1952) 275—284.

16. Bolyai János, a tudomány nagy forradalmára. Mat. Lapok 3 (1952) 173—178.
17. Valószínűségszámítás. Egyetemi jegyzet. Felsőoktatási Jegyzetellátó Vállalat, 

Budapest, 1952.
1953

1. H. Steinhaus egy sejtéséről. MTA III. Oszt. Közi. 3 (1953) 37—44. (cf.: 
1952/3).

2. Укрепление связи математики с практикой. Природа, 1953, 69—73.
3. Poznámka u uhlech mnohoúhelnika. íasopis Pest. Mat. 78 (1953) 305—306.
4. Valószínűség-eloszlások vetületeiről. MTA III. Oszt. Közi. 3 (1953) 59—69. 

(cf.: 1952/8).
5. Bolyai János felfedezésének tudományos és világnézeti jelentősége. Természet 

és Technika 112 (1953) I—4.
6. A Bolyai—Lobacsevszkij geometria világnézeti jelentősége. MTA 111. Oszt. Közi. 

3 (1953) 253—273.
7. Ideologickÿ vÿznam geometrie Bolyai—Lobacevského. Casopis Pest. Mat. 78

(1953) 149—168. (cf.: 1953/6.)
8. Hozzászólás. (A következőhöz: Jánossy Lajos: Beszámoló a berlini fizikus 

kongresszus egyes problémáiról. MTA III. Oszt. Közi. 3 (1953) 323—325.) MTA
III. Oszt. Közi. 3 (1953) 326—327.

9. Hozzászólás. (A következőhöz: Gombás Pál: Elméleti fizikai kutatásokban 
alkalmazott matematikai módszerek különös tekintettel a kvantummechanikai
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közelítő módszerekre. MTA III. Oszt. Közi. 3 (1953) 329—340.) MTA 111. 
Oszt. Közi. 3 (1953) 344—347.

10. Az Alkalmazott Matematikai Intézet munkája a valószínűségszámítás ipari alkal­
mazásai terén. MTA 111. Oszt. Közi. 3 (1953) 363—372.

11. On the theory of order statistics. Acta Math. Acad. Sei. Hung. 4 (1953) 191—231.
12. A rendezett minták elméletéről. MTA III. Oszt. Közi. 3 (1953) 467—503. ícf.: 

1953/11).
13. Eine neue Methode in der Theorie der geordneten Stichproben. Bericht über die 

Mathematiker-Tagung in Berlin, Januar 1953. Deutscher Verlag der Wissen­
schaften. Berlin, 1953; pp. 203—212.

14. Hozzászólás. (A következőhöz: Ankét O. J. Smidt „Négy előadás a Föld ke­
letkezésének elméletéről” cimű könyvéről. MTA 111. Oszt. Közi. 3 (1953) 579— 
601.) MTA III. Oszt. Közi. 3 (1953) 595—600.

15. Kémiai reakciók tárgyalása a sztochasztikus folyamatok elmélete segítségével. 
MTA Aik. Mat. Int. Közi. 2 (1953) 83—101.

16. Újabb kritériumok két minta összehasonlítására. MTA Aik. Mat. int. Közi. 
2 (1953) 243—265.

17. A valószínűségszámítás alapfogalmairól. Mérnöki Továbbképző Intézet előadás- 
sorozatából. Felsőoktatási Jegyzetellátó Vállalat, Budapest, 1953. 51 p.

18. A raktárkészlet pótlásáról I. (Palásti Ilonával, Szentmártony Tiborral és Takács 
Lajossal.) MTA Aik. Mat. Int. Közi. 2 (1953) 187—201.

19. Valószínűségszámítás. Egyetemi jegyzet. Felsőoktatási Jegyzetellátó Vállalat, 
Budapest, 1953.

20. Játék a' véletlennel. Pedagógiai Főiskolai jegyzet. 1. változatlan utánnyomás. 
Felsőoktatási Jegyzetellátó Vállalat, Budapest, 1953. 9 p.

1954
1. Základni problémy poctu pravdépodobnosti ve svétle dialektického materialismu. 

Casopis Pest. Mat. 79 (1954) 189—218. (cf.: 1952/7.)
2. Elementary proofs of some basic facts concerning order statistics (with Gy. 

Hajós). Acta Math. Acad. Sei. Hung. 5 (1954) 1—6.
3. Идеологическое значение геометрии Бояи—Лобачевского. Acta Math. Acad. 

Sei. Hung. 5 (1954) Supplementum, 21—42. (cf. : 1953/6).
4. A valószínűségszámítás új axiomatikus felépítése. MTA III. Oszt. Közi. 4 (1954) 

369—427.
5. A valószínűségszámítás történetének rövid áttekintése. MTA III. Oszt. Közi. 

4 (1954) 447—466.
6. Valószínűségszámítás. Tankönyvkiadó, Budapest, 1954.
7. Elemi bizonyítások a rendezett minták elméletének néhány alapvető összefüggé­

sére. (Hajós Györggyel.) MTA III. Oszt. Közi. 4 (1954) 467—472. (cf.; 1953/2).
8. A kémiai frakcionáló megosztás matematikai tárgyalása nem-teljes diffúzió ese­

tében. (Medgyessy Pállal, Tettamanti Károllyal és Vincze Istvánnal.) MTA Alk. 
Mat. Int. Közi. 3 (1954) 81—97.

9. A komplex potenciál egyrétűségéről, 1. (Rényi Katóval.) MTA Alk. Mat. Int. 
Közi. 3 (1954) 353—367.
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10. Die prinzipiellen Fragen der Wahrscheinlichkeitsrechnung im Lichte des dialekti­
schen Materialismus. Philosophisches Jahrbuch, 1952. Zusammenfassung. Aka­
démiai Kiadó, Budapest, 1954; pp. 7—8.

11. Hozzászólás. (A következőhöz: Sedlmayer Kurt: Nagyobb termések elérésének 
tudományos alapjai. MTA IV. Oszt. Közi. 5 (1954) 187—197.) MTA IV. Oszt. 
Közi. 5 (1954) 198—200.

12. Egy lucerna nemesítésével kapcsolatos kombinatorikai problémáról. (Előadás: 
Matematikai Statisztikai Kollokvium. 1954. szeptember hó 27.—29., Jósvafő.) 
Kivonat: Az 1954. szeptember hó 27,-étől 29.-ig Jósvafőn, a Bolyai János Mate­
matikai Társulat által rendezett Matematikai Statisztikai Kollokviumon elhang­
zott előadások kivonatai. Bolyai János Matematikai Társulat, Budapest, 1954; 
pp. 13—15.

13. Megoldatlan problémák a rendezett minták elméletében. — Referátum. (Előadás: 
Matematikai Statisztikai Kollokvium. 1954. szeptember hó 27.—29.. Jósvafo.) 
Kivonat: Az 1954. szeptember hó 27.-étől 29.-ig Jósvafőn, a Bolyai János Mate­
matikai Társulat által rendezett Matematikai Statisztikai Kollokviumon elhang­
zott előadások kivonatai. Bolyai János Matematikai Társulat. Budapest, 1954;
pp. 18—20.

1955
1. Egy kombinatorikai probléma, amely a lucerna nemesítésével kapcsolatban me­

rült fel. Mat. Lapok 6 (1955) 151—164.
2. Bizonyos trigonometrikus rendszerek teljességéről. (Czipszer Jánossal.) MTA

III. Oszt. Közi. 5 (1955) 391—410.
3. A matematika fejlődése hazánkban a felszabadulás óta. (Alexits Györggyel és 

Hajós Györggyel.) A magyar tudomány 10 éve. 1945—1955. Akadémiai Kiadó, 
Budapest, 1955; pp. 87—106.

4. Generalization of an inequality of Kolmogorov (with J. Hájek). Acta Math. 
Acad. Sei. Hung. 6 (1955) 281—283.

5. On a new axiomatic theory of probability. Acta Math. Acad. Sei. Hung. 6 (1955) 
285—335.

6. A sztochasztikus folyamatok elméletéről és annak néhány műszaki alkalmazásá­
ról. (Mérnöki Továbbképző Intézet előadássorozatából.) Felsőoktatási Jegyzet­
ellátó Vállalat, Budapest, 1955. 78 p.

7. On the density of certain sequences of integers. Publ. Inst. Math. Acad. Serbe 
Sei., Beograd 8 (1955) 157—162.

8. Matematikai statisztika. Egyetemi jegyzet. Jegyzetsokszorosító, Budapest, 1955.
9. A világ tudósainak tapasztalatcseréje egyaránt hasznos a béke és a tudomány 

számára. Beszámoló egy külföldi tanulmányút élményeiről és tanulságairól. 
Szabad Nép, 1955, december 18, 6.

10. Pour la coopération entre'savants du monde. Journal article, 1955. 2 p. (cf. : 
1955/9.).

11. A matematikai módszerek alkalmazásának eredményei és lehetőségei. Szabad 
Nép, 1955, szeptember 8, 4.

1956
1. Szakkörökben elvégezhető valószínűségszámítási kísérletekről. — Előadások az 

iskolai matematika köréből. A Bolyai János Matematikai Társulat kiadványa. 
Tankönyvkiadó, Budapest, 1956; pp. 135—150.
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2. Axiomatischer Aufbau der Wahrscheinlichkeitsrechnung. Bericht über die Ta­
gung Wahrscheinlicheitsrechnung und mathematische Statistik in Berlin, Oktober, 
1954. Deutscher Verlag der Wissenschaften, Berlin 1956; pp. 7—15.

3. An inequality for uncorrelated random variables (with E. Zergényi). Czech. 
Math. Jour. 6 (81) (1956) 415—419.

4. A számjegyek eloszlása valós számok Cantor-féle előállításaiban. Mat. Lapok 
7 (1956) 77—100.

5. On some combinatorical problems (with P. Erdős). Publ. Math. Debrecen 4 
(1955/56) 398—405.

6. О предельном распределении для сумм независимых случайных величин 
на бикомпактных коммутативных топологических группах (с А. Прекопа 
и К. Урбаником). Acta Math. Acad. Sei. Hung. 7 (1956) 11—16.

7. On conditional probability spaces generated by a dimensionally ordered set of 
measures. Теория Вероятностей 1 (1956) 61—71.

8. Az entrópia fogalmáról. (Balatoni Jánossal.) MTA Mat. Kút. Int. Közi. 1 (1956) 
9—40.

9. Az ingerületátvitel valószínűsége egy egyszerű konvergens kapcsolású inter- 
neuronális synapsis-modellben. (Szentágothay Jánossal.) MTA Mat. Kút. Int. 
Közi. 1 (1956) 83—91.

10. On the number of zeros of successive derivatives of analytic functions, (with 
P. Erdős.) Acta Math. Acad. Sei. Hung. 7 (1956) 125—144.

11. Az árrendezés problémájáról. (Bródy Andrással.) MTA Mat. Kút. Int. Közi.
1 (1956) 325—335.

12. A Monte-Carlo módszer mint minimax stratégia. (Palásti Ilonával.) MTA Mat. 
Kút. Int. Közi. 1 (1956) 529—545.

13. Discussion on Dr. David’s and Dr. Johnson’s paper. (F. N. David and N. L. 
Johnson: Some tests of significance with ordered variables. Jour. Roy. Stat. 
Soc. Ser. В, 18 (1956) 1—20.) Jour. Roy. Soc. Ser. В, 18 (1956) 29.

14. A Poisson-folyamat egy jellemzése. MTA Mat. Kút. Int. Közi. 1 (1956)519—527.
15. On the independence in the limit of sums depending on the same sequence of 

independent random variables (with A. Prékopa). Acta Math. Acad. Sei. Hung. 
7 (1956) 319—326.

16. Internationaler Erfahrungsaustausch der Wissenschaftler erhält den Frieden und 
fördert die Wissenschaft. Journal article, 1956. 2 p. (cf.: 1955/9.).

17. ’’Scientific exchange is beneficial to world peace and science”. Journal article, 
1956. 2 p. (cf.: 1955/9.).

1957
1. On a new axiomatic foundation of the theory of probability. Proceedings of the 

International Congress of Mathematicians 1954. Amsterdam September 2—Sep­
tember 9. Vol. I. Noordhoff N. V., Groningen — North-Holland Publishing Co., 
Amsterdam, 1957; pp. 506—507.

2. On the theory of order statistics. Proceedings of the International Congress of 
Mathematicians 1954. Amsterdam September 2—September 9. Vol. I. Noord­
hoff N. V., Groningen—North-Holland Publishing Co., Amsterdam, 1957; pp. 
508—509.
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3. A new deduction of Maxwell’s law of velocity distribution. Изв. Мат. Инст. 
София 2 (1957) Книга 2, 45—55.

4. Probabilistic proof of a theorem on the approximation of continuous functions 
by means of generalized Bernstein polynomials (with M. Arató). Acta Math. 
Acad. Sei. Hung. 8 (1957) 91—98.

5. On the asymptotic distribution of the sum of a random number of independent 
random variables. Acta Math. Acad. Sei. Hung. 8 (1957) 193—199.

6. On the number of zeros of successive derivatives of entire functions of finite 
order (with P. Erdős). Acta Math. Acad. Sei. Hung. 8 (1957) 223—225.

7. A probabilistic approach to problems of diophantine approximation (with 
P. Erdős). Illinois Jour. Math. 1 (1957) 303—315.

8. Mathematical Notes. II. On the sequence of generalized partial sums of a series. 
Publ. Math. Debrecen 5 (1957/58) 129— 141.

9. A remark on the theorem of Simmons. Acta Sei. Math. Szeged 18 (1957) 21—22.
10. Valós számok előállítására szolgáló algoritmusokról. MTA 111. Oszt. Közi. 7 

(1957) 265—293.
11. Representations for real numbers and their ergodic properties. Acta Math. Acad. 

Sei. Hung. 8 (1957) 477—493.
12. Az L(z) valószínüség-eloszlásfüggvényről. MTA Mat. Kút. Int. Közi. 2 (1957) 

43—50.
13. Szénszemcsés ellenállások vizsgálata valószínűségszámítási módszerrel. MTA 

Mat. Kút. Int. Közi. 2 (1957) 247—256.
14. Über den Begriff der Entropie in der Wahrscheinlichkeitsrechnung. (Előadás:

IV. Österreichischer Mathematikerkongress Wien, 17.—22. IX. 1956.) Kivonat: 
Nachr. Österr. Math. Ges. Beilage zu ’’Internat. Math. Nachr.” 1 1 (1957) April, 
Nr. 47/48., Sondernummer, 83.

15. Über den Begriff der Entropie. (Balatoni Jánossal.) Arbeiten zur Informations­
theorie. I. Deutscher Verlag der Wissenschaften, Berlin, 1957; pp. 117—134. 
(cf.: 1956/8.)

1958
1. On a theorem of Erdős—Kac (with Р. Túrán). Acta Arith. 4 (1958) 71—84.
2. Some remarks on univalent functions. Изв. Мат. Инст. София 3 (1959) Книга 2, 

111— 121 .

3. Some remarks on univalent functions II. Ann. Acad. Sei. Fennicae Series A. I. 
Mathematica. 250/29. Suomalainen Tiedeakatemia, Helsinki, 1958, 7 p.

4. Quelques remarques sur les probabilités d’événements dépendants. Jour. Math. 
Pures Appl. (9) 37 (1958) 393—398.

5. On mixing sequences of sets. Acta Math. Acad. Sei. Hung. 9 (1958) 215—228.
6. Egy egydimenziós véletlen térkitöltési problémáról. MTA Mat. Kút. Int. Közi. 

3 (1958) 109—127.
7. On Engel’s and Sylvester’s series (with P. Erdős and P. Szösz). Annales Univ. 

Sei. Budapest. Sect. Math. 1 (1958) 7—32.
8. Probability niethods in number theory (in Chinese). Shuxue Jinzhan 4 (1958) 

465—510.'
9. On Cantor’s products. Colloqu. Math. 6 (1958) 135—139.

10. On mixing sequences of random variables (with P. Révész). Acta Math. Acad. 
Sei. Hung. 9 (1958) 389—393.
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.11. On singular radii of power series (with P. Erdős). MTA Mat. Kút. Int. Közi. 
3 (1958) 159—169.

12. On the probabilistic generalization of the large sieve of Linnik. MTA Mat. Kut. 
Int. Közi. 3 (1958) 199—206.

13. Matematikai statisztika IV. éves alkalmazott matematika szakos hallgatók szá­
mára. Felsőoktatási Jegyzetellátó Vállalat, Budapest, 1958. 211. p.

14. Levél a szerkesztőhöz. (A következőhöz: Pólya György, A gondolkodás isko­
lája c. könyvéről (Vámosi Pál) (Könyvbarát) VII. évf. 5. szám 46. o.) Könyv­
barát, 8 (1958) I. szám, 30.

1959
1. Some further statistical properties of the digits in Cantor’s series (with P. Erdős). 

Acta Math. Acad. Sei. Hung. 10 (1959) 21—29.
2. On random graphs 1. (with P. Erdős). Publ. Math. Debrecen 6 (1959) 290—297.
3. On a theorem of P. Erdős and its application in information theory. Mathematica, 

Cluj 1 (24) (1959) 341—344.
4. On the dimension and entropy of probability distributions. Acta Math. Acad. 

Sei. Hung. 10 (1959) 193—215.
5. New version of the probabilistic generalization of the large sieve. Acta Math. 

Acad. Sei. Hung. 10 (1959) 217—226.
6. On the central limit theorem for samples from a finite population. (With P. 

Erdős.) MTA Mat. Kut. Int. Közi. 4 (1959) 49—61.
7. Some remarks on the theory of trees. MTA Mat. Kut. Int. Közi. 4 (1959) 73—85.
8. On Cantor's series with convergent 2  (with P. Erdős). Annales Univ. Sei. 

Budapest. Sect. Math. 2 (1959) 93—109.
9. Autoklávok soros és párhuzamos kapcsolásáról és a keverés elméletéről. MTA 

Mat. Kut. Int. Közi. 4 (1959) 155—165.
10. On measures of dependence. Acta Math. Acad. Sei. Hung. 10 (1959) 441—451.
11. On connected graphs, I. MTA Mat. Kut. Int. Közi. 4 (1959) 385—388.
12. Summation methods and probability theory. MTA Mat. Kut. Int. Közi. 4 (1959) 

389—399.
13. Dialógusa matematika tanításáról. (Előadás: Középiskolai Szakfelügyelői Ta­

nácskozás a Központi Pedagógus Továbbképző Intézetben. Budapest, 1959 janu­
ár.) Az MTA matematikai Kutatóintézete, Budapest, 1959.17 p. (Mimeographed.)

14. Sztochasztikus kapcsolatok mérőszámairól. (On measures of correlation.) (Lec­
ture: Biometriai Symposion. Budapest, 1959. szeptember 7—9.) Abstract: Bio- 
metriai Symposion. Budapest, 1959. szeptember 7—9. Előadáskivonatok. Buda­
pest, 1959. 1 p.

1960
1. On the central limit theorem for the sum of a random number of independent 

random variables. Acta Math. Acad. Sei. Hung. 11 (I960) 97—102.
2. Additive properties of random sequences of positive integers (with P. Erdős). 

Acta Arithm. 6 (1960) 83—110.
3. Bolyongási problémákra vonatkozó határeloszlástételek. MTA III. Oszt. Közi. 

10 ('i960) 149—169.
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4. On the evolution of random graphs (with P. Erdős). MTA Mat. Kút. Int. KözL 
5 (I960) 17—61.

5. Probabilistic methods in number theory. Proceedings of the International Con­
gress of Mathematicians 14—21 August 1958. (Edinburgh.) Cambridge U. P., 
London, 1960; pp. 529—539.

6. Az információelmélet néhány alapvető kérdése. MTA III. Oszt. Közi. 10 (1960) 
251—282.

7. Dimension, entropy and information. Transactions of the Prague Conference 
on information theory, statistical decision functions, random processes held at 
Liblice near Prague, from June 1 to 6, 1959. Publ. House of the Czech. Acad. 
Sei., Prague, 1960; pp. 545—556.

8. Bemerkungen zur Arbeit „Über gewisse Elementenfolgen des Hilbertschen 
Raumes” von К. Koncz. MTA Mat. Kút. Int. Közi. 5 (1960) 265—267.

9. Üzletek áruellátásával kapcsolatos szélsőértékfeladatok. (Ziermann Margittal.) 
MTA Mat. Kút. Int. Közi. 5. В (1960) 495—506.

10. Túrán Pál matematikai munkásságáról. Mat. Lapok 11 (1960) 229—263.
11. On measures of entropy and information. Fourth Berkeley Symposium on 

Mathematical Statistics and Probability. Held at the Statistical Laboratory, 
University of California, June 20—July 30. 1960. 28 p. (Mimeographed.)

12. On the evolution of random graph (with P. Erdős). Random Graphs, 3 semi- 
narer holdt af A. Rényi. Februar—marts I960. Matematisk Institut, Aarhus 
Universitet, Aarhus, 1960. 57 p. (Mimeographed.)

13. On the evolution of random graphs (with P. Erdős). 32 nd Session of the Inter­
national Statistical Institute, Tokyo, 1960. Tokyo, 1960. 5 p. (Mimeographed.)

15. Jordan Károly 1871—1959. Magyar Tudomány 5 (1960) 233—235.
15. Boszorkányság-e a matematika? Népszabadság, 1960, augusztus 25, 8.

1961
1. On the evolution of random graphs (with P. Erdős). Bull. Inst. Internat. Stat. 

38 (1961) 4 e Livraison, 343—347. (cf.: 1960/13.)
2. On measures of entropy and information. Proceedings of the Fourth Berkeley 

Symposium on Mathematical Statistics and Probability. Held at the Statistical 
Laboratory, University of California, June 20—July 30. 1960. Vol. 1. University 
of California Press, Berkeley—Los Angeles, 1961; pp. 547—561. (cf. 1960/11.)

3. Egy általános módszer valószínűségszámítási tételek bizonyítására és annak né­
hány alkalmazása. MTA III. Oszt. Közi. 11 (1961) 79—105.

4. On random generating elements of a finite Boolean algebra. Acta Sei. Math. 
Szeged 22 (1961), 75—81.

5. On the strength of connectedness of a random graph (with P. Erdős). Acta. Math 
Acad. Sei. “Hung. 12 (1961) 261—267.

6. On a classical problem of probability theory (with P. Erdős). MTA Mat. Kut. 
Int. Közi. 6. A (1961) 215—220.

7. On Kolmogorov’s inequality. MTA Mat. Kut. Int. Közi. 6. A (196! ) 411—415.
8. Legendre polynomials and probability theory. Annales Univ. Sei. Budapest, 

Sect. Math. 3—4 (1960/61) 247—251.
9. Egy. információelméleti problémáról. MTA Mat. Kut. Int. Közi. 6. В. (1961) 

505—516.
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10. On random subsets of a finite set. Mathematica, Cluj 3 (26) (1961) 355—362.
11. Über verschiedene Masszahlen von Entropie und Informationsgewinn. (Lecture:

V. Österreichische Mathematikerkongress, Innsbruck, 12.—17. IX. 1960.) 
Abstract: Nachr. Österr. Math. Ges. Beilage zu „Internat. Math. Nachr.” 15
(1961) Jänner, Nr. 66, Sondernummer, 79—80.

12. On different measures of information. (Lecture: Second Hungarian Mathematical 
Congress, Budapest, August 24.—31. 1960.) Abstract: Deuxième Congrès Mathé­
matique Hongrois Budapest, 24,—31., August. 1960. IL Akadémiai Kiadó, Buda­
pest, 1961: Section IV, pp. 26—28.

13. Gondolatak a matematikusképzés továbbfejlesztéséről. Magyar Tudomány 6
(1961) 593—600.

14. Statistical laws of accumulation of information. 33rd Session of the Internati­
onal Statistical Institute, Paris, 1961. Paris, 1961. (Mimeographed.)

15. Matematikai kongresszusok és a II. Magyar Matematikai Kongresszus. Magyar 
Tudomány 6 (1961) 13—23.

16. Véletlen információ akkumulációja. (Német nyelven.) (In German.) (Lecture: 
Kollokvium über Wahrscheinlichkeitsrechnung und Statistik, Eisenstadt, 15.—18. 
XL 1961. (Manuscript.)

17. Statistical laws of accumulation of information. Michigan State University, 
Department of Statistics, East Lansing, 1961.11 p. (Mimeographed.) (cf.: 1961/14).

1962
1. Statistical laws of accumulation of information. Bull. Inst. Internat. Stat. 39

(1962) 2 e Livraison, 311—316. (cf.: 1961/14).
2. Az információ-akkumuláció statisztikus törvényszerűségeiről. MTA Mat. Kút. 

Int. Közi. 12 (1962) 15—33.
3. Egy megfigyeléssorozat kiemelkedő elemeiről. MTA III. Oszt. Közi. 12 (1962) 

105—121.
4. Three new proofs and a generalization of a theorem of Irving Weiss. MTA Mat. 

Kút. Int. Közi. 7. A (1962) 203—214.
5. Théorie des éléments saillants d’une suite d’observations. Annales Fac. Sei. Univ. 

Clermont-Ferrand 2 (1962) No. 8, 7—12.
■6. Dialógus a matematikáról. Az MTA Matematikai Kutatóintézete, Budapest 

1962. 25 p. (Mimeographed.)
7. On a problem of A. Zygmund (with P. Erdős). Studies in mathematical analysis 

and related topics. Essays in honor of George Pólya. Stanford Univ. Press, 
Stanford, Cal., 1962; pp. 110—116.

■8. A new approach to the theory of Engel’s series. Annales Univ. Budapest. Sect. 
Math. 5 (1962) 25—32.

9. On the representation of an even number as the sum of a prime and of an almost 
prime. American Mathematical Society. Translations. Series 2, Vol. 19. American 
Mathematical Society, Providence, 1962; pp. 299—321. (cf.: 1948/1).

30. Egy gráfelméleti problémáról. (Erdős Pállal.) MTA Mat. Kút. Int. Közi. 7. В 
(1962) 623—641.

81. A matematika alkalmazásairól tartandó vita tézisei. Magyar Tudomány 7 (69) 
553—559,
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12. On the theory of outstanding observations. (Lecture: International Congress 
of Mathematicians, Stockholm 1962.) Abstract : International Congress of Mathe­
maticians, Abstracts of short communications. Stockholm, 1962. Almqvist and 
Wiksells, Uppsala, 1962; pp. 165—166.

13. Théorie des éléments saillants d’une suite d’observations. Colloquium on Com­
binatorial Methods in Probability Theory. August 1—10, 1962. Matematisk 
Institut, Aarhus Universitet, Danmark, Aarhus, 1962; pp. 104—117.

34. Wahrscheinlichkeitsrechnung, mit einem Anhang über Informationstheorie. VEB 
Deutscher Verlag der Wissenschaften, Berlin, 1962.

15. Sur les graphes aléatoires (I). L’évolution des graphes aléatoires. — Sur les 
graphes aléatoires IL Symétrie et asymétrie des graphes aléatoires. Institut 
H. Poincaré, Paris, 1962. 20 p. (Mimeographed.)

16. Dialógus a matematika tanításáról. — Előadások a középiskolai matematika kö­
réből. A Központi Pedagógus Továbbképző Intézet és a Bolyai János Matemati­
kai Társulat kiadványa. Tankönyvkiadó, Budapest, 1962 ; pp. 5—19. (cf. : 1959/13.)

17. Dialógus a matematikáról. Valóság 5 (1962) 3. szám, 40—56.
38. A matematika és a társadalom. Népszabadság, 1962, október 21, 7.

1963
1. Remarks on a problem of Obreanu (with P. Erdős). Canadian Math. Bull. 6

(1963) 267—273.
2. Über die konvexe Hülle von n zufällig gewählten Punkten (mit R. Sulanke). 

Zeitschr. Wahrscheinlichkeitstheorie 2 (1963/64) 75—84.
3. On stable sequences of events. Sankhyä, Ser. A, 25 (1963) 293—302.
4. On the distribution of values of additive number-theoretical functions. Publ. 

Math. Debrecen 10 (1963) 264—273.
5. A study of sequences of equivalent events as special stable sequences (with 

P. Révész). Publ. Math. Debrecen 10 (1963) 319—325.
6. On “small” coefficients of the power series of an entire function (with C. Rényi). 

Annales Univ. Budapest, Sect. Math. 6 (1963) 27—38.
7. On two problems of information theory (with P. Erdős). MTA Mat. Kut. 

Int. Közi. 8. A (1963) 229—243.
8. On random matrices (with P. Erdős). MTA Mat. Kut. Int. Közi. 8. A (1963) 

455—461.
9. An elementary inequality between the probability of events (with P. Erdős 

and J. Neveu). Math. Scand. 13 (1963) 99—104
10. Un dialogue. Les cahiers rationalistes, 33 (1963) janvier—février, Nos. 208—209, 

4—32. (cf: 1962/17.)
12. Biaise Pascal. 1623—1662. Magyar Tudomány 8 (70) (1963) 102—108.
13. Megjegyzések egyes ,,megjegyzések”-hez. (A következőhöz: Tekse Kálmán: 

Néhány megjegyzés Rényi A. „A matematika alkalmazásairól tartandó vita 
téziseihez” című cikkéhez. Magyar Tudomány 8 (70) (1963) 46—50.) Magyar 
Tudomány 8 (70) (1963) 419—429.

14. Über stabile Folgen von Ereignissen und Zufallsveränderlichen. (Vortrag: Tagung 
über Mathematische Statistik und Wahsrscheinlichkeitstheorie. Oberwolfach, 
4—8. März 1963.) Auszug: Tagungsbericht. Mathematische Statistik und Wahr-
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scheinlichkeitstheorie. Oberwolfach, 4—8. März 1963. Mathematisches For­
schungsinstitut, Oberwohlfach, 1963. (Mimeographed.)

15. Dialógus a matematikáról. (Részletek.) A matematika tanítása. Szemelvény- 
gyűjtemény. (Szerkesztette Varga Tamás.) Kézirat (255—504. o.). Tankönyv- 
kiadó, Budapest, 1963; pp. 381—415. (cf.: 1962/17.)

16. Dia'ógus a matematika tanításáról. A matematika tanítása. Szemelvénygyűjte­
mény. (Szerkesztette Varga Tamás.) Kézirat (255—504. o.). Tankönyvkiadó, 
Budapest, 1963; pp. 365—380. (cf.: 1959/13.)

17. A kultúra egységéről, matematikus szemmel. Valóság 6 (1963) 3. szám 51—53.
18. A Socratic dialogue on mathematics. Az MTA Matematikai Kutatóintézete, 

Budapest, 1963. 24 p. (Mimeographed.)
19. On the foundations of information theory. 34th Session of the International 

Statistical Institute, Ottawa, 1963. (Mimeographed.)

1964
1. Über die konvexe Hülle von n zufällig gewählten Punkten. 11 (mit R. Sulanke) 

Zeitschr. Wahrscheinlichkeitstheorie 3 (1964/65) 138—147.
2. Információelmélet és nyelvészet. Általános nyelvészeti tanulmányok. 11. A ma­

tematikai nyelvészet és a gépi fordítás kérdései. Akadémiai Kiadó, Budapest, 
1964; pp. 245—251.

3. Additive and multiplicative number-theoretical functions. University of Michigan, 
Ann Arbor, 1964. 23 p. (Mimeographed.)

4. Dialógus a matematika alkalmazásairól. Az MTA Matematikai Kutató Intézete, 
Budapest, 1964, 20 p. (Mimeographed.)

5. A természet könyvének nyelve. Dialógus. 1964. Az MTA Matematikai Kutató 
Intézete, Budapest, 1964. (Mimeographed.)

6. On an extremal property of the Poisson process. Annals Inst. Stat. Math. Tokyo 
16 (1964) 129—133.

7. A generalization of a theorem of E. Vincze (with R. G. Laha and E. Lukács). 
MTA Mat. Kút. Int. Közi. 9. A (1964) 237—239.

8. On two mathematical models of the traffic on a divided highway. Jour. Appl. 
Prob. 1 (1964) 311—320.

9. On the amount of information concerning an unknown parameter in a sequence 
of observations. MTA Mat. Kút. Int. Közi. 9. A (1964) 617—625.

10. Hervorragende Elemente von Beobachtungsreihen. (Lecture: Internationale Ta­
gung über Mathematische Statistik und ihre Anwendungen, Berlin, von 4. bis
8. September 1962.) Abstract: Abh. Deutsch. Akad. Wissensch. Berlin, Klasse 
Math., Phys. Technik, 1964, No. 4, 101.

11. A Socratic dialogue on mathematics. Canadian Math. Bull. 7 (1964) 441—462. 
(cf.: 1962/17).

12. Mathematics. A Socratic dialogue. Physics Today 17 (1964) December, 24—36. 
(cf.: 1962/17).

13. A Socratic dialogue on mathematics. “ Simon Stevin” 38 (1963/64) 125— 144. 
(cf.: 1962/17).

14. On the amount of information in a frequency count. Bull. Inst. Internat. Stat. 
41 (1964) 623—626.
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15. Sur les espaces simples des Probabilités conditionnelles. Annales Inst. H. Poincaré, 
Nouvelle Série, Sect. B, 1 (1964) no. 1., 3—21.

16. A dialogue on the applications of mathematics. Ontario Mathematics Gazette 
31 (1964) Number2, 28—40. (cf.: 1964/4).

17. A dialogue on the applications of mathematics. University of Michigan, Ann 
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POLYNOMIAL APPROXI MATION ON THE REAL LINE

by
G. FREUD and J. T. SCHEICK

The aim of this work is to define a linear method of approximation by poly­
nomials which, for functions /  of restricted growth, will converge uniformly to /  on 
each compact interval of the real line upon which /  is continuous. The following 
theorem of C hlodouski ([1], p. 36) is a prototype:

T heorem . Suppose q„ -*• °° and n jn  0 where q„ >  0 for all n. Let f  be given 
and define p„ by

P n W =  2 h \ Q « - -  
0  I  П

n-k (
X  \ „  \ 4 X

■ - / )  = 4 f

I f  sup {\f(t)\:0 S t^ Q n} = O(e(*"lQ")) for all a >0 then p„{x0) —/(x 0) at each point x 0 
where f  is continuous.

We will construct a more flexible device of approximation. Let (/<„), (v„) be se­

quences of natural numbers and put K„(t) — vv'iere / An(r) dt = ).n.

Then Kn is an even trigonometric polynomial of degree p„(v„ — 1). Further, if g
It

is an even integrable 2k periodic function, J g{ 0 t)Kn{t) dt is a polynomial in cos 0

of degree not exceeding p„(v„ — 1). We wish to consider functions measurable on 
the real line and bounded on each bounded interval: such functions we shall call 
locally bounded. Let (q„) be a sequence of positive numbers. For/locally bounded, put 
ll-Z'llin =  sup {|/(t)l : к I — (?„}• The expression

П
(1) Pn(x) =  pn( f ;x )  =  k~1 f  f (Q„(ß +  t))K„{t)dt, x =  QncosQ

— It

defines a sequence of polynomials with degreepn^p„vn. The basic theorem is 

T heorem 1. Let f  be locally bounded. Suppose
(2) and 0„ = o(v„) 
and
( 3 )  I I / I L  =  o (e > » ) .

' fl„ (h ; t) denotes the Bernstein polynomial o f Л evaluated at r.
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Then, for the polynomials (1) we have
(4 )  /  continuous at x 0 implies pn(f', x 0) -* - /(x 0)

(5) /  continuous at each point o f [a, b] implies pn( f ) -+ f  uniformly on [a, b\.
Proof. It will be sufficient to prove (5) since we do not exclude a = b. First 

let us estimate the mass of the kernel on (s, n). From л: £  sin x  ^  ^1 — — j x  for

2n/vn
0 <  x < n we have

X  Xand 1 s  sin ' s  — for 0 <  x  <  n yields 2 n y

f VV ÎS2J 1 - V-1 2тг JJ 2pn +1

Я Я

!я „ - 1

whence
Я

к- j f . (0  dt S
2R„- 1

(2/(„ -  1) \ s

if 0 <  S  <  7Г.

Now let e> 0  be given. There exists (5=-0 such that {x£[a, b] and \y — x\ S  
— ^  \Ax) —f{y)\ <  e. But \q„ cos (0  + t ) - Q n cos 01 ^  <5 if t | ^  ô/g„. Thus if
x £ [a, b] and x = o)t cos 0 ,  one has

l/M

я

- p n(x)I s  j \ f ( Q ncos(0 + t))-f(Q„cos&)\Kn(t)cltts

0/Qn

i  4
{t)clt + 4 II 8n S k -(t)dt S  2e + 4 ll/L fQj,

<5v„

2цп— 1

0 Ô lQn
Choose N so that for n ^  N  one has

and
[ a , b \ C . [ - o n , Q n]

if On
ő v„

Hence for all x£[a, b] and all n ^ N

\ f ( x ) - p n(x)\ «  2e +  4 ||/ | |ene -^  

from which the assertion follows.
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The maps defined by (1) are linear, so (1) defines a linear method ot
approximation. We will now investigate the possibility of adjusting the parameters 
to provide a fixed linear method of approximation for a class of functions whose 
growth is known. We desire the additional condition that p„v„Sn so degree p„Sn,  
for all n. Let cp be even and continuous on the reals, increasing in [0, and <p(x) 
as X — Denote by M ( c p )  the set of all locally bounded /  for which \f(t)\ = e 
for all t. It turns out that (p„) may be fairly arbitrary.

T heorem 2. Let (pn) be a sequence of natural numbers such as

/€  M(<p), (4) and (5) of Theorem 1 hold.
P roof. Since \\f\\Qne~ß" S  exp (tp(e„) — p„), it is sufficient to define {r?„} so

Define 2 v„ n . Then for each class M  (</?), there exists {{?„} such that for all

that c p ( Q „ 2  lln for n and (2) holds. To this end, let

x„ =  sup jx ëO  :<p(x) S  ^  J.

Then ф (х„)= 2 /(„ and x„-°°. Put /te„ = min {pnx„, pnn) and gn= vne„. Then

Q, Pn
n

so that tp(gn) <p(x„) =  ~ fin; Q.e.d.
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ON THE WEAK CONTINUITY OF CONVOLUTION 
IN A CONVOLUTION ALGEBRA OVER 

AN ARBITRARY TOPOLOGI CAL GROUP

by
I. CSISZÁR

To th e m e m o ry  o f  C . R é n y i

Summary

It is proved that the convolution of т-regular Borel measures on an arbitrary 
topological group X  is joint continuous, i.e. /<я—/i and va — v imply 
this has been known so far only under the condition that the measures considered 
are uniformly tight. This result is obtained as a corollary of a general theorem on 
the weak* continuity of convolution of linear functionals on the space of uniformly 
continuous functions on X  (theorem 1). In § 3 some possible applications and a 
generalization of theorem 1 are pointed out and also several open problems are 
mentioned.

§ 1. Preliminaries

Let X be an arbitrary topological group; let e denote the unit element of X 
and У  the class of all symmetric (open) neighbourhoods of e.

Let Ur(X) be the Banach space of all bounded and right uniformly continuous 
(real-valued) functions on X. I.e., /£  Ur(X) means that ||/|| =  sup |/(x)| and

x i X
for every e> 0  there exists V £ У  such that x t x2 1€ V implies \f(xl) —f(x2)\ <  s. 
The advantages of considering Ur(X) rather than C(X) (the Banach space of all 
bounded continuous functions on X) will be apparent soon.

Let f£r{X) denote the dual of Ur(X) endowed with the weak* topology. I.e., 
У Г(Х) is the set of all bounded linear functionals on Ur(X) and LX-~L means that

(1) L J - L f  for every f £ U r(X);

here we have convergence of nets in the sense of Moore—Smith in mind, cf. e.g. [6], 
Chapter 2.

If L£^f r(X), consider the linear operator L defined by

(2) ;~ 3  (Lf)(x) = Lfx, f x(y) = f(xy)  ( /€  Ur(X))

L maps Ur(X) into itself; moreover, if for a given/6  Ur(X) and V we have
l/(* i) - / (* 2)l <  e whenever x ix î '  £ V, then \\fXi - f  \ =  sup \f{xiy ) - f { x 2y)\ S  e

yiX
if XjXj ' ÇF  (using the fact that (xly)(x2y) l = x l x2 l), implying

(3) |(Г /)(х1)-(Г /)(л -2)| = \L(fXl- f XJ)\ s  IIZ.IIe if x . x i ^ V .
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Here ||L|| =  sup \Lf\ denotes the norm of the functional L; actually the operator
II/llsi

L has the same norm:

\\L\\ = sup IIL/II = sup sup \Lfx\ = sup \Lf\  = ||L||.
1 1 / 1 1  s i  l l / l l s i  x z x  l l / l l s l

We shall consider £Pr{X) as a convolution algebra, cf. [4], § 19. The convolu­
tion L M of L and М\п£?г(Х) is defined as the functional L(Mf)  having the associated 
operator LM:
(4) L M f  — L(Mf); L M f  — L M f { f f Uf X) ) .
Here the second equation follows from the first one using the relation

(5) {Mf)x (y) = ( Mf )  (xy) = Mfxy = (Mfx) (y) ;

(5) can bejnterpreted by saying that the left translations f-+fx commute with the 
operators M (x£X, M  £JS?,.(Á)).

Observe that if we considered linear functionals on C{X)  instead of on Ur(X),. 
it could not be guaranteed, in general, that L  maps C(X) into itself, thus difficulties 
would arise with the very definition of convolution. Moreover, the estimate (3) will 
be essentially used in the sequel; this estimate has no analógon for functionals, 
on C(X),  unless considerably restricting the scope of investigation (to tight func­
tionals).

Of course, all the concepts introduced above have their “left” analogues: 
Uf X)  is the Banach space of all bounded functions on X  for which to every e>0 
there exists V such that xj~1x2€ V  implies l/Cxq)—/f e ) l  e- (X) is the
dual of U,(X), and if Z-ÇjSft(X), an operator L : U,(X)->-Ul(X) corresponding 
to L  is defined by (L/)(x) =  Lfx where no\\' f x(y) =f(yx). The convolution in ^ . ( X)  
is defined by (L M ) f  = M ( L f  ). On account of the complete symmetry, nothing will 
be lost by restricting attention to S£r{X) (this choice is the contrary of that having 
been made in [2] but it is more convenient for the present paper).

We shall be interested in the continuity of the operation of convolution, i.e., 
we look for a possibly weak condition under which Lx-+L and imply
LXMX-*LM.  The following example shows that this implication can not be ex­
pected to hold unconditionally.

Example 1. Let X  be the additive group of real numbers with the usual topology 
and consider the sequences Ln and Mn defined by L„f—f{n), Mn( f )  = / (  — « ) .  As 
the unit sphere in the dual of a Banach space is weakly compact, there exist con­
vergent subnets LX^ L  and M X-*M of the sequences Ln and M„, respectively (the 
underlying directed sets of both subnets may be assumed to be the same). If/ £  Ur(X)

is such that lim f(x)  = a exists, then lim Mnf x = a for every x£X,  implying
X -+  —  0 0  x ~*~0 0

(Mf ) (x)  — Mfx = a for every x £ X, thus LMf=a,  as well. On the other hand LnMn = N  
for every n, where Nf=f(0),  thus Lx Mrj -  ̂N -/-L A4.

This example shows, too, that the operation of convolution need not be com­
mutative even if X  is Abelian. In fact if L  and M  are such as above, then for every 
f £ U r{X)  for which both lim f(x)  = a and lim f(x)  = b exist and a ^ b ,  we have
L M f  = a MLf= b.
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Our interest in the convolution algebra <£r(X) is motivated by that in the con­
volution of probability measures on the group X. A Borel-measure on X, i.e. a 
measure1 /1 defined on the cr-algebra 38 of Borel subsets2 of X  is called т-regular if for 
«very increasing net of open sets Gxa X  we have

Let jS?+ 0 0  denote the set of all positive linear functionals on Ur(X). A positive 
linear functional M££?f(X)  is called т-continuous if for every decreasing net of 
f u n c t i o n s Ur(X) converging pointwfise to 0 we have lim Mfx = 0.

It is an easy consequence of a general measure-theoretic theorem (cf. [8], II—3, 
II—7) that there is a one-to-one correspondence between т-continuous positive linear 
functionals on Ur(X) and т-regular Borel measures on X, established by

(see [2], lemma 1, with the unsignificant difference that in [2] attention was res­
tricted to functionals with M \ — 1 thus the resulting Borel measures were probability 
measures).

Let us remark that a т-regular Borel measure on a topological group X  (or, 
more generally, on an arbitrary completely regular topological space) is a regular 
measure in the sense that ц(В) — inf /i(C) for every Borel set f i e l  where G ranges

BczG
over the open sets containing B, cf. [2], remark 1.

A sufficient (but not necessary) condition for a Borel measure to be т-regu­
lar is
(8) ц(В) = sup ц(К) for every B £38

where К ranges over the compact subsets of B. The measures with the property
(8) are called /(-regular (or Radon) measures. A functional M£3£?(X)  can be rep­
resented by a /(-regular measure /t if and only if M  is tight, i.e. if to every e>-0 
there exists a compact set Kt a X  suchthatf £  Ur{X), 0 s / ^  1 and f ( x ) ~ 0 for x £ K e 
imply Mf<-& (by the aid of Dini’s theorem easily follows that a tight functional is 
т-continuous, thus it can be represented by a т-regular Borel measure /í ; from (7) 
one concludes that ц ( Х \ К с) <  e, thus, as )t is regular, it is /Г-regular; conversely, 
if /( in (7) is /Г-regular, M  is obviously tight).

Let us also remark that the convergence of a net of т-continuous functionals 
Ma£ (A-) to a т-continuous functional M£3£f (X)  is equivalent to the usual 
(weak) convergence цх-+ц of the corresponding т-regular measures. In fact, if 
ff(x)Hx(dx) ff(x)/.i(c/x) for every / £ Ur(X) and // is т-regular then the same limit 
relation holds for every f £C(X) ,  where C(X) is the Banach space of all bounded 
continuous functions on X  (for a proof see e.g. [2], lemma 3).

1 We restrict attention to finite measures, i.e. v iX ) ^ 00 will be always assumed without saying 
this explicitely.

2 In the literature, the term “Borel set” is used in two different senses: it means a set belonging 
to the smallest cr-algebra containing either all compact sets or all closed (or, equivalently, all open) 
sets. In this paper, we have the latter definition in mind.

( 6)

(7) A f/=  Jf (x)n(dx)
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The one-to-one correspondence between т-continuous positive linear functionals 
on Ur(X) and т-regular Borel measures on X  enables one to define the convolution 
of т-regular Borel measures as the convolution in£fr(X) (it is obvious that the con­
volution of т-continuous positive linear functionals is again such a functional). 
The operation defined in this way deserves the name of convolution of measures 
because of the following proposition, having been proved in [2] (theorem 1 and its 
corollary).

Proposition 1. I f  p and v are x-regular Borel measures on X, there is a unique 
x-regular Borel measure ft v on X, with the property that

(9) f ' f i x)  pv (dx) =  J [ f f  (xy) p (dx)] v (dy) = f  ( f f  (xy) v (dyj) p (dx)

fo r  every bounded Borel-measurable function f  on X. This pv is the convolution of p 
and v in the sense described above and it is uniquely determined already by the integ­
rals o f functions in U fX  ).

Let us remark that when defining the convolution of т-regular Borel measures 
on X  one could have used instead of IFr(X) the convolution algebra JFfX),  as well; 
the above proposition says, in particular, that both approaches yield the same 
result.

According to the author’s knowledge, no similar proposition is available for 
arbitrary Borel measures; this suggests that when defining the convolution of Borel 
measures on X  one has to restrict attention to т-regular measures.

§ 2. A general theorem on the continuity of convolution in &r(X)

It is well-know that if px and va are uniformly tight3 nets of Ä'-regular Borel 
measures on a topological group (or even a semigroup) X  converging to (ÄT-regular) 
Borel measures p and v, respectively, then pxvx-* *pv. A proof of this statement is 
contained essentially in G renander’s book [3], where, however, the assertion is 
given in a less general form; as Tortrat [11] has pointed out, Grenander’s proof 
actually yields the result formulated above.

We are going to consider the more general problem of the continuity of con­
volution in JFr(X).As a corollary of theorem 1 below we shall see that for т-regular 
Borel measures on a topological group X px^ p  and va — v always imply pavx-+p\, 
without any additional assumption. In the proof, the group property of X  will be 
essentially used, and it remains open whether such a general result holds for semi­
groups as well.*

Let us send forward the following lemma:
L emma 1. For L Ç (X ) (positive linear functional on Ur(X)) the following 

properties are equivalent:
(i) i f  f x is a decreasing net o f (right) uniformly equicontinuous functions on X  

converging pointwise to 0 then L f  -*■ 0 ;

3 fi„ is uniformly tight if for every e > 0  there exists a compact set Kc c X  such that f i f X \ K e) <  e 
for all a.

* Added in proof: F. Topsoe settled this question in the affirmative (private communication).
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(ii) to every V dX' and e>0 there exist a finite subset x t , o f X  and a
n

function gdU r{X) such that O ë g ^ l ,  g(x;) =  0 , i= \,  ...,n , g(x) = 1 for x(J U Vxt
i=i

and Lg<e;
(iii) i f  f x is an arbitrary net of uniformly bounded and (right) uniformly equi- 

continuous function converging pointwise to 0 then Lfx-+ 0.
(Recall that "V is the class of symmetric neighborhoods of the unit element e of X).
Proof. Let 0 s < / ( x ) ë l  be a function in Ur(X) vanishing at e and equaling 1 

outside F; the existence of such a d is an easy consequence of the fact that the sets 
of form {X:f(x)< 1 } , fd  C/r(X) are a base at the identity. Let a range over the finite 
subsets of X  and for

a = (x l5 x2, x„) set &<(*)= min c/(xxj ’)•
1 Sjg«

Then the functions g x ( x )  are (right) uniformly equicontinuous and they form 
a decreasing net converging pointwise to 0  (the ordering for the a's being the set- 
theoretical inclusion). Hence, if L has the property (i), Lgx<e for some 
a =  (x ,, ...,x„). Here, by the definition of g x , g a ( X j )  = 0, / — 1, ...,n  and g*(x) —1 if

П
x i  и  Ух,; i.e., (i) implies (ii).

i= 1
Let now f  be an arbitrary net of uniformly bounded and (right) uniformly 

equicontinuous functions converging pointwise to 0 ; without any loss of generality, 
we assume that ||_/j,|| ^  1 for every a.

For given e> 0  pick Vd'V such that x , x j 1 € F implies |/a(x,)— f f i x 2)\ <  £ 
for every a. If there exist x , , ...,x„ and g  with the properties in (ii), take an a0 

such that

(1 0 ) !/a(x,)|<£ 1 = 1 , . . .,« , x><*0\
m

then we have |/a(x)| < 2 e for every xd  U Fx,- and hence j|/„(l — g)|| S  2e. Since L is
/=i

positive, \L(fxg ) \ s L \ f xg\^Lg<E  thus we obtain

(П) \Lfa\ * \ H f ' g ) \  + \ L ( f . { l - g ) ) \ & e  +  m - 2 e ,
proving the implication (ii)—(iii).

Finally, (iii) trivially implies (i), since i f / a is a decreasing net converging to 0 
then ll/J SH/JI for x>(x0.

D efinition . A functional L d ( X )  satisfying the equivalent conditions (i)— (iii) 
will be called g-continuous.

Of course, every т-continuous L  d (X )  is ^-continuous (by (i)) but the con­
verse is not true, in general.

Example 2. Lei X  be the group of rational numbers O s x S l  with addition 
mod 1 and with the usual metric topology (regarding the interval [0 , 1) as a circle). 
If f  d Ur(X), let L f  denote the Lebesgue integral of the unique continuous extension 
o f/ to [0, 1). Then L d ^ r ( X )  is ^-continuous, since for any decreasing net of uni­
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formly equicontinuous functions converging to 0 on X, the net of continuous ex­
tensions to [0, 1) also decreases to 0. On the other hand, L is not т-continuous, nor 
can be represented by a («т-additive) measure on X.

T heorem 1. Let La -*L be a convergent net in Z£?(X) and Mx -* M  a convergent 
net in if, (X) ; then, i f  L  is Q-continuous, we have LXMX -+LM.

Proof. Let /  £Ur(X) and £>0 be arbitrary; pick VÇ.'f' such that 
implies \f(xl) —f ( x 2)\ <  e. As Mx — M  in £Pr(X), it follows from the Banach—Stein­
haus theorem that there exists an a0 and a 0  such that ЦА/J^Ä T  for a>-a0l 
then, of course, [|M|| =K,  as well. Thus from (3) we have for a>-a0

( 12)

\ (M j)(Xl) - ( M J ) ( x 2)\ s  Ke, |(M /)(x 1) - ( M /) ( x 2)| ë  Ke if V.

According to (4) one may write

(13) LXM J  = L f M J )  = Lx(Mf)  + Lxhx 
with
(14) hx = Mxf - M f .

Let x l5  ...,x„ and g be chosen as in the lemma, (ii). Since Mx-+M means 
(Mxf)(x)  = Mxf x -~Mfx = (Mf)(x) for every fixed xÇ_X (see (1), (2)), there exists 
an a0 (which, without any loss of generality, may be assumed to be the same as in 
( 1 2 )) such that for a > a 0

(15) \(Mxf ) ( x t) — (Mf)(x,)| <  £, i =  1,

(12) and (15) imply for a>-a0

(16) |Aa(x)| =  \ (M J) (x )~ {M f  )(x)\ <  (2K+ l)e if x € Û Kxy.
1 =  1 

n
hence, taking into account that 1 — g(x) =  0 if 1J Vxt,

i= 1

(17) ||/ia( l-g ) || ^ { 2 K + \ ) e  ( a > a 0).

From (14) follows also

(18) Pall == (||M J + l[M||)|i/|| 2ÄTII/II ( a > a 0)

(recall that the operator M  has the same norm as the functional M).
Since LxdL(’f ( X )  and gëO, we have \Lxhg\ S  \\h\\Lxg for any h£Ur(X); thus 

(17) and (18) imply

(19) \Lxhx\ ^ \ L xhxg\ + \Lxhx( l - g ) \ s 2 K \ \ f \ \ L xg + (2K+l)e\\Lx\\ if a > a 0. 

Here Lxg -+Lg <e and ||ZJ =Lal — LI, thus, as £>0 has been arbitrary, (19)
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shows that the second term on the right hand side of (13) converges to 0. Since, on 
the other hand, — we arrive at

(20) L ' M J ^ L M f  for every / €  Ur(X)

completing the proof.
C o ro lla ry . Let px and vx be arbitrary nets o f т-regular Borel measures on X  

converging to т-regular Borel measures ft and v, respectively. Then pxva-*pv.

Proof. The theorem applies for the т-continuous functionals corresponding 
to the measures under consideration. Since the weak convergence of т-regular 
measures is equivalent to the convergence of the corresponding т-continuous func­
tionals, the corollary follows.

Remarks, (i) As it has been pointed out in § 1, in the convolution algebra £fr(X) 
Lx — L and —M do not imply LXMX-*LM without any supplementary assump­
tion, even if one restricts attention to ST?(X). In this respect, when considering 
£?Î(X) only, theorem 1 can be regarded as very satisfactory, since the condition of 
^-continuity of L is a rather weak one. Nevertheless, it would be interesting (although 
from the point of view of probability theory apparently irrelevant) to find a similar 
simple condition under which LX-»L and MX-*M would imply LXMX—LM  also if 
Lx and L are not assumed to belong to £f?(X).

(ii) We have been interested in the joint continuity of the operation of convolu­
tion in <£r(X). As regards separate continuity, it is an immediate consequence of 
the definitions that Lx-+L always implies LXM  — LM. On the other hand, 
does not imply without any additional assumption. In fact, if X, L, Mx
and M  are the same as in example 1, and if for / £  Ur(X) both lim f (x)  = a andX-*• — oo
lim f(x)  = b exist", then LMxf = a  for every a while LMf=b.  It may be conjectured

X —  +  oo

that if L££fr(X) is such that LMX —LM  whenever then also Lx Ma — LM
whenever La — L, Ma -*■ M.

§ 3. Some possible applications and generalizations

In [1] we have studied infinite convolutions of probability measures on a locally 
compact topological group. T ortrat  [11], [12] has considered similar problems on 
arbitrary topological groups but under a uniform tightness condition. S a z o n o v  and 
T utubalim  [9] pointed out that the methods and results of [1] are also valid under 
considerably weaker hypotheses than local compactness. Nevertheless, the study 
of infinite convolutions of arbitrary probability measures on arbitrary topological 
groups seems to be a very complex problem and in the general case no such nice 
results can be hoped for as those obtained in the mentioned papers. Of course, the 
general problem of infinite convolutions in the convolution algebra £fr(X) is even 
more complex.

The theorem proved in § 2 can be regarded as a first step in attacking this pro­
blem. Let us restrict attention to positive linear functionals on Ur(X) with norm 1. 
Such functionals will be referred to as means', the class of all means over Ur{X)
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will be denoted by J /r(X):M £Jir(X) if and only if M££/??(X) and \\M\\ = M  1 = 1. 
The set of all ^-continuous means will be denoted by Jt°(X).

Observe that Л Г(Х) is a weak* closed subset of the unit sphere in the dual of 
the Banach space Ur(X), thus Л Г(Х) is a compact subset of У Г(Х); J ir(X) is a 
semigroup with respect to the operation of convolution, but it is no topological 
semigroup, in general. Jiß(X)  is a topological semigroup (the convolution of £>-con- 
tinuous means is again ^-continuous, on account of the fact that if M £ Ji?(Z) 
and f x is a net of (right) uniformly equicontinuous functions converging decreasingly 
to 0 then M f  shares these properties, by (3) and the definition of p-continuity; 
the joint continuity of the operation of convolution in Jiß(X) follows from theorem 1) 
but Jiß(X) is not compact, in general.

The following is an easy consequence of theorem 1.

Proposition 2. Let JiczJißfX) be a set o f g-continuous means having the pro­
perty that L f  J t  and LM  Ç_J i  imply M £ Ji.

Let T be an arbitrary directed set which does not have a maximal element and 
let us be given means L‘s ( for every pair s, t in T with s -< t ) belonging to J i  and sa­
tisfying
(21) LsrVs = L\ ( r , s , t £ T , r < s < t ) .

Then if M £ J i r(X) is any cluster point o f the net Lr, t j r  (with rd T  fixed)’ 
there exist a directed set A and a function /(a) on A such that to every t0 Ç_ T there is 
an a0 € /( with t(a) J t 0 whenever a > a 0 for which the subnets L((a> o f the nets Us, 
i >-.v (s being regarded as fixed) are convergent for all s£ T  and, denoting the limits 
o f these subnets by M s, we have Mr — M, moreover, also the subnet o f the net
M, is convergent (to M , say).

I f  M  = Mr Ji, we hawe Ms £ J l for all s Ç T, M„ f  J i  and

(22) LsrMs = Mr = M  (s>  r), Ms M„ = M s ( s ^  r), M„ M„ = M„.

Moreover, if t(a) and t'(a) are nets4 with the above properties constructed to the 
(different or not) cluster points M ^ J i and M ' £ Л  o f  the net L[ (for the same r£T)  
and i f M s, M's, M a n d  M f are the corresponding limits, we have

(23) M ' = MN, NN' —

where N and N' are arbitrary cluster points o f the nets and Mt, (x) respectively.
Such cluster points always exist and they belong to J i.

P roof. The existence of the limits for a proper choice of t(a) is an immediate 
consequence of the compactness of JifiX): consider in the topological product
Z  = X  Zs, Z s = J ir(X) for every sÇT, the net z‘, t d T  where the s'th coordinate

ser
of z ' is LI if s-< t and some fixed L0 £Jir(X) if s ^  t. Since Z is compact (by Tyhonov’s 
theorem), there exists a convergent subnet of z( for which r’th coordinate converges 
to the given M ; taking again an appropriate subnet, it may be achieved that in addi­
tion to the already existing limits Ms also lim Mt(x) = M„ exists.

4 The underlying directed sets may be assumed to be identical without any loss of generality
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Since Lsrd J l  is ^-continuous, from (21) follows by theorem 1 LsrMs = Mr for 
every rJ,s. Thus the first relation of (22) is true, whence in case of Mr = M £ J l, 
by the assumption on Л ,  follows that M s£J l  ($>-/•). Rewriting the relation Ц М Х = 
=  Mr (r-<s) as L'SM, =  M S ( s ^ t )  and taking limits as t =  t(a) (this is legitimate by 
theorem 1 , if since lim Z4 (tI) =  Ms6 ~# is ^-continuous) we obtain the second 
relation in (22). This relation, on the other hand, implies £ Л  by the assumption 
on Л .

Finally, the third relation of (22) obviously follows from the second one and 
from lim M,(x) = M„ , (even without referring to theorem 1).

To prove the remaining assertion, first observe that by the compactness of 
J lr(X), the nets and Aft-(e) surely have cluster points N  and N' (say). Let
t(ß) and t'(ß) be subnets of t(a) and f'(a) converging to N  and N'  respectively. In 
view of the first relation in (22), we have Ц M' =  M'  ; taking limits as s = t(ß) and 
having in mind that i(ß) is a subnet of t(a), we obtain by theorem 1 the first relation 
of (23). This relation implies, by the assumption on Л , also NÇ.JI and, by symmetry, 
N '£ J l  as well.

To prove the second relation of (23) take limits in L‘SM, = MS (s-<?) as t = t'(ß) 
to obtain M’SN' = M s; hence, by taking limits as s = t(ß) and having in mind that 
t(ß) is a subnet of /(a), the assertion follows.

The proof is complete.
A typical example of means with the property (21) is obtained by considering 

a sequence Nt , N 2, ••• of means in J l  and setting Lk= N kNk+i ...7V„_, (in this 
case T is the set of positive integers with the natural ordering). If J l  is a semigroup 
with respect to the operation of convolution, Nn(iJl  (n = 1, 2, ...) implies Lk£ J l  
for every k < n  and proposition 2 applies. Observe that this particular case of pro­
position 2  is just the specialization to the present problem of theorem 2 . 1 of [1], 
which has been used there as a starting point for the investigation of infinite con­
volutions of probability measures on a (locally compact) topological group. Here 
we preferred to formulate the proposition for a general set of indices, having possible 
applications to the study of 3f-valued continuous parameter stochastic processes or 
random fields with independent increments in mind.

Our first concern is to see whether proposition 2 applies already for,// = Jlj!(X).
Let Jlß{X) denote the set of all such means L £ J l r(X) for which the operator 

L defined by (2) is strictly positive in the sense that / £  Ur(X), /SO, Lf=  0 implies 
/ =  0 .

Lemma 2. Let L and M be such means that L J l l’(X ) and LM £Л?(Х). Then
м а л ц х ) .

Proof. Let^, be a decreasing net of (right) uniformly equicontinuous functions 
converging to 0. Then the functions f tx for fixed x £ X  (where f„x(y)=f1(xy), see (2)) 
also form a decreasing net of (right) uniformly equicontinuous functions converging 
to 0. Thus, as LM is ^-continuous,

(24) (LMfx)(x) = 0 for every x£X.

On the other hand, the (right) uniform equicontinuity off a implies that of Mfx> 
too, in view of (3), and as the net f a is decreasing, the net Mfx is also decreasing.
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Hence follows that h(y) =  lim (М/„)(у) exists and hdU,.(X). Furthermore, M/as/z 
impies (for arbitrary L££Cf(X))  that for every a

(25) (LAi/’) ( r ) 2 (L(i)(r) for every x£X.

In view of the second relation of (4), from (24) and (25) follows that Lh is 
identically 0; in view of the assumption L £J t f (X ) ,  h must bs identically 0 as well. 
In particular, lim Mfi =h(e) = 0, proving that M  is ^-continuous.

L emma 3. Suppose that the topological group X  has the property
(P) to every t/£  U  there exists 1C such that to every x0Ç_X there exists a

I I /

finite set {z,, z2, ..., z„,} с  X for which (j zt Uci Vx0.
Then J t er(X )C .J tpr {X).
P roof. Suppose that there exists a nonnegative/£  Ur(X) which is not identically 

0 while (Lf)(x) = Lfx = 0 for every x£X.  Without any loss of generality, we may 
assume that/(e) — 1. Then, for some и^Т~,/(х)  >  1/2 if jc£ I/. Pick a satisfying
(P). If L is ^-continuous, consider a function g with the properties (ii) in Lemma 1 ;

II

then 0 ^  1 — g S  1, 1 — g vanishes outside U Vxt and L(1 — g) >- 0. From the
1 = 1  II I

assumption (P) follows the existence of a finite set {zx, ..., zm} c  df such that (J z,-t/o
n  1 =  1

id U VXi implying
i = 1

m in
(26) 2 f ( zr l x) s  ( l -g (x ) )  2  f ( zr l x) ^  ( l-g (x ));

1 = 1  1 = 1  ^

thus, see (2 ), we have arrived at the contradiction

™ _ j
(27) 2 ( L f  ) ( z r l) is ‘ L(\ —g) > 0 ,

1 = 1 z.
completing the proof.

The lemmas 2 and 3 show that proposition 2 certainly applies to Jt=J/ß(X)  
if A has the property (P), in particular, if X  is Abelian or locally compact (or locally 
precompact).

The question whether a ^-continuous mean L always gives rise to a strictly 
positive operator L, i.e. if Jt*(X) d.M?(X) unconditionally, remains open. Of course, 
in the case this question were answered in the affirmative, it would be possible to 
assert, in general, that proposition 2 applies for Ji=Jt-(X).  Anyway, the choice 
J t  =  J/j!(X) Ç\Jtf (X) is certainly feasible. In fact, as LM dJtfiX)  obviously implies 
M£Jt?(X)  (even if L$Jt?(X)),  the set J t  =  ,JtfiX)Ç\JtfiX) surely fulfills the 
assumption of proposition 2 , in view of lemma 2 .

Unfortunately, proposition 2 alone does not seem sufficient to prove such desir­
able results as (with the notations of proposition 2 )

C onjecture 1. If M (iJt and M fiJ t  are two different cluster points of the 
net L\, ty~r (with T fixed) then M' = MAa for some a£X  where Aa denotes the 
functional A J= f{a ) (/€  Vr(X)).
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Conjecture 2. If the nets L's, t y s  are convergent for every fixed s^r :L 's -*Ms 
and if Mr= M then the net M, (/>/•) is convergent as well: M, - * .  and M„ 
is an idempotent : M .

To prove these conjectures in the above generality, one would need some 
further information, first of all a characterization of the idempotents in J t .

Such a characterization is available for tight idempotent means, or, in other 
words, for idempotent ЛГ-regular Borel measures (cf. the paragraph containing (8 )). 
A well known theorem proved first for compact X  by W endel [10] then for locally 
compact X  by H eyer [5] and in the form cited below by Tortrat [11] says namely 
that a tight Borel measure /t on an arbitrary topological group X is idempotent if 
and only if Ц =  x„ , the (normed) Haar measure on some compact subgroup H  of X. 

Using this fact and the well-known formula

(28) S ̂  =  S fi Sv
valid for the supports5 of arbitrary т-regular Borel measures on X  it is easy to conclude 
from proposition 2  that conjectures 1 and 2  are true if J l  denotes the class of all 
tight means. Of course, one has to check that this class satisfies the condition on 
Л  of proposition 2 .

Lemma 4. If L dJ ir{X) and M  £ J f (X )  are such that both L and LM are tight 
then M is tight as well.

Proof. Let AT, and K2 be compact subsets of X  such that iff £ U r(X), O s f s l  
and /vanishes on Kx or on K2 then L /<ej or L M f  < £2> respectively. Then if/ 6  Ur(X), 
O s / s l  and f(x) = 1 for X  Ç AT,, we have L ( l —f )  S  e, , i.e. L f  ^  1—et . This 
immediately implies for hd Ur(X), h^O
(29) I/i S  (1 -  £|)ű if //(x)£a for x £ K t .

Let us suppose that f d U r(X), 0 s f s \ ,  and /vanishes on ATf lK2 then

(30) h(y) = max/(.v_ 1j )i t i ,
vanishes on K2.

We have to show that hdUr{X)\ if V d ' f  is such that y ty2 1 € V implies 
|/ ( y ,)—/( y 2)| < e and V  d ^  is such that V'xczxV if x d K { (the existence of such 
V' follows from the compactness of Kv, see e.g. [1], lemma 3. 1) then for every 
x d K x

(х~1Уд{х~1у ^ ~ 1 =  x ~ l ЛТГ 1 У х а  V
whenevery, y2 1 d V,  implying \f(x~ Vi) ~f(*~ Vz)! < e ifЗП >’J 1 € V ,  for every x € A,, 
thus /(y ,)] — h(y2) <  £, as well.

Now, since hd Ur(X), 0 s h s \ ,  and h vanishes on K2, we have by assumption 
LMIk s 2. Hence follows in view of LMh — L(Mh) and of (29) that there exists at 
least one x0£Aj for which

(31) MhX0 (Ш )(х0) <  r 5-e-  (x0 dKt).

5 The support S„ of a measure / 1  is the smallest closed set with /í(5„) =  /í (T); the existence of 
the support is an easy consequence of the definition of т-regularity, see (6).
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In view of (30) we have hXo(y) = m ax/(x у) ^  /(у), thus (31) impliesX (z К1
£  £M f  <  —----- -, as well. Since -—-— = e >  0 is arbitrary, we have arrived at the

1 —8, 1 — Si
conclusion that to every e> 0  there exists a compact set Ke (Ke = K ï 1K2) such 
that the assumptions f d U r{X), 0 S/ ш  1, f (x )  =  0 for xdKE imply M f < s, i.e. M  
is tight.

T heorem 2. Let T  be a directed set without maximal element and let A( 
{s, tÇ.T, v«< t) be a family o f К-regular Borel probability measures on an arbitrary 
topological group X, satisfying

(32) KXS = K ( r < s < t ) .

Then for any two К-regular cluster points p and p' o f the net Xr, V>r ( with rÇ_Tfixed) 
there exists an a d X  such that g = pôa, where da denotes the point mass at a.

Furthermore, i f  the nets Xs (t >.s) are convergent6 for every fixed s~t:r, and 
pr = lim A' is К-regular, then so are ps = lim A' (sy~r), moreover, ps converges to the
Haar measure xH on come sompact subgroup H o f X.

P roof. Applying proposition 2 to the class of tight means with L's corresponding 
to the measures A(, from (23) follows

(33) p' = pv, vv' =  xH

(having in mind that the means N, N' and M„ in (23) must be also tight thus N  and 
N ' correspond to ÆT-regular measures v and V while the idempotent M x corresponds 
to a Haar measure xH).

In view of (28) we have Sv Sv. c H and hence Sv czHa for some adX,  implying7 
xHv — xHôa. Since p = pxlt, by the second relation in (22), p'=pôa follows now 
from the first relation of (33).

If the nets A( ( t^ s )  are convergent for every fixed sizir and pr = lim A) is A-regular,
t

proposition 2 implies that the measures ps =  limA(, s>r, corresponding to the
t

means Afs = lim Us are also А-regular (see footnote 6 .) We claim that every con-
t

vergent subnet of the net M s has the same limit.
In fact, if and М,^я) — M’„ , the N  and N ' of (23) are equal to

and M i,  respectively (as now M'S = MS for every s^.r). As Mx and M i  must cor­
respond to Haar measures xH and xH’, respectively, the second relation of (23) 
becomes xHxH’ = xH, implying H'czH. By symmetry, we also have H a H ' ,  i.e.

However, since JtfiX)  is compact, the fact that every convergent subnet 
of M s has the same limit means that the net M s is convergent; the proof is complete.

6 By this it is enough to understand that f  f(x)X‘s(dx) is convergent for every / €  Ur (X ) ; then 
the statement that fis =  lim At is Ai-regular, is interpreted so that there exists a ÁT-regular measure 
U, with f  f(x)Us (dx) =  lim f  f (x ) \ \ (d x )  for every fd U r (X ) (and then for every /  0C (X ) as well).

’ Cf. (9), taking into account that f  f(x y )x H (dx) =  J f(x a ) y.H(dx) if у  € Ha.
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R em a r k . Both statements of theorem 2 are well-known under some more 
restrictive conditions, see e.g. [1], where the method used here was first developped. 
The first statement is related to K loss’ “convergence principle” [7] and its most 
general known formulation is apparently that of Tortrat [12], where, however, 
a uniform tightness assumption is imposed. A particular case of the second statement 
(with T being the sequence of positive integers) has appeared in [1] as a step in 
the proof of the main theorem 3. 2, and in a similar role but under less restrictive 
conditions, in [9].

The novel feature of theorem 2 consists mainly in eliminating the condition of 
uniform tightness; this has been made possible by theorem 1 and lemma 4.

Of course, one expects that theorem 2 remains true also if the measures )'s 
as well as the cluster points ц and ц' are supposed to be т-regular only. Since the 
characterization of т-regular idempotent measures has been obtained in [2 ] (corollary 
of theorem 4), and the relation (28) holds for arbitrary т-regular Borel measures, 
this generalization of theorem 2  would be immediate, if one knew that the set of 
т-regular means satisfies the condition on J i  of proposition 2. Unfortunately, I have 
not succeeded in proving this*, thus the problem, as well as the more general problem 
of finding less restrictive conditions under which the conjectures 1 and 2  are true, 
remains open.

Finally, I should like to point out that the results of § 2 remain true even for func- 
such convolutions where the left factor is a functional on Ur{X) and the right one a 
tional on t/( У), where У is a “homogeneous space” and X is the group “acting on У”.

More exactly, let X be a topological group, let H  be a subgroup of X  and let 
Y = X\H  denote the class of left cosets of H endowed with the quotient topology; 
while У is not a group in general (unless Я is a normal subgroup of X), the multiplica­
tion of elements of У by elements of X  can be defined: if x £ X  and у € У is a left 
coset of H  (у  = y0H, say) then xy is again a left coset of H (namely xy = xy0H). 
Clearly, the class of sets8 V y c Y ,  V Ç.'V is a base for the neighborhoods of y£  У; 
moreover W can be considered as a uniform space, a base for the uniformity being 
the sets of pairs {(у,, у2)'У1 € Fy2}, (as V = V ~ l for KÇtC, y t £ Vy2 is equi­
valent to y 2(zVyi). Let U( Y) be the Banach space of bounded and uniformly con­
tinuous (real valued) functions on У; let J^(У) be the dual of U(Y) i.e. the set of 
all bounded linear functionals on U(Y), endowed with the weak* topology.

If MÇjS?(y), the linear operator M defined by

(34) (Mf)(x) — Mfx, f x{y) =f(xy) ,  ( f £ U ( Y ) , x t X )
maps U(Y) into Ur(X) and M f  is (right) uniformly equicontinuous with / i n  the 
sense that if is such that y 2 = Vy, implies | f(y,)  —f ( y 2)I <  e then x, x 2 1 € V
implies |(M /')(x,)-(M /')(.v2)| S  ||L||£.

Thus, if L££Pr(X) and M££?(Y),  the convolution L M (У) can be de­
fined as
(35) MNf= M(Nf)  ( /€  U(Y)).

One can prove quite similarly to theorem 1 that if Lx — L in £P?(X) and My —-Л/ 
in £i(Y)  then LXM2-»LM (in JSC( У)) provided that is ^-continuous.

“ where Vy — {ty : v € У}
* Added in prof: A. Tortrat has given a counterexamle (private communication).
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THE SERIES QUEUE Л//С/1-/М /1 WITH FINITE 
WAITING ROOM IN THE FIRST STAGE

by
C. PEARCE

1. Introduction

Although the problem of ascertaining queue length distribution in an un­
restricted M/G/\ — tandem queue is still unsolved, a number of papers
treat of this problem in the practically important case when one or other of the 
service points has finite waiting room (see A vi-It z h a k  and Y a d in  [1], N eu ts  [4], 
P r a b h u  [5] and Su z u k i  [6 ] for the queue with a restricted second stage and ç in l a r  
[2] for a restricted first stage). The analysis tends to become involved and is usually 
based on our being able to regard the restricted queue as a semi-Markov process.

Our purpose is to give a simple alternative approach based on the imbedded 
chain method for single stage queues. We develop this for the queue with restricted 
waiting room at the first stage.

In section three we extend our results to cover Erlangian services at the second 
station and in section five we prove that the equilibrium queue length distribution 
in the unrestricted M/G/l -+.../М/ 1 queue can be obtained as the limit of distribu­
tions in the corresponding finite systems as the size of the finite waiting room in­
creases without bound.

We denote by X, ц respectively the parameters of the Poisson input stream and 
the service time process in the second stage and by F(-) the probability distribution 
function for service times at the first server. The maximum number of customers 
which the first stage can tolerate is k<°°. So long as the first stage contains к custo­
mers further arrivals are lost. The system is said to be in state (i,j) at any instant 
if the first stage contains i customers and the second /'.

2. The equilibrium joint queue length in the restricted queue M/G/l — . . . /М/1

Consider the state (i,j) of the system at departure instants of the first stage, 
where we take / as the number of customers left behind in the first stage by the 
departure and j  the number he finds in the second stage.

It follows from Feller’s theory of recurrent events that to demonstrate the 
existence of a joint limiting equilibrium distribution of queue length independent 
of the initial state, it suffices to find a non-trivial solution with N |ли |< °°  for the

i,j
equations

Í + 1 °o oo
( 2 .  1 ) пю = 2 2  nrj 2  Pm(r, 0» 0  5  i <  к — 1 ,

r = 0 7 = 0  m=j +1

i-F ! oo
( 2 . 2 ) Щ] 2  nrtJ-l+mPm(r9i)9

r = 0 m = 0
0  s  i < к — 1 , j  >  0 ,
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(2. 3) ^ к - 1, o 2  2  j 2r = 0 7 = 0 m=у + 1
к— 1 со

(2.4) nk - l , j — 2  2  nr,j-l+m. r = 0 m = 0 j  >  о,
where the transition probabilities pm(r,s) are 

(2- 5) pm(r, s) =

J  exp(— (А +  р)х)(ЛхУ+1 7 (i + 1 — г)!(ßx)m/ m ! dF(x), 0  < /■ ^  í  + 1  <  к
О

J exp(—(л +  /«)х) 2  (ЛхУ+1~'/и+1 — r)\(px)m/ml dF(x),
0 0 <  r s  5+1 =  к

f  f  exp( - (A +  ̂ ) (x +  jO){Xxf!s\(p(x + A))m/m\?.dy dF(x),
0 б’ o =  r <  5 + 1  <  k,

J  f  ex p (-(/. +  /i)(x +  >’)) 2  (2x)J'//'! (p ( x + y))m/m \XdydF  (x),
0 0 J=k~l r = 0, s = k - 1,

0, otherwise.

The 7r;j normalized to sum unity then provide that equilibrium distribution.
We first seek a solution for (2. 2) and (2. 4) of the form

(2 .6 ) 7ГiJ =  aiTJ, у SO.

If |T |< 1  this solution will satisfy the requirement 2  \nij\< 00 f°r each i. Under
j

the condition that the traffic intensity for the second stage is less than unity we shall 
find there are к (in general distinct) such values of T. It then only remains to verify 
that by taking a suitable linear combination of these basic solutions we can also 
satisfy (2. 1) and (2. 3).

Substitution of (2. 6 ) into (2. 2) and use of (2. 5) gives, for all ./>-0,

(2.7) atT  = 2  в |+ 1 - ,^ ,  +  А(Я + ̂ (1 - T ) )  1а0ф1
r = 0

where

•A; = /  exp(— Ax)(Ax)'/i! exp (— /xjc( 1 — T)) dF(x). 
о

Similarly (2. 4) yields

(2.8) ok- \T  — 2  <*r 2  Ф, + Щ  + р( \ - T ) ) ~ la0 2  «Ar-r= 1 s = k — r r=k—1
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The к simultaneous equations (2. 7), (2. 8 ) in the ut possess a non-trivial solu­
tion if and only if T satisfies the determinantal equation

<2. 9)

/.(/. + f i ( l -T ) )  1ф0- Т Ф 0 0 0

A(A + /r(l - r ) ) " V i

к1 
•

Ф о ■• 0

) . (>.+ц({-Т)У1фк_2 Фк-2 Фк-1 •

•
о

; . ( /+ / i(i - D ) - 1 2  Ф,
r = k— 1 2  Фгr — к — 1 2  Фг •г=к-2 • 2  Фг-тг — 1

= 0 .

Removal of the obvious solution T =  0 leads to

(2 . 1 0 ) Лфо (2 + /«(1 — T))~ 1 + T),
where

0■Ä-

S-ч1 0

Ф 2 Ф\-Т •" 0

(2 . 1 1 ) D p  = ё  2

2 Ф r 2  Фг ■■■ 2  Фг-тr = p r = p — 1 r = 1

D l = 2  Фг-т,r= 1
D0 =  1 .

Expansion of the determinant in (2. 11) gives a recurrence relation for the Dp, 
frdm which their generating function 2  T>pzp is found to be

p= *
(2. 12) 2  Dp=” = [Т2 + ̂ 'Ч > (-2 ф 0)}-1\-Т 2 + 2 { \ + 2 ^ ö ' ) ( 4 ' ( l ) - 4 ' ( - 2 i l y 0))].

p= .1
where

П 0  =  2  Ф,(*
(2.13)

s — 0

= J exp[— Ял(1 — /) — /r.v(l — T)] (IF(x).

We use (2 . 1 2 ) to rewrite (2 . 1 0 ) as
<2. 14) A(A + /<(1 — Г ) ) - 1  • coeff. of 2k~2 in p. s. expansion of

2( 1 - z ) - ‘[ 1 + ( Г -  V ( l j ) / ( -T z  + HO)]
— coeff. of 2k~ l in p. s. expansion of 

z ( l - z ) - '[ l  + (7 '-П 1 ) ) /( -7 > + П 1 )) ]  = 0 .
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By virtue of Rouche’s theorem and (2. 13), (2. 14) considered as an equation 
in T  can be shown to possess к — 1 roots inside the unit circle in the complex plane 
provided that the condition

(2.15) p ' ^ f x  dF(x) + X 1/(coeff. of zk 2 in p.s. expansion of 
о

—z + J  exp (— Ax ( 1 — z)) dF(x)
0

is satisfied.
(2 . 15) is, however, simply the condition that the traffic intensity for the second 

stage be less than unity. This can be seen as follows:
For the first stage the equilibrium queue length distribution values c[j (0 ̂ j < k )  

taken on the imbedded chain of departure points satisfy the recursive relations

(2 - 16) qj = 2  qrp(r,j),
r = 0

wher

p(r,s)

!
0

/
exp (—/lx) (Ax)s+1 7 (s +  1 — r)! dF{x), 

exp (— Ax) (kxfjs ! dF (x), j g O ,

0 < r S i + l ,

о
0  otherwise.

By defining qj for j ^ k  recursively through extending (2. 16) to hold for all positive 
integral j  we find on taking generating functions that

(2. 17) qj = q0 ■ coeff. of zJ in formal p.s. expansion of

( l - z ) / | l - z  J  exp (—Ax(l — z)) dF (x) |,

and the are fixed through the normalization 

(2.18)

Thus the mean inter-departure time d for the first stage is given by

к — 1
2 d j = l.

j  = 0

d = mean service time in first stage +A 1-q0 =

= J x dF(x) + 11jcoeff. of zk~2 in p.s. expansion of

exp (— Ax ( 1 — z)) dF (x)
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Hence by comparison with (2. 15), we have that the traffic intensity condition p 1 -~d 
ensures that (2. 2), (2. 4) have к — 1 solutions

”ij = ai(p)TJp, \ Ш р ^ к - \ .
A further solution

n i j  =  a i ( k ) b j 0

is provided by the root T = 0. We note that (2.2) implies

at(k) =  - Щ  +  р ) - 1а0(к)5п .

As the ctjip) is determined only to a (common) scalar multiplier for each p

Щ ]  =  2  s ( p ) a i ( p ) T Jp  +  ô j 0 s ( k ) a 0 ( k ) [ ô i 0 - W  +  p ) - i ô i ' l ]p= г
will also satisfy (2. 2), (2. 4) for any constants s(p). For suitable choices of the к 
quantities s(p), (2. 1), (2. 3) can also be satisfied. (2. 1), (2. 3) impose к simultaneous 
homogeneous linear conditions on the s(p), but one of these derives from the others 
and (2. 2), (2. 4), since the relation obtained by adding (2. 1)—(2. 4) is an identity. 

The working in practical calculations is much simplified by use of

(2.19) 7r;. =  2i n,.P(r. 0» 0 s  i <  к — 1
r = 0

к- 1 »
i. =  2  nr- 2  pir, i).

r =  0 s = k —1

oo
Kj. = 2  Itjm, 0  S )  Ä к -  1 .

m =  0

Equations (2. 19) are simply the recurrence relations (2. 16) for the imbedded 
chain equilibrium distribution of queue length in the first stage, (2 . 2 0 ) can be veri­
fied by addition to be deducible from (2. 19).

( 2. 20) 

where

3. Extension to Erlangian services in the second stage

Suppose now the services in the second stage are Erlangian of order m. We 
adopt the standard simple device of replacing these services by negative exponential 
services with the same parameter and simultaneously replacing the customers by 
batches of m units which arrive and are served collectively at the first stage but 
receive individual services at the second stage.

If (тги, O ^ i S k — 1, . / ^ 0 } denotes the joint equilibrium probability (when it 
exists) that a batch leaves / batches in the first stage and finds j  units in the second
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stage, we have analogously to (2. 1)—(2. 4)
i + 1  CO OO

( 3 . 1 ) ni0 — 2 2 *rj 2  Pn(r, i), 0 = ;  /  <  к —  1 ,
r =  0 J= 0 n ==j + m
i+ 1 OO *

(3.2) TZi j  = 2 2 ЩпР,i + > 0 » O s i ^ k - l ,
r = 0 л =  0

i+ 1 OO

( 3 .  3 ) ”IJ = 2 2 nr,j-• m + nPn (/% 0 ? 0 НА А Ä
- 1 IIV

r =  0 л =  0

( 3 .  4 ) nk--1 , 0  =

к— 1 

2
OO

2 Tirj 2  Pn(r,k-- 1 ) ,r — 0 j  = 0 n -=j + m
к-  1 OO

( 3 . 5 ) *k-- 1  ,j — 2 2 KrnPin+m—j  (*% ^ 1 ) ,  1 ^  j  =  т —\,
r =  0 л =  0

( 3 . 6 ) 4 - - 1 J  =

к-  1 

2 2 nrJ- т + пРп(Р> к — 1 ) ,  j  ё  W
r~0 Л =  0

where the pr are defined as before. When the traffic intensity condition is satisfied 
for the second stage it turns out that (3. 3), (3. 6 ) possess geometric solutions

=  ai(p)TJp 0 = i = к 1 j У —  0

for (k — \)m values Tp, \ ^ р Ш (к —\)т. Corresponding to the root T=  0 removed 
from (2. 9) there is an m-fold root T —0. These roots lead to a solution to equations- 
(3. 1)—(3. 6 ) inclusive of the form

(Jfc-l)m
% =  2  s(p)ai(p)TJp +

p =  1 ! b;1 -я<(k + p) l bj,
i =  0 , 0  £  j  <  ra
i = 1, 0 ^  j  <  7И.

4. Repeated roots

In sections two and three we have assumed that, apart from the root T=Q> 
of multiplicity m in section three, the roots Tp are distinct. It seems likely that this is,, 
in general, true, but as with the single server queue no simple proof for such a re­
sult is apparent. Our methods can, however, be extended to cover such a contingency 
along the lines of W ish art  [7] for the G/EJl  queue.

In the special case of exponential services (with parameter v, say) in the first: 
stage, the root T=  0 is multiple even for m = 1. This can be seen as follows:

Directly from its definition

Ф, = vAi/(A +  ̂ ( l - 7 ’) +  v)i+1, i s  0 ,
from which an expansion of the determinant Dp yields

Dp =  - T D p_ i - T b ( k  +  p ( \ - T )  +  v)~2Dp_2, p ^ 2 .

By an easy induction Dp has a factor T[p/2] so that by (2. 10) the determinant in 
(2. 9) has a factor of T lk,2i.
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5. The queue length distribution when the waiting room is unrestricted

It would be interesting to be able to extend the foregoing results to unres­
tricted queues, but this seems quite difficult to do. We can, however, prove the 
following result :•

T heorem  Let n(i,j; m) (n(J, /)) be the equilibrium queue length probabilities 
on the imbedded chain for the system with first stage waiting room of size m ( unrestric­
ted). We assume the traffic intensity condition

( °°
(5.1) A- 1  >  max /1-1 , ) x d F (x )

V 0

for the unrestricted queue. Then for all i, j = 0,
ж (/, 7  ; m) — n (i, j )  as m-+°°.

P roof. We first label the joint queue lengths in the two stages in the case of an 
unrestricted first stage by the non-negative integers. This can be done in a 1-1 
manner by denoting the successive points in the path sketched below 0 , 1 , 2 , ... 
We shall use the same label to refer to a 
given joint queue size in the case when 
the waiting room in the first stage is 
restricted.

Take any two (fixed) joint queue 0
lengths T , 7 ’ in the unrestricted queue. If 
the size m of the waiting room in the g 1 
first stage of the corresponding restricted Ф 
queue is sufficiently large, ‘V and ‘j '  will be c a 2
states of this queue also, and the one-step £ °
transition probabilities Р^(т), P will have J * 1/1 3 

the same values. In particular lim Ри{т) Ф/и-* со
exists for every ordered pair (i,j)  and . g. 
has the value Ри .

Let us denote the limiting (joint) queue 
length distributions in the unrestricted 
queue and the queue with finite waiting room m by (zr,}, {nfm)}, respectively. Then 
by a standard result on Markov chains,

(5.2) nfm) -  2  nj(m)Pji> i = 0,
j = 0

for each in ^  1 .
Under our ergodicity assumption (5. 1) each of the series queues under con­

sideration will be positive recurrent and so the limiting probability that a customer 
leaving the first stage empty also finds the second stage empty will be non-zero. 

(5. 2) may therefore be written as

Vi(m) =  2  vj(m) pji(m)’ i -  0 ,
J =0

queue length in. first stage
0 1 2  3

Fig. 1
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for each m, where \\(т) is defined as л{(т)/т10(т). Letting m —°° we find that

We note that 

and that

lim Vi(m) = 2  Иш vj (»0 Pji, i = 0.
J = о

l i m ( к Ы ) а О ,  /  s  1

But by a well known result in the theory of Markov chains (see, for example, 
K a r l in  [3]), the system

vi=  2  vjPJt, i s o  
j = 0

Vo = 1>
Vi SO, I S  1

has a unique solution if the Markov chain with 1-step transition probabilities (Pu) 
is recurrent and irreducible.

As the quantities vt — 7г,/7г0, /SO, obviously satisfy the relations (5. 3) with 
equality, we thus have

lim (Vi(m)) =  Vi, /' S  0.

By symmetry we shall also have

fim(f;(m)) —-Vi, i S  0,

so that lim (r;(m)) exists and has value vt for each / SO. This establishes that
m —*■ со

■jii(m)-~ni for each i s  0 , 
which gives the required result.

(5. 3)
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EINIGE METRISCHE ERGEBNISSE IN DER THEORIE  
DER CANTORSCHEN REIHEN UND BAIRESCHE  

KATEGORIEN VON MENGEN

von
T . S a l á t

-  C (x)
Es sei x =  2  ~" 'n '  die g-adische Entwicklung der Zahl x6(0, 1) (also g ist

n= 1 g
ganz, g >  1, C„(x) sind ganze Zahlen, 0 ë C „ (x )< g (« = l,2 , 3, ...) und für unendlich 
viele n ist C„(x)<g—1). Die Zahl x€(0, 1) nennt man g-adisch normal, wenn für 
jede r = 0, 1, . . . ,g —1 die Beziehung

U m ^ U in g

gilt, dabei N„(r, x) = 2  1- Bekanntlich sind fast alle Zahlen x£(0, 1) g-adisch
k=in, Ck(x) = r

normal (siehe [1] S. 125—128). Also die Menge Ng aller g-adisch normalen Zahlen 
des Intervalles (0, 1) ist vom metrischen Standpunkt eine reiche Menge. Eine ganz 
andere Situation tritt ein, wenn wir die Menge Ng vom Standpunkt der Baireschen 
Kategorien von Mengen in dem metrischen Raum (0, 1) (mit euklidischer Metrik) 
studieren. Dann kann man beweisen, dass die Menge Ng nur eine Menge von erster 
Kategrie in (0, 1) ist (siehe [2]).

A .  R é n y i  hat gezeigt, dass der Begriff der normalen Zahl auch auf die Cantor- 
schen Reihen erweitert werden kann. Es sei {?*}“» i eine Folge von natürlichen 
Zahlen, qk> 1 (£ = 1 ,2 ,3 ,...). Es sei

( 1 )
x  _  V  Ek ( X )

*=i Ч\Ч2- -Чк
die Cantorsche Reihe der Zahl x£(0, 1), also e*(x) (k = 1,2, ...) sind ganze Zahlen, 
sogenannte Ziffern von x, 0 S et (x )< ^  (£=1,2 ,3 , ...) und für unendlich viele к 
ist e*(x) <  qk — 1 (siehe [3] S. 113). Setzen wir

Nn(r,x) =  2  1.
kSn,i4(i)=r

oo

Die Zahl x nennt man normal in bezug auf die „Grundfolge” {<7*}Г=1 > 2  1/#* =  + “ >
* = 1

wenn für jede ganze Zahl r^O , für welche ^„(r) =  2  УЧк~*+°° ist,
kSn,r-zqk

lim =  1 gilt. Aus den Arbeiten [4], [5] folgt, dass (im Falle 2  1 /йк — +°°)
n-r-oo S „ { r )  /с =  1

fast alle Zahlen x£(0, 1) in bezug auf {</fc}r=i normal sind. In der Arbeit [6 ] ist ein
topologisches Ergebnis bewiesen, aus welchem folgt, dass (im Falle \/c/k = 4-°°)k= 1
4 S tud ia  S c ien tia ru m  M a th em a tica ru m  H ungarica 6 (1971)
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die Menge N(ql ,q 2, ...) aller in bezug auf normalen Zahlen eine Menge
von erster Kategorie in (0, 1) ist.

Im Zusammenhang mit den erwähnten Ergebnissen wollen wir in dieser Arbeit 
noch einige andere Fragen über die Verteilung der Ziffern in Cantorschen Reihen 
vom Standpunkt der Baireschen Kategorien von Mengen studieren.

Definitionen und Bezeichnungen

1. {an}'„ bezeichnet die Menge aller Häufungswerte der Folge
2. \M\ bezeichnet das Lebesguesche Mass der Menge M.
3. Wenn A eine Menge der natürlichen Zahlen ist, dann setzen wir A(n) =

A (ri)= £  1- Die Zahl <5(Л) =  lim — , sobald sie existiert, nennt man die
аШп,а£А n-+°° Ц

asymptotische Dichte der Menge A.
4. Die Intervalle

; ( k ) J c + l  ) 
Яп Я1Я2 -ЯJ

(/c = 0, 1,
q î-ïn -i

nennem wir die Intervalle der n-ten Ordnung. Offenbar (0, 1) =  U >ik>■ Weiter
* = о

werden wir kurz sagen, dass das Intervall i(nk> zur Folge e1( e2, ... ,  e„ gehört, wenn

-  - =  —-■+ +••• + ------5----
Я\Я2--Я„ Я1 Я \ Я i Я хЯ 2' " Яп

ist, wo 0 SSj<qj ( j=  1, 2, ..., ri), Sj ( j =  1, 2, ..., ri) ganze Zahlen sind. Offenbar 
gehört die Zahl x  (siehe (1)) zum Intervall i(nk> dann und nur dann, wenn z,(x) = £,■ 
( . / -  1 , 2 , ...,«).

5. T bezeichnet die Menge aller Endpunkte aller Intervalle i{kk), n — 1,2, 3, ..., 
Ar =  0, 1, qlq2...qn—\. Weiter setzen wir X  = (0, 1) — T. Im weiteren betrachten
wir (0, 1) (und auch X) als einen metrischen Raum mit der euklidischen Metrik.

Im Zusammenhang mit dem erwähnten topologischen Ergebnis der Arbeit [6 ] 
beweisen wir folgende zwei Sätze.

Satz 1. Es sei <7*-*- + °° . Dann gilt für alle x  Ç (0, 1) bis auf eine Menge von 
erster Kategorie in (0, 1) die Beziehung

(*)
(r = 0, 1,2, 3, ...).

Beweis. Es sei Ç€(0, 1), r S 0, k, s seien natürliche Zahlen. Bezeichen wir mit 
M(C, r, k, s) die Menge aller

x£X,  für welche Л' M
s ist. Setzen wir к

(2) ЩС, r) n n uk= 1 p = 1 s = p
M(C, r, k, s).
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{TV (r, x )  I '
— ■— I

ist. Erwägen wir, dass M((, r ,  k, s) gleich der Vereinigungsmenge einer endlichen 
Anzahl der Mengen der Form ist, also M(f, r, k, s) eine in X offene Menge
ist. Aus (2) folgt, dass M(Ç, r) eine Gá-Menge in X  ist.

Wir zeigen, dass A/(£, r) in X  dicht ist. Es genügt zu beweisen, dass für jedes 
Intervall (a ,b )a(0, 1)
(3) M(C, г) П [(а, 0)ПДГ]И0

ist. Es sei also (а, b)<z(0, 1). Wählen wir / so, dass------------ <
Ч1 Ч2 — Я1

b —a
2 u n d  q m  >

>  r+ 1  für jedes m S/. Die Existenz einer solchen Zahl / folgt aus der Bedingung 
qn-+ 00 . Dann existiert ein Intervall /Jp) i-ter Ordnung derart, dass s = /, i(sp) <z(a,b). 
Es gehöre js(p) zur Folge е у , е 2 ,  . .. ,e s. Es sei А = {ml < m 2 <m 3 < ...} eine Menge 
von natürlichen Zahlen mit n i ,> j  und <5(Л)=£ (siehe [9] S. 194—195). Definieren 
wir die Zahl

(4)
folgendermassen :

x  _  V  £j(x 0 )  

' °  j - i 9 i 9 2 - Ç j

(5) E j ( x 0 )  =  E j für j =  F 2 , . . . ,s;

(6 ) £ m j ( x o )  =  r für j =  1, 2, 3, ...;

(7) £ j(*o ) = P + 1  für j  7^mk (к = 1,2, 3.

Dann ist offenbar (4) die Cantorsche Reihe der Zahl x0, ^o€(0, 1) und da alle Zahlen 
der Menge T endliche Cantorsche Entwicklungen haben, ist x0£X. Aus (5) folgt 
x0Çijp)c(û , b), also x0 € (ü, b) П X. Weiter mit Rücksicht auf (6), (7) und auf die 
Wahi der Menge A ist x0£ M(Ç, r). Also лг0£А/((, r ) П [(zz, Л)ПА'] und so gilt (3). 

Da die Menge M(£, r) eine dichte G^-Menge in X  ist, ist diese Menge residual
in X (siehe [7] S. 49). Dann ist auch M(Q =  f| A/(£, r) eine in X residuale Menge

r =  0
und wenn R die Menge aller rationalen Zahlen des Intervalles (0, I) bedeutet, dann 
ist M  — f) M{Ç) infolge der Abzählbarkeit der Menge R eine in X residuale Menge 

UR
und infolge der Abzählbarkeit der Menge T auch eine in (0, 1) residuale Menge. 
M  ist aber ersichtlich die Menge aller derjenigen л: 6(0, 1), für welche (*) gilt. Damit 
ist der Beweis des Satzes beendet.

Satz 2. Es sei lim sup qk =+<=<=. Dann gilt für alle x£(0 , 1) bis auf eine Menge
k-+ 0 0

von erster Kategorie in (0,1) {е„(х)}^э {0, 1, 2, . . . , /7, ...}.

B e w e i s . Setzen wir bei natürlichem n und ganzem r ^ 0

H { n , r ) = { x £  X- E n ( x )  =  r  }.
Weiter sei

(8 ) H ( r )  =  П  Ű  H ( n ,  r ) .
P=1n=p

4* Stuciia S c ie n tia ru m  M athem aticarum  H ungcirica 6 (1971)



52 T. SALÁT

Wenn x£H(r),  dann ist offenbar r 6  {e„(.*)}'. Setzen wir noch H = f| H(r). Für
r—0

x £ H  gilt dann
{£„(x)};=3{0, 1 , 2 , ...}.

Es genügt zu beweisen, dass H(r) eine in (0, 1) residuale Menge ist. Die Menge 
H{n,r) ist entweder leer (dieser Fall tritt ein, wenn qn = r ist) oder sie ist gleich 
der Yereinigungsmenge einer endlichen Anzahl der Mengen der Form /® П X  (dieser 
Fall tritt ein, wenn q„>r ist). Tn beiden Fällen ist H(n, r) eine in X  offene Menge. 
Auf Grund von (8 ) ist also H(r) eine Gá-Menge in X.

Es genügt noch zu zeigen, dass H(r) in X  dicht ist (siehe den vorigen Beweis). 
Um die Dichtigkeit der Menge H(r) zu beweisen, genügt es zu zeigen, dass, wenn 
m eine beliebige natürliche Zahl ist und / ganz, 0 ^ l ^ q 1q2...qm—l, dann ist

(9) !® П Я (г)^0 .
Es haben also m, 1 die vorige Bedeutung. Es gehöre г® zur Folge et , e2, ...,£,„. 

Mit N0 bezeichnen wir die Menge aller derjenigen j> m ,  für welche qj >r  +  1 ist. Auf 
Grund der Voraussetzung des Satzes ist N0 unendlich. Definieren wir die Zahl

x 0 =  2  —£ j — folgendermassen: Es sei Nn = NkU N2, А1 ПА2 = 0 , Nk, N.,
7=i Я{Чг--ли

seien unendlich. Dann setzen wir e J { x 0 )  = Ej{ j  = 1,2, Sj ( x 0 ) = r für / Ç N\ ,
C j ( x „ )  = r für / Ç A ,, und 8j(v0) = 0 für j> m ,  j ÇN0. Dann ist ersichtlich x 0  

П H(r), also gilt (9). Damit ist der Beweis des Satzes beendet.
oo

Bemerkung 1. In der Arbeit [8] ist bewiesen, dass im Falle 2  1 /q„ < + ° °
n= 1

für fast alle xÇ(0, 1) die Beziehung lim e„(x) =  + °° gilt. Im Zusammenhang mitn-*- CO
diesem Ergebnis bemerken wir, dass aus dem Satz 2 das folgende Ergebnis folgt: 
Die Menge

{.*6 ( 0 , 1); lim £„(x)= +oo}

ist eine Menge von erster Kategorie in (0, 1), wenn lim sup qk =  + °° ist.
k-oo

Aus der Konstruktion der Cantorschen Entwicklungen der Zahlen хб(0, 1) 
folgt leicht, dass im Falle lim sup qk = + »  die Menge M00=M 00 {qx, q2, ...) aller

k-*- °°
хб(0, 1) (siehe (1)) mit den beschränkten Folgen von Ziffern {s„(x) } ”= 1  das Lebes- 
guesche Mass 0 hat. An dieses Ergebnis knüpft der folgende Satz an.

Satz 3. Es sei lim sup qk =  +  =°. Dann ist die Menge M00 = Mm (qt , q2, ...)
k-*- °°

von erster Kategorie in (0, 1).
Beweis. Offenbar ist

M . = Ö м „
s= 1

wo Ms={x£(0, 1); Ek(x )^ s ,  k=  1,2,3, ...} ist. Es genügt also zu beweisen, dass 
jede der Mengen M s ( j = l , 2 ,  ...) nirgends dicht in (0, 1) ist.

Es sei /  ein Intervall, 7 c ( 0, 1). Dann existiert eine natürliche Zahl n und eine 
ganze Zahl /, 0 s l S q l ...qn — 1 so, dass i{„l> с / ist. Es gehöre/® zur Folges1, e2, ..., £„.
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Wählen wir w >/i derart, dass qm >  j + 1. Das ist infolge der Voraussetzung des 
Satzes möglich. Konstruieren wir jetzt das Intervall der m-ten Ordnung, welches 
zur Folge

e , ,  e2 , . . . ,  e„, 0, 0, . . . ,  0, s +  1

gehört. Bezeichnen wir dieses Intervall mit 1*. Dann ist offenbar und
I*P\MS = 0. Daraus folgt, dass die Menge Ms nirgends dicht in <0, 1) ist. Damit 
ist der Beweis des Satzes beendet.
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ON THE CONVERGENCE OF EMPIRICAL DISTRIBUTION  
AND DENSITY FUNCTI ONS

by
G. DÁVID

1. §. Introduction

We wish to estimate the distribution function F(x) and density function f (x)  
of some random variable £ by means of the ordered sample £ , * , & (that is 
£*S<I;*+ 1  for k — 1, 2, m — 1). The empirical distribution function is defined by 
the formula

where kx is the number of elements of sample, which are equal or less than x. In 
the Monte-Carlo-methods we are in need of samples whit great number of elements, 
so we have no possibility reserving all elements of the sample because of the capacity 
of the memory of computers. In this paper we give estimators which on one hand 
are uniformly convergent with probability one, and on other hand which are applic­
able in case of a great number of trials.

In 2 § and 3 § we shall give the new definitions of the empirical density and 
distribution functions respectively, and we shall prove theorems for the rate of 
convergence, and a similar theorem for the Fm(x).

2. §. Theorems for the density function

Having the ordered sample £*, £jj. •••, let us denote by I"(x) that interval
from the intervals ( — o o ,  £*], (£*, ££], ...,(£*, ° o )  which contains the point x. For 
arbitrary /и(>и) let us define the empirical density function by means of the first n 
elements of sample with the following formula

fnm(x)
A (/"(*))

where ?.(A) ist the Lebesgue-measure and Pm(A) is the empirical probability measure 
generated by Fm(x)-of a Borel-set A.

Theorem 1. I f  [a, b] is a dosed interval in which f(x) and the inverse o f F(x) in 
[F(a), F(b)\ are continuous then

lim lim sup If nm(x)-f(x)\  = 0
n-*-oo in oo д:£[а,Л]

with probability one.
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Proof. Since
'■ № »  p('-W)
p (/"w ) i( i> w )

and the Glivenko—Cantelli-lemma gives for fixed n, that Рт (/"(х)) ->■ P(/"(x)) uni­
formly with probability 1 ; so it is sufficient to prove that

Ш  =
P (/*(*))

■fix)Л(/п(х))
uniformly with probability one.

We have to prove only the uniformity of this convergence which depends on 
the uniformity of the convergence of lengths /.(/"), but this fact follows from on 
one hand the Glivenko—Cantelli-lemma applied to the ordered sample of the uni­
formly distributed random variable rj in [0 , 1] received by the transformation >i =  F(x) 
and on other hand the uniform continuity of F~1(x).

Remark 1. From the proof we can conclude the pointwise convergence of 
the sample-density f f ( x )  to f(x)  with probability one without the assumption in 
Theorem 1.

Let the function f (x)  be differentiable, positive and

/ 0 )= -c>  0 , |/ '( x ) |< c 1<  -fco, f ' ( x ) ^ 0

with suitable constans c and ct . 
Let us define

,  . C ( ,  ( l + a ) l o g n )
col (n,oc) = —— ll —e " )

4c !

(1) a)2(n, m, x) =  л(/"(х)) • P  P(/"(x))[l -  P(/"(x))] log log m

co(n, m, a, x) = — min {cüj (л, а), ш2(п,т,х)},

for all n, m (m>n) and for arbitrary small a > 0 .

Theorem 2. I f  the point x  has a neighbourhood [a, b] satisfying the assumption 
o f the Theorem I, f(x) >  c >  0 and f(x) has first derivate f'(x )  ̂  0, \ f ' (x) \<cl <  +<» 
then

P Him lim a>(n, m, a, x ) \ f f ( x ) —f(x)\ s l )  =  l\n — 00 m-*- °° )

where the function u)(n, m, a, x) is defined in (1). 
P roof. It is enough to prove that

2  P f lim oo(n, m, а, х ) |/п'"(х)-/(х)| >  1 +e) <  +<»
n=l I'«-00 )
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for arbitrary a> 0 . But

I Пт w(n, m, a, x) |/ ”'(*) - /(x ) | >  l+ e )  ë

1 +e
(2)

where

= 1 lim w(n, m, a, x) | f nm( x ) - f n(x)\

U I hm ш(п, m, a, x) \f„(x)-f(x)\

2

1 +e

U

/»(*)

Now for the second event
ЧП*)) rMf

jlim cl>(«, m, a, x)\f„(x)-f(x)\ >  ~ ^ J  Ü {®i (и, a)|/„(* )-/(x )| >  1 + e} 

follows.
We shall estimate the latest event by means of the chain

(3)
\F(x)-F(y)\ _  \F(x)-F(y)\ \x - y \
I / W - / W I  \ x - n  \ f {x) - f(y)

f(x) + o ( x - y )  f(x) + o ( x - y )
" 1/4*) + о  (*-y)| -  2C,

and this holds except for a set of Lebesgue-measure 0, and on the other hand

sup | / ( x ) - / 0 )| >  ’
x.yei" a>1 (n> a)

and this implies the existence of points x0 , y0€[^k, £*+i] = ^ n(x) f°r which |/(x 0)-
—/ ( j o ) |  = * ■ -------- ; -------- r  and applying the estimation (3) we haveсо i(n, a)

\f (o  -  m *  ói ^  i^(vo) -  ̂ Oo)i »  Л х °)+ °(х ° ~ Уо). w~ - -
Using this:

!/«.(*) ~f(x)\
1

a>i («, a)

f ( xo) + o(x0—y0) 1

(4)

2 Ci cot (и, a)
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where we used the Beta-distribution with parameter-pair (l,n) for rit+i—ht (for 
t] = F(£)), — that is we have for arbitrary e >0

(5) 2  p(l/nW - /W I" i(« .  <*) >  1 +e) <  + °°

The probability of the first event in the right side of (2)

2 (/"(*))lim
P (/" (x ))(l-P (/"(*))) log log m

Pт(Г(х)) P(/"(*)) j
Я(/»(л-)) A(/-(.v)) 1 +£

from the theorem of the iterated logarithm. This and (5) prove the Theorem 2. 
It is easy to see if the inequality

( 6 )

1 — exp
1 (1 +  a) log 77 2P(7"(.y))(1 — Р(/"(дг)))

log log m 
holds for tn and n then

со (/7, m, a, X) =

4 Ct 
C

1
----- (1 + a )  log 77n8C, l ' - eXp

So we have
R emark 2. I f  (6) holds for n and m then, under the assumptions o f Theorem 2

c  \fnm(x ) - f ( x ) \lim lim
П -*■ oo m —*■ oo ^

1 — exp 1 + «
l o g /7

1 1

The proof is immediate.
This remark and (6) make possible the appropriate choise of the function 

/77(77).
In the sequel let the function со* (/7, a) be

and

«) =  4C  i l - e x p
2 +  a

---- --- log 77
77

CO* (/7, 777, (X, x) — 2 m'n ico*(n’ °0’ C02 (/7 , 777, x)}

with arbitrary small ooO. Let be true for m and n the following inequality:

I 2

(7)
777 i 1 — exp

2 +  a
log 77

log log 777
2 P(/"(a')) [1 — P(/"(x))]

Ц/"(х))
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T heorem 3. Let [a,b] be such an interval for which F 1 (x) is continuous in 
[ F (a), F(b)], f (x)  has bounded first derivate f ' ( x )  in [а, Л] and f ' (x) ^  0 for x  € [a, b], so

lïïnïïm ' о* (zi, a) sup |/ (T(*)-/(*)I 11 = 1
. n m 2  x€[a ,  b] )

Proof. Repeating the decomposition applied in the proof of Theorem 2 and 
taking m=g(n) when the equality holds in (7), we get the estimation

2 p hm ~w\{n ,  a) sup \ f f ( x ) - f ( x ) \  >  1 + e | S
m>g(n) 2  x£[a, b]

( 8 )
“  ni

2  2  P(l™ co*fn, m, a, t! ) \ fnm( t f ) - A m I >  1 +E)
n = l i = l  t  m )

Ш 2  n max 
n = l  ( =  1 . 2 ..........«

P (Пт œ*(n, m, x tf)  I f f  (ft) -/« ,* ) I

where we used the monotonity of function f(x).
We shall only deal with the probabilities

P(iïma;ï(n, a)|/„ (x )-/(x )| >  1+e) =  ?(w\(n, a)\fA(x)- f{x ) \  >  1 + e)
as in the proof of Theorem 2. Repeating the argument used there we have (see (4)) 
that this probability is less or equal than «“(2+ï), and taking into account (8), we 
proved the theorem.

3 § Theorems for empirical distribution functions

The following theorem is an obvious one:

T heorem 4. Let F„ m(x) = f  f nm(t)dt + F„(a) be the modified empirical dis-
a

tribution function, then
P(Hm Пт sup |^л m(.v)-F(jr)| = 0] = 1

у/1 F- со / л oo b\ )
The proof is routine.

Theorem 5. Under conditions of the Theorem 3 and denoting Q(n, a) =

we have

w*i (n, a)
2(b-a)

Pllim ITm Q(n, a) sup \F„,m(.v) — F(x)\ == П = 1.
\  n m x £  [a, b] )

The proof: this theorem is an immediate consequence of Theorem 3.
In the sequel we shall deal with the groupped empirical distribution function 

defined by the following manner:
Let us divide the real line by points a" for all n and i'= l, 2, ..., n such that 

an0 = -  °°, a" <a"+ !, ann+i = + °° and \a';-a'l_x\ ^ 0  i=2, 3, a" —
a" -► + oo if n — » , let us denote by w, the number of elements of the sample <**,£2 , ...»
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with n ^ m ,  which are contained in the interval (a",a”+1], so put
j(x)
2  mi

СЛ х) = '-=2 ~  if X£[aj(x)> aM*) +1](9) m
Suppose that [a, b] is such an interval in which 0 < C2 < F(x) < C3 < 1 and the 

function Q(m) is such that --- -  < /г(;с)[1 — F(x)] in [a,b\.
Using the monotonity of the distribution function F(x) we have

P(i2(m) sup |Gm(x)-F(.v)| >  1 + £| ^  
( *€[«,« )

k~ 1
2  mi

Q{m) ---- F(eï) > l + £m2 P
k= 1

It is well known that if is the frequency of the event A in m trials and P(A)=p 
and 0<e-=/?(l — p) then

c„
m

Hence

— p S eU 2exp

■ F m  s

2pq 1 +
2pq

2  щ

m
1
ö(w ),

S  2 exp
f i ± i ' 2m

2F(<4)[\-F(a"k)} 1 _L 1 +£ 2
■ ' 2F(eO(l-F(flO)0(fn)_

Because of max F(x) ( 1 — F(xV) =  — and *€[«,*] v ' 4
we have

1 +£ 1 +e
2F(x)( 1 -  F(x))Q(m) 2

Hence

f к -  1
2  m i m

p Q (ni) >  1 + £ ^  2e 2!)»

If exp —

2  2  P(í2(m)|Gm(a2)-F(o2)| > 1 +г) s  2  2nHm) < + ” ■
1 1 1 m = 1

1
/1=1 fc=l

m
2 Q2(m)j m,2+a from which the equality

(10) Q(m) =  | /
follows with arbitrary small a> 0 .

m
(4 + a) log m
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Applying the Borel—Cantelli-lemma we have the following theorem: 

T heorem 6. IfO <  cl <  F (a) <  F(b) < c2 < 1 in [a, b] and Q(m) is defined by (10)
then

P Him Q(m) sup |Gm(x) —F(x)| s  П =  1.
\ m X €[a,b] )

T heorem 7. I f  the distribution function F(x) is continuous then for arbitrary a 
(a >  0) and interval [a, b] in which 0 < F {a) <  F(b) <  1 we have

lim  ̂ 1/ —----^ -------  sup Fm(x) —F(x)| s. l |  =  1.
2 ! (4 +  a) log m xi{f b] Л 1

Proof. Let a'ő =  a < a " '<  ••• < a”(m) =  6 be points of [a, 6] such that — denoting 
{«Г, aT+,] by IГ —

Pm = . max {P ( / / ”) }  'i = 0, 1 n-1
and (7,„(.v) is defined in (9), we have

)//»2

ё  P

+ P

hm l/
4 in 1 

m r

n s l /
ч m I

m
(4 +  a) log m xi[a,b]

sup |Fm(x )-F (x )| > 2

(4 + a) log w xilaib]sup |C„,(.v)-Fm(x)| >  1

(4 + a) log от xi[a,b]sup |Gm(x ) -F ( x ) | >  1

The latest probability equals 0 because of Theorem 6. On the other hand for arbi­
trary fixed e (1 >£> 0) we have estimation

2 ?
m

sup |Gm(x )-F „ ,(x ) | >  1 +  £J  (4 + a) log от [„,(,]

2  P sup |Gm(x )-F m(x)| > l+£)  S  2  p (m SL1P lCm W -4 W !  S  2\
ж «=1 v jc € [ a ,  6] )  w = l  V b] )

= 2  m 2  p(mi = k) ^  2  mpi 2  pkm = c  2m = 1 к = 2 m — l к =  0  ni —1

From the Borel—Cantelli-lemma the theorem follows.

mp*
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SPHERICAL FUNCTIONS ON C O MP AC T  RIEMANNIAN  
SYMMETRIC S PACE S

by
R. G. LAHA

The main aim of the present note is to give a simple, alternative proof of the 
theorem on integral representation of spherical functions on compact Riemannian 
symmetric spaces (cf. [1], p. 426).

T heorem . Let (G, К) be a Riemannian symmetric pair of the compact type such 
that the group G is a compact connected Lie group. Let dk be the Haar measure on 
К such that

/< * = ! •К

Let (p be a spherical function on G. Then there exists a finite dimensional irreduc­
ible unitary representation n o f group G of class l with character /  such that the function 
<p has the integral representation

(1) <P(g) =  f  X(g~lk )dk  (g £ G ).
к

Moreover the function <p is an elementary positive definite function on G associated 
with the representation n.

Conversely let n be an arbitrary finite dimensional irreducible unitary representa­
tion o f G o f class I with character y. Then the function cp on G defined by the formula
(1) is an elementary positive definite spherical function on G.

P r o o f: Let tp be a spherical function on G. Let Tg:x — g_1x (x£G) be the left 
translation of the group G associated with the element g ÇG. Let i?2 (G) be the Hilbert 
space of all complex valued measurable functions on G which are square summable 
with respect to the Haar measure dg on G. Let be the closure (in the fi2 -norm) 
of the linear hull of the set {</>Tg:g£G} in the space £ 2 (G). Then the space £)r/> is a 
Hilbert space. Let n:g-*n(g) (g£G) be a representation of G in the space defined 
by the formula
(2) n(g)0 -  От„

for g£G, Then we see easily that я is a unitary representation of G in the
space §>v . Moreover the relation n(k)(p = (p holds for all k£K.

Let 0, We now set

(3) B(0, i/O = /  (n(k)O, ip) dk.
К
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Then we can verify easily that В is a bounded bilinear form in the space b,P so that 
there exists a bounded linear operator P in the space b v such that the relation

(4) (PO, ф) = В (в, ф) = f  (л (к) в, ф) dk

holds for all в, ф^Ь?- 
We now set

(5) P = fn {k )d k .
к

Then it can be easily verified that P satisfies the relation

(6 ) p 2 = p* = p= P n(k) = n(k)P
for all k£K. Hence P is a projection operator in the space b v ' We also note that 
the relation Pep =  (p holds.

Let g£G, фаЬу. Then we have

(7) (Pn(g)(p,ip)= j(n(kg)(p,\jj)dk = (p(g-i)(<p,\]i).
К

Hence we conclude from (7) that the relation

(8 ) P(pTg = Pn(g)cp = (p(g-1)(p
holds for all gdG. Then it follows from the definition of the space b<p that

(9) Pb« = C<p
where C is the field of complex numbers.

Let be the closure of the sum of all closed subspaces which are
invariant with respect to n and satisfies the condition _P9J1 = (0). Let b 2 = b v & bi 
be the orthogonal complement of fq in §  . Then both Sj, and § 2 are closed sub­
spaces of which are invariant with respect to л  and moreover Pb i =  (0 ) while 
РЬг 5^(0 ). Let 91^(0) be an arbitrary closed subspace of the space § 2 which is 
invariant with respect to n. Then we have Р91?*(0) so that we can verify easily 
from (9) that ç>ÇP9lc91. Hence we conclude that n(g)(p£9l for every g£G, so 
that 91 = b v ■ Therefore the only closed subspaces of the space b,p which are in­
variant with respect to л are (0) and b,P ■ Consequently л is an irreducible unitary 
representation of G in the space b y  But since G is compact, we conclude that the 
space b,P is finite dimensional. Let dim b v = n-

We set ||<p|[2 = {<p, <p)*- Let = (p,,(p2, be an orthonormal basis
Ml2

of the space b v - Then it follows immediately from (8 ) and (9) that

Pn{g)P(Pi =4>{g~1)<PG, Pn{g)P(pj = 0 for j  = 2, 3, ..., n 
so that we conclude that

(]0) (Pig-1) = tr(Prffe)P) =  tr(a(g)P )

=  t r  f  л(gk)dk = J  xigk) dk.
К К
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Moreover in this case we have

(<Pi. n(g)<pi) = (n (g -i)<pl , Pepi)
= {Pn(g-1)(pl ,(pl) = (p{g).

Consequently tp is an elementary positive definite function on G associated with 
the representation л.

Since (p is bi-invariant with respect to K, we conclude that л is a representation 
of G of class 1.

Conversely let л be a finite dimensional irreducible unitary representation of 
G of class 1 in a Hilbert space §  and let /  be the corresponding character. Let £ 0 € $> 
such that (f0, £0) = 1 and moreover the relation n(k)^0 = ̂ 0 holds for all kdK . 
Then the function tp on G defined by

(12) 4>(g) =  {Zo’ 7t(g)to (g€C)
is an elementary positive definite function on G which is bi-invariant with respect to 
K. Hence in view of Theorem 4. 5 ([1], p. 414) we conclude that <p is a spherical 
function on G. We now set

P =: f  n(k) dk 
к

and we note the P satisfies the relation (6 ).
Therefore we have

(13) tr (Pn(g)P) = J  y(gk)dk.
к

On the other hand in view of (6 ) the relation

(14) n(k)Pn(g)£0 = Pn(g)£0
holds for all g£G, k£K. Then using Lemma 4. 7 ([1], p. 416), we conclude that

(15) /, $  = C<f0.
Let £ 0 = e ,, e2, ..., e„ be an orthonormal basis of the space §. Then in view 

of (15) we have Pn(g)Pej = 0 for j  = 2, 3, ..., n.
Hence we conclude from (12) that

(16) tr (Pn(g)P)=(Pn(g)^0, £„)

= И # К о , Q  = 4>(g~1)-

Then combining (13) and (16) we conclude that the function q> defined by the 
formula (1) is an elementary positive definite spherical function on G.
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ON THE THRESHOLD DISTRIBUTION FUNCTION  
OF CYCLES IN A DIRECTED RANDOM GRAPH

by
I. PALÁSTI

Let Г„ N be a random graph having n given labelled vertices and N edges chosen
f i"  I

at random, so that all the possible choices are supposed to be équiprobable.
I N )

P. E rdős and A . R ényi investigated in their paper [1] the evolution of random 
graphs. They treated the “typical” structures arising at a given stage of evolution, 
if N  increases together with n, as a given function of n. By a typical structure they 
mean such a structure the probability of which tends to 1 for n -*■ » . If A is a structural 
property which a random graph may or may not posses, and P„fN(„)(A) denotes the 
probability that the random graph Г„ N(n) posesses the property A where N(n) 
is a given function of n, and if

(1) I™ PB>N(„)H).= 1,
П-*-оо

then we say that “almost all” random graphs Г„ N,n) posses this property. If it is 
also true that there exists a probability distribution function F(x) such that

(2) lim P„'N(A) = F{.x) if lim ~  =  x
Л —  оо n  — o o A

then we say that A(n) is a regular threshold function, and F(x) is the threshold 
distribution function concerning to the property A. In such a way they obtained 
“threshold functions” and “threshold distribution functions” for certain structural 
properties. Among a lot of theorems they proved the following two concerning 
cycles. (A cycle is called of order к if it has exactly к points and к edges.) 

Theorems of P. Erdős and A. Rényi: (Theorems 3a. and 3b. of [1]) 
a) Let us suppose that

(3) N(n) ~cn  where c >  0 ,

and let us denote by yk the number of cycles of order к contained in the random 
graph Г„ N (where к = 3,4, ...). Then

(4)
where

(5)

lim Pii,jv(n)(y* =  j )II — oo

/Je~x
ß

(У =  0 , 1 , . . .)

(2 c)* 
2k '
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Thus the threshold distribution corresponding to the threshold function A(n) = n
( 2  c)k

for the property that the random graph contains a cycle of order к is 1 — e 2k . 
b) Suppose that (3) holds. Let denote the number of isolated cycles of order

( 7  =  0 , 1 , . . .)

к  contained *n Гп к — 3, 4, ... . Then

(6 ) lim PnMn)(yt = ./'
where

/»-*- oo

( 2  ce~2c)k
(7) /< ~ к ~

Further on we shall deal with directed random graphs.
As a graph is called directed, if all of its edges are directed; a directed random 

graph T„,n is obtained, if we chose N different edges among the possible n2 (directed)
ones connecting и given vertices so that each of the j possible choices are équi­
probable. We allow now loops, that is edges (Pt, Pt) too. We suppose furthermore 
that there are no parallel edges with the same direction connecting two points.

In our paper [2] we were intent to know how large directed cycle would appear 
with probability 1 in such a directed random graph T„ Nc at the evolution stage 
for which the number of the chosen edges is Nc = [и log и + си], where c is an 
arbitrary fixed real number and [x] denotes the integral part of the number x in the 
brackets, and found the following.

A directed random graph T„ Nc contains a directed cycle of order [log log и] 
“almost surely” if Nc — [и log л +  си] ; by other words, the probability of the di­
rected random graph T„Nc containing such a cycle tends to 1 for л -*-<».

This result was used as a lemma for proving the strong connectedness of the 
directed random graphs. After having all these it is easy to state the theorems which 
are analogous to the above mentioned theorems of P. Erdős and A. R én yi, but 
concerning to the directed random graphs. That is to say to the distribution of 
the numbers of directed cycles arising in the directed random graphs. The results 
may be formulated as follows:

T heorem 1. Let us denote by <), the number o f directed cycles o f order /, that 
is the number of cycles Pil - Pn ->—  — P-H in a directed random graph f \  v
(where il , i2, ..., /, are all different and 1= 1,2,3, ...). Then the limiting distribution 
o f the number of edge-independent directed cycles is a Poisson distribution with the 
parameter

cl
(8 ) A = y .

That is

(9) Um РИ,\(Л)(^  = 7 ) =  - -v, (y = 0 , l , . . . )
П -+ ° о  '  1 \
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supposing that, N(n) ~  cn and c >0. Thus the threshold distribution function o f the
C l

directed random graph Г „ N(n) with N(n) ~  cn containing a cycle of order I is l —e 1 .
T heorem 2. Let us suppose again that N(n) ~  cn and let us now denote S* the 

number of isolated directed cycles of order / contained in T„N(n), where 1= 1,2, 3, ... . 
Then the number Ô* has a Poisson distribution, for n — °°, with the parameter

( 10)
(ce 2c)1

First let us consider the proof of theorem 2. We shall prove it in an analogous 
way as it was done in paper [1].

Let us denote by x = (i1, i 2, ■ i() an ordered /-tuple, where the different num­
bers ...,/; are arbitrary chosen from the numbers 1 ,2 ,...,« . We do not-
distinguish between the /-tuple x and its cyclic permutations. Let I, be the set of 
all possible such /-tuples x.

Let us introduce now the random variable
1 if the isolated directed cycle — Ph

belongs to the random graph F„>JV,
0  otherwise.

Then the mean value o f  ex is

( П )

That is

( 12)

M(e,)

Cn - l ) 2 

N —l 
V  
N

M(eJ

N l NJ f l ( n - l ) 2- j
n21/Jo n2- l - j  ■

N ‘ -21

Nw here------ c. Accordingly if x lt x2, .... xr are disjoint ordered /-tuples formed

from the numbers 1 , 2 , . . . ,«

(13) M(eXlsX2 ... eXr) =

(n - r l)2 
N - r l  

n2'
N

Nrl -2П —
„2rl '

Let be e =  2  then e is clearly equal to the total number of isolated cycles of

order / in T„ jv  On the other hand the number of elements x of I, is equal to ^ j ( ( — 1)1 

In view of the asymptotical formula

( 14) И М . . . « - ( r - l ) / ] f i l l ' 1 + 0 (£ 11U )(  1 1 / J /’ I
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for п and for a fixed value of / we obtain

(15) 2X,- e ii
(■= 1, 2 ,  r)

In  such a way it is obtained that uniformly in r

(16)

where

(IV)

lim
N
n

2xf€/
0 = 1 , 2 , .

... EXr) =  Xr,
r)

X (ce 2c)1 
I

Now clearly each r-tuple x 1, . . . ,x r occurs r! times in the sum on the left hand side 
of (16). If we extended the summation out over all different combinations of order 
r of elements of x, then the sum is equal that in (16) divided by r\. Thus if 2

(*i....*r)
denotes that the sum is extended out over all different combination of order r of 
elements of x we get

lim
N
n

2  M(e*, 4 )(*i, xr)
Xr
7Г

The Lemma 1 of P. E rdős—A. Rényi in [1] states the following:
Let e„t , s„2, ..., E„b be a set of random variables such that e„t (1 ^ i ^ b n) takes 

on only the value 1 or 0 . If

(18) lim 2  ) =  -Y

uniformly in r, r — 1 , 2 , where Я>0 , and the summation is extended over all
combinations of order r of the integers 1 , 2 , b„, then

(19) lim P ( 2  Bn, — Л = —-г-. (У =  0 ,1 ,...).
n~°° (i=i j j!

Applying this Lemma, Theorem 2 follows immediately from (18).
Let us now consider the proof of Theorem 1. It can be proved as follows.
As from 1 given points ( /—1)! directed cycles of order 1 can be formed, we have 

for fixed / evidently that

( 20) M(d,) ( / - 1 )!

n2 — / 
N - l  
n2 
N

nl ( A^V i f  A ] '
l [ n 2) I n ) '

If we denote by /, the set of all the possible cycles of order / and to every v cycles 
(where vÇJ,) let us associate a random variable i/v such that i/v is equal to 1 oi 0  

according to that v is a subgraph of the directed random graph Tn N(n) or it is not.
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On the other hand K. Jordan’s formula states the following: if Uj  denotes 
the probability of that exactly j  events occour among the possible Ax, A2, ..., An 
events then

(2 1 )

where

(22)

J ( - l ) ' |y +  r
r =  0 J Sj + r>

Sj + r 2 P(AtiAt2...A tjJ ,
1 — Í j < 1*2<‘ + »• — n

where the summation is taken over all different combinations of order j  + r of the 
integers 1, 2, и (for the proof and applications of (21) see [3] or [4]). As in our 
case the events Ak (k = 1, 2, ..., n) are equivalent thus the probability P(AllAÍ2...A jj+r) 
depends only on j  + r, that is P(AitAi2... Aijtj) = P(A1A2...A j+r). Therefore

(23) P (AllAi2...A ljJ  =

n2- ( j+ r ) l  
N —(J+ r)l 

n2 
N

U+r)l

For calculating SJ+r we deal with the case when the directed cycles of order / have 
no common edges, then taking into consideration the asymptotical formula

(24) Ô Ï D H /J
Thus by (22) we obtain

/
77 —/1 \n — (J+ r—\)l

l

n[*J+r)

(7 + 0 !  ’

(25) Sj+r
1 Í N]\

j + r
1 \ n J

NPut —  ~  c into (25) thus we have n

(26) Sj + r

(7 +  0  !

J(j+r)
lu+r)(j + r)l '

As for every fixed value of j  (21) holds, consequently

l(j + r)
( - D T  .•J I T i T t T

r = 0
lim ti j = 21 ( -O r

(27)

Since evidently

(28)

7  ) lu+r)( j  + r)\

■ (t )' '
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thus we obtain

(29)
c1

By using the notation nj = Pn N(„) (3j=j) we obtain the desired result, that is

Let us now compare these two couples of theorems. Putting l = k  into (9) and
(10), then it can be seen that the asymptotical mean values (5) and (7) of the numbers 
of undirected cycles being the 2t_1-fold of those of directed ones (9) and (10) res- I 
pectively, supposing that the number of the chosen edges (3) is always the same. 
This is clear enough if we considerate that in the case of directed random graphs 
we do not enumerate those configurations in which the directions of the consecutive 
edges are not suitable. Since a cycle of order к has к edges, and evidently every 
edge can be directed in two different ways, and since among the whole 2k possibilities 
only two yield a well directed /с-cycle, thus the number of unsuitable directed cyc­
les is 2k~l. This fact is reflected in the asymptotical mean values too.

Finally we shall prove the following theorem which is analogous to the theorem 
5b. of [1].

T heorem 3. Let L denote the property that a graph contains at least one directed 
cycle and if  P„ N(„)(L) denotes the probability that the directed random graph TnN(n) 
possess the property L then we have

supposing that 7V(«) ~ cn holds with c ^ l .  That is for с =  1 it is “almost sure” that 
the directed random graph Г n N(n) contains at least one directed cycle, but for с <  I 
this is not true.

Proof. We shall determine the probability of the opposite event and sub­
tract it from 1 .

Let H„ N denote the number of all directed cycles contained in Tn NM. Then 
for H„ N we obtain

(30) Jim = j)  =

IJ

e
c1

(31) lim P„. w(l0 (L) =  c,n-*- OO

П
(32)
where according to (2 0 )

(33)

By using the supposition N(ri)~cn, thus for M(#„jiV) we obtain

(34)
П

lim 2  , = — log (1 — c), for 0  < c < 1П-*оо 1 /
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and

(35)
~  I

"~i 1
2  , ~  log/», if C =  1.

The probability of Г„ N(n) having two directed cycles with common points is neglig­
ibly small as we have supposed in theorem 1 , therefore we have

[1] Erdős, P. and Rényi, A.: On the evolution of random graphs. Publ. o f the Math. Inst, o f  the
Hung. Acad. Sei. 5 (1960) 17—61.

[2] Palásti, 1. : On the strong connectedness of directed random graphs. Stadia Scientiarum Mathe-
maticarum Hangarica 1—2 (1966) 205—214.

[3] Rényi, A. : Egy általános módszer valószínűségszámítási tételek bizonyítására és annak néhány

(36)

where L denotes the opposite of L. 
Thus theorem 3 is proved.

REFERENCES

alkalmazása. A Magyar Tudományos Akadémia Matematikai és Fizikai Tudományok 
Osztályának Közleményei. 11 (196Í) 79— 105.

[4] Rényi, A.: Valósziniíségszámitás, Tankönyvkiadó, Budapest, 1966.

Mathematical Institute o f the Hungarian Academy o f  Sciences, Budapest 
( Received December 20, 1968.)

Studia Sc ien tiarum  Mathematicarum Hungarica в (1971)





Stadia Scientiarum Mathemat icarimt Himgarica 6 ( 1971) 75— 79.

ON THE CONNECTI ONS BETWEEN APPROXIMATION  
BY CONVOLUTION AND THE MULTI PLI ER PROBLEM

by
L. M Á T É

At the end of the fifties a series of papers written by A lexeiewitz and Semadeni 
appeared concerning the various types of linear functionals of a two-norm space. A two- 
norm space is defined as a linear space X  with a limit generated by two norms || • || and 
II • II + for which (X, II • II) is a Banach space, ||x|| s- ||x||* for every x£ X and the sequence 
{x„} converges to xZ X  iff { ||xj, n =  1,2,...} is bounded and lim ||x„ — x|L =  0. There

П-+00
are three natural classes of linear functionals in a two-norm space (X, || • ||, || • Ц*): 
The dual X* of the Banach space (X, || • ||), the dual Y* of the normed space (X, || • ||+) 
and the mixed dual (X, || • ||, || • ||*)* i.e. the linear functionals/ of Y for which x„ — x  
in the two-norm limit implies /(x„) —/(x); obviously

Y * c (X ,\\.\ I, H U ) * c ^ * .

If the unit sphere in (X, || • ||) is closed in the topology generated by the weaker 
norm II • U* then the two-norm space (A', || • ||, || • ||#) is called normal.

It follows from the G roetendick Theorem ([2] Thm 6. p. 148) that in this 
case (X, II • II, II • II*)* is the closure of Y* in X*. The main efforts in the papers of 
Alexeiewitz and Semadeni are directed to find conditions for which 
Y* =  (X, II • II, II • H*)* resp. (X, II • II, II • ||+>* =  X*.

The subject of this paper is a continuation of the above mentioned investiga­
tions of A lexeiewitz and Semadeni and the application of the same to a particular 
two-norm space consisting of continuous functions which seems to be a natural 
setting for the multiplier problem in Lebesgue spaces.

A bounded linear operator from LP(G) into L4(G) where lë/>, </<°° and 
G is a locally compact group is called (p, ^-multiplier if it is commuting with trans­
lation. A (p, ^-multiplier is called shortly a p-nuiltiplier.

If LP<%>LP' is the projective (greatest) tensor product of LP(G) and LP\G )
— b— =  1; 1 </> < °°|, C0(G) the usual Banach space of the continuous func- \ p p I

tions on G tending to zero at infinity, then in the case o f Abelian G there is a con­
tinuous homomorphism from Lp(&Lp' into C0 defined by

(*) f& g  -+f*g  (* is the convolution)

The range of this homomorphism with the quotient norm will be denoted by A.,. 
F iga-T alamanca [6 ] studied the algebra Mp of the /^-multipliers (l< /><°°) and 
established that Mp = A* i.e. there is an isometric isomorphism from Mp onto the 
dual space of Ap.
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If II • II«, is the uniform norm then it f o l l o w s  from [7] Thm 1 that (Ap, || • ||, || • ||„) 
is a normal two-norm space. In this case Y* = M(G), X* = Mp and (Ap, || • ||, || • j| „)* 
is the closure o f  M(G) in Mp i.e. in the operator norm. Hence (Ap, || • ||, || • ||„) is a 
natural setting to investigate how to connect bounded measures and / 7 - m u l t i p l i e r s .

The organization of this paper is the following: In § 1 new conditions for 
Y* =(X, II • II, II • H*)* and a new proof for A lexeiewitz and Semanedi's original 
results are given; in § 2 the /7-multipliers represented by bounded measures and the 
subsets of C0(G) represented in the form of the convolution series

Z  fk * g k ■ Z  11Л!1р1Ы р ' <  °ofkeL i’,gkeL p'
k = 1 k = l

are characterized; in § 3, with the same two-norm space technique, a p roof for the 
impossibility of the Cohen—H ewitt factorization for the convolution algebra 
L P{G) (G compact and /7>1) is given; in § 4 a characterization of amenable groups 
by ̂ -multipliers is given by an easy adaptation o f the results of H. Leptin’s paper [12].

§ 1 . Let Y be the completion of (X, || • IU)- There is a continuous injection 
T  from (X, II • II) into Y hence, the dual operator T* is a continuous injection with 
(t(X *, Aj-dense range. A two-norm space is called trivial if X = Y  evidently, in this 
case both T and T* are topological isomorphisms.

T heorem. The following assertions are equivalent:
I. The two-norm space (X, || • ||, || • ||+) is trivial.

II. Y is the completion of (X, || • ||, || • Ц*).
III. T*Y* is closed in X*.
IV. T*Y*=X*.

P roof. I=>II is obvious. II=>III: It follows from II. that for every y£  Y there 
exists K > 0 and sequence {xa} such that ||xa||<A ' and Txx^-y. Now, let {T*y*} 
be convergent; then from

Ы - У * т,у)\ s  sup I (y*„-y*m, T x fl  =  su p |< r* 0 7 Î-^ ) ,jc ,> | K\\T*y*-T*y*W
OC V.

it follows that there exists a y* £ Y  such that a — lim y* = y* and hence a — lim T*y* =  
= T*y*. Consequently, lim T*y% = T*y* also in the norm topology.

Ill =>-IV: Since T*Y* is tr-dense, from the K rein—Smuljan theorem ([2] p. 
152.) it follows that we have only to show that 7Т*У*П5* is c-closed if S* is the 
unit sphere in X*.

If T*y*£S* and {(x, T*y*)} is convergent for every x£X, then from 

<*. T*yt) = (T x,y t)
it follows that {>'*} is pointwise convergent on a dense subset of Y. Moreover, 
{y*} is bounded since it follows from the Banach homeomorphism theorem that 
T*~' carries bounded set into bounded set. Consequently, from the Banach— 
Steinhaus theorem it follows that there exists y*£Y*  such that a — lim y* = y*. 
Moreover,

lim <*, T*y*) = lim (Tx, у?) = (Tx, у *) = <*, T*y*)
a a

for every XÇ.X.
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IV=>I: It follows from IV. and the Banach homeomorphism theorem that 
the continuous linear operator T* is a topological isomorphism and hence T**X =  TX  
is closed in Y. On the other hand TX is dense in Y by definition.

Remark 1. It would seem that T*Y* is dense in X* in any two-norm space, 
however this is not the case at all. Indeed, the closure of T*Y* is included in the 
dual of the locally convex space (X, || • ||, || • Ц*) which is identical with X* only in 
particular cases. (See [II] p. 290.)

Remark 2. The Theorem is valid for locally convex and metrizable X  and Y 
too with similar proof.

§ 2. Let G be a locally compact Abelian group.
If M{G) is the usual Banach space of bounded measures on a locally compact 

G then evidently M a  A* moreover, M X=M  (see e.g. [7]) i.e. every multiplier in 
Ll is a convolution with a certain /i(M  and there is an isometric isomorphism 
from M onto Л/, defined by p — 7], (Tp is the operator presented as the convolution 
with //). If 1 < /)< « . then the situation is quite different. It is shown in [8 ] that if 
l^ p < < 7 <°° then Mra M q and the inclusion is proper. Particularly, M ̂  Mp for 
any Thus, it is natural to ask the following question motivated also
by [4]:

Let G be a locally compact group and 1 °°. Let us characterize the dosed
subsets P a G  for which every F4 A* such that supp F a P  is a bounded measure.

The main subject of this § is to give an answer to this problem by a simple 
application of the Theorem.

Let Ap be the range with quotient norm of the continuous homomorphism 
from LP& LP' into C0(P) defined by f& g  — f*g\p  where f* g \P is the restriction 
of f* g  to P. If we apply the Theorem to the two-norm space (Ap, || • ||, || • ||„> then 
we obtain

Proposition: The following assertions are equivalent:
I. If h£C0(P) then there exist f k Ç Lp, gk£ L p' к =  1,2,... such that

2  Ш Р1Ы1р'<0° and h =  2  fk*gk for t£P.
L= 1  k=t

II. If h£C 0(P) then there exist K>0  and sequence {/;„} h„Ç.Ap such that 
]|/;„|| ; К and {/;„} converges on P uniformly to h.

III. {Fp; p£M (P)} i.e. M(P) as a subspace of A* is closed.
IV. If FÇA* and supp F a P  then F is a bounded measure I.e. (Ap)* = M(P).
Remarks: 1. The assertion II=»1II is essentially the same as Theorem 1.4. in 

[4]. Moreover, we learn from the Proposition that III implies the stronger assertion 
I., too. I.e. in this case every hdC0(P) is not only uniformly approximated on 
P by convolutions but h is given in the form of a convolution series.

2. If p = 2 then we get [1] Theorem 5. 6. 3. on the characterization of Helson 
sets. Indeed* A(G) consists precisely of the convolutions / i * / 2 with / ,  and f 2 in

* fui the notations see [1]
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L 2{G) ([1] Thm 1.6. 3.), hence AczA2. On the other hand from
l l / l * / 2 l l A = H / , / 2 l l l S | | / 1 | | 2 | | / 2 | | 2

it follows that if Z  I I / J 2  I l £ j 2 < c °  then 2  fk*Sk ' s  a Cauchy sequence in A 
/1=1 k= 1

and hence Z  fk*Sk£A. Consequently, A and A2 consist of the same functions. 
* = 1

It follows from a similar argument that also

2 fk*gk\\ =
k =l  A

Z fk * S kk = 1 A 2
hence it follows from the Banach homeomorphism theorem that the norms || • ||A 
and II  •  I I a2 are equivalent.

Finally, it follows from the definition of A(G) that A(G)* is isometrically iso­
morphic with L°°(T).

3. The results of this § is valid also for amenable groups (i.e. for locally compact 
groups with invariant mean) with a slight modification.

R ieffel [9] proved that Mp = A*p for any compact group G if — instead of (*) — 
Ap is the range of the continuous homomorphism

f® g ^ f* g  ( fU ) = f( l - 1)).
Moreover, C. S. H erz  proved that Mp — A* also for any amenable group G if Ap is 
the range of the continuous homomorphism

f® g -» A (-) i/p'f* g
where A is the modular function and f( t)  — A (?_ 1) / ( t_1) (see e.g. [9]). Hence, for 
the case of an amenable group G any of / —III in the Proposition characterizes p-multi- 
pliers represented by bounded measures.

§ 3. Let G be compact and 1 p , Then each Lq is an Lp-modul and it
follows from the C o h en— H ew itt factorization theorem (see e.g. [10]) that every 
h £ Lq can be written in the form

A =  f* g  / £ L \  g£L q.
In the following it will be proved as an application of the I=>1V part of the 

Theorem that a similar factorization is far from being true for p A l.
If Aq is the range — supplied with the quotient norm — of the continuous 

homomorphism from Lp& Lq into Lq defined by f& g  — f* g  then by applying the 
Theorem to the two-norm space (Aq, || • ||, || • |]e) the following assertions are found to 
be equivalent: „

Г. If h£Lq then there existf kdLp,gk£Lq k = 1,2,... such that Z  IIAIIpll^&lle^
о» k= 1

<°=> and h = Z  fk*gk the sense of Lq-convergence.
k= 1

IV'. Every F£(Aqp)* can be represented by a certain f F£Lq'.
Now, in order to prove the impossibility of the C ohen— H ew itt factorization 

it is enough to prove that IV' is not true for p ^ l .  Moreover, on the basis of a result 
of R ieffel [9] — asserting that the Banach space M q of (p, q) multipliers is isometrically
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isomorphic to (Aty* — in the case when G is compact, it is enough to prove that 
there are (p, ^-multipliers which cannot be represented as a convolution by a
L4'-function. Indeed, it is well-known (see e.g. [9]) that if /£ L P, g£Lr and — +  -—

P r
---- - =  1 then f* g  L4 \ on the other hand, it is evident th a t--------7 >- 0 henceq r q
r< q \  Consequently there exists an / ,  / ( [ / / ,  J \ L q' which is a (p, t/')-multiplier.
Q .E .D .

Finally we remark that a similar assertion as the Proposition can be established 
for (p, ^-multipliers also in the case of p ^ q  and for any locally compact G.

§ 4. It follows easily from the results of H. L e ptin  [12] that the following asser­
tions are equivalent for a locally compact group G:

1. G is amenable i.e. there is an invariant mean in G.
II. For every positive definit function h F C0(G) there exists K > 0 and sequence 

{/;„}, /?,, — f n*f„ where f„ is a continuous function with compact support, such 
that II /„II 2<K  and {/?„} converges to h uniformly on every compact subset.

III. If IIry||p is the norm of f £ L l (G) as a convolution operator in LP(G) then
l|7>llp = ll/ll for every positive f £ L l (G).

IV. If Тц is an operator of Z/(G) represented by the convolution with a positive 
measure /1, then p is a bounded measure.

If we compare I and IV with a theorem of Bra inerd  and Ed w a r d s  which 
asserts that every positive /7-multiplier is represented as the convolution with a 
positive measure, then we obtain the following characterization of amenable groups:

The locally compact group G is amenable iff every positive p-multiplier on G is 
represented by the convolution with bounded measure.
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VERALLGEMEINERUNG E I N E S  SATZES VON A. RÉNYI

von
G. MÖNCH

Es sei [A, q̂ \ ein vollständiger separabler metrischer Raum, 9t die (т-Algebra 
der Borelmenge, © der Ring der beschränkten X  aus 9t und N  die Menge derjenigen 
Maße V auf 9t, die auf © endlich sind.

Ein Ф aus N  heißt Punktfolge, wenn Ф als Summe einer abzählbaren Familie 
(<5a.)it/ von <5-Maßen dargestellt werden kann. Sind in einer und damit jeder Dar­
stellung dieser Art die af paarweise verschieden, so heißt Ф einfach. Es bezeichne 
M  die Menge aller Punktfolgen und 9Л die kleinste ff-Algebra von Teilmengen von 
M, bezüglich der für alle X aus © die reelle Funktion

ФОФ(X) (Ф £ M)

meßbar ist. Die Menge E aller einfachen Punktfolgen liegt in 9Л. Greifen wir uns 
nämlich zu jedem natürlichen m eine abzählbare Überdeckung (Xm n)n= 1>2 von А
durch paarweise disjunkte, in 9Í liegende Mengen mit * nicht übersteigenden
Durchmessern heraus, so gilt

£ =  Ö П G  {Ф:ФеМ-,Ф(Хт>пП8к(2))^2},
k= 1 ni= 1 л = 1

wobei Sk(z) die offene Vollkugel um den beliebigen, aber festen Punkt z aus А 
mit dem Radius к bezeichnet. Jedem v aus N  kann in Gestalt des Poissonschen 
Verteilungsgesetzes Pv mit dem Intensitätsmaß v ein wohlbestimmtes Verteilungs­
gesetz auf 9Л zugeordnet werden.

Ein Poissonsches Verteilungsgesetz genügt genau dann der Bedingung

Ру(Ф ist einfach) = 1,
wenn

V(W ) =  0 (a£A)
erfüllt ist.

Für jede endliche Folge X{, ..., Xn von Mengen aus © und jedes Verteilungs­
gesetzt P auf 9Л bezeichnen wir das bezüglich P gebildete Verteilungsgesetz von
[Ф(AC,), ..., Ф(Х„)] mit PXt....Xn. Zwei Verteilungsgesetze P, Q auf 9Л sind gleich,
falls für alle endlichen Folgen Xl, ..., Xn paarweise disjunkter Mengen aus © die 
Gleichung

p xt....xn =  Qxl,...,x„
erfüllt ist.
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A. Rènyi bewies in [1], daß im Spezialfall P = PV, v£N  schon ans der Gültig­
keit von

P x= Qx
für hinreichend viele X  aus 23 auf P= Q  geschlossen werden kann, falls

r({a}) = 0 (a£A)
gilt. Es zeigt sich nun, daß diese Aussage nicht an eine spezielle Gestalt von P ge­
bunden ist: 1

Sa t z . Es seien P, Q Verteilungsgesetze auf idi. Gilt nun
Px — Qx

für alle X aus einem Teilring X von 23, so kann auf
P=Q

geschlossen werden, falls folgende Bedingungen erfüllt sind:
a) Es ist Р(Ф ist einfach) = 1,
b) Der kleinste X umfassende o-Teilring von 23 ist 23.

Hierbei nennen wir einen Teilring и von 23 einen cr-Teilring von 23, wenn für alle
Folgen (F„) von Mengen aus u mit der Eigenschaft Y = U F„£23 die Beziehung 
FÇ» erfüllt ist. n=1

Den Beweis führen wir in mehreren Schritten.
1. Es bezeichne £  das System derjenigen X  aus 23, für die

Px = Qx
gilt. Für jede absteigende Folge (F„) von Mengen aus £  erhalten wir für alle Ф 
aus M

Ф(ХЛ) —  Ф(Х),

wenn X  = p| X„ gesetzt wird. Für /и =  0, 1, ... kann hieraus auf 

Px({m}) = Р{Ф(Х) = m) =  lim Р(Ф(Хп) = m)

= ]im pxS{m}) = lim QXi ({/??})
П —*■ со и  — oo

= Jim 0(Ф(Х„) = m) = Q(0(X) = m)

= Qx({'”})> d.h. auf

П * „ £ £
n= 1

geschlossen werden.
Entsprechend zeigt man für jede in 23 nach oben beschränkte, aufsteigende 

Folge (F„) von Mengen aus £

Ön= 1

1 Vgl [1], [2], [3].
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Das X umfassende System <3 ist also in © monoton abgeschlossen und fällt daher1 
auf Grund von b) mit © zusammen. Wir können daher von jetzt ab o. B. d. A. zu­
sätzlich annehmen, es sei $  =  ©.

2. Wir wollen in diesem Beweisschritt zwei spezielle Abbildungen von [M , 9Л] 
in sich untersuchen, die wir im weiteren Beweis benötigen.

Wir ordnen jedem Ф aus M  und jedem 0 die durch „Verdünnung“ ent­
stehende einfache Punktfolge

,•ф = ф -  2  Ф(М)<5ЯФ({я» 0  
4>(S„(a))> 1

zu, wobei Sn{a) die offene Vollkugel um a mit dem Radius bezeichnet. Für alle 
I/ > 0  vermittelt

ФО„Ф (Ф € M)
eine meßbare Abbildung von [M , 9Л] in sich. Auf Grund der Definition der rr-Algebra 
9Л reicht es aus, die Meßbarkeit der reellen Funktion

ФО„Ф(20
für alle X  aus © nachzuweisen. Wir zerlegen den Phasenraum [A, qa] in abzählbar 

viele, paarweise disjunkte Mengen (Z„k)k=12,... aus © mit — unterschreitenden 
Durchmessern.

Es sei X  eine beliebige Menge aus ©. Wir können o. B. d. A. die Mengen Znk 
so wählen, daß Z„ikf]X  gleich Z„k oder die leere Menge für alle n, к ist. Die Menge 
dieser Z n k bezeichnen wir mit g„. Nun bilden wir die Folge (/„(Ф))„=1 12 ,... der
Funktionen / П(Ф) = 2 f « ,kW  mit<* Zn ,k  = X)

0 für <*>(Zn,k) -  0
0 für *(ZM) >  1

0 für <i>(Z„,k = 1) und Ф(Z) >  0 für mindestens

f n . k W = ' ein z e  3, mit Pa(Z„ik, Z) <  ц - 2
n

1 für <*>(Zn,k) = 1 und Ф(г) = 0 für alle Z € 3„

mit
2

eA(Zn:k, Z) <  n -  —,

wobei mit QA(Z„y, Z) der Abstand der Mengen Z n k und Z bezeichnet wird. Die 
FunktionenУ„ук{Ф) sind für alle n, к meßbar, und damit ist auch/„(Ф) für n=  1, 2, ... 
meßbar. Es gilt aber

/ .(Ф )-„ Ф ( X) für n —► CO und festes Ф.

1 Aussage und Beweis von Theorem 2 aus [2], § 6 bleiben ja gültig, wenn an Stelle des vollen 
Potenzmengenverbandes der bedingt сг-vollständige Ring © benutzt wird.
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Daraus folgt aber, daß die reelle Funktion

Ф П ЧФ(Х)
für alle X  aus © meßbar ist.

Wir ordnen jedem Ф aus M  die einfache Punktfolge

zu. Die Abbildung
Ф*= 2  «5.Ф({а»= -0

ФГ\Ф*
von [M, 9K] in sich ist meßbar.

Es reicht wiederum aus, die Meßbarkeit der reellen Funktion

ФГ\Ф*(Х)
für alle X  aus S  nachzuweisen. Es sei X  eine beliebige Menge aus ©. Zu jedem na­
türlichen n wählen wir eine abzahlbare Überdeckung (Xnk)k=l 2 . von X  durch
paarweise disjunkte Mengen aus © mit — unterschreitenden Durchmessern aus.

Wir bilden die Folge (/„(Ф))„= von Funktionen

mit
/л(Ф) 2 Г п А ф)k= 1

/п А ф)
jo für Ф(хя<к) = о 
Il für Ф(Х„'к)>  0 .

Jede dieser Funktionen / пк(Ф) ist meßbar und damit auch /„(Ф) für n = 1, 2, ... . 
Nun gilt aber / п(Ф) — Ф* für n °°, und unsere Behauptung ist bewiesen.

3. Für jede nichtleere endliche Familie (V;);£i paarweise disjunkter Mengen 
aus © und jede Teilmenge J  von I  gilt

Р(Ф (А,)ё 1 für iÇj, Ф(Xj) = 0 für i€ J \J )

= е ( Ф № ) ё  1 für Í6J, ф (х д = 0 für i e i \ j ) .
Wir erbringen den Nachweis durch vollständige Induktion nach der Anzahl n von J. 

Für и = 0 ist

=  P
Р(Ф(А,) & 1 für

№ )  =  “)0j -  P и V,
iil

i f j ,  Ф(А;) =  0 für i e l \ J )  =

({0}) = Qu x m )  = Q (Ф (.U = 0) =
= е(Ф № ) ä  1 für iÇJ, Ф(Х,) = 0 für i £ l \J ) .

Wir wollen jetzt annehmen, unsere Behauptung sei für n0 gültig. Es sei J  eine Teil­
menge von I  mit der Anzahl n0 +  1 .Wir greifen nun irgendein j 0 aus J  heraus. Vor­
aussetzungsgemäß ist dann

Р(Ф(Х1) £  1 für i£ j, Ф(А,) =  0 für i£ P \J )  =
= Р{Ф{Х1) ^  1 für i e J \ {  j 0}. Ф(Хд =  0 für zT(/\{y0})\(-/\{7o}))- 

-Р (Ф (хд ш  1 für i £ J \ { j 0}, Ф(Х,) = 0  für / € / \ ( J \ { y 0}))
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gleich

5 (Ф № )ё  1 für i € J \ { j 0), Ф№) =  0 für /€ ( / \{ У о } ) \ (^ \Ы )) -
- 6 № ^ 1  für | ' 6 Л О оН № )  =  0  für / € / \ ( J \ { / o } ) ) ,  

d.h., es gilt
Р{Ф(Х,) s  1 für i£J,  Ф(Х,) =  0 für i f J \ J )  =

=  ö (<*>(*,) == 1 für i£J,  Ф(Х,) =  0 für i £ l \ J ) .

4. Für alle X aus © und alle £>0 existiert ein 17 >0, so daß für jede abzähl­
bare Überdeckung (t/j)iei von Ä" durch Mengen aus A'fl© mit r] unterschreitenden 
Durchmessern die Ungleichung

Р(Ф(и , ) > 1  für mindestens ein /£ /)< e
erfüllt ist.

Zum Beweis ordnen wir jedem Ф aus M  und jedem t] > 0  die durch „Verdün­
nung“ entstehende einfache Punktfolge

„Ф = Ф -  2  *({«})*.Ф({я»=-0
e>(S„(«))=- 1

zu. Die Meßbarkeit der Abbildung

ФО,Ф (Ф£М)
für alle ij > 0  wurde unter 2 . gezeigt.
Für alle einfachen Ф gilt

Ф(Х) =  lim „Ф(Л') v 7 4- 0 +0 4 4 w
Somit ist auf Grund von a)

Р(,Ф(Х)^Ф(2Г ) ) ^ ?  0

erfüllt. Für jede abzählbare Überdeckung (t/j)ie/ von X  durch Mengen aus .АП© 
mit tj unterschreitenden Durchmessern gilt aber

Р(Ф([/,■)> 1 für mindestens ein 1 € / ) ё Р ( чФ(Лг)т^ Ф(А')),

und unsere Aussage ist bewiesen.
5. Unter der zusätzlichen Voraussetzung

gilt
(~)(Ф ist einfach) =  1 

P = Q.

Es sei X ly . . . ,X n eine endliche Folge paarweise disjunkter Mengen aus ©. Eine
П

abzählbare Überdeckung (i/£)ia  von X  =  U 2f£ durch paarweise disjunkte Mengen
1=1

aus ХП  © sei so gewählt, daß jedes Xs in der Gestalt

I €/.
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dargestellt werden kann. Für alle nichtnegativen ganzen ml , ...,m n
P(<P(X3) = ms für I S iS « ,  0(U i)s  1 für i£ l)

= 2  Р(Ф(С/,-)й 1 für i£J, Ф(£/,) = 0 für
jgr

Anz (JC\Is)=ms für

erhalten wir 

i £ l \ J )

2  Р(Ф(и,)Ш 1 für i£J,  Ф (£/,) = 0 für i £ l \ J ,
jg I

Anz (JC\Is) = ms für l^s^/z

Ф(17,)>1 für mindestens ein /£ /).
Nun sind aber die Mengen
{Ф:Ф([/;)£1  für /£ / ,  Ф({/,) = 0 für i £ l \ J ,  Ф({/;)>1 für mindestens ein
i Ç.J}
paarweise disjunkt und in

{Ф:Ф({/;)>1 für mindestens ein /€/}  
enthalten. Somit ergibt sich

P(<P{Xs)= m s für 1 S iS « ,  Ф ( t/f) ^  1 für ie l )
-  2" Р(Ф(С/;)^1  für i£J, 0(Ui) = O für i £ l \ J ) \

J =I
Anz (JП/s) = ms für l ^ s ^ n

^ / >(Ф(С/ , ) > 1  für mindestens ein /£ /)
und folglich

Р(Ф(Х3) = ,п3 für l i j s f  2
J^I

Anz (JПI s)=ms für

S l  für /€ / , ф^ U U, j = Oj 

^ 2 / >(Ф(<7;) > 1  für mindestens ein / 6 /).

Í

Eine entsprechende Ungleichung gilt auch für £>, so daß wir mit 3. auf 

P(<P(Xs) = ms für 1S 5 S /1) -  Q(<P(Xs) = ms für 
S 2 [P ( i ( t / ;) > l  für mindestens ein i £/)

+  £2(Ф([/;) >  1 für mindestens ein /£ /)]
schließen können.

Die rechte Seite dieser Ungleichung kann vermöge 4. beliebig klein gemacht 
werden, indem (U;)i€/ so ausgewählt wird, daß die Durchmesser der C/f sämtlich 
hinreichend klein sind. Es ist also

Р(Ф(Х*) = т* für 
d.h., es gilt

1 ^ s ^ n )  = Q(<P(Xs) = ms für

Px,....x„— Qx......x„

U i S  rí),

für alle endlichen Folgen X 1,...,X „  paarweise disjunkter Mengen aus S.
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6 . Es bleibt nur noch nachzuweisen, daß die zusätzliche Voraussetzung aus 
5. stets erfüllt ist. Jedem Ф aus M ordnen wir die einfache Punktfolge

Ф*= Z KФ({О})=-0
zu. Die Meßbarkeit der Abbildung

ФГ\Ф*

wurde unter 2. gezeigt. Ein Verteilungsgesetz Q auf 30i wird durch diese Abbildung 
in ein Verteilungsgesetz Q* auf SOI mit der Eigenschaft

i2*(Ф ist einfach) = 1

überführt. Für alle X  aus 23, alle nichtnegativen ganzen m und alle abzählbaren 
Überdeckungen (C/|)iez von X  durch paarweise disjunkte Mengen aus Vfj 23 erhalten 
wir mit Hilfe der Schlüsse aus 5.

<Г(Ф(Г) -  m ) -  Z  Q* (Ф(С/,) S  1 für i£J, Ф =  Oj
Anz J =

Nun ist aber stets
ё 2 2 *(Ф(£/,) >  1 für mindestens ein i £ I).

0*(Ф(£/,)^ 1 für ig /, Ф ( U UÁ = 0 ) =

=  ß ( # ( t f | ) S  1 für i€/,<P( U ^ i / ;j = 0 ) ,
und es ergibt sich

Ö*(i>(V) -  m )-  Z  Q (Ф(£/,) S  1 für i£J, Ф J U UA = 0)
Anz J  = m

s2Q*fö(Uj) >  1 für mindestens ein /£ /), 
woraus wiederum wegen 3. auf

\Р(Ф{Х) =  m) — 0*(Ф(Х) =  w)| S  2[Р(Ф(С/,)>1 für mindestens ein i £ /)

+ ö * (Ф (E/,-) >  1 für mindestens ein i € /)]
geschlossen werden kann. Wegen 4. kann die rechte Seite beliebig klein gemacht 
werden, d.h., es ist

QX = PX = Q*X
für alle X  aus 23.

Wäre
<2(Ф ist einfach) <1,

so müßte ein X  aus 23 mit der Eigenschaft

existieren. Dann ist 

was der Gleichung 

widerspricht.

0 (Ф ((.)П 1 ) ist einfach) <  1 

в(Ф *(Х)^Ф (Х))>  0, 

Qx=Q*x
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Damit ist unser Beweis beendet.
Abschließend geben wir ein einfaches Beispiel dafür an, daß unser Satz nicht 

gilt, wenn nicht vorausgesetzt wird, daß Ф £М  fast sicher einfach bezüglich P ist. 
Dabei gehen wir von einem Gegenbeispiel aus, in dem P, Q Verteilungsgesetze 
zufälliger Vektoren mit nichtnegativen ganzen Koordinaten sind. Die я-dimensio­
nalen zufälligen Vektoren [£х, Ç2, ..., Ç„] mit nichtnegativen ganzen Koordinaten 
Ç; lassen sich nämlich als spezielle zufällige Elemente des meßbaren Raumes [M, sUt] 
ansehen, denn im Spezialfall A = { 1, ...,я}  erhalten wir in Gestalt von

ф о [ф ({ 1 } ),...,ф (М )] ( Фе м)

eine umkehrbar eindeutige Abbildung von M  auf die Menge aller я-dimensionalen 
Vektoren mit nichtnegativen ganzen Koordinaten.

Es seien P, Q Verteilungsgesetze zufälliger Vektoren [Cf, £2] mit nichtnegativen 
ganzen Koordinaten. Die Verteilungsgesetze von £  mit /Q{1, 2} bezüglich P, Q

iU
sind gleich, d.h., es gilt

für alle j e  {1 , 2 }.
Hat nun P die Gestalt

p  Z i, Q r  (,
*€/ i€l

P = nt X n 1
wobei tz1 die Poissonverteilung mit dem Erwartungswert 1 ist, so kann man min­
destens ein Q mit den genannten Eigenschaften und Q x P  angeben.

Ein Verteilungsgesetz P auf Sit heißt kontinuierlich, wenn alle a aus A der 
Gleichung

Р(Ф({я})>0) =  0
genügen.

Wenn wir nun in unserem Satz die Voraussetzung, daß Ф fast sicher einfach 
bezüglich P ist, ersetzen durch die Bedingung P auf Sit ist kontinuierlich, so kann 
nicht auf P — Q geschlossen werden, falls Px = Qx für alle X  aus S  gilt. D.h. also, 
wir können nicht die Bedingung

Р(Ф ist einfach) =  1
durch

Р(Ф({а})>0) =  0 für alle aÇA
ersetzen. Dazu geben wir ein Beispiel an und erhalten zugleich das bereits ange­
kündigte Beispiel dafür, daß unser Satz ohne die Voraussetzung

Р(Ф ist einfach) =  1
nicht gilt.

Es sei [A, qa] speziell das Intervall [—1, +1] mit der üblichen Metrik. Mit 
Hilfe eines zufälligen Vektors [[£t, £2], , t]^j mit den unabhängigen Komponenten
[íi > «Ïî L *71 un(f Чг bilden wir die Menge M  aller Punktfolgen der Gestalt

Die zufälligen Vektoren [<Jj, c2] mit nichtnegativen ganzen Komponenten mögen 
die voneinander verschiedenen Verteilungen

P(£ l =  h Í 2 =j) und g  (<Üi =  £2  =j)
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mit gleichen Rand- und Summenverteilungen haben. Verteilungen P und Q mit 
den genannten Eigenschaften existieren, wie das oben angegebene Gegenbeispiel 
zeigt. Weiter wird vorausgesetzt, daß die Zufallsgröße in [—1,0) gleichverteilt 
ist und die Zufallsgröße »/2 in [0, +1]. Mit Hilfe von P und Q erhalten wir dann 
auf der zu M gehörenden cr-Algebra 9JÍ zwei Verteilungsgesetze. Ф ist nicht fast sicher 
einfach bezüglich P, denn es ist / >(<̂ t >  1 oder £2 > ])> 0 . Die Verteilungsgesetze 
P und Q auf 30i sind offensichtlich kontinuierlich, aber nicht gleich, weil für die 
Komponenten und <jj2 der zufälligen Vektoren [ ii,Ç 2] gilt £i = ^([l>0)) bzw. 
c2 — Ф([0, + 1]) und weil die zufälligen Vektoren , £2] die voneinander verschiede­
nen P- und ß-Verteilungen haben. Wir können jedoch zeigen, daß

für alle X  aus © gilt.
Für n >0  und alle © gilt

Px — Qx

Px({n}) =  Р(Ф(Х) = n ) =  2  =  » h , Ф(Хг) =  m2),
m] -+-m2 =n

wobei V, = Af П [ — 1,0) und X2 = Vfl[0 +1] ist.
Die einzelnen Summanden Р(Ф(Х1) = т1, Ф(Х2) = т2) lassen sich wegen der 

stochastischen Unabhängigkeit der Komponenten des Vektors [[£i , £2] , w i e  
folgt berechnen:

1. Es sei m2 >0  und m2 >0. Dann ist

Р(Ф(Хх) =  w ,, Ф(Х2) = m2) = P(th£ V J • Р(ч2 € X2) ■ P {^  =/?i,, £ 2 =  m2).

2. Essei/Wj=0 und m2 > 0. Dann ist

Р{Ф{Х2) = 0, Ф(Х2) = m2) = P(i/! € Xi) • P(n2 € X2) ■ = 0, £ 2 =  m2)

+ P(ri1<tX1)'P(r,2eX 2).P(Ç2=m 2).

3. Es sei m, >0  und m2 = 0. Dann ist

Р(Ф(Х1) = т 1, Ф(Х2) =  0) = P(n X t) ■ P(rj2 € X 2) -P (^ =  m2 , £2 =  0) 

+ P(r,2$X 2)-P(r,l i X i)-P(Çi = m 1).

Somit erhalten wir für n > 0  und alle X£ © :

Px ({"}) = P(*(X )  = n) = P(rii <iXi)P(r,2<:X2) 2  P ( t l =>nl ,<l = >n2) +
m I +  m2=n

+ /»foi € X 2)P(r,2 i  X2) P (t, = n) + P(r,A  Х 2)Р(ч2 € X2)P(ç2 = ri).

Für /г = 0 und alle V£© gilt:

^ ({0 })  =  / >(Ф(А') =  0) = / ’(Ф (^ ,)= 0 , Ф(Х2) = 0)

= Pirii í x 2) - Р Ш  Х2) + P(4l €X ,) -Р(,г\Л Х2) • P iti = 0)
+ P(tll $ X 1) - Р(ц2 € Х2) - Р ( { 2 = 0) + P (4 i t  X J -  Р(т  € Х2) ■P(çl = 0, £ 2 =  0).
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Entsprechende Darstellungen gelten auch für Qx ({n}) mit 0 und /7 =  0. Nach 
Voraussetzung haben die Verteilungen P, Q der zufälligen Vektoren [C i,f2] die 
gleichen Rand- und Summenverteilungen, d.h., für die Werte i , j , k  = 0, 1, 2, ... gilt

2 =j )  =  2 P(Ç 1 =  U ^  =j)  = Z Q ( ^  = UÍ2 =j) = Q(Ï2 =J),
i i

P ( tг= 0 = 2  P(Z 1 = U Ъ =J) =  2  ß ( f  г= i> f 2 =y) = ß « i = 0 ,
j  j

2  р « 1=/,{2=Л= 2  ß(?i = i , i 2=y')-
i + j = k  i + j=k

Dann erkennen wir aber unmittelbar, daß

Лт =  ß.Y
für alle WÇ © gilt.
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HER M ITE-FEJ ÉR IN TERPO LA TIO N  BASED 
ON THE ROOTS OF LAGUERRE POLYNOMIALS

by

P. O. H. VÉRTESI

1 . In this paper we intend to continue our investigation begun in [2]. For a 
continuous function f(x) on the interval [0 , °°) we define the uniquely determined 
Hermite—Fejér interpolating polynomials of degree ^  2n — 1 as follows.

* W ;  X) = Z f(4 V )K :4 x )  * ork= 1

C D
H ^ i f ix )  = H £ \f-X )+  Z  ihnW(,x),

I 1 = 1

where L ^ (x )  is the nth Laguerre polynomial defined by the well-known relation

( 1 . 2 ) e *x* L f ](x) 1 df
n\ с/х- ( e- xx* + n)

0 < т й < д :Й

lkn(x) =  TT7
L ffx )

x j f  are the roots of L ^ix)  having the property

(1.3)

(1.4)

(1.5)

( 1 6 )

A*)

H :\x) =

V P ( x & K x - x l* y

vtt(x)]2 = vl#(x)[l&(x)]2, 

№ (X)  =  ( x - x f f )  № (x ) ]2,

1 IWfal 1 , v(a)\
W K x & V  k

ßkn are prescribed (s. [1], 14. 1). It is well known (s. [1], 14. 1) that

(1.7) 2  *£?(*)= 1 (« = 1 .2 ,..., X € [0, °°)),
k= 1

( 1 . 8 ) ЯÍ«>(/;дcfi>) =  ЯWC/';дrfi,)=/(JcЙ,) (& = 1 , 2 , ..., n; n = l , 2 , ...),

(1.9) W>(f;xjS>) = 0, H y (f- ,x iV )  = ßkn (k = \ ,2 ...... и; n = l,2 , ...).

We have the following theorem (s. [1], Theorem 14. 7.).

* Throughout this paper let a >  — 1.
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T heorem 1.1. Let fix )  be continuous on [0, ” ), f ix )  =  О (xm) for X -  °° (/» >  (> 
is fixed). The sequence i f f  ( / ;  x) uniformly converges to f(x) in [(5, A] (0 <  <5 <  d <=» 
are fixed). I f  a <  0, then the uniform convergence is true on [0, áj as well. Further, i f  
a S  0, then there exists a continuous function such that

(1.10) Ein \H fiif; 0)—/(0)| >  0.
П-+00

2. The purpose of this paper is to give some further estimations for the diffe­
rence H f1 ( /;  x) — f{x). Let e an arbitrarily small, but fixed positive number. Denote 
by coA(f; t) the modulus of continuity of f{x) on the interval [0, A + e] further let 
oiA{t) be a modulus of continuity on [0, d+e]. Then we have

T heorem 2. 1. Let f i x )  be a continuous function on [0, «>), f(x) = 0{x"') when 
x-*°° (m > 0 is fixed). Suppose o>A ( /'; l) — 0[a>Ait)). For the interval [<5, A] we have 
the relations

(2.1) fix) — H )fi(f ; x)|

Before proving this we investigate some special cases. 
2. 1. The case — \  S  a.
We can easily prove the convergence. Indeed, we have

If / £  Lipp(0< Q S 1), then we obtain

(2 . 2 ) = « ( 1 ) ^ 1  / - '  + J ra).

Le.,

о ( .-* ) for 0 <  e <  1, S s  x ^  A, — j! g  a„
\f ix)~  HSfiif] x)\ =  •

°
dogul

. Yn J for
2

o = l ,  S ^  x ^  A, —' s  a.
2
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2. 2. The case — 1 < a < — ^ .
By (2. 2) we can see that the difference between 2. 1 and 2. 2 is the part

n
IN

2 2  
/ = 1

vergence.

1

Ín
. So we have to estimate only this expression. Prove the con-

\ Д х ) - Н ! Г ( / ; х ) \  =  0(1)

=  0 ( 1)

log«

со. -СО.
log n

. in
If /Ç L ipo  (0 < ß S l), then we obtain

Ín

/i1 + *] л1

-  +« CO
, Ш  Í « + 1  )

(n -1-*) 2  1« 2 / + i J  =

( i s r g  d).= 0 ( l ) a > , | ^

3. IfiH ,e
■ 2  ,f!2 =

-  _ 3 _ г e +  *
*  2  2 2 2 _  П С „ - * ~ С Лo í« -“- 1).

l.e.
i=i

О C .-Î)
1/ ( .г ) - Я « ( / ;х ) | =

for tt+ l a | ,  ô ^ x ^ A ,  -  1 <  a <  — y ,

|0 (я a 3) for a - b l S y ,  á S  г  ё  /I, — 1 <  a <  — —.

2. 3. Proof of Theorem 2. 1.
We shall use some formulae of [1]. We have

<2. 3)

<2. 4)

(2. 5)

. ( . 1 Л Л  _  * * ( * * - « )  +  * ( « +  1 ~ X k) »kn W  — — r~
X k

2i x $ =  у [fcít + 0(D]
\n

*

(к =  1 , 2 , ..., и; n =  1 , 2 , ...),

(0 < t| ; ) ^ Û , й =  1 , 2 , ...),

\L'f*\xk) \ ~ k  “ 2 «‘+1 (0 <.v*^fi, л =  1 , 2 , ...)

(The notation z„~w„ means that c, S  |zB|/[ivB| <  c2 ( n ^ N )  where 0 < c 1ë c 2<°°,  
w„?i0. In (2. 4), (2. 5) and (2. 6 ) the O, cx and c2 depend only on a, ß and fi.)

<2. 6) I W ) l  =

а _  1 (  а

* 2 4  О ln 2

0 (/ia)

1) for СП ’ á x s f i ,  
for O SxS c / ! ' 1

where c and fi are arbitrary fixed positive numbers (see [1], (14. 5. 5), (8 . 9. 10), 
(8.9. 11) and (7.6. 8 .)).

Now we estimate the difference | / ( jc) —/(zcfc) | . Denote by л:)“1 the nearest roots 
to X (plainly j  = j(и)).

* Sometimes we omit the unnecessary indices.
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Then by (2. 4) we have

(2.7) |x*-x | =  0 ( 1 ) | ^ - ^ [ | ^ + ^ |  =  0 ( 1 ) ^ - Z if k * j ,

к =  j — i for к < j  (O s  -V, xk - Q).

( k ^ j ,  k = j± i,  O sx, xk^ A  + e).

к = j  + i for к >  j,

i2 
n

So

CO, + CO,(2 . 8 ) |/(x)-/(x*)| = 0 ( 1)
We prove the estimations

ij(ri) =  1 for x =  0 ,
|у '(и )~ /и , for 0 < á ^ x ,  r kS fi.(2. 9)

The first formula is obvious. On the other hand, by (2. 4) we have that xkn S  x S £2 
if and only if & =  0(Уи). Thus we can easily prove the second statement as well.

2k + 1Further by (2. 4) xfc + 1 — xk ~  , so

for Ik =  0 ( 1),

for d  S  Xt , x fc+1 S  Q .  

for X = 0,

T.e.

(2.10) |/(x)-/(x ,.)i =

1

ín  

0 (1)« , 

0 (1)« , - = |  for d  S  X, X,- S  A + e .
Ín  J

Consider the expression vk(x). By (2. 3) we can prove that there exists a £(a) such: 
that

(2. 11) 0 < m (a) S  v $  (x) S  M(a) if |x — xfc„| S  £(а) S  e
(k = l,2 , n = 1 , 2 ,...)*

This means that

(2.12) 0 s  m(y.)lf„(a)(x) s  hiï(x) s  M(*)lj™ (x) ( | x - x j  s  {(a)).
By (2. 3) and (2. 4) we get

( 2. 13) K \x ) \  =
0 (x k ') = 0

n 
к 2

0 (x k) = О

for 0  < xk s  X s  Q, 

for d  s  X < xk S  Q.

Clearly we can suppose that 0<£(а)Ше.
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We shall use the following relations

(2.14) -  Г(" г 2 ? Г ++п +3) -k=l l (П + 1Х+ 1)
(m = 1,2, ...,2/7 — 3),

(2.15) CJx L<‘>(x) =  - L i “_V4-v).
(s. [1], (14.7.5), (5. 1. 14)).

We divide the interval [0, °°) as follows:

H-------1- 1— I
A-?(a) x xJ + i x+i(a)

;2\

+ +л a+<(n)

By (1.7); (2.10); Al = û ^ J + w ^ ' j ;  0 - 4)> (2- 13), (2-6), (2.5); (2.11), 

(2.6), (2.5), (2.7); (2. 13), (2.6), (2.5), /(x) =  О (.vm) ; (2.6) and (2. 15) we get

I/(.V) -  Hn (/; x)| =  2  U(x) - /(**)] lh(.V) =
fc= 1

-  2  [ / ( X ) - / ( * * ) ]  h k (.X)  +  [ / ( X )  - / ( X , . ) ]  h j  (X ) =

^  l/(x) —/ ( x*)l |Лл(л)| +  wA (=Lj hj(x) = 
k7i \ \n )

f 2 + 2 + 2  + 2 1 l/w -/fe>M ^(*)l +
U k<iii xka 2 xka 3 xki i j  xki i 5

= 0(1)1 2  Aink-2n*-*k2*+3n-2l- 2ç - 2 +
\ x k u t

! k*j 

= 0(1)

=  0 ( 1)

+ " W ' w
+ 2  AtM(oi)nx~i k2x+3n~2“~2n2(i j+i2)~2 +

xk a 2u i 3

+ 2  Aik2n - l nx- i k 2x+3n -2x- 2i~ 2+  2  xZxknx- l [ L y ( x k)]-2Ç-2 +
x k ^ 14 Xk € 15

+ соA I^  }м(а)(пх + \ / 2х+3п - 2х- 2+\] *).

By (2. 9) and (2. 14) we obtain

=  0 ( 1)
*«,£/. beraub *kê/4 / ”

If x = X j, then h j(x j=  1. On the other hand, 

L ^ (x ) -L ^ (Xj)
= L'<«>(**) = - L (;lJ>(^*).
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If 2a+ 1 SO ( - |S d ) ,  then by (2.9) we get
Ш

| / ( x ) - t f n( / ;x ) | =  0(1) 2 ”
i=l

1 1
--- h—2П l2 + ~j= +  02 A ,ш ь

1 If"] i i n  i 2 ï— +  — + 2 n n +

(2.15)
m  

+ 2 1 to.

- 0 ( 1)
1

fn
- + со.

l
in

1

-CO,

[fi]

1 1
l2+7r= + œ*1 y n 

1

1
Ín
[fn]

7,= + 2 <0А т г Ы  = ° ( V 2 <0'Y n )  / t i  V i n )  i f± -[

For — 1 < a <  — J we have by a similar computation 

(2.16) = 0 (1 ) .4 ÎV»J ( i  \ IfnJ

2 mA \ H + 2i-x Vin) t~y
[f"i i ) i *

CO,
in  ) i

as we stated. Q.e.d.
3. In this part we investigate the convergence at the point 0. It can be shown 

arguing as before the following
Theorem 3. 1. Let f( x )  be a continuous function on [0, °°], f(x) = 0 (x m) when 

X -*■ oo (m >0, fixed). For x =  0 we have the relation
(3 .1) | / ( 0 ) - t f W ( / ;0 ) |  =  О (/.*).
Before proving this let us consider the special case.

3. 1. By a < 0  we have the convergence for x =  0.
3. 2. Proof o f Theorem 3. 1. By (2. 3) we get

(3.2) vk{0) = xk-oc.
We divide the interval [0, °=) as follows.

______ f __________________ 'i._______
I I

Let x = 0. Then by (1.7); (2.8), (3.2), (2.6), (2.5), (2.4); (2. 14)
n

!/(0)- / / „ ( / ;  0)| = i 2  [/(0) - f ( x k)]hk(x)

(3. 3) = 0(1) 2 соЛ
lxk£I3

„m+ 1 „2arr'(a)f„ ЛХ1-2

-ocj n2oci2a+3n 201 2n2i 4 +

+  2  х Г 1п2*[Ь'Ь\хк)8]-2\ = 0(1)
xk^I5

Wn]
2 0)3i=  l

; 2 a + l

- + i2“-1 +  Л*

-  0 ( 1)
CO, .(1) у

Q.e.d.
i=i

- + 2 1 / 2a +1 +  и" О in*).

If xk C lu then k 2**' =  OV!)•
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4. Now we wish to give a lower estimation for the above mentioned Her- 
mite—Fejér procedure. We shall use Theorem 3. 2 from [3].

Let co(t) be a modulus of continuity on [0, A], co(t) • t~ l for /-» + 0 , 
CA(w) — {g{x)\g{x) is continuous on g(x) = 0 for т ё З ,  co(g;t) =
= 0[co(/)]}. With the notations of [3]

L„(g; x) =  H f \g \ x )  =  Z  g(xk„)h(kl](x).
k= 1

Let In = {xln, xkn) where xkn^ A .  Hence

A„(/„;0) =  2  № (o )l ~  2 1 2«-2 ~xkn̂ A xkn̂ A Xk
к* 1 k* i

~  — 2 ’(Аг2“+1+я-А:2я- 1) ~  n*.
П *=1

We know that

d„(.K) =  min (xk+1'„ - x kn) ~  j  
Hence by Theorem 3. 2 from [3] we have

T heorem  4. 1. I f  liin  Я„(/„; 0) >  1 or Шп Ли(/„; 0)< 1, then there exists an
n — ° °  M -*-o o

f(x )£  Cj(w) such that

(4.1) | / W ; 0 ) —/(0)| (п = и1,и 2,...) .

(Here 0 < /it < n 2 ■*= ••• are suitable integers.) (We can see (by remodelling of the 
proof) that the theorem mentioned above can be applied in our case, as well. We
notice that f(x) = Q 2  oj(dni(Ini))g„.(x)eCA(of) because of f(x)  = 0 for x S J .)  

/ = 1
5. Notes
5. 1. We can obtain similar results for H ^ ( f ;  x) as well.
5. 2. If a is large enough then H),°‘)(f-, 0) diverges very rapidly for a suitable 

f ix )  (s. (4. 1)).
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ON A PROOF OF JA C K S O N ’S THEOREM  
THROUGH AN INTERPOLATION PROCESS

by
K. K. MATHUR

1. Jackson’s theorem has been proved by various mathematicians using dif- 
feient methods. In a recent paper, Professor Freud [1] has given a proof of this 
well-known theorem in the closed interval [ — •£,•£■] directly by means of an inter­
pola tor polynomial constructed on the roots of 7’„(x)-Cebysev polynomial of the 
first kind. Saxena [5] improved F reud’s result by proving the theorem in the closed 
interval [—1, 1] through an interpolation process having as abscissas the zeros of 
t/„(x)-Cebysev polynomial of the second kind. Vértesi [7] proved the same result 
by choosing the interpolatory polynomial on the roots of Cebysev polynomial of 
the first kind. Later, in a joint paper, Freud and Vértesi [2] remarkably improved 
he result contained in [7], and gave a very elegant proof of Timan’s well-known 

approximation theorem. Further Kis and Vértesi [3] proved the same theorem by
2Jcn

choosing another interpolation process, constructed on the nodes cos —------ ,
k = \ , 2 , . . . , n .  2n +  l

M. Sallay  [4] has proved Jackson’s theorem in ( —1, +1) with the help of 
an interpolation process on the zeros of an orthogonal polynomial, whose weight 
function is positive on the segment [—1, +1] and satisfies a Lipschitz condition 
of order 1. In the present paper, we prove Jackson’s theorem in the interval [—1, +1] 
through an interpolation process, built on the abscissas

( 1 . 1 )
2 k - \  , , „

xkn = cos 2 ^-7 -j- n’ к = 1,2, . .. ,n  + l.

The points xkn (k=  1, 2, ..., n) stand for the zeros of Jacobi polynomial Р^~*' ^(x), 
where

( 1 . 2 ) X  = cosfl.
УпГ(п+1) 0

2
2. Setting 

(2. 1) цкп(х) =  

where 

( 2. 2)

l+ x
K „  (x) lk„ ( * )  +  2 (.V  -  xkn) l?n (x) X„ _, (xkn, * ) ] ,

1 + xk„

h , w  =  (*-**")
“  x kn)

(2.3) X ^ x ^ x )  =  2 ^ т  Д
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and

(2 .4 ) /*„(*) = P y i ’» (xkn) ( x - x k„)
(— l)k+1 sin2 0k cos (я T |)0

(2яТ 1) sin 2* cos 2̂  (cos 0 — cos 0t)

X = cos 0
is the fundamental polynomial of Lagrange interpolation, we have for an arbitrary 
function f(x) defined in - l S x S l ,  the interpolation process:

(2. 5) S„(f; X )  =  - x / ( - l ) T  2  № J + V ( - l ) ) f e W  1
k= 1

of degree ^  4л —1, such that

Sn( A  xkn) =f(xkn) 2, k =  1, 2, ..., n+  1.

We shall prove the following:

T heorem. Let f(x ) be a continuous function in the closed interval [ — 1, + 1 ], 
then for the sequence o f interpolatory polynomials {Sn(f; x)} given by (2. 5), we 
have

IS„(f; x )- f(x )\ ^  738m ( / ,

in — l S x S l ,  where co (f ô) stands for the modulus of continuity o f f(x). 
To prove this theorem we require the following lemmas.
3. Lemma 3. 1. Setting

(3 .1 ) Yn_ l (t, u) 

we have

(3 .2 )

2
(2#i +  l)

n — 1
1 +7Г 2  

1 = 1

n
2  hk(x) =  [(IT x) Yn _ J (x , x )]2.

k = 1

Proof. By formula (4. 5. 7) on page 70 in [6], putting a = ß = 2 and 
x  =  xk, we get

(3.3)
( l - x ty „ H .i>fa)

(и +  1)
*>(**) =

using (1. 1) and the fact that 9k = 2fc— 1 
2я T 1

n.

(-1)*+1Г(я + $) 
/тгГ(яТ2)

/2 (1 -x*)

[0
1 From (2. 1) obviously (xJn) =  { for

Ü j=k.
2  For simplicity we shall write xk for xkn and lk for lk„ etc.
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The well-known Christroffel-Darboux formula for with the help
of (2. 4) and (3. 3) gives

(3.4) /*(*) = 20+**) 
(2n + 1 ) «(*)

Now, let
=  (1 + xk)Y„_l (xk,x).

<P2n(x) =  [(l+x)Yn_ i (x, 0 ]2,

he a polynomial of degree S2«, which satisfies the properties

<P2n (X k)  =  I k i O ,  <p2n ( -  1) =  0

<P2Áxk) =  ^ ^  + 2(1 + xk)lk(Q X„.1(xk, О, 9»á„(-l) = 0.
and

Then, constructing the well-known Hermite—Fejér interpolation process of degree 
S  2и + 1 on the abscissas (1. 1) for the polynomial cp2„(x), defined above, we have

f J L ^ ) 2 [[ x - x * )
U + * J  [1 1 l - x ï ) № +

+ 2/* (£)
(1 + * 0  

Putting x  = Ç, we find that
n

[ ( l+ * ) l ; - l  (*,*)]*= 2

+ 2(1 + xk)/*(£)X„_ 1 (xk, (*)I ( x - X*)/*2(x)]  (x —;

1 + x
1 +  X *

1 + l-2 x * (x-x*)|/*4(x) +

+ 2(1 +  x*)(x -  x*)/*3(x)X„ _ j (x*, x) 

by (2. 1), which proves the lemma.
Lemma 3.2. For - l ^ x S l ,  we have

1 X*

/I
=  Z  Hk(x)

and
1 -  2 1 л (* ) ^  3 *=1

o - * 2) 1- Z a Wk= 1
6

2/2 + 1

Proof. From (3. 1) and (1.2), we get

(л + ̂ ) sin 9
(1 + х )У п_ ,(х , x) =  1 + sin (/2 — i )  9 COS (/2 + i )  9 x  = cos 9
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which on simplification, gives

x)]2
(3.5)

cos (« + i) 0 sin (« — £) 0

X 2 +

(n + | )  sin 0

COS (« + i)0  sin (« — i)0

X

Now
(n +  i) sin 0

0| or (2« — 1) : 

Thus with the help of (3. 2) and (3. 6), (3. 5) gives

■ 1 11
I"1

1Í 1 Ïsin H I s l

и
'

1s

and
1 -  2  /h (x)

k= 1

L emma 3. 3.

1 + X
X * - i ( x k , x ) \

_  (и- i )  
(и + i) 2+ < -* >

[ (и + i) J < 3

1
[ 2  + 1 6

~ (и+i) l (и + i) J '  (2« + l) ’

1 1

2 cos3— cos2 — sin — sin ^  ^2 2 2 2
2k — 1where Xn_ ,(xk, x) is given by (2. 3), x = cos 0 and 6k = -  —  ̂ n, k =  1,2

P roof. From (2. 3) and (1.2)

X

* » -i(x * ,x )  =  j------- v 2 7
И + - 1 '  = 1

(./+ 2  ) sin {j+  D 0“ cos

■->соФ + т ) 0

2 J COS V sin 0k 2 k

X

ek 1 COS(П 0t sin
. ok

cos2 0*

where x =  cos0. Therefore,

1'
/ l± :iX n_ l (xk,x )  \ S

(3.7) V
(2« + l)L é i

(,/ +  i){sin O' +  i)(0fc +  0 )  + sin (,/ + i ) ( 0 k — 0 )}

sin 0,- cos 0, +

4(2«+1) J ^
^  COS (./+ i)(0* — 0) + cos (./+ i)(0fc + 0)

cos3 0 *
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Further, we refer to the summation formulae

(3. 8)

and

П— 1
Z cos/=)

/  +  "2 l' =
Sin lit— sin t

2 sin -

(3.9) Z
r  = 1

j  +^r sin ./ + ,  < =  -

. . . t 1 t , . . .(,n cos nt — cos t) sin — — — cos “ (sin nt — sin /)

2 sin2 —

(the second we obtain by differentiating the first). 
Next, from (3. 8) and the inequalities

(3. 10) 
we get 

(3.11)

|s in 0 |ë l ,  |sin n0\ S/ijsin 0| and |cos/jO|Sl,

2  {cosO4-i)(Ot -O) +  cos(y + i)(Ot + 0)} Ш 2(n + 1).
\j= 1 I

Similarly, from (3. 9) and (3. 10), we have

n — 1
/  + -Ц

(3.12)
-  Z

j =  1
sin | ./+ \  I (0*-0) +  sin I / + -' \(вк + в)2

( n +  1)
■ 0k- 0  sin

+ (H+l)
. 0k + 0 sin

Thus (3. 7) with the help of (3. 11) and (3. 12) completes the proof of the lemma. 

4. In this section we shall estimate the sum
\2

Let 

(4. 1) 
and

2

k= 1

/• def Jk —

l+ x
\+ x k

1 -b X 
1 -Kr*

lk (x)\x-xk\.

I k ( x ) \ x ~ x k \

n n 2 « - 1X =  cos 0, 0i= n,2 n +1 i=  L2, ... ,(n + l) .

then (2. 4) and (3. 3) reduce (4. 1) to

sin4 0k cos4 (/7 + ̂ )0
(4. 2) fk = (77 +  £ ) 4 I (COS 0  — COS 6?fc) 3 |

We now need the following
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Lemma 4. 1. In the interval [xi+1, я,], we have 
1

(4. 3) f k s
on + m - k y

1
(n + W - i -  1)

for 1 ш к <  I ä  n 

3 for I s i s  Я-2, 1 + 2 S A: s  и

(4- 4) f. < l /от
(и +  i)

(4- 5) fi+ i S
8 /от

(я + i)
and

(4. 6) k=l
13 for

(n + i)
/от — 1 S  я 1.

(4. 7)

we have 
(4. 8)

Proof. By the elementary inequality

sin 6t 1
|cos 0 — cos 0t sin ek- e

fk ^
1

n 4 l . 3 O k - e
by (4. 2).

л +  ̂ г sin

If я;+1 ® я ё я ;, then 0;S 0 S 0 i+1. For 1 < iS n ,  we have 0,-0^ S  0 
^  л and

(4. 9) . 0 — 0k . в{ — 0к . ( i — к )sin — s  sin — 2 —~ = sin I------- 1 i — k
{2п + \ ) Л>  (n + i)  • 

Also, if l S / S n - 2, i+ 2 ^ Â :S » , then 0k — 0i+1 Ш 9к — в -£ л and

к —i — 1/ • / l i m  0fc —  0  . 0 fc —  0 i + i(4.10) sin - 2— ^  sin +1 = sin k  — i —l 
2n + 1 (n + i)

From (4. 8), (4. 9) and (4. 10), we easily get (4. 3). 
In order to prove (4. 4), we observe that

cos U i ) 0 1 = cos [„+ > ]| 1l 2j1 1 1 1l 2j

=  2 sin \ n +

S  2 I sin I n +

1 Í 0 + 0; )
2 { 2 

1 1 Í0 .-0

1 0 , - 0Sin H +

_ ■ 1 . 0 ,-0~ 2 л + — sin—-—
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п О ■+■ 91 . n n
s m O j S s m — - — since 0 t s 9 .

and 

(4.12)

Now (4. 2) for k — i, (4. 11) and (4. 12) easily give 

|cos (n +  i)0 | |sin 0,| 1
A (л +  i ) (л +  i )

Also (4. 2) and (4. 7) for к =  i +  1 and (4. 11) with i replaced by /+ 1  easily 
prove the inequality (4. 5).

Lastly, to prove (4. 6), we have

2 f k  =  2  fk + f i  + f  +  1 +  2  fkifc = l k = 1 k = i + 2
which on account of (4. 3), (4. 4) and (4. 5) gives (4. 6) for — 1 S x < 1 and by con­
tinuity it is valid for x = 1.

5. In this section we shall estimate
\ 2

2
Let

(5.1) fk

l + x  
k = i ( 1 +  •** 

2

II -2x,
lk (*) ^ — 2  (x -  xky .

(I-**2)

l+ x
1 + xk tf(*)-7

1 — 2xi
( l - * 2)

(x-.Y*)2, I s i i n

(5.2)

cos4 (n + \)0  sin2 9k 11 — 2 cos 0k 
(n + i)4 (cos 0 — cos 0k)2

3 cos4 {n + \)0  sin2 вк 
(w + i)4(cos0 —cos 9k)2 '

Lemma 5.1. In the interval [xi+1,Xj], we have 
3

, when x = cos 9

(5 3) f k*

(5.4)

(n + h)2( i - k ) 2 
3

for 1 s  к ^  i s  n

(n + $)2(k — i — l)2 

3

(5. 5)

and

(5.6)

for  1 s  i S n — 2, i+2 s к s n

(n + W> f °r

f i l l  ^  7T74Ü for  1 -  1 -  n 1

ft*

À fk* -  (n + i ) 2 for _1  ’•
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As the proof of this lemma is exactly similar to that of lemma 4. 1, we omit 
the details.

6. In this section we shall estimate

2 { (jqr̂ r) K1+ xk) ik 00  x„ _ ! (X , *)| о  -  xk)2.
Let

/■*Jk
1 +  X  

1 |(1 + xk)l?(x)XK_1(xk, x ) \(x ~ x k)2, l s ( g n .

Then putting x — cos 0, we have

08 sin2 .*cos3 -- cos31n + -‘ |0 Isin 0,
/•** _Jk —

1 1 + x Xn_1(xk, x ) l

КГ [cos 0 —cos 0..

(6 . 1)
8 cos3 1л + т ’ 0|sin0t | 1 1

К |cos 0— cos вк\
2 + ' . 0k- 0  sin

2

4 cos3hi 0 1 2_L_
• в к -0  . 2 0k- 0  

S in --------- S i n —Ar—2 I 2

by lemma 3. 3

by (4. 7)

12 cos3(-i)'
n + — sin 2 0k — 0

L emma 6. 1. In the interval [xi+ j , x ;], we have 
12

(6. 2) f t *  s

(6. 3)

(6.4) 

and 

(6. 5)

(n + i ) ( i~ k ) 2 
12

( n  +  —  1)

for 1 Si к -< i ä  n 

2 for 1 S i S / i - 2 ,  i + 2 s i g n

f . * *

Г**Ji + 1 =

48 for 1 S  i S  « 

for 1 s= / =S и — 1

2л*

(« + *)
48

0+T )

136
=  ( ,Г + Т )  f o r  - | ä , s N
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The lemma easily follows on the same lines as lemma 4. 1 by using (6. 1). 

7. Lemma 7. 1. For — l ë x ë l ,  we have

Which obviously follows on account of (2. 1), (4. 6), (5. 6) and (6. 5). 
8. Estimation of the sum

\ 2
2 1

l+ x  
1 + xk 44(.v).

we have

(8. 1)

( 1 -f- X )  2If we denote ' lk (x) by gk, then putting x = cos 0 and using (2.4), V1 +  хк/

cos4 (n + i)0  sin4 0k
gk

( 8. 2)

(n + £)4 (cos в — cos 0k)4 
L emma 8. 1. In the interval [x/+ 1 ,x , ] ,  we have 

1
( i - k y  

1g к S

(8. 3) 
(8. 4) 
and 

(8.5)

( k - i - i y

for 1 S  к <  i s  n

for  1 ~  i = n — 2, i +  2 á ( s í i
g i ^ l 6  for I S i S n  

gi+1S l 6  for I s i s «  - 1

Z  g k < l6 fork= 1

9. Estimation of the sum

Let

У  I ± £  
* = 1 I 1 + Xk

44(x)|l —2xk

X  S  1 .

\ X - Xk\
(1-X ÏY

g*k
l+ x  
1 +xk

Then x=scos 9 obviously gives

44(x) | l -2x* \ x - x k\
{ 1 - X Î Ï

(9.1)
* 3 cos4 (я + i)  0 sin2 9k

gk S (я + i)4 |(cos 0 — cos 0k)31

3 cos4 I я + 2 I ®

И 4 . ..  . , ok-ocos 0— cos 0*1 sin-2 —-—
by (4. 7).
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Lemma 9. 1 .In  the interval [aí+1, x,], we have 
3

(9.2) Sk -  ‘
( i - k ) 2

3

for 1 g  (  <  i g  «

2 for l g i ë n - 2 ,  i + 2 S < : S ) l

(9.3) £?S12 for 1 ~  i = n
(9.4) g**k s  12 for 

<т«с/ гл th e  in te rv a l — 1 S  л; ̂  1,  w e have

(9. 5) 34.
fc=l

10. Estimation of the sum

Let
( ^ J  1(1 +  X k)  (x -  xk) l? (x) Xn _, (xk, a) I.

gt* =
l + x

l+ x k 1(1 + xk) ( x - x k)I?(x)Xn_1(xk, x)\, 1 S  к  Ш n.

Then owing to x  =  cos в and (2. 4), we get

g V
COS3 I n+ * I в s i n 4 0k

K f sin ~  : (cos 0 — cos 0k)2

COS'

. oks m 2̂

("+{)

1  +  x
Xn- i( x k,x)

в ! sin4 0k

1n + — I (cos в — cos вк)2 , sin. 0k
1

0k
22 cos3 - f  COS2 r 1 I sinOk \ ■ ok . Ok — 0s i n

COS'

n + n 3 . 20k- es i n

4 sin2 I  

sin 0J
4

ok-~o
s i n

by lemma 3. 3.

I . „ 0k — 6, since [sinful > sin —-— j

( 10. 1)
8  c o s 31 И)

( 1 3 .  , 0 k -Л  +  — s i n 3  -  -
l  2 J 1 2
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L em m a  10. 1. In the interval [x i + , ,  x,], we have 

8

( 10. 2)

(10.3)

(10.4) 

and

(10.5)

g!*&
( i - W

8

for 1 Ш к Í S. /;

3 for i +  2 S  к <  n, 1 S i S / i - 2
(к- i -  1)

gf* <  64 for 1 s / ё л  

g*+i <  64 /o r 1 S í á n - 1

2  g*k* <154  for - l s i g  1.

We omit the proofs of lemmas 8. 1, 9. 1 and 10. 1 as they run on the same 
lines as lemma 4. 1.

n
11. In this section we shall find an estimation of the sum 2  |/t*(x)|.

k= 1
L em m a  11. 1. For — l ^ x ^ l ,  we have

2  Ы х ) I <378.
k= 1

P r o o f . From (2. 1) and (2. 2), we get

2  1л(х)[ — 2  g k + 2  s t + 2  2  gk*-*=1 k=l k=l k= 1
Now making use of (8. 5), (9. 5) and (10. 5), we get the required estimation. 

12. Proof o f the theorem.
Let a>(f <5) be the modulus of continuity of the function fix), then

( 12. 1)

Now
(o (fpô )  ^  (p+\)a>(f Ô), <5>0.

f ix )  -  S„ (/; x) =  /(x) -  Z  f ix )  pk (x) + Z  f i x) hk (x) + x / ( - 1 ) -
k= 1

-  Z  (f(xk) - x f( - l ) )p .k(x) = (/(x) + x /( - l ) ) 1 - Z  Vkix)

+ Z  (Д х)-Д х*)Ы х) = [(1 + x){ /(x)+ /(-l)}  + (l ~ x){/(x) —/ ( — 1 )}]Xk= 1 ^
n

X [1 Pk (x)] + Z  (fix) - f ( x k))pk(x).
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Further, since со(/, (5) is the modulus of continuity of f(x), therefore,

0  2 A) ( /(* )+ /(“ ]))
n

1 -  2  л<Х)k = 1
| 1 + *

2

П
a> (f,\x-\\Ÿ  \ -  ~Z Ик(х)

k = l

l+ x
2 (1 +  (2/7 +  l) |x  — 1 |)co / , 2 n +1

n
1 -  2 f t W

k= 1

by the inequality (12. 1) replacing p by (2/7 +  1)l x  — 11 and ô  by In -h

<  CO

(12.3) 
Similarly

(12.4) 

Also,

f ' b h \ )  ]~ ^ 2 k(x) 2
n  +  -

1 10 ^  2n + 1 (1  - X 2) ' \  -  2  /* * ( * ) :

6co /, 1

-  2—} ( /W - A - 1 ) )

2/7+1

1 -2 ftW

by lemma 3.2.

6co 2/7+1

2  !M *)II/C *)-/(**)I =  Z  IM *)I <*>(/» [*-**!)Л=1 *=1

=  2^  1л(^)|(1+(2/7+1)|л:-х*|)ш |/, 

by the inequality (12. 1) replacing p by {2n + \)\x — xk\ and <5 by
1

2/7 +  1

Sffl /, 2/7+1 2  Ы * ) | + ( 2 и  +  1) 2  \ x - x k \ \ H k ( x ) \

(12.5) CO
1

/ ,  2//-+ J I (378 + 348) =  726w I f
1

2/7 +  1 I ’

by lemma 7. 1. and lemma 11.1.
Hence (12. 2), (12. 3), (12. 4) and (12. 5) give

l/ (* ) -■ *„(/;*)l <  738w( / ’2nVJ>
which completes the proof of the theorem.

In a subsequent paper, I shall prove that the interpolation process given by 
(2. 5) is of Timan’s type.

1 am very much thankful to the referee* for his helpful suggestions.

* Professor G. Freud
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A REMARK CONCERNING POLYNOMIAL MATRICES

b y
P. FISCHER

I. A rectangular matrix whose elements are polynoms of X is called polynomial 
matrix. We assume that the coefficients of the polynoms are arbitrary complex 
numbers. A polynomial matrix is called an elementary polynomial one if this matrix 
possesses either a right or a left polynomial inverse. The elementary polynomial 
matrices appear at the examination of several technical problems as useful tools
[I]. И . [3].

Throughout matrices will be denoted by upper-case letters, and its elements 
by the same lower-case letters. 1  denotes the unity matrix, and I r  the r X r  unity 
matrix, and /?(Л) denotes the rank of the matrix A.

Let us consider the following square matrices S ‘ and T‘ (/ = 1,2,3) defined 
in the following way: S 1 and S 2 and S3 are different from /„ in the following ele­
ments:

Su=c
su = b(X)

ç.3 =  ç —  О  C.3 —  p 3  —  I
° t i  —  ° j j  v > 13i j  —  —  1

where b{X) is a polynom and c is a constant different from zero. Let the matrices 
Tl be the conjugate of the matrices S‘ (/ = 1,2, 3). The so defined S‘ (resp. T‘) are 
called elementary left- (resp. right-) sided matrices both of which together are re­
ferred to as elementary; or elementary matrices of order n.

The following theorem is known [4]. If the determinant of a square polynomial 
matrix P(X) is independent of Я and is a constant different from zero, then this 
matrix can be written as a product of a finite elementary matrix.

It is easy to see that a square polynomial matrix is an elementary one if and 
only if its determinant is a constant differing from zero.

Therefore it follows from the previously mentioned results, that a square poly­
nomial matrix is an elementary one if and only if it can be written as a product of a 
finite elementary matrix, where the order of each elementary matrices is equal to 
the one of the original square polynomial matrix.

The purpose of this paper is to generalise this theorem for the case of non­
square matrices, with such an addition, that we add to the set of elementary matrices 
the following two matrices also.

U = ( U j j )  i = l , . . . , n ,  n > r

7 =  1, •••, r ,
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where Uij = 5ij

V=XvtJ) 1=1, ..., n.

7=1,  •••, r,
where vij = 6ij
ôij is the Kronecker symbolum.

For this, first we shall prove the following theorem:
T heorem 1. The necessary and sufficient condition for that an /1(7.) polynomial 

matrix be an elementary one is that it has an inverse matrix and R[A (/.)] is a constant 
function.

Remark 1. If A(k) is a square polynomial matrix the Theorem 1. expresses 
the same as one of the previously stated theorem.

Remark 2. Theorem 1. is a generalization of the following well-known theo­
rem:

Let us take the polynomials

Xi(A), x„(A)

then 1 can be written as a polynomial linear combination of the polynomials 
...,x„(X) if and only if their greatest common divisor is equal to 1.

Remark 3. From this theorem it follows: in order that an (rX n ) polynomial 
matrix was an elementary one, the sufficient condition is that it possess an r X r  

subminor which is an elementary polynomial matrix.
P roof. The condition is necessary. In fact, let /1(7.) be an rX n  polynomial 

matrix. Then we can state without the loss of the generality that rS « . According 
to this statement there exists an (n X r ) polynomial matrix B(k) such that

A(k)B(k) = Ir (1)

If there would be such a A =  A0 point, where R [A(X0)\ <  r, then on the basis concern­
ing to the theorem on the rank of the product of matrices, we find that the inequality

ЛИ(А0)Я(А0)] =  Л [/,]== min {Л[Л(Л0)], Л[Я(А0)]}<г (2)

also holds, which is a contradiction.
The condition is sufficient. From the condition, that the rank of matrix A(X) 

at every point, is equal to r, it follows that the greatest common divisor of rXr  
subdeterminant of T(A) is equal to 1. From this we find that ir, invariant
divisors of the matrix A(k)

к Dr. Dr-г i -  ^to "t 1 - - , _ 1 —
u r -2 •’ h ~  1 (3)

are equal to 1 where Dk (k = 2, ..., r) is the greatest common divisor of all k X k  
subdeterminants of A(k), because, as it is known, Dk is divisable by Dk_ j (k = 2, ..., r).
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Let us consider the canonical form of the matrix A(A)

A (A) = A i(A)

f'lW

W )
A 2 (A) (4)

where the A 1(X) (resp. A2 (A)) is an elementary polynomial matrix of the order r 
(resp. n).
So we have also

A 2 (^) (5)

which proves our Theorem.
From the demonstration of the previous theorem we get immediately the 

following theorem.
T heorem  2. The A(A)(rXn) ( r á n )  polynomial matrix is an elementary one i f  

and only if  it can be written in the form of a product o f finite elementary matrices
1

of the order r is multiplied on the left side by the matrix
1 0

and their

product is multiplied on the left side by the product of finite elementary matrices o f 
the order n.

II. The square elementary polynomial matrices can be characterized by the 
following Theorem.

Let us consider the following dilferential equations’ system:

a l i(A)xl ( t ) + - - - + a ln(A)xn(t) =  0 
A(A)x( t )=[  (6)

(>0*i (')+••■ +  a„n(A)x„(t) =  0

where the polynomials aiy(A) (i,j=  1, ...,и) are dilferential operators with constant 
coefficients with the initial conditions x,(0) = ••• =x„(0) =  0.

T heorem  3. The equation (6) has only a trivia! solution i f  and only if the A (A) = 
= (ац(А)) matrix is an elementary polynomial matrix with the condition that the 
solution is differentiable up to a degree large enough.
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P roof. This theorem is a consequence of the fact that if the functions x t (t), ... 
..., x„{t) are differentiable up to a degree large enough then the equation (6) is equi­
valent to the equation

5'Л(А)х(0 =  0 (7)
for /=1,2,  3.

So if A(A) is an elementary polynomial matrix, then the equation (6) has only 
a trivial solution. If the A(A) is not an elementary polynomial matrix then it can be 
shown by induction that (6) has a non-trivial solution too.
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A CLASS OF SPACES WITH IDENTICAL REMAINDERS

by
G. R. BLAKLEY1, J. GERL1TS and K. D. MAGILL, Jr.

1. Introduction. It is assumed that all topological spaces discussed in this paper 
are completely regular and Hausdorff. By a remainder of a space X, we mean any 
space of the form aX — X  where aX is any compactification of X. We denote the 
family of all remainders of X  by 0l(X). If one does not distinguish between homeo- 
morphic spaces, and we shall not, then 01 (X) is actually a set whose cardinality does 
not exceed 22"' where m denotes the cardinality of X. This follows from the fact 
that 22”' is an upper bound for the number of different compactifications of X  (see 
(6, p. 231]).

The third author has devoted several previous papers to the problem of determin­
ing when 0t(X) contains spaces with certain prescribed properties. For example, 
in [3, Theorem (2. 1), p. 1076], characterizations were given for those X which have 
the property that 01 (X) contains the space consisting of TV points where TV is a posi­
tive integer. It was shown in [4, Theorem (2. 1), p. 617] that for locally compact X, 
the family 0$(X) contains a countable space if and only if it contains all finite spaces. 
In [5, Theorem (2. 2), p. 323], it was shown that there exists a rather extensive class 
of spaces with the property that each such space includes all Peano continua among 
its remainders. These are the locally compact normal spaces which contain infinite, 
discrete, closed subsets. J. W . R ogers [7] has recently extended this result by showing 
that any locally compact nonpseudocompact space includes all metric continua 
among its remainders.

This paper had its genesis in an attempt to answer the following question: 
Do the remainders of all Euclidean TV-spaces coincide for TV>1? It is easily seen 
that the answer is negative without the restriction TV>1, for the real line E x has a 
two-point compactification while no EN does whenever TV>1 (this follows from 
[3, Theorem (2. 6), p. 1079]), i.e., 0f(El) contains the two-point space while 0((EN) 
does not. We have been able to show, however, that all the Euclidean spaces whose 
dimensions exceed one do have identical remainders. In fact, we show that if both 
X  and Y are noncompact, locally compact, connected, locally connected metric 
spaces and neither have two-point compactifications, then the remainders of X 
coincide with those of Y.

2. The results. It will simplify our discussion considerably if we provide those 
spaces mentioned in the last sentence of section 1 with a name.

D efinition  (2. 1). A space which is noncompact, locally compact, connected, 
locally connected and metric and has no two-point compactification will be referred 
to as a ringed space.

1 Work supported, in part, by NSF Grant GP 12042.
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As we noted previously, it follows from Theorem (2. 6) of [3, p. 1079] that if
1, the Euclidean TV-space EN has no two-point compactification. It follows 

from that same theorem that the half-open interval [0, 1) whose topology is the usual 
topology induced by the real line has no two-point compactification. Thus, we have 
the following

Proposition (2. 2). The class o f all ringed spaces includes all Euclidean N-spaces 
fo r N>1 as well as the half-open interval [0, 1).

The half-open interval [0, 1) plays a rather central role in our subsequent de­
liberations and, because of this, we find it convenient to denote it hereafter by the 
symbol J. The family of all remainders of J  will be denoted by . Our next result 
gives a sufficient condition in order that all of the remainders of one locally compact 
space be remainders of another. We then apply this to show that the family of re­
mainders of many spaces includes all of the spaces in 01*. As usual, the Stone—Cech 
compactification of a space Z  is denoted by ßX.

Theorem (2. 3). Suppose that X and Y are locally compact and there exists a 
continuous function f  mapping X onto Y with the property that for each point q£Y,  
there exists an open subset G of Y containing q and a compact subset К  o f X  such that 

f [ X - K] C\ G = 0. Then M(Y)<z&(X).
Proof. Let g denote the Stone—Cech extension of /  which necessarily maps 

ß X  onto ß Y. We want to show that g maps ßX  — X  onto ß Y —Y. Since g maps no 
points of Zinto ß Y —Y, we have only to show that g(p)£ßY— Y for each p d ß X —X. 
Suppose, on the contrary, that g(p)£Y  for some p ÇßX — X. Then there exists an 
open subset G of Y containing g (p) (which is also open in ßY  since Y  is open in ßY) 
and a compact subset К of X  such that
( 2 . 3 . 1 )  g [ X - K ] f ) G  = / [ Z  —Z ] D C  = 0.

By continuity of g at p, there exists an open subset V of ßX containing p such that 
g[V] (zG. Then W = Vi) [ßX—K] is also an open subset of ßX  which contains p 
and is mapped into G by the function g. Since X  is dense in ßX, there exists a point 
/£  W(~)X and it follows from the previous remark that

g ( t ) = m e G .
But this contradicts (2. 3. 1) since t £ X —K. Consequently, g(p) must belong to 
ß Y — Y and it follows that ß Y —Y is a continuous image of ß X —X. Now Theorem 
(2. 1) of [5, p. 322] states that a space Я  is a remainder of a locally compact space 
T  if and only if Я  is a continuous image of ßT — T. Therefore, it follows that every 
remainder of Y is also a remainder of X.

Before stating our next result, we recall that a space is said to be tr-compact if it 
is the countable union of compact spaces.

T heorem (2. 4). I f  X  is a locally compact, noncompact connected o-compact 
space, then Ш* c J f iZ ) .

P roof. Let X* = ZU  {to} be the one-point compactification of Z. Since Z  is 
cr-compact, the point со is a (Ja set in Z* and, consequently, is a zero set. Hence, 
there exists a continuous function /  mapping X* into [0, 1] such that / -1 (1) = {со}. 
In fact, since Z  is connected, there is no real loss in generality in assuming that /
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maps À'* onto [0, 1]. Thus,/maps X onto /= [0 , 1) and we show that it satisfies the 
conditions of Theorem (2. 3). Let y be any point in J  and choose any point p such 
that y </>< 1. Then/-1 ([0, p]) is closed in X* and is therefore compact. Thus G =  [0, p) 
is an open subset of J  and К = f~1 ([0, /?]) is a compact subset of X with the pro­
perty that f[ X  — K] (T G = 0 .  It now follows from Theorem (2. 3) that X).

C o ro lla ry  (2. 5). I f  X  is any ringed space, then ЗА* cz£A(X).
P roof. A ringed space is locally compact, paracompact and connected. Con­

sequently, it follows from Theorem 7. 3 of [1, p. 241] that X  is ст-compact and we 
have only to apply Theorem (2. 4).

In view of the previous corollary, we must yet show that 3A{X)cz3A* for any 
ringed space X  in order to get the main result of this paper. Our first step in this 
direction is to obtain a characterization of ringed spaces. First, some definitions 
and a lemma:

D efin itio n  (2. 6). Let {AT„}/=1 be a countable cover of an arcwise connected 
space X. The order (with respect to the given cover) of a pair of points p and q of 
X  will be denoted by 0(p,  q) and is defined as follows: if every arc joining p to q 
intersects K t , then 0{p,q) = 1. Otherwise 0(p,  q) is the largest integer N  such that 
there exists an arc A joining p to q with the property that A f) Kj = 0  for each

N.
There is no difficulty about the existence of the order of a pair of points p and 

q. Specifically, since {Aj,}~=i is a cover, p £ Kt for some / and it follows that 0(p,  q)Si .
D efin itio n  (2. 7). Again, let {A'„}“=i be a countable cover of an arcwise con­

nected space X. When Kt ^  0  ^ K i+i, we define the complexity c, of the pair (К,, Ki+l) 
to be the least of all orders 0(p , q ) where pÇ.Kt and qZKi+l. Otherwise, define
Ci = i.

We recall that any collection of subsets of a space is said to be locally finite 
provided that each point of the space belongs to an open subset which intersects 
only finitely many members of the collection.

D efinition  (2. 8). A set of bands for an arcwise connected space is any locally 
finite countable cover {Aj,}/=1 where each Kj is a Peano continuum and lim =

L emma (2. 9). Suppose X is noncompact, locally compact and locally connected. 
Then X  has no two-point compactification if and only if  for each compact subset C of 
X, there exists a compact subset К o f X such that С a  К and X — K is connected.

P ro o f. Sufficiency follows immediately from Theorem (2. 6) of [3, p. 1079] 
so we need only prove necessity here. Therefore, suppose X  has no two-point com­
pactification and let C be any compact subset of X. Denote the components of 
X —C by {Ga:<x£A}. Since X  is locally connected, each Gx is open. We assert that

(2.9. 1) for some ос0€Л, CL) Gао is not compact.

We prove this by contradiction. If (2. 9. 1) does not hold, then CU Ga is compact 
for each я£ Л. This and the fact that X  is not compact implies the existence of an 
open subset G of X  such that CczG and G^cfG for each я belonging to some infinite 
subset A0 of A. Now let A t and A2 be any two infinite subsets of A0 such that
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Л 1П Л 2 —0  and A XU A2 — A0 and define
U, = U {С,:а£ Ai),

U2 = и{Са: а € Л - Л , } .
Then U1 and U2 are nonintersecting open subsets of X  whose union is X — C. Further­
more, C U {/; (/ =  1, 2) is not compact. Indeed {G}U {Ga:a€ At} is an infinite cover 
of CU t/j which has no proper subcover much less a finite one. All this, together 
with Theorem (2. 1) of [3, p. 1075] implies that X  has a two-point compactification. 
This, of course, is the contradiction we seek and so we conclude that statement 
(2. 9. 1) is valid, i.e., CUG„0 is not compact for some a0£Л. Define

K=  U{Ga: a ^ a 0}UC.
Then X —K = Gao is connected and it follows from Theorem (2. 1) of [3, p. 1075] 
and the fact that X  has no two-point compactification that К is compact.

Now we are in a position to characterize ringed spaces.

T heorem  (2. 10). A topological space is a ringed space if and only if it is arcwise 
connected and has a set o f bands.

P roof. First, suppose X is arcwise connected and has a set of bands {A „}“= 1 . 
Since the family {K„}f=l is locally finite, there exists for each x in X  an open neigh­
borhood G of x such that only finitely many of the sets K„, say {A„}̂ =1 intersect G. 
We may assume that x£K„ for l ^ n S M  and x(f Kn for M < n ^ N .  Then

xGC- ^ ^ и . . . и ^ с ^ и . . . и ^ .
That is, X belongs to the interior of Kl U ... U KM which is a Peano continuum since 
r Ç f l  {K„}%l=1 and each Kn is a Peano continuum. It follows from this that X is locally 
compact and locally connected. Furthermore, X  is metrizable since any ( T0) space 
is metrizable if it is the union of a locally-finite family of closed metrizable subspaces 
Г1, p. 207, section 9, problem 4].

The space X  is not compact because a locally finite system in a compact space 
is necessarily finite. In order to conclude that X  is a ringed space, we need only to 
show it has no two-point compactification. Let C c l b e  a compact set. Since the 
family {.&■„}“=! is locally finite, there exists an integer N  such that C c U  {Kn}*=i 
We choose an integer M  such that for m =?M, cm> N  holds. Now for each m -aM 
there exists an arc Am joining a point of Km to a point of Km+, and AmC[Ki = 0  
(/'= 1, 2, ..., N). The set H — U {A'mUT„,}“=M is connected and H O C = 0 ,  hence 
H a  G where G is a suitable component of (X — C). Since the subset G is open, it 
follows that the set K = X  — G a  U {ATjfil1 is compact, C a K  and X —K is con­
nected. Thus the Lemma (2. 9) implies that x has no two-point compactification.

Now suppose that A is a ringed space. Since X  is locally compact, connected, 
locally connected and metric, it follows from [8, 5. 2, p. 38] that X  is arcwise con­
nected. Now, we want to construct a set of bands {A„}“=1 for X. It follows from 
Theorem 7. 3 of [1, p. 241] that X  is (т-compact. Consequently, by Theorem 7. 2 
of [1, p. 241], A = U {G„}“=1 where for each positive integer n, G„ is nonempty and 
open, cl Gn is compact and cl G„cG„+1. Let n be any integer greater than 2. Then 
since X  is locally connected, each component of G„+1— cl G„_2 >s open and the 
collection of all such components is an open cover of cl Gn — G„_1. Since the latter
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is compact some finite subfamily, say {C;: /£/„} is also a cover. Now each C; is a 
closed subset of the space U{Cf: /'€/„} and thus = [cl G„ — G„_l\r\C i is com­
pact. It follows from [8, p. 38, 5. 3] and [2, p. 183, § 45. I. 5] that there exists a Peano 
continuum Lt such that djCLjCCi  for each i£l„. Thus, we have

(2.10.1) c lG .-G ,_ 1c U { L ,: /€ U c C 1I+i - c l G 11_2.
We need one more observation before we construct the set of bands . An
argument similar to that given above will lead one to the conclusion that

(2.10.2) cl G2c  U {L,: iÇ/2} c C 3

where each Lt is a Peano continuum. Now we are ready to define what will turn 
out to be a set of bands for X. The first I2 terms of the sequence {A'„}“=i will be the 
members of the family {Lf: i £ /2}. The next 73 terms will be the members of the 
family {Lp. /£ /3} and so on. One readily shows that {AT„}“= i defined in this manner 
is a locally finite cover for X. We need only show that lim c, = °° where c( denotes 
the complexity of the pair (Kt, Ki+i). Let any natural number n be given and let 
C =  U 1 . By Lemma (2. 9), there exists a compact set W such that C e  W 
and X — W =  G is connected. Since the family 3 is locally finite, the set
{/: АГг П W X1 0 }  is finite and we take M  to be the largest integer in that set. Then 
for w > M ,  KmczG and since G is arcwise connected, it follows that cm>n.

With this characterization, we are ready to prove the main result of the paper.

T heorem  (2. 11). The remainders o f all ringed spaces are identical.
P roof. We show that if X is any ringed space, then dt(X) =P7t*. In view of Corol­

lary (2. 5), we need only show that dt(X)<^dt* and for this, we appeal to Theorems 
(2. 3) and (2. 10). By the latter, X is arcwise connected and there exists a set of bands 
{Ä' „ 1 for X. For each positive integer n, define /„ =  [(и — l)/n, n/(n +1)]. Since 
each K„ is a Peano continuum, there exists a continuous function /2n_, mapping 
/ 2„_j onto Kn for each positive integer n. Furthermore, it follows from the defini­
tion of a set of bands that for each n and each pair of points p and q with p £ K„ and 
q£Kn+l, there exists an arc A joining p to q such that А П Kj = 0  for 7 <c„ where 
c„ denotes the complexity of the pair (K„, Kn+l). Consequently, there exists a homeo- 
morphism f 2„ from I2n into X  such that

/ 2„((2 л -  l)/2n) -  f u - 1 ((2« -  l)/2n),

f 2n (2/»/(2ii + 1 )) = f 2n + ! (2n/(2n + 1 ))
and

(2.11.1) f 2n [/2м] Г) Kj = 0  for 7  <  c„.

Let/be the function which is defined by f(x) = / 2„_ ! (д:) for x £ / 2„_, and/(x) =  f 2n(x) 
for x £ l2„. It is immediate that /  maps J  continuously onto X. Now let p be any 
point of X. Since {Kn \ is locally finite, there exists an open subset G of X  con­
taining p and a positive integer N such that G П Kj = 0  for j>N.  Since lim c„ =  °°, 
there exists a positive integer M  such that c„>7V for Let Г = т а х  {N, M }
and define

Я = и { /,Ь 2: 1 = [0, 27/(27 '+1)].
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Then Я  is a compact subset of J  and we assert that

(2.11.2) / [ / - Л ] П < 7 = 0 .
Take any point x GJ —H  and consider two cases: (1) x f l 2n_ 1 and (2) x £ l 2n. Sup­
pose (1) holds. It is immediate that Te n .  Hence N<n  and

fin - =  Knf)G = 0 .
Thus f ( x)$G  when x ^ I 2„_1. Now consider the case where x d l 2n. Again, T<n. 
Hence, n> M  and it follows that c„>A. This implies that

/2j y n k .= 0  for j * N .
Since G a  U {Kj}j=i , it is true in this case also th a t/(x )í G. Thus (2. 11. 2) is valid 
and it now follows from Theorem (2. 3) that each remainder of X  is also remainder 
of J.

Perhaps it is worthwhile to mention that, among other things, Theorem (2. 11) 
implies that in order to study the family of remainders of any ringed space, it is 
sufficient to devote one’s attention to J2*, the family of remainders of J. In conclu­
sion, we make the observation that the class of all ringed spaces is by no means 
maximal with respect to the property of having identical remainders. Let X  be the 
discrete union of any ringed space Y and any compact space. It is a routine matter 
to check that ß X —X = ß Y —Y and it follows immediately from Theorem (2. 1) 
of [5, p. 322] that 3%(X)=g#{Y). However, X  is certainly not a ringed space since it 
js not even connected.
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ИЗУЧЕНИЕ О Д Н О Й  СИСТЕМЫ Г Р У П П О ВО ГО  
ОБСЛУЖИВАНИЯ

С. X. СИРАЖДИНОВ, Т. А. АЗЛАРОВ, В. БАЗАРОВ

Рассматривается следующая система обслуживания т — размерным 
прибором. Требования поступают к месту ожидания по закону Пуассона с 
параметром Прибор приступает к обслуживанию только в случайные мо­
менты времени t l , t 2, . . . , tk__ Требования обслуживаются в порядке их пос­
тупления. Интервалы времени тк = /t + 1 — tk, A s 1 между А — т и А + 1 — т момен­
тами начала обслуживания, будем предполагать независимыми и одинаково 
распределенными случайными величинами с общей функцией распределения 
В(х) =  P(rfc<x) и с конечным математическим ожиданием

h =  Mrt = j  xclB(.x) -с °o 
о

Количество требований, имеющихся в приборе к началу А-то обслуживания’ 
обозначим через цк и будем считать, что rii ,r}2, ... — последовательность 
независимых, одинаково распределенных случайных величин:

т
(fi =  p(>1k =  i), O g /sm ;  а =  М»/*= 2  iÇi-1= 1

Следовательно, т — г\к — число свободных мест в приборе к началу А-го об­
служивания.

Число требований, прибывающих к месту ожидания в интервале (tk, tk+1), 
A s  1 обозначим через Çk = Ç(тк). Тогда очевидно, что Çk имеет распределение

оо

1ÍJ =  P(Çt =  j )  -  ~  f  е -х*{Хху dB (X), J =  0, 1, 2, . . .
j  • О

с математическим ожиданием
М ск=ль.

Необходимо заметить, что такая система часто встречается в жизни (городской 
транспорт, лифт, железнодорожная сортировочная станция и т. д.).

В предлагаемой статье изучаются стационарные распределения следу­
ющих основных характеристик:

а) числа требований £, находящихся в очереди в момент начала обслужи­
вания; б) время ожидания w начала обслуживания произвольного требования.
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Как и в работе [1], можно показать, что эти стационарные распределения 
существуют и не зависят от начального состояния системы в том и только 
в том случае, когда

Пусть
<5 =  М(/л — >/*)— M£fc =  т — а — ХЪ >  0.

Р„ = Р(£ = л), л - 0 , 1 , . : . ;  F(*) = P(vp<x);

Р (?)  =  2  Л , г " ;п~0
т

q(z) = 21/=0

ß ( s ) = f  е~°* dB ( X )  ; / ( j )  = /  e -“
О О

Теорема 1. i? круге | z | ^ l  имеет место соотношение
т -  1ö ^ - \ ) ß { X . ( \ - z ) )

zm-ß(X{\  - z j )q(z)  rí \
Z ~ Z r

1 —z. (1>

где г I , z2, ..., zm_, — корни уравнения zm — ß(X(l — z))q(z) = 0 находящиеся 
внутри единичного круга.

Теорема 2. В полуплоскости Re síz 0 справедливо соотношение

f i s)  = b • s ( 2)

Математические ожидания случайных величин Ç uw определяются следующими 
формулами:

Ь = Щ А2 уХ2В 2 + ХЬ
2д

2а + (5 — 1
Т

т -1

+ 2 1
(3)

Т = Mw = + Д2) +  (4)zX() Z/Í ,•= 1 1 — zr
где

A2 = Dr]k, В 2= Dzk.

Обе теоремы являются обобщением соответствующих результатов 
Бейли [2] и Доунтона [3], полученных в предположении, что прибор в мо­
менты начала обслуживания всегда бывает свободным.
В формулах (1)—(4) это соответствует случаю g0 = l, qt = 0, /VO. Если m =\ ,  
q0 — \, qt = 0, то из формулы (1) следует [4] классический результат

P(z) =
( 1 —A6)(z —!)/?(!(!-z)) 

z - ß ( X ( l - zj)
полученный для системы M\G\\.
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Однако преобразование Лапласа—Стильтьеса для времени ожидания.

f i s )
1 - 1

Jb

Я[1-/?(*)]
вычисленное при тех же условиях отличается от соответствующего результата

/(S)  j Я[1 -ß(s)]
S

полученного для системы M\G\\.
Это объясняется тем, что если в системе M\G\\ требование, заставшее 

прибор свободным начинает немедленно обслуживаться, то в рассматривае­
мой системе поступившее требование ожидает очередного момента начала 
обслуживания.

Как показывают формулы (3) и (4), в условиях «большой загрузки», те. 
когда (5|0 средняя длина очереди L и среднее время ожидания Т неограниченно 
возрастают. Поэтому выяснение асимптотического поведения распределений 
соответствующим образом нормированных случайных величин £ и и» пред­
ставляет значительный интерес.

Теорема 3. Пусть Drk = ß 2<°°. Тогда при <5,0 имеют место предельные 
соотношения:

/■ 2b2 X

'im P(<5£ <  * )  =
J j  __£ (m — a + A 2) b 2 + (m — a)2ß 2 X  >  0

ÄIO lo , X  <  0,
r 2bx

lim P((5w <  X) =
j J ___ç  ( in -a  + A 2) b 2 + (m — а)2 B2 X >  0

«510 io , X <  0.
Две первые теоремы доказываются тем же способом, что и соответству­

ющие результаты работ [2] и [3]. Однако при этом приходится усовершенство­
вать этот метод, чтобы его можно было применить в нашем более общем 
случае. А теорема 3 доказывается методом характеристических функций.

В заключение отметим, что аналогичные результаты можно получить 
и в том случае, когда допускается лишь конечный объем очереди.
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S OME FURTHER CONSTRUCTI ONS FOR G2(d) GRAPHS

by
R. C. BOSE and S. S. SHRIKHANDE

Abstract. A Gfd) graph is a finite, undirected graph without loops or multiple 
edges in which each pair of vertices is adjacent to exactly d other vertices, J s  2. 
An infinite family of such graphs was given in [2]. The present paper gives some 
further constructions for these graphs.

1. Known results. We use the notation and terminology of [2] and quote some 
results contained in this paper.

T heorem  A. A G2(d) graph, d ^ 2  is regular o f valence ny such that v — 1 = 
= nl (nl — I)/d where v is the number of vertices and there exists a positive integer m 
such that

(i) =  d + m2, and
(ii) d/m is an integer with the same parity as v —l —m.

We note that a G2{d) graph with parameters (v,ny,d), d ^ 2  is essentially a 
strongly regular graph with parameters (v, ni , р\л , p2i) where p \y= py i=d. By a 
pseudo Lr{k) graph we will mean a pseudo net graph Lr(k) and by an NLr(k) graph 
a negative Latin Square NLr(k) graph.

T heorem  B. The existence of a pseudo Ln (2rl) and a pseudo Lrf2 r 2) graph 
implies the existence of a pseudo Lr(2r) graph with r = 2ry r2.

T heorem  C. The existence of a pseudo Ln (2rl) and a NL,2(2r2) graph implies 
the existence of a N Lr (2r ) graph with r = 2rl r2.

T heorem  D. Pseudo Lr(2r) and NLr(2r) graphs exist for r =  3m2ra+"~1, where 
m, n are nonnegative integers (m, n) ^  (0, 0).

Noting that a pseudo Lr(k) graph is a strongly regular graph with parameters 
{k2, r (k — 1), k — 2 + (r— 1 )(r — 2), r(r— 1)) and a NLr(k) graph is strongly regular 
with parameters (k2, r(k +  1), — k — 2 + (r+  l)(r + 2), r{r+ 1)) we have

T heorem  E. A G2(d) graph with parameters
(i) v - 4r2, ny = r(2r — 1), d = r{r — 1),

(ii) v = 4r2, w, = r(2r+ 1), d = r ( r+  1),
(iii) v = 4r2 — 1, = 2 r2, d = r2,

exists for all r =  3m2m+B_1, where m, n are non negative integers (m, n) ^  (0, 0).
2. New constructions. We first prove some preliminary results.
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L emma 2. 1. Let v, b, к, r be non negative integers, к <  v and vr =  bk. Let there 
exist an incomplete block design D with v symbols (treatments) in b subsets (blocks) 
o f size к such that any pair o f treatments occurs together in at most one block. Then 
a necessary and sufficient condition that each block in D intersects precisely k(r — 1) 
other blocks in D is that each treatment occurs exactly r times in D.

P roof. It is obvious that any two blocks in D intersect in at most one treat­
ment. If each treatment occurs r times in D, then any block containing, say, treat­
ments i1; t2, ..., tk intersects (r — 1) other blocks containing tp, 1 =  1,2, . .. ,k .  The 
sets of (r — 1) blocks containing tt and tj are obviously disjoint, i ^ j .  Hence this 
block intersects precisely k ( r — 1) other blocks necessarily in one treatment. This 
proves the sufficiency part of the theorem.

Now suppose that each block intersects precisely k (r — 1) other blocks. Let rt 
be the number of times the treatment i occurs in D. Then obviously

» r-
r = У — =  r.

1 V

Let N  = (ntj) be the usual (0, 1) incidence matrix of D with v rows and b columus 
where ntj = 1 or 0 according as treatment i occurs in block j  or not. Then from our 
hypothesis

N'N = klb +A
where A is an adjacency matrix of order b which is regular and of valence k (r— 1). 
Also

N N ' = diag ( / j , ..., rv) + B
where В is also an adjacency matrix of order v with /-th row sum r fk  — 1). Hence

But

tr ((N N 'X N N f) = Z r f  + ( k - l ) 2  L 
1 1

= 2  r? + (k - l) v r .
1

tr i(NN')(NN')) = tr (N (N 'N )N ')

= tr N(kIb + A)N '

= к tr NN' +  tr NAN'

= k trN N ' + trA N 'N  

=  к tr NN' + tr (A (klb + A))

= к 2  L + trA 2
l

= kvr + bk(r— 1)

= vr(k + r — 1).
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Hence equating the two values of the trace

2 ’( n ~ r)2 = 2  r ? - v r 2l l
V

= 0
which implies that each treatment occurs r times in D. This completes the proof of 
the lemma.

We now define the concept of an ascendant graph G* of a strongly regular 
graph G with parameters (v, til , p \x, p\ j). Let (F1; V2) be a partition of the vertex 
set F of G where Vt and V2 respectively contain n* and v — n\ vertices. Let °° be a 
vertex not in F and let G* be a graph with vertex set (°° U F). We define adjacency 
in G* as follows: The vertex °° is adjacent only to vertices of Vt (and to all vertices 
of Fj). If X, y  are in F, then they are adjacent in G* if and only if they are adjacent 
in G and belong both to Fj or both to V2, or if they are nonadjacent in G and belong 
one to F, and the other to V2. If the graph G* is strongly regular with parameters 
(v*, n ^ ,p \\,p \\)  where v* is necessarily t>+l, then G* is said to be an ascendant

We derive the conditions under which a graph G with parameters (v, nl , p\ t , p\  t) 
has an ascendant G* with parameters (v*, r í[ ,p \\,p \\). We will assume that G is 
neither a void graph nor a complete graph i.e. пл у^0 and n2 =  v — 1— ^  0.

If G* is an ascendant of G, then G is a descendant of G* with respect to the 
vertex о» and hence from [2]

of G.

(2. 1)

From (2. 2.), (2.4)

«1 =  2n* -  2pi*. 

p\ l = n1—n* +p\* 

p\  1 =  H t - r t ï + p ï ï  

2р\г =  2{nl - p \ l)

(2. 2)

(2.3)

(2.4)

=  2(i»î-^îî)

Hence from the usual parametric relations

(2. 5)

( 2. 6)
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Also from (2. 1), (2. 3) and (2. 4)

P+1 =  4/7 ! —2p\ ! — 2/?f 1
or V = 6p\x — 2p\i — 1. (2.7)

Thus (2. 7) is a necessary condition for G to have an ascendant. It is easy to 
see that for a graph G with parameters (v, nl ,p \1,p \ i) each of (2. 5), (2. 6), (2. 7) 
implies the other two. It also follows from [2] that the vertex set V of G can be parti­
tioned into (Vt , V2) with nÏ vertices in Vy and v — n* vertices in V2, where the set 
Vl is the set of vertices in G* which are adjacent to °°. Further, each vertex in Vx 
is adjacent to p\\ = n*—n1+ p \i vertices of V1 in G and each vertex in V2 is ad­
jacent to

n2* — 11* — n2*P 12 —  111 Pi  i 

= t l l -P l l  
= p ii

vertices of V2 in G.
Conversely, suppose (2. 7) is satisfied for G and further there exists a partition 

(Kj, V2) of the vertex set V of G with /?* vertices in V, and u — n* vertices in V2, 
such that each vertex in Vx is adjacent to n\ — nl + p\x vertices in Vx and each ver­
tex in V2 is adjacent to p \x vertices in V2. Then by using arguments similar to those 
in [2]. it can be shown that G* is a strongly regular graph with parameters (2. 2), 
(2. 3), (2. 4) provided p \ \ , p\\ are non negative integers. From the relation

niPi2 — n2Pn

it follows that n* satisfies the equation

f(x )  = x 2+ x (p \l - 5 p 2u ) + vp2u  = 0.
The above equation is easily seen to have real positive roots. Since n\ is necessarily 

an integer a further necessary condition for G to have an ascendant G* is that the 
above equation has an integral solution.

We easily verify that

f ' ( n l - p h )  =  - ( p h + p h )  <  0.

/ '( P i - P i i )  = - (1  + Pi2 + p \ i) < 0.
/(« i -P i i )  =  p \iP \i  >  0. 

f (P i-P ii)  =  Pii (/»1 l - l ) .
Further, it is easily seen that if p h  =0, then f(x) = 0 has no integral solution. Hence, 
if the equation has an integral solution then we can assume that p \ x = 1 and then 
the above relations imply that

Pit = n \ - n x+p\ 1 SO.

Pit = n * - n l + pii >  0.
Thus the condition that f(x )  = 0 has an integral solution n\ is necessary and suffi­
cient for non negativeness of p \ \ , p \ \ . We can, therefore, state the following theorem.
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THEOREM 2. 1. Let G be a strongly regular graph with parameters (v, » , , p \ i , p \ i). 
Then G has an ascendant G* with parameters (v*, n * ,p \\, p \\ ) if and only i f  the follow­
ing parametric and structural conditions (P) and (S) are satisfied in G.

(P) v =  6pn — 2p\i — l.
(S) The equation

*2+ *(/>! 1 — 5/?i, ) -f- r/>f ! = 0
has an integral solution n* and there exists a partition ( Vl , Vf) of the vertex set V 
o f G with n* vertices in V, and v — n* vertices in V2 such that every vertex in Vx has 
n \—nl +p \ ] adjacent vertices in Vx and every vertex in V2 has p \x adjacent vertices 
in V2.

The parameters of G* are then given by

n* = y + l, n*, p \\  = n * - n x+p\ i, p\* = r i \ - n l + p \x.
It is obvious that any two blocks of a BIBD with к =  1 have at most one treat­

ment in common. Consider a BIBD with r — 2k + \ ,  k=  1. Then the values of v 
and b are given by v = 2k2—к and b = 4k2 — 1. Consider the blocks as vertices 
of a graph G and define two blocks as adjacent or nonadjacent according as they 
have a treatment in common or not. Then [2] G is strongly regular with parameters 
(4k2 — \ , 2k2, k 2, k2) and satisfies the condition (P) of the above theorem. Also 
the equation /(.x) =  0 has integral solutions k(2k— 1) and k(2k+\). Take //* =  
=  к (2k — 1). If the 4k2 — 1 blocks can be partitioned into sets F, and V2 of к (2k — 1) 
and (k+ \)(2k — 1) blocks respectively such that each block in Ft is adjacent to 
k 2—k blocks in F, and each block in V2 is adjacent to k 2 blocks in V2, then the 
condition (S) is also satisfied. From Lemma 2. 1 this means that the set V, (respecti­
vely Vf) contains each of the 2k2—к treatments exactly к (respectively k + \) 
times.

We note that a BIBD with r — 2k + 1, A =  1 is a  partial geometry (r, k, t) — 
= (2k +1, k, k). The graph G is then [1] the graph of the dual configuration and is 
also a partial geometry (k,2k-\-\,k). We can, therefore, state the following theo­
rem.

T heorem 2. 2. Let G be the graph of the dual of a BIBD with r = 2k + 1, k=  \. 
Then G has an ascendant G* which is a pseudo Lk(2k) graph if and only if the 4k2 — 1 
blocks o f the BIBD can be partitioned into sets V, and V2 of к (2k — 1 ) and (к +  1 ) (2k — 1 ) 
blocks respectively such that each o f the 2к2 — к treatments o f the BIBD occur к times 
in Vx and к + 1 times in V2 ■

BIBD’s having the structure of the above theorem exist for k = 5 and 7. See 
for example Appendix I in [4]. Hence we have the following result.

Corollary. Pseudo Ls(10) and pseudo L7( 14) graphs exist.
G oethals and Seidel [3] have constructed a pseudo Z.5(10) graph in precisely 

the same manner.
Using the Corollary and Theorems В, C and D we have the following theorem
T heorem 2 .3 . (I) pseudo Lr(2r) graphs exist for all r = Уп5“l c2m+a+c+n~l 

where m, n, a, c are non negative integers (m, n, a, c) F  (0, 0, 0, 0).

9* Studia Scientlarum Mathematicarum Hungarlca 6 (1971)



132 R .  C .  B O S E . S .  S .  S H R IK H A N D E : F U R T H E R  C O N S T R U C T I O N S  F O R  G.pi) G R A P H S

(II) NLfilr) graphs exist for r = 5al c2a+c where, a, c are non negative integers 
and for r = 3m 5a7c2m+a+c+n~1 where m, n, a, c are non negative integers and (m, n) 
^(0 , 0).

The proof is similar to that of Theorem 9. 3 and 9. 5 in [2] and is omitted. 
Finally, noting that pseudo Lr{2r) and NLr(2r) graphs are Ci2(d) graphs we

have
Theorem 2. 4. C2 (d) graphs with the following parameters exist

(i) V = 4r2, nl = r(2r—l), d = r(r — 1);
(ii) V = 4r2 — 1, nv =2r2, d = r2-,

for all r — 3m5a7c2m+a+c+n~1 where m, n, a, c are non negative integers (m, n, a, c )^
^(0, 0, 0, 0).

(iii) v = 4r2, nt = r(2r+X), d = r(r+  1);
with r — 5“l c2a+c, where a, c are non negative integers and with r = 3m5a7c2m+a+c+n~1 
where m, n, a, c are non negative integers and (in, n) г* (0, 0).

We remark that since our construction is essentially by a composition method, 
any new G2(d) graph with parameters as in Theorem E can be utilised in conjunc­
tion with the above theorem to enlarge such a family considerably.
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ÜBER PARKETTIERUNGEN KONSTANTER 
NACHBARNZAHL

von
G. FEJES TÓTH

Abb. 1

Eine Menge konvexer Polygone, die die Ebene schlicht und lückenlos über­
decken wird eine Parkettierung genannt. Zwei Polygone, die gemeinsame Rand­
punkte haben, nennen wir Nachbarn. Hat in einer Parkettierung jedes Polygon 
dieselbe Anzahl n von Nachbarn, so sprechen wir von einer n-Nachbarnparket- 
tierung.

Für n = 6, 7, 8, 9, 10, 12, 14, 16 
und 21 sind einfache Beispiele für «- 
Nachbarnparkettierungen mit kon­
gruenten Flächen bekannt [1]. Ande­
rerseits lässt sich zu jedem Wert von 
n >5 eine «-Nachbarnparkettierung 
konstruieren, indem man von einem 
«-Eck ausgehend zu den freien Seiten 
immer neue «-Ecke hinzufügt, und 
zwar so, dass sich die «-Ecke immer 
entlang ganzer Seiten aneinander- 
schliessen [2]. Die so entstehenden Par­
kettierungen sind aber im Sinne der 
hierfolgenden Definition keine Nor­
malparkettierungen. Eine Parkettierung wird normal genannt [1], wenn die Inkreis­
radien der Flächen eine positive untere, und die Umkreisradien eine endliche obere 
Schranke haben.

Es erhebt sich die Frage ob es für jeden Wert von и >5 eine normale «-Nach­
barnparkettierung existiert. L. F ejes Tóth [1] sprach die Vermutung aus, dass die 
Antwort bejahend ist. Bisher war aber ausser den oben genannten Fällen von Par­
kettierungen mit kongruenten Flächen nur ein Beispiel, nämlich eine normale 
11-Nachbarnparkettierung bekannt. In diesem Aufsatz beweisen wir folgenden Satz, 
der die obige Vermutung bestätigt.

Es existiert zu jedem ganzzahligen Wert von » >  5 eine normale n-Nachbarnpar- 
kettierung.

Es sei R ein Rechteck. Wir bezeichnen die Seitenmittelpunkte von R in ihrer 
zyklischen Reihenfolge mit А, В, C und D. Wir betrachten auf der Srecke AC zwei 
Punkte A' und C  so, dass AA' = C'C = AC/4 sei. Ferner zerlegen wir die Strecke 
BD durch « — 5 Punkte in « — 4 kongruente Teilstrecken. Wir verbinden diese Punkte 
mit A' und C , und zeichnen noch die durch A' und C  hindurchgehende, zu BD 
parallele Sehnen von R. Die so erhaltenen Strecken zerlegen R, zusammen mit den 
Srecken AA', C'C und BD in 4 Rechtecke, 4 Trapezen und 2 (« — 6) Dreiecke (Abb. 1).
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Wir sagen, dass diese Vielecke einen n-B/ock bilden. Innerhalb von einem n-Block 
haben die Rechtecke n — 3, die Trapezen n — 1 und die Dreiecke n Nachbarn. Wir 
nennen AC die Achse des Blocks.

Wir verschieben den obigen Block in der Richtung AC um AC, (m — l)AC. 
Die verschobenen Blöcke bilden, zusammen mit dem ursprünglichen ein m-faches 
n-Block. Bemerken wir, dass innerhalb von einem mehrfachen n-Block die „inneren“ 
Rechtecke n — 1 Nachbarn haben.

M7
Abb. 2

Wir konstruieren jetzt für n>-8 die in unserem Satz angedeuteten Parkettierun­
gen. Wir unterscheiden vier Fälle, je nachdem ob n durch 4 dividiert 0, 1, 2 oder 3 
als Rest ergibt.

Wir betrachten die in Abb. 2 dargestellten, aus schwarzen Quadraten und 
weissen Quadraten bzw. Rechtecken bestehende Mosaike, die wir mit M 5, M6,

M-, und Ma bezeichnen. Die schwarzen 
Quadrate bedeuten k-fache n-Blöcke 
mit vertikalen Achsen, je nachdem 
ob n — 4к + 5, 4k +  6, 4k +  7 oder 
4A- +  8 ist.

In M5 berühren sich die schwar­
zen Quadrate entlang grösseren Strec­
ken als eine halbe Seite. In M6 ist die 
kürzere Seite eines weissen Rechtecks 
grösser als die halbe Seite eines schwar­
zen Quadrats. In M-, liegen die Ecken 
der Quadrate in je einem Seitenmit­
telpunkt eines anderen Quadrats. M 8 
bedarf keiner Erklärung.
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Wir erinnern an die Tatsache, dass innerhalb von einem /г-fachen «-Block die 
Dreiecke «, die Trapezen und die inneren Rechtecke « —1 und die übrigen vier 
Rechtecke « — 3 Nachbarn haben. Man überzeugt sich leicht, dass in Mj (j — 5, 6, 7, 8) 
diese Vielecke noch 0, 1 bzw. 3 weitere Nachbarn bekommen. Jedes weisse Viereck 
bekommt von dem entlang einer vertikalen Seite anstossenden /с-fachen «-Block 
4k, und von den übrigen Polygonen genau j  Nachbarn. Folglich hat in den konstruier­
ten Parkettierungen jede Fläche genau « Nachbarn. Da in diesen Parkettierungen 
nur eine endliche Anzahl von verschiedenen, d.h. nicht kongruenten Polygonen 
vorkommt, sind sie normal. Damit ist der Satz bewiesen.

Es sei K —K(n) die kleinste ganze Zahl mit der Eigenschaft, dass sich aus kon­
gruenten Exemplaren von К konvexen Polygonen eine «-Nachbarnparkettierung 
konstruieren lässt. Wir haben erwähnt, dass Ai(6) = Ai(7) =  Ä̂ (8) = Äi(9) = /f(10) =  
= K(12) = A'(14) = /v(16) = ÄT(21) = 1 gilt. Die in Abb. 3 dargestellte 11-Nachbarn- 
parkettierung zeigt, dass АГ( 11)^2 ist, und wir haben vermutlich K(\\) = 2. Man

[1] Fejes T óth , L.: Scheibenpackungen konstanter Nachbarnzahl, Acta Math. Acad. Sei. Hang. 20
(1969) 375— 381.

[2] Steinhaus, H.: Kaleidoskop der Mathematik (Berlin, 1959).

zählt leicht nach, dass in unseren obigen Beispielen Sorten von Polygonen

auftreten, so dass K(n) * gilt. Es lässt sich vermuten, dass lim K(n) =  °°

ist. Dies steht aber noch nicht fest.

LITERATURVERZEICHNIS

Ungarische Akademie der Wissenschaften. Budapest

(Eingegangen: 27. October, 1969.)

Stucia  Scientiarum M athematicarum Hungcrrica 6 (1971)





Sliidia Scientiarum Mathemalicarum Hungarica 6 (1971) 137— 145.

A GENERALIZATION OF BE LL MAN’S INEQUALITY 
FOR STIELTJES INTEGRALS AND A UNIQUENESS

THEOREM

by
I. GYŐRI

1. Introduction

In the study of uniqueness and stability of solutions of differential equations 
some integral inequalities play a very important role. An inequality referred often 
to of this kind was published by Bellman [1] in 1943; several extensions and ge­
neralizations of this inequality have been established by a number of authors (see 
e.g. Bihari [2], Viswanatham [5], Brauer [3]).

In this paper we discuss a non-linear inequality of H inton’s type involving 
Lebesgue—Stieltjes integrals, and with the aid of this shall obtain a uniqueness 
theorem for the solution of the equation

as general as implying the theorems of Nagumo, Osgood [2], Yang En-H o [6].

where к is an arbitrary positive constant. For fixed t, g(t, u) is a non-decreasing func­
tion of it, and, moreover g(t, u(t)) is integrable.

Then the inequality

y '= f( t ,y ) ,  y(t0) = y 0,

2. Generalization of Bellman's inequality

T heorem 2. 1. Assume
(a) и ( t ) is a non-negative and bounded function in the interval a ^ t s b ;
(b) v(t) is increasing and continuous in (a, b) ;
(c) g(t, h) s O is continuous for

a S t ^ b ,  0 S u ^ k +  sup u(x) = u0,

( 2. 1)
a

implies for some a -^ b '^ b  that,

(2. 2) m( í ) S z (í ) ( a ^ t ^ b ' )
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where z{t) is the maximal solution of the equation
t

(2. 3) z(t) =  k + f  g(s, z(s))dv(s)
a

on the interval a tB t^b ', where this solution exists.1
P roof. It is enough to show that (2. 3) has a solution satisfying (2. 2), and this 

can be done by successive approximations as follows. Put

z0(t) = u(t)
t

(2.4) z„ + 1(t) = k + f  g(s,z„(s))dv(s) (я = 0 ,1 ,2 ,...);
a

the functions zn(t) (и = 1,2, ...) are obviously continuous. Denote by 0 the 
maximum of g(t, u) while 0 ^ u S u 0, a ^ t ^ b .  We are going to show that for a suit­
able a < b '^ b  we have

(2.5) OS z„(t)^u0

for all positive integer n, whenever ű S íS é '.
In fact, assume that z„(t) (я = 1; the case n=  0 is obvious) already satisfies 

(2. 5).
Then by (2. 4) we infer

0 S  zn + l (t) S  k + M [v(t)-v(a)\ S  u0, 
whenever (S a  is as small as satisfying the inequality

sup u{x)

The continuity of v(t) implies the existence of such a t. This shows that the sequence 
{zn(t)} is bounded in the interval for some b’>a\ moreover, for every t
and n the point (t, zn(t)) belongs to the domain of g(t, ü). By induction we easily 
obtain that z„(t)=z„+1(?) for every a ^ t ^ b ' ,  0. Namely, if z„_ t (t) Sz„(i)
(я ^ 1 , the case я = 0 being obvious), then by the monotonity of g{t,u) and v(t) 
we have

Zn(t) = k + f  g(s, z„_1(s)) dv (j ) ä  k+  f  g(s, z„(s)) dv (s) i+1 (0

(a ^  t Ш b').
The definition of the functions {zn(t)} implies that for any e> 0  there exists a 

<5 >-0 such that for every a S 11, t2=b' and n ^  1 the inequality

i)l S  M\v(t2) - v ( t l)\ <  £

1 The notion of maximal solution is analogous to that in the case of differential equations, 
and also its existence can be proved in the same way.
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holds, provided \t2 — < <5. Therefore Arzela’s well-known theorem implies that
this sequence of functions converges uniformly. Put

z(t) =  lim zn(l) ( a ^ ts b ') .n — oo

It is easily seen that this function is a solution of equation (2. 3). Inequality (2. 2) 
is also satisfied, because we have

u(t) = z0( t ) ^ z l ( t ) ^ . . . ^ z ( t ) ^ z ( t ) .

Remark. By the substitution v(s)=s we obtain the generalization given by 
Viswanatham [6] of Bellman’s lemma.

As a consequence of the above theorem we now derive

Theorem 2. 2. Assume
(a) и (t ) is a non-negative and bounded function on the interval [a, b] ;
(b) v(t) is a continuous non-decreasing function on [a. b] ;
(c) g(u) is a continuous non-decreasing function on Оёи<°= and there exists

an u() > 0  such that g(u)>0 for и Э u0, and moreover g(u(t)) is integrable.
Then, for an arbitrary positive constant к the inequality

t

(2.6) u ( t )  ^ k + J g ( u ( s ) ) d v ( s )
a

implies

(2.7) i/(r) == G -1(<7(A-) + u(/)-y(a)) ( a ^ t ^ b ’^b),
where b' > a and

l" I(2.8) G(u)= I dt (//SO ),

and G 1 is the inverse of G; moreover b' is chosen so that G(k) + v(t) — v(a) belongs 
to the domain of G ~1 whenever a ^ t s b ' .

P r o o f . In view of the theorem just proved we have

m( /)ä z(0

where z(t) is the maximal solution of the equation
t

(2. 9) z(t) -  k + J  g(z(j)) d v  (i)
a

Thus it is enough to show that any solution of equation (2. 9) satisfies the in­
equality

(2. 10) z (0  <  G_ i (G(A: +  8) +  D (0 - //(a ))  =  >’(0

This, however, will obviously follow if we show that the right hand side of (2. 10)
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is a solution of the equation
t

(2. 11) y ( t ) =  k + e + f  g(y(s))dv(s),  2
a

i.e.
t

(2. 12) G - 1 (G(fc +  e) +  v ( t ) -  t’(a)) =  k + E + J g (G ~1 (G(k + e)  + v ( t ) -  v(a)))dv(r).
a

Here for the right-hand side we obtain
t v(l)

f g ( G - 1(G(k + e) + v(z)-v(a)))dv(x) = J  g (G~1(G(k + E) + s-v(a)))ds .
a v(a)

i.e., taking into account the definition of G, or rather its direct consequence, the 
equality

d G -\t)
dt g(G ~'{ 0),

we have
t

f  g(G~ 1(G(k + e) + г(т) -  v(a))) dv ( t)  =
a

= G_1(G(k +  £) + r ( 0 - r ( a ) ) - G _1(G(/: + e) + r(0 )-y (a)) =
=  — к -  e + G~1 [G{k + e) +  v{t) -  y(a)).

This proves (2. 12) and therewith the theorem.
Remark. If » ,( ( )a 0  is continuous and

t

v0 ) =  f  Vi(z)dz
a

then our theorem yields the assertion of Bihari’s lemma (see [2]).

3. A uniqueness theorem

In the last section of our paper we apply our Theorem 2. 2 to the derivation 
of a uniqueness theorem of a general type, and, as a conclusion of these notes, we 
list some of its various implications.

T heorem 3. 1. Assume
(a) /(/, у) is a function continuous in the domain

G = {(t,y)\ t0S t ^ t 0 + a, \y y 0\- = b} 
for some positive a and b;

2  An easy argument, similar to classical ones in the theory o f differential equations, shows that 
each solution of (2. 9) is dominated by any solution of (2. 11).
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(b) for every sufficiently small ô, 0 the function v(t;ô) is continuous
and non-decreasing in t, provided t0 + ő S  t S. t0+a

(c) g (и) is continuous and non-decreasing i/0  Ши
(d) There is no positive constant к such that the inequality

(3.1) f  - * dz S  v(t0 + a; ô ) - v ( t0 + ô; Ő),
s+ ä iн») 8 ' x '

holds for any e, <5=-0 and for any function ф(д) tending to 0 i f  <5— 0. 
I f  apart from the above conditions, f(t, y) satisfies the inequality

<3. 2)
\ f 0 , y 2) - f ( t ,y i ) \  = v\t;ô)g(\y2- y l \) 3 4

(Уо + <5 — f — t0-\-a\ Уо~Ь = у !, у 2 — Уо~\~Ь)

then, for some positive rj, the solution passing through the point (t0, y0) o f the differential 
equation
(3 .3) y \t)= f{ t, y)

is uniquely determined in the interval (t0, t0 -f q).
P roof. Suppose that y(t)  and z(t) are two solutions of equation (3. 3) 

such that y(t0)= z(t0) = y0. Then in a sufficiently small neighbourhood of (f0,y 0) 
we have t
(3.4) z ( t ) - y ( t )  = f  [ / ( t, z(t) ) - / ( t, у(т))]Л.

*0
Let ancl fix <5>0 so that i0 + (5 <  1• Now by (3.2) we have

t t
j \ f (x,z{z))-f(x,y{x)) 'dx j  g(|z(T)—j (t)|)i/ ( t; ô)dx S

i0 + «5 + ̂t
^  /^ (к (т )-у (т ) |)Л (т ;< 5 ); 4

ÎQ + Ô
therefore (3. 4) implies

t
И О - .К 0 1  S  f \ f ( x , z ( x ) ) - f ( x , y { x ) ) d x  s  <5 max !/(t, z (t) ) - / ( t, y (*))! +

"  ‘ o  — r  — ‘ 0  0
T0

t
+  / # ( | 2 ( т ) - у ( т ) | ) Л ( т ;  <5)-

ÍQ+Ó

3 Namely, v' (/; S) may possibly not exist for every I.
4 This last inequality follows since by omitting the singular part of v(t\ <5) in its canonical 

decomposition as a continuous and monotonie function we have equality.
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Choosing the function ф(0) featuring in (3. 1) as 

(3. 5) 
we obtain

К0-Я01 =  0ф(0)+ J g(\z(t) — j (t) |)  dv (t ; Ô) (it0+S Ш t ).

If s > 0  is arbitrary but fixed, the inequality

\z (t)-y (t) \+ e  ^  0ф(0) + г+ f  g(\z(x)-y(x)\+e)dv(x;ô)
to+ö

holds, to which we may apply Theorem 2. 2 to obtain

G ( |z ( i) - j( i) |+ e )  s  G(ôil/(ô) + s) + v(t; S) — v(t0+ô; ô), 
where G(u) is the same as in (2. 8):

u

G(u) =  J — dt (m0> 0, m s O).
«0 '

By the definition of G here we obtain
|z(f)—y(f)| + 8

(3. 8) / 1 dx v(t; ő) — v(t0 + 8; ő) s  v(t0 + a ; ^) —1>(/0 + <5; <5)

( t 0 +  <5 s  / )

е + дф(0) s (T)

for every e, <5 =-0 which, by virtue of condition (d), implies

\H0-y(t)\  =  0 .

('o^O
Since t> t0 was arbitrary the assertion of the theorem follows. 
Remarks 1. (Nagumo’s uniqueness theorem.) Assume g(u) = u and

v(t; ô ) - v ( t0 + 8; ô)
t

dx {t0 + 0 < /).

Then g(u) and v(t, <5) satisfy the requirements of our theorem, and so the inequ­
ality

l / 0 >T2 ) - /(b > ’i)l S —-- \у2-Ух\1 'о
implies the uniqueness of the solution of (3. 3).

2. (Osgood’s theorem.) Put

and assume g(0) =0 and
v(t; ô) — u(?0 + c>; ö) = t — t0 —ô

U
lim f  — — -  dt ~ oc, (iи 0).

0<»0- 0„f gO)
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Then, according to our theorem, the inequality

\ЯиУг)~ЯиУх)\ =  s d T i -T i l )
implies uniqueness.

3. It is not necessary to require
U J

lim / dt — °°0<»o-o/ g(t)*'0
as we did in the previous remark.

In fact, if t >  t0 +  <5(<5 > 0 )  and

v ( f ,S ) -v ( t0+ó;ő) = ( t - t 0)s - 0 9

holds, and moreover g(u) = \/u, then g(u) and v(t; S) satisfy the requirements of our 
Theorem 2. 2; namely the inequality

k + e
aó — ös ^  j  I  du = 2 ie  + k — 2 ÿs + ôil/(ô) 

e+óiHö) У U

for sufficiently small s, <5 > 0  implies k=  0. Thus

\ f i f ,y 2)-f{ t,y { ) \  si ô ( t - i 0)s- '  Ÿ\y2~yi\

(Ő S  t - t 0)
also implies uniqueness.

4. (Theorem of Y ang En-Ho [7].) Put g(u) = ul> and
t

v(f, ô ) - v ( t0 + ô\ <5) =  L f  - dz, (t0 + à S  t s  t0 + a)
i0+ô(r r°>

where /J>1, a ^ l  and L > 0 are arbitrary constants. Then conditions
(b)—(d) of Theorem 3. 1 are satisfied. This is obvious for (b) and (c). The satisfac­
tion of conditions (d) can be verified as follows.

For a start assume the contrary, i.e. that for some positive constant к the in­
equality

г + к

J  1 d z ^ \ v ( t0 + a -,ô )-v (t0 + ô;ô)\ ( ä S ( - ( 0)
.+4w  £(т)

holds for every e, <5>0. This implies, provided t >  t0 +0, by the definition of g(u) 
and v(t; ô) that

1 1 _  L

(1 — ß)(e +  k)ß~1 ~  ( l - ß H e + t y Q f f - 1 ~  1 - a  
i.e.

1 L  _  1 L
(1 — ß)(e +  k)ß~1 — (1 — a)a*- 1 “  (1 -  ß)(e +  Sil/(8)y-1 ( l - a ) ^ " 1

1 ___ 1_
a * - 1  ^ c P “ 1 ’

S tu d ia  S c le n tia ru m  M athem aticarum  H ungarica  6 (1971)



14 4

for all <5, £>0. Put £ =  0 —0ф(0); then the above inequality implies

, ,  1 L 1 L(3.9) (1 -ß )(d -ö ^ {ö )  + k y - 1 ( l - a ) a * - 1 “  ( l - ß ) ö ß- 1 ( l - a ) ^ 1“ 1
By the assumptions for the constants involved we can infer

limö~0
1 L ( ! _ «  ) - L ( l - ß ) ö ^

Xl - ß ) ö" - 1 ( l - a ) ô * - \ Ло (1 —a)(l —ß)öß~1
►0, (3.9) implies

1 L
( l - f i k * - 1 (1 — a)aa_ 1 =  '°’

and this is an obvious contradiction. The case can be handled similarly.
Since, as we have shown, conditions (b)—(d) of our theorem are satisfied, and

Ct ~ t oy ’
the continuity (as required in condition (a)) o f f ( t ; y ) in the domain i0S i S / 0+ fl 
\у~Уо\  = b, and the inequality

s  ртЛчгЬ2 - уАр,( t - to Y
where, we recall, 1</1, O ^ a ^ ß ,  oc^l and 0, imply the uniqueness of the so­
lution of the equation (3. 3) at the point (/0,To)-

5. Define

v(t;<5) = / — — —  dT, (f0 + s t S  t0 + a)
,0+i

where g(u) is the function defined in Theorem 3. 1. Assume that condition (d) of 
Theorem 3. 1 is satisfied, i.e. that the inequality

«+* . a .
(3.10) f  dt ^  f  - - d t

E +  ő l l l ( ö )  á  8 ( 0

does not hold with any positive к for every £, ô >0.
Then, by Theorem 3. 1 if f(t, y) is continuous in a neighbourhood of (?o»>'o) 

and satisfies the inequality

(3-11) \A t,y 2) - f { t ,y d \  = g (\y i-y i\X

(t0^ t ^ t 0 + a)
then at most one solution of the equation (3. 3) passes through the point (t0,y 0). 

If in particular g(u) = e" — l, then (3. 10) cannot be satisfied and (3. 11) be­
comes

\ f ( t ,y 2) - /0 ,y i ) \  s  j

(t0 3 1).

(e\y2-y 11 — 1 )
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DURCHLEUCHTUNG G ITTER FÖ R M IG ER  KUGELPACKUNGEN
M IT LICH TBÜ N DELN

von
I. HORTOBÁGYI

Herrn Professor J. M OLNÁR :it seinem 50. Geburstag gewidmet

Eine Menge kongruenter nicht übereinandergreifender Kugeln wird eine Kugel­
packung genannt. Wir sagen, dass die Packung in einer Richtung undurchsichtig 
ist, wenn jede zu der gegebenen Richtung parallele Gerade mindestens eine Kugel 
trifft. Liegt die Packung zwischen zwei parallelen Ebenen und ist sie in der zu diesen 
Ebenen senkrechte Richtung undurchsichtig, so sprechen wir von einer Kugelwolke. 
Den Abstand der begrenzenden Ebenen nennen wir die Breite der Kugelwolke.

F ejes Tóth [1] hat bewiesen, dass die Breite einer Einheitskugelwolke stets 
£  2 +  Ÿ 2 ist, und Gleichheit nur dann gilt, wenn die Wolke aus zwei quadratischen 
Kugelschichten besteht, so dass jede Kugel vier Kugeln seiner eigenen Schicht und 
vier Kugeln der anderen Schicht berührt.

Er hat das analoge Problem für Dunkelwolken aufgeworfen, d.h. für Wolken 
die in jeder solchen Richtung undurchsichtig sind, die zu den begrenzenden Ebenen 
nicht parallel ist. Da aber die Bestimmung der minimalen Breite einer Dunkelwolke 
hoffnungslos schwierig zu sein scheint, müssen wir uns hier mit Abschätzungen 
begnügen. Eine bessere untere Schranke als 2 + 12 ist auch bei Dunkelwolken 
nicht bekannt. Eine obere Schranke hat Böröczky [2] angegeben, der aus 7 Schichten 
eine verhältnismässig dünne Dunkelwolke konstruiert hat.

Die Schwierigkeit dieser Frage zeigt folgender Satz von Heppes [3]: Eine gitter­
förmige Kugelpackung ist stets in drei linear unabhängigen Richtungen durch­
sichtig (nicht undurchsichtig). Der folgende Satz beantwortet eine diesbezüglich eine 
Frage von H eppes.

Satz. Eine gitterförmige Packung von Einheitskugeln lässt sich stets in drei linear 
unabhängigen Richtungen mit einem zylinderförmigen Lichtbündel vom Radius
3\2

4 -  1 «  0,0606 durchleuchten.
Diese Konstante lässt sich nicht durch eine grössere ersetzen, wie es das Beispiel 

des dichtesten Kugelgitters zeigt. Vor dem Beweis des Satzes machen wir einige 
Bemerkungen :

1. Die ortogonale Projektion eines regulären Tetraeders mit der Kantenlänge 
2 auf eine zu einer Kante des Tetraeders senkrechte Ebene ist ein Dreieck mit den

3 1 /2
Seiten УЗ, У3, 2. Der Umkreisradius dieses Dreiecks ist ——— .

2. Gilt für die Seiten a, b, c eines Dreiecks a £ ^ 3, f c ë /3 und e s 2, dann ist

der Umkreisradius des Dreiecks £ 3/2
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3. Gelten für die Seiten a,b,c  eines Dreiecks die Ungleichungen / 3 ^ й< 2, 
l /3 ^ 6 < 2  und j/3 ^ c < 2 , dann ist das Dreieck spitzwinklig.

4. Das Spiegelbild einer Ecke eines spitzwinkligen Dreiecks bezüglich des Mit­
telpunktes der gegenüberliegenden Seite liegt ausserhalb des Umkreises des Drei­
ecks.

Wir wenden uns jetzt dem Beweis unseres Satzes zu. In einer gitterförmigen 
Kugelpackung seien OB und OC zwei nicht parallele Gittervektoren, und O A ein 
von OB und ÖC linear unabhängiger kürzerster Gittervektor. Wir werden zeigen, 
dass sich die Packung in der Richtung O A mit einem zylinderförmigen Lichtbündel

3^2
vom Radius e =  — -------1 durchleuchten lässt.4

Wir projizieren die Packung auf die zu O A senkrechte Ebene n. Die Projektion 
der Kugelmittelpunkte bildet ein Punktgitter, und die Projektion der Kugeln be­
steht aus Einheitskreisen um diese Punkte. Wir werden zeigen, dass diese Kreise 
die Ebene л nicht vollständig überdecken.

Wir bezeichnen die Projektionen von А, В, C mit А', B’, C , den Umkreis des 
Dreiecks A'B'C' mit к und den durch к hindurchgehenden geraden Kreiszylinder 
mit H  (Abb. 1.). Wir können voraussetzen, dass das Dreieck A'B'C' spitzwinklig

31/2"ist. Wir werden zeigen, dass für den Radius R von к R й  —-— gilt.

In [3] beweist H eppes, dass jede Seite von A ’B'C' ist. Nach der Bemerkung 
2 können wir voraussetzen, dass die Seiten von A'B'C' <2 sind. Wegen der Wahl 
des Vektors OA ist A B ^O A  und АСШОА, also <[АОС^<АСО  und < 4 0 5  5  
^~iABO . Deshalb können wir voraussetzen, dass CM = 2 ist, weil wir im Falle 
О А >2 den Punkt A durch einen Punkt A* ersetzen können, für den OA* —2 und 
CM*IICM ist. Weiterhin können wir ohne Beschränkung der Allgemeinenheit voraus­
setzen, dass die senkrechte Projektionen von В und C auf die Gerade OA auf der 
offenen Strecke OA liegen.

Wir bezeichnen die durch den Mittelpunkt F der Strecke OA gehende und 
zu der Ebene л parallele Ebene mit Wir untersuchen die folgenden Möglich­
keiten:

I. Die Ebene n1 trennt die Punkte В und C nicht.
II. Die Ebene 7t! trennt die Punkte В und C.
I. Wir können voraussetzen, dass die Punkte В, C und О auf derselben Seite 

von Kt sind. Weiterhin setzen wir voraus, dass В näher bei л х liegt als C. Liegt В
nicht in 7Г j , dann bewegen wir В auf der zu O A parallelen Geraden in 7t!. Inzwischen
verändert sich der Radius von к nicht, und die Entfernungen werden nicht kleiner 
als 2.

Ist die Strecke F В >  f'3, dann bewegen wir В auf dem Durchschnitt k t von 
Fl und 7t!, so dass FB — ÿ 3 wird. In diesem Fall ist AB = OB = 2 und inzwischen 
hat sich der Radius von к  nicht verändert. Wir werden zeigen, dass diese Bewegung 
möglich ist, d.h. dass während der Bewegung der Abstand BC nicht < 2  wird. Wir 
bezeichnen die senkrechte Projektion von C auf n t mit Cj, das Spiegelbild von 
Cx bezüglich des Mittelpunktes von k y mit Cx. Da FCt ё / 3 und der Radius von
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A', < К3 ist, erhalten wir Е С ^ ^ З .  Deshalb nimmt der Abstand BC während der 
Bewegung von В monoton zu.

Wir bewegen den Punkt C parallel zu der Geraden O A auf zu, so dass CB =  2
sei. Dann bewegen wir C auf der Durchdringungskurve von H und der um В mit 
dem Radius 2 geschlagenen Kugel gegen . Nach der Bemerkung 2 können wir 
doraussetzen, dass wir den Punkt C nicht bis nt bewegen können. Während der 
Bewegungen verändert sich der Radius von к nicht. Nach den Bewegungen sind 
vie Kantenlängen des Tetraeders OABC mit Ausnahme von AC gleich 2.

Abb. 1 Abb. 2

A

Wir drehen den Punkt C um die Achse OB so, dass AC = 2 sei. Wir werden 
zeigen, dass in diesem Fall der Radius von к abnimmt. Wir bezeichnen den Mittel- 
Punkt der Strecke OB mit K, die senkrechte Projektion von К auf я mit K'. Der 
Punkt C bewegt sich auf einem Kreis k* mit dem Mittelpunkt K. Die senkrechte 
Projektion von k* auf л ist eine Ellipse. Der Mittelpunkt der Ellipse ist K', seine 
kleine Achse ist A'B'; weiterhin geht sie durch den Punkt C  und durch den Spiegel­
punkt C' von C  bezüglich K', sowie durch den Spiegelpunkt C" von C' bezüglich 
der Mittelsenkrechte der Strecke A'B' (Abb. 2.).

Nach der Bemerkung 4 ist C' ein äusserer Punkt von k. Während der Bewegung 
bewegt sich die Projektion von C auf dem Ellipsenbogen A’C .

Wenn A'C' ^C 'B ' ist dann liegt der Ellipsenbogen im Inneren von k; deshalb 
nimmt der Umkreisradius des Dreiecks A'B'C' ab. Wenn A'C' — ^3 ist, gelangt 
der Punkt C in die Ebene л1 und es gilt AC = 2.

Wenn C'A'>C'B' ist, dann bewegen wir den Punkt C so, dass seine Projek­
tion C" sei (Abb. 2.). Wegen A'C" <C"B' haben wir wiederum mit dem ersten Fall

3^2zu tun. Nach der Drehung ist der Radius von к gleich .
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II. Die Punkte C und О bzw. В und A liegen auf zwei verschiedenen Seiten 
von 71!. Wir können die Punkte C und В parallel zu O A so bewegen, dass OC = CB =  2 
sei. Auf Grund von I. können wir voraussetzen, dass nl die Punkte В und C trennt. 
Bewegen wir den Punkt В auf der Durchdringungskurve von H und der um C 
mit dem Radius 2 geschlagenen Kugel gegen 7i,. Während dieser Bewegung kommt 
der Punkt C entweder in oder, wird AB gleich 2. Auf Grund von I. können wir 
voraussetzen, dass AB = 2 ist. Gleichzeitig gilt für die übrigen Kanten des Tetraeders 
OABC: OA = OC=CB = 2, AC>2, OB>2. Wir drehen die Punkte C und В um 
die Achsen OB bzw. AC so, dass AC = OB = 2 sei. Es ist leicht einzusehen, dass 
für die Projektionen B' und C  diejenigen Bedingungen des Falles I., die bei der 
Drehung benutzt wurden, erfüllt sind. Also nimmt der Umkreisradius des Drei­

ecks A'B'C’ ab, und nach den Drehungen wird R — 

wiesen, dass der Radius von к grösser oder gleich als -

3/2

3/2
4

Damit haben wir be-

lS t .

Auf Grund der Bemerkungen 3 und 4 enthält der Kreis к ausser А', B' und 
C  keinen anderen Gitterpunkt. Q sei der Mittelpunkt von k. Der Kreis к mit dem

3 / 2
Mittelpunkt Q und dem Radius ~— 1 wird die Projektionskreise der Kugeln
höchstens berühren, deshalb wird der Zylinder mit dem Grundkreis к und der zu 
O A parallelen Achse die Kugeln höchstens berühren.
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A H O M O M O R PH ISM  TH EO REM  WITH AN 
A PPLICATION TO TH E C O N JEC TU R E OF HADWIGER

b y
I. T. JAKOBSEN

1. Definitions and Terminology. In this paper a graph is an undirected graph 
without loops and without multiple edges.

Let Г be a graph. Then У (Г) denotes the set of vertices and Е(Г) the set of 
edges. Г is said to be finite, if У(Г) is finite. п(Г) denotes the number of vertices 
in Г and е(Г) the number of edges. If S is a set, |Sj denotes the number of elements 
of S. An edge joining two vertices x and у is denoted by (x , y) or (y, x). A graph 
with V vertices in which each pair of distinct vertices are joined by an edge is called 
a complete v-graph and denoted by (v). A (v) with just one edge deleted is denoted 
by (v — ) and a (v) with exactly two edges deleted is denoted by (v =  ).

If the graph Г' is contained in the graph Г as a subgraph (i.e. V(F')Q V(T) 
and Е(Т ')££(Г)), Г = Г' possibly, we write Г '^ Г . If WQV(T) then Г — W de­
notes the graph obtained from Г by deleting all vertices belonging to W  and all 
edges incident with at least one vertex of W. Г( W) denotes the subgraph o f Г span­
ned by the set W defined as the subgraph of Г whose set of vertices is W and whose 
set of edges is the set of all edges of Г having both end-vertices in W. Any such 
subgraph is called a spanned subgraph. If Г' Г, then Г — У (Г') is also written 
Г -  Г'. If x, у  6 У (Г), (x, y) $ Е(Г) (resp. (x, y) € Е(Г)), then Г U (x, y) (resp. Г — (x, y)) 
denotes the graph obtained from Г by adding (resp. deleting) the edge (x, y). For 
convenience if (х,у)$Е(Г') then Г' — (x, у): — Г'. If х^У(Г'), f 'U x  denotes 
r ( f ( f )U { x ) ) .  v(x, Г) denotes the valency of x in Г, i.e. the number of vertices 
of Г joined to x by edges in Г.

A path is a graph with vertices x t , x2, xß, ц S  2 and edges (xy, x2), (x2, x3), ... 
..., (x„_ !, x„), where x x, ..., x  ̂ are all distinct, x, and x„ are called the end-vertices 
of the path and are said to be joined by the path. Let П be a path and x, у 6 У(П). 
Then П [х,у] denotes that subgraph of П which is a path and has x and у as its 
two end-vertices. П[х,х] is defined as the graph consisting of the vertex x.

Let Г у and Г2 be two mutually disjoint subgraphs of Г. А (Г Х){Г 2)-path is a 
path with one end-vertex belonging to Гу and the other one to Г2 and which has 
nothing else in common with Гу U Г2.

A set of vertices of Г is called independent if no two of them are joined by an 
edge, and a set of edges of Г is called independent if no two of them have a vertex 
in common.

Г is said to be l-fold connected, I s  1, if п{Г) ^ I f l  and whenever g l - 1  
vertices are deleted the remaining graph is connected.

If Г is connected, a cut-set of Г is a set S of vertices such that Г — S  is discon­
nected.

Let A be another graph. A contraction is a mapping m from У(Г) onto У (A)
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such that (1) VxÇ УСА): Г[т~1(х)) is connected and (2) dx, y£ V(A): (x, ÿ)Ç.E{A) 
if and only if Г contains at least one edge joining a vertex of m~1{x) and a vertex 
of m~l (y). A is said to be obtained from Г through a contraction and Г is said to 
be contracted into A if such a mapping exists and is applied on Г. Г is said to be 
homomorphic to A, written ГУ-A, if Г can be contracted into a graph containing A 
as a subgraph.

Let Г be a connected graph. Let Л be a spanned proper subgraph of Г. Let 
C denote a connected component of Г — Л and let x  be. any vertex of A joined to 
C. Any contraction P from Г ( A U C) onto a graph A defined by contracting C U x 
into one vertex and keeping the other vertices of A fixed is called a simple projection 
from C onto A and A is denoted by PA. V (A ) =  V(A) and A f A .  (A similar concept 
has been introduced by W. Mader in [6]).

Let x,y£V (A ), (x, y)iE (A). If by the simple projection P a graph PAfj. 
З Л  U (x, y) is obtained, the new edge (x, y) is said to be provided by P for A from C.

For convenience the identical mapping on V(A) is considered as a simple 
projection onto A. If F is a simple projection, then PA = A possibly. Clearly Г'р-РЛ.

For k £  2: Г is called k-colourable if there exists a partition of F(F) into к 
disjoint classes each consisting of independent vertices. For к S3: Г is called k-chro- 
matic if it is k-colourable but not (k—l)-colourable. Г is called contraction-critical 
k-chromatic if it is k-chromatic and connected and every graph with fewer vertices 
to which Г can be contracted is (k —l)-colourable.

A (y)-cockade o f strength p is any graph constructed by the following procedure: 
Фх, ..., Фу, are x mutually disjoint (v) — s, x  S i ,  v£2. Let 1 = p = v— 1 ; if x £ 2  
a (p) contained in Ф j and a (p) contained on Ф2 are selected and identified with 
each other. If x £ 3  a new (p) is selected from the graph constructed in this way 
and identified with a (p) in Ф3 and so on with Ф4, ..., Фх, if x£4 . The class of all 
(v)-cockades of strength p is denoted by JfÇ. (These graphs were first described by 
G. A. D irac in [2]).

2. Summary. The object of the present paper s to give a proof of an extension 
of a certain kind of homomorphism-theorem and a new partial result concerning the 
Conjecture of H a d w ig e r  [4]) for к = 7.

In [2] G. A. D ir a c  proved for v = 5 and 6 that if Г is a finite graph n (Г) £  v, 
e(F) £  (v — 3)n — \  (v — 1)(v — 4) and Г (( then T>-(v = ). He also asked
whether this is true for all v.

The present author has proved that the above holds for v = 7 and 8 as well, 
but in this paper only the result for v = 7 is included as Theorem 1 (for v = 8 the 
result is yet unpublished). For v = 9 it ceases to be true, as a complete 10-graph with 
five independent edges deleted shows.

In [7] K. W a g n e r  proved that every 5-chromatic graph is homomorphic to a 
(5 — ) and in [3] G. A. D irac proved that every 6-chromatic graph is homomorphic 
to a (6 —). These results are partial results concerning the Conjecture of Hadwiger 
for k =  5 and 6. The Conjecture of Hadwiger states that every k-chromatic graph 
is homomorphic to a (k). Theorem 2 of the present paper gives a new partial result 
for k — 1, namely that every 7-chromatic graph is homomorphic to a (7 =  ). This 
implies the five-colour theorem for planar graphs.

I want to thank G. A. Dirac for his encouragement to take up this subject
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and B. Toft for valuable discussions. As far as the proof-ideas are concerned 1 owe 
much to the papers [2] and [3] by G. A. Dirac.

3. Results to be used

(A) A member of JT^li with и vertices has exactly (v — 3)и— \  (v — l)(v — 4) edges, 
hence for v = 7 : a member of with n vertices has exactly An — 9 edges. ([2].)

(B) If Г is a finite graph with n ê 6 vertices and e edges such that e S  3n —5 and
J f i ,  then /> < 6 = >. ([2].)

(C) An extension of the theorem of Menger. ([1].)
(D) Let Г be a contraction-critical Är-chromatic graph different from a (k). Then

1. No three of the vertices joined to a vertex of valency к are independent.
2. If £ s 7  then Г is 7-fold connected. (For D1 see [3]; for D2 see [5].)
4. A Homomorhism Theorem

Remark. Let К  composed of Ф1, Ф2, ..., Ф„. Then every complete
subgraph of Ai is a subgraph of some Ф,.

Lemma I. Let A ^ J f^ li, v^5 . Then
(A) If К й  (v — 1), then К contains at least six vertices of valency v —2, among 

them there are six which in К span a graph consisting of two disjoint triangles.
(B) K xf ( v  = ), but if К -Ф (v — 1 ) and an edge joining any two vertices not already 

joined by an edge is added to К and any edge of К  deleted, then the resulting graph 
is homomorphic to a (v =  ).
Proof. (A) and (B) are proved by induction over the number x of (v — 1)— s 

of which К is composed.
If K =  (v—1), /0|>-(v=?). Hence assume K Ф (v —1), then x ^ 2 .
For x = 2 (A) and (B) are easily verified.
Suppose then that the conclusions hold for cockades composed of fewer than 

у. (х ёЗ ) (v — 1) — s. Let К  be composed of x ( v — 1> — s, Ф,, Ф2, ..., Фх, succes­
sively. The cockade K' composed of Ф,, Ф2.......Ф ,.,,  successively, is a member
of composed of x — 1(S2) (v — 1)— s, hence K' Ф (y — 1).

(A) : By the induction hypothesis K' contains at least six vertices of valency 
v — 2 in K', six of which span a graph consisting of two disjoint triangles. At most 
one of these triangles can have anything in common with Фх, hence К  contains 
three vertices of K' of valency v —2 in K, spanning a triangle and having nothing 
in common with Фх. Furthermore three of the vertices of Фх have valency v —2 
in K, span a triangle and have nothing in common with K'. Hence К contains at 
least six vertices of valency v —2 in K, six of which span a graph consisting of two 
disjoint triangles. Hence В holds.

(B) : K 'xf ( v  = ) by the induction hypothesis and K'C) Фх =  (v — 4), hence
*>K v =  >.

Let s,t£V (K )  such that (s, t)$E(K) and let k t , k2, ... Д , . ,  be the vertices 
of Фх, the notation being chosen so that k v_ ,, k v_2, k v_3 have valency v — 2 in K. 
Two alternative cases are considered:

i) s ,t? ík v_ l ,k ,_ 2, k v_i . Then (s, t) is added to K'. If any edge is deleted 
from K' or from Фх it follows by the induction hypothesis that the resulting graph 
is homomorphic to a (v =  ).
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ii) s or t is one o f k v_ t , kv_2, kv_3. Say s = k v_ l . If t is joined by an edge to 
every vertex of <Px — k v_ y — £„_2.—Arv_3 then (cf. Remark) У(Фх — ку_1 — A:v_2 — Arv_3) 
and t are all vertices of the same (v — 1), Ф;, say. i ^ x ,  because if  Фх. Let e denote 
an arbitrary edge of К. Ф;и Фхи(.г, t) — e >- <v =  ) by the induction hypothesis 
because Ф;и Фх is a (v — l)-cockade of strength v —4 composed of only two 
(v — 1) — s. If t is not joined by edges to all the vertices of Фх — к„_1 — kv_2 — k v_3, 
say (t, ky)$E(K), then, if e again denotes an arbitrary edge of К: K U (s, t ) —e >- 
>- К' U(i, ki) — e >- (v =  ) by the induction hypothesis.

This completes the proof of Lemma 1.

T heorem 1. Let Г be a finite graph with n vertices and e edges. I f  n = l ,e  S  4n — 9 
and T f  X \ ,  then T>-(7 =  ).

P roof. By induction over n. The theorem is trivially true for n =  7.
Induction hypothesis: Assume the theorem is true for all graphs with m vertices 

satisfying the conditions, where 7 ^ m ^ n  — \.
Let Г be a finite graph with n vertices and e edges satisfying the conditions of 

the theorem.
It is sufficient to consider the case e — An—9 in the rest of the proof. For assume 

that e >  An— 9 and that the theorem holds for all graphs with n vertices having 
exactly An —9 edges. By deleting edges from Г a graph Г* may be obtained such 
that е(Г*) = An —9. If Г* f  then T*>-(7 =  ) by the last assumption, and there­
fore Г>-(7=). If Г*£ then, because n >7 and by Lemma IB again T>-(7=). 
This proves the assertion.
(1) If 3xeV(r): v ( x ,T ) ^ 3, then /> < 7 = >.

Proof of (I): п{Г — X) =  n — 1 S  7, е(Г —x) S  e — 3 = 4(/7 — 1 ) — 8. By (A) 
and the induction hypothesis Г — x > ( 7  = ).
(2) Let Г' be a graph with n vertices, and e' edges. If n' S5, e' S  An' — 9,

then either Г'>-(7 =  ) or
Proof of (2): If n' = 5, then е'шИ  impossible. If n '= 6, then e '^1 5 , hence 

Г' If n '^ 7 ,  then by the induction hypothesis T/>(7 = ) or T 'f  Ж \.
This proves (2).
(3) If Г is disconnected or has a cut-set S such that |S’| S3 Or such that |5 | =  4 and

f(S )= (4 ), (4—>, or (4 =  >, then 7><7 =  >.
Proof of (3): If Г has a cut-set, then it has a minimal cut-set. In the sequel let 

S  denote a minimal cut-set of Г, when Г has a cut-set.
Let Г — Tj U  Г 2, Г I and Г2 being spanned subgraphs of Г, У(Г1 П Г2) = S. 

where S = 0  possibly. If S  ̂  0 ,  S is a minimal cut-set of Г. r t — S, Г2 — S  ?£ 0 .  
Let IS I = a and the vertices of 5 be denoted by i l5 ...,s„, <r = l possibly. Let 
\E (r(S))\= p  and IK(T,)! =/7;, \E(ï'i)\=ei for 7 =  1,2. Then n = nl +n2—(r and 
e =  e1+e2 —p. If 5 ^ 0 ,  then let Tj be a connected component of Г — S contained 
in ГI — S  for i = 1, 2; ГI is joined by edges to every vertex of S, because S is a mi­
nimal cut-set.

Let Pv denote the simple projection from Г[ onto T2 obtained by contracting 
r[  U s j  into one vertex, and let P2 denote the simple projection from Г2 onto Гу 
obtained by contracting Г2 U r, into one vertex.
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If for / =1 or 2 «, =4, then every vertex of Г,- — S  has valency ^ 3  in Г, there­
fore by (1) Г > (7 = ) in this case. Hence it may be assumed from now on that

( 3 .1 )  w , ë  5, i =  l , 2 .

el +e2 = e+p  =  An — 9+p  = 4{nx + и2) — 4a — 9+p.

By the symmetry between Г, and Г2 it may be assumed that e, ë  4«! — \  (4<r -f 9 —p).
i) <r = 4.

1) Г (5) = (4>.

Then p = 6 and ex ë  4/7, — , hence e, ë  4/7, — 9. By (3. 1) and (2) Г,>-(7 = )
except when Г, £ J f | .  If Г, then Г(5) is contained in a (6)i= T ,. By contract­
ing Г2 into one vertex Г is contracted into a graph containing a (7 = )  as a sub­
graph.

2) r(S )= < 4 -> .

Then p = 5 and ex ë  4«! — 10. Assume w.l.g. (s2, s2)$E(r). Consider Р2Г Х = 
= Г , U (s , , s2). n(P2r i) =  ni îÊ5 by (3.1), е(Р2Г х) = ex +  l ë  471,-9. By (2) 
/ >2T1> (7  =  ) except when P2r l £Jif'l. In this case by (A) e, = 4/7,—10 and con­
sequently e2 ë  4/i2 — 10. Consider РХГ2 = Г2 U (j , , 52). п(РхГ2) = п2^  5 by (3. 1), 
e(Px Г2) =  e2+ 1 ё4/72 —9. By (2) РХГ2>(1 =  ) except when РХГ2£.ЯГ1. Sup­
pose that Px~r2Çi .X'l. P2r x(S) is contained in a (6) (= Р 2Г1 and Pxr 2(S) is con­
tained in a (6) <= Р \Г 2. Let the former (6) be denoted by A’ and the latter by A". 
Then f i / l ' U T - ( s „ s 2) ^ ( 7 = > .

3) T(S) = <4 =  ).

Then p =  A and e, ë  4«, — , hence ex ë  4/71 — 10. Assume w.l.g. ( s , ,  s2H

$ Е(Г) and s3 is incident with the other missing edge, denoted by e, and s, is not 
incident with e. Consider Р2Г Х =  Г, U(.í i , s2). п(Р2Г х) = и, ё 5  by (3. \). е (Р 2Г x) = 
= ex + 1 ё  4 я ,-9 . By (2) />2Г 1>(7 = ) except when Р2Г Х£Ж1- 7*2T 1 ^  (6) be­
cause е$Е(Р2Г х). Assume then that Р2Г Х£Ж1. P' denotes the projection from 
Г2 onto Г х obtained by contracting r 2Us3 into one vertex. Р'ГХ =  P2EX — 
- ( i u ^ j U e  and е$Е(Р2Г х), hence by Lemma IB P T 1>-(7=).

Then ex ё  Anx— 9. By (3. 1) and (2) Г> (7 = )  except when Г In the 
latter case ex = 4nx— 9 by (A) and consequently e2 ë  4/?2 — 9; by (3. 1) and (2) 
Г2^ (1  =  ) except when Г2 £ . But if this is so then Г Ç.3f| contrary to hypothesis.
Hence T>-(7 = ) in this case.

2) p = 2.
19Then e, ë  4/7, — 9 . Assume w.l.g. ( j , , s2)$ Е(Г). Consider Р2Г , =  Г х U

U ( í , , j 2 ) .  п(Р2Г , )  = /7,  ё 5  by ( 3 .  1) ,  е(Р2Г , )  = е х + \ 
Р2Г Х>(1= ).

3) Р *  1.

>  4/7 , — 9. By (2) and (А)
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Then el ^  4/ / j— — . Assume w.l.g. ( íj , s2), ( j t , i 3)(£ Е(Г). Consider P2 Гх —
=  и(Р2 Г1) = п1 а 5, e(P2r 1) = e i + 2 > 4 ^ - 9 .  By (2)
and (А) Р2Г,> {! = ). 
iii) (tS 2 .

Then ej £  4/îj — 8 , hence by (3. 1), (2) and (A) T,>-(7 = ).
This completes the proof of (3).

(4) If Г is 4-fold connected and Г is not separated by a (4), (4 — ), or 4 =  ), then
Г> ( 7 = >.
Proof of (4): Assume Г has the properties stated in (4). The proof will be by 

the steps (4. 1)—(4. 8 ).
(4. 1) If Ti<6>, then /> < 7  =  >.

Proof of (4. 1): Let Л be a (6)QT. Г — Л ^  0 , because «>7. Let C be a con­
nected component of Г — Л. Г is 4-fold connected, hence C is joined to at least 4 
of the vertices of Л and by contracting C into one vertex Г is contracted into a 
graph containing a (7 =  ) as a subgraph. This proves (4. 1).

Let x0 be a vertex of minimal valency in Г. v(x0, r)= j, say. j  = 4 because Г 
is 4-fold connected. 7  =  8  implies e^4n  contrary to the fact that e = An — 9. Hence

(4.2) 4=э/==7.
Let the vertices joined to x0 be denoted by x 1, x 2, ...,Xj. Г (х1, х 2, x f  is 

denoted by Г}.

(4.3) If Г j = (j), then Г > (  7 = >.
Proof of (4. 3): ) S 5  implies FjUx0 =  (6), hence by (4. 1) Г > (7 =  ). j  = 4 

implies е(Г — х0) = 4 («—1)—9. By (2) with n' =  и —1 S  7 Г — х 0 >-(7 = ) 
except when Г —х 0^ Ж \.  But in the latter case Г 2 ( 6 ) and by (4. 1) T>(7 = ).

(4.4) If 3XieV (rj): v(xh r j) ^ 2 ,  then /> < 7  = >.
Proof of (4.4): Assume w.l.g. /=1. By contracting Г(х0, х х) into one vertex 

Г  is contracted into Г' say. я(Г') =  и—1 S  7, e(T') S  e —J+ i — 3 S  4(n —1)—8. 
By (2) and (А) Г > < 7 =  >.

(4.5) If Vjc* € V(Tj) : v(xk, I f  ) == 3 and
Зх;€К(Г,): »(х„Гу) = 3, then Г>-<7 = >.

Proof of (4.5): / =  4 implies Г,- = (4), hence because of (4. 3) /  =  5 may be 
assumed.

Assume w.l.g. i = 1 and x t joined to x 2, x 3, x4. By contracting Г(х0, x :) into
j

one vertex Г is contracted into (Г — x0)U U (xx, xk) = Г'. n(T') = n — 1 è 7,
k =5

е(Г') = e —j+ j  — 4 =  4 ( « - l ) - 9 .  By (2) T > <7 =  > except when Г'б . Assume 
then that Г '^ ( 6 > because и— 1 ^ 7 .

I f 7  = 6 : By the contraction of T(x0> x j  only the vertices x2, x 3, x4  have their 
valency decreased ; the valency of x, is not decreased because j  >4 and (x ,, x ;) $ Е(Г). 
The valencies of x2, x3, x 4  each decrease by 1. Hence the minimal valency of Г' 
is = j  — 1 = 5  and at most three vertices of Г' have valency 5, contrary to Lemma 1 A.
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The case j  — 5 remains to be dealt with. Then x, is joined to x2, x3, x4 and not 
to x5. Hence Г' =  (Г — x 0) U (x3, x5). Assume that Г' contains a (6) to which 
Xj, . . . ,x 5 all belong; then in Г x 0 is joined to five vertices of a (6 —) З Г  —x0, 
hence Г 3  <7 =  ). Assume next that this is not the case. Then one of the edges (x2, x3), 
(x3,x 4), (x4,x 5) is not in Г 5, assume w.l.g. that (x2, х3)$£(Г). By contracting 
_Г(х0, x2) into one vertex Г is contracted into a graph containing (Г —x0)U (x2, x3) = 
=  Г"U(x2, x3) — (x,, x5) >{1 = ) by Lemma IB, because (x2, х3)$ Е(Г').

This proves (4. 5).
As a consequence of (4. 4) and (4. 5) it may be assumed that

(4.6) V x k 6 V (Г j) : v(xk, Г j) S  4.

Then necessarily y'S 5; j —5 implies Г j = (y), hence by (4. 3) Г > ( 7 =  ) in this 
case. It may then be assumed that
(4.7) j  a  6.

Assume Г — Гj — x 0 = 0 .  Then Г — ryU x0, hence n =  j  + 1. j  is the mini­
mal valency of Г, hence Г  = 0 ’+ l )ü (7 )  by (4.7). Consequently

(4.8) Г — Г j — x0 9̂- 0

may be assumed from now on. Every connected component of Г — Г j — x 0 is joined 
to at least four vertices of Г j  because Г is 4-fold connected.

By (4. 2) and (4. 7) j  = 6 or 7.
Let C be a connected component of Г — Г j — x0. C is joined to at least four 

vertices of Г j.
Assume there exists a simple projection P from C onto Гj (possibly P  is the

4
identical mapping on К(Г^)) such that е(РГj) S  е(Гj ) + j  — 5. Then е(РГJ) S  — j  +

+ y - 5  =  3/ — 5. РГ j§ Ж  § because a member of cannot have just six or seven 
vertices. Hence by (В) 6 = ) and consequently JP>-(7 =  ).

Assume then that / —5 new edges cannot be provided for Гу by any simple 
projection from C onto Гy. For / =  6: If C is joined to two vertices of Г6 not joined 
by an edge, one new edge can be provided, contradiction. But a (4) does not separate 
Г  according to the assumptions of (4), hence C is joined to at least five vertices of 
Г6 spanning a (5), but then Г>-(7 — ). For7  =  7: two new edges cannot be provided 
by any simple projection from C, but Г is not separated by a (4), (4 — ), or (4 =  ), 
hence C is joined to at least five vertices of Г7 and these vertices necessarily span 
a graph containing a (5 = )  as a subgraph. It may w.l.g. be assumed that C is joined 
to x , , x2, x3, x4, x5. If Г73 ( 5), then Г 3(6 ) and by (4. 1) Г>-(7 = ), hence assume 
w.l.g. (xt , х2)$£(Г). If (x6, x7)$ Е(Г) then by (4. 6) x6 is joined to four of x x, x2, ...

x5; let P denote the projection from C onto Г7 obtained by contracting C U xt 
into one vertex; ГГ73(6  =  ), hence Г>-(7 = ). If (x6,x 7)Ç£(f), then x t and x2 
are by (4. 6) both joined to Г(х6,х 7). By contracting each of C and Г (х , ,  x 6, x7) 
into one vertex Г —x0 is contracted into a graph containing a (6 — ) as a subgraph, 
five vertices of which are joined to x0, hence Г>-(7 = ).

This completes the proof of (4).
(3) and (4) exhaust all possibilities, hence Theorem 1 is proved.
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5. An Application to the Conjecture of Hadwiger

We now turn to the application of Theorem 1 to the Conjecture of Hadwiger. 
First we prove a lemma:

Lemma 2. Let Г be a 5-fold connected graph and let a, b, c, d, e, f  g be seven 
different vertices o f Г. I f  Г {a, b, c)=(3) and Г (d, e , f  g) =(4), then Г can be con­
tracted into a ( 6  =  ) so that six o f the vertices a, b, c, d, e, f  g are mapped by the con­
traction into different vertices of the (6 = ).

Proof. By (C) there exist four (Г(а, b, с))(Г(d, e, f  g))-paths with nothing in 
common in Г — a — b — c — d — e —f —g and such that two of them have b as an 
end-vertex, one has a, one has c, and each of d, e, f  g is an end-vertex of exactly 
one of the paths. The notation may be chosen such that the four paths are an
(0) (g)-path 77,, a (6 )(/)-path  772, a (6 )(e)-path 773 and a (c)(f/)-path 774.

Г — a — c — e —f  is connected, hence contains а ((Л, — a)U (n4 — c))((772 — / ) U  
U (773 —e))-path П. Assume w.l.g. that П is a (77, — а){П2 — /)-path with end- 
vertices z £ 77, — a, у d 772 — f

By contracting each of 77,[z, g], П x[a, z]— а, П2[Ь,у], П2[у,/ ] —/, П —у, 
П 3—Ь, and 774 into one vertex Г is contracted into a graph containing a ( 6  =  ) 
as a subgraph such that six of the vertices a, b, c, d, e, f  g are mapped into dif­
ferent vertices of the ( 6  =  ) by this contraction. This proves Lemma 2.

Theorem 2. Let Г be a 1-chromatic graph. Then F>-(7 =  ).
Proof. Because every 7-chromatic graph is homomorphic to a contraction- 

critical 7-chromatic graph (see (6 ) p. 50 in [3]), it is sufficient to prove the theorem 
for contraction-critical 7-chromatic graphs. Let Г be a contraction-critical 7-chro­
matic graph.

n(F)S7. For F =  (7) the theorem is trivial, assume therefore that Г И (7). 
By (D). 2. Г is 7-fold connected. Then each vertex of Г has valency S  7 .

Assume that each vertex of F has valency £ 8 . Then е(Г) ё  4и(Г) >  4п(Г) — 9, 
п(Г) >7. By (A) and Theorem 1 Г > (7 =  ) in this case.

Hence it may be assumed that there exists a vertex x0 in Г of valency 7. Let 
the vertices joined to x 0 be denoted by x , ,x 2, . . . ,x 7, and let T(xx, . . . ,x 7) be 
denoted by Г7.

Assume now
( 1) Bxf Vi T, ) :  v(xt, r 7) ^ 2 .

Assume w.l.g. that 7=1 and x, is not joined to x 2, x3, x4, x s . By (D). 1. 
T( x2, x 3, x4, x s) = (4). If X, is not joined by an edge to x6 or to x 7 then 
T( x2, x3, x4, x5, x,-) =  (5), j  =  6  or 7 respectively, by the same theorem, so Г 3(6). 
By (С) X, is joined by paths having only x, in common to all six vertices of this 
<6 ), hence Г>~(7) in this case. Assume then that x, is joined by edges to both x6 

and x7. If (x6, х7)£Т?(Г) it follows from Lemma 2 that Г —x0, which is 6 -fold 
connected, is homomorphic to a ( 6  = ) all the vertices of which are joined to x 0, 
therefore T>-(7 =  ) in this case. Hence it may be assumed that (x6, х 7)<+£(Г). 
One of x6, x7 is joined to at least 2 of the vertices x2, x3, x4, x5, otherwise there 
would be 3 independent vertices in T7 contrary to (D). 1. Assume w.l.g. that x6 
is joined by edges to x4  and x5. Г —x0 —x, — x6 is 4-fold connected, hence by (C)
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contains four paths Я ,, Я 2, Я 3, П4 with only x7 in common from x7 to each of 
the vertices x2, x 3, x4, x 5. By contracting each of Г ( х , , x6), П j —x 1, j=  1,2, 3, 4, 
into one vertex Г —x0 is contracted into a graph containing a (6 = ) as a subgraph 
all the vertices of which are joined to x0, hence 7 = ). So in case (1) Г>-(7 = ) .

Assume next:
(2) VA-*£K(r7):i,(x * ,r7) s 4 .

If no vertex of Г7 has valency exactly 4 in Г7, then е(Г7) ^  ^ 5 • 7 > 3 - 7  — 5; 
hence by (A) and (В) Г7> (6 =  ) and consequently Г > (7  = ). Assume then that 
there exists a vertex х(£К(Г7): v(xn Г-,) = 4. Assume w.l.g. that /=1 and x, is 
joined to x 2, x 3, x4, x5, but not to x6,x 7. The minimal valency in Г is 7, but 
c(x1, r 7Ux0) =  5, hence Г — Г7 —x0 ^ 0 .  Let C be a connected component of 
Г —Г7—x0. Г is 7-fold connected hence C is joined to all vertices of Г7. Let P 
be the projection from C onto Г7 defined by contracting CUx, into one vertex. 
РГ-, =  Г7и (х ,, x6)U (x,, x7). е(РГ7) S  ^4 -7  + 2 =  16 = 3-7 — 5; no member 
of has seven vertices, hence by (В) РГ7>(6 = ) and consequently Г>-(7=). 
So in case (2) Г>(7 = ).

In view of (1) and (2) the only case left to consider is
(3) Vxt 6K (f7): v(xk, Г7) S  3 and 3x,Ç К(Г7) : 1>(х(, Г7) = 3.

First it will be proved that Г7 contains two disjoint triangles.
Assume w.l.g. that /=  I and x, is joined to x 2, x 3, x4, but not to x5, x6, x 7. 

By (D). 1. Г(х5, x6, x 7) = (3) and x 2, x 3, x4 cannot be independent, hence it may 
w.l.g. be assumed that (x2, х 3)£Е(Г). Then Г7 contains the two disjoint triangles 
Г{х3, х 2, х 3) and Г(х5, х 6, х 7).

Assume now w.l.g. that the two disjoint triangles are Г(х{, x2, x 3) and 
Г(х5, х 6, x 7) (and /=1 need not be the case). Then x 4 is joined to two vertices 
in at least one of the two disjoint triangles, because v(x4, Г7) ^ 3. Assume w.l.g. 
that x4 is joined to x, and x 2. If (x4, х3)£Е(Г) as well then it follows from Lemma 2 
that Г — x 0 is homomorphic to a (6 = ) all the vertices of which are joined to x0, 
hence Г>-(7 =  ) in this case. Therefore assume that (x4, х 3)$Е(Г). Then x4 is joined 
to at least one of x5, x6, x7, assume w.l.g. to x7.

If x3 is joined to neither x5 nor x6, then by (D). 1. x4 is joined to both x5 and 
x6 and by Lemma 2 Г>{7 = ) in this case. Assume therefore w.l.g. that (x3, x5) Ç Е(Г).

By (D). 1. either (x3, х6)аЕ(Г) or (x4, х6)£Е(Г). By the symmetry between 
x3 and x4 it may be assumed w.l.g. that (x4, х6)£Е(Г).

Г — x0 — x3 — x4 — x5 — x6 is 2-fold connected, hence by (C) it contains an 
(x1)(x7)-path 77, and an (x2)(x7)-path П2 such that Я , and Я 2 have only x7 in 
common.

Г — x0 — x3 — x4 — x5 — x7 is 2-fold connected, hence contains an 
(хб)(Я, U П2 — x7)-path Я. Assume w.l.g. Я has end-vertex z on Я 2 — x7. By 
contracting each of Я , — x , , Я 2—x7, Я —z, and Г(х3,х 5) into one vertex Г — x 0 
is contracted into a graph containing a (6 = ) as a subgraph all the vertices of which 
are joined to x0, hence Г>(7 = ).

This completes the proof of Theorem 2.
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EIGENVALUES OF POWERS OF FU NCT IO N S

by
E. MAKAI

Let us consider the two eigenvalue problems

(1) y '+ k r { x )y =  О, Я 0 )= 7 (Л  =  0 
and

(2) У* + Цг(х)Гу = 0, y(Q)=y(T) = 0.

We denote by Xx and Xq, respectively, the smallest eigenvalues of these two 
problems. A. M. F ink [2] has shown recently that if Xx is positive, then X2 S(TXx/n)2.

If we restrict ourselves to the class of those functions r(x) which are non-negative 
in (0, T) we can prove somewhat more. Indeed we have the following

T heorem . I f  q = \, r ( r ) ë 0  in (0 , T) then the smallest eigenvalue Xq of (2) satisfies 
Xq S  ( T/n)2(-q~ l)Xf with equality only if r(x) =  const.

Let namely yq be the eigenfunction of (2) belonging to the smallest eigenvalue 
Xq and A the class of differentiable functions vanishing in 0 and T. Then we have

X„ = minq уел

Using in turn Holder’s and W irtinger’s [3, p. 184] inequalities we have if 
p~x +q~l =  1,

/  / , 2 dx ( /  y\2 dx)P ( /  y't2 dx)9
Xi = 2 2 1 TJ УI ry* dx ( f  yj i/.v) ( J rqy\dx)  ‘

T
f  У\ dx 
0

p Tf  y?dx  
0

я

~ ( " T

T

f  y ? dx 0
T T T

1 y\dx f rqy \ dx 1 V y 2 dx
0 0 0

г
X« .Я

Equality holds here everywhere if and only if r = const.
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With the help of the variational principle combined with Holder’s inequality 
one is able to treat analogous multidimensional eigenvalue problems, too. Let us 
consider e.g. the equation

Au + Xr4u = 0
of an inhomogeneous membrane, where r is a non-negative function in a domain 
D, q a constant not less than 1 and и satisfies a condition ди/дп+ои = 0 (<r=0) 
on the boundary В of D. If Xq is the first eigenvalue of this problem and A0 is the 
first eigenvalue of a homogeneous membrane ( r= l)  with the same boundary con­
ditions, then one has (cf. [I], p. 210)

1 ■ DA„ = min —
J J  (Vu)2 d A + J  au2 ds

SSr4u2dA

and in the same way as above
Aq =  A 0
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ON BOUNDEDNESS PRO PERTY  OF TH E SOLUTION OF 
CERTAIN NONLINEAR D IFFER EN T IA L EQUATIONS

I. Abstract. In this note we consider second order nonlinear differential equ­
ations of the forms:

Under certain conditions imposed on the functions involved we prove that 
every solution of (1) and every solution of (2) is bounded as t —°°.

II. Results. First we consider the differential equation (1) and prove the follo­
wing theorem.

T heorem  1. Assume that a, b, g, and e are continuous functions of t and к is a 
constant. Furthermore, assume that:

(i) b is non-negative, nondecreasing, continuously differentiable, and b (0) ^  0 ;

by
M. BEHZAD and B. MEHR!

( 1)

and
x"+ a(t)x'+ b ( t)x+ g(t) f(x2) =  ke(t),

( 2) x" + a(t)x' + b(t)x+g(t)f(x) = ke(t).

and

convergent ;

Then every solution of ( 1 ) is bounded as t

P roof. L et

(3)
we have:
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Assuming С = * ' 2( ° )  , „2
b( 0)

+ x  (0), we have:

(4) A(t) = c+ J
о

Using (1) and (i) we obtain:
t

(5) A (0  s  c - f

2x'x" x '2 db\
b b2 dt J2xx'

2a ,2 2x' 2~ r x  + , g f i x 2) - 2 kx e\dt.

Taking the absolute value of both sides of (5) and using the triangular inequality 
we obtain:

A{t) * ■ + f [ m r
2 + M . \2x' f i x2)\ + 1M.. 2\x'e

fb
dt.

fb  n  ib

Employing the inequality 2aß S  a2 + ß2 and the assumption (iv) we obtain:

"  \g\

+

Next, we use (ii) to obtain: 

(6) A(t) ё  c+ \k\M +

A ( t ) ^ c + f  2\a\A(t) + — A{t)\dt + 
о \b  )

/ b ,M + J M
fb у b

(A(l) + f 2 (A (t ))) dt.

1*1 , 1*1
Now suppose D = C+\k\M, and

E(t) = 2 \a

From (6) we obtain:
t

A (f) ^  D + f  E{t)(A{t)+ f\A(t))]dt.

Уъ Уъ '

Assume m(s) = s + / ( s 2), and Q(u) = J ds
co(s)

approaches °° as и — It follows from (iv) that со is a nondecreasing function of s. 
Hence by the well-known B ellm a n— B ih a r i Lemma [2, 3] we have :

A(t) ^  Q~1 (ß(£>) +  /  E(t)dt) .

Now the assumption (iii) implies that A(t) is bounded as This completes
the proof of the theorem.

S t u d i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r ic a  6 (1971)



O N  B O U N D E D N E S S  P R O P E R T Y 165

It should be mentioned that if in (1) we substitute k = 0 and b(t) = 0, we obtain 
a result of Bihari [1].

Next we consider the differential equation (2) and prove the following theorem,

T heorem 2. Assume that:
(i) a is a positive function,

(ii) h is a positive continuous nondecreasing function t = t0 > 0 ,
e i*

(iii) , and — are continuously differentiable for large t satisfying the inequalitiesb b

8
b

e
~b

«1
t T2 ’ and i i

for t sufficiently large, and constants a and oq.
(iv) D[f] is the set of all real numbers and f f  Lip (1)

I f ( x \ I
(v) Furthermore, assume the boundedness of for all x, where F(x) =

X

= f  f(s)ds. 
о

Then every solution of (2) is bounded as t -► » .
x '2

P roof. Let A(t) =  x2 H—r-. Then, as we have seen in the proof of Theorem 1,

we have :
r í  ax'2 2x'f(x) 2x'ke\

A{t)  =• A{t0)+J  j - 2 - ^ ---------- ^ g + — £ - j d r .

Since a is positive, we have:

(7) x j (x )
l

In (7) we use integration by part to obtain:

A ( l ) s A M + f - 2 X- f > g <l,+ f ^ d r .
to to

where

A(t)  ss K - 2 F ( x ) ^  +  2kxeb +2  f  d x - 2 K  J  x [ j j  dt,

К = АМ  + Щ * Ы )

Take the absolute values of both sides to obtain:

+ m - \ x \ -  \ ~  +A ( t ) S  |* |+ 2 |F (x )| w
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Then

(8)

Suppose M  is the maximum value of x  on [f0, ?] attained at ц, where

M 2 TOO S  \K\+2\F(M)\ - + 2\k\M -f +/i /t

+ 2\F(M)\ f  - ~ d t  + 2\k\\M\ f  у I dt.

Next, we find the values of the integrals in (8) to obtain:

M 2 S  \K\+2\F(M)\ —  + 2 \ k \ M ^  .
to t о

This inequality can be written in the form:

M 2 S  \K\ + 2\F(M)\—  +  -:f
t о t о

Since lab S  a2 + b2, we have :

(9) M 2 ^ \ K \ + 2  F {M )\^  + ] % \ м 2+*}
'о 'о l '

The inequality (9) reduces to :

}-2 { 2 M «л \
tè'2l

M f Ik\ \F{M) 1 « К  |*| ,

We can select /0 in such a way that

k\ F(M) a
1-TT72-2'o M 2

1
2

Hence with this value of t0 we have:

( 10) M 2 F(M) a—  < M 211 -  — — 2 —— ■ Ш + J-
2 -  Г  >o12 M 2 f0‘J - 1  1

\k\
, 3/2 1

Now, since the right-hand side of (10) is bounded, M  is bounded as well. This 
in turn implies that x is bounded as This completes the proof of the theorem.

Again Theorem 2 is a generalization of another result of B ihari [1], for a(t) = 0 
and k — 0 yields that result.
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ОБ О Д Н О РО Д Н Ы Х  ГАУССОВСКИХ 
М АРКО ВСКИ Х  ПРОЦЕССАХ

А. КРАМЛИ

В настоящей статье доказывается следующая теорема:
Т еорем а:
Единственными однородными вероятностными плотностями, принадле­

жащими непрерывному гауссовскому марковскому процессу являются те, 
которые описывают решения стохастического дифференциального уравнения 
dÇ(t) = —AÇdt + Mdt + dw(t) (wit) — стандартный винеровский процесс.)

Несмотря на то, что доказательство опирается на простые расчеты, оно 
не встречается в известной литературе.

Проблема возникла по вопросу Ю. А. Розанова.
Д оказательство: Известно, что переходная вероятностная плотность 

имеет вид

р(у, t\x, s) =
1

Í2n(\
exp 2(1 -Q 2)a2it)-Q2) a \ t )

Здесь предполагается, что t ^ s ;  m(s) и a(s) математическое ожидание и дис­
персия (произвольные непрерывные функции от времени) a g(s, t) коэффициент 
корреляции имеет вид: g(s, t) = eF(s)~F(l) (F(s) неубывающая функция). Так 
как р(у, 11je, s) может рассматриваться как вероятностная плотность гауссов­
ской случайной величины имеющей математическое ожидание M l ( t , s ) x  +

+ M,{t, S) = Q x+nt(t) — ß —7 -г- wî(î ) и дисперсию ÿ l( t ,  s) = Ÿ ( l—e2)<r2(t),
a ( i )  a(s)

необходимое и достаточное условие однородности - 
Miit, s), M 2(t, s) и I{t, s) только от (t — s).

Рассмотрим отдельно вышеуказанные функции:

зависимость функций

- А  = Pns)-F( оM i( t—s) = е a(f)
ais)

,-F( оait)
ais)

Этому функциональному уравнению — среди непрерывных функций — удов­
летворяет только функция формы

e - F(0aiO = Се-М т.е. M ^ t - s )  =  e~A(,- s) 
iA некоторая постоянная). Имея это в виду, получаем
(I) 2it-s)  =  f f 2 ( 0 -

2 A U - S )  2a2 is).е
Переписывая правую часть оно переходит в

Z i f ~ s) =  e~2A'(o2it)e2A' — a2is)e2As). 
Обозначим a2it)e2Al через Git).
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у / \
Докажем, что предел lim —  -  существует и так G(t) дифференцируема и

гм. О X

G'(t) =  e2At (lim —̂Т-) .(гм. О т J
Существует такая последовательность {т"}, что В и предел конечен.
(Противный случай вел бы к нелепости.) Если г" достаточно мало, из непрерыв­
ности функции е~2м вытекает

2 ( 0л \  _  _ - 2 Л ( 5  +  г») [(?(* + t" )-G ( í )] sS 1 +

G\s + к + 1 
N т" — G í-f N

„ W-1 „ . I к+1 3
Z  е~ Г+ *

к = 0

АУ | 2N
Таким же образом получается неравенство

2 ( 0 1 -
"\2 Í -I N

По непрерывности функции Г(т) при достаточно малом ô мы можем уста­
новить

(1_ e)2 W s Z Ç ) S ( , + e )2 W
X X  X

при Т<<5.
Х(х") Е(х)Так как е произвольное и . --►Alim ——  = 5.

Х П гм .0  X

Простой расчет показывает, что G(í) — Ье2А, + С если А ^  0 и Bt + C 
если А =  О

Вгде Ъ — - 2 А

Z ( t - s )
b —be 2A(t s) при A 0

[B(t — s) при A — 0
Аналогичные рассуждения относятся к функции M2(t, s): 

M iit —s) = mit) — e~A<-‘~s) m(s)
fm — me~A(,~s) при A 0

M 2{t — s) -í M{t — s) при A =  0

где m = — M

Подведя итоги, случаи О, А = 0  и /I < 0  принадлежат соответственно 
к стационарному, винеровскому и эксплозионному процессу; даже параметры 
А, В и М  совпадают с параметрами стохастического дифференциального 
уравнения.
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К В А З И М А Р К О В С К И Е С Л У Ч А Й Н Ы Е  
ПОСЛЕДОВАТЕЛЬНОСТИ

T . Г Е Р Г Е Й , И . И . Е Ж О В

1. Основные определения

Пусть {ç„}o — произвольная последовательность случайных величин 
со значениями из / = {Е0, £, , . . . ,Е п, ...}:Р{<^„€/; я= 0 , °°} = ]. Состояние 
Ef называется марковским (по отношению к {£„}ő)> если из того, что Ç„ — Ei 
следует независимость {£*}Г+ 1  от {^}о-1 Для любого натурального п. Более 
точно это означает следующее: для любых натуральных п, т (п <  т) и 
Eio, £),, . ..,Е ,т {Eix=E,)

Р{^ -  Elk;k  = 67m} =  Р{{* =  Eik;k  = 0,л}Р{£* =  Eik, k  = л+  1,ш/£и = Е,) (1)

Момент попадания (ç„ в марковские состояния будем называть марковскими 
моментами. Множество всех марковских состояний обозначим через D и 
положим I \ D  = D'. Состояния из D' будем иногда называть немарковскими. 
Случайную последовательность {£„}о назовем квазим арковской , если 
соответствующее ей множество марковских состояний D не пусто Если D — 0 ,  
то последовательность {£„}’о назовем антимарковской. В том частном случае, 
когда D = I, {£„}ő— цепь Маркова (далее ЦМ). Верно, конечно, и обратное: 
если { £ „ } ő  — ЦМ с фазовым пространством I, то — квазимарковская
последовательность с D = I. Пусть {<j„}0 — некоторая квазимарковская после­
довательность (сокращено, КМП) и D(D') — множество ее марковских (не­
марковских) состояний. Введем обозначения:

P { ^  = EjkMt =0, °°} = Q1o,Jl, (EJkd D',k = 0, °°).

Ejk,k = 0, m ; £m+1 =-E,} = QJoJl. . . . jJO  (EJk£ D \k = 0, m; E ^D ),

P {^+i = Ej \^n = El} = {Ei, Ej£ D),

P{Z„+k = Ejk, k = l , £n + m+ 1 = Er\L = El}=RW {jl , • • • > Jml>

{Ei, Eh , .• ■ > Ej,„ € E>').

P{tn+k=EJk IIC4J»

'll7-ií E ) = R Y \ j i •) {E.Ç.D, Ejk6£>',Аг= Г 7-),

р {&  =  EJk ; k  = 0,m} = QJoj i  Jm (EJk £ D ' , k  = 0, m) ;

Р{£я+* = Ejk,k  = Y7m\i„ =  £,} = R ^ U i , J J  (E,eD, Ej....  EJmtD').
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В дальнейшем мы ограничимся рассмотрением только таких КМП, у 
которых с вероятностью 1 происходит бесконечное число попаданий в D. 
Для таких КМП всегда

Са .л ... = Л“ 6 л ....и = °

R\n4 j i , í 2’ ••■) =  l i m ■■■,j,n) =  0 (3)

Свяжем с КМП {£„}£Г случайную последовательность множеством
состояний которой являются символы

(£/,), (EJk Ç_D';k = Ï7°°)

[Е,], [Ei ; EJt], ... ,[Ei ; Ej t>..., EJk],... (Е{ в D ; EJk Ç.D', k = l ,  «=),
причем

ç;=(EJo, . . . ,E Jn)
тогда и только тогда, когда

ío = Ej0, Ç1 = EJl, ...,Ç„ = EJn, 

а й  =  № ; Eh ,... ,EJk] (Osätsh),

тогда и только тогда, когда

£n-k = Ei, £„-к+1 —Ejí, ..., Çn = Ejk.
Согласно (1)—(3) {ç,t }Ő — ЦМ (назовем ее цепью Маркова, натянутой на 
КМП {£„}ő), Для которой

Р {Со = (Ej)} = P{H0 = E jl Ej (LD';

P Ko =  [£',]} = P {̂ o =  ̂ } , E ^ D ;

P{«+1 =  (£}„, •••, Ejn+i)\ÇÏ=(EJo, . . . ,E jn)} Qjo

P{i,t+1 =  [EM*n=(Ej0....EJn)} = Qjo....jJQ
Qjo..... ’

Р { ^ +1= [ Д ] |^ = [ Д ] } = ^ ,

P { a +1 = [E, ; Ej] 1Й = [£,]} = RM OT) (̂ 4 € -DO,
(4)

Р { Й + 1  =  [Et; Eh , . . . ,  £ л + 1 ] | й  -  [Ei, En , ..., Ejk}} =
E\"-k4 j \ ,  . .. ,jk) ’

Пусть
p fô +1 =  [Er] I«  =  EiiEj,....Ejk]} =

0  =  т 0 < т 1 <  — ' ï „ < -
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последовательность всех марковских моментов КМП {£„}сГ- Если £tji =  ,
то двумерная последоательность {|„, т„}о образует однородную цепь Маркова 
(ОЦМ), для которой

Р{|0 = Е„ т0 = 0} = P{ço = £,},

Р { |0 =  £ ( ) т0 =  * } =  2  Q j o  л
Е: € D'J о ’ ’ Vk-1

(5)

P { |n+1 =  £-r ,T (t+1 =  / / | II =  £ í ,T n= m } =  2  * l r ]a , + i , - J « - i )
£ym + 1 £я - , ео'

ОЦМ {ç„,r„}ô назовем вложенной цепью Маркова соответствующей КМП

2. Классификация состояния

{ç„}o будем называть однородной квазимарковской последовательностью
(сокращенно, ОКМП), если R[n]0 'i...... А) и ЩРОи —Jk)> фигурирующие
в (2), не зависят от п. Из (4) следует, что если {£„}о — ОКМП, то {££}0 — ОЦМ. 
Более того, в рассматриваемом случае {|„}ő также образует ОЦМ (будем 
называть ее в дальнейшем урезанной вложенной цепью Маркова, соответству­
ющей ОКМП {£„}ő). В самом деле, используя (5), имеем:

P{lo =  Е,} = Р{£0 =  £;} + 2  2  Qjo....А.,(0 ;
* “ 1£30.....£Д - . е° '

P{Zk = Eik; k = Ö,n}= 2  P{L=Eik,Tk = lk;k= 0,n} =
O^IqC---<ln<.oo

2  P{Zo = Ei0’ *o = lo} П  p{tk = Eik, 4  = lk /L-i = Eik_l ,Tk_1=lk_ í}=
----c / n< o o  k= 1

2  PRo — ̂ i0> To—M II
0 S / 0< / , " k=l Ej  ......

2
“A.-'«.-1-14

' E ik_lik( j \ ,  •••:7lfc- |k. 1- l)  — P{Co =  A„} ■

2  П  2  ,fcC/i» •••>■/*) =
11, ..., mn k=  1 E : £ D•'l ■'Шь

= P{lo =  £ io} /7  2  2  Äfe-.hC/,.......A J
w = 0  € D’K J\ Jmk

Этим доказано, что {|„} — ОЦМ, для которой

Р {1о = £/} = 2Г|>

Р { U i  = E ß n = El} = TlJ, (6)
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где

Т{ = Р{£0 =  £,} + 2
k = 1 E Jo-

Ti j =  Z R i j M ,  Лц(ж) =
m =  0

2  0 Л....A-, (О

2
£Л....*jmev

(7)

В силу (3) Z  T i~  Z  Tij — 1 (т. e. матрица ||Ти\\ стохастическая).
E j £ D  E j í D

Займемся теперь классификацией состояния ОЦМ Ц*}0, натянутой на 
ОКМП {£„}0. При этом мы будем существенно использовать соответству­
ющую классификацию состояний урезанной вложенной цепи Маркова {ç„}őT 
с матрицей переходных вероятностей [| Т^\\. Пусть

D =  и £„
i =  0

где F0 — подмножество всех невозвратных состояний, a F; (г ё  1 ) — замкнутый 
класс сообщающихся возвратных состояний (ясно, что FjOFy = 0  если 
только г?Ц). Из определения ЦМ {í*}Z следует, что множество всех ее воз­
можных состояний сосредоточено на тех и только тех символах

(Ej0), Ejk), ..., (Ejk£D ',ksO ),
[£;], [E, ; Ej J, Ejk], ..., (E ^D ; Ejk£ D\ кш  1 ),

на которых
n to  = Ej0}>0> Qj O A >0 (Ejk£ D ' ,k ^  0),

^ ( Â ,  •••> EjkÇD'; /гё  1)

Так как ОКМП {£„}о с вероятностью 1 принимает значения из D, то 
{(EJo, ..., Ejk); /< ё  0} с  F(*, где Ff* — подмножество всех невозвратных состоя­
ний ОЦМ {£*}0. Впрочем, то что каждое состояние вида (EJo, , Ejk) не­
возвратно, следует из того, что

Р{С * (£Л Ejk), m > i*I« =  (Eja Ejk)) = 1

Если F0 = D (т. e. все состояния ЦМ {ç„)Z невозвратные), то и F*0 совпадает 
со множеством всех состояний ЦМ { î̂}o • Действительно, если бы сообщались 
[Et; EJit ..., EJk] и [Er ; Eh , ..., F/m], то сообщались бы и [FJ с [Ег], что противо­
речит тому, что Ei, Er£F0. Значит либо [Ei, EJt, ..., Ej J , [Er,Eh , ... ,Elm]£F%, 
либо [Et ; Ej,, ..., Ejr] £ F* , [Er;E,t , ..., EIj£F Z,  где F* и F* — разные замкну­
тые классы возвратных состояний ОЦМ {£* }£\ Покажем, что последнее не­
возможно. В самом деле, из того что

[Et ;Eh , . . . ,  EJr] £ F* ( [£ ,;£ ,„ . . . ,  £ J  6 F„*)

следует существование хотя бы одного состояния [Ev] ([Ег.]) такого, что 
[Et ] £ F* ([F,.] £ F*). Но тогда [Et.] и [F;] ([Fr.] и [Fr]) сообщается, что противо­
речит тому, что F; и Ег — невозвратные состояния ОЦМ {|„}ő ■
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Пусть теперь F0ciD. Из рассуждений предыдущего обзаца следует, что 
если Ei£F0, то [£,•; Eh , . . . ,E jk]£F% (fes 1).

Рассмотрим теперь тот случай, когда Et(iFm (т >0). Если F,„ = {£',} т. е. 
Et — поглощающее состояние, то состояния

[£,], [Ei- Ejt, .... [Er, Eh , ..., Ej J , ..., [EJr £ D', ri=l)
образуют замкнутый класс сообщающихся состояний ОЦМ. Так как

Р{£„%* = [ЕМС =  [£,•]} -  R V  = R Á k - \ ) +  "Z  R u (m - l)R u( k - m - l )  +
m= 1

+ •••+ R„(0)Ru(0)...Rtt(0)
T

то состояние [£■,] (а значит и все состояния [Et; EJt, Ejk] имеет период 
равный наибольшему общему делителю (н. о. д.) тех к, для которых r 'M >  0 
(кS i) . Нетрудно видеть, что

2  Я/ÎV = Aa(z) =  , где Bu(z) = 2  Я„(/с-1)гк

Если £■,- Ç Fm (т >0) и Fm содержит более одного состояния, то все состояния

Ш  [Er-,EjM . . . ,E Jk]............(Er£Fm; EJk£ D ' , k S 1 )

образуют замкнутый класс F* сообщающихся состояний ОЦМ {^}0Г. Это 
очевидно. Исследуем теперь период всех состояний из класса F*. Введем 
обозначения:

Р{ С+П =  [ЕМ С  = [£,•]} = RÍ? (Ei, Ej € F J

Используя определение R;j(/w) и формулу полной вероятности имеем:

*Й>= Ей (л -1 )+  2  R,r(kl - l ) R rj(k2- \ )  +
к J ^
Trtr,„

+ •••+ 2  л (Г1(0)лГ1Г2(0)...лГп. ьД0)
Er i , . . . , E r n _ l Í F m

Если полижить =  űij(z), 2  Eij(n — l)z" =  b jz ) ,
n= 1 w=1
||a(j.(r)|| =  ̂ (z), ||6f,(z)||=2í(z) (£„ Ej £ FJ,

то из (8) следует, что
A(z) = B(z) [I— B(z)\~l

(8)

(9)

Пусть Ej — произвольный элемент из Fm. Так как все состояние из F* сообща­
ются, то все они имеют один и тот же период. Этот период равен н. о. д. тех п, 
для которых R jf  >0. Вероятность Rfj могут быть определены из матричного 
соотношения (9) либо непосредственно (через Ky (w)) из (8)

Из вышесказанного следует
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Теорема 1. Пусть {£п}0 — ОКМП, со значениями из I = {Е0,Е 1, Е т,} 
и множеством марковских состояний D;

{£„}о — ОЦМ, натянутая на {с'„}0'\ а {£„}'о — урезанная вложенная ОЦМ, 
соответствующая {£„}о-

1. Если D' = I \ D  и

p{ïm = EJm,m  = 0,k} = Qjо л  (EJm£ D 'т = 0, к),

nZn+m = EJm; m = l,k\Ç„ = Ei} = R i(J1, . . . ,jk)(E^D, Ejm € D'),

то фазовое пространство ОЦМ {с*}о состоит из тех и только из тех сим­
волов

(EJo, E j , , . . . ,  Ejk) (Ej, <E D\ r =  0, k ,k  = 0 ,  ~ ) ,

Ш  [Ei-,EJo, ..., EjJ  (EidD, Ejr€ D \ r = 1. k ; k = lT -),
из которых

Q j o . . . . , j k > 0 > R i U i >  — J k ) > 0.

Переходные вероятности ОЦМ {£* }0° и ее начальное распределение определя­
ются соотношениями (4);

2. Фазовое пространство ОЦМ совпадает с D, а ее начальное распре­
деление и матрица переходных вероятностей имеют вид {7J}, || 7 J |, где

T, = P{ío = Е,-)+ 2
k =  1 E : 6D 'J  o’ J k - i

Р{<̂  =  Е,-, Çr = Ejr, r = 0 , k — 1},

Tij = 2  Rij(m), Rij(m) = y  P{Çn+m+1=Ej;ÇK+r = EJr, г=1,т\{я = Е{} ;
m =  О Ej r ..., Ejm£D'

3. Если F0 — множество всех невозвратимых состояний {ç„}<T> а Ет (т >0) 
некоторый замкнутый класс всех сообщающихся между собой состояний, то

F0* = {(£,„,..., Ejk), [EJ, [Б-,, E j , , . . . ,  E J  : E, € E0 ; Ejn ̂ D', п о д ­

множество всех невозвратимых состояний {££}о\ а

F* = {[TJ, [Ei, Ej, , ..., E J  : E ^ F m; EJnfD ' ,  n s l } -  

замкнутый класс сообщающихся состояний этой же цепи. При этом если 

D = (J Ети I* — фазовое пространство ( J J ,
m = О

то /* = U К
т = 0
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4. Период всех состояний из F* (т > 0 )  равен и. о. д. тех п, для которых 
R jj  > 0  ( j фиксировано так, что E jdF m), где

2  R ^ z"  =  a,j(2), ||ву(г)|| = ||éy(z)||( / -  ||6у(г)||)-‘,
/ 1 = 1

0*.у: £;>

а btJ(z )=  2  R i j ( m - \ ) z m.
т= 1

3. Эргодическая теорема

Займемся теперь выяснением тех условий, при выполнении которых все 
состояния из F*„ (т =-0) имеют конечное среднее время возвращения. Если 
nik — математическое ожидание того промежутка времени, за которое ОЦМ 
{CÍ}cT> выходя из [£,] впервые попадает в [FJ ([£)], [FJ Ç F*), то

я«  =  2  mRi( m - l ) +  2  TuKk, (Ю )
т =  1 г 5̂  к

где
R i ( m -  1) =  2  R i k ( w -  О-

к

Отметим, что mR^m — 1) совпадает со средним временем того промежутка
т =  1

времени, за который КМП (£„}0 выходя из £',•(£',• 6 D), впервые попадает в D. 
Если это среднее обозначить через ть  то согласно (10)

Kik = "U+ 2  T ir*rk (Ei, E k, E r£ F J

Предположим, что система уравнений

Qi =  2  QkTki (Ej£ Fm)
Ek <LF,„

(ID

( 12)

обладает единственным (с точностью до нормирующего множителя) неот­
рицательным решением. Решение, удовлетворяющее условию 2  Qi= 1 обозна-
чим через {е,*}. *

* Отметим, что если F,„ имеет конечное число состояний, то существование и един­
ственность {о,*} следует из теоремы Фробениуса о собственных числах и векторах неразло­
жимой матрицы с неотрицательными элементами ([1], стр. 355). В общем случае теорема 
Фробениуса, к сожалению, не имеет места. Однако, если предположить, что все состояния 
из F,„ ОЦМ {ç„}n апериодичны и положительны (т. е. имеют конечное среднее время воз­
вращения), то решение {у?} существует, единственно, положительно и совпадает со стацио­
нарным распределением {£„}”  при условии, что £0 6 Ет.
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Умножая обе части (11) на gf и суммируя их по всем i (Ei £ Fт) имеем:

2  в!щк =  2  QÎmi +  2 nrk 2  Q*Tik,EitFm r^k £,€FW
ИЛ И

2  Qi îk 2  Qi " i i +  2  Qr Яrk Qk k̂k,
E i  € F m  E i < i F m  E r Ç_ F m

откуда

nkk =  ~ТГ 2  QÎ ™i Qk E,iFm
(13)

Из (13) следует, что для того, чтобы все состояния из F* были положител- 
ными необходима и достаточна сходимость ряда 2  QÎmi,

E , Í F m
Предполагая теперь, что все состояния из F* апериодичны, заново вы­

ведем (13) и установим явный вид стационарного распределения ОЦМ (ç*}q 
при условии, что

C0eF* и ^  QÎmtc°o
Ei£F„

Введем обозначения:
limP №  = 1Ек]}=Рк, (14)П-*~ оо

Jim ?{& = [Ек, Eh , ..., EJr]}=pk( j1, ... J r)

(EkeFm; Eh .... EJrÇ_D'\ f S l )
Пределы (14) всегда существуют и либо все равны нулю, либо все строго 
положительны. Это зависит от того, как мы увидим, будет ряд 2  QÎ Щ Рас'

Е,  g F„
ходиться или сходиться. Используя переходные вероятности {Л}о (4) имеем:

Р кО \,- j r j r + ù = P k ü \ ,  : j r ) Rk(i í; r irJX l)F'k \J 1 ? * * • ? Jr)

r , =  Z\ZZ .......л)^ Я ‘""’п
£ f € F m r  =  0 E j i , . . . , EJ r eD'  K i U í ,  ■■■Jr)

Из первого равенства в (15) следует, что

Р кU l,  —, jr) =Р к Rk U i , ■■■ J r )  O' — 0) 

Используя (16) и второе равенство в (15), имеем:

(15)

(16)

ИЛ И

Р к =  2  Pi  2  2  R i k U i ,  - J r ) ,EiíFm г=0Ел ,..Д;'г£В'

Pk= 2  PiTikEiíFm
(17)

Согласно предположениям относительно решения системы уравнений 
имеем:

Рк =  С<Л ( Е к £ Е т)

( 12)

( 1 8 )
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С находится из условия нормировки:
оо

1 = 2  2
E k Í F „  р=  0 E j { ,

Так как

то

откуда

2  P b U i,-J r )  =  c  2  et 2
Ek í F n '  = ° EJl.....Ej J D'

RkUi, - J r )

2 2 RkUi, -,jr)=mk
r EJl....EJr

c  1 = 2  e*k™kEk€Fm

PkiJl, -  Jr) Qk Ek O' 1 > — ‘ ■ jr)
2  е*щEiíam

(19)

Из (19) видно, что pk(Jx, . . . J r) положительно тогда и только тогда, когда 
ряд стоящий в знаменателе сходится. Так как пкк = Рк\Щ  стр. 381) то (13) 
равносильно (19) при г = 0.

Итак, нами доказана
Теорем а 2. Если 1. F* — замкнутый класс сообщающихся апериоди­

ческих состояний ОЦМ {^}о ; 2. ^  £ F* ; 3. система уравнений:

Qi= 2  QkTki ( E f t F J
EkÇFm

обладает единственным (с точностью до нормировки) неотрицательным 
решением, то

ekRkUi, -  Jr) *lim Р{{„* =  [Ek;Ejt , ...,EjJ}
2  e.'”.-EiíFm

где mt — среднее число шагов, за которое КМП  {£п}0\ выходя из Е( впервые 
попадает в D.

4.  Распределение моментов времени достижения 
заданной области фазового пространства

Пусть Г с /  — произвольное подмножество состояний ОКМП (£„}о, 
a — [Ер, EJt, , E J ,  где {££}0 — соответствующая ОЦМ, натянутая на 
{£„}5\ Нас интересует распределение того первого момента времени 
í =  т{[Ер, EJl,. . . , Èj \, Г), для которого впервые £,€Г. Очевидно, что í= 0  
тогда и только тогда, когда Ejr Ç Г, ибо из условия ££ = [Eh EJt, ..., EJr] 
следует, что Ç0 = EJr.

* Если ряд 2  Qimi расходится, то предел следует считать равным нулю; в этом  
E , Í F m

случае все состояние из F„ являются возвратно-нулевыми.
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Введем обозначения:

M z [[E‘ .... EJ> п =  S?([E, Е Д  г),

л ,С/l , • • •,л ) 5?( [ Е , Е Д  г) =  Sr ([Е, EJr], z),

Sr ([Ei],z) = Si(r ,z) ,  Г ' = 1 \Г ,

bk({Er,En , ... £Д Г> =
e D ' n rr + 1 J  r  + к — 1

R i U l  5 J2 5 * * * > J r + fc)

Если EJrÇ.r', то согласно (4)
ЕЛ+ьег

т{[Е;; . ,E Jr\; Г} =

( 2 0 )

0 . b 1 ([£i ; Eji , ...,
R iU i, •••,.

T {[£■,-; Eji , .. 77 1 Tl .R i i l l ’ •••’jr+ l) 
*.•</........./.: •

T {[Ek], Г} . ^/c (./1 5 • * • 5 7r)
Я;(Л> ■ • • >7r) ’

'П/>' (21)

Из стохастических соотношений (20) и (21) следует, что

Sr (lE,; Ejt , ...,Ejr],z) = zbt ([£”,■; EJx, ...,Ejr], Г) - 

+ z 2  R i( j1, . . . , j r,k )Sk(r,z) + z 2  Sr ([Ei >Ejt, ..., EJr+1], z)Ekim D  - ------
(22)

Система линейных уравнений (22) может быть преобразована так, чтобы 
правая часть в (22) содержала только неизвестные вида Sk(r, z). Действи­
тельно, нетрудно видеть, что

где

Поэтому

*{[Ei\Eh , - Д Д П  =

bk{[Ei\ Ej l , - , £ Д П .  /f ë  1
Е ;(/1 , >л)

bki ([Ej i Ejt , . . . , E , J , E ) .
S  1, Е(€ Г ' П А

R Â h , - Д )

Ejrl  П  = УjLj Rilijl , •” > jr + k- l)
EJr +l ' - ’ Ej r + k - , í D T i r

2  bk([Et; Eh , -
Jfc=l

. . ,E jV] ,r ) z ‘ +

+ 2  zk 2  bkl ([£,. -, E j , , . . . ,  Е Д  Г) S, (Г, z),
k= 1 Eitr'DD
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или

где

Sr №  \E j„  . . . ,  Ej,J, z) = B,([Ei ; £ J ,  z) +
+  2  BP([Er, E j „  . . . ,EJr] , z ) S t(r ,  z),

Eitr'HD

Вr ( [ £ , £J ,  z) =  2 * » (№; • • •, £,J, r ) z \

(23)

* № ;  £ /,, - ,  я д  z) = 2  bkl([Er, Ej , , . . .  EjX  r ) z k.
*= 1

Из (23) видно, что для определения Sr ([£(; Ej,, . . . ,E j \ ,  z) достаточно знать 
Si(r, z) (£ ,£ £ ' П О). Полагая в (23) г = 0 получим следующую систему линей­
ных алгебраических уравнений для определения S,(r, z):

St{r, z) = ВГ([Е], z) +  2  ^'>([£(], 2)£,(Г, z) (24)
E,ernD

(Е^Г 'П П ).

(24) определяет £,(£, z) однозначно для всех z с |z |s  1.
Система уравнений (24) является регулярной [3]. Поэтому ее решение 

существует, единственно и может быть найдено методом редукции [3].
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ON THE ERROR EX PO N EN T FOR SO U R C E CODING 
AND FOR TESTING  S IM PL E  STATISTICAL H Y PO TH ESES

by
I. CSISZÁR and G. LONGO1

Summary

The problems of estimating the optimum probability (i) of incorrect decoding 
when messages of length n from a discrete memoryless source are being encoded 
by means of 2"R codewords and (ii) of the error of the second kind in testing simple 
alternative hypotheses when the probability of the error of the first kind decreases 
exponentially with a prescribed exponent, are very tightly connected. In this paper 
these problems are dealt with by the aid of a properly chosen auxiliary probability 
distribution2. This approach provides a simpler and more motivated derivation of 
the known results; moreover a sharp theorem of Str a ssen  is used to obtain more 
accurate estimates.

Acknowledgement. G. Longo thanks for the support of Consiglio Nazionale 
delle Ricerche, Italy.

§ 1. Introduction

Let X  =  {л-! , ...,x,„} be a finite set, &>= {pl , a probability distribution
on X  and al , . . . ,a m positive numbers whatsoever. Let X" denote the set of the 
и-length sequences, u = Xit...xin, of elments of X (for the sake of simplicity, commas 
will be omitted). For any u = x h ...x,n£X" we put:

(1) P(.u)=pir ..pin, a(u) = ail...ain, 
and for any subset E of X" :

(2 ) p (E) = Z p (u)> а ( Е ) = 2 Ф УuíE u£E
We shall be interested in the limiting behaviour for n-+°° of the minimum of3 

a{E) (or of p(Ecj) under the condition that the value of p(Ec) (or of a(E), respec­
tively) is given (possibly depending on n). This interest is motivated by the following 
two problems.

(i) Let us be given a discrete memoryless source having alphabet X and prob­
ability distribution 3P. Its messages of length n are required to be encoded into 
2"R codewords in such a way that the probability of incorrect decoding be as small

1 This work was done while G. Longo was a guest of the Mathematical Institute of the Hunga­
rian Academy of Sciences. He is indebted to Prof. A. Rényi for helpful suggestions.

2 A similar idea was used by Rényi [5] p. 473 in connection with the statistical interpretation 
of the entropy of order a and by Arutjunjan [I] in connection with channel coding.

3 Here Ec denotes the complement of the set E with respect to X".
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as possible. The minimal probability of error Pe = Pe(n, R) is obviously achieved 
if the 2"R most probable sequences of length n are encoded into different codewords 
(and the others quite arbitrarily); then decoding consists in stating that each code­
word comes from the most probable of the sequences of the form u = xt . . . X j  

from which it could arise. In this case, taking at= 1 for i=  1, ..., m, the probability 
of error equals the minimum of p(Ec) under the condition a(E) = 2nR. Conversely, 
we may also fix the error probability y we are prepared to tolerate in decoding, and 
look for the minimum number of codewords, i.e. the minimum of a(E) under the 
condition p(Ec) ^ y .

(ii) Suppose that 0> = {pi , ..., pm} and Æ={qL, are two a priori pos­
sible probability distributions on the set X; on the basis of an independent sample 
of size n, say u = xh . . .x in, a decision should be taken as to which distribution is 
the true one. If the sample belongs to a suitably chosen set E ^ X " ,  then hypothesis 
3P will be accepted, otherwise hypothesis Ü will. Setting = (/= 1 , ...,m ) the
minimum of a(E) = q(E) under the condition р(Ес)Шу is just the minimum pro­
bability of the error of the second kind under the condition that the probability of 
the error of the first kind is not greater than y. It should be emphasized that у need 
not be constant, as it is usually assumed ; actually, we shall obtain an accurate esti­
mate for the probability of the second kind error also in case the probability of 
the first kind error is required to vanish exponentially as n — <=°, with a given positive 
exponent.

§ 2. Preliminary lemmas

Our starting point will be the following well-known elementary lemma (the 
notations of § I are used):

Lemma 1. Define:

(3) b(n,y) i= min e(£),
E c z x n, p(Ec) ^ y

then

(4) lim — log2 h(n, y) =  — 2  pi log2 — ШМ.
Я-“  П j - i  Ű;

Proof. Let F„(ô) denote the set of sequences u = x il...xin satisfying the con­
dition -,

iog' Ш * " M  !-="*•
where ô is any positive constant. Since

u£X"
Chebyshev’s inequality implies

„  2  p(u)
(5) 2j p (u) = U(X- ------

log 2 P(U) +nM  a{u) ” 2  Pi log2—'■-+M

u i F cn(d) (nófi n 2ô 2
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so that
(6) p(FZ(S)) = z  P00-0  as

Il ÜFc„i»)
The definition of Fn(ô) entails:
(7) 2п̂ м- д)а ( и )ш р ( и )^ 2 ^ - м + 0>а(и) if m<EF„(<5), 

whence, on account of (6), for sufficiently large n
(8) b (« .7 )S e (F , ( í ) )=  Z  f l (" )s2" lM + í) Z  p(u)^2"^M + S)

«££„(«) u(rjd)
On the other hand, for any EaX ",  (7) yields also

(9) a(E)^a(Er\F„{0) ) ^  Z  2^M~S)p(u) = 2n̂ - ô)p(EÎ)Fn(ô))-
w £ £  П Fn(&)

Now in view of (6), if P(Ec) ^ y  and n is large enough, we have p(EC\ F„(<5)) ^  
1 — yS   ̂ and consequently (9) gives

(10) b(n,y)= inf e (£ )s2 " (M-'> —7 V I /  ECZX",  p ( E * ) S y 2
Since á > 0  is arbitrary, (8) and (10) yields (4).

We shall use also the following considerable sharpening of lemma 1, due to 
S trassen [6] (logarithms are taken to the base e):

Lemma 2. The exact asymptotic expression for b(n, y) is given by

(11) log b(n,y) = n M + \n  k S - ^ \ o g n  + - ^ ^ ( k 2- \ ) -

— — A2 -  log (l72л s )  + o(l),

where M, S 2 and T3 are the expectation, variance and third central moment, res­
pectively, of the random variable h(xt) =  —log P' , with respect to the probability 
distribution and Я is defined by the equation

A

( 12)
1

dt = 1 — y.

Expression (11) is valid if the distribution of the random variable h(-) is non­
lattice; in case h( • ) has a lattice distribution, a slightly different expression, also 
given by Strassen [6], holds.

The only further tool we need is the following simple particular case of the 
Neymann—Pearson lemma.

Lemma 3. I f  E* c  X" is a set such that p(E*) = 1 — у and that v$E* implies
a(v) a(u) ,
—jxr S  sup - г-, then PW  u££* p(u)
( 1 3 ) b(n, y) = a(£*).
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Similarly, if  E**czXn is a set such that a(E**) = a0 and that v$E** implies

then

p(v) p(u)
; i is sup

a  ( v)  uiE** О (w)

(14) inf
E d X n, a ( E ) ^ a 0

p{E)=p{E**).

Proof. If  E*czX" is an arbitrary set satisfying p(Ec) ^ y ,  i.e. p(E) s  1—y, 
then 2  P(P)= P(E\E*) ^  p (E * \E )  =  2  />(»)■ Thus

v £ E \ E *  v £ E * \ E

n (£ \£ * ) s s u p  2  P(P)= suP ^ tt  2  P(u)S;a(E*\E)
a(u)

implying
u€E* p(u) V£ E \ E * p(,u) иÍ E * \ E

a{E) = а(ЕПЕ*)+а(Е\Е*)  £  а(ЕГ)Е*) + а(Е*\Е) = a(E*).
The assertions concerning (14) can be proved similarly.

§ 3. The results

Our aim is to estimate the minimum of p(Ec), EezX", under the condition 
a(E) = 2nA, being A a constant whose value ranges within an interval to be specified 
later. Set

(15)

lows:
(16)

P(n,A)=  min P(EC).
E <z X" , a ( E) s 2nA

Let us introduce an auxiliary distribution âa = (qal, qam) defined as fol-

<l,i
Pi ail-a

2 f i a ) ~ *7=1

i = l ,  m

(this form for the auxiliary distribution is suggested by the requirement that we 
want qai and qa(u) = qxil ...qxin (u = x ii ■ ■■Xin) to be similar functions of pt and ai 
and of p(u) and a(u), respectively). In (16) a is a non-negative parameter whose 
value will be fixed later.

Consider the function
m

(17) * ( « ) = -  2  %i lo§2 ^  (« S  0)./=1 Я;
An elementary calculation shows that

(
m 2 / m \ 21

2^ 4xi log2 J - y 2 y * i log2 дЧ j log2

so that h (a) is a strictly decreasing function of a, unless p{ = cat for every i (1 S  i'Sm) 
for which Pi> 0 (in the latter case h(oc) is obviously constant).
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Since
m m

Л(0) = log2 2  ai and A(l) =  -  2 Pi logz Pz- = M
i = l  i = l  a i

it follows that the equation

(19) h(a) = A
III

always has a unique solution a*, with 0 < a * < l, whenever M  < A <  log2 2 ai-
i=  1 m

T heorem 1. In case M  <  A < log2 a; we Лапе
í =  1

(20) lim -  log2JP ( if , i< )= - /( J .. | |^ )W-*°° п

where a* ó the ( unique) solution of equation (19) and /(ДJtP) denotes the 1-divergence 
(or K ul lb a c k — L eibler information number) of the probability distributions ЗА 
and SL.\

m a , m n*al~x
(2D i a j m  = v , „ i o g2 _  >’ .

/=1

log; Pf l a\ 1

Z pjOj -*
j = 1

P roof. Let us order the sequences of the form u = x i%... xin according to decreas­

ing ratios then, see (16), the sequences u£X" are ordered also according toci W
decreasing ratios for every а > 0  and according to decreasing ratios for

a(u) b qx(u)
0 < а < 1.

Let E„(A) denote the set made up by as many sequences as possible chosen in 
this order and satisfying the condition

(22) a{En(A))= 2  a(u)^2nA
UÍE„(Á)

From (15), (22) and from lemma 3 (with Ecn(A+e') playing the role of E**) 
we obtain for any e '> 0  and n sufficiently large

(23) p(EZ(A + e’)) = min p(E)\
,<.(£) = a(E„(A + £'))

-P(n, A)*p(E£(A)).

Let us fix £>0 such that 0 <  a*—e -< a*+e <  1, and let e '> 0  be such that 
/г(а* + е) <  A <  A+e' < h(a* —e); applying lemma 1 first with Ла*+е and second 
with instead of ЗА and taking into account lemma 3 (with Ecn{A) resp. E£(A +  e') 
playing the role of E**) we can conclude that

(24)
<7«*+.(£ пГ(Л ))-0

q * - t(ES(A+ *'))* 1
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We are going to apply lemma 1 with a; = p ; (/=1, m) and with Д, in the 
role of 3? (first for a =  a*+e and second for a = a*—s). Observe preliminarily 
that in this case an application of lemma 3 with EC„(A) resp. E£(A + e') instead of 
E* gives for n sufficiently large

<25> -  p (e; (a + ï ))spmf »(£).

taking into account that (24) implies да*+е(Е$(А)) <  \  and qa*-B{Ecn(A ->-£')) 
if n is large enough.

Now applying lemma 1 yields, in force of (23) and (25)

i

(26) —/(Üa*_t\\&) Ш Hm — log2 P{n. A) ^  lim — log2 P{n, A) s  —I(£x*л-«, n n-~°° n
Since £>0 may be arbitrarily small, and I{âa\\3?) is a continuous function of a, 
this completes the proof of theorem 1.

Remark i. If A < M ,  equation (19) still has a soultion a =  a*, provided 
A >  lim A(a), but now a* >1. Observe that whenever a > l ,  ordering the sequences

и £ X n according to decreasing ratios corresponds to ordering them according

to increasing ratios P(u)
qM )

. This means that in the last application of lemma 3 in
proving theorem 1, ЕЦ(А) cannot play the role of £* ; it is rather En (A ) that plays 
this role. This leads to the conclusion that 1 —P(n, A) and not P(n, A) decreases 
exponentially as n oo *

lim 1 log2 (1 -P{n, A)) = - I ( ß A ^ )и — 00 П

where a*> l is the (unique) solution of the equation h(oi) = A.
Remark 2. It is easy to check that the “error exponent”

e(A) = lim — b g 2 P(n, A)

is a strictly convex function of A (M  <  A <  log2 £  a). In fact, an elementary
1 =  1

computation shows that
1 r m

(28) ^ r /(J.||á») =  ( « - l ) { 2 ? . i  

whence, using (18) and (19)

(29)

!og2 p‘ I - 12  я™ log log2 e,

de (A) 
dA da / ( J J ^ ) / — A(a)

J a  =  a

*
a*

Since the function //(a) is decreasing, the solution a* of equation (19) is a decreas-
de(A)ing function of A, thus from (29) we see that —- - -  is an increasing function of A.dA
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Specializing theorem 1 to the case at = 1, / = 1, m, we obtain a solution for 
problem (i), § 1. In fact, in this case, setting A = R, P{n, A) becomes Pe = Pe(n, R)
i.e. the minimum probability of erroneous decoding, when the outputs of length n 
of the source are encoded by using 2nR different codewords. In this case the constant

in m
M of theorem 1 is the entropy of the source, i.e. Я  =  -  2  ft log2 Pi and 2  a;

i= i /=1
becomes simply m; thus from theorem 1 and remark 1 we obtain the following

Corollary 1. Given the discrete memoryless source of § 1, (i), if R satisfies 
log2 /я then

p  =

being ól* (0 < a* < l) the (unique) solution of the equation

(31) H ( la) =  - 2  log2

i=1 Z P ji= 1 7=1

If, on the contrary log, r 4 *
Pi =  max pj, we have
(32) Pe =

, where r is the number of the indices / for which

1 __ 2- 'l<, + «(»))

where a* (a*> l) is again the unique solution of equation (31).
Specializing theorem 1 to the case a t =  q t , / =  1, . . . , m  where ^ = { q { , . . . , q m} 

is another probability distribution on X, we arrive at a solution of problem (ii)
m  n .

■of § 1. In this case the constant M appearing in theorem equals — 2? Pi l°g-> ^  =
i = i " 4i

m m
— — and 2  ai = 2  4i =  1- Thus we have (writing —A instead of A):

i= 1 1=1
Corollary 2. If in problem (ii), § 1, of testing hypothesis & against hypothesis 

the probability of the first kind error is required to decrease as 2~nA, where 0 <  A < 
< /(^ ||ü ) , then the minimum probability of the second kind error is +
where a* (0 < a* < l) is the unique solution of the equation

% Р ) й 2 т ^ ---- l0Ê2
1=1 Z pWj ~*

Pi4i = A.

7=1

The results of corollaries 1 and 2 are known in the literature of information 
theory and mathematical statistics, respectively.

Formula (30) is derived in [4] and the result of corollary 2 can be deduced 
from the results of [3]. Both references rely on the method of large deviations (or 
C hernoff bounding technique) and obtain the estimates in a somewhat different 
algebraic form. Our method seems us more direct and more motivated. It should

4 Observe that log2r=  lim H ( $ J .
<X-*oo
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be noted, however, that the proof of the “large deviations theorem” is also based 
on an auxiliary distribution, cf. e.g. [2], Appendix 5A, thus no substantial difference 
exists between the two approaches. Formula (32) is closely related to Theorem 1, 
p. 473 in [5].

If instead of lemma 1 we use the sharper estimate given in lemma 2, the follow­
ing improvement of theorem 1 can be obtained :

Theorem 2. Under the conditions of theorem 1, log2 Pin, A) has the follow ing 
asymptotic expression:

(33)
log2 P{n, A) = -nli£^\\0>)-  ™ log2/7 +

+
(1 -a * )71 _  T l

6 a* Si 6 S i ^ l o f c S Î - i t o f c S Î - ^ l o g ,2 L ~ T  + ° (1)

where 2.a is defined by (16), a* is the solution of equation (19), Sj and S2 are the 
variances and 7\3 and T2 are the third central moments of the random variables
hiiXi) =  — log2 ‘ and h2iXj) = — log2 11 , respectively, in terms of the auxiliary 

ai Pi
distribution üa*.

To be more precise, (33) holds in case the distributions of the mentioned random 
variables are non-lattice; otherwise a slightly different formula holds. Let us remark 
that the distributions of hi and h2 are non-lattice if and only if the distribution of
the random variable hAx  ) =  — log2 - -  is non-lattice.

P roof. Choose a„ such that q^n(EniA)) = \ ,  where En(A) is the same as in 
(22); for n large enough this is always possible (cf. (24)). Setting y = \ ,  i.e. 2 = 0, 
in lemma 2 and applying it with âXn instead of 2P we obtain keeping in mind lemma 
3 (attention should be paid to the bases of the logarithms):

(34) nA = л/г(а„) —— l°g2 n -
n

'6S? ' log2 i2nSl) +  log2 log2 e + o(l).

Actually, we should have used in (34) the moments of the random variable 
— log2 — -  with respect to the distribution йап\ however, since from (34) one im-

O'i
mediately sees that as the error introduced in this way vanishes in
the limit.

Now we apply lemma 2 once more, still with у = \  and in the role of 3P> 
but with pi instead of a In force of lemma 3 we get

(35)
log2 Pin, A) = — nl( i j | ^ )  -  j  log2 n -  

-  ^ 2 -  2 tog, (2nSj) + log2 log2 e + o(l)
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Expanding both h(a) and g (a ) '^ l (â J0>) around a =  a* and taking into account 
that h{<x*) =  A we get

(36) h( a„) = A + (<xn-«*)lï (a*)+ o («„-**)

(37) / ( á j t ? )  = /(^ a*||^) + (a„ -  a*)^' (a+) + о(a„ -  a*) ;

(34), (36) and (37) give rise to

(38)
,£'(«*)

/Г (a*)
1 1 E3 1

n l°g2 n +  ̂  + 2 log2 (2rtSj) — log2 log2e + o(\)

Since + — 1----* (cf. (29)), substituting (38) into (35) completes the proof

of theorem 2.
Of course, theorem 2 can now be used to solve problems (i) and (ii) of § 1 with 

greater accuracy. Namely, under the same conditions and with the same notations as 
in Corollary 1 we obtain the following

Corollary 3. If the distribution of the random variable A0(jc,) = — log2 p, is 
non-lattice, the exact limiting behaviour of the minimum probability of erroneous 
decoding in case # < 7?< log2w is given by

(39)
Pe = exp2 

Tl 1 — a*

j-i*J(J,*|||^)-2̂ log2/i+

log2 S ? - y lo g 2 Si -  ^  1оН г щ ^  + о(1)

being a* the (unique) solution of equ. (31). 
Conversely, if # > # > lo g 2 r, we have

(40)
Pe =  1 -e x p 2 \ - n I ( 2 . A & ) - 2y* ioë2n + ̂ 6 ^ s f L

Ti l -а *  c2 1 . c2 1 . 2л 
6S | 2a*-  l0g2 -  2 ,0g3 S2 -  «*"log2 b g27 + o ( l )  ■

Under the same conditions and with the same notations as in Corollary 2, 
from theorem 2 we obtain the following:

Corollary 4. If the distribution of the random variable hQ(xt) — — log2 —- is
Я.

non-lattice, the minimum probability of the second kind error in testing hypothesis^
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against hypothesis J  is given by

exp2 log2„ +

-  З Г lofo S }~  11082 S l -  ̂log= logTe + '° (1)1

whenever the probability of the first kind error is bound to decrease as 2~nA, 0 < A <  
< / ( ^ ||Л). Here a* (0 < a * < l)  is the unique solution of the equation at the end of 
Corollary 2.

For the case of lattice distributions slightly different asymptotic formulas hold, 
which can be derived in a completely similar way.

§ 4. Concluding remarks

For the sake of simplicity, we have restricted our attention to the case when 
X  is a finite set. With slight modifications and under some regularity conditions, 
theorems 1 and 2 remain valid for the general case as well. If X  is an arbitrary set 
and 3C is a ст-algebra of subsets of X, one may consider a probability measure p 
and a (7-finite measure A on Ж, instead of the p t's and a,’s, respectively. Assuming
/<<к/ and letting p(x) =  be its Radon—Nikodym derivative, the set E„{A)A (ax)
may now be defined as a subset of X" with the property that

I J p iy d S  inf П  P(xd
i =  1 ( x j , x n) £ En (A) i =  1

whenever (y l , . . . ,y n)$E„(A) and such that X"(En(Aj) = 2"A (or, if equality cannot 
be reached, A"(En(Af) should be as large as possible below 2nA). The auxiliary distri­
bution playing the role of can be defined as the probability measure va having

P7 (-̂ )density (i.e. Radon—Nikodym derivative with respect to A) qXx) = >— 7— ~ —
/ px(x)/.(dx)

provided the integral in the denominator is finite. Unlike the case of a finite set X, 
the auxiliary distribution (with density q^(x)) need not be defined for every a^O ; 
it can be shown, however, that the function h(a) = — f  qa(x) log2 qx(x)A(dx) possesses 
all the properties of the function (17) in the interval where qx(x) is defined, apart, 
conceivably, from the endpoints of this interval. Thus, if the constant A is given, 
(A >  M  = — f p(x)  log2 p(x)A(dx)) and is such that the equation h(a) = A has a 
root a = a* belonging to the interior of the domain of A(a), theorems 1 and 2 remain 
valid, and their proofs run along the same lines.

As regards the problem of source coding, only a finite or countably infinite 
set X  makes sense if we stick to the adopted formulation. In the case of a countably 
infinite X  corollaries 1 and 2 remain valid with the only change that the inequality 
7/<7?<log2m should be replaced by H < R0 where R0 = lim h(a), beinga-or0+°
a0 the infimum of those a’s for which £  P* <  00• Let us point out, however, that

i=  1
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even the case a0 = 1 can occur |e.g. if
the assertion becomes vacuous. If 
of Pe remains unknown.

Pi = —,— а , ív » i= l ,2 ,  . . . 1  for which/log3 (/+1) I
°° and the asymptotic behaviour
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ON THE MI NI MUM VALUE OF A QUADRATIC FUNCTION  
UNDER LINEAR CONS TRAI NTS

by
G. KÉRI

Introduction. The theorem being proved in this paper states a proposition, the 
validity of which is presupposed in several quadratic programming contributions. 
Its proof is outlined, as far as I know, only in [1] by F rank and Wolfe. It is mentioned 
there that in case of unbounded polyhedron К the statement can be proved by 
means of the Motzkin theorem; this proof is referred to, for instance in [3] and 
[4]. In case of bounded polyhedron the proposition is self-evident. However, I 
could not find out how to complete the proof by means of the instructions given 
in [1], so here I am going to show a straightforward inductive proof.

T heorem . I f  a quadratic function
q(x) = x'Qx + 2c'X

is bounded from below in an (unbounded) polyhedron
K={x\Ax'&b}

then there exists a vector x° Ç K, such that
<7 (.v°) = min {(/(y): x £K}.

Proof. The theorem will be proved by induction on the number of the variables 
of q(x), that is for the number of the components of x. In the 1-dimensional case the 
statement is trivial. Denoting

*'=C*i. x2,

let us suppose that the theorem has been proved for any quadratic objective func­
tion of n —1 variables and for any polyhedron in the n — 1 dimensional Euclidean 
space.

Let us denote
x = ( x 2, x 3,

c '= (c l ,c ') = {cl ,c 2, ...,c„).
Then we can write

q(x) = p(xt ; x) + q*(x),

where p(xt : x) = axl + 2(d'x)xl +2clx l (the vector

a
d2
d3 being the first
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column of the matrix Q), while q*(x) is a quadratic function of the n — 1 variables 
x2, x 3, . . . ,xn.

Further notations:
R” for the л-dimensional Euclidean space;
d '  =  ( d 2 , d 3 , ..., d „);

« 1 1 «12 • • «In'
A = «21 «2 2 ■ • «2п

■flm 1 «m2 • * «mn.

« 0 1  =  « ;

«о j =  dj 0  =  2 ,3 ,. . . ,« ) ;  

b о =  -  со
let j £ J  if and only if O ^ j ^ m  ( j  integer) and ап ^ 0 ;

b j ~  2  a j k x k
k = 2 ___

an
U eJ );m  =

L + 1  (*) =  P (x2 ; .y) =  axi +  2 | Д  í4 л-, I x2 + 2c x . 2 ;

J'  = JU{m+  1};
I Ш  =  {-y ,  : ( x 1, . y ) € A ' } .

Now we can write that

(1) inf {q{x) : A'} inf {q*{x) +  inf {/?(*! ; x) : x t Çl(x)}}.X t К
Let be such a vector that /(x°) is non-empty. Then

(2) inf {p{xl ; x°) : x t £ /(.y0)} = min {p(lj(x°); x°) :j£J ', (/; (i°), .y°) € K}
To prove the validity of (2), let us denote

Sieft='-M*i;-Y°): *1 <?7(x0)}
and

bright = {p(lj(x°); x°): j£ J ',  (lj(x°), х°)бЛ:}.
First we shall demonstrate that .Sright is non-empty. On account of the convexity 
of K, I(x°) is a finite or infinite interval. Let us first consider the case where I(x°) ̂  

— +°°), and let x° be an end point of the interval /(x°). Then (x°, x°) must
lie on the boundary of the polyhedron K, consequently

(3) ап х1+ 2  ajkxk = bj
k = 2

for at least one j  (1 Let J° be the set of those indices j, for which x (l satisfies
the equality (3). If aJ{ =0 for all j£ J °  then, for sufficiently small e >0, (jc? + £, x°)dK
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and (x? — e, x°) £ K, which contradicts to the fact that x? has been chosen as an 
end point of 7(x°). For this reason, there must be a j, for which x? satisfies (3), and 

For this /, jd J '  and

b j-  2  ajk*k
x ï = ----- — ----— =  lj(x°),

an
that is (/j(jc°), x°)Ç_K. If, on the other hand, 7(x°) = ( — °°, +°°) then m +  lÇ J ' 
and (/,„+, (x°), x°)£K. Now it can be seen that Sright is a finite, non-empty set. 
Moreover, since obviously S|eflDSri|,h,, we can state that

inf {p(Xl ; je°):jct € /(.v0)} -  min {p{lj{x°)\x°) (lj(x°), x°)£K).

In order to prove the inverse inequality first we can observe that 
inf {p(x{ ; x°): £7(x0)} < + °° because of 7(хо)г ^ 0 , then

inf {/?(*, ;.v°):*i € /(x0)} > - » ,

which follows from inf {</(x):xÇÂi} > -« > . Since p (x ,,x°) is now being regarded 
as a quadratic function of only x x, there exists an х? £7(x°) satisfying

(4) />(*?, x°) =  inf{/>(xi; x°) : Xi Ç/(x0)}.

If this X? is unique and lies in the interior of 7(x°), then a = a01>-0 and

/о o n

consequently the minimal element of Sj,,,, is among the elements of 5rigtn. If 7(x°) =  
=  ( — oo, +o=) then, because of the finiteness of inf Sleft, p(xx ; x°) is independent 
of Xi in the whole ( — + <*=) interval, so x? = /m+1(x°) may be chosen. Finally,
in any other case an x? £/(x°) satisfying (4) may be chosen as an end point of 7(x°). 
Then according to the argumentation of the previous paragraph, there exists a 
y'£{ 1,2, such that aj l 9i 0 and x? =  /Дх°). Now the validity of (2) has been
justified for each possible case.

From this point the proof can be easily completed. From (1) and (2) we gain
that

(5) inf {</(x) : x € K) = min {inf {q*(x) : x € Aj}},
where

q*(x) = q*{x)+p(lj(x)\S:)
and

KJ =  {x-.{lj {x),x)iK}.

Since inf {g(x):x£7f} is finite, inf {qJ(x):x£Kj} > -« >  for arbitrary /6 J '. 
</*(x) is a quadratic function of x and Kj is a convex polyhedron in the n — 1 dimen­
sional space, thus by the inductive assumption

( 6) inf {*;(*) :*€* ,}  = <lU*0J)
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provided that jd J '  and Kj is non-empty. If Kj is empty for all j£ J '  then I(x) is 
empty for any x£ R n~l , consequently К itself is empty. If this is not the case then 
by (5) and (6) we can arrive at

The theorem is thus completely proved.
Acknowledgement. I am indebted to A. Majthay for letting me acquainted 

with the problem and his proof in the case of convex quadratic objective function.
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inf [q(x) : K) = min {q*(x0 J)} =  q*{.x°’r) =
j  Ç.J
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EXISTENCE THEOREM FOR WEAK SOLUTI ONS OF 
ORDI NARY DIFFERENTIAL EQUATIONS IN REFLEXIVE

BANACH SPACES

by
A. SZÉP

I. The general problem

Let £  be a topological vector space, denote R the real line, and let x(t)  be a 
function with values in E, defined in a neighborhood of the point l0 £ R. Denote x 
the topology of the space E. The function x(?) is said to be differentiable according

JC ( / ) _X ( t  )to the topology г, or briefly т-differentiable if the quotient----------- — converges
t — to

to a certain x'(t0)£E  for t -*10, in the topology x. Let Í2 be a (temporarily arbitrary) 
but non-void subset of the product space RXE, and f i t ,  x) a function, defined on 

x )£ £  for (t, x)£ ß. Let (t0, x0) be a fastened point of Q. Consider the problem

* '= /( ',  *)1
*('o) = *oJ

( 1)

D efinition: An £-valued function x(t), defined on some non-degenerated real 
interval /, containing t0, is a solution of the problem (1), if:
a) x(t)  is т-differentiable for t£ /,

b) (r, x (/))£fi for ?£/

c) x(t0) =  x о

d) x \ t ) = f { t , x ( l ) )  for /£ /
The problem cannot be expected to be solved in such generality. Various conditions 
on E, x,Q  and /  enable to be proved existence theorems.

Such theorems are the Cauchy—Peano and the Caratheodory existence theo­
rem (both are valid only in finite dimensional spaces), the Picard—Lindelöf existence 
theorem, which can be extended to arbitrary Banach spaces (see [1]), the Kras- 
noselskii—Krein-theorem [2] and so on. II.

II. The special problem

In this paper we shall investigate the following special case. The space E will 
be a reflexive Banach space, the topology x will be the weak-topology, which by the 
assumption coincides with the weak* topology of the adjoint space of E. The set 
Í2 will be closed in the norm-topology of E and the function/(/, x) will be continuous 
on (2, in the weak-weak sense, that is for every (/', x')£Q  and arbitrary weak neigh­
bourhood U of the point f{ t ', x ')€ £  there exist an s> 0  and a weak neighbourhood 
V of x ' so that for every x£V , \t —1'\ <  e (/, x) € ß, f(t, x) £ U is valid.
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III. The tools

The first property, which will be used repeatedly is the weak completeness of 
reflexive Banach spaces. Strictly speaking:

1. Let {x„}“_ ! be a (denumerable) sequence in the reflexive Banach space E. 
Suppose, that for all x*£ E* — that is for all linear continuous functionals on E, 
the sequence x* (xn) converges. Then there exists an element x0£E, for which
lim x* (xn) = x*(x0) for x* Ç.E* arbitrary. For proof see [3], p. 69, 29 Corollary).

/1 -+ -0 0

2. A Banach space is reflexive if and only if its closed unit sphere (hence all 
closed spheres) is weakly compact. ([3] p. 425 Theorem).

3. A subset C of a reflexive Banach space is weakly compact if and only if it is 
closed in the weak topology and bounded in the norm-topology (see [3], p. 424 3. 
Cor.).

4. Our main tool is the E berlein— S m u l ia n  theorem:
Let A be a subset of a Banach space E. Then the following statements are 

equivalent:
(i) A is weakly sequentially compact, i.e. any sequence in A has a subsequence 

which converges to an element of E.
(ii) every infinit subset of A has a weak limit point in E.

(iii) the closure of A in the weak topology is weakly compact ([3] p. 430 1. 
Theorem).

C orollary 1. Let E be a reflexive Banach space {x„}“= t a sequence of elements o f 
E, bounded in norm, that is there exists a number 0 for which ||x„|| S  К for all n. 
Then there exists a subsequence {x)Ifc }“= i of the original sequence which converges 
weakly to an element o f E.

P roof. Let S be the closed sphere in E with center in the origin and with radius 
K. S is compact by 2, it follows by 4, that our sequence contains a weakly convergent 
subsequence. Q.e.d.

C orollary  2. Let E  be a Banach space, R the the real line, a, b>  0 given real 
constants. Denote P the “ ci/yndre”

{(t, x ): t0^ t s t 0 + a, | |x - x 0|| b}: P a  R X E

where t0 is a fixed real number and x0 C-E a fixed elements. Let fit, x) be a function, 
defined on P, with values in E. Suppose that f i t ,  x) weak-weak continuous on P (cf. 
Ch. 11). Then there exists an upper bound M, so that

II f i t ,  x)|| ä M for (t, x) (E P.

P roof. According to TychonofTs theorem on topological products, P is compact 
in the “realXweak” topology. The continuity of /  implies the weak compactness 
of its range fiP ), hence by 3., the range is bounded in norm. Qu.e.d.

We shall use the following simple consequence of the Hahn—Banach extension 
theorem:

5. Let x0 be an element of the Banach space E with the property ||x*(x0)|| ёЛГ 
for all x*£E*, ||x*|| =  1, then ||jr0|| ==*.
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IV. Some remarks on Banach space analysis

Let £  be a Banach space — reflexive or not — denote £* its adjoint space. In 
this chapter we shall deal with functions, the values of which lie in E. These functions 
will be called briefly vector-valued-, or vector-functions.

A more detailed theory of such functions is developed in [1] and [3]. Here we 
shall give only the definitions and theorems essential to our purposes.

Let x(t) be a function of the real variable t with values in E.

1. D efin itio n . The function x(t) is said to be weakly continuous at t = t0, 
if / —10 implies x(t) -*x(t0) in the weak topology. Our condition is equivalent to 
the following one:

2. D efin itio n . The function x(t) is said to be weakly (Riemann) integrable 
in some interval [a,b\, if in any choice of the points t ( , ti_ l S.ii ^ t i i = 1, . .. ,n

the sums £  x (xi)(h — fi - i) converge weakly to the same element x0 £ E, provided
max I —0. Let the space £  be weakly complete, then our condition is

1 =§ /  ^  It

equivalent to the Riemann integrability of all complex-valued function of the form 
x*(x(0)- In this case there exists an element x0 of E, for which

3. Definition. The function x(t) is said to be weakly differentiable at t = t0, 
if the difference-quotient x(t) — x(t0)/(t —t0) converges weakly for r —t0 to an ele­
ment x'(t0)ZE. In the weakly complete case this condition is equivalent to the 
differentiability of all functions x*(x(t)), x*££*. It can be easy to be proved that 
weak differentiability implies weak continuity, the latter implies weak integrability, 
the integral of a weakly continuous function is weakly differentiable with respect to 
the right endpoint of the integration interval and its derivative equals to the integrand 
(at the same point).

4. Definition. Let /  be an interval on the real line, and x „ ( t)€ £  for /Ç7, 
n = 1 ,2 ,. . . .  The sequence {х„(?)}Г=1 converges weakly uniformly to the vector 
function x(/), if for all x*££*, e = - 0  there exists a n0 =/70(x*, e), so that n ë n 0 
implies |x*(x„(t)) —x*(x(t))| < e for all /Ç / 5

5. T heorem. I f  all terms of the sequence {x„(/)}“= , are weakly-continuous in 
/  ( that is in all points o f I) and the sequence converges weakly uniformly to the function 
x(t ), then x(t) is weakly continuous.

Proof. Let x*££*, e > 0  arbitrary. Choose «0 = woi-v:*>y] hy means of the 
weak uniform convergence. Let n ë / i0 be a fixed integer, t0£ l  arbitrary, but fixed

implies x*(x(/)) — x*(x(i0)) for all x*££*.

n

b
for all x*££*.

a
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too. The function x*(xn(t)) is continuous at t0, therefore we can choose a <5>0 to
E— . Let \t —10| <  ô, then

x*(x(t ))-x*(x( t0)) =  x*(x(t )) -x*(xn(t))+x*(xn(t))~

-  X* (x„(t0)) + X* (xn (t0)) -  X* (x  (t0)),
hence

!.v*(x(0)-.v*(.r(?o))i <  y  +  T  +  T  =  £ Qu'e d -

6. D efinition . The sequence {x„(/)}“=1, defined on the real interval /  is weakly 
uniformly fundamental, if for all x*£E* and e > 0  there exists an n() = n0(x*. ;:) 
so that m ,n ^ n 0 implies |x*(x„(/)) — x*(xm(?))| <  £ for all t£I.

7. T heorem . Let the Banach space E be weakly complete, the sequence { x „ ( / ) } “= , 
weakly fundamental in I. Then the sequence converges weakly uniformly to a certain 
vector function x(t).

P roof. For all fixed t £ j  the sequence {x„(t)},7=i is weakly fundamental, hence 
it has a weak limit. Denote this limit element by x(t). Let x* ££*, e> 0  be arbitrary
n0 — n0 |x*, y j  by means of the weak fundamentality, n, m ^ n 0. Then

g
|x*(x„(r)) — x*(x„,(/))| <  — for all t£L  Let t and m be fixed, while n — then 

x*(xn(0)-*x*(x(t)), that is

x*(xn( t))-x * (x m(t)) -  x*(x(r))-X*(xm(i)),
hence

|x*(x(t)) X* (-Vm(t))| S  j  <  E.

8. T heorem . Let E be a weakly complete Banach space, {x„(t)}"=1 a weakly 
uniformly fundamental sequence o f weakly continuous functions defined on the real 
interval I. Then the sequence converges weakly uniformly to a well-determined weakly 
continuous function x(t), defined on I.

P roof. The assertion is an easy consequence of Theorems 8 and 7.
9. D efin itio n . Let E be a Banach space, 3* = {xa(t): x£A) a family of vector 

valued functions defined on the real interval I, A some index set. The family S' 
is said to be equicontinuous, if for e> 0 there exists a <5>0, so that \t' — t"\ <  ö 
implies ||х„(0 — xx(t")\\ -c e for all a £A. This implies, among others, the weak 
continuity of all xa(?) in I. 10

10. T heorem . Let E be a reflexive (hence weakly complete) Banach space. Let 
S'be, as in 9. Definition, a family o f equicontinuous function. Moreover let the family 
be bounded that is let there exists a 0, so that ||xa(t)|| for all a ÇA, t Ç I. Then 
there exists a sequence a (n) so that the sequence {xx (n) }f=, is weakly uniformly funda­
mental.
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Proof. Let {?„}”=1 be a denumerable dense set in /. The set xx(t{) is bounded 
by the assumption, hence by Corollary 1 of Chapter 111 there exists a sequence 
a u , a 12, . . . ,  a ln, ...ÇÂ so that { x ^ y /,)} ^  is weakly fundamental. Consider the 
set {Хс,„(?2)}Г= 1  • It is bounded, hence contains a weakly fundamental subsequence, 
denoted with xX2l(t2), x ,22(t2), ...,x„2n(t2), ... . We construct in the same way the 
sequences x„ (t) for all /, and put a(«) = a„„. Then the subsequence {xl(B)(/)}”=i ‘s 
weakly fundamental for all t = t l2 12, ... . We shall prove that {х„<в)(/)}Г= 1  is weakly 
uniformly fundamental. To this end let x*£E*, e> 0  be arbitrary. Without loss 
of generality we can suppose, that ||x*|| = l. Choose to e/3 by means of the 
equicontinuity. The intervals with radius ö and centre in t{ (/= 1 ,2 , ...,) cover /, 
hence there exists a finite covering system.

Suppose that the covering system consists of the first N  interval. Chose n0 
by means of the weak fundamentality in / , , . . . , / N, so that for k 1, k 2=n0

\x*(x1(kl)(li) ) -x * (x x(k2)(ti))\ < у  for / =  1, ..., N,

Let K{,K 2^ n 0, t i l  be arbitrary. There exists a term of the finite covering system, 
containing. We can suppose without loss of generality that it is the first one.

**(*«(*,)(0) -  ** (0) = X*(*.(*,)(/)) -  X* (xa(kl)(tl)) +
+ -X* (*«(*, )( '1)) -  'V* (xa(4l)(f,)) + x* (xa(*2) ( / 1 >) -  X* (xa(k2)(/)).

For /= 1 ,2  by means of the equicontinuity

|x*(xa(t|)(/)) —X*(x„(|k|)(/1))| 3“ ||x*|| • ||Xa((tl)(/) — Jr„(t,)(ii)|! S  l ' y  =  y  -
The weak fundamentality in / implies

|.V+ , ) (̂  1 )) -V* (xra(*2) (^1 ))| < у
Hence

|^(x«(*,)(0 )-x*(xa(*2)(i))| < y  + y  +  y  = £

Since n0 is independent from t the proof is complete.

V. The existence theorem

Through this chapter let E be a reflexive Banach space, denote R the real line, 
/( /, x) a weak-weak continuous function on the cylinder

P = {/<, S  / S t 0+a, ||x0 — x|| £  b}
in accordance with Chapter II. By Corollary 2 at Chapter 111 there exists an upper 
bound 0 of /  in norm. Let a = min (a, b/M)

T heorem. The problem (1) in Chapter I has at least one weak solution defined 
on [/0, to +  °0- (Strictly speaking we assert the existence of a solution in the sense of 
Chapter I, while x is the weak topology of the space E .)
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P roof. The mean idea used in the sequel constructing approximate solutions 
due to T onelli [4]. Problem (1) is equivalent to the following (set of) integral equa­
tion^):

t

x*(x(t0j) = X*(x0)+  Jx* (f(s ,x (s)))d s  for all x*f_E*.
fO

I et d > 0  be a suitable small real constant, x0(?) a weakly continuously differentiable 
function on [?0-<5, i0L for which x(t0) = x0; x'0(t0) = f(t0, x0) ; ||x0(0-*oll = b  
and ||xó(0ll SAT (The property “weakly continuously differentiable” means that 
x 0(t) is weakly differentiable and its derivative, as a function of 1 is weakly con­
tinuous.)

Let us remark that for <5(>0) small enough the function

* o (0  =  x0 + ( t - t 0) - f ( t0, x 0)

has the required properties, but we do not restrict the choice of x0(r) beyond the 
required properties. For 0< e^(5  define x£(t) on [/0— <5, t0+a) by

*o(0 for

X,:(J) =

t0 Í  =  / =  io 

t0 ^  t S  t0 + a

This formula defines x E { t )  first in the interval [ / 0 , t 0 + a J , where a, =  min (a, e )  

The substitution is allowed, / ( s ,  x£(s — e)) is a weakly continuous function of s, 
hence it is weakly integrable. Let x*£E, ||x*|| =  l be arbitrary. For t0^ t ^ t 0 + ai

whence

t

X* (xe (t) - - x o) = f  X* (f ( s , X£ (.S' -  £))) ds, 
10

|**(*«(0-*o)| s  M - \ t - t 0\ M -a  s  M --— =  b M
Lienee by Chapter III, 5, ||xe(?) — x0|| = b for /o S iS to + c q . It follows that 

x£(?) may be extended to the interval [?0 — c>, t0 +  аг] where oc2 =  min (a, 2s). We 
extend the definition of x£(/) in the same way to [?0— <5, r0 + oc], conforming the 
relation |jx£(/) —x0|| ë i .  It follows, that the function family {x£(t)}; 0<eSc> is 
bounded as it was required in Theorem 10 in this Chapter. In addition, we shall 
point out its equicontinuity in the closed interval [r0 — Ô, t 0  +а]. To this end let 
X* 6 E*, ||x*|| = 1 arbitrary and consider the formula of x£(r).

Í2
W( t i ) - x c ( t 2 )  = J f (s ,  x£(s-8)) ds 

*1
Hence

\х * ( х е ( Г х ) - х е ( 12 ) ) \  M \ t  1 — / 2 1 
if

t2€[r0’ *о+а1-

S tu d io .  S c i e n t ia r u m  M a t h e m a t i c  a r u m  H u n g a r i c a  6 (1971)



EXISTENCE THEOREM FOR WEAK SOLUTIONS 203

In the interval [t0 — ô, t0] all xc(t) equals to x0(t). The weak derivative of the latter 
is bounded by the assumption, hence |л:*(л'с(?1) —x£(/2))j = M-\ l l —t2\- In both 
cases from III. 5 it follows

ll*«('i)-*«(*2)ll ^  M \ t i ~ t 2\
It is an easy consequence of this inequality that for 17 > 0  arbitrary, rj/lM possesses 
the property required from ô in 9. Definition of this Chapter, hence the assertion is 
proved. Applying theorem 10, we get a sequence e( 1 ), e(2), ... for which n-*°° implies 
«(«)— 0. and xe(n)(i) is weakly uniformly fundamental on (70— ô, /0 +а]. Hence 
by the 8 . Theorem there exists a weakly continuous function x(t), so that xe(n)(r) 
converges weakly uniformly to x(t), as All closed spheres in E are weakly
compact, much rather weakly closed, hence for all t, considered above ||x(t) — x0|| Sb . 
Hence f(s , x(s)) exists and it is weakly continuous.

Regarding the formula for xe(t), it is to be pointed out, that for x* £ E*, 10^1Ш  
S  t0 + a arbitrary, /1 — °° implies

t t
f  Xe(n)(s-£(n)))) ds -  j  X*(f(s, x(s)))ds
to *0

Let x* and t be fixed. The integrand converges pointwise, and can be majorized 
with a universal constant, hence our assertion follows from Lebesgue’s classical 
theorem.

Corollary: If we suppose the “strong-weak” continuity of/(/, x), then it follows 
that the solution constructed above is differentiable in the norm-topology (strongly). 
Hence we can get a “strong” existence theorem too.

Remark: It is easy to prove that the weak solutions are always strongly con­
tinuous. This remains true in non-reflexiv Banach spaces too if we suppose the 
boundedness o f/.
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ON STRUCTURE SPA CES

by
R. WIEGANDT

To the memory o f  Professor Alfréd Rényi

1. ln [3] Sulinski has given a category theoretical generalization of (strong) 
structure spaces. Structure spaces are well-known in the ring theory as well as in 
the theory of Banach algebras, further also the 0-dimensional compact spaces can be 
considered as structure spaces of Boolean algebras. Sulinski has defined a closure 
operation on structure spaces on the usual way, but it remained the question whether 
the structure space has become a topological 7, -space. The purpose of this paper is 
to give an affirmative answer of Sulinski’s question.

In section 2 we shall define structure spaces on lattices, further we shall establish 
a condition which will involve that a structure space shall be a 7\ -space.

Applying this condition, in section 3 we obtain that Sulinski’s structure spaces 
are always topological 7 , -spaces.

1 am grateful to Dr. E. T. Schmidt for his valuable remarks and for simplify­
ing the proof of the Theorem.

2. Let L be a complete lattice. Denote M a set of dual atoms of L. An element 
L will be called M-representable if c can be represented as a complete intersection

of elements belonging to M. Let LM denote the sublattice generated by all M-rep- 
resentable elements.

A closure operation can be introduced into M as follows. For any subset A 
of M, let the M-closure Cl (A) consist of all elements m fM  having property 
m S  p, n. In what follows, the intersection p  n will be denoted by N.

n £ N  П£ N
It is obvious that A —Cl (A) is a closure operation, moreover, since the elements 

of M are dual atoms, therefore the M-closure of a single point is itself. The set M 
equipped with the M-closure operation will be called the structure M-space o f the 
lattice L. It remains the question when the M-closure operation is topological,
i.e. for any two subsets A ,, A2g M  the relation Cl (A,)U Cl (A2) = C /A J J A ^  
holds. Clearly a structure M-space is a T{ -space if and only if the M-closure opera­
tion is topological.

Theorem. I f  the sublattice LM is modular and every element m Ç M has at most 
one relative complement, then the structure M-space is a topological Tl -space.

Proof. We have to show that Cl (Aj)UCl (A2) =  Cl (A, U A2) holds for any 
two subsets A ,, N2QM. Clearly Cl (A,)UC1 (A2) Я C1(A,UA2) is always valid. 
Let us assume Cl (A,)UC1 (A2) c  C1(A,UA2). Now there exists an element 
w €C !(A ,U A 2) such that /и^С1 (A,)UCI (A2). /ro m  Cl (A,)UC1 (A2) c  
c  Cl ( A( U A2) it follows that neither N l s N 2 nor N2 —^1 hold.
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In the most general case ni, TV, and TV2 gene­
rate a sublattice given by Fig. 1 such that 

= /= 1 ,2 ; /V/, and by the mo­
dularity

В = А 1Г\А2 = ((TV2 n m) ÜTV,) n((TV, Пm)U TV,) =  

=  (TV, П m) U (1V2 П m).

Let us observe that some elements of Fig. I 
may coincide. Since N ^ A ,  and TV,фиг, SO' 
А:т$т follows for /= 1 ,2 . Hence mÇ_M implies. 
AßJ m =  1. On the other hand by the modularity 
we have

m П A , =  m П (TV, U (TV) П /??)) =

=  (m П TV, ) U (m П TV2) = B.

Thus A x as well as A2 are relative complements of m. To get a contradiction we 
have to show that A , and A2 are different elements.

By TVIф m it follows /71П TV,- <  TV,, further TV, П (m П TV,-) = TV, HTV2 holds for 
/= 1 ,2 ;  / A- j. Hence the modularity implies that (TVf П m) U Nj and TV1, UTV2 are dif­
ferent elements i.e. А л =  (TV,- П m )  U TV, <  TV,UTV2. Taking into account TV;^ /4 ,<  
<TV,UTV2, it follows A í tí A2 and the Theorem is proved.

3. Now we turn to answer Sulinski’s question. We shall adopt the category 
theoretical notions and notations of [3] (see also [2]), moreover, let us assume that 
the considered category ^  satisfies all the conditions (C,)—(C,0) of [3]. (We omit 
to recall them.) In such a category both of the Noetherian Isomorphism Theorems 
hold in the following sense.

1. Consider the commutative diagram

k x- ld  Л. m
Il H \x 
k ^ a ^ b  

\t> 
c

where x , , x, <5, у are normal monomorphisms and a, ß, p normal epimorphisms such 
that Ker a = (k, x), Ker ß =  (m, y). Then Ker p =  (к , x,), moreover Ker aß =  (d, d) 
and aß is a norma/ epimorphism. (Cf. [5] Theorem 2, 1 ; the last statement is an easy 
consequence of [2] 9. 8).

2. Consider the commutative diagram

к  r / ,  - Í  / 7 7 ,
*i\ Hi
d2b  a =  /77

where x ,,  x2, 5lt ô2 are normaI monomorphisms and a, [1 norma/ epimorphisms such 
that (k, x 1ô1) = (dl , ô 1)C](d2, ö2) and (г/,, <5,) U (d2, <52) = (a, £„). Then there exists

A
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an equivalence p: m { -~m with commutativity preserved in the diagram (Cf. [3] Pro­
position 2, 4).

Let J l  be an abstract class of simple objects such that a £ J l  and a ^ b  imply 
b£Jl. If or. a-*b is a normal epimorphism such that b £ J l, then the ideal (m, p) = 
= Ker y. is called an M-maxima! ideal of a. The set of all ^-maximal ideals forms 
the structure Jl-space of the object a and it is denoted by Ma. In [3] 
it is supposed :

( ■*• ) I f  (p, n) is an idea! of a and p Ç J l, then there exists a unique *
Jl-maximal idea! (m, p) such that (p, п)Г\(т, p) = (0, oj) and 
(P, л) U (m, p) =  (a, £„).

Let us mention that in [3] it is shown: by a suitable choice of й 
J l  the category of rings, alternative rings and Lie rings satisfies 
condition (-*-). к

Proposition 1. The lattice of all ideals of an object aff£ is Fig. 2 
modular.

This statement follows from the Second Isomorphism Theorem. In contrary, 
suppose that there exists a nonmodular sublattice given by Fig. 2. Here (c, y) is 
an ideal of a, moreover, there exist such normal monomorphisms ç, q, f that (x , ç), 
(y, q) and (z, Q are ideals of c. By the Second Isomorphism Theorem we obtain 
the commutative diagram

к ----------- * z ------------------- ►bz

where a, ß, у are normal epimorphisms and q, a equivalences. Since ß is a normal 
epimorphism, therefore by [2] 9, 8 there exists a map n: b2-+bl such that ßn=ot. 
This implies that n is a normal epimorphism. Since a~l =ng~l, so я is a mono­
morphism too and hence an equivalence. From this t;ß = Ç(an~1) = to follows, and 
so there exists a map ^t : x ^ y  such that =  Hence (x, ç) ^.(y, q) holds,, 
contradicting our assumption.

Let us remark that Proposition 1 is essentially the converse statement of De­
dekind’s transponation principle (cf. [1] Theorem V. 6 or [4] Theorem 3 6).

The ideals being complete intersections of _#-maximal ideals, are called M-rep- 
resentable ideals. Again let LM denote the lattice generated by all AZ-representable 
ideals of an object a.

Proposition 2. An element (m, p) f  Ma has at most one relative complement 
in LM.
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P roof. Suppose that there exists an element (m, /<) Ç Ma having two relative 
complements (x, £) and (y, q). Since by Proposition 1 LM is modular, so it follows 
easily

(x, Ç)D(m, n) = (y, t])П (m, /() =  (x, f)C\(y, >/) =  (k, x).

Further by the Second Isomorphism Theorem the diagram

к -+ x  —  b x
I 1 И
m —■ a b

is commutative, and so bx ^ J t  holds.
(a) Assume (x, Ç) U (j, b) =  (a, ea). By the First Isomorphism Theorem the 

diagram
к — x  -*■ bx
II I .. \ x
к — а -к c

\  1
d

is commutative, further (bx, /) is an ideal of c. Consider the images (rat ,/<c) and 
(yc,rjt) of the ideals (in, p) and (у, ц) by the epimorphism y. Now we have

(bx, /)  U (mc, pc) = (bx, y) U (yc, t]c) = (c, sc).

Hence by condition (•£) it follows (mc, pc) = (yc, >]c) which implies the contradiction 
(m, ц)=(у. n).

(b) If (.y, O U {у, ц) = (z, C) < (a, ea), then there are normal monomorphisms 
0 ,  bz such that (x, 0 )  ar)d (>’■ bz) are ideals of the object z. Since by Proposition l 
LM is modular, so we have

{nu, v) =  (z, Q П(m, /;) и  (x, с) П (у, щ).

Moreover, there exists a normal monomorphism vz such that (mz, vz) is an ideal 
of z. For (k. x.) = (xz, I*z)0 (y , bz) the Second Isomorphism Theorem implies that 
the diagram

к -  * -  bx 
I 1 It 

mz-~ z -»• b,

is commutative. Since bx ^ J i , therefore (mz, vz) is an ^-maximal ideal of z. Hereby 
the .^-maximal idea! (mz, vz) has two relative complements (x, <f2) and (y, bz) such 
that (x, í,) U (y, bz) — (z, £z), and we have traced case (b) back to case (a).

The Theorem and Proposition 1, 2 yield immediately
Corollary. The structure J Í -space of any object of T  is a Tl -space.
Remark: By the Corollary the assumption of [3] Theorem 5, 12 that the structure 

.//-space should be a Tl -space, has become superfluous.
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ON THE DISTRIBUTION OF ADDITIVE AND THE MEAN 
VALUES OF MULTIPLICATIVE ARITHMETIC F UNCT I ONS

by
G. HALÁSZ

1. Let the number theoretic function g(n) be additive (g(mn) =  g(w)+g(n) 
for (m,ri) = 1) and integral valued. We are going to study its “local*’ distribution,
i.e. the behavior of ... . „  ,N(m, x) = 2  1tl̂ kX

д(п)=т
(m is an integer). “Global” distribution in the sense of probability theory of additive 
(not necessarily integral valued) functions has been extensively investigated; a general 
theory is laid down in Kubilius’s book [1].

Our problem is not new either. Landau [2] derived from the prime number 
theorem ч (loglogx)"1N(m, x) ~  x —----- T-.-TT----—(m— 1)! logx
for fixed m if g(n) is (o(ri), or Q (n), the number of distinct and the number of all prime 
divisors, respectively. Much later Sathe [3] obtained similar formuli valid up to m â  
S c  log logx (c<2 for Q(n), c-=e for co(n), the latter extended afterwards by A. 
Selberg [4] for any value of c) and independently Erdős [5] for a smaller interval. 
Sharp upper bounds had been known before for all m, Hardy and Ramanujan
[6], and also lower bounds by Erdős and Pillai in certain neighbourhoods of the ave­
rage loglog x. (See [7].)

R én yi [8] considered g(n) — Q(n) — w(n) proving the existence of the asymptotic 
densities

X  m = 0

This function is characterized essentially by g(p) = 0 for all primes p, and it was 
this case that first lent itself for generalization: Kubilius [1] extended R ényi’s theorem 
to any function satisfying
(i\ 2  ~  <  + °°
' ' д(р)Ф 0 P
For larger exceptional sets the picture is entirely different as we shall presently see.

Recently Kubilius was able to generalize the case of co(n) and Q(n) (i.e. g(p) = 1) 
as well, again by admitting an exceptional set of primes, this time an even sparser 
one:

log p------  <  +  oo
д(р)*1 P

Under certain additional conditions he obtains formuli for m — log log x =  
= cK^log log jc log log log x) or even m — log log x  = о (log log x) (See [9]).
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In this paper we combine the above two cases by considering functions assum­
ing 1 on an arbitrary set of primes and 0 at all the other primes. For the sake of 
simplicity only, we suppose g(n) completely additive.

T heorem 1. Let g(ri) denote the number o f prime divisors pdfiß of n, counted 
with proper multiplicity. With the definition

E M  = 2  ]-pSx P 
pè'9

we have
I m — E(x)\F m ( x '\

N(m, x) = 2  1 =  X - -  j exp {-£(x)}
П Ш Х

д(п) = т

l + o E(x) О Í - L _
УУЕ{х))

т
uniformly in т and x  fo r ö s  £(x) — à. E(x) s  2, with any fixed 5 >  0.

It should be noted that, contrary to the earlier results, neither the “sparseness” 
of ip nor that of its complement is assumed here. Should E(x) tend to », and in 
view of Kubilius’s generalization (1) of Rényi’s theorem this is the case left open, 
our theorem gives asymptotic relation whenever m — E{x) = o(E(x)). As the con­
stants involved in the symbols 0 ( ) are absolute constants depending only on 5, 
it also yields sharp lower bounds for the larger range \m — E(x)\ — cE(x); the 
exact value of the universal constant c remains unknown. On the other hand, our 
formula supplies sharp upper bounds for the whole ôE(x) S  m ä  (2 — ô)E(x).* This 
2 — ó is caused by complete additivity and the prime 2, so to speak and is of less 
importance here. It will be clear from the proof that when prime divisors are counted 
without multiplicity it can be replaced by any number and also that one can get 
uniform bounds for all m contending with less sharp ones outside the above in­
terval.

The author owes the problem to Professor E r d ő s . Actually he asked if

N(m +1 , x) ~  N{m, x) for m — E(x) = о (EX*))
which is obvious from Theorem 1. His old conjecture, now Wirsing’s theorem (see 
below) concerning multiplicative functions (i.e. f(mn) = f(m) f(n) for (m, ri) = 1) with 
f(n) = +1 would follow easily and he told the author he had tried to prove the con­
jecture this way.

Another connection with multiplicative functions is due to A. S elberg [4]. 
In his analytic proof of the Sathe— Erdős formula he considers the multiplicative 
f(n ) = z9(n) and represents N (m ,x) as

where

v  1 í  M (x, z)
ЖЛ=Ш J Z - " '

g(n) = m

M (x, z) = 2 1 Д я) = 2  z®(n) =  2  N(m\ x )zm,

* For some complementary results see the author’s forthcoming paper in Acta Sei. Math. Hung.
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thus reducing the problem to the summation of multiplicative functions. While, 
however, the special w(n) and Q(n) led to special function /(и), we are led to ge­
neral fin).

2. So we assume /(и) to be completely multiplicative, f(mn)=f(m)f(n) for all 
m, n and seek estimates or asymptotics for

2 /00
in terms of a majorant of /(«). This problem was already considered by W irsing in
[10]. Here, for simplicity, we take only |/(w)| as a majorant. In this case essen­
tially under the condition

\ewp — e'eo| a  S, e'°p def f ( p )
\ / ( p)\

for fixed 90, ô and all primes p, W irsing proved very deep and general results of 
this type, but his formuli were just of the form

2  f{n) = {C + o{\))A{x),
ПТЁаХ

clearly insufficient for our application. (Let us mention in passing that the case 
Cï£0, at least when the majorant is 1, |/(и )|^1 , had been completely solved be­
fore by D elange [11] and that afterwards in [12] we, again for the majorant 1 settled 
the case of any C, removing W irsing’s condition.) Therefore, we set out to estimate 
the errors. It would not be difficult to do it in complete generality as in [12], however, 
having in mind our application, we restrict ourselves to W irsing’s case. Our results 
are still more general than we actually need.

T heorem 2. Lei/(« ) be completely multiplicative, 0< < 5s|/(/>)| = 2 —1> and with 
the definition 9. =  arg/(/>)

\e‘°p — e'°o\ S  Ô
for fixed <5, 90 and all p. Then

2 m  = о \хехЛ 2^Щ Г --~ c, 2ч^х V [p^x P P^x
\ f ( p ) \ - R ef(p)

P })•
Here and in that follows c , ,c 2, ... are positive constants depending only on 

<5 or are universal if ô is irrelevant. (The same is true for constants involved in 0 (  )). 
This latter is the case e.g. when /(и ) =  ± 1 and we get the conjecture of Erdős, now 
W irsing’s theorem of which we spoke earlier in an explicit form. We remark that 
we could then take =0,07 but not 0,37.

Coiresponding to D elange’s theorem with non-vanishing main term we state

T heorem 3. i f  fin) is completely multiplicative, \f(p )— 1| =  q < 1 for all pri­
mes then

2 m  = X e * A z f W ...
n^x 1рЗл  P I

+ 0(x) »7 ex Pj 2
p s x

R e / ( p ) - l + \e -cdi +
logc3 X

+

exp) 2 ^ - 'p*x P
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These are by no means the first error estimations for general multiplicative 
functions, (see e.g. [13], [14]). While, however, in the earlier results sharper asymptotic 
relations have been derived from rather regular behaviors of f(p), here especially 
in Theorem 2, we are given an irregular distribution of f{p) and are to find estimates 
in terms of some simple quantities.

As to the method of proof, we shall modify our analytic method of [12]. The 
original form would only work in the case \f{p)\ >  •] and therefore we now 
combine it with some elementary argument taken partly from W irsing  [10], although 
the proof remains basicly analytic and still much simpler than W ir sin g ’s . Since 
we, too, assume his condition on the 5p’s we do not claim that our results cannot 
be proved by his elementary method. (According to a remark in [10], they can in 
a special case.) It will be clear from the proof, however, how to remove his condition, 
giving the behavior of the sum function in general with precise explicit extimations 
in terms of some more complicated expressions than in Theorems 2 and 3.

Our analytic approach depends of course on

f( s )  =  2  0  =  <r + it)
n=l ft

for which by multiplicativity

(2)

fiP )  , f 2iP)
F ( s )  =  I J  l + = 4 £

Z  log -
Я р )

+  - :  = П
p l - f ( p )

= e
J v r ,  2 J  — —

* nS~ >1=1 nP —  e

А(л)/(п)

where by \f(p) \ <2 the product, hence the series converge absolutely for er =  Re 
representing an analytic function there;

if n = pk 

otherwise.
We shall also use the symbol

Л(п) =  l(n)log« = flog p
I о

if n = pk 
otherwise.

In order not to interrupt the proof we gather here some easy estimations.

(3)

2 1
d («)/(«)!

s Z i o p  p z (2 2 m z
log P = c3 < +°° {a ^  1)

n =  pK k^2
k = 2 Г  — p i p - 2  + ô)

and also in the case \f(p) — 1| =  j? (Theorem 3), using \zk — \\ S  k\z — 11(2 — c))*1
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for Iz\ S  2 — Ô

(4) 2 ,(2 -S )kk
n = pk k*Ê 2

— s  >1 Z j ‘°g P Z j nk -  = VW
p k = 2 p

riog хЛ [log xl
Uog 2 J Llog 2 }Z  A(n)\f(n)\ á  Z  (2 - S ) k z ,  log/? S  c4 Z  ( 2 - 5 ) kx 1,ks
k = 2

(5)
k^2 p^x1 Ik

— C\
logX
log 2

t  log(2-<)
y ( 2 - 8 ) 2x ll2 + 2x lo*2 ) ^ r 5

the general term being a convex function of k, thus assuming its maximum for 
the extreme values of k.

1
( 6) Z y * c ,

P > X  И
V ^  1 + 2 log .VJ '

For, denoting x2' by x,, the sum is

2  2  2 s

£  eg 2 T e -2,- 1,0**«'-1) s  cBZ e - 2- 2 =  c7. 
/=1 /=1

Here we have made use of the elementary

Z  — =  log log x, -  log log д:,.! + o (l)  ~  log 2.
X|-I<psX,  P

(7) 2
P 3 x 0 P P

S  c9 log 2 + к - ! ]
ff0 - l

an =  1 + ------- , a = Re s > 1logx0

and in particular

( 8)

For
2

P S x 0

1 1
P - P " ^ C'°

a S  1 +

2 -  i - - 2 r l  =  2  n -

3(ff0- l )

-(s-l)log p
’3*0 P psx0 P

s  k - l |  2 - ° ~  s  Cu | i - l | l o g x 0 S  2cn ,
psx0 P

if I j  — 11 S  2 ( cr0 — 1), say. If I j  — 11 >  2(<т0 — 1)» the same way for |i  — 11 log / iS l ,
i.e. p = exp j —e

2 - r  1 — ^ \s ~ l \ Z ~ r  ^  Cnk-l|loge = Сц,
~ a  P P p^a P
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while for p> a  the trivial estimation 1 — 2 is better:

2 -  — 3  2(log log x 0-  log log a) + 0(1) =  2 log ( |i— 1| log .y0) + 0(1) s  
C K P ^ z X q P

- I k - i |— C12 log J •<70 1

Combining this with the previous case we see that (7) holds in any case.
We define

(9) -  2  ^  = en— 1 'L
l/(«)| _  _„=> — *  -

for I/(и) I is also completely multiplicative and so the exponential representation (2) 
holds. Taking logarithmic derivative and using (3)

( 10)

Ф' ЛГ-,
-~ ф ^ )  = 2

/1 (»)!/(«)_[ =  ^ io g p |/ ( p ) |[+ 0 ( l ) s 2 Í ^  +  0 (l)  =
n— 1 n

and also

( И )

=  -2 - |-((т )  + 0 ( 1 ) ^ —^ y + 0 (  1)

Ф'
4 ( ^ 2ф , 0(11 =

=  - < 5 | - M + 0 ( i ) s - ? I +0(1)

by elementary properties of £(cr). Here £(.v) is the Riemann zeta function, i.e. F(s) 
with f(n)=  1. Integrating (10) and (11)

( 12) <h3
(<r- l)a

- Ф(о-) ;s c14-
(<7-l)2 (1 <  ff з  3).

Next we shall give various estimations of F(s) in § 1 and § 3. In § 2 integration 
with respect to s will lead to Theorem 2 and in § 4 to Theorem 3. A straightforward 
integration with respect to z will lead to N(m, x ) (Theorem 1) in § 5.

§ 1. Let us compare |F(s)| with the Ф(а) of (9) by their exponential representa­
tions (2) and (9):

(13)
j /T (5 ) |  _  £  ( |/(и ) | — R e / ( « ) n ~ lt)

Ф{?) e
The preliminary estimation (3) shows that we can drop terms with n= pk, к 52  
making only a bounded error. The sum left,

V |/(p ) |( l-R ee V " )
Г  P°

1 — Re eispp " 
P°
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has non-negative terms. When, however, p:‘ passes through the middle of the omit- 

ted neighbourhood of Theorem 2, \p" — e'9°| = - r , say, then under the condition 

of that theorem

\pu-e^p \ S  2  > I1 — S  2

and we have the sharper
Ô21—Rte '9pp " s  .
О

Let us therefore construct a function A(e'9) that vanishes for |e'9 — e‘9°| S  <5/2, is 
positive otherwise but never exceeds <52/8. Then

1 -  Rее13рр-“ a  hip1')
and we get for our sum

-у 1 — Re e™pp~lt __ -y hip")
"  n® ~ ^  rf 'p У  P У

By readding terms with n=pk, к ^ 2 we complete the sum into

уЦп)И(п")
n~l n”

making another 0(1) error. We now expand /;(ei9) into its Fourier series

/i(ei9) =  2  aie ii9-
1= — oo 

К

ao = ~ f h ( e ,9) d9

is a fixed positive quantity. All we need for the other coefficients is e.g.

ai= ° [ ] i \  ( /* !)•

/i(e'9) can in fact be chosen to satisfy these requirements: the triangle shaped func­
tion with height <52/8 built over the positivity interval is one possibility. 

Substituting A(e'9) by its Fourier series

(14)

у  kjn)hjn") _  у  А (я)
п =  1 I f  r f  I

2  <*tn =  2  a, 2
А (я)

„(Т + ilt

oo

=  2  <*i log Ç (er +  ///)
i = - o o
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by the exponential form (2) for C(.s). (The interchange of the summation signs is 
justified by absolute convergence.) Now, by the pole at s =  1

logÇ(n) = log -  ' + 0(1)er — 1

logt(o  + ilt) = log —  j1—— + 0(1) =  — log(er — 1 + |/i|) + 0(1) =

=  - lo g  (<7 - 1  + |iI) + 0(log (|/| +  1)) (/ ^  0)

provided \lt\ S3, say. If, however, we first let | i |s 3 ,  the last equality holds for
I >3 as well: the 0 (  ) term dominates over the main term jsince log |/| ^  l o g j

and owing to estimation of £(s) valid for large values of the argument we in fact 
have

log Ç(cr +  ///) =  О (log log \lt I) =  О (log log 3|/|) = О (log (|/| +  1))

uniformly for <r >  1. From the rapid convergence of a, we see that the contribution of 
0(log ( j / |  +1)) is bounded in (14). The main terms give

I It

«olog j  , - l o g ( < 7 - l + | t | ) ^ a , .  o — I 1*0
The sum here , c o m p le te d  by a0, is ju s t  the v a lu e  й(е'°) = /г( 1) that is non-negative. 
The factor log (er — 1 + 1/1) is bounded above (if e.g. аШЗ for now |/|S3). Thus 
we get further

(15) S  g0 log - - + g0 log (<r 1 + |r|) /t(l) log 4 = g0 loga — t i + J i Lcr— 1 0 ( 1)

For | / |>3
log Ç(er +  ///) =  О (log log |/i|) = О (log log (|/| +2)) + 0(log log |t | 

for all / + 0, hence in this case (14) becomes

1 ___^  log log (|/| +  2)
a  о log a — 1 o ( i ) 21*0 l2 • + 0(log log |t|) 2  72

/ *  О I

= « 0  log
1

a — 1 0(log log |f I).

Only jt| S  j j— will be needed. Then the last term on the right is negligible

here and we see that the lower bound found in (15) is valid here, too, if we replace 
a0 by g0/8, say. Returning to (13) and taking into account the various bounded 
errors made in the meantime

(16) ]F (j)| _ -<75 log ( l + a2 r ) +°(l>
H o) = e t ^

1
( a - I f
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Our next aim is to get a uniform estimate in terms of F(a):

Í l ^ ) l f 7 (ы -  1 )
Ф(а) - Cl6l: ф{°) ) 1 1 “  (<T-1)6 J

(17)

Consider

F(s) ' = « ■ > ( " - " )
П ")  ! *

and use (3) to drop terms n=pk with /с ё 2, (6) to drop terms with k =  1,
p > x  I-------=  a — 11 and (7), (8) to replace s, a by 1. After the last step the sum

t log X  !

vanishes and the errors made are 0(1) and once О |ffig ^2+ J  j j j .  Here |^ — 1 [ S  

S  «г — 1 +  If I. Hence
F(s)
F{a) c,*eC19 log( - Л )

Writing
\ m \

we have
Ф(а)

If

1 В Д в ,
Ф(а) = 18

/
CI9 log 1 2  +

C19 l o g ^ 2 + - I ^ L j - I O g
Ф(гт)
|FC»)i

И
a — 1

1 . Ф(о)
2 l0g |F(tr)|

we obtain (17) with c17 =  1/2. In the alternative case (17) with c17 =  -■ 15 - iszc19
weaker than (16) that we have already proved.

3. Proof of Theorem 2 Instead of an exact coefficient formula, as in [12], 
we consider

( 18)

( a )

Its relevance will soon be clear; we first estimate it.
The infinite part | / | ё Г  with T appropriately chosen is to be estimated tri­

vially:
jF'fr) = v / ( ”) lQg n ^  ^ \f(n ) \lo g n

I n=I n ,,_i П
(see preliminary estimation (10)),

Ф’ Ф(а)
=  - Ф  ( < j )  = ---- ф-((Т)Ф(<г) s  C 2 0

f -
( s )

|f S T

1*1
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By (12) Ф(а) is at most of order ^<ч2 and we can e.g. take T = -  1 --g to(<7-l)2
F 'make the contribution bounded. On the finite part we write F' = ~  ■ Fand factorF

out F :
(*)

(ff)Ids г

|Л | =S max |F(s)|2 M Idsr /
(<т)

F' (S) Ж
C ! k n ­

owing to the choice of T  the uniform bound (17) is valid giving

(19) max |F(s)|2 c21
(<T)

\ t \ ^ T

Ф(а) l+O O lf7
Ф(а))

Taking logarithmic derivative of the exponential form (2), the integrand,

can be rewritten by partial integration, introducing

L(u) =  У A(n)f(n) 
as

dL(u) L(eu)e us du.

By Parseval’s formula

(20)

Here
M W ~ J(ff) 0

\L(eu)\2 e~lua du.

\L(u)\ = Z  A 0 0 /0 0  S 2  2 1 ° g  P+ 2  Л0 0 1 /001 = c22up^u n = pK̂ u k^2
(for the second sum see (5)), implying

J \L(eu)\2e~2ua du ^  c22 J  e~2u(a~l)du = — —
о о c — 1

We have thus found for our original integral in (18)

(21) 1(a) = c21 Ф(а) \F(ff)\
Ф ( а )  ,

2 ttc23

(J— 1 +  0 (1).

F' .Now, the Parseval equation applied to F' the same way as to — in (20) relates 1(a)F
S tu d ia  S cien tiaru m  M athem aticarum  H ungarica  6 (1971)
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to our problem on coefficient sum:
CO oo 2

(22) Д а) = 2к f  |jV(eu)\2e~2” du = 2 k  f  Ä L du
о 0  11

where
N(u) =  У f(ri) log n

is the coefficient sum of F'(s). Our task is now to deduce the necessary information 
from the sharp bound of 1(a).

We think x0 large but temporarily fixed, <r0 — 1 = --------  and consider thelog x0

variable i.e. with cr — 1 =  -------or£<70. For log и S . --------— =  log xlog x
S  e~2 and keeping this range only,

a —l

,2(0-1)
X

/ * 4 3 f  /(„).
n 3 2 k  w

Schwarz’s inequality implies 

(23)

We want to replace N(x) by
M(x) =  2  /(«)•

The relation is given by

(24) N(x) = J  log udM(u) = M(x) log.xr— f du.

We can save the actual estimation of terms of secondary importance like the last 
one by defining

(25) R = max2^x^x0
!л/(л-)!

X
log1

Here and in that follows <51;<52, ... and K{, K2, ... will denote positive constants 
to be fixed later sufficiently small and sufficiently large, respectively. With R so 
defined we can write (24) as

2C
(26) N(x) = \ f (x)  log x  + О [у? J  log*' “ 1 и í/wj =  M(x)  log x + 0 ( R x  logá* “ 1 x )

2
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and (23) takes the form
X

[  \M(u)\
J  u2

du

X

/ \M(u)\ log и du

(27) 1
(52 log X

<52 log -V,1

"25
ô2 logï(V1(a) R , , ,^ - r + ^ i o g . , 1 .

To be able to use this rather weak average we make another essential use o f 
multiplicativity:

N(u) = 2  A ")  log n =  2  An) 2  Л(п) = 2  A (d)f{d) 2  f ( k) =
n ^u  n ^ u  d'n ёШи

(28)

(29)

k~~d

= 2  A(d)f(d)M

mu)\s2Md)\f(d)\ m

(Here we omitted d S u  since j = 0 for d>u.)
We first show that to estimate N(x) it suffices to estimate

Jt
J  jlV(n)| du
y

with y  sufficiently close to x. In fact, for the deviation (y^u^áx)

(30) ||ЛГ(и)|-|ЛГ(х)|| S  |ЛГ(и)-ЛГ(х)| S  2  |/(«)|logn=Slogx 2  1/001
y cn ^ X  y <n^kx

by Holder’s inequality with — + — = 1, a =  1+  — — as usual,
P q log X

— log X • xa 14 2  =  log X • (ex)1 /ч (x — _y +  1 )1 /p J 2 m \ qX
~ i n'

\f(ri)\q here is again multiplicative and determining q so as to satisfy (2 — ô)4 < 2 
the sum is a function like Ф(а) from (9) also of order — — —j- at most (see (12)).

XChoosing у  with X — v  =  - — —  we get furtherlogc26X
Ä C27X1/9X1/j’(logx)1-c26/P+2''« =  c27x,
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the value of c26 to be determined by 1 — c26lp + 2/q = 0. The bound obtained for
(30) means for y ^ u ^ x

X

(31) |iV(n)| = |JV(x)| + 0(x), \N(x)\(x-y)  ^  J\N(u)\ du + c21x ( x - y ) .
У

Putting (29) into the integral
X  x\ / \ i x / d

j\N(u)\clu s  2 M d ) \ m \  f  M 1 ^ 1  du = 2  A(d)\f(d)\d f  \M(u)\du =
j  yld

(32)
= f \M (u ) \ (  2  A ( d ) \m \d \ d u .

For the sum, using (5),
2  A(d)\f(d)\d s  ß (2 Z  log p + c5ß l -'b).

« S  d ^ p  t  a S p S 0  )

We need the prime number theorem with logarithmic remainder term to infer

ß

z  log/> c28( ß - a )
x s p s p

for ß — a S  -, „ with arbitrarily large but fixed K , . If so,\ogK'ß
z  A ( d ) \ f ( d ) \ d s c 29ß ( ß - a ) .

a^d^ß
у хIn our case a = —, ß = — and the condition for applicability becomes и и

X

X— у и X____ ______  ______
к  X  * l o g c26X

v— , и =  хе~ '°sC2tlK 1 äLf V.
lOg*'! — ‘~в " lúg*"! --

U и

Integration up to this v in (32) thus gives

f W u ) |f  2  A(d)\f(d)\d)du ш c29x ( x - y )  f
' Í — T  J

du.

Here, for we can make use of our basic estimate (27), while for
we apply (25), i.e.

\ M ( u ) \  s  R u  log15!_ 1 :
V X ^ 2!  —"— „ \

C- ,J  S  c29x ( x - y ) j 25__
ô 2  log X

( 3 3 )

=2 C30x(x->!) 02 log.

Ha)
■F f  log*5! X  J+  R Ir ^ 2 l du

a — 1 02 ) J1
и

m
G —  1

T - ^ - l o g 15! x ) + í ÔS2' log**1 Л-J .
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It remains p S hS x  We write our quantity in the last but one form in (32) and again 
estimate in terms of R :

2  A(d)\f(d)\d /  IM(u)\du ^ A^)\f(d)\d  log*.-1».
d ( n  I x a a

max V,  — —
V d )  d V

For K 1 > с2б V ■£ ('x, say, and we get further

^  Rx(x—y)\ogS'~l i x  2  A(d),f(d)\ ^
d S c l o g c 2 6 / ^ l  x  “

(34) s c ^ Ä x ^ - j O l o g ^ x f  Z  l0g/;+ 0 ( l )W
( d S e IO g C 2 6 / K l X  P  J

^  C3 2 -Rx(x—y)log'5i_ 1 xlogc26/A:ix,

taking into account (3). Putting our estimates (33) and (34) into (32) and then into 
(31) and at the same time expressing N(x) again by M(x) with the aid of (26), we get, 
after dividing by x ( x — y) logh x,

____ !____ l/ Ж +
logx log î x <52 log1 + ái x I er—1

+ j-   ------ h -f 'à ^  + Âlogc26/K‘- i x
á1(52 logx <5!

for 2 S r S x 0. Let us choose x to maximize the left hand side. The maximal value 
was called R in (25), and as we have anticipated, all the terms on the right contain­
ing R can be neglected compared to R on the left for large enough x and Kl . The 
only exception is the last but one. Here we can achieve the same result by choosing 
b2 sufficiently small once <5X to be determined later (depending only on Ô) is fixed.
Thus we have proved, rewriting log x everywhere as — - ,er — 1

(35) R s  c34 y /(a )(ff- l)4 -2*7 + 0(1)

where the 0(1) is to take care of the possibility that the maximum is attained for 
r S c 35 in which case the above argument is not applicable. Inserting here our bound 
for 1 ( g )  in (21), we have, combining the 0(1) terms together,

\M(x) I log i - г , X s  C33

R ^  с35( и - 1 ) Ь ф Ц !̂ ] С17+0(1)

for one particular g ^ g0. Suppose we can show that the first term on the right is 
decreasing in g . Then we can replace g  by er0 and also the second term can be omit-
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ted. Hence
|Л/(л-0) log1 Vv0 g Ä S C J6(ff0- l ) 4 ( l I 0) 1Я<Го)1

|M(.v0)| S  ^зб'^оС^о — 1)Ф(°о)
(36)

l^K )] Y17
<*>K)

C37X0
Ф(а0) ( |F(<70)|
Í K )  l Ф Ю

and since x0 is arbitrary, Theorem 2 follows on observing that

z  i/(p>i ‘
Ф(^о).
С Ы

= e>
£  А(я)(|/(я)-1) 

и =1 nco _— gP — x O

-  z A(w)(l/(w)l-Re/(w))
_  e n=l n°о

Ф(О’о)

-  г
=  g p s i0

+  0 ( 1)

|/(p)|-Re/(p)
+  0 ( 1)

by (3), (6) and (8) the usual way. 
So it remains to show that

№ l Y17
Ф(сг) J(«7- 1)*.Ф(<Т)

is decreasing or, equivalently, that its logarithmic derivative is negative. By (11)

■0(1),
Ф'— (<r) ^ ----
Ф W  <7-1

by (10)
|^(ф) ' _  у л и л е д я ^  V
|f (<7)| ä  ^

M n )  R e  f ( n )  _  у  Л (и)|/(я)|
Л = 1 W/Г (7—1

+  0 ( 1)

and the logarithmic derivative in question,

« I - ( „ ) f w + „  w r -<7— 1 Ф 1ВД1
(1 — c 17)0 , 2c17 + 0 (1 )

<7— 1 <7— 1 - + <7—1

s Jn fact negative for ôt =  <5/2, say, possibly by further decreasing the value of c17, 
ч  in Theorem 2, at least for small enough <7 — 1 that is all we actually need.

We continue our investigation of F(s) started in § 1 aiming at a main 
c work with the assumption \f(p) —1| S i ;  of Theorem 3 implying also 

ion of Theorem 2 so that all our previous results hold in this case as well. 
1er

m  = A
c w

А(Л) (/(/I)-1)
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for 1 + a°2 — Re s — a — 3, fixing g о as in §2. Terms with n = p k, i s  2 con-
1

log x 0 •— ffo 11 >tribute, according to (4), 0(rj). Summation over fc=l, 
owing to the factor |/(/>) —1| S  q gives another 0(ri), by (6). The remaining sum is

2  Я р) - - '
p s * 0 P

where 5 when replaced by 1 causes an error o|rçlog^2 + ^ j  j (see (7)). Defin­

ing therefore
2  f(p)~ 1 

A = ep- xo p
we have shown

о т )  7 M  =  ^ / ( . « . - . ( » ^ 7 ) )  =  ^  ( , + 0 | , log [2 + i£ r  " | ) |  
С(Я 1 0-0- 1 JJ

provided

>?log 2 +
or in an equivalent form, using

as) = о

к - il
G о -  1

1
к —i

= 3

(И  si 2),

F(î ) -  ЛС(5)+0
log

»7 Ml
2 + k ~ l |

G0-  1
\S-  ■

We have derived this uniformly in the strip 1 + g°^ S < r â 3  with a view to

apply it to F' by the aid of Cauchy’s estimate for the derivative. For fixed .v the circle
\z — s| ^  Я —— lies in the above strip and our remainder gives a uniform bound in

the circle if we replace js — 1| by its double and half, respectively, giving rise only to 
another constant in 0 (  ). Thus

(38)

under the conditions

log
™ 1 A 1

1оb4

Г 11 к - 11 J

(T0 S R e j = ( r s 2 ,  rçlog 2 + k ~ l |
G0-  1

S 2 , [/! S i .
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§ 4. P roof of Theorem 3. This goes essentially on the same lines as that of 
Theorem 2 in § 2 with the new definitions

Repeating first the elementary part (from (22) onwards), most of the relations con­
necting these quantities remain unchanged (e.g. (22), (24), etc.). We enumerate now 
the differences.

Writing down (28) for both /(«) and /(« )=  1, multiplying the second by A and 
substracting, we get for our new functions M, N

on the right of (29). Also, in estimating the deviation in (30), we have to take into 
account the contribution of the main term,

The proof then goes unaltered up to (35) where, to be precise, the 0(1) term is 
to be complemented by an 0(\A\). The above two changes yield then (35) in the 
form

m {x) = 2  { m - A ) ,

N(x) = 2  (/(«) -  A ) log n,

n (u) = 2  * № №  2 . m  - 2  л у ) 2  a  =

and this will make an additional term (using (4))

R S  c3J l ( a ) ( a - l ) l + 2̂ + 0 ( l )  + c38ri\A\\og1- ^  
(39) _____________

-" + l o g ^ l- 1x + 

~<,‘*o+ \A\+ l)

c39\A
tC2(%  ̂I “ 1

+ 0(\A\) =S c4o0//(a)(< r-l)1 + 2a> +f?|^4|log1 0
for a a ^<J0.

Now we turn to the analytic part. We recall

If )/ log 2 +( 2
(o)

S  2, we define t  by

П log
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in the alternative case set t = 1. For a >  l + т  the asymptotic relation of § 3 is 
about to break down and we handle the two terms of the integrand separately, using

F'(s)\a — b\2 ^  2(,a\2 + \b\2). For the square integral of - we found in (21), omitting 

a factor S 1 then essential,

(40) JK
(ff)

w

For the second term 

(41) J  AC'js) 

w
life! C43 I4L2 

(ff-1 )3’

For, by the second order pole of Ç'(s) at s=  1 and the well-known estimate for large 
values of t,

У1£
(ff)

(s) itfe I ■ : c. dt
"is- 1 4

O)

f  log4 [i|
■ J  i + ~|f I — 2

dt L4 5

( f f -  1) 3 +  C4 6 -

Let now a ^  1 + t. Then by the definition of т the asymptotic formula (38) holds 
up to Is — 1 j. = 2t, certainly for |í | S t, giving

log2 T x J i l l i l
i n . M Ç W  п2\А\г f  ë_____

И* |Л |- С47((Г_1 y  J  |5-1|
(*)

(42)

/(*)Itl̂ r

O-Q- 1 dt =s

„ 2  I 4  | 2

C- ( ù - Ll)3l0g2 2 + 2( f f - l )
Un -  1

In fact, the contribution in the last integral of |j  — lj S  2(<r — 1) is less than

(ff- l) lo g 2 2 + 2( f f - l )  
Co -  1

( u - 1 ) 2

and the contribution of [s — 1 S  2(u—1) is less than 

It
(2 +  21) ^  ^  cAgf ' ^ E J  J ,  2 t v r t

J  t 2 a0-  1 J t

log2 2 + 2(u— 1) 
u0-  1

a— 1
(Tn-  1

u0 1 <7 —  1

u0-  1

the same as above, proving the last step in (42). For |t| = r we again separate terms. 
F'( s')The square integral o f ------- can be estimated the same way as in § 3 (see (18)—(21))
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except that in place of (19) we only need тШ |f | T  and here we use (16) instead of
(17). We get

f ' ~ p  \ds \ s e i0
i<r)

\ t \*x

1 . + 0 (1). G — 1

For the (-function as above

4£'(s)
s 1*1 = c5l

(37) applied for s = 1 + t shows, taking into Account the definition of т that

\A f  _  I  ’ F ( l+ t)  2 0(1)
T3 T3 C(1 + t )  I

[Ф(1 +т)т]2 = c52 [Ф0+Т)]2
T

and we see that it is inferior to the previous bound. In fact, we shall show later 
that the latter one even when multiplied by a positive power of <т — 1 is decreasing.

Since now d g  1 + T ,  its minial value, attained at a =  1 + т is с50[Ф(1 +T)e~ci5log2]2 —
T

and our statement follows.
Combining these estimates with the one for |t |S x  in (42),

(43)

, ,T, f  \F'(s)-AC(s)\2 
/(ff) - ./ - — 1*1 S

s  c5 П Ml ,„„2
(<T- 1): log2 2 ( g - l )  I

*0-1  J
for а Ш 1 + T .  But this, possibly with another c53 also holds for 1 + t < u ^ 2 .  In 
fact, as т<  1 definitely, by its definition

Ч2 log2
2(<r— 1) )
f fo - i i

П2 log2 S 4

and we see that (41) can be included in the first term on the right, while our first 
bound, (40) for the case <т >  1 +z  is smaller than the second term on the right,

since log il + T j-j ^  log 2. Putting (43) into (39), taking square roots term
by term,

R S  ^  1 °S + ̂ Л) + ' " -

+ (<т— l)i + 3' + ч\А \ log1-'*' x +  \A \ + 1 j  
for a particular a0.
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The first term on the right can be seen directly to be decreasing for crë<70. 
The same is true for the second term, in fact, the logarithmic derivative, by (11),

<5, Ф'
+ . (*) +

C ,ST <5,
<7—1 Ф (<7— 1 +Т)(<7— 1) <7—1 <7—1 <7—1 ■0 ( 1 )

is negative for small enough <tl5  c15 and <7 —1 . We can therefore replace <7 by <r0 in 
the first two terms and noting t S l ,  <7 ^ 2  and also

A = \ .... . e°™ • с55 Ф К )1^Ю1
с ю log  Л-Q '

by (37), the four other terms are superfluous. Recalling the definition of R we are 
left with

|A/(jf0)l 
•vo

For

г is defined by

log1 °x0 == R S  cs6 

11 log 

2t

77 1̂ 41 log1 s' 7 0  + 

2

Ф(<70)е-fis log

log'5. л-0

2+
<7n- S  2

t] log 2  +
and we get

<70-  1 =  2, T £  (<70 — l)e1/l'

\ м (x0)| = 2  (/(«) ~ A )  =  csi x o i n  Mi + 2 o)  e си/ч| ."Sx0 V lOgA'o )

Otherwise r = 1 and there is an additional term x, 
mainder terms in Theorem 3 using again

Ф Ы

Ф Ю  _  _ Ф Ю
СЮ

0 logI+c59.V0 

í/ ( p) I - i

, giving the three re­

log ,v0 -  ° 60 — Сме" X°
tO( 1)

§ 5. Proof of Theorem 1. As in the introduction we define the completely multi­
plicative f(n) = zeM, z — reiS, |9| ^ 7r, i.e.

Я р)
z if p e y  
1 if p i t y .

1The quantities occuring in Theorem 2 and 3 take the form, recalling E(x) — 2  —>
pSx P 
P Í V

A = ep- X p = g(z-i)E(x)

X, ~ *
•7ШХ

\f(p)\ — R e / ( p )IeP̂ X 0r(l-cosd)£(x)
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The conditions of Theorem 2 and 3 are satisfied if d ^ r ^ 2  — ô and in the latter 
1) = \z — 11 <  1. They give

J_ "У* 7g W  — Q ^ g ( r - l ) E M - c l r{l-cos3)E(x)\  
X  n ^ x

and/or

___ J V  2 я ( " )  —  - 1 ) e ( x )  Q
X  »S.V '

\z _] ] g(Rez- l)E(x) _|_ £(r -  l)E(x) e !Z_1I + 1
logc3 x

We have

N  (m, X)
X

Our estimations give for the integrand the maximal value e{r 1,£(x)r  m and the
171 . . 171optimal choice of r will be r =  — hence the condition <5 S  ,,, . S  2 — ôE(x) E(x)

in Theorem 1.
For \&\s90^ö/2  we apply our formula with main term, for |9 |s 9 0 just the 

upper bound. Integrating first the main term,

2 n
J "  g ( i -  l)E(x)g =  r __ J "

-So — «

f

e ( z -  i)E(x)e ~ imS JQ  _j_

Y -"■ I e(rcosS-l)EW^

|S|^90

: _ E m(x) 
ml

The error, factoring out r~meir~1,£(x) = em_£(jr) from this and all the sub­

sequent error estimations, is

+ o

The first integral is the /nth Taylor coefficient of the function e(; 1)£(JC), i.e.---- y^e E(x).

/ ^ r (c o s d -  l)E(x) <  2  /  e~c6i&2EM  =

1̂1 —
s l i e" ‘

CO

, 2 I e~e*‘ “2 du Ш 
ŸE(x) J

ЗоУЦх)
ŸE(x)
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Integration of the remainders give, as |z — 11 S  \r — 11 +  29,

f  \ z - l \ e r(cos!>-1)E<x)d9 s  f  ( | r -  1| + 2 |9 |)e -c6i92£Wi/9 =

I г II c.
|d] = 3q

C 6 3 }fE(x) ' £(*)) ’

/ e I*-11 d9
|3|ss0

— 1---- ct9 g  — - —  == __6J _

logcJ.X log''}* E{x)

290e 2l'—4 if [ r - l | a 2 9 0 

if |r — 11 =  2.90, 

(£■(*) «  log log-r)

290e 4ao

and the bound for |S| =  90 gives

f  g - c i r ( 1 - c ° s  H)E(x) ^  C66 p - c b l » l E ( x ) ^

|»|ss0 \  E{x)
a similar quantity occured before. 90 is therefore to optimize the last and the last 
but two. A straightforward calculation suggests 9

9° Í \ r - l \E (x )  

90 =  [£(*)]-*

the optimal values being at most C®8
ŸE(x)

if k - i

if k - 1
c69

: e |r—  11 and c70e ci f i{xP!\  respectively

and both are well exceeded by other error terms. Hence we find
N(m,x) E"'(x)

m l
- £(л)+ О £(x)'|m em- E(x) ‘

m ) fW * )  _ E(x) - 1  +
УЕ(х)

and Stirling’s formula shows that this is only an alternative formulation of Theo­
rem 1.
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PROBABILITY DI STRI BUTI ONS  
IN THE GEOMETRY OF CLUSTERS

by
R. V. AMBARTZUMIAN

Abstract. The term “cluster” is used in the present paper instead of more usual 
“finite set of points”. Only the planar case is being discussed.

The probability distributions, to which we arrive, arise, when a fixed cluster 
95t is intersected by a random (oriented) straight line. But instead of defining the 
latter directly as a random point in appropriate phase space (in fact the “invariant 
measure” [1] of straight lines on plane is involved) we rather consider it as a limit 
of certain random circle, when its radius tends to <=°. This is the so called “ invariant 
imbedding” technics, which has proved itself to be quite useful in far deeper problems 
of integral geometry, [2].

Independently of their probabilistic interpretation, some results of the paper 
seem to be new in the cluster geometry. For example, it is shown, that for centrally- 
symmetrical “rich” clusters (и, the number of points in 951, tends to °°, limiting 
quantities are considered)

hm + 2 — 4 r |l  — 2»i+1

where is the mean length of the perimeter of minimal convex hull of a randomly 
chosen /«-subset of the cluster, r is the mean distance of the points, belonging to 
95Í from 0, the center of symmetry. This result holds under the condition, that r and 
H = h„ do not increase with n.

Another result for “rich” clusters states, that

Q 1
77 ~ ~4

where д is the mean distance between the pairs of points in 951.
In fact, these inequalities are derived from their analogs for clusters with finite 

«. The cases when equalities hold are indicated.

*

Denote the points of the planar cluster 95i by ..., 2An.
Definition 1. The random circle C(r) has a constant radius r and its center is 

distributed uniformly in the interior of the “basic circle” of radius R centered 
in the origin. It is assumed, that R is taken large enough, so that 95Í lies in the basic 
circle and the distance of 9Л from the boundary of the “basic circle” exceeds r.
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We consider the probability Pk(r) of finding к points from 9Л in C(r).
Inside the random circle C(r + h) (h is assumed to be small) we consider a 

concentric circle D of radius r. Obviously, the distribution of the number of points 
in D coincides with that for C(r). We denote the annulus formed by the boundaries 
of C(r + h) and D by K.

We introduce the probability P of an event, which occurs, when к
points from 9Л are found in D, and i points from 991 are found in K. The probability 
of a point from 991 to be found on the boundary of D is equal to zero, so we have

к

(1) Д О + /0  = Z p
i = 0

Now, the probability of finding two or more points from 99Î in К is o(h) when h —0. 
We will refer to this fact as to Remark 1 (Rl).

According to Rl, the 
Thus (1) is simplified to

probabilities f°r г>  1 are о (h) when /г-~0.

(2) Pk(r + h) = P D К
к ’ 0 + P

D К 
к -  1’ 1 + о(/г)

Here, and in the sequel, the probabilities, invonving negative numbers of points 
from 99Î should be replaced by zeros.

On the other hand, Rl implies that

(3) РЛг) = РГк К0 \ + Р
D К
к ’ 1 о (/г)

Subíracting (3) from (2) we find, that

(4) Pk(r + h ) - P k(r) =  P D K 
k - V  1

- P d  a:|
У ’ 4

+ o(h)

Taking account of Rl again, we establish

(5)

where P

D К
к ’ 1 =  2 >

D К
к ’ 3Pi + o(h)

K=í)'is the probability of an event, which occurs when к  points from
9Л are found in D and ЗРаШ is found in K.

Definition 2. The random circle C(r; has a constant radius r, and the 
center of C(r; 3P) is distributed uniformly on a circle of radius r with its center 
in the point ^ ;69Л. Thus, the point ^ г£9Л is found on the boundary of 
C(r; iPj) with probability 1.

Denote by nk(r; á? ) the probability of finding к  points from 991 in C(r; SPfi 
It causes no difficulty to show the validity of
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L emma 1.

P ÍD К
W * , .

2rh
R2 лк(г; &) + o(h), h-~ 0.

From Lemma 1 and the equations (3) and (4), it follows, that

( 6)
dPk(r)

dr

The next step consists in analysing the probabilities nk(r; ЗА) by means of 
variation of r. In order to do this we make an additional

Assumption. No three points from sJJi lie on the same straight line. We shall 
refer to this Assumption as to A.

Inside the random circle C(r + h; ЗА) we consider a circle D, which has radius 
r, and has a common tangent with C(r + h; ЗА) in The distribution of the 
number of the points from 9Л found in D coincides with nk(r; &). Denote by К 
the part of C(r + h ‘, 0>) which lies outside of D.

As a matter of a fact, A implies, that for larger values of r the probabilities
of finding j  points from 9Л in К (П, refers to probabilities, associated with

the random circle C(r + h; ЗА)) are o(h) when /7 —0 for i ^2 .  We shall refer to this 
fact as to R2.

According to R2 the equations

<7)

nk(r I- h ; 3/) =  Я,

(г; Щ  =  П,

D К
к ; 0

D К
к ’ 0

b 771

+ П,

D К 
k - V  1 o(h)

D K
k ” 1 + o(h)

are valid. The notations in (7) are analogous to ones in (2) and (3). 
Hence, for larger values of r

<8) nk (r + lr, 0>i) -  nk (r ; &,) = //, D К
k - V  1 П, D . K

'U ; 1
+ о (h)

Again, from R2 we deduce, that for larger values of r

<9) П, D К
k ’ 1 -  2  77 i

jVi
D . K
k ’ SA j + o(h)

The notations in (9) are analogous to ones in (5). An easy geometrical reasoning 
ensures the validity of

Lemma 2. Under assumption A for larger values of r 

77,
D K ) ^  h QtjVti&i.Pj) +/>w
k ’ ЗА, 2 n ■ \4r ‘ ‘ ejj
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where q,} is the distance between and PPjÇSR and

0 if neither of the two halfplanes, in which 
the plane is divided by the straight line, 
passing through á9- £ SR and Й9- Ç SR does not 
contain к points from SR.

vk(3Pt, SPj) =  % 1 if only one of those halfplanes contains к 
points from SR.

2 if both halfplanes contain к points from

m, k =

The equations (8), (9) and Lemma 2 lead to the differential equations, valid 
for larger values of r

( 10)
dnk(r; & ) 

dr = Z
j  r \ 4 r 2 — Qfj

The equation (10) taken together with (6) permits to find the asimptotic (r — °°) 
behaviour of the probabilities Pk(r). A strightforward calculation shows, that

( П )

Po(r)=  I 'r2 - r ’R: 2 е , М ^ г , ^ )  + o(r) 
R2

PÁr) =  -  n rR2 2  в/j [ V * ( ^ „  &t) — 2vk_ ! (SPi, &>j)+ vk_ 2( ^ ,  Pj)\ + - Q ,  0R 2

Pn(r) R 2 TiR2 Z  вijVn-  2 & l ,P j )  +
o(r) 
R2 ‘

For any cluster SR, sattisfying A the following function is introduced

fm = 2  vm (■ ,  &j) Qij, m = o, ..., n -  2

As seen from the definition of vm(.^>i, and (11), it possesses the following pro­
perties

a) f o = fn- 2  — H, H  is the length of the perimeter of minimal convex hull of SR.

b )  fk = fn-2-k-
c) 2f k _1 —f k — fk _ 2 0.

d) 2  f  = 2 2  Qu1 = 0 i-ej
c) is easilly seen to be true for several special cases, but as a general result it 
seems to be new.
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The ratios РЛг) which may be interpreted as conditional proba-
1 - P 0(r)~Pn(r)

bilities to find к points from 9.Л in C(r), under the condition, that the border of 
C(r) intersects 9Л, do not depend on R, and from (11) we easily find the limits

(12) pk = lim Pk(r)
1 — Po(r) — Pn(r)

2f k- , - Á -
2II

A k =

The feeling that the distribution цк, as introduced in (12) should arise in the 
context involving random straight lines is justified by the Theorem 1, which follows. 
Writing the equation of a straight line on (x, y) plane in the form
(13) л; cos (p +  y sin q> = p, p > 0, QS(p^2n
we denote by F the domain in (q>, p ) stripe composed from all the ((p,p) points, for 
which the straight lines, given by (13) intersects 9Л.

Definition 3. M is a random oriented straight line, which corresponds to the 
random point with uniform distribution in F. The orientation of M is choosen at 
random, with probability 1/2, independent of (ip, p).

T heorem 1. The probability, that к points from '.Hi are found on the right of 
M is equal to pk in (12).

We omit the proof.
In calculating the moments of the distribution pk is important the symmetry

(14) Рк = Ип-к. к = 1 , ..., и — 1
It follows from (14), that

EC = 4

(C stands for the random number of points on the right of M). 
For the variance of C one gets the expression

i-=J
H

This gives a rough estimate

Q n

H ' 4 ( п - \ У

2 Z qu
i<j

a (n -  1)
This bound of the ratio д/FI coincides with the sup g/H, only in the case when 

n is even.
Indeed, if n is even, 9Ji may be taken to consist of two subclusters with numbers 

of points equal to n/2, placed in distant circles of radius e. Denote by 9Л0 the
nlimiting cluster when e — 0. For 9Л0, С =  у  with probability 1 and hence DC = 0.

sup в
II -77-----гг- if n is even.4 (/* — 1 )
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On the other hand, when n is odd, DC can not be made arbitrarily small, because 
” is not integer. One can see from (14), that in this case DC >  —. Assuming, that

9Ji consists of two subclusters, with " - — points in one andП ^  points in 
another, placed in two distant circles of radius e, tending to zero, we find, that

1

This means, that
inf DC =

Q n + lsup—-- =  it n is odd.H 4 n
in — 2)^The sup DC = . is approched, when one point of 9Л goes to This assures,

that
. ,  в  1inf — = —H n

c) finds another application in the problem of evaluating the mean length 
hm of the perimeter of minimal convex hull of a randomly chosen m-subset of 9)i. 
For instance, if n is even

1
n

m +2

2K = 0 Ж 2- к ^
T -■

m 4 - r

since each pair belongs to the perimeter of convex hull of exactly )
( n - 2 - K \  ,. -

+ { m Idifferent m + 2-subsets of 9)1, where K  s is defined by the
condition iPj)>0.

c) implies that

A + « . O s A - s f .

As it follows from the Theorem, the cluster 9Ji0 here again gives the equality. 
Thus we find, that

\ a - 1 )
1

2Â y  ( /» _ , -  я )  +  B(n, m)H+
2

1

" 1
m(15) Am+ 2 S

m +  2)

The functions A and В depend on 9)1 only through n, and may be written in the
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following compact form

A (n, ni) --=

П X
2 + 1

>
П 1 n

T - '1 •2 1 Í П 2] ~2
( î - 2)\m+2 m + 2 m + 2 ( 2  2J 1,

-f m +  1

B(n, m) =

n
~2 ~  
m + 1 +

2 1

П
n — 1 I _ 2
m + 1 j \m+  1,

{n is even) permits nice interpretation in the case ofIt should be noted, that f„
2

centrally-symmetrical clusters (О-the center of symmetry) as

f«_ = 22r,
2

y I being the distance from to 0.
For such clusters denote by r the mean distance of the points belonging to 9JÍ

from 0, r =  — I/-;, and let n in such a way, that r and H tend to finite limiting 
n •

values (this means, that a sequence of centrally-symmetrical clusters is considered). 
In the limit (15) simplifies to

(16) m̂ + 2 — 4r f 1 — 2 ^TT

Obviously, on the right hand side stands the limiting (n -*°°) value of hm + 2 for 
iW0 cluster

Acknowledgement. The paper was discussed with late professor A. R é n y i.
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CONGRUENCES DE THUE ET /-LANGAGES

par
M. NIVÁT

Résumé: On introduit la classe des /-langages, sous-classe de celle des langages de 
C h o m sk y . Tout /-langage est susceptible d’une définition algébrique puisqu’il s’agit 
de l’image homomorphe inverse d’un élément d’un groupe libre et d’une définition 
combinatoire au moyen d’une congruence de Thue que l’on construit explicitement 
à partir de la définition algébrique. Il en résulte la décidabilité du problème de l’équi­
valence de deux /-langages. La première partie de cet article contient un lemme 
combinatoire qui est à la base de nos résultats.

I — Un lemme combinatoire

Soit Z —{y\\i=\,  e = ± 1 }  un alphabet fini. Il est classique de con­
sidérer l’application g de Z*  (monoïde libre engendré par Z) dans Z* définie par

— g(e) = e (e désigne le mot vide dans ce qui suit)

- P o u r  tout /е г * -е ( /у ? ){ = е ( / ж  si « ( / ) $ z V r '  pour tout ;  e Z .QUy,) |  =  / i  si e ( f ) = f iy r .
La relation d’équivalence q définie par f Q g o g ( f )  = e(g) est une congruence 

sur Z*. Le quotient de Z* par q n’est autre que le groupe libre à n générateurs. 
Nous utiliserons dans la suite toutes les propriétés de q (voir par exemple M a g n u s , 
K ar  ass et Solitar [1]).

Nous noterons |/| la longueur du mot /  et si /  —у]\ У̂1 ■■■ y\p> nous désigne­
rons par / - 1 le mot / “ 1 = уТ*гУТ*?71

Le lemme essentiel dans ce travail est le suivant :
L emme 1. Soient f x, ..., f  des mots de Z* satisfaisant g { f \ , . . . ,fp).= e. Ii existe

un entier I, 1 ë  / <p
\ e ( f , /+i)l = max \q(/i)|

/=1, .... p

D ém onstration . Si pour tout / '= 1 , . . . ,p e ( f i ) —e  le lemme est trivialement 
vérifié. Sinon il existe certainement un entier j, 1 S j < p ,  tel que

le(/i-/,-)l>o.
Comme [e(/i> . . . , fp)\=0  il existe un entier /, \ S l < p  tel que

le(/i — li?(/i •••//)!

И Л  ••./,)! 4 é? (/i ••■//+i)l-

1 Studia Scientiarum M athem aticarum  Hungarica 6 (1971)
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Il se présente alors deux cas:

0  e ( f i - f i - i ) = g i g 2
e ( f i - f i ) = g i g 3  où ]g3l = l^2l

ce qui suppose e ( f ) = g ï 1g3 e i f i  —f+ i )  =gig4g6 avec g3= g4g5, |£5|> |£ б 1 се 
qui suppose Q(fi+1) = g J 1g6.

Finalement Q ( f , f +1) = Q(g2 1 g tg s g s 1 g6) e ( f i fn i )  = e i g ï 1 g4g6) et comme
ItfslHfel

\ e ( i f + i ) l  =  \e(g21 gA-ge)] =  l ^ l  +  l ^ l  +  k e l  <
<  l^ l + IsJ  +  lfsl = le(/i)l-

2) e ( f i - f i - i ) = g i g 2g3
Q ( f i - - fù= g ig2g4 avec Ы  = Ы

ce qui suppose e ( f ) = g j 1g4

(f i —f+i)=gigs  avec ]g5| <  \g2\ + \gA\
ce qui suppose g ( f +1)= g 4 1g2 Vs- 

Nous avons alors
8(fifi+i) = 8(gJ1g I 1g5)

soit
\e(fif,+ô\ =  kal + l^ l + lssl =  1̂ 4 ! + \g2\ + Ifs I =  le(/i+i)l-

Avant d’établir les lemmes suivants nous avons besoin de quelques définitions 
que nous empruntons à [1] page 288.

Définition 1. Les schémas binaires de parenthèses sont des mots sur l’alpha­
bet d = { ( , ), ^  } que l’on définit récursivement comme suit:

— L’ensemble S t des schémas binaires de parenthèses d’ordre 1 est S l = {(•*-)}.
— L’ensemble Sn des schémas binaires de parenthèses d’ordre n est

s a =  {(ßk-ßl)\ßke s k, ß le s h k + i  = n)

Nous appelerons sous schéma du schéma de parenthèses ß tout triple [ßY, ß', ß2] 
où ß' est un schéma de parenthèse, ß1 et ß2 sont des mots de A* et ß = ß1ß'ß2- 

Les propriétés suivantes sont immédiates.
1) Si [ßi, ß', ß2\ est un sous-schéma de ß £ S n avec ß' Ç Sk et si ß" Ç St ßiß"ß2 est 

un schéma de parenthèses d’ordre n — k + l.
2) Si [ßi,ß ',ß2] et [yl5 y’, y2] sont deux sous schémas de ß, l’un des deux cas 

suivants se produit:
a) ce sont des sous schémas disjoints, c’est-à-dire:

soit ß1=y1y'y'1, soit yl = ß 1ß'ß[.

b) l’un des sous schémas est intérieur à l’autre, c’est-à-dire:

soit ßi = yiy't, ß2=y2y2 et [y[,ß ' ,y2] est un sous schéma de y' 

soit y1= ß 1ß[, y2=ß2ß2 et [ß i ,y ' ,ß2] est un sous schéma de ß'

S t u ó i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  6 (1971)
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Définition 2. Si f i ,  ■■■,/„ est une suite d’éléments d’un monoïde multiplicatif 
le produit f i  .../„ parenthésé par le schéma binaire de parenthèses ß£Sn est défini ré­
cursivement comme suit :

pour n=  1, /? = (* ) : ß(f i )  = ( f i )

pour #i> 1, ß = (ßkß‘):

ß ( f i  •••/„) = (ßk(fi  -  A )ß l( A +i •••/„))

Nous appelerons segment de f i - . . fn parenthésé par ß tout produit f . . . f i+h' 
facteur de j \  .../„ tel qu’il existe un sous-schéma [/1 ,, ß \  ß2] de ß avec f i if i  .../„) — S i  
ß ( f - - - f  + h) S2-

Il est clair que la correspondance entre segment et sous schéma est biunivoque.
Lemme 2. Soient f  \ ...f„ des mots de Z* qui vérifient q { J \  ...f„) = e. Il existe 

un schéma binaire de parenthèses ß tel que tout segment f  de j \  ...fi, parenthésé par 
ß satisfait

|f?(/OI — max |f?(/i)|
D émonstration.
Nous faisons une récurrence sur l’entier n.
Pour n = 1 c’est immédiat. Supposons la propriété vérifiée pour tout et 

considérons f i , . . . , fp tels que q{fi ...fp) = e.
D’après le lemme 1 il existe un entier / tel que

le(/«/i+i)l S max |еШ| = À.
/ =  1 ,  . . . .  P

Posons f f + i —g. D’après l’hypothèse de récurrence, il existe un schéma de 
parenthèse ß satisfaisant les conditions du lemme pour lesp — 1 mots f i  ■■■fi+igfi+1 ...

Or max (|e(/;)|, |e(g)|: i = 1, ..., / — 1, /+  1, . .. ,p)  S  k.
Soit [ßi,ß ' ,ß2] le sous-schéma de ß correspondant au segment g (ß' =  (* ))  

et considérons le schéma de parenthèses y = ß (((^)(^0)/?2- Ce schéma satisfait 
les conditions du lemme pour f x ...f„. En effet, soit [yl5 y', y2] un sous-schéma de y, 
auquel correspond le segment f ' .  Distinguons les trois cas:

— les sous-schémas [y 2, y', y2] et [/?,, y", ß2] de y sont disjoints. Alors f '  est 
un segment de / ,  . . . f_ ig f l+, .../„ parenthésé par ß d’où \q { f ' ) \ ^k ,

— le sous-schéma [y2, y', y2] est intérieur à [ßi, y", ß2]- En ce c a s ,/ ' est soit./j 
so it/i+1 so it/,/l+1 et |ß ( / ') |s A ,

— le sous-schéma [ßt , y", ß2] est intérieur à [yt , y', y2] : alors f  est de la forme 
f . . . f , f i +i . . . f +A et comme/j .../J_1g/J+2...yj+4 est un segment d e /t . . . f - i g f + i - . - f  
parenthésé par ß on a bien |e(/OI —

Remarque 2. Nous pouvons énoncer un lemme un peu plus fort que le lemma 2, 
dont la démonstration est presque identique:

L e m m e  2': Soient / , ,  ...,/„  tels que <?(/,, ..., f„) = e, f ' = f . . . f i+h un facteur de 
f —f i  .-fn et ß' un schéma de parenthèses te! que pour tout segment f "  de f '  paran-

I* S tud ia  S c ien tia ru m  M a th em a tica ru m  H ungarica  6 (1971)
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thésé par ß' on ait \ ő ( f ' )  S  Л. Il existe alors un schéma de parenthèses ß = ßiß'ß2 
tel que:

a) f  soit le segment de f  parenthèse par ß, associé au sous-schéma [ /i,. ß' ß2\ 
de ß.

b) pour tout segment f'" de f  parenthésé par ß on ait Q(f"')\ = k.

II — Algorithme

Soit cp un homomorphisme de X* dans Z* où Z* est comme au paragraphe 
précédent, muni de l’application q. Posons A — max \д((р(х))\. Construisons ré-
cursivement les ensembles Ak, Bk, Rk, k = \ , 2 ,  , n, ... . Les Ak et Bk sont des
ensembles de mots de X*, les Rk des ensembles de relation entre mots de X* que 
nous noterons f= g .

Si R est un tel ensemble de relations, R désigne l’ensemble de leurs membres 
gauches.

Bk = X

R L = {x = e\g((p(x)) =  e}
A j = X \ R ,

B„ + l = \ fg \ f£ A k, g £ A „ k  + l =  n + \ \ Q{ tpm) \  ( ' и я |  Я*}.

= { f = e \ f £ B n+l, q(<?(/)) =  e)

U j / = £ l / £ A ,+i ,g 6  Ü Ai, e((p(fj) = <?(<p(g))j

A (i+i = 5„+1\R „  + 1
Remarquons que cet algorithme se termine.
En effet, il ne peut figurer de mots/ et g tels que g((p(f)) = Q((p(g)), (<?(/))[ — A

dans deux ensembles AketA,  distincts. Il y  a donc au plus card {/€ Z* \ q ( f )  = f  | / |  ë  Aï- 
valeurs de l’indice i pour lequel At est non vide. D’autre part si Ak est vide pour 
tout к compris entre n et 2n, Bk donc Rk et Ak sont vides pour tout к supérieur à 
2n. Il existe donc certainement un N  tel que pour tout k>N.  Rk est vide.

Posons R — Û Ri-
i =  i

Etablissons d’autre part la propriété:

Lemme 3. Le mot f  appartient à Bn + l si et seulement si les deux conditions sui­
vantes sont satisfaites:

— aucun facteur de f  n’appartient à MJ RA
— il existe un schéma binaire de parenthèses ß tel que tout segment f  de f  paren­

thésé par ß vérifie \ g(ç> ( / ') ) [  S  A.
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D emonstration. N ous faisons une récurrence sur n.
Soit /Ç /?„ +, : J= g \g 2, g i€A k, g2ÇA,, А +/ =  n + 1. D’après l’hypothèse de 

récurrence il existe deaux schémas de parenthèses pour gk et g2 soient ß t et ß2 satis­
faisant la condition du lemme. On prendra pour ß le schéma (ßiß2). D’autre part

i  =  n _
/  ne contient pas de facteur dans [J R, par définition.

;= 1
Réciproquement suppons que f  satisfasse les deux conditions du lemme avec 

ß = (ßtß2), ßi£Sk> ß i^ ^ i  А + / = n+  1. Par récurrence les segments de /  corres­
pondants aux sous schémas [( , ßk, ß2)] et [(ßt , ß2, )] de ß et satisfaisant les con­
ditions du lemme sont respectivement dans Bk et Bh mais aussi dans Ak et A, sans

i= n  _
quoi /  aurait des facteurs dans U R; . Finalement f £ B n+l QED.

/= î

Interprétation de l'algorithme.
Soit R l’ensemble de relations { f = g i \ f ,  g ^ X * ,  /Ç/}. Notons f= g ( R ) le 

fait que / et g sont congrus modulo la congruence a la plus grossière sur X* telle 
que f i < r g i .

Une telle congruence est une congruence de T h u e : c’est la congruence de T h u e  
engendrée par R.
Nous pouvons énoncer: en posant R =  (J R,.

i = i
Lemme 4. Les deux conditions suivantes sont équivalentes:

1 ) f= e(R ) ,
2 )  ô{(p(f))=e.
L’implication /=e(/?)<=>-{?(<p(/)) =  e est immédiate puisque par définition si 

f '= g 'Ç .R  on a <?(</>(/')) = (?(</>(#'))•
Réciproquement faisons une récurrence.
e((p(f))=e-e>f=e(R) est vrai pour \ f \  — \ par définition de R t .
Supposons le donc vrai pour tout / ' :  \ f ' \  <  | / |  = n + 1.
Deux cas se présentent:
— ou /  contient comme facteur propre un membre gauche de relation de R. 

Ainsi si f 2=f'2Ç.R
/ = / 1/ 2 / 3  —/ 1/ 2 / 3  (Ю 

g (<?(/)) =  e («p ( / 1/ 2/ 3))= «
Or / , / 2 / 3  étant plus court que / ,  par récurrence / 1./2 /3  =e(R) d’où f= e(R ),
— ou /  ne contient pas de tel facteur. D’après le iemme 2 il existe un schéma 

de parenthèse ß tel que pour tout segm ent/' de/ parenthésé par ß: |e(<p(/'))| SÀ.
f  satisfait alors aux conditions du lemme 3. D’où f d B n+1 et comme (?(</>(/)) = 0  

la relation f= e  appartient à R„+i. QED.

Remarque 1. La remarque suivante est fondamentale dans la suite: il est certain 
que si f = g  est une relation de R tel que pour tout h^, h2d X*: e((p(hx, gh2) ) ^ e  
on peut supprimer cette relation, dite inutile, puisqu’il est impossible que /  ou g 
soient facteurs d’un mot congru à e modulo (R).
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Or nous avons un algorithme pour décider si une relation dans est inutile. 
D ’après le lemme 2, en effet, pour que f =  g soit utile il faut et il suffit qu’il existe 
une suite de mots g lt . . . ,g p de X* tels que:

1) gi = g

2) gl + г = agi ou gta avec U A/=1
3) |e(g;)| =S A et i ^ j = >  Q(gi) *  e(gi)

4) e(gp) = e.

Nous supposerons toujours désormais que R ne contient que des relations 
utiles.

Remarque 2. Les résultats des deux paragraphes précédents peuvent se résumer 
en le

T heoreme 1. Pour tout homomorphisme q> de X* dans Z*  où Z = { y ] }  et Z* 
est muni de l'application q, l'ensemble des mots f  de X х tel que Q{<p{f)) soit le mot 
vide de Z* est égal à la classe d'équivalence du mot vide de X* pour une congruence 
de Thue, sur X*, finiment engendrée.

III — /-langages

Définition 3. Le langage L a X *  est un /-langage si et seulement si il existe un 
alphabet Z = {y f j  un homomorphisme q> de X* dans Z*, muni de l’application 
q, et un mot y £Z* tels que L = { /£ X*\g(y<p(/ ) )  =ej.

Nous avons le théorème qui justifie leur considération en ce lieu.

T héorème 2. Le problème de l'équivalence est décidable pour deux t-langages. 
Ce qui signifie que étant donné deux /-langages L et L’ sur X* respectivement définis 
par l’homomorphisme q> de X* dans Z* et y dans Z* et l’homomorphisme cp' de 
X '*  et y' dans Z'*  il existe un algorithme qui permet en un nombre fini d’étapes 
de savoir si L = L'.

Considérons alors L = {/£Х*\д(у(р(/)) = е}.
Soit (ù$.X et X' = XIJ {со}.
Posons (p(m) = y étendant ainsi l’homomorphisme cp: T * —Z* en un homomor­

phisme cp:X'*—Z *. L’algorithme du paragraphe II nous permet de construire 
l’ensemble fini S de relations utiles tel que

S  est aussi tel que
V g£T'*: e(<P(g)) = e o g  = e(S) 

V /£T*: e(y(p(f)) = e<^mf=e(S)

De la même façon nous pouvons construire un ensemble S' de relations utiles sur 
X ' * telles que

V /6T* e { y W ) )  = e**a>f=e(S')
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Des conditions nécessaires et suffisantes pour que LczL' sont alors:
î) ( f = g ) ç . s ,  f a x * ,  gex*=>Q(cp'(f)=e(<pXg)).

2 ) (œ f= g )£ S ,f£ X * , giX*=>Q(y'<pXf)) = e{<PXg))-

3) ( œf=œg)es ,  / € * * ,  g£X*=>e(y'(pXf)) =  o(y'(pXg))-
Ces conditions sont suffisantes puisque si elles son vérifiées et si fÇ_L nous 

avons co/=e(S) donc il existe une suite f l =œf, f 2, . . . , fp = e de mots de X'*  tels 
que f+ i  se déduit de par substitution d’un membre à l’autre d’une relation de 5 
ayant l’une des formes f= g ,  cof=g ou wf=g. Réciproquement, supposons l’une 
de ces trois conditions au moins non vérifiée, soit par exemple:

f = g ( s ) ,  в Х < р ' ( Л ) * е Ы ё ) У

Il existe alors, puisque f = g  est une relation utile, hi , h2 € X* tels que g[(p(hl gh2)) = e, 
donc hlgh2£L. Le mot hl gh2 congru à high2 modulo (S) est aussi dans L. Or 
h lfh 2 et h1gh2 ne peuvent être tous les deux dans L' puisque d’après notre hypothèse 
Qi^pX^if^i)) И difpXhighzi) et donc au plus un des mots

(jiy'ipXJhflhj) et d{yX>hgh2)) est égal au mot vide.
D’où la nécessité et ainsi un algorithme permettant de décider si LczL'. En renversant 
les rôles, nous obtenons un algorithme pour décider si L'czL  et finalement le théo­
rème.
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SOME INEQUALITIES CONCERNING POLYNOMIALS 
HAVING ONLY REAL ZEROS

by
Á. ELBERT

Throughout this paper, the symbol /  denotes a polynomial

( 1) /(* ) =  (x + !)" > (* -I)"1 I J ( x - X i ) il),

where n1,n 2,n 3 are nonnegative integers and nl +n2+n3 =  n >  0, x real. The 
symbol II/II denotes the norm of/ :

ll/ll = max |/0 ) |.— 1
We are concerned with the connection of quantities | |/ | | ,  n3, n2 and the centroid 

of the roots

(2)

- « !  + И 2 +  2  Xi 1= I

The quantities til , n2 and x are not completely independent, because by the aid̂  
of the relation |х(| S i  we have the inequality

(3) . 2/7, - ,— 1 H------  s r s l  —
2 и, 
n

Introducing the function p(oc, ß) by

(4) ц( oc,ß) = (\+(x + ßy+*+ß( \ + z - ß y +*-ß(\-o i  + ß)l -*+ß( \ - o i - ß y - * - ß
for 0 Ш a, ß, a+ß  S  1*, we can formulate our statements as follows. 

T heorem  1. For a polynomial (1) the inequality
П

\~2

ll/ll S-ÿ-iA*

holds, where the the equality holds if and only if n3 =0.*

* If it is needed, the relation 0° =  1 must be taken into account 

, * This theorem can be extend 

laced by хПз +  а 1 x"3~ 1 +. . .  + “„3■

* * This theorem can be extended to those polynomials, in which the factor П  (x — л-,) is rep-
/=i
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T heorem 2. I f  |x| S a§ , where 0 s a os l ,  then

ll/ll S  ~{A i(ao>0 )p ,

and the equality holds i f  and only if  a0 =  l, t.e. either ni =n or n2=n.
T heorem 3. Let the quantities nt , n2 and [x| = a,2 be prescribed, and let us suppose 

Jhat n t = n2, then

ll/ll

i f  n \ - n \ ^ a \ n 2

i f  п\ — П2 >  CCqH2 ,

2 n
and the equality holds if  and only i f  a2 — 1 — 2 .* In the cases nl n2 the roles
o f  n L and n2 here are to be interchanged.

Remark 7. It is well known, that

(5) l

and this minimum is attained only by the Tshebysheff polynomials Tn(x) = 
=  2-n+1 cos n (arc cos x). For these polynomials we have by Theorem 1 || Tn\\ >  
>2~" {/((0, 0)}"/2 =2-".

Remark 2. It is easy to verify that if n3 =0, i.e. all zeros are lying at the end­
points x =  ±  1 then in the theorems above the equality sign holds.

Remark 3. The polynomial (1) can be written by the aid of (2) in the form 
jc" — nx • xn~1 +  too, Zolotareff[1]considered the quantities min \\xn ~ a x”~1 +  ...|| 
for fixed a with no other restrictions concerning the zeros and he expressed them 
by means of elliptic functions. The value of this minimum is lying in the interval 
12~"+1, 2~n+2); we see from our theorem that by the conditions |xf| <  1 the minima 
are increased.

Remark 4. A consequence the the Theorem 1 is already proved in our paper [2]. 
In order to prove of theorems above, first we consider the quantity

(6) Mn (n1, n2) = min ||/||.
/

1*1-«S
It is clear that for every fixed ny, n2 and for all admissible ** a0 there is an extremal

* Using (3) it can be shown that the sum of the two arguments of /.i here is not greater than 1.
** W ecall an a0 admissible if there is at least one polynomial (1) with centroid x  fulfilling the 

requirement \x \—ixl and the relation (3).
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polynomial f 0 satisfying the relations

М„ ' Х0{ п 1, п 2) = ||/ol|

(7) /o W  = (*+ l)"1 ( x -  О"2 П  (x-x(°>)  И°>| < 1
í=i

«0
„(0) „(0) l ")0) I
7 7 / 7 / 7  , = l

,(.0) ; = « ! ,  /7Í0 )S /7 2 .

Let us now consider the polynomial / 02. This polynomial is of degree 2/7 and has the 
form (1) with nl =2n[0) and n1—2n(2 ) and its centroid is the same as of / 0, there­
fore by (6)

(8) Mln^{2n[°\  2/7i°>) ë  ll/oll2 = M l X0(n, , n2).
We have again an extremal polynomial of degree 2n which fulfils the relation

М2„,,0( 2 < \  2/7<°>) =  ll/J .
By the aid of this polynomial / i  we have similarly a polynomial / 2 of degree An, 
and so on. We have arrived on this way to the polynomial /„ of degree n(v) =  2v/7
(v = 1, 2, ... ) which has the form „(v)
(9) /,(*) = (.v+l)"!v,( x - l ) ^ v> JJ ( x -x W ) |*I(V)| <  1 ( í = L . . . , / 7 Í v>),

where
1 = 1

(10)
/7ÍV) „ív) j »(v> !a2 _  _  , 1 П2 . 1 у  „(V)

° 77<v> + П /l(v) Â  ‘ ’ «iv) + /?iV) + /iiv) = /7<v'
and

( io  2«jr » ) =  m  s  i i /v - j2.
Concerning the zeros {jc;(v)} we state here that they are, if they exist at all, simple 
(henceforth we assume that they are enumerated in increasing order) and there 
are points £/v) such that
( 12) 1/vC T l = Щ.(V) . (») . Л1 + 1 : *■=1, 2...... /75*» —1.
Supposing the contrary we would have | / v(x)| < ||/„ || in [x̂ v), x[+ J  for some 1 S fcS  
S/7^v) — 1. Let us consider the polynomial/, E(x) =  f v(x)-(x — x£v) +e)(x — x ^ l —e)/ 
M xk — xkV>)(x ~ xí+1)] f°r sufficiently small e >0, then all zeros of / v>e are in [ — 1, 1], 
the centroid of its zeros is the same as those o f /v, the multiplicities of the zeros at 
the endpoints are unchanged and finally / V E(x)//»(x) <  1 for x $ (x^v> — e, x ^  t +  e). 
This and the continuous dependence on e of f , e in [x^v) — e, x£+t + e] supply the 
existence at least one value of e for which Ц/ || <  || f v||, in contradiction to the extre- 
mality of f . .

A consequence of (12) is that if n / -1* > 0  then the polynomial/ , / 1  cannot be 
extremal for M2,.„ „0(2/7Ív-1), 2/7̂ v_1)), hence the relation (11) can be completed by

(11*) ll/v-ill2i,ll/v ll if n î’- ^ O .
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Let us introduce the quantities a<v), ß(v\  y(v) and A/v by

(13)
n ( y )

„ _  r (v) =  - â M = Ilf ||",v'’7j(v; ’ Г „(V) > ) „(v) ’ iK,v НУ vil
niv)

By (11) we have a(v)S a (v J), j?<v)ë ^ (v 1J, MVS M V_,, therefore the following, 
limits exist:

(14) a = lim a(v) îr: a(0), ß = lim /?(v) s  /?(0), y = lim y(v) = 1 — a — ß,
V —► ею v -*■ 00 у  oo

(15) M = lim Mv ^  M 0.
y -* -o o

By (5) we have M ë  1/2. We are going to establish the relation

(16) M = j  /д (« , ß)

At first we shall prove this in the case y =  0. If there is an n̂ v_1) = 0  then by
(11) п^Д) =0, a(A) = a , ßw  = ßand  by (9) | /л|1/',<л) =  |x + 1|®|jc— 1 for all A S  v — 1,.
hence M x = M  =  ||(1 + x )3r(l — лг/Н = У ß),  which proves (16) in this case- 

Now we can assume that y(v)>0 and y(v) -*-0. Let
£(v) =  a(v) — /?(v) and £ = <x — ß

then |[(1 —5c/|| =  (1 + £)“(! —Çf — Уh (oí, ß)/l. From (9) and (13) it follows.

= (l + x f M (l -  x)ßM

hence by (14) and (15) 

(17)

„M
П ( x - x P )  

1 =  1

1

1
7*

||(1 + x)a<v)(l —x / <v,|| • 2yM

М ^ - У ц ( а ,  ß) .

According to a result of G. Pólya [3] for a polynomial

g(x) = x n + a„_1x"~1 -t—  +a0 (at are real, n s  1)
the inequality |g(x)| >  1 holds except a set being composed of intervals which has; 
measure less than 4. As a consequence of this result we have

(18) Mes {x; |g(x)| ^  e", £>0} <  4e.
Hence we have a point in (£(v) — y(v), £(v) +  y(v)) c  [—1, 1] for which

therefore by (9) and (13)

n3V>
П  (Cv-^(v))| 

1 =  1

■yW
~ 2 ~

ATV >(C V + I)*,v,( i-C v )fl<v>

„ ( V )

l ) ( V> Г'*
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hence by (14) and (15) and

m s ( \ + m \ - z /  = j Ÿ W ' P ) ,

which completes the proof (16) by (17) in the case y=0.
Now it remains the case y>0. Since the sequence {y(v)} is nonincreasing there­

fore ŵ v) =  y(v)/i(v) Sy/i(v). Let w(v> s 2 .  By an inequality due to Bernstein [4] we have 
with our notations \f'v\ S  «(v)||/v||/^ l — x2 and by (12)

l / ,« /v))| S  «<“>ll/J  I ( x f \  { f >) and |/,«/*>)| =î zi'"’ ll/J /(£/'», */?,),
.V

where I(x, y) = J  dtl^X—t*,  hence

(19) /(*/»>, «/»>) S  !v)- , /«/»>, JC/?,) ^  l ,  (/=  1, 2, itf>-1 ).

Let us introduce the functions

вЛх) =

( 20)

------------------------------------ Y .(v) < .  у  у  ( ' ’) j  —  1 m ( v) __  1

n<r)(x tl\-x l'> ) 1 1 + 1 1
0 X < x [v), XsÈX^l)

л:

r , ( x ) =  /  Q * ( t ) d t .

As a consequence of this definition we have

(21) r v(*/v)) =  ^  ( /= 1 ,. .. ,и ^ ) ,

moreover the function pv(x) fulfils the relation

(22) q v(.v) < — —  = (-1  < * <  1 ),
2(/l -  .V2

because by (19) we have 2/«(v) r ; /(x/v), x/+\), and putting x = cosfl, x/v) =cos 
(я > 02 ^  ••• >0) it is sufficient to show by (20) that

01-01+1

But
2(cos 0i+1 — cos0;) sind (6i+1s 0 s 0 ().

max sin 0
01-01+!

2
0-=в1 + 115в==в,-=,г ; i n  ^  +  + » c in  f y — f y + l

2 2
2 ’

hence (22) is true.

S tu d io ,  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  6 (1971)



2 5 6 A. ELBERT

By (20) and (22) the sequence {Гу(х)}7=0 is equicontinuous, hence by A rzela’s 
theorem there is a convergent subsequence:
(23) lim r Vs (x) = Г (x) (-1  ä  X ̂  1 ).

S-*- oo

The limit function Г(х) is continuous, nondecreasing and fulfils the relation
,

(24) Г (х")-Г (х ')  j  f  — == ( - 1 S / S / S 1).

From (20) and (21) we have Г (— 1) = 0, F (l) =  y. We define
(25) a = max{x; F(x) =  0, x  s  — 1}, b =  min {x; Г(х) =  y, x s  1}.

We are going to show that

(26) ß (=) — 1 if a (=) 0 and b ,25, 1 if ß ((r, 0.
it is sufficient to treat the first inequality with a. Let first a> 0 , then we can choose 
a value ö1€ (—1,0) such that (1 + x)a/2(l — x)1 ~c‘12 <  M  if — l^ x ^ ú q .  For all 
sufficiently large v we have a(v) >a/2, therefore by (9)

l
, , < v>

1/vWI....< ( i + * r v'( i - * ) (1 •x)2(l X ) M

in [-1 ,0]], hence by (11*), (13) and (15) | / v(x)j <  | |/v|| here, by (12) r v(űj)< l//»(v), 
consequently Г(а1) = 0, i.e. a ^ a t >—  1. On the other hand if a = 0 then a(v) = 0 =  
=  n)v) because the sequence {a(v)} is nondecreasing. Let us assume the contrary 

— 1, then let [—1, a] contain the zeros x l5 (henceforth we drop the
indices v5 if the notations remain unambiguons). By (21) and (25) lim j j n  — Г (a) = 0.

S -+-00
Let s£(0, a+ 1) an arbitrary fixed number, then (18) guarantees a value 
Cs€ [ — 1, — 1 +e] with

П  ICs-* il  
1 =  1

then by (9)

(27) ll/vjl S  | / Vs(Q | > |C,-l|"a

An other inequality can be derived from (12)

ll/vjl =  l/v ,(^ ) l<

I I  ICs- aI
/=л+ i

I I  \Sj .
i = j ,+  1

comparing this with (27) and using the inequalities 
<X:< 1 we have

1 S  Cs S  -• 1 + s <  a <  xj <

1 —a
2 — c

f[  Xi a
i=j,+ i X; +  1 — e

but (Xj — a)/(x; + 1 — e) <  (1 — a)/(2 — e), hence by extraction of nth root of both 
sides, letting s to »  we obtain 1 — a ^  2 — e or a s  — 1 + e, which contradicts to 
the choice of e and this completes the proof of (26).
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Let фу(х) be defined by
l •

(28) фу(х) = J  log | x - / | -Qy(.t)dt.
-  1

The sequence {^v (*)}Г= о is equicontinuous, namely

(29) \ Ф Л х + к ) - Ф Л х ) \ ^ т  for O s / K ^ - ,  
where

(30) r,(h)= Vh+2n f  log ' dt
i - h- yí ' - ‘ V i - t 2

and the bound (3 —1/5)/2 is explained by the requirement h+ ^h  <  1.
To show (29) we assume — 1 <  x — /Л <  x + /; +  //i < 1 (the proof for other 

values of x goes on similar way), then
x - f h

\фу(х + И)-фу(х)\ J  j log (x -f- /z t) log (x /)[ Qv(t) dt T
-  1

x + h - ^ h
+ J  log|x — r| + log|x + /z - / | Qy(t)dt +

x - f i ,
1

+ f  \ \ o g ( t - x - h ) - \o g ( t - x ) \Q v(t)dt. 
x + h+Уи

Using the inequality log (l+ x ) <  x we have
x —]fh

and by (22)
x  h + j  h

J  +  J  < f h  J  Qv ( t ) d t < f h ,
~ l  x  + h + y ï i  ~ l

t-n-t-yn x  + h + V h  J. 1 |1

f  |log(»-*)M <)*< J /  | l o * « - * ) l : ^ S j
x x  '  1 - A - f l i  ’

/  Hog (x -  oi <?v(0 dt < f  dt,

Г I log (1 /)|
d t .

1 - A - f / i
/ 1 - 0

and estimating the integral of log \x + h — t\ similarly we obtain (30).
To determine the connection between фу(х) and /„ we recapitulate a result of 

F. W enzl  (see [5], especially Satz 2):

Lemma. If P(x) = (x — x0(x — x2)...(x — x„), — 1 ^ X i  < x 2 < ... <x„ 1 and

e*(x) -
l

n(xi+1- x ,)
0

for XjSXSXi t l  (/=  1,..., n — 1) 

otherwise,
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th£ll
1 Л
— log |P(x)| =  J log [x — t\Q*(t)dt + S* for xr : X < X ,

where

9* =  - 1 log(l+x) +  - - l o g ( l - x )  + — log(x —x;) +  — log(xi+1- x )  n n n n
and

0  <  <51 ;  ô2 <  2 ’ 0  <  9 j  <  1 ,  —  ~  <  9 2 <  y

Let the set /v(e, c) be defined for 0<e, c <  1 by

(31) /v(e, c) = [— 1, — 1 +  e] U [1 — e, 1] U U ,(v) . -------- Y  (  v)  J -------------
. ( V )  ’  Л ‘ ^  „ ( V )

then by (20) and by the Lemma we have for xÇ[—1, l ] \ / v(e, c)

Tty log 77 |x - x /v)|=  J l o g \ x - t \ ß- ^ d t  +

в

1 =  1

log

-1
1 _  3 n<v>

l ' l - O - e ) ^ + 2>^v) °g c

with suitable в £ (— 1, 1), hence by (9) and (29) the required relation is 

1
y>’) log j /„ (x) I =  a(v) log (1 + x) +  ßM log (1 -  x) +  |//V (x) +

(32)
+  0 I ,1«

, 1 3 , y(v)n(v)

for all xÇ[ —1, l ] \ / v(e, c) with [0[<1. It is clear the the term in brackets on the 
right hand side tends to 0 if nv —*- C O ,

According to the Helly—Bray theorem we have by (20) and (23)

(33) lim^v,(x) =  Um J  log Ix - t \ d r Vs(t) = J  log |x - t \ d r ( t )  = \l*(x).

It is obvious that the function ф(х) is continuous, therefore taking into account 
the relations (13), (14) and (32) it follows directly

(34) (p(x) =  a log (1 4-х) +ß  log ( I— х) + ф(х) ^  log M ( - lS A ë l ) .
It remains to show the main relation

(35) <p(x)=logM for a ^ x ^ b .
We prove this first for such an x0 6 [a, b] П ( — 1, 1) which fulfils the relation 

Г (х )> Г (х 0) for all x=-x0. Such a value is for example by (25) x0= a  if a^O.

S tu á ia  Scien tiarum  M a th e m a tic a ru m  H ungarica 6 (1971)
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Let x £ (xq , 1) be fixed then we have for all sufficiently large 5 n(v̂  [FVs(x) — I\,s(x0)] >  
=- „(у. ) _ ( Г ( , ) - Г М  =- 2, hence by (21) the interval [x0,x] contains at least

two zeros of f Vs, say, x; and xi+1. Let s =  min (x0 +  l, 1 — x} and c <  ]/e(2 — e)> 
then ^ j^ /Vs(e, c) because by (19)

1 dt if —Xj
n(v̂  = J  |/i —г2 ^ /1 —(1 — e)2 ’

x i

and similarly xi+1 — > /e(2 — e)/n(v*> therefore by (12), (32), (34)

ф(х0) — log MVJ =

(a -  a(v̂ ) I log (1 + x0)| +  (ß -  i5(v.)) |log (1 -  x0)| +  a'(V,) log
1 + x 0

+  /?(V.) log 1 X 0  

1 - Í I  

1

i +  €i

+  !<K*o) -  <M*o)l +  l<M*o) -  * v .(« l  +

+

log 1 3 , у (v.,n(v.)
+  „..Vv~ l° g ---- 7«<Vs) |/e (2 -e) 2«<Vi>

Letting this yields by (14), (33), (29)

l<p(x0) — log Af[ s  a log 1 + X p  

1 +  x +ß log 1 -X o
1 — X + i/(x -x 0).

This estimation is valid for all x >  x0 in the vicinity of x0. The function on the right 
hand side is continuous in x and vanishes at x = x0, hence (p (x0) =  log M. Similar 
consideration shows the validity of (35) if Г(х) < Г (x0) for all x < x 0. It remains 
now to prove that Г(х) is strictly increasing on [a, b\. Let us suppose the contrary, 
then there would be an interval [и, v] c  [a, b\ where Г (x) would be constant. We may 
assume u =  min {x; Г(х) = Г(м), ü S x á é }  and u = max (x; Г(х) =  Г(п), a ^ x ^ b } .  
For such и and v we proved already (p (u) = (p(v) = log M, and we could write

II U

(p(x) = a log(l +x) + /Hog(l —x)+  J" log |x —f| dT(t)+ f  \ o g \ x - t \ d r ( t ) ,

hence <p(x) would be concave in (u, v), therefore

<P
u + v j~  2  J 1 [cp(u) + (p(v)] =  logM,

in contrary to (34). Since Г(х) has no interval included in (a, b), where it assumes a 
constant value the relation (35) holds.

The function Г(х) is absolutely continuous, it has a derivative y(x) almost 
everywhere with the properties

d r  (x) S n
(36) dx = K*)> J  y(x)dx = y, 0 s y ( x ) S  2 ? Г ^ Р  a-e- Ш

a '
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and by (34), (35)
ь

(37) я log(l + x) +ß  log (1 — *)+  / lo g  \x — t\y(t)d t — log M (a ^ x s b ) .
a

This integral equation concerning y(x) has the solution (see [6])

У(х) = +  -
nY(jb — x) (x — а) л2 y(b — x) (x̂ / ( r â - A )

ß ) Y ( b - t ) ( t - a )
x —t dt,

where the integral is defined as a Cauchy’s principal value. By calculations we have

У O') 1 — x 2 — (1 — x )a /( l + ű)(1 +b) — (1 +x)ßY(l+a)  (1 —b)
л (1 —x 2) Y(b — x) (x — a)

In the case a/M 0 by (36) the numerator must vanish at x =  a and x = b, hence

(38) 
and

(39) 
or

УО)
1 Y(b — x)(x  — a)

oc =

n 1—x 2 

)/( 1 + cz) ( 1 -(-b)
ß =

( a ^ x ^ b )

1(1 — a) (1 — £>)

- ß ‘ ± v a + a + ß ) ( l + a - ß ) ( l - a  + ß ) ( l - a - ß ) .

We can verify the validity of these formulae in the cases aß = 0, too.
Multiplying (37) by l/(nY(b— x)(x — a)) and integrating over [a, b\ we have 

by (39)

M = j  Ym ^Tp) ,

as we stated in (16), hence the relation (16) holds in all cases.
Finally, we shall express the quantity a0 by means of the newly introduced 

quantities. From (10) and (20) we have

•3 V<v) + V(v)
x = -  a(v) + ß(v) + - Ж . 2  */v) = -  *(v) + ß(v) +  f x  d rv(x) + : 1 -

• i —  1 _^
hence by (23) and (38) 

therefore
3c = — or + / r

( 4 1 ) V2- ß 2

Having now all the required relations we can pass over to the proof of the 
theorems.
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Proof of Theorem 1. A polynomial (1) fulfils the relation
||/ | |^ М я>1о(и1,« 2) = | |/0||=М 5,

and by (15), (16) ll/ll ë2~"{/i(a,/?)}"/2. Using the fact that /< is increasing in both
of its variables oc, ß, we have from (14), (7) | | / | | 'ё  ^2jj , as it was

stated. Concerning the footnote **) on page 251 we must consider first the extremal 
polynomial /  which minimizes ||/ ||.  The polynomial /h a s  again the form (1) and 
has zeros only in [—1, 1], hence ||/ | | Ш ||/ || ё  2~" {/i(w,/w, и2/м)}"/2.

P roof of Theorem 2. We start with the study of the behaviour of ц{а, ß) along a 
hyperbola a2— ß2 = x (x  is fixed) in the domain 0 ^ a, ß,a + ß S  1. Now ß can be 
expressed by a, hence we may write ß = ß(a) and we have
(42)

d log /'(«,/?(«)) _ f (1 +a + /Q(l +« — /?) д/, ч - (1 + <* + /?)(! —ot + /?)
da g (1 — a + >9)(1 — a — /?) +P U  g (l + u - ß ) ( l - a - ß )

because from a2— ß2 = x it follows ßß' — a, therefore ß '^ 0 .
Since |x |Sao , by (42) we have /л(а, ß) ^ц(]/ \х\, О) ^ /i(a 0, 0), and by the same 

method as in the proof of Theorem 1 we have ||/ | | ^ 2 - "{/i(a0, 0)}"/2, as it was 
stated.

P roof of Theorem 3. Now we have to find the minimum of //(a , ß) under the 
restrictions a S  Hi/n, ß S  n2\n and a1 — ß2 = ± ű<o- Let и1ё и 2. From (42) we 
conclude, this minimum can be attained only on the lines a = и /и  and ß = n2tn. 
The corresponding points Pt(a , , /?,) of the hyperbolas a2—ß2 = ±oto are 
Pl (njn, ]/(ni/w)2 -q § )  if n \ - n \  a  „ 2  or Pi (j/ a 2 + (n2/n)2, n2/n) if n\ —ni-= aln2 
and P2(w]/n), ^ao+(«i/«)2) if 1 — (2/ij)//i>ao. Using the relation /t(/J, a) =  /i(a, ß) 
we have that the point P2(ß2, oc2) (if P 2 exists at all) is lying on the same hyperbola 
as Pi, and by (42) /.i(a2, /?2) = /<(/?2, a2) — (ai , ßi)- By the same method as in the 
proof of the Theorem 1 we obtain the desired inequalities.
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О СУЩЕСТВОВАНИИ ТРЕХЧЛЕННЫХ АРИФМЕТИЧЕСКИХ 
ПРОГРЕССИЙ В ПЛОТНЫХ ПОДМНОЖЕСТВАХ 

НАТУРАЛЬНОГО РЯДА

Д. КАЖДАН

Рассматривается следующая задача: пусть М  подмножество натуралного

ряда, имеющее положительную верхную плотность, то есть fim —  >  0 здесьЛ-»о° п
через Мп обозначено число элементов т £ М  таких, что т ^п .  Тогда М  содер­
жит трехчленные арифметические прогресии. Эти задачи другим методом 
была решена Ротом.

Обозначим через М{п) подмножество в М  состоящее из т £М  таких что
т ^ п .  Мы докажем, что 3 функция и(е) такая, что если —" ё £  и п >и(е) топ
М(п) содержил трехчленные прогрессии. Итак предположим что число ос 
фиксировано. Мы хотим доказать, что если п достояно велико и М с /„  где /„ 
подмножество натуралных чисел элементы которого не больше и, \М\ Шап,
то М  содердит трехчленные прогрессии. Если а

1
У ’ то теорема очевидна.

Хотелось бы доказывать эту теорему, показав 3<5>0 такое что можно 
выбрать арифметическую прогрессию D er /„ такую, что \ОГ)М\ ё  (а + <5)|£>| 
и ]/)| > /(«) где f(n)  — «=. (Очевидно, для этого достаточно построить множествоП-+оо
N e  /„ такое, что 17VП М\ S  (а +  à) ]jV| и распадается на длиные арифметические 
прогрессии.) Тогда бы мы теорема сразу доказывалась от противного. К со­
жалению, такие прогресии могут не существовать однако, можно доказать 
следующую альтернативу.

Или существует множество N  разбывающееся на арифметичеекые прог­
рессии

D, \D\ >с]/п, |Z>ПЛ/| >  (а + (5(а))|£>|

или в М  содержится арифметических прогрессий длины три сколько должно 
быть из вероятностных соображений (точную формулировку см. ниже.)

На самом деле мы будем считать, что М  лежит не на отрезке /„ а на конеч­
ный „окружности” Zp где р простое число и искать арифметические прогрессии 
в смысле операции на этой группе, то есть такие элементы т1,т2,т 3 ъ M e  Zp 
что т2 —т ! =  т3—т2. Для того, чтобы убедится в эквивалентности этих 
задач достаточно заметить, что если мы выберем р такое, что 2«< рё4л , 
что всегда возможно и вложить отрезок /„ в Zp, то числа прогрессий в М  
рассматриваемого подмножества в /„ и как подмножества Zp будут совпадать 
и оценки, которые мы получим будут нетривиальны. Итак пусть М  подмно­
жество в Zp такое, что \М\ ё ар и р большое простое число. Мы ищем Х(М )
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число решений уравнения т2 —тл =  т3 — т2 или т3 = 2т2 —т 1. Чтобы 
записать компактнее это число введем характеристическую функцию ум(х) 
множества М. Тогда, как легко видеть Х(М ) =  р2 • Х м * Х м * Х м  (°) гДе Хм(х) = 
Х м ( — 2х) и *  обозначает операцию свертки:

/ г * f 2 (х) = \ - 2 f i  О ')f i  (х -  х )

При изучении свертки функций удобно использовать преобразование Фурье. 
Напомним, что это такое. На группе 7 р существует характер у, (х) такое, что 
характеры у((х) = у,(/л') (О S  i S / )  -  1) образуют ортонормированый базис в 
пространстве функций на Zp, снабженым скалярным произведением (/, g) =

=  — 2  f ( x) *&(*)• Поетому каждую функцию можно записать в виде f(x)  =
X

р— 1
=  2  яi eXi(x) где a i = (f> Xi) называются коэффициентами Фурье функции /  и 

1 =  0
р - 1

( / / )  =  2  |я;[2. При этом, если а,- коэффициенты Фурье функции / ,  функции 
/ = 0

g и С; функции f ^ g  то ci = aibi. Поетому, если А; это коеффициенты Фурье 
функции ум то,

Х(М) _  г - 1 2 
2 ^  'Ч X-2ÍР  / = 0

('IMI')3Легко видеть, что „нулевой” член этой суммы Aq =  ̂  J =  а3 является тем
ответом который следовало бы ожидать их вероятностных соображений. 
Оценим 0) в случае когда f ,  g и h три функции на Zp коэффициенты
которых равны at, ьг, сг соответственно ( / , / ) =  (g, g) = (h, h) = a и |аг|=о(1) 
Запишем

р - i  p - i

/* g * / / (0 )  = 2 ” aibici = a0b0c0 + 2  aibiCi 
/ = 0 /=1

Оценим последнюю сумму

Легко доказать оценьку

р- 1
2  ctibiCi

i= 1

P - 1

2  “ibiCi 
i = l

a max |а,Ф;2
i V O

Итак |/^ g ^ /î(0 ) -tfoOAÍ а шах |űj|i max Применом эту оценку кслу- 
ivo ív о

чаю, когда /=Хм, 8 = Хм и ь = Хм- В этом случае а0=Ь0=с0= а. Мы видим2 3„z а
что, если а

т[А(| < при 

чай когда ЭМО такое, что |A;j

íV  0 то
а2 
2 ’

Х ( М ) ^ р 2 Осталось разобрать слу-

Легко показать что 3 с > 0  такое что

S t u á i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  6 (1971)



Д. КАЖДАН: О СУЩЕСТВОВАНИИ ТРЕХЧЛЕННЫХ АРИФМЕТИЧЕСКИХ ПРОГРЕССИЙ 265

множество тех чисел где Re уа (х) • Af1 > с обладает свойствами требуеными 
в альтернативе. Альтернатива доказано.

Возможно, что из доказательства следует существование константа у >0 
такое, что если h > я0 и М  подмножество /„ такое что |M]=»y«/logH то М  
содержит трехчленную прогрессию.

[1] R o t h , K. F.:
[2] R o t h , K. F. :
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DUAL AND PARAMETRIC METHODS IN DECOMPOSITION 
FOR LINEAR FRACTIONAL PROGRAM

by
P. ANAND

Abstract: This paper considers a large structure linear fractional program. The 
decomposition procedure based on dual simplex for optimizing the fractional program­
ming problem is developed. This approach can also be used, for solving certain 
parametric linear fractional programs in which the parameter is either contained 
in the requirement vector, or in the costcoefficients of the numerator (or the de­
nominator).

Introducton: Recently much attention has been paid to decomposition algo­
rithms for solving large structure programming problems. D a n tzig  and W olfe 
[3, 4] developed a decomposition principle for solving large linear programs. The 
procedure developed has two main characteristics: — (1) The number of contraints 
in a linear program is reduced at the expense of introducing (in general) a large 
number of unknowns; then (ii) the simple algorithm is modified by the introduction 
of a generalized pricing operation” so as to render the new problem amenable 
to practical solution in spite of the large number of unknowns. Their approach is 
basically a primal method.

J. M. A ba die  and A. C. W illiams in their paper [1] developed a decomposi­
tion algorithm which is basically a dual method. Their method also allows certain 
parametric linear programs to be solved by decomposition. The algorithm consists 
of constructing a sequence of admissible vectors such that the sequence of their 
values is monotonie strictly decreasing. Here the admissible vectors are drawn from 
a finite set, the convergence is thereby assured.

In this paper, we consider a large structure linear fractional functional program. 
A decomposition algorithm based on dual simplex method for optimizing a linear 
fractional program is developed. The dual decomposition algorithm can also be 
used for solving certain parametric linear fractional functional programs in which 
the parameter is either contained in the requirement vector or in the coefficients 
of the numerator (or the denominator). This paper is divided into three sections. 
Section I provides a dual decomposition procedure for a large structure linear 
fractional program. In section II, we modify the procedure for b = 0 and in section 
III, we treat four parametric linear fractional programming problems to be solved 
by the decomposition method.

Preliminaries: A general linear fractional programming problem is as follows:

Maximize z =  —rdx
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subject to
A x= a
x^O.

Several primal methods have been given by various authors for its solution [2, 6], 
[8, 9]. In a recent paper, K a n t i S w a r u p  [10] developed a dual simplex method for 
the solution of such problems under the assumption that the denominator of the 
objective function is possitive for all feasible basic solutions. The approach given 
resembles with the dual simplex method in a linear program. With well established 
notations if all 4 /SO and some of the basic variables are negative, the rules for 
making a change of basis are :

(i) The variable to leave the basis is the most negative xG. call it x Gr
(ii) The variable xk enters the basis, where к is determined by

where

and

dG x a urk
Min 4

j dGx Gurj Ori, -  0)

Aj = dGx G(Cj — cgG 1 Aj) -  caxG(,dj-  dc G 1 Aß

_  xGr(dj — daG 1 Aß 
dG xG

G being the basis matrix and ur. the rth component of G_1 Aj. The rth column 
of G is replaced by the &th column of A. The new basis inverse and a new basic 
solution with all 0 are computed. The next iteration then commences. The 
procedure is continued till all the basic variables are nonnegative.

Section I. We modify the dual simplex method described in the Preliminaries 
to  treat a large linear fractional functional program of the form:

( 1 . 1)

( 1. 2)
(1.3)
(1.4)

Problem (1)

Maximize z = c  X  

d 'x
subject to

Ax = a
Bx = b

x^ O
where A is an ml Xn  matrix, В is an m2 X n matrix, a and b are respectively mi and 
m 2 dimensional column vectors, c and d are n dimensional column vectors and x is 
the n dimensional column vector of unknowns. The denominator of the objective 
function is assumed to be positive for all feasible basic solutions. It is assumed that 
aXO, b x 0. The set of points x 5 0  which satisfy Bx = b, is also assumed to be 
bounded convex set with only a finite number of extreme points. Under this 
assumption, any хёО  solving Bx = b can be represented by a convex combination 
of the extreme points of the set of feasible solutions of Bx = b, x&0. Let g1, , gK
be all the extreme points of the convex set. We can represent any solution x by

(1.5) X = 2  К в fc> 2  =  1 > for all k.
k= 1 k = 1
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If b — 0, the restriction requiring convex combination of solutions of rSO , Bx = b 
should be dropped in the development that follows. In that case, any x  can be 
represented as a convex combination of the extreme point solutions and nonnegative 
combinations of the homogeneous solutions. Thus, in place of (1. 5), we have

(1.6) * =  2  xkQk + 2  ччва
fc= 1 q= 1

2  Ak =  1, Акё 0 , bq = 0 f°r a*l к  and q.
k = 1

being a complete set of homogeneous solutions of Bx = 0, x^O .  We 
shall first consider the case of b ^  0. In this case the linear fractional functional 
program (1) is equivalent to

Problem (2)<

l ( c V ) A k
Maximize z k= 1

2 ( d 'Q k)K
k= 1

2  (Aek)xk=a
k= 1

2 Xk — 1 » 
k= 1

At S  1 for all к

in the sense that if is optimal for (2), then x° = 2  Qk A? is optimal for (1). Thus
k = 1

we have replaced the linear fractional program (1) by an equivalent linear fractional 
program (2). Let us write c'Qk=fk\ d'Qk=gk and Agk=qk (1.7). Then (2) becomes

2 f k h
(1.8) Maximize z = k A

2 8 k x k 
k= 1

(1.9)
К

2  ЧкК~а
k= 1

(1.10)

1Ï

(1.11) А*ё0 for all к.

We now solve the problem (2) by dual simplex method. In order to solve the 
linear fractional program (2) by the dual simplex method, we assume that we have, 
at each iteration (1), a basic solution (Я) i.e. a basic solution to the constraints (1. 9) 
(1. 10) [but which may not satisfy (1. 11)] with all Aj-^ 0 and (ii) an inverse matrix 
i.e. the inverse of the matrix whose columns are the columns corresponding to the 
various kk of the given basic solution.
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Let XBl be the basic solution with all Aj SO. Let Bi be the basis matrix of di­
mension (ml + \)X (m r +1). Let the z'th row of the basis inverse be denoted by 
(n;, w() =(uf, ..., uf1, H’;). If all the components of the basic solution XBl are non­
negative, then the current solution is optimal. If one or more Xt < 0, then the variable 
to be deleted from the basis is given by Ar =  Min Яг(Яг<0) (1. 12) i.e. the Pivot row

i
r has been selected. Now the vector to enter the basis is that vector which minimizes- 
V =  over the set of all vectors for which the denominator is negative.

urj
Aj = w)(4j’ J) ] w)(qj, 1)] =

=  v2\fj -  Cl 4j-  c2] -  Vi [gj -  Jiiq j -  Я2]
where

^2— gBl^Bl> f BlU = (T 1
gBlu = n1, f Bl w = a2 and gBiw = n2.

Here at and r4 contain the first mt components off Bl (и, w) andgBi(n, w) respectively. 
a2 and л 2 are the (m1 + l)th component, of f Dl (u, vv) and gBl(u,w) respectively. 
Therefore,

Aj = V2( f j  -  о-i gj) -  Fj (gj -  n1 qj) - V 2o2 + Fi n2 
= [V2( c - a ,  Ä ) - V 1( d - n i Ä)]Qi - V 2a2 + V1n2 by (1.7)

and
ürj = K [ g j - g Bl(u’ w)(gj> 1 )] +  V2[(ur, wr)(qj, 1)] =

=  K ( g j - n 1qj) + V2urqj - À rn2 + V2wr = [Àr(d '-7 i1A) + V2i/rA]QJ-~Àr7z2 + V2wr. 
Thus, the vector to enter the basis is determined from

(1.13) Minimize v 
/

[V2 (c' -O y A ) -  Vj (<d ' - n t A)] Qi + Vx n2 -  V2 a2 
[Àr(d' — A )+ V2ur A] qJ + V2wr — Xr n2

over the set of all vectors for which the denominator is negative.
The problem which we are considering is thus reduced to the problem of find­

ing that q j from among the q  for which the denominator of (1. 13) is negative and 
for which the ratio (1. 13) is a minimum over such q. We note also that the numerator 
of this ratio is nonpositive. Therefore the subproblem takes the form: —-

(1.14) Minimize v = [V2 (c' — g1 A) — Fj (d' — Til A)]x + V1n2 — V2n2 
[Ar ( d '  — n l A) +  V2 u r  A\ X  + F, wr — n2 Я.

Bx = b
rS O

which is a linear fractional programming problem and can be solved by several 
well known methods. An optimal solution of the problem of minimizing (1. 14) 
subject to the conditions Bx — b, xêO  occurs at an extreme point of the convex 
set of feasible solutions to Bx = b and rëO . Let us assume that the minimum occurs 
at qj and the denominator of (1. 13) is negative for qK Then we shall introduce 
Àj into the basis and delete Xr from the basis. We compute a new basic solution
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and a new basis inverse. At each interation we maintain AjS. 0. The above procedure 
is continued till all the basic variables are nonnegative. We also note that if for 
some qj an optimal basic solution of (1. 14), we have

[}.r( d ' - n iA )+ V 2urA]QJ+ V 2wr- n 2Àr Ш 0
then there is no admissible basic solution. Therefore the problem (1) has no optimal 
solution. Thus, we find that the above procedure is repeated to determine whether 
the new basic solution is optimal, or if not, what variable enters the basis of the 
next iteration.

Section II. Modification for 6=0.
We shall now modify the above procedure for 6=0.
In this case, we substitute (1. 6) into the linear fractional program (1) to replace 

it by an equivalent linear fractional program of the form:
к Q

2  (c'ek)'~k+  2  (c'nq)i>q
l= l  <7=1(2.1) Maximize z =  --- ------
2  (d'çf)Xk+  2  (d'riq)ng

k= 1 q = 1

(2. 2) Problem (3)" 2  (AQk) h +  2  (An4)kq =  a
k = 1 q = 1 

К
(2.3) 2  K  =  1

k= 1
(2.4) ОAll

Let (AB) nBl) be the basic solution with Bv as a basic matrix. We assume that for 
each basic solution,

[V2(c’ — о I A) — V1(d' — Kl A)]Qk+ V l n2 — V2(T2 S  0 k=  1, ..., К
and for each homogeneous solution,

[V2(c'-(7l A ) - V l ( d ' - n l A)\ri'' S O  <7 =  1, ..., Q.
The pivot row will be determined from (1. 12). The vector to enter the basis for the 
columns of the type Agk is determined by (1. 13), and the ratio (1. 13) for the co­
lumns of the type Afi  is given by

(2. 5) [V2(c' - ct1A ) - V 1 ( d ' ^ n t A)]fi 
[V2urA+K(d' - п у А)]

i.e. we have to solve the following nonlinear program:

Minimizes [V2 (c — a l A) — Vi (d '~  n , A)]x 
[Ar(</' — n I A) + V2 urA\X

Bx = 0 

хёО .
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In this nonlinear program, the numerator is nonpositive and we have to minimize 
it over all vectors for which the denominator is negative.

Thus, in this case our problem is to find that g j  or t ] q  from among the q  and 
ij for which the denominators of (1. 13) and (2. 5) are negative and for which the 
ratios (1. 13) or (2. 5) is a minimum over such q and r]. The determination of the 
correct vector g or ij according to the above criterion is the “subproblem” which 
has to be solved at each iteration. This subproblem can be solved by several well 
know-methods.

The dual decomposition algorithm thus requires that on each step either we 
obtain an extreme point solution or we obtain a homogeneous solution. This algo­
rithm has the same termination properties as in the case of b FO, since the set of 
possible homogeneous solutions generated in this manner is finite.

Section III. Parametric Linear Fractional Functional Programming. Here, four 
types of parametric linear fractional functional programming problems have been 
considered which are to be solved by the decomposition method. We assume that 
the denominator of the objective function of the parametric linear fractional pro­
gramming problems considered in this section to be positive for all feasible basic 
solutions. The parameter can take only nonnegative values.

Part I: — We find the optimal solution x°(9) a function of the parameter 9 
for the parametric linear fractional program

c '  XMaximize z =  -=— a X
Ax = a + 9ä

Bx — b 
xSO.

Again, we consider the linear fractional program (3), where in (2. 2), we replace a 
by a + Da. We assume that an optimal basic solutions (A0, /t°) for 9 =  9 (initially 
9 = 0 ) has been found, and we have also obtained a basis inverse. We now wish 
to compute an optimal solution for all 9 > 9  for which such solution exists.

Let us consider the problem
c '  XMaximize z =  —rX

d  X

Ax = a + 9a
x sO

Suppose we have a basic optimal solution x° for 9 = 9 = 0. Let U be the inverse 
basis matrix. Then x° =  Ua + SUä = a +  9ä (say). If all oc;^0, 9 can be increased 
without limit, and x° will be an optimal solution. If one or more сё; -<0, we define 3
3 =  = min % . Then x°(9) = a, +  95t for 9 s9 s iS . if 9 > 3 , the basis

a,< 0 CCi
must be changed in order to maintain feasibility. When 9 becomes slightly greater 
than 5, we have a basic nonfeasible solution with all zlj-SO. Then by the dual simplex 
method, we can determine the vector to be introduced into the basis by minimiz-
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ing the ratio ——------- {— —-------over all vectors for which the denominator is
* r ( d -  7 t, Clj)  +  V 2 Ur Clj

negative.
Clearly, the parametric linear fractional programming problem by decomposi­

tion i.e. for a program of the type (3), is similarly reduced to the problem of select­
ing a vector for which the ratio (1. 13) or (2. 5) is a minimum, subject to the con­
straint that the denominator be negative.

Part II: — The second parametric linear fractional programming problem is

. .  . . (c'+$c')xMaximize z = d X

Ax = a 
Bx = b
x^O

We reformulate it again in the form of the problem (3). We assume that an optimal 
solution (A0, co°) is achieved for 0 = 5 = 0  and also the inverse basis matrix.

Let Vl =  У (c'BlQk) t f+  2
k= 1 q= 1

and (<7i, ö2) =fBl (u, w)

Now the vector to enter the basis (so as to compute x°(S) for 3>0) is that vector 
for which

[V2( c -  a, A) — Vl (d' — n i A^ qJ+Vi n2 -  V2a2 
[V2(c' —â,A)  — Vx (d' -  я, A)]qj +  Vi n2 — V2 d2 

or
[V2 (с' - a  I A ) -  V, (d' — n t A)\ i?« 
[V2( c ' - d l A ) - V l ( d ' - n l A)]r,‘>

is a minimum over the set of all such vectors for which the denominator is negative- 
(if the denominator is nonnegative for all qj and all t]q, then the current solution is- 
optimal for all 5 ё9 ). The problem is again reduced to the previous ones.

Part III:
The parametric linear fractional functional programming problem is as:

Maximize z = c'x
(d'+ lid’)x

Ax = a

Bx = b 

xsO.
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Reformulate it again in the form of the problem (3). Let (A0, ц°) be an optimal 
solution with (u, w) an inverse basis matrix for ,9 = 3 =  0

Let V2 = 2  (^BtQk)^k +  2k = 1 «=1
an d  (Æj, Ä2) = g Bl(u, w)

The vector to be introduced into the basis (so as to compute x° (3) for 3>0) is 
that vector for which

[V2(c' — Vi (d' — TZj A)]gj + Vl n2-  V2<r2
[V2 (c' -  a ! A ) -  Vi (d' -TCiA)] gj + Vt n2 -  V2 a2 

or
[V2( c ' - a  1 A ) - V 1( d ' - n 1A)\ri*
[V2 (c -  at A) -  V, {d' -  Ki A)] nq

is a minimum over the set of all such vectors for which the denominator is negative.

Part IV:
Lastly, we consider the following parametric fractional programming problem

Maximize z = (c' +  9)x 
(d ' +  9)x

Ax = a 
Bx — b
xSO

We reformulate the problem in the form (3). We solve this problem for 3 = 3 = 0 . 
Let (А0, /<°) be an optimal basic solution. Let (и, w) be the inverse basis matrix of 
dimension +1) X(mt +1). We now wish to compute an optimal solution for 
all 3 > 3  for which such solutions exist. In this case a change of basis is required. 
The vector to be inserted into the basis is that vector for which

_________ (V2(c'-o-i A) -  Vj (d' -  A)]qJ + Vjn2-  V2 a2
[V(c' -  a I A) -  V{d' — TiiA) + uA(Vi — V2)] qj + Vn2 -  Va2 + V2- V t + w(Fi -  V2) 

or
[ У Л с '-^ А )  - V i ( d ' - n j A )W____

[V(c' - a 2Ä ) -  V(d'-TiiA) + uA (Lt -  V2)\ rf
is the minimum over those vectors for which the denominator is negative.

Here V =  2  Qk^k+ 2
к—1 q= 1

(If the denominator is nonnegative for all qj and rjq then the current solution is 
optimal for all 3 s3 ) . The problem is again reduced to the previous ones.
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We remark that the decomposition procedure can be applied to parametric 
linear fractional functional programming problems in which the parameter can 
take any value not necessarly nonnegative, provided the denominator of the objective 
function remains positive for all feasible solutions and all basic solutions.
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SOME INEQUALITIES CONCERNING BESSEL FUNCTIONS 
OF FIRST KIND

by
A. ELBERT

I.

If yv is the first positive root of the Bessel function of order v of the first kind 
then the well-known estimations (see Watson [1])

О) l 4 v  +  2) /2(v +  l )(v  +  3) vsO

hold. Now we want to obtain similar inequalities for yv in the case — 1 <  v - 
too. We shall prove the following inequalities:

(2)

(3)

(4)
where

l / (v+ l)(v+5)

{Vv-7t(l+v)> S g |v + y

7V <  Í  2(v+ 1) (v +  3) 

1

-1

0 - 1

: V<0 

1
’’ V?£- 2

yv T + A  v +
1 -1

- /
sin <pdtp = 1,8519....

о V
Proof o f these inequalities. Let us consider the solution Уя(х) of the differential 

equation
( 5 )  y" + xxy  = 0  (—2 < A < ° ° )

with the initial conditions Уя(0)=0, Уя(0) =  1, then

Yx(x) = cxYx J il(x+2)(x1 + */2l(l + A/2))

Y'x(x) =  слх(А+ 1)/2У_ л + 1/(л+2)(*1+А/2/(1 + 2/2)), 
where cx is some constant. Let a0 denote the first positive root of Y \ (a) =  0, then

к

a n d

1 + - .

(6) V , !
-1+TT2_J_ . . A '

1+ -

By (6) the inequalities (2) are equivalent to

(7) Л +  - *o + 2< /l + y  - 1
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By transforming the differential equation (5) of Уя(х) into the integral equa­
tion

(8) Y,(x) = X- / { x - t ) t xY,(t)dt = x - K Y x(x),
0

we obtain
X

(9) П ( х ) =  1 - f  t xYx(t)dt.
о

From (8) we have by induction on n

уя(х) =  2 , ( - i ) i^ ‘̂ + ( - i ) n+1^ " +1^ W  ( k ° x = x ) .1=0
Since Уя(х)=-0 for 0<x«=xo, therefore Уя(х)>0 for 0 < x ^ x o and K"+l Уя(х)=-0 
for 0 < x ^ x o and n ê 0 hence by (9)

(io) 1 - f  t x 2 ( - i y K ‘t d t = p ( x x+2) <  y ; (x) -c 1 - / V  2 ( - Y f K 4 d t
о *=° о < = °

= № +2) (O < x sx 0).
By a simple computation we obtain

def

K ‘t
1 + i (Я+ 2)

hence
(A +  2) (A +  3) (2A +  4) (2A +  5) ... (/A +  2 i )  (/A +  2» +  1 ) O ' —  1) >

p ( z )  =  1 A + 2 2(A + 2)2(A + 3) 6(A + 2)3(A + 3)(2A + 5 ) '
If we take into account the inequality

min 11 — +
OszS/l + 9/4

1 1

we get
/  +  2 ' 2(A + 2)2(A + 3) J = 4(A + 3) ' 32(A + 2)2(A + 3)’ 

1
oszsi+9/4 4(A + 3) 6 (A -f 2)3 (A + 3) (2A + 5)

0,3 _  2

9
Л + 4

3'

2A + 5 , A + 2 ;-  12 (A + 3) _™я"
hence by (10) the left hand side inequality of (7) is true. 

Similarly we have for p*{z)

P*(?) =  1 - - + -A +  2 2(A + 2)2(A + 3) 6(A+2)3(A + 3)(2A + 5)
_4

+

+ ,24 (A + 2)4 (A + 3) (2A + 5) (ЗА + 7) '
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The right inequality of (7) will be proved if we show р*(Л + 5/2) <0 . Indeed,

96 (1 + 2)4 (À + 3) (21 + 5) (31 + l)p* (1 +  5/2) = (1 + 5/2)q (1 + 5/2),
where

q(z) = -  48z4 + 108z3 -  88z2 + 30z -  3, 
but

q(z) = - 1 -  1 4 ( z - l ) - 5 2 ( z - l ) 2 - 4 8 ( z - l ) 3(z + 3/4),

hence <jr(z)<0 for z S l ,  i.e. /?(A + 5/2) < 0 if 1 S  —3/2, which was to be proved.
We remark here, that we proved now somewhat more as we stated in (2) or 

in (7), respectively, namely that the right hand sides of these inequalities are true 
by (6) for O S v é l ,  too, as in (1). But by a finer estimation for p(z) the left inequality 
of (7) can be proved for O ^ v S l ,  too. It is very possible, that this inequality holds 
for all V >  —  1.

To prove inequalities (3) and (4) we introduce the function (p(x) by
л_

y  2 Y  C v t
(11) tg q>(x) = ■ у <p(0) =  0,

which satisfies the differential equation

( 12)
А X

(p' =  X 2 +  -r— sin 2Ф. Ax

From (11) it is obvious that сp(x0) = л/2. Taking into account the initial values of 
Yx(x) we have by (11)

г , a -  r ?(*) J aW  _  I
^ A \ ,™ o tg<p(x) А-y; (x)(13)

and using the inequality s in x < x  for x> 0 , we obtain from (12)

-  I 2l(< p '-x 2) < — (p ( Ip i0),
therefore

hence by (13)

and especially at x= x 0

l((px 2 у  <  1,

l(p(x) < lx

ТГ- I +ТГ -1 + X + 2

0,

or

V+ 2 I [л(1 +  v ) - y vJ >  0,

which proves the inequality (3). The case v =  — is of no interest, while у _ 1/2 =  л/2.
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For proving inequality (4) first we have to prove the following inequalities: 

(14) фЧ*) >-0 x > 0

(15) 1+ "2 I <P-X<P' 0 if 2 +  0, 2 > —2, for 0 < x < x o.

Using the identity sin 2(p = 2 tg ç>/(l + tg2 cp) we have by (11) and (12)

**~У0л 2 +  У/)<p' = x Y l2 +  хя +1 г /  +  А Улу; =  g (X),

where g(0) =0, and by (5)

g'(x) = 1 + y j  (F /2 + Xя Fд2) > 0  for X>0,

therefore g(x) > 0  for x > 0 , hence (14) is true.
Concerning the inequality (15) we can point out that in the case 2 = 0  we have 

xcp' — cp = 0 for all values of X . By (13) we can write ç>(x) = О(x1 + 2/2) for sufficiently 
small values of x, therefore from (12)

— 2 3 . 2
<p'(x) = X 2  + ~ < p (x ) +  0 (x 2 " ),

0

Repeating this procedure we have

« > 'м = s +  0(.v! '* 4).

therefore

3( 1+т )  5Í1+t )\ ̂ 2'  +  0(x V 2>),

, f 1 ,A '| 1+4 2(2 +  2) 3Í1+A) 5 (1+4 ).
w = l I + 2 *  1 ( I+ 3 T *  + ° (* +

Using the notation

U x )  = j ( p  —  X ( p 2 +  0,

(//(x) can be written in the form

♦ М - 6 5 Й  , - ï ( ' 4 )  +  o + ( ‘4%

Consequently the statement (15) is true if x is small enough. Let a be defined by 
ci =  inf {x; i/f (x) =  0, 0 <  x S  x0 }. It is clear that a >  0. We show that the case 0 <  a <  x0
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would be a contradiction. Indeed, in this case it would be ф(а)=0, 0 < ^ (а )< я /2 , 
0<t/i(x) for 0 < x < a , hence

(16) ф'(а) =  lim
x-*-a — 0

Ф (а)-Ф (х) 
a — x s  0.

On the other hand, the function ф (x) fulfils the differential equation

v  =
cos 2(о , 2 + A[sin 2<p-2(p- cos 2 <p\,

therefore ф(а) >0, because the expression in the brackets is positive for 0 <я/2,
which contradicts (16), i.e. a = x0, and the relation (15) is true.

Integrating the differential equation (12) over [0, x0] we get by (6)

(17) 7t A r
7  =  , _!__ , + T  /

к *p° sin 2<p (x) dx,
Д +  2

hence for A = 0, i.e. v =  —1/2 the relation (4) is true. For v =  — l +  l/(A +  2), 
к >  — 2, A+0 we have by (6), (14), (15), (17)

71 A :
о  У lZ — Ц ------A+2 2(A + 2) J  0

I ' ° s \ n 2 ( p ( x )  j A r °  si
J  X0 л 2(2+2) J

я  r h 2 ) <P- X<P'

2(2 + 2) J  
0

X ( p '  (p

sin tp
(P

d(p =

(p'(x) dx =

sin 2(p -cp' dx >  0,

which proves the inequality (4).

II.

Let us consider now the solution Z x(x) of the differential equation (5) with the 
initial conditions Z x(0) = 1, Z\ (0) =  0, where 0 <  к <  °°, and denote by xó, x [ , x '2,.. .  
the consecutive roots of the equation Z^(x) = 0. The values

e(nX) = Z}(x'n) (n = l,2 , ...)

have an interesting meaning [2], and it was given the estimation
я

QnX) =- «дл 2+2 0 <  ax <  1, A >  0.
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Now we shall prove the following relations:

Г
(18) 0,617 <  / а л •

я г ( 1+Л
2 + А

2) 2(Я + 2)

(19) lim \ г л(х'„)\п
я Г

2(Я+2) _

Г

1 +А
2 + A J [ 2 121Я+2>

1 ) 1л.

where Г (л) is the gamma function.
Let Ц = l/(A +  2) and г =  х1 + я/2/(1 + A/2), then the solution Z;.(*) can be 

expressed in the form
Z x(x) = Л"Г(1-А!) /х  7_„(z), 

or using the formulae due to Schafheitlin (see e.g. [1])

(20) ZA(x)

From this we have

Г (1 - /0 2 ■2/1+ 1
1 ц \Г

z

/
sin z + 0 I 2  + ß

1) J COSÍ + "0 • sin1 2fl0 
2 0

- 2z ctgfl

Г ( 1 - а0 2 -2"+1

Г
( H r и

z

I e -2zctgfl

cosi + ''0*sin1 2fl в dO

Ч= / (tg0)* + "(sin ey-+,,e+ /1 2zctgfl dd J и i це 2z“du = (2z)" —/t

therefore
(21) | Z , ( x ) l ^ (l

Г

Now we need upper and lower estimations for the values of x'-s. Let z„ be the 
nth positive zero of the function 7_w(z) and x„ the corresponding zero of гл(х) 
(и =  1,2, ...). Let X= XAX) be defined by x

( 22)
x 2ZAx) n

t g / =  Z -(x j ' X ( 0 ) = 2 ,
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then Хл(Х) fulfils the differential equation

(23) ï  =  X 2 + 4x sin 2*

and we have /(x'n) =  Í/7 + n ( n -  1 ,2,...), x(x„) = nn (n= 1,2,...).

X" кIt was proved in [2] that the sequence J / л sin2^Ai/xl is decreasing^
[J 4x ' J«=о

x n -

while the sequence |  J  —  sin 2xx dxj   ̂ is increasing. It can be easily seen that they 

have a common limit, therefore by (23) this limit is

n I,

lim / д sin lXk dx =  lim /
П-* CO J 4% n—oo J

= lim \\n n - Z r lim

sin 2xx dx = lim

n I 1

1 + - .

Xx(x„ )-  l ~ Xn .

1 + 2
4x

n - - ^ \n - m z +  j \ -  + n\\ = 1
-И

where z„ =  xj, + x , 2 / ( l  + k/2) is the /7th zero of the Bessel function J-i/(x+i)(z)y 

having the asymptotic value (see W atson  [I]) nn — ^  ̂
this immediately that

2 + 2 + ,) It follows from

0 > /  i ^ sin 2Xxdx >  -  j  I l  - / ' | >  J  t  sin 2xkdx («= 1 ,2 ,...),4x 2 2
" к .

4x
therefore

nn = z'n= f  IÚ -  4  v sin 2xÀ I dx < nn
7Г I 1
2 2 (/7 = 0, 1,...)

I S Z .  <  nn - ( / 7 = 1 , 2 , . . . ) .

Let =  nn+ 2  ^ 2  — - and £n be defined by =  Ç},+x/2/(\ +к/2). It is clear
that
(24)
By (21) and the definition of Ç„ we have

(25) (I)1

which is the right hand side of (18).
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By (24) we have
( - i ) " z A(x ;> > ( - i) " z A( o ,

hence by (20) and the substitution 0 =  n/2 — 9

(-1  )"Zx(x'n)-

r i j - " r í

-21- 2"
- l

(
- 4

sin Cn+ б  l y +  0

cos* + '10 • sin1 2fl 9
i e-2C„ctg0^ I2 COS | y  + /Í | 0

COS1 2'‘0-sini + "0

Let 0O be a fixed value in (0, tc/2), then 

(26) (-1 )"Z ,(^ ) ^ d - 0 )  2 1 - 2 J - 1

' Н г (г

0̂ г
■ J  COS* + '' 0 • cos Г

•(tg0) i 

therefore

1 1 2i»tg»o
- / 'e -2Ç„tg3 ^ t g  0 >  COSÍ + #1 0O • COS — +  /Í 0o-(2C„)'I_f J  X

. / 0

/ч -* -» -  Г ( 1 - д П 2)*-» (1f i m (— XyZxipc'n)^ " S
П-*-оо

for all 0O Ç (0, n/2), hence

fim(-i)"ZA(^)«i_'1

and this implies with (25) the relation (19). 
Using the inequalities

. . cosi + "0o-cos — + 91 I 7Г 2

Г (1 -р )  (2_)i-" 
n

2Ç„tgS0 2Ç„tg90
J  x ~ ^ ~ ^ e ~ x d x  > _̂2̂ ntgdo J  x ~ * ~ ß d x  = ------ (2£я tg

Í1 ^ - - / t
and

/  х-Ь-*е-*<1х< (2Cntg0o)-* - 't f  e~xdx = (2C„tg 0o) -* -" é
2Ç„tg30 2Ç„tg90

~2̂ d 9 .

i  ße x dx, 

So

e-2Ç„tgS0

S tu d ia  Scien tiarum  M a th e m a tic a ru m  H ungarica  6 (1971)



S O M E  I N E Q U A L IT IE S 285

we have
2Ç„t8»0

J  X i x dx 2C„tg30

г /A f\
x  * "e x dx

2 U g S o  +  y - ^ o

2C„tg90

2ÇBtg30 +  i -  Ц
r W - v \ >

hence by (26) 

2 Ç„ tg 9g

Г (  1- tO

r 2 - " r

21-2д
-1

cosi+,t 90 cos I £ +/Ч • (2C„)M *X

X
2C„tgS0 + y - ^

Let tg 90 = 2 - » then

Г \ ~ - ц \  S  cos2 90 ■ W - \ 2 n n r - > - ^ » °

( - 1  )-z,(x')

•which proves the left inequality in (18).

r ( l - f t )

г
2li

2n tg 90 +

_1 , „ . „ , 2  4 2n> (2n n y - i  —

r '(H

j/ 5  5 2 я + 1 ’
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ON A PROBLEM OF W. SCHMIDT

by
E. SZEMERÉDI

Schm idt asked the following question. Does there exist a set H of real numbers 
of infinite measure so that the ratio of two numbers in H  is never an integer. In the 
present paper we are going to construct such a set H. After writing the paper I learned 
that H aight about simultaneously also constructed such a set.

Let R denote the real line and p the Lebesgue measure.

T heorem. There exists a subset H  c  R with the following properties
1. H is Lebesgue measurable and p(H) = oo.
2. For every x, yd  H and for every integer n s  2

ПХ 7±y.

P roof. Let p {, p 2, ...,p m, ... denote the sequence of primes. We set 

Mm = ( p j ) 2m for m = l ,2 , . . .

<D

Pi
for m — 1,2, ..., 1 ^ is .m

1
m log m log log m nt = 2, 3, ...

Nml = Mm: +
Pi

m --- 2, 3,

If A — [a, b] we put A
t

a b 
Г  t for ?>0.

1

We define H as follows:
OO m OO oo in' Af

(2) н =  и U U U U
m =  m0 i — 1 t =*Z m' =  nt0 j  = 1 '

where m0 is a sufficiently large integer.
H obviously satisfies 2. by construction. H is obviously Lebesgue measurable too. 
To conclude our proof we prove

(3) p(H) = +  °°.
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First of all let us remark that by construction we have 

N - ■(4) Nm if)—”,J = 0  for every m '^m , 1 S i ^ m ,  2 s t .

There is m0 for which the following holds:
(5) w0S m < m ', IS iS ffl, I S jS m ',

I Ű ^

On the other hand for suitable m0 we also have

Mm,t

(6) Вh % ¥ ))s K N m,dn(Nm' J
Mm i log log m'

where U' is extended for those f s 2  all whose prime factors are £  log tn . Medita­
tion shows that we have

со oo nx AT со со log  m ' AT oo m ' ДГ

(7) u u  u  =  и  U U ^ U U '  и  и
t=2 т'=т0 j = l  t  t=2 m'=m0 j=  1 * t^ 2  m' = m0 j=  1 *

where Ur is extended all fór those t S 2  all whose prime factors are S  log m . Thus 
by (4) and (7) we have

Л^пи u u 'M .M n fu  и и M U

s ^ f ^ n f u  U T M ] + / M n ( l l '  u  u  M ]
V Vf = 2 m'>w j=  1 f ) )  V Vf^2 m!>m j=  1 * / /

where U' means the same as in (6) and (7). Thus by (5), (6) and (7) we have

, k , n í ö  Û  и  M )  - S g H  2  2  2
V \ f=2 m'=m0 j=  1 I ) )  \m '>m j — 1 tri>m j = l= i log log m

Thus by (8) we have

=  j  2  2 y J z } ]  =
m’ = m0 j = l  m'=m0 \ i = l  P i )

= 1  i ______ :
2 m̂ m0 m’ log m' log log m'

Q.e.d.
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DEUX THÉORÈMES SUR LA PREMIÈRE FORME 
FONDAMENTALE DE LA GÉOMÉTRIE ÉQUIAFFINE

par
J. MERZA

Dans cet article nous allons déduire deux théorèmes à la caractérisation géo­
métrique de la première forme fondamentale de la géométrie différentielle équi- 
affine. Par ces théorèmes la signification géométrique des quantités en question 
deviendra plus claire. Le premier donne une construction affine-métrique à la dé­
termination de la première forme fondamentale des hypersurfaces de l’espace affine 
à (n +1) dimensions, l’autre exprime quelle relation existe entre le changement 
des espaces tangents de l’hypersurface et une partie de la première forme fondamentale. 
Au cours des calculs l’accomplissement des conditions analytiques nécessaires sera 
toujours supposé. Commençons par l’énumeration des formules fondamentales de la 
théorie équiaffine des hypersurfaces.

On appelle hypersurface à n dimensions l’ensemble de points de l’espace affine 
An+1 à (n + l) dimensions donné par l’équation

(1) r =  r ( u \

si et seulement si
I l  dr 11

rang Í du* ~  П (a = 1 > ••■>«)•

On introduit la métrique équiaffine à l’aide des quantités

= 09=1
|Л |»+2

oik
Л =  det \\Ла„\\

et les fonctions Aaß sont définies par la formule

^aß
d2r дт dr

du* du  ̂ ’ du1 ’ ’ du"

Les quantités Gafi sont les composantes d’un tenseur et la forme différentielle-

(p = GXßdu'*duß

est la première forme fondamentale de l’hypersurface. On écrit la seconde forme 
fondamentale (ou bien la forme cubique), pareillement au cas à deux dimensions,
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sous la forme

Ф = [Gl1/2 d 3 r,
(k
du'

d t
du" dip = A,jßy du* duß du7,

puis on définit la normale affine à l’aide de la formule

_  J_ . ____L
и Г  « I  C7|1/2 d u ß

[G|1/2 • G*ß
dr
did

où G = det \\Gxß\\ et A dénote l’opérateur différentiel de second ordre de Beltrami. 
Les fonctions

Гру = r*ßy + Axßy

où les r*ßy sont les symboles de Christoffel formés des coefficients de la première 
forme fondamentale, déterminent sur l’hypersurface une connexion symétrique 
affine. Ces paramètres de connexion nous permettent d’écrire les équations de Gauss 
sous la forme

(2)
d2t

du* dup
r*Q ^Г

du* Gaß П.

Rappelons encore une formule de la théorie affine des surfaces, notamment la 
relation

(3) dr dr
p  d id ’ dir Gl1/2.

Considérons une courbe u* = u*{t) sur l’hypersurface (1). On peut déterminer 
la longueur d’arc équiaffine de cette courbe en partant de l’équation

par l’emploi de la formule
r * ( 7 )  = r[u'(t), ..., u"(t)]

*2 (я) ^
s = f  |r*,r*, ...,r* |n(n+1) dt.

Naturellement, nous ne nous occupons que des courbes dont la longueur d’arc 
existe. Nous écrivons l’équation de la courbe rapportée à son arc affine sous la 
forme u* = u*{s) et, pour simplifier, nous appliquerons la notation r(s) à la fonction 
r p O ) ,  ..., u"(s)\. Choisissons le point P0 de la courbe et comptons de ce point 
la longueur d’arc affine. Soit P un autre point de la courbe qui appartient à la valeur 
s du paramètre. Mesurons la distance équiaffine du point P0 au point P dans l’espace 
selon la formule

(4) r<»-r(0),

Cette expression est la généralisation naturelle de la formule appliquée par 
W. Blaschke à la détermination de la distance d’un point de l’espace à un point 
d ’une surface.
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Développons en série la différence figurante dans la première colonne du dé­
terminant de l’expression (4) et substituons le résultat reçu

r(s) —r(0) =  r '(0 )-i +  r" (0 )y  + 0(3)

dans la formule. A cause de la décomposition

, r)r , 
r =  u ” dua

on peut supprimer le vecteur r'(0)-5 de la première colonne du déterminant 

1
\G\ 1/2 г'(0)ч + г*(0) 2 +0(3), dt

d u 'Jo’
dt
du” Jo'

Par l’emploi des équations (2) de Gauss on peut substituer le vecteur r" pa

d2 r dt ,,--------- u a и P -I------ il *
du* du11 du*

— I Juq + n
, ,r dt u'*u'ß + ̂ — u*  =  du7

dt
=  (u"e + r j u '7u'“) + Gtßu'*u'»n.

Remarquons que ce n’est que la composante dans la direction du vecteur n  
qu’on doit substituer dans le déterminant parce que les autres membres seraient 
éliminés par la soustraction des autres colonnes multipliées par un facteur conve­
nable. De cette manière on obtient le résultat

|C |1/2
dt

Grfu'7u'p • — n + 0(3), j uT, .... dt
Ju”

(tous les coefficients sont mis au point P0) qu’on peut transformer en

d = С ,я г /“« ,/! s 2

ICI1/2 2 n, dt dt
du' • du" + 0(3).

Prenons en considération l’équation (3), divisons par s2 et passons à la limite 
pour énoncer le théorème suivant.
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T héorème. Soit d la distance de deux points d'une courbe sur la surface, où cette 
distance est calculée à Vaide de la formule (4), soit s la longueur d'arc affine de la 
courbe et cp(s) = Gyßu'7 u'ß la valeur de la première forme fondamentale de la surface 
associée à la direction du vecteur tangent de la courbe. En ce cas on a la relation

lim ~2 =  cp( 0).

Remarque. Si Гоп définit la distance centro-affine du point z au point r d’une 
surface quelconque par

dr dr
z ~ r’ d»1 , •••’ du"'1 

dr dr
dw1 ’ ’ du"

le théorème précédent sera valable dans la géométrie centro-affine aussi en supposant 
qu’on remplace les quantités équiaffines par celles de la géométrie centro-affine.

Pour prouver le second théorème, considérons l’hypersurface (1) et supposons 
que le point r0= r(n 1, est fixé. Choisissons pour repère les n + 1 vecteurs
qui sont composés des vecteurs tangents des lignes de paramètre passant par ce 
point et de la normale affine. Les calculs seront faits par rapport à ce système. Fixons 
sur les lignes de paramètre passantes par le point r0 les points

r; =  r(ul , ..., ul u’ + Au’, u,+ l , ..., u") (i= \ , . . . ,n )

et ajoutons à ceux le point
r„+i =  r(ul + A u \ u2 У Au2, ..., un + Aun).

La construction se commence par la détermination des équations des plans 
tangents de la surface aux n + 2 points reçus. Rappelons encore une fois que les 
calculs seront faits par rapport au repère au point r(td, . . . ,u n) et désignons les 
coordonnées relatives à ce système par y 1, . . . , y +1. Faisons encore une convention: 
nous ne ferons pas sommation dans ce qui suit aux indices latins, les indices de 
sommation seront désignés par des caractères grecques. Nous appliquons la con­
vention d’Einstein mais si ce nous paraît utile nous écriverons des signes de somma­
tion aussi.

Il est trivial que l’équation du plan tangent au point r0 est

yn + 1 = 0.

Pour déterminer les équations des plans tangents aux points r; (i = 1, ..., n + 1) 
employons la formule

(5) R —r;, = 0.

Nous voulons avoir les équations dans le système de coordonnées y 1, . . . ,y n+l 
c’est pourquoi il faut que nous décomposons les vecteurs de la formule (5) dans le
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repère mobile. En partant du développement

rf =  r(uv, ..., и'-1 , и1 + Au1, wi+1, ..., и") =

r o + dr
du'

dt

Au‘+ h
d2r \ (Au')2

d(u')2 ) o  2

dr 1 (Au')2

+  0 ( 3 )  =

-  r °  +  [w)oAui \oJ‘ & J o  + < & ‘ " °
et en tenant compte de la relation

^ T = ôf *

0 (3 )

(0=1, ••■,«)

On1 du11

on obtiendra au vecteur y du point r, l’expression (nous omettons les indices 0,
(0

auf le cas r0)

У =  *)~го =  <5 iA k  + r #
(/)

(AW)i\  2
* ® i

.42
+  0 ( 3 )  n.

Le développement
dr dr ) d2 r

=  (

ou, omettant les indices 0,

du" J ,  { duk J 0 + 1  du" du1 )oAU‘+ ° (2)

Au‘ + Gkl Au’n + 0 ( 2 ) ,4- Г*® +  1 ki (0)
dr
duQ V

( | + ) , =  +  Г" + 0(2)) Í  +  (Gk‘Au‘ +  ° ( 2))n

nous donne les expressions pour les dérivées partielles nécessaires. En utilisant les 
coordonnées y  relatives au repère choisi, l’équation du plan tangent S, au point
rf (/=  1, ..., n) sera

ou en détail

Í dr ï ( dr ïY
(dtd V  W ,  “  ’

J 1- / ô\ + 0(1) . . .  i ‘ +  0 ( l )
(0

У2 - y 2 dî +  0 ( l ) . . .  ô2 + 0(1)
(0

y  — y"
(/) d", +  0 ( l ) . . .  di + 0 ( l )

y +  ! _ y +  1 
(0

Gu Au‘ + 0(2). . .  0„idMi + 0(2)

= 0.
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En développant le déterminant selon la première colonne nous avons l’équation

<51 + 0(1) ... S i + 0(1)

n г г 1+ 0 (1 ) ... &%-l +  0 (  1)
Z ( y e- y e) ( - i ) e+1 $Î+1 + 0(1) ... à® +1 + 0(1)
i = l  (0

«5 + 0(1) ••• к + о (  î)
Gu Au‘+  0(2) ... C„, A u ' +  0 ( 2 )

á l + 0(1) .- S i +  0(1)
+ ( 1 )n + 2 ( y n + 1 —y n + 1 ) \ =

(,) ô\ +  0 (  1) . ■ <5" + 0 (l) '

2 V ~ v e) ( -1 ) г+1( - 1 Г
e=i (0

<51 + 0(1)

^ -*  + 0(1) 
G u Au' + 0(2) 

<5?+1 +  0 ( l)

<5,1+ 0(1)

ôen~' + 0 ( \)  
GniAu‘ + 0(2) 

<5®+1 + 0(1)

. ( _ | ) » + 2 ( y i + l  _ J « + 1 )  

(<•)

<5î + 0 (l)

I <51 + 0(1) ...«5,1+0(1) 

05 +  0 (1 )... <5" + 0 ( l)

«5« + 0(1)

et en divisant par ( —1)"+1 nous obtenons l’équation du plan St:

(.Ve - У°) (GeiAu'+ O (2)) -  (y"+1 -  y"+ ’) (1 + 0 (1 ) )  =  0. 
(<) (0

On sait déjà que
y j  =  <5/d id+  0(2)
(/)

"+1 =  G ^  +  oO ),
" 2

c’est pourquoi

( y e -  <5? Au' + O (2)) (Gei d«‘ +  0(2)) — Уп+ 1 - Gu (- - p - 2-  + 0 (3 )I (1 + 0 (1 ))  =  0,

d’où, après avoir supprimé les termes d’ordre supérieur, on reçoit l’équation du 
plan St sous la forme

-  j G u(Au‘)2.
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Si Гоп veut trouver l’équation du plan S„+, il ne faut qu’apercevoir qu’en 
augmentant toutes les variables on doit faire sommation à l’indice i aussi. Cela con­
staté, en partant des formules

yJ =ôiAu< + ±-r*tÎAu‘ A u°+ 0(  3)
( Л + 1 )  Z

y"+1 =  ^ G e a A u e A u a + 0 ( 3 )(/l+J) ^
on recevra l’équation

GeaAuaye — yn+1 =  Goa AuQ Au”

du plan Sn+1.
Ayant les équations des plans Sk (к =  0, 1 ,...,и  +  1) nous commençons à 

déterminer les sommets du simplex à n +1 dimensions formé par ces plans. On 
obtiendra les n + 2 points nécessaires comme les solutions des n + 1 équations qui 
se résultent du système

- y +1 =  0

GeiAu‘ yo~yn+1 =  y  Gu(Au‘)2 

Gea Au"ye —y "+1 =  2  G^AutAu*

par la suppression de l’une des équations. Si c’est la / ième équation qui est supprimée, 
le point déterminé par le système reçu sera désigné par x.

Le déterminant formé des coefficients du système qui sert à la détermination du 
point P0 est

Glt Au1 G2l A u 1 .. .G nlAul - 1
G i 2 d u 2 G22 d n 2 .. Gn2Au2 - 1

GlnAu- G2„ A u ” .. GnnAu- - 1
GlaAu° G2aAu" .. Gna Au" - 1

Si l’on soustrait la première, deuxième, ..., (и—l)ième lignes l’une après les 
autres de la ligne dernière on aura la valeur (n — l)GAul ...Aun du déterminant. 

Nous verrons plus loin que la détermination des quantités y 1, ...,y"  est super-
( 0 )  ( 0 )

flue et c’est seulement la coordonnée yn+1 qui est nécessaire. On recevra sa valeur
( O )

en développant le déterminant

Cj i Au1 G2i Au1 .. GnlAul iG uC d«1)2
C12 dn2 G22 Au2 . . G n2 dn2 \G 22(Au2)2

GinAu" G2„Au- .. GnnAu• iG nn(Au”)2
GïaAu° G2aAua .. G „„Au" \G ÿa Au“ Au"
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L’application de la soustraction réitérée des lignes de la (« +  l)ième ligne et 
l’introduction de la notation

n
ф =  <p- 2  Gee(Aue)2 

e= 1
nous donne le résultat %(PGAuv... Au" c’est pourquoi

,,n+ 1 _  ^
(O) 2(n — 1)

Passons ensuite au calcul des coordonnées des points P; (/= 1 , ...,ri). Ces 
points sont situés dans le plan y"+l =0, à cause de cela nous ne devons calculer que 
les coordonnées y 1, ...,y". Le déterminant du système 

O) (O

- y n+1  =  0

GtkAukye- y n+1 = y  Gkk(Auk)2 (k=  1, 1,/+  1, ri)

Gs„ Au" ye — y" + 1 =  j G eaAueAu° 

qui sert à la détermination des coordonnées du point P, est

0 0 ... 0 - 1
Gü  Au1 G2i Au1 ... GnlAul - 1

G 2 'i— 1 Au'~' G n i-iA u '-1 - 1
Gi'i+i Aui+l G2[i+i Aui+ 1 ... Gn i+l Aui+1 - 1

Gin Au" G 2n Au" ... Gnn Au" - 1
Gi„ Au" G2a Au" ... G„n Au" - 1

On peut l’écrire immédiatement sous la forme

G u Au' G2i Au1 ... Gnl Au1

G \,i-1 Au'~ 1 G2,i- i Au‘- ' Gn i_i Au'~ 1
Gi,t+i Aui+1 G2,i+i Aui+1 ••• Gn i+i Aui+1

GlnAu" G2„Au" ... G „„Au"
Gm Au" G2a Au° ... GnaAu°

En effectuant la soustraction réitérée des lignes de la ligne dernière puis en 
transposant la nième ligne dans la /ième ligne on aura au déterminant l’expression 
( - 1  )3 ~‘GAu1... Au".
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On peut commencer le calcul du déterminant

0 0 0 0 .. .  0 -  1
G ,,A  u' Gic-1 , .du1 C k H . J " ' . . .GniAu1 -  1

G,,t. ,A u ‘- 1... C k - i G к + \.,i - i Au' 1 . ..  G„,i - 1 Au*'1 -  1

G,,i + i Au1*1... Gк - 1, , + , ^ u ‘ +1 i C l+1, i + 1 (JMi + 1)2 G k + , , i  + 1 Au1*' ... G„,t + , Au1*' - 1

G,„Au" 1 n 4 « " iG„„(Au")2 G к + î, n Au ... G „„Au" -  1
\G iaAu” Gк -1 „ Л и - iG iaAu°Au’ G к + 1 ,a Au ... G „„Au" -  1

■qui sert à la détermination des coordonnées yk,
(0

développe le déterminant reçu
à la manière précédente puis on

( _ 1)n + 3+» - l
----------------------X

2

G , , Au1 • c k _ 1 , 1  Au' GI t(Au‘)2 G к + 1, ! Au1 ... G „,  Au1

G ,,i- l Au‘~l . c k_ G к + 1, t - у Au' 1 .. .  (7„t i_ j Au1-  1

X Gt,i Au‘ • C k- 1 , ( Л и ‘ ç> -  ï  Gec(Au“)2 +  G , ,(Au')2 G k + 1,
C = 1

i d w 1 ...G„,Au‘

Gi.t + i Au1*1 . • c „ - 1,,+1 J u ,+1 c (+1, ( + l ( d « ‘+‘) 2 G к + 1, l + l Au‘*' ...G„,,+ i Au1 + 1

G,„Au" ■ Gk. ,,„Au" c „ „ ( / l u T G к + 1 „Au" ...G  „„Au

selon la A;ième colonne. On obtient l’expression

r _ n 3-i Í "
-Ь—Ц \ %  Gee (A u»)2 GGpk A и 1... Л u*~1 A ue+1... A u” +

2 b=i

+  [Ф +  Gu ( A u1)2] GGik A и 1... A u1“ 1 A ul +1... A un} =

Q*i

(-1 ) 3 - i
Z  GQQ(AuQ)2Gek Aul ...Au°~l AuQ+i...Aun +
Q= 1

+  ФСЛ Aux ...Au' 1 Au,+ i ...Au"

Si l’on introduit la notation

П
B1 =  Z  G ^Au*)2#«  Au1...Au«-1 Au«+l...Aun

e= 1
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on trouve à la coordonnée yk la relation
(0

У
(0

( -1 )3- C
2 ( - l ) 3- ‘G Au1...Au 

1

— (Bk + <PG,k Au1... Au' 1 Au'+l ...Au")

2 J J  Aue
e= 1

(Bk + ФСк Au1 ...Au' 1 Au'+1 ...Au")

En employant les moyens déjà vus on a pour les coordonnées du point Pn+t 
les expressions

. ( -1  )n+3GBk Bk „ ,
У = ----------------- *—  =  — „—  (* = 1 ....... »)

(n+l) 2(— I)"+3G J J A u e 2 J J  Au*
e = i  e = i

et c’est trivial que yn+1 =0.
( « + D

Le volume du simplex à n + 1 dimensions déterminé par les points P0,P l , ... 
...,P „+1 est fourni par la formule

1
(л +  1)!

qu’on peut écrire sous la forme

y  - y ,  •••, y - y ,  ;
(2) (0) (Я) (0) (fl-

y 1 y 1 • y 1
(0) (i) (и+1)

y n + 1  y n+1 .  y n+1
(0) (i) (n+1)
1 1 . I

(n +  1)!

Substituons les coordonnées dans ce déterminant. Nous écrivons le résultat 
schématiquement de la manière suivante

(-1)' г
(n + 1)!

y(0) Bk +  Фв‘кА и '... Au‘~1 Aui+1... Au" Bk
n n

v" 2 J J  Aue 2 J J  Au6
( 0 ) e=i Q= 1

Ф
2(n — 1)
1 1

0 0 0 

1 1

( - 1) Ф
(n+ 1)! 2(n— 1)

ФОи Au1 ...Au' 1 Aui+1 ...Aun

2 J J  Aue
e= 1

Bk

2 U Aue
e= 1

0 1
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Le développement de ce déterminant, par l’emploi de l’identité

donne au volume du simplex

V* = —

det U G* H =  1

Ф"

(n + 1)!(1 —n)2"+iG J J  Au*

Après avoir eu le volume du simplex déterminé par les plans Sk 
(k = 0, 1, ...,n  + l) nous le comparons au volume du simplex déterminé par les 
vecteurs Г; — r0 (/=1, ri) et par le vecteur normal. En partant du développement

ri - r° =  Ли«+  0(2)

relatif au repère mobile, on voit que le volume cherché est donné par

V *  —  yR —

et par conséquence

Au1 0 ... 0 0 n

1 0 Au2 ... 0 0 П  Aue
Q=  1

(и+1)! 0 0 ... Au" 0 (и + 1)!
0(2) 0(2)... 0(2) 1

v*.y* ф П + 1

[(n + 1)!](1 —n)2"+i G '

On sait que la valeur F* du volume calculée dans le repère mobile et la valeur 
V du volume mesurée à l’aide des vecteurs de base de l’espace sont jointes par la 
relation

V=  ( -  1)"|G|1/2F*.

En appliquant ce fait dans notre calcul nous voyons que

Ф"+1 =  2n+1 (1 -n )[(n+ \)']2Vs -VR

d’où, par l’emploi de la relation

Ф = ср~ 2  Gee(Aue)2 - 2  2  Gea Au* Au",
e=' G)

on déduit
П+ 1 __ _______

2 G eaAu»Au" ^  rïT(n+l)!]2(n-l)Fs .F*|
(S)

ce que nous voulions démontrer.
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Si Гоп introduit la notation
n + l _________________

c= /[(и + 1)!]2(« — 1) 
on peut énoncer le théorème suivant.

T héorème. Considérons sur les lignes de paramètre passant par le point r0 de la 
surface les points

r, =  г(к‘, и*"1, и‘ + Ли\ ui+1, ..., и”) (/ = 1, ...,n)
et le point r„+1 =  г (и1 + Ли1, ..., и" + Ли"). Désignons par Vs le volume du simplex 
déterminé par les plans tangents aux points r0, r , , ..., r„ +t et par VR celui du simplex 
formé des vecteurs r; — r0, n (a est la normale affine). Ces volumes sont liés à la première 
forme fondamentale de la surface par la relation

«4-1________
ЗС 'цЛ и'Л и»  «  о  Ÿ\VS.VR\ .
tx̂ ß
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A NOTE ON OPERATOR TRANSFORMATIONS

by
T. FÉNYES and P. KOSIK

Introduction. In his paper [1] G esztelyi has introduced the concept F of operator 
transformation as a linear map of M  into M  where M is the field of Mikusinski 
operators. G esztelyi [1] defined also the continuity and multiplicity of operator 
transformation and proved interesting theorems related to such operator trans­
formations.

The purpose of this paper is to show, in addition to G esztelyi’s interesting 
paper, some elementary properties of operator transformations especially of T * 
and Uk.

1. On operator transformations of logarithms

Notation : The set of linear, continuous and multiplicative operator transforma­
tions is denoted by 3~x. The set of logarithms is denoted by Л.

T heorem 1. An maps Л into itself.
The proof is analogous to that of the special case given by G esztelyi [1] and 

the formula
(1) F(e~Xw) =  e -AF(w), w£A
holds.

Remark. If F has a continuous inverse F _1, we conclude that F is a bijective 
map of Л onto itself.

Examples.
F = T 1 Here is F ~ l = T~*
F=Uk Here is F ~ i = U l

~k

2. On the operator transformations T7 and Uk

In the sequel Tx(x), Uk(x) will be considered as operator functions of the (real) 
variable a ( — respectively к (0< k< °°).

Notation: Let — The symbol /rv(Ai ,A2) denotes the set 
of operator functions being v times continuously differentiable on the finite interval 
i j  SA ^A 2 in the sense of M ikusiNski [2]. The symbols °°), juv(e, °°) denote

S tu d ia  S c i e n t i a r u m  M a th e m a t i c a r u m  H u n g a r i c a  6 (1971)
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the set of operator functions being v times continuously differentiable on every 
finite interval contained in — °о<Я<°°, respectively 

First we prove the following

L emma А. 7/'/(Я)$д(1(Я1, Я2) an(! /(Я) 6 /j , (Я3, Я4), where Я1 <  Я3 <  Я2 <  Я4 then
ДЯКМ Я1 , Я4)

Proof. Since

/ w  =  ^ { / i a , o b  я, =
and

where

w
{M

w

Я ^Я ^Я г

^ / 2  

г)Я ’ $Я

/ W  =  42  { / 2(Я, 0}> ?2 =  j g j - e  л / ,  я 3 ä  я  s  я4

exist and are continuous in Àt S  Я Я2, i = 0, respectively
Я3 S  Я S  Я4, / S  0, we get

(2)

m  =  

ж >  =

{ д  a  o>

{ M (M  '

{ f 2 a o }

ЯI — Я — Я2

ЯзёЯёЯ,.
where

(3)

{Д Н Ы

{ ^ ( Я ,  / ) }  =  {й 1 } { А 2 } { / 1 ( Я , г ) }

{^2(Я, 0} = {а2}{01}{/2(Я, 0}
It сап be seen from (2) that

Fi  ( Я )  =  F2 ( Я)  if Я 3 ё Я = ? Я 2 

Consequently (2) can be written as

m ,  0 }(4) m  =

dF
{bi }{b2}

Я3 s  Я ёЯ 4

where exists and is continuous on Я ^ Я ёЯ * , isO

T heorem  2. Let xÇ_M be arbitrary and fixed. I f

Т*(х)£цi(a i, a2) 

Тх(х )£ ц „ (-°о, о»)
then

and the following formula holds: 

dlT* (x)
(5)

/ /
c/cd =  (-1)'/)®[Г«(дс)], i= l ,2 , . . . ,

u k(x)£ h i(k i ,k 2) k i , k 2>0
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then

and

( 6)

holds.

Uk(x)£n„((>, oo) for 0

dUk(x)
dk D[Uk(x)\

Proof of the case T*(x). If x = { / } £ C ,  then Tx( f )  =  {ex‘f }  and the theorem 
is trivially true.

If X = 1— |çAf, from Тх(х )вр ,(а ,, a2) the formula 
Ш

(7) d T H x ) ~  d T^{f) _ - D [ T ^ f ) ] T ^ g )  + D [ T ^ g ) m f )  ( a = s a s a )  
(7) dot W  [7"*(g)]2 ( l “  2)

follows. Since the operator transformations Tx, Z) are commutable, we obtain

fDg — gDf
( 8)

d = ^ [ / ^ ( g ) - g g ( / ) ]  _  _
r/a W  T \{g Y )

= -T*[D (x)]= -D [T*(x)\
We refer to the following result of G esztelyi [1] (page 184, Theorem 5. 4).

L emma B. I f  F is a linear, continuous operator transformation ô/?î/ / (A )Ç / i 1(A1 , л 2), 
then Т'[/(Я)]€/(1(;,1, ;.2).

(9)

So we obtain that 7'a(x)Ç/i00(a1, a2) and the formula 

d ' T f x )
dy.‘ =  (-!)'£<■>[Г‘(х)]; / = 1 , 2 , . . . ,  ( o i t s a s a , )

holds.
Now we show that T * ( x ) — °°, °°). In fact, let /? be fixed such that 0< ß  

< a 2 — <*1 . Then
( 10) «2 + //)
Applying 7^ we see by Lemma В that Tx(x)£pl (ot1 + ß, a2+ ß) and by Lemma A 
that

(11) T2(x)^pi(ctl ,a 2+ß)

We can easily conclude that T°‘(x)Zi.il (otl , a2 + y) where y> 0  is arbitrary, i.e.

T°‘(x)epi(.<x1, о»)

and similarly Tx(x)Ç_Hi( — °°, a2) so that

T“(x)ep i( — °°> °°)
But then 

( 12) 7’“(x)€/i«,(-°°, “)
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P roof of the case Uk(x). If x = { /}€  C, then
t kt

Uk( f )  =  {kf(kt)} = s \k f  Дкт) dx\ = s { /  /(и) du\

and

(13) dUkd (k f )  = s{tf(kt)} = j { k t f ( k t ) }  = - j D U k( f )

By Lemma B, and also £ ^ i (g, «>). SinceК

DUk( f )  = ^ U kD(f) ,

we easily conclude that Uk(f )£^(g,^>) .  Consequently, if x = { f } ,  the Theorem 
is true.

{f }
If X =  € M, from Uk(x)^).il (ki , k2) the formula

rf , d U k( f )  - i ^ ( f ) U k(gn ^ D U k(8)Uk( f )
dk Uk(x) dk u k( g ) [uk{g)Y

(14)

s DUk( f ) Uk( g ) -DUk(g)Uk( f )

= ~ T DUk

[t4Gi)]2

/
g

D Udf )
Vk(g)

DUk(x) (kl ^ k s k 2)

follows and it can easily be seen that ик(х)^цаа(к1, k2).
K JNow we show that Uk(x)£[u(Q, °°). In fact, let k 0 be fixed such that 1 .

Then

(15) U , U k{x ) = U k (x)£fi 1(k0k i , k 0k2)

Applying Uko we see by Lemma В that Uk(x)Ç_/it (k0k l , k0k2) and by Lemma A 
that

(16) ик(х)еиЛк1, кок2)
We can easily conclude that

Uk(x)£Hi (k t , yk2)
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where y >  1 
that

But then 

07)

is arbitrary, i.e. Uk(x)£iil (k1, °°) and similarly Uk(x)£px(g, k 2), so 

£7jt(*K/*i (e. °°) for e > 0

Uk(x)£p„(g,  °°) for g > 0

The derivative of T*(x) and of Uk(x) has an interesting property which will 
be proved in

Theorem 3. I f  Тя(х)€р1(— °°, °°) and its derivative vanishes at any a = a0 , then 
X  is a complex number and the derivative o f Tx(x) vanishes identically on — °° <  a <  °°. 
Consequently if  x$K,  the derivative o f T7 (x) can not vanish anywhere.

The same is true in the case o f Uk(x) (k >0)
Proof. By the above assumption

(18) ^ T * ( x ) \a=xo = -D [T 'o(x)] = 0

holds. It follows from a result of M ikusinski [3] that T“°(x)=c where c is a complex 
number, so that x= T ~ c‘°(c) = c, T*(x) = T7(c) = c for every a. Consequently

éT-w s  о

On the other hand we have

(19)
dUk(x)

dk - Sr-D[Uk0{x)] =  0 
Ko

So we obtain D[Uko(x)\ =0, Uko(x) = c so 

for every к >0. Consequently

that x = U I (c) =  c, Uk(x) = Uk(c) = c 
k0

d
dk Uk(x) = 0

will be obtained.
Finally we expose the following questions:
1. Are the operator functions T7(x), Uk(x)continuously differentiable for every 

M, or not?
2. Do a non-logarithmic operator x £ M  and a non-trivial exist for

which the operator
y  = F(x)

is a logarithm?
The authors are indebted to Prof. G. Freud for his valuable remarks.
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О РЕГУЛЯРНЫХ ПРОГРАММАХ

Л. ДЬЮРИШ

В настоящей работе подробно излагается „язык регулярных программ”, 
очерченный в [6]1. Определяется синтаксис языка с помощью операций вве­
денных в [2] (и их обобщений). Появление операционных параметров в этих 
операциях может получать существенную роль в исследованиях теории прог­
раммирования. Способ построения системы Д31, 33), определен нами и тоже 
иллюстрирует и подчеркнует это. Теория регулярных программ даст воз­
можность совместно исследовать синтаксические и семантические (теорети­
ческие и практические) проблемы программирования [4].

В §1. определяем регулярные программы, в §2. рассматриваем соотно­
шения между элементами системы /*(31, 33).

§«•

Перед определением системы регулярных программ кратко обоснуем 
метод построения.

Из определения [2] микропрограммно-алгебраическо системы (31, 33) 
вытекает, что язык описывающий микропрограммы является универсальным, 
т. е. в случае удачного выбора исходных операторов и логических условий 
любую трансформацию состояний мохно выразить микропрограммой (или 
последовательностью микропрограмм). — Система (31, 33) оказалась безус­
ловно эффективным средством с точки зрения конструирования вычислитель­
ных машин и др. Некоторые проблемы программирования [6] требуют её 
дальнейшего развития.

При описании сложных программ или систем программ, и вообще в 
связи с синтаксическими проблемами программирования оказывается необ­
ходимым принимать во внимание тот практический факт, что по существу 
одна микропрограмма состоит из последовательности операций, которые 
соответствуют одному „циклу”, т. е. служит для конкретного описания одной 
команды [2].

Поэтому имеем в виду то подмножество множества всевозможных вы­
ражений представимых в системе Глушкова, элементы которого соответст­
вуют командам. Выражения, созданные над этим множеством с помощью 
умножения, условной дизъюнкции и условной итерации опишут „грубую струк-

1 Понятие регулярных программ было введено в [1] В. Г луш ковы м. Здесь оперируем 
иным определением (эквивалентным [1]).

5
S t u d i a  S c i e n t ia r u m  M a t h e m a t i c a r u m  H u n g a r ic a  6 (1971)



308 Л .  Д Ь Ю Р И Ш

руту” (и только эту) программ. Легко понять, что „грубую структуру” любой 
программы можно выразить в таком смысле.

Очевидно, что можно формулизировать значение программ (как транс­
формацию состояний [4]) с помощью микропрограмм, выражающих „тонкую 
структуру”. Значит синтаксические и семантические проблемы программиро­
вания являются формулизируемыми с помощью системы Р(3I, S3) построенной 
таким образом.

(I) часть определения системы Р(31, S3) по существу состоит из системы 
(SI, S3) определенной в [2], хотя требуются некоторых модификаций или спе­
циализаций. Пусть дано базисное множество М  (множество внутренних сос­
тояний вычислительной машины). — Если не имеем в виду интерпретации 
(на М ), тогда речь идёт о „схемах” микропрограмм и программ [4].

(I) Регулярные микропрограммы

I. Обозначим конечное множество операторов (исходных микроопераций) 
через U = {xl , х 2, ...,х„ ,е}. (Отображения базисного множества в себе, 
е: символ идентичного отображения.) 33= {а,, а2, ..., а*}: конечное мно­
жество исходных логических условий. (Логические условия вполне (не 
частично) определены над базисным множеством.)

II. Основные операции:
В SI: ассоциативное умнежоние (означает последовательное выполнение 
операторов); 31 является полугруппой.
В S3: конъюнкция, дизъюнкция, отрицание. (Тождества булевой ал­
гебры выполняются в S3.)
Внешние операции:
1. Умножение оператора и логического условия: значение условия ß = X • а 

равно значению ос после выполнения оператора X.
2. а-дизъюнкция: оператор Z = ( X v  У) равно X  в случае а =  1, иначе У.

а
3. а-итерация: оператор Z = {X} равно первому такому элементу после-

а
довательности е, X, X 2, ..., X", ..., для которого уже а =  1.

III. Выражения, полученные из элементов 31 и S3 конечное число раз применяя 
операции II. называются регулярными микропрограммами.
Очевидно можем говорить о безусловных и условных регулярных мик­
ропрограммах.

Отметим, что принятие (31, S3) в качестве „системы”, а не „алгебры” 
является несущественным отклонением от [2]. Те же самые операции здесь 
служат конструированию новых выражений.

Система, определенная на основах I—III. называется системой регуляр­
ных микропрограмм, и обозначается через (31, S3).

Для дальнейшего необходимо точно сформулировать, какое подмно“ 
жество множества всевозможных вырежений описываемих в системе (31, S3) 
может соответствовать командам. Те регулярные микропрограммы являются 
командами или элементарными программами, которые опишут функцио­
нирование композиции автоматов введенной в [2] с некоторого начального
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состаяния до терминального состояния управляющего автомата (т. е. которые 
относятся к одному циклу).

Условимся в том, что существует специальная регулярная микропрограм­
ма Е среди приказов, соответствующая идентичной трансформации базисного 
множества.

(2) Регулярные программы

I. Каждая команда явлается (элементарной) регулярной программой.
II. Если Ру, Р2 и Р3 регулярные программы, тогда результат следующих 

операций регулярная программа тоже:
1. Умножение: Р = Ру-Р2. (Означает последовательное выполнение

трансформации описанных Ру и Р2 •)
2. Условная дизъюнкция: Р = Ру v P3P2 равно Ру, если условие у Р3 выпол­

няется, иначе Р2.
3. Условная итерация: Р= ^ Рг(Ру) равно первому элементу из Е, Ру, Ру,  

...,Р " ,..., для которого условие у Р2 уже выполняется.
III. Регулярные программы: регулярные программы, предписанные I. и II. 

(и только эти). Система регулярных программ: Р(91, 93).

Примечания.
1. В (2) II. 2,3 условие считается выполненным в случае безусловных 

регулярных программ, в противном слущае речь идёт о выполнении 
условия описанного условными регулярными программами.

2. Каждую программу (микропрограмму) можно сформулировать регу­
лярной программой (микропрограммой) [1]. Наше определение и опре­
деление [1] являются эквивале нтнымив содержательном смысле, по­
этому каждую программу можно представить в системе Р(91, 93).

Пример.
,Схема программы’ [3] ''}\ = Ру\АуР2\ \А2\ интерпретируя соответствует

1 2 1 2
,программе’ [7].
91 как регулярная программа имеет следующий вид:

91= (А у • (А2 Vp2E)) v Pi A2.
Мы можем дать значение (семантическое описание) для 91 таким образом, что 
конкретно сформулируем её элементы на языке [2]:

Ay = (Xyv Х2)-{Х3-Х2}-Ху,
a i  (Х2

A2 = X y X 2 .(X2v X  3)-{Х4},
02 0.2

Ру = {Х2. Х 3} . Х у Х у « у ,
0 2

Р2 = (Ху v X 2)-{X2}-X3-oc2;
01 02
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Е: команда, соответствующая идентичной трансформации; 
х {, х2, х3, х4: данные отображения множества состояний, 
ос у, а2: логические условия, определенные над множеством состояний. 

Этот пример тоже иллюстрирует, что построение системы Р(2Г, 33) может 
оказаться полезным с точки зрения программирования.

§2.

Определение (по [2]): Регулярные микропрограммы (и программы) явля­
ются эквивалентными тогда и только тогда, если опишут ту же самую транс­
формацию состояний.
Не занимаемся тождествами системы (21, 23) (см. [2]).

Некоторые из следующих соотнощений непосредственно вытекают из 
определения системы.
Мы делим соотношения эквивалентности на две части:

I. Предположим, что операционные параметры служат только выражению 
условий, не опишут трансформации состояний.

И. Любая регулярная программа может быть операционным параметром.

1.

Пусть Р1, Р2, Р3 и Р4 будут произвольными, Q, Qy и Q2 соответствую щимц 
предположению I. регулярными программами.

1-0) Pt v QPy = Py.

Т. (2) (Р1 VqP2)- Р3 = P q (P2 v q Р3).

1.(3) ( / v / y . p ,  =  PÍ -(P2-P3).

I. (4) (Py v 0 P2) ■ P3 = (P, ■ P3) v Q (P2 • P3).

Очевидно, что если условие у Q выполняется, тогда обе стороны опишут 
трансформацию состояний соответствующую (Рх ■ Р3), в противном случае
(Р2 -Р з).

I. (5) P t • (Р2 vß Р3) = (Pj • P2) Vq (Р( • Рз).

I. (6) PY vQiP2=P2 Vq2P { справедливо только тогда, если отрицание условия 
у Qy равно условию у Q2 или наоборот.

I. (7) (Ру v Q Р2) ■ (Р3 Vq Р4) = (Ру ■ Р3) v Q (Ру ■ Р4) v Q (Р2 ■ Р3) ve (Р2 ■ Р4).

Из-за ассоциативности условной дизъюнкции (I. (2)) опишем правую 
сторону в следующем виде:

(((Л  • Р з) Vq (Ру • Р4)) VQ (Р2 ■ Р3)) Vq (Р2 ■ Р4).
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Так легко установить, что обе стороны означают трансформацию сос­
тояний, соответствующую (Р, • Р3) в случае, если условие у Q выполняется, 
иначе {Р2 • Ра)-

I. (8) êí̂ öĈ i)) — *е (̂  íí-
ITo определению условной итерации левая сторона опишет трансфор­
мацию соответствующую первой регулярной программе из

£, * е(Л ), (% (Л ))2, - ,  ( * е (Л ))‘, -
для которой уже условие у Q выполняется. Если условие уже вначале 
выполняется, тогда речь идёт об Е, иначе нужно рассматривать -^ (Р Д . 
А это означает трансформацию, описанную первым элементом

£ ,P i ,P i2, - , P f , . . .
для которого уже условие у Q выполняется. Если такой элемент сущест­
вует, тогда трансформация, соответствующая этому, равна трансфор­
мации, описанной левой стороной; если нет, тогда не существует тоже

для ( * е (Л )2), Для ( * е(Р,))3, ...
Имея в виду и значение выражения правой стороны очевидно справед­
ливость тождества.

I- (9) ^q(̂ i vq Дг) — * с ( (Л -^ еР2).
Доказательство подобно Е (5), поэтому только иллюстрируем с по­
мощью граф-схемной интерпретации.
Левая сторона: Правая сторона:

I. (10) ( * е(Л  ve P2)) V ö  ( * е (Р2)) =  * с (Л  v ßP2).
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Только иллюстрируем и это
Левая сторона: Правая сторона:

1.(11) Pr E = E -P l =  Рх.

1.(12) * a{P1) = E v Q(* (P í)).

Интерпретируя с граф-схемами:
Левая сторона: Правая сторона:

I - (13) ( * с ( Л ) ) у е(£ у е (* е(Л ))) =  E 4 q( * q(Pù \

Эти соотнешения тождественно выполняются для всех программ, по­
этому это тождество можно получать з помощью 1.(1) и I. (12) таким 
образом, что в I. (1) заменяем Рх с * в(Рх) и Е у Q( NQ(Pj)) из-за I. (12). 
Значит обе стороны опишут ту же самую трансформацию состояний.

I - (14) *в(*й(Л )) = £ 'v ö ( % ( i ,1)).

Это вытекает из I. (8) и I. (12) подобно предыдущему, но можем предста­
вить и с помощью граф-схем.
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Левая сторона: Правая сторона:

I- (15) Ру v Ql ,q2 P2 — (Ру Vq2 Р2) v ßl Р2 ■

В граф-схемной интерпретации:
Левая сторона: Правая сторона:

1.(16) ( • (Р2 v Q Р2)) v e  ((Ру V Q Р2) . Р3))) V C (  * ß  ((Ру WQP2) . Ру)) =

=  * С(((Л  • Рг) Vß ( Л  • ^э)) VQ((Py • Ру) VC(P2 • Ру))).

Можно доказать подстановками в I. (10) на основе I. (5), I. (4).
I. (17) ^ q(Pí) = E, если условие у О выполняется.

1.(18) * ö ( ( P i .P 2) v ö P2) =  ( * Q(PyVQP2) ) v Q( * Q(P2)).
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I. (19) P1 vßl,q2P2 =  Р г> если условие у Qt выполняется 
как условие у Q2 ■

1 . ( 2 0 )  % ( Л  v q (^1 v Q i . ö 2 ^ 2) )  =  ^ g Í C ^ i  ‘ ( ( ^* 1  V ö 2 P 2 ) V Q,

T- (21) ( * в (Л >) v fl( * e ( P 2)) =  * е ( Л  v eP 2).

Интерпретируя с граф-схемами:
Левая сторона:

если условие I. (6) выполняется для Qí и Q2.
В граф-схемной интерпретации:
Левая сторона:

в противном случае, 

Р2)) v <2 Pi)-

Правая сторона:
9
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1 . (2 3 )  щ ( Л ) )  — ( £ v q2( % ,  (h C ^ i) ) )  VQ, ( * е ,  е Д Л ) ) -

Интерпретируя: 

Левая сторона: Правая сторона:

т
Pl

р2

II.

Здесь исследуем соотношения системы /*(31, 23) без ограничительного 
условия I., значит любая регулярная программа может быть операционным 
параметром.

Естественно I. (3) и 1.(11), не инеющие условных операций выполняются 
без изменений. В дальнейшем мы занимаемся только соотношениями содер­
жащими и условные операции. Некоторые из таких взятых I. тоже справед­
ливы без изменений и здесь.
Легко показать, что I. (4),

I. (5),
I. (9) и

' I. (15) выполняются. (Это следует из описанных в 1.)
В случае I. (6) имеем в виду и условие, что два операционных параметра 

описывают ту же самую трансформацию состояний.
Остальные тождества не выполняются без изменений, но легко выполнить 

необходимые модификации, поэтому подробно с этим не занимаемся. Пока­
жем с помошью примера, какие модификации могут быть целесообразными.

Соотношение соответствующее I. (1) здесь имеет вид:

P1 V р Pt — S • Pt ,

где Р = S ‘Q так, что S  является некоторой .безусловной’ регулярной 
программой, описывающей некоторую трансформацию состояний; a Q: 
.условная’ регулярная программа соответствующая идентичной транс­
формации состояний.
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Примечания:
1. При построении P(QI, ©) I. мы уделяли внимание и таким простым 

соотношениям, как тождества де Моргана в математической логике 
(I. (21)), которые тоже могут оказаться полезными.

2. Условия выполнимости эквивалентных программ являются тождест­
венными [5], поэтому можно исползовать (т. е. применять) соотно­
шения эквивалентности упомянутых типов и в случае практических 
проблем оптимизации программирования.

3. Из синтаксической эквивалентности вытекает и семантическая эквивалет- 
ность. Таким образом эти результаты можно связать например исрезуль- 
татами Ю. Янова. Однако формальная система Ю. Янова не донускате 
произвольных повторений операторов. Кроме этого понадобятся хорошо 
внбраннюе соотношения и в том случае, если разработана некоторая фор­
мальная система для данной области.
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LIMIT THEOREMS FOR TOTAL VARIATION OF 
CARTESIAN PRODUCT MEASURES *

by
I. VAJDA

1. Introduction. In the present paper we shall deal with asymptotic properties 
of the total variation V(Pn, Q") of two Cartesian product measures P", Q". It is 
supposed that P", Q" are defined on a product measurable space (X", 3Cn) by

n n

(1) Р " = П Р Q" = П  Qn  « = 1 ,2 , . . . , - ,
i=i i=i

where P,, (J, are totally finite measures defined on a measurable space (X, 9C).
In basic theorems of the present paper, new necessary and sufficient conditions 

for validity of the relation
(2) lim„ [P ^X ^ + Q ^ X ^ -V iP " , Q")\ =  0
are found and the rate of convergence in (2) is investigated.

One of the fields where such considerations and results are relevant is statistics. 
Suppose that Pn(X") = Q"(Xn) = 1, i.e. that P", Q" are probability measures,« =  1,2,... 
..., °°. If we consider the problem of testing the simple hypothesis H:P" against 
the simple alternative K:Q" on the basis of one observation of a random vector 

, £ 2  > ••• > £n) fr°m X" distributed by P" or Q", we meet with an intimate connection 
between (2) and asymptotic properties of both Bayes and Neyman—Pearson tests. 
For example, it will be shown that (2) holds iff (if and only if) P°° and Q°° are singular 
on f "  (in symbols P°° _L Q°°), i.e. iff the hypotheses under consideration are asymptotic­
ally discernable with zero error (in the sense of the Bayes, Neyman—Pearson, or 
any other reasonable test). As to the rate of convergence in (2), it is connected with 
an asymptotic efficiency of the tests we have considered.

To link up the present paper with other works orientated in a similar direction 
let us mention that in the stationary case
(3) p l = p2 = ... = p, Q l = Q 2 =  . . . = Q

the rate of convergence in (2) has been investigated by H. Chernoff [1]. He con­
sidered rather more general problem but, from our viewpoint, the following statement 
of his cited work is intrinsic: Let я£(0, 1) be an a priori probability of the hypo­
thesis H:P" and put
(4) en(Pn, Q") = min [nP"(E) + ( \-n )Q " (X n-£ )] .

EiXn

* A former version of this paper was scheduled to be presented at the abortive Fifth Prague 
Conference on Information Theory, September 9— 13, 1968.
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Then

(5) eAP",Qn) = 4 P ,Q )n+o(n) (see (3)),
where 2(F, 0€[O , 1]. The quantity D(P, Q) =  —log2 0 , 0  has been called asymp­
totic efficiency of the Bayes test:

(6) „reject H:Pn iff , <jf2, ..., £„)€ F ” *,
where Fn _̂3Cn is the set that minimizes (4). Here Fn = {np" < (1 — 7г)<7"}£#'" for

(7) p" = r/T"
?" =

t /0  
t//t" ’

where p" is the product measure on (X", Ж") generated by the totally finite measure

( 8)

n
ß = È 2 - ‘i= 1

Pi + Qi___
Pi(X) + Qi(X)

on ЭС.

The measure p or pn is uniformly dominating the family 0 f, 0 }  or {Pn, Q'1} re­
spectively.

Remark that a decreasing influence of the a priori distribution upon test pro­
perties when the sample size tends to infinity has been observed already by R. 
v o n  M ises [2]; this fact is conclusively illustrated by (5), where the right-hand 
asymptotic parameter 2 0 ,  Q) does not depend on 7tÇ(0, 1) **. Taking into account 
this together with the equality

(9) *1/2 0 " ,  0 )  =  T  [2 -  V{P\ 0 ) ]  = [ J min (p", </")dp'

one can argue that the concept of asymptotic efficiency of the Bayes test (6) may be 
based merely on the rate of convergence in (2).

As to the statement (2) itself, the first who found a necessary and sufficient 
condition for its validity was S. K a k u t a n i  [3]. He proved that (2) holds iff

(10) f j  Я 1/20 ;, 0 )  =  0,
;=i

where Я 1/20 ;, Qt) is the Hellinger’s integral [4] of Pt, 0  defined by

( 1 1 )

where

( 12)

#1/201, Qi) = f  iPißidp,
X

(see (8)).

* e J P n, Q") is the minimum probability of error (Bayes risk) related to the above described 
problem of testing H  against K. It is attained by the Bayes test (6).

** The decreasing influence can be easily understood on the basis of inequality (22) proved 
below, in the special case o f two simple hypotheses we have investigated.
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The asymptotically errorless Bayes and Neyman—Pearson tests investigated 
in Sec. 3 below were characterized by T. N emetz [5] in terms of the Shannon’s 
information contained in the sample (£1( £2, £„) concerning the hypotheses
H, K.

The rate of convergence in (2), in the general case where (3) need not be neces­
sarily true, has been studied previously in [6, 7].

From a formal point of view, the present paper is divided into two parts. In 
the first part (Sec. 2—4) probability measures Pt, Qt, P", and Q" are considered. 
Results of this part are extended in the second part (Sec. 5) to the more general 
case where the measures are not necessarily probabilistic.

2. Analitical properties of the a-entropy and its relation to the Bayes risk. Let
P, Q be probability measures on a measurable space (X , 9C~) given by their Radon— 
Nikodym densities p, q with respect to a dominating measure p. Denote by £ the 
likehood ratio of P, Q, i.e. £ = plq. The quantity

(13) Ha(P, Q) =  £ flç“ = / p*ql~° dp (cf. (11))
X

defined for all real a, will be called, in accordance with another authors, a-entropy 
of P with respect to Q. However, this terminology is rather inconsistent because it 
is usually required that every numerical measure of entropy (uncertainty) of P 
with respect to Q should be increasing when the “divergence” between P and Q is 
ncreasing. From this point of view

(14) log HX(P, Q)
or

(15) sign (1 -a )H a(P, Q), 1-H '(P ,  Q)

are entropies but not #„(P, Q), because, for a£(0, 1), H^(P, 0  = 0 or 1 iff P _!_£> 
or P = Q respectively. The adoption of our terminology is motivated by the fact 
that, at one hand, it is desirable to emphasize the „entropie” aspects of 7/ДР, Q) 
and, on the other hand, H^P, Q) itself is much more simple for analysis than any 
of the functionals in (14), (15).

A special version of the a-entropy for a =  1 /2 has been considered by E. H el- 
linger  [4] in his investigation of unitary invariants of self-'adjoint operators in 
Hilbert space. Following H. H a h n  [8], H l/2(P, Q) is called Hellinger’s integral. 
From this point of view, the expression Hellinger’s integral of order a should be 
suggested for (13). The quantity —log H l/2(P, Q)  was used by A. Bh a t t a c h a r y y a
[9] in a statistical context; it is known in the literature also as Bhattacharyya- 
distance. H. C hernoff has considered H^(P, Q) as the moment generating function 
of the likelihood-ratio logarithm log £ (cf. (13)). A. R én yi introduced in [10] the 
quantity (14) called by him information of order a.

Let us denote by I = I(P, Q) the set of all a such that the corresponding a-entropy 
is finite.
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Lemma 1. [0, 1 ] с /  and for every aÇ[0, 1]

dó)  o s i i , ( p , e ) s i

where, if a^O, a ^ l ,  HX(P, Q) — 0 or 1 iff PA.Q or P = Q respectively.
Proof. The inclusion [0, 1] с / follows from the Cauchy—Schwarz inequality. 

The remainder is clear.

Lemma 2. The set I  is always an interval. I f  Г  с  I is an arbitrary open subset 
then / f  ( P. Q), as a function of a, is analytic in T  and

(17) ‘I  k H^(P, Q) = J  /Р д 1-“ (lo g ^J dp everywhere on Г .

Proof. A s noticed by L. H. Koopmans [11], Hx (P. Q) is the real restriction of

+ 00
H(z) = J  exp (zu) dF(u),

where z = at + ]/ — iß  is a complex number and F(u) = (9 ({log ç sí и}). It follows 
from the theory of bilateral Laplace transform (see [12]) that all the properties 
stated in Lemma 2 are common fol all moment generating functions including
HAP, Q).

Lemma 3. ILJP, Q) is strictly convex in I  unless P±Q  or P = Q.
Proof. This Lemma follows directly from Lemma 1 and (17) for k = 2.
Lemma 4. [Ha(P, 0 ] 1/o; is a non-decreasing function of a for aÇ[0, + °°). 

Proof. See M. Loève [13], § 9. 3.
In this section, our attention will be paid mainly to clarify the relation between 

en(P, Q) and Ha(P, Q) or e1 /2(P, Q) respectively. It seems intuitively that, for any 
fixed 7i, a £(0,1), both these relations should be „monotone” in the sense that 
en(P, Q) is increasing when I l f  P. Q) or e1/2(P, Q) is increasing (for a parametric 
system of distributions P, Q).

As to the relation between en(P, Q) and Ha(P, Q), T. K ailath  [14] as the first 
found the inequality

4  (1 - V l - H l /2(P, Q)) em (P, Q) * Hl/2(P, Q)
which yields

*1/2(Л  Q) S  y  Hil2(P, £?) — 2 ie ] , jp ,  Q).

The letter relation has been extended by T. N emetz [5] who proved

eJP , Q) S  H i/2(P, Q) S  ] /
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The left-hand inequality in this relation can be very easily extended into the form

e„(P, Q) S  7f (1 —n)1~xHlx(P, Q), ae(0, 1),

noticing that (p(u) ^  n“(l — n)1_a, a 6(0, 1), and then applying (20) and (21) below 
(see also (23) below). The right-hand inequality has been sharpened recently by 
A. Perez [15], who proved the following:

«■ (1-* )1- Я ,  +  *1- ( 1 - я ) 'Я 1. ,  ^  e»(l - 0 1 -* +  e i - ( l -e*r ,
where

H* — Ha(P, Q) еж = еж(Р, Q).
Our estimates of eK(P, Q) in terms of Ha(P, Q) or ei/2(P, Q) respectively will 

be based on the following preliminaries.
Let us mention that by en(P, Q), in acordance with (4), we denote the quantity

en(P, Q) = min [nP(E) + ( l -n )Q (X -E )]  = f  min (up, (1 -  n)q) d\.i
EíX X

interpreted as the minimum probability of error related to the Bayes test of the 
simple hypothesis H:P  against the simple alternative K:Q provided that a priori 
probabilities of H  or К are n or 1 — n respectively.

Lemma 5. I f  we put, for some я£ (0 , 1), p* = лР  + (1 —n)Q on 3C, и = ndP/dp* 
on X, and <p(u) = min (и, 1 — и) on [0, 1], then

(18) O s a g l  and tp(u)£ [0, 1/2] on X,

(19) e1/2(P, Q) =  f  min |  dp* for every л£(0, 1),

• u
(20) H.(P, Q) = J I —-

and
( 21)

1 — и
1  —  7 Г

еж{Р, Q) = J<P(и) dp*.

dp* for every a, я6(0, 1),

Proof. Clear.

T heorem 1. For every at, л£(0, 1),

(22) 2 min (л, l - л  )el/2(P, О) en(P, Q) S  2 max (я, l - n ) e 1/2(P, Q)
and
(23) еж(Р, Q) S  71*(1-лУ-*Н х(Р, Q) ^  en(P, Q ) ^ (  1 - е ж(Р, ß ))1-'<«>. 

Proof. Denote
и 1 —иil/(u) =  min

(2я ’ 2 (1 - я )  * 23 и  €  [ 0 ,  1 ] .

* Throughout the proof we suppose that а, яс(0,1) are arbitrary fixed. Relations (22) and
(23) obviously hold also for я =  0 or 1 and the left-hand inequality in (23) for a =  0 or 1.
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If ф(и) = и/2п, then ф{и)£[0, 1/2] for м€[0, 1] and (р{и) = (р(2пф{и)), where

(24) 2ф(р(п)^(р(2кф)^.2пф

for every (Д £[0. 1/2]. If ф(и) = (1 — и)/.2(1 — л), then ф(и)£[0, 1/2] for г/£[0, 1] and 
(p ( u ) =  <p(2 ( 1 — и)ф(и)), where

(25) 2фср{тс) =  2фф(1 — л) ^  (2(1 — п)ф) Ш 2(1 — п)ф

for every t/rÇ[0. 1/2]. Integrating (24) over the set T = {ф(и) — u\2n}Ç_9£ and (25) 
over В = {ф(и) =  (1 — и)/2(1 —л)} = X  — A, we obtain

2ср(к) J ф (и) с1ц* =s ея(/>, Q ) s 2 n f  ф (и) dp*+ 2(1 -  л)/  ф (и) dp*
А’ А В

These inequalities yield (22).
То prove (23) let us notice first that

(26) л“(1 — Ti)1~xH<x(P, Q) = f  - (p (u )y -adn*+J{l-(p(u)yq>{u)y-'*di.i*,
A В

where A =  {w =  (p(w)}£iT, В = {н = 1 —</?(»)} =  A"—/4. Since

max [M1-St(l —w)“, ма(1 —и)1-“] = м<|’(°1)(1 — w)1_,,(s') for every г/£ [0. 1/2].

(18) and (26) imply

(27) л‘ (1 - n y - * H a{P, Q) s  f  (р (и у ^ \ \ - (р (и )у -« ^  d/i*.
X

On the other hand, both u l ~*(  1 —u)a and «“(1 — и)1-“ are concave functions of и 
in the interval »£[0, 1/2] which take on values 0 and 1 at the end-points of this 
interval so that

и = min [li1 -a (l — u)“, u“( \  — г/)1-1] for every m£[0, 1/2].
/

Hence, by (21) and (26), the left-hand inequality in (23) holds. Applying the Jensen’s 
inequality to the concave function (of и) 1 — и)1_,,(а) and using (21) and (27)
we obtain the right-hand inequality in (23).

It is to be emphasized that the technique of a convex envelope used in the 
proof above can be applied to obtain upper and lower estimates of integrals with 
integrands being concave or convex functions of a random variable â in terms of 
another integrals of the same type. It seems that analogical techniques might be 
applicable not only in the statistics or information theory, where various convex 
or concave functionals play an important role, but whereever such functionals 
occur.

Before formulating an important corollary of Th. 1 we shall adopt a notational 
convention. Throughout all this paper Pt, Qt, i=  1 ,2 ,... is supposed to be an 
arbitrary fixed sequence of measures. Therefore, in the sequel we shall be allowed 
to use a more simple notation HI instead of //„(7*;, Q).
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Corollary. For every 0 < a s j ( i ) s ]  and 0 S  ß (/) ^  ß <  1,

(28)
If

then

(29)

X П (U}w) 2ß/ß0) S  e1/2(P", 0-) S  ‘ f t  ( f f iWTW )-

a* =  sup a(/), ßt =  inf /?(/),
/= 1 ,2 ,... i = l,2 ,...

1 2/W«
# ^ < o |  ^ e m (Pn,Q " ) ^  2 Ц [ Я' ("1 •

a/a*

^  V/= 1

Proof. Since /; w
(30) p" = f[P i, q" = l i e u  (cf. (7) and (12)),

1=1 /=1
we can write for any real a

n
(31) HX(P",Q")= П  Hi.

i= 1

Relation (31) together with (23) imply
\ 2

[ f t  Н ^  Ш el/2(P", Q") S  у  / 7  Hi-
1
4 ( ,i

This together with Lemma 4 yields (28). Inequalities (29) follow from the fact that 
H “ is a non-increasing function of и if tf£[0, 1].

3. Limit theorems for total variation. In Sec. 1 the Bayes test was defined by
(6), where 7rÇ(0, 1) is implicitely figuring as a parameter. It was quantitatively cha­
racterized by the risk en(P", Q") which can be interpreted as an average probability 
of error.

Define now what we mean by the Neyman— Pearson test. By the Neyman— 
Pearson lemma, for every /?Ç(0, 1) there exists a set F„(ß) £ 3Cn such that

(32) or (Xя - F „ m = inf Qn(X n- E ) .
EiX"

P"(E)SP

The Neyman—Pearson test we define as follows:

“reject H-.P" iff (ÉLÉ2 , ...,£„)€ F„0?).” (33)

Quantities ß and txn(ß) = Q"(Xn — F„(ß)), called probabilities of the second and 
first kind, serve as quantitative charaticteristics of the test (33). Obviously,

(34) e„(P ",0")S**.(0) +  ( l - n ) ß .

We shall say that the Bayes test is asymptotically errorless (with respect to the 
hypotheses H:P", K.Q") if, for every л£(0, 1), 35

(35) lim„ en(Pn, Q") = 0 (cf. (22)).
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Analogically, we shall say that the Neyman—Pearson test is asymptotically errorless 
(with respect to H:P", K:Qn) if for every ß f(0 , 1)

(36) hm„a„(/?) = 0.

It is to see that the asymptotical errorlessness, as we have introduced it, is a 
property of the measures P°°, Q~. Th. 2 below implies that it takes place iff the 
infinite vector of observations (£i ,£ 2> •••) contains „full information” concerning 
the hypotheses under consideration, in the sense of T. N emetz [5].

T heorem 2. Relations (35) or (36) hold for every n 4 (0. 1) or ß f  (0, 1) respectively 
iff (2) holds, i.e. iff

(37) lim„e1/2(P", Ô") = 0.

The latter condition is equivalent to P '\L Q°° *.
P roof. It follows from Th. 1 and (31) that (37) holds iff

lim„ J J  Hi = 0,
i=i

i.e. iff
n

(38) Ha(P°°, Q°°) = ] J  Hi = 0 **
i=  1

for some a£(0, 1). Hence, by Lemma 1, we can argue that (38) holds iff P°°±Q”. 
Thus, the statements (35), (37), and P°°±Q°° are mutually equivalent. Inequality 
(30) implies that (36) holds for every ß£(0, 1) only if P°°±Q~. The “if” part is also 
simple: if lim„ e1/2(Pn, Qn) = 0 then, for sufficiently large n, P"(F„)<ß for any fixed 
ße(0, 1) so that <xa(ß) Ш Q"(Xn — Fn) ^  2el/2(Pn,Q") (see (4) and (6)).

Relation (38) enables us to express the conditions under which P°° ±Q°° holds 
in terms of more easily evaluable functionals Hi. Exactly this is a sense of the 
K a k u t a n i’s result mentioned in Sec. 1. The next theorem goes deeper in this di­
rection.

T heorem 3. I f  P°° ± Q°°, then, for every a, Ç(0, 1) such that

(39) a# = lim inf; cq >  a, a* =  lim supt a; < ß 

for some a, ß Ç (0, 1), the following relation holds

(40) 7 7  H ii = 0.
1 = 1

* cf., for example, Th. 4 in [5] or assertion (ii) and (2.12) in [6].
** This relation need not be clear at the first sight. However, it can be easily established using 

the concavity of the intergrand in (13), for a C (0,1), and then applying the well known semimartingale 
argument.
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Conversely, if  there exist af £ (0. 1) satisfying (39) and (40), then P°°±Q~. Relation 
(40) is equivalent to

(4i) 2 ’ ( i - t f J 1)  =  + ~
1 = 1

unless J f  = 0 for some i and y Ç (0, 1) (i.e. unless P, , Q, are singular for some i).
P roof. If we define

a; for a, s a  
a for a;< a and ß(i)

/  a; for a; g  ß 
\  ß for a; >  ß

then the conditions of the Corollary above are satisfied so that P°°±Q“‘ implies
n

lim„ П  Щ (о =  0 (cf- (37) and (29) with /?* =  a j .
i=i

It follows from our construction of the numbers /?(/) that к exist such that ß(i) = аг 
for every is P ,  i.e.

Л— 1 n

(42) П  lim„ П  Я ; = 0.
i = « l  i = * + l

If Hßu)= 0 for some lS iS P  —1 then, by Lemma 1, =  0 for every a£(0, 1)
and, consequently, (42) implies (40).

Analogous considerations as those used above yield that (40) implies

= 0
1 =  1

and it remains to apply the right-hand inequality in (29) to obtain (37). The equivalence 
of (40) and (41) easily follows from the following inequalities: 1— и S  exp( — u), 
1 —MS exp ( — u/( 1 — и)).

The numbers H f Щ, ... are not the simplest of all the “distance” measures 
which can be defined on the pairs (Pi,Ôi)> (Рг> Qih ■■■ ■ More simple seem to 
be the following ones

(43) A, = j  V{Pt, Qt) =  1 — 2е1/2(Рг, 0 f)€[O, 1] (cf. [6]),

which may be called variation numbers corresponding to P h Qt. A simplicity view­
point is the goal point in favour of the following considerations, where necessary 
and sufficient conditions for the singularity P°° _L Q°° (as well as for a rate of con­
vergence in (2)) in terms of A1,A 2, . . .  are given.

T heorem  4 . I f  P°°±Q°°, then

(44) 7 7 ( l-d ,.)  =  0
(=i

which is equivalent to

(45) 2  Л1 =  + °° /=1
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unless At =  1 for some (i.e. unless Pt _L Q, for some i). Conversely, if

(46)
then P°° ±_ Q°°. The condition

(47) 
implies (46).

P roof. It follows from Th. 1 that

2  Af =  +  °°>i = i

2  4  = o(n)
i = i

(48) 2e l l 2 ( P i ,  Qd =§ H [ , 2 s  /4 «1/2(Р„ ß , ) ( l - e w ( P t , Q , ) )  

so that, by (43),

1 — H[l2 ^  V I - d? ^  exp

or

(49) ) S  П  H[l2 S  e x p | - ÿ 2 4 ? |-
/ = 1  1=1 V Z /=1

This together with Th. 3 yields the desired assertions concerning (44) and (46). 
As to the equivalence of (44) and (45), we may refer to the inequalities at the end 
of the proof of Th. 3 above. To prove that (47) implies (46) let us remark that if 
(46) is not satisfied, then lim; d ; = 0. According to a well known theorem of analysis, 
this implies

I "
lim„— Z d ;  =  0 Q.E.D.n i=l

Let us remark that (44) under P°° _|_ Q°° can be drawn without any reference to 
Th. 1 or Th. 3. If we denote, for m <n,

П П
P(n’m) = П  Pi, q ^ m) = П  4i

i= m +  1 i= m +  1

then, obviously,
min fpn,q") S  min (/>(n,m), q(n’m)) min (pm, qm)

and, consequently (cf. (9)),

(50) 2ell2(P", Q”) ^  2em  I f l  Pi, П  Q,I 2el/2(Pm, Qm)

for every lS ra < n  (this inequality has been first established in [16]). From this 
inequality and (43) we obtain

n
2eU2(P \Q ”) ^  П  (l — Ai)

1= 1
and it remains to apply Th. 2.
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Let us remark that neither (45) nor (46) is equivalent to P°°±Q°°. For this 
purpose let us consider a sequence [0, 1) and define discrete distributions P{, Q, by

, _  [ 1+Ô, 1 - 3 ,1 
f 2 ’ 2 ) ’ Qi =

It is easy to see that in this case Л,=(5;, #}/2 =  / l — ô f , so that P°°±Q°° iff (46) 
holds. If we consider another example, namely,

Pi = (0, 1), Qi = (,5 „ l-< 5 ,)

hen we obtain At = 0i, H j/2 = )/l — <5,- so that P°°±Q°° iff (47) holds.

4. Rate of convergence. The aim of this section will be to generalize the state­
ment (5) of H. Chernoff to the non-stationary case where (3) need not be necessarily 
true. As we said in Sec. 1, it will suffice to restrict ourselves to 7r =  1/2, i.e. to in­
vestigate the rate of convergence in (2) or (37) only. We shall say that a sequence 
of numbers e„ converges exponentially to e£[0, +°°] if there exists l€[0, 1) or 
A€(l, +°°) such that, for all sufficiently large n, \e„ — e\ s  A" or depending
on whether e€[0, +°°) or e = + oo  respectively (in symbols, lim„ e„ =  e(Exp)). 
According to (5) and (22), in what follows we shall restrict ourselves to a study of 
exponential rate of convergence of ei/2 (Pn, Q") to zero. All results concerning 
e42(P"i Q") can be directly extended to en(Pn, Q") by (22).

T heorem 5. The statement

(51) Iim„e1/2(F",ß") =  0 (Exp.)

holds iff, for a,€(0, I) defined in Th. 3,

Z - I o g  H i,=  0(n).1 = 1

P roof. As it was said in the proof of Th. 3, the following inequalities hold
I ( И V  0/*» , (  n Wa*

4 \ П  Щт ) = Q") s  j  [ Д  H lin j

for a, ß, a*, a* defined by (39). The remainder is now clear.

T heorem 6. I f  {51) holds, then
П

(52) ^ - l o g t l - J . )  =  0(i»)
1= 1

Conversely, if
n

(53) Z * i = 0 ( n )
i =  1

then (51) holds. For 0 sz J ; S / l < l ,  /= 1 ,2 ,.. .  (51) holds iff (53) holds.
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P roof. The first assertion of this theorem follows from Th. 5 and (49). If 
S d < l ,  then (52) implies (53), so that it remains to prove the second assertion of 
the theorem. This assertion has been proved by the author in [7]. However, for the 
sake of completeness, we shall present the proof here. If we shall prove that there 
exist E„, £„ k 3C" and A€(0, 1) such that X n — £„ a  En and

for every n ^ n 0, the desired assertion will be proved as well, because, in view of 
(4), we can succesively write

It follows from the definition of At in (43) that (cf. (9)) At = Pi{G) — Qi(G^) for 
some G-^ЗС. Therefore (53) implies that there exists (5£(0, 1) and n0 such that for 
every n>/?0

Now, if we define Ci = Vi — QiiGi) where )?, =  1 or 0 depending on whether x£ G { 
or respectively, and if we put

then it is to see that the inclusion X" — £„ a  En holds for every n ^ n 0. We shall 
prove that the set E„ satisfies (55) for A =exp( — d2/4) and n ^ n 0. Inequality (54) 
can be proved by the same manner.

Let us notice first that

(54)

(55)

P"(En) A' 

Q"(E„) S  A1

em {Pn, Q") S  j [ P n(E„) + Qn(X n- £ n)] ^  -2 [Pn(E„) + Qn{En)\.

n n
2  Pi(Gi) — nô >  2 Q i(G d  + nÔ.

f l  f  exp (SQdQi =  f  exp |d C.j dQn S exp (ô^)Q"(En)

so that

(56)

Since |£,| =  1 and a£(0, 1) we can write

where
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Hence

/ cxpiôQdQi s  1 +ô2 2  h  = 1 +«52(exp(l)-2 ). 
x к=гК-

Since exp(l) <  2 + 3/4 and —log(l+w) == — w, we can write

- lo g  f  exp(<5QdQi S  - |-< 52
X 4

which together with (56) yields the desired result.
Let us remark that if lim inf; d ,=  1 then (52) does not imply (53). Indeed, let 

us define
/1  — exp(— 2k) if i — 2k for some natural k 

\ 0  in the opposite case.
It is easily seen that in this case

whereas

T heorem 7. I f

Z - l o g  ( 1 - 4 )  s  ~
1 =  1 Z

Á  ' - l o g  2

(57)
( m 4- k

«1/2 П  f
\i= m +  1

for every natural m and k, then t
(58) el/2

Proof. If we Put e„—el/2(P‘

(59) lim„- log en = ^€[0 , 1]

is to be proved. But (57) together with (50) imply that 2em+ks2 e k2em for every natural 
m, k. By a well known lemma of analysis, this inequality guarantees that the limit 
in (59) exists Q.E.D.

Th. 7 which has been first stated in [16] can be considered as a generalization 
of the result (5). Indeed, if the stationarity conditions (3) hold, then (57) holds as 
well, and (5) can be deduced from Th. 7. We stated this very simply provable theo­
rem in this paper for the sake of completeness. It is to be noted here, however, 
that in the cited paper of H. Chernoff where (5) was proved a deeper result was 
established. In this paper not only (5) but also the following explicite formula for 
X = k(P,Q) was given: 60

(60) H P ,Q )=  inf H .{P,Q )=  inf H>(Q,P).
«€(0, 1) «£(0, 1)

Before to bring into an end our investigation of the statistical model where 
all measures under consideration are probability measures, let us apply the results
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we have obtained to a concrete example. The urn model which is described below 
was communicated to the author by A. R é n y i .

Let an urn contain r0 red and Wq white balls. Suppose that we draw a ball 
from the urn, define

/ 1 if the ball is red 
1=0 \ 0 if the ball is white,

put it back, and add, independently of the ball drawn colour, red and Wj white 
balls. After mixing the balls we draw again a ball, define

/ \  if it is red
S1 \ 0  if it is white

and put it back together with r2 red and w2 white new balls. Continuing this process, 
after the /'-th step

red and
Ri =  2 ‘

j= 1

Ж = 2  wj
j =1

white balls are added so that the total number of balls in the urn is

Ti = 2  o +  2  wj.7=0 7=0

Suppose now that the hypothesis H : r0= a, w0=b is tested against K: r0~b, w0=a, 
where a, b > 0 are arbitrary integers such that r0 + w0 =  a + b, a ^ b .  It is supposed 
that both the hypotheses are of a non-zero a priori probability and that they are 
tested on the basis of information contained in the vector (£ j, ç2, ...,£„). This 
vector is distributed by P" or Q" defined in (1) for

p = Ía + R, b+Wt\ _  (b + Rj a+ w ;
1 { Ti ’ Tt J ’ ^  { Ti ’ Ti y

In this case we have

A-, = Щ /2 = — [/(a  + Rj)(b + Ri) + У(a + Щ)(Ь + Ж)] •

Thus, using Th. 4, we find that the origin composition of the urn can be determined 
with probability 1 only if or if

(61) =
1=1 l i

or

(62) 2 ' i  =  + “
1=1 yi

respectively. (Let us notice that here no role plays the fact which is the proportion of 
red and white balls we are adding to the urn, i.e. which is the ratio гг/(г; + wt), 
i =  l ,2 , . . . . )  If, for example, г,/(гг +  w;) =  1/2, * = 1,2, . . . ,  i.e. if we are adding
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the same number of balls of both colours, then

tf{/2 = ^ n a  + R,)(b + Rt),
* i

where T, — 2Rt + a + b so that

H i /2 = / ( 1 + Ч г ) 1 ‘ - т г )
(a -b )2

7?
+ 0

Hence, by Th. 3, we can determine the original composition of the urn with prob­
ability 1 iff (62) holds. In another case where г;/(гг + w,-) =  1 we get

H 1/2
{ja -  Vb)

IT\
so that the original composition of the urn can be determined iff (61) holds. From 
Th. 5 and (22) we get that for any 7t6(0, 1) the Bayes error e„(Pn, Q") converges 
exponentially to zero iff

(63) Z i = 0 ( n )
;=l

(as we stated in Th. 4, (63) implies (62)). Since 7) is non-decreasing, (63) holds iff 
lim; Ti <  -(-со, If lint, Tt = T  < -f » , limj /?; = /?, and lim; = И7, T =  Æ + И7+ 
+ Û +  6, then we might obtain еж(Р", Q") =Я" + 0<"), where Яб(0, 1) is defined by

Я = -i, [(a + R)*(b + R )' - 01 + (b + W f  (а + И7)1-31]

for a suitable a 6(0, 1). If, for example, R =  W (i.e., in particular, if ri/(ri -(- wt) = 1/2 
for every i such that rt + >  0), then

5. General case. In this section we shall suppose that P,, Qt defining P", Qn 
by (1) are arbitrary totally finite measures on (X, SC). In this case // defined by (8) 
is still a totally finite measure uniformly dominating Pt, Qt so that the densities 
in (12) and (7) exist. Hence all the concepts of preceeding sections based on the 
densities can be extended to this more general case. In particular, the a-entropies 
tf,(/>", Qn) and Н^ = На(Р1, Qi) can be defined by (13) and (31) holds.

The aim of the present section is to investigate the limit property (2) of total 
variation V(P", Q"). In accordance with the notation employed above, for the sake 
of simplicity we shall write

e(P \ Q") =  X [Pl'(Xn) + Qn<<X n)-V { P n, Q")] (cf. (9)),
where

(64) e(Pn, Q") =  ' f  min (p \  q") dp".
^ Xn

Our exposition will be very concise and we will restrict ourselves to illustrate by
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several simple examples that the basic results of the preceding sections concerning 
the relation
(65) \imne(Pn, Q") =  0
remain true when we pass to this more general situation. After all, this conclusion 
as well as the fact that the methods employed above remain applicable is in no way 
surprising.

The basic fact we shall utilize is the following analogue of Th. 1 :
(66)
2e(Pn, Q") 3= HX(P", Qn) за (2Rn)™x(a,1~x)e(Pn, ß")min(*’1-si) for every [0, 1],
where R„ stands for Pn(Xn) + Q"(Xn). The left-hand estimate is obvious, it follows 
from the inequality min (p , q )^ p ’*ql ~'x, aÇ(0, 1). To prove the right-hand inequality 
let us notice first that

e(Pn, Q") = ~  /m in (« , l-u )d p * , #,(/>, Q) = Rn f  u * ( l -u f^ d p * ,

where p* is a probability measure,
P" 4- O"

P* = - „ on 9C\Kn
and и =  p'4(p"+q") on X. Now it remains to apply the inequality 

ux(l — n)1-“ ä  [min (и, 1 — t/)]min(*,1-*) 
holding for all n£[0, 1] and then the inequality of Jensen:

C . , Г C "Imin (a, 1—a)J  [min (и, 1 — м)]т|П<“>1-a) dp* s  y J  min (и, 1 — г/) c//rj
Xn X"

Inequality (66) together with (31) gives the following

T heorem 8. I f  lim sup„ Rn <  +°° then (65) holds iff

(67) ^  —log #á = +°° for some oc£(0, 1),
/=1

and limne(P". Q") = 0 (Exp.) iff
n

^  — log#* = O(n) for some a£(0, 1).
i=i

If lim„ e(P", Q") = 0 (Exp.), then it is desirable to know something concern­
ing a parameter of this exponential convergence. In this respect the following analogue 
holds.

T heorem 9. I f
( m + k ni + k Л

Я  Л , П  Q \ ^ e ( P k.Q k)
i=m+1 i=m+1 )

for every natural m, k, then there exists A ^  0 such that
e(P", Qn) = Aп+o(",.
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An easy modification of a method used by H. C hernoff in [1] shows that in 
the stationary case (3), Я can be evaluated by (60). However, in general case we have 
considered here, Я need not take on values from [0, 1] only.

Next we shall illustrate by an example that (67) need not be implied by (65) if 
lim sup„ R„ = +°°. Let 3f = [0, 1], let Ж be the <T-algebra of all Borel measurable 
subsets of X, and let p be the Lebesgue measure on Ж. If we put

Pt(E) =  ifi(E), Qi(E) =  ‘ ц(Е)

for every Е^Ж, then ЯC(( ,̂", Q") = Hx(Pi , (2,1=1 for a = 1 /2 whereas e(P", Q") = 
= l /я! so that lim„ e(P", Q") =0. In this case, however, Rn = я !  + 1/я! so that 
lim sup„ R„ = +
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COMBINATORIAL PROPERTIES OF PLANE PARTITIONS

by
G. J. SIMMONS

Introduction. There is a well known “folk theorem” which states that if the 
points of the plane are arbitrarily partitioned into two sets, then at least one of 
these sets contains the vertices of some equilateral triangle. Variations on this result 
have been popular in the problem literature for some time. For example, the same 
problem as above, except for rectangles, is given and solved in [1], two similar pro­
blems for unit side equilateral triangles are discussed by Leo Moser in [2], and in 
[3] it is stated as a theorem that if the plane is arbitrarily covered by two closed sets, 
every triangle can be placed so that its vertices all lie in the same set. In this note 
we treat two generalizations of the folk theorem; the first of which was posed as a 
problem by John Annulis of the University of New Mexico in May 1969: “ Does 
the conclusion remain valid if instead of two sets an arbitrary but finite number of 
sets are allowed?”

Analysis for an Equilateral Grid of Points. Theorem 1, which we prove by com­
binatorial arguments, answers Annulis’ question in the affirmative. First, for any 
partitioning of the plane we define a triangle to be monochromatic if all of its vertices 
are in the same set.

T heorem 1. If the points o f the plane are arbitrarily partitioned into a finite 
number, k, o f sets then there exists at least one monochromatic equilateral triangle.

Proof. Assume the theorem does not hold. Define Nk recursively by the ex­
pression
(1) Nk = n (k ,N k. l + 1)
where N0 = 1 and n(k, I) is the usual van der Waerden number* [4, 5]. Choose 
an arbitrary line in the plane and mark off Nk equispaced points which are used

to form the base of an equilateral grid Ek of — points. For any partition­
ing of the Nk points on one side of Ek into к sets, at least A*., + 1 equispaced points 
must be assigned to the same set — by the definition of Nk. Form an equilateral 
grid Ek_i based on some A^.j + l of these equispaced points, which are in the

same set, say Ak. None of the (Nk-l)(Nk- \  +1)
2

points not on the base of £*- 1

* For A: and / arbitrary positive integers, there exists a lower bound n(k, I) such that if TVs л (к, I) 
successive integers are arbitrarily assigned to к classes, then at least one class contains an arithmetic 
progression, having at least / terms. The quantity n(k, I) is the van der Waerden number.
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can be in set Ak by hypothesis, for if any point were in Ak it would complete a mono­
chromatic equilateral triangle. In particular, the Nk_ l points on the row next above 
the base in Ek_y must be partitioned among the remaining k — 1 sets. But again,, 
by the definition of Nk- X, this must result in at least Nk_2 + 1 equispaced points 
being assigned to the same set, say Ak_x. The previous argument also applies to 
this set of points. If this procedure is repeated k — 1 times, on the (k — l)st step, 
since N x = 1, at least N x +1 or 2 points will be assigned to the last remaining set. 
The point which forms an equilateral triangle, Ex, with two of these points is also 
a point in the equilateral grids E2, E3, ..., Ek_ x, Ek by construction, hence, no 
matter which set it assigned to it must be a vertex of a monochromatic equilateral 
triangle, which contradicts the original assumption. Щ

We include the usual proof for к = 2 (the folk theorem) because of its extreme 
simplicity. As in the proof of Theorem 1, assume the theorem is not true. For this 
case, at least two of the vertices of an arbitrary equilateral triangle must be in the 
same class, say A x. Let these be points 1 and 2 in the equilateral grid below based 

on the points 1 and 2:
Then points 3 and 4 must be in Class A2 if neither of the equi­
lateral triangles 1 2 3 nor 1 2 4 are to be monochromatic, but 
this requires 5 to be in class A t which, in turn, requires 6 to 
be assigned to class A2. Now, if 7 is assigned to class A x, this 
will complete the monochromatic equilateral triangle 1 5 7 in: 
class Ay and if 7 is assigned to class A2 it will complete the 
monochromatic equilateral triangle 3 67 in class A2. But point 
7 must be assigned to one of the two classes.

Theorem 1 required only a finite number of points of 
the plane arranged in an equilateral grid for its proof, so 
that there are obviously uncountably many such monochro­

matic equilateral triangles. Theorem 2 shows that a surprisingly stronger result 
holds.

T heorem 2.* I f  the points o f the plane are arbitrarily partitioned into countably 
many measurable sets then almost every (in the measure theoretic sense) point o f the 
plane is a vertex of uncountably many monochromatic equilateral triangles whose vertices, 
furthermore, make up a set o f positive measure.

P roof. First we recall that a point x is called a point of density for a set A if 
the outer density of A at x is unity; x is called a point of dispersion for A if the outer 
density of A at x is zero. It is well known [6] that if A is any set (measurable or not) 
in R„, then X is a point of density for A for almost all x£A. Furthermore, if A is 
measurable, almost all points of are points of dispersion of A.

Assume Theorem (2) is not true. Let A be an open disc of radius one in the 
plane and designate the intersections with A of the measurable sets into which 
the plane is partitioned by Ay, A2, ...,А Х, ... . Remove from each set At the set 
of points which are not points of density for At to form a set By. Since only count­
ably many sets of measure zero have been eliminated, almost all points of A are 
in Qfij. Choose an point x £|JA> then x is a point of density for some Bj and a

* The author is indebted to Ju lia n  Gevirtz for suggesting this line of investigation.
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point of dispersion for all Д , i ^ j  from the way in which the Bi were constructed. 
For an arbitrary e < | , construct a closed disc Д,[х] centered on x of radius ô suffici­
ently small that ДДхЩЛ and
(2) /< № M n5j) ^  nő2(\ -a )
which is possible since x is a point of density for B}. Let Rx be the measure preserv­
ing operation of rotating the plane through 60° about x as center. Then it must 
be true that
(3) (Ss[x] П Bj) П (Rx(S4[x] П Bj))
is a set of measure zero if the initial assumption is to hold, since any point in com­
mon to both the right and left parenthesis of Expression (3) would be two of the 
vertices of a monochromatic equilateral triangle in (S4[x] П Bj) with the third vertex 
being x. Thus, if the intersection given in Expression (3) has positive measure, x is 
already the vertex of uncountably many monochromatic triangles such that Theorem 
(2) is satisfied at the point x. Therefore, if the hypothesis is to hold at x, it must 
be true that after removing at most a set of measure zero corresponding to the 
intersection given in Expression (3) from Rx(Só[x] П Вj) to form
(4) RX(S6[x] П BjY = Rx(S, [x] П Bj) ~  ((St [x] П Д) Г) (Rx(Ss[x] П Bj))) 
that
(5) Rx(S4[x] П BjY c  (St [x] П U Д) U (U (A, ~  Д))

i i
i*j

But Rx is a measure preserving transformation, hence
(6) и (Rx (S4 [x] П BjY  =  Ц (S, [x] П Bj) ^  fi (S4 [x] П U Bt)

i

which is impossible because of the way in which e was selected. Hence, all of the 
points of U#, , and therefore all of the points of A except for, at most, a set of mea-

i
sure zero, are vertices of uncountably many monochromatic equilateral triangles 
whose vertices make up a set of positive measure. Ц

The sets Ax in the preceding proof had to be measurable to guarantee that 
a point of density for a set Aj was at the same time a point of dispersion for all of 
the other sets At, i Aj.

Analysis for a Square Lattice of Points. A natural question is, “Can these results 
be extended to other regular tesselations of the plane?” R ado  has shown this to be 
the case for the square lattice* and has given a powerful result [7] which he attributes 
to G . G r ü n w a l d  in his elegant analysis of “regular” linear systems** over the 
complex field.

* Witt purports to have proven an even more general result for homothetic figures [8] in an 
arbitrary plane partition.

* * A  system of equations

(7) <r„i*i + 0^2*2- f - .. .  +  a „ „ x „ = : 6 M (1 S  /I  S  ffl),
where the are complex numbers, is said to be regular with respect to a set of numbers A,
if the following condition holds: however we partition A into a finite number of subsets A ,, A 2,
Ak, always at least one of these subsets Ak contains a solution o f (7).
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Grünwald's Theorem:
“ Given any ‘configuration' S consisting o f a finite number of lattice points o f a 

Euclidean space, and given a distribution of all lattice points o f this space into a finite 
number classes, there is at least one class which contains a configuration S' o f a lattice 
points which is similar and parallel (homothetic) to S."

Obviously, G r ü n w a l d ’s Theorem includes as a special case a theorem equiva­
lent to Theorem (1) in which the equilateral grid is replaced by a square lattice. 
Tn view of the power of G r ü n w a l d ’s Theorem, we shall not prove the counterpart 
to Theorem (1) for the square lattice, but instead will include the proof for к = 2, 
i.e., the case equivalent to the folk theorem since its proof also depends on an ex­
tremely simple argument.

L emma. I f  the points o f the plane are arbitrarily partitioned into two sets, and at 
least one of the sets contains the configuration

# ----#  —  #  —  #  —  #  —  #  —  #

where the points are at unit distance on a square lattice, then at least one of the sets 
must contain a monochromatic square.

P roof. Assume the lemma is not true, then it must be possible to assign all 
of the lattice points to sets without forming a monochromatic square. Making the 
assignments forced by this assumption leads to a contradiction on the seventh step 
to prove the lemma.

T heorem 3. I f  the points o f the plane are arbitrarily partitioned into two sets, then 
at least one of the sets contains a monochromatic square.

P roof. Choose n(2, 9) equispaced collinear points which guarantees at least 
nine equispaced points in the same class. Take 9 such points and consider the four 
lattice points marked О and □ .

□ -----------------О

lA4 'A4 lA4 \4 *A4 4.

□ -----------------О
Fig. 2

Both of the points О must be in a class different from the class in which points 
tgi are assigned or else the lemma applies. But there is only one other class. Similarly, 
points □ must both be in this other class if the lemma is not to apply, but this forms 
a monochromatic square. |
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Conclusion Theorem (1) demonstrated that uncountably many monochrome- 
equilateral triangles existed for an arbitrary partitioning of the plane into finitely 
many sets, while Theorem (2) showed an even stronger result was true for an arbitrary 
partitioning into countably many measurable sets. In the form in which they are given 
here, neither theorem implies the other ; however, we have also been unsuccessful in 
constructing an example to show that either theorem is as strong as possible. The 
conclusion of Theorem (1) is probably true when countably many sets are permitted 
in the partition and a weakening of the conclusions of Theorem (2) should make 
it possible to remove the requirement that the partition sets be measurable. Un­
fortunately, the arguments used in this paper were inherently finite for Theorem (1) 
and dependent in an essential manner on the partition sets being measurable in 
Theorem (2) so that we have been unable to link these theorems.
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A 3-SPHERE THAT IS NOT 4-POEYHEDRAL

by
D. BARNETTE and G. WEGNER

1. Introduction. In [2] G r ü n b a u m  constructs a triangulation J l  of the 3-sphere 
that is not combinatorially equivalent to the boundary complex of any 4-dimensional 
convex polytope (hereafter to be called a 4-polytope). It follows that the dual complex 
J i*  is also not combinatorially equivalent to the boundary complex of any 4-poly­
tope. We shall show that the 2-skeleton of Л  * is not geometrically realizable, that 
is, there is no complex combinatorially equivalent to the 2-skeleton of J l  * in which 
each 2-cell is a convex polygon. We shall also show that the graphs of triangulations 
of the 3-sphere and the graphs of their duals satisfy all the known necessary con­
ditions to be graphs of 4-polytopes, and yet no 4-polytope has a graph isomorphic 
to the graph of Jl* .

2. Definitions. A cell complex 41 is a collection of convex polytopes such that 
every face of a member of ‘ii is a member of 41 and the intersection of any two members 
of ^  is a face of both (0 being a face of all members of (€, and each member being 
a face of itself). The dimension of a cell complex is the greatest dimension of 
any of its members. A Topological d-cell complex will be a collection 4, of A-cells 
— l ^ k ^ d  such that

(i) each А-cell c is homeomorphic to some convex A-dimensional polytope Pc.
(ii) any face of a А-cell in ‘if is a member of where a face of a А-cell is the 

image of a face of Pc under the homeomorphism.
(iii) the intersection of two members of #  is a face of both.
If 41 is a cell complex (topological or otherwise) then Skelt 4! is the complex 

consisting of all faces of 41 of dimension к or less. Two complexes ‘Й’, and 412 are 
combinatorially equivalent provided there is a 1—1 correspondence of the faces 
of 41 i onto the faces of 412 which preserves incidences, two faces being incident 
if one is a subset of the other. If v  is a vertex (i.e. O-dimensional face) of a complex 
#  then the linked complex, link v, is the set of all faces of 41 which are incident to 
faces which are incident to v  but which are not themselves incident to v .  A complex 
41, is a refinement of 412 if there is a homeomorphism between them such that the 
image of any face of is a subcomplex of .

The boundary complex of a (/-poly tope P is the complex Skeld_ , P. A A-complex 
is (/-polyhedral if it is combinatorially equivalent to Skelt P for some (/-polytope 
P. A (/-cell complex is simple if each k-face, O ^ k S d ,  is contained in exactly d+  1 —k 
different (/-faces. We shall use a theorem of G r ü n b a u m  [2 pg. 206] that states that 
every simple d-cell complex is the boundary complex of a simple (d+ l)-polytope.

A topological cell complex is geometrically realizable if it is combinatorially 
equivalent to a cell complex.
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3. The complex Л  and its dual. Since giving a description of Л  is equivalent 
to describing Л  * we shall concern ourselves only with the latter. Л *  consists of 
8 3-cells of two different combinatorial types (see Fig. 1) and their faces.

A complete description of Л  * is given in Table 1, the facets are denoted by the 
numbers 1,2, ..., 8 and the vertices by A, B, ..., Y.

Table l

Combinatorial description o f  the 3-complexЛ  *

3-cell of Л* Vertices of the 3-cell (corresponding to the vertices 
a, b, j  in Figure 1)

Combinatorial type of 
the 3-cell

l U S C  B A W X T  H F I
2 U S Q P V A B C L J I
3 N M L  Q R J  A F B P I
4 N  J A F M O Y V  U W h
5 O N  R T H Y V J P X I
6 N R T H O M L Q S C и
7 O M F W Y  H C L B X I
8 U S T  X W V  P Q R Y I

T heorem 1. Skel2 Л  * is not geometrically realizable.
P roof. Suppose is a cell complex in E" which realizes Skel2 Л  * geometrically. 

Let S be any 3-cell in Л  *, then its boundary complex is a simple topological cell 
complex and the corresponding complex in is a simple cell complex. This simple 
cell complex is the boundary complex of some 3-polytopes in E".

We shall consider in particular the 3-polytopes 1, 2, and 8, which are all of 
combinatorial type I. Their intersection is the edge SU of Л  * and, as easily checked 
from Table 1, the edge SU is equivalently situated in all three of them; it corres­
ponds to the edge ba in Figures 1 and 2.

Let any 3-polytope of type I be given. We consider (see Figure 2) the lines 
L0, L t , and L2 determined respectively by a and b, by c and d, and by g and h.
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Since L0 and L x are coplanar, they intersect in a point p x (which is, possibly, at 
infinity). Similarly, L0 and L2 intersect in a point p2. Considering the pentagon 
abhgf, and noting that the line determined by/ and g is coplanar with L x and there­
fore intersects L0 at p x, we see that the pair a, p 2 separates the pair b, p x on the 
projective) line L0.

Now the impossibility of the assumed realization of Skel2 Л *  by a cell complex 
is obvious. Indeed, let us denote by L0 the line determined by SU, and by Z x, Z2, 
Z 3 the intersections of L0 with the lines determined respectively by XT, PQ, BC. 
Applying the above remark in turn to each of the three 3-polytopes corresponding 
to 8 , 2, 1, we see that the pair S, Z x separates the pair U, Z 2, the pair S, Z 2 sepa­
rates U, Z 3 , and S, Z3 separates U, Z x. This being absurd, the proof of the The­
orem is completed.

We now turn to the graph of Jt* . We shall need the following theorem of 
St e in it z  [5] : A graph is 3-polyhedral if  and only if it is planar and 3-connected. From 
this it follows that any 2-cell complex homeomorphic to the 2-sphere is 3-polyhedral 
and any triangulation of the 2-sphere is 3-polyhedral.

If Г is a circuit in a graph and the only edges joining vertices of Г are edges of 
Г then we say that Г is without diagonals.

L em m a . If Г is a circuit without diagonals with 3, 4  o r  5 edges in the graph o f  
a simple 4-polytope P then Г consists of the edges of some 2-face of P.

P roof. We shall give the proof for a circuit of five edges; the proof in the other 
two cases is quite similar. Since P  is simple each pair of consecutive edges on Г 
belongs to a 2-face and each three consecutive edges belong to some 3-face of P. 
Let the vertices of Г be vx, v2, ..., v5 in cyclic order. Let Fx be a 3-face of P  con­
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taining the edges vYv2 and v2v3, and let F2 be a 2-face containing the edges v3v4, 
v4v5 and The intersection of Fi and F2 contains and v3, but this intersec­
tion is either a vertex, an edge, or the face F3. Since Г is without diagonals, Fx П F2 
is the face F3.

Let the graph of F2 be embedded in the plane and assume Г does not bound 
a 2-face of P. Then there are edges of the graph of F2 going inside Г from vertices 
of Г and also edges going outside. Since each vertex is 3-valent there are only two 
edges going to one of these regions (inside or outside) but this implies that the graph 
of F2 is not 3-connected which is a contradiction to  Steinitz ' Theorem.

T heorem 2. The graph 3  o f J t *  is not 4-polyhedraI.
P roof. Suppose P is a 4-polytope whose graph is 3. By the lemma above each 

circuit without diagonals and with 5 or fewer edges in P. bounds a 2-face thus these 
2-faces correspond to 2-faces of Ji*. If we can show that the remaining 2-faces
o f , correspond to 2-faces of P we are done because this would imply that Skel2P 

is a geometric realization of Skel2 J Í  *. The only other
2-cells of,.#* are the 6 -sided cells of the 3-cells of type I. 
Given a cell c of type I all but one 2-face has 5 or fewer 
sides thus each of these corresponds to a 2-face in P. 
Consider the 2-faces a and ß (see Fig. 3) in c. The 
corresponding 2-cells in P belong to some 3-face F. The 
face corresponding to у must belong to the same facet 
since only one 2-face in P meets a and ß at vif v2 and 
v3 and clearly some 2-face in F does just that. Similarly 
wesee that ô, e and £ belong to F. This shows that the 
graph in Fig. 3 is a subgraph-of the graph of F. Since 

F is 3-valent we see that the graph in Fig. 3 is the graph of F and 
Fig. 3 corresponds to the seventh 2-face of F.

each vertex in 
thus the 6-sided face in

4. Conditions for 4-polyhedrality. The following necessary conditions for a graph 
3  to be 4-polyhedral are known :

1. If V is a vertex of a graph 3  and V is the set of neighbors of v (i.e. vertices 
of 3  joined to v by edges) then V is contained in a 3-polyhedral subgraph 
3 ' of 3  ~  {r}, and 3 ’ contains a refinement of the complete graph of 4 vertices 
whose principal vertices are in V [1].

2. If a set of n vertices separates 3, then it separates it into at most (n2 —3n)/2 
components [3].

T heorem 3. I f  3  is the graph of a triangulation of the 3-sphere, then 3  satisfies 
condition 1.

P roof. Since the linked complex of a vertex in a 3-manifold is a 2-sphere (See 
[4, Th. 1]) we conclude that the graph of the linked complex of v is 3-polyhedral. 
Since each vertex of this graph is a neighbor of v, the result follows because each
3-polyhedral graph contains a refinement of the complete graph on 4 vertices (See
[2 , p. 2 0 1]).

T heorem 4 . I f  13 is the graph of the dual T* o f a triangulation T o f the 3-sphere 
then *3 satires condition 1 .
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P roof. We begin by showing that link v in T* is a refinement of the tetrahedron, 
for each vertex v. Let F  be any 3-face of T* that contains v. Link v in Fis a circuit that 
separates ß(F) (the boundary of F) into two 2-cells, one of which consists of the 
2-cell in ß{F) that are in link v. We shall call this cell CF. Two cells CF and CH meet 
only if F and H meet on a 2-face or an edge, and when F and H  meet in this way 
then CF and CH meet on an arc or at a vertex. The cells of the form CF thus form 
a topological 2-cell complex c€. The correspondence Cf**F**vf , where vF is the 
vertex in T corresponding to F by duality, shows that W is combinatorially equivalent 
to the dual of the 3-cell S' of T corresponding to v by duality. Indeed the set of 
vF ’s is the set of vertices of S' and two vertices vF and vH are joined by an edge if 
and only if F and H  intersect on a 2-cell, which happens if and only if CF and CH 
meet on an arc.

Since S' is a tetrahedron, link y is a refinement of the tetrahedron. It follows 
that the graph of <€ is a refinement of the graph of the tetrahedron and the neighbors 
of v are the principal vertices.

For the next theorem we use a theorem by Klee which is actually condition 2 
for 3-polytopes [3]:

I f  n vertices separate a 3-polyhedral graph then it is separated into In —4 or fewer 
components.

We shall also use the fact that condition 1 implies that is 4-connected (See 
[1] for a proof).

T heorem 4. Let V be a set of n vertices which separates the graph of either T or 
T*. Then the number o f components o f the separated graph is at most (n1 — 3n)/2.

P roof. Let the elements of V be vl , . . . ,v n; let their linked complexes be 
1 , F£ 2, ■■■,£’,, respectively; and let Ct be the number of components that meet JS?,. 

If и, is the number of vertices of V in T£t then by Klee’s condition for d=  3 we have 
that Ci S  2Hi — 4. thus

2 c , s  i ; 2/7, — 4 
1 = 1  1 = 1  

n

But П/ S  n2 — n thus
i = i

2 C t ^  2(n2 — n) — An = 2n2 — 6n

Each component meets the linked complex of at least 4 vertices in V because 
the graph is 4-connected, thus

C s n2 — 3 n
2

where C is the number of components.
The above shows that even though the graph of J i*  is not 4-polyhedral. it 

satisfies all the known conditions for 4-polyhedrality. Although there are other 
examples of graphs satisfying 1 and 2 which are not 4-polyhedral, this is the first, 
to the best of the authors’ knowledge, which is the graph of a cellular decomposition 
of the 3-sphere.
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OS HYPERMATRICES WITH BLOCKS COMMIJTABLE IN PAIRS 
IN THE THEORY OF MOLECULAR VIBRATIONS

by
B. GELLAI

Introduction

Matrix formalism is routinely used for the solution of problems in modern 
chemistry. Here we consider, in particular, the problem of molecular vibration of 
the form [1]

(1) |G F - / lE |= 0 ,

where G is the inverse of the matrix of kinetic energy depending on the interatomic 
distances and mass of the molecule, F is the matrix of potential energy determined 
by the force constants.

The problem, mentioned above, can be treated as an eigenvalue problem since 
the eigenvalues of the GF matrix are proportional to the individual frequencies 
of the molecular vibrations, or as an “inverse eigenvalue problem” if the force 
constants are to be determined from the elements of the G matrix and from the 
eigenvalues.

The solution of either problem becomes difficult in the case of polyatomic 
molecules, since the order of the matrices increases with the number of atoms in­
volved. Efforts have been made therefore to split the given problem into a set of 
smaller problems. A known method in chemistry for this is the construction of 
symmetry coordinates using some group theoretical considerations, in terms of which 
the matrix of vibrational problems is reduced to the maximum extent made possible 
by the molecular symmetry [1].

For molecules, having a “good” symmetry, the GF matrix has in some cases a 
structure such that it can be reduced in terms of pure matrix theory.

In this paper a method based on Egerváry’s theorem [2] will be described for 
the complete reduction of the GF matrix which consists of blocks commutable in 
pairs.

Application of the method will be shown in the case of methyl halide mole­
cules.

1. § Description of the method

The following notation is used :

A =  [öjj] ...............................................  is the matrix composed of the scalars ay
[Ay] .....................................................  is the hypermatrix composed of the blocks

Ay
(fiq, a2, ..., an) ....................................  is the diagonal matrix composed of the

scalars a;
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<А(,))" = (А(1), Aí2>, . . . .А « )

А* ........................................

и ,  V .............................
U * ,  V*  ......................
А- ХВ = [А• btj\

is the hyperdiagonal matrix of order n 
composed of the square matrices A(l> 
is the transpose of matrix A 
is the unit matrix of order n 
are column vectors 
are row vectors
is the direct product of the matrices A 
and В

и • X V =

uv1
uv2

uv„

is the direct product of vectors и and v.

T =  [tkl] = [tn , t 12, ..., t ln; t21, t22, ..., t2n; ...] is a matrix partitioned in the co­
lumn vectors tkl.

Let [Ay] (i,y'= l,2 , n) be a hypermatrix of order nX m  with blocks Ay =  
=Pij(A), where A is a symmetrical matrix of order m and pu (x) are polynomials 
of the real variable x, subject only to the restriction Рц(х) =pJi(x). If the spectral 
decomposition of matrix A is given by

A =  W(A1 ,A2 ,...,A m>W*,

then the blocks Ay decompose to

Ay -  Pij(A) =  W(Pij(^i),Рц(Л2),

Thus, [A;/] can be factorised as

(2) [Ay] = (W • XE„) • P -<Â(1), A(2>, , Â(m>>• P* • (W* • XE„),

where =[/>y(Ak)] and P is the permutation matrix which transforms the sequence 
of ordered pairs

(11)(12)...(1|и)(21)(22)...(2|и)...(и1)(и2)...(|11я)
into the sequence

(11)(21)...(я1)(12)(22)...(п2)...(1т)(2ш)...(/7ш)[2].

On multiplying the left and right hand side of [2] by P* • (W* • XE„) and (W • XE„) • P. 
respectively, we obtain

(3) p* • (W*. X E„). [Ay] • (W • X E„) • P = <Â«>Ï.

The transformation matrix (W- XE„)P- can be written in the form

(4) T =  [tkl] =  [ w k  • X e t] (k= \, 2 ,  ..., m ;  1 = 1 ,  2 ,..., n ) ,

where wk is the column к of matrix W, that is the eigenvector corresponding to the 
eigenvalue Xk of the matrix A, while et is the /th unit vector of order n. If / runs over 
the values 1,2,..., n, the direct prod acts i n (4), for fixed k, form the kth “block-column” 
of the matrix T.
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Tf the matrix [A(J] is bordered by a row and a column vector in the following 
manner

(5)
c X»*

Wp -X u [A J  J
where c is constant, wp is the p\h characteristic vector of A, v* and и are vectors of 
order n, then the transformation matrix T — which is bordered by unit vectors — 
transforms the form (5) into

(6)
1 0 С w*. X  V * ' l l  0

.0 K - X e , * ] J . • X  U [Au] O K  - X e , ]

C ( К ' X V * ) К  • X e ,]

1 к - х * П ■ K ' X « ) K - x * f ] - [Ay] • К  • X  е ,]

Performing the multiplication for the lowest block on the left we get

(7)

1) (wî WP) • (е* ч) à\Pui

к)
(wîwp)(eïu) 1

К  - ХеГМиу X и) = (<*♦>) • (е* и) / =

n

т) « w p) ( e » àmput
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The product of T* and (и^* X«) is non zero only if k= p  and this product 
is precisely the product of the />th „block-row” of T* and the vector (wp ■ X и). (In 
fact, for p X k  on the right hand side of (7) we have the product of two eigenvectors 
corresponding to different eigenvalues of A, which is equal to zero.) If / runs over 
the values 1 ,2 ,...,» , we obtain the vector u. Consequently, the hyperdiagonal 
matrix (6) is bordered by vectors partitioned into m parts, the pth of which is only 
aiffering from zero, therefore the bordering row and column vectors can be written 
ds (e* • X r*) and (и • X ep) respectively. Thus (6 ) becomes

e*■ Xv*
<Äa)>T ’

where (A(k>'/" is the hyperdiagonal matrix defined by (3).
Without loss of generality, we may put p — 1 choosing an appropriate number­

ing of the eigenvalues. In this case the hyperdiagonal matrix (8) will have the form

(8)
c

u -X e t

(9)

C V*

и  Ä<«

О

Ä (2>

0

Ä (m)

In the solution of a given vibrational problem it frequently occurs that the 
hypermatrices have blocks А и with a cyclic structure, that is, blocks, whose ele­
ments are related as

cij
I Cj - l  if  J — * 
1 Cn+j—i i f

These matrices are uniquely determined by their first row:

C(c0c1c2 ...c„_1).

It is well known, that any cyclic matrix of order n can be written as a maximum 
(n — l)-th order polynomial of the primitive cyclic matrix ÍÍ = С (0 1 0 ... 0) of order 
n. The eigenvalues of £2 are the nth roots of 1 and the components of their eigenvectors 
are the powers of these nth roots of 1 [3].

Specifically, if the cyclic matrix of order 3 is symmetrical

(1 0 )  C iC gC iC ^ ,

its spectral decomposition is

C (c0c1c1) = W<20 ,A1 ,2 2>W*,
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where A0

( 11)

Co - C l and
1 2

0
y f F'6

1 1 1

^ 3 У6 Í 2

1 1 1

УЗ - 7б ~ Ÿ 2

2. § Application

The vibrational problem of a given molecule can be formulated in terms of 
internal coordinates, i.e. coordinates determined by the changes in the interatomic 
distances and in the angles betwen chemical bonds, which 
are the most physically significant set for use in describing 
the potential energy of the molecule [1].

For the methyl halide molecules the internal coordi­
nates are the changes in the distances R, rt (i=  1,2,3) 
and in the angles af, ßt (/=1, 2, 3). (See the methyl iodide 
molecule CH3J in Fig. 1.)

For the present purpose we write down the F matrix 
only, since entirely analogous arguments can be applied to 
the G matrix and eventually to the secular equation (1).
The F matrix in terms of internal coordinates has the 
form [4]:

f u

(12) F =  [F(J] -

f 12 f l  2 f l  2 / l 3 f i s f i s / 14 /14 f IX

f i l f 22 / 2 2 / 2  3 /23 /23 /24 /24 f i x
f 2 2 J  22 J 2 2 . / 2 3 У23 /23 /24 ./24 / 2 4

Í 2 2 J  22 / 2 2 /23 /23 /23 /24 /24 /24

/33 /33 /33 /34 /34 /34
J  33 ./33 /33 /34 ./34 /34

* i j  == F , ./33 J  33 /33 ./34 /34 /34

./44 /44 /44
/44 ./44 /44
/44 /44 ./44

»,7 = 1, 2, 3,4.

Using the notation (10) for the blocks F,y, (12) can be written as (5):

( 1 3 )

/ n M’S • X H*

CC/22 /22 /22) CC/23 /23 /23) С ( / 2 4  / 2 4  /24)
fo -X » С(./зз /зз /зз) С (/з 4  / 3 4  /34)

с (/44 /44 /44)
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where w0 is the first column vector of matrix (11) and
é

и
V ï- fl2  
/ з - / 13 

КЗ - / 14

Applying the method, described in §1., matrix (13) can be transformed by 
making use of the matrix

(14)
1 O ' 1 0 1 0

.0 W- X E 3 0 P. 0 К  • X e , l

TT* — E, (k, 1=1,2, 3),
to the hyperdiagonal form:

(15)

where

f "
*

" n
U F<°>

0
jrU)

f <2>

F u) =  [PiJ K ) ]  = f j  + Vu  cos
2k n

к = 0, 1, 2; i ,j  = 2, 3,4 and (як are the cube roots of 1. Thus the given vibrational 
problem of order 10 has been reduced to a problem of order 4 and two identical 
problems of order 3.

Let us see now, whether the matrix (15) is the completely reduced form.
The methyl molecules CH3X belong to the symmetry point group C3v, composed

27Г 4 tcof the following operations: two rotations by — and  ̂ about the axis coincid­
ing with the C — X  bond, three reflections through the vertical planes (i=  1, 2, 3) 
each passing through one of the C — Ht bonds and the identity operation E. This 
operations are called the symmetry operations which carry the molecule into a con­
figuration equivalent to its initial configuration [1].

The internal coordinates, introduced above, separate into sets which do not 
mix with oneanother, thus, the members of each set transform only among themselves, 
consequently the matrices, representing the symmetry operations are in diagonal 
block form, that is, the matrix representation of the symmetry point group C3„ is 
reducible [1].

It is known from representation theoretical consideration [4] that the C3„ 
symmetry point group has four 1-dimensional and three 2 -dimensional irreducible 
representations, consequently the completely reduced form of matrix R. represent­
ing any symmetry operation of the molecule, contains four 1-dimensional blocks and
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three 2-dimensional blocks. That is

R d )

R<‘>

R ( 3 )

The matrix of potential energy commutes with all group representation matrices 
and if it is partitioned to correspond with the diagonal blocks of R, the commutable 
rule will be valid for the individual blocks too, thus by Schur’s lemma we find, by 
merely permuting rows and columns, that in the final form the F matrix contains 
one 4-dimensional block and two 3-dimensional blocks [4]. Consequently the form
(15) is completely reduced form.

Alternatively, it can be shown, that applying the transformation with the matrix 
T for the 10-th order vector of the internal coordinates, we obtain the well known 
symmetry coordinates of methyl halide molecules [5], including the redundant co­
ordinate the removal of which requires some chemical considerations.

Note. The methyl halide molecules have a „good” symmetry, therefore the 
matrix of the vibrational problem consists of blocks of a special cyclic structure, 
however, the method, described above, can be applied also to molecules having 
a “ less good” symmetry. Attempts at the extension of the method to such molecules 
as well as the development of the method for the removal of redundant coordinates 
are in progress.

Acknowledgement. Thanks are due to Professor P. Rózsa and to A. Lee for 
helpful advice.
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A PROPERTY OF CONDITIONAL ENTROPY

by
J. KÖRNER

§• 1

Let be a discrete, memoryless and stationary information source the
letters of which are taken from a finite or countably infinite alphabet X. According 
to Shannon’s well-known theorem if N(n, X) denotes the minimum number of 
sequences of source symbols of length n with total probability greater than or equal 
to 1 — A (where 0^A <  1), then

lim — log2 W(«,A) =  H(£),
H--00 f t

where H(£) is the Shannon-entropy of the random variable Ç. Now, N(n, A) + l 
codewords are sufficient to code the blocks of length n of the source with an error 
probability less than X

The aim of the present paper is to prove a similar proposition for the conditional 
entropy.

§ •2

The conditional entropy Н(£|/(£)) can be interpreted as the remaining un­
certainty concerning £ if we are given /(£), a function of the random variable 
Allow for this interpretation we give a coding procedure which could be called 
complementary coding. The coding of the source is realized in two steps. At the first 
step we consider instead of the original source {çji’l i  the source {/(£;)}(! i , i-e., 
we are only interested in a “rough observation” of the source originally given. So 
we have the contracted alphabet f(X ). We are given the exact form of this „rough” 
representation of all the sequences of source symbols.

The second step is what we call a complementary coding. We want to code 
the source such a way that if we know the complementary codeword and the “rough” 
representation of an arbitrary source sequence, then we have a coding of the original 
source with an error probability less than A. To attain this, at the second step we 
need not distinguish again two source sequences having different “rough” representa­
tions. We denote by M(n, A) 4-1 the number of complementary codewords needed 
to code the original source {£;}fl t with an error probability less than A. We obtain 
the following result which is an analógon of Shannon’s theorem:

lim l \og2 М{п,Х) = Щ \ т ) ,
/ í — оо f t

where H(£| /(£)) is the conditional entropy of the random variable
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§ •3

Now we turn to a mathematically rigorous treatment of our Subject. Let 
be again a discrete, memoryless and stationary information source with letters taken 
from the finite or countably infinite alphabet X. We are also given a function f  
on X  partitioning X.

Let us consider on X  the following two relations :
a _L b if and only if f(a )  ^  f(b), that means the “rough” representations of a
and b differ.
a\b if and only if f(a ) =f(b) and a Ab.

Let us extend these relations to the set X" i.e. to the и-length sequences of letters 
from X. For two sequences a = ai a2...an and b = bl b2...bn

a.Lb holds if and only if there exists an i with J_è;.
a\b holds if and only if a±b  does not hold and aAb. That means a\b if 

and only if we have either a; =Z>; or ai\bi for every / = 1, 2 , n and for at least 
one i, we have a;\b(.

Now we pass over to an exact definition of M(n, Я).
We call a “good set” a set which does not contain any pair of elements a, b, 

with a\b. A “good decomposition” of a set AczX" is then a decomposition of A 
whose components are all “good sets”. We define the number [A] for any set A 
as the minimum number of components in a “good” decomposition of A. As usual, 
let us denote by ||Л|| the number of elements of an arbitrary set A. We have

[Л] — min jr; A = U Ai , A i r\Aj = & for iA j  and a, b ^A t => a\b does not hold 

Let us define M[n, /.) by

M (n,X)=  min [А].

Now we can establish our
T heorem: For every discrete, memoryless and stationary information source 

{ç,};“ i and for every À satisfying 1 the limit lim — log2 M{n, /.) exists and
И -+ С О  72

we have

lim ' log2M(n,X) =  H(£|/(£)).
n-*- oo 72

Remark 1: One may think that only a special class of conditional entropies 
is treated here, because H(Ç|rç) is defined for two arbitrary random variables Ç and 
>7 while in our case we have assumed that r]=f{Q. However, every conditional 
entropy can be reduced to this special form, since H(Ç|rç) = H((C> rj\rj); here q is 
a  function of (£, tf).

Remark 2: The theorem mentioned in the introduction is a special case of 
ours, where /  is a constant function. Thus H(^j/(^)) = H(<̂ ). However, this paper 
does not give any new proof for that case. We turn now to the
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P roof of our theorem : Let Fn a  X" 
I "

with property -  2  log2 p(* i)-H (f)
H i = 1

ber), i.e.

(1) F„ =  F„00 =  |лг! л:2 ... x„; -

consist of all sequences л: = x2x2 . ..x„£ X" 

Ш e (e> 0  is an arbitrary positive num-

2 log2 /?(X |)-H(i) n /= 1
We denote by G„ the set of equivalence classes of /  with the property

-  Z l o g 2 / > ( / - * ( / ( * ! ) ) ) - H ( / ( £ ) )
n  i -  1

( t > 0  is an arbitrary positive number), where /  1 ( /(x f)) is evidently the equivalence 
class of xf, i.e.

(2) G„ = G„(z) = \ f  1 (/(*! x2 ... x„)); -  ' 2 ’ n í= i

thus G„ is the analógon of F„ for /(£) and t >0.
It follows from the weak law of large numbers that we have p(Fn)-+1 for every 

e> 0  if « — and also p(G„)-+\ for every t > 0, since the random variables

rji = - l o g 2 p(x)  if £; =  X

are independent and identically distributed with the common expected value H(£) 
and the random variables

Ci =  - lo g 2/>(/_1 (/(*))) if / ( « = / ( * )
are independent and identically distributed with common expected value H (/(£)).

Let L„(e, t) be the intersection of F„{e) and G„(t), i.e. L„ = FnC\G„. Thus, 
for all £> 0  and z> 0  we have p(L„)-~ 1. As the source is memoryless, i.e. p{x) =

П
= p (x \x 2... x„) =  / 7  p(xi), from (1) follows

I = 1

(3) S  p(x) s  if x £ F n.

Likewise, from (2), we get

(4 ) 2 -« « л й +ч £  ^ - ‘ (/(x))) S  if xeG„.

Since L„ — FnC\G„, the bounds (3) hold for all x£L„.  If we denote by y ( x ) = y cx(x) 
the set Z .„n/- 1(/(x)) for all x£L„, we obtain from (4)
(5) /?(j(x)) â  2 -"tH(Aî))-Tl if X(iLn.

Since for every x£L„ we have j ( x ) c f „  from (3) follows

(6) p ( j ( x ) ) s 2 - ”lH(«)+‘i.||^W I|.

Comparing (5) and (6 ) we obtain for the number of elements of the set y(x) the 
following upper bound :

1! У (x) |[ = 2"[H(?,”H(/(í))+e+tI.
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Since Н (£ )-Н (/(£»  =  H(£, /(ç ) ) -H  (/(£)) =  Н(£|/Ю)> this can be written 
also as
(7) ||j(x ) || s  2"[H(íl/(,í))+£+l] for every e, t >0.

As lim p(Ln) = 1, we get for every sufficiently large n and O sA < l that А/(я,А) g
П-*-оо

S[L„]. To obtain an upper bound for [L„] we give a suitable „good” decomposi­
tion of Ln.

As we know,/(<J) defines a partition of L„. Two sequences al a2...an and bl b2...b„ 
belong to the same class if and only if f(a^) .../(«„) =f(bt) ... f(b„). We choose a 
class of this partition the number of elements of which is maximum. Let us choose 
to every element of this maximal class certain elements from the other classes of 
/(£)■ More precisely: to different elements of the maximal class we choose different 
elements from every equivalence class, respectively. If in course of this procedure 
all elements of a certain class are exhausted, we neglect that class further on. So, 
to every element in the maximal class we make correspond a “good” set of elements 
of Ln, i.e. a set, where for every a and b a\b does not hold. Since the number of 
elements of the chosen class was maximum, every element of L„ is contained in 
one of our “good” sets. Therefore we have got a “good” decomposition of L„. 
The number of components of this decomposition is equal to the number of ele­
ments of a maximal class, which is not greater than 2"[H<iL09)+£+r], according 
to (7). So,

M(n, A) s  [L„] =  [Z.„(£, t)] si 2 "1н«Т(Р)+г+г] for every s, t>0,
whence

lim ~  log2 M (n, А) Ш H(£|/(ç)) + e + T for every O^A-cl and а ,т> 0. 

Hence

(8 ) Îîm — log2 M (n, A) s  H (Í |/(c))n
holds, too.

We have now to prove an inequality in the opposite direction. We do it again 
through the set Ln.

If E с  X", we can state [E] ^  [£D L„], since every “good” decomposition of 
E generates a “good” decomposition of EC\L„. If d>0, then for n sufficiently 
large we getp(L„) S  1 — <5, so ifp(E) ^  1 —A, we also have р(ЕГ\Ьп) s  1 — A — ö.

On the other hand we estimate р(ЕГ\Ьп) by one of the “good” decomposi­
tions with minimum number of components. Substituting the probabilities of the 
components of such a decomposition by their maximum possible value, we get

p(£T)L„) g  [EC\Ln\ • max {p(A)\ AczEClL,,, (a, b(^À, a^b=>a _L&)}.

The inequality
max {p(A)\ А с  ЕГ\Ьп, A is a “good” set} S  

S  maxg(x) • max {||Л||; A c  EC\L„, A is a “good” set}
is trivial.
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From this we deduce

(9) p(EC\Ln) s  [£T1Z.„]- max/>(x)*max {ЦЛЦ; A is a „good” set}.

As xdLn, we get from (3)
p(x) s

Let Nn denote the number of the equivalence classes of/ contained in L„; then 
N„ is an upper bound for max {||Л||;/1 is a “good” set}, since if A contained two 
different elements of the same equivalence class, for these elements we would have 
a \b . Hence we have

(10) т>(£Ги„) s  2_"[H(<)_£] • • [£П LJ.

Now, because of the inequalities 1 ^  p(G„) £  N„ • 2 -л[Н(АО)+и) (where the second 
one follows from (2)), we get for N„ the bound

(11) Nn s  2"lH</«))+T].

Finally, the inequalities (10)—(11) result in

р(ЕП Ьп) == 2 - ”ih<{IA{))-í- i] . [£П L„],
whence

[EП L„] s  ( l - i - ^ ) . 2 " [ H(4i/«»-'-^.
Consequently

M(n, Я) =  min [£] & (1 -  Я -  <5) • 2 "Ih«IA<»-*-t]> 
P ( i , . . . { „ t £ ) ? l - i

thus

log2 Л/(и, A) S  ^  1og2( l - À - S )  + H(£!/(£ ))-e - z .

Since the first summand on the right hand side tends to 0, if и —°=>, we get 

lim - - log-, M(n. Я) s  Н(£| f(£)) — e—r for all e, t > 0
П-*- oo t l

i.e.

(12) lirn -  iog2 M(n, i ) s H  (^1/ ( 0 ).
П -*-оо f t

From (8) and (12) we obtain

lim — Iog2 M(n, X)=  H({|/({)),
П -+00 f t

what we wanted to prove.
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ON A GENERALIZATION OF FARKAS THEOREM

by
L. REJTŐ

To the memory o f  A . Rényi

1. Let H be an arbitrary finite set with elements x lf ...,x„, and let f t , 
be real valued functions on H, and ct , . . . ,c k real numbers. We seek the conditions 
for the existence of a cr-algebra and a finite measure p for which

Let

and

J f  ( x ) /'(dx ) = C; for / = 1, к .
H

A =
/ i ( h )

[fk(Xl) fk (x2) ■■■fk (x„),

l ‘ l
(

Ck
/< = C =

. /V Fk

We look for a necessary and sufficient condition for the existence of a vector 
pi, with nonnegative components, for which Ap = c.

A. R ényi and J. Csima dealt with this problem. A necessary and sufficient 
condition was given by J. Csima [2] for the case when the elements of A and the 
components of c are nonnegative. A. Rényi recognized that the problem is equivalent 
to the F arkas theorem.

Theorem (Farkas) Let A be an n X k  matrix and let cÇ.Rk. (Rk denotes the k-di- 
mensional Euclidean space.) For the existence of a vector fi £ R" with nonnegative 
components, such that Ap = c, it is necessary and sufficient that с/. 0 provided that
the components of A*к are nonnegative. (A* denotes the transpose of A). (See [3], 
pp. 124—125.)

in  the case of finite H, the Farkas theorem gives a complete answer o f the 
problem.

The next question is due to A. Rényi. What can we say about the general case, 
when the elements of H, and the number of functions on H are not finite?

Let 3C be an arbitrary set and the functions Fy(x), y£  Y be real valued functions 
on 3C. Let cp(y) be a real valued function on the set of indices Y. What are the con­
ditions for the existence of a finite regular Borel measure p, such that

J F y(x)p(dx) = (p(y) for all >'€ F?
Ж
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The purpose of this paper is to give a necessary and sufficient condition for 
the case when У is a Hilbert space.

2. Let £  be a locally convex topological vector space, and let E' be the set of 
continuous linear functionals on E. The elements of E' are real valued functions 
if E  is a vector space over the real number and they are complex valued functions 
if E  is a vector space over the complex numbers.

Definition: We define the weak* topology on E', by a local base of an f 0£E'. 
A local base is:

U(f0; Xy, e) =  {/: \f(xk) - f 0(xk)\ <  e, k = \...n )
where x t , xn are arbitrary elements of E, and e>0.

Definition: Suppose that A is a nonempty subset of a locally convex topological 
vectorspace E, and that p is a nonnegative finite regular Borel measure on X. A point
X in E is said to be represented by p if/(x) = Jf{t)p{d t) for all fd E '.

X
Let Ж' be the space of real valued linear functionals on Ж. Let us consider the 

following problem: find a linear functional G on Ж" such that
G(Ey(x)) = (p(y) for all y  Ç Y.

To answer this problem we have:
T heorem ([4] pp. 31). Given a normed linear space Ж, a collection o f elements 

{ x e ; a  Ç and a collection o f real numbers {ca; a £ ?/}, a necessary and sufficient 
condition for the existence o f a bounded linear functional G such that G  (x a) =  ca föt­
al l a £ and II G|| S  M  is that the inequality

II 2  Ä,Ca|| S  M\\ 2  ßa a* 11
a

holds for each finite subset л  of°?J and for every choice o f the real numbers ß„.
If we suppose that a measure v and a er-algebra S  exist on ЭС and {Ey (x) : y  Ç У } с  

c l 2 ( î ;v )  then the above theorem is applicable, i.e. there exists a measure ц 
such that

/  Ey(x)p(dx) = <p(y),
ж

but the measure p, is not necessarily finite.
The next theorem gives a necessary and sufficient condition for the case when 

У is a Hilbert space.
Theorem A. Let Ж be an arbitrary set and {У; 2  ; /.} a о-finite measure space 

), Ж 0. Let <p(y) = (Py and F (x;y) = Fx(y) = Fy(x) be real valued functions on ЧУ and 
X  °d respectively. Suppose that cp(y) and the functions Fx(y), are elements o f Ег {fü, A), 

for all fixed x, further suppose that the set G—{Fx{y)\ xfffiE} is weak* compact. 
Then there exist a a-algebra and a finite regular measure p on Ж, such that

J  Fy(x)p(dx) = cpy for all y Ç 6JJ.
ЭС
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i f  and only i f  the inequality

f f ( y ) Fx(y)*(dy) ^  0, where f ( y )€ L 2(ßf, X)
У

implies
f f(y)<P(y)Mdy)  s  0.

We first prove another theorem and Theorem A follows as a special case of this.
Theorem B. Suppose that P is a weak* compact subset o f a real Hilbert space 

Ж , and that q is a fixed element of Ж . Then there exist a o-aJgebra and a finite regular 
measure p on P such that

f  (P,y)h(dp) = (d,y) for all у ^ Ж

if and only if  the inequality 

implies
(p, x ) s 0  for all pZP  

(q,x)*Ê 0 .
To prove Theorem В we need the following lemmas.

Lemma 1. (see [1], 5 p.) Suppose that Y is a compact subset of a locally convex 
topological vector space E. A point x  in E is in the closed convex hull X  o f Y i f  and 
only if there exists a probability measure p on Y which represents x.

Lemma 2. Let F be a compact subset of a topological vectorspace E. Suppose 
that the cone L having the base % (F), (which denotes the dosed convex hull o f F), 
is closed. Let К be the closure o f the convex hull of the cone with the base F. Then 
K = L.

Proof: Since Fcz4>(F), the cone L contains the cone with the base F. It is 
easy to verify that the cone with base # ( F), equals the convex hull of the cone 
with base F. Thus the cone with base 4>(F) is a susbet of L. Hence L is closed an 
KczL. Since A is a convex closed set, we have

'ê ( F ) ( z K .

Hence LczK. The proof of Lemma 2. is complete.

Proof of Theorem B. We first prove the sufficiency of the conditions.
Let

H ={x: ( x ,p ) ^ 0 for all p£P},
L= {y:  (у ,х )ё 0  for all x£H },

and К be the convex hull of the cone with base P and К be the closure of K. We 
prove that K = L . L is a nonempty convex cone, since q ^L  and Pc.L. Further if 
y l \y 2^L, o O ,  then Ayt +(1 — X)y2 Ç.L; cyx^L. Hence Kc.L. If L is
a closed set then KczL  holds. We shall prove that L is weak* closed, and from this
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follows that Z, is a closed set in the Hilbert space Ж . It is enough to show that Ж — L 
is weak* open. It is known that the conjugate space of Ж is Ж . The sets

U{x\ y t , . . . ,y„; e) =  {z: \{yit x - z ) \  <  e i = \ . . . n )

form a local base at x in the weak* topology, for arbitrary y l7 and б>0.
Let V  be an element of Ж  —L. Then there exists an х0£ Ж  such that

— S = (v, A'o)< 0  (<5>0).
Let us consider the following neighbourhood of v

V v ; x 0 ; jz:|(*0, v — z)\

Let г be an arbitrary element of t / |r ;  x0; 
be negative since

3
2

<5 < (*o, z) <

Then the scalar product (z, x0) will

_ S
2 '

Hence z^L , and L is weak* closed. To prove the converse, let us suppose that there 
exists an element of L, y 0, such that y0$K. In a Hilbert space a closed convex set 
M  and a point x$M , can be separated, such that there exists an element a of Ж, 
such that

(a, x) < 0
and

{a, y)=0  for all y£M .
Hence, there exists an element z0 such that

( T o, z 0) < 0
and

(x,zo) ? 0  for all x£K .

It follows that(z0,p) &0for all p Ç P, and therefore z0 ÇH. Hence (y0, z0) >0, which 
is a contradiction. This implies that K = L , It follows from Lemma 2, that L is 
equal to the cone generated by the closure of the convex hull of P. It is known that 
q£.L. Hence there exists a real number ß. 0 < />’<  + such that ßq is an element 
of the closure of the convex hull of P. P is weak* compact. From Lemma 1 it follows 
that (P) if and only if there exists a finite regular measure p on P which represents 
q. In our case this means that (q,y) = j  (p, y)p(dp) for all у&Ж.

p
The necessity of the condition is easy to verify. If J  (p, y)p(dp) = (q, y) for

p
all у£ Ж  and if there exists an x such that (p, x)SO for all pdP, then

(q,x) = J  (p, x)p(dp).
P

Hence {q, x ) ^ 0, since p is a nonnegative measure.
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Proof of Theorem A:
Theorem В implies that:

/ <P(y)f(y)Hdy) =  / { / F(x-y)f{y)Hdy)\ n(dx)
!31 X

for all f(y )£ L 2(Y,X).
It is known that /< is a finite regular measure. Let /.i(^ )= a . Then

/  { / /O ')  [F(x ;y)~a.(p (>')] Я (</y)j ц (r/л-) =  0 .
X  4

The order of integration can be interchanged, by using the theorems of Tonelli 
and Fubini (see [5] p. 194). Therefore

//(>’) ( J  [Д л ; 3' ) - осфО)]/1(г/л)} X(dy) = 0
У 3C

for all f(y )€ L 2(Y, A). From this it is obvious that

/  F(x;y)ß*(dx) = q>(y)
X

where

Remark: The condition of Theorem A, (that {У ; ® ; Я) is a cr-finite measure space) 
was used when we applied the theorems Tonelli and Fubini.
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ON EXPANSIONS IN ORTHOGONAL POLYNOMIALS

by
G. FREUD

1. Introduction

Let us denote by w(x) a nonnegative weight function with finite support 
[ —1, + 1], so that for some 0

(1) w(x) S  iw „ (l-x 2) l/2 ( - l= S x ^ l) .

Let pv(w; x) — yv(w)xv + ... be the sequence of orthonormal polynomials with respect 
to the weight w(x), let

(2) f ( x ) ~ 2  av (/)/>» (w; x )

be the orthogonal expansion of a function/Ç.£?(w), and finally let j v(w ;/; x) be the 
partial sum of (formal) degree v — 1 of (2). In what follows we give an estimate of 
II/— sv(w ;/)||c under the condition

(3) V / (r)€Lipe,
where r is some nonnegative integer and 0 < ß S l  (see Theorem I below). If /- =  0, 
i.e. /£  Lip Q we need concerning w(x) the assumption that

+ i

(4) I" (1 — x2)- 1+ew(x)r/x < °°.
- l

For the case of Legendre polynomials, i.e. w (x)=l our estimate is a refinement 
of a result of P. K. Suetin [8] (see also T. H. G ronwall [6], A. S. Dzafarov [3]). 
It is a counterpart of a theorem due to J. Shohat where w ( t)ê m ê 0  was assu­
med. 1 The statements of J. Shohat are weaker than ours, but for r — 0 no addi­
tional condition like (4) is needed. If r 5 l  our result covers that of Shohat’s wit­
hout exceptions. The simplicity of proof may be of interest. In Theorem II (part III) 
we give a refinement of the main result and Theorem III (part IV) covers the most 
important weights for which our result applies.

II. The main theorem

Lemma. Under the condition (1) we have

(5) P v ( w , x )  S  - ^ - n ( l - X 2) - 1  (— 1 < x <  1 )
v=o nm 0

1 See for details remark to Theorem IV. 5.1. in the book [4] o f the author.
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P roof. The polynomials with respect to the weight W(x) = m0Ÿ 1 —x2 are 

pv(lV; x) = |/ “ Uv(x), where t/v(cos 0) =  S'n so ^ at l^vWI —
^ (1  — x2)“ 1/2. We conclude from w(x)*=W(x) by [4] Theorem I. 4. 2 and formula 
I. (4. 7)

n —  1 n—1 Л

2  Pv(w;x) si 2  rfO ^x ) ■= ^“ - n C l- x 2) - 1
v = 0  v =  0 TL/TIq

Q.e.d.
Theorem I. Under the conditions (1), (3) and either (4) or r 5 l  we have

(6 ) \f(£ )-sn- i(w ; f;  01 -  C(r,g)n-r- e(mö1/2n l/2 + ]/\pn_l (w; ç)pn(w; £)| )

( 1 = <= — 1 ; 11 = 1 , 2 ,...)
P roof. By a refinement of the standard theorem on polynomial approximation 

(see S. A. Teliakovski [10] and J. G. Gopengaus [5]) there exists a polynomial 
7T„_ J (x) whose degree does not exceed n — 1 and for which we have

(7) | / ( x ) - 7T„-1 (x)| ^  A(r, e ) ( l - x 2)1/2(r+e)n - r~e ( - l ^ x ^ l ) .
Let

n —  1

Kn(w ; X, 0  = ^  pv(w; Ç)pv(w;x)
v = 0

/
be the Dirichlet kernel of the expansion (2). We have then by (7) and the Schwarz 
inequality

+ 1

(8 ) \s„ (w ;f;0 -^ n - i ODI =  | J  K„(w;x, ç ) [ f ( x ) - n n_1(x)]w(x)dx\ s
-1

+  1

^  A(r, g)n~Q~r J  \Kn(w; x, ç)\(l — x 2)1/2(e+r)w(x) dx ^
-1

*+-1 +1

S  A(r, g)iUe~r { J  [Kn(w; x, ç)]2(\ — x 2)w(x) dx J  (1 — x2)i+r_ 1 w(x)i/xj
- l  -1

The second integral in curly brackets is bounded as a consequence of (4) resp. 
of r g l  and q>-0. The first integral we estimate as follows:

+ 1

J  [Kn (w ; x, t ) ] 2 ( 1 -  x) w (x) dx =
-  1

+ 1

= J  [tfn+i(w; x, Ç ) - p n(w, Ç)pn(w; x)] (1 - x ) K n(w;x; £)w{x)dx =

+  1 n  1

=  (1 -£)K„(w;£,£)—pn(w iO  / p„(w; x) (1 - x ) 2  pv(w; £)pv(w; x)w(x) dx =
_ 1  V =  0

+  1

= { \-ç )K n(w-,£,Ç)+pn{w-,Ç)pn_l {yv\Ç) J  xpn_ ! (w] x)p„(w; x) w(x) dx.
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We have by [4] Lemma I. 7. 2.

0  < J  xpv_i(w; x)pv(w; x)w(x)dx ^  \

so that

(9.a) f  [Kn(w;x,Ç)]2( l - x ) w ( x ) d x r S  (1 -  0 2  Pv(w; 0  + \p„ - i (w; O p„(w; 01
_1 v = 0

and by symmetry

(9.b) /  [Kn{w,x, 0 ]2(1 +  x)w(x)dx S  ( l + o ! Z  pU.w;Ç) +  \Pn-i(wiÇ)PÀw;Z)\-
_ 1 v= 0

From (9.a) and (9.b) we have by our Lemma 1
+1

(10) f  [Kn(w,x, 0]2(1 - x 2)w(x)dx  s
-  1

4-1 4-1

S  2  min { J  [.K„(w; л:, ç) ] 2 (1 -x)w (x) dx, J  [K„(w, x, ç) ] 2 (1 + x)w(x) dx\
-1  

n— i
S  2(1- ç 2) Z  Pv(w;0 + 2\pn-i(w;£)Pn(w;0\ = — n + 2\p„_l (yr, 0 1 \pn(w\ OL

» = 0 7ГШ

From (7), (8 ) and (10) we obtain

( i l )  | / ( 0 - * > ; / ;  0 1  ^ A { r , o ) n - ' - ° .

■И nm » + 2|/7n_,(iv;c)||/>„(vv;OI J (1 - x 2)e+r~l w(x)dx

and (11) implies (6), Q.e.d.

111. Refinement of the main theorem

Lemma 2. I f  for a fixed x t €[ — 1, +1]

(12) w ( x ) ^ m l ( l - x y  (x€[x1 ; l])

then we have uniformly in [x, +e, 1] for every e > 0  (x l +  e «= 1)

( 13)
„  2Г \  j O ( t i )  У ^  1/2
( i - x ) Z p ; ( w ; x )  =  l o („2r) y>1 /2
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P roof. The orthonormal polynomials belonging to the weight

are
Wl {x) = I m t (1 - x ) y x£[x l5 1] 

lo  x$[x1? l]

y+1

P X W ,  ; X ) =  -  L  
Vw i

where рУ, 0)(х) are the orthonormal Jacobi polynomials corresponding to the weight 
(1 — x)7. From standard estimates on Jacobi polynomials we obtain2

/;(.7,0)(x) =  0 (1) min {и7+1/2, (1 —x)_7/2_1/4}

uniformly in [ —1+e, +1]. We conclude

(14) pv(Wl ; x) =  0(1) min {и7+1/2, (1 — x)-7/2-1/4}

uniformly in [x0 +e, +  1].
From (12) we get using (14) and Theorem I. 4. 2 of [ ]

PI
(V,0)

1 - X i
( 1 - x )

n — 1 n — 1
(1 - x )  2  Pv(r’; x) (1 - x )  2  PvW ; x) =

v= 0 v = 0

= = { ° ' 2 0

uniformly in x £ [x0 +  e, 1], Q.e.d.
T heorem II. Let iv (x) satisfy the conditions o f Lemma 2, and let either (3) be 

satisfied for е ё  1 or i f  it is satisfied for r=  0 , then let further
+ 1

(15) /  (1 — x)e 1 w (x) dx < oo ;
- 1

under this assumptions we have uniformly in £€[x0 +s, + 1  ] for every 0 < e < l —x0

(16) \M ) -S n (w ; f;0 1 = 0 (n -r-®)[nT +  /|p„_i(w ; Ç)p„(w; ç) ] , 

where т = 1/2 for y S \ /2  and r = y for у >-1/2 .

P roof. Let II „_ t (x) be the same polynomial as in (7), then we have by (8)

+  1 + 1

=  0 ( n - r~e) [ J  [Kn(w;x,  Ç ) Y ( \ - x ) w ( x ) d x  J  (1 - x ) e+r- 1 w (x ) i /x |1/2,
- 1  - 1

2 The estimate of plVt 0) is also a consequence of Lemma 3 below.
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so that by (9) and Lemma 2 we have

n - i ( i )  =  0{n~r- e) i n 2z + \pn- l (w; Ç)\ Ipn(w; £ ) | .

Combining this estimation with (7), we obtain (16), Q.e.d.
By symmetry an analogous theorem holds asserting a uniform estimate /(£) — 

— sn(w ,f \ f )  in [— l ,x 0 — e]. We leave the formulation to the reader.

IV. An application to a class of weight functions

Both Theorem I and Theorem II can clearly be combined with any estimate 
of \p„(w, x)|. In this last part of the paper we give just one result of this kind.

Lemma 3. I f  the weight function 0 Sw (x)€i? (x£[ — 1, +1]) satisfies the follow­
ing two conditions:

a) for suitable y — — 2  we ^ave 'n П — 2<5, 1]

(17)
b) we have

(18)

then we have

0 <

+1 

1

S  (1 -X ) yw(x) 6  Lip 1/2; 

dx
(l+x)tv(x) "

(19) |p„(w;x)| S  0(1) { " ; ^ _ 1/4- T/2 (*€[1 - 5, 1]).

Proof. Let

(20) W(x) =
w(x) (x€ [1-2(5, 1])
w(l —2Ô) (2 —2<5)l/2(l + x) _1/2  (x<E[-l, 1-25]).

We estimate p„(W-,x) first. Let

(2 1 ) lV*(t) = \ t \W ( \ - 2 t2) ( - 1 S / S + 1)
then by an elementary transformation
(2 2 ) p2n{ W * - t)= p n{ W - \ - 2 t2).
By (20), (21) and (17) we have

lV*(t) = \t\l + 2y( \ - t 2y l,2n(t)
where rç(i)6 Lip 1/2 in [—1, + 1].

Applying a theorem of P. K. Suetin [9] we obtain from this

(23) |/>2„(И'*;01 =  0 ( i ) { f r | - i + / 2 - 7  ( I ' I s I )
From (23) and (22) we get

(24) pn(W; X) = 0(1) {J'1^ - 1/4 - , / 2  (1*1 S  1)
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We make the transition from (24) to (19) with the aid of a classical argument of 
J. K orous [7].

Expanding pn(w; x) in terms of {pv(}V; x)} we obtain
+ i + i

Pn(w,x) = pn(W; x) f  p„(w; c)pn(fV; 'ç)W(q) dÇ+ f  p„(w; c)Kn_ l (W; x, 0  W(ç)dç. 
- 1  - 1

By orthogonality we have
+ i

f  Pn(w ;O K n_ .(W ix, Ç)w(Qdi = 0.
-  1

From the two last formulas we have by subtraction (see also (20))
+ 1

(25) \(w , x) = pn(W; x) f  pn(w; Ç)p„(W; 0  W(£) d£ +

+ /  Pn(w-, Ç)Kn_1QV;x> 0  [1V(0-w(0\dÇ.

The integral in the first term can be estimated in consequence of (20) and (24) by

(26)
+ i

f  \p„(w ;Q \(i - 0 - ll4+y/2a + 0 ~ 1/2dt =
-1 
+ 1Í + 1  + 1

/ p 2n( w ; 0 w ( 0d t  J
dç 1/2

{  w ( 0  (1 +  0 ( 1  - 0 1/2“ y

{ 1 1-2,5

J 2 i w ( 0 ( i - o 1 / 2 - y + J  w ( 0 ( i  +  0
and this expression is bounded as a consequence of (17) and (18). Taking (24) in 
account, we obtain for the first term in (25)

(27) pn(W;x) f  Pn(w; Qp.QV; Ç)W(Ç)dZ = 0 ( 1 ) { ^ +х) . 1/4. , / 2 (W ^ l)

We turn to the estimation of the second term in (25). We apply the Christoffel— 
Darboux formula

^ тл ю Уп- 1 (Ю  pn_ j {W; Ç)pn(W; x ) - p n(W; Ç)pn(W\ x)
K -  ̂ ( l r - *■0  -  ■ ж ---j = t --------------------------- ■

For Ç[ — 1, 1 — 2<5] and x£[l  — ô, 1], i.e. \x — Ç\ S  ô we have using Lemma I. 7.2 
from [4] and (24)

\Kn-iQV;x, 013= 20-'[ \рп(]¥-,х)\ Ip „ - ,m  Ç)\ + \pn-ÀW ;x)\ \Pn(W, 01] =

= 0 (1 )[ |р п(Ж;х)| +  |р„_1(1 Т ;х )! ](1 -0 -1/4- у/2.
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So that by (26) and a repeated'use of (24)

(28)
1 — 2Ô

j  Pn{w-A)Kn_ i {W-xA)W{Od^\  =  0 ( i )
„1/2 + V

( 1 - д г ) - ] /4 - у/2 ( * e [ i - 5 , 1])

and (applying Schwarz’s inequality in the third line)

1 — 2<5

(29) I /  pn{wA)Kn_,(}V -x,O H O d^\ =
-  1

+ 1

=  0 ( 1 ) [ |Л (И ';* ) |  +  |Л _ 1( ^ ; * ) | ]  /  \pn(w;0\w(Odt; =
-  1

= 0(\)[\pn{W-,x)\ + \pn_ l {W-x)\] = 0(1) { П̂У х)- 1,4-у,2 (* € [1 -г , 1])

From (25), (27), (28) and (29) follows (19), Q.e.d.
Theorem III. Let the weight function w(x) satisfy the conditions o f Lemma 3 

and let

(28) w (x)^m 2 [x0^ x ^ l  — <5],

then provided that f(x) satisfies the same conditions as in Theorem II, we have uniformly 
in £Ç[x0+e, 1] for every 0 < e < l — x.

M ) - s n(w J- 0  = 0 (n - '- ° +°)

where о =  1/2 if y ^ o  and a =  1/2 + у i f  y>0.
We remark that for w(x) =  (1 — x)y(l +x)p and у SO our estimate is best pos­

sible in order (see S. A. Agahanov—G. I. Natanson [1]) and that under much 
more restrictive conditions on the weight function, a similar but more precise state­
ment was proved by V. M. Badkov [2].
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A CONSTRUCTION OF BROWNIAN MOTION PROCESS 
IN »--DIMENSION

by
A. FÖLDES

To the memory o f A. Rényi

The present paper deals with an explicit construction (in the form of infinite 
series) of the Brownian motion process. This construction is not the only possible 
way for proving the existence of Brownian motion process but seems to be favour­
able for applications.

Let {t//„}“=0 be a complete orthonormal system in L2[0, 1], and , £2, ..., ...
a sequence of independent, standard normally distributed random variables. Then

is a Brownian motion process. It is easier to verify this result for special orthonormal 
systems. For the trigonometric system it was done by N . W iener . For arbitrary 
complete orthonormal system the theorem was proved by Itô and N isio ([3]) in 
1968. Here we generalize their result for /--dimension, using partly their method, 
partly the method of Lam perti and R ényi (see [1], [2], [3]).

Definition: The stochastic process x(co, t) is an r-dimensional Brownian motion 
process, if the following conditions hold:

1., P(x(co, 6) = 0 )  =  1
2., Ahl x(co, fj), Ah2x(u>, t2) , ..., Ahrx(a>, tr)
are independent normally distributed random variables with expectation 0 and 
variances Vt , V2, Vr, if the r-dimensional intervals figuring in the differences 
above are disjoint, and Vt , V2, Vr denotes the r-dimensional measure of the 
intervals. Here the meaning of the notation Ahx (со, t) is the following:

T h eo rem : Let {i//„}“=0 be a complete orthonormal system in L2 [0, 1]

Further let ç0, çl , , c„, ... be a sequence of independent standard normally dis-

,x(co, t ) =  2  ipn(x)dx
n = 0  о

and

3., x(co,t) is a continuous function of r-variables with probability 1.

S t u d i a  S c i e n t l a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  6 (1971)



3 7 6 A . F Ö L D E S

tribut ed random variables in a probability space (Q, SF, P). In this case
eo t

(1) x(w, t) =  2  L(a>) f  'I'nWdS
£

is a Brownian motion process.
P roof. For the sake of simplicity we prove the theorem for two dimension. 

First of all we show that (1) converges with probability 1 ([1]).
Let

»1 <2
c„(h>t2) = f  /  Фя(и1 > u2) du{ du 2 (и =  0, 1, 2 ...)

О о
Then

оо

(2) х{т, í j , t2) =  2  cn(ti, t2)Çn(œ)n = O
Clearly (2) is an orthonormal series in L2(Q, S', P) for £„(co)’s are independent 
and standard normally distributed. Denote by eti ,z(x, y )  the characteristic function 
of the interval [0, ?J X[0, ?2]. Clearly the Fourier expansion of etl ,2{x, y)£ 
€ jL2([0, 1] X [0, 1]) is convergent in the norm of L 2, i.e.

=o 1 1
eti,tz(x, y) = 2  [ J  f  , u2)\f/n{ul , u2) du1 du2)il/n(x, y) =

/1=0 о 0
OO 2̂ со

= 2  ( J J Фп(и 1 > U2) duy du А фп(х, >') =  2  cn(ti , t 2)il/n(x, у ).
/1=0 о 0 n=0

Using Parseval relation we get 

1 1
/  f en,tÁx >y)eaij,1(x,y)dxdy = 2  c„0i, t2)c„(sl , s 2) 
о о "=°

But clearly the left-hand side of the above relation is

so we get

(3)

min ( t l , s i ) min(i2, s2)

/  /  1 dxdy = min (?!, 5j) min (?2, s2)

2  cn (i
/1 = 0

1 >t2)cn(si,s2) = min (?!, Ji)min(?2,52).

In particularly: 2  cl (h ,  h) =  h h •
n — 0

It follows that the orthonormal series (2) converges in norm, thus the Parseval re 
lation holds.
Especially E(x2(со, ?x, ?2)) = tl t2.
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On the other hand applying the three series theorem for (2) we have

2 'E (c ll(/1)t2)^(a))) =  0,
n = 0

2  D2(i-n(/i,'гКлОч)) = 2  E(c„2(ti, t2)̂ n(w)) = 2  cn ( t  I , t 2 )  =  t l t 2 - 
/ 2 = 0  /2 =  0  /2 =  0

Hence (2) converges with probability 1. Now we turn to the proof of properties 
1—3.

1. It is clear from the definition.
2. We show that the differences taking on disjoint rectangles are independent 

normally distributed random variables with zero expectation and variances being 
equal to the measures of the rectangles. For the sake of simplicity we prove it for 
two rectangles (by rectangle we mean the Cartesian product of two intervals). It is 
enough to verify the following identity ([2]).
(4) E(exp [/{Aj Лкл Ahv x(w, sit s2) + A2 Ak2 Ah2 x(co, uy, w2)}]) =

=  e x p { 4 [ ( M i ) A ? ] J e x p { - I  [ ( A 2 / i 2 ) A 2 ] J

Namely, here the left-hand side is the characteristic function of the random vector 
{Ak \ Ahi x(to, íj , s2), Ak2A//2x(co, ux, w2)), on the right-hand side stands what we 
should get if every coordinates were independent normally distributed random 
variables with zero expectation and variances Aj/z,, k 2h2 respectively.

To verify (4) we need the following lemma ([3])
Lemma: Let iji, t}2, tj„, ... be a sequence of independent random variables, 

for which 2  hu converges with probability 1. In this case.

' 2  In = /7  E(exp irjn).
So
(5)

E exp

E(exp [z{Ax zlAj Ah y x(o), st , s2) + k2 Ak2 Ah2 x{œ, wx, z/2)}]) =

exp 'U i 2  AkiAhl cn{sl , s 2)^n + k2 2  Ak2Ah2cn(ul ,u2) Q  =
{ /2 = 0 /2=0 )})

= E exp Í 2 1 Aki Ahi c„(sl , s2) + A2 Ak2 Ah2 cn(ul , u2)}

=  J J  E(expi'ti„{A1 Akl Ah{ cn(st , s2) + Â2 Ak2 Ah2cn(u1, u2)}]) =

=  7 7  exp — {Ax dAx d/zx cn(st , s2) + A2 Ak2 Ah2 c„(i/x, u2) \
п =  О V ^

=  exp (Ax Aki A>h <-„(sx » s2) 4- A2 dA2 Ah2 cn(ut , u2)}2j .
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By (5) it is enough to prove that

a) 2  {Aki A>h c„(í i , i 2)}2 =  k i k in = 0

2 {Ak2 Akl Cn{Uy , ll2)}2 = k2k2
n=  0

CO

b) 2 ( A k i  A k i  c n ( S i ,  s2)}{Ak2 Ah2 C n ( u l , u 2 ) }  =  0
n= 0

are valid.
We can verify a., and b., by the repeated application of (3)
a., It is enough to prove that

2  iAk Ak Cn(S 1 ? S2)}2 =  kk- 
/1 =  0

This can be seen as follows:

2 lAk Ah c „ ( í i  ,  s 2 ) } 2  =  2 {A k[Ah CniSi, i 2 ) ] } 2  =
n=  0  /1 = 0

CO OO CO

= 2 {Ak [c„( î +  A, s2) - Cn(Si, i 2)]}2 = 2 [Ak cn(sl + h ,s2)]2 + 2 [Akcn(st , i 2)]2-
« = 0  /7=0 /7=0

- 2  2 Ak cn(si+h, s2) Ak c„(sl , s2) =
/7=0

= (s1 +  h) [(s2 + k) +  s2 — 2s 2] + 1(S2 + k) + s2 — 2 s2\ — 2 s1 [(̂ 2 + k) + s2 — s2 — s2] = hk.

b„ 2  lAki Ак1 s2)][Ak2 Ah2 c„(ut , u2)] =
/7=0

= 2  {Ak\[cn( ^ + h y ,  s2) - c n{sl ,s2)]}{Ak2[cn(ul + h2,u2) - c n(ul , u2)]}.
/1=0

Since the rectangles are disjoint we may suppose that i 2+ ^ i *= w2. (In case 
sx + h x <  Mj we choose the opposite order of operations: AhAk).

Making the prescribed operations, clearly we get for fixed n 16 products which 
we order in groups by 4.

E.g.:

2 Aki cn(s 1 +h1,s2)Ak2 cn(u1 +h2,u2) =/7 = 0

=  min (Sj + / ; t , Mj 4-Л2) [(j2 +  Atj) — (л-2 4- A-!) +  ̂  — 5-2] — 0

In the other 3 groups we take the minimum of various expressions, but the expressions 
being in the brackets are the same because we always compare the same points: 
s2 + k i , s 2, u2+ k2,u 2. More precisely we compare s2 +Ay with u2+ k 2 and with
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A  C O N S T R U C T I O N  O F  B R O W N I A N  M O T IO N  P R O C E S S 37?

I/, and the result of these two comparison is i 2+ ^ i which we have to count once 
with +  once with — sign. In the sarnie way we have to compare s2 with u2+ k 2 
and u2 respectively, where we get s2 as the minimum again once with + and once 
with — sign. Herewith our statement is proved.

3. The proof is based on the extension of P. Levy’s theorem ([3]). Let E be 
a separable real Banach space. Denote by 28 the cr-algebra of Borel sets of E, and 
by 2P the set of all probability measures defined on (E, 28). The basic probability 
space is denoted by (Í2, J5", P). An ^-valued random variable X  is a map of Q into 
E which is measurable with respect to (# ) 28). The probability law px of X is a prob­
ability measure in (E, 28) defined by px (B)=P(X£B) B£28. It is well known that 
every p£28 is tight ([4]) i.e.: for every e>0 there exists a compact set K^czE, for 
which p(Kf) >  1 —e. A subset J t  of 2P is called uniformly tight, if for every £> 0  
there exists a compact set KczE for which p(K) >  1 — e for every p f j / .  Let 
X„(a>) n = l ,2 , . . .  be a sequence of independent Æ'-valued random variables,

n
Sn = 2  ^i, and /<„ the probability law of Sn.

1=1
Then the following theorem holds:

Theorem (the extension of P. Levy’s theorem) (see [3]). The following conditions 
are equivalent.

a. , Sn converges with probability 1.
b. , Sn converges stochastically.
c. , /<„ converges in Prohorov metric.
If S„ (/3 =  1, 2, ...) are symmetrically distributed then also holds:
Theorem: a., b., c., are equivalent to the following: d., {//„}~=0 is uniformly 

tight.
We shall apply the latter theorem to prove the uniform convergence of (2). 

(Almost everywhere.) The proof is analogous of the one-dimensional case.
Let E be the space of continuous functions on the unit-square, with the norm 

II/II =  sup \f(t, s)| i.e. E = C([0, 1 ] X [0, 1]) In this case E is a separable Banach
O s i. iS l

space where the convergence in norm is equivalent with the uniform convergence.
Let

П *1 *2 П
Sn(w, t , , t 2) = Z  4 И  / / , w2) i/wi du2 =  2  ck( t i , t2)^k(w).

*= 1 о 0

Since ck(ti, 12) is clearly continuous, for fixed со S„(w, t i , t2) is a continuous func­
tion. Therefore it is enough to prove that the ^-valued random variable S„(a>) 
mapping every со to Sn(co, 3,, t2) converges (in norm) with probability 1.

Since ^(co)-s are symmetrical, the same holds for S„(a>), so we only have to 
prove the uniform tightness of the sequence {ps„} i-e. for every e>0 there exists a 
K = K(b) compact set in E for which

P(Sn(cu)€/(:) >  1 -e(6)

uniformly in n.

Studia Scien tiarum  M athem aticarum  H ungarica 6 (1971)•



380 A .  F Ö L D E S :  A  C O N S T R U C T I O N  O F  B R O W N I A N  M O T IO N  P R O C E S S

We define the set К  as follows:
(7) K = K (6) = K (s) =

f ; f € C ( [о, î]X [0, î]) до, о) = о,

—  *
for every fixed y \ f (x i , ÿ ) —f ( x 1, y)\ S  L \x l —x2\ß whenever |xx — x2| <á(e) 
for every fixed x \f(x, y x) - f ( x ,  y 2)\ Ш L \y i - y 2\ß whenever \y1- y 2\<ô(e) ►

0 < ß < 1
4

It is easy to prove the compactness of К (e). Clearly the elements of K ( e) are equi- 
continuous and because of/(0, 0)=0 they are equibounded too. Therefore by the 
Arzela—Ascoli theorem one can choose a uniformly convergent subsequence which 
consists of continuous functions, what (by Weierstrass theorem) converges to a 
continuous function. So K ( e) is conditionally compact and closed hence it is compact.

In (7) L >0  is arbitrary but fixed.
The fact that (5(e) can be chosen in a suitable way to e becomes clear on the way 

of the proof.
Proving (6) we get that in (7) we have to choose ß as ß Ç. (0, £). The basic 

idea of the proof is a decomposition of the unit square by diadic rationals. Further 
we need Chebyshev inequality and the following two inequalities. We do not give 
the details.
1. Е[|5„(а), tj, t2) - S n(co, iq , u2)|2] =

» I2 ]

= E Z  ck (h , 12)^к(с0)-ск(и1, n2)4(co); s  Z  Ы * 1 » *2) - с к(и2, u2)]2 =
. k=0 k = 0

= Z ck(t i, t2) + Z i ,k = 0 k = 0
u2) -  2 Z  Ck(h, t2)ck(ui , u2) —

k = 0
=  t l t2 + ux и2 — 2 min (t2, u2) min (t2, u2) = V(I-to IB)

where I-t = [0, ?i]X[0, t2], о means the symmetric difference, and V the Lebesgue 
measure of the interval standing behind it.

2. E[|Sn(co, tu t2)-S„(co, uY,u2)I4] =  1X, t2)-S„(w, iq, n2)|2]2 S
^  W \ l - t o I a)

So we proved that (2) converges uniformly with probability 1 and as it consists of 
continuous functions its limit function is also continuous.
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ÜBER DIE POLYMERDEGRADATION

von
P. BÁRTFAI

Diese Arbeit schließt sich zur Arbeit [1] von T. K elen, F. T ü d ő s , Gy. Ga­
lam bo s, und P. Bá l in t  an, sie haben ein mathematisches Modell für die Polymer­
degradation durch Elimination gegeben. Wir beschränken uns hier nur auf die ma­
thematische Untersuchung dieses Modells und beschäftigen uns nicht mit seinem 
chemischen Hintergrund. Wir werden hier eine ausführlichere und vollständigere 
Verhandlung gewähren und einige Fehler verbessern.

Bezeichnen wir die Zustände einer Monomereinheit im Polymermolekul mit 
den Ziffern 0, 1 und 2, und es sei >]n(t) =j, wenn die n-te Monomereinheit im Zeit­
punkt t im j'-ten Zustand ist. Es ist notwendig zu bemerken, daß den Werten ti„(t) — 1 
und 2, chemisch derselbe Zustand entspricht, aber der eine aktiviert die («+l)-ste 
Monomereinheit, der andere nicht, darum mußten wir diese unterscheiden.

Das mathematische Modell der Degradation ist das folgende (siehe [1]): 4„(t) 
(n = 1, 2, ...; /ё 0 )  sei ein zweidimensionaler stochastischer Prozess mit den Eigen­
schaften

1. //„(?) kann nur die Werte 0, 1 und 2 annehmen;
2. /,„(0) =  0 (/7 =  1, 2, . . . );
3. für 0 S s < f  und für die Werte n = 1,2, ... (mit der Ergänzung rj0(t) = 0) gilt;
4. t\n{t) ist unter der Bedingung r)n(t) > 0  unabhängig von der Zufallsveränder­

lichen t]k(s) (k<n; s ^ t )  und vom Ereignis r]n(s)= 0 (s<t),  ferner es sei 
P(7/„(i) = >0) =  5, wobei <5 eine Konstante ist;

5. aus t]n(s)= j  folgt r\n(t)= j  für f £ i  und 7  = 1,2.
Wir werden in dem Modell die folgenden Fragen untersuchen:
a) wie viele 0 Elemente stehen in der Folge th(t), r\2(t), ..., %(*)?
b) wie viele aus positiven Elementen bestehende Sequenzen der Länge к werden 

in der Folge t/ i (0> чЛ0> •••> 4n(1) sein?
c) wie viele aus 0 Elementen bestehende Sequenzen der Länge к werden in der 

Folge t?i (0, t]2(t), ...,t]N{t) sein?
Es sei noch bemerkt, daß die Folge //,(t), ту2(/), ... keine Markoffsche Kette 

bildet, nämlich die Zufallsveränderliche //„(/) hängt davon stark ab, wann das vor 
ihr stehende 1 Element entstand, letzteres hängt aber auch von t]„-2(t) ab- (D*e 
Markoffsche Eigenschaft dieser Folge ist in der Arbeit [1] ausgenützt, so ist der 
Antwort auf die Frage b) irrtümlich.)

Obwohl die Folge 42{t), ••• keine Markoffsche Kette bildet, enthält sie
doch sogenannte Markoffsche Elemente, und zwar die Elemente t]k(l) —0. Nämlich 
es gilt

P('/n=7'l'?n-l=0, 4„-2 =  in- 2, 7/i=7'i) =  P(̂ /B=71 »7„-i =  0).
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Wenn wir eine Linie nach allen 0 Elementen in der Folge t]t (t), t]2(t), ... ziehen, 
so verteilen wir die Folge auf Abschnitte, und bezeichnen die Anzahl der in dem 
и-ten Abschnitt stehenden positiven Elemente mit £„. So sind die Zufallsveränder­
lichen £,, <jj2, ... unabhängig und haben gleiche Verteilung. Es gelang uns dadurch 
die Probleme a)—c) auf die Bestimmung der Verteilung von %t zu reduzieren. Im 
ersten Teil dieser Arbeit bestimmen wir die erzeugende Funktion von , dann — im 
zweiten Teil — geben wir Antworten auf die Probleme a)—c).

I.

Wir werden zuerst eine Rekursionsformel für die Funktion

( 0  fk(t, 0  =  P 0 h (O > 0 , rç2(0 > 0 , ..., »7*+1(т) = 0) (0=s t£ / )

aufschreiben. Mit der Hilfe des Satzes über die vollständige Wahrscheinlichkeit 
ergibt sich einfach

A +i( i,t)  =  - ( l-< 5 )  / ~xx e x~>dx +

+ (1 —Ö)e " ( f k( t, r) - f k( t, t ))  + öe " f k+ 1 ( t, 0). 

Durch partielle Integration können wir die Rekursionsformel umformen:
T

fk  + ÁU т) =  (l-<5) ( ß - a ) e ~ ßzj  f k( t, x)e(ß~x)xdx +( 2)

und

(3)

+ (1 - S )  [e-ß' f k(t, 0) -  e~xzf k(ß, t)] + öe~xzf k+, (/, 0),

fo(t,x) = e-«.

(k = 0, 1,2, ...)

Führen wir die erzeugende Funktion G(t,x;z) = ^  f k(t,x)zk ein; multipli-
k=  0 '

zieren wir (2) mit zk+1 und summieren für die Werte k = 0, 1, 2, ... , so ergibt sich
T

(4) G(t, t ; z) — e~xZ = (1 — ö) (ß — oc)e~ßzz JG (t, x; z)e<ß~x)x dx +
0

+ (1 — ö)ze~ßzG(t, 0; z) —(1 — ö)ze~XTG(t, t\ z) + öe~xz(G(t, 0; z) — l).

Durch Differenzieren erhält man eine lineare Differenzialgleichung für G(t, t ;  z )

(5) G'(t, x;z) + ( ß - ( l  -S )(ß -o i)ze~ xz)G(t, r; z) =

= (ß-«)e-*z[ l - ( l - ö ) z G ( t ,  t; z) + ö(G(t, 0 ;z ) - l ) ] .
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Die Lösung von (5) ist

(6) G(t, T; z) = exp j —ßz — (1 - ô ) - ^ *ze- “rj x

X [C+ (ß -  о) (1 — (1 — ö)zG(t, t ; z) + ô (G(t, 0 ; z) -  1 ))] X

X
1 - Ő

У + --------oe dy,

wobei C durch Einsetzung t = 0 bestimmt werden kann, und zwar
ß — a

( 1 -Ô) — - z
(7) C = G(t, 0; z)e * .

Anderseits aus (2) folgt

fk + 1 ( b  0 )  =  fk(t> 0 )  —fk(t, t),
oder zur erzeugenden Funktion übergegangen

(8) G(t, 0; z) 1 — zG(t,t; z) 
I - z

Gesetzt man in (6) т =t und schreibt man in (6) den Ausdruck (8) von G(t, 0; z), 
so kann G(t, t;z) aus dieser Gleichung ausgedrückt werden. Halber der Kürze sei 
G(t, t; z) = G(t, z), und führen wir die Bezeichnung

(9) W(z) = exp] — ßt — (1 — ö)^ X ze *'[x

X e '  ö> * " +  (/? — а) (1 — z + ôz) J  exp |(/1 — a) |j>+(1 — <5) ’ ) } *
ein, so gilt

( 10) G(t,z) W(z)
1 - z ( l  -W(z))  ‘

Dadurch gelang es uns die erzeugende Funktion der Wahrscheinlichkeiten f k{t, t) = 
=P('7i(0>0. rç*(0>0, rjk+1(t)=0) =P(Í, =k) zu bestimmen.

Satz 1. Es gilt

C ( ' . ^ ) = Í P  « ,= O z ‘ = , - ; ( T - V r

wobei W(z) durch (9) definiert ist.

II.

Beschäftigen wir uns zuerst mit dem Verhältnis der 0 und 1 Elemente. v„ be­
zeichnet die Anzahl der 0 Elemente in der Folge rjk{t), r\2{t), ..., >/„(0-
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Satz 2. Die folgenden drei Behauptungen gelten:

(И )
mit Wahrscheinlichkeit 1 :

( 12)

lim n = W (  1)
«-►CO /Î

M(v )
lim — = W( 1);

die Verteilung von —— /37 asymptotisch normal mit dem Erwartungswert W( 1) und

mit der Streuung ——.{W{\)Y12, wobei 
\ n

= D2(^ )  = 1 — W(1) — 2W'(1)
(Щ l))2

Beweis. (11) folgt aus dem Gesetz der großen Zahlen, nämlich

lim -=■ =  lim
«  —► oo tt =  lim

^ (^ i  + l)l
Z ( t i + 1 )1

1 + M(^) 1 +G'z(t,\)
= W( 1).

(12) und die dritte Behauptung folgen aus die Sätze der Theorie des wieder­
kehrenden Prozesses (siehe z. B. [2], S. 354 und S. 359). Die Streuung von kann 
durch zweimaliges Dilferenzieren von G(t, z) bestimmt werden.

Satz 3. Bezeichnet Mk(n) die Anzahl der aus 0 Elementen bestehenden Sequenzen 
der Länge genau к in der Folge (t), , qn(t), so gilt mit Wahrscheinlichkeit 1

(13) Mk =  lim Mk(n) = W( 1)(1—e -a,)2e"('[_1)ar.
«-► oo

Beweis. Wir setzen

so ist

(14)

f l ,  falls ^ < 0 ,£ ,.+1=0, = 0 ,£ y+fc>0,
{0 sonst,

Mk = lim Mk(ri) =  lim

n — k
2 4j= 1

Ê (Ç j+ 1)7=1
Da e1 ;e2, ... eine (& + 2)-abhängige Folge bildet, das Gesetz der großen Zahlen 
anwendbar ist, und da M(e;) = Р(еу =  1) =  (1 — jst> f0jgt (jje Behaup­
tung des Satzes aus (14).

Satz 4. Bezeichnet Ck(n) die Anzahl der aus positiven Elementen bestehenden 
Sequenzen der Länge genau к in der Folge (/), ..., so gilt mit Wahrschein­
lichkeit 1
(15) Ck = lim Ck(n) = W(l)fk(t, t).

«-► oo
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B ew eis. Wenn lim Ck(n) =  Q  existiert, so gilt mit Wahrscheinlichkeit 1

Ck = lim -/ ^ n) = lim - j - 4 ---------- =  т Ш ,  t),
n~ ~ Z ($ i  + 1) i + i)1 и 1

wo rt (n) die Häufigkeit des Ereignesses = k  in der Folge g t , Ç2 > •••, bezeichnet. 
Die Existenz von Ck folgt aus den unteren und oberen Schätzungen mit den Aus­
drücken — — bzw. r* — , und daraus, daß beide zum selben Grenzwert

! « .  +1) 2 ( ^  +  1)1 1 
mit Wahrscheinlichkeit 1 streben.

Bemerkung. Die Funktionen f k(t, t) sind auch für kleine Werte von к ziemlich 
kompliziert, aber für konkrete Werte von a und ß ist es möglich sie explicite aus­
zurechnen mit der Hilfe der Rekursionsformel (2).
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НИЖНЯЯ ОЦЕНКА В ТЕОРИИ СПЛАЙН-ПРИБЛИЖЕНИЙ

В. ПОПОВ и Г. ФРАЙД (G. FREUD)

Обозначим через £f(n, tri) класс всех сплайн-функций порядка (п, т) на 
отрезке [0, 1]. Напомним, что s{x)Ç.SE{n, т), если s{x)^Ü{m~11 [0,1] и существует 
такое множество п +  1 точек интервала [0, 1]: 0 — х0 S ... =хп =  1, что на 
отрезке [х,-_ 1; х,] дункция s(x) является многочленом /и-той степени.

Рассмотрим наилучшее приближение {/) функции /(х) сплайн- 
функциями из £Е(п, т) в норме Lv, p > 0:

Е п?1р  ( / )  =  i n f  l l / ( x ) - s ( x ) | | b j> [ 0 > 1 ] .
s (x) € SE (//, m)

Известно, что если f(x)£9gK, то приближение в норме 'if

( 1) £^с+1,( / )  -  О п к(02 /<*>,

где co2{ fw , д) обозначает второй модуль непрерывности функции f {k\x)  
(модуль гладкости Зигмунда).

С другой стороны, если f (k\x )  является абсолютно непрерывной на отрезке 
[0, 1], то [1]
(2) Е М "  ( / )  =  0[n~kco2( ß k\  А„)],
где

lim nln = 0.
П-*-оо

Здесь мы покажем, что условие абсолютной непрерывности существенно 
для (2). Точнее мы покажем:

А. Для каждого выпуклого модуля непрерывности ш(д), удовлетворявшему
условию lim —т г̂ = 0, существует функция f(x) такая, что 

ő—о &>(<))
со(/(*>, Ő) ^  cœ(ô)

и кроме того

(3)
пкЕ1Г1 ( /)ltmsup----- ' pV > с.

со
0 (т = 1 ,2 ,...).

В. Существует функция /(х )€ <й,(*:) [0, 1] такая, что oj2( f (k\  ô )^cô и 

lim sup л*+1 Ei") ( / )  > с2 > 0  (ти =  1,2, ...).
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С. Для любой последовательности гп -*0, е„ >0 существует финкция 
f ( x )  £ <é(k) такая, что f (k>(x) £ Lip 1 и

lim sup E ^lp( f ) > c 3 > 0 (т= 1 ,2 ,...).
оо 0 „

Пусть 0 < /? s l  фиксированное число* и пусть сг (г =  1 ,2 ,...) числа, за­
висящие только от IV, к.

1
Рассмотрим функцию ср(х) = е i ~x2 в интервале [ — 1, +1] и продолжим 

ее с периодом 2 на ( — °°, + °°). Отметим, что каждого т и р  >0 имеем
г

(4) Ет Ь (<р) =  inf { [ \(p(x)-P(x)\pdxYIP= ô1J p >  0,
PiHm

где Hm обозначает совокупность всех алгебраических многочленов степени 
не больше т.

Из (4) сразу следует, что для функции
ср(1х) ( /= 1 ,2 ,3 ,...)

имеет место
1+1 

I
(5) /  \(p{/x)-P(x)\Pdx =ё 'У  0 = 0, ±  1, ± 2 , ...)

I

т
для каждого /> 0 ,р > 0  и Р(х)6 Нт.

Пусть б >0 такое, что 9б < Ьтр.
Рассмотрим сначала тот случал, когда lim — = 0.

д~о Щд)
Будем предполагать, что т Ё  1+ 1; если т < к + 1, то испорльзуем, 

что Е^ШЕк+1.
Найдем последовательность {И;} таких чётных натуральных чисел, для 

которых выполнены следующие условия:

(!)

(это можно сделать, так как lim =0),
á-o 0}{д)

(П)

(III)

(IV)

2 со со
■41+1
Ai >  4Ai_t,

1
А, У

Е(а] (<P(a íx))
1 т

SCO (J l
c A i J

2 •*, 1АЧ ( /< /)

* Исловия 1 не влияет обцноеть, потому что при /?>1.
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(это можно сделать, так как q> бесконечно дифференцируемая функция (cp. (I)) 
и т  >А:+1, /< /!,), следовательно

со Ш 1 CO 1Ü J f
[ A i \

1 c o |
U + J £

A 4
Z.

A kn i + 1 A 4

í I )(p(AiX)œ
a ]

(V) 2i = l+ 1
Рассмотрим функцию

р(х) = 2
/ = 1

Очевидно

/\.т)£С*[0, 1] и F(k)(x) = 2  Ф(к>(A:x )cú 
Докажем, что

Рассмотрим

F p(x)  =  2  <P(k)('4ix)to
Имеем:

со

/= 1

сo(F(k)(x), <5) ^  cco(S).

N

Z1= 1

1
~Ai [см. (II)]

(6) \ F r ' \ x ) \  = 
С другой стороны

(7)

2 A i ( p ( k + 1 \ A i x ) œ  ~  J  =£ с 4 А „ со 1
Ап

\ i = ÍV +
Из (6) и (7) следует:

2 (рщ (Ахх ) а ) \~ \ \  S  с5со

пуклости (о следует

F(k)(x h) — F{k)(х)\ s  с6 

. 1зто /ÍNS  —< h
< x >{ ô x)  w(ô2)

ANœ

1 N + l

h + co

[CM . (I)] 

[CM . (II)]

1
An+1

Выбирая N так, что AN^  — < A N+i и принимая во внимание, что из вы-
h

<5i
, если получаем:

и 2

)(Fik), с>) ё  cœ(ô).
Оценим теперь Е л ,  ( F ( x ) )  : ввиду (IV) и (V)

~~2~'Lp

(8) [ЕT  . (F)]r
2 ' LP

f ' 1 ' p

4 i )(p(A,x)œ

A' L2 ' ” A4 [ A4
А,Пусть S A , ( х )  произвольная сплайн-функция порядка — , т \ .  Из вида

~%'т I 2
Í  А \(р (Агх) сразу следует, что существует не менее чем —  интервалов 

таких, что внутри них нет узлов из S А, (*).
—-, т 
2
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Тогда из (5) следует, что

Г à(9) }\<p{AlX) - S ± { x ) \ > d x m ? f -
0 2 1

для камдой сплайн-функции S А, (х) порядка
~ г 'т

Из (8) и (9) мы подущаем неравенство

м г ^ ( о ] '  - ^

т. е. (3).
В случае теоремы В пусть г > 0  достаточно малая и выбераем последо­

вательность {Т;} натуральных чисел так, чтобы были выполнены условия 
(IM =  тах  |<К*)|)

1 1СО
U« J

(Ю 4Ai s  Ai+l,

(ПО

(ИГ)

{(p{AiX))
ЬР

е|М
А }+1 ’ г</, т ё  к + 1,

2i=i+i
1

A f 1
s

A} + 1

Рассмотрим функцию

Очевидно
т = Í= 1

F<» {pc) =
Î=1

Покажем, что F (k)(x) где JT обозначает класс Зигмунда. 
• Действительно, при |М +2|| =  шах \ср(-к+2)(х)\ имеем

|FW (х + h) -  2Fm (х) + Fw (х-И)\Ш
N

ZI ;=i

I \\<PW\\s  1 2 4 l M i+2W  +4 2 1 ,
1=Х+1 Л;

1

с7 N V * +-
1

Выберая N так, что ANS ~  < A N+l, мы получаем, что Fw (x)£&. 
То, что

t  ( / ) * 4 -2 . +Р Л(

доказывается также, как и выше. 
Наконец мы доказаем утверждение С.
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Выберем подпоследовательность е„. такую, что 2  Ел, <  00 и пусть А( удов-
i= 1

летворяет условиям (Г) —(III').
Рассмотрим функцию

Тогда очевидно
* » ) - i  * £ ? « * •1 = 1 S i  i

oo

| .F w ( .x  +  A ) —  i r (* ) ( ; t ) |  ё  ch £л, =  c 'A
i=i

и также, как и выше, получаем, что

[1] Г. Ф р ай д— В. А. П оп ов :

Е ™  L (F )  — с* " i1,  -
2  ' LP Л 1
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SOME REMARKS ON RANDOM NUMBER TRANSFORMATION

by
A. SZÉP

hi Memóriám Professor A. Rényi

The problems of random number generation and transformation are of basic 
importance in the theory of Monte Carlo Methods.

In our paper we shall deal with the latter ones.
The general problem is the following: Let {Q, sf,P} be a probability field, 

J; = Ç(oj) a real-valued random variable, defined on Q, G(x) a prescribed distribution 
function.

We have to find a transformation T  such that the random variable »7 =  Г£ 
should possess the distribution function G(x):

P(t]^x) = P ( Г £ < х )  = G{x)

For solving this problem we have to tell something more about the special 
character of T. From the practical point view those Г-s are of interest, which depend 
only on the “actual value” of

The random number generator of a computer gives one pseudo-random num­
ber after the other and we can start only from these numbers. At first one may try to 
find an appropriate function cp(x), that is TÇ=<p(Ç). It can be seen easily, that 
this is not always possible.

It is well known [1], that if F(x) is the distribution function, of £ and G(x) 
is strictly monotone, then (p(x) — G~'(F(x)) is an appropriate transforming function.

This result can hardly be applied because of the long computing time of the 
inverse function G~1 (x). (However, there are some exceptions.)

A . BÉKÉSSY has raised the following question: Try to find such Г -s, for which 
possibly a great part of the values of £(со) remains unchanged, or, more precisely, 
the (probability) measure of the set {со: Г^(со)^£(co)}, is small. In the sequel 
we shall consider random transformations, too. This means that we take two random 
numbers and, depending on the value of the second one, we change, or reject or 
accept the first one. Such procedures are very familiar in the applications of Monte 
Carlo methods [1].

In what follows let £ be a random variable with distribution function F(x). 
Let G(x) be another distribution function. We have to find a real valued function 
T(t, со), defined on R X Q (as a matter of fact, T(t, со) is a stochastic process), 
such that

1. rj =  Г(£ (со), со) is measurable
2. P (rj <  x) =  G{x)
3. P i s  minimal, provided this minimum exists.
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Lemma. Let A be any Bore1 subset o f  fhe real line. Then

Proof. P =  P({{^ ч} П {{€ Л}) +  Р ({{^ 17} П {{«>!}) ё

— Р({^ч}П {ч€^}) S  P{{U A } î ){HA})  =

=  P (U A )-P ({U A }n { t]eA })  S  P ({ € ^ )-P (ii6 ^ ) q.e.d.

Theorem 1. Let Ç, F, G denote the same as before. Let us assume F and G 
to be absolutely continuous, F '= f  G' = g. I f  T(t, o)) is a transforming function with 
property 1., 2., then

(1) P(i(a>) *  r(i(ffl), ю)) S  y  /  \f(x)-g(x)\dx.

Proof: We apply the lemma to the set A = {x: f(x)>g(x)}.

P(i(û>) ^  Г ({И ,со ) =  P($*ri) S  Р « € Л )-Р (ЧеЛ) =
4-00

= J f ( x) dx — f  g(x)dx =  f  ( f (x ) -g (x ))d x  = f  \ f (x ) -g (x ) \+dx =
A A A  - 0 0

=  / l/(* )-2 (x )l + -  у  ( f(x ) -g (x ))
1 +°°

dx = у  /  |/(x )-g (x )|i/x

Here we have considered that
4 0 0

f  f{x) dx = f  g(x) dx = 1,

hence,
4 - 0 0

/  ( f (x ) -g (x ))d x = 0

|a|+ denotes the positive part of the real number a,

\a\+- j  = -2-  q.e.d.

T heorem 2. By an appropriate choice o f T(t, со) (1) is valid with the sign of  
equality.

Proof: Let f(co) be a random variable, independent of ç, uniformly distributed 
in [О, 1]. We define the following events:

В  =  {с0 : / ( { ( © ) )  S  * ( £ ( « ) ) }

C =  {«:/(£(ш))£(т) s  *(«£»)) < /(£(«))}

D = {co:f(tioo))t(co) >  *(£(«))}
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Clearly B, C and D is a complete system of events, i.e. they are mutually ex 
elusive and their union is Ü. Let A = {u: u£R, f{u)>g{u)}.

Consider the equation

(2)

t

f  \ f ( u ) - g ( u ) \ + d u
— oo

<p

= / |g ( w ) - / ( “)l+^M
—  oo

Both integrals are continuous, increasing fnnetions of the upper limit of in 
tegration,

+ 0O +00 / +00

J \ f ~ S \ + d u =  f  \ g - f \+ d u  = y  f  \ f - g \ d u
■ oo —  oo V —  oo

Thus we can express from (2) q> as a function of t  (generally not uniquely). If 
we define

( q>

H O  =  i n f { < p :  J \ f - g \ + d u =  f \ g - f \ + d u } ,

then ( p ( t )  will be increasing.
Define T(t,a>) as follows:

T(t, со)

Put

We prove that

t if t$A
t if t£A  and f(t)Ç(co) S  g(t)
H O if tÇ_A and f ( t ) Ç ( c o ) >  g(0

T(Ç(œ), со) =  q(co)

Р 0 ?^ 0  =  у  j  \f~g\du.

Applying the well-known formula for the conditional density function [2], 
we have

-f- oo

Р ( £ ^ Ч ) =  /  r]\^ =  u ) f (u ) d u  =  f  P ( ^  n\Ç =  i t ) f (u )d u  ^
— oo A

Л Ч -f- oo -f* 00

1 ~ 7 $ ) V ^ dU =  I  ( ^ ~ g ^ du = f  \ f -g \+ d u  = y  f  \ f - g \  du

We prove that for any real x

P(i/ < jc) -  Р(Г(<^(ш), со) <  x) =  G(x).
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Denote c(x) the characteristic function of A (i.e. c(x)=0 or 1, according to 
x$ A  or x£A). Consider the event Ax =  {/7 <x}. Clearly

(3) P (Ax) = Р(АХПВ) + Р(АХПС) + Р(АХПП)

(i) P (АХПВ) = Р ( { ^ х } П { а А } )  = Р({£<х}П{£(М}) =
д:

=  /  Л " )  du = / ( 1  -  c{u))f(u) du
п (£ A  — со

(ii) p(Axn c ) =  f  P(Ax nC\Ç = u)f(u)du

We calculate the conditional probability under the integral sign:

g(»)|
№  J

Here

and

Hence

thus

(iii)

P (Лх Г) С I £ =  и) = P {/?<х}П С t  = u\ =

= Р\{ч<х}\{£=и}Г\\с g  ( и )  I  )
/(И) ÍJ PC

g  ( и )
Л«)

»/<*|{С =  и}ГЖ
g ( » )  _  J  1 i f  <5 € ^ 4 ,  ç

PC

Р{Ах Г\С\^ = и)

f(u)  JJ [ 0  elsewhere 

g (и) ) _  g (и)
Л « ) J Л «)

ф)Ш-
о otherwise,

■JC -V
Р (4* ПС) =  f  с (и) ^  ■f(u ) du = f  с (и) g (и) du

P(AxOD) =  Р |{ |,< х}П {^4}П ]С  £  Щ }

= /  р(й < Л П {С €4} п {с ^ ^ | ) л  = « f(u) du.

The conditional probability in the last integral vanishes for u^A. Suppose now u£A, 
then

P |{»/<x}n |c si ж !  { = " !  -
1 — , if (p (u) < X

Л и)
0, if cp(u)^x.
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Thus
P ( A XH D ) =  f  c ( u )

< p ( u ) < x

g(")
/(«)

f ( u ) d u  =

= /  \ m  - g ( u )I + d u  =  J Ig ( u ) - f ( u )I + d u  =  J  (I -  Ф )) (g(w) -/(«)) du.
tp ( l l )  < X  — 00 —  0 0

Here we have made use of the definition of cp.
Substituting the results into (3), we get

.V X X

P(/7<x) = J [l -  c ( u ) ] f ( u )  du  +  f  c ( u ) g ( u ) d u  •)- /[1 -с(и)] [g(«)-/00] du  =

— J  g ( u) d u  = G(x) q.e.d.

Note that both Theorems 1 and 2 can be reformulated for the case of discrete 
random variables:

Theorem V . L e t {/>,•}£” „ , {p j  d i s c r e t e  p r o b a b i l i t y  d is t r ib u t io n s , ç a d isc re te  
ra n d o m  va r ia b le , P( ç = k ) = p k к — 0, ±1, ,

ri =  T ( Ç ( œ ) ,  со), P(t] =  l ) = q l , 1 =  0 ,  ± 1 ,
then

j  4 -°°

(4) P(ç(w)̂ »7(co)) ë y  2

Theorem 2'. ßr an  a p p ro p r ia te  c h o ic e  o f  T ( t ,  a>),* (4) /5 v a l id  w i th  th e  s ign  o f  
ecpiality .
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ON THE ORDER OF CONVERGENCE OF FINITE-DIFFERENCE 
APPROXIMATIONS TO SOLUTIONS OF NON-SELFADJOINT 

ELLIPTIC BOUNDARY VALUE PROBLEMS

by
L. VEIDINGER

R ivkind obtained in [1], [2] error estimates for finite-difference approximations 
to the solution of the Dirichlet problem for the general second-order elliptic equation 
in a bounded open region R. In these papers, however, it is assumed that the solu­
tion of the Dirichlet problem has bounded first derivatives and square integrable 
second derivatives in R. In general, these assumptions are satisfied only if the bound­
ary of the region R is sufficiently smooth or if R is convex (see [3], [4]). In the present 
paper we shall obtain error estimates without these assumptions in the two-dimen­
sional case. In deriving our estimates we shall use a discrete analogue of an inequality 
discovered by Ladyzenskaja and U ral’ceva (see [5], p. 176).

1, Let R be a bounded open plane region whose boundary C consists of a finite 
number of piecewise-analytic simple closed curves. Denote by At (/=1,2 , ..., n) 
the corners of C, i.e. those points on C where distinct analitic curves meet.

We consider the boundary value problem

(1) Lu(x,y)=g(x,y), (x,y)£R,

where
«  ( X ,  y)=(p (x, y), (x, y) £ C,

Lu d
dx

v du d . , „ du d . , 4 du
\a(x,y) ^  dx Н *’У)Ж + dy

+ dy c(x, y) du
dy + d{pc, y) I “ + e (x, y) j -  4-fix, y) u.

Let the coefficients of the operator L and the right-hand side g(x, y) be analytic 
in an open region G containing the closure of R in its interior. Let (p(x,y) be con­
tinuous on C and analytic on each analytic portion of C. Suppose that at all points 
of R
(2) aÇ2 +2bÇr] +ct]2 S  a(^2 +  //2) (a = const>0)
for all real Ç, //.

Suppose the infinite plane of the region R is subdivided by two families of 
parallel lines into a square net. Let the lines of the net be x = mh and y  = nh 
(m,n=  0, ±1, ±2, ...). The points (mh, nh) will be called the nodes of the net. 
The smallest squares bounded by four lines of the net will be called meshes of the 
net. Denote by Sh the set of all nodes of the plane. Let R* be the union of all meshes 
contained in R and let C* be the boundary of R*. Let R% consist of all the interior
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nodes of R* and let C(* be the net boundary of Rj;. Let R,* =  R% U Cjj\ The points 
of intersection of the net lines with the boundary C form the set Ch. We define

VJP) = h-'[V(E)-V(P)\, VX{P) = h-'[V(P)-V(W)\,

Vy(P) =  h~'[V{N)-V{P)\, Vy(P) = h~1[V(P)-V(S)\,

where V= V(P) is any real-valued function defined on RJ, E = (xp + h,yp), N  = 
(xP, yP + h), W  =  {xP — h,yP) S = (xp, yP — h) are the four neighbours of the node 
P = (xp,y p).

The solution и of the problem (1) is approximated by the solution U of the 
finite-difference problem

LhU(P) = g(P), P t R l
(3)

U { P )  =  c p ( P ’) ,  P e c : ,
where

LhU —  0,5[(aUx)x + (aUx)x +  (bUy)x +  (bUÿ)x + (bUx)ÿ +  (bUx)y + (cUÿ)y +

+ (cUy)ÿ + d (Ux + L/x) + e(Uy + Uÿ)] +fU  

and P’ is the point of Ch closest to P.
If V=V(P) and W=W{P) are any two functions defined on Щ, then we 

define
(K W) =  h 2 2  V(P)W(P), ||K|| = (K V)i

Pírt
and

Hh(V, W) = 0,5/г2 У {a(P)[Vx(PW AP) + VAPW,(P)\ + 
pírt

+ b(P)[vx(P)Wy(P) + vy(P)wx(P) + VAPWÿ(P) + Vÿ (P)w-X {P )] +

+ c{P)[Vy{P)Wy(P) + Vy{P)Wÿ(P)\ -  d{P)W(P)[Vx{P) + v-x(P)\ -

-e(P)W(P)[Vy(P)+Vy(P)\-2f(P)V(PW(P)}-
Here we have put

K(P) = WÂP) =  0, if P ec : ,  EiR*h, v-x(P) = wx(P) = 0, if P e c : ,  щ Щ ,  
(4)

vy(p) = wy{P) = 0, if P ec : ,  N iR t ,  Vy{P) = wy{P) = 0, if P e c : ,  s<tRt. 
We define

WW = {h2 2  [(K*(R))2 + (f;(R))2]}±,
pírt

where the conditions (4) are valid. We can extend the definition of V onto the whole 
set Sh putting V(P)=  0 for R^R,*. Then we define

W i l l  = {h2 2  [ ( ^ ) ) 2 +  ( О Т ) 2]}*-PCS,,
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2. Lemma 1. и is an analytic function of x  as well as o f у in R.
For a proof, see [6], p. 213.
Lemma 2. и is analytic on C, excluding the corners.
For a proof of a more general result, see [7].

Lemma 3. Let A; = (xA., yAj) be a corner o f C, with interior angle nxt (0 < a ;<2). 
Let
(5) x* = kAix + lAly, y* = mA.x + nAiy
be a linear transformation which transforms the operator L into the norma! form at 
the point At. Let rA. = [(x — xA.)2 + (y —уА) 2]*. I f  the transformation (5) transforms
the angle nxt into an angle nxf ( 0  <  a *  < 2 ) , then for a* -Z (m an integer)

m
1

(6) u(x,y) = ul (x, y) +  0 ( r ),

where u, (x, >’) and its partial derivatives of all orders remain bounded when (x, y) — A 
in R while

(7) u(x, y) = u fx ,y )  + 0 (r af i \\og rAi\),

when a* = - (m = 1,2,...). These relations may be indefinitely formally differen­
tiated.

This lemma follows from the results of Kondrat’ev (see [3]).

Lemma 4. Let V—V(P) be any function defined at the nodes which vanishes 
outside R f  Then for h sufficiently small

(8) max|F(F)| <  cJlogAli^KIl!,
P(R*

where is a positive constant depending only on the region R.
For a proof, see [8].

Lemma 5. Let Z  — Z{P) be any function defined on R*, which vanishes on Cf. 
Then for h sufficiently small
(9) l|Z|| S c 2(mes R fi  ||<5Z||,

where c2 = — — + e, / is the smallest positive root of the Bessel-function J0 (x) and e
j  I л

is any positive real number.
Proof. If uÇ Й/ 1̂)(R)*, then we define

IMIl2(R) = [ / /  V2d xdy \ \  IIVdII^,*) = [ f f ( v 2x + v2)dxdy]\
R R

* We denote by C(l)(R) the class of differentiable functions with compact support in R and by 
W {2x)(R) the completion of C(,)(/?) with respect to the norm of the space W^X){R).
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Divide each mesh of the net into two triangles by means of a diagonal in a fixed 
direction. Denote by z(x, y) the function which is linear in each triangle, coincides 
with Z(P) at the nodes of Rl and vanishes outside R*. It is easy to show that

ею) \ m i m ^ \ \ z \ \ 2+ o (h 2\\ôz\\2)
and
(11) l|Vz||£2(R) =  \\6Z\\2
On the other hand, using the so-called R ayleigh—F aber principle (see [9], p. 231) 
we have

(12) I|z|!l2(r) 3Í —Ц  (mes R)* ||Vz||t2(Jl).
j y n

Substituting (10) and (11) into (12) we obtain (9).

3. Theorem 1. Letf0 = (mes R) 1 f f f ( x ,  y)dxdy,f+ (x, y) = max {f(x, y) - f 0, 0}.
R

Assume that

(13)

where

2M (2a+l) , 4 r 
2 +  „ / 0 c\ mes R < 1,

M  = m axi max [d2(x, y) + e2(x, y)], max f +(x, y)}.
( x , y ) € R  (.X, y ) £ K

Let z(P) = u(P) — U(P). Then for all sufficiently small h
(14) max|z(P)| <  с3/г* (log hf,

where c3 is a positive constant independent of h.
Proof. The truncation error z(P) is the solution of the problem

(15)
Lhz (P) — Ф(Р), P i  К ,  

z(p ) = u(p ) - u(p '), p e c : ,
where Ф = Lhu — Lu.

It is easy to see that z = v + w, where v is the solution of the problem

(16)
Lhv(P) = 0, PeR*h,

v(P) = u(P)-u(P'), PiCf
and w is the solution of the problem

Lhw(P) = Ф(Р), P£R*h, 
w(P) = 0, P£Cf.

Let v1(P) = v(P) — \p(P), where

Ф(Р) =
u(P )-u (P ') ,
0,

P iC f,
P£R*h.
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Then

We define

Lhvl ( P ) = - L hiJ/(P), Р е к ,

v l ( P )  =  o , P e c t .

Hh(vl) = Hh(vl, w1).
Then, using the finite-difference analogue of Green’s first identity (see [10]) we 
obtain
(17) Hh(vl) =  - ( L hv \  v1) = (Ььф, Vl) =  -Н„(ф, V1).
It is easy to see that / (x ,  у) =  / +(x, y ) —f~(x ,  y), where

Г ( х , у )  = max { /(x ,y ) - f 0, 0}, f ' { x , y ) =  - / 0 + max {- / ( x , y) + f0, 0}. 
Using (2) we have
(18) « I I W  + A2 2  / - ( T ) ^ 1^ ) ] 2 S

S  Hh(vl) + 0,5h2 2  {d(P)v'(P)[vl(P) + v'(P)] + e(P)vl (P)[v'y (P) + v;(P)] +
PiRl

-2 f+(P)[v4P)]2} Щ Я*(»1) + в||Л>1||2 +

+ A2 2  \\-\!;{d 2(<P) + e2{ P ) )+ r (<P)
PiR*h

where e is any positive real number. But

1 (d2(P) + e(P)) +/+(/>)A2 2
Pt

where
l  { 
< l 4e

M  = max{ max [d2(x ,y) + e2(x ,y)], max /  + (x ,y)} 
(x.y)iR (* .r)€K

and, therefore, setting e = у  in (18) we find that

(19)
M(2a+1)

\\ŐVi \\2 + ~  h2 2  f - { P )W (P ) ] 2 ^  ~  HIÁV1) + — —2 ^ L lb,1II2
P€K

M( 2a+  1)
ll^ll2

Substituting (17) into (19) we obtain

(20) \\5v'\\2+ 2- h 2 2  f~(P)[v4P)]2 +
a P£R* a «

Using Schwarz’s inequality and (9) we have

(21) IH hW , v l)\ s  0,5A2 2  {|«(Р)1П<МР)1 У Л Р ) \  +  \ф-х ( Р ) \  K (P)I1 +
PiRt

+  |A(P)| Ш Р ) \  \ v ly  ( P )  i +  l^ (P )l И (Р)1 +  \ Ф * ( Р ) \  W ( P )  ! +  \ Ф у ( Р ) \  l®i(P)|]+
+ |c(P)| [\ф,(Р)\ \ v ly (P)I + \ф,(Р)\ |t)j (P)|] + |rf(P)| I.;1 (P)I [|*,(P)| + \ФАР)|] +

+  |e(P)| |®‘(P)| [\Фу(Р)\ + \ф-у(Р)\] +  2\ЛР)\ \ф(Р)\ |e‘(P)|} ^  < ч |М  W I I  + 11*11),
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where c4 is a positive constant depending only on the region R and the coefficients 
of the operator L. Inserting (21) into (20) we have

(22) WSvY + ̂ h 2 2  f~ (P )[v \P )]2 ^

s  j  i^yl ii2+ J r  c i m w + w \ ) 2 + — ( iî ii2-

Hence it follows that

(23) iiw +^a2z / - ( p n v ^ p ) ] 2 * U m i + w + 2M(* +1)-iî ii2-a pgpj; a a

We note that min /  (x, >') =  —/ 0. Thus, applying (9) to (23) we obtain
(x,y)<iR

(24) ll^ 1!!2 =ä - ĉl(|i<5iA|| +  ||^||)2 + y[|(5ü1||2,

where у = [ U f g j + O  4 1cf mes Ä. By (13) we have y < l  and, therefore, it

follows from (24) that

(25) llfo l ^  [flt(12!.4y)]i ( I M I I  +11«AID-

Our next aim is to estimate ЦЭД and ||t/f||.
Let Ai be a corner of C, with interior angle nat and let P Ç. C%. Denote by r(P, A t) 

the distance between the points P and At. If r1 is a sufficiently small positive real 
number and 3h<r(P, A J c r , , then using (6) and (7), respectively, we obtain

(26) u(P )-u (P  ') =  (xP -  xP)  ux (P ") + (yP-  yP.) uy (P ") =

\ - l - e
= 0{[r{P,A№ h + ti),

where P" is a point in the interval PP' and e is any positive real number. It follows 
from (26) that

(27) 2  [u(P)-u(P')]2 =
P é C * .  3ft<r(P, X()-=r,

0 (  2  И Л  А()Г‘ h2+h)
P iC * , 3h^r (P ,  Ai) ^ r l

= о
-2 -2e

ha‘ 2
1

-+h
г j 2 — T -f- 2 с1 a*h П 1

= О (A).
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On the other hand, using (6) and (7) we have
4-2.

(28) 2  [и (Р )-м (Щ 2 =  0(A“‘ + h2) = 0(h).
P i C£ , r ( P ,  A , ) s 3 h

Summing (27) and (28) over all corners of A t and applying Lemmas 1 and 2 we 
obtain

(29)

It follows from (29) that

2  [u{P)-u{P')Y  = o(h).
PiC*h

(30) над  = о т ,  ж  = о т
Let

V(P) =
From (30) we see that

(31) gif'll! = 0(/ii).

jv(P ), Р е к ,  , . U (P ) ,  PeK,
l о, рек, K ’ \o, рек-

Let

V l (P) = W (P ) ,
lo,

PeK,
р е к -

w. is easy to see that Vх (P) = V(P) — 4'(P). From (25) and (30) we obtain that

(32) l l ^ l l r  =  11̂ 41 -  0 ( Ш +  M )  = о  (hi).
It follows from (31) and (32) that

(33) II.5FIU S  \\ÔVlh  + ÏÏÔPU = 0(hi)  

whence, using Lemma 4, we have

(34) max|u(F)| =  0 (h i  |log h\i).
pzK

The function w(P) can be estimated in the same way as in the self-adjoint case 
(see [11]). Thus we obtain
(35)

where

ß*

тах|и>(Р)| = О (hß*\log h\i, 
psK

1
max a*

/«= 1, ...» П
2,

if max af ê  - , 
i - i  « 2

if max a.* <  or if there are no corners.
/=i n ‘ 2

It follows from (34) and (35) that

(36) max \z(P)\ = 0(h i  [log А|*)-

This completes the proof of Theorem 1.
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It is easy to show that the condition (13) is always satisfied if mes R is sufficiently 
small. On the other hand, the condition (13) is satisfied for each operator L  which 
can be written in the form L = L0 — IE, where L0 is an elliptic operator with bounded 
coefficients and Я is a sufficiently large positive real number.

If b(x, y) = 0 ,f(x , у) = 0 and h is sufficiently small, then the matrix correspond­
ing to the problem (3) is diagonally dominant and of non-negative type and, con­
sequently, the finite-difference analogue of the maximum principle is valid (see, for 
example, [12]). Let

У*
1

max otf
1 =  1, .... n
1,

if max a* S  1,
1 = 1, n

if max a* <  1 or if there are no corners,
1 =  1 , П

where s is any positive real number. (Note that a*< 1 if and only if a 1). Since by 
Lemma 3 u(P) — u{P') =  0(hy*) for PÇ.C%, we have the sharper estimate

(37) m ax \v(P)\ = 0(hy*)
pzK

instead of (34). Combining (35) and (37) we obtain

(38) max \z{P)\ =  0(hy*).
PiRt

Thus we have proved the following theorem.
T heorem  2. Assume that b (x, y) =  0, f(x, v) =  0 and assume that the condition

(13) is satisfied. Then the truncation error z(P) satisfies (38).
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ON SOME PROBLEMS CONCERNING DIRECTIONAL 
DIMENSION

by
J. GERLITS

In this paper we shall deal with some problems raised by E. D eák in [1]. For 
the sake of completeness we list the necessary definitions and theorems. For the 
proofs and for further theorems see the forthcoming book [2] or [3].

The author wishes to take this opportunity to express his indebtedness to 
Professor Á. Császár and E. D eák for their help in the preparation of this paper.

1 §

All results of this paragraph are due to E. Deák.
(1.1) Definition. A direction on a topological space A is a family 'JA of ordered 

pairs (G, F) of subsets of X, where G is open and F is closed, satisfying the follow­
ing three conditions:1

(i) (0,0), [ X ,X )&
(ii) G c  F for each (G, F) of 01, and for any two (G, F) and (G', F'), either 

F c G ' or F 'c G
(iii) let iÿ(â?) =  {G; 3F, (G, F)edt} and & (ß) = {F; 3G, (G, F)£M; then ifM is 

a subfamily of 0 ( ( % ) U  3F(ß), U { B ;  B Ç .0 )}  and П { В ;  В £ .Щ  are members of (S(ß) U
U ^ (« ) .

(1.2) Definition. If 01 is a direction on a space X, the elements of (S(0i) are 
called lower open di-halfspaces, and the complements of the elements of ,¥ (0t) upper 
open 0t-halfspaces.

(1.3) Definition. A directional structure (abbr. DS) on a topological space X  
is a system 5R = {01̂ , oc£A} of directions on X, for which the family of all open half­
spaces form a subbasis of X.

(1.4) Definition. The directional dimension — denoted by Dim X  — of an indis­
crete space X  is equal to 0. If A is a not indiscrete topological space then Dim X  
is the minimum of the cardinalities of its directional structures.

(1.5) T heorem. Every topological space X has a directional structure and 
Dim X S H’(A), the weight of X.

1 This is an equivalent modification of the original definition of E. Deák; see [2].
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(1.6) Theorem. I f  {Xx't aÇA j is a family o f topological spaces, then

Dim ( X {Xx ; a 6 A }) S I  {Dim Xx ; a d A }.

(1.7) T heorem. I f  X ' is a subspace of a space X, then Dim X'  ̂  Dim X.
(1. 8) Theorem. For a discrete space X

Dim Af s i .

(1. 9) Theorem. I fR n denotes the n-dimensional euclidean space, then Dim R" =n
(«=  0, 1,2, ...).

(1. 10) Theorem. For a separable metric space X, Dim X ^ n  if and only i f  X  is 
topologically embeddable into R".

(1. 11) Theorem. For any separable metric space X, i f  dimAf<°°, then 

dim X  g  Dim X ^ 2  dim X + l  

and the limits are the best possible.

(1. 12) Theorem. I f  X  is a topological space and Dim K0, then ind X s  
S  Dim X.

(1. 13) Theorem. Let X  be a perfectly normal space and n a cardinal number, 
then Dim X  ë  n i f  and only if X  is topologically embeddable into the product o f n order 
topological spaces.

(1. 14) Theorem. For any order topological space X, D im A fs l.

§2.

A product theorem for Dim

(2. 1) Lemma. Let X  be a topological space, xdX . Then there exist systems o f 
open sets { I t ,; td  7 } such that

a) T ^ 2  Dim X
b) The systems XI, are ordered by inclusion (t 6 T)
c) H =  U {U,; tÇ_T) is a neighbourhood-subbasis o f the point x.

Proof. Let 91 = {3ls; s £ S } be a DS on L, S = Dim X. Considering the systems 
of the lower (resp. upper) open halfspaces containing x, we obtain the required 
systems.

(2.2) Theorem. Let {Xs \ sÇ .S} be an uncountable family of T0-spaces, Xs^ 2  
(sd S); then the following equality holds:

Dim (X {Â ; sd S}) = _2'{Dim Xs\ sd S}.
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Proof. By virtue of (1. 6) the sign ^  is valid ; if X  denotes the space X {Z,; s £ S}, 
then by (1.7) we obtain

Dim Z Ssup {Dim Xs; s£ 5}
and, evidently

£  {Dim Xs; = max {§; sup {Dim Xs; 
consequently it is enough to prove

(2.3) Dim Z s 5.
Let ns be the projection into Xs\ for every s£ S  we choose two points xs, of Xs 
such that xs${ys}. We denote by x the point of X, for which 7rs(3c)=xs (s£Sy  
and by xp (p £ S ) that point, for which

л*(хр) \) ’pl if s=p  
U s; if s£ S -{ p }

Now, let us suppose that (2. 3) is false; then by (2. 1) there exist systems 
{G>q;q£Q}, ß s2 D im Z < iS  (S  is an infinite set!), <Sq are ordered by inclusion and 
<3= Ú {®e; q£ Q) form a neighbourhood-subbasis of the point x. By the definition 
of the product topology, for every set U£ 3 , the set

M u =  { p ; p £ S ,  x'HU}

is finite. If U, V£<5q and U c V ,  then M vzdMv , thus, for fixed q£Q,  the system 
{Mv ; U£ 3 J  is ordered by inclusion, consisting of finite sets, consequently the union 
of that system is countable. Making use of Q < S  and x0, we obtain that there 
exists an element p£ S  such that x?£ U for all U£ 3.

This means that 3cÇ{3cp}, which is impossible, because xp~ {y }. Q.e.d.

(2. 4) Corollary. If /denotes the interval [0, 1] and /f=>x0,then Dim(/'4) = X.

3 .§

In this paragragraph, we shall deal with some generalizations of Theorem
( 1. 11).

We begin with a negative result.

(3. 1) Example. For each natural number n, there exist a compact T2 -space 
C„ with

dim C„ =  0, Dim C„ = n.
We denote with C0j the j-th infinite initial number, by W(cl>í) the order topological 
space of the ordinal numbers less than <о(, by

Wt =  Ж(со()Х{/} (l=£/s2/i)
Let

ÖÍ  и{Ж(; 1 =  1,2, ..., 2n),
C„ =  0 { W r ,  / = 1 ,  2 ,  . . . ,  2 n } U  { ß } .
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A neighbourhood basis of a point (a, i)Z Wh a^O is the family of sets (fi, y) X {/ }, 
where

ß, y€ ß< a < y

(i.e. the customary intervals in W(cofiX {i}), the points (0, i) are isolated and a 
neighbourhood basis of the point Í2 is the family of the sets

2 n
U(u i , . . . , a 2„ )=  U {(ß,i); ßeW(a>,), ßxXi}{J{Q} (а;€Ж(шг), 1ёгё2и)

1=1

One readily shows that the space C„ defined in this manner is the one-point compactifi­
cation of the discrete topological sum of the spaces W(cOi) (1 S  í S  2n).

Evidently C„ is a totally disconnected compact Hausdorff space, thus dim C„ =  0 
indeed (see e.g. [7]).

a) Dim C,,Sn.

Let i (1 S i ^ n )  be a natural number, <x£W(cűfi, y Ç. 1Е(со2|) + 1 -г) and let us 
define

Gf = ([0, а) X {/}), FT = ([0, а] X {i}),

П  = Cn-  ((0, у] X {2 n + 1 -  i}), Ф\ = СП -  ([0, y) X [2n + 1 -  /}),.

Gi = Wi, Fi = Cn-W 2n+í_i,

=  {(0,0), (C„, C,,)} U {(Gf, F?) ; a Ç 1Г(шг)} U {(G,, F,)} U {(Ц, Ф}) ; y € W(œ2n+1 _г)}. 
It can easily be verified thatá?,- is a direction on C„ and the system 9Î =  1 =i = n}
is a DS on the space.

b) Dim C„ê h .

Indeed, otherwise —• making use of (2. 1) for the point Í2, as x — we would 
find a family {U;; l ^ i S k } ,  where к <2n, the systems H; are ordered by inclusion 
and U = U {U; ; i= l ,2 , . . . , k )  is a neighbourhood subbasis of Í2 in C„. Let "F 
be one of these systems and H =  П {V; V(fF}; then, for all but one of the indices 
i ( l ^ i ^ k ) ,  the set If contains a tail of Wt since, for two distinct indices i, j  
( l ^ i ^ k ,  l ^ j ^ k ,  iF j )  W(coi) is not cofinal with coj.

Using the fact that k<2n, we obtain that (U}X n{U; UÇÜ}, consequently 
U cannot be a neighbourhood subbasis of Q in C„. This contradiction completes 
the proof.

(3. 2) Definition. A topological space E is said to be strongly metrizable if F  is a 
regular Ту -space and has a basis which is the union of a countable family of star- 
finite covers of E (see e.g. [6]).

(3. 3) Definition. Let Q be any set. The product of countable many copies of 
the discrete space on Q is called the Baire space on Q and we denote it by N(Q).

Each strongly metrizable space is metrizable by the N agata— Smirnov metriz- 
ability theorem, but the converse is not true. It is very easy to see that the product 
of countable many strongly metrizable spaces is also strongly metrizable and that 
a subspace of a strongly metrizable space is strongly metrizable. Since a discrete
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space and a separable metric space is evidently strongly metrizable, we obtain that 
for any set Q each subspace of the space N (Q )X la is strongly metrizable.

A. Z arelua showed in [5] that, for a strongly metrizable space X, ind X = 
IndAr=dimAr. Employing (1. 11), we obtain that, for strongly metrizable spaces, 
dim Af^ Dim A" if DimAr< X 0. On the other hand, a theorem of J. N agata ([6]) 
asserts that, if X  is strongly metrizable and dim X ^ n ,  then X  is topologically em­
beddable into the space N (Q )X l2n + 1 for a suitable Q ( 0 S n < S o).

(3. 4) Lemma. For an arbitrary set Q

Dim N(Q) Ш 1.

Proof. If ß jc z ß 2,then A^fíj) is topologically embeddable into N(Q2), and 
so by (1. 7) it is sufficient to show the statement for infinite fi. By (1. 14) is sufficient 
to prove that the topology of N(Q) is induced by a suitable order. We choose an 
order <  on Q, for which (2 has neither a first nor a last element, and denote by 
-< the lexicographic order on N(Q). We will show that -< induces the original to­
pology of N(Q).

a) The order topology is coarser than the original topology.
If X = (xk)T Ç. N (Q) and M  is a natural number, we denote by £/M(x) the set 

{У = (Л)€А(Я), x,=y, (/SM )).
If a, b. x€7V(ß),

» = № ? ,  Ъ = (Ьп)Т, X = ООГ,

a*<x-<b, then, for suitable natural numbers n, m, we have an<x„, xm < bm, but 
ak — xk for k< n, and xt = bt for l<m.

Put Af =  max (и, in). The set UN(x) is a neighbourhood of x with respect to the 
product topology, and if

y€t/jv(x), then a «< у «< b.

b) The order topology is finer that the product topology.
Let, for x = (x„)€ A(Í2), U be a neighbourhood of x in the product topology. 

For a suitable natural number M, UM(x)c: U\ we select elements a, bÇ_Q for which 
holds. If we denote by a and b the points of N(Q) for which

л„(а) =
xn (nXM +  1 ) 
a (n = M + 1) я„(Ь) =

x„ (nX M +  1) 
b (n = M +  1 )

(nn denotes the и-th projection on Й), then a-<x<;b, and a < y < b , у £N(Q) 
implies У € UM(x) C  U. Q.e.d.

(3.-5) T heorem. I f  X  is a metrizable space and dim X = 0, then Dim X ^ l .
Proof. All such spaces are topologically embeddable into a space N(Q) for 

a suitable Q (see e.g. [7], Th. 7. 3. 9), and so by (3. 4) and (1. 7) the theorem is true.

(3. 6) T heorem. I f  X  is a strongly metrizable space and one of the numbers dim X  
and Dim X is finite, then so is also the other and

dim A- S  Dim А ё  2 dim A' F 2.
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Proof. The assertion is a direct consequence of Lemma (3. 4), of the Theorems
(1 .6 ) and (1. 7) and of the above-mentioned theorems of A. Zarelua and J. N a-  
GATA.

It is a very natural question whether the upper bound is reducible to 2 dim X +  1. 
We will answer this question in the negative; for each natural number n (иS i )  
we find a strongly metrizable space X„ such that dim X„ = n, Dim Xn = 2n + 2. 
We denote by Л 2п+1 the set of points of I2n + 1 at most n of whose coordinates 
are rational. By a well known theorem ([4] Theorem V. 5) Л 2п+1 is an universal 
space for the at most /г-dimensional separable metric spaces, thus (see [4], Ex. V. 3) 
j r 2n+i is not embeddable into R2n. Making use of (1. 10), we obtain

(3.7) d im ^ 2n + i = ”> Dim Л 2п+У = In + 1 
Let Q be any uncountable set; we assert that the space

(3.8) Xn = N (Q )X Jr2n + 1
satisfies the above conditions. Now, Xn is topologically embeddable in N (Q )X Ia; 
thus it is strongly metrizable; from the product theorem for dim2 (e.g. [7] Th. 7. 3. 10 
and 7. 3. 11) we obtain the relation dim3f„=/7. We shall now prove the equality 
Dim Xn = 2n + 2.

(3. 8) Lemma. Let X  and Y be metric spaces such that
a) X  is not locally separable,
b) Y is arcwise connected,
c) if Q A G c Y ,  G is open in Y, then Dim G = k<  K0.
Then Dim for Z  = X X Y .
Proof. Let us suppose that the statement of the lemma is false; then by (1. 13) 

there exist order topological spaces R t , . . . ,R k such that

ZczR  = X X
i=i

We shall denote by n; the projection onto Rt and let x0 be a point of X  which has 
no separable neighbourhood. Since the space Y  is connected, the sets 7t;({*o}X У) 
are connected sets Ji in R{ (1 S i^ k ) .  We assert that there exists a point y0^ Y  
such that 7Г;((х0, j 0)) is an interior point of / г (1 ^ iS k ) .  Indeed, if p€R ;, then the 
directional dimension of the space щ 1 ({p}) is at most (к — 1) by (1. 6) hence -— mak­
ing use of the property c) of Y — the set Ap =  Y) is nowhere
dense closed set in {x0}X Y. Let p run over the end points of Jt for /= 1 , . . . ,k ,  
and select

(*o. JoX({*o}X Y ) - U A P

(This set is not empty because U Ap is nowhere dense in ({r0}X f)). Denote by 
Pi^Rj the point Л;((лг0, To)) (1 S ;S ( ) .  We select for each i two points r;, of

2 “For every countable family {X,}“ i of metrizable spaces the conditions dim (X “ !Х) = 0- 
and dimXj=0 (/=1,2, ...) are equivalent.”

“For every two metrizable spaces X  and Y  we have: dimX X  Fsdim  X  — dim Y.
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!7г(({хо}Х Y )  with and let u t and v x be points of ({-v0}X F) for which

ri = ni(ui), qi = ni(vi)

Now, by the arcwise connectedness of Y ,  there exists a Peano continuum I t in {x0} X Y  
joining (xQ, y0) and vt. The subspace Ei — n^Ii) of Rx is a Peano continuum, 
hence it is a separable metrizable space and p, is an interior point of Ex in Rxк
.(/= 1,2, ... ,k). Now, if we denote by E the set X  £;> then £  is a separable metriz-

l
able neighbourhood of (x0>To) in R; so the set £П(.ТХ {j'o}) is a separable neigh­
bourhood of (,v0, y0) in -ТХ{у0}> which contradicts the definition of x0. Q.e.d.

(3.9) Corollary. Dim X„ = 2n + 2 (n S l).

Proof. Indeed, if we denote by X  the space N(Q) (Í2>X0), by Y  the space 
+ 1 and by к the number 2« + l, then the requirements of the lemma are ful­

filled. The validity of the property a) is obvious. If G is a non empty open set in 
J l2„+1, then G contains a topological image of + i and so by (3.7) and (1. 7) 
Dim G =  2/1 +  1 indeed.

Finally we must show that Л 2п+i is arcwise connected. Let x =  (xfc) denote 
a point in Л 2 „ + 1  having only irrational coordinates. We will show that for each 
point У =  (л )€ -^ 2п + 1 there exists an arc joining x and у in We can suppose
that only the first / coordinates of у are rational (l = n). If we denote by 
Jj (j  = 1,2, ... ,  2n + 1) the set of all z = ( z k) d l 2n+1 where

_ { л »  if k< j  
* 1**, if k > j

and Zj run over the interval with end points Xj and )>j, then Jj is an arc in
2/1+ I

and U Jj is a Peano continua joining x  and y  in J t2,,+ 1.
7=1

4-§

We see that for strongly metrizable spaces the directional dimension and the 
•classical dimensions are “approximately equal” in the sense of (3. 6); but this is 
not true for general metric spaces.

E. D eák proved that if £(/4) denotes the star-space (“hedgehog” in the ter­
minology of [7]) over the set A and À  =» K + , where denotes the cardinal number 
following the continuum, then Dim S(A) = A, although for each set A ind £(Т) = 
= dim S(zl)=Ind S(/4) =  l. One of his problems in [1] is the determination of the 
directional dimension of the star-spaces of any weight. It is very easy to see that if 

then Dim S (/l)s2 . More generally we shall deal with the directional di­
mension of arcwise connected metric spaces. By a well known theorem (see e.g. 
[7] ch. 6 Problem N) the continuous image of an arcwise connected space is also 
arcwise connected if it is Hausdorff, so by (1. 13) we need to characterize the arcwise 
connected order topological spaces.
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(4. 1) Definition. Let W be the set of countable ordinal numbers and L — IPX 
X[0, 1); if (а, л:), (ß ,y)£L, then let (a, x)-<(/?, y) if and only if ot<ß or ot = ß and 
x< y.

The order topological space L  obtained in this manner is called the long half-
line.

By joining an inversely ordered long halfline to a long halfline, we obtain a 
long line.

It is very easy to see that a closed interval of a long line is homeomorphic with 
the interval [0, 1] of the real line.

(4. 2) Lemma. I f  R is an arcwise connected order topological space, then R is 
topologically embeddable into the long line.

Proof. It is clear that an order topological space is arcwise connected if and 
only if each closed interval is an arc. Let now x£ R  be any point, obviously it is 
enough to prove that the subspace P = {y ,y £ R , уШх} is topologically embedd­
able into L, the long halfline. But this fact was proved in [8].

(4. 3) Lemma. I f  W denotes the set o f countable ordinals, then Dim S ( IP) ^  K0.
Proof. Let L  denote the long halfline; by (1. 6) and (1. 7) it is sufficient to  

show that S(W ) is embeddable into 1 “ Х Г .
We denote by Ix the interval

{(ß,x); (ß,x)£L, (ß,x) ä  (a+1,0)} in L (aÇlP).

Now there exists for each natural number 1 and ordinal W  a homeo- 
morphism <pl: [0, l]-* /a+1 such that

<^(0) =  (o, o ), 1
2 n = (a+1,0), ç>Z(l) = (a +  2,0).( 1 , 0 ) ,  срЦ

We denote by f n:S{W ) -*■ (LX /) (n = 2,3, ...) the following mapping:

fn ((*, «)) =  O* (x), x) (a € IP)

Let now /  be the diagonal function

/ =  A fn :S (W )-(L X l)*o  
/1 =  2

Making use of the Diagonal Lemma in [7], it is very easy to see that/ is an embedding 
indeed.

(4. 4) Corollary. Let X  be a metric space. I f  w(X ) Ш ; then Dim X 5= K0 ■
Proof. Indeed, all such spaces are topologically embeddable into (S ÎP))**“ 

(see e.g. [7]).

(4. 5) Theorem. Let X  be an arcwise connected metric space. Then

Dimdf —Ы х )
Ь о

if w (A") > x 
if w(A') = K1
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Proof. Let {/?я;а £ Л }  be a family of order topological spaces, ^  =  DimAr, 
such that X  is embeddable into R =  X {/?,, ; а £ ,4 }. We denote by n f.R ^R ^  the 
projection into Rx. We can suppose without loss of generality that Rx = na(X), 
because is very easy to see, that a connected subspace of an orderable space is order- 
able, too. Now, each space Rx, as a continuous image of an arcwise connected 
space, is arcwise connected. Hence by the Lemma (4. 2) it is embeddable into the 
long line. Making use of the fact that the weight of the long line is Xi we obtain, 
that

w(X) S  w(R) ^  ^ i -Л

Therefore if vv(A') =» , then D iin.T=/l ё и ’(А'), but Dim X  Sw  (Л') so Dim X  =
= w(X) indeed.

Let us now assume that w(X) is equal to Kil by the Corollary (4. 4) we need 
only to show that Dim X  is infinite. But otherwise X  would be topologically embedd­
able into the product of a finite number of copies of the long line so it would be 
locally separable. By a well known theorem (see e.g. [7] ch. 4 Problem C) a locally 
separable connected metric space is separable, and this contradiction completes 
the proof of the theorem.
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ABSOLUTE SUMMABILITY AND CONVERGENCE 
OF FOURIER SERIES

by
P. CHANDRA

D e d ic a te d  to  th e  m e m o r y  o f  la te  P ro fe ss o r  A lf r é d  R é n y i

1. Definitions and Notations. Let L = L(w) be a continuous, differentiable and 
monotonie increasing function of w, and let it tend to infinity with w. Suppose that

2  ct„ is given infinite series, thenП= 1

if

a„ is summable \R ,L ,r\ (r>  0)
n = 1

[ Jja„€|R, L,r|j,

f  L'(w)L~r~1(w) \ 2  {L (w)-L(«)}r~v L{ri)an dw <
A  "

where A is a finite number.
Let f ( t ) be a periodic function with period 2n and integrable in the sense of 

Lebesgue over ( — n, n). We can, without any loss of generality, write the Foureir 
series of f ( t ) as

2  (an cos nt + b„ sin nt) = 2  An(0,
я=1 л=1

assuming that the constant term is zero.
Throughout this paper we shall use the following notations; c is non-negative.

(1-1) Ф (0  =  y  { / ( * + »  F A * -* )} .

(1.2) Л(н’, / ) =  2  n~1 L(n)(\og(n + l))c-1 sin/if.
n^w

2. Introduction. Izumi [3] proved the following:

T heorem A. If, for c = 0, 1,

(2. 1) / ( l o g ^ ) V * ( O I < ° ° ,
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and
( 2 .2 )  {nd A (nA„ (.x))} 6 В V, for some d>  0, 1

then ^  \A„(x)I (log(/7 + l))c_1 < oo.
n= 1

Replacing the condition (2. 2) by the lighter condition (2. 4), M a z h a r  [4] 
recently established the following theorem for the absolute convergence of Fourier 
series.

T heorem B. Let c =  0, 1 and к S u e 1 2. I f
nr k ) c,(2. 3) J log ? J \d<P(t)\ < °o;

and
0

(2.4) jexp  (—if)  exp (ma) (log (m + l))c 1Ат{хЦг В V,

then ^  \An(x)\ (log(« + l))e_1 <  °°, where 0<a<l. 
11= 1

In 1950, M o h a n t y  [5] gave the following criterion for the absolute convergence 
of Fourier series.

Jc
T heorem C. Let 0<<5<1 and k ^ n e 2. I f  (i) Ф(?) log -£BV{0, tz) 2 and (ii) 

{nâA„(x)}eBV, then j ?  \An(x)\ <  oo.
n — 1

Izumi [3] has shown that the conditions (2. 2) and (ii) of Theorem C are mutually 
exclusive and M azhar [4] has shown that condition (2. 2) implies (2. 4). Therefore 
naturally the question arises as to whether it is possible to establish any relationship 
between (ii) of Theorem C and (2. 4) for c=  1. In this paper, Lemma 3, we have 
shown that the condition

{nl - aAn(x)(\ogn)-‘1}^BV, 

for finite d and 0 < a < l ,  implies

Jexp (-- n a) %  exp ( O  (log m)~dЛ,„(х)}€ BV. 3

The technique used by M azhar [4] was to obtain the following result concern­
ing the absolute Riesz summablity of Fourier series at a point and to deduce Theo- 
re В by means of a Tauberian theorem established by Bhatt [1].

1 { t „ } e B V  we mean Z \A t„ \  <  where A t,, =  t „ - t „ + l .

b

2 f ( x ) í B V ( a , b )  we mean /  \ d f ( x ) \ < ° ° .
a

3 Also we can follow from Lemma 6 of the present paper.
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Theorem D. Let (2. 3) for c=  1 Imid. IfO < a<  1, then f f  Л„(х)£ |/?,ехр (и°), 1|.
//=1

Taking (2. 3) for с = 0, the corresponding theorem has been established by 
M ohanty [6] else where.

The purposes of this paper are the following:
1. First to bridge the gap 0 < c <  1 ; indeed, we deduce it from a more general 

result established in Theorem 1.
2. We findout suitable absolute summability processes and absolute convergence 

factors (monotonie nature) on taking more general condition ((2. 3) for non-negative
c) than M azhar [4] imposed upon the generating function of the Fourier series in 
Theorems D and В respectively.

3. We study the absolute summability and absolute convergence factor problems 
stated below and to provide suitable answers to these.

M azhar, in Theorem B, took the conditions (2. 3) for c =  0 and 1. Correspond­
ing to the condition (2. 3) for c = 0, M azhar [4] obtained a suitable absolute con­
vergence factor {log (я + 1)}-1 under the condition (2.4) for c= 0. Now naturally 
the question arises as to whether it is possible to replace 0 (t)£ B V (0, n) by a still 
more general condition and to obtain suitable absolute summability and absolute 
convergence factors.

Theorems 1 and 2 of this paper provide an answer to this question. Indeed, 
the author has replace <P(t)£BV(0, n) by (2. 3) for non-negative c and has obtained 
a suitable absolute summability and absolute convergence factor sequence 
{log (n + l)}c_1.

We establish the following theorems.

Theorem 1. Let 0 < a <  i and c is non-negative. I f  the type o f Riesz means L(w) 
satisfies the following conditions:

(2.5) {L(w)/w(logtv)1~c} is monotonie increasing with w ^ w 0 ; 4
(2.6) w1~aL'(w) = 0{L(w)}, as 
and

(2.7) /  ( lo g y }V tf> (0 |< ~ , 

then j ?  A„(x) (log(/t + l))c_1 £ \R, L(w), 1|.
n= i

Theorem 2. If, for non-negative c and 0 < a < I ,

(2.7) holds and

(2.8) {nl  *~aA„(x) (log(/z+ l))c_ !} € |i?, exp(n"), 1|, 5

* In the case {L(vv)| »'(log n j’ " c] is monotonie decreasing with tvë и’0, the result follows by
using the second theorem of consistency for absolute Riesz summability.

Í n5 In view of Lemma 5 of this paper, this can be replaced by <exp(— и“) 2 exp(m a)A ,„ ( x )
ni = 1

(log(m + l ) ) c - ' J  C B V .
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then 2 V n(*)l(log(>î + l))c 1 <
л =  1

3. We shall use the following lemmas.
Lemma 1. If, for non-negative c, L(n) satisfies (2. 5), then

2  L(n) sinnt//î(log(n + l))1-c = 0{t ~1w~1L(w) (log w)c_1},
n^w

uniformly in 0 <  t <  n.
Proof. By using the Abel’s lemma and the condition (2. 5), the result follows. 
Lemma 2 [5]. I f  {.?„} f BV, then

[{РпГ1
n

where P,,= 2 Pm “ i as and pm >  0.
m= 1

Lemma 3. I f  {nl ~aAn{x) (log ri)~d}£BV, then

{Т’п} =  |ех р (-и я) 2 ^ exp(ma)(logni)~dAm(x)J£ BV,

where 0 <  a < 1 and d is finite.
Proof. We have, for tm = m1~aAm(x) (log m)~d,

П
T„ = cxp( na) 2 !  rna~1 exp(/na) tm =

m — 2

•if f  n f  1 exp(ma)

{1 — e-exp(—и“)}
2  {exp (wa) -  exp {(m -  l)a}}

w  =  2

=  R.'Qn-
Since {t„,}^BV, [ma~' exp (ma)/(exp (ma) —exp ((m — 1 ))"}€ BV and 2

m =  2
{exp (ma) —exp ((m — 1 ) ° ) } as n -+°°, the sequence {Rn}CBV, by Lemma 2. Also

{!Qn} =  { 1 -e -e x p  (~n«)}eBV.

Therefore {Tn} £BV,  completes the proof of the lemma.
Lemma 4 (D as [2], Lemma 17.) 6. For any sequence {L,,}, {b„} 6 jR, L„, 1| and 

{dn}£BV imply {hndn}f\R , Ln, 1|.

6 This is proved for L n _^ but, by similar arguments, Lemma also holds good for L n .
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Lemma 5.7 I f  У, an f f \ R .  L„, 11, then a necessary and sufficient condition for the
n = 1

oo
absolute convergence o f the series 2  an is

n= 1

{l -Л  Í ’ Lmam}eöF.

Proof. It has been observed by Bosanquet (see M ohanty [6]), that the methods,
oo

IR, Ln, 1| and \R ',Ln, 1| equivalent, where (R ',L n, 1) mean of 2  an IS
/1=1

n
Ln + 1 2 j lm + 1  sm, lm -(-1 =  Lm _|_ I Lm.

m = 1

By Abel’s transformation, we have

n— 1 m n
tn L n + 1 2 j Asm 2 j lk+ 1 +  S n Ln + 1 2 j lm +  1

m= 1 k= 1 m= 1

n— 1
= Ln + 1 2 j Lm + 1  om +1 4- (sn — S i) f Ln+i-\- sn(1 /1Z/n+1j)

m= 1

n — 1 n

L n + i  2 j  L 'm + i^ m  + i  + 1  s n L n + 1 2 Í L m a m .
m= 1 /«=1

Now if 2 !  an£\R> Ln> 1|, then j ?  \an\ < 00 > iff
w=l n= 1

Lemma 6. I f  {n1 aAn(x) (log (n +  l))c *} £ \R, exp («"), 11 (0 < a <  1), then

|exp(—(n + 1)“) 2^  exp(/«")/(„,(a) (log(m -H))c- 1 j Ç ÖL, 

where c is non-negative.
Proof. Since, for Ln=exp(na) (0 < a < l) , {na~1 LJ(Ln+1 — Ln)}dBV  and 

{nx~aAn(x) (log (л +  l))c_1}€ |/?, exp («“), 1|, we have by Lemma 4

{Ln A„(x) (log(n + 1 ))c- 1 l ~+\ } e \R, exp(na), 11, 

which completes the proof of the lemma.

7 Compare with B h a t t  [1].
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4 .  Proof of Theorem 1 . We have

A„(x) = — f  Ф{7) cos nt dt = — — f  (sin nt/ri) d<P(t),
7T. J  71 У

integrating by parts.

The series 2  4 W  (log (и + l))c~ 1 € R, L(w), 1|, if

= - Sn f
L'(w)

Now,
{  {В Д }3

У  L(n) /* sin«/ I
,Ú{\og(n+\) \ l - c J  П Ыn fi  {logiw +  l)}1

c/vt'

\cl<P(t) I J  L'(w)(L(w)) 2\h(w, t)\dw.
0 1

For the proof of the theorem, it is sufficient to show that

I' =  f  L'(w)(L(w))-2 \h(w, 0 | dw = 0{([og(k/t)y},
1

uniformly in 0 <  t <  it.
For T± — к/t  and T2 =  (k/t)~1/(1 ~я>, we have 

г. r 2 “
/ '  =  ( /  +  / +  У ) (z,'(w) (Z,(w))-2|A(vv’, í)| <Av) =  Zi +Z2 +  / 3 .

1 T, r2
Now, by using the fact that IsinnilSnt, we have

r,
h  = О [ t f  L'(w) (L(h’))-2 2 ^ (п )  (log(n + l))c_1| dw \.

n ̂  vv

Therefore, by (2. 5) and (2. 6), we have
T ,  w

I l = О { i f  L'(w) (L(w))~2 dw j  L(x) (log(x+l))c-1 i/x}
I l
r,

+ o \ t  J  L' (w) (L (vv)) ~1 (log (w +1 ))c ~1 í/к’ J +  О (i )
l

Ti T
=  О yt J  L(x)(log(x+ \))c~ i d x j  L'(h') (L(vt’))_2f/vr|

1 X
Ti

+ 0 \ t f  H’a-1(log(H'+l))c_1i/Hj + 0 (/)
l

TI T t

= О yt f  ( l o g ( x  +  l ) ) c _ 1  i / x j  + О yt J  w a _ 1 ( l o g ( u ’ +  l ) ) c _ 1 i / w j  +0{t)
1 1

=  0{(log(k/t))c},
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uniformly in 0 < t< n .  And, since sin nt = 0(1),
T 2

l 2 = О ! [  L'(vv) (L(w))~2 У L(n)n~l (log(n + l))c_ 1 dw\

T2 W
= О [ J  L'(w)(L(w))~2d w f L ( x ) x ~ 1( log(x+l))c~i dx}

T, 1
t 2

+ o {  f  L' (w) {wL (w)) " 1 (log (w +  l))c “ 1 rfvcj +  О {(log (к/t ))c}
т.

=  O{/2il} + O{/2i2} +  O{(log(Â:/0)c}.
Now, by (2. 6), we have

t 2

h a  -  ° \  f  we-2(log(w+l))c-1<ftv} =  0{(Iog(fc/f))c},
T 1

and by the change of order of integration, we have
T 2 T 2

I2 11 =  О { J  L (x)x-1 (log(x +  l))c_1 dx J  L/(vt')(iL(w))_2</H'J 
r 1
t 2 r ,

+ o {  J  L'(w)(L(w))~2d w f  Z,(x);xr1 (log(x+l))c_1 </x}
T, 1

T z

= o {  f  x -^ lo g ix  +  l))®-1^ }  +0{(log(fc/t))c} =  0{(log(fc/i))c},
T ,

uniformly in 0<t<7r. Hence combining / 2>1 and /2>2, we have

h  = 0{(log(k/t)Y},

uniformly in 0 < ;< я .  And finally, by Lemma 1 and by (2. 6), we have

/ 3 = o j f 1 J L'(w)(L(w))~1 w-1 (logw)e-1 J w0_2(logw)c_ 1 i/wj
T i  T 2

= 0 { t~ l r | _1|log Тг\с~1} = 0{(\og(k/t)y},

uniformly in 0 < t -c it.
This terminates the proof of Theorem 1.
4.1 . Corollary of Theorem 1. I f  for non-negative c and 0 < a  <  1, (2. 7) holds. 

Then the series

2  An00 (log(n + l))c" 1 € \R, exp(wa), 11.
/1=1
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5. Proof of Theorem 2. Since, by using the standard definition of Riesz means, 
the series

2  (log (и + l))e_1 € exp («“), 1| (0 < a < l)
n= 1

whenever (2. 7) holds, by the corollary of Theorem 1, the proof of the theorem fol­
lows by using Lemma 4 and Lemma 3 of the present paper.
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ÜBER EINE LOKALE VARIANTE DES PRIWALOVVSCHEN
SATZES

von

M. SALLAY

Es sei /(x) eine 2к periodische Funktion die in dem Intervall [0, 2n] eine Lip- 
schitz-Bedingung ß-ter Ordnung erfüllt (0< /?< l). Bezeichnen wir mit f(x) die 
konjugierte Funktion von f(x). Nach dem Satz von 1 .1. Priwalow [3] erfüllt f(x) in 
[0, 2n\ ebenfalls eine Lipschitz-Bedingung derselben Ordnung ß.

Setzen wir nun voraus, daß /(x) in einem einzigen Punkte ££[0, In] für ein 
o o ß  auch ein lokale Lipschitz-Bedingung erfüllt, d.h. es gibt eine positive Zahl 
<5>0 derart, daß für die Punkte £-f/t mit \h\Sö die Relation

(1) |/(<H -A )-/(0I = -Mi \h\x (Ml =  konst.)
gilt. Es stellt sich die Frage, was man unter der Bedingung (1) über den lokalen 
Lipschitz-Exponent von/(ç) aussagen kann?

G. F reud hat in seiner Arbeit [2] die folgende Erweiterung des Priwalowschen 
Satzes bewiesen: Es sei f(x )  Ç C2„, /€  Lip ß ; ferner sei m0( f )  die Menge der Punkte 
X für welche gleichmäßig in x die Relation f ( x  + h)—f(x ) = o(\h\ß) (A—0) gilt. Es 
sei /(x) die harmonische Konjugierte von/(x). Die Mengen m0( f  ) und m0( f )  sind 
äquivalent, d.h. |[m0( / ) \H i0(/)]U [/n0( / ) \ m 0(/)] | =  0.1 In Verbindung damit 
hat A. A. G ontschar die Obenstehende Frage gestellt. Auf das Problem hat meine 
Aufmerksamkeit G. Freud gelenkt.

Wir beweisen den folgenden :

Sa tz : Es sei in dem Intervall [0,2л] f ( x ) Ç Lip ß (0 < /?<  1) und befriedige in 
dem Punkte C auch die Bedingung (1). Dann gibt es eine Umgebung > 0  des Punktes 
Ç, so dass für  |//[ ^<5, die Beziehung

(2) \ M  + h ) - f m  S  M2 \h\y 
gilt mit

(3) y = ß+ßT+ji
Beweis: Bezeichnen wir mit <x„(/; x) das и-te Fejérsche Mittel der Fourierschen 

Reihe von /(x) und mit cr„(/; x) das и-te Fejérsche Mittel der konjugierten Funk­
tion/(x).

Nun besteht für beliebige и (и = 1, 2, ...)
i + h

(4) M  +  h) - / ( £ )  =  [ M  +  h)~ on{f- Ç +  h)\ — [ / ( 0  -  a„(f; f)] +  J  o'n{ f  t) dt.
i

1 G. Freud  hat den Satz für eine allgemeinere Funktionklasse bewiesen.
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Da die Funktion f(x )  im Intervall [0, 27г] eine Lipschitz-Bedingung ß-ter Ordnung 
erfüllt, besteht in [0, 2 k ] gleichmäßig (S., S. N. Bernstein [1])

(5) I/С*) -  x)\ S  k kn~ß.

(Mit (v = l, 2, ...) bezeichnen wir von n und x unabhängige Konstanten.)
Es bezeichne сг,$2)( / ;  x) das n-te (C, 2)-Mittel der Fourierreiche von /(x), dann 

gilt die Formel (Vgl. z. В. A. Zygmund [4] S. 269).

(6) o 'n ( / ;  x )  =  ( n  + 2) [ f f„ ( / ;  x) -  a (n 2 > ( / ;  x)] =

= (n + 2)a „ ( / ;  x) — 2  (&+1 )ak = m n ( / ;  x) -  - ^ - r  2  (k+ l)a k =n +1 n+  1 k=o

=  « [ ^ ( / a ) - / W 1 - „ m  "É (k +  I) [ak( f ;  x ) - /(* ) ] .n+  1 k=o

Es sei nun x =  Ç + h mit \h\ . Da

(7) an( f ^  + h ) - M + h )  = ~ f  [/(ç + h t ) +f ( £ , + h - t ) ~  2/'(c + h)] K„ (t ) dt
71 о

ist und

(8) 0 S  Kn(t) ^  k 3 min 

gilt, besteht wegen (1), (5), (7) und (8) die folgende Abschätzung:

(9)

n, ~Гг nt2

K ( / ;£ + / 0 - / ( ê + A ) l  s
Sl 2 n

— k * [ f  (I\h\ +  tYKn( t )dt+ f  (\h\ + t T K n( 0 d t +  J t pKn( t ) d t ]  ^
1 ln

1 In

Sl 2
Sl 2

1 In Sl 2 n

-  k5 [ « / (\h\ +  t f d t +  f  {\h\ + t Y - - T dt +  -~ f t ß- 2dt] S
О 1 In m  11 öl 2

=  k6[n~a -\-\И\а + др~г].
Aus den Beziehungen (5), (6), (4) und (9) folgt somit für [A| S  —

(10) |/(£  +  A )-/(£ )| S  k7[n~ß +  n\h\1 + * + n\h\~'*n~°t +  |/;|<5i_1].

Es sei nun

n =  [|A| 1+^] +  1.
i-ß2

Dann ist für \h\ s  ^  <  I—j (2) mit (3) begfriedigt, w. z. b. w.
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BEWEGUNGSSTABILE PACKUNGEN KONSTANTER 
NACHBARNZAHL

von
G. WEGNER

1. Einleitung

Unter einer Scheibe in der euklidischen Ebene wollen wir eine kompakte, kon­
vexe Punktmenge verstehen. Eine Familie von Scheiben, die paarweise keine inneren 
Punkte gemeinsam haben, heiße Packung. Zwei Scheiben einer Packung mit min­
destens einem gemeinsamen Randpunkt nennen wir benachbart und wir sprechen 
von einer n-Nachbarnpackung, wenn jedes Mitglied der Familie dieselbe Anzahl 
n von Nachbarn hat. Eine Packung kann translationsstabil bzw. bewegungsstabil 
sein; jede Scheibe der Packung wird dann von ihren Nachbarn gegenüber Trans­
lationen bzw. Bewegungen fixiert. L. F ejes T óth hat in [1] nachgewiesen, daß es 
für jedes л ё З  translationsstabile и-Nachbarnpackungen kongruenter Scheiben gibt 
und (neben einigen anderen Problemen) die Frage aufgeworfen, ob es auch bewe­
gungsstabile //-Nachbarnpackungen kongruenter Scheiben für jedes « 5 3  gibt. Wir 
werden zeigen, daß dies tatsächlich zutrifft.

2. Bewegungsstabile Packungen

Satz : Zu jeder natürlichen Zahl л ё З existiert in der euklidischen Ebene eine 
bewegungsstabile n-Nacltbarnpackung kongruenter Scheiben.

Beweis: Fig. 1 zeigt eine Packung der verlangten Art für /7 =  11. Man erhält 
sie aus der bekannten 16-Nachbarnpflasterung (Fig. 8 in [1]), indem man einen 
Teil der Dreiecke wegläßt und von den verbleibenden die rechten Winkel abschneidet. 
Da außerdem für //=3  bis 10 (und für einige Werte n S  12) schon in [1] bewegungs­
stabile /г-Nachbarnpackungen kongruenter Scheiben angegeben wurden, können wir 
uns im folgenden auf n s  12 beschränken.

Wir beginnen mit der Konstruktion einer speziellen bewegungsstabilen 
12-Nachbarnpackung. Wir gehen hierzu wieder aus von der eben erwähnten 
16-Nachbarnpflasterung. Wir fassen eines der Dreiecke {abc) 1 ins Auge (Fig. 2), 
schneiden hiervon das Dreieck {acd) ab, wobei < bad ein gegebener Winkel a 
zwischen 0° und 30° ist, ferner das Dreieck (bef ), wobei e die Strecke {ab) im Ver­
hältnis (|/3 —1):(2 — V 3) teilt und <lbef =2ol ist. Damit erhalten wir ein Viereck 
V: = {adfe) und die analoge Reduzierung aller Dreiecke der 16-Nachbarnpflasterung 
führt zu einer 12-Nachbarnpackung (in Fig. 2 stark gezeichnet), welche unabhängig 
vom Winkel a bewegungsstabil ist. Um dies einzusehen, vermerken wir zunächst,

1 Mit ( x i . . . x „ )  wird das von den Ecken x „  . . .  x„  aufgespannte л-Eck bezeichnet; insbesondere 
ist (x y ) die Strecke mit den Endpunkten x  und y .
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daß die Vierecke der Packung untereinander äquivalent sind; es genügt also, die 
Stabilität von V nachzuweisen. Man betrachte hierzu drei Punkte von V, nämlich
die Ecke a, den Punkt x := °  und einen Punkt y  im Innern der Strecke (d f ).
Bei einer Bewegung von V sind diese Punkte Funktionen der Zeit: a{t), x(t) und 
y(t), und wenn t = 0 der durch die Packung gegebenen Lage entspricht, so ist für ein 
geeignetes Koordinatensystem

ö ( 0 )  =  ( 0 ,  0 ) ,  * ( O )  =  ] - 0 / 3 ,  1 ) ,  j ( 0 )  =  ( ) / 3 , t )

mit geeignetem т zwischen 0 und 1. Setzen wir ferner u \= {\3, l) und t>: = (|/3, — l), 
so führen die Nachbarn von V in der Packung zu folgenden Beschränkungen für 
die Tangential Vektoren der Bewegungskurven der Punkte a, x  und у = (У1,Уг) 2\ 
wobei also ф(0) die einseitige Ableitung lim — <p(0)) bezeichnet:

tNi.0
ci(0) - - Qu + av mit gSO, 0 

x(0 ) = q'u +  o ’v mit (i'sO

j>t (0) ^  0
b

Eine einfache Rechnung zeigt, daß diese Bedingungen nur mit ii (0) =  x (0) = j)(0) = 0 
zu erfüllen sind, was die Bewegungsstabilität der Packung beweist.

Es sei vermerkt, daß man die Vierecke noch weiter verkleinern kann, ohne 
die Stabilität der Packung zu beeinträchtigen, solange V nur die Punkte a und x 
und mehr als einen Punkt von {df) mit den jeweiligen Nachbarn gemeinsam hat. 
Dies nützen wir aus, um bewegungsstabile n-Nachbarnpackungen für n >12 zu

konstruieren. Wir schneiden von V das Dreieck (fgh)ab (Fig. 3), wobei g = — (f+2d)

2 Tatsächlich sind die Beschränkungen sogar noch stärker (allerdings in Abhängigkeit von a), 
als dies in den Ungleichungen zum Ausdruck kommt.
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und <fhg = 60°. Der Fußpunkt i des Lotes von h auf die Gerade ad liegt dann im 
Innern von (ad) und wir können noch mit einer Geraden, die i und g streng von 
d separiert, die Ecke d abschneiden. Legen wir die durch diesen Schnitt entstehenden
Ecken j  und к auf j d + i und к = d+ g fest, so erhalten wir zu jedem Winkel
oc mit 0° < 30° ein eindeutig bestimmtes Sechseck S:= Sa:= (ajkghe), welches,
wie wir oben vermerkt haben, analog zu Fig. 2 Anlaß zu einer bewegungsstabilen 
12-Nachbarnpackung gibt. Wir betrachten in dieser Packung den von zwei benach­
barten Rosetten eingegrenzten Raum (unter einer Rosette in einer doppeltperiodi­
schen Packung wollen wir eine maximale Teilfamilie von Mitgliedern verstehen, 
die einen Punkt gemeinsam haben). Zu gegebenem n >12 existiert ein eindeutig 
bestimmter Winkel а derart, daß sich in diesen Zwischenraum 2n— 24 weitere 
Exemplare von 5 so einlagern lassen, daß (vgl. Fig. 4 bis 6 für n = 13 bis 15)

a) jeder der beiden Rosetten и —12 neue Mitglieder zugeordnet werden,
b) jedes der neuen Sechsecke die der längsten Seite (aj ) von S entsprechende 

Seite mit einem anderen Mitglied gemeinsam hat,
c) jedes Mitglied einen Punkt mit (genau) einem Mitglied der anderen Rosette 

gemeinsam hat.

F ig . 4

Für die neuen Sechsecke, ausgenommen die beiden mittleren Sechsecke bei 
ungeradem n, ist dieser Berührpunkt eindeuting bestimmt, und zwar trifft das eine Mit­
glied mit der h entsprechenden Ecke das andere Mitglied im Innern der (eh) entsprec­
henden Seite. Die neu hinzukommenden Sechsecke werden also wechselseitig paarweise
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den beiden Rosetten zugeordnet mit Ausnahme der beiden „äußeren’ Sechsecke, wel­
che ihre längsten Seiten mit Sechsecken der ursprünglichen 12-Nachbarnpackung ge­
meinsam haben und bei geradem n derselben, bei ungeradem n verschiedenen Ro­
setten angehören. Das derart erweiterte Rosettenpaar (in Fig. 4 bis 6 schattiert) 
ist Translationseinheit einer doppeltperiodischen «-Nachbarnpackung. denn jedes 
Mitglied hat n — 1 Nachbarn in der Rosette, der es selbst angehört, und einen Nach­
barn in einer anderen Rosette. Diese Packung ist bewegungsstabil: Nun sind die 
neu eingelagerten Mitglieder — nur deren Bewegungsstabilität ist noch nachzu­
weisen — zwar nicht untereinander äquivalent, jedoch läßt sich der Beweis einheit­
lich führen. Eines dieser Sechsecke S ' denken wir uns wieder durch drei starr mit­
einander verbundene Punkte x, y, z repräsentiert, wobei x der Ecke a entspreche, 
y  einem Berührpunkt dieses Sechseckes mit dem Mitglied der Nachbarrosette (also 
einem Punkt der Seite (eh)) und z dem Fußpunkt des Lotes von y auf die der Seite 
(aj ) entsprechende Seite von S'. Wieder fassen wir diese Punkte als Funktionen 
der Zeit auf und t=  0 entspreche der durch die Packung definierten Lage. Für ein 
geeignetes Koordinatensystem ist

x(0) = (0, 0), y(0) =  (l, 0), z(0) =(1, X)
mit Wir setzen noch « = (1,0), v — (Í3 , l) und w = (—| 3, l); für jedes

J/3
»>-12 und jede Wahl von S' sind dann die durch die Nachbarn von S' gegebenen 
Bewegungsbeschränkungen der Punkte x und y  stärker als die durch die folgenden 
Ungleichungen gegebenen Beschränkungen:

x(0) = Qu + av mit gêO  ctS  0 
ÿ(0) = q'u + o 'v mit a  ^ 0

z(0) wird durch x(0) und j(0) bereits eindeutig bestimmt und es ist leicht nach­
zurechnen, daß z(0) dann in der positiven Elülle von и und w liegt:

z(0) =  q"u + tw mit q" = 0 und t ^O,

F ig . 7
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wobei zudem £>" = 0 nur dann eintreten kann, wenn q  = <j = q '  = o' = 0. Da nun 
S' im Punkte z derart in Berührung tritt mit einem Mitglied der Nachbarrosette, 
daß in keinem Falle z(0) eine Positivkombination von и und w sein kann mit q" > 0, 
folgt die Bewegungsstabilität der gesamten Packung.

3. Bemerkungen

3. 1 Aus einer (12 +  A:)-Nachbampackung der eben konstruierten Art erhält 
man natürlich eine (12 + 6^)-Nachbarnpackung (im Falle der Figuren 4 bis 6 also 
eine 18-, 24- bzw. 30-Nachbarnpackung), wenn man die Lücken zwischen allen  
Rosettenpaaren in entsprechender Weise auffüllt. Passende teilweise Auffüllungen 
liefern (12 + wk)-Nachbarnpackungen mit rn=2, 3, 4 und 5. Man erhält so aus 
den Figuren 4 bis 6 schon и-Nachbarnpackungen für alle Zahlen von 13 bis 30.

3. 2 Wir haben eine Packung <3 bewegungsstabil genannt, wenn jedes Mitglied 
von И von seinen Nachbarn gegenüber Bewegungen fixiert wird. Es ist offenbar 
eine stärkere Forderung, wenn wir verlangen, daß für jede endliche Teilfamilie У  
von (S die Vereinigungsmenge U S von der Restfamilie &\$ß' gegenüber Be-

S i 'S
wegungen fixiert wird. Mit Ausnahme der in Figur 1 dargestellten 11-Nachbarn-
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Packung haben alle hier wie auch in [1] betrachteten bewegungsstabilen «-Nach- 
barnpackungen diese stärkere Stabilitätseigenschaft. Dem Verfasser ist dagegen keine 
11-Nachbarnpackung mit dieser Eigenschaft bekannt.

3. 3 In einem Aufsatz [2] fragt G. F ejes T óth nach der kleinsten ganzen Zahl 
К  = K(n) mit der Eigenschaft, daß sich aus kongruenten Exemplaren von К konvexen 
Polygonen eine «-Nachbarnparkettierung konstruieren lässt. Er weist darauf hin, 
daß AT(6) = ÄT(7) =  ÄT(8) = ÄT(9) =  ЛГ(10) = АГ( 12> =  ÄT(14) = /£Г( 16) =  ÄT(21 ) = 1 gilt und 
zeigt an einem Beispiel, daß K( 11)S2  ist. Die in Fig. 7 dargestellte Parkettierung 
zeigt, daß auch Ä i(13)s2  ausfällt.

3. 4 In [1] wird eine 4-Nachbarnpackung aus 12 kongruenten glatten Scheiben 
konstruiert und die Vermutung ausgesprochen, daß eine 5-Nachbarnpackung aus 
endlich vielen kongruenten glatten Scheiben nicht existiert. Fig. 8 zeigt eine 5-Nach­
barnpackung aus 32 kongruenten “Stangen”, die die obige Vermutung widerlegt.
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PUNKTVERTEILUNGEN IN EINEM QUADRAT

Von
L. FEJES TÓTH

In einem rechtwinkligen Koordinatensystem xy definieren wir den „Abstand” 
von zwei Punkten = (* i, Fi) und P2 =  (x2, y 2) durch die Größe

a(Pt , P2) = k i ~ x 2\ + b i  -У 21-
Dies ist der natürlichste Abstandsbegriff in einer Stadt, in der die Straßen zu den 
Koordinatenachsen parallel verlaufen. Ein wenig anders und allgemeiner formuliert 
legen wir der Abstandsmeßung zwei oder mehr Scharen paralleler Geraden zugrunde. 
Wir nennen diese Geraden „Straßen” und definieren den Abstand von zwei Punkten 
als die Länge eines kürzesten Weges, der die Punkte entlang irgendwelcher Straßen 
verbindet.

Das Hauptproblem, mit dem wir uns beschäftigen wollen, lautet folgender­
maßen: Wie soll man in einem Quadrat Q, in dem die Straßen zu den Seiten parallel 
sind, n Punkte so verteilen, daß der Mindestabstand zwischen je zwei Punkten 
maximal wird?

Für n S 5  sind die Lösungen trivial bzw. einfach (Abb. 1). Für n =  2 haben 
wir zwei diametrale Ecken von Q. Bei n = 3 Punkten liegt ein Punkt in einer Ecke 
von Q, während die beiden übrigen Punkte auf dem Rand von Q so verteilt sind, 
daß die drei Punkte den Rand von Q in drei gleich lange Teile zerlegen. Die Ver­
teilung von /7=4 Punkten ist nicht eindeutig. Eine Lösung liefern uns 4 Punkte 
auf dem Rand von Q, die den Rand in 4 gleich lange Bogen zerlegen. Wir können 
aber auch 3 Punkte in je eine Ecke von Q und den vierten Punkt auf diejenige Strecke 
legen, die den Mittelpunkt von Q mit der vierten Ecke verbindet. Die beste Ver­
teilung von /7 = 5 Punkten ist durch die Ecken und den Mittelpunkt von Q gegeben.

I Г  -

U  LJ LJ Ul LJ
Abb. 1

Im folgenden lösen wir das Problem in demjenigen Fall, daß n die Summe 
von zwei aufeinanderfolgenden Quadratzahlen ist: n = k2+(k + l)2, £ =  1,2, ... . 
Die extremale Verteilung von £2+ (£ + l)2 Punkten im Quadrat OSx, y S 2 k  ist 
durch die Punkte mit ganzzahligen Koordinaten mit einer geraden Summe gegeben. 
Abb. 2 stellt den Fall k = 3 dar. Für beliebige Werte von n scheint das Problem recht 
schwerig zu sein.

Unser Ergebnis ist enthalten im folgenden
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Sa t z . Von n Punkten I \ , ..., Pn eines Einheitsquadrates, in dem die Straßen zu 
den Seiten parallel liegen, lassen sich stets zwei Punkte Pi , P j  (i A j ) mit einem Ab­
stand

a(Pi’ Pj)
1 + У 2 n -  1 

n — 1

herausgreifen. Das Gleichheitszeichen wird nur im Falle einer Punktzahl der Form 
n = k2 + (k+  l)2 (k = 1,2, ...) beansprucht.

B ew eis. Das Einheitsquadrat Q, in dem die Punkte P 1, ..., P„ liegen, sei das 
Quadrat 0 5  x, у  S  1. Ferner sei а 
der Mindestabstand zwischen je zwei 
Punkten, und qt die Menge derjeni­
gen Punkte, deren Abstand von Pt 
kleiner ist als a/2. qt ist ein offenes 
Quadrat mit dem Mittelpunkt PL 
und mit Diagonalen der Länge a, 
die zu den Koordinatenachsen pa­
rallel sind. Da die Mittelpunkte 
dieser Quadrate voneinander einen 
Abstand S a  haben, haben zwei 
verschiedene Quadrate keine gemein­
samen Punkte. Deshalb ist die In- 

a2haltssumme n —  der Quadrate
«atfsa.. d.
qt , . . . ,  qn höchstens der Inhaltssum­
me von Q und der von Q herausra­
genden Teile von qls . .. ,q n gleich. 
Um den Gesamtinhalt der von Q 
herausragenden Teile abzuschätzen 
zerlegen wir diejenigen Quadrate, die 
eine Ecke von Q enthalten, durch die 
Diagonalen in je vier Dreiecke, und 
heben diejenigen Dreiecke, die eine 
Ecke von Q enthalten, heraus. Der 
Gesamtinhalt dieser Dreiecke ist 
höchstens a2/2. Nun betrachten wir 
etwa die im Halbstreifen l S r ,  
O á j í^ l  liegenden Teile der Quad­
rate qv, ...,q n, bzw. der gebliebenen 
Quadratteile. Diese bestehen aus 
nicht überlappenden Dreiecken, 
deren Basen auf der Seite x =  1, 

von Q liegen, und deren 
Höhen höchstens a/2 sind. Deshalb 
beträgt die Inhaltssumme dieser 
Teile höchstens a/4. Folglich ist der 
Gesamtinhalt der ausserhalb von Q
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liegenden Teile von qlt . . . ,q n höchstens a + ~ .  Wir haben also

a2 a2
и 2 — 1 + a +  ~2 >

was mit der zu beweisenden Ungleichung äquivalent ist. Der Fall der Gleichheit 
leuchtet ein.

Wir geben noch einige günstige Punktanordnungen an. Die 2k2 Punkte mit 
ganzzahligen Koordinaten mit einer geraden Summe, die im Quadrat O S r, 
y ^ 2 k  — l liegen (k = 1 ,2 ,...), scheinen in diesem Quadrat ebenfalls extremal 
verteilt zu sein. Bezeichnen wir mit an den maximalen Mindestabstand zwischen n 
Punkten eines Einheitsquadrats, so zeigt diese Punktanordnung zusammen mit dem 
obigen Satz, daß

2 1 + /4 к 2- 1
2F=T -  ü" 2 <  2k2 •

Z. B. gilt 0,4S ü!8<0,406. Weiterhin ist die Verteilung von 2k(k+l) Punkten, 
die aus der extremalen Anordnung von /c2+ ( k + l) 2 Punkten durch Fortlaßung 
eines Punktes entsteht, vermutlich noch immer extremal. Es gibt aber auch eine 
ebenso gute Verteilung von anders 
angeordneten 2k(k + l) Punkten, 
nämlich die Punkte mit ganzzahligen 
Koordinaten mit einer ungeraden 
Summe, die im Quadrat 0 ̂  x, y  ̂  2k 
liegen (Abb. 3).

Zum Schluss erwähnen wir noch 
einige weitere Probleme.

Wir wollen im Quadrat Q n 
Punkte, die wir „Schulen” nennen, 
so verteilen, daß der Maximalab­
stand zwischen einem Punkt von Q 
und der nächsten Schule minimal 
wird. Es handelt sich hier um die 
sparsamste Überdeckung von Q 
durch n kleinere, um 45° verdrehte 
Quadrate. Vermutlich ist die zuletzt 
betrachtete Verteilung von 2k(Je + 1)
Punkten im Quadrat OSx, y ^ 2 k  
auch bezüglich dieses Problems 
extremal. Die Schwierigkeit im Be­
weis dieser Vermutung wird durch 
die in Abb. 4 dargestellte, sehr günstige Verteilung von 17 Schulen illustriert, wo von 
den kleinen Quadraten ein verhältnismäßig noch kleinerer Teil von Q herausragt, 
als bei der betrachteten Verteilung von 2k(k  + 1) Punkten. Zerlegt man ein Quadrat 
in vier Teilquadrate und konstruiert in jedem Teilquadrat die betrachtete Anordnung 
von 17 Schulen, so fallen 16 Schulen paarweise zusammen, so daß in dem großen
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Quadrat eine Verteilung von 4-17 — 8 = 60 Schulen entsteht. Diese Verteilung ist 
genau so gut, wie die obige Verteilung von 2k(k + \) Schulen im Falle von к = 5.

Die obigen Probleme lassen sich dem Bereich, in dem die Punkte liegen, und 
den Straßenrichtungen entsprechend in mannigfaltiger Weise variieren. Betrachten 
wir z. B. ein gleichseitiges Dreieck, in dem die Straßen in den Höhenrichtungen 
verlaufen. Der Abstand zwischen zwei Ecken sei 1. Dann lassen sich von n Punkten 
des Dreiecks stets zwei Punkte mit einem Abstand

3+ j/8n+  1
a — ----л-----л----4/1 — 4

herausgreifen, wobei das Gleichheitszeichen nur im Falle n = -  A(A: + 1) be­
ansprucht wird (к = 2, 3, ...). Dies läßt sich in ähnlicher Weise zeigen wie der obige 
Satz. Abb. 5 zeigt die extremale Verteilung von  ̂ k(k + 1) Punkten im Falle k — 4.

Abb. 6 stellt eine sehr günstige Verteilung von 19 Schulen in einem regulären 
Sechseck dar, in dem die Straßen zu den Seiten parallel verlaufen. Ähnliche günstige 
Anordnungen existieren auch, wenn die Zahl der Schulen \+ 9 k (k + \)  ist.

Mathematisches Institut der Ungarischen Akademie 
der Wissenschaften, Budapest

( Eingegangen: 16. September 1970.)

S t u d i a  S c i e n t l a r u m  M a t h e m a t i c a r u m  H u n g a r ic a  6 (1971)



Sliidia Scientiaruni Mathematicarum Hungarica 6 (1971) 443— 452.

ÖN LIMITING DISTRIBUTIONS FOR THE SUMS OF RANDOM 
NUMBER OF RANDOM VARIABLES CONCERNING 

THE RAREFACTION OF RECURRENT PROCESS

by
T. SZÁNTAI

1. Introduction

In [8] A. Rényi has solved the following problem: let us consider a recurrent
+ o°

process for which a = J  x dF(x) <  + <», where .F(x) is the distribution function 
о

of the time interval between consecutive renewal points. We rarefy the process such 
that, independently from one another, every event of it will be maintained with 
probability q and cancelled with probability 1 — q,  where 0 <<7 < 1. In the so obtained 
process let us make a coordinate transformation such that the expectation of the 
time interval between two consecutive renewal points be again a. In this way we 
get a recurrent process with the same intensity as that of the original one. Moreover, 
the Laplace—Stieltjes transform of the distribution function of the time interval 
between consecutive renewal points is

( 1 . 1 ) 'H s)
q(p(qs)

i - O  -q)<p(qs)’
+ 00

where <p(s) = I e~sxdF(x). The question is what kind of process we shall get if  
oJ

we use the above defined operation succesively several times for a recurrent process. 
A. Rényi ([8]) has proved that the limit process is a homogeneous Poisson process 
possessing the same intensity as that of the starting process.

The same problem was investigated by I. N. K ovalenko  ([6]) slightly more 
generally. He did not leave out the infinite expectation recurrent process in his 
investigations. If e denotes the probability of maintaining an event of the original 
recurrent process and if a coordinate transformation, t '  = ô-t,  is made, then the 
Laplace—Stieltjes transform of the distribution function of the time interval be- 
(ween two consecutive renewal points of the new process will be as follows:

tl.2) <PÁs)
E(p(Ôs)

1 —(1 — e)q>(ôs)

Let e = e (<5) — 0 as <5 —0 and assume that

(1.3)

exists.

<Po(s)
e(ô)<p(ôs)
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In [6] I. N. K ovalenko has proved that <p0 (s) could be written only in two 
forms:

(1.4) <p0(s) = i + csß > R e iëO , o O ,  0 < ^ s l ,
or
(1.5) cp0(s)= l,
where ß is defined by the relation

lim
á-0

e(öz)
J W

In order that <p0(s) is of the form (1. 4) I. N. K ovalenko gave a necessary and 
sufficient condition, concerning <p (5). In [3] В. V. G nedenko has corrected a statement 
of K ovalenko; more precisely, he has shown that there are recurrent processes 
with infinite mean-value such that in the limiting case we obtain a homogeneous 
Poisson process. In addition В. V. Gnedenko has given the exact domain of attrac­
tion of the possible limiting distributions (1. 4).

The above results can be illustrated as limiting distribution theorems for the 
sums of a random number of independent random variables. Indeed, denoting the 
time intervals between consecutive renewal points of the starting process by 
| l5 £2 , ..., then they are independent and commonly distributed random
variables. After the first rarefaction the time distance between the consecutive renewal 
points of the new process will be

(1-6) Cv, = f l  +  f 2 +  - + i v 1,
where v, — 1 is the number of the cancelled events. The random variable vx is in­
dependent of every and its distribution is

P(vi=Ar) = q ( l - q ) k~l, k=  1,2,...
The time distance between consecutive events after the и-th rarefaction will be

Cv„ — í i  + £ г З ----------b  i v „ >

where v„ is also independent of the summands and its distribution is

P(v„ = l<) = qn{ l ~ q ”)k~1, k =  1 ,2 ,. . .

Now R ényi’s limiting distribution theorem can be formulated as follows: when 
the common mean-value of the random variables is a finite number a then the dis­
tribution function of the suitable normed sums £Vn converges to the exponential 
distribution, or more exactly

a:
(1.7) P ( q " Ç Vn< x ) - > - l  — e  “, я-*-«».
The results due to I. N. K ovalenko [6] and В. V. G nedenko [3] give, if 0 < д < 1 , 
all possible limiting distributions for the type (1. 6), and the domains of attraction of 
limiting distributions in any cases.

It is easy to see that for arbitrary real, independent and commonly distributed 
random variables with positive mean-value the preceding results are valid and it
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can be seen, by a simple transformation, that if the mean-value is negative we obtain 
also a limiting distribution. If the expectation is zero then the situation is different 
from the previous ones; in section 2. this problem will be solved.

On the basis of Kondratai ti G ene’s university dissertation (see in [5])* it is 
known that if /= 1 ,2 ,  ... have finite variance then the rate of convergence of

(1. 7) is of order cq" In - , where the constant c is independent of n. In section 3.
an estimation of the rate of convergence in the limit distribution theorem from 
section 2. will be given.

Finally, in section 4. the same questions will be investigated for the rarefaction 
method introduced by J. M o g y o r ó d i in [7].

2. The limit distribution theorem

T heorem 1. Let c: , c2, ... ,  c„, ... be a sequence o f independent, commonly dis-
+  0 0  -(- oo

tributed random variables, for which J  x  dF(x) =  0 and J  x 2 dF(x) =  ~2 <  +  °°

are satisfied, where P (c„ < x) = F(x) is the common distribution function.
Moreover let v„ be a sequence o f  geometrically distributed random variables 

with parameter n =  1, 2, ...), and suppose that v„ is independent o f  the
sequence ■■■, £„,■■■■

I f  Cv„ =  l i  +  «Ü2 +  •" +  £v„ then
’ Я 

2( 2. 1)
_ Л ;

lim P {YqnÇv„<x) =  J  -  e~x M dy, A>0.

P roof. It is easy to see for the characteristic function of the distribution of
vVCv„

j ^ q n( l - q " ) k 1 <Pk(.Yq" t) = > 0 fqnt) < p { l / q " t )

1 — ( 1  -q*)4>(fant)  1  -4>(Vq't)
< p ( \ q " t )

where (p(t) = J  e',x dF(x).

Using the rule of L’Hospital

1  -<p(l/dnt) =  l i m  1  ~(p{]/qnt)lim q nt 2
2 г — <P'(Vçat) 2 t 2 = lim — —- t 2 =

t 2  < P ' Í 4 n t ) - < p ' ( 0)=  -  V  lim ~  < P ' ( 0 )
2 » -  ÿ q " t - 0

2 Í qn t

■ l - f l U I - i -

* The result can be also found in the author’s university doctoral dissertation, Eötvös Loránd 
University, Budapest.
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Since lim q>(t) = 1, we obtain for the characteristic function of the distribution’
о

of \'q"Çv as n -*• + °°

lim <p(Yqnt) 1
1 —(p(Yqnt) + <ptyqnt)

Я 2
1

P  + t 2

This result proves the statement of the theorem by the well-known continuity
Я 2

theorem for characteristic functions; indeed, „,-----^ is exactly the characteristicÀ2 + t 2 J
function of socalled two sided exponential distribution for which the distribution

function is J Á-e -k]y dy, Я>0. The proof is completed.

Following the methods of proof of D o b r u sh in e ’s lemma ([1]) a new proof 
can be given for the theorem. It is worth showing this because the limit distribution 
theorem from section 3. can be proved only by this method.

The second proof o f theorem.

First of all we remark that by the simplest form of the central limit theorem
/  у  \4( 2. 2)

where Ф(х)

lim P
í ‘m i l

Я

л: = Ф(х),

У 2л /
X и 2

2 du.

On the other hand from the relation

P(v„<7"-
[ ;]

x) -  Z d ' V  -q " ) k~l
it follows immediately that

-(1

(2.3) lim P(v„qn<x) — E(x),

where E(x) = 1— e~x, if x > 0  and £ (х )= 0  if rSO ,
The proof is based on the simple fact that if a sequence of distribution functions- 

K„(x), /7=1,2, ... , is weakly convergent to K(x) then a sequence ~/n of random, 
variables can be constructed such that P(^„<x)=Al„(x) and yn converges in prob­
ability to a random variable у for which P(y <x) = K(x). To prove this it is sufficient 
to consider the interval [0, 1] as the space of the elementary events and to put y„(y) = 
= K~1{y) where K~ ' (y) is the inverse of the function K„(x).

Now let the space of the elementary events be the unit square of the plane 
(w, v). In the interval f0, 1] of axis и let a sequence cpm of random variables (m = 1, 2, ...)t 
be constructed for the elements of which the followings are'satisfied i
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a) their distributions are equal to the distributions o f ----- />7 =  1- 2,
\ m  -

b) they converge in probability to a random variable Ç with distribution func­
tion Ф(х) as m —4 -00 .

Such a construction is possible because of (2. 2) and the preceding remark. 
Let further фп be a sequence of random variables, « =  1,2, . . . ,  constructed on 
the interval [0, 1] of the axis v for the elements of which the followings are satisfied:

a) their distributions are equal to the distributions of v„q", n = l,2 ,
b) they converge in probability, as « —4-°°, to a random variable v having 

the distribution function E(x), and which is independent of £.
Let these random variables be extended to the whole unit square by the follow­

ing definition: <?„,(«, v ) = ( p m(u, 0), ф„(и, t>) =  i/i„(0, v), £(w, 0) and v(n, v) =
= v(0, v).

Now it is easy to see that the random variable 

(2- 4) L  =  )/m  - -  (pmA

is of the same distribution as that of «1 =  1,2, ... , and the random variable

(2. 5)

has a distribution which is the same as that of v„, n = 1, 2, .... Moreover the random 
variables Çm, m = 1,2, ... and v„, n = 1, 2, ... are mutually independent. Hence the 
random variables and £Vn have the same distributions, « = 1,2, ..., and thus 
the investigation of Çv„> « = 1,2 ,... can be replaced by the investigation of £ir], 
n =  1, 2, ... .

The definitions (2. 4) and (2. 5) of random variables lm, «1 =  1, 2, ... and v„, 
л = 1,2, ... immediately imply

<2. 6) Cm = t  + o{bn) as «1 -  + oo
and

(2.1) ,r v + o 
<7

as и — -f oo

where o(-) is meant in the sense of convergence in probability. Hence it follows 
that

as « — 4 -ос,

i.e.

( 2. 8) Í q" Ci,, = -y- /v4-o(l) I + o (/v 4 o (l))  as « —4-°°.
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So for n-* + °o the sequence of random variables Íq"tvn, и = 1 ,2 , ... con- 

verges in probability to the random variable —  \v  (. Since, the convergence 
in probability implies the convergence of the distribution functions, it follows that

lim P d q " Cv„ < x) =  P I ~~Yv I < X 

and thus the same is true for the random variable :3 vn

(2. 9) lim P (\rqn £Vn < x) =  P ' J- ]/v Ç <  =

Xx
+ 00 j l z  + “

J J  d<P(y)dE(z)= J f  с1Ф(у) dE(z) = J  ф[ AV \e~z dz
_  о о \Í2 z)-y-fz JICX

Finally, we prove the equality 

(2 . 10)
2 _ i W^

It is enough to see instead of the equality (2. 10) the equality of the correspond­
ing density functions. But this can be easily seen by the relations

I A2x2

j/2 2
d z =  f  e 

in  oJ

A2 * 4

4“2 e ~ “2 d u A f i e- 2 i? L =  i . - w  2j/л; 2
+  “  A2 :c2

For the calculation of the integral J  e  4“2 e ~ " 2 d u the formula

+ “  ь2
J  e u2e~a2u2du у  — 2aft

2a a> 0, h> 0

was used (see in [2] 860. 25.).
It is similarly simple to show the equality of their characteristic functions t

+ o° f + «

f  eUxd* \ i Ф Xx
V ilz)

= J e 242 dE(z) =  J e я2 e~z dz

dE(z)^ =  J  J  eitx dx Ф |-^=| dE(z) -- 

f  e z(dE+1) — __
J  X2 + t

The proof is completed.
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3. The rate of convergence

T heorem 2. I f  J  |x |3 dF(x) <  + °° is satisfied beside the conditions o f Theorem 

1. then there exists a constant c which is independent o f n such that

(3.1) Р(Уд" Cv <  *) — / dy s  cM
- t  2 1

holds i f  n is suitable large.
P ro o f . According to the theorem of total probability

k= 1
(3.2) ?(icfiZVn^ x ) =  Z p

Ÿ2
À

У к rC У к Ц- i q n
P(v„ = *).

By the condition J  |;c|3í/F(.y) < +  °° it follows from the B erry— E sseen theo­

rem (see for example in [4]) that

(3.3) Í*
У 2Ук'- j -  yk- f - fq"

-Ф
У к Ц- Уq" Ук

where cl is a constant being independent of k.
By (3. 2) and (3. 3) for the probability P()V'Cvn <  x) the inequalities

(3.4) 2 Ф

-  2 Ф
У кЦ -yq"

P(v,, = fc)-Ci 2  f r f  p(v»=*)-
k= 1 } k

p 0 У с ¥я^*)з=

P(yn = k) + cl У  -=  P(v„ = k) 
k= 1 Ук

hold.
Let E„(x) = P(vnqn <  x). Then using this notation

(3. 5) 2 Фk= 1 У к Ц- Уцп

т ̂
P (vn — к) = f Ф

У 2 УZ
dEn(z).
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Moreover, if E(x) =  1 — e x as x > 0  and is(x)=0 as xSO then by (2. 10) the 
equation

(3.6) / Ф ( ^ = )  dE(z) = J  j  h' dy

is true.
From relations (3. 5) and (3. 6):

(3. 7) 2 Ф P (Уп =  к ) ~  f -уе яЫ dy

+ 00 r ' X '
+ 00

, . ч Г Ax \J  ф0
dE„ (z) — J  Ф 

0

"77Й. I N
:

Ÿ2 l7
j

Ф m'™ 2 =  О
- /  Еп(Е)<1гФ Í Ax ) Ax ) , 1ФЫ Н

f  E (z)dz Ф Ах
ÿ iz

ё /  \E(z) — En{z)\ d, Ф Ax
Ÿ2z

Now lim En(z) = E(z), and concerning the rate of convergence the following
/?-*- oo

is true: there exists a constant c2 which is independent of n and for which

\E (z )-E n{z)\ =§ c2q" l n ~  = с3м  Ы  
4

as n is suitable large.
By this and from (3. 7):

2Ф
f k  - 2 \q"Л

p(vn = k )~  J ^ - e - xM dy с, M

This and the estimation (3. 4) give together

(3.8) / 2 ‘ - ‘ Ы< 1у-~сам [ ^ - С1М У у \ ш

JC

- dy+E-c3M  I —I Ec^M 1
7 n

This proves the statement (3. 1) of Theorem 2.
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4. Case of a more general rarefaction and further developings

J. M ogyoródi ([7]) has investigated a more general rarefaction when is an 
arbitrary positive integer-valued random variable -— see the definition of Vj in 
section 1. — for which 1 <M = M(v1) <  + °° and D2(v1)<  + °o. If/00 , for и  s i ,  
is the generating function of the random variable then it is easy to see that the 
generating function of random variable v„ is the и-th iteration of f(z), i.e. this is 
f„(z). J. M ogyoródi ([7]) has proved by the theory of Galton—Watson proces­
ses that

(4.1) limP
П-*-оо

X = G(x),

where G(x) is a distribution function whose expectation is 1 and its variance is 
D 2 ( v i )
M2-  M '

Now, however, the M ogyoródi’s limiting distribution theorem has the follow­
ing meaning for the sum

ív„ =  £ 1 + £2  h—  + £v„

of a random number of non-negative, independent and commonly distributed 
random variables: when the common expectation of the summands Çk, к = 1, 2, . . .  
is a finite number a then the distribution function of the suitable normed sum of 
£Vn converges, as n — +°°, to the distribution function G(x), or more precisely:

(4.2) w — + 0 0 , a?± 0.

The following limit distribution theorem can be proved for arbitrary real­
valued, independent and commonly distributed summands with mean-value 0.

T heorem 3. Let £2, ..., Çk, ... be a sequence o f independent, commonly dis-
+ 00 -f 00

tribu ted random variables for which J  xdF(x)~0and J  x 2dF(x) = 2a2 < + »  are

satisfied, where P(Çk< x) = F(x) is the common distribution function.
Moreover let v„ be independent o f the sequence Çt , .... ... positive integer­

valued random variables, with generating functions /„(z), n=  1 ,2 ,. .. ,  and let 1 < /  4 1 ) =
= M < + 00 and /" (  1 ) <  +  00 .

Denoting by £v„ =  <■> 1 T £2  ----- b£v„> we have

limP = f  ф (—-L=r)i/G(z), <r>0,
1уми ) £ U /2 z  J

where Ф(х) is the standard normal distribution function.
P roof. Starting from limiting relations (2. 2) and (4. 1), instead of (2. 2) and 

(2. 3), the proof can be completed by the thoughts of the second proof of Theorem 2., 
hence it will not be detailed.
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Remarks.
1. It is difficult to estimate the rate of convergence of limit distribution theorems 

concerning the more general rarefaction due to J. M ogyoródi ([7]). These theorems 
are based on formula (4. 1) which can be proved by martingale convergence theo­
rem; it causes all difficulties. However J. M o g y o r ó d i has proved some results in 
a manuscript, which also would be interesting at the theory of Galton—Watson 
processes.

2. It can be given the practicable limiting distributions for sums of random 
number of random variables related to the rarefaction due to A. R é n y i ([8]) and 
their domains of attraction in that case also when the expectation of addable sums 
are zero and their variances are finite or infinite. It is possible by the method of 
I. N. K o valenko  ([6]) and В. V. G n e d e n k o  ([3]). This will not be detailed here. 
In his manuscript J. M o g y o r ó d i investigated similar questions for the sum of random 
number of random variables concerning his more general rarefaction method, too.

3. Introducing the notion of the rarefaction of one dimensional random wander­
ing it can be investigated the analogies of invariance problems defined for recurrent 
processes (see in [7] and [8]). In the case of zero expectation the following result 
is true: only the one dimensional random wandering constructed by finite variance 
distributions can be invariant for the once rarefaction and the subsequent suitable 
coordinate transformation, and, among them, exactly those are invariant, which 
can be constructed by the limit distributions being at section 2. and 4.

Finally, I express my sincere thanks to J. M ogyoródi for his valuable remarks.
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ON AN INVARIANCE PROBLEM RELATED TO DIFFERENT 
RAREFACTIONS OF RECURRENT PROCESSES

By
T. SZÁNTAI

1. Preliminaries and fundamental notations

Let us consider a recurrent process and make a rarefaction of it as follows: 
let us maintain, independently from one another, every event of the process with 
probability q and cancel them with probability 1 —q, where 0 < ^ < 1 .  M oreover 
let us make a coordinate transformation in the new process such that the expectation 
of the time interval between consecutive events be equal to the original one. A. Rényi 
raised the question, (see in [5]), what kind of recurrent processes are invariant for 
the above introduced rarefaction and coordinate transformation. Under invariance 
we mean that the distribution function of the time interval between two consecutive 
events is the same as before the rarefaction and coordinate transformation.

We remark that it is easy to see from R é n y i’s limiting distribution theorem 
(see in [5]) that among the recurrent processes having finite expectation only the 
homogeneous Poisson process is invariant for the once rarefaction and the sub­
sequent coordinate transformation. Indeed, if we apply infinitely the rarefaction 
and the coordinate transformation to the finite expectation recurrent process which 
is invariant in all steps then it should be equal to the limiting recurrent process, i.e.: 
to a homogeneous Poisson process possessing the same intensity. It is also evident 
that the homogeneous Poisson process is in fact invariant for the rarefaction and 
the suitable normalization operation. This is reasonable by proving the existence 
of the three characteristic properties (see them in F eller’s fundamental book [1]) 
of the homogeneous Poisson process for the process obtained from the original 
homogeneous Poisson process. It is also easy to get this result by the method of 
the characteristic functions (see in [5]). A third proof based on a theorem due to 
A. P rék o pa  (see in [4]) concerning the secondary processes generated by a random 
point distribution of Poisson type, is as follows. Let us consider the original homo­
geneous Poisson process on the axis x of the plane (x, у) and let us derive a secondary 
process in the plane (x, у) with the aid of the independent and commonly distributed 
random variables i =  0, 1,2, ... , P(£, =  l) =  </, P(^ =  2) = 1 —q. A. P réko pa  
has shown that it is a Poisson process in the plane. Since the events of the secondary 
process being on the line у —I are exactly the events of the process obtained by 
the rarefaction, we obtain on the basis of the properties of two-dimensional Poisson 
processes that the rarefied process should be a homogeneous Poisson process, too. 
Thus a finite expectation recurrent process is invariant under the rarefaction and 
the coordinate transformation if and only if it is a homogeneous Poisson process. 
In addition A. R ényi has proved by the method of characteristic functions, that 
an infinite expectation recurrent process is never invariant for the rarefaction and 
the suitable normalization operation.

If the number of events cancelled from the original process is denoted by v — 1,
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then it is easy to see that, in the case of the above defined rarefaction, v is geo­
metrically distributed random variable with parameter q. J. M ogyoródi investigated 
a more general rarefaction procedure (see in [3]), when v is an arbitrary positive 
integer valued random variable for which 1 <  M =  M (v)<+ °° and D2(v) <  +  <=>*. 
In this case it is also evident that only the limit recurrent process of recurrent proc­
esses with finite expectation maybe invariant for the rarefaction and the subsequent 
suitable coordinate transformation. In [3] J. M o g y o r ó d i has proved by the aid 
of the Gabon—Watson processes that the limit recurrent process is really inva­
riant.

The purpose of this note is to show that a recurrent process with infinite ex­
pectation is never invariant for the above defined more general rarefaction procedure 
and the subsequent suitable normalization. The following theorem will be proved:

T h eo rem . I f  a recurrent process is invariant under the above defined general 
rarefaction and normalization procedure then the expectation of time interval between 
consecutive events is necessarily finite.

2. The P roof of the theorem. It is easy to see (see in [3]) that for the Laplace— 
Stieltjes transform <p(s) of distribution function F(x) of the invariant recurrent 
process the functional equation

(2.1) cp(s) Re y s? 0

holds, where /(z), for |z f s l ,  is the generating function of the random variable 
v (see the definition of v in 1.) and M = M(v). By applying я-times 2. 1. and con­
sidering it only for s^O  we have:

(2-2) q>(s) =  /„ |< p (^ r ] j ,  J s= 0, и =  1,2,...

where f n(z) is the я-th iteration of/(z). Thus it is enough to consider f n(z) for only 
real values, O S x S l. But for real x in [0, 1] there exists the inverse function of/(x), 
denoted by u(x), and by induction it can be proved that the inverse of f„(x) also 
exists and it is equal to the я-th iteration of m ( x ) ,  i.e. this is  un(x).

Taking the inverse of the functional equation 2. 2. we get

un(<P(s))

wherehence for positive s

(2. 3)

is satisfied.

s
w

ISO, n=  1,2,...

5>0, я = 1, 2,...

* Throughout the paper M stands for the expectation of a random variable and D2 denotes its 
variance.
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Let us introduce the function i>(x) = » (x + l)  — 1, then r„(;c) =  м„(х+1)—1 
and u„(x) =  1)+1, and for (2.3) we obtain

(2.4) v„((p(s)- i) 
s

M"

<P
s

IT
- 1

s
IT

5>0, n = 1,2,...

Let us consider the Schröder functional equation

(2.5) *(»(*)) =  ]!, *(*)> * € / , /= ( - 1 ,0 ] .

The function v(x) satisfies all conditions of Theorem 6. 1. from [2].

Indeed, u'(0) =  w'(l) = ^  , 0 <i/(0) < 1,0£ /, and since D2(v) <  + °°,
v(x) is twice continuously differentiable function on the interval / = ( —1, 0], more­
over m(.y) < 1 for y€(0, 1) hence [u(jc) — 0]• [0 — x] =  [//(* + 1) — 1]• [ — x] <  0 if 
x:£( — 1,0) and from/ '(  1)= M >  1 f(x) < x  follows whenever x(j(0, 1) that is u(x)> x  
for x£(0, 1) and as a consequence of the preceding

[i;(x) — x] • [0 — x] = [w(x +  1) — 1 — x] • [ — x] > 0
when *€( — 1, 0).

On the basis of the Theorem 6. 1. of [2] there exists only one solution xW  of 
equation (2. 5) being twice continuously differentiable on /  and for which x (0) =  l 
This solution can be written in the form as follows

(2.6) X(x) = lim , x € (— 1 0],
n -* -o a  1

Mn

where the limit exists in the sense of uniform convergence.
If we consider (2. 4) as n —■ + °° and regard (2. 6), we obtain :

(2.7) lim
s ]4> M")
s

IT

= lim if s> 0 .
s

M"

Let us choose a positive number s0 such that 7.{(p(s 0) - l ) — oo. The con­

tinuity of /(x) and cp(s), further the facts that (0) = 1 and x(0)=0, always imply 
the existence of the number s0.

Taking (2. 7) at the point s0 in integral form we get that

l - е " " ' . - .  *(</>(*<,)-0
IT

dF(y) = + °°.
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We see that the sequence of the integrals of the sequence f n{y)
so

1 - e  M',y
Sp
M"

£ 0

is bounded'and since f„(y) ~*f(y) =y,  as /7 — +°°, we obtain by Fatou’s lemma:
J_ J_ S o

” 1 - e  M"f  У dF(y) S Ü m /  — dF{y) =
О я - “  0 _f o

M"

lim / 1 —e 1 

M"

dF(y) — —/(<p(50) -  1)
<  +  C O .

The proof of the theorem is completed.
Finally, I express my sincere gratitude to J. Mogyoródi for his valueable 

remarks.
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REGULARIZATION OF CERTAIN OPERATOR 
EQUATIONS BY FILTERS

by
K. MARTON and L. VARGA

I. Introduction

Consider the integral equation

( 1 • 1 ) 7 =  /  k (y)f(x -  >’) dy =  g(x)
\ 2n j L

where the functions k££('l , gd£f2 are given*. We wish to determine the function
Л & 2-

We suppose that the function g is available only in the sense that we know
an approximation to it in the space S£2, i.e. we are given a function g£JF2 such
that ||g — g||2 is small**. We wish to find, by making use of g, an approximation 
(in the sense of the norm ||*||2) to the exact solution of (1. 1).

In this paper we shall deal with a slightly more general equation than (1. 1).
(It will be formulated in section 2.) We use equation (1. 1) as an example to illustrate 
some difficulties which may arise in solving equations of the form (2. 5) below. 

Equation (1. 1) may be written in ‘the form

(1-2) Kf=g
where the operator К is defined by the formula

(1.3) Kf(x) = \ f  k (y )f(x  — y)dy.
К2тг

(As it is well known, A is a bounded linear mapping from S£2 into SF2\ c.f. e.g. [1], 
p. 397.)

Equation (1.2) (or, what is the same thing, equation (1. 1)) is incorrect, i.e. 
the operator К on the left of (1. 2) has no single-valued continuous inverse, defined 
on the whole space JS?2. To prove this statement, let к be the Fourier transform 
of k,

(1.4) *(/) = Í 2n
J  k(x)eix dx (t real)

and let F denote the Fourier—Plancherel operator. As is well known, F is an iso­
metry of :S?2 onto itself ([1], p. 411.).

* By î) we denote the space of all complex valued integrable (square integrable) functions
of a real variable.

** | | . | l 2 denotes the usual norm on SF2.
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According to the properties of the Fourier and Fourier—Plancherel operators, 
equation (1. 1) is then equivalent to

(1.5) k F (f)  = F(g).

On the other hand from the Riemann—Lebesgue lemma we have

(1 .6 ) lim k(t) =  0.

Flence, for gÇJz?2, the quotient -— may not belong to SF2 (in fact, it may notк
exist). (1.6) also shows that for /,/„£=Sf2 (« =  1,2, ...) the relation

lim \\Kf„ — Kf\\2 =  0
/ I —*-oo

does not imply
lim Wfn—fWi =  0.

«-►CO

Therefore, though forgÇK!£2 equation (1. 1) does have a solution/£Já?2, thefunction 
f  may depend on g discontinuously.

Since equation (1. 1) is incorrect, it seems natural to look for its solution by 
making use of Tihonov’s regularization method. (C.f. [2], [3]. We recall the defini­
tion in section 3.)

In this paper we propose a method for solving equations of the more general 
form (2. 5). The solution we propose is a-special case of Tihonov’s regularization, 
and, at the same time, a common generalization of some special methods for solving 
equations of the form (2. 5). We shall see that in this way these methods become 
comparable. The method we propose will be referred to as the method of regulariza­
tion by filters.

In section 2 we formulate the equation we deal with. Section 3 contains the 
definition of Tihonov’s regularization. In section 4 we formulate the method of 
regularization by filters, and prove, that it is a special case of T ihonov’s regulariza­
tion. In section 5 two methods for solving equations of the form (2. 5) (an iterative 
method and one related to that formulated by D. P hillips in [4]) are proved to be 
special cases of regularization by filters.

2. A generalization of equation (1.1)

Let 9£ denote the following linear subset of «S?2:

(2. 1) X =  {fd£e2:ÎF{f)i£e2 for ÎÇA}
where

Л = {1 ,£ , / j , / 2, ..

Here к, f ,  l2, ..., /„, are complex valued measurable functions of a real variable, 
and 1 denotes the function identically equal to 1 on the real line. (Form =0 Л — {1, к}.)
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Since Ж lies in Ж2 ('-e- >n the domain of F), we may (and do) define the set Ж 
as the image of Ж under F:

Ж = F ( f )  = {/аЖ 2:1-/аЖ2 for КЛ).

Let us define a norm on Ж as follows:

(2.2) Ц/H =  max ||/*/||2 (/аЖ ).
îea

It is easy to see that ||. || ~ is a norm, indeed, which makes Ж a Banach space. 
Finally, let us define a norm on Ж by setting

(2.3) \\f\\x  = |F (/)llf  ( / C a ­

using the fact that Fis an isometry of Ж2 onto itself, it is easy to see that (2. 3) defines 
a norm on Ж, making the space Ж a Banach space, too.

Define a linear operator К on Ж by the formula
(2.4) F (K /)= kF (/).
According to (2. 1), for /аЖ  we have k F ( / ) a Ж2, so F  is a mapping from Ж into 
Ж2. (Note that К is bounded, in fact, we have || A' || ë l .  As a matter of fact, for every 
/аЖ  the definitions (2. 1)—(2.4) imply

W f h  =  \\F{Kf)\\2 =  ||Â-F(/)||2 s  ||F ( /) ||.  -  U/H*.)

We are going to deal with the equation

(2.5) K f= g (/аж, g a ^ 2).
We suppose the function g to be known in the sense, that we are given an approxima­
tion to it in F£2, i.e. we know a function §аЖ2 such that ||g— g||, is small. We wish 
to find, by making use of g, an approximation (in the sense of the norm II • II x) to the 
exact solution of (2. 5).

Equation (1. 1) is a special case of equation (2. 5), corresponding to the set 
A = {\,ic), where к has the form (1.4) with каЖ \. As a matter of fact, for this 
Л we have Ж = Ж2 and the norms ||. \\x  and ||. ||2 are equivalent ([5], p. 102.).

• 3. Tihonov’s regularization method

Definition (c.f. [2], [3])
Let (/У, II. |j #) and ( Ж | | . ||a-) be Banach spaces, and let F be a linear operator 

from Щ into Ж. Let A denote a set of real numbers, the closure of A containing the 
number 0. For each a a A let Sx be a linear operator from Ж into 0У.

The set of operators is said to regularize the equation

(3.1) Ry — z (уа®, za%),
if the following conditions hold: 

a) for each a a A Sx is bounded,
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b) for each yf<W we have lim — =  0.
a-*-0

If R has a single-valued continuous inverse, defined on the whole space 2C, 
then, setting T =  {0}, S'0= JR_1 yields a set of operators (consisting of a single ele­
ment) which regularizes equation (3. 1). If this is not the case then the inverse of 
R may be replaced in some sense with an arbitrary set of operators {.S',,: ad A}, 
regularizing equation (3. 1). As a matter of fact, for each у d ^  the above definition 
implies

lim inf \ \y -S J \ \v  =  0,

that is, Sxz approaches the exact solution of (3. 1), if z approaches z and if a 
is properly chosen (depending both on у  and the distance \\z —

4. Regulalization by filters

We have seen in section 1, that equation (2. 5) may be incorrect, so it seems 
natural to try to solve it by making use of T ih o n o v ’s regularization method.

We shall need the following
Definition. Let A denote a set of real numbers, the closure of A containing 

the number 0. For each ad A let Dx be a complex valued measurable function of 
a real variable.

The set of functions {Dx\adA )  is said to be a filter, regularizing equation 
(2. 5), if the following conditions hold:

(4. 1) a) sup ess. sup \Dx(t)\ <°°, *
a t

(4. 2) b) ess. sup
t

Dfitfi
HO

°° for each ad A,

(4. 3) e) ess. sup <«> for each a d A and /= 1 ,2 ,...,/» ,
< k(t)

(4. 4) d) lim Dx(t) = 1 for almost every t.
a-* 0

The above definition is justified by the following

T heorem 1. Let [ D , : z f  A }  be a filter, regularizing equation (2. 5), and for 
each a. £ A let Sy be a linear operator on j£?2 » defined by the formula

(4-5) F(Sag) = Dx (g £ X 2).
к

Then the set o f operators {А, : у. £ A ) regularizes equation (2.5).

* If h is a real valued measurable function of a real variable then by ess. sup h we denote thet
smallest number y, satisfying the inequality h (t)^ y  for almost every t.
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Proof. Conditions (4. 1)—(4.3) show that for each a£A Sa is a bounded 
linear operator from into As a matter of fact, for each а£А, g£.£f2 and /€/1 
we have

/ • F(S,g) = Î ~ a- F(g) € <£2,

i.e. for each o c Ç A  and g £  JS?2

Moreover, according to the definitions (2. 3) and (2. 2),

\\Sag h  = ||F(S.*)||f  -  max 
Тел

/ ° а F (g) S  max ess. sup КО D: U)
к 2 Тел ' Н о

• №112 •

Now let/ £  SC be fixed. We are going to prove that

(4.6) lim ||SaA /-/lh r  =  0.
се-*- 0

Using (2. 3), (4. 5). (2. 4) and (2. 2), we obtain

(4. 7) \\S 'K f-fV x = \\F(SaK f) -F ( f ) \ \ l  =  IlF (f)  (1 -  Dx) ||| =

=  max j  \î( t)F (f)( t) ( \-D A O )\2dt
Тел -=°

for each ct£A.
Condition (4.4) shows that the integrand in (4. 7) tends to zero almost 

everywhere as a —0. Moreover, from the fact that Î F ( f ) £ Z£2 for each Î£A, in 
conjunction with (4. 1), it follows that the dominated convergence theorem applies 
to the right-hand side of (4. 7). Thus the right-hand side of (4. 7) tends to zero as 
a —0, and the proof is complete.

Note that a filter {Da \ (x£A) is of practical use in solving equations of the form 
(2. 5) only if (4. 6) holds uniformly on some well-treatable subset of Ж. This is 
the case, e.g., if (4. 4) holds uniformly on every finite interval. As a matter of fact, 
define

=  {fZ X -W fh  3  C, max f  \l(t)F (f) (t)\2dt si A 2(T) for all 7~>o] , 
Тел | i | s t

where C is a positive number, and N denotes a positive function, defined on the set 
of all positive numbers and satisfying the condition

lim N(T) =  0.
T — oo

From the relation
II5.A/—/||,r  S  c  sup 11-£>я(/)| + sup ess. sup 11 — £>„(/)| А(Г),

|» |= ST  1 I

valid for every /£Ж С N and T >0, we infer that (4. 6) holds uniformly on ЖС ц.
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5. Examples

1. Let A be the set of all positive numbers, and for each a > 0  let D% be the

f - i ,  1L acharacteristic function of the interval я . The set {Z)̂  : oc >0} is then a

filter, regularizing equation (1. 1), provided that

(5.1) k ( t) ^ 0
for each I. More generally, the set {Da: я>0} is a filter, regularizing equation (2. 5),. 
provided that

mess. sup I t 
,\шт I k(t)

for each and T > 0. — A similar filter was considered in [6].
The following two examples are intended to show that some special methods 

for solving equations of the form (2. 5) are special cases of regularization by filters. 
By showing this, we show as well, that these methods are special cases of T ih o n o v ’s 
regularization. In the case of example 3 this is not quite obvious.

2. Consider the equation (1.1), and suppose that, instead of (5. 1), the con­
dition
(5.2) |1 -k ( t) \  <  1
holds for almost every 1. The solution of equation (1. 1) can be then found by iteration, 
according to the formulae

(5.3) A = g , fn = fn - i - K .fn- i+ g  (n = 2 ,3 ,...).
It is easy to verify that (5. 3) is equivalent to the formulae

- F(?) „ ,
(5.4) F(f„)= 2 !  ( l-& )JF(g) = ~ j J ( l - ( l - & r )  (n= 1 ,2 ,...).

y = o к

Let A = 11, , ÿ ,  . . . J  and for each я £A define
Da = l - ( l - ^ ) W ..

From (5. 2) we infer that the set {Dx: я £A} is a filter, regularizing equation (1. 1). 
As a matter of fact, conditions a) and d) of section 4 hold obviously, while con­
dition b) follows from the relations

ess. sup D M
H t)

ess. sup
t

l/«3t— 1
2  ( ' - H o y
i=0

1
я (a tA ) .

i.e.

On the other hand, (5. 4) may be written in the form

F(L)  -  F(fg) Da,к

fn = s *g
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where a =  and Sy is the operator, associated with D„, as in section 4./I
3. Let A = {\,k , /} where the function к is of the form (1.4) with 

Suppose that the functions к and ! satisfy the following two conditions:

<5. 6)
for almost every t, and 

<5. 7)

[*(0l2 + |/(0l2 - o

ess. sup
t

\Ht)\
|£(0l2 + |/(0l2

<  09.

Let (áT, II. Ну) be the Banach space, associated with the set A, as in section 2.
For each g£Jz?2 and <*>0 define a functional Qga on 3C by setting

a g, Á f )  = w - g \ \ i + * \ m f ) \ \ i  ( / w

Here К is the operator, associated with к , as in section 2 (or, equivalently, the res­
triction of the operator, defined by (1. 3), to the space &). Finally, for each a > 0  
define an operator Sx on jS?2 by setting

< 5 . 8 )  S * g = f g, '  ( g € ^ 2 )

where/ дл^ЗС is determined by the condition

(5- 9) = inf ß 9,*(/)-
f i x

T heorem 2. For each a > 0  the operator Sx is well defined on the whole space У?г 
and is associated with the function

(5.10)

as in section 4.

D, = \k\>
|£|2+ « |/ ï

(5. 7)

and

(5.11)

Remark 1. Conditions (5. 6) and (5. 7) imply that we have

l*(0less. sup
I*(0 |2.+ « |/( 0 l2 

l*(0l 1/(01 ^  1ess. sup - . _
' |^(i )|2 + a |/(/)|2 2 )/a

for each a> 0 . The comparison of (5. 7') and (5. 11) with (5. 10) shows that the set 
{Da:a> 0 }  is a filter, regularizing equation (2. 5).

Proof of Theorem 2. It is easy to verify that Qg x is a convex differentiable 
([5], p. 143) functional for each gÇÜ2 and a>0. Denote by f í '„ ( / )  the derivative 
of Qg x at a fixed An easy computation shows that to an arbitrary h£ 3C the
linear functional Q'g , ( / )  makes correspond the number

(5.12) ( Q 'J f ) ,  h) =  2 Re f  {[k (t)A t)-g (t)]W ) + « \l«)\2A t) } W )d t  (*€#)
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where we used the notations/ =  F (f) , g = F(g), h =  F(h), while by у we denoted the 
complex conjugate of the number y.

Expression (5. 12), combined with the convexity of ß 9jSt, shows, that condition 
(5. 9) holds if and only if

lH O fgAO -ê(t)]ic(t)+ oi\î(t)\2f giA t) = о
for almost every t, i.e. if and only if

(5. 13) Л,
ê  l&l2
к |£|2 + « |/|2

Now it follows from (5. T) and (5. 11) that the function/^ , defined by (5. 13), belongs 
to 32, i.e. / д^Ж , so that the proof is complete.

Corollary. The set of operators {Sa: a>0}, defined by formulae (5. 8)— (5. 9 ), 
regularizes equation (2 . 5 ) in T ih o n o v ’s sense.

Remark 2. Suppose that instead of (5. 6) the stronger condition

(5.14) /(0 * 0
holds for almost every t. Let 0*g£J2?2 and 0< £  <||gj| 2 be fixed.

It can be shown that there exists a unique function/<£) which satisfies both 
of the following conditions:
(5-15) W y - g h ^ s
and
(5.16) \\ÎF(fP)\\2 =  inf{||/E(/)||2: /€ ^ ,  \\Kf-g\\2 s  £};
in fact, we have

fie) - f  J q J g, a
for some a > 0  (depending both on g and e). Here we only show the existence of 
such a function the unicity can be proved by a slight modification of Lagrange’s 
principle of indefinite multipliers.

To prove the existence of /<E) note first that, by virtue if (5. 10) and (5. 14), 
we have

lim Z>„(/)= 1a-0
and

lim ö a(0 = 0

for almost every t. (5. 10) and (5. 14) show as well that the functions Z)a depend on 
a continuously and are strictly decreasing with a.

Let us now define
ee,x = \\KfgyX-g \\2

for all oc>0. We infer from the definition (2.4) and Theorem 2 that sg a may be 
written in the form

£ÿ>a =  P /^ -á rlI*  -  \\F(Kfgta)-F (g)\\2 = \\kF{fĝ - F { g ) \ \ 2 = ||F (g)(l-Z )a)!|2.
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Thus we see from what has been established on Dx(t), as a function of the parameter 
a, that the following four statements are true:

lim £g x = 0,
a-0

lim ee, ,=  llg|l2>
a-*-o°

Eg  в, depends on a continuously and is strictly increasing with a. (Here we used the 
dominated convergence theorem.)

Consequently, there exists a (unique) number ooO such that

and it is clear that relations (5. 15)—(5. 16) become true with replaced by f g t . 
This interpretation shows that, if we set

!(t) = t 2,
then the regularization of equation (2. 5) by the filter, described in this example, 
becomes very similar to that proposed in [4].
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REMARKS ON THE THREE BODY PROBLEM 
IN QUANTUM MECHANICS

by
E. MAKAI

1. Let X,-, yh Zj ( i= l ,  2, 3) be the rectilinear coordinates of three points Pt in 
three dimensional space. If At = d2/dxf +d2/dyf +d2/dzf, then the Schrôdinger 
equation of the quantum mechanical three body problem is of the form

where the p7s are non-negative constants, E is a real constant and U is some func­
tion of the variables x t , y t , z3. Let us write

where PtPk denotes the distance between the points Pt and Pk and let us suppose 
that U depends only on the quantities rl , r2, r3.

Then it is known that (1.1) has solutions depending only on the quantities 
ri , r 2, r3 and some of these solutions — for some E's — are quadratically intégra­
ble in the whole nine dimensional space x 1, y l , . . . ,z 3.

In some simple cases, e.g. if U is a constant or of the form ^ c j 2, i.e. if the system 
is a three-body harmonic oscillator, the solutions of (1. 1) may be found by group- 
theoretical methods, namely by calculating the mean of a certain simple solution 
over the group of rotations: the solutions are then given by way of multiple in­
tegrals.

In this paper we shall find some of these solutions avoiding the method mentioned 
in the previous paragraph, and the solutions will have the form of power series 
expansions.

In Section 2 we treat the case U — 0 and show that there exist solutions of (1. 1) 
depending only on rt , r2, r3 and satisfying the three differential equations 
-f î j  \j/ = 0, A2\jj +À2i// = 0, А3ф + À3 ф — 0, where the А/s are suitable constants. 
These solutions satisfy a first order equation, too.

In Section 3 we discuss a particular case of the following more general question. 
Let (p1, tp2, (p3 be functions of rk, r2, r3 only; in which cases have the equations 
(di +  <pi)i/f = 0 (/= 1 ,2 ,3 ) not identically vanishing common solutions depending *

* Formulas of this type will be frequently written in the abbreviated form

where the abbreviation in parentheses refers to that the formula in question remains true after a cyclic 
permutation of the indices 1, 2, 3.

( 1 . 1)

( 1. 2 )

(cycl.)
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only on /-j, г2, r3l  It will appear that the class of functions (p‘ we consider is very 
restricted. It contains, however, among others, functions of the form e/>! = a‘ + 
+  2  a‘k rk where a* and aik are constants. In this case the equation (1. 1) or

к
= 0 is the Schrôdinger equation of the above mentioned three- 

body harmonic oscillator. This case will be discussed in Section 4.
Finally in Section 5 it will be shown that if in (1.1) U and ijj depend only on 

r i ,  r2, r3, then by introducing suitable new variables x, y, z (1. 1) can be written 
in the form

[d2\j/ д2ф d2i\i 1 дф} 
(dx2 dy2 dz2 z dz J + W (x,y, z)\jj = 0.

This transformation, already known to G. T. Gronwall [2, 3] in the special case 
= /G = l> /r3=0, enable us to write the Schrôdinger equation of the above 

mentioned three-body harmonic oscillator problem in a form depending only on 
two parameters.

Instead of the variables r; we shall use throughout this paper their squares 

(1-3) Qi = r2
and we shall use the notation

(1.4) cr 1 ——£?i + í?2 T 03
Supposing that ф depends only on gt , g2, g3 we have

where

(1.5)

A ^  = А‘ф

Al ~ 4 I02w + ^
3 d d2 d2

2 2 dg2 + dg2 dg3 +  03 dg23 +
1  j L
2 do,

We introduce the first order differential operators

(cycl.).

(cycl.).

3 3 3
0 -6 )  N , =  f e - f o )  + (cycl.) 
and

а л )  и

The operators N 3, N2, N 3 are not independent, they are connected by the relation

(1.8) SeiNi = 0
and satisfy the following relations :

(1.9) N1
' d d 
()q2 +  #03,

+N2 d '
dQi.

= 0,

(1.10) Q3A2-Q 2A3 = a \ h + X2^ N 1, (cycl.)

(1.11) IN iAi = 0.
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Finally let A and В be two operators acting on a function ф and {A, B) =  
— AB —BA. Then
(1.12) {A‘,A k} = 0 ( i,k=  1,2,3)
and if the operator/ is a function of gt , g2, g3 only, then

(1.13) { A \ f }  =  (A* 1f )  + 4 ^  (N3 + H) + 4 j t ( - N 2 + H)

where

(1.14) (Alf )  = 4 \g2^ 2 +02/  , 3 rif
rigj ' 2 dg2

ri2f  
2 rig. + 03

ri2f  , 3 0 /1
003 + 2 003 J

Formulae (1.8)—(1. 14) can be verified in a direct manner. 
2. Let us consider the differential equation

( 2. 1) (X/i.d' +  F) ф = 0

(cycl.)

(cycl.).

where ф depends only on gt , g2, Q3. We put the question: does a not identically 
vanishing solution ф of (2. 1) exist, which satisfies also the three equations

(2.2j) (А' + А^ф =  0 (/= 1 ,2 ,3 )
where the A;’s are appropriate constants? If such а ф exists, then applying the operator 
Ni to the equation (2. 2*) and summing with respect to /, we have by (1. 11)

(2.3) n tNt ф = 0  
and of course
(2.4) Е = 1 ц ^ .

According to the general theory of the homogeneous partial differential equa­
tions of the first order, the general solution of (2. 3) is a differentiable function of its 
any two particular solutions. Now it is easy to verify that
(2.5) u =  I b i Qi , b i = - l i +  k2 + k3 (cycl.)
and
(2.6) V = 2 (0Î-20203) =  -  2 ai ff2 *

1 ,2 , 3  1 ,2 , 3

are particular solutions of (2. 3), hence any common solution of the system (2. 2,), 
(2. 22), (2. 23), is of the form /(и, v). Putting f(u, v) into (2. 23), say, we have

(2. 7) 4(—2k3u-
d2f

Лв^~ди*~ l6*3V
ri2f

()u dv 16 g3v ri2f
riv2

-12A3J £ -  1603 j £  +  A3/ = 0 ,

* By Z  we shall denote a three term sum the terms of which differ only by cyclic inter-
1, 2, 3

changes o f the numbers 1, 2, 3 occurring in one o f the terms. In particular, the right-hand side o f  
(2.6) is — «г,<т2 — аг П} — <т3<7,.
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where 

(2. 8) Л =  2 ( i í -  2 /2л3).
1,2 , 3

In (2. 7) Ö3 is a parameter, so this differential equation is equivalent to the following 
two equations:

(2.9)
d2f2и-^-т  + 4г „ du ou dv

d2f  d f  1+  3 du

(2.10) Л i f f  
4 du2

d2/
dv2+  V "i"

d f
dv = 0.

Substituting f(u , V) into (2. 2,) and (2. 22) it is seen that these equations, too, 
are reduced to the same equations (2. 9) and (2. 10).

It remains to find a solution of the system (2. 9) and (2. 10). We do this only 
in the case Л p^0. (The case Л =0 can be dealt with afterwards by a limiting process.) 
Setting

(2. 11) / = /(«, v) = 2Ú { 4 l'í V

where uk is a function of и only and substituting (2. 11) into (2. 9) and (2. 10) we get

(2.12) 2ищ+(4к + 3)и'к- ~ и к = 0

(2.13) w*_i =  k 2uk

where the dashes denote differentation with respect to u. This pair of sets of equations 
can be solved in the following manner. In the case k = 0 we have from (2. 12)

(2.14) 2uu'ó + 3u’0 — ~  u0 = 0

a solution of which is е_1/и/2//м/2. Differentiating (2. 14) 2к times we have

(2.15) 2uutfk + 2> + (4A- + 3) id02k +1 > -  ~  u'02k1 = 0

which shows that cku^2k) is a solution of (2. 12). Taking ck = {k\)~2 we see that (2. 13), 
too, is satisfied. Thus a solution of system (2. 9)—(2. 10), or of the system (2. 2k), 
(2. 2f), (2. 23) is

(2.16) Ф = z
k = 0

'Л Y d 2̂
4 k \2 du2k

e-Vu/ 2

\u/2

With the help of the formulae

=  2
k = 0

( - l ) ‘
k\2

2  i t
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and of the symbolical formula
h -

(2.17) e dx f(x)  = f ( x  + h)

(2. 16) can be transformed in the following way:

(2.18) xjj = J0
n/2

l M/2
1

2n J exp [— /(и  + sin Э j/ylü)/2 ]

У(и + sin ЗУЛи )/2
сШ.

The last integral converges for all finite values of и and v and a direct substitution 
shows that it satisfies the equations (2. 2,).

We shall not discuss the properties of the function (2. 16), since, after all, the 
particular case of equation (1. 1) we dealt with in the present section is of no great 
importance. The above discussion leads, however, to the following more general 
question.

3. Let us consider the system of differential equations

(3.1) ( d 4  V)«/'=  0 (z= l, 2,3)
where q>1, q>2, (p3 are functions of g , , q2, q3. Under what circumstances have these 
equations a non-trivial common solution? This solution, if it exists, satisfies, of 
course(l. l)with U + E = Г/q <p' and by virtue of (1. 11), also a first order differential 
equation

(3.2)
where e.g.

(3.3)
The equations

Г Л > '>  = +{Ы1<р>)ф} =  0, *

№ 9*) = iQi-Qi)
<)ip{
H f?2 OQ1

d(p1 d(p1
de2 + вз дв3 ’

(3.4) {d1 +(p', A2 + (p2}\jj =  0 (cycl.)

are also to be satisfied. By virtue of (1. 12) and (1. 13) these latter three equations 
are also of the first order.

We are not able to answer the above question in full generality. An additional 
condition will be needed to treat this problem: we require that the equations (3. 4) 
should be linear consequences of (3. 2). This condition is met in the special case treated 
in Section 2.

Tt will be seen that it is a comparatively narrow class of functions q>‘ which 
meets the above requirements.

Using the notation dF/dgi = Ft for the partial derivatives of a function F 
(higher partial derivatives will be denoted similarly) the explicit form of (3. 4) is 
according to (1. 13) and (1. 14)

(3. 5) ^ W ÏN 3- (p lN 2-<p\Ni +<p\N3 + ((pl + <pl-<pl-<p\)H]il/ +

+ [(d’ <p2) - ( A 2(p')]ф =  0 (cycl.)

* means JVj(pV). Similar notations will be used throughout this paper.
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Since this is to be a linear consequence of (3. 2) and the operator H cannot be ex­
pressed as a linear consequence of the Nr s, the coefficient of H  vanishes:

(3.6) <P2 + q>23 = <p\ +(p\ (cycl.),
or, introducing the variables al defined by (1.4) instead of glt g2, g3,

(3.7) d(pl dcp2
Ô(J 2 c)(7 ̂ (cycl.).

These three equations have a solution if and only if there exists a function (p, such 
that

(3.8) = (*'= 1 ’ 2’ 3)

or, returning to the variables gt,
(3.9) (pl = (p2 + (p3 (cycl.).

Using (1.9) we have XNt (pl = 0, thus equation (3.2) can be written in the 
form

(3.10) IcpiNl Ф = 0

showing that the coefficient of i/i vanishes in (3. 2).
Again, since we have assumed that (3. 2) and (3. 5) were equivalent equations, 

the coefficient of i/i in (3. 5) vanishes:

(3.11) (A1 (p2) = (A2 <pl) (cycl.).

Using (3. 9) these equations yield

(3.12) ei<Pu+(ei-Q2)<Pi3 = e2<P22+(e2-ei)(P23 (cycl.).

These equations can be transformed into a simpler form using the three equa­
tions (3. 6). Indeed differentiating (3. 6) with respect to g{ and g2 and by the 
aid of these new equations eliminating cph and <p22 from (3. 12) we have

(3.13) Qi1(.<Pi2 + <P23 + <P\i) = Qi 1{<Р\2 + <Р23 + <Р\\) (cycl.).

Let us now introduce the notation

(3.14) Ф = <p12 i-(p23 + (p3i

by the aid of which equations (3. 13) can be written in the form

(3 ]5) $2 +  Фз̂  _  _  Фх+ Ф2
6i Qi 8з

(cf. (3. 9)), or alternatively АХФ = 0, Лг2Ф = 0. Now N-,v=0. Ntcr,=0, where v and 
(j; are defined by (2. 6) and (1. 4), respectively. Thus the general solution of А, Ф =0  
is f(v,  о-j). Substituting this into А2Ф= 0 we have df!dol — 0, hence the general

S t u d i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r ic a  6 (1971)
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solution of (3. 15) is a differentiable function of v, say, -|g'(t;) where the dash denotes 
differentation with respect to v:

(3.16) 2  <Pl2 = i  g'(P) or 2  <P‘i = S'OO-
1,2,3 -4 1,2,3

We remark that in view of (3. 16) and the relations (3. 6), (3. 11) the equations (3. 5) 
can be written in the simpler form

(3.17) { Z t i N i - ? ( р Щ №  =  0 0  =  1, 2, 3)
i

and we recall that our aim was to investigate under what circumstances is each of 
these equations equivalent to (3. 10) or (3. 2).

An equivalent form of equations (3. 17) may be given by introducing the nota­
tions

(3.18) X = <P + jg ( v ) ,

(3.19) X1 =  Xi +Хз =  <Pl -Q ig \v )  (cycl.)
and by eliminating with the aid of these the cphs from (3. 17). Then we have by (1. 8), 
i.e. by the differential equation
(3.20) ZQíN ^  =  0

satisfied by all differentiable functions,

(3.21 j) ZXjN.iP =  0 0 = 1 ,2 ,3 ) .
i

Also, we have from (3. 10) and (3. 20)
(3. 10') Гх'Л\ф =  0
and from (3. 16)

(3.22) 2X\2+g'(P)  = °> or 2 x \  + 2g'(v) = 0.
1,2,3

Excluding the not very interesting case N Y ф = N2 ф = N3 ip = 0 (when ф is a 
function of v alone) * and introducing the three component vectors

(3.23) e =  {0 i,e2 .вз}, w =  {x1,x 2. X3}’ w'  =  {xj5xhxj}

we can reformulate our assumption on the equivalence of (3. 21 j) and (3. 10') as 
follows: we require that the five vectors w 1, w 2, w 3 , w , о  should be complanar **, i.e.

( 3 . 24 j )
Xj Xj Xj Xij Xij Хзj

D’ = x l  X 2 X 3 = Xi Xi Хз
Qi Qi (?3 <7, U 2 <73

<p°
* If then A‘y/=  — \6Qi(pd1vl<)v1 +  di///dv) (cf. (2.7)) and by (3.1) <p‘ =  c>i<p°,

is a function of v only.
** Equation (3.20) is, of course, to be satisfied, too.

where
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This is a set of quadratic second order differential equations the function y is to 
satisfy and we proceed to the solution of it.

First we derive three other second order equations in the following way:

()Dl dD2I_____ \ x \ Xi , 1 xl x l
dg2 dQi ' l x 1 X3 !+ ' / 2 X3

(cycl.).

Here we used the complanarity of the vectors w1, w2, 9 . From these equations we 
have by (3. 22)
(3.25) 2  x‘xf + 2 g'(v)x3 = 0  (cycl.)

i

or, equivalently, (cf. (3. 19))

(3.26;) 2  yhij + 2g'(v)Xj = 2 xiXi + 2g \v ) x J = 0  (7 = 1 , 2 ,3).

Differentiating (3. 26j) with respect to q2, (3. 262) with respect to and subtract­
ing we have

(3.27) g"(v)(v 2 X i - V i X z ) = 0  (cycl.).
We distinguish now two cases, g " ( r)péO and g " ( v )  = 0. 
Case 1; g " ( v ) ^ 0 .  Then

(3.28) Xi Xi 
V i  v 2

= 0 (cycl.)

hence y = h ( v ) ,  say and by (3. 19)

(3.29) (/>( =  ß i { g ' ( v ) - 4 h ' ( v ) }  = Q i k ( v ) ,

say. The system (3. 1) is now solvable: there exist solutions depending only on v .  

(See the first footnote on p. 473.)
Case 2: g " ( v )  = 0, or g ' ( v )  = c. Now from the three equations (3. 26;)

(3. 30) ]_
2 IX!Xi + 2cx = 2d

where d is another constant and /  satisfies beside this the seven equations (3. 26;), 
(3. 24;) and (3. 22). This system of second order equations consists of at most six 
independent equations as it is seen by eliminating the derivatives Хч> Х.гп Z33  
from (3. 26;) and (3. 24,). The result of this elimination yields but two independent 
equations

(3-31) ß2X 3 i - ß 3Xi2 = - c \  ~ ß 1X23 + ß3Xi2 =  - c 2,
where

(3- 32) c1 = 2c(a3x2-<T2X3)Xi, ß 1 = Xi*~Oiß  (cycl.)
and

(3. 33) а =  Zoix* = 2ZqiXi, ß =  Z^Xi  = 4{d-cy).
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Regarding the system (3. 31), (3. 22) as a linear algebraic system of equations 
with unknowns x l2, x23, / 31, its determinant is D = — /J(^a2 +vß) and if we suppose 
that ß 9^0, a solution of it is

(3.34) X23 = - 2 j X2X3 (cycl.)

and this is the only solution, if D^O.  We distinguish again several cases accord­
ing to whether the determinant D vanishes or not.

Case 2. 1. 1: 0, c^O. This is the most interesting case. Let us write

then we have from (3. 34)

(3.35) 2Х*Х*2з = х Ы  (cycl.)
and the equations (3. 24j) remain valid if we substitute in them /  by X*- From these 
six equations each second partial derivative — and hence each higher derivative 
of X* — can be expressed by the aid of x* and its first derivatives. These latter four 
quantities are connected by the relation (3. 30) or

(3.36) 2  x*xl =  -2 c x * .1,2,3
This means that the general solution x* of this system can contain at most three 
constants, apart from c; these may be the values of X*, X*> Xi at a fixed place.

Now a four parameter solution of (3. 35) is

X* =  - y  (e0Tle.-i?;)2, e0, e , , ..., £3 = const.

It is readily seen that this function satisfies the system (3. 24̂ ) and also (3. 36) if

Z  ei e 2 = c ^  0.1,2,3
We shall return to this case in the next section.
Case 2. 1.2: D^O, c = 0. Then we have ß^O,  hence d^O and from (3. 34).

X2 3  — X3 1  —X1 2  — 0

hence x = E f‘(Qi)- Substituting this into (3.30) we have

у  ъ п  <\f2 
1^3 &Qi 'k>2

= d *  0.

Thus the f ' -s  are linear functions and the (p‘-s occurring in (3. 1) are constants. This 
case was discussed in Section 2.

Case 2. 2. 1 : D = 0, ß = 0, а^ 0 . Supposing c ̂  Owe have by (3. 33) that x =  const., 
and by (3. 22) that c= g '(,;) = 0. a contradiction. Thus c = 0. Further, from (3. 31) 
and (3. 32)

(3. 37) ZlX23=X2X31 “  Хз Xl 2 ‘

S t u d i a  S c i e n t i a r u m  M a th e m a t i c a r u m  H u n g a r i c a  6 (1971)'



4 7 6 E .  M A K A I

Eliminating from (3. 2 4 / the quantities / 21, Xu we have by the aid of (3. 37)

: (X2X3X11 ~XiXiX23) =  0 - °2 СГ3 I
Supposing that the first factor vanishes, it is easily shown that the only common 
solution of the resulting differential equation / 2°з =  Хзai and X2 X31 = ХзХи *s the 
trivial solution / = 0 .  So we consider only the case / 2 X3 / 1 1 ^X 1 X1 X23 =  0 (cycl.) 
which together with (3. 37) yields

Хз/ i  1 = Xi X31 > X2Xn=XiXi2 (cycl.).

These formulas show that the direction of grad /  is independent of the place in the 
space g{, g2, g3 or

X=f(Z$iQl), & = const.

If X is not a constant, then (3. 30) is satisfied in the case d=0  if E9l 92 = 0  and in 
the case 0 if / i s  a linear function of its argument, a case encountered earlier. 

The remaining cases are 
Case 2.2.2: D — 0, /1=0, a= 0  and 
Case 2. 2. 3: D =  0, /М 0.
In both of these cases we have

(3.38) ~~ + vß = 2(EQjXi)2 + 4v(d— cx) = 0,

an additional first order equation the function /  is to satisfy. Considering also 
equations (3. 24/ and (3. 22) it can be shown that the supposition x ^  const, leads 
to a contradiction, hence we have /  = const. This leads by (3. 18) to cpJ = 0 (  j = 1,2 , 3), 
a special case of which was already treated in Section 2.

4. We return now to case 2. 1. 1 of Section 3, where we have got that 
X =  —i(£0+Te;g;)2+const., hence by (3.9), (3. 18), by g'(v) = c and by (3. 19)

(4.1) cpl = - ( e 2+e3)(e0+ I e iQi)+cgl (cycl.),

where c =  Te1e2. We are going to show that in this case the system (3. 1) has indeed 
a non-trivial solution, analytic in the whole space and vanishing at infinity provided 
the e’s satisfy some restrictions specified later.

Equation (3. 10) is by virtue of (3. 9) now equivalent to

(4 .2 )  2 ! (£2 +  £з) л ,1 |А := 0
1,2,  3

and this in turn is the same as equation (2. 3) by putting 2 /  = e2 +£3 (cycl.). Hence 
the general solution of (4. 2) is of the form f(u, v) where и and v have the same mean­
ing as in (2. 5) and (2. 6). We remark that

(4.3) (pl = 2 2 / 6 0  + 11) +  Agy (cycl.)

where Л is given by (2. 8) and Л=с. Further, substituting 1j/=f{u, v) into the equa­
tions (3. I) — where cp‘ is given now by (4. 3) — we have as in Section 2 that /(и, v)
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this time too is to satisfy but two distinct second order equations, namely

(4.4) 2m/ uu + 4 vfuv + 3/u — — (e0 + l,) f  — 0
and

(4.5) ~ A4 L u + vfm+ fv+ A6 f =  0.

Let us again assume that /(и, v) can be expanded into a series of ascending 
powers of v, this time in the form

Дм, v) = ] e~ul2Uk (u)vk

and let us substitute this expression into (4. 4) and (4. 5). Equating the coefficients 
of u* to zero we obtain from (4. 4) and (4. 5)

(4. 6) 

(4.7)

и Uk +
4A: + 3 — u\Uk —~r (4k + 3 + e0)t/fc — 0,

(k + i)2uk+i = uk - u ; ,
respectively.

We recall now that if и is a non-negative integer then the Laguerre polynomial 
Ц,(x) is defined by

« + a'| (— x)v
(4-8) L*„(x) = 2

v = 0 n  — VI v!

[4, formula 5. 1.6] or [I, formula 10. 12 (7)]. 
Let now be

e0 + 3
(4. 9) = /;.

Then it is easily verified by [4, formulae 5. 1. 2, 5. 1. 13, 5. 1. 14] or [1, formulae
10. 12 (7) and (15)] that the functions

(4.10)
Ш - 2Щ (,/2>(м) (OsÂrsn) 
(О (k>n)

satisfy the system (4.6), (4.7). Hence f (u,v) satisfies the system (А' + <р')ф = 0 
with <p‘ given by (4. 1) and the Schrödinger equation

(ZHiA i +  Zni(pi)'l> =  0,
too.

It remains to investigate the behaviour of these solutions at infinity. If we 
require that the solutions should vanish there, then the inequality

(4.11) M =  2 V ;2 >  0

S t u d i a  S c i e n t ia r u m  M a th e m a t i c a r u m  H u n g a r i c a  6 (1971)
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should be satisfied for all non-negative quantities q ,  r2, r3 satisfying the ine­
qualities

Oh - r 2)2 — £з — Oi + r2)2; r, +r2 > 0  (cycl.).
Since и is a linear function of r\ it is necessary and sufficient that (4. 11) should 

be valid in the two extreme cases r\ = O h+ih)2 and rf = (г,— r2)2:

(£i +  £3У? i  2e3 rl r2+(e2 + £3)r2 > 0 , 
for r2s0 , гj -f r2 > 0 ,  or

(£t +£3)x2+2e3x + (£2 +£3) > 0  
for all real x’s. So (4. 11) holds if and only if

Л — У} £^2 >0,  £1+ e2 > 0  (cycl.)
1 , 2 , 3

in other words if the positive quantities /A1; /А2, /A3 are sides of a triangle having: 
a positive area.

Finally we remark that the functions f{u, v) defined above are not a complete 
orthogonal system of eigenfunctions of the problem of the three-body harmonic 
oscillator.

5. In the physically interesting cases of the equation Xp^A' + q>‘) =  0 the 
function Xpi(p' is the sum of three functions U‘(8i) each depending on one vari­
able only:
(5-1) Z H í<p‘ = 2 U ‘(Qi)-
According to (3. 9) this is a differential equation for the function tp:

(5-2) Z  (М2+Из)Я>1 = Z u ‘(ßi)-
1 , 2 , 3

Let be a primitive function of U‘(ßi) and let ф be defined by

(5. 3) (p = ф +
further let be
(5.4) ф1 = ф1+ф2 (cycl.).

Substituting (5. 3) into (5. 2) and (3. 11) we have

(5.5) ZiVi + H^Vi = 0 
and
(5.6) e î 1(.(Pl2 + V23 + V3l) = Ô2 ЧФ12 + Ф23 + Ф31) (cycl.),

X7 y I )
, 2 , 3  1*2 +  l-l 3 ’

respectively. The general solution of (5. 5) is ф =  F(p, q), where p = p3<jl —p l cr3,
c] = p3o2 — p2a3. From the two distinct equations (5.6) it follows that

(5.7) Z f t  2 = 0 (»=1,2,3).
Indeed if it were not so, then from (5. 6) we should have, say,

p,
82

(Pl2  +  V 2 3  +  <P31

Ф 2 2 + Ф 2 3  +  Ф 3 1
G(p,  q),

S t u à i a  S c i e n t ia r u m  M a t h e m a t i c  a r u m  H u n g a r ic a  6  (1971)
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hence the Jacobian

d(S!ilQi,P,q) 2p3
<4q i , e 2>e3) ? [ß2(Pi+И з ) - еЛи з +Pi)] в2

of the three functions Qi/q2, P, q would identically vanish. Since this is not true, 
(5. 7) follows and from these equations we have Zcpl2 =  У = const., or in the spe­
cial case y = 0  (putting M = PiP2+ p 2p3+p3Pi)

f  J7 й ^  F
(pl + P3y w + 2 W - , l ) W N + bl2+l23y w  = 0.

The general solution of this equation can be found by standard methods. If M  ̂  0, 
it is of the form F+ (x + г» +  F_ (x — г» where the real quantities x and у  are given 
e.g. by

. (H2 + iM l,2)2<7i +(nl - i M 1,2)2a2 + Qil +n2)2(j3
Х У 2Qil +  ц2)М

Let us introduce two more functions, namely

V

where v is given by (2. 6) and
z — \

1/2

Г =

M

Z  Pi Qi 
M

Then we have the relations 
(5. 8) x 2 + y 2 + z 2 = r ‘

and — introducing the new variables x, y, z instead of Qt , q2, q3 —

(5.9)
_  , д2 д2 д2 1 i )
^  M  ~ r i)x2 +  by2 + dz2 + z dz

generalizing thus formulae given by T. H. G ro nw a ll  in the case =ц2 — 1, /<3 =0. 
In particular if we consider the Schrôdinger equation

(5.10) { Z P i ^  + E + Z c i e M  = 0

of the three-body harmonic oscillator containing 7 parameters, then by introduc­
ing the variables x, y, z instead of glt q2, q3 it will be transformed into

Í r_ d_

Г [dx2 + dy2 + dz2j + z dz + E+xx + ßy + yr ф =  0

where a, ß, у are constants. By leaving the z axis fixed and rotating the x and у 
axes, further by an appropriate change of the unity of length, the quantity E - \ - olx +  
+ ßy + yr in the last equation can be replaced by 1+ax + yr, say, reducing thus 
he constants of the differential equation (5. 10) to two.
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